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ON THE LUZIN N-PROPERTY AND
THE UNCERTAINTY PRINCIPLE FOR SOBOLEV MAPPINGS

ADELE FERONE, MIKHAIL V. KOROBKOV AND ALBA ROVIELLO

We say that a mapping v : R” — R? satisfies the (z, 0)- N-property if H° (v(E)) = 0 whenever H*(E) =0,
where ¥ means the Hausdorff measure. We prove that every mapping v of Sobolev class ka (R, R?)
with kp > n satisfies the (z, 0)-N-property for every 0 < t # 74 :=n — (k — 1) p with

T if 7> 14,
o=o0(1):=
pr/lkp—n+1) if0<7 <14

We prove also that for k > 1 and for the critical value t = 7 the corresponding (t, o)- N-property fails
in general. Nevertheless, this (z, 0)- N-property holds for t = 7, if we assume in addition that the highest
derivatives V¥ v belong to the Lorentz space L p,1(R") instead of L.

We extend these results to the case of fractional Sobolev spaces as well. Also, we establish some
Fubini-type theorems for N-Nproperties and discuss their applications to the Morse—Sard theorem and its
recent extensions.

1. Introduction

The classical Luzin N-property means that for a mapping f : R” — R” one has meas f(E) = 0 whenever
meas £ = 0. (Here meas E is the usual n-dimensional Lebesgue measure.)

This property plays a crucial role in classical real analysis and differentiation theory [Saks 1937]. It is
very useful also in elasticity theory and in geometrical analysis, especially in the theory of quasiconformal
mappings and, more generally, in the theory of mappings with bounded distortions, i.e., mappings
f :Q CR" — R" of Sobolev class W,}(R") such that || f/(x)||" < K det f’(x) almost everywhere
with some constant K € [1, +00). The notion of mappings with bounded distortion was introduced by
Yu. G. Reshetnyak; see, e.g., his classical books [Reshetnyak 1989; 1994; Goldshtein and Reshetnyak
1990]. He proved that they satisfy the N-property and this was very helpful in his subsequent proofs of
other basic topological properties of such mappings (openness, discreteness and etc.). Further this MBD
theory was successfully developed by many mathematicians in both analytical and geometrical directions,
and many interesting and deep results were obtained; see the monographs [Rickman 1993; Iwaniec and
Martin 2001], for example.

The notion of mappings with bounded distortion leads to the theory of more general mappings with
finite distortion (i.e., when K in the definition above depends on x and is not assumed to be uniformly
bounded; see, e.g., the pioneering paper [Vodop’yanov and Goldshtein 1976], where the monotonicity,

MSC2010: primary 46E35, 58C25; secondary 26B35, 46E30.
Keywords: Sobolev—Lorentz mappings, fractional Sobolev classes, Luzin N-property, Morse—Sard theorem, Hausdorff measure.
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continuity and N-property of such mappings from the class W,! were established). This theory has been
intensively developed in the last decades (see, e.g., the book [Hencl and Koskela 2014] for an overview),
and studying the N-property constitutes one of the most important directions [Kauhanen et al. 2001;
D’Onofrio et al. 2016].

Note that the belonging of a mapping to the Sobolev class Wn1 (R™,R") is crucial for N-properties.
Indeed, every mapping of class Wp1 (R™, R™) with p > n is continuous and supports the N-property (it is
a simple consequence of the Morrey inequality). But even if a mapping f € W,1(R",R") is continuous
(which is not guaranteed in general), it may not have the N-property. On the other hand, the N-property
holds for functions of the class Wn1 (R™, R™) under some additional assumptions on its topological features,
namely, for homeomorphic and open mappings [Reshetnyak 1987] (see also [Roskovec 2018]) and for
quasimonotone! mappings [Vodop’yanov and Goldshtein 1976; Maly and Martio 1995].

The results above are very delicate and sharp: indeed, for any p < n there are homeomorphisms
fe Wp1 (R™, R™) without the N-property. This phenomenon was discovered by S. P. Ponomarev [1971].
In recent years his construction has been very refined and an example was constructed of a Sobolev
homeomorphism with zero Jacobian a.e. which belongs simultaneously to all the classes Wp1 (R™, R™)
with p < n [Hencl 2011; Cerny 2011] — of course, this “strange” homeomorphism certainly fails to have
the N-property.?

In the positive direction, it was proved in [Kauhanen et al. 1999], see also [Romanov 2008], that every
mapping of the Sobolev—Lorentz class Wnlil([R”, R") (i.e., its distributional derivatives belong to the
Lorentz space Ly 1; see Section 2 for the exact definitions) satisfies the N-property. Note that this space
Wnl,1 (R", R™) is limiting in a natural sense between classes W,! and Wp1 with p > n.

Another direction is to study the N-properties with respect to Hausdorff (instead of Lebesgue) measures.
One of the most elegant results was achieved for the class of plane quasiconformal mappings.

The famous area distortion theorem of K. Astala [1994] implies the following dimension distortion
result: if f : C — C is a K-quasiconformal mapping (i.e., it is a plane homeomorphic mapping with
K-bounded distortion) and E is a compact set of Hausdorff dimension ¢ € (0, 2), then the image f(F)
has Hausdorff dimension at most ¢ = 2Kt /(2 + (K — 1)t). This estimate is sharp; however, it leaves
open the endpoint case: does H!(E) = 0 imply 7—[’/( f(E)) = 0? The remarkable paper [Lacey et al.
2010] gives an affirmative answer to Astala’s conjecture (see also [Astala et al. 2013], where the further
implication H(E) < oo = H"' (f(E)) < oo was considered).

Let us go to results which are closer to the present paper. It is more natural to discuss the topic in
the scale of fractional Sobolev spaces, i.e., for (Bessel)-potential space .iﬂg with o > 0. Recall that a
function v : R* — R¥ belongs to the space &, if it is a convolution of the Bessel kernel Ky with a

ISome of these results were generalised for the more delicate case of Carnot groups and manifolds; see, e.g., [Vodop’yanov
2003].

2Moreover, even the examples of bi-Sobolev homeomorphisms of class Wp1 (R",R™), p <n — 1, with zero Jacobian a.e.
were constructed recently; see, e.g., [D’Onofrio et al. 2014; Cerny 2015]. Such homeomorphisms are impossible in the
Sobolev class Wnl_1 (R™, R™). Furthermore, Hencl and Vejnar [2016] constructed an example of a Sobolev homeomorphism
fe Wll ((0, 1), R™) such that the Jacobian det f/(x) changes its sign on sets of positive measure.
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function g € L,(R"), where Ko (§) = (1 + 47262)%/2 Tt is well known that
Zy(R") =WJR") ifaeNand 1< p<oo.
Recently H. Hencl and P. Honzik proved, in particular, the following assertion:

Theorem 1.1 [Hencl and Honzik 2015]. Letn,d €N, « >0, p > 1, ap > n, and 0 < v < n. Suppose
that a mapping f : R" — R? belongs to the (fractional) Sobolev class &£y . Then for any set E C R" with
Hausdorff dimension dimg E < 1 the inequality dimy f(E) < o(t) holds, where

o(7) 1= T zifrzr*::n—(a—l)p, (1)
pt/ap—n+1) if0<T < T4
But as above (see the discussion around the Astala theorem), this result raises a natural question. What
happens in the limiting case, i.e., is it true that H*(E) = 0 implies H° @ ( f(E)) = 0? Of course, such
an N-property is much more precise and stronger than the assertion of Theorem 1.1.
Six years ago G. Alberti [2012] announced the validity of the following result, obtained in collaboration

with M. Csornyei, E. D’ Aniello and B. Kirchheim.

Theorem 1.2. Letk,n,d €N, p > 1, kp > n, and 0 < t < n. Suppose that a mapping [ : R" — R4
belongs to the Sobolev class ka and t # 1« =n—(k —1)p. Then [ has the (t,0)-N-property, where
the value 0 = o (1) is defined in (1-1).

Here for convenience we use the following notation: a mapping f : R” — R is said to satisfy the
(tr,0)-N-property if H° (f(E)) = 0 whenever H*(E) =0, E C R"™.

We remark that in [Alberti 2012] the limiting case T = 74 > 0 is left as an open question. Further, as
far as we know, proofs of the results announced have not been published (it was written in [Alberti 2012]
that the work was still “in progress”).

In the present paper we extend the assertion above to the case of fractional Sobolev spaces and also we
cover the critical case T = 74 as well.

Theorem 1.3. Leta >0, 1 < p <00, ap >n,and v € fg(R”, [Rd). Suppose that 0 < t < n. Then the
following assertions hold:

(1) If t # t« =n—(a—1)p, then v has the (t,0)-N-property, where the value 6 = o (1) is defined
in (1-1).

(i) If « > 1 and t = 14 > 0, then 0 (1) = 14 and the mapping v in general has no (t«, t«)-N-property;
i.e., it could be that H™ (v(E)) > 0 for some E C R" with H™(E) = 0.

Remark 1.4. We stress that there is no “competition” with Alberti, Csoérnyei, D’ Aniello and Kirchheim
concerning Theorems 1.2—1.3. When we published our first paper on the topic [Bourgain et al. 2013],
those authors contacted us and it was agreed that mutual citations would be provided (and indeed appeared
in [Alberti 2012; Bourgain et al. 2013]). Similarly, when the present paper was finished, we contacted
one of those authors. They told us that after [Alberti 2012] they had some further progress, especially for
T = T%. We came to an agreement that each research group could publish their results with independent
proofs, respecting each other’s activity in the subject.
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Remark 1.5. If @ = 1 and p > n, then 7« = n and Z2(R",RY) = W} (R",R?), and the validity of
the (t, 0)-N-property for all T € (0, 7] and for all mappings of these spaces is a simple corollary of the
classical Morrey inequality [Maly and Martio 1995].

Theorem 1.3 omits the limiting cases ap = n and t = 1. It is possible to cover these cases as
well using the Lorentz norms. Namely, denote by .,%;‘,1 (R",R?) the space of functions which can be
represented as a convolution of the Bessel potential K, with a function g from the Lorentz space L 1
(see the definition of these spaces in Section 2); that is,

[vllze, == lglL,.,-
Theorem 1.6. Leto >0, 1 < p <00, ap >n, and 0 < T < n. Suppose that v € fl‘il(R", IRd). Then
v is a continuous function satisfying the (t,0)-N-property, where again the value o = o (t) is defined
in (1-1) (i.e., the limiting case T = 1« is included).
Remark 1.7. Inthe case « =k € N, kp =n, p > 1, we have t« = p and the validity of the (t, 0)-

N-property for mappings of the corresponding Sobolev—Lorentz space ka’ (R, R%) was proved in
[Bourgain et al. 2015; Korobkov and Kristensen 2018].

1A. The counterexample for the limiting case t = t.. in Theorem 1.3(ii). Suppose again that
n>@—1)p>n—p.

Let us demonstrate that the positive assertion in Theorem 1.3(i) is very sharp: it fails in general for the
limiting case
t=1=n—(e—1)p.
Take

Then by definition
Tx = 1

So we have to construct a function from the Sobolev space .,2”32 (R*) = W32 (R*) which does not have the
N-property with respect to # ! -measure. Consider the restrictions (traces) of functions from W34([R§4) to the
real line. It is well known that the space of these traces coincides exactly with the Besov space B31,3 (R); see,
e.g., [Jonsson and Wallin 1984, Chapter 1, Theorem 4 on p. 20]. Consider the function of one real variable

folx) = e Z 57"m™ cos(5"x),

m=1
where

1 1
3 <0< 5-
It is known that f; € B31,3([R) under the assumptions above; see, e.g., §6.8 in Chapter V of [Stein 1970].

Nevertheless, the following result holds.

Theorem 1.8. The function fs : R — R from above does not have the (1,1)-N-property (with respect to
H-measure).
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This result is a direct consequence of the following two classical facts:

Theorem 1.9 [Saks 1937, Chapter IX, Theorem 7.7]. If a continuous function f : R — R has the
N-property, then it is differentiable on a set of positive measure.

Theorem 1.10 [Zygmund 1959, Chapter V, §6, p. 206]. The continuous function

o0
()= b e cos(b™x),
m=1

with b > 1 and &, — 0, Z;f:l g,zn = 00, is not differentiable almost everywhere.

Note that the functions f5, f from Theorems 1.8 and 1.10 are the typical examples of so-called
lacunary Fourier series.

From Theorem 1.8 it follows that there exists a function v € W32 (R*) whose restriction to the real line
coincides with fy; i.e., v does not have the (1,1)-N-property. The construction of the counterexample is
finished.

1B. Fubini-type theorems for N-properties. The N-properties formulated above have an important
application in the recent extension of the Morse—Sard theorem to Sobolev spaces (see [Ferone et al. 2017]
and also Section 1C below). Here we need the following notion.

For a pair numbers 7,0 > 0 we will say that a continuous function v : R" — R4 satisfies the (1, 0)-
Ny-property if for every ¢ € [0, 0] and for any set £ C R"” with H*(E) = 0 we have

1= (ENvI(y) =0 forHi-aa yeRY. (1-2)
This implies, in particular, the usual (z, 0)- N-property
H° (v(E)) =0 whenever H*(E) = 0.

(Indeed, it is sufficient to take ¢ = ¢ in (1-2).) In other words, the (7, 0)-N-property is stronger than
the usual (z,0) one.

The N.-property can be considered as a Fubini-type theorem for the usual N-property. Now we can
strengthen our previous results in the following way.

Theorem 1.11. Lera >0, 1 < p <00, ap >n,and v € Z5(R", R4). Suppose that 0 < t < n. Then:

(1) If T # t« =n—(a—1)p, then v has the (t, 0)-Nx-property, where the value 6 = o (1) is defined
in (1-1).
(i) If @ > 1 and T = T, then 0 (t) = T« and the mapping v in general has no (t«, t«)-N-property; i.e.,
it could be that H™ (v(E)) > 0 for some E C R" with H™(E) = 0.
Remark 1.12. If « = 1 and p > n, then 74 = n and Z%(R",RY) = W,}(R",R?), and the validity of
the (7, 0)-Ny-property for all T € (0, n] and for all mappings of these spaces is a simple corollary of the
classical Morrey inequality and Theorem 4.1 below.

Of course, Theorem 1.11 omits the limiting cases ap = n and t = 1. Again, it is possible to cover
these cases as well using the Lorentz norms.
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Theorem 1.13. Leta >0, 1 < p <00, ap > n, and 0 < t < n. Suppose that v € ZI‘;"I(R”, R%). Then
v is a continuous function satisfying the (t, 0 )-Nx-property, where again the value ¢ = o (1) is defined

in (1-1),

Remark 1.14. Inthe case « =k € N, kp = n, p > 1, we have 1, = p and the validity of the (z, 0)-
Ny-property for mappings of the corresponding Sobolev—Lorentz space ka, 1 (R, RY) was proved in
[Bourgain et al. 2015; Hajtasz et al. 2017].

1C. Application to the Morse-Sard and Dubovitskii—Federer theorems. The classical Morse—Sard the-
orem claims that for a mapping v: R"” — R™ of class C* the measure of the set of critical values v(Z v,m)
is zero under the condition & > max(n —m,0). Here the critical set, or m-critical set, is defined as
Zy,m = {x € R" :rank Vv(x) < m}. Further Dubovitskii [1957; 1967] and Federer [1969, Theorem 3.4.3]
independently found some elegant extensions of this theorem to the case of other (e.g., lower) smoothness
assumptions. They also established the sharpness of their results within the ck category.

Recently the following bridge theorem, which includes all the results above as particular cases, was
found.

We say that a mapping v : R” — R4 belongs to the class C ke for some integer positive k and 0 <« <1
if there exists a constant L. > 0 such that

IVEu(x) = VEu(y)| < LIx—y|* forall x, y € R".

To simplify the notation, let us make the following agreement: for « = 0 we identify C k. with usual
spaces of C¥-smooth mappings. The following theorem was obtained in [Ferone et al. 2017].

Theorem 1.15. Letm e {1,...,n}, k>1,d >m, 0<a <1,andv € Ck’“(IR”, [Rd). Then for any
q € (m—1, 00) the equality
HM (Zym N (p) =0 for He-a.a. y € RY
holds, where
pg=n—m+1—(k+a)g—m+1),
and Zy m denotes the set of m-critical points of v, that is, Zy , = {x € R" :rank Vv(x) <m —1}.

Here and in the following we interpret 7# as the counting measure when 8 < 0. Let us note that for
the classical C k—case, i.e., when o = 0, the behaviour of the function j4 is very natural:
ng=0 forq=qgo=m—14+(mn—-m+1)/k (Dubovitskii—Federer theorem, 1967),
Hg <0 forg > qo (Dubovitskii—Federer theorem, 1967),
Hg=n—m—k+1 forg=m (Dubovitskii theorem, 1957),
Hg=n—m+1 forqg=m—1.

The last value cannot be improved in view of the trivial example of a linear mapping L: R"” — R? of
rank m — 1.
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Thus, Theorem 1.15 contains all the previous theorems (Morse—Sard, Dubovitskii—Federer, and even
the Bates theorem [1993] for C k ’1—Lipschitz functions) as particular cases.

Intuitively, the sense of this bridge theorem is very close to Heisenberg’s uncertainty principle in
theoretical physics: the more precise the information we receive on the measure of the image of the
critical set, the less precisely the preimages are described, and vice versa.

The following analog of the bridge theorem, Theorem 1.15, was obtained for the Sobolev and fractional
Sobolev cases (items (i)—(ii) and items (iii)—(iv), respectively).

Theorem 1.16 [Hajtasz et al. 2017; Ferone et al. 2017]. Letm e {1,...,n}, k>1,d>m, 0<a <1,
p>landletv:R" — R? be a mapping for which one of the following cases holds:

(i) @ =0, kp >n,andv € WE(R" R?).
(i) =0, kp=n,andv € Wplfl(R”, [Rd).
(i) O<a <1, p>1, (k+a)p>n,andv € LET*R", R?).
(iv) O<a <1, p>1, (k+e)p=n,andve 25 {*R" RY).
Then for any q € (m — 1, 00) the equality
HM(Zym N0 () =0 for Hi-aa.y e R?
holds, where again
Hg=n—m+1—(k+a)(g—m+1),
and Z, m denotes the set of m-critical points of v, that is, Zy m = {x € R" \ Ay :rank Vu(x) <m —1}.

Here A, means the set of nondifferentiability points for v. Recall, that by approximation results
[Swanson 2002; Korobkov and Kristensen 2018] under the conditions of Theorem 1.16 the equalities
H'(Ay) =0 forallt>1e:=n—(k+a—1)p incases (i), (iii),
H™*(Ay) =HP(Ay) =0 ti=n—(k+a—-1p=p in cases (ii), (iv)
are valid (in particular, A, = @ if (k + o — 1) p > n). Our purpose is to prove that the impact of the “bad”

set Ay, is negligible in the bridge Dubovitskii—Federer theorem (Theorem 1.16), i.e., that the following
statement holds:

Theorem 1.17. Let the conditions of Theorem 1.16 be fulfilled for a function v : R" — R4, Then

Hla (A, Nv ™ (y) =0 for Hi-a.a. y € RY

forany g >m— 1.

Remark 1.18. Since uy <0forg >qgo=m—1+ ”;T&H , the assertions of Theorems 1.16—1.17 are
equivalent to the equality 0 = H9[v(Ay U Zy )] for g > g, so it is sufficient to check the assertions of

Theorems 1.16-1.17 for g € (m — 1, go] only.

Finally, let us comment briefly that the merge ideas for the proofs are from our previous papers
[Bourgain et al. 2015; Korobkov and Kristensen 2014; 2018; Hajtasz et al. 2017]. In particular, the papers
[Bourgain et al. 2013; 2015] by one of the authors with J. Bourgain and J. Kristensen contain many of
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the key ideas that allow us to consider nondifferentiable Sobolev mappings. For the implementation of
these ideas one relies on estimates for the Hardy—Littlewood maximal function in terms of Choquet-type
integrals with respect to Hausdorff capacity. In order to take full advantage of the Lorentz context we
exploit the recent estimates from [Korobkov and Kristensen 2018] (recalled in Theorem 2.11 below);
see also [Adams 1988] for the case p = 1.

2. Preliminaries

By an n-dimensional interval we mean a closed cube in R” with sides parallel to the coordinate axes. If
0 is an n-dimensional cubic interval then we write £(Q) for its side-length.

For a subset S of R” we write .£"(S) for its outer Lebesgue measure (sometimes we use the sym-
bol meas S for the same object). The m-dimensional Hausdorff measure is denoted by H™ and the
m-dimensional Hausdorft content by 7 . Recall that for any subset S of R” we have by definition

H™(S) = lim HP'(S) = sup H['(S),
1N\O0 >0
where for each 0 < ¢ < oo,

o0 o0
H(S) = inf{ Z(diamSi)m ;diam S; <t, S C U Si}.
i=1 i=1
It is well known that H" (S) = H2 (S) ~ £ (S) for sets S C R” (“~” means, here and in the following,
that these values have upper and lower bounds with positive constants independent of the set .S).
By Lp(R"), 1 < p < oo, we will denote the usual Lebesgue space equipped with the norm |- ||,
The notation || f'||z,,(g) means |[1g - f||L,, where 1g is the indicator function of E.
Working with locally integrable functions, we always assume that the precise representatives are chosen.
If w € L1 10c(£2), then the precise representative w* is defined for all x € Q by

w*(x) = {limr\o fB(x,r) w(z)dz if the limit exists and is finite,
0 otherwise,
where the dashed integral as usual denotes the integral mean,
1
w(iz)dz= ———— w(z)dz,
]i(x,r) ZL"(B(x,r)) B(x,r)

and B(x,r) ={y : |y — x| < r} is the open ball of radius r centred at x. Henceforth we omit special
notation for the precise representative, writing simply w* = w.
For 0 < B < n, the fractional maximal function of w of order B is given by

Mﬂw(x)zsuprﬂ][ |lw(z)|dz. -1
r>0 B(x,r)

When 8 = 0, My reduces to the usual Hardy-Littlewood maximal operator M.

The Sobolev space Wllﬁ (R™, IRd) is as usual defined as consisting of those R4 -valued functions fe
L, (R™) whose distributional partial derivatives of orders / < k belong to L, (R"); for detailed definitions
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and differentiability properties of such functions, see, e.g., [Evans and Gariepy 1992; Mazya 1985; Ziemer
1989; Dorronsoro 1989]. Denote by V¥ f the vector-valued function consisting of all k-th order partial
derivatives of f arranged in some fixed order. However, for the case of first order derivatives k = 1 we
shall often think of V f(x) as the Jacobi matrix of f at x, that is, the d x n matrix whose r-th row is the
vector of partial derivatives of the r-th coordinate function.

We use the norm

1 F s = 1y + 19 iy, + -+ 1VE £,

and unless otherwise specified all norms on the spaces R (s € N) will be the usual euclidean norms.

If k < n, then it is well known that functions from Sobolev spaces W]; (R™) are continuous for p >n/k
and can be discontinuous for p < p, = n/k [Mazya 1985; Ziemer 1989]. The Sobolev—Lorentz space
W’;O’l (R™) C W];,O (R™) is a refinement of the corresponding Sobolev space. Among other things, functions
that are locally in W’;o,l on R” are in particular continuous.

Here we only mentioned the Lorentz space Ly, 1, and in this case one may rewrite the norm as follows
[Maly 2003, Proposition 3.6]:

400 |
1Az, =f0 [£"({x e R* - [ f(x)| > 1})] 7 dr.

As for Lebesgue norm we set || /||, ;(g) := 1£ - f L, Of course, we have the inequality
Ifllz, <1z, (2-2)
Moreover, recall that by properties of Lorentz spaces, the standard estimate
IMfllL,, =ClfllL,, (2-3)

holds for 1 < p < oo [Maly 2003, Theorem 4.4].
Denote by W’;’I(R”) the space of all functions v € Wllj (R™) such that in addition the Lorentz
norm || V5|l | is finite.

2A. On potential spaces ). In this paper we deal with the (Bessel) potential spaces £ with a > 0.
Recall that a function v : R” — R? belongs to the space %, ifitis a convolution of the Bessel kernel Ky
with a function g € L, (R"):

V=9 (g) =Ky *g,

where Kq (£) = (1 + 472£2)~%/2, In particular,
Ivllee == lgllL,-

It is well known that
Ly (R") =W (R") ifaeNand1<p<oo, (2-4)

and we use the agreement that 5 (R") = L, (R") when « = 0. Moreover, the following well-known
result holds:
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Theorem 2.1 [Stein 1970, Lemma 3, p. 136]. Leta > 1and 1 < p <oo. Thenv € gp‘x (R™) if and only if
= f;_l(R") and 9v/dx; € f;_l(R”) forevery j =1,...,n.

The following technical bounds will be used on several occasions (for convenience, we prove them in
the Appendix).

Lemma 2.2. Leta > 1, n+ p>ap>n,and p > 1. Suppose that v € L (R"); i.e., v = Yo (g) for some
g € Lp(R™). Then for every n-dimensional cubic interval Q C R" withr = £(Q) < 1 the estimate

. _n 1
diamv(0) = €[ IMeli,i0r™ ™ + i [ fanalel() 0] o)

holds, where the constant C depends onn, p,d, o only, and

110 [

is the Riesz potential of order B.

Sometimes it is not convenient to work with the Riesz potential, and we need also the following variant
of the estimates above.

Lemma 2.3. Leta > 0, n+ p > ap >n, and p > 1. Suppose that v € L5 (R"); i.e., v = %y(g) for
some g € L,(R™). Fix arbitrary 6 > 0 such that a« 4+ 6 > 1. Then for every n-dimensional cubic interval
0 CR* withr = £(Q) < 1 the estimate

. _n 1
diam o(0) = €M el o0 ™ F + g [ Macrsoz) o] 26)

holds, where the constant C depends onn, p,d, o, 8 only.
For reader’s convenience, we prove Lemmas 2.2-2.3 in the Appendix.
2B. On Lorentz potential spaces f;‘ 1+ To cover some other limiting cases, denote by .Zl‘j‘ 1 (R, R%) the
space of functions which can be represented as a convolution of the Bessel potential K, with a function g
from the Lorentz space L, 1; that is,
lolles, == gL,
Because of inequality (2-2), we have the evident inclusion
@R C 28R,
Since these spaces are not so common, let us discuss briefly some of their properties. We need some
technical facts concerning the Lorentz spaces.

Lemma 2.4 [Rakotondratsimba 1998]. Let 1 < p < oco. Then forany j = 1,...,n the Riesz transform
Zj is continuous from Ly 1(R") to Ly 1(R").

Lemma 2.5 [Schep 1995]. Let 1| < p < oo and  be a finite Borel measure on R". Then the convolution
transform f > f % is continuous in the space Lp,1(R") and in £ (R") for all a > 0.
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Using these facts and repeating almost word for word the arguments from [Stein 1970, §3.3-3.4], one
can obtain the following very natural results.

Theorem 2.6 (cf. [Stein 1970, Lemma 3, p. 136]). Leta > 1and 1 < p < oo. Then f € fg,l(R”) if and
onlyif f € .Zlf"fl(R”) and 0f /0x; € .Zlf"l_l([R{”) forevery j =1,...,n.

Corollary 2.7. Letk e Nand 1 < p < oo. Then flﬁl(R”) = Wplfl([R{"), where Wplfl(R”) is the space of
functions such that all its distributional partial derivatives of order < k belong to L, 1(R").

Note that the space ka’ 1 (R™) admits an even simpler (but equivalent) description: it consists of
functions f from the usual Sobolev space ka (R™) satisfying the additional condition V¥ f € L p,1(R")
(i.e., this condition is on the highest derivatives only); see, e.g., [Maly 2003].

As before, we need some standard estimates.

Lemma 2.8. Leta >0, n+ p > ap > n, and p > 1. Suppose that v € fp""l([RR"); ie., v =9%Y(g) for
some g € Lp 1(R"). Then the function v is continuous and for every n-dimensional cubic interval Q C R"
with r = £(Q) < 1 the estimate

. _n 1
diam o(0) = €Ml 0" + s RIS o] @7

holds for arbitrary (fixed) parameter 8 > 0 such that « + 6 > 1 (here the constant C again depends on
n, p,d,a, 0 only). Furthermore, if @ > 1, then

. _n 1
i 1(0) = [ IMglL, @0 F + iy [ Tualel )y 29
For the reader’s convenience, we prove Lemma 2.8 in the Appendix.

2C. On Choquet-type integrals. Let .#P be the space of all nonnegative Borel measures & on R” such
that

llillg = sup €12 u(l) < oo,
ICR"?

where the supremum is taken over all n-dimensional cubic intervals I C R” and £(/) denotes the side
length of 1.

Recall the following classical theorem proved by D. R. Adams.
Theorem 2.9 (see [Mazya 1985, §1.4.1] or [Adams 1973]). Leta >0, n—ap >0, s > p > 1 and pu be
a positive Borel measure on R". Then for any g € L,(R") the estimate

[ el e = Cllnllp e, 29)

holds with B = %(n —ap), where C depends on n, p, s, o only.

The estimate (2-9) fails for the limiting case s = p. Namely, there exist functions g € L,(R") such
that |/, g|(x) = +o0 on some set of positive (n—ap)-Hausdorff measure. Nevertheless, there are two
ways to cover this limiting case s = p. The first way is to use the maximal function My instead of the
Riesz potential on the left-hand side of (2-9).
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Theorem 2.10 [Adams 1998, Theorem 7, p. 28]. Leto >0, n —ap >0, s > p > 1 and pu be a positive
Borel measure on R". Then for any g € L,(R") the estimate

[ 1Ml e < Clllls el (2-10)

holds with B = (s/p)(n —ap), where C depends on n, p, s, o only.
The second way is to use the Lorentz norm instead of the Lebesgue norm on the right-hand side
of (2-9):

Theorem 2.11 [Korobkov and Kristensen 2018, Theorem 0.2]. Let o >0, n—oap > 0, and wu be a positive
Borel measure on R". Then for any g € L,(R") the estimate

[ tagt? au < Cllaly -1l
holds with B = n —ap, where C depends on n, p, o only.

2D. On Fubini-type theorems for N-properties. Recall that by the usual Fubini theorem if a set £ C R?
has zero plane measure, then for 7 !-almost all straight lines L parallel to the coordinate axes we have
H!(L N E) = 0. The next result can be considered as a Fubini-type theorem for the N-property.

Theorem 2.12 [Hajtasz et al. 2017, Theorem 5.3]. Let u >0, ¢ >0, and v : R" — R? be a continuous
function. For a set E C R" define the set function
®(E)= inf diam D ;)* [diam v(D;)]4,
(E) =, inf 2 (diam D;)" [diamv(D; )

where the infimum is taken over all countable families of compact sets {D;};en such that E C | J ;i D;.
Then ®(-) is countably subadditive and we have the implication

PE)=0 = [HMENv(y)=0 for Hi-a.a.y eR].

2E. On local properties of considered potential spaces. Let B be some family of continuous functions
defined on R”. For a set 2 C R" define the space Bj,.(£2) in the following standard way:

Bloc(Q)
:={f :Q — R: for any compact set E C €2, there exists g € B such that f(x) = g(x) for all x € E}.

For simplicity put Bioc = Bioc (R?).
It is easy to see that for « > 0 and ¢ > s > p > 1 with ap > n the following inclusions hold:

o o o
q.,loc c gs,loo C gp,l,loc'

Since the N-properties have a local nature, this means that if we prove some N - (or N-) property for £2,
then the same N-property will be valid for the spaces ,,S,”If"l and . for all g > p. Similarly, if we prove
some N- (or Ny-) property for g;,l’ then the same N-property will be valid for the spaces £ with
q > p,etc.
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3. Proofs of the N-properties (Theorems 1.3, 1.6)

In this section we will prove Theorems 1.3 and 1.6. For each theorem, we will consider different cases.
The most interesting case is when ap < n 4 p, which implies that 7.« > 0: in such a situation we will
consider the supercritical case t > 74 > 0 and the subcritical case 0 < T < 7« (see, respectively, Sections
3A and 3B below). The case ap > n + p is contained in Section 3C.

In the proofs we will consider a particular family of intervals to cover a given set, whose properties

are more suitable for our aims. Below a dyadic interval means a closed cube in R” of the form
[k1/20, (ki +1)/21] x - x [kn /2!, (kn +1)/2!], where k;, [ are integers. Define

o0 o0
A*(E) :inf{ZE(Qi)s Ec| 0. 0 dyadic}.
i=1 i=1
It is well known that AS(E) ~ H*(E) for all subset £ C R"; in particular, A® and H* have the same null
sets.
Let {Q;};en be a family of n-dimensional dyadic intervals. For a given parameter t > 0 we say that
the family {Q;} is regular if ) £(Q;)® < oo and for any n-dimensional dyadic interval Q the estimate

WO = > Q)T (3-1)
J:Q;C0
holds. Since dyadic intervals are either nonoverlapping or contained in one another, (3-1) implies that

any regular family {Q;} must in particular consist of nonoverlapping intervals. Moreover, the following
result holds.

Lemma 3.1 [Bourgain et al. 2015, Lemma 2.3]. Let {J;} be a family of n-dimensional dyadic intervals
with )", £(J;)® < oo. Then there exists a regular family {Q;} of n-dimensional dyadic intervals such that

U: Ji cU; Q) and
D UQNT Y )"
J i

3A. Proof of Theorem 1.3: the supercritical case T > t.. > 0. Fix the parametersn €N, o >0, p > 1
such that

ap>n, t=n—(a—1)p>0, (3-2)
and take
T € (T«,n]. (3-3)

Fix also a mapping v € 7 (R", RY). Ifa =1,then v € Wpl([R{”) with p > n and t = n, and the result is
well known. So we restrict our attention to the nontrivial case o > 1, © < n.

Now let {Q; }ien be a regular family of n-dimensional dyadic intervals. Consider the corresponding
measure ( defined as

1
/fdM::;W/Q,» f(y)dy. (3-4)
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As usual, for a measurable set E C R” put u(E) = [ 1g du, where 1 is an indicator function of E.

Lemma 3.2 [Korobkov and Kristensen 2014, Lemma 2.4]. For any regular family {Q;}ien of n-
dimensional dyadic intervals the corresponding measure [ defined by (3-4) satisfies

w(Q) <€(Q)*
for any dyadic cube Q C R™
From this fact and from the Adams Theorem 2.9, we immediately obtain:

Lemma 3.3. Let g € L,(R"). Then for any regular family {Q;} of n-dimensional dyadic intervals the
estimate

1
Y g J, Uarleh® v = Clgl, 5)

i
holds, where s := (t/tx)p > p and C does not depend on g.
Now we are ready to formulate the key step of the proof.

Lemma 3.4. Under the assumptions above, for each & > O there exists § = §(&, v) > 0 such that for any
regular family {Q;} of n-dimensional dyadic intervals if

D Qi) <8,

then

Z[diam v(0)]F <e.

1
Proof. Since v € 7 (R", R%), by the definition of this space, it is easy to see that for any & > 0 there
exists a representation

vV =v1 + vy,

where v; € Z)(R”, R%), v; € C®RY),

V1l Lo @) < 00,
and

v2 =% (g) with|gllz, <& (3-6)

This means, in particular, that

|Vvi(x)| < K forall x € R", (3-7)

for some K = K (&, v) € R. Take any regular family {Q;} of n-dimensional dyadic intervals such that

Y Qi) <8 (3-8)

(the exact value of § will be specified below). Put r; = £(Q;). Then by Lemma 2.2
> [diam v(Q:)]* < C(Sy + Sz + S3),

1
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where
(3-7)—(3-8)
<

S1 =) ldiamvi (Q)]° 2K,

(e—1%)

SZZZ”Mg”Zp(Qi)V,- ,
i

$5= 3o [ Tl )

i i

Let us estimate S». Since o — % < 1 by (3-2), we can apply the Holder inequality to obtain
Z—atl a—= 3 8) S—o+1 .
n (a D n (a 1) a—-"
sz (S ) (Sr) T (i) e
1

(32 P 1 (33) 2 GO oo
(Z IMgllL, o, )) 8 = IMelL, w0 8 = CEETT

here C is the constant from the the Hardy-Littlewood maximal inequality. Similarly, taking s = (t/7«) p
and applying twice the Holder inequality in S3 (the first time for the integrals, and the second time for
sums), we obtain

1 (-
_t/ (Ia—llgl)sdy) 7

%k n(r—2x _
S3§Z(/Q (Ia—1|g|)de) 'Vi( ,,).ri(1 n)T=Z(rn
i i ' '

Holder 1 2 1= (35,(6,39) ~ o
= (Z rn—r[Q (Lo—1lgD)? dy) ( E rl-’) < C& .8V 7.
i i

i

So taking § sufficiently small so that K*§ < %8 is small, we have S; + S» + S3 < ¢ as required, and
Lemma 3.4 is proved. O

Finally, if E is a set such that H*(E) = 0, then also AT(E) = 0, and this lemma together with

Lemma 3.1 implies the validity of the assertion Theorem 1.3(i) for the supercritical case 7 > 74« > 0.

3B. Proof of Theorem 1.3: the subcritical case 0 < Tt < t.. Now fix the parameters n € N, o > 0,
p > 1 such that

ap>n, tx=n—(—1)p>0, (3-9)
and take
pT
€ (0, t4), =
relm) o ap—n—+rt
Evidently, by this definition
o>T. (3-10)

Fix also a mapping v € £ (R", R?). Take an additional parameter 6 such that

(—14+6)>0 and n—(x—1+60)p>0.
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From Lemma 3.2 and the Adams theorem 2.10, taking s = p, we immediately obtain:

Lemma 3.5. Let g € L,(R"). Then for any t-regular family {Q;} of n-dimensional dyadic intervals the
estimate

: P
ZW/Q[(Ma—HMgDP dy =Cliglyz, (3-11)

holds, where tg =n — (@ — 1 + 0) p and C does not depend on g.

As in the previous case, the proof of Theorem 1.3 in the case 0 < v < t* will be complete once we
establish the following result.

Lemma 3.6. Under above assumptions, for each ¢ > 0 there exists § = 8(g,v) > 0 such that for any
regular family {Q;} of n-dimensional dyadic intervals if

Y Qi) <8,

then

Z[diam v(0)]° <e.

1

Proof. Again, since v € Z)(R”, R%), by the definition of this space, for any & > 0 there exists a
representation

vV =V + Vg,
where v; € Z)(R", RY), v1 € C®(RM),

Vil Lo mry < 00,
and

v2 =% (g) with[lg|L, <& (3-12)

This means, in particular, that

IVvi(x)| < K forall x € R, (3-13)

for some K = K(g, v) € R. Take any regular family {Q;} of n-dimensional dyadic intervals such that

> Q)<< (3-14)

(the exact value of § will be specified below). Put r; = £(Q;). Then by Lemma 2.3

> "[diam v(Q)]” < C(S1 + S2 + S3).

i
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where
(3-10),(3-13)—(3-14)
Sy =) [diamvi(Q)]° " = CK%,

1

o(a—ﬂ)
SZZZ”Mg”ZP(Q[)”i ?,

1

1 o
§3= Z(r.”—1+9 /Q‘ Ma—1+9g(y)dy) :
i i

i

Let us estimate S,. Since by assumptions (3-9) the inequality o < p holds and

p—o0 ap—n p T
= , o = 3- 1 5
p ap—n—+rt p—o «a—(n/p) ( )
we can apply the Holder inequality to obtain

[ pP—0O
D a(a—ﬂ)%a P
Sz = (Z ||Mg||f,,(Q,~)) (Z rp )
i i

= (IM¢117,, 07 (Z rf

i

pP—0

yu
r (3-14),(3-12)
) < T st

Similarly, applying twice the Holder inequality in S3 (the first time for the integrals, and the second time
for sums), we obtain

» n2>le  (1_u_p 1 (a—2)o
S3§Z(fQ (Ma_1+eg)1’dy) 7O "’=Z(rn_m fQ (Ma_1+9|g|)1’dy) A
i i i i

i

Holder 1 » (a—2)o 525 =5
4 (ZW/A(MQ_HMDP@) -(Zn #e )
i i Qi i
g I_Q
(3-15) 1 p r (3-11),(3-12),(3-14) 5 o
= (Z—rn—m/Q(Ma—l-i—O'gDpdy) -(er) < Ceo.575.
i i

i i

@

So taking § sufficiently small so that K*§ < %8 is small, we have S 4+ S3 4+ S3 < ¢ as required, and the
lemma is proved. U

Finally, we conclude exactly as in the previous case.

3C. Proof of Theorem 1.3: the supercritical case t.. < 0 < t. Consider now the case a«p > n and
=n—(a—1)p <0. If (@ —1)p > n, then every function v € ZJ(R", R%) is locally Lipschitz
(even C'!) and the result is trivial. Suppose now (& — 1) p = n. Under these assumptions, let 7 > 0 and
veZFR", R?). Take a number 1 < p < p such that @p >n and 7 > t¥ =n — (@ —1)p > 0. Then we
have v € fg,loc(lR”, R?) (see Section 2E). Therefore, by the previous case 7 > 7, > 0, the mapping v
has the (z, t)- N-property. d
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3D. Proof of Theorem 1.6. The proof of Theorem 1.6 is very similar to that of Theorem 1.3: the main
differences concern the limiting cases ap =n or 7 = 7*

Case I: ap >n and t # t* The required assertion follows immediately from Theorem 1.3 and from the
inclusion f;‘jl (R") C Z5 (R") (this inclusion follows from the definitions of these space and from the
relation L 1 (R") C L,(R")).

Case II: ap =n and 7 > 74 > 0. The required assertion can be proved by repeating almost word for word
the same arguments as in the supercritical case in Theorem 1.3 with the following evident modifications:
now one has to apply the estimate (2-8) (which covers the case ap = n) instead of previous estimate (2-5),
and, in addition, one needs the following analog of the additivity property for the Lorentz norms:

D D
Z LA, 0 = IFIL, v 00
1

for any family of disjoint cubes [Maly 2003, Lemma 3.10].

Case III: ap >n and T = t*. The required assertion can be proved by repeating almost word for word
the same arguments as in the supercritical case in Theorem 1.3 with the following evident modifications:
now T = Ty (this simplifies the calculations a little bit) and one has to apply Theorem 2.11 (which covers
the case s = p) and the estimate (2-8) instead of Theorem 2.9 (where s > p) and the inequality (2-5),
respectively.

Case IV: ap =n and 0 < t < t* By a direct calculation, we get o(t) = p for any t € (0, 7«], and the
result follows from the above-considered critical case T = Tx.

Thus Theorems 1.3 and 1.6 are proved completely.

Remark 3.7. Really, we have proved that under the assumptions of Theorems 1.3 and 1.6, for every fixed
function v : R” — R? from the considered potential spaces and for the corresponding pair (t, o) the
following assertion holds: for any & > 0 there exists 6 > 0 such that for every t-regular family of cubes

Q; CR"if Y, £(Q;)F <4, then ) ;[diamv(Q;)]? <e.
4. Proof of “Fubini-type” N.-properties
Here we have to prove Theorems 1.11 and 1.13. We need the following general fact.

Theorem 4.1. Let t € (0,n], 0 > 0, and let v : R" — R? be a continuous function. Suppose that for any
E C R" with H*(E) = 0 and for every e > O there exists a family of compact sets { D; }ien such that

EC U D; and Z[diam Dil*<e and Z[diam v(D)]° <e. (4-1)
1 l l

Then v has the (t,0)-Nx-property; i.e., for every q € [0, o] and for any set E C R" with H*(E) = 0 we
have

1 (=) (En v Iy =0 for He-a.a y e RY. (4-2)
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Proof. Let the assumptions of the theorem be fulfilled. Fix ¢ € [0, 6]. If ¢ = 0 or ¢ = o, then the required
assertion (4-2) follows trivially from these assumptions. Suppose now that

0<g<o.

Fix an arbitrary ¢ > 0 and take the corresponding sequence of compact sets D; satisfying (4-1). Put
p=1(1—%) <. Then

q q

. 1=z -
" (diam D;)*[diam v(D;)]? o (Z‘ [diam D,-]’*oiq) : (Z [diam v(D,-)]")

_ (Z [diam Di]’) (Z (diam v(z),~)]<’)g e

Since ¢ > 0 was arbitrary, now the required assertion follows immediately from Theorem 2.12. O

q
1=

The theorem just proved and Remark 3.7 clearly imply the assertions of Theorems 1.11 and 1.13.

4A. Proof of Theorem 1.17. Fix a mapping v : R” — R? for which the assumptions of Theorem 1.16
are fulfilled. We have to prove that

HP* (A, Nv 1 (y)) =0 for Hi-aa.ye R?, (4-3)

forany ¢ >m —1, where ug =n—m+1—(k +a)(q—m + 1) and Ay is the set of nondifferentiability
points of v. Recall that, by approximation results [Swanson 2002; Korobkov and Kristensen 2018], under
the conditions of Theorem 1.16 the equalities

H'(Ay) =0 forallt>1e:=n—(k+a—1)p incases (i), (iii), (4-4)
H™(Ay) =HP(Ay) =0 w:i=n—(k+a—Dp=p in cases (ii), (iv) 4-5)
are valid.

Because of Remark 1.18 we can assume without loss of generality that g € (m — 1, go]. Then for all
cases (i)—(iv) we have

<) = +1< ppotmmEl
—m o—m =—
k+a " G =4 kta -F

= pg=n—-m+1l—(k+a)g—m+1)
=n—(k+a—-1)(g—-m+1)—g=>=n—(k+a—1)p—q=1+—9q.

In other words,
Hg = Tx—(, (4-6)

where the equality holds if and only if

k=1 a=0, pg=n—q=1tc—gq 4-7)



1168 ADELE FERONE, MIKHAIL V. KOROBKOV AND ALBA ROVIELLO

or
m=1, (k+a)p=n, qgq=p=1«, pg=0. 4-8)
Below for convenience we consider the cases (i)—(iv) of Theorem 1.16 separately.
Casel: =0, kp>n, p>1,ve ka (R™, R4 ). This case splits into the following three subcases.

Casela: k =1, p>n, t« =n, 4g =n —q. Then the required assertion (4-3) follows immediately
from the equality %" (A4,) = 0 and from Remark 1.12.

Caselb: 74« <Oorte =0, k =n+1, p=1. Then the set A, is empty (since functions of the space
ka (R", R?) are C'-smooth), and there is nothing to prove.

Caselc: 74 >0, p>1, k> 1, kp > n. Then by (4-4) we have
forall T > 14, H'(A4y)=0. (4-9)

Further, by Theorem 1.11 the function v has the (7, t)- N«-property for every t > 4. This implies, in
particular, by virtue of (4-9), that for every t > t« and for every ¢ € [0, 7] the equality

H* (A, Nv(y)) =0 for Hi-a.a. yeR? (4-10)

holds. Fix g € (m —1, go] and take t = g + 4. Since by construction (g > 0, we have T > g. Moreover,
by (4-6)—(4-8) we have 7 > 7. The last two inequalities together with (4-10) imply

H* (A, Nv 1 (y)) =0 for Hi-aa.ye RY.
So the required assertion is proved for this case.

CaseIl: « =0, kp=n, p>1,ve Wp]fl([R”, Rd). In this case by definition

w:=n—(k—1)p=p,
and, by (4-5) we have
HP (Ay) = 0. (4-11)

Further, by [Hajtasz et al. 2017, Theorem 2.3] the function v has the (z, t)- N«-property for every t > p.
This implies, in particular, by virtue of (4-11), that for every t > p and for every g € [0, t] the equality

HT9(A, Nv"(y) =0 for H-aa. y e R? (4-12)

holds. Fix g € (m — 1, go] and take T = g + j14. Since by construction jt4 > 0, we have T > g. Moreover,
by (4-6)—(4-8) we have t > 7, = p. The last two inequalities together with (4-12) imply

Hr (A, Nv () =0 for He-aa. ye RY.

So the required assertion is proved for this case.

CaseIll: O0<a<1, k+a)p>n, p>1,ve f;""“(R”,Rd). Ifzuy=n—(k+a—1)p <0, then
Ay = & and there is nothing to prove. Suppose now that 7, > 0. We obtain from Theorem 1.11 that v has
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the (z, t)- N«-property for every t > 74 :=n — (e — 1) p. This implies, in particular, by virtue of (4-4),
that for every t > 4 and for every ¢ € [0, 7] the equality

H (A, Nv Y (y)) =0 for He-aa. ye R4 (4-13)

holds. Fix g € (m —1, go] and take © = g + 4. Since by construction pg > 0, we have T > g. Moreover,
by (4-6)—(4-8) we have t > 7,. The last two inequalities together with (4-13) imply

H* (A, Nv 1 (y) =0 for Hi-aa.ye RY.
So the required assertion is proved for this case.

CaseIV: O<a <1, (k+a)p=n, p>1,ve .,%Iii"“([l%”, R4). In this case by definition

wi=n—(k—1)p=p,
and, by (4-5) we have
HP(Ay) = 0. (4-14)

Further, by Theorem 1.13 the function v has the (z, 7)- N«-property for every t > p. This implies, in
particular, by virtue of (4-14), that for every 7 > p and for every ¢ € [0, 7] the equality

H9(A4, v (y) =0 for H-aa. y e R? (4-15)

holds. Fix g € (m —1, go] and take T = g + 4. Since by construction pg > 0, we have 7 > g. Moreover,
by (4-6)—(4-8) we have T > 74 = p. The last two inequalities together with (4-15) imply

Hr (A, Nv~ () =0 for He-aa. ye RY.

So the required assertion is proved for this case, which is the last one.

Thus Theorem 1.17 is proved completely. O

Appendix

We prove the technical estimates of Lemmas 2.2, 2.3 and 2.8. Fix a cube Q C R” of size r = £(Q) < 1.
Recall that by 20 we denote the double cube with the same centre as Q of size £(2Q) = 2£(Q). We
need some general elementary estimates.

Lemma A.1. For any measurable function g : R" — Ry and for every x € Q the inequality

/ g(y)_ dySC/ Mg(y)_ dy (A1)
20 [x—y|" 0

holds.

Here C denotes some universal constant that does not depend on g, Q, etc.
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Proof. Fix x € Q. Define r¢g = %ﬁr In particular, 20 C B(x, lro).
Now put r; =27/rg and B; = B(x,r;)\ B(x,7j+1), j € N. Clearly,

20= U (20NB)) (A-2)
JEN
and
meas(Q N Bj) > Cri forall j €N (A-3)

(here and henceforth we denote by C general constants depending on the parameters n, p, d, o only).
Since |x — y| ~ r; for y € Bj, by the definition of the maximal function, it is easy to see that the
estimate

/ L)_dyfcrj‘?‘Mg(z) forallz € Q N B;
ZQﬂB_/' |x_y|n *

holds for all j € N. Integrating this inequality with respect to z € Q N B; and using (A-3), we have
/ B {COR Cr]‘?‘_”/ Mg(z)dz. (A-4)
20nB; [Xx—y["* QNB;
Since |x —z| ~ r; for z € Q N By, the last inequality implies
M
/ g(y)_ dy <C / g(y)_ dy. (A-5)
20nB; |X—y["7¢ ong; [x—y"«
Then summing these inequalities for all j € N and taking into account (A-2), we obtain the required
estimate (A-1). O

Henceforth, fix p > 1, « > 0 with n + p > ap > n (in particular, ¢ < n + 1), and a function
V(X) =Y (X) = [gn 8(V) Ka(x —y)dy with some g e L,(R").
Split our function v into a sum
vV =01 + Vg, (A-6)

where
v = /R g1(y) Ko(x —y)dy, wv2:= /R 22(y) Ko(x —y)dy,
and
g1:=g¢ lag, g2:=g lpn2go.
Lemma A.2. Ifn+ p > ap > n, we have
diamv1(Q) < C |MgllL,0)r* 7. (A7)

Proof. If 0 < a < n, then Ky (x) < cq |x]|*" (see [Adams and Hedberg 1996, page 10], for example),
and from Lemma A.1 we have

|v1(X)|<C/ x g(ﬁ:)ady forall x € O,
Yy

so the required estimate (A-7) follows immediately from the Holder inequality.
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If n <o <n+1,then
VKo (x)| < C |x[*7"!

(see [Adams and Hedberg 1996, page 13], for example), and by Lemma A.1 we have

M
[Vui(x)| <C /Q %d)} forall x € Q. (A-8)

Then by the Hardy-Littlewood—Sobolev inequality for Riesz potentials we have

Vvillz,co) =C IIMgllL,(0)

where
1_ 1 oa-—1

q P n
It is easy to see that ¢ > n, then by the Morrey inequality

diamv1(Q) < C ||Vuillz o) ' "¢ < C1 IMgllz,0)r®»
as required. O

We need a modification of lemma above to the case of Lorentz spaces.

Lemma A.3. [fn+ p > ap > n, we have
diamv1(Q) < C |Mglr, (o) " 7.

Proof. We have to repeat the previous arguments using the following facts for Lorentz norms: the general-
ized Holder inequality

/ EECONNFNSYFIE
0

_ a—=2
ly —x|n—e =C ”f”Lp_lr p

p
p—1°°

=
|

_xln—oc

forn >a > % [Maly 2003, Theorem 3.7], and the generalized Hardy—Littlewood—Sobolev inequality for
Riesz potentials

1 1 B
I <C ith —=— -~
Mg fllLy. @) =ClIfllL, 00 Wi =7 n

if Bp <n [Bennett and Sharpley 1988, Theorem 1V.4.18], and the generalized Morrey inequality
diam v1(Q) = C [ Voillz, o) '™

for g > n (see, e.g., [Korobkov and Kristensen 2014, Lemma 1.3]). O
Now we have to estimate the term v5.

Lemma A.4. For an arbitrary positive parameter 0 > 1 — « the inequality
diam[v2(Q)] < € r1707" /Q My yg-18(y)dy (A-9)

holds, where we recall that r = £(Q).
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Proof. Without loss of generality suppose that Q is centred at the origin. Since
Cily| <ly—x| < Cyly| forallx € Q, forall y e R"\2Q, (A-10)

and K/, (p) < Cp*~17" for 0 < a < n + 1, it is easy to deduce that

diamvy(0) < sup /R 2 [EOIKex1 =) = Kalz =] dy

Xx1,X2€0

§Cr/ Mdy (A-11)
R

20 |y|n—oe+1 )
Fix 6 > 0 such that
a+60—-1>0. (A-12)

Put ro = %r, r; = 27 ro, and consider a sequence of sets B; = B(0,r;+1) \ B(0,r;). By construction,

R"\20 Cc U B; (A-13)
jeN
e 1g2(»)I
g2(y 6 b B
/B |y[r-etl dy = Cr;j grqu l]i, 182(»)dy < Cr;7? My16-122(0), (A-14)
/ j

where we recall that g := g+ 1gn\2¢. Therefore, by summing over j and using (A-13) and the elementary
formula for geometric progressions, we obtain

1g2()| — _ _
/R a1 9 = CMy 1 9-182(0) Z r; O <CrMyy9-1£2(0). (A-15)

m29 [y[" =

It is easy to check (using the assumption that g» =0 on 2Q) that My 9_182(0) < CMy49—_182(z) for
every z € Q. Therefore,

Maro-182(0) < C ][Q My ro-182(2) dz (A-16)
thus
/ o e /Q Mato-182()dz. (A-17)
Finally we obtain from (A-11) that
diam[v(Q)] < Cr1 =07 / My g_182(z)dz (A-18)
as required. ¢ O

The next result is established using the same arguments, with some evident simplifications.

Lemma A.5. If, in addition to the assumptions above, we have a > 1, then the estimate
diamv2(0) = C 1" [ ulgl () dy (A-19)
o

holds, where we recall that I4—1|g| is the corresponding Riesz potential of the function |g|.
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Lemmas A.2-A.5 clearly imply the assertions of Lemmas 2.2, 2.3 and 2.8.
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UNSTABLE NORMALIZED STANDING WAVES FOR THE SPACE PERIODIC NLS

NILS ACKERMANN AND TOBIAS WETH

For the stationary nonlinear Schrodinger equation —Au + V (x)u — f(u) = Au with periodic potential V
we study the existence and stability properties of multibump solutions with prescribed L2-norm. To this
end we introduce a new nondegeneracy condition and develop new superposition techniques which allow
us to match the L2-constraint. In this way we obtain the existence of infinitely many geometrically distinct
solutions to the stationary problem. We then calculate the Morse index of these solutions with respect to
the restriction of the underlying energy functional to the associated L2-sphere, and we show their orbital
instability with respect to the Schrodinger flow. Our results apply in both, the mass-subcritical and the
mass-supercritical regime.

1. Introduction
Suppose that N € N and consider the stationary nonlinear Schrodinger equation with prescribed Z2-norm
—Au+V@u—fu)=ru, ueH R, [uj=aqa, (Pa)

which we will call the constrained equation. Here | - |, denotes the standard L?*-norm, V € L®(R") is
periodic in all coordinates, f is a superlinear nonlinearity of class C' with Sobolev-subcritical growth,
a > 0 is given, u is the unknown weak solution and A € R is an unknown parameter. Solutions to (P,)
are standing wave solutions for the time-dependent Schrodinger equation modeling a Bose—Einstein
condensate in a periodic optical lattice [Aftalion and Helffer 2009; Morsch and Oberthaler 2006; Baizakov
et al. 2003; Efremidis and Christodoulides 2003; Fleischer et al. 2003; Louis et al. 2003; Ostrovskaya
and Kivshar 2003; Hilligsge et al. 2002; Dalfovo et al. 1999]. In this model « is proportional to the total
number of atoms in the condensate.
Set

Yo i={ue H'RY): |ul}=a) (1-1)

for > 0. Define the functional ®: H'(RY) — R by
o= [ (vut+vi)- [ Faw. (1-2)
RN RV

Ackermann was supported by CONACYT grant 237661, UNAM-DGAPA-PAPIIT grant IN100718 and the program UNAM-
DGAPA-PASPA (Mexico).

MSC2010: primary 35J91, 35Q55; secondary 35J20.

Keywords: nonlinear Schrodinger equation, periodic potential, standing wave solution, orbitally unstable solution, multibump
construction, prescribed norm.
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where we set F(s) := f(; f. Then the pair (u, 1) is a weak solution of (Py) if and only if u is a critical
point of the restriction of ® to X, with Lagrange multiplier A.

Not assuming periodicity of V but instead supgpy V = lim|y| o V (x), the existence of a minimizer
of ® on X, in the mass-subcritical case was shown under additional assumptions on the growth of the
nonlinearity f by Lions [1984]; see also [Jeanjean and Squassina 2011] for a different approach. For
constant V, solutions of (P,) are constructed in the mass-supercritical case in [Bartsch and Soave 2017;
Bartsch and de Valeriola 2013; Jeanjean 1997]; here the corresponding critical points of ®|x, are not local
minimizers. In [Bellazzini et al. 2017; Bellazzini and Jeanjean 2016; Fukuizumi and Ohta 2003; Fukuizumi
2001] local minimizers are found in the mass-supercritical case under spatially constraining potentials.

The structure of the solution set of the constrained equation is rather poorly understood up to now in
the case where V € L>®(R") is not constant, but 1-periodic in all coordinates. In contrast, a large amount
of information is available for the free equation

—Au+V@®u=fw), uecH ®RY),

where essentially the parameter A is fixed but the L?-norm is not prescribed anymore. Of particular
interest for us are the results on the existence of so-called multibump solutions. In [Arioli et al. 2009;
Kryszewski and Szulkin 2009; Ackermann 2006; 1996; Ackermann and Weth 2005; Rabinowitz 1997;
Spradlin 1995; Alama and Li 1992; Coti Zelati and Rabinowitz 1992], an infinite number of solutions are
built using nonlinear superposition of translates of a special solution which satisfies a nondegeneracy
condition of some form.

The main goal of the present work is to apply nonlinear superposition techniques to the constrained
problem with periodic V to obtain an infinity of L2-normalized solutions in the form of multibump
solutions. We succeed in doing this, but have to impose a stricter nondegeneracy condition than in the case
of the free equation which nevertheless is fulfilled in many situations. This provides, as far as we know,
the first result on multibump solutions for the constrained problem, and also the first multiplicity result in
the case of a nonconstant periodic potential V. We also compute the Morse index of these normalized
multibump solutions with respect to the restricted functional ®|5,, and we will use the Morse index
information to derive orbital instability of the multibump solutions.

To state our results, we need the following hypotheses. We consider, as usual, the critical Sobolev
exponent defined by 2* :=2N /(N — 2) in the case N > 3 and 2* := oo in the case N =1, 2:

(H1) V € L*(RM).

(H2) V is 1-periodic in all coordinates.

(H3) feCR), f(0)=f'(0)=0,
O
im ——~

§— 00 |s|2*—2 -

0

if N > 3, and there is p > 2 such that
" f'(s)
im

§—>00 |S|P—2 -

fN=1orN=2.



UNSTABLE NORMALIZED STANDING WAVES FOR THE SPACE PERIODIC NLS 1179

Throughout this paper we assume (H1) and (H3). It is well known that ® is well-defined by (1-2) and
of class C% The standard example for a function satisfying (H3) is f(s) := |s|P~2s with p € (2,2%). In
the following, we let H~!(R") denote the topological dual of H'(R"). For our main result, we need the
notion of a fully nondegenerate critical point of @[5, .

Definition 1.1. Assume (H1) and (H3). For « > 0, a critical point u € H (RN of ®|x, with Lagrangian
multiplier A will be called fully nondegenerate if for every g € H~'(R") there exists a unique weak
solution z, € H L(RM) of the linearized equation

—Azg+[V—Azg— f)z, =g inRY, (1-3)

and if in the case g = u we have fRN uz, # 0. Here, as usual, we regard H'(R") as a subspace of
H™'(RV), sou e H-'(RV).

As we shall see in Section 2 below, the full nondegeneracy of a critical point u € H'(R"Y) of @[y,
with Lagrangian multiplier A implies the nondegeneracy of the Hessian of ®|yx, at u. By definition, this
Hessian is the bilinear form

(v, w) — (VoVw + [V — Alvw — f'(w)vw) (1-4)
RN
defined on the tangent space
T, % = {v e H'®RY): (v,u)2 = 0);
see Definition 2.5 below. Here (-, - ), denotes the standard scalar product in L*(RM). We also need to fix
the following elementary notation. If n € N and a = (a!, a?
from ZV, define

,...,a") € (ZV)" is a tuple of n elements
d(a) ;= minla’ —a’|.
=y

Moreover, for b € RY we denote by 7, the associated translation operator; i.e., for u: RN — R the
function Tu: RN — R is given by

Tou(x) :=u(x —b) forx € RV.
Our first main result is the following.

Theorem 1.2 (multibump solutions). Assume (H1)-(H3) and fix @ >0, n € N, n > 2. Moreover, suppose
that u is a fully nondegenerate critical point of ®|sx,,, with Lagrangian multiplier . Then for every € > 0
there exists R, > 0 such that for every a € (ZN)" with d(a) > R, there is a critical point u, of D|x, with
Lagrange multiplier A, such that
n
Ug — Z T.iu
i=1

<e and |hg—XA| <e.

HI([RV)

If ¢ is chosen small enough then u, is unique. Moreover, if it is a positive function and f (i1) > 0 on RY,
f(u) #£0, then u, is positive as well.
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The proof of Theorem 1.2 is based on a general shadowing lemma, a simple consequence of Banach’s
fixed point theorem, applied to approximate zeros of the gradient of the extended Lagrangian G, for the
constrained variational problem on X,. If u is a nondegenerate local minimum of ® on %, /, then it is
easy to see that the sum i of n translates of i is an approximate zero of VG, if these translates are far
enough apart from each other. The shadowing lemma implies that to obtain a zero of VG, near i it is
sufficient to prove that D>G, (i) is invertible and that the norm of its inverse is bounded appropriately.
This step is the main difficulty and requires the assumption of full nondegeneracy of .

Our next result is concerned with the Morse index of the solutions u, given in Theorem 1.2 with
respect to the functional ®|x,. For this we recall that the Morse index m () of a critical point u of P[5,
with Lagrangian multiplier A is defined as the maximal dimension of a subspace W C T, Z,, such that the
quadratic form in (1-4) is negative definite on W. If such a maximal dimension does not exist, one sets
m(u) = oo. We also introduce the following additional assumption:

(H4) f(s)/|s| is nondecreasing in R and f(s)s > O for all s # 0.

Theorem 1.3. Assume (H1)—(H3), fixax > 0, n € N, n > 2, and suppose that u is a fully nondegenerate

critical point of ®|x,, with Lagrangian multiplier A and finite Morse index m(it). Moreover, let z; be

a/n

given as in Definition 1.1 with u = u. Then the critical points u, found in Theorem 1.2 have, for small ¢,
the following Morse index m(u,) with respect to ®|x,:

n(m@)+1) =1 if (u,zz)2 <0,
nm (it) if (u,zi)2 > 0.

If moreover (H4) holds true, then m(u,) > 0.

m(ug) = {

The key role of the sign of the scalar product (4, z;)2 in this theorem is not surprising since it is
closely related to variational properties of the underlying critical point #. More precisely, we shall see in
Lemma 2.6 below that it determines the relationship between the Morse index of & with respect to @[y, ,
and its free Morse index with respect to the functional u > ® (u) — A|u|3 on H'(RY).

We now consider the special case where (H4) holds true and u is a nondegenerate local minimum
of CD|Z

multiplier A such that the quadratic form in (1-4) is positive definite on 7, X,/,. In this case, we shall

By a nondegenerate local minimum we mean a critical point u# of ®|y , with Lagrangian

a/n* a/n

see in Section 2 below that u is fully nondegenerate, and we will deduce the following corollary from
Theorems 1.2 and 1.3 in Section 4.

Corollary 1.4. Assume (H1)-(H4) and fix @ > 0, n € N, n > 2. Moreover, suppose that u is a
nondegenerate local minimum of ®|s,,,, with Lagrangian multiplier X. Then for every & > 0 there exists
R, > 0 such that for every a € (ZV)" with d(a) > R, there is a critical point u, of ®|s, with Lagrange
multiplier A, such that

n

Ug —27;1'12

i=1

<e and |A;—A|<e.
H‘(IRN)

If € is chosen small enough then u, is unique. Moreover, u, does not change sign and has Morse index
m(ugy)=n—1 with respect to ®|x,,.
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Next we present an example where the nondegeneracy hypotheses of the previous theorems can be
verified. For this we make the following assumptions:

(H5) V € C*(R") is 1-periodic in all coordinates, positive, and has a nondegenerate critical point at some
point xo € RY.

(H6) f(s) =|s|P~2s for some p € (2,2%)\{2+4/N}.
We then consider the constrained singularly perturbed equation

—?Au+V@u—ulPPu=ru, ueH'RY), |up=a, (Py.e)

in the semiclassical limit ¢ — 0. Its weak solutions correspond, for each ¢ > 0, to critical points and
Lagrange multipliers of the restriction of the functional

o, HRY) > R, @,(u) :=1/ (e2|W|2+vM2)—l/ u|?,
2 Jrw P Jry
to X,. We also consider the related free problem
—2Au+V@u = ulP*u, ueH'RV), (Fy)

whose weak solutions coincide with critical points of ®, for every ¢ > 0. It is well known, see [Grossi
2002], that there exists a locally unique curve of solutions of (F,) that concentrate near xgy as & — 0. For
our purposes we need to show additional properties of these solutions.

Theorem 1.5. Assume (H5) and (H6). Then there exist &g > 0 and a continuous map (0, &9) — H L(RM),
& — U, such that the following properties hold true:

(1) For each ¢ € (0, gg) the function u, is a positive solution of (F).
(i) As e — 0, the functions x — u, concentrate near x in the sense that the functions x — u.(xo+ €x)
converge in H' (RN) to the unique radial positive solution ug € H'(RN) of the equation

—Aug+ V(xg)ug = ug_l

in RN,
(ii1) |IZ€|% —0ase— 0.
(iv) For each ¢ € (0, gg) the function u. is a fully nondegenerate critical point of the restriction of ®. to
ZWS‘% with Morse index
B my if2<p<2+ i,
m(ug) = . 4 N (1'5)
my +1 lf2+ﬁ<p<2*.
Here my denotes the number of negative eigenvalues of the Hessian of V at x.

We emphasize that properties (i)—(ii) were already proved in [Grossi 2002], and that (iii) follows from
(i1) by a simple change of variable. For our purposes, the property (iv) is of key importance. We shall
also see in Section 5 below that, for ¢ € (0, &),

(itg, 2.)2 < O if2<p<2+% and (e, 22,)2 > 0 if2+%<p<2*, (1-6)
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where z;, is given as in Definition 1.1 corresponding to u# = u,. Since the solutions i, in Theorem 1.5
depend continuously on € and |u, |§ — 0 as ¢ = 0, we can find, for every « > 0 and large enough n € N,
a number ¢, € (0, go) such that |i,, |§ = «/n. The combination of Theorems 1.2, 1.3 and 1.5 with (1-6)
therefore yields the following corollary.

Corollary 1.6. Assume (H5) and (H6). Then for every a > O there exist n, € N and a sequence ¢, — 0
such that for every n > ny, the problem Py ., has infinitely many geometrically distinct positive solutions.
More precisely, for every n € N with n > ny, and every § > 0 there exists Rs , > 0 such that for every
a e (ZNY" withd(a) > Rs ,, there is a critical point u, of ®,,|x, with Lagrange multiplier A\, such that

n

Ug — E Taille,

i=1

<8 and |l <Z6.

