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GENERALIZED ¢-GAUSSIAN VON NEUMANN ALGEBRAS
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I: RELATIVE STRONG SOLIDITY
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We define I'; (B, S ® H), the generalized g-gaussian von Neumann algebras associated to a sequence
of symmetric independent copies (7;, B, A, D) and to a subset 1 € S = §* C A and, under certain
assumptions, prove their strong solidity relative to B. We provide many examples of strongly solid
generalized g-gaussian von Neumann algebras. We also obtain nonisomorphism and nonembedability
results about some of these von Neumann algebras.
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1. Background and statement of results

1A. Normalizers in von Neumann algebras. The study of normalizers in von Neumann algebras is nowa-
days an intensely active area of research within the field of von Neumann algebras. For a von Neumann
algebra M, we denote by U/ (M) the group of unitaries in M. Recall that for an inclusion A C M of von
Neumann algebras, the normalizing group of A in M is defined as Ny (A) ={u eU(M) :uAu™ = A} and
the normalizer of A is the von Neumann algebra generated by the normalizing group, i.e., Nas(A)” C M.
When A is a maximal abelian von Neumann subalgebra of a type-1I; factor M, A is called a Cartan
subalgebra if its normalizer is the whole of M. While some results were obtained in the early 80’s, see,
e.g., [Connes and Jones 1982; Jones and Popa 1982] and most notably [Connes, Feldman and Weiss
1981], the first truly significant achievement in this area is Voiculescu’s ground-breaking result [1996]
about the absence of Cartan subalgebras in the free-group factors L([F,). After this, in their seminal work,
Ozawa and Popa [2010a] established the following result:
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Theorem 1.1. Let F,, ~ B be a profinite trace-preserving action of a free group on an amenable von
Neumann algebra B. Then for every amenable von Neumann subalgebra A C M = B x [, either
A <p B, or the normalizer of A is amenable.

The notation A <7 B reads “a corner of A embeds into B inside M ”, in the sense of [Popa 2006b,
Theorem 2.1], and it roughly means that A can be conjugated into B by a partial isometry in M. When
B is the scalars, this shows that the normalizer of any amenable diffuse von Neumann subalgebra of
L(F,) is itself amenable, not only reproving and strengthening Voiculescu’s result, but also giving a
surprisingly far-reaching classification of normalizer algebras in the free group factors. More than
merely proving the above theorem, [Ozawa and Popa 2010a] introduced an array of innovative ideas and
techniques which remain all-pervasive and highly influential in the field to this day. The results in that
paper were then extended in [Ozawa and Popa 2010b] to profinite actions of weakly amenable groups
having proper 1-cocycles into (a multiple of) their left regular representations. Subsequent generalizations
to the case of profinite actions of groups having quasicocycles or direct products of such have been
obtained in [Chifan and Sinclair 2013; Chifan, Sinclair and Udrea 2013]. Recently, Popa and Vaes
obtained the definitive form of these results, by completely removing any assumption on the action of the
group. Specifically, they proved the following results (see [Popa and Vaes 2014a, Theorem 1.6; 2014b,
Theorem 1.4]):

Theorem 1.2. Let T be a weakly amenable group having either a proper 1-cocycle or a proper 1-
quasicocycle into a (representation which is weakly contained into) a multiple of its left regular repre-
sentation. Let I ~, B be any trace-preserving action of T" on the finite von Neumann algebra B, and let
A C M = B xT be avon Neumann subalgebra which is amenable relative to B inside M. Then either
A <1 B, or the normalizer of A is amenable relative to B inside M.

Theorem 1.3. Let I' ~ B be a p.m.p. free ergodic action, where B is abelian diffuse and I is weakly
amenable and admits an unbounded (rather than proper) 1-cocycle into a mixing representation which is
weakly contained into a multiple of the left regular representation of I'. Then M = B x I has a unique
Cartan subalgebra, up to unitary conjugacy.

Popa and Vaes coined the phrase “relative strong solidity” to describe the situation in which the
dichotomy in Theorem 1.2 holds. Namely, a von Neumann algebra M is strongly solid relative to B, for
B C M a subalgebra, if for every von Neumann subalgebra A C M which is amenable relative to B
inside M, see [Ozawa and Popa 2010a], it is either the case that A <37 B or that the normalizer of A4
is amenable relative to B inside M. In the case of B abelian diffuse and of p.m.p. free ergodic actions
I' ~n B, the strong solidity of the von Neumann algebra M = B x I relative to B implies its uniqueness
of Cartan subalgebra, up to unitary conjugacy. Strong solidity relative to the scalars is simply termed
strong solidity. Strong solidity is in turn an enhancement of Ozawa’s concept of solidity [2004]. Ozawa
called a von Neumann algebra M solid if for every diffuse von Neumann subalgebra A C M one has
that A’ N M is amenable. It’s easy to see that a nonamenable solid factor M is automatically prime, i.e.,
cannot be written as M = M; ® M,, with M; an infinite-dimensional factor fori = 1, 2.
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Further results pertaining to the classification of normalizers and relative strong solidity were obtained
in [Sinclair 2011; Ioana 2015; Isono 2015a; 2015b; Avsec 2012; Boutonnet, Houdayer and Vaes 2018;
Houdayer and Vaes 2013; Caspers 2018].

1B. Noncommutative probability. Voiculescu [1985] introduced his highly influential free probability
theory in the early 80’s, in order to tackle some problems related to the free group factors. Since then,
free probability theory has grown into an immense industry with far-reaching ramifications. Very roughly
speaking, in the realm of free probability, classical probability spaces are replaced by C *- or W *-algebras
endowed with distinguished states (normal in the W* case), classical random variables by operators in
those algebras, classical independence by Voiculescu’s free independence, and the classical distribution
function by Voiculescu noncommutative distribution of a noncommutative random variable, or joint
distribution in the case of a system of random variables. In particular, the normal (gaussian) distribution
is replaced by Wigner’s semicircular law.

1B1. Classical gaussian random variables. We briefly recall the construction in Section 1.1 of [Peterson
and Sinclair 2012]. Let H a real Hilbert space and, for § € H, let [¢ be the creation operator on the
symmetric Fock space of Hc = H @ iH. Then s1(§) = %(l g+1 g‘ ) is an unbounded self-adjoint operator
in the symmetric Fock space. The operators s1(§) and s1 () commute for all £ and 1 and are independent
with respect to the vacuum state whenever (£, n) = 0. Define I'; (H) to be the abelian von Neumann
algebra generated by the spectral projections of all the s1(£), £ € H (or equivalently by all the unitaries
w(1,..., &) =exp(ins(é1)---s(&x))), equipped with the trace given by the restriction of the vacuum
state. For ||€]| = 1, we have the moment formula

m!
T(s(§)™) = Smean s = |Py(m)| = Z 1@
% (7))
o€Pr(m)
where P,(m) is the collection of pair partitions on the set {1, ..., m}, and for 0 € P,(m), cr(c) denotes

the number of crossings of 0. These are exactly the moments of a classical gaussian random variable. By
commutativity, independence and multilinearity, the moment formula can be extended to

t(s1E) - s1Em) = Y 199 [T & &)

oePy(m) {l,r}ec

One also recalls:

Theorem 1.4 (classical central limit theorem). Let {X,},>1 be a sequence of independent, identically
distributed random variables on a probability space (2, X, P), all having mean equal to zero and variance
equal to 1. Then the averages Sy, = n=z Z;‘l=1 X converge in distribution to a normal (gaussian) random

variable with mean zero and variance 1.

If X, are chosen such that sup,,~ [|Snllcc < 00, then one can restate the central limit theorem by
saying that the element S = (Sy), € (L°°(2, P)?, 1) has a gaussian (normal) distribution, where w is
a free ultrafilter on N and (L°°(2)®, 1,,) is the ultraproduct von Neumann algebra. In other words, one
could “simulate” gaussian elements using an ultraproduct model.
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1B2. Voiculescu’s free semicircular random variables. Voiculescu [1985] constructed a functor & from
the category of real Hilbert spaces with contractions to the category of finite von Neumann algebras with
completely positive maps. For & € H, the element (/) = so(h) is concretely realized as the real part
of the creation operator on the full Fock space of Hg. Moreover, he proved that for an orthonormal set
{hi,...,hm} C H,theelements so(h1), ..., S0(hy) are freely independent, have semicircular distributions
givenby du(t) = % X(=1,1)(t)v'1 —12 dt, and generate a copy of the free group factor L(F,). In particular,
for a finite-dimensional Hilbert space H, ®(H) is *-isomorphic to the free group factor L(Fgimgr))- It
is well known that the moments of a semicircular variable are given by

m!
T(so(M)™) = Smean 5 = Z 0@ — Z 0r(@)
(% + 1)((%)') o€ Py(m) 0 ENCP» (m)

where we denote by NCP;(m) the collection of noncrossing pair partitions on the set {1,...,m} and
with the convention 0° = 1. By direct computation, the above formula can be extended to

t(so(h1) - so(hm)) = D 0@ TT (s, hy).

oePy(m) {l,r}eo
Let’s recall Voiculescu’s central limit theorem [1985]:

Theorem 1.5 (Voiculescu’s central limit theorem). Let {a,}n>1 be a sequence of freely independent
self-adjoint random variables in a C*-probability space (A, ). Assume that ¢(an) = 0 for all n,
Sup, > llanll < 00 and limy 0o n™' Yi_; 0(ay) = 1. Then the elements S, = n=z > iy aj converge
in distribution to a semicircular element; i.e., their limit distribution is the semicircular law.

In particular, this says that, beside the Fock space construction, one could create semicircular random
variables by taking elements of the form

n

S=nhn = (n_é Zaj) € (Mw7f€0)’

Jj=1

with a,, as above in a finite W *-probability space (4, ¢) = (M, t) and satisfying the additional condition

n

_1
HZEaj

j=1

sup
n>1

< OoQ.

o0

Let us also recall an informal statement of Voiculescu’s matrix limit theorem [1991, Theorem 2.2]:

Theorem 1.6 (Voiculescu’s matrix limit theorem). Any family of random matrices with size going to
infinity having independent normalized gaussian entries converges in distribution to a free semicircular

Sfamily.

Again, we could interpret this as saying that one can create free semicircular families using elements
of some suitable ultraproduct of matrix algebras over abelian von Neumann algebras.
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1B3. g-gaussian von Neumann algebras. The g-gaussian von Neumann algebras I';(H ), for H a real
Hilbert space, were introduced by Bozejko and Speicher [1991; 1992; 1994; 1996] and further studied
in [Bozejko, Kiimmerer and Speicher 1997; Ricard 2005; gniady 2001; 2004; Krolak 2000; 2006; Nou
2004; 2006; Shlyakhtenko 2004; 2009; Dykema and Nica 1993; Avsec 2012; Dabrowski 2014]. For
—1 < g < 1, Bozejko and Speicher constructed a functor I'; from the category of real Hilbert spaces with
contractions to the category of finite von Neumann algebras with completely positive maps. I'; (H) is
called the g-gaussian von Neumann algebra associated to H. The generators I';(h) = s4(h), for h € H,
admit a concrete representation as the real part of the creation operator by % on the g-Fock space of H; for
details, see, e.g., Section 2 of [Bozejko and Speicher 1991]. When ¢ = 0, the functor I'; coincides with
Voiculescu’s functor @, so I'g(H ) = L(Fgim(#))- A direct computation using the concrete realization of
the s4(h)’s gives the moment formula

(sq(h1)---sq(hm) = Y ¢ [T (hi.hr).

oc€P>(m) {l,r}ec

which is why, in view of the above, the s, (/)’s can be called g-semicircular elements. The central limit
theorem holds in the g-gaussian context as well, see, e.g., [Speicher 1992, Theorem 1; 1993, Theorems 1
and 2; Bozejko 1991; Junge and Zeng 2015, Appendix A], but its statement is very technical and we
omit it. Also, the ¢-gaussian von Neumann algebras admit random matrix models; see [Sniady 2001,
Theorem 3]. We mention that, originally, the g-gaussian von Neumann algebras were studied as concrete
implementations of the canonical g-commutation relations, or as examples of nonclassical Brownian mo-
tions, see, e.g., [Bozejko and Speicher 1991; 1992; 1994], but we choose to downplay these aspects in the
present work. The central limit theorem suggests that the g-gaussians can be introduced via an ultraproduct
model. In fact, a concrete ultraproduct embedding which holds a great heuristic value for us is given by

T,(H) = (T,(2® H)®, sq(h) (n—izsq(ej ®h)) ,
j=1 n

where {¢; }jen is the standard orthonormal basis of £2 = ¢2(N).

1C. Generalized q-gaussian von Neumann algebras with coefficients. In this article we introduce a
new class of von Neumann algebras and prove some structural results about them. Specifically, we
introduce the generalized q-gaussian von Neumann algebras with coefficients associated to a sequence of
symmetric copies (nj, B, A, D). A 4-tuple (rj, B, A, D) is called a sequence of symmetric copies (of A)
if B, A, D are finite tracial von Neumann algebras such that BC AND andn; : A— D, j €N, are
unital trace-preserving normal *-homomorphisms satisfying

(1) nj|p =idp forall j;

(2) Ep(mj (ar)---mj,,(am)) = Ep(7s(j)(@1) -+ o (j,,)(am)) for all finite permutations o on N, all
indices j1,..., jminNandallay,...,a;, in A, where Ep : D — B is the canonical trace-preserving
conditional expectation.
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We mention that our copies satisfy some additional independence conditions (see Definition 3.2). Let
—1 < g < 1 be fixed. For H an infinite-dimensional (real) Hilbert space and S a self-adjoint subset of A
containing 1, the generalized g-gaussian von Neumann algebra

I,(B,S®H) C ([,(t*® H)® D)*

with coefficients in B and associated to the symmetric copies (7, B, A, D) is defined as the von Neumann
subalgebra generated by the elements

sq(a,h) = (n_Qqu(ej ® h) ®nj(a)) ,
j=1 n

aEBSB={b1ab23b1,b2€B,a€S}, heH.

Here w is a free ultrafilter on the natural numbers and I'; (£? ® H)) is the g-gaussian von Neumann algebra.
When H is finite-dimensional, one needs to further apply a “closure operation” (see Definition 3.4 and
Proposition 3.14 for more details). The crucial observation here is that, since a Fock space model is not
available, we are forced to introduce our generalized gaussians via an ultraproduct model. The generators
sq(a, h) satisfy the moment formula

(sq(ar. hy) -+ sq(@am. hm)) =Smean Y ¢ [ (hi.hr)en (g, 1)(@1) g gy (@m)).

ogePy(m) {l,r}ec

as well as the B-valued moment formula

Ep(sq(ar.hy)---sq(@m hm)) =6mean > ¢ [ (i hr) EB(mgy(1)(@1) - 74, omy(@m)).

ogeP>r(m) {l,r}eo

where for every pair partition o = {{k,k{},...,{k,, k,}} € P2(m), the function ¢ : {1,...,m} —
{1..... p =2} is chosen so that ¢5 (k]) = ¢o (k]) = 1..... ¢o (k) = ds(kj;) = p. In view of all of the
above, the elements s4(a, ) could thus judiciously be called “B-valued g-semicircular random variables
having symmetric B-moments”.

When compared to pure g-gaussians, the generalized g-gaussian von Neumann algebras with coefficients
can be viewed as an analogue of the cross-product von Neumann algebras B xI" as opposed to pure group
von Neumann algebras L(I"). This analogy can be given some substance along the lines of [Shlyakhtenko
1999]. However, in the present work we do not pursue this insight and use this analogy merely as a
guideline for the implementation of Popa’s deformation-rigidity strategy. The main result we prove about
our generalized g-gaussian algebras is:

Theorem A. Let (7, B, A, D) be a sequence of symmetric independent copies, H be a finite-dimensional
Hilbert space and A C M =Ty (B, S ® H) be a diffuse von Neumann subalgebra which is amenable
relative to B inside M. For every s > 0, define D(S) to be the following right B-submodule of L*>(D):

where m = s + 2p, Pi2(m) is the set of pair-singleton partitions of {1,...,m}, o runs over all
pair-singleton partitions in P12(m) having s singletons and p pairs and for such a partition o =
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(k) ks KL KT - kg k) the function o {1, ... m}— {1, ..., s+ p} satisfies ¢po (k1) =
L...,¢o(ks) = s and ¢po (k1) = ¢o(k{) = s+ 1,...,¢5(k}) = ¢o (k) = s + p. Assume that there
exist constants d, C > 0 such that dimg (D4 (S)) < Cd* for all s > 1. Then at least one of the following
statements is true:

(1) A<y B.

(2) The von Neumann algebra P = Npy(A)” generated by the normalizer of A in M is amenable relative
to B inside M.

The technical condition on the dimension of the B-modules Dy (S) implies in particular that the
subspace of Wick words of length k is finitely generated over B for all k > 1 (see Theorem 3.16 and
Proposition 3.20). This last condition in turn is the exact analogue of the group cocycle being proper in
the case of cross-product von Neumann algebras.

As a consequence of our Theorem A, we find a number of examples of generalized g-gaussians
which are strongly solid (when B = C or B is finite-dimensional) or strongly solid relative to B for
diffuse B. While the class of generalized g-gaussian von Neumann algebras with coefficients is huge
(roughly speaking such a von Neumann algebra can be constructed starting from any action of the infinite
symmetric group on another finite von Neumann algebra), the range of examples to which our Theorem A
applies is greatly restricted by the technical assumptions we make. The examples in the corollary below
are introduced in more detail in Section 4.

Corollary B. The following von Neumann algebras are strongly solid relative to B:
(1) (see Section 4A) B ® T'y(H) for H a finite-dimensional Hilbert space.

(2) (see Section 4C2) I'y(B,S ® H) associated to the symmetric independent copies (7, B, A, D)
constructed in the following way: take a trace preserving action o of Z on a finite von Neumann
algebra N. Let H = (g; : j > 0) be the Heisenberg group, take 1 : H — Z an onto group homomorphism
and define B : H ~ N by

Bg(x) =ay(g)(x), ge€H, xeN.

Let H1 = (go,g1) and take B= N xZ = N @ L(Z), A= N xH, and S = {l,gl,gl_l}. Define
wj:A— D by

mj(xug,) = dpg)(Nug;, wi(xug,) =xug,, x€N, jkeN.

