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GENERALIZED ¢-GAUSSIAN VON NEUMANN ALGEBRAS
WITH COEFFICIENTS
I: RELATIVE STRONG SOLIDITY

MARIUS JUNGE AND BOGDAN UDREA

We define I'; (B, S ® H), the generalized g-gaussian von Neumann algebras associated to a sequence
of symmetric independent copies (7;, B, A, D) and to a subset 1 € S = §* C A and, under certain
assumptions, prove their strong solidity relative to B. We provide many examples of strongly solid
generalized g-gaussian von Neumann algebras. We also obtain nonisomorphism and nonembedability
results about some of these von Neumann algebras.
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1. Background and statement of results

1A. Normalizers in von Neumann algebras. The study of normalizers in von Neumann algebras is nowa-
days an intensely active area of research within the field of von Neumann algebras. For a von Neumann
algebra M, we denote by U/ (M) the group of unitaries in M. Recall that for an inclusion A C M of von
Neumann algebras, the normalizing group of A in M is defined as Ny (A) ={u eU(M) :uAu™ = A} and
the normalizer of A is the von Neumann algebra generated by the normalizing group, i.e., Nas(A)” C M.
When A is a maximal abelian von Neumann subalgebra of a type-1I; factor M, A is called a Cartan
subalgebra if its normalizer is the whole of M. While some results were obtained in the early 80’s, see,
e.g., [Connes and Jones 1982; Jones and Popa 1982] and most notably [Connes, Feldman and Weiss
1981], the first truly significant achievement in this area is Voiculescu’s ground-breaking result [1996]
about the absence of Cartan subalgebras in the free-group factors L([F,). After this, in their seminal work,
Ozawa and Popa [2010a] established the following result:

MSC2010: 46L10.
Keywords: von Neumann algebras, q-gaussian von Neumann algebras with coefficients, relative strong solidity.
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Theorem 1.1. Let F,, ~ B be a profinite trace-preserving action of a free group on an amenable von
Neumann algebra B. Then for every amenable von Neumann subalgebra A C M = B x [, either
A <p B, or the normalizer of A is amenable.

The notation A <7 B reads “a corner of A embeds into B inside M ”, in the sense of [Popa 2006b,
Theorem 2.1], and it roughly means that A can be conjugated into B by a partial isometry in M. When
B is the scalars, this shows that the normalizer of any amenable diffuse von Neumann subalgebra of
L(F,) is itself amenable, not only reproving and strengthening Voiculescu’s result, but also giving a
surprisingly far-reaching classification of normalizer algebras in the free group factors. More than
merely proving the above theorem, [Ozawa and Popa 2010a] introduced an array of innovative ideas and
techniques which remain all-pervasive and highly influential in the field to this day. The results in that
paper were then extended in [Ozawa and Popa 2010b] to profinite actions of weakly amenable groups
having proper 1-cocycles into (a multiple of) their left regular representations. Subsequent generalizations
to the case of profinite actions of groups having quasicocycles or direct products of such have been
obtained in [Chifan and Sinclair 2013; Chifan, Sinclair and Udrea 2013]. Recently, Popa and Vaes
obtained the definitive form of these results, by completely removing any assumption on the action of the
group. Specifically, they proved the following results (see [Popa and Vaes 2014a, Theorem 1.6; 2014b,
Theorem 1.4]):

Theorem 1.2. Let T be a weakly amenable group having either a proper 1-cocycle or a proper 1-
quasicocycle into a (representation which is weakly contained into) a multiple of its left regular repre-
sentation. Let I ~, B be any trace-preserving action of T" on the finite von Neumann algebra B, and let
A C M = B xT be avon Neumann subalgebra which is amenable relative to B inside M. Then either
A <1 B, or the normalizer of A is amenable relative to B inside M.

Theorem 1.3. Let I' ~ B be a p.m.p. free ergodic action, where B is abelian diffuse and I is weakly
amenable and admits an unbounded (rather than proper) 1-cocycle into a mixing representation which is
weakly contained into a multiple of the left regular representation of I'. Then M = B x I has a unique
Cartan subalgebra, up to unitary conjugacy.

Popa and Vaes coined the phrase “relative strong solidity” to describe the situation in which the
dichotomy in Theorem 1.2 holds. Namely, a von Neumann algebra M is strongly solid relative to B, for
B C M a subalgebra, if for every von Neumann subalgebra A C M which is amenable relative to B
inside M, see [Ozawa and Popa 2010a], it is either the case that A <37 B or that the normalizer of A4
is amenable relative to B inside M. In the case of B abelian diffuse and of p.m.p. free ergodic actions
I' ~n B, the strong solidity of the von Neumann algebra M = B x I relative to B implies its uniqueness
of Cartan subalgebra, up to unitary conjugacy. Strong solidity relative to the scalars is simply termed
strong solidity. Strong solidity is in turn an enhancement of Ozawa’s concept of solidity [2004]. Ozawa
called a von Neumann algebra M solid if for every diffuse von Neumann subalgebra A C M one has
that A’ N M is amenable. It’s easy to see that a nonamenable solid factor M is automatically prime, i.e.,
cannot be written as M = M; ® M,, with M; an infinite-dimensional factor fori = 1, 2.
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Further results pertaining to the classification of normalizers and relative strong solidity were obtained
in [Sinclair 2011; Ioana 2015; Isono 2015a; 2015b; Avsec 2012; Boutonnet, Houdayer and Vaes 2018;
Houdayer and Vaes 2013; Caspers 2018].

1B. Noncommutative probability. Voiculescu [1985] introduced his highly influential free probability
theory in the early 80’s, in order to tackle some problems related to the free group factors. Since then,
free probability theory has grown into an immense industry with far-reaching ramifications. Very roughly
speaking, in the realm of free probability, classical probability spaces are replaced by C *- or W *-algebras
endowed with distinguished states (normal in the W* case), classical random variables by operators in
those algebras, classical independence by Voiculescu’s free independence, and the classical distribution
function by Voiculescu noncommutative distribution of a noncommutative random variable, or joint
distribution in the case of a system of random variables. In particular, the normal (gaussian) distribution
is replaced by Wigner’s semicircular law.

1B1. Classical gaussian random variables. We briefly recall the construction in Section 1.1 of [Peterson
and Sinclair 2012]. Let H a real Hilbert space and, for § € H, let [¢ be the creation operator on the
symmetric Fock space of Hc = H @ iH. Then s1(§) = %(l g+1 g‘ ) is an unbounded self-adjoint operator
in the symmetric Fock space. The operators s1(§) and s1 () commute for all £ and 1 and are independent
with respect to the vacuum state whenever (£, n) = 0. Define I'; (H) to be the abelian von Neumann
algebra generated by the spectral projections of all the s1(£), £ € H (or equivalently by all the unitaries
w(1,..., &) =exp(ins(é1)---s(&x))), equipped with the trace given by the restriction of the vacuum
state. For ||€]| = 1, we have the moment formula

m!
T(s(§)™) = Smean s = |Py(m)| = Z 1@
% (7))
o€Pr(m)
where P,(m) is the collection of pair partitions on the set {1, ..., m}, and for 0 € P,(m), cr(c) denotes

the number of crossings of 0. These are exactly the moments of a classical gaussian random variable. By
commutativity, independence and multilinearity, the moment formula can be extended to

t(s1E) - s1Em) = Y 199 [T & &)

oePy(m) {l,r}ec

One also recalls:

Theorem 1.4 (classical central limit theorem). Let {X,},>1 be a sequence of independent, identically
distributed random variables on a probability space (2, X, P), all having mean equal to zero and variance
equal to 1. Then the averages Sy, = n=z Z;‘l=1 X converge in distribution to a normal (gaussian) random

variable with mean zero and variance 1.

If X, are chosen such that sup,,~ [|Snllcc < 00, then one can restate the central limit theorem by
saying that the element S = (Sy), € (L°°(2, P)?, 1) has a gaussian (normal) distribution, where w is
a free ultrafilter on N and (L°°(2)®, 1,,) is the ultraproduct von Neumann algebra. In other words, one
could “simulate” gaussian elements using an ultraproduct model.
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1B2. Voiculescu’s free semicircular random variables. Voiculescu [1985] constructed a functor & from
the category of real Hilbert spaces with contractions to the category of finite von Neumann algebras with
completely positive maps. For & € H, the element (/) = so(h) is concretely realized as the real part
of the creation operator on the full Fock space of Hg. Moreover, he proved that for an orthonormal set
{hi,...,hm} C H,theelements so(h1), ..., S0(hy) are freely independent, have semicircular distributions
givenby du(t) = % X(=1,1)(t)v'1 —12 dt, and generate a copy of the free group factor L(F,). In particular,
for a finite-dimensional Hilbert space H, ®(H) is *-isomorphic to the free group factor L(Fgimgr))- It
is well known that the moments of a semicircular variable are given by

m!
T(so(M)™) = Smean 5 = Z 0@ — Z 0r(@)
(% + 1)((%)') o€ Py(m) 0 ENCP» (m)

where we denote by NCP;(m) the collection of noncrossing pair partitions on the set {1,...,m} and
with the convention 0° = 1. By direct computation, the above formula can be extended to

t(so(h1) - so(hm)) = D 0@ TT (s, hy).

oePy(m) {l,r}eo
Let’s recall Voiculescu’s central limit theorem [1985]:

Theorem 1.5 (Voiculescu’s central limit theorem). Let {a,}n>1 be a sequence of freely independent
self-adjoint random variables in a C*-probability space (A, ). Assume that ¢(an) = 0 for all n,
Sup, > llanll < 00 and limy 0o n™' Yi_; 0(ay) = 1. Then the elements S, = n=z > iy aj converge
in distribution to a semicircular element; i.e., their limit distribution is the semicircular law.

In particular, this says that, beside the Fock space construction, one could create semicircular random
variables by taking elements of the form

n

S=nhn = (n_é Zaj) € (Mw7f€0)’

Jj=1

with a,, as above in a finite W *-probability space (4, ¢) = (M, t) and satisfying the additional condition

n

_1
HZEaj

j=1

sup
n>1

< OoQ.

o0

Let us also recall an informal statement of Voiculescu’s matrix limit theorem [1991, Theorem 2.2]:

Theorem 1.6 (Voiculescu’s matrix limit theorem). Any family of random matrices with size going to
infinity having independent normalized gaussian entries converges in distribution to a free semicircular

Sfamily.

Again, we could interpret this as saying that one can create free semicircular families using elements
of some suitable ultraproduct of matrix algebras over abelian von Neumann algebras.
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1B3. g-gaussian von Neumann algebras. The g-gaussian von Neumann algebras I';(H ), for H a real
Hilbert space, were introduced by Bozejko and Speicher [1991; 1992; 1994; 1996] and further studied
in [Bozejko, Kiimmerer and Speicher 1997; Ricard 2005; gniady 2001; 2004; Krolak 2000; 2006; Nou
2004; 2006; Shlyakhtenko 2004; 2009; Dykema and Nica 1993; Avsec 2012; Dabrowski 2014]. For
—1 < g < 1, Bozejko and Speicher constructed a functor I'; from the category of real Hilbert spaces with
contractions to the category of finite von Neumann algebras with completely positive maps. I'; (H) is
called the g-gaussian von Neumann algebra associated to H. The generators I';(h) = s4(h), for h € H,
admit a concrete representation as the real part of the creation operator by % on the g-Fock space of H; for
details, see, e.g., Section 2 of [Bozejko and Speicher 1991]. When ¢ = 0, the functor I'; coincides with
Voiculescu’s functor @, so I'g(H ) = L(Fgim(#))- A direct computation using the concrete realization of
the s4(h)’s gives the moment formula

(sq(h1)---sq(hm) = Y ¢ [T (hi.hr).

oc€P>(m) {l,r}ec

which is why, in view of the above, the s, (/)’s can be called g-semicircular elements. The central limit
theorem holds in the g-gaussian context as well, see, e.g., [Speicher 1992, Theorem 1; 1993, Theorems 1
and 2; Bozejko 1991; Junge and Zeng 2015, Appendix A], but its statement is very technical and we
omit it. Also, the ¢-gaussian von Neumann algebras admit random matrix models; see [Sniady 2001,
Theorem 3]. We mention that, originally, the g-gaussian von Neumann algebras were studied as concrete
implementations of the canonical g-commutation relations, or as examples of nonclassical Brownian mo-
tions, see, e.g., [Bozejko and Speicher 1991; 1992; 1994], but we choose to downplay these aspects in the
present work. The central limit theorem suggests that the g-gaussians can be introduced via an ultraproduct
model. In fact, a concrete ultraproduct embedding which holds a great heuristic value for us is given by

T,(H) = (T,(2® H)®, sq(h) (n—izsq(ej ®h)) ,
j=1 n

where {¢; }jen is the standard orthonormal basis of £2 = ¢2(N).

1C. Generalized q-gaussian von Neumann algebras with coefficients. In this article we introduce a
new class of von Neumann algebras and prove some structural results about them. Specifically, we
introduce the generalized q-gaussian von Neumann algebras with coefficients associated to a sequence of
symmetric copies (nj, B, A, D). A 4-tuple (rj, B, A, D) is called a sequence of symmetric copies (of A)
if B, A, D are finite tracial von Neumann algebras such that BC AND andn; : A— D, j €N, are
unital trace-preserving normal *-homomorphisms satisfying

(1) nj|p =idp forall j;

(2) Ep(mj (ar)---mj,,(am)) = Ep(7s(j)(@1) -+ o (j,,)(am)) for all finite permutations o on N, all
indices j1,..., jminNandallay,...,a;, in A, where Ep : D — B is the canonical trace-preserving
conditional expectation.
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We mention that our copies satisfy some additional independence conditions (see Definition 3.2). Let
—1 < g < 1 be fixed. For H an infinite-dimensional (real) Hilbert space and S a self-adjoint subset of A
containing 1, the generalized g-gaussian von Neumann algebra

I,(B,S®H) C ([,(t*® H)® D)*

with coefficients in B and associated to the symmetric copies (7, B, A, D) is defined as the von Neumann
subalgebra generated by the elements

sq(a,h) = (n_Qqu(ej ® h) ®nj(a)) ,
j=1 n

aEBSB={b1ab23b1,b2€B,a€S}, heH.

Here w is a free ultrafilter on the natural numbers and I'; (£? ® H)) is the g-gaussian von Neumann algebra.
When H is finite-dimensional, one needs to further apply a “closure operation” (see Definition 3.4 and
Proposition 3.14 for more details). The crucial observation here is that, since a Fock space model is not
available, we are forced to introduce our generalized gaussians via an ultraproduct model. The generators
sq(a, h) satisfy the moment formula

(sq(ar. hy) -+ sq(@am. hm)) =Smean Y ¢ [ (hi.hr)en (g, 1)(@1) g gy (@m)).

ogePy(m) {l,r}ec

as well as the B-valued moment formula

Ep(sq(ar.hy)---sq(@m hm)) =6mean > ¢ [ (i hr) EB(mgy(1)(@1) - 74, omy(@m)).

ogeP>r(m) {l,r}eo

where for every pair partition o = {{k,k{},...,{k,, k,}} € P2(m), the function ¢ : {1,...,m} —
{1..... p =2} is chosen so that ¢5 (k]) = ¢o (k]) = 1..... ¢o (k) = ds(kj;) = p. In view of all of the
above, the elements s4(a, ) could thus judiciously be called “B-valued g-semicircular random variables
having symmetric B-moments”.

When compared to pure g-gaussians, the generalized g-gaussian von Neumann algebras with coefficients
can be viewed as an analogue of the cross-product von Neumann algebras B xI" as opposed to pure group
von Neumann algebras L(I"). This analogy can be given some substance along the lines of [Shlyakhtenko
1999]. However, in the present work we do not pursue this insight and use this analogy merely as a
guideline for the implementation of Popa’s deformation-rigidity strategy. The main result we prove about
our generalized g-gaussian algebras is:

Theorem A. Let (7, B, A, D) be a sequence of symmetric independent copies, H be a finite-dimensional
Hilbert space and A C M =Ty (B, S ® H) be a diffuse von Neumann subalgebra which is amenable
relative to B inside M. For every s > 0, define D(S) to be the following right B-submodule of L*>(D):

where m = s + 2p, Pi2(m) is the set of pair-singleton partitions of {1,...,m}, o runs over all
pair-singleton partitions in P12(m) having s singletons and p pairs and for such a partition o =
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(k) ks KL KT - kg k) the function o {1, ... m}— {1, ..., s+ p} satisfies ¢po (k1) =
L...,¢o(ks) = s and ¢po (k1) = ¢o(k{) = s+ 1,...,¢5(k}) = ¢o (k) = s + p. Assume that there
exist constants d, C > 0 such that dimg (D4 (S)) < Cd* for all s > 1. Then at least one of the following
statements is true:

(1) A<y B.

(2) The von Neumann algebra P = Npy(A)” generated by the normalizer of A in M is amenable relative
to B inside M.

The technical condition on the dimension of the B-modules Dy (S) implies in particular that the
subspace of Wick words of length k is finitely generated over B for all k > 1 (see Theorem 3.16 and
Proposition 3.20). This last condition in turn is the exact analogue of the group cocycle being proper in
the case of cross-product von Neumann algebras.

As a consequence of our Theorem A, we find a number of examples of generalized g-gaussians
which are strongly solid (when B = C or B is finite-dimensional) or strongly solid relative to B for
diffuse B. While the class of generalized g-gaussian von Neumann algebras with coefficients is huge
(roughly speaking such a von Neumann algebra can be constructed starting from any action of the infinite
symmetric group on another finite von Neumann algebra), the range of examples to which our Theorem A
applies is greatly restricted by the technical assumptions we make. The examples in the corollary below
are introduced in more detail in Section 4.

Corollary B. The following von Neumann algebras are strongly solid relative to B:
(1) (see Section 4A) B ® T'y(H) for H a finite-dimensional Hilbert space.

(2) (see Section 4C2) I'y(B,S ® H) associated to the symmetric independent copies (7, B, A, D)
constructed in the following way: take a trace preserving action o of Z on a finite von Neumann
algebra N. Let H = (g; : j > 0) be the Heisenberg group, take 1 : H — Z an onto group homomorphism
and define B : H ~ N by

Bg(x) =ay(g)(x), ge€H, xeN.

Let H1 = (go,g1) and take B= N xZ = N @ L(Z), A= N xH, and S = {l,gl,gl_l}. Define
wj:A— D by

mj(xug,) = dpg)(Nug;, wi(xug,) =xug,, x€N, jkeN.

(3) (see Section 4D1) T';(C, S ® K) associated to the symmetric copies (nmj, B=C, A=T1y,(H),D =
[, (0> ® H)), where 0 (sq,(h)) = sq(ej ® h) and K is a finite-dimensional Hilbert space.

(4) (see Section 4D2) I'y(By, S ® H) associated to the symmetric copies (nj, Bg, Ag. Dg), where
By = L(Z(—q,0)> Ad = L(Z[—a,1])> Da = L(Z[—d,00)) = {Uho : 0 € Z[_g,00)}" and S = {1,u (1)}
for a fixed d € N\ {0}; here X7 is the group of finite permutations on Z and for a subset F C Z,
Y C Xz is the group of finite permutations on F naturally embedded into Xz. The copies are defined by
mj(a) =uqjyaujy, a € Aq.
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(4) (see Section 4B) T'y(C, S ® H) associated to the symmetric copies (Jr iWB=C,A=L(Z)={u}'.D=
Xk L(Z)), where u is a Haar unitary, the symmetric copies wj : A — D are defined by the relations
mi(u)=---klsxuxls*--- and S = {1, u,u*}.

It follows that the examples in (3), (4) and (5) are strongly solid and hence solid nonamenable von
Neumann algebras. In particular, they are prime von Neumann algebras. Note that when ¢ = 0 and H is
trivial, the example in (5) is x-isomorphic to L(Fso), thus reproving the strong solidity of the free group
factors.

Using Theorem A we also deduce the following:

Corollary C. Let M; =Ty, (B;, S; ® H;) be associated with two sequences of symmetric independent
copies (7‘[}, Bi, A;j, D;) and two subsets S; C Aj,and —1<q; <1, i =1, 2. Assume that 2 <dim(H;) < 0o,
dimp, (Dy (S;)) < Cd* for fixed constants d, C > 0 and B; are amenable fori =1,2. If My C M, then
B1 <m, Bz. Moreover, if M1 = M> = M, it follows that By <p B and By <p By.

This result can be regarded as an analogue of the “uniqueness of Cartan subalgebra” results in the
group measure space construction setting. Note however, that even when B is abelian, it is not a MASA in
M =T4(B,S®H). Indeed, B always commutes with a copy of I'; (/) inside M =1;(B, S ® H); hence
it can never be maximally abelian. Thus, even when By and B, are both abelian diffuse, we cannot avail
ourselves of Popa’s results [2006a, Appendix, Theorem A.1] about unitary conjugacy of Cartan subalgebras
to conclude that B; is unitarily conjugate to B;, so this double intertwining result is optimal in our case.
Finally, we deduce some nonisomorphism and nonembedability results for generalized g-gaussians.

Corollary D. Under the assumptions of Corollary C, if we moreover assume that
(1) By is finite-dimensional and B is amenable diffuse, or
(2) Bj is abelian and B is the hyperfinite 111 factor,

then M> =Ty, (B2, S2® H») cannot be realized as a von Neumann subalgebra of M1 =Ty, (B1, S1® H1).
In particular My and M» are not x-isomorphic.

1D. Comments on the proofs and structure of the article. Finally, a couple of words about the main
ideas behind the proof of Theorem A. We mention that actually Theorem A will be derived from the
technical Theorem 7.2 much along the lines of Theorem 3.1 in [Popa and Vaes 2014a], whose statement
and proof can be found in Section 7. We follow the approach of Popa and Vaes [2014a; 2014b], which in
turn is a development of the original ground-breaking insight in [Ozawa and Popa 2010a; 2010b]. Let
ACM =T4(B,S ® H) be a diffuse von Neumann subalgebra which is amenable relative to B. The
two main ingredients of the proof are, just as in [Popa and Vaes 2014a]:

(1) The fact that the embedding A C M is weakly compact relative to B. This is the existence of a
sequence of normal states viewed as unit vectors &, € LZ(N), where A' O M is a suitable (in general
nontracial) von Neumann algebra, which are asymptotically invariant to the action of the “tensor double”
of the normalizer of A in M ; the existence of these states is a consequence of the weak amenability (with
Cowling—Haagerup constant 1) of the pure g-gaussian von Neumann algebras I'; (H).
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(2) The existence of a one-parameter group of x-automorphisms (¢;) of a suitable dilation N of N
having good properties.

The proof proceeds by applying the deformation «; to the vectors &,. Then either the deformation
significantly displaces the vectors, or it does not. The first case yields the amenability of P = Nz (A)”
relative to B, while the second implies that A <,s B, via the fact that the maps 7y (where ¢t — T} is the
canonical semigroup of u.c.p. maps on M) are compact over B, in the terminology of Popa and Ozawa.

While it’s true that conceptually we follow closely the approach of [Popa and Vaes 2014a], it has to be
strongly emphasized that the technical difficulties of our approach are vastly larger. First of all, since
our objects are much more elusive and complicated than cross-product von Neumann algebras, being
defined as subalgebras of an ultraproduct to begin with, the proof of Theorem 5.1 (the existence of the
invariant states), which is the key ingredient in the proof of the technical theorem, is riddled with daunting
difficulties. Among these, constructing the von Neumann algebras involved in the deformation-rigidity
argument (e.g., N and N above) and the spaces on which they act was a particularly challenging task.
Also, the complete boundedness of certain maps used in the proof turns out to be surprisingly nontrivial
and requires the use of delicate operator-space techniques; in the pure Hilbert space setting, somewhat
similar techniques have been used in [Avsec 2012; Nou 2004; 2006]. Second, and just as important,
we cannot use the reduction to the “trivial-action case” (i.e., the tensor product case), as Popa and
Vaes do. The reduction step plays a crucial role in their proof, because it is only in the tensor product
setting that they are able to prove the relative weak compactness property and subsequently carry out the
deformation-rigidity arguments. The reduction is essentially based on the use of the comultiplication
map in the cross-product case. Since we have no good substitute for the comultiplication map, we cannot
reduce to the tensor-product case, and hence everything becomes much more complicated and technically
involved, including the standard forms of the von Neumann algebras involved, which are in general
nontracial.

The article contains six sections beside the introduction, and is organized as follows: Section 2
contains some needed technical preliminaries. In Section 3 we introduce the generalized g-gaussian
von Neumann algebras and prove their basic properties; among other things, we exhibit the canonical
generators of I'; (B, § ® H) (the Wick words), prove that they actually belong to the algebra and prove a
very useful reduction result about them. Section 4 lists a rather wide range of examples of generalized
g-gaussian von Neumann algebras constructed from a variety of symmetric independent copies. We
devote Section 5 to the proof of the relative weak compactness of the embedding .4 C M ; the second half
of this section contains some technical results about the complete boundedness of certain multipliers used
in the proof. In Section 6 we prove that under the assumption of polynomial growth of the dimensions of
the modules Dy (S) over B, the natural deformation bimodules used in the technical theorem are weakly
contained in L?(M) ® g L?(M), a fact which will be further used in combination with the technical
theorem to derive Theorem A. The proof is based on a novel and “nondeterministic” approach. Indeed,
the calculation of the deformation bimodules in the g-gaussian setting is a real challenge even in the
case of pure I';(H) von Neumann algebras, see [Avsec 2012], and it becomes even more so when we
allow g-gaussians with coefficients. Section 7 contains the proof of the main technical theorem and its
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applications. Beside many examples of strongly solid generalized g-gaussian von Neumann algebras, we
also obtain some nonisomorphism and nonembedability results.

2. Preliminaries

2A. Popa’s intertwining techniques. We will briefly review the concept of intertwining two subalgebras
inside a finite von Neumann algebra, along with the main technical tools developed by Popa [2006a;
2006b]. Let (M, ) be a finite von Neumann algebra, let f € P(M) and Q C fMf, B C M be two
von Neumann subalgebras. We say that a corner of Q can be intertwined into B inside M and denote it
by QO < B (or simply Q < B) if there exist two nonzero projections ¢ € Q, p € B, a nonzero partial
isometry v € gM p, and a x-homomorphism v : Q¢ — pBp such that vy (x) = xv for all x € ¢Qgq.
The partial isometry v is called an intertwiner between Q and B. Popa [2006b] proved the following
intertwining criterion:

Theorem 2.1 [Popa 2006b, Corollary 2.3]. Let M be a von Neumann algebra andlet Q C fMf, BC M
be diffuse subalgebras for some projection [ € M. Then the following are equivalent:
(1) O <m B.
(2) There exists a finite set F C fMf and § > 0 such that for every unitary v € U(Q) we have
> IEs(xvy™)3 = 6.
x,yEF

Let (M, 7) be a finite von Neumann algebra and ® : M — M a normal, completely positive map.
We say that @ is subtracial if 7 o ® < 7. If ® is subtracial, then, due to the Schwarz inequality, we
automatically have

()13 = 7(@(x)*P(x)) < T((x"x)) = T(x™x) = ||x]3:
i.e., ® is automatically || - ||o-contractive, and hence extends to a bounded operator on L2(M) defined by
To:L2(M) — L2(M), To(X)=®(x), xeM.

Let B C (M, 7) be an inclusion of finite von Neumann algebras. The basic construction (of M with B) is
defined by, see, e.g., [Popa 2006a],

(M,ep) = (M Uleg})" = (JBJ)' C B(L*(M)),

where L2?(M) is the standard form of M and J : L2(M) — L?(M) is the associated conjugation. The
definition of the compact ideal space of the basic construction (more generally of any semifinite von
Neumann algebra) can be found in [Popa 2006a, 1.3.3].

Definition 2.2. Let (M, t) be a finite von Neumann algebra, B C M a von Neumann subalgebra and
®: M — M anormal, completely positive, B-bimodular, subunital, subtracial map. We say that ® is
compact over B if the canonical operator T : L?(M) — L?(M) belongs to the compact ideal space of
the basic construction (M, ep).
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The following result is Proposition 2.7 in [Ozawa and Popa 2010a]; see also [Popa 2006a, 1.3.3].

Proposition 2.3. Let (M, t) be a finite von Neumann algebra and let B, P C M be two von Neumann
subalgebras. Let ® : M — M be a normal, completely positive, subunital, subtracial map which is
compact over B and assume that

inf ||[®(u > 0.
ueu(P)” () |2

Then P <1 B.

2B. Bimodules over von Neumann algebras and weak containment. Let M, Q be two von Neumann
algebras. An M-Q Hilbert bimodule K is simply a Hilbert space together with a pair of normal
x-representations A : M — B(K), p: Q°° — B(K) with commuting ranges. To these one can associate
a *-representation 7 : M ®Qpin QP — B(K) by

n(Z i ®y,‘;")s = Y ApOE xe e M, e 0. £k
k k

Definition 2.4. Let M, Q be two von Neumann algebras and H, KC be two M -Q bimodules. We say that
IC is weakly contained in 1 and denote it by IC < H if ||y (x)|| < ||y (x)] for all x € M ®q5 O, Where
7y, i are the x-representations canonically associated to the left and right actions on #, KC respectively.

Give an M -Q bimodule K and an Q-N bimodule H we will denote by K ® 9 H their Connes tensor
product, which is an M -N bimodule. For the definition and basic properties of the Connes tensor product,
see Sections 2.3, 2.4 in [Popa and Vaes 2014a]. The Connes tensor product is well-behaved with respect
to weak containment; see [loc. cit.].

Definition 2.5 [Popa and Vaes 2014a, Definition 2.3 and Proposition 2.4]. Let (M, tps) and (Q, tp)
be finite tracial von Neumann algebras and P C M a von Neumann subalgebra. We say that an M -Q
bimodule K is left P-amenable if one of the following equivalent conditions holds:

(1) There exists a P-central state  on B(K) N (Q°P) such that Q|pr = 1ar.
(2) L>(M) <K ®¢ K as M-P bimodules.
Definition 2.6. Let (M, 7) be a tracial von Neumann algebra, and let B, P C M be two von Neumann

algebras. We say that P is amenable relative to B inside M if one of the following equivalent conditions
holds:

(1) The M-B bimodule L?(M) is left P-amenable.
(2) L>(M) < L>(M)®p L*(M) as M -P bimodules.

Remark 2.7. Let (M, 7) be a finite von Neumann algebra and B, P C M be two von Neumann subalgebras.
Let K be a left P-amenable M -M bimodule such that K < L?(M) ®p H for some B-M bimodule 7.
Then P is amenable relative to B inside M. Indeed, we have that, as M -P bimodules,

L*(M) <K@y K< (L*(M)®pH) um (H®p L>(M)) < L2(M)®p L*(M).
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2C. Standard forms of nontracial von Neumann algebras. In some instances we will have to consider
nontracial von Neumann algebras M and their standard forms. Let us recall that a (hyper-)standard form
for a von Neumann algebra is given by (M, H, J, P), where J : H — H is an antilinear unitary, P C H
is a self-dual cone such that

(i) the map M — M’, x — Jx*J, is a x-anti-isomorphism acting trivially on Z(M);

(i) JE=Efor&é e Py
(iii) xJxJ(P) C P forx e M.
The standard form of M is unique up to x-isomorphism; see, e.g., [Haagerup 1975]. A particularly useful
way of describing the standard form of M is the abstract Haagerup L?(M) space, which we briefly
describe below. The reader can find more details in [Haagerup 1979; Terp 1982; Haagerup, Junge and
Xu 2010]. Let (M, ¢) be a von Neumann algebra endowed with a normal semifinite faithful (n.s.f.)

weight. Consider M = M xse R, the cross-product von Neumann algebra of M with R by the modular
automorphism group Uf . Then M is semifinite and there exists an n.s.f. trace t on M such that

(D@ : D) =At), teR,

where ¢ is the dual weight, (D¢ : D1); is the Connes cocycle and A(¢) is the group of translations on R.
Moreover, 7 is the unique n.s.f. trace on M which satisfies

106y =e7'1, teR.

Given another n.s.f. weight ¥ on M, denote by Ay the Radon-Nikodym derivative of 1& with respect
to 7, i.e., the unique positive self-adjoint operator affiliated to M such that

R o1
Y(x) = r(hjthj,), X € M4.
Then the following condition holds:
5';p(h1/,) = e_th,/,, teR.

Moreover, the map ¥ +— hy is a bijection from the set of n.s.f. weights on M to the set of positive
self-adjoint operators affiliated to M which satisfy the above condition. Let Lo(M, 7) be the *-algebra
consisting of all the operators on L2?(R, H) which are measurable with respect to (M, 7). For p > 0, the
Haagerup L? (M, ¢) is defined by

LP(M, @) ={x € Lo(M,1):67(x) = e pxforallfe R}.

One can define a bicontinuous linear isomorphism from My to L1 (M, ¢) as the linear extension of the
map
M} - LY(M, ), v~ hy .

The norm || - ||; on L'(M, @) is defined by requiring that the above isomorphism be isometric. One can
define a norm-1 linear functional tr on L' (M, ¢) by tr(/y) =¥ (1), and thus ||| ; = tr(|h]), he L1 (M, ¢).
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This “trace” is indeed tracial; i.e.,
tr(xy) = tr(yx) forx,y e L?>(M).
Let x = u|x| be the polar decomposition of an element x € Lo(M, 7). Then we have

xeL?(M,9) < ueM and |x|eL’(M,p)<uecM and |x|?eL (M, q).
1
This allows one to introduce the || - ||,-norm on L? (M, ¢), by || x|, = |||x|?||{ for x € L?(M, ¢). Let’s

also remark that the weight ¢ can be recovered from the trace. Define
Ny ={x €M :¢(x*x) <oo}, My =NyN,=span{y*x:x,y € Ny}

The dual weight ¢ has a Radon—Nikocllym 1derivative with respect to 7, which will be denoted by d,.
Then for every x € M, the operator dj xd is closable, its closure belongs to L1 (M, ¢) and we have
the relation

11
p(x) =tr(dg xdg), x€M,.
If ¢ is a bounded functional, then d, € L!(M, ¢) and the above identity becomes

11
p(x) =tr(dg xdg ) =tr(xdy), xeM.

The Haagerup space L? (M, ¢) does not depend on the choice of the n.s.f. weight ¢ up to isomorphism;
hence it can simply be denoted by L?(M). It’s easy to see that M is naturally represented in standard
form on the Haagerup space L?(M) via the obvious left and right actions. When M is finite and 7 is a
faithful trace on M, the Haagerup space L?(M) = L?(M, t) coincides with the usual one.

2D. W *-Hilbert modules. We also have to recall some facts about (right) Hilbert W*-modules. Accord-
ing to [Paschke 1973; 1974], see also [Junge and Sherman 2005], a right Hilbert C *-module X over a von
Neumann algebra M is self-dual if and only if admits a module basis, i.e., a family {&,} C X such that

X =span) &M and (f &) =Supea € P(M).

Here, (-, -) denotes the M -valued inner product. In this situation, there exists an index set /, a projection
e € B({3(I)) ® M, and a right module isomorphism u : X — e({2(1)¢ ® M ). Indeed, for a basis &, with
(> Ea) = eq, the map u is given by M(Za Sama) = [eqmqy]. Here £5(1)¢ ® M denotes the space of
strongly convergent columns indexed by 7. Then it is easy to see that the C *-algebra £(X') of adjointable
operators on X is indeed a von Neumann algebra, and isomorphic to e(B(£2(1)) ® M )e. Moreover, the
M -compact operators K(X) spanned by the maps ®¢ , () = £(n, {) are weakly dense in £(X), because
K(€5(I)) ®min M is weakly dense in B({2(1)) ® M. With the help of a normal faithful state, we can
complete X to the Hilbert space L (X, ¢) with inner product (§,7) = ¢((£,1)). Let 1y : X — L2(X, ¢)
be the inclusion map. Then

7 L(X) = B(La(X. ¢)), 7w(T)(tp(x)) = 1g(Tx),
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defines a normal faithful x-homomorphism such that
w(L(X)) = B(L2(X,9)) N (M)

This is indeed very easy to check for £L(X) = e(B({2(I)) ® M )e. See [Paschke 1973; 1974; Junge and
Sherman 2005] for more details and references.

3. The generalized gaussian von Neumann algebras with coefficients:
definition and basic properties

Throughout this section we will freely use the basic properties of the pure Hilbert space g-gaussian von
Neumann algebras I'; (H), as they can be found in Section 4 of [Junge, Longfield and Udrea 2014]; see
also [Avsec 2012]. The following result is due to Voiculescu, Dykema and Nica [1992].

Proposition 3.1. Let (M, ¢) and (N, ) be two von Neumann algebras endowed with faithful normal

[e.e]
i=1
Assume that for every m > 1, every iy, ...,im € N and every ; € {1, x} we have

QO = (i v,

Then there exists a *-isomorphism 7w : M — N such that o = ¢ and 7w(x;) = y; foralli > 1.

tracial states. Let (x;) and (y; )7’;1 be countable systems of generators for M and N, respectively.

Definition 3.2. Let A and D be two finite tracial von Neumann algebras and B a von Neumann subalgebra
of AND. Letw; : A— D, j €N, be a countable family of unital, normal, faithful, trace-preserving
*-homomorphisms. The 4-tuple (7, B, A, D) is called a sequence of symmetric independent copies of
A if the following properties hold:

(1) mj|p =idp for all j.

(2) Ep(mj (ar)---mj,,(am)) = Ep(7s(j)(@1) -+ o (j,,)(am)) for all finite permutations o on N, all
indices ji,..., jminNandallay,...,a;, in A, where Ep : D — B is the canonical trace-preserving
conditional expectation.

(3) Fori eNset A; =m;(A) C D and for I CN,set Ay =\/;c; 7i (A) = \/;¢; Ai C D (by convention,
set Az = B); then, for any finite subsets I C J CN, j ¢ J, d € A anda,d’ € A, we have

Eq,(mj(a)dmj(a") = Eq, (j(a)dm;(a")),
where E4, : D — Ay is the canonical conditional expectation.

(4) For any finite subsets 7, J C N, we have E4, E4, = E4,,,,. Note that this automatically implies
Eq,Eqa;, = Eq, Eq; = E4;n4, and in particular Ay N Ay = Ajny.

(5) An=D.
If the 4-tuple (;, B, A, D) only satisfies axioms (1) and (2), we call it a sequence of symmetric copies.

The role played by the copies 77 (A4) is analogous to that of tensor copies in a classical product probability
space; in fact such an infinite product probability space over a commutative or noncommutative base



GENERALIZED g-GAUSSIAN VON NEUMANN ALGEBRAS WITH COEFFICIENTS, I 1657

constitutes the first obvious example of symmetric independent copies. To be more precise, let (4, 7)
be a tracial von Neumann algebra, let D = ), (A, i), Where (4;,7;) = (A, 7) for all i € N, let
m; be the obvious embedding of A in D as the j-th tensor copy and let B = C. Then all the axioms
(1) to (5) are satisfied. In particular, one could take (A4,7) = (L°°(X ), fX du) for a probability
measure space (X, i). Axiom (2), while convenient because it greatly simplifies some of our technical
computations, doesn’t seem to be indispensable to the development of a general theory of B-valued
g-gaussian von Neumann algebras. Indeed, the generalized g-gaussian von Neumann algebras can still be
introduced in the presence of a weaker “subsymmetry” assumption, but the technicalities become even
more cumbersome, and it is unclear whether some of our results can still be obtained. Axioms (3) and (4)
can both be viewed as describing some sort of independence of the copies over B, with (4) being the
more obvious one, since for example it gives that for / N J = &, we have E4, E4, = Ep. In the case of
an abelian D and B = C, this amounts to classical probabilistic independence. Axiom (5), while added
for completeness, can always be made redundant by shrinking the algebra D.
In what follows, the expectations E4, will be denoted by E7.

Proposition 3.3. Let (nj, B, A, D) be a sequence of symmetric copies. Let ¥ = S(oo) be the group of
finite permutations on N\ {0}. Then for every o € X there exists a trace-preserving automorphism og of
Do = An\goy C D such that

ag (), (x1) - 7, (Xm)) = 7o) (X1) T () (Xm)  forall xy,...,xm € Aand j1, ..., jm €N.
Moreover,
Y — Aut(Dyg, 1), 0 ag,
is an action of ¥ on Dg by trace-preserving automorphisms. Additionally, if the symmetric copies satisfy
axiom (4), then the fixed points algebra of this action is B.
Proof. The map Vy : L?(Dg) — L?(Dy) defined by

N i () T () Y T () (K1) T () (m)

is easily seen to be a well-defined unitary because of axiom (2). Then oy = Ad(Vy)|p is a trace-preserving
automorphism of D which satisfies the required condition. The verification of the second statement is
straightforward and we leave it to the reader. O

Symmetric copies can also be introduced in the following alternative way, which is a converse to the
previous proposition: assume that « : 3 — Aut(D, 1) is a trace-preserving action by x-automorphism of
the finite von Neumann algebra D, where X is now the finite permutation group on N U {0} instead of N.
Denote by B = D the fixed points algebra of this action. Set

3o = Staby (0) = {0 € £ : 6(0) = 0},
A=D¥ ={deD:ay(d)=d forall o € T}.
Note that £y C X is a subgroup isomorphic to S(oco) and that B C A C D. For every j > 1, define
wj . A— D by the formula ; (a) = o(g;)(a), a € A, where (0j) € X is the transposition interchanging



1658 MARIUS JUNGE AND BOGDAN UDREA

O and j. Then (7, B, A, D) represents a sequence of symmetric copies. Indeed, forany j > 1 and b € B
we have 7;(b) = a(g;)(b) = b because B is the fixed points algebra of the action e, so (1) is true. Note
that oy (a) = a forevery 0 € g anda € A and Ep cas = Ep for all 0 € X, due to (1) and the facts
that « is trace-preserving and the trace-preserving conditional expectation Ep : D — B is unique. Then
for every o € ¢ = S(o0) and for all jy,..., j,, > 1and ay,...,a, € A we have

Ep(7s(jy)(at) - 7o (j,) (am)) = EB(a(00(j1)) (@1) *** @00 (jn)) (@m))
= EB(0y(0j)o—1(a1) A5 (0/,)0—1 (Am))
= Eg((atg 0 jy) 0 tg—1)(a1) -+ (ctg © (g},,) © tg—1)(am))
= Eg(ag(aj,)(ai) - aj,)(@m)))
= Ep(ayy)(a1) -+ 2, (am))
= Ep(mj,(a1) -+~ 7j,, (am)),
so (2) is also true. As noted before, we can also assume without loss of generality that
D=\/mj4)=\/ 4.
j=1 j=1

by simply replacing D with a von Neumann subalgebra.

Notation. Let (ji,..., jm) be an m-tuple with 1 < j, <n, 1 <k <m. We denote by P(m) the set
of partitions of {1,...,m} and by 0, I the finest and the coarsest partitions in P (m), respectively. The
notation P »(m) stands for the collection of all the partitions of {1, ..., m} consisting only of singletons

and pairs. For 0 € P(m), we say that

(1) (J1s..+» jm) <o if ji = ji wheneveri,k € A € 0}

2) (J1,...,jm) = o if j; = ji implies that there exists an A € o with i,k € A4;
3) (J1,---,Jjm) =0 if j; = ji exactly when there exists an A € o such that i, k € A.
Given an m-tuple (j1,..., jm) = 0 with 1 < Jk<nforl<k=<m,weseta; . j, = Aoj, i where

Ojtoojm (@) = Ji, 1 i <m.

Definition 3.4. Let (r;, B, A, D) be a sequence of symmetric independent copies, S a subset of A such
that 1 € S = S* H aHilbert space and w a free ultrafilter on N. Denote by {e; } the canonical orthonormal
basis of {2 = £?(N). Let —1 < ¢ < 1. Define

T)(B.S®H)=(BU{sq(a.h):aeS, he H})' C(I,(*® H)® D)*,
where

n
sq(a,h) = (n_iz sq(e; ®h) ® mj (a)) .
j=1 n
Finally define

T4(B,S® H) = (Er, (2 gm) ® id), ([ (B. S ® K)).
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where K is an infinite-dimensional Hilbert space containing H, {2 =span{ey, ..., e,} and for each n
. 2 2
is the canonical conditional expectation.

As g will be fixed throughout this section, we will simply use the notation s(x, &) instead of s4(x, i)
from now on.

Remark 3.5. Due to functoriality, the definition of I';(B, S ® H) does not depend on the particular
choice of K D H. When H is infinite-dimensional I';;(B, S ® H) = 1"; (B,S® H).

Remark 3.6. I‘;(B, S®H)=({s(a,h):ac BUS, he H})" C([,({*?® H)® D)®.
Remark 3.7. I';(B, S ® H) is a von Neumann algebra. Indeed, since the map
E=(Er,2gm) ®id)n: (I ® K) ® D) — ([,((*® H) ® D)*

is anormal linear projection (i.e., idempotent map) of norm 1, it follows that I';; (B, S ® H ) is an ultraweakly
closed, self-adjoint subspace of (I';(¢> ® H) ® D)® containing the identity. It’s straightforward to see
that the map E has the following bimodularity property:

EMX)E(y)E(z)=E(E(x)yE(z)) forallx,y,z e l"(?(B, S®K).
Thus, for x,y € F,?(B, S ® K) we have
E(x)E(y) = E(E(x)y) € [4(B,S ® H).

The canonical generators s4(a, h) are not easy to work with in a variety of situations. The classical
g-gaussians possess a system of generators, the so-called Wick words, whose linear span is an ultraweakly
dense x-subalgebra. Generalized g-gaussians also have such a well-behaved system of linear generators,
which will be called Wick words by analogy with the classical case. In order to find these Wick words let
us first define, for everyn e N, x € Aand h € H,

n

(Z s(e; ®h) ® nj(x)) eT,(l>’® H)® D.

j=1

=

Up(x,h)y=n"

It’s easy to see that s(x, ) = (un(x,h)), € (T,((> ® H) ® D)® for x € A,h € H. For x1,...,Xm €
BSB ={biaby :b1,bp € B,ac S}and hy,...,h, € H we will analyze the product

Un(X1.01) g i) =072 " s(ej, ®h1) -+ 5(ej,, ®hm) @)y (x1)7Tj, (X2) -+ )y, (Xm)

15]1,'-'5j1n5n

= > (”_}g > S(ejl®h1)"'S(€jm®hm)®ﬂj1(Xl)---ﬂjm(xm))-
oeP(m)

(j] 2...,jm.)=0'
1<j1,--sxJm=n
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For o0 € P(m) let’s define

xB(x1,h1y o Xy ) =n" 2 Z s(ej, ® h1)---s(ej,, ® hm) ® wjy (x1) + -+ 70j,,, (Xm),
1<j1sesJm=n
Utseees Jm)=0c
and

xO'(.xl,hl,. .. ,.Xm,hm) == (xg.(xl,hl, P ,Xm, hm))n € (Fq(gz ®H) ® D)w.

To keep the notation less cumbersome, we will omit the parameters xi, i whenever they are clearly
understood from the context. Next we see that

Un(x1,h1) - un (X, hm) = Z x(';,
geP(m)
and also

s(xl,hl) ~--S(Xm,hm) = (un(xl,hl) un(xm,hm))n — Z Xg.

oeP(m)
Lemma 3.8. Let (7, B, A, D) be a sequence of symmetric copies. Then:
(0) sup, [[x2|loo <00 forallm >1and o € Py 2(m).
(i) If o ¢ P12(m)and 0 < p < oo then
lim |2, = 0.
In particular s(x1, h1) -+ $(Xm, hm) = Y _gep, ,(m) Xo-
Proof. The proof is the same as that of Proposition 4.1 in [Junge, Longfield and Udrea 2014]. O

Proposition 3.9. We have the following convolution formula for the multiplication of Wick words:

xc(xl»hly---7xm’hm)x6(yl,kl»---»ym’,km’)= Z x)/(xlsh1$-"$ym/7km/)'

y€P1 2(m+m’)
}’17|1.~~.m =0p, yp|1...._m/=0p

Moreover, item (1) in the lemma above shows that in the summation we can restrict ourselves to pair-
singleton partitions whose only additional pairings are between the singletons of o and 0. In particular,
the linear span of the Wick words is a x-algebra.

Proof. We have

xcr(xlahl,---,xm’hm)xe(YI,kl»---»ym’akm’)

_m+m’
=(n DY s(ejl®h1)---s<elm,®km/)®nj1(xl)---mmxym/))
(jl;n'ajm):G
U1y )=0
_m+m’
= > (n >y s(ejl®h1)-~-s<elm,®kmf)®njl(xl)--mm,(ym/))
yePl,Z(m+m/) (jlr""lm/)=y
Yplt1,...m3y=0p, ¥olg1....my=0p
= > Xy (X1, R0, Yty

yE€P1 2(m+m’)
Yoli1,...my=0p, Vp‘{] ..... m’}=917
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Now if y € Py 2(m + m’) connects a singleton in o with a leg of a pair in 6 or the leg of pair in o with
either a singleton or a leg of a pair in 6, the resulting x,, is associated to a partition containing a 3-set or a
4-set and hence vanishes according to Lemma 3.8. So in the above sum we may only allow y’s which
preserve the pair sets of both o and 6 and can only additionally pair singletons “on different sides of the
marker”, which ends the proof. O

Our next result provides a reduction method for the Wick words.

Lemma 3.10. Let w; : A — D be symmetric independent copies,and 1 € S = S* C A. Let x1,...,Xm €
BSB, o € Py 2(m) having s singletons and p pairsand ¢ : {1, ... ,m} —{1,..., s+ p} which encodes o,
ie., ¢p(ks) =t for every singleton {k;} € 0, 1 <t <s, and ¢(k}) = ¢p(k]) =t + s for every pair
{ki,k/} €0, 1 <t < p. Consider (g) a sequence of Rademacher variables, i.e., Bernoulli independent
random variables on a probability space (X, ) satisfying sy : X — {1}, E(ep = 1) =F(e, =—-1) = %
Then

Z &l €l & (7Tl¢(l) (X]) e ﬂl(b(m) (xm) - El],...,ls (T[ld,(l)(xl) e Trl(b(m) (xm)))
(lly~~-yls+p):0

2
—1
< C(m,XJ)an.

In particular we have

(n_lg Z &1y e 81y, @ (g0, (Y1) Ty (x’")))

(lls--~slst+l ----- ls+p)=0

= (n_A2 Z &l vt €l ® El] ..... ls(nld)(l)(xl) o 'T[ld,(m) (xm)))

(ll :'“:lS)=0

(ll s-"slS)=0
where Fg(x1,...,xm) = E1,. s(p)(X1) -+ Tpm)(Xm)) and the second equality takes place in
(L*®(X)® D)®.
Proof. Throughout the proof we endow L°°(X) ® D with the natural trace i ® 7, where 7 is the faithful

trace on D. The || - ||2 in the first statement is the one corresponding to © ® 7. The approach we take is
somewhat similar to the one in [Junge and Zeng 2015].

Step 1. Let x1,...,x; € BSB and n be fixed. Consider
Qn :{(Cl,...,Cs+p):C1 I_I"'I_ICsJ,-p ={1,...,I’l}, Cl #Qforalll}.

Make €2, into a probability space with the normalized counting measure. For every (s+ p)-tuple
,,,,, Iyt p - S2n — {0, 1} which is 1 if /; € C; for
all 1 <i <5+ p and 0 otherwise. According to the proof of Lemma 3.6 in [Junge and Zeng 2015],
E@ry,... 14 ,) = (s 4+ p)7°7P = C. Put

(s lsyp) = 0, consider the indicator function 3,

F(ll, e 1S+p) =E&] € ® (ﬂ]¢(1)(X1) Tt T[ld,(m) (Xm)) - El] ..... Ig (T[lqg(l)(xl) o nld)(m) (xm))
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Then we have

Y Flh.....lsyp)

(sl p)=0 2
=c7lc Z F(ly,....ls4+p)
U1 seensds g )=0 2
=C! > CF(h.....lstp)
U1seensls 4 p) =0 2
=C7Y Y EGntpy )FUr . srp)
Uyl g p)=0 2
_ 1
=gy 2 S Sty (Croe o Cop ) FU Dy p)
" Uy g p)=0 (C1,ee.Coy p)EQ 2
_ 1 _
=C! TN > > F(li,....ls4p)| =CTHEG)|2
n (Cl ..... Cs+p)€Qn l]GC] ..... ls+p€CS+p 2
<C sup IG(C1, ..., Cs1p))2
(Cla'"acs-i-p)eszﬂ
=C sup > Fly.....ls+p)| .
(CrseesCs4 p) €2 11€Cr,...l54 peCsyp 2
where we define G : Q, — L°(X)® D by
G((C1.....Cstp)) = > F(li.....l5+p).
11 EC],...,IS.FPEC‘;_FP
Step 2. It suffices thus to estimate Hleecl,...,ler,,echr,, F(li,....l54p) ”2 for a fixed nondegenerate
partition Cy, ..., Cs4p of {1,...,n}. Fix such an arbitrary partition. We define the sets
II=CiU---UCsqp1U{L,.... [} N Cs1p)
and for / € Csy
dy = > e1y 81, ® (W1, (X1) -+ 1 (o) -+ T (Xgey) =+ T ) (Xim)
l1eCy,...,.IseCy
lerlechrl ----- lpflechrpfl _E11_1 (7Tl¢(1)(X1)"'T[[(Xk;))"'7T[(Xk1’)/)"'7Tl¢(m)(xm))).

Note that D; = L*°(X)® Aj,, [ € Cs4 p, form an increasing finite sequence of von Neumann subalgebras
of L°(X)® D. Now d; € Dy and Ep,_,(d;) = 0 for all [ € Cs4 p. The orthogonality together with the
Cauchy—Schwarz inequality yields

1

=n2 sup |d]>.
2 1eCsqp

> 4

1eCsqp
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On the other hand, since the products ;, - - - &;, are mutually orthogonal for different s-tuples (/1,...,/s),
we see that

ldi]l2 = H > &1y &1, @ (71, (X1) =701 () - 00 (Xge) == T 1y (Xim)
11 eC ,...,ZSECS
Is+1€Cs415els+p—1€Cs4p—1

—Eq,_ (71,0, (x1) 1 (g ) - 01 (ggg) 701 ) (X))

2
= Z €1, €1,
11 eCy,...,.l;eCy
®( Z (710) Ce1) =701 gy ) == 700 (Xy) ==+ 1y (Xm)
Ls41€Cs41500sls4 p—1€Cs4 p—1
—EIH(”l¢(1)(x1)"'ﬂl(xk'p)"'ﬂl(xk;;)"'ﬂld,(m)(xm)))) .
s
=n2 Z (”los(l)(xl)"'nlqb(m)(x'”)_Ell—l(”lab(l)(xl)"'nqum)(x'”)))
2

ls+1 ECS-H ,...,ls_;_p_] Gcs+p_1
S p1 m=2
Snan ||7Tl¢(1)(xl)"'”ld,(m)(xm)”ooEn 2 “xl”OO”meOO

According to axiom (3) we have

Ell_l (ﬂl¢(1)(xl) /s (xk‘é,) LY (xkl/,/) e nld,(m) (xm))

= Ecy,..Coppor (Tgqy (1) ooy (Xpep ) - 0y (egegy) ==+ Ty ) (X))

hence
Z €l "'81s®(”l¢<1)(x1)"'”1¢»(m) (¥m)—EC,U-UCyt pi (”l¢(1)(x1)"'7Tld,(m>(xm)))
L eCr,..,ls4peCsyp 2
= Z &1y 21, @1y 0, () 71 ) () = E gy -y (1) (61 -+ 71, (X))
11eCr,.,ls4 peCsyp 2
=| 2
IGCSer 2
m—1 m—1
<l x1lloo-Xmlloon 2 =C'(x1,....xm)n 2
Steps 1 and 2 so far imply that
Z £y €1, ® (g0 (X1) 71y (Xm)
LeCy,....L eC. m—1
! ! stp stp - EC] U-'-UCS_t,_p_] (nld,(l)(xl) e T[lqg(m) (xm))) ) = Cn 2.
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Step 3. Now we may proceed inductively. Set y = 7y, (x1) * - 71,,,, (Xm). Then, using axiom (4) and
because the conditional expectations commute, we see that

y—Ec,u-UCsq p— ()
=y —Ec,u-UCsqp_1 (V) + Eciu-UCsq p_1 (V) — ECiU~UCs 4 p—s ()
=y = Eciu-0Ciqp—1 (V) + Eciu-ucyy p (V) = Eciu-uc, ., _,UC, (ECiu-UCs4 1 (V)

=y—Ec,u-uCssp_1 (V) + Eciu-ucss -1 (V — ECiU-UCs4 p—2UCs 4, (D).

Using the previous steps and the fact that the conditional expectations are || - ||»-contractive, we obtain

Z 20 "'81s®(7”q>(1>(x1)"'”l¢(m)(Xm)_EClU"'UCs+p—2(7Tl¢<1)(x1)"'”lmm) (xm)))
l[GCl,...,lS+pECS+p 2
= Z &l €

LeCy,...,l eC.
: : sHp=hete ®(]Tl¢(1)(xl)"'jTld)(m)(Xm)_EClU-..ch+p_1 (77[¢(1)(X1)"'7T[¢(m)(xm)))
2
+ (id®EC|U'~UC5+p_|)
( Z £y &1, ® (1) (X1) 71 ) (¥m)
L eCy,...,1 eC,
e sHp=hste _ECIU"'UCS+p_2UCS+p (nlq;(l)(xl)"'f[l(b(m) (xm))))
2
= 2. el el
11eCy,...,1, eC,
! ! hpERste ®(”l¢(1)(-x1)"'nl¢(ﬂ,) (xm)_EC1UmUCS+p_1 (nl(b(l)(xl)“'nld,(m) (xm)))
2
+ Z &l "'€]S®(7Tl¢(1)(X1)"'ﬂ]¢(m) (xm)
L eCy,...,l eC
! ! ste ste _EC1U"-UCS+p72UCS+p (nl(b(l)(xl)“'nl(b(m) (xm)))
2

m—1

<2C'n 2z .

After using the triangle inequality p times, we get

Z £y 81, ® (1) (K1) T ) (Xim)
11€C1,...,15+1)€C5+p

m—1 m—1
<pCnz =C"n
2

- EC] U--UCy (ﬂld,(]) (X1) tte nl¢(m) (xm)))

Now we claim that
Ec u-uc, (i, (x1) 7ty 0 (m)) = Eqy 0y (T o) (1) <+ 71 0 (Xm))-
This can be established using axioms (3) and (4). Indeed, since

ZS+P ¢ G U"'ch—i-p—l D {ll’---,ls—i-p—]},
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by applying axiom (3) we see that

E{l],...,ls.i_p_l}(nlqg(l) (Xl) toT nl¢(m) (xm))
=Ty, (1) Eqy gy b (g, k) -, () <2 1 (Xm)
= nlqg(]) (xl) o EC1U"'UCS+p_1 (T[lerp (xkll,) e T[lerp (xkl/,/)) e nld,(m) (xm)

= Ec,u-UCyy (7‘[[¢(1)(x1) Ty (xm)),
and then

Ec,u-uc, (T, (X1) 7 (5m)) = Ecyueucs (ECU-UCs p—y (Tl ) (X1) Ty (Xm))
= Eciu-uc, (B, 0 q oy (g, (X1) - 70, (Xm)))
= E(C1U-UC)N {1 lss pe1} (Tl gy (K1) 71 ) (X))
=Eq,,.. 13,0, (X1 7y, (Xm)),
which proves the claim. Now the claim, together with the last inequality, gives

Z e1y 1,071, (X1) -+ 70 0 Com) = Eqry oty (T, 00 (K1) < T ) (X))
11€C1,...,l‘y+pecs+p

2

m—1
S C//n >

Step 1 now implies

Z &l €l ® (”14)(1) (X]) e 7Tld,(m) (xm) - E{ll,...,ls}(ﬂld,(]) (X]) Tt 7Tld,(m) (xm)))
(lla"'als-'r[)):()

2
<cc'n"s,

which proves the first statement in the lemma. For the second statement, we begin by noting that

Eq,,..13(y 0, (X1) -+ 71, (¥m)) only depends on Iy, ..., [s, and not on [s41, ..., ls4p. Indeed, let

(T N l;+p) = 0 be another (s+ p)-tuple with the same first s entries. Take a finite permu-

tation o such that o (l;) =1;, i <s,and o (ls+i) =1; ;.

i < p. Then o is the identity on A, ; ; hence
Egy gy (g, (1) -y ) oy () == 70, (X))
= (Eq1y,...,053 ©20) (1, (1) - 71y Ocger) == 70y () == T,y (X))
= Eqy ity Ty (00) -y () oy (k) == Ty (Xm)),

which proves the claim. Now the first statement of the lemma together with an easy counting argument
shows that

_m
(n ’ Z €1y v €l ®”l¢(1>(x1)"'”lmm)(xm))

(U155t p)=0

= (n—’;’ Z e el @ Egy 1y (T (K1) - 7 (xm)))

(ll,m,ls—&-p):()

= (n—; Z e el ® E{ll,...,ls}(nl(b(l)(xl)"‘nl¢(m)(xm)))-

(ll a"'alS)=o
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Finally, let’s note that

Ell,...,ls Oall,...,l‘erp =Qy,..1;° El,...,s,
which implies

Epy (g (1) - 70 (m)) = (Eqy g 00y ey ) (1) (X1) <+ T m) (m))
= (a1y,...1; © E1,...,s) (Tp1) (X1) -+ T (m) (X))

:all ..... lS(Fo-(XI,...,Xm)). D
Theorem 3.11. Let (7, B, A, D) be a sequence of symmetric independent copies, x1,...,Xm € A,
o € Py 2(m) having s singletons and p pairs and ¢ :{1,...,m} —{1,... s+ p} which encodes o. Then

xo’(xlahlw--,xm,hm)

=(n—’5’ > s(ejl®h1)---s(e,~m®hm)®n,-l(x1>---njm(xm))
(j]""’jm)=0

=fa(h1,---,hm)(n_5 Z s(er, ®hy)---sle, @ hg) Qo ls}(Fa(Xl,---,xm)))
(U1,esl)=0
:fo'(hl,...,hm)Wg(xl,hl,...,Xm,hm),

where
Fo(x1,....xm) = Eqq, sy (e ) (X1) ** - T om) (X))
folhr, ) =" T (he.hi)
{k,l}eo
and {ky, ..., ks} are the singletons of 0. The elements

Wo(xlyhlw--’xm’hm):(n_i Z s(er, ®hyy)---sle, @ hg) oy, . ls}(Fa(xL---,xm)))
(U1,l5)=0

will be called reduced Wick words.

Proof. We will use the previous lemma. Let

~

™

=B, A=T,H)®A, D=T,((>?®H)®D
and 7; : A— [,({> ® H) ® D be the x-homomorphisms given by
Ai(s(h)y®x) =s(ej ®h) ® mj(x).

Then (7, B, A, 13) represents a sequence of independent symmetric copies. Moreover, it is easy to see
that Ay = I,(¢2(1)® H) ® A;. Now according to the previous lemma we have
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(n_’2n Z Eji, " Ejy BS(€j; ®N1) -+~ 5(ej,,, ®Nm) 7)) (X1) -+ 7),, (xm))
(jl""sjm)=a

= (l’l 2 Z 811 “'8lS ®S(eld,(1)®h1) "'S(eld,(m) ®hm)®7[l¢(1)(X1) '“nl(b(m) (xm))

(1 seods g p)=0
= n_% Z 811"'8ls®7%l¢(|)(s(hl)®xl)"'ﬁl¢(m)(s(hm)®xm))
(1505t p)=0
=(n—5 > ezl-~-szs®&11,...,1S(?a(s(h1)®x1,...,s<hm)®xm)))
(1 sensls)=0
=(ﬂ_5 Yo e e ®a, (B (fT¢(1)(S(h1)®X1)"'ﬁ¢(m)(5(hm)®xm))))
(1 sensls)=0
=(”_5 Yo e e, @, i (Er cemed,  (5Con)®h1) -5 (Cpom ©hm)
(s I5)=0 ®7-[¢(1)(xl)...n¢(m)(xm))))
=fa(h1,..-,hm)(n_§ D ey e, ®a,, g, (s(e1®hk,) -+ s(es®hy,)
(15eensls)=0 QEi,.., s(7T¢(1)(X1)--'7T¢(m)(xm))))
:fa(hl,--whm)(n_; Z er, 61, Q(s(er, ®hy,) - s(ey, ®hg,)
(15w ls)=0 ®ap, .0 (EL,. s(n¢(1)(x1)"'7T¢(m)(xm)))))

= fa<h1,...,hm)(n—5 D ey e, ®s(e ®hy, ) sler, @i )®ay, 1, (Fo(x1,... ,xm))).
(lls'":lS)=()
To see why the fifth equality is true, note that

s(egy ®@h1) - s(epim) ® hm)
= Y folepy @M @ @ epim) @ hm)W(€p(1) @ h1 ® - ® p(m) @ hm)p),
06P1,2(m)
where the notation (- )g means that the pair positions of 6 have been removed. After the application of
E T, (2o H)> We see that the only surviving partition is 6 = ¢ and

Er 2om) g ® 1) - 5(epom) ® hm)) = fo(h1.....hm)W(e1 @ hy, ---es @ hi,)

= fo(h1,...,hm)s(e1 ®hk1) ces(es ® hks)-
Now, let’s define

n

§(x,h) = (n—% D e ®s(e; @M ® th(x)) e (L®(X)®T,((>® H)® D)*.
ji=1

We claim that the new Wick words X, associated to the variables §(x, ) have the same moments as x4

and hence they generate an isomorphic von Neumann algebra. Indeed, fix o € Py 2(m). Note that for
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(l1,...,15) = 0, we have wu(er, ---e1,) = pu(eg,) - u(er,) = 85=0, due to the fact that ¢; are mean-zero,
independent random variables. Then

Tw()%g(Xl,hl,,“’xm’hm))
=Ty ((n_rg Z €1, €, ®S(el¢(l)®h1)".S(elqb(m)@hm)@nl,ﬁ(])(xl)"'nl¢(m)(Xm)))
(ll ----- ls+p)=0
zli}ln(n_'? Z p(er, ---er) T(ser,q, ®h1)-+s(ery,,, ®hm)) D (M1, (X1) 71y ) (xm)))
(lla"'alAY—‘,-p):(')
:83:011'1111(]’1_’; Z T(S(el¢(1)®hl)-..S(eld)(m) ®hm)) TD(]TI¢(1)(XI)...7TI¢(m) (xm)))

(lla""lS+]))=0
:806P2(m) h’!’ln(n_’g Z T(S(€l¢(l)®h1)"'S(el¢(m)®hm)) TD(nld,(l)(xl)'”nlq;(m) (xm)))
(llr"yls-'rp):()
- Tw(xU(xl,hl,.. .,Xm,hm)).
Define M C (I[,;(¢?> ® H) ® D)® to be the von Neumann algebra generated by all the Wick words x,-.

Also define M C (L®(X)® T;({> ® H) ® D) to be the von Neumann algebra generated by the
elements X,. Using the claim, the convolution formula and Proposition 3.1 we see that the map

M—>./\7l/, ng I—>Z)~co,

is a x-isomorphism. Applying the inverse of this isomorphism to the equality

(n_z Z ery e, ®s(ery g, @ 1)+ s(er, i @ hm) ® 7wy, (X1) -+ 714, (xm))
U155t p)=0

S

=fo~(h1,...,hm)(n_2 Z 811'“815®S(€ll®hk1)"'s(els®hks)®all ..... ls(Fo(xl»---,xm))),
(1,-0,l5)=0

we obtain the desired identity. O
Proposition 3.12. Let xq,...,x;,; € Aand hy, ..., hy, € H. Then we have the moment formula
T(s(e1.h) o SGomo b)) = Smean Y 7O [ (i he)t(jo (x1) -+ 759 (xm)).
o€P>(m) {l,r}eo

as well as the B-valued moment formula

Ep(s(x1.h1) -+ s(tm hm)) =8mean Y ¢ ] (. he)Ep(rjo (x1) -+ 7ig (xm)).

o€ Pr(m) {l,r}eo
where for every o € Py(m), the j{,..., jo are chosen such that (ji, ..., j5) =0.

Proof. It’s a straightforward application of the reduction formula. O
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Remark 3.13. Proposition 3.1 shows that M = l"(? (B, S ® H) could be introduced abstractly as the
tracial von Neumann algebra (M, t) generated by elements s(x, k), x € BSB, h € H, which satisfy the
above moment formula.

Proposition 3.14. Let K be infinite-dimensional and x1,...,xm € BSB, hy,....hy,, € K, 0 €
P12(m). Then xq(x1,h1,...,Xm, hm) € F‘?(B, S ® K). For every Hilbert space H, all the Wick
words xg(X1,h1, ..., Xm.hm), xi € BSB, hj € H,arein M =T4(B,S ® H). In particular, M is the
ultraweakly closed linear span of the (reduced) Wick words and L*>(M) is the | - ||2-closed span of the
(reduced) Wick words.

Proof. We need a basic fact about infinite-dimensional Hilbert spaces.

Fact. Let K be an infinite-dimensional Hilbert space and A1, ..., A, € C. Then there exist norm-bounded
sequences E,’f, nﬁ €Kforl=< k.§ p such that f;‘,’f —0, r;ﬁ — 0 weakly and ( ,’f nﬁ) =Ar forall 1 <k <p,
and moreover E,’f, nﬁ 1 &) .} for k # j. Indeed, let (e;) be an orthonormal infinite sequence in K.
Define

1 1 2 2
£, =Men, nNp=en, & =Aseny1, N, =e€nt1. ..., EP=Apenip_1. Nk =enip_1.

To prove the proposition we will use induction on s, the numbers of singletons in 0. For s = 0,
Xg(x1,h1,...,Xm, hm) € B due to the Wick word reduction formula, so the statement is trivial. For a
given o with pairs By, ..., B, and B = {/,r} we use the fact above to find uniformly norm-bounded
vectors h; p(k), hr, (k) € K which converge to 0 weakly and such that (h; g(k), h, p(k)) = (h;, hy)
for all pairs B = {/, r}, and such that the /;,, p(k)’s are orthogonal for different pairs B. Let us define
hi (k) = h; for any singleton {i} € o and hi (k) =hy/r,p(k)ifi € Bandi =1[ ori = r. For every other
Wick word x,,(y1, f1,.... Ym’, fm), with y; € BSB, f; € K, we have

Jim 2(sCrer, B (6)) -5 Com, o (K)) xg)

= lim Z r(xe(xl,ﬁl(k),...,xm,ﬁm(k))x(',/)

k=% e Pra(m)

=t(oxg) 4 lim 7 (e k), X, () xG)-

> 6,20,, [65]<s
Indeed, for every 6 € P; »(m) which does not contain all the pairs of o, we use the convolution and the
moment formulas to obtain

t(xgxp) = Y.t hiK). .y )

vePr,(m+m’)

= > Sl ). fro fe) TV R K. Y fon),
vePy(m+m')
where the sum is taken over all v that preserve the pairs of # and o’ and additionally pair all the singletons
of 6 and o’. Now since 6 does not contain all the pairs of o, there must be a leg [ of a pair {{,r} = B € o
which is connected by 6 to something other than its other leg in o. There are three possibilities:
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(1) 6 connects [ to a leg I’ of another pair B = {I’,r'} € o. Then (h;(k), h;:(k)) = 0; hence for every
v in the sum above we have f,(hy,..., fu) =0.

(2) 6 connects [ to a singleton {i } € . Then, since hi(k) — 0 weakly, we have (ﬁl (k), hi) — 0; hence
for every v we also have that f,,(hy,..., fr) = 0 as k — oo.

(3) {I} is a singleton of . In this case, every v € Py »(m + m’) which appears in the sum has to connect
[ to asingleton j € {1,...,m’}. Thus, (h;(k), f;) — 0 and again f,(h1,..., fir) = 0as k — oo.