H'(RM)
If § is chosen small enough then u, is unique. Moreover, u, is a positive function, and its Morse index
with respect to ®|x,, is given by
nimy +1)—1 if2<p<2+i,
m(uq) = oy N
n(my +1) le+N<p<2*,
where my denotes the number of negative eigenvalues of the Hessian of 'V at x.

Our next result is concerned with the orbital instability of the normalized multibump solutions we have
constructed in the previous theorems. For this we focus on odd nonlinearities f in (P,) satisfying (H3)
and therefore assume

(H7) the function f is odd.

We also assume (H1) and (H3), so ® in (1-2) is a well-defined C>-functional. If ¢ € %, is a critical
point of ®|x, with Lagrangian multiplier A, then the function

up: RxRY — C,  uy(t, x) = p(x)e'™, (1-7)
is a solution of the time-dependent nonlinear Schrodinger equation
—iuy = —Au+V@u —g(luu, (1-8)

where g is defined by f (1) = g(|t|*)t. Solutions of this special type are usually called solitary wave
solutions. The solution u,, is called orbitally stable if for every ¢ > O there exists § > 0 such that
every solution u: [0, fo) — H'(R", C) of (1-8) with ||u(0, -) — ¢||y1 < & can be extended to a solution
[0, 00) — H!'(RM, C) which satisfies
sup infllu(z, ) —uu(s, )y <e.

O<t<oo seR
Otherwise, u,, is called orbitally unstable. We then have the following result.
Theorem 1.7. Assume (H1), (H3), and (H7), and suppose that ¢ € 3, is a positive function which is a
critical point of ®|x, with positive Morse index and Lagrangian multiplier A < inf oess(—A + V). Then
the corresponding solitary wave solution u, of (1-8) is orbitally unstable.
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Here and in the following, oes(—A + V) denotes the essential spectrum of the Schrodinger operator
—A + V. We note that Theorem 1.7 neither requires periodicity of V, nor does it require the assumption
on the oddness of a certain difference of numbers of eigenvalues in the seminal instability result in
[Grillakis et al. 1990, p. 309]. Theorem 1.7 applies to the normalized multibump solutions constructed in
Theorem 1.2 and Corollaries 1.4 and 1.6 in the case where the nonlinearity satisfies (H4) and (H7). In
these cases, the extra assumption A < inf oegs(—A + V) follows from Lemma 2.9 below and the fact that
the Lagrangian multipliers of the multibump solutions are arbitrarily close to the multiplier of the initial
solution.

There are many results on the orbital stability and instability of the standing waves generated by
solutions to (Py); see [lanni and Le Coz 2009; Stuart 2008; Hilligsge et al. 2002; Grillakis et al. 1987;
Cazenave and Lions 1982]. However, none of these results covers the situation addressed in Theorem 1.7.

The paper is organized as follows. In Section 2 we collect some preliminary notions and observations.
In particular, here we explain our new notions of fully nondegenerate restricted critical point and of the
free Morse index. In Section 3 we then prove Theorem 1.2. In Section 4 we derive a general result on
the Morse index of normalized multibump solutions which gives rise to Theorem 1.3. At the end of this
section, we also complete the proof of Corollary 1.4. In Section 5, we analyze the singular perturbed
equation (F;) and we prove Theorem 1.5. In Section 6, we then prove the orbital instability result given
in Theorem 1.7. Finally, in the Appendix we provide a computation of the free Morse index of the
solutions u, considered in Theorem 1.5. This computation is partly contained in [Lin and Wei 2008, proof
of Theorem 2.5], but some details have been omitted there. We therefore provide a somewhat different
argument in detail for the convenience of the reader.

We finally remark that the main results of our paper can be extended to more general nonlinearities.
In particular, Theorem 1.2 has an abstract proof that extends to nonlinearities that also depend on x,
1-periodically in every coordinate. This proof also extends to nonlocal nonlinearities with convolution
terms as in [lanni and Le Coz 2009]. This follows from Brézis—Lieb-type splitting properties for these
nonlinearities that were proved in [Ackermann 2006].

Notation. In the remainder of the paper, we write | - |, for the standard L” (RN )-norm, 1 < p < oco. We
also use the notation (-, - ), for the standard L?(RN)-scalar product. For the sake of brevity, we write L?
in place of LZ(RY) and H* in place of H*(RY) for k € N. By (H1), —A + V is a self adjoint operator in
L? with domain H2 Since we assume (H1) throughout the paper and A is a free parameter in (P,), we
may assume without loss of generality that y := mino (—A 4 V) > 0, where o (—A + V) stands for the
spectrum of —A + V. Then H! is the form domain (the energy space) of —A + V, and we may endow
H' with the scalar product

w,v)= [ (Vu-Vo+Vuv), u,veH" (1-9)
RN
The norm || - || induced by (-, -) is equivalent to the standard norm on H'. It will be convenient to define
S:=(—A+V)~"!; then we have

(u,v) = (S~ %u, $7V2v), foru,ve H. (1-10)
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We point out that, for a subspace Z C H', the notation Z* always refers to the orthogonal complement
of Z in H' with respect to the scalar product (-, - ).

We recall that the spectrum o (—A + V) is purely essential if (H2) is assumed. In this case, it also
follows that all powers of S are equivariant with respect to the action of Z". Hence

(Tov, Taw) = (v, w) forallv,we H', foralla e ZV.

For any two normed spaces X, Y the space of bounded linear operators from X in Y is denoted by
L(X,Y), and we write L(X) := L(X, X).

For a C!-functional ® defined on H', we let d®: H! — (H')* denote the derivative of ® and
VO: H' — H! the gradient with respect to the scalar product (-, -) defined in (1-9). Moreover, if
© is of class C? then d’©(u): H' x H' — R denotes the Hessian of ® at a point u € H', whereas
D?®(u) € L(H") stands for the derivative of the gradient of ® at u. We then have

(D*O(u)v, w) =d*Ow)[v, w] forv,we H'.

2. Some preliminary abstract results and notions

We now state some abstract results which will be used in Section 3 in the proof of Theorem 1.2. We start
with a standard corollary of Banach’s fixed point theorem, which is sometimes referred to as a shadowing

lemma.
Lemma 2.1. Let (E, || - ||) be a Banach space, let h: E — E be continuously differentiable with derivative
dh: E — L(E),andletvg e E, § >0, g € (0, 1) satisfy the following:
(1) T :=dh(vg) € L(E) is an isomorphism.
(i) o)l <81 =) /IIT "l z(e)-
(iii) |dh(y) = Tllce) < g/ T ey for y € Bs(vo).
Then h has a unique zero in Bs(vy).

The proof of this lemma is standard by showing that the map y — y — T~ 'A(y) defines a ¢g-contraction
on Bs(vp). Applying Banach’s fixed point theorem to this map gives rise to a unique zero of 4 in Bs(vo),
and it easily follows from the above assumptions that this zero is contained in Bs(vp).

We will use the following immediate corollary of Lemma 2.1.

Corollary 2.2. Let (E, || -|) be a Banach space, let h: E — E be differentiable and such that its
derivative dh: E — L(E) is uniformly continuous on bounded subsets of E. Moreover, let (v); be a
bounded sequence in E such that

(1) h(vy) — 0ask — oo;
(1) dh(vy) € L(E) is an isomorphism for k € N, and supker\JHdh(vk)_1 lzcEy < o0.
Then there exist kg € N and uy € E, k > ko, with

h(ug) =0 fork > ko @2-1)
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and
lug — vl > 0 ask — oc. (2-2)

Moreover, the sequence (uy)y is uniquely determined by properties (2-1), (2-2) for large k.

In the remainder of this section, we collect some preliminary results and notions related to the
functional @ defined in (1-2) and its restrictions to spheres with respect to the L*(RM)-norm. Recall that
we are assuming conditions (H1) and (H3). We define

W (u) ::/ F(u),
IRN
SO
D) = 3ull®* — W @).

Following [Ackermann 2006] we say that a map g: X — Y of Banach spaces X and Y BL-splits if
gxp) —glxy —x*) — g(x*) in Y if x, — x* in X. For example, by [Ackermann 2006, Remark 3.3] the
maps | - ||? and | - |§ BL-split. The next result about BL-splitting maps is less obvious:
Lemma 2.3. The maps ¥, VW and D*>W BL-split, and they are uniformly continuous on bounded subsets
of H'.

Before we give the proof we fix some p € (2,2%) if N > 3 and we use p given in (H3) if N =1, 2.
Using (H3) it is easy to construct, for every ¢ > 0, functions f; . € C ! (R), i =1,2,3, and a constant
C. > 0 such that

3
f=)fie (2-3)
i=1
and such that
fle®I<e |fr.()<CelslP™2  and |ff ()| <els|* 2 forallseR. (2-4)

If N =1, 2 we simply choose f3 . =0 and ignore all terms that contain 2*.

Proof of Lemma 2.3. We only prove this in the case N > 3; the other cases are treated similarly. Consider
(u,) € H' such that u,, — u. Then (u,) is bounded in H' and therefore also in L? for ¢ € [2, 2*]. For
fixed ¢ > 0 we have

|f2/,g(un) - fQ/,,g(ul’l —u)— f2/,3<”)|p/(p72) —-0

by [Ackermann 2016, Theorem 1.3]. On the other hand, there are varying constants C > 0, independent
of &, such that
|f]/7g(un) - f]/,g(un - I/l) - f]l,g(u)loo S CS,

| f3.6(un) = f3.0 n — 1) = f3  (W)|2rj2+—2) < Ce
for all n. For all v, w € H! with ||v|| = ||w|| = 1 it follows that
((D*¥ (uy) — D*W(u, —u) — D> (u))v, w)|
< Celvhlwly+1f3,eWn) = fo o (un —u) = f3 @) psp-2) 0] plwlp + Celv|oe|wlos
=C(e+o(1))
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and hence lim supn_)oo||D2\lJ(un) —D>W(u, —u) — DZ\I’(u)HL(Hu) < Ce. Letting ¢ — 0 we obtain the
claim for D>W. The proof for the uniform continuity of D>¥ on bounded subsets of H! is similar. One
treats the maps VW and W analogously. (I

We shall need the following simple consequence of (H4).

Lemma 2.4. If conditions (H1) and (H3)—(H4) hold true and u € H'\{0} satisfies V® (u) = ASu for
some A € R, then
(D*® (1) — AS)u, u) < 0.

Proof. By (H3) and (H4), the map s — f '(s)s% — f(s)s is nonnegative in R, and it is positive on a
nonempty open subset of (—¢, £)\{0} for every ¢ > 0. Moreover, since u € H I'is a weak solution of
—Au+[VEx)—Au= f@w) inRY
by assumption, standard elliptic regularity shows that u is continuous and that u(x) — 0 as |x| — oc.
Consequently, we have
(D*® (u)u, u) — A{(Su, u) = (D*®W)u, u) — (VO u), u)
= (VW (), u) — (D> W (w)u, u) = f (f wu — f'wu®) <0,
RN

as claimed. |

As before, for o > 0, we consider the sphere ¥, C H ! as defined in (1-1), and we let J,: X, — R
denote the restriction of ® to X,. We note that, for u € X, the tangent space of X, at u is given by

T,% ={veH":(v,u),=0y={ve H": (v,Su)=0}Cc H', (2-5)
where latter equality follows from (1-10). If « is a critical point of J,, we have
Vo (u) =ASu (2-6)

for some A € R, the corresponding Lagrange multiplier. Moreover, the Hessian d*J, (1) is a well-defined
quadratic form on 7, X, given by

d?J, (u)[v, w] = (D*®(u)v, w) — A(Sv, w) forv, w € T, Xq. 2-7)

For the general definition of the Hessian of C2-functionals on Banach manifolds at critical points, see,
e.g., [Palais 1963, p. 307]. To see (2-7), one may argue with local coordinates for X, at u, as is done,
e.g., in [Edwards 1994, Theorem 8.9] in the finite-dimensional case. Alternatively, to prove (2-7) we may
consider smooth vector fields v, w on X, with v(u) = v, w(u) = w, and we extend v, w arbitrarily as
smooth vector fields ¥, w: H' — H'. Using (2-6), we then have

d?Jo )[v, w] = 8505 D () = 35]u (VP, w) = (D* P (u)v, w) + (VD (i), db(u)v)
= (D?*® (), w) + A, d(u)v); = (D*®(u)v, w) — A(v, w)a,

where the last equality follows from the fact that the function u, +— h(u,) := (14, w(u4))2 vanishes on
Y. and therefore 0 = 032 (1) = (v, w); + (u, dw(u)v);.
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We need the following definitions.

Definition 2.5. Let u € H' be a critical point of J, with Lagrange multiplier A. Put A := T, X%, and let
P € L(H', A) denote the (-, - )-orthogonal projection onto A. Moreover, put B := D>® (1) — AS.

(a) The Morse index m(u) € NU {0, oo} of u with respect to J, is defined as
m(u) ;= sup{dim Z : Z subspace of A with (Bv, v) <0 for all v € Z\{0}}.
(b) The free Morse index ms(u) € NU {0, oo} of u is defined as
m¢(u) := sup{dim Z : Z subspace of H' with (Bv, v) <0 forall ve Z\{0}}.
(c) We call u a nondegenerate critical point of J,, if P B|, is an isomorphism of A.
(d) We call u freely nondegenerate if B is an isomorphism of H'. In this case we put
zu:=B 'SueH'
For a critical point u € H! of J,, it is clear that
me(w)=m@w) or me(u)=mu)+1. (2-8)

In the case where u is freely nondegenerate, the scalar product (z,, ), determines whether u is nonde-
generate and which case occurs in (2-8). More precisely, we have the following simple but important
lemma.

Lemma 2.6. Let u € H' be a freely nondegenerate critical point of J, with Lagrange multiplier A:

(a) u is nondegenerate if and only if (z,, u), # O.

(b) If m(u) is finite and (z,, u); > 0, then me(u) = m(u).

(¢) If m(u) is finite and (z,, u)2 < 0, then me(u) = m(u) + 1.
Proof. In the following, we let N'(L) denote the kernel and R(L) denote the range of a linear operator L.
Moreover, we let B, P and A be as in Definition 2.5.
(a): By definition, we have z, = B~'Su € N(PB) \ {0}. Moreover, we have dim A (PB) = 1 since
B: H' — H' is an isomorphism. Consequently,

N(PB) =span(z,) and R(PB)=A.

Now, again by definition, « is nondegenerate if and only if PB|5: A — A is an isomorphism, and this
holds true if and only if H! = span(z,) @ A. By (2-5), the latter property is equivalent to (z,, u), # 0.

(b) and (c): Since codim A =1 and z, ¢ A, there are, for every ¢ € H ! unique elements © € R and
w € A such that

¢ =pzy +w. (2-9)



1188 NILS ACKERMANN AND TOBIAS WETH

Recall that span(Su) = N (P) = AL We therefore have the representation

(Bo, ¢) = u*(Bzu, zu) +2u(Bzy, w) + (Bw, w)
= w*(Su, z,,) +2u(Su, w) + (Bw, w)
= 1% (2, )2 + (Bw, w). (2-10)

To see (b), recall that the definition of m(u) implies the existence of a subspace Z C A of codimension
m(u) in A such that (B¢, ¢) > 0 forall ¢ € Z. Since z,, ¢ A, the space 7= span(z,) @ Z has at most
codimension m(u) in H'. Moreover, in the representation (2-9) for ¢ € Z we find w € Z. Therefore,
(2-10) yields (B¢, ¢) > (Bw, w) > 0. This implies m¢(u) < m(u), and thus equality follows by (2-8).
To see (c), let Z C A be an m(u) dimensional subspace such that (Bw, w) < 0 for all w € Z\{0}. Put
=span(z,) ® Z. Then dim 7= m(u)+ 1, and for the representation (2-9) for ¢ € Z \{0} we find w € Z.
Then (2-10) implies (B¢, ¢) < 0 since either u # 0 or w € Z\{0}. Consequently, m¢(u) > m(u) + 1, and
thus equality follows by (2-8). (I

Parts (b) and (c) of Lemma 2.6 can also be derived from [Maddocks 1985, (2.7) of Theorem 2]. For
the convenience of the reader we gave a simple direct proof.

Definition 2.7. A critical point u € H' of J, will be called fully nondegenerate if u is freely nondegenerate
and the equivalent properties in Lemma 2.6(a) hold true.

Definition 2.7 is consistent with Definition 1.1, as the function z, = B~!Su defined in Definition 2.5
is uniquely determined as the weak solution of (1-3) with g = u.

In the next lemma, we show that nondegenerate local minima of J, are fully nondegenerate critical
points.

Lemma 2.8. Suppose that (H4) holds true, and let u € H' be a nondegenerate critical point of J, with
m(u) =0 (i.e., u is a nondegenerate local minimum of Jy). Then u is fully nondegenerate, and either u or
—u is a positive function.

Proof. We continue using the notation from the proof of Lemma 2.6. Since u is nondegenerate, we have
A = R(PB|A) and therefore H' = N'(P) + R(B|,). This implies codimR(B) < codimR(B|p) <1
and hence that R(B) is closed. Since P B|, is injective, N(B) N A = {0} and hence dim N (B) < 1.
If dim A/ (B) = 1 were true, then we would have H! = A (B) @ A. Since the quadratic form (B -, -)
is positive definite on A, it would be positive semidefinite on H', in contradiction with Lemma 2.4.
Therefore N'(B) = {0} and B, being symmetric with closed range, is an isomorphism. Hence u is freely
nondegenerate, and thus it is also fully nondegenerate.

Next, we suppose by contradiction that # changes sign. A variant of the proof of Lemma 2.4 then shows
that the quadratic form (B -, - ) is negative definite on the two-dimensional subspace span(u™, u™) C H',

+

where u™ := max{0, *u} denotes the positive, respectively negative, part of u. Since this space has a

nontrivial intersection with A, we thus obtain a contradiction to the assumption m (1) = 0. ]

Next we add an observation for the case where u is a fully nondegenerate critical point of J, and a
positive function.
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Lemma 2.9. Let u € H' be a fully nondegenerate critical point of J, with Lagrangian multiplier A such
that u is a positive function and f(u) >0 on RY, f(u) # 0. Then we have

A <info(—A+ V). (2-11)
Proof. Since u is freely nondegenerate, we see that
rgo(=A+V — f'(u)). (2-12)

Moreover, u(x) — 0 as |x| — oo by standard elliptic estimates, and the same is true for the functions
x = fl(u(x)), x = f(u(x))/u(x). Consequently, by (2-12) and Theorem 14.6 and the proof of
Theorem 14.9 in [Hislop and Sigal 1996], we have for Lo := —A+V and L := —A+V — f(u)/u that

A Oess(—A+V — f/(u)) = Oess (L) = Oess (L),

where o, denotes the essential spectrum. Since u is an eigenfunction of the Schrédinger operator L
corresponding to the eigenvalue A, it follows that A is isolated in o (L). Since moreover u is positive, it is
then easy to see that A = info (L), and that A is a simple eigenvalue. On the other hand, the assumption
f(@)/u > 0 implies

info(Lg) > info (L) = X.

If A =info (Lg) were true, we could obtain from A ¢ 0.5 (L) that A is also an isolated eigenvalue of L
with a positive eigenfunction v. But then, since f(u) # 0 by assumption,
_ JanAVoP V) fan (VOP+ (V= fw/we?)

S V2 Jan v 7

a contradiction. Hence A < info (Lg). U

A

We close this section by introducing the extended Lagrangian
Go: H xR—>R,  Golu,1):= ) — Ir(ul —a) = @) — I1((Su, u) — a).

By definition, u € H' is a critical point of J, with Lagrange multiplier A if and only if (u, A) is a critical
point of G,. We endow H! x R with the natural scalar product

((u, s), (v, 1)) = (u, v) +st.
The respective gradient of G4 is
VGo: H' xR— H' xR, VGa(u,2) = (V) —ASu, —1(ul3 — a)). (2-13)
Moreover, we have
DGy (u, M)[(v, )] = (D*® (u)v — ASv — uSu, —(Su, v)). (2-14)

The operator D2Gy (u, A) is known in the literature as the bordered Hessian of ® at (u, ). It has
been used extensively in finite-dimensional settings to discern local extrema of restricted functionals; see,
e.g., [Greenberg et al. 2000; Shutler 1995; Hassell and Rees 1993; Hughes 1991; Spring 1985; Baxley
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and Moorhouse 1984]. We will use it only in Section 3 below for a gluing procedure respecting an
L?-constraint.

Although we do not need this property in the present paper, we note that a critical point u € H' of J,
is nondegenerate if and only if D>G (1, A) is an isomorphism of H! x R. The proof is straightforward.

3. Gluing bumps with L?-constraint

This section is devoted to the proof of Theorem 1.2, which we reformulate in the following way for
matters of convenience. We continue to use the notation introduced in Section 2.

Theorem 3.1. Assume (H1)-(H3) and fix ¢ > 0. Given n € N, n > 2, suppose that u is a fully nondegen-
erate critical point of Jy;, with Lagrange multiplier L. Let also (ay) € (ZN)" be a sequence such that
d(ay) — 00 as k — 00. Then there exists kg € N such that for k > kg there exist critical points uy of Jy
with Lagrange multiplier Ay. Moreover, we have

n
lug —vill = 0 and |A—Xi| — 0 ask— oo, where v := Zﬁiﬁ e H', (3-1)
i=1
and the sequence (uy)y, is uniquely determined by these properties for large k. Furthermore, if u is a
positive function and f (i) > 0 on RN, f(it) # 0, then uy is positive as well for large k.

The remainder of this section is devoted to the proof of this theorem. Let & > 0, n > 2, and i, A be as
in the statement of the theorem. Since u is nondegenerate and freely nondegenerate, Definition 2.5 and
Definition 2.7 imply

B:=D*®(it) — 1S € L(H") is an isomorphism (3-2)
and
there exists z; € H' with (zz, it)» # 0 and Bz; = Si. (3-3)

Let (ax) € (ZV)" be a sequence such that d(a;) — oo as k — oo, and let v; € H' be given as in (3-1)
for k € N. For simplicity we assume that

al =0 forallkeN. (3-4)
We wish to prove that
VGy(vp, k) = 0 ask — oo (3-5)
and that
DzGa(vk, %) € L(H' x R) is invertible for large k,
and the norm of the inverse remains bounded as k — oo. (3-6)

Once these assertions are proved, we may apply Corollary 2.2 with & := VG, to find, for k large, critical
points uy of J, with Lagrange multiplier A; such that (3-1) holds true. Here we use the fact that the
sequence (vg)x is bounded in H' and that D?>® is uniformly continuous on bounded subsets of H .

By the BL-splitting properties, (2-13) implies

— 0.

n
HVGa(vk, 2= VGun(Tyit |
i—1 L(H'xR)
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Since ||V Ga/n(T, it M e xry = 1IVGayn(it, Ml paixgy = 0 for i = 1,2, ..., n and every k, (3-5)
follows.
We now turn to the (more difficult) proof of (3-6). For this we consider the operators
By :=D?®(v) —AS € L(H') fork e N.

and we claim that

T_ BT yw— Bw inH'forweH', i=1,2,...,n. (3-7)
To see this, we recall that D?W BL-splits and that therefore
n
D*W () = ) DW(T i) +o(l) in L(HY), (3-8)
j=1
which implies
n
Bi=1—-1S—D*W(v)=1-xS—) D*W(Tii)+o(l) inL(H"). (3-9)
j=1 ‘
It is easy to see that
T_D*W(T )T, =D*W(@@) forkeNandi=1,...,n. (3-10)

Moreover, if i # j, then for w € H' we have
DXW(T i) Ty w =T,y T DO (T i T, Ty _w =T, DW@T,; yw—0 (31D
in H', since 7' oW —~0and D*W (i) € L(H) is a compact operator. Combining (3-9)—(3-11) and

recalling that S commutes with T, P> We find that

T BeTyw = (I = 2S)w — ZT_aiDZW(ﬁiﬁ)Eiw +o(1)
j=1
= =18 w—-D*V(@)w+o(l) = Bw+o(l) ask— oo
forwe H' andi =1, ...,n, as claimed in (3-7).
We note that (3-7) implies

N 1 1
T_ainEI{w=7;]{7a’i7:aijk7;]{w=7;1{7H£Bw+0(1) 0 inH (3-12)
for w e H' and i # j. We now prove (3-6) by contradiction. Supposing that (3-6) does not hold true, we

find, after passing to a subsequence, that there are wy € H' and u; € R such that |Jwg | + M,% =1 and
D2G o (vg, M [(wi, ux)] — 0. By (2-14) this implies

Biwy — uxSvg — 0 in H', (3-13)
(g, wr)a —> 0 inR. (3-14)
Define fori =1, 2, ..., n, possibly after passing to a subsequence, the functions

w' = w-lim7_ zwkeH1
k—00
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and p = limy_ o ux. Let z; € H' be given as in (3-3). Forming the H'-scalar product of (3-13) with

7;;-( z; and using (3-7) together with the fact that Tﬂi v — @ in H', we obtain

o(1) = (Bxwk, Ty zi) — (S, Tyi zia) = (Wi, BeTyi za) — pa (v, Tpi 2a)2

= (T g wi, T_yi BiTgi za) — ik (T_ g ks 2a)2 = (w', Bzz) — pu(it, za)2 +o(1)

= (w', Sit) — n(i, za)2 +o(1) = (W', i)y — p(it, zz)2 +o(1)
fori =1,...,n. Hence
(w', it)s = (i, zg)» fori=1,...,n.

By (3-14) we thus have

n n n
= 1 = 1 7 = 1 7 , — 7w = T
0= lim (v, wp)y = lim 2(7;;;!, w)y = lim E(M,T_a;(wk)z =D (@ why =nu(i, z0)2.
1= 1=

i=1

Since (i, z;)2 # 0, this gives © = 0. Hence (3-13) reduces to

Biwiy — 0 in H' as k — oo. (3-15)
We now set
n
Tk = Wi — 27::{'”] fork e N,
j=1
SO
T_aizk—\O fori=1,...,n. (3-16)
By (3-7), (3-12) and (3-15) we have
n
0= w-lim7_; Bews = V,g;licgl[z Ty BTyw' +T Bkzk}
j=1
= Bw' +w-lim7_; Byz. (3-17)
k— 00 k
Moreover,
DW@)T_ iz =0 inH'fori=1,....n (3-18)
by (3-16) and since D*W (it) € L(H") is a compact operator, which by (3-10) implies
2 = e 2 — ) . 1
Tia;(D LIJ(IY;]éu)Zk_IY;Ié—a;(D \-II(M)T_a]éZkQO in H (3'19)
fori, j =1,...,n. Using (3-9) again, we obtain
Vli/jggl 7-_a]i( Bizi = \nggl(T_ali (I =18z — Z T_a;‘(DZ\I’(E]{L_t)Zk)
j=1
=w-lim( —AS)7_,izx =0
k— 00 k
fori =1, ..., n. Combining this with (3-17), we conclude that Bw’ =0 fori =1, ..., n and thus

w =0 fori=1,....,n
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by (3-2). We therefore have wy = zj for all k. Recalling (3-15), (3-9), (3-4), and choosing i = 1 in (3-18)
and (3-19), we find

o(1) = Bowy = Bizg = (I = 28)zx = ) D*W(T i)z +0(1) = (I = AS)ze +o(1)
j=1

= =28zt —D*W ()7t +0(1) = Bz +0o(1) = Bwi + o(1),

and thus w; — 0in H' by (3-2). Since 1 = 0, this contradicts our assumption that ||wy||> 4+ Mi =1 for
all k. This proves (3-6), as desired.

In the following we assume N > 3. The cases N = 1, 2 are proved similarly, ignoring those terms
below that include the critical exponent 2*,

As remarked above, applying Corollary 2.2 with h := VG, now yields, for k large, critical points uy
of J, with Lagrange multiplier A; such that (3-1) holds true. To finish the proof of Theorem 3.1, we now
assume that i € H' is positive with £ (i) > 0in RY, f (i) # 0, and we show that u; is also positive for k
large. By Lemma 2.9 we then have A < info(—A + V) =y, so

(VU + [V = Alv[®) > (y = D)|v|* forallve H'.
RN

On the other hand, for fixed ¢ € (0,y — 1) it easily follows from (H3), Sobolev embeddings, the
representation (2-3), and (2-4), that there is a constant C > 0 such that

f f@w el +Cllvll” +elv]* forve H'
RN
Moreover, since vy is positive, (3-1) implies u, := min{u;, 0} — 0in H "as k — co. However, we have
0= N(—Auk +IV — Alug — f (ui))uy,
R

=f (IVug P+ 1V — g 1P —/ fuuy
RN RN
and therefore
(v = Il 1P s/NukaHv—iuukF)
R
_ -2 |2 ik
—o(D)lu; |2+/N(|Vuk| IV =l )
R
=o<1>||u;||2+/ flu)u;
RN
< (e + o) ug I> + Cllug |17 +ellug 1.

By the choice of ¢, this implies u,” = 0 for large k. Consequently, u is strictly positive on RY for large k
by the strong maximum principle. The proof of Theorem 3.1 is finished.
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4. Morse index and nondegeneracy of normalized multibump solutions

In this section, we prove a general result on the nondegeneracy and the Morse index of normalized
multibump solutions built from fully nondegenerate critical points of the restriction of ® to X,/,.
Moreover, we also complete the proof of Corollary 1.4 at the end of the section.

Recall, for o > 0 and a critical point u# of J, = ®|x,, the definitions of the Morse index m (x) and the
free Morse index m¢(u) given in Definition 2.5. The following theorem is the main result of this section,
and together with Lemma 2.6 it readily implies Theorem 1.3.

Theorem 4.1. Assume (H1)—(H3) and fix o > 0. Given n € N, n > 2, suppose that u is a fully nonde-
generate critical point of Jo/, with Lagrange multiplier A and finite Morse index m(it). Furthermore, let
(ar) € (ZN)" be a sequence such that d(ay) — oo as k — 00, and such that the critical points uy of Jy
with Lagrange multiplier A, and with

n
lug —vill = 0 and |rg—A|— 0 ask— oo, where vy := Z’];liit e H! 4-1)
i=1
from Theorem 3.1 exist for all k. Then, for k sufficiently large, uy is a nondegenerate critical point of J,
m(uy) =nm@)+1) —1if (u, z5)2 <0, and m(uy) = nm(u) if (u, zi)2 > 0. If (H4) holds true, then
m(ug) > 0 for large k.

To prove this theorem, we set B := D2®(it) — AS and By := D2® (v;) — A S, as in Section 3. Moreover,
we consider the self adjoint operators

Cr:=D*®(uy) — 1S € L(H")

for k € N. First we show that the constrained critical points u; of ® are freely nondegenerate and that
me(ux) = nmge(u) for large k.

To this end it is sufficient to prove the following.

Lemma 4.2. It holds true that

lim sup inf sup (Crw, w) <0, 4-2)
k— 00 W<H! weW
dim W=nmg (i) Iwll=1
lim inf inf sup (Crw, w) > 0. 4-3)
k— 00

W<H! weW
dim W=nmg(ii)+1 Ilwl=1
Proof. By (4-1) and since D?®: H! — £(H") is uniformly continuous on bounded subsets of H', the
assertion follows once we have established the following estimates:

lim sup inf sup (Brw, w) <0, (4-4)
k—00 W<H! weW
dim W=nmq(i) Iwl=1
likm inf inf sup (Brw, w) > 0. 4-5)
—00

W<H! weW
dim W=nmg(i)+1 lwl=1
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Let Z C H' denote the generalized eigenspace of the self-adjoint operator B in H' corresponding to its
my(it) negative eigenvalues. Pick 8 > 0 such that (Bw, w) < —§||w||? for all w € Z and (By, y) > 8|/ y|?
for all y € Z+. Put

n
Zi:=) TyZCH' forkeN.
i=1

Since d(ay) — oo, the sum is direct and hence dim Zy = nmg¢(ut) for k sufficiently large. If wy € Zj
satisfies ||wg|| = 1 for all k, then it suffices to show

lim sup{Brwy, wg) < —38 (4-6)
k—o00

along a subsequence to prove (4-4). We write

n
wi = 27;“)}( for k € N with p} € Z.
i=1

Since Z is finite-dimensional, we may pass to a subsequence such that ,o,i —pleZfori=1,...,nas
k — oo. It is easy to see that then

n
L= [lwill? =Y _lp' 1> +o(1) ask — oo.
i=1

Thus (3-7) and (3-12) imply

(Bewe, wi) = Y ABiTy 04 Ty o) = D (T BTy o' p/) +o(1) =) (Bo', p) +o(1)

ij=1 ij=1 i=1
n
<=8 o' I*+o(1) ==5+o(D),
i=1
that is, (4-6).
If y, € ZkL satisfies ||y || = 1 for all k, then it suffices to show
liminf(By yx, yi) = & 47
k— 00

for a subsequence to prove (4-5). Passing to a subsequence, we may assume that

w' = w-lim 7_ i yk
k— 00 k

exists fori =1,...,n. Letv € Z. Since 7, v € Z;, we infer that

s

0= (7;£v,yk)= (v, T_4i Y) =(v,w)+o(l) fori=1,..., n.

~—.

Consequently,
w' ezt fori=1,...,n. (4-8)
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We now set "
Zk :=yk—z7;],;w" fork e N,
i=1
noting that
w—limT_a;-czk:O fori=1,...,n. (4-9)

k—o00

In particular, this implies
z%—0 inH' (4-10)

by (3-4) which we may again assume without loss of generality. Using (3-7), (3-12), and (4-9) we obtain
the splitting

n n

_ I i oy

(Bryks yi) = (Bizk, 2k) +2 E 1 (BiTiw', zk) +,E. 1(131«7;;(11) ,7;ka )
i= i,j=

n n
= (Buzk, 2k) +2 ) (T BTy w', T_gzid + ) (T BTy w', w)

i=1 i,j=1

= (Bezi. 26 + Y _(Bw', w') +o(1), (4-11)
i=1

where ) ) )
(Brzk, zk) = llzkll” — Alzxls — (D"W (ve) 2k 2k)
n

= llzell® = Maxls = Y _(D*W (T i)ze, %) +0(1)
i=1
n

= llzell> = Azel3 = ) (D*W@ Tz, Ty z) +0(1)

i=1
= llzell® — AMzil5 4+ o(1)
= llzell® = Azil5 — (D*W (@) 2, z) +o(1)
= (Bzg, &) +o(1). (4-12)

Here we have used (3-8), (3-10), (4-9), (4-10), and the compactness of the operator D>V (i) € L(HY).
Let P € £L(#") denote the (-, - )-orthogonal projection on Z, and let Q := I — P. Since P has finite
range, we see that
%— 0z =Pz —0 in H ask — oo. (4-13)

Combining (4-8), (4-11), (4-12), and (4-13), we obtain

(Biyi: &) = (BQzx, Qu) + »_(Bw', w') +o(1) > 3(||sz||2+2||w"||2) +o(1)
i=1 i=1

n
= 8(||zk||2+2||wf||2) +o(1) = 8[lyell* + o(1) =8+ o(1),
i=1
and hence (4-7). U
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From Lemma 4.2 it follows that Cy is invertible for large k and that the norm of its inverse remains
bounded as k — oo. We now recall the function z,, = C;” lSuk € H', which by Lemma 2.6 is of key
importance to compute m (uy).

Lemma4.3. Fori =1, ...,n we have

o= 1
T gizu, —2i=B""Su inH ask— oo.

Proof. Let ¢ € H', and let ¢ = B~!yy € H'. Recalling that D’®: H' — £(H") is uniformly continuous
on bounded subsets of H', we may deduce from (3-7) that

Ty CkTy9 =Ty BiT9+o(1) > Bp =4 in H'

as k — oo. Since moreover the sequence (z,, )« is bounded in H'! and T—azi”k — i in H' as k — oo, we
have

(za, ) = (B~'(Sit), ¥) = (Sit, ¢) = (S(T_gjui), @) +o(1) = (Sux, 7,1 ¢) +o(1)
= (Chzuy, T ) +0(1) = (2w, CuT,i ) +0(1) = (T i 2, T_i Ci T @) +0(1)
= (T_aizuk,lﬁ)-i-o(l) as k — oo. O

Proof of Theorem 4.1. With the help of Lemma 4.3, we compute

(ks 2u)2 = (e, 22 +0(1) = Y (Toiit, 22 +0(1)

i=1

= Z(ﬁ, T_aizu)2+o(1) =n(u, zz)z +o(1).
i=1

Since (u, z;)2 7 0 as u is fully nondegenerate by assumption, we infer that (uy, z,,)2 is also nonzero
and has the same sign as (i, z;;)» for large k. Moreover, uy is freely nondegenerate by Lemma 4.2, so
Lemma 2.6 yields that u; is a fully nondegenerate critical point of ®|yx, for large k. Its Morse index
is, by the same token, m(uy) = ms(ug) — 1 = nme(u) — 1 =n(m@u) + 1) — 1 if (u, z;)2 < 0, and it is
m(uy) = me(ur) =nme(u) =nmu) if (u, z;)2 > 0.

To show the last statement of the present theorem, suppose that (H4) is satisfied. Lemma 2.4 implies
(Bu, u) <0, that is, m¢(#) > 0. In any case it follows from the preceding calculations that m (uy) > 0 for
large k. This completes the proof of Theorem 4.1. ]

Proof of Corollary 1.4. Let u be a nondegenerate local minimum of J,,, with Lagrange multiplier A
Moreover, let (ax) € (ZVN)" be a sequence such that d(ay) — oo as k — oco. By Lemma 2.8, u is
fully nondegenerate and, without loss of generality, a positive function. Thus, (H4) and Theorem 3.1
imply the existence of positive critical points u; of J, with Lagrange multiplier A; for large k& and
such that (4-1) holds true. Moreover, the sequence (uy); is uniquely determined by these properties.
Since m¢(u) > 0 = m(u) by (H4) and Lemma 2.4, Theorem 4.1 now implies u; is nondegenerate with
m(uy) =n — 1 for large k. U
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5. Proof of Theorem 1.5

In this section we wish to prove Theorem 1.5. For this we will assume hypotheses (H5) and (H6). Without
loss of generality we may also assume for the nondegenerate critical point xg of V' that

X0 = 0 and V(x()) =1.
We are then concerned with positive solutions of the singularly perturbed equation
—?Au+ V@) u=ul"u, ueH', (5-1)

where p € (2, 2*). By [Grossi 2002, Theorem 1.1], there exists gy and a family of positive single peak
solutions u., € € (0, &), of (5-1) which concentrates at xo = 0. This means that each i, has only one
local maximum, and the rescaled functions

u. € H',  u.(x) =it (ex), (5-2)

converge, as ¢ — 0, in H! to the unique radial positive solution of the limit equation

1

—Aug+ug=ul inR". (5-3)

Moreover, as follows from the uniqueness statement in [loc. cit., Theorem 1.1], this convergence property
after rescaling determines the solutions u#, uniquely for ¢ > O small. In addition, we can assume by
[loc. cit., Theorem 6.2] that u, is nondegenerate; i.e., the linear operator

H'+— H' vi>v— (p— 1)(—82A + V)_lftf_zv, is an isomorphism (5-4)

for ¢ € (0, g9). Here, for ¢ > 0, the operator —e?A+V e L(H', H™") is understood as the Hilbert space
isomorphism H' — H~! associated with the scalar product

(u, v) — /(82Vu - Vv + Vuv)

RN

on H'! via Riesz’s representation theorem. Since 0 < min V <max V < 0o, this scalar product is equivalent
to the standard scalar product on H', which we denote by

(u, v)yr = (Vu-Vuv+uv). (5-5)
RN

We also let || - || g1 denote the associated norm.
Lemma 5.1. The map (0, g9) — H', & — ii,, is continuous.

Proof. For & > 0, let K(¢) :== —e?A+V e L(H', H™!). Then the map K: (0,00) — L(H', H™")
is continuous. Moreover, since p is subcritical, the nonlinear superposition operator H! — H~!,
u > |u|P~2u, is of class C'. Consequently, the map

h:(0,00)x H' = H™',  (e,u) > K(&)u — |u|’*u,
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is continuous, and continuously differentiable in its second argument. Since u, is a weak solution of
(5-1), we have h(e, u.) = 0. Furthermore, the operator

hu(e,ue) = K(e) — (p— Dlie|” > e L(H', H™")

is an isomorphism as a consequence of (5-4). Hence the claim follows from the implicit function theorem;
see, e.g., [Deimling 1985, Theorem 15.1]. |

Since the map ¢ — u, is continuous and

|ﬁg|§=/ ag:st uﬁ:sN/ uj+o(l)=o0(1) ase—0,
RN RN RN

the assertions (i)—(iii) of Theorem 1.5 are already verified. The remainder of this section is devoted to the
proof of Theorem 1.5(iv).
For this we first note that the function u, € H' defined in (5-2) satisfies the rescaled equation
—Aue+ Ve(ue = luel”2ue, ueH', (5-6)
with
Ve: RN 5 R, Vi(x) = V(ex). (5-7)
Moreover, by (5-4), the linear operator

B*e L(HY, Bv=v—(p—1)(=A+V,) 'uP?v, isanisomorphism (5-8)

for ¢ € (0, &g). We also note that the functions u, have uniform exponential decay; i.e., there exist
constants «, C > 0 such that

lug(x)] < Ce ¥ forall x e RY, & € (0, &0); (5-9)
see [Grossi 2002, Lemma 4.2(i)]. Moreover,
Uy — Uy 1in Hz([R{N) and uniformly in RY: (5-10)

see [loc. cit., Theorem 4.1 and Lemma 4.2(ii)]. Note that u. satisfies [loc. cit., Equation (4.1)] with
¢i,y,e = 0 since it is a solution of (5-6).

We need to recall some properties of the unique radial positive solution u of the limit equation (5-3)
and therefore consider the functional

o H' SR, @) ::%fRN(IVulz—i-uz)—%/RNlulp.

It is easy to see that D2d>(>§(u0) € L(H'") has exactly one negative eigenvalue, the value 2 — p, with
corresponding eigenspace generated by uo. Here, the symbol D? denotes the derivative of the gradient
with respect to the scalar product (-, - ) y1.

Its kernel is spanned by the partial derivatives 9jug, doug, ..., dyup; see [Ni and Takagi 1993,
Lemma 4.2(i)]. Letting H denote the (-, -)-orthogonal complement of span(diug, dug, ..., InUo)
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in H', we therefore find that the operator
B%ec £L(H"), B =D*®}uo)v=v—(p—D[A+1]""ugP?,

restricts to an isomorphism H— H. Moreover, H contains all radial functions, so in particular u, :=
[A+ 1] up € H. Consequently, there exists a unique z, € H with Bz, = u,.

Lemma 5.2. We have

(2+, o) :(ﬂ_ : )'“ g2 YN s
x5 U0)2 4 p_2 0l 4N(p—2) 0lp-

Proof. For A > 0, consider the function
w;, € H', wy(x) = Al/(p_z)uo(\/xx) for x € RY,
which is the unique radial positive solution of
—Aw, 4 rw, —w! =0 inRY, (5-11)

so w; = ug. Moreover, consider

e
ze H, z(x)= o w;y (x).
We claim that z, = —Z. Indeed, we have B°Z = —u, since differentiating (5-11) at A = 1 yields
—AZ+I—(p—DulZ=—uy inR". (5-12)

Moreover, 7 € H since Z is a radial function. By the remarks above, this implies z, = —z. We therefore
compute

_ 5 __1d 2__11‘ 2/(p-2) 2
(24, u0)2 = —(Z, up)2 = 2dk‘k:1|wk|2 =3 A:1<)~ - ud(v/Ax) dx)

2 ‘ (E_L>|u 12
2 dh |x=1 2 p—2)"0

as claimed. |

22/ (p=2)—=N/2

| —

2
lugl5 =

Next we collect some properties of the scaled potentials V,, ¢ € (0, &g), defined in (5-7). Note that
these functions are uniformly bounded and satisfy

IV.(x)— 1] < ce?x|® forx e RN, e € (0, &), with a constant ¢ > 0. (5-13)
We also note that
N
3V,
lim d ng(x) =Y 9;V(0)x; locally uniformly in x € RY (5-14)
j=1

fori=1,..., N, so

10; Ve(x)| < c€?|x| forx € RY, ¢ € (0, 9), with a constant ¢ > 0. (5-15)
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Next we consider
20 =[BT M (=A+ V) lu, e H' fore € (0, &),

where B? is defined in (5-8). Hence z; is the unique weak solution of

—Aze +Ve)ze — (p— Dulz. =u, inRY. (5-16)
We claim that

(ze, Ug)2 = (24, up)2 as e — 0. (5-17)

To prove this, we argue by contradiction and suppose that there exists § > 0 and a sequence (g,), € (0, &)
such that ¢, — 0 as n — o0 and

[(Zn, Un)2 — (24, w)2| =8 forallneN, wherez, :=2z,, and u, :==u,,. (5-18)

We first claim that the sequence (z,), is bounded in H I Indeed, if not, we can pass to a subsequence
such that ||z,|| g1 > 0 for all n and ||z, || y1 — 00 as n — 0o. We then consider y, := z,,/||zx || 1, and we
may pass to a subsequence such that y, — y in H'. Since y, is a weak solution of the equation

in RN for every n, (5-19)

_Ayn + Va,lyn - (P - 1)145_2)% - ”Z ” 1
nilH

we have

/N[Vva +yv—(p— l)ugfzv] = lim [Vy,Vo+ Vg, yov—(p — l)u,’l’_zynv]
R

n—>00 [pN
. 1 1
= lim upv=0 foreveryve H'.
RN

n=>00 ||z || 1

Consequently, y € H' is a weak solution of —Ay +y — (p — l)ué7 -2 y = 0 in RY, which means that
Boy = 0. Hence there exist aj, ...,ay € R with y = ZZNZI a; 0;ug. Next we note that d;u,, solves the
equation

—A@ittn) + Vi Qitty + 1y 3 Ve, — (p— Dul 2 duy =0 fori=1,...,N.

Multiplying this equation with y, and integrating over R", we obtain by (5-19) that
1
/ UpYy 0i Ve, = — / u, oju, =0 forallneN.
RV lznll 1 Jry

Dividing this equation by &2 and passing to the limit, we may then use (5-9), (5-14), (5-15) and Lebesgue’s
theorem to see that

n—oo g%

N
o1
0= lim —/N Up Yn 0i Ve, = E /NaijV(O)xjuo(x)y(x)dx
R — JR
j=1

2
|u0|2
2

N
=Y a a,-jV(O)/RN X g (x) deug(x) dx = —

N
> a;d;V(©0) fori=1,...,N.
¢, j=1 j=1
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Here we have integrated by parts in the last step. Since 0 is a nondegenerate critical point of V by
assumption, we conclude that a; =0 for j =1, ..., N and therefore y = 0. This implies in particular that
(yn) is bounded in L?/? and that yn — 0in Lﬁ)/c . Moreover, u,’f_z — ug_z in LP/(P=2)_ Testing (5-19)
with y, we obtain

1
/<|Vyn|2+ve,l|yn|2)=<p—1>/ ul =2y, * + /unyn—>o
RN RV lznll gt JrN

as n — oo and therefore ||y, || g1 — 0 as n — oo, which is a contradiction. We thus conclude that the
sequence (z,), is bounded. We may thus pass to a subsequence such that z, — z in H'. We then have by
(5-16)

/ [VzVv+zv—(p— l)ug_zv] = lim [Vz,Vv+ V., z,v—(p — l)ufl'_zznv]
[RN n—oo RN

= lim Uyv = upv forevery v € H'.
n—oo RN RN

Consequently, z € H! is a weak solution of —Az 4z — (p — 1)u5—2z = ug in RY, which means that
Bz = u,. As a consequence, B®(z — z,) = 0, which implies z — z, € span(d;uq, drug, . .., dyug) and
therefore (z — z4, ug)2 = 0. We thus conclude that

(2n, Un)2 = (2, u0)2 = (24, Ug)2 as n — o0,

contrary to (5-18). This shows (5-17), as claimed. Combining (5-17) with Lemma 5.2, we see that for
fixed p € (2, 2")\{2 +4/N}, we may take gy > 0 smaller if necessary such that

(Zes1ts)2 <0 if2<p<2+% and  (ze.u,)2 > 0 if2+%<p<2*. (5-20)

Moreover, from (5-20) we immediately deduce (1-6) by rescaling. Since u, is a critical point of &,
it is also a critical point of &, |>3 .2 with Lagrange multiplier 0, which implies, together with (1-6)
and Definition 1.1, that i, is a fully nondegenerate critical point of &, |2‘ 2

To conclude the proof of Theorem 1.5, it remains to compute the Morse index of i ¢ for ¢ > 0 small.
From (1-6) and Lemma 2.6, we deduce that

miie) = me(it) — 1 if2<p<2+% and  m(ie) = m(iie) if2+%<p<2*. (5-21)

It therefore suffices to compute the free Morse index m¢ (i), which by rescaling is the same as the free
Morse index m¢(u.) with respect to the rescaled potential

o H' > R, ®F(u):= 1/ (|\Vul> + V.u?) — l/ lu|?P.
2 RN P JrN
More precisely, the equalities in (1-5) follow from (5-21) once we have shown that

me(ug) =my +1 forall p € (2,2%) and & > 0 small, (5-22)
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where my denotes the number of negative eigenvalues of the Hessian of V' at xo. The argument is partly
contained in the proof of [Lin and Wei 2008, Theorem 2.5]. Nevertheless, since some details are omitted
there, we give a complete proof of (5-22) in the Appendix. The proof of Theorem 1.5 is thus finished.

6. Orbital instability

This section is devoted to the proof of Theorem 1.7. To simplify the presentation we only give a proof for

the case N > 3; the cases N = 1, 2 can be treated similarly, slightly modifying the arguments below.
Throughout this section, we consider the special case where the nonlinearity f is odd. We may

therefore write it in the form f(¢) = g(|t|2)t, where g € C([0, 00)) N C'((0, 00)) satisfies g(0) = 0 and

lim —g’(s) =
00 52722

0.

Note that in this case we have
1 1
d>(u>=—||u||2—/ G(|u|2>=—/ (|W|2+V|u|2)—/ G(uP)
2 RN 2 RN RN

for u e H' with G(t) = % fot g for t > 0. To prove the assertion on orbital instability given in Theorem 1.7,
we apply an argument from [Esteban and Strauss 1994] with some modifications. We identify C with R?

and write the time-dependent nonlinear Schrédinger equation (1-8) as the following system in u = (Z;)

with u1 =Reu, up =Imu:

u, =J(—Au+Vxu—gul+udu) with J = ((1) _(1)) . (6-1)

In order to set up the functional analytic equation for this system, we denote the dual paring between
H 'and H' by (-, -),. Weput H := H' x H' and write #* = H~! x H~! for the topological dual
of H. Recalling that we are assuming mino (—A + V) > 0, we use the scalar product

2
(u, v)yy = (uy, v1) + (uz, v12) = Z/ (Vu,- -Vv; + Vu,-vi) foru,veH,
i=1 /RY
and denote the induced norm by | - ||5. The dual pairing between H* and H is given by

(W, V)33 = (U1, V1) + (U2, v2)5 foru= (”‘) eH*, v= (vl> €H.
uz U2

As usual in the context of Gelfand triples, we consider the continuous embedding 7: H' < H~! given by
(Tu, v) :=/ uv foru,ve H.
RN

The corresponding embedding H < H™* will also be denoted by I; i.e., we set

(Tu, v)y y :=/ (uvy +urvy) foru = <u1> , V= (Ul> eH.
RN us v2
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With this notation, we write system (6-1) in the more abstract form of a Hamiltonian system. For this we
consider the functionals

$eCCOLR)., B =ul- /R Gl +ud),

®, € CP(H,R), @) (u)=D(u)— % /N(u% +u3).
R
With this notation, (6-1) can be written as
(Iu), = JdD(u) in H*,
where d®: H — H* denotes the derivative of ® and J is regarded as a matrix multiplication operator on
H*=H 'x H L.
Now let ¢ € X, satisfy the assumptions of Theorem 1.7, and let A € R be the corresponding Lagrangian

multiplier. Moreover, in the following, we let 2o »(¥) € L(H, H*) denote the second derivative of ) A
at g = (‘é) € H, which by direct computation is given as

ox o (L 0 Liw=—-Aw+[V(x) —Alw - f'(p)w,
4", (¥) = ( 0 Lz) .+ Where {sz = —Aw+[V(x) — Mw — g(joPw.

Note here that /(1) = g(|¢]?) +2¢’(|t]*)t% so by (H3) we have L; € L(H', H™") for i = 1, 2. Similarly
as noted in [Esteban and Strauss 1994, p. 187], the orbital instability of the solitary wave solution u, in
(1-7) follows by the same argument as in the proof of [Grillakis et al. 1990, Theorem 6.2] once we have
established the following.

Proposition 6.1. The operator
M := Jd>®, (W) € L(H, H*)
has a positive real eigenvalue; i.e., there exists p > 0 and w € H\{0} such that Mw = plw.

The remainder of this section is devoted to the proof of Proposition 6.1. We first note that
Lp=0 inH *1,

since ¢ is a critical point of ®|x, with Lagrangian multiplier A. Moreover, since A < inf oess(—A + V)
by assumption, and since g(|¢|?) vanishes at infinity, Persson’s theorem [Hislop and Sigal 1996, Theo-
rem 14.11] implies

0 <infoess(—A 4+ V — L) = inf oegs(L).

Since moreover ¢ is a positive eigenfunction of L, corresponding to the eigenvalue 0, it follows that
0 =info (Ly) is a simple isolated eigenvalue. Consequently, putting

A= {v eH ' (v,9).=0yC H,

A= I_I(K) = {v cH! :fRN v<p:0} CH',
we see that the quadratic form v — (Lov, v), is positive definite on A and that L, defines an isomorphism
A — A. From these properties, we deduce the following.
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Lemma 6.2. We have (IL'Iv, v), > 0 for all v e A\{0).

Proof. Let v € A\{0}; then Iv € A and by the remarks above there exists v € A\{0} with L,v = Iv.
Consequently, we have

(IL; ' Tv, v}y = (IT, v)s = (I, B)s = (L2¥, D)« > O,
by the positive definiteness of the quadratic form v — (L, U), on A. (I

The following lemma is the key step in the proof of Proposition 6.1. It resembles [Esteban and Strauss
1994, Lemma 2.2], but we need to prove it by a different (more general) argument since our setting does
not satisfy the assumptions in that paper.

Lemma 6.3. We have
. <L1 U, v)*
= inf

————— €(-00,0).
veANO} (1L, " Tv, v)y

Moreover, u is attained at some v € A\{0} satisfying the equation
Lw=uplL;'Tv+1B¢p in H™! (6-2)
for some S € R.

Proof. Since ¢ has positive Morse index with respect to @[5, there exists v € A\{0} with (L{v, v), <0,
which implies i < 0. In the following, we consider the spectral decomposition

A=V V"
with the properties that dim V™~ < oo and
(L1v,v), <0, (Liw,w) >8|w|? (Liv,w),=0 forveV ,weVT, (6-3)

with some § > 0. The existence of such a decomposition follows from the fact that infos(L1) =
infoes(—A +V — 1) > 0. For v e A, we now write v =v~ +v" withv™ € V7, vt € VT, Let
(vu)n C A\{0} be a minimizing sequence for the quotient

<L1U7 U>*

V> g) = ———.
(IL3'Tv, v).

Since p = infyep\(0) ¢ (v) < 0, we may assume that

(L1vn, n)s = (L1v, , v, )s+ (L1v)f, 1) <0 forallneN. (6-4)
Thus v, # 0, and we may assume that ||v, || = 1 for all n € N. Since V"~ is finite-dimensional, we may
pass to a subsequence such that v, — v_ € V™ with ||v_|| = 1. Then (6-3) and (6-4) imply
8limsup||v:[||2 < limsup(le;r, v,'f)* <—lim (Lyv,,v, )s =—(L1v—, v_)4
n—oo

n—oo n—oo
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and thus v;" is bounded in H' as well. Hence (v,), C A is bounded in H'!, and we may thus pass to a
subsequence such that

v: —vy, v, —v:i=v_+vy € A\{0},

(L1vy, vp)x = k1 <0 and (IL;IIU,,,U,,)*—>K220

as n — oo. By weak lower semicontinuity, we then have

+ ot

(Livg, vy)y < nlggo(len sV, e =K1 — (Liv—, v_)4

and thus
(L1v,v)s <k1 <0.
Consequently, since also

0< (IL;llv,v)* <K

by Lemma 6.2 and weak lower semicontinuity, we find that

<L1U, U>* < <L1U, U>* < ﬂ _/_,L
(IL;'Tv,v), — k2 "k

qv) =

Hence v is a minimizer of ¢ in A\{0}, and therefore ¢(v) = u > —o0. Moreover, v minimizes the
functional

A—R, wrs (Lyw—plL; Tw, w),,

and therefore we have
(Lyv—pI Ly Tv, w), =0 forall w € A.

This implies that there exists 8 € R such that

(le—pLILz_llv,w)*=ﬁ/(pw for all w € H',
R

ie.,

Lyww—ulL;' Iv=8I¢ inH',
which gives (6-2). ]

Proof of Proposition 6.1 (completed). Let 1 and v be as in Lemma 6.3, let p = ,/—u > 0, and consider

v
v= (—pL;llv + p‘lﬂw) < HAO)

0 —L, plv
v <L1 0)“’ <M1L211v+lﬂgo) pIw

so w € H is an eigenfunction of M corresponding to the eigenvalue p > 0. ]

Then we have
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Appendix: Proof of (5-22)

In this section we compute the free Morse index of the rescaled single peak solutions u, of (5-6) studied
in Section 5. More precisely, we will prove the equality (5-22) for € > 0 small. We continue to use the
notation from Section 5. Recall that since u is a critical point of &7 on %, e 2 with Lagrange multiplier O,
the free Morse index coincides with the Morse index of u, as a critical point of @} in H I Recall moreover
that u, has a unique local maximum point x., where x, — 0 as ¢ — 0 by [Grossi 2002, Proposition 5.2]. Put

uoe :=uo(- —xg) =Ty up € H' foree (0, &9).
We first need the following refined convergence estimate:
luo,e — sl 2 = O(e*) ase— 0. (A-1)

Suppose by contradiction that this is false; then along a sequence (&,,), C (0, g9) with &, — 0 we have d,, :=
luo,e, —te, | g2 = ns;f for all n € N. Put wy, := (uo,¢, —u¢,)/dy; then wy, is a weak solution of the equation

1, V. —1
—Awy, 4wy, = d—(ug b uP T (Ve = D) = twy + d—u (A-2)
n

s€n
n

with
1
T (x) =(p— 1)/ [(1—$)ug,e, + sue, 17> ds.
0
We pass to a subsequence such that w, — w in H% Since 7, — (p — l)u(’)’_2 as n — oo uniformly in
RY by (5-10), and since

Ve, —
dn

Ug, (x)

c )
< —|x)?e **l for x € RV, n e N with constants ¢, @ > 0 (A-3)
n

by (5-9) and (5-13), we may pass to the limit in (A-2) to see that w is a (weak) solution of the equation
—Aw+w-—(p— l)ug_zw =0.

Consequently, w = Zévzl ag deug with £ =1, ..., N. However, since both ug ¢, and u,, attain a maximum
at x,,, we infer from (A-2) and elliptic regularity that
N
0= lim 8;wy(xe,) = 8;w(0) = ) arduo(0) forj=1,....N.
e=1
It is well known that O is the only maximum point of ug; see, e.g., [McLeod 1993, Lemma 1(b)].
Considering that ug(x) = Uy(|x|), where Uy is the solution with initial values Uy(0) = u((0) and
U;(0) = 0 of the ordinary differential equation on [0, o) corresponding to radial solutions of (5-3), and
considering the uniqueness of solutions to that ODE, it is clear that 0 is a nondegenerate maximum point

for ug. Hence it follows that ay, ..., ay = 0 and thus w = 0. This implies w, — 0 in L? (RM), and thus

loc

—Aw, +w, =o(1) in L>(R")
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by (A-2), (A-3), and since t, has exponential decay in x, uniformly in n. The boundedness of the inverse
of —A+1on L? implies ||w, || g2 — 0, contrary to the definition of w,. Hence (A-1) follows.
We now consider the uniformly bounded families of linear operators

Ag :=D*®*(u,) € L(HY),
Ce:=Toy,0A:0Ty, € LIH), &€(0,¢0).

Here, as before, the symbol D? denotes the derivative of the gradient with respect to the scalar product
(-, )y1. The quadratic form associated with A, is given by

(Agv, w) 1 = / (Vo -Vw+[Ve = (p — DuP?low) forv,we H'. (A-4)
RN

It is then clear that A, and C. share the same spectrum. We have
lir%llCev —B%| 1 = lir%||A€v — B%]|1 =0 forallve H', (A-5)
e—> e—>
where, as before, B = D2d>z§(u0) € L(H"), and the convergence is uniform on compact subsets of H L
We claim that
ICs diugll g1 = O(e?) fori=1,...,N, (A-6)

and that
(Ce diuo, djuo) g = 2% 3;V(0)|uol3 +o0(e?) fori, j=1,...,N (A-7)

as ¢ — 0. For this we recall that d;u. solves the equation
~A@jue) + Ve djtte — (p— Dul ™2 djue = —u 8; Vs, (A-8)
and therefore (5-9) and (5-14) yield
Ag diue = (A + 1) (= A@ue) + Ve diue — (p — Dul = diu)
=—(-A+D'u9;Ve=0(» inH. (A-9)
Combining this with (A-1), we find that
ICe iuoll 1 = Nl Ac Do ell g1 = | Ae Dyt || g1 + O (%) = O(e?),
as claimed in (A-6). To see (A-7), we note that

(Ce 0jug, 0jug) g1 = (Ag diug,e, djUg ¢) g
= (Ag 0jug, aju€>H1+<Ae 8i’/tO,Es aj(uO,s_u£)>H1 +(Ae aju€7 0; (MO,S_ME)>H1 s (A'IO)

where, since 9d;ug . satisfies —A djug ¢ + diuo s — (p — l)u(“)’;2 diupe =0in RN,
(Ag Qiug.e, 9j(uo.c — ue)) g1 = f Ve—1+(p— D@8 ,? = ul ™) diuo.e 3;(uo.e — ) = 0(e?)
R

as ¢ — 0. Here, in the last step, we used (A-1) together with the fact that

IVe = 1+ (p = D(h > —ul ) duoell 2 >0 ase— 0.
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Moreover,

(A jtte, 3 (o — ue)) 1| < [|Ae Bjutel| 1105 (o,e — ue) | g1 < O (%)
by (A-1) and (A-9). Inserting these estimates in (A-10) and using (A-8) once more, together with (5-9),
(5-10), and (5-14) we find that

(Ce dintg, Djuo) g1 = (A e, Djue) p +0(%) = — / e Ve djue+o(e?)
R
N
=—c") 8V (0) /N Xeuto djuo dx + o(e?) = 162 8V (0)|uol3 + o(e?).
R
(=1

In the last step we have integrated by parts again. This yields (A-7).

To conclude the proof of (5-22), we now put X = span(ug), Y := span(diuo, ..., dyuog), and we let
Z denote the (-, - ) y1-orthogonal complement of X @ Y in H'. We then have the (-, - ) 51 -orthogonal
decomposition H '=X®Y®Z, and we let P, Py, P; € L(H") denote the corresponding orthogonal
projections onto X, Y, and Z. It then follows from (A-6) that

ICe Py ll oy = O(e?) ase — 0. (A-11)
Moreover, by the remarks before Lemma 5.2, there exists 0 < § < 1 such that
(B%ug,uo)yp <=8  and  (B'w,w); = Sllw|3, forallwe Z. (A-12)

It then follows from (A-5) that

(Ceuo, ug) g1 < —%8 for & > 0 sufficiently small. (A-13)
We also claim that
inf (Cow, w)y1 > 64 1= %min{é, ian} for & > 0 sufficiently small. (A-14)
weZ, wl =1 RN

Indeed, suppose by contradiction there exist ¢, € (0, &9) and w, € Z with ||w, | g1 = 1 for n € N such
that ¢, — 0 as n — oo and

(Ce, Wy, wp)g1 <84 asn— o0. (A-15)

Passing to a subsequence, we may then assume that w, — w in H' with w € Z. We put w0, := Tx,, Wn =
w, (- — xg,) for n € N then also w,, — w, and we may pass to a subsequence such that w, — w in
L: (RY) and w, — w pointwise a.e. on RY. By (5-9) and (5-10) this implies

2 -2
/ ul’ 22 — ub “w? asn — oo. (A-16)
RV RV

We also have

f (IV @y — w)* + Ve, (@, — w)*) =0(1) +f IV, — VW] + Ve, [0 — w? = 2(i0, — w)w]),
RN RN
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where, since |, —w| — 0 in L>(R"),

'/ Ve, (W, — w)w
RN

/ Vgnw2—> w? asn — oo
RN RN

< ||V||L30(RN)/ |w, —w||lw| =0 asn— oo.
RN

Moreover,

by (5-13) and Lebesgue’s theorem. Consequently,

f (V|2 + Ve, 03) = f (|Vw|2+w2)+f (IV (b —w) |24V, (W0, —w)?)+o(1)
RN RN RN
> [|w||?, +min{1, anfV}llwn—wlli,rer(l) > wll3,+284 W, —wl3,+o(1),

and together with (A-4), (A-12) and (A-16) this implies
(Cey Wns Wa) 1 = (A, W, Wa) 1 = (BOw, w) 1 + 28,4 |8, — wl|7 +o(1)
> 281 [wlF + 28410, — wlz +o0(1) =284 [[wa 7, +o0(1) =28+ +o(1).

This contradicts (A-15), and hence (A-14) follows.

In the following, we let M € RV*V denote the Hessian of the potential V at 0 which is nondegenerate
by assumption. Then there exists a basis of eigenvectors b', ..., bY € RV of M corresponding to the
eigenvalues ) <--- < uy, where

wi <0 fori <my and wi >0 fori>my.
We then let w!, ..., w" € span(d;uy, . .., dyup) be defined by

w' =

M-

b djug fori=1,..., N,
1

J
and we define the subspaces YiCY by
Y = span(w', ..., w™) and ?Jr .= span(w™*!, ..., wV).

By (A-7) and construction, there exists § > 0 such that for £ > 0 sufficiently small we have
(Cow, wyn < =8 |w|?, forweY_  and  (Cow,w)y =8 |wl?, forwe Y . (A-17)
We now consider the spaces

X = span(ug) ® Y. and Z:=Z® f@.

Then (5-22) follows once we have shown that

sup (Cew, w)yg <0, (A-18)
weX, lwll ;1=1
inf (Cew, wygr >0 (A-19)

weZ,||lwllyi=1
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for & > 0 sufficiently small. We only show (A-19); the proof of (A-18) is very similar but simpler. Suppose
by contradiction that (A-19) does not hold true for ¢ > 0 sufficiently small. Then there exist ¢, € (0, &)
and w, € Z with lw, || g1 =1 for n € N such that ¢, — 0 as n — oo and

(Ce,Wn, wy) g1 <0 asn — oo. (A-20)
With w! := P;w, € Z and w? := Pyw, € Y we have, by (A-11), (A-14) and (A-17),

(Ceywn, wy) g1 = (Ce,wy, W) g1+ (Ce,wi, W) g1 +2(Ce, Wy, W)

12 4 Ri22 o2 L2
> 84w, g + 8llwy I8, + OUlw, [ mrey)-

Passing to a subsequence, we may assume that either ||w,1 |1 — 0 and ||w3||H1 — 1 as n — o0, or that
||w,1l || 1 > c for some constant ¢ > 0 and all n € N. In the first case, we deduce that

(Ce, Wy, wp) g > 8e% +0(2)
and in the second case we obtain that
(Ce,Wn, Wn) g1 = 81¢* +0(1)

as n — oo. In both cases we arrive at a contradiction to (A-20), and thus (A-19) is proved. As remarked
before, (A-18) is obtained similarly by using (A-13) and the first inequality in (A-17). The proof of (5-22)
is thus finished.
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SCALE-INVARIANT FOURIER RESTRICTION TO A HYPERBOLIC SURFACE

BETSY STOVALL

This result sharpens the bilinear-to-linear deduction of Lee and Vargas for extension estimates on the
hyperbolic paraboloid in R? to the sharp line, leading to the first scale-invariant restriction estimates,
beyond the Stein—Tomas range, for a hypersurface on which the principal curvatures have different signs.

1. Introduction

We consider the Fourier restriction/extension problem for the hyperbolic paraboloid

S:={(r.§) eR'"?: 1t =£15).

We denote by £ the extension operator,

ef )= [ DGR ) ag (-

For consistency of exponents, we will consider the problem of establishing L” — L?* extension estimates
for £, and we are primarily interested in the case when r = s’.

Lee [2006] and Vargas [2005] independently established an essentially optimal L2-based bilinear
adjoint restriction estimate for S. This result states that if f and g are supported in 1 x 1 axis-parallel
rectangles that are separated from one another by a distance 1 in the horizontal direction and 1 in the
vertical direction, then

lEfEgls SN fN2 gl s> 3. (1-2)

This two-parameter separation of the tiles is both necessary and troublesome. On the one hand, necessity
can be seen by considering the case when each of f4 is supported on a %—neighborhood of (£1,0). On
the other hand, the separation leads to difficulty in deducing linear restriction estimates from the bilinear
ones. Indeed, the natural analogue of the Whitney decomposition approach of [Tao, Vargas, and Vega
1998] produces a sum in two scales, length and width, rather than a single distance scale, leading to a
loss of the scaling line in the distinct approaches of [Lee 2006] and [Vargas 2005].

The purpose of this note is to overcome this obstacle and recover the sharp line.