(3) (see Section 4D1) T';(C, S ® K) associated to the symmetric copies (nmj, B=C, A=T1y,(H),D =
[, (0> ® H)), where 0 (sq,(h)) = sq(ej ® h) and K is a finite-dimensional Hilbert space.

(4) (see Section 4D2) I'y(By, S ® H) associated to the symmetric copies (nj, Bg, Ag. Dg), where
By = L(Z(—q,0)> Ad = L(Z[—a,1])> Da = L(Z[—d,00)) = {Uho : 0 € Z[_g,00)}" and S = {1,u (1)}
for a fixed d € N\ {0}; here X7 is the group of finite permutations on Z and for a subset F C Z,
Y C Xz is the group of finite permutations on F naturally embedded into Xz. The copies are defined by
mj(a) =uqjyaujy, a € Aq.
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(4) (see Section 4B) T'y(C, S ® H) associated to the symmetric copies (Jr iWB=C,A=L(Z)={u}'.D=
Xk L(Z)), where u is a Haar unitary, the symmetric copies wj : A — D are defined by the relations
mi(u)=---klsxuxls*--- and S = {1, u,u*}.

It follows that the examples in (3), (4) and (5) are strongly solid and hence solid nonamenable von
Neumann algebras. In particular, they are prime von Neumann algebras. Note that when ¢ = 0 and H is
trivial, the example in (5) is x-isomorphic to L(Fso), thus reproving the strong solidity of the free group
factors.

Using Theorem A we also deduce the following:

Corollary C. Let M; =Ty, (B;, S; ® H;) be associated with two sequences of symmetric independent
copies (7‘[}, Bi, A;j, D;) and two subsets S; C Aj,and —1<q; <1, i =1, 2. Assume that 2 <dim(H;) < 0o,
dimp, (Dy (S;)) < Cd* for fixed constants d, C > 0 and B; are amenable fori =1,2. If My C M, then
B1 <m, Bz. Moreover, if M1 = M> = M, it follows that By <p B and By <p By.

This result can be regarded as an analogue of the “uniqueness of Cartan subalgebra” results in the
group measure space construction setting. Note however, that even when B is abelian, it is not a MASA in
M =T4(B,S®H). Indeed, B always commutes with a copy of I'; (/) inside M =1;(B, S ® H); hence
it can never be maximally abelian. Thus, even when By and B, are both abelian diffuse, we cannot avail
ourselves of Popa’s results [2006a, Appendix, Theorem A.1] about unitary conjugacy of Cartan subalgebras
to conclude that B; is unitarily conjugate to B;, so this double intertwining result is optimal in our case.
Finally, we deduce some nonisomorphism and nonembedability results for generalized g-gaussians.

Corollary D. Under the assumptions of Corollary C, if we moreover assume that
(1) By is finite-dimensional and B is amenable diffuse, or
(2) Bj is abelian and B is the hyperfinite 111 factor,

then M> =Ty, (B2, S2® H») cannot be realized as a von Neumann subalgebra of M1 =Ty, (B1, S1® H1).
In particular My and M» are not x-isomorphic.

1D. Comments on the proofs and structure of the article. Finally, a couple of words about the main
ideas behind the proof of Theorem A. We mention that actually Theorem A will be derived from the
technical Theorem 7.2 much along the lines of Theorem 3.1 in [Popa and Vaes 2014a], whose statement
and proof can be found in Section 7. We follow the approach of Popa and Vaes [2014a; 2014b], which in
turn is a development of the original ground-breaking insight in [Ozawa and Popa 2010a; 2010b]. Let
ACM =T4(B,S ® H) be a diffuse von Neumann subalgebra which is amenable relative to B. The
two main ingredients of the proof are, just as in [Popa and Vaes 2014a]:

(1) The fact that the embedding A C M is weakly compact relative to B. This is the existence of a
sequence of normal states viewed as unit vectors &, € LZ(N), where A' O M is a suitable (in general
nontracial) von Neumann algebra, which are asymptotically invariant to the action of the “tensor double”
of the normalizer of A in M ; the existence of these states is a consequence of the weak amenability (with
Cowling—Haagerup constant 1) of the pure g-gaussian von Neumann algebras I'; (H).
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(2) The existence of a one-parameter group of x-automorphisms (¢;) of a suitable dilation N of N
having good properties.

The proof proceeds by applying the deformation «; to the vectors &,. Then either the deformation
significantly displaces the vectors, or it does not. The first case yields the amenability of P = Nz (A)”
relative to B, while the second implies that A <,s B, via the fact that the maps 7y (where ¢t — T} is the
canonical semigroup of u.c.p. maps on M) are compact over B, in the terminology of Popa and Ozawa.

While it’s true that conceptually we follow closely the approach of [Popa and Vaes 2014a], it has to be
strongly emphasized that the technical difficulties of our approach are vastly larger. First of all, since
our objects are much more elusive and complicated than cross-product von Neumann algebras, being
defined as subalgebras of an ultraproduct to begin with, the proof of Theorem 5.1 (the existence of the
invariant states), which is the key ingredient in the proof of the technical theorem, is riddled with daunting
difficulties. Among these, constructing the von Neumann algebras involved in the deformation-rigidity
argument (e.g., N and N above) and the spaces on which they act was a particularly challenging task.
Also, the complete boundedness of certain maps used in the proof turns out to be surprisingly nontrivial
and requires the use of delicate operator-space techniques; in the pure Hilbert space setting, somewhat
similar techniques have been used in [Avsec 2012; Nou 2004; 2006]. Second, and just as important,
we cannot use the reduction to the “trivial-action case” (i.e., the tensor product case), as Popa and
Vaes do. The reduction step plays a crucial role in their proof, because it is only in the tensor product
setting that they are able to prove the relative weak compactness property and subsequently carry out the
deformation-rigidity arguments. The reduction is essentially based on the use of the comultiplication
map in the cross-product case. Since we have no good substitute for the comultiplication map, we cannot
reduce to the tensor-product case, and hence everything becomes much more complicated and technically
involved, including the standard forms of the von Neumann algebras involved, which are in general
nontracial.

The article contains six sections beside the introduction, and is organized as follows: Section 2
contains some needed technical preliminaries. In Section 3 we introduce the generalized g-gaussian
von Neumann algebras and prove their basic properties; among other things, we exhibit the canonical
generators of I'; (B, § ® H) (the Wick words), prove that they actually belong to the algebra and prove a
very useful reduction result about them. Section 4 lists a rather wide range of examples of generalized
g-gaussian von Neumann algebras constructed from a variety of symmetric independent copies. We
devote Section 5 to the proof of the relative weak compactness of the embedding .4 C M ; the second half
of this section contains some technical results about the complete boundedness of certain multipliers used
in the proof. In Section 6 we prove that under the assumption of polynomial growth of the dimensions of
the modules Dy (S) over B, the natural deformation bimodules used in the technical theorem are weakly
contained in L?(M) ® g L?(M), a fact which will be further used in combination with the technical
theorem to derive Theorem A. The proof is based on a novel and “nondeterministic” approach. Indeed,
the calculation of the deformation bimodules in the g-gaussian setting is a real challenge even in the
case of pure I';(H) von Neumann algebras, see [Avsec 2012], and it becomes even more so when we
allow g-gaussians with coefficients. Section 7 contains the proof of the main technical theorem and its
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applications. Beside many examples of strongly solid generalized g-gaussian von Neumann algebras, we
also obtain some nonisomorphism and nonembedability results.

2. Preliminaries

2A. Popa’s intertwining techniques. We will briefly review the concept of intertwining two subalgebras
inside a finite von Neumann algebra, along with the main technical tools developed by Popa [2006a;
2006b]. Let (M, ) be a finite von Neumann algebra, let f € P(M) and Q C fMf, B C M be two
von Neumann subalgebras. We say that a corner of Q can be intertwined into B inside M and denote it
by QO < B (or simply Q < B) if there exist two nonzero projections ¢ € Q, p € B, a nonzero partial
isometry v € gM p, and a x-homomorphism v : Q¢ — pBp such that vy (x) = xv for all x € ¢Qgq.
The partial isometry v is called an intertwiner between Q and B. Popa [2006b] proved the following
intertwining criterion:

Theorem 2.1 [Popa 2006b, Corollary 2.3]. Let M be a von Neumann algebra andlet Q C fMf, BC M
be diffuse subalgebras for some projection [ € M. Then the following are equivalent:
(1) O <m B.
(2) There exists a finite set F C fMf and § > 0 such that for every unitary v € U(Q) we have
> IEs(xvy™)3 = 6.
x,yEF

Let (M, 7) be a finite von Neumann algebra and ® : M — M a normal, completely positive map.
We say that @ is subtracial if 7 o ® < 7. If ® is subtracial, then, due to the Schwarz inequality, we
automatically have

()13 = 7(@(x)*P(x)) < T((x"x)) = T(x™x) = ||x]3:
i.e., ® is automatically || - ||o-contractive, and hence extends to a bounded operator on L2(M) defined by
To:L2(M) — L2(M), To(X)=®(x), xeM.

Let B C (M, 7) be an inclusion of finite von Neumann algebras. The basic construction (of M with B) is
defined by, see, e.g., [Popa 2006a],

(M,ep) = (M Uleg})" = (JBJ)' C B(L*(M)),

where L2?(M) is the standard form of M and J : L2(M) — L?(M) is the associated conjugation. The
definition of the compact ideal space of the basic construction (more generally of any semifinite von
Neumann algebra) can be found in [Popa 2006a, 1.3.3].

Definition 2.2. Let (M, t) be a finite von Neumann algebra, B C M a von Neumann subalgebra and
®: M — M anormal, completely positive, B-bimodular, subunital, subtracial map. We say that ® is
compact over B if the canonical operator T : L?(M) — L?(M) belongs to the compact ideal space of
the basic construction (M, ep).
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The following result is Proposition 2.7 in [Ozawa and Popa 2010a]; see also [Popa 2006a, 1.3.3].

Proposition 2.3. Let (M, t) be a finite von Neumann algebra and let B, P C M be two von Neumann
subalgebras. Let ® : M — M be a normal, completely positive, subunital, subtracial map which is
compact over B and assume that

inf ||[®(u > 0.
ueu(P)” () |2

Then P <1 B.

2B. Bimodules over von Neumann algebras and weak containment. Let M, Q be two von Neumann
algebras. An M-Q Hilbert bimodule K is simply a Hilbert space together with a pair of normal
x-representations A : M — B(K), p: Q°° — B(K) with commuting ranges. To these one can associate
a *-representation 7 : M ®Qpin QP — B(K) by

n(Z i ®y,‘;")s = Y ApOE xe e M, e 0. £k
k k

Definition 2.4. Let M, Q be two von Neumann algebras and H, KC be two M -Q bimodules. We say that
IC is weakly contained in 1 and denote it by IC < H if ||y (x)|| < ||y (x)] for all x € M ®q5 O, Where
7y, i are the x-representations canonically associated to the left and right actions on #, KC respectively.

Give an M -Q bimodule K and an Q-N bimodule H we will denote by K ® 9 H their Connes tensor
product, which is an M -N bimodule. For the definition and basic properties of the Connes tensor product,
see Sections 2.3, 2.4 in [Popa and Vaes 2014a]. The Connes tensor product is well-behaved with respect
to weak containment; see [loc. cit.].

Definition 2.5 [Popa and Vaes 2014a, Definition 2.3 and Proposition 2.4]. Let (M, tps) and (Q, tp)
be finite tracial von Neumann algebras and P C M a von Neumann subalgebra. We say that an M -Q
bimodule K is left P-amenable if one of the following equivalent conditions holds:

(1) There exists a P-central state  on B(K) N (Q°P) such that Q|pr = 1ar.
(2) L>(M) <K ®¢ K as M-P bimodules.
Definition 2.6. Let (M, 7) be a tracial von Neumann algebra, and let B, P C M be two von Neumann

algebras. We say that P is amenable relative to B inside M if one of the following equivalent conditions
holds:

(1) The M-B bimodule L?(M) is left P-amenable.
(2) L>(M) < L>(M)®p L*(M) as M -P bimodules.

Remark 2.7. Let (M, 7) be a finite von Neumann algebra and B, P C M be two von Neumann subalgebras.
Let K be a left P-amenable M -M bimodule such that K < L?(M) ®p H for some B-M bimodule 7.
Then P is amenable relative to B inside M. Indeed, we have that, as M -P bimodules,

L*(M) <K@y K< (L*(M)®pH) um (H®p L>(M)) < L2(M)®p L*(M).
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2C. Standard forms of nontracial von Neumann algebras. In some instances we will have to consider
nontracial von Neumann algebras M and their standard forms. Let us recall that a (hyper-)standard form
for a von Neumann algebra is given by (M, H, J, P), where J : H — H is an antilinear unitary, P C H
is a self-dual cone such that

(i) the map M — M’, x — Jx*J, is a x-anti-isomorphism acting trivially on Z(M);

(i) JE=Efor&é e Py
(iii) xJxJ(P) C P forx e M.
The standard form of M is unique up to x-isomorphism; see, e.g., [Haagerup 1975]. A particularly useful
way of describing the standard form of M is the abstract Haagerup L?(M) space, which we briefly
describe below. The reader can find more details in [Haagerup 1979; Terp 1982; Haagerup, Junge and
Xu 2010]. Let (M, ¢) be a von Neumann algebra endowed with a normal semifinite faithful (n.s.f.)

weight. Consider M = M xse R, the cross-product von Neumann algebra of M with R by the modular
automorphism group Uf . Then M is semifinite and there exists an n.s.f. trace t on M such that

(D@ : D) =At), teR,

where ¢ is the dual weight, (D¢ : D1); is the Connes cocycle and A(¢) is the group of translations on R.
Moreover, 7 is the unique n.s.f. trace on M which satisfies

106y =e7'1, teR.

Given another n.s.f. weight ¥ on M, denote by Ay the Radon-Nikodym derivative of 1& with respect
to 7, i.e., the unique positive self-adjoint operator affiliated to M such that

R o1
Y(x) = r(hjthj,), X € M4.
Then the following condition holds:
5';p(h1/,) = e_th,/,, teR.

Moreover, the map ¥ +— hy is a bijection from the set of n.s.f. weights on M to the set of positive
self-adjoint operators affiliated to M which satisfy the above condition. Let Lo(M, 7) be the *-algebra
consisting of all the operators on L2?(R, H) which are measurable with respect to (M, 7). For p > 0, the
Haagerup L? (M, ¢) is defined by

LP(M, @) ={x € Lo(M,1):67(x) = e pxforallfe R}.

One can define a bicontinuous linear isomorphism from My to L1 (M, ¢) as the linear extension of the
map
M} - LY(M, ), v~ hy .

The norm || - ||; on L'(M, @) is defined by requiring that the above isomorphism be isometric. One can
define a norm-1 linear functional tr on L' (M, ¢) by tr(/y) =¥ (1), and thus ||| ; = tr(|h]), he L1 (M, ¢).
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This “trace” is indeed tracial; i.e.,
tr(xy) = tr(yx) forx,y e L?>(M).
Let x = u|x| be the polar decomposition of an element x € Lo(M, 7). Then we have

xeL?(M,9) < ueM and |x|eL’(M,p)<uecM and |x|?eL (M, q).
1
This allows one to introduce the || - ||,-norm on L? (M, ¢), by || x|, = |||x|?||{ for x € L?(M, ¢). Let’s

also remark that the weight ¢ can be recovered from the trace. Define
Ny ={x €M :¢(x*x) <oo}, My =NyN,=span{y*x:x,y € Ny}

The dual weight ¢ has a Radon—Nikocllym 1derivative with respect to 7, which will be denoted by d,.
Then for every x € M, the operator dj xd is closable, its closure belongs to L1 (M, ¢) and we have
the relation

11
p(x) =tr(dg xdg), x€M,.
If ¢ is a bounded functional, then d, € L!(M, ¢) and the above identity becomes

11
p(x) =tr(dg xdg ) =tr(xdy), xeM.

The Haagerup space L? (M, ¢) does not depend on the choice of the n.s.f. weight ¢ up to isomorphism;
hence it can simply be denoted by L?(M). It’s easy to see that M is naturally represented in standard
form on the Haagerup space L?(M) via the obvious left and right actions. When M is finite and 7 is a
faithful trace on M, the Haagerup space L?(M) = L?(M, t) coincides with the usual one.

2D. W *-Hilbert modules. We also have to recall some facts about (right) Hilbert W*-modules. Accord-
ing to [Paschke 1973; 1974], see also [Junge and Sherman 2005], a right Hilbert C *-module X over a von
Neumann algebra M is self-dual if and only if admits a module basis, i.e., a family {&,} C X such that

X =span) &M and (f &) =Supea € P(M).

Here, (-, -) denotes the M -valued inner product. In this situation, there exists an index set /, a projection
e € B({3(I)) ® M, and a right module isomorphism u : X — e({2(1)¢ ® M ). Indeed, for a basis &, with
(> Ea) = eq, the map u is given by M(Za Sama) = [eqmqy]. Here £5(1)¢ ® M denotes the space of
strongly convergent columns indexed by 7. Then it is easy to see that the C *-algebra £(X') of adjointable
operators on X is indeed a von Neumann algebra, and isomorphic to e(B(£2(1)) ® M )e. Moreover, the
M -compact operators K(X) spanned by the maps ®¢ , () = £(n, {) are weakly dense in £(X), because
K(€5(I)) ®min M is weakly dense in B({2(1)) ® M. With the help of a normal faithful state, we can
complete X to the Hilbert space L (X, ¢) with inner product (§,7) = ¢((£,1)). Let 1y : X — L2(X, ¢)
be the inclusion map. Then

7 L(X) = B(La(X. ¢)), 7w(T)(tp(x)) = 1g(Tx),
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defines a normal faithful x-homomorphism such that
w(L(X)) = B(L2(X,9)) N (M)

This is indeed very easy to check for £L(X) = e(B({2(I)) ® M )e. See [Paschke 1973; 1974; Junge and
Sherman 2005] for more details and references.

3. The generalized gaussian von Neumann algebras with coefficients:
definition and basic properties

Throughout this section we will freely use the basic properties of the pure Hilbert space g-gaussian von
Neumann algebras I'; (H), as they can be found in Section 4 of [Junge, Longfield and Udrea 2014]; see
also [Avsec 2012]. The following result is due to Voiculescu, Dykema and Nica [1992].