Summing up, we see that for every 6 such that 0, Z 6, we have 7(xq(k)x,,) — 0 as k — oo. Thus,
when letting k — oo, only those 8’s containing the pairs of 0 make a nonzero contribution. Among them,
there is exactly one which has s singletons, namely o; all the others have more pairs and hence less than
s singletons. We deduce that

Yo =w = lim (s(xl,/h(k))---s(xm,ﬁm(k))— > xe(xl,ﬁl(k>,...,xm,ﬁm(k»).
e 0pD0p, |0s|<s

Since by the induction hypothesis all the xg’s, with |65| <, are in qu (B, S ® K), this proves the statement.
For the second statement, let H be any Hilbert space and K an infinite-dimensional Hilbert space
containing H. Let x; € BSB, h; € H and 0 € Py »2(m). Then, by the first part, x5 (x1, A1, ..., Xm, hm) €
I)(B.S ®K). But x5 = (Er, (20 m) ® 1d)n(xs); hence xg € Ty (B. S ® H). O

Remark 3.15. The reader can now better appreciate why we needed the “closure operation” in the
definition of I';(B,S ® H). Indeed, Definition 3.4 ensures that the Wick words belong to M =
I'y(B, S ® H) for every Hilbert space H, finite- or infinite-dimensional. Also, Proposition 3.14 shows
that M =T}y (B, S ® H) could have been defined as the ultraweakly closed span of the Wick words.

In the following we use the notation LIZc (M) for the || - ||2-closed span of the Wick words of degree k
and Wy (M) for the linear span of the Wick words of degree k.

Theorem 3.16. Let (7;, B, A, D) be a sequence of symmetric independent copies,1 € S =S* C A, H
be a Hilbert space and M = Ty(B,S ® H). Set H = H & H. Tuke an infinite-dimensional Hilbert space
K>DHandset K=K®K:

(1) For every angle 0, let 0g be the canonical rotation on K. Then
0 g = ([,(id ® 0g) ®id), € Aut((T, (> ® K) ® D)®)

defines by restriction a one-parameter group of automorphisms of M= Iy(B,S® H ). Moreover, for
every Wick word xg(x1,h1, ..., Xm, hm) € M we have

ae(xa(xl,fll, B 9XMaﬁm)) = xo'(xlvoe(iil)’ - Xm, Oe(ﬁm))
(2) For every Wick word x5 (x1,h1, ..., Xm, hm) € M, the following formula holds:
(EM an)(xa(x17h19 L :xmahm)) = (COS(Q))S'XU(‘xlvhlv L 7xm7 hm)»

where Epy - M — M is the conditional expectation and s is the number of singletons of o.
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(3) For every 0 € [0, %), let t = —In(cos(0)). Thent — Ty = Ep o ag|py defines a one-parameter
semigroup of normal, trace-preserving, u.c.p. maps on M. Moreover, for every Wick word xo € M we
have Ty(xs) = e S xo, where s is the number of singletons of o. Hence, when viewed as a contraction on
L?(M), we have Ty = Y s=0 € 'S Ps, where Py is the orthogonal projection of L*(M) on L? (M) and
the series is | - ||oo—converg_ent for every t > 0. In particular, if L2(M) is finitely generated as a right
B-module for every s, then Ty is compact over B for every t > 0.

(4) The generator N of Ty is a positive, self-adjoint, densely defined operator in L*>(M ) = @,?;0 L,ZC (M),
acting by
N(XU(xl, hl, e ,Xm, hm)) == kxO'(xl, hl, e ,Xm, hm)

forevery xg(x1,h1,...,Xm,hm) € Li (M). The spectrum of N is the set of nonnegative integers N, all of
which are eigenvalues. N is called the number operator.

Proof. The formula ag(x(,(xl,le,...,xm,ﬁm)) = xg(xl,OQ(le), e ,xm,09(h~m)) for x; € BSB,
h; € H is easily checked, due to entrywise functoriality, and it shows that «g restricts to a one-parameter

group of automorphisms on M= Iy(B,S® H ). This proves (1). Then, using the reduction formula and
the functoriality in each entry, we see that

(Eppoag)(xo(x1,h1,... . Xm hm))

— it Ewoan) (175 sl sten Bl ). zs(Fa(xl,...,xm))))

(I15005)=0

= ot Ewoon) (173X Wier, @i, e @)t (Fo i)

U15..15)=0

=fo(h1,--.,hm)(n_3 Z W(ell®PHa0(hk1)"'els®PHa9(hks))®all,...,ls(Fo(xl,---,xm)))
(1,esls)=0

=(008(9))Sfa(h1,---,hm)(n_i > S(ell®hk1)"'S(els®hks)®all,...,ls(Fa(xl,---,Xm)))
(lly"wls):(-)

= (cos(0))’xg(x1,h1,.... Xm, hm),

which establishes (2). Part (3) is straightforward using (2). To obtain (4), we calculate

—st

1 e —
lim —(T; — = li =—
Jim (Tt (xo) — x5) lim ———xg = —sXo
for any Wick word x, of degree s. The rest of the statements are straightforward. O

Remark 3.17. Due to (4), we have that for every x € M, the function

0+ llag(x) —xll2, 6€[0,%),

is increasing.
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Definition 3.18. We denote by Dy (S) C L?(D) the || - ||2-closed linear span of the expressions

Fo(x1,....xm) = E1, k() (X1) -~ T (m) (X))
forallm>1, x1,...,xm € BSB, 0 € P1,2(m) having k singletons and ¢ which encodes o.

Lemma 3.19. Let y(j1,..., jir) € L?(D) be such that
sup [y (- Ji)llp <00
TawesJie

and hy, ..., hy € H. Then

_k
= Y s () esp () @y (s )

sup < 00.
n . D
(1sesl)=0
Proof. It suffices to consider
> s esp h) @y D) |
leCy,...,l;xeCx
with C; U---UCr ={1,...,n}. Using the martingale decomposition from Lemma 3.10 we deduce

Yo sy () @y, k)

11€C1 ..... lkGCk p
<c(pvusup | Y s () sy () @y k)
leClly, P
Iterating this procedure we get
o sy ) sp () @y k)
L eCy,..., I eCy p

k
<c(p)kn2 sup sz, (1) -1, i) p 1y s 1) |-
1 ..... k

Since the products s;, (1) - - - 57, (hy) are uniformly bounded in the p-norm, we obtain the assertion. [

Proposition 3.20. Let (7, B, A, D) be a sequence of independent symmetric copies, let H be a finite-
dimensional Hilbert space and 1 € S = S* C A, and assume that Ds(S) is finitely generated as a right
B-module. Then L? (M) is finitely generated as a right B-module. In particular, when Dg(S) is finitely
generated over B for every s, the maps Ty are compact over B for every t > 0.

Proof. Let N be the dimension of Dy as a right B-module, and let {£1,...,&x} be a basis of Dy over B.
Then, for every o € P12(m) having s singletons, and every x1, ..., X, € BSB, we can find coefficients
br(0,x1,...,Xm) € B such that

N
Fo(xt,....Xm) =Y _ Ebr(0.x1,.. .. Xm).
k=1
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For every (I1,...,l5) = 0 we have

N
oty (Fo(X1oooxm)) = ey, () b0, X1, Xim).

k=1
Fix a finite basis B of H. Then, for every o having s singletons, every xi,..., X, € BSB and every
hi,...,hy, € B we have, due to the reduction formula,

xO'(xl’hla"'axm9hm): (n_é Z sl](hll).sly(hly)®al] ..... l;(FU(Xl,,xm)))
(15..0,15)=0

N
=Z(n—5 Do sy (i) (i) @ay, ls(sw)bk(o,xl,...,xm).

k=1 (lla"'als)=6

Thus L2(M) is spanned over B by at most N |B|* = N(dim(H))* elements, namely

(n—i Do sy hiy) sy (i) @y, (Ek))’

(ll a-"alS)ZO

with 2; € Band 1 <k < N. These elements belong to L2(M) by the previous lemma, and this finishes
the proof. O

Remark 3.21. Since the dimension of Dg(S) over B is finite, the basis elements & € Dy C L?(D) could
be chosen in fact to be bounded, i.e., & € D, due to [Paschke 1973; 1974]. This implies that L%(M )
admits a basis over B consisting of elements in M.

Corollary 3.22. Assume moreover that the dimension Ng of Ds(S) over B has polynomial growth; i.e.,
there exist constants d, C > 0 such that Ny < Cd* for all s. Then the dimension of L2(M) over B is less
than C(dim(H )d)* for all s; i.e., the dimension of L? (M) over B also has polynomial growth.

The following argument is essentially due to Sniady [2004] and Krélak [2006].

Proposition 3.23. Let M =T, (B,S ® H). There exists d = d(q) such that for dim(H) > d we have
Z(M) C Z(B). In particular, M is a factor whenever B is.

Proof. Let {e; }1<; <k be an orthonormal set in H. We consider the operator 7 : L?(M)— L?>(M) given by

k
T = Z(Ls(l,ei) - Rs(lsei))z'

i=1

Here L, and Ry, where x € M, are the canonical left and right multiplication operators, respectively,
on L?(M). We see that

k k
T —2kid = Z(Ls(l,e,-)z—l - Rs(l,ei)z—l) -2 Z LS(lyei)RS(Lei)'

i=1 i=1
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Since s(1, e;)?> — 1 is a mean-zero element, we deduce from [Nou 2004] that
k

Zs(l,e,')z—l

<cgvVk.

Letus set V = Y%_, Ly(1.e;)Rs(1,¢;) and denote by ¢ : L2(M) — (F4; (> ® H) ® L*(D))® the natural
embedding given by the definition. Then we see that

((VE) = Vat(E)n)n,  E € L2(M),

where
1 Z
Vo = n Ls(1,e;0e)) Rs(1.;®¢;1)-

1<i<k
1<j,j'<n

Now we can easily modify the argument from [Krélak 2006] to show that

(D sz,j,j’l-i_(ei®ej)Rs(1,ei®ej,) Ecqﬂknz;
(2) || Zk,j,j’ r+(€i ®ej)LS(1,e,'®ej/) = cq\/m;
3) HZk,j;éj/ [~ (ei ®€j)RS(1’ei®ej/) < cyVknz,

@ [ Xh i ®eprt(ei®ejlee| <q+cgVkn.

Here [T,/~,r*,r~ are the left and right creation operators on the g-Fock space coming from the
decomposition L) = [T (h) +1(h), Ry = rT(h) 4+ r~(h). The main estimate is derived from

m)r*(k)©) = s + 17 (E) @ k.
The second part can then be estimated via the second item above. This yields
I(T =2k id)((id— Ep)(€))|| < 2qk||(id— Ep)(€)| +2¢4 vk (id— Ep)(£)].
Now take z € Z(M) with Ep(z) = 0. Thus T(z) = 0 and also
0=[T@) = l12kz = (T(z) = 2kz) || = 2k |1z ]| —2gk| 2| - CgVk |z ]| = 2k(1 —q) — CqVE) |12

Thus for 2k(1—¢g) — Cq\/l; >0,ie., k> ./Cy/(2(1—¢q)), we have that z = 0. This implies z = Ep(z)
forall z € Z(M); hence Z(M) C B and also Z(M) C Z(B). |

3A. H-less generalized q-gaussians. Finally, let us mention that there is an H-less version of the
generalized g-gaussians, which can be described as follows: let (1;, B, A, D) be a sequence of symmetric
independent copies. For 1 € S = $* C A, define the von Neumann algebra I; (B, S) C (T;(£?) ® D)® as
being generated by the elements s4(x) = (n_% Z;-’=1 sq(ej)@m; (x))n for x € BSB. This is equivalent to
taking H to be 1-dimensional in Definition 3.4 above; hence the H -less g-gaussians are a particular case
of Definition 3.4. Surprisingly, the H generalized g-gaussians can also be obtained as a particular case
of this construction. Indeed, let H be a (real) Hilbert space and (7;, B, A, D) a sequence of symmetric
independent copies. Let (X, i) be a standard probability measure space and define a new sequence of
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symmetric independent copies (77, B, A, D) by taking B= B, A= AQL*®(X), D=D® (@‘l’oLoo(X))
and 7; : A— D by

7i@® fl=n(@)®(1®1®---® f ®--®1®---), wherea € A, f € L*(X).
——
J -th position
Using Rademacher variables, we see that there exists a dense subspace Hy C H and an isometric
embedding ¢ : Hy — L®(X) C L?(X). Take S = S ® 1(Ho) ={a®t(h):a € S,h € Hy} C A. The
reader can check that
I,(B.S®H)=T,(B.S).

4. Examples

We will discuss several types of examples of generalized g-gaussian von Neumann algebras. The
underlying idea in all these cases is that whenever we have a finite von Neumann algebra on which the
symmetric group acts, we can construct a sequence of symmetric copies. In particular, countable tensor or
(amalgamated) free products von Neumann algebras or the pure g-gaussian von Neumann algebras I'; (H ),
for an infinite-dimensional H, constitute obvious candidates, since the symmetric group acts naturally on
them.

4A. Tensor products. Let B and C be finite von Neumann algebras. Define A = B® C and D =
B®CN =B ®(QnC). Define 7r; : A — D by the formula

Ti(bRa)=b®1RI® - ® a @ Q1l®:--.

J -th position

Then it’s easy to check that (r;, B, A, D) is a sequence of symmetric independent copies. It’s likewise
easy to see that
Iy(B,A® H)= BRI, (LL(C)® H).

For any finite subset S C L2 (C) ® H, the space Dy (S) has finite dimension over B.
4B. Free products with amalgamation. Let B C A be an inclusion of finite tracial von Neumann algebras.

Take D = %kp A;, the amalgamated free product of a countable number of copies A;, j € N, of A.
Define 7j : A — D by the formula

mi(a)=1x1%---%x a *---x1x-...
——
J -th position
Then (7, B, A, D) represents a sequence of independent symmetric copies. To see why this is true it
suffices to consider elements a; such that Ep(a;) = 0. Then we have to calculate
o(ar,....am) = t(mj(ar) - 7w, (am))

such that (ji,..., jm) = 0. If o has no crossings, we can inductively replace neighboring pairs by
Ep(mj,(aj)mj; (ai+1)) = Eg(a;a;+1) and finally find an element in B. For a noncrossing pair partition
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we can also join all the pairs, but then we find an expression of the form
T(blnjz‘l (aiy )b277ji2 (aiy) - Tji (aix)) = 0.

Thus in the moment formula we only have to expand over noncrossing pair partitions. Now take
S ={1,u,u*} for u € A a Haar unitary such that Eg(u™) = 0 for all n # 0. It’s easy to see that Dy (S) is
the closed linear span of all the expressions by (u®')by - - 7wy (u®* )by 41, with b; € B and &; € {0, 1, *}.
In particular, when B = C or is finite-dimensional, we have dimpg (D (S)) < C22*.

4C. Group actions.

4C1. Second quantization. Let G ~, C be a trace-preserving action of the discrete group G on the
finite von Neumann algebra C. Also let v : G — O(Hpg) be an orthogonal representation of G on a
real Hilbert space Hg. Let (€2, i) be the gaussian construction associated to v; see, e.g., [Peterson and
Sinclair 2012]. We also denote the corresponding action G ~, L°°($2) by v. Then define B = C x4 G,
A= (C®L®(Q))x,G, D= (C®L®(QN)) %, G, where the action p is given by pg(d ® f) =
ag(d) ® vg (f). Define the *-homomorphisms 7; : A — D by
Ti((d®ug) =dRIJRI® - Q® f @1 )ug.
——
J -th position

Then it is easy to see that the fixed points algebra is C x4 G. Again the moments only depend on the
inner product. Moreover, the gaussian functor yields a map Br: H — L?(Q2). Then we find

M =T,(CxG.Br(H)) = (C ®T,(H))xG.

The spaces Dy (S) are finite-dimensional modules over B = C x G if L;‘; (H)x G has a finite basis over G.
For k = 1 this means that H is finite-dimensional. In a forthcoming paper we will also analyze the case
of profinite actions and/or representations, i.e., when H can be written as H = TH, such that every
H; is a finite-dimensional G-invariant Hilbert subspace. However, discrete subgroups of O, = O(R")
provide a large class of nontrivial, nonamenable examples. The examples in [Junge, Longfield and Udrea
2014] are subalgebras of M.

4C2. Symmetric group action. Throughout this subsection ¥ will denote the group of finite permutations
on N. Let us consider a countable discrete group G on which ¥ acts by automorphisms. Examples for
such a symmetric action are given by the natural action of ¥ on the free group with countably many
generators, or by the natural action of ¥ on the direct product groups [,y G. More generally, let
R C Fo be a set of generators which is invariant under the action of X, and assume that (R) C Feo is
a normal subgroup. Then G = Fo,/(R) is a group on which X acts. A perfect example is given by an
amalgamated free product 3k G;, where G; = G. To make things more concrete, we may consider the
discrete Heisenberg group H = (Z, Z°°) with generators {gj }x>o such that Z = (go), Z*° = (gk.k > 1)
and the following relations hold:

g 'gigr = g0gj, k#J.
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Then X acts on ‘H by permuting the generators g for k > 1, and leaving go fixed. Now we assume that
such a G, with action X ~,g G, acts trace-preservingly on a finite von Neumann algebra 4 and B is the
fixed points algebra of this action «. Let g € G be an arbitrary element and g; = B(;,)(g). We can then
construct a sequence of symmetric copies (7;, B, A, D) by defining 7r; : A — A, via 7j(x) = ag; (X).
Working in the crossed product (A xq G) Xg X it is easy to see that the 7r;’s are symmetric copies, and
that B is the fixed points algebra for these symmetric copies. In fact we may and will always assume that
G is generated by the g;’s and then 7r; (x) = x for all j is exactly the fixed points algebra of the action.
In general 7;(A) = A and hence we find an example of symmetric, but not necessarily independent,
copies. In general independent copies are obtained from considering a suitable subalgebra B C A; C A.
More generally for a subset S C A we may however consider the algebras

Aj(S)={mj(x):x €S, jeA}

This is particularly interesting for a single self-adjoint x. Then independence depends on the mixing
properties of the sequence 77; (x), and has to be analyzed on a case by case basis. A more specific example
can be constructed starting from a trace-preserving action « of Z on a finite von Neumann algebra N.
Take D = N xg H where the action f is obtained by lifting the action of Z via the group homomorphism
m:H — Z given by m(go) =0 and n(g;) = 1 for j > 1. In other words,

Bg(x) = apg)(x), ge€H, x€N.

Let H; be the group generated by g and g1 and take B=N xZ =N ® L(Z) and A = N xH;. Define
mwj:A— D by

Tj(xug,) = dp(g;)(X)ug;, Tj(XUgy) = XUg,, XEN, jk€N.

Then (7, B, A, D) is a sequence of symmetric independent copies. In full generality the dimensions of
the spaces Dy (S) or L12< (M), where M =T;(B, A® H), cannot be controlled. If we restrict ourselves
to a small set of generators, e.g., S = {1, g1, gl_1 }, then we get a more well-behaved example. The space
Dy (S) is the closed linear span of the expressions of the form

) (Ug,) - Ty (“gk)”ég)a)an(O) (x).

Thus dimp (D (S)) < (2dim(H ))?*. For more general group actions and S C L(G), we find coefficients
in B = L([G,G]) ® N and finite dimension over B as long as we have finite generating sets. Note
however, that L([G, G]) is in general not invariant under the action of X, and hence a more detailed case
by case analysis is required. Again a particularly nice class of examples comes from one step nilpotent
groups with commutators in the center, such as the Heisenberg groups.

4D. Colored Brownian motion.

4D1. Top up q-gaussians. Let H be a Hilbert space and ¢gg € [—1, 1]. Symmetric independent copies
can be obtained from second quantization, or simply by defining 7 (s4, (1)) = s¢,(e; ® h). This provides
symmetric copies of A = I}y (H) into D = I';({2(H)). By looking at Wick words it is easy to
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see that the fixed points algebra is C. Moreover, independence follows from the moment formula
for go-gaussian random variables. Let S = {x1,...,x,} be a finite, self-adjoint subset, where x; =
Sqo(h1(i)) -+ +8qo(hyiy(i)) for 1 <i < p. Then we see that

T(sq(kr. x1) - sqCkm. xm)) = D g™ folkr. .. km) T(jo (x1) -+ 79 (xm)).
og€P>(m)
where for every o, we choose an m-tuple (/.. .., j;) depending on o such that (j7,..., j;) =0. Now
we may use the formula for gg-gaussians and find for L = Zf) —1 (i) that

tme () mgm) = > qe ) Sy (D). B (m). By (m)).
0’€P>(L), 0’'<¢(0)

Here ¢ (o) is the block partition which gives the same color to the union of two blocks in ¢ connected
via pairs in o’. This means

t(sqUer,x0) - sqlem, X)) = 3 "G foller, . Jom) for (s B,

0€P>(m), o'<¢(0)

where o' runs over the partitions of {1,..., L} and {hy,...,hr} is a relabeling of {h; (i) : 1 <i < p,
1 < j <I(i)}. Note that IT};(C, I';,(H) ® K) contains both I';(K) and I'y,(H) if s¢,(H) C S. Using
a decomposition into minimal links, we deduce that the space Dy (S) is the closed linear span of the
elements

c(o,xu, .o xp) ) (xiy) -7 (X6,

where c(0, x1, ..., Xxr) is a scalar. This means for a finite set S of generators, the dimension of Dy (S)
over B = C is less than (|| dim(K))2k. One could call these algebras “mixed” gaussian algebras, but
the reader should not mistake them for the mixed g-gaussian algebras, introduced in [Junge and Zeng
2015], which we use in Section 6.

4D2. Actions of ¥ by conjugation. Let us consider the finite permutations group X7 acting on Z instead
of N'\ {0}. For every subset F' C Z we can identify X r, the permutations group on F, with a subgroup of
37 by viewing the elements of X F as acting nontrivially only on F and acting as the identity on Z \ F.
For convenience, we use interval notation for the subsets of Z. In particular we have ¥ = X[ o) C X7
in this way. Let 3 act on X7 by conjugation. This gives rise to an action « of ¥ on the von Neumann
algebra L (X7) (which is in fact isomorphic to the hyperfinite factor). We denote the canonical unitaries
generating L(Xz) by us, 0 € Xz. The fixed points algebra of this action is B = L(X(_,0]). Take
A= L(E(—00,1]) = B V{upy}”, D= L(Xz) and define 7r; : A — D by 7;(a) = ajr)(a) fora € A
and j > 2, where (/1) is the transposition interchanging j and 1, and w1 =id. Then (7;, B, A, D) is a
sequence of symmetric independent copies. Indeed, we recall that 4 is generated by transpositions (k1),
k <0, and that for j > 2 we have

(GDEDHGD = (kj).

This means A; = BV {u(g;)}” and Ay,... ; = L(X(—0,;1)- In particular, we have a coset representation
o =0'(j1) with 0’ € ¥(_,0]- The algebras A; are generated by X7, X(_,0] and one generator (1) for
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J € 1. This easily implies independence. We take S = {1, u(g1)} C A and define M = I4(B, S ® H). Fix
o € P12(m) having k singletons and p pairs, and take ¢ : {1,...,m} — {1, ...,k + p} which encodes o.
This means ¢ (j;) =1, where {j;}, 1 <t <k, are the singletons of o, and ¢ (j;) = ¢(j,") = k +1, where
{ji,J/'}, 1 <t < p, are the pairs of 0. Then Dy (S) is the closed span of elements of the form

Eq, e (U@)0) Uy U (@2)0)Uys Uy U (g (m)0) U ym 4 1)
= E1,. k(@ )0ad(uy,) (4 2)0)  ad(Uy; -y, ) (¢ 0m)0) Uy i1 )
= E1,. k(U@ )y 0) U@ @)y1720) " U (@) (1-ym) O)4y1-Yim+1)
= Bk U@)s)U@@s2) U@ msm) U y1=yim s 15

where y1. ..., Ym+1 € T(—co,0] are arbitrary. Here s1 = y1(0), 52 =y1y2(0), ..., Sm =y1¥2-- Ym(0) in
(—00, 0] depend only the y;’s. In full generality the modules Dy (S) do not have finite dimensions over B.
If we however replace B by By = L(Z[_g,0]) = L(Sg+1), Aby Ag = L(Z[—g,1])) = Ba V {u1)}”
and D by Dy = L(X[_4,0)) for a fixed d € N\ {0}, then we obtain a new sequence of symmetric
independent copies (7, By, Az, D4) and in this case we have at most (d + 1)* different choices for
the s;’s. After repeated conjugation with the unitaries on the pair positions, the above expression becomes

Uiy ey Bk kv UG k)

for some new indices s, € (—oo, 0]NZ which in general depend on the y;’s and . Since for an inclusion of
groups H C G and g € G we have Ep (g (1g) = 8ge HUg, and the product (s]/.k+lk +1)--- (sJ/.k+pk +p)
belongs to X (_4 k] only if it’s equal to 1, we see that a spanning set of Dy (S) over By is given by the
elements

U(sy, DU (s7,2) 7" U(s, k)
for all choices of —d < slf <0, 1 <i <k, which in particular implies that the dimension of Dy (S) over
B, is at most (d + 1)2k. Note that B; and A, are finite-dimensional von Neumann algebras. Thus, for

the von Neumann algebras M (d) = I';(Bz, S ® H), the spaces D (S) have polynomial growth of their
dimensions over B, . This remains true for any finite subset 1 € S = S* C Ay.

4E. Operator-valued gaussians. This example is motivated by Shlyahktenko’s A-valued semicircular
algebras and derived from the tensor product construction. Let x; € N be self-adjoint operators and
X =) &kXk. We consider A; = L°°(R) and the independent symmetric copies over N given by

i (f) = f(Z . jxk),
k

where g ; are i.i.d. gaussians (we could also work with g-gaussians). The copies are independent over N.
Let D be the von Neumann algebra generated by the 7;(f)’s and B be the tail algebra

B={) V mL>®).

m>0 j>m
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One can show that the copies 7; are independent symmetric in the sense of our Definition 3.2. Note that N
is invariant under the shift from the tensor product construction and hence B C N. Thus M =T, (B, S®H)
is a legitimate example where S = ) ; gx X is obtained by approximating X with bounded functions.
Since X € ﬂ15 p<oco L?(R), one can actually directly work with one generator x. The dimension of
lec (M) over B is in general hard to determine. The case of N = My, (C) and X =},  grs((ers+esr)/2)
has been considered by Avsec and Speicher.

Remark 4.1. The examples in Sections 4A, 4B, 4D1, 4D2 (for d = 0) and 4E are all factors if B is a
factor and dim(H) > d(q).

5. Weak amenability produces approximately invariant states

Let (7, B, A, D) be a sequence of symmetric independent copies, 1 € S = §* C A and assume that
Dy (S) is finitely generated over B for all s > 1. Let M =I'y (B, S ® H) for a finite-dimensional space H,
A C M be a von Neumann subalgebra which is amenable relative to B inside M, and let P = Nz (A)”.
Define M = (I,((?® H)® D)V M C ([,({? ® H) ® D)®, where I;({> ® H) ® D is embedded as
constant sequences. Let

HC ((L2M)®4 L*(P)) @ Fg(1? @ H))”

be the || - ||-closed span of the sequences
(n—’? S G, (1) Com)y ®42) @ (e, ® )5 ®hm))
U1seens Jm)=0

forallm>1, o € P12(m), x; e BSB, ye M, z€ P and hy, ..., h; € H. Define two *-representations
7:M — B(H), 8: P® - B(H) by

n(xa,)(n—"; 3 (n,-l(xl)---njm(xmw®Az)®s(e,-1®h1>---s(e,~m®hm>)
(jl""’j’n)=0

= (”_WEM/ Z (i, (y1) -+ 1), (Xm)y ®a2) @s(ei; ®Kky)---s(ej, ®hm))

(l.]()=0'/,(j[)=0'

and
6(u?) (n—"f (50 )y ©42) D(e D) +-5(es, S )
(1seees Jjm)=0
= (n_gl Z (7w, (x1) -+ 7, (Xm) Yy ®azw) @ s(ej, @hp)---s(ej, ®hm)),
(J1sees Jjm)=0
where

Xg/ = (n"rg Z wiy (1) wi,, (Ymr) @ s(ei, @ k1) ---s(ei,, ®km/)) EM

({1,eeisiyy)=0"
is a Wick word in M and w € P. Define N = (M) Vv 0(P°P) C B(H). Note that w(M) and 6(P°P)
commute.
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Theorem 5.1. There exists a sequence of normal states w, € Ny satisfying the following properties:
(1) wp(r(x)) = 1(x), x € M.
(2) wp(w(a)f(a)) > 1, acU(A).
(3) ||wn o Ad(r(u)B (1)) — wy || — 0, u € Npy(A).
Proof. Throughout the proof m, will be the completely contractive finite-rank multipliers on T}, ({*> ® H)

given by multiplication with a positive finitely supported function f; constructed in [Avsec 2012] and
¢On = (my ®id) : M — M the corresponding cb map on M. Take

K c (L} (M) ®@p L*(M))?

to be the || - ||-closed span of the sequences

(n_’g Z (]T/l (X1)"'7ij(xm)®.5'(ejl ®h1)"'S(€jm ®hm)) ®D y) :(xg‘ ®D y)’
(1seees Jm)=0

where x; € BSB and y € M. Note that K is naturally an M -M bimodule with the actions

xa/-(n—’? ) (nh(xl)-~-njm(xm)®s<ejl®h1>---s(e,~m®hm>>®py)-z
(J1seees Jjm)=0

(R 00 (o) ®5(en B +5(e B ) 8 yz),
(ir)=0",(1)=0
where xo' = Xg/(V1,k1, -+, Ym’ - km’) € M and z € M. Define S4 = A(M) Vv p(A°P) C B(K), where A
and p are the representations of M and M °P canonically associated to the left and right actions on I,
respectively.

Step 1. There exists a normal, unital, completely positive map £ : N' — S 4 such that
E(m(x)0(y*™®) = A(xX)p(Ea(y)*), xeM, yeP.
Indeed, define an isometry V : L — H by

(n_nzq Z (Jle(.X])"'T[jm(xm)@S(ejl®h1)"'S(€jm®hm)) ®D y)
(jl,--~ajm)=0

- (n—’%’ S G (0 (o) y @4 ) @5(ej, @) - 5(e, ®hm))-
(j]""’jm)=o,
Then £ can be defined by £(z) = V*zV, z € N.

Step 2. There exist normal functionals ,uﬁ : S4 — C such that
WA (x)p(a®) = t(pn(x)a), xe€M,ac A

We need two lemmas. Recall the formulas for Wick words and reduced Wick words introduced in
Theorem 3.11.
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Lemma 5.2. L?2(M) ®p L*(M) embeds as an M -M bimodule into K.
Proof. The map
L*(M)®p L*(M) — K,

(n_z Z T (xl)---j'[jm(xm)®5(€jl ®I’21)S(€]m®hm)) ®By
(jl""sjm)=a
— (n_2 Z (wj, (x1) -7, (Xm) @ 5(ejy, @ hy)---s(ej,, ®hm)) p y),
(jla---ajm)=(7

or in other words (x?) ®p y — (x2 ®p y), is an M -M bimodular isometry. The bimodularity is obvious,
so it remains to check that it preserves inner products, in other words that

((xn) ®B ¥, (x,) @B ¥') = ((xn ®p ¥). (x;, ®p ¥")).

Let’s denote by Ep : M — D and by Epg; : [,((? ® H) ® D — D ® 1 the canonical conditional
expectations. Since D = D ® 1 C M C (I,(¢?> ® H) ® D)® is embedded as constant sequences, for
every (x,) € M we have
Ep((xn)) =w— lim Epg1(xn).
n—-w

We now claim that for any (x,) € M C M we have Ep((x,)) = Ep((xz)). It suffices to prove this for
(xn) = Wy € M areduced Wick word. Let s be the number of singletons in o. Let

Wo = (n_é >0 g, (Fo(xr.....xm)) ®@s(ey, ®hy,) -+ s(ey, ®hks))-
U1,0ensl5)=0

We have two possibilities. If s = 0, then Wy = F5(x1,...,xm) = EB(my)(X1) - Ty (m)(Xm)) € B;
hence Ep (W) = Wy = Eg(Wy). If s > 0, then Ep(Ws) = 0. On the other hand, according to our
previous remark, we have

Ep(Ws) =w—lim Epgy (n_5 S g, (Fo(x. ... Xm)) ® (e, @ hy,) -+ s(eg, ® hks))
(lla"'sls)=0

=w—lir{nn_% Z t(s(er, ® hgy)---s(er, @ hr )y, 1, (Fo(x1,..., Xm))
U1 soels)=0

=w —li;gnn"% > t(Wey ®hg, -1, @ i ey, .1, (Fo (X1, ... xm)) = 0.
(119"'715):6

This proves our claim. Now, for (x,), (x,), v, y’ € M we have
((xn) ®B ¥, (x,) ®B ¥') = i (E((x;"xn)) yy"™) = T (Ep ((x), X)) yy"™)
= lim 7p((E190 (¥, ¥a)yy™) = lim(x, ®p v, x, ®p ¥')
= ((x» ®p ¥), (x, ®p ),

which finishes the proof of the lemma. O
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Lemma 5.3. There exists an orthonormal basis Yy of L>(M) over B such that for every n, f(Yy) =0
for all but finitely many o’s, where we denote somewhat abusively fn,(Yy) = fn(s), s = the degree of Y.

Proof. Since Dy is finitely generated over B for all s, according to Proposition 3.20, for every s > 0 we
can find a finite orthonormal basis (Y S) of L2(M) over B. The union (Yy) of all the Yﬂs ’s is a basis of
L?(M) over B. For a fixed n, there ex1sts s = s(n) such that £, (&) = 0 for all § € H®k, for k > s(n). For
any t > 0 and Y, € L?2(M) we have f,(Yy) = f»(¢) and also for every Yy € @k>s(n) Lk(M) we have
fn(Yy) = 0, both due to the reduction formula. On the other hand, the set of those Y € EBS(") L2 (M)
is finite, which finishes the proof. O

Denote by ¢ the M -bimodular embedding in Lemma 5.2 and define

(M) =Y fu(Ya)(Te(1®p 1),t(Yy ®8 YY), T eSa

Then ,u;:‘ € (S4)+ satisfies all the required properties.

Step 3. Set y, = i;)} o€ € Ny, and wp = ||y ||~ |yn|. We will prove that the wy,’s satisfy all the required
properties. First note that, by construction,

Yn(m(X)0(yP)) = t(pn(x)Ea(y)), xe€M.yeP.
Toward proving the required properties of the wy;’s, we will first establish the following two claims:
Claim 1. limsup,, ||| = 1.
Claim 2. Tim, ||z 0 Ad(A()p(@)) — wid]| = 0, u € Ny (A).

Proof of Claim 1. Fix a von Neumann subalgebra O C P which is amenable over B. Just as in
Step 2 above one can construct normal functionals ;LnQ on Sg = A(M) v p(Q°P) C B(K) satisfying

,,Q(/\(x)p(yOP)) = 1(pn(x)y) for x € M, y € Q. We will show that lim sup ||[L,? || =1, and this will
help us establish both claims. Since /L,,Q is normal, it suffices to estimate its norm on an ultraweakly dense
C*-subalgebra of Sg. Denote by S¢ the ultraweakly dense C *-subalgebra of Sp generated by A(x4)

for xo € M the Wick words and p(Q°P). First we note that there exist cb maps ¢, : So — Sp such that

Pn(A(xg)p(y?)) = Men(x6))p(yF), xo €M, y€Q,

and ||@nllco = |l¢n|lco. To prove this take K C L2((M & I, (¢? ® H))®) to be the || - ||2-closed linear
span of the sequences

(n"f S (0 (i)Y @ 5(e, @) -5, ®hm)) — (2@ 1)
U1seeesjm)=0

for all x; € BSB, h; € H, y € M. Now define an unitary operator U : K — Eby
(xg ®p y) > (x5 (y @ 1)).

We can then define
Pn(z) =U((d@m,)°(UzU*)U, z€Sp.



1684 MARIUS JUNGE AND BOGDAN UDREA

Then the maps ¢, satisfy all the required properties. The complete boundedness of the ¢, is a delicate
matter and it will be addressed in Section 5A below. On the other hand, since Q is amenable relative
to B, we see that the M-Q bimodule L?(M) is weakly contained in L2(M) ®p L?*(M), which in turn
is contained in K. This produces a *-homomorphism © : Sg — B(L?(M)) such that ®(A(x)p(y°P)) =
Aum (x)par (y°P), where Apz, par are the natural actions of M on L?(M). But then

12(z) = (O(gn(z)1,1), zeSg,

and this implies that lim sup || ,unQ | = 1. Then by taking Q = A we get lim sup || u;'|| = 1, which finishes
the proof of the first claim. O
Proof of Claim 2. Fix a unitary u € Njs(A). The algebra Q = (A, u) C P is amenable relative to B, so
by the proof of Claim 1, lim sup ||unQ || = 1. Now since unQ(l) = 17(¢p(1)) > 1 and ,u,nQ Aw)pw)) =
T(pn(u)u*) — 1, we see that ||;L,,Q o Ad(A(u)p(u)) — ,unQ|| — 0; hence by restricting to S4 we get
|14t 0 Ad(A(u)p(it)) — || — 0. Using the fact that Ad(A(u)p(it)) 0 £ = € o Ad(rr(u)6(i1)) and the fact
that y, = ;' o €, we see at once that ||y, o Ad(m(4)0(it)) — v || — 0. But since y, (1) = t(¢n(1)) — 1
and lim sup ||y, || = 1, we see that ||y, —wy || — 0. This further implies ||wy, o Ad(7 (1)0(1)) — wy || — 0,
which establishes the third required property, and the other two follow easily. O

This completes the proof of Theorem 5.1. O

5A. cb-estimates for the multipliers. Here we will prove that some multipliers defined on certain C*-
algebras or von Neumann algebras are completely bounded. The first case is that of the maps ¢, which
were used in the proof of Theorem 5.1 above. In the second case we prove the complete boundedness of
some normal multipliers on the von Neumann algebra N\ introduced above, which are needed to construct
a concrete standard form for N. We recall some notation.

Notation. M = (I[,((?® H)® D)V M C (I[;({> ® H) ® D), where we regard I';;(¢> ® H) and D
as constant sequences. Let K = L?(M) or K = L?(M) ® 4 L?(P). We introduce the subspace

LC(K®F;(l®H))®

as the || - ||-closed linear span of the sequences

(""3 > njl<x1>--~mm<xm)y®s(ej,®h1>--~s(e,-m®hm>)=<x::<y®1))e(mwz@w»w,
Ulsewsim)=0

form > 1, 0 € P1a(m), x; € BSB, hj € H, y € M. Let’s define the extended Wick words x, =
xO’(xlah19"-9xm’hmvyop) by

x(,:(n—’? 3 njl(xl)---njm(xm)y"f’@s(e,-l®h1)---s(e,~m®hm>),
(.jl aaaa Jm)=0

where m > 1, 0 € P12(m), x; € BSB, h; € H, y € P, viewed as operators in B(K), i.e., acting naturally
on sequences in L. The reader can check that:

(a) L is invariant to the natural action of the extended Wick words.
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(b) £ =span{A(xs)p(yYP)(1®1):xs € M, y € M} when K = L?(M) and
L = span{r(xo)(1®@ y)0P) (1@ ®1):xs €M, ye M, z€ P}
when K = L2(M) ®4 L?(P).

(c) L is invariant to the natural action by orthogonal transformations of H given by
O(H) - Aut(M RT,({*> ® H))?), 0— o, = (id® I,(id®0)).

Let C(H) C B(L) be the C*-algebra generated by the elements

(n—’ﬁ > njl(xl)---n,-m(xm)y%s(ejl®h1>---s(ejm®hm>)=<x3(y°"®1>)’
(jla-“ajm)=0

where x; € BSB, hj € H, y € M, 0 € P(m). Also let 6(H) C (B(K) ®min I3 (£?> ® H))® be the
C *-algebra generated by the elements

(7 X w0 )y @s(e ©h)es(es, ) = (AP )
(jla"'sjm)=a

where x; € BSB, y € M, h; € H, 0 € P(m), the ultraproduct being the C *-algebra ultraproduct.

Remark 5.4. Let m, be the multipliers on I'; (/) associated to the nonnegative finite support functions
fo N —=>R:
(1) One may assume that for every k, f,(k) =1 for o large enough and that lim sup,, ||mg|lcb = 1.
2) (d®my) : C (H) — (B(K) ®min [;({? ® H))® are completely bounded, and are the restrictions
of normal maps.
Lemma 5.5. Let G(H), C(H) and my, be defined as above:
(1) Let p: (B(K) ®@min I'y (?® H))* - B(K ® Fq (02 ® H))?) be the x-homomorphism defined by
P((Tn))(En) = (Tnén). Then p(C(H))(L) C L, so [p(C(H)), Pc] =0.
(2) The map @ : 6(H) — C(H) defined by ©(T) = p(T) P is a surjective x-homomorphism.

(3) If o ¢ P1(m), then ®(x}(y°P ® 1)) = 0. In particular, C(H) = @(G(H)) is spanned by the
elements ®((x2(yP ® 1))) form > 1, o € Py 2(m).

@) If (xn) = (x;,) € M, then ®((x,(yP? ® 1))) = O((x,,(¥y°? ® 1))). In particular, C(H) is spanned by
the elements ® (W5 (y°? ® 1))), where Wy € M, o € Py 2(m) are the reduced Wick words.

Proof. Take (x2(yP® 1)) € C (H), (x,(z®1)) € L. Due to the convolution rule we have
(2P ODNEHGEOD) = (b)) = Y. (LEy®D),
yeP(m+m’)

where the summation is taken over all those y’s which preserve the connections of both o and o”; i.e., if
some indices are connected by o or ¢”, they will remain connected in y. Now for all y ¢ Py 2(m +m’),
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the corresponding term vanishes, because [|x3(zy ® 1)[|2 < [|zy|loo [|x} [[2 = 0. Thus

(PPN L @)= Y (hzy®D)eL,
yePlgz(m-i—m’)

which proves the first statement. Also, if 0 ¢ P; 2(m) to begin with, every y in the sum will also not
be in P; »(m + m'); hence the whole sum vanishes, which proves the third statement. The second
statement is trivial. If (x,), (x;,) € M such that lim ||x, — x,,|2 = 0, then for every (y2(z ® 1)) € K,
we have [[xpy5(zy ® 1) = x,y5(2y ® Dll2 < [yg loollzyllcllxn — x5 ll2 = 0, ie., D((xn (yP @ 1)) =
O((x;,(y°? ® 1))). The last statement then follows from the reduction formula. |

Our goal is to prove that under certain conditions the maps (id ® my) descend to a multiplier on the
quotient algebra, namely C(H ). This is done via a careful analysis of ®s.

Lemma 5.6. There exists a complete contraction

¥ (K@ L2(T,2@ H)) & (K® LA (T, (2 ® H)) - L'(B(K) ® T,(2® H))

such that
Y(h®a)® (k®b)) = (h®k)®ab*

andtr(SRT) W (h®a)®(k®b))*) =((SRT)(k®b),h Ra). Here (k ® h) is the rank-1 operator
with entries (kih;) in a given basis and ®}, denotes the Haagerup tensor product of operator spaces.

Proof. We recall that for a semifinite von Neumann algebra M the space M = L1 (M, tr)* is the antilinear
dual with respect to the trace (T, p) = tr(Tp*). Moreover, for M = B(H) one usually considers linear
duality with respect to the transposed p’ of a density p:

(T, ) By, 51 (ary = t(Tp') = (T p*) = (T, p) ) 570)-

Using the description of S1(H) = H" ®; H¢ as a Haagerup tensor product, we find a natural map
w:H" ®y, H° — B(H)* given by

t
a)(h ®k)(T) = tI‘(T( E h,-kje,-j) ) = tr(T( E h,-kjeji)) = E Tijhikj = (T(k),]’_l).
ij ij ij

Let M be a semifinite von Neumann algebra and (§;) be an orthonormal basis. Then we may define the
antilinear map v(a) = )_;(£;,a)&; and observe that

(b.v(@)) =Y _(b.&)v(@).&) =Y _(b.&) (& a) = t(ba™).

J J
Therefore m = w(v ®id) : L2(M) ®), L>(M) — B(L*(M))* satisfies
m(a ®b)(T) = (T (b),v(a)) = ©(Tha*) = (T (ab*)*)) = (T, (ab™))

for all T € M. This shows that m(a ® b) = ab* is a complete contraction from L_%(M) ®p L2(M) —
L1(M). Now we repeat the argument for H = K ® L?(M) and V(h ® b) = k ® v(b). Then we obtain a
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complete contraction ¢ = w(V ®id) : (K ® LZ(M))r ®p K®L*(M) — B(K ® L?(M))* such that
forSe B(K)and T e M

V((h®a)® (k @b))(S @ T)(S(Kk), h)t(Tha*) = (S(k), h)(Th,a) = (S @ T)(k ® b), h @ a)
=(tre0)(S®T)(kQh).

Here (¢ ® B) =) ; ; eijaiPj is the density of the corresponding rank-1 operator. Therefore the map
Y((k®a)®(h®b))=(h®k)®ab* does the job. O

Corollary 5.7. Let £ C (K ® L>(T;({> ® H)))® be defined as above. Then there exists a completely
contractive map

WL @y L — (L1 (B(K) @ T,(2® H)))”

and a complete contraction q : (L1(B(K) @ T;({?> ® H)))w — [(B(K) ® T, (2 ® H))®]* such that
(qoW)(k @h)(T)=(T(k).h).

In particular V™| =o.

C(H)
Proof. For €, n € L given by € = (£,)n, 1 = (1n)n We may define

VE @ = En @nn)n-

where 1 is the map from Lemma 5.6. Now W obviously extends by linearity, thanks to the definition of
the Haagerup tensor product and the well-known fact that M, ((X,)?) = (M, (X,))?; see [Pisier 2003].
The map g is given by the limit

Q((En)n)(Tn)n = nli_fg)(tr ®T)(Tn§:).

Now the assertion follows from Lemma 5.6 and the fact that the duality pairing is given by the limit along
the ultraproduct. U

Remark 5.8. Let H be an infinite Hilbert space and H C H'. Thanks to the definition of the C *-algebra
C (H) as a subalgebra of the ultraproduct, we clearly have an isometric inclusion C (H) C C (H'). The
C *-algebra C(H) C B(L(H)) depends on our minimalistic definition of £(H ). Certainly, L(H) C L(H')
and hence the tautological map ¢(xy) = Xg, t(y°P) = y produces a larger norm on £(H') than on L(H).
Let us consider a noncommutative polynomial p in a finite number of x4 ’s and y°P’s, and we may assume
that the x, only contain vectors from a finite-dimensional subspace Ho C H. Then we can find norm
attaining vectors &, € L(H') for p. Then we write H' = Hy ® Hd- and may also assume that the &
and 7 are linear combination of elements in £(Hy) and £(Hy), where Hy C HOL is a finite-dimensional
subspace. Using the moment formula, we see that the inner product remains unchanged after applying an
orthogonal transformation o which sends H; to a finite-dimensional subspace of H orthogonal to Hy
and leaves Hy invariant. This implies

Iplccny = sup & pn)l= sup  [ao(8), pao(m)| = llPllcca-
lel<t.lnl<1 [HENETES
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Let us denote by gg = ®| :C (H) — C(H) the quotient map. Then we obtain a commutative

C(H)
diagram

C(H) - c(H)
C(H') 1\ c(H')

where the left-hand downward arrow is the natural ultraproduct inclusion and the right-hand downward
arrow is the tautological inclusion (which is well-defined and injective). This allows us to identify
elements in the kernel of gg by considering gg-.

We recall that thanks to Avsec’s result, the orthogonal projection Py : I';(H) — I';(H) onto Wick
words of length k is a normal completely bounded map. We use the same notation

Py LY (T,(H)) — LY (T,(H)),
id® Py : LY(B(K)®T,(H)) — L1(B(K) ® T,(H)).

Let us note that one can take P;” : [ ] LY(B(K) ® I;(H)), the extension to the ultraproduct of L! spaces,
which satisfies

((id ® Pr)((Tn)). (En)) = ((Tn). (id ® P)((§n)))

with respect to the antilinear bracket given by the ultraproduct trace; see also [Raynaud 2002].
Lemma 5.9. The kernel of ® o P,g’ contains the kernel of qg .

Proof. The map ® o P;” is normal. According to Remark 5.8 it therefore suffices to show that for §,7 € £
we have

(id® P)(V(E®n) € Im(Va)

for some potentially larger Hilbert space H'. Let us now consider Wick words (x),, X2, and y°P, y°P.
We have to consider

Y((FEo 7P ® (X6 yP)n) = W (X5 VP @ x5YP))n.
For fixed n € N we see that
~n n_opyy _ ,—2dm =N VOP & 7~ (F) TP & T~ ()T *
V(EN) @ Ly =n""" 3 @@y® e @77 ®5;(h)5;
Ux)=6, (jx)=0

= Y W @I e,
o’eP(m+m’)

where

V' (55 ® Xoy) = > (F(a)y®P ® 75 (@) §P) @5 7 ()5
Ulseordiismseensj1)=0"
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Note also that ¢’ has to be obtained by joining singletons from & and o. In this context we observe
again that is enough to consider o’ € Py »(1 + m). In the following example we see that

Z(”jl (@), (az)y® ® mjy (a1)y™) ® szl Sj1

J1 1
= anl (@) y* ®sjieji,1

A

Y wj(an)m), (@2)y® ®s7 ®en
J1

<cqla,a)n K n%

is much smaller than n3 and hence vanishes in the limit. For more complicated configurations, we may
assume that o and & are pair/singleton partitions, and that new links in ¢’ € P; »(m + 1) are obtained
from joining pairs or singletons in o with pairs in 6 (or the other way around). All the joint pairings can
be estimated using the definition of the Haagerup tensor product as above which yields the bound

‘ Y @ @yP @7 @)F™) @55(h)*F; (h)| < cgn” @) sup |la; | sup [|d; ||| y°P (| |5
(=6, Gi)=0 / /
Uk ,Jr)=0’

The function f is obtained as follows. Let « be the number of pairs in o being linked to either a pair or
singleton in &, and similarly let 8 be the number of linked pairs. Then we find

B_m+m a+p

|os | |0 | P _
2 2 2 2 2

using row and column vectors ey j,,...i,, €iy,....i;,1 for the number / of links in o’. Thus for o + 8 > 0 we

f(0.6,0") =

+10p| =B +

o
+|0p|—a+5+

obtain 0 in the limit and therefore only those ¢’ which link singletons to singletons give a contribution in
the limit. Now we use Pisier’s version [2000, Sublemma 3.3] of the Mébius transform. Let ¢’ be a fixed
partition with pairs {{/1,71},...,{lp,rp}}. Then there are unitaries )L;.T/ in a product of free group factors
such that

Sj(h)y=s5; @9

satisfies
a(’)i= Y W (FFP@xeyP) = Y (7 (@)yP ®7;(@)§P) ® (id ® E)(S; (h)*S(h))
= JksJk
= ([d® E)y(XZ @ X7).
Here

Xg = (n_zl Z wj (@) -~ ), (am) ® Sj, (hl)"’Sjm(hm))

(jl 7'"7jm)§0

and the corresponding expression for fg' depends on o’. Moreover, there exists a Mobius function
w(-,-) such that, see [Pisier 2000, Proposition 1],

U (%P ®xoy®) = Y (o’ ma(m).

>0’
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The advantage of this representation comes from the fact that we can actually calculate Pj for such a
fixed o’. Recall that we may assume that o’ is a pair/singleton partition. For fixed n € N and an element
=S ®W,, W, aWick word of length k, we obtain

(S @y ® 7 @) FP)) T(Was5, 55 i~ 55)

such that (j1,..., js jms-...j1) = o’. Then we obtain a nonzero term only if log| = k has exactly
k singletons. Hence we find that

(R POWERM) = Y W (%% @xyP)= Y Y ulo.ma(r).
los|=Fk los|=k w=0"

Therefore we are left to consider
a(r) = (d® E)(W(XZ ® XF)).

In order to use Remark 5.8 we have to modify the variables X . Indeed, for every pair p = {/,r}inx
we introduce a label e, and replace s(ej, ® h;) by s(e;, ® e, ® h;), and s(efr ® hy) by s(efr ®ep hy).
For the remaining singletons we replace s(e; ® h;) by S; = s(e; ® eg) and work in the Hilbert space
H' = H ® {». Using the so modified XJ s we still have

a(m) = (4 ® Er, (Gomee n ¥ (X ® X7) = lim W(ao, (XF) ® oo, (X]))

for any sequence (0;) of orthogonal transformations such that 0, (eg) = eg, which converges weakly
to e(J)-. For elements in C (H) the limit for j — oo converges, and hence this remains true for the norm
closure. Thus for an element x € C (H) in the kernel of gy we find gg/(x) = 0 and hence

(x,a(x)) = lim (x, (o, (Xg) @ o, (X)) =0.
Jj—o0 ’

Using linear combinations we deduce indeed that (Pg (x), V(X5 P ® x5 y°P)) = 0. |

Corollary 5.10. Let my be multipliers given by the cb-approximation property for I'y(H ):
(i) Then (id ® my)n extend to completely bounded maps on C(H ) with limsupy, ||(id ® mg)n||cb = 1, and

limy, fo (k) =1, where f, are the associated scalar finitely supported functions. In particular, the maps
@n used in the proof of Theorem 5.1 above are completely bounded with lim sup,, ||@n|lcb = 1.

(ii) Let L(H) = CTH)SO C B(L) and note that L(H) is spanned by “extended Wick words” (i.e.,
images of extended Wick words through ®) such that lec (L(H)) (i.e., the || - ||2-closed linear span of
the extended Wick words of degree k) is finitely generated over B. Then there exists a modified family
fo(N)* : L(H)s« — L(H)« converging in the point-norm topology.

Proof. Since (id ® mo)(T) = Y fa(k)Pr(T), we see that || ®q o (id @ mg)|lcb < 1 + &4 and also
ker(qyg) C ker(®g o (id®my)). But that means that there is a unique map 7 : a(H)/ ker(qg) — B(K)
such that

I7allco = Imalleb <1+ €a.
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However, C (H)/Xker(qg) = C(H) completely isometrically, and hence 1, = (id ® my) coincides
with the densely defined map (id ® mq)W(0,£,a,y) = fu(los|)W(o, &, a, y). Let us now consider a
finite-dimensional subspace Hy C H. Since Li(L(H )) is finitely generated over B, we deduce that the
projection Py is normal on L(Hy). Hence the maps mq are also normal and restricted to the weakly
dense subspace C(Hp) we know that

Imallco < (1+¢q).

Since a weakly dense subspace is norming for L(Hg)+« we deduce that || (mg )« : L(Ho)x = L(Ho)x||cb <
(1 4 &4). Hence the normal map mq coincides with the normal map ((my)«)* and satisfies the same
cb-norm estimate. Moreover, since we have normal conditional expectations €g,, : L(H) — L(Hp) so
that |_J a, €H; (L(H;))« is norm dense in L(H ), we deduce that (mg)+ extends to a completely bounded
map of cb-norm at most 1 4+ &, and hence my = ((mgy)«)* is indeed a normal extension of the map
mgy : C(H) — C(H) with the same cb-norm estimate. This concludes the proof of (ii). O

The remainder of the subsection is devoted to proving some auxiliary results which will help us
construct a standard form for the von Neumann algebra N which was used in the proof of Theorem 5.1.
This standard form will be crucial in the proof of the main technical theorem.

Lemma 5.11. There exists an action by x-automorphisms o : O(H) — Aut(N) such that
ao(m(x)0(yP)) = (o (x))0(y™). 0€O(H), x €M, yP € PP

Moreover, let Eg be the orthogonal projection of L onto the closed linear span of the extended Wick words
of degree zero. For T € N the condition

ao(T)=T foralloe€ O(H)
implies that [T, Eg] = 0.
Proof. Let us recall that A/ acts on
H =span{n(xs)(y @ NOZP) (1 R41)R1):xo €M, y e M, z € P}
C (L2 M) ®4L*(P)) ® Lo(T, (> ® H)))”.
Recall here that H is infinite-dimensional, and thanks to second quantization, u, = (id ® ), acts on
# as a unitary. By normality, we deduce that o (x) = u,xuj, extends to a *x-automorphism of A" and
moreover, o, (0(y°P)) = 6(y°P). Let 0; € O(H) be a family of orthogonal transformations of H such
that o; (h) goes to 0 weakly in H. Let § = 7(x5)(y ®4z® 1) and n = 7 (x_,)(y' ®42' ® 1). Then we
obtain
. T . _mtm’ - - N /
lim(uo,; (§), n) = lim Tim n~" > Y @@y ®az). i (x) (Y ®aZ)
i I n—w L N / ’
=0 Ui=o" 1 (s, (0i (1))~ 8, (0i (hm))sjr () -+ 57 (h}))
=0.
Indeed, we expand the sum into the summation over ¢” € Py »(m +m’) and execute the limit over n. Then
we observe that the coefficients remain uniformly bounded. However, o; (A ) is eventually orthogonal to
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every h;c/ and then the moment formula for the g-gaussian yields O in the limit. We have therefore shown
that u,, converges weakly to Eg, the projection onto words of length 0 in the second component. By
taking convex combinations we find a net such that

SOT—h?lZafuoi = E.
1

Thus for T € N with a,(T) = T for all o, we deduce that [u,, T] = 0 and hence
Eo(T(®) =lim Y afuo, TE) =T (li;n Do, (E)) = T(Eo(§))-
1 1

This means E¢T = TE\ as desired. O

Lemma 5.12. Let BV P° C B(L?>(M) ® 4 L?(P)). Then the natural inclusion map

7:BVv PP N
is normal.

Proof. By density it suffices to consider &, = m(xg)(y ®4 2) and 7, = 7(X3)(y ®4 Z). We may assume
that xs and X is a Wick word. Our goal is to analyze

¢(T) = ’}l_r)r(lv(TEn: Mn)-

Let us first fix n € N. Then w,(T) = (T &,, ) is normal, and hence it suffices to assume T = b6 (p°P).
It turns out that we need |o| = |6| = k and then

n---(n—k+1 inv . - . .
wn(T) = (n—k) > GO (FF EAG* a0 () -y (BB (x1) - 1 (X)) zD)
yESK

Thanks to Lemma 5.2, we may replace L2(M) by L?(D) ® g L?(M) in the definition of 7. For fixed y
we may now define

Xy =ay, k(X)®BY®az, Xy =0y1),. k) (X) OBy ®4Z.

.....

Since wy, is normal we deduce that

. =k +1
wn(T) = Zq‘“‘”%(ﬂm,%)
%

for all T € B v P°P. Since the summation is finite and the scalar coefficients converge, the limit exists for
all T € B v P° and results in a normal functional ¢(7T") given by the same sum but with coefficient 1
instead of n--- (n —k + 1) /n. |

Proposition 5.13. Assume that for every finite-dimensional Hilbert space H, Li(M (H)) is finitely
generated as a right B-module (note that in particular this is the case if dimg(Dy(S)) < oo for all k).
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Then:
(1) There exists a faithful normal conditional expectation £ : N — Bp = w(B) VvV 8(P°P).

(ii) The action a is implemented by an sot-continuous family of unitary operators (Vo)oeo(H) O L?(N).

(iii) L2(WN) = By Wi (M)L2(Bp) and V,(n(x0)§) = (o (X)) for xo € M, § € L*(Bp). More-
over, &y = Ep, where Eg : m(M) — m(B) is the conditional expectation.

Proof. For a subspace H' C H we use the notation
HH) ={n(xs) (Y ®a2)®1):yEM, z€ P, x5 = Xo(X1,.... Xmsh1,....hm), hi € H'}

for the subspace generated by H’'-Wick words. Let 1z : H(H'’) C H be the canonical inclusion map and
Fg/(T) = 3, Tty the induced completely positive map. Certainly, we have Fg/(6(y°?)) = 6(y°?) and

Fr/(xo) = Ef(xq).

Indeed, if a Wick word X, contains a singleton /; € (H’)*, then Fg/(x) = 0. Using h; € H' U (H')*
we deduce the assertion by linearity. Thus Fg/(N(H)) = N(H;) C B(H(H’)) defines a normal
surjective conditional expectation Fg. Let ey be the support of Fy/. We observe that w(M(H'))
and 6(P°P) belong to the multiplicative domain of Fgs. Let N (H') C N(H) be the von Neumann
algebra generated by w(M(H')) and 6(P°P) inside N'p (H). According to Remark 5.8 and Kaplansky’s
density theorem, we deduce that Fg induces the same weak™® topology on the unit ball of N (H").
This means that the tautological embedding og g : N (H;) — N(H) given by oy’ g (xs) = Xs and
op g (0(y°P)) = 0(y°P) satisfies Fgro = idr(g;) and Fpg is an isomorphism when restricted to N(H’).
We denote by £ = o, g Fr : N — N the resulting, not necessarily faithful, conditional expectation.
Let H; be an increasing net of finite-dimensional spaces whose union is dense. Since | J; #(H;) is norm
dense, we deduce that €, H; (x) converges weakly to x as i goes to infinity along the net of finite-dimensional
subspaces. Recall that the multiplier maps m are normal and commute with every £g,. Adding convex
combination we may find a new completely contractive net, still denoted by m,,, converging in the strong,
strong™® operator topology. Thus we may assume that

lim lim(EHi (mgx)) =x
1 o

converges strongly for all x € V. In our next step we consider H'=0, i.e., themap 1: L2(M)® 4 L*(P)—H,
given by 1(y ® 4z) = (y ®4z) ® 1. This yields a completely positive map ®(7) = ¢*T'¢ such that
D(H(y°P)) = 0(y°P) and ®(;r (b)) = 7 (b). On the other hand, for a Wick word x = W,;, we see that
(Y ®42), 1 @) = lim ™% 3 (G () (7 ®uz), ¥ B )Tl (1) 5y, (hm)) = .
(ij)=0
By normality, we deduce that ®(N) = B v P°P C B(L?(M) ® 4 L?(P)). Let us denote by Bp = ®(N)

the resulting von Neumann algebra and by ep,, the support of £ = ®|,,. Since the Wick words of order 0
are obviously invariant under «,, for all 0 € O(H) and

Eap(x) = ao(£(x)) = E(x),
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we must have a, (e, ) = ep, for every o € O(H ). More precisely, 1 —ep,, is the projection of the ideal
I = {x:E(x*x) = 0} and we certainly have o, (/) = I. This implies o, (1 —ep,) = 1 —a,(ep,). We
deduce that for all @ we have a,(mgyep,) = mgep, and hence, thanks to Lemma 5.11 we know that
[Eo.mq(epp))] = 0. Now, we fix « and consider x; o = Fg, (mq(epp)) = Mg Fu, (e, ). This means

Xi,a = Z Xk
k<k(a)

where x; = Py (x). However, we have a finite basis & ¢ of L,zc (M(H)) over B made of elements in
Wi (H;) and hence for all z = w(x4/)0(y°P) we find

Pe(z) =Y m(Eks) EB(EF x6)0(yP).

)

Since Py, is normal we deduce that there are coefficients ag € 7 (B) Vv 6(P°P) such that
Xk = Z ”(gk,s)as,k € N(Hl)

s
Note here that we have rewritten m, as normal map, because the maps Ty s(x) = 7 (§5)o (E(E] x)) are
normal, thanks to Lemma 5.12. Note also that due to Lemma 5.12, 6(B v P°?) = n(B) v (P°P) C N.
On the other hand the projection Py, onto the range of (g, contains the range of « and hence

[EO’ L};in,;ld(eBp)LH,’] = L;—Il» [EO’ md(eBp)]tHi =0.

Thus we have [Eg, x; o] = 0. Let us consider n = (y ® 4 z) ® 1. We deduce that
XiaD= Y > wlEks)arsm).

k<k(x) S
Moreover, we see that

Ep (&5 xXia(m) = Ep (€ k&s.i)ar,s ().

We may assume that fi s = Ep(£], & x) is a projection in B and ay s = fisaks. Since the conditional
expectation can be calculated using vectors in the Hilbert space, we deduce that

ars(n) = Eg (€5 x1a(m) = Eg (€ Eo(xia(n)) =0

for all k > 0. Thus only the coefficient for k = 0 survives and hence x; o € o(B Vv P°P). This remains
true for the limit along o; i.e., x; = Fp, (ep,) € 0(B v P°P). Since | J; tg, is norm dense we find that

egp =w* —lim Fy, (ep,) € (B Vv PP).
1
The restriction of the normal map ¢ o £ to o (B Vv P°P) is the identity. This implies
l—ep, =00&(1—ep,) =00&(epp(l —epp)ep,) =0.

Thus eg, = 1 and & is indeed a faithful normal expectation. Now it is easy to conclude the proof
of the crucial assertion (iii). Indeed, we may assume that 7 (B) and 6(P°P) both admit weakly dense
separable C *-subalgebras and hence fix a faithful normal state ¢ on Bp. Then 1y = ¢ o€ satisfies Connes’
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commutativity relation for the modular group £ (Gtw (x)= 0? (£(x)). We refer to [Haagerup, Junge and Xu
2010] for the fact that we have a natural embedding of the Haagerup spaces L?(Bp) — L?(N) given by

1 1
Lp(xddf’) = xdlf

for the densities dp € L1(B v P°P), dy, € L1(Np) associated with the states. Moreover, the support
of dy is 1. This implies that L?(N) = N'L?(Bp). By approximation in the C*-algebra generated by
(M) and G( P°P), we see that the span of elements of the form

7 (o) 0PN

is dense in L2(N\). However, we have

(T (x0)0(P)dZ) ()0 (PN ) = r(B() 7 (x0) 7 (x,)8 (=) dy )
= (B() O (x0) () dy )
Y (OO 007 (x0) 7 (1))
BEBGP) ()7 (x0) 7 (1))
OO OEDIE (T (x0) 7 (1))
=9 (0(y™®)"0(zP) Epm(xg)*m(xy)). (5-1)

For the proof of the last equality, we may assume that x, and x, are reduced Wick words. As in
Lemma 5.12, we see that

((xg)(y ®a2), w(x0) (Y ®42))

=limn~ 3 Y t(FEAGE O (00)2) T, ) -5, (0)sj, (1) -85y, im)

n ~
Ur)=0, (jp)=6

=5|0|s|v| Zqinv(a)n—lal Z T((ajy(l)a-"»jy(k)()z))*ajla-n»jk(x)yEA(ZE*)j;*)

yE€Sk (J1seeesdi)
= 8ol D 4™ T(b(x. %, y)yEA(zEN)F).
YESk

The limit (x, X,y) € B only depends on x and X and the permutation y. Placing the summation
inside we find indeed Ep(x;xs). Thus we have shown that £[,(3r) = Ep. We deduce that the spaces
Wi (M)L,(Bp) are mutually orthogonal. Finally, we have to discuss the action « : O(H) — Aut(N).
For an arbitrary s-automorphism « of A/, we may define the action on LZ(\) via

a(xdj) = a(x)(dy oa™)2.

It is easy to show that this action is independent of the choice of a normal faithful density d associated
with state ¥. Here d oo~ ! is the density of ¥ o ™!, Thus we deduce from a,(8(y°P)) = (y°P) and
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the fact that ¥ o oy, = ¥, that

1 1
o (1 (xg)0(yP)d ;) = ao(m(x6))0(y*)dy .
as expected.

|

Remark 5.14. A posteriori, we deduce that under the assumptions above, Fg- is faithful for every
subspace H' C H because £ = EFy.

6. The deformation bimodules are weakly contained in L2 (M) ® g L*(M)
for polynomial dimensions of D (S) over B

6A. Norm estimates for decomposable maps. Let H be an M-N bimodule over finite von Neumann

algebras M and N. We will introduce some norms which will enable us to show that the M-N bimodules
associated to certain maps ® : M — L1(N) = N,*

are weakly contained in H. To be more precise define

|l = inf{ SIE NI 1(@@)y) = S {(x® yP);. m>} .
g _

J
The infimum is taken over elements §;,7; € H.

Lemma 6.1. Let K be an M-N bimodule such that for a total set of vectors § € K the map g : M —
LY(N) defined by

(P (x) () = ((x ® y™P)§. §) = (xEy.§)

satisfies || Pg||g < oo. Then K is weakly contained in H.
Proof. Let us recall that K < H if and only if we have the relation between the kernels

ker(wgy) C ker(ng),

where g7 : M Quin NP — B(H), respectively ng : M ®pin N °P — B(K) are the canonical representations

Let z =lim z; be a limit of norm-1 elementary tensors which converges to an element z € ker(wg) with
respect to the max norm. Let § € K such that ||®g||g < oo. This means we may assume that

T(@e(x)y) =Y _ar{Exmy). & Inll < 1.
1

and ) ; |o;| is finite. Using ||z; [|nin < 1 and uniform convergence, we may interchange limits and deduce
(26.26) = lim(§. 27 ;) = > lim(&, 27 2m1) = > ay(zg . znp) =0.
I I

Thus for any linear combination § = ), & of elements such that the ®, ’s have finite H norm, we still
have wx (z)é = 0. By density this holds for all £ € K.

O
As an illustration for the norm estimates let us prove the following result.
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Lemma 6.2. Let Hg = L,(M) ®p L>(M), and assume that Li(M) has dimension dj. over B. Let
Pp:L*(M) — L]2c (M) be the orthogonal projection. Then

I Pelles < di-
Proof. We recall that
(x®yP(c®d),a®b)=t(b*Eg(a*xc)dy) =t(Eg(a*xc)Eg(dyb™)). (6-1)

Assuming that §; is a basis with Ep (Ej’."éi) = Jjje;, e; a projection, we see that

t(YPe(x) =Y t(y&EpErx) =) (x®@yP(1®1).& ®E7).

j J
Since (§; ®§7.& ® &) = T(E(§7§)E(§7§))) < t(e;), we deduce the assertion. O

6B. Configurations. Our main goal here is to analyze the operators ®¢ , : M — L1(M) given by
¢, (x) = Epr(§xn), where £, n are elements in I';(B, A ® (H & H)). We will start with monomials

S = S(xhhl)"'s(xmahm)’ 77 = S(‘x},‘l’l” h:,n/)'s(x/l,hll),

where h;,h}, € H x {0} U {0} x H. Although our goal is to obtain estimates for arbitrary x, we will
first assume that x = ¢ is a reduced Wick word from M and only contains singletons from H x {0}. By
considering the moment formula we can reorganize the trace using configurations

e = Y 1 ®a(?)
o configuration
whenever ¢’ is another reduced Wick word. Here a configuration o = (GoxH, 0mx0. I¢,¢. Iz n) is given
by

(i) a pair partition ogx g of {1,...,m}U{m’, ..., 1} so that all the pairs {/, 7} have indices in 0 x H;
(ii) a pair partition oo of {1,...,m}U{m’, ..., 1} so that all the pairs {/, } have indices from H x 0;

(iii) subsets Ig¢ ¢ C {1,...,m}, Iz, C{m’, ..., 1} disjoint from the support | J ooxz U |J 0 xo of the
partitions above.

Indeed, using the moment formula for 7(¢’§¢n) we know that we have to take the sum over all pair
partitions of length m +m’ +k + k', k =|¢|, k' = |¢’|. Every such pair partition has to respect the pairs
of 0 x H and that defines our ogx z7. Some pairs can combine elements from & and 1 with coefficients in
H x 0. This defines o x¢. Some partitions connect £ and ¢ and some ¢ with 1. The left-hand sides of
the pairs between & and 7 define the set /¢ ¢ and the right-hand sides of the pairs from ¢, n define I¢ ;.
All the remaining pairs will connect ¢’ and ¢. Since ¢ and ¢’ are themselves Wick words, there are no
pairs connecting elements from ¢ (¢) with itself. We see that indeed, the sum over all partitions can be
regrouped into first summing over all configurations (which only depend on £ and ), and then summing
over all partitions supported by these configurations. Let us note that once a configuration « is known we
can determine exactly how many crossings will be produced by pairs in 0 x H. Indeed, we know that
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|1 ¢ |+ |1z | many singletons will be removed from . According to the position of the left legs in oox g
some extra crossing will be produced from the set /¢ ;. The same applies for /¢ ¢. Here is an example:

al dj bl as b3 C1 Cp2 as dl c3 C4‘d2 b3 dl aq b].

