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LONG TIME BEHAVIOR OF THE MASTER EQUATION
IN MEAN FIELD GAME THEORY

PIERRE CARDALIAGUET AND ALESSIO PORRETTA

Mean field game (MFG) systems describe equilibrium configurations in games with infinitely many
interacting controllers. We are interested in the behavior of this system as the horizon becomes large, or
as the discount factor tends to 0. We show that, in these two cases, the asymptotic behavior of the mean
field game system is strongly related to the long time behavior of the so-called master equation and to the
vanishing discount limit of the discounted master equation, respectively. Both equations are nonlinear
transport equations in the space of measures. We prove the existence of a solution to an ergodic master
equation, towards which the time-dependent master equation converges as the horizon becomes large, and
towards which the discounted master equation converges as the discount factor tends to 0. The whole
analysis is based on new estimates for the exponential rates of convergence of the time-dependent and the
discounted MFG systems, respectively.
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Given a terminal time 7 and an initial measure m, we consider the solution to the mean field game
(MFG) system

—du” — AuT + H(x, Du") = F(x,m")  in (0, T) x T¢,

dmT — AmT —divimT H,(x, DuT)) =0  in (0, T) x T¢, (1)

m”(0,-)=mo, u'(T,-)=G(-,m"(T)) inTY,
where T is the d-dimensional flat torus R? / 7% F, G are functions defined on T¢ x P(T4) (the space
of probability measures on T¢) and H is a function, defined on T¢ x R which is convex in the second
variable.

Let us recall that this system appears in mean field games theory, introduced by Lasry and Lions [2006a;
2006b; 2007] and by Huang, Caines and Malhamé [Huang et al. 2006]. Mean field games are dynamic

MSC2010: 35B40, 35F21.
Keywords: mean field games, weak KAM theory, long time behavior.
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games with infinitely many players. The first equation in (1) can be interpreted as the value function
of a small player whose cost depends on the density m(¢) of the players, while the second equation
describes the evolution in time of the density of the players. Note that the first equation is backward in
time (and with a terminal condition) while the second one is forward, with the initial condition m(0) = my,
mo being the initial repartition of the players.

The study of the long time average of the MFG system was initiated in [Lions 2010] and then discussed
in several different contexts [Cardaliaguet et al. 2012; 2013; Cardaliaguet 2013; Cardaliaguet and Graber
2015; Gomes et al. 2010].

In [Cardaliaguet et al. 2013] the long time average of u’ is investigated when H(x, p) = %l r?
and F(x, m), G(x, m) satisfy suitable smoothing conditions with respect to the measure m. Then it is
proved that there exists a constant A € R such that the scaled function (s, x) — u” (T's, x)/T locally
uniformly converges to the map (s, x) — —is as T — oo on (0, 1) x T% while the rescaled measure
(s,x) = mT(sT, x) converges to a time-invariant measure m in L'((0, 1) x T<). The constant A and the
measure m are characterized as solutions of the ergodic MFG system; namely, there exists a unique triple
()_\, u, m) which solves

A—Ai+H(x, Dii)= F(x,m) inT?,
—Am —div(mH,(x, Di)) =0 inT9, (2)
m>0, [ym=1 [,u=0 inTY,

and Du’ (sT, x) actually converges to Dii(x). The result holds under a monotonicity condition on F
and G:

f (F(x,m)—F(x,m"))(m—m')dx >0, / (G(x,m)—G(x,m))m—m')ydx >0
Td Td

for any m, m’ € P(T?). Moreover it is proved in [Cardaliaguet et al. 2013] that the convergence holds
with an exponential rate. Precisely, under some additional conditions on the smoothing properties of the
coupling terms F and G, one has

lmT (t) — || cava + | DuT (1) — Dit|| crra < C(e™@" 47T

for some constants C, w > 0 and o € (0, 1).

This paper is devoted to the long time behavior of u”, i.e., the convergence, as T — 00, of the map
(t,x) — u” (t, x) — A(T —1). This question is inspired by results of Fathi [1997a; 1997b], Roquejoffre
[1998], Namah and Roquejoffre [1999] and Barles and Souganidis [2000] for Hamilton—Jacobi equations.
In that framework, it is known that if u solves the (forward) Hamilton—Jacobi equation

du—Au+ H(x, Du)=0 in (0, +00) x T¢,

with associated ergodic constant A, then u(z, x) — At converges, as t — 400, to a solution i of the
associated ergodic problem. One may wonder what remains of this result for the MFG system.

The convergence of the difference u” (¢, -) —A(T —1t), as T — oo, has been an open (and puzzling)
question since [Cardaliaguet et al. 2013]. We prove in this paper that the limit of u” (¢, -) — A(T —1t)
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indeed exists, although it cannot be described just in terms of the u#-component of the MFG ergodic
system (2). In order to describe this long-time behavior, we have to keep track of the initial measure m.
To do so, we rely on the master equation, which is the following (backward) transport equation in the
space of measures:

—0,U—-AU+H(x,D,U)—F(x,m)
—/ div(D,,U(t, x,m, y))dm(y)
‘[[a’

+f D,U(t,x,m,y) - Hy(y, DyU(t,y,m))dm(y) =0 in (—00,0) x T? x P(T%), )
‘[[d

U, x,m) = G(x,m) in T x P(TY).

In the above equation, the unknown U = U (¢, x, m) depends on time, space and the measure on the
space; moreover, the notation D,,U denotes a suitable derivative with respect to probability measures,
which will be described in Section 1A. Note that, in contrast with the MFG system, the master equation
is a classical evolution equation, so its long time behavior may be described in a usual form. We recall,
see [Lions 2010; Gangbo and Swiech 2015; Chassagneux et al. 2014; Cardaliaguet et al. 2019], that the
master equation is well-posed under the monotonicity condition on F and G and that the MFG system (1)
plays the role of characteristics for this equation. Namely, if (u”, m”) solves (1), then

U(-=T, x,mo) =u’(0,x) forall xeT<.

Our main result (Theorem 5.1) states that U(z, -, -) + Az has a limit x = x (x, m) as t — —oo. This
limit solves (in a weak sense) the ergodic master equation

A=Ay x (x, m)+H(x, Dyx(x, m))—/ div(Dy x (x, m, y)) dm(y)
Td

+/ Dyx (x.m, )-Hy(y. Dyx (v, m)) dm(y) = F(x.m) in TxP(T%). (&)
‘[fd

As a consequence, the limit u” (0, -) — AT exists as T — oo and is equal to x (-, mp). Note that, in
general, u” (0, -) — AT does not converge to i, since it is not always true that x (-, mg) = i (even up to
an additive constant); this is however the case if my = m.

We are also interested in the infinite-horizon MFG system

—du’ 4 8u® — Au® + H(x, Du®) = F(x, m* (1)) in (0, +00) x T?,
dm® — Am® — div(m® H,(x, Du®)) =0 in (0, +-00) x T4, 5
m?(0,-)=mg in (0, +00) x T, u® bounded.

In the first-order stationary Hamilton—Jacobi (HJ) setting, where the equation reads
Su®+ H(x, Du’) =0 inT9,

Gomes [2008] and Davini, Fathi, Iturriaga and Zavidovique [2016] have proved the convergence of
u® — 871X as & tends to 0 and characterized the limit. The result has been generalized to the second-order
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HIJ setting by Mitake and Tran [2017]; see also [Le et al. 2017; Ishii et al. 2017]. In the viscous case, the
result is that, if u° solves the infinite-horizon problem

Su’ — Au’ + H(x, Du’) =0 inTY,
then u® — 87! converges as § — 0 to the unique solution i of the ergodic cell problem
—Aii+H(x,Di)=0 inT¢

such that fvd um = 0, where m solves
—Am —divimH,(x, Du)) =0 in Td, m >0, / m=1.
Td

Here again, one may wonder if such a result remains true for the infinite-horizon MFG system (5)
(which, in contrast with the Hamilton—Jacobi case, is time-dependent). As for the time-evolution MFG
problem, we rely on a master equation. Following [Cardaliaguet et al. 2019], this infinite-horizon master
equation takes the form'

5U5—AXU‘S+H(x,DxU‘S)—/ divy (D, U’ (x, m, y)) dm(y)
Td

+ / DU (x,m, y) - Hy(y, DyU°(y, m))dm(y) = F(x,m) inT?x P(T%). (6)
‘[[d

Our second main result (Theorem 6.1) is that U® — 8~ converges to the unique solution x of the master
ergodic problem (4) satisfying x (x, m) = u, where u is the unique solution of the ergodic MFG system (2)
for which the following (new) linearized ergodic MFG system has a solution (v, 1):

ﬁ—AHH,,(x,Dﬁ)-Dﬁ:g—Z(x,na)(ﬁ) in T¢,
—Aji —div(iH,(x, Dii)) — div(in H,,(x, Di)Dv) =0 in T¢,
Jrait= [0 =0,

(the definition of the derivative § F/ém is explained in Section 1). This implies the convergence of
u‘s(O, -) — 811 to x (-, mgp) as § tends to 0. Note that if F =0, i.e., in the Hamilton—Jacobi case, one
recovers the condition fw um = (0 by integrating the v-equation against the measure m. The MFG setting
is more subtle since it keeps track of the coupling between the equations.

Let us now say a few words about the method of proofs. As in the Hamilton—Jacobi setting, the
argument relies on compactness arguments and, therefore, on the regularity (Lipschitz estimates) for the
solution U of the master equation (3) and for the solution U® of the infinite-horizon master equation (6).
The main difficulty comes from the fact that these equations do not satisfy a comparison principle (in
contrast to the HJ equation). Moreover, as can be seen plainly from (3) and (6), the equations do not
provide easy bounds on the derivatives with respect to m of U and U°.

ISee in particular the comments in the introduction of [Cardaliaguet et al. 2019], which explain that the approach of that
work also applies to get the existence and uniqueness of solutions to this equation.
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The key Lipschitz estimates come from the fact that the characteristics (1) and (5) of these master equa-
tions stabilize exponentially fast in time to the solution of the ergodic MFG system (2) and, respectively,
to the solution of the time-invariant infinite-horizon problem

s’ — A’ + H(x, Dit®) = F(x,m®) inT9,
—Am® —div(m® H,(x, Dii®)) =0 in T¢, (7)
Jram® =1;

see Theorems 2.6 and 3.7 respectively. These exponential convergence rates were only known for system (1)
when H (x, p) = |p|%, see [Cardaliaguet et al. 2013], where the argument relied on some commutation
properties which do not hold for general Hamiltonians. To prove the exponential convergence in our
setting, we use a technique developed by one of us with E. Zuazua [Porretta and Zuazua 2013] to establish
the so-called turnpike property for optimal control problems. The exponential rate for the infinite-horizon
MEFG system is new, but uses similar ideas.

The starting point of this analysis consists in studying the linearized MFG systems. For simplicity, let
us explain this idea for the time-dependent problem, i.e., for U. In this framework, the MFG linearized
system reads

—0;v—Av+ H,(x, Du) - Dv = g—’i(x, m)(u(t)) in (0, T) x T¢,

op — Ap —div(uH,(x, Du)) —divimH,,(x, Du)Dv) =0 in (0, T) x T4,
8G .

pO,)=po, v, x) =52, m)(u(T) in T4,

where (u, m) is the solution of (1) and g is given. When (u, m) = (u, m), the analysis of the above
system (the exponential decay of the solutions) provides an exponential convergence of the solution of
the MFG system to (i, m)— at least, this holds true for the m-component. A very interesting point is
that this linearized system turns out to be also strongly related to the derivative of U with respect to m:
indeed, as explained in [Cardaliaguet et al. 2019], we have

/,1 g—Z(O, x, mo, y)o(y) dy =v(0, x) forall x € T,
T

Thus controlling v allows us to control the variations of U with respect to m. Once the Lipschitz
estimates for U and for U? are obtained, the construction of a corrector x (solution of the ergodic master
equation (4)) follows in a standard way; see Theorem 4.2.

However, the convergence of the solution of the time-dependent master equation (3) requires new ideas
since, in contrast with the Hamilton—Jacobi setting, see [Fathi 2008; Barles and Souganidis 2000], there
is no obvious quantity which is monotone in time; the reason is that the master equation does not satisfy
a comparison principle. To overcome this issue, we rely again on the exponential convergence rate from
which we derive a suitable convergence of the solution of the master equation when evaluated at m as
time tends to —oo (see Proposition 2.7). Then we obtain the convergence of the map U by a compactness
argument and using again the convergence of the characteristics.
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The convergence of U? is more subtle: the key point is that two solutions of the ergodic master equation
differ only by a constant. Thus we only have to show that U%( -, m) — 87! has a limit for some m. The
good choice turns out to be m = m®, where (i°, m%) solves (7); indeed, we have then U (-, m®) = it®
and we expect (@®, m®) to be close to (i1, ) in some sense, where (iz, 7i7) satisfies (2). Actually a formal
expansion yields (i, m%) = (§~'A+ i +60 + 80, m + 81), where (0, v, 1) solves

12+§—A5+Hp(x,Dﬁ)-DE:%(x,rh)(,a) in T4,
— A —div(iHy(x, Dit)) — div(m H,y(x, Dit) D) =0 in T9,
Jrait= [rav=0.

The rigorous justification is given in Proposition 6.5.

The paper is organized in the following way. In Section 1 we recall the notion of derivative in the
space of measures and state our main assumptions. We also recall some decay and regularity estimates
which hold separately for the two equations of the system and we provide the basic fundamental estimates
for (1) which are independent of the horizon 7. Section 2 is devoted to the exponential convergence
rate, as T — oo, of solutions of (1) towards the pair (iz, m), a solution of (2). For this purpose, first we
develop decay estimates in L? for the linearized system, and then we export the estimates (in stronger
T — ) by using a fixed-point argument. A similar strategy is used in Section 3
for the infinite-horizon discounted problem (5); in this case we prove the exponential convergence as

norms) to (u! — i, m

t — oo towards the stationary pair (@®, m%), a solution of (7). In both Sections 2 and 3, the analysis
of the linearized systems is a crucial step, and this will also play a key role in the study of the master
equations, both the time-dependent (3) and the stationary one (6), respectively. This is the content of
Sections 4-6. More precisely, in Section 4 we prove the existence of a solution to the ergodic master
equation, obtained as the limit, when § — 0, of a subsequence of solutions of (6). The long-time behavior
of the time-dependent master equation (3) is addressed in Section 5. Finally, the limit of the whole
sequence of solutions of (6) is proved in Section 6.

1. Notation, assumptions and preliminary estimates

1A. Notation and assumptions. Throughout the paper we work on the d-dimensional torus T¢ :=R¢ /7¢;
this means that all equations are Z¢-periodic in space. This assumption is standard in the framework of
the long time behavior. We denote by P(T¢) the set of Borel probability measures on T¢, endowed with
the Monge—Kantorovich distance d;

dl(m,m/):sup[ pd(m—m') forallm,m e P(T?),
¢ JT4

where the supremum is taken over all 1-Lipschitz continuous maps ¢ : T¢ — R.
For o € [0, 1], we denote by C* ([0, T], P(T4)) the set of maps m : [0, T] — P(T4) which are «-Holder
continuous if @ € (0, 1) and continuous if o = 0.
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Next we recall the notion of derivative of a map U : P(T¢) — R as introduced in [Cardaliaguet et al.
2019]. We say that U is C! if there exists a continuous map U /8m : P(T¢) x T¢ — R such that

1
U(m/)—U(m)=// 8—5((1—t)m—i—tm’,y)d(m’—m)(y)dt for all m, m’ € P(T).
0JTd

We observe that if U can be extended to L?(T¢) then y — (§U /8m)(m, y) is nothing but the representation
in L? of the Gateaux derivative of U computed at m. The fact that U is defined on probability measures,
i.e., with the constraint of mass 1, lets (§U/ém)(m, y) be defined up to a constant. We normalize the
derivative by the condition

f&(m,y)dm(y)zo for all m € P(TY). (8)
Td 8m

We write interchangeably (6U /ém)(m)(u) and fw (U /ém)(m, y) du(y) for a signed measure p with
finite mass.

When the map §U /ém = (8U /ém)(m, y) is differentiable with respect to the last variable, we denote
by D,,U (m, y) its gradient:

sU
D,U(m,y) = Dy%(m, y).

Let us recall [Cardaliaguet et al. 2019] that D,,U can be used to estimate the Lipschitz regularity of U in
the m-variable:

|U(m) —U(m")| <dy(m,m)[ sup |DuU(m", y)||  for all m, m' € P(TY).
m’eP(Td),yeTd

For p =1, 2, oo, we denote by | - ||z» the L” norm of a map on T¢ (we often use the notation || - [|s0
for || - ||=). For k € N and « € (0, 1), we denote by || - ||« and || - || ce+e the standard norm on the set of
maps defined on T¢ and which are, respectively, of class C* and of class C*¥ with a k-th derivative which
is a-Holder continuous. By | - [|(c++«y we mean the norm in the dual space:

@l (crey = SUP{/W OV, ¥l crve < 1}-

For a map ¢ depending of two spatial variables, we denote by ||¢ (-, - )|lk+a.k’+o the supremum of the
a-Holder norm of the partial derivatives of order [ < k and I’ < k’ respectively of the map ¢.

Finally, if ¢ = ¢ (x), we systematically denote by (¢) := fw ¢ (x) dx the average of ¢.

If u : [0, T] x T — R is a sufficiently smooth map, we denote by Du(t, x) and Au(t, x) its spatial
gradient and spatial Laplacian and by 0,u(¢, x) its partial derivative with respect to the time variable. We
will also use the classical parabolic Holder spaces: for a € (0, 1), we denote by C%/%% the set of maps
which are a-Holder in space and «/2-Holder in time and by C'+%/2.2+¢ the set of maps u such that d,u
and D?u are in C%/%,

Assumptions. The following assumptions are in force throughout the paper.



1404 PIERRE CARDALIAGUET AND ALESSIO PORRETTA

(H) The Hamiltonian H = H(x, p) : T? x R? — R is of class C? and the function p — DIZJPH (x, p)is
Lipschitz continuous, uniformly with respect to x, and satisfies the growth condition

C'I;<D; H(x,p) <Cl; forall (x, p) e TY xR 9)
Moreover we suppose that there exist 8 € (0, 1) and C > 0 such that
|DeH(x, p)l <C(L+1pD'™**,  [DypHx, p)l <CA+p)? forall (x, p) e T xR (10)

This latter assumption is a little awkward, since it requires the quadratic part of H to be independent of
the space variable, but we actually need it in order to ensure uniform Lipschitz regularity of a solution u”
of (1) and of a solution u® of (5) independently of T and §: see Lemmas 1.5 and 3.6. If the same bounds
were available with different arguments, then we could get rid of this condition, since in the rest of the

paper we do not use it at all.

(FG) The coupling functions F, G : T4 x P(T?) — R are assumed to be of class C' and their first
derivatives satisfy the following Lipschitz conditions:

(FGa) F, G are twice differentiable in the x-variable and Fy,(x, m), G, (x, m) are bounded uniformly
in T4 x P(TY).

(FGb) (6F/ém)(x,m,y), (6G/dm)(x, m, y) are differentiable with respect to (x, y) and Lipschitz con-
tinuous in T¥ x P(T%) x T (i.e., globally Lipschitz in the three variables).

Even if this will not be strictly needed, an extra regularity condition is assumed in order to get to
smooth solutions of the master equation as stated in [Cardaliaguet et al. 2019]. Namely we assume that:

(FGc) For any o € (0,1), F(-,m) and (8F/8m)(-,m,-) are of class C>** in all space variables,
uniformly in 7, and 8 F /8m is Lipschitz continuous in m with respect to C>** in space. The same
holds for G in norm C3+¢,

(FGd) The maps F and G are assumed to be monotone: for any m € P(T%) and for any centered Radon
measure [,

//g_F(x’m’y)“(xW(y)dxdyzo, /f&(x,m,y)u«(X)M(y)dxdyZo- (11)
¢ Ja OM v Jya om

Let us comment upon our assumptions.
The regularity of H as well as the uniform convexity with respect to the second variable are standard
in MFG theory. Here these assumptions are all the more important because we make systematic use of
the duality inequality, see [Lasry and Lions 2007], which provides uniqueness and quantified stability for
the MFG system under this strong convexity assumption.
The regularity assumption on § F/§m (and on §G/5m) allows for instance inequalities of the form
[SL )

o= Cllllc2y

for any m € P(T¢) and any distribution & on T¢.
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The monotonicity assumption (11) implies (and, under our regularity assumptions, is equivalent to) the
more standard one

(F(x,m)—F(x,m"))dm—m")(x) >0, / (Gx,m)—Gx,m))dm—-—m)(x)>0
Td ‘[[d

for any measures m, m’ € P(T4). This condition ensures the well-posedness of the MFG system (1) for
large time intervals and the well-posedness of the ergodic MFG system (2). Without this assumption,
these MFG systems may have several solutions and the long time average (and a fortiori the long time
behavior) of the MFG system (1) is not known.

Let us illustrate our assumptions by examples. The Hamiltonian functions we have in mind are for
instance of the form

H(x,p)=pP+ V@) p+gkx),

where V : T¢ — R? is a smooth vector field and g : TY — R is a smooth map. Typical examples of
coupling maps F' and G satisfying our conditions take the form

Q(x,m) =[¢p(-, (pxm)(-))*pl(x),

where * denotes the usual convolution product in R%, ¢ : R*> — R is smooth and nondecreasing with
respect to the second variable and p : R? — R is a smooth, even function with compact support; see for
instance Example 2.3.1. in [Cardaliaguet et al. 2019].

Let us stress that, in the following, we will denote generically by C possibly different constants
appearing in the estimates which depend on the data F, G and H through the above assumptions. In
particular, those constants will depend on the sup-norm of Fy,, G, (which are bounded uniformly with
respect to x and m from (FGa)), the Lipschitz constants of § F/ém, §G /6m and the conditions (9)—(10),
respectively. Actually, those constants will also depend on the unique solution A, it, i of (2), but this
triple is also meant as (uniquely) depending on the data F, G and H, so we will not mention this kind of
dependence otherwise.

1B. Preliminary estimates. We will use throughout the text the following estimates on linear equations
which are independent of the time horizon. The first one is about linear equations in divergence form; see
[Cardaliaguet et al. 2013, Lemmas 7.1 and 7.6].

Lemma 1.1. Let V be a bounded vector field on (0, T) x T¢, let B € L*((0, T) x T¢) and let | be the
solution to

{B,M—Au+div(MV) =div(B) in(0,T)xT?, (12)

w(0) = o in T4,

with [14 1o = 0.
There exist constants w > 0 and C > 0, depending only on ||V ||, such that

t 12
”M(t)”LzSce_wt||M0||L2+C|:/(; ”B(s)”%zdsj| .
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If B =0, we also have, for any t > 0,
l®)llo < Cre™ ol forallt >,

where the constant C; depends on T and ||V || oo only.

The second lemma is about a viscous transport equation; see [Cardaliaguet et al. 2013, Lemmas 7.4
and 7.5].

Lemma 1.2. Let V be a bounded vector field, A € L2((0, T) x T?) and v be the solution to the backward
equation
—dv—Av+V-Dv=A in(0,T)x T (13)

There exist constants w > 0 and C > 0, depending only on ||V ||, such that
T
@ — ()2 < Ce™ T [u(T) = (W(T)) 12+ C / e CTNAM) 2 ds
t
and, if A € L®((0, T) x T9),

T
[v(®) — () | < Ce T u(T) — (V(T)) ||z + C / e D A®s)| L ds,

1
where (¢) = fw ¢ for any map ¢. Moreover, forany 0 <t <ty <T,
(to = DIIDv ()|l 12 < C(to — 1+ D) (llv(t0) = (W)} |12 + 1Al 21,10y x79) F 1V = )l L2((1,10) xT)) -
We note for later use a simple consequence of Lemma 1.1:
Corollary 1.3. Let V and B be (time-independent) vector fields. Then any L? solution of
—Ap+div(nV) =div(B) in T,

with [1, i = 0, satisfies
|l < ClIBll 12,

where C depends only on ||V | co-
Proof. It is enough to apply Lemma 1.1:
il < Ce™llpll 2+ ClIBIl 212,

Choosing ¢ large enough, this gives
lll2 < ClIB] L2

Then, multiplying the equation by u, the standard energy estimate gives

IDlize < UV llooll el 2 + 1Bl 221,
which gives the result. 0

We conclude this section with a further bound for the solutions of the Fokker—Planck equation.
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Lemma 1.4. Let V be a bounded vector field on (0, T) x T¢ with bounded space derivatives and i be a
weak solution to (12) with B = 0. Then, for any T > 0,

Iu@®lloo < Cre™ NIl (c2+ay  forall t >,

where w is given by Lemma 1.1, o € (0, 1) and C; > 0 depends on |V || =, | DV |1~ and t.
Proof. Let T > 0 and v be the solution to the transport equation

{—Stv—Av+V-Dv:O in (0, 7) x T?,

v(T, x) = vy (x) inT9, (14)

where v, is in C*®(T¢). One easily checks that
sup [[v(®) | 2 + 1DV L2(0.0)xT4) < Clivell 22,
t

where C depends on || V||« and T only. Standard parabolic regularity [LadyZenskaja et al. 1968, Theo-
rem III.11.1] then implies

DVl carreo,r/21x1dy = Cllvell 2
for some o and C depending on ||V ||« and 7 only. For any i € {1, ..., d}, the derivative v,, solves
—dvy, — Avy, +V-Dv, + V., -Dv=0 in (0,7/2) x T¢.
By parabolic regularity [LadyZenskaja et al. 1968, Theorem III.11.1], we infer that
”D2v||C”/2~“([0,t/4]de) < ClIIDv| p=(0,7/2)xT4) < Cllvellz2

for some o and C depending on ||V e, ||DV |l and t only. We have, since (14) is the dual equation

of (13),
/vfu(f)=/ v(0) dpo(x).
T4 Td

So taking the supremum over v, such that |v;||;2 < 1, we infer that
Iz < Celltoll ey forall T > 0.

We can then derive the conclusion by Lemma 1.1. O

1C. Regularity of the MFG system. The aim of this section is to provide additional basic estimates on
the solution to the MFG system

—u+ri—Au+H(x,Du)=F(x,m) in(0,T)xT?,
dm — Am — divimH,(x, Du)) =0 in (0, T) x T4, (15)
m@,-)=my, u(T,-)=g in T9,

where mq € P(T%). Let us recall that A € R is the unique ergodic constant and (i, 717) the unique solution
to the ergodic MFG system (2).

The following estimates have been mostly well known since [Cardaliaguet et al. 2013], but we collect
them for the sake of completeness. The whole point is to get estimates which are independent of the
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time horizon or of the discount rate. For this purpose we rely on conditions (9)—(10), as well as on the
smoothing assumption (FGa) for the couplings.

Lemma 1.5. For any M > 0, there exists a constant C > 0 such that for any horizon T > 0, if (u, m) is a
solution to the MFG system (15) and ||g||c2(ray < M, then

[Dulloo < C.

Proof. As in Lemma 3.2 in [Cardaliaguet et al. 2013], the proof relies on the uniform semiconcavity of
the solution. Let us recall that, for any smooth map ¢ € C*®(T¢), we have

ID¢llo <d'? sup (D*¢p(x)z-2)+. (16)

xeT4, |z]<1

Let & with [§| <1 be a direction for which Co :=sup, D?*u(t, x)& - £ is maximal (and thus nonnegative).
We set w(t, x) = D?u(t, x)& - & = ugs (¢, x). Then w solves

—0;w—Aw+Hee (x, Du)+2Hep(x, Du)-Dug+H,,(x, Du)Dug-Dug+H,(x, Du)-Dw = Fgg (x, m(1)).
If the maximum of w is reached at T, then
Co <max D*g(x)é -E <M.
xeTd
Otherwise, one has at the maximum point (¢, x) of w:
Hee (x, Du) +2Hgp(x, Du) - Dug + Hpp(x, Du)Dug - Dug < Fee(x, m(1)),
where by our standing assumptions on H we have

Hge (x, Du) = —=C(1+|Du))'*?,
H,,(x, Du)Dug - Dug +2Hg,(x, Du) - Dug > C~'|Dug|* — C(1+ | Du|)*.

Since (16) implies || Du||s < d'/>Cy, we deduce that
—CA+Cp)'* —Cc(1+Co)? +C"|Dus> < C

and since |Dug| > Cy at the maximum point of w(z, x), because & < 1 we conclude that Cy is bounded.
By (16), we infer the Lipschitz estimate for u. 0

Remark 1.6. Thanks to Lemma 1.5, the drift H,(x, Du) in the Fokker-Planck equation is uniformly
bounded. As a consequence, as it is well known (see, e.g., in [Cardaliaguet 2010, Lemma 3.4]), the
solution m satisfies the following Holder continuity estimate in time:

di(m(r), m(s)) < C|t —s|'/?> forallr,s e (0, T) such that |r —s| <1, (17)

for some constant C independent of 7.
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Next result exploits the stability of the system which stems from the monotonicity of F and the convexity
of H; see [Lasry and Lions 2007]. In particular, whenever H is uniformly convex, as is assumed in (9),
the following estimate holds for any pair of solutions (1, m) and (u5, m>) of the system (15):

Cl/ (my +m2)|D(uy —up)|* < —%/ (u1 —uz)(my —ma). (18)
Td Td

Lemma 1.7. Forany ¢ > 0 and M > 0, there exist times T>1>0 (depending only on ¢, M and the data
of the problem) such that, if T > T and if (u, m) is a solution to the MFG system (15) and || g||c2(1e) <= M,
we have, for some o € (0, 1),

lm(t) —m|ce + || Du(t) — Du||ce <& forallt €[t,T —t].

Proof. We follow closely the argument of Lemma 3.5 of [Cardaliaguet et al. 2013] (in the case H = | 21>
and, for this reason, we only sketch the proof. By Lemma 1.5, u is uniformly Lipschitz continuous in
space, with a Lipschitz constant depending only on the regularity of H, F and on || Dg |l + || D8l co-
So, by Lemma 1.1, we have

sup [[m(t)[leo < C,

>1 N

where C depends only on ||H, (-, Du(-))|lc, and thus only on the data. Applying (18) to (u, m) and
(u, m), and using m > 0 in T4 we have

c—lf ||D(u(z)—ﬁ>||izdtS—dea)—ﬁ)(m(r)—ﬁn] | (19)

51 n
Thus
T
/ IDu(t) — )3, dt < C,
0

because u is uniformly Lipschitz continuous in space and m(¢) and m are probability measures. In
particular, if 7 > 3e~!, there exist times #; € [1,e71], 1, € [T — e~ L, T] such that

D) — )| 2 < Ce'/? fori=1,2. (20)

Coming back to (19), we infer by Poincaré’s inequality that

T—1/¢ f
C”/ ID@(t) — )3, dt < c—lf IDu(t) — )3, dt
1

/e I
< IDu(t) —wll2llm(t1) —ml 2 + (| D(u(t2) — u) |2 |m(t2) — ml| 2

§C£1/2.

As i :=m — m satisfies

o — Ap —div(uH,(x, Du)) = —div(m(H,(x, Du) — H,(x, Du))), 2D
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and still using the fact that Du is bounded, we have from Lemma 1.1 that, for any t € [1/¢, T — 1/¢],

T—1/¢

1/2
lm(t) — |2 < Ce "V m(1/e) —m| 2+ C [ f IDu(t) —i)ll3 dr]

< C(e—@U=1/0) 4 /4. 1/e

So we can choose t large enough (depending only on ¢, on the data and on M) such that the right-hand
side is less than Ce'/*ifre[t —1,T — 1/¢€].

Let us now upgrade this inequality into an L°° estimate for the interval [t, T — 1/¢]. For this, we recall
from (21) that u solves a parabolic equation of the type

o —Ap —div(ub + B) =0,

where b is bounded in L°° and B is bounded in L? for any p > 2 since

T—1/e T-1/¢ T-1/¢
/ IBOII, SC/ ID(u(t)—ﬁ)l”SC/ ID(u(t) —in)|* < Ce'/?,
1/e 1/e Td 1/e T

where we used the global bound for Du(t). Since we already know that || (2)||;2 < C el/4, by choosing
p sufficiently large we deduce (see, e.g., [LadyZenskaja et al. 1968, Theorem IIL.8.1, p. 196]) that u is
bounded in C*/%¢ for some « € (0, 1) and

lt@®llce =C( sup (L2 + 1Bl Lo (1 /e 7—1/6)xTd)) < C(el/* 4 /2Py
se(t—1,T—1/¢)

for any r € [t, T — 1/¢]. This concludes the bound for ||m(t) — m||c«. In order to prove the estimate
for u, let us note that v = u — u satisfies

—iv—Av+V - -Dv=F(x,m(t)) — F(x,m),

where V is the bounded vector field
1
Vi, x) =/ H,(x, Du(t, x) + (1 —A)Du(x)) dA.
0

By Lemma 1.2 we have, fort € [1/e, T — 1/¢],
[v(t) — () lloo
T—1/e
< [0(T = 1/e) = (W(T — 1/&))[loce™ "~/ +-C f e O F(x, m(t)) — F(x, m)| o ds
< C(e—a)(T—l/e—t) +81/(217))_ !
Choosing T > 1/¢ large enough then implies
lv(t) — (V) ]loo < Ce/PP) forallt e[z, T —1].

Finally, we can replace the left-hand side by || Dv(¢)||c= by using again Lemma 1.2. Indeed, whenever v
satisfies
—v—Av+V-Dv=A
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with V, A bounded, we estimate, for any interval [, r 4 1],

[Dv(®)llce =C  sup [[lv(s) — (V) oo + [[A(S) oo + DV ($) I £2]
se(t,t+1/2)

=C sup [fl(s) = (v(s))lloo + [A(s)lloc]-
se(t,r+1)

Since A = F(x, m(t)) — F(x, m), the previous estimates give the conclusion. O

2. Exponential rate of convergence for the finite-horizon MFG system

In this section we provide several convergence results with an exponential rate of convergence for finite-
horizon MFG systems. The results of this section extend to general Hamiltonians the main results of
[Cardaliaguet et al. 2013] (though requiring slightly stronger assumptions on the coupling F). Although
the results are interesting themselves, they are nevertheless motivated by the rest of the paper, in which
they play a central role.

The method of proof for these exponential rates differs completely from [Cardaliaguet et al. 2013],
where it relied on an algebraic structure of the linearized system. We start with the linearized systems and
first get a crude estimate on the solution. Using the monotonicity assumption, the duality method shows
that a suitable quantity is monotone in time and bounded (thanks to the rough estimate). A compactness
argument, borrowed from [Porretta and Zuazua 2013], then shows that the limit of this quantity must
vanish. We then use the linearity property of the system to get an exponential rate of convergence. The
nonlinear equations are treated as perturbations of the linear ones. Note that the key argument is inspired
by [Porretta and Zuazua 2013], where the long time behavior of optimality systems is analyzed by using
the stabilizing properties of the Riccati feedback operator. However, in contrast with that paper, our
system does not come from an optimal control problem in general, which makes a substantial difference.

2A. Estimates for the linearized system. We now study the linearized MFG system around the stationary
ergodic solution (u, m): namely, given o, vr : T — R smooth with fw o =0, we consider a solution

(v, u) to

—0,v—Av+ H,(x, Du)- Dv = g—Z(x, m)(u(t)) in (0, T) x T¢,
O — Ap —div(uH,(x, Du)) —div(imH,,(x, Du)Dv) =0 in (0,T) x T4, (22)
n(, ) =po, v(T,x)= %(x,’ﬁ)(ﬂ(T))‘f’UT(x) in T%.

Thanks to the assumptions made upon § F'/dm and 6G /dm, and to the smoothness of (i, ), problem
(22) can be considered in a standard framework of weak solutions with finite energy, i.e., v,m €
L?((0, T); H'(T%)). Solutions will eventually be more regular, but we are not considering this issue
here; our main purpose, which is the following result, is to show the L? decay estimates for x and Dv,
assuming the same regularity on the initial-terminal conditions.
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Proposition 2.1. There exist Co > 0, A > 0 such that, if (v, u) is a solution to the MFG linearized system
(22) with [74 o = 0, then we have

@2 + 1 Dv 2 < Cole™ 4+ e TN (||uoll 2 + | Dvrll2)  forallt €0, T.

Let us start the proof with a lemma which explains that the solution is uniformly bounded, with a
bound depending on ||ug]|;2 only.

Lemma 2.2. There is a constant Cy > 0, depending only on the data H, F and G, but not on T, such that,
if (v, u) is a solution of the linearized problem (22), then

T
/ IDvlI7,+ sup (lu@®)3. + 1Dv@)]I72) < Colllpollz> + IIDvrll72). (23)
0 t€l0,T]

Proof. Note that fw n(t) = 0 for any ¢. Multiplying the equation for v by u and the equation for u by v,
integrating in time and space and adding the resulting relations, we have, forany 0 <1, <1, <T,

/ f —(x m, y)u(t, y)u(t, x)dy dx dt
‘|Td -[rd (S t

+/ / mH,,(x, Du(x))Dv(t, x) - Dv(t, x) dxdt:—[/ v,u:| , (24
tH JTd Td

n

s0, by the monotonicity of F and G, see assumption (11),

T
M [Cipviide < [ 0O = @D [ =)
< CAUDVO 2ol + I Dvr 21T o). 25)

thanks to Poincaré’s inequality. Using Lemma 1.1, we have

t 1/2 T 1/2
@2 < Ce™ ol 2 + C[/ lmHpp (-, Dﬁ)Dvlliz] <Ce |pollr2+ C[/ IIDvlliz]
0

2 2 2 2
< Ce ™ |luoll 2 + CUIDVO) [ 5 ol 5 + 1 Dvr | S (DI
For t = T, we get, after simplification,
1/2 1/2
(D)l 2 < Clloll 2 + IDVO) 5 woll5 + 1 Dzl 22,
from which we deduce that
1/2 1/2
sup [114(t)ll 2 < Cllmoll 2 + I DO Nl ol + I Dvr |l 2). (26)

tel0,T]

Note that the derivative v,, of v satisfies

— vy, — Avy, —|—H - Dy, + Dy, [Hp)- Dv=D "'5 F iy @) in 0, T) x T9, o
vy, (T, x) =D xla (x m)(u(T)) + Dy, vr (x) in T,



LONG TIME BEHAVIOR OF THE MASTER EQUATION IN MEAN FIELD GAME THEORY 1413

where, to simplify the notation, we have set H, = H,(x, Du), etc. Then Lemma 1.2 gives, in view of

)

v e ”(an,[Hp] Dv||Lz+HD
t

our assumptions on 6 F'/dm and G /ém,

log @2 = Ce T ([ Dur 2 + | Dy 52

X,8

)4

T
< Ce T Dvr|l 2 + (D)l 2) + C / e CTNDV 2 + ()] 2) ds
t

x,8

T 1/2
sCe—w<T—’>||DvT||Lz+C([ ||Dv||iz) + Csup [|ie(s)ll 2. (28)
t

s>t
Combining this with (25) and with the estimate for u in (26), we find, for any ¢ € [0, T1],

172 1/2

[Dv(®)|[2 = Clpoliz2 + 1DvO) 5 loll 27 + I1Dvr [l 2).

In particular, for + = 0, we get, after simplification,
1 Dv(0) |2 < C(llollz2 + | Dvrll2),
which jointly with (25) and (26) gives the desired statement. O

Remark 2.3. The above lemma also provides an argument for proving the existence of a solution (v, @)
to (22). Indeed, the a priori estimate (23) allows for a standard application of Schaefer’s fixed-point
theorem by freezing w in the right-hand side as well as in the final value of the equation of v.

/ w0,
‘[rd

where the supremum is taken over the set S(t) defined as

Proof of Proposition 2.1. For T > 0, let us set

p()=  sup
(T,t,p0,v7)€S(T)

S@)={(T,t, o, vr): T =21, t€[r,T —7], llpollz2 <1 and [ Dvr|l2 < 1},

the pair (v, u) being a solution to (22). According to Lemma 2.2, p(7) is bounded for any 7, since, using
that i has zero average, one has for any ¢

= ClluOl 21D ()|l 2

p()v(r)
Td

by Poincaré’s inequality. By definition, the map p is nonincreasing, since S(t) € S(z’) if ¢ > 7. Let us
denote by p the limit of p(t) as T — +00. The key step consists in proving that p, = 0.
Let T, = +00, Ty > 2%y, ty € [Ty, Tn — ], i With [|ugllz2 < 1 and vy with || Dv7 |2 < 1 be such

that
/ /an (tn)vn (tn)
Td

1
Zpoo_ﬁ-
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We set
AU, x) =@ty +1,x), ', x) ="ty +1,x) — (V"(t,)) forallt € [—t,, T, —t,], x € T

By the estimates of Lemma 2.2, the (3", /i) are locally bounded in L?. By parabolic regularity (from
[LadyZenskaja et al. 1968, Theorem IIL.8.1, p. 196] combined with Theorem III.10.1, p. 204, and
Theorem ITI.11.1, p. 211, of the same work), the o and D#" are locally bounded in C%/%¢, while the
@" are bounded in C%/%¢ for some « € (0, 1). So the pair (2", fi") locally uniformly converges to some
(v, w) which satisfies the linearized MFG system on R x T<. Moreover, we have

‘/ M(O)v(O)‘=lim‘/ W (t)V" (tn) | = Poo-
T no|JTd

On the other hand, for any ¢ € R and for n large enough, we have that t, +¢ € [t, — ||, T,, — (T, — |t])], so

f p(tv(r)
Td
The duality equality (24) implies that, for any #; < 1,, we have

1 & 2 "
! ||Dv||Lzs—U ;w] . 29)
151 K I3l

Therefore the map ¢ — fw ©(t)v(t) is nonincreasing, with a derivative bounded above by —|| Dv(0) ||%2
at t = 0, while the map t — |de ,u(t)v(t)| has a maximum po, at t = 0; this implies Dv(0) = 0. As
J7a v(0) =0, we can infer that

=1imf uwt(t, + V" (@, +1)
n Td

slirllnp(fn— |7]) = Poo-

Poc = V n(0)v(0)| =0.
T4

We now prove that p(¢) converges to 0 with an exponential rate. Let 7 > 0 and (v, ) be a solution of
the MFG linearized system with ||« (0)||;2 <1 and || Dvr|;2 < 1. Using Lemma 1.1 and (29), we have,
fort >0and?te[r, T — 1]

t

1/2
@2 < Ce D u(z/2)ll2 + C(— [ / Mv} ) < Ce 2 4 C2p(x/2)]"?,
‘n’d

/2

because u is uniformly bounded in L? (Lemma 2.2). Thus

sup  [ln(®) ]2 < Ce™ ™ 4 (p(r/2)'/?). (30)

telr,T—1]

Coming back to (28), we have, for all ¢t € [27, T — 271],

T—1 1/2
||Dv(r>||LzsCe—w”—’—”an(T—r>||Lz+C(/ ||Dv||’iz) +C sup [lpu(s)llz2
t

selt, T—1]

T—1\1/2
SCe_erC(—[fwu(S)v(S)} ) +C sup  lu(s)lze

seft, T—1]

<Ce "+ Cp' 2 (1) +C(e ™ + (p(x/2))/?), (31)
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because Dv is uniformly bounded in L? (Lemma 2.2). In view of (30) and (31), we can fix t > 0 large
enough so that, for any 7 > 47 and any (v, i) as above, one has

sup  (lu@) 2+ [I1Dv(®)l2) <&,
te[2r,T—27]

where ¢ € (O, l) is to be chosen below. Notice that, by the definition of p and by Poincaré’s inequality,
this also implies p(27) < Ce < ‘—1‘ for a suitable choice of . Now we can iterate the previous estimate.
Indeed, for T > 47, the restriction to [27, T —2t] of (v, 1) is a solution of the linearized MFG system (22)
on [27, T — 2t] with boundary conditions || (27)|[;2 < % and || Dv(T —271)|);2 < % As the problem is
invariant by time translation, we deduce that

sup (@2 + I1Dv@) ) 12) < 3,
(and similarly p(41) < 1/4%). Hﬁ[éfs{aﬁf‘dglrd iteration, this shows that there exists A such that

@2 + I Dv@®)]| 2 < Cle™ +e Ty forall t €[0, T]. 0

Proposition 2.4. Let A be as in Proposition 2.1. There exists Cy such that, if B = B(t, x) satisfies

IB@)ll2 < e +e T, (32)
and if (v, () is a solution to the MFG linearized system
—3v— Av+ H,(x, Dit) - Dv = g—Z(x, ) (u(t)) in (0, T) x T4,
O — Ap —div(uH, (x, Dit)) — div(m H,py(x, Di)Dv) = div(B) in (0, T) x T4 (33)
w©,-)=0, v(T,x)=0 inT9,

then
Il 2+ I1Dv) |2 < Cr((L+)e™ + (A +T)e ™) forallt €0, T].

Proof. Let us first prove that (v, i) is bounded. Multiplying the equation for v by u and the equation for
u by v, integrating in time and space and adding the resulting relations gives, forany 0 <#; <, < T,

t B 0 15}
c—lf IDvll3,dt < — f o —[/ B-Dv.
1 | JTd dg 1 JT4
Thus, by Young’s inequality,

t r L 153
c—lf ||Dv||izdzs—/vu +/ 1B ds.
1 T A1 f

Using the homogeneous boundary conditions at t =0, ¢ = T, we obtain the bound

T T
/annizdrsc/ 1BI, ds.
0 0

This implies, with the same arguments as in Lemma 2.2,

T 1/2
sup [[n() g2 + I1Dv ()l 2 SC[/ ||B||i2j| <C,
1€[0,T] 0



1416 PIERRE CARDALIAGUET AND ALESSIO PORRETTA

where the last inequality comes from (32).
For T > 0, we set

p(t) = TSU]%(IIM(t)IIz-i- [Dv () L2), (34)

where the supremum is taken over any 7 > 27, t € [t, T — 7] and any B satisfying (32), the pair (v, u)
being a solution to (33). In view of the previous discussion, p(t) is bounded for any 7.
The restriction (v, ft) of (v, w) to [t, T — t] can be written as
(@, 1) = (01, £1) + (V2, @L2),

where (v1, [i1) solves the homogeneous MFG linearized system (22) with boundary conditions v (T —7) =
v(T — 1) and fi1(7) = u(t), while (03, [12) solves the linearized MFG system (33) on the time interval
[z, T — t] with homogeneous boundary conditions.

From Proposition 2.1, we have, for any ¢ € [t, T — 7],

171 @ll2 + 1D (0l 2 < Cole™ ™7 + e TN (|u(@)ll 2 + 1 DV(T = D) 2)
< C(e M=) 4 g~ MT—t=0)y,
Note that the restriction of B to [t, T — 7] satisfies
1Bl 2 < e [e 77 e HTm0),
So by the linearity and the invariance in time of the equation, we get
222+ 1DVl 2 e *Tp(t—7) forallz e[z, T —1l.
Putting together the estimates of (v1, ft1) and (03, f12), we obtain, for any ¢ > t,

sup  (Ie@)llz +1Dv)ll2) < sup  Cle 7D 4Ty 4 o™ p(s — 1)
selt+t,T—1—1] selt+t,T—1—1]

<Ce ™4 p(1).
Taking the supremum over (v, 1) and multiplying by e*?*%) gives

e)u(f"‘f)p(t_i_r) E Ce)n‘[ _i_e)»tp(t)’

from which we infer that
p(t) <C(1+1t)e ™.

By the definition of p in (34), this implies the conclusion when choosing T = ¢ if t € [0, T /2] and
T =T —1t otherwise. O

Collecting the above propositions we finally obtain:

Theorem 2.5. Let A be as in Proposition 2.1. There exists Cy > 0 such that, if A= A(t, x) and B = B(t, x)

satisfy
IA@) |2 + | B@)|I 2 < M(e™ 47Ty, (35)
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and if (v, ) is a solution to the MFG linearized system
—0,v—Av+ H,(x, Du)- Dv = g—;(x, m)(u(t)) + A, x) in(0,T)xT4,
o — Ap —div(uH,(x, Du)) —div(mHp,(x, Du)Dv) =div(B) in(0,T) x T, (36)
p(0, ) =po, (T, x)= %(x,ﬁl)(u(T))Jrvr(X) in T,
with de o =0, we have
lk@ll2 + 1DV 2 < Co((L+De™ + 1+ e T (| Dr 2 + ol 2 + M)
foranyt e [0, T].
Proof. Let v be the solution to

—3,0— Ab+ H,(x, Dit) - DV = A(t,x) in (0, T) x T4,
(T, x)=0 in T<.

Note for later use that, assuming A < w, we have
IDB(@) ]2 < CM (e +e7*T70), (37)

Indeed, using Lemma 1.2, we have
T
15(1) — (B(t)) |2 < C / e CDNAs) |2 ds < CM(e™™ e M1y,
t

Then the regularizing property of the equation leads to (37).
The pair (vq, 1) := (v — v, u) solves

—0,v—Avi+H,(x, Du)-Dv = %(x, m)(u(t)) in (0, T)xT¢,
Ot —Apy—div(ps Hy (x, Dit))—div(i Hpp (x, Dit) Dvy) = div(B+m H,,y(x, Dit) DY) in (0, T)xT¢,
110, )=, w10 =28 (i) ey (1) +or () in T,
where, by (35) and (37),
| B(t) +mH,,(x, Di)Do(t)|| 2 < CM(e ™ + e 2T 70y,
Using Propositions 2.1 and 2.4, we get
a2 + Do)l 2 < C(L+1)e™ + A+ T)e M=) (| Dvr |l 2 + Il ol 2 + M)

for any ¢ € [0, T']. Recalling the definition of (vy, ;1) and using again inequality (37) gives the result. [

2B. Estimates for the nonlinear system. Now we consider the nonlinear MFG systems. For the finite-
horizon problem, we have:
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Theorem 2.6. There exists y > 0 and C > 0 such that, if (u, m) is a solution of the MFG system with
initial condition mg € P(TY)
—&u—Au+H(x, Du) = F(x,m(t)) in(0,T)x T4,
om — Am —divimH,(x, Du)) =0 in(0,T)x T4, (38)
m(,-)=mo, u(T,x)=Gx,m(T)) inT
then, for some o € (0, 1),

| Du(t) — Dit||civa < C(e™"" +e 7T forallt €0, T],
Im(t) —i|jce < Ce"' +e 7T forallte[1,T].
In particular,

sup  Ju(t,x) —ia(x)— AT —1)| < C.
(t,x)€l0,T1x T4
Proof. We use a fixed-point argument. Let us start with the proof for initial and terminal conditions which

are sufficiently close to m and u respectively. Let K > 0 be small enough and y € (A/2, 1), where A is
given by Proposition 2.1. Let E be the set of continuous maps (v, ) on [0, T'] x T4 such that Dv is also
continuous and

1DVl + @)= < K(e™"" 77 T0).

We suppose that K is such that
m(x) > K forall x e T¢.

We also assume that the initial condition mg and the terminal condition ur are close to m and u (plus a
constant) respectively, namely that pg := mo —m and vy := uy — u satisfy

ol + | Dvrlloe < K 2. (39)

We may suppose further that ;1o and Dvr belong to C* (T4) for some « € (0, 1).
For (v, u) € E, we consider the solution (v, ft) to the linearized system

—0,0 — Av+ H,(x, Du)- Dv = g—;(x, m)(u(t)) + A(t, x) in (0, T) x T¢,
3t — Afi — div(iLH, (x, Dit)) — div(m H,p(x, Di) D) = div(B) in (0, T) x T4,
/1(09')=I’L0’ 5(T9 x)='UT(x) in —l]—da

with
A(t,x)=—H(x, D@ +v))+ H(x, Du)+ H,(x, Dit) - Dv+ F(x,m +p) — F(x, m) — g—rl;:(x, m)(u)
and
B(t,x)=m+wn)H,(x, D(u+v)) —mH,(x, Du) — uH,(x, Du) —mH,,(x, Du)Dv.
We note that m 4+ > 0 on [0, T] x T¢ and

IA@®) ||z 4 [1B@) || < CK2(e72V" 4727 T,
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Here we used that m — (8§ F/dm)(x, m, y) is Lipschitz (uniformly with respect to (x, y)), and H), is
Lipschitz as well.
From Theorem 2.5 we have, as y € (,/2, 1),

1A 2+ 1DF@) |2 < CKA (14 De™ + (14 T)e 770,
We upgrade the previous estimates to L° norms with our usual arguments: from Lemma 1.2 we have
[0(2) — (D(0)) || Lo
g SF
< Ce T ) — s +C [ e (PE o]+ 1400) ds
t
<CK*(1+0)e 4 (1+T)e Ty,

Then, in any interval [¢,  + 1], we have, by using the uniform parabolicity of the equation,

~ ~ ~ SF _ -
ID50e =€ sup [156) = (FD e + | 5 v GO |+ 14Ol |

and this concludes the estimate for || Dv(¢)| . Now, using the bound for Dv and B, we have

2 lloo = C sup [ll2()lr2 + 1DVl + [1B(5) [loo]

se(t—1,t)

and we conclude the estimate for ||i(?)]| 0. Notice that the above bounds hold upto t =0 and r =T by
using the condition (39) assumed on g and vy. Eventually, we obtain that

1A | + 1 DEE) e < CKA((1+1)e™ + 1+ T)e ™ T=D),
Since y < A, for K small enough we infer that
() oo + | D@ ||z < K7V 4+ e 7T

and (v, 1) belongs to E. In addition, & and v — (v) solve linear parabolic equations with bounded coeffi-
cients, so classical parabolic estimates [LadyZenskaja et al. 1968, Theorems II1.8.1, I1I.10.1 and III.11.1,
p. 196] imply that ji and D% are locally bounded in C*/>* for some « € (0, 1), with bounds that only
depend on the L°° norm of the coefficients. In particular, the map (v, u) — (v, ft) is compact and it has
a fixed point (v, ). Then (4, m) := (u, m) + (v, ) is a solution to (38) with terminal condition 7 and
which satisfies the decay

| Du(t) — Dia(t)||co + |m(t) — i) ca < K(e7?" 47 TD),

We now remove the smallness and regularity assumptions on the initial condition mg and the terminal
condition u7. Let (u, m) be the solution to (38). From Lemma 1.7 there exists 0 < 7 < T such that, if
T > T, then the solution to (38) satisfies, again for some « € (0, 1),

m(t) — )l c« + | Du(t) — Diil|ce < K> forallt e[r,T —1]. (40)
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From the first step we conclude that
lm(t) = nitllce + || Du(t) — Diillce < K(e77™9 4e77T=7=0) forallt € [r, T — 7).

Using Lemma 1.1 and changing the constant if necessary, we can extend this inequality for m to the
time interval [1, T']. Moreover, Du(t) — Du also satisfies a parabolic equation with uniformly bounded
coefficients. Thus it is bounded in C'+*/21+¢ (for some possibly different o, depending on the data only)
and we can improve the above inequality for « into

| Du(t) — Dit|| ci+a < C(e 7" +e7T=D) forallt € [0, T].
We finally prove the last bound on v := u — it — A(T — t). Note that v satisfies

—0;v— Av = A(t, x),
where
A(t,x)=—(H(x, Du) — H(x, Du)) + F(x, m(t)) — F (x, m),
SO
IA@®)|IL~ < Ce™ +e7T™D) forallt €[0, T].

Thus, by a standard heat estimate,
T
lv@) L= < Ce= T u(T) ||~ + C f e O A(s) | L= ds < C. O
t

Let us stress that the above proof provides an explicit smallness estimate on D(u — i) and m — m
for initial-terminal data which are correspondingly small. This allows us to derive the convergence of
u’ (0, x) as the time horizon tends to infinity, for the special case with initial measure mq = . This
result is a first key argument in the analysis of the long time behavior of the general MFG system and of
the master equation (Theorem 5.1 and Corollary 5.2).

Proposition 2.7. Forany T > 0, let (u’, m") be a solution to

—ul —AuT + H(x, DuTy = F(x,m™(t)) in(0,T)x T4,
dmT — AmT —divimT H,(x, DuT)) =0  in (0, T) x T4, (41)
m?0,-)=m, u'(T,x)=G(x,m(T)) inTd.

Then there exists a constant ¢ such that

lim u”(0,x)— AT =ii(x)+¢,

T—+o0
where the limit is uniform in x € T¢

Proof. The proof consists in showing that the quantity u” (0, x) —AT —it(x) is Cauchy in 7 in the uniform
topology and converges to a constant. In a first step, we show that there exists T > 0 large enough such
that u” (T — 1) and uT/(T’ — 1) are close in L* for T, T’ > 2t. Then we use Theorem 2.6 (and its proof)

to extend this proximity up to time ¢ = 0.
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Let us fix € > 0 small. Theorem 2.6 states that
IDu” (t) — Dit|| ci+a + |mT (t) =)z < C(e7 +e 7T forallr e[l,T], (42)

for some constant C independent of 7. Fix t large enough and let 7, T’ > 2t. If we consider
@’ "y, x) == @7, m")(¢ + T,x) and @7, m")(t,x) := @7, m")(t + T’, x), which are both
solutions of the MFG system in (—t, 0), the energy inequality gives

0 0
c—‘/ " +m")p@a" —a")? < —U @’ ey —a" @)’ (1) —n%T’(t))}
—7 JTd Td —7
< Td(ftT(—r)—ﬁT’<—r>>(n%T<—r)—n%T’<—r>>,

where we used that (47 —47)(0) = G (x, m” (0)) — G (x, m”'(0)) and the monotonicity of G. Using (42)
and the fact that 7, T’ > 2t we deduce that

0

A A / A ~A / —

/ @ +m"HDGT —aTH))? < Cce T,
—T ‘H’d

where C is independent of 7', T. Now we apply Lemma 1.1 and (42) to m” —m?" in the interval (—t, 0)
and we get

0 1/2
lm” @) —m" ()2 < Clim” (—=7) —m’ (—r)||Lz+C<f f(mT)2|D<ﬁT—ﬁT)|2dr) <Ce™ T,
T JT4

In particular, by the assumptions on F, G, there exists C > 0 such that

sup || F(x, m! (1)) = F(x,m” (t)llz= + |G (x, mT (0)) — G(x, T (0))||z= < Ce™".
te(—1,0)

By the comparison principle between 4”7 and &7 in (—t, 0), we conclude that
la" (=) =" (=D)lloc < C(1+ )77,
Hence we can choose 7 sufficiently large such that
" (T =) —u" (T =Dl < & 43)

for any T, T' large enough.
Now we extend the proximity of u” and ul” up to time ¢ = 0. Recalling that, by (42),

1Du"(T —7) — Ditl|oc < ¢
for any T large enough, there exists co(7") such that
" (T —7) =it = &o(T) |0 < Ce. (44)

Note that (43) implies that (co(7")) is Cauchy as T — 400 and thus converges to a limit c. Let y > 0 be
defined in the first step of the proof of Theorem 2.6; since (u”, m”) satisfy (39) with K =¢'/2, we can
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choose & small enough so that the fixed-point argument of Theorem 2.6 applies. Then, the restriction of
u”,mT) to [0, T — 7] satisfies

I Du’ (t) — Dit|| o + |mT (1) = ii)loo < €27 +e7T=7D) forallse0,T —1]. (45)

Integrating in space the equation satisfied by u” — i1, we get

‘/ @) —u' (T —7)) = MT — 1)
Td
T—1
< / |H(x, Du") — H(x, Di)| + |F (x,m" (t)) — F(x, m)| dx dt < Ce'/%.
0 Td

Using (45) (at time = 0 and at time t = 7 — 1) and Poincaré’s inequality, we infer therefore that

u” (0) —u” (T —7) = M(T — 1) [loo < Ce'/%. (46)
Combining (43), (44) and (46), we conclude that, for any T, T’ large enough,

" (0) — i = Go(T) = AT — D)lo = Ce' 2.
From this we can deduce that (u” (0, x) — AT) converges uniformly to i#(x) + ¢ as T tends to oo. Il

We also deduce from Theorem 2.6 crucial estimates for the linearized system around any solution
(u, m) of (38).

Corollary 2.8. There exists y > 0 and C > 0 such that, if (u, m) is a solution of the MFG system (38),
and if (v, p) is a solution to the linearized MFG system

—Btv—Av+Hp(x,Du)-Dv:%(x,m)(u) in(0,T)x T4,
o — Ap —div(uHy(x, Du)) —divimHp,(x, Du)yDv) =0 in (0,T) x T,
p(, ) =po, (T,-)= g—g(x,m(T))(M(T)) in T,
with [1q 1o = 0, we have
@iz + 1DV 2 < Ce™" + 7T uoll 2 (47)
and, for some a € (0, 1) depending only on the data,

sup |[v]lcz+e < Cllpoll(c2tey- (48)
t€l0,T]

Proof. We first need a priori estimates on (v, w). To this end we assume that (g € L*(T%), and we proceed
exactly as in Lemma 2.2 obtaining

T
/f m|Dv[*+ sup (|n®)ll3,+ I1Dv(®)ll72) < Collroll- (49)
0 JTd t€[0,T]
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Next we note that (v, w) is the solution to (36) with

A= —(Hy(x, Du) — Hy(x, Du)) - Dv + g—n];(x, m(1)) (1)) — g—Z(x, m) (1)),

B = u(H,(x, Du) — H,(x, Du)) + (mHp,(x, Du) —mH,,(x, Dit)) Dv

and
v (0 = 35 (e, m (1) (u(T)) = § (x, ) (u(T)).
Note that
|A®I;2 = CllDu = Dl | Dvll 2+ Cay (m(e), i) 1202
while
IBONz2 = CllDu = Dillo (1)l 2 + C (i m(0), ) + | Dutt) = Dilloo)| Du(®)] .2
and

lvrll = Cdi(m(T), i) || (Tl L2

Here we used once more that m — (§F/dm)(x, m, y), m+> (8G/dm)(x, m, y) and p — H,,(x, p) are
Lipschitz.
Using Theorem 2.6 and (49), we deduce

TAD 2+ IB®) 2 < Cllgoll g2 (e +e77T7),
Then Theorem 2.5 (used with A = y) and the bound (49) imply
ln@®llz2 + 1DVl 2 < C(A+0e™" + 1+ T)e” T ol 12

So we deduce (47), possibly for a smaller value of y.
Now we upgrade the above estimate by using weaker norms for w and stronger norms for v. For this,
we use Lemma 2.9 below, which states that

Ie(Mliz2 = Clipoll (c2+ay-
Applying our previous estimate (47) to the time interval [1, T'], we find that, for any > 1,
In@ll2 + D)2 < Ce ™V 47T () 2
< Ce™ +e TN poll crrey-

Lemma 2.9 also states that

sup |[[v(#) = (v(®))llc2+a + sup [l (D)ll(c2+ey = Clltoll(c2tay, (50)
1€[0,T] 1€[0,T1

so we also have

sup [IDV(D)llz2+ sup (Dl cavey < Cllptollcsay-
t€l0,1] t€(0,1]

Integrating in space the equation for v and using the above bounds on Dv and px then implies

{v())| < Cllpoll(c2tey forallz €[0, T].
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We can then deduce (48) from (50) and the above inequality. U

Lemma 2.9. Under the assumptions of Corollary 2.8, there exists a constant C > 0 (independent of T,
mo and (o) such that

sup [[v(®) — (W) lc2te + sup ()|l c2tey + |t (D 2 < Clloll 2oy
1€l0,T] 1€[0,T]

Proof. The estimate (49) gives

i T
c// m|Dv|2§/ / mH,,,,(x,Du)Dv-va/ v(0) g, (28]
0 JT1¢ 0o J1¢d T

where we used that (§G/dm)(x, m(T)) is a nonnegative operator. By duality, we also have

/ W()E = — f / mH,,(Du)Du- D + / )0,
Td 0 JT1d Td

where i solves (for some smooth terminal condition & at time ¢)

{—a,w — Ay + Hy(x, Du)- Dy =0 in (0,1) x T4,
Y(t,-)=£& in T<.

Since, by Lemma 1.2, ||¥(s) — (¥ (s)) |12 < ce U9 & llz2, we have by standard estimates

// |Dw|25||s||§+0/f W — ()P < CLEIR.
0JTd 0 JTd

Therefore,

t 1/2
/w u(t)§ < C(/O /w mIDv|2> &2 + 1Y (0) = (¥ (O | c2+e [l o ll (c2+y -
From (51) we deduce
A 0 < C(1(0) = Ol c2ve lollcrvey) 1€ 2 + 1 O) = (PO lczve ol crey.  (52)

To estimate last term, we note that, if # < 1, we have by Schauder estimates that

1¥(0) = (¥ (0) | c2+e < ClI || 2o,

while, if r > 1, we have, by Schauder interior estimates

¥ (0) = (¥ (0) lc2+e = CllY (D) = (Y (D)2 = CllEll 2 < ClIE ]l c2te- (53)
Coming back to (52) and taking the supremum over the & with || & || -2+« < 1, this implies
1/2 1/2
sup |1 ()| c2+ay < C([10(0) = (WOl 2 1201l vy + IR0l (c2tay ) - (54)
tel0,T]

Similarly, from (52) and (53) we also estimate

(D2 < C(I0O0) = O 110l 21y + oll c20ey). (55)
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We now have to estimate v(0) — (v(0)). First we have, by Lemma 1.2, that for any ¢ € [0, T']

v(t) — (W) ||oo < e @T=D

T
55 (v m(rnp(m)| _+ f e 8 msn | s
m o0 t m 00

= Csup [|u@)|l(c2tey, (56)
[0.7]

where we used that § F/8m, §G/Sm are C*** with respect to y. We also estimate Dv in L? in terms
of the same quantity due to Lemma 1.2. Next, the regularizing property of the equation for v — (v)
[LadyZenskaja et al. 1968, Theorem IV.9.1] implies that, for any ¢ € [0, T — %] and any 8 € (0, 1),

@) = O)llcres < vt +35) = (v +3))|,+C sup  [u)llc2eay
seft,t+1/2]
< C sup ()|l (c2+ey,
[0,7]
(where the constant depends on 8). Then considering the equation for v,, (fori € {1, ..., d}) and using
the uniform C? regularity of u as well as the C? regularity of D, (8 F/8m) in the y-variable as in (56),
we obtain in the same way, for any 7 € [0, T — 1]
log, Dllcres < v (t+3)] o +C( sup [DvS)lloo+  sup  [[(s)llc2ray)
selt,t+1/2] selt,r+1/2]
< C sup [|u(s)l(c2rey-
[0,7]

Choosing 8 = «, we have proved therefore that

sup  [[u(s) = (W)l < C sup (®)llc2vey-
s€[0,T—1] s€[0,T]

Using this inequality for [|[v(0) — (v(0)}|| c2+« in (54) then gives

sup ([ (@)l (c2rey = Clipoll 2ty
1€[0,T]

which in turn implies

sup  [[v(s) = (V($)) | c2e = Cllpeoll (c2tay-
1€[0,T—1]
Note that we can extend this inequality to the time interval [T —1, T'] by using the regularity of the equation
satisfied by v on this interval, the regularity of the terminal condition and the bound on || (2) || (c2+«y -
In the same way, from (55) we obtain

[z = Clirollca+ay- O

Remark 2.10. In order to estimate v in the C? norm, we have used in Lemma 2.9 the regularity condition
(FGc) on the couplings. However, by only using condition (FGb), we could similarly obtain a milder
estimate as

sup [[v() — (v(®))llct + sup [lu@®llcry = Cllrollcry- (57)
1€[0,T] 1€[0,T1
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Indeed, an estimate similar to (56) would hold in terms of || (#)||(c1y by using condition (FGb) since

o) — (V1)) [loo < e TV

T
59 (v m(rnu(m)| _+ f e 8L ey _as
m o0 t m 00

< Csup [y
[0.T7]
where we only used that (SF /8m,8G/8m are C! and globally Lipschitz with respect to y. Under the same
condition the estimate for Dv in L°° would follow. Eventually, with the same strategy as in the above
proof, by using C! rather than C>** and using estimates on v, we would get (57).

