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ZEROS OF REPEATED DERIVATIVES OF RANDOM POLYNOMIALS

RENIJIE FENG AND DONG YAO

It has been shown that zeros of Kac polynomials K,,(z) of degree n cluster asymptotically near the unit
circle as n — oo under some assumptions. This property remains unchanged for the /-th derivative of
the Kac polynomials K ,(l’) (z) for any fixed order /. So it’s natural to study the situation when the number
of the derivatives we take depends on n, i.e., [ = N,. We will show that the limiting behavior of zeros
of K" (z) depends on the limit of the ratio N, /n. In particular, we prove that when the limit of the
ratio is strictly positive, the property of the uniform clustering around the unit circle fails; when the
ratio is close to 1, the zeros have some rescaling phenomenon. Then we study such problem for random
polynomials with more general coefficients. But things, especially the rescaling phenomenon, become
very complicated for the general case when N, /n — 1, where we compute the case of the random elliptic
polynomials to illustrate this.

1. Introduction

There are many well-known results regarding the nontrivial relations between zeros and critical points of
polynomials. The classical Gauss—Lucas theorem states that all the critical points of a polynomial are in
the convex hull of its zeros; in particular, if all the zeros are real, then so are the zeros of the derivative.
Differentiating a polynomial which has only real zeros will even out zero spacings [Farmer and Rhoades
2005]; in the case of random trigonometric polynomials, it’s proved in [Farmer and Yerrington 2006]
that the repeated differentiation causes the roots of the function to approach equal spacing, which can be
viewed as a toy model of crystallization in one dimension. For random polynomials under some mild
assumptions, the distribution of critical points and the distribution of its zeros are asymptotically the same
as the degree tends to infinity. This is because, roughly speaking, the coefficients of the derivative of a
random polynomial are not changed dramatically. Actually, such result holds for any fixed number of
derivatives [Feng > 2019; Kabluchko and Zaporozhets 2014]. In this article, we are primarily interested
in the case when the number of the derivatives we take for the random polynomials is not fixed but grows
to infinity with the degree.

Our starting point is the classical Kac polynomials. Let &, &, ... be nondegenerate, independent and
identically distributed (i.i.d.) complex random variables. The Kac polynomials are defined as

Ki(2) =) &". (1)
k=0
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The Kac polynomials have degree n almost surely by assuming
P& =0) =0. (2)

The distribution of zeros of Kac polynomials has been studied for decades; we refer to [Bloom and
Shiffman 2007; Hough et al. 2009; Ibragimov and Zeitouni 1997; Ibragimov and Zaporozhets 2013; Kac
1943; Kabluchko and Zaporozhets 2013; 2014; Sodin and Tsirelson 2004; Shepp and Vanderbei 1995].
It’s proved that if

Elog(1 + |8[) < oo, 3)

then with probability 1, the empirical measure of zeros of Kac polynomials converges weakly to the uniform
probability measure on the unit circle as n tends to infinity [Ibragimov and Zeitouni 1997; Ibragimov and
Zaporozhets 2013; Kabluchko and Zaporozhets 2013; 2014; Shepp and Vanderbei 1995]. If the assumption
(3) is removed, then zeros of K,(z) may not concentrate around the unit circle; see [Ibragimov and
Zaporozhets 2013; Kabluchko and Zaporozhets 2013] for the case when |£y| has some logarithmic tails.

The property of clustering around the unit circle remains unchanged for the /-th derivative of the Kac
polynomials K ,El)(z) for any fixed / as n tends to infinity [Feng > 2019; Kabluchko and Zaporozhets
2014]. But things become interesting if the number of the derivatives we take depends on n, e.g., [ = N,,.
For the extreme case when N,, = n, there is no zero for K| ,5”) almost surely. Hence, some natural questions
are: What is the critical growth order of N, so that the property of clustering around the unit circle for the
Kac polynomials K ,ﬁN") fails? When it fails, what is the distribution of zeros of K ,(,N")? And how does the
distribution depend on the growth order of N,? In this article, we will answer these questions for the Kac
polynomials completely. The estimates we derive for the Kac case can be applied to the general random
polynomials. But there are some issues for the general random polynomials, where we will compute the
case of the random elliptic polynomials to illustrate this.

1.1. Notation. Before we state our main results, we need to introduce some notation. We denote by

n
Pn(@ =) &pini’ )
k=0
the random polynomials of degree n with general coefficients, where py , are deterministic coefficients
and &; are nondegenerate i.i.d. complex random variables. Throughout the article, we assume the random
variable &g satisfies the conditions (2) and (3).

We denote by p,gN”)(z) the N, -th derivative of p, (z) with the degree

D, =n—N,. (5)
Without loss of generality, we may assume the convergence of
Ny
— —>ael0,1]. (6)
n

The random measure of zeros of p,(z) is denoted by

=Yy &, (7)

2:pn(2)=0
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and we use the notation

up = Y 6 ®)

zps" (2)=0

for the random measure of zeros of pf,N”)(z) of degree D,,.

Similarly, we denote by uX and ,ugn the random measures of zeros of K, (z) and K" (z) for the Kac
polynomials, respectively, and we denote by £ and ugn the random elliptic polynomials. We denote
by D, the open disk of radius r centered at the origin in the complex plane. The convergence of the
random measures v, to v in probability (or in distribution) means the convergence in probability (or
in distribution) in the weak sense, i.e., f x Pvn(dx) — f x ®v(dx) in probability (or in distribution) for
any smooth test function ¢ with compact support. Given a measure v on the complex plane, we define
the scaling operator (¥,v)(B) = v(B/h) for h > 0 where B is any Borel set in C. In the end, we set
a Ab =min{a, b} and a vV b = max{a, b} and set log0 = —o0.

