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ON THE DIMENSION AND SMOOTHNESS OF RADIAL PROJECTIONS

TUuOMAS ORPONEN

This paper contains two results on the dimension and smoothness of radial projections of sets and measures
in Euclidean spaces.

To introduce the first one, assume that E, K C R? are nonempty Borel sets with dimyg K > 0. Does
the radial projection of K to some point in E have positive dimension? Not necessarily: E can be
zero-dimensional, or £ and K can lie on a common line. I prove that these are the only obstructions: if
dimgE > 0, and E does not lie on a line, then there exists a point in x € E such that the radial projection
7, (K) has Hausdorff dimension at least (dimgK')/2. Applying the result with E = K gives the following
corollary: if K C R? is a Borel set which does not lie on a line, then the set of directions spanned by K
has Hausdorff dimension at least (dimyK) /2.

For the second result, letd > 2 andd — 1 < s < d. Let u be a compactly supported Radon measure in
R? with finite s-energy. I prove that the radial projections of j are absolutely continuous with respect to
H4~" for every centre in R? \ sptu, outside an exceptional set of dimension at most 2(d — 1) — s. In fact,
for x outside an exceptional set as above, the proof shows that .1 € L?(5?~") for some p > 1. The
dimension bound on the exceptional set is sharp.

1. Introduction

This paper studies visibility and radial projections. Given x € R¢, define the radial projection 7, : R4\ {x} —
Sd—l by

y—x

Iy —x|

e (y) =

A Borel set K C R? will be called
e invisible from x if HI N ( (K \ {x})) =0, and
e totally invisible from x if dimyg 7, (K \ {x}) =0.
Above, dimy stands for Hausdorff dimension and H* stands for s-dimensional Hausdorff measure. I will

only consider Hausdorff dimension in this paper, as many of the results below would be much easier for
box dimension. The study of (in-)visibility has a long tradition in geometric measure theory. For many
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more results and questions than I can introduce here, see Section 6 of [Mattila 2004]. The basic question
is the following: given a Borel set K C RY, how large can the sets

Inv(K) = {x € R? : K is invisible from x},
Invy(K):={x € R?: K is totally invisible from x}

be? Clearly Invy(K) C Inv(K), and one generally expects Invy(K) to be significantly smaller than
Inv(K). The existing results fall roughly into the following three categories:

(1) What happens if dimg K > d — 1?
(2) What happens if dimy K <d —1?
(3) What happens if 0 < H~1(K) < 00?

Cases (1) and (3) are the most classical, having already been studied (for d = 2) in [Marstrand 1954].
Given s > 1, Marstrand proved that any Borel set K C R? with 0 < #*(K) < 1 is visible (that is, not
invisible) from Lebesgue almost every point x € R? and also from #*-almost every point x € K. Unifying
Marstrand’s results, and their generalisations to R% the following sharp bound was recently established
by Mattila and the author in [Mattila and Orponen 2016; Orponen 2018]:

dimyg Inv(K) <2(d — 1) —dimg K (1.1)

for all Borel sets K C R? with d — 1 < dimy K < d. This paper contains a variant of the bound (1.1) for
measures; see Section 1B.

The visibility of sets K in Case (3) depends on their rectifiability. I will restrict the discussion to the
case d = 2 for now. It is easy to show that 1-rectifiable sets which are not {'-almost surely covered by
a single line are visible from all points in R? with possibly one exception; see [Orponen and Sahlsten
2011]. On the other hand, if K C R? is purely 1-unrectifiable, then the sharp bound

dimy[R?\ Inv(K)] = dimy{x € R?: K is visible from x} < 1

was obtained by Marstrand, building on Besicovitch’s projection theorem. For generalisations, improve-
ments and constructions related to the bound above, see [Mattila 1981, Theorem 5.1; Csornyei 2000;
2001]. Marstrand raised the question — which remains open to the best of my knowledge — whether it is
possible that H!'(R?\ Inv(K)) > 0: in particular, can a purely 1-unrectifiable set be visible from a positive
fraction of its own points? For purely 1-unrectifiable self-similar sets K C R? one has Inv(K) = R?, as
shown by Simon and Solomyak [2006/07].

1A. The first main result. Case (2) has received less attention. To simplify the discussion, assume that
dimy K =1 and H!(K) =0, so that Inv(K) = R? and the relevant question becomes the size of Invy (K).
The radial projections 7, fit the influential generalised projections framework of [Peres and Schlag 2000].
If K C R? is a Borel set with arbitrary dimension s € [0, 2], then it follows from Theorem 7.3 of that
paper that

dimyg Invy (K) <2 —5. (1.2)



ON THE DIMENSION AND SMOOTHNESS OF RADIAL PROJECTIONS 1275

Figure 1. What is the next step in the construction of E?

When s > 1, the bound (1.2) is a weaker version of (1.1), but the benefit of (1.2) is that it holds without
any restrictions on s. In particular, if s = 1, one obtains

dimy Invy (K) < 1. (1.3)

This bound is sharp for a trivial reason: consider the case, where K lies on a single line £ C R? Then,
Invy (K) = €. The starting point for this paper was the question: are there essentially different examples
manifesting the sharpness of (1.3)? The answer turns out to be negative in a very strong sense. Here are
the first main results of the paper:

Theorem 1.4 (weak version). Assume that K C R? is a Borel set with dimyg K > 0. Then, at least one of
the following holds:

e dimy Invy (K) = 0.

e Invy(K) is contained on a line.

In fact, more is true. For K C R2, define
Inv2(K) := {x € R? : dimy 7. (K \ {x}) < 1 dimy K }.
Then, if dimy K > 0, one evidently has Inv7 (K) C Invy2(K) C Inv(K).

Theorem 1.5 (strong version). Theorem 1.4 holds with Invy (K) replaced by Invy,2(K). That is, if
E C R? is a Borel set with dimg E > 0, not contained on a line, then there exists x € E such that
dimy 7, (K \ {x}) > (dimy K) /2.

