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ON THE COST OF OBSERVABILITY IN SMALL TIMES FOR
THE ONE-DIMENSIONAL HEAT EQUATION

JEREMI DARDE AND SYLVAIN ERVEDOZA

We aim at presenting a new estimate on the cost of observability in small times of the one-dimensional
heat equation, which also provides a new proof of observability for the one-dimensional heat equation.
Our proof combines several tools. First, it uses a Carleman-type estimate borrowed from our previous
work (SIAM J. Control Optim. 56:3 (2018), 1692—-1715), in which the weight function is derived from
the heat kernel and which is therefore particularly easy. We also use explicit computations in the Fourier
domain to compute the high-frequency part of the solution in terms of the observations. Finally, we use
the Phragmén-Lindelof principle to estimate the low-frequency part of the solution. This last step is done
carefully with precise estimations coming from conformal mappings.

1. Introduction

Setting. The goal of this work is to analyze the cost of observability in small times of the one-dimensional
heat equation. To fix the ideas, let L, T > 0 and consider the following heat equation, set in the bounded
interval (—L, L) and among some time interval (0, T'):

du—02u=0 in (0,T)x (=L, L),
ut,—L)=u,L)=0 1in(0,7), (1-1)
u(0,x) = uo(x) in (—L, L).

In (1-1), the state u = u(¢, x) satisfies a heat equation, with initial datum u¢ € HO1 (=L, L).

Our main goal is to study the cost of observability in small times 7" of the problem (1-1) observed
from both sides x = —L and x = 4 L. To be more precise, let us recall that it is by now well known that
there exists Co(7, L) such that all solutions u of (1-1) with initial datum u¢ € HO1 (—L, L) satisfy

lu(T) L2~y < Co(T. LY(19xu(t. —L) | 20,7y + 10xu(t, L)l £2¢0,1))- (1-2)

In fact, the existence of the constant Co(7, L) is a consequence of the null controllability results in small
times obtained by [Egorov 1963; Fattorini and Russell 1971] in the one-dimensional case. From now on,
we denote by Co(T, L) the best constant in the observability inequality (1-2).

A precise description of the constant Co(7, L) as T — 0 is still missing, despite several contributions
in this direction, which we would like to briefly recall here. First, [Seidman 1984] showed that

limsup T log Co(T, L) < o0, (1-3)
T—0
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while [Giiichal 1985] proved that
liminf 7 log Co(T, L) > 0. (1-4)
T—0

Besides, due to the scaling of the equation, Co(7, L) depends only on the ratio L2/ T. Therefore, the
quantity 7 log Co(T, L) should be compared to L2 We list below several contributions:

liminf 7' log Co(T.L)= 117 [Miller 20041,

—0

liminf 7 log Co(T, L) = 3 L? [Lissy 2015],
T—0

limsup 7 log Co(T, L) <2(36)*L2  [Miller 2006],
T—0

limsup T log Co(T, L) < %Lz [Tenenbaum and Tucsnak 2007].
T—0

Main result. Our contribution comes in this context. Namely we prove the following result:

Theorem 1.1. Setting

r'(1)? -1 I'(n+1
Ko=%—|— (4)2 > 1" I §) (Ko >~ 0.6966), (1-5)
821 = 2n+1) F(n + Z)
where I denotes the gamma function, we have
limsup T log Co(T, L) < KoL?. (1-6)
T—0

In fact, for all K > Ky, there exists a constant C > 0 such that for all T € (0, 1], for all solutions u of
(1-1) with initial datum ug € H} (—L, L),

%2
u(T) exp (ﬁ)
Remark 1.2. The constant Ky in (1-5) can alternatively be written as

1, 2 Jy In(eot($)) eosydr
Yoo Vesdr

2

KL
< Cexp( 1 ) (st ~Dlizry + st D). 0D

L2(—L,L)

Ko =

(1-8)

see Proposition 2.3 in Section 2.

Theorem 1.1 slightly improves the cost of observability in small times when compared to [Tenenbaum
and Tucsnak 2007]. However, we do not claim that this bound is sharp, and this remains, to our knowledge,
an open problem. In particular, we shall comment in Section 4F a possible path to improve the estimates
given in Theorem 1.1.

In fact, we believe that Theorem 1.1 is interesting mostly by its proof, presented in Section 2, which
combines several arguments. In particular, it uses a Carleman-type estimate, which was already used in
[Dardé and Ervedoza 2018] to derive a good description of the reachable set for the one-dimensional heat
equation in terms of domains of holomorphic extension of the states. This Carleman-type estimate is
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used to reduce the problem of observability to an estimate of the low-frequency part of the solution of
(1-1). Then, we shall use Fourier analysis on the conjugated heat equation to get an exact formula for the
high-frequency part of the solution of (1-1) in terms of the observations. The last part of the argument is
a complex analysis argument based on the Phragmén—Lindel6f principle. We refer to Sections 2 and 3 for
the detailed proof of Theorem 1.1.

Let us also mention that Theorem 1.1 is strongly connected to control theory. Indeed, let us consider
the following null-controllability problem: given 7 > 0 and y¢ € L?(—L, L), find control functions
v_, vy € L%(0, T) such that the solution y of

9y —33y=0  in(0,T)x (=L, L),
y(t,—=L)=v_(t) in(0,7),

. (1-9)
y(t,+L)=v4(t) in(0,7),
y(0,x) =yo(x) in(=L,L),
satisfies
y(T,x)=0 in(—L,L). (1-10)

It is well known, see, e.g., [Egorov 1963; Fattorini and Russell 1971], that for any 7" > 0, one can find
controls v_, vy of minimal (L?(0, T))? norm, depending linearly on yo € L?(—L, L), such that the
controlled trajectory, i.e., the solution of (1-9), satisfies (1-10). Besides, the Z(L?(—L, L); (L?(0, T))?)-
norm of the linear map yg > (v—, v4) is precisely Co(7, L). In other words, Co(7, L) also characterizes
the cost of controllability for the one-dimensional heat equation.

We emphasize that Theorem 1.1 also allows us to tackle some multidimensional settings. Namely, as
a consequence of Theorem 1.1 and the control transmutation method, see [Miller 2006], one gets the
following corollary:

Corollary 1.3. Let Q be a smooth bounded domain of R%, and let Ty be an open subset of 9. Let
a=a(x) € L®(Q; Mz (R)) and p € L*®°(2; R) be such that there exist strictly positive numbers p—, p+,
a— and a4 such that for all x € Q and & € R4,

a_|E’ <a(x)é-E<arlEl’. p-<p(x)<ps.

Further assume that there exist a time Sy > 0 and a constant C > 0 such that, for any (wg, wy) €
HO1 () x L%(R), the solution w of

p(x) dssw —div(a(x)Vw) =0 in (0,5) x 2,
w(s,x)=0 on (0,85) x 092, (1-11)
(w(0, x), dsw(0,x)) = (wo(x), wi(x)) in L

satisfies a(x)Vw -n € L%((0, So) x I'y) and

[[(wo, w1) ”H&(Q)XLZ(Q) < Clla(x)Vw - nllp2(0,50)xTo)- (1-12)
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We define Co(T, 2, 'g) as the best constant in the following observability inequality: for all ug € HO1 (M),
the solution u of
o(x)d;u —div(a(x)Vu) =0 in(0,T) x 2,

u(t,x)=0 on (0,T)x 02, (1-13)
u(0, x) = uo(x) in Q
satisfies
lu (D) L2(ary < Co(T, 2, To)lla(x)Vu - nl 20, 7yxTy)- (1-14)
Then we have
lim sup T log Co (T, 2, Top) < KoSZ. (1-15)
T—0

Corollary 1.3 uses the transmutation method and therefore the observability of the corresponding wave
equation (1-11), which has been well-studied in the literature. In particular, if the coefficients p and a
are C2(Q), according to [Bardos et al. 1988; 1992; Burq and Gérard 1997], the wave equation (1-11)
satisfies the observability inequality (1-12) if and only if all the rays of geometric optics meet I'g in a
nondiffractive point in time less than Sy. In the case of coefficients p and @ which are less regular, let
us quote [Fanelli and Zuazua 2015] in the one-dimensional case with p and a in the Zygmund class,
and [Dehman and Ervedoza 2017] in the multidimensional case for coefficients p € C%(R) and a = 1,
with p satisfying a multiplier-type condition similar to the one in [Ho 1986; Lions 1988] in the sense of
distributions (and p locally C 1 close to the boundary, see [Dehman and Ervedoza 2017, Section 4.2]).