1.2. Kabluchko—Zaporozhets theorem. There are many well-known results regarding the global distri-
bution of zeros of some special Gaussian random analytic functions where the ensembles are usually
invariant under some group action, such as the Gaussian elliptic polynomials and Gaussian hyperbolic
analytic functions [Hough et al. 2009; Sodin and Tsirelson 2004]. Recently, a remarkable result proved
in [Kabluchko and Zaporozhets 2014] deals with more general random analytic functions. Kabluchko
and Zaporozhets [2014] proved that under certain assumptions on the coefficients of the random analytic
functions, the distribution of zeros will converge to a deterministic rotationally invariant measure on a
domain of the complex plane. Such measure can be explicitly characterized in terms of the coefficients.
To be more precise, let’s consider the random analytic function in the form of

Fa@) =) &prad, )

k=0
where & are nondegenerate i.i.d. complex random variables satisfying condition (3) and the coefficients
Dk.n satisfy the following assumptions.
Assumptions 1. Assume there are a function p : [0, 00) — [0, co) and a number Ty € (0, co] such that
(1) p(t) >0fort < Ty and p(t) =0 for ¢t > Ty,
(2) p is continuous on [0, Tp), and in the case Ty < oo, left continuous at 7y,
(3) 1imy—s 0 SUPe(o,any | Prn] " — p(k/n)| = 0 for every A > 0, and

|—1/k

(4) Ro=liminf,_, p(t)_l/ "€ (0, oo], iminfy_ oo | px.n > Ry for every fixed n € N and additionally,

lim infn,k/n—)oolpk,n |_l/k > Ro.

Roughly speaking, the major assumption is that the coefficients py , are approximately e”1°¢ 7*/m) for
some p, which is positive on some interval [0, Tp), continuous in [0, Tp], and equal to O in (7p, 00).

Theorem 1 [Kabluchko and Zaporozhets 2014]. Under Assumptions 1 and (3), let I (s) be the Legendre—
Fenchel transform of —log p, i.e., I(s) = sup,-((st + log p(¢)); then the random measure (1/n)uF,
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of zeros of F,(z) converges in probability to a deterministic measure | in Dg,, which is rotationally
invariant and satisfies
w®,) =1'dogr), re (O, Ry).

As a convention, I’ is the left derivative of 1. A typical example to which to apply the Kabluchko—
Zaporozhets theorem is the Kac polynomials where we have

Pk = lizn, pt) = 1<, Tp=1. (10)
By some computations, we have / (s) = s Vv 0 and thus the limiting distribution satisfies

M(Dr):{o, 0<r<l, (11

1, r>1,

i.e., the uniform probability measure on the unit circle.

But we cannot apply the Kabluchko—Zaporozhets theorem directly in our case to derive the distribution
of zeros of K ,(,N”) or that of the general random polynomials p,(,N"). For example, if N,, =n — |logn],
then the degree of p,(lN”) is D, = |logn]; therefore, one cannot find some A so that Assumption 1(3) is
satisfied. We need to modify their theorem to deal with our situation more conveniently. We consider the
random polynomials in the form of

(To—8n) Ly,

FE@= Y &puandt, (12)
k=0

where (Ty — §,) L, is an integer and we assume that F},(z) satisfies the following assumptions:

Assumptions 2. There exist a function p : [0, c0) — [0, 00), a positive number Ty € (0, 00), a sequence
of positive integers L, going to co as n — 00, and a sequence of numbers §, € (—Tp, Tp) (not necessarily
positive) that goes to 0 as n — oo such that

(1) p(¢) >0fort €0, Ty) and p(t) =0 for t > Ty,
(2) p is continuous in [0, Ty], and
(3) 1imy o0 SUPg<k <1y g1, 1 Prnl /2 = P((k/ L) A To)| = 0.
Then we have the following theorem whose proof is sketched in the Appendix.

Theorem 2. For random polynomials F,(z) in the form of (12) which satisfy Assumptions 2, let 1(s) be
the Legendre—Fenchel transform of — log p; then the random measure (1/L,) i F, of zeros will converge
in probability to a deterministic rotationally invariant measure yu where

w(D,) =1I'dogr), r>D0. (13)

Throughout the article, we often make use of the estimate

=0. (14)

1 k
lim sup — log| pi.n| —log p(L— A TO)

n_)ooOSkS(TO_(Sn)Ln n n
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This estimate implies the main Assumption 2(3), which is the direct consequence of the inequality
e =yl < (x A el log x —log y|
for any x, y > 0. The main advantage of (14) is the convenience in computations.

1.3. Main results. We first state our main results for the Kac polynomials, which will answer the questions
we raised at the beginning of the article.

Kac polynomials. The main result is that the limiting behavior of the distribution of zeros of K ) will
depend on the limit of the ratio N, /n. We will divide our discussions into two categories: D, goes to
infinity and D, remains a fixed number, where D, =n — N, is the degree of the random polynomials K ,(,N").
Without loss of generality, we consider the four different cases O N,,/n — 0, @ N, /n — a € (0, 1),
® N,/n—1and D, — o0, e.g., N, =n—logn]| and D, = [logn],and @ N,/n — 1but D,, =m < o0,
ie., K,(,N”) has a fixed degree m.

In the cases of )-QB) where D,, — oo, we will show that the coefficients of K ,SN") or its rescaling will
satisfy Assumptions 2 with different choices of L,, §,, Ty, and p; then we apply Theorem 2 to prove:

Theorem 3. Assume D,, — 00 as n — 00; we have the following results regarding the empirical measure
of zeros of derivatives of Kac polynomials K, ,EN”):

(1) If lim, o0 N,,/n =0, then (l/D,,)ugn converges in probability to the uniform probability measure
on the unit circle, i.e., the measure defined in (11).

(2) If lim,,, oo N,/n =a € (0, 1), then (1/D,,),ugn converges in probability to a rotationally invariant
measure ,uf on C defined by
ar/(1—-a)(1—r)), O<r<l1l-—a,
uf(Dr)={ / (15)

1, r>1—a.
(3) If lim,— » N,,/n =1, then globally we have the convergence in probability

Lk ) (16)
— — 00-
D, o 90

If we set R,, = n/ Dy, as the quotient of the degrees of K,, and K M) and consider the rescaling Kac

polynomials E,, (2) = K,EN")(Z/R,I), then the empirical measure (l/Dn)ugn which is the same as
(1/Dy)¥r, (,ugn) converges in probability to a rotationally invariant measure i where

KD, = {r, r<1, (17

1, r>1.

In particular, the density for the measure jiX is

d¥(z) = Lh <1. (18)
27T|Z| Z|=<
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In the case @ when D,, remains a fixed number, we will show that the measure of zeros of the rescaling
polynomials K ) (7 /n) will converge to some random measure. The main tool to prove this result is
Rouché’s theorem in complex analysis. Our result is as follows.