Remark 1.6. A closely related result is Theorem 1.6 in [Bond, Laba and Zahl 2016]; with some imagina-
tion, part (a) of that theorem can be viewed as a “single scale” variant of Theorem 1.5, although at this
scale, their Theorem 1.6(a) contains more information than Theorem 1.5. As far as I can tell, proving the
Hausdorff dimension statement in this context presents a substantial extra challenge, so Theorem 1.5 is
not easily implied by the results in [Bond, Laba and Zahl 2016].

Example 1.7. Figure 1 depicts the main challenge in the proofs of Theorems 1.4 and 1.5. The set E has
dimpg E > 0, and consists of something inside a narrow tube 7, plus a point x ¢ 7. Then, Theorem 1.4 states
that E ¢ Invy(K) for any compact set K C R? with dimg K > 0. So, in order to find a counterexample
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to Theorem 1.5, all one needs to do is find K by a standard “Venetian blind” construction in such a way
that dimy K > 0 and dimy 7, (K) = 0 for all y € E. The first steps are obvious: to begin with, require
that K C T* for another narrow tube parallel to T'; see Figure 1. Then ,(K) is small for all y € 7. To
handle the special point x € E, split the contents of 7* into a finite collection of new narrow tubes in
such a way that 7, (K) is small. In this manner, 7, (K') can be made arbitrarily small for all y € E (in the
sense of e-dimensional Hausdorff content, for instance, for any prescribed € > 0). It is quite instructive to
think why the construction cannot be completed: why cannot the Venetian blinds be iterated further (for
both E and K) so that, at the limit, dimy 77, (K) =0 for all x € E?

Theorem 1.5 has the following immediate consequence:

Corollary 1.8 (corollary to Theorem 1.5). Assume that K C R? is a Borel set not contained on a line.
Then the set of unit vectors spanned by K, namely

S(K)::{&:i' eSlzx,yeKandx;éy},

satisfies dimyg S(K) > (dimy K) /2.

Proof. If dimy K = 0, there is nothing to prove. Otherwise, Theorem 1.5 implies that K ¢ Invy,2(K),
whence dimyg S(K) > dimyg 7, (K \ {x}) > (dimyg K)/2 for some x € K. Il

Corollary 1.8 is probably not sharp, and the following conjecture seems plausible:

Conjecture 1.9. Assume that K C R? is a Borel set not contained on a line. Then dimy S(K) =
min{dimy K, 1}.

This follows from Marstrand’s result, discussed in Case (1) above, when dimy K > 1. For dimy K <1,
Conjecture 1.9 is closely connected with continuous sum-product problems, which means that significant
improvements over Corollary 1.8 will, most likely, require new technology. It would, however, be
interesting to know if an e-improvement over Corollary 1.8 is possible, combining the proof below with
ideas from [Katz and Tao 2001], and using the discretised sum-product theorem of [Bourgain 2003].

I have the referee to thank for pointing out that a natural discrete variant of Conjecture 1.9 has been
solved by P. Ungar [1982]: a set of n > 3 points in the plane, not all on a single line, determine at least
n — 1 distinct directions.

1B. The second main result. The second main result is a version of the estimate (1.1) for measures. Fix
d > 2, and denote the space of compactly supported Radon measures on R¢ by M(R4). For u € M(R?),
write

S(p) :={x eR? \ spt i : 7wz is not absolutely continuous with respect to HI gd-1}.

Note that whenever x € R? \ spt u, the projection 7, is continuous on spt x, and g is well-defined.
One can check that the family of projections {7y} cpa\spt . fits in the generalised projections framework
of [Peres and Schlag 2000], and indeed Theorem 7.3 in that paper yields

dimg S(n) <2d —1—s, (1.10)
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whenever d — 1 <s < d and u € M(R?) has finite s-energy (see (1.12) for a definition). Combining this
bound with standard arguments shows that if K C R? is a Borel set with d — 1 < dimyg K < d, then

dimg Inv(K ) = dimgf{x € R? : H (7, (K)) =0} < 2d — 1 — dimy K.

This is weaker than the sharp bound (1.1), so it is natural to ask whether the bound (1.10) for measures
could be lowered to match (1.1). The answer is affirmative:

Theorem 1.11. If u € MR and

L) _// du(x)du(y) -0 (1.12)
lx — y[*

for some s > d — 1, then dimg S(u) <2(d —1) —ss.

The bound is sharp, essentially because (1.1) is, and Theorem 1.11 implies (1.1). More precisely,
following [Orponen 2018, Section 2.2], there exist compact sets K C R? of any dimension dimy K €
(d — 1, d) such that

dimyg[Inv(K)\ K]=2(d - 1) —dim K.

Then, the sharpness of Theorem 1.11 follows by considering Frostman measures supported on K, and
noting that S(u) D Inv(K) \ K whenever u € M(R?) and sptu C K.

An open question is the validity of Theorem 1.11 for s =d — 1. If I;_;(u) < oo, Theorem 7.3 in
[Peres and Schlag 2000] implies that £4(S(w)) =0, but I do not even know if dimy S(n) < d.

Theorem 1.11 does not immediately follow from the proof of (1.1) in [Mattila and Orponen 2016;
Orponen 2018], as the argument in those papers was somewhat indirect. Having said that, many observa-
tions from the previous papers still play a role in the new proof. Theorem 1.11 will be deduced from the
next statement concerning L”-densities:

Theorem 1.13. Let © € M(R?) be as in Theorem 1.5. For p € (1, 2), write

Sp(p) = fx e R \'sptpe: moppe ¢ LP (S}
Then dimy S, (n) <2(d —1) —s +8(p), where §(p) > 0, and 5(p) — O as p \( 1.

Note that the claim is vacuous for “large” values of p. The dependence of 6(p) > 0 on p is effective
and not very hard to track; see (3.5).