Let us emphasize that Corollary 1.3 can be applied in the one-dimensional case as well for coefficients
in the Zygmund class [Fanelli and Zuazua 2015], thus allowing a more general class of coefficients than
in the analysis of [Miller 2004; Tenenbaum and Tucsnak 2007], which is done for p = 1 and a € C?
(and, possibly, a continuous potential). But even in the case Q = (=L, L), To={-L,L}, p(x) =1,
a(x) =1, we get So = 2L and thus we obtain an estimate on the cost of observability of the form

limsup T log Co(T, (—L, L), {—L,L}) < 4KoL?,
T—0

instead of (1-6). In other words, we have a loss of a factor 4, so that the results in [Miller 2004; Tenenbaum
and Tucsnak 2007] are better than ours in the one-dimensional case for a coefficient a in (1-13) which
belongs to C2. Therefore, we shall also explain how Theorem 1.1 can be extended to a multidimensional
case directly when the observation is performed on the whole boundary; see Theorems 4.1-4.2.

Let us mention that the proofs of the observability inequality of the heat equation for general smooth
bounded domains €2 and observation in an open subset 'y of the boundary in [Fursikov and Imanuvilov
1996; Lebeau and Robbiano 1995] yield that

limsup 7 log Co(T, 2, Tp) < oo,
T—0

while on the other hand, [Miller 2004] proves

liminf 7 log Co(T, 2, T'o) = % supd(x, Tp)>.
T—0 Q
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To our knowledge, getting more intrinsic geometric upper estimates on the cost of observability in small
times in such general settings is still out of reach. In fact [Laurent and Léautaud 2018] shows that upper
estimates on the cost of observability in small times cannot be linked only to the maximal distance to
the control set and are deeply related to the geometry of the domain and of the observation set; see
Remark 4.3. However, in geometrical cases which can be obtained by tensorization, some estimates can
be obtained; see [Miller 2005] and Section 4B for more details.

We shall also mention that estimating the observability constant in small times for the heat equation
in the one-dimensional case is related to the uniform controllability of viscous approximations of the
transport equation; see [Coron and Guerrero 2005; Glass 2010; Lissy 2012; 2015]. We refer in particular
to Section 4G for a more precise discussion on this problem. In particular, the proof in [Lissy 2012],
when combined with Theorem 1.1, easily yields an improvement of the results known on this problem;
see Section 4G and Theorem 4.10 for more details.

As we have seen in the above discussion, there are still some open questions on the observability of
the one-dimensional constant-coefficient parabolic equations, despite the efficiency and robustness of the
approach based on Carleman estimates [Fursikov and Imanuvilov 1996; Lebeau and Robbiano 1995].
This has justified the development of new manners to derive controllability of parabolic equations, and
we shall in particular quote the flatness method developed in [Martin et al. 2014; 2016], a heat packet
decomposition [Gimperlein and Waters 2017] and the backstepping approach [Coron and Nguyen 2017].
Our method comes in this context and provides what seems to be another approach to obtain observability
results for the heat equation.

Outline. Section 2 presents the main strategy of the proof of Theorem 1.1 using several technical results
that will be proved afterwards, in Section 3 for the ones using new arguments and in the Appendix for a
Carleman-type estimate (Theorem 2.1) which can be found also in [Dardé and Ervedoza 2018] in a slightly
different form. Section 4 provides several comments on Theorem 2.1 and its generalization, including a
discussion on what can be done in the multidimensional setting (Section 4A), when the geometry has a
tensorized form (Section 4B), or when the observation is on one side of the domain (Section 4C) or on
some distributed open subset (Section 4D). We also present in Section 4E an alternative proof of a weaker
version of Theorem 1.1 based on the uncertainty principles of [Landau and Pollak 1961] and the result in
[Fuchs 1964], recovering the result of [Tenenbaum and Tucsnak 2007]. This will lead us to discuss the
possibility of improving the estimate of the cost of observability in small times in Theorem 1.1 by using
a better bound than the one provided by the use of Phragmén—Lindelof principle for entire functions;
see Section 4F for more details. We end up in Section 4G by giving a consequence of our result on the
problem of uniform controllability of viscous approximations of transport equations. The Appendix gives
the detailed proof of a rather easy Carleman estimate which is one of the building blocks of our analysis.

2. Proof of Theorem 1.1: main steps

As said in the Introduction, the proof of Theorem 1.1 relies on several steps.

The first step is the following Carleman-type estimate.
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Theorem 2.1. For any smooth solution u of (1-1), setting
2 2

4t

z(t,x) = u(t, x) exp(x ), (t,x)e(0,T)x(—L,L), (2-1)

we have the inequality
L L2 L L T
/ 10x2(T, x)|*dx — —= | |2(T,x)*dx < — | t(|0xu(t,—L)|* +|dxu(t, L)|*)dt. (2-2)
L 47?2 )1 T2 Jo
Theorem 2.1 is based on the study of the equation satisfied by z in (2-1). As u satisfies the heat
equation (1-1), the function z in (2-1) satisfies

9z 4+ 29 Z+LZ—822—L—ZZ=0 (t,x) € (0,00) x (=L, L)

t T2t X7 42 T ’ T
z(t,—L)=1z(t,L) =0, t € (0, 00), (2-3)
z(0,x) =0, xe(—L,L).

One can therefore perform energy estimates on (2-3), which will eventually lead to (2-2). In the
Appendix, we prove a slightly more general result, encompassing also some multidimensional settings,
see Proposition A.1, from which one immediately derives Theorem 2.1 by setting 2 = (—L, L) and
g=0.

Note that Theorem 2.1 was used in [Dardé and Ervedoza 2018] in time 7 > L? /7 in order to describe
the reachable set of the one-dimensional heat equation. Estimate (2-2) is somehow a Carleman estimate
even if here no parameter appears in the proof. In fact, it rather corresponds to a limiting Carleman
estimate as the conjugated operator (2-3) does not satisfy the usual strict pseudoconvexity conditions
of [Hormander 1985]. We refer in particular to [Dos Santos Ferreira et al. 2009] for other instances of
limiting Carleman weights in another context, namely elliptic operators.

The second step of our analysis amounts to realizing that the solutions z of (2-3) could be explicitly
solved using Fourier analysis if one extends the solution z of (2-3) by zero outside the space interval
(—L, L). We therefore introduce, for ¢ € (0, T],

z(t,x) (: u(t, x) exp(x ; )) forx e (=L, L),
0 forx ¢ (—L, L).

In view of the above definition, it is then natural to set w(0, -) = 0, since it is consistent with the above

2 2

w(t,x) = (2-4)

definition when taking the limit # — 0. This function w satisfies

2
B+ 0w+ %w _Rw— %w — 0u(t, L)L — dxu(t,—L)s_p. (1,x) € (0,00) x R
w(0,x) =0, x eR.

Using Fourier transform, one can then compute explicitly

w(T,g)szw(T,x)e—’fx dx,

L (2-5)

at least for some frequency & € C:



ON THE COST OF OBSERVABILITY IN SMALL TIMES FOR THE ONE-DIMENSIONAL HEAT EQUATION 1461

Proposition 2.2. For a = 0, define the sets (see Figure 1)
bu={E=a+1beC:(a,b) e R*with |a| = |b| +a}. (2-6)

Let w be given by (2-4) corresponding to some smooth solution u of (1-1).
Then, for any § € €,/(2T)»

T LT LT 2m2 L2
(T, £) =/0 \/?(—axu(z,—L)elEr +0gu(t, Lye™ )~ ET =) G=1) gy 2-7)

In particular, for any a > L/(2T), setting

1
Cy(T) = , 2-8
1) v L(a—L/(2T)) 2-8)
for all & € Gy, we have
[B(T. &)| < Ca(T)VT eSO (0 cu(-, L)l z2¢0.7) + 19xu (-, =LY 22¢0.7)- (2-9)

The proof of Proposition 2.2 is done in Section 3A and relies on explicit computations. In particular, it
gives a precise L°° bound on the high-frequency component of w(7) given by (2-4) corresponding to a
smooth solution u of (1-1).

The third step of our analysis consists in the recovery of the low-frequency part of w given by (2-4).
In order to do that, we recall that w(7, -) is the Fourier transform of a function supported in [—L, L].
Therefore, its growth as |J(§)| — oo is known, while W(T,-) is holomorphic in the whole complex
plane C. Combined with the fact that we have nice estimates on W (7, -) in %, for @ > L?/(2T), we are
in the position to use Phragmén-Lindelof principles to estimate w (7, - ) everywhere in the complex plane,
but more importantly on the real axis R.