Theorem 4. Suppose lim,,_, - N,/n =1 and D, = m for all n; then globally

1 K
—uK = 8, (19)
m

where the convergence is in probability. Furthermore, we have the rescaling limit
Fu(iah,) = ik, (20)

where the convergence is in distribution and i g is the random measure of zeros of the random polynomial

m

&k
K= g Ezk. 1)

Remark. The relationship between the results in Theorems 3(3) and 4 has an intuitive explanation.
Consider the case in Theorem 3(3). We can zoom in zeros of K ,EN")(Z) in two steps. First we zoom in the
zeros of K ,EN”)(Z) by a factor of n; then by Theorem 4 (treating D,, as fixed for this moment) the scaled
zeros will be close to the zeros of f gﬂ (z). Here f gn (z) is just the function in (21) with m replaced by D,,.
If we then zoom out zeros of f gﬂ by a factor of D,, (which is the degree of the polynomial f gﬂ ), then as
a whole we get something close to zooming in the zeros of K ,EN”)(Z) by a factor of n/D,,. Taking n to
infinity we should get the limit in Theorem 3(3). This is in accordance with the fact that (17) is also the
limit of the empirical measure of zeros of f gn (Dyz) as m — oo, as shown in Theorem 2.3 of [Kabluchko
and Zaporozhets 2014]. Note that in the zooming out process, we can also replace Z/?io@k / k) (Dp2)*
by Z/ch;o &/ k!)(D,z)* since Theorem 2.1 of [Kabluchko and Zaporozhets 2014] shows the empirical
measure of Z/fio (& /k!) (D, 2)¥ restricted to unit disk also converges to the measure in (17).

As a summary, we show that the clustering property of zeros around the unit circle for the derivatives of
Kac polynomials holds if and only if N, /n — 0; the conclusion (3) in Theorem 3 together with Theorem 4
imply that, if N,/n — 1, zeros will converge to the origin with the average decay rate D, /n which is the
quotient of the degrees of K,(lN”) and K,,. Thus we will completely answer the questions we proposed at
the beginning of the article.

General random polynomials. We can extend the above results for the Kac polynomials to the general
random polynomials where the coefficients satisfy Assumptions 1 in the Kabluchko—Zaporozhets theorem.

Theorem 5. Suppose the random polynomial p,(z) of (4) satisfies Assumptions I with some function p(t);

then regarding the zeros of p,(lN"), we have:

(1) If limy—, 00 Npy/n = 0, let 1(s) be the Legendre—Fenchel transform of —log p; then (1/D,)up,
converges in probability to a rotationally invariant measure |L given by

w(D,) =1I'"(dogr), r>D0.

That is, (1/D,)p, has the same limit as (1/n) .
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2) If limy—,oo Ny/n=a € (0, 1), letlogu, =log p(t+a)+(t+a) log(t+a)—1tlogt+(1—a)log(l—a)
if0<t<l—aand —coift > 1—a. Let 1,(s) be the Legendre—Fenchel transform of — log u,; then
(1/Dy)up, converges in probability to a rotationally invariant measure (1, given by

1
e (D)) = 1 I;(logr), r>0.
—da

Compared with Theorems 3 and 4 for the Kac case, things become complicated for the general random
polynomials when the ratio N, /n tends to 1. First, one cannot conclude that (1/D,)up, converges in
probability to §g. To see this, let’s consider the following example where the coefficients of the random
polynomials p,, are

. 1, 0<k <N,,
PEn=nt (k= N K DY), Ny <k <,
where
D, =|logn] and N,=n-—D,.
We let

p(t) = lo<i<1.

We claim that py , and p satisfy Assumptions 1. Indeed, when 0 < k < N,,, we have
=r(;)
pk,n =p n/)’

Therefore, it remains to prove

lim sup |p/" —1]=0.

n—>00 N <f<p

By (14), it’s enough to show

1
—log p; ,| =0. (22)

lim sup
n—oo ankfl’l

For N, <k <n, we have 1 <n!(k — N,)!/(k! D,!) <n!/k!; then

1
sup | = 1og pi.n

1 n!
< sup —log— <—logn™" < ;
Nu<k=n k'

N,<k<n 1 : n n

where (22) follows as n — oo, which completes the proof of the claim. But the N,-th derivative of p,, is

nl &
(Np) — 2 k
n = D | gk-‘anZ )
n-
k=0

which is in the form of Kac polynomials; thus, the empirical measure of zeros will converge to the uniform
probability measure on the circle instead of the delta function at the origin.

Secondly, even if zeros converge to &y, one cannot easily find the rescaling limit of the empirical
measure of zeros if there exists one. The rescaling property should highly depend on the properties of
coefficients, such as the convergent rate of p,  to p(¢) and the monotonicity of py , for each fixed n.
The following results regarding the elliptic polynomials provide such an example.
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Random elliptic polynomials. The random elliptic polynomials are in the form of

En(2) = Z sk\/@zk. (23)
k=0

If & are i.i.d. complex Gaussian random variables, then the random elliptic polynomials are also called
Gaussian SU(2) polynomials. The Gaussian SU(2) polynomials can be viewed as meromorphic functions
defined on the complex projective space CIP! = 2, and a basic fact is that the distribution of its zeros is
invariant under the SU(2) action. The Gaussian SU(2) polynomial is the standard model when one tries
to generalize the random polynomials to random holomorphic sections on the complex manifolds [Bleher
et al. 2000; Hough et al. 2009].

One can show that the coefficients of the random elliptic polynomials satisfy all of Assumptions 1 with
the associated function (see also [Kabluchko and Zaporozhets 2014])

log p*(t) = —4tlogt — 3(1 —t)log(1 —1) for0O<t<1. (24)
Theorem 6. For the random elliptic polynomials E, (z) defined in (23), we have:

(1) The conclusions in Theorem 5 hold for (1/ D,,),ugn with p replaced by pt defined in (24).
(2) If lim,_, o N, /n =1, then we have the global convergence in probability

1 E
— — &.
D, !PT

Furthermore, if D,, — 00, then in probability, we have

1
D—ym(ﬂf),l) - M,
n

where R, =n/D,, as before and | is the rotationally invariant probability measure defined as

r(m—r)
2

w(D,) = , re(0,00). (25)

If D, =m < o0, then the following rescaling limit holds in distribution:
S miep,) = mye.
where W fE is the random measure of zeros of ,f = kazo(ék/(k!«/(m — k)~