Remark 1.14. Theorem 1.13 can be viewed as an extension of Falconer’s exceptional set estimate [1982].
I only discuss the planar case. Falconer proved that if /() < oo for some 1 < s < 2, then the orthogonal
projections of u to all 1-dimensional subspaces are in L2 outside an exceptional set of dimension at
most 2 —s. Now, orthogonal projections can be viewed as radial projections from points on the line at
infinity. Alternatively, if the reader prefers a more rigorous statement, Falconer’s proof shows that if
¢ C R? is any fixed line outside the support of s, then all the radial projections of 4 to points on £ are
in L2 outside an exceptional set of dimension at most 2 — s. In comparison, Theorem 1.13 states that the
radial projections of u to points in R? \ spt u are in L? for some p > 1, outside an exceptional set of
dimension at most 2 — 5. So, the size of the exceptional set remains the same even if the “fixed line £” is
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removed from the statement. The price to pay is that the projections only belong to some L? with p > 1
(possibly) smaller than 2. I do not know if the reduction in p is necessary, or an artefact of the proof.

2. Proof of Theorem 1.5

If £ C R? is a line, I denote by T (¢, 8) the open (infinite) tube of width 28, with £ “running through the
middle”, that is, dist(¢, R\ T(¢, §)) = 8. The notation B(x, r) stands for a closed ball with centre x € R?
and radius r > 0. The notation A < B means that there is an absolute constant C > 1 such that A < CB.

Lemma 2.1. Assume that  is a Borel probability measure on B(0, 1) C R2 and nu(€) =0 for all lines
¢ CR2 Then, for any € > 0, there exists § > 0 such that u(T (¢, §)) < € for all lines £ C R2

Proof. Assume not, so there exists € > 0, a sequence of positive numbers §; > & > - - - > 0 with §; {0 and
a sequence of lines {¢;};en C R? with u(T (¢;, 8;)) > €. Since sptu C B(0, 1), one has £; N B(0, 1) # &
for all i € N. Consequently, there exists a subsequence (i;);en and a line £ C R? such that ¢ ; — £ in the
Hausdorff metric. Then, for any given é > 0, there exists j € N such that

BO, )NT(&;, 8,) C T(E,5),

so that (T (£, 8)) > €. It follows that w(£) > €, a contradiction. U

The next lemma contains all the information needed to prove Theorem 1.5. I state two versions: the
first one is slightly easier to read and apply, while the second one is slightly more detailed.

Lemma 2.2. Assume that ., v are Borel probability measures with compact supports K, E C B(0, 1),
respectively. Assume that both measures  and v satisfy a Frostman condition with exponents k,, k, €
(0, 2], respectively:

w(B(x,r)) <Cyr* and v(B(x,r)) <C,r* (2.3)

for all balls B(x, r) C R? and for some constants C., C, > 1. Assume further that w(€) =0 for all lines
¢ C R? Fix also

0<t<%"u and € >0,

and write 8 :=2~(1+"

Then, there exists a compact subset K' C K with
w(K" >3,
a number n =n(e, Ky, Ky, T) > 0, an index ko = ko(e, 0, k,, T) € N, and a point x € E with the following
property. If k > ko, and T (£1, 8), ..., T(Ly, &) is a family of 8-tubes of cardinality N < §, °, each
containing x, then
N
M(K/ N1, 5k)> <4 (2.4)
j=1
Roughly speaking, the conclusion (2.4) means that K’ has a radial projection of dimension > 7 relative

to the viewpoint x € E, since only a tiny fraction of K’ can be covered by < §, " tubes of width 25,
containing x.
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The set K’ C K and the point x € E will be found by induction on the scales ;. To set the scene for
the induction, it is convenient to state a more detailed version of the lemma:

Lemma 2.5. Assume that i, v are Borel probability measures with compact supports K, E C B(0, 1),
respectively. Assume that both measures . and v satisfy a Frostman condition with exponents k., k, €
(0, 2], respectively:

w(B(x,r)) <Cur** and v(B(x,r)) <C,r

for all balls B(x, r) C R? and for some constants Cu, Cy = 1. Assume further that ((€) = 0 for all lines
¢ C R% Fix also

0<‘L’<%KM and € >0,

and write 8 :=2~(1+",
Then, there exist numbers B = B(ku, ky,T) > 0, n = n(e, ky, ky,t) > 0, and an index ko =

ko(e, u, ky, T) € N with the following properties. For all k > kg, there exist

(a) compact sets K O Ky, O Kiy41- -+ with

pK) =1— 3 (B =1 2.6)

ko<j<k
(b) compact sets E D Ey, D Egy41- - with v(Ey) > 55

with the following property: if k > ko, x € Ey, and T(£1,6k), ..., Ty, ) is a family of tubes of
cardinality N < 8, °, each containing x, then

N
M(Kk nl 1w, 5,9) <. (2.7)
j=1
Remark 2.8. The index ko can be chosen as large as desired; this will be clear from the proof below. It
will also be used on many occasions, without separate remark, that §; can be assumed very small for all
k > ko. I also record that Lemma 2.2 follows from Lemma 2.5: simply take K’ to be the intersection of
all the sets K;, j > ko, and let x € E be any point in the intersection of all the sets E;, j > ko.

Proof. As stated above, the proof is by induction, starting at the largest scale kg, which will be presently
defined. Fix n = n(e, k;, kv, T) > 0 and

I'=T(e, kp, k0, 7) €N 2.9

The number I will be specified at the very end of the proof, right before (2.34), and there will be several
requirements for the number 7; see (2.24), (2.30), and (2.33). Applying Lemma 2.1, first pick an index
ki = ki (e, u, oy, 7) €N such that (T (€, 8,)) < (1) for all tubes T(¢, &,) C B2 and

Sor=)T k2 (2.10)
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Set ko := k; + I". Then, the following holds for all k € {ko, ..., ko + I'}. For any subset K’ C K, and any
tube T(¢, 8;_r) C R? one has

I'+1 < (l)k—k(ﬁ-l‘ (211)

WK NTE, &) < (T, &) =<(3)  =<(3
Define
Ki:=K and Ey:=E, kW <k<ky.