3. Exponential rate of convergence for the infinite-horizon MFG system

We now study the infinite-horizon discounted problem and show an exponential convergence towards a
stationary solution. The existence of this solution is new, as well as the convergence rate towards this
solution. The method of proof is close to the one employed in the previous section for the finite horizon.

3A. The stationary solution of the infinite-horizon problem.

Proposition 3.1. There exists 8o > 0 such that, if § € (0, 8), there is a unique solution (i’, m®) to the
problem (7). Moreover, for any é € (0, §p),

1Dt [loo + 81128 lloo + 17% |loe < C and  m®(x)>C7' forallx e T?,
Jfor some constant C > Q.

Proof. The existence of a solution can be achieved by a standard fixed-point argument, so we omit it. In
the same way, the regularity of i® and 7%° is standard. The strong maximum principle implies that m? is
bounded below by a constant independent of §. For proving the uniqueness, we argue as usual by duality,
see [Lasry and Lions 2007]: Let (11, m) and (u;, m3) be two solutions. We multiply the equation for
uy — up by m; —my and the equation for m; —my by u; — u,, we integrate in time and space and add the
resulting quantities to obtain, by Poincaré’s inequality,

C D —u)3, <8 /d(ul —uz)(my —my) < C3||D(uy — u2) || g2llmy —ma| 2.
T

Thus
ID(uy —uz)lp2 < Céllmy —mz||2. (58)

On another hand, by Corollary 1.3, we have
lmi —mall2 < Cl|Hp(-, Dur) — Hp (-, Duz)|l;2 < Cl|D(uy —uz)ll2 (59)
For § small enough, we deduce from (58)—(59) that m| = m, and Duy = Du,, whence u; = us. U

We now note that the solution (i°, n_q‘s) is close to (u, m), where ():, u, m) is the solution of the ergodic
problem (2):
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Proposition 3.2. We have
18i° — Alloo + 1D @@ — )|l 2 + | — |l 2 < C8Y2.

Proof. We use again the duality argument (consisting in multiplying the equation for u® — it by m® —m

8

and the equation for m® — s by u® — i, integrating in space and adding the resulting quantities) to get

CHD@ — )7, < /d(aﬁ‘S — )’ — ) < C8||Dit’||oo < C8.
T
Thus
ID@ =2 < C8Y2.
By Corollary 1.3, we have
I —iil2 < CID@ — |2 < €52,
The estimate between 8it® and A then comes from the comparison principle. O

3B. Exponential rate for the linearized system. Let (i®, m®) be the solution to (7). We consider the
linearized discounted problem around this solution

—3v+8v— Av+ H,(x, Di’) - Dv = g—Z(x, m®)(u(1)) in (0, +00) x T?,

O — Ap — div(uH, (x, D)) — div(m® H,, (x, Dia®)Dv) =0 in (0, +00) x T4,  (60)
w(, ) =po inTY, v bounded,

with fvd no = 0. As in Section 2A, the existence of a solution to (60) can be proved for pg € L*(T%)
by using fixed-point arguments and relying on the conditions enjoyed by é F'/dm and the smoothness of
(%, m®). In particular, one can first solve the system in a finite horizon ¢ € (0, n) with terminal condition
v(n) = 0, and then obtain a solution to (60) by letting n — co. Since § > 0, here ||6F /8m||s6~" is a
uniform bound with respect to n and leads to a bounded v in (60).

In the rest of this section, we are going to show that v actually enjoys a bound which is uniform in §
and that 4, Dv decay exponentially in L? as r — oo, uniformly with respect to 8.

Lemma 3.3. Let (v, i) be a solution to (60). Then we have

/ u@v() =0 forallt >0
‘[rd
and there exists a constant Cy > 0, independent of g and &, such that, for any t > 0,

()l 2 + 1 Dv() 2 < Collpoll 272

%y and p (i.e, we multiply the equation for e ~%’v by u and

Proof. We consider the duality between e~
the equation for u by e~%"v, we integrate in time and space and we add the resulting quantities); using

properties of (s, ms) from Proposition 3.1 we get

! [T v R dr < —[e—‘” /, v(t)u(t)} . (61)

n n
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Next we claim that
o0
c! / D)3, di < / 10v(0) = Clluoll211v(0) = (O 2. (62)
0 T

This inequality is obvious from (61) if we know that the limit e fw v(t)u(t) vanishes as t — 4o00.
For this we need a first rough bound on x. By Lemma 1.1 we have

t 1/2
Iz < Ce™ ol 2 +C[/ IDv(s)]7. ds} :
0
By (61), we get

t 1/2
I ll2 < Ce ™ uoll 2 + Ce®'/? [ / e | Du(s) |13, ds}
0

1/2

_ — 1/2
< Ce™™ |loll 2 + Ce™ w2l oll 2 + 211,21,

SO

()2 < Cse®2,

where Cs depends on 1o and 8. This inequality then implies

lim e /Tdu(t)v(t) =0

t—+00

and (62) holds. Note that (61) implies that the map t — e~ fw w(t)v(t) is nonincreasing, and we just
proved that it has limit O as ¢t — +oco. Thus it is nonnegative.
In light of (62) we revisit the estimate of . We have

! 1/2
In@®llz2 < Ce™ llpoll 2 + Ce™/? [ / e 1DV ()72 ds}
0
o 1/2 1/2
< Ce™||poll 2 + Ce™ 2l poll 5 1v(0) — (w(ON,5.

We plug this inequality into the usual estimate for v (Lemma 1.2): for any 0 <t <1y,
o) — ()l L2

141
< Ce D lu(ty) = (v(t)) || 2+C f e S0 u(s) | 2 ds

t
n
< Ce™ D u(r)—{v(t)) | 2+C f =200 (&7 | oll L2 A+Ce™ 2 ol S 11w ©0) — (v (O))11,5°) ds
< Ce™ D lu(t)— (v () | 2+C l ol 2e ™ +Cll ol 5 10 (O)— (v (O)) I 572,
Letting #; — +o00 gives
() — (WO)llz2 < Cllwoll e + Cllnoll 5 1v(0) — (WO || ,5 e/
Choosing ¢t = 0 and rearranging we find

[v(0) = (v(O0)) [l 2 < Clioll L2
So we have for any t > 0

L@l 2 + @) — WE) 12 < Cliuoll 277>
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We can then conclude by Lemma 1.2. U

Proposition 3.4. Let (i®, m®) be the solution to (7). There exist 8y, Cy, . > 0 such that, if (v, p) is the
solution to (60) associated with (i®, m®) and fw o =0, and if § € (0, &), then

IDV()lz2 + 11 @)l 22 < Collpoll2e™ forall 1 > 0.
In particular,

vl < C.
Proof. Let us set
P’ (t) :=supe™ / NOLION
T

Mo

where the supremum is taken over ||oll;2 < 1 and where (v, i) is the solution to (60) with initial
condition w(0) = wo. In view of the inequality (61), the map 0% is nonincreasing. Moreover, Lemma 3.3
states that p®(¢) is bounded independently of § and nonnegative. Then we set

p(t) =limsup ,0‘S (1).
§—0

Note that p is also nonincreasing, nonnegative and bounded. We denote by po its limit as t — +00. We
claim that po, = 0.
Indeed, let 1, — +o00, 8§, — 0, and ug with ||ugll 2 < 1 be such that

e ot / W ()" (1) = poo — 1
Td n
We let, for s € [—1,, +00),
0"(s) = e Pty +5) = (V1 (@0)), @) = e (1 ).

From Lemma 3.3 we know that 9", D9" and 1" are locally bounded in L. As the pair (", i) satisfies an
equation of the form (60), standard regularity estimates for parabolic equations with bounded coefficients
[LadyZenskaja et al. 1968, Theorem II1.10.1] imply that 3", D" and i" are locally bounded in C#/2:#
for some 8 € (0, 1). Therefore, up to a subsequence, denoted in the same way, (0") converges to v and
(n™) converges to fi locally uniformly, where by linearity (v, &) solves

{—8“7 — AV + H,(x, Di®) - DY = g—:;(x, m®) () in (—o0, 0) x T?,
d it — AL — div(LH,(x, Dit®)) — div(m® Hp, (x, Di®)Do) =0 in (—o0, 0) x T¢.

For any s <0 and any 7 > 0, we have, for n large enough,

/ ST (s) = e Ol / WA V" (1 +9) < e p%n (1, 4 5) < ¥ % (1),
T T
SO

/W R($)v(s) < p(1).
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Letting T — +o00, we find therefore
/ 1(s)v(s) < pso :f 1 (0)v(0) foralls <O0.
T¢ T¢

However fw f(s)v(s) is nonincreasing, so we also have the reverse inequality, and we deduce that this
quantity must be constant in (—oo, 0]. The duality relation (consisting as usual in multiplying the equation
for v by [t and the equation for & by v, integrating in time and space and adding the resulting quantities)
then implies Dv = 0 for any ¢ < 0, which gives po, = 0.

Next we claim that there exist y > 0, C > 0 and &g > 0 such that, for § € (0, §y), one has

p%(1) < Ce™" forallt > 0. (63)
Indeed, let ¢ > 0 small to be chosen later and let 7 > 0, &9 > 0 be such that
p’(t)<e forallr> Ty, 8 € (0,8). (64)

Fix 6 € (0, §p) and let (v, i) be a solution to (60). Inequalities (61) (combined with the fact that fvd v
is nonnegative) and (64) imply

15)
/ e IIDv(s)|172 ds < Cellpolly,  forall o1, 12 > To, 8 € (0, &)

13

Revisiting the estimate for ©, we have, for any #; > 0,

To+t 1/2
l(To + 1)1l L2 < Ce™" IIM(T0)||L2+C[f IDv(s)]17 dS} ,
Ti

0

s0, using Lemma 3.3 and the above estimate on Dv,

To+n 1/2
1Ty + 1)l < Ce™ 2] g | 2 4 CH Tt/ [/ e Du(s) I dS]
To
< Cllpoll 2> T2 (e~ (@+8/D1 4 1/2y

We choose #; large enough (independently of ¢ and § € (0, )) so that Ce™®" < % and ¢ so small that
Ce'/? < Alf. Setting T := Tp + ¢4, this yields

Il (@)llz2 < Slloll 2”72 (65)

Fix (v, ) a solution to (60). The pair (v, i) := (v(r + -), u(z 4 -)) is also a solution of (60) with initial
condition 2(0) = u(7). Since the equation is linear in wg and the quantity fvd w(t)v(t)is homogeneous
of degree 2, we have therefore

eét/l AO(@) < |u@ll7.0° () forall >0,
T

where
—5t ~ ~ __ 8t —8(t+1)
e /M(I)v(t)—e e /M(I+f)v(t+f)-
Td Td
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This implies
0 o) < 0 0,
Recalling estimate (65) and taking the supremum over ||uo|;2 < 1, we find

P’ (t+7) < 5p%(t) forallt > 0.

This easily implies (63).
We can now come back to the estimates of  and v for a given solution (v, u) of (60) with § € (0, &).
For ¢ > 0, we have, using Lemma 3.3, (61) and (63) successively,

t 1/2
Il 2 < Ce 2 lu(t/2) 2 + C[ / IDv(s)]I7, ds}
t/2

t 1/2
< Ce™ P2 ]| 2 + Ce‘”/z[ / eI Du(s)17- czs]
t/2
< C”M()”Lz(e—wl‘/z—i-&‘/z+e§t/2—]/l‘/4).

For § small enough, this implies

At

Iz < Climoll2e™™  forallz =0,

for some A € (0, w). Thus, by Lemma 3.3 applied on the time-interval [¢/2, +00),
IDv(D)l2 < Cll(e /D) 2e"* < Clipoll 2™

for some possibly different A > 0. The bound on ||v|| follows directly from the equation for v and our
regularity assumption on 8 F'/§m, which implies

182 e m®) || < Clulze < Clliollze™  forall 1 > 0. -
[e.¢]

In the next step we study a perturbed discounted linearized problem.
Proposition 3.5. Let (v, ) solve
—3v+8v— Av+ H,(x, Dii®) - Dv = g—:;(x, m®)(u(t)) + A(t, x) in (0, +-00) x T4,
dp — A —div(uH, (x, Dii®)) — div(m® H,,(x, Di®) Dv) = div(B(z, x)) in (0, +00) x T¢, (60)
w©,-)=po inTY, v bounded,
with fw wo =0, |[nollz2 <1 and assume that, for some y > 0,
IAD 2+ 1B 2 < e forallt = 0. 67)

If § € (0, 8y), then
@2 + I1DvO 2 < CA+1)e, (68)

where 6 := y A A and 8y, A > 0 are defined in Proposition 3.4.
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Proof. Using Proposition 3.4 and the linearity of the equation, we can assume, without loss of generality,
that po = 0. We first assume that A = 0. Throughout the proof, the constant C can depend on y .

Let us start with preliminary estimates. The duality identity (i.e., the equality obtained by multiplying

—ot

the equation for e~%"v by  and the equation for u by e~ v, integrating in time and space and adding the

resulting quantities) here implies

! [T e v ds < —[e‘” /, v(S)M(S)] o[ eTBokas @)

h n n

One can check, exactly as for the proof of Lemma 3.3, that

lim ™% fT ) w(HHv(r) =0.

t—+00

Then the inequality (69) and our assumption (67) on B imply
+00
/ e ¥ || Dv(s)]17. ds < C.
0

Arguing as before, we derive for p that

t 1/2
@2 < C[/O I Dv()II3 + 1Bl dS]

t 1/2
<Ce? [ / e (IDV($)I7: + 1 BO)II72) ds] <.
0
Thus, applying Lemma 1.2 (with T — o0) to e~%'v, we deduce
+o00
e lu@) — ()2 <C / e u(s) || 26 ds < Ce™/,
t

which gives
o) — () |2 < Ce™/2.
We set
pP(1) = suple ™ (In(0) 12 + I (1) = (L) 2],

where the supremum is taken over the B that satisfy (67) and where (v, i) solves (66) (with A =0 and
o = 0). Fix a solution (v, ) to (66) with A =0 and g = 0 and let us consider its restriction to a time
interval [7, +00). We can write

(v, w) = (vy, ) + (v2, K2),

where (vy, 1) solves on [t, +00) the homogeneous equation (60) with initial condition w;(t) = u(7)
and (vz, ) solves on [7, 400) the inhomogeneous equation (66) with u>(r) =0 and A = 0. By
Proposition 3.4 we have, for § € (0, &),

1 (z + )2 + 1Dvi(z + 1)l 2 < Coe ™ [|u()ll 2 < Coe ™ e’™/* forall t >0,
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while, as the restriction of B to [t, +00) satisfies

I|B(t +1)||2<e YTe ¥ forallt >0,
we have
2T+l 2+ o2t +1) — (va(T + 1)) 12 < e VT p%()e®  forall r > 0.
So
(@ + D)l + v +0) = + D)2 < Ce e 4777 p ()™
Multiplying by e %¢*®) and taking the supremum over B leads to
pé(f +t) < Ce*(}ri*ﬁ)t + e*(}/+3)rp8(t).

Setting # := y A A and considering the inequality satisfied by 9" p?(¢), we then obtain the exponential
decay of p°
pP(1) < C(L+1)e” O,

which implies, by the definition of P’ (1), that

Sl;p(llu(t)llL2 +llv(@) = W)l 2) < CA+ne™.

Once more we observe that, by Lemma 1.2, we can estimate ||Dv(¢)||;2 in terms of ||u(?)|;> and
lv(t) — (v(t))]l ;2. Hence (68) is proved when A = 0.
It remains to consider the case where A £ 0. Let v, be the unique bounded solution to

—0;v1 + v — Avy + Hp(x, Dﬁ‘s) -Dvy =A(t,x) in (0, +00) x T,

s

Using as before Lemma 1.2 for e °'v; and with T — 0o, we estimate

o0
o1 () — (0 ()2 < C / @O A(s) 2 ds < Ce ™.

t

Finally, using again Lemma 1.2 gives
1Dl 2 < Ce™".

Note that, if (v, w) is the solution to (66), then (v —wvy, 1) solves (66) with A=0and B’ = B+n_15prDv1 s
s0, applying the above estimate gives

@2 + 1DV 2 < C(1+1)e™™,
where 6 :=y A A. O
3C. Exponential rate for the nonlinear system. We now consider the infinite-horizon discounted non-
linear MFG system (5). Let us recall that this system is well-posed and that we have Lipschitz estimates:
Lemma 3.6. Under our standing assumptions, for any 8 € (0, 1) there exists a unique solution (u®, m®)

to (5). Moreover, for any o € (0, 1), there exists a constant C > 0, independent of &, such that

| DUl || cvarziva + sup  [[m?(1)]loo < C.
te[l,00)
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Proof. Existence and uniqueness of the solution rely on standard arguments, discussed for instance in
[Lions 2010]. In particular, the unique solution can be obtained as limit of solutions in horizons 7,, — oo

with the terminal condition u(7}) = 0; this way one can prove, exactly as in Lemma 1.5, that Du® is

8

uniformly bounded, and one also has a uniform bound for 186 ||l o. As a consequence, m° is uniformly

bounded in [1, +00) thanks to Lemma 1.1 and is (uniformly) Holder continuous in time with values in
P(T4); see estimate (17). Finally, by considering the equation of (u° )x;» namely

3 (), +8W’)y, — AW’)y, + Hy, + Hy - D(u®)y, = Fy,,

the parabolic regularity applied in any interval (¢, ¢ + 1), jointly with the uniform bound already found
for || (u®) x |loo, implies the desired estimate upon Du®. More precisely, by only using that F(x, m) is
uniformly bounded, and the bound on H, and H,, we deduce a bound for (u‘s)xi in C(He)/2.14a for any
a € (0,1). (|

The main result of this part is the following exponential convergence of the discounted problem.

Theorem 3.7. Let (u®, m®) be the solution to the discounted MFG system (5). There exist y, 8o > 0 and
C > 0 such that, if § € (0, 8), then

IDWl(t) —i®) ||z < Ce™" forallt >0, (70)
lm®(t) — ||~ < Ce™" forallt > 1. 1)

Proof. The proof is very close to the proof of Theorem 2.6. Let
E:={(v, ), [Dv®)]lz=+ @)= < Ke 7},
where K > 0 and y > 0 are to be chosen below. We assume that K is small enough so that
m’ > K inT%
We also assume that the initial condition is close to m?%, namely g := mqo — m® satisfies
ol < K.
We consider the solution (v, fi) to (66) with initial condition 1 (0) = g,
A(t,x) = —H (x, D(#i°+v))+H (x, Dit®)+H,(x, Dit®)- Dv+F (x, m’+p)— F (x, n‘qa)—g—:;(x, m®)(w),
B(t,x) = (m°+p) Hy(x, D@’ +v))—m’ H,(x, Dit®)—wH, (x, Dit®)—m’ H,, (x, Dii’) Dv.

We note that
IA@) ||z 4 1B@) || < CK 272",

From Proposition 3.5 we have

@)z + DT 2 < CK2(1 +1)e™",
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where 8 := 2y A L. Using the smoothing properties of § F/§m and the parabolic regularity of the equation
satisfied by v — (v), exactly as in Theorem 2.6 we can upgrade the above estimate to

IA(O]loo + DT oo < CK2(141)e™"".
So if one chooses y € (0, A), we infer that
(O] L + 1D |1 < CK2e™".

For K small enough, this implies that (9, ji) belongs to E. Note that o, D% and j are bounded in C%/%¢
because they solve parabolic equations with bounded coefficients. So the map (v, u) — (v, [t) is compact
(say in W1 x L>°) and thus has a fixed point (v, «®). Then (u?, m®) := (@®, m®) + (v?, u®) is a solution
to (5) which satisfies the decay

Im® (1) — m®|loo + 1D’ (1) — @®)||oo < Ce™?" forall t > 0.

It remains to remove the assumption on the initial condition mg. For this we only need to show
that there exists a time 7 > 0 such that, for any mg € P(T?), the solution (u®, m®) of (5) satisfies
|m®(T) —m®|| o < K2 Indeed, we can then apply the previous result to the restriction of (u®, m%) to the
time interval [T, +00).

By the duality relation (consisting here in multiplying the equation for u® — iz’ by m® — m® and the
equation for m® — m® by u® — it®, integrating in time and space and adding the resulting quantities), we

have
%) 15}
c! / e ID (1) — i) |17. dt < —[e—‘” / (u’ (1) =) (m® (1) — n‘f)] : (72)
I3 Td 1
Thus
+00
c! / e IDW (1) — i) |I7. dt < / (u’(0) =) (mo —m®) < C (73)
0 T¢
because u® is uniformly Lipschitz continuous in space (see Lemma 3.6). As u’ :=m® —m? satisfies

g’ — Ap’ —div(u’ Hy(x, Du’)) = div(m® (H,(x, Dii®) — H,(x, Du®))),

and still using the fact that Du® is bounded, Lemma 1.1 implies that, for any ¢ > 1,
t 1/2
Im® (@) =i 2 < Ce= "V lm® (1) — | 2 + C™ 72 [ / e IDW (s) — )72 ds} :
1

Recalling that m?® is bounded in L>® (Lemma 1.1), we find

8t/2

|m®(t) —m®|| 2 < Ce for all r > 1.

Let T > 2 to be chosen below. Coming back to (73), there exist #; € [1, T] and t, € [3T + 1, 4T] such that

s _ C
e DWW (1) — )3, < -
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Then from (72) we deduce

%)
c! f eI DW’ (1) — )|, dt

n
< e DG’ () = @) 2llm® (0) = |2 + e D’ (1) — @) |2 llm® (1) — [l 2 < CT V2.

Then, as ) <T <3T +1 <1, <4T, we have, for any ¢ € [2T, 1;],

th 1/2
m? (£) —m®|| 2 < Ce™CT=mb (1)) —m® || 12 + Ce’2/? [ / e MDD (t) — i®)|3 dr}
n
< Cefa)TezST/Z + Ce28T T71/4‘ (74)

Notice that, by choosing T large, and then § small, the above inequality implies that m® () — m?® is
sufficiently small for any ¢ € [27, 3T']. In order to conclude, we only need to upgrade this estimate to the
L norm.

To this end, recall that w® := u?

— it® solves the equation

—3w’ 4+ 8w’ — Aw® +V? . Dw’ = F(x, m®(r)) — F(x, m®),
where V4 = fol H,(x, Dit® + sD(u® — i®)) ds is uniformly bounded. Since we have, by Poincaré’s
inequality,

e 2w’ (1) — (W (1) 17, < Ce | Dw’ ()3,

=< p—}
- T
applying Lemma 1.2 to e =% w? we deduce that, for t € [2T, 2T +2],
15}
lw (1) — (Wl (1)) | 12 < Ce 27D wd (1) — (P (12)) || 25~ 4-C / e 0 1m? (5) —m? || 2797 ds
t

e(S(tftz/Z) t
< Ce— @D 7 L C(e T AT LT T 1/4) / e~O6=DBU=8) g
t
where we also used (74). Recalling that t € [2T, 2T +2] and t, € [3T 4+ 1,4T], we have t — /2 > 0, so
if § is small enough compared to @ we conclude that
lw® (1) = (W’ )l 2 < Cle™ T2 42T T4,
We apply once more Lemma 1.2 to estimate Dw?(t) in (2T, 2T + 1): we deduce that
1D (1) — )2 < Cle™®T? 4 XTI

for every t € (2T, 2T +1). In fact, since D(u’(r) — i®) is bounded, a similar estimate actually holds in
L? for all p < oc:
IDWE (1) — @) || 1r < C(e=@T/P 4 MT/PT=1/2P))

Recalling the estimate (74), by parabolic regularity used for the equation of u’ in the interval
(2T, 2T +1), we conclude that the L norm of M‘S satisfies a similar estimate for, say, ¢ € (2T + %, 2T + 1).
In particular, we can fix T large and &g > 0 small such that in this interval we have M8 (1) —m®|| o < K2
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for any § € (0, 8p). We notice that the choice of T (and so §p) only depends on K, which is only dependent
on the data. This means that the estimates (70) and (71) have been proved to hold for t > Tz, for some
Ty only depending on the data. On the other hand, the global gradient bound implies

ID@® (1) — )| < Ce™ TR

for some constant C > 0 and for every t € [0, Tg] and a similar estimate holds for |mé () — m®|| L~ for
t € [1, T¢]. Hence (70) and (71) are proved in the whole time range. O

Let us underline the following consequence of our estimates on the solution to the linearized system
—3v+8v— Av+ H,(x, Du®) - Dv = g—;(x, m®())(u(1))in (0, +00) x T4,
o — Ap —div(uH,(x, Du®)) — diV(m‘Spr(x, Du®)Dv) =0 in (0, +00) x T4, (75)
w(, ) =puo inTY, v bounded.

Notice that the system has been now linearized around the pair (u°, m®) which solves the discounted
MFG system (5).

Corollary 3.8. There exist 6,89 > 0 and a constant C > 0 such that, if § € (0, 8y), then the solution
(v, u) to (75) with de o = 0 satisfies

IDv(O)l;2 < Ce ™ llpollz2 forallt >0,
Il < Ce " llpoll 2 forallt > 1.

In addition, for any o € (0, 1), there is a constant C (independent of § € (0, 8y)) such that

sup [v(@)[|c2+« < Cllpoll 2ty
t>0

Proof. As in the proof of Lemma 3.3, we have a preliminary estimate:

()22 + 1DV [ 22 < Collpoll 2¢” 72
We rewrite system (75) in the form (66) with
A(t, x) == —(H,(x, Du’) — H,(x, Dii’)) - Dv + ﬁ—,’;u, m® (1)) (1u(t)) — g—i(x, m°) (1)),
B(t, x) := —u(H,(x, Du’) — H,(x, Dit®)) — (m® H,, (x, Du’) — m® H,,(x, Dii®)) Dv.
From Theorem 3.7, we have, for § small enough,
IA@ 2 < Ce™"(IDV] 2+ @) 12) < Ce™ Y™ poll 2 < Ce ™ol 12

In the same way,
I1B(t)ll 2 < Ce 2|\ ol 12

Then Proposition 3.5 implies

IOl 2+ I1Dv 2 < CA+1)e "ol 2.



1438 PIERRE CARDALIAGUET AND ALESSIO PORRETTA

The above estimates combined with the maximum principle imply that v is bounded in L* by

sup [[v(*)lloe = Cllreollz2-
1[0, 7]

In order to change the left-hand side ||v(?)||oo into ||v(¢)||c2+« and the right-hand side | ig]|;2 into
2ol (c2+ey, one can proceed as in Corollary 2.8. Il

4. The master cell problem

In this section we study the master cell problem:

)\,—AXX(x,m)+H(-x’ DXX(x7m))_/
T

+ [ Doy (6, m, ¥)- Hy(y, Dax (v, m) dm(y) = F(r,m) in T4 x P(TY.  (76)
‘[rd

) diVy(DmX(x» m,y))dm(y)

We prove that this equation is well-defined in a suitable sense: there is a unique constant A for which the
master cell problem has a “weak” solution in T¢ x P(T¢). Moreover we prove that A is also the unique
constant for which the ergodic mean field game system (2) has a solution (A, i, m).

Let us stress that a weak solution of (76), according to our next definition, is not necessarily C! with
respect to m, so (76) is not formulated classically. Instead, the equation is interpreted as is often done
with transport equations, by requiring somehow that the value of the solution is obtained through the
characteristic curves. By considering weak solutions, we avoid some lengthy and involved estimates
which are needed to achieve the C! character with respect to m. The reader is referred to [Cardaliaguet
et al. 2019] for this issue. For our purposes, the context of weak solutions is enough to characterize the
ergodic limit.

Definition 4.1. We say that the pair (A, x), with A e Rand  : T¢xP(T4) - Ra map, is a weak solution
to the master cell problem (76) if x and D, x are globally Lipschitz continuous in T¢ x P(T¢) and if x
satisfies the two conditions

(i) x is monotone, i.e.,
/ (x(x,m)—x(x,m))dm—m')(x)>0 forallm,m e P(Td),
‘[fd

(i) for any mg € P(T?), and any T > 0, whenever we consider the unique solution (u, m) to
—qu+r—Au+H(x,Du)=F(x,m) in(0,T)xT?,
oym — Am —divimH,(x, Du)) =0 in (0, T) x T¢, (77)
m(os')=m0’ M(T,)=X(X,m(T)) in —l]—d’

then we have y (x, mg) = u(0, x) for any x € T

Let us make some comments about the above definition. Firstly, the monotonicity condition on x
ensures the uniqueness of the solution (u, m) to (77). Secondly, if x = x (x, m) is a weak solution, then
x is actually C? in the space variable x because so is the solution u of (77) at time ¢ = 0. Thirdly,
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condition (ii) implies that in (77) one actually has x (x, m(¢)) = u(t, x) for any (¢, x) € [0, T] x T¢, som
solves the McKean—Vlasov equation

om — Am —divimH,(x, Dx (x,m(t)))) =0, m(0, ) =my. (78)
The Lipschitz continuity of D, x ensures that this equation has a unique solution.

Theorem 4.2. There is a unique constant A € R for which the master cell problem (76) has a weak
solution. The constant X is also the unique constant for which the ergodic MFG problem (2) has a solution.
Besides, if x is a solution to (76), then x (-, m) is of class C 2 foranym € P(T4) and

D.x(x,m) = Dii(x) forallx €T,
where (u, m) is a solution to (2).

The proof requires several steps. As usual, we build the solution through the discounted problem, for
which we have to show uniform regularity estimates (independent of the discount factor).

4A. Estimates for the discounted master equation. In order to build a solution to the cell problem, we
consider, for § > 0, the discounted master equation (6). Let us recall, see [Cardaliaguet et al. 2019], that
U? can be built as follows: for any mq € P(T), let (u®, m®) be the solution to (5). Then

U®(x, mg) = u®(0, x). (79)
The next lemma collects standard estimates on U?°.

Lemma 4.3. Let U® be the solution to (6). Then, for any o € (0, 1), there is a constant C, independent of
mo and 8, such that

18U+, m)|loo + | DxU° (-, m)||c1va < C  forallm € P(T?).

Proof. Let (u®, m®) be a solution to (5). As u® is a bounded solution to the first equation in (5), it is well
known that

sup |8u‘3(t,x)| < sup |H(x,0)|+ sup |F(x, m)|.
(t,x)€[0,4+00)x T4 xeTd (x,m)eTd xP(T9)

This yields the uniform estimate on ||§U°%||oo. From Lemma 3.6, we know that Du® is bounded in
CcU+@/2.14e for any o € (0, 1); this implies the same bound on D, U°. O

The next result states that U? is uniformly Lipschitz continuous with respect to m.

Proposition 4.4. Let U 5 be the solution to (6). Then, for any a € (0, 1), there exists a constant C,
depending on o and on the data only, such that

DU (- m, ) 2ta1ta < C. (80)

In particular, U%( -, -) and D U®( -, -) are uniformly Lipschitz continuous.



1440 PIERRE CARDALIAGUET AND ALESSIO PORRETTA

Proof. Let us fix mg € P(T9), and let (u®, m?) be the solution to (5). We use the following representation
formula, see [Cardaliaguet et al. 2019]: for any smooth map g, we have

)
Adilm(x,mo,y)uo(y) dy =v(0, x), 1)

where (v, i) is the unique solution to the linearized system
0, +5v = Av+ Hy(x, D) Do = S0 (em @) (u(@) i (0, +00) x T,
dp — Ap —div(uH,(x, Du)) — div(m® H,,(x, Du’)Dv) =0 in (0, +00) x T4, (82)
w(, ) =po in T, v bounded.

If we suppose that fw o = 0, Corollary 3.8 states that

sup [v(@)[[c2+e < Cllpoll 2oy
>0

for any o > 0. By (81) and
sU°® s
Dy~ - (x.mo, y) = DnU"(x, mo, y),

we infer exactly as in [Cardaliaguet et al. 2019] that

IDnU° (-, mo, ) 2sa14a < C. O

Remark 4.5. We stress that the uniform Lipschitz continuity of U°(-, -) and D, U®(-, -) would require
milder assumptions than those needed to prove (80). Indeed, by only using condition (FGb) on the
couplings, we can replace the conclusion of Corollary 3.8 with the estimate

sup [[lv@lcr = Cllmollcrys

t>0

which would follow as explained in Remark 2.10. With this latter estimate in hand, using (81) with
o = Dy (y) (for ¥y smooth), it follows that

sU°
[, 208 omo, 3w 00 dy = Cllall ey = CI L,
Td m
which yields
| D D1 U° (x, mo) |0 < C.

Since D2 U®(x, m) is estimated from Lemma 4.3, this would imply the Lipschitz uniform bound for
D U(-, ).

In the following, we actually only use this information in order to prove the existence of a weak
solution to the master equation and the convergence of the ergodic limit.

We finally establish that U® is monotone:

Lemma 4.6. For any § > 0 the map U® is monotone.
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Proof. Fix mg, m{y € P(T?). Let us recall that U®(x, mg) = u®(0, x), where the pair (u®, m?) solves (5)
with initial condition mgy. We denote by (u’, m’) the solution of (5) with initial condition m(). Then by
duality (consisting here in multiplying the equation for u® — u’ by m® — m’ and the equation by m® — m’

by u® — u’, integrating in time and space and adding the resulting quantities), we have

d

Lo / (2, ) = (1, X)) (m® (¢, %) —m' (1, X)) dx <0,
dt Td

where, as u® and u’ are bounded and m® and m’ are probability measures,

lim e—‘”/ W, x)—u'(t, x))(m® @, x) —m'(t, x))dx = 0.
‘[rd

t—+00

This proves that
/ (U° (x, mg) — U° (x, my)) d(mo — mp)(x) = / @®(0, x) —u' (0, x)) d(mo —mp)(x) >0. O
‘[[d Td

4B. Existence of a solution for the master cell problem.

Proof of Theorem 4.2. Let us start with the proof of the existence of the solution to the master cell problem.
The proof of the uniqueness of the ergodic constant is given in Proposition 4.7 below.

For § > 0, let U® be the solution to the discounted master equation (6). We have seen in Lemma 4.3
and Proposition 4.4 that U® and D,U? are uniformly Lipschitz continuous and that U? is bounded.
We set We(x, m) = U®(x, m) — U?(0, m). Then W? is bounded and uniformly Lipschitz continuous
on the compact space T¢ x P(T¢), so it converges, up to a subsequence, to a continuous map x :
T¢ x P(T?) — R. Since D, W? is also bounded in Lipschitz norm, we deduce that D, x is Lipschitz
continuous (in T¢ x P(T¢)). Moreover (§U°(0, m)) converges (along the same subsequence, without
loss of generality) to some constant A.

Next we prove that x is a weak solution to (76). We already know that x and D, x are Lipschitz
continuous with respect to both variables. In addition, x is monotone thanks to Lemma 4.6. Let T > 0,
mq € P(T?) with a smooth density and (w?, m®) be the solution to

—d,w® +8wd +8U%0, m) — Aw’ + H(x, Dw®) = F(x,m®) on (0, T) x T?,
9,m® — Am® — diV(m‘SHp(x, Dw’)) =0 on (0, T) x T¢,
m?(0, ) =mg, w(T, )= Wox,m’(T)) on T¢,

By definition we have W®(x, m®(T)) = U®(x, m*(T)) — U%(0, 1) and we know that U®(x, m%(t)) =
u® (¢, x) for all #, where u? is the solution to (5). Hence we deduce that

w(t, x) = ul@t, x) = U0, m) = We(x, m* (1))

forall (£, x) € (0, T) x T% In particular, by Lemma 3.6, w? is uniformly bounded in C'+%/%:2%¢ for some
a € (0, 1), while m? is uniformly bounded and uniformly continuous on [0, T'] with values in P(T?). So
there exists a subsequence, still denoted for simplicity by (w?, m?), such that w® converges in C'-? to a
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map w and m® converges in co(0, T1, P(T%)) to a map m. The pair (w, m) is a solution to
—dw+Ar—Aw+ Hx, Dw)=F(x,m) in(0,T) x T¢,
oym — Am —divimH,(x, Dw)) =0 in (0, T) x T¢,
m(O")=m09 w(T,)=X(x,m(T)) in —l]—d'
As the solution to this equation is unique (because y is monotone), we derive that (w, m) is the unique
solution to (77). Moreover, as w® (0, x) = W?(x, mg), we also have at the limit w (0, x) = x (x, mo). This
proves that x is a weak solution to (76). U

Let us now come back to the ergodic MFG problem (2). We denote by (A, i1, m) the solution to this
equation.

Proposition 4.7. Let (A, x) be a solution of the ergodic master equation. Then we have A = A and
Dy x(x,m) = Du(x).
Proof. Let us fix T > 0 and let (u, m) be the solution to

—qu+r—Au+H(x,Du)=F(x,m) in(0,T)xT?,
om — Am —divimH,(x, Du)) =0 in (0, T) x T¢, (83)
m(0,-)=m, u(T,-)=xx,m(T)) inT9

We have already noticed that m is the solution to the McKean—Vlasov equation
dm — Am —div(mH,(x, Dy x (x, m(1)))) =0, m(0,-)=m,

which has a unique solution because D, x is Lipschitz continuous. This means that m is defined indepen-
dently of the horizon 7. As we know that u(z, x) = x (x, m(t)), the same holds for u. Then, from the
usual energy inequality applied to (« — i, m —m), we have, forany 0 < <1, <T,

15) m +n_1 4]
/ / —|Du—Dﬁ|2§—C[/ (u—ﬁ)(m—n'i)i| . (84)
1 JTd 2 G Il
The right-hand side is bounded because u(t, -) = x (-, m(¢)) and u are bounded, so
T
/ / m|Du — Di|> < C. (85)
0 JT¢
By Lemma 1.4 we have
sup |[lm(t) —m|l2 < C. (86)
1€[0,T]

As m is bounded below, (85) implies that there exists t7 € [T /2, T] such that fw |Du(tr)— Diu|> <2C/T.
In particular, for T large enough, we have, by (84) applied with 1, =0 and #, = f7,

1 tr
/ |Du—Da|2s/ |Du—Dﬁ|25—c/ wtr) — @) (m(er) — 1)
0 JTd 0 JTd Td

=< —C/Td(u(tT) —u — (u(tr) —u))(m(tr) —m)

< C||Du(tr) — Dii|| 2 < CT™ /2,
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by Poincaré’s inequality, (86) and our choice of ¢7. Letting T — oo we can conclude that Du = Du on
[0, 1] x T9. Therefore, m satisfies

om — Am —divimH,(x, Du(x))) =0 on 0, 1) xT9,  mQ,-)=m.

But this equation has m as a unique solution, which shows that m (¢, x) = m(x) on [0, 1] x T, Since the
McKean—Vlasov equation (78) is autonomous, we finally have m(t) =m and Du(t,x) = Dy x(x, m) =
Dii(x) for any (¢, x) € [0, T] x T¢ and, as a consequence, A = A. Il

5. The long time behavior

We now fix a solution y to the master cell problem and, given a terminal condition G : T¢ x P(T¢) - R
satisfying our standing assumptions (see Section 1A), we consider the solution to the backward equation

—,U(t,x,m)—AU(t,x,m)+H(x, D, U(t,x,m))
_/ div(D,U(t, x,m,y))dm(y)
‘[[d

+/ DU (t,x,m,y)-H,(y, DU (t,y,m))dm(y)=F(x,m) in (—oo,O)xTFde(Td),(87)
‘[[d

U0, x,m)=G(x,m) in T?xP(T9).

We recall that the existence of a unique classical solution to (87) was proved in [Cardaliaguet et al. 2019].
Here is our main convergence result.

Theorem 5.1. Let x be a weak solution to the master cell problem (76). Then, there exists a constant
¢ € R such that

tlim U(t,x,m)+rt = x(x,m)+c,
——00

uniformly with respect to (x, m) € T4 x P(T9).
Moreover, we also have that D, U (t, x, m) — Dy x(x,m) as T — 0o, uniformly with respect to (x, m).

Theorem 5.1 implies the convergence of the solution of the MFG system as 7' — +o0.

Corollary 5.2. Let ¢ be the constant given in Theorem 5.1. For T > 0 and mqo € P(T%), let u™, m") be
the solution to (1). Then, for any t > 0,

lim u”(t,x) = MT — 1) = x(x,m(t)) +c,
T— 400
where the convergence is uniform in x and m solves
om — Am —divimH,(x, Dyx(x,m))) =0, m(0) =my. (88)
Moreover, for any § € (0, 1),
lim u (8T, x)— (1 —8)AT = x(x,m) +c,
T—+00

where (i, m) solves (2) and where the convergence is uniform in x.
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In particular, when ¢ = 0, we get

lim uT(O, x) — AT = x(x, mg) +c.

T— 400

Proof of Corollary 5.2. We know that u” (t,x) = U(t — T, x, m” (t)) and that m” solves the McKean—
Vlasov equation

dm” — Am” —divim” H,(x, D,U(t — T,x,m))) =0, m"(0) =my.

As x - D, U(t, x, m) is bounded in C I (see Proposition 5.3 below), we know from Theorem 5.1 that,
as T — +oo, (D,U(t —T,-,-)) converges uniformly to D, x. So, for any t > 0, m’ converges in
C9([0, t], P(T4)) towards a solution m of (88). Then again by Theorem 5.1, we have

lim u’(t,x)+2¢—=T)= lim UG—T,x,m' @)+r(t —=T)= x(x,m@)) +c.
T—+00 T—+o00

Let us now fix § > 0. From Theorem 2.6, we have that m” (§T) converges (exponentially fast) to 7.
Hence, by Theorem 5.1 again, we have

lim uT(aT,x)—(l—a)J\TleiT U(—1=8)T,x,m"8T)) — (1 =&)AT = x(x,m)+c. O
— 400

T—+o00

The proof of Theorem 5.1 relies on estimates on U (¢, -, - ) (independent of ) developed in the next
section.

5A. Lipschitz estimates of the solution U. We collect here the main estimates satisfied by the solution
of (87). They actually follow from the estimates developed in Section 2B for the solution (1, m) of the
MFG system.

Proposition 5.3. Let U be the solution to the master equation (87). Then there exists a constant C such
that

Sup ||U(ts5m)+)_\t|lcz+a+||DmU(ta5ms)||2+(¥,1+0l Sca (89)
t<0, meP(T9)

while

sup U@, x,m)—U(s,x,m)| <C|t —sll/2 foralls,t <0, |s—t] <1.
(x,m)eTd xP(T9)
Proof. Let us recall that, for any 79 <0 and mg € P(T4), one has U (ty, x, mgy) = u(ty, x), where (u, m) is
the solution to the MFG system

—0u —Au+ H(x, Du) = F(x,m) in (to, 0) x T4,
dm — Am — divimH,(x, Du)) =0 in (to, 0) x T9,
m(ty, -) =mo, u(0,-)=G(x,m(0)) inT<.

By Lemma 1.5, we have the Lipschitz bound || Du ||~ < C, uniform with respect to the horizon fy. This
proves that | D, U |~ < C and, in turn, that m is uniformly Hélder continuous in time with values in
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P(T4); see (17). Furthermore, from Theorem 2.6 we get an estimate for U(t — T, x, m) at time ¢ = 0;
namely, that there exists a constant C, independent of 7, such that
”DXU(_T? ) m0)||Cl+a E Ca
IU (=T, x,mg) = AT | < C.
Therefore, we deduce that

sup  ||U(t, -, m)+At||c2+a < C.
t<0, meP(T9)

Following [Cardaliaguet et al. 2019], the derivative of U with respect to m can be represented as

sU
/d 5 105 %5 o, Y)io(y) dy = v(to, x), (90)
T

where, for any smooth map ug : T¢ - R, (v, ) solves the linearized problem
—atv—Av—i—Hp(x,Du)-Dv:g—Z(x,m)(u) in (9, 0) x T¢,
o — Ap —div(uH,(x, Du)) —divimHp,(x, Du)Dv) =0 in (fp, 0) x T4,
u(to, ) = po, v(0,-)= %(x, m(0)) (1 (0)) in T4,

Our aim is to provide estimates on v in order to show the uniform Lipschitz regularity of U with respect
to m. We assume that frd o = 0 since we are only interested in D,,U = D, (8U /5m). Then Corollary 2.8
states that

sup [[v(#)[|c2+« < Cllpoll(cr+ey-
tel0,T]

This proves that

=< Cllpoll(crtay
C2ta

for any smooth map g with de no = 0. Therefore, as in [Cardaliaguet et al. 2019], we obtain

oU
[, 55 o, o o)y

I1DnU (10, -, mo, - )ll24a, 140 < C. €2y

It remains to check the time regularity of U. For this, let us first check that u is globally %—Holder in
time. Let us recall that u is globally Lipschitz continuous in space. So, integrating in space the equation
for u, the map t — (u(t)) is globally Lipschitz continuous. Then the map (¢, x) — u(z, x) — (u(t))
is globally bounded in L, is globally Lipschitz continuous in space and solves a heat equation with
bounded right-hand side; therefore it is %—Holder continuous in time. This implies the global Holder
continuity in time for u. As U(¢, x, m(¢)) = u(t, x) and U is uniformly Lipschitz continuous in m, we

have, for g <s <1y+1,

(U (s, x, mg) — Uy, x, mo)| < |U(s, x,mg) —U(s, x,m(s))| +|U(s, x,m(s)) — Ulty, x, mp)|

< Cdy(mg, m(s)) + u(s, x) — u(to, x)|

< Cls —10|"* + |u(s, x) — u(to, x)| < Cls —1o]/2,
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where we used the uniform regularity of m in time (since H, (-, Du) is bounded, see Remark 1.6) for the
second inequality, and the uniform Holder regularity in time of « in the last one. (|

Remark 5.4. We stress that if we only use the regularity condition (FGb) on the couplings, then we can
replace the conclusion of Corollary 2.8 with the first-order estimate (57) and obtain, rather than (91),
the milder estimate || D,, DU (¢, x, m)||c < C. This is actually enough to conclude with the uniform
Lipschitz bound for U and D, U, which is what is only needed in the proof of Theorem 5.1.

5B. Proof of Theorem 5.1. We are now ready to prove our main result.
Proof of Theorem 5.1. Let x be a weak solution to the master cell problem (76). For T > 0, let us consider
UT(t,x,m)=U@—T,x,m) for (t,x,m) € (—oo, T] x T x P(T?).
Then U7 solves
—3,U"—=AU"+H(x, D,U)
- /d div(D, U" (t, x,m, y)) dm(y)
T—i— /W D, UT(t,x, m, v)-H,(DU(t,y,m,y))dm(y)=F(x,m) in (—o0,T) x T4 x P(TY),

UT(T, x,m)=G(x,m) in T x P(T%).

By the Lipschitz regularity of U and D, U and the bound in (89) (Proposition 5.3), the family {U T, 9+
A —T))r is relatively compact in C "R x T x P(T9). Let T, - 400 be any sequence such that
(t,x,m)— U, x,m)+1(t = T),) locally uniformly converges to some V (¢, x, m). Then V is a weak
solution to

—,VH+A—AV+H(x,D:V)— | div(D,,V(t,x, m,y))dm(y)
‘U’d

+/ D,V (t,x,m,y)H,(y, D,)U(t,y,m,y))dm(y) = F(x,m) in RxTYxP(T4) (92)
Td

in the sense that V satisfies similar requirements to those in Definition 4.1. Namely, V and D,V are
uniformly Lipschitz continuous in x and m and %—Hb’lder continuous in the time variable, V' is monotone
in m and satisfies that, for any #; < #, and if (u, m) solves the MFG system

—du+A—Au+ H(x, Du) = F(x, m) in (t;, ) x T4,
dm — Am — div(mH,(x, Du)) =0 in (t;, 1) x T4, (93)
m(t19'):m07 u(t27'): V(IZ’xam(IZ)) in Td?

we have V (t1, x, mg) = u(t;, x) (and so V (¢, x, m(t)) = u(t, x) for any ¢t € [t1, r]).

Our goal is to show that V (¢, x, m) — x (x, m) is constant. Let us recall that Proposition 2.7 implies
that UT (0, x, m) — AT — i converges to a constant ¢ as T — 4o00. Hence V (0, x, m) = u(x) + ¢. Since
x (x, m) = u, this shows that, if V (¢, x, m) — x (x, m) is proved to be constant, then this constant will be
equal to ¢, and independent of the subsequence (7},).
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Let us fix mo € P(T¢). Let T > 0 be large and (u, m) be the solution to the MFG system (93) with
t; =0 and #t, = T. We note that m is the unique solution to the McKean—Vlasov equation

dm — Am —divimH,(x, D,V (t,x,m))) =0 on [0, T]x T¢,
o (94)
m(0) = my in T¢.
In particular, since V and D,V are globally Lipschitz in m, this implies that m and u are defined
independently of the horizon 7' (meaning that, for t € [0, T'], u(¢t,-) :=V (¢, -, m(¢)) and m(¢, - ) do not
depend on T').
In the same way we define (it, m) to be the solution to the MFG system

—dii+1— Aii+ H(x, D) = F(x,m) in (0, T) x T¢,

dm — Am — div(m Hy(x, Dii)) =0 in (0, T) x T¢,

m(0,-)=mg, (T, )= x(x,m(T)) inT?.
As before we note that (i1, m) does not depend on the horizon 7, that u(¢, x) = x(x,m(¢)) for any
t € [0, T] and that 1 is the unique solution to the McKean—Vlasov equation

om — Am —divimH,(x, Dyx(x,m)) =0 on [0, T], m(0) = my. (95)

Using the result of Theorem 2.6 with both G(x,-) =V (T, x,-) and G = x (x, - ), we have (changing u
into u +A(T —¢) and i into i 4+ A(T — 1)),

lm(t) — i)l + () = hi]loo < Ce™ ¥ 47Ty re[l,T],

where (u, m) is the solution to the ergodic MFG system (2). But since m and m do not depend on the
horizon T, here we can let first T — o0, and then ¢t — 00, so we conclude that both m(¢) and m(r)
converge to m as t — +00.

Applying once more the standard estimates on the MFG systems, we have

T T
/ (m+n~1)|Du—Dﬁ|2§—C|:/ (u—ﬁ)(m—nﬁ)] =—C/ w(T)—u(T))m(T) —m(T))
0 JT1d T 0 T

since m(0) = m(0) = mg. As u and u are uniformly Lipschitz continuous in space and m(T) and m(T)
have the same limit m as T — 400, we deduce that

T
lim / (m + )| Du — Dii|*> = 0.
0 JTd

T—+00

In particular, as m (and m) are regular and bounded below by a positive constant on intervals of the form
[e, T'] with ¢ > 0, we deduce that Du = Du on [, T] and thus on [0, T']. Therefore m and m solve the
same equation, which implies m(t) = m(¢) for any ¢+ > 0. Coming back to the equations satisfied by u
and u gives d,u = d,u, so there is a constant ¢ such that u(¢, x) = u(¢, x) 4 c. In other words

Vi, x,m()) = x(x,m())+c forallt>0.

Notice that the above conclusion holds for any given mq € P(T¢) and the constant ¢ could depend on m
at this stage. But we are going to show that this is actually not the case.



1448 PIERRE CARDALIAGUET AND ALESSIO PORRETTA

Indeed, let us choose my = m. Then Proposition 4.7 says that m(¢) = m(¢t) = m. We denote by ¢ the
constant found above, i.e., u(t, x) = u(t, x) 4+ ¢. By definition, this implies V (¢, x, m) = x (x, m) 4 c.
Now, for any mg € P(T?), we recall that the solution m(r) = /i (t) converges to m as t — +o00. By the
uniform Lipschitz continuity of y and V with respect to m (uniform in (¢, x)), this implies

[V, x,m@) =V, x,m)|+ |x(x,m(@)) — x(x,m)|— 0 ast— oo.
Since
lc—cl=|VE, x,m@) — x(x,m(t)) — (V(, x,m) — x(x,m))],

by letting + — oo we deduce that ¢ = ¢. In particular, we have proved that
V(0, x,mg) = x(x,mg)+¢ forall mge P(TY).

Finally, we can apply the above reasoning to the translation V(- + ty, x, m) for any #p € R. It turns
out that ¢ = lim;_, o V(¢ + 19, x, m(t)) — x (x, m(t)), which is clearly independent of #y. Therefore we
conclude that

V (t9, x, mo) = x (x,mg) +¢& for all (fy, x, mg) € R x T¢ x P(T9). O

Let us point out that any weak solution of the ergodic master equation solves (92). So the above proof
actually shows that two solutions of the ergodic master equation differ only by a constant:

Corollary 5.5. If x| and x, are weak solutions of the ergodic master equation (76), then there exists a
constant ¢ such that
x2(x,m) = x1(x,m)+¢ forall (x,m) e T xP(T).

6. The discounted problem

We now investigate the behavior, as § — 0%, of the solution U? of the discounted master equation (6).
Our main result is:

Theorem 6.1. Let U® be the solution to the discounted master equation (6) and (., it, m) the solution of
the ergodic problem (2). Then, as § — 01, U% — 1/8 converges uniformly to the solution x to the master
cell problem (76) such that y (x,m) = u(x) + 0, where 0 is the unique constant for which the following

linearized ergodic problem has a solution (v, i):

12+0_—A17+Hp(x,Dﬁ)-Df)=g—Z(x,n'@)(ﬂ) in T4,
— A —div(iH,(x, Dii)) —div(m H,,(x, Di)Dv) =0 in T¢, (96)
Jraft= [ra©=0.

Let us comment a bit more on the normalization condition x (x, 7i7) = it (x) +6 which selects the unique
limit of the discounted master equation (6), according to the above result. As we shall see in the next
section, given any (not necessarily normalized with zero average) solution u to

X — Aii + H(x, Dii) = F(x, m)in T¢, (97)
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there is a unique constant § for which (96) admits a solution. However, since i is unique up to addition
of a constant, the sum i + 6 will be uniquely determined. Indeed, by changing i through the addition
of a constant, the value 6 will be translated accordingly. In other words, one can say that the limit of
U® — 1/8 is the solution x of the master cell problem (76) such that x (x, m) coincides with the unique
solution of (97) for which the constant § vanishes.

Exactly as for the time-dependent problem, we can infer from Theorem 6.1 the limit behavior of the
solution of the discounted MFG system:

Corollary 6.2. Let my € P(T4) and, for 6 > 0, let u®, m®) be the solution to the discounted MFG

system (5). Then
lim u®(0, x) = 4/8 = x (x, mo),

uniformly with respect to x, where x is the solution of the ergodic cell problem (76) given in Theorem 6.1.

6A. An additional ergodic system. Given a solution u of the MFG ergodic problem (2), we investigate
the ergodic problem (96). The heuristic justification of (96) is that we expect the solution @@®, m%) of (7)
to be of the form

u5~%+12+0_+817, m® ~ i+ 8, (98)
and, in view of (7), the equation satisfied by (0, v, i) should be (96).
We start the proof of the existence for (96) as usual, by a discounted problem:

Lemma 6.3. Let A, B € L®(T4). For § > 0 small, there is a unique solution %, ub) e whoe(T?) x
L>®(T4) to the discounted system

_ - OF _ .
i+8v — A+ H (x,Du).Dv‘S:—(x,m)(u,‘s)—l—A in T4,
{ P sm (99)
—Apd —div(u Hy(x, Dit)) — div(m Hp, (x, Di)) Dv®) = div(B) in T4,
with fw M‘S = 0. Moreover, there is a constant C > 0 (independent of 8, A and B) such that
18V’ [loo + 1DV [loo + 114° oo < C(1+ [[Alloo + | Blloo)-

Proof. Existence of a solution runs with a standard fixed point, so we omit it. The duality relation (here
between v° and 1) gives (using Poincaré’s inequality)

CHIDV|7, 5/ (it +8v° — A)yp’ + B - D’
‘H'd

< (IDiill ;2 + 81DV || 12 + AN ) I N 22 + Bl 2 |1 DVl 12,
SO

-1/2 1/2 1/2
IDV(l2 < C(UIDaNY +HALH LS + 816l 2 + 1Bl 2).

By Corollary 1.3, we have

-1/2 1/2 1/2
1182 < CUDV 2 + I Bll2) < C(UDal )+ NAIL I 1) + 814 ll2 + 1Bl 2).-
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So, for § > 0 small enough, we obtain
111l < CUIDill 2 + 1Al 2 + 1Bl 2)-
This implies the same bound for Dv® and, by the maximum principle, the estimate
18v° loo < C(llitll > + | Ditll g2 + | Bll 2 + 1Al ).

Moreover, considering the equation satisfied by w := v® — (%), we have by local regularity for weak
solutions [Gilbarg and Trudinger 1977, Theorem 8.17] and Poincaré’s inequality

[V = () oo < C(1+[0° — (V°)[|12) < CA+[[DV[I12) < C(1+ it |l yro + [ All Lo + | Bl 2).

Then by classical elliptic regularity [Gilbarg and Trudinger 1977, Theorem 8.32], we have, for any
a € (0, 1),
1° = () llcrse < CA+ llillyroe + [ Allz + 11 Bl 2)-

We can now apply the local regularity for weak solutions to u® [Gilbarg and Trudinger 1977, Theo-
rem 8.17]) and infer that

11 llce < CUIDV oo + 1Blloo) < Clllillwie + | AllL + || Bll ). u

Proposition 6.4. Let (A, i, m) be a solution of the ergodic system (2) and (v®, u®) be the solution to (99)
for A and B satisfying
[Alloo + [ Blloo = Cé

for some constant C. Then, as § — 07,

Sy — 8. ) Esu wES L
where (0, v, u) is the unique solution to (96).
Proof of Proposition 6.4. Passing to the limit in (99) (up to a subsequence) provides a constant 6 (limit
of §(v?)), amap v € W (limit of v® — (v%)) and a map i € L™ (limit of ®) which solve (96). The
uniqueness of Dv (and hence of v) and of i can be established by the standard duality argument of [Lasry

and Lions 2007]. Then 6 is unique by the equation. The full convergence of (8(v%), v® — (v%), u®) holds
by uniqueness of the limit. 0

6B. Proof of Theorem 6.1. The proof of Theorem 6.1 consists mostly in showing that the heuristic
relation (98) holds.

Proposition 6.5. Let (A, i, m), (@®, m®) and 0, v, ) be respectively solutions to (2), (7) and (96). Then

>

lim [ — % —ia—0| + ||m®—m|s =0.
§—0t 1) o

Proof. The argument is very close to the proof of the exponential rate (see Theorem 2.6). Let

E={(v, ) € W' (T4 x L¥(T) : [8v]loo + | DV loo + lltllo < C},
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where C is to be chosen below. For (v, W) € E, we consider the solution (v, j1) to (99) with

A(x) == 5—1(—(H(x, D(ii 4 8v)) — H(x, Dii) — 8H,(x, Dii) - Dv)
+ F(x,m+8u) — F(x,m) — 82—:;@, na)(u,)),

B(x) :=8""((m +8u)H, (x, D(it + 8v)) — mHy(x, Dit) — i Hp(x, Dit) — 8m H,yp(x, i) Dv).

As
IAlloo + | Blloo < CC 28,

we have, by Lemma 6.3 (and for § small enough),
189lloc + 1DDlloo + I 2lloe < C(1+ || Allo + 1 Bllog) < C(1+C29).

We can choose C such that, for § small enough, the right-hand side is less than C. Then we can easily
conclude that the map (v, 1) — (9, 1) has a fixed point (v°, u?). Note that (1/8 + it + 8v°, m + 8u°)
solves (7) and therefore is equal to @@®, m®). Hence, by Proposition 6.4, we deduce

Hfﬁ _ % —i —éH = 1160 — 0l < 180° — (W) loo + [8(1%) — 8] — 0 as 8 — 0,
o0
which completes the proof. O

Proof of Theorem 6.1. Recall that we have uniform Lipschitz estimates on U® and on D, U? (Lemma 4.3
and Proposition 4.4) and that any converging subsequence is a weak solution of the ergodic master
equation (proof of Theorem 4.2). Therefore, we only need to show that U® — §~'X has a limit when
evaluated at some value. For this, let (i, m°) be the solution to (7). As (i#°, m?%) is also a stationary
solution to (5), we have

Ul(x,m®) =i’(x) forall x e T?.

We have seen in Proposition 6.5 that, as § — 0, m® converges to 712, while 2’ —8 !\ converges to it +6. O
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ON THE COST OF OBSERVABILITY IN SMALL TIMES FOR
THE ONE-DIMENSIONAL HEAT EQUATION

JEREMI DARDE AND SYLVAIN ERVEDOZA

We aim at presenting a new estimate on the cost of observability in small times of the one-dimensional
heat equation, which also provides a new proof of observability for the one-dimensional heat equation.
Our proof combines several tools. First, it uses a Carleman-type estimate borrowed from our previous
work (SIAM J. Control Optim. 56:3 (2018), 1692—-1715), in which the weight function is derived from
the heat kernel and which is therefore particularly easy. We also use explicit computations in the Fourier
domain to compute the high-frequency part of the solution in terms of the observations. Finally, we use
the Phragmén-Lindelof principle to estimate the low-frequency part of the solution. This last step is done
carefully with precise estimations coming from conformal mappings.

1. Introduction

Setting. The goal of this work is to analyze the cost of observability in small times of the one-dimensional
heat equation. To fix the ideas, let L, T > 0 and consider the following heat equation, set in the bounded
interval (—L, L) and among some time interval (0, T'):

du—02u=0 in (0,T)x (=L, L),
ut,—L)=u,L)=0 1in(0,7), (1-1)
u(0,x) = uo(x) in (—L, L).

In (1-1), the state u = u(¢, x) satisfies a heat equation, with initial datum u¢ € HO1 (=L, L).

Our main goal is to study the cost of observability in small times 7" of the problem (1-1) observed
from both sides x = —L and x = 4 L. To be more precise, let us recall that it is by now well known that
there exists Co(7, L) such that all solutions u of (1-1) with initial datum u¢ € HO1 (—L, L) satisfy

lu(T) L2~y < Co(T. LY(19xu(t. —L) | 20,7y + 10xu(t, L)l £2¢0,1))- (1-2)

In fact, the existence of the constant Co(7, L) is a consequence of the null controllability results in small
times obtained by [Egorov 1963; Fattorini and Russell 1971] in the one-dimensional case. From now on,
we denote by Co(T, L) the best constant in the observability inequality (1-2).

A precise description of the constant Co(7, L) as T — 0 is still missing, despite several contributions
in this direction, which we would like to briefly recall here. First, [Seidman 1984] showed that

limsup T log Co(T, L) < o0, (1-3)
T—0
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MSC2010: 30D20, 35K05, 42A38, 93B0S.
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while [Giiichal 1985] proved that
liminf 7 log Co(T, L) > 0. (1-4)
T—0

Besides, due to the scaling of the equation, Co(7, L) depends only on the ratio L2/ T. Therefore, the
quantity 7 log Co(T, L) should be compared to L2 We list below several contributions:

liminf 7' log Co(T.L)= 117 [Miller 20041,

—0

liminf 7 log Co(T, L) = 3 L? [Lissy 2015],
T—0

limsup 7 log Co(T, L) <2(36)*L2  [Miller 2006],
T—0

limsup T log Co(T, L) < %Lz [Tenenbaum and Tucsnak 2007].
T—0

Main result. Our contribution comes in this context. Namely we prove the following result:

Theorem 1.1. Setting

r'(1)? -1 I'(n+1
Ko=%—|— (4)2 > 1" I §) (Ko >~ 0.6966), (1-5)
821 = 2n+1) F(n + Z)
where I denotes the gamma function, we have
limsup T log Co(T, L) < KoL?. (1-6)
T—0

In fact, for all K > Ky, there exists a constant C > 0 such that for all T € (0, 1], for all solutions u of
(1-1) with initial datum ug € H} (—L, L),

%2
u(T) exp (ﬁ)
Remark 1.2. The constant Ky in (1-5) can alternatively be written as

1, 2 Jy In(eot($)) eosydr
Yoo Vesdr

2

KL
< Cexp( 1 ) (st ~Dlizry + st D). 0D

L2(—L,L)

Ko =

(1-8)

see Proposition 2.3 in Section 2.

Theorem 1.1 slightly improves the cost of observability in small times when compared to [Tenenbaum
and Tucsnak 2007]. However, we do not claim that this bound is sharp, and this remains, to our knowledge,
an open problem. In particular, we shall comment in Section 4F a possible path to improve the estimates
given in Theorem 1.1.

In fact, we believe that Theorem 1.1 is interesting mostly by its proof, presented in Section 2, which
combines several arguments. In particular, it uses a Carleman-type estimate, which was already used in
[Dardé and Ervedoza 2018] to derive a good description of the reachable set for the one-dimensional heat
equation in terms of domains of holomorphic extension of the states. This Carleman-type estimate is
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used to reduce the problem of observability to an estimate of the low-frequency part of the solution of
(1-1). Then, we shall use Fourier analysis on the conjugated heat equation to get an exact formula for the
high-frequency part of the solution of (1-1) in terms of the observations. The last part of the argument is
a complex analysis argument based on the Phragmén—Lindel6f principle. We refer to Sections 2 and 3 for
the detailed proof of Theorem 1.1.

Let us also mention that Theorem 1.1 is strongly connected to control theory. Indeed, let us consider
the following null-controllability problem: given 7 > 0 and y¢ € L?(—L, L), find control functions
v_, vy € L%(0, T) such that the solution y of

9y —33y=0  in(0,T)x (=L, L),
y(t,—=L)=v_(t) in(0,7),

. (1-9)
y(t,+L)=v4(t) in(0,7),
y(0,x) =yo(x) in(=L,L),
satisfies
y(T,x)=0 in(—L,L). (1-10)

It is well known, see, e.g., [Egorov 1963; Fattorini and Russell 1971], that for any 7" > 0, one can find
controls v_, vy of minimal (L?(0, T))? norm, depending linearly on yo € L?(—L, L), such that the
controlled trajectory, i.e., the solution of (1-9), satisfies (1-10). Besides, the Z(L?(—L, L); (L?(0, T))?)-
norm of the linear map yg > (v—, v4) is precisely Co(7, L). In other words, Co(7, L) also characterizes
the cost of controllability for the one-dimensional heat equation.