Theorem 1.1. With £ as in (1-1), assume that the estimate

I€fEls < IS llgllr (1-3)

MSC2010: 42B20.
Keywords: Fourier restriction, bilinear restriction, hyperbolic restriction.
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holds for some % <s<2and % <s <r',whenever [ and g are supported on 1x 1, axis-parallel rectangles
that are separated from one another by a distance 1 in both the horizontal and vertical directions. Then &

is of restricted strong type (s',2s), and consequently of strong type (§',25) for all § > s.

To put the hypothesis on s in context, we recall that for s < % linear extension estimates are known to
be impossible; that for s > %, 2s > s'; and that for s > 2, linear extension estimates are already known,
[Tomas 1975].

As is well known, a (local, linear) L™ — L2?% extension estimate for some ro > 5o allows us, by
interpolation with the L2-based bilinear extension estimate (1-2), to establish the L”-based bilinear
extension estimate (1-3) for some s > 59 and % < s < r’. Replacing so with s is a loss (Whose magnitude
depends on the distance from (r l,sg 1) to the scaling line), but r < s’ is a gain in the sense that the
corresponding linear extension estimate £ : L” — L?* is false.

Lee [2006] and Vargas [2005] independently used the bilinear extension estimate (1-2) to prove that

€ fllzs < NS llzr (1-4)

5
forall s > 3

argument from [Guth 2016] to prove (1-4) for f supported in the unit ball and 25 = r > 3.25; this was

r >s’,and f supported in the unit ball. Cho and Lee [2017] used the polynomial partitioning

subsequently improved by Kim [2017] to the range 25 > 3.25 and r > s’. Using these results and the
discussion in the preceding paragraph, Theorem 1.1 immediately yields the following slight improvement
on Kim’s result.

Corollary 1.2. For2s > 3.25, the extension operator € is bounded from L 1o L?5.

To the author’s knowledge, this is the first scalable restriction estimate for a negatively curved hyper-
surface, beyond the Stein—Tomas range (s = 2).

Terminology. A constant will be said to be admissible if it depends only on s, r. The inequality A < B
means that A < CB for some implicit, admissible constant C, and implicit constants will be allowed to
change from line to line. A dyadic interval is an interval of the form [m2™", (m+1)27"] for some m,n € Z,
and Z,, denotes the set of all dyadic intervals of length 27". A tile is a product of two dyadic intervals,
and Dy g denotes the set of all 277/ x 27K tiles. We denote by 1, 5 the projections 7y R? - R,
7;(x) = x;. We use H! for the one-dimensional Hausdorff measure. Finally, we use log to denote the
base-2 logarithm.

Outline of proof. To prove our restricted strong-type estimate, it suffices to bound the extension of a
characteristic function. Our starting point is the bilinear-to-linear deduction of [Vargas 2005], which shows
that, under the hypotheses of Theorem 1.1, the extension of the characteristic function of a set 2 with
roughly constant (vertical) fiber length obeys the scalable restriction estimate ||€ yq |25 < 2| v.In [Vargas
2005], off-scaling estimates are obtained by subdividing a set €2 in the unit cube into subsets having
constant fiber length. Off-scaling contributions from those subsets with very short fibers are small (because
the sets themselves are small), and adding these amounts to summing a convergent geometric series.
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We wish to remain on the sharp line, so we must be more careful. Our first step, taken in Section 2, is
to understand when Vargas’s constant fiber length estimate can be improved. To this end, we prove a
dichotomy result: If €2 has constant fiber length, then either €2 is highly structured (more precisely, €2 is
nearly a tile), or we have a better bound on the extension of yg. Roughly speaking, this reduces matters
to controlling the extension of a union of tiles 73 each having height 27k, which is the task of Section 3.

We can estimate .

2s
IexUnbas % (X 125,135 ) +oft-diagonal terms.

where the off-diagonal terms involve products £y, € x,,, with |k — k’| large. Boundedness of the main
term follows from Vargas’s estimate and convexity (2s > s). It remains to bound the off-diagonal terms,
for which it suffices to prove a bilinear estimate with decay:

_ . 1
1E Xt Exrpr s < 27O F  max{| o |, o[},

and we prove this by combining the bilinear extension estimate for separated tiles with a further decom-
position.

Of course, we have lied. In Section 2, our dichotomy is not that a constant fiber length set €2 is either
a tile or has zero extension, and so we still have remainder terms that must be summed. To address
this, we argue more quantitatively than has been suggested above: Any constant fiber length set can be
approximated by a union of tiles, where the number of tiles and tightness of the approximation depends
on the sharpness of our estimate ||Eyq|2s < |Q|SL’; then we must bound extensions of sets UreTk T,
where T € Djk),k may be large (but fortunately, not too large).

2. An inverse problem related to Vargas’s linear estimate

To prove Theorem 1.1, it suffices to prove that ||€ yq|l2s < |2] ¥ for all measurable sets 2. By scaling, it
suffices to consider £ contained in the unit cube [—1, 1]2. Vargas [2005] proved the following.

Theorem 2.1 [Vargas 2005]. For each K > 0, let
QK):={eQ:H (x ' E)NQ)~ 27K} 2-1)
Then under the hypotheses of Theorem 1.1, for any measurable set Q' € Q(K),
122 ll2s S QUK (2-2)

This version differs slightly from the one stated in [Vargas 2005], but it follows from the same proof. In
proving the next proposition, we will review Vargas’s argument, so the reader may verify the above-stated
version below.

Our first step is to solve an inverse problem: Characterize those sets 2 = (K) for which the inequality
in (2-2) can be reversed.

Proposition 2.2. Assume that the hypotheses of Theorem 1.1 hold. Let Q C [—1,1]? be a measurable
set, and assume that Q2 = Q(K) for some integer K > 0. Choose a nonnegative integer J such that
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|71()| ~ 277, and let ¢ < 1 denote the smallest dyadic number such that
1
I€xll2s < el2]¥

for every measurable Q' C Q. Then Q = U0<853 Qg, with the union taken over dyadic 8. For each §,

Qs C Ureﬁgt’ where Ts C Dy k has cardinality at most 0(87C), with C an admissible constant. For
1

each subset Q' C Qg, |Exqll2s S 8|25 .

Proof of Proposition 2.2. It suffices to produce a union that contains almost every point of €2, as a set of
measure zero makes no contribution to the extension. Our decomposition will be done in three stages.
Our first decomposition will be of €2 into sets Q. with 7, (Q}?) nearly an interval, I € Zy. Our second
decomposition will be of Q,ll into sets Qfl p» P =1, each of which is nearly a product of I with a set
of measure 2~ XK. Our third decomposition will be of Q% o into sets Q;p, 5 8 < p, each of which is
nearly a product of / with an interval in Zg. The product of two dyadic intervals is a tile, so we take
Qg = Upzs Uf)Zsz,p,S; the (log 8~ 1)? factor that arises from taking this union is harmless.

Let S := 71(R2). We know that | S| ~ 277/ and that S € [—1,1]. Let & € S, and for each 0 < 5 < ¢,
let 7;)(§1) be the maximal dyadic interval / > & satisfying [/ N S| > nC€ 1|, if such an interval exists.
We record that |1, (§1)| < n~C277 and if & is a Lebesgue point of S, then [1;(§1)| > 0. Let

Ty:={&eS:|LE) =277},

and let Sg := Tg, Sy := Ty \ T2y for dyadic 0 < n < &. Then a.e. (indeed, every Lebesgue) point of S is
contained in a unique S,. We set Q}] =QnN nl_l(Sn).

Lemma 2.3. For each 0 <n < ¢, Sy is contained in a union of O(n~3C) dyadic intervals I € Iy, and
for each n < & and each subset Q' C Q}I,

1
1€ e l2s S *1RQY. (2-3)

Proof of Lemma 2.3. By construction, Sy is covered by dyadic intervals / of length |/| > n€|S|, in which
S has density |7 N S| > nC|I|. The density of each such interval in S is [/ N S| > 7% |S|, and so the
collection of maximal (hence pairwise disjoint) dyadic intervals with these properties has cardinality
-C 2—.]

at most 7772€. Moreover, from the density estimate, we see that |I| < 7 , so these intervals are

—3C intervals in Z 7.

covered by a total of n
To establish (2-3), we will optimize Vargas’s proof of Theorem 2.1. Performing a Whitney decomposi-
tion in each variable &1, & separately and applying the almost orthogonality lemma from [Tao, Vargas,

and Vega 1998] (for which it is important that s < 2),
1
1Exer s < Z( S lexarned zene ||::) ,
k,j “Tt~T'€D;

where we say that  ~ 7’ if 7 and ¢’ are 27/ separated in the horizontal direction and 2k separated in
the vertical direction.
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By rescaling our hypothesis, (1-3), for f, g supported on tiles in D; ;. that are separated by a distance 2k
in the vertical direction and 27/ in the horizontal direction,

; 2,2
leFegls <20 HOGHE2) 1112l 2-4)
Thus

I€xs 13, 522(j+k)(§+3—2)( 3 |Q’mf|2f)s

k,j T€D; i
: 242 2 1
<3 20HREHE2) max 1@ N7 IQ). 2-5)
P T€Dj k

Our hypotheses on r, s imply that all exponents in the above sum are positive. To bound this double sum,
Vargas used the inequality

19 N 7| <min{2~/, 277} min{2 7%, 27K} (2-6)

The definition of 9,17 will allow us to improve on this bound.
For I; € Z;, we trivially have |I; NS, | <min{|/;|,|Sy|} <min{27/, 2773, but when | j —J | < % logn™!,
we can do rather better. Suppose that |j — J| < % logn~!. Since

il =277 = 5277 = €2’
(provided 7 is sufficiently small), I; N S, # @ implies that /; N S;, € T>,, whence
1,08yl <110 S| < @11 = @27 < 0% minf2™/ 277},

where for the last inequality, we used 27/ < r]_% 2.
Inserting this gain and |Q' N (1; x Ix)| <|S,N 1] min{2~% 27K into (2-5), and summing the resulting
geometric series gives

'y —(J+K)(1—3 L "ol
l€xellas < 727 VHOU=50) 07135 < €5
for C’ > 0 some admissible constant dictated by C, r, s; we can reverse engineer C so that C' =2. [

We now turn to our second decomposition. Although (Q},) may be (roughly) thought of as a union
of a small number of intervals, an individual horizontal slice 7, L&) n Q}? might be much smaller. Our
next step is to decompose into sets where the size of a nonempty slice is roughly comparable to the size
of the projection of the whole. (Sets with this property are nearly products.)

Fix 0 < n <e. For dyadic 0 < p < n, we define

Vo ={E2 € ma(Q)) : H (5 ' (E2) N Q) = p€277 ),

and set Uy :=Vy, U, :=V, \ V,, for p <n. We define Q%’p =, Y (Up) N Q,l7

2

1
2 o we have ||€ yarllas < p*|2¥.

Lemma 2.4. For each 0 < p < n < ¢, and each subset Q' C Q
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Proof of Lemma 2.4. Let T € D; ;. and Q' C Q% o~ Then 7N Q' has vertical and horizontal fiber lengths

at most
[ renarter g de <minz K28 [ ena @6 dén < mingp2, 27,
respectively, and projections of size at most
T (N Q)| Sminf{277, 277}, |m(xn Q)| $27.
By Fubini, we can bound |t N ©'| by the measure of the projection times the maximum fiber length, so
|t N Q| Smin{2~ U+ 2=U+K) 5=(+k) ,Cr=(J+h (2-7)
To utilize (2-7), we let C’ = % and subdivide Z2 = Ry U R, U R3 U Ry, where
Ri:={(j,k):J=C'logp™" > j, K= k}U{(j,k):J = j, K—C"logp~! =k},
Ry:={(j.k):j=J+C'logp™". K=k}U{(j.k):j>=J, K—C'logp™" =k},

Ry :={(j.k):j=J+C'logp ', k=>K}U{(j,k):j>J, k>K+C'logp™ !},
Ry:={(j.k):J+C'logp ! >j k+C'logp~! > K}.
Now we insert (2-7) into (2-5) to obtain
lExa B <> 20+ (F+7-2) 252 | 3 21 (2=3)ok(3+7-2)p— 53¢
R Ry
LY Uy | CGD) Y g kG (G Ry K
R3 Ry

As 2+ 2 _2and2— 32 are both ositive, it is a simple matter to sum each of these terms, obtainin
K r s p p g

2

2,2 i _3 i 2_1Y_c/'(h_3Y_7(2,2_ _2(J+K)
lexarlZy s (pGHFDC 4 p=C" 4 (,CE=1)=C'(2=)-C'(F+7-2) )=

Since % — % > 0and || ~ 2~ +K) we obtain the bound claimed in the lemma by choosing C sufficiently

large. O

Now we turn to our third decomposition. A single Q% o is “nearly” a product, but 7> (9727, ) might be far
from an interval. However, we may simply perform the first decomposition, with the roles of the coordinate
indices reversed. Indeed, our sets satisfy analogous hypotheses to those in Lemma 2.3 (i.e., the hypotheses
of Proposition 2.2 with the indices reversed) when p < 7, because |H! () L&) n Q% o)l ~ €277 for
all & € mp (9727’ »); When p =17, we may abuse notation slightly by decomposing Q%,n into logn~! sets
Q7 , with the same property.

We complete the proof of Proposition 2.2 by taking unions as described at the outset. The factors of 1>
and p? in Lemmas 2.3 and 2.4 (and the factor of §2 in the analogue for Qf] - ) mean that the resulting
1)2

factor of (logé~ ")~ is indeed harmless. O
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3. Extensions of characteristic functions of near tiles

We recall the definition (2-1) of Q(K). For each K, we define J(K) to be an integer such that |Q(K)| ~

2~ T(K)=K [ et KC(&) denote the collection of all K € Z>¢ for which ¢ is the smallest dyadic number such
1

that ||€xo/|l2s < €|2(K)|¥ holds for all Q" C Q(K). Then Proposition 2.2 gives us a decomposition

Q(K) = Ug<s<e $25(K), where for each &, we have Q5(K) € |, e7; (k)T for some T5(K) € Dyx)
of cardinality #75(K) < §C.

Lemma 3.1. For 0 < § < ¢, under the hypotheses of Theorem 1.1,

H > 5X95(K)

KeK(e)

<(10g5 ¥ lExesm I3 +819| V.
KeK(s)

Proof of Lemma 3.1. To prove the lemma, it suffices to prove

‘ > 5)(98(1()

KekK
with K € K(g) chosen so that K and J(K) are both Alog8~!-separated, with A a sufficiently large
admissible constant. (A will be much larger than the constant C in Proposition 2.2.) Since s < 2, the

I

where Z' indicates a sum taken on quadruples K = (K1, K2, K3, K4) € K4, with at least two entries

<Y € xasm I3 +5%191 7,
2s  Kek

triangle inequality gives

H Z 5)(525(1()

KeK

(%]

s
2
s

KeK

5XQS(K)

4
‘ Y [éxasx

Kek4 i=1

distinct. The following lemma will be useful in controlling this sum.
Lemma 3.2. If K, K' € K,and J := J(K), J' := J(K'), then

12250 Xesun s S 270K K max{|Q(K)], IR(K )} (3-1)
for some admissible constant coy > 0.

Proof of Lemma 3.2. Inequality (3-1) is an immediate consequence of Cauchy—Schwarz and (2-2)
whenever
1 L _LK—K| N2
QK| 1QK) Y <27 max{|Q(K)], [Q(K)[}.
This inequality holds whenever K =K', J =J', J <J' and K< K’,or J > J' and K > K'.
By symmetry, this leaves us to prove (3-1) when K < K" and J > J'. By Proposition 2.2 and the
separation condition on XC, it suffices to prove that

o | KK 1 1
1€ xengs ) EXenasknlls S 87C 27 K=K oK) |7 1Q(K")|» (3-2)

for tiles T € T3(K), v/ € Ts(K').
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Note that our conditions on J, J’, K, K/ mean that 7 is taller than 7/, and 7’ is wider than 7. By
translating, we may assume that the y-axis forms the center line of t and that the x-axis forms the center
line of ”. Now our tiles are contained in [—2, 2]?, and we decompose:

K’ J
1=Urk, r’=Ur/~,
k=0 j=0
where

Tl lEl~ 2R k<KL T<={r'm{s:|sl|~z—f}, j<J.
UN{E g <270 =

i el 27Ky k=K' !
By the (2-parameter) Littlewood-Paley square function estimate (the two-parameter version can be proved
using Khintchine’s inequality), the fact that s < 2, and the triangle inequality,

K J s
2
1€ Xenes () Xrnskn lls < /(Z > |€erﬂQ(K)gXt;ﬁQ(K/)|2)
k=0,j=1
K
< Z Z 1€ Xm0 € Xe nan lls- (3-3)
k=0,=0

We begin with the sum over those terms with k = K’. By Cauchy—Schwarz and (2-2),

J J J
Y NExeenam Exz namn i S D 1€ xmunau I 1€ xwnamn I5s S Y el [517.
j=0 j=0 j=0
Because of the way the r] were defined, we have at most two nonempty r with j < J’. This, combined
with the bound |‘[j/| <min{2-U =7 1}|7/| gives > |r/|v/ < || (desplte the fact that s < s’). Since
ek | ~ 27K B[, 7] ~ |Q(K)], and |¢/| ~ IQ(K/)I
J

Y € xenamExe nam i £ 27K 0V Q)1 1K)V
j=0

In the case j = J, a similar argument implies that
K/ o o o N 2 N
Y e xmnewéxe, nawnlli $27Y IV IQK)Y QK| ~ 27K R 1K)
k=0
In the cases k < K’ and j < J, we have a gain, due to our bilinear extension estimate. If k < K’ and
J < J, then 1 is a (subset of four) tile(s) in Dy maxik,k}> T; i a (subset of four) tile(s) in Dpax(j,073,K7>
and these tiles are separated by a distance 2% in the vertical direction 27/ in the horizontal direction.
These tiles are thus contained in separated tiles in Dj ., so by (2-4),

i 2,2 1 1
1€ x0mneE Xe nanlls 529G+ [ nQ(K)|7 |7 n QK.
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From our observation above that we have at most two values of j (resp. k) in our sum with j < J’ (resp.
k < K), our assumption that r < s’ gives

J K’
i 25 _ s s
Z Z 2(]+k)(2+ > 2S) |Tk N Q(K)lr |TJ, N Q(K/)lr
J=0k=0 J K
i 2s s s
< Z Zz(]+k)(2+ - 25) |‘Ek|’ |Tj/-|’
Jj=0k=0
5 2(J/+K)(2+%_2s)|‘f|% |‘L',|% ~ 8—C2(J/+K)(2+%—2S) |Q(K)|% |Q(K/)|%
S VUM 1Q(R) Y (K
which, by (3-3) and % + % —1 >0, is stronger than (3-2). O

We return to the proof of Lemma 3.1.

Let K1, K3, K3, K4 € K, not all equal. Rearranging indices if needed, we may assume that N :=
K + J(K1) is minimal among all N; := K; + J(K;) and that |K; — K4| > %|K,- — K| foralli, j. Thus
|2(K1)| is maximal. By Holder’s inequality and Lemma 3.2,

4
[ &xas«

i=1

S 2-olKi—Kil|g(k )|

s
2

Therefore

ke 2
S Y Y K=K Pl Kiligky)) Y

R

2 Ki1eKk K1 #K4eK

5

Because 2s > s’ and K is Alog§~!-separated for some very large A, this error term is bounded by
2s
§€|1Q|¥. O

4
1_[5)(525(1(,-)‘

i=1

Proof of Theorem 1.1. We decompose 2 by fiber length as in (2-1), Q = [ Q(K), then decompose
the fiber lengths according to the exactness of Vargas’s estimate as at the beginning of Section 3,
Z>0 = Ug<e<1 K(#), and finally apply the decomposition in Proposition 2.2, Q(K) = | Jg5<, 25(K).
By the triar;gle inequality, -

I€xall2s < Z Z

0<e<10<é=<e

Z EXxQs(K)

KeK(s)

2s

Thus by Lemma 3.1 and Proposition 2.2,

1
_ 25| 28
IExalls s > Y {(IngS Ht oy ||5X95(K)||%§+5|Q|S/}
0<e<10<é<e KeK(e)
1

5{ 2. 2 (1og5—1)2( > 52S|Q(K)I3‘f)zs} +1Q)v.

0<e<10<d<e KeKk(e)
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Since 2s > s’ and the Q(K) are disjoint, we may use the triangle inequality for % to sum the volumes
of the Q2(K) in the preceding, and, finally, we sum a geometric series to obtain

_ 1 1
IExals S Y. Y (logs™hH25|Q|¥ < 1Q|7. m

0<e<1 0<b<e
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STEADY THREE-DIMENSIONAL ROTATIONAL FLOWS: AN APPROACH VIA
TWO STREAM FUNCTIONS AND NASH-MOSER ITERATION

BORIS BUFFONI AND ERIK WAHLEN

We consider the stationary flow of an inviscid and incompressible fluid of constant density in the region
D = (0, L) x R% We are concerned with flows that are periodic in the second and third variables and
that have prescribed flux through each point of the boundary 9 D. The Bernoulli equation states that the
“Bernoulli function” H := %|v|2 + p (where v is the velocity field and p the pressure) is constant along
stream lines, that is, each particle is associated with a particular value of H. We also prescribe the value of
H on dD. The aim of this work is to develop an existence theory near a given constant solution. It relies on
writing the velocity field in the form v =V f x Vg and deriving a degenerate nonlinear elliptic system for
f and g. This system is solved using the Nash—-Moser method, as developed for the problem of isometric
embeddings of Riemannian manifolds; see, e.g., the book by Q. Han and J.-X. Hong (2006). Since we can
allow H to be nonconstant on d D, our theory includes three-dimensional flows with nonvanishing vorticity.

1. Introduction

The Euler equation for an inviscid and incompressible fluid of constant density is given by
(w-V)v=-Vp, divv=0,

if in addition the velocity field v is independent of time. As we are concerned with stationary flows on
D=(,L)x R? that are periodic in the second and third variables, it is useful to introduce the cell of the
periodic lattice

P=(0,L)x (0, P)x (0, Pp),

where L > 0 and the periods P, P, > 0 are given; in particular integrations will mainly be over P
and maxima of continuous functions considered on P. Any constant vector field © is a solution on D
with constant pressure p. Such a field can always be written in the form o = V f x Vg for some linear
functions f, g. If the real-valued functions

x,y, ) folx,y,2), (x,y,2) go(x,y,2), (x,y,2)€D,
are near 0 and (Py, P,)-periodic in (y, z), one may try looking for a velocity field of the form
V=V + fot+ [ *xV(E+g0+g")

for unknown functions f* and g* that vanish at the boundaries x =0 and x = L. The functions fj and gg
can be interpreted as encoding a perturbation of the boundary conditions at x = 0 and x = L given by f

MSC2010: 35Q31, 76B03, 76B47, 35G60, 58C15.
Keywords: incompressible flows, vorticity, boundary conditions, Nash—Moser iteration method.
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1226 BORIS BUFFONI AND ERIK WAHLEN

and g. If fp and go vanish at x = 0 and x = L, then nothing is gained with respect to the case fo=go =0
on D.

In the following theorem, the Sobolev spaces W{:)’Cp (D) and H, (D) consist of functions defined on D
such that, when restricted to every bounded open subset D, C D, they belong to W"” (D) and H" (Dp).
Note that, in contrast with the usual definition, D}, is not required to be included in D. Moreover, Q is
the parallelogram in R? spanned by R Pie; and R P, e;, where

_(f %f
R_(32§ 83§>

is the Jacobian matrix of (f, g) with respect to (y, z) and No ={0, 1,2, ...}.

Theorem 1.1. Let j € Ny and assume that the first component of v does not vanish. Then it is possible to
choose € > 0 such that if

e Hy € C''TI(R?) is periodic with respect to the lattice in R> generated by R Pie; and R P, e (not
necessarily the fundamental periods, this remark holding generally throughout),
e ¢, €R,

13

i 134+j,2
e fo,g0€ Hy (D) =Wt

oc (D), Py-periodic in y and P>-periodic in z,
o 1Cfor 013131y + I Holl i ) + Il <
then there exists (f*, g*) € ngjj (D) satisfying
o f* g* are Py-periodic in y and P,-periodic in z,
. [, g* vanish when x € {0, L}, (D
o V=V (f+ fo+ f*) x V(g + g0+ g") is a solution to the Euler equation
"Vt =-Vp* divv*=0 on D,
with

pr ==L P+H(f+ fo+f* §+g0+8g") and H(f.g)=cif+cg+Ho(f.g) forall f,geR. (2)

Moreover, there exists a constant C > 0 (independent of ( fo, g0), Ho and c) such that

ICF* &) os ) < CE.

The solution is locally unique in the following sense. Let H be as above (but Hy can be assumed of class
C2only), f,g, f.8 € C3(D)with (f — f,g—2), (f — f, & — &) both (Py, P,)-periodic in y and z, and

(f(x,9,2),80,5,2)=(f(x,y,2),8(,y,2) forall (x,y,z)€{0, L} x R

Assume that v=V f x Vg and § = V f x Vg are both solutions to the Euler equation with pressures
—%|v|2 + H(f, g) and —%|17|2 + H(f, 2), respectively. If (V f, Vg) and (V f, V) are in a sufficiently
small open convex neighborhood of (V f, Vg) in C*(P) and || Hy lc2(g) is sufficiently small, then (f, g) =
(f.8) on[0, L] x R
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Remarks. ¢ Observe that V(¢ H ( f+ fo+ f* g+ go+g") is Pi-periodic in y and P,-periodic in z.
In general the choice (f* g*) = —(fo, go) is not allowed, as (f*, g*) is required to vanish at x = 0
and x = L, but not ( fy, go). When H is constant, the choice (f*, g*) = —(fo, go) leads to the constant
solution v* = v, provided that fy and go vanish when x € {0, L}. However, when H is not constant, (1)
and (2) do not allow to choose (f*, g*) = —(fo, go). Indeed, if (f*, g*) = —(fo, go), then v* = v and p*
should be constant, which is not compatible with (2) when H is not constant.

« If Hy, fo and go are C*° smooth, we obtain solutions of arbitrarily high regularity. However, we don’t
necessarily obtain C* smooth solutions since € depends on j. It might be possible to obtain smooth
solutions by applying other versions of the Nash—-Moser theorem, for example an analytic version, but
that’s outside the scope of the paper.

« The uniqueness assertion implies that the solution (f + fy + f* g + go + g*) only depends on f; and
go through their boundary values.

» On the other hand, it is possible for two different sets of data to give rise to the same velocity field v
(see the Appendix for more details).

The following example illustrates the relationship with Beltrami flows (flows such that, at each point
of D, the vorticity is parallel to the velocity) and the role of the boundary conditions at x =0 and x = L.

Example. Let f(x, v,2)=y, gx,y,2)=2, c;,ca=0and Hy=0, sothatv=(1, 0, 0). Let fo(x, y,z)=
8x sin(2mwz/ Pp) and go = 0, and let (f*, g*) be given by Theorem 1.1 (for |§| small enough). Remember
that f* and g* vanish at x =0 and x = L. The pointwise flux of v* at x =0 and x = L is the constant 1:

Vi =3,(f + f0) (8 + g0) — 8, (f + f0) 3,(g + go) = 1.

Let us prove that v* is not irrotational by assuming the opposite. Then v would be a (P;, P)-periodic
function in y and z that is harmonic. By the maximum principle, vj = 1 and thus (v3, v3) would be
x-independent. The functions v3 and v} would also be harmonic and thus they would be constant, and
v* would be a constant vector field. Hence the map that sends a fluid parcel when x = 0 to its position
when x = L would be a translation. But this is impossible because f + fo+ f* is preserved along every
parcel trajectory and its level sets at x = O (that is, the level sets of f + fy at x = 0) cannot be sent
by a translation to its level sets at x = L. Although v* is not an irrotational flow, it is a Beltrami flow
because H = 0. As the flux through the boundaries x = 0 and x = L does not vanish, the proportionality
factor between the velocity and the vorticity cannot be constant (using also the periodicity in the y-
and z-directions). Beltrami flows have been considered in many papers, for example in [Enciso and
Peralta-Salas 2015] (Beltrami flows with constant proportionality factors) and [Kaiser et al. 2000] (with
nonconstant proportionality factors).

The representation v = V f x Vg can be seen as a generalization of the stream function representation
v = V1 for planar divergence-free stationary flows, in which the stream function 1 is replaced by a pair
of functions f and g (note that f and g are constant on stream lines). This representation always holds
locally near regular points of the velocity field; see, e.g., [Barbarosie 2011]. For the reader’s convenience,
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we give in the Appendix a self-contained proof when v; is nonvanishing that the representation holds
globally in D with additional (P;, P,)-periodicity with respect to y and z for V f and Vg.

In this formulation, the Euler equation has a particularly helpful variational structure [Keller 1996];
see also [Buffoni 2012]. Namely, the pair of functions (f, g) will be called admissible for the present
purpose if

« f and g are of class C%(D),
e Vf and Vg are Pj-periodic in y and P»-periodic in z,
o« (f(x,y.2), 8.y, ) = (folx, y,2), fo(x, y,2)) forall (x, y,2) € {0, L} x R?,

where f and gy are two fixed functions of class C2(D) such that V fy and Vg, are P;-periodic in y and
P>-periodic in z. Under these conditions, v =V f x Vg is divergence-free and the first component

v =(VfxVg)-(1,0,0) =y f .8 — dyg 3, f = dy fo 380 — dy&0 3 fo

of v is prescribed on {0, L} x R% In order to get a better insight into the set of admissible (f, g), note
that f(x, y,z) —a1y —apz and g(x, y, 7) —asy — a4z are Pj-periodic in y and P-periodic in z for some
constants ap, az, as, as € R. The boundary condition ensures that a;, az, as, a4 € R do not depend on the
particular admissible pair of functions (f, g).

We also assume that the function H : R — R is of class C? and that 3 rH and 9, H composed with
every admissible pair (f, g) are (P, Py)-periodic in y and z. The latter is equivalent to requiring that
ViroH ~is periodic with respect to the lattice %enerated by Pi(ai, a3) and Pr(az, aq).

Let (f, g) be admissible and assume that (f, g) is a critical point of the integral functional

/P{%Wfng|2+H(f,g)}dxdydz (3)

defined on the set of admissible pairs (f, g). Let us check that & := V f x V3 is a solution to the
Euler equation with p = —%|6|2 + H( f , &). We consider admissible variations ( fs, gs), that is, maps

(S’x’ yv Z) - (fs(x’ y’ Z)7 gs(x’ y’ Z)) OfCIaSS CZ([_l, l] X 5) SuCh that (fo’ gO) = (f~’ g)? (flv gl) iS
admissible and

(fs» 8) = (A =9) fo+sfi, (1 =s)go+sg1) foralls e (=1,1).

The meaning of critical point is that the integral functional at ( f;, g5) as a function of s has a vanishing
derivative at s = 0 for every admissible variation (fs, g5). If in addition we assume that ( f{ — fo, g1 — o)
is compactly supported in P, we get the Euler—Lagrange equation

(— div(Vg x (VF x V@) +3,H(f, §) )

» - z =0. 4
—div(Vf x Vg) x V) + 0. H(f,8) @

Because of the periodicity assumption on V f and V3, more general admissible variations ( f;, gs) do not
provide additional knowledge and, thanks to the periodicity condition on 9y H ( f , &) and 0, H ( f ,8), @)
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holds true on all of D. Equation (4) can also be written

Vg-roti+d,H(f,§) =0 and —rotd-VFf+d,H(f,§) =0, withi=VfxVg (5
It then follows that

I xrotd = (Vf x V) xrotd = (Vf -rotd)Vg — (Vg -rot D)V f
= H(f OV +8H(f. 9VE =Yy H([. D). (6)
The identity, see, e.g., [Serrin 1959, p. 151],
V(EI?) =0 xrotd + (5 V)P
gives
@ V)3 —V(510P) + Vo H(f. 9 =0,

which is equivalent to the classical Euler equation for inviscid, incompressible and time-independent
flows

@-V)3+Vp=0 with p=—i5>+H(F, 2).

H(f, &) canbe seen as the Bernoulli function, which is preserved by the flow since Vix,y,o) (H( £,8)9=0

by (6).
The aim of the paper is to develop an existence theory in a small neighborhood of (f, g) € C*°(D)
when

e V£ and Vg are constant, and

« the first component of ¥ = V f x Vg does not vanish.
If we perturb (4) into the equation

—€(@; f +02/) —div(VE x (Vf x V@) + 3, H (], &)
—€(3;8+0928) —div(Vf x V&) x V) + 8. H(f, §)

and then linearize this perturbed equation, the obtained linear problem is coercive [Kohn and Nirenberg
1965], provided that € > 0. The linearization of (4) can thus be described as “degenerate”, the x-direction
being however nondegenerate [loc. cit.]. In Section 2, we analyze the linear operator obtained from the
linearization of (4) and its invertibility, following the classical work [Kohn and Nirenberg 1965] for
noncoercive boundary value problems. The analysis of the linearized problem relies on the particular
structure of the integral functional (3). The main point is that its quadratic part is positive definite (see
Proposition 2.3 for a precise statement). The local uniqueness result is obtained as a corollary.

The Nash—Moser iteration method [Moser 1961; Zehnder 1975] has been applied to noncoercive
problems in previous works, like [Kiremidjian 1978; Han and Hong 2006]. The approach we shall follow
is the one described in Section 6 of [Han and Hong 2006] for the embedding problem of Riemannian
manifolds with nonnegative Gauss curvature. The details are given in Section 3. For simplicity, we have
restricted ourselves as in [loc. cit.] to periodicity conditions with respect to (y, z). A key ingredient
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are tame estimates for the inverse of the linearization, which are obtained in Section 2 using suitable
commutator estimates.

Alber [1992] deals with a closely related setting. The steady Euler equation is considered in a bounded,
simply connected, smooth domain © C R>. There are three boundary conditions: (1) the flux through
d€2 is given by a function f: 02 — R, (2) a condition on the vorticity flux through the entrance set
{(x,y,2) € R3: f(x,y,2) <0} :=0Q_ and (3) a condition on the Bernoulli function on d€2_. Under
precise assumptions, existence and uniqueness are obtained near a solution vy with small vorticity when
the boundary conditions (2) and (3) are slightly modified. In the present paper, boundary condition (2) is,
roughly speaking, replaced by a condition on the Bernoulli function on the exit set. These more symmetric
boundary conditions might be a first step to considering flows which are periodic in x, which is a natural
geometry in the study of water waves. Our approach also has the benefit of using a variational structure.

Note that the stationary Euler equation also appears as a model in ideal magnetohydrodynamics, with
v replaced by the magnetic field B, the vorticity rot v replaced by the current density J (up to a constant
multiple) and the Bernoulli function H replaced by the negative of the fluid pressure p. Grad and Rubin
[1958] derived a variational principle for this problem which is rather close to the one considered here,
see, e.g., [loc. cit., Theorem 1], although they did not use it to construct solutions. Moreover the above
example is related to their Theorems 3 and 5 and to a remark that follows their Theorem 5. A recent work
that relies on this variational principle for Euler flows is [Slobodeanu 2015]; it is formulated in a more
general geometric framework. An iterative method, not of Nash—Moser type, is developed in [Kaiser
et al. 2000] to get Beltrami flows with nonconstant proportionality factors. The boundary conditions there
have the same flavor as the ones in [Alber 1992]. Writing a divergence-free velocity field v in the form
v =V f x Vg may also be useful for irrotational flows, as it could lead to helpful changes of variables;
see [Plotnikov 1980].

2. Linearization

The variational structure of (4) allows one to study its linearization with the help of the quadratic part
of the integral functional (3) around an admissible pair (f, g). From now on we shall call a pair (f, g)
admissible if

(Adl) f and g are of class C3(D),
(Ad2) Vf and Vg are (P, P»)-periodic in y and z.
The quadratic part is given by
(F,G) — / {JIVF xVg+VfxVG*+(VfxVg) (VF x VG)
’ +3(0FH(f. 9)F* +20,0,H(f. ) FG+ 0 H(f,8)G*)} dx dy dz,
where (F, G) is assumed admissible in the sense that

(Ad'1) F and G are in the Sobolev space HILC(D),
(Ad'2) F and G are (P;, P,)-periodic in y and z,
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(Ad'3) (F, G) =0 o0n 8D in the sense of traces.

Condition (Ad’3) is introduced because we shall assume later that the restriction of ( f, g) to 3D is a priori
given.
Given an admissible pair ( f, g), we shall call H admissible if

(Ad”) H e C*>(R?) and H'(f, g) is (P, P»)-periodic in y and z.

In this section we will mostly think of H”( f, g) as a given function of (x, y, z) rather than a composition.
The quadratic part can be written %B( .o (F, G), (F, G)), where By, is the symmetric bilinear form

B(f.o)((F, G), (8F, 8G))

:/{(VFng+foVG)-(V8Fng+foV6G)
+(VfxVg)- (VFxV3G)+(Vf xVg)- (VSF xVG)
+07H(f, §)FSF +03,0,H(f.8)(F8G +GSF)+ 0, H(f, g)G8G} dx dydz.
This section contains two kinds of results: firstly, we bound from below the quadratic part and, secondly,
we study the regularity of solutions to the linearization of problem (4) at (f, g). A preliminary observation

is that the quadratic part is not coercive at ( f, g) in the sense that there is no o« > 0 such that, for all
admissible (F, G),

1B ((F,G), (F,G)) = /P{aqvm? +IVG]®) —a Y(F*+G?*)}dx dydz.
For example, taking G = 0, the quadratic part becomes
Fi> fp(%WF x Vg|* + 307 H(f. g)F*)dx dydz.
In the particular case f(x,y,z) =y, gx,y,z) =z, H=0and P, = P, = 1, the integral reduces to

1
3 /7)(19,62 + F))dxdydz.
Choosing F;, of the form
Fu(x,y,2) = ¢(x) cos(2mnz),

where ¢ € C*°(R, [0, 1]) is compactly supported in (0, 1) and takes the value 1 on (‘l‘, %), we find that
the quadratic part and || (Fy, G)||.2(py have positive constant values along the sequence {(Fy,, G)}u>1.
However, ||(V Fy,, VG)||12¢py — 00 and thus « as above cannot exist. For a general pair (f, g), we instead
fix (xg, yo, z0) € P such that Vg (xg, yo, zo) # 0 and consider F,, which is (P, P»)-periodic in (y, z) and
when restricted to P is given by

Fu(x,y,2) =¢(x,y,z)cos(ng(x, y, z)),

where ¢ € C®(P, [0, 1]) is compactly supported in P, with ¢ (xo, yo, z0) = 1. By choosing n large
enough, one again obtains that o cannot exist. In fact, we have made the stronger observation that, for all
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a > 0, there exists a sequence {(F},, G,)} of admissible pairs such that
1B (Fu, Gy), (Fy, Gp)) ™! fp (F; +Gy)dxdydz

remains bounded, but {(F,, G,)} does not have any subsequence converging in L?(P). This has implica-
tions for the regularity of the solutions to the linearized problem, as described below.

Nevertheless, in Theorem 2.1, we bound from below the quadratic part in a rougher way. The term
fp %|VF x Vg + Vf x VG|*dx dydz turns out to be rather nice, as shown in the first part of the
proof, because it is bounded from below by fp{(v -VF)?>+ (v-VG)?*} dx dy dz (under the simplifying
assumption (7), otherwise there is an additional factor). With the help of a Poincaré inequality and thanks
to the Dirichlet boundary condition at x =0 and x = L, fp{(v -VF)>+ (v-VG)?}dxdydz can in turn
be bounded from below by a positive constant times ||(F, G) ||i2 Py In the second and third parts of the
proof of Theorem 2.1, we bound from below the second term of the quadratic part, that is, fp (VfxVg)-
(VF xVG)dx dy dz: it cannot become too negative with respect to fp %|VF xVg+VfxVG]2dxdydz.
In these estimates, it is assumed that (V f, Vg) is in some small neighborhood of (Vf, Vg) in C*(P).
To get a better feeling for the term fP(Vf xVg) - (VF xVG)dx dydz, observe that it vanishes when v

is irrotational because (see the beginning of the second step)

/(Vfng)-(VFxVG)dxdydz:%/rotv-(FVG—GVF)dxdydz.
P P

As we allow v to be slightly rotational, this term needs careful estimates.
As a consequence of Theorem 2.1, the integral functional is strictly convex in a neighborhood of (f, g),
which implies local uniqueness of a solution to (4) (but not existence at this stage); see Theorem 2.2.
With the aim to apply the technique of elliptic regularization [Kohn and Nirenberg 1965], we consider
for € € [0, 1] the regularized quadratic part

(F, G) .—>/ [SIVF xVg+VfxVGP*+(VfxVg)-(VF x VG)+ e(IVF*+|VG|?)
P
+3(0FH(f. g)F*+20,0,H(f. ) FG+0H(f. 8)G*)} dx dydz

=3B, (F.G), (F,G)).

All the obtained estimates are uniform in € € [0, 1], but, in addition, the problem becomes elliptic for
€ € (0, 1].
For every admissible (f, g) € C 3(D), we introduce the following system for (i, v) € L? (D) that is

loc

(Py, Py)-periodic in y and z, and for (F, G) € HI%)C(D) admissible in the sense of (Ad’'1)-(Ad’'3):
p=—div(Vgx (VF xVg+V [ xVG)+VG x (V[ xVg)) —eAF+a}H(f, QF+073,H(f, 8)G,
v=—div(VFxVg+VfxVG)xVf+(VfxVg)xVF)—eAG+0,0,H(f, g)F+a§H(f, 2)G.

The right-hand side is the linear operator related to the regularized quadratic part. This system also makes
sense in a weak form if, instead of (F, G) € HI%)C(D), we ask that (F, G) € le)c(D)‘ Given (u, v) in any
higher-order Sobolev space, the main issue of Section 2 is to study the regularity of a solution (F, G),
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aiming at estimates of the Sobolev norms, uniformly in € € [0, 1]. Such a pair (F, G) is easily proved to be
unique and its existence for € € (0, 1] follows from the fact that the system is elliptic. The same particular
case as above gives more insight into this system. Setting u =v =0, e =0, G =0, f(x,y,z2) =,
gx,y,z)=zand P, = P, =1, we get

—div(@1 F, ,F,0) + ¢ H (f, §)F =0,
—div(0, =03 F,20,F) + 370, H(f, g) F =0.

Keeping only the second-order terms and forgetting the boundary and periodicity conditions, we see that
F(x,y,z) =cos(z) is a solution to both equations. Hence the regularity theory in [Agmon et al. 1964]
cannot be used when € =0, f(x,y,2) =y, gx,y,2)=zand Py =P, = 1.

In Proposition 2.4, we explain how the general system allows one to express 8121F and 8121G with
respect to the other second-order partial derivatives of F' and G, and lower-order terms, involving u and
v too. After iterative differentiations, this also yields expressions for higher-order derivatives that contain
at least two partial derivatives with respect to x. In a more general setting, this is developed in [Kohn and
Nirenberg 1965].

For i € {2, 3}, multiplying both sides of each equation of the system by (—1)” 81.2’ F and (—1)" 81.2’ G,
respectively, summing the two equations and then integrating by parts many times, By, (3] F, 9] F)
arises, with additional bilinear terms in (F, G) that turn out to involve at most r partial derivatives of F
and G for each of the two components of each bilinear term. We can make some of these additional terms
small if v is near v (here, the hypothesis that V f and Vg are constant is used; see the remarks following
Theorem 2.7). This crucial observation is developed in [Kohn and Nirenberg 1965] in a more general
framework, and is presented here in our specific setting in Theorem 2.5. The quadratic part gives then
control on the L2(P)-norms of 0/ F and 9; G, but also on the L2(P)-norms of 9, 0/ F and 9,0; G. Hence the
L?(P)-norms of 0/ F, 0/ G, 010 F and 0,0/ G are controlled by the L?*(P)-norms of 07 u and 9] v and by
a small factor times the H” (P)-norms of F' and G. With all these tools, we get the estimate of Theorem 2.8
at the end of Section 2, in which the norm of (f, g) in some Sobolev space also appears, the order of
which is under sufficient control. Although we follow ideas from [loc. cit.] (see in particular Theorem 2'),
explicit estimates allow one to get explicit regularity results for the solutions obtained by the Nash—Moser
procedure. It may be expected that these estimates could be improved and thus also the statements on
regularity, but we do not strive in the present work to be optimal. The lack of compactness mentioned above
prevents us from proving C°° smoothness of the solution using the method behind Theorem 2 in [loc. cit.].

Our first aim is to find conditions that ensure that B(yg) is positive definite. In [Buffoni 2012], a
minimizer of a more general integral functional could be found in some space of general flows, in a very
similar spirit as in [Brenier 1999]. Hence it could be expected that, under appropriate conditions, the
quadratic part is nonnegative at a solution of (4). In the proof of the following theorem, we also rely on
Poincaré’s inequality to get the stronger result that the quadratic part is positive definite for ( f, g) (not
necessarily a solution to (4)) sufficiently close to ( f , &) and H” sufficiently small (see Theorem 2.1). For
simplicity, we shall assume in the following statement that

VP + VR +V (VIR 4|V — 4l <2, §:=Vf x V§. (7)
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As for (small) A > 0, equation (4) remains invariant under the transformation
(f.8) = Of, 2, H—->MHO 27,
there is no loss of generality.

Theorem 2.1. Assume that V f and Vg are constant, that the first component of v does not vanish and
that (7) holds true. For admissible (f, g) and (F, G),

B(s.o((F, G), (F, G))

2 2

T° mins v
ZL{%(U-VF)2+1—16(U-VG)2+(1—O(||v/||C(p))) P L(F*+GY

1612
+0FH(f, ) F>+200, H(f, 9)FG+ 0, H(f. g)Gz} dxdydz (8)

holds if (V f, Vg) is in some small neighborhood of (V f, V) in C*(P) (independent of H admissible).

Notation. The notation # = O (v) means that the norm (or absolute value) of u is less than a constant
times v in the relevant domain. We also use the notation u < v to indicate that there exists a constant
C > 0 (independent of u and v) such that u < Cv.

Remark. It is not essential that V f and Vg are constant for this result to hold. The result would
still remain true if we instead were to require that rotv = 0 (the other hypotheses remaining the
same) and replace the coefficient 1 — O(||v’||C(73)) in (8) by exp(—4L||(v/v1)’||C(73)). This might be
useful for considering perturbations of other irrotational flows. See, however, the remarks following
Theorem 2.7.

Proof. Under the hypotheses of the theorem, we can assume that the first component of the velocity field
v =V f x Vg never vanishes (like the one of v). We study the various terms separately.

First step: Let us first show that

/|VFng—i—foVGlzdxdydzz/{(U~VF)2+(U~VG)2}dxdydz
P P

, 72 ming v]2 2 5
= (1= O le) 72— | (F?+G)dxdyd:
P

if (V f, Vg) is near enough to (V f, Vg) in C1(P).
To this end, write
VFxVg+VfxVG=aVf+bVg+cVfxVg.

By taking the scalar product of both sides with V f, Vg and V f x Vg successively, we get

(VgxVf)-VFE=a|Vf?+bVf Vg,
(VgxVf)-VG=aVf- -Vg+b|Vg|?,
(Vgx (VfxVg) - VFE+((VfxVg) xVf)-VG=c|Vf xVg|?
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and
_ —IVgP@-VF)+(Vf-Vg)v-VG) —|Vgl*(w-VF)+(Vf-Vg)(v-VG)
B IVFIPIVE? = (V f-Vg)? B |v]? ’
p_ “IVPW-VO +(Vf-Ve)(v-VF)
v|? ’
o (vxVf)-VG+ (Vg xv)-VF
|v]? '
Hence

f IVFxVg+V fxVG|*dxdydz
P

2/ laV f+bVg|*dx dydz
P

_ VP Vf-Vg) (d)
_L(a b) ((Vf-Vg) Vel b dxdydz

1
=/7;W(U-VF v-VG)

—|VgP? VFVg\ [ IVFI? VfVg\ (Vs> VfVg\ (vVF
“\vrve —ivir)\vrve (vep? )\vrve —ive)\vve

_ 1 —|Vg? Vf-Vg\ [—v> 0 v-VF

= [ v vvo (G0, SerE) (67 Je) () axaves
_ 1 |Vgl> —Vf-Vg\ (v-VF

_/7>|U|2 (v-VF v-VG) (—Vf-Vg vt ) ve) xdrdz

>/ IV P+IVEP =V (V£ P4Vl —4[v]?
-~ Jp 2Jvf?

) dxdydz

{(v-VF)’+(-VG)*}dxdydz

because the eigenvalues of

( IVel? —Vf~Vg>
~Vf-Vg [VfP

are (IVf>+|Vg> £/ (IVf2+|Vg|®)? — 4]v|2). By the simplifying assumption (7),
/ IVFxVg+VfxVGPdxdydz > / {(v-VF)?+ (v-VG)*}dx dydz
P P

if (V f, Vg) is near enough to (V f, Vg) in C(P).

To obtain the second inequality of the first step, we now use Poincaré’s inequality in one dimension by
relying on the fact that F and G vanish on {0, L} x (0, P;) x (0, P,), and then integrate with respect to
the two remaining variables. We use again that the first component of v does not vanish and that v is in
some small neighborhood of v, so that the first component of v does not vanish either. Given (¥, 7) € R2
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letT'.5: [0, L] — R? be the function of the variable ¥ € [0, L] satisfying
1
with the initial condition I'(5 7)(0) = (¥, 7). By Theorem 7.2 of Chapter 1 in [Coddington and Levinson

1955] on the regularity of solutions of ODEs, the map (X, y, Z) — I'(5 7)(X) is of class C*(P).
Moreover the Jacobian determinant of the map (y, 2) — I'(5,3)(s) is given by

[i5.5@) = (0 (F, U5 (8), v3(F, T5.5 (X))

exp /OS div(y ) (v2/v1, v3/VD)| G F5 2 ) AX-
Given x € (0, L), we associate to (X, y, Z) the point
(x,y,2) =, [G,z(X)).
Observe that x = X. We denote by J (X, ¥, Z) the Jacobian determinant and obtain

S
J(s,y,2) = expf div(y o) (v2/v1, v3/VD)|E P o @) dE =1+ OV ]l ¢3)
0

uniformly in (s, ¥, Z) € P if v is near enough to v in C!(P).

Setting

F(,3,9=Fx,y,2, G&3)=Gxy2, 0n@E7J2)=vk,y,2),
we get
J 1
nF(x,y,2)= EF()?, L55()=VE- | v/v at (X, ['5,5 (X)),
v3/v]
910,F=v-VF, ©0,G=v-VG
and

f{(v-VF>2+(U-VG)2}dxdydz=/{(5131F>2+(51816)2}J@,y,z)didydz
P P

L
> min(72.) { | 1@y @G)%di} a5 dz
P 0, P)x(0,Pp) 0
Zm'nf ‘“2] L -
z#/ {/ (F2+G2)di}d5)d2
L 0.P)x(0.Py) L Jo

7% ming 3.J s
> T TP YT [ (P2 4 G2 dxdydz
L’maxz J Jp
2

/ 7> ming v} 2, A2
> -0 “C@))T (F°+G%)dxdydz
P

if v is in some small neighborhood of v in C LP).



STEADY THREE-DIMENSIONAL ROTATIONAL FLOWS 1237

Second step: We now deal with the term fP(Vf X Vg) - (VF xVG)dxdydz. Write

rotv=av+pBvxVf+yVgxu,

with
__rotv-u __rotv-Vg _rotv-Vf
I T N T
We get
/(foVg)-(VFxVG)dxdydz:%/ v-rot(FVG —GVF)dxdydz
P P
=%/rotv-(FVG—GVF)dxdydz
P
because

0:/ div(vx(FVG—GVF))dxdydz:/(rotv-(FVG—GVF)—v-rot(FVG—GVF))dxdydz.
P P
Hence

/(foVg)-(VFxVG)dxdydz
P

=%/(av+,3v><Vf—l—ngxv)-(FVG—GVF)dxdydz
P

:l/{a(VFng+Vf><VG)-(GVf—FVg)
P

2
+(Bvx Vf+yVgxv)-(FVG—GVF)}dxdydz:
> / [—4IVF x Vg +Vf x VG —a*(G*|Vf*+ F*|Vg[*)
P
+1Bvx Vf+yVgxv)-(FVG—GVF)}dxdyd:z.

The (absolute value of the) first term in this expression does not create problems because it can be
controlled by one eighth of the term studied in the first step. Neither does the second term because it can
also be controlled by any fraction of the term studied in the first step (as the second term is quadratic in
(F, G) and || is as small as needed if rot v is near enough to rot v = 0). The aim of the next step is to
deal with the last term.

Third step: The aim of this step it to get control of the term
%/P(,Bv XV f+yVgxv)-(FVG—GVF)dxdydz.
First, using V(FG) = GVF + FVG, we have
%/P(ﬂv XVf)-(FVG—-GVF)dxdydz
:%/P(,Bv X Vf)-V(FG)dxdydz—/;D(,Bv xVf)-(GVF)dxdydz

=—%/ FG(,Brotv+V,3xv)-Vfdxdydz—/(ﬂvaf)-(GVF)dxdydz.
P P



1238 BORIS BUFFONI AND ERIK WAHLEN

Similarly, we can rewrite

%/(va xv)-(FVG—GVF)dxdydz
P
:_%/(Vvé’xU)'V(FG)dXdde+/(ngxv)-(FVG)dxdydz
P P

:—%f FG(yrotv—I—Vy><v)-ngxdydz—i—/(ngxv)-(FVG)dxdydz.
P P

| —BFv-(VF xVg+VfxVG)| <2B*F*|v|*+§|VF x Vg+V f x VG|
and
0 :/ div(v X (—%ﬂF2Vg+ﬂFGVf)) dxdydz
P

=/rotv-(—%,BF2Vg+ﬂFGVf)dxdydz—/ v-rot(—3BF*Vg+BFGV f)dxdydz, (9)
P P

we have
/P%|VFng+foVG|2dxdydz
z/{—ﬁFv-(VFng—i-VfxVG)—2ﬂ2F2|v|2}dxdydz
P

:/P{u-(rot(—ﬂ%FZVg+ﬁFGVf)+%sz;eng
—~FGVB XV f—BGVF xVf)—2F*|v|*}dxdydz

@/ {rotv- (—B3F*Vg+BFGVf)+1F*v- (VB x Vg)
i —FGv-(VBxVf)—BGv-(VF x Vf)—28F*|v|*} dx dy dz

and therefore

_/P(,gvxv]f)-(GVF)dxdydz
:/P,BGU-(VFfo)dxdde
Z—L%|VFng+foVG|2dxdydz

+/ {rotv- (—3BF*Vg+BFGVf)+1F*v- (VB x Vg)
7 — FGuv- (VB x V) —282Fv*} dx dy dz.
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In the previous computations, substitute f and F by —g and —G, g and G by f and F, and B by y,
yielding

/(ngxv)-(FVG)dxdydz
P
z—/PéWFWngfovcﬁdxdydz
+f {rotv-(=1y G*V f+y FGVg)+1G*v-(Vy xV f)—FGv-(Vy xVg)—2y*G*|v|*} dx dy dz.
P
Adding the different contributions, we find that
%/(ﬁvaf+ngxv)-(FVG—GVF)dxdydz
P
2—/7J%|VFng+VfXVG|2dxdydz
+/ {rotv-(—=1BF*Vg+1FGBV f)+3 F*v-(VBxVg)— 3 FGv-(VBxV f)—2p>F*|v|*} dx dy dz
P

+/ {rotv-(=3y G*V f+1FGyVg)+1G*v-(Vy xV f)—1FGv-(Vy xVg)—2y*G?|v|*} dx dy dz.
P

All the absolute values of these terms are controlled by multiples of the term studied in the first step.
Moreover |VA| and |Vy | become small if (V f, Vg) is near enough to (V f, Vg) in C%(P).

Last step:

/ [JIVFxVg+V fxVG*+(V fxVg)-(VFxVG)}dxdydz
P

tep 2
Seg/{%|VF><Vg+VfxVGlz—a(G2|Vf|2+F2|Vg|2)
7 +L(BUXV f+y Vgxv)-(FYG—GV F)}dxdydz
step 3
se%/{%|VF><Vg+Vf><VG|2—O¢(G2|Vf|2+F2|Vg|2)}dxdydz
P
+f {rotv-(—=BLF*Vg+iFGBV f)+1F*v-(VBxVg)—1FGv-(VBXV f) 28> F*|v|*} dx dydz
P

-1—/ {rotv-(—y%G2Vf+%FGng)+%G2v-(Vy fo)—%FGv-(Vy ng)—2y2G2|v|2}dxdydz
P

step

1
3/7)1—16|Vvag+fovG|2dxdydz

step 1 2

. 2
T-ming v
z/p{3%<vw>2+3_12(v.vc>2+<1—o<nv/uap>>> R

W(F2+G2) } dx dy dZ

if (V f, Vg) is in some small neighborhood of (V f, Vg) in C%(P) (independent of H). O

Theorem 2.1 implies local uniqueness of solutions (existence will be discussed later).
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Theorem 2.2. Assume that (f, g) and ( f , &) and are admissible (see (Ad1)-(Ad2) above) such that

(fx,y, 2,80, y,2) = (f(x,y,2),§x,y,2) forall (x,y,z) € {0, L} x R?,

and both (f, g) and (f, g) are solutions to (4). In addition let (f_, g) be as in Theorem 2.1 and H
be as in Theorem 1.1 (but Hy can be assumed of class C? only). If (V f,Vg) and (V f,Vg) are in a
sufficiently small open convex neighborhood of (V f, Vg) in C*(P) and I H lc(a) is sufficiently small,
then (f,g) = (f, &) on [0, L] x R?.

Proof. If they were not equal, we could consider

(fo.80)=0(f.8)+(1—0)(f. 8

for 6 in some slightly larger interval than [0, 1]. The map
0— / {31V fo x Vo> + H(fy, g0)} dx dy dz
P

would be of class C2 its derivative would vanish at & = 0 and 6 = 1, and its second derivative would be
strictly positive on [0, 1] (by Theorem 2.1), which is a contradiction. O

Remark. The proof of Theorem 2.2 relies on the local convexity of the functional (3). It is natural
to wonder if local convexity may lead to existence too. Theorem 2.1 shows that the quadratic form
By ((F, G), (F, G)) is positive definite if (V f, Vg) is in some small neighborhood of (Vf, Vg) in
C%2(P) (independent of H as long as || H"(f, ler) is sufficiently small). However, as mentioned above,
the quadratic form is not coercive at (f, g) = (f, g). This feature creates difficulties in getting good
a priori bounds on minimizing sequences. One can hope that they may converge in some weak sense to
some kind of weak solution and indeed such kind of results, in a more general setting, are obtained in
[Buffoni 2012]. One can also wonder if some kind of regularization of the integral functional followed by
a limiting process could lead to regular solutions. If this were feasible, it seems likely that it would rely
on a regularity analysis similar to the one that follows. We leave these considerations for further works.

To implement a Nash—Moser iteration, we introduce for € € [0, 1] the regularized quadratic form

(F,G) / [JIVFxVg+VfxVG+(VfxVg)-(VFxVG)+ie(VF[*+|VG|?)
P
+5(07H(f. &) F>+20,0,H(f. ) FG+0,H(f. 8)G*)} dx dy dz,

which is clearly also positive definite if (V f, Vg) is in some small neighborhood of (V f, Vg) in C*(P)
and | H"(f, g)||c(73) is small enough, uniformly in € € [0, 1], and coercive for a fixed € € (0, 1]. Again,
the regularized quadratic form can be written %B(E P g)((F ,G), (F, G)), where BE f9) is the corresponding
symmetric bilinear form.

For an admissible (f, g) € C 3(D) (see (Ad1)—(Ad2) above), we are interested in the map (i, v) —
(F, G) defined as follows:

e (F,G) e HILC(D) is admissible in the sense of (Ad'1)—(Ad’3).

2
loc

e (u,v) e Ly (D)is (Py, Py)-periodic in y and z.
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e Forall F, 8G € H}!

loc

(D) that are admissible in the sense of (Ad’'1)—(Ad'3)
B, ,((F. G), BF.8G)) —f(,uSF—{—vSG) dx dy dz. (10)

If (f, g) is admissible and (F, G) is admissible in H“ (D), (10) is equivalent to the system

loc
p=—div(Vgx(VFxVg+V fxVG)+VGx(V fxVg))—e AF+0;H(f.8)F+3,0,H(f.8)G.,

11
v=—div((VFxVg+V fxVG)xV f+(V fxVg)xVF)—eAG+0;0, H(f.g) F+3;H(f.8)G. (I

In particular, if € = 0, then the linear operator related to B( £.0) is the linearization of (4) around (f, g).

Thanks to the fact that the regularized quadratic form is positive definite, (¥, G) is uniquely defined
by (u, v). We leave for later the issue of the existence of (F, G) and its regularity, as dealt with in [Kohn
and Nirenberg 1965].

Proposition 2.3. Assume that V f and Vg are constant, that the first component of v does not vanish
and that (7) holds true. If f, g (admissible) are of class C3(D) and H (admissible) is of class C*(R?),
(Vf,Vg) is in some small enough neighborhood of (Vf, Vg) in C*(P) and VH"(f, ey is small
enough, then

2

T m v
Bf; . ((F,G), (F, G))>/{1‘—6<v-w>2+;—6<v-VG>2+32—L21<F2+G2>}dxdydz (12)
P
Moreover
I(F, Gl < 2L Il (e, W) (13)
9 — s . 5 9 v
L2(P) 72 miny vf M L2(P)
and

[ - VF)’+ &@-VG)?}dxdydz < L (e, W1
116 16 yaz = 72 ming v2 K V2 p)
for all periodic (i, v) € L?

(D) and all admissible (F, G) € H,_ (D) satisfying (10). These estimates

loc loc

are uniform in € € [0, 1].

Proof. Assuming |v'| and |H"(f, g)| small enough (as we can), we get in (8)
2

L O oy OBV oo O2H(f, Q) F>+20,0,H(f, ) FG +02H(f, §)G>
- (HUHC(P)))W( +G)+5 (f (f, 9 F +20¢ (f, 8 + (f.8)G?)
Jrzmin73v1
> T MY 2 2

and inequality (12) follows from (8). Applying (10) to (6 F, §G) = (F, G),

72

min Ul 2
TN (P24 67 dxdydz < B, (F, G). (F, G))

1 2 1 2
/P{E(U-VF) + 15 VG + =

= [, 2y I[(F, GOl L2 (p).

2

ICF, G llp2epy < ——— 1, )l 2
L = 42 minp v? L%



1242 BORIS BUFFONI AND ERIK WAHLEN

and
2

32L
1 2 1 2 2
—W-VF)*+ —=(v-VG dxdyd; < ——— ||(u, v . O
/{16( ) 16( ) } y — P 1 U12 ”( )”Lz(P)

Proposition 2.4. Assume that the first component of v does not vanish and that (V f, Vg) is near enough
to (Vf,Vg) in C2(P). Then system (11) allows one to express the partial derivatives 8121 F and 8121 G
linearly with respect to ., v, the other second-order partial derivatives of F and G, the first-order partial
derivatives of F and G, and F and G. The coefficients of these two linear expressions are rational
functions of £, g', f", g", H'(f, g), € (without singularities on D). More precisely,

O F =aipu+ayv+a3dis F +agdiy F +asd5 F +agdsy F +a70% F +agdir G +agdis G +a10d5,G
+a118223G+a123323G +a;301F4+ai40F+a1503F +a1601G +a1700G +a1803G+aoF +axG,
where each a;, 1 <i <20, is of the form

_ Qi
v +€l(@a2f, 031, D28, 039)|% + €2

ai

for some polynomial
0i(f.ge), 1=<i<l2
0i={0:(f"g"), 13<i=<18,
Qi(H"), 19 <i <20.

The denominator does not vanish on D because (V f, Vg) is supposed near enough to (V f,Vg) and
€ € 10, 1]. Moreover, for all integers 1 <i <20 and £ > 0,

OIS Dl ceipy + 1), 1<i<12,
”ai”cl(ﬁ) =1 O(I(f, g)”cHZ(TD) +1), 13 <i <18,
OUH"(f, et + 1 Dllcengpy + 1, 19 <7 <20

if all norms are well-defined. Analogous results hold for 8121G and all the estimates are uniform in
€ €[0, 1].

Proof. If we keep only the second-order terms in (F, G), we get
u=Vg -1ot(VF xVg+VfxVG)—€eAF+---,
Vv=—10t(VF XxVg+VfxXVG)-Vf—eAG+---.
Observe that
rot(VF x Vg) = AgVF — AFVg+F'Vg—g¢'VF

and thus
u=Vg-(F'—AFI)Vg) —Vg-(G"—AGHVf)—€eAF+---,

V=—Vf-((F'—=AFI)Vg)+Vf-(G'—AGDVf)—eAG+--- ,

where [ is the identity matrix. To see that this allows one to express 8121 F and 8121G with respect to u, v,
the other second-order partial derivatives of F' and G, and the first-order partial derivatives of F and G,
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and F and G, it is sufficient to study
p=—087FVg-(JVg) +3},GV[f-(JVg) —€df | F+---,
V=0 FVf-(JVg) =3} GVf-(JVf)—ed},G+---,

where J is the diagonal matrix with entries (0, 1, 1) on the diagonal and the remainders now also contain
the other second-order partial derivatives of F' and G. The discriminant of this system for (3121 F, 812] G)is

(1IVEP+e) IV +e) —((IVF)- (VN =|(IVF) x (JV > +elJVfI>+elJVg|* + €
= vl 4+ €|JVFI?+€lIVg|* 4 €.
We estimate ||a; ||cf(73)» 1 <i <20, using the inequality
IE @1, ..o um)llcxpy < ClEN e (1 + llurll ey + -+ + lunllce) (14)

for & € CK([—M, M]") and u; € C*(P) with ||uj|¢o, < M for 1 < j < N, which, e.g., follows by
interpolation in ck spaces, see, e.g., of [Hamilton 1982, Theorem 2.2.1, p. 143], and the Faa di Bruno
formula. Hence

OUICF, e ipy + 1, 1<i<12,
O(laillcem) = § OUIS, @llcer2my + D 13<i<18,
O(IH"(f, g)”c@(ﬁ)‘*‘”(f, g)||cli+l(73)+1), 19 <i <20. g

We now study to which extent B(ef’ ) commutes with differentiations in y and z, following the general
approach of [Kohn and Nirenberg 1965].

Theorem 2.5. Let (V f, Vg) be in any bounded subset of C'(P), r € {1,2,3,...}, (f.g) € C"T2(D),
H € C"*2(R?) and (F, G) € H> (D) (all admissible). Then, for j € {2, 3},

loc

B} o (07 F, 07G), (3} F, 87G)) — B{; o, (F, G), (1)) (3] F, 37" G))

:Z/ ajz.r_S”_t”Lp ajpup 8;”vpdxdydz+2/ 8;_5”ip 85”511, 3970, dx dy dz,
pes”’P pes P

where, for each p in some finite sets S and S of indices,

0<s,<t,<r—1, 2<2r—s,—t,<r+1, 0<§,<r—1

and
{ups vp} C {alFa aZF, 83F, alGa aZG’ 83G}9 {ﬁpv ﬁp} C {F’ G}

For each p, the coefficient L,(x, y, z) is a polynomial of all partial derivatives of f and g of order 1,
while L p 15 a second-order partial derivative of H (with respect to f and g). Moreover we have the
following estimate, where the dependence on r is more explicitly stated:

2r—sp,—tp 2

H X9 Lp| —H > Ly
peS: CP) peS:
sp=tp=r—1 sp=tp=r—1

=0N@ VL V)lem,  (15)
C(P)
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(the function O (r?) being independent of f, g, F, G, H"(f, g) and €). Finally, for the other indices p,
2r—s,—tp

19 Lpllewy = OUNV L, VO cr—sp-nmy+ 1D, pES,

r—=5,

10, Lyl = OUH"(f, @)l cr-in ) ped.

where the constants in the estimates may depend on r.

(16)

Remarks. The expression

would vanish if (V f, Vg) and H”(f, g) were independent of y and z, and the statement allows one to
estimate its size otherwise. In the statement, we add the property s, < 7,. In fact we shall omit this
property in the proof, as it is easy to get it by renaming s, and 7,,. The statement would be much easier if
we would aim at the weaker inequality 0 < s, <7, <r (the proof would then rely on straightforward
integrations by parts). The crucial regularity gain s,, f, < r — 1 has been explored in a general setting in
[Kohn and Nirenberg 1965].

Proof. The typical term of B(‘f’ g)((F , G), (F, G)) is of either of the form

/ 2L(x,y,u(x,y,2)v(x,y,2)dxdydz,
P

where
{u, v} C{01F, 0 F, 03F, 091G, 0,G, 093G}

and the coefficient L(x, y, z) can be expressed as a polynomial of the partial derivatives of f and g of
order 1, or of the form

/ 2l~‘(-x7 )’, Z)ﬂ(xa y» Z)i}(x, y, Z)dxdydz,
P

where
{u,v} C {F, G}

and L is equal to 07H (f, g), 20795 H(f, &) or 3; H(f, g). The typical term of
B, ((3/F. 97G), (3 F.,07G)) — B, (F, G), (=) (37" F, 37" G))
is therefore either of the form
/ (2L3Tudjv — (—1)"Lvd? u — (—1)" Lud? v) dx dy dz
P

or
/ (2L3%id}0 — (—1)" L9987 i — (—1)" Liad; ) dx dy dz.
e

We only give the details for the first type of term since the argument for the second is similar but simpler
(move r derivatives using integration by parts).