Proposition 3.1. Let (M, ¢) and (N, ) be two von Neumann algebras endowed with faithful normal

[e.e]
i=1
Assume that for every m > 1, every iy, ...,im € N and every ; € {1, x} we have

QO = (i v,

Then there exists a *-isomorphism 7w : M — N such that o = ¢ and 7w(x;) = y; foralli > 1.

tracial states. Let (x;) and (y; )7’;1 be countable systems of generators for M and N, respectively.

Definition 3.2. Let A and D be two finite tracial von Neumann algebras and B a von Neumann subalgebra
of AND. Letw; : A— D, j €N, be a countable family of unital, normal, faithful, trace-preserving
*-homomorphisms. The 4-tuple (7, B, A, D) is called a sequence of symmetric independent copies of
A if the following properties hold:

(1) mj|p =idp for all j.

(2) Ep(mj (ar)---mj,,(am)) = Ep(7s(j)(@1) -+ o (j,,)(am)) for all finite permutations o on N, all
indices ji,..., jminNandallay,...,a;, in A, where Ep : D — B is the canonical trace-preserving
conditional expectation.

(3) Fori eNset A; =m;(A) C D and for I CN,set Ay =\/;c; 7i (A) = \/;¢; Ai C D (by convention,
set Az = B); then, for any finite subsets I C J CN, j ¢ J, d € A anda,d’ € A, we have

Eq,(mj(a)dmj(a") = Eq, (j(a)dm;(a")),
where E4, : D — Ay is the canonical conditional expectation.

(4) For any finite subsets 7, J C N, we have E4, E4, = E4,,,,. Note that this automatically implies
Eq,Eqa;, = Eq, Eq; = E4;n4, and in particular Ay N Ay = Ajny.

(5) An=D.
If the 4-tuple (;, B, A, D) only satisfies axioms (1) and (2), we call it a sequence of symmetric copies.

The role played by the copies 77 (A4) is analogous to that of tensor copies in a classical product probability
space; in fact such an infinite product probability space over a commutative or noncommutative base
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constitutes the first obvious example of symmetric independent copies. To be more precise, let (4, 7)
be a tracial von Neumann algebra, let D = ), (A, i), Where (4;,7;) = (A, 7) for all i € N, let
m; be the obvious embedding of A in D as the j-th tensor copy and let B = C. Then all the axioms
(1) to (5) are satisfied. In particular, one could take (A4,7) = (L°°(X ), fX du) for a probability
measure space (X, i). Axiom (2), while convenient because it greatly simplifies some of our technical
computations, doesn’t seem to be indispensable to the development of a general theory of B-valued
g-gaussian von Neumann algebras. Indeed, the generalized g-gaussian von Neumann algebras can still be
introduced in the presence of a weaker “subsymmetry” assumption, but the technicalities become even
more cumbersome, and it is unclear whether some of our results can still be obtained. Axioms (3) and (4)
can both be viewed as describing some sort of independence of the copies over B, with (4) being the
more obvious one, since for example it gives that for / N J = &, we have E4, E4, = Ep. In the case of
an abelian D and B = C, this amounts to classical probabilistic independence. Axiom (5), while added
for completeness, can always be made redundant by shrinking the algebra D.
In what follows, the expectations E4, will be denoted by E7.

Proposition 3.3. Let (nj, B, A, D) be a sequence of symmetric copies. Let ¥ = S(oo) be the group of
finite permutations on N\ {0}. Then for every o € X there exists a trace-preserving automorphism og of
Do = An\goy C D such that

ag (), (x1) - 7, (Xm)) = 7o) (X1) T () (Xm)  forall xy,...,xm € Aand j1, ..., jm €N.
Moreover,
Y — Aut(Dyg, 1), 0 ag,
is an action of ¥ on Dg by trace-preserving automorphisms. Additionally, if the symmetric copies satisfy
axiom (4), then the fixed points algebra of this action is B.
Proof. The map Vy : L?(Dg) — L?(Dy) defined by

N i () T () Y T () (K1) T () (m)

is easily seen to be a well-defined unitary because of axiom (2). Then oy = Ad(Vy)|p is a trace-preserving
automorphism of D which satisfies the required condition. The verification of the second statement is
straightforward and we leave it to the reader. O

Symmetric copies can also be introduced in the following alternative way, which is a converse to the
previous proposition: assume that « : 3 — Aut(D, 1) is a trace-preserving action by x-automorphism of
the finite von Neumann algebra D, where X is now the finite permutation group on N U {0} instead of N.
Denote by B = D the fixed points algebra of this action. Set

3o = Staby (0) = {0 € £ : 6(0) = 0},
A=D¥ ={deD:ay(d)=d forall o € T}.
Note that £y C X is a subgroup isomorphic to S(oco) and that B C A C D. For every j > 1, define
wj . A— D by the formula ; (a) = o(g;)(a), a € A, where (0j) € X is the transposition interchanging
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O and j. Then (7, B, A, D) represents a sequence of symmetric copies. Indeed, forany j > 1 and b € B
we have 7;(b) = a(g;)(b) = b because B is the fixed points algebra of the action e, so (1) is true. Note
that oy (a) = a forevery 0 € g anda € A and Ep cas = Ep for all 0 € X, due to (1) and the facts
that « is trace-preserving and the trace-preserving conditional expectation Ep : D — B is unique. Then
for every o € ¢ = S(o0) and for all jy,..., j,, > 1and ay,...,a, € A we have

Ep(7s(jy)(at) - 7o (j,) (am)) = EB(a(00(j1)) (@1) *** @00 (jn)) (@m))
= EB(0y(0j)o—1(a1) A5 (0/,)0—1 (Am))
= Eg((atg 0 jy) 0 tg—1)(a1) -+ (ctg © (g},,) © tg—1)(am))
= Eg(ag(aj,)(ai) - aj,)(@m)))
= Ep(ayy)(a1) -+ 2, (am))
= Ep(mj,(a1) -+~ 7j,, (am)),
so (2) is also true. As noted before, we can also assume without loss of generality that
D=\/mj4)=\/ 4.
j=1 j=1

by simply replacing D with a von Neumann subalgebra.

Notation. Let (ji,..., jm) be an m-tuple with 1 < j, <n, 1 <k <m. We denote by P(m) the set
of partitions of {1,...,m} and by 0, I the finest and the coarsest partitions in P (m), respectively. The
notation P »(m) stands for the collection of all the partitions of {1, ..., m} consisting only of singletons

and pairs. For 0 € P(m), we say that

(1) (J1s..+» jm) <o if ji = ji wheneveri,k € A € 0}

2) (J1,...,jm) = o if j; = ji implies that there exists an A € o with i,k € A4;
3) (J1,---,Jjm) =0 if j; = ji exactly when there exists an A € o such that i, k € A.
Given an m-tuple (j1,..., jm) = 0 with 1 < Jk<nforl<k=<m,weseta; . j, = Aoj, i where

Ojtoojm (@) = Ji, 1 i <m.

Definition 3.4. Let (r;, B, A, D) be a sequence of symmetric independent copies, S a subset of A such
that 1 € S = S* H aHilbert space and w a free ultrafilter on N. Denote by {e; } the canonical orthonormal
basis of {2 = £?(N). Let —1 < ¢ < 1. Define

T)(B.S®H)=(BU{sq(a.h):aeS, he H})' C(I,(*® H)® D)*,
where

n
sq(a,h) = (n_iz sq(e; ®h) ® mj (a)) .
j=1 n
Finally define

T4(B,S® H) = (Er, (2 gm) ® id), ([ (B. S ® K)).
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where K is an infinite-dimensional Hilbert space containing H, {2 =span{ey, ..., e,} and for each n
. 2 2
is the canonical conditional expectation.

As g will be fixed throughout this section, we will simply use the notation s(x, &) instead of s4(x, i)
from now on.

Remark 3.5. Due to functoriality, the definition of I';(B, S ® H) does not depend on the particular
choice of K D H. When H is infinite-dimensional I';;(B, S ® H) = 1"; (B,S® H).

Remark 3.6. I‘;(B, S®H)=({s(a,h):ac BUS, he H})" C([,({*?® H)® D)®.
Remark 3.7. I';(B, S ® H) is a von Neumann algebra. Indeed, since the map
E=(Er,2gm) ®id)n: (I ® K) ® D) — ([,((*® H) ® D)*

is anormal linear projection (i.e., idempotent map) of norm 1, it follows that I';; (B, S ® H ) is an ultraweakly
closed, self-adjoint subspace of (I';(¢> ® H) ® D)® containing the identity. It’s straightforward to see
that the map E has the following bimodularity property:

EMX)E(y)E(z)=E(E(x)yE(z)) forallx,y,z e l"(?(B, S®K).
Thus, for x,y € F,?(B, S ® K) we have
E(x)E(y) = E(E(x)y) € [4(B,S ® H).

The canonical generators s4(a, h) are not easy to work with in a variety of situations. The classical
g-gaussians possess a system of generators, the so-called Wick words, whose linear span is an ultraweakly
dense x-subalgebra. Generalized g-gaussians also have such a well-behaved system of linear generators,
which will be called Wick words by analogy with the classical case. In order to find these Wick words let
us first define, for everyn e N, x € Aand h € H,

n

(Z s(e; ®h) ® nj(x)) eT,(l>’® H)® D.

j=1

=

Up(x,h)y=n"

It’s easy to see that s(x, ) = (un(x,h)), € (T,((> ® H) ® D)® for x € A,h € H. For x1,...,Xm €
BSB ={biaby :b1,bp € B,ac S}and hy,...,h, € H we will analyze the product

Un(X1.01) g i) =072 " s(ej, ®h1) -+ 5(ej,, ®hm) @)y (x1)7Tj, (X2) -+ )y, (Xm)

15]1,'-'5j1n5n

= > (”_}g > S(ejl®h1)"'S(€jm®hm)®ﬂj1(Xl)---ﬂjm(xm))-
oeP(m)

(j] 2...,jm.)=0'
1<j1,--sxJm=n
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For o0 € P(m) let’s define

xB(x1,h1y o Xy ) =n" 2 Z s(ej, ® h1)---s(ej,, ® hm) ® wjy (x1) + -+ 70j,,, (Xm),
1<j1sesJm=n
Utseees Jm)=0c
and

xO'(.xl,hl,. .. ,.Xm,hm) == (xg.(xl,hl, P ,Xm, hm))n € (Fq(gz ®H) ® D)w.

To keep the notation less cumbersome, we will omit the parameters xi, i whenever they are clearly
understood from the context. Next we see that

Un(x1,h1) - un (X, hm) = Z x(';,
geP(m)
and also

s(xl,hl) ~--S(Xm,hm) = (un(xl,hl) un(xm,hm))n — Z Xg.

oeP(m)
Lemma 3.8. Let (7, B, A, D) be a sequence of symmetric copies. Then:
(0) sup, [[x2|loo <00 forallm >1and o € Py 2(m).
(i) If o ¢ P12(m)and 0 < p < oo then
lim |2, = 0.
In particular s(x1, h1) -+ $(Xm, hm) = Y _gep, ,(m) Xo-
Proof. The proof is the same as that of Proposition 4.1 in [Junge, Longfield and Udrea 2014]. O

Proposition 3.9. We have the following convolution formula for the multiplication of Wick words:

xc(xl»hly---7xm’hm)x6(yl,kl»---»ym’,km’)= Z x)/(xlsh1$-"$ym/7km/)'

y€P1 2(m+m’)
}’17|1.~~.m =0p, yp|1...._m/=0p

Moreover, item (1) in the lemma above shows that in the summation we can restrict ourselves to pair-
singleton partitions whose only additional pairings are between the singletons of o and 0. In particular,
the linear span of the Wick words is a x-algebra.

Proof. We have

xcr(xlahl,---,xm’hm)xe(YI,kl»---»ym’akm’)

_m+m’
=(n DY s(ejl®h1)---s<elm,®km/)®nj1(xl)---mmxym/))
(jl;n'ajm):G
U1y )=0
_m+m’
= > (n >y s(ejl®h1)-~-s<elm,®kmf)®njl(xl)--mm,(ym/))
yePl,Z(m+m/) (jlr""lm/)=y
Yplt1,...m3y=0p, ¥olg1....my=0p
= > Xy (X1, R0, Yty

yE€P1 2(m+m’)
Yoli1,...my=0p, Vp‘{] ..... m’}=917
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Now if y € Py 2(m + m’) connects a singleton in o with a leg of a pair in 6 or the leg of pair in o with
either a singleton or a leg of a pair in 6, the resulting x,, is associated to a partition containing a 3-set or a
4-set and hence vanishes according to Lemma 3.8. So in the above sum we may only allow y’s which
preserve the pair sets of both o and 6 and can only additionally pair singletons “on different sides of the
marker”, which ends the proof. O

Our next result provides a reduction method for the Wick words.

Lemma 3.10. Let w; : A — D be symmetric independent copies,and 1 € S = S* C A. Let x1,...,Xm €
BSB, o € Py 2(m) having s singletons and p pairsand ¢ : {1, ... ,m} —{1,..., s+ p} which encodes o,
ie., ¢p(ks) =t for every singleton {k;} € 0, 1 <t <s, and ¢(k}) = ¢p(k]) =t + s for every pair
{ki,k/} €0, 1 <t < p. Consider (g) a sequence of Rademacher variables, i.e., Bernoulli independent
random variables on a probability space (X, ) satisfying sy : X — {1}, E(ep = 1) =F(e, =—-1) = %
Then

Z &l €l & (7Tl¢(l) (X]) e ﬂl(b(m) (xm) - El],...,ls (T[ld,(l)(xl) e Trl(b(m) (xm)))
(lly~~-yls+p):0

2
—1
< C(m,XJ)an.

In particular we have

(n_lg Z &1y e 81y, @ (g0, (Y1) Ty (x’")))

(lls--~slst+l ----- ls+p)=0

= (n_A2 Z &l vt €l ® El] ..... ls(nld)(l)(xl) o 'T[ld,(m) (xm)))

(ll :'“:lS)=0

(ll s-"slS)=0
where Fg(x1,...,xm) = E1,. s(p)(X1) -+ Tpm)(Xm)) and the second equality takes place in
(L*®(X)® D)®.
Proof. Throughout the proof we endow L°°(X) ® D with the natural trace i ® 7, where 7 is the faithful

trace on D. The || - ||2 in the first statement is the one corresponding to © ® 7. The approach we take is
somewhat similar to the one in [Junge and Zeng 2015].

Step 1. Let x1,...,x; € BSB and n be fixed. Consider
Qn :{(Cl,...,Cs+p):C1 I_I"'I_ICsJ,-p ={1,...,I’l}, Cl #Qforalll}.

Make €2, into a probability space with the normalized counting measure. For every (s+ p)-tuple
,,,,, Iyt p - S2n — {0, 1} which is 1 if /; € C; for
all 1 <i <5+ p and 0 otherwise. According to the proof of Lemma 3.6 in [Junge and Zeng 2015],
E@ry,... 14 ,) = (s 4+ p)7°7P = C. Put

(s lsyp) = 0, consider the indicator function 3,

F(ll, e 1S+p) =E&] € ® (ﬂ]¢(1)(X1) Tt T[ld,(m) (Xm)) - El] ..... Ig (T[lqg(l)(xl) o nld)(m) (xm))
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Then we have

Y Flh.....lsyp)

(sl p)=0 2
=c7lc Z F(ly,....ls4+p)
U1 seensds g )=0 2
=C! > CF(h.....lstp)
U1seensls 4 p) =0 2
=C7Y Y EGntpy )FUr . srp)
Uyl g p)=0 2
_ 1
=gy 2 S Sty (Croe o Cop ) FU Dy p)
" Uy g p)=0 (C1,ee.Coy p)EQ 2
_ 1 _
=C! TN > > F(li,....ls4p)| =CTHEG)|2
n (Cl ..... Cs+p)€Qn l]GC] ..... ls+p€CS+p 2
<C sup IG(C1, ..., Cs1p))2
(Cla'"acs-i-p)eszﬂ
=C sup > Fly.....ls+p)| .
(CrseesCs4 p) €2 11€Cr,...l54 peCsyp 2
where we define G : Q, — L°(X)® D by
G((C1.....Cstp)) = > F(li.....l5+p).
11 EC],...,IS.FPEC‘;_FP
Step 2. It suffices thus to estimate Hleecl,...,ler,,echr,, F(li,....l54p) ”2 for a fixed nondegenerate
partition Cy, ..., Cs4p of {1,...,n}. Fix such an arbitrary partition. We define the sets
II=CiU---UCsqp1U{L,.... [} N Cs1p)
and for / € Csy
dy = > e1y 81, ® (W1, (X1) -+ 1 (o) -+ T (Xgey) =+ T ) (Xim)
l1eCy,...,.IseCy
lerlechrl ----- lpflechrpfl _E11_1 (7Tl¢(1)(X1)"'T[[(Xk;))"'7T[(Xk1’)/)"'7Tl¢(m)(xm))).

