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GROSS-PITAEVSKII DYNAMICS FOR BOSE-EINSTEIN CONDENSATES

CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN

We study the time-evolution of initially trapped Bose—Einstein condensates in the Gross—Pitaevskii
regime. We show that condensation is preserved by the many-body evolution and that the dynamics of
the condensate wave function can be described by the time-dependent Gross—Pitaevskii equation. With
respect to previous works, we provide optimal bounds on the rate of condensation (i.e., on the number of
excitations of the Bose—Einstein condensate). To reach this goal, we combine the method of Lewin, Nam
and Schlein (2015), who analyzed fluctuations around the Hartree dynamics for N-particle initial data
in the mean-field regime, with ideas of Benedikter, de Oliveira and Schlein (2015), who considered the
evolution of Fock-space initial data in the Gross—Pitaevskii regime.

1. Introduction and main results

Trapped gases of N bosons in the Gross—Pitaevskii regime can be described by the Hamilton operator
N N
Hy® =Y [=Ay + Veu @)1+ Y N*V(N(x; —x7)) (1-1)
j=1 i<j
acting on the Hilbert space Lf([Riz’N ), the subspace of L2(R3M) consisting of functions that are symmetric
with respect to permutations of the N particles. Here, Vi is a confining external potential. As for the
interaction potential V, we assume it to be pointwise nonnegative, spherically symmetric and compactly
supported (but our results could be easily extended to potentials decaying sufficiently fast at infinity).
Characteristically for the Gross—Pitaevskii regime, the interaction N2V (N -) appearing in (1-9) scales
with N so that its scattering length is of the order N~!. The scattering length ag of the unscaled potential V
is defined by the condition that the solution of the zero-energy scattering equation

[-A+1V@®)]f(x)=0, (1-2)
with the boundary condition f(x) — 1 for |x| — oo, has the form
ao
fxy=1-— (1-3)
|x|

outside the support of V. Equivalently, ag is determined by
8mrag = f Vx)f(x)dx. (1-4)
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By scaling, (1-2) also implies that
[-A+IN*V(NO)]f(Nx) =0,

with f(Nx) — 1 for |x| = oo. In particular, this means that the rescaled potential N 2V(N -) in (1-9)
has scattering length ag/N.

It was shown in [Lieb et al. 2000], and more recently in [Nam et al. 2016], that the ground state
energy En of the Hamilton operator (1-1) is such that

. Eyn . trap

lim — = min &, (¢), 1-5)

N—ooo N weLz(R3) GP (P) (
lell=1

with the Gross—Pitaevskii energy functional

Eal () = / [V * + Vexe () @ ()1 + 4 agle(x)[*] dx. (1-6)

Furthermore, Bose—Einstein condensation in the ground state of (1-1) was established in [Lieb and

.....

the one-particle reduced density associated with the ground state of (1-1), then

v = ldcr) (dapl, (1-7)

where ¢gp € L2(R?) is the unique nonnegative minimizer of (1-6), among all ¢ € L*(R?) with [|¢|, = 1.
The interpretation of (1-7) is straightforward: in the ground state of (1-1), all particles, up to a fraction
vanishing in the limit of large N, are in the same one-particle state ¢gp.

In typical experiments, one observes the time-evolution of trapped Bose gases prepared in (or close to)
their ground state, resulting from a change of the external fields. As an example, consider the situation in
which the trapping potential is switched off at time ¢ = 0. In this case, the dynamics is described, at the
microscopic level, by the many-body Schrodinger equation

iat‘//N,tZHNK//N,ta (1'8)

with the translation-invariant Hamilton operator

N N
Hy =) —Ag+Y N*V(N(x —x))) (1-9)
j=1 i<j
and with the ground state of (1-1) as initial data. The next theorem shows how the solution of (1-8) can
be described in terms of the time-dependent Gross—Pitaevskii equation.

Theorem 1.1. Let Ve : R — R be locally bounded with Ve (x) — 00 as |x| — 0o. Let V € L3(R3) be
nonnegative (V(x) > 0 for almost every x € R®), compactly supported and spherically symmetric. Let
Y be a sequence in LE(RS’N), with one-particle reduced density yjf,l) =tra, N |¥YN)(YN|. We assume
that, as N — 00,

ay =1— (gcp, vy $cp) = 0,

—1 trap trap (1'10)
by =|N""(Yn, Hy" ¥n) — Egp (Pap)| = 0,
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where ¢gp € H*(R?) is the unique nonnegative minimizer of the Gross—Pitaevskii energy functional (1-6).
Let Yy, = e "INty be the solution of (1-8) with initial data Wy and let ng,l)t be the one-particle reduced
density associated with Wy ;. Then there are constants C, ¢ > 0 such that

L—{gr. v 1) < Clay +by + N~ exp(c exp(clt])) (1-11)
forallt € R. Here ¢; is the solution of the time-dependent Gross—Pitaevskii equation

1019 = — Mg, +87aole 1, (1-12)
with the initial data ¢:—y = Pgp.

Remarks. (1) The condition ay = 1 — (¢gp, v\, ¢cp) — 0 is equivalent to y,) = |¢cp) (dcp|. Similarly,
the bound (1-11) implies that yli,l)[ — |¢:) {(p:]. More precisely, using the fact that |¢;) (¢;| is a rank-one
projection, it follows from (1-11) that

1 1
trlyn s — le @ | < 201y s = o) (@i s

<232[1— (g1, vy 0]
< Clay +by + N2 exp(cexp(c|t])).

Hence, (1-11) is a statement about the stability of Bose—Einstein condensation with respect to the
many-body Schrodinger equation (1-8).

(2) Existence, uniqueness and decay of the minimizer ¢gp of the Gross—Pitaevskii energy functional
(1-6) were established in [Lieb et al. 2000]. In Theorem 1.1 we additionally assume that ¢gp € H 4(R3).
This condition follows from elliptic regularity and from the results of [Gagelman and Yserentant 2012]
(establishing decay of the derivatives of ¢gp), under suitable assumptions on Vi (for example, if
Vext € C?(R?) and its derivatives grow at most exponentially at infinity).

(3) As discussed above, it follows from [Lieb et al. 2000; Lieb and Seiringer 2002] that the assumptions
(1-10) are satisfied if we take vy as the ground state of (1-1). In this case, we expect both ay and by to
be of the order N~!; indeed, ay, by ~ N~ was recently shown in [Boccato et al. 2018b] for systems
of bosons trapped in a box with volume 1 (with periodic boundary conditions), interacting through a
sufficiently small potential; in fact, the limit of Nay, Nby was computed precisely in [Boccato et al.
2018a]. In this case, (1-11) implies that

1 — (@1, v 00) < CN exp(cexp(clt])) (1-13)

and therefore that, for every fixed time ¢ € R, Bose—Einstein condensation holds with the optimal rate N ~!
(meaning that the number of excitations of the condensate remains bounded, uniformly in NT).

(4) To keep the notation as simple as possible, we consider the time-evolution (1-8) generated by the
translation-invariant Hamiltonian (1-9). With the same techniques we use to prove Theorem 1.1, we could
also have included in (1-9) an external potential Wey, at least if the difference Wex¢ — Vext is bounded

I N[ — (o1, 7/1(\/1),%)] — 0, as N — o0, the expectation of the number of excitations of the condensate would tend to zero
and thus ¥, ; could be approximated, in norm, by the factorized wave function <p,® N this cannot be true.
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below. Under this assumption, the convergence (1-11) remains true, of course provided we introduce
the external potential W also in the time-dependent Gross—Pitaevskii equation (1-12). The external
potential may also depend on time, under reasonable assumptions on the time-dependence (for example,
if the time-derivative of Wy, is bounded). Physically, this would describe experiments where the system
prepared at equilibrium (in the ground state) is perturbed by a change of the external potential, rather than
by switching it off (we could also consider the situation where the external potential depends on time).

Theorem 1.1 is meant to describe the time-evolution of data prepared in the ground state of the trapped
Hamilton operator (1-1). This is the reason why, in (1-10), we assumed ¥ to exhibit Bose—FEinstein
condensation in the minimizer of the Gross—Pitaevskii energy functional (1-6). From the mathematical
point of view, one may ask more generally whether it is possible to show that the evolution of an initial
data exhibiting Bose—Einstein condensate in an arbitrary one-particle wave function ¢ € H'(R?) (not
necessarily minimizing the Gross—Pitaevskii functional (1-6)) continues to exhibit condensation in the
solution of (1-12) with initial data ¢;—y = ¢, also for ¢ # 0. In the next theorem we show that the answer
to this question is positive; the only difference with respect to (1-11) is the fact that, to get the same rate
of convergence at time ¢, we need a stronger bound on the condensation of the initial data.

Theorem 1.2. Assume that V € L3(R3) is nonnegative (V (x) > 0 for almost every x € R3), compactly
supported and spherically symmetric. Let Wy be a sequence in Lf(IR3N ), with one-particle reduced
~ [N (WN|. Assume that, for a ¢ € H*(R?),

~ 1
ay =trlyy =)ol = 0,

density yli,l) =1t

,,,,,

) ] (1-14)
by =N~ (YN, HyYn) — Ecp(@)| — 0
as N — oo. Here Egp is the translation-invariant Gross—Pitaevskii functional
£or(e) = [19F +dralel*lds. (1-15)

Let Yy = e "INty be the solution of the Schrodinger equation (1-8) with initial data Wy and let

yjf,l), denote the one-particle reduced density associated with ¥y ;. Then

1 — (@1, Yy 90) < Clay +by + N~ exp(cexp(clt])), (1-16)

where @, denotes the solution of the time-dependent Gross—Pitaevskii equation (1-12), with initial data
Yo = ¢-.

A first proof of the convergence of the reduced density associated with the solution of the Schrodinger
equation (1-8) towards the orthogonal projection onto the solution of the time-dependent Gross—Pitaevskii
equation (1-12) was obtained in [Erdés et al. 2002; 2007; 2009b; 2010]; part of the proof was later
simplified in [Chen et al. 2015], using also ideas from [Klainerman and Machedon 2008]. In these works,
convergence was established with no control on its rate. A new proof of the convergence towards the
Gross—Pitaevskii dynamics was later given in [Pickl 2015]; in this case, convergence was shown to hold
with a rate N7, for a nonoptimal n > 0, whose value could be explicitly determined following the
proof; this approach was adapted to two-dimensional systems in [Jeblick et al. 2016], to systems with
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magnetic fields in [Olgiati 2017] and to pseudospinor condensates in [Michelangeli and Olgiati 2017].
More recently, convergence with a rate similar to (1-11), (1-16) was proven to hold in [Benedikter et al.
2015] for a class of Fock space initial data. The novelty of (1-11), (1-16) is the fact that convergence is
shown with an optimal rate determined by the properties of the N-particle initial data.

More results are available about quantum dynamics in the mean-field regime. In this case, the evolution
of the Bose gas is generated by a Hamilton operator of the form

N N
1
HI = § :—ij+ﬁ § V(x; — x)). (1-17)

j=1 i<j

In the limit N — oo, the solution of the Schrodinger equation Wy, ; = e~*#N'Tyy, for initial data ¥y
exhibiting Bose—Einstein condensation in a one-particle wave function ¢ € L2(R?), can be approximated
by products of the solution of the nonlinear Hartree equation

00, = —Ag + (Vx| ). (1-18)

Convergence towards Hartree dynamics has been established in different settings, using different methods
in several works, including [Adami et al. 2007; Ammari and Breteaux 2012; Ammari et al. 2016;
Anapolitanos and Hott 2016; Ammari and Nier 2009; Bardos et al. 2000; Chen and Holmer 2017; Elgart
and Schlein 2007; Erd6s and Yau 2001; Frohlich et al. 2007; 2009; Ginibre and Velo 1979a; 1979b;
Hepp 1974; Knowles and Pickl 2010; Rodnianski and Schlein 2009; Spohn 1980]. In the mean-field
regime, it is also possible to find a norm approximation of the many-body evolution by taking into account
fluctuations around the Hartree dynamics (1-18); see, for example, [Ben Arous et al. 2013; Chen 2012;
Grillakis et al. 2010; 2011; Kirkpatrick et al. 2011; Lewin et al. 2015a; Mitrouskas et al. 2016].

It is also interesting to consider the many-body evolution in scaling limits interpolating between the
mean-field regime described by the Hamilton operator (1-17) and the Gross—Pitaevskii regime described
by (1-9). A norm-approximation of the time-evolution in these intermediate regimes was recently obtained
in [Boccato et al. 2017; Grillakis and Machedon 2013; Kuz 2017; Nam and Napidrkowski 2016; 2017].

To prove Theorem 1.1 and Theorem 1.2 we will combine the strategies used in [Benedikter et al. 2015]
and [Lewin et al. 2015a]. Let us briefly recall the main ideas of these papers. In [Benedikter et al. 2015],
the Bose gas was described on the Fock space F = (P,~ L2(R3") by the Hamilton operator

HN=/an;‘anx dx+%/NZV(N(x—y))a;‘a;‘ayaxdxdy,

where a}, a, are the usual operator-valued distributions, creating and, respectively, annihilating a particle
at the point x € R>. Notice that Hy commutes with the number of particles operator A" = [ ata,dx, and
that its restriction to the sector of F with exactly N particles coincides with (1-9).

On the Fock space F, a Bose—Einstein condensate can be described by a coherent state of the form
W (/N ¢)S2, where Q = {1,0,0, ...} is the vacuum vector, ¢ € L?>(R?) is a normalized one-particle
orbital, and where, for every f € L2(R?),

W(f) =exp(a™(f) —a(f))
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is a Weyl operator with wave function f. Here, we denoted by

()= [ faidx ad a(f)= [ Foradx

the usual creation and annihilation operators on F, creating and annihilating a particle with wave function f.
A simple computation shows that

Nn/2 ®n
W(/Np)Q = e—N/2{1, NP2 2% }

Sl

In the coherent state W (v/N¢)$2, the number of particles is Poisson distributed, with mean and variance
equal to N.

On the Fock space F, it is interesting to study the dynamics of approximately coherent initial states.
In the Gross—Pitaevskii regime, however (in contrast with the mean-field limit), we cannot expect the
evolution of approximately coherent initial data to remain approximately coherent. On every sector of
F with a fixed number of particles, the coherent state W(\/ﬁ ¢)2 is factorized; it describes therefore
uncorrelated particles. On the other hand, already from [Erd&s et al. 2009a; 2010] and more recently
also from [Chen and Holmer 2016], we know that, in the Gross—Pitaevskii regime, particles develop
substantial correlations. To provide a better approximation of the many-body dynamics, Weyl operators
were combined in [Benedikter et al. 2015] with appropriate Bogoliubov transformations, leading to
so-called squeezed coherent states. To be more precise, let f denote the solution of the zero-energy
scattering equation (1-2) and w = 1 — f (keep in mind that, for |x| > 1, w(x) = ap/|x]|). Using w, we
define

kn, i (x; y) = =Nw(Nx — y)e (x)e(y), (1-19)

where ¢, is the solution of the time-dependent Gross—Pitaevskii equation (1-12). In fact, in [Benedikter
et al. 2015] and also later in the present paper, it is more convenient to replace ¢; with the solution of
the slightly modified, N-dependent, Gross—Pitaevskii equation (4-8); to simplify the presentation, we
neglect these technical details in this introduction. With (1-19), it is easy to check that ky ; € L*(R3xRY),
with ||ky ;||2 bounded, uniformly in N and in ¢. This implies that (1-19) is the integral kernel of a
Hilbert—Schmidt operator. Hence, we can define, on F, the unitary Bogoliubov transformation

T, = exp[% / dxdy (ky ¢(x; y)a:a;‘ — h.c.)i|, (1-20)
whose action on creation and annihilation operators is explicitly given by
T;7'a*(g)T; = a*(coshy, , (g)) +a(sinhy,, (8)) (1-21)

for all g € L(R3). Here coshy, , and sinhy, , are the bounded operators (sinhy, , is even Hilbert-Schmidt)
defined by the convergent series

oo oo

(kn, ik, )" . e (ke k)
COShkMr = ; W and Slnhth = HZ w (1-22)
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Using the Bogoliubov transformation 7; to generate correlations at time ¢, it makes sense to study the
time-evolution of initial data close to the squeezed coherent state W (v/N¢) Ty, and to approximate it
with a Fock-space vector of the same form. More precisely, for &y € F close to the vacuum (in a sense to
be made precise later), we may consider the time-evolution

e MVW (VN Toey = WV N@) Tién o, (1-23)
where we defined &y, = Uy (t)&y and the fluctuation dynamics
Uy (1) =T W (V' No)e "™ W (V' Neo)Ty. (1-24)

In order to show that the one-particle reduced density ylg,l)t associated with the left-hand side of (1-23) is
close to the orthogonal projection onto the solution of the Gross—Pitaevskii equation (4-8), it is enough to
prove that the expectation of the number of particles in &y, ; is small, compared with the total number of
particles N (assuming this is true for £y, at time ¢ =0). In other words, the problem of proving convergence
towards the Gross—Pitaevskii dynamics reduces to the problem of showing that the expectation of the
number of particles remains approximately preserved by the fluctuation dynamics (1-24). In [Benedikter
et al. 2015], this strategy was used to show that the one-particle reduced density Vlill)z associated with
Wy, = e MV W (/No)Toky is such that

v\ =l (@il llns < CN 2 exp(c exp(clt]))

for any &y € F with ||£y]|| = 1 and such that

(EN.IN+N?/N+Hylen) < C
uniformly in N.

While the method of [Benedikter et al. 2015] works well to show convergence towards the Gross—
Pitaevskii dynamics for the evolution of Fock-space data of the form W(\/N ©)Toéy, it is difficult to
apply it to N-particle initial data in L?([R?N ) (a special class of N-particle states for which this is indeed
possible is discussed in Appendix C of that paper). An alternative approach, tailored on N-particle initial
data, was proposed in [Lewin et al. 2015a] for bosons in the mean-field limit. An important observation
in that paper (and already in [Lewin et al. 2015b]) is the fact that, for a fixed normalized ¢ € L*(R?),
every Yy € LE(RW ) can be uniquely represented as

N
Un= vy @ " (1-25)
n=0
for a sequence {1//1(\7 )},1:’:0 with 11/1(\7) € Li(p(R3)®S", the symmetric tensor product of n copies of the
orthogonal complement of ¢ in L*(R?).
This remark allows us to define a unitary map

Ulp): LIR™N) — FE through  U(@)¥n = (Y ¥+ - ¥y ). (1-26)

Here ]-"f;v = @2’:0 Li(R3 )®s" is the Fock space constructed on the orthogonal complement L2l o (R3)
of ¢, truncated to have at most N particles. The map U (¢) factors out the condensate described by the
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one-particle wave function ¢ and allows us to focus on its orthogonal excitations. Notice that a similar idea
(but with no second quantization) was used in [Pickl 2015; Mitrouskas et al. 2016] to identify excitations
of the condensate. Using the unitary map (1-26), we can introduce, for the mean-field dynamics generated
by (1-17), a fluctuation dynamics

Wil = Upe U () FE) — FE), (1-27)

where ¢, is the solution of the time-dependent Hartree equation (1-18). Much as above, to prove
convergence towards Hartree dynamics, it is enough to control the growth of the expectation of the
number of particles operator with respect to W}V“ft This strategy was used in [Lewin et al. 2015a] to find
a norm-approximation for the many-body evolution in the mean-field regime.

It is natural to ask whether the techniques developed in [Lewin et al. 2015a] to study the time-evolution
of bosonic systems in the mean-field regime can also be used to study the dynamics in the Gross—Pitaevskii
limit. Much as above, where we argued that coherent states are not a good ansatz to describe the evolution
of Fock space initial data, we cannot expect here that factorized N-particles states of the form Uj Q = @2 N
provide a good approximation for the solution of the Schrodinger equation (1-8) in the Gross—Pitaevskii
regime. Instead, much as in [Benedikter et al. 2015], we need to modify the ansatz to take into account
correlations developed by the many-body evolution. As explained above, in that paper correlations were
modeled by means of Bogoliubov transformations of the form (1-20). Unfortunately, since they do
not preserve the number of particles, these Bogoliubov transformations do not leave the space ]-'f;\: ,
where excitations of the Bose—FEinstein condensate are described, invariant. For this reason, to adapt the
techniques of [Lewin et al. 2015a] to the Gross—Pitaevskii regime that we are considering here, we are
going to introduce on F. fN modified creation and annihilation operators, defined by

IN—-N IN-N
b*(f)=a*(f) T and b(f)= N a(f) (1-28)

forall f € L2L o (R3). As we will discuss in the next section, these new fields create and, respectively,

annihilate excitations of the Bose—Einstein condensate leaving, at the same time, the total number of
particles invariant. We will use the modified creation and annihilation operators to define a generalized
Bogoliubov transformation having the form

S, = exp[% / dxdy (n,(x; y)bjbj‘, — h.c.)] (1-29)

for a kernel 1, € L2(R3 x R?), orthogonal to ¢; in both its variables. Compared with the standard
Bogoliubov transformations in (1-20), (1-29) has an important advantage: it maps F iﬁ;\,’ back into itself.
With (1-29), we can therefore define the modified fluctuation dynamics

Wit = U (@)e IV U™ (go) S : FEN — FEV, (1-30)

which plays a role similar to that played by (1-24) in [Benedikter et al. 2015], describing the time-evolution
of excitations of the Bose—Einstein condensate. To prove Theorems 1.1 and 1.2 it will then be enough
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to show a bound for the growth of the expectation of the number of particles with respect to Wy, ;. To
achieve this goal, we will establish several properties of the generator

Gn.t = ((0,5) S + S; 110, U () U™ (@) + U o) HN U™ (9)1Ss

of (1-30), which is defined so that
iatWN,t = gN,tWN,t-

Technically, the main challenge we will have to face is the fact that, in contrast with (1-21), there is
no explicit formula for the action of the generalized Bogoliubov transformation (1-29) on creation and
annihilation operators. For this reason, we will have to expand expressions like S;b(g)S; in absolutely
convergent infinite series, and we will have to control the contribution of several different terms. The
main tool to control these expansions is Lemma 3.2 below.

2. Fock space

In this section, we introduce some notation and we discuss some basic properties of operators on Fock
spaces. Let

F= @ Lz(R3n) — @ LZ(R3)®_¢}1

n>0 n>0

denote the bosonic Fock space over the one-particle space L?(R?). Here L?([R@”) is the subspace of
L2 (R3™) consisting of all ¢ € L?(R3") with

w(xnlv-xﬂ27"'a-xﬂl’l)zw('xlv---’xn)

for all permutations 7w € S,,. We use the notation Q2 = {1, 0, ...} € F for the vacuum vector, describing a
state with no particles.

On F, it is convenient to introduce creation and annihilation operators. For g € L*(R3), we define the
creation operator a*(g) and the annihilation operator a(g) by

[~ _
(@ (@) (x1, ... xy) = 7 D gGNW TGy X X ),
j=1

(@(@W) M (xy, ..., x)) =~n+1 /g(x)lll("+l)(x, Xly ey Xn).

Notice that creation operators are linear in their argument, and annihilation operators are antilinear.
Creation and annihilation operators can be extended to closed unbounded operators on F; a*(g) is the
adjoint of a(g). They satisfy canonical commutation relations

la(g), a*(M)]=(g.h), la(g),a(h)]=la"(g),a"(H)]=0 2-1)

forall g,h € L*(R?) (here (g, h) denotes the usual inner product on L%(R3)). It is also convenient to
introduce operator-valued distributions a,, a}, formally creating and annihilating a particle at x € R. They
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are such that

an)= [ fwacds, a*n= [ rwaax
and satisfy the commutation relations
[ax,a;]=5(x—)’), [axaay]=[a;k9a;]=0'

It is also useful to introduce on F the number of particles operator, defined by (VW)™ = nW®, In
terms of operator-valued distributions, N can be written as

N=/a:ax dx.