We emphasize that Theorem 1.1 also allows us to tackle some multidimensional settings. Namely, as
a consequence of Theorem 1.1 and the control transmutation method, see [Miller 2006], one gets the
following corollary:

Corollary 1.3. Let Q be a smooth bounded domain of R%, and let Ty be an open subset of 9. Let
a=a(x) € L®(Q; Mz (R)) and p € L*®°(2; R) be such that there exist strictly positive numbers p—, p+,
a— and a4 such that for all x € Q and & € R4,

a_|E’ <a(x)é-E<arlEl’. p-<p(x)<ps.

Further assume that there exist a time Sy > 0 and a constant C > 0 such that, for any (wg, wy) €
HO1 () x L%(R), the solution w of

p(x) dssw —div(a(x)Vw) =0 in (0,5) x 2,
w(s,x)=0 on (0,85) x 092, (1-11)
(w(0, x), dsw(0,x)) = (wo(x), wi(x)) in L

satisfies a(x)Vw -n € L%((0, So) x I'y) and

[[(wo, w1) ”H&(Q)XLZ(Q) < Clla(x)Vw - nllp2(0,50)xTo)- (1-12)
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We define Co(T, 2, 'g) as the best constant in the following observability inequality: for all ug € HO1 (M),
the solution u of
o(x)d;u —div(a(x)Vu) =0 in(0,T) x 2,

u(t,x)=0 on (0,T)x 02, (1-13)
u(0, x) = uo(x) in Q
satisfies
lu (D) L2(ary < Co(T, 2, To)lla(x)Vu - nl 20, 7yxTy)- (1-14)
Then we have
lim sup T log Co (T, 2, Top) < KoSZ. (1-15)
T—0

Corollary 1.3 uses the transmutation method and therefore the observability of the corresponding wave
equation (1-11), which has been well-studied in the literature. In particular, if the coefficients p and a
are C2(Q), according to [Bardos et al. 1988; 1992; Burq and Gérard 1997], the wave equation (1-11)
satisfies the observability inequality (1-12) if and only if all the rays of geometric optics meet I'g in a
nondiffractive point in time less than Sy. In the case of coefficients p and @ which are less regular, let
us quote [Fanelli and Zuazua 2015] in the one-dimensional case with p and a in the Zygmund class,
and [Dehman and Ervedoza 2017] in the multidimensional case for coefficients p € C%(R) and a = 1,
with p satisfying a multiplier-type condition similar to the one in [Ho 1986; Lions 1988] in the sense of
distributions (and p locally C 1 close to the boundary, see [Dehman and Ervedoza 2017, Section 4.2]).

Let us emphasize that Corollary 1.3 can be applied in the one-dimensional case as well for coefficients
in the Zygmund class [Fanelli and Zuazua 2015], thus allowing a more general class of coefficients than
in the analysis of [Miller 2004; Tenenbaum and Tucsnak 2007], which is done for p = 1 and a € C?
(and, possibly, a continuous potential). But even in the case Q = (=L, L), To={-L,L}, p(x) =1,
a(x) =1, we get So = 2L and thus we obtain an estimate on the cost of observability of the form

limsup T log Co(T, (—L, L), {—L,L}) < 4KoL?,
T—0

instead of (1-6). In other words, we have a loss of a factor 4, so that the results in [Miller 2004; Tenenbaum
and Tucsnak 2007] are better than ours in the one-dimensional case for a coefficient a in (1-13) which
belongs to C2. Therefore, we shall also explain how Theorem 1.1 can be extended to a multidimensional
case directly when the observation is performed on the whole boundary; see Theorems 4.1-4.2.

Let us mention that the proofs of the observability inequality of the heat equation for general smooth
bounded domains €2 and observation in an open subset 'y of the boundary in [Fursikov and Imanuvilov
1996; Lebeau and Robbiano 1995] yield that

limsup 7 log Co(T, 2, Tp) < oo,
T—0

while on the other hand, [Miller 2004] proves

liminf 7 log Co(T, 2, T'o) = % supd(x, Tp)>.
T—0 Q
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To our knowledge, getting more intrinsic geometric upper estimates on the cost of observability in small
times in such general settings is still out of reach. In fact [Laurent and Léautaud 2018] shows that upper
estimates on the cost of observability in small times cannot be linked only to the maximal distance to
the control set and are deeply related to the geometry of the domain and of the observation set; see
Remark 4.3. However, in geometrical cases which can be obtained by tensorization, some estimates can
be obtained; see [Miller 2005] and Section 4B for more details.

We shall also mention that estimating the observability constant in small times for the heat equation
in the one-dimensional case is related to the uniform controllability of viscous approximations of the
transport equation; see [Coron and Guerrero 2005; Glass 2010; Lissy 2012; 2015]. We refer in particular
to Section 4G for a more precise discussion on this problem. In particular, the proof in [Lissy 2012],
when combined with Theorem 1.1, easily yields an improvement of the results known on this problem;
see Section 4G and Theorem 4.10 for more details.

As we have seen in the above discussion, there are still some open questions on the observability of
the one-dimensional constant-coefficient parabolic equations, despite the efficiency and robustness of the
approach based on Carleman estimates [Fursikov and Imanuvilov 1996; Lebeau and Robbiano 1995].
This has justified the development of new manners to derive controllability of parabolic equations, and
we shall in particular quote the flatness method developed in [Martin et al. 2014; 2016], a heat packet
decomposition [Gimperlein and Waters 2017] and the backstepping approach [Coron and Nguyen 2017].
Our method comes in this context and provides what seems to be another approach to obtain observability
results for the heat equation.

Outline. Section 2 presents the main strategy of the proof of Theorem 1.1 using several technical results
that will be proved afterwards, in Section 3 for the ones using new arguments and in the Appendix for a
Carleman-type estimate (Theorem 2.1) which can be found also in [Dardé and Ervedoza 2018] in a slightly
different form. Section 4 provides several comments on Theorem 2.1 and its generalization, including a
discussion on what can be done in the multidimensional setting (Section 4A), when the geometry has a
tensorized form (Section 4B), or when the observation is on one side of the domain (Section 4C) or on
some distributed open subset (Section 4D). We also present in Section 4E an alternative proof of a weaker
version of Theorem 1.1 based on the uncertainty principles of [Landau and Pollak 1961] and the result in
[Fuchs 1964], recovering the result of [Tenenbaum and Tucsnak 2007]. This will lead us to discuss the
possibility of improving the estimate of the cost of observability in small times in Theorem 1.1 by using
a better bound than the one provided by the use of Phragmén—Lindelof principle for entire functions;
see Section 4F for more details. We end up in Section 4G by giving a consequence of our result on the
problem of uniform controllability of viscous approximations of transport equations. The Appendix gives
the detailed proof of a rather easy Carleman estimate which is one of the building blocks of our analysis.

2. Proof of Theorem 1.1: main steps

As said in the Introduction, the proof of Theorem 1.1 relies on several steps.

The first step is the following Carleman-type estimate.
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Theorem 2.1. For any smooth solution u of (1-1), setting
2 2

4t

z(t,x) = u(t, x) exp(x ), (t,x)e(0,T)x(—L,L), (2-1)

we have the inequality
L L2 L L T
/ 10x2(T, x)|*dx — —= | |2(T,x)*dx < — | t(|0xu(t,—L)|* +|dxu(t, L)|*)dt. (2-2)
L 47?2 )1 T2 Jo
Theorem 2.1 is based on the study of the equation satisfied by z in (2-1). As u satisfies the heat
equation (1-1), the function z in (2-1) satisfies

9z 4+ 29 Z+LZ—822—L—ZZ=0 (t,x) € (0,00) x (=L, L)

t T2t X7 42 T ’ T
z(t,—L)=1z(t,L) =0, t € (0, 00), (2-3)
z(0,x) =0, xe(—L,L).

One can therefore perform energy estimates on (2-3), which will eventually lead to (2-2). In the
Appendix, we prove a slightly more general result, encompassing also some multidimensional settings,
see Proposition A.1, from which one immediately derives Theorem 2.1 by setting 2 = (—L, L) and
g=0.

Note that Theorem 2.1 was used in [Dardé and Ervedoza 2018] in time 7 > L? /7 in order to describe
the reachable set of the one-dimensional heat equation. Estimate (2-2) is somehow a Carleman estimate
even if here no parameter appears in the proof. In fact, it rather corresponds to a limiting Carleman
estimate as the conjugated operator (2-3) does not satisfy the usual strict pseudoconvexity conditions
of [Hormander 1985]. We refer in particular to [Dos Santos Ferreira et al. 2009] for other instances of
limiting Carleman weights in another context, namely elliptic operators.

The second step of our analysis amounts to realizing that the solutions z of (2-3) could be explicitly
solved using Fourier analysis if one extends the solution z of (2-3) by zero outside the space interval
(—L, L). We therefore introduce, for ¢ € (0, T],

z(t,x) (: u(t, x) exp(x ; )) forx e (=L, L),
0 forx ¢ (—L, L).

In view of the above definition, it is then natural to set w(0, -) = 0, since it is consistent with the above

2 2

w(t,x) = (2-4)

definition when taking the limit # — 0. This function w satisfies

2
B+ 0w+ %w _Rw— %w — 0u(t, L)L — dxu(t,—L)s_p. (1,x) € (0,00) x R
w(0,x) =0, x eR.

Using Fourier transform, one can then compute explicitly

w(T,g)szw(T,x)e—’fx dx,

L (2-5)

at least for some frequency & € C:
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Proposition 2.2. For a = 0, define the sets (see Figure 1)
bu={E=a+1beC:(a,b) e R*with |a| = |b| +a}. (2-6)

Let w be given by (2-4) corresponding to some smooth solution u of (1-1).
Then, for any § € €,/(2T)»

T LT LT 2m2 L2
(T, £) =/0 \/?(—axu(z,—L)elEr +0gu(t, Lye™ )~ ET =) G=1) gy 2-7)

In particular, for any a > L/(2T), setting

1
Cy(T) = , 2-8
1) v L(a—L/(2T)) 2-8)
for all & € Gy, we have
[B(T. &)| < Ca(T)VT eSO (0 cu(-, L)l z2¢0.7) + 19xu (-, =LY 22¢0.7)- (2-9)

The proof of Proposition 2.2 is done in Section 3A and relies on explicit computations. In particular, it
gives a precise L°° bound on the high-frequency component of w(7) given by (2-4) corresponding to a
smooth solution u of (1-1).

The third step of our analysis consists in the recovery of the low-frequency part of w given by (2-4).
In order to do that, we recall that w(7, -) is the Fourier transform of a function supported in [—L, L].
Therefore, its growth as |J(§)| — oo is known, while W(T,-) is holomorphic in the whole complex
plane C. Combined with the fact that we have nice estimates on W (7, -) in %, for @ > L?/(2T), we are
in the position to use Phragmén-Lindelof principles to estimate w (7, - ) everywhere in the complex plane,
but more importantly on the real axis R.

Proposition 2.3. Let L. > 0, a > 0 and f be a holomorphic function on G, = C\ Gy (see Figure 1) such
that:

o There exists a constant Cy such that

forall§ € 00y, | f(§)| < Coexp(|S(§)|L). (2-10)

e There exists a constant Cy such that
forall§ € O, | f(§)] < Crexp(|3(§)[L). (2-11)
Defining
01 ={(a,b) e R?: |a] < |b| + 1},
there exists a unique function ¢ satisfying

= —28(_1.1)x{0y in 01,
0 on 36, 2-12)
1imyp|— 00 SUPge(—[b|—1,|p|+1) [P (@, D) =0,
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3()

Figure 1. The complex plane, with domains % and &,.

and we define the function ¢ on O by

p(§) =9p(MN(),3(), &eoln. (2-13)
Then we have the bound
forall€ € 0, | £®)] < Coexp(3E)IL) exp(Lago (g)) (2-14)
Besides, the maximum of ¢ on 01 is attained in 0:
r})’ « D" I(n+i)
= p(0) = —2 47 (~0.893204), 2-15
supy = ¢(0) 4@72%(2“1”(%%) ( ) (2-15)

which can be alternatively written as

f% (cot( )) v/cos(t) dl 2-16)
\/cos(t )dt

Proposition 2.3 mainly reduces to the applicatlon of Phragmén-Lindelof principle for holomorphic
functions. In fact, the main point in Proposition 2.3 is that the maximum of the harmonic function ¢ can
be explicitly computed. This is done using conformal maps to link the solution of the Laplace equation in
the domain &; with solutions of the Laplace operator in the half-strip, in which explicit solutions can be
computed using Fourier decomposition techniques. We refer to Section 3B for the proof of Proposition 2.3.

Of course, we shall apply Proposition 2.3 to the function f = w(7,-), which, according to (2-9),
satisfies (2-10) for any @ > L/(2T) with

Co = Ca(T)VT (I19xu(-. L)llz2¢0.7) + I10xu(-. =Ll 12(0.7))+
while (2-11) holds with
Cr=|lwDllprr.ry < V2LIu(T)2(~L,) < V2L |uollL2(-L,1)-

®(0) =

=l|t\)

We then immediately deduce the following corollary.
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Corollary 2.4. Let w be given by (2-4) corresponding to some smooth solution u of (1-1). Then, for any
a>L/Q2T),

forall §€ O4NR,  |[W(T.§)|<Ca(T)VT O ([0 u(-, L) 20,7y +19xu(-.—L) I z20,1): (2-17)
where Cy(T') denotes the constant in (2-8).

End of the proof of Theorem 1.1. Let ¢ > 0, and choose & = (1 + &)L /(2T). Combining (2-17) and (2-9),
we see that

. 2T L?
forall § R, [(T.5)] < \Ez exp(<1 +s)ﬁ<p(0))(||axu<~ Dz + 1951 ~Dllzzn)-
(2-18)
Then, using Theorem 2.1 and the identity

L ) L2 L ) ) L2 . )
[ eropar— [P as= [ (162 - 525 oo g
we have

312

— [W(T, €)|* d&
AT? Jigj>/T

L 2 2 L2 ~ 2
< L (0 D)oy + 100 ~L) 2 1) + ey /|5|<L/<m (T ) dt.

Combined with (2-18), we obtain

/ (T 5P de
|E|I>L/T

AT AT L? ) )
< (57 + are (149 500)) 10 Ly + s Do) @19

and

8T L?
N 2 2 2
[, e de< e exp((1+0) 700 (1050 Dl ry I <L) ) 220

Using Parseval’s identity and the explicit form of w in (2-4), we easily get, for some constant C,(T") that
goes to zero as T — 0, that

2_ 72
u(T, x) exp(x L )

AT

L2(~L,L)
L
< Gy exp( 31+ 00 (105 iz + 105~ Dlzzo1).
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which we rewrite as

%2
u(T, x) exp(—)
4T L2(—L,L)
L>
< Ce(T) exp 7(1 +3(1+)e0) ) (I0xu(-. L)lIL20,7) + 19xu (-, =L)lIL2¢0,7))-  (2-21)
This concludes the proof of Theorem 1.1, as C¢(T') < C¢(1) = C, for T small enough, for some C,
independent of 7. U

Remark 2.5. Note that the constant C; in the above proof blows up as ¢ goes to zero. If it were not the
case, one could pass to the limit £ — 0 in (2-21), so that one could choose K = Kj in the observability
inequality (1-7). So far, we do not know if this choice is allowed in the observability inequality (1-7) or not.

We have thus reduced the proof of Theorem 1.1 to the proofs of Theorem 2.1 and Propositions 2.2
and 2.3. The proof of Theorem 2.1 is postponed to the Appendix in which a slightly more general result
is proved (Proposition A.1), while the proofs of Propositions 2.2 and 2.3 are detailed in Section 3.

Remark 2.6. The above approach allows us in fact to recover an explicit formula to compute w(7') in
terms of the observations. Namely, for £ € R with || = L/(2T), formula (2-7) yields

T 2y(1_ 1
(T, s)zfo \/?(—Bxu(z,—L)e’éLtT+8xu(z,L)e_’thT)e_($2T2_L4)(t_T) dr.  (2-22)

On the other hand, combining the formula (2-7) and Remark 3.2 allowing us to get an explicit expression
under the assumptions of Proposition 2.3, we get: forall wsx >« > L/(2T), for all ¢ € R with |§| < L/(2T),

T Lo (¢(E/a)—¢ (/)
__/ \/Taxu(”_L)L/ ¢ pr: e’u%e_(ﬁTz—LTz)(%—%)d;d,
Ya -

eLoax(@(E/a)—¢(f/a))
/ \/73 u(t, L)— - e—z#e—(ﬁﬂ—%)(%—%)d;dh (2-23)
where ¢ is a holomorphic function on &1 such that R (¢ (£)) = ¢(§)+|3J(§)| for all £ € &) (see Section 3B2

for the existence of such function ¢), and y, is the union of the two connected components of 00y
oriented counterclockwise. But this formula does not seem easy to deal with as the kernels

Lot (¢(&/a)—p (¢ /) 2 L L
K= (1.6)=5— / < - H TGP g (1,8) e (0, T)x( )
Yo

27 2T
are difficult to estimate directly.
3. Proof of Theorem 1.1: intermediate results

3A. Proof of Proposition 2.2. Let w be as in Proposition 2.2. Then w satisfies (2-5). When taking its
Fourier transform in the space variable, we easily check that

w(z,g)=wa(r,x)e—’$x dx, (1,€)€[0,T]xR,
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solves the equation
a,w-%agw——wﬁ”—L—z = du(t, L)e L —du(r, —L)e' L, (1,) € (0, 00) xR,

W(0,£) =0, £eR.

(3-1)

We are thus back to the study of a transport equation. For each &y € R, we therefore introduce the
characteristics £ (¢, &o) reaching &y at time T,

Bty =20,

which is explicitly given by

(e(O.T],  E(T.E) =éo. (3-2)
f k) = 1e.T]

We can thus write, for all ¢ € (0, T,

d{(.{ &T 1 (5., L? 1\.[ &TY\ _ _ &LT  ELT
dt(w(l’ ; ))"'(tz(OT 2 > wlt, ; =0dxu(t,L)e™" 7 dxu(t,—L)e' 7

This yields the formula

jt( ( &TT) 1e_(ééTz_Lf)/t) (dxu(t, Lye™ EORE —dxu(t,—L)e' fort )t~ S &T-1)/

For any n > 0, we can integrate this formula between 1 and T to get
(T, 60) T2 e~ T~ 5T iy o) g3 e @T= )1
r L2
= / 73 (e, L™ T —dgu(r, —Lye! 7 )e BT gy,
n

It is not difficult to check that for &y € R with |§g| > L/(2T), the integral on the right-hand side converges
when 7 goes to zero, and

lim 1 (. £y~ 2e~ T~/ =,
n—0

Therefore, provided &y € R satisfies |§9| > L/(2T), one gets the formula

W(T, &) = /\f (@pu(t. e P —gu(t,—Lye! P @TG-P ar. (33)

This formula coincides with the one in (2-7) for &9 € €7+ /o7 NR (here, we use the notation L™ to denote
any constant strictly larger than L). As w(T,-) is holomorphic on C, we only have to check that the
right-hand side of formula (3-3) can be extended holomorphically to €7 + /,7- In fact, writing § = a +1b

with (a, b) € R?, the right-hand side of (3-3) can be extended holomorphically in the domain in which
L? 12
R(HELT — (272 = %)) = —bLT — (@ - )T? - Z-) <0,

m(—szT - (52T2 - %2)) — +HLT — (a2 —_bp)T2 - LTZ) <0,
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which is equivalent to

L
> |b| + —,
lal > 1Bl + 5

i.e., & € 61+ /). We have thus proved that for all § € 7+ o7), W(T,§) is given by the formula (2-7).
In fact, by continuity, this formula also holds for § € €7, /7.

In order to deduce (2-9), we start from the formula (2-7) and we use a Cauchy—Schwarz estimate: for

§€by witha > L/(2T),
LT L2\ /1 1
oo (5-7)
4 t T L2(0,T)

Ao BT () 1-1)

Writing £ € 6, fora > L/(2T) as € = a + 1b with (a, b) € R? and using the fact that

(meer— (- L)) <piur— (- £)
(s (w1 7) )
corfo (e oo )< e )

we have the estimates, for s € {—1, 1},

2
2 exp(sléLT — ( 2712 L—) (l — l))

L2\ /1 1
<2 eXp(|b|L+ (|b|LT—((az—bz)Tz—T)(;—T)))
1 ( LT( L)(l 1))
t 2exp|l——|a— -— =

2 2T T

Now, doing the change of variable ;1 = LT (& — 25 ) (1 — F), we easily get, for all £ € %,
_1 LT L 1 1
tZexpl —(a—=|[-—=
2 2T t T

Combining (3-4) and this last estimate, we easily conclude estimate (2-9).

[B(T. )| < VT [[0xu(t. L) 20,7

VT [0xut,~L) 120,17 o

L2(O,T)'

L2(0,T)

<ellL

L2(0,T).

2 =/00e_M d/-’L
20,1y Jo pu~+ L(e—L/(2T))
<
L(a—L/(2T))

3B. Proof of Proposition 2.3. We shall start the proof of Proposition 2.3 by proving the existence of a
function ¢ satisfying (2-12), and we will then explain how it can be used to derive the bound in (2-14).
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Figure 2. Approximation of ¢ solving (3-5), obtained by a finite-element approach
(using FreeFem++ [Hecht 2012]).

Notation. In the following arguments, to avoid ambiguities, we will write differently complex sets and
their identification as a part of R2; for instance we write &) = {£ € C: [R(§)| < |J(§)| + 1} and & =
{(a,b) €R?:|a| <|b|+1} as in Proposition 2.3. To be consistent with this notation, we will also distinguish
functions of the complex variable & from the corresponding ones considered as functions of the real
variables (a, b) using a tilde notation for the function viewed as depending on real variables, as in (2-13).

3B1. Existence and uniqueness of a function ¢ satisfying (2-12). The first remark is that the uniqueness
of a function ¢ satisfying (2-12) is rather easy to prove. Indeed, if two functions ¢; and @, satisfy (2-12),
then their difference ¢, — ¢; is harmonic in ¢; and vanishes on 851 as well as at infinity. Therefore, the
minimum and maximum of ¢, — ¢y is zero, and ¢; and ¢, coincide.

Thus, we will focus on the existence of a function ¢ as in (2-12). In fact, by uniqueness, we see
that necessarily ¢(a,b) = ¢(a, |b|) for all (a,b) € 1. We will thus only look for a solution ¢ in
51+ =0 N(Rx RZ%) of the problem

AG=0 in 0,
=0 on 30} \ (—1,1), (3-5)
dpp(a,0)=—1 forae(-1,1),

with the condition at infinity
lim sup |@(a,b)| = 0. (3-6)
b=>o0 ae(=|p|-1,I6]+1)

Let us introduce
Fy={€C:3(§)>0and —N(E) =1+3(5)},

Iy :={e€C:3(¢)>0and N(E) =1+ 3(8)},
Ip:={§ € C: (N(§).3(§)) € [-1, 1] x{0}},
the three components of the boundary of &7 = ) N {J(§) > 0.

Our goal is to show the existence of a function ¢ satisfying (3-5). In order to do so, we will rely on
two Schwarz—Christoffel conformal mappings [Henrici 1974, Chapter 5.12].
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The first one, F%, is defined for all { € CT = {¢ € C: J(¢) = 0} by

2 ¢ 2 —1 . ! 2\—1 F(%)
F3(§)=—/ (1—-z*)"4%dz—1, WlthK3=/ (1—-x*)"4dx =1
4 K3 J 4 Ja

where the path integration is arbitrary in C*.
The map F3 conformally maps C* into &, and satisfies the properties
F%(—l) =—1, F%(O) =0, F%(l) =1,
and

Fi((-00.—1))=T¢. F3((-1.1))=Tp. F3((1.00) =T, F%(z[RRJr):z[R{J“.

The second conformal mapping we will use is defined, for any ¢ € Ct, by

C 1
Fi(0) = %arcsin(é‘) - %/ (1—22)"3dz—1,
2 -1

which conformally maps C™ into the closure of the half strip ,5”1+ ={E=A+4+1B:4€(-1,1), B>0}
with the properties
F%(—l) =-1, F%(O) =0, F%(l) =1,
and
Fi((=c0.—1) =—1+ IR, Fu((-L.1)=(=1L1). Fi(l.oo)=1+ IR, F%(leJr): IR,
Finally, we define the conformal mapping
F=FioF7!,
2 1

which maps ﬁfr into yf“.

For any £ = a +1b € 07, we define & = A+ 1B = F(£). Using a standard computation from
conformal transplantation [Henrici 1974, Chapter 5.6], we see that ¢ solves (3-5) in 5’? if and only
if @ given by ®(A, B) = @(a,b) for A+ 1B = F(a + 1b) solves the following problem posed in the

half-strip 571+:
Ay pP=0 for A e (—1,1), B >0,

®(—1,B)=d(1,B) =0 for B > 0, (3-7)
9pd(4,0) = —Kl Veos(ZA) for A€ (—1,1).

3

iy

If the first two equations are standard, the last one deserves additional details. In fact, it comes from the
identity [Henrici 1974, Theorem 5.6a]

grdg ¢(§) = grdg ®(F(§)) F'(§). (3-8)
applied to § = a € (=1, 1), (implying F(§) = A € (—1,1)), where grd is the complex gradient: for
§ =a+1b, grdg p(§) = da¢(a,b) +10p¢(a,b) and for E = A +1 B, grdg P(E) = d4D(A, B) +
19gD(4, B).
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We therefore have to compute F’(§) = (F1 o F Y& = FL(F7Y(E)(F3Y/(§). To do so, let us
define ¢ = F (&) e CT. By definition, S *

RO = F 0= s
whereas K
(F§© = () (Fy@) = s =5 1- 22
Therefore, i

T —z2

with ¢ = F;1(£). In particular, for § =a € (—1, 1), we have ¢ € (—1, 1) and therefore F'(£) € R and
4

F'(§) =

9pD(4,0) = 0,G(a, 0)—— F,( ) —Kl3 VI=2. with = F7 ().

To conclude, we just note that { = F 1(A) if and only if ¢ = sin(Ax/2), and the third identity in (3-7)
follows.

Problem (3-7) has the advantage of being explicitly solvable. Indeed, as ® is harmonic in (-1,1) x
(0, o0), and satisfies &)(—1, B) = &)(1, B) = 0 for all B > 0, it necessarily has the decomposition

®(4, B) = Z(ake_k%B +aye 2B) sm(k A+ 1)) (A,B) € <5;1+.
k=1

Recalling condition (3-6) on ¢, we wish to have ) going to zero as B — co. We thus choose aj = 0 for
all k = 1, so that ® can be written as

(4. B) =) axe *2Bsin(kZ(A+1)). (4.B)es .
k=1

But the boundary condition on B = 0 is equivalent to

b4 . big
) Z kag sin(kZ(A+1)) = K—3\/ cos(5 A),
k=1 4
which explicitly yields the coefficients o :

1
forallk eN, o = %L/ sin(kZ(A+1))Vcos(3A4) dA.
-1

k K 3
As /cos(Am/2) is an even function and sin(kw (A + 1)/2) is an odd function for all even k, we have
oy = 0 for all even k. On the other hand, we have for any n € N, see [Gradshteyn and Ryzhik 2007,
equation 3.631.9],

/131n((2n+1) (A+1))Veos(ZA) dA = (—1)" / cos((2n+1)Z A) Veos(Z ) dA

1 —

= (—1)"%/0 cos((2n+1)t)+/cos(t) dt =

1 T(n+g)
27 T(n+3)
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where I"(-) stands for the Gamma function, so in the end we obtain

1 1 TErE+3)

72n+1T(3)T(n+ 1)

U2n+1 =

which can be slightly simplified using that F(Z) (%)/4 and F( ) 2/ F(%), giving
r@* 1 re+j
4272 2n+ 1) (n+ 1)

Q2pn+1 =

So finally, we have

F(l)z 1 T(n+3) o—@nt15B +
d(A, B)= W Z G DTt ) sin(2n+1)Z(A+1)), (4, B)est, (39

and
1)2 (-1)" T(n+1)

4
4+/272 ;N Cn+DI(n+72)

Note that, according to [Lebedev 1972, (1.4.25)],

®(0,0) = (3-10)

I T+g) 1
2n+lF(n+%)”;°°2n%’

hence the above series are well-defined. In particular, the identity (3-9) can be understood pointwise and

&)(- , B) goes to zero as B — oo:
sup {|B(A, B)| +04B(A. B)|} < C eXp(—ﬁ), B>0. 3-11)
Ae(=1,1) 2

Let us also note that, because ®(0, 0) is defined through a converging alternating series, we have

= r()?’ & 0 r+d)
*0.0) < 4272 ,;) Cn+ DT (n+7) <10

Computing the 100th partial sum of the series using Octave [Eaton et al. 2014], we obtain
(0, 0) ~ 0.893204.

A different expression for (0, 0) is

2 )y <cot< ) Veostoydi.

®(0,0) = = (3-12)

T \/cos(t )dt

which easily comes from the equality &J(O, 0) = ZneN(—l)”az,,H, the fact that

? cos((2n + 1)t)+/cos(t) dt,

d2nt1 = (=1)"

1
(2n + 1)nK_3/()
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the definition of K 3 and the identity, see [Gradshteyn and Ryzhik 2007, identity 1.442.2 p. 46],

2n +1 .
3 CIEDD i (eor(s)).

nenN

Note in particular that under the form (3-12), one immediately checks that
(0, 0) > 0. (3-13)

In agreement with Figure 2, we then show that the maximum of @ is attained at (4, B) = (0, 0). We first
note that the function ® given by (3-9) is positive in the strip 571+. Indeed, since ® is harmonic in the
half strip <571+ and is not constant, its minimum is attained at the boundary %JF or at infinity [Gilbarg and
Trudinger 1998, Lemma 3.4, Theorem 3.5]. The boundary conditions on 8571+ and the behavior of ®
as B — oo in (3-11) implies that the minimum value of @ is 0 and is attained on the lateral boundaries
{—1, 1} x Ry of the half strip. Consequently, the function d is positive in %, and its minimal value is 0.
Besides, as ® vanishes on the lateral boundaries {—1, 1} x R of the half strip, d4 (1, -) is strictly

negative by the Hopf maximum principle [Protter and Weinberger 1984, Chapter 2, Theorem 7]. We then
consider the function &DA =0dy ®. Formula (3-9) easily yields that &DA (0, B) =0 for B > 0, so that &)A
satisfies

ADy=0 in.ZF N{A >0},

®4(0,B)=0  for B >0,

®4(1,B) <0  for B >0,

dpP4(A4,0)=0 for A€ (0,1),

lim 5|00 SUPc(0,1) | P4 (4, B)| = 0.

It easily follows that the maximum of Dy is necessarily nonpositive in 571+ N {A > 0} by the application
of the maximum principle.

Finally, as ® is harmonic in the half-strip 571+ and is strictly positive in (0, 0), see (3-13), the maximum
of ® on the half strip ,571+ is necessarily attained on the boundary of the half—strip or at infinity, and therefore
on (=1, 1) x {0} according to the boundary conditions satisfied by ® in (3-7) and the conditions (3-11)
as B — oo. Now, 94® is nonpositive in 5”+ N{4 >0} and ®(4, B) = ®(|A| B) in the half-strip fl
according to (3-9), so the maximum of o is necessarily attained in (4, B) = (0, 0).

We then come back to the problem (3-5)—(3-6) and check that the function ¢ given by
@(a,b) = D(A,B) for A+1B = F(a+1b), (a.b)c b, (3-14)

with ® as in (3-9), satisfies (3-5)—(3-6).

By construction, ¢ automatically satisfies (3-5) and its maximum is attained in (a, b) = (0, 0) and
takes value ¢(0, 0) = (0, 0). We thus only have to check the condition (3-6). In order to do that, let us
introduce the real functions A = g(a, b) and B=B (a, b) given for (a,b) € 5’? by

F(a+1b) = A(a,b)+1B(a,b), (3-15)
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and let us check that

lim inf B(a,b) = +oo. (3-16)
b—o0 |a|<b+1

Indeed, if it were not the case, we could find real sequences (ay, by )nen With

lim b, = 400, forallneN, |a,|<b,+1, and  sup B(an,bp) < co. (3-17)
n

n—-oo

Then, if we set &, = F %_ Y(a, +1by), by construction,
Fi(¢n) = Alan. b) +1B(an. bn).
Therefore, according to the definition of F L
Sn = sin(5 (A(an, bn) +1B(an, bn))),

so that the sequence () is uniformly bounded in C as n — co. Then the sequence (a, b,) is given by
an +1by, = F3(¢y). But F3 maps bounded sets of C into bounded sets of C, so this is in contradiction
with (3-17), and the property (3-16) holds.

We can thus use (3-11) to get that for all b = 0,

sup {|@¢(a.b)|} <Cexp(—Z inf B(a,b))
la|<b+1 lal<b+1

which, according to (3-16), implies (3-6).
Remark 3.1. Another approach to obtain information on ¢, the solution of (3-5), is through integral
equations. More precisely, for ((a, b), (ag, by)) € (51+ )2, we define G as

((a—a0)* + (b —bo)?)((a + a0)* + (b + bo +2)?) )
(@+bo+1)2+(b+ao+1)?)((a—bo—1)>+(ao—b—1)?) )’

G(a, b, ag, bo) = ﬁln((

It is readily verified that for any (ag, bg) € é’?, G(-,-.ag, by) satisfies

éa,bg(' ,+,a0,bo) = 8(ao,bo) in 5;,
G(a,b,ap,bg) =0 for (a, b) such that |a| = |b| + 1.

Indeed, this comes from the fact that §7 is the suitable combination of the fundamental solution of the
Laplace operator in the sectors {(a,b) € RZ: b = |a| — 1} and {(a,b) e RZ: b = 1—|al}.

Then, standard computations show that ¢ is a solution of (3-5) if and only if it satisfies the integral
equation

1 1
@(ao,bo)z—/ abé(a,o,ao,bo)¢(a,0)da+/ G(a,0,a9,bo)da for all (ag, bo) € O7. (3-18)
-1 -1
We then introduce ¢ defined by

~ ~ 1 b
%(a,ao, b()) = —abg(a,O,ao,bo) — gm
0 — o
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1

0.8 1

0.6 [

0.4 r

0.2 1

0 . . .
-1 -0.5 0 0.5 1

Figure 3. The solid line shows ¢(ag, 0) for ag € (—1, 1), obtained by discretization of
(3-19). The dashed line shows ®(0,0) = ¢(0, 0).

It is easily seen that for any ag € (—1, 1),

1 1
lim/ sZ(a,aO,bo)@(a,O)da:/ G(a,ag,0)¢(a,0)da,
—1 1

bo—0

1 1
lim / a(a,O,ag,bo)da=/ g(a,(),ao,O)da,
-1 -1

bo—0

whereas
; LD a0y da = Lpao.0)
im — —— @(a, a = 5¢(ag,0).
bo—0 27 J_1 b2 + (a —ag)? v 2%

Therefore, choosing ag € (—1, 1) and taking the limit by — 0 in (3-18) leads to the integral equation

10,0 = [

1 1
F(a.a0.0) §(a.0) da +/ G(a,0,a0,0) da. (3-19)
1 -1

Discretizing (3-19), we can obtain a good approximation of ¢(ag, 0) for ag € (—1, 1) (see Figure 3).

3B2. Phragmén—Lindeldf principle. With ¢ as in (2-12), the function (a, b) — ¢(a, b) 4 |b| is harmonic
in 01, and it is therefore the real part of some holomorphic function ¢ in &

for all (a,b) € 61, R(p(a+1b)) = ¢(a,b)+ |b|,
or, equivalently, for all £ € 01, R(P(§)) = (&) + |I(E)|.

For each a > o, we consider the function gy, defined for &£ € &, by

§
0.6 = @ exp( ~Lawg (1)) 320)
By construction, gq, is holomorphic in &, and satisfies

forall § € 00y, |ga.(§)] < Co, and lim sup e (§)]) = 0.
[B(E) =00 "R (£)|<|I(E) |+
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Therefore, gq, attains its maximum on 00, so that
forall £ € 0y, |f(§)] <Co exp(%|i‘s(§)|L) exp(Loz*(p(g)).
Taking the limit ¢« — o, we immediately have
forall € 0. 1)1 < Coexp(3@NL exp( La( £ ). @21
that is, (2-14).

Remark 3.2. Let us remark that we can obtain from the above proof an explicit formula for f. Indeed, for
ax > o> L/(2T), we can use the Cauchy formula for the function g4, in (3-20) on the contour given by
Ya,R = 8(0a N {J(E) <R}) (with R > 0)

oriented in a counterclockwise manner, which yields, for all £ € R with || < L/(27),

1 Za.(0)
k4 Vo R .—¢

Now, due to the decay of g, at infinity, one can pass to the limit in the above formula as R — oo: for
all £ e R with || < L/(2T),

8o (§) = d¢.

1 g
Ziw J,, C—§
where y, is the union of the two connected components of d&, oriented counterclockwise. Recalling
the definition of g, , we end up with the following formula: for all £ € R with |§| < L/(2T),

_ L[ Lec@E/o—s/e) L)
S =5— /yf PRIOTIRIN TR db. (3-22)

8a.(§) = dg,

4. Further comments

4A. Higher-dimensional settings. The method developed above applies also to the cost of observability
of the heat equation in multidimensional balls. More precisely, we consider the following heat equation, set
in the ball of radius L > 0 of R (d = 1), denoted by By, in the following, and in the time interval (0, T'):

dru—Axu=0 in(0,T)x By,
u(t,x)=0 in (0,T) x 0B, 4-1)
u(0,x) =uop(x) in By,

where the initial datum ug belongs to H, 01 (Br). In that setting, we have the following result:

Theorem 4.1. Setting Ko as in Theorem 1.1, for any K > Ky, there exists a constant C > 0 such that for
all T € (0, 1], for all solutions u of (4-1) with initial datum ug € HO1 (BL),

|x|? KL?
u(T)exp T

sCexp( T

) 0wl L2((0,7)x381)- (4-2)
L2(BL)
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Here and in the following, | - | denotes the euclidean norm in R?. The proof of Theorem 4.1 closely
follows the one of Theorem 1.1; therefore we only sketch its proof, explaining the main differences with
the proof of Theorem 1.1.

Sketch of the proof of Theorem 4.1. We start by considering a smooth solution u of (4-1), and define

|x|2—L2
Z(l‘,x)=u(t,x)exp T ’ (t’x)e(O9T)XBL9
which satisfies
8;2+£-sz+iz—sz—L—22:0 in (0, 00) x B,
t 2t 412 ’ ’
z(t,x) =0 in (0,T) x 4B,
z(0,x)=0 in By,

Proposition A.1 with 2 = By, and g = 0 implies directly the following estimate for z:

L? L (T
/ |Vez(T, x)|? dx — —2/ |z(T, x)|* dx < —2/ / t|Vyz(t,x)-v|? ds(x) ds. (4-3)
B 4T= J, T2 Jo Jos,

We define w as the extension of z by 0 outside B,: w satisfies the equations

X d L2 . d
orw + ?-wa + 2—tw—Axw — Ew = Vyu(t,x)-véyg, in (0,00) x R%,

w(0,x) =0, xeRY,

Thus, its Fourier transform, defined for (¢, £) € (0, T') x C% by

w(r, €)= /Rd w(t, x)e % dx

satisfies
v Evan— Lo rep Loy = petEx d
;W ; Ve 2[w+5 20 = aBLqu(t,x) ve ds(x), (t,€)€(0,00)xR%, (4-4)
w(0, ) =0, £ecRe.

As in the one-dimensional case, (4-3) gives a high-frequency (|| > L/(2T)) L?-estimate of w(T,-)
depending on the observation and the low-frequency (|§| < L/(2T)) L?-norm of w(7, -), on which we
focus from now. To do so, much as in Section 3A, we solve the transport equation (4-4), and obtain, for
£o € R? such that |&y| > L/(2T),

d
(T, o) = / T(Z)z f Veu(t.x)-ve @G sy ar, @-5)
o \! IBL,
with £2 = & - &o.
Once here, we consider & = (&1, §), with é € R4 fixed, and &; = a + 1b, a,b € R, and define
f(&) =w(T, &, § ), which is an entire function satisfying (2-11). Besides, with computations similar to
those in Section 3A, it is easy to obtain that for all & > L2/(2T), there exists Co(T) > 0, which may

blow up polynomially in 7" as T — 0 (contrarily to what happens in the one-dimensional setting, the
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constant Cy (7)) may now blow up as 7 — 0, but only polynomially in 7', so that it will not significantly
affect the cost of observability in small times in (4-2), which blows up as an exponential of 1/7T as
T — 0), such that for all £; € ¢ as in (2-6), we have

| fED] < Cae™ N9 ,ull 12 0. 7yx08, )-

From that, we end the proof of Theorem 4.1 exactly as in the one-dimensional case, with the use of
Proposition 2.3. u

Actually, the method developed above works not only for balls, but also for any bounded domain
Q c R4, More precisely:

Theorem 4.2. Let 2 be a smooth bounded domain of R?. If we set
Lg = inf sup |x—y|,
xeQ y€dQ
and we choose X € Q such that
sup |x—y|=Laq,
yei

then for any K > Ky, there exists C > 0 such that any smooth solution u of
diu—Axu=0 in(0,T)x8,

ut,x)=0 in(0,T)x0%, (4-6)
u(0,x) =uo(x) inQ,
satisfyin
s |x — x|? KL}
u(T) exp AT Lz(Q)S C exp T 9vullL2(0,1)x09)-

Note that this is a geometrical setting in which Corollary 1.3 applies but yields a different estimate on
the cost of observability. Indeed, when the observation is done on the whole boundary, one easily checks
that the choice Sy = S;{ , Where

Sq = sup{length of segments included in 2},

is suitable for the application of Corollary 1.3. In particular, when €2 is convex, Lo < Sq <2Lg and
Theorem 4.2 always yields at least the estimate given by Corollary 1.3 when the observation is done on
the whole boundary of €2, and a better one in general (as in the case of a ball discussed in Theorem 4.1).

Remark 4.3. The above discussion, and Theorem 4.2 in particular, might suggest that the cost of
observability in small times is linked only to the maximal distance to the control set. This is not the case,
as it is strongly underlined by [Laurent and Léautaud 2018]. There, among other results, an analysis
of the observability constant Co (7, B(0, 1), B(0, r)) for the heat equation is done when the domain of
interest is Q = B(0, 1) C R?, the unit ball of the plane, and the observation set is B(0, r). To be more
precise, Co(T, B(0, 1), B(0, r)) is the best constant in the following estimate: for any solution u of (4-6)
with 2 = B(0, 1) with initial datum ug € HO1 (2),

[u(T) 2@y < Co(T, B0, 1), B0, r)llull12¢0,7)xB(0.r)))-
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The work [Laurent and Léautaud 2018] then shows the following result: there exist C > 0 and rg < 1
such that for all r € (0, rp)

11}11 ing log(Co (T, B(0, 1), B(0, r))) = C log(r)?. (4-7)

This shows that the behavior of the cost of observability in small times is in fact strongly linked to
the geometry under consideration. Indeed, Theorem 4.2 in fact corresponds to a geometrical setting
in which the wave equation is observable in small times, while the result (4-7) proved in [Laurent and
Léautaud 2018] focuses on a case in which the geometric control condition for the observability of the
wave equation fails due to whispering gallery phenomena.

4B. Tensorized equations. Another application of our method concerns the cost of observability of the
heat equation on a tensorized domain. More precisely, we consider the heat equation set in a tensorized
spatial domain €2 = Q x 2y, and want to know the cost of observability in small time when the solution
is observed on 02 x 2. Note that the answer is already known: the cost is the same as the one for the
heat equation set on 2, only, when the observation is done on the whole boundary 2, [Miller 2005,
Theorem 1.5]. Our purpose is therefore just to underline that our approach also applies in that context
and allows us to retrieve easily this result.

To fix ideas, we focus on the case 2, = (—L, L) (when 2, is a multidimensional domain, similar
arguments can be developed, under appropriate geometric conditions, by using Theorem 4.2 instead of
Theorem 1.1). Hence we are interested in the following heat equation, set in the domain Q = (=L, L)x,,
with L > 0 and €2, a smooth bounded domain of [R{dy, in some time interval (0,7), T > 0O:

du—02u—Ayu=0 for (t,x,y) € (0,T)x (=L, L) xQ,,
u(t,L,y)=u(,—L,y)=0 for(z,y) € (0,T)xQ,, 4-8)
u(t,x,y)=0 for (t,x,y) € (0,T)x (=L, L) x 082y,

u(0,x,y) =up(x,y) in (=L, L) xQ,.

As usual, the initial datum u¢ belongs to HO1 ((=L, L) x 2y). We have the following:

Theorem 4.4. Setting Ko as in Theorem 1.1, for any K > Ky, there exists a constant C > 0 such that for
all T € (0, 1], for all solutions u of (4-8),

)
u(T, x, y)exp aT

L2((—L,L)xy)

KL?
< Cexp

)(||3xu(t, —L, Y)lz2(0,r)x,) + 10xu, L, ) 12¢0,1)x2,))-  (4-9)

Sketch of the proof of Theorem 4.4. Let us denote by (v,, A2) the family of normalized eigenfunctions
and eigenvalues of the Dirichlet-Laplace operator set in €2, that is,
—Ayvy = A2v,  in Qy,

lvnllz2@,) = 1-



1478 JEREMI DARDE AND SYLVAIN ERVEDOZA
Expanding u, a solution of (4-8), on the LZ(Q y) Hilbert basis (vy), that is,
u(t,x,y) = Z Un (2, X)vn(y),
neN
we see that each u, solves a one-dimensional heat equation with potential )L,zz setin (0,7) x (—L, L):
dun — Pup +A2u, =0 in (0,T) x (=L, L),
Un(t,—L)=u,(, L)y=0 1in (0,7), (4-10)

un(0,x) = upy,o(x) in (=L, L),
with

un,o(X)=/Quo(x,y) vn(y) dy.

To prove Theorem 4.4, it is sufficient to prove that each u, satisfies the observability inequality

%2
un (T, x) exp(ﬁ)

2

KL
<Cenp( 7 ) (suntt: =Dzt Dlizom). @1

L2(—L,L)

with a constant C independent of n. To do so, we consider u, = u ne’lfzit, which satisfies
d¢tly — O21iy = 0 in (0,7)x(—L, L),
Un(t,—L)=1,(, L)y=0 1in(0,7),
Un(0,x) =up,0(x) in (=L, L).

Applying Theorem 1.1, we get
2
X
i (T, X~
un(T, x) exp(4T)

which directly gives (4-11) as eAn=T) < | forall t € (0, T'), and therefore ends the proof. O

KL? 8 .
< Cenp( 1 ) (Isiint =Ll 2y + 1057t D20,

L2(—L,L)

4C. Observation from one side of the domain: symmetrization argument. In this section, we are inter-
ested in the cost of observability for the one-dimensional heat equation when observed on one side of the
domain. In other words, for L, 7 > 0 and ug € Ho1 (0, L), we consider the system

du—02u=0 in (0,7) x (0, L),
u@,0)=u(,L)=0 in(0,7), (4-12)
u(0,x) =up(x) in (0, L).

We have the following:

Theorem 4.5. Setting Ko as in Theorem 1.1, for any K > Ky, there exists a constant C > 0 such that for
all T € (0, 1], for all solutions u of (4-12) with ugy € HO1 (0, L),

u(T) exp(%)

2

KL
sCexp( T )||8xu(t,L)||L2(0,T). (4-13)

L2(0,L)
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Proof. The proof is based on a classical symmetrization argument: for u a solution of (4-12), we define

u(t, x) for (¢,x) € (0,T) x (0, L),

us(t, x) = %—u(t, —x) for (¢,x) € (0,T)x (=L,0).

It is readily seen that u, satisfies system (1-1). Therefore, Theorem 1.1 gives

x? KL?
us(T) exp i s Cexp| —— (I19xus(t, =LYl 20,1y + 19xus(t. L)l L20,7))-
L2(~L,L)
The result follows easily, as dxus(¢, —L) = dxus(t, L) = dxu(t, L) forall t € (0, T). O

4D. Distributed observations. One is sometimes interested in distributed observations, in which case
the corresponding observability inequality reads

lu(T) | 2(0,) < C(T, L,a,b)|ullL2(0,1)x(a.b)) (4-14)

for smooth solutions u of (4-12), where a, b € R are such that (a,b) C (0, L) and a < b.
We claim the following:

Theorem 4.6. Let 0 <a < b < L. Setting Kg as in Theorem 1.1, for any K > Ky, there exists a constant
C > 0 such that for all T € (0, 1], for all solutions u of (4-12),

K min{a?, (L — b)?}
lu(T)ll200,0) <C eXP( T lullL20,7;H1 (a,))- (4-15)

Proof. As in the proof of Theorem 4.5, we start by symmetrizing the function u, and we call uy its
symmetric extension. We then take & > 0 small enough to have a + 2¢ < b and we choose an even cut-off
function p taking value 1 on (—a — ¢, a + ¢) and vanishing for |x| > a 4 2¢. Then the function

o) 45 (1, ) exp(w

0 for |x| > a + 2¢

(. x) = ) for |x| < a 4+ 2e,

satisfies, much as in (2-3),

2
9+ Tz oz = = I — g (1) € (0,00) x (—a — 26,0+ 26),
z(t,—a—2¢) =z(t,a +2¢) =0, t €(0,00), (4-16)
z(0,x) =0, X € (—a—2¢,a +2¢),
where
x2 —(a + 2¢)?
g(t,x) =exp — (20xp 0xu(t, x) + dxxpu(t, x)).

One can then follow the approach developed in Section 2 (using Proposition A.1 instead of Theorem 2.1
and the fact that 0,z (f, —a —2¢) = dxz (¢, a + 2¢) = 0) to show that for all K; > K, there exists C such
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that for all T € (0, 1],
Ki(a + 2¢)?

2
ug(T)exp| — <Cexp| ———— o .
s(T) P(4T) L areaire P( T )||g||L2((0,T)><( a—2e,a+2¢))

Using the definition of g, one easily gets

Ki(a + 2¢)?
||u(T)||L2(0,a+e) <C exp(# ”u”Lz(O,T;Hl(a,a—i-Zs))'

Similarly, one can obtain

Ki(L—b+2¢)?
e G el L

It is straightforward to show that

(T | L2 4e,6—e) < CllullL20,7;851 a,5))>

for instance by looking at v (¢, x) = n(t) u(¢, x) po(x), where n = n(t) is a smooth function of time
taking value O att =0 and 1 at = T, and pg = po(x) taking value 1 on (a + &, b — &) and vanishing for
x ¢ (a,b), and doing energy estimates.

Combining the three above estimates, we easily conclude (4-15) by taking K; € (Ko, K) and ¢ > 0
small enough. O

Note that the above argument is only based on suitable cut-off arguments. It can therefore be applied
as well in multidimensional settings, provided some geometric assumptions compatible with Theorem 4.2
are satisfied, namely if the distributed observation set is a neighborhood of the whole boundary.

4E. Related uncertainty principles. One key point to obtain Theorem 1.1 is the complex analysis argu-
ment developed in Section 3B, based principally on the Schwarz—Christoffel conformal mapping and the
Phragmén—Lindelof principle. It is nevertheless possible to develop a purely real analysis argument, but
it only allows us to retrieve the cost of observability for the one-dimensional heat equation known since
[Tenenbaum and Tucsnak 2007]:

Theorem 4.7. Forall K > %, there exists a constant C > 0 such that for all T € (0, 1], all solutions u of
(1-1) with initial datum uo € H}(—L, L) satisfy (1-2).
The proof of Theorem 4.7 is based on the following uncertainty principle result.

Proposition 4.8 [Landau and Pollak 1961; Fuchs 1964]. Let A, B > 0. Let f € L*(R) be supported in
[—A, A] and f its Fourier transform. Then

B A A
/_B If(é)lzdéSko/RIf(é)lzdé, (4-17)
where Ao = Ao(AB) satisfies 0 < Ao < 1 and
do=1—4yaABe 2B (1 + e4p), (4-18)

where eqp — 0as AB — oc.
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Relation (4-17) is a particular case of [Landau and Pollak 1961, Theorem p. 68], whereas the proof of
the asymptotic behavior of A¢ can be found in [Fuchs 1964, Theorem 1, p. 319].

Proof of Theorem 4.7. We start from formula (2-7), which we recall: for any &g € R such that |§g| > L/(2T),
we have

(T, &) = / \/> dxu(t,—L)e’ BT (g22_L2)(1_1) ir

/\/73 u(t, Ly P -@T= 1) -4) gy

Therefore, we directly obtain, for & € R with |&| > L/(2T),

5 2 2 2 T ar(8-12) (1) e
(T 60) < T (1, =Ll 1y + W0t Dl ) [ eGP

For 1 > 1, we choose & € R with |§y| = nL/(2T), which implies

L r) —1
2
and
T T _ 2
/ 2THE- ) (- A1 _ / e e DR
0 t 0 Tt 2T(’7 -1E

Hence we obtain, for & € R with |&o| > nL/(2T),

2
. n
|U)(T, SO)|2 < ) 2_1 2(”8xu(t,_L)”iZ(0’T) + “8xu(t’L)”22(0,T))
(n )Eo
and T
1
/ (T §0)I> do < o (19t =L,y + 1851 (. D20, 17):
o> (n*—=1) ’ ’

Now, from (4-17) applied to f = W(T) with A = L, B =nL/(2T) and A9 = Ao(nL?/(2T)), we have

/|w<T,so)|2dso=/ 1B(T. £0) 2 do + / (T £0)|? do
R [€ol<n &= |€ol>n 5

S)to/ 1 (T, so)|2dso+/ (T, &)1 do.
R 0|>772T
and thus

[ 1P dso < ; (T E0) o,

— Ao Jigol>n &
We have therefore obtained
2Tn

[ waopa= [ 1acsopan <o 2T

which implies from Proposition 4.8 and (4-18) the existence of a constant C such that for 7 small enough

(” axu(t» _L) ”i2(0”[’)+ ” 8xu(tv L) ”i2(0,T))’

2
lw(T)ll2(~1,1) < Ce™T (|8xu(t, —L) |l L2¢0,7) + 10xu(t. L) L2¢0.7))-

The result of Theorem 4.7 follows from the definition of w. O



1482 JEREMI DARDE AND SYLVAIN ERVEDOZA

4F. On a possible improvement of Theorem 1.1. As we said in the Introduction, we do not know if the

estimate on the cost of observability in small times given by Theorem 1.1 is sharp or not. In fact, when

looking at the main steps of the proof of Theorem 1.1 given in Section 2, it seems that one step in which

our estimates are not sharp may be the one using Phragmén-Lindelof principles, i.e., Proposition 2.3.
Indeed, introducing the class

&y = {f €Hol(Oy) : f(£)e R® e L®(6,) and for all £ € 10y, | f(§)] < SOy,
Proposition 2.3 shows that for all & € RY,

sup ( sup  {|/(x)]}) < exp(ap(0)), (4-19)

feéy x€[—a,a]

where ¢(0) is given by (2-15). Besides, this estimate is sharp as we can construct a holomorphic
function ¢ in &} whose real part coincides with ¢(§) 4 |I(§)| given by (2-12)—(2-13) and check that
Jo (&) = exp(ag(§/a)) belongs to &, and saturates the estimate (4-19), so that for all « € R* ,

max (max_{|f(x)[}) = exp(ap(0)). (4-20)

f€e&y x€[—a,a]

Now, in our approach (in the case L = 1, which can always be assumed by a scaling argument), we apply
estimate (4-19) to the function f = (7, )/ || W (T, £)e IR L°°(%,)» Which in fact belongs to a smaller
class

EF ={f €Hol(C) : f(§)e ¥®! e L%°(C) and for all £ € Gy, | f(£)] < PO},
Therefore, our proof requires an estimate on the constant

C*(or) = sup ( sup ]{If(x)l}) (4-21)

feéy x€[—a,a

in the asymptotics o — oo. It is clear that
C*(@) < exp(ag(0)), (4-22)

which is precisely the estimate we use, but there is no evidence to support the idea that this estimate gives
the good asymptotics as @ — oo.
Let us in particular point out that:

e The function fy given above to show that estimate (4-19) is sharp does not belong to the class & .

 The constant C*(«) in (4-21) blows up at least like exp(c/2) as & — o0, as otherwise the proof given
in Section 2 would yield a cost of observability smaller than exp(L?/2T) in small times, which is known
to be false due to [Lissy 2015].

e Looking at the 2-parameter family of functions of the form

fa.y(E) = cos(A/E2 —y2)
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for parameters A € [0, 1] and y € [0, o], we find that

sup  ( sup {If(x)l})=cosh(%),

felfayingg xel-a.a]

and is achieved when taking A = 1/+/2 and y = a//2, i.e.,

16 =eos( /- %),

This function yields evidence of the fact that

N —

. . l * >
lérglgéf o log(C™(@)) =

Let us finally emphasize that if we were able to show that
lim sup é log(C*(@)) < 1

)
oa—>00 2

the proof given in Section 2 would yield a cost of observability in small times Co (T, L) satisfying

L2
limsup T log(Co(T, L)) < —.
T—0 2
Combined with [Lissy 2015], this would give that
2

L
lim T log(Co(T, L)) = —.
Jim 0g(Co(T, L)) >

4G. Uniform controllability of viscous approximations of the transport equation. The problem we
considered in this article is intimately related to the question of uniform controllability of viscous
approximations of the transport equation raised in [Coron and Guerrero 2005]. Namely, for all ¢ > 0, one
considers the following viscous approximation of the transport equation at velocity M € R:

at)’e_gayzcye‘f‘Mast:O, (t7x)€(O’T)X(O’L)a

ye(t,0) = ve (1), 1e(0,7), w23
ye(t, L) =0, 1e€(0,7T),
¥s(0,-) = yo(x), x €(0,L).

For each ¢ > 0, the equation (4-23) is null-controllable in any time 7" > 0, and the map V, 7 : yo — Vs
which to any yg € L?(0, L) associates the control vg of minimal L2(0, 7')-norm is linear. The problem
raised in [Coron and Guerrero 2005] is the following one: give conditions on the time 7" guaranteeing
that

lim sup Ve, 7l 2z2(0,L);L2(0,1)) < 0©- (4-24)
E—>

It is clear that if |M|T < L, (4-24) cannot happen, as otherwise the convergence of (4-23) as ¢ — 0

would imply the null-controllability of the transport equation in a time which is not enough to make the
characteristics go out of the domain.
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Several conditions on the time 7" ensuring (4-24) were then proposed in the literature, namely in [Coron
and Guerrero 2005; Glass 2010; Lissy 2012]. In fact, to our knowledge, the best results are the ones
obtained in [Lissy 2012], which we recall now:

Theorem 4.9 [Lissy 2012]. If M # 0 and
IM|T > L(2/3+ 1 —sign(M)) (2+/3 ~ 3.4641),

where sign(M) = 1if M > 0and = —1 if M < 0, we have
limsup | Ve, 7l #(L2(0,1):22(0,7)) = O-
e—>0
These results are based on the knowledge of the cost of observability of the one-dimensional heat
equation in small time obtained in [Tenenbaum and Tucsnak 2007]. Therefore, as Theorem 4.5 improves
the one in that paper, following the proof of [Lissy 2012] immediately improves the known result on the
uniform controllability of the viscous approximations (4-23) of the transport equation:

Theorem 4.10. Let K¢ as in (1-5). Then, if M # 0 and
|IM|T > L(4y/ Ko+ 1—sign(M)) (4 Ko = 3.3385),

we have

limsup Ve, | 2(220,L);22(0,1)) = 0- (4-25)

e—0

As the proof of Theorem 4.10 follows line to line the one of [Lissy 2012], as it is explained in Section 3,
item (i) of that paper, it is left to the reader.

We are currently investigating if one can do better than the combination of the cost of observability of
the one-dimensional heat equation in small times and of the arguments in [Lissy 2012] to obtain better
sufficient conditions on the ratio |M | T/ L to guarantee (4-25). We believe that a direct approach following
the strategy in Section 2 could help in improving Theorem 4.10.

Appendix: Carleman-type estimate

We consider the equation

8,Z—sz+%(2x-vxz+dz)—%z =g in(0,T)xQ,
z(t,x) =0 on (0,7T) x 0L2, (A1)
lim;— [|2(¢)llL2(@) =0,
lim/ 0 ?[[Vz(®)[L2(@) = 0.
with 7 > 0, Q a bounded domain of R%, d > 1,
L = sup |x| (A-2)

xXEN
and

g€ L?((0,T)x Q).
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We then have the following result:

Proposition A.1. Any smooth solution z of (A-1) with g € L*>((0, T) x Q) satisfies the estimate

L? L (T 1 (T
/Q(|vxz(T)|2—m|z(T)|2) dxsﬁ/o (l/u |sz(t,x)-v|2ds(x)) dt+ﬁ/0/ﬂtz|g|2dxdt,
(A-3)

with'y ={x €0Q :x-v >0}, and L is given by (A-2).

Proof. We define the spatial operators

2

L 1
Sz = —sz—mz, Az = Z(Zx-vxz +d z),

so that z is a solution of (A-1) satisfying
0;iz+Sz+Az=g in(0,T)xRQ.

Note that S and A respectively correspond to the symmetric and skew-symmetric parts of the operator in
(A-1).
We then consider

2
D(1) ::/Q(|vxz(z,x)|2—4%|z(t,x)|2) dxz/Q(Sz)(t,x)z(t,x) dx.

A direct calculation shows that

L2
D/(t)=F/Q|Z|2dx+2/QS28,de

LZ
=—3/ |Z|2dx—2/ |SZ|2dx—2/ SZAZdX+2/ Szgdx.
2t° Ja Q Q Q

Furthermore, as A is a skew-symmetric operator, we have
—2/ Sz Az dx 22/ Axz Azdx = l/ Axz(2x-Vyz+dz)dx.
Q Q tJg
On one hand, we obviously have

/szdzdxz—d/ |Vez|? dx.
Q Q

On the other hand, we note that
/ Axz2x-Vyzdx = 2/ (Vxz-v)(x-Vyz)ds(x)— 2/ Viz-Vx(x-Vyxz)dx
Q Q2 Q
:2/ (x-v)|sz-v|2ds(x)—2[ Viz - Vy(x-Vyz)dx.
193 Q

Here, we have used that as z =0 on 092, Vyz = (Vxz-v)v on dQ2. As

Viz Vi(x-Vyz) = |Vez|? + %-Vx(|vxz|2),
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we have
/sz-Vx(x-sz)dx=/ |sz|2dx+/ %-Vx(lvxﬂz)dx
Q Q Q
:/ |vxz|2dx+1/ (x-v)|vxz|2ds(x)—i/ |Vyez|? dx
Q 2 Jaq 2 Ja
=/ |vxz|2dx+1/ (x-v)|vxz-u|2ds(x)—i/ V2| dx.
Q 2 Joa 2 Jq

Gathering the above computations, we get

L2
D’(t)+2/ |SZ|2dX:—3/ |z|? dx—z/ |sz|2dx+l/ (x-v)|sz-v|2ds(x)+2/ Szgdx
Q 21° Jo o) I Jaq Q

s—gD(t)+l/ (x-u)|vxz.u|2ds(x)+f |Sz|2dx+[ lg|? dx,
t t Jaq Q Q

which implies in particular

(t2D()) <t / (x-v)|Vez-v|2ds(x) + 12 / lg|?dx. (A-4)
'y Q
Using the assumption on z in the third and fourth lines of (A-1), one easily checks lim;_g ZZD(Z) =0;
hence we can integrate (A-4) between 0 and T, which gives (A-3), as |(x - v)| < L for all x € Q. |
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ZEROS OF REPEATED DERIVATIVES OF RANDOM POLYNOMIALS

RENIJIE FENG AND DONG YAO

It has been shown that zeros of Kac polynomials K,,(z) of degree n cluster asymptotically near the unit
circle as n — oo under some assumptions. This property remains unchanged for the /-th derivative of
the Kac polynomials K ,(l’) (z) for any fixed order /. So it’s natural to study the situation when the number
of the derivatives we take depends on n, i.e., [ = N,. We will show that the limiting behavior of zeros
of K" (z) depends on the limit of the ratio N, /n. In particular, we prove that when the limit of the
ratio is strictly positive, the property of the uniform clustering around the unit circle fails; when the
ratio is close to 1, the zeros have some rescaling phenomenon. Then we study such problem for random
polynomials with more general coefficients. But things, especially the rescaling phenomenon, become
very complicated for the general case when N, /n — 1, where we compute the case of the random elliptic
polynomials to illustrate this.

1. Introduction

There are many well-known results regarding the nontrivial relations between zeros and critical points of
polynomials. The classical Gauss—Lucas theorem states that all the critical points of a polynomial are in
the convex hull of its zeros; in particular, if all the zeros are real, then so are the zeros of the derivative.
Differentiating a polynomial which has only real zeros will even out zero spacings [Farmer and Rhoades
2005]; in the case of random trigonometric polynomials, it’s proved in [Farmer and Yerrington 2006]
that the repeated differentiation causes the roots of the function to approach equal spacing, which can be
viewed as a toy model of crystallization in one dimension. For random polynomials under some mild
assumptions, the distribution of critical points and the distribution of its zeros are asymptotically the same
as the degree tends to infinity. This is because, roughly speaking, the coefficients of the derivative of a
random polynomial are not changed dramatically. Actually, such result holds for any fixed number of
derivatives [Feng > 2019; Kabluchko and Zaporozhets 2014]. In this article, we are primarily interested
in the case when the number of the derivatives we take for the random polynomials is not fixed but grows
to infinity with the degree.

Our starting point is the classical Kac polynomials. Let &, &, ... be nondegenerate, independent and
identically distributed (i.i.d.) complex random variables. The Kac polynomials are defined as

Ki(2) =) &". (1)
k=0

MSC2010: 60EOS5.
Keywords: derivatives of random polynomials, empirical measure.
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The Kac polynomials have degree n almost surely by assuming
P& =0) =0. (2)

The distribution of zeros of Kac polynomials has been studied for decades; we refer to [Bloom and
Shiffman 2007; Hough et al. 2009; Ibragimov and Zeitouni 1997; Ibragimov and Zaporozhets 2013; Kac
1943; Kabluchko and Zaporozhets 2013; 2014; Sodin and Tsirelson 2004; Shepp and Vanderbei 1995].
It’s proved that if

Elog(1 + |8[) < oo, 3)

then with probability 1, the empirical measure of zeros of Kac polynomials converges weakly to the uniform
probability measure on the unit circle as n tends to infinity [Ibragimov and Zeitouni 1997; Ibragimov and
Zaporozhets 2013; Kabluchko and Zaporozhets 2013; 2014; Shepp and Vanderbei 1995]. If the assumption
(3) is removed, then zeros of K,(z) may not concentrate around the unit circle; see [Ibragimov and
Zaporozhets 2013; Kabluchko and Zaporozhets 2013] for the case when |£y| has some logarithmic tails.