Here ogx g are given by the positions of b1 and b3. The set I¢ ¢ is given by the position of a3 and o g xo
is given by the positions of a;. The b’s are responsible for 8 + 1 + 1 + 1 crossings: eight crossings
with ¢’s, one crossing among themselves, one crossing coming from a’s and b’s, one crossing from the
b’s and d’s. Thus k(o) =2x (6—2) + 1+ 2.

In our next step we replace the monomials £ and n by Wick words. This means we only have to sum
over those configurations such that ogx g and o g xo connect £ and n and no pair £ and 7 with itself. In
addition the reduction procedure produces scalars and new operator-valued expression o, ... j, (B) with

B € D (S). We have proved the following simple combinatorial fact:

Lemma 6.3. Let £ and 1 be Wick words obtained by reduction and { € M be a Wick word of length
k = |¢|. For a fixed configuration a there is a number k() such that for all -1 < g <1

Dy (§) = gF@2,

where Z is a linear combination of reduced words with smaller length k — |I¢ ¢| — |I¢ »|. Moreover, if
k > m +m’ is the length of {, and L is the cardinality of oox g , then

k() > (k—m—m')L.
We will give more precise information about E in the next paragraph.

6C. Generalized q-gaussians. As a tool we will use a slight generalization of the von Neumann algebra
I'y(B, A® H). This generalization is based on matrix models of the ordinary g-gaussian von Neumann
algebras. This approach was invented by Speicher [1992; 1993] and has been applied in many situations;
see, e.g., [Biane 1997; Junge 2006; Junge, Palazuelos, Parcet, Perrin and Ricard 2015; Junge and Zeng
2015; Nou 2004; 2006]. Let Br: H — ﬂp LP(Q, X, u) the standard brownian motion so that Br(k)
is a normal random variable and (Br(h),Br(h’)) = (h,h’). The o-algebra is chosen minimal. This
construction is well known as the gaussian measure space construction. Given a self-adjoint matrix &;;
with values {—1, 1}, there are symmetries v; € M» (C) such that

ViVj = E&jjV;V;.

Speicher’s important idea is to choose the matrix ¢;; independently at random for all pairs. We will work
with double indices &(; r) (k,s)» Which are independent as functions of the pairs {(j,7), (k,s)} whenever
t # s or j # k and satisfy

P(egin,ks) = 1) = (1= 0y)

as long as (j,t) # (ks) for a given matrix Qy ;. This allows us to construct matrix models

u(t.h) = (% S s ®gj(h)) e [T © ® L= (@)
j=1 n now
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which satisfy

Tt hy) - ultm, ) = Y [T Quie ] (haho).
ocePy(m) {a,b}eo, {c,d}cc {a,b}ec
a<c<b<d

In other words the constant term g™ is replaced by the product of the crossing inversions weighted
according to Q. Indeed, by independence

1_[ Qtatc = [Ef(vjlstl Tt Ujm,tm)

{a,b}eo, {c,d}eo

a<c<b<d

for (ji,..., jm) <o. Inparticular for a fixed ¢ and ||| = 1 the random variable u(¢, &) is just an ordinary
g-gaussian. This central limit theorem is well known and goes back to [Speicher 1992; 1993]; see also
[Junge 2006; Junge and Zeng 2015].

We may easily generalize this to the A-valued situation by considering a sequence of symmetric
independent copies (7, B, A, D) and defining

u(t,h,a) = (% Z Vi ®gi(h)® nj(a)) I= l—[(Mzn C)®L®(Q)RD),.
j=1 n

n,w

For a subset 1 € S = §* C A, we denote the von Neumann algebra generated by the elements u(z, ki, a),
teQ,heH, acS by Fg(B, S ® H). Then define the von Neumann algebra I'g (B, S ® H) by the
same procedure as in Definition 3.4. A look at the moment formula allows us to state the following fact.

Lemma 6.4. Let To C T be a nonempty subset such that Qs = q for all s,t € Ty. Then T'y(B, S @ H)
embeds into I'g (B, S ® H) in a trace-preserving way.

Remark 6.5. As observed in [Junge and Zeng 2015] the reduction procedure still works in the generalized
g-gaussian setting.

Let us return to a configuration « as in Section 6B above. We replace the Wick words W (a, E) and
Wy (a', h') by new Wick words Wy (a, h) Wo(a’, h') as follows. For a configuration @ with a partition
oox g of the indices labeled with 0 x H, we define a new matrix

g if hg and kg are both in 0 x H,
q else.

0s:(q) =

Note that the matrix only depends on the first component ogx g of a configuration. For every pair
p ={l,r} € opxg we introduce a label e, and replace h; and &) by h; ® e, and h) @ e, to avoid
over-counting. We denote by Hy, H/ the modified vectors. Starting from

§0@ =So@(H1.a1)--so@)(Hm), 10@) = 50@ Hpy ) -+ s0@) (H1,a})

we apply the same reduction procedure (eliminating all the pairs from the nonreduced words X4 (l; ,ad))
for the W,’s and obtain the reduced Wick words Wy g)(H ,a), WoG)(H'.a’).
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Lemma 6.6. Fix ogxg. The function
F@)= Y, Enu(Wo@(H &)tWog(H'.a")
@01 =00x H
is a polynomial in § with lowest degree at least (|{|—m+m’) L and largest degree at most (|{|+m+m’) L.

Proof. Let a be a configuration which contains o¢x . Comparing the terms in the moment formula for
‘L’(Z/Wq (/’l, 5)§Wq (l’l’, a’)) and T(E/WQ@) (h, ﬁ)CWQ@ (h’, a’))

we see that they differ by the factor (§/¢)*® number of pairs. Note however, that k(cr) only depends
on «. This implies the assertion. O

6D. Weak containment. We need a simple fact about polynomials:

Lemma 6.7. Let [a, b] be an interval, Py(a, b) the set of polynomials of degree d, and a <ty <t1 <
-+« <ty < b distinct points. Then the map ® : Pg(a,b) — C2t1 ¢(f) = f(t}), is injective. Moreover,
there exists a matrix a; j such that for every polynomial

p)= > et*
0<k=<d
of degree < d we have

o = Zak,jf(lj)-
j

Proof. For 0 < j < d we define the polynomial p;(f) = (Hi;éj (tj — 1,‘,-))_1 [1i5;(t —1i), which has
degree d. Then we see that p;(#;) =1 and p; (#;) = 0 for i # j. In particular, the polynomials (p;)o<;<d
are linearly independent and hence Py (a,b) = span{p; : 0 < j < d}. This implies

p)= Y ptj)p;)
0<j=d
and in particular ® is injective. Since moreover, the monomials are linearly independent in Co (a, b), we
see that the linear map W(«y,...,ag) = @(Z k Ok t]k ) is invertible and can be represented by the matrix

Cirx= t]k, the well-known Vandermonde matrix. Then A = C ! does the job. O

From now on we fix 0 = 0gx 7, and Wick words & = Wq(ﬁ, a),n="Ww (P?’, c;’) which are obtained
after reduction from possible longer terms s4 (11, a1) -+ Sq(hm, am) and sq(h),,, a.,,) -+ - sq(h'y, a}). This
allows us to define

Fo' (Z) = EM (WQ(,) (ﬁ, Zi)é’WQ(;) (Ijl, 5))
As in Section 6B, we assume that at least L labels of £ and 7 are of the form (0, /;).

Corollary 6.8. Fix m,m’ and L. Then there exists a degree D = D(m,m’, L) such that for q € [a, b]
anda <ty <---<tp <b < 1 there are coefficients y; such that

En(§5n) = ZZ(%
o ]

(k—m—m’)L
) Vi Fs(tr)
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holds for k = || > 2(m + m’). Moreover, for some possibly different coefficients 7y
EmEM =YY nFs)
[

holds for |C]| <2(m +m’).

Proof. We fix 0 and k > m + m’. Let [a,b] C (—1,1) be an interval and a = g. The ¢;’s are all
chosen bigger than a. We define the polynomial py (1) =1~ & —m=—m')L p(t) which has degree at most
(k+m'+m—(k—m—-m"))L < (2m + 2m’)L and hence
pr(t) = > ajt! and aj =" cijpilt;)
0<j<(2m+2m’)L i

hold for mutually different points a < t1,...,tg < b, where d < (2m +2m’)L + 1 are independent of k.
Hence we get

Fy(q) =q* ™ p(q) = g% L3 " ;507 pe(t)
Ji
, —_— N ' q (k—m—m’)L
=L S O ) = (e’ ) (£) Folti)
Jii i '
This defines the coefficients y;. For k < 2(m + m’) we work directly with the polynomial F(z) of degree
at most 2(m +m’)L. O

Let M =T,(B,S® H)and M =T,(B.S ® (H ® H)). Define the M-M bimodule F,,, C L2(M)
as the || - ||2-closed linear span of the reduced Wick words Wy (x1,...,x¢, h1,...,hy), N > 1, such that
hi € H x{0}U{0} x H for all i and at least m of the vectors h; belong to {0} x H. This bimodule will
play a crucial role in our deformation-rigidity arguments in the next section.

Theorem 6.9. Let M =Ty (B, S ® H) and let C > 0, d > 0 be two constants such that the dimension
of Li(M) over B is smaller than Cd¥ for all k. Let |q| < 1. Then there exists an Lo € N and a B-M
bimodule K such that Fj is weakly contained in Lo,(M) ®p K for alll > Ly.

Proof. Let us recall that

((® () P(a®pb).a®pf) =1(B"Ep(a*{a)bl’) = t(Ep(a*ia)Eg(bi'B¥)).

Now we may assume that (&;);ey, is a basis of dimension dj over B so that

Pe(Q) =) &Ep(y) and Ep(§€) <.
iely
This implies
Tkt =) tCEEERE DN = Y &G EBE DN

iely i€l

= Y (@)1 ®p ). & ® (E6)").

iely
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Let go < 1 so that ¢/qo < 1. Then we define the B-M bimodule
K= @ L*Ton(B.S®H))
q/q0=t<1

with the natural left and right actions. For ﬁxed &, n we choose a= j:q and |q|/qo <to <---<tp <b for
some b < 1. This allows us to define Wy, )(h a) and Wy, )(h a/) in K. With the help of Corollary 6.8
we deduce that the map ®(¢) = Zk22(m+m’) Ep (EP;(C)n) satisfies

12t L, )@ sk

k— L TR G
<SSl Y @RS 11 @8 Wou (B, a5 ®8 Wou) (H.d)E)*|.
g

k>2(m+m’) i€l
Now we note that
1 ®8 Wou)(H'.a)| = Wo)(H'.a)llLy e, = <)

and
1§ ®8 Wou)(H. D))" | = v(Woq)(H. )6 Ep (& 5) Wo) (H.)5)")
< T(&& W, (H.a@)* Wo ) (H.d)
< ||WQ(z,)(ﬁ,5)||12~Q(, L =c).
Thus it suffices to know that ) q(k m=mL gk is finite. Note here that m and m’ depend on the Wick
word and that we may assume / > Lg. Thus g, Log < landb < 1is enough to achieve summability.

Using the second part of Corollary 6.8 we also have summability for k < 2(m + m’). Lemma 6.1 then
yields the assertion. U

Corollary 6.10. Let M = T'y(B, S ® H) and assume that H is finite-dimensional and dimp (D (S)) <
cdk for some constants C,d > 0. Then there exists an B-M bimodule K such that for m > 1 large
enough we have Fp, < L>(M) ®p K. In particular, for m large enough, Fy, is weakly contained into

L2(M) ®p L*(M).
7. The proof of the main theorem and its applications

We first need some preliminaries. Throughout this section we use the notation M = M(H)=14(B,S®H)
and M =T,;(B,S®(H S H))=M(H & H). Let

M=(DRT,((*@H)vM C(DRT,({*® H))".
As in Section 5, let
HC ((L2(M) ®.4L*(P)) ® Fy (> ® H))®

be the norm-closed linear span of the sequences

(n_2 Z (), (x1) -+ 70, (X)) y ® 4 2) ® 5y (B1) -+ 8, (hm))

(jl"“;jm):U
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form>1, o0 € P12(m), x; € BSB, hj € H, y € M, z € P. Take the representations
7:M— B(H), 0:P°®°— B(H)

introduced in Section 5 and define N’ = (M) v 8(P°P) C B(#H). As seen in Section 5, we choose a
normal faithful state ¢ on Bp = w(B) v 8(P°P) C B(H) and then define a normal faithful state ¥ on
by ¥ = ¢o Ep,, where Ep,, :/}/ — Bp is the normal faithful conditional expectation. Let dy, € L' ()
be the density of ¢ and &y = dIZ. Then L2(N) is the norm-closed span of the elements 7 (x4 )8 (y°P)&o
for xo € M a Wick word and y € P. Let Wy (M) be the linear span of the Wick words of degree k in M
and L2(Bp) = L*(Bp, ¢) be the standard form for Bp C B(#). Then A is standardly represented on

L*(N) = @ Wi (M)L?(Bp)
k>0

by the formulas

7 (xg)0(y*P) (7w (x,)0(zP)€0) = (x5 x1)0((2)*)60. X0, Xy €M, y,z € P.

The conjugation .7 : LZ(N) — L?(N\) associated to the standard representation of A\ is given by

T ((x6)0(y®)E0) = 0V (w(x2)0(7))ko. xs €M, y € P,

i
2

where Utw is the modular group on A associated to . We will also consider N=~N (ﬁ ) constructed in

the same way as N by using H = H & H instead of H. Thus take
HC ((L2M) @4 L2(P)) ® Fy (2 @ H))”
to be the norm-closed linear span of the sequences
(n"? Yo (i ()7, (Km)y ®az) @), (1) -+ 5),, (ﬁm))
Utseesjm)=0
form>1, o € P1x(m), x; € BSB, h~,' e H. Exactly as in Section 5, define the x-representations
n:M— B(H), 0:P°®— B(H)
and then define NV = n(ﬁ) Vv 6(P°P). Then N is standardly represented on

L*(N) = @ Wi (M)L2(Bp).

k>0

and the associated conjugation J:L2(N) > L2(N) is given by the formula
T (x(x0)0(r™)é0) = 0¥, (x(x3)0(7)ko. o €M, y € P,
2

where atw is the modular automorphism group on N associated to Y. For every angle ¢ define the unitary

V; on L2(N) by
7 (Xo (X1, h1, - oy X )0 (Y°P)Eo > (X (X1, 04 (R1), - -+ s Xm, 04 (him))) B () Eo.
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Then the one-parameter group of x-automorphisms Ad(V;) of B(LZ(A%) restricts to a group «; of
*-automorphisms of N, acting according to the formula

o (7 (g (X1, Bt - X, ) O (yP)) = 7 (6 (x1,00 (1) - -, X 01 () )O(yP).

When further restricted to M = Iy(B,S® H ) this group of *-automorphisms coincides with the one
introduced in Theorem 3.16 and we have the identity

Ti(x) = Em(as(x)), xeM,0=<s<7,

where T} is the heat semigroup introduced in Theorem 3.16 and ¢ = —In(cos(s)). We finally introduce the
bimodules needed in the deformation argument. To do this, recall that M=M (H @ H) is the generalized
q-gaussian algebra generated by B, s4(a, h,0) and s4(a, 0, h), where a € S runs through the generating
set and & € H are unit vectors. Let F C H be an orthonormal basis. Then we define an M-M bimodule
Fem C L2(M) by

Fem =spanl 2 {Wo(ky, ... ky,ar,....an0) i ki € Fx {0} U{0} x F, #{ilk; € {0} x F} = m)}.

Note that we use reduced Wick words. This means N = |os| and the vectors (kq, ..., ky) are the ones
obtained after contracting the pairs. Here 0 € Py 2(N’) and ay, . .., an- are the original coefficients from S.
One can see that F—,, is exactly the eigenspace of vectors & € L2 (7\7) such that Eproq m) (s (§)) =71
for all (some) # > 0. Likewise we define the M-M bimodule F£, < L2(N) as the | - [|2-closed span of
the elements

n(Wo(x1,h1, ... Xm, hm))0(yP)é0, xi € BSB, hj € F x{0} U{0} x F,
such that exactly m of the vectors /&; belong to {0} x F. It’s easy to see that .Fim can be described by

FE, =1t € La(N) : Exoom) (@ (§)) = e "™& for all t > 0}.
Finally, we set

Fn= P Fem c L?(M). FL= P FE, cL*WN).

m'>m m’'>m
Let’s remark that we have the following transversality property, whose proof is virtually the same as that
of Proposition 5.1 in [Avsec 2012].

Lemma 7.1. There exists a constant C = C(m) > 0 such that for 0 <t <271 we have
[Vims1 () —Ell < Cle Vi@l foralls e P LiW) C L*(N).
k>m+1
Theorem 7.2. Let M = I'y(B,S ® H) associated to a sequence of symmetric independent copies
(j, B, A, D) and assume that the dimension of Dy (S) over B is finite for every k and that H is finite-
dimensional. Let A C M be a von Neumann subalgebra which is amenable relative to B and define
P = Ny (A)'. Let m > 1 be fixed. Then at least one of the following statements holds:

(1) The M -M bimodule F, is left P-amenable.
(2) There exist t,§ > 0 such that inf, ey (a || Ty (a)]]2 > 6.
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Proof. The approximately invariant states w,, € Ny constructed in Theorem 5.1 are implemented by unit
vectors &, € L2(N) C LZ(A7'). Using the Powers—Stormer inequalities we see that the vectors &, have
the following properties:

(1) (w(x)én, &n) —> T(x), x € M.
2) ||lm(a)b(@)sn —&nll — 0. a € U(A).
3) )@ Tr(u)0@)Tén — Enll — 0, u € Nag (A).
Letet: Lz(_/’\/"') — ]—",fl) be the orthogonal projection. We have the following alternative:

Case 1. For every nonzero projection p € Z(P) and for every ¢ > 0 we have

I2ll2
8C
We will prove that in this case the M -M bimodule F, is left P-amenable.

limsup |le V7 (p)&al >
n

Lemma 7.3. Let X be the strong operator topology completion of Fy, as a right M -module with respect
to the M -valued inner product (x,y) = Ep(x*y), x, y € Fm. Let L(X) be the von Neumann algebra of
adjointable operators on X. Then there exists a normal *-homomorphism ¥V : L(X) — B (Lz(]-',ﬁ )) such
that W(L(X)) C B(L>(FE)) N (N°PY N (6(PP)).

Proof. The condition 5.13(iii) implies that ]—",,1: = X ®u L*(N), where the left action on A is that of
w(M). Therefore the map W : L(X) — B(.an ) given by

T—TQ®pyid

is a well-defined normal *x-homomorphism. Let us consider a rank-1 operator £ ® 1 € L(X) with &,
Wick words in M. Then we calculate

W (€ ® ) ((x5)0(y™P)é0) = ()T (Epm (1" x5))60(yP)o.

Let e, be the orthogonal projection of N onto the closure of A €0, which exists thanks to the fact that
EQ/P is faithful, see Remark 5.14. Then we note that for X5 € M we have

(7 (Ept (17 %6))0(yP)Eo, B3 5P E0) = Y (OGFP)*0(yP) ., (R2x0))
= YOG OOPNEL ) 0 Exian)(E2x0))
= (T (Ep (1% x0))0(yP)ko. 7(55) 0 (FP)Eo).

This shows that
7 (Ep (n*x5))0(y*P)éo = enr(m(n*x5)0(y*P)Eo).

Thus we deduce that for all the rank-1 operators £ @ 1 € L(X)
V(E @) = LagenLam

is a right A’-module map, and hence belongs to B(Lz(]-'lﬁ ) N (N°PY. It’s also trivial to check that
V(¢ ® n) commutes with the operators Lg(yopy for all y € P. Since W is normal and the linear span
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of the rank-1 operators is so-dense in £(X), we have W(L(X)) C B(Lz(]-',{l))) N (NP)Y N (O(PP))Y, as
desired. O
The lemma provides a normal *-homomorphism
W : B(Fm) N(MPY — B(FEYN (O(PP)v Tn(M)T v TO(PP)T)
such that W(A(x)) = 7 (x) for x € M, where A is the natural left action of M on Lz(ﬁ). From this point
on, the proof proceeds verbatim as in [Popa and Vaes 2014a, proof of Case 1 in Theorem 3.1].

Case 2. There exist a nonzero central projection p € Z(P) and ¢ > 0 such that

imsup e Vi () | < 1212,

In this case we prove that there exist s, § > 0 such || Ts(a)||2 > 6 for all a € U(A). Write w(p)&n = Cn + 1

where {n € Dr < L? PN, 1 € Dismtt L? +(N). Note that [[§»|| < 1, [In.] < 1. Since V; converges
uniformly on (@ k<m L2 (/\/'))1, there exists a fop > 0 such that for 0 < s < 79 we have

otz 112 (@ 12)
Vs : fi L .
Ivig =g < minf 502 12 fore e (@) 220v0)

k<m

. . _ 2 .
Fix 0 < s <min{t"™*1, 19,121, 2=(m+ D7} For every n > 1 we have the estimate

Vs (p)en — w(P)enll < 1VsSn — Cnll + 1Vsnn — nall
_ lrll2 1212
- 8 8

+ [Vsnn —null < + C“eJ_VWH'l/EUn [

||p8||2 +C||eLVm+fﬂ(p)§n|l+C||e Vm-i—fgn”

||P||2 1 1
2 + Clle™Vmt15m(p)enll + Clle™ (V1580 — &)l + Clletgall

- ||[;||2_l_C”eJ_Verfn(p)gn”+C||Vm+f§n Snll

Ipll2
== * Clle™Vim(p)énl-
Taking the limsup with respect to n we obtain
: 3lpll2
limsup [|[Vsm(p)en —m(p)énll < —— 3
n
From this point on, the proof proceeds verbatim as in [Popa and Vaes 2014a, proof of Case 2 in
Theorem 3.1]. O

Proof of Theorem A. For the first alternative, we use the second item in Theorem 7.2, Proposition 3.20
and Proposition 2.3. For the second alternative, we use the first item in Theorem 7.2, Corollary 6.10 and
Remark 2.7. O

Proof of Corollaries B, C, D. These follow immediately from Theorem A. O
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~ COMPLEX INTERPOLATION AND
CALDERON-MITYAGIN COUPLES OF MORREY SPACES

MIECZYSEAW MASTYLO AND YOSHIHIRO SAWANO

We study interpolation spaces between global Morrey spaces and between local Morrey spaces. We
prove that for a wide class of couples of these spaces the upper complex Calderén spaces are not
described by the K-method of interpolation. A by-product of our results is that couples of Morrey spaces
belonging to this class are not Calderén—Mityagin couples. A Banach couple (Xg, X1) is said to have the
universal K-property if all relative interpolation spaces from any Banach couple to (Xg, X1) are relatively
K-monotone. A couple of local Morrey spaces is proved to have the universal K-property once it is
a Calderén—Mityagin couple.

1. Introduction

The theory of Calderén—Mityagin couples is a central topic in abstract interpolation theory, since the
interpolation spaces relative to such couples are isomorphic to generalized real interpolation spaces.
We are interested in unifying this collection of results on Calderén—Mityagin couples. This attempt at
unification forms an important component in the general program of describing all interpolation spaces
with respect to a given compatible couple of Banach spaces. There is a simple characterization of Calderén—
Mityagin couples in terms of the so-called submajorization of the K-functional and orbits. Besides the
fundamental example of the couple (L!, L>), which was independently discovered by Calderén [1966]
and Mityagin [1965], many other examples were found out later by many mathematicians in interpolation
theory, like couples of weighted L? or of certain types of rearrangement invariant spaces. Unfortunately,
it is still difficult to prove or disprove that a given couple of Banach spaces is a Calderén—Mityagin
couple. Nevertheless, many Calder6n—Mityagin couples have been discovered; we refer, e.g., to [Cwikel
and Nilsson 2003; Kalton 1993; Mastyto and Sinnamon 2017] for more about this topic. In this paper
we handle couples of Morrey spaces and local Morrey spaces as examples and counterexamples of
Calder6n—Mityagin couples. Based on the results, we consider the interpolation of Morrey spaces.

Cwikel [1981] conjectured that all interpolation spaces with respect to a given Banach couple are
described by K-method whenever all complex interpolation spaces have this property. However, in
[Mastyto and Ovchinnikov 1997] the authors disproved this conjecture. This motivates us to study classes
of Banach couples for which Cwikel’s conjecture is true.

Mastyto was supported by the National Science Centre, Poland, project no. 2015/17/B/ST1/00064. Sawano was supported by
Grant-in-Aid for Scientific Research (C) (16K05209), the Japan Society for the Promotion of Science.

MSC2010: primary 46B70; secondary 42A45, 42B30.

Keywords: interpolation spaces, complex method, K-method, Morrey spaces.
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The main purpose of the present paper is to study Cwikel’s conjecture for the class of Morrey spaces,
which play an important role in nonlinear potential analysis and harmonic analysis; see [Adams and Xiao
2004; 2012]. These Banach spaces were used for the first time by Morrey [1938] to prove that certain
systems of partial differential equations have Holder continuous solutions. Morrey spaces are widely used
to investigate the local behavior of solutions of partial differential equations, including the Navier—Stokes
equations; see, e.g., [Lemarié-Rieusset 2012; Mazzucato 2003; Taylor 1997].

Before we state the main results of the present paper, we introduce some fundamental definitions.
For 1 < ¢ < p < oo the (global) Morrey space /\/lf; over R” is defined to be the space of all g-locally
integrable functions f on R” (f € L _for short) such that

loc

1/q
Flgi= s (B ([ o) <.
(x,r)ER XR4+ B(x,r)

Here and below we write R4 = (0, 00). The symbol | A| stands for the Lebesgue measure of any Lebesgue
measurable set A in R”, and B(x, r) is the open ball in R” centered at x of radius r > 0. In particular, by
the Lebesgue differentiation theorem ./\/lfI>o = L°° with identical norms. For simplicity of notation, we
abbreviate B(0, r) to B(r).

Note that for these spaces sometimes other symbols, such as L34 [Peetre 1969] and L9+ [Nakai
2008], are used. Apart from the choice of a different letter £, the second parameter A is also introduced
into the norm in a way different from the above; namely for a measurable function f we define

1 1/q
s =1l = s (3 [ o)
r* JB(x,r)

XERH XR+

where 1 < g <00, 0 <A < n. Among various function spaces above, we note the following relation:

ME =19 =0 =pn-"1

p

We point out that for technical reasons it is convenient to use a norm equivalent to the original norm of
the Morrey space ./\/lg given by

1/q
IIfIILg=sgp|Q|””‘”q(/QIf(y)lqdy)  femz.

where the supremum is taken over all cubes Q in R” with sides parallel to coordinate axes.

It seems worth investigating its local counterpart, which is related to the Beurling algebra B? and
Wiener spaces. The local version of Morrey spaces, where only balls centered at the origin are taken
into account, has a connection with studies of N. Wiener [1930; 1932], who considered the spaces of all
measurable functions f such that for given g € {1, 2}

T
7 | o

is bounded in T or tends to 0 as 7" — oo.
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In the multidimensional case, a variant of these spaces defined by the norm

I fllas = sup(—
r>o\ |B(r)] B(r)

appeared in [Beurling 1964] as the dual of the so-called Beurling algebra.

1/q
O dy)

A local variant of Morrey spaces appeared in [Garcia-Cuerva and Herrero 1994]. The local Morrey
space L./\/lg is defined to be the set of all f € LI such that

loc

1/q
||f||LMg;:=sug|B<r>|1/P—1/Q(/ If(y)lqdy) <o

B(r)
We note that

1/q
171y = s0p Q)2 ( [ o dy)

o)

is an equivalent norm in LMYZ, where Q(r) := [—r, r]"

Interpolation properties of classical Morrey spaces were obtained in [Campanato and Murthy 1965;
Peetre 1969; Stampacchia 1964]. More and more attention is now being paid to the interpolation of
Morrey spaces due to certain properties of Morrey spaces that have become clear recently. For example, as
the function |x| ™"/ shows, /\/lf; does not contain L° densely. Complex interpolation of Morrey spaces
has been studied in [Lemarié-Rieusset 2012; 2013; Yuan et al. 2015]. We mention that Lemarié—Rieusset

[2013, case (a), p. 750] proved that if
1 1—-0 0 1 1-6 6

l=gj<pj<oo, je{0,1}, —= +—, —-= +—, (1-1)
p po P14  qo 41

then for every 6 € (0, 1),

[MPO

qo’Mgl]97éMg

1

whenever qo/ po # ¢q1/ p1- For the case when qo/ po = g1/ p1, Lemarié—Rieusset [2013] proved that

[MPO

P10 — aqP
qo’Mql] _Mq'

Here and below [-]g and [-]% denote the lower and the upper (Calderén) complex methods of interpolation
defined in [Calderén 1964], respectively. Lemarié—Rieusset also studied real interpolation of Morrey
spaces. In particular under conditions (1-1) we have
(LqO,qu)g,q =19,
and hence
(Mo MG Do.g = Mg

in the sense of continuous embedding. Meanwhile,

MG > (ME ME o 0o

q0° 1

if and only if go/ po = g1/ p1. We refer to [Lemarié-Rieusset 2013; Yuan et al. 2015] for more details.
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In addition to Morrey spaces and local Morrey spaces, we will also consider in our paper the “weak”
Morrey space W/\/lf]) and the “weak” local Morrey space WL/\/lf]) . For given 1 < ¢ < p < oo the weak
Morrey space WMf; is defined to be the quasi-Banach space of all Lebesgue measurable functions f
endowed with the quasinorm

I/ lwaez = sup Allxgr1>a3 ez
A>0

Nakai [2008] used the norm
I/ lwzar = sup Al xgif1>a3ll Lo
A>0

to define weak Morrey spaces, while the weak local Morrey space wL M 5 is defined to be the quasi-Banach
space of all Lebesgue measurable functions f for which

I Nz = sup Mixa 1=z < oo
>0

When ®(r) = r? and ¢(r) = r ' TA/" and A /n = 1—¢q/ p, this space WM,I; is the same as Nakai’s space
L‘(Vq;’:]f) [Nakai 2008, Definition 6.1, p. 207]. In particular, for every s € [1, 0c0), stle’g(_"/ $) coincides
with wMY.

We add some comments on difficulties related to interpolation of Morrey spaces. First we notice
that until now there is no complete description of all complex or real interpolation spaces of all couples
(Mgg , /\/lg 1) of Morrey spaces with 1 <go < pg <oo and 1 <g; < p; < co. Regarding real interpolation,
it should be pointed out that a general formula remains unknown, even within equivalence for the K-
functional of these couples. It is apparently very difficult to find such a formula, and this indeed is one of
the nontrivial difficulties of dealing with Morrey couples, especially in the description of interpolation
spaces with respect these couples, and in particular real interpolation spaces which just involve the
K -functional. Interestingly the situation is completely different in the setting of local Morrey spaces (see
Section 5).

In this paper we provide a solution to Cwikel’s conjecture in the Morrey space setting. Our new results
show that Cwikel’s conjecture is still valid for a wide class of global and local Morrey spaces. In particular,
because of the fact that a wide class of these couples are not Calderén—Mityagin couples, we have to
declare that the problem related to the description of all interpolation spaces for all couples of Morrey
spaces is extremely difficult in general.

Let us now describe more precisely the contents of the present paper. In Section 2 we introduce some
fundamental definitions and notation used in the paper. In Section 3 we study the upper complex method
of interpolation [-]? for any 6 € (0, 1). We prove that for any couple (Xo, X1) of complex Banach lattices
on an arbitrary measure space (2, X, i) the Gagliardo completion of [ X, X 1]0 with respect to Xo + X
coincides isometrically with the Gagliardo completion of the Calderén product X é_eX 19 with respect to
Xo + X1. In particular we show that if (Q, =, xt) is a o-finite measure space, then [Xo, X1]? = X(}_eXi9
with equality of norms whenever each of Xo and X; has the Fatou property. Applying this result to
Morrey spaces, we recover the results above due to [Lemarié-Rieusset 2013].
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In Sections 4 and 5 we provide a general sufficient condition on a Banach couple (Ag, A1), which
guarantees that (A4, A1) is not a Calderén—Mityagin couple. As a by-product, we prove in Section 4 that
both couples (Mé’g , M,l;ll) and (Mgg , L°°) are not Calderén—-Mityagin couples provided that ¢g # ¢,
Po # qo and p1 # q1.

Finally, in Section 5, we describe real interpolation of local Morrey spaces by the upper complex
method [-]? and the classical real method (+)g,00 forall 0 € (0, 1). These results are applied to prove that
(L/\/lgg , LM;Z,}) is a Calderén—Mityagin couple if and only if go = ¢1, and in this case this couple has
the universal K-property, i.e., (4, A1) and (L/\/lgg , LMZ}) are relative Calder6n—Mityagin couples for
any Banach couple (Ao, A1). We stress that the key point here is that fact the inclusion L./\/lg — WLMf;
is proper for every 1 < g < p < o0; see Lemma 4.7(ii) for the proof, where we use the maximal
Hardy-Littlewood operator.

We will use standard notation; in particular given two nonnegative functions f and g defined on the
same set A, we write f < g or g > f if there is a constant ¢ > 0 such that f(x) <cg(x) forall x € 4,
while f =< g means that both /' < g and g < f hold. If X and Y are topological linear spaces, then
X — Y means that X C Y and the inclusion map is continuous. In the case when X and Y are Banach
spaces, we write X = Y whenever X =Y, with equality of norms. Throughout the entire paper, C will
denote a constant which may have a different value in different appearances.

2. Preliminaries

We will use the standard notation in the theory of Banach spaces and the theory of integration. If X is
a Banach space, we denote its (closed) unit ball by By. For any measure space (2, X, ), the space
of all u-equivalence classes of real-valued X-measurable p-almost everywhere finite functions will be
denoted by L%(u) := L°(Q, I, ). This space is a vector lattice under the natural order: f < g if and
only if f(s) < g(s) for p-almost everywhere s € Q.

A linear subspace E of L%(Q2, X, ) is called an ideal if it is solid, i.e., | f| < |g| for some g € E
implies f € E. We will consider Banach lattices on an arbitrary measure space (in general we do not need
to assume that the measure is o-finite, which is usually found in the literature). We recall that a Banach
space X C L°(1), which is an ideal with a monotone norm (meaning || f||x < |gllx for all f, g€ X
satisfying | /| < |g|) is said to be a Banach lattice on (2, X, ). It is well known that in the theory of
Banach lattices on measure spaces we may assume without loss of generality that the measure spaces are
complete. A Banach lattice X is called o-order continuous if x,, | 0 implies ||x,|x — O.

We note that for all choices of two Banach lattices X¢ and X; on an arbitrary measure space, X =
(X0, X1) forms a Banach couple in the sense of interpolation theory; see, e.g., [Krein et al. 1982,
Corollary 1, p. 42] in the case of o-finite measures, and for an arbitrary measure space, [Cwikel and
Nilsson 2003, Remark 1.41, pp. 34-35].

Let (€2, X, ) be a measure space, and let 1 < p < co. We recall that the weak Lebesgue or the
Marcinkiewicz space LP>*(j1) is made up of all functions f € L°(u) such that

£ lp.oo := iul())ku({x eQ:|f(x)|>AHVP < 0.
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If p > 1, then the quasinorm || - || 5,0 is equivalent to the norm
1 o= sup w771 [ 1f1dp
ACQ A

where the supremum is taken over all measurable subsets A of Q with p(A4) > 0.

If X ¢ L%) is a Banach lattice and p € (1, 00), then its p-convexification X (P) is the Banach lattice
of all elements f € L%(u) such that | f|? € X with a norm || f ||x» = |||f|1’||)1(/P.

Most of our notation and terminology from interpolation theory is standard and can be found in [Bergh
and Lofstrom 1976; Brudnyi and Krugljak 1991]. For the reader’s convenience, we recall some of them.

Let X = (Xo, X1) and ¥ = (Yo, Y1) be Banach couples and let £(X Y) be the Banach space of all
linear operators 7 : XY (meaning, as usual, that 7 : Xo + X1 — Yo + Yy islinearand 7 : X; — ¥;
boundedly for j = 0, 1), where the norm is given by | T || ¥ ¢ = max;=o,1 ITlx; -y,

Let X be an intermediate space with respect to a Banach couple X = (Xo, X1). The Gagliardo
completion or relative completion of X with respect to X is the Banach space X of all limits in Xo + X
of sequences that are bounded in X and endowed with the norm ||x||xe = inf{supg> [|xx[lx }, where the
infimum is taken over all bourided sequences {xi }7-, in X whose limit in X + X; equals x.

For every Banach couple X = (Xp, X1) and 6 € (0, 1) the Peetre K-functional of x € X + X7 is
defined by

K(t,x: X) = K(t.x: Xo. X1) := inf{|[xo[lxo + [ x1]lx, 1 x = X0 +x1}, >0,
and the real interpolation space X 0,00 18 defined to be the collection of all x € X¢ + X such that

x]16,00 := supt_eK(t,x; )Z) < 0.
>0

Let X and Y be intermediate spaces with respect to X and ¥ respectively. We say that they are
relative interpolation spaces with respect to X and Y if every T € z()? , Y ) maps X into Y. The
relative interpolation spaces X and Y are said to be relative K-monotone spaces with respect to X
and Y if, whenever x € X and y €Yo+ Y satisty K(¢, y; )7) < K(t, x; )?) for all ¢ > 0, it follows that
yeY. If X=Yand X = Y, then X is said to be a K-monotone space with respect to X . Note that
K, Tx; 17) <|IT|#>¥ K(, x; )Z) for x € X. So, if X and Y are relative K-monotone, then they are
relative 1nterpolat10n spaces. If all relative interpolation spaces for X and Y are relative K- -monotone,
then we say that X and Y are relative Calder6n—Mityagin couples. In particular, if also X =7V, then X is
said to be a Calder6n—Mityagin couple. We remark here that in a number of papers, various alternative
terminologies, such as C-couple or K-adequate couple, are used for the notion of Calderén—Mityagin
couples. It is well known and easy to prove, see, e.g., [Cwikel and Nilsson 2003, Remark 1.31], that X
and Y are relative Calder6n—Mityagin couples if and only if, for every x € Xo + X1 and y € Yy + Y1, the
inequality

K, y:Y)<K(t.x:X), >0,

implies that there exists an operator 7 : X — ¥ such that Tx = y.
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Let A > 1 be a fixed constant. If we can arrange that || 7| ¥y < A for all x and y above, then we say
that X and Y are A- relatively uniform Calderon—Mltyagm couples. An interpolation couple X is said to
be a uniform Calderén—-Mityagin couple if X and X are A-relatively uniform Calder6n—-Mityagin couples
for some A.

If @ is a Banach lattice of Lebesgue measurable functions on Ry that contain the function min{1, ¢},
then we can define the Banach space (X, X1)¢ of all x € X¢+ X1 such that K( -, x; X ) € ® with the norm

[xll = I1KC. x: X) e

The space (X, X1)o is called the K-space generated by ®. It is a fundamental result of Brudnyi and
Krugljak [1991, Theorem 3.3.20, p. 355] that if (X, X;) is a uniform Calderén—Mityagin couple, then
every interpolation space X with respect to (Xo, X1) is (up to equivalence of norm) a K-space for some .
The key ingredient of this result is the K-divisibility theorem first proved by Brudnyi and Krugljak [1981;
1991] and later refined in [Cwikel 1984].

Let (2, X, i) be a o-finite measure space. It is well known that (L' (u), L>(w)) is a 1-uniform C-
couple; see [Calderén 1966]. Several years later, Sedaev and Semenov [1971] proved that every weighted
couple (L!(wp), L (w1)) is a uniform C-couple. For more examples of uniform Calderén—Mityagin
couples of Banach lattices we refer to [Cwikel 1981; Cwikel and Nilsson 2003; Kalton 1993; Mastyto
and Sinnamon 2017].

3. Upper complex interpolation between Banach lattices

We will use complex methods of interpolation introduced in the fundamental paper [Calderén 1964] to
prove isometric relationships between Banach lattices generated by standard operations applied to the
Caldero6n product in the setting of couples of complex Banach lattices on an arbitrary measure space. We
will apply these results to couples of Banach lattices enjoying the Fatou property and so in particular to
Morrey spaces later.

Let S :={z € C:0<Rez < 1} be an open strip on the plane. For a given 8 € (0, 1) and any couple
X = (Xo, X1) we denote by F ()? ) the Banach space of all bounded continuous functions f : S — Xo+ X
on the closure S that are analyticon S, and Rt — f(j +it) e X 7 1s a bounded continuous function,
for each j =0, 1, and endowed with the norm

Ifll7(xy = max sup | f(j +it)lx;
J=0.1 teRr
The lower/first complex interpolation space is defined by

[Xo. X1]o :=1{/(0): f € F(X)}
and is endowed with the quotient norm. This definition is slightly different from those in [Bergh and
Lofstrom 1976; Calderon 1964], however it gives the same interpolation spaces; see, e.g., [Krein et al.
1982]. We recall that in the original definition it is required in addition that f € F(X) satisfies

||hm I/ +inlx; =0, j€{0.1}
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Calderén defined a different interpolation method as follows. Let G ()? ) be the Banach space of all
continuous functions g : S — X + X that are analytic on S, for which there exists C = C(g) > 0 such
that [|g(2)|lxo+x, < C(1 4 |z]) for all z € S, and that are endowed with the norm

lglloct, = max | sup lg(j +is)—g(j +it)x,
X) =
9(x) J=0,1 (g |s — 1]

The upper/second complex interpolation space is defined by
[Xo. X1]” := {g'(6) : g € G(X)}

and is endowed with the quotient norm.

Throughout the paper, when the complex methods are applied to a couple (X, X1) of Banach lattices,
we mean that X; := X;(C) is a complexification of X; for each j =0, I.

We need the following lemma:

Lemma 3.1. Let X = (Xo, X1) be a complex Banach couple, and let 6 € (0, 1):
@ ([Xo, X11%)¢ = ([Xo, X1]9)",
(ii) [Xo. X1]? 2 ([Xo. X1]g)¢ if and only if the unit ball of [Xo., X1]? is closed in Xo + X1.
Proof. We claim that [Xo, X1]? < ([Xo, X1]g)¢ with norm of continuous inclusion less than or equal
to 1. Fix x € [Xo, X1]?. For & > 0 there exists g € G(X) such that x = g/(6) and
lgllgx) = llxllxo,x,10 + & (3-D

Consider the sequence {g },.—, given by

gm(z) = 2 +i./m)_g(z), zeSs.
i/m

Observe that for each m € N we have

max sup ||gm(J +1i1)|lxo+x, < max sup |lgm(j +i0)|x; < lIgllgX)-
J=0,1¢eR J=0,1¢eR

Thus it follows by the Phragmén—Lindelof principle for Banach spaces that

”gm(z)”X()-l-X] =< ||g||g()2), zeS.

We clearly have that each function gy, : S — Xo + X is continuous and analytic on the strip S. Thus we
conclude that g, € F(X) with || gm || 7(¥) < lgllg(¥)- Hence gm(0) € [Xo, X1]g and

lgm D llixo,x116 = Igllgx). meN.
Since
lim gn,(0) =g’ (6) =x (convergence in Xo + X1),
m—>0o0

x € [Xo, X1], and so we deduce by (3-1) that

“x”[Xo,Xl]“g =< ||X||[X0,X1]9 + &.
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Letting ¢ tend to 0, this estimate completes the proof of claim. Applying the well-known continuous
inclusion map with norm less than or equal to 1, see [Bergh and Lofstrom 1976, Theorem 4.3.1], we learn

[Xo. X1]p < [Xo, X1]°

which completes the proof of (i).
The proof of (ii) is obvious by (i) and the fact that the unit ball of ([X¢, X1]g)¢ is closed in Xo+ X;. O

We will also need results on relationships between the upper complex space [Xg, X 1]‘9 and the Calderon
product X 01_0 X 19 defined for any couple (Xg, X1) of Banach lattices over a measure space (£2, X, i),
which consists of all f € LO(w) such that | f| < A|fo|'~?| f1]¢ p-a.e. for some A > 0 and /i € Bx;,
j €10, 1}. Tt is well known, see [Calderén 1964, 13.5, p. 123], that X&_eXf is a Banach lattice endowed
with the norm

£ llxp-oxo =infi > 0: 1 <A1 Sl Al fo € Bxo, fi € By}

and that X (}_0 X f is continuously embedded into X¢ + X7, which is also a Banach lattice.
We come now to the first theorem of this section.

Theorem 3.2. For any couple of Banach lattices X = (Xo, X1) over a measure space (2, %, i), the
following continuous inclusion relation holds with norm less than or equal to 1:

X 0x9 < (X0, x11°.

Before we turn to the proof of this theorem, some comments seem called for. First, in the case of
o -finite measure, this result follows from the vector-valued inclusion proved in [Calderén 1964, p. 125]
by taking B = Bog = B; = C. For the reader’s convenience, we include a different and transparent proof
without assuming the o-finiteness of the underlying measure space.

Proof of Theorem 3.2. Let f € X(}_eXf, so that the estimate | £| < | fo|*~%| 1|? holds for some f € Xo
and f1 € X1. Note that the support of f is contained in the intersection of the supports of fo and fi.
Hence without loss of generality we may suppose that fy and f] are not equal to zero on 2.

We define functions

F@) = fol Al G(z):=/€ Fw)dw, z€§.

We claim that G € g()?). To show this we fix 5,7 € R and j € {0, 1}. We observe that
Jtis -
G +i9)-GG+in= [ LAIIA dw
Jj+it
yields |G(j +is)—G(j +1it)| <|s—t||f;|. This implies

IG(j +is)—G(j +it)|x,
max su — < max illx; 3-2
P o 5 —1] < max |.;llx, (3-2)
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We will show that G : S — X + X is analytic. To see this, consider the functions Fy and F; defined by

Fo(2) = xq foiz1 a3l fol ' 21 AP, Fi(z) = F(z) — Fo(z), z€S.
We estimate
|Fo(2)| = xqi 0121511 fol ' TRZLAIR? < | fol.
Likewise we have
[F1(2)| < | f1l-

We define functions

V4

Go(z):/:Fo(w)dw, G1(2)=/; Fi(w)dw zeS.

Since |Go(z + h) — Go(z)| < |h|| fo| for all z, h € C such that z 4+ h, z € S, it follows that Go : S — Xo
is a continuous function. Similarly, we can establish that G : S — X; is also continuous.

We now show that the mapping Gg : S — Xy is analytic. To this end we fix 0 < & < % and consider
the open strip Sg ={z € S : ¢ <Rez < 1—¢}. We note that F;(z) € X; for z € S;.

Since
sl (75) e (we(i70) = (5) (om0 <o
we conclude that
Go(z +h) —Go(z) —hFo(z) = O(|h)*) ash — 0,
in Xo uniformly over z € S,. Similarly, we can show that
Gi1(z+h)—G(z) —hFy(z) =O(|h)*) ash— 0,

in X1 uniformly over z € S;. Combining these calculations, we see that G|s = Go|s +G1l|s : S — Xo+ X1
is analytic.
To finish the proof of the claim, we need only to observe that

1G;(2)x; =1Gj(2) —G;(Re(2))|x; + G (Re(2)) — G;(O)lx, = O(|z| + 1)

for j € {0, 1} keeping in mind that G;(6) = 0.
Now observe that G'(0) = | fo|*~?| 1| and by (3-2) G llgx) < max;=o,1 || fjllx,- Thus we deduce
that | f| € [Xo, X1]%. Since [Xo, X1]? is a Banach lattice and fg and f; are arbitrary, we conclude that

1—
X370x9 X0, X11°,
with norm of the continuous inclusion map less than or equal to 1. O

Remark 3.3. The inclusion in the above theorem is proper in general. To see this we recall that
Lozanovskii [1972] constructed a closed Banach sublattice Yy of a weighted Banach lattice L°°(w) on
((0, 1), m) with Lebesgue measure m, where

L®w) = {f € L%®(0,1): wf € L*®(0,1)}
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with w(t) = t for all ¢+ € (0,1) and endowed with the norm | f||pco() = [[wf|Leo, such that
(L% (w))'=?(L°°)? and Yol_e (L°°)? are not relative interpolation spaces with respect to (L% (w), L)
and (Yp, L) for any 6 € (0, 1). We complexify these spaces. Since [-]? is an interpolation functor in the
class of complex Banach spaces, it follows that for the couple (X, X1) = (Yo(C), L°°(C)) the inclusion

X7x9 < [Xo, X411
is proper for an arbitrary 6 € (0, 1).

The following result shows isometric relationships between Banach lattices generated by standard
operations and Calderén’s constructions in the setting of couples of complex Banach lattices on an
arbitrary measure space:

Theorem 3.4. Let X = (Xo, X1) be a couple of complex Banach lattices on an arbitrary measure space
(2, X, (). Then the following statements are true for all 6 € (0, 1):

() [Xo. X1lo = (X7 X7)°.
(ii) ([Xo. X1]%)° = (X0 X7)e.
(iii) [Xo, X1]% = X =0 XY whenever the unit ball of X} =0 XY is closed in Xo + X1.
Proof. We begin with (i). Since [)2 lo = ([Xo, X1]%)° is a closed subspace of [)? 19 and the norm in [)Z lo
is the restriction of the norm in [)? ]‘9, see [Bergh 1979], if follows from Theorem 3.2 that
(X3 70X7)° — (X0, X119)° = [Xo. X1]o.

with norm of the continuous inclusion map less or equal to 1.
To obtain the reverse inclusion, we recall that Calder6n proved

[Xo, X1]g — (X 9x9)°

for any o-finite measure space. The proof of the following continuous inclusion map with norm less than
or equal to 1 given in [Calderén 1964, (i), p. 125], see also [Krein et al. 1982, pp. 240-241], works for
any measure space: combining two the above continuous inclusions, we obtain the statement (i).

To finish the proofs of (ii) and (iii) at the same time, we observe that the above inclusion, combined
with Lemma 3.1 and Theorem 3.2, yields continuous inclusion maps with norm less than or equal to 1,

X3 70x] > [Xo, X1) = ([Xo. X1lp)* = (X370 X{)°) — (X3~ x{)e.
Clearly these inclusions complete the proofs of statements (ii) and (iii). O

Remark 3.5. We note that in the case of o-finite measure spaces the above statement (i) was proved by
Shestakov [1974], who extended Calderén’s result [1964] proved under the assumption that X 5_9X f is
o-order continuous.

We will apply Theorem 3.4 to some class of Banach lattices. In what follows we assume that a measure
space (2, ¥, i) is such that LO(Q2, =, u) is a Dedekind complete vector lattice (i.e., every subset of
L) order bounded from above has a supremum). We refer to [Fremlin 1974, Theorem 64 B, p. 170]
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for a description and general examples of such measure spaces. Let us just notice here that such measure
spaces are semifinite (i.e., for any A € ¥ with (A) > 0, there is B € X such that B C A and 0 < u(B) < 00).
Since L%(Q, =, u) is a Dedekind complete vector lattice, it follows that for any subset E C L(Q, =, u),
the set { xsupp x : X € E} is order bounded in LO%w). If we put xg := sup{ xsupp x : X € E}, then supp(E)
exists and is given by supp(E) = supp xo.

We shall need to use some results on Kothe duality. We recall that the Kothe dual space X' of any
Banach lattice X on (R, X, 1) is defined to be the space of all x’ € L°(u) with supp x C supp(X) such
that xx” € L' () for all x € X. It is well known that X’ is a Banach lattice on (2, =, i) equipped with
the norm

¥k :=sup{ /Q x| dpe: ey <10, ¥ ex”.

As usual, the Kothe dual space of X’ is denoted by X”. If a Banach lattice X is such that X =~ X", then
X is said to be maximal.

We note that if X is a Banach lattice on a o-finite measure space (2, X, i), then X =~ X" if and only
if X has the Fatou property; see, [Kantorovich and Akilov 1982, Theorem 7, p. 191]. We recall that X is
said to have the Fatou property if for any sequence { f, }5-_; of nonnegative elements from X such that

Jm A f for f € L%(2) and sup,,,» || finllx < oo, one has f € X and | finllx 1 1| .flx-
We will need the following lemma.

Lemma 3.6. Let X¢, X1 and X be Banach lattices on a measure space (2, X, w). If X is an intermediate
space with respect to (Xg, X1), then X¢ < X" with the norm inclusion less than or equal to 1.

Proof. Fix x € X°. Then in a similar fashion to the proof of [Cwikel and Nilsson 2003, Lemma 1.16],
we claim that for a given & > 0, there exists a sequence {y,,} in X such that 0 < y,, 1 |x| pu-ae.,
lvmllx <+ ¢)|x]||xc for each m € N and y,, — y in Xo + X1. In fact, it follows by the definition of
X¢ that we can find a sequence {z,,} in X such that ||z, ||x < (1 + &)|x||x- for eachm € N and z,, — z
in Xo + X;. If we set y,, = min{max{0, z,, }, |x|} for each m € N, then we obtain the desired sequence.
We conclude by Lebesgue’s monotone convergence theorem that for any x’ € X”,

[ vextdu= fim [ bl < (4ol e

Q m—00 Q

Since ¢ > 0 is arbitrary, the desired continuous inclusion follows. O
We are now ready to state the following result.

Theorem 3.7. Assume that a measure space (2, 2, i) is such that L°(Q, £, 1) is a Dedekind complete
vector lattice and it satisfies the following condition: if A C Q2 is such that AN B € X for every set
BeX, u(B)<oo,then A€ X. Let X = (Xo, X1) be an arbitrary couple of complex Banach lattices on
(2,2, ). If Xo and X1 are both maximal and supp(Xo) = supp(X1) = 2, then

[Xo. X119 = x} 0 x9.
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Proof. Since both X and X are maximal, it follows by the original Lozanovskii duality formula [1978]
(Xo0XD) = (X)' 0 (X))’
that X 01—0X f is also a maximal Banach lattice. Thus, we deduce from Lemma 3.6 that
Xo x> (xg70x9) — (X7 0x])" = x50 X7
with the norm of the inclusion maps less than or equal to 1. O

Corollary 3.8. Let X = (Xo, X1) be an arbitrary couple of complex Banach lattices with the Fatou
property on a o-finite measure space (2, 2, ). If supp(Xo) = supp(X1) = 2, then

[Xo.X1]% = x}0x?.

Proof. Clearly any o-finite measure space (2, X, ) satisfies the desired condition from Theorem 3.7.
Moreover, it is well known that LO(Q, 3, i) is a Dedekind complete vector lattice, see [Kantorovich and
Akilov 1982], and so the desired statement follows from Theorem 3.7. O

Remark 3.9. Lozanovskii proved that for all § € (0, 1) we have
(Xo0X7) = (X' (x})

with equality of norms; see [Lozanovskii 1969, Theorem 2]. Using this result for 6 = %, Lozanovskii
[1969] showed X 1/2(X")!1/2 ~ L2 for any Banach lattice on a given o-finite measure space. Thus taking
X which does not enjoy the Fatou property, we conclude that the Fatou property of X (}_0 X f does not
always imply that the Fatou property holds for X¢ and X;. For further examples refer to [Reisner 1993],
where among others it is shown (see Example 2) that there exist o-order continuous Banach sequence
lattices X and Y that do not enjoy the Fatou property such that X 1-0y 9 is g-order continuous and has
the Fatou property.

Simple calculation shows that for any Banach lattice X and every 1 <r < oo we have X 1/7 (L)1 -1/7 ~
X ) thus by Theorem 3.7 we obtain the following useful formula:

Corollary 3.10. Let X be a Banach lattice with the Fatou property on a o-finite measure space. Then,
for any 0 € (0, 1),

(X, L% = x'70(1L>)f = x©,
where r = (1—0)~L.

An immediate application of our results is the following variant of the Riesz—Thorin interpolation
theorem:

Theorem 3.11. Let (Xo, X1) and (Yo, Y1) be couples of complex Banach lattices on measure spaces.
Then for every linear operator T : (Xg, X1) — (Yo, Y1) and all 6 € (0,1), T is bounded from X(}_eXi9
into (Y, 01_9 Yl'g)c and satisfies

1—-6 0
1T lxg-oxo s ra-exone < ITH S o ITIE, -
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In particular if Yo and Y1 are Banach lattices on a o-finite measure space (2, X, ) with supp(Yp) =
supp(Y1) = Q2 and both enjoy the Fatou property, then T is bounded from X (}_0 X f into Y01—0 Y19 with
the norm estimate

0
1Tl x1-0x0 yi-oye < 1T 155w 1T 1%, 7,

Proof. We have [T [|;x,, X1]9—>[Xo x,00 = ”T“Xo—>Y0“T”X1—>Y according to [Bergh and Lofstrom 1976,
Theorem 4.1.4]. Since X 1-6 X <> [Xo, X1]? by Theorem 3.2 with the inclusion constant less than or
equal to 1 and [Yp, Y 1]9 — (YO1 9Y1‘9)C by Lemma 3.1 again with the inclusion constant less than or
equal to 1, the first required estimate follows. This estimate combined with the continuous inclusions
shown in the proof of Theorem 3.7 yields the second estimate. O

The following lemma is surely well known to specialists, but we include a proof for the sake of
completeness.

Lemma 3.12. If 0 < 6 < 1 then for any couple X = (Xo, X1) of complex Banach spaces, we have
[Xo, X1]? — (Xo, X1)9,00 With the norm of the inclusion map less or equal to 1.

Proof. 1t is well known that for any Banach couples X = (Xo, X1) and Y = (Yo, Y1) and any operator

T : X — Y, we have the following estimate for restrictions of 7' (see [Bergh and Lofstrom 1976,
Theorem 4.1.4]):

IT g1 < 1T 1S v I TS, - (3-3)
We fix £ > 0 and x € [Xp, X;]?. By the Hahn—Banach theorem, there exists a continuous linear functional
x* € (Xo+ X1)* such that x*(x) = K(¢, x; X) and

DI < K@t y:X). v € Xo+ X

This implies that the linear operator 7' : Xo + X1 — C defined by T'(y) = x*(y) for all y € X + X3
satisfies 7" : (Xo, X1) = (C,C) with || T||x,—c <1 and | T|x,»c <t.
Now we apply the estimate (3-3) to (Yo, Y1) = (C, C) and the obvious equality [C, C]® 2 C to get that

K(t,x:X) = x*(x) = T(x) <% |x]| 230
Since ¢ > 0 and x € [Xg, X1]? are arbitrary, the proof is complete. a

We conclude with the remark that if (X, X7) is a couple of complex Banach lattices which enjoy the
Fatou property, then the formula [ X, X 1]9 =X (}_GX 19 (up to equivalence of norms) is a consequence of
abstract interpolation results, combined with relationships between the Kothe duality results and the orbital
descriptions of the upper complex method and of other interpolation constructions; see [Ovchinnikov
1984, pp. 474-492] for more details.

4. On Calderéon-Mityagin couples of Morrey spaces

As is mentioned in the Introduction, one of the fundamental problems in the theory of interpolation spaces
is the description of all interpolation spaces X with respect to a given compatible couple of Banach spaces
X = (Xo, X1). Cwikel [1981] posed the question of whether in fact all Calder6n—Mityagin couples can



COMPLEX INTERPOLATION AND CALDERON-MITYAGIN COUPLES OF MORREY SPACES 1725

be identified by checking whether their complex interpolation spaces are K-spaces. In [Mastylo and
Ovchinnikov 1997] the authors provided counterexamples, which give a negative answer to this question.

Also as is mentioned in the Introduction there is no complete description of the complex interpolation
spaces between Morrey spaces in the general case. We show in this section that the complex spaces with
respect to any couple of Morrey spaces which are not L?-spaces cannot be described by the K-method
of interpolation. In particular this implies that these couples are not Calderon—Mityagin couples.

Before we state and prove the main results of this section we need some technical observations. Suppose
that we have a nonnegative measurable function on R” which is rotationally symmetric, so that it can be
expressed as f(|x|), where f : [0, 00) — R is a measurable function. Recall that | B(x, r)| = v,r" for
all x € R", where v, := 7"/2/T'(1 4+ n/2) is the measure of the unit ball B(1).

Then a standard calculation via applying spherical coordinates gives

n/2
[f(|x|) F( 5 [ st

Since the ball B(x,r) has the same measure as B(0, r) for every r > 0, by choosing f = y(,r), wWe

obtain
n/2 r

" ldr = v

30l = 18001 = [ oo dr = s |

Combining these formulas we conclude that if 1 < s < oo and f(r) = ¢~"/$ X(o,r) forall z > 0, then

f x| ™5 dx = vy — IS,
B(0,r) s—1

This shows that the function x > |x|™/5 belongs to LM} and its norm is equal to va/5s/(s —1). In
what follows we will use that this function belongs to the Morrey space M3. For the sake of completeness
we include a proof of this fact.

Proposition 4.1. If 1 < s < n, then the function x — |x|™"/% belongs to M and its norm is equal to
Unl/ss/(s -1

Proof. Let g(x) = |x|™/S for all x € R” (we put g(0) := 0). We observe that
[y eR" g > T3 = [BO.T/") | = var*, >0,

Hence, for any x € R” and any r > 0, we have

(o]
/ 80| dy = / 0 €R 2 1 (Dg() > T}l de
B(x,r) 0

o0
5[ min{|B(x,r)|, {y e R" : g(y) > t}|} d / min{r",t7 %} dt
0
o0
= "7 o, / t%dr = vn— pr(a=1/9)
p—n/s s—1

s —
= v B, )T

The above estimate combined with previous calculation completes the proof. O
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According to Lemma 3.12, for a Banach couple (Ag, A1), [Ao. A1]? is a subspace of (4o, A1)p,00 for
any 6 € (0, 1). More precisely, [Ao, A1]® < (4o. A1)p,00 With the norm of the inclusion map less than
or equal to 1. Concerning this inclusion, we will also need the following useful Proposition 4.2:

Here and below in this paper we let 1 < gg < pg <oco and 1 <¢g; < p; < oo satisfy min(pg, p1) < 0.

We will apply Proposition 4.2 below to Morrey spaces. Again according to Lemma 3.12,

(MG M > (MBS, ME),c0.

q0° q0° 1
We have the following result.

Proposition 4.2. Let A= (Ao, A1) be a Banach couple, and let A be any interpolation space with respect
to A that is a proper subspace of Ag o for some 0 € (0, 1). If there exists aso € A such that one of the
following conditions is satisfied, then A is not a Calderén—Mityagin couple:

(i) K(t,ac0; A) = 19 forall t € (0, 00).

(i) A1 < Ag and there exists to > 0 such that K(t, dco; /I) > tefor all t € (0, to].
Proof. (i) For every a € ffg’oo we set xg = [|al| 4y . @co € A. Our hypothesis gives that

K(t,xq; A) > 1%al| 4, .. > K(t,a; A), 1>0.

Suppose that A4 is a proper subset of /fg,oo. If A were a Calderén—Mityagin couple, then we would get
a = T(xg) for some operator T : A — A, and therefore, by interpolation, a € A. Since a € Ag  is
arbitrary, this would imply that Ag o, C A and

A= Ag oo

which is a contradiction with our hypothesis.

(ii) There is no loss of generality in assuming that 7 is equal to ||id| 4, - 4,, the operator norm of the
embedding of A; into Ag. It is clear that K(z, x; /f) = ||a||4, for every a € A and ¢ > t¢. In this case
our hypothesis implies that for each a € /Yg’oo there exists an element x, € A which is a suitable scalar
multiple of a which satisfies

K(t,a; A) < K(t,xq: A), 1 €(0,1].

and also ||a||4, < ||xa|l4,- Therefore, K(t, a; /f) < K(t, xq; /f) for all # > 0 and this enables us to complete
the proof via the same reasoning as in part (i). O

Theorem 4.3. Let 1 < gg < pg < oo and 1 < g1 < p1 < o0 with qo # q1. Then for any 0 € (0, 1) the
inclusion [MES, MEN € (MBS, ME1)g.o0 is proper:

Proof. Define p and g by
1 1-6 6 1 1-6 6
+

P po P19 G0 Qi
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We distinguish two cases: (1) p; < oo and (2) p1 =

Case (1): p1 < 00. Since py < oo and g # ¢1, the proof of [Lemarié-Rieusset 2013, case (b), p. 751]
shows that (Mqo , Mgll)g,oo is not embedded into Mg . Meanwhile, if we go through an argument
similar to the one to prove (MEZ%, Mg q= MYZ using the result (L9, LY g, = L9 by Calderén, we
have [Mqo, ]‘9 > Mp Combining these observations, we conclude that [Mqo, MPE 1‘]0
subspace of (Mqo ,MEN .00

is a proper

Case (2): p1 = oo. We have ./\/tp ! = L isometrically for all choices of ¢ in the permitted range [1, oo].
We apply [Cwikel and Gulisashvili 2000, Theorem 4] again to see that (X, L>°)g o is the space of all
f € L% in a quasi-Banach lattice Xy endowed with the quasinorm

1 llx, := sup A g risa 157 < oo,
A>0

whenever X is a Banach function lattice on a o-finite complete nonatomic measure space (2, X, ). By
Corollary 3.10, we have [MqO,L°°]9 (ME? 0)(") = = M55 Furthermore, the inclusion MJ C wM7 is
proper for every 1 < g < p < oo (see Lemma 4.7(ii)), we conclude that the inclusion

[MPO LOO] M"PO (MPO Loo)o,oo — WM’PO

q0° rqo q0° rqo

is also proper, and so the proof is complete. O

We also will need the following results: the first one is motivated by [Brudnyi and Krugljak 1991,
Theorem 4.5.5].

Theorem 4.4. Let X = (Xo, X1) be a Banach couple, and let r € (0,1), 8 € (0,1) and y € (1, 00) be
fixed. Assume that for each j € ) =7 (resp. j € J = Z) there exists v; € Xo + X1 such that

min{1,r 71} < K(, vj; )?) <ymin{l,r7t}, >0 (resp. t € (0, 1]).

Then, for a certain positive integer N which depends on r, 6 and y, the element xg € Xo + X1 defined by

X9 = Z rjevj
jeINNZ
satisfies

K(t, xg, )?) = 9 forallt >0 (resp. forallt € (0, 1]).

Proof. Fix 0 € (0,1) and r € (0, 1). It is easy to check that there is a constant C = C(r, 6) > 1 such that
for each positive integer N we have

> rfmin{l.r Ty <c?, 1>0. 4-1)
jeINNZ
Thus, we conclude by our hypothesis that for J = Z (resp. J = Z ) the series
Xg = Z rjevj

jeINNZ
converges in Xo + X1.
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Combining (4-1) with the right-hand inequality of our hypothesis yields that for xg we have, for all
t € (0,00) (resp. t € (0, 1)),

K(t, xg; )?) < ergK(t, Vj; )?) <y ere min{1, r_jt} < yClg.
Jjelb Jjed
The sums Y o, rNOm and Z;ll:_oo r~NO=0m can be made arbitrarily small by choosing N € N large

enough. So it is clear that we can choose a positive integer N which depends only on r, 6 and y and
which is large enough to satisfy

y Z min{rNem’r—Nu—o)m}SL
mez\{0} 2

For this N and for each j € JN NZ, setting jo = j/N, we consequently have

y Z ko min{1, rj_k} < rjey Z min{r(k_j)e, r(j_k)(l_g)}
kednNNZ\{j} keNZ\{j}
< rje)/ Z min{rN(m_jO)o, rN(J'o—m)(l—@)}
meZ\{jo}
= rjey Z min{ere, r_Nm(l_o)} < %rje.
mez\{0}
So, we get that for each j e JN NZ,

K(rj,xg;)Z)zK(rj,rjevj;)Z)—K(rj, Z rkevk;)?)

kedNNzZ\{j}
> 0 _ Z rkeK(rj,vk;)Z)
keINNZ\{/}
zrjg—)/ Z rkemin{l,rj_k}zérjg.
keINNZ\{j}

To conclude the proof, observe that for a given ¢ > 0 (resp. ¢ € (0, 1]) there is an integer j € NZ (resp.
j €Z, N NZ)suchthat r/ <t <r/~N. Then the above estimate yields

K(t,xp:X) = K(r/  xg: X) = 3179 = 1rV0(0.
Thus K(¢, xg; )?) =< 19 forall t > 0 (resp. € (0, 1]), as required. O
As an application we obtain the following result:

Lemma 4.5. Let the set ) be either Z or Z+. Let T be the interval (0,00) if d =2Z or (0,1]if J = Z+.
Let (Xo, X1) be a couple of Banach lattices on a complete o -finite measure space (2, 2, 1), and let
re(0,1),0 € (0,1) be fixed. Assume that there exists a sequence {F;};ec; in X with positive measures
such that |15, Ix, = 7~/ |1 1F, Ix, and that K(t. x5, X) = mindl| x5, lxo- 1117, I, } for each j € 0
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and all t € T. Then there exists a positive integer N for which the function fy defined by

f6= Z rj@ AF;

e Tl

has the following two properties:
(i) fo € Xo+ X1 and K(t, f9: X) =< 1% forallt € T.

(ii) If furthermore { F}};ey is a nondecreasing sequence and if XU connz Fi € Xo and if fgl/ Oex 1, then
fo € X()l_gX]G.

Proof. (i) If we letv; := xF; /| xF; | x, we have, for each j € J,
K(t,vj; )?) = min{1, r_jt}, teT.
Thus the statement (i) follows from Theorem 4.4.
(ii) This is a direct consequence of the decomposition:
Jo = Uy ) 0700 € X30XE. O
For s > 1, we write s’ = 5/(s — 1). We will need the following useful lemma:

Lemma 4.6. Fora givens>1we puta=2"%". For each £ €{0, 1}, we define an affine map fe:R*—>R" by
fe(x)=ax+ (1 —a)s, xeR".

We also define two sequences {Fj }?‘;0 and {E; }})io of subsets of R" by F; = a™/ E; for each j > 0,
where Eq :=[0,1]" and E; are given by

Ej= |J fe(Bj-1). jeN
£€{0,1}"
Then the following statements are true:
(i) F; C Fjy1 foreach j >0.
(i1) Fj is made up of 2/" pairwise disjoint cubes of volume 1 for each j € N.

(iii) Forall 1 <u < oo and each j > 0 we have
137, agy = max{1,a/™/*=/"27") = max{1, a/"/4=/"/5y,
where the constants of equivalence do not depend on j.

(iv) Let 1 <qo < p < oo satisfy s = p/qo. Then XUjer, Fi € Mf;o.

(v) Forevery x € R" and each j € N, we have

J i—k
XFi (@ 77 x)
M F; (x) > Z kj—k *
&t @ F g
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where || - |7\, s is the local Morrey norm generated by cubes:
I g = supr2™ [ p0ldy <o,
r>0 [—r,r]?

Proof. The statements (i) and (ii) are obvious. So we concentrate on other parts.

(iii) The statement follows from the equivalence below obtained via standard calculations using an

equivalent norm in Morrey spaces generated by cubes, and the fact that o satisfies 2o = o/'/5:

IxE; ”.7\/1114 = max{a/"/¥ 2/Ma/"} = 2/ q /" max{1, @/"/M=IP2TImy > 0.