Creation and annihilation operators are bounded by the square root of the number of particles operator;
i.e., we have

la(HOWN < IF I IN2E, la*(HOW] < If IV + D2y (2-2)

for every f € L*(R3).

For a one-particle operator B : L*(R%) — L*(R?) we define dT'(B) : F —> F through (dT(B)W)™ =
Z’;‘:I ij(”) for any W = {y/ ™}, cn € F. Here Bi=1®---®@ BQ---®1 acts as B on the j-th particles
and as the identity on all other particles. If B has the integral kernel B(x; y), we can write

dI'(B) = / B(x; y)aiaydxdy.

If B is a bounded operator on the one-particle space L?(R?), then dT"(B) can be bounded with respect to
the number of particles operator, i.e., we have the operator inequality

+dT(B) < ||Bllop N (2-3)
and (since dI'(B) commutes with ) also
14T (B)Y| < I Bllop INW|.

We will also need bounds for operators on the Fock space, quadratic in creation and annihilation
operators, that do not necessarily preserve the number of particles. For j € LZ(R? x R?), we introduce
the notation

Az, () =/aﬁ‘(Jx)a§2 dx =/jﬁ1(x;y)a§1a52 dxdy, (2-4)
where ji(y) == j(x; ), th.fa € {-. %}, 1 = - if 1 =% and §; = % if ff; = -, and where we use the
notation a® =a if t = -, a® =a* if f = % and, similarly, j* = jift= - and j* = jiff =« If 1, = -

and f, = % (i.e., if a creation operator lies on the right of an annihilation operator), in order to define
As, 1,(j) we also require that x — j(x; x) is integrable. In the next lemma, which follows easily from
(2-2), we show how to bound these operators through the number of particles operator .
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Lemma 2.1. Let j € L>(R? x R3). Then for any ¥ € F,

ljllz+ [ 1 x0)ldx if g1 = -, th=x,
ljll2 otherwise.

IAS . (D¥] < V2IN + D {

We will work on certain subspaces of F. For a fixed ¢ € L?*(R3) (¢ will later be the condensate wave
function), we use the notation Lzl(p([F@) for the orthogonal complement of the one-dimensional space
spanned by ¢ in L?(R?). We denote by

Fro=EPLi,RHS"

n>0

the Fock space constructed over L7 ,(R?). A vector W = {y @,y ..} € Flies in Fy, if ™ is
orthogonal to ¢, in each of its coordinates, for all n > 1, i.e., if

/@(x) ,(//(n)(x’ Y1, --'synfl)dx =0

for all n > 1. We will also need Fock spaces with a truncated number of particles. For N € N\ {0}, we
define

N N
FN=@PL*®)®" and Fi) =@HLI,R)>"
n=0 n=0

as the Fock spaces over L*(R?) and over Liw (R3) consisting of states with at most N particles. As
already explained in the Introduction (but see Section 4 for more details), on the space F fév we will
describe orthogonal fluctuations around a condensate with wave function ¢ € L*(RY).

On F=N and F fév , we introduce modified creation and annihilation operators. For f € LZ([RR3), we

define
N-—-N N-—-N
b(f) =\ af) and B =a"(f) /= (2-5)

We clearly have b( f), b*(f) : F=N — F=N_If moreover f L ¢ we also have b(f), b*(f): ]-"f;v — ]-"fév.
As we will discuss in the next section, the importance of these fields arises from the application of the
map U (¢), defined in (1-25), since

Up)a*(falp)U*(p) = a*(f)v'N — N =/ Nb*(f),
U(p)a*(@)a(f)U*(p) = N —Na(f) = VN b(f).

If ¢ is the condensate wave function and f L ¢, the operator b*( f) excites a particle from the condensate
to its orthogonal complement, while b( f) annihilates an excitation back into the condensate. On states

(2-6)

exhibiting Bose—Einstein condensation, we expect a(¢), a*(¢) >~ /N and thus that the action of modified
b*- and b-fields is close to the action of the original creation and annihilation operators.
It is also convenient to introduce operator-valued distributions

N-N N-N
b, = ay, and bl=a;|——

N * N




1524 CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN

so that

b(f):/f_(x)bxdx and b*(f):ff(x)bjdx.

‘We find the modified canonical commutation relations

[by, b%] = (1 - N)é(x =) =, b by) = [0, 61 =0, 2-7)
Furthermore

[by, aya:l=38(x — y)b., [by,aja;]=—8(x —2)by, (2-8)

which leads to [by, N']1=b, and [b}, N'] = —b}. From (2-2), we immediately obtain the following bounds
for the b-fields.

Lemma 2.2. Let f € L>(R?). For any £ € F=N, we have

N —N+1\?
Ib(HEN <112 N‘/Z(%) Ell < IIf 12NV,
N — A\ /2
16*(HEN < 1 £ 12 (N+1)”2<T) gl <1V + 1)),

Notice, moreover, that since N' < N on F=N, the operators b(f), b*(f): F=N — F=N are bounded with

IBCOHIL 1B*(HOIF < (N 4+ D2 f1l2.
We will also consider quadratic expressions in the b-fields. For an integral kernel j € L2(R? x R?), we

define, similarly to (2-4),

B: s, (j) = / b¥ (jo )b dx = f 7O DA dx dy. (2-9)

If #; = - and fp = %, we also require that x — j(x; x) is integrable. From Lemma 2.1, we obtain the
following bounds.

Lemma 2.3. Let j € L2(R? x R?). Then

B0, DV <ﬁ{||j||2+f|j(X;X)|dx fhi=-,th=sx
[V + DN =N +2)/N)¥|

17 ll2 otherwise

for all W € F=N. Since N' < N on F=N, the operator By, 4,(j) is bounded, with

il + [1j0)ldx ift= -, fa =%,
17 ll2 otherwise.

Bz, 2, ()| < /2N {

Remark. For ¢ € L*(R?), let g, = 1 — |¢)(¢| be the orthogonal projection onto L3 ,(R?). If j €
(9, ®q¢52)(L2([R3 x R?)), we have By, 4, (j): ]-"fé,v — ]-"f;v (here we use the notation § = x if f = - and
f=-ift=xandp*=gift=x " =@ if=").
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We will consider products of several creation and annihilation operators, as well. In particular, two
types of monomials in creation and annihilation operators will play an important role in our analysis. We
define

2) . .
I8 Gt ) = f biayagapas - - ay iy by, l_lmxg yydxedye,  (2-10)

where ji € L>(R?* xR?) fork =1, ...,n and where i = (1, ..., ), D= (0, ..., bp—1) € {-, *}". In
other words, for every index i € {1, ..., n}, we have either #; = - (meaning that a* = a or b* =b) or
f; == (meaning that ¢ = a* or b* = b*) and analogously for b;, if i € {0, ..., n — 1}. Furthermore, for
L=1,.. — 1, we impose the condition that either f; = - and by = * or iy = * and by = - (so that the

product a)ﬁﬁaxi ., always preserves the number of particles). If b;_; = - and §; = * (i.e., if the product

as” ]agl’ fori =2,...,n, or the product bxolaf,‘ for i = 1, is not normally ordered) we require additionally
x — ji(x;x)tobe 1ntegrable. An operator of the form (2-10), with all the properties listed above, will be
called a IT1®-operator of order 7.

Next, we define

) G eeev s ) = / budiialazap - aylaytaga (f) H Jetes yydxedye,  (2-11)

=1
where f € L2(R%), jr e L*(R*x R forallk=1,...,n, t=(#1,...,8) €{-, %", b=(by,...,bn) €
{-, %}"*! with the condition that, for all £ =1, ..., n, we either have fy = - and b; = x or #; = % and
by = -. Additionally, we assume that x — j;(x; x) is integrable if b;_; = - and f; =« forani =1, ..., n.
An operator of the form (2-11) will be called a TT"-operator of order n. Operators of the form b( f),
b*(f), for an f € L*(R?), will be called TT1V-operators of order zero. It will also be useful to consider

n
A0 G s ) = / a*(fraPayaliaza - -ap-tal by [ | jetxes yo dxedye,  (2-12)
=1

where f € L2(R%), jx e L>(R*xR3) forallk=1,...,n, #=(f0,....th-1)€{-,*}", b=(bg,...,b,) €
{-, %)"*! with the condition that, for every £ € {0, ..., n — 1}, either #; = - and b, = % or #; = * and
by = -. As above, we also assume that x — j;(x; x) is integrable if b; | = - and §; =« fori =1, ..., n.
Observe that

1 1 . .
()(J17"'7,1n,f)*_nt(j/)b/(‘]nv"'vjl;f)a

with b’ = (b, ...,bo), # = (Hn, ..., 1), whereb= - ifb=xand b = if b= - (and similarly for f).

Notice that IT1®)-operators involve two h-operators and therefore may create or annihilate up to two
excitations of the condensate (depending on the choice of by and f,,, they may also leave the number
of excitations invariant). 1"~ and T1(V-operators, on the other hand, create or annihilate exactly one
excitation. The conditions on the number of creation and annihilation operators guarantee that T1?-,
M- and ﬁ(l)—operators always map F=" back into itself. In the next lemma we collect bounds that we
are going to use to control these operators.
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Lemma24. LetneN, feL*(R%), ji,..., j.€ L*(R*xR?). We assume the operators Hézg Jlseens jn)
and Hélg (J1s -+, Jns f) are defined as in (2-10), (2-11). Then we have the bounds

n
@ . be—1.te N =2
||Hﬂ,b(.]la 7.]”)5” §6nllj[1ng bt (N‘i_l)n(l—T)%— ,
o N o1 (2-13)
. . be_1, —
|m$ohuqmﬂmstWHK/W(N+wmﬂo_fﬁﬁ |,
=1
where . . .
Kbefl,]:tz _ ||.]£||2+f lje(x; x)|dx  if bgy = - and gy = *,
‘ jell2 otherwise.
Since N < N on F=N, it follows that Hé’z;(jl, cees Jn)s Hg?g(jl, -« -y Jus ) are bounded operators on F=N
with

n
2), . . be—1,8e
I G ol < 2N T &,
(=1

n
o -
TG, s Ol < 2NN I [ K2

=1
Remark. If ji € (¢, ®q,;) L2(R* xR) foralli=1, ..., nandif f € L3 (®?), then 1) (ju, .., jn)
and Hé}g(jl, evy Jny f) map ]—'f;v into itself.
Proof. We consider operators of the form (2-10). Let us assume, for example, that by = - and f,, = -.

Then we have, writing by, = ay, (1 — N'//N)!/? and by, = a,, (1 — N'/N)'/? and using the pull-through
formula g(N)a, = a, gV — 1),

N-—N 1/2 N—N 12 n

2, . . ,

Hé,ﬁ(h,...,Jn)=faxl(—N ) aﬁ}---aiziaizlayn(—]\, ) l_[Jz(xe;yz)dxzdye
=1

N—N+1\"(N-N\"*
=/axlaf,; -‘-agi::}aij‘la),n(T) T) l_[Je(xz; ye) dxedyy

=1
. N—-N+1\"?(N-N\"
— | | be—1,8e (5

=1

where we used the definition (2-4). The first bound in (2-13) follows therefore from Lemma 2.1. The
other estimates can be shown similarly. O

3. Generalized Bogoliubov transformations

For a kernel n € L2(R3 x R3) with n(x; y) = n(y; x), we define

BN =} [ G y)bib; — x5 »bsb 1 dxdy. G-
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Observe that, with the notation introduced in (2-9),

B(n) = 3[B...(n) — BX (] =—1[B..(n) — B* (n)].

Generalized Bogoliubov transformations are unitary operators having the form
1 _
B = exp[§ f(n(x; bby —ii(x; y)bxby)]- (3-2)

It is clear that B(n), eB™ : =N — F=N_ PFurthermore, if 7 € (g, ® q,)L*(R> x R?) then we have
B(n), eBM : ]—'f;v — ]-'fév for any normalized ¢ € L?(R3) (as above, qo =1—1|¢){p| is the projection
into the orthogonal complement of ¢). It may be helpful to observe that, with the unitary operator U (¢)
defined in (1-26), we can write, according to (2-6),
1 a(plalp) a*(p)a*(e)

B(n) = EU(cp)/ dxdy [n(x; Vaay——= =i y)————axay \U"(¢).  (3-3)
On states exhibiting Bose—Einstein condensation in ¢ (so that a(¢), a*(¢) =~ VN ), we can therefore expect
the generalized Bogoliubov transformation (3-2) to be close to the standard Bogoliubov transformation

~ 1 _
B = exP[§ /(n(x; yazay —n(x; y)axay)} (3-4)
whose action on creation and annihilation operators is explicitly given by
—Ban Bn) _ h *(sinh, ( £ 3-5
e " Ma(f)e a(cosh, (f)) 4 a” (sinh; (f)), (3-5)

with the operators cosh,, sinh, defined as in (1-22). Standard Bogoliubov transformations of the form
(3-4) were used in [Benedikter et al. 2015] to model correlations in the Gross—Pitaevskii regime for
approximately coherent Fock space initial data. In the present paper, since (3-4) does not map ]-'i:)v
into itself (it does not respect the truncation ' < N), we prefer to work with generalized Bogoliubov
transformations of the form (3-2). The price that we have to pay is the fact that, in contrast to (3-5),
the action of exp(B(#n)) on creation and annihilation operators is not explicit. Let us remark here that
generalized Bogoliubov transformations of the form exp(B(7)) were already used in [Seiringer 2011;
Grech and Seiringer 2013] to study the excitation spectrum in the mean-field regime. Here we will need
more detailed information on the action of these operators; the rest of this section is therefore devoted to
the study of the properties of generalized Bogoliubov transformations.

First of all, we need the following generalization of Lemma 4.3 of [Benedikter et al. 2015]; a similar
result was also proven in [Seiringer 2011].

Lemma 3.1. Let n € L>(R? x R%). Let B(n) be the antisymmetric operator defined in (3-1). For every
ni, ny € Z there exists a constant C = C(ny, ny, ||nll2) such that

e BOW + 1) (N +1-N)2eB@ < CW + D)"(N +1-N)™

as operator inequality on F=".
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Proof. We use Gronwall’s inequality. For a fixed £ € =" and s € [0; 1], let

f&) = (& e PPOW+ D" (N +1-N)"2e P W),
We compute

() = (£, e SB[V F1)"(N+1-=N)"™, B(n)]e* BM¢g)
= (e BOE (N + DN +1= N, B+ + 1™, Ba)IN +1—N)2}eBDg). (3-6)

From the pull-through formula N'b* = b*(N + 1), we conclude that
(N +1—=N)™, Bl = %B*,*(U)[(N —1-N)"? = (N+1-N)"?]+hec,
[W 4+ D", Bp] = 3By (VN +3)" — (VW + D" +h.c.

By the mean value theorem, we can find functions 61, 6, : N — (0; 2) (depending also on N, ny, n,) such
that
(N—j+D2=(N—j—D"=2n(N+1—j—6,G)""",

G+ =G +D"=2n1( +1+60)).
Hence, the first term on the right-hand side of (3-6) can be written as
(e BME, (WD [(N+1=N)"™, B()]ePMé)
(W+D"e PDE, (By w () (N+1-N=61(N))" " +h.c.)e P Mg

1

2
= 3{VAD" A (N43-N =01 (N'=2)"2e P Dg B, (N +3)" 2 (N+1=N=01 (N)"/ 2710
+{WHD VAN =01 (V)2 PDE, B (W= D" 2 (N+3-N=01 (V' =2))" /21 W),

The Cauchy—Schwarz inequality implies with Lemma 2.3

(e BME (N + DM[(N +1—N)"2, B(n)]e*BMég)|
< CIIN+H1D)"2(N+3 =N —60; (N =2))"2eSBDe ||| (W +3)" N+ 1-N =0, (V)2 N1 B,

with a constant C depending on ||5]|>. Since on F=V we have N’ < N and since 0 < 6;(n) < 2 for all
n € N, we conclude that

(e PPE, W+ D" (N +1=N)", Bp)le’* V&) < Cf (s)

for a constant C depending on ||n||2, n1, n2. The second term on the right-hand side of (3-6) can be
bounded similarly. We infer that f'(s) < Cf(s). Gronwall’s inequality implies that f(s) < eCs f(0).
Hence, taking s = 1, and renaming the constant C, we obtain

(&, e BN+ 1) (N +1-N)2eBDg)y < Cg, W+ D" (N + 1 —N)™E),

which concludes the proof of the lemma. U
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We will need to express the action of the generalized Bogoliubov transformation e™ on the b-fields
by means of a convergent series of nested commutators. To this end, we start by noticing that, for
feL*®),

1
e—B(n)b(f)eB(n) =b(f)+/ ds j—se_SB(n)b(f)€SB(n)
0

1
—b(f) - / ds e BD[B(p), b(f)]eBD

0
1 S1
=b(f)—[B(n),b(f)]+/ dslf dsy e 2P [B(), [B(n), b()]1e?P7.
0 0

Iterating m times, we obtain

e—B(n)b(f)eB(ﬂ)
m—1 (")

= Z(— B(n)( ) / dsl/ dsy - fgml dsp, e_SmB(”)adg'(l,)?)(b(f))es’”B(”), (3-7
n=1

where we introduced the notation ad( B (A) defined recursively by

adff, (A=A and ad) (4) =B, adfy,) (A)].

We will show later that, under suitable assumptions on 7, the error term on the right-hand side of

(3-7) is negligible in the limit m — oo. This means that the action of the generalized Bogoliubov

transformation B(n) on b( f) and similarly on 5*( f) can be described in terms of the nested commutators

adp(; (A) for A =b(f) or A=b*(f). In the next lemma, we give a detailed analysis of these terms.
For a kernel n € L2(R? x R3), we will use the notation

1 forn =0,
1™ =1 it ifn=2¢ £eN\{0}, (3-8)
'ty ifn=20+1, £eN.

Here we, identify n € L2(R3 x R?) with the Hilbert-Schmidt operator acting on L?(R?), having integral
kernel n. To avoid keeping track of complex conjugations of n-kernels, we also introduce the following
notation. For fj € { -, *} we write n; =n if § = - and n; = 5 if § = *. More generally, for n € N, and
(1, ..., b0) €{-, %}", we will use the notation nén) =1y, Ny, - - - Ny, in the sense of products of operators.
Also for a function f € L?(R?), we use the notation fo=fifg="-and f; = fifh=x.

Lemma 3.2. Let n € L*(R3 x R?) be such that n(x; y)=n(y;x)forall x,y e R3. Let B(n) be defined
asin (3-1). Letn e Nand f € L*(R?). Then the nested commutators adg'()n) (b(f)) can be written as the
sum of exactly 2" n! terms, with the following properties:

(i) Possibly up to a sign, each term has the form

|-
Ao A TG (o)) (3-9)
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forsomei,k,sGN, jls---ajkeN\{0}7 Oe{'a*}’ ﬁe{'s*}ka be{'s*}k+17 hve{',*}j”forall
v=1,....kandfe{-,*}*. In(3-9), each operator A, : F=N — F=N is a factor (N — N')/N, a factor
(N +1—=N)/N or an operator of the form

l
(2)( (ml) (mz) (mp)) (3_10)

ey
forsome p,my,...,m, e N\{O}, §,be{-,x}P, by e{-, %" forallv=1, ..., p.

(ii) If a term of the form (3-9) contains m € N factors (N —N)/N or (N +1—N)/N and j € N factors
of the form (3-10) with T1®-operators of order py, . .., pj € N\{0}, then we have

m+(pi+D+-+@Ei+D+k+1)=n+1. (3-11)
(iii) If a term of the form (3-9) contains (considering all A-operators and the TI'V-operator) the kernels
ngl]]), ceey né”") and the wave function ngs)(fo)for somem,s €N, iy, ..., i, € N\{0}, &, € {-, *}" for
allr=1,...,m,qe€{-, *x} then

i1+ tin s =n.

(iv) There is exactly one term having the form

N-NYZ(N+1-N\"?
( N ) ( N ) b(n™ () (3-12)

if n is even, and
<N—N)<"+W2(N—N+1

(n—1)/2 " =
= S ) b* (™ (/) (3-13)

if n is odd.
(v) If the 1D -operator in (3—9) is oforder k € N\{0}, it has either the form
/ be alal aya(n®(f)) H " (s yi) dox; dy;

or the form
/bbo ajiall aya* V() l_[ H(J')(Xi; yi) dx; dy;

forsomer €N, ji, ..., jx € N\{0}. Ifit is of order k = O, then it is either given by b(nu r)(fo)) or by
b*(n 2r+l)(f<>)) for some r € N.

(vi) For every nonnormally ordered term of the form
/dxdynéi)(x;y)axa;*, /dxdynéi)(x;y)bxa;f, /dxdynéi)(x;y)axbj, or /dxdyn(’)(x;y)bxbj

appearing either in the A-operators or in the T1'V-operator in (3-9), we have i > 2.



GROSS-PITAEVSKII DYNAMICS FOR BOSE-EINSTEIN CONDENSATES 1531

Remark. Similarly, the nested commutator ad™ (b*(f)) can be written as the sum of 2"n! terms of the
form

. _ ,
— N0, o "ékil(fo))l\mz A
satisfying properties analogous to those listed in (i)—(vi).

Proof. We prove the lemma by induction. For n = 0 all claims are trivially satisfied. For the induction
step from n to n 4+ 1 we first compute, using (2-7) and (2-8), the commutators

[B(r). bl = — ;,Nb*(nz) + % / dx dy n(x; y)biaya;
= —b*(nz)w + % f dx dy n(x; y)aza;by,

B, b1 = —br) ™ ;,N + % f dx dy ij(x: y)atayb a1
= —wb(nz) + % / dxdyi(x; y)biayaZ,

[B(n), a;ay] =[B(n), aya;]l=—b;b*(ny) — b(n)by,
(BN = N1 = 1B, N +1=A = [ dxdy (n0x b0} + 7 )b,
From adg'(:)l)(b( ) =1[B(), adg‘()n) (b(f))] and by linearity, it is enough to analyze
[B(n), AtAz-- AN TN 07, g0 (fon), (3-15)

with the operator AjA; - - - A,-N*kl'lf:’lb)(né{'), e né]{k); nés)(fo)) satisfying properties (i)—(vi). Applying
the Leibniz rule [A, BC]=[A, B]C + B[A, C], the commutator (3-15) is given by a sum of terms, where
B(n) is either commuted with a A-operator, or with the TT1-operator.

