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COMMUTATORS OF MULTIPARAMETER FLAG
SINGULAR INTEGRALS AND APPLICATIONS

XUAN THINH DUONG, JI L1, YUMENG OU, JILL PIPHER AND BRETT D. WICK

We introduce the iterated commutator for the Riesz transforms in the multiparameter flag setting, and prove
the upper bound of this commutator with respect to the symbol b in the flag BMO space. Our methods
require the techniques of semigroups, harmonic functions and multiparameter flag Littlewood—Paley
analysis. We also introduce the big commutator in this multiparameter flag setting and prove the upper
bound with symbol b in the flag little bmo space by establishing the “exponential-logarithmic” bridge
between this flag little bmo space and the Muckenhoupt A, weights with flag structure. As an application,
we establish the div-curl lemmas with respect to the appropriate Hardy spaces in the multiparameter
flag setting.

1. Introduction and statement of main results

The Calder6n—Zygmund theory of singular integrals has been central to the success and applicability of
modern harmonic analysis in the last fifty years. This theory has had extensive applications to other fields
of mathematics such as complex analysis, geometric measure theory and partial differential equations. In
the setting of Euclidean spaces R”, a notable property of standard Calderén—Zygmund singular integrals,
shared with the Hardy-Littlewood maximal operator, is that these operators commute with the classical
one-parameter family of dilations on R”, § - x = (6xy, ..., §x,) for § > 0. See for example [Stein 1993].

The product Calderén—Zygmund theory in harmonic analysis was introduced in the 1970s and has been
studied extensively since then. The model case is a tensor product of classical singular integral operators;
such operators arise in the context of questions about summation of multiple variable Fourier series. Early
key work in this field includes that of Chang and R. Fefferman [1980; 1982; 1985], R. Fefferman [1986;
1987; 1999], R. Fefferman and Stein [1982], C. Fefferman and Stein [1972], Gundy and Stein [1979],
Journé [1985], and Pipher [1986]. Included in these works are the identification of appropriate notions of
product BMO space and product Hardy space H? (R" x R™).

More recently, the theory of (iterated) commutators has been developed in connection with the Chang—
Fefferman BMO space, including paraproducts and multiparameter div-curl lemmas; see, for example,
[Dalenc and Ou 2016; Ferguson and Lacey 2002; Ferguson and Sadosky 2000; Lacey et al. 2009; 2010;
2012; Lacey and Terwilleger 2009]. In contrast with the classical Euclidean setting, the product Calderén—
Zygmund singular integrals and the strong maximal function operator commute with the multiparameter
dilations on R”, § - x = (81x¢, ..., 8uxy,) for § = (61, ..., ;) € (0, c0)™
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A new type of multiparameter structure, which lies in between one-parameter and tensor product, was
introduced by Miiller, Ricci and Stein in [Miiller et al. 1995; 1996], where they studied the L? boundedness
of Marcinkiewicz multipliers m(L, iT) on the Heisenberg group, where L is the sub-Laplacian and T is
the central invariant vector field, with m being a multiplier of Marcinkiewicz-type. They showed that
such Marcinkiewicz multipliers can be characterized by a convolution operator f * K, where K is a
so-called flag convolution kernel. This multiparameter flag structure is not explicit, but only implicit in
the sense that one cannot formulate it in terms of an explicit dilation § acting on x. Later, the notion of
flag kernels (having singularities on appropriate flag varieties) and the properties of the corresponding
singular integrals were then extended to the higher-step case by Nagel, Ricci and Stein [Nagel et al. 2001]
on Euclidean space and their applications on certain quadratic CR submanifolds of C". Recently, Nagel,
Ricci, Stein and Wainger [Nagel et al. 2012; 2018] established the theory of singular integrals with flag
kernels in a more general setting of homogeneous groups. They proved that, on a homogeneous group,
singular integral operators with flag kernels are bounded on L?, 1 < p < 0o, and form an algebra. (See
also [Gtowacki 2010] for related work.) Associated to this implicit multiparameter flag structure, the
Hardy space H }(IR” x R™) and BMO space BMO £(R" x R™) were introduced by Han, Lu and Sawyer
[Han and Lu 2008; Han et al. 2014] through their creation of a flag-type Littlewood—Paley theory. More
recently, Han, Lee, and the second and fifth authors [Han et al. 2016a] established a full characterization
of H }(R” x R™) via appropriate flag-type nontangential, radial maximal functions, Littlewood—Paley
theory via Poisson integrals, the flag-type Riesz transforms, as well as flag atomic decompositions.

In the multiparameter setting, the dilation structure 6 - x = (§1xy, ..., 8,x,) for § := (61,...,68,) €
(0, 00)" determines a geometry that is reflected by axes-parallel rectangles of arbitrary side-lengths.
Indeed, the strong maximal function is defined as the supremum of averages over such rectangles, and the
Chang—Fefferman product BMO space can also be characterized using such rectangles. When it comes to
the flag setting, the lack of an explicit dilation structure makes its geometry much more obscure. However,
from the study of properties of the flag singular integrals, such as the flag Riesz transforms that will be
introduced below, one realizes that the flag geometry can be reflected by axes-parallel rectangles with
certain restriction on the side-lengths. For example, the flag rectangles in R” x R™ are the ones of the
form R=1 x J C R" x R™ with £(I) < £(J). Compared to the multiparameter setting, the restriction
£(I) < €(J) gives rise to new difficulties. For instance, a very useful trick in the study of problems in
the multiparameter setting is to take a sequence of rectangles {/ x J;} and let J; shrink to a point yg as
i — 00. This can usually effectively reduce the problem to one-parameter. However, in the flag setting,
such an operation is not allowed anymore. Other intrinsic difficulties of the flag setting can be better
described from the analytic perspective, which will be discussed below.

A commutator of a classical Calder6n—Zygmund singular integral with a BMO function is a bounded
operator on L” with norm equivalent to the BMO norm of the symbol [Coifman et al. 1976]. Modern
methods of proving the upper bound of these commutators in the multiparameter product setting rely
upon the existence of a wavelet basis for L?(R"), such as the Meyer wavelets or Haar wavelets; see for
example [Lacey et al. 2009; Dalenc and Ou 2016]. It turns out that the behavior of the commutator is
straightforward to analyze in terms of the wavelet basis. One method of proof shows that the commutator



COMMUTATORS OF MULTIPARAMETER FLAG SINGULAR INTEGRALS AND APPLICATIONS 1327

can be written as a linear combination of paraproducts and simple wavelet analogs of the Calderén—
Zygmund operator in question. The other approach uses the wavelet basis to dominate the commutator by
a composition of sparse operators. In the flag setting, we lack a suitable wavelet basis and this approach
is not available. Essentially, the wavelet basis requires the construction of a suitable multiresolution
analysis, which we do not have in this flag setting. Hence, instead of the wavelet basis, we resort to using
a method based on heat semigroups and flag-type Littlewood-Paley theory, exploiting the connection
between the Reisz transforms and the Laplacian.

We now recall the flag Riesz transforms as studied in [Han et al. 2016a]. We use RJO) to denote the
j-th Riesz transform on R"™, j =1,2,...,n+m, and we use R,ﬁz) to denote the k-th Riesz transform
on R™ k=1,2,..., m. Namely, we have that for g1 e LZ(R"*™),

X~

Y|ﬂ+m+1 8(1)()’) dy’ X € Rn+m’

1
RV ¢M(x) =p.v. Cn-‘rmf

Rr+m |x -

and for g@® e L>(R™),

@ 2y Wj—2Zj m
Rg (Z)—p.v.cm/Rm—m_Z'mHg (w)dw, zeR™.

For f € L>(R"™), we set
Riu(f) =R %R %, f: (1-1)

that is, R;  is the composition of R;l) and R,iz). Note that the flag structure appears in R; .
Given two functions b, f € L2(R"™), we first recall the usual definition of commutator

b, RV Cxr, x2) = by, xRS s f(x1, x2) = R{Y 5 (bf) (x1, x2). (1-2)
The commutator can also act only on the second variable:
b, RPT2(f) (1. x2) 1= b1, x) R 5 f (1, x2) = R 5 (bf) (351, x2). (1-3)

Iterated commutators arise in the study of commutators of multiparameter singular integral operators
which are tensor products. In the flag setting, our iterated commutator takes the following form:

Definition 1.1. Given two functions b, f € L*(R"t™), the iterated commutator in the flag setting of
R* x R™ is
(b, "1, RPTa(f) :=b(xr, x2) REY 5 R s £ (1, x2) = RV s (b - R 2 f) (31, x2)

—RP 52 (b R 5 )01, 1) + R 50 RV 5 (b f) (1, 32).

We point out that another possible definition via [[b, R,Ez)]z, Rj(.l)]( f) turns out to be equivalent; see
Proposition 2.5 in Section 2.
We also introduce the big commutator in the flag setting as follows.

Definition 1.2. Given two functions b, f € L?(R"*"), the big commutator in the flag setting of R" x R™ is

(b, Rjk1()(x) := D) R; 1 (f)(x) — R;j 1 (bf ) (x). (1-4)
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The main results, below, of this paper relate iterated and big commutator bounds to flag BMO spaces.
As the definition of the space BMOx(R" x R™) is very technical, we refer the reader to Section 2,
Definition 2.4 for details.

Theorem 1.3. Suppose b € BMOx(R" x R™) and 1 < p < oo. Then for every j = 1,...,n+m,
k=1,...,m, f € LP(R"™™),

1 2
I, REVL RP L)l o@remy S 1B lBMO # @ cim || | Lo gremy- (1-5)

Lacking methods related to analyticity ([Ferguson and Sadosky 2000] for the Hilbert transform) or
wavelets [Lacey et al. 2009; 2010; Dalenc and Ou 2016], we instead obtain this upper bound using
the duality argument and the tools of semigroups, harmonic function extensions and techniques from
multiparameter analysis.

Next, we introduce the little flag BMO space. The flag structure has a geometry which is reflected by
the axes-parallel rectangles R = I x J C R"™" satisfying £(I) < £(J), the collection of which is referred
to as flag rectangles, denoted by R . One can then define the little flag BMO space and the flag-type
Muckenhoupt weights A  , with respect to R r.

Definition 1.4. A locally integrable function b is in little flag BMO space, denoted by bmo z(R” x R™), if

1
15 1lbmo - (R xRy = sup —/ |b(x, y) — (b)rldx dy < o0, (1-6)
rerr IRl JR

where (b)R = (1/|R|) fR b(xl, )Cz) dx1 de.

Theorem 1.5. Suppose Tr is a flag singular integral operator on R" x R™, b € bmor(R" x R™) and
1 < p <oo. Then for f € LP(R"™™),

16, TFICH) e @etmy S I1Bllomo » e sy I f 1 Lo @y (1-7)

In the above, the flag singular integral 77 can be taken as the Riesz transform R; ;. The class of
flag singular integral operators 7= naturally generalize the Riesz transforms R; ; and are assumed to be
associated to kernels having a standard flag structure. We refer the reader to Definition 4.4 in Section 4
for its precise definition. To obtain this upper bound, we study the little flag BMO space bmox(R" x R™)
and find the connection with the John—Nirenberg BMO space on R"™ and on R™. We also establish the
bridge between functions in bmor(R" x R™) and weights in Ax ,. These structures lead to the upper
bound for [b, R; ;]1(f).