(The definitions of Ej, Kj for k| < k < ko are only given for notational convenience.)
I start by giving an outline of how the induction will proceed. Assume that, for a certain k > ko, the
sets K; and Ej have been constructed such that:

(i) The condition (2.11) is satisfied with K’ = K}, and for all tubes T (¢, 8;_r) with T (€, §;_r) N
Ey-r #9.
(i) Ky and Ej satisfy the measure lower bounds (a) and (b) from the statement of the lemma.

Under the conditions (i)—(ii), I claim that it is possible to find subsets Ky C Ky and E4| C Ej satisfying
(ii) at level k + 1, and also the nonconcentration condition (2.7) at level k + 1. This is why (2.7) is only
claimed to hold for k& > ko, and no one is indeed claiming that it holds for the sets Ky, and Ej,. These
sets satisfy (i), however, which should be viewed as a weaker substitute for (2.7) at level k, which is just
strong enough to guarantee (2.7) at level k 4 1. There is one obvious question at this point: if (i) at level &
gives (2.7) at level k + 1, then where does one get (i) back at level k + 1?7

Ifk+1e€t{ko,...,ky+ T}, the condition (i) is simply guaranteed by the choice of kg (one does not
even need to assume that T'(¢, §g_r) N Ex_r # ). For k+ 1 > ko + T', this is no longer true. However,
fork+1> T +ko,one has k+1—T" > kg, and thus Kz |_r and E;_r have already been constructed
to satisfy (2.7). In particular, if Exy1-r NT (€, Sg4+1-1) # <, then

k1) —ko+1
(K1 NT (€, 8py1-1)) < (K1 -r N T, Sgq1-1)) <8/ < (%)( T (2.12)

by (2.7) and (2.10). This means that (i) is satisfied at level k£ + 1, and the induction may proceed.
So, it remains to prove that (i)—(ii) at level k imply (ii) and (2.7) at level k + 1. To avoid clutter, I write

= 8k+1-

Assume that the sets Ky, Ej have been constructed for some k > kg satisfying (i)—(ii). The main task is to
understand the structure of the set of points x € Ej for which (2.7) fails. To this end, we define the set
Bady C Ej as follows: x € Bady, if and only if x € Ey, and there exist N <5~ * tubes T'(£1, 6), ..., T (£y, 3),
each containing x, such that

N
M([@mUT(@,&)) > 8", (2.13)
j=1
Note that if Bad; = &, then one can simply define Ey; := Ey and Ky := Ky, and (ii) and (2.7) (at
level k + 1) are clearly satisfied.
Instead of analysing Bady directly, it is useful to split it up into “directed” pieces, and digest the pieces
individually. To make this precise, let S be the “space of directions”; for concreteness, I identify S with
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B/ (X;)
direction d

Figure 2. The set Bad{.

the upper half of the unit circle. Then, if T = T(£,8) C R? is a tube, I denote by dir(T) the unique
vector e € S such that £||e.

Recall the small parameter n > 0, and partition S into D =§~" arcs Jy, ..., Jp of length ~ 8".! For
de{l,..., D} fixed (“d” for “direction’), consider the set Badg: it consists of those points x € Ej such
that there exist N < §77 tubes T(¢1,6), ..., T(£y,d), each containing x, with dir(T (¢;, 8)) € J4, and
satisfying

N
,u(Kk N U T(;, 5)) > §7.
j=1

Since the direction of every possible tube in R? belongs to one of the arcs J;, and there are only D =§~"
arcs in total, one has

D
Bad; C |_J Bady . (2.14)

d=1
The next task is to understand the structure of Badi for a fixed direction d € {1, ..., D}. I claim

that Badg looks like a garden of flowers, with all the petals pointing in direction J;; see Figure 2 for
a rough idea. To make the statement more precise, I introduce an additional piece of notation. Fix
X C K, and let B;(X) consist of those points x € Ej such that X can be covered by N < 577 tubes
T®1,98),..., Ty, $), with directions dir(T (¢;, §)) € J;, and each containing x. Then, note that

Badi = {x € E} : there exists X C K with u(X) > 8°" and x € B;(X)}. (2.15)
The sets B;(X) also have the trivial but useful property that
XCcX cKy = ByX')cCBiX).

There are two steps in establishing the “garden” structure of Badi: first, one needs to find the “flowers”,
and second, one needs to check that the sets obtained actually look like flowers in a nontrivial sense. I

THere, it might be better style to pick another letter, say o > 0, in place of n, since the two parameters play slightly different
roles in the proof. Eventually, however, one would end up considering min{n, «}, and it seems a bit cleaner to let > 0 be a
“jack of all trades” from the start.
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start with the former task. Assuming that Badf # &, pick any point x; € Badf and an associated subset
X1 C Ky with

w(Xp) > 8" and x; € By(Xy).

Then, assume that xi,...,x, € BadZ and X1, ..., X, have already been chosen with the properties
above, and further satisfying

w(X;iNX) <Y, 1<i<j<m. (2.16)

Then, see if there still exists a subset X, C Kj with the following three properties: pu(X;,+1) > 821,
Bi(Xpm+1) # 9, and (X1 N X;) < 84'7/2 for all 1 <i <m. If such a set no longer exists, stop; if it
does, pick x;;,4+1 € By(Xpm+1), and add X4+ to the list.

It follows from the “competing” conditions u(X;) > 82" and (2.16), that the algorithm needs to
terminate in at most

M <284 (2.17)
steps. Indeed, assume that the sets X1, ..., X3 have already been constructed, and consider the following
chain of inequalities:

1
Y —+ W Z u(Xiy NXy) > — 7 Z u(Xi, N Xi,)
i1#£in i1,ir=1
1 M
=5 f D 1y, nx, () dp(x)
i1,ir=1

= %f[card{l <i<M:xeX}du(x)

1 2
zm</card{l §i§M:xeX,~}du(x)>

1 <§: 2,
=— M(Xi)) > 5.
M2 i=1

Thus, if M > 28~%", there exists a pair X;,, X;, with i{ # i> such that u(X;, N X;,)) > §*1/2, and the
algorithm has already terminated earlier. This proves (2.17).
With the sets X1, ..., X now defined, write

Bj(Xj) = {x € Ej : there exists X' C X; with u(X’) > %84’7 and p € Bd(X')}.