The property of clustering around the unit circle remains unchanged for the /-th derivative of the Kac
polynomials K ,El)(z) for any fixed / as n tends to infinity [Feng > 2019; Kabluchko and Zaporozhets
2014]. But things become interesting if the number of the derivatives we take depends on n, e.g., [ = N,,.
For the extreme case when N,, = n, there is no zero for K| ,5”) almost surely. Hence, some natural questions
are: What is the critical growth order of N, so that the property of clustering around the unit circle for the
Kac polynomials K ,ﬁN") fails? When it fails, what is the distribution of zeros of K ,(,N")? And how does the
distribution depend on the growth order of N,? In this article, we will answer these questions for the Kac
polynomials completely. The estimates we derive for the Kac case can be applied to the general random
polynomials. But there are some issues for the general random polynomials, where we will compute the
case of the random elliptic polynomials to illustrate this.

1.1. Notation. Before we state our main results, we need to introduce some notation. We denote by

n
Pn(@ =) &pini’ )
k=0
the random polynomials of degree n with general coefficients, where py , are deterministic coefficients
and &; are nondegenerate i.i.d. complex random variables. Throughout the article, we assume the random
variable &g satisfies the conditions (2) and (3).

We denote by p,gN”)(z) the N, -th derivative of p, (z) with the degree

D, =n—N,. (5)
Without loss of generality, we may assume the convergence of
Ny
— —>ael0,1]. (6)
n

The random measure of zeros of p,(z) is denoted by

=Yy &, (7)

2:pn(2)=0
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and we use the notation

up = Y 6 ®)

zps" (2)=0

for the random measure of zeros of pf,N”)(z) of degree D,,.

Similarly, we denote by uX and ,ugn the random measures of zeros of K, (z) and K" (z) for the Kac
polynomials, respectively, and we denote by £ and ugn the random elliptic polynomials. We denote
by D, the open disk of radius r centered at the origin in the complex plane. The convergence of the
random measures v, to v in probability (or in distribution) means the convergence in probability (or
in distribution) in the weak sense, i.e., f x Pvn(dx) — f x ®v(dx) in probability (or in distribution) for
any smooth test function ¢ with compact support. Given a measure v on the complex plane, we define
the scaling operator (¥,v)(B) = v(B/h) for h > 0 where B is any Borel set in C. In the end, we set
a Ab =min{a, b} and a vV b = max{a, b} and set log0 = —o0.

1.2. Kabluchko—Zaporozhets theorem. There are many well-known results regarding the global distri-
bution of zeros of some special Gaussian random analytic functions where the ensembles are usually
invariant under some group action, such as the Gaussian elliptic polynomials and Gaussian hyperbolic
analytic functions [Hough et al. 2009; Sodin and Tsirelson 2004]. Recently, a remarkable result proved
in [Kabluchko and Zaporozhets 2014] deals with more general random analytic functions. Kabluchko
and Zaporozhets [2014] proved that under certain assumptions on the coefficients of the random analytic
functions, the distribution of zeros will converge to a deterministic rotationally invariant measure on a
domain of the complex plane. Such measure can be explicitly characterized in terms of the coefficients.
To be more precise, let’s consider the random analytic function in the form of

Fa@) =) &prad, )

k=0
where & are nondegenerate i.i.d. complex random variables satisfying condition (3) and the coefficients
Dk.n satisfy the following assumptions.
Assumptions 1. Assume there are a function p : [0, 00) — [0, co) and a number Ty € (0, co] such that
(1) p(t) >0fort < Ty and p(t) =0 for ¢t > Ty,
(2) p is continuous on [0, Tp), and in the case Ty < oo, left continuous at 7y,
(3) 1imy—s 0 SUPe(o,any | Prn] " — p(k/n)| = 0 for every A > 0, and

|—1/k

(4) Ro=liminf,_, p(t)_l/ "€ (0, oo], iminfy_ oo | px.n > Ry for every fixed n € N and additionally,

lim infn,k/n—)oolpk,n |_l/k > Ro.

Roughly speaking, the major assumption is that the coefficients py , are approximately e”1°¢ 7*/m) for
some p, which is positive on some interval [0, Tp), continuous in [0, Tp], and equal to O in (7p, 00).

Theorem 1 [Kabluchko and Zaporozhets 2014]. Under Assumptions 1 and (3), let I (s) be the Legendre—
Fenchel transform of —log p, i.e., I(s) = sup,-((st + log p(¢)); then the random measure (1/n)uF,
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of zeros of F,(z) converges in probability to a deterministic measure | in Dg,, which is rotationally
invariant and satisfies
w®,) =1'dogr), re (O, Ry).

As a convention, I’ is the left derivative of 1. A typical example to which to apply the Kabluchko—
Zaporozhets theorem is the Kac polynomials where we have

Pk = lizn, pt) = 1<, Tp=1. (10)
By some computations, we have / (s) = s Vv 0 and thus the limiting distribution satisfies

M(Dr):{o, 0<r<l, (11

1, r>1,

i.e., the uniform probability measure on the unit circle.

But we cannot apply the Kabluchko—Zaporozhets theorem directly in our case to derive the distribution
of zeros of K ,(,N”) or that of the general random polynomials p,(,N"). For example, if N,, =n — |logn],
then the degree of p,(lN”) is D, = |logn]; therefore, one cannot find some A so that Assumption 1(3) is
satisfied. We need to modify their theorem to deal with our situation more conveniently. We consider the
random polynomials in the form of

(To—8n) Ly,

FE@= Y &puandt, (12)
k=0

where (Ty — §,) L, is an integer and we assume that F},(z) satisfies the following assumptions:

Assumptions 2. There exist a function p : [0, c0) — [0, 00), a positive number Ty € (0, 00), a sequence
of positive integers L, going to co as n — 00, and a sequence of numbers §, € (—Tp, Tp) (not necessarily
positive) that goes to 0 as n — oo such that

(1) p(¢) >0fort €0, Ty) and p(t) =0 for t > Ty,
(2) p is continuous in [0, Ty], and
(3) 1imy o0 SUPg<k <1y g1, 1 Prnl /2 = P((k/ L) A To)| = 0.
Then we have the following theorem whose proof is sketched in the Appendix.

Theorem 2. For random polynomials F,(z) in the form of (12) which satisfy Assumptions 2, let 1(s) be
the Legendre—Fenchel transform of — log p; then the random measure (1/L,) i F, of zeros will converge
in probability to a deterministic rotationally invariant measure yu where

w(D,) =1I'dogr), r>D0. (13)

Throughout the article, we often make use of the estimate

=0. (14)

1 k
lim sup — log| pi.n| —log p(L— A TO)

n_)ooOSkS(TO_(Sn)Ln n n
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This estimate implies the main Assumption 2(3), which is the direct consequence of the inequality
e =yl < (x A el log x —log y|
for any x, y > 0. The main advantage of (14) is the convenience in computations.

1.3. Main results. We first state our main results for the Kac polynomials, which will answer the questions
we raised at the beginning of the article.

Kac polynomials. The main result is that the limiting behavior of the distribution of zeros of K ) will
depend on the limit of the ratio N, /n. We will divide our discussions into two categories: D, goes to
infinity and D, remains a fixed number, where D, =n — N, is the degree of the random polynomials K ,(,N").
Without loss of generality, we consider the four different cases O N,,/n — 0, @ N, /n — a € (0, 1),
® N,/n—1and D, — o0, e.g., N, =n—logn]| and D, = [logn],and @ N,/n — 1but D,, =m < o0,
ie., K,(,N”) has a fixed degree m.

In the cases of )-QB) where D,, — oo, we will show that the coefficients of K ,SN") or its rescaling will
satisfy Assumptions 2 with different choices of L,, §,, Ty, and p; then we apply Theorem 2 to prove:

Theorem 3. Assume D,, — 00 as n — 00; we have the following results regarding the empirical measure
of zeros of derivatives of Kac polynomials K, ,EN”):

(1) If lim, o0 N,,/n =0, then (l/D,,)ugn converges in probability to the uniform probability measure
on the unit circle, i.e., the measure defined in (11).

(2) If lim,,, oo N,/n =a € (0, 1), then (1/D,,),ugn converges in probability to a rotationally invariant
measure ,uf on C defined by
ar/(1—-a)(1—r)), O<r<l1l-—a,
uf(Dr)={ / (15)

1, r>1—a.
(3) If lim,— » N,,/n =1, then globally we have the convergence in probability

Lk ) (16)
— — 00-
D, o 90

If we set R,, = n/ Dy, as the quotient of the degrees of K,, and K M) and consider the rescaling Kac

polynomials E,, (2) = K,EN")(Z/R,I), then the empirical measure (l/Dn)ugn which is the same as
(1/Dy)¥r, (,ugn) converges in probability to a rotationally invariant measure i where

KD, = {r, r<1, (17

1, r>1.

In particular, the density for the measure jiX is

d¥(z) = Lh <1. (18)
27T|Z| Z|=<
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In the case @ when D,, remains a fixed number, we will show that the measure of zeros of the rescaling
polynomials K ) (7 /n) will converge to some random measure. The main tool to prove this result is
Rouché’s theorem in complex analysis. Our result is as follows.

Theorem 4. Suppose lim,,_, - N,/n =1 and D, = m for all n; then globally

1 K
—uK = 8, (19)
m

where the convergence is in probability. Furthermore, we have the rescaling limit
Fu(iah,) = ik, (20)

where the convergence is in distribution and i g is the random measure of zeros of the random polynomial

m

&k
K= g Ezk. 1)

Remark. The relationship between the results in Theorems 3(3) and 4 has an intuitive explanation.
Consider the case in Theorem 3(3). We can zoom in zeros of K ,EN")(Z) in two steps. First we zoom in the
zeros of K ,EN”)(Z) by a factor of n; then by Theorem 4 (treating D,, as fixed for this moment) the scaled
zeros will be close to the zeros of f gﬂ (z). Here f gn (z) is just the function in (21) with m replaced by D,,.
If we then zoom out zeros of f gﬂ by a factor of D,, (which is the degree of the polynomial f gﬂ ), then as
a whole we get something close to zooming in the zeros of K ,EN”)(Z) by a factor of n/D,,. Taking n to
infinity we should get the limit in Theorem 3(3). This is in accordance with the fact that (17) is also the
limit of the empirical measure of zeros of f gn (Dyz) as m — oo, as shown in Theorem 2.3 of [Kabluchko
and Zaporozhets 2014]. Note that in the zooming out process, we can also replace Z/?io@k / k) (Dp2)*
by Z/ch;o &/ k!)(D,z)* since Theorem 2.1 of [Kabluchko and Zaporozhets 2014] shows the empirical
measure of Z/fio (& /k!) (D, 2)¥ restricted to unit disk also converges to the measure in (17).

As a summary, we show that the clustering property of zeros around the unit circle for the derivatives of
Kac polynomials holds if and only if N, /n — 0; the conclusion (3) in Theorem 3 together with Theorem 4
imply that, if N,/n — 1, zeros will converge to the origin with the average decay rate D, /n which is the
quotient of the degrees of K,(lN”) and K,,. Thus we will completely answer the questions we proposed at
the beginning of the article.

General random polynomials. We can extend the above results for the Kac polynomials to the general
random polynomials where the coefficients satisfy Assumptions 1 in the Kabluchko—Zaporozhets theorem.

Theorem 5. Suppose the random polynomial p,(z) of (4) satisfies Assumptions I with some function p(t);

then regarding the zeros of p,(lN"), we have:

(1) If limy—, 00 Npy/n = 0, let 1(s) be the Legendre—Fenchel transform of —log p; then (1/D,)up,
converges in probability to a rotationally invariant measure |L given by

w(D,) =1I'"(dogr), r>D0.

That is, (1/D,)p, has the same limit as (1/n) .
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2) If limy—,oo Ny/n=a € (0, 1), letlogu, =log p(t+a)+(t+a) log(t+a)—1tlogt+(1—a)log(l—a)
if0<t<l—aand —coift > 1—a. Let 1,(s) be the Legendre—Fenchel transform of — log u,; then
(1/Dy)up, converges in probability to a rotationally invariant measure (1, given by

1
e (D)) = 1 I;(logr), r>0.
—da

Compared with Theorems 3 and 4 for the Kac case, things become complicated for the general random
polynomials when the ratio N, /n tends to 1. First, one cannot conclude that (1/D,)up, converges in
probability to §g. To see this, let’s consider the following example where the coefficients of the random
polynomials p,, are

. 1, 0<k <N,,
PEn=nt (k= N K DY), Ny <k <,
where
D, =|logn] and N,=n-—D,.
We let

p(t) = lo<i<1.

We claim that py , and p satisfy Assumptions 1. Indeed, when 0 < k < N,,, we have
=r(;)
pk,n =p n/)’

Therefore, it remains to prove

lim sup |p/" —1]=0.

n—>00 N <f<p

By (14), it’s enough to show

1
—log p; ,| =0. (22)

lim sup
n—oo ankfl’l

For N, <k <n, we have 1 <n!(k — N,)!/(k! D,!) <n!/k!; then

1
sup | = 1og pi.n

1 n!
< sup —log— <—logn™" < ;
Nu<k=n k'

N,<k<n 1 : n n

where (22) follows as n — oo, which completes the proof of the claim. But the N,-th derivative of p,, is

nl &
(Np) — 2 k
n = D | gk-‘anZ )
n-
k=0

which is in the form of Kac polynomials; thus, the empirical measure of zeros will converge to the uniform
probability measure on the circle instead of the delta function at the origin.

Secondly, even if zeros converge to &y, one cannot easily find the rescaling limit of the empirical
measure of zeros if there exists one. The rescaling property should highly depend on the properties of
coefficients, such as the convergent rate of p,  to p(¢) and the monotonicity of py , for each fixed n.
The following results regarding the elliptic polynomials provide such an example.
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Random elliptic polynomials. The random elliptic polynomials are in the form of

En(2) = Z sk\/@zk. (23)
k=0

If & are i.i.d. complex Gaussian random variables, then the random elliptic polynomials are also called
Gaussian SU(2) polynomials. The Gaussian SU(2) polynomials can be viewed as meromorphic functions
defined on the complex projective space CIP! = 2, and a basic fact is that the distribution of its zeros is
invariant under the SU(2) action. The Gaussian SU(2) polynomial is the standard model when one tries
to generalize the random polynomials to random holomorphic sections on the complex manifolds [Bleher
et al. 2000; Hough et al. 2009].

One can show that the coefficients of the random elliptic polynomials satisfy all of Assumptions 1 with
the associated function (see also [Kabluchko and Zaporozhets 2014])

log p*(t) = —4tlogt — 3(1 —t)log(1 —1) for0O<t<1. (24)
Theorem 6. For the random elliptic polynomials E, (z) defined in (23), we have:

(1) The conclusions in Theorem 5 hold for (1/ D,,),ugn with p replaced by pt defined in (24).
(2) If lim,_, o N, /n =1, then we have the global convergence in probability

1 E
— — &.
D, !PT

Furthermore, if D,, — 00, then in probability, we have

1
D—ym(ﬂf),l) - M,
n

where R, =n/D,, as before and | is the rotationally invariant probability measure defined as

r(m—r)
2

w(D,) = , re(0,00). (25)

If D, =m < o0, then the following rescaling limit holds in distribution:
S miep,) = mye.
where W fE is the random measure of zeros of ,f = kazo(ék/(k!«/(m — k)~

1.4. Further remarks. Let’s compare Theorem 6 with Theorems 3(3) and 4 for the case when N,,/n — 1.
Both the empirical measures of zeros of derivatives tend to the point mass at the origin, but the interesting
result is that they converge with different decay rates. Zeros converge to the origin with the average decay
rate D, /n for the Kac case and /D, /n for the elliptic case, which indicates that Assumptions 1 is not
enough to extract the complete information about the convergence of zeros of the N,-th derivative of
general random polynomials; i.e., the main assumption limy,—, oo SUP;c(o, Anll Pial/™ = p(k/n)| =0 for
every A > 0 is not enough. It seems that we need to impose additional assumptions on the rate of the
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convergence of py , to p for N, <k <n and the growth order of p ,. As in (14), we may alternatively
consider the quantities

1 k
mi= sup | loglpial—log ("] 26)
N,<k<n n
and
by := sup |[pinl (27)
N,<k<n

The asymptotic properties of 1, and b, may play important roles in the case when N, /n — 1. Note that
n, is identical to O for the Kac polynomials and asymptotic to (log D,)/(4n) + O (1/n) for the random
elliptic polynomials. Two questions are raised: What are the asymptotic properties of 7, and b, so that
zeros of p,(,N") tend to the origin? And if zeros tend to the origin, how does the decay rate depend on 7,
and b,,? We postpone these two problems for further investigation.

Along with Kac polynomials, there is another important type of random polynomial defined via the
orthogonal polynomials. Given a bounded simply connected domain €2 in the complex plane with analytic

boundary C of length L and a positive weight function w(z), we define the inner product

1 _
(f8)=7 / F@a@Dw@)ldzl. 28)
C

Then we can find an orthonormal basis {p,’(z)} with respect to this inner product, where p)’(z) is a
polynomial of degree n in which the coefficient of z" is real and positive. Shiffman and Zelditch [2003]
prove that the empirical measure of zeros of

n
Pa@) =) &pi(2), (29)
k=0

where & are i.i.d. standard complex Gaussian random variables, tends to the equilibrium measure of €2 as
n tends to infinity. Such result is then generalized by Bloom and Shiffman [2007] to higher dimensions
where they get rid of the analytic assumption and replace it by the Bernstein—-Markov condition. In [Feng
> 2019], the author further studied zeros of the [-th derivative of P,fl) for any fixed / as n — o0, and
proved that zeros of derivatives of any fixed order also tend to the equilibrium measure. The method used
in [Feng > 2019; Shiffman and Zelditch 2003] is quite different from that of [Kabluchko and Zaporozhets
2014]. One needs to apply the classical Szegd theorem [1975] on orthogonal polynomials together with
the conformal transformation between the bounded domain and the unit disk. Then it’s a natural problem
to study the behavior of zeros of derivatives of P As indicated by Theorem 3 for the Kac polynomials,
it seems that zeros will still converge to the equilibrium measure if N,/n — 0, but the results for the
case when N,/n — a € (0, 1] are quite hard to predict. One may prove the results with the aid of the
conformal transformation, but the strategy is unclear to the authors.

The paper is organized as follows. We will prove Theorems 3 and 4 for the Kac polynomials in
great details in Section 2. The estimates for the Kac case can be applied to prove Theorem 5 for the
general random polynomials in Section 3. In the end, we will prove Theorem 6 for the random elliptic
polynomials. In the Appendix, we will sketch the proof of Theorem 2.
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2. Kac polynomials

In this section, we will prove Theorems 3 and 4 for the Kac polynomials.

Let K ,(,N") be the N,-th derivative of the Kac polynomials. Since we want to prove the empirical
measure of zeros converges to a deterministic limit, it suffices to prove the convergence in distribution.
By the fact that & are i.i.d., it’s equivalent to consider

Dy,
KM () = gk +1) - (k + Ny (30)
k=0
Observing that the random measure of zeros is invariant by the dilation, i.e., e = u ¢ for any nonzero c,
we can alternatively consider the following normalized random polynomial so that the leading-order term
is £p, 7P

D,
KM (2) =Y & fint, 31)

k=0
where throughout the article, we set

(k4 N,)! D!

Jun = (32)

Stirling’s formula reads

k! :ck\/ﬁ(f)k, (33)

where ¢y is a sequence of positive numbers tending to 1 as k tends to oo and hence uniformly bounded.
Then we have

log(k+N, log D
og(k+ ”)+DnlogDn—Dn+ og Dy

1 1
7108 fin=1— [(k+Nn)log(k+Nn)—(k+Nn)+

logk 1
_<klogk—k+%+n logn—n+ o;gn)]

1
+L—(logck+Nn—|—lochn —logcr—logcey)

n

1
= L—[(k—i—Nn) log(k+N,)+Dylog D,—nlogn—klogk]
n

1 1
+ 7L (log(k+N,)+1log D,—logn—log k)+L— (logck+n,+logep, —logcr—logce,)
n

n

=1(k,n)+L(k,n)+ 13k, n). (34)

When k = 0, we set ¢y = 1 and set 1,(0,n) = (1/L,)(N,log N, + D, log D,, — nlogn), I5(0,n) =
(1/(2L,))(log N, +1log D, —logn), and I5(0, n) = (1/L,)(logcn, +1logcp, —logc,) to be consistent
with the definitions. The expressions of I; are different according to the choices of L, (only differ by the
front factor L), but we use the same notation /; for different cases throughout the article to reduce the
notation we use.
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In the following computations, we will let L, — oo (although we choose different L, for different
cases); hence, I3(k, n) will tend to O uniformly by the uniform bound of ¢, which means the third term
I3(k, n) is always negligible.

2.1. Case 0. Let’s first consider the case (D when

Ny
lim =2 =0. (35)

n—oo n
For this case, we need to choose L, = n in (34). We first simply have

2
lim sup [lh(k,n)| < lim —logn=0. (36)
n—oo n

n—>000<k<p,

For I, (k, n), we observe that for each fixed n, I;(k, n) is increasing with respect to k by considering the
function I (x) = (x + N,,) log(x + N,;) — x log x where I'(x) =log(x + N,) —log x > 0. We combine this
with the fact that 1,(D,, n) = (1/n)((D,, + N,) log(D,, + N,,) + D, log D,, —nlogn — D, log D,)) = 0;
we first have

sup |1i(k, n)| < [1(0,n)| Vv [I1(Dy, n)| = [11(0, n)|,
0<k<D,

which further reads

1
sup |Ij(k,n)| < —|nlogn — N,log N, — D, log D,
0<k<D, n

1
= —|N,logn + D,logn — N, log N, — D,, log D,|
n
=|——1logl — ) — —log| — }|.
n n n n

lim sup [|[i(k,n)| =0, 37

n—>000<k<p,

Thus, we have

since N,/n — 0and D,/n=1—N,/n— 1 asn — oo.
Combining (36)—(37) and the fact that /3 always tends to 0, we get

=0. (38)

lim sup ‘llogfk,n

"> 0<k<D,

Hence, the coefficients f} , satisfy Assumptions 2 with L, =n, Tp =1, and §,, = N, /n so that (1—-6,)L, =
D, and log f(t) =0 for 0 <t <1 and log f = —oo for ¢t > 1. Therefore, zeros of K,EN”) will have the
same distribution as the Kac polynomials by computations in (10) and (11) as n — oo.

2.2. Case (2. Let’s consider the case when

Ny
lim — =ae(0,1). (39)

n—oo n
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Let’s choose L,, =n in (34) again. By the same arguments as in Case (D, I, and I3 converge to 0 uniformly
for 0 < k < D, as n — oco. Therefore, it remains to estimate /. Let’s put N,/n = a + 5§, where §, — 0.

Assume 7 is large enough so that
l—a, ¢ (40)
2 2

18, <

For k > 1, we rewrite
1
Iy = —[(k+ N,)log(k + N,) + D, log D,, —nlogn — klogk]
n

1
= —[(n — D, +k)log(k+ N,) —nlogn —klogk + D, logk — D, logk + D, log D,]
n

1 k N, D,
= —[n log<— + —) + (k— Dy)log(k + N,) — (k — Dy)logk + D, 10g<—)]
n non

k
k N k D N D D
=log| -+ )+|(=—L)logl 14+ =2 )+ L log| ==
n n n n k n k
=1L+ Is.

To estimate I4 and I5, we will make use of the following inequality which is the direct consequence of
the intermediate value theorem:

1
O<logy—logx <—-(y—x) forO<c<x<y. 41)
C
We can rewrite Iy as log(k/n +a + 38,); by (40)—(41), we have
26,
i) <[
n a
forall 1 <k < D,. So we have
lim sup P4—Jog<§—%a)‘=(l 42)

n—o0o 1<k<D,
For Is, since N,/n =a+ 4, and D,/n =1 —a — §,, we can rewrite it as

(a+6,)n
k

(I1—a—46,)n

I5=<§—(1—a)+5n)log(l+ X

)+(1_a_8n)10g

K Q+ ”+5”)+u 5 log( -1+ — "1k
=—1lo a— = —a—38y)log| -1+ ——-—).
n 05 k0% n) 108 k+ (a+o,)n

Then we have

s | Brog(14a™ Vo —aytog( -1+ HK
3 n & k £ k+an

k n n n
I 1 —4+68,— ] —1 1 —
og< +ak+ k) og< +ak)‘

<
n
n+k n+k
1 14+ —) -1 14+ — )
og( +k+(a+6n)n> og( +k+an)‘+|"|

+{0—-a)

1 1+ n+k
0 — —_—
g k+(a+8,)n

=Ilg+ 17+ I3.
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By (40)—(41) again, we have
k
I < ————————|8,]
nl+(a/2)(n/k)
For 17, since |5,| < (1 —a)/2, we know k + (a + 6,)n < k+ ((1 +a)/2)n. Therefore,
n—+k > 14 n—+k _ (1—a)n/2 - (1—a)n/2 _l—a
k+(a+8)n — k+((A+a)/2n  ((A+a)/2n+k ~ (1+a)/2n+n  3+4a

We also have

n
%§|8n|—>0.

—1+4

. (43)

k+n - 1—a
k+an ~ 3+a’

1 14 n+k 1 14 n+k
og| -1+ ——— | —log| —
& k+ (a+to,)m & k+an

3+a k+n k+n

l—alk+(@+8,)n k+an
(k +n)|uln (n+nmn|s,| 83+ a)|d,l
< (3 - <3 <
SOy ST T ST 2
For Ig, taking into account (40) and (43), we have
l-a _ | k+n _(—a=b)n _[A-a)+(1-a)/2]n _ 3(1—a);

34+a +k+(a+5n)n_k+(a+8n)n_ (a—a/2)n -~ a

it follows that a1 .
185<1og( ( ‘“>)‘v‘1og<;")‘)|an|ﬁo.
a 34a

If we combine the estimates of I, I7, and I3, we conclude that

k n n+k
Is—|—log{1+a—- )+ (1 —a)log| -1+ =0. (44)
n k k+an

—1+

Thus, by (41), we have

I1=0-a)

<(1-a)

0.

lim sup
n—00 1<k<D,

If we set

log f1(¢) =10g(t+a)+tlog<1+c—l> +({1—a) log(1 —a)
t t+a

=(t+a)log(t+a)—tlogt+ (1 —a)log(l—a), t=>0, 45)

then the estimates (42) and (44) for 14 and I5 imply
lim  sup |11 “log fi (§)| —0. (46)
"m0 1<k<D, n
The estimate of [} in the case k = 0 can be achieved by the same way, and actually (46) holds with the
supremum taken over 0 <k < D,,.
Letsset f = fiforO<t<1—aandOfort>1—a. Let’s set
A(b) = sup llog f1(z) —log fi(s)I;

l—a<t<s<l,s—t<b
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then we have
k k
sup ‘11 —log f<— Al —a))‘ < sup ‘11 —log fl(—)( + A(S,D.
0<k<D, n 0<k<D, n

Observing that log f is uniformly continuous on [1 — a, 1], combining (46) and the fact that §, — O,
then we have

lim sup ‘Il —logf<§/\(1 —a))‘ =0.

n—>00 0 <p,

Therefore, if we combine the estimates of Iy, I», and I; we derived above for Case ), we have

lim  sup %fk,n ~log f(% Adl —a))‘ —0. 47)

=0 0<k<D,

As a summary, in the case when N,/n — a € (0, 1), by defining f(¢) above, the coefficients fi , will
satisfy Assumptions 2 with 7o =1 —a, L, =n, and 6, = N,/n — a (note that D, = (Tp — é,) L, again).
The Legendre—Fenchel transform of —log f is

alog(a/(e™ —1)4+a)+ (1 —a)log(1 —a), s <log(l—a),
I(s) =
s(l—a), s >log(l —a).
Therefore, by Theorem 2, the limiting measure for the sequence of the random measure (1/ L,,),ugn
(which is (1/n)u}y ) satisfies

AD,) = {ar/(l—r), O<r<l1l-—a,

1—a, r>1—a.

Since D,,/n — 1—a, the limit of the empirical measure (1/D,,) /ﬁgn will thus be (1/(1 —a))(D,), which
is (15).

2.3. Case (3. In the case when
. Ny
lim — =1 and D, — o0, (48)
n—oo n

we only prove (17), which implies (16). To prove (17), we need to consider

D,
~ Z ~
K, () := R K" (R—) = & fend", (49)
k=0
where
~ _ n
fem = fxnRP™* and R, = o (50)

n

It’s enough to study K »(2) since it has the same zeros as K ,SN”)(Z /Ry).
In this case, we need to choose L, = D, in (34) with the decomposition

1
D log fx.n = Li(k,n) + Ly(k, n) + I3(k, n).
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Thus, we have the decomposition

1 ~ k 1
—1 =(1——)logR —1
Dn 0og fk,n < Dn) 0g Ky + Dn 0og fk,n (51)

k
= |:<1—D—> IOan+Il:|+IQ+I3.

n

As before, I3 goes to 0 uniformly again since D,, — 0o as n — 00.

We note that |

2D,

is decreasing with respect to k > 1 for fixed N,,, D,, and n; thus, we simply have SUPg<x<Dp, |k, n)| =
[I,(1,n)| Vv |I(D,,n)|. Since I,(D,, n) =0, we further have

L (k,n) = (log(k + N,,) +1log D, —logn —logk)

1
sup |l(k,n)| =|L(1,n)|=
Ofkpr,, 2D,

|log(N, + 1) +1log D, —logn|.

By assumption (48), we can choose n large enough so that N, > %n; thus, we have

n log2 log D,
1 — logD, | < 0,
<Og(Nn)+ 8 ) =2, "2,

1
sup |L(k,n)| <
0<k<D, 2Dn

since D,, — 0o as n — o0.
For I;, we rewrite it as

1
I = D—((k+n— Dy)log(k+ N,) —nlogn+ D, log D, — klogk)
n

1 k+ N,
= o nlog + (k— Dy)log(k+ N,)+ D,log D,, —klogk
. n

1 k+N, k+N, k
:D—<nlog< + )+(k—Dn)log( + )—I—(k—Dn)logn—i—Dn logDn—klogDn—klog<D—))
n n

n n

n n+k—D,\ k k k k k+ N,
= —log[ ——" ) — —log[ — — —1)@ogn—log D)+ — —1]1 .
i G B ) M G L e D )

Thus, we can rewrite

Now we put
log f=t—1—tlogt for0<r<1 and log f=—oc0 fort>1. (52)

Then we can write 7 as

I =log f(%) + Io, (53)
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n k— D, k— D, k k+ N,
Io=—]1 1 — ——1]1 .
=15 -5 () e ()
Since |log(1 +x)| < |x| and |log(1 +x) — x| < x? when |x| is small, then we have the uniform estimate

2 2
log(l—i—k_Dn)—k_Dn S(lc—D,,) S(&)
n n n

n
as n becomes large enough, which implies the first term in Iy tends to 0.

Note that 1 > (k+ Ny,)/n = N, /n; thus, [log((k + N,)/n)| < [log(N,/n)| = [log(1 — D, /n)| < Dy /n.
If we combine this with the fact |k/D, — 1| < 1, we prove that the second term in /g also tends to O.

~ ~( k
Iy —log f o =0.

If we combine the estimates of I 1, I2, and I3 above, we have proved

where

Hence, Iy — 0 as n — oo. Therefore,

lim sup
n—00 0 k<p,

lim sup

= 0<k<D,| Un n

1 ~ ~ k
Do log fi . —logf(D—)‘ =0. 54)

As a summary, the coefficients fkﬁ satisfy Assumptions 2 with L, = D,,, Tp =1, §, =0, and f . The
Legendre-Fenchel transform 7 (s) = supy_,; (s + log f (2)) is

S_l 0
I(s):{e , §<0,

s, s >0.

Thus, the explicit expression (17) of the limiting measure 1% follows by Theorem 2.

2.4. Case @. Now we prove Theorem 4 for the case where D, remains a fixed positive integer m. The
proof makes use of Rouché’s theorem. We start with the following proposition regarding the convergence
of zeros of a sequence of deterministic polynomials.

Proposition 7. Let G = Y ), gxzk, where {g} are deterministic constants and g, # 0. Let G, =
2 o ka2, where {gi.,} are also deterministic. Assume g, converges to gi. for each fixed k. Then the
measure of zeros LG, will converge to (g in the sense of distribution.

Proof. Let’s choose ¢ as the smooth test function with compact support and pick € > 0 small enough. We
first claim that for each zero zg of G with multiplicity «g, for n large enough, G, has exactly o zeros
in D(zop, €), the open disc centered at zg with radius €. Once this is done, since G has m zeros (m is a finite
number), we can pick a common Ny such that when n > Ny, G, will have exactly ¢; zeros in D(z;, €)
for any z; in the zero set of G with multiplicity «;. This means that we can make an appropriate ordering
of the zero set of G (denoted by z;, 1 <i < m) and the zero set of G, (denoted by z; ,, 1 <i <m) such
that |z; — z; »| < € for all i. Then we have

G, (@) — (D) = Z |9 (2i) — ¢ (zin)| =mKe, (55)

1<i<m
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where K is the sup norm of the derivative of ¢. Since € is arbitrarily small, this implies the weak
convergence of g, . All the rest is to prove the claim.

Let’s choose € < 1 small enough such that zg is the only zero of G with multiplicity & > 1 in the
closure of D(zg, €). Assume |z9| + 1 < R for some R. For any z € D(zo, €), we have

m
Gy = Gl < Igui — gl RE. (56)
k=0
Let’s set
€)= min |G(z)|;
ne)=_min |G|

then as n becomes large enough, we have

m
> lgnk — gkIRE < n(e),
k=0

which implies that
|G, (z) — G(2)] <|G(z)| forany z € dD(zg, €).

Hence, G, and G have the same number of zeros in D(zg, €) by Rouché’s theorem. This completes the
proof of the claim and hence Proposition 7. g

Let’s apply Proposition 7 to prove Theorem 4. In the case of D, =m and N, =n —m, (31) reads

K" (2) =Y & findh.

k=0

To study the limiting behavior of zeros of K,(,"fm)(z /n), we may alternatively consider the random
polynomials G, (z) = n" K,(,n_m) (z/n). The coefficients of G, are

m—k

m! n

Hnm—1)---(n—m—k) +1)

—k
8k,n = n" fk,n =

Since k and m are both fixed when n — oo, we have

m!
lim = —.
n—>oogk’n A

By Proposition 7, the measure of zeros i, will converge to 14 s« almost surely, where w ¢k is the random
measure of zeros of fnf () = ka=0 (& /k!)z*. The limit (20) follows from this since K ,E"_m)(z /n) have
the same zeros as G,,. In particular, the empirical measure of zeros of K,E"_m) will converge to dg.

3. General random polynomials

In this section, we will apply the estimates we derived for the Kac polynomials in Section 2 to prove
Theorem 5 for the general random polynomials.
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Let p, be the general random polynomials of degree n defined in (4). Let’s assume that the coefficients
Drk.n satisfy Assumptions 1 with the associated continuous function p that is positive on [0, 1) and

lim sup ||penl’” — (5)‘ —0. (57)
=0 kel0,n]
The N,,-th derivative of p, is
(N,,) = Z$k+N Pk+N, nfk nZ > (58)
k=0

where f; , is defined in (32). Since & are i.i.d., it’s equivalent to consider the random polynomials

" = Z Ec Pt Ny frenZ, (59)

k=0

where (58) and (59) have the same distribution of zeros. We set

Uk,n = Pk+Nyon Jkons
then we rewrite

M = ZSkuk nZ".

We now verify that uy , satisfy Assumptions 2 with some associated function u.
3.1. Case 1. (N,/n — 0). As in Case (D of Kac polynomials, we take L,, = n, §, = N, /n, and Tp = 1.
For fixed n, fx , is increasing with k since

fk—i—l,n _ k+1+ Nn
fk,n k+1

Since fp,.» =1, it follows that f; , <1 for all »n and 0 < k < D,. By Assumptions 1, p is continuous
on [0, 1] and therefore is bounded by C. Hence,

k
sup [Jugal'" = p (%))
0<k<D, n

n k n k
< sup fipeenl” = p (%)Ll + sup [l = 1]p(5)

> 1.

0<k=D, 0<k=D,
k+ N, k+ N, k
< sup |pk+N,,,n|”"—p( )‘+ sup p( ”)—p( )’+C sup {1 il = 1)
0<k=<D, n 0<k<D, n 0<k<D,
=N+ 4+ /s

Our assumption (57) implies that J; converges to 0. J> converges to O since p is uniformly continuous
on [0, 1] and N, /n converges to O under the definition of the case. J3 also converges to O by the
estimate (38) which we have already proved for the Kac polynomials. Hence, the coefficients uy , satisty
Assumptions 2 with L, =n, §, = N, /n, To = 1, and the associated function p. The conclusion (1) of
Theorem 5 then follows.
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3.2. Case 2. (N,/n — a € (0,1)). As in Case @ of Section 2.2, we set L, =n, 8, = N,,/n — a, and
To=1—a; then (Tp—6,)L, = D,. Let’s choose f; as in (45) and set that f coincides with f; in [0, 1 —a]
and equals O in [1 — a, 00) as in the Kac case. Proceeding like Case 1 above, we have

sup ‘luk,nll/n —P<(f_l +a) A 1)f(§ /\TO)‘

0<k<D,
1/n 1/n k k 1/n k
< swp Lfeal | Ipeemal " = p((+a) A1)+ sup p((5+a) A1) |Ifeal = £ (5 AT0)
0<k<D, n 0<k<D, n n
n—+ N, k+ N, k
< sup |fk,n|l/n'|Pk+Nn,n|l/n_P( p )‘+ sup |f,<,,,|1/"p< . n)—p((;-l—a)/\l)‘

0<k<D, 0<k=<D,

+ swp p((S+a) a)|ifal — £ (5 am)

0<k=<D,
=J1+ L+ S5

As in Case 1, our assumptions of p imply that J; converges to 0; J3 converges to 0, which is equivalent
to (47) as in the Kac case. Again using the boundedness of f; , and the uniform continuity of p together

with the fact that
k+ N,
(G ra)n) -
n n

we have J, — 0 since 6, — 0. Hence, the coefficients uy , satisfy Assumptions 2 with u®(¢) = f (t) p(t+a);
this will complete the proof of Theorem 5(2).

sup
0<k<D,

S |5n|,

4. Random elliptic polynomials

In this section, we will prove Theorem 6 for the random elliptic polynomials E, defined in (23). Let’s

oE=(3)

the coefficients. By Stirling’s formula, one can prove that the coefficients pf satisfy Assumptions 1 with

denote by

the associated function p% given in (24). Thus, Theorem 6(1) is the direct consequence of Theorem 5.
Now let’s prove Theorem 6(2), which is the interesting part, and the nontrivial ingredient is to find the
rescaling factor.

As in (59), the N,-th derivative of E,, is equivalent to

Dn Dn
Nl‘l —_— E k P— E k
EMN =3 "&pfy, afind =) &g, (60)
k=0 k=0

Let’s first consider the case when N,,/n — 1 and D, — oo. By discarding a negligible lower-order term
and by Stirling’s formula, we have
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1
Dy,

1 k+Nn1 n +Dn—k1 n
= _ 0 0
2\, B\ixw, D, 2\D —«k

1
—log plin, . ™ E(n logn — (k4 N,)log(k + N,,) — (D, — k) log(D,, — k))

1/ n+k—D, n—D,+k D, —k D, —k D, —
=—|- log — log +
2 D, n D, D,

=hi+ha2+113.

By |log(1 +x) — x| < x? when |x| is small, we can get the uniform estimate

1{ n+k—D,—D,+k n (=D,+k\> n
Lii—5|— < <
’ 2 D, n 2D, n 2D,

We also have the uniform estimate

2

it follows that if we define

D, n 2D, 2nD, — 2n

hy=31(1-1),
then
lim sup |/ —hl(i>‘ =0.
= g<k<D, D,
Let’s put

hy = —3(1—1)log(l —1);

k
Liao=hy| — ).
" Z(Dn)

then we can rewrite

1( n+k—Dn—Dn+k) Dn—k‘ (D, —k)*> D,
—| — — = < — —

)

(61)

(62)

(63)

The trick now is to eliminate /1 3 by a rescaling factor. To be more explicit, let’s put R, = n/D,, again

and put
~F _ E —(Dp—k)/2
pk+Nn,n - pk+Nn,an / .

By defining in this way, we note that

1 —(Dp—k)/2
D_loan( n—k)/ — _11’3;

n

hence, if we combine (61)—(65) and define the function

log pP(x) =hi +hy =11 =)= L1 =) log(1 — 1),
then we have proved

1 k
lim s — log pE —log pE( — )| =0.
o oskuspDn Dy, & Phtun — 102 P <Dn ) ‘
Let’s further recall (50) in the proof of Case 3 for the Kac case where

- D —
fk,n = fk,an " k;

(64)

(65)

(66)

(67)

(68)
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then we can rewrite (60) as

D

EN(2) =) &by, mfend Ry PO,
k=0

Therefore, the rescaling random polynomials read

D)l
N 2 Y _ p-—Du2 ~E Pk
Ef ( m)—Rn gskpkm,nfk,nz. (69)

Let’s define

D,
EM (@)=Y &pfin,afini".
k=0
Let’s derive the limit of the empirical measure of zeros of E,EN") (z/+/Ry), which is the same as E,(,N") (2).
To do this, let’s define the coefficients u ,f p = ﬁf Ny fk n; then the estimates (54) and (67) imply that
ﬁf , satisfy Assumptions 2 with L, = D,, §, =0, and Ty = 1 and the associated function af is given
by logii? =log p¥ +log f. By (52) and (66), we have

le—D—31-nlog(l—1)—tlogt, 0<t<I,

logiif(r) =
ogu™(1) {oo, t>1.

Therefore, (1/Dj,) ,ugn, or equivalently (1/D,)¥ m(uﬁﬂ), converges in probability to a deterministic
measure. To find out the limit, we compute the Legendre-Fenchel transform of —logit” as
I(s) = sup (st +logii(t)) = 3(t; — 1) — $ log(1 — 1),
0<r<1
where t; = (—1 ++/1+4e=%)/ (2¢=2%). Therefore, (25) follows by Theorem 2.
The analysis for the case when D,, remains a fixed number m follows exactly the same approach as in

Section 2.4 for the Kac case. Recall the definition of u E , in (60); if we replace D, =m and N, =n —m,
then we can rewrite

- n! V2 hktn—mm! m\[(n—m+k)\"?
ug, = = — .
bn =\ (k+n—m)! (m—k)! k!n! kI'\ n!(m—k)!

Now we consider the rescaling random polynomials

m
~ _ Z ~
E™(z) :=n"?E" m)(_ﬁ> = E u,ﬁn%‘kzk,
k=0

where iif =uf n™=0/2 Since m and k are both fixed when n — oo, we get

lim #F — m!
8 e = 3 (m — )12

n—oo

Therefore, since E " (z) have the same zeros as E,(,"_m)(z /+/n), then by Proposition 7, the limiting measure
S sn(uy, ) when D, = m will tend to the random zeros of
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= 1
Tor = X_: ACET

k=0

in distribution, which completes the proof of Theorem 6.

Appendix: Proof of Theorem 2

Now we sketch the proof of Theorem 2 by modifying the one in [Kabluchko and Zaporozhets 2014].

Let’s first recall the proof of Theorem 1 in [Kabluchko and Zaporozhets 2014]. For random ana-
Iytic functions F(z) defined in (9) where the coefficients satisfy Assumptions 1, if one establishes the
convergence in probability

1
;10g|Fn(Z)| — I(log|z]) (70)

as n — 00, then Theorem 1 follows by the classical Poincaré—Lelong formula. Kabluchko and Zaporozhets
proved (70) by establishing some appropriate upper and lower bounds for | F,(z)|; see estimates (22)
and (27) in [Kabluchko and Zaporozhets 2014].

Under Assumptions 2, the convergence radius is automatically infinity because we are now dealing with
a finite sum for any fixed n. Given random polynomials F,, in the form of (12) satisfying Assumptions 2,
to prove Theorem 2, it’s enough to derive the analogue convergence

1
I log| F (z)| — 1 (log|z]) (71)
n
as n — oo, where the convergence is also in probability. To prove this, we need the same upper and lower
bounds as in [Kabluchko and Zaporozhets 2014].

For the upper bound, for any € > 0, we have

|Fn (Z)| < MeLn(I(10g|Z|)+36+5;(10g‘Z|)+) for n large enough’ (72)

where M is an almost surely finite random variable depending on €. Here we use the convention that
for any real number w, wt and w™ are the positive and negative parts of w, i.e., w" = w v 0 and
w™ =(—w)VO.

We also need to show the lower bound estimate

P(|F,(z)| < elnoglzD=4e)y — 0( ) as n — 00. (73)

1
VL,
Recall Lemma 4.4 in [Kabluchko and Zaporozhets 2014]; we know that for any A > 0, there exists an
almost surely finite random variable M’ such that || < M’e4* for all k with probability 1. If we set
A =¢€/(2Ty), then for all 0 < k < (Ty — 8,)L,,, we have

|§k| < M/eék/(ZT()) < M/eeL,,' (74)
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To prove (72), if we apply the bound (74) together with Assumptions 2, for n large enough and § small
enough, we have

Z ‘i:kpk,nzk

OSkS(TO_‘Sn)Ln

|Fa(@)| = < > 1&lpallzl

0<k<(To—6,)L,

L, k k
< M'ef ( oo dpallzlf+ Y |pk,n||z|>
0<k=<(To—81)Ly ToLn<k=<(To+8; )L,

< M/eeLn Z (e(k/Ln)10g‘zl+10gp(k/14n) +8|Z|k/Ln)Ln

0<k=<(To—81 )Ly

+ M e€Ln Z (e(k/Ln—To)log\Zl-i-(To log|z|+log p(To)) + 5|Z|k/Ln)Ln.
TOLn <k§(TO+8n_)Ln

By the definition of the Legendre—Fenchel transform, we further have

|Fn (Z)| < M/eZeLn (el(loglzl) + 8(1 vV |Z|T()))Ln + M/eZELnets;(log\ZDJan (el(log|z|) + 8(1 V. |Z|2To))L,,
< M eLnU (loglz)+3e+8, (loglz)™)

where M” is another almost surely finite random variable, which completes the proof of the upper bound.

For the lower bound (73), if we choose the set J as the one in the proof of (27) in [Kabluchko and
Zaporozhets 2014], then the assumptions L, — oo and §,, — 0 imply that the set {k:0 < k < (Tp — 8,)L,,,
k/L, € J} has cardinality bounded below by (|J|/2)L,. The rest proof follows the one in [Kabluchko
and Zaporozhets 2014] by replacing n by L, and hence the lower bound follows.
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GROSS-PITAEVSKII DYNAMICS FOR BOSE-EINSTEIN CONDENSATES

CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN

We study the time-evolution of initially trapped Bose—Einstein condensates in the Gross—Pitaevskii
regime. We show that condensation is preserved by the many-body evolution and that the dynamics of
the condensate wave function can be described by the time-dependent Gross—Pitaevskii equation. With
respect to previous works, we provide optimal bounds on the rate of condensation (i.e., on the number of
excitations of the Bose—Einstein condensate). To reach this goal, we combine the method of Lewin, Nam
and Schlein (2015), who analyzed fluctuations around the Hartree dynamics for N -particle initial data
in the mean-field regime, with ideas of Benedikter, de Oliveira and Schlein (2015), who considered the
evolution of Fock-space initial data in the Gross—Pitaevskii regime.

1. Introduction and main results

Trapped gases of N bosons in the Gross—Pitaevskii regime can be described by the Hamilton operator

N N
HYP = 3 (= Ay + Ve 0T+ Y N2VN G = x7) (-0

j=1 i<j

acting on the Hilbert space LE(R3N ), the subspace of LZ(R3") consisting of functions that are symmetric
with respect to permutations of the N particles. Here, V¢ is a confining external potential. As for the
interaction potential V, we assume it to be pointwise nonnegative, spherically symmetric and compactly
supported (but our results could be easily extended to potentials decaying sufficiently fast at infinity).

Characteristically for the Gross—Pitaevskii regime, the interaction N2V (N -) appearing in (1-9) scales
with N so that its scattering length is of the order N ~!. The scattering length aq of the unscaled potential V
is defined by the condition that the solution of the zero-energy scattering equation

[-A+1V@®)]fx) =0, (1-2)
with the boundary condition f(x) — 1 for |x| — o0, has the form
ao
S =1-— (1-3)
|x]

outside the support of V. Equivalently, aq is determined by
8mag = / Vx)f(x)dx. (1-4)

MSC2010: 35Q40, 81V70.
Keywords: Bose—Einstein condensates, quantum dynamics, Gross—Pitaevskii equation.
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By scaling, (1-2) also implies that
[-A+ IN?*V(NO)]f(Nx) =0,

with f(Nx) — 1 for |[x| = oo. In particular, this means that the rescaled potential N 2V(N -) in (1-9)
has scattering length ag/N.

It was shown in [Lieb et al. 2000], and more recently in [Nam et al. 2016], that the ground state
energy Ey of the Hamilton operator (1-1) is such that

. EN . tray
lim — = min Equ (@), (1-5)
N—oo N peLl?(R3) Gp (¥
llell2=1

with the Gross—Pitaevskii energy functional

Ea (@) = f [V () * + Vexe ()@ ()1 + 4 ag e (x)|*] dx. (1-6)

Furthermore, Bose—Einstein condensation in the ground state of (1-1) was established in [Lieb and

.....

the one-particle reduced density associated with the ground state of (1-1), then

v = |dar) (dael, (1-7)

where ¢gp € L?(R?) is the unique nonnegative minimizer of (1-6), among all ¢ € L?(R?) with | ¢|l» = 1.
The interpretation of (1-7) is straightforward: in the ground state of (1-1), all particles, up to a fraction
vanishing in the limit of large N, are in the same one-particle state ¢gp.

In typical experiments, one observes the time-evolution of trapped Bose gases prepared in (or close to)
their ground state, resulting from a change of the external fields. As an example, consider the situation in
which the trapping potential is switched off at time ¢t = 0. In this case, the dynamics is described, at the
microscopic level, by the many-body Schrédinger equation

iatWN,t =HN¢N,[» (1'8)

with the translation-invariant Hamilton operator

N N
Hy =) —Ag+Y N*V(N(x —x)) (19)
j=1 i<j

and with the ground state of (1-1) as initial data. The next theorem shows how the solution of (1-8) can
be described in terms of the time-dependent Gross—Pitaevskii equation.

Theorem 1.1. Let Ve : R — R be locally bounded with Ve (x) — 00 as |x| — 0o. Let V € L3(R3) be
nonnegative (V(x) > 0 for almost every x € R), compactly supported and spherically symmetric. Let

.....

that, as N — 00,
ay = 1—(gcp, v\ dap) = 0,

—1 trap trap (1_ 1 0)
by =N~ (YN, Hy"Yn) — Egp (Pcp)| — 0,
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where ¢gp € H*(R?) is the unique nonnegative minimizer of the Gross—Pitaevskii energy functional (1-6).
Let Yy s = e~ Nty n be the solution of (1-8) with initial data vy and let )/If,l)t be the one-particle reduced
density associated with Yy, ;. Then there are constants C, ¢ > 0 such that

1= (@1, y\h91) < Claw + by + N~ Texp(c exp(clt])) (1-11)
forallt € R. Here ¢, is the solution of the time-dependent Gross—Pitaevskii equation
10,00 = — Mg + 8magle gy, (1-12)
with the initial data ¢;—y = Pgp.

Remarks. (1) The condition ay = 1— (¢gp, y]fll)gbc,p) — 0 is equivalent to y,i,l) — |pgp) (¢dgp|. Similarly,
the bound (1-11) implies that ylfll)t — |¢@:){(¢@:|. More precisely, using the fact that |¢;)(¢;| is a rank-one
projection, it follows from (1-11) that

1 1
trlya s — o (@l | <20y — le (e s

1
<2%2[1 — (g1, vy 0012

< Clay +by + N1 exp(c exp(c|t])).

Hence, (1-11) is a statement about the stability of Bose—Einstein condensation with respect to the
many-body Schrodinger equation (1-8).

(2) Existence, uniqueness and decay of the minimizer ¢gp of the Gross—Pitaevskii energy functional
(1-6) were established in [Lieb et al. 2000]. In Theorem 1.1 we additionally assume that ¢pgp € H*(R3).
This condition follows from elliptic regularity and from the results of [Gagelman and Yserentant 2012]
(establishing decay of the derivatives of ¢gp), under suitable assumptions on Ve (for example, if
Vext € C2(R?) and its derivatives grow at most exponentially at infinity).

(3) As discussed above, it follows from [Lieb et al. 2000; Lieb and Seiringer 2002] that the assumptions
(1-10) are satisfied if we take vy as the ground state of (1-1). In this case, we expect both ay and by to
be of the order N~'; indeed, ay, by ~ N~ was recently shown in [Boccato et al. 2018b] for systems
of bosons trapped in a box with volume 1 (with periodic boundary conditions), interacting through a
sufficiently small potential; in fact, the limit of Nay, Nby was computed precisely in [Boccato et al.
2018a]. In this case, (1-11) implies that

L~ {gr. v 1) < CN " exp(cexp(clr])) (1-13)

and therefore that, for every fixed time ¢ € R, Bose—Einstein condensation holds with the optimal rate N ~!
(meaning that the number of excitations of the condensate remains bounded, uniformly in N7).

(4) To keep the notation as simple as possible, we consider the time-evolution (1-8) generated by the
translation-invariant Hamiltonian (1-9). With the same techniques we use to prove Theorem 1.1, we could
also have included in (1-9) an external potential Wey, at least if the difference Wey — Vex¢ is bounded

DY [1— (s, y,&,l)ﬁp,)] — 0, as N — oo, the expectation of the number of excitations of the condensate would tend to zero
and thus ¥y ; could be approximated, in norm, by the factorized wave function (p;g’ N ; this cannot be true.
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below. Under this assumption, the convergence (1-11) remains true, of course provided we introduce
the external potential Wy also in the time-dependent Gross—Pitaevskii equation (1-12). The external
potential may also depend on time, under reasonable assumptions on the time-dependence (for example,
if the time-derivative of Wey is bounded). Physically, this would describe experiments where the system
prepared at equilibrium (in the ground state) is perturbed by a change of the external potential, rather than
by switching it off (we could also consider the situation where the external potential depends on time).

Theorem 1.1 is meant to describe the time-evolution of data prepared in the ground state of the trapped
Hamilton operator (1-1). This is the reason why, in (1-10), we assumed ¥y to exhibit Bose—FEinstein
condensation in the minimizer of the Gross—Pitaevskii energy functional (1-6). From the mathematical
point of view, one may ask more generally whether it is possible to show that the evolution of an initial
data exhibiting Bose—Einstein condensate in an arbitrary one-particle wave function ¢ € H'(R?) (not
necessarily minimizing the Gross—Pitaevskii functional (1-6)) continues to exhibit condensation in the
solution of (1-12) with initial data ¢,—¢9 = ¢, also for ¢ # 0. In the next theorem we show that the answer
to this question is positive; the only difference with respect to (1-11) is the fact that, to get the same rate
of convergence at time ¢, we need a stronger bound on the condensation of the initial data.

Theorem 1.2. Assume that V € L3(R3) is nonnegative (V (x) > 0 for almost every x € R3), compactly
supported and spherically symmetric. Let ¥y be a sequence in L?(RM] ), with one-particle reduced
density )/15,1) =try. N |¥N)(YN|. Assume that, for a ¢ € H*(R?),

.....

~ 1
ay =trlyy —lo)el| = 0,

) _1 (1-14)
by =N~ (YN, Hvyn) — Ecp(p)| — 0
as N — oo. Here Egp is the translation-invariant Gross—Pitaevskii functional
Eap(p) = f [IVe|* +4maolg|*]dx. (1-15)

Let Yy, = e~ ANty be the solution of the Schrodinger equation (1-8) with initial data Wy and let
ylg,l)t denote the one-particle reduced density associated with ry ;. Then

1 — (@1, v e0) < Clay + by + N~ Texp(cexp(clt])), (1-16)

where @, denotes the solution of the time-dependent Gross—Pitaevskii equation (1-12), with initial data
Yo =¢.

A first proof of the convergence of the reduced density associated with the solution of the Schrédinger
equation (1-8) towards the orthogonal projection onto the solution of the time-dependent Gross—Pitaevskii
equation (1-12) was obtained in [Erdés et al. 2002; 2007; 2009b; 2010]; part of the proof was later
simplified in [Chen et al. 2015], using also ideas from [Klainerman and Machedon 2008]. In these works,
convergence was established with no control on its rate. A new proof of the convergence towards the
Gross—Pitaevskii dynamics was later given in [Pickl 2015]; in this case, convergence was shown to hold
with a rate N7, for a nonoptimal n > 0, whose value could be explicitly determined following the
proof; this approach was adapted to two-dimensional systems in [Jeblick et al. 2016], to systems with
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magnetic fields in [Olgiati 2017] and to pseudospinor condensates in [Michelangeli and Olgiati 2017].
More recently, convergence with a rate similar to (1-11), (1-16) was proven to hold in [Benedikter et al.
2015] for a class of Fock space initial data. The novelty of (1-11), (1-16) is the fact that convergence is
shown with an optimal rate determined by the properties of the N-particle initial data.

More results are available about quantum dynamics in the mean-field regime. In this case, the evolution
of the Bose gas is generated by a Hamilton operator of the form

N N
1
HY = § A +5 § V(i —x)). (1-17)

j=1 i<j

In the limit N — oo, the solution of the Schrodinger equation Yy ; = e i HY'T Y, for initial data ¥y
exhibiting Bose—Einstein condensation in a one-particle wave function ¢ € L?(R?), can be approximated
by products of the solution of the nonlinear Hartree equation

00, = —Ag + (V%o Mgy (1-18)

Convergence towards Hartree dynamics has been established in different settings, using different methods
in several works, including [Adami et al. 2007; Ammari and Breteaux 2012; Ammari et al. 2016;
Anapolitanos and Hott 2016; Ammari and Nier 2009; Bardos et al. 2000; Chen and Holmer 2017; Elgart
and Schlein 2007; Erd6s and Yau 2001; Frohlich et al. 2007; 2009; Ginibre and Velo 1979a; 1979b;
Hepp 1974; Knowles and Pickl 2010; Rodnianski and Schlein 2009; Spohn 1980]. In the mean-field
regime, it is also possible to find a norm approximation of the many-body evolution by taking into account
fluctuations around the Hartree dynamics (1-18); see, for example, [Ben Arous et al. 2013; Chen 2012;
Grillakis et al. 2010; 2011; Kirkpatrick et al. 2011; Lewin et al. 2015a; Mitrouskas et al. 2016].

It is also interesting to consider the many-body evolution in scaling limits interpolating between the
mean-field regime described by the Hamilton operator (1-17) and the Gross—Pitaevskii regime described
by (1-9). A norm-approximation of the time-evolution in these intermediate regimes was recently obtained
in [Boccato et al. 2017; Grillakis and Machedon 2013; Kuz 2017; Nam and Napiérkowski 2016; 2017].

To prove Theorem 1.1 and Theorem 1.2 we will combine the strategies used in [Benedikter et al. 2015]
and [Lewin et al. 2015a]. Let us briefly recall the main ideas of these papers. In [Benedikter et al. 2015],
the Bose gas was described on the Fock space F =, L2(R3") by the Hamilton operator

Hy = f Vya;Vyay dx + % / N2V(N(x — y))a:a;k,ayax dxdy,

where a}, a, are the usual operator-valued distributions, creating and, respectively, annihilating a particle
at the point x € R3. Notice that Hy commutes with the number of particles operator N = [ ataydx, and
that its restriction to the sector of F with exactly N particles coincides with (1-9).

On the Fock space F, a Bose—Einstein condensate can be described by a coherent state of the form
W(/N)2, where Q = {1,0,0, ...} is the vacuum vector, ¢ € L?(R?) is a normalized one-particle
orbital, and where, for every f € L*(R3),

W(f) =exp(a™(f) —a(f))
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is a Weyl operator with wave function f. Here, we denoted by

()= [ featar and a(f)= [ foads

the usual creation and annihilation operators on F, creating and annihilating a particle with wave function f.
A simple computation shows that

Nn/2 ®n
WWNe)Q = e_N/Z{l, NP2 ¥ }

Vn!

In the coherent state W(«/ﬁ ¢)<2, the number of particles is Poisson distributed, with mean and variance
equal to N.

On the Fock space F, it is interesting to study the dynamics of approximately coherent initial states.
In the Gross—Pitaevskii regime, however (in contrast with the mean-field limit), we cannot expect the
evolution of approximately coherent initial data to remain approximately coherent. On every sector of
F with a fixed number of particles, the coherent state W (/N )2 is factorized; it describes therefore
uncorrelated particles. On the other hand, already from [Erdds et al. 2009a; 2010] and more recently
also from [Chen and Holmer 2016], we know that, in the Gross—Pitaevskii regime, particles develop
substantial correlations. To provide a better approximation of the many-body dynamics, Weyl operators
were combined in [Benedikter et al. 2015] with appropriate Bogoliubov transformations, leading to
so-called squeezed coherent states. To be more precise, let f denote the solution of the zero-energy
scattering equation (1-2) and w = 1 — f (keep in mind that, for |x| > 1, w(x) = ap/|x|). Using w, we
define

ky, (x; y) = =Nw(Nx — y)e ()@ (y), (1-19)

where ¢; is the solution of the time-dependent Gross—Pitaevskii equation (1-12). In fact, in [Benedikter
et al. 2015] and also later in the present paper, it is more convenient to replace ¢, with the solution of
the slightly modified, N-dependent, Gross—Pitaevskii equation (4-8); to simplify the presentation, we
neglect these technical details in this introduction. With (1-19), it is easy to check that ky, , € L?>(R? x R3),
with |lky ,||2 bounded, uniformly in N and in ¢. This implies that (1-19) is the integral kernel of a
Hilbert—Schmidt operator. Hence, we can define, on F, the unitary Bogoliubov transformation

T, = exp[% / dx dy (ky,((x; y)a;’;a;‘ — h.c.)], (1-20)
whose action on creation and annihilation operators is explicitly given by
T'a* ()T, = a™(coshy, ,(g)) +a(sinhy, , (8)) (1-21)

for all g € L?(R?). Here coshy ~. and sinhy, , are the bounded operators (sinhy, , is even Hilbert-Schmidt)
defined by the convergent series

o]

(kNJ]EN,t)n . _ = (kN,t]EN,t)nkN,t
cosh, , = HZO ol and  sinhg,, = HZO IR (1-22)
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Using the Bogoliubov transformation 7; to generate correlations at time ¢, it makes sense to study the
time-evolution of initial data close to the squeezed coherent state W (VN ¢)TpS2, and to approximate it
with a Fock-space vector of the same form. More precisely, for £y € F close to the vacuum (in a sense to
be made precise later), we may consider the time-evolution

e MW (VN Toen = W(VNe) Tién 1, (1-23)
where we defined &y ; = Uy (t)§y and the fluctuation dynamics
Uy (@) =T W*(VNe)e "™ W (/' Neo) To. (1-24)

In order to show that the one-particle reduced density yli,l)[ associated with the left-hand side of (1-23) is
close to the orthogonal projection onto the solution of the Gross—Pitaevskii equation (4-8), it is enough to
prove that the expectation of the number of particles in &y ; is small, compared with the total number of
particles N (assuming this is true for &y, at time # = 0). In other words, the problem of proving convergence
towards the Gross—Pitaevskii dynamics reduces to the problem of showing that the expectation of the
number of particles remains approximately preserved by the fluctuation dynamics (1-24). In [Benedikter
et al. 2015], this strategy was used to show that the one-particle reduced density yjs,l)t associated with
Wy, = e MVW (/No)Tyéy is such that

)

”VN,t — |l ) (@] llms < CN~1/2

exp(cexp(c|z]))
for any &y € F with ||Ey]|| = 1 and such that

(En. IN+N2/N +Hylén) < C
uniformly in N.

While the method of [Benedikter et al. 2015] works well to show convergence towards the Gross—
Pitaevskii dynamics for the evolution of Fock-space data of the form W (v/N¢)To&y, it is difficult to
apply it to N-particle initial data in L?(IRPN ) (a special class of N-particle states for which this is indeed
possible is discussed in Appendix C of that paper). An alternative approach, tailored on N -particle initial
data, was proposed in [Lewin et al. 2015a] for bosons in the mean-field limit. An important observation
in that paper (and already in [Lewin et al. 2015b]) is the fact that, for a fixed normalized ¢ € L*(R?),
every Yy € L?(IR?N ) can be uniquely represented as

N
U= ¥y @ "N (1-25)
n=0

for a sequence {wj(\f')},]yzo with 1//,(\7) S sz(ﬂ@)@»f”, the symmetric tensor product of n copies of the
orthogonal complement of ¢ in L?(R?).

This remark allows us to define a unitary map
Ulp) : LAR*™) — FE) through  U@)yw = (W) vy .- v ) (1-26)

Here F fév = @,1:/:0 Li (R3)®:" is the Fock space constructed on the orthogonal complement L2l (p([R3 )
of ¢, truncated to have at most N particles. The map U (¢) factors out the condensate described by the
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one-particle wave function ¢ and allows us to focus on its orthogonal excitations. Notice that a similar idea
(but with no second quantization) was used in [Pickl 2015; Mitrouskas et al. 2016] to identify excitations
of the condensate. Using the unitary map (1-26), we can introduce, for the mean-field dynamics generated
by (1-17), a fluctuation dynamics

Wil = U(p)e U () : FEY — FEN, (1-27)

where ¢, is the solution of the time-dependent Hartree equation (1-18). Much as above, to prove
convergence towards Hartree dynamics, it is enough to control the growth of the expectation of the
number of particles operator with respect to W}\,“f, This strategy was used in [Lewin et al. 2015a] to find
a norm-approximation for the many-body evolution in the mean-field regime.