Note that D; = L*°(X)® Aj,, [ € Cs4 p, form an increasing finite sequence of von Neumann subalgebras
of L°(X)® D. Now d; € Dy and Ep,_,(d;) = 0 for all [ € Cs4 p. The orthogonality together with the
Cauchy—Schwarz inequality yields

1

=n2 sup |d]>.
2 1eCsqp

> 4

1eCsqp
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On the other hand, since the products ;, - - - &;, are mutually orthogonal for different s-tuples (/1,...,/s),
we see that

ldi]l2 = H > &1y &1, @ (71, (X1) =701 () - 00 (Xge) == T 1y (Xim)
11 eC ,...,ZSECS
Is+1€Cs415els+p—1€Cs4p—1

—Eq,_ (71,0, (x1) 1 (g ) - 01 (ggg) 701 ) (X))

2
= Z €1, €1,
11 eCy,...,.l;eCy
®( Z (710) Ce1) =701 gy ) == 700 (Xy) ==+ 1y (Xm)
Ls41€Cs41500sls4 p—1€Cs4 p—1
—EIH(”l¢(1)(x1)"'ﬂl(xk'p)"'ﬂl(xk;;)"'ﬂld,(m)(xm)))) .
s
=n2 Z (”los(l)(xl)"'nlqb(m)(x'”)_Ell—l(”lab(l)(xl)"'nqum)(x'”)))
2

ls+1 ECS-H ,...,ls_;_p_] Gcs+p_1
S p1 m=2
Snan ||7Tl¢(1)(xl)"'”ld,(m)(xm)”ooEn 2 “xl”OO”meOO

According to axiom (3) we have

Ell_l (ﬂl¢(1)(xl) /s (xk‘é,) LY (xkl/,/) e nld,(m) (xm))

= Ecy,..Coppor (Tgqy (1) ooy (Xpep ) - 0y (egegy) ==+ Ty ) (X))

hence
Z €l "'81s®(”l¢<1)(x1)"'”1¢»(m) (¥m)—EC,U-UCyt pi (”l¢(1)(x1)"'7Tld,(m>(xm)))
L eCr,..,ls4peCsyp 2
= Z &1y 21, @1y 0, () 71 ) () = E gy -y (1) (61 -+ 71, (X))
11eCr,.,ls4 peCsyp 2
=| 2
IGCSer 2
m—1 m—1
<l x1lloo-Xmlloon 2 =C'(x1,....xm)n 2
Steps 1 and 2 so far imply that
Z £y €1, ® (g0 (X1) 71y (Xm)
LeCy,....L eC. m—1
! ! stp stp - EC] U-'-UCS_t,_p_] (nld,(l)(xl) e T[lqg(m) (xm))) ) = Cn 2.
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Step 3. Now we may proceed inductively. Set y = 7y, (x1) * - 71,,,, (Xm). Then, using axiom (4) and
because the conditional expectations commute, we see that

y—Ec,u-UCsq p— ()
=y —Ec,u-UCsqp_1 (V) + Eciu-UCsq p_1 (V) — ECiU~UCs 4 p—s ()
=y = Eciu-0Ciqp—1 (V) + Eciu-ucyy p (V) = Eciu-uc, ., _,UC, (ECiu-UCs4 1 (V)

=y—Ec,u-uCssp_1 (V) + Eciu-ucss -1 (V — ECiU-UCs4 p—2UCs 4, (D).

Using the previous steps and the fact that the conditional expectations are || - ||»-contractive, we obtain

Z 20 "'81s®(7”q>(1>(x1)"'”l¢(m)(Xm)_EClU"'UCs+p—2(7Tl¢<1)(x1)"'”lmm) (xm)))
l[GCl,...,lS+pECS+p 2
= Z &l €

LeCy,...,l eC.
: : sHp=hete ®(]Tl¢(1)(xl)"'jTld)(m)(Xm)_EClU-..ch+p_1 (77[¢(1)(X1)"'7T[¢(m)(xm)))
2
+ (id®EC|U'~UC5+p_|)
( Z £y &1, ® (1) (X1) 71 ) (¥m)
L eCy,...,1 eC,
e sHp=hste _ECIU"'UCS+p_2UCS+p (nlq;(l)(xl)"'f[l(b(m) (xm))))
2
= 2. el el
11eCy,...,1, eC,
! ! hpERste ®(”l¢(1)(-x1)"'nl¢(ﬂ,) (xm)_EC1UmUCS+p_1 (nl(b(l)(xl)“'nld,(m) (xm)))
2
+ Z &l "'€]S®(7Tl¢(1)(X1)"'ﬂ]¢(m) (xm)
L eCy,...,l eC
! ! ste ste _EC1U"-UCS+p72UCS+p (nl(b(l)(xl)“'nl(b(m) (xm)))
2

m—1

<2C'n 2z .

After using the triangle inequality p times, we get

Z £y 81, ® (1) (K1) T ) (Xim)
11€C1,...,15+1)€C5+p

m—1 m—1
<pCnz =C"n
2

- EC] U--UCy (ﬂld,(]) (X1) tte nl¢(m) (xm)))

Now we claim that
Ec u-uc, (i, (x1) 7ty 0 (m)) = Eqy 0y (T o) (1) <+ 71 0 (Xm))-
This can be established using axioms (3) and (4). Indeed, since

ZS+P ¢ G U"'ch—i-p—l D {ll’---,ls—i-p—]},
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by applying axiom (3) we see that

E{l],...,ls.i_p_l}(nlqg(l) (Xl) toT nl¢(m) (xm))
=Ty, (1) Eqy gy b (g, k) -, () <2 1 (Xm)
= nlqg(]) (xl) o EC1U"'UCS+p_1 (T[lerp (xkll,) e T[lerp (xkl/,/)) e nld,(m) (xm)

= Ec,u-UCyy (7‘[[¢(1)(x1) Ty (xm)),
and then

Ec,u-uc, (T, (X1) 7 (5m)) = Ecyueucs (ECU-UCs p—y (Tl ) (X1) Ty (Xm))
= Eciu-uc, (B, 0 q oy (g, (X1) - 70, (Xm)))
= E(C1U-UC)N {1 lss pe1} (Tl gy (K1) 71 ) (X))
=Eq,,.. 13,0, (X1 7y, (Xm)),
which proves the claim. Now the claim, together with the last inequality, gives

Z e1y 1,071, (X1) -+ 70 0 Com) = Eqry oty (T, 00 (K1) < T ) (X))
11€C1,...,l‘y+pecs+p

2

m—1
S C//n >

Step 1 now implies

Z &l €l ® (”14)(1) (X]) e 7Tld,(m) (xm) - E{ll,...,ls}(ﬂld,(]) (X]) Tt 7Tld,(m) (xm)))
(lla"'als-'r[)):()

2
<cc'n"s,

which proves the first statement in the lemma. For the second statement, we begin by noting that

Eq,,..13(y 0, (X1) -+ 71, (¥m)) only depends on Iy, ..., [s, and not on [s41, ..., ls4p. Indeed, let

(T N l;+p) = 0 be another (s+ p)-tuple with the same first s entries. Take a finite permu-

tation o such that o (l;) =1;, i <s,and o (ls+i) =1; ;.

i < p. Then o is the identity on A, ; ; hence
Egy gy (g, (1) -y ) oy () == 70, (X))
= (Eq1y,...,053 ©20) (1, (1) - 71y Ocger) == 70y () == T,y (X))
= Eqy ity Ty (00) -y () oy (k) == Ty (Xm)),

which proves the claim. Now the first statement of the lemma together with an easy counting argument
shows that

_m
(n ’ Z €1y v €l ®”l¢(1>(x1)"'”lmm)(xm))

(U155t p)=0

= (n—’;’ Z e el @ Egy 1y (T (K1) - 7 (xm)))

(ll,m,ls—&-p):()

= (n—; Z e el ® E{ll,...,ls}(nl(b(l)(xl)"‘nl¢(m)(xm)))-

(ll a"'alS)=o
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Finally, let’s note that

Ell,...,ls Oall,...,l‘erp =Qy,..1;° El,...,s,
which implies

Epy (g (1) - 70 (m)) = (Eqy g 00y ey ) (1) (X1) <+ T m) (m))
= (a1y,...1; © E1,...,s) (Tp1) (X1) -+ T (m) (X))

:all ..... lS(Fo-(XI,...,Xm)). D
Theorem 3.11. Let (7, B, A, D) be a sequence of symmetric independent copies, x1,...,Xm € A,
o € Py 2(m) having s singletons and p pairs and ¢ :{1,...,m} —{1,... s+ p} which encodes o. Then

xo’(xlahlw--,xm,hm)

=(n—’5’ > s(ejl®h1)---s(e,~m®hm)®n,-l(x1>---njm(xm))
(j]""’jm)=0

=fa(h1,---,hm)(n_5 Z s(er, ®hy)---sle, @ hg) Qo ls}(Fa(Xl,---,xm)))
(U1,esl)=0
:fo'(hl,...,hm)Wg(xl,hl,...,Xm,hm),

where
Fo(x1,....xm) = Eqq, sy (e ) (X1) ** - T om) (X))
folhr, ) =" T (he.hi)
{k,l}eo
and {ky, ..., ks} are the singletons of 0. The elements

Wo(xlyhlw--’xm’hm):(n_i Z s(er, ®hyy)---sle, @ hg) oy, . ls}(Fa(xL---,xm)))
(U1,l5)=0

will be called reduced Wick words.

Proof. We will use the previous lemma. Let

~

™

=B, A=T,H)®A, D=T,((>?®H)®D
and 7; : A— [,({> ® H) ® D be the x-homomorphisms given by
Ai(s(h)y®x) =s(ej ®h) ® mj(x).

Then (7, B, A, 13) represents a sequence of independent symmetric copies. Moreover, it is easy to see
that Ay = I,(¢2(1)® H) ® A;. Now according to the previous lemma we have
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(n_’2n Z Eji, " Ejy BS(€j; ®N1) -+~ 5(ej,,, ®Nm) 7)) (X1) -+ 7),, (xm))
(jl""sjm)=a

= (l’l 2 Z 811 “'8lS ®S(eld,(1)®h1) "'S(eld,(m) ®hm)®7[l¢(1)(X1) '“nl(b(m) (xm))

(1 seods g p)=0
= n_% Z 811"'8ls®7%l¢(|)(s(hl)®xl)"'ﬁl¢(m)(s(hm)®xm))
(1505t p)=0
=(n—5 > ezl-~-szs®&11,...,1S(?a(s(h1)®x1,...,s<hm)®xm)))
(1 sensls)=0
=(ﬂ_5 Yo e e ®a, (B (fT¢(1)(S(h1)®X1)"'ﬁ¢(m)(5(hm)®xm))))
(1 sensls)=0
=(”_5 Yo e e, @, i (Er cemed,  (5Con)®h1) -5 (Cpom ©hm)
(s I5)=0 ®7-[¢(1)(xl)...n¢(m)(xm))))
=fa(h1,..-,hm)(n_§ D ey e, ®a,, g, (s(e1®hk,) -+ s(es®hy,)
(15eensls)=0 QEi,.., s(7T¢(1)(X1)--'7T¢(m)(xm))))
:fa(hl,--whm)(n_; Z er, 61, Q(s(er, ®hy,) - s(ey, ®hg,)
(15w ls)=0 ®ap, .0 (EL,. s(n¢(1)(x1)"'7T¢(m)(xm)))))

= fa<h1,...,hm)(n—5 D ey e, ®s(e ®hy, ) sler, @i )®ay, 1, (Fo(x1,... ,xm))).
(lls'":lS)=()
To see why the fifth equality is true, note that

s(egy ®@h1) - s(epim) ® hm)
= Y folepy @M @ @ epim) @ hm)W(€p(1) @ h1 ® - ® p(m) @ hm)p),
06P1,2(m)
where the notation (- )g means that the pair positions of 6 have been removed. After the application of
E T, (2o H)> We see that the only surviving partition is 6 = ¢ and

Er 2om) g ® 1) - 5(epom) ® hm)) = fo(h1.....hm)W(e1 @ hy, ---es @ hi,)

= fo(h1,...,hm)s(e1 ®hk1) ces(es ® hks)-
Now, let’s define

n

§(x,h) = (n—% D e ®s(e; @M ® th(x)) e (L®(X)®T,((>® H)® D)*.
ji=1

We claim that the new Wick words X, associated to the variables §(x, ) have the same moments as x4

and hence they generate an isomorphic von Neumann algebra. Indeed, fix o € Py 2(m). Note that for
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(l1,...,15) = 0, we have wu(er, ---e1,) = pu(eg,) - u(er,) = 85=0, due to the fact that ¢; are mean-zero,
independent random variables. Then

Tw()%g(Xl,hl,,“’xm’hm))
=Ty ((n_rg Z €1, €, ®S(el¢(l)®h1)".S(elqb(m)@hm)@nl,ﬁ(])(xl)"'nl¢(m)(Xm)))
(ll ----- ls+p)=0
zli}ln(n_'? Z p(er, ---er) T(ser,q, ®h1)-+s(ery,,, ®hm)) D (M1, (X1) 71y ) (xm)))
(lla"'alAY—‘,-p):(')
:83:011'1111(]’1_’; Z T(S(el¢(1)®hl)-..S(eld)(m) ®hm)) TD(]TI¢(1)(XI)...7TI¢(m) (xm)))

(lla""lS+]))=0
:806P2(m) h’!’ln(n_’g Z T(S(€l¢(l)®h1)"'S(el¢(m)®hm)) TD(nld,(l)(xl)'”nlq;(m) (xm)))
(llr"yls-'rp):()
- Tw(xU(xl,hl,.. .,Xm,hm)).
Define M C (I[,;(¢?> ® H) ® D)® to be the von Neumann algebra generated by all the Wick words x,-.

Also define M C (L®(X)® T;({> ® H) ® D) to be the von Neumann algebra generated by the
elements X,. Using the claim, the convolution formula and Proposition 3.1 we see that the map

M—>./\7l/, ng I—>Z)~co,

is a x-isomorphism. Applying the inverse of this isomorphism to the equality

(n_z Z ery e, ®s(ery g, @ 1)+ s(er, i @ hm) ® 7wy, (X1) -+ 714, (xm))
U155t p)=0

S

=fo~(h1,...,hm)(n_2 Z 811'“815®S(€ll®hk1)"'s(els®hks)®all ..... ls(Fo(xl»---,xm))),
(1,-0,l5)=0

we obtain the desired identity. O
Proposition 3.12. Let xq,...,x;,; € Aand hy, ..., hy, € H. Then we have the moment formula
T(s(e1.h) o SGomo b)) = Smean Y 7O [ (i he)t(jo (x1) -+ 759 (xm)).
o€P>(m) {l,r}eo

as well as the B-valued moment formula

Ep(s(x1.h1) -+ s(tm hm)) =8mean Y ¢ ] (. he)Ep(rjo (x1) -+ 7ig (xm)).

o€ Pr(m) {l,r}eo
where for every o € Py(m), the j{,..., jo are chosen such that (ji, ..., j5) =0.

Proof. It’s a straightforward application of the reduction formula. O
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Remark 3.13. Proposition 3.1 shows that M = l"(? (B, S ® H) could be introduced abstractly as the
tracial von Neumann algebra (M, t) generated by elements s(x, k), x € BSB, h € H, which satisfy the
above moment formula.

Proposition 3.14. Let K be infinite-dimensional and x1,...,xm € BSB, hy,....hy,, € K, 0 €
P12(m). Then xq(x1,h1,...,Xm, hm) € F‘?(B, S ® K). For every Hilbert space H, all the Wick
words xg(X1,h1, ..., Xm.hm), xi € BSB, hj € H,arein M =T4(B,S ® H). In particular, M is the
ultraweakly closed linear span of the (reduced) Wick words and L*>(M) is the | - ||2-closed span of the
(reduced) Wick words.

Proof. We need a basic fact about infinite-dimensional Hilbert spaces.

Fact. Let K be an infinite-dimensional Hilbert space and A1, ..., A, € C. Then there exist norm-bounded
sequences E,’f, nﬁ €Kforl=< k.§ p such that f;‘,’f —0, r;ﬁ — 0 weakly and ( ,’f nﬁ) =Ar forall 1 <k <p,
and moreover E,’f, nﬁ 1 &) .} for k # j. Indeed, let (e;) be an orthonormal infinite sequence in K.
Define

1 1 2 2
£, =Men, nNp=en, & =Aseny1, N, =e€nt1. ..., EP=Apenip_1. Nk =enip_1.

To prove the proposition we will use induction on s, the numbers of singletons in 0. For s = 0,
Xg(x1,h1,...,Xm, hm) € B due to the Wick word reduction formula, so the statement is trivial. For a
given o with pairs By, ..., B, and B = {/,r} we use the fact above to find uniformly norm-bounded
vectors h; p(k), hr, (k) € K which converge to 0 weakly and such that (h; g(k), h, p(k)) = (h;, hy)
for all pairs B = {/, r}, and such that the /;,, p(k)’s are orthogonal for different pairs B. Let us define
hi (k) = h; for any singleton {i} € o and hi (k) =hy/r,p(k)ifi € Bandi =1[ ori = r. For every other
Wick word x,,(y1, f1,.... Ym’, fm), with y; € BSB, f; € K, we have

Jim 2(sCrer, B (6)) -5 Com, o (K)) xg)

= lim Z r(xe(xl,ﬁl(k),...,xm,ﬁm(k))x(',/)

k=% e Pra(m)

=t(oxg) 4 lim 7 (e k), X, () xG)-

> 6,20,, [65]<s
Indeed, for every 6 € P; »(m) which does not contain all the pairs of o, we use the convolution and the
moment formulas to obtain

t(xgxp) = Y.t hiK). .y )

vePr,(m+m’)

= > Sl ). fro fe) TV R K. Y fon),
vePy(m+m')
where the sum is taken over all v that preserve the pairs of # and o’ and additionally pair all the singletons
of 6 and o’. Now since 6 does not contain all the pairs of o, there must be a leg [ of a pair {{,r} = B € o
which is connected by 6 to something other than its other leg in o. There are three possibilities:
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(1) 6 connects [ to a leg I’ of another pair B = {I’,r'} € o. Then (h;(k), h;:(k)) = 0; hence for every
v in the sum above we have f,(hy,..., fu) =0.

(2) 6 connects [ to a singleton {i } € . Then, since hi(k) — 0 weakly, we have (ﬁl (k), hi) — 0; hence
for every v we also have that f,,(hy,..., fr) = 0 as k — oo.

(3) {I} is a singleton of . In this case, every v € Py »(m + m’) which appears in the sum has to connect
[ to asingleton j € {1,...,m’}. Thus, (h;(k), f;) — 0 and again f,(h1,..., fir) = 0as k — oo.

Summing up, we see that for every 6 such that 0, Z 6, we have 7(xq(k)x,,) — 0 as k — oo. Thus,
when letting k — oo, only those 8’s containing the pairs of 0 make a nonzero contribution. Among them,
there is exactly one which has s singletons, namely o; all the others have more pairs and hence less than
s singletons. We deduce that

Yo =w = lim (s(xl,/h(k))---s(xm,ﬁm(k))— > xe(xl,ﬁl(k>,...,xm,ﬁm(k»).
e 0pD0p, |0s|<s

Since by the induction hypothesis all the xg’s, with |65| <, are in qu (B, S ® K), this proves the statement.
For the second statement, let H be any Hilbert space and K an infinite-dimensional Hilbert space
containing H. Let x; € BSB, h; € H and 0 € Py »2(m). Then, by the first part, x5 (x1, A1, ..., Xm, hm) €
I)(B.S ®K). But x5 = (Er, (20 m) ® 1d)n(xs); hence xg € Ty (B. S ® H). O

Remark 3.15. The reader can now better appreciate why we needed the “closure operation” in the
definition of I';(B,S ® H). Indeed, Definition 3.4 ensures that the Wick words belong to M =
I'y(B, S ® H) for every Hilbert space H, finite- or infinite-dimensional. Also, Proposition 3.14 shows
that M =T}y (B, S ® H) could have been defined as the ultraweakly closed span of the Wick words.