I claim that
M

Bad{ c | ] Bj(X;). (2.18)
j=1
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Figure 3. Covering X; N T, by tubes centred at points outside 7"

Indeed, if x € Bad?, then x € By (X) for some X C K with u(X) > 82" by (2.15). It follows that
w(XNX;)> 184 (2.19)

for one of the sets X;, 1 < j < M, because either X € {X{,..., Xy} and (2.19) is clear (all the sets X;
even satisfy u(X;) > 821y, or else (2.19) must hold by virtue of X not having been added to the list
X1, ..., Xy in the algorithm. But (2.19) implies that x € B)(X;), since X' = X N X; C X; satisfies
w(X’) > 8*/2 and x € By(X) C By(X').

According to (2.17) and (2.18) the set Badf can be covered by M < 2874 sets of the form B/(X));
see Figure 2. These sets are the “flowers”, and their structure is explored in the next lemma:

Lemma 2.20. The following holds if § = éx+1 and n > 0 are small enough (the latter depending on k,,, T
here). For 1 <d < D and 1 < j < M fixed, the set B[’l (X;) can be covered by < 4878 rubes of the form
T =T, 358"), where dir(T) € Jg and p = p(ky, T) > 0. The tubes can be chosen to contain the point
Xj € Bd(Xj).

Proof. Fix 1 < j < M and x € B(X;). Recall the point x; € B;(X;) from the definition of X;. By
definition of x € B/,(X;), there exists a set X' C X; with u(X’) > 8*1/2 and x € By(X'). Unwrapping the
definitions further, there exist N <877 tubes T ({1, ), ..., T (£y, 8), the union of which covers X’, and
each satisfies dir(7' (¢;, §)) € J; and x € T (¢;, §). In particular, one of these tubes, say T, = T (¢;, &), has

PXGNT) = w(X'NT) = (X)) - 87 = 38577 = 385, (221

(The final inequality is just a triviality at this point, but is useful for technical purposes later.) Here comes
perhaps the most basic geometric observation in the proof: if the measure lower bound (2.21) holds for
some §-tube T — this time 7, — and a sufficiently small > O (crucially so small that 8n + 7 < «,,/2),
then the whole set B;(X) is actually contained in a neighbourhood of 7, called T*, because X; N T is so
difficult to cover by §-tubes centred at points outside 7*; see Figure 3. In particular, in the present case,

xj € By(X;) C T(;,8%) =T} (2.22)
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for a suitable constant p = p(x,,, T) > 0, specified in (2.24). To see this formally, pick y € B(0, 1)\ T, and
argue as follows to show that y ¢ B;(X;). First, any §-tube T containing y and intersecting 7, N B(0, 1)
makes an angle > §* with T,. It follows that

diam(T N T, N B(0, 1)) < 8%,

and consequently u(T N T, N B(0, 1)) < C ,L(S"ﬂ(l_‘“’). So, in order to cover X; N T, (let alone the whole
set X;) it takes by (2.21)

> M(Xj me) 8871+T—K#(1—4p) . 88"_"#/2+8p

2.23
NG S a4, C . 4c, (223
tubes T containing y. But if
2— 2—
0<8y< 27T 4 8p= K"/TT (2.24)

then the number on the right-hand side of (2.23) is far larger than 6%, which means that y ¢ B;(X;), and
proves (2.22).

Recall the statement of Lemma 2.20, and compare it with the previous accomplishment: (2.22) states
that if x € B);(X;), then x lies in a certain tube of width 8* (namely T,), which has direction in J;, and
also contains x;. This sounds a bit like the statement of the lemma, but there is a problem: in principle,
every point x € B'(X;) could give rise to a different tube 7. So, it essentially remains to show that all
these 8*’-tubes T can be covered by a small number of tubes of width 8”. To begin with, note that the
ball B; := B(x;, 82P) can be covered by a single tube of width 87, in any direction desired. So, to prove
the lemma, it remains to cover Bc’l (Xj)\ B;.

Note that if x, y satisfy |[x — y| > 82, then the direction of any 8%P_tube containing both x, y lies in
a fixed arc J(x, y) C S of length [J(x, y)| < §4° /82'0 =820, As a corollary, the union of all 8*°-tubes
containing x, y, intersected with B(0, 1), is contained in a single tube of width ~ 82, In particular, this
union (still intersected with B(0, 1)) is contained in a single §”-tube, assuming that § > 0 is small; this
tube can be chosen to be a §°-tube around an arbitrary §*°-tube containing both x and y.

The tube-cover of B/,(X;)\ B; can now be constructed by adding one tube at a time. First, assume
that there is a point y; € B;(X;) \ B; left to be covered, and find a tube T (¢, §*) containing both y;
and x;, with direction in Jy; existence follows from (2.22). Add the tube T (£1, §”) to the tube-cover
of B/(X;) \ Bj, and recall from the previous paragraph that T ({1, §”) now contains 7 N B(0, 1) for
any §*-tube T D {yi, x;} (of which T = T (¢, §*") is just one example). Finally, by the definition of
y] € B[’I(Xj), associate to y; a subset X’1 C X; with

u(X)) > 38 and y; € By(X})). (2.25)

Assume that the points yy, ..., yg € B}, (X;)\ B}, along with the associated tubes {y;, x;} C T (¢;, 8% c
T (¢;, 8”), and subsets X C X;, as in (2.25), have already been constructed. Assume inductively that

w(X; NX) <18 1<ij<ip<H. (2.26)
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To proceed, pick any point yz 41 € B} (X;)\B;, and associate to y 41 asubset X, | C X; with (X, ) >
§* /2 and yy 4 € B;(X';. ). Then, test whether (2.26) still holds, that is, whether 1 (X, N X[) < 8211/4
for all 1 <i < H. If such a point yz 4 can be chosen, run the argument from the previous paragraph,
first locating a tube T (£g 41, 540 containing both yz 11 and p;, with direction in Jy, and finally adding
T (€41, 8") to the tube-cover under construction.