Let’s consider first the case that B(n) is commuted with a A-operator, assuming further that A is either
the operator (N — AN')/N or the operator (N + 1 — N')/N. The last line in (3-14) implies that such an
operator A is replaced, after commutation with B(7), by the sum

N o) + N T2 (). (3-16)

With this replacement, we generate two terms contributing to adgz(:)l)(b( f)). Let us check that these new
terms satisfy the properties (i)—(vi) (of course, with n replaced by (n + 1)). Property (i) is obviously true.
Also (ii) remains valid, because replacing a factor (N —A')/N or (N +1—N)/N by one of the two sum-
mands in (3-16), the index m will decrease by 1, but there will be an additional factor of 2 because we added
a I1®-operator of order 1. Since exactly one additional kernel ny is inserted, also (iii) continues to hold
true. The factor ITV is not affected by the replacement; hence the new terms will continue to satisfy (v).
Furthermore, since both terms in (3-16) are normally ordered, also (vi) remains valid, by the induction as-
sumption. We observe, finally, that the two terms we generated here do not have the form appearing in (iv).
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Next, we consider the commutator of B(#) with a A-operator of the form A=N"7 H(z) E'I"'), ey nézn”))
fora p € N (p <n by (ii)). By definition,
A=N"7 / bbo abia b ]_[ 0" (xi: i) dx; dy;. (3-17)

If [B(n), -] hits bg?, the first two relations in (3-14) imply that A is replaced by a sum of two operators,
the first one being either

N N
" N PH(Z)( (m1+1),né;n2)"”’né p)) or
(3-18)
N+1-N 9 1 (m,)
_ ¥ N™ pH( )( (m1+ ) né;"z)’ o nuI:] )
depending on whether by = - or by = = (here b= (bo, b1, ..., bp—1) with by = - if by = % and by = * if

bo = -). The second operator emerging when [B (1), - ] hits bi? is a T1®-operator of order p + 1 given by
—(p+H @ (m1) (mp)
NPt >nﬁ’5(nuo,nu’1’“ P (3-19)

where £ = (bo, t11, ..., ), b= (bo, bo, ..., b,—1) and o = bo.

For both terms (3-18) and (3-19), (i) is clearly correct and also (ii) remains true (when we replace (3-17)
with (3-18), the number of (N —N')/N- or (N — N + 1)/ N-operators increases by 1, while everything
else remains unchanged; similarly, when we replace (3-17) with (3-19), the order of the IT1®-operator
increases by 1, while the rest remains unchanged). Property (iii) remains true as well, since, in (3-18), the
power m1 + 1 of the first n-kernel is increased by one unit and, in (3-19), there is one additional factor
1, compared with (3-17). Property (v) remains valid, since the IT("V-operator on the right is not affected
by this commutator. Property (vi) remains true in (3-18), because m; 4+ 1 > 2. It remains true also in
(3-19). In fact, according to (3-14), when switching from (3-17) to (3-19), we are effectively replacing
b — b*a*a or b* — baa*. Hence, the first pair of operators in (3-19) is always normally ordered. As for
the second pair of creation and annihilation operators (the one associated with the kernel n(ml) in (3-19)),
the first field is of the same type as the original b-field appearing in (3-17); hence nonnormally ordered
pairs cannot be created. Finally, we remark that the terms we generated here are certainly not of the form
in (iv) (because for terms as in (iv) all A-factors must be either (N — AN')/N or (N +1—N')/N, and this
is not the case, for terms containing (3-18) or (3-19)).
on the right of (3-17) (in this case,
we use the identities for the first two commutators in (3-14) having the b-field to the left of the factors
(N+1—=N)/N and (N —N)/N and to the right of the a;a} and a;a-operators).

If now B(n) hits a term a*

The same arguments can be applied if B(n) hits the factor b

Yp

3, Gx,,, OF dy, ;Ck+l in(3-17),foranr=1, ..., p—1, then (3-14) implies that A =

N~ Pl'[(zg( (m‘), ey ’7t ”)) is replaced by the sum of the two terms, given by

—INTIE, Y, TIN eI ) (3-20)

Or+1
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and by
—INTTIE) NN, (3-21)
r+l1
Wlth bl:(b07 cet r 1) b//_(br’ "'7bp—])$ b =(|;r’ br—l—l» "'abp—l) andWIth H/:(n]9 "'aﬂr—]aﬁ}’)7

n

jj// =@r41,...,8p), 8 =1, ..., ) (here, we set ﬁ, ==xiff{, = - and ﬁ, = . if §, = %, and similarly
.+, do not play an important role (they are given by i, = (4, ;)
and ¢/ v+1 = (Br+1, 7). The new terms containing (3-20) and (3-21) clearly satisfy (i). Furthermore, (ii)
remains true because the contribution of the original A to the sum in (3-11), which was given by p +1 is

for b,_). The precise forms of u/ and f/

now replaced by (r+1)+(p—r—+1) = p+2. Clearly, (iii) remains true as well, since, for both terms (3-20)
and (3-21), the total powers of the n-kernels is increased exactly by 1. As before, the terms we generated
do not have the form (iv). Property (v) continues to hold true, because the IT1V-term is unaffected. As for
(vi), we observe that nonnormally ordered pairs can only be created where i, is changed to i, (in the term
where i’ appears) or where b, is changed to b, (in the term where b’ appears). In both cases, however, the
change 1, — f, and b, —> b, comes together with an increase in the power of the corresponding 7-kernel
(e., 77( mp) - my+1) . (m r+l) (mpp141) .

Since m, + 1, m,41 + 1 > 2, even if nonnormally ordered terms are created, they still satisfy (vi).

is changed to nu, in the first case, while My, is changed to My in the second case).

Next, let us consider the terms arising from commuting B(n) with the operator

— 1)
N kl—[( b(n(jl)’ o né]{k)’ nus)(fo)) .
= N—k/ be l_la iiﬂ yl\ bk (néb)(fo)) l_[ n(]z)(xl_; yi)dXi dyl (3_22)

We argue similarly to the case in which B(#) hits a TI®-operator like (3-17). In particular, if B(n) hits
the operator bxl, the operator (3-22) is replaced by the sum of two terms, the first one being

N N 1
— N PO Y i (fo))or
N+1-N__ +1
-—— N ”H;’,g(néfl"' o™ (o)),
depending on whether by = - or by = * (with b= (o, b1, ..., br_1)) and the second one being

1
NI 0,0 (o)),

with £ = (b, 1, ..., fx) and b = (bo, b1, ..., br). As we did in the analysis of (3-18) and (3-19), one can
show that both these terms satisfy all properties (i), (ii), (iii), (v), (vi) (we will discuss (iv) below).

If instead B(n) hits one of the factors agjax, . foranr=1,...,k—1, the resulting two terms will
have the form
—rq 2 my+1 1 ,
—INTTZ, G TN T s (o)) (3-23)
or
—r=2 m, r 1 my 1
—INTIG 8NN T L G e (o, (3-24)

uH—I



1534 CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN

with #/, jj”, ﬁm and b’,b",b" as defined after (3-21). Proceeding much as we did in (3-21), we can show
that these terms satisfy (i), (ii), (iii), (v) and (vi).

Let us now consider the case that (3-22) is commuted with the last pair of operators appearing in (3-22).
From the induction assumption, we know that this pair can only be a;‘,ka(n(zr)( 1)) or aya*(n®*V(f)).
In the first case, (3-22) is replaced by

2 j r 2 1
—H( )/(77(]1)’ o néik)) b*(n(Zr—i-l)(f)) Hé/ )b/(n(jl)v o né]{k 11)’ nj]k+ )) b(n(lr)(f)) (3_25)
In the second case, it is replaced by
2 1 2 ik
_H;’)b’(n(]])v e néikll), nujk+ ))b*(n(2r+1)(f)) H;’)b/(n(]])v o néil\))b(n(Zr-l-Z)(f)) (3-26)

In (3-25), (3-26), we used the notation b’ = (bg, ..., bx_1), &' = (81, ..., fx) (as usual, the precise form
of f; is not important). From the expressions (3-25), (3-26), we see that also in this case, (i), (ii), (iii),
(v) and (vi) are satisfied.

As for (iv), from the induction assumption we know that there is exactly one term in the expansion
for ad( B (b(f)) given by (3-12) if n is even and by (3-13) if n is odd. Let us take, for example, (3-12).
If we commute the zero-order IT(D- -operator b(n™( f)) in (3-12) with B(n), we obtain exactly the term
in (3-13), with n replaced by n + 1 (together with a second term, containing a IT!"-operator of order 1).
Similarly, if we take (3-13) and we commute the TT1(V-operator b*(n™ (f)) with B(n), we get (3-12),
with n replaced by n + 1. Looking at the terms above, it is clear that there can be only one term with
this form. This shows that also in the expansion for adg'(j;)l)(b( f)), there is exactly one term of the form
given in (iv).

Finally, let us count the number of terms in the expansion for adgl(:)l)(b( f)). By the inductive
g'()n)(b( f)) contains exactly 2"n! terms. By (ii), each of these terms is

a product of exactly n + 1 operators, each of them being (N —N), (N + 1 — N), a field operator bTj or

a quadratic factor agaz commuting with the number of particles operator. By (3-14), the commutator

assumption, the expansion for ad

of B(n) with each such factor gives a sum of two terms. Therefore, by the product rule, adg’(:)l)(b( )
contains 2" (n!) x 2(n + 1) = 2*D(n + 1)! summands. This concludes the proof of the lemma. O

From Lemma 3.2, we immediately obtain a convergent series expansion for the conjugation of the
fields b(f) and b*(f) with the unitary operator exp(B(7)).

Lemma 3.3. Let n € L2(R? x R3) be symmetric, with ||n|» sufficiently small. Then we have

e BWb(f)ePm =" % adye,y (b()),
n=0

1
e_B(TI)b*(f)eB(n) = Z ( ) B(n)(b*(f))’

n=0

(3-27)

where the series on the right-hand sides are absolutely convergent.
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Proof. From (3-7) we have

e*B(n)b(f)eB(n)
(n)

m—1 Sm—1
=> " B<’”( ) / ds) f dsy - f dsy e~ Dad§l) (b(f))e B (3-28)
n=1

To prove (3-27), we show that the norm of the error term converges to zero as m — co. By Lemma 3.2,

adgl()n)(b( f) is given by a sum of 2"n! terms of the form

INERYY —n“@( 0., (3-29)

with i, k, £ €N, ji, ..., jr € N\{0} and where each A, is (N —N')/N, (N+1—N)/N or an operator
of the form

(2) (ml) (mp)
LU

On F=N, we have the bounds |[(N —N)/N| <1and ||(N +1—N)/N| < 2. Lemma 2.4 implies that
N_p||n( (n(ml), - ném”))” < (12)PQ2[Infl)™+ "
and that
k”]'[(l)( (Jl)’ cee, néIZk)’ n(ﬁ)(fo))” < (12)k\/_||f||2(2||n||2)5+11+ i

Here we used the fact that, if a kernel ') is associated with a normally ordered pair of creation and
annihilation operators, then 179 s < |l nllf{s. If instead ) is associated with a nonnormally ordered
pair, then point (vi) in Lemma 3.2 implies that j > 2. Hence,

/ dx:/’/n(X;y)”(jl)(y;x)dy dx
1/2 . 172
= (/In(x;y)lzdxdy> (/In("”(x;y)Idedy)

<Inl2 Y12 < Inll.

Therefore, if the term (3-29) contains IT1®-operators of order py, ..., pj € N\{0}, we can bound

n (x; x)

< 12PN Q)™ < VNI IC™ )™

1
‘Al i T RENR I 29)

and therefore, since adly;) (b(f)) is the sum of 2" m! terms,
lad() (B < VNI £12CInll2)"m!. (3-30)

This proves, first of all, that the series on the right-hand side of (3-27) converges absolutely, if |7l <
(4C)~!. Under this condition, (3-30) also implies that the error term on the right-hand side of (3-28)
converges to zero, as m — 00, since

1 Sm—1
/ ds, - f dsm e BDadge (b(F)e™BD | < VNI FILCCln™. 0
0 0
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4. Fluctuation dynamics

In this section, we are going to define the fluctuation dynamics describing the evolution of orthogonal
excitations of the Bose—Einstein condensate.

Instead of comparing the solution of the many-body Schrodinger equation (1-8) directly with the solution
of the Gross—Pitaevskii equation (1-12), it is convenient to introduce a modified, N-dependent, Gross—
Pitaevskii equation. To this end, we fix £ > 0 and we consider the ground state f; of the Neumann problem

(—A+3V) fe=Mfo 4-1)

on the ball |x| < N¢, such that the radial derivative 9, f;(x) is zero for |x| = N £ (we omit the N-dependence
in the notation for f; and for Az; notice that A, scales as N =3). The solution f¢ is radial, and we can nor-
malize it so that f;(x) =1 for [x| = N£. We extend f; to R? by setting f;(x) =1 for all |x| > N£. We also
define wy =1— fy (so that wy(x) =01if |x| > N£). By scaling, we observe that f; (N -) satisfies the equation

(~A+IN?V(N ) fe(N ) = N*he fe(N -) (4-2)

on the ball |x| < £ (£ > 0 will be kept fixed, independent of N). With this choice, we expect that f,
will be close, in the limit of large N, to the solution of the zero-energy scattering equation (1-2). This
is confirmed by the next lemma, where we collect some important properties of f;. Most of the these
results are taken from Lemma A.1 of [ErdGs et al. 2006].

Lemma 4.1. Let V € L*(R?) be a nonnegative, spherically symmetric potential with V (x) = 0 for all
|x| > R. Fix £ > 0 and let f; denote the solution of (4-1):

(i) We have
3ap ap
M=——=|1+0(—]]).
¢ N3€3(+ (NZ))

/dx V(x) fo(x) = 8mag+ ON~Y). (4-3)

(i) We have O < fy, wy <1 and

(iii) There exists a constant C > 0, depending on the potential V, such that

< d |V <
we(x) < FETE IVwe(x)] < e

(4-4)

forall | x| < NUL.

Proof. Statement (i), the fact that 0 < f;, wy < 1, and statement (iii) follow from Lemma A.1 in [Erd6s
et al. 2006]. We have to show (4-3). To this end, we adapt the proof of Lemma 5.1(iv) of [Erdés et al.
2010]. With r = |x|, we may write m(r) = r f¢(r). We find that, for all » € (R, N{],

m(r) =i, sin(A)>(r — N£)) + Necos(h,>(r — Nb)). (4-5)
By expanding up to the order O(A%) we obtain

mr)=r—ay+ON"), m'(r)=1+0WN"). (4-6)
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Hence
R
fa’x V(x)fe(x)= 471'/ drrV(ir)m(r)
0
R
_ 87 / dr (rm" (r) + 3 £ ()
0
R
= 871/ drrm”(r)+ O(N~?)
0
=87 (Rm'(R) —m(R)) + O(N~") =8mag+ O(N™Y), 4-7)
completing the proof. O

Next, we introduce the modified Gross—Pitaevskii equation
18,01 = —Ag + (N> V(N ) fu(N ) %@ ) r, (4-8)

with initial data ¢;—o = ¢ describing the Bose—Einstein condensate at time ¢ = 0. While in Theorem 1.2
the notation ¢ is already used to indicate the initial condensate wave function, in the proof of Theorem 1.1
we will choose ¢ = ¢gp to be the minimizer of the Gross—Pitaevskii functional (1-6). In both cases, we
assume that ¢ € H*(R?).

Notice that, in contrast with the initial data ¢, the solution ¢, depends on N. With (4-3), one can
show that ¢; converges towards the solution of the original Gross—Pitaevskii equation (1-12) as N — oo0.
This fact and some other important properties of the solutions of (1-12) and (4-8) are listed in the next
proposition, whose proof can be found in Theorem 3.1 of [Benedikter et al. 2015], with the only difference
that, in that paper, the modified Gross—Pitaevskii equation was defined through the solution f of the
zero-energy scattering equation, while here we work with the Neumann ground state f,. The only relevant
consequence is the fact that, here, the integral of f; against V is not exactly equal to 8w ap; the error,
however, is of order N~! by (4-3).

Proposition 4.2. Let V € L*(R3) be a nonnegative, spherically symmetric, compactly supported potential.
Let ¢ € H'(R®) with ||¢|l» = 1:

(i) Well-posedness: For any ¢ € H'(R?), with |||, = 1, there exist unique global solutions t — ¢; and
t — ¢, in C(R, H'(R?)) of the Gross—Pitaevskii equation (1-12) and, respectively, of the modified Gross—
Pitaevskii equation (4-8) with initial datum ¢. We have ||¢;|l2 = ||¢¢ll2 = 1 for all t € R. Furthermore,
there exists a constant C > 0 such that

ez I@ellgr < C.

(i) Propagation of higher regularity: If ¢ € H™ ([R{3) for some m > 2, then ¢;, ¢; € H”’([R3) for every
t € R. Moreover, there exist constants C > 0, depending on m and on ||| gn, and ¢ > 0, depending on m

It is convenient to work with this modified equation, rather than directly with the Gross—Pitaevskii equation (1-12), to obtain
a cleaner cancellation between the contributions (5-47) and (5-100) to the generator of the fluctuation dynamics (4-24).
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and on ||| g1, such that, forall t € R,

el g, 1@ )| gm < CecM'. (4-9)

(iii) Regularity of time-derivatives: Suppose ¢ € H*(R3). Then there exist C > 0, depending on ||¢|| 4,

and ¢ > 0, depending on ||¢|| g1, such that, forall t € R,

clr|

@l g2, @l g2 < Ce

(iv) Comparison of dynamics: Suppose ¢ € H*(R?). Then there exists a constant ¢ > 0, depending on
l@ll g2, such that, forall t € R,

llor — @ill2 < CN~"exp(cexp(clt]). (4-10)

To compare the many-body evolution vy ; with products of the solution ¢; of the modified Gross—
Pitaevskii equation (1-12), we are going to define a unitary map (already discussed in Section 1, after
(1-25)) that was first introduced in [Lewin et al. 2015a; 2015b] in the mean-field setting. To this end, we
remark that every Yy € Lf([R@N ) has a unique representation of the form

N
yn=> vy @ ¢ " ", (4-11)
n=0

where 1//(") € L2 ([F\R3)®S” is symmetric with respect to permutations and orthogonal to ¢;, in each
of its coordlnates and where, for 11/1(\7) € L2 (R3)®" and 1//1(\;{) eL? (IR{3)®*" x/f(") s w(k) denotes the
symmetrized product defined by

YN @Y (X1, Xicgn) = k,n,(Hn D U Coys s Ko DUN T et1)s s Xoeyy)- (4-12)

0 ESk+n

Using the representation (4-11), we define Uy, , : L2(R*N) — F f{V by setting

Uy =, vl w) (4-13)

In terms of creation and annihilation operators, the map Uy ; is given by

T a(@)N "
Uy, ¥y = D1 = 1¢) (@ )" ey,
YN n@)( 180G Ty

Here, and frequently in the sequel, we identify the wave function ¥y € L?(R*") with the Fock-space
vector {0,...,0,¥y,0,...} € F. From (4-11) and by the requirement of orthogonality, it is easy to
check that [[yy |2 = Y, ||1//](\;’)||2. Hence, Uy, : L2(R*N) — ]-'fg is a unitary map, with inverse

O 0 b a* (@)N "
Uy Uy ¥y s } = Z DL
n=0 )'



GROSS-PITAEVSKII DYNAMICS FOR BOSE-EINSTEIN CONDENSATES 1539
The action of Uy, ; on creation and annihilation operators is determined by the following rules, see [Lewin
et al. 2015a; 2015b]:
Uy, a*@)a@)Uj, =N =N,
Un.1a*(f)a@)Uy = a*(FINN =N =N b*(f),
Uy, ca*(@)a@Uy,, =N =Na(g) = VN b(g),
Un.a*(fa(@Uy,, =a*(f)a(g)

forall f, g€ Li i (R?). Here we used modified creation and annihilation operators, as defined in (2-5).

(4-14)

With Uy, ; we factor out the condensate and we focus on its orthogonal excitations. Observe, however,
that Uy, ; does not remove correlations, which are known to play a crucial role in the Gross—Pitaevskii
regime; see, for example, [Erdés et al. 2009a; 2010; 2016]. To remove correlations from the excitation
vectors, we are going to use a generalized Bogoliubov transformation, as introduced in Section 3. We
define

ki (x; y) = =Nwe(N(x — y)@ ()@ (y). (4-15)

From Lemma 4.1, it follows that k, € L?(R3 x R?), with L2-norm bounded uniformly in N. Hence, ; is
the integral kernel of a Hilbert—Schmidt operator on L2(R?), which we denote again with k,. We define a
new Hilbert—Schmidt operator setting

m= =@ )@ ) ke (1= @) (@) (4-16)

Also in this case, we will denote by 7, both the Hilbert—Schmidt operator defined in (4-16) and its integral
kernel. Note that n, € (g5, ® g5,)L*(R? x R3), where g5, = 1 — |@;)(¢;|. Let us write 1, = k; + ,, with
the Hilbert—Schmidt operator

W = 10 (@l ke |90 (@] — |90 (@1l ke — kel @1) (. (4-17)
In the next lemma we collect some important properties of the operators 7y, k;, i;.

Lemma 4.3. Let ¢, be the solution of (4-8) with initial datum ¢ € H*(R). Let wy = 1 — f;, with f; the
ground state solution of the Neumann problem (4-1). Let k;, n;, 4, be defined as in (4-15), (4-16), (4-17).
Then there exist constants C, ¢ > 0 depending only on ||¢|| g+ (in many cases, these constants actually
depend only on lower Sobolev norms of ¢) and on V such that the following bounds hold true for all t € R:
(1) We have

Il <C, ||7h(n)||2 <lmll5 <C" and lim sup |[n]2=0 (4-18)
=0 eR, NeN

and also

IVindla < CVN, Vil < Co IVl < Cllnell22, 1A 12 < Cline 1372

for j = 1,2 and for all n = 2. Here Vn; and V,n; denote the kernels Vin,(x; y) and Vyn;(x; y) (An;
and Ayn; are defined similarly). Decomposing cosh,, = 1+ p,, and sinh,, = n; +r,,, we obtain

I sinhy, {12, | Py, ll2, ey ll2, 1Vjpg 2, IVjrgll2 < C. (4-19)
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(i) Fora.e. x,y € R3 and n € N, n > 2, we have the pointwise bounds

In: (xs Y < . 9: ) @: ()],

y|+N-1

0 (s )1 < Clnl2 218 011G ()], (4-20)

[ Ces Y 1oy, O WL Ty, Ges Y= Clr ()] @ (9]
(ii1) We have

sup/|m<x;y>|2dy, supf|k,<x;y>|2dy, sup/|m<x;y>|2dysC||¢,||HzsCeC'f
X X X
and

sup / 0" (s 1P dy < Clnd2 721Gl g2 < Clime 1221

X

for all n > 2. Therefore

sup / |y (3 Y)[*dy, sup / |ry, (3 V)2 dy, sup / | sinhy, (x; y)|*dy < Ce"l.
X X X
(iv) For j =1,2 and n > 2, we have

—1
13:mell2, 182m: 112 < Ce™, 118n 12 < Cre™ |, |12

and also
18, Vimella < CVNeM 110, Vlla < CeM, 110,V ™ [l < Crlln, "~ 2eM.

Therefore
19 Py, N2+ 137y, ll2 110s sinhy, 2. 11V;0; py, 2. [1V;0rry,ll2 < CeV.

(v) For a.e. x, y € R3, we have the pointwise bounds

10,: (x5 )| < C[l + 160 OB )]+ 18 G ()] + 16, G 1]

|

Moreover, for n > 2, we have
8™ (x: )| < Cneme 132 [16: OB D] + 1 G ]+ 16, 1B ()]
Therefore
180 s (3 )1, 1807, (6 )1 13 Py, (23 )] < Ce 16, NG (0] + 16 G ()] + 16 ()@ ()]
(vi) Finally, we find
sup / |9y, (x; )1 dy, sup / |9k (s y)I* dy, sup / |00, (x: y) > dy < CeVl.

Furthermore, for alln > 2,

Sup/ 18,0 (x; ) dy < CneM|in, |52
X
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and therefore

sup f 19, py, (x; Y)|*dy, sup / 13,7y, (x; ¥)[*dy, sup / |9, sinh,, (x; y)|*dy < Cel.
X X X

Proof. To prove (4-18) observe that, using Lemma 4.1 and Young’s inequality,

x(x =yl <& .