In the following we use the notation LIZc (M) for the || - ||2-closed span of the Wick words of degree k
and Wy (M) for the linear span of the Wick words of degree k.

Theorem 3.16. Let (7;, B, A, D) be a sequence of symmetric independent copies,1 € S =S* C A, H
be a Hilbert space and M = Ty(B,S ® H). Set H = H & H. Tuke an infinite-dimensional Hilbert space
K>DHandset K=K®K:

(1) For every angle 0, let 0g be the canonical rotation on K. Then
0 g = ([,(id ® 0g) ®id), € Aut((T, (> ® K) ® D)®)

defines by restriction a one-parameter group of automorphisms of M= Iy(B,S® H ). Moreover, for
every Wick word xg(x1,h1, ..., Xm, hm) € M we have

ae(xa(xl,fll, B 9XMaﬁm)) = xo'(xlvoe(iil)’ - Xm, Oe(ﬁm))
(2) For every Wick word x5 (x1,h1, ..., Xm, hm) € M, the following formula holds:
(EM an)(xa(x17h19 L :xmahm)) = (COS(Q))S'XU(‘xlvhlv L 7xm7 hm)»

where Epy - M — M is the conditional expectation and s is the number of singletons of o.
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(3) For every 0 € [0, %), let t = —In(cos(0)). Thent — Ty = Ep o ag|py defines a one-parameter
semigroup of normal, trace-preserving, u.c.p. maps on M. Moreover, for every Wick word xo € M we
have Ty(xs) = e S xo, where s is the number of singletons of o. Hence, when viewed as a contraction on
L?(M), we have Ty = Y s=0 € 'S Ps, where Py is the orthogonal projection of L*(M) on L? (M) and
the series is | - ||oo—converg_ent for every t > 0. In particular, if L2(M) is finitely generated as a right
B-module for every s, then Ty is compact over B for every t > 0.

(4) The generator N of Ty is a positive, self-adjoint, densely defined operator in L*>(M ) = @,?;0 L,ZC (M),
acting by
N(XU(xl, hl, e ,Xm, hm)) == kxO'(xl, hl, e ,Xm, hm)

forevery xg(x1,h1,...,Xm,hm) € Li (M). The spectrum of N is the set of nonnegative integers N, all of
which are eigenvalues. N is called the number operator.

Proof. The formula ag(x(,(xl,le,...,xm,ﬁm)) = xg(xl,OQ(le), e ,xm,09(h~m)) for x; € BSB,
h; € H is easily checked, due to entrywise functoriality, and it shows that «g restricts to a one-parameter

group of automorphisms on M= Iy(B,S® H ). This proves (1). Then, using the reduction formula and
the functoriality in each entry, we see that

(Eppoag)(xo(x1,h1,... . Xm hm))

— it Ewoan) (175 sl sten Bl ). zs(Fa(xl,...,xm))))

(I15005)=0

= ot Ewoon) (173X Wier, @i, e @)t (Fo i)

U15..15)=0

=fo(h1,--.,hm)(n_3 Z W(ell®PHa0(hk1)"'els®PHa9(hks))®all,...,ls(Fo(xl,---,xm)))
(1,esls)=0

=(008(9))Sfa(h1,---,hm)(n_i > S(ell®hk1)"'S(els®hks)®all,...,ls(Fa(xl,---,Xm)))
(lly"wls):(-)

= (cos(0))’xg(x1,h1,.... Xm, hm),

which establishes (2). Part (3) is straightforward using (2). To obtain (4), we calculate

—st

1 e —
lim —(T; — = li =—
Jim (Tt (xo) — x5) lim ———xg = —sXo
for any Wick word x, of degree s. The rest of the statements are straightforward. O

Remark 3.17. Due to (4), we have that for every x € M, the function

0+ llag(x) —xll2, 6€[0,%),

is increasing.
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Definition 3.18. We denote by Dy (S) C L?(D) the || - ||2-closed linear span of the expressions

Fo(x1,....xm) = E1, k() (X1) -~ T (m) (X))
forallm>1, x1,...,xm € BSB, 0 € P1,2(m) having k singletons and ¢ which encodes o.

Lemma 3.19. Let y(j1,..., jir) € L?(D) be such that
sup [y (- Ji)llp <00
TawesJie

and hy, ..., hy € H. Then

_k
= Y s () esp () @y (s )

sup < 00.
n . D
(1sesl)=0
Proof. It suffices to consider
> s esp h) @y D) |
leCy,...,l;xeCx
with C; U---UCr ={1,...,n}. Using the martingale decomposition from Lemma 3.10 we deduce

Yo sy () @y, k)

11€C1 ..... lkGCk p
<c(pvusup | Y s () sy () @y k)
leClly, P
Iterating this procedure we get
o sy ) sp () @y k)
L eCy,..., I eCy p

k
<c(p)kn2 sup sz, (1) -1, i) p 1y s 1) |-
1 ..... k

Since the products s;, (1) - - - 57, (hy) are uniformly bounded in the p-norm, we obtain the assertion. [

Proposition 3.20. Let (7, B, A, D) be a sequence of independent symmetric copies, let H be a finite-
dimensional Hilbert space and 1 € S = S* C A, and assume that Ds(S) is finitely generated as a right
B-module. Then L? (M) is finitely generated as a right B-module. In particular, when Dg(S) is finitely
generated over B for every s, the maps Ty are compact over B for every t > 0.

Proof. Let N be the dimension of Dy as a right B-module, and let {£1,...,&x} be a basis of Dy over B.
Then, for every o € P12(m) having s singletons, and every x1, ..., X, € BSB, we can find coefficients
br(0,x1,...,Xm) € B such that

N
Fo(xt,....Xm) =Y _ Ebr(0.x1,.. .. Xm).
k=1
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For every (I1,...,l5) = 0 we have

N
oty (Fo(X1oooxm)) = ey, () b0, X1, Xim).

k=1
Fix a finite basis B of H. Then, for every o having s singletons, every xi,..., X, € BSB and every
hi,...,hy, € B we have, due to the reduction formula,

xO'(xl’hla"'axm9hm): (n_é Z sl](hll).sly(hly)®al] ..... l;(FU(Xl,,xm)))
(15..0,15)=0

N
=Z(n—5 Do sy (i) (i) @ay, ls(sw)bk(o,xl,...,xm).

k=1 (lla"'als)=6

Thus L2(M) is spanned over B by at most N |B|* = N(dim(H))* elements, namely

(n—i Do sy hiy) sy (i) @y, (Ek))’

(ll a-"alS)ZO

with 2; € Band 1 <k < N. These elements belong to L2(M) by the previous lemma, and this finishes
the proof. O

Remark 3.21. Since the dimension of Dg(S) over B is finite, the basis elements & € Dy C L?(D) could
be chosen in fact to be bounded, i.e., & € D, due to [Paschke 1973; 1974]. This implies that L%(M )
admits a basis over B consisting of elements in M.

Corollary 3.22. Assume moreover that the dimension Ng of Ds(S) over B has polynomial growth; i.e.,
there exist constants d, C > 0 such that Ny < Cd* for all s. Then the dimension of L2(M) over B is less
than C(dim(H )d)* for all s; i.e., the dimension of L? (M) over B also has polynomial growth.

The following argument is essentially due to Sniady [2004] and Krélak [2006].

Proposition 3.23. Let M =T, (B,S ® H). There exists d = d(q) such that for dim(H) > d we have
Z(M) C Z(B). In particular, M is a factor whenever B is.

Proof. Let {e; }1<; <k be an orthonormal set in H. We consider the operator 7 : L?(M)— L?>(M) given by

k
T = Z(Ls(l,ei) - Rs(lsei))z'

i=1

Here L, and Ry, where x € M, are the canonical left and right multiplication operators, respectively,
on L?(M). We see that

k k
T —2kid = Z(Ls(l,e,-)z—l - Rs(l,ei)z—l) -2 Z LS(lyei)RS(Lei)'

i=1 i=1
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Since s(1, e;)?> — 1 is a mean-zero element, we deduce from [Nou 2004] that
k

Zs(l,e,')z—l

<cgvVk.

Letus set V = Y%_, Ly(1.e;)Rs(1,¢;) and denote by ¢ : L2(M) — (F4; (> ® H) ® L*(D))® the natural
embedding given by the definition. Then we see that

((VE) = Vat(E)n)n,  E € L2(M),

where
1 Z
Vo = n Ls(1,e;0e)) Rs(1.;®¢;1)-

1<i<k
1<j,j'<n

Now we can easily modify the argument from [Krélak 2006] to show that

(D sz,j,j’l-i_(ei®ej)Rs(1,ei®ej,) Ecqﬂknz;
(2) || Zk,j,j’ r+(€i ®ej)LS(1,e,'®ej/) = cq\/m;
3) HZk,j;éj/ [~ (ei ®€j)RS(1’ei®ej/) < cyVknz,

@ [ Xh i ®eprt(ei®ejlee| <q+cgVkn.

Here [T,/~,r*,r~ are the left and right creation operators on the g-Fock space coming from the
decomposition L) = [T (h) +1(h), Ry = rT(h) 4+ r~(h). The main estimate is derived from

m)r*(k)©) = s + 17 (E) @ k.
The second part can then be estimated via the second item above. This yields
I(T =2k id)((id— Ep)(€))|| < 2qk||(id— Ep)(€)| +2¢4 vk (id— Ep)(£)].
Now take z € Z(M) with Ep(z) = 0. Thus T(z) = 0 and also
0=[T@) = l12kz = (T(z) = 2kz) || = 2k |1z ]| —2gk| 2| - CgVk |z ]| = 2k(1 —q) — CqVE) |12

Thus for 2k(1—¢g) — Cq\/l; >0,ie., k> ./Cy/(2(1—¢q)), we have that z = 0. This implies z = Ep(z)
forall z € Z(M); hence Z(M) C B and also Z(M) C Z(B). |

3A. H-less generalized q-gaussians. Finally, let us mention that there is an H-less version of the
generalized g-gaussians, which can be described as follows: let (1;, B, A, D) be a sequence of symmetric
independent copies. For 1 € S = $* C A, define the von Neumann algebra I; (B, S) C (T;(£?) ® D)® as
being generated by the elements s4(x) = (n_% Z;-’=1 sq(ej)@m; (x))n for x € BSB. This is equivalent to
taking H to be 1-dimensional in Definition 3.4 above; hence the H -less g-gaussians are a particular case
of Definition 3.4. Surprisingly, the H generalized g-gaussians can also be obtained as a particular case
of this construction. Indeed, let H be a (real) Hilbert space and (7;, B, A, D) a sequence of symmetric
independent copies. Let (X, i) be a standard probability measure space and define a new sequence of



GENERALIZED g-GAUSSIAN VON NEUMANN ALGEBRAS WITH COEFFICIENTS, I 1675

symmetric independent copies (77, B, A, D) by taking B= B, A= AQL*®(X), D=D® (@‘l’oLoo(X))
and 7; : A— D by

7i@® fl=n(@)®(1®1®---® f ®--®1®---), wherea € A, f € L*(X).
——
J -th position
Using Rademacher variables, we see that there exists a dense subspace Hy C H and an isometric
embedding ¢ : Hy — L®(X) C L?(X). Take S = S ® 1(Ho) ={a®t(h):a € S,h € Hy} C A. The
reader can check that
I,(B.S®H)=T,(B.S).

4. Examples

We will discuss several types of examples of generalized g-gaussian von Neumann algebras. The
underlying idea in all these cases is that whenever we have a finite von Neumann algebra on which the
symmetric group acts, we can construct a sequence of symmetric copies. In particular, countable tensor or
(amalgamated) free products von Neumann algebras or the pure g-gaussian von Neumann algebras I'; (H ),
for an infinite-dimensional H, constitute obvious candidates, since the symmetric group acts naturally on
them.

4A. Tensor products. Let B and C be finite von Neumann algebras. Define A = B® C and D =
B®CN =B ®(QnC). Define 7r; : A — D by the formula

Ti(bRa)=b®1RI® - ® a @ Q1l®:--.

J -th position

Then it’s easy to check that (r;, B, A, D) is a sequence of symmetric independent copies. It’s likewise
easy to see that
Iy(B,A® H)= BRI, (LL(C)® H).

For any finite subset S C L2 (C) ® H, the space Dy (S) has finite dimension over B.
4B. Free products with amalgamation. Let B C A be an inclusion of finite tracial von Neumann algebras.

Take D = %kp A;, the amalgamated free product of a countable number of copies A;, j € N, of A.
Define 7j : A — D by the formula

mi(a)=1x1%---%x a *---x1x-...
——
J -th position
Then (7, B, A, D) represents a sequence of independent symmetric copies. To see why this is true it
suffices to consider elements a; such that Ep(a;) = 0. Then we have to calculate
o(ar,....am) = t(mj(ar) - 7w, (am))

such that (ji,..., jm) = 0. If o has no crossings, we can inductively replace neighboring pairs by
Ep(mj,(aj)mj; (ai+1)) = Eg(a;a;+1) and finally find an element in B. For a noncrossing pair partition



1676 MARIUS JUNGE AND BOGDAN UDREA
we can also join all the pairs, but then we find an expression of the form
T(blnjz‘l (aiy )b277ji2 (aiy) - Tji (aix)) = 0.

Thus in the moment formula we only have to expand over noncrossing pair partitions. Now take
S ={1,u,u*} for u € A a Haar unitary such that Eg(u™) = 0 for all n # 0. It’s easy to see that Dy (S) is
the closed linear span of all the expressions by (u®')by - - 7wy (u®* )by 41, with b; € B and &; € {0, 1, *}.
In particular, when B = C or is finite-dimensional, we have dimpg (D (S)) < C22*.

4C. Group actions.

4C1. Second quantization. Let G ~, C be a trace-preserving action of the discrete group G on the
finite von Neumann algebra C. Also let v : G — O(Hpg) be an orthogonal representation of G on a
real Hilbert space Hg. Let (€2, i) be the gaussian construction associated to v; see, e.g., [Peterson and
Sinclair 2012]. We also denote the corresponding action G ~, L°°($2) by v. Then define B = C x4 G,
A= (C®L®(Q))x,G, D= (C®L®(QN)) %, G, where the action p is given by pg(d ® f) =
ag(d) ® vg (f). Define the *-homomorphisms 7; : A — D by
Ti((d®ug) =dRIJRI® - Q® f @1 )ug.
——
J -th position

Then it is easy to see that the fixed points algebra is C x4 G. Again the moments only depend on the
inner product. Moreover, the gaussian functor yields a map Br: H — L?(Q2). Then we find

M =T,(CxG.Br(H)) = (C ®T,(H))xG.

The spaces Dy (S) are finite-dimensional modules over B = C x G if L;‘; (H)x G has a finite basis over G.
For k = 1 this means that H is finite-dimensional. In a forthcoming paper we will also analyze the case
of profinite actions and/or representations, i.e., when H can be written as H = TH, such that every
H; is a finite-dimensional G-invariant Hilbert subspace. However, discrete subgroups of O, = O(R")
provide a large class of nontrivial, nonamenable examples. The examples in [Junge, Longfield and Udrea
2014] are subalgebras of M.

4C2. Symmetric group action. Throughout this subsection ¥ will denote the group of finite permutations
on N. Let us consider a countable discrete group G on which ¥ acts by automorphisms. Examples for
such a symmetric action are given by the natural action of ¥ on the free group with countably many
generators, or by the natural action of ¥ on the direct product groups [,y G. More generally, let
R C Fo be a set of generators which is invariant under the action of X, and assume that (R) C Feo is
a normal subgroup. Then G = Fo,/(R) is a group on which X acts. A perfect example is given by an
amalgamated free product 3k G;, where G; = G. To make things more concrete, we may consider the
discrete Heisenberg group H = (Z, Z°°) with generators {gj }x>o such that Z = (go), Z*° = (gk.k > 1)
and the following relations hold:

g 'gigr = g0gj, k#J.
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Then X acts on ‘H by permuting the generators g for k > 1, and leaving go fixed. Now we assume that
such a G, with action X ~,g G, acts trace-preservingly on a finite von Neumann algebra 4 and B is the
fixed points algebra of this action «. Let g € G be an arbitrary element and g; = B(;,)(g). We can then
construct a sequence of symmetric copies (7;, B, A, D) by defining 7r; : A — A, via 7j(x) = ag; (X).
Working in the crossed product (A xq G) Xg X it is easy to see that the 7r;’s are symmetric copies, and
that B is the fixed points algebra for these symmetric copies. In fact we may and will always assume that
G is generated by the g;’s and then 7r; (x) = x for all j is exactly the fixed points algebra of the action.
In general 7;(A) = A and hence we find an example of symmetric, but not necessarily independent,
copies. In general independent copies are obtained from considering a suitable subalgebra B C A; C A.
More generally for a subset S C A we may however consider the algebras

Aj(S)={mj(x):x €S, jeA}

This is particularly interesting for a single self-adjoint x. Then independence depends on the mixing
properties of the sequence 77; (x), and has to be analyzed on a case by case basis. A more specific example
can be constructed starting from a trace-preserving action « of Z on a finite von Neumann algebra N.
Take D = N xg H where the action f is obtained by lifting the action of Z via the group homomorphism
m:H — Z given by m(go) =0 and n(g;) = 1 for j > 1. In other words,

Bg(x) = apg)(x), ge€H, x€N.

Let H; be the group generated by g and g1 and take B=N xZ =N ® L(Z) and A = N xH;. Define
mwj:A— D by

Tj(xug,) = dp(g;)(X)ug;, Tj(XUgy) = XUg,, XEN, jk€N.

Then (7, B, A, D) is a sequence of symmetric independent copies. In full generality the dimensions of
the spaces Dy (S) or L12< (M), where M =T;(B, A® H), cannot be controlled. If we restrict ourselves
to a small set of generators, e.g., S = {1, g1, gl_1 }, then we get a more well-behaved example. The space
Dy (S) is the closed linear span of the expressions of the form

) (Ug,) - Ty (“gk)”ég)a)an(O) (x).