1.4. Further remarks. Let’s compare Theorem 6 with Theorems 3(3) and 4 for the case when N,,/n — 1.
Both the empirical measures of zeros of derivatives tend to the point mass at the origin, but the interesting
result is that they converge with different decay rates. Zeros converge to the origin with the average decay
rate D, /n for the Kac case and /D, /n for the elliptic case, which indicates that Assumptions 1 is not
enough to extract the complete information about the convergence of zeros of the N,-th derivative of
general random polynomials; i.e., the main assumption limy,—, oo SUP;c(o, Anll Pial/™ = p(k/n)| =0 for
every A > 0 is not enough. It seems that we need to impose additional assumptions on the rate of the
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convergence of py , to p for N, <k <n and the growth order of p ,. As in (14), we may alternatively
consider the quantities

1 k
mi= sup | loglpial—log ("] 26)
N,<k<n n
and
by := sup |[pinl (27)
N,<k<n

The asymptotic properties of 1, and b, may play important roles in the case when N, /n — 1. Note that
n, is identical to O for the Kac polynomials and asymptotic to (log D,)/(4n) + O (1/n) for the random
elliptic polynomials. Two questions are raised: What are the asymptotic properties of 7, and b, so that
zeros of p,(,N") tend to the origin? And if zeros tend to the origin, how does the decay rate depend on 7,
and b,,? We postpone these two problems for further investigation.

Along with Kac polynomials, there is another important type of random polynomial defined via the
orthogonal polynomials. Given a bounded simply connected domain €2 in the complex plane with analytic

boundary C of length L and a positive weight function w(z), we define the inner product

1 _
(f8)=7 / F@a@Dw@)ldzl. 28)
C

Then we can find an orthonormal basis {p,’(z)} with respect to this inner product, where p)’(z) is a
polynomial of degree n in which the coefficient of z" is real and positive. Shiffman and Zelditch [2003]
prove that the empirical measure of zeros of

n
Pa@) =) &pi(2), (29)
k=0

where & are i.i.d. standard complex Gaussian random variables, tends to the equilibrium measure of €2 as
n tends to infinity. Such result is then generalized by Bloom and Shiffman [2007] to higher dimensions
where they get rid of the analytic assumption and replace it by the Bernstein—-Markov condition. In [Feng
> 2019], the author further studied zeros of the [-th derivative of P,fl) for any fixed / as n — o0, and
proved that zeros of derivatives of any fixed order also tend to the equilibrium measure. The method used
in [Feng > 2019; Shiffman and Zelditch 2003] is quite different from that of [Kabluchko and Zaporozhets
2014]. One needs to apply the classical Szegd theorem [1975] on orthogonal polynomials together with
the conformal transformation between the bounded domain and the unit disk. Then it’s a natural problem
to study the behavior of zeros of derivatives of P As indicated by Theorem 3 for the Kac polynomials,
it seems that zeros will still converge to the equilibrium measure if N,/n — 0, but the results for the
case when N,/n — a € (0, 1] are quite hard to predict. One may prove the results with the aid of the
conformal transformation, but the strategy is unclear to the authors.

The paper is organized as follows. We will prove Theorems 3 and 4 for the Kac polynomials in
great details in Section 2. The estimates for the Kac case can be applied to prove Theorem 5 for the
general random polynomials in Section 3. In the end, we will prove Theorem 6 for the random elliptic
polynomials. In the Appendix, we will sketch the proof of Theorem 2.
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2. Kac polynomials

In this section, we will prove Theorems 3 and 4 for the Kac polynomials.

Let K ,(,N") be the N,-th derivative of the Kac polynomials. Since we want to prove the empirical
measure of zeros converges to a deterministic limit, it suffices to prove the convergence in distribution.
By the fact that & are i.i.d., it’s equivalent to consider

Dy,
KM () = gk +1) - (k + Ny (30)
k=0
Observing that the random measure of zeros is invariant by the dilation, i.e., e = u ¢ for any nonzero c,
we can alternatively consider the following normalized random polynomial so that the leading-order term
is £p, 7P

D,
KM (2) =Y & fint, 31)

k=0
where throughout the article, we set

(k4 N,)! D!

Jun = (32)

Stirling’s formula reads

k! :ck\/ﬁ(f)k, (33)

where ¢y is a sequence of positive numbers tending to 1 as k tends to oo and hence uniformly bounded.
Then we have

log(k+N, log D
og(k+ ”)+DnlogDn—Dn+ og Dy

1 1
7108 fin=1— [(k+Nn)log(k+Nn)—(k+Nn)+

logk 1
_<klogk—k+%+n logn—n+ o;gn)]

1
+L—(logck+Nn—|—lochn —logcr—logcey)

n

1
= L—[(k—i—Nn) log(k+N,)+Dylog D,—nlogn—klogk]
n

1 1
+ 7L (log(k+N,)+1log D,—logn—log k)+L— (logck+n,+logep, —logcr—logce,)
n

n

=1(k,n)+L(k,n)+ 13k, n). (34)

When k = 0, we set ¢y = 1 and set 1,(0,n) = (1/L,)(N,log N, + D, log D,, — nlogn), I5(0,n) =
(1/(2L,))(log N, +1log D, —logn), and I5(0, n) = (1/L,)(logcn, +1logcp, —logc,) to be consistent
with the definitions. The expressions of I; are different according to the choices of L, (only differ by the
front factor L), but we use the same notation /; for different cases throughout the article to reduce the
notation we use.
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In the following computations, we will let L, — oo (although we choose different L, for different
cases); hence, I3(k, n) will tend to O uniformly by the uniform bound of ¢, which means the third term
I3(k, n) is always negligible.

2.1. Case 0. Let’s first consider the case (D when

Ny
lim =2 =0. (35)

n—oo n
For this case, we need to choose L, = n in (34). We first simply have

2
lim sup [lh(k,n)| < lim —logn=0. (36)
n—oo n

n—>000<k<p,

For I, (k, n), we observe that for each fixed n, I;(k, n) is increasing with respect to k by considering the
function I (x) = (x + N,,) log(x + N,;) — x log x where I'(x) =log(x + N,) —log x > 0. We combine this
with the fact that 1,(D,, n) = (1/n)((D,, + N,) log(D,, + N,,) + D, log D,, —nlogn — D, log D,)) = 0;
we first have

sup |1i(k, n)| < [1(0,n)| Vv [I1(Dy, n)| = [11(0, n)|,
0<k<D,

which further reads

1
sup |Ij(k,n)| < —|nlogn — N,log N, — D, log D,
0<k<D, n

1
= —|N,logn + D,logn — N, log N, — D,, log D,|
n
=|——1logl — ) — —log| — }|.
n n n n

lim sup [|[i(k,n)| =0, 37

n—>000<k<p,

Thus, we have

since N,/n — 0and D,/n=1—N,/n— 1 asn — oo.
Combining (36)—(37) and the fact that /3 always tends to 0, we get

=0. (38)

lim sup ‘llogfk,n

"> 0<k<D,

Hence, the coefficients f} , satisfy Assumptions 2 with L, =n, Tp =1, and §,, = N, /n so that (1—-6,)L, =
D, and log f(t) =0 for 0 <t <1 and log f = —oo for ¢t > 1. Therefore, zeros of K,EN”) will have the
same distribution as the Kac polynomials by computations in (10) and (11) as n — oo.