Inel13 < k3 < C/ 1518 D*dx dy < CLIG: N1} < CllG 1%, < Ce

lx — |2
uniformly in N € N and in t € R. The proof of the other bounds is a simple generalization of the proof of
Lemmas 3.3 and 3.4 in [Benedikter et al. 2015]; we omit the details. O

We model correlations in the solution ¥y, ; of the many-body Schrodinger equation (1-8) by means
of the generalized Bogoliubov transformation exp(B(7;)) : }'fg — F fé\: with the integral kernel n; €
(g, ® q4,) L*(R® x R?) defined in (4-16). We define therefore the fluctuation dynamics

Wi, = e B0 Uy e Ny P00, (4-21)

Then Wy, : F fév - F ii\t[ is a unitary operator. Clearly, Wy ; depends on the length parameter £ (the
radius of the ball in (4-1)), through the modified Gross—Pitaevskii equation (4-8) and also through the
kernel n, defined in (4-15), (4-16). While Wy ; is well-defined for any value of £ > 0, we will have to
choose ¢ > 0 small to make sure that ||7; ||, is sufficiently small; this will allow us to expand the action of
the generalized Bogoliubov transformation exp(B(n;)) appearing in (4-21) using the series expansion
(3-27) (because, by (4-18), smallness of £ implies that |5, ||, is small, uniformly in 7).

For&é e F f;v , the operator Wy, is defined so that

e N Uy.o eB0g = UN.: eBUwy k.
It allows us to describe the many-body evolution of initial data of the form
Yy = Uy oe” ", (4-22)
and to express the evolved state again in the form
YN =e Ny = Uy P8 (4-23)

where & =Wh ; £. As we will see below, a vector of the form (4-22) exhibits Bose—Einstein condensation
in the one-particle state ¢ if and only if the expectation of the number of particles operator (&, N€) is
small, compared with the total number of particles N. Hence, to prove Theorems 1.1 and 1.2, we will
have to show first that every initial {¥ry € L%(Rm ) satisfying (1-10) can be written in the form (4-22) for
ateF fév with (£, N&) < N and then that the bound on the expectation of the number of particles is
approximately preserved by Wy ;. In fact, it turns out that to control the growth of the expectation of A
along the fluctuation dynamics, it is not enough to have a bound on (&, N'€); instead, we will also need a
bound on the energy of & (this is why we need to assume by — 0 in (1-10)).
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To control the growth of the number of particles with respect to the fluctuation dynamics it is important
to compute the generator of Wy ;. A simple computation shows that

iazWN,t = gN,tWN,t,

with the time-dependent generator
Gn,i = (19, BB 4 =B (i5, Uy YUY, + Uy, Hy Uy 1. (4-24)

Notice, that Gy ; maps F iZ into F=V, but not into F iﬁ;\,’ . This is due to the fact that the space F fg
depends on time (and thus Gy, ; must have a component which allows Wy ; to move to different spaces).
We will mostly be interested in the expectation of Gy, ; for states in F 5g, but at some point (when we
will consider the variation of the expectation of Gy, ;) it will be important to remember the component of
Gy, mapping out of }'Sg.

In the next proposition, we collect important properties of the generator Gy ;.

Theorem 4.4. Let V € L*(R3) be nonnegative, spherically symmetric and compactly supported. Let
W+ be defined as in (4-21) with the length parameter £ > 0 sufficiently small and using the solution of
the modified Gross—Pitaevskii equation (4-8), with an initial data ¢ € H*(R?). Let

Cwv = 5 (IN'VIN (N =1 =2NFuN )1 [64) )

1
+ / dx dy |Vek (x: y)I* + 5 / dxdy NV (N (x = y)lki (x; y)I?

+Re f dx dy N3V (N (x — y)@ ()@ (ki (x3 y). (4-25)

Then there exist constants C, ¢ > 0 such that, in the sense of quadratic forms on F Sg,

THN —Ce W +1) < (Gn,s — Cny) <2Hy + Ce WV + 1),
+i[N, Gy 1] < Hy + CeI WV + 1),

(4-26)
£0,(Gn,s — Cn.1) < Hy + Ce W + 1),
iRe[a*(afgzt)a((Z)t)? gN,t] S 7-[N + Cec‘tl(-/\/"‘l_ 1)5
where Hy is the Fock-space Hamiltonian
Hy = / dx Vya;Vyay, + % / dxdy N*V (N (x — y))a:a;ayax. 4-27)

Note that, on F f;\r, we have
[a*(at@)a(@t), gN,t] = a*(at¢t)a(§5t)gN,t-

The proof of Theorem 4.4 is given in the next section. From the technical point of view, it represents
the main part of our paper. In Section 6, we show then how to use the properties of Gy, ; established in
Theorem 4.4 to complete the proof of Theorems 1.1 and 1.2.
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5. Analysis of the generator of fluctuation dynamics
In this section we study the properties of the generator
Gn.1 = (8= )P + e P8, Un U, , + Un. Hy Uy Je™ (5-1)

of the fluctuation dynamics (4-21); the goal is to prove Theorem 4.4.
As forms on ]-"fg X ]-"fg, we find, see Lemma 6 in [Lewin et al. 2015a],

(8, Un, U, = — (i@, @) (N — N) — v/ N[b(i3,@) + b* (id,@)]. (5-2)

Using (4-14) to compute Uy, Hy Uy ,, a lengthy but straightforward computation, see Appendix B of
[Lewin et al. 2015a], shows that

4
G UNDUR, + Un HyUs =Y L)
j=0
where

—-N
LY, = Yo IN VN )A=2fo(N ) *IG 216N —N) = 1@, INPV (N ) %1 m)w+1>( N ),

N1 o
£, = VNNV (N -ywe(N - >*|¢z|z]wt)—%b<[N3V<N %16 116,) +hee.,

Ly, = /de a*v ax+/dxdyN3V(N(x WG] (b*b _% a‘a )
+ / dx dy N>V (N (x =)@ (x)¢ (y)(b:by—%a:ay)
1

+3 [ / dx dy NV (N (x= )@ (¥) (y)bjsb;+h.c.],

Ly, = / dx dy N*V (N (x =)@ (y)blata, +hec.,

1
553,)1 2/dxanyZV(N(x y))aia ayax

(5-3)
The generator (5-1) of the fluctuation dynamics is therefore given by
4
Gni = (iate—B(m))eB(ﬂr) + Z e—B(ﬂz)E%)teB(nr)_
j=0

In the next subsections, we will study separately the six terms contributing to Gy ;. Before doing so,
however, we collect some preliminary results, which will be useful for our analysis.

Notation and conventions. For the rest of this section we employ the short-hand notation 1y, k,, u, for
the wave functions 1, (y) = n:(x; y), kx(y) = k:(x; y) and p,(y) = ps(x; y). We will always assume
that sup, g [|7¢2 is sufficiently small, so that we can use the expansions obtained in Lemma 3.3. Finally,
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by C and ¢ we denote generic constants which only depend on fixed parameters, but not on N or ¢, and
which may vary from one line to the next.

5A. Preliminary results. In this subsection we show some simple but important auxiliary results which
will be used throughout the rest of Section 5. Recall the operators

2) . : .
H;,b)(h,---,]n):/bb“l_[ay, xlﬂbg:il—[./i(xi;yi)dxidyi,

TG jnt ) = /bb" alia) afra’ (f)]_[Jl(x,,y,)dxl dy;

introduced in Section 2. For each i € {1, ..., n}, we recall in particular the condition that either ff; = *
andb; = - orfl; = - and b; = *.

In the next lemma, we consider commutators of these operators with the number of particles operator A/
and with operators of the form a*(g;)a(g2).

Lemma 5.1. Letn e N, f, g1, g€ L2 (R, ji, ..., ja € L2 (R x R):
(i) We have
V. TGt )] = Ko, TGt o Jn) - forall 8,0 € (-, %",
N TED Gt 1= 0 TG nt ) forall g (- 5} b e {+, 5",

Here kp, 4, =2 0f bo =ty = *, Kpyp, = —20if bo =, = -, and ky,3, = 0 otherwise, while vy, = 1 if
bo = and v,, = —1if bg = -

(i1) The commutator
[a* (gD a(g2), TGt -+ )]

can be written as the sum of 2n terms, all having the form
Héfg(.lla R ji—la hi? ji-‘,—]» R .]}’l)
for some i € {1, ...,n}). Here h; € L>(R? x R?) has (up to a possible sign) one of the forms
hi(x;y) = g1(x)ji(@)(y), hi(x;y)=gi1(y)Jji(82)(y) (5-4)
or one of those forms with g| and g, exchanged. Here j;(g)(x) = f Ji(x; 2)g(2) dz. Notice that
lhill2 < llgill2lg21l2 1l jill2 (5-5)
and
i (s )| < max{lgr O i (5 W2 18212, 181 (s D2 118212,
1220111 (5 12 llgr 12, 182 i (s D2 llgill2). (5-6)

(ii1) The commutator
[a* (g a(g2), 1) Gt - jus )] (5-7)
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can be written as the sum of 2n + 1 terms; 2n of them have the form

0y, . . ) .
Hj(j,g(]l,---,Ji—l,hi,]i-i-l,---,]n; s

where h; is (up to a possible sign) one of the kernels appearing in (5-4) (or the same with g, and g;
exchanged), and satisfying the bounds in (5-5), (5-6). The remaining term in the expansion for (5-7) has
the form

0 G dn b, (5-8)
where k € L>(R?) is (up to a possible sign) one of the functions

k(x) = (g1, f) g2(x),  k(x) = (g2, f) g1 (x) (5-9)

or one of their complex conjugated functions. In any event, we have

Ikl < gl lg2ll2 11 fll2

and

k()| < [1f l2 max{ligill21g2(x)1, lg2ll2 181 (x) 1}

(v) If f € L2(R®) and/or ji, ..., j, € L>(R® x R?) depend on time t € R, we have

n
O (1) = D TGt e Jimts i i - )

1) . 1) . 1) . . .
OTI) Gt v i £) = H(b(/l,...,h;atf)+Zn<b<Jl,...,Ji_l,a,ﬁ,J,-H,...,Jn;f>.

Proof. Part (i) follows from (N + 1)b, = b, N and N'b¥ = b (N + 1). Part (iv) follows easily from the
Leibniz rule. To prove part (ii), we apply the Leibniz rule:

[a*(g1)a(82). I, (. - - - ja)]

n

/[Cl (81)61(82), X1 a}ﬁ,: x2+l ?;Z H]l(xla vi)dx; dy;

i=1

+Z / bbo Lak la*(g))a(gy).alral H akia) igr[],(x,,y»dx, dyi
i=m+1 i=1
- / b0 l'[aﬁl v la*(g1)a(go). bl 1'[1, (x5 yi) dx; dy;. (5-10)

Using the commutation relations
[a*(g1)a(g2), byl = —g1(x)b(g2),
[a*(g1)a(g2), byl = g2(x)b*(g1), (5-11)
[a*(g1)a(g2), ayay] = [a*(g1)a(g2), ayai]l = g2(x)a*(g1)ay, — g1(y)aia(g),
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we conclude that on the right-hand side of (5-10) we have 2n terms, each of them a H(Z)—operator (with
the same indices #, b as the IT1®-operator on the left-hand side of (5-10)). Furthermore, from (5-11) it
is clear that for each IT®-operator on the right-hand side of (5-10), only one j-kernel will differ from
the j-kernels of the T1®-operator on the left-hand side of (5-10). In the first term on the right-hand side
of (5-10), we only have to replace the j-kernel (either with g;(x1)j1(g2)(y1) or with g>(x1)j1(g1) (1),
depending on bg € { -, *}). Similarly, in the last term on the right-hand side of (5-10), only the j,-kernel
has to be changed. In the m-th term in the sum, on the other hand, the commutator leads to the sum of
two I1®-operators, one where the kernel j,, is changed and one where the kernel j,, | is replaced. From
(5-11), it is easy to check that the new kernel can only have one of the forms listed in (5-4). The bounds
(5-5), (5-6) follow easily from the explicit formula in (5-4). Part (iii) can be shown similarly; the only
difference is that, in this case, the commutator can hit the last pair aﬁZab" (f) instead of the bg’; appearing
in the IT1®-operator. U

It follows from Lemma 5.1 that

© 1y
e P Db =3 S ad) o
n=0 ’
© 1y :
(@ gD aten, e *Vb(1)e" M) = 3 T @t gnaten, adf, 0L 612
n=0 ’
~B() By _ N~ D"
0 (e~ Pb(f)ef M) =) | —=dady, (b(f)),
n=0 ’

where the series on the right-hand sides are absolutely convergent.

In the next subsections we are going to study what happens to the operators E%)I defined in (5-3) when
they are conjugated with the generalized Bogoliubov transformation e?"). The general strategy is to
expand e~ 8 (’7’)/3%’)163 1) ysing (3-27), and then use Lemma 3.2 to express all nested commutators. For
this reason, we will have to bound the action of operators of the form

— 1 j e
Ap- AN ) ) (9. (5-13)

£

To this end, we will use the next lemma.

Lemma 5'2' Let g € LZ(R3)$ n, lla l27 kla k29 Ela 62 € N and ,]19 L] jk19 miy, ..., me € N\{O} FOI”
s=1,...,i1, s'=1, ..., iy, wedenote by each of Ay, A, a factor (N—N)/N ora factor (N—N+1)/N
or an operator of the form
- ). (q1) (gp)
N pnn,b("t?ulw---”?t,u’;)- (5-14)
(1) Assume that the operator

_ 1 j 1 0
A A NI G 0D (9))

(2

appears in the expansion of adg()m)(b(g)) discussed in Lemma 3.2. Then

_ — 1 j j 4 n n
IV +D72A - AN G @)l < I gl g,

th
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If at least one of the Ags-operators has the form (5-14) or if k > 1, we also have

INV+D™ A AN ) o) @)g Il = N P g IV VP (5-15)

L

(i) Let r : L*(R*) — L*(R?) be a bounded linear operator. We use the notation

M) () == ) (x; y)

(ifs =0, @Wr),(y) =r:(y) =r(x; y) as a distribution). Assume that the operator

- 1 ' Gy 14
A A NI )

Lo

appears in the expansion of adgl()m)(b(rx)) discussed in Lemma 3.2. Then

— 1 j j 4
1A AN TTN G (Vrog
< {Cn||71z||"_1||(77ﬂ”)x|| IV + D2 if e > 1,

ClIn:lI* lla(rog |l if £1=0.

Proof. Let us start with part (i). If A, is either the operator (N —N')/N or (N —N +1)/N, then, on F=V,

(5-16)

_ — 1 j j 4
IV + D7 2A - AN G @)

<2IW+ DAy AN, g D@l (5-17)
If instead A has the form (5-14) for a p > 1, we apply Lemma 2.4 and we find, using Lemma 3.2(vi),
IV + D7 2A - A N TN G, 9D @)zl

S CPn P W+ D720 AN ) D @)EllL (5-18)

(AT

where we used the notation p = g + - - - + ¢q,, for the total number of n;-kernels appearing in (5-14).
Iterating the bounds (5-17) and (5-18), we conclude that

- k(D G ' ¢
IV + D72A - A NI ) (@))€

Di+dD — 1 j 1 0
< IR | PP+ DN D gl (5-19)

if r of the operators Ay, ..., A;, have either the form (N —N')/N or the form (N — N + 1)/N, and
the other s =i — r are H(z)—operators of the form (5-14) of order py, ..., ps, containing py, ..., ps
n;-kernels. Again with Lemma 2.4, we obtain

_ _ 1 i Uk (¢
IV + D72 A NI ) n ) (@08

< C"+P1+---+P.;+j]+"-+jk|+11 ”nt”ﬁ|+"-+ﬁy+j|+"'+jkl+l1 ”g” ”%-”

<C"lm " gIHIE N (5-20)
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This shows the first bound in part (i). Now, assume that at least one of the A ,,-operators, form € {1, ..., i},
has the form (5-14). Since, for ¥ € F=V,

2 (gp) _ _
IV + DT ENTPIZ 0, YW < CP | NP+ P
< CPln | 0Tt T2 0

for any p > 1, in this case we can improve (5-20) to

_ _ i ( _
IV + D728 A NIl @)EN < N IOV + D' e,

Lo

Similarly, if k; > 1, we have by Lemma 2.4,

_ _ 1 i k), (e - 144 -
NI e @)El = NTECH I | g (v 1R g
< CENT2 |l g LN+ 1) 2.

Hence, also in this case, the bound (5-15) holds true. If ¢; > 1, part (ii) can be proven similarly to part (i),
noticing that

(4 _
ISPl < el ).

If instead ¢; = 0, it follows from Lemma 3.2(v) that the field operator associated with (n(zl)r)x =r, (the

one appearing on the right of IT(") is an annihilation operator (acting directly on £). Hence, (5-16) holds
true also in this case. Il

Often, we will also have to bound the action of products of operators of the form (5-13). In this case,
the next lemma will be useful.

Lemma 5.3. Let g € L*(R%), n, i1, iz ki, k2, 1,02 € Nand ji, ..., ji,,mi,...,mg € N\{0}. For
s=1,...,01, s'=1,...,i2, wedenote by each of A, A, a factor (N—N')/N or a factor (N—N+1)/N
or an operator of the form (5-14). Assume that the operators

kiU Gry), o (6+1
Ar--- A NI ) om s (g o),
A AN ) ), e, (5-21)
! lﬂ’l""’ntu/ ) x<>/

appear in the expansions o ad™ (b((ner)y)) and ad® (by) respectively for some n,k € N, x € R>.
B(n,) B(n)

Then
- 1 Giky) 1
[+ D72 A NI O )
XA/I-..A;ZN ZHﬁ/b,(ntf'u’/ll ’”"ntuz : xzo/)sn
- {C"+k||77t||"+k_l||(77:r)x|| Il IV 4+ D2 if €5 > 0,
C™ K "N ()l lax I if b=0. (5-22)
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Similarly, if the operators

A AN~ kln(n( G (Jkl (n(zl)amt,é)x)’

Mgy fﬂk

/ 1 N~k (D, (m1) 0miy) | (£2)
Aln.AizN znﬁ,b(nt’u’l 9 e ntuz )C<>’)

appear in the expansions of ad (77 )(b(atn,)) and ad ( )(b ) respectively for some n, k € N, x € R3, we
have

_ 1 Uiy {4
[V + D7 2A AN ) g am, 5)0

( (m1) (mkz (52) )S ”

—k 1
XxAl...A/ ZH() tu,l,...,f) ) x<>/

n/ b’

- {c"+'<||n,||"+'<-1 13m0l ||nx|| IV + DN i 620, o
CM e 1711 @) llax | if 6=0
Proof. We can bound, first of all
_ (0]
IV + D72 A N IR @D, O owl < C G 1
and
_ _ i 0/
IV + D720 A, NTID @A @ am, 0wl < C i 1@ 1)

Choosing now

—k (1 (mx {2
W= Ay AR, O, 2, Ny HE,

and proceeding as in Lemma 5.2(ii), distinguishing the cases £, > 1 and ¢, = 0, we obtain (5-22) and

(5-23). ]

Finally, the next lemma will be important to bound products of operators of the form (5-13), with
arguments labeled by different positions x, y € R? (as opposed to (5-21), where both operators are labeled
by the same x € R?).

Lemma 5.4. Let g € Lz(R3), n,i, i, k1, ko, £1,4, € N and j1, RN jk17 mi,...,mg, € N\{O}. For
s=1,...,i1, s =1,..., iy, we denote by A, A, a factor (N —N)/N or a factor (N —N +1)/N or
an operator of the form (5-14). Assume that the operators

A AN~ kln(l)( ) n(‘/kl (41))

111""’ 1,0k,
kypp(D) o (mp) 0miy) (L)
A A N zn]jr b,(nl,ﬂ, 9 ey n[’u/ , x<>/)

appear in the expansions of ad%()n y(by) and ad (n y(bx) respectively for some n, k € N. Fora €N, 1 € R,
we define

_ (
Dy, = |V + D@ D2A . A, N™ k'l'l(lb(n(“),---,n,juk,j (zo)

t,0
—k 1 (my, 4
X Aj-e AN zn;,gm;?;;),...,n,uz, i) |
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forall x,y € R> Then, if £; > 0, we have

D. . < {C”+kllntll”+k_2llnxll Iy IOV 4+ DEFD2E|if £ > 1,
X,y =

- : (5-24)
C" e 1" iy Il lax WV + D28 | if £2=0

forallx,y e R3 el If instead £ = 0, we distinguish three cases. For £, > 1, we obtain

D,y < C" ¥ 1" 2 my Hinse IATNV + D@ D2E | 4+ n/ NIV + D@D ))
+ el el lay NV + D2E )} (5-25)

forallx,yelRP, teR If £y =0and t, =1, we find

D,y < C" ¥ "2 [l iy |+ el e Ges IOV + D@ D2
+ Imell mell flay N + D€} (5-26)

forallx,y € R3¢t eR. If £1 =0and £; = 1 and we additionally assume that k +n > 2 (since £, <k,
Uy < n from Lemma 3.2, this assumption only excludes the case k = €1 =0, n = €, = 1), we find the
improved estimate

Dy < C" I "N e g 1+ e e Ges DIV + D@D 2g )
el Imell lay N + D€} (5-27)

forall x,y € R3, t € R. Finally, let £; = £> = 0. Then
Dy, < C" K" n N Iy Hlax N + D2E | + || laza, N + D@ D2g |y (5-28)

forall x,y € R3 teR If, however, £| = £, = 0 and, additionally, k +n > 1 (excluding the case
n=1{¢ =k =1¥, =0), we find the improved bound

Doy < C" ™ " HnN " iny  llaE | + N7V 0l lacay (N + D&} (5-29)
again forall x,y e R, t e R.

Proof. If £1 > 0, we can proceed as in the proof of Lemma 5.3 to show (5-24). So, let us focus on the
case £; = 0. In this case, the field operator on the right of the first TT!V-operator (the one on the left) is
an annihilation operator, a,. To estimate D, ,, we need to commute a, to the right, until it hits . To
commute a, through factors of NV, we just use the pull-through formula a, N'= (N + 1)a,. When we
commute a, through a pair of creation and/or annihilation operators associated with a kernel nt(j ) for a
j > 1 (as the ones appearing in the T1®-operators of the form (5-14) or in the operator I1()-operator), we
generate a creation or an annihilation operator with argument ng,j ) whose L2-norm is uniformly bounded.
At the same time, we spare a factor N ~!. For example, we have

[ay, /a:iGYIU(j)(xi; Vi) dx; dy{| = a(ﬁ§,j>).
At the end, we have to commute a, through the field operator with argument n;%),. The commutator

is trivial if £, is even (because then the corresponding field operator is an annihilation operator; see
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Lemma 3.2(v)). It is given by
[ay, a* (1)1 = nD(x: ) (5-30)

if £, is odd. If £, > 2, we can bound

4 _
I3 e < 12 el iy )

and we obtain (taking into account the fact that there are at most n pairs of fields with which a, has to be
commuted)

Dy.y = C el {nN " iy e [TV + DD 2
el Iy TV + D28+ e el llay NV + D€},

If instead £, = 1, the right-hand side of (5-30) blows up as N — oo. To make up for this singularity, we
use the additional assumption k +n > 2. Combining this information with £; =0, £, = 1, we conclude
that either k; > 0 or kp > O or there exists i € N such that either A; or A; is a H(2)—operat0r of the form
(5-14) with p > 1. This factor allows us to gain a factor (N + 1)/N in the estimate for the term arising
from the commutator (5-30). We conclude that, in this case,

D,y < C I 2 N~ iy s NIV 4+ DEFD2E | 4 N7, (o TV + D@D
+ me Il el lay NV + D*72E] )

Finally, let us consider the case £, = 0. Here we proceed as before, commuting a, to the right. The
commutator produces at most n factors, whose norm can be bounded much as before. We easily conclude
that

D,y < CK I 1M i N el llay OV + D26 |+ [l laxay, N + D@D2g ).