We include the proof of the equivalence ||y, | u < max{o/"/* 2/nqJi"\ for the reader’s convenience.
., . 1
From the definition of || - ||} ., we have
1

lxe; e =sup Q1Y | xE, () dy) =sup|Q|"* O NE;]
! 0 o o

where the supremum is taken over all cubes Q in R” with sides parallel to coordinate axes. Since
E; C[0,1]", we get

lxE; e = SZPIQII/“‘IIQ nio. 11" N ;1.
Thus it follows that we may suppose that Q intersects [0, 1]”. Assume that Q is such a cube. Translate O

to have a cube R of the same volume as Q so that @ N[0, 1]" C R and R N[0, 1]" is a cube. Then

01" o n(o, 1" N E;| < [RIM*"YRN0, 1]" N Ej|
<[RNO[0, 11"[Y* Y RNO[0, 1]" N Ej|.
So, we arrive at

lxe; 1 = SZPIQII/”‘IIQ NEj|.

where the supremum is taken over all cubes Q in [0, 1] with sides parallel to coordinate axes.
Using the cubes [0, 1]* and [0, o/ ]", we have

X e, e = max{a/"/¥, 2/ "y,
To show the opposite estimate, we notice that if |Q| < /", then we have
101" 1o N E;j| < |0V <a/m/™,

Assume that o%” < |Q| <a® D" for some k € {1, ..., j}. We first observe that it follows by Ej_; D E;
that

|ONE;j|=]0NEx_1 NEj|.
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Now note that Ej_, is made up of 2**~1 disjoint compact cubes of volume a*~D” In view of the
size of O, we know Q can intersect at most 2" of them, say, Ql, el QL with L < 2" Then we have
L
|Q N E]| — |Q N Ek—l N E]l < Z |Ql N Ej| — L2n(j—k+l)ajn < 2n+n(j—k+1)ajn’
=1

since Q' N E ; is made up of 27U =D disjoint cubes of volume o/™. As a consequence,
|Q|1/u—1|Q N Ej| < O{kn/u—k112n+n(j—k+I)O[jn < 4" max{ajn/u72jnajn},

as required.
(iv) Since M¥ = (M’f/ YY) for every 1 <u < w < oo, (iii) yields that for all integers j > 0, we have
the equivalence

||XF,» ||M§O = max{l, a—jn/s+jn/S} =1.

(v) Fix j e N. Let
Gr={xeR":a/*xeF}., keio,...j}

Then Go = [0,a™/]" D G; D--- D G; = F;. If x € G;, then the conclusion is clear since F; = G;.
If x € R" \ Gy, then the conclusion is again clear since the right-hand side is zero. Assume otherwise;
X € G \ Gg41 forsome k € {0, ..., j —1}. Let Hr(x) be the connected component of G containing x.
By translation we may assume that x € [0,/ K] = H; (x). Then

|Fj N[0,/ R S G=Hom o (=)
| Hy (x)|
XF, (a/ "k x) / X Fp (0 7™ x)
||XFk(Ol]_k)||zMsl m=1 ||XFm(“]_m')||ZM{

MyF; (x) =

O

Lemma 4.7 below is somewhat known. However we include a proof for completeness since we will

1

use it later. In the proof we will use the Hardy-Littlewood maximal operator M : L, . — L% which is

defined by

1
Mf(x) = sup ——- fWldy, xeR™
r>0 |B(x’ r)l B(x,r)

Lemma 4.7. The following statements are true:

(i) The Hardy-Littlewood maximal operator M is unbounded both on M3 and on LM for every
s €1, 00).

(i) The inclusions LM,? — wL/\/lf; and /\/lqp > w/\/lqp are proper forall 1 <q < p < oco.

Proof. (i) Let s = 1. It is a classical fact that if M f is in L' for f € LIIOC, then f =0 a.e. and M
cannot be bounded on L. Let 1 < 5 < oo. The statement that M is not bounded in M] is an immediate
consequence of Nakai’s result [2008, Corollary 2.5, p. 205] on necessary and sufficient conditions for

the boundedness of M on generalized Orlicz—Morrey spaces L(®9) 1n fact the Morrey space My is the
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Orlicz—Morrey space generated by the Young function ®(¢) = ¢ and the function ¢ (¢) = t~/5 for all
t > 0. Recall that M = LA and wMji = L\(X};i) iftA=n—n/s.

The necessary condition ® € V5 (i.e., that there exists k > 1 such that ®(¢) < ﬁ@(kt) forall £ > 0) is
not satisfied. A careful analysis of the proof of the mentioned result of Nakai based on a key observation
in [Nakai 2008, Lemma 4.10] also gives that the operator M is not bounded in LAM?j. We point out here
that by using the sequence {F]}JO‘;1 defined in the proof of Theorem 4.8 below, we can also disprove
that M is bounded on LM for all s > 1. We include a short and transparent proof of our own, for the
reader’s convenience. Let { F; };?‘;0 be the sequence constructed in the proof of Lemma 4.6. Let j € N be

arbitrary. Then from Lemma 4.6(v), we get
N PEN

e oot [ Myr,(x)dx > Y

o T
[~/ /] iy MR (@5 )

=]

This proves that M is not bounded on LMY.

(ii) We apply the fact that M is bounded from M to wMj, see, e.g,. [Nakai 2008, Corollary 6.3, p. 207],
and also that M is bounded from LM3 to wL M. The second fact easily follows from [Burenkov and
Guliyev 2004, Lemma 10], which yields that there exists a positive constant C such that for all f € LlloC
and r > 0,

N
ilil())M{xeB(r).Mf(x)>k}|§Cr/r (tn—l—l /B(t)|f(x)|dx)dz.

If f € LM], then simple calculus yields that

o)
sup Al{x € B(r): Mf(x) > A}| < Cr" / ST f g dt = Cr ) fll s
A>0 r

As a result we get

IMfllwag = sup [B@)S7 {x € Brr): Mf(x) > A < CIl f L.

A,r>0

as required. Let fo = limj 500 x F; € LMj3, where each F; is as in Lemma 4.6. From the proof
of (i), Lemma 4.6(iv) and (v), M fo € wLMj \ LMJ. If 1 < g < p < oo, then we let s := p/q
and define go = (M f5)'/4. Combining these observations, we get go € (WLMSI)(Q) = wLMg and
go ¢ (LMSI)(Q) = LM,I; and so L/\/lg # WLM(I;. Similarly we can show that /\/lf; # WMf;.

Since the case p = g reduces to the well-known fact that L? % LP-*°, the proof is complete. |

With all these preliminary results, we are now ready to state our main result of this section, which
shows that Cwikel’s conjecture is valid in a wide class of Morrey spaces.

Theorem 4.8. Let 1 <qo < po <ocoand 1 <qy < p1 <oowithqo # q1. Then for any 0 € (0, 1) the upper
complex interpolation space [Mé’g , Mé’ll]e is not a K-monotone couple with respect to (Mgg , Mgll ,
and so (./\/158 , ./\/lf;ll) is not a Calderon—Mityagin couple.

Proof. Tt follows from Proposition 4.2 and Theorem 4.3 that it is suffices to prove that for every 6 € (0, 1)
there exists f € [M52, ME'1 such that 19 < K (¢, f; MES, ME1).
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We will distinguish three cases:
Case 1: po, p1 <oowith pg# py1. Let1/p=(1-0)/po+60/p1and 1/g =(1—0)/qo+60/q1. Consider
the functions £, go and g1 givenby f(x)=|x|™"/? and gi(x)= ||~/ PJ for all x € R*\ {0}, for j €0, 1}.
By the preceding discussion in introduction of this section, it follows that gg € Mé’g and g € Mg L.
Since Morrey spaces enjoy the Fatou property, it follows from Theorem 3.7 that

1-6 0 ~ 0
MM = L M)
Combining the above facts with f = g(l,_g g?, we get f € [MFY, Mgll]a.
We claim that
0 .
t7 < K(t, f; MBS, MEY), 1 >0.

First we notice that M,IIJ; — Mf’ with the norm of the inclusion map 1 for j € {0, 1}:
K(t. fi M@0 MG = K(t. [ M MTY) = inf{[| foll y g0 +2 L fill yyon < fot fr= f3
> inf_ sup / (IBGe.n) P fo(y)|+1 | B2 fi(9)]) dy.
fotfi=f xern,r>0JB(x,r)
Thus applying the formula which was explained at the beginning of this section,
O [ =)
B(0,r)

we obtain the following estimates for all 7 > 0:

K. /i Mgg- Mgy

> inf sup min{|B(x,r)|1/p0_1,t |B(x,r)|1/p'_1}/ (ISo)I+ 11 dy
Jot+fi=Ff xern r>0 B(x,r)

> sup min{|B(x,r)|”P°—1,r|B(x,r)|1/l’l—1}/ | f()| dy
B(x,r)

xX€R™,r>0
> sup min{| B(r)| /P71 ¢ | B(r)| /P17 1} / | f()| dy
r>0 B(r)

= sup min{|B(r)|1/P0_1/P,; |B(r)|1/P1—1/p}'

r>0

If we calculate the last expression, we obtain

!
K@, fi MPO, MP1) < supmin{ 1, B(r)|8/Po—=0/p1 _ ind 1,200 — 40,
(1 Mag- Mai r0 m{ |B(r)|1/Po—1/P1}| l supmimy & 55 =

Case 2: p1 = co. We will use [Cwikel and Gulisashvili 2000, Lemma 6] from which it follows that if
X is a Banach function lattice on a o-finite complete measure space (2, X, 1) and f is a nonnegative
function in (X, L*)g o for some 6 € (0, 1), then for each y > 0 we have yg(y,, r) € X and

I fxew.Hlx < KUlxeq,pHlx. f1X, L), (4-2)

where yg(y,7) =1x € Q: f(x) > y}.
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At this stage we observe that it follows from Corollary 3.10 and Proposition 4.1 that for the function
£ given by f(x) = |x|7"(1=9)/Po for all x € R” \ {0} with £(0) := 0 we have

f e ME)VA=E) = [P0 L8 s (MPO, L% .

Now we apply the above estimate (4-2) of the K-functional for the couple (Mgg , L°°). First notice that
it is easy to check that
||XB(r)||M{;8 = |B(r)|"/P0 = (v,r)MPo,  r>0,

and that, for function f shown above, we have

E(y, f)={x eR": f(x) > y} = B(1/yPo/n(1=9)),

n/Pot

For ¢t > 0 let us take y := y(t) = (vy ~1)1=0 Then we get ”XE(y,f)”Mf,’O = t. Hence, we obtain
0

K. fiMag - LZ) 2 1S xee.nllvze 2 Y IXEG, plluze = (i Pog=1y1=0; — yn(1=0)/pos6

Case 3: 1 <qo <q1 < p:= po = p1 < oo. First observe that if X = (X0, X1) is a Banach couple such
that the norm of the inclusion map X < X is less than or equal to 1, then K(¢, x; X ) = ||x||x, for every
¢ > 1. We learn from Holder’s inequality that the couple (Xo, X1) := (M2, MZ,) enjoys this property.

To finish we will apply Lemmas 4.5(ii) and 4.6. To do this we will use a sequence {F} };>o of Lebesgue
measurable subsets in R”, constructed in the proof of Lemma 4.6, which satisfies the conditions of the
Lemma 4.5(ii). As a result,

o0
go=y r¥yp e (ML) O (MPE )P
j=0
and
K(t.go: ME MP ) =<1t? 1e(0,1]. O

We conclude this section with the following result:

Proposition 4.9. Assume there exists 6 € (0, 1) such that the inclusion [M3°, M7']% — (M°, M5 g.00
is proper for every so, 51 € (1, 00) with so # s1. Then (Mgo, Mf;l) is not a Calderon—Mityagin couple
for all po, p1 € (1,00) with po # p1 and all 1 < g < min{pg, p1}.

Proof. Tt is easy to verify that for any couple (Xo, X1) of Banach lattices and every 1 < g < co, we have
(XéQ))l—Q (Xl(q))e ~ (X(}_eXf)(‘I).
Thus thanks to the well-known equivalence
K, [; X3, D) < K@, | £19; X0, X))V, fex® +x@,
up to equivalence of norms, we get

(X567, X1?)g,00 = (Xo. X1
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These formulas combined with the Fatou property of /\/lg'i = (MPi/9)@D imply for (Xo, X1) :=
(MPO/9 AqPV/9) that the inclusion
[ME0 MPTT > (MEO, ME )00
is proper. Since pg # p1, it follows from the proof of Theorem 4.8 that there exists f € [MF°, ME 1
such that
K(t, fi MPO, MEY) =< 19,
The required statement now follows from Proposition 4.2. O

To conclude this section, we note that it is natural to ask whether [MP°, MP118 £ (MPO MP1)g oo
in the set-theoretical sense for all 8 € (0, 1) and po, p1 € (1, 00) with pg # p;.

5. On Calderén-Mityagin couples of local Morrey spaces
We now study Calderén—Mityagin couples of local Morrey spaces. The following interpolation results will
play a key role. We proceed in a couple of simple steps, which seem independently interesting themselves.

Lemma 5.1. If1 <gg < po<ooand1/p=(1—-0)/poand1/q = (1—0)/qo for 8 € (0, 1), then the
following formulas are true:

(i) [LMES, L)% = (LMEH' =0 (L>®)? =~ LME.
(i) (LMEY, L®)g oo = WLMJ.
If we reexamine the proof of Theorem 5.2, we obtain the proof of Lemma 5.1 as a special case of

Theorem 5.2. However, we give a proof using what we have shown.

Proof. Since L/\/lf;g has the Fatou property, statement (i) follows from Corollary 3.10. In a similar
fashion to the proof of Theorem 4.3, we explain that (ii) follows by [Cwikel and Gulisashvili 2000,
Theorem 4]. O

We now handle the case ¢; < p; < oo by a different method.

Theorem 5.2. Let 1 < q; < p; < oo for j € {0,1} and 6 € (0,1). If 1/p = (1—0)/po + 0/ p1 and
1/g =(1—80)/q0 + 08/q1, then we have the following properties:

() [LMES, LMEN = LME.
(i) If ¢ = qo = q1. then (LMgg . LMG!)g,00 = LM
(i) Ifqo # q1, then (LMES, LME!)g.0o = WLME.

Proof. We will use an equivalent norm on local Morrey spaces. It is obvious that forany 1 < g < p < 00
the functional || - || defined on LMg by

1/q
||f||/=sup|B<z")|l/P—”q(/ If(y)lqdy)  feLmr,
kez B(2%)

is a norm equivalent to the original norm on LMg .
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We claim that if in addition ¢ # p, then the formula

1/q
1f11* := sup | B2k)|/P=1/a ( / O dy)
kez B

@\B(@2kT)

also gives an equivalent norm on LM,‘; .
From the definition it is clear that || - |* > || - | To prove the converse inequality, we observe that

1/q ,
(/ . If(y)lqdy) <|BQH[TVPHa| £ *, ez,
B(2/)\B(2/~1)

If we use the triangle inequality, we get that for each k € Z

1/q
( f oG dy)
B(2%)

Z fXB(zJ)\B(zj 1)

j=—o00

- (2 zf"/l’—f"/q)|B<2")|—1/1’+”q||f||*

j=0

= cpg| BQE) [TV PV £ 1*.

This implies that || f||" < cp 4|l f|* forall f € LMP.

In what follows we will need some general interpolation formulas. In order to state them we introduce
some additional notation. For a given sequence {A }kez of Banach couples, where Ak = (Ak, Ak ), we
define a Banach couple

Coo({Ar}) = (Loo({Af hrer) Loo (AT hee2)),

where Koo({A;‘ }kez) for each j € {0, 1} is a Banach space of all bounded sequences {a}‘}kez €[lkez Aj.‘
endowed with the uniform norm.

We omit the standard proofs of the following formulas:

[Coo({AK ke Loo (A% 3 en)]? = oo (1A, AX1% 1 en),
(Loo ({ A8 ke), Loo({ AR kez))0.00 = Loo({(AE, A¥)g 00 tker)-

We consider a sequence {(AO, Ak 1) kez given by Ak = kaq/ with w = |B(2%)|Y/Pi=1/4; for
each k € Z and j € {0, 1}, and endowed with norms ”f”Ak = w T

Since [L90, L91]% = LY if g¢ # q1, (L9, L1)g oo = L‘I 200 and (L9, L%)9 o = L4, then the above
vector-valued formulas easily yield
[Coo ({48 kez) . Loo (AN 1ken)]? = Loo({[wh LI, w¥ LI1)%}kcz) = Loo (1w LI} ez),
(Loo ({ A8 ke2), Loo({ AN }kez)) .00 = Loo (W LY, WK L) g oo biez) = Loo (X LT} e7),
(Loo({ AR kez) Loo ({AK 3 ke2)) 0,00 = Loo((WE LD Wk LI ) g Vi cr) = Loo ({wF LT cp),
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where {wk ez = {|B(2%)|}/P~1/4} for each k € Z and
1 1—-6 6 1 1-6 6
— +

P P pm 4  q a1

It is easy to check that wL M} = oo ({w* L2°°}) with equality of quasinorms and so the last formula
can take the form

(Coo({A§}ker). Loo ({AK Jker))p.00 = WLMPE.  qo # q1.

Now by the discussion before about equivalent norms on Morrey spaces, it follows that

1/q
1 = sup B ([ FONdy) e Lmg,
(S

(2\B(2F—1)
This equivalence implies that operators U and V' given by
Uf ={/xBr)\Bar1ikez. S € LMY+ LMEL,
V({ fitker) = Y fiXBarnpai-1)  fktkez € Loo({Af }kez) + Loo({Af Jkez)
kez

are bounded between the Banach couples

Ut (LMPO, LMPY) - (Loo({ AR} ker) . oo (14K Jren)).

Vi (Loo({AGkez) Loo ({AT Skez)) — (LMES. LMEY).
We conclude by the vector-valued interpolation formulas shown above that

U :[LMEO, LMPN? — Lo (f| BN/ P14 L2}

q0° 1

is bounded. In particular this yields the continuous inclusion

0
[LMEO, LMPV® s LM,

q0° 1
The boundedness of an operator V from oo ({| B(2%)|1/P~1/4 L9} c7) into [LME, LMPE!]? yields the
reverse continuous inclusion
LME — [LME, LME1]?
and so [LMJ?, LMEN® = LMY, as required.

Similarly we obtain the remaining formulas and this completes the proof. O
Remark 5.3. We notice that using maps U and V' defined in the proof of Theorem 5.2 we easily conclude
the following equivalence for the K -functional of local Morrey couples: if 1 <¢g; < p; < oo for j € {0, 1},
then for all f € LM&Y + LMJ! and 1 > 0,

K(t, f1 LMEO, LMPY) < K(t.4f X paipBar-1) bkez: Loo ({1 LT} kez) . Loo ((wh L' Jiez))

= ]Scup K(t, fXB@k)\B@k-1): wg L90, wh L),
(Y4

where wjk = |B(2¥)|Y/Pi=1/4; for each k € Z and j € {0, 1}.
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We apply the above results to study Calderén—Mityagin couples of local Morrey spaces. Our main
result of this section shows that Cwikel’s conjecture is valid in the class of local Morrey spaces.

Theorem 5.4. Let 1 < gog < po <ocoand 1 < q; < p1 < oo. The following are equivalent:
@ g0 =q1.
(ii) (L/\/lf]’g , L/\/lf;ll) has the universal K-property.
(iii) (L./\/lg(?, L/\/lgll) is a Calderon—Mityagin couple.
Proof. (i) = (ii). We invoke the following result from [Cwikel and Peetre 1981]: for any Banach couple
(Ao, A1) and any numbers 6y, 6 € (0, 1) the couple of interpolation spaces ((Ao, A1)g,,00- (A0, A1)6; ,00)
has the universal K-property. To establish that the couple (L/\/lg °, LMg ") falls under this scope, we fix
0<e<min{pg—q, p1—¢q}and set ug = po—¢&, Uy = po+¢&, vo = p1 —¢ and v; = p; +¢&. Then for
fo, 01 € (0, 1) given by 6y = %(1 +¢&/po) and 0; = %(1 + &/ p1) we have
1 1-6 0 1 1-6 0
- = 0 + _07 - = ! + _1-
Po Uo Ui P1 Vo V1
If ¢ = g0 = q1, then it follows from Theorem 5.2 that

(LMZO, LMZI)eo,oo = L./\/lé’o, (LM;O, L./\/lgl)gl,oo = LM{I’I.
(i) = (iii). This is obvious.
(iii) = (i). We consider the contrapositive. Suppose that gg # ¢1. We have two cases:
Case 1: po # pi1. Then as before the function f defined by f(x) = |x|™/? for almost all x € R” is in
LMg , and
K(t, f: LM LMEY) <% 1 >0.

Meanwhile, we conclude from Theorem 5.2 that

0 _
f elLMEO, LMEN® = LME

and so it follows from Lemma 4.7 and Theorem 5.2 that the inclusion

[LMEO, LME! 19 — (LMEO, LMEV)g. o0

is proper. Applying Proposition 4.2(i), we deduce that (LMZ2, LMZE!) is not a Calderén-Mityagin
couple and so we get a contradiction.

Case 2: p := po = p1. Since the cube [0, 1]"” appears in the definition of the sequence {E; };";0
constructed in the proof of Lemma 4.6, the same conclusion as in the case of Morrey spaces yields that
for {Fj}j>o0 = {(x—jEj}jZo with the same o € (O, %), we get

”)(Fj ”LM'f = max{l, a—jn/u-i—jnz—jn} = max{l, a—jn/u-i—jn/s}’ j>o.

Then as we did in the proof of Theorem 4.8, we apply Lemma 4.5 for the couple (Xg, X1) :=
(LM, LM)) to find f € [LMgy, LMf}f]“) = LMJZ such that

K(t, fiLMEO, LMEY) <% 1€ (0.1].
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Then similar to the above proof of Case 1, applying Proposition 4.2(ii), we deduce that (Lqug , LMg )
is not a Calderén—Mityagin couple. But this is a contradiction. O
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MONOTONICITY AND LOCAL UNIQUENESS
FOR THE HELMHOLTZ EQUATION

BASTIAN HARRACH, VALTER POHJOLA AND MIKKO SALO

This work extends monotonicity-based methods in inverse problems to the case of the Helmholtz
(or stationary Schrodinger) equation (A + k*g)u = 0 in a bounded domain for fixed nonresonance
frequency k > 0 and real-valued scattering coefficient function g. We show a monotonicity relation
between the scattering coefficient ¢ and the local Neumann-to-Dirichlet operator that holds up to finitely
many eigenvalues. Combining this with the method of localized potentials, or Runge approximation,
adapted to the case where finitely many constraints are present, we derive a constructive monotonicity-
based characterization of scatterers from partial boundary data. We also obtain the local uniqueness
result that two coefficient functions ¢ and g, can be distinguished by partial boundary data if there is a
neighborhood of the boundary part where g; > ¢, and q; # g».

1. Introduction

Let Q@ € R", n > 2, be a bounded Lipschitz domain with unit outer normal v. For a fixed nonresonance
frequency k > 0, we study the relation between a real-valued scattering coefficient function g € L°°(€2)
in the Helmholtz equation (or time-independent Schrédinger equation)

(A+k*¢Qu=0 inQ (1)
and the local (or partial) Neumann-to-Dirichlet (NtD) operator
A@):LX(B) —» LA(E), g uls,

where u € H' () solves (1) with Neumann data

g onX,
Suulon = 0 else

Here ¥ C 02 is assumed to be an arbitrary nonempty relatively open subset of d€2. Since k is
a nonresonance frequency, A(g) is well-defined and is easily shown to be a self-adjoint compact
operator.

We will show that

g1 < q> implies  A(q1) <an A(q2),
MSC2010: primary 35R30; secondary 35J05.
Keywords: inverse coefficient problems, Helmholtz equation, stationary Schrédinger equation, monotonicity, localized

potentials.
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where the inequality on the left-hand side is to be understood pointwise almost everywhere, and the
right-hand side denotes that A(g2) — A(gq1) possesses only finitely many negative eigenvalues. Based on
a slightly stronger quantitative version of this monotonicity relation, and an extension of the technique of
localized potentials [Gebauer 2008] to spaces with finite codimension, we deduce the following local
uniqueness result for determining g from A(q).

Theorem 1.1. Let O C Q be a connected relatively open set with O N'X # @& and q1 < q> on O. Then
A(q1) = A(q2) implies  q1=¢q> inO.
Moreover, if q1|lo # q2l0, then A(q2) — A(qy1) has infinitely many positive eigenvalues.

Theorem 1.1 will be proven in Section 5. Note that this result removes the assumption ¢y, g» € Lf(Q)
from the local uniqueness result in [Harrach and Ullrich 2017], and that it implies global uniqueness if
q1 — q» is piecewise-analytic; see Corollary 5.2. Note also that in dimension n = 2, Imanuvilov, Uhlmann
and Yamamoto [Imanuvilov et al. 2015] have proven global uniqueness with partial boundary data for
potentials g € whr(Q), p > 2. Compared to the result in [Imanuvilov et al. 2015], Theorem 1.1 is both
less restrictive, as it holds for L®°-potentials and any dimension n > 2, and more restrictive, as it relies on
a local definiteness condition that is not required in [Imanuvilov et al. 2015].

Additionally to Theorem 1.1, we will also derive a constructive monotonicity-based method to detect a
scatterer in an otherwise homogeneous domain. Let the scatterer D C  be an open set such that D € Q
and the complement Q \ D is connected, and let

q(x)=1 forxeQ\D(ae.), and
1 < @min £ q(x) < gmax forx e D (ae)),

with constants gmin, gmax > 0. For an open set B C 2, we define the self-adjoint compact operator

Tp: LA(D) — LA(D), /gTBhds ::/k2u§g>u§h)dx,
) B

where ugg), ugh) e H' () solve (1) with ¢ = 1 and Neumann data g, 1 respectively.

Theorem 1.2. Forall 0 < o < gmin — 1,
BCD ifandonlyif oTp <, A(g) — A(1).

We will also give a bound on the number of negative eigenvalues in the case B € D, and prove a
similar result for scatterers with negative contrast in Section 6.

Let us give some references on related works and comment on the origins and relevance of our result.
The inverse problem considered in this work is closely related to the inverse conductivity problem of
determining the positive conductivity function y in the equation V - (¥ Vu) = 0 in a bounded domain
in R" from knowledge of the associated Neumann-to-Dirichlet operator. This is also known as the
problem of electrical impedance tomography or the Calderén problem [1980; 2006]. For a short list of
seminal contributions for full boundary data let us refer to [Kohn and Vogelius 1984; 1985; Druskin
1998; Sylvester and Uhlmann 1987; Nachman 1996; Astala and Pdivérinta 2006; Haberman and Tataru
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2013; Caro and Rogers 2016]. For the uniqueness problem with partial boundary data there are rather
precise results if n = 2 (see [Imanuvilov et al. 2010; 2015] and the survey [Guillarmou and Tzou 2013]),
but in dimensions n > 3 it is an open question whether measurements on an arbitrary open set ¥ C 9€2
suffice to determine the unknown coefficient. We refer to [Kenig et al. 2007; Isakov 2007; Kenig and
Salo 2013; Krupchyk and Uhlmann 2016] and the overview article [Kenig and Salo 2014] for known
results, which either impose strong geometric restrictions on the inaccessible part of the boundary or
require measurements of Dirichlet and Neumann data on sets that cover a neighborhood of the so-called
front face

F(xg) ={x€dQ:(x—xp) -v(x) <0}

for a point xg outside the closed convex hull of 2. Also note that partial boundary data determines full
boundary data by unique continuation if there exists a connected neighborhood of the full boundary on
which the coefficient is known, so that uniqueness also holds in this case; see [Ammari and Uhlmann 2004].

Theorem 1.1, as well as the previous work [Harrach and Ullrich 2017], give uniqueness results where
the measurements are made on an arbitrary open set £ € 9€2. Our result shows that a coefficient change
in the positive or negative direction in a neighborhood of ¥ (or an open subset of X) always leads to a
change in the Neumann-Dirichlet-operator irrespectively of what happens outside this neighborhood, or
the geometry or topology of the domain. Note however that our uniqueness result requires that there is a
neighborhood of the boundary part on which the coefficient change is of definite sign. Our uniqueness
result does not cover coefficient changes that are infinitely oscillating between positive and negative
values when approaching the boundary.

Our result is based on combining monotonicity estimates (similar to those originally derived in [Kang
et al. 1997; Ikehata 1998]) with localized potentials. Other theoretical uniqueness results have been
obtained by this approach in [Arnold and Harrach 2013; Gebauer 2008; Harrach 2009; 2012; Harrach
and Seo 2010; Harrach and Ullrich 2017]. Also note that monotonicity relations have been used in
various ways in the study of inverse problems; see, e.g., [Kohn and Vogelius 1984; 1985; Isakov 1988;
Alessandrini 1990; Ikehata 1999], where uniqueness results are established by methods that involve
monotonicity conditions and blow-up arguments.

Monotonicity-based methods for detecting regions (or inclusions) where a coefficient function differs
from a known background have been introduced by Tamburrino and Rubinacci [2002] for the inverse
conductivity problem. In that paper they propose to simulate boundary measurements for a number of test
regions and then use the fact that a monotonicity relation between the simulated and the true measurements
will hold, if the test region lies inside the true inclusion. The work [Harrach and Ullrich 2013] used the
technique of localized potentials [Gebauer 2008] to prove that this is really an if-and-only-if relation
for the case of continuous measurements modeled by the NtD operator. Moreover, [Harrach and Ullrich
2013] also showed that this if-and-only-if relation still holds when the simulated measurements are
replaced by linearized approximations so that the monotonicity method can be implemented without
solving any forward problems other than that for the known background medium. For a list of recent
works on monotonicity-based methods, let us refer to [Harrach et al. 2015; 2019; Harrach and Ullrich
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2015; Harrach and Minh 2016; 2018; Maffucci et al. 2016; Tamburrino et al. 2016; Barth et al. 2017;
Garde 2018; Garde and Staboulis 2017; 2019; Harrach and Lin 2017; Su et al. 2017; Ventre et al. 2017;
Brander et al. 2018; Griesmaier and Harrach 2018; Zhou et al. 2018; Harrach and Meftahi 2019; Harrach
2019; Harrach and Lin 2019].

Previous monotonicity-based results often considered second-order equations with positive bilinear
forms, such as the conductivity equation. So far, this positivity has been the key to proving monotonicity
inequalities between the coefficient and the Neumann-to-Dirichlet operator, and previous results fail
to hold in general for equations involving a positive frequency k& > O (or a negative potential for the
Schrodinger equation). In this article, we remove this limitation and introduce methods for more general
elliptic models. We will focus on the Helmholtz equation in a bounded domain as a model case, but
the ideas might be applicable to inverse boundary value and scattering problems for, e.g., Helmholtz,
Maxwell, and elasticity equations. The main technical novelty of this work is that we treat compact
perturbations of positive bilinear forms by extending the monotonicity relations to only hold true up
to finitely many eigenvalues, and extend the localized potentials arguments to hold on spaces of finite
codimension.

It should also be noted that the localized potentials arguments in [Gebauer 2008] stem from the ideas
of the factorization method that was originally developed for scattering problems involving far-field
measurements of the Helmholtz equation by Kirsch [1998], see also [Kirsch and Grinberg 2008], and
then extended to the inverse conductivity problem in [Briihl and Hanke 2000; Briihl 2001]; see also the
overview article [Harrach 2013]. For the inverse conductivity problem, the monotonicity method has the
advantage over the factorization method that it allows a convergent regularized numerical implementation,
see [Harrach and Ullrich 2013, Remark 3.5; Garde and Staboulis 2019], and that it can also be used
for the indefinite case where anomalies of larger and smaller conductivity are present. The localized
potentials approach in [Gebauer 2008] has recently been extended to show the possibility of localizing
and concentrating electromagnetic fields in [Harrach et al. 2018].

The paper is structured as follows. In Section 2 we discuss the well-posedness of the Helmholtz
equation outside resonance frequencies, introduce the Neumann-to-Dirichlet-operators, and give a unique
continuation result from sets of positive measure. Sections 3 and 4 contain the main theoretical tools for
this work. In Section 3, we introduce a Loewner order of compact self-adjoint operators that holds up to
finitely many negative eigenvalues, and show that increasing the scattering index monotonically increases
the Neumann-to-Dirichlet-operator in the sense of this new order. We also characterize the connection
between the finite number of negative eigenvalues that have to be excluded in the Loewner ordering
and the Neumann eigenvalues for the Laplacian. Section 4 extends the localized potentials result from
[Gebauer 2008] to the Helmholtz equation and shows that the energy terms appearing in the monotonicity
relation can be controlled in spaces of finite codimension. We give two independent proofs of this result,
one using a functional analytic relation between operator norms and the ranges of their adjoints, and an
alternative proof that is based on a Runge approximation argument. Sections 5 and 6 then contain the
main results of this work on local uniqueness for the bounded Helmholtz equation and the detection of
scatterers by monotonicity comparisons; see Theorem 1.1 and 1.2 above.
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A preliminary version of these results has been published as the extended abstract [Harrach et al. 2017].
The bound on the number of negative eigenvalues in the monotonicity inequalities derived in this work
has recently been improved in [Harrach et al. 2019].

2. The Helmholtz equation in a bounded domain

We start by summarizing some properties of the Neumann-to-Dirichlet-operators, discuss well-posedness
and the role of resonance frequencies, and state a unique continuation result for the Helmholtz equation
in a bounded domain.

2A. Neumann-to-Dirichlet operators. Throughout this work, let 2 € R”, n > 2, denote a bounded
domain with Lipschitz boundary and outer unit normal v, and let ¥ € 92 be an open subset of d2. For a
frequency k > 0 and a real-valued scattering coefficient function ¢ € L*°(£2), we consider the Helmholtz
equation with (partial) Neumann boundary data g € L*(D),ie., finding u € H 1(Q) with

g onX,

(A+KqQu=0 ing, ammz{ (2)

0 else.

We also denote the solution by ufjg) instead of u if the choice of g and g is not clear from the context.

The Neumann problem (2) is equivalent to the variational formulation of finding u € H'(2) such that
/(w Vv —k*quv) dx = / gvlsads forall ve H' (). (3)
Q Elo)

We introduce the bounded linear operators
1:HY(Q) — HY(Q),
jrHY Q) — LX(9),
M, : L¥(Q) — L*(Q),
where I denotes the identity operator, j is the compact embedding from H' to L? and M, is the
multiplication operator by ¢. We furthermore use (-, - ) to denote the H'(S) inner product and define

the operators
K:=j*j and K,:=j"M,}j,

which are compact self-adjoint linear operators from H'(Q) to H'(Q). By
e H'(Q) = LA(Z), v vz,

we denote the compact trace operator.
With this notation (3) can be written as

((I—-K —szq)u, V) = / g(ysv)ds forallve HI(SZ),
aQ

so that the Neumann problem for the Helmholtz equation (2) is equivalent to the equation

(I—K - szq)u =y5g. “4)
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Our results on identifying the scattering coefficient ¢ will require that / — K — szq is continuously
invertible, which is equivalent to the fact that k is not a resonance frequency, or, equivalently; that O is
not a Neumann eigenvalue, see Lemmas 2.2 and 3.10. Note that this implies, in particular, that £k > 0
and g #% 0. We can then define the Neumann-to-Dirichlet operator (with Neumann data prescribed and
Dirichlet data measured on the same open subset ¥ C 0€2)

A(g): L*(Z) = L*(%), g+ ulg, whereu e H'(Q) solves (2).
The Neumann-to-Dirichlet operator satisfies
Ag) =ys(I —K —K*Ky) vy, (5)

which shows that A(g) is a compact self-adjoint linear operator.

We will show in Section 3 that there is a monotonicity relation between the scattering coefficient g
and the Neumann-to-Dirichlet-operator A(g). Increasing g will increase A(g) in the sense of operator
definiteness up to finitely many eigenvalues. The number of eigenvalues that do not follow the increase
will be bounded by the number defined in the following lemma. Note that here, and throughout the paper,
we always count the number of eigenvalues of a compact self-adjoint operator with multiplicity according
to the dimension of the associated eigenspaces.

Lemma 2.1. Given k > 0 and g € L*(R2), let d(q) be the number of eigenvalues of K + szq that are
larger than 1, and let V (q) be the sum of the associated eigenspaces. Then d(g) = dim(V (¢)) € Ny is
finite, and

/(|Vv|2 —K*qv/Hdx >0 forallveV(g)*,
Q

where V (q)* denotes the orthocomplement of V (q) in H' ().
Proof. Since
(1~ K =K Kyy.0) = [ (VoP = qlop)ar.
Q

the assertion follows from the spectral theorem for compact self-adjoint operators. (|

We will show in Lemma 3.10 that d(g) agrees with the number of positive Neumann eigenvalues of
A+ kzq. If g(x) < gmax € R for all x € 2 (a.e.) then d(g) < d(gmax), and d(gmax) is the number of
Neumann eigenvalues of the Laplacian A that are larger than —k?gpax; see Corollary 3.11.

2B. Resonance frequencies. We now summarize some results on the solvability of the Helmholtz equa-
tion (2) outside of resonance frequencies.

Lemma 2.2. Let g € L™(22).
(a) For each k > 0, the following properties are equivalent:

(i) For each F € L*(Q) and gE€ L2(3R), there exists a unique solution u € H'(Q) of
(A+KqQu=F inQ,  dule=g, 6)

and the solution depends linearly and continuously on F and g.
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(i1) The homogeneous Neumann problem
(A+KQu=0 ingQ, dulye =0, (7)
admits only the trivial solution u = 0.
(iii) The operator I — K — szq cHY(Q) — HY(Q) is continuously invertible.
We call k a resonance frequency if the properties (1)—(iii) do not hold.
(b) If g # 0, then the set of resonance frequencies is countable and discrete.

Proof. (a) Clearly, (i) implies (ii), and, using the equivalence of (2) and (4), (ii) implies that / — K —k’K q
is injective. Since K and K, are compact, the operator / — K — szq is Fredholm of index 0. Hence,
injectivity of I — K — szq already implies that [ — K — szq is continuously invertible, so that (ii)
implies (iii). Finally, u € H'() solves (6) if and only if

/(Vu-Vv—kzquv)dxz—f dex+/ gulandS for all v e H' ().
Q Q IR

This is equivalent to
(I — K —k*Ky)u, v) = —/ Fj(v)dx +/ gyse(v)ds forallve HY(Q),
Q a0
and thus equivalent to
(I =K =k Kpu=~j"F + yja8.
so that (iii) implies (i).
(b) We extend I, K, and K, to the Sobolev space of complex-valued functions
I,K,K,: H(Q;C) — H'(Q; C).
For k € C we then define

R(k):= K +k*K, : H'(Q; C) — H'(Q; C).

R(k) is a family of compact operators depending analytically on k € C. The analytic Fredholm theorem,
see, e.g., [Reed and Simon 1972, Theorem VI.14], now implies that either / — R(k) is not invertible for
all k € C, or that there is a countable discrete set Z C C such that / — R(k) is continuously invertible when
k € C\ Z. Hence, to prove (b), it suffices to show that there exists k € C for which I — R(k) is invertible.

We will show that this is the case for any 0 # k € C with Re(k?) = 0. In fact, (I — R(k))u = 0 implies

0=/(Vu-Vv—k2quv)dx for all v e H'(Q; ©).
Q

Using v := i and taking the real part yields that 0 = [, |Vu|? dx, which shows that # must be constant,
and that

f k*quvdx =0 forallve H'(Q; C).
Q
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Together with k* 0, and q # 0, this shows that u = 0. Hence, I — R(k) is injective and thus invertible
for all 0 # k € C with Re(k?) = 0. O

2C. Unique continuation. We will make use of a unique continuation property for the Helmholtz
equation from sets of positive measure. In two dimensions, this follows from a standard reduction to
quasiconformal mappings. However, since we could not find a proof in the literature, we will first give
the argument following [Alessandrini 2012] and references therein (in fact [Alessandrini 2012] proves
strong unique continuation for more general equations). See also [Astala et al. 2009] for basic facts on
quasiconformal mappings in the plane.

Lemma 2.3. Let Q C R? be a connected open set, and suppose that u € HILC(Q) is a weak solution of
—div(AVu)+du =0 inQ,

where A € L (2, R™") is symmetric and satisfies A(x)& - & > Colélzfor some co > 0, and d € L1/*(Q)
for some q > 2. If u vanishes in a set E of positive measure, then u =0 in Q.

Proof. 1t is enough to show that u# vanishes in some ball, since then weak (or strong) unique continuation
[Alessandrini 2012] implies that # = 0. Let xg be a point of density 1 in £ and let U, := B, (xp) and
E,:= ENU,. There is ro > 0 so that if r < rg, then U, C 2 and E, has positive measure.

We will now work in U,. Observe first that there is p > 2 so that u € WP (U,) [Astala et al. 2009,
Theorem 16.1.4]. In particular u# is Holder continuous and we may assume (after removing a set of
measure zero from E) that u(x) = 0 for all x € E,. The first step is to show that Vu =0 a.e. on E,. Let
Ny be the set of points in E, where u is not differentiable, and let N, be the set of points of density < 1
in E,. Then N; and N, have zero measure. Fix a point x € E, \ (N} U N,) and a unit direction e. There
is a sequence (x;) with x; € B(x, 1/j) N E, so that |(xj —x)/|xj — x| — e‘ < 1/j for j large (for if not,
then all points in E, near x would be outside a fixed sector in direction e, which contradicts the fact that
x has density 1). Since u is differentiable at x,

u(x;) —u(x) = Vu(x) - (xj —x) +o(|x — x;|).

Dividing by |x — x;| and using that u(x;) = u(x) = 0 implies that Vu(x) - e = 0. It follows that Vu
vanishes in E, \ (N} U N;), so indeed

u=0 1in E,, Vu=0 ae.inE,. (8)

The next step is to reduce to the case where d = 0. As in [Alessandrini 2012, Proposition 2.4], we
choose r small enough so that there is a nonvanishing w € W7 (U,) satisfying

—div(AVw)+dw =0 inU,,

5sw=<2 inU,  |Vwlwe,) <1
We write v = u/w. It follows that v € W!-7(U,) is a weak solution of

—div(AVv) =0 inU,,
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where A = w?A is L> and uniformly elliptic. Moreover, (8) implies that
v=0 inkE,, Vv=0 ae.in E,. 9

To prove the lemma, we will show that v = 0 in some ball.
Let J = ((1) _(1)). Since AV is divergence-free, there is a real-valued function & € H'(U,) satisfying

Vi=J(AVv). (10)
Such a function v is unique up to an additive constant. Define
f=v+iv.
As in [Alessandrini 2012], f € H'(U,) solves an equation of the form
O:f =pd. f+vd.f inU,

where |||z w,) + IVllL=~@,) < 1. It follows that f is a quasiregular map and by the Stoilow factorization
[Astala et al. 2009, Theorem 5.5.1] it has the representation

f@)=F(x@), zeU,

where y is a quasiconformal map C — C and F is a holomorphic function on x (U).
Finally, the Jacobian determinant J; of f is given by

Jr (@) = F'(x () Jy(2).

Using (9) and (10), we see that Jy = 0 a.e. in E,. Moreover, since x is quasiconformal, J, can only
vanish in a set of measure zero [Astala et al. 2009, Corollary 3.7.6]. It follows that F’'(x (z)) = 0 for a.e.
z € E,. Then the Taylor series of the analytic function F’ at x (xo) must vanish (otherwise one would have
F'(x(2)) = (x (@) — x (x0))V g(x (z)), where g(x (xo)) # 0 and the only zero near xo would be z = xo).
Thus F’ = 0 near xo, so F is constant, f is also constant, and v = 0 near x. Il

We can now state the unique continuation property for any dimension n > 2 in the form that we will
utilize in the later sections. As in [Harrach and Ullrich 2013, Definition 2.2] we say that a relatively open
subset O C Q is connected to X if O is connected and £ N O # @.

Theorem 2.4. (a) Let u € H'(Q) solve
(A+K*QQu=0 inQ. (11)

If ulg =0 for a subset E C Q with positive measure then u(x) =0 for all x € Q (a.e.)
(b) Letu € H'(Q), Au € L*(Q), and

(A+KQQu=0 inQ\C

for a closed set C for which Q\ C is connected to X. If u|x =0 and d,u|x = 0, then u(x) = 0 for
all x € Q\ C (a.e.)
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Proof. For n =2, (a) follows from Lemma 2.3. For n > 3, (a) is shown in [Harrach and Ullrich 2017,
Theorem 4.2] (see also [Regbaoui 2001, proof of Theorem 2.1]) by combining the following two results:

(i) If u € H'(Q) solves (11) and vanishes on a measurable set of positive measure then « has a zero
of infinite order; see, e.g., [de Figueiredo and Gossez 1992, Proposition 3; Hadi and Tsouli 2001,
Theorem 2.1].

(i) The trivial solution u = 0 is the only H 1(2)-solution of (11) that has a zero of infinite order; see,
e.g, [Hormander 1985, Theorem 17.2.6].

Part (b) follows from (a) by extending u by zero on B\ 2, where B is a small ball with BNJQ C ¥;
see the proof of Lemma 4.4(c) in [Harrach and Ullrich 2017]. O

3. Monotonicity and localized potentials for the Helmholtz equation

In this section we show that increasing the scattering coefficient leads to a larger Neumann-to-Dirichlet
operator in a certain sense. For this result, the Neumann-to-Dirichlet operators are ordered by an extension
of the Loewner order of compact self-adjoint operators that holds up to finitely many negative eigenvalues.

3A. A Loewner order up to finitely many eigenvalues. We start by giving a rigorous definition and
characterization of this ordering.

Definition 3.1. Let A, B: X — X be two self-adjoint compact linear operators on a Hilbert space X. For
a number d € N, we write

A<4B or (Ax,x)<4(Bx,x)

if B — A has at most d negative eigenvalues. We also write A <g, B if A <; B holds for some d € Ny,
and we write A < B if A <; B holds for d =0.

Note that for d = 0 this is the standard partial ordering of compact self-adjoint operators in the sense
of operator definiteness (also called Loewner order). Also note that “<g,” and “<;” (for d # 0) are not
partial orders since they are clearly not antisymmetric. Obviously, “<g,” and "<, are reflexive, and
“<gpn” is also transitive (see Lemma 3.4 below) and thus a so-called preorder.

To characterize this new ordering, we will make use of the following lemma.

Lemma 3.2. Let A : X — X be a self-adjoint compact linear operator on a Hilbert space X with inner
product (-, - ) inducing the norm || - ||. Letd e Nyandr e R, r > 0.

(a) The following statements are equivalent:

(1) A has at most d eigenvalues larger than r.

(i1) There exists a compact self-adjoint operator F : X — X with
dim(R(F)) <d and (A= F)x,x) <rlx|? forall x € X,

where R(F) stands for the range of F.
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(iii) There exists a subspace W C X with codim(W) < d such that
(Aw, w) <rllw|*> forallweW.

(iv) There exists a subspace V. C X with dim(V) < d such that
(Av,v) <r|v|?® forallve V>,

(b) The following statements are equivalent:

(1) A has (at least) d eigenvalues larger than r.
(i) There exists a subspace V C X with dim(V) > d such that
(Av,v) > rl|v||*> forallveV.

Proof. (a) We start by showing that (i) implies (ii). Let A have at most d eigenvalues larger than r > 0.
Let (Ax)ken be the nonzero eigenvalues of A, ordered in such a way that Ay < r for k > d. Let N'(A)
denote the kernel of A and let (vx)ren € X be a sequence of corresponding eigenvectors forming an
orthonormal basis of A'(A)*. Then

o0
Ax = Zkkvk(vk, x) forall x € X,
k=1

and (ii) follows with F : X — X defined by
d
F:x— Zkkvk(vk, x) forall x € X.
k=1

The implication from (ii) to (iii) follows by setting W := N (F) since
codim(W) = dim(W+) = dim(R(F)) < d
and

(Aw, w) = ((A— F)w, w) > 0.

Part (iii) implies (iv) by setting V := W+,
To show that (iv) implies (i), we assume that (i) is not true, so that A has at least d + 1 eigenvalues
larger than r > 0. We sort the positive eigenvalues of A in decreasing order to obtain

)\.12"'2)\.d2)\,d+1>}’.

Then, by the Courant-Fischer—Weyl min-max principle, see, e.g., [Lax 2002, p. 318], we have that the
minimum over all d-dimensional subspaces V C X must satisfy

min  max (Av, v) = Agy1 > 7,
A e
dim(V)=d |v|=1

which shows that (iv) cannot be true. Hence, (iv) implies (i).
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(b) This can be shown analogously to (a). Part (ii) follows from (i) by choosing V as the sum of
eigenspaces for eigenvalues larger than r, and (ii) implies (i) by using the Courant-Fischer—Weyl min-max
principle. (|

Corollary 3.3. Let A, B : X — X be two self-adjoint compact linear operators on a Hilbert space X
with inner product (-, - ). For any number d € Ny, the following statements are equivalent:

(a) A=<y B.
(b) There exists a compact self-adjoint operator F : X — X with
dim(R(F)) <d and (B—A+F)x,x)>0 forallx e X.
(c) There exists a subspace W C X with codim(W) < d such that
(B=A)w,w)=>0 forallweW.
(d) There exists a subspace V. C X with dim(V) < d such that
(B—A)v,v)=>0 forallve vt
Proof. This follows from Lemma 3.2(a) with r = 0 and A replaced by A — B. U

Lemma 34. Let A, B, C : X — X be self-adjoint compact linear operators on a Hilbert space X. For

dl, d2 (S N()
A<y B and B <4 C implies A <444, C,

A< B and B <, C implies A <, C.
Proof. This follows from the characterization in Corollary 3.3(b). (|
3B. A monotonicity relation for the Helmholtz equation. With this new ordering, we can show a mono-
tonicity relation between the scattering index and the Neumann-to-Dirichlet-operators. Note that the

dimension bound in the last line of the following theorem has recently been improved to d(g>) —d(q;) in
[Harrach et al. 2019].

Theorem 3.5. Let g1, g, € L°(R2) \ {0}. Assume that k > 0 is not a resonance for q, or q», and let
d(q2) € Ng be defined as in Lemma 2.1.
Then there exists a subspace V C L%(2) with dim(V) <d (g2) such that
_ 20 (®)2 1
8(A(q2) —A(q1))gds = | k™(g2—qD)luy”|"dx  forallg e V.
by Q
In particular
q1 < q> implies A(q1) <a(g) A(q2).

Remark 3.6. Note that by interchanging ¢; and g,, Theorem 3.5 also yields that there exists a subspace
V C L*(X) with dim(V) < d(q;) such that

/ g(A(g2) — A(q))gds < f K (g2 —qnlusdPdx forall g e V*.
p)) Q
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To prove Theorem 3.5 we will use the following lemmas.

Lemma 3.7. Let q1, g» € L*°(2) \ {0}. Assume that k > 0 is not a resonance for q, or qa. Then, for all
g € LX),

f g(A(q2) — A(gn))g ds + / K (g1 — g u'®? dx = / (V@ —u')? = Cqalul® —u'®?) dx,
> Q

where uig), u;g) solve the Helmholtz equation (2) with Neumann boundary data g and q = q1, q = q>»

respectively.
Proof. Define the bilinear form
B,(u,v) = / (Vu-Vv—k*quv)dx, u,ve HY(Q).
Q

Writing u| = uig) and u, = uég ), from the definition of the NtD map and from (3) we have

/ZgA(Ch)g ds = /E(auul)ul ds = 2/2(5%”2)%1 ds — L(avul)ul ds = 2By, (ua, uy) — By, (uy, uy)
and
/2 gA(q2)gds = /Z(avuz)uz ds = By, (u2, uz).
We thus obtain that
/2 g(A(q2) — A(q1))gds = By, (u2, uz) — 2By, (uz, uy) + By, (u1, uy)
= By, (uz —uy, up —uy) — By, (uy, uy) + By, (uy, uy). 0

We will show that the bilinear forms in the right-hand sides in Lemma 3.7 are positive up to a
finite-dimensional subspace.

Lemma 3.8. Lef g1, g, € L°(R) \ {0} for which k > 0 is not a resonance. There exists a subspace
V C L2(2) with dim(V) < d(qy) such that forall g € V+

f (|V(u(8) (g))| k2q2|ug8) (g)| )dx > ().

Proof. Using Lemma 2.1, we have

/ (|V(l/l(g) Mgg))| k2q2|u(g) (g)| )dx > ()

for all g € LA(Z) with u$® — u'® € V(g2)". The solution operators
S LX)~ H'(Q), gr>u®, whereu® € H'(Q) solves (2), je{l,2},
are linear and bounded, and
(S2—Sng=ul —u'® e V(g)* ifandonlyif ge((S2—S)"V(g))™ .
Since dim(S; — $1)*V (g2) < dim V(q2) = d(g»), the assertion follows with V := (S, — S1)*V(¢2). O
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Proof of Theorem 3.5. This now immediately follows from combining Lemmas 3.7 and 3.8. U

3C. The number of negative eigenvalues. We will now further investigate the number d(q) € Ny (defined
in Lemma 2.1) that bounds the number of negative eigenvalues in the monotonicity relations derived
in Section 3B. We will show that d(g) depends monotonously on the scattering index g and show that
d(q) is less than or equal to the number of Neumann eigenvalues for the Laplacian which are larger than
—kZQmax, where gmax > ¢g(x) for all x € Q (a.e.).

Lemma 3.9. Let g1, g» € L°(R2). Then q1 < g, implies d(q) < d(q>).

Proof. The inequality g < g» implies that K, < K,,. Hence, the assertion follows from the equivalence
of (a) and (c) in Corollary 3.3. O

Lemma 3.10. Let g € L*°(R2), and k € R.
(a) There is a countable and discrete set of real values
AMZry =23 —> —00
(called Neumann eigenvalues) such that
(A+Kk*qQu=ru inS, dulye =0, (12)

admits a nontrivial solution (called a Neumann eigenfunction) 0 %= u € H'(Q) if and only if A €
{A1, A2, ...}, and there is an orthonormal basis (uy, u, ...) osz(Q) such that u; € HY(Q) is a Neumann
eigenfunction for A;.

(b) If A is not a Neumann eigenvalue, then the problem
(A+KqQu=ru+F inS, oitlso =g, (13)

has a unique solution u € H'(Q) for any F € L*(Q) and g€ L2(3R2), and the solution operator is linear
and bounded.

(c) Let Ny :=span{u; : A; > 0}. Then dim(N) < oo,

N_ :=span{uj:Aj§0}={veH1(Q):vLLz Ny} (14)
is a complement of N4 (in HY(Q)), and

/ V| —k’qv?*dx <0 forallve N, (15)
Q
/ |Vv|2—k2qv2dx20 forallve N_, (16)
Q

where the closure in (14) is taken with respect to the H'(Q)-norm, and L, > denotes orthogonality with
respect to the L* inner product.

(d) d(q) is the number of positive Neumann eigenvalues of A +k*q; i.e., d(g) = dim(N_).

(e) 0is a Neumann eigenvalue if and only if k > 0 is a resonance frequency.
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Proof. (a) Define ¢ := k2||q||LDC(Q) +1>0and R:=1—-—K — szq 4 cK. Then R is coercive and thus
continuously invertible. Using the equivalent variational formulation of (12), we have that L € R is a
Neumann eigenvalue with Neumann eigenfunction u # 0 if and only if

/(—Vu-Vv—i—kzquv)dx:A/ uvdx for allveHl(Q),
Q Q

which is equivalent to
(I — K —k*K,)u =—AKu
and thus to
Ru=(-K—KkK;+cKu=(c—1Ku. (17)

This shows that ¢ cannot be a Neumann eigenvalue since Ru = 0 for u # 0. Moreover, using K = j*j,
the invertibility of R, and the injectivity of j, we have that (17) is equivalent to

. el ks
—u)=jR"j (ju).
c—A
This shows that A € R is a Neumann eigenvalue with Neumann eigenfunction u € H'() if and only
if ju € L>(Q) is an eigenfunction of jR™!j*: L>(Q) — L*(Q) with eigenvalue 1/(c — ). Since j is
injective, and every eigenfunction of jR~!j* lies in the range of j, this is a one-to-one correspondence,

and the dimension of the corresponding eigenspaces is the same. Since jR™!j* is a compact, self-adjoint,
positive operator, the assertions in (a) follow from the spectral theorem on self-adjoint compact operators.

(b) This follows from the fact that I — K — k2 K, — AK is Fredholm of index 0 and thus continuously
invertible if it is injective.

(¢) dim(N4) < oo follows from (a). We define

N_ :=span{u; : 1; <0} and N_ = {ve H](Q) cv Lo Ny

N_ is closed with respect to the H'-norm and contains all u ; with A; <0, so that N_ C N_. To show
N_=N_, we argue by contradiction. If N_ C N_, then there would exist a 0 #Fve€ N_ with (uj,v)=0
for all u; with A; < 0. Using

0=(uj,v) = / (Vu;j - Vv +ujv)dx
Q
=/(Vuj-Vv—kzqujv)dx-i-/(1+k2q)ujvdx
Q Q
=/(1+k2q—,\,)u,-vdx,
o :
and the fact that 1; — —o0, it would follow that v L ;> u; for all but finitely many u;. Since v L ;> N,

and (uy, us, ...) is an orthonormal basis of LZ(Q), v must then be a finite combination of u; with A; <0,
which would imply that v = 0. Hence, N_ = N_, so that the equality in (14) is proven.
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Obviously, N, N N_ =0 and every v € H'(2) can be written as
v= Z(/ Udex)Mj+< —Z(/ vujdx)uj) €N +N_,
Aj>0 & ;>0 &

which shows that N_ is a complement of N,.
To show (15), we use the L?-orthogonality of the u; to obtain for all v = ZA,>0 ajuj € Ny

/Q(|Vv|2—k2qvv)dx: Zaj /Q(Vuj-Vv—kzqujv)dx

)\j>0
ujvdx = — Zajz)»‘,-/ ujzdx < 0.

_ a-k-/
Z " Aj>0 §

;>0 @
Since every v € N_ is an H 1(Q)-limit of finite linear combinations of u ; with A; <0, (16) follows with
the same argument.

(d) Inequality (15) can be written as
(K +k*K )v,v) > |[v]|* forallve Ny.

Lemma 3.2(b) implies that the number d(g) of eigenvalues of K + szq larger than 1 must be at least
dim(Ny). Likewise, (16) can be written as

(K +k*K,)v,v) < |lv||* forallve N_.

Hence, Lemma 3.2(a) shows that d(g) is at most codim(N_) = dim(N).
(e) This is trivial. O

Corollary 3.11. If g € L>®(2) and q(x) < gmax € R for all x € Q (a.e.), then d(q) < d(qmax), and
d(qmax) is the number of Neumann eigenvalues of the Laplacian A that are larger than —k>qmax.

Proof. Obviously, the number of positive Neumann eigenvalues of A + k?gpax agrees with the number of
Neumann eigenvalues of the Laplacian A that are greater than —k?¢,.c. Hence, the assertion follows
from Lemmas 3.9 and 3.10(d). |

Remark 3.12. One can show, by using constant potentials, that for the Helmholtz equation A4, — A4, can
actually have negative eigenvalues when q; < g». This shows that in Theorem 3.5 it is indeed necessary
to work modulo a finite-dimensional subspace. The details will appear in a subsequent work.

4. Localized potentials for the Helmholtz equation

We now extend the result in [Gebauer 2008] to the Helmholtz equation and prove that we can control the
energy terms appearing in the monotonicity relation in spaces of finite codimension. We will first state
the result and prove it using a functional analytic relation between operator norms and the ranges of their
adjoints in Section 4A. Section 4B then gives an alternative proof that is based on a Runge approximation
argument.
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4A. Localized potentials. Our main result on controlling the solutions of the Helmholtz equation in
spaces of finite codimension is the following theorem.

Theorem 4.1. Let g € L>®°(Q2) \ {0} for which k > 0 is not a resonance. Let B, D C Q be measurable,
B\ D possess positive measure, and Q \ D be connected to X.
Then for any subspace V C L%(2) with dim V < oo, there exists a sequence (gj)jeNn C V- such that

/|u¢(1gj)|2dx—>oo and /|u,(1gj)|2dx—>0,
B D

where u,(]gj % € HY(Q) solves the Helmholtz equation (2) with Neumann boundary data g;.

The arguments that we will use to prove Theorem 4.1 in this subsection also yield a simple proof for
the following elementary result. We formulate it as a theorem since we will utilize it in the next section
to control energy terms in monotonicity inequalities for different scattering coefficients.

Theorem 4.2. Let g1, g» € L*°(R2) \ {0} for which k > 0 is not a resonance. If q1(x) = g2(x) for all x
(a.e.) outside a measurable set D C 2, then there exist constants ¢y, ¢ca > 0 such that

c]/ |u§g)|2dx5/ |u§g)|2dx5cz/ W@ 12dx  forall g € L*(S),
D D D

where uig), uég) e HY(Q) solve the Helmholtz equation (2) with Neumann boundary data g and q = qy,

q = q» respectively.

To prove Theorems 4.1 and 4.2 we will formulate and prove several lemmas. Let us first note that the
assertion of Theorem 4.1 already holds if we can prove it for a subset of B with positive measure. We
will use the subset B N C, where C is a small closed ball constructed in the next lemma.

Lemma 4.3. Let B, D C Q be measurable, B\ D possess positive measure, and 2\ D be connected to .
Then there exists a closed ball C such that B N C has positive measure, CND = @, and Q\ (DU C) is
connected to 2.

Proof. Let x be a point of Lebesgue density 1 in B\ D. Then the closure C of a sufficiently small ball
centered in x will satisfy BN C has positive measure, CN D = @, and Q\ (D U C) is connected to X. [J

Now we follow the general approach in [Gebauer 2008]. We formulate the energy terms in Theorem 4.1
as norms of operator evaluations and characterize their adjoints. Then we characterize the ranges of
the adjoints using the unique continuation property, and prove Theorem 4.1 using a functional-analytic
relation between norms of operator evaluations and ranges of their adjoints.

Lemma 4.4. Let g € L>°(2) \ {0} for which k > 0 is not a resonance. For a measurable set D C Q we
define
Lp:L*(X)— L*(D), g+ ulp,

where u € H'(Q) solves (2). Then Lp is a compact linear operator, and its adjoint satisfies

L}y :LX(D)— L*(%), f+vlx,
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where v solves
Av+kqu=fxp. dvlse=0. (18)

Proof. With the operators 7, j, and K, defined as in Section 2A and (4) we have
Lp=RpjI—K—-kKK)'ys,

where Rp : L?(€2) — L?(D) is the restriction operator v — v|p. Hence, Lp is a linear compact operator,
and its adjoint is
Ly=ys(I—K—kK,)) ' j*R}.

Thus L7}, f = v|x, where v € H' () solves

(I — K —k*K,)v=j*R} f;
ie., forall w e H' (),

/(w Vw —k*quw) dx = ((I — K —k*K,)v, w) = (j*R} f, w) /fwdx

which is the variational formulation equivalent to (18). U

Lemma 4.5. Let g € L®(2) \ {0} for which k > 0 is not a resonance. Let B, D C Q be measurable and
C C Q be a closed set such that BN C has positive measure, C N D=0, and Q \ (5 U C) is connected
to . Then,

R(Lgnc) NR(LY) = {0}, (19)

and R(L~0), R(L},) C L?(X) are both dense (and thus in particular infinite-dimensional).

Proof. 1t follows from the unique continuation property in Theorem 2.4(a) that L pn¢ and L p are injective.
Hence R(L%n) and R(L7,) are dense subspaces of L3(2).
The characterization of the adjoint operators in Lemma 4.4 shows that

BNC S C implies R(Lpne) S R(LE).
Hence, (19) follows a fortiori if we can show that
R(LE) NR(LY) = {0}).

To show this let & € R(LE) N'R(L%). Then there exist fc € L*(C), fp € L*(D), and v¢, vp € H'(Q)
such that
Ave +k*que = fexe,  dvvlag =0,
Avp +kqup = foxp. vl =0,
and vc|2 =h= UD|§;.
It follows from the unique continuation property in Theorem 2.4(b) that vc = vp on the connected set
Q\ (C U D). Hence, 3
ve=vp on R\ (CUD),
v:i=1{vc on D,
Up on C
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defines an H'(Q)-function solving
Av+k2qv:O, dyvlse =0,
so that v = 0 and thus 2 = v¢ |y = vp|y = v|g =0. O

Lemma 4.6. Let X, Y and Z be Hilbert spaces, and Ay : X — Y and Ay : X — Z be linear bounded

operators. Then
dc>0: ||Ax|| <cllAxx| VxeX ifand only if ~ R(AT) € R(A%).

Proof. This is proven for reflexive Banach spaces in [Gebauer 2008, Lemma 2.5]. Note that one direction
of the implication also holds in nonreflexive Banach spaces; see [Gebauer 2008, Lemma 2.4]. U

Lemma 4.7. Let V, X, Y C Z be subspaces of a real vector space Z. If
XNY={0} and XCY+YV,
then dim(X) < dim(V).

Proof. Let (x; );.":1 C X be a linearly independent sequence of m vectors. Then there exist (yj)}":1 CY and

(vj)jL; C V such that x; = y; +v; forall j =1,..., m. We will prove the assertion by showing that the
sequence (vj)j:1 is linearly independent. To this end let Z’;?:l ajv; =0witha; €eR, j=1,...,m. Then
m m m
Zajxj = Zaj(yj + vj) = Zajyj €y,
Jj=1 j=l1 Jj=1
sothat 3% a;x; =0. Since (xj)7L, C X is linearly independent, it follows thata; =0 forall j =1,...,m.
This shows that (vj)}":1 is linearly independent. O

Proof of Theorem 4.1. Let g € L>(RQ) \ {0} for which k > 0 is not a resonance. Let B, D C Q be
measurable, B\ D possess positive measure, and €\ D be connected to . Using Lemma 4.3 we obtain a
closed set C C  such that BN C has positive measure, C N D = @, and Q \ (D U C) is connected to 2.

Let VCL*>(Z)bea subspace with d := dim(V) < oc. Since V is finite-dimensional and thus closed,
there exists an orthogonal projection operator Py : L2(X) — L*(X) with

R(Py)=V, PZ=Py, and Py=P;.

From Lemma 4.5, we have that R(L%.) NR(L7,) =0 and that R(L%) is infinite-dimensional. So
it follows from Lemma 4.7 that

R(Lpnc) £ R(LD) +V =R(Lp) +R(Py).
Since BN C C B implies that R(L%-) € R(L%), and since (using block operator matrix notation)

R((L} Py)) S R(Lp) +R(Py),

we obtain that

* * * L \
R(LY) € R((LY P)) = R<<P€>)
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It then follows from Lemma 4.6 that there cannot exist a constant C > 0 with
Lp\ |

py )¢

ILpgl? < C? = C*|Lpgl*+C*||Pvg|® forall g € L*(%).
Hence, there must exist a sequence (gx)ren & L*(X) with

ILpgkll = oo and [|Lpgll, llPv&kll — 0.
Thus, gx := & — Pv&r € V+ C L*(X) and
ILegkll = ILp&kll — I LBl Pv&kll — oo and [|Lpgkll — O,
which shows the assertion. 0

Proof of Theorem 4.2. Let q1, g2 € L°°(2) for which k > 0 is not a resonance, and let g;(x) = g2 (x) for
all x (a.e.) outside a measurable set D C 2. We denote by L, p and L, p the operators from Lemma 4.4
for g = g1 and g = g». For f € L*(D), we then have

Ly pf=vls and L7 ,f=wls,
where vy, v2 € H'(Q) solve
Avi +k*qiv1 = fxp, dvilse =0,
Avy+ kg2 = fxp, dvalse=0.
Since this also implies
Avi + K = fxp + k(@2 — q)vi, dvilse =0,
Avy + K2 qiva = fxp + k(g1 — q2)v2, dvalse =0,

and g; — ¢» vanishes (a.e.) outside D, it follows that

vilg =L p(f+K(qa—qv) and vlg =LE (f +k%(q1 — q2)v2).

Hence, R(L;‘h D)= R(L:;z’ p)» so that the assertion follows from Lemma 4.6. O

4B. Localized potentials and Runge approximation. In this subsection we give an alternative proof of
Theorem 4.1 that is based on a Runge approximation argument that characterizes whether a given function
¢ € L?(0) on a measurable subset O C 2 can be approximated by functions in a subspace of solutions
of the Helmholtz equation in 2. Throughout this subsection let ¢ € L*°(€2) \ {0} for which k > 0 is not a
resonance. We will prove the following theorem.

Theorem 4.8. Let D C Q2 be a measurable set and C C Q be a closed ball for which C N D =@, and
Q\ (CU D) is connected to .

Then for any subspace V C L>(X) with dim V < oo, there exists a function ¢ € L>(C U D) that can be
approximated (in the L?(C U D)-norm) by solutions u € H'(Q) of

A+Kqu=0 inQ  with  dulses=0, dulzeV™t,
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and satisfies
plp=0 and ¢lp#0

for all subsets B C C with positive measure.
Before we prove Theorem 4.8, let us first show that it implies Theorem 4.1.

Corollary 4.9. Let B, D C Q be measurable, B \ D possess positive measure, and Q \ D be connected
to X. Then for any subspace V C L*(X) with dim V < oo, there exists a sequence (gj)jen C VL such
that

/|u;gf"|2dx—>oo and /|u;gf’|2dx—>o,
B D

where u;gj ) e H'(Q) solves the Helmholtz equation (2) with Neumann boundary data 8-

Proof. As in Lemma 4.3, we can find a closed ball C C Q so that B N C has positive measure, C N D = &,
and Q\ (DU C) is connected to . Using Theorem 4.8, there exists ¢ € L>(C U D) and a sequence of
solutions (1) ;eny C HY(Q) of (A +k*q)it"V) = 0 in Q with 3, 4oz =0, 8,aV |5 € VL,

||12(j)|BﬁC“L2(BﬂC) = llell2ney >0 and ||12(J)|5||L2(5) — 0.

Obviously, the scaled sequence
3,i)

vV ||12(J)|5||L2(5)

satisfies the assertion. O

)= evt

To prove Theorem 4.8, we start with an abstract characterization showing whether a given function
pE L?(0) on a measurable set O C Q is a limit of functions from a subspace of solutions of the Helmholtz
equation in Q. For the sake of readability, we write vxo € L?(2) for the zero extension of a function
v € L*(0), and we write the dual pairing on H™'20Q) x H'/2(3Q) as an integral over 9€2.

Lemma 4.10. Let O C Q be measurable. Let H € H'(Q) be a (not necessarily closed) subspace of
solutions of (A +k*q)u =0 in Q.
A function ¢ € L*(0) can be approximated on O by solutions u € H in the sense that

ulglf; lg —ullz20)=0
if and only iffo @vdx =0 forall v e L*(0) for which the solution w € H'(Q) of
(A +k2q)w =vxo and 0J,wlyo=0 (20)

satisfies fBQ hulspqowlaeds =0 forallu € H.

Proof. Let
R:={ulo:u e H) < L*O0).

Let v e L2(0) and w € H'(Q) solve (20). Then v € R+ if and only if, for all u € H,

0:/ uvdxzf u(A+k2q)wdx=/ w(A+k2q)udx—/ 8vu|3gw|39ds=—/ dulpowlsq ds.
o Q Q Q2 092
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Hence, the assertion follows from R = (R+)* (where orthogonality and closures are taken with respect
to the L2(0O) inner product). Il

Now we characterize the functions w appearing in Lemma 4.10 for a setting that will be considered in
the proof of Theorem 4.8.