Proposition 2.3. Let L. > 0, a > 0 and f be a holomorphic function on G, = C\ Gy (see Figure 1) such
that:

o There exists a constant Cy such that

forall§ € 00y, | f(§)| < Coexp(|S(§)|L). (2-10)

e There exists a constant Cy such that
forall§ € O, | f(§)] < Crexp(|3(§)[L). (2-11)
Defining
01 ={(a,b) e R?: |a] < |b| + 1},
there exists a unique function ¢ satisfying

= —28(_1.1)x{0y in 01,
0 on 36, 2-12)
1imyp|— 00 SUPge(—[b|—1,|p|+1) [P (@, D) =0,
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3()

Figure 1. The complex plane, with domains % and &,.

and we define the function ¢ on O by

p(§) =9p(MN(),3(), &eoln. (2-13)
Then we have the bound
forall€ € 0, | £®)] < Coexp(3E)IL) exp(Lago (g)) (2-14)
Besides, the maximum of ¢ on 01 is attained in 0:
r})’ « D" I(n+i)
= p(0) = —2 47 (~0.893204), 2-15
supy = ¢(0) 4@72%(2“1”(%%) ( ) (2-15)

which can be alternatively written as

f% (cot( )) v/cos(t) dl 2-16)
\/cos(t )dt

Proposition 2.3 mainly reduces to the applicatlon of Phragmén-Lindelof principle for holomorphic
functions. In fact, the main point in Proposition 2.3 is that the maximum of the harmonic function ¢ can
be explicitly computed. This is done using conformal maps to link the solution of the Laplace equation in
the domain &; with solutions of the Laplace operator in the half-strip, in which explicit solutions can be
computed using Fourier decomposition techniques. We refer to Section 3B for the proof of Proposition 2.3.

Of course, we shall apply Proposition 2.3 to the function f = w(7,-), which, according to (2-9),
satisfies (2-10) for any @ > L/(2T) with

Co = Ca(T)VT (I19xu(-. L)llz2¢0.7) + I10xu(-. =Ll 12(0.7))+
while (2-11) holds with
Cr=|lwDllprr.ry < V2LIu(T)2(~L,) < V2L |uollL2(-L,1)-

®(0) =

=l|t\)

We then immediately deduce the following corollary.
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Corollary 2.4. Let w be given by (2-4) corresponding to some smooth solution u of (1-1). Then, for any
a>L/Q2T),

forall §€ O4NR,  |[W(T.§)|<Ca(T)VT O ([0 u(-, L) 20,7y +19xu(-.—L) I z20,1): (2-17)
where Cy(T') denotes the constant in (2-8).

End of the proof of Theorem 1.1. Let ¢ > 0, and choose & = (1 + &)L /(2T). Combining (2-17) and (2-9),
we see that

. 2T L?
forall § R, [(T.5)] < \Ez exp(<1 +s)ﬁ<p(0))(||axu<~ Dz + 1951 ~Dllzzn)-
(2-18)
Then, using Theorem 2.1 and the identity

L ) L2 L ) ) L2 . )
[ eropar— [P as= [ (162 - 525 oo g
we have

312

— [W(T, €)|* d&
AT? Jigj>/T

L 2 2 L2 ~ 2
< L (0 D)oy + 100 ~L) 2 1) + ey /|5|<L/<m (T ) dt.

Combined with (2-18), we obtain

/ (T 5P de
|E|I>L/T

AT AT L? ) )
< (57 + are (149 500)) 10 Ly + s Do) @19

and

8T L?
N 2 2 2
[, e de< e exp((1+0) 700 (1050 Dl ry I <L) ) 220

Using Parseval’s identity and the explicit form of w in (2-4), we easily get, for some constant C,(T") that
goes to zero as T — 0, that

2_ 72
u(T, x) exp(x L )

AT

L2(~L,L)
L
< Gy exp( 31+ 00 (105 iz + 105~ Dlzzo1).
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which we rewrite as

%2
u(T, x) exp(—)
4T L2(—L,L)
L>
< Ce(T) exp 7(1 +3(1+)e0) ) (I0xu(-. L)lIL20,7) + 19xu (-, =L)lIL2¢0,7))-  (2-21)
This concludes the proof of Theorem 1.1, as C¢(T') < C¢(1) = C, for T small enough, for some C,
independent of 7. U

Remark 2.5. Note that the constant C; in the above proof blows up as ¢ goes to zero. If it were not the
case, one could pass to the limit £ — 0 in (2-21), so that one could choose K = Kj in the observability
inequality (1-7). So far, we do not know if this choice is allowed in the observability inequality (1-7) or not.

We have thus reduced the proof of Theorem 1.1 to the proofs of Theorem 2.1 and Propositions 2.2
and 2.3. The proof of Theorem 2.1 is postponed to the Appendix in which a slightly more general result
is proved (Proposition A.1), while the proofs of Propositions 2.2 and 2.3 are detailed in Section 3.

Remark 2.6. The above approach allows us in fact to recover an explicit formula to compute w(7') in
terms of the observations. Namely, for £ € R with || = L/(2T), formula (2-7) yields

T 2y(1_ 1
(T, s)zfo \/?(—Bxu(z,—L)e’éLtT+8xu(z,L)e_’thT)e_($2T2_L4)(t_T) dr.  (2-22)

On the other hand, combining the formula (2-7) and Remark 3.2 allowing us to get an explicit expression
under the assumptions of Proposition 2.3, we get: forall wsx >« > L/(2T), for all ¢ € R with |§| < L/(2T),

T Lo (¢(E/a)—¢ (/)
__/ \/Taxu(”_L)L/ ¢ pr: e’u%e_(ﬁTz—LTz)(%—%)d;d,
Ya -

eLoax(@(E/a)—¢(f/a))
/ \/73 u(t, L)— - e—z#e—(ﬁﬂ—%)(%—%)d;dh (2-23)
where ¢ is a holomorphic function on &1 such that R (¢ (£)) = ¢(§)+|3J(§)| for all £ € &) (see Section 3B2

for the existence of such function ¢), and y, is the union of the two connected components of 00y
oriented counterclockwise. But this formula does not seem easy to deal with as the kernels

Lot (¢(&/a)—p (¢ /) 2 L L
K= (1.6)=5— / < - H TGP g (1,8) e (0, T)x( )
Yo

27 2T
are difficult to estimate directly.
3. Proof of Theorem 1.1: intermediate results

3A. Proof of Proposition 2.2. Let w be as in Proposition 2.2. Then w satisfies (2-5). When taking its
Fourier transform in the space variable, we easily check that

w(z,g)=wa(r,x)e—’$x dx, (1,€)€[0,T]xR,
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solves the equation
a,w-%agw——wﬁ”—L—z = du(t, L)e L —du(r, —L)e' L, (1,) € (0, 00) xR,

W(0,£) =0, £eR.

(3-1)

We are thus back to the study of a transport equation. For each &y € R, we therefore introduce the
characteristics £ (¢, &o) reaching &y at time T,

Bty =20,

which is explicitly given by

(e(O.T],  E(T.E) =éo. (3-2)
f k) = 1e.T]

We can thus write, for all ¢ € (0, T,

d{(.{ &T 1 (5., L? 1\.[ &TY\ _ _ &LT  ELT
dt(w(l’ ; ))"'(tz(OT 2 > wlt, ; =0dxu(t,L)e™" 7 dxu(t,—L)e' 7

This yields the formula

jt( ( &TT) 1e_(ééTz_Lf)/t) (dxu(t, Lye™ EORE —dxu(t,—L)e' fort )t~ S &T-1)/

For any n > 0, we can integrate this formula between 1 and T to get
(T, 60) T2 e~ T~ 5T iy o) g3 e @T= )1
r L2
= / 73 (e, L™ T —dgu(r, —Lye! 7 )e BT gy,
n

It is not difficult to check that for &y € R with |§g| > L/(2T), the integral on the right-hand side converges
when 7 goes to zero, and

lim 1 (. £y~ 2e~ T~/ =,
n—0

Therefore, provided &y € R satisfies |§9| > L/(2T), one gets the formula

W(T, &) = /\f (@pu(t. e P —gu(t,—Lye! P @TG-P ar. (33)

This formula coincides with the one in (2-7) for &9 € €7+ /o7 NR (here, we use the notation L™ to denote
any constant strictly larger than L). As w(T,-) is holomorphic on C, we only have to check that the
right-hand side of formula (3-3) can be extended holomorphically to €7 + /,7- In fact, writing § = a +1b

with (a, b) € R?, the right-hand side of (3-3) can be extended holomorphically in the domain in which
L? 12
R(HELT — (272 = %)) = —bLT — (@ - )T? - Z-) <0,

m(—szT - (52T2 - %2)) — +HLT — (a2 —_bp)T2 - LTZ) <0,
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which is equivalent to

L
> |b| + —,
lal > 1Bl + 5

i.e., & € 61+ /). We have thus proved that for all § € 7+ o7), W(T,§) is given by the formula (2-7).
In fact, by continuity, this formula also holds for § € €7, /7.

In order to deduce (2-9), we start from the formula (2-7) and we use a Cauchy—Schwarz estimate: for

§€by witha > L/(2T),
LT L2\ /1 1
oo (5-7)
4 t T L2(0,T)

Ao BT () 1-1)

Writing £ € 6, fora > L/(2T) as € = a + 1b with (a, b) € R? and using the fact that

(meer— (- L)) <piur— (- £)
(s (w1 7) )
corfo (e oo )< e )

we have the estimates, for s € {—1, 1},

2
2 exp(sléLT — ( 2712 L—) (l — l))

L2\ /1 1
<2 eXp(|b|L+ (|b|LT—((az—bz)Tz—T)(;—T)))
1 ( LT( L)(l 1))
t 2exp|l——|a— -— =

2 2T T

Now, doing the change of variable ;1 = LT (& — 25 ) (1 — F), we easily get, for all £ € %,
_1 LT L 1 1
tZexpl —(a—=|[-—=
2 2T t T

Combining (3-4) and this last estimate, we easily conclude estimate (2-9).