2.2. Case (2. Let’s consider the case when

Ny
lim — =ae(0,1). (39)

n—oo n
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Let’s choose L,, =n in (34) again. By the same arguments as in Case (D, I, and I3 converge to 0 uniformly
for 0 < k < D, as n — oco. Therefore, it remains to estimate /. Let’s put N,/n = a + 5§, where §, — 0.

Assume 7 is large enough so that
l—a, ¢ (40)
2 2

18, <

For k > 1, we rewrite
1
Iy = —[(k+ N,)log(k + N,) + D, log D,, —nlogn — klogk]
n

1
= —[(n — D, +k)log(k+ N,) —nlogn —klogk + D, logk — D, logk + D, log D,]
n

1 k N, D,
= —[n log<— + —) + (k— Dy)log(k + N,) — (k — Dy)logk + D, 10g<—)]
n non

k
k N k D N D D
=log| -+ )+|(=—L)logl 14+ =2 )+ L log| ==
n n n n k n k
=1L+ Is.

To estimate I4 and I5, we will make use of the following inequality which is the direct consequence of
the intermediate value theorem:

1
O<logy—logx <—-(y—x) forO<c<x<y. 41)
C
We can rewrite Iy as log(k/n +a + 38,); by (40)—(41), we have
26,
i) <[
n a
forall 1 <k < D,. So we have
lim sup P4—Jog<§—%a)‘=(l 42)

n—o0o 1<k<D,
For Is, since N,/n =a+ 4, and D,/n =1 —a — §,, we can rewrite it as

(a+6,)n
k

(I1—a—46,)n

I5=<§—(1—a)+5n)log(l+ X

)+(1_a_8n)10g

K Q+ ”+5”)+u 5 log( -1+ — "1k
=—1lo a— = —a—38y)log| -1+ ——-—).
n 05 k0% n) 108 k+ (a+o,)n

Then we have

s | Brog(14a™ Vo —aytog( -1+ HK
3 n & k £ k+an

k n n n
I 1 —4+68,— ] —1 1 —
og< +ak+ k) og< +ak)‘

<
n
n+k n+k
1 14+ —) -1 14+ — )
og( +k+(a+6n)n> og( +k+an)‘+|"|

+{0—-a)

1 1+ n+k
0 — —_—
g k+(a+8,)n

=Ilg+ 17+ I3.
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By (40)—(41) again, we have
k
I < ————————|8,]
nl+(a/2)(n/k)
For 17, since |5,| < (1 —a)/2, we know k + (a + 6,)n < k+ ((1 +a)/2)n. Therefore,
n—+k > 14 n—+k _ (1—a)n/2 - (1—a)n/2 _l—a
k+(a+8)n — k+((A+a)/2n  ((A+a)/2n+k ~ (1+a)/2n+n  3+4a

We also have

n
%§|8n|—>0.

—1+4

. (43)

k+n - 1—a
k+an ~ 3+a’

1 14 n+k 1 14 n+k
og| -1+ ——— | —log| —
& k+ (a+to,)m & k+an

3+a k+n k+n

l—alk+(@+8,)n k+an
(k +n)|uln (n+nmn|s,| 83+ a)|d,l
< (3 - <3 <
SOy ST T ST 2
For Ig, taking into account (40) and (43), we have
l-a _ | k+n _(—a=b)n _[A-a)+(1-a)/2]n _ 3(1—a);

34+a +k+(a+5n)n_k+(a+8n)n_ (a—a/2)n -~ a

it follows that a1 .
185<1og( ( ‘“>)‘v‘1og<;")‘)|an|ﬁo.
a 34a

If we combine the estimates of I, I7, and I3, we conclude that

k n n+k
Is—|—log{1+a—- )+ (1 —a)log| -1+ =0. (44)
n k k+an

—1+

Thus, by (41), we have

I1=0-a)

<(1-a)

0.

lim sup
n—00 1<k<D,

If we set

log f1(¢) =10g(t+a)+tlog<1+c—l> +({1—a) log(1 —a)
t t+a

=(t+a)log(t+a)—tlogt+ (1 —a)log(l—a), t=>0, 45)

then the estimates (42) and (44) for 14 and I5 imply
lim  sup |11 “log fi (§)| —0. (46)
"m0 1<k<D, n
The estimate of [} in the case k = 0 can be achieved by the same way, and actually (46) holds with the
supremum taken over 0 <k < D,,.
Letsset f = fiforO<t<1—aandOfort>1—a. Let’s set
A(b) = sup llog f1(z) —log fi(s)I;

l—a<t<s<l,s—t<b
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then we have
k k
sup ‘11 —log f<— Al —a))‘ < sup ‘11 —log fl(—)( + A(S,D.
0<k<D, n 0<k<D, n

Observing that log f is uniformly continuous on [1 — a, 1], combining (46) and the fact that §, — O,
then we have

lim sup ‘Il —logf<§/\(1 —a))‘ =0.

n—>00 0 <p,

Therefore, if we combine the estimates of Iy, I», and I; we derived above for Case ), we have

lim  sup %fk,n ~log f(% Adl —a))‘ —0. 47)

=0 0<k<D,

As a summary, in the case when N,/n — a € (0, 1), by defining f(¢) above, the coefficients fi , will
satisfy Assumptions 2 with 7o =1 —a, L, =n, and 6, = N,/n — a (note that D, = (Tp — é,) L, again).
The Legendre—Fenchel transform of —log f is

alog(a/(e™ —1)4+a)+ (1 —a)log(1 —a), s <log(l—a),
I(s) =
s(l—a), s >log(l —a).
Therefore, by Theorem 2, the limiting measure for the sequence of the random measure (1/ L,,),ugn
(which is (1/n)u}y ) satisfies

AD,) = {ar/(l—r), O<r<l1l-—a,

1—a, r>1—a.