Lemma 4.11. Let V be a finite-dimensional subspace of L>(X), and O C Q be a closed set for which the
complement Q \ O is connected to X.
We define the spaces

W:={we HY(Q):3ve L*(0) s.t. (A+k*q)w =vxo, dhwlse =0, w|x € V},
Wo:={we HY(Q): 3w e L*(0) s.t. (A+k>q)w =vx0, dw|se =0, w|s =0}

Then the codimension d = dim(W/Wy) of Wy in W is at most dim(V); i.e., there exist functions
wi, ..., Wy € W such that every w € W can be written as
d

w=wqy+ E a;wj,
j=1

with (w-dependent) wg € Wy and ay, ..., aq € R.
Proof. Wy is the kernel of the restricted trace operator
yslw:W—=>V, wke w|g.
Hence, the codimension of Wy as a subspace of W is
dim(W/Wo) = dim(R(yz|w)) < dim(V),
which proves the assertion. O

Proof of Theorem 4.8. Let D C  be a measurable set and C C Q be a closed ball for which CND = &
and Q \(CU D) is connected to . Let V be a finite-dimensional subspace of L3 (%).
To apply Lemma 4.10, we set O := C U D and

H:={ue H(Q): (A+kqu=0inQ, dulsez =0, dulx € V*}.
Then w € H' () satisfies (20) and
/ itlypowlseds =0
30

for all u € Hif and only if w € W, with W defined in Lemma 4.11. Hence, by Lemma 4.10, a function
@ € L>(C U D) can be approximated by solutions u € H if and only if

f e(A+k*¢wdx =0 forallwe W. 1)
CuD

Thus, the assertion of Theorem 4.8 follows if we can show that there exists ¢ € L?(C U D) that satisfies
(21) and vanishes on D but not on any subset of C having positive measure.
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To construct such a ¢, we first note that the Helmholtz equation (2) on €2 is uniquely solvable for
all Neumann data g € L?(X), and by unique continuation, linearly independent Neumann data yield
solutions whose restrictions to the open ball C° are linearly independent. Hence, there exists an infinite
number of linearly independent solutions

@; € H'(C°)  with (A+Kqp; =0 inC° jeN. (22)

We extend ¢; by zero on DUJC to ¢; € L*(0).
Every wg € Wy, with Wy from Lemma 4.11, must possess zero Cauchy data wy|3c =0 and 9, wg|yc =0
by unique continuation. Hence, for all wg € Wy, and j € N,

/ Sﬂj(A-i-kZQ)wodX:/ ¢j(A+kZQ)w0dx=f (@jlacdvwolac — dv@jlacwolyc) ds = 0.
) c ac

Moreover, by a dimensionality argument, there must exist a nontrivial finite linear combination ¢ of
the infinitely many linearly independent ¢; such that

/ o(A +K*q)wpdx =0
o

for the finitely many functions wy, ..., wy; € W from Lemma 4.11. Thus, using Lemma 4.11, we have
constructed a function ¢ € L?(0) with ¢l =0, ¢|co #0, and

/ go(A—I—qu)wdx =0 forallwe W = Wy+span{wy, ..., wy}.
0

Moreover, ¢ solves (22), so that the unique continuation result from measurable sets in Theorem 2.4 also
yields that ¢|p % 0 for all B € C° with positive measure. Since dC is a null set, the latter also holds for
all B € C with positive measure. As explained above, the assertion of Theorem 4.8 now follows from
Lemma 4.10. g

5. Local uniqueness for the Helmholtz equation

We are now able to prove the first main result in this work, announced as Theorem 1.1 in the Introduction,
and extend the local uniqueness result in [Harrach and Ullrich 2017] to the case of negative potentials
and n > 2.

As in Section 2A, let Q C R”, n > 2, denote a bounded Lipschitz domain, and let ¥ C 92 be an
arbitrarily small, relatively open part of the boundary 9€2. For g1, g2 € L= (R2) let

AgD). Mg2)  LX(Z) » LA(T),  Alg):gr>uils,  Alg):g = uals,
be the Neumann-to-Dirichlet operators for the Helmholtz equation

>
(A+K2Qu=0 ingQ, 8Uu|39={g on = (23)

0 else,

with ¢ = g1 and g = g, respectively, and let k > 0 be such that it is not a resonance for g; or g;.
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Theorem 5.1. Let q; < q» in a relatively open set O < Q that is connected to . Then

qilo # q2lo  implies  A(q1) # A(q2).
Moreover, in that case, A(q2) — A(q1) has infinitely many positive eigenvalues.

Proof. If q1]0 # q»| o0 then there exists a subset B € O with positive measure, and a constant ¢ > 0 such
that g2(x) — q1(x) > c for all x € B (a.e.). From the monotonicity inequality in Theorem 3.5 we have
that A(gq2) — A(q1) >fin A, where

A LA(E) = LA(D), / hAgds =f (g2 — quPul" dx.
)y Q

Note that A = S} j*k*M,,_,, j S1, where S : g > u(lg) is the solution operator and j : H'(Q) — L*(Q)
is the compact inclusion, so A is indeed a compact, self-adjoint linear operator on L?(X).

We will now prove the assertion by contradiction and assume that A(g2) — A(q1) <gn 0. Then, the
transitivity result in Lemma 3.4 gives that A <g, 0. By the characterization in Corollary 3.3, there would
exist a finite-dimensional subspace V C L?(3<2), with

Oz/ k(g — q)lu® P dx
Q
=/ k2<q2—q1>|u§g)|2dx+/ (g2 — ) 2 dx
0 Q\0

> c/ K2 u®|? dx —c/ K2 u® 2 dx
B Q\0
for all g € V+, where C := (|lq1 L) + llg21lL=(e)) and uig) solves (23) with g = q;.
However, using the localized potentials from Theorem 4.1 with D := Q\ O, there must exist a Neumann
datum g € V- with

c/ kzluig)|2dx > C/ k2|u§g)|2 dx,
B Q\0

which contradicts the above inequality. Hence, A(g2) — A(g;) must have infinitely many negative
eigenvalues, and in particular A(q2) # A(q1)- O

Proof of Theorem 1.1. The result is an immediate consequence of Theorem 5.1. O

Theorem 5.1 shows that two scattering coefficient functions can be distinguished from knowledge
of the partial boundary measurements if their difference is of definite sign in a neighborhood of X (or
any open subset of X since A(X) determines the boundary measurements on all smaller parts). This
definite sign condition is satisfied for piecewise-analytic functions, see, e.g., [Harrach and Ullrich 2013,
Theorem A.1], but the authors are not aware of other named function spaces, with less regularity, where
infinite oscillations between positive and negative values when approaching the boundary can be ruled
out. In the following corollary the term piecewise-analytic is understood with respect to a partition in
finitely many subdomains with piecewise C°°-boundaries; see [Harrach and Ullrich 2013] for a precise
definition.
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Corollary 5.2. If g1 — q» is piecewise-analytic on Q2 then

A(q1) = A(q2) ifandonlyif q) = q.

Proof. This follows from Theorem 1.1 and [Harrach and Ullrich 2013, Theorem A.1]. O

6. Detecting the support of a scatterer

We will now show that an unknown scatterer, where the refraction index is either higher or lower than an
otherwise homogeneous background value, can be reconstructed by simple monotonicity comparisons.

6A. Scatterer detection by monotonicity tests. As before, let @ C R”, n > 2, be a bounded domain with
Lipschitz boundary. The domain is assumed to contain an open set (the scatterer) D C Q with D C Q
and connected complement 2\ D. We assume that the scattering index satisfies ¢(x) = 1 in Q\ D (a.e.)
and that there exist constants gmin, gmax € R so that either

1 < gmin <qg(x) <gmax forall x € D (a.e.)
or

gmin < q(x) <gmax <1 forall x € D (ae.).

A(g) denotes the Neumann-to-Dirichlet operator for the domain containing the scatterer, and A (1) is the
Neumann-to-Dirichlet operator for a homogeneous domain with ¢ = 1. For both cases, we assume that
k > 0 is not a resonance.

For an open set B C Q2 (e.g., a small ball), we define the operator

Tg: L*(Z) — L* (), f gTghds := / Ku'®u dx,
by B
where uig), uﬁh) e H' () solve (2) with ¢ = 1 and Neumann boundary data g and & respectively. Obvi-
ously, Tp is a compact self-adjoint linear operator.
The following two theorems show that D can be reconstructed by comparing A(g) — A(1) with Tp in
the sense of the Loewner order up to finitely many eigenvalues introduced in Section 3A.

Theorem 6.1. Let
I < Gmin = Q(x) = Gmax fOl’ allx € D (a.e.),

and let d(qmax) be defined as in Lemma 2.1 (which also equals the number of Neumann eigenvalues of the
Laplacian A that are larger than —k>gmax; see Corollary 3.11).

(@) If B € D then
aTp <dq(gm A(g) — A()  forall a < gmin — 1.
(b) If B € D then, forall @ >0, A(g) — A(1) —aTpg has infinitely many negative eigenvalues.

Theorem 6.2. Let
Gmin <qx) < gmax <1 forall x € D (a.e.),
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and let d(1) be defined as in Lemma 2.1 (which also equals the number of Neumann eigenvalues of the
Laplacian A that are larger than —k?*; see Corollary 3.11).

(a) If B € D then there exists amax > 0 such that
aTp =<d() A(l) = A(g) forall @ < amax.

(b) If B Z D then, foralla >0, A(1) — A(q) — aTp has infinitely many negative eigenvalues.

6B. Proof of Theorems 6.1 and 6.2. We prove both results by combining the monotonicity relations and
localized potentials results from the last subsections.

Proof of Theorem 6.1. By the monotonicity relation in Theorem 3.5 there exists a subspace V C L?(X)
with dim(V) < d(q) < d(gmax) (see Corollary 3.11) and

/ g(A(g) — A(1))gds zf (g —Du'®Pdx forall g e V*.
) Q
If BS D and o < gmin — 1, then ¢ — 1 > g, so that for all g € L*(X)
/kz(q—1)|u§g)|2dxz/k2a|u§g>|2dx=a/ ¢Tsgds.
Q B )

Hence, if B C D and o < gmin — 1, then

/g(A(q)—A(l))gds zozf g¢Tggds forallge V>,
X D)

which proves (a).
To prove (b) by contradiction, let B £ D, « > 0, and assume that

A(q) — A1) Zfin aTp. (24)

Using the monotonicity relation in Remark 3.6 together with Theorem 4.2, there exists a finite-dimensional
subspace V C L?*(X) and a constant C > 0, so that for all g € V+

[ etn@-aangas < k2<q—1>|u;g>|2dx5c/ (g — Dlu® 2 d. 25)
) D D

Combining (24) and (25) using the transitivity result from Lemma 3.4, there exists a finite-dimensional
subspace Vc L*(%) with

a/ K lu® ) dx < c/ k(g —Dul®Pdx forallge V*,
B D

However, this is contradicted by the localized potentials result in Theorem 4.1, which guarantees the
existence of a sequence (g;)jen C V+ with

/|u§gf)|2dx—>oo and /|u§gf’|2dx—>o.
B D

Hence, A(g) — A(1) — aTp cannot have only finitely many negative eigenvalues. O
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Proof of Theorem 6.2. The proof is analogous to that of Theorem 6.1. We state it for the sake of
completeness. Let
Gmin < q(x) < gmax <1 forall x € D (a.e.).

If B C D, then by the monotonicity relation in Remark 3.6, together with Theorem 4.2, we have
/ g(A(q) — A(1)gds <qq) / k(g — DIl ? dx < — / (1 = gma) [ dx
z Q D
< —c(1 — g /D K2 P dx < —c(1 — gma) /B P dx

=—c(l— qmax)/ gTpg ds,
by
with a constant ¢ > 0 from Theorem 4.2. This shows that B € D implies

alp <qa) A1) — A(g) forall @ < c(1 — gmax) =: max,

so that (a) is proven.
To prove (b) by contradiction, let B £ D, « > 0, and assume that

A(l) = Ag) Zfin aTp. (26)

By the monotonicity relation in Theorem 3.5, we have

/ g(A(D) — A(@))gds < / (1 — @) lu®Pdx. @7
) D

Combining (26) and (27) using the transitivity result from Lemma 3.4, we have
o [ R P < [ B0 - g Par

However, this is contradicted by Theorem 4.1, which guarantees (for each finite-dimensional space
V C L%(X)) the existence of a sequence (g;)jen C V+ with

/ 1> dx — oo and / > dx — 0.
B D
Hence, A(1) — A(g) — aTp cannot have only finitely many negative eigenvalues, which shows (b). [

6C. Remarks and extensions. We finish this section with some remarks on possible extensions of our re-
sults. Theorems 6.1 and 6.2 hold with analogous proofs also for the case that the homogeneous background
scattering index is replaced by a known inhomogeneous function gg € L°°(£2). Using the concept of the
inner and outer support from [Harrach and Ullrich 2013] (see also [Kusiak and Sylvester 2003; Gebauer
and Hyvonen 2008; Harrach and Seo 2010] for the origins of this concept), we can also treat the case where
Q\ D is not connected or where there is no clear jump of the scattering index. The monotonicity tests will
then determine D up to the difference of the inner and outer support. Moreover, the so-called indefinite
case that the domain contains scatterers with higher and lower refractive indices can be treated by shrinking
a large test region analogously to [Harrach and Ullrich 2013]; see also [Garde and Staboulis 2019].
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SOLUTIONS OF THE 4-SPECIES QUADRATIC REACTION-DIFFUSION SYSTEM
ARE BOUNDED AND C*-SMOOTH, IN ANY SPACE DIMENSION

M. CRISTINA CAPUTO, THIERRY GOUDON AND ALEXIS F. VASSEUR

We establish the boundedness of solutions of reaction-diffusion systems with quadratic (in fact slightly
superquadratic) reaction terms that satisfy a natural entropy dissipation property, in any space dimension
N > 2. This bound implies the C*°-regularity of the solutions. This result extends the theory which was
restricted to the two-dimensional case. The proof heavily uses De Giorgi’s iteration scheme, which allows
us to obtain local estimates. The arguments rely on duality reasoning in order to obtain new estimates on
the total mass of the system, both in the LN +1D/N norm and in a suitable weak norm. The latter uses
C* regularization properties for parabolic equations.

1. Introduction

This paper is mainly concerned with the system of reaction-diffusion equations
0;a; —V-(D;iVa;) = Qi(a), i€{1.2,3,4}, 1>0, xeR",

i+1 (1)
Qi(a) = (=1)'"""(azas —ayas),

with initial condition

ali=o = a® = (@}, a3, a5, a). )

This system arises in chemistry where four species interact according to the reactions
A1+ A3 = Ay + Ay,

the unknowns (¢, x) + a;(t, x) in (1) being the local mass concentrations of the species labeled by
ie€{l,2,3,4}: fR ~ a;i(t, x) dx is interpreted as the mass of the constituent i at time ¢. It is thus physically
relevant to consider initial data a? which are nonnegative integrable functions. The reactants are subjected
to space diffusion and the diffusion coefficients depend on the considered species. In full generality, D;
can be a function of the space variable with values in the space of N x N matrices. Throughout this
paper, we restrict to the case of scalar and constant matrices

Di(x)=d; 1, d;> 0 constant,
with coefficients that satisfy
0<8, <d;<é". 3)

Assuming that the initial data are smooth, say a? e C®(RY), existence-uniqueness of smooth and
nonnegative solutions for (1)—(2) can be justified at least on a small time interval, by using a standard

MSC2010: 35K45, 35B65, 35K57.
Keywords: reaction-diffusion systems, global regularity, blow-up methods.
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fixed-point reasoning; see for instance [Goudon and Vasseur 2010, Proposition A.2] or [Pierre 2010,
Lemma 1.1]. Global existence of weak solutions is established in [Desvillettes et al. 2007]. We address
the question of the boundedness of the solutions, which will imply that solutions are globally defined and
remain infinitely smooth [Goudon and Vasseur 2010, Proposition A.1].

The difficulty comes from the fact we are dealing with different diffusion coefficients. As already
noticed in [Goudon and Vasseur 2010], the question becomes trivial when all the D;’s vanish: in this case,
we are concerned with a mere system of ODEs which clearly satisfies a maximum principle. The answer
is also immediate when all the diffusion coefficients are equal to the same constant d; = §.. Indeed, in
this situation, the total mass .

M(t,x) = Za,-(t, X)
i=1
satisfies the heat equation d; M = §. A M, which, again, easily leads to a maximum principle. In the
general situation, one may wonder whether or not the system has the explosive behavior of nonlinear
heat equations [Weissler 1985]. Counterexamples of systems with polynomial nonlinearities presented
in [Pierre and Schmitt 1997] show that this question is relevant and nontrivial; see also [Pierre 2010,
Theorem 4.1]. We refer the reader to the survey [Pierre 2010] for a general presentation of the problem,
further references, and many deep comments on the mathematical difficulties raised by such systems.
Two properties are crucial for the analysis of the problem. First of all, system (1) conserves mass:

4

d

a;/RNCI,M_O. (4)
1=

Second of all, it dissipates entropy:

4
> 1@ n(ar) = ~(az0s ~ara) n( 2224 <o ®
i=1 %143

These properties suggest to consider more general systems, involving more reactants and possibly more
intricate nonlinearities. To be more specific, we extend the discussion to systems that read

dia; —V-(DiVa;) = Qi(a), ie€fl,....p}, t>0, xeR",

Qi:aeR? — R?,

(6)

endowed with the initial condition
0 0 0
aly=0 =a" =(ay,...,ap), @)
where the reaction term fulfills the following conditions:

(h1) There exists 2 > 0 and ¢ > 0 such that for any « € R? and i € {1,..., p}, we have |V,Q;(a)| <
2|ald 1.

(h2) Foranyi € {l,..., p},ifa; <0 then Q;(a) <O0.

(h3) 337, Qi(a) =0.

(h4) 37| 0i(a)In(a;) <0.



SOLUTIONS OF THE 4-SPECIES QUADRATIC REACTION-DIFFUSION SYSTEM ARE BOUNDED 1775

Assumption (h1) governs the growth of the nonlinearity. In what follows, we will be concerned with
quadratic and superquadratic growth: g > 2 (but g is not necessarily assumed to be an integer). Assumption
(h2) relies on the preservation of nonnegativity of the solutions, and it is thus physically relevant.
Assumptions (h3) and (h4) imply mass conservation and entropy dissipation, respectively. Note that the
entropy dissipation actually provides an estimate on (nonlinear) derivatives of the unknown since it leads to

D D

d n(as 2 0

7 .X;/sza’ 1n(a,)dx+48*Z/RN |V./a;i|*dx <0. (8)
1=

i=1
In view of (h3) and (h4), it is thus natural to consider initial data such that

a?:x e RN — a(x) >0,

sup / a?(l + ln(a?) + |x])dx = .#° < . ©)

ie{l,...,p}
We refer the reader to Proposition 2.1 below for a more precise statement in terms of a priori estimates.
It means that the initial concentrations have finite mass and entropy. The moment condition controls
the spreading of the mass. However, while (8) has a clear physical meaning, it does not provide enough
estimates for the analysis of the problem: note that with u, u In(x) € L' and V/u € L2, it is still not
clear how the nonlinear term Q(u) can make sense in 2’! For this reason, a notion of renormalized
solutions is introduced in [Fischer 2015], and existence of solutions in this framework can be established.
Entropy dissipation plays also a central role in the analysis of the asymptotic trend towards equilibrium
[Desvillettes and Fellner 2006; Fellner et al. 2016; Pierre et al. 2017a; 2017b].

In the specific quadratic and two-dimensional case (g = 2, N = 2) the question is fully answered in
[Goudon and Vasseur 2010]: starting from L% N C*° initial data, the solution remains bounded and
smooth and the problem is globally well-posed. In fact [loc. cit.] proves a regularizing effect: with data
satisfying (9) only, the solution becomes instantaneously bounded and smooth, which implies global
well-posedness. The proof in [loc. cit.] relies on De Giorgi’s approach [1957]; it uses entropy dissipation,
see (8), to get a nonlinear control on level sets of the solution, which eventually leads to the L°° bound.
The result is extended for higher space dimensions in [Caiiizo et al. 2014], which handles, with different
techniques, the quadratic case when the diffusion coefficients are close enough to the same constant (how
small the distance between the d;’s should be depends on the space dimension, in a explicit way; see also
[Fellner et al. 2016; Pierre et al. 2017a]), and in [Caputo and Vasseur 2009], which handles subquadratic
nonlinearities (¢ < 2 in (h1), not necessarily integer). Two ingredients are crucial in the approach of
[loc. cit.]:

e First, [loc. cit.] uses systematically rescaled quantities
a,@(s,y) =2/ Vgt + €25, x +€y), (10)

with € > 0: a'© satisfies the same evolution equation as a. Note that in the quadratic case (¢ = 2),
for N = 2, the rescaling leaves invariant the natural norms of the problem ||@|| o0 (0,011 (r2)) @nd

IVVallL2((0,00)xR2)-
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e Second, the parabolic regularity is obtained by adapting De Giorgi’s techniques, and by working with
a certain norm of the rescaled unknown which becomes small as € — 0. It turns out that the necessary
estimate holds in a weak sense. Namely, one has to consider the set of distributions

T € 2/((0, T) x RV) such that 7 = A®, with ® € L*®((0, 00) x RY).

The corresponding rescaled norm behaves like 0(e#=20)/@=1) which indeed tends to 0 as € — 0 for
subquadratic nonlinearities ¢ < 2. The idea of using such a weak norm also appeared in the regularity
analysis for the Navier—Stokes equation [Vasseur 2010]. We also refer the reader to [Caffarelli and Vasseur
2010; Vasseur 2007] for further applications of De Giorgi’s techniques to the analysis of fluid mechanics
systems and to [Alonso et al. 2016; Goudon and Urrutia 2016] for the study of models for populations
dynamics governed by “chemotactic-like” mechanisms. This approach is also useful for the analysis of
the preservation of bounds by numerical schemes when solving nonlinear convection-diffusion systems
[Chainais-Hillairet et al. 2017]. In the reasoning adopted in [Caputo and Vasseur 2009], a special role is
played by the total mass M = Zle a;, which satisfies the diffusion equation

Zip=1 dia;i(t, x)

M —AdM)=0, d(t x)= SR
i=1 4\l

(1)

where, by virtue of (3), the diffusion coefficient d satisfies
0<68,<d(t,x)<48".

This relation can be used to establish, through an elegant duality argument, an estimate in L2((0, T)xRY);
see [Pierre and Schmitt 1997; Desvillettes et al. 2007]. This estimate is a key for proving the global
existence of weak solutions for the quadratic problem (1)—(2) in [Desvillettes et al. 2007]: at least, it is
worth pointing out that with this L? estimate the right-hand side Q;(a) in (1) makes sense, while the
estimates based on the mass conservation and entropy dissipation were not enough. However, the L2
estimate does not shrink the rescaled solutions a(€) as € — 0 and it is thus not enough to provide global
boundedness and regularity. This is where we can take advantage of using a weak norm.

In the present work, we wish to fill the gap in the boundedness theory and to provide a complete answer
for the quadratic case in any dimension. In fact, our analysis also covers higher nonlinearities, but with
an implicit condition on the growth condition. Our main results can be stated as follows.

Theorem 1.1. Let N € N, with N > 3. For any initial data a® = (a?,ag,ag,ag) in (C®RN) N
L®(RN))* such that a; (x) > 0 forany x e R" and i € {1, ...,4}, there exists a unique, globally defined,
solution a = (ay, az, as,as) to (1)—(2) which is nonnegative, bounded on [0, T]x RY forany 0 < T < oo,
and C°°-smooth.

Theorem 1.2. Let N € N, with N > 3. Consider a system (6) satisfying (h1)—(h4). There exists vy > 0
depending on N, 8, and §* such that if (hl) holds with2 < g <2+ vy < 2(N + 1)/ N, then for any
nonnegative a® € C®(RN;R?) N L®(RN;RP), there exists a unique, globally defined, solution a to
(6)—(7) which is nonnegative, bounded on [0, T] x RN for any 0 < T < oo, and C*°-smooth.
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Theorem 1.1 thus appears as a consequence of Theorem 1.2. The extra power vy allowed on the
nonlinearities depends on N, 8, and §* in an implicit way and our method does not provide any precise
estimate. It seems unlikely that it can correspond to a physically relevant threshold. The problem of
regularity remains open for higher nonlinearities. The proof still follows the De Giorgi strategy, and
relies on a refinement of the weak norm estimate obtained in [Caputo and Vasseur 2009] (which, though,
remains a crucial ingredient of the proof). To be more specific, we are going to upgrade the L°° estimate
to a C% estimate, working with the set of distributions

T € 2'((0, T) x RY) such that T = A®, with @ € L*®(0, oo; C*(RY)),

for a certain regularity coefficient 0 < o < 1. This is combined with a L& +D/N estimate on the total
mass, obtained through a duality argument. This argument is directly inspired by the derivation of elliptic
estimates in [Fabes and Stroock 1984] and it appears as a dual version of the Alexandrof—-Bakelman—
Pucci-Krylov-Tso (ABPKT) estimate [Alexandrof 1966; Bakelman 1961; Pucci 1966; Krylov 1976; Tso
1985]. We point out that, contrarily to the approach in [Caputo and Vasseur 2009], we do not use here the
bounds derived from the entropy dissipation (8).

The paper is organized as follows. In Section 2, we give an overview of the main steps of the proof.
Section 3 is concerned with the weak estimate on the total mass. It relies on a Holderian regularity
analysis for parabolic equations. This is combined with a duality argument which uses crucially the
nonnegativity of the solution. Section 4 is devoted to a complementary estimate in a suitable Lebesgue
space, which, again, relies on a duality approach. Section 5 explains how the arguments combine to end
the proof of the main results. The paper is completed by a quite long appendix which details how the
De Giorgi machinery arises in the justification of the intermediate steps of the proof.

Remark 1.3. The key estimates of the proof involve the bound from below 0 < §, < d(¢, x); hence
the result cannot be extended to cases with degenerate diffusion coefficients. That the total mass M
satisfies the diffusion equation (11) uses crucially the fact that the diffusion coefficients are given by
scalar matrices. It also uses the assumption that the coefficients d; are constant; otherwise an additional
convection term V - (u M) arises with the velocity field (¢, x) — u(z, x) having components

Y ai(t, x) dx; di(x)
Zip=1 ai(t’x) ‘

It is likely that, up to suitable technical requirements on the d;’s, the analysis could cover such a situation

uj(t,x) =

as well. Our analysis can be adapted to handle problems in bounded domains with Neumann boundary
conditions; the situation of Dirichlet conditions is more subtle since there are difficulties to obtain useful
estimates up to the boundaries [Pierre et al. 2017a].

2. Main steps of the proof

A priori estimates: boundedness, global existence and regularity of the solutions. In what follows, we
are going to establish several a priori estimates satisfied by the solutions of (6). To this end, we will
perform various manipulations, such as integrations by parts, permutations of integrals and derivation,
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etc. These manipulations apply to the smooth solutions of the problem that can be shown to exist on
a small enough time interval; see [Goudon and Vasseur 2010, Proposition A.2]. They equally apply to
solutions of suitable approximations of the problem (6). The construction of such an approximation
(by regularizing data, coefficients, cutting-off the nonlinearities...) can be a delicate issue in order to
preserve the structural features of the original equation, and to admit a globally defined smooth solution.
We refer the reader on this issue to [Desvillettes et al. 2007]. As it will be clear in the forthcoming
discussion, the estimates we are going to derive do not depend on the regularization parameter, but
only on N, 64, §*, and 2, p, ¢ (see (hl)), which, eventually, allows us to conclude by getting rid of
the regularization parameter. The very first estimate is a direct consequence of the mass conservation
and entropy dissipation properties of the system. The following claim, see [Goudon and Vasseur 2010,
Proposition 2.1], applies without any restriction on the number of species p, the degree of nonlinearity ¢
nor on the space dimension N.

Proposition 2.1 [Goudon and Vasseur 2010]. Assume (h1)—(h4). Let ag = (a(l’, e ag), with nonnegative
components, satisfy (9). Then, for any 0 < T < 00, there exists 0 < C(T') < oo such that

P
sup {Z | anti+ bl inGan e, dx}
o=t=T ;] JRN
14 T p T
—i—;/o /RN |V«/a_i|2(s,x) dxds—l—;/o /RN Qi(a)In(a;)dx ds < C(T).

The entropy dissipation (8) tells us that Zf’zl [~ @i In(a;) (¢, x) dx is a nonincreasing function of the
time variable. However, this quantity has no sign. To make this information a useful estimate, involving the
nonnegative quantities a;|In(a;)| we need a control on the first-order space moments v [x[a;(z, x) dx.
We refer the reader to [Goudon and Vasseur 2010] for details. This estimate will not be used in our
reasoning; nevertheless the entropy dissipation still has a crucial role in the proof of Theorems 1.1 and 1.2.
By the way note that the counterexamples of systems that produce blow up in [Pierre and Schmitt 1997]
very likely do not satisfy the entropy dissipation property.

As said above, for data in C° N L*°(RY), we can construct a C* and bounded solution defined on a
small enough interval. Let Tin,« be the lifespan of such a solution. Standard bootstrapping arguments tell
us that if Tyh.x < oo then we have

limsup [|a(?, - )|| oo gy = +00.

t—>Tnax
In what follows, we are going to obtain a uniform bound satisfied by [la(z, -) || oo g~y On the time interval
[0, Thax), depending only on Ti,.x and the assumptions on the data, which thus contradicts the occurrence
of a blow-up of the solution in finite time. Therefore, the L°° estimate implies that the lifespan of the
solutions of (6)—(7) is infinite. Moreover, boundedness also implies the regularity of the solution, by a
bootstrap argument; see [Goudon and Vasseur 2010, Proposition A.1].

The key intermediate statements. The main ingredient consists in showing that the local boundedness
can be obtained from a local estimate in L”, with r > 1; see [Caputo and Vasseur 2009, Proposition 4].
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We thus work on balls
Bp:{xe[R{Nzlxlf,o}.

Lemma 2.2 (De Giorgi-type lemma, [Caputo and Vasseur 2009]). We suppose that 2 < g <2(N + 1)/ N.
We also suppose that (h1)—(h4) holds. Let a be a nonnegative solution to (6) on (—1,0) x By. Then, for
any r > 1, there exists a universal constant §, > 0 such that, if a = (ay,- -+, ap) satisfies

»
Z laillLr (=1,00xBy) = 6r,

i=1
then 0 <a;(0,0) <1fori e{l,..., p}.

The proof relies on De Giorgi’s techniques [1957]; see also [Alikakos 1979] for an alternative approach.
For the sake of completeness we describe the main steps in Appendix B; it is also important to detail this
proof since this is where the entropy dissipation plays a central role. At first sight this information does
not look very useful since the natural estimates for (6)—(7) in Proposition 2.1 do not involve L” norms for
an exponent r larger than 1. However, we will be able to identify further estimates, which shrink for the
rescaled solutions (10) as € — 0. Namely, we will find that » = (N + 1)/ N plays a specific role since
the rescaled total mass satisfies lime_q || M ©) | Lv+1/N (<1,0)xB,) = 0- Thus, for € small enough the
rescaled solution fulfills the criterion in Lemma 2.2.

Lemma 2.3. There exists €9 > 0 and vg > 0 depending on N, 8. and §* such that if (h1) holds with
2<qg=<2+4vy=<2(N +1)/N, then forall 0 < € < eg we have

D
> la{ l Lov+/n (C1,0px8y) < 8-

i=1
with § = §(n41)/N as defined in Lemma 2.2.
Coming back to the original variables, we obtain the L°° estimate.

Corollary 2.4. Let €g be defined in Lemma 2.3. Then, for all Tuax/2 <t < Tyax, we have

D
> it )l pooqany < €970,

i=1

Proof. Pick xo in RY and #y € (Timax/2, Tmax). Applying Lemma 2.2 to al€o) yields

p p
0= Zai(zo, Xo) = 6(;2/(‘1_1) Za?e‘))((), 0) < 6;2/((1_1). O
i=1 i=1

Having this statement at hand allows us to conclude the proof of Theorem 1.2. Let2 <g <2+ vy <
2(N +1)/N. Leta = (ay,...,ap) be a solution to (6)—(7), and let Tp,,x be the lifespan of a. Assume
that Tpax is finite. Then, for each i € {1,..., p}, Corollary 2.4 tells us that a; (¢, - ) is uniformly bounded
for all Tiax/2 <t < Tmax and thus the sup norm does not blow up as ¢ — Tax. This contradicts the fact
that Tihax 1s the maximal time of existence of a smooth solution of (6)—(7). O
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Therefore the cornerstone of the proof consists in proving Lemma 2.3 and identifying the specific role
played by the norm LWV +1D/N_ The argument is two-fold and it uses the diffusion equation (11) satisfied
by the total mass M (¢, x) = Zle a;(t, x). On the one hand, we shall show that the norm LWV+D/N of
M can be controlled by means of the norm L (0, co; L' (RV)). On the other hand, we shall obtain a
new estimate on a weak norm of M, which will allow us to conclude that

lim [|M 9 oo (o,c0;z1 vy =0, with M (s, y) = 2 CDM(t + s, x +ep).
€—

This analysis is based on duality arguments and regularization properties of parabolic equations. Accord-
ingly, we can conclude to the shrinking as € — 0 of the LN+1D/N norm of the rescaled solutions.

3. Weak norm estimates on the total mass and shrinking of the rescaled total mass

Our approach relies on the following statement.
Proposition 3.1. Let & : (0, T) x RN — R such that
(@) ® liesin L®((0,T) x RN);
(b) AD=M >0;
(c) ® satisfies 3;® — dAD = 0 on (0, T) x RN, with a coefficient d : (0,T) x RN — R satisfying
0<68, <d(t,x)<8* <oo forace. (t,x) € (0,T) x RN
Then, there exists a € (0, 1] such that ® € C1®/2:([1y, T1x RN) for any to > 0, which means that we can
find C > 0 such that, for any (¢, x) € [to, T] x RN and (v, h) € Rx RN with t + t > to, we have
|®( + 7, x + h)— D(¢, x)|
FRERarE

=< C[|®] Lee.

This Holder regularity estimate for nonconservative parabolic equations dates back to [Krylov and
Safonov 1979; 1980]. In fact, the result of those papers does not need the sign property (b). However,
as it will be explained below, this sign property naturally appears for the system under consideration,
and it plays a further crucial role throughout the analysis. Let us explain the interest of this statement
for our purpose. As said above, the total mass M satisfies the diffusion equation (11). Of course, by
definition, M is a nonnegative function which lies in L>(0, oo; L' (RV)). Let ® satisfy A® = M > 0.
Since d (¢, x) is bounded above by §*, ® also satisfies the evolution equation

0 ®—8"ADP=(d—-86)VAD = (d —56")M <0.
This observation is the cornerstone of the analysis performed in [Caputo and Vasseur 2009]. In particular,
we will make use of the following crucial property established in Proposition 11 and Corollary 12 of that
paper.
Proposition 3.2. Let N e N, with N > 3. Let ® = A~YM with M the total mass associated to a solution

of (6). Then, we have

1-2/N 2/N
190 s o.yxny = 1900, )l pooqny = Ky 1M, )20 1M0. ) N,

where K > 0 is a certain universal constant, which only depends on the space dimension.
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Proposition 3.1 thus strengthens the results of [Caputo and Vasseur 2009] in the sense that it provides,
beyond the L°° estimate on ®, a Holder-regularity estimate. Since the estimate in Proposition 3.2 is not
evident at first sight, we give the main steps of the proof in Appendix C for the sake of completeness. We
shall use the following consequence of Proposition 3.1, which is precisely the estimate that allows us to
go beyond the subquadratic nonlinearities dealt with in [loc. cit.].

Lemma 3.3. Let M be a nonnegative solution of (11), and let ® = A7'M. Lett > ty > 0 and
x € RN. Fore > 0, we set MO (s, y) = 2/@"DM(t + €25, x + €y). We suppose that M'© lies in
L®(—4,0; LY(RN)). Then, there exists ¢ > 0 and 0 < a < 1 (provided by Proposition 3.1), depending
only on N, 8. and §*, such that for any 0 < € < /12,

sup MO (s, y)dy < c||®| poc @ 2F2/ @D,

—4<5<0J B>

Proof. Let £ € C® (RN be such that supp(¢) C B; and ¢(x) = 1 for any x € By. Since M© >0, we get
[ MO6nars [ emOsnar=[ 140060
B, B> B>

= [ 850)(@ 6. - 990.0)ay.
2
By virtue of Proposition 3.1, we can write

M©(s, y)dy < e 2+2/@D) f ALGY@( + €25, x + e) — B(t, x)) dy

B, B>

< ClEllw.co@ny | PllLoce22/@D
for any s € (—4,0) and 0 < €2 < 1y/4. In the first inequality, the exponent 2/(qg — 1) comes from the
rescaling that defines M (©) and the exponent —2 comes from the relation

1
MO (s, y) = S A@O(t + €75 x +€)). O
€

The information in Lemma 3.3 is relevant when the exponent o« —2 42 /(¢ — 1) is positive. This implies
a restriction on ¢ < 1 + 2/(2 — «), where we remind the reader that « € (0, 1] depends on N, §.,6*
and we note that the bound from above increases to 3 as ¢« — 1. This combines with the constraint
q <2(N + 1)/ N, which is of different nature; see Lemma 2.2, Lemma 2.3 and Lemma B.2.

As indicated above, the Holder estimate in Proposition 3.1 is a standard result due to [Krylov and
Safonov 1979; 1980]. For the sake of completeness, we provide in Appendix D an alternative proof, fully
based on De Giorgi’s arguments. Note however that this analysis uses the additional assumption (b),
which appears naturally in the problem under consideration.

4. LIN+D/N estimate on the total mass

This section is devoted to the proof of the following statement.
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Proposition 4.1. There exists a constant K > 0 (depending on N, 6, 6*) such that, M > 0 being a
solution of (11) in Q, = (—4,0) X By and defining Q1 = (—1,0) x By, we have

Ml pv+n/ng,y = K sup M(t,x)dx.
—4<t<0J B>

Proof. Let f be in C2°(Q1) such that

||f||LN+1(Q1) <1
We consider the solution of the end-value problem

du+dAu= f in(0,T)xRY,

(12)
u(T,x)=0, ulpp, =0.

We start by reminding the reader of the Alexandrof-Bakelman—Pucci—Krylov—Tso (ABPKT) inequality
[Alexandrof 1966; Bakelman 1961; Pucci 1966; Krylov 1976; Tso 1985]: there exists a constant ¢ > 0
such that

sup  [u(t, X)| = C | fllLN+1(0,)- (13)
t,x)eQ>

In order to obtain an estimate on the L(N+D/N (Q1) norm of M, a solution of (11), we proceed by
duality, bearing in mind the definition

Ml v+vin g,y = sup{‘/Q M f dx dt
1

£ eCRQD. I Ipnsion < 1}.

Let ¢ be a cut-off function: { € C>°(B3/,), {(x) =1forany x € By, and 0 < {(x) <1 forany x € RN,

Note that
/ {Mfdxdtz// M f dx dt,
0> 0

since supp(f) C Q1. We compute this integral by using (12):

/Q éMfdmz://Q EM(,u 4 dAu) dx dt

2/_(;%(/3 gMudx) dt—//Q §uA(dM)dxdt+/[Q EMdAu dx dr
= A §Mu(0,x)dx—2//Q dMV{-Vudxdt—//Q udM A¢ dx de.

We have used several integrations by parts where the boundary terms vanish owing to the fact that
supp(¢) C B3, C B;. The integrand of the penultimate term in the right-hand side can be rewritten as
VAMVu-dMV, and then we use the Cauchy—Schwarz inequality and the Young inequality

_ ey 12 0
ab_ﬁaﬁ§2(lm+/c)'
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We thus arrive at the following estimate:

=

‘/Q ¢FM dx dt

/ IMu(0, x)dx
B,

-’rK/[ dM |Vu|? dx dt
0>

1
+—// dM|V§|2dxdt+‘// ud M A dx dt
kK JJQ, 0>

where « € (0, 1) is a parameter that will be determined later on. Inspired from [Fabes and Stroock
1984, proof of Theorem 2.1], in order to estimate the second integral in the right-hand side, we use the
elementary relation

. (14

|Vul? = 1A@W?) —ulu.
Going back to (12), we are thus led to
d|\Vul* = JdA@w?) + 19: w?) — uf.
The advantage of this formulation relies on the fact that, denoting by v the outward unit normal on dB5,
ulyp, =u’lap, =0, Vu®-v|ap, =2uVu-vlyp, =0,

which allows us to perform further integration by parts. We get

/ dM |Vu|*dx dr
0>

=l/ dMA(uz)dxdt—i—l// Mat(uz)dxdt—// Muf dx dt
2 0> 2 0> 0>

:—l// V(dM)-V(u?) dx di + & Muz(o,x)dx—lff A(a’M)uzdxdt—/ Muf dx dt
2 0> 2 B> 2 0> [0}

_1 Mu?(0, x) dx—f/ Muf dx dt.

2 B> (0}
For the last term, since supp( ) C Q1, the integral actually reduces over Q1 only. The Holder inequality
then yields

‘/ Mufdxdt‘:'/ Muf dx dt
(o)) 0

= lullzee @ IM lLv+n/n @ I/ lLv+1(0y)
=% ||f||%N+1(Q1)”M||L(N+1)/N(Ql)’

by using (13). Additionally, still by using (13) and supp(f) C Q;, we get

1 2 1 2
1) M 0.00 = e 1M 1w a0

<G 1/ ns1 gy 1M oo (s .05L1 @)
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The last two terms in the right-hand side of (14) are estimated as follows: we get

2 2
| M VE =48 18y ey | e i

‘//Q udM A dx dt

The first integral in the right-hand side of (14) is dominated by

and

<48 IS llpr2.00(By) Ul Loo (@) I M || Loo ((—4.0):L1 (B))

<48 ¢liw2.0o By CN S I Ln+1(0 ) IM || Lo ((—a,0):L1 (By))-

lullLoo (@) I M | Loo(=a,0:21(By)) = CN S Il LN+1(0) 1M | Loo(—a,0:L1(B,))-

Finally, we have found a constant C > 0 such that for any /" € C2°(Q1), with || f|zx+1(g,) = 1, we

'[Q FM dx dt

Taking the supremum over such f’s makes the dual norm LINED/N (0 ) appear. We choose x small

have

1
< C((1 s ) IM oo ca0: By + I M vy

enough, so that 1 —«C > 1, and we conclude that

C(1+« +1/x)

Ml cv+n/ng,) = —<C M || oo (—4,0:1.1 (B,))

holds. O

S. End of proof of Theorem 1.2: proof of Lemma 2.3

Let 0 < €9 < v/ Tmax/2. For each component al(f), Proposition 4.1 gives

1a L vrv/v oy < IM @l pavinngy < K 1M €l oo 4s.0:01(8y)- (15)
Next, Lemma 3.3, yields

1M Ol Loo4.0:11(Byy) < cll@llpooe®2T2/@D), (16)

Combining (15) and (16) with Proposition 3.2 leads to

p

Do la v g,y < # a0l e, 17 i, €2 H2/@D (17)

i=1
for a constant .7 which depends on p and N. This information is useful as far as the degree of
nonlinearities is such that the exponent remains positive, which means ¢ <2 + «/(2 —«). It ends the

proof of Lemma 2.3.
As explained in Section 2, having at hand this property of the rescaled solution we go back to the
original unknown, and we deduce the L°° bound of the solution, see Corollary 2.4. Theorem 1.2, and

therefore Theorem 1.1 too, is fully justified. O
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Remark 5.1. The estimates discussed above differ from [Caputo and Vasseur 2009] (see specifically
Corollary 14 and Lemma 15), and in particular the smallness condition on €y does not involve the initial
entropy (9).

Appendix A: A basic iteration lemma

The De Giorgi approach leads us to construct sequences, based on energy-entropy estimates, where
the parameter of the sequence controls level sets of the solution and space-time localization. Roughly
speaking, we obtain a nonlinear control of the n-th level by the (n—1)-th level. Namely, if u,, characterizes
a level set associated to a value 1, > 0, over a domain Q, we obtain inequalities like u, < AuZ_l. We
can finally conclude to a local property of the solution, letting # go to co by using the following simple
result.

Lemma A.1. Let (u,)nen be a sequence of nonnegative real numbers. We suppose that it satisfies, for
any n € N\ {0},

n, vV

up < Nu,_,,

where A,y > 1. Then, there exists k > 0 (depending on A, y) such that, if 0 <ug <k, then limy_oc uy =0.

Proof. We set v, = In(u,) which satisfies

vn =nIn(A) +yvp-1,

and thus
n
vy <In(A) YY" +uey" <y In(AFPug),
j=0
with
o0 .
1 (1)1 1 d 1 1 1 2
=300 = w i)y, =5 )
) ijoj y y dx\1-x/lx=1/y yp\1-1/y
Therefore v, tends to —oo, and u,, tends to 0, as n — oo provided u is small enough. O

Appendix B: Proof of Lemma 2.2

The proof is based on the De Giorgi techniques [1957] and it is reminiscent of the method introduced

by Alikakos [1979]. We exploit the dissipative properties of the system by considering the following
nonnegative, nondecreasing, convex, and C ! function

H(z) = (14+z2)In(14+2z)—z %fz >0,

0 if z<0.

Let us introduce the sequences, for j € N,

kj =1—2_j, tj =%+2_j_2.
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Henceforth, we set Bj = By; and Q; = (—t;,0) x B;. Note that
B(0.3) cB; cBj_; C B(0.1).
1 1 1

(=3-0)x B(0.3) € Qj € Qj—1 € (=3.0) x B(0. ).

We also introduce a family of cut-off functions that satisfies the properties
G :RY = 10.00), & € CRRY),
0=¢gi(x) =1,
{j(x)=1forx eBj, {j(x)=0forxeRY\B_,,

and

sup |312,m i(x)|=C 22J for a certain constant C > 0.
I,me{l,...,N}, xeRN

Lemma B.1. There exists a constant C > 0, which depends only on 64, §*, and on (h1)—(h4), such that

for any solution a = (ay, ..., ap) of (6) and any n € [0, 1], we have
sup Z H(a, ), x)dx + 46, Z// !Vx\/l +[a; — | (r,x)dxdr
—1j<t<07 im1
A~ . p 0
< C(22] Z/ H(a; —n)(s, x)dxds
=17 "l-17Bj-1

+ thj 1/1;, 1(1 +[a 77]+)q_1 In(1 + [a; — n]+)(z, x) dx d‘L’).

i=1

Proof. Multiply (6) by ¢; H'(a; —n), integrate over B;_; and sum. We get
d 2 P P
3y [ gH@-ma=Y" [ dsam@-ngery [ 0@ @-ngax. a9
ris 7B i=1YBi-1 i=1YBi-1
The first term in the right-hand side of (18) can be written as

—Z/ di|Va;|* H' (a; n);,dx+2/ di H(a; —n) AL dx,

i=1
where, on the one hand,
Z/ i Vxail® H' (@ =) dx>46*2/ Ve T s — s | dx.
i=1 Bj— i=1
and, on the other hand,

p
Z/ diH(ai —m)Ag dx <C8*2% | H(ai —1)dx.
B.

Bj—1
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For the second term in the right-hand side of (18), we get

p p
2. [ Qi@H'@-mgdx=3_ [B Qi@ = Qi1 +[a—nl) In(1 +[a; = nl+) & dx

i=1 i=1

p
37 0it+la—nle) In(1 +[a; —nl4); dx

i=175i-1

<0 by (h4)

P
<2p23" /B Ul k)" In(l [~ ) d

i=1

The last estimate is a consequence of (h1) and of the elementary inequality
T+la—nl+ —al =1+[la—nl+ —al = 1+n =2

see [Goudon and Vasseur 2010, proof of Lemma 3.1] or [Caputo and Vasseur 2009, Lemma 3]. We
arrive at

d < ?
EZ/ é“jH(ai—n)dX+45*Z/ Ve /T [a; — ]+ | dx
i=17Bi-1 B;

i=1

14 14
< C§*2% Z/ H(a; — 1) dx+2p£2/ (1 +[a; —n])?  In(1 + [a; — n]+) dx.
Bj—1 Bj—1

i=1 i=1

We integrate this relation over (s, 7), with —¢; <¢ < 0 and —tj—1 < s = j, and next we average with
respect to s € (—fj_1, —;), taking into account that 7;_; —1; = 27772, We obtain

P , 2
i— , Ox ; . ,
;/lng(a 77)(1 X)dx—|-4 FZ]/_f]/[g]‘V 1+[a 77]+| (.[ x)dXd‘L'

D
=3[ gH@-neax

i=1"5i-1

|
+45*;2—J—~—z/
=

—li—1

p .
1 j
= Z <272 / /Bj_l ¢j H(a;i —n)(s, x) dx ds
1=

_tj—l

/t/ ’Vx\/l+[a,~—n]+|2(t,x)dxdtds
s JBj

p —tj t
. 1 J
+C5*22JZ ._2/ / g H(a; —n)(r,x)dxdrds
i=1 § 81

272 ),

p —t; t
1 J _
+2pQZ = / //z; (14 [a; —n]+)  In(1 + [a; — n]+)(z, x) dx dr ds
i=1 —tj—1Js JBjy
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H(a; —n)(s, x)dx ds + C§*2%/ Z / H(a; —1)(t, x) dx dr

—tj—1YBj—1 ti—19Bj—1

+2pe@Z/l /B (=) I + o =)z v

We conclude by taking the supremum over ¢ € (—¢;,0). |

Next, we specify the level set considered in these estimates: we use Lemma B.1 with n = k; and we set

U =( sup Z/.H(al-—kj)dx-l—Xp://Q"Vx,/l+[ai—kj]+‘2dxds).
B; i=1 i

—1;<t=<0
Lemma B.2. Let2 < g <2(N +1)/N. Then:

(1) For any r > 1 there exists a universal constant ¢, > 0 such that

1/2
Uy < cr Z(”al ”Z’((—I,O)XB]) + ”ai”L/’((—l,O)xB]) + lla; ”L’((—l,O)xBl))-
i=1

(i1) There exists a constant A > 1 such that

% < A]%l-i-N/Z

forany j > jo. Consequently, there exists § > 0 such that %y < § implies lim;_, oo %;j = 0.

Proof. Throughout the proof, we simply denote by ¢ a constant that depends only on the parameters of
the model, and on the Lebesgue exponent, without paying attention to the possible changes of the value
of the constant from a line to another.

For proving (i), we go back to the definition

Z/{():( sup / H(al)dx—i—Z// ‘Vx\/a,—‘ dxdt)

1/25t<0 ;

where we remind the reader that By = By, and Q¢ = (—%, 0) X B1/>. We make use of the elementary
inequalities
H(z) = c(z(1+[In(2))]), (19)
|VV/1+a| < (20)

which hold for any z > 0 and any (smooth enough) function a : RN — [0, 00), respectively. We consider
Lo € C°°([R?N), supported in By, such that 0 < {o(x) < 1 on RY and ¢y(x) = 1 on By. We get

d,Z/ o(x)ai x)dx—Z/ di Ao (x) i1, x) dx < 5* ||A¢o||LooZ[ ai(t, %) dx.

i=1 i=1
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Lett e ( 1 0) and 7 € (—1,7). We integrate over the time interval (z, ), and then we average over

€ (-1 ——) We are led to
p

p 0
sup Z/ ai(l,x)dxch/I/B ai(z, x)dx dr.
i=17" 1

—1/25t=<0 ;| /Bo

Similarly, the localized version of the entropy dissipation becomes

d xHi
dsz tocan@a + [ g 1AL Z/ Alods(ay n(ar) — ai) dx.

i=1

<5 AL S / (i lIn(a)| +a;) d.

i=1

Again we integrate with respect to the time variable. We shall also use the trick
2
ulln(u)| = uln(u)1y>1 —uln()lo<y<i <uln(w)l,>; + Eﬁlosuq,

which allows us to dominate
ulln(u)| < c(u” + Vu).

It follows that

sup Z/ ai|ln(a;)| dx + 46, Z/ }VX\/a_i{zdxdf
—1/251=0 ;
502(/_1/;1(ai —I—«/E,-%—ai)dxdr)

LAy 0 1/@2r)
CZ(/ / |ai|rdXd‘E+(/ / |ai|rdxdr) meas(B;)' ~1/ ")
| — -1 Bl —1 Bl
i=1
0 1/r
+(/ / |ai|rdxdr) meas(Bl)l_l/’),
-1JB

We turn to the proof of (ii). The estimate in Lemma B.1 can be recast as

A

by using the Holder inequality.

U <C(221 Z/ H(a; —kj)(s,x)dxds

i=177%i-1
+Z// (1+a kj]+)q_11n(1+[ai—kj]+)(s,x)dxds). 21)
2j—

Let us set

UiEz)y=+~14+z-1.

For any y > 1, B > 0, we can find a constant ¢,, g such that

(14 2)Y In(1 4 z) < cgW(2)20 A,
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Moreover, for z > k; > kj_; we have

z—k; 1
]<—]_21 —

Hence, we can estimate both integrals in the right-hand side of (21) by an expression like

Z/[g 29 (1 [ —kja b InC1 +lag =kl d ds
=c ,Bzw Z// W (la; —kj- kj—1]4)Y TP dx ds.
Qj—

i=1

We can play with the exponents y and 8 for both terms so that we obtain a common bound from above,
and we arrive at

U < c2¥ Z// _1])2WNVHD/N gy g,
Qj—
i=1

This is possible as far as 2(q — 1) <2(N 4 2)/ N, that is to say ¢ < 2(N + 1)/ N. We shall conclude by
using an interpolation argument. Indeed, on the one hand, we obviously have

sp [ =il PG dr < 4,
—tj1=5s=<0 JBj_;
while the Gagliardo—Nirenberg—Sobolev inequality, see [Nirenberg 1959, Theorem, p. 125], yields

(N-2)/N
) ds

0
[ ([ ko oP ™0 ax
—tj—1 \JBj_
=¢ // IVW([a;i —kj—1]4)1* (s, x) dx ds < c%;_y.
Qj—1

By using the interpolation

N+2 2N N
TSy S +201-0), 6=

-2
= € (0,1),
N N 0,1)

we combine these into

[/ 10 (s — ko LN DN (5, x) d ds
Qj 1

0 0 1—6
<[ ( [ 1wk ]+)|2N/<N—2>(s,x>dx) ( [ 1w -k-1or, x)dx) ds
—tj—1 Bj—1 Bj—1

- [° 2N/(N—2 N=2/N 142/N
< [ ([ -t PYY 60 ax)
—Li—1 j—1

ds<c%

We conclude by applying Lemma A.1. O
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Once we know that lim; o, %; = 0 we deduce that
by

1 / 20
lim — H(a;—kj)dxdt =0>4 / / H(a; —1)dx dr.
Z -9 b ; ~1/4JB(0,1/2) l

el i o
It implies that 0 < a; (¢, x) < 1 holds for a.e. (¢, x) € (—%, 0) X B(O, %)

Appendix C: Proof of Proposition 3.2

It is worth giving some hints for the proof of Proposition 3.2, which is fully detailed in [Caputo and
Vasseur 2009, Proposition 11, Corollary 12]. Again, the proof heavily relies on duality arguments. The
main step consists in showing that

1@, ) Loo@ny = 190, )| oo ) (22)

Indeed, we remind the reader that ®(¢, x) is determined by the convolution formula (for N > 2)

M(t,y)
(1, =-C ————dy,
(t.%) NfRN Ll

1
(N -2op’

where
Cn

with o = 27 N¥/2 /T (N /2) the measure of the unit sphere of RY. Thus, given R > 0, we simply split

M0, y) M, y)
(0, =-C dy-C
(0.) N/ y N/I

[x—y|<R |x — y|N_2

x—y|>R |x —p|N=2
which yields

GNR2

1©(0. ) = CNIM (0. )l ooy =

Cn
+ RN_2 ||M(09 ')”LI(RN)‘
Optimizing with respect to R, we get

1-2/N 2/N
(0, )] = Ky M (0, ) | 22, 1M, )1y

where K > 0 depends only on the space dimension N > 3.

In order to justify (22), we need to introduce a mollified diffusion coefficient. Indeed, as the a;’s are
smooth on [0, Tiax) X RN, M is smooth too; thus (¢, x) — d (¢, x) is a smooth function, except possibly
at the points where M (¢, x) vanishes. Given u > 0, we denote by d,, (¢, x) a smooth function satisfying

dy(t,x)=d(t,x) when M(t,x) > pu, 0 <8, <dy(t,x)<6".

The proof of (22) splits into two steps.
Let0 <7 <oo.Letl e CX (R™) and consider the solution of the end-value equation

drp+duAp =0, o(T.x)=1{(x), (23)
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together with the initial value problem

d:p— A(dup) =0, p(0,x) = p°(x).
We assume that

181l oo @ry = 1.

The maximum principle, see for instance [Evans 1998, Theorem 8, Chapter 7], implies

sup |[lo(, ')”LOO([RN) = ||§||L°°([RN) <1.
0=<t=<T

We have, by integrating by parts,

S ptenp vy dx = / (81 p(t. X)p(t. ) + plt. X)drp(2. %)) dx
t JrN RN

= /RN (A(du,o(t, xX)e(t, x)—p(t, x)dy(t, x)Ap(t, x)) dx

= _/RN V(dup(t, x))-Vo(t, x)dx + /RN V(o(t, x)d, (1, x)) - Vo(t, x) dx
=0.

Now, we integrate over [0, 7'] by using the conditions at t = 0 for p and ¢t = T for ¢. It follows that

= ||,00||L1(RN)-

' fR (T () dx

- \ |, #0005

By virtue of the Hahn—Banach theorem, we conclude that

(T, )Lt @yy = SUP{VRN p(T.X)E(x)dx|: & € CORN), (18]l ooy < 1}

< 1% L1 @v)-

Next, we shall apply similar reasoning in order to make the norm ||A{| 11 g~y appear. For 0 <7 < oo
and ¢ a solution of (23), let us set

p(t,x) = Ap(T —1,x),
which satisfies
0p—Adup) =0, p(0,x) = At(x) € L' (RY).

The previous step thus tells us that
(T, L1 @ny = 1890, )1 @ny = 1100, ) [L1wyy = [ASl L1 @y

Going back to the equation for the total mass, we get

i[ Mo(t, x) dx=[ M(d — dy)Ag(t, x) dx.
dl RN RN
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Let 0 < T' < Thax. Integrating over (0, T) yields

/ Mo(T, x)dx
RN

= / ADp(T, x)dx
RN

/ O(T, x)AL(x)dx
RN

T
=/ Mgo(O,x)dx—l—// M(d —dy)Ae(t, x)dxdt
RN 0 JRN

T
:/ ACD(p(O,x)dx—i-// M(d —dy)Ae(t, x)dxdt
RN 0 JRN

A

T
‘/ DAp(0, x)dx| + '—i—/ / M(d —dy)Ae(t, x)dx dt
RN 0 JRN

< 190 )l Lo @M 1A@(0. ) L1 @ny + 278" wl Agll Loo (o, 7; 11 )
< (190, )| Loe@ny + 2T 8" WALl L1 @y

where the penultimate inequality holds since
|d —dy|M = |d —dy|M1p<, <26 1.

This relation holds for any o > 0 and ¢ € C° (RN). Therefore, we can conclude that (22) holds, which
ends the proof. O

Appendix D: Proof of Proposition 3.1 by De Giorgi’s approach

For the sake of completeness, we provide here an alternative proof of Proposition 3.1, which, however,
uses the additional assumption (b). The interest of this proof is that it entirely relies on energy estimates
and De Giorgi’s methods, which gives a unified viewpoint on the whole argumentation of the paper. Since
the result stated in Proposition 3.1 is standard, the remainder of this section can be safely skipped by the
reader not interested in such an alternative proof (the original proof relies on a probabilistic interpretation
of the equation and uses arguments from the theory of diffusion processes).

Here and below, given p > 0, with B, the ball {x € RN : |x| < p}, we define

Qp= (—p*.0) x By.

In fact, we shall work within @5, considered as a reference domain. From an equation satisfied on Q5
we wish to establish qualitative properties on a smaller domain, say Q1 or Q1/,. It is also convenient to
introduce the domain

0=(-3.-1)xBy.
We refer the reader to Figure 1; having the picture of the subdomains of Q, might be helpful in following
the arguments.
The argument for proving Proposition 3.1 relies on a technical lemma that controls oscillations. From
now on, for a function ¢ defined on 2 C Rd, we set

osc(p, ) = sup p(x)— inf @(x).
xe

xeN
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Lemma D.1 (decay of oscillations). Let ® satisfy the assumptions of Proposition 3.1. There exists
A € (0, 1), which depends only on N and §., such that

osc(D, Ql/z) < Aosc(®, 0r).

Let us assume temporarily that Lemma D.1 holds true. We pick (¢, x) € (¢y, T) x RN, where 0 <ty <
T < o0, and we set

Dp(s,y) = O + 275, x +275y),

where k € N is large enough so that the time variable remains larger than /g when —4 < s < 0; namely,

t—1ty 1
k>kog=1 .
=t =n( )zln@)

The function @ is defined on @, and it satisfies

we have

0s P = di Ay Py,
where
di(s,y)=d(t+ 272%kg x + Z_ky).
Moreover, we still have
—[[®llzee = Pr(s. y) = +[| P Lee.

Applying Lemma D.1 yields
0sc(Pg, Q1/2) < Aosc(Pg, Qr),
which can be rewritten as
osc(®(t+ -, x+ -), Os—k—1) SAosc(P(t+ -, x + +), Or—k+1).
We deduce that

k
osc(®(t + -, x + -), Oy—k) VA xCo, Co= ||| oo

k
)\' 0
(We should bear in mind the fact that Cyy depends on #; through the definition of k¢ and it is proportional
to || ®||.) Let x’ € RN and ¢ > ty; there exists a unique k € N such that x’ — x € By—k+1 \ By,
272k < |/ —¢] < 272=D) 1t follows that

@@, x") —@(t,x)] _ Co k
|l"—l‘|“/2 n |x/—x|°‘ =< ﬁ(ﬁza) .

If0 < VA< %, the right-hand side remains obviously bounded, uniformly with respect to k, for any
0 < a =< 1; otherwise we choose
_ In(1/v2) -

In(2) L

Hence Proposition 3.1 follows from Lemma D.1. O
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We are thus left with the task of proving Lemma D.1. To this end, we shall apply the following
statement.

Proposition D.2. Let (¢, x) — v(t, x) satisfy

e the differential inequality d;v —§* Av <0 on Q»;

e —1 <w(t,x)<+1onQy;

e meas({(¢,x) € Q cv(t,x) <0}) > ,umeas(@)for some (> 0.
Then, there exists 0 < n < 1 such that

v(t,x) <n on Qq/.

The function

supp, @ +infg, dD)

(1, x) = ;((D(t,x) - >

osc(D, 0»)

satisfies the first two assumptions of Proposition D.2. Suppose that

meas({(1, x) € Oy : Bz, x) < 0)) > %(QZ)

(Otherwise, we shall apply the same reasoning to -3 Proposition D.2 tells us that 5([, x)<non Qy,
which yields osc(®, Q/2) < 1 + 7 (since infg, ,, & > —1), and thus

+n

osc(®, Q1/2) < ! osc(D, 05).

It justifies Lemma D.1, with A = (1 +1n)/2 € (0, 1). O
The proof of Proposition D.2 relies on a series of intermediate statements.

Lemma D.3. Let —co <a, b < oo and let 2 be a smooth bounded domain in RN. We define Q = (a, b)x Q.

(@) Letu € L™ (a,b; L*()) N L*(a, b; H(Q)) such that
8,u—5*Au—|—M=O

holds in 2'(Q), with |u a nonnegative measure on Q. Let F : R — R be a nondecreasing convex function.
We assume that F(0) = 0 and F € Wléc’oo (R). Then, there exists a nonnegative measure v such that
v = F(u) satisfies ;v —5§*Av+v =0in 2'(Q).

(b) Letve L®((a,b) x Q)N L%(a, b; H' (X)) be a nonnegative solution of ;v —8§* Av+v =0, with v
a nonnegative measure on Q. Then, for any trial function ¢ € C2°(2) there exists C > 0, which depends
only on 8y, ||v||foe and @, such that, for a.e. a < s <t < b, the following energy inequality holds:

1

1 2 2 ' 2 1 2 2 —
2/91) (t,x)p (x)dx+8*/;/s2|V(¢v)| (t,x)dxdr < 2/91) (s, xX)p“(x)dx + C(t —s).
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By B3 B,

[S1P9)

t=—4 t=—3 t=—1 (=0

Figure 1. The domains Q, (the largest box), Q (the dashed box) and Q; (the gray box).
Proof. Note that v = F(u) also lies in L*®(a, b; L?(2)) N L?(a, b; H(Q)); see, e.g., [Brezis 1983,
Proposition IX.5]. Item (a) follows from the computation

3 F(u) =—F' () + F u)s Au = —F (u)p — 8* F”(u)|Vu|* +8,. AF(u).

=<0

The argument can be made rigorous by working on the weak variational formulation of the equation, with
suitable approximation of the solution u.
For proving item (b), we compute

10:(v??) = §**vV - Vv —vp?v
=8*V - (9*vVv) —vg?v—8*Vuv-V(p?v)
=8*V - (p*vVv) —ve?v —8*|V(pv)|? 4+ §*v?|Ve|>.

The second and third terms of the right-hand side are nonpositive; the integral of the last term is dominated
by &4 ||v||%oo( 0) @l g1 (q)- Again a full justification proceeds through an approximation argument. [

For proving Proposition D.2, we shall work with several subdomains of Q»,, as indicated by Figure 1
which might help to follow the arguments.

Lemma D.4. Let u satisfy 0;u —6*Au <0and —1 <u(t,x) < +1in Q,. Let us set
o ={(t,x)€ Qq:ult,x) =1},
B ={(t,x)e Q cu(t, x) <03,
¢ ={(t,x) e Q1UQ:0<u(t,x) <1l

There exists o > 0 such that if meas(«) > n and meas(%) > % meas( Q), then meas(%) > a.
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Proof. We argue by contradiction, assuming that a sequence (uy)xen Of solutions of d;u; —86* Auy <0
in Q, satisfies —1 < uy (¢, x) < +1 and

meas(a,) > 1, with &, = {(t,x) €01 :up(t,x)> %},
meas(%By) > %meas(é), with B, = {(t,x) € Q Tug(t,x) <03, (24)
meas(¢;) < L, with ¢, = {(t,x) e QU Q 0 <up(t,x) < %}

We focus our interest on the positive part vy = [u ]+, with [z]+ = max(z, 0), which is still uniformly
bounded: 0 < vy (¢, x) < 1. By virtue of Lemma D.3(a), it satisfies

drvg —8* Avg + g =0, (25)

with uz a nonnegative measure. The strategy can be recapped as follows. We shall establish the
compactness of v in the reduced domain (—4,0) x B3/,. It allows us to assume that v; converges to a
certain function v. Roughly speaking, we are going to show that v(s, x) vanishes on By for certain times
—% < s < —1, which will imply that v vanishes over Q1. It will eventually lead to a contradiction by
considering the behavior of the sets <7, %y, 6 as k — oo.

Let us pick a trial function { € C2°(B;) such that {(x) = 1 for any x € B3, and 0 < {(x) <1 for
any x € RY. By using Lemma D.3(b), we get for —4 <t; <1, <0

20,12 < [ 2 < 2.2 _
§7 vk | (2, x) dx + 6 IVQu)[“ (s, x)dxds = [ {7vg(tr, x)dx + C(ta —11) (26)
151

for a certain constant C > 0. In particular, we have ({vg)ken is bounded in L®(—4,0; L%(B5))N
L?(—4,0; H'(B,)). Going back to (25), since ux > 0, vx > 0, we observe that

123 1%}
05/[ MkdXdSS// g dx ds
151 B3/2 t1 /B

15}
5/ é‘vk(tl,x)dx—S*// Vg - Ve dx ds
B> VB>
< ¢llzr + 28"Vl L2¢0x) VSl L2(8,)

is bounded uniformly with respect to k. Coming back to (25), we deduce that (d;v)ren 1S bounded
in.#1((—4,0) x B3/,) + L2(—4,0; H! (B3/2)). By virtue of the Aubin-Lions—Simon lemma [Simon
1987] (in fact we use the extended version [Moussa 2016, Theorem 1], which allows us to deal with
measure-valued time derivatives), we conclude that (v )xen is compact in L2((—4,0) x B, /2). We can
thus assume that vy (possibly relabeling sequence) converges to some v in L?((—4,0) x B /2). The
Bienaymé-Tchebyschev inequality yields

2
ok =Vl (a.00xB) kosoo 0
€2

meas({(l,x) € ((—4,0) x By) : v (t, x) —v(t, x)| = e}) <

for any € > 0.



1798 M. CRISTINA CAPUTO, THIERRY GOUDON AND ALEXIS F. VASSEUR

Let (¢,x) € (—4,0) x By be such that € < v(#,x) < 3 —e. Then we distinguish the following two
cases: either |[v— v |(t,x) = € or 0 < vk (£, x) = (vg — V)(t, x) + v(t,x) < [v—vg|(t, x) + v(t, x) < 3.
It follows that

meas({(1.x) € Q1 U Q te Sv(t,x) < 3 —ef) <meas({(.x) € Q1 U Q1 [v—ve|(t.x) = €})

+meas({(1.x) € 01U 00 = e (1.x) < 3})

meas (%)

< meas({(,x) € 01U 0 : [o—ugl(t, %) = €}) + 7

by using (24). Letting k go to oo yields
meas({(r,x) € Q1 UQ e <v(t,x) <1 —¢})=0.
Since this property holds for any €, the monotone convergence property leads to
meas({(r,x) € Q1 UQ:0 <v(t,x) < 1}) =0.
Therefore, we have
fora.e.t € (—%, 0), either v(z,x) =0 or v(z, x) > % in B. 27

Similarly, let (¢, x) € (—4, 0) x By be such that v (¢, x) = 0. We distinguish the following two cases:
either [v—vg|(t,x) > eor 0 <wv(t,x) = (v—vr)(t, x) < |v—vi|(t, x) < €. Coming back to (24), we get
% meas(é) < meas(%y)
<meas({(t,x) € O : |v—vi|(t, x) = €}) + meas({(, x) € O : v(t, x) < €}).

Letting k go to co we obtain

%meas(@) <meas({(t,x) € Q cv(t, x) < €}).
By monotone convergence, as € — 0, we arrive at

%meas(é) <meas({(z,x) € Q cv(t, x) = 0}).

Consequently, we can find a nonnegligible set of times s € (—%, —1) such that v(s, x) = 0 holds for
a.e. x € B;. Letting k go to oo in (25), we obtain d;v —6*Av +v = 0 on (—4,0) x B3/, with v a
nonnegative measure. Let { € C2°(Bj3/,) be a nonnegative trial function such that {(x) = 1 for any
x € By. We apply Lemma D.3(b), and we obtain for a.e. ¢ € (s, 0),

/ v2(t, x)dx 5/ v2(t, x)%(x) dx 5/ v2(s, X)C(x)dx + C(t —5) = C(t — ),
B B3>

B3>
where, owing to (27), we also know that the left-hand side is either null or larger than meas(B1)/4. We
deduce that, actually, v vanishes on Q. We are going to show that it contradicts (24).
Indeed, let us consider (¢, x) € Q1 such that vy (¢, x) > % Then, for any € > 0, either |[v—vg|(z, x) > €
orv(t,x) =vi(t,x)+ (v—vp)(t, x) > vp(t, x) —|v—vg|(t, x) > % — €. With the first property in (24),
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it follows that
n < meas(<%) < meas({(t,x) € Oy : [v—vg|(t,x) = €}) + meas({(t,x) € Q1 : v(t. x) = 1 —¢}).

Letting k go to oo yields
n <meas({(t,x) € Q1 : v(t,x) > 3 —¢€}).