[B(T. )| < VT [[0xu(t. L) 20,7

VT [0xut,~L) 120,17 o

L2(O,T)'

L2(0,T)

<ellL

L2(0,T).

2 =/00e_M d/-’L
20,1y Jo pu~+ L(e—L/(2T))
<
L(a—L/(2T))

3B. Proof of Proposition 2.3. We shall start the proof of Proposition 2.3 by proving the existence of a
function ¢ satisfying (2-12), and we will then explain how it can be used to derive the bound in (2-14).
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Figure 2. Approximation of ¢ solving (3-5), obtained by a finite-element approach
(using FreeFem++ [Hecht 2012]).

Notation. In the following arguments, to avoid ambiguities, we will write differently complex sets and
their identification as a part of R2; for instance we write &) = {£ € C: [R(§)| < |J(§)| + 1} and & =
{(a,b) €R?:|a| <|b|+1} as in Proposition 2.3. To be consistent with this notation, we will also distinguish
functions of the complex variable & from the corresponding ones considered as functions of the real
variables (a, b) using a tilde notation for the function viewed as depending on real variables, as in (2-13).

3B1. Existence and uniqueness of a function ¢ satisfying (2-12). The first remark is that the uniqueness
of a function ¢ satisfying (2-12) is rather easy to prove. Indeed, if two functions ¢; and @, satisfy (2-12),
then their difference ¢, — ¢; is harmonic in ¢; and vanishes on 851 as well as at infinity. Therefore, the
minimum and maximum of ¢, — ¢y is zero, and ¢; and ¢, coincide.

Thus, we will focus on the existence of a function ¢ as in (2-12). In fact, by uniqueness, we see
that necessarily ¢(a,b) = ¢(a, |b|) for all (a,b) € 1. We will thus only look for a solution ¢ in
51+ =0 N(Rx RZ%) of the problem

AG=0 in 0,
=0 on 30} \ (—1,1), (3-5)
dpp(a,0)=—1 forae(-1,1),

with the condition at infinity
lim sup |@(a,b)| = 0. (3-6)
b=>o0 ae(=|p|-1,I6]+1)

Let us introduce
Fy={€C:3(§)>0and —N(E) =1+3(5)},

Iy :={e€C:3(¢)>0and N(E) =1+ 3(8)},
Ip:={§ € C: (N(§).3(§)) € [-1, 1] x{0}},
the three components of the boundary of &7 = ) N {J(§) > 0.

Our goal is to show the existence of a function ¢ satisfying (3-5). In order to do so, we will rely on
two Schwarz—Christoffel conformal mappings [Henrici 1974, Chapter 5.12].
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The first one, F%, is defined for all { € CT = {¢ € C: J(¢) = 0} by

2 ¢ 2 —1 . ! 2\—1 F(%)
F3(§)=—/ (1—-z*)"4%dz—1, WlthK3=/ (1—-x*)"4dx =1
4 K3 J 4 Ja

where the path integration is arbitrary in C*.
The map F3 conformally maps C* into &, and satisfies the properties
F%(—l) =—1, F%(O) =0, F%(l) =1,
and

Fi((-00.—1))=T¢. F3((-1.1))=Tp. F3((1.00) =T, F%(z[RRJr):z[R{J“.

The second conformal mapping we will use is defined, for any ¢ € Ct, by

C 1
Fi(0) = %arcsin(é‘) - %/ (1—22)"3dz—1,
2 -1

which conformally maps C™ into the closure of the half strip ,5”1+ ={E=A+4+1B:4€(-1,1), B>0}
with the properties
F%(—l) =-1, F%(O) =0, F%(l) =1,
and
Fi((=c0.—1) =—1+ IR, Fu((-L.1)=(=1L1). Fi(l.oo)=1+ IR, F%(leJr): IR,
Finally, we define the conformal mapping
F=FioF7!,
2 1

which maps ﬁfr into yf“.

For any £ = a +1b € 07, we define & = A+ 1B = F(£). Using a standard computation from
conformal transplantation [Henrici 1974, Chapter 5.6], we see that ¢ solves (3-5) in 5’? if and only
if @ given by ®(A, B) = @(a,b) for A+ 1B = F(a + 1b) solves the following problem posed in the

half-strip 571+:
Ay pP=0 for A e (—1,1), B >0,

®(—1,B)=d(1,B) =0 for B > 0, (3-7)
9pd(4,0) = —Kl Veos(ZA) for A€ (—1,1).

3

iy

If the first two equations are standard, the last one deserves additional details. In fact, it comes from the
identity [Henrici 1974, Theorem 5.6a]

grdg ¢(§) = grdg ®(F(§)) F'(§). (3-8)
applied to § = a € (=1, 1), (implying F(§) = A € (—1,1)), where grd is the complex gradient: for
§ =a+1b, grdg p(§) = da¢(a,b) +10p¢(a,b) and for E = A +1 B, grdg P(E) = d4D(A, B) +
19gD(4, B).
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We therefore have to compute F’(§) = (F1 o F Y& = FL(F7Y(E)(F3Y/(§). To do so, let us
define ¢ = F (&) e CT. By definition, S *

RO = F 0= s
whereas K
(F§© = () (Fy@) = s =5 1- 22
Therefore, i

T —z2

with ¢ = F;1(£). In particular, for § =a € (—1, 1), we have ¢ € (—1, 1) and therefore F'(£) € R and
4

F'(§) =

9pD(4,0) = 0,G(a, 0)—— F,( ) —Kl3 VI=2. with = F7 ().

To conclude, we just note that { = F 1(A) if and only if ¢ = sin(Ax/2), and the third identity in (3-7)
follows.

Problem (3-7) has the advantage of being explicitly solvable. Indeed, as ® is harmonic in (-1,1) x
(0, o0), and satisfies &)(—1, B) = &)(1, B) = 0 for all B > 0, it necessarily has the decomposition

®(4, B) = Z(ake_k%B +aye 2B) sm(k A+ 1)) (A,B) € <5;1+.
k=1

Recalling condition (3-6) on ¢, we wish to have ) going to zero as B — co. We thus choose aj = 0 for
all k = 1, so that ® can be written as

(4. B) =) axe *2Bsin(kZ(A+1)). (4.B)es .
k=1

But the boundary condition on B = 0 is equivalent to

b4 . big
) Z kag sin(kZ(A+1)) = K—3\/ cos(5 A),
k=1 4
which explicitly yields the coefficients o :

1
forallk eN, o = %L/ sin(kZ(A+1))Vcos(3A4) dA.
-1

k K 3
As /cos(Am/2) is an even function and sin(kw (A + 1)/2) is an odd function for all even k, we have
oy = 0 for all even k. On the other hand, we have for any n € N, see [Gradshteyn and Ryzhik 2007,
equation 3.631.9],

/131n((2n+1) (A+1))Veos(ZA) dA = (—1)" / cos((2n+1)Z A) Veos(Z ) dA

1 —

= (—1)"%/0 cos((2n+1)t)+/cos(t) dt =

1 T(n+g)
27 T(n+3)
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where I"(-) stands for the Gamma function, so in the end we obtain

1 1 TErE+3)

72n+1T(3)T(n+ 1)

U2n+1 =

which can be slightly simplified using that F(Z) (%)/4 and F( ) 2/ F(%), giving
r@* 1 re+j
4272 2n+ 1) (n+ 1)

Q2pn+1 =

So finally, we have

F(l)z 1 T(n+3) o—@nt15B +
d(A, B)= W Z G DTt ) sin(2n+1)Z(A+1)), (4, B)est, (39

and
1)2 (-1)" T(n+1)

4
4+/272 ;N Cn+DI(n+72)

Note that, according to [Lebedev 1972, (1.4.25)],

®(0,0) = (3-10)

I T+g) 1
2n+lF(n+%)”;°°2n%’

hence the above series are well-defined. In particular, the identity (3-9) can be understood pointwise and

&)(- , B) goes to zero as B — oo:
sup {|B(A, B)| +04B(A. B)|} < C eXp(—ﬁ), B>0. 3-11)
Ae(=1,1) 2

Let us also note that, because ®(0, 0) is defined through a converging alternating series, we have

= r()?’ & 0 r+d)
*0.0) < 4272 ,;) Cn+ DT (n+7) <10

Computing the 100th partial sum of the series using Octave [Eaton et al. 2014], we obtain
(0, 0) ~ 0.893204.

A different expression for (0, 0) is

2 )y <cot< ) Veostoydi.