As application, the commutator estimates obtained above imply certain versions of div-curl lemmas,
which seem to be first of their kind in the flag setting. Roughly speaking, a div-curl lemma says that if
vector fields E and B initially in L? have some cancellation (e.g., divergence or curl zero) then one can
expect their dot product E - B to belong to a better space of functions instead of just L' (as provided for
by Cauchy—Schwarz). The cancellation conditions allow one to deduce some type of cancellation, e.g.,
[ E- B =0, suggesting that the function should belong to a suitable Hardy space since it is integrable and
has mean zero. The algebraic structure of E - B coupled with the duality between Hardy spaces and BMO
spaces then points to the use of the commutator theorem to arrive at the membership of E - B in the Hardy
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space; different commutator results suggest different div-curl lemmas that can be explored. In the classical
one-parameter setting, the div-curl lemma says that given two vector fields, one with divergence zero
and the other with curl zero, their dot product belongs to a Hardy space [Coifman et al. 1993]. Later on,
Lacey, Petermichl, and the fourth and the fifth authors proved multiple versions of div-curl lemmas in the
multiparameter setting [Lacey et al. 2012], which are expected since the multiparameter setting offers
several different interpretations of the Hardy and BMO spaces. Thus, it is natural that our Theorems 1.3
and 1.5 lead to two versions of flag-type div-curl lemmas.

First, consider vector fields on R" x R™ that take values in M,,1,, ,, and are associated with the flag
structure (see Section 5 for the precise definitions and details). We establish the div-curl lemma in the
flag setting with respect to the flag Hardy space below, which is a consequence of Theorem 1.3.

Theorem 1.6. Let 1 < p,q <ocowith1/p+1/q = 1. Suppose that E, B are vector fields on R" x R™
taking the values in M,y m, associated with the flag structure. Moreover, suppose E = E Wy E@ ¢
LE(R" x R™; Myymm) and B = B 5, B® € LL(R" x R™; My m) satisfy
diviey EfV(x,y) =0 and curlyy B (x,y)=0 forallk
and
div, E?(x,y) =0 and curl, B (x,y)=0 forallx € R", forall j.

Then E - B belongs to the flag Hardy space H }T(IR" x R™) with

IE - Bl g1 xcmy S HENLr @ xR My | B I L8 R xR Myps) - (1-8)

We also prove another version of the div-curl lemma in the flag setting, which is with respect to the
Hardy spaces on R"*™ and on R"™, respectively. This version relies on the intermediate result in the proof
of Theorem 1.5, namely, the structure of the flag little bmo space.

Theorem 1.7. Let 1 < p,qg <ocowith1/p+1/q = 1. Suppose that E, B are vector fields on R" x R™
taking the values in R"™. Moreover, suppose E € LP(R" x R™; R"*™) and B € L1(R" x R™; R"t™)
satisfy

dive ) E(x,y) =0 and curly ) B(x,y) =0

and
divy E(x,y)=0 and curlyB(x,y)=0 forallxeR".
Then we have
|E - Bll g gnimy S NE I Lp e s memy | Bl La (e x o gremy (1-9)
and
/Rm IEC-,y)2BC, D aiwny dy S NE N Le @ sim oty | Bl La (e crm; Ro+my, (1-10)

where

E(x,y)2B(x,y) =Y Enx(x, y)Bi(x, y).
k=1
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It is known that the div-curl lemma in the classical setting has many applications in PDE and com-
pensated compactness [Coifman et al. 1993]. Similarly, we expect that the flag-type div-curl lemmas
described above would have interesting implications in these directions as well. For instance, following
the ideas in [Coifman et al. 1993], one can study weak convergence problems in the flag Hardy space.
And it would be interesting to know whether one can use the flag-type regularity (implied by our div-curl
lemmas) of certain nonlinear quantities to obtain improved regularity results for certain nonlinear PDE.

This paper is organized as follows. In Section 2 we provide necessary preliminaries with respect to
the flag structures. In Section 3 we study the flag iterated commutators as in Definition 1.1 and prove
Theorem 1.3. In Section 4 we give a complete treatment of the flag little bmo spaces and flag-type
Muckenhoupt A, weights, toward the proof of Theorem 1.5. In the last section, we apply the boundedness
of flag commutators from Theorems 1.3 and 1.5 to establish the flag div-curl results, Theorems 1.6 and 1.7.

2. Preliminaries in the flag setting

Recall the classical Poisson kernel on R”:

P(x)i=——
(x) = (1+ |x|2)(n+1)/2'

1 X
Pt(X) = [_nP<?>

For f € L'(R"), let F(x,t) := P; * f(x). Then we have the following standard pointwise estimates for

And we define

the Poisson integral; see in particular [Stein 1993].

Proposition 2.1. Suppose f € L'(R"). Then
sup  t"TK|VE F (e, 0] < ClLF Il oy (2-1)

1
(x,1)eRF

We now recall the flag Poisson kernel given by

P(x,y) =P sgn P<2>(x,y)=f PY(x,y—2)PP(2)dz,

where
Cm

(1 _ Cntm @y —
P (x,y)= and  P7(z) = (14 |Z|2)(m+l)/2

(1+ |x|2 + |y|2)(n+m+1)/2

are the classical Poisson kernels on R"™" and R™, respectively. Then we have
1 2
Py (x,y) = Py smn P (x, ).

We define the Lusin area function with respect to u = Py, ;, * f as follows.

Definition 2.2. For f € LY (R" x R™) and u(xy, x2, 11, 1) = Pi, 1, * f(x1, x2), the Lusin area integral of
u(xy, x2, t, t2), denoted by Sx(u), is defined by

1
SFu)(x1, x2) = Xes (X1 —wi, X2 —w) [V BV u(wy, wa, t, ) |7 — e e
R R f h
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where VY = (9;,, w, , ** Owy,» Oy, - * duy,,) is the standard gradient on R"™ 1 and V@ = (d,,,
Qus, *+* Ouy,,) is the standard gradient on R™ "1, and
1 2
X (1, x2) = o0 e 1, (61, x2), (2-2)

1 _ 2 -
XD Gy x2) i= 1 YD ey /11, 30 /1), x5 (2) =" x P(z/0), and x D (x, y) and x P (z) are the
indicator functions of the unit balls of R**" and R", respectively.

Definition 2.3. The flag Hardy space H }([RR” x R™) is defined to be the collection of f € L' (R" x R™)
such that Sx(u) € L' (R" x R™). The norm of H:(R" x R™) is defined by

I e ey = ISFO L1 e ey - (2-3)
We now recall the definition of the flag BMO space.

Definition 2.4. The flag BMO space BMO £ (R" x R™) is defined to be the collection of b € Llloc([R{” x R™)
such that

dwi dtidw, dty
Hhi

1
1 2
1511 BMO > (Re xRm) :=sup(— / VPRV Puwy, wy, 11, )] )<oo, (2-4)
T()

o \I€

where the supremum is taken over all open sets in R” x R™ with finite measures, and 7(Q) = g o T (R)
with R=1 xJ, £(I) <£(I) and T(R) = I x (3¢(I), &(D)] x J x (3£(J), €(D)].

Proposition 2.5. Given two functions b, f € L>(R"*™), we have
(16, R"1, RO f) =116, R T, RV1CH). (2-5)
Proof. By definition, we see that
(16, RV1 RPN (1, x0) = b, RPVIR s f (k1 x2) = R 52 (1, RN (1, 32)
= b )R # R w2 f (1 00) = RV % (0 R %2 )1, x2)
— R 52 (b R s f = RV 5 (b £))(x1, x2)
=01, )R« R 43 £ (11,52 — RV % (b R 50 )1, x2)
= RO w2 (0 R 5 )1, x2) + R 5 R 5 (b )y, x2).
And we also have
(16, R Do, R{VICA) (1, x2) = [b, RPTLRSY # £ (x1, x2) — RS s ([b, RPTa(£)) (x1, x2)

= b1, 2)RP %2 Ry # f(x1, x2) = R w2 (b~ R % f) (w1, x2)
=R (bR %2 f = R 52 (b £))(x1, %)

= b(x1, xz)Rz(cz) %) R]Q) * f (X1, x2) — R1E2) *2 (b-R}l) * e, x2)
—R;I)*(b-R;EZ) *2 f)(xl,xz)—i-R;l)*RzEz) *2 (b f)(x1, x2).
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It is direct to see that, by changing of variables,
2 1 2 1
R w2 R flnm) = [ R0 =R (=102 =52 fO0n. ) dzdys dys
= | RZ G- y)R" (x) - -z dzdy, d
= k @= YR (1 =y, x2—2) f (Y1, y2)dzdyrdy:

= [ RO = DREG = 3 f 0w ddy dyo

=RV R 5 f(x1, x2),
which implies that (2-5) holds. U

3. Upper bound of the iterated commutator [[b, Rl.(l)], R](.z)]z

In this section, we prove Theorem 1.3, i.e., the upper bound of the iterated commutator [[b, Ri(l)], RJ@]Z.
As we pointed out earlier, in the flag setting, there is lack of a suitable wavelet basis or Haar basis
and hence the approaches in [Lacey et al. 2009; Dalenc and Ou 2016] are not available. We establish
a fundamental duality argument (Lemma 3.3) with respect to general flag-type area integrals and flag
Carleson measures, and then apply the technique of harmonic expansion to obtain the full versions
of flag-type Carleson measure inequalities (Proposition 3.5), which plays the role of “paraproducts”.
Then, by considering the bilinear form associated with the iterated commutator [[b, Rl.(l)], Rj@]g and
by integration by parts, we can decompose the bilinear form into a summation of different versions of
“paraproducts”. Then the upper bound of the iterated commutator [[b, Rl.(l)], R ;2)]2 follows from applying
Proposition 3.5 to each “paraproducts”.

Extension via flag Poisson operator. For any f € L'(R" x R™), we define the flag Poisson integral
of f by
F(x1, x2, 11, 12) == Py 1, % f(x1, y2), (3-1)
where
_ pM 2)
Py 1 (x1, x2) = Py 7 kg Py (X1, X2). (3-2)

Since P(x1, x2) € L'(R" x R™), it easy to see that F (xy, xp, t1, p) is well-defined. Moreover, for any
fixed 71 and ,, we know P, ;, * f(x1, x2) is a bounded C* function and the function F(xi, x2, t1, f2) is
harmonic in (x1, x2, #;1) and (x3, t), respectively. F(x1, x2, t1, t) is the flag harmonic extension of f to
R x R%+! More precisely,

ARn+m+l F(X], X2, 11, tz) = (8}1 + Axl,m)F(Xl, X2, 11, lz) =0 in R1+m+l, (3 3)
Agnnt F(x1, %2, 11, 12) = (02 + A F(x1, %2, 11, ) =0 in R, )

and

. 1
hm0 3, F(x1, X2, 11, 1) = — (A, )2 PP s f(x1,x2)  on R,
H—

lim 3, F (x1. 2. 11,12) = =(8) PO f (61, 302) on R"*",
Ih—>
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lim F(x1,x2, 11, 1) = P® sgn f(x1, x2) on R"+™,
t1~>0

lim F(xy, x2, 11, ) = P x f(x1, x2) on R+
t2~>0

lim  F(xy,x2,t1, 1) = f(x1,x2) on R™*™",
t1—0, Hh—0

lim  F(x1,x2, 11, 1) =0,
[(x1,x2,11)]—>00

lim F(x1,x,t,0) =0.
[(x2,12)|—>00

We then have the following lemma providing a connection between the boundary values f and the flag
harmonic extension F. This follows from the decay of the flag harmonic extensions of f and repeated
applications of integration by parts in the variables #; and 1.