Since this inequality holds for any € > 0, we conclude, by monotone convergence, that

n <meas({(1.x) € Q1 :v(t.x) = 1})
holds, a contradiction. O

Proof of Proposition D.2. We consider (¢, x) — v(¢, x) such that —1 <v(z,x) < +1,

meas({(z, x) € O : v(t, x) < 0}) > umeas(Q),

and v satisfies d;v —6*Av < 0 in Q,. The proof splits into two steps.

v (t, x) = 2k (v(t, X)— (1 — 2%))
/f [kaIr dx dr
01

can be made as small as we wish, by choosing k large enough. Observe that

Step 1: For k € N, set

We shall show that the integral

e =25 —=1)+1=2v_; -1,

which implies that v <1 and

{(t,x) € 0 :v(t,x) <0} C {(Z,x) €e0:v(t,x)<1 —Zik} ={(t,x) € O : vg(t,x) <0}.
Thus, by assumption on v,we have

meas({(z, x) € Q 1 v (2, x) <0}) > meas({(¢, x) € Q cv(t,x) <0} = umeas(@).

// [vk]%r dxdr >4
01

holds for a certain § > 0. Since this integral is dominated by

meas({(¢,x) € Q1 :vi(t,x) >0}) = meas({(l,x) €01 :vp_1(t,x)> %}),

Let us suppose that, for any k € N,

we infer
. 1
meas({(t,x) €Qq:vp_1(t,x)> 5}) >6
independently of k. Applying Lemma D.4 yields

meas({(7,x) € 01 U 0:0<vp_q(t,x) < ) =
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still independently of k. It follows that
meas({(1,x) € 01 U 0 : v (1,x) < 0})
= meas({(1,x) € Q1 U 0 : 2v_; (1.x) — 1 <0})
=meas({(1,x) € 0; U O : vg_; (£, x) <0}) + meas({(r,x) € Q; U 0:0<vp_(t,x) < )
= meas({(1,x) € Q1 U Q 1 vx_1 (¢, %) <0}) +a.

Since meas({(¢,x) € Q; U Q s vo(t, x) < 0}) > meas({(¢, x) € Q tv(t,x) < 0}) > umeas(é), this
recursion formula leads to

meas({(z,x) € Q1 U Q (v (t,x) <0} > ,umeas(é) + ka.

However, this cannot occur for any k since the left-hand side is bounded by meas(Q,). We conclude
that, given § > 0, there exists k. € N such that

// [vg, J3 dx dt <6.
01

Step 2: The second step relies on De Giorgi’s analysis. Let us set w(z, x) = vg, (¢, x). We shall show
that, provided ¢ is small enough (which means k, large enough), w(z, x) < % on Q1/,. To this end, let
us set, for £ € N,

1 1 1 1 1 1Y
me=5(l—2—e), wy(t,x) =[w(t, x) —myl+, re=§(1+27)’ l‘g=—}’(2=——(l+—).

We are going to work in the domains Q /5, C @, C Q1, which shrink to Q/, as £ — oo; see Figure 2.

Bijx /B

Figure 2. The domains Q1, @, and Q/, (the gray box).
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We consider a sequence of functions §y € C2°(By,_,) such that 0 < {y(x) <1 on B,,_, and {;(x) =1
on B,,. We shall use the basic estimate
Ve ol<c2t. — L <t
lg—lg—
We already know that 0 < wy(z, x) < 1, by definition. We can apply the energy estimate in Lemma D.3,
which reads

t
%/Bl U)L%(I,X)é‘ez(x)dx—i-(s*[/lgl |V(§€w€)|2(f,x)dXdT

1

< 2/ 7 (s, x)g(x)dx—l—(?*// wi|VEe)*(r,x)dx dr  (28)

for —1 < s <ty <t <0 (note that here we keep explicit the integral in the right-hand side that is roughly
estimated by a constant in Lemma D.3). Averaging over s € (fy_1, t¢) (and using the fact that the integral
of a positive quantity over (s, ?) is thus bounded below by the integral over (#;,¢) and above by the
integral over (zy_1,t)) yields

%/B we(t x)é‘e(x)dx—i—(?*// IV(&owe)|*(t, x) dx dr

(é+5 szﬁ/ / lwg)?(z, x) dx dr.
to—1 Jsupp(§e)

Let us set

0
%=// lwe|?(¢, x) dx dt,
t¢ J By,

0
& = sup /ng(t,x)fz(x)dx—i-/t/B IV(&wy)|? (z, x) dx dr.

t<t<0

We wish to establish a nonlinear recursion for %, which will allow us to justify that it tends to O as
£ — 0o. On the one hand, since

wg <wg—; and  supp(&g) C By,
we note that (28) yields

5[5(24-51*)( +8) 2%y,

On the other hand, we observe that

0
%5// |Eewg|? (2, x) dx dt
te Brl

0 N/ (N+2) 2/(N+2)
s(/ / |§ewe|2(N+2)/N(l,X)dxdl) (meas({(t. x) € (tg, 0)x By, : Cwg > 0) ,

by using Holder’s inequality. Note that

1

w—my_q =w—mg+2eﬁ,
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which leads to
meas({(z, x) € (#¢,0) x By, : {gwy > 0}) < meas({(t, x) € (ty—1.0) X By,_, 1wy—1 > 2_5_1})
<22+2g,

by virtue of the Bienaymé-Tchebyschev inequality. Next, we use the Gagliardo—Nirenberg—Sobolev
inequality, see [Nirenberg 1959, Theorem p. 125],

(N-2)/N
(/ |§ewe|2N/<N—2>(z,x)dx) <Cy [ IV (€ewe) (. x) d.

¢ B (4
Mind that we have integrated with respect to the space variable only. We can write

N +2 2N N =2
=0 2(1-06), 0=
N N—2+( )

€(0,1),

so that

0
// |§gwg|2(N+2)/N(t,x)dxdt
te J B,

S (,

0 2—0 <gl1-0
=Cgé; . ¢

-0

0 1
o PNV ¢, 1) dx) ( [ Cewel2(t.x) dx) a
BrZ

4

Therefore, gathering all this together, we obtain

£,,1+2/(N+2)
Uy = NU,_,

for a certain constant A > 1. Owing to Lemma A.1, we deduce that limy_, , % = 0 provided % is
small enough. The smallness condition on % is precisely ensured by the definition w = vg, coming
from Step 1. Since

1 0
—/ / lwe|? (7, x) dx dt <2,
|t£| te Br[i

we conclude, by applying Fatou’s lemma, that

// (t x)dxdt<hm1nf—// lwe| (2, x)dx dt =0
Q1/z =00 Iy Jy, By,

so that, finally, w(z, x) < % holds a.e. on Q5.
Coming back to the change of unknown,

w(t,x) =vg, (t.x) = 2k (v(z,x) — (1 - 2%)) = %

1 1 1

becomes
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Note

After the completion of this work, we learned about results in a similar direction by J. I. Kanel [1990].
This approach shares similar ideas and assumptions, but with different techniques; it has been recently
revisited by P. Souplet [2018] to deal with problems endowed with Neumann boundary conditions and
nonlinearities with a quadratic growth.
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SPACELIKE RADIAL GRAPHS OF PRESCRIBED MEAN CURVATURE
IN THE LORENTZ-MINKOWSKI SPACE

DENIS BONHEURE AND ALESSANDRO IACOPETTI

We investigate the existence and uniqueness of spacelike radial graphs of prescribed mean curvature in
the Lorentz-Minkowski space 1”1, for n > 2, spanning a given boundary datum lying on the hyperbolic
space H™.

1. Introduction

A radial graph is a hypersurface ¥ such that each ray emanating from the origin intersects X once at
most. In the euclidean context the problem of finding radial graphs of prescribed mean curvature has
been extensively studied over the years. In the first paper on the subject, Rad6 [1932] proved that for any
given Jordan curve I' C R3, with one-to-one radial projection onto a convex subset of the unit sphere S2,
there exists a minimal graph spanning I". Later, Tausch [1981] proved that area-minimizing disk-type
hypersurfaces spanning a boundary datum I" which can be expressed as a radial graph over 02, where
@ C S" is a convex subset, have a local representation as a radial graph. The case of variable mean
curvature was investigated by Serrin [1969], and a recent result of radial representation for H -surfaces in
cones was given in [Caldiroli and Iacopetti 2016]. Treibergs and Wei [1983] studied the case of closed
hypersurfaces, i.e., compact hypersurfaces without boundary. Lopez [2003] and de Lira [2002] studied
the case of radial graphs of constant mean curvature.

The Lorentz—Minkowski space, denoted by 1”71, is defined as the vector space R” 1 equipped with
the symmetric bilinear form

(x.y) =x1y1 4+ 4+ XnVn — Xn41Vn+1.

where x = (x1,...,%n41), ¥ = (V1.,..., Ynt1) € R?TL The bilinear form (-,-) is a nondegenerate
bilinear form of index 1, see [Spivak 1975, Section A], where the index of a bilinear form on a real vector
space is defined as the largest dimension of a negative definite subspace. The modulus of v € L**1 is
defined as |v| := /|{(v, v)|.

The interest in finding spacelike hypersurfaces of prescribed mean curvature in the Lorentz—Minkowski
space comes from the theory of relativity, in which maximal and constant-mean-curvature spacelike
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hypersurfaces play an important role, see [Bartnik and Simon 1982], where spacelike means that the
restriction of the Lorentz metric to the tangent plane, at every point, is positive definite. In the literature,
several result are available for spacelike vertical graphs, i.e., hypersurfaces which are expressed as a
cartesian graph. Entire maximal spacelike hypersurfaces were studied by Cheng and Yau [1976] and later
Treibergs [1982] tackled the general case of entire spacelike hypersurfaces of constant mean curvature.
The Dirichlet problem for spacelike vertical graphs in 1 was solved by Bartnik and Simon [1982], and
Gerhardt [1983] extended those results to the case of vertical graphs contained in Lorentzian manifolds
which can be expressed as a product of a Riemannian manifold times an interval. Bayard [2003] studied the
more general problem of prescribed scalar curvature. On the contrary, for radial graphs, to our knowledge,
the only available result concerns entire spacelike hypersurfaces with prescribed scalar curvature which
are asymptotic to the light-cone; see [Bayard and Delanog 2009].

The geometry of Lorentz—Minkowski spaces plays an in important role in the setting of the problem.
A first relevant fact is that there cannot exist spacelike closed hypersurfaces (see Proposition 2.5, or
[Lopez 2014] for the case of surfaces in L3). Therefore S”-type surfaces are ruled out, and the model
hypersurface in L1 for describing spacelike radial graphs is the hyperbolic space H” (see Definition 2.6).
Another important feature of Lorentz—Minkowski spaces is that, given a domain, there exist spacelike
hypersurfaces of arbitrarily large (in modulus) mean curvature, see [Lopez 2013], while in the euclidean
context this is not true in general. This fact will be crucial in our paper to construct barriers.

We state now the problem. Let € be a smooth bounded domain of H”. For u : @ — R, we define the
associated radial graph over €2 as the set

S):={p=e"Dgecl™'.qeQl

Let Cg be the cone spanned by Q (minus the origin), i.e., Cg:=ip=pq€ 1"t1:qeQ, p>0}, and
let H:Cq — R.

Definition 1.1. A H-bump (over Q) is a radial graph ¥ whose boundary coincides with 92 and such
that the mean curvature of X at every (interior) point equals H.

The Dirichlet problem for spacelike H -bumps is given by

n

3 (1= |Vu®)8ij +uiujuij = n(1—|Vul|?) —n(1 —|Vul?)?2e* H(e*q) inQ,
i,j=1
V| <1 ng, D
u=0 on 0%2,

where u;, u;; are the covariant derivatives of u, Vu is the gradient with respect to the Levi-Civita
connection of (H”, g) (see Section 3), and g = dx; @dx1 + -+ +dxp ® dxp —dXp41 ® dXp41 is the
induced Riemannian metric on H” (see Section 2).

Definition 1.2. Let 0 < r; <1 < ry, with r; # rp. The hyperbolic conical cap of radii ry, 7, spanned
by Q is the set

Ca(ri.r2) :={p=pq < 1"tlqgeQ, rn<p<r
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The main result of our paper is the following existence theorem.

Theorem 1.3. Let @ € (0,1), 0 <ry <1 <rp, with ry # ra. Assume Q is a bounded domain of H" of
class C3* that satisfies a uniform exterior geodesic ball condition. If H € C1* (Cq(r1,1r2)) is positive
and satisfies

(1) H(r1i9) > rl_1 and H(rq) < rz_lfor any q € Q,
(i) (/0N (AH(Aq)) <0 forallqg e Q, A €[r1, 1],
then there exists a unique solution of problem (1-1) whose associated radial graph is contained in
Cq(r1,r2).
Let Q, rq, rp be in the statement of Theorem 1.3. Let m > 1, let w : Q — R* be a smooth positive
function such that r{"_l <w< ré”_l and let Hy, ¢ : Cq(r1,72) — R, defined by

w(x/]x])
x|

Hp,o(x) 1= (1-2)

One easily verifies that Hy, 4 satisfies the hypotheses (i) and (ii) of Theorem 1.3. In particular, this
shows the existence of spacelike radial graphs of prescribed mean curvature even for nonhomogeneous
functions H, a case which is not contemplated for instance in [Bayard and Delanoé& 2009], where the k-th
scalar curvature is prescribed just on H".

We remark that (1-1) can be put in divergence form, namely

—divige (Vu/+/1—=|Vu|?) +n//1—|Vu|?> = ne*H(e"q) in <,
IVu| <1 in Q, (1-3)
u=0 on 092,

where divy» denotes the divergence operator for (H”, g). The principal part of this operator appears in the
Born-Infeld theory of electromagnetism [1934], which is a particular example of what is usually known
as a nonlinear electrodynamics. We therefore stress that Theorem 1.3 provides existence and uniqueness
of solutions for some specific Born—Infeld equations in which appear nontrivial nonlinearities involving
both the gradient and the function; see also [Bonheure et al. 2016; Bonheure and Iacopetti 2019].

The proof of Theorem 1.3 relies on the combination of several tools. For the existence, we apply a
variant of the classical Leray—Schauder fixed point theorem due to Potter [1972]. To this aim, we make
use of suitable comparison theorems and we prove fine a priori estimates for the solutions and their
gradient. Regarding uniqueness, we take advantage of the Hopf maximum principle as in the version
stated by Pucci and Serrin [2004].

We point out that the uniform exterior geodesic ball condition allows us to construct barriers for the
gradient of the solutions at the boundary. Such construction strongly depends on the shape of the mean
curvature operator for spacelike hypersurfaces in the Lorentz—Minkowski space, and we remark that
Theorem 1.3 grants existence of spacelike radial graphs over arbitrarily large and even nonconvex domains
of H". We note that it is not possible to mimic this construction in the euclidean framework, and in fact
the problem of finding radial graphs over proper (possibly nonconvex) domains of S” which are not
contained in a hemisphere is still open.
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Concerning global a priori estimates for the gradient, which is the key step in the proof, we derive a
quite complex technical result, see Proposition 8.1, which is inspired from [Gerhardt 1983] and is based
on the introduction of an ad hoc differential operator, Stampacchia’s truncation method and fine estimates
of the L?-norm of the quantity v(u) = 1/+/1 —|Vul?.

In this paper we also introduce a new definition of admissible couple (2, H) and triple (2, H, 6),
see Definition 4.4, where 8 € (0, 1). This notion of admissibility is very general and works even for
nonsmooth domains and just for continuous functions H. However, given a couple (2, H), it is not
easy in general to verify whether it is admissible or not. In Section 4 we provide trivial examples of
admissible couples and in Proposition 4.7 we exhibit a class of functions H such that (€2, H) is admissible
whenever 2 satisfies a uniform exterior geodesic condition. Using the notion of admissible couple, we
can extend Theorem 1.3 to a wider class of domains and mean curvature functions.

Theorem 1.4. Leta € (0,1), 0 <r; <1 <rp, with r1 # ry. Assume that Q is a bounded domain of H"
of class C>% and H € C1* (Cgq(r1,1r2)) satisfies conditions (i) and (ii) of Theorem 1.3. Assume that
(2, H) is admissible. Then there exists a unique solution of problem (1-1) whose associated radial graph
is contained in Cg(r1, r2).

A further existence result for problem (1-1), under more restrictive assumptions, is as follows.

Theorem 1.5. Let o € (0,1) and Q be a bounded domain of H" of class C3% Assume 6 € (0, 1),
0<ri<1<ry,withry #ry,and H € Cl’“(C§ (r1, r2)) satisfies

(a) H(r19) > rl_1 and H(rq) < rz_lfor any q € Q,
(b) (3/IN(AH(Aq)) < —1/(r1(0 —02/4)V2) forall g € Q, A € [r1,72],

© ||Vg H(X)|la+1 < (1= 9)/(n3/2r22) forall x € Cg(r1,r2), where VOTH is the euclidean tangential
component of VoH (x) on Ty x|H" (see Definition 6.2), Vo H is the gradient of H with respect to
the euclidean flat metric, and || - ||n+1 is the euclidean norm in R"+1,

Assume at last that (2, H, 0) is admissible according to Definitions 4.4 and 4.10. Then there exists a
unique spacelike H-bump contained in Cg(ry,12).

We mention this result because the proof quite differs from that of Theorem 1.4 and better shows the
differences and difficulties with respect to the euclidean case. The proof is this time based on the classical
Leray—Schauder theorem; see for instance [Gilbarg and Trudinger 1977, Theorem 11.3]. The first step
is to solve a suitable regularized equation associated to (1-1); see (4-2) and Theorem 5.1. The idea of
solving such a regularized equation is taken from [Treibergs 1982], where the author constructs barriers
for the gradient at the boundary. The way back to the original Dirichlet problem then uses a gradient
maximum principle [Treibergs and Wei 1983, Proposition 6]. In contrast with [Treibergs 1982], we deal
here with equations which do not satisfy, in general, a gradient maximum principle [Gilbarg and Trudinger
1977, Theorem 15.1]. In fact, in our case, when passing to local coordinates, we see that the regularized
operator associated to (1-1) does not satisfy, in general [loc. cit., condition (15.11)], and the principal part
depends both on the gradient and on the domain variables. We refer to Lemma 4.1 below for more details.
In order to overcome this difficulty, and eventually deduce a global a priori C! estimate, we perform
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the regularization in a proper way. We then use the admissibility condition to control the gradient at the
boundary, whereas we use two different strategies, see Lemma 4.12, for the interior estimate. The first
one which is based on the properties of harmonic functions, works only in dimension 2. The other proof
works in any dimension and is based on the global gradient bound given by [loc. cit., Theorem 15.2].

Finally, in the spirit of [Treibergs and Wei 1983], we prove a new kind of interior gradient estimate, see
Proposition 6.4, so that, under the hypotheses of Theorem 1.5, the solution of the regularized problem is a
solution of (1-1). It is important to note that, in contrast to [loc. cit.], since H” has negative Ricci curvature
and since we deal with hypersurfaces with boundary, the mere gradient estimate of Proposition 6.4 is not
sufficient for getting a global a priori C!-estimate. We refer to Remark 6.5 for more details.

When €2 satisfies a uniform exterior geodesic condition, thanks to Proposition 4.7, Remark 4.8 and
Remark 4.9, it is possible to show that the functions given by (1-2) satisfy the hypotheses of Theorem 1.5
for suitable choices of ry, 2, m, for @ close to 1 (in the C !-topology), and for some 64 € (0, 1).

As a future goal, it would be natural to investigate if it is possible to remove the monotonicity assumption
on H and to extend Theorem 1.3 also to sign-changing mean curvature functions.

The outline of the paper is the following. In Section 2, we fix the notation and we collect some known
facts which are useful in the remainder of the paper. In Section 3, we derive the equation for spacelike
H -bumps and in Section 4 we prove Proposition 4.7 and some a priori estimates. Section 5 is dedicated
to the proof of existence and uniqueness of solutions for the regularized Dirichlet problem associated to
problem (1-1). In Section 6, we work out an interior gradient estimate, namely Proposition 6.4, and in
Section 7 we prove Theorem 1.5. In Section 8, we prove a global a priori estimate for the gradient. We
finally prove Theorems 1.3 and 1.4 in Section 9.

2. Notation and preliminary results

Let n > 2; we denote by 1”1 the (n+1)-dimensional Lorentz—Minkowski space, which is R”*1 equipped
with the symmetric bilinear form
(x,y):=x1y1+-+ XnYn — Xnt1Vn+1.

We classify the vectors of L”*1 in three types.
Definition 2.1. A vector v € L”*! is said to be

e spacelike if (v, v) > 0 or v = 0;

e timelike if (v, v) < 0;

e lightlike if (v,v) =0 and v # 0.

The modulus of v € 1?1 is defined as |v| := /|(v,v)|. We also denote by (x, y)n+1 = X1y1 +
-+« 4+ Xp+1Yn+1 the euclidean scalar product, and by ||x||,+1 = \/x% + 4 x,zlJrl the euclidean norm
in R**1 Given a vector subspace V of "1, we consider the induced metric (-,-)y defined in the

natural way
(v,w)y = (v, w), v,weV.



1810 DENIS BONHEURE AND ALESSANDRO TACOPETTI

According to Definition 2.1 we classify the subspaces of 1”1 as follows.
Definition 2.2. A vector subspace V of 1" *! is said to be

» spacelike if the induced metric is positive definite;

¢ timelike if the induced metric has index 1;

e lightlike if the induced metric is degenerate.

In this paper, we deal only with hypersurfaces in 1”71, and thus we identify the tangent space of
M C 1”1 at p € M, denoted by T, M, with a vector subspace of dimension n in L+ In particular, by
abuse of notation, if ¢ : U — M, where U is an open subset of R”, is a local parametrization, we still use
the symbol 9; to denote the vector d¢/0x;.

Definition 2.3. Let M C 1”1 be a hypersurface. We say that M is spacelike (resp. timelike, lightlike)
if, for any p € M, the vector subspace T, M is spacelike (resp. timelike, lightlike). We say that M is a
nondegenerate hypersurface if M is spacelike or timelike.

Definition 2.4. A timelike vector v € L”*! is said to be future-oriented if (v, E,+1) <0 and past-oriented
if (v, Ep41) >0, where Ej, 41 :=(0,...,0,1).

We observe that for a spacelike (resp. timelike) surface M and p € M, we have the decomposition
L+l = oM ® (TyM )L, where (TyM )L is a timelike (resp. spacelike) subspace of dimension 1;
see [Lépez 2014]. A Gauss map is a differentiable map N : M — 1" *! such that [N(p)| = 1 and
N(p) € (TyM Yt forall pe M. If M is spacelike, the Gauss map pointing to the future is a map
N: M — H"

We recall now a result which is simple but crucial because it marks a relevant difference between the
euclidean geometry and the geometry of Lorentz—Minkowski spaces.

Proposition 2.5. Let M C "t be a compact spacelike, timelike or lightlike hypersurface. Then OM # .

Proof. Assume that 9M = @ and that M is spacelike (resp. timelike or lightlike). Let a € "1 be a
spacelike (resp. timelike) vector. Since M is compact, there exists a minimum (or a maximum) pg € M
for the function f(p) = (p,a). Since IM = &, we know py is a critical point of the function f and
thus (v,a) =0 forall v e T,M. Hence a € (T, M )L, but this gives a contradiction because (TyM )L is
timelike (resp. spacelike or lightlike). O

In other words, the previous result tells us that a closed hypersurface (i.e., compact without boundary)
must be degenerate (see Definition 2.3). Therefore closed surfaces are not relevant in the Lorentz—
Minkowski space, and this is deeply in contrast to euclidean geometry. For the sake of completeness,
we also point out that Proposition 2.5, as well the previous definitions, can be extended to general
hypersurfaces; see, e.g., [Lopez 2014, Section 3].

Definition 2.6. The hyperbolic space of center pg € LT and radius r > 0 is the hypersurface defined by
H" (po,r) :={p e """ (p— po. p— po) = =12, (p — po, En+1) <0},
where E,+1 = (0,...,0,1).
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From the euclidean point of view, this hypersurface is the “upper sheet” of a hyperboloid of two sheets.

Remark 2.7. The hyperbolic space is a spacelike hypersurface; see [Lopez 2014; Spivak 1975]. In fact,
let v € T,H" (po,r) and let 0 = o (s) be a curve in H" (po, r) such that 6’(0) = v. Then, differentiating
with respect to s the relation (o (s) — po, o (s) — po) = —r? at s = 0, we obtain (v, p — po) = 0. This
implies T,H" (po, r) = Span{p — polt. Since p — po is a timelike vector, it follows that H” (pg, r) is a
spacelike hypersurface. Moreover N(p) = (p — po)/r is a Gauss map.

When py is the origin of L”*1, and r = 1, the hyperbolic space is denoted by H"; that is,
H" = {(x1, ..o Xnp) €T ox? 4o 4 x2—x2 = =1, xp41 > 0}

In view of the previous remark, for any p € H", the induced metric on 7,H" is positive definite, and
hence the tensor g = dx; ® dx1 + -+ dxp @ dxp — dxp4+1 ® dxy 41 is a Riemannian metric for H".
Another model for H” is the Poincaré model in the unit disk B” :={y € R" : ||y ||, < 1}, where | - ||, is
the euclidean norm in R”. The hyperbolic metric in B” is defined by

4

T -2

which is conformally equivalent to the flat metric in B”. The isometry between (H", g) and (B”, g) is

n
g dy; ® dy;,
=1

given by the map F : H" — B” defined by
2x —
F(x):=x0— (x — %o) = ( L .. n ) 2-1)

(x —X0.x — xo) T+xpt1 1+ xp41

where x9 = (0,...,0,—1) € R*+1: see [Lee 1997, Proposition 3.5]. The map F is also known as
hyperbolic stereographic projection, and from a geometrical point of view, F' sends a point x € H" to the
intersection between the line joining x and xo with the hyperplane {y € R**1: y,.; = 0}.

We conclude this section by recalling a variant of the Leray—Schauder fixed point theorem which will
be used in the proof of Theorem 1.3.

Theorem 2.8 (A. J. B. Potter [1972]). Let X be a locally convex linear Hausdorff topological space and
U a closed convex subset of X such that the zero element of X is contained in the interior of U. Let
T :[0,1] x U — X be a continuous map such that T ([0, 1] x U) is relatively compact in X. Assume that

(a) T(t,x)# x forall x € dU and t € [0, 1];
(b) T(OxoU) CU.

Then, there is an element X of U such that x = T (1, ).

3. Derivation of the equation

Let 2 be a proper smooth bounded domain of the hyperbolic space H". Let us denote by 7 (£2) the space
of tangent vector fields to © and denote by V the Levi-Civita connection of L”*1, We recall that V°
coincides with the flat connection of R"*1, and we denote by V the induced Levi-Civita connection on .
Let u be a smooth function defined on 2. We denote by du the differential of u and by Vu the gradient
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of u, which is the only vector field on €2 such that
du(X)=(X,Vu) forany X € T(2).
The second covariant derivative of u is defined as
Vxyu:=VxVyu—VxY(u)=VxVyu—Vy,yu forany X,Y e T(Q),
and the Hessian of u, denoted by V2u, is the symmetric 2-tensor given by
Viu (X,Y):= Vx,yu forany X,Y € T(Q).

The Laplacian of u, denoted by Au, is the trace of the Hessian.

Let {e1, ..., ey} be a local orthonormal frame field for  and let {w!, ..., ®"} be the dual coframe
field; i.e., w' (ej) =6;j forany i, j = 1,...,n. The connection forms w;;’s defined by
a),'j(X) = (Vxej,ei), XGT(Q), (3—1)
and thus we have n
Ve € = Z wyj(ei)ek. (3-2)
k=1
We also recall that the connection forms are skew symmetric, i.e., w;; +wj; =0, forany 7, j € {1,...,n}.

In terms of the dual coframe field the exterior derivative of u (i.e., the differential) can be written as
n
du = Z ujw',
i=1
where u; denotes the covariant derivative V. u. We will also use the notation V; to denote Vg, .
For the second covariant derivatives, taking X = ¢;, ¥ = e; and using (3-1) we have

n
Vei et = Veyuj — Y wpj(eiug. (3-3)
k=1

From now on we will use the notation u;; to denote Ve, o, u. In particular the Hessian of u can be
written as u;;w; ® w; and the Laplacian of u as Au = Z?zl Uji.

Definition 3.1. Let A C L"*!; we define the cone spanned by A as the set
Cq:={pgel"l:geA p>0.

Remark 3.2. Observe that setting e, 1(x) := x/|x| for x € Cq, and extending the e;’s as constant along

radii, i.e., ¢; (x) = e; (x/|x]), x € Cq, fori =1,...,n, we get that {eq, ..., e,+1} is a local orthonormal
frame field for Cq, where e, is the future-oriented unit radial direction, i.e., (en+1,en+1) = —1,
(en+1, En+1) <0. We also observe that by direct computation we have Vl-Oen.H =e¢; foranyi =1,...,n.

We remark that by definition e,+1(g) = ¢ for any ¢ € Q, and by abuse of notation when writing V9 g,
where w € T(R"*1), it will be always understood that we are computing VO e, 4 at x = ¢, and ng

will stand for Vgn LW
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In order to derive the equation of spacelike H-bumps, one can argue as in [Treibergs and Wei 1983,
Section 1] with minor adjustments. Indeed, we only need to take into account the changes due to the
bilinear form (-,-), and the definition of mean curvature for spacelike hypersurfaces [Lopez 2014,
Section 3.2]. For the sake of completeness we derive the equation following the scheme of [loc. cit.,
Section 2].

Let u € C%(Q) N C%(R), let X be the associated radial graph and let Y : @ — R”T! be the map
defined as Y(q) := ¢*@g. From Remark 3.2 it holds that leq = ¢; and thus

VY =VP(e"q) = e"u;q +ee;. (3-4)
Therefore a local basis for Ty,) % is given by
Ei(q) =e"(ej +uiq), i=1,...,n,
and the components of the metric are
gij = (Ei, Ej) = e ((ei. ej) +uiuj{q, q)) = e*(8ij —ujuy).

Since we look for a spacelike hypersurface we must have |Vu|? < 1, and by elementary computations we
see that the inverse matrix (g%/) is given by

ij — g=2u (g, Uity 1} 3-5
4 e (lj+1_|vu|2) (3-5)
For the Gauss map we have
q+ iy ukek
N ===
V) ==
Indeed it is elementary to verify that (N()(q)), E;i) =0 foranyi =1,...,n and
—1 4 |Vu|?
N S N = - = —
(NO@) NO@) = =5

Moreover, as u = 0 on 0€2, there exists g1 € Q such that Vu(g1) = 0 and by definition N()(¢1)) = g1
and thus (N()(q1)). En+1) < 0. Therefore, since N oY € C%(Q2, R"*1) and Q is connected, it follows
that N()(2)) C H", so that N is future-oriented. The coefficients of the second fundamental form are
given by
u
o 000 €1 (=8ij +uju; —uij) ]
oij = (N, V;V/y) = A—[Vup)Z (3-6)

Indeed, recalling Remark 3.2 and (3-4), by direct computation we have

V?(V})y) =e"(ujujq + VPVJ(-)u q+ujei +uiej +Ve)).
Hence, by using the relations (e;,e;) = §;;, (ei,q) = 0, and regrouping the terms, we deduce that

e "
(N.VIVIY) = ————|wju; = VPVu+ (Vej.q) + Y ug(Viej.er)).  (3-7)
(1= Va7
k=1
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Since (VPe;,q) = —(ej, VPq) = —(ej.¢;) = —5;; and
n n
VZ-OV]QM - Z uk(leej,ek) = V,-Vju - Z uk(V,-ej,ek) = Ujj,
k=1 k=1
from (3-7) we finally get (3-6).
At the end, from [L6épez 2014, Definition 3.3], the mean curvature of a spacelike hypersurface at
p =Y(q) € X is given by

nHY(@)=- Y g0y

ij=1

Therefore, from (3-5) and (3-6), we deduce that u must satisfy the equation

> (1= [VuP)siy + sy = n(1 = Vul?) —ne (1 — [Vul?) > HY(q)).
ij=1

4. A priori estimates

Let € > 0 and let ne € C5°([0, +00)) be such that rne € C5°([0, +00)), r > ne(r)r, is increasing in
(0,2/¢) and decreasing in (2/€, +00). Assume moreover that

r forr <1—e,
Ne(r)r=91—¢€/2 forl—e/2<r <2/e,
0 forr > 3/e.

We define the regularized equation as

Y (A =nZ(AVubIVu)i; + nZ(IVuluiu;)ui;
et = n(1 = ne(IVu)|Va2)(1 = V1 = ne(IVu)|Vu2e* H(e g)).  (4-1)

To simplify the notation we will write n2|Vu|? instead of n2(|Vu[)|Vu|?. The regularized Dirichlet
problem for spacelike H -bumps is

n
X ((=n2|VuP)byrduip iy =n(=iZ[VuP) 1=V I=gZ[uPe Heq) g2
ij=1 -

u=0 on 0€2.
We denote by Q. the operator
n
Qc(u):= Y (1 —nZ|Vu»)8;j + nZujujuij —n(1 = nZ|Vul®) + n(1—nZ|Vu[*)3/2e* H(e"q).
i,j=1
We claim that, in hyperbolic stereographic coordinates, the operator Q. is uniformly elliptic. This is the
content of the next lemma.

Lemma 4.1. For any € € (0, 1), the operator Q, in hyperbolic stereographic coordinates, is uniformly
elliptic with ellipticity constants depending only on € and 2.
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Proof. Let F : H" — B”" be the hyperbolic stereographic projection. By definition we have that 2 is
mapped into a smooth proper domain A = F(Q) € B", ¢ = F~!: A — Q is a global parametrization,
and there exist ¢, c; > 0 depending only on €2 such that

1 = %(1 - ||J’||,21)2 <cp forall y e A. (4-3)
Let us set )
AMy) = ———>. yeb". (4-4)
L=yl

We recall that F is an isometry and the hyperbolic metric in B” is § = A2 Y _7_, dy; ® dy; (see Section 2).
In particular, (d;,d;) = 8;;A2, where 9; denotes the vector d¢/dy;, and the Christoffel symbols of the
hyperbolic Levi-Civita connection are given by

A i " Al
F{‘j = 718,-;( + 7’5,-/( — ZSkZTSijv (4-5)
=1

where A; = dA/dy;. In local coordinates the gradient is given by
- di
V=Y ~’J—a =" 22 “9 (4-6)
i,j=1 i=1 Vi
and thus
Vul? = 272 Voii . (4-7)

where i = u o F~! and Vyi is the gradient of & with respect to the euclidean flat metric. Using the
well-known expression for the Hessian and the Laplacian in local coordinates we have

P i~y i

oy dyi = TTawe

m= 3 # (G- St ) = (Ra - Xk @
k=1 !

ij ii
2 \idy; Ik PO

V2u(0;,0;) =

(4-8)

By using the previous identities and (4-5) we infer that

n ~

o o 0%u
§ =14 § : @, 4-10
ij=1 e 3J’h Oy Oy Oy " (10

where @ is a term which does not involve second-order partial derivatives. From (4-4), (4-7), (4-9) and
(4-10) we deduce that the principal part of the operator Q, in hyperbolic stereographic coordinates, is
021 _, 00 du  9%u ]

n
-2 1 — 12121 VaiiI*)s: : 2927 7
|:ijz=:l( A Vo5 dyi 0y, e dyi dy; dyi dy;

where n¢ = 1e(A7 Y| Voii||n). Forany i, j = 1,...,n, we define, for y € A, p = (p1,..., pn) € R",

a’ (y, p) = 2721 =27 p A2 pN12)8:5 + n2 A pll) A ™2 pi ps]- (4-11)
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Now, for any & = (§1,...,&,) € R", y € A, p € R" we claim that

n

elélr = Y @l (v, p)Eik; = secrll£]7 (4-12)

i,j=1
where the constants ¢y, ¢p are given by (4-3). Indeed by the definition of 7 for any y € A, p € R" it
holds that
_ — 2
0<nZA " plA2Npll; < (1 - 3¢€)

and thus
S @ (v, p)tit; =r2[(1 232 pI2) El12 + A 2(2 plsl)(zp,sj)]
i,j=1 i=1

= A2 [ =222 D€l +nZA2(p.6)7]

- - - 2
> A2 =222 pIDIENR = A2 (1= (1= 3€) ) IEN7 = sereli§Il.
where (-, ), denotes the euclidean scalar product in R”. The proof of the other inequality in (4-12) is

similar and we omit the details. O

For ¢t € [0, 1], we define the operator

n
QL) := Y ((1=n2[Vul»)8ij + nZuiuj)ui; —nt(1—nZ|Vul?) + nt (1 - nZ|Vu|*)>2e* H(e" ).
i,j=1

For u such that |[Vu|s,@ < 1, we also define the operator O (u) as

n
Q') := Y (1= |VulP)8ij +uiuj)uij —nt (1= [Vul?) +nt (1= |Vu|?)>?e“ H(e"q).  (4-13)
i,j=1
Remark 4.2. By definition, for any fixed € € (0, 1), if u is such that |Vu|so < 1 — €, we have
QL(u) = Q' (u) for any ¢ € [0, 1]. Moreover, in view of Lemma 4.1 and since the principal parts of QZ,
Q! are independent of 7, they are uniformly elliptic even with respect to 7, when passing to hyperbolic
stereographic coordinates.

Remark 4.3. As seen in the proof of Lemma 4.1 we can write an explicit expression of the operator Q%
in hyperbolic stereographic coordinates defined in the whole A = F(£2). For our purposes we just observe

that the transformed operator is of the form
n

OL@) = Y al(y.Voil)iiij + bes(y.u. Voil).
i,j=1

where dij =de(y, p): A xR" — R is given by (4-11), and l;e,, A XRxR" — R is given by

n n
bei(y.2.p)i=—(1=n2A72pID) D Gk —n2A"> D Guicr(¥) Prprcrr
k=1 h,k,r=1

—nt(1=n2A72 | pl?) +nt (1 — 2272 p|12)3/%e* H(e* F(v)),
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where A is defined in (4-4), G, G, are smooth functions defined in A, where h, k,r € {1,...,n}. We
point out that déj does not depend on z and &éj = 0(1), Ee,t = O0(|plln), as || plln = +o0, uniformly
for y € A, and z in compact subsets of R. In particular, according to the notation of [Gilbarg and
Trudinger 1977], setting £ := Z?J:l Ezéj pi pj, we have that £ does not depend on z and £ = O(| p||2)
as | plln = +o0, uniformly for y € A.

These properties will be useful in the sequel. In addition, since (&éj ) is symmetric and positive definite,
when applying the results of [loc. cit., Section 15], it will be understood that we take (&éj * = &éj and
¢; = 0; see [loc. cit., (15.23)].

We define now the class of admissible domains.

Definition 4.4. Let 2 be a bounded domain of H” and let H € C 0(CQ). We say that (2, H) is admissible
if there exists a constant 6 € (0, 1) such that for any go € 02 and for any ¢ € [0, 1], there exist two
functions @1, ¢ € C%(Q) satisfying

(i) supq |Vei|<1—0fori =1,2,
(ii) ¢1(q0) = 0 and ¢1(go) =0 on 952,
(iil) ¢2(qo) = 0 and ¢2(g0) = 0 on 92,
(iv) Q' (p1) =0, Q' (p2) <0in Q.

We denote by A the set of admissible couples (2, H). Given 6 € (0, 1), and given 2 and H as above,
we say that (2, H, 0) is admissible if (€2, H) is admissible with constant 6.

Remark 4.5. We observe that A # @. In fact for any given domain Q2 C H” for any fixed m > 0, the
function H(x) = 1/|x|™, x € Cg, is such that (2, H) € A. In fact it is easy to see that Q;(0) = 0 for any
t € [0, 1], so that the functions ¢; = 0, ¢, = 0 satisfy (i)—(iv) for any 8 € (0, 1). More generally, for any
domain €2 and for any function H € CO(CQ) such that H|g =1, we have (2, H) € A, and (2, H,0) is
admissible for any 6 € (0, 1).

This condition of admissibility is very general. If we impose some regularity on 92, and if we assume
that H is positive, smooth and not increasing along radii, then every couple (€2, H) is admissible. This
is the content of the next result. We introduce first the following definition.

Definition 4.6. Let 2 be a bounded domain of H”. We say that 2 satisfies a uniform exterior geodesic
ball condition if there exist 0 > 0 and a map Z : 32 — H” of class C? such that for any go € 9Q there
exists a geodesic ball in H” of radius o centered at £ = Z(go) € H" \ , and denoted by By (£), such
that go € 0By (£) and B, (§) C H" \ Q.

Proposition 4.7. Let Q be a bounded domain of H" satisfying a uniform exterior geodesic ball condition.
Let H € CI(CQ) be such that H > 0 and (3/0A)(AH(Aq)) <0 forallq € Q, A > 0. Then (2, H) is
admissible.

Proof. Let distyn (-, - ) be the geodesic distance in H”. Let o > 0 be the number given by Definition 4.6
for Q. In particular, by definition, it follows that for any g € dQ there exists £ = £(qo) ¢ 2 such that
distyn (€, 0Q2) = distyn (€, g9) = 0.
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Let go € 092, t € [0, 1] and let £ = £(qo) satisfying the above properties. Since every geodesic ball of
H" is geodesically convex, see [Papadopoulos 2005, Section 2.5], we can take R > 0 sufficiently large
so that © is contained in the geodesically convex ball B (£). We observe that since €2 is bounded and
distyn (€, 92) = o, up to a new choice of a larger R, we can assume that R is uniform with respect to the
choice of gg € 022.

Arguing as in proof of [Gerhardt 1983, Theorem 2.1], we set |||¢ ||| := distyn (g, &) to denote the geodesic
distance from & and we define

[l Il
5t (q) = [" | qma )2 ds, p(s) = aePs,
q0

where «, B are positive constants to be determined later. By construction it holds that § 7 € C2(Bg(£)\{£}),
§t e C%(Q), §7(go) =0 and §T > 0 in Q because of the exterior ball condition.

Let us consider the operator

\% t
Qi () := —divyn ( ! ) + ! —nte¥ H(eq)

V1—|Vul? V1—|Vul?

(which is the divergence form of —Q). We set

. Vu . 1
A(u) ;= —divyn (W) v(u) = —W

We observe that |V|||g|ll| = 1 for any ¢ € Br(§) \ {£}. This property is known for general manifolds
when R is sufficiently small so that Bg(£) is contained in a normal neighborhood of &; see [Lee 1997,
Corollaries 6.9 and 6.11]. In our case, as a consequence of the Cartan—-Hadamard theorem, since H" has
negative sectional curvature it admits global normal coordinates and we are done.

Therefore, since the covariant derivatives of § are given by (§7); = (1 + y)~1/2]||¢]|l;, we obtain
that for any ¢ € Q

Vst =1 +y) 2 <1,
and
v(8+) — )/_1/2(1 + y)l/z'

In addition, by direct computation, see [Gerhardt 1983, (2.14)—(2.16)], it holds that
AGT) =1+ V2 (3B - Allgl)v ™).

We observe that A|||¢||| is smooth and bounded in compact subsets of Br(§) \ {£} and it is singular as
g — &. Indeed, see [Gerhardt 1983, (2.17)—(2.18)], we have

n—1
~Allgll =~ + (4-14)

where W is a bounded term which is given, in normal coordinates centered at &, by

n
U=— " ¢"TEllgllk-
i5j7k=1
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In particular, in view of the uniform exterior geodesic ball condition, since disty~ (¢, £(qo)) > o for any
g € Q, for any go € 92, from (4-14) we infer that A ||¢||| is bounded in Q by a constant depending only on
n,0,,qo. In addition, by definition the map go > £ is of class C2(9$2, H") and thus, by compactness
of €2, it follows that A|||¢||| is bounded by a constant depending only n, 7, 2.

Now, by the previous relations we have

A(8+) + an(8+) = [(1 + )/)—1/2(%/3 _ A|||q|||) + Zn](y_1/2(1 + )/)1/2)
> (18— Allgll)y™2 = (1 — Allgll)e™ "2 Ps/2,

Setting H := max, .o H(g) > 0, we can choose f sufficiently large so that %/3 — Alllg|ll > 0 for any
g € Q. With this choice of 8 we choose « sufficiently small so that (%,B — A|||q|||)oz_1/zeﬁs/2 > nH for
any x € Q, 5 € [|lgolll. SUP, e llglll]. Therefore, since §+ > 0 in &, and in view of the monotonicity

assumption on H, it follows that

AT +ntv(™) —n1e8+H(e5+q) > AT +ntv(8T) —nte® H(e )
> AT +ntv(@t)—ntH

> 0.

Hence, Q% (§%)>0in Q, which is equivalent to Q (§%) <0 in €, and in addition by construction we have
§T>00n0d%, §T(xp) =0, and V8| = (1+y)~Y/2 < 1—6, for some number 4 = 04 (a, B) € (0, 1).

As pointed out before, in view of the uniform exterior ball condition, —A|||¢||| is uniformly bounded
by a constant depending only on 7, o, 2, and by construction sup gea llglll < R. Therefore, the numbers
o, B can be chosen in a uniform way with respect to the base point gog € d2 (and also with respect to
t €0, 1]). Hence, there exists 0+ € (0, 1) such that for any gg € d€2, ¢ € [0, 1], the function ¢, := st
(which depends on the choice of g but not on ¢) satisfies (i)—(iv) of Definition 4.4 with § = 0. For the
other barrier is suffices to take ¢; := §~, where

gl
§ = —f" (14 y(s)) "2 ds,

g0l

and to argue as in the previous case. We observe that in this case the choice of «, f has to be made in a
different way but it is still uniform with respect to gg, and ¢.

In fact
AGT) +1nv(§T) = —y V2 (1= Alllgll — tn(1 4+ y)V/?)

_ _a_1/2€—/3s/2(%13 —Allgll —tn(1 +aeﬂs)1/2).

Taking o = e ~# < 191l it follows that n(1+aeP)1/2 < «/2n forany >0, s € [|llgo]ll. sup g ll|l]-
With this choice of «, we choose B such that

3B—Allgll—27>0
for x € Q. At the end, we have A(§7) + tnv(§7) <0, and thus since H > 0 it holds that
A ) +tnv(67)— tne‘S_H(eg_q) <A@B ) +tnv(§) <0 inQ.
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As before we find a uniform 6_ € (0, 1) such that for any g € 092, ¢ € [0, 1], the function ¢ := §~
satisfies |[Vg1| < 1 —6_ and (ii)—(iv) of Definition 4.4. At the end, choosing 6 := min{f_, 61} we have
that for any gg € 92, t € [0, 1], the functions @1, @, satisfy (i)—(iv) of Definition 4.4, and hence (2, H)
is admissible. O

Remark 4.8. It is important to note that in the previous proof the choice of 6 depends only on #n, g, 2
and depends on H just by the number H := max ges H(g) > 0 because of the monotonicity assumption.
In particular 6 does not depend on the derivatives of H.

IfHeC 1(C§ (r1,7r2)) we define a canonical extension of H to a mapping on the cone Cg in the
following way: set

hi(q) = [%pH(pq)Lzrl, ha(q) = [%PH(,lﬂl)]p:r2

and
(r1/p)H(r1q) + (1 —r1/p)h1(q) for p € (0,r1),

H(pq) := | H(pq) for p € [r1.72], (4-15)
(r2/p)H(r2q) + (1 —r2/p)h2(q) for p € (2, +00).

Remark 4.9. It is elementary to check that HecC! (Cg). and if H satisfies (0/dA)(AH (Ag)) < O for all
g €Q, A er1,r], it follows that

%(kﬁ(kq)) <0 forallge, A>0.

Therefore, since H (x) = H(x) for x € , by Remark 4.8 if  satisfies the hypotheses of Proposition 4.7
and H is positive, it follows that (ﬁ , 2) is admissible with constant which does not depend on the choice
of r1, r, and the derivatives of H.

In view of the previous remark, the following definition makes sense:

Definition 4.10. Let Q be a bounded domain of H?, let 0 <r; <1 <rp andlet H € C 1(C§ (r1,12)).
We say that (2, H) is admissible if (€2, H ) is admissible, where H is the extension of H defined in
(4-15), and for 6 € (0, 1) we say that (2, H, 6) is admissible if (£2, H, 0) is admissible.

Now we have all the tools to prove the a priori estimates. Let us fix some notation: let k e N, « € (0, 1),
and we consider the subspaces C(f’o‘ (Q):={uecCk®(Q):ulyq =0}, Cé‘(ﬁ) ={ueCk(Q):u|yg =0},
endowed, respectively, with the usual norms |- | o, | - [x. We point out that Céc *Q), Cé‘ (Q) are closed
subspaces of Banach spaces and thus they are Banach too. When needed we will specify also the domain
in the norms; otherwise it will be understood that the domain is . Moreover, for the C°()-norm we
will use the notation |- |00, | * [0o,, and || - |co, || - [lco, When working in the euclidean setting.

We define Q ! as the operator obtained from Q! by replacing H with its extension H, and in the
class of functions satisfying |Vu|eo,@ < 1 we define Q as

n
0 () := D (A= Vul»8ij +uiujui; —nt (1= |Vul?) + nt (1= |Vu|*)*/?e“ H(e"q).  (4-16)
i,j=1
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. . . o n 2 2\%.. A
In order to simplify the notation we set L¢ yu = Zi,j=1((}\— nzIVul)8i; + nZuju;)u;;. The first
result we prove is about a priori C° estimates for solutions of Q Lu)=0.

Lemma 4.11 (a priori C 0 estimates). Let Q be a bounded domain and let ry #£ry suchthat0<ry <1<r,.
Assume that H € C! (Cq(r1,r2)) satisfies

H(r1q) > rl_1 and H(ryq) < rz_1 forany q € Q, 4-17)
and

%(AH(M)) <0 forallge S, Aer.rl. (4-18)

Fore € (0,1), foreveryt €[0,1], ifu € COZ(S_Z) is a solution of Qé(u) =0 then
logry <u(q) <logr, foreveryqeQ.
Proof. Let us observe that since we are assuming (4-17), (4-18), it holds that
ﬁ(x)>|x|_1 if [x| <ry, x €Cg and ﬁ(x)<|x|_1 if [x| = rz, x €Cg. (4-19)

Lete € (0,1),1letz €[0,1] and let u € COZ(Q) such that Qé(u) = 0. By definition u is a classical
solution of the Dirichlet problem

Leyu=nt(1—n2|Vul?>)(1—+1- n2|Vu|2e”FI(e"q)) in 2,

4-20
u=20 in 092. ( )

Let go € Q such that u(gg) = maxg u. Assume by contradiction that u(go) > logr2. Then go €
because r, > 1 and u = 0 on 2. Hence Vu(go) = 0, and since g is a maximum point, it holds that
Au(go) <0, and by the definition of L, ¢ this reads as

Lu,eu <0.

On the other hand it must be that ¢ > 0 because otherwise if ¢ = 0 then ¥ = 0. Moreover

_ u(qo) _
Lu,eu(QO) =nte (eu(qo)

_ f_j(eu(qo)qo)) >0,
because H (x) < |x|~1 as |x| > rp. Thus we reach a contradiction. The same argument holds to show
that ming u > logry. O

Lemma 4.12 (a priori C 1 estimates). Let € € (0, 1) and let Q be a bounded domain of class C? Assume
that H satisfies (4-17), (4-18). Then, there exist two positive constants M, C and ag € (0, 1) such that for
allt €[0,1] ifu e COZ(S_Z) is such that |Vu | gq < 1 —€ and is a solution of the equation QAé (u) =0, then

|VM|OO,Q EMa |u|1,()l0 EC

Proof. Let us fix e € (0, 1), let t € [0, 1] and let u = u; be a solution of QAé(u) = 0. From Lemma 4.11
we have log r1 < u < logr; and thus by definition u also satisfies Q%(u) = 0. Therefore, from now on
we can work just with the operator Q.
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Let us set be (g, u, Vu) :=nt(1 —n2|Vu|*)(1 — /1 —n2|Vul2e¥ H(e"q)). In view of Remark 4.2,
passing to hyperbolic stereographic coordinates, the operator Q is uniformly elliptic with constants
independent of #; moreover, by definition and thanks to Lemma 4.11, the term be¢ (g, u, Vu) is uniformly
bounded with respect to 7.

Now there are only two possibilities: there exists a constant M independent of ¢ such that |Vu|eo @ <M
for all ¢ € [0, 1] or there exists a subsequence (#x) C [0, 1] such that |Vuy, |00, — +00 as k — +00. We
claim that the second case cannot happen. To this end we will give two proofs of this fact; one works
only in dimension 2, the other one works in any dimension.

Case of dimension 2: Assume that |Vuy, |o0,0 — +00. Let us set Q;C = {x € Q:|Vuy|>3/e}, and
qk € Q. such that [Vuy, oo, = [Vuy, (qr)|. We observe that Q) is closed and hence is a compact subset
of €2, and since |V, < 1 —€, we have Q) N0 = & for all k. Let 2 be the connected component
of Q;C containing gy . Consider now the auxiliary problem

Avg, =ntp(1—12|Vuy |2 (1= V1 =02 |Vuy, [2e¥c H(e"kq)) in Q,

i 4-21)
vy =0 in 0€2.

We observe that since uy, is uniformly bounded, by construction and standard regularity theory we
get that vy, and its gradient are uniformly bounded with respect to k. By definition wy, := uy — vy, is
harmonic in QZ Therefore, considering the isometry F : H? — B2, and since harmonicity is preserved
through composition with isometries, see [Hélein and Wood 2008, Section 2.2], we know wy, := F owy,
is harmonic in Q% =F (Q ) € B2. Now, since the hyperbolic metric g is conformal to the euclidean
metric go in B? (see Section 2), we have that Wy, is harmonic also in (Q ,go).- We point out that,
in general, this fact is false in other dimensions. Hence, since ,, is harmonic, it follows that also
Vowy, is harmonic in ﬁ% s0 || Vowy, ||» achieves its maximum on the boundary, and thus || VoW, [|ec =
| Vowy, ||Oo’ aGy 400 as k — +o00. On the other hand, by construction and (4-7) we have that

IVotey Il ar = sup Vot (M)l = sup —————— |V, (q)|
oot = Car T ey A=IF@IZR
4
= sup s (2 4 Vi)
geaqy A= IF(@I7)? \e

is uniformly bounded and thus we get a contradiction.

Case of any dimension n > 2: Consider i :=uo F !, where F : H" — B" is the hyperbolic stereographic
projection. Then # is a solution of a uniformly elliptic equation which satisfies the hypotheses of [Gilbarg
and Trudinger 1977, Theorem 15.2]; see [loc. cit., (i), p. 367]. In fact, thanks to Remark 4.3, writing
Q1 in local coordinates we see by elementary computations that the natural conditions of [loc. cit., (i),
p. 367], are satisfied (uniformly in 7). In particular, introducing the operator

+Z||p||n pkay
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we see that §a , 855,, satisfy, as || p|l» — +oo (uniformly for (y, z) € A x[logry,logrs], andin ¢ € [0, 1]),
the growth conditions of [loc. cit., (15.36)], and thus the hypotheses of [loc. cit., Theorem 15.2] are
satisfied with ¢ <0.

Thanks to Lemma 4.11 the oscillation of u is uniformly bounded; moreover, since |Viu|o go < 1 —¢€
and the structural conditions are satisfied uniformly in 7, we have that the constant given by [loc. cit.,
Theorem 15.2] is uniformly bounded with respect to . Hence there exists C independent of ¢ such that
[ Voit|| oo, F(2) < C, and hence, in view of (4-7), the same holds for |Vu|so, . Therefore, it cannot happen
that there exists a sequence (¢ ) such that |Vuy, |0, — +00, and we are done.

Conclusion: From the previous discussion the only possibility is that there exists a constant M such that
|Vit|oo, < M for all ¢ € [0, 1]. From this fact, up to passing to local coordinates, since QZ is uniformly
elliptic (with ellipticity constant independent of 7) and b¢ ; (g, u, Vu) is uniformly bounded in ¢, thanks to
[loc. cit., Theorem 13.7], there exists g € (0, 1) and a positive constant C, both depending only on n, €2,
V|00, §2, and the ratio between the uniform bound on b¢ ; and the lower ellipticity constant, such that

[Vu]o,ao S Ca
where [-]o,¢, denotes the C %0 seminorm. At the end, from this fact and Lemma 4.11, we conclude that
u]1,00 = C1

for some constant C; not depending on ¢, and the proof is complete. O

5. Existence and uniqueness of solutions for the regularized problem
The aim of this section is to prove the following:

Theorem 5.1. Let o € (0,1), 0 < ry <1 <rp, with ry # ra, let Q be a bounded domain of H", with
boundary of class C*>% Let H € C 1(C§ (r1,r2)) satisfy hypotheses (i), (ii) of Theorem 1.3. Assume
that (2, H) is admissible. Then, there exists € € (0, 1) such that for any € € (0, €) equation (4-2) has a
solution. Moreover such a solution is the unique solution of problem (4-2) whose associated radial graph
is contained in Cg(ry, r2).

Proof. We divide the proof into several steps.

Step 1: Choice of € € (0, 1).

Let H be the extension of H defined in (4-15). Since (€2, H ) is admissible we choose € = 6, where 0
is given by Definition 4.4.

Lete € (0, 1) such thate <6, let ag € (0, 1) be the number given by Lemma 4.12 and set 8 := min{w, g }.
For any fixed w € C 18 () we define the operator Lyge: Coz’ﬂ (Q) - C%8(Q) as

n
Ly eu:= Z (A =n2|Vw|?)8i; + nZwiw;)u;;.
ij=1

Step 2: For every w € CB(Q) the operator Ly, ¢ is a bijection of Coz’ﬂ () onto Cco%8(Q).
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A mapping u € C(f B () belongs to the kernel of Ly, ¢ if and only if u solves the Dirichlet problem

n

> (1 =n2|Vw|?)8ij + nfwiw;)u;; =0 in L,
i,j=1 (5-1)
u=~0 on 2.

Since Ly ¢ is uniformly elliptic (see Lemma 4.1), by the maximum principle, because v = 0 on 0€2
we obtain that ¥ = 0 in €2, and this means that L, ¢ is injective. In order to prove that L, ¢ is onto we
use the continuity method. Let ¢ € [0, 1]; we introduce the family of operators

Liwe: CEP Q) — ¥ (@)
defined by
Et,w,e = (1 _I)A +th,s-
We observe that Lo 4, = A and for every f € C 0.8 (S_Z) the Dirichlet problem
Au=f inQ,
u=0 ondQ

admits a solution C2-#(Q). That is, Lo,w,e sends C%B(Q) onto Coz’ﬂ (). Now we claim that there
exists a constant C > 0 such that

[ula,8 < ClLsw,elo,p (5-2)

for every t € [0, 1], for every u € Co2 B (). In view of the method of continuity, this is enough to infer
that £1,,e = Luy,e is onto. If (5-2) is false then there exist sequences (#x) C [0, 1] and (ug) C Coz’ﬂ (Q)
such that

|£t,w,e|0,,3 — 0 and Iuk|2,ﬂ =1 (5-3)

By compactness, in particular using also the Ascoli-Arzela theorem, there exist # € [0, 1] and u € Co2 B (Q)
such that, up to subsequences,

th >t and up —u in C3(Q).

By continuity we have £, ¢ = 0. Since, up to passing to hyperbolic stereographic coordinates, L i ¢
is a convex combination of elliptic operators, it follows that u = 0. In particular
ur — 0 in C%(Q). (5-4)
We observe that
n
Liweu= Y afuij.
i,j=1

where ai{e = (1 —tn2|Vw|?)8;; + tn?w;w;), and L; 4 ¢ is uniformly elliptic; moreover, arguing as in
the proof of Lemma 4.1 we see that the ellipticity constants are independent of ¢. Since the boundary is
smooth we can apply global Schauder estimates and we get

luklz,g < C(Jukloo + |Lt,w.elo,8)
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with C independent of k. This yields a contradiction with (5-3), (5-4). Hence (5-2) is true and the proof
of Step 2 is complete.

Step 3: For every C > 0 there exists K > 0 such that if |w[; g < C then |u|, g < K|Ly culo,g for every
ueClP Q).

We argue by contradiction as in the last part of the proof of Step 2. If the result is false then there exist
a bounded sequence (wy) in C*#(Q) and a sequence () in CO2 # () such that

|uk|2,5 =1 and |ka,euk|0,ﬂ — 0. (5-5)
By compactness, there exist w € C1(Q) and u € COZ(Q) such that, up to subsequences,
wy —w in CHQ) and ur —>u in C3(Q).

By continuity we get Ly ¢u = 0. Then u = 0, by Step 2. Taking into account Lemma 4.1 we observe
that the operators Ly,  are uniformly elliptic with ellipticity constants independent of k. Using standard
Schauder estimates we obtain that

luklz,p < C1(Jugloo + [ Ly etilo,p)-

where C; is a constant independent of k. Since ux — 0 in C°%(2) and by (5-5) we reach a contradiction.
The proof of Step 3 is complete.

Step 4: Let (w) be a bounded sequence in C 1A (Q) and let (f;) be a bounded sequence in C %2 (Q).
Then the sequence (1) of solutions of

kaseuk = fk in Q’ (5—6)
ur =0 onodQ.
is bounded in C2-#(Q).

The existence of a solution u of (5-6) is given by Step 2, and the thesis follows from Step 3.

Step 5: Let us consider the map 7 : COI’B Q) — Col’ﬂ (), defined as follows: for every w € Col’ﬂ (Q)
we set Te (w) := u, where u = u(w, €) is the unique solution of the problem

n A
X (=Pt 2wy =n(—i2VwP 1V 1= Vuler Aetq) in2.
ij=1 i

u=0 on 9€2.
We claim that T¢ is a compact operator.

We first observe T¢ is well-defined; in fact, as proved in Step 2, for a given w € CO1 B (), the operator
Ly ¢ is a bijection between CO2 A (Q) and C%#(Q). In addition is 7 is a linear map. It remains to prove
that T, maps bounded families of CO1 A () into relatively compact subsets of CO1 B (Q).

Let (w)) be a bounded family of CO1 A (R2); then (u;), where uy = T'wy, is a family of solutions of
(5-7). Hence u € Cg’ﬂ () and since we assumed that there exists C > 0 such that lwali,g < C, by
Step 3 we have

< 2 2 _ 2 2 Wy (Wi <
) —_ € —
luala,p < Kn(1=nZ|Vwa?)(1 = V1 —nZ|Vwy |[>e"* H (e 61))}0,/; Ky,
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where K is a positive constant not depending on the family. Hence (u)) is uniformly bounded in
CO2 A (2), and in particular by Step 4 and the Ascoli—Arzela theorem, it is relatively compact in CO1 A (Q).
This proves that (1) is relatively compact in C(} A () and we are done.

Step 6: There exists a constant C > 0 such that |u|; g < C for any u € Col’ﬂ (Q) satisfying u = ¢ Teu,
where ¢ € [0, 1].

We first observe that by definition and standard elliptic regularity theory any u € CO1 B (RQ) satisfying
u = tTeu is of class COZ"B () and satisfies Qé (u) = 0. Thanks to Lemma 4.12, and since 8 < «y, there
exists C > 0 such that |u|; g < C, provided that |Vu|, go < 1 —e€. Therefore, in order to conclude, it is
sufficient to check this boundary estimate for the gradient.

Let go € €2 such that [Vu(qo)| = |[Vu|so,90- If Vu(go) = 0, it follows that Vi = 0 on 92 and hence
there is nothing to prove. Therefore, let us assume that Vu(go) # 0.

Since (€2, I-?) is admissible, for any ¢ € [0, 1] there exist @1, ¢, € C2(RQ) satisfying (i)—(iv) of
Definition 4.4 at g¢. Hence, taking into account of the choice of € and Remark 4.2, we have

OL(p1) > OL(w) > OL(pa) inQ,

and @1 <u < ¢, on 2. Let us write

n
OLw) = Y aluij +bes(q.u.Vu),
ij=1
where
5€’t(q, u,Vu) := —nt(1— r;§|Vu|2) +nt(l— n§|Vu|2)3/2e”ﬁ(e”q).

Notice that thanks to assumption (ii) and Remark 4.9, it follows that for any fixed ¢ € 2 the map
Z > ezﬁ(ezq) is not increasing.

Thanks to Lemma 4.1 and Remark 4.3, under the hyperbolic stereographic projection F : H” — B”,
the operator Qé is transformed into a uniformly elliptic operator of the form

n
Otii =Y a (y. Voil)ilij + be:(y.1l. Voil).
i,j=1

where y € F(S2), Voii is the euclidean gradient, and ii;; are the second partial derivatives of # = uo F 1,
In view of Remark 4.3 and assumption (ii) the principal part déj (y, p) does not depend on z, and for each
(y, p) € F(2) x R" the map z Z;G’l (v, z, p) is nonincreasing. Hence the comparison principle applies,
see [Gilbarg and Trudinger 1977, Theorem 10.1], and thus setting ¢; := ¢; o F 1 fori = 1,2, from
OL(@1) = OL(@) > OL(¢2) in F(R), and §; < il < @ on IF(R), it follows that §; < il < @ in F().
Therefore we obtain

1 <u=<¢y inQ. (5-8)

We observe that since u = 0 on 92, we know Vu(qo) is orthogonal to T,,0€2, where T,,0S2 is the
tangent space at go for €2, and we have the orthogonal decomposition Span{Vu(qo)} @ 74,02 = T4,H"
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Letus set W := Vu(qo)/|Vu(qo)| and consider a curve y : (=6, §) — H" such that ¥ (0) = qo, ¥ (s) € 2
for s € (0,8) and v¥'(0) = w if W points towards the interior of  (otherwise we take ¥/(0) = —). Since
2 has a smooth boundary we can always find a curve satisfying these properties. From (5-8), and since
u(qo) = ¢1(qo) = ¥2(q0) = 0, we deduce that for all sufficiently small 4 > 0

() =1 (¥ (0) _ uly () —u@(©) _ p2(¢(h) — ¢2(¥(0))
h - h - h '

Passing to the limit as 4 — 0 we get

(5-9)

d1(qo)[W] < du(qo)[W] < dp2(qo)[W]

(if W points in the opposite direction, (5-9) holds but with the reversed inequalities). Thus, it follows that

|du(qo)[W]| = max{|d¢1(qo)[W]l. |d¢2(qo)[W]]}-

Since H" a spacelike hypersurface, for any ¢ € H"” the Cauchy—Schwarz inequality holds in 7,;H" for
(.- )Tgun (we point out that, in general, the Cauchy—Schwarz inequality does not hold in L7+ see

[Lopez 2013]). In particular |dg; (q0)[W]] = [{(V¢i(q0). W)| = |@i(q0)| 0] = |gi(q0)I.
Hence, by the previous discussion and by Definition 4.4 we have

[Vu(go)| = [{Vu(qo). )| = |du(go)[w]| < max{|dg:[], dez[w]} < 1—6.

Finally, since € < 0 we get that |Vu| satisfies the desired boundary estimate, and thus from the initial
discussion, the proof of Step 6 is complete.

Step 7: Existence of a solution of problem (4-2). Thanks to Steps 5 and 6 it follows that the operator
Te : CO1 B Q) — Col’ﬁ (Q) satisfies the hypotheses of the Leray—Schauder theorem, see [Gilbarg and
Trudinger 1977, Theorem 11.3], and thus there exists u € CO1 B (S_Z) which solves u = T.u. Hence,
RS Co2 # (2), and by the definition of H and Lemma 4.11, u is a solution of problem (4-2). The proof of
Step 7 is complete.

Step 8: Uniqueness.

For the uniqueness of the solution it is sufficient to argue as in [Caldiroli and Gullino 2013, Section 2.3].
For the sake of completeness we give a sketch of the proof.

Let us fix € € (0,1) and let uy, up € C2(Q) N C%(R) be two solutions of problem (4-2) such that the
corresponding radial graphs are contained in Cg(r1,72). If u1 # u then there exists ¢ € € such that
u1(q) # ua(q). Without loss of generality we can assume that u;(§) < u»(g¢). Then there exists y > 0
such that u1(q) + p = u2(q) forevery ¢ € Q2 and u1(qo) + 1 =u2(qo) at some go € 2. Set i1 :=u;+pn
and observe that 1 satisfies

n
Y ((U=n2|Vita )8 + nZita it )itz <n(1—[n2Vi 7)) (1= V1= 2| Viiy|*e*L H(e1g)) in Q
i,j=1
because of (ii) and u > 0. Notice that the radial graph defined by 1 stays over (in the radial direction)
that one corresponding to u; and they intersect at the point X¢ = qoe“Z(‘]O). Now, in order to conclude,
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it sufficient to compare %, and u, by means of the Hopf maximum principle. To this end we use the
version stated in [Pucci and Serrin 2004, Theorem 2.3] for the operator

n
Qcu) = > (1=nZ|Vul»)8ij +uiujuij —n(1 —nZ|Vu*)(1 — V1 —nZ|Vul>e" H(e"q)).
i,j=1
It is easy to see that, up to passing to hyperbolic stereographic coordinates, the assumptions of [Pucci and
Serrin 2004, Theorem 2.3] are fulfilled, and applying the theorem as in [Caldiroli and Gullino 2013], we
deduce that #; = u5 in . But this gives a contradiction since 1|y = i > 0 = us|yq. Hence it must
be that u1; = u, and we are done. O

6. An interior estimate for the gradient

In this section we prove an estimate for the gradient when the maximum point of its modulus lies in the
interior of the domain 2. We begin with a preliminary elementary result of linear algebra.