®(0,0) = = (3-12)

T \/cos(t )dt

which easily comes from the equality &J(O, 0) = ZneN(—l)”az,,H, the fact that

? cos((2n + 1)t)+/cos(t) dt,

d2nt1 = (=1)"

1
(2n + 1)nK_3/()
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the definition of K 3 and the identity, see [Gradshteyn and Ryzhik 2007, identity 1.442.2 p. 46],

2n +1 .
3 CIEDD i (eor(s)).

nenN

Note in particular that under the form (3-12), one immediately checks that
(0, 0) > 0. (3-13)

In agreement with Figure 2, we then show that the maximum of @ is attained at (4, B) = (0, 0). We first
note that the function ® given by (3-9) is positive in the strip 571+. Indeed, since ® is harmonic in the
half strip <571+ and is not constant, its minimum is attained at the boundary %JF or at infinity [Gilbarg and
Trudinger 1998, Lemma 3.4, Theorem 3.5]. The boundary conditions on 8571+ and the behavior of ®
as B — oo in (3-11) implies that the minimum value of @ is 0 and is attained on the lateral boundaries
{—1, 1} x Ry of the half strip. Consequently, the function d is positive in %, and its minimal value is 0.
Besides, as ® vanishes on the lateral boundaries {—1, 1} x R of the half strip, d4 (1, -) is strictly

negative by the Hopf maximum principle [Protter and Weinberger 1984, Chapter 2, Theorem 7]. We then
consider the function &DA =0dy ®. Formula (3-9) easily yields that &DA (0, B) =0 for B > 0, so that &)A
satisfies

ADy=0 in.ZF N{A >0},

®4(0,B)=0  for B >0,

®4(1,B) <0  for B >0,

dpP4(A4,0)=0 for A€ (0,1),

lim 5|00 SUPc(0,1) | P4 (4, B)| = 0.

It easily follows that the maximum of Dy is necessarily nonpositive in 571+ N {A > 0} by the application
of the maximum principle.

Finally, as ® is harmonic in the half-strip 571+ and is strictly positive in (0, 0), see (3-13), the maximum
of ® on the half strip ,571+ is necessarily attained on the boundary of the half—strip or at infinity, and therefore
on (=1, 1) x {0} according to the boundary conditions satisfied by ® in (3-7) and the conditions (3-11)
as B — oo. Now, 94® is nonpositive in 5”+ N{4 >0} and ®(4, B) = ®(|A| B) in the half-strip fl
according to (3-9), so the maximum of o is necessarily attained in (4, B) = (0, 0).

We then come back to the problem (3-5)—(3-6) and check that the function ¢ given by
@(a,b) = D(A,B) for A+1B = F(a+1b), (a.b)c b, (3-14)

with ® as in (3-9), satisfies (3-5)—(3-6).

By construction, ¢ automatically satisfies (3-5) and its maximum is attained in (a, b) = (0, 0) and
takes value ¢(0, 0) = (0, 0). We thus only have to check the condition (3-6). In order to do that, let us
introduce the real functions A = g(a, b) and B=B (a, b) given for (a,b) € 5’? by

F(a+1b) = A(a,b)+1B(a,b), (3-15)
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and let us check that

lim inf B(a,b) = +oo. (3-16)
b—o0 |a|<b+1

Indeed, if it were not the case, we could find real sequences (ay, by )nen With

lim b, = 400, forallneN, |a,|<b,+1, and  sup B(an,bp) < co. (3-17)
n

n—-oo

Then, if we set &, = F %_ Y(a, +1by), by construction,
Fi(¢n) = Alan. b) +1B(an. bn).
Therefore, according to the definition of F L
Sn = sin(5 (A(an, bn) +1B(an, bn))),

so that the sequence () is uniformly bounded in C as n — co. Then the sequence (a, b,) is given by
an +1by, = F3(¢y). But F3 maps bounded sets of C into bounded sets of C, so this is in contradiction
with (3-17), and the property (3-16) holds.

We can thus use (3-11) to get that for all b = 0,

sup {|@¢(a.b)|} <Cexp(—Z inf B(a,b))
la|<b+1 lal<b+1

which, according to (3-16), implies (3-6).
Remark 3.1. Another approach to obtain information on ¢, the solution of (3-5), is through integral
equations. More precisely, for ((a, b), (ag, by)) € (51+ )2, we define G as

((a—a0)* + (b —bo)?)((a + a0)* + (b + bo +2)?) )
(@+bo+1)2+(b+ao+1)?)((a—bo—1)>+(ao—b—1)?) )’

G(a, b, ag, bo) = ﬁln((

It is readily verified that for any (ag, bg) € é’?, G(-,-.ag, by) satisfies

éa,bg(' ,+,a0,bo) = 8(ao,bo) in 5;,
G(a,b,ap,bg) =0 for (a, b) such that |a| = |b| + 1.

Indeed, this comes from the fact that §7 is the suitable combination of the fundamental solution of the
Laplace operator in the sectors {(a,b) € RZ: b = |a| — 1} and {(a,b) e RZ: b = 1—|al}.

Then, standard computations show that ¢ is a solution of (3-5) if and only if it satisfies the integral
equation

1 1
@(ao,bo)z—/ abé(a,o,ao,bo)¢(a,0)da+/ G(a,0,a9,bo)da for all (ag, bo) € O7. (3-18)
-1 -1
We then introduce ¢ defined by

~ ~ 1 b
%(a,ao, b()) = —abg(a,O,ao,bo) — gm
0 — o
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1

0.8 1

0.6 [

0.4 r

0.2 1

0 . . .
-1 -0.5 0 0.5 1

Figure 3. The solid line shows ¢(ag, 0) for ag € (—1, 1), obtained by discretization of
(3-19). The dashed line shows ®(0,0) = ¢(0, 0).

It is easily seen that for any ag € (—1, 1),

1 1
lim/ sZ(a,aO,bo)@(a,O)da:/ G(a,ag,0)¢(a,0)da,
—1 1

bo—0

1 1
lim / a(a,O,ag,bo)da=/ g(a,(),ao,O)da,
-1 -1

bo—0

whereas
; LD a0y da = Lpao.0)
im — —— @(a, a = 5¢(ag,0).
bo—0 27 J_1 b2 + (a —ag)? v 2%

Therefore, choosing ag € (—1, 1) and taking the limit by — 0 in (3-18) leads to the integral equation

10,0 = [

1 1
F(a.a0.0) §(a.0) da +/ G(a,0,a0,0) da. (3-19)
1 -1

Discretizing (3-19), we can obtain a good approximation of ¢(ag, 0) for ag € (—1, 1) (see Figure 3).

3B2. Phragmén—Lindeldf principle. With ¢ as in (2-12), the function (a, b) — ¢(a, b) 4 |b| is harmonic
in 01, and it is therefore the real part of some holomorphic function ¢ in &

for all (a,b) € 61, R(p(a+1b)) = ¢(a,b)+ |b|,
or, equivalently, for all £ € 01, R(P(§)) = (&) + |I(E)|.

For each a > o, we consider the function gy, defined for &£ € &, by

§
0.6 = @ exp( ~Lawg (1)) 320)
By construction, gq, is holomorphic in &, and satisfies

forall § € 00y, |ga.(§)] < Co, and lim sup e (§)]) = 0.
[B(E) =00 "R (£)|<|I(E) |+
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Therefore, gq, attains its maximum on 00, so that
forall £ € 0y, |f(§)] <Co exp(%|i‘s(§)|L) exp(Loz*(p(g)).
Taking the limit ¢« — o, we immediately have
forall € 0. 1)1 < Coexp(3@NL exp( La( £ ). @21
that is, (2-14).

Remark 3.2. Let us remark that we can obtain from the above proof an explicit formula for f. Indeed, for
ax > o> L/(2T), we can use the Cauchy formula for the function g4, in (3-20) on the contour given by
Ya,R = 8(0a N {J(E) <R}) (with R > 0)

oriented in a counterclockwise manner, which yields, for all £ € R with || < L/(27),

1 Za.(0)
k4 Vo R .—¢

Now, due to the decay of g, at infinity, one can pass to the limit in the above formula as R — oo: for
all £ e R with || < L/(2T),

8o (§) = d¢.

1 g
Ziw J,, C—§
where y, is the union of the two connected components of d&, oriented counterclockwise. Recalling
the definition of g, , we end up with the following formula: for all £ € R with |§| < L/(2T),

_ L[ Lec@E/o—s/e) L)
S =5— /yf PRIOTIRIN TR db. (3-22)

8a.(§) = dg,

4. Further comments

4A. Higher-dimensional settings. The method developed above applies also to the cost of observability
of the heat equation in multidimensional balls. More precisely, we consider the following heat equation, set
in the ball of radius L > 0 of R (d = 1), denoted by By, in the following, and in the time interval (0, T'):

dru—Axu=0 in(0,T)x By,
u(t,x)=0 in (0,T) x 0B, 4-1)
u(0,x) =uop(x) in By,

where the initial datum ug belongs to H, 01 (Br). In that setting, we have the following result:

Theorem 4.1. Setting Ko as in Theorem 1.1, for any K > Ky, there exists a constant C > 0 such that for
all T € (0, 1], for all solutions u of (4-1) with initial datum ug € HO1 (BL),

|x|? KL?
u(T)exp T

sCexp( T

) 0wl L2((0,7)x381)- (4-2)
L2(BL)
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Here and in the following, | - | denotes the euclidean norm in R?. The proof of Theorem 4.1 closely
follows the one of Theorem 1.1; therefore we only sketch its proof, explaining the main differences with
the proof of Theorem 1.1.