It is natural to ask whether the techniques developed in [Lewin et al. 2015a] to study the time-evolution
of bosonic systems in the mean-field regime can also be used to study the dynamics in the Gross—Pitaevskii
limit. Much as above, where we argued that coherent states are not a good ansatz to describe the evolution
of Fock space initial data, we cannot expect here that factorized N -particles states of the form U €2 = (p}g’N
provide a good approximation for the solution of the Schrodinger equation (1-8) in the Gross—Pitaevskii
regime. Instead, much as in [Benedikter et al. 2015], we need to modify the ansatz to take into account
correlations developed by the many-body evolution. As explained above, in that paper correlations were
modeled by means of Bogoliubov transformations of the form (1-20). Unfortunately, since they do
not preserve the number of particles, these Bogoliubov transformations do not leave the space ]-"f;\: ,
where excitations of the Bose—Einstein condensate are described, invariant. For this reason, to adapt the
techniques of [Lewin et al. 2015a] to the Gross—Pitaevskii regime that we are considering here, we are
going to introduce on ]-'EN modified creation and annihilation operators, defined by

N-—-N N-N
b*(f)=a*(f)\/T and  b(f) =,/ —y—a(f) (1-28)

forall f € Li o (R%). As we will discuss in the next section, these new fields create and, respectively,

annihilate excitations of the Bose—Einstein condensate leaving, at the same time, the total number of
particles invariant. We will use the modified creation and annihilation operators to define a generalized
Bogoliubov transformation having the form

S, = exp[% / dxdy (n;(x; y)b;';b; — h.c.):| (1-29)

for a kernel 1, € L?(R? x R?), orthogonal to ¢; in both its variables. Compared with the standard
Bogoliubov transformations in (1-20), (1-29) has an important advantage: it maps F fé\: back into itself.
With (1-29), we can therefore define the modified fluctuation dynamics

Wi = 57U (p)e U (go)So - FEV — FEY, (1-30)

which plays a role similar to that played by (1-24) in [Benedikter et al. 2015], describing the time-evolution
of excitations of the Bose—FEinstein condensate. To prove Theorems 1.1 and 1.2 it will then be enough
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to show a bound for the growth of the expectation of the number of particles with respect to Wy ;. To
achieve this goal, we will establish several properties of the generator

Gn,1 = ({0,S)S: + S/ [0, U () U (1) + U (@) HN U™ (@)1

of (1-30), which is defined so that
10WN,t =GN Wh,+-

Technically, the main challenge we will have to face is the fact that, in contrast with (1-21), there is
no explicit formula for the action of the generalized Bogoliubov transformation (1-29) on creation and
annihilation operators. For this reason, we will have to expand expressions like S/ b(g)S; in absolutely
convergent infinite series, and we will have to control the contribution of several different terms. The
main tool to control these expansions is Lemma 3.2 below.

2. Fock space

In this section, we introduce some notation and we discuss some basic properties of operators on Fock
spaces. Let

F=PLI®") =P L*®RH®"

n>0 n>0

denote the bosonic Fock space over the one-particle space L?(R3). Here L?([R@") is the subspace of
L%(R*") consisting of all ¥ € L?(R3") with

W(xﬂ]a-xn’27"'9-x7tn)=w(-xla""xl’l)

for all permutations = € S,,. We use the notation Q2 = {1, 0, ...} € F for the vacuum vector, describing a
state with no particles.

On F, it is convenient to introduce creation and annihilation operators. For g € L?(R?), we define the
creation operator a*(g) and the annihilation operator a(g) by

n

Zg(xj)qj(nil)(-xla e ’xj—lvxj-‘rl’ s »xn)’
j=1

1
* (n) _
(@ (@W)(xy,...,xy) = \/ﬁ

(a(@W) P (x1, ..., x)=+n+1 / gOWM D (x X1, x).

Notice that creation operators are linear in their argument, and annihilation operators are antilinear.
Creation and annihilation operators can be extended to closed unbounded operators on F; a*(g) is the
adjoint of a(g). They satisfy canonical commutation relations

la(g), a* (W] =(g.h), la(g),a(h)]=[a"(g),a"(h)]=0 (2-1)

for all g, h € L*>(R?) (here (g, h) denotes the usual inner product on L?(R%)). It is also convenient to
introduce operator-valued distributions a,, a}, formally creating and annihilating a particle at x € R. They
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are such that

af) = [ foadr @)= [ featdx
and satisfy the commutation relations
[ax,a;f]=5(x—)’), [ax,ay]z[a;k,a;]zo.

It is also useful to introduce on F the number of particles operator, defined by (VW)™ = n¥™, In
terms of operator-valued distributions, N can be written as

N=/a;kaxdx.

Creation and annihilation operators are bounded by the square root of the number of particles operator;
i.e., we have

la(HWN < IFIIN2E), Na* (O < If 2 NV + DY (2-2)

for every f € L*(R?).
For a one-particle operator B : L*(R3) — L*(R?) we define dT'(B) : F —> F through dT'(B)W)™ =

Y1 Biy™ forany W = {y ™),y € F. Here By =1®---® B®---®1 acts as B on the j-th particles

and as the identity on all other particles. If B has the integral kernel B(x; y), we can write
dI'(B) = f B(x; y)aya,dxdy.

If B is a bounded operator on the one-particle space L?(R?), then dT"(B) can be bounded with respect to
the number of particles operator, i.e., we have the operator inequality

+dT'(B) < || Bllop N (2-3)
and (since dT"(B) commutes with ) also
[T (B)Y || < | Bllop INW].

We will also need bounds for operators on the Fock space, quadratic in creation and annihilation
operators, that do not necessarily preserve the number of particles. For j € LZ2(R? x R3), we introduce
the notation

Ag e () = / a" (jo)af dx = / J e y)aiia® dx dy, (2-4)
where j.(y) := j(x;y), f1,f2 € {-, %}, §1 = - if §; = * and fi; = = if f; = -, and where we use the
notation a* = a if f = -, a® =a* if § = % and, similarly, j* = jiff = - and j* = jift =% If f; = -

and f; = * (i.e., if a creation operator lies on the right of an annihilation operator), in order to define
Ay, 1,(j) we also require that x — j(x; x) is integrable. In the next lemma, which follows easily from
(2-2), we show how to bound these operators through the number of particles operator N.
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Lemma 2.1. Let j € L>(R? x R®). Then for any ¥ € F,

Ijllz+ [ 1jGsx0)ldx if g1 = -, ==,
jll2 otherwise.

AL . (D¥] < V2IN + D] {

We will work on certain subspaces of F. For a fixed ¢ € L?(R>) (¢ will later be the condensate wave
function), we use the notation Li¢(R3) for the orthogonal complement of the one-dimensional space
spanned by ¢ in L>(R?). We denote by

Fi, =P L1, ®R)®"

n>0

the Fock space constructed over sz([l@). A vector W = {y @,y D} e Flies in Fi, if ¥™ is
orthogonal to ¢, in each of its coordinates, for all n > 1, i.e., if

/@(X) v, Y1, yee) dx =0

for all n > 1. We will also need Fock spaces with a truncated number of particles. For N € N\{0}, we
define

N N
FN=PL®®" and i) =PL],R)>"
n=0 n=0

as the Fock spaces over L?*(R?) and over sz([R@) consisting of states with at most N particles. As
already explained in the Introduction (but see Section 4 for more details), on the space F f;v we will
describe orthogonal fluctuations around a condensate with wave function ¢ € L%(R?).

On F=N and F fg , we introduce modified creation and annihilation operators. For f € L*(R?), we

define
b(f)=\/NI_VN a(f) and b*(f)=a*(f) % 2-5)

We clearly have b(f), b*(f) : F=N — F=N_If moreover f L ¢ we also have b(f), b*(f): ]-"fév — ]-'f;v.
As we will discuss in the next section, the importance of these fields arises from the application of the
map U (¢), defined in (1-25), since

U(p)a*(falp)U*(p) = a*()v'N — N = Nb*(f),
U(p)a*(@)a(f)U*(p) = VN —Na(f) =N b(f).

(2-6)

If ¢ is the condensate wave function and f 1 ¢, the operator b*(f) excites a particle from the condensate
to its orthogonal complement, while b( f) annihilates an excitation back into the condensate. On states
exhibiting Bose—Einstein condensation, we expect a(¢), a*(¢) ~ /N and thus that the action of modified
b*- and b-fields is close to the action of the original creation and annihilation operators.

It is also convenient to introduce operator-valued distributions

N — —
by =/ Nax and b* =a* N=N
N N
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so that

b(f)= / f(x) bydx and b*(f)= / f(x)b;dx.
We find the modified canonical commutation relations

N 1
[by, b¥] = (1 - ﬁ>8(x =) = aax. by, byl =[b7. 61 =0. 27

Furthermore

[bx, aya;] =8(x —y)by, by, aya;] = —8(x —2)by, (2-8)

which leads to [by, N'1=b, and [b}, N']= —b}. From (2-2), we immediately obtain the following bounds
for the b-fields.

Lemma 2.2. Let f € L>(R?). For any &€ € F=V, we have

N—-N+1)"2
IBCHEN <1112 NW(T+) gl < If 12N,
N — AN\
15*(HEN < I fl2 (/\/+1)”2(T> Ell < IF 12 IV + D)2

Notice, moreover, that since N < N on F=V, the operators b(f), b*(f): F=N — F=N gre bounded with

IO 1E*CHIE < (N + D2 £l

We will also consider quadratic expressions in the b-fields. For an integral kernel j € L?(R? x R?), we
define, similarly to (2-4),

B 5, (j) = f b (ji)b®2 dx = / B0 BEbE dx dy. (2-9)

If 4 = - and fl = %, we also require that x — j(x; x) is integrable. From Lemma 2.1, we obtain the
following bounds.

Lemma 2.3. Let j € L>(R? x R?). Then

1Bz).0 (D VI - 2{Iljllz+f|j(x;X)Idx ifti=-, h=x
IV + DN =N +2)/N)¥| —

1jll2 otherwise

forall W € F=N. Since N < N on F=N, the operator By, 1,(j) is bounded, with

Il + [ 1j s x0)ldx ift = -, fh=x,
ljll2 otherwise.

1B, 2 (DIl < V2N {

Remark. For ¢ € L*(R%), let g, = 1 —|¢){¢p| be the orthogonal projection onto Lzl(p([F@). Ifje
E‘Lpfn ®q(p;2)(L2([R3 x R3)), we have By, 4, (j): ]-"fév — ]-"fév (here we use the notation § = x if # = - and
f=.ift=xand o’ =gifff==x @ =¢if=").
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We will consider products of several creation and annihilation operators, as well. In particular, two
types of monomials in creation and annihilation operators will play an important role in our analysis. We
define

n
O Gy ) = / buajlanaiia? - aplan by [ jeCees yo) dxe dye, (2-10)
=1
where ji € L*>(R* x R?) fork =1, ...,n and where £ = (41, ..., #,), b= (b0, ..., ba1) € {-, *}". In
other words, for every index i € {1, ..., n}, we have either #f; = - (meaning that a* = a or b% =b) or
f; =% (meaning that a® = a* or b* = b*) and analogously for b;, if i € {0, ..., n — 1}. Furthermore, for
L=1,. — 1, we impose the condition that either #f; = - and by, = * or f{y = * and by = - (so that the

product agfaxZ .1 always preserves the number of particles). If b; | = - and £; = * (i.e., if the product

aiﬁ“aﬁj fori=2,...,n, or the product b}’ af | for i = 1, is not normally ordered) we require additionally
x — ji(x;x)tobe 1ntegrable. An operator of the form (2-10), with all the properties listed above, will be
called a T1®-operator of order 7.

Next, we define

n

1 . .

TG dnt ) = / vraliayalay - -al-taralra™ (f) [ieGee yo) dxedy,,  (2-11)
Z_

where f € L2(R3), jr e LX(R*x R forallk=1,...,n, t=#1,...,8.) €{-, %", b=(bo,...,Dn) €
{-, *}"*! with the condition that, for all £ =1, ..., n, we either have ffy = - and by, = * or iy = % and
be = -. Additionally, we assume that x — j;(x; x) is integrable if b;_; = - and §; =« forani =1, ..., n.

An operator of the form (2-11) will be called a IT'"-operator of order n. Operators of the form b( f),
b*(f),foran f € L*(R?), will be called H(l)—operators of order zero. It will also be useful to consider

G ) = / (fafayaiiatal - aytial by HJZ(Xe yodxedye,  (2-12)

where f € L2(R%), jie L2 (R*xR¥) forallk=1,...,n, f= (o, ..., th_1) €{-,*}", b=(bg,...,b,) €
{-, *}"*! with the condition that, for every £ € {0,...,n — 1}, either fy = - and by = % or #§y = * and
be = -. As above, we also assume that x — j;(x; x) is integrable if b; ;1 = - and §; =xfori =1, ...,n.
Observe that

1 . ~(1 . .
T Gte et £ =105 Gin -2 s ),

with b’ = (b, ..., bo), &' = (8, ..., 1), where D= - ifb=sxand b =% if b = - (and similarly for £).

Notice that IT1®®-operators involve two b-operators and therefore may create or annihilate up to two
excitations of the condensate (depending on the choice of by and f,, they may also leave the number
of excitations invariant). [1"- and T1V-operators, on the other hand, create or annihilate exactly one
excitation. The conditions on the number of creation and annihilation operators guarantee that IT)-,
M- and ﬁ(l)—operators always map F=V back into itself. In the next lemma we collect bounds that we
are going to use to control these operators.
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Lemma24. LetneN, feL*(R>), ji, ..., j,€ L2 (R*xR>). We assume the operators Hézg s+ e vy Jn)
and Hélg (J1s - -+ jn3 f) are defined as in (2-10), (2-11). Then we have the bounds

. N=2
wnr(- 2]

_ 1/2

n
. . be—1,
I G el < 6" [ Ky
=1 (2-13)

’

N

n
D, . . -
”Hé,g(hs---,]n; HEN<O6"|fI HKZK 1.t
=1

where - . .
KO- ljella+ [ 1je(x; )l dx  if be—y = - and ¢ = *,
¢ lljell2 otherwise.

Since N < N on F=N, it follows that 1'[1(123 s+ oy Jn), Hélg (J1s -+, Jn; f) are bounded operators on F=N
with

n
. . be—1,
I G-l < Q2N [T &y
=1

I G gt O Q2NN FI ] K

e=1
Remark. If ji € (¢ i, ®q,;) L2(R° xR) foralli=1, ..., nandif f € L3 (R?), then TI2)(ji, ..., jn)
and H;}g(jl, vevy Jny f) map ]-“fév into itself.
Proof. We consider operators of the form (2-10). Let us assume, for example, that by = - and f,, = -

Then we have, writing by, = ay, (1 —N/N)"/? and b, = a,, (1 — N /N)'/? and using the pull-through
formula g(N)a, =a,gNV — 1),

. . N — N2 NN\
H;?B(h,‘..,h):/axl <—N ) aj! ---aﬁ:}ai’;‘ayn(T> l_[]e(xe:ye)dxedyz
=1

N-N+I\?/N-—M\"?
:/axlagi "'aﬁizlai:"ayn( N ) ( N Hfi(xﬁw)dxe dye
=1

. N—-N+1\"?/N-N\"
— be—1,8e (5
=]]4 m)( N ) ( ~ ) :

=1

where we used the definition (2-4). The first bound in (2-13) follows therefore from Lemma 2.1. The
other estimates can be shown similarly. O

3. Generalized Bogoliubov transformations

For a kernel n € L?(R3? x R3) with n(x; y) = n(y; x), we define

BO» =} [ InGri y)bib; = ixs »bsb dxdy. G-
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Observe that, with the notation introduced in (2-9),

B(n) = 3[B...(n) — B ()] =—3[B..(n) — B* (n)].

Generalized Bogoliubov transformations are unitary operators having the form
B) _ 1 VBB (e
em=exp| 5 [ (n(x: y)biby —n(x; y)biby)|. (3-2)

It is clear that B(n), e : F=N — F=N_ Purthermore, if 1 € (¢, ® q,)L*(R> x R?) then we have
B(n), B ]-"fév — ]—"fév for any normalized ¢ € L?*(R3) (as above, qgyo =1 —9){p| is the projection
into the orthogonal complement of ¢). It may be helpful to observe that, with the unitary operator U (¢)
defined in (1-26), we can write, according to (2-6),

By =30 [ dxay | i naia; "0 i SO D aa . 6

On states exhibiting Bose—Einstein condensation in ¢ (so that a(p), a*(¢) ~ V'N), we can therefore expect
the generalized Bogoliubov transformation (3-2) to be close to the standard Bogoliubov transformation

B 1 _
B = eXp[§ /(n(x; y)ayay —i(x; y)axay)], (3-4)
whose action on creation and annihilation operators is explicitly given by

e—E(”)a(f)eE(”) = a(cosh, (f)) +a*(sinh, (f)), (3-5)

with the operators cosh,;, sinh, defined as in (1-22). Standard Bogoliubov transformations of the form
(3-4) were used in [Benedikter et al. 2015] to model correlations in the Gross—Pitaevskii regime for
approximately coherent Fock space initial data. In the present paper, since (3-4) does not map ]-"f;v
into itself (it does not respect the truncation N' < N), we prefer to work with generalized Bogoliubov
transformations of the form (3-2). The price that we have to pay is the fact that, in contrast to (3-5),
the action of exp(B(n)) on creation and annihilation operators is not explicit. Let us remark here that
generalized Bogoliubov transformations of the form exp(B(7n)) were already used in [Seiringer 2011;
Grech and Seiringer 2013] to study the excitation spectrum in the mean-field regime. Here we will need
more detailed information on the action of these operators; the rest of this section is therefore devoted to
the study of the properties of generalized Bogoliubov transformations.

First of all, we need the following generalization of Lemma 4.3 of [Benedikter et al. 2015]; a similar
result was also proven in [Seiringer 2011].

Lemma 3.1. Let n € L?>(R3 x R3). Let B(n) be the antisymmetric operator defined in (3-1). For every
ni, ny € Z there exists a constant C = C(ny, na, ||nll2) such that

e BN+ DN +1-N)2eB@ < CW + 1D)"(N +1-N)™

as operator inequality on F=V.
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Proof. We use Gronwall’s inequality. For a fixed £ € F =N and s € [0; 1], let

f&) = (€, e PPOW+ D" (N +1-N)2e "W).
We compute

f1s) = (€. e PPIW D" (N +1=N)"™, Bp]e'™Pg)
= (PDE W+ D" [(N+1=N)", B+ [N+ D", BOI(N +1-N)"}ePDg). (3-6)

From the pull-through formula N'b* = b*(N + 1), we conclude that
[(N+1—=N)"2, B())] = 3By (N[N —1—=N)" = (N+1-N)"]+hc.,
[W+ D™, B(n)]= %B*,*(U)[(N-i- 3)" =NV +1)"]+he.

By the mean value theorem, we can find functions 6y, 6, : N — (0; 2) (depending also on N, ny, ny) such
that
(N—j+D"2—(N—j—D"=2n(N+1—j—0(j)""",

G+ =G +D" =2 +1+62())).
Hence, the first term on the right-hand side of (3-6) can be written as
(" Pg, W+ I(N+1-N)", B()]e**"E)
HNV+D)"e PP, (Bo wn) (N+H1-N—=6; (V)" +h.c.) e’ P Ve)

= (VD" 2(N+3-N=01(N'=2))"2 2 FDE, B, ()N +3)" 2 (N+H1=N=01(N) /2~ e B W)
+HWN+DMH(NF1=N =0, (N )22 BDE B () (N =1)"H(N+3—N—0; (N =2))2/> et BWg),

The Cauchy—Schwarz inequality implies with Lemma 2.3

(e BME (N + DM(N +1—=N)"2, B(n)]e*BMeg))|
< CIIN+HD"2(N+3 =N =61 (N =2))"2eSBDg || | (W +3)" TN +1-N =0, (V)2 N1 BWg ||,

with a constant C depending on ||5||>. Since on F=V we have A’ < N and since 0 < 6;(n) < 2 for all
n € N, we conclude that

(e PDE, W+ DML +1=N)", Bie*PP8)] < Cf (s)

for a constant C depending on ||n||2, n1, np. The second term on the right-hand side of (3-6) can be
bounded similarly. We infer that f'(s) < Cf(s). Gronwall’s inequality implies that f(s) < e £(0).
Hence, taking s = 1, and renaming the constant C, we obtain

(&, e BN+ 1N +1-N)2eBMg) < Cg, (N + 1" (N + 1 — N)28),

which concludes the proof of the lemma. O
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We will need to express the action of the generalized Bogoliubov transformation e?™ on the b-fields
by means of a convergent series of nested commutators. To this end, we start by noticing that, for
feLl>®),

1
e—B(U)b(f)eB(ﬂ) =b(f) +/ ds j_se—sB(W)b(f)esB(ﬂ)
0
1
—b()~ [ dse BB b
0

1 S1
= b(f) —[B(n), b(f)] —|—/0 dsi fo ds, e—szB(ﬂ)[B(n)’ [B(n), b(f)]]eszB(n),

Iterating m times, we obtain

e—B(n)b(f)eB(r/)

m—1 (n) '
adfy) (b(f) 1
=Y (=) f dsy / dsy -+ / dsy e PP ad (b(f)en PN, (3-)
ot n! 0 0 0 1

(n)

where we introduced the notation ad [

(A) defined recursively by

ady) (A)=A and ad) (A)=[B(). ady ) (A)].

We will show later that, under suitable assumptions on 7, the error term on the right-hand side of

(3-7) is negligible in the limit m — oo. This means that the action of the generalized Bogoliubov

transformation B(n) on b(f) and similarly on 5*( f) can be described in terms of the nested commutators

adp(; (A) for A =b(f) or A=b*(f). In the next lemma, we give a detailed analysis of these terms.
For a kernel n € L2(R? x R3), we will use the notation

1 for n =0,
n® =1t ifn=20 ¢eN\{0}, (3-8)
ity ifn=20+1, LeN.

Here we, identify n € L2(R? x R?) with the Hilbert—-Schmidt operator acting on L?(R?), having integral
kernel n. To avoid keeping track of complex conjugations of n-kernels, we also introduce the following
notation. For fj € { -, x} we write ny =n if § = - and ny = 5 if § = *. More generally, for n € N, and
(b1, ...,0,) €{-, *}", we will use the notation r]é") =1y, My, - - - Ny, » 10 the sense of products of operators.

Also for a function f € L?(R?), we use the notation fo=fifg="-and f; = fifg=x.

Lemma 3.2. Let n € L*(R? x R3) be such that n(x; y)=n(y;x) forallx,y € R3. Let B(n) be defined
asin (3-1). Letn e Nand f € L*(R3). Then the nested commutators adgl()n) (b(f)) can be written as the
sum of exactly 2" n! terms, with the following properties:

(i) Possibly up to a sign, each term has the form

1 ., G -
ArAa o AT 0l (o)) (3-9)
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for some i k,s €N, ji, ...,k e N\{O}, O € {-, %}, g€, xk be -« 1, e, M forall
v=1,...,kandfe{-, %) In(3-9), each operator A, : F=N — F=N is a factor (N — N')/N, a factor
(N +1—=N)/N or an operator of the form

|- (m))
ml—[( )( (ml)’néTZ)""’ntTI ) (3-10)
forsome p,my,...,m, e N\{O}, 8,be{-,x}P, Oy e{-, %" forallv=1, ..., p.

(i) If a term of the form (3-9) contains m € N factors (N —N)/N or (N+1—N)/N and j € N factors
of the form (3-10) with T1®-operators of order py, . .., pj € N\{0}, then we have

m+(pr+D+---+(pi+D+*k+1)=n+1 (3-11)
(iii) If a term of the form (3-9) contains (conszdermg all A-operators and the TI'V-operator) the kernels
r]é’ll), e ngl’”) and the wave function 1, )(fo)for somem,s €N, ii,...,im € N\{0}, t, € {-, %} for
allr=1,...,m,0€{-, *} then

i1+--+in+s=n.
(iv) There is exactly one term having the form

(N—N)”/2<N+l—/\/'

n/2
(n) _
N N ) bm™ () (3-12)

if n is even, and
N — N \OHD/2 —N+1 (n—1)/2 _
= - b*(n™ 3-13
( N ) ( N ) ™ () (3-13)
if n is odd.

(v) If the W -operator in (3—9) is of order k € N\{0}, it has either the form

/ bb(’ ajiay, yka(n@’)(f))]_[n“%xi;yi)dxidy,-

or the form
k—1

/bi‘f alia} aya* (n(z””(f))]_[n(”)(xl:yi)dx,- dy;

i=1

for somer €N, ji,..., jr € N\{0}. Ifit is of order k = 0, then it is either given by b(ntzr)(fo)) or by
b*(n(2r+l)(f0)),f0r some r € N.

(vi) For every nonnormally ordered term of the form
/dxdynt’)(x y)aza’, /dxdynn)(x Vb.al /dxdynu)(x Y)axbi, or /dxdynnl)(x )byb?

appearing either in the A-operators or in the [1V-operator in (3-9), we have i > 2.
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Remark. Similarly, the nested commutator ad™ (b*(f)) can be written as the sum of 2"n! terms of the

form
A =w o0 ). (¢
Hé,ﬁ(nufl R ;ﬂékil(fo))AlAz...Ai

satisfying properties analogous to those listed in (i)—(vi).

Proof. We prove the lemma by induction. For n = 0 all claims are trivially satisfied. For the induction
step from n to n + 1 we first compute, using (2-7) and (2-8), the commutators

N-N * 1 * %
(B, b= =" b )+ [ drdy e ybiaga,
N+1-N 1
= b / dx dy n(x; y)a.a'b?,
. N-N 1 i .
[B(m),b7]= _b(nz)T + I / dx dyn(x; y)a;ayb,
N+1-N 1 G-19
= b + / dx dy i(x; y)beaya?.
[B(n), azaw] =[B(n), awa;] = _b;b*(nw) — b )by,
(BN =N1=1BO). N +1-N1 = [ ddy (nx b0+ by,
From adg(:)l)(b( ) =1I[B(), adg’()n)(b( f))] and by linearity, it is enough to analyze
[B(n)., AtAsy-- AN (07, o n (fo)], (3-15)

with the operator AjA; - -- A,-N_kH;’lg (175{‘), cees néik); né‘v)(fo)) satisfying properties (i)—(vi). Applying
the Leibniz rule [A, BC]=[A, B]C + B[A, C], the commutator (3-15) is given by a sum of terms, where
B(n) is either commuted with a A-operator, or with the TT11-operator.

Let’s consider first the case that B(n) is commuted with a A-operator, assuming further that A is either
the operator (N — N')/N or the operator (N + 1 — A')/N. The last line in (3-14) implies that such an

operator A is replaced, after commutation with B(#), by the sum
NI op + N2 (). (3-16)

With this replacement, we generate two terms contributing to adg'(’;)l)(b( f)). Let us check that these new
terms satisfy the properties (i)—(vi) (of course, with n replaced by (n + 1)). Property (i) is obviously true.
Also (ii) remains valid, because replacing a factor (N —AN')/N or (N +1—N')/N by one of the two sum-
mands in (3-16), the index m will decrease by 1, but there will be an additional factor of 2 because we added
a T -operator of order 1. Since exactly one additional kernel ny is inserted, also (iii) continues to hold
true. The factor ITV is not affected by the replacement; hence the new terms will continue to satisfy (v).
Furthermore, since both terms in (3-16) are normally ordered, also (vi) remains valid, by the induction as-

sumption. We observe, finally, that the two terms we generated here do not have the form appearing in (iv).
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Next, we consider the commutator of B(n) with a A-operator of the form A=N"7 Hézg (né’lnl), e, r];':" ))
for a p € N (p <n by (ii)). By definition,
p—1 : p
A=N"P / v [Takal, by: [ [0 iz yi) dxi dy;. (3-17)
i=1

i=1
If [B(n), -] hits bfc?, the first two relations in (3-14) imply that A is replaced by a sum of two operators,
the first one being either

N-N

2 1 (mp)
- N "’I'Ij(i’g(né:"hL ) né;'“), e nu':" ) or
N+1-N @), m+D) (m) (mp) (>-18)
_ —p mi+ my m
N N Hﬁ’g(nm 9 HZ 9 ey up ’ )
depending on whether by = - or by = * (here b = (bg, by, ..., b,_1) with by = - if by = * and by = * if

bo = -). The second operator emerging when [B(1n), - ] hits bi? is a TI®-operator of order p + 1 given by

N—(p+1)né’2§(nu0’ nérlnl)’ o "é:?p))’ (3-19)
where f = (bo, fi1, ..., %), b= (bo,bo, ..., b,—1) and o = bo.

For both terms (3-18) and (3-19), (i) is clearly correct and also (ii) remains true (when we replace (3-17)
with (3-18), the number of (N —N)/N- or (N — N + 1)/ N-operators increases by 1, while everything
else remains unchanged; similarly, when we replace (3-17) with (3-19), the order of the IT1®-operator
increases by 1, while the rest remains unchanged). Property (iii) remains true as well, since, in (3-18), the
power m + 1 of the first n-kernel is increased by one unit and, in (3-19), there is one additional factor
n, compared with (3-17). Property (v) remains valid, since the I1!"-operator on the right is not affected
by this commutator. Property (vi) remains true in (3-18), because m| + 1 > 2. It remains true also in
(3-19). In fact, according to (3-14), when switching from (3-17) to (3-19), we are effectively replacing
b — b*a*a or b* — baa*. Hence, the first pair of operators in (3-19) is always normally ordered. As for
the second pair of creation and annihilation operators (the one associated with the kernel né’l"‘) in (3-19)),
the first field is of the same type as the original b-field appearing in (3-17); hence nonnormally ordered
pairs cannot be created. Finally, we remark that the terms we generated here are certainly not of the form
in (iv) (because for terms as in (iv) all A-factors must be either (N —AN)/N or (N +1—N)/N, and this
is not the case, for terms containing (3-18) or (3-19)).

The same arguments can be applied if B(n) hits the factor bgf, on the right of (3-17) (in this case,
we use the identities for the first two commutators in (3-14) having the b-field to the left of the factors
(N+1—=N)/N and (N —N)/N and to the right of the a;a} and a}ay-operators).

*

3, x4, OF ayraj;r+1 in(3-17),foranr=1, ..., p—1, then (3-14) implies that A =

N~P Hézg (néml), e, ngr:” ) is replaced by the sum of the two terms, given by

If now B(n) hits aterm a

E—) 1 —(p— 2 . (mp)
—INIZ, (NPT ] (3-20)

ur+l
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and by
—INTTIE NN TOTE L Y, (3-21)
r+l
with b’ = (bg, ..., br—1), b" = (O, ..., bp1), b =By, byi1, .., bp_1) and with &' = (81, ..., fr—1, &),

= (i1, - S ip)s 4" = (#1,..., ) (here, we set f, = % if #, = - and fi, = - if ff, = *, and similarly
11 do not play an important role (they are given by i, = (4, £,)
and ) +1 = (@41, by)). The new terms containing (3-20) and (3-21) clearly satisfy (i). Furthermore, (ii)

for b,_1). The precise forms of u’ and ¢/

remains true because the contribution of the original A to the sum in (3-11), which was given by p + 1 is
now replaced by (r+1)+(p—r—+1) = p+2. Clearly, (iii) remains true as well, since, for both terms (3-20)
and (3-21), the total powers of the n-kernels is increased exactly by 1. As before, the terms we generated
do not have the form (iv). Property (v) continues to hold true, because the TT1-term is unaffected. As for
(vi), we observe that nonnormally ordered pairs can only be created where fi, is changed to #, (in the term
where ' appears) or where b, is changed to b, (in the term where b”’ appears). In both cases, however, the
change i, — f, and b, — b, comes together with an increase in the power of the corresponding n-kernel
(e 77um,) (m,+1) . (m rm (mr1+1)

Since m, +1,m,41+1> 2 even if nonnormally ordered terms are created, they still satisfy (vi).

is changed to 7, in the first case, while n, is changed to My in the second case).

Next, let us consider the terms arising from commuting B(n) with the operator

1
kl—[( )( (Jl)’ L néik)’ "és)(fo)) -
=N—k/ b | | afiay, afta m(”és)(fo))l_[n(ﬂ)(xi;yi)dxi dyi. (3-22)

i1
We argue similarly to the case in which B(y) hits a [1®-operator like (3-17). In particular, if B() his

the operator bxl, the operator (3-22) is replaced by the sum of two terms, the first one being

- "~ N~ Pl‘[( )( (ml+ ) n(mZ) e nézlk)’ nu‘)(fo)) or

N o
N+1-N _ 1 1
N pﬂiyg(néf"ﬁ L RO )
depending on whether by = - or by = * (with b= (I;O, by, ..., bxk—1)) and the second one being

—(k+1 1
N=EITID @, (o),

with & = (bo, #1, ..., fx) and b= (o, b1, ..., br). As we did in the analysis of (3-18) and (3-19), one can
show that both these terms satisfy all properties (i), (ii), (iii), (v), (vi) (we will discuss (iv) below).

If instead B(n) hits one of the factors aﬁjaiﬁ 4 foranr =1,...,k—1, the resulting two terms will
have the form

) +1 1 ,
—INTTE, IO TG e s (o] (3-23)
or
2 ; 1 r41+1
SN NI Y L (o), (3-24)
r+1



1534 CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN

with #t/, ti”, tIW and b’,b",b" as defined after (3-21). Proceeding much as we did in (3-21), we can show
that these terms satisfy (i), (i1), (iii), (v) and (vi).

Let us now consider the case that (3-22) is commuted with the last pair of operators appearing in (3-22).
From the induction assumption, we know that this pair can only be a;fka(n(z’)( f)) or ayka*(n(zr“)( f ).
In the first case, (3-22) is replaced by

) (Jk=1)

2 j j R 2 jir+1
—02 oY, e @) =02 o, Y bGP (). (3-29)

k
In the second case, it is replaced by

o R o .
=12 S B P () = I Y bR (). (3-26)

k

In (3-25), (3-26), we used the notation b’ = (b, ..., bx_1), #' = (81, ..., fx) (as usual, the precise form
of h;( is not important). From the expressions (3-25), (3-26), we see that also in this case, (i), (i1), (iii),
(v) and (vi) are satisfied.

As for (iv), from the induction assumption we know that there is exactly one term in the expansion
for adg'()n)(b(f)) given by (3-12) if n is even and by (3-13) if n is odd. Let us take, for example, (3-12).
If we commute the zero-order H(l)—operator b(n(”)( f)) in (3-12) with B(#n), we obtain exactly the term
in (3-13), with n replaced by n + 1 (together with a second term, containing a IT1‘"-operator of order 1).
Similarly, if we take (3-13) and we commute the H(l)—operator b*(n™( f )) with B(n), we get (3-12),
with n replaced by n + 1. Looking at the terms above, it is clear that there can be only one term with
this form. This shows that also in the expansion for adg(:)l )(b( f)), there is exactly one term of the form
given in (iv).

Finally, let us count the number of terms in the expansion for adg‘(j;)l)(b( f)). By the inductive
assumption, the expansion for adg’()n)(b( f)) contains exactly 2"n! terms. By (ii), each of these terms is
a product of exactly n + 1 operators, each of them being (N — N'), (N + 1 — N'), a field operator bi or

a quadratic factor aﬁaz commuting with the number of particles operator. By (3-14), the commutator

of B(n) with each such factor gives a sum of two terms. Therefore, by the product rule, adg(:)l)(b( )

contains 2" (n!) x 2(n + 1) = 2"*D(n 4+ 1)! summands. This concludes the proof of the lemma. O

From Lemma 3.2, we immediately obtain a convergent series expansion for the conjugation of the
fields b(f) and b*(f) with the unitary operator exp(B(n)).

Lemma 3.3. Let n € L2(R? x R3) be symmetric, with ||n||» sufficiently small. Then we have

e Bp(f)eBfm = Z (_n—l')nadgl()n)(b(f)),
n=0 '

1ot =3 g ),

n=0

(3-27)

where the series on the right-hand sides are absolutely convergent.
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Proof. From (3-7) we have

e_B(")b(f)eB(")
m—1 ad(n)

b G
=" BW( ) f ds / dsy - / dsy e PMady) (b(f))e™PM . (3-28)
n=1

To prove (3-27), we show that the norm of the error term converges to zero as m — oco. By Lemma 3.2,

ad(”)

B(n)(b(f) is given by a sum of 2"n! terms of the form

INERY® —n“)( SO, (3-29)

withi, k, £ €N, ji, ..., jr € N\{0} and where each A, is (N —N')/N, (N+1—N)/N or an operator

of the form
_1—[(2)( (ml) (mp)).

vees Ty
On F=, we have the bounds [|(N —N)/N| < 1and [(N +1—N)/N| < 2. Lemma 2.4 implies that
NPT, O S 2P @y
and that
NI, Ol < 125/ NILF @il

Here we used the fact that, if a kernel /) is associated with a normally ordered pair of creation and
annihilation operators, then 17N us < lIn ||{{S. If instead ) is associated with a nonnormally ordered
pair, then point (vi) in Lemma 3.2 implies that j > 2. Hence,

f dx:/‘/’?()c;y)ﬂ(jl)(y;x)dy‘dx
12 . 12
= (/'”(x?Y)|2dxdy> (/In“‘”(x;y)lzdxdy)

<Inl2lnY " 12 < Inlly.

n (x; x)

Therefore, if the term (3-29) contains H(z)—operators of order pi, ..., p; € N\{0}, we can bound

1
Are A O O (fop | < 127 PN QU™ < VNILF 12 Il

and therefore, since ad” (n)(b( f)) is the sum of 2"m! terms,
lady) B < VNI £112QCInll2)"m! (3-30)

This proves, first of all, that the series on the right-hand side of (3-27) converges absolutely, if ||n|, <
(4C)~L. Under this condition, (3-30) also implies that the error term on the right-hand side of (3-28)
converges to zero, as m — 00, since

1 Sm—1
/ ds, - - / dsm e BDadg (e BD | < VNI Fl2Clnl™. 0
0 0
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4. Fluctuation dynamics

In this section, we are going to define the fluctuation dynamics describing the evolution of orthogonal
excitations of the Bose—Einstein condensate.

Instead of comparing the solution of the many-body Schrodinger equation (1-8) directly with the solution
of the Gross—Pitaevskii equation (1-12), it is convenient to introduce a modified, N-dependent, Gross—
Pitaevskii equation. To this end, we fix £ > 0 and we consider the ground state f; of the Neumann problem

(—A+3V) fe=2efe (4-1)

on the ball |x| < NZ, such that the radial derivative 9, f;(x) is zero for |x| = N£ (we omit the N-dependence
in the notation for f; and for Ay; notice that A, scales as N =3). The solution fe is radial, and we can nor-
malize it so that f;(x) =1 for |x| = N£. We extend f; to R? by setting f;(x) =1 for all |x| > N£. We also
define wy =1— fy (so that wy(x) =0if |x| > N €). By scaling, we observe that f, (N -) satisfies the equation

(—A+INPV(N ) fo(N ) = N2 fu(N -) (4-2)

on the ball |x| < £ (£ > 0 will be kept fixed, independent of N). With this choice, we expect that f,
will be close, in the limit of large N, to the solution of the zero-energy scattering equation (1-2). This
is confirmed by the next lemma, where we collect some important properties of f;. Most of the these
results are taken from Lemma A.1 of [Erdés et al. 2006].

Lemma 4.1. Let V € L3(R?) be a nonnegative, spherically symmetric potential with V (x) = 0 for all
|x| > R. Fix £ > 0 and let f; denote the solution of (4-1):

(i) We have
%, = 3610 1—|—O ao
EYEVE Ne))

(i) We have O < f;, we <1 and

/dx V(x) fo(x) = 8mag+ O(N ™). 4-3)
(iii) There exists a constant C > 0, depending on the potential V, such that
C C
we(x) < —— and |Vwe(x)| < ——— 4-4
e()_lxIJrl Vwg( )|_|x|2+1 (4-4)

forall |x] < NXL.

Proof. Statement (i), the fact that 0 < fy, wy < 1, and statement (iii) follow from Lemma A.1 in [Erdds
et al. 2006]. We have to show (4-3). To this end, we adapt the proof of Lemma 5.1(iv) of [Erdés et al.
2010]. With r = |x|, we may write m(r) = r f¢(r). We find that, for all » € (R, N£],

m(r) =i, sin(h,>(r — N£)) + Necos(h,* (r — NO)). (4-5)
By expanding up to the order 0(}\,%) we obtain

m@r)=r—ay+ON""), m'@Fr)=1+0WN". (4-6)
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Hence
R
/dx Vx)fe(x)= 471/ drrV(ir)m(r)
0
R
= 87r/ dr (rm""(r) + Aer? fo(r))
0
R
= 871’/ drrm”(r)+ O(N7%)
0
=87 (Rm'(R) —m(R)) + O(N~ ') = 8mag+ O(N™"), (4-7)
completing the proof. g

Next, we introduce the modified Gross—Pitaevskii equation’
18,01 = =A@ + (N VN ) fu(N ) % 1@ ), (4-8)

with initial data ¢,—g = ¢ describing the Bose—Einstein condensate at time r = 0. While in Theorem 1.2
the notation ¢ is already used to indicate the initial condensate wave function, in the proof of Theorem 1.1
we will choose ¢ = ¢gp to be the minimizer of the Gross—Pitaevskii functional (1-6). In both cases, we
assume that ¢ € H*(R?).

Notice that, in contrast with the initial data ¢, the solution ¢, depends on N. With (4-3), one can
show that ¢, converges towards the solution of the original Gross—Pitaevskii equation (1-12) as N — oo.
This fact and some other important properties of the solutions of (1-12) and (4-8) are listed in the next
proposition, whose proof can be found in Theorem 3.1 of [Benedikter et al. 2015], with the only difference
that, in that paper, the modified Gross—Pitaevskii equation was defined through the solution f of the
zero-energy scattering equation, while here we work with the Neumann ground state f;. The only relevant
consequence is the fact that, here, the integral of f; against V is not exactly equal to 8w ag; the error,
however, is of order N~! by (4-3).

Proposition 4.2. Let V e L*(R?) be a nonnegative, spherically symmetric, compactly supported potential.
Let ¢ € H'(R?) with ||¢|, = 1:

(i) Well-posedness: For any ¢ € H'(R?), with ||¢|» = 1, there exist unique global solutions t — ¢; and
t — @ in C(R, H'(R%)) of the Gross—Pitaevskii equation (1-12) and, respectively, of the modified Gross—
Pitaevskii equation (4-8) with initial datum . We have ||¢;|l2 = ||@:ll2 = 1 for all t € R. Furthermore,
there exists a constant C > 0 such that

oz 1@l g < C.

(i1) Propagation of higher regularity: If ¢ € H’"([R{3)for some m > 2, then ¢, ¢; € H’"(IR3)f0r every
t € R. Moreover, there exist constants C > 0, depending on m and on ||¢|| gn, and ¢ > 0, depending on m

TIt is convenient to work with this modified equation, rather than directly with the Gross—Pitaevskii equation (1-12), to obtain
a cleaner cancellation between the contributions (5-47) and (5-100) to the generator of the fluctuation dynamics (4-24).
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and on ||| g1, such that, forallt € R,

@il s 1Bl < el (4-9)

(iii) Regularity of time-derivatives: Suppose ¢ € H*(R>). Then there exist C > 0, depending on ||¢| y4,

and ¢ > 0, depending on ||¢|| g1, such that, forall t € R,

cle|

@l g2, 1@l g2 < Ce

(iv) Comparison of dynamics: Suppose ¢ € H*(R?). Then there exists a constant ¢ > 0, depending on
l@ll g2, such that, for all t € R,

lr — @rlla < CN~'exp(cexp(clt]). (4-10)

To compare the many-body evolution ¥y ; with products of the solution ¢; of the modified Gross—
Pitaevskii equation (1-12), we are going to define a unitary map (already discussed in Section 1, after
(1-25)) that was first introduced in [Lewin et al. 2015a; 2015b] in the mean-field setting. To this end, we
remark that every ¥y € L2(R3V) has a unique representation of the form

N
U= vy @ et ", (4-11)

n=0

where w(n) € L2 ([R{3)®A" is symmetric with respect to permutations and orthogonal to ¢;, in each
of its coordlnates ‘and where, for 1//(") € L7 (R*)®" and 1//(") € L3 (R3)®k, 1//(") (k) denotes the
symmetrized product defined by

1
YR (X1 Xyn) = N Y YN @ty Ko )VUN Gttty -2 Kog) - (4-12)

0 ESktn

Using the representation (4-11), we define Uy, , : L2(R3Y) — ]-"f{v by setting

Uvon = vl v (4-13)

In terms of creation and annihilation operators, the map Uy ; is given by

T a(@)N "
Un,: = 1 — @) (¢ on d .
YN n@j( 180G s

Here, and frequently in the sequel, we identify the wave function ¥y € L%(IRW ) with the Fock-space
vector {0, ...,0,¥y,0,...} € F. From (4-11) and by the requirement of orthogonality, it is easy to
check that || yy|? = Zﬁ]:o ||1/f](\7) |1%. Hence, Un:: LE(R3N) — ]-'fg is a unitary map, with inverse

( 3 n
UNt{W(O) z(vl) (N>} Za(;\i = 1(\/)-
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The action of Uy, ; on creation and annihilation operators is determined by the following rules, see [Lewin
et al. 2015a; 2015b]:

Un,1a*(@)a(@)Uy, =N —N,
Un,ia*()a@)Uy,, =a*(FIVN =N =N b*(f),
Uy, a*(@)a(@)U},, =N —Na(g) = VN b(g),
Un.ia*(f)a@Uy, =a*(f)a(g)

forall f, g € Li@ (R3). Here we used modified creation and annihilation operators, as defined in (2-5).
With Uy, ; we factor out the condensate and we focus on its orthogonal excitations. Observe, however,
that Uy, ; does not remove correlations, which are known to play a crucial role in the Gross—Pitaevskii

(4-14)

regime; see, for example, [Erdds et al. 2009a; 2010; 2016]. To remove correlations from the excitation
vectors, we are going to use a generalized Bogoliubov transformation, as introduced in Section 3. We
define

ki(x; y) = —=Nwe(N(x — y)@ (x) @ (y). (4-15)
From Lemma 4.1, it follows that k, € L>(R3 x R?), with L2-norm bounded uniformly in N. Hence, k; is

the integral kernel of a Hilbert-Schmidt operator on L?(R?), which we denote again with k,. We define a
new Hilbert—Schmidt operator setting

me = (L= 1@)(@ 1) ki (1= 151) (G ])- (4-16)
Also in this case, we will denote by 7, both the Hilbert—Schmidt operator defined in (4-16) and its integral

kernel. Note that n; € (g5, ® q¢t)L2(R3 x R3), where qg, = 1 —19:)(@;]. Let us write n; = k; + u,, with
the Hilbert—Schmidt operator

e = |0 @1l ke 160 (@] = 180 (@1 | ke — ko) (. (4-17)
In the next lemma we collect some important properties of the operators 7, k;, ;.

Lemma 4.3. Let ¢, be the solution of (4-8) with initial datum ¢ € H*(R). Let w, = 1 — f;, with f; the
ground state solution of the Neumann problem (4-1). Let k;, 1, 4, be defined as in (4-15), (4-16), (4-17).
Then there exist constants C, ¢ > 0 depending only on ||¢|| g+ (in many cases, these constants actually
depend only on lower Sobolev norms of ¢) and on V such that the following bounds hold true for all t € R:

(i) We have

Inda<C. 1™ <lnli<C" and lim sup [n2=0 (4-18)
=0 teR, NeN

and also

IVindla < CVN, Vil < C, IVl < Cllgdl27% 1AM 12 < Cline |12 ~>

for j =1,2and for all n > 2. Here Vn; and V1, denote the kernels V,n;(x; y) and Vyn;(x; y) (A1n;
and Aon; are defined similarly). Decomposing cosh,, =1+ p,, and sinh,, = n; +r,,, we obtain

I sinhy, ll2, 11y ll2, N7y N2, 1Vipy N2, Vg ll2 = C. (4-19)
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(i) Fora.e. x,y € R3 andn € N, n > 2, we have the pointwise bounds
C . -
N X S
SN |@: () @ (V)]
™ (s Y1 < Clinl3 =218 @ D)

In: (x; y)| <
lx —
(4-20)

[ Ces Y 1oy, O DL Ty, Ges )< Clg ()] 1 (3]
(i11) We have

sup/|m<x;y>|2dy, sup/|k,(x;y)|2dy, sup/|u,<x;y>|2dyscn¢t||m5Ce0'f'
X X X
and

sup / 0" (s )PP dy < Clndl2 211Gl g2 < Cline 122!

X

for all n = 2. Therefore
sup f |y (3 V)2 dy, sup / |ry, (3 Y)[*dy, sup / | sinh,,, (x; y)|*dy < CeVl,
X X X

@iv) For j = 1,2 and n > 2, we have

18m: N2, 102012 < Ce™l, 19,m™ 12 < Cre |y, |27

and also
18:Vinilla < CV/NeM, 118,V uill2 < CeM, 118, V0 |12 < Crlig |21,

Therefore
18, Py, 122 1057, 12, 110; sinhy, 12, 1V;0; py, 2, V)9, 12 < Cel.

(v) For a.e. x, y € R3, we have the pointwise bounds

10 OG0 + 18 G (] + 16 @ )]

) i =C{1+ —F—F——
10 1: (x3 y) |: |x—y|+N1:|[

Moreover, for n > 2, we have
18, Gz )| < Cre™ e 1572 [16: (O 1@ ()] + 16 (O 11G ()] + 16 ()] 18 ()]
Therefore
18,12 Cs V)1 18y, (23 911 18: (3 )] < Ce MG 1@ (0] + 1@ 1B ()] + 16 () 1@ ()]
(vi) Finally, we find
sup / [Bimie: )Py, sup / [3uk ;) dy. - sup / |10, (xs )P dy < Ceell.

Furthermore, foralln > 2,

sup / 19,1 (s y) | dy < Cnef!|n, =2
X
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and therefore

sup / 19, py, (x3 Y)*dy, sup / 19,7y, (x; Y)|*dy, sup / |9, sinh,, (x; y)|*dy < Ce"l.
X X X

Proof. To prove (4-18) observe that, using Lemma 4.1 and Young’s inequality,

x(x =yl <€) .

In3 < Ik lI3 < C/ 131G D) dx dy < CLIG: 113 < ClIG 1% < Ce

Ix — y?

uniformly in N € N and in ¢# € R. The proof of the other bounds is a simple generalization of the proof of
Lemmas 3.3 and 3.4 in [Benedikter et al. 2015]; we omit the details. O

We model correlations in the solution ¥y ; of the many-body Schrodinger equation (1-8) by means
of the generalized Bogoliubov transformation exp(B(;)) : F fg — ]:féa\,’ with the integral kernel n; €
(g5, ® q5,) L*(R® x R?) defined in (4-16). We define therefore the fluctuation dynamics

Wiy, = e B0 Uy e Ny B0, (4-21)

Then Wy ; : ]-"f;v — F fg is a unitary operator. Clearly, Wy ; depends on the length parameter £ (the
radius of the ball in (4-1)), through the modified Gross—Pitaevskii equation (4-8) and also through the
kernel n; defined in (4-15), (4-16). While Wy ; is well-defined for any value of £ > 0, we will have to
choose ¢ > 0 small to make sure that ||5,||, is sufficiently small; this will allow us to expand the action of
the generalized Bogoliubov transformation exp(B(7;)) appearing in (4-21) using the series expansion
(3-27) (because, by (4-18), smallness of £ implies that |5, || is small, uniformly in 7).

For&é e F fg , the operator Wy ; is defined so that

e Nt Uy.o eBg — UN.: By k.
It allows us to describe the many-body evolution of initial data of the form
Yy = Uy e® g, (4-22)
and to express the evolved state again in the form
Une=e Ny = Uy P, (4-23)

where & =Wy ; £. As we will see below, a vector of the form (4-22) exhibits Bose—Einstein condensation
in the one-particle state ¢ if and only if the expectation of the number of particles operator (&, N'€) is
small, compared with the total number of particles N. Hence, to prove Theorems 1.1 and 1.2, we will
have to show first that every initial {ry € Lf,([RPN ) satisfying (1-10) can be written in the form (4-22) for
aée ffé\’ with (£, V&) < N and then that the bound on the expectation of the number of particles is
approximately preserved by Wy ;. In fact, it turns out that to control the growth of the expectation of A/
along the fluctuation dynamics, it is not enough to have a bound on (&, N'§); instead, we will also need a
bound on the energy of & (this is why we need to assume by — 0 in (1-10)).
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To control the growth of the number of particles with respect to the fluctuation dynamics it is important
to compute the generator of Wy ;. A simple computation shows that

iatWN,t :gN,tWN,ta

with the time-dependent generator
Gn,i = ((9,e BB e BU (19, Uy YU, + Uy, Hy Uy, 1e%. (4-24)

Notice, that Gy ; maps F fg into =V, but not into ]-"fg . This is due to the fact that the space ffg
depends on time (and thus Gy ; must have a component which allows Wy, ; to move to different spaces).
We will mostly be interested in the expectation of Gy, ; for states in F fg, but at some point (when we
will consider the variation of the expectation of Gy, ;) it will be important to remember the component of
Gy, mapping out of ffg.

In the next proposition, we collect important properties of the generator Gy ;.

Theorem 4.4. Let V € L*(R?) be nonnegative, spherically symmetric and compactly supported. Let
W, be defined as in (4-21) with the length parameter £ > 0 sufficiently small and using the solution of
the modified Gross—Pitaevskii equation (4-8), with an initial data ¢ € H*(R>). Let

Crvs = 5 (IN*VON N =1 =2NFuN )1 164) )

+ / dx dy |Vok, (v )P+ 3 / dxdy NV (N (x = y)lki (x; y)I?
+Re / dx dy N3V (N (x — y)@ ()@ (ki (x3 y). (4-25)

Then there exist constants C, ¢ > 0 such that, in the sense of quadratic forms on F fg,

$Hy = Ce W +1) < (Gw.s — Cn.i) < 2Hy + CeI WV + 1),
+i[N, Gn, ] < Hy + Ce MW + 1),

] (4-26)
+0:(Gn.s — Cn.t) < Hy + Ce W + 1),
+ Rela*(3:¢1)a(@,), Gn,1] < Hy + CeM (N +1),
where Hy is the Fock-space Hamiltonian
Hy = f dx VyaiVyayx + % / dxdy N*V(N(x — y))a;a;‘ayax. (4-27)

Note that, on F i];\,, we have

[a*(atﬁz’t)a(@t), gN,t] = a*(8t¢1)a(¢t)gN, t-

The proof of Theorem 4.4 is given in the next section. From the technical point of view, it represents
the main part of our paper. In Section 6, we show then how to use the properties of Gy, ; established in
Theorem 4.4 to complete the proof of Theorems 1.1 and 1.2.
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5. Analysis of the generator of fluctuation dynamics
In this section we study the properties of the generator
G, o = (idre™ PP 4 e PWGd, Un, YUY, , + Un, Hy Uy, 1™ (5-1)

of the fluctuation dynamics (4-21); the goal is to prove Theorem 4.4.
As forms on ]-'fg X F fg, we find, see Lemma 6 in [Lewin et al. 2015a],

(8, Un, DU}y, = —(id Gy, ) (N — N) — /N[b(i8,G,) + b* (i3, G,)]. (5-2)

Using (4-14) to compute Uy, Hy Uy ,, a lengthy but straightforward computation, see Appendix B of
[Lewin et al. 2015a], shows that

4
G Un DU, + Uy HyUY = LY,
j=0
where

- P - P N-N
LY, = Hér INTVN A=2fo(N ) #1616 (N —N) = 3G, INFV (N - )*|<p,|2]<ot></\/+1>( v ),

e NI s
LY, =~V Nb(N>V(N - )w(N - >*|<p,|2]<pf)——Nb<[N3V(N )@ 1@ +hec.,

JN
Ly, = / dx V. a*Via,+ / dx dy N3V (N(x—y))|¢ (y)|2<b;"bx - %a;ax)
+ f dax dy N*V (N (2 = )G (00 () (biby — %a;‘ay)
w3| [ axas VOG- e

LN = f dxdy N2V (N (x—y)@i(y)biajay +he.

1
Ly, = 3 / dx dy N>V (N (x—y))d}aiayay.
(5-3)
The generator (5-1) of the fluctuation dynamics is therefore given by
4
Gn=(i 8te—B(ﬂr))eB(?7r) + Z e_B(”’)L'g\J,’)teB("’).
j=0

In the next subsections, we will study separately the six terms contributing to Gy, ;. Before doing so,
however, we collect some preliminary results, which will be useful for our analysis.

Notation and conventions. For the rest of this section we employ the short-hand notation #,, k,, u, for
the wave functions n,(y) = n:(x; y), kx(y) = ks(x; ¥) and p,(y) = us(x; y). We will always assume
that sup, g |I7/2 is sufficiently small, so that we can use the expansions obtained in Lemma 3.3. Finally,
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by C and ¢ we denote generic constants which only depend on fixed parameters, but not on N or ¢, and
which may vary from one line to the next.

5A. Preliminary results. In this subsection we show some simple but important auxiliary results which
will be used throughout the rest of Section 5. Recall the operators

NG . = / bb° da b Hji(x,-; yi) dox dy.

l'[éfg(jl,...,jn;f)=/bb°1_[aﬁ’ xlx+1 yna (f)l—[Jl(xu yi)dx; dy;

introduced in Section 2. For each i € {1, ..., n}, we recall in particular the condition that either #; = *
andb; = - orfl; = - and b; = *.

In the next lemma, we consider commutators of these operators with the number of particles operator A/
and with operators of the form a*(g;)a(gz).

LemmaS5.1. Letn e N, f, g1, g€ L>(R), ji,..., j, € L2 (R® x R%):
(i) We have
N T G )] = Koo, TN ity o i) forall 8,0 € (-, %)™,
VLTI G i DI = oI Gt oo ) forall g€ {-, 51", b e -, %",

Here Ky, 5, =2 if bo = fln = *, kpy4, = —20f bo =, = -, and kv, s, = 0 otherwise, while v,, = 1 if
b0=*andl)b0:—1 ifbo= ..

(i1) The commutator
[a*(g)a(g2). TGt -+ s )]

can be written as the sum of 2n terms, all having the form
Hé?g(.]]» ey ji—lvhi’ ji-‘,—ly R ]n)
for some i € {1,...,n}). Here h; € L>(R* x R?) has (up to a possible sign) one of the forms
hi(x; y) =g1(x)Jji(g2)(y),  hi(x;y) =g1(»)Ji(82)(y) (5-4)
or one of those forms with g\ and g, exchanged. Here j;(g)(x) = f Jji(x; 2)g(z) dz. Notice that
lAill2 < lIgill2llg2ll2 1l ji ll2 (5-5)
and
|hi (s )| < max{lg1 i -5 Yl lgallzs lgr 1L (s D2 llg21l2,
18211 C3 W2 lIgll2, 182D (e D2 llgillz}. (5-6)

(ii1) The commutator
[a* (gD a(g2), 1) Gt -y i )] (5-7)
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can be written as the sum of 2n + 1 terms; 2n of them have the form

1),. . . .
Hé’g(]h ---a]i—lahis Ji+ls ooy Jns f)s

where h; is (up to a possible sign) one of the kernels appearing in (5-4) (or the same with g and g»
exchanged), and satisfying the bounds in (5-5), (5-6). The remaining term in the expansion for (5-7) has
the form

)Gt s 6 (5-8)
where k € L>(R?) is (up to a possible sign) one of the functions

k(x) = (g1, f) g2(x),  k(x) = (g2, f) g1(x) (5-9)

or one of their complex conjugated functions. In any event, we have

lkll2 < llgill2 lg2ll2 11 £ 1I2
and
k()| < || fll2 max{llgill21g2(), llg21l21g1(x)}.

(v) If f € L2(R%) and/or ji, ..., j, € L>(R® x R?) depend on time t € R, we have
n

H(Z)(.]lv -~-’jn) - ZH(Z)(,]la ceey ji—lv 8tji7ji+1’ "'7,].11)’
i=1

n
OTIL) Gts v s ) =TI G oo s O )+ Y TGt e it O it - Jni .
i=1
Proof. Part (i) follows from (M + 1)b, = b, N and N'b} = b¥(N + 1). Part (iv) follows easily from the
Leibniz rule. To prove part (ii), we apply the Leibniz rule:

[a*(g1)a(g2). 1L, (. - - j)]

- / [a* (g1)a(g). b1 Hay, a b H Ji G yi) i dy;

+Z/bb° ]_[au’axm[a (g1)a(g2). alralr 1 ]_[ alia bl l_[ji(xi§)’i)dxi dyi

i=m+1 i=1
bbo bE 1 ] Ji i i) dxi dy; 5-10
}l le[a (g1)a(g2). yn ]L(xl’ yi)dx; dyj. ( )
i=1

Using the commutation relations

[a*(g1)a(g2), bl = —g1(x)b(g2),
[a*(g1)a(g2), bi] = g2(x)b*(g1). (5-11)
[a*(g1)a(g2), ajay] = [a*(g1)a(g2), ayai]l = g2(x)a*(g1)ay — g1(y)aia(g),
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we conclude that on the right-hand side of (5-10) we have 2n terms, each of them a H(z)—operator (with
the same indices #, b as the IT1®-operator on the left-hand side of (5-10)). Furthermore, from (5-11) it
is clear that for each TT1®-operator on the right-hand side of (5-10), only one j-kernel will differ from
the j-kernels of the T1®-operator on the left-hand side of (5-10). In the first term on the right-hand side
of (5-10), we only have to replace the j;-kernel (either with g;(x1)ji1(g2)(y1) or with g2(x1)j1(g1)(V1),
depending on by € { -, *}). Similarly, in the last term on the right-hand side of (5-10), only the j,-kernel
has to be changed. In the m-th term in the sum, on the other hand, the commutator leads to the sum of
two IT®-operators, one where the kernel j,, is changed and one where the kernel j,,; is replaced. From
(5-11), it is easy to check that the new kernel can only have one of the forms listed in (5-4). The bounds
(5-5), (5-6) follow easily from the explicit formula in (5-4). Part (iii) can be shown similarly; the only
difference is that, in this case, the commutator can hit the last pair a, ab »(f) instead of the bgz appearing
in the I1»-operator. U

It follows from Lemma 5.1 that

[N,e_B(”)b(f)eB(”)]:Z( D, adfy) (b(F)],

n=0

= (—1
(a* gnaten, e P Vb(f)eP ) = Y0 T

n=0

[a* (gD a(g2). ad) (B, (5-12)

o n
(e PVb(fef D) =3 %a,ad%) b,
n=0
where the series on the right-hand sides are absolutely convergent.

In the next subsections we are going to study what happens to the operators EE\{;), defined in (5-3) when
they are conjugated with the generalized Bogoliubov transformation e®(). The general strategy is to
expand e~ B0 E%’)teB (1) using (3-27), and then use Lemma 3.2 to express all nested commutators. For
this reason, we will have to bound the action of operators of the form

1
Ap-o A NI ) (g)). (5-13)

To this end, we will use the next lemma.

Lemma 5‘2‘ Let g € LZ(R?’)’ n, l17 127 kl? kz’ Ela 52 € N Clnd ]1’ AL jk]’ mi, ..., mkz € N\{O} FOr
s=1,...,11, s'=1,..., i, wedenote by each of Ay, A, a factor (N—N)/N or a factor (N—N+1)/N
or an operator of the form
_ 2 (p)
NPT T, (5-14)
(1) Assume that the operator

1 {4
A]“’AilN kll—[( )( ) v’?,(Jéck)JI,(é)(g))

Mgy -

appears in the expansion of ad (17 y(b(8)) discussed in Lemma 3.2. Then

_ — 1 [4
IV + D724 A NI G @nEl < Clm " g IE -

(2}
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If at least one of the Ag-operators has the form (5-14) or if k > 1, we also have

INV+DT2 A AN T ) sn @E = N g NIV 4D 2. (5-15)

th

(i) Let r : L*(R*) — L*(R?®) be a bounded linear operator. We use the notation

M) () = ) (x; y)

(fs =0, @Or) . (y) = re(y) =r(x; y) as a distribution). Assume that the operator

—k (1 j1) (xy) {
Ar---AyN 11—[1(1’3(77(11 e 77t,1,:l ; (U,(,é)r)x)

th e

appears in the expansion of adgi()m)(b(rx)) discussed in Lemma 3.2. Then

— 1 j 1 0
1A AN G (V) 0E
P {C"nmn"ln(nmxn IV + DY) if e =1,
= lemimr laeos) if 01 =0.

Proof. Let us start with part (i). If A1 is either the operator (N —AN)/N or (N —AN +1)/N, then, on F=V,

(5-16)

_ — 1 j j £
NN + D7 2A - AN ) D e)gll

<2AWN+ D72 ANTFID G el (5-17)

Lo

If instead A has the form (5-14) for a p > 1, we apply Lemma 2.4 and we find, using Lemma 3.2(vi),
_ k(D) G ] ¢
I+ D72A - A NTFTTD Gl 0P ()8

<CPIn P [NV + D728 AN ) D @nElL (5-18)

£

where we used the notation p = gy + - - - + ¢, for the total number of n;-kernels appearing in (5-14).
Iterating the bounds (5-17) and (5-18), we conclude that
IV +D72A - A NI G ) @

Di4ed-p — 1 j j 4
< CrEnt g PP O + DN ) D el (5-19)

L

if r of the operators Ay, ..., A;, have either the form (N —N')/N or the form (N — N +1)/N, and
the other s = i; — r are H(z)—operators of the form (5-14) of order py, ..., ps, containing py, ..., ps
ns-kernels. Again with Lemma 2.4, we obtain

— - 1 j Gk, e
IV D72 A A N sy (@0

< vttt ittt 7 ||131+---+13s+j1+"-+jk1 + gl IE

= C"In A" NgINIEN (5-20)
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This shows the first bound in part (i). Now, assume that at least one of the A ,,-operators, form e {1, ..., i},
has the form (5-14). Since, for ¥ € F=V,

IOV + DN () )W < CP | NPV + P

t,0

< CPlln |+ N2 )
for any p > 1, in this case we can improve (5-20) to

_ _ i ( [4 _
IV + D7 2Ar A NI, 0 @)E < NI I gl IV + D) e,

t,01

Similarly, if k; > 1, we have by Lemma 2.4,

_ 1) ) {4 - et _
NN DI @0 o ) @)El < N CR g g N+ 1R
< CENT2 /g [N+ 1D V28

Hence, also in this case, the bound (5-15) holds true. If £; > 1, part (ii) can be proven similarly to part (i),
noticing that

l _
1Sl < Il )l

( 1)r)x =r, (the

one appearing on the right of IT(") is an annihilation operator (acting directly on £). Hence, (5-16) holds

If instead £1 = 0, it follows from Lemma 3.2(v) that the field operator associated with (7,

true also in this case. O

Often, we will also have to bound the action of products of operators of the form (5-13). In this case,
the next lemma will be useful.