STEADY THREE-DIMENSIONAL ROTATIONAL FLOWS 1245

We get as in [Kohn and Nirenberg 1965] (but in a simpler setting)

f—(—l)’Lva}’udxdydzzf a;“(Lv)a;—‘udxdydz
P

/Z r“ )oK Lakvor u dx dy dz
P k=0

=/ Lar,‘i‘lvar._ludxdydz—i-/(r+1)8jL8rv8r._]udxdydz
P J J P J77

+/ %r(r + I)B?Lag_lva;_lu dxdydz
P

r—2
1
+/ Z(F—}C_ )8;“71‘L8‘/;v8;*1u dxdydz
P k=0
and thus, together with the equality one gets by permuting # and v,

/(2La;ua;v— (—1)"Lvd}u — (—1)"Lud;'v) dx dy dz
P
=/ L7 (0, ud} " v) dx dydz
P

+/(r+1)ajLaj(a;1ua;1u) dx dya’z—i—f r(r+1)07L0; " ud} vdx dy dz
P P '

r—2
FA1y B )
+pr( k )3;-“ kL(?)fva; 1u+8§‘u8; ")ydxdydz
k=0

r—2
_ _ r+1 _ _ _
:rz/;)a]z-l,a; 1u8]r. 1vdxdydz+/7pz< I )3}’_+1 kL(afva; 1u+8fua; lv)dxdydz.
k=0

With respect to the j-th variable, L is differentiated at most r + 1 times, and # and v at most r — 1 times.
Moreover the term containing 9} *luE); ~1 is given by

r2/ 7L, udt v dx dy dz,
P
where
102 Ll ey = OU@;V £, 3,V )l c1 o)

(using the fact that (V f, Vg) is supposed to be in some bounded subset of the algebra C!(P)). To get
(16), we use (14) with k =2r —s5, —t, and § = L. Ol

In the two following results, everything is uniform in € € [0, 1] and we do not state explicitly the
dependence on €.

Proposition 2.6. If (f, g, H) € C3(D) x C3(D) x C3(R?) is admissible, (Vf,Vg) is in some small
enough neighborhood of (V f, Vg) in C*(P) and | H" (f, Ol is small enough, then

I (F, G)||H1(7J) = 0(||H”(f, g)||c1(73) + DIl (e, V)||H1(7>) (17)



1246 BORIS BUFFONI AND ERIK WAHLEN

and

3 / LV P+ k(v-V8,6)* dxdydz = OUH"(f. 9)llc1p) + D211 21 )

jef2,3}
for all periodic (i, v) € H,. (D) and all admissible (F, G) € H; (D) satisfying (10).

Proof. In Theorem 2.5, we consider r = 1. Applying (10) to (§F, 8G) = —(37 F, 3;G) with j € {2, 3)
and using Proposition 2.3, we get

loc loc

2
1 2,1 2
/P{E(U-VHJ'F) +16(v-VI;G) +W

< B} ((9;F.9;G), (3;F,0;G))

((9; F)? +(9;G) )}dxdydz

= B{; o, (F.G), —(82F, 32G))+{B{/ ., (8, F.8;G). (3; F.3;G))~ B, o, (F. G), —(8%F., 82G)))

(10
- / (8,10 F+3;v0;G) dx dydz+{Bf; o (8, F,8;G), (3; F,3;G))—~B{; o, (F, G), —(83F, 32G)))

(15),(16)
< 1@, 0,9) L2y 135 F, 9561 2oy O 1@V £, 9,V ) e s INCF, G) 131

+OUIH"(f, )l @) IF, Gl 2y |35 F, ;G 2y
< 1@, )l 2y 135 F, ;G 12y +O 135V £, 8, V)l 1 s I G 31
+5 OUH"(f, )Nl 1 ) N (Fs G172+ F, ;G172 -

If, in addition,
@2V f, 83V f, 82V g, 83V g)llc1(p) <8

and 6 > 0 is small enough, we get (note that the coefficient 32 is replaced by 64, and later by 128)
2m

> /{ %W V3, F)* + {z(v-V3;G)? +W((a F)*+(3;G) )}dxdydz
jef2,3}

S UGy + 87 UH(f, @1y + DPIE, G2y + 8101 F, 81G) 172,
(13)
<||(Mav)”Hl(p)+8 I(HH//(f g)||C](P)+1) ||(M,U)||L2(P)+8”(81F 81G)”L2(7;)

Using the last inequality in Proposition 2.3 to estimate ||d; F 1% 72 and |9, G| 72 (using also the fact

P P

that the first component of v never vanishes), we obtain

11 F, 0161172y = Ol (1, v, 02 F, 302G, 3 F, 33G)I755))

and
72 mi 2

128L2
= O(IH"(f, )1y + DG, W1 ) -

We get (17) by combining this with (13). ]

LI(VF, VGl

3 / L@ VP + V0,6 drdydz+ T -

jef2,3}
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By induction, we get the following theorem.

Theorem 2.7. Let r > 1 be an integer, (f, g) € Hlf)ft(D) (admissible) be in some small enough neighbor-

hood of (f, ) in H>(P), H € C*(R?) be admissible, H"(f, g) € C"(P) and H" (f, g) be small enough
in C(P). There exists a constant C, > 0 such that, if

12V f. 03V £, 02V g, 3V )l o1y < C, (18)
then
S {0 VI F) + (v V3;G) ) dx dydz + ||(F, G)lI;
> 16 J 16 J ’ H" (P)

jel2,3}
< Crll (s Wl py + Crll e W1 oy I sy + TH(f )l ery + D (19)

for all periodic (., v) € H" (P) and all admissible (F, G) € H>" (D) satisfying (10).

loc

Remarks. ¢ In (18), all terms in the norm are differentiated at least once with respect to y or z. In the
first sentence of the statement, the small neighborhood and the small bound on the size of H”(f, g) in
C(P) are independent of » > 1. The constant C, can depend on them, on r, f and g, but not on H, f
and g.

» The r-dependence in (18) is due to the appearance of r in the estimate (15) in Theorem 2.5; see also
(23) below.

» Unlike Theorem 2.1 where the constancy of v was not essential it really does matter here; see (18).

Proof. As the result is already known for » = 1 (see Proposition 2.6) let us assume that r > 2.

First step: We first bound from above

2 i
TT ming

2
v
A{%(v.va;F)qufz(v.va;G)% T 1((3;F)2+(a;G)2)}dxdydz

for j € {2, 3}. We shall deal with 9] F and 9] G in the third and fourth steps. Applying (10) to (8 F, §G) =
(—1)’(8}2’ F, 3% G) with j € {2, 3}, and using Proposition 2.3 we get

772 ming v?
32—L7;1((3;F)2 + (a;G)Z)} dxdydz

L{%(U-V8§F)2+%(v-va;c)2+
< B; (05 F, 9;G), (97 F, 9;G))
=B, (F.G), (=1)" (3} F. 37 G))
+{B; (3} F, 3;G), (3} F, 3;G)) — B(; . (F, G), (—1)r(8]2’F, 27 6))
@/ (@ 1d; F + 977 G) dx dy dz
’ +B{1.) (0] F, ;6), (] F, 9G)) = By o) (F, G), (=1)" @] F, 3] G))}.
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By Theorem 2.5,
7’ ming vi r 2
W((a]ﬁ) +(9;G) )} dxdydz
< 1@, 0|20y 1B F. 85G) | 2y + OV £, 8,V ) |1 o) | (F- G 3y
+ > 0 )l gy + DIE, G i gy | (F. G riai
+ > OUH"(f, Dl et e IE. G gty | (F, G) ey, (20)

where the sums are over all integers ki, k2, k3 > 0 such that

L{%(v-va;Ffﬂ—lé(v.va;G)%

ki+ky+ks=2r, ki<r+1, k<ks<r—1, k+k3<2r—2

(this implies k; > 2 and, as r > 2, kp + k3 > 0) and 0 < k4 <r — 1. Here and in the following estimates,
we only indicate the r-dependence in the coefficients of ||(F, G)| g ¢p). We don’t keep track of the
r-dependence of the lower-order terms.

By standard interpolation in Sobolev spaces based on the equality

—1—k; k;

1 .
r—1 + r—1
see, e.g., [Han and Hong 2006, Section 4.3], the first sum can be estimated by

k1—2)/(r—1 2r—k1)/(r—1
Y OIS Dl + DIE O o IE, Gl ™

N Z{O(” (- &)ltreapy + 1)@o=/tk=2) s =Qr=kn/k1=2)) (F G)Ililw)}(kl—z)/(z(r—l))
XASII(F, G) |3y py & /=),

r
kj+1= r,o Jj=2,3,

where 8 > 0 will be chosen as small as needed. The choice of § > 0 can depend on r, f and g, but not
on (F,G), (i, v), H, f and g. In what follows, we write explicitly some negative powers of §, even
when they can be merged with other positive factors, for example those referred to in the notation <
(possibly depending on r, f and g). By Young’s inequality for products, xy < p~!'x? + ¢~'y¢ with
p=20r—1)/(kt —2), g =2(r —1)/(2r — k1), and interpolation based on the equality

r+1—k ky—2

ki +3= S5+ -(r+4),
r—1 r—1

this can in turn be estimated by
SICE. G) i3 py+ Y8~ E20((f, )l iyt D2 ™V SN (F. B3 o,
SN, G ey y 8~ 0100 =2
(1, ) s oy + D> C=D(CF ) s oy + DI, G g1y
By Proposition 2.6, the sum is thus estimated above:
D U Dty + DICE, G giai oy | (Fo G i )
S8 Dy + DG W oy + 81, G gy (1)

We have also used that, by assumption, ( f, g) is in some small enough neighborhood of ( f ,8) in H>(P).
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The second sum can similarly be estimated as follows:
D NH"(f. )l ersa ) I(F, G gt oy | (F. G | 1)

k. k. k. k.
S Y NH S DU IH I = ICE, O I CF, O

(13)
SOUH" (e )2 o) | (s 172y + SN CF, G ) - (22)

Let us now choose
12V £, 83V £, 8,V 8. 33V ) | o1 ) < 726 (23)

If § is small enough (this is allowed by assumption (18)), then, by (20)—(22) (note that the coefficient 32
is replaced by 64),

2111 U
> /{]6(1) VI F) + - VG + Tzl((a’F)%r(a G) )}dxdydz—l—II(F )72,
je{2,3}

S ”(Fv G)”LZ(P) +5 ”(M’ v)”HV(’P) +8||(Fa G5 alF’ alG)”zHr—](p)

+372 U Ol arsepy + NH"(f llerpy + D21 ) 1)
because, for 7 =r,

Y @ F, %G oy SNE, Ollfapy+ Y IQFF, 0,G)1} ), (24)
loa|+lasz| <7 J€{2,3}

where the sum is over all multi-indices o = (2, a3) € N(z) such that |op| + |az| < 7 and 8% is the
corresponding partial derivative with respect to the variables (y, z). Thanks to the induction hypothesis,

2 m
> /{16(1) V[ F)? + {c(v- V3,G)? +W((a F)*+(3;G) )}dxdydz+||(F G122,
je{2,3}

S8 s ) py + 81 @1 F, 1 G 1 m1 )
+372 UL D arsepy + NH"(f, llerpy + D2 My (25)

Second step: Let us now deal with the terms containing only one partial derivative with respect to x and
r — 1 partial derivatives with respect to y or z. By induction, we know that

> / 16V F)? + e (v- Vi ~'G)*} dx dy dz + |(F, G) 13- )

jef{2,3}
<Cr 1”(/‘1“7 V)”Hr 1(,P)+Cr 1||(Mav)”Hl(p)(”(f g)”H’H(P)—i_”H//(f g)”C’ 1(’P)—i_l)2
and thus
> 1@, 01077 G 17
J€{2,3}

< Y @3 F 0977160307 FL 0307 ) I
Jeiz3) F 11 1 iy 1 DGy I a3y + TH(f )l 1) + 1
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because the first component of v never vanishes. Together with the first step and thanks to (24) with 7 =r,
this gives

ICF, G oy + Y 10107 F, 01077 G172,
J€{2,3}

S8 ey + 81 @1 F, 31G) 1)
+8 7 D larscpy + IH"(f Ol er iy + D21 W1 -

Applying (24) to 7 =r — 1 and to (8, F, 9;G), we obtain for small enough §

CF, G oy + N @1 F, G 1oy + D 10 01 F, 0571 01G) 7,
J€{2,3}

S8 g ey + SN @ F, TG 52
+372 UL Dl rsepy + NH"(f, llerpy + D2 1y (26)

Third step: We now deal with partial derivatives in which F' and G are differentiated at least twice with
respect to x. We estimate these using induction on the number of partial derivatives with respect to x for
a fixed r. In the special case r = 2 there is only one second-order partial derivative to estimate, and we
simply note directly using Proposition 2.4 that

1@7F, 87G) I 12¢py S (s W)l r2epy + 132V F, 02V G, 03V F, 03V G) [l 120y + 1(F, Gl 1)
an
S UH"f, lcr)y + DI, Wiy ey + 12V E, 82VG, 33VE, 33VG) [l 2(p).-
Next, let r > 2 and By be a differential operator of order r — 2 in (x, y, z) that consists of an iteration
of r — 2 partial derivatives, exactly s of which are with respect to x (0 < s < r — 2). Differentiating
r — 2 times the expressions for 812F and 812G in Proposition 2.4, we get
r—2
1(BsOF F, Bsdi Gl 2my S D (I &)l rrs1-k¢oy D (1t ) L i)
k=0
r—2
+Y (I O 2oy + DICE, Gl sy
k=0
r—2
Y NH | er2k ) | (F, Gl )
k=0
+UIC N a3 py T DUDs (02F, 02G) | 2oy HI Es (03 F, 03G) || L2y s

where D; and E; are matricial differential operators of order r — 1 in (x, y, z), but at most of order s + 1
when seen as differential operators in x (their coefficients being constants). The terms involving E and
Dy come from applying By to the terms in Proposition 2.4 involving BéﬁF or 8§ﬂG with («, B) # (1, 1).
The last inequality allows one to estimate differential expressions of order s + 2 with respect to x by
differential expressions of orders at most s + 1 with respect to x.
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We get again by interpolation and Young’s inequality

(Bsdi F, Byd7G) | 12(p)
S U D a1y + DI W2y + U ) sy + DI v) L ar—2ep)
+ (1 D a3y + DIE. Gl z2py + UIfr @) macpy + DIE. Gl =1y
+IH"(f. D er2@y IF. G i 2epy + 1H” (f, Dl ey I (Fs Gl -2y
+ (ICA D sepy + DUID 02 F, 02G) || 2p) + 1 Eg (33 F, 33G) || 12(p))

S U DN sy HIHH(fs )l -2y + DI, W2y
+ 11, Wl pr—2py + 1CF, G gr-1py + D5 (02F, 02G) [ L2¢py + 1 Es (3 F, 03G) || L2y

S U DN arsy + 1H"(fs )l er-1 ) + DI, W) g1y
+ (e, V| gr-1¢py + 1D (02 F, 02G) | 20py + 1 E5 (33 F, 03G) || 2y

where we’ve used the induction hypothesis (19) with r replaced by r — 1 in the last step. By induction
on s, we get the estimate

I(BsF F, Bsdi Gl 2py S U ) N raemyHIH (o)l oy DI s W L1 o)

H ) i+ Y 1@ 0 F, 37 01G)ll 2y +8 1107 F, 87 G) | r—2p),
J€{2.3}

thanks to (24) applied to (F, G) and (0 F, 9;G), and to (25). Hence, choosing § sufficiently small

IO F, 7G|l r—2¢py S (ICF ) N mrscpy + 1H"(f, )l ey + DIty )11 )

ey + Y 1@ 0 F, 357 062y (27)
J€{2,3}

Combining (27) with (26) and again choosing § sufficiently small allows us to estimate all partial
derivatives of order » with precisely one derivative with respect to x. Substitution of the resulting estimate
into (27) gives us control of all derivatives with at least two derivatives with respect to x.

Conclusion: The estimate of the statement follows from the three steps. O

Let us deal with the case € = 0 with the help of the technique of elliptic regularization introduced and
well explained in [Kohn and Nirenberg 1965]; see, e.g, p. 449, the beginning of the proof of Theorem 2
and the proof of Theorem 2’ in that work. Firstly, when € > 0, one deduces from this a priori estimate the
existence of an admissible solution (F, G) € H"(P) given any (u, v) € H"(P), by approximating (f, g),
H"(f, g) itself and (i, v) by smooth functions. The existence of (F, G) is ensured because the problem
is elliptic in this case. Secondly, as the above estimate holds uniformly in € € (0, 1], the existence persists
when taking the limit € — 0. Thus we get the following theorem.

Theorem 2.8. Let € =0, r > 1 be an integer, (f, g) € Hr+4(D) (admissible) be in some small enough

loc

neighborhood of (f, g) in H>(P), H € C*(R?) be admissible, H'(f, g) € C" (D) and H' (f, g) be small
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enough in C(P). There exists a constant C, > 0 such that if
102V £, 83V f. 22V, 3V )l o1y < C, '

then for any periodic (., v) € H; (D) there exists an admissible (F, G) € Hy (D) satisfying (10) (with
€ =0)and

1CF, G 3 py < Coll G ) g oy + Coll it Iy (N D arsaoy + IH (f )l ey + D2

This result remains true without the simplifying hypothesis (7).

3. A solution by the Nash—Moser method

In this section we shall take f and g to be some fixed linear functions and let R be the corresponding
Jacobian matrix with respect to (y, z) as in the Introduction.
Let us define three decreasing sequences of Banach spaces.

Definition of the Banach spaces U4;. For each integer k£ > 2, let U, be the real linear space of all (F, G)
in H* (D) satisfying (Ad'2) and (Ad’3). We define the norm || - ||x on Uy as

loc
ICF, G IF = I1F 135y + G 1 oy

Definition of the Banach spaces V. For each integer k > 0, let V; be the real linear space of all (u, v)
in Hllf)c(D) that satisfy the periodicity condition (Ad'2) almost everywhere. We define the norm || - || on
Vi by

1Ge IR = 1l ey + 1V e ) -

Definition of the Banach spaces W;. For each integer k > 4, let W, be the real linear space of
(fo. go. Ho, c) such that

(1) fo.80€ Hl/f)c(D) satisfy the periodicity condition (Ad’2),
(i) Hy € CF2(R?) is periodic with respect to the lattice generated by R Pie; and RPs e, and ¢ € R2

Note that (ii) ensures that Ho(f—l— fo+ f1, & + go+ g1) satisfies (Ad'2) for all (f1, g1) € Uy.
We define the norm || - ||z on Wy by

I1Cfo. 80 Ho, OlIE = 11 foll ey + 180017y + I Hollga 5 + el
Given ( fo, g0, Ho, ¢) € Wi, with Hy € C3(R?), we define the map F: Uy — V, by

(fl) o r (fl) _ (—diV(Vg x (VfxVg)+asH(f, g))
81 81 —div(Vf xVg)x V) +d.H(f, g)

with f = f+ fo+ fi. ¢ =g+ go+g and H(f, g) =c1f +cag + Ho(f. g).
The following theorem results directly from Theorem 2.8 and (14) (with § = H).
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Theorem 3.1. Let k> 1 be an integer and suppose that ( fo, g0, Ho, ¢) € Wit4, (f1, 81) €Ukta, |1 Hyllc (5
is small enough, and (f, g) is in some small enough neighborhood of (f, g) in H>(P), with
f=Ff+fo+hi, g=8+g+g and H(f &) =cif+crg+Ho(f, g).
There exists a constant My > 0 such that if
132V £. 8V £, 92V, V) o1y < My

we get the following. Given any (i, v) € Vg, there exists a unique (F, G) € Uy satisfying (10) with e = 0.
It also satisfies

ICF, Gl < M|l (s V) ke + Mill (e, W U1 gD T rsapy + 1)
and

I1(F, G)llo < Moll (1, V) o
for some constant My > 0 independent of k.
Remark. The constants M}, in Theorem 3.1 can also depend on ( fy, go, Ho, ¢) and ( f , 8).

Let us state Theorem 6.3.1 in [Han and Hong 2006]. There Q2 is a smooth domain in R" or a rectangle
with the sides parallel to the coordinate axes and with periodic boundary conditions with respect to n — 1
coordinates. The corresponding Sobolev spaces are simply denoted by H*.

Theorem 3.2. Suppose F(w) is a nonlinear differential operator of order m in a domain Q C R", given by
Fw)=T(x,w,ow,...,0"w),

where T" is smooth (see, however, the remark below).
Suppose that dy, dy, dy, d3, so and § are nonnegative integers with

do=>=m+1[n/2]+1
and
s >max{3m+2d, +[n/2]+2,m+d,+do+1,m+d, +ds+ 1},

where d,, = max{d, d3 — so — 1}. Assume that, for any h € H*t*9 = H+t4(Q) and w € H % with

lwll gao <70 :=1,
the linear equation
F(wp=h (28)

admits a solution p € H® satisfying forany s =0,1,...,3§

ollas < es(hllgssa 4 (s = 50) T (Iwll gssar + DA gras ),

where ¢ is a positive constant independent of h, w and p. Then there exists a positive constant [Ly,
depending only on Q, ¢y, m, dy, dy, dz, ds, so and s, such that if

IFO) | gs—n < 113, (29)

the equation F(w) = 0 admits an HS="=4=1 solution w in .
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Remarks. ¢ By inspecting the proof in [Han and Hong 2006], we see that it holds as well for systems of
N > 1 differential equations. Moreover the constant ry = 1 can be replaced by any fixed value ry > 0 by
multiplying appropriately functions by constant factors.

« Also the solution w is the limit in H*~"~4~! of sums of solutions in H* to linear equations of type (28).
See in [loc. cit.] equations (6.3.14) and (6.3.15), and the proof of Theorem 6.3.1 on p. 103.

 We can relax the condition that T" is smooth. Let & > 0 be such that, for all w € H% with |[|w|| g4, < 7o,
we have

A

”w”Cm(ﬁ) =c,

and define & C RN+NntNn*+-+Nn" o the ball of radius ¢ centered at the origin. In the proof, the map I
appears in the various estimates via ||F(0)|| ys-» and via “constants” depending on

10601 || c5-m (@ x5

where d, and dg are all possible partial derivatives with respect to w, ..., 3" w. See (14) and, in [loc. cit.],
the proof of (P3),+1 on p. 101. It therefore suffices to assume that I' is of class C §—m+2,

e From [loc. cit.] it follows that there exists a constant C > 0 such that ||w]|| gs-m-a1 < C /,Li More
precisely, see in [loc. cit.] the last estimate in the proof of (P;);+; on p. 100, (6.3.31) and the proof of
Theorem 6.3.1 on p. 103.

To apply this theorem, we need to check (29). For this reason, we shall stay near a solution (namely
(f1, g1) = 0) to an unperturbed problem (namely ( fy, go) = 0 and H = 0), so that (29) is satisfied, and
rely on the fact that all relevant “constants” (in particular ©*) for the perturbed problem can be chosen
equal to those of the unperturbed problem.

Theorem 3.3. Let j > 0 be an integer, R > 0 arbitrary and § > 0 sufficiently small and assume that
(fo, 80, Ho, ¢) € Wi with ||(fo, g0, Ho, €)ll13+; < R and ||(fo, g0, Ho, 0)lls <. It is possible to choose
€ > 0 (independent of ( fo, go, Ho, ¢), but depending on (f, g), j, R and ) such that if || F(0, 0)[|74; < €
then there exists (f*, g*) € Usyj satisfying F(f*, g*) =0.

Proof. We choose ry > 0 small enough so that Theorem 3.1 with £k = 9 + j can be applied for all
(f1, g1) € Us in the closed ball of radius ro centered at the origin. Let ¢ > 0 be such that

I1Cf1s gl)“cZ(TD) <c

for all (fi, g1) € Us in this ball, and define ¥ C R2+6+18 a5 the ball of radius ¢ centered at the origin.
We apply Theorem 3.2 withm =2, Q=P CR", n=3, dy=5, di=0,dr =4, d3=1, so=1,
dy=0and 5§ =9+ j. We get

Ss+di=9+j, §+dr=13+j, §s—-m=T7+j, S§—m—d,—1=6+
and a solution (f*, g*) € H%T/(P). Let the map I': P x RIH1+3+3+9+9 _, R2 be such that

}—(fl,gl) = F(X,y,Z» flvgla f]l’ 81, 1//s gi/)
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It appears in the various estimates also via “constants” depending on [[3ydgI"[|cs-m(py 5. Where dy
and dg are all possible partial derivatives with respect to fi, g1, f, &, fi or g/. Observe that
(fo, 80, Ho, ¢) € W3y, implies (fo, go, Ho, ¢) € C5T2(P) x C¥F2(P) x C5T2(Q) x R? and 3,3T €
CSM(PxZ). As ( f* g*) is the limit in H%"/ (P) of sums of solutions in Lo j to equations of type (10)
(with € = 0), it satisfies (Ad’3) and thus belongs to s ;. U

As a corollary, we get the following simplified statement.

Theorem 3.4. Assume that Hy € C''"*7 and fy, go € H'31. It is possible to choose é > 0 such that if
I (fo, 80» Ho, ©) |13+ < €, then there exists (f*, 8¥) € Ue+; satisfying F(f*, g*) = 0.

Theorem 1.1 is a reformulation of this last result and Theorem 2.2.

Appendix: Representation of divergence-free vector fields

The fact that the vector field V f x Vg is divergence-free if f and g are C? is easily checked using the
formula div(u x v) = v-rotu —u - rotv. A local converse near points where v is nonzero has been known
for a long time; see, e.g., [Barbarosie 2011; Cartan 1967, Chapter 3, Exercise 14]. A local converse that
can be seen as a global converse under additional conditions can be found in Appendix I in [Grad and
Rubin 1958]. In the present appendix, we give for the reader’s convenience a self-contained proof that a
divergence-free vector field v € C%(D) can be represented globally in this form if v is periodic in y and z
and v; # 0 in D, and that f and g can be chosen to be of the form “linear plus periodic”. Our argument
is essentially a simple version of an elementary proof of global equivalence of volume forms on compact
connected manifolds due to [Moser 1965].

For a given point (x, y, z) € D we solve the system of ODEs ¢’ = v(¢), with ¢ (0) = (x, y, z), and
let T =T (x, y, z) be the unique time such that ¢ (—T7'; x, y, z) = 0 (here we use that infj; |vi| > 0 and
supp |[v] < 00). We define the C? functions Y, Z: D — R? by

Y5(X»Y»Z)'_>¢2(_T§X,yvz) and Z3(x»y»Z)'_>¢3(_T§X,yaZ)-

The functions Y and Z are invariants of the vector field v and therefore VY x VZ = Lv for some function A.
Using the fact that v is divergence-free, it is easily established that X is another invariant and therefore

1

VY XVZ=———v
v1(0,Y, Z)

in view of the relations Y (0, y,z) =y and Z(0, y, z) = z. If F, G: R* > R? and

f,y,0)=FX(x,y,2),Z(x,y,2), gkx,y,20=GY(x,y,2), Z(x,y,2)),
then
VfxVg=(8F3G—0FdGVY xVZ.

Thus in order to have V f x Vg = v we must find F' and G with

WF(Y,Z2)0G(Y,Z)—hF(Y,2)01GY,Z)=v0,7, Z).



1256 BORIS BUFFONI AND ERIK WAHLEN

If it weren’t for the periodicity conditions, this would be trivial. We describe next how to make a choice
which respects these conditions (the choice is not unique).
Note that v1(0, Y, Z) is Pj-periodic in Y and P,-periodic in Z. Let

i)
/ / v1(0,Y,2)dY dZ
P1 P,
and write v1(0, Y, Z) =a(Y) b(Y, Z), where

1 P v1(0,Y, Z)
aY)=— 10,Y,2)dZ and b(Y,Z)= —"—,
P Jo a(y¥)
so that
1 h 1 [P
—f a(Y)dY =a and —/ b(Y,Z2)dZ = 1.
Py Jo Py Jo
We choose

Y z
F(Y):/ a(s)ds and G(Y, Z)=/ b(Y,s)ds.
0 0

Note that F and G (and hence f and g) are C? and that the map
V: (Y,Z2)— (F(Y),G(, 2))
from R? to itself is bijective. It is easily verified that
WF(X)GY,Z)=aY)bY,Z)=v00,Y, Z),

that F(Y) — Y is Pj-periodic and that G(Y, Z) — Z is (P, P»)-periodic. Finally, by the periodicity
of v and standard ODE theory, it follows that (Y (x, y, z), Z(x, y, z)) — (v, z) is P; periodic in y and
P»-periodic in z, and therefore so is (f(x, y, z), g(x, ¥, 7)) — (@y, z). This concludes the proof.

As mentioned above, the representation v =V f x Vg is not unique. Indeed, if ® € C Z(RZ, [Riz) satisfies

detd = 01 P10, Dy — 0,D101Pr =1,

then (f, §) = ®(f, g) also satisfies V f x Vg = v. Moreover, (f, &) is also linear plus (P, Pp)-periodic
in (y,z)if ®(f, g) =T(f, g) + Po(f, g), where T : R> — R? is linear and ®y is (« P;, P,)-periodic.

Note that 7 is bijective, since otherwise one could find a nonzero linear functional £ annihilating its
range. This would cause £ o ® to be periodic, and thus £ o ® would have a critical point at which det ®’
would vanish. As T is bijective, ® is proper and hence bijective by the global inversion theorem (using
again det ®’ = 1).

Conversely, if v = V f x Vg for some C? functions f and g, then f and g are constant along the
streamlines of v. Hence

(fx,y,2), 8, y,2) = (f(0,7,2),£0,7, 2))

with (Y, Z)=(Y (x,y,2), Z(x, y, 7)) as above, and we obtain (f, g)=o(f, g), where <I>=(f, g)|x:00\ll_1
is C2 Moreover, @ is linear plus (a Py, P;)-periodic and det ' = 1.
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Let us finally note that the Bernoulli function H = %lvl2 + P can clearly be written as a function of
(f, g) since it is constant on streamlines. Denoting this function also by H (f, g), we find that if (f, g) is
transformed to (f, §) = ®(f, g) with ® as above, then H is transformed to H o ®~ 1.
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SPARSE BOUNDS FOR THE DISCRETE CUBIC HILBERT TRANSFORM

AMALIA CULIUC, ROBERT KESLER AND MICHAEL T. LACEY

Consider the discrete cubic Hilbert transform defined on finitely supported functions f on Z by

_ .3
H3f(n)=zw.

m#0

We prove that there exists 7 < 2 and universal constant C such that for all finitely supported f, g on Z
there exists an (r, r)-sparse form A, , for which

|(H3f9 g>| = CAr,r(fv g)

This is the first result of this type concerning discrete harmonic analytic operators. It immediately implies
some weighted inequalities, which are also new in this setting.

1. Introduction

The purpose of this paper is to initiate a theory of sparse domination for discrete operators in harmonic
analysis. We do so in the simplest nontrivial case; it will be clear that there is a much richer theory to be
uncovered.

Our main result concerns the discrete cubic Hilbert transform, defined for finitely supported functions f
on Z by

3
=y L)
n#0

It is known [Stein and Wainger 1990; Ionescu and Wainger 2006] that this operator extends to a bounded
linear operator on £”(Z) to £P(Z) for all 1 < p < co. We prove a sparse bound, which in turn proves
certain weighted inequalities. Both results are entirely new.

By an interval we mean a set I =ZN[a,b] fora <b e R. For 1 <r < oo, set

1 1/"
(f)rr = [— Zlf(x)lr} :
Il xel
We say a collection of intervals S is sparse if there are subsets Eg C S C Z with (a) |Es| > A—lt|S [, uniformly

in S € S, and (b) the sets {Es : S € S} are pairwise disjoint. For sparse collections S, consider sparse
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bisublinear forms

Asrs(f.8) =Y _ISI(f)s.r(8)s.s-

SeS

Frequently we will suppress the collection S, and if »r = s = 1, we will suppress this dependence as well.
The main result of this paper is the following theorem.

Theorem 1.1. There is a choice of 1 <r < 2 and constant C > 0 so that for all f, g that are finitely
supported on Z there is a sparse collection of intervals S so that

|<H3f, g>| =< CAS,r,r(f’ g)-

The beauty of sparse operators is that they are both positive and highly localized operators. In particular,
many of their mapping properties can be precisely analyzed. As an immediate corollary [Bernicot et al.
2016, §6] we obtain weighted inequalities, holding in an appropriate intersection of Muckenhoupt and
reverse Holder weight classes.

Corollary 1.2. There exists | < r < 2 so that for all weights w™', w € A» N\ RH, we have
1Hs : €2 (w) > )] S 1.

For instance, one can take

wx)=[1+|x|]* for —%<a< %

The concept of a sparse bound originated in [Lerner 2013; Conde-Alonso and Rey 2016; Lacey 2017],
so it is new, in absolute terms, as well as this area. On the other hand, the study of norm inequalities for
discrete arithmetic operators has been under active investigation for over 30 years. However, no weighted
inequalities have ever been proved in this setting.

The subject of discrete norm inequalities of this type began with the breakthrough work of Bourgain
[1988a; 1988b] on arithmetic ergodic theorems. He proved, for instance, the following theorem.

Theorem 1A. Let P be a polynomial on Z which takes integer values. Then the maximal function M p
below maps £P(Z) to €7 (Z) forall 1 < p < o0:

N
Mp f(x) = sxp%élf(x — p(m))|.

Subsequently, attention turned to a broader understanding of Bourgain’s work, including its implications
for singular integrals and Radon transforms [lonescu et al. 2007; Stein and Wainger 1990]. The fine
analysis needed to obtain results in all £” spaces was developed by lonescu and Wainger [2006]. This
theme is ongoing, with recent contributions in [Mirek et al. 2015; 2017; 2018], while other variants of
these questions can be found in [Krause and Lacey 2017; Pierce 2010].

Initiated by Lerner [2013] as a remarkably simple proof of the so-called A; theorem, the study of
sparse bounds for operators has recently been an active topic. The norm control provided in [Lerner 2013]
was improved to a pointwise control for Calderén—Zygmund operators in [Lacey 2017; Conde-Alonso
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and Rey 2016]. The paper [Culiuc et al. 2016] proved sparse bounds for the bilinear Hilbert transform,
in the language of sparse forms, pointing to the applicability of sparse bounds outside the classical
Calder6n—Zygmund setting. That point of view is crucial for this paper.

Two papers [Lacey and Spencer 2017; Krause and Lacey 2018] have proved sparse bounds for random
discrete operators, a much easier setting than the current one. A core technique of these papers reappears
in Section 4. Sparse bounds continue to be explored in a variety of settings [Benea et al. 2017; Bernicot
et al. 2016; Karagulyan 2016; Lacey and Mena Arias 2017; Hytonen et al. 2017].

We recall some aspects of known techniques in sparse bounds in Section 2. These arguments and results
are formalized in a new notation, which makes the remaining quantitative proof more understandable.
In particular, we define a “sparse norm” and formalize some of its properties. Our main theorem above
is a sparse bound for a Fourier multiplier. In Section 3, we describe a decomposition of this Fourier
multiplier, which has a familiar form within the discrete harmonic analysis literature. The multiplier is
decomposed into “minor” and “major” arc components, which require dramatically different methods to
control. Concerning the minor arcs, there is one novel aspect of the decomposition, a derivative condition
which has a precursor in [Krause and Lacey 2017]. Using this additional feature, the minor arcs are
controlled in Section 4 through a variant of an argument in [Lacey and Spencer 2017]. The major arcs
are the heart of the matter, and are addressed in Section 5.

An expert in the subject of discrete harmonic analysis will recognize that there are many possible
extensions of the main result of this paper. We have chosen to present the main techniques in the simplest
nontrivial example. Many variants and extensions to our main theorem hold, but all the ones we are aware
of are more complicated than this one.

2. Generalities

We collect some additional notation, beginning with the one term that is not standard, namely the sparse
operators. Given an operator T acting on finitely supported functions on Z, and index 1 <r, s < 0o, we
set

IT : Sparse(r, s)|| 2.1
to be the infimum over constants C > 0 so that for all finitely supported functions f, g on Z,

KTf, g)| < CsupA,(f g),

where the supremum is over all sparse forms. In particular, the “sparse norm” in (2.1) satisfies a triangle

We collect some quantitative estimates for different operators; hence the notation. As the notation indicates,

inequality:

Z T; : Sparse(r, s) || < Z”Tf : Sparse(r, s)||.
J J

it suffices to exhibit a single sparse bound for (T f, g).
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It is known that the Hardy-Littlewood maximal function

N
1
My f = § : —j
HLf sgpzNHj__le(x DI

satisfies a sparse bound. This is even a classical result.

Theorem 2B. We have
|Mu : Sparse(1, DI < 1.

The following is a deep fact about sparse bounds that is at the core of our main theorem.

Theorem 2C [Conde-Alonso and Rey 2016; Lacey 2017]. Let Tk be the convolution with any Calderon—
Zygmund kernel. For a Hilbert space ‘H, and viewing Tk as acting on H-valued functions, we have the
sparse bound

| Tk : Sparse(l, 1)|| < oo.

We make the natural extension of the definition of the sparse form to vector-valued functions, namely

(Hr=1"" 2 f
Recall that K is a Calderon—Zygmund kernel on R if K : R\ {0} — C satisfies

sup [xK ()] + |x2 iK(x)’ < o0, 2.2)
xeR\{0} dx

and Tx acts boundedly from L? to L2 The kernels that we will encounter are small perturbations of 1/x.

Restricting a Calder6n—Zygmund kernel to the integers, we have a kernel which satisfies Theorem 2C.

In a different direction, we will accumulate a range of sparse operator bounds at different points of our
argument. Yet there is, in a sense, a unique maximal sparse operator, once a pair of functions f, g are
specified. Thus we need not specify the exact sparse form which proves our main theorem.

Lemma 2.3 [Lacey and Mena Arias 2017, Lemma 4.7]. Given finitely supported functions f, g and

*

».s» and constant C > 0 so that for any other sparse

choices of 1 <r,s < 0o, there is a sparse form A
form A, s we have

Ars(f8) SCAL(f. 9).

A couple of elementary estimates, which we will appeal to, are in this next proposition. The use of
these inequalities in the sparse-bound setting appeared in [Lacey and Spencer 2017].

Proposition 2.4. Let Tx f (x) =), K(n) f (x — n) be convolution with kernel K. Assuming that K is
finitely supported on interval [—N, N| we have the inequalities

| Tx : Sparse(r, $)|| S NV VS~ T 0 > €|, 1<rs<o0. (2.5)

The two instances of the above inequality we will use are (r, s) = (1, 1), (2, 2). In the latter case, one
should observe that the power of N above is zero.
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Proof. Let Z be a partition of Z into intervals of length 2N. Assume that if 7, I’ € Z with dist(/, I') < 1,
then either f1; or f1, are identically zero. Then,

(T f &) < D (f 11, T (glap))

1eT
<N Tk € = Y Il gL s
1T
SNV T 7 €1 13T (F)anr(@)ans- O

leZ

The definition of sparse collections has a useful variant. Let 0 < n < %. We say a collection of
intervals S is n-sparse if there are subsets Eg C S C Z with (a) |Eg| > n|S], uniformly in S € S, and
(b) the sets {Es : S € S} are pairwise disjoint.

Lemma 2.6. For each f, g there is a %—sparse form A so that for all n-sparse forms A", we have

ANf) ST IA(f 9, O<n<g.

Proof. Let S" be the sparse collection of intervals associated to A”. Using shifted dyadic grids [Hytonen
et al. 2013, Lemma 2.5], we can, without loss of generality, assume that S” consists of dyadic intervals.
It follows that we have the uniform Carleson measure estimate

SISl 1es.
JeS:Jjcl

Then, for an integer J < 5!

, we can decompose S” into subcollections S;, for 1 < j < J, so that each
collection S; is %—sparse.
Now, with f, g fixed, by Lemma 2.3, there is a single sparse operator A so that uniformlyin1 <j <J

we have
As(f,8) SAS. 9)- 0
A variant of the sparse operator will appear, one with a “long tails” average. Define

1 £ ()
Wls=1g — (1 +dist(x, $)/|S?"

2.7)

Lemma 2.8. For all finitely supported f, g, there is a sparse operator A so that for any sparse collec-
tion Sy there holds

D ISHSYstels S AL 9)-

SES()

Proof. For integers t > 0 let S, = {2'S : S € S}. Assuming that Sy is %—sparse, it follows that S, is
2~"~l_sparse, for t > 0. Appealing to the power decay in (2.7),

o0

D UISIfslels S 27 As (£, 8)
=0

SeSy =
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But by Lemma 2.6, there is a fixed %—sparse form A(f, g) so that

ASr(f?g)gztA(f»g)» t>0. 0

Throughout, e(x) := e2™* and ¢ > 0 is a fixed small absolute constant. For a function fe 02(2), the
(inverse) Fourier transform of f is defined as

FfB):=)_ f(n)e(—pn),

nez
Flg(n) = A ¢(Bre(Bn) dp.

We will define operators as Fourier multipliers. Namely, given a function M : T — C, we define the
associated linear operator by

FlOu f1(B) =MPB)F f(B). (2.9)

The notation F~'M = M will be convenient. As above, for kernel K, the operator Tx will denote
convolution with respect to K. Thus, &y = Ty,.

3. The main decomposition

We prove the main result by decomposition of the Fourier multiplier
e(=pm?)
M@PB) =) ——. (3.1)
m#0 mn
In this section, we detail the decomposition, which is done in the standard way, with one new point
needed.
The kernel. Let {};>0 be a dyadic resolution of 1/¢, where v;(x) = 27/ (277 x) is a smooth odd
function satisfying [ (x)| < 1{1/4,11(|x[). In particular
1

Y=, =1 (3.2)

k=0
The major arcs. The rationals in the torus are the union over s € N of the collections R given by

Ry:={B/QeT:(B,Q)=1,2""<Q <2} (3.3)

Namely the denominator of the rationals is held approximately fixed. For all rationals B/Q € R, define
the j-th major box at B/Q to be

M;(B/Q):={BeT:|f—B/QI <27V}, s<ej
Collect the major arcs, defining

m= J B/o. (3.4)

(B,Q)=1:0=26/¢
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Note in particular that for a sufficiently small ¢, in the union above no two distinct major arcs 9;(B/Q)
intersect. That is, if B1/Q1 # B2/ Q2, suppose that 8 € IM;(B1/ Q1) UIM;(B2/Q>). Then

27% < |B1/Q1— B2/ Q2| < |B1/Q1— Bl + B2/ Q2 — Bl <277,

which is a contradiction for & < %

Multipliers. We use the notation below for the decomposition of the multiplier:

M;(B) =) e(—pm*)yj(m), (3.5)
meZ
Hi(y) = / e(—yt3)1ﬁj (t)dt (continuous analog of M;), (3.6)
R
.
S(B/Q) = 0 Y e(—B/Q-r’) (Gauss sum),
r=0
L;js(B):= Z S(B/OQ)H;(B—B/Q)xs(B—B/Q), (3.7
B/Q€eR;

where x is a smooth even bump function with 1;_1,10,1/10) < x < 1{=1/5,1/51 and xs(¢) = x (10°¢),

Li(B) =Y Lis(B). Jj=1, (3.8)
s<je

L'B):=) LisB), s=1, (3.9)
Jj=s/e

L(B) = i L (B) = i L;i(B),
s=1 =1

Ej(B) = Mj(,B)_Lj(,JB)7 j=1, (3.10)

EB) = i E;(B). (3.11)
j=1

Therefore, by construction, M (8) = L(8) + E(B) for all 8 € T. Our motivation for introducing the above
decomposition is that the discrete multiplier M; is well-approximated by its continuous analog L; on the
major arcs in 91;. And off of the major arcs, the multiplier is otherwise small.
Theorem 1.1 is proved by showing that there exist 1 <r < 2 and x > 0 such that
1P, : Sparse(r, Il S279, j = 1, (3.12)
|®ps : Sparse(r, r)|| <27¢°, s >1. (3.13)

Indeed, from the above inequalities, it follows that

oo o0
1@, : Sparse(r, r)|| < Y _[|®Ls : Sparse(r, )| S 27 S 1,

s=1 s=1
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o o
|® : Sparse(r, r)|| < lebej:Sparse(r, NSy 27"
j=1 =1

Therefore, our main theorem follows from
|®as : Sparse(r, r)|| < || Py : Sparse(r, r)|| + ||k : Sparse(r, r)|| < 1.

We prove the “minor arcs” estimate (3.12) in Section 4 and the “major arcs” estimate (3.13) in Section 5.

The next theorem gives quantitative estimates for the Gauss sums (3.15) and the multipliers E; defined
in (3.10) that are essential to our proof of Theorem 1.1.

Theorem 3.14. For absolute choices of ¢ > 0,

IS(BB/O) S27%, B/QeRg, s>1, (3.15)
IEj(B)lloc S279,  j =1, (3.16)
HdﬂzE(ﬂ)H s gzt (3.17)

The first two are well-known estimates. The estimate (3.15) is the Gauss sum bound, see [Hua 1982],
while the estimate (3.16) is gotten by combining Lemmas 3.21 and 3.18. The only unfamiliar estimate is
the derivative bound (3.17), but our claim is very weak and follows from elementary considerations.

The details of a proof of Theorem 3.14 are represented in the literature [Stein and Wainger 1990;
Krause and Lacey 2017]. We indicate the details. A central lemma is this approximation of M; defined in
(3.5), in terms of L; defined in (3.8).

Lemma 3.18. For1 <s <¢j, B/Q € Ry, we have the approximation
M;(B) =Li(B)+0Q*" ), BeM;i(B/Q).
Proof. We closely follow the argument in [Krause and Lacey 2017]. There are two estimates to prove:

|M;(B)— S(B/Q)H;(B—B/Q)| S 2%, (3.19)
IL;j(B)— S(B/Q)H;(B— B/Q)| <2% Vi, (3.20)
both estimates holding uniformly over g € 9;(B/Q), and B/Q € R;.

For the second estimate (3.20), it follows from the definitions of L; and L; ; in (3.7), as well as the
disjointess of the major arcs, that

ILj(B) = S(B/Q)H;(B —B/Q)| =|Ljs(B) —S(B/QH;(f - B/Q)
<I|S(B/Q)H;(B — B/ Q)|(Aaw;8/0) — x (10°(B — B/ Q)))

S osup  [Hi(BIS 107
1B1>(1/2)1051

The last bound is a standard van der Corput estimate.
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We turn to (3.19). Write 8 = B/Q + 1, where |5| < 2¢~3J. For all positive m in the support of Vi,
decompose these integers into their residue classes mod Q, i.e., m = pQ +r, where 0 <r < Q < 2/¢
and the p-values are integers in [c, d], with ¢ = d /8 ~ 2/ /Q to cover the support of Y. The argument of
the exponential in (3.1) is, modulo 1, given by

B(pQ+rP=B/0+n)(PO+r)’=r*B/0+(p0)*n+0@/%D).

Then the sum over all positive integers m in the support of v; can be written as

0-1
> > le(—r*B/Q = (pQPn) + 0¥ V)Y (pQ +7)
pele,d] r=0 o-1
=3 e B/O) x Y e(=n(pQ));(pQ)+ 023V
r=0 pele.d]

=SB, Q) x 0 Y e(—=n(pQY;(pQ)+ 02> ),

pele.d]

For fixed p € [c,d] and 0 <t < Q, we have

le(—=n(pQ)) Y (pQ) —e(—n(pQ + 1) )¢ (pQ +1)|
Sle(=n(p0)*) —e(=n(pQ+ 01277 + ¥ (pQ) — ¥ (pQ +1)|
<20,

Therefore,

0 Y e=n(pOY;(pQ) = /0 o=y (1) di + 0%,

pele.d]

The analogous computation for negative values of m yields

0
Y e(—Bm*)yi(m) = S(B, Q) x / (=) (1) dt + 0 2%V,
m<0 -
and combining the two estimates with the notation in (3.11) leads to the desired conclusion. O

We also need control of M; and L;, defined in (3.8) on the minor arcs, which are the open components
of the complement of 9; defined in (3.4).

Lemma 3.21. There is a § = §(¢) so that uniformly in j > 1,

IM; (B +IL;(BIS27%, B &my.

This estimate is essentially present in [Krause and Lacey 2017]. The bound |M;(B)| S 2% for B ¢ m;
can be seen from [Bourgain 1989, Lemma 5.4], and is a consequence of a fundamental estimate of Weyl
[Iwaniec and Kowalski 2004, Theorem 8.1]. The corresponding bound on L; is an easy consequence of
the van der Corput estimate |H;(y)| S 277y,
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4. Minor arcs

Recalling the sparse-form notation (2.1) and the Fourier multiplier notation (2.9), we now proceed to the
proof of the bound in (3.12).

Lemma 4.1. There exists k > 0 and 1 < r < 2 such that
| @, : Sparse(r, )| S 274 >,

Proof. We only need the L* bound on E; given in (3.16), and the derivative condition (3.17). In particular,
these two conditions imply

o2l
-1 . —
|F~ E;j(m)| §m1n{2 &, 1+m2}' 4.2)

Write }'_1Ej = Ej,o + Ejyl, where Ej,o(m) = []-'_lEj (m)]1[_10j 10;7(m). It follows immediately
from (4.2) that
ITg,, € > ClI S NEjalh 27
(Recall that Tx denotes convolution with respect to kernel K.) But, it follows that Tx f < My f, where
the latter is the maximal function. And so by Theorem 2B, we have
. —3j
”TE"/J : Sparse(1, D] <2777,

It remains to provide a sparse bound for 7. . (which is the interesting case). We are in a position to
. Js
use (2.5), with N ~ 210/ We have for 1 <r <2

1Tz, - Sparse(r, )| S 2" D)1y 0> 07 43)

Notice that 2/r — 1 can be made arbitrarily small. We need to estimate the operator norm above. But, we
have the two estimates
1Ty €5 €1 <S278, s=1,2.
7,0

The case of s = 1 follows from (4.2), and the case of s = 2 from Plancherel and (3.16). We therefore
see that we have a uniformly small estimate on the norm of TE,«O from ¢ +— ¢ for 1 <r < 2. For
0 <2 —r K &, we have the desired bound in (4.3). U

5. Major arcs

The following estimate is the core of the main result, Theorem 1.1. Recalling the definition of L* in (3.9),
the notation for Fourier multipliers (2.9) and the sparse norm notation (2.1), we have this, which verifies
the bound in (3.13):

Lemma 5.1. There exist k > 0and 1 < r < 2 such that
|®ps : Sparse(r, r)|| <27, s>1.

Combining the “major arcs” estimate in Lemma 5.1 with the “minor arcs” estimate in Lemma 4.1, the
proof of Theorem 1.1 is complete.
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The remainder of this section is taken up with the proof of the lemma. The central facts are (1) the Gauss
sum bound (3.15); (2) the sparse bound for Hilbert-space-valued singular integrals Theorem 2C, which
is applied to Fourier projections of f and g onto the major arcs; (3) an argument to pass from a sparse
operator applied to the aforementioned Fourier projections to a sparse bound in terms of just f and g.

Step 1. We define our Hilbert-space-valued functions, where the Hilbert space will be the finite-
dimensional space £?(R,). Recall that the rationals R, are defined in (3.3), and the functions x, are
defined in (3.7). Given f € £2, set

fo =fobro: B/Q € Ry} = {xs—1 % Mod_g/0 f): B/Q € Ry} (5.2)
Above, Mod,, f(x) = e(Ax) f(x) is modulation by A. The intervals
{{B/Q—10"",B/Q+107"]: B/Q € Ry} 5.3)
are pairwise disjoint, so that by Bessel’s theorem, we have

I fslleze2(ryy) = Il fs.B/0 - B/Q € Rs}lleeezryyy = I f 2

Step 2. The inner product we are interested in can be viewed as one acting on £2(R,) functions. Observe
that the Fourier multiplier associated to L* enjoys the equalities below. Beginning from (3.9) and (3.7),

(Prsfig)= > > SB, Q- (Hi(B—B/Qxs(B—B/QFf(B). Fg(B))
B/Q€eR; j>s/¢

= Y > SB.Q) - (HBx:(BF(B+B/Q). Fg(B+B/Q))

B/Q€eR; j=s/e

= > > SB, Q- (HiBx:s(BF fi.8/0(B). Fgs.8/0(B))-

B/Q€eR; j>s/¢

Crucially, above we have removed some modulation factors to get a fixed multiplier acting on a Hilbert-
space-valued function. Continuing the equalities, we have

= Y S(B, Q)(Pw fi8/0:&.8/0), Where H = ) Hj. (5.4)
B/QEeR, j=s/e
We address the Gauss sums S(B, Q) above. Recalling (3.15) and setting f; = {Ap/o fs,B/0} for
appropriate choice of [Ag/o| =1, we have

UDPLs for 8 S 275 (Ps £, 85)- (5.5

Above we have gained a geometric decay in s.

On the right-hand side of (5.5), we have an operator acting on Hilbert-space-valued functions. Noting
that || £ || 2w, = I fslle2r,) pointwise, we are free to replace flin (5.5) by simply f;, as defined in (5.2).
The remaining estimate to prove is that there is a choice of 1 < r < 2 and sparse operator A, so that

(P fr, 850 S2YA,, (f, @) (5.6)
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Note in particular that we will allow small geometric growth in this estimate, which will be absorbed into
the geometric decay in (5.5).

Step 3. The principal step is the application of the sparse bound in Theorem 2C. From the definitions in
(3.6) and (5.4), we have

HE= Y HE)= Y [ s
j=s/e j=s/e

By the choice of ¥ in (3.2), it follows that the integrand on the right equals e(—pt3)dt/t for t > 25/¢+1,
And, in particular,

(o1/3
s 1 WJ (s/9)
H(B) =3 > /e(—,Bs) S s
jzs/e
But v is odd; hence so is ¥; (s'73)/s2/3. 1t follows that H'isa Calderén—Zygmund kernel; that is, it
meets the conditions in (2.2). Thus, the operator we are considering is convolution with respect to H,

namely ® s = Tp;,.

Therefore, from Theorem 2C, we have the following inequality for the expression in (5.4):

KT gs foo 8 S Aia (S, 89)- (5.7

There is one additional fact: all the intervals used in the definition of the sparse form in (5.7) above have
length at least 236/6=2) This is a simple consequence of HS (x)1[_23@/872)’23(5/672)] =0.

Step 4. We should emphasize that (5.7) has a small abuse of notation: The sparse form is computed
on the vector-valued functions f; and g;. That is, the implied averages have to be made relative to the
£2(Ry)-norm. The last step is to remove the norm. Namely, we show that there is a choice of 1 <7 <2
and sparse form A, , so that

A1 (fsr g5) S22V, (F ). (5.8)

Combining this estimate with (5.7) proves (5.6), completing the proof.

The proof of (5.8) is reasonably routine. It will be crucial that we have the estimate *R < 2%. Let S
be the sparse collection of intervals associated with the sparse form A 1(fs, gs). As noted, we are free to
assume that for all S € S, we have | S| > 10°/4¢, Recall the definition of f; in (5.2). Write f; = 50+ £51,
where

£ = (-1 % Mod_pyo(flas)) : B/Q € Ry}
Above, we have localized the support of f to the interval 2S. The same decomposition is used on the
functions g and g;. By subadditivity, we have
Ari(fss 89) < A (£, 850) (5.9)
+ AL gD+ A0 80D (5.10)
+AL gD, (5.11)
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The crux of the matter is this estimate: For each interval S € S, we have
(FI0s S22 flase, 1<r<2. (5.12)

And, the fraction (2 —r)/r in the exponent can be made arbitrarily small by taking 0 < 2 — r very small.
Indeed, using the disjointness of the intervals in (5.3), and Plancherel, we have

(3052 S (faso (5.13)

Second, it is trivial that
(xs—1* Mod_p/o flas))s S (f)as

and by simply summing over the bounded number of choices of B/Q € R, we have

(f39s S2%(f)as.

Interpolating between this and (5.13) proves (5.12). With that inequality in hand, we have, for 0 <2 —r
sufficiently small,

DUISHES0)5(850) s 27D N ISI(F)as.r () s

SeS NERS

If the family S is %—sparse, then the family {25 : S € S} is %—sparse, so we have our desired bound for the
term on the right in (5.9).

There are three more terms, in (5.10) and (5.11), which are all much smaller. Recall the notation { f}
of (2.7). Since yx, as chosen in (3.7), is smooth, and the length of S € S is much larger than 10%, we have

(Xs—1* Mod_p/0 flr2s))s S27'%(f)s, B/Q€R,.

Summing this estimate over all 225 choices B/ Q € Ry, we see that each of the three terms in (5.10) and
(5.11) are at most
27 ISI{f)stels.
SeS
It remains to bound this last bilinear form, which is the task taken up in Lemma 2.8. This completes the
argument for (5.8).
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ON THE DIMENSION AND SMOOTHNESS OF RADIAL PROJECTIONS

TUuOMAS ORPONEN

This paper contains two results on the dimension and smoothness of radial projections of sets and measures
in Euclidean spaces.

To introduce the first one, assume that E, K C R? are nonempty Borel sets with dimyg K > 0. Does
the radial projection of K to some point in E have positive dimension? Not necessarily: E can be
zero-dimensional, or £ and K can lie on a common line. I prove that these are the only obstructions: if
dimgE > 0, and E does not lie on a line, then there exists a point in x € E such that the radial projection
7, (K) has Hausdorff dimension at least (dimgK')/2. Applying the result with E = K gives the following
corollary: if K C R? is a Borel set which does not lie on a line, then the set of directions spanned by K
has Hausdorff dimension at least (dimyK) /2.

For the second result, letd > 2 andd — 1 < s < d. Let u be a compactly supported Radon measure in
R? with finite s-energy. I prove that the radial projections of j are absolutely continuous with respect to
H4~" for every centre in R? \ sptu, outside an exceptional set of dimension at most 2(d — 1) — s. In fact,
for x outside an exceptional set as above, the proof shows that .1 € L?(5?~") for some p > 1. The
dimension bound on the exceptional set is sharp.

1. Introduction

This paper studies visibility and radial projections. Given x € R¢, define the radial projection 7, : R4\ {x} —
Sd—l by

y—x

Iy —x|

e (y) =

A Borel set K C R? will be called
e invisible from x if HI N ( (K \ {x})) =0, and
e totally invisible from x if dimyg 7, (K \ {x}) =0.
Above, dimy stands for Hausdorff dimension and H* stands for s-dimensional Hausdorff measure. I will

only consider Hausdorff dimension in this paper, as many of the results below would be much easier for
box dimension. The study of (in-)visibility has a long tradition in geometric measure theory. For many

Orponen is supported by the Academy of Finland via the project Quantitative rectifiability in Euclidean and non-Euclidean
spaces, grant number 309365. The research was also partially supported by travel grants from the Vdisdld fund and Mathematics
fund of the Finnish Academy of Science and Letters.
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more results and questions than I can introduce here, see Section 6 of [Mattila 2004]. The basic question
is the following: given a Borel set K C RY, how large can the sets

Inv(K) = {x € R? : K is invisible from x},
Invy(K):={x € R?: K is totally invisible from x}

be? Clearly Invy(K) C Inv(K), and one generally expects Invy(K) to be significantly smaller than
Inv(K). The existing results fall roughly into the following three categories:

(1) What happens if dimg K > d — 1?
(2) What happens if dimy K <d —1?
(3) What happens if 0 < H~1(K) < 00?

Cases (1) and (3) are the most classical, having already been studied (for d = 2) in [Marstrand 1954].
Given s > 1, Marstrand proved that any Borel set K C R? with 0 < #*(K) < 1 is visible (that is, not
invisible) from Lebesgue almost every point x € R? and also from #*-almost every point x € K. Unifying
Marstrand’s results, and their generalisations to R% the following sharp bound was recently established
by Mattila and the author in [Mattila and Orponen 2016; Orponen 2018]:

dimyg Inv(K) <2(d — 1) —dimg K (1.1)

for all Borel sets K C R? with d — 1 < dimy K < d. This paper contains a variant of the bound (1.1) for
measures; see Section 1B.

The visibility of sets K in Case (3) depends on their rectifiability. I will restrict the discussion to the
case d = 2 for now. It is easy to show that 1-rectifiable sets which are not {'-almost surely covered by
a single line are visible from all points in R? with possibly one exception; see [Orponen and Sahlsten
2011]. On the other hand, if K C R? is purely 1-unrectifiable, then the sharp bound

dimy[R?\ Inv(K)] = dimy{x € R?: K is visible from x} < 1

was obtained by Marstrand, building on Besicovitch’s projection theorem. For generalisations, improve-
ments and constructions related to the bound above, see [Mattila 1981, Theorem 5.1; Csornyei 2000;
2001]. Marstrand raised the question — which remains open to the best of my knowledge — whether it is
possible that H!'(R?\ Inv(K)) > 0: in particular, can a purely 1-unrectifiable set be visible from a positive
fraction of its own points? For purely 1-unrectifiable self-similar sets K C R? one has Inv(K) = R?, as
shown by Simon and Solomyak [2006/07].

1A. The first main result. Case (2) has received less attention. To simplify the discussion, assume that
dimy K =1 and H!(K) =0, so that Inv(K) = R? and the relevant question becomes the size of Invy (K).
The radial projections 7, fit the influential generalised projections framework of [Peres and Schlag 2000].
If K C R? is a Borel set with arbitrary dimension s € [0, 2], then it follows from Theorem 7.3 of that
paper that

dimyg Invy (K) <2 —5. (1.2)
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Figure 1. What is the next step in the construction of E?

When s > 1, the bound (1.2) is a weaker version of (1.1), but the benefit of (1.2) is that it holds without
any restrictions on s. In particular, if s = 1, one obtains

dimy Invy (K) < 1. (1.3)

This bound is sharp for a trivial reason: consider the case, where K lies on a single line £ C R? Then,
Invy (K) = €. The starting point for this paper was the question: are there essentially different examples
manifesting the sharpness of (1.3)? The answer turns out to be negative in a very strong sense. Here are
the first main results of the paper:

Theorem 1.4 (weak version). Assume that K C R? is a Borel set with dimyg K > 0. Then, at least one of
the following holds:

e dimy Invy (K) = 0.

e Invy(K) is contained on a line.

In fact, more is true. For K C R2, define
Inv2(K) := {x € R? : dimy 7. (K \ {x}) < 1 dimy K }.
Then, if dimy K > 0, one evidently has Inv7 (K) C Invy2(K) C Inv(K).

Theorem 1.5 (strong version). Theorem 1.4 holds with Invy (K) replaced by Invy,2(K). That is, if
E C R? is a Borel set with dimg E > 0, not contained on a line, then there exists x € E such that
dimy 7, (K \ {x}) > (dimy K) /2.

Remark 1.6. A closely related result is Theorem 1.6 in [Bond, Laba and Zahl 2016]; with some imagina-
tion, part (a) of that theorem can be viewed as a “single scale” variant of Theorem 1.5, although at this
scale, their Theorem 1.6(a) contains more information than Theorem 1.5. As far as I can tell, proving the
Hausdorff dimension statement in this context presents a substantial extra challenge, so Theorem 1.5 is
not easily implied by the results in [Bond, Laba and Zahl 2016].

Example 1.7. Figure 1 depicts the main challenge in the proofs of Theorems 1.4 and 1.5. The set E has
dimpg E > 0, and consists of something inside a narrow tube 7, plus a point x ¢ 7. Then, Theorem 1.4 states
that E ¢ Invy(K) for any compact set K C R? with dimg K > 0. So, in order to find a counterexample
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to Theorem 1.5, all one needs to do is find K by a standard “Venetian blind” construction in such a way
that dimy K > 0 and dimy 7, (K) = 0 for all y € E. The first steps are obvious: to begin with, require
that K C T* for another narrow tube parallel to T'; see Figure 1. Then ,(K) is small for all y € 7. To
handle the special point x € E, split the contents of 7* into a finite collection of new narrow tubes in
such a way that 7, (K) is small. In this manner, 7, (K') can be made arbitrarily small for all y € E (in the
sense of e-dimensional Hausdorff content, for instance, for any prescribed € > 0). It is quite instructive to
think why the construction cannot be completed: why cannot the Venetian blinds be iterated further (for
both E and K) so that, at the limit, dimy 77, (K) =0 for all x € E?

Theorem 1.5 has the following immediate consequence:

Corollary 1.8 (corollary to Theorem 1.5). Assume that K C R? is a Borel set not contained on a line.
Then the set of unit vectors spanned by K, namely

S(K)::{&:i' eSlzx,yeKandx;éy},

satisfies dimyg S(K) > (dimy K) /2.

Proof. If dimy K = 0, there is nothing to prove. Otherwise, Theorem 1.5 implies that K ¢ Invy,2(K),
whence dimyg S(K) > dimyg 7, (K \ {x}) > (dimyg K)/2 for some x € K. Il

Corollary 1.8 is probably not sharp, and the following conjecture seems plausible:

Conjecture 1.9. Assume that K C R? is a Borel set not contained on a line. Then dimy S(K) =
min{dimy K, 1}.

This follows from Marstrand’s result, discussed in Case (1) above, when dimy K > 1. For dimy K <1,
Conjecture 1.9 is closely connected with continuous sum-product problems, which means that significant
improvements over Corollary 1.8 will, most likely, require new technology. It would, however, be
interesting to know if an e-improvement over Corollary 1.8 is possible, combining the proof below with
ideas from [Katz and Tao 2001], and using the discretised sum-product theorem of [Bourgain 2003].

I have the referee to thank for pointing out that a natural discrete variant of Conjecture 1.9 has been
solved by P. Ungar [1982]: a set of n > 3 points in the plane, not all on a single line, determine at least
n — 1 distinct directions.

1B. The second main result. The second main result is a version of the estimate (1.1) for measures. Fix
d > 2, and denote the space of compactly supported Radon measures on R¢ by M(R4). For u € M(R?),
write

S(p) :={x eR? \ spt i : 7wz is not absolutely continuous with respect to HI gd-1}.

Note that whenever x € R? \ spt u, the projection 7, is continuous on spt x, and g is well-defined.
One can check that the family of projections {7y} cpa\spt . fits in the generalised projections framework
of [Peres and Schlag 2000], and indeed Theorem 7.3 in that paper yields

dimg S(n) <2d —1—s, (1.10)
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whenever d — 1 <s < d and u € M(R?) has finite s-energy (see (1.12) for a definition). Combining this
bound with standard arguments shows that if K C R? is a Borel set with d — 1 < dimyg K < d, then

dimg Inv(K ) = dimgf{x € R? : H (7, (K)) =0} < 2d — 1 — dimy K.

This is weaker than the sharp bound (1.1), so it is natural to ask whether the bound (1.10) for measures
could be lowered to match (1.1). The answer is affirmative:

Theorem 1.11. If u € MR and

L) _// du(x)du(y) -0 (1.12)
lx — y[*

for some s > d — 1, then dimg S(u) <2(d —1) —ss.

The bound is sharp, essentially because (1.1) is, and Theorem 1.11 implies (1.1). More precisely,
following [Orponen 2018, Section 2.2], there exist compact sets K C R? of any dimension dimy K €
(d — 1, d) such that

dimyg[Inv(K)\ K]=2(d - 1) —dim K.

Then, the sharpness of Theorem 1.11 follows by considering Frostman measures supported on K, and
noting that S(u) D Inv(K) \ K whenever u € M(R?) and sptu C K.

An open question is the validity of Theorem 1.11 for s =d — 1. If I;_;(u) < oo, Theorem 7.3 in
[Peres and Schlag 2000] implies that £4(S(w)) =0, but I do not even know if dimy S(n) < d.

Theorem 1.11 does not immediately follow from the proof of (1.1) in [Mattila and Orponen 2016;
Orponen 2018], as the argument in those papers was somewhat indirect. Having said that, many observa-
tions from the previous papers still play a role in the new proof. Theorem 1.11 will be deduced from the
next statement concerning L”-densities:

Theorem 1.13. Let © € M(R?) be as in Theorem 1.5. For p € (1, 2), write

Sp(p) = fx e R \'sptpe: moppe ¢ LP (S}
Then dimy S, (n) <2(d —1) —s +8(p), where §(p) > 0, and 5(p) — O as p \( 1.

Note that the claim is vacuous for “large” values of p. The dependence of 6(p) > 0 on p is effective
and not very hard to track; see (3.5).

Remark 1.14. Theorem 1.13 can be viewed as an extension of Falconer’s exceptional set estimate [1982].
I only discuss the planar case. Falconer proved that if /() < oo for some 1 < s < 2, then the orthogonal
projections of u to all 1-dimensional subspaces are in L2 outside an exceptional set of dimension at
most 2 —s. Now, orthogonal projections can be viewed as radial projections from points on the line at
infinity. Alternatively, if the reader prefers a more rigorous statement, Falconer’s proof shows that if
¢ C R? is any fixed line outside the support of s, then all the radial projections of 4 to points on £ are
in L2 outside an exceptional set of dimension at most 2 — s. In comparison, Theorem 1.13 states that the
radial projections of u to points in R? \ spt u are in L? for some p > 1, outside an exceptional set of
dimension at most 2 — 5. So, the size of the exceptional set remains the same even if the “fixed line £” is
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removed from the statement. The price to pay is that the projections only belong to some L? with p > 1
(possibly) smaller than 2. I do not know if the reduction in p is necessary, or an artefact of the proof.