Lemma 3.1. For f € L'(R" x R™), let F be the same as in (3-1). Then we have

/ f(X1,X2)dX1 dXQZf llatzl l‘zatzzF()q,)Q, l‘],l‘z)d)c] dx, dty dty. (3-4)
R x R™

n+1 m+1
R xR

Proof. We start from the right-hand side of (3-4). We write
/ l‘latzl l‘zatzzF(xl,xZ, tl,l‘z)dxl dxy dt dty
R1+1 XR:rerl

2 1
:/ 192 P s (/ 1 92 P x f(x1, x2) dxldn) dx, d
R71+1 Ril:—l

=/ (/ o tl ai Pt(ll) k f(.X'l, x2) d-xl dl‘l) de’

where the last equality follows from decay of the flag harmonic extensions of f and using integration by
parts in the variable #,. To continue, we write the right-hand side of the last equality above as

Rn+m

/ h 92 P x f(x1, x0) dxy dxo dty = f(x1, x2) dx1 dxa,
R’i m

which yields (3-4). Again, the last equality follows from decay of the flag harmonic extensions of f and
using integration by parts in the variable #;. g

Flag area functions and estimates. We also have a more general version of the area function.

Definition 3.2. For a function G (x1, x3, t1, t») defined on R’fl X Rﬁ“, the general flag-type Lusin area
integral of G is defined by

zdwldtl dw; dtr %
SFL(G)(x1, x2) 1= Xes (01 —wi, X2 —w)|G(wy, wa, 11, ) |° — e — =t . (3-5)
RyHJRY f h
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Lemma 3.3. Suppose F(x1, x2, t1, t7) and G(x1, x2, t1, t) are defined on IR”'H X IR:"_H. Then the follow-

ing estimate holds:

F(x1,x2,t1,0)G(x1, X2, 11, 1) dx1dxadty dtr
Rn+] Rer]

1 1/2
<C sup (—f 1112 | F (1, ya. 11, ) > dyy dyr dty dlz)
acrxkm \ 2] Jr (@)

, dyydyydty di \'?
// (/ +1f L X L1 =1, 2 = y)IGO, yau 11, ) y,:eryfl niﬂz) dxidx;. (3-6)
n m Rn Rm

Proof. Suppose both factors on the right-hand side above are finite, since otherwise there is nothing to
prove. We also note that the second factor is actually [|S7(G) Il L1 g xgm)-
We now let
Q= {(x1,x2) €R" x R" : Sz 1(G)(x1, x2) > 2}

and define
Be:={R=1 xDL: |(I; x h)N| > %|11 x L, |(I1 x I) N Q41| < %”l x b},

where I, and I, are dyadic cubes in R” and R™ with side-lengths ¢(/) and £(J) satisfying £(1) < £(J).
Moreover, we define

=(JR and Qp={0x1,x) eR" xR": Mugg(xo,)(x1, x2) > 3}.
ReBy

Next, we have

F(x1,x2,t1,0)G(x1, X2, 11, 1) dx1dxadty dty
Rn-H Rm-H

G(x1, x2, 11, 12)

/ Vb F(xy, x,t, ) dxydxydt; dtp
k ReB Y TR Vit
12
EZ(Z/ tltle(xl,xz,t1,f2)|2dx1dx2dt1df2)
ReB, TR

, dxy dxydty dt2)1/2

(Z/ (G, 1, o T2
ReB, T(R) 112

12
1t|F(x1, x2, 11, b)|* dx) dxy dty dtz)

, dxy dxydty dt2)1/2

<|szk| > / G (x1, %2, 11, 1) o
T

ReB, Y T(R)
172

52(—/ tt|F(x1, x2, 1, )> dxy dxy dty dt
p T , dxy dxydty dt2>1/2

<|s2k| > [ 16t S

ReB, Y T(R)
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| 12
sup (—f ni|F(x1, x2, 11, 0)[* dxy dxy diy dt2)
12| Jr(@)

- QcRn XRm 1/2
dxydx, dt; dtp
xZ(mu Zf G (x1, %2, 11, )P ———— )
T

ReB, /TR L
As for the second factor in the last inequality above, note that
ALz [ Sra(G)nx’ dn d
U\

y dyrdy,dty diy
/S;k\m /R”“/Rm“ Xt (61 = y1, %2 = yD)IG (1, y2, 1, ) del dxy

dy,dy,dt dt;
— 2
= /R"“./R’"“/?zk\ﬂk Xt (X1 = Y1, X2 = y2) dx1dx2 |G (y1, y2, 11, 1) Tm Tl

1 h
dy1 dy2 dt dty
/ / GOty y2, 11, )1
R S 515
dxidxydt; dty
- Zf Gt xo 11, )P 22
ReBy T(R) fii2

Thus, we have

/ / F(x1,x2, 11, 2)G(x1, x2, 11, ©2) dx1 dxp dty dty
R1+1 R'_ﬁJrl

1 172 ~ ~
< sup (— / r1r2|F<x1,xz,n,z2>|2dx1dx2dndrz) Z<|s2k|22"|szk\szk|>1/2
acrexkrn \ 12| J1 (@)

1 dxldX2dl‘1 dl‘z k
= sup (—f ity F(xy, x2, 11, ) |* ———— ™ |22
acrixre \ 2] J7 (@) Z

1 zdx1 dx, dt dl‘z
< sup | = | F(xy, x2, 01, )| ——————— ||Sf,L(G)||L1(R"me),
acrexkn \ [L2] Jr (@) titp

which gives (3-6). O

From Lemma 3.3 above and the definition of BMO = (R"

x R™), we can obtain the following corollary
immediately.

Corollary 3.4. Suppose G(x1, x3, 11, 1) is defined on Rf’ﬁl X RT_“, and F(x1,x2,t1, 1) := Py 4,
f(x1, x2), where f € BMOx£(R" x R™). Then we have

/ / NVOVEF G0, 1, 0)[1G (1, x2, 11, 1) dxy doxy iy diy
Ry Sy
< C|l fllBMOr® xkm) | S7,L(GC) | L1 e xemy-  (3-T)

Moreover, based on Lemma 3.3, we can also establish the following estimates.

1335
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Proposition 3.5. Suppose F(x1, x2,t1, ) = Py, 1, % f(x1,x2), G(x1, X2, 11, 12) = Py 4, % g(x1, Xx2), and

B(x1, x2, 11, 1) = Py, 1, xb(x1, x2). Then we have
/ R 16 VIOVDB(xy, x2, 11, )] Ve, 1, Vi, VO VO G (x1, 12, 11, 1)
Rn XRIH
i i X |V(1)V(2)F(X1,XZ,l‘1,l‘2)|d)€1d)€2dl‘1 dn

1 1 1 1
< ClIbllBMO 7@ x ) [ (— Ay x2) 2 (= Axy) 2 8l o @ ey | (= Ay ) 2 (= Ax,) 2 fll 1/ (e oy

/+1 L 10l VOVE By x. 11, 0)] Vi 0, Ve, VO VI G (a1, 32, 11, 1))
R xRY
T x [V F(xy, xa, 11, 02)| dxy dxa dty diy

1 1 1
=< ClblIBMOF @ xrm) (= Ay x,) 2 (—Ax,) 28l Lo r ) 1 (= Aoy x2) 2 Nl L’ (e oy »

/+1 L 102l VIVI B, 10,11, )] Ve 0 Vi VI VPG (a1, 32, 11, 1)
R xRY
’ B X |V(2)F(X1,X2,t1,t2)|dX1dX2dl‘1 dn

1 1 1
< ClIbllBMOz @ x ) [ (= Ay o) 2 (= Axy) 28 | Lo e xiemy 10— Axy)2 fll o7 (g sy »

/+1 N t16|VOVP B(xy, x2, 1, )| Ve 1, VOVEI G (x1, X2, 11, 1)
Rﬂ Rm
v x |F(x1, x2, t1, )| dx1 dx dty dip

1
= C”b”BMO;(R"XR"’) ” (_Axl,xz) 2g”LP(IR" x [R™) ||f”Lp’([Ranm)7

/ t16|VOVD B(xy, x2, 11, )| Ve 1, VOVEI G (x1, 22, 11, 1)
R’:HXRZ’:FI : )
x VOV F(xy, x2, 11, 12)| dx1 dx dty di

1 1 1
< ClIbllBMO 7@ <) [ (= Ay x2) 2 8l r @ iy (= Ay ) 2 (= Ax,) 2 fll 1/ (e ey

/ 11| VOVIB(xy, x2, 11, 12)| Ve 1, VI VE G (x1, X2, 11, 1)
Rrrrlx[RriJrl |
x [V F(xy, x2, t1, 12)| dx) dxp dty dty

1 1
< ClIbllBMO+ @ x ) [ (— Ay x2) 2 8l Lr @ scmy 10— Aoy x2) 2 fll Lo o sy

R RSP ST A LTS
Rn XR’”
T X VO F(x1, x2, 11, )| dx1 dxp dty dty

1 1
< ClIbllBMOz @ x ) [ (= Ay x2) 28 lLr @ ey (= Ax,) 2 fll Lo o semem)»

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-14)
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1 2 1 2
/ 11t VOVI B(xy, x2, 11, 12)| Ve, 1, VIVEG(x1, x2, 11, 1)
R1+1 XR$+1
X |F(x1, X2, t1, )| dxy dxp dty dty

1
< ClIbllBMOz @ xm) [ (= Ay ) 2 8l e @y | f 1l Lot (o ey »

/ 1| VOVIB(xy, xp, 11, 02)| [V, VIVA G (x1, x2, 11, 1)
R1+1><Rli+l | 5
X |V( )V( )F(xl, X2, 1, h)|dx) dxy dty dty

1 1 1
= C”b”BMO]:(R"XR’") ” (_sz) 28||LP(R"XR'") ” (_Axl,xz) 2 (_sz) 2 f”L”’(R”XR’”)’

/ ] ]t1t2|V(1)V(2)B(x1,x2, 1, )|V, VIVEG(xy, x2, 11, 1)
R RYE o
X |V F(xl,X2,t1,t2)|dxldX2dt1 dt,

1 1
< ClIblBmO z @ xmm) (= Ax,) 2 gl Lo @ xiery 1 (= Aoy ) 2 f Il Lot (o sy

/+1 L lVOVE B, 0.1, 0)] [V, VO VO Gy x. 11, 1)
R xRY
’ B X |V(2)F(X1,XZ,tl,t2)|dX1dXth1 dn

1 1
=< ClIbllBMOr @ xrm) [ (—Ax,) 28l Lr @ x ey (=D x,) 2 fll 17 (e ey »

/+1 N 1| VOVOB(xy, x2, 11, )|V, VOVI G (x1, x2, 11, 1)
R)‘l Rm
v X |F(x1, X2, t1, 1) dx1 dxp dty dty

1
< ClIbllBMOz @ xim) [ (—Axy) 2 gl e @ sy | f 1| 1 (e ey »

/ 16|VOVD B(xy, xp, 11, )| [VOVIG(xy, x2, 11, 1)
R xRy : )
X |V( )V( )F(xl, X2, 1, h)|dx1 dxy dty dty