Sketch of the proof of Theorem 4.1. We start by considering a smooth solution u of (4-1), and define

|x|2—L2
Z(l‘,x)=u(t,x)exp T ’ (t’x)e(O9T)XBL9
which satisfies
8;2+£-sz+iz—sz—L—22:0 in (0, 00) x B,
t 2t 412 ’ ’
z(t,x) =0 in (0,T) x 4B,
z(0,x)=0 in By,

Proposition A.1 with 2 = By, and g = 0 implies directly the following estimate for z:

L? L (T
/ |Vez(T, x)|? dx — —2/ |z(T, x)|* dx < —2/ / t|Vyz(t,x)-v|? ds(x) ds. (4-3)
B 4T= J, T2 Jo Jos,

We define w as the extension of z by 0 outside B,: w satisfies the equations

X d L2 . d
orw + ?-wa + 2—tw—Axw — Ew = Vyu(t,x)-véyg, in (0,00) x R%,

w(0,x) =0, xeRY,

Thus, its Fourier transform, defined for (¢, £) € (0, T') x C% by

w(r, €)= /Rd w(t, x)e % dx

satisfies
v Evan— Lo rep Loy = petEx d
;W ; Ve 2[w+5 20 = aBLqu(t,x) ve ds(x), (t,€)€(0,00)xR%, (4-4)
w(0, ) =0, £ecRe.

As in the one-dimensional case, (4-3) gives a high-frequency (|| > L/(2T)) L?-estimate of w(T,-)
depending on the observation and the low-frequency (|§| < L/(2T)) L?-norm of w(7, -), on which we
focus from now. To do so, much as in Section 3A, we solve the transport equation (4-4), and obtain, for
£o € R? such that |&y| > L/(2T),

d
(T, o) = / T(Z)z f Veu(t.x)-ve @G sy ar, @-5)
o \! IBL,
with £2 = & - &o.
Once here, we consider & = (&1, §), with é € R4 fixed, and &; = a + 1b, a,b € R, and define
f(&) =w(T, &, § ), which is an entire function satisfying (2-11). Besides, with computations similar to
those in Section 3A, it is easy to obtain that for all & > L2/(2T), there exists Co(T) > 0, which may

blow up polynomially in 7" as T — 0 (contrarily to what happens in the one-dimensional setting, the
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constant Cy (7)) may now blow up as 7 — 0, but only polynomially in 7', so that it will not significantly
affect the cost of observability in small times in (4-2), which blows up as an exponential of 1/7T as
T — 0), such that for all £; € ¢ as in (2-6), we have

| fED] < Cae™ N9 ,ull 12 0. 7yx08, )-

From that, we end the proof of Theorem 4.1 exactly as in the one-dimensional case, with the use of
Proposition 2.3. u

Actually, the method developed above works not only for balls, but also for any bounded domain
Q c R4, More precisely:

Theorem 4.2. Let 2 be a smooth bounded domain of R?. If we set
Lg = inf sup |x—y|,
xeQ y€dQ
and we choose X € Q such that
sup |x—y|=Laq,
yei

then for any K > Ky, there exists C > 0 such that any smooth solution u of
diu—Axu=0 in(0,T)x8,

ut,x)=0 in(0,T)x0%, (4-6)
u(0,x) =uo(x) inQ,
satisfyin
s |x — x|? KL}
u(T) exp AT Lz(Q)S C exp T 9vullL2(0,1)x09)-

Note that this is a geometrical setting in which Corollary 1.3 applies but yields a different estimate on
the cost of observability. Indeed, when the observation is done on the whole boundary, one easily checks
that the choice Sy = S;{ , Where

Sq = sup{length of segments included in 2},

is suitable for the application of Corollary 1.3. In particular, when €2 is convex, Lo < Sq <2Lg and
Theorem 4.2 always yields at least the estimate given by Corollary 1.3 when the observation is done on
the whole boundary of €2, and a better one in general (as in the case of a ball discussed in Theorem 4.1).

Remark 4.3. The above discussion, and Theorem 4.2 in particular, might suggest that the cost of
observability in small times is linked only to the maximal distance to the control set. This is not the case,
as it is strongly underlined by [Laurent and Léautaud 2018]. There, among other results, an analysis
of the observability constant Co (7, B(0, 1), B(0, r)) for the heat equation is done when the domain of
interest is Q = B(0, 1) C R?, the unit ball of the plane, and the observation set is B(0, r). To be more
precise, Co(T, B(0, 1), B(0, r)) is the best constant in the following estimate: for any solution u of (4-6)
with 2 = B(0, 1) with initial datum ug € HO1 (2),

[u(T) 2@y < Co(T, B0, 1), B0, r)llull12¢0,7)xB(0.r)))-
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The work [Laurent and Léautaud 2018] then shows the following result: there exist C > 0 and rg < 1
such that for all r € (0, rp)

11}11 ing log(Co (T, B(0, 1), B(0, r))) = C log(r)?. (4-7)

This shows that the behavior of the cost of observability in small times is in fact strongly linked to
the geometry under consideration. Indeed, Theorem 4.2 in fact corresponds to a geometrical setting
in which the wave equation is observable in small times, while the result (4-7) proved in [Laurent and
Léautaud 2018] focuses on a case in which the geometric control condition for the observability of the
wave equation fails due to whispering gallery phenomena.

4B. Tensorized equations. Another application of our method concerns the cost of observability of the
heat equation on a tensorized domain. More precisely, we consider the heat equation set in a tensorized
spatial domain €2 = Q x 2y, and want to know the cost of observability in small time when the solution
is observed on 02 x 2. Note that the answer is already known: the cost is the same as the one for the
heat equation set on 2, only, when the observation is done on the whole boundary 2, [Miller 2005,
Theorem 1.5]. Our purpose is therefore just to underline that our approach also applies in that context
and allows us to retrieve easily this result.

To fix ideas, we focus on the case 2, = (—L, L) (when 2, is a multidimensional domain, similar
arguments can be developed, under appropriate geometric conditions, by using Theorem 4.2 instead of
Theorem 1.1). Hence we are interested in the following heat equation, set in the domain Q = (=L, L)x,,
with L > 0 and €2, a smooth bounded domain of [R{dy, in some time interval (0,7), T > 0O:

du—02u—Ayu=0 for (t,x,y) € (0,T)x (=L, L) xQ,,
u(t,L,y)=u(,—L,y)=0 for(z,y) € (0,T)xQ,, 4-8)
u(t,x,y)=0 for (t,x,y) € (0,T)x (=L, L) x 082y,

u(0,x,y) =up(x,y) in (=L, L) xQ,.

As usual, the initial datum u¢ belongs to HO1 ((=L, L) x 2y). We have the following:

Theorem 4.4. Setting Ko as in Theorem 1.1, for any K > Ky, there exists a constant C > 0 such that for
all T € (0, 1], for all solutions u of (4-8),

)
u(T, x, y)exp aT

L2((—L,L)xy)

KL?
< Cexp

)(||3xu(t, —L, Y)lz2(0,r)x,) + 10xu, L, ) 12¢0,1)x2,))-  (4-9)

Sketch of the proof of Theorem 4.4. Let us denote by (v,, A2) the family of normalized eigenfunctions
and eigenvalues of the Dirichlet-Laplace operator set in €2, that is,
—Ayvy = A2v,  in Qy,

lvnllz2@,) = 1-
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Expanding u, a solution of (4-8), on the LZ(Q y) Hilbert basis (vy), that is,
u(t,x,y) = Z Un (2, X)vn(y),
neN
we see that each u, solves a one-dimensional heat equation with potential )L,zz setin (0,7) x (—L, L):
dun — Pup +A2u, =0 in (0,T) x (=L, L),
Un(t,—L)=u,(, L)y=0 1in (0,7), (4-10)

un(0,x) = upy,o(x) in (=L, L),
with

un,o(X)=/Quo(x,y) vn(y) dy.

To prove Theorem 4.4, it is sufficient to prove that each u, satisfies the observability inequality

%2
un (T, x) exp(ﬁ)

2

KL
<Cenp( 7 ) (suntt: =Dzt Dlizom). @1

L2(—L,L)

with a constant C independent of n. To do so, we consider u, = u ne’lfzit, which satisfies
d¢tly — O21iy = 0 in (0,7)x(—L, L),
Un(t,—L)=1,(, L)y=0 1in(0,7),
Un(0,x) =up,0(x) in (=L, L).