Thus dimp (D (S)) < (2dim(H ))?*. For more general group actions and S C L(G), we find coefficients
in B = L([G,G]) ® N and finite dimension over B as long as we have finite generating sets. Note
however, that L([G, G]) is in general not invariant under the action of X, and hence a more detailed case
by case analysis is required. Again a particularly nice class of examples comes from one step nilpotent
groups with commutators in the center, such as the Heisenberg groups.

4D. Colored Brownian motion.

4D1. Top up q-gaussians. Let H be a Hilbert space and ¢gg € [—1, 1]. Symmetric independent copies
can be obtained from second quantization, or simply by defining 7 (s4, (1)) = s¢,(e; ® h). This provides
symmetric copies of A = I}y (H) into D = I';({2(H)). By looking at Wick words it is easy to
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see that the fixed points algebra is C. Moreover, independence follows from the moment formula
for go-gaussian random variables. Let S = {x1,...,x,} be a finite, self-adjoint subset, where x; =
Sqo(h1(i)) -+ +8qo(hyiy(i)) for 1 <i < p. Then we see that

T(sq(kr. x1) - sqCkm. xm)) = D g™ folkr. .. km) T(jo (x1) -+ 79 (xm)).
og€P>(m)
where for every o, we choose an m-tuple (/.. .., j;) depending on o such that (j7,..., j;) =0. Now
we may use the formula for gg-gaussians and find for L = Zf) —1 (i) that

tme () mgm) = > qe ) Sy (D). B (m). By (m)).
0’€P>(L), 0’'<¢(0)

Here ¢ (o) is the block partition which gives the same color to the union of two blocks in ¢ connected
via pairs in o’. This means

t(sqUer,x0) - sqlem, X)) = 3 "G foller, . Jom) for (s B,

0€P>(m), o'<¢(0)

where o' runs over the partitions of {1,..., L} and {hy,...,hr} is a relabeling of {h; (i) : 1 <i < p,
1 < j <I(i)}. Note that IT};(C, I';,(H) ® K) contains both I';(K) and I'y,(H) if s¢,(H) C S. Using
a decomposition into minimal links, we deduce that the space Dy (S) is the closed linear span of the
elements

c(o,xu, .o xp) ) (xiy) -7 (X6,

where c(0, x1, ..., Xxr) is a scalar. This means for a finite set S of generators, the dimension of Dy (S)
over B = C is less than (|| dim(K))2k. One could call these algebras “mixed” gaussian algebras, but
the reader should not mistake them for the mixed g-gaussian algebras, introduced in [Junge and Zeng
2015], which we use in Section 6.

4D2. Actions of ¥ by conjugation. Let us consider the finite permutations group X7 acting on Z instead
of N'\ {0}. For every subset F' C Z we can identify X r, the permutations group on F, with a subgroup of
37 by viewing the elements of X F as acting nontrivially only on F and acting as the identity on Z \ F.
For convenience, we use interval notation for the subsets of Z. In particular we have ¥ = X[ o) C X7
in this way. Let 3 act on X7 by conjugation. This gives rise to an action « of ¥ on the von Neumann
algebra L (X7) (which is in fact isomorphic to the hyperfinite factor). We denote the canonical unitaries
generating L(Xz) by us, 0 € Xz. The fixed points algebra of this action is B = L(X(_,0]). Take
A= L(E(—00,1]) = B V{upy}”, D= L(Xz) and define 7r; : A — D by 7;(a) = ajr)(a) fora € A
and j > 2, where (/1) is the transposition interchanging j and 1, and w1 =id. Then (7;, B, A, D) is a
sequence of symmetric independent copies. Indeed, we recall that 4 is generated by transpositions (k1),
k <0, and that for j > 2 we have

(GDEDHGD = (kj).

This means A; = BV {u(g;)}” and Ay,... ; = L(X(—0,;1)- In particular, we have a coset representation
o =0'(j1) with 0’ € ¥(_,0]- The algebras A; are generated by X7, X(_,0] and one generator (1) for
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J € 1. This easily implies independence. We take S = {1, u(g1)} C A and define M = I4(B, S ® H). Fix
o € P12(m) having k singletons and p pairs, and take ¢ : {1,...,m} — {1, ...,k + p} which encodes o.
This means ¢ (j;) =1, where {j;}, 1 <t <k, are the singletons of o, and ¢ (j;) = ¢(j,") = k +1, where
{ji,J/'}, 1 <t < p, are the pairs of 0. Then Dy (S) is the closed span of elements of the form

Eq, e (U@)0) Uy U (@2)0)Uys Uy U (g (m)0) U ym 4 1)
= E1,. k(@ )0ad(uy,) (4 2)0)  ad(Uy; -y, ) (¢ 0m)0) Uy i1 )
= E1,. k(U@ )y 0) U@ @)y1720) " U (@) (1-ym) O)4y1-Yim+1)
= Bk U@)s)U@@s2) U@ msm) U y1=yim s 15

where y1. ..., Ym+1 € T(—co,0] are arbitrary. Here s1 = y1(0), 52 =y1y2(0), ..., Sm =y1¥2-- Ym(0) in
(—00, 0] depend only the y;’s. In full generality the modules Dy (S) do not have finite dimensions over B.
If we however replace B by By = L(Z[_g,0]) = L(Sg+1), Aby Ag = L(Z[—g,1])) = Ba V {u1)}”
and D by Dy = L(X[_4,0)) for a fixed d € N\ {0}, then we obtain a new sequence of symmetric
independent copies (7, By, Az, D4) and in this case we have at most (d + 1)* different choices for
the s;’s. After repeated conjugation with the unitaries on the pair positions, the above expression becomes

Uiy ey Bk kv UG k)

for some new indices s, € (—oo, 0]NZ which in general depend on the y;’s and . Since for an inclusion of
groups H C G and g € G we have Ep (g (1g) = 8ge HUg, and the product (s]/.k+lk +1)--- (sJ/.k+pk +p)
belongs to X (_4 k] only if it’s equal to 1, we see that a spanning set of Dy (S) over By is given by the
elements

U(sy, DU (s7,2) 7" U(s, k)
for all choices of —d < slf <0, 1 <i <k, which in particular implies that the dimension of Dy (S) over
B, is at most (d + 1)2k. Note that B; and A, are finite-dimensional von Neumann algebras. Thus, for

the von Neumann algebras M (d) = I';(Bz, S ® H), the spaces D (S) have polynomial growth of their
dimensions over B, . This remains true for any finite subset 1 € S = S* C Ay.

4E. Operator-valued gaussians. This example is motivated by Shlyahktenko’s A-valued semicircular
algebras and derived from the tensor product construction. Let x; € N be self-adjoint operators and
X =) &kXk. We consider A; = L°°(R) and the independent symmetric copies over N given by

i (f) = f(Z . jxk),
k

where g ; are i.i.d. gaussians (we could also work with g-gaussians). The copies are independent over N.
Let D be the von Neumann algebra generated by the 7;(f)’s and B be the tail algebra

B={) V mL>®).

m>0 j>m



1680 MARIUS JUNGE AND BOGDAN UDREA

One can show that the copies 7; are independent symmetric in the sense of our Definition 3.2. Note that N
is invariant under the shift from the tensor product construction and hence B C N. Thus M =T, (B, S®H)
is a legitimate example where S = ) ; gx X is obtained by approximating X with bounded functions.
Since X € ﬂ15 p<oco L?(R), one can actually directly work with one generator x. The dimension of
lec (M) over B is in general hard to determine. The case of N = My, (C) and X =},  grs((ers+esr)/2)
has been considered by Avsec and Speicher.

Remark 4.1. The examples in Sections 4A, 4B, 4D1, 4D2 (for d = 0) and 4E are all factors if B is a
factor and dim(H) > d(q).

5. Weak amenability produces approximately invariant states

Let (7, B, A, D) be a sequence of symmetric independent copies, 1 € S = §* C A and assume that
Dy (S) is finitely generated over B for all s > 1. Let M =I'y (B, S ® H) for a finite-dimensional space H,
A C M be a von Neumann subalgebra which is amenable relative to B inside M, and let P = Nz (A)”.
Define M = (I,((?® H)® D)V M C ([,({? ® H) ® D)®, where I;({> ® H) ® D is embedded as
constant sequences. Let

HC ((L2M)®4 L*(P)) @ Fg(1? @ H))”

be the || - ||-closed span of the sequences
(n—’? S G, (1) Com)y ®42) @ (e, ® )5 ®hm))
U1seens Jm)=0

forallm>1, o € P12(m), x; e BSB, ye M, z€ P and hy, ..., h; € H. Define two *-representations
7:M — B(H), 8: P® - B(H) by

n(xa,)(n—"; 3 (n,-l(xl)---njm(xmw®Az)®s(e,-1®h1>---s(e,~m®hm>)
(jl""’j’n)=0

= (”_WEM/ Z (i, (y1) -+ 1), (Xm)y ®a2) @s(ei; ®Kky)---s(ej, ®hm))

(l.]()=0'/,(j[)=0'

and
6(u?) (n—"f (50 )y ©42) D(e D) +-5(es, S )
(1seees Jjm)=0
= (n_gl Z (7w, (x1) -+ 7, (Xm) Yy ®azw) @ s(ej, @hp)---s(ej, ®hm)),
(J1sees Jjm)=0
where

Xg/ = (n"rg Z wiy (1) wi,, (Ymr) @ s(ei, @ k1) ---s(ei,, ®km/)) EM

({1,eeisiyy)=0"
is a Wick word in M and w € P. Define N = (M) Vv 0(P°P) C B(H). Note that w(M) and 6(P°P)
commute.
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Theorem 5.1. There exists a sequence of normal states w, € Ny satisfying the following properties:
(1) wp(r(x)) = 1(x), x € M.
(2) wp(w(a)f(a)) > 1, acU(A).
(3) ||wn o Ad(r(u)B (1)) — wy || — 0, u € Npy(A).
Proof. Throughout the proof m, will be the completely contractive finite-rank multipliers on T}, ({*> ® H)

given by multiplication with a positive finitely supported function f; constructed in [Avsec 2012] and
¢On = (my ®id) : M — M the corresponding cb map on M. Take

K c (L} (M) ®@p L*(M))?

to be the || - ||-closed span of the sequences

(n_’g Z (]T/l (X1)"'7ij(xm)®.5'(ejl ®h1)"'S(€jm ®hm)) ®D y) :(xg‘ ®D y)’
(1seees Jm)=0

where x; € BSB and y € M. Note that K is naturally an M -M bimodule with the actions

xa/-(n—’? ) (nh(xl)-~-njm(xm)®s<ejl®h1>---s(e,~m®hm>>®py)-z
(J1seees Jjm)=0

(R 00 (o) ®5(en B +5(e B ) 8 yz),
(ir)=0",(1)=0
where xo' = Xg/(V1,k1, -+, Ym’ - km’) € M and z € M. Define S4 = A(M) Vv p(A°P) C B(K), where A
and p are the representations of M and M °P canonically associated to the left and right actions on I,
respectively.

Step 1. There exists a normal, unital, completely positive map £ : N' — S 4 such that
E(m(x)0(y*™®) = A(xX)p(Ea(y)*), xeM, yeP.
Indeed, define an isometry V : L — H by

(n_nzq Z (Jle(.X])"'T[jm(xm)@S(ejl®h1)"'S(€jm®hm)) ®D y)
(jl,--~ajm)=0

- (n—’%’ S G (0 (o) y @4 ) @5(ej, @) - 5(e, ®hm))-
(j]""’jm)=o,
Then £ can be defined by £(z) = V*zV, z € N.

Step 2. There exist normal functionals ,uﬁ : S4 — C such that
WA (x)p(a®) = t(pn(x)a), xe€M,ac A

We need two lemmas. Recall the formulas for Wick words and reduced Wick words introduced in
Theorem 3.11.
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Lemma 5.2. L?2(M) ®p L*(M) embeds as an M -M bimodule into K.
Proof. The map
L*(M)®p L*(M) — K,

(n_z Z T (xl)---j'[jm(xm)®5(€jl ®I’21)S(€]m®hm)) ®By
(jl""sjm)=a
— (n_2 Z (wj, (x1) -7, (Xm) @ 5(ejy, @ hy)---s(ej,, ®hm)) p y),
(jla---ajm)=(7

or in other words (x?) ®p y — (x2 ®p y), is an M -M bimodular isometry. The bimodularity is obvious,
so it remains to check that it preserves inner products, in other words that

((xn) ®B ¥, (x,) @B ¥') = ((xn ®p ¥). (x;, ®p ¥")).

Let’s denote by Ep : M — D and by Epg; : [,((? ® H) ® D — D ® 1 the canonical conditional
expectations. Since D = D ® 1 C M C (I,(¢?> ® H) ® D)® is embedded as constant sequences, for
every (x,) € M we have
Ep((xn)) =w— lim Epg1(xn).
n—-w

We now claim that for any (x,) € M C M we have Ep((x,)) = Ep((xz)). It suffices to prove this for
(xn) = Wy € M areduced Wick word. Let s be the number of singletons in o. Let

Wo = (n_é >0 g, (Fo(xr.....xm)) ®@s(ey, ®hy,) -+ s(ey, ®hks))-
U1,0ensl5)=0

We have two possibilities. If s = 0, then Wy = F5(x1,...,xm) = EB(my)(X1) - Ty (m)(Xm)) € B;
hence Ep (W) = Wy = Eg(Wy). If s > 0, then Ep(Ws) = 0. On the other hand, according to our
previous remark, we have

Ep(Ws) =w—lim Epgy (n_5 S g, (Fo(x. ... Xm)) ® (e, @ hy,) -+ s(eg, ® hks))
(lla"'sls)=0

=w—lir{nn_% Z t(s(er, ® hgy)---s(er, @ hr )y, 1, (Fo(x1,..., Xm))
U1 soels)=0

=w —li;gnn"% > t(Wey ®hg, -1, @ i ey, .1, (Fo (X1, ... xm)) = 0.
(119"'715):6

This proves our claim. Now, for (x,), (x,), v, y’ € M we have
((xn) ®B ¥, (x,) ®B ¥') = i (E((x;"xn)) yy"™) = T (Ep ((x), X)) yy"™)
= lim 7p((E190 (¥, ¥a)yy™) = lim(x, ®p v, x, ®p ¥')
= ((x» ®p ¥), (x, ®p ),

which finishes the proof of the lemma. O
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Lemma 5.3. There exists an orthonormal basis Yy of L>(M) over B such that for every n, f(Yy) =0
for all but finitely many o’s, where we denote somewhat abusively fn,(Yy) = fn(s), s = the degree of Y.

Proof. Since Dy is finitely generated over B for all s, according to Proposition 3.20, for every s > 0 we
can find a finite orthonormal basis (Y S) of L2(M) over B. The union (Yy) of all the Yﬂs ’s is a basis of
L?(M) over B. For a fixed n, there ex1sts s = s(n) such that £, (&) = 0 for all § € H®k, for k > s(n). For
any t > 0 and Y, € L?2(M) we have f,(Yy) = f»(¢) and also for every Yy € @k>s(n) Lk(M) we have
fn(Yy) = 0, both due to the reduction formula. On the other hand, the set of those Y € EBS(") L2 (M)
is finite, which finishes the proof. O

Denote by ¢ the M -bimodular embedding in Lemma 5.2 and define

(M) =Y fu(Ya)(Te(1®p 1),t(Yy ®8 YY), T eSa

Then ,u;:‘ € (S4)+ satisfies all the required properties.

Step 3. Set y, = i;)} o€ € Ny, and wp = ||y ||~ |yn|. We will prove that the wy,’s satisfy all the required
properties. First note that, by construction,

Yn(m(X)0(yP)) = t(pn(x)Ea(y)), xe€M.yeP.
Toward proving the required properties of the wy;’s, we will first establish the following two claims:
Claim 1. limsup,, ||| = 1.
Claim 2. Tim, ||z 0 Ad(A()p(@)) — wid]| = 0, u € Ny (A).

Proof of Claim 1. Fix a von Neumann subalgebra O C P which is amenable over B. Just as in
Step 2 above one can construct normal functionals ;LnQ on Sg = A(M) v p(Q°P) C B(K) satisfying

,,Q(/\(x)p(yOP)) = 1(pn(x)y) for x € M, y € Q. We will show that lim sup ||[L,? || =1, and this will
help us establish both claims. Since /L,,Q is normal, it suffices to estimate its norm on an ultraweakly dense
C*-subalgebra of Sg. Denote by S¢ the ultraweakly dense C *-subalgebra of Sp generated by A(x4)

for xo € M the Wick words and p(Q°P). First we note that there exist cb maps ¢, : So — Sp such that

Pn(A(xg)p(y?)) = Men(x6))p(yF), xo €M, y€Q,

and ||@nllco = |l¢n|lco. To prove this take K C L2((M & I, (¢? ® H))®) to be the || - ||2-closed linear
span of the sequences

(n"f S (0 (i)Y @ 5(e, @) -5, ®hm)) — (2@ 1)
U1seeesjm)=0

for all x; € BSB, h; € H, y € M. Now define an unitary operator U : K — Eby
(xg ®p y) > (x5 (y @ 1)).