2. Proof of Theorem 1.5

If £ C R? is a line, I denote by T (¢, 8) the open (infinite) tube of width 28, with £ “running through the
middle”, that is, dist(¢, R\ T(¢, §)) = 8. The notation B(x, r) stands for a closed ball with centre x € R?
and radius r > 0. The notation A < B means that there is an absolute constant C > 1 such that A < CB.

Lemma 2.1. Assume that  is a Borel probability measure on B(0, 1) C R2 and nu(€) =0 for all lines
¢ CR2 Then, for any € > 0, there exists § > 0 such that u(T (¢, §)) < € for all lines £ C R2

Proof. Assume not, so there exists € > 0, a sequence of positive numbers §; > & > - - - > 0 with §; {0 and
a sequence of lines {¢;};en C R? with u(T (¢;, 8;)) > €. Since sptu C B(0, 1), one has £; N B(0, 1) # &
for all i € N. Consequently, there exists a subsequence (i;);en and a line £ C R? such that ¢ ; — £ in the
Hausdorff metric. Then, for any given é > 0, there exists j € N such that

BO, )NT(&;, 8,) C T(E,5),

so that (T (£, 8)) > €. It follows that w(£) > €, a contradiction. U

The next lemma contains all the information needed to prove Theorem 1.5. I state two versions: the
first one is slightly easier to read and apply, while the second one is slightly more detailed.

Lemma 2.2. Assume that ., v are Borel probability measures with compact supports K, E C B(0, 1),
respectively. Assume that both measures  and v satisfy a Frostman condition with exponents k,, k, €
(0, 2], respectively:

w(B(x,r)) <Cyr* and v(B(x,r)) <C,r* (2.3)

for all balls B(x, r) C R? and for some constants C., C, > 1. Assume further that w(€) =0 for all lines
¢ C R? Fix also

0<t<%"u and € >0,

and write 8 :=2~(1+"

Then, there exists a compact subset K' C K with
w(K" >3,
a number n =n(e, Ky, Ky, T) > 0, an index ko = ko(e, 0, k,, T) € N, and a point x € E with the following
property. If k > ko, and T (£1, 8), ..., T(Ly, &) is a family of 8-tubes of cardinality N < §, °, each
containing x, then
N
M(K/ N1, 5k)> <4 (2.4)
j=1
Roughly speaking, the conclusion (2.4) means that K’ has a radial projection of dimension > 7 relative

to the viewpoint x € E, since only a tiny fraction of K’ can be covered by < §, " tubes of width 25,
containing x.
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The set K’ C K and the point x € E will be found by induction on the scales ;. To set the scene for
the induction, it is convenient to state a more detailed version of the lemma:

Lemma 2.5. Assume that i, v are Borel probability measures with compact supports K, E C B(0, 1),
respectively. Assume that both measures . and v satisfy a Frostman condition with exponents k., k, €
(0, 2], respectively:

w(B(x,r)) <Cur** and v(B(x,r)) <C,r

for all balls B(x, r) C R? and for some constants Cu, Cy = 1. Assume further that ((€) = 0 for all lines
¢ C R% Fix also

0<‘L’<%KM and € >0,

and write 8 :=2~(1+",
Then, there exist numbers B = B(ku, ky,T) > 0, n = n(e, ky, ky,t) > 0, and an index ko =

ko(e, u, ky, T) € N with the following properties. For all k > kg, there exist

(a) compact sets K O Ky, O Kiy41- -+ with

pK) =1— 3 (B =1 2.6)

ko<j<k
(b) compact sets E D Ey, D Egy41- - with v(Ey) > 55

with the following property: if k > ko, x € Ey, and T(£1,6k), ..., Ty, ) is a family of tubes of
cardinality N < 8, °, each containing x, then

N
M(Kk nl 1w, 5,9) <. (2.7)
j=1
Remark 2.8. The index ko can be chosen as large as desired; this will be clear from the proof below. It
will also be used on many occasions, without separate remark, that §; can be assumed very small for all
k > ko. I also record that Lemma 2.2 follows from Lemma 2.5: simply take K’ to be the intersection of
all the sets K;, j > ko, and let x € E be any point in the intersection of all the sets E;, j > ko.

Proof. As stated above, the proof is by induction, starting at the largest scale kg, which will be presently
defined. Fix n = n(e, k;, kv, T) > 0 and

I'=T(e, kp, k0, 7) €N 2.9

The number I will be specified at the very end of the proof, right before (2.34), and there will be several
requirements for the number 7; see (2.24), (2.30), and (2.33). Applying Lemma 2.1, first pick an index
ki = ki (e, u, oy, 7) €N such that (T (€, 8,)) < (1) for all tubes T(¢, &,) C B2 and

Sor=)T k2 (2.10)
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Set ko := k; + I". Then, the following holds for all k € {ko, ..., ko + I'}. For any subset K’ C K, and any
tube T(¢, 8;_r) C R? one has

I'+1 < (l)k—k(ﬁ-l‘ (211)

WK NTE, &) < (T, &) =<(3)  =<(3
Define
Ki:=K and Ey:=E, kW <k<ky.

(The definitions of Ej, Kj for k| < k < ko are only given for notational convenience.)
I start by giving an outline of how the induction will proceed. Assume that, for a certain k > ko, the
sets K; and Ej have been constructed such that:

(i) The condition (2.11) is satisfied with K’ = K}, and for all tubes T (¢, 8;_r) with T (€, §;_r) N
Ey-r #9.
(i) Ky and Ej satisfy the measure lower bounds (a) and (b) from the statement of the lemma.

Under the conditions (i)—(ii), I claim that it is possible to find subsets Ky C Ky and E4| C Ej satisfying
(ii) at level k + 1, and also the nonconcentration condition (2.7) at level k + 1. This is why (2.7) is only
claimed to hold for k& > ko, and no one is indeed claiming that it holds for the sets Ky, and Ej,. These
sets satisfy (i), however, which should be viewed as a weaker substitute for (2.7) at level k, which is just
strong enough to guarantee (2.7) at level k 4 1. There is one obvious question at this point: if (i) at level &
gives (2.7) at level k + 1, then where does one get (i) back at level k + 1?7

Ifk+1e€t{ko,...,ky+ T}, the condition (i) is simply guaranteed by the choice of kg (one does not
even need to assume that T'(¢, §g_r) N Ex_r # ). For k+ 1 > ko + T', this is no longer true. However,
fork+1> T +ko,one has k+1—T" > kg, and thus Kz |_r and E;_r have already been constructed
to satisfy (2.7). In particular, if Exy1-r NT (€, Sg4+1-1) # <, then

k1) —ko+1
(K1 NT (€, 8py1-1)) < (K1 -r N T, Sgq1-1)) <8/ < (%)( T (2.12)

by (2.7) and (2.10). This means that (i) is satisfied at level k£ + 1, and the induction may proceed.
So, it remains to prove that (i)—(ii) at level k imply (ii) and (2.7) at level k + 1. To avoid clutter, I write

= 8k+1-

Assume that the sets Ky, Ej have been constructed for some k > kg satisfying (i)—(ii). The main task is to
understand the structure of the set of points x € Ej for which (2.7) fails. To this end, we define the set
Bady C Ej as follows: x € Bady, if and only if x € Ey, and there exist N <5~ * tubes T'(£1, 6), ..., T (£y, 3),
each containing x, such that

N
M([@mUT(@,&)) > 8", (2.13)
j=1
Note that if Bad; = &, then one can simply define Ey; := Ey and Ky := Ky, and (ii) and (2.7) (at
level k + 1) are clearly satisfied.
Instead of analysing Bady directly, it is useful to split it up into “directed” pieces, and digest the pieces
individually. To make this precise, let S be the “space of directions”; for concreteness, I identify S with
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B/ (X;)
direction d

Figure 2. The set Bad{.

the upper half of the unit circle. Then, if T = T(£,8) C R? is a tube, I denote by dir(T) the unique
vector e € S such that £||e.

Recall the small parameter n > 0, and partition S into D =§~" arcs Jy, ..., Jp of length ~ 8".! For
de{l,..., D} fixed (“d” for “direction’), consider the set Badg: it consists of those points x € Ej such
that there exist N < §77 tubes T(¢1,6), ..., T(£y,d), each containing x, with dir(T (¢;, 8)) € J4, and
satisfying

N
,u(Kk N U T(;, 5)) > §7.
j=1

Since the direction of every possible tube in R? belongs to one of the arcs J;, and there are only D =§~"
arcs in total, one has

D
Bad; C |_J Bady . (2.14)

d=1
The next task is to understand the structure of Badi for a fixed direction d € {1, ..., D}. I claim

that Badg looks like a garden of flowers, with all the petals pointing in direction J;; see Figure 2 for
a rough idea. To make the statement more precise, I introduce an additional piece of notation. Fix
X C K, and let B;(X) consist of those points x € Ej such that X can be covered by N < 577 tubes
T®1,98),..., Ty, $), with directions dir(T (¢;, §)) € J;, and each containing x. Then, note that

Badi = {x € E} : there exists X C K with u(X) > 8°" and x € B;(X)}. (2.15)
The sets B;(X) also have the trivial but useful property that
XCcX cKy = ByX')cCBiX).

There are two steps in establishing the “garden” structure of Badi: first, one needs to find the “flowers”,
and second, one needs to check that the sets obtained actually look like flowers in a nontrivial sense. I

THere, it might be better style to pick another letter, say o > 0, in place of n, since the two parameters play slightly different
roles in the proof. Eventually, however, one would end up considering min{n, «}, and it seems a bit cleaner to let > 0 be a
“jack of all trades” from the start.
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start with the former task. Assuming that Badf # &, pick any point x; € Badf and an associated subset
X1 C Ky with

w(Xp) > 8" and x; € By(Xy).

Then, assume that xi,...,x, € BadZ and X1, ..., X, have already been chosen with the properties
above, and further satisfying

w(X;iNX) <Y, 1<i<j<m. (2.16)

Then, see if there still exists a subset X, C Kj with the following three properties: pu(X;,+1) > 821,
Bi(Xpm+1) # 9, and (X1 N X;) < 84'7/2 for all 1 <i <m. If such a set no longer exists, stop; if it
does, pick x;;,4+1 € By(Xpm+1), and add X4+ to the list.

It follows from the “competing” conditions u(X;) > 82" and (2.16), that the algorithm needs to
terminate in at most

M <284 (2.17)
steps. Indeed, assume that the sets X1, ..., X3 have already been constructed, and consider the following
chain of inequalities:

1
Y —+ W Z u(Xiy NXy) > — 7 Z u(Xi, N Xi,)
i1#£in i1,ir=1
1 M
=5 f D 1y, nx, () dp(x)
i1,ir=1

= %f[card{l <i<M:xeX}du(x)

1 2
zm</card{l §i§M:xeX,~}du(x)>

1 <§: 2,
=— M(Xi)) > 5.
M2 i=1

Thus, if M > 28~%", there exists a pair X;,, X;, with i{ # i> such that u(X;, N X;,)) > §*1/2, and the
algorithm has already terminated earlier. This proves (2.17).
With the sets X1, ..., X now defined, write

Bj(Xj) = {x € Ej : there exists X' C X; with u(X’) > %84’7 and p € Bd(X')}.

I claim that
M

Bad{ c | ] Bj(X;). (2.18)
j=1
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Figure 3. Covering X; N T, by tubes centred at points outside 7"

Indeed, if x € Bad?, then x € By (X) for some X C K with u(X) > 82" by (2.15). It follows that
w(XNX;)> 184 (2.19)

for one of the sets X;, 1 < j < M, because either X € {X{,..., Xy} and (2.19) is clear (all the sets X;
even satisfy u(X;) > 821y, or else (2.19) must hold by virtue of X not having been added to the list
X1, ..., Xy in the algorithm. But (2.19) implies that x € B)(X;), since X' = X N X; C X; satisfies
w(X’) > 8*/2 and x € By(X) C By(X').

According to (2.17) and (2.18) the set Badf can be covered by M < 2874 sets of the form B/(X));
see Figure 2. These sets are the “flowers”, and their structure is explored in the next lemma:

Lemma 2.20. The following holds if § = éx+1 and n > 0 are small enough (the latter depending on k,,, T
here). For 1 <d < D and 1 < j < M fixed, the set B[’l (X;) can be covered by < 4878 rubes of the form
T =T, 358"), where dir(T) € Jg and p = p(ky, T) > 0. The tubes can be chosen to contain the point
Xj € Bd(Xj).

Proof. Fix 1 < j < M and x € B(X;). Recall the point x; € B;(X;) from the definition of X;. By
definition of x € B/,(X;), there exists a set X' C X; with u(X’) > 8*1/2 and x € By(X'). Unwrapping the
definitions further, there exist N <877 tubes T ({1, ), ..., T (£y, 8), the union of which covers X’, and
each satisfies dir(7' (¢;, §)) € J; and x € T (¢;, §). In particular, one of these tubes, say T, = T (¢;, &), has

PXGNT) = w(X'NT) = (X)) - 87 = 38577 = 385, (221

(The final inequality is just a triviality at this point, but is useful for technical purposes later.) Here comes
perhaps the most basic geometric observation in the proof: if the measure lower bound (2.21) holds for
some §-tube T — this time 7, — and a sufficiently small > O (crucially so small that 8n + 7 < «,,/2),
then the whole set B;(X) is actually contained in a neighbourhood of 7, called T*, because X; N T is so
difficult to cover by §-tubes centred at points outside 7*; see Figure 3. In particular, in the present case,

xj € By(X;) C T(;,8%) =T} (2.22)
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for a suitable constant p = p(x,,, T) > 0, specified in (2.24). To see this formally, pick y € B(0, 1)\ T, and
argue as follows to show that y ¢ B;(X;). First, any §-tube T containing y and intersecting 7, N B(0, 1)
makes an angle > §* with T,. It follows that

diam(T N T, N B(0, 1)) < 8%,

and consequently u(T N T, N B(0, 1)) < C ,L(S"ﬂ(l_‘“’). So, in order to cover X; N T, (let alone the whole
set X;) it takes by (2.21)

> M(Xj me) 8871+T—K#(1—4p) . 88"_"#/2+8p

2.23
NG S a4, C . 4c, (223
tubes T containing y. But if
2— 2—
0<8y< 27T 4 8p= K"/TT (2.24)

then the number on the right-hand side of (2.23) is far larger than 6%, which means that y ¢ B;(X;), and
proves (2.22).

Recall the statement of Lemma 2.20, and compare it with the previous accomplishment: (2.22) states
that if x € B);(X;), then x lies in a certain tube of width 8* (namely T,), which has direction in J;, and
also contains x;. This sounds a bit like the statement of the lemma, but there is a problem: in principle,
every point x € B'(X;) could give rise to a different tube 7. So, it essentially remains to show that all
these 8*’-tubes T can be covered by a small number of tubes of width 8”. To begin with, note that the
ball B; := B(x;, 82P) can be covered by a single tube of width 87, in any direction desired. So, to prove
the lemma, it remains to cover Bc’l (Xj)\ B;.

Note that if x, y satisfy |[x — y| > 82, then the direction of any 8%P_tube containing both x, y lies in
a fixed arc J(x, y) C S of length [J(x, y)| < §4° /82'0 =820, As a corollary, the union of all 8*°-tubes
containing x, y, intersected with B(0, 1), is contained in a single tube of width ~ 82, In particular, this
union (still intersected with B(0, 1)) is contained in a single §”-tube, assuming that § > 0 is small; this
tube can be chosen to be a §°-tube around an arbitrary §*°-tube containing both x and y.

The tube-cover of B/,(X;)\ B; can now be constructed by adding one tube at a time. First, assume
that there is a point y; € B;(X;) \ B; left to be covered, and find a tube T (¢, §*) containing both y;
and x;, with direction in Jy; existence follows from (2.22). Add the tube T (£1, §”) to the tube-cover
of B/(X;) \ Bj, and recall from the previous paragraph that T ({1, §”) now contains 7 N B(0, 1) for
any §*-tube T D {yi, x;} (of which T = T (¢, §*") is just one example). Finally, by the definition of
y] € B[’I(Xj), associate to y; a subset X’1 C X; with

u(X)) > 38 and y; € By(X})). (2.25)

Assume that the points yy, ..., yg € B}, (X;)\ B}, along with the associated tubes {y;, x;} C T (¢;, 8% c
T (¢;, 8”), and subsets X C X;, as in (2.25), have already been constructed. Assume inductively that

w(X; NX) <18 1<ij<ip<H. (2.26)
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To proceed, pick any point yz 41 € B} (X;)\B;, and associate to y 41 asubset X, | C X; with (X, ) >
§* /2 and yy 4 € B;(X';. ). Then, test whether (2.26) still holds, that is, whether 1 (X, N X[) < 8211/4
for all 1 <i < H. If such a point yz 4 can be chosen, run the argument from the previous paragraph,
first locating a tube T (£g 41, 540 containing both yz 11 and p;, with direction in Jy, and finally adding
T (€41, 8") to the tube-cover under construction.

The “competing” conditions u(X') > 8*1/2 and (2.26) guarantee that the algorithm terminates in
H <4858

steps. The argument is precisely the same as that used to prove (2.17), so I omit it. Once the algorithm
has terminated, I claim that all points of BL;(X )\ B; are covered by the tubes T'(¢;, §7), with 1 <i < H.
To see this, pick y € B,,(X;) \ Bj, and a subset X' C X; with u(X') > §*1/2, and y € By(X'). Since the
algorithm has already terminated, it must be the case that
wX'NX) > %88"
for some index 1 <i < H. Since X" := X'N X| C X’ and consequently y € B;(X"), one can find a tube
T, =Ty, 0d) >y, with dir(Ty) € Jy, satisfying
nw(X;NTy) = u(X"NTy) = p(X") -8 > ;8577

This lower bound is precisely the same as in (2.21). Hence, it follows from the same argument which
gave (2.22) that
Yi € Ba(X]) C T(Ly,5%).

Since X} C X;, we also have x; € By(X;) C Ba(X}) C T (£, §*). So,

{y,vi,x;} CB@O,1)NT(,, §4). (2.27)
In particular, 7' (¢, §%) is a §*°-tube containing both y;, x;, and hence

B(0, )N T (¢, 8%) C T (4, 8").
Combined with (2.27), this yields y € T (¢;, §°), as claimed. This concludes the proof of Lemma 2.20. [

Combining (2.17)—(2.18) with Lemma 2.20, the structural description of Bad,‘f is now complete: Badfi
is covered by
<M -457% <852 (2.28)

tubes of width §”, with directions in J;. For nonadjacent di, d; € {1, ..., D} (the ordering of indices
corresponds to the ordering of the arcs J; C ), the covering tubes are then fairly transversal. This is can
be used to infer that most points in E; do not lie in many different sets Badi. Indeed, consider the set
BadBady, of those points in R? which lie in (at least) two sets Badz1 and BadZ2 with |dy —di| > 1. By
Lemma 2.20, such points lie in the intersection of some pair of tubes 7) = T'(£1, 6”) and T, = T ({3, 8°)
with dir(7;) € Jy,. The angle between these tubes is 2> §”, whence

diam(T; N Tp) <8777,
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and consequently
V(T NT) < C,8P=" < C,8P=21, (2.29)

Ford € {1, ..., D} fixed, there correspond < 8§ ~'?" tubes in total, as pointed out in (2.28). So, the number
of pairs T, T, as above, is bounded by

S D2 .872477 < 8726n‘

Consequently, by (2.29),
v(BadBady) < C,828mtewp

This upper bound is far smaller than 81’3/2 <v(Ey)/2, taking 0 < max{8, 28n} < k,p/2, so that
0<pB <kyp—287. (2.30)

For such choices of 8, i, the next task is then to choose Ey+; C Ey such that v(Eyy1) > 8,’? 4l Start by
writing G := Ej \ BadBady, so that

v(Gr) = Jv(EQ) = 38¢
by the choice of 8. Now, either
v(Gy NBady) = 1v(Gy) or v(GxNBady) < 3v(Gy). (2.31)

The latter case is quick and easy: set Exy1:= G \Bady and K41 := Kj. Then v(Er4+1) > v(Er) /4> (Sf+1
(assuming that & > ko is large enough). Moreover, the set E;4| no longer contains any points in Bady, so
(2.7) is satisfied at level k + 1 by the very definition of Bady; see (2.13).

So, it remains to treat the first case in (2.31). Start by recalling from (2.14) that Bady is covered by the
sets Badz, 1<d<D,so

v(Gr)
v(Gg ﬂBadg) > D > 4_1187755 — i8n+ﬂ/(l+e)
for some fixed d € {1, ..., D}. Then, recall from (2.28) that Bad¢ can be covered by < 857! tubes of

the form 7' (£, §°) with directions in Jy. It follows that there exists a fixed tube Ty = T (£, §°) such that
dir(Tp) € J4 and  v(G N TyNBadf) > 4837HA/1+0), (2.32)

So, to ensure V(G NTyN Badg) > 8P, choose n > 0 so small that

B
13n+ — . 2.33
Mt e S B (2.33)
To convince the reader that there is no circular reasoning at play, I gather here all the requirements for g
and n (harvested from (2.24), (2.30), and (2.33)):

Ky p

0<p< Ku/2 =T kup i}

and 0 <n < min , ——,
2 56 " 13(1+¢€)
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With such choices of 8, n, recalling (2.32), and assuming that § is small enough, the set
Err1:=GyNTyN Badi

satisfies v(Ex,1) > 8, which is statement (b) from the lemma. It remains to define K;_. To this end,
recall that Ty is a tube around the line £y C R2 Define

Kit1:= K \ T (£, 8"72).

Then, assuming that 1/2 has the form /2 = (1 +¢€)~"~! for an integer I' = I'(e, k,, kv, T) € N (this is
finally the integer from (2.9)), one has
8% = 8§ _r. (2.34)

Since T (£g, ég—r) N Ex_r # O, it follows from the induction hypothesis (i) that

k—ko+1
WK NT (Lo, 8e—r)) < (5)7

Consequently,

w(KiesD) = p(Kp — ()T =1 3 (/T
ko<j<k+1

which is the desired lower bound from (a) of the statement of the lemma. So, it remains to verify the
nonconcentration condition (2.7) for Ey4 and K. To this end, pick x € Ey . First, observe that every
tube T = T (¢, §) which contains x and has nonempty intersection with Ky C B(0, 1)\ T (¢, 8"/%) forms
an angle 2> § /2 with Ty. In particular, this angle is far larger than §". Since dir(7p) € J; by (2.32), this
implies that dir(7") € J; for some |d' —d| > 1.

Now, if the nonconcentration condition (2.7) still fails for x € Ey1, there would exist N < §~° tubes
T®1,8),..., Ty, ), each containing x, and with

N
M(KH] nlJr@. 5)) > 8.

i=1

By the pigeonhole principle, it follows that the tubes 7' (¢;, §) with dir(7;) € Jy for some fixed arc Jy
cover a set X C Kiy1 C K of measure u(X) > §27. This means precisely that x € Bad? , and by the
observation in the previous paragraph, |d —d’| > 1. But x € E; | C Bad,‘f by definition, so this would
imply that x € BadBady, contradicting the fact that x € Ey; C Gy. This completes the proof of (2.7),
and the lemma. U

The proof of Theorem 1.5 is now quite standard:

Proof of Theorem 1.5. Write s := dimy K, and assume that s > 0 and dimyg £ > 0. Make a counter-
assumption: E is not contained on a line, but dimy 77, (K) < s/2 for all x € E. Then, find < 5/2,
and a positive-dimensional subset E C E not contained on any single line, with dimy 7, (K) < ¢ for all
xekE (if your first attempt at E lies on some line ¢, simply add a point xg € E \ £ to E, and replace ¢ by
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max{z, dimy 7., (K)} < 5/2). So, now E satisfies the same hypotheses as E, but with “< s/2” replaced
by “<t < s/2”. Thus, without loss of generality, one may assume that

dimym,(K) <t <3%s, x€E. (2.35)

Using Frostman’s lemma, pick probability measures p, v, with spt u C K and sptv C E, satisfying
the growth bounds (2.3) with exponents 0 < k,, < s and «, > 0. Pick, moreover, «,, so close to s that

iy > t. (2.36)

Observe that u(¢) = 0 for all lines £ C R2 Indeed, if 1 (¢) > 0 for some line £ C R then there exists
x € E\ £ by assumption, and

dimy 77, (K) > dimy m (sptu N ) >k, > ¢,

violating (2.35) at once. Finally, by restricting the measures p and v slightly, one may assume that they
have disjoint supports.
In preparation for using Lemma 2.2, fix € > 0, 0 < 7 < «,/2 in such a way that

T

ate? >t (2.37)
This is possible by (2.36). Then, apply Lemma 2.2 to find the set K’ C sptu C K with
(K" = 3,
the parameters > 0 and ko € N, and the point x € E satisfying (2.4). I claim that
dimy 7, : (2.38)

K> ——,
(K) = (14+¢€)?
which violates (2.35) by (2.37). If not, cover 7, (K) efficiently by arcs Ji, Ja, ... of lengths restricted to

the values 8 = 2~ (149" with k > ko. More precisely: assuming that (2.38) fails, start with an arbitrary
efficient cover J, Ja, ... by arcs of length |Z | < 8k,, satisfying

Z |:]“;|f/(1+e)2 <1.
j=1

Then, replace each Z by the shortest concentric arc J; D j}, whose length is of the form §;. Note that

€(J;) < £(J)"0+9, 50 that
Z I]j|r/(1+e) < Z |j}|r/(1+€)z <1.
j=1 j=1

t/(+€) Jres of any fixed length §;. Since x ¢ K,

for every k > k there exists a collection of tubes T; of the form T (¢, §;) > x, such that |T;| < 3,7/ (d+e)

The arcs Jy, Jo, ... now cover 7, (K’), and there are < 5

(the implicit constant depends on dist(x, K')), and

kclJUYTr.

k>ko TeTx
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In particular |7;| < &, T, assuming that & is small enough for all k > k. Recall that u(K’) > % Hence, by
the pigeonhole principle, one can find k € N such that the following holds: there is a subset K; C K’ with
n(K}) > 1/(100k?) such that K/ is covered by the tubes in 7. But 1/(100k?) is far larger than §;, so
this is explicitly ruled out by nonconcentration estimate (2.4). This contradiction completes the proof. [

3. Proof of Theorem 1.11

This section contains the proof of Theorem 1.13, which evidently implies Theorem 1.11. Fix u € M(R?)
and x € R\ spt 11. For a suitable constant ¢4 > 0 to be determined shortly, consider the weighted measure

My i= Caky d,

Il*d

where ky ;= |x —y is the (d—1)-dimensional Riesz kernel, translated by x. A main ingredient in the

proof of Theorem 1.13 is the following identity:

Lemma 3.1. Let € Co(RY) (that is, u is a continuous function with compact support) and v € M(R?).
Assume that spt u Nsptv = &. Then, for p € (0, 00),

/ It} gary dV(X) = / sl oy dH" (e).
- ’

Here, and for the rest of the paper, 1, stands for the orthogonal projection onto e+ € G(d,d — 1).

Proof. Start by assuming that also v € Co(R?). Fix x € R?. The first aim is to find an explicit expression
for the density .t on S~ so fix f € C(5?"!) and compute as follows, using the definition of the
measure Ly, integration in polar coordinates, and choosing the constant c; > 0 appropriately:

/ f@dimpal(e) = / ) diee(y) = / lf ( Xjﬁ))l )
:/ f(é’)/ w(x +re)drdH= (e)
gd—1 R

=], f© men(men di @).

Since the equation above holds for all f € C(S9~!), one infers that
Tty = [€ > Mo (e (XN dH ™ gamr. (3.2)
Now, one may prove the lemma by a straightforward computation, starting with
/ Ixzpcll] p gary dv () = / f Il dHT o) dv(x)

_ / / / [es (T CN1P 0 (6) ! () dHE (w) dHE ).
Sd-1 Jeb JrsHw)
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Note thatif x e "{w}, then 7, (x) = w, so the expression [- - -]” above is independent of x. Hence,

[ 1oy aveo= [ [ [newwnf’(/ " dHl(x)) dH () aH' @)
:/ / [7estt )P Tezv(w) dH ™" (w) dHT ()
gd—1 JoL

d—1
= /S el L) AR (@),

as claimed.
Finally, if v € M(RY) is arbitrary, not necessarily smooth, note that

X = ||7Txt1/fo ”ip(sd—l)

is continuous, assuming that yu € Co(RY), as we do (to check the details, it is helpful to infer from (3.2)
that 7, i, € L>(S4~1) uniformly in x, since the projections 7, clearly have bounded density, uniformly
in e € S471). Thus, if (Yn)nen 1s a standard approximate identity on R4, one has

P . 14 d—1
/ ||7Txt[l’tx||Lp(Sd—l) dv(x) —nll)n;o /Sd—‘ ”neﬁM”L”(netvn)d,H (e), (3.3)

with v, = v * . Since 7.z, converges weakly to m.-;v for any fixed e € §4-1 and et € Co(eh), it is
easy to see that the right-hand side of (3.3) equals

fs el a1 @) 0

Here is one more (classical) tool required in the proof of Theorem 1.13:

Lemma 3.4. Let 0 <o <d/2, and let i € M(R?) be a measure with spt ;u C B(0, 1) and I;_», (11) < 00.

Then
1wy Sdio vV Ia—20 WL o ®e)

for all continuous functions f € H° (R?), where

) 1/2
£ 1l o ey == (/|f<s>|2|s|2" ds) :

Proof. See Theorem 17.3 in [Mattila 2015]. Since f is assumed continuous here, | f| is pointwise bounded
by the maximal function M f appearing in [Mattila 2015, Theorem 17.3]. |

Proof of Theorem 1.13. Fix 2(d — 1) —s <t <d — 1. It suffices to prove that if v € M(R?) is a fixed
measure with ; (v) < 0o, and spt u Nsptv = &, then

Teplhy € LP(S4™Y forvae. x e RY,

whenever

. t t
1<p§mm{2_(d—l)’2(d—1)—s}' 3.5)
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I will treat the numbers d, p, s, t as “fixed” from now on, and in particular the implicit constants in the
< notation may depend on d, p, s, t. Note that the right-hand side of (3.5) lies in (1, 2), so this is a
nontrivial range of p’s. Fix p as in (3.5). The plan is to show that

/ Izl gamry V) S LW)2P L ()2 < o0, (3.6)

This will be done via Lemma 3.1, but one first needs to reduce to the case u € Co(R?). Let (/,,)nen be a
standard approximate identity on R? and write u, = p * ¥,. Then et (n)x converges weakly to sty
for any fixed x € sptv C RY\ spt ju:

/ f(@)dlmyspie(e)] = lim / f@dmys(un)e).  f € CSH.

It follows that
||7Txtl’l’x”€p(sd71) = largioréf ||7Txtt(lin)x||zp(sd71)7 X € sptv,

and consequently

p .. P
[ bl oy v < timint [ sl o)

by Fatou’s lemma. Now, it remains to find a uniform upper bound for the terms on the right-hand side;
the only information about w,, which we will use, is that I;(u,) < I;(n). With this in mind, T simplify

notation by defining i, := . For the remainder of the proof, one should keep in mind that ;. € C§° (et)

L is well-defined, and

for e € §971, so the integral of 7,z with respect to various Radon measures on e
the Fourier transform of 7, on e (identified with R?~1) is a rapidly decreasing function.

We start by appealing to Lemma 3.1:
/ ||”xtil/bx||zp(sdfl) dv(x) = /d 1 ||7Zeﬁﬂ||lzp(nc,u) de_l(é). 3.7
qi- "

The next task is to estimate the L?(sr,4v)-norms of m,.p individually, for e € §4=1 fixed. T start by
recording the standard fact, see for example the proof of Theorem 9.3 in [Mattila 1995], that [; (7r.4v) < 00
for H?~!-almost every e € S4~!; I will only consider those ¢ € S?~! satisfying this condition. Recall that
1 <p<t/[2(d—1) —s]. Fix f € LY(m4v), with g = p" and || f || L4 (x,,v) = 1, and note that

Iya-1y—s(f dmegv) = f/ &) 1) driegy (x) dmegv () < I (o) /P

|x _ y|2(d—1)—s

by Holder’s inequality. It now follows from Lemma 3.4 (applied in e+ = R¢~! with o = [s — (d — 1)]/2)
that

/ﬂenﬂ Aoy S Da—1)—s (f desv) || 7es b |l gis—a-m

1/2
< (I (regv)) /7P ( / . | Tt (§) % &) 7D dé) .
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Since the function f € LY (7 zv) with || f | L4 (r,,) = | was arbitrary, one may infer by duality that

1/2
||new||mw>w(h(neuv))l/zf’( / | Tt (&) %57~ d%) :

Now it is time to estimate (3.7). This uses duality once more, so fix f € L9(59~1) with | fla(sa-1y = 1.
Then, write

[, Vbl - f@ @)
"

1/2
S / (1,(neﬁv>>”2”</ |@L(§)|2|$I‘Y_(d_l)d5> Fle) dH (o)
gd—1 put

1/2 1/2
g(f 1,<nejv)”l’-f(e)zdﬂd—l(a) <[ f |@@)|2|S|S—<d—“dsde—l(a) :
d—1 gd—1 J ol

The second factor is bounded by < I;(u)'/? < oo, using (generalised) integration in polar coordinates;
see for instance (2.6) in [Mattila and Orponen 2016]. To tackle the first factor, say “I”, write f>= f - f
and use Holder’s inequality again:

1/2p
15 (fd RACIONNIOL d?—t"_l(e’)) A sy
.

The second factor equals 1. To see that the first factor is also bounded, note that if B(e, r) C 41 is a
ball, then

p—1

/ fpd%d—‘s(%d—‘<B(e,r>>)2—P-(/ fqd’Hd“) Sramhen,
B(e,r) §d-1

Thus, o = f? dH4~1 is a Frostman measure on S¢~! with exponent (d — 1)(2 — p). Now, it is well
known (and first observed by Kaufman [1968]) that

do(e) <
Jy wmandoo= [[[ | ST v S 10

as long as t < (d — 1)(2 — p), which is implied by (3.5). Hence I < I,;(v)!/??, and finally

[ Vbl - F@ a0 S 1) P10

for all f e LI(S?") with Il f Nl La(sa-1y) = 1. By duality, it follows that
BN S LML) < oo,

This proves (3.6), using (3.7). The proof of Theorem 1.13 is complete. U
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CARTAN SUBALGEBRAS OF TENSOR PRODUCTS
OF FREE QUANTUM GROUP FACTORS
WITH ARBITRARY FACTORS

YUSUKE ISONO

Let G be a free (unitary or orthogonal) quantum group. We prove that for any nonamenable subfactor
N C L*°(G) which is an image of a faithful normal conditional expectation, and for any o -finite factor B,
the tensor product N ® B has no Cartan subalgebras. This generalizes our previous work that provides the
same result when B is finite. In the proof, we establish Ozawa—Popa and Popa—Vaes’s weakly compact
action on the continuous core of L°°(G) ® B as the one relative to B, by using an operator-valued weight
to B and the central weak amenability of G.

1. Introduction

Let M be a von Neumann algebra. A Cartan subalgebra A C M 1is an abelian von Neumann subalgebra
which is an image of a faithful normal conditional expectation such that (i) A is maximal abelian and
(i) the normalizer Ny (A) generates M as a von Neumann algebra [Feldman and Moore 1977]. Here
Ny (A) is given by {u e U(M) | uAu* = A}.

The group measure space construction of Murray and von Neumann gives a typical example of a
Cartan subalgebra. Indeed, the canonical subalgebra L>°(X, u) C L*°(X, u) x I" is Cartan whenever the
given action I' ~ (X, ) is free. More generally, one can associate any (not necessarily free) group action
with a Cartan subalgebra by its orbit equivalence relation. Conversely when M has separable predual, any
Cartan subalgebra A C M is realized by an orbit equivalence relation (with a cocycle), and hence by a
group action. Thus the notion of Cartan subalgebras is closely related to group actions. In particular if M
has no Cartan subalgebras, then it cannot be constructed by any group actions. It was an open problem to
find such a von Neumann algebra.

The first result in this direction was given by Connes [1975]. He constructed a II; factor which is
not isomorphic to its opposite algebra, so it is particularly not isomorphic to any group action (without
cocycle) von Neumann algebra. Voiculescu [1996] then provided a complete solution to this problem, by
proving free group factors LF, (n > 2) have no Cartan subalgebras. He used his celebrated free entropy
technique, and it was later developed to give other examples [Shlyakhtenko 2000; Jung 2007].

After these pioneering works, Ozawa and Popa [2010] introduced a completely new framework to study
this subject. Among other things, they proved that free group factors are strongly solid, that is, for any
diffuse amenable subalgebra A C LF,, the von Neumann algebra generated by the normalizer Nzf, (A)

MSC2010: primary 46L.10, 46L.36; secondary 58B32.
Keywords: von Neumann algebra, type III factor, Cartan subalgebra.
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remains amenable. Since L[, itself is nonamenable, this immediately yields that LF, has no Cartan
subalgebras. Note that strong solidity is stable under taking subalgebras and hence any nonamenable
subfactor of L[, also has no Cartan subalgebras.

The proof of Ozawa and Popa consist of two independent steps. First, by using weak amenability
of [F,, they observed that the normalizer group acts weakly compactly on a given amenable subalgebra.
Second, combining this weakly compact action with Popa’s deformation and intertwining techniques
[Popa 2006a; 2006b], they constructed a state which is central with respect to the normalizer group.
Thus they obtained that the normalizer group generates an amenable von Neumann algebra. Since these
techniques are applied to any finite crossed product B x [, with the W*CMAP (weak™ completely metric
approximation property, see Section 2D), they also proved that for any finite factor B with the W*CMAP,
the tensor product LF, ® B has no Cartan subalgebras.

To remove the W*CMAP assumption on B x [,,, Popa and Vaes [2014a] introduced a notion of relative
weakly compact action. This is an appropriate “relativization” of the first step above in the view of the
relative tensor product L2(B x F,) ® g L>(B x [F,,). In particular this only requires the weak amenability
of F,,. Thus by modifying the proof in the second step above, they obtained, among other things, the
tensor product L, ® B has no Cartan subalgebras for any finite factor B.

The aim of the present paper is to develop these techniques to study type III von Neumann algebras.
More specifically we replace the free group factor LI, with the free quantum group factor, which is a
type III factor in most cases. We have already studied this [Isono 2015a; 2015b] when B is finite. In the
general case however, namely, when B is a type III factor, we could not provide a satisfactory answer to
this problem, and this will be discussed in this article.

We note that the first solution to the Cartan subalgebra problem for type III factors in our framework
was obtained by Houdayer and Ricard [2011]. They followed the proof of [Ozawa and Popa 2010]
by exploiting techniques in [Chifan and Houdayer 2010], that is, the use of Popa’s deformation and
intertwining techniques together with the continuous core decomposition. While Houdayer and Ricard
followed the idea of [Ozawa and Popa 2010], our approach in [Isono 2015a; 2015b] was based on
[Popa and Vaes 2014b]. In particular, in the second step above, we made use of Ozawa’s condition
(AO) [2004] (or biexactness, see Section 2C) at the level of the continuous core. In this article, we
stand again on the use of biexactness, and we will further develop techniques of [Isono 2015b]. See
[Boutonnet et al. 2014] for other examples of type III factors with no Cartan subalgebras, and [Chifan and
Sinclair 2013; Chifan et al. 2013] for other works on Cartan subalgebras of biexact group von Neumann
algebras.

The following theorem is the main observation of this article. This should be regarded as a generalization
of [Isono 2015b, Theorem B], and this allows us to obtain a satisfactory answer to the Cartan problem in
the type III setting. See Section 2 for items in this theorem.

Theorem A. Let G be a compact quantum group with the Haar state h, and B a type 111 factor with a
faithful normal state ¢g. Put M := L*°(G) @ B and ¢ :=h ® ¢p. Let Cyy (B) and Cy,(M) be continuous
cores of B and M with respect to g and ¢, and regard Cy,(B) as a subset of C,(M). Let Tr be a
semifinite trace on Cy,(M) with Tr |C‘PB(B) semifinite, and p € C,(M) a projection with Tr(p) < o.
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Assume that G is biexact and centrally weakly amenable with Cowling—Haagerup constant 1. Then for
any amenable von Neumann subalgebra A C pCy,(M) p, we have either one of the following conditions:

(i) We have A wa(M) C(pb, (B).
(ii) The von Neumann algebra N, pC, (M) »(A)" is amenable relative to Cy,(B).

As a consequence of the main theorem, we obtain the following corollary. This is the desired one since
our main example, free quantum groups, satisfies the assumptions in this corollary. See [Isono 2015b, Theo-
rem C] for other examples of quantum groups satisfying these assumptions. Below we say that an inclusion
of von Neumann algebras A C M is with expectation if there is a faithful normal conditional expectation.

Corollary B. Let G be a compact quantum group as in Theorem A. Then for any nonamenable subfactor
N C L*(G) with expectation and any o-finite factor B, the tensor product N ® B has no Cartan
subalgebras.

For the proof of Theorem A, we will establish a weakly compact action on the continuous core of
L (G) ® B as the one relative to B. The central weak amenability of G is used to find approximation
maps on the continuous core which are relative to B < R. Then combined with the amenability of R, we
construct appropriate approximation maps on the core relative to B. In this process, since B is not with
expectation in the core, we use operator-valued weights instead. This is our strategy for the first step.

For the second step, although we go along a very similar line to [Isono 2015b], we need a rather
different (and general) approach to the proof. We note that this is why we assume only biexactness of G,
and do not need the notion of condition (AOC)™ as in [Isono 2015a; 2015b].

This paper is organized as follows. In Section 2, we recall fundamental facts for our paper, such as
Tomita—Takesaki theory, free quantum groups, biexactness, weak amenability, and Popa’s intertwining
techniques.

In Section 3, we study a generalization of the relative weakly compact action on the continuous core
by constructing appropriate approximation maps on the core. The main tools for this construction are:
operator-valued weights; central weak amenability; and weak containment, together with the amenability
of R. This is the most technical part of this paper.

In Section 4, we prove the main theorem. We follow the proof of [Popa and Vaes 2014b; Isono 2015b],
using the weakly compact action given in Section 3.

2. Preliminaries

2A. Tomita-Takesaki theory and operator-valued weights. We first recall some notions in Tomita—
Takesaki theory. We refer the reader to [Takesaki 1979] for this theory, and to [Haagerup 1979a;
1979b] and [Takesaki 1979, Chapter IX, §4] for operator-valued weights.

Let M be a von Neumann algebra and ¢ a faithful normal semifinite weight on M. Put ny, :={x € M |
¢(x*x) < oo} and denote by A, : n, — L?*(M, ¢) the canonical embedding. We denote the modular
operator, modular conjugation, and modular action for M C B(L>(M, ¢)) by Ay, J, and 0¥ respectively.
The Hilbert space L*(M, ¢) with J, and with its positive cone P, is called the standard representation



1298 YUSUKE ISONO

for M [Takesaki 1979, Chapter IX, §1] and does not depend on the choice of ¢. Any state on M is
represented by a vector state, from which the vector is uniquely chosen from P,. Any element o € Aut(M)
is written as « = Ad u by a unique u € B(L*(M, ¢)) which preserves the standard representation structure.
The crossed product M X ¢ R by the modular action is called the continuous core [loc. cit., Chapter XII, §1]
and is written as C, (M), which is equipped with the dual weight ¢ and the canonical trace Tr, := g?)(h(;l ),
where h,, is a self-adjoint positive closed operator affiliated with LR. For any other faithful normal
semifinite weight v, there is a family of unitaries ([Dg, Dv¥];);er in M called the Connes cocycle
[loc. cit., Definition VIII.3.4]. This gives a cocycle conjugate for modular actions of ¢ and v, and hence
there is a x-isomorphism

My,:Co(M)— Cy(M), Tly,(x)=x (xeM), Ty,07) =[Dy, DeliA! (tR).

It holds that ITy , o 1, ,, = 1y, for any other w on M, and Ily.E,, poE, |C¢(M) =TIy , forany M C N
with expectation E . It preserves traces Try oIly, , = Tr, [loc. cit., Theorem XI1.6.10(iv)]. So the pair
(Cy(M), Try) does not depend on the choice of ¢, and we call Tr,, the canonical trace. A von Neumann
algebra is said to be a rype 111 factor if its continuous core is a [l factor.

Let B C M be any inclusion of von Neumann algebras. We denote by M the extended positive cone
of M. For any operator-valued weight T : M+ — B, we use the notation

ny = {x € M | [IT(x*x)|loc < +00},
my = (np)*ny = (Y7 xfyi [n =1, xi, yi eng forall 1 <i <n}.

Then T has a unique extension 7 : my — B as a B-bimodule linear map. In this paper, all the operator-
valued weights that we consider are assumed to be faithful, normal and semifinite. Note that since the
operator-valued weight is nothing but a weight when B = C, we may also extend a faithful normal
semifinite weight ¢ on my,.

For any inclusion B C M of von Neumann algebras with faithful normal weights ¢p and @) on B
and M respectively, the modular actions of them satisfy o%¥|p = o %2 if and only if there is an operator-
valued weight Ep from M to B which satisfies ¢p o Ep = ¢y, and Ep is determined uniquely by this
equality [loc. cit., Theorem 1X.4.18]. We call Ep the operator-valued weight from (M, @) to (B, ¢p).
In this case, the cores satisfy the inclusion Cy,(B) C Cy,, (M) since c%¥|g = o¥?. When ¢y |p = ¢3,
Ep is a faithful normal conditional expectation [loc. cit., Theorem 1X.4.2].

Let M be a von Neumann algebra and ¢ a faithful normal semifinite weight on M. Put L>(M) :=
L?*(M, ¢) and let o be an action of R on M. In this article, as a representation of M x, R, we use that for
any £ € L2(R) ® L>(M) ~ L>(R, M) and s, t € R,

M 3 x — 1y (x), (o (x)§)(5) 1= a—s (x)&(s),
LR M= 1y, ((1®A)E)(s):=E&(s—1).
Let C.(R, M) be the set of all x-strongly continuous functions from R to M with compact supports. Then

there is an embedding

Ty :Co(R, M) > f— /(1 QAT (f(®))dt € M xy R,
R
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where the integral here should be understood as the map 7' € B(L*(R) ® L>(M)) given by
(rem) = [ (@ rmf )6
for all £, n € L>(R) ® L>(M). We note that by
(f*g)):= A;{ots(f(t +5))g(—s)ds and fﬁ(t) = a[l(f(—t)*) for f,g € C.(R, M) and t € R,

C.(R, M) is a *-algebra, so that 77, is a *-homomorphism. For f € C.(R, M) and x € M, we define
(f-x)(t) == f(H)x for t € G. Let C.(R, M)n, C C.(R, M) be the set of linear spans of f - x for
f €C.(R, M) and x € n,. With this notation, the dual weight satisfies

P (o () a () = 9((g" % £)(0)) = / p(g()* f(1)dt forany f, g€ Cc(R, M)n,
R
[Takesaki 1979, Theorem X.1.17]. The modular objects of ¢ are given by

0,¢|M =0/ and a,é()\s) = A[D(poay), Dpl; fors,teR,
(Jp€) (1) = u*(t)J,&(—1) fort € Rand & € L*(R, L*(M)),

where u(¢) is the unitary such that o, = Ad u(¢), which preserves the standard structure of L*(M, ¢).
In particular 0% globally preserves M and so there is a canonical operator-valued weight Ej; from
(M x4 R, @) to (M, ). By the equality ¢ o Ey; = ¢, it holds that for any f, g € C.(R, M),

En(a(8)*a(f)) = (¢" % £)(0) = /R " f()dt.

Here we prove a few lemmas.

Lemma 2.1. Let (N, gpn) and (B, ¢p) be von Neumann algebras with faithful normal semifinite weights
with oy (1) = 1. Let «® be an action of R on B, and put M == NQ B, ¢ =@y Qp, o :=0" Qab. Let
Euy, Eg, Epur be the canonical operator-valued weights from (M x4 R, @) to (M, ), from (M x4 R, @)
to (B, ¢g), and from (M x4 R, @) to (B x,8 R, ¢p) respectively. Then we have Egyr o Epy = Ep.

Proof. Let Py be the one-dimensional projection from L*(N, ¢n) onto CA, (1x) and observe that the
compression map by Py @ 13 ® l;2y on N® B® B(L?(R)) gives a normal conditional expectation
E:M x,R— B x5 R satisfying E((x @ b)A;) = on(x)b),; for x € N, b € B, and t € R. It is faithful
on M X, R since it is faithful on N ® B @ B(L?*(R)). A simple computation shows that E = Ep.p
and Epr((x ® b)A;) = on(x)bA, for x € N, b € B, and t € R. In particular Egyg|s is the canonical
conditional expectation E} from (M, ¢) to (B, ¢p). Then by definition, g0 EY c Eyy = ¢ o Ey = @,
and hence EY o E)y = Ep. Since EY o Eyy = Egwg o Ey, we obtain the conclusion. O

We next recall the following well-known fact. We include a proof for the reader’s convenience.

Lemma 2.2. Let M be a type 111 factor and N a von Neumann algebra. Then the center of the continuous
core of M @ N coincides with the center of N.
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Proof. Since M is a type III; factor, there is a faithful normal semifinite weight @) on M such that
(M,,,) "M = C [Takesaki 1979, Theorem XII.1.7], where M,,, is the fixed point algebra of the modular
action of ¢ys. Let ¢y be a faithful normal semifinite weight on N and put ¢ := ¢y ® @ . Observe that
the center of Cy,(M ® N) is contained in

(Mg, ® Cli2(nygrz@) MM &N @B(LA(R) = Cl 24y 4,y & N @ B(L*(R)).

On the other hand, since Z(C,(M ® N)) commutes with LR, it is contained in (M ® N), ® LR; see,
e.g., [Houdayer and Ricard 2011, Proposition 2.4]. Hence

Z(C,(M®N)) CCRN®B(L*(R)N(MBN),® LR=C&N,, ®LR.

Finally since Z(C,(M ® N)) commutes with M, and N, commutes with M and LR, (up to exchanging
positions of M and N) we have

Z(C,(N®M))CM'NN,, ®CRLR=N,, ®( M'NCR®LR) =N,, ®CI,

where we used ' NC ® LR C Z(C,,(M)) = C. Since N' N N,, = Z(N), we conclude that
Z(Cy,(M®N))=Z(N). Since all continuous cores are isomorphic with each other, preserving the position
of M ® N, for any other faithful normal semifinite weight v, we obtain Z (Cy (M ®N))=Z(N). O

2B. Relative tensor products, basic constructions and weak containments. Let M and N be von Neu-
mann algebras and H a Hilbert space. Throughout this paper, we denote opposite objects with a circle
superscript (e.g., N°: =N, x°:=xP e N°, (xy)°=y°x°forx, y € N). We say that H is a left M-module
(resp. a right N-module) if there is a normal unital injective x-homomorphism gy : M — B(H) (resp.
Oy : N° — B(H)). We say H is an M-N-bimodule if H is a left M-module and a right N-module with
commuting ranges. The standard bimodule of M is a standard representation L?(M) as an M-bimodule,
where the right action is given by M° 3 x° — Jx*J € M’ C B(L*(M)).

Let N be a von Neumann algebra, ¢ a faithful normal semifinite weight, and H = Hy aright N-module
with the right action 6. A vector £ € H is said to be left p-bounded if there is a constant C > 0 such
that [|0(x°)¢]| < C||J,Ay(x™)| for all x € n:;. We denote by D(H, ¢) all left ¢-bounded vectors in H.
It is known that the subspace D(H, ¢) C H is always dense [Takesaki 1979, Lemma IX.3.3(iii)]. For
& € D(H, ¢), define a bounded operator

Le : L*(N,9) — H; LgJ,Ap(a*) =0(a®)k.
It is easy to verify that
O(x°)Lg = LgJyx*J, (x €N),
LeLy € O(N°) and LyLg € (JoNJ,) =N (§,n€ D(H, ¢)),
XLy = Lygo?, ()15 (x €6(N°),y € No),
where N, C N is the subalgebra consisting of all analytic elements with respect to (o) (see [Takesaki 1979,

Lemma IX.3.3(v)] for the third statement). For a left N-module K = y K, the relative tensor product H @y
K is defined as the Hilbert space obtained by separation and compression of D(H, ¢) ®,; K with an inner
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product (§; ®n 11, 5 QN n2) = (L;Lglm, m)x. When H = jyHy is an M-N-bimodule and K = yK 4
is an N-A-bimodule for von Neumann algebras M and A, the Hilbert space H ® y K is an M-A-bimodule
given by w(x)0(a°)(E Qn 1) := (g (x)E) ®p Bk (a®°)n) forx e M, a€ A, E € D(H, ¢) and n € K.

Since all standard representations L?(M) of M are isomorphic as M-bimodules, when we consider
H =K =L*(M)and N C M, the Hilbert space L*>(M)®y L*(M) is determined canonically, and does
not depend on the choice of a faithful normal semifinite weight ¢ on M with L>2(M) = L>*(M, ¢).

Let B C M be an inclusion of von Neumann algebras and ¢ a faithful normal semifinite weight on M.
The basic construction of the inclusion B C M is defined by

(M, B) :=(J,BJ,) NB(L*(M, ¢)).

Since all standard representations are canonically isomorphic, the basic construction does not depend on
the choice of ¢. Assume that the inclusion B C M is with an operator-valued weight Ep. Fix a faithful
normal semifinite weight ¢ on B and put ¢ := ¢p o Ep. Here we observe that any x € ng, Nn,, is
left p-bounded and L, x)Ag,(a) = Ag(xa) for a € ny,. Indeed, for any analytic a € ny, Ny, we
have J,, Ay, (a*) = A;/B2A¢B (@) = Ay, (aff/z(a)), see, e.g., the equation just before [Takesaki 1979,
Lemma VIII.2.4], and hence by Lemma V.IIL.3.18(ii) of the same work,

L, gy (0%7,(@) = L0y Iy Mgy (@) = Jpa™ Ty Ay (x) = Ay(x0?; 5 (a)).

Since o*? (@) = o’ (@) (because o’|p = 0" for t € R, and the analytic extension is unique if exists),
this means that L a x) Ay, (b) = Ay (xb) for any analytic b € ng,, N nZ‘,B. At the same time, we can define
a bounded operator L, : Ay, (a) = Ay(xa) for a € ny, (use x € ng,). So the map L4, (x) has a bounded
extension on L?(B, ¢p) and coincides with L, as desired. Now it is easy to verify that

Lj\w(y)LAw(x) =Ep(y*x) € (JWBJW)’ =B C [EB(LZ(B, ®B)) (x,y €ng, Nny).

We will use this formula for calculations in the proposition below and in Section 3.
Here we observe that a relative tensor product has a useful identification. We will use this proposition
in Sections 3 and 4.

Proposition 2.3. Let N and B be von Neumann algebras, and o™ and o® actions of R on N and B
respectively. Put M :== N ® B and o '= a™ @ «®, and define H := L*(M x4 R) ® 3 L>*(M x4 R) as an
M x4 R-bimodule with left and right actions wy and 0.
Then there is a
U:H — L*(R)® L*>(N) ® L*(B) ® L*(N) ® L*(R) such that, putting 7y = AdU o gy and
QH :=AdUo QH,
o (M x4 R) CB(L*(R) @ L*(N) ® L*(B) @ Cly @ Cl gy,
A =AM Q@Iv®1p and 7r(x)=my(x) (teR, xeN®B=M);
* G5 (M xaR)°) C Clyam ® Cly @ BL*(B) ® L*(N) ® L*(R))
On0) =15@1Iy®@p and Og(y°)=6,(y°) (t€R,ye BN =M),
where (0o (y°)€)(s) := a5 (y)°E(s) for & € LA (R, L*(B) @ L*(N)) and s € R.
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Proof. We fix a faithful normal semifinite weight ¢z on B and put ¢ := ¢n ® @p. Denote by ¢ the dual
weight of ¢ and then the standard representation of M x4 R is given by

L*(M x4 R, ) = L*(N, on) ® L*(B, ¢p) ® L*(R) =~ L*(R, L*(N, ¢n) ® L*(B, ¢p)).

For simplicity we put L*(N) := L*(N, ¢y) and L?*(B) := L?*(B, ¢3). Let Ep be the canonical operator-
valued weight from M to B given by ¢ = ¢p o Ep. Then for E g’f ‘= @y ®idp on M and for the canonical
operator-valued weight E; from (M xR, ¢) to (M, ¢), we have 9 =gpo Epy = ¢ppo Eé/l o E s, and hence
Eg=F g” o E ) by the uniqueness condition. Observe then for any f, g € C.(R, M),

E (@) 7u(f)) = /R EY (g()* f () dt.
Define a well-defined linear map
Vi Ay(gy ®ulg Ngy) Batg Jp Ay (N, Rutg Ngy) — LAH(N) ® L2(B) ® L*(N)
by V(A (x®a) @ JuAy(b®y)) i= Ny (X) ®aJy, Ay (b) ® Jy, Ay, (y). We then define a linear map
U: LR, L*(N)® L*(B)) ®p L*(R, L*(B) ® L*(N)) — L*(R x R, L*(N) ® L*(B) ® L*(N))

by (U(f ®5 J59)(1.5) 1= V(A (f (1)) ® JyAy(g(—5))) for f € Co(R, N ®utg B) (1, g ) and
8 € Co(R, B®aig N) (g, ®alg gy ). (Note that we are identifying A (7, (f)) and A4 (7, (g)) as f and g.)
We have to show that it is a well-defined unitary map. For f; € C.(R, N ®ag B) (g, ®aig y,) and g; €
Ce(R, BRagN)(ny, ®alghy,y ), straightforward but rather complicated computations yield, on the one hand,

2
HZ f@ndpg| =3 /R /R Fidy g (81 (=5)), Jp A (g5 (—))) ds di.
i 20

where Fj; := Eg’l(fj(t)*f,-(t)), and on the other hand,

2
2

/ (V(Ap (i) ®Jy Ay (8i(=5))), V(Ay(f;(1)® Iy Ay (gi(—5)))) dt ds.

RxR

HUZ(fi@BJ@gi)

Hence if we show
(V(Ap(x) ® JyAyp(a)), V(Ap(y) ® JyAy (b)) = (EY (y*X)JyAy(a), JyAy(D))

for any x, y € nyy ®alg Ny, and a, b € ny,; @, Ny, , then U is a well-defined unitary map. However this
equation follows easily if we use elementary elements.

Finally L?>(R x R, L>(N) ® L>(B) ® L>(N)) is canonically isomorphic to L>(R) ® L*>(N) ® L*>(B) ®
L*(N)® L*(R), where the first (resp. the second) variable in R x R corresponds to LR of the left one (resp.
the right one) in the Hilbert space. It is then easy to see that 75 and 5H satisfy the desired condition. [

Let M and N be von Neumann algebras, and let H and K be M-N-bimodules. We denote by my and
On (resp. mg and 6k ) left and right actions on H (resp. K). We say that K is weakly contained in H,
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denoted by K < H, if for any ¢ > 0, finite subsets £ C M and F C N, and any vector & € K, there are
vectors (1;)7_; C H such that

n

D )05 ()i i e — (T ()0 (VE. E)k| <& (x €&, yeF).
i=1

This is equivalent to saying that the algebraic *-homomorphism given by g (x)0g (y°) > mg (x)0k (¥°)
for x € M and y € N is bounded on x-alg{my (M), 0y (N°)}. We denote by vk p the associated
x-homomorphism for K < H.

Let M and N be o-finite von Neumann algebras and let X be a self-dual M-N-correspondence (i.e.,
a Hilbert N-module with a normal left M-action, see [Paschke 1973, Section 3] for self-duality and
normality). Then the interior tensor product, see, e.g., [Lance 1995, Section 4], H(X) := X Qn L*(N)
is an M-N-bimodule. Conversely if H is an M-N-bimodule, then one can define a self-dual M-N-
correspondence (i.e., a W*-Hilbert N-module with a left M-action)

X(H):={T: LZ(N) — H | bounded, N°-module linear map}.

They in fact give a one-to-one correspondence between M-N-bimodules and self-dual M-N-correspon-
dences, up to unitary equivalence; see [Baillet et al. 1988, Theorem 2.2] and [Rieffel 1974, Proposi-
tion 6.10]. By [Anantharaman-Delaroche 1990, §1.12, Proposition], K < H if and only if X (K) < X (H)
in the following sense: for any o-weak neighborhood V of 0 € N, finite subsets £ C M and F C N, and
", C X (H) such that

any £ € X(K), there are vectors (;)

n

Z(’]i,x’]iy>X(H) — (&, xEy)xk) €V (x€€&, yerF).
i=1
Suppose that M = N, L?>(M) = K, and M = X (K). Then if L>(M) < H, putting & := 1, for any
finite subset £ C M and for any o-weak neighborhood V of 0 € N, there are vectors (;)7_, C X (H)
such that

n

Z(’?i» xni)x(H) —X €V (x €E).

i=1
So putting Y y)(x) 1= 2?21 (mi, xni) xm) for x € M, we find a net (v;); such that each ; is given by
a sum of compression maps by vectors in X (H) and such that it converges to id,, in the point o -weak
topology. In this case, up to replacing n;, we may assume that each ; is a contraction [Anantharaman-
Delaroche and Havet 1990, Lemma 2.2]. Then it is known that the existence of such a net is equivalent to
L?>(M) < H as follows, although we do not need this equivalence. See Proposition 2.4 of the same work
for a more general statement.

Proposition 2.4. Let M be a o-finite von Neumann algebra and H an M -bimodule. Then L*>(M) < H as
M -bimodules if and only if there is a net (V;); of normal contractive completely positive (c.c.p.) maps
on M, which converges to idy point o -weakly, such that each ; is a finite sum of (n, - n) x () for some
neX(H).

We recall the following well-known fact. This will be used in Section 3.
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Lemma 2.5. Let B C M be an inclusion of o-finite von Neumann algebras with an operator-valued
weight E. Then the vector space ng,, is a pre-Hilbert B-module with the inner product (x, y) := Ep(x™*y)
forx,y e ng,, and its self-dual completion ng, is an M-B-correspondence.

Let X be the self-dual completion of the interior tensor product ug, ®p M. Then as an M-M-
correspondence, X is the unique one corresponding to the M-bimodule L>(M) @ g L>(M), using the
one-to-one correspondence above.

Proof. 1t is easy to see that the B-valued inner product on ng, in the statement is well-defined, so that
ng, is a pre-Hilbert B-module with a left M-action. Since the left M-action is faithful on ng,, so is on
the self-dual completion; see, e.g., [Paschke 1973, Corollary 3.7]. This left M -action is normal, since the
functional M 5 x — w({§, xn)) is normal for all w € M, and &, n € ng,, and hence for all £, n € ng, by
[Paschke 1976, Lemma 2.3]. Thus ng, is an M-B-correspondence.

Let X be as in the statement. Then as in the first paragraph, it is easy to see that it is really an M-M-
correspondence (i.e., the left M-action is well-defined, injective, and normal). Let us fix faithful normal
states ¢ and @ on B and M respectively. Then the interior tensor product X ®y L2(M, ¢) is canonically
identified as L%(M, pg o Ey) ®p L*(M, ), so that X is identified as X (L?(M) ® g L>*(M)). O

2C. Free quantum groups and biexactness. For compact quantum groups, we refer the reader to
[Woronowicz 1998; Maes and Van Daele 1998].

Let G be a compact quantum group. In this paper, we use the following notation, which will only
be used in Section 4. We denote the Haar state by A, the set of equivalence classes of all irreducible
unitary corepresentations by Irred(G), and right and left regular representations by p and X respectively.
We regard Cieq(G) := p(C(G)) as our main object and we frequently omit p when we see the dense
Hopf *x-algebra. The GNS representation of /4 is written as L*(G) and it has a decomposition L2(G) =
erlrred(@) @ (H; ® H;z). Along the decomposition, the modular operator of 4 is of the form Aﬁl’ =
> relmed(G) P (0 ® Q;”) for some positive matrices Q..

Let F be a matrix in GL(n, C). The free unitary quantum group (resp. free orthogonal quantum group)
for F [Wang 1995; Van Daele and Wang 1996] is the C*-algebra C (A, (F)) (resp. C(A,(F))) defined
as the universal unital C*-algebra generated by all the entries of a unitary n by n matrix u = (u; ;); ;
satisfying that F(u;"j)l-,jF_l is a unitary (resp. F(u;k’j),-,jF_1 = u). We simply say that G is a free
quantum group if G is a free unitary or orthogonal quantum group.

Here we recall the notion of biexactness introduced in [Isono 2015b, Definition 3.1], based on the
group case [Brown and Ozawa 2008, Lemma 15.1.2].

Definition 2.6. Let G be a compact quantum group. We say that the dual G is biexact if it satisfies
following conditions:
@) G is exact (i.e., Cred(G) is exact).
(ii) There exists a unital completely positive (u.c.p.) map © : Cred(G) ®min Cred(G)° — B(L?(G)) such
that
O(a®b°) —ab® e K(L*(G)) for any a, b € Crea(G).
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Biexactness of free quantum groups was proved in [Vergnioux 2005; Vaes and Vergnioux 2007; Vaes
and Vander Vennet 2010]. See [Isono 2015b, Theorem C] for other examples of biexact quantum groups.

Theorem 2.7. Let G be a free quantum group (more generally, a compact quantum group in [Isono 2015b,
Theorem C)). Then the dual G is biexact.

2D. Central weak amenability and the W*CMAP. Let G be a compact quantum group. Denote the
dense Hopf x-algebra by 4’ (G). To any element a € EOO(@) we can associate a linear map m, on ¢ (G),
given by (m, ® 1) (u*) = (1 ® ap,)u* for any x € Irred(G), where p, € CO(G) is the canonical projection
onto the x-component. We say Gis weakly amenable (with Cowling—Haagerup constant 1) if there exists
a net (a;); of elements of EOO(@) such that:

» Each ¢; has finite support; namely, a; py = 0 except for finitely many x € Irred(G).
e (a;); converges to 1 pointwise; namely, a; p, converges to p, in B(H,) for any x € Irred(G).

» Each m,, is extended on L*°(G) as a completely contractive (say c.c.) map.

Note that, since g; is finitely supported, each m,, is actually a map from L*°(G) to ¢ (G). We say G
is centrally weakly amenable if each a; p, above is taken as a scalar matrix for all i and x € Irred(G).
In this case, the associated multiplier m,, commutes with the modular action of the Haar state. This
commutativity is important to us since such multipliers can be extended naturally on the continuous
core with respect to the Haar state. Indeed, the maps m,, ®id;2, on L (G) ® B(L?(R)) restrict to
approximation maps on the core. With this phenomenon in mind, we introduce the following terminology.

Definition 2.8. Let M be a von Neumann algebra and ¢ a fixed faithful normal state on M. We say that
M has the weak™ completely metric approximation property with respect to ¢ (or o-W*CMAP, in short) if
there exists a net (¢;); of normal c.c. maps on M such that:

o Each y; commutes with o¥; that is, ¥; oo =0, oy, for all i and ¢ € R.
o Each y; is a finite sum of ¢(b* - a)z for some a, b,z € M.

 ; converges to idys in the point o-weak topology.

It is easy to see that the central weak amenability of G implies the W*CMAP with respect to the Haar
state.

Weak amenability of the free quantum group was first obtained in [Freslon 2013], using the Haagerup
property [Brannan 2012]. This is for the Kac type and hence is equivalent to the central weak amenability.
The general case was solved later in [De Commer et al. 2014] and its proof in fact shows the central weak
amenability as follows.

Theorem 2.9. Let G be a free quantum group (more generally a quantum group in [Isono 2015b,
Theorem CJ). Then the dual Gis centrally weakly amenable.

In particular there is a net (Y;); of normal c.c. maps on L*°(G), possessing the W*CMAP with respect
to the Haar state, such that ; (L°°(G)) C € (G) forall i.
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2E. Popa’s intertwining techniques. Popa [2006a; 2006b] introduced a powerful tool called intertwining
techniques. This is one of the main ingredients in the recent development of the von Neumann algebra
theory. Here we introduce the one defined and studied in [Houdayer and Isono 2017, Definition 4.1
and Theorem 4.3] which treats general von Neumann algebras.

Definition 2.10. Let M be any o-finite von Neumann algebra, 14 and 15 any nonzero projections in M,
A C14M14 and B C 1M 15 any von Neumann subalgebras with expectation. We say that A embeds
with expectation into B inside M and write A <y B if there exist projections e € A and f € B, a nonzero
partial isometry v € eM f and a unital normal *-homomorphism 6 : eAe — f Bf such that the inclusion
O(eAe) C fBf is with expectation and av = vf(a) for all a € eAe.

Theorem 2.11. Keep the same notation as in Definition 2.10 and assume that A is finite. Then the
following conditions are equivalent:

(1) We have A <j; B.

(2) There exists no net (w;);e;y of unitaries in U(A) such that Eg(b*w;a) — 0 in the o -x-strong topology
forall a,b € 1M1, where Eg is a fixed faithful normal conditional expectation from 1gM1p
onto B.