The “competing” conditions u(X') > 8*1/2 and (2.26) guarantee that the algorithm terminates in
H <4858

steps. The argument is precisely the same as that used to prove (2.17), so I omit it. Once the algorithm
has terminated, I claim that all points of BL;(X )\ B; are covered by the tubes T'(¢;, §7), with 1 <i < H.
To see this, pick y € B,,(X;) \ Bj, and a subset X' C X; with u(X') > §*1/2, and y € By(X'). Since the
algorithm has already terminated, it must be the case that
wX'NX) > %88"
for some index 1 <i < H. Since X" := X'N X| C X’ and consequently y € B;(X"), one can find a tube
T, =Ty, 0d) >y, with dir(Ty) € Jy, satisfying
nw(X;NTy) = u(X"NTy) = p(X") -8 > ;8577

This lower bound is precisely the same as in (2.21). Hence, it follows from the same argument which
gave (2.22) that
Yi € Ba(X]) C T(Ly,5%).

Since X} C X;, we also have x; € By(X;) C Ba(X}) C T (£, §*). So,

{y,vi,x;} CB@O,1)NT(,, §4). (2.27)
In particular, 7' (¢, §%) is a §*°-tube containing both y;, x;, and hence

B(0, )N T (¢, 8%) C T (4, 8").
Combined with (2.27), this yields y € T (¢;, §°), as claimed. This concludes the proof of Lemma 2.20. [

Combining (2.17)—(2.18) with Lemma 2.20, the structural description of Bad,‘f is now complete: Badfi
is covered by
<M -457% <852 (2.28)

tubes of width §”, with directions in J;. For nonadjacent di, d; € {1, ..., D} (the ordering of indices
corresponds to the ordering of the arcs J; C ), the covering tubes are then fairly transversal. This is can
be used to infer that most points in E; do not lie in many different sets Badi. Indeed, consider the set
BadBady, of those points in R? which lie in (at least) two sets Badz1 and BadZ2 with |dy —di| > 1. By
Lemma 2.20, such points lie in the intersection of some pair of tubes 7) = T'(£1, 6”) and T, = T ({3, 8°)
with dir(7;) € Jy,. The angle between these tubes is 2> §”, whence

diam(T; N Tp) <8777,
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and consequently
V(T NT) < C,8P=" < C,8P=21, (2.29)

Ford € {1, ..., D} fixed, there correspond < 8§ ~'?" tubes in total, as pointed out in (2.28). So, the number
of pairs T, T, as above, is bounded by

S D2 .872477 < 8726n‘

Consequently, by (2.29),
v(BadBady) < C,828mtewp

This upper bound is far smaller than 81’3/2 <v(Ey)/2, taking 0 < max{8, 28n} < k,p/2, so that
0<pB <kyp—287. (2.30)

For such choices of 8, i, the next task is then to choose Ey+; C Ey such that v(Eyy1) > 8,’? 4l Start by
writing G := Ej \ BadBady, so that

v(Gr) = Jv(EQ) = 38¢
by the choice of 8. Now, either
v(Gy NBady) = 1v(Gy) or v(GxNBady) < 3v(Gy). (2.31)

The latter case is quick and easy: set Exy1:= G \Bady and K41 := Kj. Then v(Er4+1) > v(Er) /4> (Sf+1
(assuming that & > ko is large enough). Moreover, the set E;4| no longer contains any points in Bady, so
(2.7) is satisfied at level k + 1 by the very definition of Bady; see (2.13).

So, it remains to treat the first case in (2.31). Start by recalling from (2.14) that Bady is covered by the
sets Badz, 1<d<D,so

v(Gr)
v(Gg ﬂBadg) > D > 4_1187755 — i8n+ﬂ/(l+e)
for some fixed d € {1, ..., D}. Then, recall from (2.28) that Bad¢ can be covered by < 857! tubes of

the form 7' (£, §°) with directions in Jy. It follows that there exists a fixed tube Ty = T (£, §°) such that
dir(Tp) € J4 and  v(G N TyNBadf) > 4837HA/1+0), (2.32)

So, to ensure V(G NTyN Badg) > 8P, choose n > 0 so small that

B
13n+ — . 2.33
Mt e S B (2.33)
To convince the reader that there is no circular reasoning at play, I gather here all the requirements for g
and n (harvested from (2.24), (2.30), and (2.33)):

Ky p

0<p< Ku/2 =T kup i}

and 0 <n < min , ——,
2 56 " 13(1+¢€)
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With such choices of 8, n, recalling (2.32), and assuming that § is small enough, the set
Err1:=GyNTyN Badi

satisfies v(Ex,1) > 8, which is statement (b) from the lemma. It remains to define K;_. To this end,
recall that Ty is a tube around the line £y C R2 Define

Kit1:= K \ T (£, 8"72).

Then, assuming that 1/2 has the form /2 = (1 +¢€)~"~! for an integer I' = I'(e, k,, kv, T) € N (this is
finally the integer from (2.9)), one has
8% = 8§ _r. (2.34)

Since T (£g, ég—r) N Ex_r # O, it follows from the induction hypothesis (i) that

k—ko+1
WK NT (Lo, 8e—r)) < (5)7

Consequently,

w(KiesD) = p(Kp — ()T =1 3 (/T
ko<j<k+1

which is the desired lower bound from (a) of the statement of the lemma. So, it remains to verify the
nonconcentration condition (2.7) for Ey4 and K. To this end, pick x € Ey . First, observe that every
tube T = T (¢, §) which contains x and has nonempty intersection with Ky C B(0, 1)\ T (¢, 8"/%) forms
an angle 2> § /2 with Ty. In particular, this angle is far larger than §". Since dir(7p) € J; by (2.32), this
implies that dir(7") € J; for some |d' —d| > 1.