If we impose the additional condition k +n > 1, we deduce that either k; > O or k» > O or there exists
i € N such that either A; or A/ is a 1@ -operator of the form (5-14) with p > 1. Much as we argued in
the case £, = 1, when estimating the contribution with the two annihilation operators a,, a, acting on &,
we can therefore extract an additional factor (A + 1)/N. Under this additional condition, we obtain

Dyy < C I n N~ el lay& [l + N~V 2 el laxay W 4+ D@ D2y,
which proves (5-29). O
5B. Analysis of e~ B )[,53,) teB @), From the definition (5-3), we can write
LY, =Cni— (@ IN*VN Ywe(N ) * |66 N
5 G0 IV N ) 15 PIGON + 510G IN VN ) %18 PI30A,
with

Crvi = i@ INPVIN YweN ) 1312160 — 2460 INPVN ) % 132163).-

2 2

The properties of the other terms are described in the next proposition.
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Proposition 5.5. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that

(€, e 7B (LY, — Cy.)eBMEY < Cle, W+ DE),
€IV, e B0 (L), — Cy.)eBME) | < C e, W + DE),
(€. [a*(g1)a(g2), e B (LY, — Cn.)eP Mg < Cligill g2l (€, W + DE),
18,(&, e BI(LY), — Cy.)ePMe)| < Ce (g, (N + DE)

(5-31)

forallt € R, g1, g € L*(R3), £ € F=N.

In order to show Proposition 5.5, we need to conjugate the number of particles operator N with the
generalized Bogoliubov transformation e~ 201, To this end, we make use of the following lemma, where,
for later convenience, we consider conjugation of more general quadratic operators.

Lemma 5.6. Let r : L*>(R?) — L2(R>) be a bounded linear operator. Consider the Fock-space operators
Ry :/dx dyr(y;x)biby and R;= /dx dyr(y; x)aiay

mapping F=N in itself. Then we have the bounds

[(&1, e B R By | < Clirllop |V + DV2E ||V + 1D)28, ],
[(E1, [NV, e B0 R eBUNNE) | < Clirllop [NV + D)V2E NV + 1) 2& (5-32)
(&1, [a* (g1) a(g2), e B R;eBUNE) | < Clirllop g1l g2l NV + DY2E IV + D28

fori=1,2andall &, & € F=N. Furthermore, if r = r, is differentiable in t, we find
18, (&1, e B RieBMgx) | < Ce (|17 [lop + IFllop) |V + DY2E WV + D2, (5-33)
fori=1,2andall &, & € F=V.

Proof. We consider first the operator R;. By Lemma 3.3, we expand

k!'n!

-1 k+n
eB("’)RleB("’)=/dxeB(”’)b*(rx)bxeB(”’)= 3 =D _/dx adg'gm)(b*(rx))adg‘()m)(bx), (5-34)
k,n>0

with the notation r,(y) = r(x; y). According to Lemma 3.2 the operator
/ dxadyy) | (b*(r,)) adyy) | (by)

is given by the sum of 2"**n! k! terms having the form

:/dx NI g )

1, ’ tm

ko (p0m) (mi), (E)
><A;‘l-~-A1A1 AL, NTRIL L (n tf’ul,l',...,nIDQ, M) (5-35)
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where i1, i2, k1, k2, €1, €2 >0, ji, ..., jk,,m1, ..., mg, > 1, and where each operator A;, A; is a factor
(N —N)/N, afactor (N +1—N)/N or a [1®-operator of the form

N—pné’zk)(n(%) n(qp)) (5-36)

t’il"”’ t’ip

fora p > 1 and powers g1, ..., g, > 1. With Cauchy—Schwarz we find

_ 1 1 (k) {4
(€1, B&)| < / dx | Ay AN TSI G G og |
— 1 m (mky) 4
s IA; -+ AN kzl'[;,,)b,(nt(’u,:), o MZ i D)Ell (5-37)
for every &1, & € F=N. With Lemma 5.2(ii), we find that

(€1, E&2) | < CFF 17 llop e 1" TF IOV + DV2&1 [TV + D2, (5-38)

where we used the fact that
/ dx la(r)E ) = (€1, dT(rD)ED) < 1P o IN2E11P < P )12, INV2E )12,
From (5-34), we conclude that, if sup, ||7;|| is small enough,
(51, e P R 1P E) | < Cllrllop IV + D'2E [NV + 1) 8. (5-39)

This proves the first bound in (5-32), if i = 1. The other two bounds in (5-32) and the bound in (5-33)
for i = 1 can be proven similarly. To be more precise, we first expand the operator e B R B a5 in
(5-34), where the (n, k)-th term can be written as the sum of 2" *k! n! terms of the form (5-35). Then we
use Lemma 5.1 to express the commutator of (5-35) with A/ or with a*(g1)a(g>) or its time-derivative
as a sum of at most 2(k +n + 1) terms having again the form (5-35), with just one of the n,-kernels
appropriately replaced. Finally, we proceed as above to show that the matrix elements of such a term can
be bounded as in (5-38). We omit further details.
Let us now consider the operator R,. We start by writing

1
e—B(Th)RZeB(m) — Rz—i—/ ds e_SB(n’)[Rz, B(’?t)]eSB(m)
0

1
:R2+/0 ds/dx dy r(y; x)e "B a*a,, B(n,)]e B

1
=R2+[ ds/dx e B [b((n,r) )by +h.c.]et B0
0

Expanding as in Lemma 3.3 and then integrating over s, we find

_1)k+n
~B0) . B _ 3 ( (n) ®) ]
e PV RyePl) = R +k - PR ES) dx [adB(n,)(b((nlr)X))adB(n,)(bX) +h.c.]. (5-40)



1554 CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN

With Lemma 3.2, we can write the operator
dx ad & () ))ad(k) (byx) (5-41)
B(n) \P 7 )x))AC g (D

as a sum of 2" % k! n! contributions of the form

— 1 i Uiy 0+1
:/dxAl...A,-IN "‘Hé,ﬁ(nf,’;f,---,n,,u;l CIARION

k(D . (my) niy),(€2)
XAI...AQZN 2Hu/b/(ntf’;/]‘,...,ntu2, Neg)s (5-42)

where each A; and A} is (N —N')/N, (N +1—N)/N or an operator of the form

— 2 (gp)
NPT ) ). (5-43)

From Lemma 5.3, we obtain that

_ _ i (i
(€1, E&)| < W + D)2 f dx [N+ D72A AN k‘H“ﬁ(nf@? o @l

(] (my) n(mkz (zz))E “

oA N
XAl A H t/l,..., [u ) x<>/

n/ b/
< C" Y7 llop e IFH"THIN + D& TV + D28 ).
This implies that, if sup, ||7;|| is small enough,

(&1, e B RyeBMEr) | < Clrllop [N + D)V2E I[NV + 1)12& .

As in the analysis of R; above, also here one can show the other bounds in (5-32) for the commutators of
e B0 R B0 with A and with a*(g1)a(g,) and for its time-derivative. O

Next, we use Lemma 5.6 to show Proposition 5.5.

Proof of Proposition 5.5. To control ng)t we start by noticing that, with Young’s inequality,

(@, INV(N ) %1671 < / N3V (N (x = )| ()1 1@ (0)|* dx dy
<Clglly < Cl@: %, < C (5-44)
and
18 (@r. INPVN ) % 16:1216)| < Cll@ 1311 1ls < Cll@e 131111 s < Ce! (5-45)
for constants C, ¢ > 0. Similarly, we also have

(@1, INPVN we(N ) #16,7161)] < C, (5-46)
18: (@, [IN°V(N we(N ) %16 *131) | < Cel.

By (5-44), (5-45), (5-46), it is enough to show the four bounds in (5-31) with £(0) — Cy; replaced by
N and by N'?/N. If we replace O n.: — Cn.e with N, the bounds in (5-31) follow from Lemma 5.6. To
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prove that these bounds also hold for A2/ N, we use again Lemma 5.6. Setting & = e~ 80 (N /N)eBg,
we have

(&, e B (N2 NYeBMEY = |(&, e BN B g | < CIIN + D& [V + 1DV,
Since, by Lemma 3.1,

(N + 1)1/2;’:2”2 — N_Z(f, e—B(m)NeB(m)(N+ l)e_B("’)NeB("’).f)
< N7HE, W+ D) < CE, W+ DE)

for all £ € F=N, we have
(5, e BN N)ePME)| < CIWV + 12517,
Using Lemma 5.6 and the Leibniz rule, we also find

[(E, [N, e B N2/ N)eBMEY < CIV + 1)V2E |12,
(£, [a*(g1)a(g2), e B N2/ N)eBMNEY| < Cllgi |l 2l TNV + 1) 2g |2,
(€, 3 (e B (W2 N)YeBUNEY | < Ce MW + )12 |12 O

5C. Analysis of e‘B(”')Lg} eBM)_ We recall that
LY, = VNb(hy,) — N i) +he
i

where we used the notation

hye = (N*V(N we(N ) % [6,°)

Iy = NVN ) %16y
We write

e B £ eB0) = /Nb(coshy, (hy, 1)) + b* (sinhy, (hy, ) +h.c.] + €Y. (5-47)

In the next proposition we show that the operator £ 1(\,1 )t, defined in (5-47), its commutator with N and its

time-derivative can all be controlled by the number of particles operator A (while the first term on the
right-hand side of (5-47) will cancel with contributions arising from conjugation of ES’)I).

Proposition 5.7. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that

(€. EE) < C(E, (N + DE),
N, D N+ 1
€, [ ()]s>| C(E, (N + DE), 548)
(€. [a* (g1 a(g2), £, 16)] < Cligill g2l €, W + DE),
18,(E, E3,8)] < Ce (g, (W + 1DE)

forall € € F=N.
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Proof. We start with the observation that

lan, N, iy, < Cllg 13, < C, (5.49)
I3chw, ell, N3chin, | < @113 1@2ll g3 < Cel!

uniformly in N and for all # € R. Recall that, by (5-47),
ey = [e B LY B — /N (b(coshy, () + b*(sinhy, (hy, ) +h.c.)]
=V N[e BMb(hy )eBM™ — (b(coshy, (hn, ) + b* (sinhy, (hn,)))] + hec.
+ N2 BN+ Db (R, )eB . (5-50)
Set
D(g) = e b (g)eP ™ — b(cosh,, (g)) — b*(sinhy, ().
We observe that Proposition 5.7 follows if we prove that
(61, D()&2)] < CNT2)Igll IV + D& [V + D&,
(61, IV, D(9)1&2)] < CNT2|Igll IV + D& | [V + 128,
)
)

(&1, [a* (g1)a(g2), D(©)1E) | < CN~lgllgill gl N + D2 W + D&,
(€1, 3 D(g)&)] < CNT2(lIgll + 1IN IV + DY2E [V + 1)'2&, |

(5-51)

for every, possibly time-dependent, g € L2(R?). In fact, applying (5-51) with g = Ay, ;, we obtain the
desired bounds for the first line on the right-hand side of (5-50). To bound the expectation of the operator
on the second line on the right-hand side of (5-50), on the other hand, we apply (5-51) with g =/ N.ts
g =¢Eand & = e BN 4 1)eBg. We find
N72)(g, e PN + Dby, e ™)
=N~ |(&, e P Wby )ePE)|
< N™'2[(&2, [b(coshy, (hy, ) +b* (sinhy, (i, D1E) + CN ™ an TNV + D2ENIIV + 1) 28]
<CNT'PIW A+ DEN &I+ CNTHIW + DENV + D8], (5-52)

where we used Lemma 2.2, the fact that cosh,,,, sinh,, are bounded operators (uniformly in # and N), and
(5-49). From Lemma 3.1, we obtain

IE2]1* = (&, e BN + 1)2eBMg) < C(&, (W + D)%) = C|(V + DEJI?
and, similarly,

IV + D267 = (£, e PP W + DM W + De™ PN + De )
< C(&, eiB(n’)(N—}— 1)363(77:)5)
< CE. W+ 1D°6) = CIW + D)%,
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Inserting the last two bounds in the right-hand side of (5-52), we conclude that
N~ e PN + Dby e ™8)] < CIINV + D22

for all £ € F=N. Similarly, we can control the commutators of the second line on the right-hand side of
(5-50) with A and with a*(g;)a(g) and its time-derivative.
We still have to show (5-51). To this end, we use Lemma 3.3 to expand

e B p(g)eBm) =3 (_nl) ady)  (b(2)). (5-53)

n>0
According to Lemma 3.2, the nested commutator adg’()m)(b(g)) can be written as a sum of 2"n! terms,
having the form

_ 1 /
Ar- NI GO n®) (o)), (5-54)
where each A, is (N —N)/N, (N —N +1)/N or a [1®-operator of the form
2 m (mp)
N™ Png,ﬁ,(nf,u;), L nt";/ ). (5-55)

Exactly one of these 2"n! terms has the form

(NN’ N+1-N) b(n t(zr)(g)) if n =2r is even,
o N (5-56)
N—N)YTU(NFT=N) o @rel) =y - .
= Nr+% : +NV u b (2 +1)(8)) if n =2r +1 is odd.

All other terms are of the form (5-54), with either £ > O or with at least one factor A; being of the form
(5-55). Let us suppose that n = 2r is even. Then we write (5-56) as

(N=N) (N+1-N)’
N" N"

(N=N)Y (N+1-N)"
N™ N"

b1 (9)) = b(n?”(g)w[ —1}b(n§2’><g>>. (5-57)

Inserting the term b(nt(zr) (g)) on the right-hand side of (5-53) and summing over all r € N, we reconstruct
Z —— b1 (8)) = b(cosh,, (2)).
(2 ) n; (&)= n\8

On the other hand, the contribution of the second term on the right-hand side of (5-57) has matrix elements
bounded by

|<$ [(N—N)’ (N+1-N)
L NT NT

- 1}b(nz(2r)(g))$2>‘
N — "(N+1-— r
H[( N) (N+1-N) _1]51

~ b (g)&ll

<2k N2 17 gl IOV 4+ D28 IV + D25 (5-58)
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since 1 — (1 —x)" <rx for all 0 < x < 1. Similarly, the contribution (5-56) with n = 2r + 1 odd can be
shown to reconstruct the operator b*(sinh,, (g)), up to an error that can be estimated as in (5-58).

As for the other terms of the form (5-54), excluding (5-56), we can bound their matrix elements using
part (i) of Lemma 5.2. We obtain

o |
€1 A A NI UYL ) g

) o |
<INV +D2EIIWV + D2 A AN @), ) (ge)Eal

[T

< C"m "N gl IV + D2 TV + 1)1 28 (5-59)

We conclude that

(&1, {e B b(g)eP ") — b(coshy, (g)) — b*(sinhy, (§))}62)]

< NPl IV + D& I + 1280 S nC i, 1"

n>2

<CN72|gl NV + D& | |V + D2 (5-60)

if the parameter £ > 0 in the definition (4-16) of the kernel 5, is small enough.
Since, by Lemma 5.1(i), the commutator of every term of the form (5-54) with A/ is again a term of
the same form, just multiplied with a constant k € {0, 1, £2}, we conclude that

(&1, [N, (e Bb(g)eB ™ — b(cosh,, (g)) — b*(sinhy, (§))}152)]
<CN7'"2|gl IV + DY2E | |V + D25 (5-61)

Since, again by Lemma 5.1, parts (ii) and (iii), the commutator of every term of the form (5-54) with

a*(g1)a(gr) can be written as a sum of at most 2n terms having again the form (5-54), just with one of
(s)

5., (8o) appearing in the T1'V-operator replaced according to (5-4)

the n,-kernels or with the function 5
and (5-9), we also find that

(&1, [a*(g1) a(g2), {e B b(g)eB™) — b(cosh,, (g)) — b*(sinhy, (§))}162)]
<CN"2)gllgi g2l IV + DY2E TV + D286, (5-62)

Finally, since by Lemma 5.1(iv) the time-derivative of each term of the form (5-54) can be written as a

sum of at most n 4 1 terms having again the form (5-54), but with one of the 5,-kernels or the function

nff;}(ﬂ (go) appearing in the IT1V-operator replaced by their time-derivative, we get (since ||7}; || < Cecll)

19, (&1, [e B b(g)eB) — b(cosh,, (g)) — b*(sinh,, (§))162)]
<CN~2eM (gl + 1EDIIN + D2 1 IV + D25, (5-63)

completing the proof. U
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5D. Analysis of e‘B(”‘)Eg\z,,)teB(”t). Recall that

~ 1
£y =K+ f dxdy N*V(N G = y)IG 0P [bibe - wata]

+ / dx dy N>V (N (x — )@ (x)@(y) [bi‘by - %a;"ay]

4 [ dxdy NV DG @GO, +he, (5-64)

with the notation
K :/dx V,aiVyay

for the kinetic energy operator.
In the next two subsections we consider first the conjugation of the kinetic energy operator and then of
the rest of L3, with B,

5D1. Analysis of e B CeB0D  We write
e—B(Ut)]CeB(Ut)

=K+ [ Voke (x5 y) [P dx dy + / dx dy (Awg)(N (x — )@ ()G (0bib: +he] + €y, (5-65)
In the next proposition, we collect important properties of the error term Sl(ft) defined in (5-65).
Proposition 5.8. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that

&, £8)e)) < Ce M My + N+ DV2EN IV + 1) €],
[E IV, EG)16)] < Ce™ | (Hy + N + DV IV + DV,

* (K) el 172 172 (5-66)
€, [a™(g1)a(g2), Ey 1) < Celigill g llg2ll g | (Hy + N+ D ZE I[NV + 1) 7],
18, (5, ENEN < CeM | (Hy + N + D2 IV + DV,
where we used the notation Hy = K+ Vy, with
Vy = % / dx dy N*V (N (x — y))a’alaya,. (5-67)

Proof. We write

1 1
e~ B g B _ g :/ e_SB(n’)[/C, B(nt)]eSB(m) :/ ds/dx e_SB(n’)[an:anx, B(nt)]eSB(m)_
0 0

From (3-14), we find
1
e B ceB) i = / ds / dx [e B p(V, 1) Vbt B £ hc]
0

_1\k+n
— Z _ GO [ad

b(Vyn ))ad(k) (Viby) +hecl].
17 B(’Yr)( Xl
P/ k'n'(k+n+1)

B(n)
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From the sum on the right-hand side we extract the term with k = n = 0 and also the term with n =0,
k = 1. We obtain

e BumceBo _ o — / dx [b(Vyn)Vyiby +h.c.]
1
+/de(vxnx)b*(vxﬂx)_N/dx b(vxnx)Nb*(vxnx)

1
- / dx dzdyln.(z, )b(Viny)bja; Viay +h.e]

( 1)k+n
+Zk'n‘(k+n+l) dxfad <n>(b(Vx’7x))a (n)(Vb)-HlC] (5-68)

%
where ) denotes the sum over all indices k, n > 0, excluding the two pairs (k, n) = (0, 0) and (k, n) =

(1, 0). We discuss now the terms on the right-hand side of (5-68) separately.
The first term on the right-hand side of (5-68) can be decomposed as in (4-17), giving

/dx b(Viny) Vb, :/dx b(kax)bex—i-/dx b(Vyipx)Vyiby. (5-69)

The second term on the right-hand side of (5-69) contributes to the error gI(Vl,(t)' Its expectation is bounded
by

' / dx (€, b(Vyttx) Vibyt)

<INV + D% / dx | Vo ps I Vibo£ |
< IVeul IV + D216V 28 | < ClNV + DY 2g | IK ).

The expectation of the commutators of this term with A/ and with a*(g1) a(g2) and also its time-derivative
can be bounded similarly, using the formula

[a*(gl)a(gz), D(Vyxiux)Viby] = (g1, Vaux)b(g2)Viby +b(Vyjux) Vg1 (x)b(g2)

and the fact that ||, Vy ;|| < Cecl, uniformly in N.
As for the first term on the right-hand side of (5-69), we integrate by parts and we use the definition
(4-15), to write

f dx b(Vyik)Viby = f dx dy N3 (Awg) (N (x — )@ (x)@: () byby
2 / dx dy N (V) (N (x — y)(V§) ()@ () bab,

+ / dx dy Nwe(N(x — y))(A@:) (X)@: (y)Dxby. (5-70)

The first term on the right-hand side of (5-70) is exactly the (hermitian conjugate of the) contribution that
we isolated on the second line of (5-65); it does not enter the error term £ 1(\, [) The second and third terms
on the right-hand side of (5-70), on the other hand, are included in 8 . The expectation of the third
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term is bounded by

‘/ dxdy Nwg(N(x — y))(Ag) (x)@:1(y) (€, biby§)

< /dx |AG () IB* (Nwe(N (x — - )@)E Nl bl

= sup [ Nwe (NG = NG AGIIN + DV = CeMIV + D% (5-7)
To bound the expectation of the second term on the right-hand side of (5-70), we integrate by parts. We find
/ dx dy N> (Vwe) (N (x = ) (VE) ()G (y) (5, bxby§)

== / dx dy Nwe(N(x — y)(A@) ()@ () (&, biby§)
- / dxdy Nwe(N(x — y) (V@) (xX); (y)(E, by Viby§).

Proceeding as in (5-71), we conclude that

‘ / dx dy N> (Vwe) (N (x — ) (V@) ()@ () (€, bxbys>‘
<sup [[Nwe(N(x — D@ [I1AG WV + DY2EI2+ VG IV + D'2g 1K€ ]

< Ce MW+ D2E P + |V + D 2g 1K 2],

Notice that the last estimate and the estimate (5-71) for the third term on the right-hand side of (5-70)
continue to hold, if we replace the operator whose expectation we are bounding with its commutator with
N or with a*(g1)a(gz) or with its time-derivative.

Now, let us consider the second term on the right-hand side of (5-68). We observe that

/dx b(Vxn:)b™ (Vny)
2 N 2 . = . * 1 *
= IVanell” = S IWVanell™ + | dxdy dz Vin (x: ) Vaie (v )| brby = azay ). (5-72)
Denoting by D the operator with the integral kernel
D(z;y) = / dx Vin, (z; x) Ve (x3 y), (5-73)
we have

’ / dx dy dz Vun, (x; 2)Viit, (v; X)(E, bIbyE) | < [, dT(D)E)| < | DI IN?E |2 (5-74)

Since, by Lemma 4.3, || D||; < C, we obtain

‘ f dx dy dz V., (x; ) Vail; (v; X) (£, b:bya‘ < CINY2g|?
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and similarly for the afa, term. As for the first term on the right-hand side of (5-72), we use the
decomposition i, = k; + u,. Since ||V, u,|| is finite, uniformly in N and in ¢, we find

‘/dxnvxnqu—/dx dy [V:k,

The second term on the right-hand side of (5-72) can be controlled using N “Veny

|?> < C. Furthermore,

one can show that

/dx (&, [N, b(Van)b*(Van)1§) =0,

<Clgillllg2l IV + D22

‘ f dx (&, [a*(g1)a(g2). B(Vam)b* (Vino)IE)
and

< ceXM W+ D22

0 [/ dx (&, [b(Vino)b* (Vin)1E) — f dx dy|Vyk:(x; y)lz]
Here we used the formula

[a*(gl)a<gz>, / dx b(vxn»b*(vxm)]

_ / dx (Vene, g1)b(g)b* (Vo) + / dx (g2, Van)b(Vinob* (g1)

for the commutator with a*(g;)a(g2) and the bounds in Proposition 4.2 for 9;¢;.

The third term on the right-hand side of (5-68) can be controlled similarly.