We can then define
Pn(z) =U((d@m,)°(UzU*)U, z€Sp.
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Then the maps ¢, satisfy all the required properties. The complete boundedness of the ¢, is a delicate
matter and it will be addressed in Section 5A below. On the other hand, since Q is amenable relative
to B, we see that the M-Q bimodule L?(M) is weakly contained in L2(M) ®p L?*(M), which in turn
is contained in K. This produces a *-homomorphism © : Sg — B(L?(M)) such that ®(A(x)p(y°P)) =
Aum (x)par (y°P), where Apz, par are the natural actions of M on L?(M). But then

12(z) = (O(gn(z)1,1), zeSg,

and this implies that lim sup || ,unQ | = 1. Then by taking Q = A we get lim sup || u;'|| = 1, which finishes
the proof of the first claim. O
Proof of Claim 2. Fix a unitary u € Njs(A). The algebra Q = (A, u) C P is amenable relative to B, so
by the proof of Claim 1, lim sup ||unQ || = 1. Now since unQ(l) = 17(¢p(1)) > 1 and ,u,nQ Aw)pw)) =
T(pn(u)u*) — 1, we see that ||;L,,Q o Ad(A(u)p(u)) — ,unQ|| — 0; hence by restricting to S4 we get
|14t 0 Ad(A(u)p(it)) — || — 0. Using the fact that Ad(A(u)p(it)) 0 £ = € o Ad(rr(u)6(i1)) and the fact
that y, = ;' o €, we see at once that ||y, o Ad(m(4)0(it)) — v || — 0. But since y, (1) = t(¢n(1)) — 1
and lim sup ||y, || = 1, we see that ||y, —wy || — 0. This further implies ||wy, o Ad(7 (1)0(1)) — wy || — 0,
which establishes the third required property, and the other two follow easily. O

This completes the proof of Theorem 5.1. O

5A. cb-estimates for the multipliers. Here we will prove that some multipliers defined on certain C*-
algebras or von Neumann algebras are completely bounded. The first case is that of the maps ¢, which
were used in the proof of Theorem 5.1 above. In the second case we prove the complete boundedness of
some normal multipliers on the von Neumann algebra N\ introduced above, which are needed to construct
a concrete standard form for N. We recall some notation.

Notation. M = (I[,((?® H)® D)V M C (I[;({> ® H) ® D), where we regard I';;(¢> ® H) and D
as constant sequences. Let K = L?(M) or K = L?(M) ® 4 L?(P). We introduce the subspace

LC(K®F;(l®H))®

as the || - ||-closed linear span of the sequences

(""3 > njl<x1>--~mm<xm)y®s(ej,®h1>--~s(e,-m®hm>)=<x::<y®1))e(mwz@w»w,
Ulsewsim)=0

form > 1, 0 € P1a(m), x; € BSB, hj € H, y € M. Let’s define the extended Wick words x, =
xO’(xlah19"-9xm’hmvyop) by

x(,:(n—’? 3 njl(xl)---njm(xm)y"f’@s(e,-l®h1)---s(e,~m®hm>),
(.jl aaaa Jm)=0

where m > 1, 0 € P12(m), x; € BSB, h; € H, y € P, viewed as operators in B(K), i.e., acting naturally
on sequences in L. The reader can check that:

(a) L is invariant to the natural action of the extended Wick words.
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(b) £ =span{A(xs)p(yYP)(1®1):xs € M, y € M} when K = L?(M) and
L = span{r(xo)(1®@ y)0P) (1@ ®1):xs €M, ye M, z€ P}
when K = L2(M) ®4 L?(P).

(c) L is invariant to the natural action by orthogonal transformations of H given by
O(H) - Aut(M RT,({*> ® H))?), 0— o, = (id® I,(id®0)).

Let C(H) C B(L) be the C*-algebra generated by the elements

(n—’ﬁ > njl(xl)---n,-m(xm)y%s(ejl®h1>---s(ejm®hm>)=<x3(y°"®1>)’
(jla-“ajm)=0

where x; € BSB, hj € H, y € M, 0 € P(m). Also let 6(H) C (B(K) ®min I3 (£?> ® H))® be the
C *-algebra generated by the elements

(7 X w0 )y @s(e ©h)es(es, ) = (AP )
(jla"'sjm)=a

where x; € BSB, y € M, h; € H, 0 € P(m), the ultraproduct being the C *-algebra ultraproduct.

Remark 5.4. Let m, be the multipliers on I'; (/) associated to the nonnegative finite support functions
fo N —=>R:
(1) One may assume that for every k, f,(k) =1 for o large enough and that lim sup,, ||mg|lcb = 1.
2) (d®my) : C (H) — (B(K) ®min [;({? ® H))® are completely bounded, and are the restrictions
of normal maps.
Lemma 5.5. Let G(H), C(H) and my, be defined as above:
(1) Let p: (B(K) ®@min I'y (?® H))* - B(K ® Fq (02 ® H))?) be the x-homomorphism defined by
P((Tn))(En) = (Tnén). Then p(C(H))(L) C L, so [p(C(H)), Pc] =0.
(2) The map @ : 6(H) — C(H) defined by ©(T) = p(T) P is a surjective x-homomorphism.

(3) If o ¢ P1(m), then ®(x}(y°P ® 1)) = 0. In particular, C(H) = @(G(H)) is spanned by the
elements ®((x2(yP ® 1))) form > 1, o € Py 2(m).

@) If (xn) = (x;,) € M, then ®((x,(yP? ® 1))) = O((x,,(¥y°? ® 1))). In particular, C(H) is spanned by
the elements ® (W5 (y°? ® 1))), where Wy € M, o € Py 2(m) are the reduced Wick words.

Proof. Take (x2(yP® 1)) € C (H), (x,(z®1)) € L. Due to the convolution rule we have
(2P ODNEHGEOD) = (b)) = Y. (LEy®D),
yeP(m+m’)

where the summation is taken over all those y’s which preserve the connections of both o and o”; i.e., if
some indices are connected by o or ¢”, they will remain connected in y. Now for all y ¢ Py 2(m +m’),
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the corresponding term vanishes, because [|x3(zy ® 1)[|2 < [|zy|loo [|x} [[2 = 0. Thus

(PPN L @)= Y (hzy®D)eL,
yePlgz(m-i—m’)

which proves the first statement. Also, if 0 ¢ P; 2(m) to begin with, every y in the sum will also not
be in P; »(m + m'); hence the whole sum vanishes, which proves the third statement. The second
statement is trivial. If (x,), (x;,) € M such that lim ||x, — x,,|2 = 0, then for every (y2(z ® 1)) € K,
we have [[xpy5(zy ® 1) = x,y5(2y ® Dll2 < [yg loollzyllcllxn — x5 ll2 = 0, ie., D((xn (yP @ 1)) =
O((x;,(y°? ® 1))). The last statement then follows from the reduction formula. |

Our goal is to prove that under certain conditions the maps (id ® my) descend to a multiplier on the
quotient algebra, namely C(H ). This is done via a careful analysis of ®s.

Lemma 5.6. There exists a complete contraction

¥ (K@ L2(T,2@ H)) & (K® LA (T, (2 ® H)) - L'(B(K) ® T,(2® H))

such that
Y(h®a)® (k®b)) = (h®k)®ab*

andtr(SRT) W (h®a)®(k®b))*) =((SRT)(k®b),h Ra). Here (k ® h) is the rank-1 operator
with entries (kih;) in a given basis and ®}, denotes the Haagerup tensor product of operator spaces.

Proof. We recall that for a semifinite von Neumann algebra M the space M = L1 (M, tr)* is the antilinear
dual with respect to the trace (T, p) = tr(Tp*). Moreover, for M = B(H) one usually considers linear
duality with respect to the transposed p’ of a density p:

(T, ) By, 51 (ary = t(Tp') = (T p*) = (T, p) ) 570)-

Using the description of S1(H) = H" ®; H¢ as a Haagerup tensor product, we find a natural map
w:H" ®y, H° — B(H)* given by

t
a)(h ®k)(T) = tI‘(T( E h,-kje,-j) ) = tr(T( E h,-kjeji)) = E Tijhikj = (T(k),]’_l).
ij ij ij

Let M be a semifinite von Neumann algebra and (§;) be an orthonormal basis. Then we may define the
antilinear map v(a) = )_;(£;,a)&; and observe that

(b.v(@)) =Y _(b.&)v(@).&) =Y _(b.&) (& a) = t(ba™).

J J
Therefore m = w(v ®id) : L2(M) ®), L>(M) — B(L*(M))* satisfies
m(a ®b)(T) = (T (b),v(a)) = ©(Tha*) = (T (ab*)*)) = (T, (ab™))

for all T € M. This shows that m(a ® b) = ab* is a complete contraction from L_%(M) ®p L2(M) —
L1(M). Now we repeat the argument for H = K ® L?(M) and V(h ® b) = k ® v(b). Then we obtain a
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complete contraction ¢ = w(V ®id) : (K ® LZ(M))r ®p K®L*(M) — B(K ® L?(M))* such that
forSe B(K)and T e M

V((h®a)® (k @b))(S @ T)(S(Kk), h)t(Tha*) = (S(k), h)(Th,a) = (S @ T)(k ® b), h @ a)
=(tre0)(S®T)(kQh).

Here (¢ ® B) =) ; ; eijaiPj is the density of the corresponding rank-1 operator. Therefore the map
Y((k®a)®(h®b))=(h®k)®ab* does the job. O

Corollary 5.7. Let £ C (K ® L>(T;({> ® H)))® be defined as above. Then there exists a completely
contractive map

WL @y L — (L1 (B(K) @ T,(2® H)))”

and a complete contraction q : (L1(B(K) @ T;({?> ® H)))w — [(B(K) ® T, (2 ® H))®]* such that
(qoW)(k @h)(T)=(T(k).h).

In particular V™| =o.

C(H)
Proof. For €, n € L given by € = (£,)n, 1 = (1n)n We may define

VE @ = En @nn)n-

where 1 is the map from Lemma 5.6. Now W obviously extends by linearity, thanks to the definition of
the Haagerup tensor product and the well-known fact that M, ((X,)?) = (M, (X,))?; see [Pisier 2003].
The map g is given by the limit

Q((En)n)(Tn)n = nli_fg)(tr ®T)(Tn§:).

Now the assertion follows from Lemma 5.6 and the fact that the duality pairing is given by the limit along
the ultraproduct. U

Remark 5.8. Let H be an infinite Hilbert space and H C H'. Thanks to the definition of the C *-algebra
C (H) as a subalgebra of the ultraproduct, we clearly have an isometric inclusion C (H) C C (H'). The
C *-algebra C(H) C B(L(H)) depends on our minimalistic definition of £(H ). Certainly, L(H) C L(H')
and hence the tautological map ¢(xy) = Xg, t(y°P) = y produces a larger norm on £(H') than on L(H).
Let us consider a noncommutative polynomial p in a finite number of x4 ’s and y°P’s, and we may assume
that the x, only contain vectors from a finite-dimensional subspace Ho C H. Then we can find norm
attaining vectors &, € L(H') for p. Then we write H' = Hy ® Hd- and may also assume that the &
and 7 are linear combination of elements in £(Hy) and £(Hy), where Hy C HOL is a finite-dimensional
subspace. Using the moment formula, we see that the inner product remains unchanged after applying an
orthogonal transformation o which sends H; to a finite-dimensional subspace of H orthogonal to Hy
and leaves Hy invariant. This implies

Iplccny = sup & pn)l= sup  [ao(8), pao(m)| = llPllcca-
lel<t.lnl<1 [HENETES
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Let us denote by gg = ®| :C (H) — C(H) the quotient map. Then we obtain a commutative

C(H)
diagram

C(H) - c(H)
C(H') 1\ c(H')

where the left-hand downward arrow is the natural ultraproduct inclusion and the right-hand downward
arrow is the tautological inclusion (which is well-defined and injective). This allows us to identify
elements in the kernel of gg by considering gg-.

We recall that thanks to Avsec’s result, the orthogonal projection Py : I';(H) — I';(H) onto Wick
words of length k is a normal completely bounded map. We use the same notation

Py LY (T,(H)) — LY (T,(H)),
id® Py : LY(B(K)®T,(H)) — L1(B(K) ® T,(H)).

Let us note that one can take P;” : [ ] LY(B(K) ® I;(H)), the extension to the ultraproduct of L! spaces,
which satisfies

((id ® Pr)((Tn)). (En)) = ((Tn). (id ® P)((§n)))

with respect to the antilinear bracket given by the ultraproduct trace; see also [Raynaud 2002].
Lemma 5.9. The kernel of ® o P,g’ contains the kernel of qg .

Proof. The map ® o P;” is normal. According to Remark 5.8 it therefore suffices to show that for §,7 € £
we have

(id® P)(V(E®n) € Im(Va)

for some potentially larger Hilbert space H'. Let us now consider Wick words (x),, X2, and y°P, y°P.
We have to consider

Y((FEo 7P ® (X6 yP)n) = W (X5 VP @ x5YP))n.
For fixed n € N we see that
~n n_opyy _ ,—2dm =N VOP & 7~ (F) TP & T~ ()T *
V(EN) @ Ly =n""" 3 @@y® e @77 ®5;(h)5;
Ux)=6, (jx)=0

= Y W @I e,
o’eP(m+m’)

where

V' (55 ® Xoy) = > (F(a)y®P ® 75 (@) §P) @5 7 ()5
Ulseordiismseensj1)=0"
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Note also that ¢’ has to be obtained by joining singletons from & and o. In this context we observe
again that is enough to consider o’ € Py »(1 + m). In the following example we see that

Z(”jl (@), (az)y® ® mjy (a1)y™) ® szl Sj1

J1 1
= anl (@) y* ®sjieji,1

A

Y wj(an)m), (@2)y® ®s7 ®en
J1

<cqla,a)n K n%

is much smaller than n3 and hence vanishes in the limit. For more complicated configurations, we may
assume that o and & are pair/singleton partitions, and that new links in ¢’ € P; »(m + 1) are obtained
from joining pairs or singletons in o with pairs in 6 (or the other way around). All the joint pairings can
be estimated using the definition of the Haagerup tensor product as above which yields the bound

‘ Y @ @yP @7 @)F™) @55(h)*F; (h)| < cgn” @) sup |la; | sup [|d; ||| y°P (| |5
(=6, Gi)=0 / /
Uk ,Jr)=0’

The function f is obtained as follows. Let « be the number of pairs in o being linked to either a pair or
singleton in &, and similarly let 8 be the number of linked pairs. Then we find

B_m+m a+p

|os | |0 | P _
2 2 2 2 2

using row and column vectors ey j,,...i,, €iy,....i;,1 for the number / of links in o’. Thus for o + 8 > 0 we

f(0.6,0") =

+10p| =B +

o
+|0p|—a+5+

obtain 0 in the limit and therefore only those ¢’ which link singletons to singletons give a contribution in
the limit. Now we use Pisier’s version [2000, Sublemma 3.3] of the Mébius transform. Let ¢’ be a fixed
partition with pairs {{/1,71},...,{lp,rp}}. Then there are unitaries )L;.T/ in a product of free group factors
such that

Sj(h)y=s5; @9

satisfies
a(’)i= Y W (FFP@xeyP) = Y (7 (@)yP ®7;(@)§P) ® (id ® E)(S; (h)*S(h))
= JksJk
= ([d® E)y(XZ @ X7).
Here

Xg = (n_zl Z wj (@) -~ ), (am) ® Sj, (hl)"’Sjm(hm))

(jl 7'"7jm)§0

and the corresponding expression for fg' depends on o’. Moreover, there exists a Mobius function
w(-,-) such that, see [Pisier 2000, Proposition 1],

U (%P ®xoy®) = Y (o’ ma(m).

>0’
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The advantage of this representation comes from the fact that we can actually calculate Pj for such a
fixed o’. Recall that we may assume that o’ is a pair/singleton partition. For fixed n € N and an element
=S ®W,, W, aWick word of length k, we obtain

(S @y ® 7 @) FP)) T(Was5, 55 i~ 55)

such that (j1,..., js jms-...j1) = o’. Then we obtain a nonzero term only if log| = k has exactly
k singletons. Hence we find that

(R POWERM) = Y W (%% @xyP)= Y Y ulo.ma(r).
los|=Fk los|=k w=0"

Therefore we are left to consider
a(r) = (d® E)(W(XZ ® XF)).

In order to use Remark 5.8 we have to modify the variables X . Indeed, for every pair p = {/,r}inx
we introduce a label e, and replace s(ej, ® h;) by s(e;, ® e, ® h;), and s(efr ® hy) by s(efr ®ep hy).
For the remaining singletons we replace s(e; ® h;) by S; = s(e; ® eg) and work in the Hilbert space
H' = H ® {». Using the so modified XJ s we still have

a(m) = (4 ® Er, (Gomee n ¥ (X ® X7) = lim W(ao, (XF) ® oo, (X]))

for any sequence (0;) of orthogonal transformations such that 0, (eg) = eg, which converges weakly
to e(J)-. For elements in C (H) the limit for j — oo converges, and hence this remains true for the norm
closure. Thus for an element x € C (H) in the kernel of gy we find gg/(x) = 0 and hence

(x,a(x)) = lim (x, (o, (Xg) @ o, (X)) =0.
Jj—o0 ’

Using linear combinations we deduce indeed that (Pg (x), V(X5 P ® x5 y°P)) = 0. |

Corollary 5.10. Let my be multipliers given by the cb-approximation property for I'y(H ):
(i) Then (id ® my)n extend to completely bounded maps on C(H ) with limsupy, ||(id ® mg)n||cb = 1, and

limy, fo (k) =1, where f, are the associated scalar finitely supported functions. In particular, the maps
@n used in the proof of Theorem 5.1 above are completely bounded with lim sup,, ||@n|lcb = 1.

(ii) Let L(H) = CTH)SO C B(L) and note that L(H) is spanned by “extended Wick words” (i.e.,
images of extended Wick words through ®) such that lec (L(H)) (i.e., the || - ||2-closed linear span of
the extended Wick words of degree k) is finitely generated over B. Then there exists a modified family
fo(N)* : L(H)s« — L(H)« converging in the point-norm topology.

Proof. Since (id ® mo)(T) = Y fa(k)Pr(T), we see that || ®q o (id @ mg)|lcb < 1 + &4 and also
ker(qyg) C ker(®g o (id®my)). But that means that there is a unique map 7 : a(H)/ ker(qg) — B(K)
such that

I7allco = Imalleb <1+ €a.
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However, C (H)/Xker(qg) = C(H) completely isometrically, and hence 1, = (id ® my) coincides
with the densely defined map (id ® mq)W(0,£,a,y) = fu(los|)W(o, &, a, y). Let us now consider a
finite-dimensional subspace Hy C H. Since Li(L(H )) is finitely generated over B, we deduce that the
projection Py is normal on L(Hy). Hence the maps mq are also normal and restricted to the weakly
dense subspace C(Hp) we know that

Imallco < (1+¢q).