Since D,,/n — 1—a, the limit of the empirical measure (1/D,,) /ﬁgn will thus be (1/(1 —a))(D,), which
is (15).

2.3. Case (3. In the case when
. Ny
lim — =1 and D, — o0, (48)
n—oo n

we only prove (17), which implies (16). To prove (17), we need to consider

D,
~ Z ~
K, () := R K" (R—) = & fend", (49)
k=0
where
~ _ n
fem = fxnRP™* and R, = o (50)

n

It’s enough to study K »(2) since it has the same zeros as K ,SN”)(Z /Ry).
In this case, we need to choose L, = D, in (34) with the decomposition

1
D log fx.n = Li(k,n) + Ly(k, n) + I3(k, n).
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Thus, we have the decomposition

1 ~ k 1
—1 =(1——)logR —1
Dn 0og fk,n < Dn) 0g Ky + Dn 0og fk,n (51)

k
= |:<1—D—> IOan+Il:|+IQ+I3.

n

As before, I3 goes to 0 uniformly again since D,, — 0o as n — 00.

We note that |

2D,

is decreasing with respect to k > 1 for fixed N,,, D,, and n; thus, we simply have SUPg<x<Dp, |k, n)| =
[I,(1,n)| Vv |I(D,,n)|. Since I,(D,, n) =0, we further have

L (k,n) = (log(k + N,,) +1log D, —logn —logk)

1
sup |l(k,n)| =|L(1,n)|=
Ofkpr,, 2D,

|log(N, + 1) +1log D, —logn|.

By assumption (48), we can choose n large enough so that N, > %n; thus, we have

n log2 log D,
1 — logD, | < 0,
<Og(Nn)+ 8 ) =2, "2,

1
sup |L(k,n)| <
0<k<D, 2Dn

since D,, — 0o as n — o0.
For I;, we rewrite it as

1
I = D—((k+n— Dy)log(k+ N,) —nlogn+ D, log D, — klogk)
n

1 k+ N,
= o nlog + (k— Dy)log(k+ N,)+ D,log D,, —klogk
. n

1 k+N, k+N, k
:D—<nlog< + )+(k—Dn)log( + )—I—(k—Dn)logn—i—Dn logDn—klogDn—klog<D—))
n n

n n

n n+k—D,\ k k k k k+ N,
= —log[ ——" ) — —log[ — — —1)@ogn—log D)+ — —1]1 .
i G B ) M G L e D )

Thus, we can rewrite

Now we put
log f=t—1—tlogt for0<r<1 and log f=—oc0 fort>1. (52)

Then we can write 7 as

I =log f(%) + Io, (53)
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n k— D, k— D, k k+ N,
Io=—]1 1 — ——1]1 .
=15 -5 () e ()
Since |log(1 +x)| < |x| and |log(1 +x) — x| < x? when |x| is small, then we have the uniform estimate

2 2
log(l—i—k_Dn)—k_Dn S(lc—D,,) S(&)
n n n

n
as n becomes large enough, which implies the first term in Iy tends to 0.

Note that 1 > (k+ Ny,)/n = N, /n; thus, [log((k + N,)/n)| < [log(N,/n)| = [log(1 — D, /n)| < Dy /n.
If we combine this with the fact |k/D, — 1| < 1, we prove that the second term in /g also tends to O.

~ ~( k
Iy —log f o =0.

If we combine the estimates of I 1, I2, and I3 above, we have proved

where

Hence, Iy — 0 as n — oo. Therefore,

lim sup
n—00 0 k<p,

lim sup

= 0<k<D,| Un n

1 ~ ~ k
Do log fi . —logf(D—)‘ =0. 54)

As a summary, the coefficients fkﬁ satisfy Assumptions 2 with L, = D,,, Tp =1, §, =0, and f . The
Legendre-Fenchel transform 7 (s) = supy_,; (s + log f (2)) is

S_l 0
I(s):{e , §<0,

s, s >0.

Thus, the explicit expression (17) of the limiting measure 1% follows by Theorem 2.

2.4. Case @. Now we prove Theorem 4 for the case where D, remains a fixed positive integer m. The
proof makes use of Rouché’s theorem. We start with the following proposition regarding the convergence
of zeros of a sequence of deterministic polynomials.

Proposition 7. Let G = Y ), gxzk, where {g} are deterministic constants and g, # 0. Let G, =
2 o ka2, where {gi.,} are also deterministic. Assume g, converges to gi. for each fixed k. Then the
measure of zeros LG, will converge to (g in the sense of distribution.

Proof. Let’s choose ¢ as the smooth test function with compact support and pick € > 0 small enough. We
first claim that for each zero zg of G with multiplicity «g, for n large enough, G, has exactly o zeros
in D(zop, €), the open disc centered at zg with radius €. Once this is done, since G has m zeros (m is a finite
number), we can pick a common Ny such that when n > Ny, G, will have exactly ¢; zeros in D(z;, €)
for any z; in the zero set of G with multiplicity «;. This means that we can make an appropriate ordering
of the zero set of G (denoted by z;, 1 <i < m) and the zero set of G, (denoted by z; ,, 1 <i <m) such
that |z; — z; »| < € for all i. Then we have

G, (@) — (D) = Z |9 (2i) — ¢ (zin)| =mKe, (55)

1<i<m
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where K is the sup norm of the derivative of ¢. Since € is arbitrarily small, this implies the weak
convergence of g, . All the rest is to prove the claim.

Let’s choose € < 1 small enough such that zg is the only zero of G with multiplicity & > 1 in the
closure of D(zg, €). Assume |z9| + 1 < R for some R. For any z € D(zo, €), we have

m
Gy = Gl < Igui — gl RE. (56)
k=0
Let’s set
€)= min |G(z)|;
ne)=_min |G|

then as n becomes large enough, we have

m
> lgnk — gkIRE < n(e),
k=0

which implies that
|G, (z) — G(2)] <|G(z)| forany z € dD(zg, €).

Hence, G, and G have the same number of zeros in D(zg, €) by Rouché’s theorem. This completes the
proof of the claim and hence Proposition 7. g

Let’s apply Proposition 7 to prove Theorem 4. In the case of D, =m and N, =n —m, (31) reads

K" (2) =Y & findh.

k=0

To study the limiting behavior of zeros of K,(,"fm)(z /n), we may alternatively consider the random
polynomials G, (z) = n" K,(,n_m) (z/n). The coefficients of G, are

m—k

m! n

Hnm—1)---(n—m—k) +1)

—k
8k,n = n" fk,n =

Since k and m are both fixed when n — oo, we have

m!
lim = —.
n—>oogk’n A

By Proposition 7, the measure of zeros i, will converge to 14 s« almost surely, where w ¢k is the random
measure of zeros of fnf () = ka=0 (& /k!)z*. The limit (20) follows from this since K ,E"_m)(z /n) have
the same zeros as G,,. In particular, the empirical measure of zeros of K,E"_m) will converge to dg.