1 1
< C”b”BMO}-(R”XRm) ”g”LP(R"XR’”) ”(_Axl,xz)z (_sz)z f”Ll’/(R”me)’

f 11t VOVOB(xy, xa, 11, )| IVVVOG(xy, x2, 11, )]
n+1 m+1
R+ ><[RJr )
X |VYWF(x1, x2, 11, 1) dx1 dxy dty dty

1
< ClIbllBmOr @ < 8 Il Lr @ x ey | (= Ay x2) 2 Il Lot (o ey »
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(3-15)

(3-16)

(3-17)

(3-18)

(3-19)

(3-20)

(3-21)
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/ 1 VOVOB(xy, xa, 11, 0) [VOVEG(x1, 20, 11, 1)
n+1 m—+1
R+ ><[RJr @)
X |V F(x1, x2, 11, 1) dx1 dxy dty dty

1
< ClIbllBmOz @ <) 181l Lo ey (= Bx,) 2 fll 1 o sy » (3-22)

/ VOV B ., IV OVO G . 1. 1))

R" R’T’

s X |F(x1, x2, 11, )] dxy dxa diy diy
< ClIbllBmo @ xrm) & | Lo @ ey | f Il Lo’ (e ey - (3-23)

Proof. We first point out that for f € C(‘)’O([R{"er), F(x1,x2,t1,t2) = Pry 1, * (X1, x2),

sup [F(y1, y2, 1, 22)| < sup | Pryiy % f (15 y2)1
V1,¥y2,11,12) 1,y2,t1,12)
Xey.tp (X1 =y1,%2—y2) #0 lxi=yil<ti+i,[x2—y2l<t

=S Mi(Ma(f(ry-))(2)) (X, x2),
where M| and M, are the Hardy-Littlewood maximal functions on R"*™ and R™, respectively.
Next, based on the estimate above and from the property of the Poisson semigroup, we have

1 1
sup 10,0, F (y1, y2, t1, )| < sup [Py (A1) 2(=A02)2 (1, y2)I
1,¥2:11,12) 1,¥2:11,12)
Xiy,tp (X1=Y1,02—2)#0 [x1—=y1l<ti+2,|x2—y2|<t2

< My (Ma (=D )2 (= D)2 )15 ) (2)) (x1, X2).
Also, we have

sup |Vy1,y2VyzF()’1» )’271‘171‘2)| =< sup |Pt1,tz*(V‘l,‘zv‘zf)(ylsyZ)l
(Y1,¥2,t1,12) 1,y2,t1,12)
Xty (K1=Y1,%2—y2)#0 [x1—=yil<ti+2,lx2—y2|<t2

=< Ml (MZ((Vl,zvzf)( 1, ))( 2 ))(xls x2)'
Then, we first consider (3-8). Based on the estimates above and Corollary 3.4, we have

/ i VOVE B x0, 1, 0)] Ve 0 Vi VI VO Gy 20,11, 1)

Rn XRm

i i X|V(1)V(2)F(X1,XQ,Z‘1,t2)|dxl dxpdt; dty
< CllbllBMO R xR) f Sr LtV 1, Vi, VO VIG) (x1, x2)

R xRm
X(M1 (Ma((—Axy )2 (=AL)2 )1 ) (2)) (X1, X2)

My (Mo((V-,, Ve (15 ) (2)) (1, 32)) iy ey
< C||bllBMO = (R" xRm)
fR o ST Vi (2 B ) A TH A ) (A F6) (1, 2)
X (M (Ma((=A,,2)2 (= A) 7 H(1, D (2)) @, x2)
M MoV Ve (= 802) 7 (A H(=A0) (= A (1, ))(2)) (1, 32)) dvr oy

1 1 1 1
< ClIbliBmMOos R xrm) (= Axy ) 2 (—Ax,) 28l L@ xRy [ (= Ay x2) 2 (= Aiy)2 fll Lo (o sy s (3-24)
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where in the second inequality the area function Sr is defined as in Definition 2.2, and the last inequality
follows from Holder’s inequality and boundedness of the maximal functions as well as the boundedness
of the flag Riesz transforms. Hence we see that (3-8) holds.

By using an estimate similar to that above, we can obtain the estimates in (3-9)—(3-23). We omit the
details here since they are straightforward. O

Upper bound for iterated commutators.

Theorem 3.6. For every b € BMO£(R" x R™), g € C*(R" x R™) and for any i =1,2,...,m +n,

j=1,...,n, there exits a positive constant C depending only on p, n and m such that
1 2
1B, BT, R T2() |l o @remy < CllbllBMO s sem) 181l o @) (3-25)
Proof. Recall that

[[b, R'"1, R]('Z)]z(g)(m, x2) = b(x1, x2) R * RJQ) % 8(x1, x2) — R{ (b RJQ) *28) (X1, X2)
— R (b R 5 ) (x1, 1) + R 2 R s (b 9) (1. x2).

Hence, for every f € C°(R" x R™), we have

(fo A0 RVL R () = (f b RV % R o g) + (R % f.b- R 53 g)
+(RPx f.b- R %)+ (R s RV f b g).
Denote by B, F, G the flag harmonic extensions of the functions b, f, g, respectively, as defined
in (3-1). And for each fixed i, j, denote by (R{" x f)~, (R 3 £)~ and (R{" * R{?) ; )™ the flag

harmonic extensions of Rl.(l) * f, R;Z) % f and Rl.(l) * R]@ %) f.
Then we write

(f. 116, RV, RP1a(8))
- /H] n 197 00z (F-B-(RV*R ™ k08) ™ +(R{ 5 £) ™ B-(RP428)™
e +RP 40 ) B-(RV %) +(RP 1o R 5 )™ B-G) dxy dxy dty dty. (3-26)
We now claim that the right-hand side of (3-26) is bounded by

ClIbliBMO £ @ <) 18 | Lo e sy | f Nl Lot (oo ey - (3-27)

To see this, we compute the derivatives #; 831 t28,22 for the integrand in the right-hand side of (3-26).
Then we have the following terms:

ClZf o (007 0B F RO S R 500" 010 003 B (R % )7 (R 429)”
R xREY ~ ~
+192 2928 -(RP %2 )™ - (R % ¢)

+1102 002 B - (R %o RV % )™ G) dxidxydty dty;  (3-28)
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2= f L 0 03y B0y (F- (R ¥R %29) ) 18] 19, B3, (R % ) - (R} %29)")
RLH xR N N
+ 007 123, B - 9, (R %2 )7 (R % 2)™)
+ 1107 120, B 3, (R % R % )™ - G) dxy dxy dty diy; - (3-29)

c3=/ L oy By (F- (R %R %28) ) 11 8,12 B0y (R %)™ (R 428)")
Rll XRWL
+11 0,102 B 3, (R 52 )™ (R{Y %))
+11 9,002 B 3, (R 52 R % )™ - G) dxy dxy dty diy; - (3-30)

C4=/ +1 +1 h atl %) 8123-8;. atz(F-(Ri(l)*R}z)*zg)N)_f_tl 811 t 8lzB'at1 812((Ri(l)*f)w'(RJQ)ﬁQg)N)
R” Rm ! !
11 91,1281, B3y, 0y (R} V42 ) - (R{ %))
1104128, B-0, 0, (R 52 R 5 )G dxy dxydty diy; - (3-31)

Cs =/ 0B, 2RO RD 60 ) 41 0,80, 02 (R )7 (R 420) )
RVI R)ﬂ
110,18 - 9,92 (R 52 1) (R %))
+11 9,08 - 8,02 (R %2 R % )™ - G) dxy dxy dty diy; (3-32)

Co= / o 1028, B0 B, (F (R KR 28) )+ 111201, B- 070, (RY % )7+ (R %28) ™)
R xR
+ 1129, B - 020, (R 52 ) (R %))
+ 11129, B - 020, (R %2 R % )™ - G) dxy dxy dty diy; - (3-33)

c7=/+] 0 0RB O (F (R R x2 ) ) 40 0B 0L (R 5 )7 (R 29)")
er Rm
+11102B - at,((R@)* N7 RV %))
+00 2B R (R % RV« )7 G)dxy dxydydiy; (3-34)

08:/ B0l (F- R RP s ) )+t B LR+ )T (R x2)7)
Rn+ Rm+
+160 B 82((R(2) %2 )" - (R % 9)™)
+10 2B OE (R % RV f)7 - G)dxy dxydydty; - (3-35)

Co= f L B (F RV s R 50 @)+ 0B 020 (R )7 (R 2.9)7)
Ri‘l XRI}I
+0nB 0L (R % )7 (R % 8)™)
+10B - 20E (R % RV % ) - G)dxy dxydty dry.  (3-36)
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We first consider C;. Note that 92 B = —A,,B = —V,, - V,,B and that 02 B = —A,, ,B =V,
Vi,.x, B. So, integration by parts gives

€1 = /R g 12V VBV V- (R * R %29)7)
+ 15 V5, 0 Vi B+ Vi iy Vi (R 5 ) (R 52 )™)
+ 10V, Vi B - Ve Vi (R 52 )™ - (R % 8)™)
+10Vs, 1, Vi, B+ Vi 1y Vi (R 52 R % )™ - G) dxy dxy dty dity
=:C11+C12+Ci13+Cra.

For the first term, it is clear that

1 2 ~
Cii= / 16Vs, 5, Vi, B+ Vi, Vi F - (R % R 5y ¢)™ doxy dxy dity diy
R1+1XR$+I
1 2 ~
= / 16V Vi B Vi o F - Vi (R % R 5 ¢)™ dixy dxy dty di
Ri—FIXRrJz-H
1 2 ~
= / 16V Vi B Vi F - Vi o (R 5 R 53 ¢)™ dixy dxy dty diy
Ri+1XRT+l

1 2 ~
= / 16V, Vi, B+ F Vi, Vi, (R{Y 5 R 50 )™ dixy dxy dty diy
Rn++l XR’1+1

=:Cr1,1+Ci12+C113+Cr 14
It is direct that C; 1,1 and C;,1,4 can be handled by using (3-9), and C; 12 and C; ;3 can be handled by
using (3-10), which gives
Ci1 = Clibllsmo @ xrm) I8l L @ ey | f Il o' (g sy -

Symmetrically we obtain the estimate for C; 4, and using similar estimates we can handle C; » and C; 3.
All these three terms are have the same upper as Cy| above.

Next, for C,, note that 8}1 B=—Ay x,B=—V, x,- Vi, x, B. Thus, similar to the term C;, by integration
by parts, we have

Cr=— fwﬂxwﬂ 102 Vs, 0B Vi 0y (F - (R % R 55 8)™)
T 00V 3,8 Ve (R )7 (R 0 9) )
11V, 0, 0B Vi 0 (R 30 )™ - (R %))
+ 110 Ve, 1, 0, B+ Vi, sy 0y (R 50 RV % )7 G dixy dxy diy diy
=:C1+Co2+Co3+Coy.