Lemma 5.3. Let g € L>(R%), n, iy, i2, k1, ko, €1, 02 € N and ji, ..., ji,,mi, ..., my, € N\{0}. For
s=1,...,i1, s'=1,...,i2, wedenote by each of A, A, a factor (N—N')/N or a factor (N—N+1)/N
or an operator of the form (5-14). Assume that the operators

_ 1 i Uy) £1+1
Ao A NI ) ),

A A N~ kzn(l)( (mp) (miy) | (82) (5-21)
177 4, n o n N

ny 0 Mg o e

appear in the expansions of ad (n )(b((n,r)x)) and ad B(n, )(b ) respectively for some n,k € N, x € R3,
Then

_ 1 i V/ 0 +1
[+ D728 A NI @k e
/ k(D) . (my) 0miy) | (€2)
X Al A N Zn]j/ b/( t’u/ll 9 o0y n[’u;czz ’ x%’)g”

- {C"*kllmll"*k_lII(W’)xII eIV +DYZEN if €2 >0,
C* A" el llax | if=0. (5-22)
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Similarly, if the operators

_ 1 j G [/
A A NTIR @I, e, ),

t,01

Ay~ AN L, sy 2 )

appear in the expansions of ad™ Bn, )(b(B,n,)) and ad® B(n )(bx) respectively for some n, k € N, x € R3, we
have

B _ 1 i / £
[+ D7 2A - A NI 0 am, 50
—k ) (m1) (mp,) 2)
XXA/lA;ZN ZHﬁ,b,(ntfg,: "“’ntu/z ’ x%/)‘é“

ntk ntk—1 1/2 j
- {C (17l 1@ m)x I TNV +1)Y2E]if £2 > 0, (5-23)

C" I "1 @)« laxk | if £=0
Proof. We can bound, first of all

_ — 1 i Ui £1+1
IV + D720 A N IR @D, I 0wl < C G 19

and

_ 1) ¥/ (4
IV + D720 A, N IR @ @ am, 0wl = C 1@

1,0

Choosing now

1 (m ¢
W= AL AN Oy ) @),

and proceeding as in Lemma 5.2(ii), distinguishing the cases £, > 1 and ¢, = 0, we obtain (5-22) and

(5-23). O

Finally, the next lemma will be important to bound products of operators of the form (5-13), with
arguments labeled by different positions x, y € R? (as opposed to (5-21), where both operators are labeled
by the same x € R?).

Lemma 5‘4‘ Let g € LZ(R3)’ n, ilv i27 k]» k29 Ela 62 € N and jl’ st jk|7 mp, ..., mkz € N\{O} For
s=1,...,i1, s =1,..., iy, we denote by Ay, A, a factor (N —N')/N or a factor (N —N +1)/N or
an operator of the form (5-14). Assume that the operators

—k D, G Ur) . (e
Al "'AilN 11_[( [z(nt,jﬂll’ ,..,nt Jl\ll ( 1))

ky () (m1) (miy) | (£2)
Ay A NI (n Mgy nth P 1y)

appear in the expansions of adg(()m)(by) and adgl()m)(bx) respectively for some n,k e N. Fora e N, t € R,

we define
B _ 1 i 3 {4
Dx,y = ” N+ 1)(01 1)/2[\1 Ay N klné,g(nt({lll)’ e nt’tkfjl \ l))
—ky (D), (m1) (mig), (€2)
XA/l"'AizN znﬁ,b(ﬂ,fg/: ""’n ’ ; xz)/)EH
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forallx,y € R3 Then, if £1 > 0, we have

- {C”+k||ntlln+k_2||nxll Iy IV A+ D@FD2E|if £y > 1,
X,y =

- . (5-24)
C™ I | iy I lae W + D2 if £2=0

forallx,y e R3¢t eR If instead £, = 0, we distinguish three cases. For {, > 1, we obtain

D,y < C" ¥ "2y NI NN + D@ D2E || 4+ n/ NIV + D@28 )
+ el me ll lay N + D2} (5-25)

forallx,yeR3 t e R If £ =0and £, = 1, we find

D,y < C" ¥ "2l iy |+ el e Ges IOV + D@ D2g |
+ Imell lmell lay N + D2} (5-26)

forallx,y e R3, t e R. If £1 =0 and £y = 1 and we additionally assume that k +n > 2 (since £1 <k,
ly < n from Lemma 3.2, this assumption only excludes the case k = 1 =0, n = €, = 1), we find the
improved estimate

Dx,y =< Cn+k||77t||n+k_2{N_l[l/l||7]x|| ||77y|| + |9¢ 1 19 (o y)|]||(N+ 1)((14—1)/25”
el e lay OV + D2} (5-27)

forallx,y e R3 e Finally, let £, = €» = 0. Then
Dyy < C" K " N iy I lax N 4+ D26 | + [l laxa, NV + 1)@ D72g|) (5-28)

forall x,y € R3¢t eR If, however, £| = £, = 0 and, additionally, k +n > 1 (excluding the case
n=1+£ =k =10, =0), we find the improved bound

D,y < C" M " YN iny  laxE | + N7V 0l lacay, NV + D21} (5-29)
again forall x,y e R, t e R.

Proof. If £ > 0, we can proceed as in the proof of Lemma 5.3 to show (5-24). So, let us focus on the
case £; = 0. In this case, the field operator on the right of the first [TV -operator (the one on the left) is
an annihilation operator, a,. To estimate D, ,, we need to commute a, to the right, until it hits . To
commute a, through factors of NV, we just use the pull-through formula ay ' = (N + 1)a,. When we
commute a, through a pair of creation and/or annihilation operators associated with a kernel nt(j ) for a
j =1 (as the ones appearing in the T1®-operators of the form (5-14) or in the operator IT11)-operator), we
generate a creation or an annihilation operator with argument ny ) whose L2-norm is uniformly bounded.
At the same time, we spare a factor N~ !. For example, we have

[ay, fa;iayiﬂ(j)(xi; yi) dx; dyi:| = a(ﬁy))-
At the end, we have to commute a, through the field operator with argument n)(fg,. The commutator

is trivial if ¢, is even (because then the corresponding field operator is an annihilation operator; see
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Lemma 3.2(v)). It is given by
lay. a* (1)) =13 (x: y) (5-30)
if £, is odd. If £, > 2, we can bound

4 _
e 2 e 1< Il 2l oy

and we obtain (taking into account the fact that there are at most n pairs of fields with which a, has to be
commuted)

D,y < C I 2 nN " iy I NIV + D@D |
el TV + DED2E 4 e [ el lay N + D€}

If instead £, = 1, the right-hand side of (5-30) blows up as N — oo. To make up for this singularity, we
use the additional assumption k +n > 2. Combining this information with £; =0, £, = 1, we conclude
that either k| > 0 or k, > 0 or there exists i € N such that either A; or A; isaI1® -operator of the form
(5-14) with p > 1. This factor allows us to gain a factor (N + 1)/N in the estimate for the term arising
from the commutator (5-30). We conclude that, in this case,

D,y < C I 2 N iy s NV 4+ D@FD2E |+ N7, (s )TV + D@D
+ 7l mell flay N + D7 2& ]|}
Finally, let us consider the case £, = 0. Here we proceed as before, commuting a, to the right. The

commutator produces at most n factors, whose norm can be bounded much as before. We easily conclude
that

D,y < C* I 1M "M N el lay N + D2 |+ [In, || llazay NV + D@~ D/2g ).

If we impose the additional condition k +n > 1, we deduce that either k; > O or k > 0 or there exists
i € N such that either A; or A is a [1®-operator of the form (5-14) with p > 1. Much as we argued in
the case £> = 1, when estimating the contribution with the two annihilation operators a,, a, acting on &,
we can therefore extract an additional factor (M + 1)/N. Under this additional condition, we obtain

D,y < | N insll lay€ |+ N7V2 I laway NV + 1)@ D2g|]),
which proves (5-29). Il
5B. Analysis of e= 8 ("‘)Egg’)teB @), From the definition (5-3), we can write

£Q = Cy.— (@, INNVN Ywe(N ) # 16 PIgON
1
2N

G0 INVN )5 13 P1GON + = (G, INPVN ) %16, 2150)N 2,

+ 2N

with

Crvi = 3G IN'VN Ywe N ) %16 P16 — 3 G IN VN ) %1616,

The properties of the other terms are described in the next proposition.
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Proposition 5.5. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that

(€, e B (LY, — Cy.)ePME) < Cle, W + DE),

)

(&, [N, e B0 (L) — Cy )ePME) < ClE, (N + DE), 530
(€. [a*(g1)a(g2), e BM (LY, — Cn.)eP Mg < Cligill g2l (€, W + DE),
)

1308, e PMULY), — Cn)ePME)| < CeliE, W+ DE)
forallt €R, g1, g2 € LX(R?), £ € F=N,

In order to show Proposition 5.5, we need to conjugate the number of particles operator A" with the
generalized Bogoliubov transformation e =201, To this end, we make use of the following lemma, where,
for later convenience, we consider conjugation of more general quadratic operators.

Lemma 5.6. Let r : L*>(R?) — L?(R3) be a bounded linear operator. Consider the Fock-space operators
R = / dxdyr(y;x)bib, and R,= / dxdyr(y; x)a;ay

mapping F=N in itself. Then we have the bounds

[(&1, e B R; BN | < Cllrllop IV + D2 IV + D)8,
(&1, [N, e B R BN | < Clirllop IOV 4+ D)2&1 | |V + D25, (5-32)
[(€1, [a*(g1)a(g2), e B R;eBNE,) | < Clirllop g1l g2l IV + D2V + 128 |

fori=1,2andall &, & € F=N. Furthermore, if r =r, is differentiable in t, we find
19 (€1, e B R P E) | < CeV(|IFllop + 17 lop) |V + D' 2E IV + D28 (5-33)
fori=1,2andall &, & € F=N.

Proof. We consider first the operator R;. By Lemma 3.3, we expand

k!'n!

-1 k+n
e B0 R BN — f dx e B (r)b,eB0 = 3 D / dxad) (B (r)ad) (by), (5-34)
k,n>0

with the notation r, (y) = r(x; y). According to Lemma 3.2 the operator

[dx ad® (n)(b*(rx))a (n)(b )

is given by the sum of 2"*Xn! k! terms having the form

b} o/ {4
Bim [axn ol o 0 n.”

1 ( 14
X AL o NTAL AL NT kzng)b,(njf’;,:),...,n’"kz, n'y), (5-35)
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where iy, io, k1, k2, €1, €2 >0, ji, ..., jk,,m1, ..., Mg, > 1, and where each operator A;, A; is a factor
(N —N)/N, a factor (N +1—N)/N or a [T®-operator of the form

- (ap)
NPT ) (5-36)

fora p > 1 and powers ¢y, ..., g, > 1. With Cauchy—Schwarz we find

0/
(€1, B&)| < /dx IAr A NI G0, oo
(n
AT AN RN (537)
for every &1, & € F=V. With Lemma 5.2(ii), we find that
(61, E&2) < C* |17 llop I "INV + D&V + D28, (5-38)

where we used the fact that
f dx la(r)€)* = (€1, dT ()& < 1 lop IN26117 < P12, INV2E 1.
From (5-34), we conclude that, if sup, ||n;|| is small enough,
(61, e P R 1P E) | < Cllrllop IV + D'2EINV + 1) 8. (5-39)

This proves the first bound in (5-32), if i = 1. The other two bounds in (5-32) and the bound in (5-33)
for i = 1 can be proven similarly. To be more precise, we first expand the operator e 21 R B a5 in
(5-34), where the (n, k)-th term can be written as the sum of 2"t*k! n! terms of the form (5-35). Then we
use Lemma 5.1 to express the commutator of (5-35) with N or with a*(g1)a(g>) or its time-derivative
as a sum of at most 2(k + n + 1) terms having again the form (5-35), with just one of the n,-kernels
appropriately replaced. Finally, we proceed as above to show that the matrix elements of such a term can
be bounded as in (5-38). We omit further details.
Let us now consider the operator R,. We start by writing

1
e—B(nt)RzeB(V/r) — R2+/ ds e_SB(n’)[Rz, B(’h)]eSB(m)
0

1
=R2+/ ds/ dx dy r(y; x)e B [atay, B(n,)le*B™
0

1
=R+ / ds / dx e PO [b((n,r) )by +h.c.]e B,
0

Expanding as in Lemma 3.3 and then integrating over s, we find

1)k+n
“B() p B _ ( (n) 0
¢ B0 R, B _R2+k§n k'n'(k+n+1)/dx [ady,, | (B((nr))adly), (b)) +hel.  (5-40)
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With Lemma 3.2, we can write the operator
/ dxadgy) | (b((ir))ady,) | (by) (5-41)

as a sum of 2" % k! n! contributions of the form

! ( 0+
:/dxAl...AilN kln( g(n(jl)"“’nt];; ( (|+) M)

£,

( (m1) n( k2 ((32)) (5_42)

A Neg®
XL ANTETLL 0 ),

t[/ b’

where each A; and A} is (N —N)/N, (N +1—N)/N or an operator of the form

—p 2 @)
NG ). (5-43)
From Lemma 5.3, we obtain that
_ - 1 j Ui 0+1
(€1, E&)| < ||<N+1>1/Zsl||/dx [V + D720 A NI @ a0
1 (m [/
X Aj- ALNTRIE, O, u"z, 26|

< C" N llop 7 1INV + DYV 4+ 1)28, .
This implies that, if sup, ||7;|| is small enough,
[(£1, e B RyeBMEs) | < Cllrllop [NV + DV2E [NV + 1)12& ).

As in the analysis of R; above, also here one can show the other bounds in (5-32) for the commutators of
e B R eBU1) with N and with a*(g1)a(g2) and for its time-derivative. O

Next, we use Lemma 5.6 to show Proposition 5.5.

Proof of Proposition 5.5. To control 55\(7),)1 we start by noticing that, with Young’s inequality,

(@ INPVN ) #1610 < / N3V (NG = y)IG 0 216 )P dx dy

<Cl@l} <Clg %, <C (5-44)

and

19, (@, IN3V(N )% 1@ 12180)| < CI@ 13 1 la < C”@t”ip @1l gz < Ce ! (5-45)

for constants C, ¢ > 0. Similarly, we also have
(@, IN’V(N we(N -) % 1¢,1*16:)| < C, (546
10:(@1, INV(N DHwe(N ) %13, *1¢1)| < Cel'.

By (5-44), (5-45), (5-46), it is enough to show the four bounds in (5-31) with EE\,)[ — Cn; replaced by
N and by N2/N. If we replace E — Cy; with N, the bounds in (5-31) follow from Lemma 5.6. To
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prove that these bounds also hold for N2/ N, we use again Lemma 5.6. Setting & = e~ B0 (N /N)eBUg,
we have

(5, e P N2/N)ePE) | = (£, e PN P E) | < CIIV + DV2E | [W + D)8
Since, by Lemma 3.1,
IV + D26 = N72E, e PN W + e PN 0E)
< N7HE W+ 1)%E) < CE (V4 DE)
for all £ € F=N, we have
(€. e B W2/ N)ePME) | < CIIWV + 1))
Using Lemma 5.6 and the Leibniz rule, we also find

(&, [N, e BUD (N2 NYeBUEY | < CIl(V + 1) |2,
(€, [a*(g1)a(ga), e B (N2 /N)eBMEY| < Cllgill g2l TNV + 1) 2|12,
[(£, (e BU W2/ NYeBUNEY| < Ce MW+ 1)V 22 O

5C. Analysis of e= 8 (”’)Eg\l,,)teB("'). We recall that
L), =V Nb(hy,,) - Wb(hN ) +h.c.,
where we used the notation
hn,e = (N*V(N Ywe(N ) * @)y,
hy, = (N’V(N ) %@
We write

e B0 L) B0 = /Nb(coshy, (hy, 1)) +b* (sinhy, (7w, ) +h.c.] + €. (5-47)

In the next proposition we show that the operator gy . 1> defined in (5-47), its commutator with N and its
time-derivative can all be controlled by the number of particles operator N (while the first term on the
right-hand side of (5-47) will cancel with contributions arising from conjugation of LE\?,);)-

Proposition 5.7. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that

(€, ELE)] < CLE, (N + DE),
N &Y N+1

(. ,(Vl,;]sn ClE, (N + DE), (548)
(€, [a* (gD a(g2), EyLIE)N < Cligill g2l €. (N + DE),
)

18,48, E3,6)] < Ce Ml E, (W + 1E)

forall £ € F=N.
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Proof. We start with the observation that

In, s Iy, )l < Cllg 3, < C, (5.49)
13w, ell, 13k, Nl < @12 11 @: | g3 < Ce™!

uniformly in N and for all # € R. Recall that, by (5-47),
e = [e7 B L B — /N (b(coshy, (hy, 1)) +b* (sinhy, (hy, ) +h.c.)]
=V N[e B b(hy, )eB™ — (b(coshy, (hy, ) + b*(sinhy, (hy,)))] +h.c.
+ N712e=BU N + Db(hy, )eP M. (5-50)

Set
D(g) = e BMp(g)eBM — pb(cosh,, (g)) — b*(sinhy, (g)).

We observe that Proposition 5.7 follows if we prove that

(61, D()&2)] < CNTY2|Igll IV + D2 | [V + D&l
(61, IV, D()1&)| < CNTIgll WV + D& |V + D&l 551)
(61, [a*(g1)a(g2), D(9)1&)] < CN™igll gl g2l |V + D'2E W + D&,
(&1, 3 D(@)&) < CNT2(lgll + 1EIDIWN + D& WV + D28

for every, possibly time-dependent, g € L2(R?). In fact, applying (5-51) with g = Ay, ;, we obtain the
desired bounds for the first line on the right-hand side of (5-50). To bound the expectation of the operator
on the second line on the right-hand side of (5-50), on the other hand, we apply (5-51) with g = N.ts
g1 =£and & = e BN + 1)eB g, We find
N7V, e BN 4 V)b (hy, )P ™)

= N""2|(&, e P b(hy, )ePE)]

< N™'2|(&. [b(coshy, (i, ) + b*(sinhy, (i, )IE) + CN 7 iy IV 4+ DPE WV + D28

< CN"V2 WV + DV2E| 16 + CN~ IV + D2 I[NV + D28, (5-52)

where we used Lemma 2.2, the fact that cosh,,,, sinh,, are bounded operators (uniformly in ¢ and N), and
(5-49). From Lemma 3.1, we obtain

I62)1* = (&, e BN + 1)2eBg) < C(g, (W + D)%) = C|(V + DE|I?

and, similarly,

IV + D257 = (£, e PP W + DeP MW + De™ PNV + De? M)
< Clg, e—B(ﬂr)(N+ 1)363(771)‘;’_-)
< C{E, N+ 1)) =ClIIIV + D% |12
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Inserting the last two bounds in the right-hand side of (5-52), we conclude that
N7, e PN + Db(hy,0e®™8)| < CINV +1)' %6

for all £ € 7=V, Similarly, we can control the commutators of the second line on the right-hand side of
(5-50) with N and with a*(g1)a(g») and its time-derivative.
We still have to show (5-51). To this end, we use Lemma 3.3 to expand

e P i) = 3 Tl e, (5-53)

n>0

According to Lemma 3.2, the nested commutator ad%l()m)(b(g)) can be written as a sum of 2"n! terms,
having the form

_ 1 j
Ap- NI G0 (g0)), (5-54)
where each A, is (N —N)/N, (N —N +1)/N or a IT®-operator of the form
2 (mp)
NPT, (). (5-55)

Exactly one of these 2"n! terms has the form

s &i\/)’ (N—i—]lv—/\/)’ b( I(Zr) (&) if n = 2r is even,
C(N=N)TTH (N4 1=N) il (5-56)
NTH N b (PP (2)) if n=2r+1is odd.

All other terms are of the form (5-54), with either £ > O or with at least one factor A; being of the form
(5-55). Let us suppose that n = 2r is even. Then we write (5-56) as

(N-N) (N+1-N)"
NT NT

(N=N) (N+L=N)"
N’ N’

0" (9)) = b<n§2’><g))+[ —1]b<n§2’> (2). (5-57)

Inserting the term b(nt@r) (g)) on the right-hand side of (5-53) and summing over all r € N, we reconstruct

>G5 ),bmﬁz” (8)) = b(coshy, (2)).

r>0

On the other hand, the contribution of the second term on the right-hand side of (5-57) has matrix elements
bounded by

Ké’: [(N—N)’ (N+1-N)
L N’ N’

- 1]b<n§2” (g))€2>

v b ()

<2k N2 17 gl IV + D28 IV + DY 2& ) (5-58)

H|:(N NY (N+1—N)’_1]El
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since 1 — (1 —x)" <rx for all 0 < x < 1. Similarly, the contribution (5-56) with n = 2r + 1 odd can be
shown to reconstruct the operator b*(sinh,, (g)), up to an error that can be estimated as in (5-58).

As for the other terms of the form (5-54), excluding (5-56), we can bound their matrix elements using
part (i) of Lemma 5.2. We obtain

_ 1 j ]
(€1 Ar - NI G i) )
i o |
< IV + D2 IV + D72 A AN T 00 (ge)gal

< C"m "N gl [V 4+ D2 TV + 1)1 28 (5-59)

We conclude that

(€1, {e 2™ b(g)e® ) — b(coshy, (g)) — b*(sinhy, (§))}&2)]

< N2 IV + D' PE IV + 1) 261 Y nC "

n>2

<CN 2| gl IV + D26 IV + D& (5-60)

if the parameter £ > 0 in the definition (4-16) of the kernel 7, is small enough.
Since, by Lemma 5.1(i), the commutator of every term of the form (5-54) with A/ is again a term of
the same form, just multiplied with a constant « € {0, 1, £2}, we conclude that

(&1, IV, {e"Bb(g)eB ) — b(cosh,, (g)) — b*(sinh,, (§))}1€2)]
<CN72|gl IV + D& [ |V + D25, (5-61)

Since, again by Lemma 5.1, parts (ii) and (iii), the commutator of every term of the form (5-54) with

a*(g1)a(gz) can be written as a sum of at most 2n terms having again the form (5-54), just with one of
()

3., (80) appearing in the T1'V-operator replaced according to (5-4)

the n,-kernels or with the function 7
and (5-9), we also find that

(€1, [a*(g1) a(g2), {e B ™Mb (g)eB ™) — b(cosh,, (g)) — b*(sinh,, (2))}162)]
<CN2|gllgillgllN + D25 1INV + D&, (5-62)

Finally, since by Lemma 5.1(iv) the time-derivative of each term of the form (5-54) can be written as a

sum of at most n 4 1 terms having again the form (5-54), but with one of the n,-kernels or the function

nfﬁ/{ﬂ (go) appearing in the [TV -operator replaced by their time-derivative, we get (since ||7}; || < Cecl’l)

19, (81, [e B b(g)eBM — b(cosh,, (g)) — b*(sinh,, (§))162)]
< N2 (gl + I IDIN 4+ DY 2E IV + D25, (5-63)

completing the proof. O
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5D. Analysis of e‘B(”’)EE\Z,,)teB("'). Recall that

£y =K+ / dxdy N*V(N G = y)IGi 0P [bibe — Saza]

+ [ dxay NV G 03050 bib, - yata]
+ % / dxdy N>V (N (x — )@ (x)@ (y)b}b} +h.cl, (5-64)

with the notation
= / dx VyaiVyay

for the kinetic energy operator.
In the next two subsections we consider first the conjugation of the kinetic energy operator and then of
the rest of £, with eB0n).

5D1. Analysis of e B CeB0) - We write
e—B(ﬂt)KeB(ﬂt)

=K+ / |Viks (x: y) > dx dy + / dx dy (Awp)(N (x — ) ()G (»)bib: +hel+Ey,. (5-65)

In the next proposition, we collect important properties of the error term ek N1 ) defined in (5-65).
Proposition 5.8. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that
(. £ 6] < Ce M My + N + DPE |V + 1),
(6. IV, £ 18) < Ce M| (Hy + N + D2 IV + 1)),
(8. [a* (g1)a(82). €y, 16)] = CeMMlgillpllgall i Iy + N+ D2EN IV + D',
)

(5-66)
18,(5, E)6) < CeM| (L + N + D2E IV + D¢,
where we used the notation Hy = K + Vy, with
Vy = % / dxdy N*V (N (x — y))a:a;ayax. (5-67)

Proof. We write
1 1
e B oo B _ g :f e_SB(n’)[/C, B(m)]eSB(m) :/ ds/dx e—SB(m)[an:anx’ B(m)]eSB(fh).
0 0
From (3-14), we find

1
e BB _jc = / ds / dx [e B p(V, 0, ) V,bee B fhe]
0

( 1)k+n
- Z k'n‘(k+n+])/d [ad (n)(b(Vxnx))a (n)(v by)+h.c.].
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From the sum on the right-hand side we extract the term with k = n = 0 and also the term with n =0,
k = 1. We obtain

e_B("’)ICeB("’)—IC=/dx [b(Vyny)Viby +h.c.]
1
+/dx b(Vxe)b*(Vxﬂx)—N/dx b(vxnx)Nb*(vxnx)

1 ko k
~3N / dxdzdy[n:(z, y)b(Vy 77)C)l9yaZ V.a, +h.c.]

(=D (n) *)
+§; m dX[adB(m)(b(Vxnx))adB(,,,)(bex)+h-C-], (5-68)

%
where ) denotes the sum over all indices k, n > 0, excluding the two pairs (k, n) = (0, 0) and (k, n) =
(1, 0). We discuss now the terms on the right-hand side of (5-68) separately.

The first term on the right-hand side of (5-68) can be decomposed as in (4-17), giving

/dx b(Viny)Viby :fdx b(kax)bex+fdx b(Vyipx)Vyiby. (5-69)

The second term on the right-hand side of (5-69) contributes to the error 51(\,1’(2. Its expectation is bounded
by

l / dx (&, b(Vip) Vibi )| < [W + D% f dx | Vi || Vbl
< Vel IV + D2E|IKY2E ) < IV + D 2g | 1K€ ).

The expectation of the commutators of this term with A/ and with a*(g1) a(g2) and also its time-derivative
can be bounded similarly, using the formula

[a*(gl)a(gZ)’ b(Vypx)Viby] = (g1, Vi )b(g2)Viby +b(Viux) Vg1 (x)b(g2)

and the fact that ||, Vi, || < Cecl"!, uniformly in N.
As for the first term on the right-hand side of (5-69), we integrate by parts and we use the definition
(4-15), to write

/ dx b(V k) Vsby = / dx dy N (Awe) (N (x — )G ()G, (») beb,
42 f dx dy N2(Vwg) (N (x = ) (Vé) ()@ () bib,

4 / dx dy Nwe(N(x — y)(AG)(X)G (1)bsby. (5-70)

The first term on the right-hand side of (5-70) is exactly the (hermitian conjugate of the) contribution that

we isolated on the second line of (5-65); it does not enter the error term £ I(VKt)' The second and third terms

on the right-hand side of (5-70), on the other hand, are included in Sji,{(t)’. The expectation of the third
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term is bounded by

‘/ dxdy Nwe(N(x — y)(A@)(x)@: (y) (&, bxby§)

< fdx |AG () IB* (Nwe(N (x — - )@E |l bl

= sup [Nwe (N = NG I AGIIN + D = CeMIWV + D% (5-7)
To bound the expectation of the second term on the right-hand side of (5-70), we integrate by parts. We find
/ dx dy N*(Vw) (N (x — »)(VG) (X)G1 (y) (€, biby€)

_ / dx dy Nwe(N(x = y)(AG))F (0 (E beby£)
- / dx dy Nwe(N (x — ) (VG ()6 () (€. by Vibik).

Proceeding as in (5-71), we conclude that

‘ / dx dy N*(Vwo) (N (x — ) (VG) () (y) (£, bxbya‘
<sup [[Nwe(N(x — D@ [IAGIITWN + D22+ VG TNV + DV 2g | 1K€ ]

< Ce MW+ D2E P+ IV + D2 1K g ]

Notice that the last estimate and the estimate (5-71) for the third term on the right-hand side of (5-70)
continue to hold, if we replace the operator whose expectation we are bounding with its commutator with
N or with a*(g1)a(gz) or with its time-derivative.

Now, let us consider the second term on the right-hand side of (5-68). We observe that

/dx b(Vxe)b*(Vxnx)
2 N 2 . - . * 1 *
= [[Vamull” — NIIVxanI + | dxdydz Vin(x; )Vin: (y; x)| biby — N&w)- (5-72)
Denoting by D the operator with the integral kernel
D(z;y) = f dx Vin: (z; x)Vin (x; y), (5-73)
we have
‘ / dx dy dz Ve, (x; 2) Vil (v; X)(E, bby&E) | < [(€, dT(D)E)| < | DI IIN'/2E |12, (5-74)

Since, by Lemma 4.3, || D||» < C, we obtain

' / dx dy dz Vin,(x; 2) Veii, (v; X)(E, bIbyE) | < CIN 2|12
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and similarly for the afa, term. As for the first term on the right-hand side of (5-72), we use the
decomposition i, = k; + ;. Since ||V | is finite, uniformly in N and in ¢, we find

‘/dxuvxnxn%/dxdy|ka,<x;y>|2 <c.

The second term on the right-hand side of (5-72) can be controlled using N ~1|Vinell?> < C. Furthermore,
one can show that

/dx <Ea [N’ b(Vxﬁx)b*(Vxﬂx)]S) =0,

<Clgillllg2ll IV + D22

V dx (&, [a*(g1)a(g2), b(Vin)b* (Vin,)IE)
and

< CeXMIwW + D122

0 [/ dx (&, [D(Vin)b* (Vin)lE) — / dx dy|Vyk: (x; y)lz]
Here we used the formula

[a*(goa(gz),/dx b(Vxnx)b*(Vxnx)}

_ f dx (Ve g1)b(g)b* (Voms) + / dx (g2, Vo) b(Ven)b* (g1)

for the commutator with a*(g1)a(g2) and the bounds in Proposition 4.2 for 9;¢;,.

The third term on the right-hand side of (5-68) can be controlled similarly.

To control the fourth term on the right-hand side of (5-68) we proceed as follows. First of all, we com-
mute the annihilation operator b(V, 7, ) to the right of the two creation operators b;a;". Using (2-7), we find

1 1
ﬁ/dxdydzm(z;y)b(Vxnx)b;fa;kaax=ﬁfdxdydznz(z;y)bia;ka(vxnx)vxbx

N

1 1
+ﬁ/dx dydzn(z; y)Vin: (x5 y) (1—ﬁ—ﬁ) a;Vyay

1
_W/dXddent(Z;y)a;a(vxnx)a;vxax- (5-75)

To bound the expectation of the last term, we use the additional N ! factor to compensate for ||V, ||~ N /2,
We find
1
‘ N2 / dxdydzn(z; y)(§, aya(Viny)a; Via) ‘
1/2

1 1/2
<05 [ / dx dydz |n,(y; 2) ||vxaxsn2] [ f dxdy dz ||aza*<vxnx)aysn2]

_ el Ve
- 2N?
<CNVHIK2E | |V + D).

IC2E | [V + 1)
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Similarly, the expectation of the second term on the right-hand side of (5-75) is bounded by

! dxdyd :Y)V ; 1 N *V
N/ xdydzn(z; y)Vene(x; y)(§, ~N " an )% xax§

1/2

1 1/2
= N[/dXdydzIm(z;y)lzllvxaxéllz] [/dxdydzlvxnz(x;)’)||2||az5||2]

_ el ey
- N
<CNVH WV + D2 1K g

[V + D2 1K %

We are left with the first term on the right-hand side of (5-75). Here, we consider the decomposition
1
s f dx dy dz n,(z; y)b'aza(V,n) Vb,
1
— N f dxdydzn(z; y)b;a;a(vxkx)vxbx

1
+ﬁ dx dydzn,(z; y)byaza(Vepix) Viby =M1 +M,.  (5-76)
Since V. u; € L*(R?® x R3), with norm bounded uniformly in N and ¢, we easily find

(E, Ma§)| < CN™2 W + D)2 1K

To control the term My, on the other hand, we integrate by parts. We obtain

1 k%
M = N / dxdydzdwn(z; y)(—Axk:)(x; w)biaz aybx

2
= NT / dx dy dzdw n,(z; y)(Awe) (N (x — w)) @, (x)@r (w)bjaz ayb,

+ % f dx dydzdwn,(z; y)(Vwe) (N (x — w)) V@, (x) @ (w)bya ay by

+ % / dxdydzdwn(z; y)we(N(x —w)) Ag, (x) @ (w)bjaz ayby

=M +Mi2 +Mis. (5-77)
Since |(Vwg)(Nx)| < C/(N?|x|?), we have
[(6, M128)]

VG -
§CN1/dxdydzdw|nt(z; y)|| 01 () [ |@r (w)]

la:by& |l lawbi ||

Ix —w|?
Vo 2~ 2 1/2 )2 172
<CN-! /dxdydzdw' ARG lazby& | /dxdydzdw VAR .
Ix —w|? Ix —w|?

< CN7 IV 4+ DENTWV + D2+ M) V2|
< CIV+ DY+,
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where we used Hardy’s inequality |x| =2 < C (1 — A). The expectation of M3 can be bounded analogously.
Let us focus now on the term M1;. Here we use the fact that f; = 1 — w, solves the Neumann problem
(4-1) to write

2
M = —NT / dxdydzdwn(z; )V (N (x —w)) fe(N(x — w)@: ()@ (w)bja; ayby

+ N1 / dxdydzdwn(z; y) fe(N(x —w) x (Ix — w| < )@, ()¢ (w)biaZ awb

=:Mi11 +Miiz. (5-78)
Since, by Lemma 4.1, A, < CN3and0< fe <1, it is easy to check that
(€. Mi12€)| < CIIWV + D'/

As for the first term on the right-hand side of (5-78), it can be estimated by
1§, Mi11§)| < /dx dy dzdw [n:(z; y)IN*V (N (x — w)|@ (W)@ ()] |azby& |l |awby |
1/2
< [ f dx dydzdw |n,(z; PNV (N (x — w)>||awbxs||2]

1/2
x [ f dxdydzdw N*V (N (x — w))|@ (w)]?* @ (x)|? ||azbys||2}
< CN~2 I IIVPENTV + DEN < CIVYZEINTINV + D)%),

where we used the fact that 0 < f; < 1 and the notation (5-67).
Summarizing, we have shown that the expectation of the fourth term on the right-hand side of (5-68)

can be bounded by

<CIINV+ D2 K+ N +Vy + D]l (5-79)

s / dx dy dzni(v; D)€, b(Vin)bla!Vearé)

Also in this case, it is easy to check that the same estimate holds true for the expectations of the
commutators of this term with A" and with a*(g)a(g2) and for the expectation of its time-derivative.

Finally, we have to deal with the last term on the right-hand side of (5-68). According to Lemma 3.2,
the operator

/dx ad( (,,)(b(Vxﬂx))a (U)(V by)

is given by the sum of 2"+*n! k! terms, all having the form

- 1 j U 0141
E:=/dxA1---Ai1N S0 ORI AT

(m
X AL ANTRTIO () sz, Vin'3), (5-80)

/
0
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with ki, kp, €1,€2 > 0, ji,..., jk,,m1,...,mg, > 1, and where each operator A;, A; is a factor
(N —N)/N, afactor (N +1—N)/N or a [1®-operator of the form

- 2 (ap)
NI ) (5-81)

with p, q1,...,q, > 1. Here we used the fact that n;‘“’(vx Nx.0) = xn)(fgl) for an appropriate choice

of ¢/ € {-, x}i1tl,
We study the expectation of a term of the form (5-80), distinguishing several cases, depending on the
values of £, £, € N.

Case 1: £1 > 1, ¢, > 2. In this case, Vxnt(il;rl) Vxnt(b) e L*(R? x R?), with norm bounded uniformly
in N and 7. Hence, with Lemma 2.4, we can bound

(€. EE) < C |l IF == VgD Ve TV + D)2 )12,

Now we observe that, for example,
Va2 1 < 1Van@ 121 < 19 [Hind1272 < Clin 1272
Similarly, || V,n{“"*P|| < C|In, |9 ~". Hence, in this case,
(&, E€)| < C* I 1MV + D)2 1%
Case 2: ¢; > 1, £, = 1. In this case we integrate by parts, writing
(&, E€) =/dx (e, A A NI b — A )
X MG A NTRIY, M, u“ 5 02,0)6).
Since, by Lemma 4.3, | A, nt(z) | < Cel, we conclude by Lemma 2.4 that, in this case,
EEE) < C I 11 AP IV + D22 < el =1 ov + D12 2.

Case 3: £; > 1, £, = 0. In this case, the second IT()-operator in (5-80) has the form

kz 1
1 (mg,) bj (mj)
kzl'[;,)b,( t(rg,l'), e, 1, V8, =N kz/bbo }jax’Hlaysz ay 1_[ My " (xj; yj)dx;dyj.

Here we used part (v) of Lemma 3.2 to conclude that the last field on the right, the one carrying the deriva-
tive, must be an annihilation operator (or possibly a b-operator). Repeatedly applying Lemma 2.1 on pairs
of creation and annihilation operators, but leaving the last annihilation operator Vya, untouched, we find

(£, B&)| < CK I |0 (v + D)2 / dx |V 1V,eak |

1+1
< Y = e O TV 4+ D2 1K e |

< M NIV + D 2E 1K e ).
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Case 4: ¢; =0, £, > 2. Here we proceed as in Case 2, integrating by parts and moving the derivative

over x from V,n, ¢ (Whose L? norm blows up) to V, ni%), (using the fact that || A, n§2) | < o0).

Case 5: ¢; =0, £, = 1. In this case, by part (v) of Lemma 3.2, the two H(l)-operators in (5-80) have
the form

1) G £1+1 bj i
s vl = [ o] bbo y,axﬁlya(vxm]_[n(“(xl,y»dx,dyl (5-82)

and

1 (m 4 i
Moo, Venly) = / xl]‘[ay,ax,ﬂayna <vxnx>1_[n<’"><x,-;yi)dxl-dy,-. (5-83)

Since || V,n; || =~ N'/2 blows up as N — o0, to estimate (5-80) in this case we first have to commute the
annihilation operator a(V,ny ¢) in (5-82) with the creation operator a*(V, 1, ¢/) in (5-83). We proceed
much as we did to bound the second term on the right-hand side of (5-68) in the case n =0, k =1,
starting in (5-72). Here, however, we first have to commute the annihilation operator a(V,n, ¢) through
the A’-operators and through the creation operators in (5-83).

If Ai=(N—=N)/N or A =(N+1—-N)/N, we just pull the annihilation operator a(V,1, ¢) through,
using the fact that a(Vyny o)N = (N + 1)a(Viny. o). On the other hand, to commute a(V, 7, ¢) through
the Al-operators having the form (5-81) and through the creation operators in (5-83) (excluding the very
last one on the right), we use the canonical commutation relations (2-1). The important observation here
is the fact that every creation operator appearing in (5-81) and in (5-83) is associated with an 7n,-kernel;
the commutator produces a new creation or annihilation operator, this time with a wave function whose
L?-norm remains bounded, uniformly in N. For example, we have

[a(vxnx), / atayn™ (xi; yi) dx; dyi] =a(Vn" ). (5-84)

Since m; + 1 > 2, we have |V, n"™+D| < C, uniformly in N. Similar formulas hold for commutators
of a(Vyn,) with a pair of not normally ordered creation and annihilation operators or with the product of
two creation operators. In fact, not only the L?-norm but even the H'-norm of the wave function of the
annihilation operator on the right-hand side of (5-84) is bounded, uniformly in N. This means that terms
resulting from commutators like (5-84) can be bounded integrating by parts and moving the derivative
in (5-83) to the argument of the annihilation operator in (5-84). We conclude that E = F| + F,, where

_ b;
F, :/dx Ap--- Ay N ki /bbol_[ayjaxﬁl ynl_[n(J’)(xl,y,)dx, dy;

- y :
X Ay AN kz/ xl]_[ 1y ]_[n(”(xl,y,)dx dy; a(Vane0)a* (Vaneo),

Xiv1 yn
while F;, which contains the contribution of all commutators, is bounded by

(&, FaE)| < nC* [, |~ 1INV + 1)1 28 ||
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To estimate Fy, we write it as F; = F; + F;,, with

ki
bj
Fii = IVanel® Ay - Ay N~ ’“/bbo ayay,a yn]"[n“%xl,yl)dx, dy;

b/
Y.V ’Q/ 1_[ ,a ) Hn(]’)(xl, y)dx;dy. (5-85)

Xit1 )n

and

_ b;
Fi» :/dx Ay AN ki /bbo Hay/a,%] ay; l_[n(J’)(x,-; vi) dx; dy;

’ ’ n—k bg ;b (i) / N
X Al e AigN ’ / bx? lj[a)/; XJJH ¥, 1_[ 77 (X yi) dxi dyi a*(vxnx,O’)a(vxnx,Q)- (5'86)

The contribution F{; can be estimated by
|Fiil < C* 9 IV PN IOV + D2, (5-87)

where o = k| + p; +---+pr+k2+p/1 +---—|—p;, if r of the operators Ay, ..., A;, and r’ of the
operators A, ..., A;z are H(Z)—operators of the form (5-81), with orders py, ..., pr > 0 and, respectively,
Pys---» P, > 0. Now observe that, since £, = 1, we must have k > 1. Since we are excluding here the
case n =0, kK =1, we must either have n > 1 and k = 1, or k > 2. In both cases k +n > 2. According
to Lemma 3.2, the total number of 7,-kernels in every term of the form (5-80) is equal to k +n + 1 > 3.
This implies that there is at least one n;-kernel, in addition to the two 7n,-kernels which produced the
commutator ||V, ||? in (5-85). We conclude that, in (5-87), we have « > 1, and therefore, on F=V,

IF1| < CE I 1=V en 1PN UV 4+ DY2g (12 < S 1o+ D Y22
since ||V, 7, ]|> < CN by Lemma 4.3. To control Fj» we notice that, with the operator D defined in (5-73),
0< f dx a*(Vine.0)a(Vens.0) = dT(D) < [ DIA < CV.

This easily implies that
(&, Fra&)| < CE I, 191V + D)8 |12

We conclude that, in this case,
(€. BE) < nC M In, |V + D2g 1%,
Case 6: £1 =0, £, = 0. In this case, the term (5-80) has the form

:/dx Al"‘AilN_kl /bbol_[ i xj+1 yna(vxnx <>)1_[77(11)()6“),1)dxl dy;

Vi Xit1 y

ki
FUVER kz/b ) ,ab/ a "V ay l—[n('" )(xl; yD dx)dy]. (5-88)
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Notice that a term of this form (with » =0 and k = 1) already appears in the fourth line of (5-68) and was
studied starting in (5-75) (to be more precise, in this case the first [TV -operator in (5-80) is of order zero
(for n = 0, there is no other choice), and therefore the operator a(V, 1y, o) appearing in (5-88) is replaced
by b(Vinx.¢)). We will bound (5-88) following the same strategy used in (5-75). First we have to commute
the operator a(V, 1y ¢) in (5-88) to the right, close to the V,a,-operator. As already explained in Case 5,
the annihilation and creation operators produced while commuting a(V,n, ¢) to the right will have wave
function with H '-norm bounded, uniformly in N. Integrating by parts over x, we obtain E = G| 4G, with

bj i
/dx Ao Ay N™ kl/bbo y,axM ynl_[ﬂ(”(xi;yi)dxi dy;

/

v,
x A ke / b 1_[ ,ax/ LAy 1_[ n(J’)(x,(; yi)dx!dy; a(Viny o) Vyiay

and
(&, Ga)| < nCF™ |, =1V + )2 |2

To bound G, we proceed exactly as we did starting in (5-76). Using the decomposition 1, = wu; + k;
and the fact that V, 1, has bounded L?-norm, uniformly in N, we conclude that G; = G11 + Gy, with

k1
b 1
Gii=A--- AN /bbo y,ax,_H " l_[n(])(xi§ yi)dx; dy;

x A - A/ sz ¥ l_[ ,a /,+| v Hn(J’)(xl,yl)dx dylfdx (—Axks) (x5 y)axay

and
(&, Gag)| < CKF I 11|V + D V2| 1K .

By Cauchy—Schwarz, the term Gy; is bounded by
(€, GLi&)| < CH [l "I NTHNV + DE | /dx dy |Ack;(x; y)llaxay§ |, (5-89)

where o = ki + p1 +--- + p, + ko + p} +--- + p, if r of the operators Ay, ..., A; and r’ of the
operators A’, ..., A;z are H(z)—operators of the form (5-81), with orders py, ..., p, > 0 and, respectively,
p’l, ..., p;. > 0. The important observation now is that, since we excluded the case k =n = 0, we have
k+n > 1, and therefore every term of the form (5-80) must have at least two n;-kernels in it. This implies
that, in (5-89), @ > 1, and therefore that

G| < CKF |, | EN T2 v 4+ D 2| / dx dy | Ak, (x; y)| laxay€|l.
Proceeding as we did from (5-77) to (5-79), we conclude that

IG11] < C*P I NIV 4+ D28y + N + DV
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Summarizing, we proved that the last term on the right-hand side of (5-68) is a sum over all
(k,n) #(0,0), (1,0) of 2"tk p1 k! terms of the form (5-80), each of them having expectation bounded by
(&, E§)| < X, ORI+ D2 | (Hy + N + DV

Similarly, one can show that

(&, [NV, EJ&)| < CFFmecltl |, | max@Kn=3) (Ar - 1)1 2g | | (Hy +N + D2,
(£, [a*(g1)a(g2), EI&)| < C* e |1, | OKF1=3 1o | il ga |l g IV + D YZE N N (Hy +N+1) €],
(&, 8 [E1E)| < CFMe! |, | ™ OKF=3 | (N + DV 2E || || (Hy +N + 1D 2.

Inserting in (5-68) we conclude that, if sup, g [|7;|| is small enough, the operator 51(\,{([) defined in (5-65)
satisfies the bounds in (5-66).

O
5D2. Analysis of e B (”')(Egé), —K)eB1) . Recall that
Ly, —Kk= / dx (N*V(N -) %@ ) (x)[b*by — N~'a*a,]
+ / dx dy N>V (N (x = )@ ()@ (y)[biby — N~ 'atay]
+) / dx dy N3V (N (x — y)[g ()@ (0)b'D" +h.c.. (5-90)

We define the error term ‘91(\3 through the equation
e P (LY, =) =Re / dx dy N>V (N (x — )@ ()@ (ki (y; )

+ % / dx dy N3V (N (x — y)[@: (x)@, (y)b;‘b;ﬁ +h.c]+ 51(\/2,)t- (5-91)
The properties of the error term & ](\,2 )t are described in the next proposition.
Proposition 5.9. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that
€. ENVE) < Ce MOV + D2 | | (Vy + N + D¢,
€. IV, 18] < CeM W + D2 | (Vy + N + D],

1§, [a*(gl)a(gz), 51(\/21]5 ) < Ced"”gl||H2||g2IIH2||(N+ 1)1/25” ||(V]1\I/2+N+ 1)1/25'”,
008, ED.8)] < CeMIN + D' PEN 0N + 4 + D)%

(5-92)

forall € € F=N.

Proof. The conjugation of the first two terms on the right-hand side of (5-90) can be controlled with
Lemma 5.6, taking r to be the multiplication operator with the convolution N3V (N -) % |@,|? in the
first case (so that [[F|lop = IN3V(N ) % @] oo < ClI@:1I%, < Ce“!"!) and the operator with integral

kernel 7 (x; y) = N3V (N (x — ¥))@; (x)@: (y) in the second case (then ||r|lop < sup, [ |r(x; y)|dy < Cecl"l,
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uniformly in N). Hence, to show Proposition 5.9 it is enough to prove the bounds (5-92), with 51(\,2’ ),
replaced by

fal 1 = = _
ENi=3 f dx dy NV (N (x = )@ ()@ (y)e PMbeb, e ™ +hc.]
—Re / dx dy N*V (N (x — )@ ()G 0k, (x3 y)

- % / dx dy N>V (N (x — y)[¢ ()@ (y)bxby +h.c.]. (5-93)

By Lemma 3.3, we can write

/ dxdy N>V (N (x — y)@ ()@ (y)e B p b, eBm

(—1)ktn 3 N (n) *)
=2 g | ANV G =) (adiy, (bady, (by)
n,k>0 o

_ / dx dy N3V (N (x — )@ ()@ (y)bsby

— f dx dy N>V (N(x — y))@ ()@ (»)bx[B(1), by]
— (=D

k!'n!
n,k

/ dx dy N>V (N (x — )@ (x)@ (y)ady (bo)ady) (b)),  (5-94)

where we isolated the terms with (n, k) = (0, 0) and (n, k) = (0, 1) and the sum z*: runs over all other pairs
(n, k) € N x N. The first term on the right-hand side of (5-94) (the one associated with (k, n) = (0, 0)) is
subtracted in (5-93) and does not enter the error term g ﬁ)t. The second term on the right-hand side of
(5-94), on the other hand, is given by

Pi=— / dx dy N>V (N(x — y))@ ()@ (»)bx[B(1,), by]

N—-1-N = NG
= [ dxdy N3V (N (x — y)@ (x)@ () byb*(ny)
_ % / dx dydwdz N3V (N(x — y)@ ()@ (y) ne(z: w) bybraay.

Commuting in both terms the annihilation field b, to the right, we find

N—1—-NN-N = =
P= v > dxdy N>V (N(x — )@ ()@ (y) 0. (x; y)

N—-1-N = = 1
t— / dxdydz N>V (N (x — y)@ (X))@ () |:b*(77y)bx - Na*(ny)ax]

N-—-N = =
-2 e /dx dydz N>V (N (x — )@ (x)@ (y)a*(ny) ax
N_N 3 ~ ~ k%
- f dx dy dz dw N3V (N (x — y)@ () () n (3 wya’a’aya,

=:P1+Py,+P3+4+P4. (5-95)
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Writing 1, = k; + 1, and using the pointwise bounds [u;(x; y)| < Cl@(x)[1¢:(y)| and |k (x; y)| <
CN|@:(x)||@:(y)| from Lemma 4.3, we obtain that

‘@, Pi£) — / dx dy N3V (N (x — y)@ ()@ (ki (x; y)| < CIN + D212

The expectation of the operator P,, and analogously the expectation of the operator P3, can be bounded by

(€, P28)|

< IV + D2 / dx dy N>V (N (x — y)Ig OG0 Iy | 15& |
1/2

1/2
< 1@ 12 IV + D2 [ / dxdy N*V (N (x — y>>||ny||2] [ / dxdy N*V (N (x — y>>||bxsn2]
< CeMn IV + D212,

As for the last term on the right-hand side of (5-95), its expectation is estimated by

(€, P3§)|
= lneHINV+DE| /dxdy N?V(N (e=y)I@ (01 1@ ()] larayé]|

172

<INV +DE [ f dxdy NZV<N(x—y))||axaysﬂl/2 [ f dxdy NZV<N<x—y))|¢t<x>|2|¢t<y>|2]
< Cln VD2 V).
We conclude that
‘<s, Pg) — / dx dy N>V (N (x — )@ ()@ (y)k; (x; y)‘
< CeM IV + DV2EIIVy + N+ DE]. (5-96)

Let us now consider the terms in the sum on the last line of (5-94), where we excluded the pairs
(k,n) =(0,0) and (k, n) = (0, 1). By Lemma 3.2, the operator

/ dx dy N>V (N (x — y)@ ()@ (nadg,, | (b)ady,, | (by) (5-97)
can be expressed as the sum of 2"*n! k! terms having the form

- ~ (
= / dx dy NV (N(x = )G AL A NI, )

ko @ (. (m) (miy) ()
XAj-- AN znﬁ,b,(ntﬁ{,...,ntuz Ny, (5-98)

where ki, ky, 1,12 >0, ji,..., jk,.mi1, ..., mg, > 0and where each A;, A; is a factor (N —N)/N or
(N +1—=N)/N or a [I®-operator of the form

— 2 (ap)
NPT ). (5-99)
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With Lemma 5.4, we obtain

(&, E£)|
<[V + D% / dxdy N>V (N (x — y) g ()G ()]

_ _ 1 j (0] {4
IV 4+ DTN - A NG,y fk‘, niy)

1,0
ko (1) . (1) (i) ()
X Ay A NTRTI (,u,ll,...,ntt,2 UNROH|

< CH I IRV + DV 2| / dx dy N>V (N(x — y)|@ ()] ¢ ()]

x Anlnelllny IV + DY2E N+ I Iyl lax& |
+ Ce M TNV + D2+ N7V, 1 Naxayé I}
where (in the last term in the braces) we used the pointwise bound
clt|

N~ (x; y)| < Ce

from Lemma 4.3. The contribution of the first three terms in the braces can be bounded by Cauchy—
Schwarz, since || @ |loo < Cec!"l. We find

[(£, B&)| < C*nel |, =TIV + DY 2E (W + N + D).

Since the expectation of (5-97) is the sum of 2"*tkk1 n! such contributions, inserting in (5-94) and
taking into account also (5-96), we conclude that

(8. EQ\ ) < CeM IV + D)\ Pl |V + N+ )|

if sup, ||n;|| is small enough. As usual, we can prove similarly that the same bounds hold true for the
expectation of the commutators of g ) . with the number of particles operator N and with a*(g1)a(g2),
for arbitrary g1, g» € H 2(R3) (this assumptlon allows us to extract ||gjlloo < ClIgj|l2) and also for the

time-derivative of £ 53):' O

5E. Analysis of e™ 8 ("‘)[,S’)teB (), Recall from (5-3) that

£, = [ dvdy NPV (VG - )G ibiaa, +hel

We conjugate 553,): with the unitary operator e2"). We define the error term En ¢ ) , through the equation
=B LD BOD — /N [b(cosh,, (hy, ) + b*(sinhy, Gy, )) + e+ EG ). (5-100)
where we recall, from (5-47) that,
hy.e = (N*VIN we(N ) %16

In the next proposition we collect the important properties of the error term 51(\,3’1.
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Proposition 5.10. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such
that

€, ENLE)] < Ce M| + D2EN (W + N + D'V,
E IV, EDIEN < CeM W + D2 |V + N + D2,
(€. [a*(g1)a(2). £5 1 16) < CeMligi Il allgall |V + D2 |V + N + D],
18,(&, E0E)| < Ce MW + D2 | (Vy + N + 1))
forall & € F=N.

(5-101)

Proof. We start by writing

1

¢~BO g3 g, B :a:ax+/ ds e~ B [a%a,, B(n)]e ™
0

1

=a*a, + e_SB(m)[b:b*(nx)+b(77y)bx]€SB(n')-

y

S~

From Lemma 3.3, we conclude that

k+r
% BOW _ =D K piyad® *) ")
ta,eP _ayax+k;0 e (k+r+1)[ad3(m)(b},)ad3(m)(b (nx)+ady) | (b(ny)ady) (b1,

e—B(ﬂt)a

Inserting in the expression for ES)Z, we conclude that

e—B(m)ES’)teB(m)

(_l)n ~ n * *
-y / dxdy NV (N (x — y)@ (y)adly), (b7 dlay
n:
n>0
- (_1)n+k+r

+ Z nlklrltk+r+1)
n,k,r>0

dxdy N°*V(N(x — y) @ (y) adg) | (b})

% [adg‘gm(bj)adg()m)(b*(nx)) + adgfgm)(b(ny»adggm)(bx)] +he.

We divide the triple sum into several parts. We find

e—B(Th)ES’)teB(ﬂr)

(_1)}1 ~ n * *
:Z ‘ / dxdyNS/ZV(N(x—y))got(y)adﬁg(),,,>(bx)ayax
=0 n.

(_1)n+r

43 s [ ey NPV GG a5 ()
n,r>0

(_ 1)n+k+r

5/2 N ~ (n) * (k) /1.% (r) *
+ > TG | NV (N GG Oady, 0Dad® @ady, 67 (1))
n,r>0,k>1

(_1)n+k+r

~ (n) * k r)
> k! (k7 +1) dxdy N>V (N (x=y) @i (y)ady;, , (b0)ady,  (b(ny))ady,  (by)
n,r>0,k>1

+h.c.
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In the terms with k = 0, we distinguish furthermore the case n = 1 from n # 1. We find

e—B(Th)ES’)teB(ﬂr)

=— / dxdy N>V (N (x—y)@ ()IB(n), bilaia,

(_1)}’ ~ *77,% r *
=i / dxdy N>V (N (x—y)@ ()[B(n,), b1 adly) (6" (1))
r>0
(=" 5/2 ~ (n) N
+> / dxdy N°/*V (N (x—y)@ (vadly,  (b7)d}a,
n#l
+ > o dxdy N*2V (N (x—y)@ (v)ad®  b*)b*ad?)  (b*(ny))
A Ong(H_])! Y Y@\ Y)alp ) (Lx)0y a0y, x
+ Y Bt P N3V (N (x=y) @ (y)ads)  *)ad%)  b5ad%) (" (,)
Ik k) ray Y=Y y)adp ) (Dx)adp(y,) Oy )8l gy, (07 (x
b Y ey NPV N Gy a0, (b, ad, ()
— kIl (k) ray X=Y)Pi YAl p,) Dy )Adpey,) (0(0y))adp ) (Ox
+he. (5-102)

We start by estimating the contribution of the last term on the right-hand side of (5-102). We are
interested in the expectation

‘ / dx dy N°P*V(N(x — )@ (y) (€, adg  (bDadyy)  (b(ny)adfy, | (bo)E)

< f dx dy N°V(N (x — y)Ig (y)| ladgy, , (b)E | ladly) | (b(ny))ady) | (boE]

for n,r >0 and k > 1. According to Lemma 3.3, the norm ||adg’()m)(bx)$ || is bounded by the sum of 2"n!

terms of the form

—k 1 j j S
Pro=llAr AN KD @D, g0 g

fori,k,s >0, ji,..., jx > 1, where each A; is a factor (N—N)/Nor (N+1—-N)/N ora H(z)—operator
of the form
NI, G L), (5-103)

v ey

From Lemma 5.2, we find

n n—1 1/2 i
xS{C A" e LIV + DY2E| if s > 1, (5-104)

C™lInelI* llaxg | ifs=0

for all x € R3, Similarly, the norm ||adg{()m)(b(ny))adg()m)(bx)é || is bounded by the sum of 257 k1 r! terms

having the form

—k (DG G, (e+1) ko (D) _(my) (miy) | (€5)
Poyy=IlIA1--- AN 'Hn,b(’?z,ulw“’”t,u;l’”y,]<> ) x A} AN znn/,b’(”z,”ul’:""’"z,u,;j’”x,é’)gn’



GROSS-PITAEVSKII DYNAMICS FOR BOSE-EINSTEIN CONDENSATES 1575

which can be estimated (with Lemma 5.4) by

P, < {ck+’||m||k+’2||nxu Iny IV + DEN if 62 > 1,
S iyl lax W+ D2E] if e, =0

forall x, y € R3. Combining this estimate with (5-104) we find that
‘ / dx dy N°*V(N(x — y) @ (y) (&, adg)  (bDadyy)  (b(ny)adfy) | (bo)E)

<nlk!lr! CVHRET |y, RT3 / dx dyN>2V (N (x — yDIg )] Iyl

x [ IV + DY + lInll lax€ 1]
x [l IV + DEN + [, [l lax N + D& ]
<nlk!r! Cn-‘rk-‘rredth—l/Z||nt||n+k+r—3

X /dx [NV + DY2E N+ e Mlac I[NV + DEN+ el lae NV + D],

where we first used the bounds ||¢;]lcc < Ce¢l from Proposition 4.2 and sup,, [Inyll < CeM! from
Lemma 4.3, and then we integrated over y to obtain the N ~!/? factor. Applying Cauchy—Schwarz in the
x-integral, we conclude that

‘ / dx dy N°*V(N(x — y) @ (y) (&, adg)  (bDadyy) (b(ny)adfy) | (bo)E)

< nl k!l CPHT N T2 g PR =1V + D2 | |V + DE|
< nlklr! C"HEAT | =T 4 1) 22 (5-105)
for all &£ € F=V

Let us now consider the fifth sum on the right-hand side of (5-102). The expectation of every term in
this sum is bounded by

‘ / dx dy N°'*V(N(x — y)@ (y)(, ady), (bDadyy) (b3ady)  (b* (1:))&)
< / dxdy N2V (N(x = DIz () lladiy, ,(by) adgl, 005 I ladg,, B0l (5-106)

where we assume k > 1, n,r > 0. According to Lemma 3.2, ||adg()m)(b*(nx))§ | is bounded by the sum

of 2"r! terms of the form

_k D, 073 01+1
Que=lIA1- AN IR, ok @) g

foraij, ki, £ > 0and ji, ..., ji, > 1. Each A; is a factor (N —N')/N, a factor (N +1—N)/N or a
H(z)—operator of the form (5-103). From Lemma 5.2, we have

Qi < C Il I NNV + D3|
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for all x € R3. On the other hand, using again Lemma 3.2, we can bound the norm || adg‘()m) (by) adg()m)(bx)é [|
by the sum of 2" k! n! terms having the form

—ky (D G k) <e ) —kap(D) . (my) (miy) | (£2)
Q2,x,y:”A1"'Ai1N lnﬁ’b(nt’t;lv'-'vn[ u]: ’ ¢ )A/ A;zN znu/ b/( lj/ 7"'7ntu2 ’ xiy)é”
where iy, iy, ki, k2, €1, €2 >0 and ji, ..., jk,,mi, ..., mg, > 1 and where each A;- and A;-operator is a

factor (N —N)/N, a factor (N — N + 1)/N or a I1®-operator of the form (5-103). Using Lemma 5.4,
we obtain (using the assumption k£ > 1 to apply (5-27) and using (5-28) with ¢ = 1)
Qaxy < C"HIne " 2{ [ 4 Dllme iy Il 4 e 1N e Ges TNV + DE|

+ i lax N + D2+ lin 1 lacay € 1}

for all x, y € R®. With the bound sup, 17« sup, N=Yn,(x; y)| < Cecl"l from Lemma 4.3, we conclude
that

/ dx dy N>V (N (x — )@ (») (£, adﬁf(),,,)(b;k)adg‘()m)(bj)adg(),,,)(nx)é)‘
< nl k!t CHHT M | [V 4+ DY2EN (W + N + DV2E]] (5-107)

for all £ € F=N,
Let us now study the fourth term on the right-hand side of (5-102). As we did for the other terms, we
bound the expectation

‘ f dx dy NPV (N (x — )@ (y)(&, adfy, | (b7)bradf) )(b*(nx»a‘

f dx dy N°V(N(x — y)Ig (»)| Ibyady) | (b)& | lladfy) (" ()&, (5-108)

where we assume that n # 1, r > 0. According to Lemma 3.2, ||adg()m)(b*(nx)).§ || can be bounded by

the sum of 2”r! terms of the form

- 1 i Ui 0+1
Rie=lA1 A NI @A, e
foriy, k1,41 >0and ji, ..., jx, = 1. According to Lemma 5.2, such a term can always be estimated by
Ry, < crnmn’unxu IV + D)2 (5-109)

for all x € R®. On the other hand, the norm lbyad ('7 )(b )€l can be bounded by the sum of 2"n!
contributions having the form

k i G [/
Rocy = lIbyAr - A TG, s n e (5-110)

1,0

foriy, ki, £y >0and ji, ..., jr, > 1. With Lemma 5.4, we find that

Ro .y < CM I " 2{[(1+n/N) ey |+ e IN ™ e Ges IV + DE]]
+lnel Inell lay W + DY2EN + (/N el Iy Hllax N + DV2E( + (10,01 laxay€ 1|}
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for all x, y € R3. With ||@|loo < Ce! and sup, , N7 (x; y)| < Ce!"l we conclude, similarly to (5-107),
that

‘ f dx dy NV (N (x — )@ (») (£, adg’zn,)<b:)b;ad§;3,,,)(b*(nx>>s>‘
<+ DA C e I IV + D2 (v AN+ DY2E|L (5-111)

The expectation of terms in the third sum on the right-hand side of (5-102) is bounded by
‘ / dx dy N°V(N(x — )@ (y)(&, ady,, (b)) a}axé) ’

< f dxdy N°P?V(N(x — y)Ig (y)| layadg, £l laEll.

which is similar to the right-hand side of (5-108), the only difference being that instead of the norm

||adg()m)(b* (nx))&1l we have |la &| (and the fact that in the other norm, we have the field a, instead of by;

it is clear, however, that both fields can be treated similarly). Analogously to (5-111), we conclude that
‘ f dx dy N°V(N(x — y) @ (y)(&, ady,, (b)) a}axt) ’

< (4 DIC e "IV + DN On + N + DV (5-112)

Let us now switch to the second term on the right-hand side of (5-102) (the sum over > 0). First of

all, we compute the commutator

[B(n), byl = —b(nx)(l - %[) + % / dzdw 7(z; w)atayb;.

Hence the r-th term in the sum is proportional to

(N—=1=N)

- [axay NPV G- 306

b(n)biady),  (b*(n.))

+ / dxdy N?V(N(x — y)@(y)N~'m')

(s, )%

(1:. 85)*brady) | (b*(n.))
=:S51+S,. (5-113)

The expectation of S, can be bounded as follows:

(€. S28)| < / dx dy N°*V(N(x — y)Ig (0 1by N~ T (0. 8% | lad$y), (5" ()& .
As in (5-109), we find
lad$y),  B*MEN < CTrllinl Ine IOV + D2
Since, on the other hand,

Iby,N~'m1{

()%

(1, 8EN < CN"Hiny | lax N + D2E] + Climell llaxay &,
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we conclude that

(5. 28) < Ce M IV + D2 T 0n + N + D12
for all £ € F=N. We are left with the operator S; defined in (5-113). Commuting b (1, ) with b} we write
it as

(N—=—N)YN-N-1)
N2

slz—fdmwNW%«Na—wmmmw@@) adfy)  (b*(n.))