3. General random polynomials

In this section, we will apply the estimates we derived for the Kac polynomials in Section 2 to prove
Theorem 5 for the general random polynomials.
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Let p, be the general random polynomials of degree n defined in (4). Let’s assume that the coefficients
Drk.n satisfy Assumptions 1 with the associated continuous function p that is positive on [0, 1) and

lim sup ||penl’” — (5)‘ —0. (57)
=0 kel0,n]
The N,,-th derivative of p, is
(N,,) = Z$k+N Pk+N, nfk nZ > (58)
k=0

where f; , is defined in (32). Since & are i.i.d., it’s equivalent to consider the random polynomials

" = Z Ec Pt Ny frenZ, (59)

k=0

where (58) and (59) have the same distribution of zeros. We set

Uk,n = Pk+Nyon Jkons
then we rewrite

M = ZSkuk nZ".

We now verify that uy , satisfy Assumptions 2 with some associated function u.
3.1. Case 1. (N,/n — 0). As in Case (D of Kac polynomials, we take L,, = n, §, = N, /n, and Tp = 1.
For fixed n, fx , is increasing with k since

fk—i—l,n _ k+1+ Nn
fk,n k+1

Since fp,.» =1, it follows that f; , <1 for all »n and 0 < k < D,. By Assumptions 1, p is continuous
on [0, 1] and therefore is bounded by C. Hence,

k
sup [Jugal'" = p (%))
0<k<D, n

n k n k
< sup fipeenl” = p (%)Ll + sup [l = 1]p(5)

> 1.

0<k=D, 0<k=D,
k+ N, k+ N, k
< sup |pk+N,,,n|”"—p( )‘+ sup p( ”)—p( )’+C sup {1 il = 1)
0<k=<D, n 0<k<D, n 0<k<D,
=N+ 4+ /s

Our assumption (57) implies that J; converges to 0. J> converges to O since p is uniformly continuous
on [0, 1] and N, /n converges to O under the definition of the case. J3 also converges to O by the
estimate (38) which we have already proved for the Kac polynomials. Hence, the coefficients uy , satisty
Assumptions 2 with L, =n, §, = N, /n, To = 1, and the associated function p. The conclusion (1) of
Theorem 5 then follows.
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3.2. Case 2. (N,/n — a € (0,1)). As in Case @ of Section 2.2, we set L, =n, 8, = N,,/n — a, and
To=1—a; then (Tp—6,)L, = D,. Let’s choose f; as in (45) and set that f coincides with f; in [0, 1 —a]
and equals O in [1 — a, 00) as in the Kac case. Proceeding like Case 1 above, we have

sup ‘luk,nll/n —P<(f_l +a) A 1)f(§ /\TO)‘

0<k<D,
1/n 1/n k k 1/n k
< swp Lfeal | Ipeemal " = p((+a) A1)+ sup p((5+a) A1) |Ifeal = £ (5 AT0)
0<k<D, n 0<k<D, n n
n—+ N, k+ N, k
< sup |fk,n|l/n'|Pk+Nn,n|l/n_P( p )‘+ sup |f,<,,,|1/"p< . n)—p((;-l—a)/\l)‘

0<k<D, 0<k=<D,

+ swp p((S+a) a)|ifal — £ (5 am)

0<k=<D,
=J1+ L+ S5

As in Case 1, our assumptions of p imply that J; converges to 0; J3 converges to 0, which is equivalent
to (47) as in the Kac case. Again using the boundedness of f; , and the uniform continuity of p together

with the fact that
k+ N,
(G ra)n) -
n n

we have J, — 0 since 6, — 0. Hence, the coefficients uy , satisfy Assumptions 2 with u®(¢) = f (t) p(t+a);
this will complete the proof of Theorem 5(2).

sup
0<k<D,

S |5n|,

4. Random elliptic polynomials

In this section, we will prove Theorem 6 for the random elliptic polynomials E, defined in (23). Let’s

oE=(3)

the coefficients. By Stirling’s formula, one can prove that the coefficients pf satisfy Assumptions 1 with

denote by

the associated function p% given in (24). Thus, Theorem 6(1) is the direct consequence of Theorem 5.
Now let’s prove Theorem 6(2), which is the interesting part, and the nontrivial ingredient is to find the
rescaling factor.

As in (59), the N,-th derivative of E,, is equivalent to

Dn Dn
Nl‘l —_— E k P— E k
EMN =3 "&pfy, afind =) &g, (60)
k=0 k=0

Let’s first consider the case when N,,/n — 1 and D, — oo. By discarding a negligible lower-order term
and by Stirling’s formula, we have
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1
Dy,

1 k+Nn1 n +Dn—k1 n
= _ 0 0
2\, B\ixw, D, 2\D —«k

1
—log plin, . ™ E(n logn — (k4 N,)log(k + N,,) — (D, — k) log(D,, — k))

1/ n+k—D, n—D,+k D, —k D, —k D, —
=—|- log — log +
2 D, n D, D,

=hi+ha2+113.

By |log(1 +x) — x| < x? when |x| is small, we can get the uniform estimate

1{ n+k—D,—D,+k n (=D,+k\> n
Lii—5|— < <
’ 2 D, n 2D, n 2D,

We also have the uniform estimate

2

it follows that if we define

D, n 2D, 2nD, — 2n

hy=31(1-1),
then
lim sup |/ —hl(i>‘ =0.
= g<k<D, D,
Let’s put

hy = —3(1—1)log(l —1);

k
Liao=hy| — ).
" Z(Dn)

then we can rewrite

1( n+k—Dn—Dn+k) Dn—k‘ (D, —k)*> D,
—| — — = < — —

)

(61)

(62)

(63)

The trick now is to eliminate /1 3 by a rescaling factor. To be more explicit, let’s put R, = n/D,, again

and put
~F _ E —(Dp—k)/2
pk+Nn,n - pk+Nn,an / .