Again, the upper bounds from the four terms above can be obtained by applying Proposition 3.5, and they
are all controlled by

ClIDllBMO 7@ xmy 1811 Lr @ ey | f 1l 17 (e seemy -

The term C3 can be handled symmetrically to C, and we obtain the same upper bounds.
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For the term C4, by noting that |9, 9;, B(x1, x2, t1, 2)| is bounded by VOV B(x;, x2, 11, 1), we
obtain that C4 is bounded by
ClIbllemoz @ xrm) I8 Il Lo e ) | f 1l o7 (g oy »

where we apply again the upper bounds in Proposition 3.5.
We now turn to the term Co. We first point out the following equalities:

3 (R{V % R 55 )™ (41, X2) = —€ a, xp.i (RS 42 8)™ (21, x2),
O (R{Y % R 53 )™ (1, X2) = —€ 8y, Dy i (R 52.8)™ (1, x2),
3, (R % R 5 8)™ (x1, x2) = —c ) (R % )™ (x1, x2),
Op (R 5 R 52 )™ (x1, %2) = —c 000, (R} % 2)™ (31, 32),
0 (R{Y % )™ = = 0xy i ()
0F (R % ) = =€ 0, d(ay0.i ()
0, (R 42 8)™ = —c by, ,(8)™
F(R? %2 8)™ = —c 0, (3)™
Then for the term Cy, we get
0202 (F-(R* R %0 8) "+ (R % )™ (R 428) "+ (RP 42 )™ (R #8)" + (R 52 R 5 )™ G)
=4 0(x,.x,).i 01, Ox, ; 0, (F G)
=2V 3 Oy, 0y (Vi ey (R 5 )™ G) =2V, 3y By 01y (F Vi 1y (R 508) ™)
2V, 1 a0, (Vi o F - (R %)) 42V, By, 0, (R % ) Vi, 1, G)
—20(,,12).i 0, Vi (Vi (R 5 ) G)
+ Vo0 Vio (Vi o Vs (R 52 R )7 G) Vi, Vi, (Vg (R 52 )™ Vi, 1y (R 58)™)
~ Va1 Ver (Vi 1y Vis (R 52 ) (R 58) ™) = Vi, 1, Vo (Vi (R 50 RV 5 )™V, 1, G)
—2 05, x2),i 0 Vi (F Vi (R 5.8)™)
V510 Vi, (Vs (R 5 ) Vg (R 528) )+ Vi 1y Vi (F - Vi, Vi (R 5 R 0.2)™)
~ Va0 Vs (Vo Vi (R 52 )7 (R 58) ™) = Vi, 1, Viey (Viy (RP 52 RV 5 £)™ -V, 1, G)
+2 0e, 20,09 Viy (Vi, F- (R %))
~ Va1 Ver (Vi 1y Vi (RE % ) (R 52.8) ™) = Vi, sy Vi (Vo F - Vi iy (R 5 R 528) ™)
V10 Vs (Vo Vi F (R R 52 8) ) Vi 1, Vs (Vi R 5 )™V, 1, (RP 928) ™)
+2 0x, 0.y Vi (R 5. )V, G)
Va0, Vs (Vay iy (R R R 55 )™ V1, G) = Vi, 1, Vi (R 52 ) Vi, 1, Vs (R 58)7)
+ Ve Vio (Vi (R 52 ) Vi (R %))+ Vi 1, Vi (R 5 RP 0 )V, 1, Vi, G).
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Thus, we input the above 25 terms back into the right-hand side of C9 and obtain the terms as follows:
1 2 ~ 1 ~ 2 ~
69:/ ntB- 0L (F- (RIV R 400)" + (R % /)" - (R x5 9)
RLT <RI @ o~ e o~ p@ L () e~
R 2 )T (R xR w2 R+ )7 - G)dxidxydnydn

= 4/ Hhi a(xl,xZ),iaxljB <0y, 0, (FG) dxydx, dt; dtp
Rr:rlxRﬁJrl
-2 / 16V, 3 0s, B - 9, (Vi o (R % )7 - G) dxy dxa dity dity
Rﬁ:‘—l XRﬁ-H

1 2 ~
+ / _— 16V, Vi B (R % R 53 )™ Vi, 1,V G) dxy dxy dty diy
R xR

=Cy1+Cyo+---+Co s,

where we get all these terms from the equality 3,21 832(- --) by integration by parts and taking all the

gradients or partial derivatives with respect to x1, x, to the function B. By applying Proposition 3.5 to all
these terms, we obtain that they are all controlled by

ClIDliBMO - @ xmmy 18l Lr @ ey | f 1l 17 (e sy -

Next we consider the term Cs, which can be considered as a cross term in between C; and C9. To
continue, we write

1 2 ~ 1 ~ 2 ~ 2 ~ 1 ~ 2 1 ~
O2(F (R xR 50 8) + (R )™ - (R %28)" + (R 2 )™ - (R 58)" + (R 52 RV 5 )™ G)
=02(F - (R? %2 (R %)™ + (R %2 )™ - (R % )™)
+ LR % ) (RP 522)™ + (R 32 (R % )™ - G)
=FE|+ E>.
For the term E, we write
~ 2 ~ ~ 2 ~
E;=—20,,,0,(F - (Ri(l) * g) )+vx2(VX2(R]€ ) %, ) '(Ri(l) xg) +F- VXZ(R]( ) % Rl_(l) xg)
— Vi F - (RP 5 RV %) — (R 40 )™ - Vi, (R %)),
For the term E,, we write

Ey =20, 0,(R" % /)™ G) + Vi, (Ve (R 52 RV 5 /)™ G+ (R 5 /)™ Vi, (RP 42 8)™
— Vo R 5 )7 (R 529)" = (R 52 )™ - Vi, G).

As a consequence, by substituting the above 10 terms in the right-hand side of the equalities £ and E»
back into the term C5, we have

Cs=2 / 11 012 By, , B - 3, 9, (F - (R % £)™) dxy dxa dity dty
Rrrr] XR'_TI

- / 1 9,02V, B 0, (Vey (R 30 )™+ (R 5 8)™) dxy dxp dty dity
R’«T—l XRZ’:‘H



1344 XUAN THINH DUONG, JI LI, YUMENG OU, JILL PIPHER AND BRETT D. WICK
- f 11 9 12V, B - 3 (F - Vi, (R 52 R % €)™) dixy dxy dty diy
RnJrl XRMH»I J
+ +
+ / 1 9,02V, B 8, (Vi F - (R 50 R{Y %)) dixy dxy dty diy
RnJrl XR)n+l
+ +
2 ~ 1 ~
+ f 1 9,02V, B 3, (R 5 ) Vi (R % 8)™) dxy dxy d1y diy
R1+1XR$+I
+2f 11 012 8y, B - 9, 0, (R % £)™ - G) dxy dxa dty diy
Rtl:—l XRZ{‘H ’
- / 1 9,2V, B - 3, (Vi (R 52 RV 5 )™ - G) dxy dxy dity diy
RIH R+ J
+ -+
~ 2 ~
- f 1 9,02V, B - 0, (R % )7 Viy (R 52 8) ) dxy dxa diy diy
R1+1XR$+1
+ / o 1000V B 3 (Vo (R 5 )7 (R %2 9)™) dxi dxy diy diy
R xREY

+ f 1 9,02V, B 3, (R %3 )™ - Vi, G) dxy dxy dty diy
R1+1 XR$+1
=:C514--- +CS,10-
By applying Proposition 3.5 to these terms, we obtain that they are all controlled by
C ||b”BMOf([R" x Rm) llg ”L!’(R" x Rm) I f ”LP’(R" xRm)*

The estimates for the term Cg can be handled symmetrically, and we get the same upper bound for Cg as
that for Cs5 above.
For the term C7, first note that szB =—A,,B=-V,,-V,,B. Hence we can write

Cr=— / 10V, BV, 02 (F - (R % R 53 )™ + (R % )™ - (R 52 8)™
RLT <RI @ o~ e o~ p@ L () e~
+ (R f) - (R *8) + (R 2R "+ )" - G)dxydxydtydny.
Similar to the calculation in the terms E| and E in the estimate of Cs, we can now decompose
Op(F-(RV% R s38)" + (R 5 )™ - (R 52 8) "+ (R 52 /)™ - (R 52)™ + (R 32 R 5 )™ G)

into 10 terms, which further gives
C;=Cia1+--+C710-

Then by applying Proposition 3.5 to these terms, we obtain that they are all controlled by
ClIDliBMO 7@ ) 181 Lo @ ey | f 1l 17 (e sy -

The estimates for the term Cg can be handled symmetrically, and we get the same upper bound for C;
above. g
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4. Upper bound of the big commutator [b, R; ;]

We derive a general upper bound result for commutators of any flag singular integral. The proof is
based on the Ar , weighted estimate of flag singular integral operators and a Cauchy integral trick that
goes back to the work of Coifman, Rochberg, and Weiss [Coifman et al. 1976]. Roughly speaking, this
technique allows one to bootstrap the weighted estimate for an arbitrary linear operator to that of its
commutators of any order. This is the first time this idea is explored in the multiparameter flag setting.
In fact, although not needed for our upper bound proof, we demonstrate the bootstrapping result in the
general higher-order, two-weight setting.

A, weight and little bmo in the flag setting. To begin with, we define the Muckenhoupt A, weights in
the flag setting, which consists of positive, locally integrable functions w satisfying

1 1 , P

[wlaz, := sup (—/ w(x, y)dx dy) (—/ w(x, y)l_p dx dy) <00, l<p<oo, (4-1)
7 Rerz\IR| JR IR| Jr

where p’ denotes the Holder conjugate of p. The following result of [Wu 2014] provides a way of

approaching the A r , weights via the classical weights:

Af’pzApﬂAg) forall 1 < p < o0, 4-2)

where A, is the classical Muckenhoupt A, class of weights on R"*", and AE,Z) consists of weights w(x, y)
such that w(x, -) € A, with uniformly bounded characteristics for a.e. fixed x € R".

We first show that a similar relation holds true for bmo, which will be a useful tool for us in the study
of this space.

Lemma 4.1. Let BMO(R" ™) denote the classical John—Nirenberg BMO space on R"*™ and BMO(Z)([R{’”)
be the space consisting of functions f(x,y) such that f(x,-) € BMO(R™) for a.e. fixed x € R" with
uniformly bounded norm. There holds

bmox(R*™™) = BMO(R"*™) nBMO® (R")

with comparable norms.

Proof. The inclusion
bmor(R"™) c BMO(R"*™) N\ BMO® (R™)

can be easily verified. Indeed, the inclusion bmoz(R"t") c BMO(R"*™) is obvious from the definition.
Now fix x € R". For any cube J C R™, one can find a sequence of cubes I; C R" such that £(I;) < £(J)
and I, shrinks to the point {x} as k — oco. The containment thus follows from the Lebesgue differentiation
theorem.

The other inclusion (“D2”’) of the lemma follows from Proposition 4.2 below, which establishes the
exp-log connection between A, , weights and bmoz(R"™™), much as in the one-parameter and the
product settings. U
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Proposition 4.2. Suppose w is a weight and 1 < p < 0o. We have
() if w € Ar, p, then logw € bmoz(R"™™);
(ii) if logw € bmox(R"™™), then w" € Ar,, for sufficiently small n > 0.
Proof. One observes directly from the definition that
Ar,CAr, foralll <p=<gqg <o,

and

weAr, w' " e Arp foralll < p<oo.

Therefore, it suffices to prove the case p = 2.
We first prove (i). Suppose w € Ar and let y =log w. Then, for any R € Ry the Ar, condition

1 | 1 |
(ﬁ/ NIk gy dy) (Wf SNR—Y ) gy dy) < [wla,, < oo,
R R

By Jensen’s inequality we have each of the factors above is at least 1 and at most [w]4 - ,. Therefore, the

implies

inequality

1 / YN0l gy dy < 2wl
IR| Jr ’

holds, which, using the trivial estimate ¢ < ¢/, implies

1
—f (e y) — ()&l dx dy < 2[wla .
& s

Hence, y € bmox(R"™),

We now prove (ii). Let y = log w € bmoxr(R"™™); it follows from Lemma 4.1 that y € BMO(R"*™)
and y € BMO® (R™). According to the classical exp-log connection between BMO and A,, there hold
for sufficiently small > 0

™) e Ay(RTTM),

e ™) ¢ Ay(R™) uniformly in x € R".