Applying Theorem 1.1, we get
2
X
i (T, X~
un(T, x) exp(4T)

which directly gives (4-11) as eAn=T) < | forall t € (0, T'), and therefore ends the proof. O

KL? 8 .
< Cenp( 1 ) (Isiint =Ll 2y + 1057t D20,

L2(—L,L)

4C. Observation from one side of the domain: symmetrization argument. In this section, we are inter-
ested in the cost of observability for the one-dimensional heat equation when observed on one side of the
domain. In other words, for L, 7 > 0 and ug € Ho1 (0, L), we consider the system

du—02u=0 in (0,7) x (0, L),
u@,0)=u(,L)=0 in(0,7), (4-12)
u(0,x) =up(x) in (0, L).

We have the following:

Theorem 4.5. Setting Ko as in Theorem 1.1, for any K > Ky, there exists a constant C > 0 such that for
all T € (0, 1], for all solutions u of (4-12) with ugy € HO1 (0, L),

u(T) exp(%)

2

KL
sCexp( T )||8xu(t,L)||L2(0,T). (4-13)

L2(0,L)
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Proof. The proof is based on a classical symmetrization argument: for u a solution of (4-12), we define

u(t, x) for (¢,x) € (0,T) x (0, L),

us(t, x) = %—u(t, —x) for (¢,x) € (0,T)x (=L,0).

It is readily seen that u, satisfies system (1-1). Therefore, Theorem 1.1 gives

x? KL?
us(T) exp i s Cexp| —— (I19xus(t, =LYl 20,1y + 19xus(t. L)l L20,7))-
L2(~L,L)
The result follows easily, as dxus(¢, —L) = dxus(t, L) = dxu(t, L) forall t € (0, T). O

4D. Distributed observations. One is sometimes interested in distributed observations, in which case
the corresponding observability inequality reads

lu(T) | 2(0,) < C(T, L,a,b)|ullL2(0,1)x(a.b)) (4-14)

for smooth solutions u of (4-12), where a, b € R are such that (a,b) C (0, L) and a < b.
We claim the following:

Theorem 4.6. Let 0 <a < b < L. Setting Kg as in Theorem 1.1, for any K > Ky, there exists a constant
C > 0 such that for all T € (0, 1], for all solutions u of (4-12),

K min{a?, (L — b)?}
lu(T)ll200,0) <C eXP( T lullL20,7;H1 (a,))- (4-15)

Proof. As in the proof of Theorem 4.5, we start by symmetrizing the function u, and we call uy its
symmetric extension. We then take & > 0 small enough to have a + 2¢ < b and we choose an even cut-off
function p taking value 1 on (—a — ¢, a + ¢) and vanishing for |x| > a 4 2¢. Then the function

o) 45 (1, ) exp(w

0 for |x| > a + 2¢

(. x) = ) for |x| < a 4+ 2e,

satisfies, much as in (2-3),

2
9+ Tz oz = = I — g (1) € (0,00) x (—a — 26,0+ 26),
z(t,—a—2¢) =z(t,a +2¢) =0, t €(0,00), (4-16)
z(0,x) =0, X € (—a—2¢,a +2¢),
where
x2 —(a + 2¢)?
g(t,x) =exp — (20xp 0xu(t, x) + dxxpu(t, x)).

One can then follow the approach developed in Section 2 (using Proposition A.1 instead of Theorem 2.1
and the fact that 0,z (f, —a —2¢) = dxz (¢, a + 2¢) = 0) to show that for all K; > K, there exists C such
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that for all T € (0, 1],
Ki(a + 2¢)?

2
ug(T)exp| — <Cexp| ———— o .
s(T) P(4T) L areaire P( T )||g||L2((0,T)><( a—2e,a+2¢))

Using the definition of g, one easily gets

Ki(a + 2¢)?
||u(T)||L2(0,a+e) <C exp(# ”u”Lz(O,T;Hl(a,a—i-Zs))'

Similarly, one can obtain

Ki(L—b+2¢)?
e G el L

It is straightforward to show that

(T | L2 4e,6—e) < CllullL20,7;851 a,5))>

for instance by looking at v (¢, x) = n(t) u(¢, x) po(x), where n = n(t) is a smooth function of time
taking value O att =0 and 1 at = T, and pg = po(x) taking value 1 on (a + &, b — &) and vanishing for
x ¢ (a,b), and doing energy estimates.

Combining the three above estimates, we easily conclude (4-15) by taking K; € (Ko, K) and ¢ > 0
small enough. O

Note that the above argument is only based on suitable cut-off arguments. It can therefore be applied
as well in multidimensional settings, provided some geometric assumptions compatible with Theorem 4.2
are satisfied, namely if the distributed observation set is a neighborhood of the whole boundary.

4E. Related uncertainty principles. One key point to obtain Theorem 1.1 is the complex analysis argu-
ment developed in Section 3B, based principally on the Schwarz—Christoffel conformal mapping and the
Phragmén—Lindelof principle. It is nevertheless possible to develop a purely real analysis argument, but
it only allows us to retrieve the cost of observability for the one-dimensional heat equation known since
[Tenenbaum and Tucsnak 2007]:

Theorem 4.7. Forall K > %, there exists a constant C > 0 such that for all T € (0, 1], all solutions u of
(1-1) with initial datum uo € H}(—L, L) satisfy (1-2).
The proof of Theorem 4.7 is based on the following uncertainty principle result.

Proposition 4.8 [Landau and Pollak 1961; Fuchs 1964]. Let A, B > 0. Let f € L*(R) be supported in
[—A, A] and f its Fourier transform. Then

B A A
/_B If(é)lzdéSko/RIf(é)lzdé, (4-17)
where Ao = Ao(AB) satisfies 0 < Ao < 1 and
do=1—4yaABe 2B (1 + e4p), (4-18)

where eqp — 0as AB — oc.



ON THE COST OF OBSERVABILITY IN SMALL TIMES FOR THE ONE-DIMENSIONAL HEAT EQUATION 1481

Relation (4-17) is a particular case of [Landau and Pollak 1961, Theorem p. 68], whereas the proof of
the asymptotic behavior of A¢ can be found in [Fuchs 1964, Theorem 1, p. 319].

Proof of Theorem 4.7. We start from formula (2-7), which we recall: for any &g € R such that |§g| > L/(2T),
we have

(T, &) = / \/> dxu(t,—L)e’ BT (g22_L2)(1_1) ir

/\/73 u(t, Ly P -@T= 1) -4) gy

Therefore, we directly obtain, for & € R with |&| > L/(2T),

5 2 2 2 T ar(8-12) (1) e
(T 60) < T (1, =Ll 1y + W0t Dl ) [ eGP

For 1 > 1, we choose & € R with |§y| = nL/(2T), which implies

L r) —1
2
and
T T _ 2
/ 2THE- ) (- A1 _ / e e DR
0 t 0 Tt 2T(’7 -1E

Hence we obtain, for & € R with |&o| > nL/(2T),

2
. n
|U)(T, SO)|2 < ) 2_1 2(”8xu(t,_L)”iZ(0’T) + “8xu(t’L)”22(0,T))
(n )Eo
and T
1
/ (T §0)I> do < o (19t =L,y + 1851 (. D20, 17):
o> (n*—=1) ’ ’

Now, from (4-17) applied to f = W(T) with A = L, B =nL/(2T) and A9 = Ao(nL?/(2T)), we have

/|w<T,so)|2dso=/ 1B(T. £0) 2 do + / (T £0)|? do
R [€ol<n &= |€ol>n 5

S)to/ 1 (T, so)|2dso+/ (T, &)1 do.
R 0|>772T
and thus

[ 1P dso < ; (T E0) o,

— Ao Jigol>n &
We have therefore obtained
2Tn

[ waopa= [ 1acsopan <o 2T

which implies from Proposition 4.8 and (4-18) the existence of a constant C such that for 7 small enough

(” axu(t» _L) ”i2(0”[’)+ ” 8xu(tv L) ”i2(0,T))’

2
lw(T)ll2(~1,1) < Ce™T (|8xu(t, —L) |l L2¢0,7) + 10xu(t. L) L2¢0.7))-

The result of Theorem 4.7 follows from the definition of w. O
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4F. On a possible improvement of Theorem 1.1. As we said in the Introduction, we do not know if the

estimate on the cost of observability in small times given by Theorem 1.1 is sharp or not. In fact, when

looking at the main steps of the proof of Theorem 1.1 given in Section 2, it seems that one step in which

our estimates are not sharp may be the one using Phragmén-Lindelof principles, i.e., Proposition 2.3.
Indeed, introducing the class

&y = {f €Hol(Oy) : f(£)e R® e L®(6,) and for all £ € 10y, | f(§)] < SOy,
Proposition 2.3 shows that for all & € RY,

sup ( sup  {|/(x)]}) < exp(ap(0)), (4-19)

feéy x€[—a,a]

where ¢(0) is given by (2-15). Besides, this estimate is sharp as we can construct a holomorphic
function ¢ in &} whose real part coincides with ¢(§) 4 |I(§)| given by (2-12)—(2-13) and check that
Jo (&) = exp(ag(§/a)) belongs to &, and saturates the estimate (4-19), so that for all « € R* ,

max (max_{|f(x)[}) = exp(ap(0)). (4-20)

f€e&y x€[—a,a]

Now, in our approach (in the case L = 1, which can always be assumed by a scaling argument), we apply
estimate (4-19) to the function f = (7, )/ || W (T, £)e IR L°°(%,)» Which in fact belongs to a smaller
class

EF ={f €Hol(C) : f(§)e ¥®! e L%°(C) and for all £ € Gy, | f(£)] < PO},
Therefore, our proof requires an estimate on the constant

C*(or) = sup ( sup ]{If(x)l}) (4-21)

feéy x€[—a,a

in the asymptotics o — oo. It is clear that
C*(@) < exp(ag(0)), (4-22)

which is precisely the estimate we use, but there is no evidence to support the idea that this estimate gives
the good asymptotics as @ — oo.
Let us in particular point out that:

e The function fy given above to show that estimate (4-19) is sharp does not belong to the class & .