Lemma 6.1. Let A = (a;ij), B = (bij) € M, (R) be two symmetric matrices. Assume that A is positive
semidefinite and B is negative semidefinite. Then

n
Z a,'jbl-j <0.
ij=1
Proof. Since A, B are symmetric we have Zf j=14ijbij = trace(AB), and there exist two invertible
matrices P, Q such that P~"1AP = D4 and Q"' BQ = Dp are diagonal. Thanks to the assumptions
we have that D4 has nonnegative elements on the diagonal, while D p has nonpositive elements on the

diagonal. Therefore, since the trace is invariant under similitude, and diagonal matrices commute in the
product, we have

trace(AB) = trace(P " 'APP~'BP) = trace(D4 P! BP) = trace(P ! D4BP) = trace(D4 B).
Now, by the same argument we get
trace(Dg B) = trace(Q ' D40 Q' BQ) = trace(D4 Q' QDpg) = trace(D4 Dp).
Therefore, Zf j=14aijbij = trace(AB) = trace(D4 Dp) < 0, and the proof is complete. O

Definition 6.2. Let H € C! (Cg), and let Vo H be gradient of H in R”*1 with respect to the flat metric.
We define the (euclidean) tangential component of Vo H on T /|x|H" as the vector

VI H(x) = VoH (x) — (VoH (x), F(x))nt17(x), X €Cg.

where
(x19 < Xn, _xn—i-l)

Ixlln+1
Remark 6.3. We point out that by definition V(T; H(x) =VoH(x)— (VoH(x), x/||x|ln+1)7(x), and if
v € R* 1 is such that (7(x), v),+1 = 0 then {x/|x|, v) =0, and vice versa. In particular (7(x), v),+1 =0

F(x):=

for any v € Ty /x| H", x € Cg.
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In the sequel we will make use also of the following formulas for the second and third covariant
derivatives of a smooth function u defined over €2, see [Yau 1975, Section 2]:

n n
Zuijwj =du,~—Zuja)j,-, (6-1)
Jj=1 Jj=1
n n n
k
Z”ijka) =du,~j—2ukja)kl~—2uika)kj. (6-2)
k=1 k=1 k=1

Proposition 6.4. Let Q be a bounded domain of H", let H € Cl(CQ), €€ (0,1),and letu € C3(Q) be
a solution of

n
D (=02 |Vu)8ij + nFuiujui; =n(1—n2|Vul?)(1 = V1 —=nZ[Vu]?e* H(e"q)).  (6-3)
i,j=1

Then, if the maximum point qo of |Vu| lies in the interior of Q, we have |Vu(qo)| = 0 or
[~ =) =n(1 = 2 Vutgo)®) e @ St ag))| . 1Vulgo)

—n*2 (1= 2| Vu(qo) )22 @ | Vg H (@) go) a1 <0, (6-4)
where Vg H is the (euclidean) tangential component of (Vo H ) (%49 qqy) on Ty H™

Proof. We will prove a more general version of (6-4). Let us fix a smooth positive function f : R — RT

and consider the auxiliary function ¢ := f(2Cu)|Vu|?, where C € R is a fixed constant. In order to

simplify the notation we set v := |Vu|?; hence ¢ = f(2Cu)v. Assume that ¢ has a maximum point at

some ¢o lying in the interior of 2. Hence V¢(go) = 0 and the Hessian (¢;;(qo)) is negative semidefinite.
By direct computation we have v; = 2 Z}l=1 uju;; and from Ve(go) = 0 we get

n
Z fQCu)upup; + f'2Cu)Cvou; =0 foralli=1,...,n, (6-5)
h=1
which implies
n f/
Z ujujpupy = —C =—v2, (6-6)
i,h=1 f

where, f, f’ stand, respectively, for f(2Cu), f/(2Cu). By a simple computation, from (6-6), we get

Z UiUjpbUph kU = (]}) C2 3 (6—7)

ih,k=1

Let us set
U = ((1_775|V“| )Sij +776M uj),

be :=n(1—n2|Vul?)(1 — /1 —n2|Vu|2e¥ H(e"q)).
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Since (a€ ) is a positive definite symmetric matrix and (¢;; (go)) is symmetric negative semidefinite, from
Lemma 6.1 it follows that

n
> aZgij(qo) <0. (6-8)
i,j=1

In order to get an estimate for v = |Vu|?, the idea is to use (6-8). To this end we compute explicitly
9ij(go)- Recalling that

n
¢ = Z(Z FQRCuupup; + f’(2Cu)Cvui),
h=1
and using (6-5), (6-1) we have

Zgou (qo)w’ —2Z[Z<2Cf UjUpUp+ U U

j= h=1
+fuh,]uh)+2C S ujuiv+Cf u,Jv+Z2Cf u; uhuh]] ,
h=1
and thus from (6-8) we infer that

n
2[ Y (@Cs A=nZvyujupup + f(1=nZv)uj;+ f(1=nZv)upiiup)
i,h=1 .
+2C2f"(1—nzv)v2+z Cf'(1—n2v)u;;v
i=1

n n
2 2 2
+ Y 20 2uiupupi+ Y (fn2uiujupiup+ fnuijupup;)
ih=1 ijh=1

n n
+2C2 f"qP+ Y Cf uiujuijv+ ) 2Cf’n§ujuhuhjv}50- ©-9)
i,j=1 Jsh=1

Now we estimate and rewrite the terms involving the second and third covariant derivatives. We may
choose a coordinate frame at gq satisfying 8;;v'/2 = u;. If v(go) = 0, then maxg ¢ = ¢(qo) = 0 and
the thesis follows immediately. Otherwise in these coordinates, from (6-5), it follows that

Uil :—fTCv, (6-10)

which implies

Z uijui; > (f) C%v2. (6-11)
i,j=1 /

Since u is a solution of (6-3), computing at g¢ in these coordinates we have

n
> (A —n2v)ui; + nZvuin = be.
i=1
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and from (6-10) we obtain

Zu” = (b +Cf 2 2)(1 n2v)~L. (6-12)
i=1 f
Recalling that 7¢(|Vu|) = ne(v1/2), by direct computation we infer
n
Vi(Zv) =) (2716 oo Pupup + anuhuhk)» (6-13)
h=1

where it is understood that 7. stands for 1/ (v 1/ 2). By differentiating (6-3), taking into account (6-1),(6-2)
and (6-13), after some standard computations we deduce that

n n
Z[— Z @nenev Pupupe+2n2upupuii + Z 2nenLv”  Pupuupu i

k=1- ih=1 i,j,h=1
n n
+ Y (nZujupcuijHnZui +((1—77§v)5ij+77§uiuj)uijk)]wk = (b
L,j=1 k=1

Now, contracting the equation with uj, we get

n

1/2 2
Z (—2nen o Pupugupguii — 202 upugupeui;)

i,hk=1
+ Z 2n€n;v_1/2uiujukuhuhkuij
Ljhhk=1
+ D Pujuguiu 4 2w i)
i,j,k=1 n n n
+ > U=nfvuguie+ Y nfuiujuguie = »_ (bekug.  (6-14)
ik=1 i,j,k=1 k=1
Since the Ricci curvature of the hyperbolic space is R;; = —(n — 1)d;;, the Ricci formula, see formula
(2.11) in [Yau 1975], gives
n n
> kg =Y ugujie — (n—Dv. (6-15)
k=1 k=1

Hence, using (6-15), and taking into account (6-6), (6-7),(6-12), we rewrite (6-14) as
n n
D U=nZvyugugii+ Y nFuiujuguji
ik=1 i,jk=1
_ 1 1 2 2 /Cf,5/21 2—1b Cflzz
=—(n—Dv(1-ngv)—2nen, 7 (1=ngv)™ " | be+ e
=207 Cv?(1=12v) ! (be+CnZv?)

VY Vo5 y
—2nen.C (f) v7/2— 2r)€C (7) v3+2(be)kuk. (6-16)
k=1
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Now, from (6-9) and by using (6-6), (6-7), (6-11), (6-12) (6-16), we deduce that

—4C?(1— nev)(ff) v24+C? (1— )(f ) 2

f
+f|: (n—1v(1—n?v)—2n nCLvs/z(l n2v)~ l(b —l—Cf/ 2 2)
€ €lle f € f
—2C77§v2(1—r]§v) (b +C J}, 2 2)

/ N\ 2 n
—zcznene(];) 7/2—2c2(f7) v3+k§<be>kuk}

+2C2 " (1=n?v)v?>+Cf v(b +C L /! n? 2)

7
2 (f)? 202 (f )2
-2C +C2 +2C2f” 2.3
f f
2 (f)? 2o’ () 5
—C —2C% 203 <0. (6-17)
f f
Now we compute the term Yy _; (be)xux. To this end let us observe that

(e H("9)k (40)
= " H ("1 go) + 4wy (g0) (Vo H) (") o) - go + €290 (Vo H)(e"“Vq0) - e (qo).

where - denotes the standard euclidean product of R”*! and Vo H is the gradient of H with respect to
the flat metric in R”*1. Then, after some computations and taking into account (6-13), we get

n

> (boki(qo) = 2ncf; Nenev® 2 (1= vV 1—nZv "0 H(e"0) go))

k=1
/
200 L 2oy (1 = V1= g2 @0 H(ena0) g5
f
—nC ];, Netle/ 1= n2v (e H (e go))v?
/
—nch(w(l 2v) ("4 H (e () go)v

—n(1— ngv)3/26u(qo) (eu(qo)H(eu(qo)qo) + eZu(qo)VOH(eu(qo)qo) ~qO)v

—n(l— ngv)yzezu(‘m)VOH(e"(qO)qo)-Vu, (6-18)
Computing (9/9A)(AH (Aqo))|; —,u(e and taking into account Remark 6.3, we rewrite the last two terms
of (6-18) as

—n(l— ngv)3/2e"(q°)%(/\H(kqo)) v—n(l— ngv)3/2e2“(q°)vgH(e”(q(’)qo) -Vu, (6-19)

A=et(d0)
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where VOT H is the euclidean tangential component of (Vo H) on T,,H". Hence, from (6-17), (6-18),
(6-19), regrouping and simplifying terms, we get

=203 (P =12 + (et )
—C?[(f")?B—4nZv + Zv) + 2 f(nZv)* =2 f(1 = nZv)]v?
—nC(1=n2v)*2 f' f (ev'/?)e* @) H (40 go)v3/?
[~ =1 £20 = n20) = C2 (Y ) (1 = )
—nCLf (1= o) (Zv)e" @0 H (") go)
0
—nf21 =20 LonGgy| T
—nf2(1- 7731))5/2 2u(qo)vg"H(eu(qo)q0) . Vu
+nCf f(1=nzv)> (1= V1= 1Zv @) H(e"®)gq)) <0, (6-20)
and the proof of the general inequality is complete. Now we prove (6-4). Taking f = 1, and dividing
(6-20) by (1 —n?v)?, we get
1 - 1/2 ,u(q0) 9
[~(1— 1) —n(1 = n20) D GHO)| T
—n(1—n?v)/2e2@yT g (@0 gh). Vi <0. (6-21)
Assume that v(qg) # 0 (otherwise v = 0 and there is nothing to prove). To conclude the proof it remains to

estimate the term VOT H (e"90) g4)-Vu. To this end, recalling the notation used in the proof of Lemma 4.1,
we define 1 € R" as the vector whose i-th component is

a.
19 ln+1”

hi = VI H(E"49qq)-

i=1,...,n, where d; = (0¢/0y;)(F(qo))- Then, by construction and the Cauchy—Schwarz inequality

we have
IR = Z(vo H(e")gp)- B +l) <n||V§ H(e*q0)|2, . (6-22)
i=1 "
Now, exploiting (4-6) we have
VI H(e*90 q0) - Vu = Z‘ VTH(e“(qO)qo) 9; =171 Z —h = A" (Voii, h)n,
i=1 i=1

and thus, from (4-7), (6-22) we deduce that
VT H ("9 g0)-Vu| = 271 [(Voil, h)n] < A7 [ Voit[lnll2lln < v/n|Vul|VE H(e* 9 qo)[ln+1. (6-23)

Finally, combining (6-21), (6-23) and dividing by v'/2, we obtain (6-4). O
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Remark 6.5. Applying the gradient estimate (6-4) to the solutions of Q%(u) = 0, we obtain

[~ =D =ne(1 =21 Vutgo) ) 2@ L) ]IVu@o)]

—n321(1 = 2| Vu(qo)|»)'2e** 4 |V H(e* 9 go)l|ns1 < 0. (6-24)

—=eu(ap)

Hence, it is not possible, by using only this strategy, to get a uniform bound with respect to ¢ for |Vu|so
as in [Treibergs and Wei 1983]. In fact here we deal with functions defined on a manifold with negative
Ricci curvature, and thus in (6-24) we have a term —(n — 1), while in [loc. cit.], for the sphere, this term
has the opposite sign. We also point out that this trouble does not depend on the choice of the auxiliary
function in the proof of Proposition 6.4, as shown by (6-20), where the leading term v has a negative
coefficient.

7. Proof of Theorem 1.5

Proof of Theorem 1.5. We first observe that by definition (2, H) is admissible with constant 6, and thus
in the proof of Theorem 5.1 we can take € = 6. Therefore, for any € € (0, ), there exists a solution u, of
the regularized problem (4-2). Let us choose € € (0, ) sufficiently close to 6 so that

J —
ﬁ(AH(Aq))<—W for allqEQ, /\E[V],rz], (7-1)
1—e¢
||V5H(X)||n+1 < m» X €Cq(r1.r2), (7-2)

and let u be the solution of the regularized problem (4-2).

Let g € Q be the maximum point of |Vu/[, and set v = |Vu(go)|?. There are only two possibilities:
v < (1 —¢€)? or v > (1 —€)2. In the first case there is nothing to prove; in fact, by definition of 1. we
have that u is a solution of problem (1-1) and we are done. Therefore let us assume that v > (1 —¢€)2. We
point out that in this case g¢ cannot belong to d2 because by Step 6 of the proof of Theorem 5.1 and
since € < 0, we have

sup |[Vul? < (1-60)% < (1 —¢)2.
a0

Hence ¢o € §2. We also observe that u € C3#(§Q), for some B € (0, «]. In fact, by Theorem 5.1 we
know that u € CO2 A (2). Thanks to Lemma 4.11 we know that X (u) is contained in Cg(r1.72) and since
HecCl® (Cq(r1.1m2)), 0 €C 3@ by standard regularity results, see [Gilbarg and Trudinger 1977], we
getueC 3.p (). Therefore, we can apply Proposition 6.4 and recalling that by definition

1—n2v =1-n2(IVu(qo))|Vu(go)|?,

we have
—(n—1)— _n2.0\1/2 u(qo)i 1/2
[ (I’l 1) n(l nev) € oA (AH(Aq))‘A=eu(qo)]v

—n32(1 = n2v) /2240 VI H (@0 gg) |41 <0, (7-3)
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but on the other hand, since we are assuming that v > (1 — €)2, by the definition of 7. we have
1>1—n2v>1—(1—1¢)* and in view of (7-1), (7-2) we have

—(n—1)— 28172 u(g0) 0 1/2
[(n 1)—n(1—niv)/“e OaA(AH(kq))‘A:eu(qo)]

=12 (1= nZv)! 224V T H (W0 g0) 41

u(go) (1 — n2 1/2 2u(qo)
>E*”—U+”e - nwlm]wﬂ_i_f—ﬂ—d
T (e—1e?) 2
1.2\1/2
€ — 4€
> —(n—l)—i—nu vl/z—(l—e)
1. 9\1/2
(€—%€?)

z(l-6—-(1-¢)=0

and thus we contradict (7-3). Therefore the only possibility is v < (1 —€)?, and by the definition of 7. this
means that u is a solution of problem (1-1). Moreover, as proved in Theorem 5.1, such a solution is the
unique solution whose associated radial graph is contained in Cg (71, 72), and this completes the proof. [

8. A finer gradient estimate

In this section we prove an a priori estimate for the gradient of the solutions of
—diVHn(Vu/W)+nt/W=nte“H(e”q) in Q,
V| < 1 in €2, (8-1)
u=20 on 02,

where ¢ € [0, 1]. As in Section 4 we introduce the function v = 1/4/1 — |Vu/|2.

Proposition 8.1. Let Q be a bounded domain of H", let H € CI(CQ), let r1,m3 € R be such that
ri #r2,0<ry <1<ry, and let vo > 0 be a positive number. Then, there exists a constant C =
C(r1,72,v0, 2, H) > 0 such that for any t € [0, 1], for any solution u € C3(Q) of (8-1) satisfying
logr1 <u <logr; and supyq v < vo, we have

supv < C.
Q

Proof. Let u € C3(Q) be a solution of (8-1) satisfying logr; < u <logr, and supyq v < vg. Clearly
v € C%(Q) and we can introduce the differential operator Py, : C1(Q) — C%(Q) defined by

n
Py,w:=v Z Up W,
k=1

where uy, wy are the covariant derivatives with respect to a orthonormal frame field. Applying P, to both
sides of the equation in (8-1) and arguing as in Proposition 6.4 we deduce that v satisfies the equation

n
> Vi fijv) v Ve + [(Vu, V) ?

i,j=1

n n n
+v Z f,-jujku,-k + Z sziju,-uj +ntv{Vu,Vv) = vntZuka(e“H(e“q)), (8-2)
i, k=1 ij=1 k=1
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where f;; :=v8;; +v3u;u; and R;j =—(n—1)8;; is the Ricci curvature tensor of H”, i, j =1,...,n. This
relation resembles that appearing in [Gerhardt 1983, (4.8)], and it can be proved by direct computation tak-
ing into account of the identities V™2 = 1—|Vu|?, v; =v3Y ]_ ujuy;, (Vu, Vv) = V3Z7’m=1ulumu1m,
|Vu|]2 =v83" | (Z7=1 ululi)z, and [Yau 1975, (2.6)]. In order to estimate the terms appearing in (8-2)
we first observe that

n n
3
Do fiwirum = Y i + v uiuu g

i,j,k=1 i,j,k=1
n n n 2
=v Y uf 40’ Z(Zuiuik) > v|D%ul?, (8-3)
ik=1 k=1 "i=1

where | D?ul|? := ZZk:l ”izk is the square of the matrix norm of the Hessian. For the term nt (Vu, Vv),
we write the equation in (8-1) in nondivergence form as

—vAu — (Vu,Vv) +ntv =nte* H(e"q). (8-4)

Then, multiplying each side by ntv, recalling that v > 1, % H(e*q) is uniformly bounded with respect
to ¢, and using the inequality |Au| < /n|D?u| we deduce that

[ntv(Vu, Vv)| < civ2(1 + |Aul) < cav?(1 + | D?ul)

for some constants ¢, ¢ > 0 depending on n, ry, 1> and || H||oo,c§, but not on ¢. From now on c3, ¢4,
etc. will denote positive constants which do not depend on ¢. Now, if |D?u| < ca(1 + /1 + 1/c3), we
get |[ntv(Vu, Vv)| < c3v2, where c3 depends just on c,, and thus ntv(Vu, Vv) > —c3v2. On the other
hand, if |[D?u| > ¢2(1 + /1 + 1/c3), by an elementary computation we infer that
—cv?2(1 + |D?u)) + %1}2|D2u|2 > 0.
Hence, in view of (8-3) and the previous inequalities we obtain
n
Z Sijujxuix +ntv(Vu, Vv) 2—04v2+%v2|D2u|2. (8-5)
i,j,k=1
Therefore, from (8-2), (8-5) we have
n n
- Z Vi fijv;) + [(Vu, V)2 + 3v%|D?u|* < c5v + vnt Z upVi(e"H(e"q)).  (8-6)
i,j=1 k=1
Now, writing (8-4) as —vAu — (Vu, Vv) = nte¥ H(e¥q) — ntv and squaring, by using elementary
inequalities we get
V2| Aul? = 2v|Au| [(Vu, Vv)| + [(Vu, Vv)|? < 2n2e® H?(e¥q) + 2n%02. (8-7)
Multiplying (8-4) by v, and using |Au| < /n|D?u|, we deduce that

v[(Vu, V)| < esv?(1 + | D%ul).
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Hence, from this, using again |Au| < \/n|D?u|, and (8-7) we obtain
—nv?|D%ul? = 2/nesv?(1 + | D?u)) + |(Vu, Vv) |2 < 2n%e?* H?(e%q) + 2n°v
and thus by elementary computations we deduce that
—cev?|D?u)? + |(Vu, Vv) |2 < 2n%e® H?(e"q) + c7v2. (8-8)

Therefore, dividing (8-8) by C := 2c¢¢ + 1 and summing with (8-6) we deduce

n

— Y Vi fijvp) + (L4 2¢0)[(Vu, Vo) + cav?| D?ul?

i,j=1 n
< cgv? +cge®  H?(e"q) + vnt Zukvk (e"H(e%q)), (8-9)

k=1

where ¢y = % —c6/(2ce + 1) > 0 does not depend on ¢. From (8-9), by arguing as in [Gerhardt 1983,
Theorem 4.1], we can conclude the proof. In fact, using Stampacchia’s truncation method (for the details
see the Appendix in [loc. cit.]), multiplying (8-9) with

Y :=vmax{v—1,0}, [>vg,

and integrating by parts we deduce
supv <vo+co(1+v13, o). (8-10)
Q

where cg > 0 is a constant depending on 7, €2, r1, r2 and || H || so,cg; but not on 7, and | - |5 o denotes the
standard L?-norm. Therefore, in order to conclude the proof it suffices to prove a uniform estimate for
the L2"-norm of v with respect to the parameter ¢. To this end, recalling that v > 1, and that e* H (e*) is
uniformly bounded by a constant depending only on r1, r2, || H [[co,c» We can rewrite the right-hand side
of (8-9) in a simpler way:

n
— Z Vi £i;v;) 4+ (14 2¢0) [(Vu, Vo) > 4 cxv?| D?ul? .
=1 <crov? 4 vnt Zukvk(e“H(e“q)). (8-11)
k=1
Now, let p > 2 be any fixed real number, let A > 0 be a real number to be chosen later and multiply

(8-11) by
pri=vf et

where v; := max{v —[,0} and / is any fixed number such that / > vg. Since vlpe“ € Hol’q (R2), for any
q € [1,+00), we can integrate by parts and thus we obtain

p Z[ f,jv,vlvl et ) Z/ 2 fijviu l”l

7J_1 ,j_l
+(1+2C*)/ | VM vv>|2 V4 Au+C*/ 2|D2 |2 V4 Au
Q

§c11[ vzvpe)“‘+c11(p—|—l)/ vvl "(Vu, V)le A“+c11)\f vvp|D2u|e)“‘ (8-12)
Q
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Now let us observe that
n n
D7 fyvivi= " Gijv v uu)vivi= |Vl + 03[V, Vo) P = 03 (Vi Vo) 2. (8-13)
i,j=1 i,j=1
In addition, by direct computation we have
A Z / f,jvju,vl =2 Z /(1—|Vu|2)v(8,,v+v u,u,)vju,vl
i,j=1 i,j=1
=A/ (Vu, Vv)oo/e M (8-14)
Q
Furthermore, fixing a large constant C; and splitting the domains of the integrals into two parts

[{Vu,Vv)| < Cq and |{Vu, Vv)| > C1, by elementary computations it follows that for a suitable large
constant c¢1, > 0 it holds that

c*/ vlp (Vu,Vv)|2eA"—c11(p+1)/ vvlp_1|(Vu,Vv)|eM
Q Q

2—612/ vlpe)“‘—clz/ vvlp TeAu, (8-15)
Q Q

Again by elementary considerations we obtain the further estimate
V21 D2ul? P Au 2 P Au P, Au
Cx | D“ul|“v —c11A v|D ulyye™ > —ciz | vye (8-16)
Q Q

Indeed, since it is always possible to find a constant ¢1; > O such that cxxZ —c11Ax + ¢33 > 0 for all
x > 0, then, taking x = v|D?u| we obtain the desired inequality. Therefore, from (8-12), and using the
estimates (8-13)—(8-16), we deduce that

<1+p+c*>/ (V. Vo) Pof e

< A/ |(Vu, Vv)|vvlpeM +c14/ vzvlpe’w +c14/ vlpe’h‘ +c14/ vvlp_le'w . (8-17)
Q Q Q Q

()

Observe that (/) contains only powers of the form v“v;’, with a, b >0 such thata +b < p + 1. From

now on we will denote by /7, I3, etc. terms which are finite sums of integrals of the form ¢ fQ v”vlb et

wherea+b < p+1, a,b >0 and c is a constant which does not depend on ¢. The strategy to conclude
the proof is to obtain an estimate of the kind

/ vPet < 1. (8-18)
Q

To this aim, from (8-17), dividing each side by (p + 1 4 ¢«) and using the elementary inequality
xy < %xz + lyz, we obtain that

A2 2
/ [(Vu, Vv) |2vl Au o G1pre )2/ VI e’lu—l—w%/gvzvlpeku—i—ll. (8-19)
* *
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Now, multiplying (8-4) by ¢ = vvlp eM, integrating by parts, taking into account that Vo = Vvvlp M 4

vavvlp_le)“‘ + kvvlqu, and p > 2, we get

)L/Q vzvlp|Vu|2e’m < c15/Q vzvlpe)“‘ +(p+ 1)/Q vzvlp_1|(Vu, Vu)le? + 1. (8-20)
Now, choosing A > c15 and recalling that v=2 = 1 — |Vu/|?, from (8-20) we obtain
1 2
)\[ vzvlpe’w < L)zf vlp|(Vu,Vv)|2e'1" + Is. (8-21)
Q (A—c15)? Ja
From the combination of (8-19) and (8-21), for a large A such that
A2(p+1)? 2c12(p +1)? -1

(P+1+c)?(A—c15)?  (p+1+ce)(A—c15)?
it follows that
/ vf|(Vu,Vv)|zeA" < Iy,
Q

and then, from this and (8-21), we conclude that

/ vzvlpe)“‘ < Is,
Q

which gives the desired inequality (8-18). Therefore, from (8-18) and the arbitrariness of p we deduce
that [v|2,,q is uniformly bounded in ¢ and thus from (8-10) we deduce the thesis. O

9. Proofs of Theorems 1.3 and 1.4

The proofs of Theorem 1.3 and Theorem 1.4 are identical except for a small part and thus we give a
unified proof in which at some point we distinguish between the two cases.

Proof. Let o, r1,12, 2 and H be as in the statement of the theorem. Recalling the definition of the
operators QF, @t (see (4-13), (4-16)), by the same proof as that of Lemma 4.11 it follows that, for any
tel0,1],ifue COZ(S_Z) is a solution of @t (#) = 0 and satisfies |Vu|o,@ < 1 then

logr; <u(q) <logr, foranygq e Q. 9-1)

Hence, by the definition of QF, we have also a uniform bound with respect to ¢ on the L norm of the
solutions of Qf(u) = 0. In order to get a uniform bound on the gradient we use Proposition 8.1. To
this end, in the case of Theorem 1.3 since €2 satisfies a uniform exterior geodesic condition and H > 0,
thanks to Proposition 4.7 we have that (2, H) is admissible, and by arguing as in Step 6 of the proof of
Theorem 5.1 we obtain that there exists 8 € (0, 1) such that for any 7 € [0, 1], if u € Co2 () is a solution
of (1) = 0 and satisfies |Vu|co,0 < 1, then

|Vu(g)| <1—6 forany g € 02.

Indeed, if |Vu|oo.o < 1 and u € C(R), then, by the same proof as that of Lemma 4.1 we get that O’
is uniformly elliptic in €2 (when passing to hyperbolic stereographic coordinates) and thus, thanks to
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the hypotheses on H, we can apply [Gilbarg and Trudinger 1977, Theorem 10.1] and argue as in Step 6
of the proof of Theorem 5.1. In the case of Theorem 1.4, the proof of this fact is identical and we use
directly the hypothesis that (2, H') is admissible without invoking Proposition 4.7.

Since Q is of class C3%, H € C1¢ (Cg(r1,1r2)) and thanks to (9-1), by standard elliptic regularity
theory, see [Gilbarg and Trudinger 1977], any solution u € C(f “*(Q) of Q' (u) = 0 such that |Vu| < 1
in & turns out to be of class C3%(Q). Hence, setting vy := 1/+/1 — 62, by Proposition 8.1, it follows
that there exists 64 € (0, 1), depending only on n, r1, 73, vo, 2, H but not on ¢, such that for any solution
u e C3(Q) of Q' (u) = 0 satisfying |Vu| < 1 in it holds that

|IVu(q)| <1—64 foranyq e Q. (9-2)
Let us fix § > 0 sufficiently small so that 1 — 64 4+ 6 < 1 and consider the set
U:={weCy*R): |[Vw|og <10k +35}.

Clearly U is a convex and closed subset of Cy**($2). We define the map 7 : [0,1] x U — Cy*(Q),
T(t,w) := u, where u is the unique solution of

n A~
> ((1—=|Vw|?)8ij + wiwj)u;; =nt(1—|Vw[?)(1 — V1 —|Vw|?e¥ H(e¥q)) in £,
i,j=1
u=0 on 9<2.
We observe that T is well-defined. Indeed, for a fixed w € U, considering the linear operator L, u :=
Z?’j=1 (1 —_|Vw|2)8,~j + w; w; )u;i;, and arguing as in Step 2 of the proof of Theorem 5.1, we see that
Lye: Coz’a (Q) — C%*(Q) is a bijection. Hence

T(w) =1Ly (n(1—|Vw|?)(1 = V1 —|Vw|?eP H(eVq)))

is defined and we are done.

It is easy to verify that 7" is continuous and, arguing as in the proof of Step 5 of Theorem 5.1, we
have that 7'([0, 1] x U) is a relatively compact subset of CO1 “*(R2). Moreover 0 lies in the interior of U
and T(0 x dU) C U. To conclude the proof it suffices to prove that if (¢,u) € [0, 1] x U satisfies
T(t,u) =u then u € oU. Indeed, if T(¢,u) = u then u € Coz’a () is a solution of @t (1) = 0 and thus
from (9-1) we have Q' (u) = 0. Then, since u € U we have |Vu|oo,0 <1—60%+ 8 < 1 and thus Q' is
uniformly elliptic. Therefore by elliptic regularity theory u € C3%*(Q) and thanks to (9-2) it follows that
|[Vit|oo,@ < 1 — 04 < 1—04 44, thus u cannot belong to dU and we are done.

Finally, from Theorem 2.8 we conclude that there exists # € U which solves T'(1,u) = u;i.e., U isa

solution of (1-1). For the uniqueness it suffices to argue as in Step 8 of the proof of Theorem 5.1. [

References
[Bartnik and Simon 1982] R. Bartnik and L. Simon, “Spacelike hypersurfaces with prescribed boundary values and mean
curvature”, Comm. Math. Phys. 87:1 (1982), 131-152. MR Zbl

[Bayard 2003] P. Bayard, “Dirichlet problem for space-like hypersurfaces with prescribed scalar curvature in R?>1”, Calc. Var.
Fartial Differential Equations 18:1 (2003), 1-30. MR Zbl


http://dx.doi.org/10.1007/BF01211061
http://dx.doi.org/10.1007/BF01211061
http://msp.org/idx/mr/680653
http://msp.org/idx/zbl/0512.53055
http://dx.doi.org/10.1007/s00526-002-0178-5
http://msp.org/idx/mr/2001880
http://msp.org/idx/zbl/1043.53027

SPACELIKE RADIAL GRAPHS OF PRESCRIBED MEAN CURVATURE IN THE LORENTZ-MINKOWSKI SPACE 1841

[Bayard and Delanog 2009] P. Bayard and P. Delanoé€, “Entire spacelike radial graphs in the Minkowski space, asymptotic to the
light-cone, with prescribed scalar curvature”, Ann. Inst. H. Poincaré Anal. Non Linéaire 26:3 (2009), 903-915. MR Zbl

[Bonheure and Iacopetti 2019] D. Bonheure and A. Iacopetti, “On the regularity of the minimizer of the electrostatic Born-Infeld
energy”, Arch. Rational Mech. Anal. 232:2 (2019), 697-725. MR Zbl

[Bonheure et al. 2016] D. Bonheure, P. d’ Avenia, and A. Pomponio, “On the electrostatic Born—Infeld equation with extended
charges”, Comm. Math. Phys. 346:3 (2016), 877-906. MR Zbl

[Born and Infeld 1934] M. Born and L. Infeld, “Foundations of the new field theory”, Proc. Roy. Soc. Lond. A 144:852 (1934),
425-451. Zbl

[Caldiroli and Gullino 2013] P. Caldiroli and G. Gullino, “Radial graphs over domains of S with prescribed mean curvature”,
J. Fixed Point Theory Appl. 13:1 (2013), 151-161. MR Zbl

[Caldiroli and Iacopetti 2016] P. Caldiroli and A. Iacopetti, “Existence of stable H -surfaces in cones and their representation as
radial graphs”, Calc. Var. Partial Differential Equations 55:6 (2016), art. id. 131. MR Zbl

[Cheng and Yau 1976] S. Y. Cheng and S. T. Yau, “Maximal space-like hypersurfaces in the Lorentz—-Minkowski spaces”, Ann.
of Math. (2) 104:3 (1976), 407-419. MR Zbl

[Gerhardt 1983] C. Gerhardt, “H -surfaces in Lorentzian manifolds”, Comm. Math. Phys. 89:4 (1983), 523-553. MR Zbl

[Gilbarg and Trudinger 1977] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Grundlehren
der Math. Wissenschaften 224, Springer, 1977. MR Zbl

[Hélein and Wood 2008] F. Hélein and J. C. Wood, “Harmonic maps”, pp. 417-491 in Handbook of global analysis, edited by D.
Krupka and D. Saunders, Elsevier, Amsterdam, 2008. MR Zbl

[Lee 1997] J. M. Lee, Riemannian manifolds: an introduction to curvature, Graduate Texts in Math. 176, Springer, 1997. MR
Zbl

[de Lira 2002] J. H. S. de Lira, “Radial graphs with constant mean curvature in the hyperbolic space”, Geom. Dedicata 93
(2002), 11-23. MR Zbl

[Lépez 2003] R. Lépez, “A note on radial graphs with constant mean curvature”, Manuscripta Math. 110:1 (2003), 45-54. MR
Zbl

[Lépez 2013] R. Lépez, Constant mean curvature surfaces with boundary, Springer, 2013. MR Zbl

[Lopez 2014] R. Lépez, “Differential geometry of curves and surfaces in Lorentz—-Minkowski space”, Int. Electron. J. Geom. T:1
(2014), 44-107. MR Zbl

[Papadopoulos 2005] A. Papadopoulos, Metric spaces, convexity and nonpositive curvature, IRMA Lect. Math. and Theor. Phys.
6, Eur. Math. Soc., Ziirich, 2005. MR Zbl

[Potter 1972] A.J. B. Potter, “An elementary version of the Leray—Schauder theorem”, J. London Math. Soc. (2) 5 (1972),
414-416. MR Zbl

[Pucci and Serrin 2004] P. Pucci and J. Serrin, “The strong maximum principle revisited”, J. Differential Equations 196:1 (2004),
1-66. MR Zbl

[Radé6 1932] T. Radé, “Contributions to the theory of minimal surfaces”, Acta Litt. Sci. Szeged 6 (1932), 1-20. Zbl

[Serrin 1969] J. Serrin, “The problem of Dirichlet for quasilinear elliptic differential equations with many independent variables”,
Philos. Trans. Roy. Soc. London Ser. A 264 (1969), 413-496. MR Zbl

[Spivak 1975] M. Spivak, A comprehensive introduction to differential geometry, IV, Publish or Perish, Boston, 1975. MR Zbl

[Tausch 1981] E. Tausch, “The n-dimensional least area problem for boundaries on a convex cone”, Arch. Rational Mech. Anal.
75:4 (1981), 407-416. MR Zbl

[Treibergs 1982] A. E. Treibergs, “Entire spacelike hypersurfaces of constant mean curvature in Minkowski space”, Invent.
Math. 66:1 (1982), 39-56. MR Zbl

[Treibergs and Wei 1983] A. E. Treibergs and S. W. Wei, “Embedded hyperspheres with prescribed mean curvature”, J. Differen-
tial Geom. 18:3 (1983), 513-521. MR Zbl

[Yau 1975] S. T. Yau, “Harmonic functions on complete Riemannian manifolds”, Comm. Pure Appl. Math. 28 (1975), 201-228.
MR Zbl


http://dx.doi.org/10.1016/j.anihpc.2008.03.008
http://dx.doi.org/10.1016/j.anihpc.2008.03.008
http://msp.org/idx/mr/2526408
http://msp.org/idx/zbl/1169.53040
http://dx.doi.org/10.1007/s00205-018-1331-4
http://dx.doi.org/10.1007/s00205-018-1331-4
http://msp.org/idx/mr/3925529
http://msp.org/idx/zbl/07041261
http://dx.doi.org/10.1007/s00220-016-2586-y
http://dx.doi.org/10.1007/s00220-016-2586-y
http://msp.org/idx/mr/3537339
http://msp.org/idx/zbl/1365.35170
http://dx.doi.org/10.1098/rspa.1934.0059
http://msp.org/idx/zbl/60.0750.02
http://dx.doi.org/10.1007/s11784-013-0107-6
http://msp.org/idx/mr/3071946
http://msp.org/idx/zbl/1273.53007
http://dx.doi.org/10.1007/s00526-016-1074-8
http://dx.doi.org/10.1007/s00526-016-1074-8
http://msp.org/idx/mr/3566210
http://msp.org/idx/zbl/1359.53009
http://dx.doi.org/10.2307/1970963
http://msp.org/idx/mr/0431061
http://msp.org/idx/zbl/0352.53021
http://dx.doi.org/10.1007/BF01214742
http://msp.org/idx/mr/713684
http://msp.org/idx/zbl/0519.53056
http://msp.org/idx/mr/0473443
http://msp.org/idx/zbl/0361.35003
http://dx.doi.org/10.1016/B978-044452833-9.50009-7
http://msp.org/idx/mr/2389639
http://msp.org/idx/zbl/1236.58002
http://dx.doi.org/10.1007/b98852
http://msp.org/idx/mr/1468735
http://msp.org/idx/zbl/0905.53001
http://dx.doi.org/10.1023/A:1020302128556
http://msp.org/idx/mr/1934682
http://msp.org/idx/zbl/1037.53003
http://dx.doi.org/10.1007/s00229-002-0302-z
http://msp.org/idx/mr/1951799
http://msp.org/idx/zbl/1030.53010
http://dx.doi.org/10.1007/978-3-642-39626-7
http://msp.org/idx/mr/3098467
http://msp.org/idx/zbl/1278.53001
http://www.iejgeo.com/matder/dosyalar/makale-155/2014-1-5.pdf
http://msp.org/idx/mr/3198740
http://msp.org/idx/zbl/1312.53022
http://msp.org/idx/mr/2132506
http://msp.org/idx/zbl/1115.53002
http://dx.doi.org/10.1112/jlms/s2-5.3.414
http://msp.org/idx/mr/0312342
http://msp.org/idx/zbl/0242.47037
http://dx.doi.org/10.1016/j.jde.2003.05.001
http://msp.org/idx/mr/2025185
http://msp.org/idx/zbl/1109.35022
http://msp.org/idx/zbl/0005.17901
http://dx.doi.org/10.1098/rsta.1969.0033
http://msp.org/idx/mr/0282058
http://msp.org/idx/zbl/0181.38003
http://msp.org/idx/mr/0394452
http://msp.org/idx/zbl/0306.53002
http://dx.doi.org/10.1007/BF00256386
http://msp.org/idx/mr/607906
http://msp.org/idx/zbl/0477.53006
http://dx.doi.org/10.1007/BF01404755
http://msp.org/idx/mr/652645
http://msp.org/idx/zbl/0481.53052
http://dx.doi.org/10.4310/jdg/1214437786
http://msp.org/idx/mr/723815
http://msp.org/idx/zbl/0529.53043
http://dx.doi.org/10.1002/cpa.3160280203
http://msp.org/idx/mr/0431040
http://msp.org/idx/zbl/0291.31002

1842 DENIS BONHEURE AND ALESSANDRO TACOPETTI

Received 5 Dec 2017. Revised 7 Sep 2018. Accepted 20 Nov 2018.

DENIS BONHEURE: denis.bonheure@ulb.ac.be
Département de Mathématique, Université Libre de Bruxelles, Campus de la Plaine, Bruxelles, Belgium

ALESSANDRO IACOPETTI: alessandro.iacopetti@ulb.ac.be
Département de Mathématique, Université Libre de Bruxelles, Campus de la Plaine, Bruxelles, Belgium

mathematical sciences publishers

:'msp


mailto:denis.bonheure@ulb.ac.be
mailto:alessandro.iacopetti@ulb.ac.be
http://msp.org

ANALYSIS AND PDE
Vol. 12, No. 7, 2019

dx.doi.org/10.2140/apde.2019.12.1843

SQUARE FUNCTION ESTIMATES, THE BMO DIRICHLET PROBLEM,
AND ABSOLUTE CONTINUITY OF HARMONIC MEASURE
ON LOWER-DIMENSIONAL SETS

SVITLANA MAYBORODA AND ZIHUI ZHAO

In the recent work G. David, J. Feneuil, and the first author have launched a program devoted to an
analogue of harmonic measure for lower-dimensional sets. A relevant class of partial differential equations,
analogous to the class of elliptic PDEs in the classical context, is given by linear degenerate equations
with the degeneracy suitably depending on the distance to the boundary.

The present paper continues this line of research and focuses on the criteria of quantitative absolute
continuity of the newly defined harmonic measure with respect to the Hausdorff measure, w € Aqo(0),
in terms of solvability of boundary value problems. The authors establish, in particular, square function
estimates and solvability of the Dirichlet problem in BMO for domains with lower-dimensional boundaries
under the underlying assumption w € Ay (0). More generally, it is proved that in all domains with Ahlfors
regular boundaries the BMO solvability of the Dirichlet problem is necessary and sufficient for the
absolute continuity of the harmonic measure.

1. Introduction 1843
2. Preliminaries 1848
3. Bound of the square function by the nontangential maximal function 1862
4. w € Ax(0) is equivalent to BMO-solvability 1880
Acknowledgement 1888
References 1888

1. Introduction

The last decade has seen great advances in the understanding of the connections between analytic,
geometric, and PDE properties of sets. One of the central questions in this quest pertains to the necessary
and sufficient conditions on the geometry of the domain which guarantee absolute continuity of the
harmonic measure @ with respect to the surface measure o of the boundary. The interest to this problem
begins with the classical 1916 F. and M. Riesz theorem [Riesz and Riesz 1920], which asserts that
for a simply connected planar domain with a rectifiable boundary, the harmonic measure is absolutely
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continuous with respect to the boundary surface measure (see [Lavrentyev 1936] for a quantitative
version). A local analogue of this result was established in [Bishop and Jones 1990], which also showed
that absolute continuity may fail in the absence of some topological hypothesis, even for a rectifiable
domain. The emerging philosophy is that the key geometric properties at play are smoothness (or to
be precise, rectifiability) and connectedness of the domain. In higher dimensions, the latter is much
trickier, and without any pertinent details we mention that the absolute continuity of the harmonic measure
with respect to the boundary surface measure has been proved in Lipschitz graph domains [Dahlberg
1977], and later in the so-called chord-arc domains in [David and Jerison 1990; Semmes 1990], and
more recent achievements in the field have progressively further weakened the underlying geometric
hypotheses [Bennewitz and Lewis 2004; Badger 2012; Hofmann and Martell 2014; 2017; Azzam et al.
2017; Mourgoglou 2015; Akman et al. 2016; 2017; Azzam 2017], although the sharp assumptions,
particularly in terms of connectedness, are not completely clear yet. Meanwhile in the converse direction,
the necessary conditions for the absolute continuity of harmonic measure with respect to the Hausdorff
measure of the boundary have been obtained in 1-sided chord-arc domains in [Hofmann et al. 2014] (see
also [Azzam et al. 2017]), and later in more general domains in [Mourgoglou and Tolsa 2017; Hofmann
et al. 2017a]. As a culmination of this line of work, it was shown without any topological background
assumptions that rectifiability is necessary for absolute continuity of the harmonic measure in [Azzam et al.
2016b]. These results were extended to general elliptic operators and other manifestations of solvability
of the Dirichlet boundary value problem in [Hofmann et al. 2016; 2017b; 2017c; Toro and Zhao 2017;
Azzam and Mourgoglou 2017; Garnett et al. 2018; Azzam et al. 2016a] to mention only a few: the area is
blossoming and we do not aim at a complete listing of the related literature.

All of these advances heavily rely on the properties of harmonic functions, and as such, do not apply
to domains with lower-dimensional boundaries, for instance, a complement of a curve in R3. In fact, sets
of higher codimension are not visible by classical Brownian travelers (that is, the probability to hit such a
set is zero) and equivalently, by classical harmonic functions. Led by these considerations, G. David,
J. Feneuil, and the first author [David et al. 2017] have recently launched a program devoted to a new type
of degenerate elliptic PDEs, such that the corresponding elliptic measure (still referred to as harmonic
measure in the course of this discussion) is not only nontrivial, but absolutely continuous with respect to
the Hausdorff measure in favorable geometric circumstances. The goal of the present paper is to establish
equivalence of absolute continuity of harmonic measure to the BMO solvability of the Dirichlet problem
on arbitrary Ahlfors regular domains and in the general class of degenerate elliptic operators, and to
prove a technical roadblock that is very important in many applications: the square function estimates for
solutions. Let us discuss this in more detail.

We shall work in the general context of d-Ahlfors—David regular sets, which are roughly speaking,
d -dimensional uniformly at all scales.

Definition 1.1. Let I' C R” be a closed set and d < n be an integer. We say I" is d-Ahlfors regular if
there exists a constant Cy > 1 such that forany g € I"and r > 0

Colr? <H4(B(q,r)NT) < Cor?,
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where H is the d-dimensional Hausdorff measure. We shall often denote H¢ |, that is, H9 restricted to
the set I, by o.

Let " be a d-Ahlfors regular set in R” with d <n — 1, and Q = R” \ I'. Consider the degenerate
elliptic operator L = —div(A(X)V) with a real, symmetric n x n matrix A(X) satisfying

AX)E-C < CLIEIZI8(X)?™ Y for X e Q and €, € R”, (1.2)
AX)E-£> CTYEP (X)L for X € Qand & € R” (1.3)

for some C; > 1, where §(X) = dist(X, I'). We say a function u in the Sobolev space W, (2) (see the
definition in (2.19)) is a weak solution to Lu = 0 if

// A(X)Vu-VodX =0 forany ¢ € C5°(RQ).
Q

The basic elliptic theory of such equations was developed in [David et al. 2017]. In particular, it was
shown that the Dirichlet problem

Lu=0 1inQ,

{ (D)

u=f onl

has a suitably interpreted weak solution for smooth compactly supported (and more general) f on T, that
such a solution is locally bounded and Holder continuous in the interior and at the boundary, and finally,
that it can be written in terms of the corresponding harmonic measure, and the latter satisfies the usual
doubling, nondegeneracy, and change-of-pole conditions. We refer the reader to Section 2 for details.
For now, we only recall that the harmonic measure is a (family of) positive regular Borel measure(s) wX
on I, X € Q, such that, in particular, for any boundary function f € C(?(F) the solution to (D) can be
written as

u(X):/Ffde. (1.4)

Definition 1.5. We say the harmonic measure w is of class As, With respect to the surface measure
o = H%|p, or simply @ € Aso(0), if for any € > 0, there exists § = §(¢) > 0 such that for any surface
ball A, any surface ball A’ C A and any Borel set E C A’ we have

o(E) 0w (E)
o) <% T WAy T

Here A = A, is a corkscrew point for A (see Lemma 2.50 for the definition and existence of a corkscrew

€. (1.6)

point).

We remark that while the aforementioned basic properties of harmonic measure (existence, doubling,
nondegeneracy, change-of-poles etc.) hold in full generality of d-Ahlfors regular sets, d < n — 1, the
Ao property of the harmonic measure is much more delicate and is not expected on very rough domains.
In particular, already on a planar domain with 1-dimensional boundary, rectifiability of the boundary
is necessary for w € Aso(0). On the other hand, it is not vacuous either, as the authors in [David et al.
2019] have proved that, for any d <n — 1 and I" a d-dimensional Lipschitz graph with a small Lipschitz
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constant, the harmonic measure is absolutely continuous with respect to the Hausdorff measure for the
operator L = —div(D(X) *T4+1V), where

RI=

D(X)={/F|X—y|_d_°‘d7-ld(y)}_ . XeQ, (1.7)

for some constant & > 0. It is easy to see that D(X) is equivalent to the Euclidean distance dist(X, I')
(and this would even stay true when I is an Ahlfors regular set) but not equal.

For any ¢ € T and r > 0, we use A = A(q,r) to denote the surface ball B(g,r) N T, and use
T(A) := B(g,r) NQ to denote the “tent” above A. A function f defined on I" is a BMO function if

1
1f v = sup (f |f—fA|2do) <o (1.8)
ACT A

Here fa denotes the average f, f do.

Definition 1.9. We say that the Dirichlet problem (D) is solvable in BMO if for any boundary function
fe C(? ("), the solution u to (D) given by (1.4) satisfies the condition that |Vu|? §(X)¢ "2 dX is a
Carleson measure with norm bounded by a constant multiple of || f ||]23Mo’ that is,

1
sup
Acr o(A)

I[P seotax <o (1.10)
T(A)

One of the main results of the present paper is as follows.

Theorem 1.11. Let I be a d-Ahlfors regular set in R* withd <n — 1 and Q = R" \ T. Consider the
operator L = —div(A(X)V) with a real, symmetric n x n matrix A(X) satisfying (1.2) and (1.3). Then
the harmonic measure w is of class Aco(0) if and only if the Dirichlet problem (D) is BMO-solvable.

In codimension 1 this has been proved in [Dindos et al. 2011] for Lipschitz domains and in [Zhao
2018] for uniform domains with Ahlfors regular boundaries. One of the main difficulties in our case is
to prove an upper bound on the square function by the nontangential maximal function. The latter, in
codimension 1, goes back to the work of Dahlberg, Jerison, and Kenig [Dahlberg et al. 1984] for Lipschitz
domains, and their method can be extended to more general sets with the help of preliminary estimates
proved in [Jerison and Kenig 1982]. This result, and even more so the method behind it, underpinned many
later developments in the subject. To prove it, [Dahlberg et al. 1984] systematically uses the harmonic
measures of the sawtooth domains to get a good-A inequality. This technique is not available to us. The
sawtooth domain is a domain inside €2 on top of a set £ C 92 = I that satisfies some desired properties,
and, roughly speaking, allows one to exchange local results with global ones. In some sense, it is the
use of the sawtooth domains which allows one to exploit the fact that at every scale the Ao, condition
only carries information on a big portion of a boundary ball, rather than the entire boundary ball —a
crucial ingredient in this and many other arguments in the theory. In the case of lower-dimensional I,
however, the boundary of a sawtooth domain may have arbitrarily small/large pieces of dimension d
and, simultaneously, pieces of dimension # — 1. For that reason, it is not automatically clear if one can
make sense of the harmonic measure for the sawtooth domain or resolve the Dirichlet problem on the
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sawtooth domain. Instead we are bound to work with the Green’s function of the entire €2, and get a
good-A inequality by using various considerations akin to the comparison principle. Needless to say,
the geometric arguments for lower-dimensional sets are also very different and the technical side of
the present paper ends up surprisingly far from [Dahlberg et al. 1984; Dindos et al. 2011; Zhao 2018].
Moreover, since the theory of the lower-dimensional sets is still in its infancy, these technical geometric
arguments, e.g., Lemma 3.24, are likely to be useful in many future works.

The formal results in this direction are as follows. For any g € I" and « > 0, we define the nontangential
cone ['*(g) with vertex g and aperture « as

(@) ={XeQ:|X—q|<(1+a)§(X)}, (1.12)
and a truncated cone as

Y (g) =T%q)NB(g.r).

When there is no confusion we drop the superindex « and simply denote them by I'(g) and T, (g),
respectively. We define the nontangential square function

Su(g) = (//F(q) |Vul28(X)' ¢ dm(X))2 (1.13)

and the truncated square function

1
2
Sru(q) = (// IVu|28(X)' ¢ dm(X)) . (1.14)
r(Q)
We also define the nontangential maximal function and its truncated analogue
Nu(g) = sup [u(X)], Nru(g)= sup [u(X)]. (1.15)
Xel(g) Xel'r ()

Given apertures 0 < o <« < f8, for simplicity we denote by Su, S’u the square functions on nontangential
cones of apertures «, a1, respectively, and denote by Nu the nontangential maximal function of aperture §.
We have:

Proposition 1.16 (good-A inequality for w). Suppose I is a d-Ahlfors regular set in R" withd <n —1,
Q =R"\T and D is a collection of dyadic cubes for I'; see Lemma 3.3 for the details. Let u € W,.(Q2) be
a nonnegative solution of Lu = 0 such that for some dyadic cube Q € D and A > 0 there exists q1 € T’
with

S'u(qr) <A and g1 —¢q| < Cadiam Q forallq € Q.

Then for any Xg ¢ B(xg,2C3{(Q)) and § sufficiently small, we have
X2 ({g € 0 : Su(q) > 2x, Nu(g) <81}) < C8%w¥2(Q). (1.17)

Here x ¢ is the “center” of Q and £(Q) is the “size” of Q; see Lemma 3.3. The constant C > 0 depends
on the allowable parameters d,n, Cy, C1, the apertures o, o1, 8, and the given constants Ca, Cs.
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If, moreover, w € Axo(0), then the good-A inequality for o follows and we conclude that
ISullLr (o) < ClIINullLr (o) (1.18)

for any 1 < p < oo and any solution u € W;.(2) to Lu = 0 such that the right-hand side is finite.

The paper is structured as follows. In Section 2 we first state some lemmas proved in [David et al.
2017] and prove some preliminary results based off these lemmas. In Section 3 we prove the above
proposition after a careful analysis of the sawtooth domains, and moreover we prove the upper bound of
the square function by the nontangential maximal function. This is an independent result and will also be
used in Section 4, where we prove if the harmonic measure o is of class Ao (o), the Dirichlet problem
is BMO-solvable. We prove the converse in Section 4C; that is, BMO-solvability implies the harmonic
measure  is of class Axo(0).

2. Preliminaries

The ground work for harmonic measures associated to the (degenerate) elliptic operators L on sets of lower
dimensions d < n — 1 has been laid out in the work of David, Feneuil and Mayboroda [David et al. 2017],
henceforth abbreviated [DFM17]. In this section we state some relevant preliminary results proven in that
paper; we also prove a few lemmas that follow easily and are needed in later sections. For the convenience
of readers familiar with this subject, we point out that the new lemmas we prove here are Lemmas 2.10,
2.43 and 2.59. Unless specified otherwise, the constants that appear in the following lemmas depend
only on the allowable constants, namely the dimensions n, d, the Ahlfors regular constant Cy and the
ellipticity constant Cj.
We start with the following notation:

e For any X € Q, we define §(X) = dist(X, I'), the Euclidean distance from X to I, and the weight
w(X) =8§(X)4—n+1,

e We define

1
A(X) = WA(X) =§5(X)" 171 4(x).

By (1.2) and (1.3), A(X) is a uniformly elliptic matrix.

o We define a measure m on Borel sets in R” by letting m(E) = [ w(X)dm(X). We may write
dm(X)=w(X)dX. Since 0 <w < o0 a.e. in R", the measure m and the Lebesgue measure are mutually
absolutely continuous.

e For any g € I' and r > 0, we use the notation A(g, r), or sometimes simply A, to denote the surface
ball B(g,r) NI, and T(A) to denote the “tent” B(g,r) N Q2 over A.

o We define the surface measure o = H¢ Ir.

e If B = B(X,r)isaball and @ > 0 a constant, we use B = B(X, ar) to denote the concentric dilation
of B. The same notation applies to surface balls aA.
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Lemma 2.1 (Harnack chain condition [DFM17, Lemma 2.1]). Let I be a d-Ahlfors regular set in R" and
d < n—1. Then there exists a constant ¢ € (0, 1), that depends only on d,n, Cy, such that for A > 1 and
X1, X2 € Q such that §(X;) > s and | X1 — X2| < As, we can find two points Y; € B(Xi, %s) such that
dist([Yq, Y2],T) > cA=4/=1=d) ¢ That is, there is a thick tube in Q that connects the balls B(X,', %s)

Remark 2.2. We have
Y1 =Y2| < |Y1 = X1 + | X1 — Xo| + | X2 + V2| < 2As. (2.3)

Let t = cA~4/(n=1=d)g and 7 1=Y1. For2 < j < N let Z; be consecutive points on the line segment
[Y1,Y2] suchthat |Z; —Z; 4| = %r. Then

(N-Dit<|V1-Y2| < N3t

Combined with (2.3) we get that the integer N satisfies

Yy —Y "
~ |11—2| < AT, (2.4)

§'L'

N
Let Bo= B(X1.3s), Bj=B(Z;. 4t) for 1 <j <N and By41 = B(X2, 3s). Clearly B; N\ Bj 11 # @
for all 0 < j < N. Moreover dist(Bo, I'), dist(By +1, ") > %s andfor1 <j <N,

. 3 3 __d
dist(B;,I") > 3T =3cA n=1=ds, 2.5)
dist(B;,I') < min{6(X1),6(X2)} + %s + Y1 — Y2 <min{§(X7), §(X2)} + 3As. (2.6)
Lemma 2.7 (estimates on the weight [DFM17, Lemma 2.3]).

(1) For any 0 > 0 there exists Cg > 0 such that for any X € R" and r > 0 satisfying §(X) > (1 + 9)r,

Cr'w(X) =m(B(X.r)) = f/m (W@ dz < Crhw(X). 2.8)

(1) There exists C > 0 such that for any q € I" and r > 0,
c1pdtt 5m(B(q,r))=// w(z) dz < Critl, (2.9)
B(g,r)NQ

From the above we deduce the following estimate, which will be needed later.

Lemma 2.10. Let I' be d-Ahlfors regular. For any o > —1, we have
// §(X)*dm(X) < rétite, (2.11)
T(2A)

Proof. The proof is a simple use of Vitali covering. For j =0, 1, ... let
T, =TQRA)N{xeQ:27/r <8(X) <27/ T},
To; =TQRA)N{x e Q:8(X) <27/ T1r},
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Then ~ o
// S(X)*dm(X) =Y / 8(X)*dm(X) < 327 rm(T- ). 2.12)

T(2A) j=0 T; j=0

For every fixed j, we consider a covering of 4A by

i+,
Ul

gedA

from which one can extract a countable Vitali subcovering 4A C |, B(qx, 2=/*1r), where g € 4A and
the balls By = B(qx,2~/*1r/5) are pairwise disjoint. The fact that g5 € 4A = A(qo, 4r) implies

2—J+1, 2—Jj+1,
Bk3=B(q1c, 5 )CB(qO,4r+ s )

And the pairwise disjointness of the By’s implies that for every fixed j, there are only finitely many of

them. In fact,

—j+1 d
> o(By) =0(U Bk) So(A(qo,4r+ 2 15 r)) < (4r + %r) . (2.13)
k

k

Note that o(By) ~ (2~/+1r/5)¢ independent of k. Let N; be the number of By ’s; by (2.13)

2=/ +1p\4 2r\¢ id
Nj'( : ) 5(4r+?); thus N; <274, (2.14)

For any X € 7% ;, let gy € I" be such that | X —gx| = §(X). Then

lgx —qol < lgx — X|+|X —qo| <4r; ie.,qx €4A. (2.15)

Hence gx € B(qx,2~/T1r) for some k. Moreover Ts; C U B(qk.2- 27/*1r). Therefore by (2.14)
and (2.9),

m(T>;) < N; ssupm(B(qg.2-277 1)) < 21"1(2_17)“”rl ~ 27 pd L
k
Combined with (2.12) we get
o0 o0
// S(X)a dWI(X) < Z(z—j’,)a _2—jrd+1 — rd-i-l-‘ra Zz—j(a-i-l) < rd+1+0t.
T(2A) Jj=0 j=0
The last sum is convergent because o + 1 > 0. O

Now we define the suitable function spaces. We denote by Cé’(F) the space of compactly supported
continuous functions on T, that is, f € C(()) (I") if f is defined and continuous on I', and there exists a
surface ball A such that supp f C A. We consider the weighted Sobolev space

W =Wwl2(Q)={uell . (Q):VueL*(Q,dm)} (2.16)
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1
and set |lu|lw = (g [Vu(X)|?>dm(X))? for u € W. In fact, it was proved in Lemma 3.3 of [DFM17]
that since I" is d-Ahlfors regular with d <n —1,

W={uelLl . (R"):VueLl*R" dm)}. (2.17)
We also define a local version of W as follows: let E C R” be an open set, and define
W (E)={u e LlIOC(E) cpu e W for all p € Cg°(E)}. (2.18)
As observed in [DFM17],
Wo(E)={ueL\.(E):Vue L .(E,dm)}. (2.19)

It is easy to see that if £ C F are open subsets of R”, then W,.(F) C W, (E). We set

_ 2
H = I-'I%(F) = { g a measurable function on I": / M do(x)do(y) <oop. (2.20)

rJr |x—yl|¢t+!

The reader may recognize this is the homogeneous Sobolev space, a special case of the Besov spaces. The
authors in [DFM17] were able to define a trace operator 7' : W — H; see Theorem 3.13 (and Lemma 8.3
for a local version T : W,(E) — L\ (I' N E)) there.

loc

Lemma 2.21 (interior Caccioppoli inequality [DFM17, Lemma 8.26]). Let E C Q2 be an open set, and
let u € W;.(E) be a nonnegative solution in E. Then for any ¢ € C5°(E),

// ¢2|Vu|2dm§C// |Vo|?u?dm, (2.22)
Q Q

where C depends only on n,d and Cj.
In particular, if B is a ball of radius r such that 2B C Q and u € W, (2B) is a nonnegative subsolution

in 2B, then
// |Vu|2dm§Cr_2// u?dm. (2.23)
B 2B

Remark 2.24. Inequality (2.23) holds if we replace 2B by (1+17) B, t >0, and in that case the constant C
depends on the value of 7.

Lemma 2.25 (Harnack inequality [DFM17, Lemmas 8.42, 8.44]).
(1) Let B be a ball such that 3B C Q2 and let u € W, (3B) be a nonnegative solution in 3B. Then

supu < C infu, (2.26)
B B

where C depends onn,d and Cj.

(2) Let K be a compact set of 2 and u € W, (2) be a nonnegative solution in Q. Then

supu < Cg infu, (2.27)
K K

where Cg depends only on n, d, Cy, C1, dist(K, I') and diam K.
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Lemma 2.28 (boundary Caccioppoli inequality [DFM17, Lemma 8.47]). Let B C R" be a ball centered
on I of radius r, and let u € Wy (2B) be a nonnegative subsolution in 2B\ I" such that Tu = 0 a.e. on 2B.
Then for any ¢ € C5°(2B),

/ ¢2|Vu|2dm§C// |Vo|*u?dm, (2.29)
2B 2B

where C depends on n,d and Cy. In particular (2.29) implies

// |Vu|2dm§Cr_2// u?dm. (2.30)
B 2B

Lemma 2.31 (boundary Moser estimate [DFM17, Lemma 8.71]). Let p > 0. Let B be a ball centered
on I' and u € W, (2B) be a nonnegative subsolution in 2B \ I such that Tu = 0 a.e. on 2B. Then

1

1 P
_ - b4
sgpu < Cp(m(2B) //23 u dm) . (2.32)

Lemma 2.33 (boundary Holder regularity [DFM17, Lemma 8.106]). Let B = B(q, r) be a ball centered
on T and u € W, (B) be a solution in B such that Tu = 0 on B. There exists B € (0, 1] such that for any

1
B 1 1
osc qu(i) (— [/ |u|2dm) . (2.34)
B(q,s) r m B) B

0<s <3,
We are interested in the solution(s) of the Dirichlet problem (D).

Lemma 2.35 (existence and uniqueness of solution [DEM17, Lemma 9.3]). For any f € H, there exists
a unique u € W such that

{Lu=0 in , (2.36)

Tu=f aeonT.
Moreover ullw <C| flu-
Lemma 2.37 (properties of solutions for f € C(? (I') [DFM17, Lemma 9.23]). There exists a bounded
linear operator
U:CQ(') — C(R")
such that for every f € CJ(I')
(1) the restriction of Uf to T is f;
(ii) supgs Uf = supr f and [gn Uf =infr f;
(iii) Uf € W, () and is a solution of L in 2;
@iv) if B is a ball centered on T and f =0 on B, then Uf lies in W, (B);
W) iffe C(? (YN H, then Uf € W and is a unique solution of (2.36).

Remark 2.38. Since Uf € C(R"), its trace T(Uf) is exactly f. We also remark that C(? ("N H is
dense in C(?(I‘), with the supremum norm.
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Lemma 2.39 (harmonic measure [DFM17, Lemmas 9.30, 9.33]). For any X € 2, there exists a unique

positive regular Borel measure wX on T such that

Uf(X) = /F fdwX  forany f e CQ(T). (2.40)
Additionally, for any Borel set E C T,
wX(E) = sup{wX(K) : E D K, K is compact } = inf{wX (V): E CV, V is open }. (2.41)
Moreover, oX (T') = 1.

Lemma 2.42 [DFM17, Lemma 9.38]. Let E C I' be a Borel set and define the function ug on 2 by
ug(X) = wX(E). Then:

(1) If there exists X € Q such thatug(X) =0, thenug = 0.

(i) The function ug lies in Wy (2) and is a solution in 2.

(i) If B C R" is a ball such that ENB = &, thenug € W,(B) and Tug =00on BNT.

For now we are only able to write down the solution to (D) if the boundary function f is in C(? (I);
see Lemma 2.37. With the help of the harmonic measure, we prove the following lemma:

Lemma 2.43. For any function f € C(? (T") and any Borel set E C T, the function

u(X) = f £ d® (2.44)
E
defined on Q2 satisfies the following:

(1) It is continuous in €2.
(2) It is a solution of Lu = 0 in Q and lies in W, (2).

(3) If B CR" is an open ball such that E N B = &, then u is continuous in BN, u can be continuously
extended to zero on B NT, and u € W, (B).

Remark 2.45. We note the following:

e Compared with Lemmas 2.39 and 2.37, this lemma says that fy g integrated against the harmonic
measure gives rise to a continuous solution for any Borel set £ C T.

e If the Borel set E is bounded, then the same properties hold for any bounded continuous function
f eCp(l).

Proof. Since the definition (2.44) is a linear integration, we may assume without loss of generality that
f is nonnegative. Otherwise we just write f = f4 — f_, with fi € C(R"). We first assume that E is
an open set, and that X (E) > 0 for some X € Q. By Lemma 2.42(i) it follows that o (E) > 0 for
all X € Q. Fix an arbitrary X € Q2. Let K; be an increasing sequence of compact sets in E such that
wXo(E\ K;) < 1/j. By Urysohn’s lemma we can construct g; € Cg(F) such that yx, < g; < xE, and
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without loss of generality we can choose the sequence g; to be increasing. Note that fg; € C(? (I'), and
hence by Lemma 2.37 we may define u; = U(fg;) € C°(T"). Then

0=u() 1,00 = [ f(zg - g) do¥ <X (ENK)I i
By Lemmas 2.42 and 2.25, for any compact subset K in €2 containing X¢, we have
0¥ (E\K;) < Ckw**(E\ K;)

holds for every X € K. Here the constant Cx only depends on n, d, Cy, dist(K, I') and diam K, and in
particular it is independent of j. Therefore

Ckll fliLe

El

0<u(X)—u;(X) =

namely {u;} converges uniformly on compact sets of €2 to u, and thus u is continuous on 2.
Let ¢ € C5°(S2) be arbitrary; we claim that {u; } has a subsequence, which we relabel, such that

V(pu;) — V(pu) in L3(Q,w). (2.46)

In particular V(¢u) € L?(Q,w) for all ¢ € Cs°(R2), and thus u € W;(L2). Indeed, by the interior
Caccioppoli inequality (2.22), we have

[ v@upram <2 [| (voPui +gvuPyam=c [ 1VoPigam. can

Recall that u; — u uniformly on the compact set supp ¢, and the right-hand side of (2.47) converges to
C |/l fQ |V$|>u? dm. As a consequence the left-hand side of (2.47) is uniformly bounded in j. Therefore
there is a subsequence (which we relabel) such that V(¢u;) converges weakly in L2(2, w) to some
function v. By the uniqueness of limit in the distributional sense, we conclude that v = V(¢u), which
finishes the proof of the claim (2.46).

Recall each u; is a solution of L in Q. Let ¢ € C§°(2) be an arbitrary test function. We choose
¢ € C5°(L2) such that ¢ =1 on supp ¢. In particular V(¢u) = Vu and V(¢u;) = Vu; on supp ¢. Thus

//QAVu.chdX://QAVM.Vgodm=//Q,4v(¢u).v(pdm

= lim //QAV(tbuj)-V(pdm

j—o00
= lim /AVuj-demz lim // AVu; -VodX =0. (2.48)
j—o00 Q j—o0 Q

If E is not an open set, the proof is similar, and we just need to approximate E from above by open
sets. We omit the details here.

Going further, if B C R” is an open ball such that £ N B = &, we first prove that u can be continuously
extended to zero on I' N B. Take an arbitrary ¢ € I' N B. Choose r > 0 sufficiently small so that
B(q.,2r) C B. Consider a function g € C5°(R") satisfying xp(4,r) < & < XB(g,2r)- If f € C(?(I‘), then
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f(l—g) e C(? (T"). If the Borel set E is bounded and f is only assumed to be bounded continuous,
we let ¢ € Cg°(R™) be a function such that ¢ = 1 on a compact set containing E and B(g, 2r). Then

fd—g)p e COO(F). Let
7(X) = UCF(1 - g)p) = /F F(—g)pdwX.

(For simplicity we take ¢ = 1 for case when f € C(?(F).) By the positivity of the harmonic measure and
the fact that £ C I" \ B(q, 2r), we deduce that 0 < u(X) < u(X) for all X € Q. Recall by Lemma 2.37
that # € C(R"), and as X — ¢’ € B(q,r) N T, we have i(X) — f(1 —g)p(q') = 0. By the squeeze
theorem, u can be continuously extended to zero on B(g,r) NI, and the resulting function, still denoted
as u, is continuous in B(q, r).

Now we show that u € W;.(B). To this end, let ¢ € C§°(B); it suffices to show that V(¢u) € L?(B,w).
From Lemma 2.37(iv), Remark 2.38 and the boundary Caccioppoli inequality (2.29), we have

//B|V(¢uj)|2dM52//3(|V¢|2u12-+¢2|Vuj|2)dm§C//B|V¢|2u]2-dm. (2.49)

Recall that u; — u pointwise on B \ T". Since u is continuous on B, we know u € L?(supp ¢, w). Hence
by the dominated convergence theorem the right-hand side of (2.49) converges to C [J, B Vo |>u? dm.
As a consequence the left-hand side is uniformly bounded, and thus, passing to a subsequence, V(¢u;)
converges weakly in L2(B, w) to some function v. By the uniqueness of the limit we deduce v = V(¢u).
In particular this implies V(¢u) € L2(B, w). |

In summary, we can write down the solution of L using the harmonic measure for the following
classes of boundary data: continuous and compactly supported functions f € C(?(I‘) (see Lemma 2.37),
characteristic functions y g for Borel sets £ C I" (see Lemma 2.42), their products fy g (see the above
Lemma 2.43), or a linear combination of the above. For the third case, if the Borel set E is bounded, we
only need to assume f € Cp(T).

Lemma 2.50 (corkscrew point [DFM17, Lemma 11.46]). There exists M > 1 such that for any g € T’
and r > 0, there exists a point A = A, (q) € 2 such that
’
A—ql<r, §A4)>—. 2.51
[A—ql<r. 8(A) =4 (2.51)
This point will be referred to as a corkscrew point hereafter.

Remark 2.52. Note that neither Lemma 2.1 nor Lemma 2.50 is automatically true if d = n — 1. In fact
in the case of codimension 1, people often work with domains that satisfy the Harnack chain condition in
which there exists a corkscrew point at all scales, called uniform domains or 1-sided NTA domains in the
literature.

Lemma 2.53 (boundary Harnack inequality [DFM17, Lemma 11.50]). Let g € I" and r > 0 be given, and
let A = Ay (q) be a corkscrew point as in Lemma 2.50. Let u € W, (B(q,2r)) be a nonnegative solution
of Lu = 0in B(q,2r) N Q that is not identically zero such that Tu = 0 on A(q, 2r). Then

u(X)<Cu(A) forall X € B(q,r). (2.54)
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We also recall the following “classical” Poincaré inequality for Sobolev functions.

Lemma 2.55 (Poincaré inequality [DFM17, Lemma 4.13]). Let I" be a d-Ahlfors regular set in R" with
d <n—1. For any functionv € W, X e R" andr > 0, let B = B(X,r); then

L 2 %< 1 ) 3

where vg denotes the average m(B)™! [gvdm.

Suppose A = B(qo,r) NI is a surface ball. For any ¢ € A and any j € N, let

Ti(q) =T(q) N (B(g.27'r)\ B(g.27/7'r)) (2.57)

be a stripe in the cone I'(g) at height 27/ r, and
jtm ' '
Ljsjim(@ = | Ti(@) =T(q) N (B(q.277r)\ B(g.2~ U™ 1p)) (2.58)
i=j
be a union of m + 1 stripes. With this notation we can prove a less conventional form of the Poincaré
inequality, available for solutions with vanishing boundary values.

Lemma 2.59. Suppose that u € W,.(2) is a nonnegative solution of L, Tu = 0 on 3A and u €
Wi (B(qo, 3r)). There exist an aperture & > « and integers my, my such that for all g € A

/ / u2dm(X) < CQ7r)? / / |Vu|? dm(X). (2.60)
I'%(q) @ (a)

J—my—j+my
The constants my, ma, & and C only depend onn,d,a, Cy, Cy.