Hence, (4-2) implies e € Ax, for sufficiently small > 0, which completes the proof. g

Upper bound of the commutator. Given an operator T, define its k-th order commutator as
CH(T) =[x, a1, ..., [b1, T1-- 1],
where each b; is a function on R" x R" forall 1 < j <k.

Theorem 4.3. Let v be a fixed weight on R" x R™, 1 < p < 00, and T be a linear operator satisfying

IT N Lrqwy—rrc) < Compr(lar,, [AMaz,)
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where Cy . p. 7 (-, -) is an increasing function of both components, with ., . € Ar, , and p/A = vP. For
k> 1, let b e bmor(R" x R™), 1 < j < k; then there holds
k

ICET) Loy 26y < Crm.pi [z ,» [War ) [T 157 lomos-
j=1
Assuming Theorem 4.3, in order to derive an (even unweighted) upper estimate for commutator of
operator T, it suffices to know the corresponding weighted estimate for 7 itself. When 7T is a flag singular
integral operator (which includes the flag Riesz transform R; ;), such a result was obtained by Han, Lin
and Wu [Han et al. 2016b].

Definition 4.4. A flag singular integral Tr : f +— K x f is defined via a flag kernel }C on R" x R,
which is a distribution on R"*™ that coincides with a C* function away from the coordinate subspace
{(0, y)} C R"*™ and satisfies:

(i) (differential inequalities) For each o = (aq, ..., &), B=(B1,..., Bn)
022K, I S x| (x| + [y 1!
for all (x, y) € R"*™ with |x| # 0.

(i1) (cancellation conditions)

< Cylx| "

/ I (x, y)¥1(8y) dy

for every multi-index o and for every normalized bump function y¥; on R™ and every § > 0;

< Cgly|™" !

/ ALK (x, y)¥a(8y) dy
Rn

for every multi-index $ and for every normalized bump function ¥, on R" and every § > 0;

/ ) /C(x,y)w(alx,azy)dxdy‘sc
Rn -m

for every normalized bump function 3 on R"*" and every &1, 8, > 0.

Theorem 4.5 [Han et al. 2016b, Remark 1.4]. Let1 < p <ococand w € Afr, p([RR”+”’); there holds

ITr (Pl g gremy < Coll Flggomy  forall f € LER™™).

Applying Theorem 4.3 (with the choice u = A = w) together with Theorem 4.5, one obtains immediately
the following.

Corollary 4.6. Let w € Ar ,, 1 < p <o00,and T be a flag singular integral operator as defined above.
Foranyk > 1, b= (b1, ..., br) where bj € bmor(R" x R™), j =1, ..., k, there holds
k

||C§(T)||Lp(w)—>Lp(w) < Cn,m,p,k,w,T l_[ ||bj||bmof-
Jj=1
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Obviously, the result above in the first-order unweighted case is precisely the desired upper bound
estimate in Theorem 1.5.

The core of the proof of Theorem 4.3 lies in a complex function representation of the commutators
and the Cauchy integral formula. This method has been widely used to obtain upper estimates for linear
and multilinear commutators in various settings; see [Chung et al. 2012; Coifman et al. 1976; Hytonen
2016; Bényi et al. 2017; Kunwar and Ou 2017] for examples. The main new challenge in our problem is
the unique structure of the little flag BMO space and flag weights, which for instance doesn’t seem to fall
into the category of spaces recently studied in [Bényi et al. 2017].

Proof of Theorem 4.3. Observe that
CET) =0, 0, FO). F@)i=eXmPaTe Limbia,

which generalizes a classical formula representing higher-order commutators. We remark that when all
the symbol functions b; are the same, one can work instead with a simpler formula using single variable
complex functions and their k-th order derivatives. According to the Cauchy integral formula on polydiscs,

f f F(2) le
(27r )k ’

where each integral is over any closed path around the origin in the corresponding variable. For fixed

CH(T) =

(61, ..., 8) which will be determined later, there holds by the Minkowski inequality

ICE(T) | Loy Lr

1 ldzi] - - |dzkl
S k e ||T|| pRe(Zk. b;z;) pRe(Z ﬁ
(27‘[) lz11=81 |2¢| =8 LP(e =T ) —LP (e =100 A) 81 ce Sk
1 f Re (YX_, b;zj) Re (YX_, bizj) ldzy] - - - |dzk]
< . C ([el’ € Zj:l i Zj M]A [el’ e Zj:l <) A]A )—
— k n,m,p,T F.p? F, 2 2 ’
Qo) Jiz=sr Jizui=s ! BT

k k
where we have used the fact that (e” R (X165 )M, ePRe (Tioibjz) ))\) is a pair of weights satisfying
ePRe(ZIJ(‘:lijj)M E _

ePRC(ZI;elijj)X Ry

Now we choose {§;} according to Lemma 4.7 below, which is the key ingredient of the proof concerning
the relation between A r , weights and little flag BMO functions. Let

_ €n,m,p
max((Way,» M) az )Ibillbmosr

where for any w € Ar ),

(W)az, =max((wlayz . [0]a, ). (4-3)

Here we have used the notation o := w!~”" to denote the dual weight of w, and the relevant property of

(W), tousis that
max(1,p —1)

(W4, =max((wla,,, [wl},}) = Wi
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Recursively, for any j > 2, choose

5 — €n,m,p
J -1 =1 .
R b R b
SUP L. - 1oa ey 1 gy MAX((ePRECEZ D) ) (P RECELT 0z 1) 4 ) 1 oo

Then applying Lemma 4.7 iteratively shows that
k - k=lg
[epRe(Z_,-=1 b/Z’),U«]Af,,, < Cn,m,p[epRe(ZFl ij'I)M]A;,,, <...< Cr]:,m,p[lu/]A}',p?

and similarly
k .
[epRe(Z./'=l bfzf))\]A}',p = Clli,m,P[)\]A]:“”

which in turn via the monotonicity of C,, ,,, . 7(-, ) leads to

k . k .
Corm,por ([P R i bi%) 1, [P Re(Eiaabiadyy, oy <) (ilar, . [May,)-

Therefore,
1
IG5 Lr0-2r0) S5 5-Compter (Wlaz : Plaz,)
k
=< Cn,m,p,k,T([M]Af,pa [A‘]A]-‘_p) 1_[ ”bj ”bmo;- O
j=1

Lemmad4.7. Letw € Ar ,, 1 < p <00, and b € bmor(R" x R™). There are constants €, . p, Cpm,p >0

such that

[eRCDw] AL, < Complwlas,

whenever z € C satisfies
En,m,p

lz| < :
”b”me]:(w)A]:,p

where (w) a5, is defined as in (4-3).

Proof. This estimate is a consequence of (4-2), Lemma 4.1 and a one-parameter version proven by
Hytonen [2016], which states that for any w € A, the classical Muckenhoupt A, class on RY 1< p < 00,
there exist €4, Cy,p > 0 such that

[RCDw]y < Caplwla,

for all z € C with
€n,p

2] £ .
I1bllBMO (W) A,

To see this, by (4-2) and Lemma 4.1, given w € Ar , and b € bmoz, there hold w € A, N AE,Z) and
b € BMO(R"*"") nBMO® (R™). Hence, taking €n,m,p > 0 sufficiently small, for all 7 € C satisfying

|Z| < En,m,p
f— b
”b”me]:(w)A]:,p

one has

[eRe(bZ)w]Ap < Cn+m’p[w]AP < Cn,m,p[w]AF,b
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and
Re(b(x,)z) . <C . <C Rn
le w(x, )]a, < Cuplwx, Hla, < Com,plwlay, ae xeRY,

by observing that

“b”bmo}- Z maX(||b||BMO(R”+’")» sup [|b(x, ')”BMo(?)(Rm))
xeR?

and that

(W)ax, Z max([wla,, sup [w(x, )]a,)- O

5. Applications: div-curl lemmas in the flag setting

Let EWV be a vector field on R+ taking the values in R"*", and let E® be a vector field on R™ taking
the values in R™. Now let M,,4,,.,» denote the set of all (n 4+ m) x m matrices. We now consider the
following version of vector fields on R” x R™ taking the values in M, 4., ,», associated with the flag

structure:
EVswE® .. EWsED
E=EW 4 E? .= : . : , (5-1)
1 2 1 2
Ewx2 EY o By Y
where

EV o EQ(x, y) = f EV,y - 9EX () dz.

m

Next we consider the following L? space via projections. Suppose 1 < p < co. We define L;(R" x R™;
M4m.m) to be the set of vector fields £ in LP(R" x R™; M, tm.») such that there exist ry, r2 € (1, 00)
with 1/r +1/ry=1/p+1, EWD e L' (R""; R*™), E® e L™ (R™; R™) and that E = EW %, E?);
moreover,

” E ||Lf;—(RnXRm§Mn+m,m) — inf ”E(l) ||Lr1 (Rntm; Rtm || E(z) ||L’2(|R”’;Rm)v
where the infimum is taken over all possible ry, ; € (1, 00), EMepn (RHm, Rrtmy, E® e L2(R™; R™).

Given two matrices A, B € M, 1, m, we define the “dot product” between A and B by

n+m m

A-B=>"% AjBj.

j=1 k=1

We point out that this is the Hilbert—Schmidt inner product for two matrices and more generally this is
referred to as the Schur product of two matrices.

Proof of Theorem 1.6. Note that B is a vector field on R” x R™ taking the values in M, 1, », associated
with the flag structure (5-1). Then there exist certain vector fields B on Rrtm taking the values in R+
and B® on R” taking the values in R™ such that B = B %, B® and that

~ 3 1 2
1B L9 e My ) 2 AOE 1B |y oo ey | B | 92 o e

with 1/q1+1/g2 =1/ + 1.
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Thus, curly ) BW =0 implies that there exists ¢! € L7 (R"™™) such that
1 1
B =RV D, ... R, 0"

with || BV || par grm.guemy & |¢D || Lot go+my. Again, curl, B® = 0 implies that there exists ¢ €
L% (R"™) such that
2
B® — (R§ )¢(2)’ o R’(n2)¢(2))

with | B@ || L9 (Rm:Rm) R @ L2 ®m). As a consequence we get that the matrix B has elements
Biy=Rjrx¢, j=1,....,n+m, k=1,...,m,

where ¢ = ¢ s ¢ and || Bll g o i aty ) ~ IS Lacrem).