For the proof of Corollary B, we prove a lemma. In the proof below, we make use of the ultraproduct
von Neumann algebras [Ocneanu 1985]. We will actually use a more general one used in [Houdayer and
Isono 2017], which treats a general directed set instead of N. Recall from Section 2 of that paper that
for any o-finite von Neumann algebra M and any free ultrafilter I/ on a directed set /, we may define
the ultraproduct von Neumann algebra MY, using £>°(I) ® M. In the proof below, we only need the
following elementary properties: with the standard notation (x;);; € MY for (x;)icr:

e M C MY is with expectation by Ez;((x;)y) 1= lim;_y x;.
« For any o -finite von Neumann algebras A C M with expectation E 4, AY C MY is with expectation
defined by E u ((x;)y) := (Ea(x;)u.

o If the subalgebra A is finite, then any norm bounded net (a;);c; determines an element (a; )y, in MY,

Lemma 2.12. Let (B, ¢p) and (N, ¢n) be von Neumann algebras with faithful normal states. Put
M:=BQ®N, ¢ :=¢pQ¢y, Ep =idp @ oy and Exy = ¢p ® idy. Let p € M be a projection
and A C pMp a von Neumann subalgebra with expectation. Fix a := (a;)ic; € £*°(I) ® A and a free
ultrafilter U on I such that (a;)y € AY. Then Egu(y*ax) =0 forall x, y € M if and only if Ey o Ey/(c*ab)
forall b, c € BX.

In particular, if A is finite, then A <y B if and only if A <pgy, B for any No C N with expectation E\,
such that gy o Ex, = ¢n, p € BQ Ny and A C p(B ® No)p.

Proof. Observe first that E gu(y*ax) =0 for all x, y € M if and only if Ezu((1 ® y*)a(l ® x)) =0 for
all x, y € N, which is equivalent to

(Epu((1®@y")a(l @ x)Au(b), Ay (C))wg =0
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for all x, y € N and b, ¢ € BY. Writing b = (b;); and ¢ = (c;)y, we calculate that
(Ege((1@5)a(l ®x)A g (b). Agty(©)) g = im{Es((1® y)ai(1©x) gy (bi). Agy (€],

= lim g5 (c] E5((1 ® y")a; (1@ x))bi)

= lim g o Ep((c; ® y9ai(b;i ® x))

= lim gy o En((c; ® y)ai(bi ® x))

= lim ¢ (y*En((¢] ® Dai (bi @ 1))x)

=y (Y En(lim ((c] @ Dai (b; ® ))x)

=on (y*En 0 Ey((c* ® Da(b ® 1))x).

Then since functionals of the form ¢y (y* - x) for x, y € N are norm dense in N,, the final term above is
zero for all x, y € N if and only if Ey o Eyy((c*® )a(b ® 1)) = 0. Thus we proved that Egu(y*ax) =0
for all x, y € M if and only if Ey o E;((c* ® )a(b® 1)) =0 for all b, c € BX.

For the second half of the statement, suppose that A is finite and A Zpgy, B. We will show A £y B.
Since A is finite, there is a net (#;);c; C U(A) for a directed set I such that Eg(y*u;x) — 0O strongly
as i — oo for all x, y € B® Ny. Fix any cofinal ultrafilter ¢/ on I. Since A is finite, u := (u;); € AY
and hence Egu(y*ux) =0 for all x, y € B ® Ny. By the first half of the statement, this is equivalent
to Ey, o Ey(c*ub) = 0 for all b, c € BY. Then since Ey(c*ub) is contained in B ® Ny and since
Enlpgn, = (¢ ®1dN)|ggn, = EN,» We have Ey o Ey(c*ub) = 0 for all b, ¢ € BY, which is in turn
equivalent to E gu (y*ux) =0 for x, y € M by the first half of the statement. Since this holds for arbitrary &/
on I, we conclude that Eg(y*u;x) — 0 *-strongly as i — oo for all x, y € M. Thus we proved that
A Zpgn, B implies A Ay B. O

3. Weakly compact actions

In this section, we define and study weakly compact actions on continuous cores. The main observation
is Theorem 3.10, and the key item for the proof is Lemma 3.3.

3A. Relative amenability and approximation maps. In this subsection, we recall relative amenability
for general von Neumann algebras introduced in [Isono 2017], which generalizes [Ozawa and Popa 2010;
Popa and Vaes 2014a].

Definition 3.1. Let B C M be von Neumann algebras, p € M a projection and A C pMp a von Neumann
subalgebra with expectation E 4. We say that the pair (A, E4) is injective relative to B in M, and write
(A, E4) < B, if there exists a conditional expectation from p(M, B)p onto A which restricts to E 4
on pMp.

Using amenability of R and the notion of relative amenability, we prove a lemma for approximation
maps on the continuous core. For this we fix the following notation.
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Let (M, ¢) be a von Neumann algebra with a faithful normal semifinite weight, and M =M xR the
continuous core of M with the modular action o¥. We denote by ¢ the dual weight of ¢, and by E), the
canonical operator-valued weight from MtoM given by ¢ = ¢ o E);. We denote by M x4, G all the
linear spans of xA; for x € M and t € G, which is a *-strongly dense subalgebra in M.

Lemma 3.2. In this setting, we have
G L2 (M) < g L>(M) @y L2 (M) ;.
Proof. Recall first that
MNR=(MO®1)/H{AZ®,0, [teR), (MxR, M)=M°®1),

where p is the right regular representation. Since R is amenable, there are positive functionals (f;), C
L'(R) with || f,|l1 = 1 satisfying Ag fn — fun — 0 weakly for all g € R. For each n, define a positive map

F, : B(L*(M) ® L*(R)) — B(L*(M) ® L*(R))
by
Fo(T) = /R(AZ ®p) T (AL ® p)* fu (1) - dt.

Since || F,|| = 1, we can take a cluster point of (F,),, which we write as F. Then it satisfies
(AY ® p) F(T)(Ay ® p)* = F(T)

for all + € R and hence F is a conditional expectation onto {Afp’ ® p; |t € RY. It is easy to see that
F(T)e (M°®1) forany T € (M°®1)". Hence F restricts to a conditional expectation from (M xR, M)
onto M x R. We obtain (M x R, id) <;«r M. Finally since M x R is semifinite, using [Isono 2017,
Theorem A.5], we get the conclusion. U

Lemma 3.3. In this setting, there is a net (w;); of c.c.p. maps on M such that wj — idj; point o -weakly
and each wj is a finite sum of AZEM(z* “Y)Ap forsomey,z €eng, and p,q € R.

Proof. By Lemma 3.2 and Proposition 2.4, there is a net (w;); of c.c.p. maps on M such that w; — id
point o-weakly and each wj is a finite sum of (1, - 0) x 12§, £2(ify) fOr some 1 € X(LA2(M)®y LA2(M)).
We first replace each 7 in w; with some “algebraic” element in X (L2(1\7 ) Qum L2(1\71 ).

By Lemma 2.5, the self dual completion X of ng, ®a M is identified as the one correspond-
ing to L2(M) ®y L*(M). We denote by X, the image of fig,, Ralg M in X. By [Paschke 1976,
Lemma 2.3], Xy C X is dense in the s-topology; that is, for any n € X there is a net (n;); C Xp
such that (n — n;, n — n;)x — 0 in the o-weak topology in M. In our case, since ng, C ng, is dense in
the s-topology and since M Xy, G C M is x-strongly dense, the image of ng,, ®,g (M X4 G) in X is
dense in the s-topology. Hence we may replace each vector € X, appearing in w; above, with the one
represented by elements in ng,, ®alg (M Xag G).

Thus, we may assume that each w; is a finite sum of k; Ep(z"-y)A, forsome y, z eng, and p,g € R.
However the completely bounded (c.b.) norms of the resulting net (w;); are no longer uniformly bounded.



CARTAN SUBALGEBRAS OF TENSOR PRODUCTS OF FREE QUANTUM GROUP FACTORS 1309

So we have to again replace (w;); with c.c.p. maps. For this, we assume that, up to convex combinations,
the convergence w; — idj; is in the point strong topology.

Recall from (the first half of) the proof of [Anantharaman-Delaroche 1990, Lemma 2.2] that if we put
@i (x) :==cjwj(x)c;j for x € M, where ¢; :=2(1 +a)j(1))_1, then the net (¢;); satisfies that each ¢; is c.c.p.
and that ¢; — idj; in the point strong topology. We will replace c¢; with elements in M X4, G. For this,

fix j and observe that, since 1 +w; (1) is in M x4, G, each ¢; is actually contained in C*{M x4, G}, which
is the norm closure of M X4, G. So there is a sequence (a,), in M Xy G such that ||a,|lcc < ||c;/2||OO
and |la, — cjl./2||c,o — 0. Put b, :=aa, € M Xy, G and observe that it satisfies ||b, |

16s — ¢jlloc — 0. It then holds that for any x € M,

< ll¢jlloo and

llcjwj (xX)¢j — bpw;(X)bulloc < 2lI¢jlloo lwjlleh 1 Xlloo ll¢j — bulloc = 0 as n — oo.
Now fix any ¢ > 0 and finite subset F C (1\71 )1 such that 1 € F, and choose b, such that
lcjwj(x)cj — brwj(x)byllec < €
for all x € F. Then since 1 € F, we have
b ()b llco = 1br@;j (Dbylloc < llcj@j(Dejlloo +& = 1+e¢.

So (1+ 8)_1bna)j( -)by is a c.c.p. map which is still close to ¢jw;(-)c; on F. Thus we proved that for
any j there is a net of c.c.p. maps converging to cjw;(-)c; in the point norm topology such that each
map is a finite sum of A7 Ey (z* - y)A, for some y, z € ng,, and p, g € G. Using this observation, since
cjw;j(-)cj — idj; as j — oo in the point strong topology, it is easy to construct a desired net. U

3B. Definition of weakly compact actions. We introduce the following notion, which is an appropriate
generalization of [Ozawa and Popa 2010, Definition 3.1] in our setting; see also [Popa and Vaes 2014a,
Theorem 5.1]. Indeed, in the definition below, if we take M = M ® M°, this coincides with the original
definition of weakly compact actions.

Definition 3.4. Let M be a semifinite von Neumann algebra with trace Tr, and let M be a von Neumann
algebra which contains M and M° as von Neumann subalgebras, which we denote by 7w (M) and 6 (M°),
such that [7(M), 86(M°)] = 0.

Let p € M be a projection with Tr(p) =1, A C pMp be a von Neumann subalgebra, and G <Ny, (A)
a subgroup. We say that the adjoint action of G on A is weakly compact for (M, Tr, 7, 8, M) if there is a
net (&;); of unit vectors in the positive cone of L?(M) such that

(1) (r(x)&. &) r2amy — Tr(pxp) forany x € M;
(1) || (a)0(a)é; —&illL2(pm) — O for any a € U(A);
(1) |7z ()6 (i) Tpmm ()0 (@) Tnméi — &illp2v) — 0 forany u € G.

Here a means (a°)* and 7, is the modular conjugation for L*(M).
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Remark 3.5. In this definition, since Jx(&; =&; for all i, condition (ii) for @ € 4 (A) implies condition (iii)
for a € U(A). Hence up to replacing G with the group generated by U/(A) and G, we may always assume
that G contains U/ (A).

Below we record a characterization for weakly compact actions.
Proposition 3.6. Keep the notation in Definition 3.4. The following conditions are equivalent:

(1) The group G acts on A as a weakly compact action for (M, Tr, w, 0, M).
(2) There exists a net (w;); of normal states on M such that
(1) w;i(w(x)) — Tr(pxp) forany x € pMp;
(i) w;(w(a)b(a)) — 1 foranya e U(A);
(iii) ||lw; o Ad(w ()0 (u)) — w;|| = O forany u € G.

(3) There is a G-central state w on M such that for any x € M and a € U(A)
w(x) =Tr(pxp) and w(r(@)d(@))=1.
(4) There is a state Q on B(L%(M)) such that for any x € M, a € U(A) and u € G,
Qx) =Tr(pxp), Q@(@b(@) =1, and Q((7w(u)0u)Tpm @) U)Ir) = 1.

Proof. This theorem follows from well-known arguments; see, e.g., the proof of [Ozawa and Popa 2010,
Theorem 2.1]. So we give a sketch of proofs.

If (1) holds, then put €2 := Lim;(-&;, &) 2.\ and obtain (4). If (4) holds, then the restriction of €2
on M gives (3). If (3) holds, then we can approximate w by a net of normal states (w;); C M, weakly.
Then by the Hahn—Banach separation theorem, up to convex combinations, we may assume that the
convergence is in the norm and obtain (2). Finally if (2) holds, then for each i one can find a unique
& € L*(M) which is in the positive cone such that w; = ( - &;, &) 12(Mm)- By the Powers—Stgrmer inequality
[Takesaki 1979, Theorem IX.1.2(iv)], we obtain

177 ()6 (i) Taq 7 ()0 (@) Tpaki — &il1> < llwi 0 Ad(r (u*)0 (u®)) — w; ]| — 0
for any u € G and hence (1) holds. O

3C. W*CMAP with respect to a state produces approximation maps on continuous cores. We con-
struct a family of approximation maps on continuous cores by assuming the W*CMAP with respect to a
state.

For this, we fix the following setting. Let N and B be von Neumann algebras and ¢ and ¢p faithful
normal states on N and B respectively. Put

M:=N®B, ¢:=¢pyQ®¢p, Ey:=idy®¢p, Ep:=¢y®idp,

and we regard B:=B Xsvp R and N:=N Xsenv R as subalgebras of M:=M Xq0 R. We denote by E
the canonical operator-valued weight from MtoM given by ¢ = ¢ o E )y, where ¢ is the dual weight on
M. We also denote by Ep the canonical operator-valued weight from M to B given by ¢ = gpo Ep.
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Lemma 3.7. Let w: M — M and Y : N — N be c.b. maps given by

n
W= AZEM(z* ‘YA, and Y= Z(,DN(Z;k S Vi)Ci
i=1
forsome p,q eR, y,zeng, andc;, yi, zi € N. Suppose wocr, _at Mo forall t € R, so that the map
1// ¥V ®idp ®id2 gy on M ® B(L2(R)) induces the map M— M given by Ip(x)»t) = (Y ®idp)(x)A;
for x € M and t € R. Then the composition ¥ o w is given by

n
Vow(x) = Z M Ep(ofY @)z xyo N (y))Apci, x € M.
i=1
Proof. Recall from the proof of Lemma 2.1 that the canonical conditional expectation from (M, @) to
(E, ¢p) is given by Egyr((x ®b)A;) =@y (x)bA, forx € N, be Bandt € R. For x € M, we calculate that

Yow(x) =¥ Em(Z*xy)h,)

= Z(@N(ZT ¥ ®idp ®idp2)) (Mg Em (2" xY)Ap)ci
i—1

n
=Y Egur(@ A, En (@ xy)hpyi)c
i=1

n
=Y X Epuro En(0f¥ z)Z*xyo " (yi))hpci.
i=1

Since Egyro Ey = Ep by Lemma 2.1, we obtain the conclusion. O

Lemma 3.8. Suppose that N has the on-W*CMAP. Then there exists a net (¢y), of c.c. maps on M such
that ¢, — idj; point o -weakly and such that each @, is a finite sum of d* Eg(z* - y)c for some c,d € M
and y,z € ng,.

Proof. Fix a net (;); of normal c.c. maps on N as in Definition 2.8 and put (1/7,-),- as in the statement of
the previous lemma. Let (w;); be a net of c.c.p. maps on M given by Lemma 3.3. Then by Lemma 3.7
the composition Vi o w; is a finite sum of d*Eg(z* - y)c for some ¢, d € M and y,Z € ng,. Since
lim; (lim; Ui owj) =1idj; in the point o-weak topology, it is easy to show that for any finite subset 7 C M
and any o-weak neighborhood V of 0, there are i and j such that ; o w;j(x) —x € Vforall x € 7. So
putting this 1},- owj as ¢(F,v), one can construct a desired net (¢;)x := (@F, V) (F,V)- O

3D. Relative weakly compact actions on continuous cores. We keep the notation from the previous
subsection, such as M = N ® B and ¢ = ¢y ® ¢p. Let Tr be an arbitrary semifinite trace on M, pE M
a projection with Tr(p) =1, and A C pﬁ p a von Neumann subalgebra with expectation E4. In this
subsection, we prove that under some assumptions on A and M, the normalizer of A in pMp acts on A
as a weakly compact action with an appropriate representation.

Since our proof is a generalization of the one of [Popa and Vaes 2014a, Theorem 5.1], we make use of
the following notation, which is similar to notation used in that theorem:
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H:=L*(M,$)®p L*(M, Tr), with left, right actions g, 0,
My = W*{zy (M), 0 (M°)} C B(H),
= (Ou(p)H) ®4 pL* (M, Tr),
nH:MaxH (x®p p°)®a p e B(H),
6y : M°3 y° > (185 p°) ®4 y° € B(H),
M 1= W*{my (M), 03 (M°)) C B(H).
As we observed in Proposition 3.6, we actually use the weakly compact action with the standard

representation of M. So we first observe that M admits a useful identification as a crossed product, and
so its standard representation is taken as a simple form.

Lemma 3.9. Let X C M be the von Neumann subalgebra generated by w1 (B) and 64 (1\7 ), and let
X c B(L*(X)) be a standard representation, so that B and M® acts on L%(X). Then M is isomorphic to
the crossed product von Neumann algebra R x (N ® X) by the diagonal action 0% ® aX, where aX is
given by «; X (3 (b)0 (y°)) = 3 (0% (b)) (y°) fort e R, b€ B,and y € M.

In particular the standard representation of M is given by L>(R) ® L*>(N) ® L?>(X) with the following

representation: for any & € L>’R)Q L*(N)® L*(X) = L*(R, L>*(N) ® L*(X)) and s € R,

LR M A Q1y® 1y, (A ® In @ 1x)E)(s) :=&(s — 1),
N3xr ()@ 1y, (7 ox () @ 1x)E)(5) 1= (07 (1) ® 1x)E(s),
B>b> 7 ,5(b)13, (78 (0)13)E)(s) == (1y ® ¥} (b))E(s),

M3y > lpg®ly®y°S, (IR® Iy ®y2)E)(s) == (Iy ® y°)E(s).

Proof. By Proposition 2.3, H is isomorphic to L*>(R)® L>(N) ® L>(B) @ L*(N) ® L*(R). Since the
right M -action acts only on the right three Hilbert spaces, the Hilbert space H = H ®4 pLZ(M Tr) is
identified as LZ(R) ® L?(N) ® K, where

K := 05 (p°)(L*(B) ® L*(N) ® L*(R)) ®4 pL*(M, Tr).

Note that M° acts on K by 84, and B acts on L>R)®K by my, so that X acts on L*(R) ® K. More
precisely we have X C L*(R) @ Cly ® B(K).

Let W be a unitary on L*(R)® L*(N) given by (W&) (1) := ALl £(1) forr eRand & € L2 (R)QL*(N) =
L*(R, L2(N)). It satisfies that for any f € L*°(R), t € R, and x € N,

Wigoy OW* =12 ®x, W QIWW =4@A | and W(f®IyW =1y,

Let next V be a unitary on L*>(R) ® L?>(R) defined similarly to W exchanging Afp’N with A;, so that it
satisfies for t € R and f € L (R),

VARQA)V =L ®A and VI HVI =1Q f.
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Define then a unitary on L>(R)@ H by U := (V® Iy ® Ig)(2my ® W ® 1k). One can show that
Ad U = ld on CILZ(R) ® X C G:ILZ(R) @ LOO(R) @ G:lN @ B(K), and

AU pm@r ®@1Iy®1k) = ®h @A ®1k) fort € R,

AdU(lLZ(R) ®7TUWN(X) ® lK) = (1L2(R) X ILZ(R) Rx 1]() for x € N.
Then Ad U (M) is identified as the crossed product von Neumann algebra R x (N ® X) given by the
R-action 0¥ ® o, where o is given by Ad(A; ® 1y ® 1) using X C L®(R) ® Cly ® B(K), which

is exactly the action given in the statement. Finally one can choose the standard representation of
R x (N ® X) as in the statement and we can end the proof. [l

Now we prove the main observation of this section. This is a generalization of [Ozawa and Popa
2010, Theorem 3.5] and [Popa and Vaes 2014a, Theorem 5.1]. Since we already obtained approximation
maps for M in Lemma 3.8, which are “relative to B”, almost the same arguments as the above-cited
theorems work. However, since our approximation maps are not defined directly on My, we need a
stronger assumption on the subalgebra A; namely, we need amenability, instead of relative amenability.
See Step 1 in the proof below and observe that we really need amenability for a subalgebra O C pMp.
Theorem 3.10. Keep the setting above and suppose the following conditions:

o The algebra B is a type 111 factor.

o The algebra A is amenable.

o The algebra N has the on-W*CMAP.

Then NpMp (A) acts on A as a weakly compact action for (IVI, Tr, gy, 614, M).

Proof. The proof consists of several steps. For any von Neumann subalgebra Q C pM p, we denote by
Ch,o (resp. My o) the C*-algebra (resp. the von Neumann algebra) generated by 7y ( p[\7l P)Ou(Q0°).
Step 1. Using the p-W*CMAP of N, we construct a net of normal functionals on My which are
contractive on My o for any amenable Q.

In this step, we show that there is a net (u;); of normal functional on M g such that

o wi(my(a)fy (b°)) = Tr(py;(a)pbp) for all a, b € 1\~4,

e we have ||| a1, Il < 1 for any amenable von Neumann subalgebra Q C pMp.

By Lemma 3.8, there exists a net (¢;); of c.c. maps on M such that ¢; — idj; point o-weakly and that

each ¢; is a finite sum of d*Ep(z* - y)c for ¢, d € M and v,z € ng,. Observe that for any functional
d*Ep(z*-y)c forsome c¢,d € M and y, z € ng,, one can define an associated normal functional on My by

Mu 3T (T(A;(y) ®8 Ate(cp)), Ay(2) @p Ate(dp)),, -

In this way, since ¢; is a finite sum of such maps, one can associate each ¢; with a normal functional on Mg,
which we denote by ;. Then by the formula L’j\«a(z)aLA@(y) =Ep (i*ay) forx, yeng,Mn,anda € M, itis
easy to verify that u; (7 y (a)0n (b°)) =Tr(pg;(a) pbp) for a, b € M. We need to show that || ;a1 oI <1
for any amenable Q C pl\? p- For this, since u; is normal, we have only to show that |||, [l < 1.
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By Lemma 3.11 below, since B is a type III; factor, the x-algebra generated by my (1\7 ) and 6y (M‘ °) is
isomorphic to M ®alg1\71 °. So for any amenable Q C p[VI p, the C*-algebra generated by (M )0 (Q°) is
isomorphic to M ®min Q°. Hence one can define c.c. maps ¢; ®idg- on Cy, . Since Q is amenable, one has

FL2(Mp)o < 70 (p*) H)o.

Finally if we denote by v the associated x-homomorphism with this weak containment, then the functional
T (vo(p; ®idge)(T)A1:(p), Ate(p))r coincides with p; on Cy, g, and hence we obtain || u; |CH,Q I <1.
Thus we obtained a desired net (u;);.

Step 2. Using the amenability of A, the absolute values of normal functionals (u;); constructed in Step 1
satisfy desired properties on My 4.

Before this step, recall from the first part of the proof of [Ozawa and Popa 2010, Theorem 3.5] that for
any C*-algebra C, any state w on C and any partial isometry u € C with p := uu™ and ¢ := u*u, one has

max{[lw(-u*) —o(- |, oW u*) —o(q-9)|*} < 4o(p)+ (@) — o) — o@")).

Let (u;); be a net constructed in Step 1. For notational simplicity, for any amenable von Neumann
subalgebra Q C pM p we denote by ulQ the restriction of ; on My ¢.

Claim. For any amenable Q, one has
Inlll— 1 and |u? —1ulll— o0,
where |,ul.Q| is the absolute value of ,uiQ.

Proof of Claim. By Step 1, we know ||,uiQ|| <1 and hence ||M,~Q|| — 1, since wi(Ty (p)oy (p°)) — 1.
Let MzQ =| M,-Q|( -u;) be the polar decomposition with a partial isometry u; € My, ¢. For p; :==u;u} and
gi := uju;, it holds that

Wl =ulCud), 1wl =1llgi-q), and ul=ulC p)=unlig-).

The final equation says that M,-Q (pi) = /LiQ(lQ) — 1. Then by the inequality at the beginning of this step,

we have
12 = 12117 = NI ul) — 121 go)?
<4(1x21(p) + 11621(g0) — 121 wi) — 1121 ()
<4(Iull+ 12l —2Reul(pi))) — 0. O
Put w; :=| ,ul‘f‘l / ||/,L[A ||. In this step, we show that (w;); satisfies the following conditions:

(1) w;j(wy(x)0y (p°)) — Tr(pxp) forall x € p]\?p.
(2) wi(ry(a)by(a)) — 1 foralla e U(A).
3) ||w; o Ad(ry (0)0g (1)) — w; ||M’;,,A — 0 forall u € /\/'I,MP(A).



CARTAN SUBALGEBRAS OF TENSOR PRODUCTS OF FREE QUANTUM GROUP FACTORS 1315

Since || ;Ll’.“ || = 1 and ||[,LZA — | ,u;“||| — 0, to verify these three conditions, we have only to show that (u;);
satisfies the same conditions. Then by construction, it is easy to verify (i) and (ii). So we will check only
the final condition.

Fix u € N, piip(A) and recall that the von Neumann algebra A" generated by A and u is amenable
[Ozawa and Popa 2010, Lemma 3.4]. Hence by Step 1, || |M1.Au| — Ml’.“u ”MB.AH — 0. Combined with the
inequality at the beginning of this step, putting U := 7wy (u)0y (1), we have

. 2 . u w2
lim |l 0 AU = ' I, <lim " 0 AdU = i I,
=lim [l o AdU — "I, |,
1 H,A
<1im4(2 —2Re (| |(V)))
1
=lim4(2 —2Re(u" (U))) = 0.
Thus we proved that the net (w;); of normal states on Mg satisfies conditions (i), (ii) and (iii) above.

Step 3. Using a normal u.c.p. map from M to My 4, we obtain desired functionals on M.

In this step, we first construct a normal u.c.p. map £ : M — My 4 satisfying
E(my(a)0 (b)) = w(pap)0u (Ea(pbp)°) forany a,be M,

where E 4 is the unique Tr-preserving conditional expectation from pM p onto A.

For this, observe first that for any right A-module K with the right action 6k, there is an isometry
Vk : K —> K ®gy pLz(M, Tr) given by V& =& ®4 At:(p) for any left Tr-bounded vector & € K. Indeed,
using the fact Ar.(p) = Jrr At (p), one has

IVEN= 11§ ®a Ate(P)l = ILe Ate(P) N2 1r = I Le Ae(Pll2, e = 110k (P2)E 1k = lIE 1% -

Hence, since my(p)0y (p°)H is a right A-module, one can define an isometry
Vimg(p)ou(pP)H — mn(p)bu(pIYH CH, VE:=§ Q4 Are(p).
It is then easy to verify that
V*13,(a)0(b°)V =y (pap)Ou (Ea(pbp)°) foranya, b e M.

Thus we obtain a normal u.c.p. map £ : M — Mpy 4 by E(T) :=V*TV.
Let now (w;); be the net of normal states on Mg 4 constructed in Step 2. By conditions (i) and (ii)
on (w;);, it is easy to see that normal states y; := w; o £ on M satisfy

() y;(ry(x)) — t(pxp) forall x € M;
(i) yi(wy(a)y(a)) — 1 for all a € U(A).
Finally since E 4 satisfies E4 o Adu = Aduo E4 for any u € ./\fp,qp(A), one has

i o Ad(mry (u)03 (1)) = w; o Ad(mwy (u)By (1)) o €
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on Ty (M )97.[(]\7 ), and hence on M by normality. So condition (iii) on (w;); shows
(i) lly: o Ad(rry ()0x (@) — yill = O for all u € N, 7, (A).

Thus the net (y;); on M satisfies conditions (i)', (ii)’ and (iii)". By Proposition 3.6(2), we conclude
that \' » ,;,p(A) acts on A weakly compactly for (]\7[ , Tr, wyy, O, M). O

We prove a lemma used in the proof above.

Lemma 3.11. Assume that B is a type 11} factor. Then the x-algebra generated by my (M ) and Oy (M )
is isomorphic to M Ruaig M

Proof. Let v : M ®alg M° — *—alg{nH(M), OH(M°)} be a *-homomorphism given by v(x ® y°) =
T (x)0g(y°) forx, y € M. We will show that v is injective.

Assume that v(Y7_ 1 x; ® y°) = Y i 7w (x)0x (y?) = O for some x;, y; € M. We may assume y; # 0
for all i. Put

g (x1) wp(x2) -+ wa(xy) Ou(y;) 0 --- 0

0 0 0 0(v3) 0 --- 0

X = : : . : and Y := H(:yz) . .
0 0 0 Or(»2) 0 --- 0

and observe XY = (0. We regard them as elements in B(H) ® M,,. Let p be the left support projection
of Y which is contained in 6y (M°) ® M, and satisfies Xp = 0. Since Xupu* = 0 for any unitary
u € B(H) ® M,, which commutes with X, and since 6y (1\7 °) ® C" commutes with X (where C* C M, is
the diagonal embedding), we have Xz = 0 for z := sup{upu™ | u € U0y (M°) ® C™)}. Observe that z is
contained in

On(M°) @ M,) N (O (M°) @ C") =6y (Z(M)°) ® C"

and hence we can write z = (z;)!_, for some z; € 0y (2 (1\7 )°). Then the condition Xz = 0 is equivalent
to my (x;)z; = 0 for all i. Observe also that z; #~ O for all i. Indeed, since z > p and pY =Y, we have
z¥Y =Y and hence z;0y (y7) = O (y?). This implies z; # 0 since we assume y; 7 0 for all .

Now we claim that 7wy (x;)z; = 0 is equivalent to x; = 0 or z; = 0. Once we prove the claim, since
zi #0, we have x; =0 and so ) ;_,x; ® y° = 0, which gives the injectivity of v.

By Lemma 2.2, the center of M coincides with Z (N). Then by Proposition 2.3, we identify H =
L*(R)® L*(N) ® L*(B, ¥3) ® L*(N) ® L*(R) on which we have

w1 (M) C B(L2(R) ® L*(N) ® L*(B. ¥5)) ® Cl 2(vyer2)-
O (M°) C Clpaerzv) ® B(LA(B, ¥5) @ LA(N) ® L*(R)).
In particular 0 (Z(M)°) = 05 (Z(N)) C - Clizmer2er2s,yy) @BL*(N)®L*(R)), and hence the C*-

algebra generated by gy (M) and Oy (Z(M) ) is isomorphic to M®mmZ(M)° Thus since z; €Oy (Z(M) ),
the condition g (x;)z; = 0 is equivalent to x; = 0 or z; = 0. U
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4. Proof of Theorem A

To prove Theorem A we follow the proof of [Isono 2015b, Theorem B], which originally comes from the
one of [Popa and Vaes 2014b, Theorem 1.4].

4A. Some general lemmas. Let G be a compact quantum group with the Haar state 4 and put Ny :=
Cied(G) C L*°(G) =: N and ¢y := h. Let (X, ¢x) be a von Neumann algebra with a faithful normal
semifinite weight. Let «* be an action of R on X and put o := 0¥ @ «¥ and M := (N ® X) x4 R.

In this setting, we prove two general lemmas. We use the following general fact for quantum groups.

e For any x € Irred(G), there is an orthonormal basis {uj" j}i, j C Cred(G) of Hy with )»j" > 0 such that
ol (uf ;) = A} jui ; forallr € R.

Recall that all the linear spans of such a basis, which is usually called a dense Hopf x-algebra, make a

norm-dense x-subalgebra of C.q(G). We note that each matrix (u{ j)i, ;j may not be a unitary, since we

assume {u; j},-’ j 1s orthonormal (i.e., they are normalized).

Convention. Throughout this section, we fix such a basis {u; j}j‘ j- For notation simplicity, we identify

any subset £ C Irred(G) (possibly £ = Irred(G)) with the set {uf’ j lx e, i, j}.

Note that this identification will not cause any confusion, since in proofs of this section we only use
the property that £ C Irred(G) is a finite set.

Here we record an elementary lemma.

Lemma 4.1. For any a € Ny, the element myon (@) € N Xgon R C B(L*(N) ® L%*(R)) is contained in
No @min Cp(R), where C,(R) is the set of all norm continuous bounded functions on R.

Proof. We may assume that a is an eigenvector; namely, o,”" (@) = A'’a for some A > 0. Then since
(oon (@)E) (1) = 0®Y (@)E(t) = A7 "ak&(t) for t € R, one has wyen (@) =a ® f, where f € Cp(R) is given
by f(¢) := »~". Hence we get the conclusion. (Il

We fix a faithful normal semifinite weight ¢x on X and put ¢ := ¢ @ px with its dual weight 1} Recall
that the compression map Py ® 1 x ® 1,2(g), where Py is the one-dimensional projection from L?(N) onto
CAyy(1y), is a conditional expectation Ex g : M — X x R, which satisfies 1} = @x o Ex g (this was
shown in the first half of the proof of Lemma 2.1). For any a € M and f € C.(R, M)ny, we denote by
af an element in C.(R, M)ny, given by t — a_;(a) f (t). Observe that Alﬁ(fra (af)) =m, (a)A¢(ﬁa(f))-
A simple computation shows that for any a, b € N and f, g € C.(R, X)n,,,

(af,bg)y =(a,b)ey(f. &)¢y-

Observe that all the linear spans of uf for u € Irred(G) and f € C.(R, X)n,, are dense in L>(N) ®
L*(X) ® L2(R). Soif {fi}i C C.(R, X)n,, is an orthonormal basis in L>(X) ® L*(R), then the set
{ufs}u.n is an orthonormal basis of L*(N) ® L*(X) ® L*(R). Along this basis, any a € n; can be
decomposed in L?(N) ® L*(X) ® L*(R) as, for some oy €C,

Aj(@) =Y asufy =Y @uTtey A G Fa(f)) = Toon Way,
u,A U, u
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where a, =) ;, a, fr € L*(R, X). If we apply (Py ® 1x ® 1,2(g))7toen (v*) for some v € Irred(G) to
this decomposition, then on the one hand

(P ® 1x ® 112@)Toon (V) Ay (@) = (PN ® 1x ® 112@m) Ay (v'a) = Ay (Exxr(va))

and on the other hand

(Py ® 1x ® 112@)Toon (V) Y oon (W)ay = Y on W 1)a, = gy (v v)ay = ay.
u u

Hence we have a, = A 1/;(E xxr(v*a)) for all v € Irred(G). Thus we observe that any element a € n has
the Fourier expansion in the sense that

Aj(a) = > wgen (Way =) Ay WEx.r(u*a), where a, = Aj(Exqr(u*a)).

Using this property, we can prove the following lemma. We omit the proof, since it is straightforward.

Lemma 4.2. Let My C M be the C*-subalgebra generated by Ny and X X R. Then one has

Mo = span"™{ax |a € Ny, x € X x R}

= span""™{xa | a € Ny, x € X x R}.

4B. Proof of Theorem A. Let G be a compact quantum group with the Haar state 4 and put Ny :=
Cred(G) C L*(G) =: N and ¢y := h. Let (B, ¢p) be a von Neumann algebra with a faithful normal state.
We keep the notation from Sections 3C and 3D, such as M, ¢, B , ]\7, Tr, p, A, H, 3, 64, M, except for the
Hilbert space H (which is used just below in a different manner). Assume that Tr |5 is semifinite. Recall
that by Lemma 3.9, M =R x (N ® X) with the standard representation L?(M) = L2(R)® L*(N) QLA(X).
Set w := my and 6 := Oy for simplicity, and we sometimes omit 7 and 6 by regarding M, M as subsets
of M. Using Proposition 2.3, we put

H:=L*(M)®x L*(M) = L{(R) ® L{(N) ® L*(X) ® L}(N) ® L} (R),
K = L2 (M) @wax) L (M) = LER) @ LA(N) @ L2 (X) ® LI (R),

and we denote by 7y, py, Tx and pg corresponding left and right actions of M. Here we are using
symbols £ and r for L*(R) and L*(N), so that 7z and 7k act on L%([R) ® L%(N) ® L*(X) and L%([R) ®
L%(N)® L?(X) respectively, and 6 and 6 acton L?(X)® L2(N)® L2(R) and L>(N)® L*(X)® L2(R)
respectively. We denote by vk g the corresponding x-homomorphism as M-bimodules, which is not
bounded in general.

In this setting, we prove two lemmas. The first one uses biexactness of quantum groups, which
corresponds to [Isono 2015a, Lemma 4.1.3], while the second one uses Popa’s intertwining techniques,
which corresponds to [Isono 2015a, Lemma 4.1.2; 2015b, Lemma 4.4]. See also [Popa and Vaes 2014b,
Sections 3.2 and 3.5] for the origins of them.

Lemma 4.3. Assume that G is biexact with a u.c.p. map ® as in the definition of biexactness. Let Mg be

the C*-algebra generated by Ny and R x X. Then ©® can be extended to a u.c.p. map
6 : C* {7y (Mo), 61 (Mo)} > B(K)
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which satisfies, using the flip X1, : K ~ L*(N)® L%(R) RL*(X)® LE(R),
Z12(OGrn (xa)0p (b°y°)) — mx (xa)0k (6°y*)) Tz € K(LZ(N)) ®pin BILF(R) @ L*(X) @ L (R))

foranya,b e Nyand x,y € Rx X.
Proof. By applying flip maps, we identify

H=L}(N)®L}(N)® L{(R) ® L*(X) @ L:(R),

K =L*(N)®L;}(R) ® L*(X) ® L:A(R).
We define a u.c.p. map 3 by

0 :=0®id;2 g ®idrx) ®idp2g) : No @min N§ @min BILF(®) ® L*(X) ® L1(R) — B(K).
Observe that by Lemma 4.1, w5 (M) and pg(My) are contained in
No @min N§ @min BILF(R) ® L*(X) ® LE(R)).

Recall that for a, b € N, my(a) and 8y (b°) are given by 7,en (@) on L3(R) ® L?(N) and 6,y (b°) on
LE(N) ® L%(R). So if a and b are eigenvectors, they are of the form wy(a) = f Q@ a and Oy (b°) =b° QR g
for some f, g € Cp(R) by Lemma 4.1. It then holds that for any x, y e R x X,

Oy (xa)0y (b°5°)) = 7k (xa)0k (b°Y°)
= O@rp(x)H(a)0n (D°)0n (y°)) — wk (x)mk (a)0k (b°)0k (¥°)
=O(TH()(@®b°® f® 1120, ®8)0n(y°)) — Tk (x)(ab° ® f ® 1123, ® 8)0k (¥°)
=7k (x)((O@®b°) —ab®) ® f ® 112x) ® 8)0k (¥°).

Since ©(a ® b°) —ab® € K(L*(N)) and 7k (x), 0k (»°) € Cly ®min B(L?(R) ® L?(X) ® L2(R)), the
last term above is contained in K(L?*(N)) ®min B(LZ(R) ® L*(X) ® L2(R))). Then by Lemma 4.2, we
obtain the conclusion. O

Lemma 4.4. Let Q be a state on B(K) satisfying for any x € M and a € U(A),
Qg (m(x))) =Tr(pxp) and Qg (w(a)d(a))) = 1.
If A £ B, then using the flip 15 : K ~ L>(N) ® L2(R) ® L*(X) ® L2(R), it holds that
Qo Ad(E12) (K(LA(N)) ®min B(LLF(R) ® L*(X) ® L} (R))) =0.
Proof. Since Q2 is a state, by the Cauchy—Schwarz inequality, we have only to show that
Qo Ad(Z12) (K(L*(N) @min Cl 2 mysr2(x0)mr2() = O-

In this setting we can follow the proof of [Isono 2015b, Lemma 4.4]. Indeed suppose by contradiction
that there exist § > 0 and a finite subset F C Irred(G) such that

Q2w ®PFR1xe2r) > 9,
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where Pr is the orthogonal projection onto ) ..~ Hy ® Hx. Then the argument in [loc. cit., Lemma 4.4]
works by replacing || - || with 2. Hence we omit the proof. (I

Now we are in position to prove the main theorem. We actually prove the following more general
theorem. Theorem A then follows immediately with Theorem 3.10.

Theorem 4.5. Let A C pM p be a von Neumann subalgebra and G < N it p(A) a subgroup. Assume the
following three conditions:

(A) The group G acts on A by conjugation as a weakly compact action for (M, 7,6, M).
(B) The quantum group G is biexact and centrally weakly amenable.
(C) We have A £j; B.

Then there is a (U(A) U G)-central state on p(]\z, E)p which coincides with Tr on p]VIp. In particular
the von Neumann algebra generated by A and G is amenable relative to B.

Proof. By Remark 3.5, we may assume U/ (A) C G. Recall from Lemma 3.2 that as M-bimodules,
LA (M) < LAM) ®wex) LA(M) = K,

and we denote by v the associated *-homomorphism. Let (£;); C L>(M) be a net for the given weakly
compact action of G and put a state 2 (X) := Lim; (v(X)&;, &) 12(\q) on C*{mrg (M), Ok (M®)}. Observe
that it satisfies

(1) Qg (w(x))) = Tr(pxp) for any x € M;
(il) Qg (w(a)b(a))) =1 forany a e U(A);
(iii)" Q (g (7w (u)0 (it))O0k (r (u*)°0 (u°)°)) = 1 for any u € G.

Note that since Jr(& = &;, we also have Q 0k (7 (x)°)) = Tr(pxp) for any x € M. Denote by vk.u
the (not necessarily bounded) *-homomorphism for M-bimodules H and K. Here we claim that, using
the biexactness of G, the functional Q:=Qo vk, satisfies the following boundedness condition.

Claim. The functional Q is bounded on C*{r (M), O (MQ)}.

Proof of Claim. We first extend 2 on B(K) by the Hahn—Banach theorem. Then by Lemma 4.4, using
assumption (C) and conditions (i)’ and (ii)’, one has

Qo Ad(Z12) (K(L*(N)) ®min BILF(R) ® L*(X) ® L} (R))) = 0.

Let ® be a u.c.p. map for biexactness of G and denote by O the extension given in Lemma 4.3. Define a
state on C*{mr; (M), O (M)} by Q := Q0. Then conclusions of Lemmas 4.3 and 4.4 show that for
anya,be Npand x,y e Rx X,

Qg (xa)0y (b°y°)) = Qo Oy (xa)0u (b°y°)) = Q (k (xa)0k (b°y°)).

This means that the functional $ coincides with € on *-alg{my (Mo), 0 (M)}, and hence it is a state
on C*{my (Mo), O (Mg)} since so is Q. O
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We next show that the above boundedness extends partially, using the central weak amenability and a
normality of €. This is the second use of the weak amenability. Recall that M is generated by a copy of
M and M°. We put Mo C M as the C*-subalgebra generated by B and Ny, and note that Lemma 4.2 is
applied to M.

Claim. The functional Q is bounded on
C*{m (M), my (M°), 0 (M°), 0 (M)} =: A
where Oy (1\71) should be understood as OH((JVI")").

Proof of Claim. Let (1;); be a net of finite-rank normal c.c. maps on N as in Theorem 2.9. Up to
convex combinations, we may assume y; — idy in the point *-strong topology. For each i we put
Y7 = Jy¥i(Jy - Jy)Jy as anormal c.c. map on N°. For each i, since ¥; commutes with the modular
action, one can define a normal c.c. map on 2( by

lIJl' = ldL?(R) ® wl' ® isz(X) ® wlo ® idL%(R)'

Observe that the restriction of ¥; on wy (1\71 ) defines a normal c.c. map &, M — MO (use Lemma 4.2).
The same holds for GH (M °) and define w similarly. Then with the formula ||y (2)|,.& = ||zp||2 r =
10k (2)l,.q for z € M and by the Cauchy—Schwarz inequality, it holds that for any a, b, x, y € M

|20 W (4 (ax®)0y (b°y)) — QU (ax°)0p (b°))]
= [Qr (i (@)x)0 (F7 (b)) = Qo (ax®)op (b°))]
< Wi @* — a* 27l %o 181100 ¥ lloo 4 19i (B)* = b*[l2,1¢ llalloo 1% lloo [1¥lloo
— 0 asi— oo.
Henci: Qo \IJ,’; converges pointwiselx to Q on the normN—dense x-subalgebra Ay C 2 generated by
(M), tg(M°), 0g(M°), and 6y (M). Observe that |2 o W;|y|| < 1 for all i, since the range of

W; is contained in C*{my (M), Oy (Mg)} and € is bounded by 1 on this C*-algebra by the previous
claim. So we conclude ||§|g[|| <1, as desired. O

Observe that €2 is a state, since it is positive on 2ly by construction, and Q)=1. By the Hahn—Banach
theorem, we extend €2 from 2 to B(H) and we still denote it by Q. By construction, it satisfies that for
allx e M and u € G,

Q( (x)) =Tr(pxp) and  Q(my ()0 (@)0n (T ()0 (1)) = 1.

Putting U (1) := g (7w (u)0 (1))O0y (7t (u™)°0 (1°)°), the second condition implies ﬁ(Y) = S~2(U(u)YU(u)*)
forany u € G and Y € B(H). Recall that since H = L>(M)®x L*(M), regarding L>(M) as an (M, Rx X)-
X-bimodule, the basic construction (M, R x X) acts on H on the left, which we again denote by mp,
and its image commutes with 65 (M?°). So if ¥ € (M, R x X) ﬂ&(flo)/, then

Qrp(Y)) = QU@ rr (YU )*) = Qg () (V) wy (7 (u)*)
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for any u € G. So the state ﬁonH is a G-central state on (M, R X)ﬂG(M°)’. Finally since MLQ([R{ X X)C
L?(M) is dense, the von Neumann subalgebra in (M, R x X) N 0(1\7[ °)" generated by M and CRx X ‘=
112m)y ® Py ® 1x, where Py is the 1-dimensional projection onto CAy, (1), is canonically identified
as (]\7 E) (by the fact that epxx a epxx = Ej(a)ernx fora € 1\7) Thus the restriction of Q o Ty on
(M B) is a G-central state which coincides with Tr on pM p. Using the normahty on pM p and by the
Cauchy-Schwarz inequality, we obtain that G” is amenable relative to B in M. O

4C. Proof of Corollary B.

Proof of Corollary B. Put M :== N ® B D Ny ® B =: M, and suppose that A C M, is a Cartan subalgebra.
We will deduce a contradiction. For this, let R, be the AFD III; factor and Ay C R a Cartan subalgebra.
Up to exchanging B and A with B ® Ry, and A ® A respectively, we assume that B is a type III; factor
(see, e.g., Lemma 2.2).

Let ¥y, and 74 be faithful normal states on Ny and A respectively, and Ey, and E4 faithful normal
conditional expectations from N to Ny and from My to A respectively. Put

Va:=t40Es, Yn=VYnoEN, YV:=YN®ep, ¢:=hQep

and Ey, := Ey, ®1idp. Then since all continuous cores are isomorphic, we have Iy, Eygo¥r Cy(M) —
C‘/fAOEMO (M), which restricts to I'IWJ/,NOWB : C¢N0®¢B (My) — Cy, (Mp). Recall that AQ LR C Cy,, (M)
is a Cartan subalgebra, see, e.g., [Houdayer and Ricard 2011, Proposition 2.6], and hence so is the image

A= H%lﬂAOENo (AR LR) C H(P»‘//AOENO (Cy, (M) =: N

Claim. There is a conditional expectation E : (Cy,(M), Cy,(B)) — N which is faithful and normal
on Cy(M).

Proof. We first show A Ay B. Indeed, if A <y B, then we have A <y, B by Lemma 2.12. So by
[Houdayer and Isono 2017, Lemma 4.9], one has No = B'N My <y, A’N My = A, which is a contradiction.
Hence we have A £y B.

We apply [Boutonnet et al. 2014, Proposition 2.10] (this holds if A is finite by exactly the same proof)
and get A Zc, ) Cy, (B). Fix any projection p € A with Tr(p) < oo, where Tr is the canonical trace
on the core, and observe pAp Zc,m) Cy, (B) by definition. We apply Theorem A to pAp and get that
Npc,myp(pAp)” is amenable relative to Cy, (B). Observe that N,c, ), (PAp)” = p(Ne, ) (A)") p;
see, e.g., [Houdayer and Ricard 2011, Proposition 2.7]. Combined with [Isono 2017, Remark 3.3], there is a
conditional expectation E , : p(Cy, (M), Cy, (B)) p — pN p which restricts to the Tr-preserving expectation
on pCy,(M)p. Taking a net (p;); of Tr-finite projections converging to 1 weakly, one can construct a
desired conditional expectation by E(x) := o-weak Lim; E ), (p;xp;) for x € (C,(M), Cy,(B)). O

We apply [Isono 2017, Theorem 3.2] to the conclusion of the claim and get that M, is amenable relative
to B in M. Hence there is a conditional expectation F : (M, B) — My which is faithful and normal
on M. Using the identification (M, B) = B(L*(M))® B, we can construct a conditional expectation from
B(L*(M)) onto Ny, which means Nj is injective. This is a contradiction. U
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COMMUTATORS OF MULTIPARAMETER FLAG
SINGULAR INTEGRALS AND APPLICATIONS

XUAN THINH DUONG, JI L1, YUMENG OU, JILL PIPHER AND BRETT D. WICK

We introduce the iterated commutator for the Riesz transforms in the multiparameter flag setting, and prove
the upper bound of this commutator with respect to the symbol b in the flag BMO space. Our methods
require the techniques of semigroups, harmonic functions and multiparameter flag Littlewood—Paley
analysis. We also introduce the big commutator in this multiparameter flag setting and prove the upper
bound with symbol b in the flag little bmo space by establishing the “exponential-logarithmic” bridge
between this flag little bmo space and the Muckenhoupt A, weights with flag structure. As an application,
we establish the div-curl lemmas with respect to the appropriate Hardy spaces in the multiparameter
flag setting.

1. Introduction and statement of main results

The Calder6n—Zygmund theory of singular integrals has been central to the success and applicability of
modern harmonic analysis in the last fifty years. This theory has had extensive applications to other fields
of mathematics such as complex analysis, geometric measure theory and partial differential equations. In
the setting of Euclidean spaces R”, a notable property of standard Calderén—Zygmund singular integrals,
shared with the Hardy-Littlewood maximal operator, is that these operators commute with the classical
one-parameter family of dilations on R", § - x = (§xy, ..., 8x,) for § > 0. See for example [Stein 1993].

The product Calder6n—Zygmund theory in harmonic analysis was introduced in the 1970s and has been
studied extensively since then. The model case is a tensor product of classical singular integral operators;
such operators arise in the context of questions about summation of multiple variable Fourier series. Early
key work in this field includes that of Chang and R. Fefferman [1980; 1982; 1985], R. Fefferman [1986;
1987; 1999], R. Fefferman and Stein [1982], C. Fefferman and Stein [1972], Gundy and Stein [1979],
Journé [1985], and Pipher [1986]. Included in these works are the identification of appropriate notions of
product BMO space and product Hardy space H? (R" x R™).

More recently, the theory of (iterated) commutators has been developed in connection with the Chang—
Fefferman BMO space, including paraproducts and multiparameter div-curl lemmas; see, for example,
[Dalenc and Ou 2016; Ferguson and Lacey 2002; Ferguson and Sadosky 2000; Lacey et al. 2009; 2010;
2012; Lacey and Terwilleger 2009]. In contrast with the classical Euclidean setting, the product Calderén—
Zygmund singular integrals and the strong maximal function operator commute with the multiparameter
dilations on R", 6 - x = (81x1, ..., 8,x,) for 6 = (61, ..., 8,) € (0, c0)™.

MSC2010: 42B30, 42B20, 42B35.
Keywords: multiparameter flag setting, flag commutator, Hardy space, BMO space, div-curl lemma .
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A new type of multiparameter structure, which lies in between one-parameter and tensor product, was
introduced by Miiller, Ricci and Stein in [Miiller et al. 1995; 1996], where they studied the L? boundedness
of Marcinkiewicz multipliers m (L, i T) on the Heisenberg group, where L is the sub-Laplacian and 7 is
the central invariant vector field, with m being a multiplier of Marcinkiewicz-type. They showed that
such Marcinkiewicz multipliers can be characterized by a convolution operator f * K, where K is a
so-called flag convolution kernel. This multiparameter flag structure is not explicit, but only implicit in
the sense that one cannot formulate it in terms of an explicit dilation é acting on x. Later, the notion of
flag kernels (having singularities on appropriate flag varieties) and the properties of the corresponding
singular integrals were then extended to the higher-step case by Nagel, Ricci and Stein [Nagel et al. 2001]
on Euclidean space and their applications on certain quadratic CR submanifolds of C". Recently, Nagel,
Ricci, Stein and Wainger [Nagel et al. 2012; 2018] established the theory of singular integrals with flag
kernels in a more general setting of homogeneous groups. They proved that, on a homogeneous group,
singular integral operators with flag kernels are bounded on L?, 1 < p < oo, and form an algebra. (See
also [Glowacki 2010] for related work.) Associated to this implicit multiparameter flag structure, the
Hardy space H }([R” x R™) and BMO space BMO = (R" x R™) were introduced by Han, Lu and Sawyer
[Han and Lu 2008; Han et al. 2014] through their creation of a flag-type Littlewood—Paley theory. More
recently, Han, Lee, and the second and fifth authors [Han et al. 2016a] established a full characterization
of H }T(R” x R™) via appropriate flag-type nontangential, radial maximal functions, Littlewood—Paley
theory via Poisson integrals, the flag-type Riesz transforms, as well as flag atomic decompositions.

In the multiparameter setting, the dilation structure 6 - x = (§1xy, ..., d,x,) for § :== (61, ...,68,) €
(0, 00)™ determines a geometry that is reflected by axes-parallel rectangles of arbitrary side-lengths.
Indeed, the strong maximal function is defined as the supremum of averages over such rectangles, and the
Chang—Fefferman product BMO space can also be characterized using such rectangles. When it comes to
the flag setting, the lack of an explicit dilation structure makes its geometry much more obscure. However,
from the study of properties of the flag singular integrals, such as the flag Riesz transforms that will be
introduced below, one realizes that the flag geometry can be reflected by axes-parallel rectangles with
certain restriction on the side-lengths. For example, the flag rectangles in R" x R are the ones of the
form R =1 x J C R" x R™ with £(1) < £(J). Compared to the multiparameter setting, the restriction
£(1) < £(J) gives rise to new difficulties. For instance, a very useful trick in the study of problems in
the multiparameter setting is to take a sequence of rectangles {/ x J;} and let J; shrink to a point yq as
i — 00. This can usually effectively reduce the problem to one-parameter. However, in the flag setting,
such an operation is not allowed anymore. Other intrinsic difficulties of the flag setting can be better
described from the analytic perspective, which will be discussed below.

A commutator of a classical Calder6n—Zygmund singular integral with a BMO function is a bounded
operator on L? with norm equivalent to the BMO norm of the symbol [Coifman et al. 1976]. Modern
methods of proving the upper bound of these commutators in the multiparameter product setting rely
upon the existence of a wavelet basis for L2(R™), such as the Meyer wavelets or Haar wavelets; see for
example [Lacey et al. 2009; Dalenc and Ou 2016]. It turns out that the behavior of the commutator is
straightforward to analyze in terms of the wavelet basis. One method of proof shows that the commutator
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can be written as a linear combination of paraproducts and simple wavelet analogs of the Calderén—
Zygmund operator in question. The other approach uses the wavelet basis to dominate the commutator by
a composition of sparse operators. In the flag setting, we lack a suitable wavelet basis and this approach
is not available. Essentially, the wavelet basis requires the construction of a suitable multiresolution
analysis, which we do not have in this flag setting. Hence, instead of the wavelet basis, we resort to using
a method based on heat semigroups and flag-type Littlewood—Paley theory, exploiting the connection
between the Reisz transforms and the Laplacian.

We now recall the flag Riesz transforms as studied in [Han et al. 2016a]. We use R( ) to denote the
j-th Riesz transform on R"*", j =1,2,...,n+m, and we use R @ 0 denote the k-th Rlesz transform
on R", k=1,2, ..., m. Namely, we have that for g e LZ(R"+’"),

M, () — —Yi L n+m
R;"g"(x) =p.V. Cugm /an e |n+m+1g () dy, xeR"™",
and for g® e L?(R™),
@ 2 _ Wj — @ m
Rg (Z)—P-V-Cm/Rm o |m+1g (w)dw, zeR™.
For f € L2(R"™), we set
2
Rik(f) =R+ R %, f (1-1)

that is, R; ; is the composition of R;l) and R,Ez). Note that the flag structure appears in R; .
Given two functions b, f € L2(R"*™), we first recall the usual definition of commutator

[b, RV, (et x2) = b(xy, ) RSV % f(x1, x2) = RV s (bf) (x1, x2). (1-2)

The commutator can also act only on the second variable:

[b, R (f)(x1, x2) := b(x1, x2) R %3 f(x1, x2) — R s (bf) (x1, x2). (1-3)

Iterated commutators arise in the study of commutators of multiparameter singular integral operators
which are tensor products. In the flag setting, our iterated commutator takes the following form:

Definition 1.1. Given two functions b, f € L>(R"*™), the iterated commutator in the flag setting of
R* x R™ is
[1b, R{"1, ROTa(f) :=b(xr, x2) REY 5 R s £ (x1, x2) = RV s (b - R 2 f) (01, x2)

R o B w1, )+ R w2 B b e, )

We point out that another possible definition via [[D, R,Ez)]z, R;l)]( f) turns out to be equivalent; see
Proposition 2.5 in Section 2.
We also introduce the big commutator in the flag setting as follows.

Definition 1.2. Given two functions b, f € L?(R"*™), the big commutator in the flag setting of R” x R™ is

(D, Rjk1(f)(x) :=DX) R i (f)(x) — Rk (bf ) (x). (1-4)
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The main results, below, of this paper relate iterated and big commutator bounds to flag BMO spaces.
As the definition of the space BMOx(R" x R™) is very technical, we refer the reader to Section 2,
Definition 2.4 for details.

Theorem 1.3. Suppose b € BMOx(R" x R™) and 1 < p < oo. Then for every j = 1,...,n+ m,
k=1,...,m, f € LP(R"t™),

1 2
I, REVT, R () o @remy S b lmmo @ ciem) 1L f 1l Lo germ) (1-5)

Lacking methods related to analyticity ([Ferguson and Sadosky 2000] for the Hilbert transform) or
wavelets [Lacey et al. 2009; 2010; Dalenc and Ou 2016], we instead obtain this upper bound using
the duality argument and the tools of semigroups, harmonic function extensions and techniques from
multiparameter analysis.

Next, we introduce the little flag BMO space. The flag structure has a geometry which is reflected by
the axes-parallel rectangles R = I x J C R"™" satisfying £(I) < £(J), the collection of which is referred
to as flag rectangles, denoted by R . One can then define the little flag BMO space and the flag-type
Muckenhoupt weights Az , with respect to R r.

Definition 1.4. A locally integrable function b is in little flag BMO space, denoted by bmo r(R” x R™), if

1
1b]lbmo 7 (R2 xwry := sup —— | |b(x,y) —(b)r|dx dy < o0, (1-6)
rRers |R| JR

where (b)R = (1/|R|) fR b(xl, Xz) dx1 dXQ.

Theorem 1.5. Suppose Tr is a flag singular integral operator on R" x R™, b € bmor(R" x R™) and
1 < p <oo. Then for f € LP(R"™™),

16, TFICH I Lr@+my S I1B1lomo = @e ximy Il f | e @rtmy .- (1-7)

In the above, the flag singular integral 77 can be taken as the Riesz transform R; ;. The class of
flag singular integral operators T naturally generalize the Riesz transforms R; ; and are assumed to be
associated to kernels having a standard flag structure. We refer the reader to Definition 4.4 in Section 4
for its precise definition. To obtain this upper bound, we study the little flag BMO space bmo r(R" x R™)
and find the connection with the John—Nirenberg BMO space on R"™ and on R™. We also establish the
bridge between functions in bmor(R" x R™) and weights in Ax ,. These structures lead to the upper
bound for [b, R; ;](f).

As application, the commutator estimates obtained above imply certain versions of div-curl lemmas,
which seem to be first of their kind in the flag setting. Roughly speaking, a div-curl lemma says that if
vector fields E and B initially in L? have some cancellation (e.g., divergence or curl zero) then one can
expect their dot product E - B to belong to a better space of functions instead of just L' (as provided for
by Cauchy—Schwarz). The cancellation conditions allow one to deduce some type of cancellation, e.g.,
[ E- B =0, suggesting that the function should belong to a suitable Hardy space since it is integrable and
has mean zero. The algebraic structure of E - B coupled with the duality between Hardy spaces and BMO
spaces then points to the use of the commutator theorem to arrive at the membership of E - B in the Hardy
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space; different commutator results suggest different div-curl lemmas that can be explored. In the classical
one-parameter setting, the div-curl lemma says that given two vector fields, one with divergence zero
and the other with curl zero, their dot product belongs to a Hardy space [Coifman et al. 1993]. Later on,
Lacey, Petermichl, and the fourth and the fifth authors proved multiple versions of div-curl lemmas in the
multiparameter setting [Lacey et al. 2012], which are expected since the multiparameter setting offers
several different interpretations of the Hardy and BMO spaces. Thus, it is natural that our Theorems 1.3
and 1.5 lead to two versions of flag-type div-curl lemmas.

First, consider vector fields on R" x R™ that take values in M, 1,, , and are associated with the flag
structure (see Section 5 for the precise definitions and details). We establish the div-curl lemma in the
flag setting with respect to the flag Hardy space below, which is a consequence of Theorem 1.3.

Theorem 1.6. Let 1 < p,q <ocowith1/p+1/q = 1. Suppose that E, B are vector fields on R" x R™
taking the values in M, 4., associated with the flag structure. Moreover, suppose E = EWV x, E® ¢
L;(IR” x R™; Mpjm.m) and B = BW %, B@ ¢ LqF(R” x R™; Mytm.m) satisfy
div(y y) E}l)(x, v)=0 and curlg,, B;l)(x, yv)=0 forallk
and
divy EP(x,y) =0 and curl, BP (x,y) =0 forallx € R", forall j.

Then E - B belongs to the flag Hardy space H }(R” x R™) with

1E - Bll g1y S NEN Lo @R My | B I L8 @2 xR Mypgn) - (1-8)
= ( )

We also prove another version of the div-curl lemma in the flag setting, which is with respect to the
Hardy spaces on R"*™ and on R", respectively. This version relies on the intermediate result in the proof
of Theorem 1.5, namely, the structure of the flag little bmo space.

Theorem 1.7. Let 1 < p,q < oo with 1/p+ 1/q = 1. Suppose that E, B are vector fields on R" x R"
taking the values in R"™™. Moreover, suppose E € LP(R" x R™; R"*™) and B € LY(R" x R™; R"*™)

satisfy
diviy,yy E(x,y) =0 and curly y) B(x,y)=0

and
divy E(x,y) =0 and curlyB(x,y)=0 forallx e R".
Then we have
1E - Bll g1 geimy S NE N Lr @i motmy | Bl La (e e R+, (1-9)
and

/ IEC-, y)2BC, Wlla@ny dy S NE e s gomy | Bl La g g goemy, (1-10)

where

E(x,y)2B(x,y) =) Enx(x, y)Bi(x, y).
k=1
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It is known that the div-curl lemma in the classical setting has many applications in PDE and com-
pensated compactness [Coifman et al. 1993]. Similarly, we expect that the flag-type div-curl lemmas
described above would have interesting implications in these directions as well. For instance, following
the ideas in [Coifman et al. 1993], one can study weak convergence problems in the flag Hardy space.
And it would be interesting to know whether one can use the flag-type regularity (implied by our div-curl
lemmas) of certain nonlinear quantities to obtain improved regularity results for certain nonlinear PDE.

This paper is organized as follows. In Section 2 we provide necessary preliminaries with respect to
the flag structures. In Section 3 we study the flag iterated commutators as in Definition 1.1 and prove
Theorem 1.3. In Section 4 we give a complete treatment of the flag little bmo spaces and flag-type
Muckenhoupt A, weights, toward the proof of Theorem 1.5. In the last section, we apply the boundedness
of flag commutators from Theorems 1.3 and 1.5 to establish the flag div-curl results, Theorems 1.6 and 1.7.

2. Preliminaries in the flag setting

Recall the classical Poisson kernel on R”":
Cn
(1+ |x|2)(n+1)/2’

1 X
Pt(X) = [_”P(?>

For f € L'(R"), let F(x,t) := P, * f(x). Then we have the following standard pointwise estimates for
the Poisson integral; see in particular [Stein 1993].

Proposition 2.1. Suppose f € L'(R"). Then

P(x) =
And we define

sup  "KIVE F(e, 01 < ClLF - @2-1)

1
(x,0)eRYT

We now recall the flag Poisson kernel given by

Px,y) =PY spn P<2>(x,y):f PO, y—2)P?P(2)dz,

m

where

1) _ Cn+m 2) _ Cm
PV (x,y)= (1+|x|2+|y|2)(”+m+1)/2 and P (z) = (1+|Z|2)(m+1)/2

are the classical Poisson kernels on R"*" and R™, respectively. Then we have
1 2
P,l’,z(x, y) = Pl(| ) kRm P[i )(x, y)

We define the Lusin area function with respect to u = P;, ;, * f as follows.

Definition 2.2. For f € LY (R* x R™) and u(x;, x2, t1, 1) = Py, 1, * f(x1, x2), the Lusin area integral of
u(xy, x2, t1, t), denoted by Sr(u), is defined by

1

dwy dty dwy dt )2

SF(u)(x1, x2) = {/ / Xes 1 = wi, x2 = w) | VOBV P u(wr, wa, 1, )P —— —5
RV_:_+1 RT_Jrl tl t2



COMMUTATORS OF MULTIPARAMETER FLAG SINGULAR INTEGRALS AND APPLICATIONS 1331

where VU = (3,,, 3y, -+ 0w, ., Oy, -+ - Oy, ) is the standard gradient on R"*”+! and VP = (9,
1 1,1 1,n 2,1 2,m g )
0w, +* Ow,,,) 1s the standard gradient on R”*1, and
1 2
Xt (X1, X2) i= Xz(l ) st X,(z )(x1, x2), (2-2)

1 - 2 _
xh Cer, x2) = 7y D ey /11,300 /1), X072 = 57" @ (z/1), and x D (x, y) and x @ () are the
indicator functions of the unit balls of R"*" and R", respectively.

Definition 2.3. The flag Hardy space H }(R” x R™) is defined to be the collection of f € L' (R" x R™)
such that S(u) € L' (R" x R™). The norm of H}([R{" x R™) is defined by

I L e ey = ISFO L1 e ey - (2-3)
We now recall the definition of the flag BMO space.

Definition 2.4. The flag BMO space BMO £ (R" x R™) is defined to be the collection of b € Llloc([R" x R™)
such that

) dw; dtidw, dt>
I515)

1
] 2
||b||BMof<wm>:=sup(— f 1tV DRV Ouwy, wy, 11, 1) )<oo, (2-4)
T(2)

o \I$

where the supremum is taken over all open sets in R” x R with finite measures, and 7(Q) = g o T (R)
with R=1 x J, £(I) <£(I) and T(R) = I x (3(D), &(1)] x J x (3¢(J1), €()].

Proposition 2.5. Given two functions b, f € L>(R"*™), we have
(b, R"1, R f) = [1b, R T, RV1(S). (2-5)
Proof. By definition, we see that

(16, R{V1 RO L(F)(x1, x0) = [0, RIVIRY 50 £ (x1, x2) — R 52 ([b, RV1(f)) (1, x2)
= (1. )R % R 3 f(x1.00) — RV % (b R 0 (31, 12)
~ R %2 (0 RV 5 f = RV % (b )1, x2)
=b(x1, )R % R 53 f(x1.x2) = R % (b RYY %2 f)(x1, x2)
—RP 52 (b R % f)(x1, x2) + R s RV 5 (b f) (31, x2).
And we also have
(16, R, REVIA) (1, x2) = [b, RPT RS 5 £ (x1, x2) = RS ([b, RP T2 (£)) (x1, x2)
= b(x1, xR wa Ry % f (x1, x2) — R 52 (0 RV % f) (w1, x2)
=R (b R 2 f = R 52 (b £))(x1, %)
= bx1, x) R 0 R s f (1, x2) = R 2 (b RYY s £) (31, x2)
~ RV % (bR 52 )61, 1) + RV R 53 (b (w1, x2).
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It is direct to see that, by changing of variables,
2 1 2 1
R g RV s f (x1, x0) = / R (x2 — )R (x1 = y1. 2= y2) f(v1. y2) dz dyy dys
= | R?G— )RV (a1 - -z dzdyd
= y @—Y2)R;(x1 =y, x2—2) f (31, y2) dzdyidy,

= [ B =i = DROGE = 320 f vz dyr

= R4 R v f (211,
which implies that (2-5) holds. [l

3. Upper bound of the iterated commutator [[b, R;l)], RJ(.Z)]Z

In this section, we prove Theorem 1.3, i.e., the upper bound of the iterated commutator [[b, Rl.(l)], R}z)]z.
As we pointed out earlier, in the flag setting, there is lack of a suitable wavelet basis or Haar basis
and hence the approaches in [Lacey et al. 2009; Dalenc and Ou 2016] are not available. We establish
a fundamental duality argument (Lemma 3.3) with respect to general flag-type area integrals and flag
Carleson measures, and then apply the technique of harmonic expansion to obtain the full versions
of flag-type Carleson measure inequalities (Proposition 3.5), which plays the role of “paraproducts”.
Then, by considering the bilinear form associated with the iterated commutator [[b, Rl.(l)], R}z)]z and
by integration by parts, we can decompose the bilinear form into a summation of different versions of
“paraproducts”. Then the upper bound of the iterated commutator [[b, Ri( 1)], R;z)]z follows from applying
Proposition 3.5 to each “paraproducts”.