N-N—1 i o
S—-—-};————z[b;b<nx)-— Eyaia(nx)]adéfm)(b (1)

— / dx dy N>V (N (x — y)@ (y)
=:S11 4+ Sq2.
The expectation of S, is estimated by

(€, S12E)| < CTe M, " IV + D212

As for Sy;, we decompose it as

NN -N=1) )

Su=— [ drdy NV = )kt 06 0 el 000
U WN-NWN-N=D )

— [ axdy NPV NG = s 30600 T, 0 o),

=:S111 + S12.
Since |us(x; y)| < C eIl from Lemma 4.3, it is easy to estimate the expectation of the term Sy by
(6, S1128)] < Ce Ml "IV + 1) 26 1%
As for the term Sy, we use the fact that, by Lemma 3.2, the nested commutator adg()m) (b*™(ny)) is given

by
N—-1\" N =2\" _
(1 — T) (1 — T) b* ()" 1)

if r = 2m is even and by

N+1 m+1 N m R
—<1—T> (l_ﬁ> b((nm)y ™)

if r =2m 41 is odd, up to terms (2"r! — 1 of them) having the form
—ki (D) ¢ (1) Ui, (@1 +1)
Ay Ay N lnﬁ,b(nt,ull’""nt,uél’nx,é ),

where either k| > 1 or at least one of the A-operators is a H(z)—operator of the form (5-103). We conclude
that, if » = 2m is even,

Sm=«/N/dxdyN3V(N(x—y))we(N(x—y))|</3z(y)|2¢z(X)b*((nzﬁz)mnx)+Su12, (5-114)
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while, if r =2m + 1 is odd,
Sin=-vN f dx dy N>V (N (x — y)we(N (x = yDI@ ) PG )b* ()3T + S1112, - (5-115)
where, in both cases, the expectation of the error term Sy1(» is bounded by
(&, S11128) | < C"[Ime|I” f dx dy N>V (N (x — y)) [k (x; D] eIV + D2V + DE||

< ClIn NIV + D22

for all £ € F=V. Here, once again, we used the fact that N~ (x; y)| < C. Summing over all » > 0, we
conclude that

_ (i; 11)! f dx dy N*PV (N (x = y)§()IBn), byIbjadfy, | (5 (1)
r=0 - N [b((cosh,, —1)(hy,;)) + b*(sinh,, (hy )]+ S,
where
(6. SE) < &Y (Cllm DIV + D2 < ce (v + 12 2 (5-116)
r>0

for all £ € F=VN,
Finally, we consider the first term on the right-hand side of (5-102). This term can be handled much as
we did with the second term (the sum over r > 0). We obtain that

- / dx dy N2V(N(x = y)@ By, bilajax = —/Nb(hy,;) + 5.

where the expectation of S can be bounded as we did with the expectation of S in (5-116).
Recalling the definition of 51(\21 in (5-100), it follows from (5-105), (5-107), (5-111), (5-112) and
(5-116) that
[(E, ENLE) < Ce M + D2 | (W + N + DV .

The bounds in (5-101) for the expectations of [N/, 5,(\,3’)1], [a*(g1)a(gr), 51(\/3,)1] and of the time-derivative
8,5;21 can be proven analogously. We omit the details. O

S5F. Analysis of e‘B(”')Ex’)teB("‘). Recall from (5-3) that
X

oy, =vv=1 f dxdy N*V(N(x — y))aiataya,.

)

We conjugate 553): with the unitary operator e2"). We define the error term 51(\2:

through the equation
e PLD PN =Yyt ) [ ddy NV )i P
+ % / dx dy N*V (N (x — y)[k; (x; Wbiby +hc.]+ 5](@. (5-117)

In the next proposition we collect some important properties of the operator Sj(é)t.
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Proposition 5.11. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such
that

5. ED6) < Ce MW + D2 (v + N + D2,
(&, IV, EDIEN < Ce MW + D2 | (Vy + N + D2,

(€. [a* (gD a(g2)., €, 16N < CeMlligi gl IV + D5 IV + N + D',
10,(&. ED£) < CeMIW + 1) NIV + N + D%

(5-118)

forall € € F=N.

Proof. We start by writing

1
B(”‘)a*a;aya B0 :a:a;fayax +f ds e_SB(”’)[a a ayax, B(n,)]e* B0,
0

A straightforward computation gives

1
_B(”’)a*a;‘a)a B =a:a;ayax+/0 ds e_“'B("’)[bjb;(axa*(ny)+a*(nx)ay)+h.c.]e“'B("’). (5-119)

Now we observe that

e—sB(Ur)[axa*(ny) +a*(nx)ay]esB(n,)
N
= axa”(ny) +a*(nx)ay + / dt e " "laca* (ny) +a*(n) ay, B(n)]e™ "
0

=1, (%3 ) +a* () ax +a* () ay + / dz TP 2b* (n)b* (ny) + b(P)bs +b(nP)byle™ M.
Inserting in (5-119), expanding as in Lemma 3.3, and integrating over s, T, we obtain

e B LD B =Yy + Wi+ Wa+ W3+ Wy, (5-120)
where

1 ( 1)n+k 2 . (n) . (k) *
Wi=2 ; T T f dx dy N*V(N(x —y)n(x; y)ad$) bad® o),

(=D 2 @ pyad® () gt
W, = Z WKkt D /dxdyN V(N(x —y))adg, (by)adg,  (b))a™(nx)ay,

—1)ntktm+r
We e (-1)

Z nklm'rlm+r+1)(n+k+m+r+2)

n,k,m,r>0

f dxdy N*V(N(x — y) ady (bDady)  (bDad) | (b(n®)ady) (by),

(_ 1)n+k+m+r

W4 =
i= 2 W km\ r (mr+ D(m+r+ntk+2)

n,k,m,r>0

x f dxdy NV (N(x — y) adly (bDady), (bhadfy) (5" (n:)adf) | (b (y)).
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Let us now estimate the expectation of W;. By Cauchy—Schwarz, we have
‘ / dxdy N*V (N (x = )€, adg,,, (0Dady,, \(B})a" () ayd)
f dx dy N*V(N(x — y) |V + D)'2adly), (by)ady) | ()EI WV + 17 2a* () ayé .

We bound
IV + 1D 72a* () ay || < lInell llayé | (5-121)

On the other hand, according to Lemma 3.3, ||[(N + /2 d( B(n, )(b )a (n )(b )€]| is bounded by the sum
of 2"+*n! k! contributions having the form

1 (0] {4
Tey= W+ DY2A AN G L) t"; ;;)O)
X Aj e AN kzn“g(nt(”;,l”,...,nf";"z (©) (5-122)

with iy, iz, k1, k2, £1,€2 >0, j1,..., jk,.m1, ..., m, >0 and where each A;- or A;—operator is a factor
(N —N)/N, afactor (N—N +1)/N ora H(z)—operator of the form

_ 2 (p)
N Png;(nf?ﬁf, o nf; ). (5-123)

According to Lemma 5.4, we have

Tey < 0+ DCF el Iy TNV + D2 |
+ 10 e I lay N A+ DEN+ el Iy I lax N 4+ DE]]
+ el e Ges TN + DY2E ) 4+ 11, 1PV Nllaxay 1} (5-124)

for all x, y € R3. For £ € F=V, we obtain

‘ / dxdy N*V (N (x—y)ni(x: y) (€. adgy, | (bEadly)  (BF)a* () ayé)

< (D! C"E |y, T2 / dxdy N*V (N (x—y)lIn«l llay&||

[N Il limy I+l e Ges ITIN+D &
ANl Iy lax& I+N el el lag€ 14N lacayé ) )
< (DKL I "I WVHD ZE N Ov+N+D g

and therefore

(£, Wag)| < CeM W + D2E | (W + N + D'V ||

if sup, |n;|| is small enough.
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Now, let us consider the expectation of the term W3. By Cauchy—Schwarz, we have
‘ / dxdy NV (N (x — y) (€. adly,  (bDady,, (b)adly  (b(n®))ad™ (by)§)

< / N2V(N(x = y) |V +1)'2adf) | (by)ady) \(IETN + D~ 2adg) (b(2))ad™ (b,)E].

Expanding ad (n )(b(nfcz)))adg()m(by) as in Lemma 3.2 and using Lemma 5.4, we obtain

IV + D)~ 2adgy) (P ))ady,,  (b))E|
<m! L C™ T I 1™ L Iy TN 4+ DY2E L+ el Inel lay& N (5-125)

As for the norm ||(N + 1)1/231(1(")'7 )(b )a (n )(b )E||, we can estimate it as the sum of 2"*n! k! contri-
butions of the form (5-122). Using (5-124) and integrating over x, y, we conclude

(£, W3&)| < CeV W + D2E | (W + N + D' ||

if sup;, |||l is small enough.
Let us now switch to W4. We proceed analogously as we did for W3. The only difference is that,
instead of (5-125), we need to bound

IV + D)7 2adGy) | (b(ny))adyy,, (B )EN < ml el C" g™ el Iy NIV + D).

We find
(€, W4&)| < Ce MWV + D2 | (Vy + N + D)V |

if sup, ||n;|| is small enough.
Finally, we consider the term W in (5-120). We extract from the sum over n, k > 0 the terms with
(n,k)=1(0,0) and (n, k) = (0, 1). We obtain that

1 k7 %k
Wi=1 [ dvdy NV it o
1 L
— 4 [ dxdy NV Gy B b6+ T 5126

with

- _lZ ( 1)n+k
2 kn‘k'(n—l—k—i—

5 / dx dy NV (N (x — y))n.(x; y)adg  (bDady) B3, (5-127)
where Z excludes the terms (n, k) = (0, 0), (1, 0). We bound the expectation of Wl by
‘ / dx dy NV (N (x — y))n,(x; ) (€. adly,  (BDady,, (B)E)

< / dx dy NV (N (x — y)In, s IV + D7 2adly) (byady) gV + 1DV
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Following Lemma 3.3, we can bound the norm ||[(NM + 1)~ 1/25d®)

Gy (by)ady) ()& | by the sum of
2"+kn! k! terms of the form

B(n,

~ - - 1 i v/ {4
Ty = |V D728 ANl o)

koD o, (m1) (my)
XAII "'AizN znﬁ,b(nl‘,ﬂ: ""’nt Ukz , xo/ (5-128)
with iy, ip, k1, k2, £1, 42 >0, j1, ..., jk,m1, ..., mg, > 0 and where each A;- or A;—operator is a factor

(N —N)/N, a factor (N —N + 1)/N or a II®-operator of the form (5-123). With Lemma 5.4 we find

Tey < (A DS 2 {ne g TV 4+ D€+ el el lay& |+ e iy | la

+ 1IN e Ges DTN + DV2E N + I llacay & 1)
for all x, y € R The important difference with respect to (5-124) is that here, when we consider the cases
£y =4;=0and £; =0, £, =1 we can apply (5-27) and (5-29), rather than (5-26) and (5-28), because the

assumption (n, k) # (0, 0), (1, 0) implies that kK +n > 2 (the case (n, k) = (0, 1) is not compatible with
£> =1). Using sup, N1 [n:(x; y)| < Cecl"l from Lemma 4.3, we conclude that

(g, Wi&)| < CeM W + D) 2g || (Vy + N + D¢

if sup, |n;|| is small enough.
As for the second term on the right-hand side of (5-126), we have

N — 1
[B(n:), by1 = —b(1ny) + N / dzdw ala;by n(z; w).

Hence

- / dxdy N*V(N(x — y)n,(x; ) B, b;]bf
N-—-N+1
N
—N! /dx dydzdw N>V (N (x — y)n: (x: Y)ne(z; w)a;‘azbwb;

:/dx dy N>V (N (x — y))n(x; y)b(n,)b}

N-N+1

= [ dxay NPVVG i b S
N—-NN-N+1

+/dxdyN2V(N(x—y))|7]z(X;)’)|2 N N

N-N+1

—N_l/dxdydzNzV(N(x—y))nz(x;y)m(x;z)a;az N

—N! / dx dydzdw N>V (N (x — y))n (x: )0, (z: w)aiazbybs.

We conclude that

- / dx dy N>V (N (x — y)n,(x; )[B(n,), bi1b% = f dx dy N*V (N (x — y)) |k (x; y)I> + W12,
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where
(&, Wiag)| < Ce [NV + D2 (W + N + D3]

Similarly, the first term on the right-hand side of (5-126) can be decomposed as
/ dx dy N>V (N (x = ), (x; y)biby = / dx dy NV (N (x = y)k: (x; )biby + Wi,

where
Wi = / dxdy N*V (N (x = ) (x; y)b3b}

is such that
(6. W)l < Cel [V + 1) vy ¢

since |p(x; y)| < CeV! uniformly in N. O
5G. Analysis of (id;e=B@))eB), This subsection is devoted to the study of the first term in the
generator Gy ; in (5-1). The properties of (id;,e~2(1)eB") are collected in the next proposition.

Proposition 5.12. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such

that
(&, ((dre™ P ePE) | < CIINV + D22,

)
[(E, [N, (iate_B("’))eB(”’)]SH <C|(WNV + 1)1/2%.” 5120
(€, [a*(gn)a(g2), (i3e” PP Mg < Cllgill g2l IV + D28 1%,
(6. 8 e )P W) < Ce MW + 1)1 25|12
forall € € F=N.

Proof. As in Section 6.5 of [Benedikter et al. 2015], we expand (i 9,6~ B1))eB(1) gg
(i8¢~ BB — _ /01 ds = B3, B(n,)]e )
-! Yo bt / dxad® (b((@n)))ad? (b)) +he.  (5-130)
zk’n Knl(n+k+1) (1) B(n,)
We bound the expectations
‘ / dx (&, ady,,  (b((Bm).))ad) )(bx)s>‘

s||<N+1)‘/25||/alx||<N+1)—‘/2 oy (D@0 )ady)  (bE].

(b((3n,)x))ad? (b,)E]| is bounded by the sum

According to Lemma 3.3, the norm ||[(NV 4+ 1)~ 1/25q%) B(ny)

B(n)
of 2"t n! k! terms of the form

_ - 1 j G {4
Ze = |V + D7 PA A NI, s om0

—ky (1) (m1) (miy) - (£)
X Ap ANTETIL O 0 BENL (513
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with integers i, ki, £1, 12, k2, €2 >0, ji,..., ji,,m1,...,mg, > 1 and where each A;, A’ is a factor
(N —=N)/N or (N+1—N)/N or a I1®-operator of the form
- @, (q1) (gp)
N pHE’E(”LEI s n,’g"p).
From Lemma 5.3, we conclude that

- {C”*kllnzll”“‘_1 1@ m)x I IV + D& if €2 > 0,
i (e TR [CTBN 7] if€,=0

for all x € R3, With Cauchy—Schwarz, we obtain

' / dx (£, adly) | (b((Bn)x)ady (B)E)| < nl K C" I " 3, IV + 1) |17
From (5-130), we conclude that, if sup, ||n;|| is sufficiently small,
(&, (10~ PU)ePMe) | < C|WV + D' 2g |2

The other bounds in (5-129) can be proven analogously, first expanding (id,e = 2))eB) as in (5-130),
then using Lemmas 3.3 and 3.2 to write the nested commutators on the right-hand side of (5-130) as sums
of factors like in (5-131), and then commuting each of these factors with N, with a*(g;)a(g»2), or taking
its time-derivative; we omit the details. O

SH. Proof of Theorem 4.4. Recall from (5-1) that
4
Gn.i = (l'ate—B(m))eB(m) + Z e_B(m)ﬁg\;,)teB(m)’
j=0
with E%’)t defined as in (5-3), for j =0, ..., 4. It follows from Propositions 5.5 and 5.7-5.12 that
e B LY B =y +E
e B0 L) B0 = /Nb(cosh,, (hy,,)) +b* (sinhy, (7y, ) +h.c.] +EY,,

efB(ﬂr)‘C%’)teB(ﬂr) — ]C+/ |kal(_x; y)lzd_x dy

+ / dx dy (Awe) (N (x — )G (0)G (»bIb: +he.]

+Re / dx dy N3V (N (x — y)G (0)G (9)ke (v )
; 3 o o (5-132)
+3 f dxdy N°V(N(x — y)[g ()@ (y)biby +he]+E W),

e_B(m)ES,)zeB(m) — —«/ﬁ[b(coshn, (hn.1)) —|—b*(sinhn, (ENJ)) +h.c.] —i—gﬁ)t,
e*B<ﬂr>£§¢)leB("r) =Vy+ % f dxdy N*V(N(x — y) Ik (x; y)I*

+ % / dx dy N?V (N (x — )k (x; p)bib%+hel +EF),

(i ate—B(m))eB(m) — gs,)t’
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where the error terms & %), are such that

€, E )] < CeM|(Hy + N + DV IV + D),
e IV, EQ 1) < CeM(Hy + N + DV IV + D2,
(€. [a* (g1 a(g2). £ 160 < Mgl mallgall o | (o + N + DY2EN IOV + D¢,
18,6, €V 6)] < CeM|(Hy + N + DV2E IV + DV
forall j =0,1,...,5. With the scattering equation (4-2), we conclude that

(5-133)

Gn.i = O+ HN+EN AN / dx dy[~A+EN?V (N (x—y)](1—we(N (=) ()@ (0bibE+h.c.

= Cn+HN+AFEN, 1, (5-134)
with
A=Nx / dxdy fo(N(x —y)x(x —y| < Ol@: (x)@, (y)byby +h.c]
and where ’EN’ , satisfies the same estimates (5-133) as all error terms gg\{)t, j=0,...,5. Since N3xr <C

(see Lemma 4.1) and f;(N(x —y)) <1 we have, with Lemma 2.2,
(6, A8)| < CIlWV + D22
and similarly, =[N, A], £[a*(g1)a(g2), Al, £9,A<C(N+1). Setting Ey, ;= A+5N, ;» we conclude that
OGN =Cn;i+Hn+ENts

where €y ; satisfies again the same bounds (5-133) as £ ~,¢- This immediately implies that, in the sense
<N <N
of forms on ]:L@ X flv?/’
MHy = CeMW +1) <Gy, — Cyy <2Hy + Ce W + 1),
+i[Gn, N1 <HnN+ Ce"" (W + 1),
[GN: —Cnl <HN + Ce" (N +1).
Moreover, since
[H,a*(g1)a(g2)] = / dx Vgi(x)Vyaya(g) — / dx a*(g1)Vga(x)Vyax
+ / dxdy N*V(N(x = y)gi1()ajaja,a(g:)

—/dxdy N*V(N(x —y)) g2(x)a*(g1) d}ayay,

we obtain that

(&, [Hn, a*(g1)a(g2)]E)]
<[Iveilligall + gl IVgall] I 2E NN + [llg2ll 11 1o + g1 11 1821100 ]

1/2
x U dxdy N*V (N (x —y»naxaysnz] [/ dxdy N*V(N(x — y)llay(N + 1)‘”5@

1/2

< llgillmllgall a2 IHAEN N + D))
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forall £ € F =N, Combining with the bounds (5-133) for the error operator £y, ;, and choosing g; = 9;¢;
and g, = ¢;, we find that

+Re[Gy, 1, a* (3,31 a(@)] < Hy + CeXI N +1).

This concludes the proof of Theorem 4.4.

6. Bounds on the growth of fluctuations

In this section, we are going to complete the proofs of Theorems 1.1 and 1.2. The main ingredient to
reach this goal is a bound on the growth of the expectation of the number of particles operator with
respect to the fluctuation dynamics Wy, ;, which we prove in the next proposition using the properties of
the generator Gy, ; established in Theorem 4.4.

Proposition 6.1. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that
(Wn,1 &, NWn &) < C (&, ((Gn,o— Cn.0) + (N + 1)) exp(cexp(clt])),
(Wn,1 & HNWN, &) < C (&, ((Gn.0 — Cn.0) + (N + 1))§) exp(c exp(clt]))
forall & € ]-"f;v. Here Hy is the Hamilton operator defined in (4-27).

(6-1)

Remark. From (4-26), we also have

W, &, N Wy &) < C (&, (Hy + N + 1)§) exp(cexp(clt])),
(Wi, 1§ HNWh,1&) = C (5, (Hy + N + DE) exp(cexp(clt])).

Proof. First of all, we observe that, from the first bound in (4-26),
YHN+N < @Gn,i —Cn,) + CeXM W +1). (6-2)

Hence, it is enough to control the growth of the expectation of the operator on the right-hand side. We
follow here the approach of [Lewin et al. 2015a]. We define ¢; = 1 — |@;){¢;| as the orthogonal projection
onto Li@(Rs). We define moreover I, : F=N — ]-'f(g by imposing that I | 7, = qf” forall j=1,...,N
(F; is the sector of F =N with exactly j particles). We have, restricting our attention to ¢ > 0 (the case
t < 0 can be handled very similarly),

Wn,+ &, [(Gn, s —Cn,i)+ CeKt(N+ DIWnN,: &) = Wh, 1 &, [(T:GN, [T — Cn,0) + CeKt(N‘i‘ DIWn,+ ).

Hence, since N' commutes with I,

i, OWn,1 £, [Gn,c — Cn.) + CeX' (N + DIWi,, &)

= W &, TGN, Ty, (TGN, T, — Cn.g) + CeX (N 4+ D)Wy &)
+ Whi &, 3 [(T;GN, Ty — Cy.p) + CeX' (W + D)Wy, £)

=CeX W E [GN. 1, NIWN L E) Wi &, 3 [(TiGN, T —Cn. ) +CeX W+ DWWy ). (6-3)

We observe that
0= 011115 = (@r. @) + (1. &1).-
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This implies that
qr = =) @r| — 1@ )(@r ] = —10:)(q: Pt | — 1q1 P ) (@1 ).
Therefore

J
o0 ==3"q® - ®Ug)Nabila +alad) @@ @4
i=1

J
Z [1@:) ¢ Qt(/)t F(j) Fz(J)|QZ§51>(¢t|i]-

We conclude that
0,1, = —a*(@)a(qié)Ti — Ta* (@@ a(@).

Thus
Vw1 & 8 L(TGN T = Cnv) + CeX! W + DIWi 1 §)

= Wn, & 10 TGNt — Cn,t) + (OGN, s — Cn ) (0 T DV, §)

+(Wn.1 £, [0:(Gn,r — Cn.t) + CK X' (W + D)Wy, §)

=2Re(Wn, & [a*(@@)a(@). On, DWW, )+ Wi, &, [0:(Gn, i —Cn ) +CKeX WA DIWy,, §),

where we used the fact that a(¢,) Wy, ;& = 0 for all ¢ € R. Together with (6-3), we find

i3, (Wn.1 &, [(GN.1 — Crn.p) + CeX' (W + DWWy, £)

= Ce™ OWN. £ [GN0 N IWn, 1 &) + (Wivir €. 191Gt — Cnv) + CK e (N + D)Wy £)
+2Re(Wny, 1 &, [a*(q:¢1)a(@r), Gn, Wi, §).

From Theorem 4.4, we obtain that
18 (Wi €, [(Gn.i—Cn 1)+ CeX WAy £) < CeXI Wy &, [Hy+CeX (W)W &)
<CeXMWy £, 1(Gn.1—Cn.)+CeX NN+ 1) Wy &),

Applying Gronwall’s inequality, we find a constant ¢ > O such that

(Wn, 1 &€, [Gn,c — Cn 1) + CeM N + DIWy (&) < (&, [(Gn,0 — Cn.0) + CN + DIE) exp(cexp(clt])),
With (6-2), we conclude that

Wh, &, N W 1§) < C(&, [(Gn,0 — Cn,0) + (N + DIE) exp(cexp(clt])),

(W, &, KN W, 1) < C(E, [(Gn,0 — Cn,0) + NV + 1D]E) exp(cexp(clt]))
as claimed. O

To apply Proposition 6.1 to the proof of Theorems 1.1 and 1.2, we need to control the expectation on
the right-hand side of (6-1) for vectors & € ]-'f;v describing orthogonal excitations around the condensate
wave function ¢ for initial N-particle wave functions ¥y satisfying (1-10). To this end, we use the next
lemma.
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Lemma 6.2. As in (4-25), let

Crs = (@, (INVIN N = 1=2Nfe(N D1 %15) )

+/dx dy 19k, (s )P + 3 / dxdy N*V(N(x = y)lk (x; y)I*
R [ drdy NV G = 35 0F 055 ).

where @, is the solution of the modified Gross—Pitaevskii equation (4-8), with initial data ¢;—¢ = ¢ (we
assumed in the construction of the fluctuation dynamics that ¢ € H*(R®); in this lemma, we only need
¢ € H'(R%)). Then there is a constant C > 0, independent of N and t, such that

I[Cn.t + N{id:¢r, @1)] — NEap(@)| = C,
with the translation-invariant Gross—Pitaevskii energy functional Egp defined in (1-15).
Proof. We have
N(i0@r, @) = N{@r, —A@) + NG, (N V(N ) fo(N ) %131 @)

Therefore

(N-1)

Cn.i+ N{id@r, @) = N|VG|I* + (@, IN?V(N -) % |3, *13:)

1
+/dx dy |Vki(x; y)* + z/"x dy N?V (N (x = y) Ik (x; y)I?

+Re / dx dy N>V (N (x = 1))@ () @1 (y)ks (x: y). (6-4)
Obviously,
(N-=1) . - 91~ N _ - 24~
5 (@0, INVN ) %G 1¢) = = (@, NPV N ) %16 1@) + O (), (6-5)
where O(1) denotes a quantity with absolute value bounded by a constant, independent of N and of ¢.
Furthermore
1

E/dxdy N2V (NG = )k (x, )P

N - -
== / dx dy N3V (N(x — y)we(N (x — )@ () 1@ ()] (6-6)

Finally, we consider the third term on the right-hand side of (6-4), the one with V,k,. We recall that
k(x5 y) = —Nwe(N(x — y))¢: (x)@:(y). Hence, we find

—Aki(x; y) = N> (Awe) (N (x = )@ ()G () + Nwe(N (x — ) AG ()@ ()
+F2N*(Vwe) (N (x — ) - V@ (x)@i (y).  (6-7)
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Since, by (4-1), Awy = —Af; = =3V fy + A f; we have
/ dx dy ki (x; y)(—Ak) (x; )
= —% f dx dy N>V (N (y — x))(we(N (x — y)) = Dwe (N (x — )@ ()16 ()
— N3 / dx dy fo(N(x —y)Nwe(N(x = y)) 16 (0) > |@ ()]
+2 f dx dy Nwy(N(y — x))N*(Vwo) (N (y = x)) - V@ ()G, ()16, (y)]*
— f dx dy N*wi (N (x — ) (AG) (X)@ (x)|@ (0]
= % / dx dy N>V (N (y —x))(1 = we(N (x — y)we(N (x — )| (01 16: ()
+2 / dx dy Nwy(N(y = x))N*(Vwe) (N (y = x)) - V@i ()@ ()@ (»)]> + O(1).  (6-8)

In the last step, we used the bounds N3x, =O(1), Nw,(N(x—y)) <Clx—y| ' and0< fy(N(x—y)) <.
Integrating by parts in the last term, we find

2 / dx dy N*(Vwe) (N (y—x))- VG, () Nwe(N (y—x))G, ()16 (»)

=- / dx dy V. (N*we(N (y—x))*)- V@, (x)@ (x)|@ (0]

= [ dxdy NP 30286006 01300+ [ dxdy NN (x=)2V60- 301 P
With (6-8), this leads us (using again the bound Nw; (N (x — y)) < Clx — y|~}) to

/ dx dy ki (x; y)(—Ack)) (x: y)

=2 / dx dy N*V (N (y = 0))(1 = we (N = y))we(N (x = )G () 1@ ) +O).
Combining this bound with (6-5) and (6-6), we find
Cn, + N9, ¢r)

= N[ / V6,0 dx+ / dxdy N*V (N (x = ) fo(N(x —y>>|¢t(x>|2|¢,<y>|2} +0().

The expression in the brackets on the right-hand side is exactly the energy functional associated with the
time-dependent modified Gross—Pitaevskii equation (4-8). By energy conservation, we conclude that

Cn,i + N{id:@r, ¢1)

= N[ / Vool dx+ f dxdy N*V (N (x = ) fo(N (x —y>>|¢<x>|2|¢<y)|2] +0). (6:9)
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Observe that, with (4-3),
/ dxdy N>V (N(x — ) fe(N(x — )o@ [*le()]?
- / dx dyV () fiMlp@ R lgx + y/ N2

= [8map+ON )] / lp(x)* dx + / dxdy V() fr)le@) P llex +y/N)I* = lox)[*],  (6-10)

where

‘ f dxdy V() fWle@)Pllex +y/N)I* = lox)*]

1
5N—1/0 ds/dxdy VO fWMIe@PIVex +sy/N)llex+y/N)l Iyl
<CN!

for a constant C > 0 depending only on the H L_norm of ¢. Inserting the last bound and (6-10) in (6-9),
we conclude that

Cn.i+ N(i0igr, o) = NEgp(9) + O(1),

as claimed. 0
With Proposition 6.1 and Lemma 6.2, we can now conclude the proof of our main theorems.
Proof of Theorems 1.1 and 1.2. We observe, first of all, that, by Proposition 4.2,
{1, Va1 @) — (@1, vars@i)| < 2ll@r — @l < CN ™" exp(c exp(clt])). (6-11)

Hence, it is enough to compute

Gr i @) = e N Yy, a* (@) a@)e IV )

—_] -

=4 {Un e N Y (N — N Uy, e N gy
1 . .
=1- N<UN,te*1HN’wN, NUp, o™ BNy,

We define & = e B0 Uy gy € ]-'fg. Then we have Yy = U]’(,’OeB(”O)S and therefore

- - 1 _ C
L= (G 7a 1) = o Wik e PN MOW 18) < (Wi b N Wi i6),
where we applied Lemma 3.1. By Proposition 6.1, we conclude that
L= (@1, @) < N~ exp(cexp(cl]) (&, [(Gn.o — Cwv.0) + CV + DIE). (6-12)

In order to apply Proposition 6.1, we used here the assumption (valid in the proofs of both Theorem 1.1
and Theorem 1.2) that §,—o = ¢ € H*(R?).



1592 CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN

Recalling from (1-10) the definition ay = 1 — (@, yls,l)go), we bound, with the above definition of &,
(£, NE) = (Un.o¥n. e® W Ne PMUy o)
< C(Un,o¥n, NUno¥nN)
=C(yn, (N —a*(p)a(p)¥n)
= CN(1 = (¢, 7y ¢)) = CNay.
We still have to bound the expectation of (Gy 0 — Cn o) in the state £. We have
Gn.o=ide” P00 _0ePM 4+ e B9, Uy )] i=Uj; o+ Un,oHyUj; ole® ™.
With Proposition 5.12, we find
(£, ide™ P —9ePME) < C(§, W+ 1D§) < CNay +C. (6-13)
From (5-2), we obtain
(P&, (18, UN, )li=0 Uy,o ™€)
= —((9:@)li=0- @) {Un.0¥N. (N = N)Un,0¥n) — 2Re(Un.0¥n. VN — Na(qo(id, @)l i=0)Un 0¥ n)
= —N{(0:6)li=0, @) + N((0:G)li=0, ©) (1 = (@, ) ¢)) — 2N Relg, v\ q0(i9:@1)li=0).

Combining this identity with the bound (6-13) and with the observation that, by the definition of &,

(&, e PMUy o HyUR 0" ™€) = (Yv, Hyyw),
we conclude that

(€, (Gn.0o—Cn.0)E)
< [(¥n, Hy¥w) — (Cy.o+ N{(@8:G0) =0, ©))] — 2N Relg, v qo(i8,¢1)li=0) + CNay + C.

Hence, with Lemma 6.2, we get

(€, Gn.0— Cn.0)E) < [(Yn, Hy¥n) — NEp(9)] — 2N Relp, v qo(i8,G1)li—0) + CNay +C, (6-14)

where Egp denotes the translation-invariant Gross—Pitaevskii functional defined in (1-15).
To bound the second term on the right-hand side of the last equation, we proceed differently depending
on whether we want to show Theorem 1.1 or Theorem 1.2. To prove Theorem 1.2, we notice that

(0, v 908 @) l—0) = (@, vr (18,8 li0) — (@, v )@, (3@ li—0)
= (@, (83D li—0) (1 — (@, " o)) + (0. (v = 10} (@D (9@ l1=o).
With ay = tr|y” — |¢)(¢l|, we obtain that
. v2 908G |i=0)] < Cay +an).
Since ay < ay, we conclude from (6-14) that

(&, (Gn.0 — Cn.0)E) < C[Nay + Nby + 1].
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Inserting in (6-12) and using (6-11), we arrive at
1 ~ ~ _
L= (@, v @) < Clan + by + N~ Texp(cexp(clt])).

This concludes the proof of Theorem 1.2.
To show Theorem 1.1, we use instead the fact that

i0iGilim0 = —A@+ (N*V(N ) fu(N -) % p))g.

Since here we assume that the initial data ¢ = ¢gp is the minimizer of the Gross—Pitaevskii energy
functional (1-6), it must satisfy the Euler-Lagrange equation

—Ago + Vext(p + 8nao|<ﬂ|2§0 = He
for some u € R. We find
i0i1li=0 = U@ — Vet + [(N*V(N -) fo(N -) * |9|*) — 8maolp|*1e.

Using (4-3), the fact that the minimizer ¢ of (1-6) is continuously differentiable and vanishes at infinity,
see [Lieb et al. 2000, Theorem 2.1], we obtain

ILCN?V(N =) fo(N =) |9]*) — 8maple*lgll, < CN™!
and therefore

—2N Relg, v q0(id,@1)li=0) < 2N Re(g, v go(Vext + K)@) + C

for any constant k € R. Choosing ¥ > 0 so that Ve + k > 0 (from the assumptions, Vey is bounded
below), we find

—2N Re(g, ¥\ q0(i3:@:)li=0) < 2N Re(g, v\ (Vext +1)9) — 2N (0, v, 0) (9, (Ve + K)@) + C

<2NRe(@, 7)) Vext + €)@) = 2N (9, (Vext +1)@) + C(Nay + 1).
With Cauchy—Schwarz and since 0 < y,i,l) < 1 implies that (y,i,l) ) < )/15,1), we get
—2N Re(@, v 0 9:3)1i=0) < N{@, v’ Vext +6)70) = N (@, (Vexi +1)@) + C(Nay + 1)
< Nty Vet = N g, Vexip) + C(Nay + 1).

Inserting back in (6-14) we conclude that, under the assumptions of Theorem 1.1,
(€, (Gn.0— Cn,0)E) < [(Yw, Hy"Yw) — NEgp (9)1+ CNay +C < C[Nay + Nby + 11.
With (6-12) and (6-11), we find now
L — (@1, v ¢1) < Clan +by + N Texp(cexp(clt])).

This concludes the proof of Theorem 1.1. O
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DIMENSIONAL CROSSOVER WITH
A CONTINUUM OF CRITICAL EXPONENTS FOR
NLS ON DOUBLY PERIODIC METRIC GRAPHS

RICCARDO ADAMI, SIMONE DOVETTA, ENRICO SERRA AND PAOLO TILLI

We investigate the existence of ground states for the focusing nonlinear Schrédinger equation on a
prototypical doubly periodic metric graph. When the nonlinearity power is below 4, ground states exist
for every value of the mass, while, for every nonlinearity power between 4 (included) and 6 (excluded),
a mark of L>-criticality arises, as ground states exist if and only if the mass exceeds a threshold value
that depends on the power. This phenomenon can be interpreted as a continuous transition from a
two-dimensional regime, for which the only critical power is 4, to a one-dimensional behavior, in which
criticality corresponds to the power 6. We show that such a dimensional crossover is rooted in the
coexistence of one-dimensional and two-dimensional Sobolev inequalities, leading to a new family of
Gagliardo—Nirenberg inequalities that account for this continuum of critical exponents.

1. Introduction

Since the first appearance of branched structures in the modeling of organic molecules [Ruedenberg and
Scherr 1953], through the development of the mathematical theory of quantum graphs [Berkolaiko and
Kuchment 2013; Post 2012], networks (or metric graphs) have provided a general and flexible tool to
describe dynamics in complex structures like systems of quantum wires, Josephson junctions, propagation
of signals through waveguides, and some related technologies. Pioneering studies about nonlinear systems
on metric graphs appeared in [Ali Mehmeti 1994; Ali Mehmeti et al. 2001], but more recently the research
on such topics has grown rapidly, and several results have been achieved on propagation of solitary waves
[Adami et al. 2011; Caudrelier 2015; Sobirov et al. 2010] and on stationary states [Sabirov et al. 2013;
Cacciapuoti et al. 2015; Noja 2014; Noja et al. 2015; Pelinovsky and Schneider 2017; Gnutzmann and
Waltner 2016].

In a series of recent works [Adami et al. 2015a; 2015b; 2016] we investigated the problem of existence
of ground states for the energy functional associated to the focusing, L2-subcritical and critical nonlinear
Schrodinger (NLS) equation

i du(t) = —u"(0) = lu(@)|"2u(t) (1)

on finite noncompact metric graphs, i.e., branched structures with a finite number of vertices and edges,
and at least one infinite edge (i.e., a half-line).

MSC2010: 35Q55, 35R02.
Keywords: metric graphs, Sobolev inequalities, threshold phenomena, nonlinear Schrodinger equation.
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Figure 1. The grid G.
Specifically, by ground state on a metric graph G we mean every global minimizer of the energy

Ep(u):%/ |u/|2dx—l/ ul” dx ®)
g pPJg

in the class of H'(G) functions with fixed L?>-norm (or mass) > 0. The constraint is dynamically
meaningful as the mass, as well as the energy, is conserved by the NLS flow, and the problem of the

functional

existence of ground states is particularly relevant in the physics of Bose—Einstein condensates; see, e.g.,
[Adami et al. 2015a; 2015b; 2016; 2017b, Section 1].

In this paper we extend the analysis of the existence of ground states to a prototypical doubly periodic
metric graph G, particularly relevant in the applications, for which the techniques developed in previous
works (where noncompactness was due to one or more unbounded edges) do not apply: a two-dimensional
infinite grid isometrically embedded in R? with vertices on the lattice Z> and edges of unit length (see
Figure 1).

Schrodinger equations on periodic metric graphs have received considerable attention in the last few
years. Linear problems have been extensively studied, and a fairly complete spectral analysis is now
available for different types of coupling conditions. We refer for instance to the early papers [Exner
1996; Exner and Gawlista 1996] treating rectangular lattices, as well as to Chapter 4 in [Berkolaiko
and Kuchment 2013] for a more up-to-date overview of several results in a general periodic setting.
Concerning the square grid we focus on, we specifically quote [Exner and Turek 2010] for some results
strictly rooted in the two-dimensional nature of the domain.

More recently, nonlinear problems have been addressed too. For instance, [Pelinovsky and Schneider
2017] considers a specific example of a structure periodic along a single direction, the so-called necklace
graph, via bifurcation techniques. From a variational point of view, the first investigation for very general
periodic graphs can be found in [Pankov 2018], where the approach is based on the Nehari method. We
notice that, for this reason, in that paper the problem of the existence of ground states with prescribed
mass cannot be dealt with.

Let us now discuss our results. We first note, roughly speaking, that macroscopically the grid G has
dimension 2, while microscopically it is of dimension 1. This peculiarity is absent in graphs with a finite
number of half-lines, where the two-dimensional scale is lacking, as well as in other two-dimensional
structures like Z2, where edges are missing and there is of course no microscopic one-dimensional structure
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[Weinstein 1999]. The presence of two scales in G results in a transition from a one-dimensional to
a two-dimensional behavior, which emerges in functional inequalities and influences the existence of
ground states. We shall refer to this phenomenon as dimensional crossover.

Before commenting further on this point, it is convenient to state our main results in a precise form.
We define, for u > 0, the mass-constrained set

H,(G) ={u e H'G): [;lul® dx = ] 3)
and the corresponding “ground-state energy level”

Ep(w)=inf E,(u), 4)
ueH}(G)

considered as a function &, : (0, +00) — RU {—o00} of the mass . By a “ground states of mass ™ we
mean a function u € H ,1 (G) such that

Ep(u) = gp(ﬂ)
When p € (2, 4), ground states exist for every prescribed mass.

Theorem 1.1 (subcritical case). Assume 2 < p < 4. Then for every u > 0 there exists a ground state of
mass |1, and £,(u) < 0.

The picture changes as the exponent of the nonlinearity increases.
Theorem 1.2 (dimensional crossover). For every p € [4, 6] there exists a critical mass {1, > 0 such that:
(i) If p € (4, 6) then ground states of mass | exist if and only if i > 1), and
Ep(w)=0 if u<pp,
Ep(m) <0 if n> pp.

)

(1) If p = 4 then ground states of mass | exist if ;L > [L4, Whereas they do not exist if u < 4. Moreover
(5) is valid also when p = 4.

(iii) If p = 6 then there are no ground states, regardless of the value of ., and
E(n) =0 if u < e,
Ee(p) = —00 if > ue.

(6)

We point out that, when p = 4, the existence of ground states of mass p = 14 is still an open problem.
For the sake of completeness, we also mention that when p > 6 one has &, (u) = —oo for every u, as
one can easily see by a scaling argument.

In order to interpret Theorems 1.1 and 1.2, let us recall that in R? for the minimization of the NLS
energy under a mass constraint, there exists a critical exponent p}; such that

(1) if p < pj, for every mass p > 0 the ground-state energy level is finite and negative, and is attained
by a ground state;

(2) if p > pj, for every mass p > 0 the ground-state energy level equals —oo.
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It is well known [Cazenave 2003] that p}; = 4/d + 2 for the NLS in R, yielding p; =6forRand p; =4
for R Furthermore, it has been proved in [Adami et al. 2015b; 2016] that for finite noncompact graphs
(i.e., graphs with finitely many edges, at least one of them being unbounded) the critical exponent is 6,
exactly as for R. Thus the exponents considered in Theorem 1.1 are subcritical both in dimension 1 and
2, which reflects into the typical subcritical flavor of the result.

In fact, the main novelty of the paper emerges in Theorem 1.2 and lies in the “splitting” of the critical
exponent p’; induced by the twofold nature (one-/two-dimensional) of the grid. Indeed, on the grid G:

(1) p =4 is the supremum of those exponents p such that £,(u) is finite and negative (and attained by
a ground state) for every u > 0.

(2) p = 6is the infimum of those exponents p such that &£, () = —oo for every pu > 0.

Besides, let us stress another remarkable aspect of the dimensional crossover. In R% as well as on
noncompact finite graphs, the critical exponent is characterized by the existence of a critical mass in the
following sense: for smaller masses every function has positive energy, while for larger masses there are
functions with negative energy (as already mentioned, on a noncompact finite graph such a critical mass
arises only when p = 6).

On the contrary, on the grid G a similar notion of critical mass (the number 1, in Theorem 1.2) arises
for every p € [4, 6], so that, in this respect, every exponent within this range is, in fact, critical (see
Remark 2.5). Beyond this critical mass, however, the energy is still bounded from below and a ground
state exists, as if the problem had kept track of the subcriticality of the exponent p < 6 at the microscopic
scale.

From the point of view of functional analysis, the dimensional crossover is due to the simultaneous
validity, for every function u € W'!(G), of the two inequalities

lullLe@g) < ||u/||Ll(g), lullz2g) < ||M/||L1(g)- (7)
Of these, the former is typical of dimension 1, modeled on the well-known inequality
lllze@ < 31V l@ forallve WH®), 8)
while the latter is the formal analogue of the Sobolev inequality in R?
vl 2@ < CIIVYlLige)  forallve WHI(R?),

and is typical of dimension 2. As discussed in Section 2, either inequality in (7) yields a particular
version of the Gagliardo—Nirenberg inequality in H'(G) ((12) and (18) respectively). By interpolation,
one obtains the critical Gagliardo—Nirenberg inequalities

(r=2)/2
/ |u|? dx < K,,(/ |u|2dx) lu'|*dx  forallu € H'(G), 9)
g g g
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which, being valid for every exponent p € [4, 6], give rise to a continuum of critical exponents (see also
Remark 2.5). Indeed, using (9), the NLS energy in (2) can be estimated from below as

2K
Ep(u) > %(l - —”u”’—”/z) f ' dx,
p g

which shows that £, (u) > O for every u € H; (G), as soon as

2/(p=2)
p
()
2K,

The number in the right-hand side of this inequality is thus the critical mass 1, of Theorem 1.2.

Finally we would like to point out that we have chosen the grid G to illustrate our results because it is
the simplest doubly periodic metric graph, on which computations and proofs are particularly transparent.
It should be clear however that many other doubly periodic graphs can be treated with the methods
developed in the present work. Among these, we explicitly mention the hexagonal grid, a model for
graphene.

At the core of the results stands the double periodicity of the graph, which is responsible for the
occurrence of phenomena such as the dimensional crossover. To exploit the double periodicity on a
concrete given graph one must of course alter some parts of the proofs presented in this paper (e.g.,
the proof of Theorem 2.2) to adapt them to the particular features of the graph under study. We plan
to illustrate this with the detailed study of some other particular graphs, significantly relevant for the
applications, in forthcoming papers.

2. Inequalities

In this section we establish some fundamental inequalities for functions on the grid.

For notational purposes, it is convenient to describe the grid G as isometrically embedded in R?, with
the lattice Z? as set of vertices, and an edge of length 1 joining every pair of adjacent vertices. In this
way, it is natural to interpret G as the union of horizontal lines { H;} and vertical lines {V}}, which cross
at every vertex (k, j) € 7>

As on any metric graph, to deal with the energy functional (2), the natural functional framework
is given by the standard spaces L”(G) and H'(G). With the notation for G introduced above, for the
L? norms we have

sy = Y- sy + 3o iy = 3 [ ol dx+ Y [ weordr <oo - 10)
jez keZ jez VHi kez Y Ve
and

lullLoo(gy = sup{llullLoo(ay), NullLooqvi}s (11)
ik

while

2 2 2
”u”Hl(g) = ”M”LZ(g) + ”M/||L2(g)-
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Here, as usual, H l(g) denotes the space of functions on G whose restriction to every horizontal and
vertical line belongs to H!(R), and that, in addition, are continuous at every vertex of G. In Theorem 2.2
we shall also need the space W!1(G), similarly defined as the space of functions on G whose restriction to
every horizontal and vertical line belongs to W' !(R) and that, in addition, are continuous at every vertex.

Remark. In the following, symbols like [|u||, stand for ||u||.»). When the domain of integration is
different from G, it will always be indicated in the norm.

First we recall the standard Gagliardo—Nirenberg inequality, which (up to a multiplicative constant
C > 1 on the right-hand side) is valid on any noncompact metric graph; a proof in the general framework
can be found in [Adami et al. 2016]. Here, for the sake of completeness, we shall give a short proof
tailored to the grid G which, by the way, yields a slightly sharper estimate.

Theorem 2.1 (one-dimensional Gagliardo—Nirenberg inequality). For every p € [2, 00) one has

2+1 1/2—1
leellp < ally > P 127V for allu € HY(G) (12)
and, moreover,
leelloo < llully 11’11y for all u € H'(G). (13)
Proof. Since |lu|l, < ||u||é§2/p||u||§/p, it suffices to prove (13). On the other hand, given u € H'(G), we

have u® € Wl’l(Hj) for every horizontal line H; of G. Then, applying (8) with v = u* on H; yields
||u||%m(Hj) = / lu(x)u' (x)] dx < ”””LZ(H,-)””‘/”LZ(Hj) = ||M||L2(g)||u/||L2(g)~
H; '
Since clearly this inequality remains true if we replace H; with any vertical line Vi, (13) follows

immediately from (11). Il

As already mentioned, inequalities like (12) and (13) hold for every noncompact graph. On the contrary,
the next inequality, and its consequences below, rely on the two-dimensional web structure of the grid G.

Theorem 2.2 (two-dimensional Sobolev inequality). For every u € whl),
lullz < 3lull. (14)

Proof. Given u € WH1(G), we have
=Y [ weotdx+ Y [ wora. (1)
jez Y Hi kez Y Vi
First observe that, for each k, using (8) we obtain
u(y)I* dy < ||u||Loo<vk>/ lu(ldy < %nu’ny(m/ u(y)l dy. (16)
Vi Vi Vi
Then, for each j € Z, consider the horizontal lines H; and H;, and denote by P; the path in G obtained

by joining together the half-line of H; to the left of Vi, the vertical segment of V; between H; and H;
(which we denote by /;), and the half-line of H; to the right of Vj (see Figure 2).
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[ R S

Figure 2. The path P; (thick in the picture).

Since in particular u € WU(P]-), and the metric graph P; is isometric to R, we find from (8)
lu(y)l < %/ lu'(x)|dx forally €I
Pj

and, since /; has length 1, integrating this inequality over /; yields

/ lu(y)| dy < %/ |u'(x)|dx forall j €Z. (17)
Now observe that ' '
vi=Jn. Up=wulJH.
Jjez Jjez jez

and moreover, up to a negligible set, the paths {P;} (j € Z) are mutually disjoint: therefore, summing
(17) over j € Z yields

1 1
/ u(y)l dy < 5(/ /()] dy+Z/ |u/(x)|dx) = §(vk +Zhj>
Vi Vi i VH J
having set, for brevity, vy = ka lu’(y)|dy and hj = ij |u’(x)| dx. Combining with (16), and summing
1
Zf u()*dy < Zka<vk+Zhj>-
k Ve k j
Of course, by the symmetry of G, we also have
1
Z/ u@Pdx <3 ) b (hj +y vk>,
i j k
and summing the last two inequalities we find

2
1 1 1
lullZ2g) = z<§ (i +vp) +2) :hjvk) < Z(} :hk+vk) = 714171 g)- O
k Jk k

Theorem 2.3 (two-dimensional Gagliardo—Nirenberg inequality). For every p € [2, 00) one has

over k, one obtains

lull, < Cluly 1 1577 forallu e H'(G), (18)

where C is an absolute constant.
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Proof. Given p € [2, 00), we have

luallp < luelly ™ el 4 (19)
where
1-6 . 0 1 . 91 4 20)
—_—t——=—, 1, =1-—.
2 p+2 p p?

Now observe that u € L°°(G) by (13), and hence ultr/2 belongs to Wh1(G) since p > 2. Therefore, we
can replace u with u'+7/% in (14), thus obtaining

14p/2 p+2
uw;?_. /muwﬁmunw< Nl

Raising to the power 2/(p 4 2) we find

2/(p+2)
2/(p+2 p+2
lull a2 < Cllall/ P2 115742 c=m{fr) : 21)
p=2

one may take, e.g., C = % Plugging this inequality into (19) gives

0 6 0 2 20/(p+2)
leellp < Naally = €Ol 0P/ P+ 577

and (18) follows using (20), after elementary computations. O

Corollary 2.4 (interdimensional Gagliardo—Nirenberg inequality). There exists a universal constant
C > 0 such that, for every p € [2, 00),

l—a g,/ P 2 p 2
lull, < Cllully " llu'lls  forall o« € 7 , forallu e H' 9). (22)
p p

In particular, for every p € [4, 6] there exists a constant K, depending only on p, such that
-2
lullh < Kpllulld " Nlu'll;  forallu e H'(G). (23)

Proof. Observe that (22) reduces to (12) (where C = 1) when « = (p — 2)/(2p), while it reduces to (18),
where C < % by (21), when o = (p —2)/p. Then (22) is established also for every intermediate value
of «, since the right-hand side is a convex function of «, with a constant C independent of p and «.
Finally, when p € [4, 6], (23) is obtained letting @ = 2/ p in (22) (the condition p € [4, 6] guarantees
that this choice of « is admissible). The constant K, in (23) is the best possible (i.e., the smallest); of
course K, < C? for every p € [4, 6], where C is the constant appearing in (22). O

Remark 2.5. In RY, when dealing with the NLS energy

1 1
yww@m—?wﬁw)

in the presence of an L? mass constraint, the relevant version of the Gagliardo—Nirenberg (G-N) inequality
is J )
(r—=2)

Nl Lrway < CIIMIILZ(W)IIVMIIU Riyy A= EETER (24)
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valid as soon as « € [0, 1); see [Leoni 2009]. When p = 2 4 4/d, this inequality becomes critical for
the NLS energy because o = 2/p (i.e., the exponents in the inequality become as in (23)), and a critical
mass i, comes into play. Now, while in (24) this critical exponent p =2 +4/d is uniquely determined
by the ambient space RY, on the grid G every p € [4, 6] is critical for the NLS energy, since one can let
o =2/p in (22) (and obtain (23)) not just for one particular p, but for every p € [4, 6].

Formally, solving for d in (24), for fixed o we can interpret (22) as a G-N inequality in dimension
d =2ap/(p —2): we call (22) interdimensional since d ranges over [1,2] as « varies (this is in
contrast with (24), where the exponent « is uniquely determined by p and the space dimension d). With
this interpretation, (23) (which is just (22) with @« = 2/p) can be seen as a critical G-N inequality in
dimension d =4/(p—2) so that, formally, every p € [4, 6] can be seen as the critical exponent p =244/d,
in a fractal scaling dimension d € [1, 2].

3. Proof of Theorem 1.1

In this section we prove Theorem 1.1.

Remark 3.1. Note that, for every 1 > 0 and p < 6, the one-dimensional Gagliardo—Nirenberg inequality
(12) ensures that £,(j) is finite and E, is coercive on H/i (G) [Adami et al. 2016].

Recalling (3) and (4), we first prove a dichotomy lemma for minimizing sequences, which is useful in
proving the existence of ground states.

Lemma 3.2 (dichotomy). Given u > 0and p € (2,6), let {u,} C H /i (G) be a minimizing sequence for E,
ie.,

nll>ngo Ep(un) = gp(ﬂ)’
and assume that u, — u weakly in H'(G) and pointwise a.e. on G. If

m = — |lull3 € [0, u] (25)
denotes the loss of mass in the limit, then either m = 0 or m = .

Proof. We assume that 0 < m < p and seek a contradiction. According to the Brezis—Lieb lemma [1983],
we can write
E,(u,) =E,(u, —u)+ E,(u)+o(l) asn— oo, (26)

and, since u, — u in L(G),
litw — wll3 = Nunll3 + Nell3 = 2, uys > p— lull3 =m 27)

as n — oo. Now, for n large enough,

JE
&) < Ep( ——(u, -
P = ”(nun—unz(” "
1 M‘D/Z uw

1w 2

=y, —u'|l5 — — lun —ullb < Ep(u, —u)
p p n )

2 lupy —ull3 " P lluy —ully P Ny —ull3
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since [lu, —ull, # 0 and |lu, —ul|3 < j1. Thus,

Nl — ul|3
E,(uy —u) > Tz Ep(),

and by (27)
liminf E (i, — 1) > — £, ().
n I
Thus, taking the liminf in (26) we find
m
£ (1) 2 - Ep(40) + Ep). (28)

Similarly, since u % 0 we also have
VI Lo o L\ 1
———u | <= - — p E 29

and, as £,(u) > —oo by Remark 3.1, from (28) we finally obtain

Ep(n) = Ep(

m w—m
Ep() = - €10+ == £y (1) = €, ().
a contradiction. O

Proposition 3.3. Assume p < 6 and £,() is strictly negative. Then there exists u € H /i (G) such that

Ep(”) = gp(l/‘)

Proof. Let {u,} C H/i(g) be a minimizing sequence for E,. Since p < 6, Remark 3.1 yields that
Ep(n) > —oo and u, is bounded in H (@), and by translating each u,, (exploiting the periodicity of G)
we can also assume that u,, attains its L°°-norm on a compact set X C G independent of n. Therefore, up
to subsequences, u, converges weakly in H'(G), and strongly in Ly (G), to some function u € H 1@).
Setting m := u — ||u||§, from Lemma 3.2 one sees that either m =0 or m = . If m = p then u = 0, but

in this case u,, — 0 in L°°(G), since in particular, u, — u = 0 uniformly on K. Therefore we would have
1 _ 2 _
Epte) =~ luall? [ funl? dr = =2y 127 >
p g p

contradicting the fact that £,(u) < 0.
Thus it must be that m = 0, so that u,, — u strongly in L?(G) and therefore u € Hli (G). Moreover,
since u,, is bounded in L*°(G), u, — u strongly also in L?(G). Then

Ep(1) = Ep(u) = liminf E, (un) = £ (1)
by weak lower semicontinuity, and the proof is complete. O

Remark 3.4. It is interesting to compare Proposition 3.3 with Theorem 3.3 in [Adami et al. 2016].
According to that result, in a finite noncompact graph the energy threshold under which the existence of a
ground state of a given mass is guaranteed equals the energy of the soliton on R with the same mass. On
the contrary, on the grid G the absence of half-lines and the periodicity pushes the energy threshold up
to zero. This makes some proofs easier, since finding a function with negative energy is far easier than
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finding a function whose energy lies below a particular negative number. In fact, this task is immediately
accomplished when p < 4, as we now show.

Proof of Theorem 1.1. In view of Proposition 3.3, it suffices to construct a function in H 11 (G) with negative

o — %1__6_28 2 (30)
¢ 2 14e2

and consider the function of two variables

energy. Given u > 0, for ¢ > 0 let

0e(x, ) = kee EPHFDD vy e B2

Now, as described in Section 2, we can consider G isometrically embedded in R? with its vertices on
the lattice Z2, and we can define u, : G — R as the restriction of ¢, to the grid G. Observe that, on every
horizontal line H; of G, u takes the form kee XD and a similar expression holds on vertical lines.
Since for every A > 0

-2
/e‘mlxldx =— and Z —Xeljl I+e
R AE s j—

recalling (30) we obtain

/|”€| dx—sz |ue dx—zxzz 281|f 26l gy — gy

Jjez jez

/ lul|* dx = &*p.
g

This shows in particular that u, € H;(g). Similarly, observing that k. ~ ¢4/ /2 as € — 0, we obtain the

and, since |u,(x)| = e|ug(x)],

expansion

2 14e P
/|u8|pdx—2§ / e |? dx = 26P = e culer? ase— 0,
jez €p I —emer

where C depends only on p. Therefore, as ¢ — 0,
Ep(us) ~ 6% — ~CuP%r 2, 31)
2 p
so that E,(u,) < 0 (for &€ small enough) when p < 4. This proves that, when p <4, £,(u) < 0 for every

wn > 0. Moreover, since in particular p < 6, Remark 3.1 guarantees that £,(i) is finite. The result then
follows from Proposition 3.3. g

4. Proof of Theorem 1.2

In the following we assume that the constants K, in the Gagliardo—Nirenberg inequality (23) are the
smallest possible. In other words, for p € [4, 6] we let

luell
Ky= sup Qp(u). where Qp(u)=—T—>5—.
ueH' @) llaelly ~llw’ll3
uz0

(32)
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The critical masses @, mentioned in Theorem 1.2 are defined in terms of the constants K, as follows.

Definition 4.1. For every p € [4, 6] we define the critical mass 1), as the positive number

p 2/(p=2)

Uy = (—) . (33)
P2k,
This definition is natural due to the identity
1 2 _

E,(u) = z||u/||§<1 . ;Q,,(u)/ﬁp 2>/2) for all u € H!(G), (34)

which, using Q,(u) < K, and (33), leads to the lower bound

1 m (p=2)/2
E,(u)> §||u’||%(1 - (—) ) forall u € Hli(g), (35)
P

which will be widely used in the sequel.

Remark 4.2. On the real line R, when p = 6 the ground-state level

g6 (w) = inf{ 11wl 72g) — g lwlfeg |we H,®}, 1>0, (36)
is attained by a ground state if and only if u = ;LE, where the number
7V/3
e =" (37)

is the critical mass of the real line; see [Adami et al. 2017a]. Up to sign and translations, the ground states
(of mass M?) are the soliton ¢(x) = sech(2x/+/3)!/? together with all its mass-preserving rescalings
¢5.(x) = vVAp(Ax) (A > 0). There holds

8wy =0 ifp<puf,

_ (38)
Eg () =—00 if < pg

so that in particular ground states have zero energy. Another related quantity is the optimal constant in
the Gagliardo—Nirenberg inequality on R, i.e., the number

66 4

R

swp = (39)
weH'(R) ”w”LZ(R)“w ”LZ(R) T

w0

[wl

R
KR =
(note that uf = (3/K)!/2, which is formally consistent with (33) when p = 6).

The following proposition gives a complete picture of the problem on the grid G when p = 6 and,
moreover, provides the exact values of g and K.

Proposition 4.3. There hold g = u"é =n+/3/2 and K¢ = KgR = 4/7% Moreover there holds E(1u) =
5?(#) for every u > 0, but the infimum

Eo(p) = inf{511u' 2.6, = §lullfeig) | u € Hy(@}, 1>0, (40)

is never attained.
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Proof. By a density argument, the infimum in (36) can be restricted to functions w € H ; (R) having
compact support. In fact, by a mass-preserving transformation w(x) — w(x/e2)/e, one can restrict to
functions supported in the interval I = [—%, %] Then, by interpreting this interval as one of the edges
of the grid G, any function w € H ;i (R) supported in I can be embedded in Hll (G) by setting w =0 on
G\ I, thus providing an admissible function in (40). This proves that () < 55 (w) for every pu > 0.
Similarly, starting from the supremum in (39), by the same argument one proves that K¢ > K ?.

To prove the opposite inequalities we argue as follows. Given a nonnegative function u € H'(G)
(u #£0), let xg € G be a point where u achieves its absolute maximum ||#||, and let P be any path in G
such that xy € P and P is isometric to the real line R (a natural choice for P is the horizontal/vertical
line of G that contains xg). Since u(xg) = ||u||co and u(x) — 0 as x — Fo00 along P (in both directions
away from xp), the continuity of u guarantees that N(¢) > 2 for every ¢ € (0, ||u]l ), Where

N(@#t)=#{xeG|lulx)=t} 41)

counts the number of preimages in G. Then, if # € H'(R) denotes the symmetric rearrangement of u
on R, applying Proposition 3.1 of [Adami et al. 2015b] we obtain

1@ N 2wy < lu'llz2g)s lallerw = llullrrg forallr (42)
so that, by the definition of K E{ in (39), we can estimate
6 A6 Ry A4 A2 Ry, 14 2
”l/t ”L()(g) = ”M ”L(’(R) S K6 ||M ”L2(|R) ” (u)/”LZ(R) S K6 ”I/l ”LZ(g) ”M/”LZ(g)
Therefore, K¢ < K? by (32). Similarly, for the NLS energy we have
NI ~16 2 6
SN 172y — 1A 6y < 316 1720, — g 1016 (43)

and, since i € H;(IR) whenever u € H;l (@), this proves that S(EQ (n) <& () for every pu > 0.

Now assume that, for some p, a function u € H ;(g) achieves the infimum Eg(u) in (40). Then, since
85(,10 = Ee(1L), (43) shows that, necessarily (i) # achieves the infimum 55(#) in (36); (ii) equality must
occur in (43), i.e., in (42). Now, condition (i) gives that i is a soliton on R (necessarily of mass ,ugR),
while (ii) implies, see Proposition 3.1 of [Adami et al. 2015b], that N(¢) = 2 in (41), i.e., that u (1)
has exactly two elements for almost every ¢ € (0, ||u#]l); then, since every vertex of G has degree 4, u
must vanish at every vertex and is necessarily supported in a single edge of G. So & has compact support
too, which is incompatible with & being a soliton. This contradiction shows the infimum in (40) is not
achieved.

Finally, (33) with p = 6 yields 16 = /3/Ks = 7+/3/2; hence 6 = 1% by (37). O

Proof of Theorem 1.2. The case where p = 6 has already been proved through Proposition 4.3. The rest
of the proof is divided into three parts.

Computation of €,(i) when p € [4, 6). First observe that, in the proof of Theorem 1.1, no restriction on
p was used to construct u, and obtain (31), which is therefore valid also when p > 4. As a consequence,
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in this case, letting ¢ — 0 in (31) we obtain
Ep(n) < limi(l)lep(ug) <0 forall p>4, forall u>0. 44)
£—>

Moreover, (35) shows that £,() > 0 when u < ). This, combined with (44), proves the first part of
(5), also when p =4.

Now fix a mass u > p, and a number & > 0. Since the quotient Q ,(u) in (32) is unaltered if u is
replaced with Au, there exists u € H;l (G) such that

p
[l

0,(u) = —M(P*Z)/ZHM/H% > Ky —e. 45)

Plugging this into (34), and then using (33), we can estimate

(p—2)/2
L2 2 (p—2)/2 | I 122 2e (p—2)/2
Epu) < Sllul <1——(K —e)u'?t = 13(1- = L =L '
P 2 p P D) 2 i »

Since u > up, this quantity is strictly negative if & is small enough. Thus, for u > w,, €,(n) < 0.
Moreover, when p < 6, £,(u) > —oo by Remark 3.1. This proves the second part of (5), also when
p=4

Ground states when p € [4, 6) and (v # j1,. When > ), (5) (valid also when p = 4) shows that £, ()
is finite and negative; hence a ground state exists by Proposition 3.3. When u < ), &€,(un) =0 by (5),
but (35) reveals that E,(u) > O for every u € H //1« (G). Therefore, no ground state exists in this case.

Ground states when p € (4,6) and i = p,. Since by (5) £,(up) = 0, we can no longer rely on
Proposition 3.3, and another argument is needed to show that £,(u ) is in fact achieved.
Arguing as for (45), let u,, € H /}L,, (G) be a sequence of functions such that

p
||un||p

=K,. (46)
—~2)/2 p
,uf,,p )/

- =
[l 113

We shall bound Q,(u,) in two different ways. First, from the Gagliardo—Nirenberg inequality (12) we

lim Q,(u,) = lim
n n

obtain /2+1 /2—1 (6—p)/4
P r\PI2— -p
u u
Qp(un) < I n”(z 72)/! n”z _ Kp o
w7 w13 (7

Secondly, interpolating and then using (23) with p = 4, we obtain

2 2
poaKalwa3 13
||un||oo (p—2)/2 , 2 - ||un||oo
Mp ””nllz

K4

p—4 4
u u
lunlloo " llunlly - ECE.
Y =52
Kp

w2, 13
Recalling (46), from these two bounds we infer that [|u|l» < C (compactness) and [u, |0 > C~!
(nondegeneracy) for some constant C > 0 independent of n. Thus {u,} is bounded in H'(G) and, up
to translations, we can also assume that each u,, achieves its L® norm on some compact set X C G
independent of n. Then, up to subsequences, u, — u in H 1(G) for some u € H'(G), and u, — u in

Li> (G); in particular, u, — u uniformly on K and, since [[u,||L=x) > C~!, uisnot identically zero.
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Finally, writing (34) with u = u,, and . = u,,, since |lu} [l < C we find

_ Qp(“n)
KP

C2
2

c?l, 2 (r-2)/2
|Ep(un)| = 7 1— ;Qp(un)ﬂp

’

having used (33). Therefore, E,(u,) — 0 by (46) and, since £,(i,) =0, u, is a minimizing sequence
for E,, so that Lemma 3.2 applies: since we already know that u is not identically zero, we obtain that
||u||% =Up, 1.6, UE leb,, (G). But then u is the required minimizer: indeed, u, — u strongly in L%(G)
hence also in L?(G), and by weak lower semicontinuity we obtain

Epitp) < Epu) < liminf E, () = £y (11,). 0
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ALEXANDROV’S THEOREM REVISITED

MATIAS GONZALO DELGADINO AND FRANCESCO MAGGI

We show that among sets of finite perimeter balls are the only volume-constrained critical points of the
perimeter functional.