To control the fourth term on the right-hand side of (5-68) we proceed as follows. First of all, we com-
mute the annihilation operator b(V,n,) to the right of the two creation operators b*a* Using (2-7), we find

1
ZN/dxdydzm(z Wb(Viny)bia;Vv ax—ﬁ/dxdydzm(z;y)biaika(vxnx)vxbx

N 1
/.dXddent(Z VIVin(x; y)(l_ﬁ_ﬁ>a;vxax

ZNZ/dxdydzm(z yaya(Viny)a; Veay.  (5-75)

To bound the expectation of the last term, we use the additional N ~! factor to compensate for || V7, ||~ N /2.
We find

oy [ drdydzne . aavin)a Vi)

1/2 1/2
<ol [aravazmeioPivael| | [ axayaziaa @ana ]
[CANAA]
<y MK+ D

< CN7Y2 I 2E ) |V 4+ D)),
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Similarly, the expectation of the second term on the right-hand side of (5-75) is bounded by

1 N1,
‘N/dxdydz m(z;y)me(x;y)<§, (1————)anxax§>‘

1 172
= N[f dxdydz|n(z; y)IZIIanXSIIQ} [/ dxdydzwxn,(x;y)||2||azg||2]

_ el Ve
- N
<CN7™'"2|\W + DY 1KV %)

IV + DY 1K)

We are left with the first term on the right-hand side of (5-75). Here, we consider the decomposition
1
2N / dxdydzn(z; y)bjaza(Viny) Vb,
=5 /dx dydzn(z; y)b aza(Vyiky)Viby
+— / dxdydzn(z; y)b*a*a(prLx)bex =M; +M,. (5-76)

Since V, i, € L*(R? x R?), with norm bounded uniformly in N and ¢, we easily find
(€, Mag)| < CNT'2 WV + 1)V K12 .

To control the term M, on the other hand, we integrate by parts. We obtain

M= 5 f dx dy dz dw ,(z: y)(— A oke) (v; )bia ayby

_ N / dx dy dzdw n,(z; ) (Awe) (N (x — w)) @, ()@ (w)bjaz ayby
> f dx dydzdwn,(z; y)(Vwe) (N (x — w)) V@, (x) @ (w)bya; ayby

1 L
) / dxdydzdwn,(z; y)we(N(x —w)) Ag, (x)@; (w)bjaz ayby
=M +Mi2 +Mjs. (5-77)
Since |(Vw)(Nx)| < C/(N?|x|?), we have

|(§, M128)|
IV ()| (w)]

<Nt [ axayazawin "I b, g,
Ve (0216 2 12 12
fCNl[/dxdydzdwl ‘pffx)' "”l’z(w)' ||azby.§||2:| [/dxdydzd —'7’@ ZL' lawby 5||]
X —W

<CNmA IV + DENINV + DY+ M) 2|
< CIWN+ DY+ M),
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where we used Hardy’s inequality |x|~2 < C(1 — A). The expectation of M3 can be bounded analogously.
Let us focus now on the term Mj;. Here we use the fact that f; = 1 — w; solves the Neumann problem
(4-1) to write

2
My = —NT / dxdydzdwn,(z; y)V(N(x —w)) fe(N (x — w))g; ()@ (w)bya; ayby

+ N / dx dydzdwn,(z; y) fe (N (x — w)x (Ix — wl < OF ()G (w)btataybs

=: M1 +Miiz. (5-78)
Since, by Lemma 4.1, 1, < CN3and0< fe <1, it is easy to check that
(6. Mi126)| < CIWV + 1)/

As for the first term on the right-hand side of (5-78), it can be estimated by
[(§, Min§)| < fdx dy dzdw |1:(z; y)IN*V (N (x — w) |G (w)| ¢ ()] |azby& || | awby |
1/2
< [ / dx dy dzdw [ne(z; )NV (N (x ~ w>)||awbxsn2}

1/2
x [ / dxdydzdw N*V (N (x — w))|¢t<w)|2|¢t(x>|2||azbysn2]
< CN"2nHIVYPE NIV + DEN < CIIVY IV + 1DV ],

where we used the fact that 0 < f; < 1 and the notation (5-67).
Summarizing, we have shown that the expectation of the fourth term on the right-hand side of (5-68)
can be bounded by

'%,/dxdydzm(y;z)(é,b(Vxnx)b* Vaad)| < CIV+ D PE NN +Vy + D' (5-79)

Also in this case, it is easy to check that the same estimate holds true for the expectations of the
commutators of this term with A" and with a*(g;)a(g>) and for the expectation of its time-derivative.

Finally, we have to deal with the last term on the right-hand side of (5-68). According to Lemma 3.2,
the operator

[ dxady, @ mady, (.0
is given by the sum of 2"+*n! k! terms, all having the form

:/dx A] A”N kln(l)( (]1)"” 77(Jkl) (€1+l))

M AT XXO

XAl A N kzné})b/( (m/l) T](me), x )(CZ%)/) (5_80)

z,ul ’ >,
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with ki, k2, £1,€2 > 0, ji,..., jk,,m1,...,mg, > 1, and where each operator A;, A; is a factor
(N —N)/N, afactor (N +1—N)/N or a [1®-operator of the form

- 2 (ap)
NTIZ ), (5-81)

with p, qi, ..., q, > 1. Here we used the fact that néz‘)(vxnx,o) = xnx i;f

of ' € {-, x}01t1,
We study the expectation of a term of the form (5-80), distinguishing several cases, depending on the
values of £1, £, € N.

) for an appropriate choice

Case 1: £; > 1, £, > 2. In this case, Vxnt(%ﬂ) Vxn(zz) e L2(R3 x R3), with norm bounded uniformly

in N and ¢. Hence, with Lemma 2.4, we can bound
g EE)] < |l == VgD Ve TV + D212
Now we observe that, for example,
Va1 < IV 121 < 1V e )22 < Cllge 1272
Similarly, || Vo7 ““tP| < C|lm. || ~". Hence, in this case,
(6, EE)| < C* I IV + D)2 1%

Case 2: £1 > 1, £, = 1. In this case we integrate by parts, writing

(iy)
<EyE§):/dX(S,A1A”N kn(lg( ) njkl . (ZI‘H))

Moo oo Mg s — Bl g
k(D . (m1) (miy)
X Ay AL NTRTIL) (n ,,"Sgl ,...,ntuz ; x,00)E )
Since, by Lemma 4.3, | A n'? || < Ce®!"!, we conclude by Lemma 2.4 that, in this case,

_ 2 _
(&, BE)| < C* I 1M1 A @ TV 4+ DV2g 12 < CFFmelt g =1 v + 1) 12 |12,

Case 3: £; > 1, £, = 0. In this case, the second IT1V-operator in (5-80) has the form

ko—1
1 (m (m;)
N kzné’)b’(nt(,rg’:)’ . Az i Vid) =N ke / bbo a}’IaX/Jrla)’kzv Qx 1_[ Mty 0 (xj; yj)dxjdyj.

Here we used part (v) of Lemma 3.2 to conclude that the last field on the right, the one carrying the deriva-
tive, must be an annihilation operator (or possibly a b-operator). Repeatedly applying Lemma 2.1 on pairs
of creation and annihilation operators, but leaving the last annihilation operator V,a, untouched, we find

[(E,E&)| < CKIn I~ v + D2 f dx [V 1 Veak |l

L1+1
< Y = e DV + D2 1K 2|

< CH I IV + DY eI g ).
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Case 4: £1 =0, £, > 2. Here we proceed as in Case 2, integrating by parts and moving the derivative

over x from V,n, ¢ (whose L? norm blows up) to V, ni@ (using the fact that || Ay 77,2) | < 00).

Case 5: £ =0, £, = 1. In this case, by part (v) of Lemma 3.2, the two IT("-operators in (5-80) have
the form

1 G 0+1 b; i
IO, . v ) f bbo y,ax,ﬂay,,a(vxnx)]_[n“><x,,y,>dxzdyz (5-82)

and
1 (m [/ i
g, o', tth, %) = f b;;l'[ay,axmayn *(vxnx>]'[n(m)<x,~;y»dx,-dy,-. (5-83)

Since ||V, ;]| =~ N'/? blows up as N — o0, to estimate (5-80) in this case we first have to commute the
annihilation operator a(Vyn, ¢) in (5-82) with the creation operator a*(V, 1, ¢/) in (5-83). We proceed
much as we did to bound the second term on the right-hand side of (5-68) in the case n =0, k =1,
starting in (5-72). Here, however, we first have to commute the annihilation operator a(V, 1y ¢) through
the A’-operators and through the creation operators in (5-83).

If Aj=(N—-N)/N or A;=(N+1—-N)/N, we just pull the annihilation operator a (V1 ¢) through,
using the fact that a(Vyny )N = (N + 1)a(Vyn, o). On the other hand, to commute a(V, 7, ) through
the A’-operators having the form (5-81) and through the creation operators in (5-83) (excluding the very
last one on the right), we use the canonical commutation relations (2-1). The important observation here
is the fact that every creation operator appearing in (5-81) and in (5-83) is associated with an n,-kernel;
the commutator produces a new creation or annihilation operator, this time with a wave function whose
L?-norm remains bounded, uniformly in N. For example, we have

[a(me) /ax,ah U (xi5 i) dx; dyz} =a(Vn"™h). (5-84)

Since m; + 1 > 2, we have ||V, n"*D|| < C, uniformly in N. Similar formulas hold for commutators
of a(Vyny) with a pair of not normally ordered creation and annihilation operators or with the product of
two creation operators. In fact, not only the Z?-norm but even the H'-norm of the wave function of the
annihilation operator on the right-hand side of (5-84) is bounded, uniformly in N. This means that terms
resulting from commutators like (5-84) can be bounded integrating by parts and moving the derivative
in (5-83) to the argument of the annihilation operator in (5-84). We conclude that E = F| 4+ F,, where

b,
/dx Ar--- Ay N™ ki /bbo ),axm Ml_[n(j’)(x,,y,)dx, dy;

/ — b/ i
x A} AN sz H aja, ]_[n(”(X,,y,)dx dy| a(Vinx 0)a* (Ve o),

Fj+1 %y,
while F;, which contains the contribution of all commutators, is bounded by

(&, Fo)| < nCKH |, =1V + D22
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To estimate Fy, we write it as F; = F; 4+ Fi,, with

ki
bj
Fii = Ve l* Ay -+ Ay N~ ’ﬂ/bbo ajal,a M]‘[n(’%x,,yl)dx, dyi

/

x A - AN"Z/ ]_[ ,ab, ﬁ”l_[n(”)(x,,yl)dx dy, (5-85)

Tj+1 %y,
and
ki
Flz_/dx Ay AN~ ki /bbo yjaim 5’”’1_[n(]’)(xl,yl)dxl dy;

b/
X Aj---ALN sz . ]_[ aja) a’ HU(J’)(x ) dx, dy| a*(Vene.o)a(Vineo).  (5-86)
The contribution Fi; can be estimated by
|Fil < CF I 1M NIV PN~ OV + D*2E |12, (5-87)

where « = ki + p1 + -+ + p, + ko + p| +--- + p., if r of the operators Ay, ..., A; and r’ of the
operators A/l, R A;z are H(z)—operators of the form (5-81), with orders py, ..., p, > 0 and, respectively,
pg, R p;, > 0. Now observe that, since ¢, = 1, we must have k > 1. Since we are excluding here the
case n =0, k =1, we must either have n > 1 and k = 1, or k > 2. In both cases k +n > 2. According
to Lemma 3.2, the total number of 7,-kernels in every term of the form (5-80) is equal to k +n + 1 > 3.
This implies that there is at least one 7,-kernel, in addition to the two 7;-kernels which produced the
commutator ||V, %> in (5-85). We conclude that, in (5-87), we have « > 1, and therefore, on F=V,

IFii| < Cn 5=V PN UV + D212 < S i 9TV + D 2|
since || V.7, ]|> < CN by Lemma 4.3. To control F1, we notice that, with the operator D defined in (5-73),
0< / dx a*(Vany.0)a(Vargs.0) = dT(D) < | D] < CN.

This easily implies that
(&, F1a&)| < CK I =1 v + )2 )2

We conclude that, in this case,
(&, BE)| < nCKM |, 1M1V + D282,

Case 6: £1 =0, £, = 0. In this case, the term (5-80) has the form

k1
E= [arni gt | bb‘)]_[aﬂ' % aina (o) [ 09 (s yi) dx dy
1

l
% A/l . kz/b 0 1_[(1 ,ab,, "V dy Hn(m')(xl, yl)dx a’y[. (5-88)

Yi xl+] y
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Notice that a term of this form (with » =0 and k = 1) already appears in the fourth line of (5-68) and was
studied starting in (5-75) (to be more precise, in this case the first IT1)-operator in (5-80) is of order zero
(for n = 0, there is no other choice), and therefore the operator a(V,ny o) appearing in (5-88) is replaced
by b(Vynx.0)). We will bound (5-88) following the same strategy used in (5-75). First we have to commute
the operator a(V, 1y ¢) in (5-88) to the right, close to the V. a,-operator. As already explained in Case 5,
the annihilation and creation operators produced while commuting a(V, 7y o) to the right will have wave
function with H'-norm bounded, uniformly in N. Integrating by parts over x, we obtain E = G| +G», with

b;
GI:/dx Ay AN~ k'/bb"l_[ayjaxj+1 ynl_[n(]’)(x,,yl)dx, dy;

PU\VEE kz/ l_[ /_a \oay Hn(j’)(xl, yi)dx!dy; a(Viny o) Vyay

j+l

and
(&, Gak)| < nCF |, =1V + )2 )2

To bound G, we proceed exactly as we did starting in (5-76). Using the decomposition 1; = u; + k;
and the fact that V, 1, has bounded L?-norm, uniformly in N, we conclude that G; = Gy + Gy, with

_ bj i
Gii=A1---A;yN kl/bbol_[ay,ax,+1 g:;l_[n(])(xz’yz)dxz dy

PU\VEE —k2 / 1_[ ,az, g l_[ n(J')(xl, y)) dx!dy; /dx (—Axk) (x5 y)axay

1 “,

and
(&, Ga&)| < C I 1K1V + DY 2 1K 2 ).

By Cauchy—Schwarz, the term G; is bounded by
(&, Gn&)| < CE I 1M I NV 4 1)%E | / dx dy | Ak, (x; y)| laxay€ll, (5-89)

where o = ky + p1 +--- + p, + ko + p} +--- + p,, if r of the operators Ay, ..., A; and r’ of the
operators A, ..., A;z are I1®-operators of the form (5-81), with orders py, ..., p, > 0 and, respectively,
Pi»---» p, > 0. The important observation now is that, since we excluded the case k = n = 0, we have
k+n > 1, and therefore every term of the form (5-80) must have at least two 7,-kernels in it. This implies
that, in (5-89), @ > 1, and therefore that

IGii| < CE i, IS INTI2 OV 4+ 1D 2| f dx dy | Ak (x; y)| llasa&].
Proceeding as we did from (5-77) to (5-79), we conclude that

Gl < C*P I 1INV 4+ DY2E T (Hy + N + D2
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Summarizing, we proved that the last term on the right-hand side of (5-68) is a sum over all
(k, n) # (0,0), (1, 0) of 2" n! k! terms of the form (5-80), each of them having expectation bounded by

|, E&)| < CFHmeclln, | maxORtn=30 (A7 + D2 || | (Hy + N + D2

Similarly, one can show that

(€, [N, EJE)| < CFFmecltl |, | maxOK+n =3 (A 1)V 28 || |y + N+ 1) 2],

(&, [a*(g1)a(g2), E1&)| < CK e |1, X OFHm=3 o | g ll gt NNV + D V2E | [[(Hy + N+ 1D,
(&, 8 [B1E)| < CF el |, | X OKFn=3 N+ DV 2E || | (Hy + N+ 12

Inserting in (5-68) we conclude that, if sup, g [17;]| is small enough, the operator 51(\,12) defined in (5-65)
satisfies the bounds in (5-66).

O
5D2. Analysis of e B ("’)(ﬁﬁ), — K)eBn) | Recall that
Ly, —K= / dx (N*V(N -) %@ 2 (x)[bby — N~ a*ay]
+ f dx dy N>V (N (x — )@ ()@ (NIbib, — N~ 'ata,]
+ % / dxdy N3V(N(x —y)o; (x)(ﬁt(y)b;kb; +h.c.]. (5-90)

We define the error term £ 1(\,2 )[ through the equation

e B (LY, — )P =Re f dx dy N>V (N (x — )@ (x)@r (»)k: (y; x)
1 ~ ~ * 7%
+5 / dx dy N3V (N (x = )@ ()@ (0bibE +hel + £ (5-91)

The properties of the error term & 1(\,2 ), are described in the next proposition.

Proposition 5.9. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that

(€. ENE) < Ce MOV + D2 | |V + N + D],
[E, N, EQIEN < CeM W + D2 | (Vy + N + D],
)
)

) It] 1/2 1/2 1/2 (5-92)
(&, [a(g1)a(g2), Ey 16 )| < Ce g1l w2 llg2ll 2 IV + 1) g [(Vy"+N+1) g,

198, Ex ) < Ce IV + D280 + N + 1)1 %)
forall € € F=N.

Proof. The conjugation of the first two terms on the right-hand side of (5-90) can be controlled with
Lemma 5.6, taking r to be the multiplication operator with the convolution N3V (N -) % || in the
first case (so that [|r[lop = [IN*V (N -) * |@;[*loo < Cllg;]|2, < Ce“!'l) and the operator with integral

kernel 7 (x; y) = N3V (N (x —y))@; (x)@; () in the second case (then I llop < sup, f Ir(x; y)| dy < Celtl,
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uniformly in V). Hence, to show Proposition 5.9 it is enough to prove the bounds (5-92), with 51(\/2,)z
replaced by

EN, = % / dx dy N>V (N (x — )@ ()@ (y)e " "bbe”™ +he]
—Re / dx dy N*V (N (x = )@ ()@ (ki (x: y)
-3 f dx dy N*V (N (x = y)[61(x)@ (1)buby +hec.]. (5-93)

By Lemma 3.3, we can write

/ dx dy N>V (N (x — )@ (x) @ (y)e” "W b by

(= Dk s
=2 / dx dy N>V (N (x — )@ ()@, (y)adg,, | (b)ady,,  (by)
n,k>0

_ / dx dy N3V (N (x — )G ()@ (y)bsby

— / dx dy N>V(N(x — y))@ ()@ (y)bx [B(1,), by]

(_1)k+n =~ ~ n
+)° o / dxdy N>V (N (x — y)@ (x)@ (y)adly, (bo)ady,, (b)),  (5-94)
n,k

where we isolated the terms with (n, k) = (0, 0) and (n, k) = (0, 1) and the sum 2*: runs over all other pairs
(n, k) € N x N. The first term on the right-hand side of (5-94) (the one associated with (k, n) = (0, 0)) is
subtracted in (5-93) and does not enter the error term g 5\%,):- The second term on the right-hand side of
(5-94), on the other hand, is given by

P:=— / dx dy N>V (N (x — y))@ ()@ (y)bx[B(1,), by]

N - 1 —N 3 = ~ *
A f dx dy N3V (N (x — )¢ ()G () beb*(ny)

1 ~ ~
N / dx dydwdz N*V(N(x — y)@ ()@ () n:(z; w) bybla}ay.

Commuting in both terms the annihilation field b, to the right, we find

N—1-NN-N S \3
P=—y | dxdy NTV(N G = )60 () mi (x; y)
L N-1-w
N
N_N ~ ~
G [ dxavaz NV G- E@EMEa)a,

N—N o = % %
) /dx dy dzdw NV (N (x — )¢ ()@ () 1:(z; w)al,alazay

=P +Py+P3+Py. (5-95)

- - 1
/dx dydz N*V(N(x — y)@ ()@ (y) [b*(ny)bx - Na*(ny)ax}

-2
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Writing n; = k; 4+ p;, and using the pointwise bounds |u,(x; y)| < C|@;(x)||¢;(y)| and |k;(x; y)| <
CN|@;(x)||¢:(y)| from Lemma 4.3, we obtain that

'<s, Pi§) —fdx dy N>V (N (x = )@ ()1 (y)kr (x: y)‘ < CIlV + D',
The expectation of the operator P,, and analogously the expectation of the operator Pz, can be bounded by

(&, P2§)]

< IV + DY f dxdy N>V (N (x — yDIg OG0 Iy [ 15& |
1/2

<@l IV + D)2 [/ dxdy N’V (N(x —y)) llnyllz} " [/ dxdy N>V (N (x — y))||bs& ||2]
< CeMlm IV + 128 1.

As for the last term on the right-hand side of (5-95), its expectation is estimated by

(€. P3&)|

< limell II(N+1)S||/dxdyN2V(N(x—y))ls5r(X)|Is?)r(y)lIIGxGySII

1/2

1/2
<IN+ DE [ / dxdy NZV(N(x—y»naxaysnz] [ / dxdy NZV(N(x—y>)|¢t<x)|2|¢,<y>|2}

12

<Cllm I INV+D2E Ve

We conclude that
‘@, P£) — f dxdy N>V (N (x — y))@ ()@ (9)ki (x; y)‘
< CeMn IV + DV IV + N+ D2 (5-96)

Let us now consider the terms in the sum on the last line of (5-94), where we excluded the pairs
(k,n) =(0,0) and (k,n) = (0, 1). By Lemma 3.2, the operator

f dx dy N>V (N(x — )@ (1)@ (y)ads (boadly),  (by) (5-97)
can be expressed as the sum of 2""*n! k! terms having the form

- ~ _ 1 (
= / dx dy N*V(N(x = )AL A NIl )

/ k(@ [/, (m) (miy) | (£2)
XA ALNTRIL L 070 iy 5, (5-98)

where ki, kp, 11,12 >0, ji,..., jk,m1, ..., mg, > 0and where each A;, A; is a factor (N —N)/N or
(N +1—=N)/N or a IT®-operator of the form

- 2 (gp)
NPT ). (5-99)
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With Lemma 5.4, we obtain
[(§, E&)I

< W+ D3| /dx dy NV (N (x = )@ ()1 ()]

_ 1) v/ [/
XNV + D72 A NI @)

t,0

1 (miy) (2
X A ARG g

< CH I IRV + DV /dx dy N>V (N (x — y) g (x)] 1@ ()]

x Anlmelllny IV + DY2E N+ 1 Iyl laxé
+ CeMMm NV + D2+ N2, 12 lacay &1l

where (in the last term in the braces) we used the pointwise bound
N7 (s )l < CeM

from Lemma 4.3. The contribution of the first three terms in the braces can be bounded by Cauchy—
Schwarz, since ||@;[loo < Ce¢l!l. We find

(&, E&)| < C*nel |, M1V + DY 2E | (W + N + 1DV

Since the expectation of (5-97) is the sum of 2"tk n! such contributions, inserting in (5-94) and
taking into account also (5-96), we conclude that

16,82 6) = CeM I+ D2 [0y + N + D'

if sup, ||n;|| is small enough. As usual, we can prove similarly that the same bounds hold true for the
expectation of the commutators of g @ . with the number of particles operator N and with a*(g1)a(g2),
for arbitrary g1, 8 ¢ e HZ(R3) (this assumptlon allows us to extract | gjlloc < Cllg;ll z2) and also for the

time-derivative of & N . O

5E. Analysis of e‘B(”f)LS’)teB("‘). Recall from (5-3) that

Ly, = / dx dy N>V (N (x — y))@ (0)[biala, +h.c.l.