Now, if the nonconcentration condition (2.7) still fails for x € Ey1, there would exist N < §~° tubes
T®1,8),..., Ty, ), each containing x, and with

N
M(KH] nlJr@. 5)) > 8.

i=1

By the pigeonhole principle, it follows that the tubes 7' (¢;, §) with dir(7;) € Jy for some fixed arc Jy
cover a set X C Kiy1 C K of measure u(X) > §27. This means precisely that x € Bad? , and by the
observation in the previous paragraph, |d —d’| > 1. But x € E; | C Bad,‘f by definition, so this would
imply that x € BadBady, contradicting the fact that x € Ey; C Gy. This completes the proof of (2.7),
and the lemma. U

The proof of Theorem 1.5 is now quite standard:

Proof of Theorem 1.5. Write s := dimy K, and assume that s > 0 and dimyg £ > 0. Make a counter-
assumption: E is not contained on a line, but dimy 77, (K) < s/2 for all x € E. Then, find < 5/2,
and a positive-dimensional subset E C E not contained on any single line, with dimy 7, (K) < ¢ for all
xekE (if your first attempt at E lies on some line ¢, simply add a point xg € E \ £ to E, and replace ¢ by
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max{z, dimy 7., (K)} < 5/2). So, now E satisfies the same hypotheses as E, but with “< s/2” replaced
by “<t < s/2”. Thus, without loss of generality, one may assume that

dimym,(K) <t <3%s, x€E. (2.35)

Using Frostman’s lemma, pick probability measures p, v, with spt u C K and sptv C E, satisfying
the growth bounds (2.3) with exponents 0 < k,, < s and «, > 0. Pick, moreover, «,, so close to s that

iy > t. (2.36)

Observe that u(¢) = 0 for all lines £ C R2 Indeed, if 1 (¢) > 0 for some line £ C R then there exists
x € E\ £ by assumption, and

dimy 77, (K) > dimy m (sptu N ) >k, > ¢,

violating (2.35) at once. Finally, by restricting the measures p and v slightly, one may assume that they
have disjoint supports.
In preparation for using Lemma 2.2, fix € > 0, 0 < 7 < «,/2 in such a way that

T

ate? >t (2.37)
This is possible by (2.36). Then, apply Lemma 2.2 to find the set K’ C sptu C K with
(K" = 3,
the parameters > 0 and ko € N, and the point x € E satisfying (2.4). I claim that
dimy 7, : (2.38)

K> ——,
(K) = (14+¢€)?
which violates (2.35) by (2.37). If not, cover 7, (K) efficiently by arcs Ji, Ja, ... of lengths restricted to

the values 8 = 2~ (149" with k > ko. More precisely: assuming that (2.38) fails, start with an arbitrary
efficient cover J, Ja, ... by arcs of length |Z | < 8k,, satisfying

Z |:]“;|f/(1+e)2 <1.
j=1

Then, replace each Z by the shortest concentric arc J; D j}, whose length is of the form §;. Note that

€(J;) < £(J)"0+9, 50 that
Z I]j|r/(1+e) < Z |j}|r/(1+€)z <1.
j=1 j=1

t/(+€) Jres of any fixed length §;. Since x ¢ K,

for every k > k there exists a collection of tubes T; of the form T (¢, §;) > x, such that |T;| < 3,7/ (d+e)

The arcs Jy, Jo, ... now cover 7, (K’), and there are < 5

(the implicit constant depends on dist(x, K')), and

kclJUYTr.

k>ko TeTx
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In particular |7;| < &, T, assuming that & is small enough for all k > k. Recall that u(K’) > % Hence, by
the pigeonhole principle, one can find k € N such that the following holds: there is a subset K; C K’ with
n(K}) > 1/(100k?) such that K/ is covered by the tubes in 7. But 1/(100k?) is far larger than §;, so
this is explicitly ruled out by nonconcentration estimate (2.4). This contradiction completes the proof. [

3. Proof of Theorem 1.11

This section contains the proof of Theorem 1.13, which evidently implies Theorem 1.11. Fix u € M(R?)
and x € R\ spt 11. For a suitable constant ¢4 > 0 to be determined shortly, consider the weighted measure

My i= Caky d,

Il*d

where ky ;= |x —y is the (d—1)-dimensional Riesz kernel, translated by x. A main ingredient in the

proof of Theorem 1.13 is the following identity:

Lemma 3.1. Let € Co(RY) (that is, u is a continuous function with compact support) and v € M(R?).
Assume that spt u Nsptv = &. Then, for p € (0, 00),

/ It} gary dV(X) = / sl oy dH" (e).
- ’

Here, and for the rest of the paper, 1, stands for the orthogonal projection onto e+ € G(d,d — 1).

Proof. Start by assuming that also v € Co(R?). Fix x € R?. The first aim is to find an explicit expression
for the density .t on S~ so fix f € C(5?"!) and compute as follows, using the definition of the
measure Ly, integration in polar coordinates, and choosing the constant c; > 0 appropriately:

/ f@dimpal(e) = / ) diee(y) = / lf ( Xjﬁ))l )
:/ f(é’)/ w(x +re)drdH= (e)
gd—1 R

=], f© men(men di @).

Since the equation above holds for all f € C(S9~!), one infers that
Tty = [€ > Mo (e (XN dH ™ gamr. (3.2)
Now, one may prove the lemma by a straightforward computation, starting with
/ Ixzpcll] p gary dv () = / f Il dHT o) dv(x)

_ / / / [es (T CN1P 0 (6) ! () dHE (w) dHE ).
Sd-1 Jeb JrsHw)
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Note thatif x e "{w}, then 7, (x) = w, so the expression [- - -]” above is independent of x. Hence,

[ 1oy aveo= [ [ [newwnf’(/ " dHl(x)) dH () aH' @)
:/ / [7estt )P Tezv(w) dH ™" (w) dHT ()
gd—1 JoL

d—1
= /S el L) AR (@),

as claimed.
Finally, if v € M(RY) is arbitrary, not necessarily smooth, note that

X = ||7Txt1/fo ”ip(sd—l)

is continuous, assuming that yu € Co(RY), as we do (to check the details, it is helpful to infer from (3.2)
that 7, i, € L>(S4~1) uniformly in x, since the projections 7, clearly have bounded density, uniformly
in e € S471). Thus, if (Yn)nen 1s a standard approximate identity on R4, one has

P . 14 d—1
/ ||7Txt[l’tx||Lp(Sd—l) dv(x) —nll)n;o /Sd—‘ ”neﬁM”L”(netvn)d,H (e), (3.3)

with v, = v * . Since 7.z, converges weakly to m.-;v for any fixed e € §4-1 and et € Co(eh), it is
easy to see that the right-hand side of (3.3) equals

fs el a1 @) 0

Here is one more (classical) tool required in the proof of Theorem 1.13:

Lemma 3.4. Let 0 <o <d/2, and let i € M(R?) be a measure with spt ;u C B(0, 1) and I;_», (11) < 00.