Similarly, note that E is a vector field on R" x R™ taking the values in M,4,, , associated with the
flag structure (5-1). Then there exist certain vector fields E)) on R"*™ taking the values in R"*" and
E® on R™ taking the values in R” such that £ = E" %, E® and that

~ 1 2
LEN 1 @ oms i) 2 0E IE D 1 e ooy |LE ) [ 02 o

with 1/p1+1/pp=1/p+1.
Thus, the conditions div y) E") = 0 and divy £ =0 imply

n—+m m
2 2
Y RVHEN ) =0 and Y ORT 0 EI () =0,
j=1 k=1
Hence, we get

n+m m
ZR;I)*Ej,k(x,y)zo and ZR,EZ) *2 Ejr(x,y) =0.
j=1 k=1

With these facts, we have

n+m m n+m m

EG.y)-Ba,y) =) Y Ejx(. B, y) =) > Ejp(x, )Rgx$(x. y)
j=1 k=1 j=1 k=1
n+m m

=Y Y {Ejwx. »)Risxd(x. )+ RV 5 Ej(x, )R 52 9 (x. )
j=1 k=1
g + R w0 Eji(xr, )RS % ¢ (x, ) + Ry Ejic(x, ) (x, ) ).
Now testing this equality over all functions in the flag BMO space, i.e., for every b € BMOz(R" x R™),
and then unravelling the expression with the Riesz transforms we see that

n+m m

/ ) E(x,y)-B(x,y)b(x, y)dxdy=y_ %" / (1. RV, P12 (Ej.0) (x, )6 (x, y) dx dy.

j=1 k=1 Y R"xR"

Then based on Theorem 1.3, since b € BMO £(R” x R™) we have that each of the above commutators is
a bounded operator on L?(R" x R™) with norm controlled by the norm of b, i.e., ||b|lBMO £ (R" xR™")-
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As a consequence, we get

/ E(x,y)-B(x, y) b(x, y)dx dy| S 1bllBMOF @ x®) | Ell L2 g xm: My ) 19| L0 @)
R xRm

S 1B1BMO £ @) | E N L2 @ My 1B I L9 (0 xR My )

Then from the duality of H }T([R{” x R™) with BMO £(R" x R™), we obtain

IE - B||H}(Rnxu;gm) 5 ||b||BMO;(R"><IR'")||E||L;(Ranm;Mn+m.m)||B||L‘;(Rn><u@m;/\4n+m,m)- O

Proof of Theorem 1.7. Suppose that E, B are vector fields on R" x R™ taking values in R"*™. Moreover,
suppose E € LP(R" x R™; R"*) and B € L(R" x R™; R"*™) satisfy

div, ) E(x,y) =0 and curl, ) B(x,y) =0

and
divy E(x,y)=0 and curl, B(x,y)=0 forall x e R".

We now define the projection operator P as

n+m n+m
k=1 k=1

Then by definition, it is direct that
diV(x’y) PE =0

since
n+m n+m
1 1 1
> R )(Ej+R; )(E R,E’Ek>)=o. (5-2)
j=1 k=1

Moreover, we also have P o PE = PE. Next, we point out that applying [b, P] to the vector field E,
we can get that the j-th component is given by

n+m

> b, R RO(ED.
k=1

Suppose now b € bmor(R" x R™). Then from Lemma 4.1 we know
bmo(R"™") = BMO(R"™™) N BMO® (R™)
with comparable norms. Hence, we have b € BMO(R"*™) with
IbllBMO®+my S 11D 1lbmoz (R xR™).-

With all these observations, an application of the Coifman, Rochberg and Weiss theorem demonstrates
that [b, P](E) is bounded on L?(R" x R™; R**™) with

11D, PICE) | e e s motmy S 1D IIBMO@R+m) | E || Lo (R xcRm s ot

S 116 1lbmor (R &y 1 E Il Lo (e s ot
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As a consequence, from the definition of [b, P] and (5-2) we get

/R+ E(x,y)-B(x,y)b(x,y)dxdy‘:

/ (b, PIE(x, y) - B(x, y) dx dy
Rn+m

S I1bllBMo@+m) | E || e e x ;o) | B || L4 (@ scm my
S 1B llomor @ ke | E || Lr @7 s oty || B | La (e xcm tm)

Thus we get that E - B is in H!'(R"™™) with

I E - Bl g1 gesmy S NE | Lo ®e s, memy | Bl La o xon; g+ -
To show the second result, we now define the projection operator P® as

m m
P(Z)E = (En+1 + R%Z) (Z R]EZ)E;/H_]{), ey En+m + ngl_gm (Z R]EI)EFH- ))
k=1

k=1
Then, again, by definition, we have
divy PPE =0

m m
2R (En+j + R (Z R En+k)) =o0. (53)
k=1

j=1

since

Now fix x € R"; by using the definition of P® and the fact (5-3), we get that for b € bmoz(R" x R™),

/ E(x,y)2 B(x, )b(x,y)dy = | [b(x,-), PPIE(x, )¢ (x,y)dy.
m Rm
Integrating the above equality over R”, we have

// Ex, y) 2 B(x, )b(x, y) dy dx

f/ [b(x, ), PPNE(x, y) 2 B(x,y)dydx
5/ 16Cx, ) lIBMo®) 1ECx, ) llLe@my | BCx, -) || La@my dx
Rﬂ

< 1B llomo (e / VEGe, Il ogm | BGr )l o g dix
RVL

S 18 llbmo @7 &) | E Nl o (e e ety | Bl L (e s entom .«

Here we use again Lemma 4.1 and Holder’s inequality. Taking the supremum over all b € bmox(R" x R™)
we obtain that

/ IEC, y) 2 BC, Mg @y dy S INE N Le@nxgmgesm) || Bl La e x g gesm) O
Rm

Acknowledgments

Duong, Li and Pipher are supported by ARC DP 160100153. Duong and Li are also supported by
Macquarie University Research Seeding Grant. Wick’s research is supported in part by National Science



1354 XUAN THINH DUONG, JI LI, YUMENG OU, JILL PIPHER AND BRETT D. WICK

Foundation grant no. DMS-1560955. This paper started in July 2016 during Li’s visit with Pipher at
Brown University. Li would like to thank the Department of Mathematics of Brown University for its
hospitality. Part of this material is based upon work supported by the National Science Foundation under
grant no. DMS-1440140 while Ou and Pipher were in residence at the Mathematical Sciences Research
Institute in Berkeley, California, during the Spring 2017 semester.

References

[Bényi et al. 2017] A. Bényi, J. M. Martell, K. Moen, E. Stachura, and R. H. Torres, “Boundedness results for commutators with
BMO functions via weighted estimates: a comprehensive approach”, preprint, 2017. arXiv

[Chang and Fefferman 1980] S.-Y. A. Chang and R. Fefferman, “A continuous version of duality of H ! with BMO on the
bidisc”, Ann. of Math. (2) 112:1 (1980), 179-201. MR Zbl

[Chang and Fefferman 1982] S.-Y. A. Chang and R. Fefferman, “The Calder6n—Zygmund decomposition on product domains”,
Amer. J. Math. 104:3 (1982), 455-468. MR Zbl

[Chang and Fefferman 1985] S.-Y. A. Chang and R. Fefferman, “Some recent developments in Fourier analysis and H ”-theory
on product domains”, Bull. Amer. Math. Soc. (N.S.) 12:1 (1985), 1-43. MR Zbl

[Chung et al. 2012] D. Chung, M. C. Pereyra, and C. Perez, “Sharp bounds for general commutators on weighted Lebesgue
spaces”, Trans. Amer. Math. Soc. 364:3 (2012), 1163-1177. MR Zbl

[Coifman et al. 1976] R. R. Coifman, R. Rochberg, and G. Weiss, “Factorization theorems for Hardy spaces in several variables”,
Ann. of Math. (2) 103:3 (1976), 611-635. MR Zbl

[Coifman et al. 1993] R. Coifman, P.-L. Lions, Y. Meyer, and S. Semmes, “Compensated compactness and Hardy spaces”,
J. Math. Pures Appl. (9) 72:3 (1993), 247-286. MR Zbl

[Dalenc and Ou 2016] L. Dalenc and Y. Ou, “Upper bound for multi-parameter iterated commutators”, Publ. Mat. 60:1 (2016),
191-220. MR Zbl

[Fefferman 1986] R. Fefferman, “Multiparameter Fourier analysis”, pp. 47-130 in Beijing lectures in harmonic analysis (Beijing,
1984), edited by E. M. Stein, Ann. of Math. Stud. 112, Princeton Univ. Press, 1986. MR Zbl

[Fefferman 1987] R. Fefferman, “Harmonic analysis on product spaces”, Ann. of Math. (2) 126:1 (1987), 109-130. MR Zbl

[Fefferman 1999] R. A. Fefferman, “Multiparameter Calderén—Zygmund theory”, pp. 207-221 in Harmonic analysis and partial
differential equations (Chicago, IL, 1996), edited by M. Christ et al., Univ. Chicago Press, 1999. MR Zbl

[Fefferman and Stein 1972] C. Fefferman and E. M. Stein, “HP spaces of several variables”, Acta Math. 129:3-4 (1972),
137-193. MR Zbl

[Fefferman and Stein 1982] R. Fefferman and E. M. Stein, “Singular integrals on product spaces”, Adv. in Math. 45:2 (1982),
117-143. MR Zbl

[Ferguson and Lacey 2002] S. H. Ferguson and M. T. Lacey, “A characterization of product BMO by commutators”, Acta Math.
189:2 (2002), 143-160. MR Zbl

[Ferguson and Sadosky 2000] S. H. Ferguson and C. Sadosky, “Characterizations of bounded mean oscillation on the polydisk
in terms of Hankel operators and Carleson measures”, J. Anal. Math. 81 (2000), 239-267. MR Zbl

[Gtowacki 2010] P. Glowacki, “Composition and L2-boundedness of flag kernels”, Collog. Math. 118:2 (2010), 581-585.
Correction in 120:2 (2010), 331. MR Zbl

[Gundy and Stein 1979] R. F. Gundy and E. M. Stein, “H? theory for the poly-disc”, Proc. Nat. Acad. Sci. U.S.A. 76:3 (1979),
1026-1029. MR Zbl

[Han and Lu 2008] Y. Han and G. Lu, “Discrete Littlewood—Paley—Stein theory and multi-parameter Hardy spaces associated
with flag singular integrals”, preprint, 2008. arXiv

[Han et al. 2014] Y. Han, G. Lu, and E. Sawyer, “Flag Hardy spaces and Marcinkiewicz multipliers on the Heisenberg group”,
Anal. PDE 7:7 (2014), 1465-1534. MR Zbl


http://msp.org/idx/arx/1710.08515
http://dx.doi.org/10.2307/1971324
http://dx.doi.org/10.2307/1971324
http://msp.org/idx/mr/584078
http://msp.org/idx/zbl/0451.42014
http://dx.doi.org/10.2307/2374150
http://msp.org/idx/mr/658542
http://msp.org/idx/zbl/0513.42019
http://dx.doi.org/10.1090/S0273-0979-1985-15291-7
http://dx.doi.org/10.1090/S0273-0979-1985-15291-7
http://msp.org/idx/mr/766959
http://msp.org/idx/zbl/0557.42007
http://dx.doi.org/10.1090/S0002-9947-2011-05534-0
http://dx.doi.org/10.1090/S0002-9947-2011-05534-0
http://msp.org/idx/mr/2869172
http://msp.org/idx/zbl/1244.42006
http://dx.doi.org/10.2307/1970954
http://msp.org/idx/mr/0412721
http://msp.org/idx/zbl/0326.32011
http://msp.org/idx/mr/1225511
http://msp.org/idx/zbl/0864.42009
http://dx.doi.org/10.5565/PUBLMAT_60116_07
http://msp.org/idx/mr/3447738
http://msp.org/idx/zbl/1333.42018
http://msp.org/idx/mr/864371
http://msp.org/idx/zbl/0632.42014
http://dx.doi.org/10.2307/1971346
http://msp.org/idx/mr/898053
http://msp.org/idx/zbl/0644.42017
http://msp.org/idx/mr/1743864
http://msp.org/idx/zbl/0952.42009
http://dx.doi.org/10.1007/BF02392215
http://msp.org/idx/mr/0447953
http://msp.org/idx/zbl/0257.46078
http://dx.doi.org/10.1016/S0001-8708(82)80001-7
http://msp.org/idx/mr/664621
http://msp.org/idx/zbl/0517.42024
http://dx.doi.org/10.1007/BF02392840
http://msp.org/idx/mr/1961195
http://msp.org/idx/zbl/1039.47022
http://dx.doi.org/10.1007/BF02788991
http://dx.doi.org/10.1007/BF02788991
http://msp.org/idx/mr/1785283
http://msp.org/idx/zbl/0988.32002
http://dx.doi.org/10.4064/cm118-2-13
http://msp.org/idx/mr/2602167
http://msp.org/idx/zbl/1190.22010
http://dx.doi.org/10.1073/pnas.76.3.1026
http://msp.org/idx/mr/524328
http://msp.org/idx/zbl/0405.32002
http://msp.org/idx/arx/0801.1701
http://dx.doi.org/10.2140/apde.2014.7.1465
http://msp.org/idx/mr/3293443
http://msp.org/idx/zbl/1318.42026