We conjugate 553,): with the unitary operator e2"). We define the error term Ey ¢ ) , through the equation
e B L) B0 = — /N [b(coshy, (hy, ) + b (sinhy, (7y, ) +h.e]+EY), (5-100)
where we recall, from (5-47) that,
hy.e = (N>VN Dwe(N ) %16 -

In the next proposition we collect the important properties of the error term 51(\,3)t.
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Proposition 5.10. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such
that

(£, ENLEN < CeMNION + D26 | |V + N + D)2,

HE TN, EQIEN < CeM W + D2 [(Vy + N + D],

(€, [a*(g1)a(82). £5 16 < Ce“ gtz llgall |V + D& [ | (Vy + N + 1), e-1on
18,08, E5 16| < CeM W + D2 |V + N + D¢

forall & € F=N,

Proof. We start by writing

—B(m) *

1
ayax eBOn — ayay+ | ds e_SB(”’)[a;"ax, B(n,)]e* B

I
1

= ajart [TV )+ b, ble .
0

From Lemma 3.3, we conclude that
(_ )k+

—B(n) % B(n) _ (k) x4 4() * (k) (r)
Mata B =ata,+ Z‘ k'r'(“r“)[ diy)  (bhady) (b () +adyy,, (b(ny))ady,, (b,

Inserting in the expression for c . 1» We conclude that

e—B(U1)£(3) eB(Vir)

1 n
—Z( ) / dx dy N2V (N (x — y)@ (y)adfy, (b7 ajay

n>0
(— 1)n+k+r

dx dy N3?V (N (x — -
+nk2r:>on!k!r!(k+r+l)/ xday (N (x J’))@t(y)a (n)( )

x [ady, , (B})ady,, ) (6" () +ady, \ (b(1y))adyg, | (b:)]+hee.

We divide the triple sum into several parts. We find
e_B(”’>£§3)teB('7’)

(-1" o
=2 f dxdy N>V (N (=)@ (nadg,, (b)) aja

n>0

(=t o ,
+y) f dxdy N°*V (N (x=y)@ (vadly, | (b)brady! (6" (1)

>0n'(r+1)'
n+k+r
+ > OV [ aedy NPV (N G-y ()ady BDad® (b1)adl) (b7 (1))
iy n'k‘r‘(k+r+1) B(ne) N7 x ¥/ B(nr)
(=Dt 5/2 - W) g8 %)
+n,;<>1”'k"”<k oy | XNV N Gy @ (ady,) BDady,, (b )adg, (b:)

+h.c.
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In the terms with k£ = 0, we distinguish furthermore the case n =1 from n # 1. We find

e—B(Wt>£§3,)teB(?7t)

=— / dxdy N>V (N (x—y)@ (0)[B,), bla}ay

(=1’
S (r+D)!

f dxdy N°'*V (N (x=y)@ ()[BGr,). bi1b}adf) | (b* (1))

=" 3 o
+2 f dxdy N**V (N (x—y)@ (v)adly, (b7 d}a,

n#l

(_l)n—H’ B . - - "
+ Y / dxdy N°/*V (N (x—y)@ (vadfy, | (b7)brady! (" (1)

n#lﬁrzon!(r—l—l)!
(= 52 . ) ®) ")
t Y G | NV NGB 0adg, Gadyl,) Gadg, ¢ 010)
n,r>0,k>1
(=t 52 - W ey @) *)
2 i ] ANV =g adi, Bady, (b )adg ()
n,r>0k>1
~+h.c. (5-102)

We start by estimating the contribution of the last term on the right-hand side of (5-102). We are
interested in the expectation

‘ / dx dy N°P*V(N(x — y) @ (y) (&, adg)  (bDadyy) (b(ny))ady, | (bo)E)

< / dxdy N>V (N (x — y)Ig (»)| ladg,, , (b)E | ladly) | (b(ny))ady), | (bo)E]

forn,r >0 and k > 1. According to Lemma 3.3, the norm ||adgl()m)(bx)$ || is bounded by the sum of 2"n!
terms of the form

— 1 j j K
Pro= A1 AN TFTIEN GO

TN

fori,k,s >0, ji,..., jx > 1, where each A; is a factor (N —A\")/N or (N+1—N)/N or a I1®-operator
of the form
Nﬁ"“fﬁl/ 0, nﬁ?{;’))- (5-103)

)
1.1

From Lemma 5.2, we find

n n—1 1/2 :
XE{C Il IV + DY) s > 1, 5104)

CH il Nlaxé |l ifs=0

for all x € R3. Similarly, the norm ||adg€()m)(b(ny))adg()m)(bx)é || is bounded by the sum of 2%+ k1 r! terms

having the form

—ky (D G Uk, (e1+1) —kp (D) (1) (i) - (L)
Poy = A1 Ay NTOTL Ol sy )X A} ALN znu/,bf(’?,,";{’---’n,,u;;"?x,%/)5||’
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which can be estimated (with Lemma 5.4) by

CHH I 2 e iy IV + D& if €2 > 1,

P ., S{ _ .
ST I T iy Hlax (N 4+ D28 if 6 =0

forall x,y € R3. Combining this estimate with (5-104) we find that
l / dx dy N°V(N(x — y) @ (y) (&, adg)  (bDadyy) | (b(ny))ady, | (bo)E)

< nl kU p! O g |3 f dx dy NV (N (x = y)Ig )] Iyl

[ IOV 4+ DY2 N+ 1 lax11]
X [Inx NN 4+ DEN + Il lax NV + D2 ]]
< nlklrl C AT N T2y |t =3

x/dx[nnxn I + DY2E |+ e llacg 1[I IOV + DEN + [Ine | lax NV + D2 ],

where we first used the bounds [|¢ [l < Ce!'! from Proposition 4.2 and sup, [|7,[| < Ce"! from
Lemma 4.3, and then we integrated over y to obtain the N~!/? factor. Applying Cauchy—Schwarz in the
x-integral, we conclude that

‘ / dxdy N°PV(N(x — y)@ () (&, adg)  (bDadyy) (b(ny))ady), | (bo)E)
< nlk!r! C"HIT I N2 =1 O+ D2 | [V + DE|
S l’l‘ k' r! CI’H-k-‘rreClH ”nt||n+k+r—l ”(N+ 1)1/25”2 (5_105)

for all £ € F=N,
Let us now consider the fifth sum on the right-hand side of (5-102). The expectation of every term in
this sum is bounded by

l / dx dy N2V (N (x — y)@ (y) (&, adfy, | (bDadf)  (bhadf) | (b*(n:))E)
5/2 _ = (k) (n) ")k )
< / dx dy N°PV(N(x — )| (p) llady,, (b)) adly,, | (bE llads,, | (B*(n))El.  (5-106)

where we assume k > 1, n,r > 0. According to Lemma 3.2, ||adg()m)(b*(nx))§ | is bounded by the sum
of 2"r! terms of the form

—k 1 j Uk ¢
Que=lIA1- AN IR, ot @) g

foraiy, ki, € >0and ji, ..., ji, > 1. Each A, is a factor (N —A\')/N, a factor (N+1—N)/N or a
H(Z)—operator of the form (5-103). From Lemma 5.2, we have

Qi < C Il Inx NIV + D2
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for all x € R3. On the other hand, using again Lemma 3.2, we can bound the norm || adgc()m) (by) ad(lf()m)(b DE

by the sum of 2" k! n! terms having the form

k(D ¢ G Uiy (z N A7 1 A=k (D (my) (miy) (L)
Qz,x,y:”Al"'Ai[N lnu,b(nt,ull’--wﬂt’ukl ¢ )A A znﬁ/ b/( tt/ll ""’77,12 ’ x%}’)é”
where iy, ip, k1, k2, €1, €2 > 0and ji, ..., jk,,mi, ..., mg, > 1 and where each A;- and A;—operator isa

factor (N —N)/N, a factor (N — N +1)/N or a I'[(z)—operator of the form (5-103). Using Lemma 5.4,
we obtain (using the assumption k > 1 to apply (5-27) and using (5-28) with ¢ = 1)
Qaxy < C"HIne |I" 2[4 Dllme iy Il 4+ e 1N e Ges IV + DE]

+ Iy el lax N+ DV2E N+ e 1 llaxay€ |1}

for all x, y € R3. With the bound sup, x|, supy N1, (x; y)| < Cel" from Lemma 4.3, we conclude
that

/ dx dy NV (N (x — y)@ (») (£, adg;>,7,)<b:>ad5§g,,,><b;>adg3,7,)<nx>s>\
< nlklrt C"HT | AT |V + DY2E (W + N+ DV (5-107)

for all £ € F=N,
Let us now study the fourth term on the right-hand side of (5-102). As we did for the other terms, we
bound the expectation

‘ / dxdy N°V(N(x — y) @ (y)(&, ady,,  (b1)bja dg(),])(b*(nx))@‘

/ dx dy N°P*V (N (x — y)|@ ()| |byadfy) | (boE llady) (" ()&l (5-108)

where we assume that n # 1, r > 0. According to Lemma 3.2, ||adg()m)(b* (nx))&]| can be bounded by

the sum of 2"r! terms of the form

- 1 ' Uk, (041
Rl,x = ”Al e AilN klné’b)(nlg{ull)s [RRN] 77, ukl s )(Cb ))5”

foriy, k1,41 >0and ji, ..., ji, = 1. According to Lemma 5.2, such a term can always be estimated by

Ry, < Cmell" e IOV + D€ (5-109)

for all x € R®. On the other hand, the norm ||byadg’()m)(bx)§ || can be bounded by the sum of 2"n!

contributions having the form

k (i L
Ry = lbyAr - AT G n e (5-110)

foriy, k1, £1 > 0and ji, ..., ji, > 1. With Lemma 5.4, we find that

Ro .y < C I " 2{[(L+n/N)lnell Iyl + 1IN~ e G DIITN + DE]
e IneHlayWN 4+ DY2EN + (/N el Iyl llax N+ DV2E ] + (0,1 laxay€ |}
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forall x, y € R%. With [|@, [|oc < Ce“l and sup, , N~ |5, (x; y)| < Ce“Vl we conclude, similarly to (5-107),
that

‘ / dx dy N°*V(N(x — y)@ (y)(&. ady,,  (bD)bTady) | (b* (1:))8) ‘
<+ DI C" e M I IV + DYZENIT WV + N + D2ENL (5-111)

The expectation of terms in the third sum on the right-hand side of (5-102) is bounded by
‘ / dx dy N>V (N (x — y)@ (»)(E, adg’()mw:)a;faxa‘

< / dxdy N°V(N(x = y)Ig (y)l layadgy & | las .

which is similar to the right-hand side of (5-108), the only difference being that instead of the norm
||adg()m) (b*(nx))& || we have |la, & || (and the fact that in the other norm, we have the field a, instead of b,;
it is clear, however, that both fields can be treated similarly). Analogously to (5-111), we conclude that

‘ / dx dy N°*V(N(x = y)@ (y) (&, adg’(;,)(b:)a:axa‘
< (m+DIC"e M n "NV + DYy + N+ DPg|L (5-112)

Let us now switch to the second term on the right-hand side of (5-102) (the sum over » > 0). First of
all, we compute the commutator

[B(n:), byl = —b(nx)(l - %) + % / dzdw 7(z; w)atayb;.

Hence the r-th term in the sum is proportional to

(N—-1-N\)

- [axay NPV G - 360

b(n.)biady), | (b*(n.))
+ / dxdy N°PV(N(x — y)@ ()N T | (rr. 80" blady,) (b (n,))
=845, (5-113)
The expectation of S, can be bounded as follows:
(€. S28)| < / dxdy N°?V(N(x — y)Ig (0| 1y N7 T | (. 8% | llady) (0" ())& .
As in (5-109), we find

ladiz,,, " D& < CTP e LIV + D&

Since, on the other hand,

by NI (1 806N < CN T iyl las W + 12| + Cling |l llaay& |,
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we conclude that

€. S2E)] < CTe M "IV + D2 T (Vy + N + D'
for all £ € F=N. We are left with the operator S; defined in (5-113). Commuting b (1, ) with b;‘, we write
it as

L N=MNN=N=1) ) ..
S =-— / dx dy N2V (N (x — y)m (o )60 )(N2 )adﬁe?n,>(b (1))

. (N=N-=1) 1 .
- f dx dy N*P2V (N (x = )@ (3) 1 —— | bb(10) = wasa(ne) |adyg, \ (b*01.)
=:S11 + S12.
The expectation of S, is estimated by
(€, S12&)| < CTe M I THIV + DV2E )%,

As for S11, we decompose it as

NN =-N=1) 4 .
Siv=— [ drdy NV = bt 060 a0t
WN=NWN=-N=1 4 .
- f dx dy N2V (N (= )it (53 )30 )(N2 >adgg,7,)<b (1)),

=:S111+ S112-
Since |, (x; y)| < Ce© Il from Lemma 4.3, it is easy to estimate the expectation of the term Sy, by
(6, S1128)] < C"e Ml "IV + 12512
As for the term Sy11, we use the fact that, by Lemma 3.2, the nested commutator adg()m)(b* (ny)) 1s given
by
m m
(1 - A%) (1 - A%) b* ((nene)" )

if r = 2m is even and by

N+1 m—+1 N m R
_(1_7) (1—ﬁ) b((1eiin)™)

if r =2m + 1 is odd, up to terms (2"r! — 1 of them) having the form

B 1 i Gr) . (€+1
Ao A NS G B,

[ AT

where either k; > 1 or at least one of the A-operators is a [T -operator of the form (5-103). We conclude
that, if » = 2m is even,

Sin=+vN / dx dy N>V (N (x — y)we(N(x — Y)I@ )G ()b* (1) 1x) + S1112,  (5-114)
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while, if r =2m + 1 is odd,
Sinn=—-+vN / dxdy N*V (N (x — y)we(N(x — yNI@ 2@ Ob* (i)™ ) + S1i12, - (5-115)

where, in both cases, the expectation of the error term Sy;;, is bounded by

(€, S11128)| < crnmn’/dxdy N2V (N (x — ) ke s W HTOV + DY2E [ [V + DE]|
<C"In NIV + D22

for all £ € F=N. Here, once again, we used the fact that N~ Yn:(x; y)| <C. Summing over all » > 0, we
conclude that
(=1’

s (r+ 1!

/ dx dy N>V (N (x — )@ (B(), b1btadyy) | (b* (1))

= —v/N [b((cosh,, —1)(hn,)) + b*(sinh,, (hy, )] + S,
where

(€, SEN < e (Cllm ) IV + D'2E|* < CeM IV + D)2 (5-116)

r>0

for all £ € F=N,
Finally, we consider the first term on the right-hand side of (5-102). This term can be handled much as
we did with the second term (the sum over r > 0). We obtain that

- / dx dy NV (N (x — y))@(0)[B(y). bilajay = —v/Nb(hy ;) + 5.

where the expectation of S can be bounded as we did with the expectation of S in (5-116).
Recalling the definition of 51(\/3,)t in (5-100), it follows from (5-105), (5-107), (5-111), (5-112) and
(5-116) that
(€, ENLEN] < Ce M + D2E (W + N + D

The bounds in (5-101) for the expectations of [/, Sﬁ)t], [a*(g1)a(gn), 5](\,3:),] and of the time-derivative
8,51(\,%)1 can be proven analogously. We omit the details. (]

5F. Analysis of e™ 8 ("‘)ngs,)teB (), Recall from (5-3) that
LY =yy = 1 dxdy N*V (N (x — y))a‘a*aya
N,t — YN — D) y y xdyayQy .

We conjugate £§3)t with the unitary operator e2"). We define the error term £ 1(\? )

; through the equation

e B LD B =y + % / dx dy N*V (N (x — ) lk; (x; y)|?
+ % / dx dy N*V (N (x — )k (x; y)bibE +hel + £ (5-117)

In the next proposition we collect some important properties of the operator £ 1(\;‘ )t.
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Proposition 5.11. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such
that

(€, ELE) < Ce MV + D2 | (VW + N + DV
HE IV, EQLIEN < CeM IV + D€ | (Vy + N + D2,

(€, [a*(g1)a(82). ESIEN < Ce Mgt el gall w2 |V + D& [ | (Vy + N + 1],
19,48, P £)] < Ce MW + D2V + N + D¢

(5-118)

forall & € F=N,

Proof. We start by writing

1
B("’)a*afa)a B — a:a;ayax +/ ds e_‘YB("‘)[a;a;ayax, B(n;)]e* B0,
0

A straightforward computation gives

_B(nr)a*a;kaya eB(nt)_axayayax+/ ds e” sB(n:) b*b*(ax *(ny)-l-a (Ux)ay)'i‘hc] YB(U[). (5-119)
0

Now we observe that

e P ava* (ny) +a* (1) aylet P
S
= aya*(ny) +a*(ny)ay +/ dtr e "B [a,a* (n,) +a*(ny) ay, B(n,)]e™ B
0

S
=n,(x; y) +a*(ny)ac +a*(ne)ay + f dr e P 2b* ()" (ny) + b1 P)by + b(P)by1e™ ).
0
Inserting in (5-119), expanding as in Lemma 3.3, and integrating over s, T, we obtain

e B0 LD B =Yy + Wi + W+ W3 + Wy, (5-120)
where

1 (=Dt 2 g @® )
Wl = E n;() m / dx dy N V(N(X — )’))nt (X, y) adB(m)(bx)adB(m)(by),

( 1)n+k

Wo= Y oD ] N2V(N(x — y))adly,  (bDady, (D) a*(no)ay,
n,k>0

(_1)n+k+m+r

Z nk!'m'rltm+r+1)(n+k+m+r+2)

n,k,m,r>0

Wj3 =

x / dxdy N?V(N(x — y))ady (bDady,, (bhadgy, | (b(n®))ady), | (by),

(_1)n+k+m+r

W4 =
= Wk m r (mtr+ D)(mtr+nt+k+2)

n,k,m,r>0

X f dxdy NV (N (x — y) adly (bDady) (bhadfy) | (b*(n:)ady) | (6* ().
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Let us now estimate the expectation of W;. By Cauchy—Schwarz, we have
‘ / dxdy N*V (N (x = )€, ady(,  (bDady), (B} a* () ayé)
< / dx dy N*V(N(x — y) |V + D)'2adfy) (by)ady,, (OEI W + 1)~ 2a* () ayé].

‘We bound
IV + D)7 2a* () ayé || < el lay€ll (5-121)

On the other hand, according to Lemma 3.3, (N 4+ 1)/ 24

oy (by)ad(y (b || is bounded by the sum

B(n,)
of 2"**n! k! contributions having the form

_ 1 j 0/ ¢
Ty = |V +DV2A - AN TG0,y gkl § Do)

(miy)

—ky (D) (. (my)

PUVEE A;zN 21'11:&(;7&”;,11 ""’ntu /NI (5-122)
with i1, ip, k1, k2, €1, €2 >0, Ji, ..., jk,.m1, ..., mg, >0 and where each A;- or Al’.—operator is a factor
(N —N)/N, a factor (N—-N +1)/N ora H(z)—operator of the form

- 2 @p)
N pné,g)("fflﬁl)""’"tflﬁ,)' (5-123)

According to Lemma 5.4, we have

Tey < 0+ D 2 ne Iy TN + 12|
el el llay N 4 DEN + el Iyl lax N 4+ DE]
+ el e Ges NN + DY2E ] + [ 1PV Nllaxay&ll} - (5-124)

for all x, y € R3. For & € F=N, we obtain

‘ f dxdy N>V (N (x—y)ni(x; ) (€. adly, (bDadly), | (b7)a* (1x)ayé)

< (DK C" g |2 / dxdy N*V (N x—y)) s la,&|

) [N el lmy -l e Ges DIV 4D )
+N el iy Hlax€ 1+N i el lay€ 1 +N'2 llaxay& |1}
< (DKL I NVAD PE NI (VAN +D Vg

and therefore

(€. WaE)| < Ce MW + D2E || (Vy + N + 1)/

if sup, ||n;|| is small enough.
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Now, let us consider the expectation of the term W3. By Cauchy—Schwarz, we have
‘ / dx dy NV (N (x — y)(E. adfy,, | (bDady,,  (bDadyy | (b(nP))ad™ (b))
/ N2V (N (x = ) |V + D'2adfy), | (by)ady),  ()EINW + 1)~ 2adyl) (b())ad” (by)E].

Expanding adgz) )(b(n(z)))adg()m)(by) as in Lemma 3.2 and using Lemma 5.4, we obtain

IV + D)7 2adgy) (6P )ady!,  (by)E|
<m!r! C'”+’||nzllm+’[llnx Iy TN 4+ DY2E 1+ Il Inell lay& N1 (5-125)

As for the norm ||(\ + 1)!/? d( Bn, ,(by)ad (n )(b )E||, we can estimate it as the sum of 2"+*n! k! contri-
butions of the form (5-122). Using (5-124) and integrating over x, y, we conclude

(€, W38)| < CeM W + D2 (Vv + N + D¢

if sup, [|n;|| is small enough.
Let us now switch to W4. We proceed analogously as we did for W3. The only difference is that,
instead of (5-125), we need to bound

IV + D)7 2adgy) | (ba)yadly,, (B )EN < ml et C" g ™ el Iy 1IN + D).

We find
(€, Wag)| < CeM W + D2 [V + N + 1)

if sup, ||n;|| is small enough.
Finally, we consider the term W in (5-120). We extract from the sum over n, k > 0 the terms with
(n,k)=(0,0) and (n, k) = (0, 1). We obtain that

W, = /dx dy N*V (N (x — y))n, (x; y)bib
] ~
-1 f dx dy N*V (N (x — y))n:(x; Y)[B(,), by1by + Wi, (5-126)
with

- _12 ( 1)n+k
2 kn'k'(n+k+

5 f dx dy NV (N (x — y))n,(x; y)adg  (bPady) (B}),  (5-127)
where Z excludes the terms (n, k) = (0, 0), (1, 0). We bound the expectation of VT/1 by
‘ / dx dy NV (N (x — y)n,(x; y) (€. adfy  (bDadly)  (B)E)

/ dx dy NV (N (x — y)|n, (e DIV + D7 2adl) (by)ady, (g WV + 1))
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(by)ady  (b,)E| by the sum of

Following Lemma 3.3, we can bound the norm ||[(A 4 1)~V 2d) Blny)

B(n;)
2"tk 1 k! terms of the form

= - j (
Toy = |W+DT A A NI, )

1 (m ¢
x Ap--- AN G0 ) u,’jz 0% (5-128)
with iy, iz, k1, k2, £1, €2 >0, j1, ..., jk,m1, ..., mg, > 0 and where each A;- or A;—operator is a factor

(N —N)/N, a factor (N —N +1)/N or a TI®-operator of the form (5-123). With Lemma 5.4 we find

Tey < A D Il Iy IOV + D281+ Il el lay& |+ Ineliny H la& |

+ IV e s I+ D2EN+ el lavay €1}
for all x, y € R, The important difference with respect to (5-124) is that here, when we consider the cases
ly=4¥¢,=0and ¢; =0, ¢, =1 we can apply (5-27) and (5-29), rather than (5-26) and (5-28), because the

assumption (n, k) # (0, 0), (1, 0) implies that k +n > 2 (the case (n, k) = (0, 1) is not compatible with
> =1). Using sup, N~ (x; y)| < Cell from Lemma 4.3, we conclude that

&, WiE)] < Ce MWV + D21 ov + N + D'V

if sup, ||n;|| is small enough.
As for the second term on the right-hand side of (5-126), we have

(B, b1 = —b(n) " + / dz dwata.by 0y (2 w).