By defining in this way, we note that

1 —(Dp—k)/2
D_loan( n—k)/ — _11’3;

n

hence, if we combine (61)—(65) and define the function

log pP(x) =hi +hy =11 =)= L1 =) log(1 — 1),
then we have proved

1 k
lim s — log pE —log pE( — )| =0.
o oskuspDn Dy, & Phtun — 102 P <Dn ) ‘
Let’s further recall (50) in the proof of Case 3 for the Kac case where

- D —
fk,n = fk,an " k;

(64)

(65)

(66)

(67)

(68)
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then we can rewrite (60) as

D

EN(2) =) &by, mfend Ry PO,
k=0

Therefore, the rescaling random polynomials read

D)l
N 2 Y _ p-—Du2 ~E Pk
Ef ( m)—Rn gskpkm,nfk,nz. (69)

Let’s define

D,
EM (@)=Y &pfin,afini".
k=0
Let’s derive the limit of the empirical measure of zeros of E,EN") (z/+/Ry), which is the same as E,(,N") (2).
To do this, let’s define the coefficients u ,f p = ﬁf Ny fk n; then the estimates (54) and (67) imply that
ﬁf , satisfy Assumptions 2 with L, = D,, §, =0, and Ty = 1 and the associated function af is given
by logii? =log p¥ +log f. By (52) and (66), we have

le—D—31-nlog(l—1)—tlogt, 0<t<I,

logiif(r) =
ogu™(1) {oo, t>1.

Therefore, (1/Dj,) ,ugn, or equivalently (1/D,)¥ m(uﬁﬂ), converges in probability to a deterministic
measure. To find out the limit, we compute the Legendre-Fenchel transform of —logit” as
I(s) = sup (st +logii(t)) = 3(t; — 1) — $ log(1 — 1),
0<r<1
where t; = (—1 ++/1+4e=%)/ (2¢=2%). Therefore, (25) follows by Theorem 2.
The analysis for the case when D,, remains a fixed number m follows exactly the same approach as in

Section 2.4 for the Kac case. Recall the definition of u E , in (60); if we replace D, =m and N, =n —m,
then we can rewrite

- n! V2 hktn—mm! m\[(n—m+k)\"?
ug, = = — .
bn =\ (k+n—m)! (m—k)! k!n! kI'\ n!(m—k)!

Now we consider the rescaling random polynomials

m
~ _ Z ~
E™(z) :=n"?E" m)(_ﬁ> = E u,ﬁn%‘kzk,
k=0

where iif =uf n™=0/2 Since m and k are both fixed when n — oo, we get

lim #F — m!
8 e = 3 (m — )12

n—oo

Therefore, since E " (z) have the same zeros as E,(,"_m)(z /+/n), then by Proposition 7, the limiting measure
S sn(uy, ) when D, = m will tend to the random zeros of
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= 1
Tor = X_: ACET

k=0

in distribution, which completes the proof of Theorem 6.

Appendix: Proof of Theorem 2

Now we sketch the proof of Theorem 2 by modifying the one in [Kabluchko and Zaporozhets 2014].

Let’s first recall the proof of Theorem 1 in [Kabluchko and Zaporozhets 2014]. For random ana-
Iytic functions F(z) defined in (9) where the coefficients satisfy Assumptions 1, if one establishes the
convergence in probability

1
;10g|Fn(Z)| — I(log|z]) (70)

as n — 00, then Theorem 1 follows by the classical Poincaré—Lelong formula. Kabluchko and Zaporozhets
proved (70) by establishing some appropriate upper and lower bounds for | F,(z)|; see estimates (22)
and (27) in [Kabluchko and Zaporozhets 2014].

Under Assumptions 2, the convergence radius is automatically infinity because we are now dealing with
a finite sum for any fixed n. Given random polynomials F,, in the form of (12) satisfying Assumptions 2,
to prove Theorem 2, it’s enough to derive the analogue convergence

1
I log| F (z)| — 1 (log|z]) (71)
n
as n — oo, where the convergence is also in probability. To prove this, we need the same upper and lower
bounds as in [Kabluchko and Zaporozhets 2014].

For the upper bound, for any € > 0, we have

|Fn (Z)| < MeLn(I(10g|Z|)+36+5;(10g‘Z|)+) for n large enough’ (72)

where M is an almost surely finite random variable depending on €. Here we use the convention that
for any real number w, wt and w™ are the positive and negative parts of w, i.e., w" = w v 0 and
w™ =(—w)VO.

We also need to show the lower bound estimate

P(|F,(z)| < elnoglzD=4e)y — 0( ) as n — 00. (73)

1
VL,
Recall Lemma 4.4 in [Kabluchko and Zaporozhets 2014]; we know that for any A > 0, there exists an
almost surely finite random variable M’ such that || < M’e4* for all k with probability 1. If we set
A =¢€/(2Ty), then for all 0 < k < (Ty — 8,)L,,, we have

|§k| < M/eék/(ZT()) < M/eeL,,' (74)
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To prove (72), if we apply the bound (74) together with Assumptions 2, for n large enough and § small
enough, we have

Z ‘i:kpk,nzk

OSkS(TO_‘Sn)Ln

|Fa(@)| = < > 1&lpallzl

0<k<(To—6,)L,

L, k k
< M'ef ( oo dpallzlf+ Y |pk,n||z|>
0<k=<(To—81)Ly ToLn<k=<(To+8; )L,

< M/eeLn Z (e(k/Ln)10g‘zl+10gp(k/14n) +8|Z|k/Ln)Ln

0<k=<(To—81 )Ly

+ M e€Ln Z (e(k/Ln—To)log\Zl-i-(To log|z|+log p(To)) + 5|Z|k/Ln)Ln.
TOLn <k§(TO+8n_)Ln

By the definition of the Legendre—Fenchel transform, we further have

|Fn (Z)| < M/eZeLn (el(loglzl) + 8(1 vV |Z|T()))Ln + M/eZELnets;(log\ZDJan (el(log|z|) + 8(1 V. |Z|2To))L,,
< M eLnU (loglz)+3e+8, (loglz)™)

where M” is another almost surely finite random variable, which completes the proof of the upper bound.

For the lower bound (73), if we choose the set J as the one in the proof of (27) in [Kabluchko and
Zaporozhets 2014], then the assumptions L, — oo and §,, — 0 imply that the set {k:0 < k < (Tp — 8,)L,,,
k/L, € J} has cardinality bounded below by (|J|/2)L,. The rest proof follows the one in [Kabluchko
and Zaporozhets 2014] by replacing n by L, and hence the lower bound follows.
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