 The constant C*(«) in (4-21) blows up at least like exp(c/2) as & — o0, as otherwise the proof given
in Section 2 would yield a cost of observability smaller than exp(L?/2T) in small times, which is known
to be false due to [Lissy 2015].

e Looking at the 2-parameter family of functions of the form

fa.y(E) = cos(A/E2 —y2)
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for parameters A € [0, 1] and y € [0, o], we find that

sup  ( sup {If(x)l})=cosh(%),

felfayingg xel-a.a]

and is achieved when taking A = 1/+/2 and y = a//2, i.e.,

16 =eos( /- %),

This function yields evidence of the fact that

N —

. . l * >
lérglgéf o log(C™(@)) =

Let us finally emphasize that if we were able to show that
lim sup é log(C*(@)) < 1

)
oa—>00 2

the proof given in Section 2 would yield a cost of observability in small times Co (T, L) satisfying

L2
limsup T log(Co(T, L)) < —.
T—0 2
Combined with [Lissy 2015], this would give that
2

L
lim T log(Co(T, L)) = —.
Jim 0g(Co(T, L)) >

4G. Uniform controllability of viscous approximations of the transport equation. The problem we
considered in this article is intimately related to the question of uniform controllability of viscous
approximations of the transport equation raised in [Coron and Guerrero 2005]. Namely, for all ¢ > 0, one
considers the following viscous approximation of the transport equation at velocity M € R:

at)’e_gayzcye‘f‘Mast:O, (t7x)€(O’T)X(O’L)a

ye(t,0) = ve (1), 1e(0,7), w23
ye(t, L) =0, 1e€(0,7T),
¥s(0,-) = yo(x), x €(0,L).

For each ¢ > 0, the equation (4-23) is null-controllable in any time 7" > 0, and the map V, 7 : yo — Vs
which to any yg € L?(0, L) associates the control vg of minimal L2(0, 7')-norm is linear. The problem
raised in [Coron and Guerrero 2005] is the following one: give conditions on the time 7" guaranteeing
that

lim sup Ve, 7l 2z2(0,L);L2(0,1)) < 0©- (4-24)
E—>

It is clear that if |M|T < L, (4-24) cannot happen, as otherwise the convergence of (4-23) as ¢ — 0

would imply the null-controllability of the transport equation in a time which is not enough to make the
characteristics go out of the domain.
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Several conditions on the time 7" ensuring (4-24) were then proposed in the literature, namely in [Coron
and Guerrero 2005; Glass 2010; Lissy 2012]. In fact, to our knowledge, the best results are the ones
obtained in [Lissy 2012], which we recall now:

Theorem 4.9 [Lissy 2012]. If M # 0 and
IM|T > L(2/3+ 1 —sign(M)) (2+/3 ~ 3.4641),

where sign(M) = 1if M > 0and = —1 if M < 0, we have
limsup | Ve, 7l #(L2(0,1):22(0,7)) = O-
e—>0
These results are based on the knowledge of the cost of observability of the one-dimensional heat
equation in small time obtained in [Tenenbaum and Tucsnak 2007]. Therefore, as Theorem 4.5 improves
the one in that paper, following the proof of [Lissy 2012] immediately improves the known result on the
uniform controllability of the viscous approximations (4-23) of the transport equation:

Theorem 4.10. Let K¢ as in (1-5). Then, if M # 0 and
|IM|T > L(4y/ Ko+ 1—sign(M)) (4 Ko = 3.3385),

we have

limsup Ve, | 2(220,L);22(0,1)) = 0- (4-25)

e—0

As the proof of Theorem 4.10 follows line to line the one of [Lissy 2012], as it is explained in Section 3,
item (i) of that paper, it is left to the reader.

We are currently investigating if one can do better than the combination of the cost of observability of
the one-dimensional heat equation in small times and of the arguments in [Lissy 2012] to obtain better
sufficient conditions on the ratio |M | T/ L to guarantee (4-25). We believe that a direct approach following
the strategy in Section 2 could help in improving Theorem 4.10.

Appendix: Carleman-type estimate

We consider the equation

8,Z—sz+%(2x-vxz+dz)—%z =g in(0,T)xQ,
z(t,x) =0 on (0,7T) x 0L2, (A1)
lim;— [|2(¢)llL2(@) =0,
lim/ 0 ?[[Vz(®)[L2(@) = 0.
with 7 > 0, Q a bounded domain of R%, d > 1,
L = sup |x| (A-2)

xXEN
and

g€ L?((0,T)x Q).
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We then have the following result:

Proposition A.1. Any smooth solution z of (A-1) with g € L*>((0, T) x Q) satisfies the estimate

L? L (T 1 (T
/Q(|vxz(T)|2—m|z(T)|2) dxsﬁ/o (l/u |sz(t,x)-v|2ds(x)) dt+ﬁ/0/ﬂtz|g|2dxdt,
(A-3)

with'y ={x €0Q :x-v >0}, and L is given by (A-2).

Proof. We define the spatial operators

2

L 1
Sz = —sz—mz, Az = Z(Zx-vxz +d z),

so that z is a solution of (A-1) satisfying
0;iz+Sz+Az=g in(0,T)xRQ.

Note that S and A respectively correspond to the symmetric and skew-symmetric parts of the operator in
(A-1).
We then consider

2
D(1) ::/Q(|vxz(z,x)|2—4%|z(t,x)|2) dxz/Q(Sz)(t,x)z(t,x) dx.

A direct calculation shows that

L2
D/(t)=F/Q|Z|2dx+2/QS28,de

LZ
=—3/ |Z|2dx—2/ |SZ|2dx—2/ SZAZdX+2/ Szgdx.
2t° Ja Q Q Q

Furthermore, as A is a skew-symmetric operator, we have
—2/ Sz Az dx 22/ Axz Azdx = l/ Axz(2x-Vyz+dz)dx.
Q Q tJg
On one hand, we obviously have

/szdzdxz—d/ |Vez|? dx.
Q Q

On the other hand, we note that
/ Axz2x-Vyzdx = 2/ (Vxz-v)(x-Vyz)ds(x)— 2/ Viz-Vx(x-Vyxz)dx
Q Q2 Q
:2/ (x-v)|sz-v|2ds(x)—2[ Viz - Vy(x-Vyz)dx.
193 Q

Here, we have used that as z =0 on 092, Vyz = (Vxz-v)v on dQ2. As

Viz Vi(x-Vyz) = |Vez|? + %-Vx(|vxz|2),
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we have
/sz-Vx(x-sz)dx=/ |sz|2dx+/ %-Vx(lvxﬂz)dx
Q Q Q
:/ |vxz|2dx+1/ (x-v)|vxz|2ds(x)—i/ |Vyez|? dx
Q 2 Jaq 2 Ja
=/ |vxz|2dx+1/ (x-v)|vxz-u|2ds(x)—i/ V2| dx.
Q 2 Joa 2 Jq

Gathering the above computations, we get

L2
D’(t)+2/ |SZ|2dX:—3/ |z|? dx—z/ |sz|2dx+l/ (x-v)|sz-v|2ds(x)+2/ Szgdx
Q 21° Jo o) I Jaq Q

s—gD(t)+l/ (x-u)|vxz.u|2ds(x)+f |Sz|2dx+[ lg|? dx,
t t Jaq Q Q

which implies in particular

(t2D()) <t / (x-v)|Vez-v|2ds(x) + 12 / lg|?dx. (A-4)
'y Q
Using the assumption on z in the third and fourth lines of (A-1), one easily checks lim;_g ZZD(Z) =0;
hence we can integrate (A-4) between 0 and T, which gives (A-3), as |(x - v)| < L for all x € Q. |
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