Hence

- / dx dy N*V (N (x — y)n,(x; )[B(n:), b}1b}
N—-N+1
N
—N! fdx dy dzdw N*V (N (x — )i, (x: y)n,(z: w)atazbyb}

= / dx dy N*V (N (x — )0, (x; )b(n)b’

N-N+1
=/dx dy N>V (N (x — y)n, (x; y)bjb(nx)T
N—-NN-N+1
+ [ dxay NV i PR

N-N+1

—N_lfdxdydzNzV(N(x—y))nz(x;y)m(X;z)a;faz N

-N7! / dx dydzdw N>V (N (x = ), (x: y)ne(: w)aazbyby.

‘We conclude that

- / dx dy N*V (N (x — y)n, (x; »)[B(y). bi1b} = / dx dy N>V (N (x — )k (x; y)I* + Wi,
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where
(&, Wia&)| < Ce|(W + D)2g| | (vy + N + D).

Similarly, the first term on the right-hand side of (5-126) can be decomposed as
/ dx dy N*V (N (x — y)n (x; y)biby = / dx dy N2V (N (x — y)k; (x; y)biby + Wi,

where
Wi :/dx dy N>V (N (x — y)i (x; y)bib}

is such that
(6. Wig)| < Cel |V + D) [V g |

since | (x; y)| < CeV! uniformly in N. O
5G. Analysis of (id,e~B@))eB@) This subsection is devoted to the study of the first term in the
generator Gy, ; in (5-1). The properties of (id,e~B"))eB") are collected in the next proposition.

Proposition 5.12. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such

that
(&, (ide” BM)eBMg)| < NV + 1) E|2,

)
I(E, [N, (id,e BB g) | < C|(NV + D)2 )2,

(&, [a*(g1)a(g2), (id,e BB 1eY| < Cllgy || g2l 1INV + D212,
(€, [8; (i8,e~ B eBUNE Y| < Ce M (N 4+ 1)/ % )12

(5-129)

forall &£ € F=N.
Proof. As in Section 6.5 of [Benedikter et al. 2015], we expand (i 9,e~B(1))eB01) a5

1
(l-ate—B(ﬂr))eB('?t) — _/ ds e—sB(n,)[l-atB(nt)]esg(m)
0

( 1)n+k

_ (k)
_ Ek; ATy /dx adly) | (b(@m)x)ady) (by) +he.  (5-130)

We bound the expectations
d d®) (b dw (b
X <§,a B(’]t)( (( tnt)x))a B(’h)( x)§>

< IV + D' / dx [V + D)7 2adf)  (b(@m0)x))ady,, (bE].

According to Lemma 3.3, the norm |[(N + 1)_1/2adg{()m)(b((8, n,)x))adg()m)(bx)é || is bounded by the sum
of 2"t*n! k! terms of the form

_ G
Ze = [V + D72 AN TG @m0

2 1, ik, °
(mkz

1 {4
X A ANTRI O gL (5130

tul’
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with integers iy, k1, £1,i2, k2, €2 > 0, j1, ..., jk,, M1, ..., mg, > 1 and where each A;, A; is a factor
(N—=N)/N or (N+1—N)/N or a [1®-operator of the form
- 2 . (q1) @p)
N png,g(”t,ﬁl’“"”t,;’;)'
From Lemma 5.3, we conclude that

< { C PN @ s TNV + DY2EN i £ > 0,
X = .
C 1 @)« laxé | if €& =0

for all x € R3. With Cauchy—Schwarz, we obtain

‘ / dx (€, adyy) | (B(@n0)x)ady (BOE)] < nl kL C"Hn K 3, | IV + 1)V |12
From (5-130), we conclude that, if sup, ||n;|| is sufficiently small,
(&, (ide” BBy < C|W + D' 2g |2

The other bounds in (5-129) can be proven analogously, first expanding (id,e~2)eB1) as in (5-130),
then using Lemmas 3.3 and 3.2 to write the nested commutators on the right-hand side of (5-130) as sums
of factors like in (5-131), and then commuting each of these factors with N, with a*(g;)a(gz), or taking
its time-derivative; we omit the details. [l

5H. Proof of Theorem 4.4. Recall from (5-1) that
4
Gn.t = (i9,eBO)) B 4 Z e*B(nr))C%,)teB(m)’
j=0
with E%)z defined as in (5-3), for j =0, ..., 4. It follows from Propositions 5.5 and 5.7-5.12 that
"B LD B 4 FO
e B ) &80 = /N[b(coshy, (hy, 1)) +b* (sinhy, (hy, ) +he]+EY),,

B L2 B i 4 / |Vaks (x: )2 dx dy

+ / dx dy (Awe) (N (x — )G ()G ()bib* +he.]

+Re / dx dy N>V (N(x — )@ ()@ (ki (y; x)
; 3 o o (5-132)

+5 / dxdy N’V (N(x — y)[@ (x)@ (»)biby +hel+EY,,

e B LD oBOD = /N [b(cosh,, (hx; ) +b* (sinhy, (i, 1)) + hc] +EC,,

e—B(’]t)cgé’)IeB(m) =Vy+ % / dx dy NZV(N(X — y))|kt (x; y)|2
= / dx dy N2V (N (x — y)[ki(x: y)b7b% +he] + 89,

(ia,e‘B(”’))eBW — g?\?t’
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where the error terms & %)I are such that
(&, EP £ < CeM My + N+ DZE IV + 1),
(&, IV, EQ 6] < Ce M| My + N + D2 IV + D)2,
(€, [a* (g1)a(g2). EXIEN < Ce Mgtz llgall el (Hy + N + D2 [V + D2,
18,(8, E )] < Ce M| (Hy + N + D)2 W + D'V
forall j =0, 1,...,5. With the scattering equation (4-2), we conclude that

(5-133)

On.i =Cn+HN+EN AN / dxdy[—A+3N?V (N (x—y))](A=we(N (x—=y))@: ()@ (y)bibi+h.c.

= Cn +HN+A+EN ., (5-134)
with
A=Ni / dxdy fo(N(x = y)x(Ix = y| < O (0)G (»)bb% +h.c]
and where & N, ¢ satisfies the same estimates (5-133) as all error terms g 5\?:7 j=0,...,5. Since N 3a<C

(see Lemma 4.1) and f;(N(x —y)) < 1 we have, with Lemma 2.2,
(5. A§)| < CIlV + D) 2|2
and similarly, £[N, A], £[a*(g1)a(g2), Al, £0;A<CN+1). Setting Ey ; =A—|—§N, :» we conclude that
On:=Cn;+HN+EN,

where £y ; satisfies again the same bounds (5-133) as £ ~.¢- This immediately implies that, in the sense
of forms on }"fg X ffg,

SHN —Ce W +1) <Gy — Cny <2Hy + Ce W + 1),
+i[Gn. 1, N1 < Hy + CeN NV +1),
4[Gn: —Cni ] < Hy + Cecm(/\f‘i‘ D).
Moreover, since
[, a*(g1)ag)] = / dx Vg1 (x)Vsatalg:) — f dx a*(g)V32(1) Via,
+ f dxdy N*V(N(x — y)g1(y)aiajara(gr)

—/dxdy N*V(N(x —y)) g2(x)a*(g1) d}aya,
we obtain that
(&, [Hn,a"(g1)a(g2)]E)]
172 172
<[IVailligll+ g Vg ] I ZE NN+ [lg2ll g1 lloc + g1 1 1821100 ]

1/2
x [ / dxdy N*V (N (x — y>>||axaysu2] [ f dxdy N*V(N(x — y)llay(N + 1)‘/25||2]

172

< llgilmllgall w2 IHAENTN + D)2
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for all £ € F=N. Combining with the bounds (5-133) for the error operator En. 1, and choosing g; = 9,¢;
and g» = ¢, we find that

+Re[Gn,, a*(0,¢1)a(@)] < Hy + CeXIMN +1).

This concludes the proof of Theorem 4.4.

6. Bounds on the growth of fluctuations

In this section, we are going to complete the proofs of Theorems 1.1 and 1.2. The main ingredient to
reach this goal is a bound on the growth of the expectation of the number of particles operator with
respect to the fluctuation dynamics Wy, ;, which we prove in the next proposition using the properties of
the generator Gy, ; established in Theorem 4.4.

Proposition 6.1. Under the same assumptions as in Theorem 4.4, there exist constants C, ¢ > 0 such that
Wn, 1 &, N Wy &) < C (&, (Gn.0— Cn.0) + (N +1))§) exp(cexp(clz])),
Wn. &, HNWN.1&) < C (&, (Gn.0 — Cn.0) + NV + 1)) exp(cexp(clt]))
forall & .Ffév. Here Hy is the Hamilton operator defined in (4-27).

(6-1)

Remark. From (4-26), we also have

OWn, 1 E, NWn, &) < C (&, (Hn + N + 1)§) exp(cexp(clt])),
(Wh, 1 &, HNWN, &) < C (&, (Hn + N + DE) exp(cexp(clt])).

Proof. First of all, we observe that, from the first bound in (4-26),
THN+N < @Gn,i —Cn,) + CeXM W+ 1). (6-2)

Hence, it is enough to control the growth of the expectation of the operator on the right-hand side. We
follow here the approach of [Lewin et al. 2015a]. We define ¢; = 1 — |@;) (¢, | as the orthogonal projection
onto Li@ (R3). We define moreover I} : F=V — }"fz by imposing that I} | 7, = ¢/ forall j=1,..., N
(Fj is the sector of F =N with exactly j particles). We have, restricting our attention to ¢ > 0 (the case
t < 0 can be handled very similarly),

Wn,+ &, [(GNn,s —Cn 1) +CeX (N + DIWn, &) = Wn,: &, [(T:GN,: Tt — Cn.1) +CeX (W + DIWn,: §).

Hence, since N’ commutes with T},

10, (Wn.1 €, [(Gn.1 — Cn.p) + CeX' W+ DWWy, £)

= (Wn. &, TGN, Ty, (iGN, Ty — Cn.g) + CeX (N + D)Wy &)
+ (Wn.1 &, 3, [(T;Gn, T, — Cn.p) + CeX (N 4+ 1)Why &)

=CeX W E,1GN., NIWn E) W &, 3 [(TGN, T —Cn.)+CeX (N +DIWn  £).  (6-3)

We observe that
0= 3G 13 = (@1, §1) + (@1, @1).
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This implies that
Gr = =) @r| — 1@ ) (@r] = —10:)(qr @ | — |q: P ) (@1 .
Therefore

Jj
or ==3"q® - ®Ug)Nabla +alad) @ ® @4

i=1

i
==Y 6@ T =T 10, (@i
i=1
‘We conclude that
oI = —a*(@)a(qt(ﬁ,)f‘, - Fta*(Qt¢t)a(¢t)-
Thus
(W1 &, 9 [(TiGN, Ty — Cn.p) + CeX" (W + D)]Wp,, )
= (Wn &, [0 TGN, —Cny)+(Gnt — Cn) (0 T)IWh, 1 E)
+(Wn,1 €, [0:(Gn.t — Cn.t) + CKeX' (W + D)W, §)
=2Re(Wh,; &, [a*(q;gl%;)a(@;), OGN W 8)+ W, 6, [3t(gN,t—CN,t)‘FCKeKt(N‘f‘l)]WN,z &),
where we used the fact that a(¢;) Wy, ;& = 0 for all r € R. Together with (6-3), we find

i0:(Wn.1 &, [(Gn.1 — Cn.g) + CeX "W+ 1DIWh, £)

= CeX" W 1 £, [GN, 1, NTWn, &) + Wi+ &, [8,(Gn,c — Civ 1) + CK@KI(./\/'-F DIWh, 1 &)
+2Re(Wy,, §, [a*(q,@,)a(rﬁ,), Gn i IWh. 1 E).
From Theorem 4.4, we obtain that
18 (Wi, ¢ &, [(Gr, s —Crv. ) +CeX WA+ DWW, €)1 < CeX MW &, [Hy+CeX W+ D)W, 1)
<CeXMOWy &, 1(Gn,i—Cn.)+CeX NN+ 1) Wy, ,6).

Applying Gronwall’s inequality, we find a constant ¢ > 0 such that

(Wi, & [(Gn.t — Civ.) + CeXI NV + DWW, 1£) < (€. [(Gn.0 — Cv.0) + CV + DIE) exp(cexp(clt])),
With (6-2), we conclude that

Wn, 1§, N W, 1§) < C(§, [(Gn,0 — Cn,0) + (N + DIE) exp(cexp(clt])),

Wn,:&, HNWh, 1E) < C(&,[(Gn,0 — Cn,0) + NV + 1)]E) exp(cexp(clt]))
as claimed. |

To apply Proposition 6.1 to the proof of Theorems 1.1 and 1.2, we need to control the expectation on
the right-hand side of (6-1) for vectors & € ffé\’ describing orthogonal excitations around the condensate
wave function ¢ for initial N-particle wave functions ¥y satisfying (1-10). To this end, we use the next
lemma.
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Lemma 6.2. As in (4-25), let

Cn:= %(@n (IN*V(N ) (N —1=2Nfo(N )] *¢:1*) 1)

+fdxdy|vxkt(x;y>|2+§fdxdyN2V<N<x—y))|kt<x;y)|2
+Re f dx dy N3V (N (x — )@ (x) @ (ki (x; y),

where @, is the solution of the modified Gross—Pitaevskii equation (4-8), with initial data ¢;—o = ¢ (we
assumed in the construction of the fluctuation dynamics that ¢ € H*(R?); in this lemma, we only need
peH! (R3)). Then there is a constant C > 0, independent of N and t, such that

I[Cn. + N(i0:@r, ¢1)] — NEcp(p)| < C,
with the translation-invariant Gross—Pitaevskii energy functional Egp defined in (1-15).

Proof. We have

N{id:@r, @) = N{@r, —AG) + N{Gr, (N>V(N ) fo(N ) % |G, 1)) Gr).

Therefore

Cn.:+ N{idGr, ) = N| VG |* + (@, [IN*V(N ) % |3, 131)

(N-1)
2

1
+/dxdy|kat<x;y>|2+§/dxdy N2V (N (x = )k (x; y)I?

+Re / dx dy N>V (N(x — y)@ ()@ (0)k (x; ¥). (6-4)
Obviously,

N—1 N
( 5 ><¢t, [N*V(N ) *|3:171¢,) = > (@ [N*V(N ) %13 71¢,) + O(1), (6-5)

where O(1) denotes a quantity with absolute value bounded by a constant, independent of N and of ¢.
Furthermore

% /dx dy N2V (N (x — )k (x, y) 2

N - -
=5 f dxdy N>V (N(x — y)we(N (x — )@ ()12 @ ()] (6-6)

Finally, we consider the third term on the right-hand side of (6-4), the one with V,k,. We recall that
k(x5 y) = =Nwe(N(x — y))@; (x)¢: (y). Hence, we find

—Acki (x5 ) = N> (Awg) (N (x — )@ ()@ () + Nwe(N (x — ) Ag; ()@ (y)
2N (Vwe) (N (x — ) - V@ ()@ (y).  (6-7)



1590 CHRISTIAN BRENNECKE AND BENJAMIN SCHLEIN
Since, by (4-1), Aw; = —Af, = =3V fy + h¢ fo we have
/ dx dy ki (x; y) (= Ak) (x; )
= —% / dx dy N>V (N (y — x))(we(N (x — y)) = Dwe(N (x — )@ ()1 16:(0) 2
—Nx / dx dy fo(N(x — y)Nwe(N (x — ) 1@ ()16 ()
+2 f dx dy Nwe(N (y — x))N*(Vwe) (N (y — X)) - V@ ()@ ()1 ()]
— / dx dy N*wj (N (x — y)(AG) (X)@ (x)|@ ()]
= % / dx dy N>V (N (y — x))(1 = we (N (x = y))we (N (x = )| (0716 ()2
+2 f dx dy Nwe(N(y — x))N*(Vwe) (N (y — x)) - V@ ()@ ()@ (0)I* +O(1).  (6-8)

In the last step, we used the bounds N34, =O(1), Nwg(N(x—y)) <C|x—y| 'and 0 < fy(N(x—y)) <.
Integrating by parts in the last term, we find

2 f dx dy N*(Vw) (N (y—x))- Vg () Nwe (N (y—x))@ ()G (1)
== [ dxdy VWP wi N -2 V06 )P
= / dx dy N>we(N(x—y))* Ag, ()G (0@ (y) I+ / dx dy N*we(N (x =)’V (x)- VG, (x)1 G (y)]*.
With (6-8), this leads us (using again the bound Nw¢ (N (x —y)) < Clx — y|™") to
f dx dy ki (x; y)(—Ack) (x; )
=2 / dxdy N’V (N(y =) (1 = we(N (x = y))we(N (x = )G 0 6 () +O(D).

Combining this bound with (6-5) and (6-6), we find
Cni+ N(io@r, @)

N[ [ IwaeRax ] [ dxdy NVOG =R G-0ERIBOR] + 00

The expression in the brackets on the right-hand side is exactly the energy functional associated with the
time-dependent modified Gross—Pitaevskii equation (4-8). By energy conservation, we conclude that

Cn,:+ N9, 1)

[ [ IwowPar+ ] [ aray NVO - a0 Dlem o) +om. ©9
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Observe that, with (4-3),
f dxdy N>V (N(x —y)) fe(N(x — yD o) * o) [*
= / dx dyV (y) fe M) le) 1 lo(x + y/N)|?

= [8map+ON)] f lp()|* dx + f dx dy V() feD)le)* [lex +y/N)I* = lp)*],  (6-10)

where

‘ / dxdy V() fWMle@)*llex + y/N) 1> = [o(x)[*]

1
ffN—ﬂL d{/dxdyVOOfUNw&NﬂV¢u~+gyNnmxx+y/NNU|
<CN™!

for a constant C > 0 depending only on the H'-norm of ¢. Inserting the last bound and (6-10) in (6-9),
we conclude that

Cn.i+ N(i0i¢gs, 1) = NEgp (@) + O(D),

as claimed. ]
With Proposition 6.1 and Lemma 6.2, we can now conclude the proof of our main theorems.

Proof of Theorems 1.1 and 1.2. We observe, first of all, that, by Proposition 4.2,

s vy 101) — (@1 Yy @i)| < 200 — Gl < CN ™" exp(cexp(clt])). (6-11)

Hence, it is enough to compute

@ ~

(@i, Vu @) = (e, a* (@) a(@)e” TV yy)

= N(UN,te—iHN’wN, (N —N)Uy, e vty

1 . .
=1- N<UN,,e*’HN’wN, NUy, e Ny,

We define £ = e B0 Uy gy € ]—'iiv. Then we have Yy = U;{‘,’OeB(”O)E and therefore
PR B pf o B ¢
L — (¢, )/N,t(/’t> = ﬁ(WN,ts,e UNe” MWy E) < N(WN,ts,NWN,z§>,
where we applied Lemma 3.1. By Proposition 6.1, we conclude that

1 — (@ v @) < N~ exp(cexp(clt]) (. [(Gn.o — Crv.0) + CV + DIE). (6-12)

In order to apply Proposition 6.1, we used here the assumption (valid in the proofs of both Theorem 1.1
and Theorem 1.2) that ¢,—o = ¢ € H*(R?).
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Recalling from (1-10) the definition ay =1 — (@, ylf,l)go), we bound, with the above definition of &,
(£, NE) = (Uno¥n. e" ™ Ne PMUy oyry)
< C(Un.oYn, NUN0¥N)
=C(Yn, (N —a*(p)a(@)yn)
=CN(1—{p,yy'¢)) = CNay.
We still have to bound the expectation of (Gy .0 — Cn o) in the state £. We have
Gn.0 = idre™ M) _oe® ) + e FI8, Uy, )li=oUy o+ Un.oHy Uy ole” ™.
With Proposition 5.12, we find
(&, idre™ "M i0ePME)| < C (€, (W + D§) < CNay +C. (6-13)
From (5-2), we obtain
(P&, (i8;Up, li=o Uy,o€®™€)
= —((0:¢)|i=0, @) (Un.0¥N, (N = N)Un.0¥n) — 2Re(Un 0¥, VN — Na(qo(i0;¢,)|i=0)Un 0¥ )
= —N{(i:@)li=0, 9) + N((i0,6)]i=0, 9)(1 — {9, 7\ @) = 2N Relw, v qo(i0,6)li=o)-

Combining this identity with the bound (6-13) and with the observation that, by the definition of &,

(£, e PN UN o Hy Uy 4™ €) = (Y, Hyy),
we conclude that
(&, (GN.0o—Cn.0)E)
< [(¥n, Hy¥w) — (Cy.o+ N{(@8:G0) =0, 9))] — 2N Relg, v\ qo(id:@:)li=0) + CNay + C.

Hence, with Lemma 6.2, we get

(€, Gn.0 — Cn.0)E) < [(¥n, Hyw) — NEp(9)] — 2N Relg, v q0(i8,@0)li—0) + CNay +C, (6-14)

where Egp denotes the translation-invariant Gross—Pitaevskii functional defined in (1-15).
To bound the second term on the right-hand side of the last equation, we proceed differently depending
on whether we want to show Theorem 1.1 or Theorem 1.2. To prove Theorem 1.2, we notice that

(@, v P03 i=0) = (@ (33 i=0) — (@2 . 0) (@, (18:@1)l=0)
= (0, (0:@)]i=0) (1 — (@, o)) + (@, ¥V = 19) (@) (8: 1) |1=0).-

With ay = tr [y — |¢)(¢l|, we obtain that

(9, A 208 @) li=0)| < Clan +an).
Since ay < ay, we conclude from (6-14) that

(£,(Gn.0— Cn.0)E) < C[Nay + Nby + 1].
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Inserting in (6-12) and using (6-11), we arrive at
1 ~ ~ _
1= (@1, vy 91) < Clay + by + N~"Texp(cexp(c|t])).

This concludes the proof of Theorem 1.2.
To show Theorem 1.1, we use instead the fact that

i0iGrlim0 = =A@+ (N*V(N ) fu(N -) % |p))g.

Since here we assume that the initial data ¢ = ¢gp is the minimizer of the Gross—Pitaevskii energy
functional (1-6), it must satisfy the Euler-Lagrange equation

—A@ + Vet + 8 aplp|*p = e
for some u € R. We find
i3 1li=0 = 1@ — Vexe@ + [(N*V(N -) fo(N -) % |9|*) — 8maolp|*1e.

Using (4-3), the fact that the minimizer ¢ of (1-6) is continuously differentiable and vanishes at infinity,
see [Lieb et al. 2000, Theorem 2.1], we obtain

IL(N?V(N ) foe(N -) * 9] — 8maple*lgll, < CN~!
and therefore
—2N Re(g, v\ q0(id,:3)li—0) < 2N Relp, ¥ qo(Vext + €)g) + C

for any constant k € R. Choosing ¥ > 0 so that Vi + « > 0 (from the assumptions, Ve is bounded
below), we find

—2NRe(p, v\ q0(id:3)li=0) < 2N Re(g, v (Vext +1)9) = 2N (@, "0} (9, (Ve +K)¢) + C
<2NRe(@, ¥ Vext + €)@) = 2N (@, (Vext + 1)@} + C(Nay + 1).

With Cauchy—Schwarz and since 0 < )/15,1) < 1 implies that ()/lf,l))2 < y,f,l), we get

—2NRe(g, ¥ 008,31 i=0) < N (9, ¥\ Vext + 1)1 0) = N(@, (Ve +1)9) + C(Nay + 1)
< Nty Vet = N(@, Vewg) + C(Nay +1).

Inserting back in (6-14) we conclude that, under the assumptions of Theorem 1.1,
(5, (Gn.0— Cn.008) < [, Hy" ) — NEGp ()1 + CNay + C < C[Nay + Nby + 11.
With (6-12) and (6-11), we find now
1— (@1, yshe1) < Clan +by + N~ Texp(cexp(clt))).

This concludes the proof of Theorem 1.1. U
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