Then
1wy Sdio vV Ia—20 WL o ®e)

for all continuous functions f € H° (R?), where

) 1/2
£ 1l o ey == (/|f<s>|2|s|2" ds) :

Proof. See Theorem 17.3 in [Mattila 2015]. Since f is assumed continuous here, | f| is pointwise bounded
by the maximal function M f appearing in [Mattila 2015, Theorem 17.3]. |

Proof of Theorem 1.13. Fix 2(d — 1) —s <t <d — 1. It suffices to prove that if v € M(R?) is a fixed
measure with ; (v) < 0o, and spt u Nsptv = &, then

Teplhy € LP(S4™Y forvae. x e RY,

whenever

. t t
1<p§mm{2_(d—l)’2(d—1)—s}' 3.5)
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I will treat the numbers d, p, s, t as “fixed” from now on, and in particular the implicit constants in the
< notation may depend on d, p, s, t. Note that the right-hand side of (3.5) lies in (1, 2), so this is a
nontrivial range of p’s. Fix p as in (3.5). The plan is to show that

/ Izl gamry V) S LW)2P L ()2 < o0, (3.6)

This will be done via Lemma 3.1, but one first needs to reduce to the case u € Co(R?). Let (/,,)nen be a
standard approximate identity on R? and write u, = p * ¥,. Then et (n)x converges weakly to sty
for any fixed x € sptv C RY\ spt ju:

/ f(@)dlmyspie(e)] = lim / f@dmys(un)e).  f € CSH.

It follows that
||7Txtl’l’x”€p(sd71) = largioréf ||7Txtt(lin)x||zp(sd71)7 X € sptv,

and consequently

p .. P
[ bl oy v < timint [ sl o)

by Fatou’s lemma. Now, it remains to find a uniform upper bound for the terms on the right-hand side;
the only information about w,, which we will use, is that I;(u,) < I;(n). With this in mind, T simplify

notation by defining i, := . For the remainder of the proof, one should keep in mind that ;. € C§° (et)

L is well-defined, and

for e € §971, so the integral of 7,z with respect to various Radon measures on e
the Fourier transform of 7, on e (identified with R?~1) is a rapidly decreasing function.

We start by appealing to Lemma 3.1:
/ ||”xtil/bx||zp(sdfl) dv(x) = /d 1 ||7Zeﬁﬂ||lzp(nc,u) de_l(é). 3.7
qi- "

The next task is to estimate the L?(sr,4v)-norms of m,.p individually, for e € §4=1 fixed. T start by
recording the standard fact, see for example the proof of Theorem 9.3 in [Mattila 1995], that [; (7r.4v) < 00
for H?~!-almost every e € S4~!; I will only consider those ¢ € S?~! satisfying this condition. Recall that
1 <p<t/[2(d—1) —s]. Fix f € LY(m4v), with g = p" and || f || L4 (x,,v) = 1, and note that

Iya-1y—s(f dmegv) = f/ &) 1) driegy (x) dmegv () < I (o) /P

|x _ y|2(d—1)—s

by Holder’s inequality. It now follows from Lemma 3.4 (applied in e+ = R¢~! with o = [s — (d — 1)]/2)
that

/ﬂenﬂ Aoy S Da—1)—s (f desv) || 7es b |l gis—a-m

1/2
< (I (regv)) /7P ( / . | Tt (§) % &) 7D dé) .
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Since the function f € LY (7 zv) with || f | L4 (r,,) = | was arbitrary, one may infer by duality that

1/2
||new||mw>w(h(neuv))l/zf’( / | Tt (&) %57~ d%) :

Now it is time to estimate (3.7). This uses duality once more, so fix f € L9(59~1) with | fla(sa-1y = 1.
Then, write

[, Vbl - f@ @)
"

1/2
S / (1,(neﬁv>>”2”</ |@L(§)|2|$I‘Y_(d_l)d5> Fle) dH (o)
gd—1 put

1/2 1/2
g(f 1,<nejv)”l’-f(e)zdﬂd—l(a) <[ f |@@)|2|S|S—<d—“dsde—l(a) :
d—1 gd—1 J ol

The second factor is bounded by < I;(u)'/? < oo, using (generalised) integration in polar coordinates;
see for instance (2.6) in [Mattila and Orponen 2016]. To tackle the first factor, say “I”, write f>= f - f
and use Holder’s inequality again:

1/2p
15 (fd RACIONNIOL d?—t"_l(e’)) A sy
.

The second factor equals 1. To see that the first factor is also bounded, note that if B(e, r) C 41 is a
ball, then

p—1

/ fpd%d—‘s(%d—‘<B(e,r>>)2—P-(/ fqd’Hd“) Sramhen,
B(e,r) §d-1

Thus, o = f? dH4~1 is a Frostman measure on S¢~! with exponent (d — 1)(2 — p). Now, it is well
known (and first observed by Kaufman [1968]) that

do(e) <
Jy wmandoo= [[[ | ST v S 10

as long as t < (d — 1)(2 — p), which is implied by (3.5). Hence I < I,;(v)!/??, and finally

[ Vbl - F@ a0 S 1) P10

for all f e LI(S?") with Il f Nl La(sa-1y) = 1. By duality, it follows that
BN S LML) < oo,

This proves (3.6), using (3.7). The proof of Theorem 1.13 is complete. U
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