1. Introduction

1.1. Sets of finite perimeter and the isoperimetric problem. The Euclidean isoperimetric theorem is
probably the most basic result in the calculus of variations. There are many different proofs of the
isoperimetry of balls in different classes of competitors, thus motivating the question: which is the natural
competition class in which the isoperimetric theorem can be formulated? From the perspective of the
modern calculus of variations, the answer is found by looking at the relaxation of the perimeter functional.
Following the seminal work of De Giorgi [1954; 1955] we consider as particularly natural his formulation
of the Euclidean isoperimetric problem in the class of sets of finite perimeter. The characterization of
Euclidean balls as the only isoperimetric sets among sets of finite perimeter was achieved in [De Giorgi
1958]. By using the compactness properties of sets of finite perimeter, De Giorgi shows the existence of
global minimizers (isoperimetric sets). Next, he shows that distributional perimeter is decreased under
Steiner symmetrization, thus deducing that Steiner symmetrization applied to an isoperimetric set leads to
an equality case in the Steiner perimeter inequality. He finally derives some necessary conditions for being
an equality case in the Steiner perimeter inequality, in order to deduce the sphericity of isoperimetric sets.

Despite the intimate connection between sets of finite perimeter and the isoperimetric problem, a
characterization of balls as the only critical points in the isoperimetric problem among sets of finite
perimeter is currently missing. The main result of this paper is showing the validity of this characterization.

The problem is already subtle in the case of local minimizers. By a local minimizer we mean a set of
finite perimeter which minimizes perimeter among variations compactly supported in a fixed neighborhood
of its own boundary. In particular, local minimality does not allow for perimeter comparison with sets
obtained by symmetrization, thus ruling out the use of De Giorgi’s original argument. In Euclidean
spaces of dimension less than or equal to 7 the problem can be settled by the means of the regularity
theory for local perimeter minimizers. In fact, in these dimensions any local minimizer is a bounded
smooth set with constant mean curvature. One can then combine the strong maximum principle with the
geometric construction known as the moving planes method (Alexandrov’s theorem [1962]) to deduce
the sphericity of the boundary. But this strategy fails in dimension 8 or larger, as boundaries of local

MSC2010: 35J93,49Q15, 49Q20, 53C21, 53C45.
Keywords: constant mean curvature, geometric measure theory, isoperimetric problem, sets of finite perimeter, varifolds, mean
curvature flow.
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perimeter minimizers could have, in principle, singular points, where local graphicality fails [Simons
1968]. Actually, it has been recently shown that local volume-constrained perimeter minimizers in
nonconvex perturbations of the unit ball may indeed have singularities [Sternberg and Zumbrun 2018].

The problem is open in every dimension for critical points, that is, sets of finite perimeter and finite
volume such that the first variation of perimeter under volume-fixing flows vanishes. These sets have
constant mean curvature in a very natural (distributional) sense. However, at variance with the case
of local minimizers, there seems to be no obvious way, even in low dimensions, to exploit regularity
theorems and the moving planes method to conclude their sphericity.

Here we approach this problem by combining regularity theorems and maximum principles with
various geometric constructions inspired by the proof of Alexandrov’s theorem in [Montiel and Ros 1991].
We thus extend De Giorgi’s isoperimetric theorem from the case of global minimizers to that of critical
points in the isoperimetric problem.

Theorem 1. Among sets of finite perimeter and finite volume, finite unions of balls with equal radii are
the unique critical points of the Euclidean isoperimetric problem.

Remark. Theorem 1 is stated in terms of finite unions of balls. By assuming indecomposability (the
measure-theoretic analogue of connectedness) of our critical points, we can change “finite unions of
balls” to “a single ball”. However, it seems natural to consider finite unions of mutually tangent balls as
genuinely distinct critical points of the perimeter functional. Indeed, as proved in [Ciraolo and Maggi
2017; Delgadino et al. 2018] (and as it has been known for a much longer time in the case of parametrized
surfaces [Brezis and Coron 1984; Struwe 1984]), finite unions of mutually tangent balls are the unique
limits of sequences of bounded connected smooth sets with bounded perimeters and scalar mean curvatures
which converge to a constant. In short, finite unions of mutually tangent balls are the limit points of
Palais—Smale sequences for the isoperimetric problem among connected open sets with smooth boundary.

Remark. Wente’s torus [1986] provides an example of an integer rectifiable varifold with multiplicity 1
in R® which has constant distributional mean curvature and is not a sphere. Clearly, Wente’s torus is not
the boundary of a set of finite perimeter. From this point of view, Theorem 1 seems to identify the most
general family of surfaces such that constant distributional mean curvature implies sphericity.

While uniqueness and symmetry results for global minimizers can be obtained by a wealth of methods
(symmetrization, mass transportation, etc.), the methods employed in the case of critical points/solutions
to geometric PDEs, that we are aware of, require a sufficient degree of smoothness (e.g., the classical
Alexandrov theorem [1962]). Addressing this kind of issue without assuming smoothness seems a novel
aspect of Theorem 1. This point could be particularly useful in proving convergence of geometric flows
to unions of balls. Indeed, without strong assumptions like convexity or star-shapedness, global-in-
time existence results for geometric flows hold only in a weak (either distributional or viscous) sense.
Corollary 2 below should be useful in this context. To better illustrate this point, and to state the corollary
itself, we introduce some terminology. In Theorem 1 we consider Borel sets €2 in R"*! with the following
properties:
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(i) Finite perimeter: There exists a Borel set 9*Q which is covered, up to an H"-negligible set, by
countably many graphs of C! functions from R” to R"*!, and a Borel vector field vg : 3*Q — S" such
that a generalized version of the divergence theorem holds:

/divX:/ X -vgdH" forall X e CH(R"; R, (1-1)
Q 0*Q

Here H" denotes the n-dimensional Hausdorff measure on R"*1,

(i1) Constant distributional mean curvature: There exists A € R such that
/ div?? X dH" = x/ X -vgdH" forall X e C}/R"™'; R"™). (1-2)
3*Q 3 Q
Here div? 2 X =divX —vg - (VX)[vq] is the tangential divergence of X along 9*2. Condition (1-2) is
equivalent to asking that Q be a critical point in the Euclidean isoperimetric problem, that is,

2] Pif@)=0 (1-3)
whenever { f;}/<1 is a volume-preserving variation of 2. Namely, each f; is a diffeomorphism with
f; = Id outside of a compact set, fy = Id, and | f;(2)| = |<2| for every |t| < 1, where |Q2| denotes
the Lebesgue measure, or volume, of . When € is an open bounded set with C2-boundary, as in
Alexandrov’s theorem, one simply has 0*2 = 02 and (1-3) is equivalent to asking that d€2 have constant

mean curvature.

With this terminology in place, we can state the following corollary of Theorem 1.
Corollary 2. If {Q;}jen and Q are sets of finite perimeter in R"*! such that
lim [Q;AQ[=0, lim P(Q;)= P(Q), (1-4)
Jj—>00 Jj—>00 X
and if the distributional mean curvatures of the 2; converge to a constant A € R, i.e.,
lim (div"™Y X —2X -vo)dH" =0 forall X € CL(R"™; R, (1-5)
]—> 00 B*Qj X
then . =nP () /(n+ 1)|2| and Q2 is a finite union of balls of radius n /.

Remark. Notice that (1-5) holds whenever each €2; has distributional mean curvature Hg, € LP(H"L0*Q))
for some p > 1 (see (2-7) and (2-16) below) and

lim |Hg, — AP dH" = 0. (1-6)
Jj=00 Jorq;
Remark. Global-in-time weak solutions of the volume-preserving mean curvature flow have been con-
structed in [Mugnai et al. 2016] following the method proposed by Almgren, Taylor and Wang [Almgren
et al. 1993] and Luckhaus and Sturzenhecker [1995]. Considering [Mugnai et al. 2016, Theorem 2.3.2] and
(1-5), it seems reasonable to conjecture that, for a large class of initial data and along time subsequences
t; — 00, the evolution {€2(¢) : ¢ > 0} should converge to finite union of balls. This is indeed the case,
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with a single ball as the limit for # — oo, when the initial data is uniformly smooth and convex, as proved
in a classical theorem of [Huisken 1987]. As geometric evolutions unavoidably produce singularities,
Theorem 1 should turn out to be a fundamental ingredient in attacking such questions.

1.2. The Montiel-Ros argument. Our starting point is the beautiful proof of Alexandrov’s theorem in
[Montiel and Ros 1991], which we now recall. Assume that 2 is a bounded open set with smooth
boundary and positive mean curvature Hg with respect to its outer unit normal vo. Denote by {«;}7_, the
principal curvatures of 9€2, indexed in increasing order so that x,, > Hgo/n > 0, set u(y) = dist(y, 0€2)
for each y € 2, and define

1

Kn (X)

Z={(x,t)eBQx|R:0<t§ } cx, 1) =x —tvg(x), (x,1)€Z. (1-7)

Let us denote by B, (x) the Euclidean ball in R"*! with center at x and radius p. If y € Q, then By (y)
touches €2 from inside at a point x € 9€2, where «,(x) < 1/u(y), i.e., u(y) < 1/k,(x). In particular,

QcCi(2) (1-8)
and by the area formula, with JZ¢ denoting the tangential Jacobian of ¢ along Z,

1/Kkp(x) 1
@l zlk@is [ W onay= [ sZeawt = [ aw [T T]a e,
¢(2) z 0Q 0 .

i=1

By the arithmetic-geometric mean inequality and by «, > Hq/n,

Vin@) 71 X n
|sz|5/ d%;/ (— Z(l—t/ci(x))> dt
aQ 0 ni

n/Hg(x) H. n dH"
5/ dH;’/ (1—z QOC)) dt=—" , (1-9)
Bl 0 n n+1 Jyq He
so that we have proved the Heintze—Karcher inequality
dH"
Q< — . (1-10)
n+1Ja Ho

If Hg is constantly equal to some A € R, then, by combining the divergence theorems (1-1) and (1-2)
(see (2-24) below), we find L =nH"(02)/(n 4 1)|€2|. Hence equality holds throughout the argument,
02 is umbilical, and thus is a sphere. In this way the Montiel-Ros argument provides a very effective
proof of Alexandrov’s theorem.

1.3. The Montiel-Ros argument revisited. As the Montiel-Ros argument heavily relies on the smooth-
ness of 0€2, it does not seem obvious how to adapt it to the case when €2 is a set with finite volume, finite
perimeter and constant distributional mean curvature.

From the point of view of regularity of d€2, the starting point is given by the regularity theory of [Allard
1972]; see [Simon 1983; De Lellis 2008]. Up to modifying €2 on a set of volume zero, we can assume that
Q2 is open and that its topological boundary 92 can be split into a closed subset ¥ with H"(X) =0, and
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a relatively open subset 02 = 92\ ¥ which is locally an analytic constant mean curvature hypersurface,
characterized by the property that for every x € 0Q2
H"(By(x)N32)

x €9*Q ifandonlyif lim = Wy,
p—0t p"

where w, is the volume of the unit ball in R" It is thus natural to redefine Z by replacing d€2 with 9*Q2
in (1-7); i.e.,

Z:{(x,t)ea*Qx[R:O<t§ } (1-11)

Kp (X)

where it is still true that the largest principal curvature «,, is positive along 9*<2.

Given this choice of Z, in order to obtain (1-8) we would need to show that, for every y € 2, By (y)(y)
touches 9€2 at a point x € 3*Q2. This is not obvious as we just know that ¥ = 9\ 9*Q is H"-negligible.
Actually, this is false for an arbitrary point y € €2: this is the case when €2 is a union of two mutually
tangent balls, x is a tangency point between two balls, and y is any point between x and the center of
one of the balls. A cheap argument (see Lemma 3) shows that at each touching point x, 2 blows up a
hyperplane with integer multiplicity possibly larger than 1. So, near a touching point x, d€2 consists of
finitely many sheets that are mutually tangent at x. The union of these sheets has constant mean curvature
in the distributional sense defined by (1-2), although it is not immediate to extract information on the
mean curvature of each separate sheet. A deep result of [Schitzle 2004] implies that the lower and upper
sheets (with respect to any given direction) satisfy a measure-theoretic version of the strong maximum
principle. This is crucial information, which is delicate to exploit, but fundamental to our argument.

We now describe our argument by referring to the main steps of the proof of Theorem 1, which is
contained in detail in Section 3. We start by identifying a large subset 2* of good points of €2, meaning that

1"\ (2)] =0, [Q\Q"=0. (1-12)

In other words, the projection of almost every point in Q* onto d<2 is contained in 9*<2, and Q* is
equivalent to 2. The definition of Q* is as follows. First, for every s > 0, we set

Q={ryeQ:uly)>s}, 902 ={yeQ:u(y)=s} (1-13)

Clearly 2 satisfies an exterior ball condition of radius s at each point of 92, but otherwise €2; is just a
set of finite perimeter (for a.e. s > (). We can also obtain an interior ball condition, restricting ourselves
to the following subset. Setting ¢ > s > 0, we define

= {y €0 y= (1 —;>x+“tiz for some z € 992, x € 89}. (1-14)

Notice that I'} is just a compact subset of 92, which could be very porous inside 9€2;. Some technical
effort (see Step 1) is put into showing that I'} can be covered by countably many C L1 images of R”
into R"*1, and that Vu is tangentially differentiable along I'! (with bounds on the tangential derivatives
corresponding to the exterior/interior ball conditions). Once these technical aspects are settled, we are
allowed to use Id — r Vu to change variables between I'} and I',_, and we can prove that |2\ Q*| =0,
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where Q* is defined by
ri=Jri. e=r (1-15)

t>s s>0
This is done in Step 2 of the proof.
Showing that |2*\ ¢(Z)| =0, see Steps 3 and 4, is considerably more delicate. We have to exclude that
the points in a given I'} that are projected into the singular set £ = 92\ 3*Q have positive 1" -measure;
in other words, we want

H'((Id — sVu) "' (Z)NT!) = 0.

This may seem obvious, as Id —sVu is almost injective on I'} (see (3-43)) and it is Lipschitz on each piece
of a countable decomposition of I'} (see (3-16)), while at the same time H"(X) = 0. However we cannot
derive a straightforward contradiction from the area formula, as the tangential Jacobian of Id —sVu along
I'! may be zero H"-a.e. In fact, this is the information that we obtain from the area formula; namely,
the least principal curvature of I'} is equal to —1/s along points in (Id — sVu)~H(Z)N I'!. Heuristically,
this curvature for I'; can only be obtained when 92 has a inward corner, which is ruled out by absolute
continuity of the mean curvature. Following this guiding example, we change variable to show that the
least principal curvature of I',_, at corresponding points is thus as negative as we wish. This indicates
that 0€2;_, has negative mean curvature on a set of positive H"-measure for any » close enough to s.
By the almost-everywhere second-order differentiability of u, swiping r over an interval we can find a
paraboloid with negative mean curvature, locally contained inside 0€2;_,. By translating this object until
it touches €2 (at X) we can apply Schitzle’s maximum principle and derive a contradiction.

As pointed out to us by a referee, our argument up to this point shares some similarities with the strategy
adopted by Almgren [1986] in proving the isoperimetric inequality in higher codimension. Almgren’s goal
in that paper is showing that an upper bound on the length of the mean curvature vector implies a lower
bound on the area, which is saturated by spheres. His arguments are also based on a viscosity approach,
where sliding constructions and the maximum principle are combined to infer regularity properties. The
referee’s insight is that Almgren’s argument could be adapted to our setting by updating some technical
aspects along the lines of the recent work [Santilli 2017], or, better said, of a possible generalization of
that paper to the bounded mean curvature case. This approach could provide a proof of (1-12) independent
of Schitzle’s maximum principle.

Having proved (1-12), we are ready to argue as Montiel and Ros. We thus find, from the equality case
in their argument, that

1(Z)\ 2| =0, (1-16)
1 '(y) =1, forae yeg, (1-17)
Hq ,
ki(x)=— foreveryx € 0*Q,i=1,...,n. (1-18)
n

Condition (1-18) implies that 9*<2 is umbilical, in addition to having constant mean curvature. In particular,
0*Q2 consists of at most countably many open pieces of spheres with same curvature. Should these pieces
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be finitely many, one could conclude from the distributional constant mean curvature condition, in a
rather direct way, that each piece is equal to a complete sphere. But as the number of the pieces could
indeed be infinite, the pieces may have smaller and smaller areas and combine themselves in particular
ways to achieve constant distributional mean curvature, creating at the same time a large singular set
Q2 \ 0*Q. To rule out this possibility, we exploit the information contained in (1-16) and (1-17) through
a geometric argument. In this last step, we make once again use of Schitzle’s strong maximum principle;
see in particular (3-56).

We conclude with two remarks. First, as a by-product of this analysis, we obtain a Heintze—Karcher
inequality for sets of finite perimeter which are mean convex in a viscous sense; see Theorem 8 below. This
result is actually not needed to prove Theorem 1, but it is included as it may be considered of independent
interest. Second, as recently shown by Brendle [2013], the Montiel-Ros approach to Alexandrov’s theorem
is quite flexible, as it allows one to show that constant mean curvature implies umbilicality in many warped
product manifolds of physical and geometric interest. The methods of this paper should be naturally
adaptable to these more general contexts. In this direction, in a preliminary version of this manuscript
[Delgadino and Maggi 2017, Section 5], we prove that Wulff shapes are the only volume-constrained
local minimizers of smooth uniformly elliptic surface tension energies. Of course the assumption of local
minimality is considerably stronger than criticality.

1.4. Organization of the paper. The paper is organized as follows. In Section 2 we gather some back-
ground material from geometric measure theory. In Section 3 we prove Theorem 1 and Corollary 2. The
generalized Heintze—Karcher inequality for sets of finite perimeter is stated and proved in Section 4.

2. Background material from geometric measure theory

In this section we review some preliminaries from the theory of rectifiable sets (Section 2.1), rectifiable
varifolds (Section 2.2) and sets of finite perimeter (Section 2.3). We refer to [Simon 1983; Ambrosio et al.
2000; Maggi 2012; Evans and Gariepy 1992] for detailed accounts. Finally, in Section 2.4, we discuss
some basic properties of volume-constrained critical points of the perimeter functional.

2.1. Rectifiable sets. Denote by H" the Hausdorff measure on R"*!. A Borel set M C R"*! is a locally
‘H"-rectifiable set if M can be covered, up to a H"-negligible set, by countably many Lipschitz images
of R" into R"*, and if #" L M is locally finite on R"*!. We say that M is H"-rectifiable if in addition
H"(M) < o0, and that M is normalized if M = spt H" L M, i.e.,

xeM if and only if H"(B,(x)NM) >0 forall p>0.

Basic properties of rectifiable sets needed in the sequel are:

(i) For H"-a.e. x € M there exists T, M € G(n,n + 1) (the space of n-dimensional planes in R"*+1) such

that

lim pdH" = / pdH" forall g € C?(R"“); 2-1)
(M—x)/p M

p—0t

see [Maggi 2012, Theorem 10.2]. The plane 7, M is called the approximate tangent plane to M at x.
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(i) If M| and M> are locally H"-rectifiable sets, then
"M, =TM, H*-a.e. on My N My; (2-2)

see [Maggi 2012, Proposition 10.5].

(iii) Lipschitz functions are differentiable along approximate tangent planes; that is, if f : R"*! — R*+!
is a Lipschitz function, then, for H"-a.e. x € M such that T, M exists, the restriction of f to x + T, M is
differentiable at x, and the limit

ht) —
= lim fx4h) = f () forallte .M
h—0t h

(VM £).l7]

defines the tangential gradient VM f(x) = (VM f), of f along M at x; see [Maggi 2012, Theorem 11.4].

(iv) The tangential gradient just depends on the restriction of f to M. In other words, if f : M — R"*+!
is a Lipschitz function, and F, G : R**! — R are Lipschitz functions such that F = G = f on M, then

VMF=vMG H"ae. on M. (2-3)

(v) Finally, given a Lipschitz function f : M — R, the tangential Jacobian of f along M is defined at
H"-a.e. x € M by

IM f(x) = V/det(VM f(x)*VM f(x)) =

ACARANEAC)
i=1

provided {z; (x)}"

i_, 18 an orthonormal basis of 7, M, and the area formula

WG onduy = [ e an: (2-4)
f (M) M

holds [Maggi 2012, Theorem 11.6].

For the lack of precise reference we justify property (iv). If v : R" — R"*! is a Lipschitz map and
E C R" is a Borel set, then by [Maggi 2012, Lemmas 10.4 and 11.5] we have Ty M = (V{r),-1[R"]
for H"-a.e. x € M Ny (E), with

(VM) (el = V(F o ¥)y 1o [(V¥); [e]] forall T € Ty M. (2-5)

Since F = G on M implies V(F o) = V(G o y) H"-a.e. on E Ny~ (M) [Maggi 2012, Lemma 7.6]
we deduce (2-3) from (2-5).

2.2. Integer rectifiable varifolds. 1f M is a C?-hypersurface without boundary in R"*!, then the mean
curvature vector Hy € CO(M; R"*1) of M is such that

/ divM X dH" = / Hy - XdH" forall X e CH(R™™; R™), (2-6)
M M

with Hys(x) -t =0 for every T € Ty M. This basic fact motivates the following definitions.
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Let M be a locally H"-rectifiable set, and consider a Borel measurable function 0 € Llloc (H" L M; N).

The integer rectifiable varifold var(M , ) defined by M and 6 is the Radon measure on R"*! x G(n, n+1)
defined as

/ ® d var(M, 6) :/ ®(x, T, M)0 (x) dH"
R x G (n,n+1) M

for every bounded, compactly supported Borel function ® on R"*! x G(n,n +1). To each X e
C L] (R™*1: R*+1) we associate the test function

Ox(x, T) = (divl X)(x), (x,T)eR"™' xGm,n+1),

where div’ X is the divergence of X with respect to 7. Motivated by (2-6), we say that var(M, 6) has

distributional mean curvature vector Hy € LllOC (OH" L M; Ry if

/ divM X0 dH" = / Hy - X0dH" forall X e CH(R™; R™). (2-7)
M M

(The dependency of Hj, from 6 is omitted.) When | Hy,| is constant (#"-a.e. on M) we say that var(M, 0)
has constant distributional mean curvature on R"*'; when Hy; = 0 we say that var(M, 0) is stationary
on R"*1. For example, if M is a union of finitely many possibly intersecting spheres with same radius,
then M has constant distributional mean curvature in R"*!. Similarly, a finite union of hyperplanes is
stationary in R"+1.

In the proof of Theorem 1 we will exploit two forms of the maximum principle for integer rectifiable
varifolds. The first one is a simple fact, well-known to experts, whose proof is included for the sake of
clarity.

Lemma 3. Let M be a normalized locally H" -rectifiable set such that var(M, 6) is stationary on R"*. If
M is a cone (that is, M = t M for every t > 0), and M is contained in a closed half-space H with O € 0 H,
then M = 0 H and 0 is constant. In particular, M cannot be contained in the convex intersection of two
distinct, nonopposite half-spaces containing the origin.

Proof. Let H = {z ¢ R""! : 7. v < 0}, where v € S". Given ¢ € C°([0, 00)) with0 < ¢ <1, ¢(r) =1
on [0, &) for some & > 0, and ¢'(r) <0 on {0 < ¢ < 1}, let us set X (x) = ¢(|x|)v for x € R**!. Then
X € C(R ! Ry and VX = ¢/(|x|)v ® £, where £ = x/|x| if x # 0. Let vy : M — S" be a Borel
vector field such that 7, M = vy (x)* for H"-a.e. x € M. Since M is a cone, we have % - vy;(x) = 0 for
H"-a.e. x € M, and hence

div? X = div X — vy - VX[l = @' (IXDW - £ — (g - v)(wpr - £)) = @' (XD (v - £),
and thus, by the stationarity of M,
0=/ divM X0 d1" =/ @ (Ix(v-2)0(x) dH" (x).
M M

Since M C H implies x - v < 0 for every x € M, x # 0, thanks to the arbitrariness of ¢ we find v-x =0
for H"-a.e. x € M. The lemma is proved. O
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: 42y
e : Sz (v

Figure 1. The strong maximum principle for integer varifolds. The rectifiable set M
may consist of multiple sheets which, combined with the multiplicity function 6, have
distributional mean curvature Hj; in some L”. The sheets may overlap in complicated
ways along sets of positive area, so there is a nontrivial relation between the mean curvature
vector Hy; of the whole configuration and that of a single sheet. The function ¢ describes
the lower sheet of M above height ho with respect to the direction v and projecting over
an open set U C vt. This lower sheet is shown to satisfy a strong maximum principle.
Notice that the role of A is that of localizing the part of the varifold we are looking at.
For example, in this picture, M could have many more points of the form z 4 v with
h < hg and z € U, but these points will not contribute to the definition of ¢.

The second tool we shall use is a much deeper result, namely, Schitzle’s strong maximum principle
[2004] for integer rectifiable varifolds with sufficiently summable distributional mean curvature. The
statement we adopt here is a slightly simplified version, still sufficient for our purposes, of [Schitzle
2004, Theorem 6.2].

Theorem 4. Let M be a normalized locally H"-rectifiable set with distributional mean curvature vector
Hy € LP(OH" L M; R"™Y) for some p > max{2, n}.
Pickv € S", hy € R, and consider a connected open set U C vt such that

o(z) =inf{h > ho:z+hve M}, zeU, (2-8)

satisfies ¢(z) € (hg, 00) for every z € U.
Ifn e W2P(U; (hg, 00)) is such that n < ¢ on U and n(zo) = ¢(z0) for some zqo € U, then it cannot be

that
—Vop(z) +v

V1I+IVe@)l?

) Vn
- le(—) (2) < Hy(z+9(2)v) - (2-9)

V1+|Vnl?

for H"-a.e. z € U, unless n = ¢ on U.
The signs in (2-9) and the geometric intuition behind Theorem 4 are illustrated in Figure 1. The left-hand

side is the mean curvature of the subgraph of n with respect to its outer unit normal (—Vn+v)/y/1+|Vn|?,
and, similarly, the right-hand side is the mean curvature of the subgraph of ¢ with respect to its outer
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unit normal. So, if 1 touches ¢ from below at z, it cannot be that the subgraph of 7 is in average bent
upwards at least as much as the subgraph of 7, unless n = ¢. The considerable difficulty of the theorem
lies in the fact that Hy; does not come into play as the mean curvature of the graph of ¢, but rather as the
mean curvature of a more complex structure (the integer rectifiable varifold var(M, 0)), of which ¢ only
represents a sort of lower envelope localized in the cylinder {z +tv:z € U, t > ho}.

2.3. Sets of finite perimeter. A Borel set Q@ C R"*! has locally finite perimeter if there exists an
R"*!-valued Radon measure pg on R**! such that

/divX:/ X -dug forall X e CH(R™™; R™). (2-10)
Q Rn+1

The perimeter of 2 relative to an open set A is defined as P(2; A) = |uq|(A), where |uq| is the total
variation of g, and  has finite perimeter if P(Q) = P(Q; R"™!) < oo. In this case, either Q or its
complement has finite volume. By exploiting (2-10), the support of g is seen to satisfy

sptisg = {x e R"™:0 < |B,(x) N Q| < w,p" forall p > 0} C IL; (2-11)

see [Maggi 2012, Proposition 12.19]. Notice that spt ;g is invariant by zero-volume modifications of €2,
while of course 92 is not. The reduced boundary of a set of locally finite perimeter €2 is defined as the
set of points such that

o) = Tim 2B ()

exists and belongs to S". (2-12)
p—0t |pq|(Bp(x))

The Borel vector field vg : 9*Q2 — S”" is called the measure-theoretic outer unit normal to 2, and we
always have
9*Q = Spt ug. (2-13)

Moreover by [Maggi 2012, Theorem 15.9], the reduced boundary is locally H"-rectifiable, with
no=voH"L3*Q, P(Q2;A)=H"(ANI*Q)
for every open set A C R"*!, and thus (2-10) takes the form

fdivX:/ X -vgdH" forall X e C!(R"!; R™). (2-14)
Q 0*Q

In addition, for every x € 3*Q, vo(x)* = T, (3*Q) is the approximate tangent plane to 9*$2 at x and in
particular we have

"B, (x)N9*Q
lim T (Bp() ) —w, forallx € Q. (2-15)
p—0+ p"

To every set 2 of locally finite perimeter we can always associate in a natural way an integer rectifi-
able varifold var(9*$2, 1). If var(0*2, 1) admits a distributional mean curvature vector Hy«g, then the
distributional mean curvature of 2 is defined by setting

HQ = Ha*Q VQ. (2—16)
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The subscript 2 on Hg, is a reminder that we have used the outer orientation of €2 to specify the scalar
curvature. With this notation, Hg. = n/r for every r > 0.

2.4. Basic properties of critical points. Here we prove some properties of critical points in the isoperi-
metric problem which descend from generally known facts about integer varifolds and sets of finite
perimeter. A set of finite perimeter and finite volume €2 is a critical point for the isoperimetric problem if

d

= P(f(Q)= 2-1

5| _ PU@) =0 2-17)
whenever {f;}/<1 is a one-parameter family of diffeomorphisms with fo = Id, | f;(£2)| = [£2| and

spt(f; —Id) € R"*! for every |t| < 1. By [Maggi 2012, Theorem 17.20], (2-17) is equivalent to the
existence of a constant A € R such that
f div?’? X dH" = x/ X -vgdH" forall X € CH(R"; R"™). (2-18)
*Q *Q
Lemma 5. If Q@ C R"*! is a critical point for the isoperimetric problem, then Q is (equivalent modulo

sets of volume zero to) a bounded open set such that 02 = spt g and H" (02 \ 0*Q) = 0. Moreover, the
constant X in (2-18) is equal to

P(Q
0 "PE (2-19)
(n+ 1|
that is, Hg = Hg. Finally,
H" (B Na
a*sz:{xeasz: lim - (Be ) >=wn}
p—0t p"
is locally an analytic hypersurface with constant mean curvature, relatively open in 9€2.
Proof. By [Simon 1983, Theorem 17.6], condition (2-18) implies that for every x € R"*!,
H"(B No*Q
eMe (B,(x) ) is increasing on p > 0, (2-20)
o
which combined with (2-15) and (2-13) gives
H" (B, (x) N3*Q) > w,e M p"  forall p € (0, 1), x €spt jug. (2-21)
A first consequence of the lower bound (2-21) is that
H"(sptug \ 8*Q) =0; (2-22)

see, e.g., [Maggi 2012, Exercise 17.19]. Moreover, by combining (2-21) with P(£2) < 0o and a covering
argument, we see that spt g is bounded.

Let us now consider the open set 2 of those x € R"*! such that |Q2 N B,(x)| =|B,(x)| for every p
small enough, and the open set £ of those x € R"*! such that |2 B, (x)| =0 for every p small enough,
so that

sptig = R"\ (20U Q). (2-23)
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thanks to (2-11). If Q) denotes the set of points of density 1 of €2, then Q; C QM while
120\ Q1| =192 N Q| + 12" Nspt gl = 12 Nspt el =0

as H"(spt ug) < oo thanks to (2-22). Thus [QUVAQ;| = 0, and then |2ALQ;| = 0 by the Lebesgue
density theorem. Since 2y and €2; are disjoint open sets, (2-23) implies d€2; C spt . At the same
time, |2AQ;| = 0 and the inclusion in (2-11) imply spt ugo C d€2;. Hence spt ug = 921, and since
spt wg = 921 is bounded and |€2;| < oo, we have that €2 is bounded. The first part of the statement is
proved.

We show that A in (2-18) satisfies A = Hgo2 with HSO2 defined in (2-19). Since 2 is bounded we can test
both (2-14) and (2-18) with X € Cc1 (R, R™*1), where X (x) = x for x in a neighborhood of 2. Hence,

1 %
(n+1)|£2|:/ div(x)dx=/ diVX:/ X-de’H”:—f div?” X dH"
Q Q *Q A Jorq

1 * P(Q
=1 [ avtwan =", (2-24)
)\. B*Q A.

and thus A = ng.
Finally, by applying Allard’s regularity theorem (see [Simon 1983, Theorem 24.2] or [De Lellis 2008])
to var(9€2, 1), we see that d<2 is an analytic constant mean curvature hypersurface in a neighborhood of

every x € d€2 such that
H* (B Nag2
im L Bp() N3 _ (2-25)
p—0+ o

In particular, if x € <2 satisfies (2-25) then there exists p > 0 such that B, (x) N 2 is the epigraph of an
analytic function, and thus x € 9*2. Vice versa, (2-25) holds everywhere on 9*$2 thanks to (2-15). O

We also notice a simple consequence of Lemma 3.

Lemma 6. If Q C R"*! is a critical point for the isoperimetric problem, x € 3R, and vy, y» € Q are such
that |y; — x| = dist(y;, 0R2) and |x — y1| = |x — y2|, then x — y; = y» — x.

Proof. Since var(9€2, 1) is an integer varifold of constant distributional mean curvature, it admits at least
one blow-up limit in the weak convergence of varifolds at x, and each such limit varifold is stationary and
supported on a cone M; see [Simon 1983, Chapter 46]. By construction, M is contained in the half-spaces
{z-v; <0} defined by v; = (x — y;)/|x — yil, i = 1,2. If y; # y», then v; # vp, and Lemma 3 implies
that vi = —v». ]

3. Ciritical points of the isoperimetric problem

Referring to the Introduction for the general strategy, we now present the proof of Theorem 1. At the end
of the section we also prove Corollary 2.

Proof of Theorem 1. Let 2 be a set with finite perimeter and finite volume which is a critical point for
the isoperimetric problem. The conclusion of Lemma 5 is the starting point of our analysis, aimed at
showing that €2 is a finite union of disjoint balls of radius n/ Hgoz. We rescale €2 so that Hg =n.
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Properties of the distance function: We set u(y) = dist(y, 8Q2) for y € R"*! so that
N(y)=Vu(y) € S" exists fora.e. y e, (3-1)
thanks to Rademacher’s theorem. For s > 0 we set
Q={eQ:uly)>s}, 02 ={yeQ:u(y) =s},

and recall that, by the coarea formula [Maggi 2012, Theorems 13.1 and 18.1], €2; is a set of finite perimeter
for a.e. s > 0, and for every Borel set E C R"*1,

oo oo
|E| =/ H'(ENJI*Q) ds = / H"(EN0J)ds. (3-2)
0 0

In particular,
H'(092,\0"Q2;) =0 forae.s>0. (3-3)

We recall that for a.e. y € 2, u admits a second-order Taylor expansion at y. Indeed, given A C 2 and
y € Q, denote by ®(u, A)(y) the infimum of the constants ¢ > 0 such that for « € R and b € R"*! we

have

2
a—{—b-z—i—C%ZM(Z) forall z € A,

with equality at y. For any y € 2 we can pick x € €2 such that |[x — y| = u(y),
u(z) = dist(z, 02) <dist(z, {x}) =|z—x| forall z € Q, (3-4)

that is, z — |z — x| touches u from above at y over €2. At the same time we can construct a second-order
polynomial that touches z > |z — x| from above at y over R"*!. Indeed, it holds
—x |z =yl

y
lz—x|<|y—x|+ (z—y)+
ly — x| 2|y — x|

for all z € R*t!, (3-5)

To check this set y = x +tv for t > 0 and |v| = 1, and set w = z — y, so that (3-5) becomes

2
w
|tv+w|§t+v-w+% for all w € R™*!.

Taking squares this is equivalent to

, 2 4
t2+2tv'w+|w|2§f2+2tv-w+|w|2+(v-w)2+(U w,)lw| +|:;|2

) 2 |w|2 2
=t"4+2tv-w+|w|*+ v-w—l-? ,

which clearly holds for every w € R**!. Thanks to (3-5) there exists a, b € R such that

|z|?
2|y — x|

lz—x|<a+b-z+ for all z € R*t!,
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with equality if z = y, so that, by the definition of ® and by (3-4)
_ 1
O(u, Q)(y) < —— forall y € Q. (3-6)
u(y)

Arguing as in [Caffarelli and Cabré 1995, Proposition 1.6], we see that u is twice differentiable a.e. in 2.

Preliminary properties of the sets T'.: For every t > s > 0, we consider the compact set
' = {y coQ,y= (1 — %)x +32 for some 2 € 9%, x € asz}. 3-7)
By definition, if y € "%, then there exist x € 92 and z € 3€2; such that
B, _(z) CQ CR"™ '\ By(x), {y}=09Bi_(2)NdB,(x). (3-8)

In particular x and z are uniquely determined by the uniqueness of limits in Llloc. Indeed, when p — 07,
Qs -y
0

— [x —z]™ as characteristic functions in L} (R"*1), (3-9)

loc

where [v]™ denotes the negative half-space defined by, v # 0,
W ={weR"":w.-v<0}.

Notice also that Lip(u; R"*!) < 1 and the inclusion B, (y — e(x — z)/|x — z|) C € (which holds for
& > 0 small since # > s) imply that y has a unique projection onto d€2. This shows that u is differentiable
at y € I'l with

NO)=—2"%" for a11y=<1 —5>x+5zer;. (3-10)
|x —z] t t
In turn, (3-10) gives
y+rN(y) e o_, forallre [—s,t—s],yel“g. (3-11)

By (3-11), if y, y’ € T’} then

sP<|y—sNO) =y PP =s*=25N) -y —y) + |y —y'%
(t—s)P<|y+(t—s)NO) =y P =@ - +20t—s)N) -y —y)+1y—y'1%
that is

W2
L1 }u for all y, y' € I'. (3-12)

NG =)l < max{ L, ==}

s t—s
Using (3-10) we easily see that N is continuous on I'! so that (u, N) € CO(Fg; R x R"*1) and satisfies
(3-12). By Whitney’s extension theorem, there exists ¢ € C!(R"*!) such that (¢, V¢) = (u, N) on I'’.
In particular, this implies the H"-rectifiability of I'’.

Decomposition of Q2 and covering by {(Z): We define

Fj:UF;, Q*:Urjcsz, Z:{(x,t)ea*QxR:0<t§ (3-13)

t>s s>0

1
Kn(x) }’
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and set £ (x, 1) = x — tvg(x). We claim that
Q\Q*=0, [Q"\¢(2)|=0. (3-14)

We divide the proof of (3-14) into four steps.
Step 1: We prove that N is tangentially differentiable along I'} at H"-a.e. y € I'}, with

n

VENG) ==Y kD)5 (») @ T(y),
izl (3-15)
L i) < i) < -
s T s = s ~t—s’
where {7; (y)}!
compact sets {{/;};en in such a way that the restriction of N to U{; is a Lipschitz map, that is,

, is an orthonormal basis of 7,,I';. To this end, we first prove that I'} can be covered by

IN(y1) = N(y2)| < Cjly1 — y2| forall y, y, €U;. (3-16)

(In passing we notice that (3-16) implies the C!-!-rectifiability of ', that is to say, the possibility of
covering I';" by graphs of C*! functions from R" to R"*+1.)
We start by defining the sets U/;. Let us denote by

C(N,p)={z+hN:zeN*, |z| <p, |h| < p)

the open cylinder centered at the origin with axis along N € S”, radius p > 0, and height 2p. Notice that,
by the interior/exterior ball condition, I'; admits an approximate tangent plane at 7{"-a.e. of its points,
and this plane is then necessarily equal to N (y)*; that is,

T,I'' = N(y)* for H"-ae.yel".
In particular (2-1) implies

H'(TIN C(N(y),
ling+ NG+ CWNG), p) =w, forH"-ae yel.
o= p"

By Egoroff’s theorem, we can find compact sets ¢; covering I'! such that

H'(TiN(y+C(N(y),
wi o) = supli - LN +CN). p))

yEZ/{j wnpn

—0 asp—0t. (3-17)

Consider the function ¢ constructed in proving the #"-rectifiability of I';. Since V¢ (y) = N(y) #0 at
each y € ', we can apply the implicit function theorem at y and find that I'! is a C!-graph over a disk of
radius p, in a neighborhood of y. We can thus pick any sequence p; — 0T, and up to further subdivision
of U; and relabeling the resulting pieces, we can assume that each ¢/; has the following property: for each
y € U; there exists

Y e C'INODD),  ¥;(0)=0, V¥;000=0, [V¥jlcowe) <1 (3-18)
such that, if
Ll]’. = projection of U; on Nyt n{z| < Pi s (3-19)



ALEXANDROV’S THEOREM REVISITED 1629

then
UN(+CWNG), p)) =N +CWN®G), p)) =y +iz+¥;QNG) 1z €U} (3-20)

(Notice that both ; and Z/I; depend on the point y € U; at which we are considering the “graphicality”
property of {;, but that this dependency is not stressed to simplify the notation.) If we set

i (p) = max{ (p), max |Vy; )1}, p € 0, ) (3-21)

then uj(p) — 0 as p — 0 by (3-17) and continuity of V/;. This completes the definition of the sets I/;.
We now prove (3-16). Fix yi, y» € U;. Let p; and v; be the functions associated to I/; and y, € U; as
we have just described. For r; < p;/3 to be chosen, we can directly assume that

y1 € y2+C(N(2), rj) (3-22)

for otherwise |y; — y2| > ¢(n)r; and, trivially, [N (y;) — N(y2)| <2 < C;|y; — y2|. Next we assume, as
we can do without loss of generality up to a rigid motion, that

y2=(0,00eR" xR, N(O»)=0,1)eR"xR, N(»t=R"
In this way (3-20) takes the form
{(z.h) €T 11zl < pj. k| < oy} = {2, ¥(2)) 12 €U, (3-23)
with
Y e C'RY), ¥;(0)=0, Vy;(00=0, [Vlcom <. (3-24)
By (3-22), y1 = (z1, ¥j(z1)) for some z; € Z/lj/. with |z1| < rj. By continuity of N along I'} and since

N(0) = (0, 1), we find
(=V¥;(z1), D

VI+IVYy @D

IN(y1) — N(n)I? _1 1 - IV (z1) ]

2 T+ VYT 2

while at the same time |y; — y2|? = |z1]* + wj(zl)z > |z1|%. We are thus left to show

Ny =

In particular,

IVYi(z1)| < Cjlzil. (3-25)

To this end we would like to exploit (3-12) with y = y; and y’ = yg where yy = (2o, ho) is defined, in
terms of a suitable eg € S (see (3-30) below), as

20 =21 —lz1leo, ho=v;(z0). (3-26)

Since I'} may be very “porous”, that is, its projection over {|z| < p;} could have lots of holes, it is not
generally true that yo € I'} and thus that y’ = yp is an admissible choice in (3-12). But when this is the
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case, by (3-12)
Vi;(z1) - (—eo) n Vi(z1) — ¥ (zo0)

Cly1 —yol* = N(y1) - (1 — yo) = |z1] ) (3-27)
VIHIVYi@DE T+ IVY )R
Now, in order to exploit (3-27), we notice that
l¥j(z)| < Clz|> forall |z| < p; such that (z, ¥;(z)) € I, (3-28)

which is an immediate consequence of the fact that, around (0, 0) = (0, ¥;(0)), I'! is trapped between two
tangent balls (notice that we do not know this about the graph of v, and so we can apply (3-28) only to
the points of this graph that lie in I'}). Since |zo| < 2|z1| < 2r; < pj, still assuming that yo = (zo, ho) € I'%,
by (3-28) we find that

Iy1 = yol> = lz11* + (¥ (z1) — ¥j(20))* < Clz1 |,
Vi(z1) — ¥ (z0)
VI+IVYi )2

and thus (3-27) takes the form

< 19 ()| + ¥ (z0)| < Clz1 %,

Vi (z1) - (—eo)

Clz1* > |z . (3-29)
VIV, z))?
Our choice of ¢ is thus clear; we want
V .
0= — l//J (z1) (3-30)
[Vri(z1)]

to have a chance of proving (3-25).
We are now ready to prove (3-25). Set yo = (29, hg) for eg as in (3-30) and zg and kg as in (3-26). If
20 € Ll/’-, and thus yg € Fé, then, as explained, we are done. Otherwise, let g be the largest ¢ > 0 such that

{lz — z0] < e}ﬂuj/- =0.

Since z; euj/. and |z0—z1| = |z1], we have g9 < |z1]. In particular, since |z¢| <2|z1], the ball {|z —zo| < &0}
is contained in {|z| < 3|z1|} C {|z| < p;} thanks to 3r; < p;. By the definition of &, there exists z, € Z/{J’.
with |z« — zg| = &9 and
wnlzo — z«" = H"({lz — 20l < €0})
<H"({lz] <3lz1}\U}) = 0, Blz1)" = H" WU} N {lz| < 3]z11}). (3-31)

On the one hand, since U/ is the graph of the Lipschitz function v/; over Z/{J’.,
W el <3l < [ L+ VY512 = H' W 0 CN (). 31 )
Uin{lzl<3lz11}
=H"(T{NC(N(y2), 31z11)
< 0pBlziD" (1 + 1 (Blz1])
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thanks to (3-21); on the other hand, again by the definition (3-21) of u;,

ne LY 1+ |Vw1|2
HYU; N {lz] < 3lzilh) = T—
UN(lzl<3lz11) v/ 1+ V5]
JHTENCING), 3lziD) 1= Glzil)

1+ un(3lz1])? V1w Glz)?

Combining the last two estimates into (3-31) we find

wn (3lz1 D"

wnlzo — 24" < CujBlz1Nwn (3lz1 D"
that is,

|20 — 2] < Coy Bl |zl (3-32)

In other words, after scaling out |z;|, the best point we can use, z., is as close as we want to the point
we would like to use, zo. We conclude the argument setting y, = (24, ¥ (2+)). Since z4 € L{j’., we have
¥« € I'y. We can apply (3-12) with y = y1 = (z1, ¥;(z1)) and y’ = y. to find
Clyr =y = N1 - (1 — yo)
- (=V;(z1)) - (21 — 24) n Vi(z1) — ¥ (z4)
VIFIVY;(z))? VI+IVYiz))?
- (=VY;(z1)) - (21 — z4)
T VIV )P

> |V (z)|(1 = Cp Blzi ™)

—Clz PP +z)
il
C
where we have first applied (3-28) to z; and z,, and then have decomposed z; — z, as the sum of
71 — 2o = eplz1| and of zg — z, have recalled the definition of ¢j, and have used (3-32). Similarly,

Clz1* + 1z, (3-33)

Iyi = yul < lz1 =zl + 15 (21) — ¥ (24|
< lz1 = 20l + |20 = 2l + C (21 > + |z?) < Clzil,
and thus (3-33) implies (3-25). This concludes the proof of (3-16). We now prove (3-15).

As noticed in Section 2.2, since N is a Lipschitz function on each I{;, and since the I{; are covering Fg,
we deduce that N is tangentially differentiable along I'’, and that its tangential gradient along I'; can be
computed by looking at any Lipschitz extension of N to R"*!. Moreover, by (2-2), it is enough to work
with ¢/ in place of T'}.

To construct a convenient extension of N we go back to the proof of the #"-rectifiability of I'!, and
this time we construct ¢ € C'!(R"*!) such that (u, N) = (¢, V¢) on U; by taking (3-12) and (3-16) into
account. Then we can go back to the construction of the sets I{;, and apply the C 1 implicit function
theorem to deduce that for each y € Uf; there exists

v e CHY(N(Y)D),



1632 MATIAS GONZALO DELGADINO AND FRANCESCO MAGGI

satisfying (3-18) and (3-20). In particular, we can consider the Lipschitz extension N, of N from
UiN(y+CN(), pj)) to y+C(N(y), pj) given by

=V +N©)
VI+IVY; @)

Setting W (z) =y +z+ ¥;(z) N(y) for |z| < pj, by (2-5) we have that for H"-a.e. y’ € U;,

N.(y+z+hN®©Y)) = forall z € N(y)*, |z| < pj, |h] < p.

(VL{'iN));’[T] = V(N* e} \Ijj)\pj_](y’)[e]’

where T € TyU; and e = (V\Ilj)q,_fl(y,)[‘r] € R". When y; € C2(N(y)L), a classical computation shows
J
that
V(Nio W) [e] = A;(Y;(2)[7],

where A; denotes the second fundamental form to the graph of v;, which is symmetric thanks to the
commutativity property of the second derivatives of ;, and where the eigenvalues of A; are bounded
from below by —1/s and from above by 1/(r —s) thanks to ¢/; C I'}. In our case the same computations
hold for a.e. |z| < p; by the chain rule for Lipschitz functions, where the symmetry of A; is guaranteed
by the fact that Vzwj is both a distributional gradient and an a.e. classical differential of V;. Finally,
the a.e.-pointwise estimates on the eigenvalues are deduced a.e. on Z/I]/. thanks to the fact that V21//j is an
a.e. classical differential. This proves (3-15).

Step 2: We claim that for every ¢t > s > 0 we have
H"(32) < (t/s)"H"(T), (3-34)
and then use (3-34) to prove
|QAQ*| =0. (3-35)
Indeed, for r € [—s, t — 5] let us consider the map
frily = 0Q4,,  fr(M=y+rN(), yeTl;. (3-36)

The fact that f, (y) € 92, is immediate as every y € I'! has the form y = (1 —(s/#))x+(s/1)z for x € 32,
z € 3Q2;. Notice that, again by the definition of '}, the map f;_; is surjective; that is, 32, = f;_s(T'"}).
Thus

H'(0Q) = H'(fi—s(Th) < f HO(fZh(2) dH! = / JU fog dH",
fi—s(TY) r

where by (3-15), and in particular by the lower bound on (x});,
n
t — n
TS s = l_[(l —(t—s5)(k)i) < (1 + th) H"-a.e. on I'L.
i=1
This proves (3-34). To prove (3-35), we first apply the coarea formula (3-2) to find

o0 o0
|QAQ*|=/ H"((QAQ*)HE)Qst:/ W' (O \ T ds, (3-37)
0 0
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where '}l C 9€2,. Again by the coarea formula, for a.e. s > 0,

Q| — | ’
19 = [9Qel _ lim 1/ H"(0824,) dr.
0

1" (3R,) = lim
e—0 & e—>0t €

where by (3-34)

1 [° 1 [° r\" ‘ e\"

—/ H (3Q4r) dr < —/ <1+-) TS dr < (1+—) W),

I 0 & 0 N N '
Since I';” C 92, this proves

H'(T])=H"(0Q,) forae.s>0, (3-38)
which, combined with (3-37) gives in turn (3-35).
Step 3: For r € (0, s), let us consider the map
gy =T, ¢ =y-rN@y), yel,

which is (clearly) a bijection between I'! and I'}_, for each 7 > 0. We claim that if y is a point of tangential
differentiability of N along I', then g,(y) is a point of tangential differentiability of N along I'}_,, and

(k)i ()

k' )igr =————— forali=1,...,n. 3-39

(k)i (8r(¥) [+ r () (3-39)
Indeed, it is easily seen that

N()=N(g() =Ny —rN(y) forallyeTly, (3-40)

so that if y is a point of tangential differentiability of N along I'} and 7 € T, '}, then 7 € T, (,»I'} and
(VIN), ] = (V7 N)g [T =1 (VN[ ],
Plugging in T = 7;(y) as in (3-15) we find
— (ki T = L+ 7D V5 N) g, ([T ()]:
that is,
(k)i ()

—4() - (VI Ny lu ()] = T+rkDi(y)

Thus {r; (y)}"_, is an orthonormal basis for Ty, (,,I";_, = T,I'; made up of eigenvalues of VI N(gr (),
and the last formula is just (3-39).

Step 4: We prove that
|Q*\¢(Z)|=0. (3-41)

By the coarea formula (3-2) and by (3-38)
2\ 2(2)] = /0 M@\ £(2)) N9y ds = /0 W@\ £(Z) NTH) ds

- / H(TF\(2)) ds.
0
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Since x € 9*Q and y € '} are such that y = x — svg(x) if and only if x =y — sN () = gs(y), with g
as in Step 3, we have

c(Z)NTF =g 1(3*Q) foralls > 0.

Taking into account that 92\ 9*Q2 = X (recall Lemma 5) and that g~ 10Q) c ', in order to prove
(3-41) we are left to show that for a.e. s > 0

H' (g, 1(Z)) =0. (3-42)

In other words, the points in I'J" that, projected over d<2, end up on the singular set, have negligible
H"-measure. We are actually going to show that (3-42) holds for every s > 0 such that H" (I';") = H" (32).
We shall argue by contradiction, assuming that #"(I';") = H"(9€2,) and

H' (g7 () > 0.

In particular, there exists ¢ > s, such that H*(I'", N g 1(X)) > 0.
As a preliminary step to derive a contradiction we first notice that

HO(g 7 (x)) <2 forall x € IQ. (3-43)

Otherwise, g !(x) would contain at least two points yi, y such that (x —y;)/|x—y1| and (x —y2)/|x — y2|
are not antipodal. Any blow-up of var(d€2, x) would then be a stationary varifold contained in the
intersection of two nonopposite half-spaces, a contradiction to Lemma 3. By (3-43) and by H"(X) =0
(recall (3-3)) we find that

0:27—[”(2)2[ HO(gS_I(X))dH”:/ Ig dH",
b & (D)
where

n
JNg =[] +s&H) =0 onT!
i=1
thanks to —1/s < (k!);; see (3-15). Having assumed H”" (gs_l(E)) > 0, and since {(«!);}; are ordered
increasingly on i, we deduce in particular that

H"({y el (khi(y) = —%}) >H"(T'! ﬂg;l(Z)) > 0. (3-44)

By (3-39) we see that

{y ell_, 1 (ki_)n() = —L} =gr({y el : (kh(y) = —%})

s—r
Since g, : 'l — I'l_, is injective, by the area formula

w(lser, w_nm=--L1)=

S—r

/ I g, dH".
{yeli:D1(y)=—1/s}
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Using again that (k;); > —1/s on I}, we have

r

t - n
g = H(l +r(kh)) > (1 — E) >0 forallr € (0, s),
1=
so that (3-44) implies that for every r € (0, s)
H'(AL_)>0 for A!_, = {y €T ()1 = —s%r} (3-45)
By using (3-39) and the fact that a — a/(1 + ra) is increasing on a > 0, we see that for every y € A’__,
y = g-(y), we have
- Lo ®Di) 1 1/(t—s)
Y i) =ty So—— - <0, (346)

izl s—r o lHrkdi(y) T s - 1+ (r/(t—s) ~

provided r € (rg, s) for ro = ro(s, t) suitably close to s, depending on s and 7. Here the choice of O on
the right-hand side of (3-46) is arbitrary. Any constant strictly less than n would suffice for the rest of the
argument.

Now consider the set

A= U A

ro<r<s

so that by the coarea formula and (3-45)
S S
A= [ wanin = [ w0
ro ro

By the a.e. second-order differentiability of u, there exists yo € A such that u admits a second-order Taylor
!, 50 that VZu(y0)[N (y0)] =0

s—r°

expansion at yo. Moreover there exists r € (rg, s) such that yoe AL_, CT
by (3-40), and thus

VZu(yo) = V5 N(yo) = — i(x.z_,»(yo)n (30) ® % (0), (3-47)
i=1
thanks to (3-15). Moreover, by (3-46), we definitely have
Zn:(Ks’_,)i (o) <0. (3-48)
Let us now set v = —N(yp) and -

Dp={zevL:|z|<,0}, C,={z+hv:ze D, |hl <p}, p>0.

For every ¢ > 0, the second-order differentiability of u at yg, (3-48) and (3-47) imply the existence of
p > 0 and of a second-order polynomial 1 : v+ = R" — R such that n(0) =0, V5(0) =0,

. Vi ) . ( Vi ) i
—div| ——= @ = —div| ——= |(0)+e = ) («k,_,)i(yo) +26 <2 (3-49)
1V< T IVn|2 V4 1v T |Vn|2 & ; K Yo & &
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for every z € D, and

yo+{z+hv:izeD, —p<h<n(@)} C(o+Cp NQ_,. (3-50)
If we translate Q by (s — )N ()p), then

Qu—r C(Q+ (s —r)N(yo)) with yg € 92—, NI(2+ (s —r)N(y0)).
We are now in the position to apply Theorem 4 with
M =03(2+ (s —r)N (o) — o),
v=—N(o), U=D,, z0=0, hg=v-yo— p and 7 as in (3-49). Indeed by (3-50) we have that if we set
@(z) =inf{h € (hg,00) :z+hve M}, zeD,,

then 00 > ¢ > n > hg on D, as well as ¢(0) = n(0) = 0. However, by (3-49),

Vn
V1+1Vn?

while by the constant mean curvature condition n = Hg = Hjyq - vg on 0*Q we have

—Vo()+v
V1+|Ve(z)?

This is a contradiction to Theorem 4; hence we obtain (3-41).

282—div( )(z) forall z € Dy,

n=Hy(z+e)V)- fora.e.z € D,.

Conclusion of the proof: Having proved (3-41), we can now apply the Montiel-Ros argument. By (3-35)
and (3-41),

1/kn(x) 1

Q=12 <12(2)| < /Zﬂo(c—‘(y))dy = /asz dH /0 [ [ =iy dt,

i=1

where Z ={(x,1) € 9*Q xR:0 <t <1/k,(x)} and ¢ (x, t) = x —tvg(x). Here we have used the fact
that Z is a locally 7"~ '-rectifiable set in R"*! x R with

H' L ((0*Q) x R) = (H" L 9*Q) x H', (3-51)

see [Maggi 2012, Exercise 18.10], and that J%¢ = [T'-,(1 — tx;). By the arithmetic-geometric mean
inequality and by «, > Hs(')z /n, arguing as in (1-9) we thus find

/ 1/Kp(x) 1/kn (x) 1 n n
d’HZZ/ (1—“(i(x))dt§/ d%ﬁ/ (— (l—tlci(x))> dt
*Q 0 H a0 0 n ;
n/Hg
5/ d%j;/ (1—tHY)" dt
Q2 0

n dH"
= f =19,
I’l+1 IQ HQ




ALEXANDROV’S THEOREM REVISITED 1637

so that equalities hold everywhere and

1£(Z)\ 2] =0, (3-52)
HO ' (y) =1 forae.yeg, (3-53)
_Hy .
ki(x)=—= foreveryx €90*Q, i=1,...,n. (3-54)
n

Recall that we have rescaled 2 so that Hgo2 =n. By (3-54), since 9*<2 is relatively open in €2, we can
find a family {S;}ic;, I C N, of mutually disjoint subsets of 3*Q with S; C 8 B;(x;) for points x; € R**+!
such that
*Q = U Si, S; is relatively open in €2, §; is connected. (3-55)
iel
Because S; C 92, we know that u(x;) < 1.

We claim that u(x;) =1 for every i € I. Indeed if § > 0 and i € I are such that u(x;) = 1 — 44, then
Bs(xi)NA; C Q, where A; = ¢(S; x (0, 1)) is an open subset of 2. For any y € Bs(x;) N A;, the triangle
inequality implies u(y) < 1 — 3§, while clearly d(y, S;) > d(y, dB(x;)) > 1 —4. In particular, if x € 02
is such that |[x — y| = u(y), then x &€ S;. Since (3-35) and (3-41) imply that for a.e. y € €2 there exists
x € 9*Q such that |[x — y| = u(y), we conclude from (3-55) that for a.e. y € Bs(x;) N A; there exist j # i
and x € §; such that [x — y| = u(y); in particular, Bs(x;) N A; N A; is nonempty, and since it is an open
set, we have

0<|[Bs(x;)NA;NAj|, where,ifi #j, A;NA;C{yeQ:H@ " (y)>2)

This is a contradiction to (3-53). Thus u(x;) =1 for every i € I.
Now let 7; denote the closure of S; in d By (x;). Since u(x;) =1 for every i € I, we can apply Theorem 4
to M = 02 at each x € T; to find p, > O such that

dQN B, (x) = 0B, (x;) N B, (x). (3-56)

This in turn proves that 7; = 0 B1(x;), and thus that d By (x;) C 02 for every i € 1.

Since H"(dB1(x) N dB1(y)) = 0 unless x = y, P(2) < oo implies that [ is finite. Since 9*S2 is
covered by the S;, €2 is the finite union of the balls Bj(x;), and owing to d B;(x;) C 9<2, these balls must
be disjoint (their closures can of course intersect). This completes the proof of Theorem 1. U

Proof of Corollary 2. Condition (1-4) implies that the vector-valued Radon measures
,LLQJ. = ijHn L 8*9]'

converge in weak-star sense to uq with |ug; | A lug| on R By Reshetnyak’s continuity theorem
[Ambrosio et al. 2000, Theorem 2.39]

dug, d
lim <1>(x, il <x>>d|ug,|=f @(x,ﬂm)dmm
=00 Jee -\ dlug)] 1 S\ dlual
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whenever ® € CO(R"! x S§"). Given X € C}(R"!; R*+1),
O(x,v)=divX®x)—v-VXX)[v], (x,v)eR"! xS
belongs to CE(R”“ x §") and thus we find
lim div?"™ % X dH" = / div?? X dH".
J—=00 Jorq; 9*Q
By (1-5) and by ug; = pgq
lim div?™% X dH" =2 lim X vg, dH" =1 / X -vqdH".
J—>00 *Q; J—>© 9*Q; 0*Q

We have thus proved that 2 is a set of finite perimeter, finite volume and constant distributional mean
curvature. We conclude by Theorem 1. U

4. The Heintze—Karcher inequality for sets of finite perimeter
The proof of Theorem 1 also shows that the Heintze—Karcher inequality can be generalized to sets of
finite perimeter. In this section we explain how this is done. As usual, set u(y) = dist(y, 9€2) for y € Q.

Lemma 7. If Q is an open set with finite perimeter and finite volume in R, then Qs ={y € Q:u(y) > s}
is an open set of finite perimeter with H" (92, \T';)) =0 for a.e. s > 0, where T} = U, % and Tk is
defined as in (1-14). Moreover:

(i) Foreverys > 0, T'}f can be covered by countably many graphs of C U functions from R" to R"*1,
(ii) For every s > 0, the principal curvatures (ks); of U are defined H"-a.e. on '} by setting
(ks)i = (k1); onT! foreacht > s,

for (k1); as in (3-15). Correspondingly, H"-a.e. on T we can define

n n
Ho = (k)i |AgP=) (k)?
i=1 i=1

as natural generalizations of the mean curvature and of the length of the second fundamental form of 02
with respect to vg, at points in I'} C 0%2;.

(iii) Foreveryr <s <t,themap g, : Ty — T’

. with

s—r>

t
s—r?

defined by g(y) =y —rVu(y) fory € '}, is a Lipschitz
bijection from I'} to T

: - (k)i (y)
FS r = 1 s)i Py s—r)i r NN 4_1
J g () i|:1|( +rk)i(y),  (Ks—r)i(gr(y)) T3 r ) O) (4-1)

forH"-a.e.y €Tl

Proof. All these conclusions are contained in Steps 1, 2 and 3 of the proof of Theorem 1, where at no
stage the constant distributional mean curvature condition, or the regularity of d*2 implied by it, have
been used. O



ALEXANDROV’S THEOREM REVISITED 1639

As a consequence of Lemma 7, we see that for every x € g,(I';)") C <2, the limit
ki(x) = lim (k5—,); (x) € [-00, 00) (4-2)
r—s

exists by monotonicity; see (4-1). We thus give the following definitions: given an open set of finite
perimeter and finite volume  C R"*! we define the viscosity boundary of Q as

'@ =|Je@H
s>0

and the viscosity mean curvature of <2 by

n
HE(x) =Y ki(x) forall x €3"Q. (4-3)
i=1
Notice that 9V<2 is covered by countably many #"-rectifiable sets, although it may contain points of
spt wg that are outside the reduced boundary, or that have density 1 for 2. It is not obvious if, at this level
of generality, 3V$2 is H"-finite. In any case, our only reason for introducing these concepts is to formulate
the following definition: a set of finite perimeter and finite volume €2 is mean convex in the viscosity
sense if H{, defined in (4-3) is positive along 0$2. It is easy to see that if 92 is C? then 9V = 992
and Hg(x) = Hq(x) for any x € 9$2. Hence, the viscosity notion generalizes the mean convexity in the
classical sense.
This said, following Brendle’s point of view [2013] on the Montiel-Ros argument, we have the
following generalized form of the Heintze—Karcher inequality; see (4-4) below.

Theorem 8 (Heintze—Karcher inequality for sets of finite perimeter). If Q C R"*! is an open set of finite
perimeter and finite volume which is mean convex in the viscosity sense, then for every s > 0

dH"
Q] < ”/‘ . (4-4)
n + 1 F;r I‘IQ_v

Moreover, the limit of the right-hand side of (4-4) as s — 0T always exists in (0, oo].

Proof. The mean convexity assumption on €2 and the monotonicity property behind the definition (4-2)
of k; imply that Y /_, (k,); > 0 on I'}". We define for every s > 0

Moreover, for every t > 0 we define Q' : (0, t) — (0, co0) by setting

Qs

; . dH"
Q@—Aﬂl,se&&

Notice that
O(s) > 0'(s) > Q'(s) forallt>s, e >0, (4-5)

and recall that 1" (T'!) converges monotonically to H"(I;") as t — s, so that

Q(s) = lim Q'(s) =sup Q'(s) forevery s > 0. (4-6)

t>s
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For r € (0, s) by Lemma 7(iii) we have

t t [T7, (47 (ki) 1 ) ;
IR = - dH
Q ¢ Q ) ~/F§ (Z?_l(Ks)i/(l +r(ky)i) HQS

1+ rHg, + O,(r%) 1 ;
= : — ",
ri\ Ho, —r|Aq,|*+ 0,(r*)  Hg,

where O, (r?)/r — 0 uniformly on I'! as r — 0. We thus find that Q' is differentiable on (0, r) with

N/ _ |AQS|2 n
(Q)(s)=— [ 1+—5—dH" forallse(0,1).
I HQ,

By the Cauchy—Schwarz inequality, Héx <n|Agq,|*> Hence,

(0'(s) < —"%IH”(FQ for all s € (0, 1). (4-7)
If 0 < 51 < 55, then by (4-6), (4-5) and (4-7) respectively, we have
Q(s1) — Q(s2) = 81_i>%1+ QI (s1) — Q" (52)
> glilfﬁ 0" (s1) — Q7 (52) = Q™ (s1) — Q™ (52)

n+1
n

=

)
/ H"'(T2) ds, (4-8)
s1

and, in particular, Q is decreasing on (0, o). Again by Lemma 7(iii)
n

’Hn(Féfr) = / 1_[(1 +r(ki)g) dH",
Iy iz

where 1 +r(k;)s — 1 uniformly on I'} as » — 0 thanks to 1/(t —s) > (ks); > —1/s foreveryi =1, ..., n.
Thus H"(I"}) is continuous on s € (0, 7), and

$
/ H'(T2)ds = (52— sQH”(Fjﬁ
S1
for a suitable s, € (s1, s7). But (3-34) implies
lim inf H" (I'$?) > H" (9€2,)
s—>(s2)~

so that, in conclusion,

. 1
lim inf
s1—>(s2)” §2 — 81

5
/ W' () ds > H'(9Ry,) forall s, > 0.
S

1

Coming back to (4-8), and noticing that Q’(s) exists for a.e. s > 0 by monotonicity, we conclude that
1
—0') = " 09, forae.s > 0.
n

We integrate this inequality over (s, co) to complete the proof of (4-4). O
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