Extension via flag Poisson operator. For any f € L'(R" x R™), we define the flag Poisson integral
of f by
F(x1, x2, 11, 12) := Py 1, % f(x1, y2), (3-1)
where
P _p, . p® 32
o (X1, X2) = Py kg P70 (X1, X2). (3-2)

Since P(x1, x2) € L'(R" x R™), it easy to see that F(xy, xp, t1, tp) is well-defined. Moreover, for any
fixed #; and 1o, we know P, ;, * f(x1, x2) is a bounded C* function and the function F(x1, x2, t1, t2) is
harmonic in (x1, x2, t;) and (x3, #), respectively. F(x1, x2, t1, t2) is the flag harmonic extension of f to
R x R™T. More precisely,

Attt F(x1, x2, 11, 12) = () + Ay ) F(x1, X2, 11, 1) =0 in R 23
ARm+|F(x1,x2,t1,t2):(8,22+AXZ)F(x1,x2,t1,t2):0 in RZ_H_I, G5

and

; 1
hmO 3, F(x1, %2, 11, 1) = —(Ayy xy) 2 PP s f(x1,x2) on R,
Hh—

- — ;p) ntm
hﬁ})azzF(xl, X2, 11, 1) = —(Ay,)2 P % f(x1, x2) on R"™™,
h—
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lim F(xy, x2, 11, 2) = PP s f(x1, x2) on R"*™,
t1—0

lim F(xy, x2, 11, 2) = PV x £ (xq, x2) on R"*",
th—0

lim  F(x1,x2,t, 1) = f(x1,X2) on Rt
t1—0, Hh—0

lim F(x1,x2,t1,10) =0,

[(x1,x2,11)|—>00
lim F(x1,xp,t1,1) =0.
[(x2,12)|—>00

We then have the following lemma providing a connection between the boundary values f and the flag
harmonic extension F. This follows from the decay of the flag harmonic extensions of f and repeated
applications of integration by parts in the variables #; and 1.

Lemma 3.1. For f € L'(R" x R™), let F be the same as in (3-1). Then we have

/ f(xl,xz)dxl dsz/ 2‘18?1 t28,22F(x1,x2,t1,t2)dx1 dx> dt dt. (3-4)
R" x Rm

n+1 m+1
R xRE

Proof. We start from the right-hand side of (3-4). We write
/ tlafl l‘zaéF(xl,)CQ,l‘l,l‘z)dxl dx, dty dty
Ri—H XRZZ‘H

2 1
_ /R o 92 P s ( /R 0 92 P\ x f(x1, x2) dxy dtl) dx; dt
+ +

=/ (f 41 tl atzlplgl)*f(xlvxz) dx] dt]) dXZ,

where the last equality follows from decay of the flag harmonic extensions of f and using integration by
parts in the variable ;. To continue, we write the right-hand side of the last equality above as

Rnrt+m

/ o 32 P\ x f(x1, x2) dxy dxp dty = F(x1, x2) dx1 dxa,
R+

which yields (3-4). Again, the last equality follows from decay of the flag harmonic extensions of f and
using integration by parts in the variable #;. ]

Flag area functions and estimates. We also have a more general version of the area function.

Definition 3.2. For a function G (x1, x2, t1, t2) defined on [Ri'j:rl X RTH, the general flag-type Lusin area
integral of G is defined by

) dwy dty dwy dty %
SFL(G)(x1, x2) = Xes (X1 —wi, X2 —w2) |G (wr, wa, 11, )" — g — = - 3-9)
R IRYT h b
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Lemma 3.3. Suppose F(x1, x2, t1, t2) and G(x1, x2, t1, 12) are defined on R"+1 X R:’f“. Then the follow-
ing estimate holds:

/ / F(x1,x2,t1, )G (x1, x2, 11, 1) dx1dxadty dty
Rn-H Rm-H

| 12
<C sup (—/ t1 12 |F (1, y2. 11, ) dyy dys dty dtz)
acrxke \ 2] Jr (@)

, dy1dy,dty dt
/ f (/ . / Xt =y 2 = GO, 2 n o) y,;myjl mlHZ) dxidxs.  (3-6)
n m R" RW’

Proof. Suppose both factors on the right-hand side above are finite, since otherwise there is nothing to
prove. We also note that the second factor is actually ||S7(G) || L1 g xrm)-
We now let
Q= {(x1, x2) € R* x R" = Sz 1(G)(x1, x2) > 25}

and define
Bii={R=1xDL: |(Il x L)\l > 31 x L, [(I1 x ) N Qupr] < 111 x b},

where I and I, are dyadic cubes in R"” and R with side-lengths £(/) and £(J) satisfying £(I) < £(J).
Moreover, we define

Q= U R and 4= {(x1,x2) € R* x R™ : Mpag(x0,) (x1, x2) > 5}
Re By

Next, we have

/ +1/ » F(x1,x2,t1, )G (x1, x2, 11, 1) dx1dxodty dty
Rfl Rm

G(xy, x2,t1,t
—Z Z f Vb F(xy, xo, t1, 1) del dx) dty dty
k Rep Y TR Vi

(2

12
ni|F(x1, x2, 11, 1) |* dxy dxa dty dfz)
ReB, VTR

dxydx, dt; dty 172
X(Z/ Gy, 3.1y, 1) 2 L1241 A1
Rep Y T(® 315}

1 12
=Z<— Z/ ni|F(x1, x2, 11, 1) |> dxy dxa dty dtz)
—\ %] = Jri
k 1/2
zdxldedtldQ)

(|szk| > [ 16t P S

ReB, VTR
12

1
SZ(Q—/ t1t2|F(x1,X2,l‘1,l‘2)| dxydx, dt; dty
— \ S Jrp , dxydxydty di

1/2
(|szk| Zf G (x1. x2. 11, 1)) T)

ReB, VTR
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1 1/2
< sup (—/ t1t2|F(x1,XQ,t1,l2)|2dx1 dx>dh dl‘z)
acrrxre \ 2| J7(@)

dxydxydty di \'?
x2<|szk| Z/T |G<x1,xz,zl,r2)|2$)

Rep, Y TR nn

As for the second factor in the last inequality above, note that

MG\l = / Sr.1(G)(x1, x2) dxy s
Qi \ Q%

» dyrdydty dn

— G JH,h)|" —F—————dxid
/Qk\szk/%"“/nae'"“ X (61 = y1, X2 = y)IG (y1, y2, 11, ) T x1dx;

dyldyzdtl dn
Y Xt (X1 = Y1, X2 — y2) dx1 dx2 |G (y1, yo. 11 1) T

1 5
ydyrdy,diydn
/ / IG(y1, y2, 11, 12)|*
Rn+l Rm+1 Hht
dxy dx, dty dtp
> 2/ G (x1, x2, 11, )P —————
ReB, Y TR i

Thus, we have

/n / F(x1,x2,t1, )G (x1, x2, 11, 1) dx1 dxa dty dta
R++I R:Z_H

- QCR"x

1 dxydxy dt; dtp 172
= sup <_/ |t1t2F(x1,x2,t1,t2)|2— Z|Qk|2k
acrexkn \ || Jr(@) fit p

1 ) dxydx, dt; dtp 172
S Sup Tl |t1t2F(xlsx29 t17t2)| ”S}',L(G)”Ll(RnXRm),
ackxrm \ 2| J7() 53

which gives (3-6). O

1 1/2 - -
sup (@ f 1ol F(x1, X2, 11, )1 dxi dxo diy dtz) D (11271 Qi \ )
Rm T(Q) a

From Lemma 3.3 above and the definition of BMO £(R” x R™), we can obtain the following corollary
immediately.

Corollary 3.4. Suppose G(x1, x2, 11, ) is defined on IRZ’:“I X RTH, and F(xi,x2,t1, 1) := Py 4, *
f(x1, x2), where f € BMOx£(R" x R™). Then we have

/ f VOV F(xy, x2, 11, 12)|1G (x1, X2, 11, 1) | dxy dxy diy diy
Rn++l Rm-H
< Cll flIBMOF® xrm) | S7. LG L1 @r xmmy- (3-7)

Moreover, based on Lemma 3.3, we can also establish the following estimates.
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Proposition 3.5. Suppose F(xi, x2, t1, t2) = Py 1, % f(x1,x2), G(x1,x2,11,12) = Py, 4, ¥ 8(x1, x2), and

B(x1, x2,t1, t2) = Py 1, x*b(x1, x2). Then we have
f 1t VOVDB(xy, x2, t1, )] Vy, 1, Vi, VOVE G (x1, x2, 11, 1)
R1+IXR$+1 (1 )
x |V )V( )F()Cl, X2, 1, b)|dxidx,y dt) dty

1 1 1 1
=< C”b”BMO]:(R"XRm) || (_Axl,xz) 2 (_sz) 2g”LP(R" x[R™) || (_Axl,xz)z (_sz) 2 f”Lp,(R”xIR’")’

/ ol VOVEI B, x, 101, 0)] Ve 0 Ve VO VO G122, 1, 1)
Rn XRm
T x VD F(xy, xa, 11, 02)| dxy dxa dty dia

1 1 1
< ClIblIBMOz @ xim) (= Ay x:)2 (=A%) 28 L Lr e xremy [ (= Ay ) 2 Il Lof (e ey »

/ ol VOVEBG x, 1, 0)]1V 0 Vi VO VI G a1, 22, 11, 1)
R xR
! ' X |V(2)F(X1,XQ,Z‘1,Z‘2)|dX1 dx,dt; dty

1 1 1
< ClIbllBMO 7 ) [ (= Ay x2) 2 (= Ax)) 28 | Lo e xemy (= D)2 fll o7 (e s

/+. N 116 VOVIB(xy, x2, 11, )| Ve 1, VIVA G (x1, x2, 11, 1)
Rn Rln
T X |F(x1, x2, t1, )| dxy dxp dty ditp

1
< ClIblleMoz @ xim) (= Ay )2 gl e @ ey | f 1 o7 (e seem)»

/ 1t VOVDB(xy, x2, 11, )] Ve (s VIVEG (x1, x2, 11, 1)
Ri—FIXRZI-H : 5
x VOV F(xy, x2, 11, 12)| dx1 dxa dty dia

1 1 1
< ClIbllBMO 7@ ) [ (= Ay x2) 2 8l Lo @ xemy (= Ay ) 2 (=A%) 2 fll 1 (e ey »

/ o VOVE B, x0, 10, 0)[ Ve VIV G 1, 22, 11, 1)
R xR
o x [V F(xy, xa, 11, 02)| dxy dxa dty diy

1 1
< ClIbllBMOF @ xrm) | (= Ay x2) 28l L e x ey (= Ay ) 2 fll Lo (o seemy

/ I tt| VOV B(xy, x2, 11, )| | Vi 1, VIV G (x1, x2, 11, 1)
R xR™
i i X |V(2)F(X1,XZ,Z‘1,Z‘2)|dX1 dXle‘l dl‘z

1 1
=<C ”b”BMOF(R”me) | (_Axl,xz) 2 g”L"([R”xR'”) I (_sz) 2 f”Lp’(RnX[Rm),

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-14)
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1 2 1 2
/I;)H»l Rm+1 t1t2|V( )v( )B('xl’ x2, t], t2)| |VX1,)C2V( )v( )G(xl, x2, [1, [2)'
X
o X |F(x1, x2,t1, t2)| dxy dxp dty dty

1
< ClIbllBMO @ xm) [ (= Ay x2) 2 8l r @y | f Nl Lo o seem)»

/ 16| VOVOB(xy, x2, 11, )|V, VOVI G (x1, x2, 11, 1)
Ri+lXer+l | )
X |V( )V( )F(xl,XQ, t, )| dxy dx,dt; dty

1 1 1
=< C ”b”BMOF(R”me) ” (_sz) 2 g”Ll’([R"me) ” (_Axl,xz) 2 (_sz)z f”Lp’(RnXRm),

/+. L 1l VOVEI By, x, 11, 0)| [V VI VO G, 2, 11, 1)
R xRY M
x |V F(x1, x2, t1, )| dx1 dxa dty dtr

1 1
< ClIbllBMO 7 xRy [ (= A ;) 28l Lp @r ey 1 (= Doxy x2) 2l Lo (o ey »

/ 1 1t1t2|V(1)V(2)B(x1,x2, t1, )|V, VOV G (x1, x2, 11, 1)
R < RYT )
x |V F(xy, x2, t1, )| dxy dxp dty dty

1 1
< ClIbllBMOF @ x ) [ (—Ax,) 2 gl L@ ey 1 (= Ax,) 2 fll L (e ey »

/+. 1l VOVE By x, 11, 0)| [V VI VE Gy, 2o, 11, 1)
Rn Rm
o X |F(x1, x2, 11, )| dxy dxp dty dty

1
< ClIbllBMO» @ xrm) [ (— Ay ) 2 gl Lo @ ey | f 1l L7 (e sy »

f 11 VOVIB(xy, xp, 11, ) IVVVI G (x1, x2, 11, 1)
RKT—IXRZI-H | 5
x VOV F(xy, x2, 11, 12)| dx1 dxa dty dia

1 1
=< c ”b”BMO}-(R"xR’”) ”g”LP(R”XRm) ” (_Axl,xz) 2 (_sz) 2 f”LP’([Rn x[Rmy>

/ 1| VOVIB(xy, x2, 11, ) IVVVI G (x1, x2, 11, 1)
n+1 m+1
[R+ ><[R€+ )
X |V F(xy,x, 11, t2)| dxidxydt; dty

1
< ClIbllBmOF @ xrm 8 Il L @ x ey 1 (= Ay )2 fll Lo o seem)»

1337

(3-15)

(3-16)

(3-17)

(3-18)

(3-19)

(3-20)

(3-21)
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/ 116 VOVOB(xy, x2, 11, )| |[VOVP G (x1, x2, 11, 1)
RrrlXRrﬁJrl 2)
X |V( F(xl,xz,tl,t2)|dx1 dx, dty dty

1
< ClIbllemo z @ ey 18 | L ) (=D, 2 fll Lot (o sy (3-22)

/ o i VOVI B o, 1, ) [VOVP Gy, 2,11, 1)
R)l Rm
A X |F(x1, x2, t1, )| dxy dxp dty dtr

< ClIbllBmOy @ xrm 8 Il L@ ey | f 1l Lo’ (o - (3-23)
Proof. We first point out that for f € Cgo([R"er), F(x1,x2, 11, 02) = Py, * f(x1, x2),

Sup |F(YIaYZ,t1,l‘2)|§ Sup |Pt1,t2*f(y1’y2)|
V1,y2:t1,12) (V1,y2:t1,12)
Xty (X1=Y1,%2—y2)#0 [x1—y1l<ti+t2,|x2—y2|<t2

<M (Ma(f (1, -))(2)) (X1, x2),
where M| and M, are the Hardy-Littlewood maximal functions on R"*" and R™, respectively.
Next, based on the estimate above and from the property of the Poisson semigroup, we have

1 1
sup 104, 0, F (Y1, y2, 11, 12)]| < sup [P nx((mA@1)2(=A02)2 (1, y2)I
V1,y2,11,12) V1,y2,11,12)
Xip.ty (1= y1,02—y2) #0 [xi=yil<ti+2,lx2—y2|<t2

< My (Mo (= Dy ) (A7 )15 ) (2)) (X1 x2).
Also, we have

sup |Vy1,yzvy2F(ylayZatlatZ)l =< sup |Pll,t2*(v'1,'zv'zf)(yl,y2)|
1,y2:t1,12) (1,y2:t1,12)
Xy, (X1=y1,X2—y2) #0 lx1—y1l<ti+t2,|x2—y2| <t

< Mi(My((V-, -,V )1 (2)) (x1, x2).
Then, we first consider (3-8). Based on the estimates above and Corollary 3.4, we have

/ il VOVE B x0, 0, 0)] Ve Vi VI VI G (20,11, 1)

R)l XRm

i i X|V(1)V(2)F(X1,X2,ll,t2)|dxl dxydtydt)
< C”b”BMO;(R”xIR"’)/ Sr LtV 5, Vi, VO VP G) (x1, x2)

R7 xR
X (Ml (Ma((—Axy )2 (=) )10 (2)) (21, X2)
+M (Ma((V-,,, Vo, )1 '))('2))(x1,x2)) dxydx;

< C|IbllBMO £ (" xRm)
I L e NN CN R [
X (M] (MZ(((_Axl,xz)%(_sz)%f)('1 L)) (+2)) (x1, x2)
FM (Ma((V-) Ve (=) TH (= A) T (A )T (= AT (1)) (2)) (51, 2)) dxy

1 1 1 1
< C”b”BMO]:(R" xR™) || (_Axl,xz)z (_sz) 2g”LP(I]"\!’” x R™) || (_Axl,xz) 2 (_sz) 2 f”LP’(R"x[Rm)’ (3'24)
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where in the second inequality the area function Sr is defined as in Definition 2.2, and the last inequality
follows from Holder’s inequality and boundedness of the maximal functions as well as the boundedness
of the flag Riesz transforms. Hence we see that (3-8) holds.

By using an estimate similar to that above, we can obtain the estimates in (3-9)—(3-23). We omit the
details here since they are straightforward. U

Upper bound for iterated commutators.
Theorem 3.6. For every b € BMO£(R" x R™), g € C°(R" x R™) and for anyi =1,2,...,m +n,
j=1,...,n, there exits a positive constant C depending only on p,n and m such that

L5, R,-(])], R;Z)]z(g)lle(Wme) < C|IbllBMO»®e x &) |1 81 Lr (R xR - (3-25)
Proof. Recall that

(1. RV, RP12(8) (x1, x2) = b(x1, xRV 5 R 9 g (x1, x2) — R (b - R 53 8) (x1, x2)
— R w0 (b R x @) (1, x2) + R 2 R 5 (- ) (51, 32

Hence, for every f € C°(R" x R™), we have

(f. (16, RV R () = (f b RV % R o g) + (R % f.b- R 57 g)
+(RPx f.b- R % g) + (R s RV fb - g).
Denote by B, F, G the flag harmonic extensions of the functions b, f, g, respectively, as defined
in (3-1). And for each fixed i, j, denote by (R x f)™, (R s, )™ and (R{" R/ s, f)™ the flag

harmonic extensions of R(l) * f, R( )>x< f and R( ) R(z) *y f.
Then we write

(f. [[b, BT, RV Ta(9))
=/ 1097 032 (F-B-(R{V+R P 508) "+ (R % )™ B-(RP428)™
n+1 m+1
R R @ 0 @, )
+(R;H2 )7 -B-(R; " g) "+ (R %2R "+ f)7-B-G) dxy dxy dty dty.  (3-26)
We now claim that the right-hand side of (3-26) is bounded by

ClIDliBmMO £ @ xrm) 18 1 Lr @ xwey | f Il Lo oo sy - (3-27)
To see this, we compute the derivatives #; 8,21 zga}; for the integrand in the right-hand side of (3-26).

Then we have the following terms:

Cl:/ (0B F (R xR 509 100, 0B (R # )7 (R 428)”
RrHr XRm+
+19; bd B (R %0 ) - (R“) )"
+002 2B (R % RV x f)™ G)dxldxzdtldtg; (3-28)
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szf _— 102 120, B0, (F- (R %R 40.8)") 41102 120, B3, (R{ 5 )™ (RP 428)™)
R" R
+0102 00, B - 3, (R %2 )7 (R % 9)™)
+ 1107 00, B - 3, (R %2 R % )™+ G) dxy dxy dty diy;  (3-29)

C3:/ » » h 8t|[28 B- 8“ (F- (R(l)*R(Z)*zg) Y+ 8[1128 B. atl((R(l)*f) (R(z)* g) )
R" RW
+1 0,607 9, (R 50 ) - (R %))
+11 9002 8,23 O ((R;Z) *2 Rz‘(l) * )7 - G)dxydxydt; dty;  (3-30)

C4:/ H1 ] 010112 91, B0, 3,2(F-(Rl.(l)*R]Q)*zg)N)—Hl 0y, 1201, B0, 8tz((Ri(l)*f)w'(R;Z)*Zg)w)
Rﬂ Rm N N
1 84,12 3, B0y, 3, (R4 )™ (RVg) ™)
1 0y, 12 0, B3y, 0, (R 2RV f)™-G) dxy dxadny ;- (3-31)

Cs = f o B3, 0)(F- (R %R %28) ) 118,180, 8 (R % /) - (R}V%29)")
R R
+110,12B - 9, 0L (R 52 )™ - (R %))
+11 9,08 - 8,02 (R %2 R % )™ - G) dxy dxy dty diy; (3-32)

Co= / 000, B0, (PR R 0 9) ) 411020, B-02 0, (R ) (R x29))
Rn XRI}I
+ 1112, B - 070, (R 2 )™ - (R{Y %))
+ 112 8,B - 929, (RP %2 RV % )™ - G) dxy dxy diy dia; (3-33)

G = /er - tity 823 32(F : (R,'(l) * RJQ) *28)7)+ht 8zzzB : 82((R,-(1) * ) (RJ('Z) *28)")
+1n B E (R % )™ (R % )™)
+00 2B} (R % R % )7 G)dxy dxydiydiy: (3-34)

Co= [ BB R R g ) 00 B (R ) (R 429))
n+ m—+
Ry xRy 25 42(R® )
+1un 0B -0, (R, *2 f)" - (R; %))
+10 2B 0F (R % R % )7 G)dxy dxydiydiy: (3-35)

Co = n0B 002 (F- (R % R %2 2)™) +1102B - 0202 (R % )™ - (R %2 8)™)
R R+ J
+06B 0L (R %0 )™ (R % ¢)™)
+10B - 20L (R %o R % )™ - G) dxy dxy dty dy. (3-36)
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We first consider C;. Note that 8,223 =—Ay,B=—V,,V,,B and that BIZIB =—AyB=—Vy-
V.,.x, B. So, integration by parts gives

C = fww 12V Vi B Vi, Vi (F - (R % R 55 8)™)
L 00V 0 V6B Ve Ve (R ) (R 40 8)7)
+ 115 Ve, 0, Vi B - Vi 1y Vi (R 52 )™ - (R{Y % 9)™)
+ 16V, Vi B Vi, i, Vi (R 50 RV 5 )™ - G) dixy dxy dty dity
=:C1,1 +C12+C13+Ci4.

For the first term, it is clear that

1 2 ~
Cii= / 16V Vi B Vi, Vi F - (R 5 R 3 )™ dixy dxy dty dit
R’IFIXRZZ-FI
1 2 ~
=/ 16V, Vi B Vi o F - Vi (R 5 R 3 ¢)™ dixy dxy dty dit
R1+1XR$+1
1 2 ~
:f 10Vs, Vi, B Vi, F - Vi o (R % R 50 ¢)™ dixy dxy dity diy
Rr:rlxRT_Jrl

1 2 ~
=/ o VeV B F Ve Vi (R % R 40 )™ dy dxa diy diy
R xREY

=:C11,1tCi12+C113+Cr1 14
It is direct that C; 1,1 and Cq,1 .4 can be handled by using (3-9), and C;,12 and C; 1 3 can be handled by
using (3-10), which gives
Ci,1 = ClIbllsmo @ xrm &l L@ ey | f 1 Lo (e sy -

Symmetrically we obtain the estimate for C; 4, and using similar estimates we can handle C; » and C; 3.
All these three terms are have the same upper as C;,; above.

Next, for C,, note that 8,21 B=—A x,B=—Vy x, Vi x,B. Thus, similar to the term Cy, by integration
by parts, we have

Cr=— /R - 1102Vx, 0B+ Vi, 0y (F - (R % R 55 8)™)
110V, 3, B - Vi, 0y (R % )7 (R 52 8))
+ 1103V, 03 8, B - Vi 9 (R 52 )™ - (R %))
+110 Ve, 0, B - Vi, sy 0y (R 5o RV 5 )™ G dixy dxy dty dy
=:C1+C2+Co3+Cog.

Again, the upper bounds from the four terms above can be obtained by applying Proposition 3.5, and they
are all controlled by

ClIbliBmo £ @ <) 18 1L e ey | f 1| Lo (g sy -

The term C; can be handled symmetrically to C; and we obtain the same upper bounds.
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For the term C4, by noting that |9, 9;, B(x1, x2, t1, )| is bounded by IVOVO B(x;, x2, 11, 1), we
obtain that C4 is bounded by
ClIbllBmO - @ < 8l L @ ey | f 1l o7 (g sy

where we apply again the upper bounds in Proposition 3.5.
We now turn to the term Cy. We first point out the following equalities:

B (R{V % R 50 )™ (41, X2) = —€ xy i (RYY %2 8)™ (21, x2),
2 ~ 2 ~
O (R{V 5 R s €)™ (x1, X2) = —€ 8y, a0 (R 32.8)™ (21, x2),
8, (R{V % R 50 )™ (x1, x2) = —c iy, (R % )™ (21, x2),
OF(R{Y % R 50 )™ (x1, x2) = —c 9,1, , (R % 8)™ (31, x2),
9 (R % )™ = =€ 8x, 51 ()7
(R % £)™ = = 8,8, ()
atz(RJQ) *2 g)N == axz,j (g)"*’
2 ~ ~
O (RP 52 8)™ = —c 0, (3)™
Then for the term Co, we get
0202 (F- (R R 528)" + (R /) (RP#28) "+ (R 52 )™ (R xg)" +(RP 52 RV 5 )™ G)
= 48(x1,x2),i8t1 8}62,1' atz (FG)
1 ~ 1 ~
=2V 0 Oy (Vi g (R )™ G) =2V Oy, (F - Vi iy (R 508)™)
+2Vs, 55 0y, 0, (Vg o F- (R %)) 42V, 8y, 8, (R % )™ -V, 1, G)
—2 0, p),i 9, Vi (Viy (R % ) G)
Ve Vi (Vo Vg (R 52 Rk )G+ Vi, 1, Vi, (Vi (R 32 )™V, o (R 58)™)
2 ~ ~ 2 1 ~
~ Vi1 Vi (Vs Vis (R 52 )7 (R 58) ) = Vi) sy Vi, (Vi (R 52 R )™ Vi, 1, G)
—2 0y 0,19, Vi (F- Vi (R 5.8)™)

+ V0 Ve, (Vs RV 5 )V (RP 50.8) ) 4 Vi, Vi, (F- Vi, Vi, (R 5 RP 50 2)™)
xp,x2 Vo UV, VR ;728 Xp,x2 VX2 x1,x2 Vg U j *28
_VX],xzvxz (VX] ,xzvxz(R](m *2 f)N'(Ri(l)*g)w)_vxl,xzvxz(vxz(REZ) *2 Rl‘(l)*f)N'VX|,sz)

+2 01,1, 0 Vi (Vi, F- (R %) ™)
(1) ~ () ~ (1) (2) ~
_vxl,xzvxz(vxl,xzvxz(Ri *f) '(Rj *Zg) )_Vxl,xzvxz(vxzF'Vxl,xz(Ri *Rj *Zg) )
1 2 ~ 1 ~ 2 ~
+vx1,x2vx2(vx1,xzvxzF'(Rl'( )*R; )*Zg) )+Vx1,xzvxz(vxz(Ri()*f) 'Vxl,xz(Rj(' )*28) )
+20(1.10,i 0 Vio (R % )™ -V, G)
Vs, Vi, (Vi RV RP 0 £)™ -V, G) = Vi, 1, Vi, (RP 52 )™ Vi, 1, Vi, (RV 5 g)™
x1,x Yo\ Vaxy,xo i j 2 X2 X1,x2 Yxp j 2 X1,X2 Y X2 i *g) )
V510 Vay (Vi ey (R 30 ) Vi (R 5.8) ) 4 Vi 1y Vi (R 5 RP 0 )™V, 1, Vi, B).
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Thus, we input the above 25 terms back into the right-hand side of Cy and obtain the terms as follows:
1 2 ~ 1 ~ 2 ~
Co =/ ntB -0 (F- RV R 408)" + (R % /) - (R %2 9)
RYIxRY™ P O T B
R+ )T (R x)TH (R xR % )7 G)dx dx, dty di

= 4[ 1385 a(xl’m),iaxljB . 8,1 3;2 (FG) dx1 de dl‘l dl‘z
R R
-2 / 162V, 2 05, B - 3, (Vay i, (R % )™ - G) dxy dxz dty dy
Rgl:%—] XR$+1

1 2 ~
+ f _— 16V Vi B (R % R 5 )7 Vi, V., G) dxy dxy dty diy
R xR

=C91+Cyo+---+C9 s,

2

where we get all these terms from the equality 97 8t22(- --) by integration by parts and taking all the

gradients or partial derivatives with respect to xy, x; to the function B. By applying Proposition 3.5 to all
these terms, we obtain that they are all controlled by

ClIbliBMO £ @ <y 18 T Lr e ey | f 1| Lo (g sy -

Next we consider the term Cs, which can be considered as a cross term in between C; and C9. To
continue, we write

1 2 ~ 1 ~ 2 ~ 2 ~ 1 ~ 2 1 ~
OF(F- (R RP s08)” + (R 5 )7 (R 52 8) "+ (R 42 /)™ - (R 58)™ +(RP 3o R 5 )™ G)
2 1 ~ 2 ~ 1 ~
= OF (R w2 (R )™+ (R 52 7 (R 5 9)7) o
HOR(RMY % ) (RP #28)" + (R 52 (R % )™ - G)
=F + E>.
For the term E, we write
El =2 8x2,_/' 8,2(F . (Rl(l) * g),\’) + sz (VXZ(R]Q) %9 f)N . (Rl(l) >;<g)N + F- sz(RJ(.Z) *9 Rz(l) * g)w
2 1 ~ 2 ~ 1 ~
~ Vi F-(RP %2 RV % g)” = (R 52 )7 Vi (R 8)7).
For the term E,, we write
Ey =20y, 0, (R % /)™ G) + Vi, (Vs RP 52 R 5 )™ G+ (R 5 )™ Vi, (RP 52 8)™
~ Vo RV % )7 (RP 52 9)" — (R %2 )™ - V,,G).

As a consequence, by substituting the above 10 terms in the right-hand side of the equalities £} and E»
back into the term Cs5, we have

Cs = 2/ 11 012 Bxy B - 3, 3, (F - (R % g)™) dxy dxa dty dt
R::H XRZFH

- / 1 3,12V, B+ 3, (Vay (R 5 )7 (R % @)™) doxy dxy ity dty
R1+1XR$+I
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- f 11 3,12V, B - 31, (F - Vi) (R 52 R % 8)™) dixy dxy dty diy
RTlXR:ﬁH J
+ / 1 9,02V, B 0y (Vi F - (R 5 R{Y %)) dixy dxy dty diy
Ri+1><|R:”_H
2 ~ 1 ~
+ / 1 9,12V, B 3, (R 53 )™ Vi (R % 9)™) dxy dxy d1y dity
R’:HXRZ’:FI
+2 / 11 012 85, , B - 0,0, (R % )™ - G) dxy dxa dty diy
Rn+lme+l *
+ +
- / 1 3,02V, B3, (Vi, (R 50 RV 5 )™ - G) dxy dxy dny diy
R1+1><|Rli+l
1 ~ 2 ~
- / 1 9,02V, B 0, (R % ) Vi (R 52 ) ™) dxy dxy d1y dity
RrrrlXRr:t_Jrl
1 ~ 2 ~
+ / o VB3 (Ve (R % )7 (R %2 9)7) day duy diy di
R xREY

+ / f 9,02V, B 8, (R 53 )™ - Vi, G) dxy dxy dty diy
Ri—%—] XRZ’,"’I
=:Cs,1+- - +Cs, 10
By applying Proposition 3.5 to these terms, we obtain that they are all controlled by
ClIbllBmox @ xrm) 8l L @ ey | f 1l o' (s oy -

The estimates for the term Cg can be handled symmetrically, and we get the same upper bound for Cg as
that for Cs5 above.
For the term C7, first note that 8,22B =—A,,B=-V,, - V,,B. Hence we can write

Cr=— / lllzvsz . sz 8121 (F - (Rl.(l) * R]Q) Ed) g)N + (Ri(l) * f)w . (R]Q) *9 g)N
RLT <R @ o~ e o~ p@ L () e~
+ (Rj % f)7 - (Ri xg) + (Rj %o Ri ¥ f)7 - G)dxydxydt dty.
Similar to the calculation in the terms £, and E; in the estimate of Cs, we can now decompose
OF(F-(RV* R #20)" + (R + )™ (RP 428)" + (R 42 /)™ (R %)+ (RP 52 RV % )™ G)

into 10 terms, which further gives
C7=Cy1+---+C110

Then by applying Proposition 3.5 to these terms, we obtain that they are all controlled by
ClIbllBMOz @ xrm) 8 Il L @ scmy | F 1l o7 (e s oy -

The estimates for the term Cg can be handled symmetrically, and we get the same upper bound for C;
above. ]



COMMUTATORS OF MULTIPARAMETER FLAG SINGULAR INTEGRALS AND APPLICATIONS 1345

4. Upper bound of the big commutator [b, R; i]

We derive a general upper bound result for commutators of any flag singular integral. The proof is
based on the Ar , weighted estimate of flag singular integral operators and a Cauchy integral trick that
goes back to the work of Coifman, Rochberg, and Weiss [Coifman et al. 1976]. Roughly speaking, this
technique allows one to bootstrap the weighted estimate for an arbitrary linear operator to that of its
commutators of any order. This is the first time this idea is explored in the multiparameter flag setting.
In fact, although not needed for our upper bound proof, we demonstrate the bootstrapping result in the
general higher-order, two-weight setting.

A, weight and little bmo in the flag setting. To begin with, we define the Muckenhoupt A, weights in
the flag setting, which consists of positive, locally integrable functions w satisfying

1 1 : =l

[w]az, := sup (—f w(x, y)dx dy) (—/ wi(x, y)l_” dx dy) <00, l<p<oo, (4-1)
" Rerr\IR| JR IRl Jr

where p’ denotes the Holder conjugate of p. The following result of [Wu 2014] provides a way of

approaching the A r , weights via the classical weights:

A;’p:ApﬂAfnz) forall 1 < p < o0, (4-2)

where A, is the classical Muckenhoupt A, class of weights on R"*", and Ag) consists of weights w(x, y)
such that w(x, -) € A, with uniformly bounded characteristics for a.e. fixed x € R".

We first show that a similar relation holds true for bmoz, which will be a useful tool for us in the study
of this space.

Lemma 4.1. Let BMO(R"*™) denote the classical John—Nirenberg BMO space on R"™™, and BMO(Z)(R”‘)
be the space consisting of functions f(x,y) such that f(x,-) € BMO(R™) for a.e. fixed x € R" with
uniformly bounded norm. There holds

bmo+(R"*™) = BMO(R"*") nBMO® (R™)

with comparable norms.

Proof. The inclusion
bmo £(R"™) c BMO(R"™) NnBMO® (R™)

can be easily verified. Indeed, the inclusion bmo(R"*") C BMO(R"*™) is obvious from the definition.
Now fix x € R". For any cube J C R™, one can find a sequence of cubes I, C R" such that £(I;) < £(J)
and I shrinks to the point {x} as k — oco. The containment thus follows from the Lebesgue differentiation
theorem.

The other inclusion (“D”’) of the lemma follows from Proposition 4.2 below, which establishes the
exp-log connection between Ar , weights and bmoz(R"™"), much as in the one-parameter and the
product settings. U



1346 XUAN THINH DUONG, JI LI, YUMENG OU, JILL PIPHER AND BRETT D. WICK

Proposition 4.2. Suppose w is a weight and 1 < p < co. We have
(i) if w € Ar,,, thenlogw € bmoz(R"™™);
(ii) if logw € bmoxr(R"™), then w" € Ar,, for sufficiently small n > 0.
Proof. One observes directly from the definition that
Ar,CAr, foralll <p=<gqg<oo,

and

weAr), w!™ e Ar, foralll < p <oo.

Therefore, it suffices to prove the case p = 2.
We first prove (i). Suppose w € Ar» and let y =log w. Then, for any R € Rr the A, condition

1 1
(m/ e? CN=IR gy dy) (ﬁ/ eVR=Y (LY gy dy) < [w]A]-",Z < 00.
R R

By Jensen’s inequality we have each of the factors above is at least 1 and at most [w]4 . ,. Therefore, the

implies

inequality

L/ V=Kl gy dy < 2[wla,,
IRl Je |

holds, which, using the trivial estimate ¢ < ¢’, implies

1
—f v (s ) — ()&l dx dy < 2[wla, ..
A

Hence, y € bmor(R"™™),

We now prove (ii). Let y = log w € bmox(R"*™); it follows from Lemma 4.1 that y € BMO(R"*™)
and y € BMO® (R™). According to the classical exp-log connection between BMO and A,, there hold
for sufficiently small n > 0

e ) e AR,

e ™) e Ay(R™)  uniformly in x € R™
Hence, (4-2) implies "’ € Ax, for sufficiently small n > 0, which completes the proof. ]
Upper bound of the commutator. Given an operator T, define its k-th order commutator as

CH(T) := by, [bg-1, -, [b1, T1--- 11,
where each b; is a function on R" x R forall 1 < j <k.

Theorem 4.3. Let v be a fixed weight on R" x R™, 1 < p < 00, and T be a linear operator satisfying

ITllLry—>LrG) < Com.p.7()az s [Max,)s
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where Cy . p,7( -, ) is an increasing function of both components, with i, .. € Ar , and /A = vP. For
k> 1,let bj € bmor(R" x R™), 1 < j <k; then there holds

k
ICET) Lo y—£rGy < Crm.pit (daz,» [Maz ) [ T 157 lomos-
j=1

Assuming Theorem 4.3, in order to derive an (even unweighted) upper estimate for commutator of
operator 7, it suffices to know the corresponding weighted estimate for 7 itself. When T is a flag singular
integral operator (which includes the flag Riesz transform R; ), such a result was obtained by Han, Lin
and Wu [Han et al. 2016b].

Definition 4.4. A flag singular integral Tr : f +— K x f is defined via a flag kernel I on R" x R",
which is a distribution on R"*™ that coincides with a C* function away from the coordinate subspace
{(0, y)} C R"*™ and satisfies:

(i) (differential inequalities) For each o = (@1, ..., o), B = (B1, ..., Bn)
070K (e, I S 1l (x| 4 [y~
for all (x, y) € R"™ with |x| # 0.

(i1) (cancellation conditions)

< Cylx| ™1

me WK (x, Y)Y (8y) dy

for every multi-index ¢« and for every normalized bump function 1| on R and every § > 0;
[ b yvaenar] < oy

for every multi-index 8 and for every normalized bump function i, on R" and every é > 0;

<C

/ K 3G, S dx dy
Rn m

for every normalized bump function 3 on R"™™ and every 81, 8, > 0.

Theorem 4.5 [Han et al. 2016b, Remark 1.4]. Let1 < p <ocoand w € Ar, p([R{”+m); there holds

”T]'—(f)”Li(R”'H") S Cp”f”Lﬁ(R/H—m) fOr all f S LZ}(RI’!—H’H)

Applying Theorem 4.3 (with the choice u = A = w) together with Theorem 4.5, one obtains immediately
the following.

Corollary 4.6. Letw € Ar ,, 1 < p <00, and T be a flag singular integral operator as defined above.
Foranyk > 1, b= (b1, ..., by) where bj e bmor(R" x R™), j =1, ..., k, there holds
k

ICET) Loy Loy < Compkew, [ ] 157 lomos-
j=1
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Obviously, the result above in the first-order unweighted case is precisely the desired upper bound
estimate in Theorem 1.5.

The core of the proof of Theorem 4.3 lies in a complex function representation of the commutators
and the Cauchy integral formula. This method has been widely used to obtain upper estimates for linear
and multilinear commutators in various settings; see [Chung et al. 2012; Coifman et al. 1976; Hytonen
2016; Bényi et al. 2017; Kunwar and Ou 2017] for examples. The main new challenge in our problem is
the unique structure of the little flag BMO space and flag weights, which for instance doesn’t seem to fall
into the category of spaces recently studied in [Bényi et al. 2017].

Proof of Theorem 4.3. Observe that
CET) =, -0, FO), FE) :=eDmnaTe Tiabia,

which generalizes a classical formula representing higher-order commutators. We remark that when all
the symbol functions b; are the same, one can work instead with a simpler formula using single variable
complex functions and their k-th order derivatives. According to the Cauchy integral formula on polydiscs,

f f F(Z)dZ1 dzk
(2mi)k ’

where each integral is over any closed path around the origin in the corresponding variable. For fixed

CH(T) =

(81, - .., 8x) which will be determined later, there holds by the Minkowski inequality

ICET | Lruy— Loy

1 ldzi|- - - |dzi]
< — ITH et e preek_ be
2m)* Jiz)1=5, |2k |=5% Lr(e J=UT iy~ LP (e J=17%) &6
1 yg Re (Y, biz;) Re (X, bjz;) ldzy] - - |dz]
< C ([eP ™ 2 j=1bjzj wla [eP "¢ 2j=1bjzj Al J——
= % n,m,p,T Fop? Ar, D) D) s
Q" Jiai=s Jiai=s ’ IR

k k
where we have used the fact that (e” Re (X)- bfzf),u, ePRe(Tiey bf'zf)k) is a pair of weights satisfying
ePRe(Zjibiz) _E_
ePRe(Tioibiz) ;A '

Now we choose {§;} according to Lemma 4.7 below, which is the key ingredient of the proof concerning
the relation between A r , weights and little flag BMO functions. Let

_ 6n,m,p
max((M)A]:YP’ ()\')A}‘,p) ”bl ”meJ: ’

where for any w € Ar ),

(w)A]-'.p = max([w]A}jp’ [G]A;_p/)' (4'3)

Here we have used the notation o := w!~?" to denote the dual weight of w, and the relevant property of

(w)ay,, to us is that
max(1,p —1)

W)y, =max(lwlay,,, [wl}, ) = [wli"
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Recursively, for any j > 2, choose

S = €n,m,p
T max((ePRe (X2 0z) 1y, (ePReCEZ ) 0) 4 |1 ooy
Piz): lz11=61, ... |zj—11=8;—1 H)Ax > Az p)10]1lbmo

Then applying Lemma 4.7 iteratively shows that
koo =1y
[ePRC(Z/‘:l bJZ’)M]Af,,, < Cn,m,p[epRe(ZF‘ b"Z")M]AF,p <...< Cﬁ,m,p[M]Af,pv
and similarly

k
[ePRe (Z_[:l ijj))\‘]A}_‘p < Crli,m,p[)\‘]AFP’

which in turn via the monotonicity of C, ,, . 7(-, -) leads to

k . k .
Cn,m,[J,T([epRe(Zj:1 bJZJ)M]AJ:,p’ [epRe(ijl bjz’))‘]A}',p) = Cr/z,m,p,k,T([:u]AJ-‘,p’ [)"]A}‘,p)'

Therefore,

ICE (D Lroy—rr0 < ,

_8] L 8k n,m,p,k,T([’u’]A]—',p’ [)\']A}—,P)

k
< Comp it (1tlar,» [Maz,) [ 1) llbmos- O
j=1
Lemma4.7. Letw € Ar p, 1 < p <00, and b € bmor(R" x R™). There are constants €, . p, Cpm,p >0
such that
[XPDw]a,, < Com plwlas,

whenever z € C satisfies
Gn,m,p

lz| < ,
||b||bmo}-(w)A}—_,,

where (w) a5, is defined as in (4-3).

Proof. This estimate is a consequence of (4-2), Lemma 4.1 and a one-parameter version proven by
Hytonen [2016], which states that for any w € A, the classical Muckenhoupt A, class on R 1< p<oo,
there exist €4 ,, C4,, > 0 such that

[eRCDw]y < Caplwla,

for all z € C with
€np

lz] £ ——"—"——.
IbllBMO(W) A,

To see this, by (4-2) and Lemma 4.1, given w € Ar , and b € bmoy, there hold w € A, N Ag) and
b € BMO(R"*) nBMO® (R™). Hence, taking €n,m,p > 0 sufficiently small, for all z € C satisfying

o] <
o ||b||bmo}- (w)A}—_,,

one has

[*PDw]a, < Cogm,plwla, < Complwlas,
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and
Re(b(x,)2) ) <C . <C R"
[e w(x, )]a, < Cpplwx, )]s, < Complwlar, ae xeR",

by observing that

||b||bmo; Z maX(||b||BMO(R"+m)a sup [|b(x, ')“BMO(Z)(R"’))
xeRn

and that

(W)ay, 2 max([wla,, sup [w(x,)]a,)- O
xeR"?

5. Applications: div-curl lemmas in the flag setting

Let E( be a vector field on R"*™ taking the values in R+, and let E® be a vector field on R™ taking
the values in R™. Now let M4, ,» denote the set of all (n 4+ m) x m matrices. We now consider the
following version of vector fields on R” x R™ taking the values in M,,4,, ,», associated with the flag

structure:
EVwE? . EVsEY
E=EVxE® = ; : , (5-1)
ED, % EP .. EL % EY
where

EV s EP (x,y) = / EP(x,y—2EP () dz.

m

Next we consider the following L? space via projections. Suppose 1 < p < oo. We define Lf—_([RR" x R™;
M4m.m) to be the set of vector fields E in L? (R" x R™; M,+m.») such that there exist ry, ry € (1, 00)
with 1/r +1/ry=1/p+1, EW e L"(R"™; R*™), E® e L>(R™; R™) and that E = EW %, E?);
moreover,

IE N 22 e xr; My 2= I0F IE D 1 gt gy | E @] 2 s o)
where the infimum is taken over all possible r, > € (1, 00), E(V € L' (R*+™; R*t™), E® ¢ L2 (R™; R™).

Given two matrices A, B € M,,4,;.m, we define the “dot product” between A and B by

n+m m

AB=)"% AjBji.

j=1 k=1

We point out that this is the Hilbert—Schmidt inner product for two matrices and more generally this is
referred to as the Schur product of two matrices.

Proof of Theorem 1.6. Note that B is a vector field on R” x R™ taking the values in M, 4, , associated
with the flag structure (5-1). Then there exist certain vector fields B on Rtm taking the values in R"*™
and B® on R” taking the values in R” such that B = B s, B® and that

~ 1 2
BN L4 @ xom Ay ) 2 A0E 1B Nt oo ooy 1B | oo o oy

with 1/q1 +1/g2 = 1/q + 1.
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Thus, curl(y,y) BV = 0 implies that there exists ¢! € L4 (R"™™) such that
1 1
B(l) — (Ri )¢(1)’ e Rr(l—gmqﬁ(l))

with ||BW | Lo o guemy = |¢WD | Lot go+my. Again, curl, B® = 0 implies that there exists ¢? ¢
L% (R"™) such that

2
B® — (Rf )¢(2)’ o R’(n2)¢(2))
with || B® || 1o (R ey R 6@ || o2 @m). As a consequence we get that the matrix B has elements
Bix=Rjr*x¢, j=1,....,n+m, k=1,...,m,

where ¢ = ‘P(l) *2 ¢(2) and ”B||L‘}([R<”><R’";M,,+,,l,,,,) ~ ||@ |l L wntm).

Similarly, note that E is a vector field on R" x R™ taking the values in M4, »,, associated with the
flag structure (5-1). Then there exist certain vector fields E()) on R"*™ taking the values in R"*" and
E® on R™ taking the values in R” such that £ = ED %, E® and that

- 1 2
IEN L e x®n: My ) inf | ED| Lo qosm:goomy | E@ || L2 o o)

with 1/p1+1/p2=1/p+1.
Thus, the conditions div(, y E? = 0 and div, E® =0 imply

n—+m m
1 2 2
ZR;I)*E](.)(x,y)=0 and Z ,(C)*zE;(c)(y)ZO-
j=1 k=1
Hence, we get
n—+m m
2
D RV xEj(x,y)=0 and Y R Eji(x,y)=0.
j=1 k=1
With these facts, we have
n+m m n+m m
EQ@,y)-B(x.y) =Y Y Eju(x,»)Bjx(x.y) =YY Eju(x. )Rk x$(x.y)
j=1 k=1 J=1 k=1

m

{Ej (e, y)Rigex ¢ (x, ) + R % Ej i (x, )R 52 6 (x, )
1
+ R # i (xRS % ¢ (x, ) + Ry Ejic(x, ) (x, ) ).

Now testing this equality over all functions in the flag BMO space, i.e., for every b € BMO £(R" x R™),
and then unravelling the expression with the Riesz transforms we see that

n+m
j=1k

n+m m

| ey Banbedsdy =33 [ 1 ROL RO R0 6 ) drdy.

j=1 k=1 YR"xR"

Then based on Theorem 1.3, since b € BMO =(R"” x R™) we have that each of the above commutators is
a bounded operator on L?(R" x R™) with norm controlled by the norm of b, i.e., ||b|lBMO - (R? xR™)-



1352 XUAN THINH DUONG, JI LI, YUMENG OU, JILL PIPHER AND BRETT D. WICK

As a consequence, we get

f E(x,y)-B(x, y) b(x, y) dx dy| S 1bllBMOr® x®m) | E L2 @ scn: Ay 19| L @7
R xR

5 ||b||BMOf([R<"><Rm) l E”L;(R"me;MHm,m) | B ”L_qr(WxR’";MHm,m)'

Then from the duality of H }(IR” x R™) with BMO £(R" x R™), we obtain

IE - B”H}([Rgnx[@m) § ||b||BMOf(R"xIR'")||E||L2(Rn><|Rm;M,l+m,m)||B||qu(Ranm;Mn+m_m)- U

Proof of Theorem 1.7. Suppose that E, B are vector fields on R" x R™ taking values in R"*™. Moreover,
suppose E € LP(R" x R™; R"*™) and B € L(R" x R™; R"*™) satisfy

dive ) E(x,y) =0 and curly ) B(x,y) =0

and
divy E(x,y)=0 and curl, B(x,y)=0 forallx e R".

We now define the projection operator P as

n+m n+m
PE = <E1 +R§])<Z RIE])Ek>’ Cee, En+m +R,(12m(z RIE])Ek>>
k=1 k=1

Then by definition, it is direct that
div(y,y) PE=0

since
n+m n+m
& (5em (L r ) =0 e
j=1 k=1

Moreover, we also have P o PE = PE. Next, we point out that applying [b, P] to the vector field E,
we can get that the j-th component is given by

n+m

> b, RVRVIED).
k=1

Suppose now b € bmo r(R"” x R™). Then from Lemma 4.1 we know
bmor(R") = BMO(R"™™) N BMO® (R™)
with comparable norms. Hence, we have b € BMO(R"*) with

16 lleMo@+7) S 1D 1lbmo - e x ).

With all these observations, an application of the Coifman, Rochberg and Weiss theorem demonstrates
that [b, P](E) is bounded on L? (R" x R™; R"*") with

D, PICE) | Lr @r scren;otmy S B llBMO@s+m) [| E || L (R s R+

S 18 llbmo @7 ey | E Nl Lp (e sciem: etmy -
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As a consequence, from the definition of [b, P] and (5-2) we get

/R Ex,y)- B(x, y)b(x, y) dx dy‘ _

/ [b, PIE(x,y) - B(x,y)dxdy
Rn+m

S 11bllBMo@+m) | E |l Lr @ xiem: etmy | Bl L4 (e e jeo+m)
S 116 1lbmo » e sy | E | Lo (e sciem s oty | Bl La (e scm gty -

Thus we get that E - B is in H!(R"*™) with

|E - Bll g nimy S NE Lo e s mo+m) | Bl La e cmm; moemy

To show the second result, we now define the projection operator P as

m m
P@Ez<&H+R9<ZF&THOMWEHm+ﬂ$(Zy$THO)
k=1

k=1
Then, again, by definition, we have
divy PPE =0

m m
3 RO (Em +R? (Z RE’En+k)) —o. (5-3)

j=1 k=1

since

Now fix x € R"; by using the definition of PP and the fact (5-3), we get that for b € bmor(R" x R™),

/ E(x,y) -zB(x,y>b<x,y)dy=f [b(x, ), POIE(x, )9 (x. ) dy.

m

Integrating the above equality over R”, we have

/ / E(X,Y)‘ZB(X»)’)b(X»)’)dydx

f [b(x, ), PPIE(x, y) -2 B(x, y)dy dx
n R"’l
5/ 16Cx, ) lIBMO®) 1E(x, )l Le@my | B(x, <) || La@m) dx

N ”b”bmo}-(R"me)/ 1ECx, L@l B, )l Lawm) dx
Rﬂ

S 161lbmo » (e &) | E | Lo (rem xrsgeotmy | Bl L e e getmy -

Here we use again Lemma 4.1 and Holder’s inequality. Taking the supremum over all b € bmo x(R" x R™)
we obtain that

f NEC-, y)2BC, Dlla@n dy S NELe@nxwm;goemy | Bl La @ g goomy. U
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ROKHLIN DIMENSION: ABSORPTION OF MODEL ACTIONS

GABOR SZABO

We establish a connection between Rokhlin dimension and the absorption of certain model actions on
strongly self-absorbing C*-algebras. Namely, as to be made precise in the paper, let G be a well-behaved
locally compact group. If D is a strongly self-absorbing C*-algebra and « : G ™~ A is an action on a
separable, D-absorbing C*-algebra that has finite Rokhlin dimension with commuting towers, then o
tensorially absorbs every semi-strongly self-absorbing G-action on D. In particular, this is the case when
« satisfies any version of what is called the Rokhlin property, such as for G = R or G = Z*. This contains
several existing results of similar nature as special cases. We will in fact prove a more general version
of this theorem, which is intended for use in subsequent work. We will then discuss some nontrivial
applications. Most notably it is shown that for any £ > 1 and on any strongly self-absorbing Kirchberg
algebra, there exists a unique R¥-action having finite Rokhlin dimension with commuting towers up to
(very strong) cocycle conjugacy.
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Introduction

The present work is a continuation of the author’s quest to study fine structure and classification of
certain C*-dynamics by employing ideas related to tensorial absorption. In previous work, the theory
of (semi-)strongly self-absorbing actions on C*-algebras [Szab6 2017b; 2018b; 2018c] was developed,
closely following the important results established in the classical theory of strongly self-absorbing
C*-algebras by Toms and Winter [2007] and others [Kirchberg 2006; Dadarlat and Winter 2009]. Strongly
self-absorbing C*-algebras have historically emerged by example [Jiang and Su 1999], and now play
a central role in the structure theory of simple nuclear C*-algebras; see for example [Kirchberg and
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Phillips 2000; Rgrdam 2004; Elliott and Toms 2008; Winter and Zacharias 2010; Winter 2010; 2012;
2014; Matui and Sato 2012b; 2014a; Bosa et al. 2015; Castillejos et al. 2018]. Roughly speaking, a
tensorial factorization of the form A = A ® D — for a given C*-algebra A and a strongly self-absorbing
C*-algebra D — provides sufficient space to perform nontrivial manipulations on elements inside A,
which often gives rise to structural properties of particular interest for classification. The underlying
motivation behind [Szab6 2017b; 2018b; 2018c¢] is the idea that this kind of phenomenon should persist at
the level of C*-dynamics if one is interested in classification of group actions up to cocycle conjugacy; in
fact some much earlier work [Kishimoto 2001; 2002; Izumi and Matui 2010; 2012; Goldstein and Izumi
2011; Matui and Sato 2012a; 2014b] has (sometimes implicitly) used this idea to reasonable success.
It was further demonstrated in [Szabé 2017b; 2018a] how this approach can indeed give rise to new
insights about classification or rigidity of group actions on certain C*-algebras, in particular strongly
self-absorbing ones.

Starting from Connes’ groundbreaking work [1975; 1976; 1977] on injective factors, which involved
classification of single automorphisms, the Rokhlin property in its various forms became a key tool to
classify actions of amenable groups on von Neumann algebras [Jones 1980; Ocneanu 1985; Sutherland
and Takesaki 1989; Kawahigashi et al. 1992; Katayama et al. 1998; Masuda 2007]. It did not take long for
these ideas to reach the realm of C*-algebras. Initially appearing in [Herman and Jones 1982] and [Herman
and Ocneanu 1984], the Rokhlin property for single automorphisms and its applications for classification
were perfected in works of Kishimoto and various collaborators [Kishimoto 1995; 1996b; 1998a; 1998b;
Bratteli et al. 1993; 1995; Evans and Kishimoto 1997; Elliott et al. 1998; Bratteli and Kishimoto 2000;
Nakamura 2000]. Further work pushed these techniques to actions of infinite higher-rank groups as well
[Nakamura 1999; Katsura and Matui 2008; Matui 2008; 2010; 2011; Izumi and Matui 2010; 2012; 2018].
The case of finite groups was treated in [Izumi 2004a; 2004b], where it was shown that such actions with
the Rokhlin property have a particularly rigid theory; see also [Santiago 2015; Gardella and Santiago
2016; Gardella 2014a; 2014b; 2017; Barlak and Szab6 2016; Barlak et al. 2017]. In contrast to von
Neumann algebras, however, the Rokhlin property for actions on C*-algebras has too many obstructions
in general, ranging from obvious ones like lack of projections to more subtle ones of K -theoretic nature.

Rokhlin dimension is a notion of dimension for actions of certain groups on C*-algebras and was
first introduced by Hirshberg, Winter and Zacharias [Hirshberg et al. 2015]. Several natural variants
of Rokhlin dimension have been introduced, and all of them have in common that they generalize (to
some degree) the Rokhlin property for actions of either finite groups or the integers. The theory has been
extended and applied in many following works, such as [Szab6 2015; Hirshberg and Phillips 2015; Szabé
et al. 2017; Gardella 2017; Hirshberg et al. 2017; Liao 2016; 2017; Brown et al. 2018; Gardella et al.
2017]. In short, the advantage of working with Rokhlin dimension is that it is both more prevalent and
more flexible than the Rokhlin property, but is yet often strong enough to deduce interesting structural
properties of the crossed product, such as finite nuclear dimension [Winter and Zacharias 2010].

A somewhat stronger version of Rokhlin dimension, namely with commuting towers, has been con-
sidered from the very beginning as a variant that was also compatible with respect to the absorption of
strongly self-absorbing C*-algebras. Although the assumption of commuting towers initially only looked
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like a minor technical assumption, it was eventually discovered that it can make a major difference in
some cases, such as for actions of finite groups [Hirshberg and Phillips 2015].

The purpose of this paper is to showcase a decisive connection between finite Rokhlin dimension
with commuting towers and the absorption of semi-strongly self-absorbing model actions. The following
describes a variant of the main result; see Theorem 4.4:

Theorem A. Let G be a second-countable, locally compact group and N C G a closed, normal subgroup.
Suppose that the quotient G/ N contains a discrete, normal, cocompact subgroup that is residually finite
and has a box space with finite asymptotic dimension. Let A be a separable C*-algebra with an action
a:G A Let y : G ~D be a semi-strongly self-absorbing action that is unitarily regular. Suppose that
o|n is y|n-absorbing. If the Rokhlin dimension of o« with commuting towers relative to N is finite, then it
follows that « is y-absorbing.

Since many assumptions in this theorem are fairly technical at first glance, it may be helpful for the
reader to keep in mind some special cases. For example, the above assumptions on the pair N C G are
satisfied when the quotient G/ N above is isomorphic to either R or Z. In this case, the theorem states that
as long as the action « satisfies a suitable Rokhlin-type criterion relative to N, tensorial absorption of the
G-action y can be detected by restricting to the N-actions, even though this restriction procedure (a priori)
comes with great loss of dynamical information. This is most apparent when the normal subgroup N is
trivial, which is yet another important special case; see Corollary 5.1:

Corollary B. Let G be a second-countable, locally compact group. Suppose that G contains a discrete,
normal, cocompact subgroup that is residually finite and has a box space with finite asymptotic dimension.
Let A be a separable C*-algebra with an action o. : G ~ A. Suppose that D is a strongly self-absorbing
C*-algebra with A = A @ D. If the Rokhlin dimension of a with commuting towers is finite, then it follows
that « is y-absorbing for every semi-strongly self-absorbing action y : G ~ D.

Here it may be useful to keep in mind that any version of what is called the Rokhlin property for G =R
or G = 7Z¥ will automatically imply finite Rokhlin dimension with commuting towers, and is therefore
covered by Corollary B. This is in turn a generalization of [Hirshberg and Winter 2007, Theorem 1.1;
Hirshberg et al. 2015, Theorems 5.8, 5.9; 2017, Theorem 5.3; Szabé et al. 2017, Theorem 9.6; Gardella
and Lupini 2018, Theorem 4.50(2)]. We will in fact only apply the corollary within this paper, with a
particular focus on the special case where the action is assumed to have the Rokhlin property. Some
immediate applications of Corollary B will be discussed in Section 5. The main nontrivial application is
pursued in Section 6, which is as follows; see Theorem 6.7 and Corollary 6.11:

Theorem C. Let D be a strongly self-absorbing Kirchberg algebra. Then up to (very strong) cocycle
conjugacy, there is a unique action y : R* ~ D that has finite Rokhlin dimension with commuting towers.

We note that a strongly self-absorbing C*-algebra is a Kirchberg algebra precisely when it is traceless.
Kirchberg algebras are (by convention) the separable, simple, nuclear, purely infinite C*-algebras, whose
celebrated classification is due to [Kirchberg and Phillips 2000; Phillips 2000; Kirchberg 2003] and which
constitutes a prominent special case of the Elliott classification program. We note that all other strongly
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self-absorbing C*-algebras are conjectured to be quasidiagonal — see [ Tikuisis et al. 2017, Corollary 6.7] —
and so any Rokhlin flows on them would induce Rokhlin flows on the universal UHF algebra, which
do not exist; see [Kishimoto 1996a, page 600; 1998a, page 289; Hirshberg et al. 2017, Section 2]. In
particular, the underlying problem above is only interesting to consider in the purely infinite case.

Although the theorem above is not too far off from being a very special case of [Szab6 2017a] for
ordinary flows, this result is entirely new for k > 2, and is in fact the first classification result for R¥-actions
on C*-algebras up to cocycle conjugacy.

The proof goes via induction in the number k of flows generating the action. In order to achieve a
major part of the induction step, the corollary above is used in order to see that any two RF-actions
as in the statement absorb each other tensorially. However, in order for this to make sense, it has to
be at least established beforehand (as part of the induction step) that any such action has equivariantly
approximately inner flip. This is achieved via a relative Kishimoto-type approximate cohomology-
vanishing argument inspired by [Kishimoto 2002, Section 3], which combines arguments related to
the Rokhlin property for R¥-actions with arguments related to the structure theory of semi-strongly
self-absorbing actions.

At this moment it seems unclear whether or not to expect a similarly rigid situation for Rokhlin
RF-actions on general Kirchberg algebras, as is the case for k = 1 [Szab6 2017a]. In general, in order to
implement a more general classification of this sort, it would require a technique for both constructing
and manipulating cocycles for R¥-actions (where k > 2) with the help of the Rokhlin property, which may
potentially be much more complicated than for kK = 1. In essence, our approach based on ideas related to
strong self-absorption works because the main result allows one to bypass the need to bother with general
cocycles for all of R, but instead requires one only to consider individual copies of R inside R¥ at a time
(represented by the flows generating the R¥-action), enabling an induction process.

In forthcoming work, the full force of the aforementioned main result of this paper (Theorem 4.4) will
form the basis of further uniqueness results regarding actions of certain discrete amenable groups on
strongly self-absorbing C*-algebras.

1. Preliminaries
Notation 1.1. Unless specified otherwise, we will stick to the following notational conventions:

e G denotes a locally compact Hausdorff group.

A and B denote C*-algebras.

The symbols «, 8, y are used to denote point-norm continuous actions on C*-algebras. Since
continuity is always assumed in this context, we will simply refer to them as actions.

If « : G ~ A is an action, then A® denotes the fixed-point algebra of A.

If F is a finite subset inside some set M, we often write F' C M.

» If (X, d) is some metric space with elements a, b € X, then we write a =, b as a shorthand for
d(a,b) <e.
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We first recall some needed definitions and notation.

Definition 1.2 (cf. [Packer and Raeburn 1989, Definition 3.2] and [Szabd 2018b; 2017b, Section 1]). Let
a : G ~ A be an action. Consider a strictly continuous map w : G — U(M(A)):

(1) w is called an a-1-cocycle if one has weag(w,) = wgy, for all g, h € G. In this case, the map
a” : G — Aut(A) given by o’ = Ad(w,) o, is again an action, and is called a cocycle perturbation of .
Two G-actions on A are called exterior equivalent if one of them is a cocycle perturbation of the other.

(i) Assume that w is an a-1-cocycle. It is called an approximate coboundary if there exists a sequence
of unitaries x,, € (M (A)) such that x,org (x;)) Stry, w, for all g € G and uniformly on compact sets. Two
G-actions on A are called strongly exterior equivalent if one of them is a cocycle perturbation of the other
via an approximate coboundary.

(iii) Assume w is an «-1-cocycle. It is called an asymptotic coboundary if there exists a strictly continuous
map x : [0, 00) — U(M(A)) with xg =1 and such that x,a, (x;) sty w, for all g € G and uniformly on
compact sets. Two G-actions on A are called very strongly exterior equivalent if one of them is a cocycle
perturbation of the other via an asymptotic coboundary.

(iv) Let B : G ~ B be another action. The actions « and § are called cocycle conjugate, written o >~
if there exists an isomorphism ¥ : A — B such that ¥y~ o 8 o ¥ and « are exterior equivalent. If ¥ can
be chosen such that 1 ~! o B o and « are strongly exterior equivalent, then « and g are called strongly
cocycle conjugate, written o ~¢. 8. If ¥ can be chosen such that ¥/ ~! o 8 o ¢ and « are very strongly
exterior equivalent, then o and 8 are called very strongly cocycle conjugate, written o ~yscc 8.

Note that for a cocycle w, the cocycle identity applied to g = h = e yields w, = w2, and hence w, = 1.
This is implicitly used in many calculations without further mention.

Definition 1.3 (cf. [Kirchberg 2006, Definition 1.1] and [Szabd 2018b, Section 1]). Let A be a C*-algebra
and let o : G ~ A be an action of a locally compact group:

(i) The sequence algebra of A is given as
Aso = £2(N, A)/{(xa)y | lim |y ]| =O}.

There is a standard embedding of A into A, by sending an element to its constant sequence. We shall
always identify A C A, this way, unless specified otherwise.

(i) Pointwise application of o on representing sequences defines a (not necessarily continuous) G-
action o On Ago. Let

Avc,a = {x € Aso | [g > @oo,¢(x)] is continuous}

be the continuous part of Ay, with respect to «.

(iii) For some C*-subalgebra B C Ao, the (corrected) relative central sequence algebra is defined as

F(B, Aso) = (Ao N B')/ Ann(B, Awo).
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(iv) If B C Ay is aeo-invariant, then the G-action o, 0n Ao, induces a (not necessarily continuous)
G-action &l On F (B, Ax). Let

Fy(B, Axo) ={y € Fu(B, Axo) | [§ > (oo,¢(y)] is continuous}

be the continuous part of F (B, As) with respect to «.

(v) When B = A, we write F(A, Ax) = Foo(A) and Fy (A, Ax) = Fo,a(A).

Definition 1.4 [Barlak and Szabé 2016, Definition 3.3]. Let G be a second-countable, locally com-
pact group, and let « : G ~ A and 8 : G ~ B be actions on separable C*-algebras. An equivari-

ant x-homomorphism ¢ : (A, o) — (B, B) is called (equivariantly) sequentially split if there exists a
x-homomorphism ¥ : (B, ) = (Ac.a» o) such that Y (¢(a)) =a foralla € A.

Definition 1.5. Let G be a second-countable, locally compact group, and let « : G ~ A and B :
G ~ B be actions on unital C*-algebras. Let ¢, ¢ : (A, ®) — (B, B) be two unital and equivariant
x-homomorphisms. We say that ¢; and ¢, are approximately G-unitarily equivalent if the following
holds. For every F C A, ¢ > 0, and compact set K C G, there exists a unitary v € U/ (B) such that

max [|¢2(a) — vo(a)v*| <e, max lv—Bs (W)l <e.
Definition 1.6 [Szab6 2018b, Definitions 3.1, 4.1]. Let D be a separable, unital C*-algebra and G a

second-countable, locally compact group. Let y : G ~ D be an action. We say that:

(1) y is a strongly self-absorbing action if the equivariant first-factor embedding
idp®1p:(D,y) > (DD, y Qy)
is approximately G-unitarily equivalent to an isomorphism.
(ii) y is semi-strongly self-absorbing if it is strongly cocycle conjugate to a strongly self-absorbing action.

Definition 1.7 [Szab6 2018c, Definition 2.17]. Let G be a second-countable, locally compact group. An
action o : G ~ A on a unital C*-algebra is called unitarily regular if for every ¢ > 0 and compact set
K C G, there exists § > 0 such that for every pair of unitaries

u,v€U(A) with max max{|leg(u) —ul, [lag(v) —v|} <34,
ge

there exists a continuous path of unitaries w : [0, 1] — U/(A) satisfying

w() =1, w(l)=wuvu™*, max max |lo,(w(t)) —w)| <e.
0<r<1 gek

Let us recall some of the main results from [Szabd 2017b; 2018b; 2018c], which we will use throughout.
We will also use the perspective given in [Barlak and Szabé 2016, Section 4].

Theorem 1.8 (cf. [Szab6 2018b, Theorems 3.7, 4.7]). Let G be a second-countable, locally compact
group. Let A be a separable C*-algebra and o : G ~ A an action. Let D be a separable, unital C*-algebra
and y : G ~ D a semi-strongly self-absorbing action. The following are equivalent:
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(1) @ and o ® y are strongly cocycle conjugate.