Proof. Let B be a ball compactly contained in 2. Recall that u € W,.(2); in particular, pu € W for
¢ € C§°(2) such that ¢ = 1 on B. Applying the above Lemma 2.55 to ¢u and squaring both sides,
we get

// lu(Y)—ugl*dm(¥) < Crj // |Vu(Y)|? dm(Y). (2.61)
B B

For j € N, let A; denote a corkscrew point for B(q,27/r), whose existence is guaranteed by
Lemma 2.50. Let m be a large integer whose value is to be determined later. Take X € F]‘?‘ (g) and
X' = Aj4m; then

—j-1 7—(j+m)
Tosxy> -1 (2.62)
14+« M

X =X'| <|X —ql+1g—X'| =27 r+27VFMr <217

1 2
§(X)> —|X —q| >
(X) 1JFOtI ql>

Applying Lemma 2.1 and Remark 2.2 to X, X’ with s = 2=U+™ /M and A = 2"+t M, we can find
balls Bo = B(X, 1s), B; = B(Z;, 17), with t = cA=4/("=1=d)g and By 1 = B(X’, Ls) that form a



SQUARE FUNCTION ESTIMATES, THE BMO DIRICHLET PROBLEM, AND ABSOLUTE CONTINUITY 1857

Harnack chain connecting X to X’ and satisfy (2.4), (2.5) and (2.6). Hence by Lemma 2.3(i) of [DFM17]
and (2.6), (2.5), we have

n
m(B;) > C_l(%) dist(B;, T)4+1 > ¢t (Ag5)d =+l L pAl-npd+1 (2.63)
n
m(B;) < c(%) dist(B;, T)d—n+1 < gnpd=—n+1 _ pd+1 (2.64)

foralli =0,...,N,N + 1. A simple computation shows B;; C 3B; foralli =1,... N —1, and
B C %Bo, By C %BN—H if m is sufficiently large. Therefore foreachi =1,...,N —1,

1
o (o ]
m(Bi+1) By

L e 2
= m(Bj+1) //;B,- 0 — s, I dm(X)

< An-1,1-d // IVu(Y)|?dm(Y) by (2.61), (2.63). (2.65)
3B;

2
|u(X)—u33i|dm<X))

Similarly
g, —usp, > < A" g1 // VU2 dm(Y).
3B;
Hence
lup, —up,,,|* < CA" 1174 // IVu(Y) |2 dm(Y). (2.66)
3B;

A similar argument shows that for the endpoint case i =0 or N + 1

lup, —up, ., 1> < max{s!™? A" 12717y /f IVu(Y)|>dm(Y)
3B:
5 Dj

~ A 1g2p1d //3 IVu(Y)|>dm(Y). (2.67)
3 Bi

The last line is justified since A >> 1 implies < 5. Combining this observation, (2.66), (2.67) and (2.4),
we get

//B [u(X) —upy,, > dm(X)
0 N
< N// u(X) —up,|>dm(X)+ N -m(Bo) Y _|up, —up, ., *
Bo i=0

d+1
< NA”—ISZ(E) // IVu(Y) 2 dm(Y)
t 3BoU (UL, 3B) U3 B+
n—14+dd+1)

=Rt ff Vu(V)Pdm(¥). (268)
3BoU (UL, 3B) U3 Bn+1
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On the other hand, by the Harnack inequality
u(X)<Cu(X’) forall X € Byyii = B(X/, %s)

Recall that X’ = A;1,,. For any ¢ € A, by the assumption we know that u € W,.(B(q, 2r)) vanishes on
A(g, 2r). By boundary Holder regularity (Lemma 2.33) and the boundary Harnack principle (Lemma 2.53)
we have

u(X') < C27™mPu(4;),

with a constant C independent of j and m. Thus

_ _ 1
gy, SU(X) 272 (4)) 52 Zmﬂ-m/B u?dm(X). (2.69)
0
The last inequality holds because A; is a corkscrew point and By = B(X , %s) for some X € I'j(q).
Combining (2.69) and (2.68) we obtain

// WP dm(X) < 2m(Bo)upy ) +2 // () — gy 4, |2 dm(X)
Bo B

< A 272mp // u?dm(X)
By

n—l+4+d(d+1)
T -1 2

+ AN 1 IVu(¥)|?dm(Y). (2.70)

//gBOU (UIN=1 3B;) U %BN+1
Choose m big enough such that

—m 1

aswellas 2- < :
M 2(1+ )

A272mB < (2.71)

1
5
then we can absorb the first term on the right-hand side of (2.70) to the left. Recall that By = B (X , %s)
for X satisfying (2.62). The reason for the second assumption in (2.71) is to guarantee the enlarged
ball %BO is compactly contained in Q. Fix the value of m from now on; thus the value of A =2"1/M
is also fixed. We get

// u?dm(X) < Cs? // |Vu(y)|? dy, (2.72)
Bo 3BoU (UL 3B) U3 BN+

where s = 20U +m), /M and the constant C depends on d, n, Cy, Cy (recall the values of the corkscrew
constant M and the Harnack chain constant ¢ only depend on d, n, Cyp, C1). Since By = B (X , %s) with
center X € Fj‘?‘ (g), it is a simple exercise to show that given the second assumption of (2.71), there exists
an aperture o7 > « such that

3BoC T/ 1) (2.73)

A similar statement holds for %B N+1.- Moreover (2.5) and (2.6) imply that fori = 1,..., N, there
exist an aperture o > o and an integer mo depending on the constants ¢, M from Lemmas 2.1 and 2.50
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such that
o
3B; C ij3_)j+m+m0(q). 2.74)

Let @ = max{«, o2 }. Combining the above observations with (2.72) we get

// u?>dm(X) < Cs? // |Vu(y)|? dy. (2.75)
Bo re @

J—=3—=>j+m+mg
Consider the covering

g c | B(X. 59) (2.76)
Xel'M(q)

We can extract a finite Vitali subcovering { B¥ = B(Xj. s)}, such that
re(q) c| ) B* (2.77)
k

and {%Bk =B (X ks Tl()s)} « 1s mutually disjoint. Moreover the number of balls B¥ is uniformly bounded
by a constant C(n, m, M'). Note that (2.75) holds for all such balls B in place of Bg; we deduce

//qu(q) uZdm(X) < zk://Bk u?dm(X)

<CC(n,m, M)s? /f |Vu(y)|* dy. (2.78)
T3 s jtmtmo @

Since the value of m is fixed, we finish the proof of Lemma 2.59. O

Lemma 2.79 (nondegeneracy of harmonic measure [DFM17, Lemma 11.73]). Let A > 1 be given. There
exists a constant C) > 1 such that for any q € I, r > 0, and A = A,(q), where A,(q) is a corkscrew
point from Lemma 2.50, we have
0¥ (B(q,r)NT)>C;' for X € B(q,r/A), (2.80)
wX(B(q,r)NT) > C;' for X € B(A,8(A)/ ). (2.81)

In [DFM17] the authors also prove the existence, uniqueness and properties of the Green’s function,
that is, formally, a function G defined on €2 x €2 such that for any ¥ € Q

LG(',Y)ZSY ian
G(-,Y)=0 onT,
where §y is the delta function.

Lemma 2.82 (estimates of Green’s function [DFM17, Lemma 11.78]). There exists a constant C > 1
such that forany g € I', r >0, A = B(q,r) NI and a corkscrew point A = A,(q) we have

C 191G (Xo, A) < 0X0(A) < Cré7'G(Xo, A) for Xo € 2\ B(q, 2r). (2.83)
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Lemma 2.84 (doubling of harmonic measure [DFM17, Lemma 11.102]). For g € I" and r > 0, we have
wX(B(q.2r)NT) < CwX(B(g.r)NT) (2.85)
forany X € Q\ B(q,4r).

Lemma 2.86 (change of poles [DFM17, Lemma 11.135]). Let g € I" and r > 0 be given, and let
A = A,(q) be a corkscrew point as in Lemma 2.50. Let E, F C A(q, r) be two Borel subsets of T such
that o4 (E) and o4 (F) are positive. Then

oX(E) o4(E)

X (F) ~ oA (F) forany X € Q\ B(q,2r). (2.87)
In particular with the choice F = A(q,r),
X
w” (E) A
—————— ~w?(E) forany X € Q\ B(q,2r). (2.88)
wX(A(g, 1))

Let us restate the definition of w € Axo(0) and make a few remarks that will become useful later.

Definition 2.89. We say the harmonic measure w is of class Ax With respect to the surface measure
o = H%|p, or simply @ € Aso(0), if for any € > 0, there exists § = §(¢) > 0 such that for any surface
ball A, any surface ball A’ C A and any Borel set E C A’ we have

o(E) w(E)
oa) <% T WAy T

Here A = A is a corkscrew point for A (see Lemma 2.50).

€. (2.90)

Remark 2.91. (i) The reader may recall that the standard definition for A is that the harmonic measure
with a fixed pole, i.e., a)XO, satisfies (2.90). For unbounded boundary I" though, the standard definition
needs to be replaced by its scale-invariant analogue, which is Definition 2.89. In fact since I" is unbounded,
it is impossible to have wX0 € A (o) with a fixed pole Xo; see the comments after Theorem 1.18 of
[David et al. 2019].

(i) The above definition is symmetric: Suppose w € Ao (0). Then we also have 0 € Axo(w) (in a
scale-invariant sense); i.e., the smallness of w4 (E)/wA(A’) implies the smallness of o (E) /o (A).

(iii) In particular, the assumption (2.90) implies that w4 <« o when restricted to A. We denote the

Radon—Nikodym derivative by k4 = dw?/do. Since both w4 and o are Radon measures, we have

A /
. w?(A")
K= 1
@) A/=1An(z:)1,r) o(A)
r—>

for o-a.e. g € A. (2.92)

Moreover since o is doubling, by standard harmonic analysis techniques (see [Garcia-Cuerva and Rubio
de Francia 1985] for example for the proof) (2.90) implies that k4 satisfies a reverse Holder inequality:
there are constants ro > 1, C > 0 such that for all r € (1, rp),

1
(][ |kA|’d0) §C][ k4 do. (2.93)
A A
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The constants r¢ and C only depend on the constants characterizing the A, property (2.90); in particular,
they are independent of A and A.

Recall that one of our main goals is to prove Theorem 1.11, which states the equivalence between
w € Aso(0) and the BMO solvability of the Dirichlet problem. We make a few preliminary remarks.

Note that (I, o) is a space of homogeneous type. By the John—Nirenberg inequality for spaces of
homogeneous type, we may also use any L? norm (1 < p < 00) in the definition (1.8), and the resulting
BMO norms are all equivalent. See [Coifman and Weiss 1977; John and Nirenberg 1961]. Also it is easy
to see that if f € L°(I"), then f is a BMO function with || f |[smo < /2| f || ..

We observe that the Carleson measure norm of |Vu|? §(X) dm(X) is in some sense equivalent to the
integral of the truncated square function. Suppose A = A(qo, r) is an arbitrary surface ball. For any
X € T(A), we define

AX ={gel:X eT (g}
Let gx € I'be a point such that | X —gx| = §(X). Then
Agx.a8(X)) € AX € Algx. (o +2)8(X)). (2.94)
Since T is d-Ahlfors regular, (2.94) implies o (AX) ~ §(X)?. Thus

// |Vu|28(X)dm(X)%// IVu28(X) %o (AX)dm(X)
T(A) T(A)

=// |vu|28(X)1—d/ do(q) dm(X). (2.95)
T(A) AX

Changing the order of integration, on one hand we get an upper bound

[/ |Vu|28(X)1_d/ da(q)dm(X)f/ /[ IVul?8(X)""? dm(X) do
T(A) AX lg—qol<(@+2)r JIT (44 1),(q)
< / |S@+1)r 1| do. (2.96)
(@+2)A

On the other hand, we get a lower bound

[/T(A)|Vu|28(X)1—d/AXdo(q>dm(X)z/q » //F S0 () o
—4qol<zr r/2

z/ 1S1,ul*do. (2.97)
1A 2
2
Therefore for any go € T,
1 5 1 N
sup [Vul|“8(X)dm(X)~ sup —— | |S;ul“do. (2.98)
A=A(go.5) T (D) JT(a) A=A(go,r) O(A) Ja

s>0 r>0
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3. Bound of the square function by the nontangential maximal function
The goal of this section is to prove:

Theorem 3.1. Let I" be a d-Ahlfors regular set in R" with an integer d <n—1, and let  be the harmonic
measure of the domain Q2 = R" \ . Suppose w € Asc(0); then

|Sullzr@) < ClINullLr @) (3.2)

forany 1 < p < o0 and any solution u € Wy (2) to Lu = 0 such that the right-hand side is finite. Here the
constant C > 0 depends on the allowable parameters d,n, Cy, C1, the aperture o and the Aso constant(s).

It suffices to prove (3.2) for nonnegative harmonic functions u, because otherwise we just split u as
u = u4 —u— and use the linearity of L and the triangle inequality. Before starting to prove the theorem
we need to recall some notation and preliminary results.

Lemma 3.3 (dyadic cubes for Ahlfors regular sets [David and Semmes 1991; David and Semmes 1993;
Christ 1990]). Let I' C R”" be a d-Ahlfors regular set. Then there exist constants ag, A1, y > 0, depending
only on d,n and Cy, such that for each k € Z there is a collection of Borel sets (“dyadic cubes”)

De:=1{Qf CT:j € 7).

where 7y denotes some index set depending on k, satisfying the following properties:

) I'=Uje 5, Q}cfor eachk € 7.

(i) If m > k then either Q" C Q;‘ or Q"N Q}‘ =a.
(iii) For each pair (j, k) and each m < k, there is a unique i € _#y, such that Q;‘ c o
(iv) diam Q}C < A27k,

(v) Each Q;‘ contains some surface ball A(xj]-‘, ap2~ k) = B(le-‘, a2 FyNT.
vi) H?({g € Q% 1 dist(q, T'\ Q%) < p275}) < A1 p* 14 (QF) for all (j, k) and all p € (0, ay).

We shall denote by D = D(T") the collection of all relevant Q% i.e.,
D =(_Dx.
k

Remark 3.4. (1) For a dyadic cube Q € D, we let k(Q) denote the “dyadic generation” to which
O belongs; i.e., we set k(Q) = k if Q € Dg. We also set its “length” to be £(Q) = 27%(@) Thus
£(Q) =27%D « diam Q.

(2) Properties (iv) and (v) imply that for each cube Q € D, there is a point xg € I" such that
A(xg.r0) C Q C A(xg,Carg), (3.5)

where rg = ap2 KD L diam 0 and C; = Ay /ay.
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Now we define sawtooth domains following the definitions of Hofmann and Martell; see for example
[Hofmann and Martell 2014; Hofmann et al. 2016; 2017c]. Since 2 is an open set, it has a Whitney
decomposition, that is, a collection of closed “Whitney” boxes in €2, denoted by W = W(£2), which form
a covering of € with pairwise nonoverlapping interiors and satisfy

4diam I <dist(41,T") <dist(/,T") <40diam / forany I € W, (3.6)
and also
%diam I; <diam I, < 4diam I; 3.7

whenever /7 and I, in WV touch. (See [Stein 1970] for reference.) Let X; denote the center of I and
£(I) the side length of I; then diam I ~ £(I). We also write k(1) = k if £(I) =27,

Let D be a collection of dyadic cubes for the Ahlfors regular set I, as in Lemma 3.3. For any dyadic
cube Q €D, pick two parameters n << 1 and K >> 1, and define

WY = (I e W:n1€(Q) < &) < K2£(Q). dist(I, Q) < K2£(Q)}. (3.8)

Let X denote a corkscrew point for the surface ball A(xg, %rQ). We can guarantee that X ¢ is in some
I e Wg provided we choose 7 small enough and K large enough. For each I € W%, by Lemma 2.1 and
the discussions after that, there is a Harnack chain connecting X7 to X g; we call it ;. By the definition
of WQ we may construct this Harnack chain so that it con51sts of a bounded number of balls (depending
on the values of 1, K), and stays a distance at least cn4<" = n=T=) {(Q) away from I'; see (2.5). We let Wg
denote the set of all J € W which meet at least one of the Harnack chains H, with I € WQ, ie.,

Wg :={J € W : there exists | € Wg for which H; N J # @}. (3.9)

Clearly Wg C Wp. Additionally, it follows from the construction of the augmented collections Wg
and the properties of the Harnack chains (in particular (2.5) and (2.6)) that there are uniform constants ¢
and C such that

CnTETID ((Q) < U(1) < CK20(Q),

1 (3.10)
dist(1, Q) < CKz{(Q)

for any I € Wy. In particular once 7, K are fixed, for any Q € D the cardinality of Wy is uniformly
bounded, which we denote by Nj.

Next we choose a small parameter 6 € (0, 1) so that for any I € W the concentric dilation 7* = (14-60)1
still satisfies the Whitney property

diam I ~ diam I* ~ dist(/*, T") ~ dist(, T"). (3.11)

Moreover by taking 6 small enough we can guarantee that dist(/*, J*) ~ dist(/, J) for every I, J € W,
that 7* meets J* if and only if 0] meets dJ and that %J N I* = & for any distinct 7, J € W. In what
follows we will need to work with further dilations 7** = (1 4 26)I or I*** = (1 4+ 460)1 etc. (We may
need to take O even smaller to make sure the above properties also hold for 7**, I*** etc.) Given an
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arbitrary Q € D, we may define an associated Whitney region Ug, U, 5 as

Up:= | J I*. Us= | I™ (3.12)
Iewo Iewo

Let Do ={Q'eD: Q' C Q}. For any Q €D and any family F = {Q; } of disjoint cubes in Do \ {Q},
we define the local discretized sawtooth relative to F by

Dro:=Dg\ | Do, (3.13)
Qj€.7:

We also define the local sawtooth domain relative to F by

Q;,Q:zint( g UQ/), Q*F’Q:zint( g Ug,). (3.14)

Q’eDr.0 Q’eDr 0
For convenience we set
wro= J W (3.15)
0’eDr.0

so that in particular we may write

szf,Q=im( U 1*), Q}’innt( U 1) (3.16)
IGW]:,Q IGW}'.Q

We will need further fattened sawtooth domains Q*F*Q etc. whose definitions follow the same lines as
above. We remark that by (3.10), there is a constant C3 depending on K, 6 such that

Qr.o C B(xg.C3(0) NQ (3.17)

for any Q € D and collection of maximal cubes F, where x¢ is the “center” of Q as in (3.5).

Finally, to work with sawtooth domains, it is more natural to use a discrete dyadic version of the
approach region rather than the standard nontangential cone defined in (1.12): for every g € I', we define
the dyadic nontangential cones as

Ta@)= |J Ug. Tulp= |J Uy™ (3.18)
QeD:Q>¢q QebD:Q0>3¢q

where we use f‘d to denote a cone with bigger “aperture” or fattened region; we also define the local
dyadic nontangential cones as

r?g= \J Uo. TS@w= |J vy (3.19)
Q’eDo:Q'3q Q'eDo:Q’3q
We claim that given an aperture o > 0, there exists K, in the definition (3.8), sufficiently large such

that the standard nontangential cone I'*(q) satisfies I'*(q) C T';(g) for all ¢ € T'; and vice versa, for
fixed values of 1, K and the dilation constant 6, there exists 1 > 0 such that the dyadic cone 'y (q)
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satisfies 'y (q) C T'*1(q) for all ¢ € T'. For any X € I'*(gq), let I be a Whitney box such that X € I'*.
By (3.6) we know £(1) ~ §(X). Let Q be a cube containing ¢ with length £(Q) = £(I). Then

dist(1, 0) < |1X —q| < (1 + @)8(X) < C(1 + a)e(I) = C(1 + a)£(Q). (3.20)

If K is sufficiently large so that K2 > C(1 + @), then (3.20) and £(1) = £(Q) implies that [ € W%.

By the definition (3.18) it follows that X € I';(g). In particular, since I'“(g) is open, we also have

I'(q) CintT;(q). On the other hand, suppose X € I';(g); by definition (3.18) X is contained in some
* = (1+ 6)I for a Whitney box I € Wg and dyadic cube Q containing ¢. Then by (3.10),

|X —g| <diam I'* +dist(/, Q) + diam Q < C(K, 0)£(Q),
§(X) ~£(I) = C(mE(Q).
Therefore there exists o1 sufficiently large, depending on the values of 1, K, 6, such that
|X —ql < (1+a1)d(X):
ie., X € ' (g). We summarize that now we have
I'*(q) cintTy(q) CTy(g) cT%(q) forallgeT. (3.21)

Clearly @ > «. Moreover, there exists § > «; depending on 7, K, € such that the fattened dyadic
nontangential cone f‘d (g) satisfies

Ty(q)cTP(g) forallgeT. (3.22)

From now on we fix the values of , K, 6 and 8 > o1 > o > 0.
Let F =0\ UQj <r Q; and suppose it is not empty. We claim that

int( U FdQ(q)) CQrocCQrociyc | I¥@. (3.23)
qeF qeF
In fact, for any ¢ € F, it is clear that ¢ is in some Q' € Dr o; and by (3.14), the definition of Qr o, we
have the first inclusion. On the other hand any X € Q*** belongs to some U 57 with Q' € Dg g, and
thus X € FQ(q) for arbitrary g € Q’ By the deﬁnltlon of Dr,0, we know Q’ N F # 3, so by taking
qu/ﬂFwegetXqueFF Q).

For N sufficiently large, we augment the collection of maximal cubes F by adding all dyadic cubes
in D of size smaller than or equal to 2~V £(Q), and we denote by FV a collection consisting of all
maximal cubes of the above augmented collection. In particular Q’ € Dxn o if and only if Q' e€Dyr,p and
£(Q") > 27N ¢(Q). By doing this we guarantee that the sawtooth domain £ FN,o is compactly contained
in €2 (roughly speaking dist(2 zn g, Q2€) ~ 2=N¢(Q)). Similar to Lemma 4.44 of [Hofmann et al. 2017c],
we can construct a smooth cutoff function of 2 zn o:

Lemma 3.24 (cut-off function of sawtooth domain). There exists Yy € C5°(R") such that:

i * < < ok .
@) xex, , SYN =xam,

(ii) supxeq VYN (X)[6(X) S 1.
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(iii) We abbreviate Wrn o as Wy and set & = aQ;N,Q’
W]%, ={I € Wy : there exists ] € W\ Wy with dl NdJ # &}.

Then
Vyn=0 in () 17 (3.25)
Iewny\Wx
(iv) For each I € Wy, let Q1 denote a cube in szch such that I € Wo,. Suppose w is the harmonic

measure with pole Xo and X satisfies dist(Xo, Q;";"Q) 2> L(Q). Then

> w(01) S w(0). (3.26)

Iewy

with a constant depending on 1, K, ag, C1,d and the Ahlfors regular constant of T.

Remark 3.27. (1) We remark that the construction of ¥ and the proof of its properties (i), (ii), (iii)
are higher codimensional analogues of Lemma 4.44 of [Hofmann et al. 2017c]. However we prove (iv)
instead of the second estimate in their (4.46) because we will need to prove a good-A inequality for the
harmonic measure, instead of the surface measure. Since harmonic measure could have much worse
decay properties than the surface measure, not to mention that I' and 92z~ o are objects of different
dimensions, proving (iv) requires a different argument.

(2) Note that in (iv), the choice of Q7 may not be unique. Suppose both Qj, Q 1 are cubes in Dzy o
such that / € Wg, and I € WQ]. By the construction of the Wy ’s and in particular (3.10), we know

UQN ~ D) ~ Q). dist(Qr. 01) Q1) (3.28)
with constants depending on 7, K. Since harmonic measure is doubling, we have
Cio(Q1) =(01) = C20(Q1). (3.29)

with constants only depending on the doubling constant and 7, K. That is to say, for different choices of
Q7 the left-hand side of (3.26) differs at most by a constant multiple. But once we associate a cube Q;
to I, the choice will be fixed.

Proof. The proof of (i) is a modification of the proof from [Hofmann et al. 2017c] in higher codimensions.
We recall that given I any closed dyadic cube in R”, we set 1** = (1 426)1 and I*** = (1 +460)1. Let
us introduce 7** = (1 + 36)1 so that

I** Cint T** C T** Cint I***, (3.30)

2°2
implicit constant depending on 6. For every I € W we set ¢; = ¢o((- — X7)/£(I)), where X7 is the
center of 7, so that ¢y € C§°(R"), yp+x < ¢1 < xfws and |Vr| S 1/L(1). Let D(X) := ) ;) d1(X)
for every X € Q. Since for each compact subset of €2 the previous sum has finitely many nonvanishing
terms, we have ® € C2°(S2). Also 0 < ®(X) < Cy since the family {I**}; ¢y has bounded overlap.

loc

Given Ip = [-1, 1]" C R", we fix ¢ € C$°(R") such that X1z* = 0 < X and [Veo| < 1, with the
0
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Hence we can set ®; = ¢7/® and one can easily see that ®; € C5°(R"), Cg_l)(]** < ®; < yj« and
|[V®r| < 1/£(1). Recalling the definition of Wy = Wxn g in (3.15), we set

Lrewy #1(X)

, XeQ. 3.31
Srewdr () € G0

Yyn(X)= Y Pr(X)=
Iewn
We first note that the number of terms in the sum defining ¥ is bounded depending on N. Indeed if
Q' €Dxn g then Q" € Do and 27N0(Q) < €(Q') < £(Q), which implies Dz, o has finite cardinality
with bound depending only on the Ahlfors regular constant and N. Also by construction Wg has
cardinality depending only on the allowable parameters 7, K. Hence #/Vy < Cp < co. This and the fact
that ®; € C5°(R") for each I yield that ¢y € C5°(R™). Moreover

suppyy € | 7= | LJF*am( U Ug) QN - (3.32)

Tewy Q'eD N, 1eW0 Q'eb N,

This and the definition of ¥ immediately give ¥y < xQ*, On the other hand, if X € Q* No then
there exists I € Wy such that X € I**, in which case we hzfve ?/fN (X)=®1(X)>Cy 1 This completes
the proof of ().

To obtain (ii) we note that for every X € Q2

Vyn(X)| < D [VOr(X)] 5 Z m)x,**( )NS(X) (333)
Iewn

where we have used that if X € 7** then £(I) ~ §(I) and also that the family {**}; ¢y has bounded
overlap.

Now we turn to (iii). Fix I € Wy \W]%, and X € I***, and set Wy = {J e W:¢;(X) # 0}. We first
note that Wy C Wy . Indeed if ¢7(X) # 0 then X € J** Hence X € I*** N J*** and our choice of 0
gives that d/ meets dJ; this in turn implies that J € Wy since [ ¢ W%} All these imply

> sewy 97 (X) _ 2 Tewynwy 97 (X) _ 2 Tewynwy 97 (X)
2 rew ¢ (X) Y sewnmwy P7(X) D rewnnwy D7 (X)

Hence Yy |y+++ = 1 for every I € Wy \Wf, This and the bounded overlap of the family {/***}7 ¢y,
immediately give that Viy/y = 0in |, W \WE s [

Un(X) = =1. (3.34)

Finally, it remains to prove the most difficult property, (iv). For any I € WN, by definition there exists
some J;y € W\ Wy such that 0/ N dJ; # @. Roughly speaking, this is to say that / is a Whitney box
living in the “boundary” of % FNQ Thus picking any Q) € D such that Woy, contains Jy, we know
0, ¢ Dxzn g, that is, either Q) € Do, for some Q; € FN, or Q) ¢ Do. We classify I € WN based on
which category its associated cube Q7 lives in: we define

T ={1 ve,:Q’Ie[DQj} for any Q; e FN,
So={l ewx: 0} ¢Dg}.
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(Note that for each I € WE,, we associate it to a unique Q7, even though the choice itself is not unique.)
Recalling (3.7) we have £(/) ~ £(Jr). Moreover by the definition of Wy and (3.10),

(O ~ () ~ ) ~L(Q)). (3.35)
dist(Qy, Q) <dist(Qy, ) +dist(, Jy) + dist(J, QF) S€(Q1) +£(0F) S L(0)). (3.36)

By a similar argument to that in Remark 3.27(2) and the doubling property of harmonic measure, we
have w(Q1) ~ w(Q}) forany I € Wf,, with a uniform constant depending on 7, K. Therefore to prove
(3.26) it suffices to show

> (0] S0(0).
Iewy
We claim that for any Q; € F N

> w(Q)) S w(0)). (3.37)
IGEJ'
Recall that all such Q;’s live in Do . For each k € N we define Z‘j.‘ ={leX;: U(Q) = 2_k€(Qj)}.
Since Q7 € Dzn g, Q; € FV, we always have Q; N Q1 = @, so by (3.36)

dist(Q}, (Q;)°) < dist(Q}, Q1) S L(Qy) =27%¢(Q)). (3.38)

That is, the smaller Q7 is, the closer it is to the “boundary” of Q;. The Q/’s of different generations are
very far from being disjoint; however we will sum up the w(Q7)’s by swapping them for the harmonic
measure of mutually disjoint cubes. By (3.38), for p sufficiently small there is an integer k1 = k1 (p) such
that for any integer k > k1

U U 97 clge;:distq.(0)°) < 5pt(Q))}. (3.39)

k'zk rexk’
In fact by choosing k; slightly bigger, we can even guarantee that for any integer k > k1,

U U 2rc Y 9fcfge0;:dist(q.(9)°) < 3pL(2))} (3.40)

k'zk rexk’ €Ty

where {Q; }iez, 1s the collection of all dyadic cubes in Do of length 27k¢(0 ;) such that Q} C {q €Q;:
dist(q, (Q;)¢) < % pL(Q j)}. By Lemma 3.3(v)—(vi) the index set Zy has finite cardinality and #Z; < C2%4.
(A priori the set Zj could be empty, in which case (3.40) just means there is no Q’I corresponding to any
I € Uprsk Z}‘/. This case is easy to deal with.)

On the other hand by Lemma 3.3, as long as we fix p € (0, ap) satisfying A1p” <1, the set{g € Q; :
dist(q, (Q;)¢) > % pL(Q;)} is not empty; moreover, there is an integer k» sufficiently large such that for
each k > k» we can find a cube Qj such that E(Qj) = 2_kE(Qj) and

Qj C g €0 :dist(q.(Q))°) > 3pL(Q))}. (3.41)
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Qj I ‘[‘j‘“[“
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0'=0;

Figure 1. Illustration of the swap of cubes in iteration.

We may think of Q ; as sitting in the “center” of 0, and all Qs as being in a (% p)-boundary layer of Q;.
Let ko = max{ky,k»}, and let N1 denote the (maximal) number of Q}’s with £(Q}) = Z_kOK(Qj). By
(3.39) and Lemma 3.3(vi), N; is uniformly bounded by a constant depending on ag, A1, p, ko and d.
Moreover by the doubling property of w, each such Q/ satisfies

w(0)) <w(Q;)) < Clko)o(0)), (3.42)

with the constant C (ko) depending on k¢ as well as the doubling constant of w. Recall that for each Q7,
the number of all possible /’s corresponding to it is uniformly bounded by C(Np). Therefore

Y (@) < C(No) > »(Q}) < C(No)N1C(ko)w(0)). (3.43)

Iexfo 0} :4(Q))=2"%0L(Q;)

Now for any [ € Ej? witll k=1,...,ko— 1, again by the doubling property of harmonic measure we
have w(Q}) < C(ko)w(Q;). By Lemma 3.3(iv)—(v), the total number of Q7’s in Do such that £(Q}) =
2k £(Qj), withk =1,...,ko— 1, is uniformly bounded by a constant depending only on k¢, ao, C1,d
and the Ahlfors regular constant of I'. Thus the total number of I’s in Ej? withk =1,...,kg—11s also
uniformly bounded. Therefore combining with (3.43), we get

ko
Z Z w(Q}) S w(Q)). (estimate ko)

= k
k 17exk

For future generations, we recall (3.40), which says all the Q}’s corresponding to some / € Zj.‘ ,
with k > kg, are contained in UieIkO 0 ; The following proof is illustrated in the (idealized) Figure 1,
where each label denotes the cube near it enclosed or shaded by the same color. Consider any cube
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o' = Q’ for an arbitrary i € Zy,. Applymg the above argument to Q' in place of Q;, we can find a
cube Q’ Q’ € Do’ with length Q") =2"kog(Q") = 272k00(Q;) sitting in the “center” of Q’, in the
sense that

0! C {g e 0 :dist(q.(Q)) > Lpt(0")}, (3.44)
and all future generations satisfy
U U @rc U 02 cigeQ dist(g.(0)) < 5pt(Q)}. (3.45)
k>2ko IeEf i2€Tk

Q/[ EDQ/

where {Q”2 }IZGIA is the collection of all dyadic cubes of length 27%0¢(Q") = 272kog(Q ;) that are
completely contained in {q eQ = Q’ dist(q, (Q')°) < 2/OE(Q )} (The index set for i, may not be the
same as the index set for i, but their cardmahtles are uniformly bounded by C 2k0d 50 we abuse the notation
here and simply assume they are the same.) Moreover we can get an analogous estimate of (estimate kg)

2ko
Yo ) w(@) swh). (3.46)
k=ko+1 IeEf

Q/]GDQ/

Summing up (3.46) over all cubes Q' € {Q; }iEIkO’ recalling (3.40) we get

2ko N
Yo D w@p s )Y o(@)) (3.47)
k=ko+lle):/f €Ty,

Since {Q* }’EIko is a collection of cubes in the same generation, they are mutually disjoint, and their
subcubes {Q }zelk are also mutually disjoint. Hence

2ko
Z Z w(Qf) < Z CU(Q;) =w( |_| QA;) (estimate 2kg)
k=ko+1 IGZ.]; iGIkO iEIkO

Moreover, recalling the second inclusion of (3.40) and (3.41), each QA; is disjoint from Q 7,50 we can add
up (estimate k¢) and (estimate 2k¢) with ease. We can repeat this argument iteratively: for any / € N we

apply the argument to cube Q' = Q;”z i , with iy, ..., ij € Iy,, to get an analogous estimate of (3.46);
then we sum up over the index sets and get
(I+1Dko
Yo Y e@ps Y w©@)= w( L Qﬁ""”)- (estimate (1+1)ko)
k=lko+1 [ezj? 15005l €Tk i15eesi1 €Tk

Most significantly for us, for each / € N the union of cubes on the right-hand side of (estimate (/+1)k¢)
is disjoint from all the cubes from all previous summations. Therefore we conclude that

Ny w(Q’I)s(u(l_l( | | Qj-l""")) <w(Q)). (3.48)

k=11exk I1EN Nitse.is €Tk,
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It is trivial to see Y_; c50 @(Q]) S w(Q;), s0
J

D w@D=) Y (@) Sw(Q)). (3.49)

Iex; kGN[eEf

Since the maximal cubes Q; in F N are mutually disjoint and contained in Q, we have

Yo Y w@Ds D w(Q) <w(Q). (3.50)

Q,erN Iex; Q,eFrN

Now we consider I € 3¢, which by definition means Q} ¢ Do. Recalling (3.35) and (3.36), and that
(1) < CL(Q) forall I € Wy = Wgn o, we have

(O ~ L) = CLQ), dist(Qr. Q) SL(Q7) = CL(Q). (3.51)
In particular since Q7 € Dg, we have
dist(Q7, Q) < dist(Q7, Q1) £ (Q7) < CL(Q). (3.52)

If £(Q7) > £(Q), then
(O ~L(Q), dist(Q7, Q) <CL(Q). (3.53)

There are finitely many such Q7’s and by the doubling property of harmonic measure, w(Q7) ~ w(Q).
If £(Q}) < £(Q), let Q¢ € D be the cube containing Q) with length £(Q¢) = £(Q). By the assumption
Q) ¢ Do, we know Qy is disjoint from Q. On the other hand (3.52) implies

dist(Qo. Q) = dist(Q}., Q) = CL(Q): (3.54)
that is, Qg is a sibling (i.e., of the same generation) of Q in a C{(Q)-neighborhood of Q. There are
finitely many such Q¢’s. Moreover

dist(Q7. (Qo)*) = dist(Q7. Q) < £(Q]). (3.55)

Soif £(Q}) < £(Q), we can guarantee that Q lies in the (%p)—boundary layer of Qo: Q7 C{g € Qo
dist(q, (Qo)¢) < %pE(QO)}. Applying the same argument to Q¢ in place of Q;, we get

> w(Q) S0(Qo) ~w(Q). (3.56)
0} <b,

Summing up (3.56) over all (finitely many) Q¢’s satisfying (3.54), we get
Y o)) Sw(Q). (3.57)

IeXy
Finally we combine (3.50) and (3.57) and conclude that
Y@= Y D w@pD+ Y w(Q)) Sw(Q). (3.58)

Tewd Q,erN I€S; IeX,
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Therefore
> w(0)) S w(Q), (3.59)
Tewy
concluding the proof. O

Now that all the preparatory work has been done, we proceed to sketch the basic idea for the proof of
Theorem 3.1. It is well known in harmonic analysis that the proof of ||Su||z»¢) < C||Nu||r»(s) can be
reduced to the proof of a certain good-A inequality measured by o. We first prove Proposition 1.16, which
is a good-A inequality measured by w; then we use the assumption @ € Ao (o) to obtain the desired
good-A inequality for o.

Recall that we use Su, S’u, S”u to denote the square functions on standard nontangential cones
of apertures o, @1, B, respectively, and Nu to denote the nontangential maximal function on cones of
aperture B, where 8 > a1 > « are fixed apertures (see the discussion before Lemma 3.24). Also
recall from (3.17) that for any collection F of dyadic cubes, the sawtooth domain Q7 ¢ satisfies
Qr,0 C B(xg,C3£(Q)) NQ. In fact, by choosing a slightly bigger constant C3 we can also guarantee
Q}*a C B(xg,C34(Q)) N Q2.

Proof of Proposition 1.16. For simplicity we set w = w*X2. Let E ={q € Q : Su(q) >2A, Nu(g) <81} and
F={qeQ:Nu(q) <6A}. If F is empty, then the left-hand side of (1.17) is zero, and there is nothing to
prove. So we assume F # &. Note that Nu(q) is a continuous function, so Q\ F ={qg € Q : Nu(q) > 61}
is relatively open in Q. We run a stopping-time procedure for the descendants of O, and stop at
Q' € Do whenever Nu(q) > 8\ for all ¢ € Q". We denote the collection of all maximal cubes by
Fr=1{0;} C Do\ {Q}. We claim that they form a partition:

Q\F={geQ:Nulq)>s\= ] 0. (3.60)
Q,;€F
Clearly by construction UQ_,- er, @ 1s contained in the set on the left. For any go € Q such that
Nu(qo) > 8A (since the set {g € I' : Nu(q) > A} is open), Q \ F # Q and the cubes in D are
nested, there exists a small cube Q' € Do \ {Q} containing go such that Nu(g) > §A for all g € Q.
By the stopping-time procedure, either Q' € F», or Q' is contained in some cube Q; € F,. Hence
qo€ Q' C UQj er, @, and we prove the claim (3.60). Recall (3.23), which we rewrite here:

int( U rdQ(q)) CQr ClrociyclI¥@9. (3.61)
qeF qeF
We claim that |u(X)| <JA forall X € Q;’;*Q In fact, by (3.22) and (3.61) we know that every X € Q;’;*Q

is contained in some f‘dQ (q) C T8 (q) for some ¢ € F. Since Nu(q) = SUpy ers(q) [U(X)| <dA forg € F,
we get |u(X)| < 8A.

Step 1: Recall the assumption that S'u(g1) < A for some ¢ satisfying |1 — ¢| < C» diam Q for all
q € Q. Set r = diam Q. We claim that for any 7 > 0 there exists § > 0 sufficiently small such that the
truncated square function S, u(q) is greater than A for any g € E.
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Fix ¢ € E. Recall that Su(q) > 2A forqg € E. Weset U = T'%(¢) \ B(q, tr); then we aim to show
// IVu(X)128(X)' " 2dm(X) <32 (3.62)
U

Let Uy =T'%(q) \ B(g, tr) for a constant ¢ > t to be chosen later, and U, =T'%(q) N (B(q,tr)\ B(gq, tr)).
Then U = U; U U,. A simple computation shows that
Uy =T%4q)\ B(q,tr) C T (q1) (3.63)

if the apertures satisfy
C
(1 +a)(1 + 72) <l+a,

that is, if 7 is sufficiently large such that

Ca(1

Therefore

[ vucorsordanco < [[ - wueorsame)
U, '“l(g1)
= S"u(gq1)* < A2, (3.64)
Let I'j(g) =T'*(¢q) N (B(g, 2/tr)\ B(q,2/"'tr)) for j =1,2,...; then
U> C U Lj(q)-
ji2i—ler<tr

Each I'; (¢) can be covered by a finite union (depending on n) of balls B; J k with radius r; . ~ « 2.
Let Bj* denote a slight fattening of B; ; such that we still have B* c T'(q); then by Lemma 2.7(i),
m(BY) ~ridt ~ 2/ tr)dT Thus

I S > [ P st ame)
U2 2i=ter<tr L (@)

g Y @y Y // VU dm(X)

2/ —lgr<tr 1<k<C(n)

s Y @y //B HEOP dm(x)

2/ =lgr<tr
1<k=C(n)

S6V* Y @) m(BE)

27— lgr<tr

< (81)? 1og2( )<2)L2 (3.65)
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if § is sufficiently small depending on the values of ¢, 7 and «, B. Therefore (3.62) holds, and thus for any
q€E,

|Seru(@) = /[ Vu(X) 28X dm(X)
re(g)NB(q,tr)

- // V() P80 dm(X)
re(@\U
> A2 (3.66)
Step 2: Combining (3.66) with E C F we get
220(E) < f |Seru(@)]? do(q) < / // Vu(X)28(X)1 4 dm(X)do(g).  (.67)
E F ?r(Q)
By (3.21) we have

7, (g) CintTy(q) C Ta(q) (3.68)

for any ¢ € Q. In particular if X belongs to the left-hand side of (3.68), then X € Ug- for some dyadic
cube Q’ containing ¢g. Moreover

3(X) <|X —¢q| <tr=1tdiam Q ~ tf(Q). (3.69)

By the definition of Ug’ and (3.10), we have

n

§(X) 2 en T a1 £(Q). (3.70)

By combining (3.69), (3.70) and choosing T small enough depending on 7, we can guarantee that £(Q’) <
2£(Q). Since Q' N Q > ¢, by property (ii) of Lemma 3.3 we know Q' € Dg. Hence I'%,(¢q) C FdQ Q).
Again since I'¥,.(g) is an open set, we also have I'¥, (¢) C int Fg (g). Therefore

U re@ c | @rf @) Cint(U FdQ(q)). (3.71)
qgeF geF qeF

Applying Fubini’s theorem to the right-hand side of (3.67), we conclude that it is bounded by
// IVu(X)28(X) “w(fge F: X € I‘dQ(q)}) dm(X). (3.72)
int(Uper I.7 (2))

For any p € F and any X € I‘dQ (p), we have X € I € Wy for a cube Q' in D, o containing p. Thus
| X —q| ~£(Q") ~ () ~ §(X). Since the family {/*}; <)y has bounded overlap and harmonic measure,
w has pole at X, and we conclude by Lemma 2.82 that

o({ge F:X eT2(q)h) ~ a)( U Q’) ~G(Xg, X)8(X)471, (3.73)

Q'eDo
£(0")~8(X)~dist(X,0")
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Combining (3.67), (3.72), (3.73) and (3.61) and using (1.3), we get

12w(E) < // IVu(X)?G(Xg, X)dm(X)
Q

F.0

-1l

Here we abbreviate G(X) = G(X g, X) when there is no ambiguity as to what the pole is. Recall that

IVu(X)[*G(Xg, X)w(X)dX < // AVu-VuG dX. (3.74)
Fp.0 Q.7-'2.Q

X ¢ B(xg,2C3£(Q)), and similar to (3.17) we may choose the dilation constant ¢ small enough so that
Q¥** C B(xp, %C;,E(Q)). They guarantee that X ¢ Q%**,, and moreover dist(X o, S_Z;’;*Q) >1(0).

F2,0 F2,0°
Hence G(X) is harmonic in the fat sawtooth domain Q;‘_.:*Q

Step 3: Next we are going to prove

// AVu-VuG dX < (81)%w(0). (3.75)
Qr,.0
Recalling the discussion before Lemma 3.24, we can augment F, by adding all dyadic cubes of lengths
less than or equal to 27V £(Q), and denote by J-"év the collection of maximal cubes giving rise to the
aforementioned augmented collection. We claim that

// AVu-VuG dX < (61)*w(0), (3.76)
Q_n

F5 .0

with a constant independent of N. Thus by passing N — oo we obtain (3.75).
Recall that in Lemma 3.24, we constructed a smooth cut-off function v such that xer o SyYn <
N
xQy o Hence
N -

// AVu-VuG dX 5[/ AVu-VuGyy dX. (3.77)
Q]:N~Q R~
Since u, G € Wr(Q;"I‘V Q) N LOO(Q;’; Q), we have uGYry, u?yy € WOI’Z(Q;’;, Q)' In particular they

can be approximated by smooth functions in C§°(Q;j‘v Q) C C°(R2). In the sawtooth region Q;’;‘V 0
we have — div(AVu) = —div(AVG) = 0; thus

// AVU-VUGY N dX:// AVu-V(quN)—%AV(uz)-V(GwN)dX
Rn Rn

- 0—% // AV(GYy)V (u?) dX

__1 (/ YNAVG-Vu?)+GAVYN-V(u?) dX)
2 Rl‘l

- _% (// AVG VU2 Yn)—u? AVG-Vy +2uGAVU-Vry dX)
Rl’l

= [ wavevuyax-[[ ucavevyyax=ir-nn. @)
R7 R7
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where we use the symmetry of A and the equation —div(AVu) = 0 in the second equality, and
—div(AVG) = 0 in the second-to-last equality. We first estimate the second term. By (3.25), the
contribution to the integral // only comes from Whitney boxes [ € W}\:, Recall the harmonic function u
is nonnegative and we use X; to denote the center of Whitney box /. By Lemma 3.24(ii), the Holder
inequality, the estimate of the weight (2.8), the interior Caccioppoli inequality (2.23), the Harnack
inequality (2.26) and (2.83), we have

= X [ vl

IeWN
u(XNGXD) , o\
- ZE E(I) (I )(#|VM| dm)
I***
< Y w(XnGxDUID 1( ]9[ |u|2dm)
IGWN JeERE
< ) uXDPGXNUDT ~ YT u(X) (), (3.79)
Tewy Tewx

where Q7 is defined as in Lemma 3.24(iv). Using the estimate |u(X)| < dA for all X € Q*** and
(3.26), we have
1115 Y u(X)?0(Q1) S (62)°w(0). (3.80)
Iewy
Similarly,

1< Y M [ wetam= ¥ wcreen sente@.  asn

Iewy Iewy

We finish the proof of (3.75) by combining (3.78), (3.80) and (3.81).
Finally we combine (3.67) and (3.75), and get

2o(E) < (61)0(Q), (3.82)

and thus
w(E) < C8*w(Q). (3.83)
This finishes the proof of the good-A inequality for w. O

We will also need the following auxiliary fact:

Lemma 3.84. For any apertures 0 < a < o’ and any function u € W, (), let Su and Su denote the
square functions with apertures a and o’ respectively. Suppose Su < oo for o-almost every q € T'; then
the set {q € T : Su(q) > A} is open for every A > 0.

The proof is similar in spirit to that of Lemma 4.6 in [Milakis et al. 2013].
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Proof. If ¢ € T is such that S’u(g) > A, then there exists 7 > 0 so that

S 1\
// Va2 8(X)'" dm(X) > (M) .
T (g)\B(q,n) 2

We claim that there exists € > 0 such that for any p € A(q, €n) we have

// IVu|28(X)' =4 dm(X) > A2, (3.85)
re(p)\B(p,n)

and therefore Su(p) > A.
We observe that

‘// IVu28(X)' = dm(X) —[/ |Vul28(x)' 4 dm(X)‘
r(g)\B(g,n) r*(p)\B(p,n)

5// IVul? $(X) 4 dm(X). (3.86)
D

where D = (I'*(q) \ B(¢q, 7)) A(T'*(p) \ B(p, n)) is the set difference. It suffices to show that the integral
1o |Vu|28(X)=4 dm(X) is sufficiently small, if we choose € sufficiently small.
Suppose that X e T'*(¢)\ B(q, n); then | X —g| < (1+®)§(X) and | X —¢g| > 7. Thus 6(X) > n/(1 +a).
If moreover X ¢ I'“(p)\ B(p,n) and p € B(q,¢€n), then | X —¢q| > (1 +«a)(1 —€)§(X). By symmetry,
we need to study sets of the form
Ve={XeQ:|X—ql=n Q+a)(1-€)8X) <|X —ql <(1+a)8(X)},
Vp={XeQ:|X—pl=n 1+a)(1-€)8X) <|X —p| <1 +a)d(X)}.
Without loss of generality we may assume S’'u(g) < oo. If not, by the assumption that S’u < oo almost

everywhere, we can always find ¢’ € A(q, %en) such that S"u(g’) < oo, and in particular p € A(g, €n) C
A(q’, 2en). In this case we just replace g by ¢’, and € by 2¢. Moreover, if € < %, we have

VUV, C Ve o= {XeQ:lX—ql zg, (A +a)(1—e)28(X) < |X —q| < (1 +a)—5x)\.
€

1
1-2
Note that for given o’ > a, by choosing € sufficiently small we can guarantee (1+a)(1—e€)/(1—2¢) <1+a’.
Thus Ve C F"‘/(q) \B (q, %n) =: V), and as € tends to zero, the set V decreases to an empty set. Moreover,

// IVu|?8(X) 4 dm(X) < // IVul? 8(X)4 dm(X) = |S"u(q)|* < oo
Vo Fa/(‘])
hence by the continuity of measure from above, we deduce that
/ IVu28(X) ™ dm(X) \, 0.
Ve

In particular, by choosing € sufficiently small, we can guarantee

2
// |Vul2§(X)' ¢ dm(X)f// Vul28(X)" "4 dm(X) < (W) — 22 (3.87)
D €

Combining (3.87) with (3.86), we conclude the proof of the claim (3.85). O
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Now we set out to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. We first prove the theorem assuming that ||S'u| 1» () is finite. Under this
assumption, we have ||S"ullpr@) ~ [IS'ullLr ) ~ |SullLr(s). For reference, see Proposition 4 of
[Coifman et al. 1985]. (The stated proof in that paper is for the upper half-plane, but the argument goes
through for Ahlfors regular sets of higher codimension.) Therefore by a standard argument, the proof of
(3.2) can be reduced to the following good-A inequality: for any € > O sufficiently small, we can find
8 = 6(¢) > 0 such that for all A > 0,

o({q eIl :Su(g) >2A, Nu(g) < 8&}) < eo({q el:Su(g) > )L}), (3.88)

and § > 0ase — 0. If {g € T : S'u(q) > A} is empty, (3.88) is trivial, so we assume the set is not empty.
We apply Lemma 3.84 with apertures 0 < oy < B. Since [|S"ul|rr (o) ~ [|Su|| L () < 00, in particular
S"u(q) < oo almost everywhere. Therefore {g € I" : S’u(g) > A} is open. We also remark that the set
{g € T : S"u(q) > A} has finite o-measure, and moreover

r:s' ) < - S'u|? do < IS"1Z ) 3.89
o({gel:S"u(g) > })—)L_p S’u(q)>)L| ul 0 ——p - < (3.89)
In particular, for any dyadic cube Q € D completely contained in {g € T" : S"u(q) > A}
d , IS ullLr (o)
Q)" ~a(Q)<o({gel:Sulg)>1}) < —r (3.90)

so its length has a uniform upper bound (albeit depending on the value of A). Recall that £(Q) ~ 27k(Q),
and suppose ko € Z is such that

—kod > 1S u ”LP(o)

2 ~ A’p b

(3.91)

with a sufficiently large implicit constant. Then by (3.90), any cube Qg in Dy, cannot be completely
contained in {g € I" : S"u(q) > A}.

We run a stopping-time procedure as follows: for each Q¢ € Dy, we traverse all its descendants,
and stop whenever we find a cube Q € Do, such that S'u(q) > A for all g € Q. Let 71 = {Q;} be the
collection of all stopping cubes in UQ 0Dy, Do, Similar to the proof of (3.60), we can show that they
form a partition:

lgeT:Sui@)>1= (] 0 (3.92)
Q€71

Note that the assumption Su(q) > 21 clearly implies S'u(g) > A; namely

{geT:Su(q)>22Clgel:Suig)>1= | 0
0/€F

Therefore to prove (3.88), it suffices to localize and show that

o({g € Q:Su(g) >21,Nu(q) <86A}) <ec(Q) forany Q = Q; € Fi. (3.93)
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Recall that by (3.5), every Q € D is contained in a surface ball A(xg, Carg). Let X /Q denote a
corkscrew point for B(xg, C2rp). Recall Definition 2.89 of w € Ay (o) and Remark 2.91(ii) right
afterwards. Assuming w € Ao (0), to prove (3.93) it suffices to show that

w¥2({g € Q: Sulg) > 24, Nu(g) < 6A}) < CE)w*2(Q), (3.94)

with a constant C(8) independent of Q and A, and that C(§) — 0 as § — 0. Recall that for any collection F
of dyadic cubes, there is a constant C3 such that Q*** C B(xg,C3£(Q)) N Q. Let X be a corkscrew
point for B(xg,2C3M{(Q)); then

X0 —xo| = 8(Xg) = 2C3L(Q). (3.95)

Thus X¢g ¢ B(xg,2C3£(Q)), and in particular X ¢ ¢ Q;*é Moreover, there is a Harnack Chaln of finite
length (depending only on M, C; and C3) connecting X ¢ to Xy,; in particular wX2(E) ~w Xo (E) for
any Borel set E C Q. Therefore the proof of (3.94) is equivalent to the proof of

wX2({g € O : Su(q) > 21, Nu(q) < 81}) < C(H)wX2(Q). (3.96)

Recall that Q = Q; € F is a maximal cube with respect to the stopping criterion {S'u(g) > A}. By
maximality the parent of Q, denoted by O, contains at least one point g1 ¢ {g € ' : S'u(q) > A}; that is,
S’u(g1) < A. For any ¢ € Q we have

~ = A
Ig1 —q| < diam O < 4;27%(@) = 4,2~ *@-D < 7L 4iam 0. (3.97)
ao
Therefore for any maximal cube, we may use Proposition 1.16, with constant C; = A1 /ag, to conclude
the desired estimate (3.96).

All the above arguments show that if we know a priori || S"u||1,» (5) is finite, we can prove || Su||1r ) <
|Nu||z» (). If we do not have this a priori information, then for « sufficiently small we let

De ={Q eD:x <L(Q)<1/k}, (3.98)
Q=) Up. @r=1JUs Q=) U e, (3.99)
Qe Q€D Qebi

define the k-approximate nontangential cones as
M@ =T“@ONQ. TP =T @NQ. TIfg=T N,
and define the k-approximate dyadic nontangential cones as

Tae@=Ta@NQ = |J Uo Tarlg)=Talg)nQi™.
QebD¥:0>q

In this regime we have the following inclusions analogous to (3.21) and (3.22):

I'%(q) CTae(q) CT2(q)., Taxlg) CTE(g). (3.100)
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Moreover, the k-approximate local nontangential cones
FdQ,K(q) = F(?(q) NQ = U Ug, fo(q) = rdQ NQF**
Q’eDpoND¥:Q'3¢q

satisfy the following inclusions analogous to (3.23):

U rf@ c@rongecrgna caypner c | i@
oF qeF

for any dyadic cube Q and collection of maximal cubes I' C Dy \ {Q}, under the assumption that
F=0\U 0,er @) is not empty. We then define the «-approximate square functions S, S ~u and
nontangential maximal function N,u accordingly, as integrals defined on the x-approximate nontan-
gential cones instead of standard nontangential cones. Since N,u(q) < Nu(q) for all ¢ € I', we have
[ Neullpr ) < [Nul|L»@) < oo. By the interior Caccioppoli inequality (2.23) and 8 > a1 > «, we have

Seu(q) < Sgu(q) < C(k)Neu(q).
and thus
IScullLr o) S CU) | NettllLr (o) < CU) | NullLr (o) < 0. (3.101)

We cannot let k¥ go to zero in (3.101) since the upper bound on the right-hand side depends on « (in fact
C(k) — oo as k — 0). However, since || S u||1»(s) is finite, we can apply the previous arguments and
prove that ||Scu|| 7o) < [|Nett| L7 (o), With a constant independent of k. Hence

IScullLr o) < INcullLr (o) < ClINulLr (o),
with a constant C independent of k. Therefore we can safely let ¥ go to zero and conclude that

ISullpr ) = limsup ||SeullLr ) < ClINu|Lr ()
Kk—0

This finishes the proof of Theorem 3.1. O

4. w € A (0) is equivalent to BMO-solvability

4A. From w € A (0) to LP-solvability.

Theorem 4.1. Assume @ € Aoo(0). Then there exist some po € (1, 00) such that the elliptic problem (D)
is L?-solvable for all p € (pgy, 00), in the sense that there exists a universal constant C > 0 such that
for any f € C(? (T') and any Borel set E C T, the solution u(X) = [ f dwX satisfies the estimate

INullLr@) = ClfxElLP(0)
Remark 4.2. For a bounded set E, it suffices to assume that f € Cp(I").

Proof. We first treat the case when E = I'. Let ¢ € I" and define for any p > 1

N|=

My f(q) = sup (][A | f P da) < 00. 4.3)

A>q
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We claim
u(X)| < CMpf(g) forany X € T(g). (4.4)

Hence Nu(g) < CM, f(g), and thus by the L?-boundedness (p > 1) of Hardy—Littlewood maximal
function (see [Coifman and Weiss 1977] for spaces of homogeneous type and [Stein 1993])
INullLr o) < CIMfliLr@) S I1fllLr o)
In fact, let X € I'(q) be fixed and A = A(g, (1+a)8(X)). For j eNlet A; =2/ A, and set A_; = @

We have
u(X da) E . 4.5
( ) / f /A G\Aj—1 ( )

For each j € N, let A; denote a corkscrew point for A;. Recall Definition 2.89 of w € Axo(0) and
the discussion after that, in particular (2.92) and (2.93). We have that for each j, the Radon—Nikodym
derivative A
/(A"
kAj N _ —
(q) = (61 )= A,ﬁq —G )

satisfies a reverse Holder inequality

1
(f |kAJ'|’do) gc][ kY do (4.6)
Aj Aj

for all r € (1, rp), with uniform constants ro > 1 and C > 0. For any j > 2 and any surface ball
A" C Aj\ Aj_1, by the Holder regularity of solutions near the boundary (see Lemma 2.33), we have

X(A) <27 7BpAi—2(A) ~ 27 7B (A). (4.7)
Hence for any ¢’ € A \ Aj_q,
¥ (A) _ X () : o4 (N) :
kX(q) = li <27/ — " = 27BkAi(g). 48
(q )= ,_) o (A) A/lglq/ o(A) ™ A}g}/ o (A) (g"). (4.8

A'CAN\A;— A'CANAj

Therefore by (4.6), (4.8), and Holder inequality for conjugates »tr= 1 with r € (1, rg), we obtain

o0 00
j=078\Aj—1 o

Aj

< - —JjB . 4 % A_/' r %

<) o(AJ)(][Aj|f| do) (][A K41 do)

si 2 how)(f, v as)(f, K ao)
A; A;

2778 My f (@0 (A)) £ Mp £(q). (4.9)

~
Il
[=)

M .
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Thus we have finished proving the claim (4.4) for any p € (pg, 00), where py is the conjugate of ro. Note
that we never used the continuity or compact support of f, and replacing f by fyEr we can repeat the
same argument with no change. The assumption that E is bounded or f has compact support guarantees
we still have a priori finite integrability in (4.3). O

4B. Proof of the BMO-solvability.

Theorem 4.10. Assume that w € Aso(0). For any f € C(?(F), let u =Uf € W,(2) be a solution to
Lu = 0 given by Lemmas 2.37 and 2.39. Then |Vu|? §(X) dm(X) is a Carleson measure, and moreover

1
sup —// IVul?8(X)dm(X) <C| f? . 4.11)
acr 0(A) T(A) BMO()

Proof. Fix an arbitrary surface ball A = A(go, ). Let & > 0. Define the constant ¢ = max{« + 2, 12}
and let A = cA = A(qo, cr) be a concentric dilation. We define the average f A= fl fdo. Let

Nh=U=TDxx. L= —-/Drmi =i
and for any X € €2 let

ul(X)=/rf1 de=/A(f—f5)de,
_ X _ s X _ X _ s X X
us(X) = /F frdoX = /F LU S /F S A0t SR\,

Uz = f A
By Lemmas 2.37, 2.39, 2.42 and 2.43, they are solutions to L, and u1, u5 can be continuously extended
to I\ A and A, respectively. Moreover

(1 + 112 + 1) (X) = [F £ do® = UF(X) = u(X).

Clearly the Carleson measure of the constant function u3 is trivial.
Applying Theorem 4.1 to f1 and uy, we get |[Nuil|lpr) < Cll fillL»() < 0o. Combined with
Theorem 3.1,

1
D
ISuilLo) < INurlo) < illn = ( [ 17 = 1317 do) @12
for any p € (po, 00). By (2.95) and (2.96)

I vmpscoamco=c [ iSeinnPdo
T(A) (@+2)A
Recall that A = ¢A D (« + 2)A; thus

I P dneo <c [ 1S do
T(A) A

<Co(A) > /~ |Suq|? do
A

~.1-2
< Co(D)' 7 [Surll7 r e (4.13)
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for any p > max{2, po}. Combining (4.13) and (4.12) we get
[ 19 s dmx) < Co@lf Ryoa < @14
T(A)

Turning to the estimate for uy, let {I;} C )V be a collection of dyadic Whitney boxes that intersect
T (A) (recall the properties of Whitney decomposition W in (3.6)). On each Whitney box [, we have by
the interior Caccioppoli inequality (2.23)

f Vas P $(X) dm(X) < €(13) / Vusl? dm(X)
I Iy

1 2
sz(lk)-wffﬁ: 2 (X)2 dm(X)

luz(X)[?
5//; —S(X) dm(X).

Recall I} = (1 + 0) 1 is the dilation of [ satisfying (3.11). Then summing up we get

) w22
I, e 5(X>dm<X>5fol* S dm(x)

u2 (X))
dm(X). 4.15
[/7‘(3A) s ™ : @1

In the last line we use the finite overlap of {/ 1: }, and the fact that by taking 6 sufficiently small, we can
ensure that /7 C T(%A) for all Iy, intersects T(A). Recall that %A = A(qo, %r) and T(%A) denotes
B (qO, ) N Q

Let f2 denote the positive and negative parts of f2, and let u2 = fr\ A f2 dwX > 0. There is a
technical issue that f2 ¢ C, O(F) however by splitting u2 as

= f doX — 50X (f = [\ B,
{(f=fxN\A
== [ Fdo s R s < i)
{f<fxN\A
we can confirm by combining Lemmas 2.42 and 2.43 that uéﬁ € W, (L2) are indeed legitimate solutions
of L, and they can be continuously extended to A by zero. By the linearity of integration, we have
u = [p f> dwX = u; —u,. Letv(X) := u;'(X) +u5 (X); again by linearity we have

_ X _ L X
v(X)—/Flledw —/Mv fildoX. 4.16)

Thus |u2(X)| < v(X) for all X € Q. Moreover by the properties of uéc, we know that v € W, (Q2) is a
solution of L, that Tv = 0 on A and that v € W, (B(qo. cr)). (Recall that A = cA = B(gg,cr)NT.)
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We claim
v(X) < C||f||BM0(U) forall X € T(6A). “4.17

By the definition (4.16), the function v vanishes on A. Note that A D 12A by the choice of A ve
W (B(qo, 12r)) is a nonnegative solution in 7(12A) and Tv = 0 on 12A. Let A be a corkscrew point
for T(12A); by the boundary Harnack inequality (2.54)

v(X) <Cv(A) forall X € T(6A).
For any j € N, let A; be a corkscrew point for the surface ball 2/ A. Similar to (4.9), we get
w .
ORI | = f2 Ik do

i1 2/ A\2/—1A

1

<°° —JjB _rpyg » kAjrd)r s
_;2 (]2/‘&|f Il 0) (fz.igl "do | o(2/A)

(o,]
<D 277 fllsmo@y@® (27 A)
j=1

< | f llBmMo(o)- (4.18)

Here p is a conjugate to r. We conclude the proof of (4.17).
Next, we show a finer estimate based off (4.17), which is

B
o0 = (X2 ) 1 laviow forall X e T(3), @.19)

where 8 € (0, 1] is the exponent from Lemma 2.33. To this end, for any X € T(%A), let gx be a boundary
point such that | X —gx| = §(X). Note that

|X —gx|=38(X) <|X —qol < 3r:
i.e., X € B(qx, 3r) N Q. Note also
lax —qol < lgx — X| +|X —qol < 3r+3r =3r,

so B(gx,3r) C B(qo.6r). Since A D 6A D A(gx,3r), we have v € W, (B(gx,3r)) is a nonnegative
solution in B(gx,3r) N2 and Tv = 0 on A(gy, 3r). By the boundary Holder regularity (2.34) and the
first part of this lemma (4.17), we conclude

X — gx| "( ! 2d )é
'U(X) S ( 3y ) m(B(qX, 3r)) //;;(qx,3r)nﬂ |v| "

§ B § p
s( (X)) sup v < (@) 1 £ o).
T(6A) r

r
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Combining (4.19) and (4.15), we get

113
Vuo|*8(X)d M( 500281 g ) |
/[T(A)I ua|~8(X) dm(X) £ — 3 /fT@A) (X) m(X) (4.20)

Since 2 — 1 > —1, we can use Lemma 2.10 with exponent « = 2 — 1 to get

I 192 800 im0 < 11 £ o) <01 o @421)
T(A)
Combining (4.14) and (4.21) finishes the proof. O

4C. From BMO-solvability to ® € A (d). In this subsection, we prove the other half of Theorem 1.11:

Theorem 4.22. Assume that for any [ € C(?(F), the solution u = Uf € W, () given by Lemmas 2.37
and 2.39 satisfies the property that |Vu|? §(X) dm(X) is a Carleson measure with

1 2 2
sup —// [Vul“§(X)dm(X) < C| fI . (4.23)
Acr o(A) T(A) BMO(@)

Then w € Aoo(0), with the implicit constant depending on d,n, Co, C1 and the above constant C.
Let us start with proving the following Lemma.

Lemma 4.24. Suppose the Dirichlet problem (D) is BMO-solvable. Then any nonnegative function
f e C(?(F) whose support is contained in a surface ball A satisfies

/A £ do? < C £ lsmo). (4.25)

Here A is a corkscrew point for A.

Proof. Since f € C(? (I") is a nonnegative function, by Lemma 2.37 u = Uf € W, (2) is a nonnegative
solution of L. Suppose A has radius r. Consider another surface ball A’ = B(q’, r)NT of the same radius r
and which is of distance 2r away from A. Thus in particular, Tu = 0 on 3A" and u € W, (B(q’, 3r)), by
Lemma 2.37(i) and (iv). Applying the BMO-solvability assumption to u = U and the surface ball A’,
we have

[ a0 amx) = o By (4.26)
T(A)
We have shown in (2.97) that
// IVul?8(X)dm(X) > / |S1,ul*do, (4.27)
T(A) a2

where S .u is the truncated square function of aperture & > «, whose value is determined in Lemma 2.59
and only depends on 1, d, Cp, C; and «. In order to get a lower bound of the square function S ! LU, We
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decompose the nontangential cone I" 1 +(¢q) into stripes as in (2.57) and use the Poincaré-type inequality
proved in Lemma 2.59 for surface ball A’. Let my, m, be integers determined in Lemma 2.59. We obtain

syfa@)= [ oot amon)
?1/2),(‘1)
o
Z IVu28(X)' =% dm(X)
ml +I712 j=m re m1—>1+m2(q)

Z Q7' d// \Vul2dm(X)

] =mi+1 j ml~>j+m2(q)

Q). )2 Zdm(X)
] mzm ] r //a@u m

2 Y, w4,

j=mi+1

where A; € I'j(g) is a corkscrew point at the scale 27/ r. In the last inequality, we use the interior
corkscrew condition, as each stripe of the cone I'; (¢) contains a ball of radius comparable to 27771y (as
long as « is chosen to be big, say o > 2M, where M is the corkscrew constant). Moreover,

o0

>0 uP(A) =P (Amy) 2 uP(4). (4.28)
Jj=mi1+1

Recall for any g € A, the point A; = A(q) is a corkscrew point of B(g,271r). Let A’ be the corkscrew
point for T(%A’ ); by Lemma 2.1 and the Harnack inequality, u(A") ~ u(A;). Therefore

|S%ru|2(q) >u?(Ay) = u?(A’) foranyqe A

Combining this with (4.26) and (4.27), we get

o(A')an]%,Mo(g)z/l 1Sy, ul2 do 2 0 (8 )2 (4) 2 o (A (A,

and thus
u(A") < |l f lIsmo(o)- (4.29)

Let A be a corkscrew point for A. Since A and A’ have the same radius r and they are of distance 2r
apart, we have u(A) ~ u(A’). By assumption f is supported on A; hence

u(A) = [ fdw?. (4.30)
A
The lemma follows by combining (4.29) and (4.30). O

With that at hand, we pass to the proof of Theorem 4.22.
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Proof of Theorem 4.22. By the change-of-pole formula in Lemma 2.86 and the Harnack inequality, to
prove w € Axo(0) and in particular (2.90), it suffices to show: for any € > 0 fixed, we can find n = n(e)
such that for any Borel set £ C A

U(E)< implies a)A(E)
oAy 1 TP LA

<e. (4.31)

Here A is a surface ball and A is a corkscrew point for A. In fact, since 0 and w are regular Borel
measures, we may assume £ is an open subset of A.
Recall from Lemma 2.79 that

od(A)>Cc!

for some C > 1. Thus to show w4 (E)/w4(A) < € it suffices to show w4 (E) < C'e. Let § >0 be a
small constant to be determined later; we define a function

f(x) =max{0,1+d8log My yg(x)}, (4.32)

where M, is the Hardy-Littlewood maximal function with respect to ¢. Similar to Section 5.3 of [Zhao
2018], f satisfies:

e 0< f <1,and f =1 on the open set E.

* ||/ llemo(s) < A8, where A is a constant independent of E.

o If
o(E)

o —1/8
o) <n() ~e , (4.33)

then f is supported in 2A.

Next we use a mollification argument to approximate f by continuous functions. Let ¢ be a radially
symmetric smooth function on R” such that ¢ =1 on B 1, Suppg CBrand0<¢ <1. Let

Jyer f)gpe(x —y)do(y)
Jyer 9e(x —y)do(y)

forx €T. (4.34)
€

0e(z) = Gidw(f), fol) =

Then these f¢’s satisfy the following properties:

» Each f, is continuous, and is supported in 3A.

e There is a constant C (independent of €) such that || f¢|lsmo(o) < Cll f [IBMO(0)-

e f(x) <liminf.¢ fc(x) for all x in their support 3A.
The proof of the above properties is a slight modification of Appendix A of [Zhao 2018]: here the mollifier
{pe} 1s an approximation of identity of dimension d, instead of dimension n — 1. The proof uses standard

mollification arguments and the Ahlfors regularity of I". Moreover, the proof of the last property also
uses the precise definition of f in (4.32).
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Let A’ be a corkscrew point with respect to 3A. The last property and Fatou’s lemma imply

/ f(x) da)A/(x) 5/ liminf f¢(x) da)A/(x) < liminf/ fe(x) da)A/(x). (4.35)
3A 3A €20 €0 J3A

Since each f is nonnegative, continuous and supported on 3A, we apply Lemma 4.24 and get

/3A fe(x)do? (x) < C| fellzmow) < C'Il f IBmo(o)- (4.36)

Combining (4.35) and (4.36), we get

[ 0" 0 = €l f o = €

On the other hand, since f > yg
/ F(x)do? (x) = 0¥ (E) 2 04 (E).
3A

The last inequality follows from the Harnack inequality and the fact that A, A" are corkscrew points
to surface balls A,3A respectively. Therefore w4(E) < C§, as long as the condition (4.33), i.e.,
o(E)/o(A) < n, is satisfied. In other words, @ € Axo(0). |
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