COMMUTATORS OF MULTIPARAMETER FLAG SINGULAR INTEGRALS AND APPLICATIONS 1355

[Han et al. 2016a] Y. Han, M.-Y. Lee, J. Li, and B. D. Wick, “Characterizations of flag Hardy space via Riesz transforms,
maximal functions and Littlewood—Paley theory”, preprint, 2016. arXiv

[Han et al. 2016b] Y. S. Han, C. C. Lin, and X. F. Wu, “Boundedness of singular integrals with flag kernels on weighted flag
Hardy spaces”, preprint, 2016, available at http://www.ncts.ntu.edu.tw/bib_detail.php?gid=34.

[Hytonen 2016] T. P. Hytonen, “The Holmes—Wick theorem on two-weight bounds for higher order commutators revisited”,
Arch. Math. (Basel) 107:4 (2016), 389-395. MR Zbl

[Journé 1985] J.-L. Journé, “Calderén—Zygmund operators on product spaces”, Rev. Mat. Iberoamericana 1:3 (1985), 55-91.
MR Zbl

[Kunwar and Ou 2017] I. Kunwar and Y. Ou, “Two-weight inequalities for multilinear commutators”, preprint, 2017. arXiv

[Lacey and Terwilleger 2009] M. Lacey and E. Terwilleger, “Hankel operators in several complex variables and product BMO”,
Houston J. Math. 35:1 (2009), 159-183. MR Zbl

[Lacey et al. 2009] M. T. Lacey, S. Petermichl, J. C. Pipher, and B. D. Wick, “Multiparameter Riesz commutators”, Amer. J.
Math. 131:3 (2009), 731-769. MR Zbl

[Lacey et al. 2010] M. T. Lacey, S. Petermichl, J. C. Pipher, and B. D. Wick, “Iterated Riesz commutators: a simple proof of
boundedness”, pp. 171-178 in Harmonic analysis and partial differential equations (El Escorial, 2008), edited by P. Cifuentes
et al., Contemp. Math. 505, Amer. Math. Soc., Providence, RI, 2010. MR Zbl

[Lacey et al. 2012] M. T. Lacey, S. Petermichl, J. C. Pipher, and B. D. Wick, “Multi-parameter div-curl lemmas”, Bull. Lond.
Math. Soc. 44:6 (2012), 1123-1131. MR Zbl

[Miiller et al. 1995] D. Miiller, F. Ricci, and E. M. Stein, “Marcinkiewicz multipliers and multi-parameter structure on Heisenberg
(-type) groups, I, Invent. Math. 119:2 (1995), 199-233. MR Zbl

[Miiller et al. 1996] D. Miiller, F. Ricci, and E. M. Stein, “Marcinkiewicz multipliers and multi-parameter structure on Heisenberg
(-type) groups, 11, Math. Z. 221:2 (1996), 267-291. MR Zbl

[Nagel et al. 2001] A. Nagel, F. Ricci, and E. M. Stein, “Singular integrals with flag kernels and analysis on quadratic CR
manifolds”, J. Funct. Anal. 181:1 (2001), 29-118. MR Zbl

[Nagel et al. 2012] A. Nagel, F. Ricci, E. Stein, and S. Wainger, “Singular integrals with flag kernels on homogeneous groups, I”,
Rev. Mat. Iberoam. 28:3 (2012), 631-722. MR Zbl

[Nagel et al. 2018] A. Nagel, F. Ricci, E. M. Stein, and S. Wainger, Algebras of singular integral operators with kernels
controlled by multiple norms, Mem. Amer. Math. Soc. 1230, Amer. Math. Soc., Providence, RI, 2018.

[Pipher 1986] J. Pipher, “Journé’s covering lemma and its extension to higher dimensions”, Duke Math. J. 53:3 (1986), 683-690.
MR Zbl

[Stein 1993] E. M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, Princeton
Mathematical Series 43, Princeton University Press, 1993. MR Zbl

[Wu 2014] X. Wu, “Weighted norm inequalities for flag singular integrals on homogeneous groups”, Taiwanese J. Math. 18:2
(2014), 357-369. MR Zbl

Received 19 Feb 2018. Revised 24 Jul 2018. Accepted 16 Sep 2018.

XUAN THINH DUONG: xuan.duong@mg.edu.au
Department of Mathematics, Macquarie University, Sydney, Australia

JILI: ji.liGmg.edu.au
Department of Mathematics, Macquarie University, Sydney, Australia

YUMENG OU: yumeng.ou@baruch.cuny.edu
Department of Mathematics, Baruch College, The City University of New York, New York, NY, United States

JILL PIPHER: jpipher@math.brown.edu
Department of Mathematics, Brown University, Providence, RI, United States

BRETT D. WICK: wick@math.wustl.edu
Department of Mathematics, Washington University—St. Louis, St. Louis, MO, United States

mathematical sciences publishers :'msp


http://msp.org/idx/arx/1611.05296
http://www.ncts.ntu.edu.tw/bib_detail.php?gid=34
http://www.ncts.ntu.edu.tw/bib_detail.php?gid=34
http://dx.doi.org/10.1007/s00013-016-0956-5
http://msp.org/idx/mr/3552216
http://msp.org/idx/zbl/1354.42021
http://dx.doi.org/10.4171/RMI/15
http://msp.org/idx/mr/836284
http://msp.org/idx/zbl/0634.42015
http://msp.org/idx/arx/1710.07392
https://www.math.uh.edu/~hjm/restricted/pdf35(1)/14lacey.pdf
http://msp.org/idx/mr/2491875
http://msp.org/idx/zbl/1163.47024
http://dx.doi.org/10.1353/ajm.0.0059
http://msp.org/idx/mr/2530853
http://msp.org/idx/zbl/1170.42003
http://dx.doi.org/10.1090/conm/505/09922
http://dx.doi.org/10.1090/conm/505/09922
http://msp.org/idx/mr/2664567
http://msp.org/idx/zbl/1204.42035
http://dx.doi.org/10.1112/blms/bds037
http://msp.org/idx/mr/3007645
http://msp.org/idx/zbl/1257.35058
http://dx.doi.org/10.1007/BF01245180
http://dx.doi.org/10.1007/BF01245180
http://msp.org/idx/mr/1312498
http://msp.org/idx/zbl/0857.43012
http://dx.doi.org/10.1007/BF02622116
http://dx.doi.org/10.1007/BF02622116
http://msp.org/idx/mr/1376298
http://msp.org/idx/zbl/0863.43001
http://dx.doi.org/10.1006/jfan.2000.3714
http://dx.doi.org/10.1006/jfan.2000.3714
http://msp.org/idx/mr/1818111
http://msp.org/idx/zbl/0974.22007
http://dx.doi.org/10.4171/RMI/688
http://msp.org/idx/mr/2949616
http://msp.org/idx/zbl/1253.42009
http://dx.doi.org/10.1215/S0012-7094-86-05337-8
http://msp.org/idx/mr/860666
http://msp.org/idx/zbl/0645.42018
http://msp.org/idx/mr/1232192
http://msp.org/idx/zbl/0821.42001
http://dx.doi.org/10.11650/tjm.18.2014.3667
http://msp.org/idx/mr/3188508
http://msp.org/idx/zbl/1357.43004
mailto:xuan.duong@mq.edu.au
mailto:ji.li@mq.edu.au
mailto:yumeng.ou@baruch.cuny.edu
mailto:jpipher@math.brown.edu
mailto:wick@math.wustl.edu
http://msp.org




Massimiliano Berti

Sun-Yung Alice Chang

Michael Christ

Alessio Figalli

Charles Fefferman

Ursula Hamenstaedt

Vaughan Jones

Vadim Kaloshin

Herbert Koch

Izabella Laba

Gilles Lebeau

Richard B. Melrose

Frank Merle

William Minicozzi I

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Princeton University, USA

chang @math.princeton.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

ETH Zurich, Switzerland
alessio.figalli@math.ethz.ch

Princeton University, USA
cf@math.princeton.edu

Universitidt Bonn, Germany
ursula@math.uni-bonn.de

U.C. Berkeley & Vanderbilt University
vaughan.f.jones @vanderbilt.edu
University of Maryland, USA
vadim.kaloshin @ gmail.com

Universitit Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
Frank Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Clément Mouhot

Werner Miiller

Gilles Pisier

Tristan Riviere

Igor Rodnianski

Sylvia Serfaty

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andris Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk
Universitdt Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

New York University, USA

serfaty @cims.nyu.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski @math.berkeley.edu

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2019 is US $310/year for the electronic version, and $520/year (4-$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:alessio.figalli@math.ethz.ch
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 12  No.5 2019

On the Luzin N-property and the uncertainty principle for Sobolev mappings 1149
ADELE FERONE, MIKHAIL V. KOROBKOV and ALBA ROVIELLO

Unstable normalized standing waves for the space periodic NLS 1177
NILS ACKERMANN and TOBIAS WETH

Scale-invariant Fourier restriction to a hyperbolic surface 1215
BETSY STOVALL

Steady three-dimensional rotational flows: an approach via two stream functions and Nash— 1225
Moser iteration
BORIS BUFFONI and ERIK WAHLEN

Sparse bounds for the discrete cubic Hilbert transform 1259
AMALIA CULIUC, ROBERT KESLER and MICHAEL T. LACEY

On the dimension and smoothness of radial projections 1273
TUOMAS ORPONEN

Cartan subalgebras of tensor products of free quantum group factors with arbitrary factors 1295
YUSUKE ISONO

Commutators of multiparameter flag singular integrals and applications 1325
XUAN THINH DUONG, J1 L1, YUMENG OU, JILL PIPHER and BRETT D. WICK

Rokhlin dimension: absorption of model actions 1357
GABOR SZABO

2157-5045(2019)12:5;1-L



	1. Introduction and statement of main results
	2. Preliminaries in the flag setting
	3. Upper bound of the iterated commutator [[b,R^(1)_i], R^(2)_j]_2 
	4. Upper bound of the big commutator [b,R_{j,k}] 
	5. Applications: div-curl lemmas in the flag setting
	Acknowledgments
	References
	
	