(i) a and @ ® y are cocycle conjugate.
(iii) There exists a unital, equivariant x-homomorphism from (D, y) to (Fso,4(A), 0oo).
(iv) The equivariant first-factor embedding idy @ 1: (A, @) > (AR D, a Q y) is sequentially split.
If y is moreover unitarily regular, then these statements are equivalent to

(v) @ and a ® y are very strongly cocycle conjugate.

Remark. For the rest of this paper, an action « satisfying condition (i) from above is called y-absorbing
or y-stable. In the particular case that y is the trivial G-action on a strongly self-absorbing C*-algebra D,
we will say that « is equivariantly D-stable.

Remark 1.9. Unitary regularity for an action is a fairly mild technical assumption. It can be seen as the
equivariant analog of the C*-algebraic property that the commutator subgroup inside the unitary group
lies in the connected component of the unit. Unitary regularity holds automatically under equivariant
Z-stability, but also in other cases; see [Szab6 2018c, Proposition 2.19 and Example 6.4].

Theorem 1.10 [Szab6 2018c, Theorem 5.9]. A semi-strongly self-absorbing action y : G ~ D is unitarily
regular if and only if the class of all separable y-absorbing G-C*-dynamical systems is closed under
equivariant extensions.

We will extensively use the following without much mention:

Proposition 1.11 [Brown 2000]. Let G be a second-countable, locally compact group. Let A be a
C*-algebra and « : G ~ A an action. Let x € A o and (x,), € £*°(N, A) be a bounded sequence

representing x. Then (x,), is a continuous element with respect to the componentwise action of o on

(N, A).

2. Box spaces and partitions of unity over groups

Definition 2.1. Let G be a second-countable, locally compact group. A residually compact approximation
of G is a decreasing sequence H, | € H, € G of normal, discrete, cocompact subgroups in G with
(nen Hn = {1}. If G is a discrete group, then the subgroups H, will have finite index, in which case we
call the sequence (H,,), a residually finite approximation.

Remark 2.2. In the above setting, the sequence (H,), is automatically a residually finite approximation
of the discrete group Hj.

Recall the definition of a box space; see [Roe 2003, Definition 10.24; Khukhro 2012].

Definition 2.3. Let I" be a countable discrete group and S = (H,,),, a residually finite approximation of I".
Let d be a proper, right-invariant metric on I'. For every n € N, denote by w,, : I' — '/ H, the quotient
map and by 7,,,(d) the push-forward metric on I'/ H, that is induced by d. The box space of I" along S,
denoted by LT, is the coarse disjoint union of the sequence of finite metric spaces (I'/ Hy,, mp.(d)).

The main purpose of this section will be to prove the following technical lemma:
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Lemma 2.4. Let G be a second-countable, locally compact group and S = (H,),, a residually compact
approximation of G. Assume that the box space UsH\ has finite asymptotic dimension d. Then for

every € > 0 and compact set K C G, there exists n € N and continuous, compactly supported functions
,u(o), R ,u(d) : G — [0, 1] satisfying:

(a) Foreveryl=0,...,d and h € H, \ {1}, we have

supp(u®) Nsupp(u®) -h = 2.
(b) For every g € G, we have .,
S ulghy=1.
1=0 heH,

(c) Foreveryl=0,...,d and g € K, we have

(g ) —pnPls <e.

Remark 2.5. In the case that G =T is a discrete group and S is a residually finite approximation, this is
precisely [Szabé et al. 2017, Lemma 2.13]. In order to prove Lemma 2.4, we shall convince ourselves
that the desired functions can be constructed from finitely supported functions with similar properties on
the cocompact subgroup H;. For this, we first have to observe a slightly improved version of [Szab6 et al.
2017, Lemma 2.13] in the discrete case.

Lemma 2.6. Let I' be a countable discrete group and S = (Hy,), a residually finite approximation of T.
Assume that the box space UsT" has finite asymptotic dimension d. Then for every ¢ > 0 and finite set
F C T, there exists n € N and finitely supported functions v, ..., v@ : T — [0, 1] satisfying:
(a) Foreveryl=0,...,d and h € H, \ {1}, we have
glhgz_1 ¢ F forall g, 8 € supp(v(l)).
(b) Forevery g € I, we have

d
Z Z v (gh) =1.

=0 heH,

(c) Foreveryl=0,...,d and g € F, we have
O _) = vV <e.

Proof. Let e > 0 and F C G be given. We apply [Szabé et al. 2017, Lemma 2.13] and choose some n
and finitely supported functions 8, ..., 0@ : " — [0, 1] satisfying

supp(@P) Nsupp(@?) - h, =@ forall h, € H, \ {1}, (2-1)

as well as properties (b) and (c). Combining property (2-1) and (c), we see that if g1, g2 € supp(0”) and
h € H, \ {1} are such that glhgz_1 = g1(g2h~") € F, then we get

_ _ (c) _ 2-1
100 ()| = 18D (g1hg5 " - goh ™) < & + 10V (g2h ™) E e (2-2)
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Let us define new functions k@ : ' — [0, 1] via

kP(g)=0"(g) —e);. (2-3)

These new functions clearly still satisfy property (c). For any g;, g» € supp(k ")), we evidently have
g1, &2 € supp(8?), so assuming glhgz_1 € F for some h € H,, \ {1} would imply «(g1) = 0 by (2-2)
and (2-3), a contradiction. In particular we obtain property (a) for these functions.

Lastly, note that property (a) implies that any sum as in (b) can have at most d + 1 nonvanishing

summands, and thus we may estimate for all g € I" that
d

d d
1=>">"00@en=>"> «P@gh = (Z > 9<’)(gh)> —(d+De=1—(d+1)e.

=0 heH, =0 heH, =0 heH,

So let us yet again define new functions v® : ' — [0, 1] via

d -1
v(g) = (Z > K”%gh)) D (g).

=0 heH,

By our previous calculation, we have

O <0 < L o

T 1-(d+1De
For these functions, property (a) will still hold, while property (b) holds by construction. Moreover
property (c) holds with regard to the tolerance

2(d+1)e
1—(d+ e

in place of . Since 7, — 0 as ¢ — 0, this means that the functions v¥) will have the desired property

Ne =€+

after rescaling ¢. This shows our claim. U

Lemma 2.7. Let G be a locally compact group and H C G a closed and cocompact subgroup. Let 1 be
a left-invariant Haar measure on H:

(1) There exists a compactly supported continuous function C : G — [0, 00) satisfying the equation

fC(gh)dM(h)zl forall g € G.
H

(i) Assume furthermore that G is amenable. Let € > 0 and let K C G be a compact subset. Then there
exists a function C as above with the additional property that
[C(g-_)—Cllo=¢
forall g € K.

Proof. (i): As H is a cocompact subgroup, there exists some compact set Ky C G such that G = Ky - H.
By Urysohn-Tietze, we may choose a compactly supported continuous function ¢ : G — [0, 1] with
c|k,, = 1. Define the compact set K, C H via

K.= (K" -supp(c)) N H.
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Then for every g € G, there is some hg € H with ghg € K. We have

supp(c(gho-_)) N H = ((gho)~" - supp(c)) N H C K..
Thus, we get that
0< f c(gh) dpu(h) = / c(ghoh) dpu(h) < u(K,) < oc.
H H

Note that by the properties of the Haar measure, the assignment

Z:G— (0,00), g / c(gh)du(h),
H

is H-periodic. Then the above computation shows that this assignment yields a well-defined, continuous
function on G, which by H -periodicity and cocompactness of H can be viewed as a continuous function
on the compact space G/H. Thus the image of this function is compact. In particular, its (pointwise)
multiplicative inverse is also bounded and continuous. Let us define

C:G—[0,00), gr>Z(g) 'c(g).
Then this again yields a continuous function on G with compact support, but with the property that
/ C(gh)du(th)=1 forall geG. (2-4)
H

(ii): Let us now additionally assume that G is amenable. Let ¢ > 0 and K C G be given as in the statement.
Let p¢ denote a right-invariant Haar measure on G. It follows from [Emerson and Greenleaf 1967] that
we may find some compact set J C G with p®(J) > 0 such that p®(JA(J - K)) < &/[|Clle - ¢ (J).

Define C' : G — [0, 0o) via .

/ _ . G
Cg)= D /JC(Xg)dp (x).

0G
Clearly C’ is yet another continuous function with compact support contained in J~! - supp(C). Given
any element g € G, we compute

1
C'(gh)du(h) = C(xgh)dp® )dh
fH (gh) du(h) /HpG(J)</J (xgh)dp” (x) ) du(h)

1
- /J ( /H Clrgh) du(h)> dpC (x)

4 1 / G
= 1dp”(x)=1.
pC(J) J;

Furthermore, we have for any gx € K and g € G that

IC'(gxkg) —C'(9)l =

/J C(xgxg)dpC(x) — /J C(xg)dp®(x)

pG(J)

NCllso - 0 (J AT gK)

<
pY(J)
<eE&.

This shows the last part of the claim. U
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Proof of Lemma 2.4. We first remark that since the box space s H; has finite asymptotic dimension, it
also has property A, and therefore H; is amenable; see [Nowak and Yu 2012, Theorems 4.3.6 and 4.4.6;
Roe 2003, Proposition 11.39]. As H; is a discrete cocompact normal subgroup in G, we also see that G
is amenable.

Let ¢ > 0 and K C G be given. Then there exists a function C : G — [0, 00) as in Lemma 2.7 for H;
in place of H, with the property that

IC(g-_)—Clloo<e forallgeKk. (2-5)

Let us denote the support of C by S = supp(C). As Hj is discrete in G and S is compact, there exists a
finite set F C H; with

hy € F whenever hy € H and SN Sh; # &. (2-6)

Applying Lemma 2.6, there exists some n and finitely supported functions v®, ..., v@ : H; — [0, 1]
satisfying the following properties:'

hihyhy' ¢ F - for all hy, hy € supp(v®) and h, € H, \ {1}, 2-7)
d
1= Z Z v (hyh,) forall hy € Hy. (2-8)
=0 h,eH,

Wedeﬁneu(l):G—>[O,oo)f0rl=0,...,dvia

@ =Y Cghy W m).
h]EH]

Since v is finitely supported on Hj, we see that ;") is a finite sum of continuous functions with compact
support, and hence u) € C.(G).

We claim that these functions have the desired properties. Let us verify (a), which is equivalent to the
statement that

nP@) - uPgh'y=0 forall g e G and h, € H,\ {1}.
Fix an element 4, € H, \ {1} for the moment. We compute

(@ nP@hy =Y Chi"C(gh; ' hy W hi)w® (hy)
hy,hyeH,

= > C(ghiHC(ghy W (v ® (hah, ).
/’l],/’lgEH]

We claim that each individual summand is zero. Indeed, suppose 41, h> € H; are such that

v (O (hah 1y > 0.

Note that we will reserve the notation & 1, hy for elements in H|, whereas h, will denote an element in the smaller subgroup
H, forn > 2.
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Then i € supp(v?) and h; € supp(v®) - h,,, which implies hlhz_l ¢ F by (2-7). By our choice of F, we

obtain

supp(C(_-hy")) Nsupp(C(_-h5") € Shy N Shy = (Shihy' N S)-hy = &,

and in particular C(ghfl)C(gh; Y = 0. This finishes the proof that each summand of the above sum is
zero and shows property (a).
Let us now show property (b). We calculate for every g € G that

d d
Yo w6y =33 3 Clghah WO ()

=0 /’lnEHn =0 hnEHn h1€H1

d
=Y > > Chy' WOy

=0 hnEHn hIEHl

d
=> C(ghfl)(z > v“><h1hn))

hi1eH, =0 h,eH,

23 ch
h1€H1
Lem. 2.7 1

Let us now turn to (c). Given any g € G and gx € K, we compute

P (gxg) —n @)=

> (Clgxghy")—C(ghy v (hy)
h1€H1

¥ -1 -1
< sup |C(gxgh; ) —C(gh; )l
hieH,

(2-6)
=IICEk--)=Clleo = &.
As g € G was arbitrary, this finishes the proof. U

Remark. Let G be a locally compact group and H C G a closed, cocompact subgroup. For any C*-
algebra A, we may naturally view C(G/H, A) as a C*-subalgebra of (right-) H -periodic functions inside
C»(G, A) by assigning a function f to the function f’ given by f'(g) = f(gH).

In what follows, we will briefly establish a technical result that allows one to perturb approximately
H -periodic functions in C, (G, A) to exactly H-periodic functions in a systematic way.

Lemma 2.8. Let G be a locally compact group and H C G a closed, cocompact subgroup. Let A be a
C*-algebra. Then there exists a conditional expectation E : C,(G, A) — C(G/H, A) with the following
property.

For every € > 0 and compact set K C G, there exists § > 0 and a compact set J C H such that the
following holds:
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If f € Cp(G, A) satisfies
max max || f(g) — f(gh)Il <9,
geK heJ

then
If = E(f)lco.x <&

Proof. Let u be a left-invariant Haar measure on H. Let C € C.(G) be a function as in Lemma 2.7. Then
we define

E:Cy(G,A) = C(G/H, A), E(f)(gH)Z/HC(gh)f(gh)du(h)-

Since C is compactly supported and the Haar measure w is left-invariant, it is clear that E is well-defined
and indeed a conditional expectation. Let € > 0 and K C G be given. Let S be the compact support of C.
Then the set J := (K ~'S) N H is compact in H with the property that

geKandgheS = helJ (2-9)

forall h € H. Set .

6= .
L+ p(J) - IClloo

For every f S Cb(G, A) with
max max — h < 8,
nel ||f(g) f(g )” =

it follows for every g € K that

If (&) —E(f)gH)| = H (/H C(gh)du(h)>f(g)—/HC(gh)f(gh)du(h)H

2-9)

/J C(gh)(f () — f(gh)) du(h) “

S () NIClloc-6 <e.
This shows our claim. (Il

Corollary 2.9. Let G be a locally compact group and H C G a closed, cocompact subgroup. Let A and
B be two C*-algebras. Then for every ¢ > 0, F C B and compact set K C G, there exists § > 0 and a
compact set J C H such that the following holds:

If ®:B — Cp(G, A) is a c.p.c. map with

max max [|®@(b)(g) — Ob)(gh)|| <8 forallbeF,
geK heJ

then there exists a c.p.c. map ¥V : B — C(G/H, A) with
malé( W) (gH)—OWMb)(g)| <e forallbekF.
g€

Proof. Let E : Cp(G, A) = C(G/H, A) be a conditional expectation as in Lemma 2.8. Given a triple
(e, F, K), choose § > 0 and J C H so that the property in Lemma 2.8 holds for all f € C,(G, A) with
respect to the pair (g, K). Then we can directly conclude that if ® is a map as in the statement, then
W = E o O has the desired property. U
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3. Systems generated by order-zero maps with commuting ranges

The following notation and observations are [Hirshberg et al. 2017, Lemma 6.6] and originate in [Hirshberg
et al. 2015, Section 5].

Notation 3.1. Let Dy, ..., D, be finitely many unital C*-algebras. Fort € [0, 1] and j =1, ..., n, we
define

D(-t) — Dj, > 0,
Y C- le , t=0.
Given moreover a tuple {= (t1,...,t;) €10, 17", let us define

D(?) — DYI) Omax Détz) Pumax - - - Pmax Dr(ztn)'
Consider the simplex
AN ={T e [0, 1" [+ Aty = 1)
and set
EDy, ..., Dy) = {f €C(A"™, Di ®max - - Omax D) | f () € DV},

In the case that D; = D are all the same C*-algebra, we will write

EWDy,...,Dy)=:E(D,n)
instead. For every j =1, ..., n, we will consider the canonical c.p.c. order-zero map

nj:Dj— EDy, ..., Dy)
given by

njd)@) =1;-(p, ®---®1p, ,®d;®1p,,, ®---Q1p,).

One easily checks that the ranges of the maps n; generate £(Dy, ..., D,) as a C*-algebra.

Proposition 3.2. Let Dy, ..., D, be unital C*-algebras. Then the C*-algebra £(Dy, ..., Dy), together
with the c.p.c. order-zero maps nj : Dj — E(Dy, ..., D,), satisfies the following universal property:

If B is any unital C*-algebra and ; : D; — B for j = 1,...,n are c.p.c. order-zero maps with
pairwise commuting ranges and

Yvidp)+---+v,(1p,) =15,

then there exists a unique unital x-homomorphism V : £(Dy, ..., D,) — B such that W on; = V; for all
j=1,...,n

Notation 3.3. Let G be a second-countable, locally compact group. Let Dy, ..., D, be unital C*-algebras
with continuous actions &/ : G ~ Djfor j=1,...,n. Thenthe G-action on C(A™, D|®max" * @max D)

defined fibrewise by a") ®max - - - ®max @™ restricts to a well-defined action
E@W, ..., a"™): G~ ED,...,D,).

We will again write &(«, n) := E@W, ..., a™) in the special case that all (D;, ay = (D, ) are the
same C*-dynamical system.
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Remark 3.4. By the universal property in Proposition 3.2, the G-action £(a‘V, ..., a™) defined in
Notation 3.3 is uniquely determined by the identity £(@?, ..., a™),0n; =n,0ay’ forall j=1,...,n
and g € G.
This immediately allows us obtain the following equivariant version of Proposition 3.2 as a consequence:
Let B be any unital C*-algebra with an action 8: G ~ B. If ¥; : (D, a))y — (B, B) are equivariant
c.p.c. order-zero maps with pairwise commuting ranges and ¥ (1p,) +-- -+ ¥, (1p,) = 15, then there
exists a unique unital equivariant x-homomorphism

W (EDy, ..., Dy, E@D, ... a™)) — (B, B)
satisfying Won; =, forall j=1,...,n.

Remark 3.5. Let us now also convince ourselves of a different natural way to view the C*-algebras from
Notation 3.1.

For this, let us first consider the case n = 2, so we have two unital C*-algebras D; and D,. Notice that
[0, 1] is naturally homeomorphic to the simplex AD ={(t;, 1) €[0,11? | t; +t, = 1} via the assignment
t — (t,t —1). In this way we may see that there is a natural isomorphism

E(D1. D) E(f €C(A®, Dy ®uax D2) | £(0. 1) e Dy ®1, £(1,0) €1® D)

={f€C(0,1], D1 ®max D2) | f(0) e D;®1, f(1)€1® Dy}

= D] * Dz.
In particular, we see that the notation £(D;, D) is consistent with [Szab6 2018c, Definition 5.1]. As
pointed out in Remark 5.2 of the same paper, the assignment (D, D;) — £(Dy, D;) on pairs of unital
C*-algebras therefore generalizes the join construction for pairs of compact spaces, which gives rise to
the notation Dy x D>.

Let now n > 2 and let Dy, ..., D, be unital C*-algebras. The simplex A”*D is homeomorphic to

[0, 1] x A™ via the assignment
(1,1), n=0,
(—n,7/(1=n)), n#0

for (7, t,11) € A”TD. Keeping this in mind, we see that there is a natural map

(11,;)'—>{

®: D *EDs, ..., Dys1) = E(D1, ..., Dpi1)

given by’
F@), =0,
FA—=t)(E/(1=1)), t#0

for (t1,7) € A"tV Tt is a simple exercise to see that this is a well-defined isomorphism. This shows

cI>(f)(t1,?)={

that it makes sense to view the C*-algebra £(Dy, ..., D,) as the n-fold join D{ x--- % D,. We can also

2The reader should keep in mind that an element f in the domain is a continuous function on [0, 1] whose values are in turn
(certain) continuous functions from A (o the tensor product D| ®max - - - ®max Dp+1-
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observe that this isomorphism is natural in each C*-algebra, and therefore becomes equivariant as soon as
we equip each C*-algebra D; with an action /) of some group G.
Henceforth, we will in particular write

D" :=&(D,n) and o :=E&(a,n)
for a unital C*-algebra D and some group action & : G ~ D.

Remark 3.6. By the definition of the join of two C*-algebras D; and D, there is a natural short exact
sequence
00— Cp(0,1)® D1 @mnax Do —> Dy x Dy — D1 & D, —> 0.

Given some n > 1 and a unital C*-algebra D, we have D*"*t1 = D » (D*"), and therefore a special case
of the above yields the short exact sequence

0— CO(Ov l) ® D ®max D*n — l)’m+l — D D D*n — 0.

Again by naturality, we note that this short exact sequence is automatically equivariant if we additionally
equip D with a group action.

We now come to the main observation about C*-dynamical systems arising in this fashion, which will
be crucial in proving our main result:

Lemma 3.7. Let G be a second-countable, locally compact group. Let A be a separable, unital
C*-algebra with an action o : G ~ A. Suppose that y : G ~ D is a semi-strongly self-absorbing
and unitarily regular action. If a is y-absorbing, then so is the action ™ : G ~ A* for alln > 2.

Proof. This follows directly from Remark 3.6 and Theorem 1.10 by induction. O

Remark 3.8. It ought to be mentioned that Lemma 3.7 does not depend in any way on the fact that one
considers the n-fold join over the same C*-algebra and the same action. The analogous statement is valid
for more general joins of the form

aWwiiea™ G A x-- %A

by virtually the same argument.

In fact, by putting in a bit more work, one could likely prove an equivariant version of [Hirshberg
et al. 2007, Theorem 4.6] for Cy(X)-G-C*-algebras with dim(X) < co whose fibres absorb a given
semi-strongly self-absorbing and unitarily regular action. This would contain Lemma 3.7 as a special case
since the G-C*-algebra A % - - - x A, is in fact a C(A™)-G-C*-algebra with each fibre being isomorphic
to some finite tensor product of the A;. We will never need this level of generality within this paper,
however.

4. Rokhlin dimension with commuting towers

The following notion generalizes analogous definitions made in [Hirshberg et al. 2015; 2017; Szab¢ et al.
2017; Gardella 2017].
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Definition 4.1 (cf. [Hirshberg et al. 2017, Definition 4.1]). Let G be a second-countable, locally compact
group. Let o : G ™~ A be an action on a separable C*-algebra:

(i) Let H C G be a closed, cocompact subgroup. The Rokhlin dimension of o with commuting towers
relative to H, denoted by dimcRok (o, H), is the smallest natural number d such that there exist equivariant
c.p.c. order-zero maps

9. ... 9D (C(G/H), G-shift) > (Faou(A), Goo)

with pairwise commuting ranges such that 1 = @ (1) +- - - 4+ @ (1).

(i) If S = (Gy)y denotes a decreasing sequence of closed, cocompact subgroups, then we define the
Rokhlin dimension of & with commuting towers relative to S via

dimg, (o, S) = 2u£ dimg, (o, Gp).
€

(iii) Let N C G be any closed, normal subgroup. The Rokhlin dimension of o with commuting towers
relative to N is defined as
dimg, (o, N) :=sup{dimg, (o, H) | H € G closed, cocompact,N C H}.
(iv) Lastly, the Rokhlin dimension of & with commuting towers is defined as
dimg; (o) := dimg, (e, {1})
= sup{dimg, (o, H) | H € G closed, cocompact}.
We note that, even though the second half of Definition 4.1 always makes sense, these concepts are not

expected to be of any practical use when G (or G/N) is not assumed to have enough closed cocompact
subgroups, or to admit at least some residually compact approximation.

Notation 4.2. Let G be a second-countable, locally compact group. Given a decreasing sequence
S = (Gy)y of closed, cocompact subgroups, we will define

G/S =1im G/ Gy.

This is a metrizable, compact space,® which carries a natural continuous G-action induced by the left
G-shift on each building block G/Gy; in particular we will call the resulting action also just the G-shift
and denote it by

o°:GnG/S.

In the sequel, we will adopt the perspective of the associated G-C*-dynamical system, which is given as
the equivariant inductive limit

C(G/8) =1imC(G/Gy).

3This construction generalizes the profinite completion of a discrete residually finite group along a chosen separating sequence
of normal subgroups of finite index.
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We will moreover consider C(G/S)*" for n > 2. With some abuse of terminology, we will use the term
“G-shift” also to refer to the canonical action on this C*-algebra (or the underlying space) that is induced
by the n-fold tensor products of the G-shift on each fibre.

Lemma 4.3. Let G be a second-countable, locally compact group. Let o : G ™~ A be an action on a
separable C*-algebra. Let S = (Gy)r be a decreasing sequence of closed, cocompact subgroups. Let
d > 0 be some natural number. Then the following are equivalent:

(i) dimg, (o, S) <d.

(ii) There exist equivariant c.p.c. order-zero maps
0% 9@ (C(G/S), G-shift) = (Foc,u(A), Goc)

with pairwise commuting ranges such that 1 = @@ 1) + - - -+ @@ (1).

(iii) There exists a unital G-equivariant x-homomorphism
(C(G/8)*HD | G-shift) — (Fuao4(A), o).
(iv) The first-factor embedding
ida®1: (A, 0) > (A®C(G/S)*“TD o @ (G-shift))
is G-equivariantly sequentially split.

Proof. The equivalence (i)<>(ii) follows from a standard reindexing trick such as Kirchberg’s e-test [2006,
Lemma A.1], using the equivariant inductive limit structure of C(G/S) as pointed out in Notation 4.2.
We will leave the details to the reader.

The equivalence (ii)<»(iii) is a direct consequence of Proposition 3.2 and Remark 3.5, and the equiva-
lence (iii)<>(iv) is a direct consequence of [Barlak and Szab6 2016, Lemma 4.2]. O

The purpose of this section is to prove the following theorem, which can be regarded as the main result
of the paper. Some of its nontrivial applications will be discussed in the subsequent sections. See in
particular Corollary 5.1 for a possibly more accessible special case of this theorem.

Theorem 4.4. Let G be a second-countable, locally compact group and N C G a closed, normal subgroup.
Denote by ty : G — G/ N the quotient map. Let S; = (Hy)y be a residually compact approximation
of G/N, and set G = n,;l(Hk) for all k € N and Sy = (Gy)y. Let A be a separable C*-algebra and
D a strongly self-absorbing C*-algebra. Let a : G ™~ A be an action and y : G ™~ D a semi-strongly
self-absorbing, unitarily regular action. Suppose that for the restrictions to the N-actions, we have
aly e (@@ y)|n. If

asdim((g, Hy) <00 and dimg, (e, Sp) < 00,

then o ~cc 0 Q y.

We note that Theorem A is a direct consequence of this result. The hypothesis that G/N has some
discrete, normal, residually finite, cocompact subgroup admitting a box space with finite asymptotic
dimension means that there is choice for S; as required by the above statement. The hypothesis
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that o has finite Rokhlin dimension with commuting towers means that the value dimg, (o, Sp) has
a finite uniform upper bound, for any possible choice of S;. Hence the statement of Theorem A
follows.

The proof of Theorem 4.4 will occupy the rest of this section. The first and most difficult step is to
convince ourselves of a very special case of Theorem 4.4, which involves the technical preparation below
and from Section 2.

For convenience, we isolate the following lemma, which is a consequence of Proposition 1.11, the
Winter—Zacharias structure theorem for order-zero maps, along with the Choi—Effros lifting theorem
[1976]; see also [Winter and Zacharias 2009, Section 3].

Lemma 4.5. Let G be a second-countable, locally compact group. Let A be a separable C*-algebra
and B a separable, unital and nuclear C*-algebra. Let « : G ~ A and B : G ~ B be two actions.
Let k : (B, B) = (Aco.as 0oo) be an equivariant c.p.c. order-zero map. Then k can be represented by a
sequence of c.p.c. maps k, : B — A satisfying

@) llicn(xy)e (1) = kn () (V)| = 0,
(b) maxgex ||(kn 0 yg)(x) — (g 0 k) (x) || = 0,
forall x,y € B and compact subsets K C G.
The proof of the following is based on a standard reindexing trick. In the short proof below, precise

references are provided for completeness, although we note that this might not be the most elegant or
direct way to show these statements.

Lemma 4.6. Let G be a second-countable, locally compact group. Suppose thato : G ~ A, B:G ~ B,
and y : G ~ D are actions on separable C*-algebras. Assume furthermore that D is unital, that y is
semi-strongly self-absorbing, and that f ~¢.. B Q y:

(1) Suppose that there exists an equivariant x-homomorphism (A, o) — (B, B) that is G-equivariantly

sequentially split. Then o ~.. ¢ Q y.

(i1) Suppose that B is unital and that there exists an equivariant and unital x-homomorphism from (B, )
10 (Foo,a, 0oo). Then o ~ec 0 @ .

Proof. (i): By Theorem 1.8, the statement § ~.. 8 ® y is equivalent to the equivariant first-factor

embedding

idg®1:(B,B) > (BRD,BQY)
being sequentially split. Let ¢ : (A, @) — (B, B) be sequentially split. By [Barlak and Szabé 2016,

Proposition 3.7], the composition ¢ ® 1p = (idp ® 1p) o ¢ is also sequentially split. However, we also
have

¢ ®1p =(p®idp)o(idy ® 1p),

which implies that id4 ® 1p is also sequentially split. This implies the claim that ¢ ~.. o ® y.
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(ii): By [Barlak and Szab6 2016, Lemma 4.2], it follows that the embedding
ida®1p: (A,a) > (AQmax B, ®,B)

is sequentially split. Since we assumed that 8 is y-absorbing, so is « ® 8, and so the claim arises as a
special case of (i). U

The following is a special case of Theorem 4.4, as the process of tensorially stabilizing any action
o : G ~ A with (C(G/S), 0°) causes the Rokhlin dimension relative to S to collapse to zero by definition.
This explains why the statement below makes no explicit reference to Rokhlin dimension. Its proof is by
far the most technical part of this paper:

Lemma 4.7. Let G be a second-countable, locally compact group and N C G a closed, normal subgroup.
Denote by ty : G — G/ N the quotient map. Let S| = (Hy)y be a residually compact approximation
of G/N, and set G = n,gl(Hk) forall k € N and Sg = (Gy)k. Let A be a separable C*-algebra and
D a strongly self-absorbing C*-algebra. Let o : G ™~ A be an action and y : G ™~ D a semi-strongly
self-absorbing, unitarily regular action. Suppose that for the restrictions to the N-actions, we have
N e (@ @ y)|n. If asdim(Us, Hy) < oo, then the G-action

o Qa:G N C(G/Sy) ® A
is y-absorbing.

Proof. Set d := asdim(Us, H;). Let
K:(D,yIn) = (Fooaly(A); @xlnN)

be an N-equivariant, unital x-homomorphism. Using [Szab6 2018c, Example 4.4 and Proposition 4.5],
we may choose an equivariant c.p.c. order-zero map

K2 (D, yIN) = (Accaly NA', doo| )
that lifts «.
Consider a sequence of c.p.c. maps «, : B — A lifting « as in Lemma 4.5. Let us choose finitely many
subsequences K,(,l) : B — A of the maps k, for [ =0, ..., d so that, using Lemma 4.5, each sequence K,ﬁ”

has the following properties for all a € A, b, by, by € D and compact sets L C N:

Ik (). all — 0. (4-1)

e (b1b2)i (1) = e (1) (b2) | = 0, (4-2)
I (1) = 1) -a] >0, 4-3)

max (e, 0 7,)(b) = (@ 015, ) (B) | = 0, (4-4)

and additionally one has for every compact set K C G that
max 11V (By), (ag 0 k) (B2)]I| — 0 for all [ # . (4-5)
ge

Let now ¢ > 0 be a fixed parameter and 15 € K € G a fixed compact set. Apply Lemma 2.4 and find
k and compactly supported functions 1, ..., u¥) € C.(G/N), so that for every I =0, ..., d we have
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supp(uP) Nsupp(u”) -h =@ forall h € Hy \ {1}, (4-6)
d
Z Z u@y(g)h) =1 forall g €G, 47
=0 hEHk
Ity )—uP)o <e forallge KUK (4-8)

The group H is discrete, so we may choose a cross-section o : Hy — Gy = n;l (Hy) € G. For each
[ =0,...,d, consider the sequence of c.p.c. maps

0D D Cy(G, A)
given by
OV b)) =Y uPGn(@h)  (@gem ok 0 Ve (B). (4-9)
heHy
This sum is well-defined because the compact support of the function 1) on G/N meets a set of the
form 7y (g) - Hy at most once according to (4-6).

We wish to show that given an element b € D, the functions ®f,l)(b) are approximately Gy-periodic on
large compact sets. This is so that we may apply Corollary 2.9 in order to approximate the maps ®f,l) by
other maps going into C(G /Gy, A).

Let Ky, € Gy and Kg C G be two compact sets. As Hy is discrete, we observe two facts. First, there
exists a compact set Ky € N and a finite set 1 € Fy, € Hj with

Ky, Co(Fy)-Ky. (4-10)
Second, by possibly enlarging F} if necessary, we may assume by (4-6) that also
u® (N (g)h) >0 implies he F,  forall g € Kg. (4-11)
Define also
Ky = U o(ho)- Ky -o(hy'h)o ()™ C N, (4-12)
ho,hEFk
Ky=|Jom ™" Ky-oh)CN. (4-13)
hEFk

As N is a normal subgroup and o is a cross-section for the quotient map my, it follows that these are
compact subsets in N.
We compute for all [ =0, ...,d, beD, ge Kg, hpe Fy and r € Kl’v that

(g o) © K1 © Vo)) ) = @gro(hg) 0 0 Yoyt o) D)
= [1@o (o) 0k © Vriho)) Ve (D) = (@roiiy) 0 K 0 ¥, onoy) Ve (O]

) —1 -1
- ” (ao'(/’l()) o K O yg(ho))(yg (b)) (aa(ho) o aa(ho)*lr(j(ho) o K,,(l ) o O’(ho)_lro(ho) yg(ho))(yg (b)) ”

“Dmax max (@ 0k oy YL B —kD @l B
geKg SEK// Vs y U(hO) y U(h())

0 (uniformly on K¢, Kj).
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It thus follows for all [ =0,...,d, beD, g€ Kg, ho € F, and r € K that

109 (b)(g) — P (b) (g0 (ho)r) |l

@-9),
@-11)

> wPEn @) - (gom) 0k 0 Vg (D)

hlEFk _
o Z M(l) (7mn (8)hoh2) - (go (hoyro (i) © Kl’(ll) °© ygal(ho)ra(hz))(b) “
/126/151 Fy

= | D w@n(@h) - @gom) ok 0 Vety, ) (B)
hleFk

- Z 1 Gy (g)ha) - (@5 (hgyro (hy o) © )0 ng(ho)m(hg‘hz))(b) “
hyeFy
2 her (@) 0 K4 © Vo) () — (@ (hgyror(hy 1) © k)0 Yoo toratng'n) (D)l
= max I (tgo(ny 0 K o Vg}l(h))(b) = (@5 hoyro (hg Wyo ()10 () © ko Vg;l(ho)ro(hglh)a(h)’lrf(h))(b) I
= max ma | (@0 o 4" 0 Vg i) (B) = @gsothy 03 © Vst 1) D)

—> 0 (uniformly on K¢, Ky).

Here we have used (4-6) in the third equality in the sense that w®D(ry (g)h) is nonzero for a unique
element & € Fy. By (4-10) we get for all b € D that

max max [0V (b)(g) — O (b) (g < max max max |09 (B)(g) — O (b)(go (ho)r)|| —> 0.

gEKG tEKHk ge K¢ hoGF]\ rekKy

Since Kg € G and Ky, € Gy were arbitrary compact sets, we are in the position to apply Corollary 2.9.
As D is separable, it follows for every [ =0, ..., d that there exists a sequence of c.p.c. maps

v B— C(G/Gy, A)
so that for every compact set Kg € G and b € D, we have
max [|W,” (b)(gGi) — O, (b)(g) | = 0. (4-14)
8€h¢

We now wish to show that these c.p.c. maps are approximately equivariant with regard to y and
0% ® a, where o % is the G-action on C(G /Gy) induced by the left-translation of G on G/ Gy.

Let us fix a compact set K¢ € G as above. Without loss of generality, let us assume that it is large
enough so that the quotient map G — G/ Gy, is still surjective when restricted to K. Given b € D, set
pu(b) = max =~ max ||w<l><b)<gck) 0, B (). (4-15)
=0, ..., gek-

Note that by an elementary compactness argument, it follows from (4-14) that for every compact set
J C D, we have

max p, (b) — 0. (4-16)
beJ
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Lett € K, g € Kg and b € D with ||b|| < 1. Then
(07 @ a) (W) () (gGr) = ar (WP () (17 g Gy))

4-15 _
L) 0 @D B gGp)

4-9) - -
= > wP@n ) - (@gom ok 0 vl ) )
hEHk

(4-6),(4-8) _
= Y 1O @m - @gom ok oyl 1) ®)
hEHk

(4-15),(4-9)
oy Y (1 (0)) (gGy).

Note that as K contains a representative for every G-orbit in G, these approximations carry over to the
|l - |lco-norm of the involved functions. Using (4-16), we obtain for all b € D with ||b|| <1 that

lim sup maxn(at ®a,) (WD) (b) — (¥ oy (b)) <e. (4-17)

n—oo
Next, we wish to show that for [; # I, the c.p.c. maps \IJ,(,Z‘) and \IJ,EIZ) have approximately commuting
ranges as n — 00. Let g1, g2 € Kg and b € D with ||b|| <1 be given. Then we compute

10w (b) (g1Gr), ¥ () (g2G)]

4-15
L) IOM Bb)(g1), 01 (b)(g2)]]
(4-6),(4-9),

-11) -1
= max IL@gi0t) 08" 0 Vo)) B)s @gao (i) 0 kNP 0 vty V(D]
1,12

— (GY) (12) -1
=, max (166" 0706 (B): @ 1,116 200 0 K™ © Vo) O]
In particular, we obtain for every contraction b € D that

max  [[[¥(b)(g1Gy), WP (b) (822G ]|

81,826K¢g
@ (i)
< max - max 1" 0 7)) B): @ty gaot ©n” © Visotin) )l + 400 (B)

FHOED, (4-18)

Here we have used that the convergence in (4-5) automatically holds uniformly when quantifying over
b1, by belonging to some compact subset in D, in this case

bi,bye{y; ' (b) | g € Kg - o (F)}.

In exactly the same fashion, one also computes

1% ), alll — 0 (4-19)
forall/=0,...,d, b€ D, and a € A, by using (4-1) in place of (4-5).
Next, we wish to show that for each / =0, ..., d, the c.p.c. maps lI’,(,l) behave approximately like

order-zero maps. Let g € K. Choose the unique element hg € Fj with wD (7 (g)ho) > 0. Then it
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follows for every by, by € D that
OV (b1)(8) - OF (h2)(8) = 1 (Tx (8)10) + (o) 0 © Vggrne)) B1) (o (hy) K 0¥ 35 ) (B2)
= 1O GEn (©)h0) - g o) (e © Vg ) (B1) - (16 © Vggr)) (D).

It follows from this calculation that

10D (b1) -0V (by) — ©L (b1b2) - O (V)| k¢
< max oy b)) - wP oy b)) — 1P oy Y (Bib) - (P oy H )|

SEKGk'U(Fk)

4-7),(4-8
Dty

As K¢ contains a representative of every G-orbit in G, it follows from (4-14) that
1@ b1) - WP (by) =W (b1ba) - ¥ (1) — 0 (4-20)

for every by, by € D.
Next, we wish to show that the completely positive sum Zflzo \If,(,l) behaves approximately like a u.c.p.
map upon multiplication with an element of 1 ® A as n — 00. Let g € Kg. We have

(4-9),
(4-10) _
OV () =) nn(@)h) - (@gom ok 0 vy
heFy
= Y uPn(@)h) - (gom o k).
hGFk

It follows for all a € A that
d
<1 -2 ®,S”<1><g>) a
1=0

d
< max (d+1)-max max Il (@t (o) (1) — K<l)(1)||+H (1 Z <l>(nN(g)h)-(agox,g”)(l))-a

ek,
sefe =0 heFy

max
g8€Kc

4-7)

= max (d+1)- ‘max max Il (et (myorc ) (1) — x<l>(1)||+H (Z Z u(”(mv(g)h)-(l—(agox,i”)(l)))-a

ek
sefhae 1=0 heFy

@-6) 0) kD) —x® —1
=< rrEI%X((dJrl) max max (@5 ny 0k, ) (A) — (1)||+(d+1)-mlax 1A = (1) -y (@)]])
8€EKG

(4-3),_(4;4) 0
Since K¢ contains every G-orbit in G, it follows from (4-14) that

d
H (1 _ Z \P,(ll)(l)) -(1®a)| — 0 forallacA. (4-21)
=0
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Let us now summarize everything we have obtained so far. The c.p.c. maps \IJ,(,I) :D— C(G/Gy, A),
for{ =0,...,d and n € N satisfy the following properties for all b, by, b € D and a € A:

I (), 1®all| —> 0, (4-22)
lim sup max 1@ @) 0o W) () — (W oy (D) <, (4-23)
0w @), w2 B —> 0 forall Iy # b, (4-24)
1L b1) - W (b2) =W (b1bs) - ¥ (D] — 0, (4-25)
‘ (1 — Zd: \1:,5”(1)) 1®a| — 0. (4-26)
=0

Note that k, and thus the codomain of \IJ,EI), had to be chosen depending on ¢ and K € G. However, we
have canonical (equivariant) inclusions C(G /Gy, A) € C(G/So, A), which we may compose our maps
with. It is then clear that the same properties as in (4-22) up to (4-26) hold, where we replace the action
0% :G ~C(G/Gy) by 0% : G ~ C(G/Sp).

Since A and D are separable and G is second-countable, we can let the tolerance ¢ go to zero, let the
set K € G get larger and apply a diagonal sequence argument. Putting the appropriate choices of c.p.c.
maps into a single sequence, we can thus obtain c.p.c. maps

v B> (C(G/S) @A), [=0,....d,

that satisfy the following properties for all g € G, a € A, and b, by, b, € D:

w®®b),1®a] =0, (4-27)
0 @a), oy =y Doy, (4-28)
(v W b), v @ B)]=0 foralll} # 1, (4-29)
v O b)) -y P b)) = v P bibr) -y (D), (4-30)
d
(1—Z¢<”(1))-1®a:o. (4-31)
=0

Since y : G ~ D is point-norm continuous, (4-28) implies that the image of each map ¥ is in the
continuous part (C(G/Sp) ® A) o, 5505 In fact itis in the relative commutant of 1® A by (4-27), but then
also automatically in the relative commutant of all of C(G/Sy) ® A. This allows us to define equivariant
maps

t DD Fy 1500a(C(G/S0) @A), P (b) =9 (b)+Amn(C(G/S)) ® A)
forall/ =0,...,d. Then (4-29) implies that these maps have commuting ranges, (4-30) implies that

they are c.p.c. order-zero, and finally (4-31) implies the equation Zj’zog(”(l) =1
By virtue of Proposition 3.2 and Remark 3.5, this gives rise to a unital equivariant x-homomorphism

(DD @Dy 5 (F 05080 (C(G/S0) ® A), (09 @ at)oo).
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As y is unitarily regular, it follows from Lemma 3.7 that y*“*D is a y-absorbing action. Applying
Lemma 4.6 yields that 0 @ « is y-absorbing, which finishes the proof. (I

Now we are in a position to prove Theorem 4.4:

Proof of Theorem 4.4. Let a« : G ~ A and y : G ~ D be the two actions as in the assumption. Let also
N C G, H; C G/N, and Gy C G be subgroups as specified in the statement, and denote by S; = (Hy)y a
sequence of subgroups in G/N, and by Sp = (G ) a sequence of subgroups in G.

Suppose asdim(Cs, Hi) < oo and s := dimy, (o, Sp) < 0o. Using the latter, Lemma 4.3(iv) implies
that the equivariant embedding

ida®1: (A, ) > (AQC(G/Sy)* Y, o ® (G-shift))

is G-equivariantly sequentially split. By Lemma 4.6, in order to show that « is y-absorbing, it suffices to
show that the G-C*-algebra A ® C(G/Sy)***+1 is y-absorbing. We will show this via induction on s.
For s = 0, the claim is precisely Lemma 4.7, and in particular it holds because we assumed that
asdim(Us, Hy) < oo.
Given s > 1, assume that the claim holds for s — 1. It follows by Remark 3.6 that there is an extension
of G-C*-algebras of the form

0— J® — AQC(G/Sy)**t) — 0¥ — 0,

where
J® =ARCH0,1)®C(G/Sy) ®C(G/Sp)*,

0% = A® (C(G/Sp) ®C(G/Sp)*).

By the induction hypothesis, both the kernel and the quotient of this extension are y-absorbing G-C*-
algebras, and therefore so is the middle by Theorem 1.10. This finishes the induction step and the proof. [

Remark 4.8. We remark that the statement of the main result holds verbatim for cocycle actions instead
of genuine actions. Note that the concept of Rokhlin dimension makes sense for cocycle actions with
the same definition, since there is still a natural genuine action induced on the central sequence algebra.
If (@, w) : G ~ A is a cocycle action on a separable C*-algebra, then (¢ ® id, w® 1) : G~ AQK
is cocycle conjugate to a genuine action by the Packer—Raeburn stabilization trick [1989]. Since both
Rokhlin dimension and absorption of a semi-strongly self-absorbing action are invariants under stable
(cocycle) conjugacy, the statement of Theorem 4.4 follows for cocycle actions.

5. Some applications

Let us now discuss some immediate applications of the main result. First we wish to point out that the
following result arises as a special case.

Corollary 5.1. Let G be a second-countable, locally compact group. Let S = (H,), be a residually
compact approximation consisting of normal subgroups of G with

asdim(Us Hy) < oo.



ROKHLIN DIMENSION: ABSORPTION OF MODEL ACTIONS 1383

Let A be a separable C*-algebra and D a strongly self-absorbing C*-algebra with A = A ® D. Let
a: G ~ A be an action with
dimg, (o, S) < oo.

Then o >y o ® y for all semi-strongly self-absorbing actions y : G ~ D.

Proof. Let y : G ~ D be a semi-strongly self-absorbing action. Since D =D ® Z by [Winter 2011], we
may replace y with y ® idz for the purpose of showing the claim, as ¥ ® idz is again semi-strongly self-
absorbing and every (y ® idz)-absorbing action is y-absorbing. So let us simply assume y >~ y ® idz.
By Remark 1.9, we may thus assume that y is unitarily regular. The claim then follows directly from
Theorem 4.4 applied to the case N = {1}. Note that one automatically has absorption with respect to very
strong cocycle conjugacy by virtue of Theorem 1.8(v). (]

Note that the results below in part refer to Rokhlin dimension without commuting towers, as defined in
[Szabé et al. 2017, Section 5]. For the Rokhlin dimension-zero case, the commuting tower assumption is
vacuous.

Example 5.2. Let Q denote the universal UHF algebra. Let I" be a countable, discrete group and H C I’
a normal subgroup with finite index. There exists a strongly self-absorbing action y : G ~ Q with
dimgok(y, H) = 0.

Proof. Such an action is constructed as part of [Szabd et al. 2017, Remark 10.8]. Namely, consider the
left-regular representation A%/#
define

:G/H — U(MG.n)), consider the quotient map 7y : G — G/H, and

v =ido ® Q) ALY (y (2)))
N

as an actionon Q= Q® M[%?‘,;]. As the diagonal embedding C(G/H) C M|¢:x s equivariant, it follows
that dimgrex (Y, H) = 0. By [Szabd 2018c, Proposition 6.3], such an action is strongly self-absorbing. [

This in turn has the following consequence regarding the dimension-reducing effect of strongly
self-absorbing C*-algebras.

Corollary 5.3. Let I be a countable, discrete, residually finite group that has some box space with finite
asymptotic dimension. Let o : T' ~ A be an action on a separable C*-algebra with dimg , (o) < 00:

(1) IfF A= AR Q, then dimgek (o) = 0.
2) If A= AR Z, then dimgeg (o) < 1.
Proof. (1): This follows directly from Example 5.2 and Corollary 5.1.
(2): We have o >~ @ ® idz, and there exist two c.p.c. order-zero maps g, V1 : Q@ — Z5 N Z" with
Yo(1) + ¥ (1) = 1; see [Matui and Sato 2014a, Section 5; Sato et al. 2015, Section 6]. Consider two
sequences Yo ,, Y1, : @ — Z of c.p.c. maps lifting 1 and .
By (1), @ ® idg has Rokhlin dimension zero. Given any subgroup H C I' with finite index, we can

find c.p.c. order-zero maps C(I'/ H) — A ® Q which are approximately equivariant, have approximately
central image, and are such that the image of the unit acts approximately like a unit on finite sets. Once
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we compose such maps with id4 ® ¥; , for i =0, 1 and large enough n, we may obtain two c.p.c. maps
ko, k1 : C(I'/H) — A ® Z, which are approximately equivariant, have approximately central image, and
so that the element k(1) + «1 (1) approximately acts like a unit on a given finite set in A ® Z. But this
is what is required by dimgek (@) = dimgek (@ ® idz) < 1; we leave the finer details to the reader as the
proof is quite standard. U

Remark 5.4. The reason why the proof of Corollary 5.3(2) does not yield dimg , () < 1 is due to the
fact that the two order-zero maps ¥, ¥ : @ — Z, can never have commuting ranges. Indeed, this
would imply the existence of a unital «x-homomorphism Q — Z, via Lemma 3.7, so it is impossible.
More concretely, [Hirshberg and Phillips 2017, Example 3.32] exhibits an example of a Z,-action « on a
Kirchberg algebra with dimgex (o) = 1 and dimg; (o) = 2.

Corollary 5.5. Let " be a discrete, finitely generated, virtually nilpotent group. Let X be a compact
metrizable space with finite covering dimension, and a : I' ~ X a free action by homeomorphisms. Then
one has

dimpek (@ ®idg : ' N C(X)® Q) =0
and

dimpk(¢ ®idz : I’ C(X)® 2) < 1.

Proof. By [Szab6 et al. 2017, Corollary 7.5], the action « : I' ~ C(X) has finite Rokhlin dimension.*
Since the underlying C*-algebra is abelian, the claim follows from Corollary 5.3. U

6. Multiflows on strongly self-absorbing Kirchberg algebras

In this section, we shall study actions of R* on certain C*-algebras satisfying an obvious notion of the
Rokhlin property.

Notation 6.1. For k > 2, we will refer to a continuous action of R on a C*-algebra as a multiflow. Let
(¢j)1<j<k be the standard basis of R¥. Given & : R* ~ A, we will define the generating flows a/) : R ~ A,

given by ozt(j) = Qe for j =1,..., k. We then have

o oo’ =a\" 00 foralli,j=1,... kandallt;,1; €R.

We will also denote by a'#) : R¥=! ~ A the action generated by the flows (aD) i#j. We remark that al?
reduces naturally to a flow on the fixed point algebra A* @
Definition 6.2. Let A be a separable C*-algebra and « : R¥ ~ A an action. We say that « has the Rokhlin

property if dimgox(or, pZ*¥) = 0 for all p > 0.

Remark 6.3. An obvious question regarding Definition 6.2 is whether this is the same as dimggk () =0
when k > 2, especially because this appears to be (a priori) much more difficult to check. Nevertheless,
this turns out to be case. Instead of giving a detailed proof here, let us just roughly sketch the basic idea.

4Strictly speaking, only the nilpotent case is proved there. The virtually nilpotent case follows from independent work of
Bartels [2017, Section 1].
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The condition dimgek (o) = 0 in the sense of Definition 4.1 amounts to checking dimgqk (c¢, H) = 0 for
every closed cocompact subgroup H C R, or in other words finding approximately equivariant unital
embeddings from C(R¥/H) into the central sequence algebra of A. This only gets easier when we make
H smaller, so we may assume without loss of generality that H is discrete. Since H is a free abelian
group and is cocompact in R¥, it has a Z-basis ey, ..., e; € H. We may approximate these elements
by fi,..., fc € @K which are linearly independent over @ and span another subgroup H'. By using
for example Lemma 2.8 we can then obtain approximately multiplicative and equivariant u.c.p. maps
C(R¥/H) — C(R*/H'). By the properties of central sequence algebras, we may thus assume without loss
of generality that in fact H C Q. Now the same argument as in [Szab6 et al. 2017, Example 3.19] allows
one to see that H contains a finite-index subgroup of the form nZ* for some n € N.. In summary, we obtain
dimgok (e, H) = 0 for arbitrary H when we assume the Rokhlin property in the sense of Definition 6.2.

Remark 6.4. In the case of flows, i.e., the case k = 1 above, Definition 6.2 coincides with the notion of
the Rokhlin property from [Kishimoto 1996a]. Let us for now denote by o’ : R ~ C(R/ T Z) the action
induced by the R-shift.

Proposition 6.5. Let A be a separable C*-algebra and o : R¥ ~ A an action. The following are equivalent:
(i) o has the Rokhlin property.

(ii) Forevery j =1, ...,k and every p > 0, there exists a unitary
ue Foo,a(A)&‘of) such that &), (u) = eP'u, teR.
(iii) Forevery j=1,...,k and every T > 0, there exists an equivariant and unital x-homomorphism
CR/TD).0") — (Froa() &),
Proof. (1)< (iii): Let T > 0. One has a canonical equivariant isomorphism
(C(R*/TZ%), RE-shift) = (C(R/TZ2)®*, 6T @ - - @cTh),

where o7/ is the R*-action on C(R/ T Z) where only the j-th component acts by the R-shift. By definition,
« having the Rokhlin property means that for every 7 > 0 the dynamical system on the left embeds into
(Foo,a(A), Gxo)- So in particular, when (i) holds, one also obtains an embedding of (C(R/TZ), o T"7) for
every j =1, ..., k, which implies (iii). Conversely, when (iii) holds, for all 7 > 0 one has an embedding of
(C(R/TZ),5"7) into (Fe.o(A), @oo) forall j =1,..., k. By applying a standard reindexing argument
in the central sequence algebra, one may assume that these embeddings have pairwise commuting ranges
for all j =1, ..., k. Therefore one obtains an embedding of the C*-dynamical system given by the
tensor product of all (C(R/TZ),o"+/), which we have seen to be the same as the dynamical system
(C(RK/ TZ*), R¥-shift). In particular this implies (i).

(i)« (iii): This follows directly from functional calculus. A unitary u as in (ii) gives rise to a unital
equivariant *-homomorphism

00 (C(R/ZZ).07 ) — (Faoa ™ &), 0u(f) = f(W).
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Conversely, whenever ¢ is an arbitrary homomorphism between these two dynamical systems, u =
o([r+ 27”2 > ¢'P']) yields a unitary as required by (ii). O

Remark 6.6. We note that for G = R, the sequence H, = (n!) - Z* yields a residually compact ap-
proximation in the sense of Definition 2.1. Now it is well known that (g, Z* has finite asymptotic
dimension k; see either [Szabd et al. 2017, Sections 2-3] or better yet [Delabie and Tointon 2018]. In
particular, Corollary 5.1 is applicable to R¥-actions that have finite Rokhlin dimension with commuting
towers, and more specifically it is applicable to R¥-actions with the Rokhlin property.

The following is the main result of this section.

Theorem 6.7. Let D be a strongly self-absorbing Kirchberg algebra. Let k > 1 be a given natural number.
Then all continuous R*-actions on D with the Rokhlin property are semi-strongly self-absorbing and are
mutually (very strongly) cocycle conjugate.

The approach for proving this result, at least in the way presented here, uses the theory of semi-strongly
self-absorbing actions in a crucial way. In such dynamical systems, one has a very strong control over
certain (approximately central) unitary paths, which, together with the Rokhlin property, allows one to
obtain a relative cohomology-vanishing-type statement. This will be used to deduce inductively that the
actions in the statement of Theorem 6.7 have approximately R*-inner flip. The desired uniqueness for
such actions is then achieved by combining this fact with Corollary 5.1, which is a special case of our
main result, in a suitable way.

Example 6.8 (see [Bratteli et al. 2007]). Denote by s1, 52, ... the generators of the Cuntz algebra Ox.
Define a quasifree flow y*: R ~ Oy via

—2n1\/§ts

ys1) =¥y, yl(s) =e b, and yl(s;)=s; forj>3.

Then y° has the Rokhlin property by [Bratteli et al. 2007, Theorem 1.1].
In particular, given k > 1 and any strongly self-absorbing Kirchberg algebra D, the action

idp® (' x - xy):RkADROZ =D
—
k times

is a (k-)multifiow with the Rokhlin property on D, and is in fact (very strongly) cocycle conjugate to
every other one by Theorem 6.7.

Let us now implement the strategy outlined above step by step. We begin with the aforementioned
cohomology-vanishing-type statement, which involves minimal assumptions about the underlying C*-
algebras but otherwise very strong assumptions about the existence of certain unitary paths, which will
naturally appear in our intended setup later.

Lemma 6.9. Let A be a separable unital C*-algebra. Let k > 1 and let o : R¥ ~ A be a continuous action
with the Rokhlin property, and fix some j € {1, ..., k}.
For everye >0, L > 0and F C A, there existsa T > 0 and G C A with the following property:
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If {w;}ier CU(A) is any oD -1-cocycle satisfying

max max ||[w,,all <e,
aeF 0<t<T

max max |w; —af)(w,)H <e,
0<t<T Fel0,1]t!

and moreover there exists some continuous path of unitaries u : [0, 1] — U(A) with
u@0=1, u()=w_r, L =L,

max max |u(t) — 7)(M(f))|| =e
0<r<l1 7e[0,1]%~!

max max [[u(t), al|| < e,
0<t<l aec

then there exists a unitary v € U(A) satisfying
Omax |lw, — va(J)(v*)|| <3e,
max [|[v, al|| =< 3,
].‘
max [lv—al? ) < 3e.
7ef0, 174!
Proof. Let T > 0 and note that we have fixed j € {1, ..., k} by assumption. By some abuse of notation, let
us view o7 as the R¥-action on C(R /T Z) such that the j-th coordinate acts as the R-shift and all the other
components act trivially. In this way, any x-homomorphism as in Proposition 6.5(iii) can be viewed as an

RK -equivariant x-homomorphism from C(R/ T Z) to Fs o (A). In particular, denote such a homomorphism
by 6. We can then obtain a commutative diagram of R*-equivariant %-homomorphisms via

(A, @) (Aoo,a» 0o0)

\ / 61
d—>1®d f®d—0(f)-d

CR/TH®A, 0" Qa)

We will keep this in mind for later.

Now let ¢ > 0, L > 0 and F C A be as in the statement. Without loss of generality, we assume that 7
consists of contractions. We choose T > L /e and G C A to be any finite set of contractions containing F
that is €/2-dense in the compact subset

(@) |aeF, 0<s<T}. (6-2)

We claim that these do the trick. We note that the rest of the proof below is almost identical to the proofs
of [Kishimoto 1996a, Theorem 2.1; Szab6 2017a, Lemma 3.4], respectively, except for some obvious
modifications.

Assume that {w;};ep C U(A) is an o/ )—l—cocycle satisfying

max max |[|[w;,alll <e, (6-3)
aeF 0<t<T
max  max fw, — ot (w)]| <e, (6-4)

0<t<T Fe[0,1]!
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and moreover that there exists some continuous path of unitaries u : [0, 1] — U (A) with

u@ =1, u()=w_r, Lu) <L, (6-5)
max max [lu(r) —at W) <e, (6-6)
0<t<1 Fe[0,1]%1
max max ||[u(?), a]|| <e. (6-7)
0<t<l aeg

As £(u) < L, we may assume that u is L-Lipschitz by passing to the arc-length parametrization if necessary.

We denote by « : [0, T] — U(A) the path given by x5 = u(s/T), which is then Lipschitz with respect to

the constant L /T < e. Let us define a continuous path of unitaries v : [0, T] — U(A) via vy = wsas(j )(Ks).

Then by (6-5) it follows that v(0) = v(T') = 1. In particular, we may view v as a unitary in C(R/TZ) ® A.
We have

max |[v, 1®@al|| = max max ||[w,e D(ky), alll
aeF aeF 0<s<T
< max max |[[w;, alll+ [k, (@)
aeF 0<s<T
(6-3)
< e+ max max |[xs.aY)(@)]]|
aeF 0<s<T
(6-2)

< 3e/2+max ||[«y, b]||
beg

(6-7)

< 5¢/2.
Moreover, we have
max [v— (o7 @) )= max Jv-(id®a)? W)
Fel0,1]%~! Fel0,174~!

= max max |uvs _aT)(vS)||
rG[O 1]k 1 0<s<T

= max max |w oz(f)(/cs) Ot;(’ﬂ(wsay)(/fs))||
Fe[0,1]F~! 0<s=<T

= max  max [[w,a (k) —at” (wy) - @ (k)|
7e[0,1]k-1 0<s<T

) )
< max  max Jws —a (woll + ks —at (k)]
Fel0,1]6-1 0<s=<T

(6-4),(6-6)
< 2e.

Lastly, let us fix t € [0, 1] and s € [0, T']. If s > ¢, then we compute

e @) ) (s) = wea? (k) - (@, (cF_ywE_)
= wy - aP (kg Do (W)

(6-5)
= W5 z(J)(ws [) = Wy.
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On the other hand, if s <¢, then in particular s <land T —1 <T +s —¢ < T, and we compute

W @) v)(s) = wsal (k) - (@), (cF 1wy
= wer () &} e Wi
Do wy 1o} W e Wi )
= wsaﬁj)(wT)az(j)(wﬁT{-i-s—t)
= wT+Soe,(j)(w’}+s_,)w;" CWp = Wy,
Let us summarize what we have accomplished so far. Starting from the existence of the a/)-1-cocycle
{w, };er and the unitary path u with the prescribed properties, we have found a unitary v e U(C(R/TZ)R® A)

satisfying
max [|[v, 1 ®a]| < 5¢/2, (6-8)
aeF
max_Jv—(o" @) )] <2, (6-9)
7el0,1]+-1
max [w; —v(o” ®@a) )] < 2. (6-10)
<t<

By using the commutative diagram (6-1), we may send v into the sequence algebra of A, represent the
resulting unitary by a sequence of unitaries in A, and then select a member of this sequence so that it will
satisfy the properties in the claim with respect to the parameter 3e. O

Now record the following useful technical result about semi-strongly self-absorbing actions, which
arises as a special case of [Szab6 2018c, Lemma 3.12]:

Lemma 6.10. Let G be a second-countable, locally compact group. Let D be a separable, unital C*-
algebra and y : G ~ D a semi-strongly self-absorbing action. For every ¢ > 0, F C D and compact set
K C G, there exist § > 0 and G C D with the following property:

Suppose that u : [0, 1] — U(D) is a unitary path satisfying

u(0)=1, max max |lu(t) —yg(u@))ll <9,
0<t<l gek
and
max [[[u(1), alll <.
aeg
Then there exists a unitary path w : [0, 1] — U(D) satisfying
w0 =1, w(l)=u(),
t) — t <eg,
max lw(@) —ygw@)l <

max max ||[w(z), a]|| < e.
0<t<l aeF

Moreover, we may choose w in such a way that

lw(t) —w@)|l < lu(n) —u@)|l forallO <1, <1.
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We are now ready to prove the main result of this section:

Proof of Theorem 6.7. We will prove this via induction in k. For this purpose, we will include the case
k = 0, where the claim is true for trivial reasons.

Now let k > 1 and assume that the claim is true for actions of R¥~!, We will then show that the claim
is also true for actions of R¥.

Step 1: Let o : R¥ ~ D be an action with the Rokhlin property. In a similar fashion as in [Kishimoto
2002, Proposition 3.5], we shall show that o has approximately R*-inner flip.

Set B=D®D and 8 = o ® «. Denote by X the flip automorphism on B, which is equivariant with
regard to 8. Note that A is still a R¥-action on a strongly self-absorbing Kirchberg algebra with the
Rokhlin property. The R¥~!-action a*) is semi-strongly self-absorbing by the induction hypothesis.
Applying [Szabé 2018c, Proposition 3.6], we find a sequence of unitaries y,, z, € U(B) satisfying

Cmax [y, — B Gl 4 lza — B (z0) | 2= (6-11)
re[O,l]"*l
and
S(b) = lim Ad(yazay'z5)(b), b€ B. (6-12)
n—oo

k)
Let us set Y = [(yy)n] and Z = [(z,),] With ¥, Z € Bfgf’ﬂde). Moreover set X = YZY*Z* Note that
since D is a Kirchberg algebra, Corollary 5.1 implies that g is equivariantly Ooo—abso(%)ing. By [Szabd
2018c, Proposition 2.19(iii)], the unitary X is thus homotopic to the (lkl)nit inside Bfo"fﬁ(k). Write X =

exp(i Hy) - - - exp(i H,) for certain self-adjoint elements Hy, ..., H, € Bfgfﬂ(/a. Set L'=|Hy||+-- -+ H|.
For/ =1, ..., r, represent H; via a sequence of self-adjoint elements #; , € B with ||h; || < || H;l|. We

define a sequence of continuous paths x,, : [0, 1] — U(B) via
xp(t) =exp(ithy ) ---exp(ithy,).

Then each of these paths is L’-Lipschitz. By slight abuse of notation we write X : [0, 1] — U (Bfo‘({%k)) for
X (t) =[(x,(¢)),], which is then continuous and satisfies X (0) =1 and X (1) = X. Also define x,, = x,,(1)
for all n.

Since we have X(b) = XbX* forall b € B and 8 and X o ﬂt(k) = (k) o X, one has X(b) =
B, (X)bBY,(X*) for all 1 € R. It follows that for all # € R, one has that the element XA, (X*)
commutes with all elements in B C By

Let us for the moment fix some number 7 > 0. Define u! : [0, 1]— U(B) viau? (t) = x, (t),B(_k} (xa()%).
Then u,{ is a unitary path starting at the unit and with Lipschitz constant L < 2L’. We have

max max Iu ) — ,B(k)(u ) ==
0<t<1 Fel0,1]!

as B, ® ,8(”6) ,8 (*) ,8( and the elements x, () are approximately g %)_invariant by construction, and
10 (1), b1l = ([0 BY (x7), b1 22225 0 for all b € B.

Due to Lemma 6.10, we may replace the unitary paths u! by ones which become approximately central
along the entire path and retain all the other properties. In other words, by changing the path u, on (0, 1),
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we may in fact assume

max Il (1), b]|| =250 forall b € B.
<t=<

Let us consider the sequence of 8%)-1-cocycles { wt(")},eR given by w,(") =X ,B;k) (x). Then by what we
have observed before, we have

max [|[[w™, b]|| 22250, be B,
0<t<T
as well as

* *

max max_[lw™ — B ™) <2 max x, — B (x,) | 22220,
0<t<T Fe[0, 1]+ Fel0,1]%~1

This puts us into the position to apply Lemma 6.9. Given some small tolerance ¢ > 0 and F C D, we

can choose T > 0 and G © D with respect to the constant L = 2L’ and with (B, 8) in place of (A, ).

Without loss of generality, we choose F in such a way that

X(F)=F. (6-13)

Then the cocycles {w,(")},eR and the unitary paths uf (in place of {w,};cr and u in Lemma 6.9) will
eventually satisfy the assumptions in Lemma 6.9 for large enough n. By the conclusion of the statement,
one finds a unitary v, € U(B) such that

max w — v, 8% W[ = max (%, (x)* — v, 8P W) < 3e, (6-14)
0<r<1 0<r<1
beF
max [lv, —at® (v, < 3. (6-16)
76[0,1]"’]

We set U, = v} x,, which is yet another sequence of unitaries in B. Note that (6-14) translates to
0!
max Uy = B U]l < 3e.
k)
Together with (6-16) and X € Bfo"f’ﬂde) this yields

max U, — Bz (Up)ll <7¢
Fel0, 11

for large enough n. Finally, if we combine (6-12), (6-13) and (6-15), we obtain
max || X (b) —U,bU || <4e
beF
for sufficiently large n. Since ¢ > 0 was an arbitrary parameter and F C B was arbitrary as well, we see

that the flip automorphism X on B is indeed approximately R¥-inner.

Step 2: Let o : R¥ ~ D be an action with the Rokhlin property. Due to the first step, o has approxi-
mately R¥-inner flip. By [Szab6 2018b, Proposition 3.3], it follows that the infinite tensor power action
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a®% : Rk ~ D®> is strongly self-absorbing. In view of Remark 6.6, we may apply Corollary 5.1 to «
and a®> in place of y, and see that

®o0

~ o0
a_scca®a® ac T,

which implies that « is semi-strongly self-absorbing.

Step 3: Fori =0, 1, let ) : R¥ ~ D be two actions with the Rokhlin property. By the previous step,
they are semi-strongly self-absorbing. If we apply Corollary 5.1 to «® in place of @ and ! in place
of y, then it follows that & @ ~ .. «© ® oV, If we exchange the roles of «? and !’ and repeat this
argument, we conclude a© ~ . V.

This finishes the induction step and the proof. ]

We observe the following consequence as a combination of all of our main results for R¥-actions; this
is new even for ordinary flows.

Corollary 6.11. Let A be a separable C*-algebra with A = A ® O. Suppose that o : R ~ A is a
multiflow. The following are equivalent:

(1) « has the Rokhlin property.
(ii) o has finite Rokhlin dimension with commuting towers.
(i) & ysee @ @ ¥ for any multifiow y : R¥ ~ Ou with the Rokhlin property.
(V) o Xysec @ @ y for every multiflow y : RY ~ Ou with the Rokhlin property.
Proof. This follows directly from Theorem 6.7 and Corollary 5.1. U

Once we combine Corollary 6.11 and Theorem 6.7, we obtain Theorem C as a direct consequence.
The following remains open:

Question 6.12. Let o : R¥ ~ A be a multiflow on a Kirchberg algebra. Suppose that for every 7 € R¥ the
flow on A given by ¢ — «,7 has the Rokhlin property. Does it follow that « has the Rokhlin property?
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