Since a weakly dense subspace is norming for L(Hg)+« we deduce that || (mg )« : L(Ho)x = L(Ho)x||cb <
(1 4 &4). Hence the normal map mq coincides with the normal map ((my)«)* and satisfies the same
cb-norm estimate. Moreover, since we have normal conditional expectations €g,, : L(H) — L(Hp) so
that |_J a, €H; (L(H;))« is norm dense in L(H ), we deduce that (mg)+ extends to a completely bounded
map of cb-norm at most 1 4+ &, and hence my = ((mgy)«)* is indeed a normal extension of the map
mgy : C(H) — C(H) with the same cb-norm estimate. This concludes the proof of (ii). O

The remainder of the subsection is devoted to proving some auxiliary results which will help us
construct a standard form for the von Neumann algebra N which was used in the proof of Theorem 5.1.
This standard form will be crucial in the proof of the main technical theorem.

Lemma 5.11. There exists an action by x-automorphisms o : O(H) — Aut(N) such that
ao(m(x)0(yP)) = (o (x))0(y™). 0€O(H), x €M, yP € PP

Moreover, let Eg be the orthogonal projection of L onto the closed linear span of the extended Wick words
of degree zero. For T € N the condition

ao(T)=T foralloe€ O(H)
implies that [T, Eg] = 0.
Proof. Let us recall that A/ acts on
H =span{n(xs)(y @ NOZP) (1 R41)R1):xo €M, y e M, z € P}
C (L2 M) ®4L*(P)) ® Lo(T, (> ® H)))”.
Recall here that H is infinite-dimensional, and thanks to second quantization, u, = (id ® ), acts on
# as a unitary. By normality, we deduce that o (x) = u,xuj, extends to a *x-automorphism of A" and
moreover, o, (0(y°P)) = 6(y°P). Let 0; € O(H) be a family of orthogonal transformations of H such
that o; (h) goes to 0 weakly in H. Let § = 7(x5)(y ®4z® 1) and n = 7 (x_,)(y' ®42' ® 1). Then we
obtain
. T . _mtm’ - - N /
lim(uo,; (§), n) = lim Tim n~" > Y @@y ®az). i (x) (Y ®aZ)
i I n—w L N / ’
=0 Ui=o" 1 (s, (0i (1))~ 8, (0i (hm))sjr () -+ 57 (h}))
=0.
Indeed, we expand the sum into the summation over ¢” € Py »(m +m’) and execute the limit over n. Then
we observe that the coefficients remain uniformly bounded. However, o; (A ) is eventually orthogonal to
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every h;c/ and then the moment formula for the g-gaussian yields O in the limit. We have therefore shown
that u,, converges weakly to Eg, the projection onto words of length 0 in the second component. By
taking convex combinations we find a net such that

SOT—h?lZafuoi = E.
1

Thus for T € N with a,(T) = T for all o, we deduce that [u,, T] = 0 and hence
Eo(T(®) =lim Y afuo, TE) =T (li;n Do, (E)) = T(Eo(§))-
1 1

This means E¢T = TE\ as desired. O

Lemma 5.12. Let BV P° C B(L?>(M) ® 4 L?(P)). Then the natural inclusion map

7:BVv PP N
is normal.

Proof. By density it suffices to consider &, = m(xg)(y ®4 2) and 7, = 7(X3)(y ®4 Z). We may assume
that xs and X is a Wick word. Our goal is to analyze

¢(T) = ’}l_r)r(lv(TEn: Mn)-

Let us first fix n € N. Then w,(T) = (T &,, ) is normal, and hence it suffices to assume T = b6 (p°P).
It turns out that we need |o| = |6| = k and then

n---(n—k+1 inv . - . .
wn(T) = (n—k) > GO (FF EAG* a0 () -y (BB (x1) - 1 (X)) zD)
yESK

Thanks to Lemma 5.2, we may replace L2(M) by L?(D) ® g L?(M) in the definition of 7. For fixed y
we may now define

Xy =ay, k(X)®BY®az, Xy =0y1),. k) (X) OBy ®4Z.

.....

Since wy, is normal we deduce that

. =k +1
wn(T) = Zq‘“‘”%(ﬂm,%)
%

for all T € B v P°P. Since the summation is finite and the scalar coefficients converge, the limit exists for
all T € B v P° and results in a normal functional ¢(7T") given by the same sum but with coefficient 1
instead of n--- (n —k + 1) /n. |

Proposition 5.13. Assume that for every finite-dimensional Hilbert space H, Li(M (H)) is finitely
generated as a right B-module (note that in particular this is the case if dimg(Dy(S)) < oo for all k).



GENERALIZED g-GAUSSIAN VON NEUMANN ALGEBRAS WITH COEFFICIENTS, I 1693

Then:
(1) There exists a faithful normal conditional expectation £ : N — Bp = w(B) VvV 8(P°P).

(ii) The action a is implemented by an sot-continuous family of unitary operators (Vo)oeo(H) O L?(N).

(iii) L2(WN) = By Wi (M)L2(Bp) and V,(n(x0)§) = (o (X)) for xo € M, § € L*(Bp). More-
over, &y = Ep, where Eg : m(M) — m(B) is the conditional expectation.

Proof. For a subspace H' C H we use the notation
HH) ={n(xs) (Y ®a2)®1):yEM, z€ P, x5 = Xo(X1,.... Xmsh1,....hm), hi € H'}

for the subspace generated by H’'-Wick words. Let 1z : H(H'’) C H be the canonical inclusion map and
Fg/(T) = 3, Tty the induced completely positive map. Certainly, we have Fg/(6(y°?)) = 6(y°?) and

Fr/(xo) = Ef(xq).

Indeed, if a Wick word X, contains a singleton /; € (H’)*, then Fg/(x) = 0. Using h; € H' U (H')*
we deduce the assertion by linearity. Thus Fg/(N(H)) = N(H;) C B(H(H’)) defines a normal
surjective conditional expectation Fg. Let ey be the support of Fy/. We observe that w(M(H'))
and 6(P°P) belong to the multiplicative domain of Fgs. Let N (H') C N(H) be the von Neumann
algebra generated by w(M(H')) and 6(P°P) inside N'p (H). According to Remark 5.8 and Kaplansky’s
density theorem, we deduce that Fg induces the same weak™® topology on the unit ball of N (H").
This means that the tautological embedding og g : N (H;) — N(H) given by oy’ g (xs) = Xs and
op g (0(y°P)) = 0(y°P) satisfies Fgro = idr(g;) and Fpg is an isomorphism when restricted to N(H’).
We denote by £ = o, g Fr : N — N the resulting, not necessarily faithful, conditional expectation.
Let H; be an increasing net of finite-dimensional spaces whose union is dense. Since | J; #(H;) is norm
dense, we deduce that €, H; (x) converges weakly to x as i goes to infinity along the net of finite-dimensional
subspaces. Recall that the multiplier maps m are normal and commute with every £g,. Adding convex
combination we may find a new completely contractive net, still denoted by m,,, converging in the strong,
strong™® operator topology. Thus we may assume that

lim lim(EHi (mgx)) =x
1 o

converges strongly for all x € V. In our next step we consider H'=0, i.e., themap 1: L2(M)® 4 L*(P)—H,
given by 1(y ® 4z) = (y ®4z) ® 1. This yields a completely positive map ®(7) = ¢*T'¢ such that
D(H(y°P)) = 0(y°P) and ®(;r (b)) = 7 (b). On the other hand, for a Wick word x = W,;, we see that
(Y ®42), 1 @) = lim ™% 3 (G () (7 ®uz), ¥ B )Tl (1) 5y, (hm)) = .
(ij)=0
By normality, we deduce that ®(N) = B v P°P C B(L?(M) ® 4 L?(P)). Let us denote by Bp = ®(N)

the resulting von Neumann algebra and by ep,, the support of £ = ®|,,. Since the Wick words of order 0
are obviously invariant under «,, for all 0 € O(H) and

Eap(x) = ao(£(x)) = E(x),
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we must have a, (e, ) = ep, for every o € O(H ). More precisely, 1 —ep,, is the projection of the ideal
I = {x:E(x*x) = 0} and we certainly have o, (/) = I. This implies o, (1 —ep,) = 1 —a,(ep,). We
deduce that for all @ we have a,(mgyep,) = mgep, and hence, thanks to Lemma 5.11 we know that
[Eo.mq(epp))] = 0. Now, we fix « and consider x; o = Fg, (mq(epp)) = Mg Fu, (e, ). This means

Xi,a = Z Xk
k<k(a)

where x; = Py (x). However, we have a finite basis & ¢ of L,zc (M(H)) over B made of elements in
Wi (H;) and hence for all z = w(x4/)0(y°P) we find

Pe(z) =Y m(Eks) EB(EF x6)0(yP).

)

Since Py, is normal we deduce that there are coefficients ag € 7 (B) Vv 6(P°P) such that
Xk = Z ”(gk,s)as,k € N(Hl)

s
Note here that we have rewritten m, as normal map, because the maps Ty s(x) = 7 (§5)o (E(E] x)) are
normal, thanks to Lemma 5.12. Note also that due to Lemma 5.12, 6(B v P°?) = n(B) v (P°P) C N.
On the other hand the projection Py, onto the range of (g, contains the range of « and hence

[EO’ L};in,;ld(eBp)LH,’] = L;—Il» [EO’ md(eBp)]tHi =0.

Thus we have [Eg, x; o] = 0. Let us consider n = (y ® 4 z) ® 1. We deduce that
XiaD= Y > wlEks)arsm).

k<k(x) S
Moreover, we see that

Ep (&5 xXia(m) = Ep (€ k&s.i)ar,s ().

We may assume that fi s = Ep(£], & x) is a projection in B and ay s = fisaks. Since the conditional
expectation can be calculated using vectors in the Hilbert space, we deduce that

ars(n) = Eg (€5 x1a(m) = Eg (€ Eo(xia(n)) =0

for all k > 0. Thus only the coefficient for k = 0 survives and hence x; o € o(B Vv P°P). This remains
true for the limit along o; i.e., x; = Fp, (ep,) € 0(B v P°P). Since | J; tg, is norm dense we find that

egp =w* —lim Fy, (ep,) € (B Vv PP).
1
The restriction of the normal map ¢ o £ to o (B Vv P°P) is the identity. This implies
l—ep, =00&(1—ep,) =00&(epp(l —epp)ep,) =0.

Thus eg, = 1 and & is indeed a faithful normal expectation. Now it is easy to conclude the proof
of the crucial assertion (iii). Indeed, we may assume that 7 (B) and 6(P°P) both admit weakly dense
separable C *-subalgebras and hence fix a faithful normal state ¢ on Bp. Then 1y = ¢ o€ satisfies Connes’
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commutativity relation for the modular group £ (Gtw (x)= 0? (£(x)). We refer to [Haagerup, Junge and Xu
2010] for the fact that we have a natural embedding of the Haagerup spaces L?(Bp) — L?(N) given by

1 1
Lp(xddf’) = xdlf

for the densities dp € L1(B v P°P), dy, € L1(Np) associated with the states. Moreover, the support
of dy is 1. This implies that L?(N) = N'L?(Bp). By approximation in the C*-algebra generated by
(M) and G( P°P), we see that the span of elements of the form

7 (o) 0PN

is dense in L2(N\). However, we have

(T (x0)0(P)dZ) ()0 (PN ) = r(B() 7 (x0) 7 (x,)8 (=) dy )
= (B() O (x0) () dy )
Y (OO 007 (x0) 7 (1))
BEBGP) ()7 (x0) 7 (1))
OO OEDIE (T (x0) 7 (1))
=9 (0(y™®)"0(zP) Epm(xg)*m(xy)). (5-1)

For the proof of the last equality, we may assume that x, and x, are reduced Wick words. As in
Lemma 5.12, we see that

((xg)(y ®a2), w(x0) (Y ®42))

=limn~ 3 Y t(FEAGE O (00)2) T, ) -5, (0)sj, (1) -85y, im)

n ~
Ur)=0, (jp)=6

=5|0|s|v| Zqinv(a)n—lal Z T((ajy(l)a-"»jy(k)()z))*ajla-n»jk(x)yEA(ZE*)j;*)

yE€Sk (J1seeesdi)
= 8ol D 4™ T(b(x. %, y)yEA(zEN)F).
YESk

The limit (x, X,y) € B only depends on x and X and the permutation y. Placing the summation
inside we find indeed Ep(x;xs). Thus we have shown that £[,(3r) = Ep. We deduce that the spaces
Wi (M)L,(Bp) are mutually orthogonal. Finally, we have to discuss the action « : O(H) — Aut(N).
For an arbitrary s-automorphism « of A/, we may define the action on LZ(\) via

a(xdj) = a(x)(dy oa™)2.

It is easy to show that this action is independent of the choice of a normal faithful density d associated
with state ¥. Here d oo~ ! is the density of ¥ o ™!, Thus we deduce from a,(8(y°P)) = (y°P) and
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the fact that ¥ o oy, = ¥, that

1 1
o (1 (xg)0(yP)d ;) = ao(m(x6))0(y*)dy .
as expected.

|

Remark 5.14. A posteriori, we deduce that under the assumptions above, Fg- is faithful for every
subspace H' C H because £ = EFy.

6. The deformation bimodules are weakly contained in L2 (M) ® g L*(M)
for polynomial dimensions of D (S) over B

6A. Norm estimates for decomposable maps. Let H be an M-N bimodule over finite von Neumann

algebras M and N. We will introduce some norms which will enable us to show that the M-N bimodules
associated to certain maps ® : M — L1(N) = N,*

are weakly contained in H. To be more precise define

|l = inf{ SIE NI 1(@@)y) = S {(x® yP);. m>} .
g _

J
The infimum is taken over elements §;,7; € H.

Lemma 6.1. Let K be an M-N bimodule such that for a total set of vectors § € K the map g : M —
LY(N) defined by

(P (x) () = ((x ® y™P)§. §) = (xEy.§)

satisfies || Pg||g < oo. Then K is weakly contained in H.
Proof. Let us recall that K < H if and only if we have the relation between the kernels

ker(wgy) C ker(ng),

where g7 : M Quin NP — B(H), respectively ng : M ®pin N °P — B(K) are the canonical representations

Let z =lim z; be a limit of norm-1 elementary tensors which converges to an element z € ker(wg) with
respect to the max norm. Let § € K such that ||®g||g < oo. This means we may assume that

T(@e(x)y) =Y _ar{Exmy). & Inll < 1.
1

and ) ; |o;| is finite. Using ||z; [|nin < 1 and uniform convergence, we may interchange limits and deduce
(26.26) = lim(§. 27 ;) = > lim(&, 27 2m1) = > ay(zg . znp) =0.
I I

Thus for any linear combination § = ), & of elements such that the ®, ’s have finite H norm, we still
have wx (z)é = 0. By density this holds for all £ € K.

O
As an illustration for the norm estimates let us prove the following result.
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Lemma 6.2. Let Hg = L,(M) ®p L>(M), and assume that Li(M) has dimension dj. over B. Let
Pp:L*(M) — L]2c (M) be the orthogonal projection. Then

I Pelles < di-
Proof. We recall that
(x®yP(c®d),a®b)=t(b*Eg(a*xc)dy) =t(Eg(a*xc)Eg(dyb™)). (6-1)

Assuming that §; is a basis with Ep (Ej’."éi) = Jjje;, e; a projection, we see that

t(YPe(x) =Y t(y&EpErx) =) (x®@yP(1®1).& ®E7).

j J
Since (§; ®§7.& ® &) = T(E(§7§)E(§7§))) < t(e;), we deduce the assertion. O

6B. Configurations. Our main goal here is to analyze the operators ®¢ , : M — L1(M) given by
¢, (x) = Epr(§xn), where £, n are elements in I';(B, A ® (H & H)). We will start with monomials

S = S(xhhl)"'s(xmahm)’ 77 = S(‘x},‘l’l” h:,n/)'s(x/l,hll),

where h;,h}, € H x {0} U {0} x H. Although our goal is to obtain estimates for arbitrary x, we will
first assume that x = ¢ is a reduced Wick word from M and only contains singletons from H x {0}. By
considering the moment formula we can reorganize the trace using configurations

e = Y 1 ®a(?)
o configuration
whenever ¢’ is another reduced Wick word. Here a configuration o = (GoxH, 0mx0. I¢,¢. Iz n) is given
by

(i) a pair partition ogx g of {1,...,m}U{m’, ..., 1} so that all the pairs {/, 7} have indices in 0 x H;
(ii) a pair partition oo of {1,...,m}U{m’, ..., 1} so that all the pairs {/, } have indices from H x 0;

(iii) subsets Ig¢ ¢ C {1,...,m}, Iz, C{m’, ..., 1} disjoint from the support | J ooxz U |J 0 xo of the
partitions above.

Indeed, using the moment formula for 7(¢’§¢n) we know that we have to take the sum over all pair
partitions of length m +m’ +k + k', k =|¢|, k' = |¢’|. Every such pair partition has to respect the pairs
of 0 x H and that defines our ogx z7. Some pairs can combine elements from & and 1 with coefficients in
H x 0. This defines o x¢. Some partitions connect £ and ¢ and some ¢ with 1. The left-hand sides of
the pairs between & and 7 define the set /¢ ¢ and the right-hand sides of the pairs from ¢, n define I¢ ;.
All the remaining pairs will connect ¢’ and ¢. Since ¢ and ¢’ are themselves Wick words, there are no
pairs connecting elements from ¢ (¢) with itself. We see that indeed, the sum over all partitions can be
regrouped into first summing over all configurations (which only depend on £ and ), and then summing
over all partitions supported by these configurations. Let us note that once a configuration « is known we
can determine exactly how many crossings will be produced by pairs in 0 x H. Indeed, we know that
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|1 ¢ |+ |1z | many singletons will be removed from . According to the position of the left legs in oox g
some extra crossing will be produced from the set /¢ ;. The same applies for /¢ ¢. Here is an example:

al dj bl as b3 C1 Cp2 as dl c3 C4‘d2 b3 dl aq b].

Here ogx g are given by the positions of b1 and b3. The set I¢ ¢ is given by the position of a3 and o g xo
is given by the positions of a;. The b’s are responsible for 8 + 1 + 1 + 1 crossings: eight crossings
with ¢’s, one crossing among themselves, one crossing coming from a’s and b’s, one crossing from the
b’s and d’s. Thus k(o) =2x (6—2) + 1+ 2.

In our next step we replace the monomials £ and n by Wick words. This means we only have to sum
over those configurations such that ogx g and o g xo connect £ and n and no pair £ and 7 with itself. In
addition the reduction procedure produces scalars and new operator-valued expression o, ... j, (B) with

B € D (S). We have proved the following simple combinatorial fact:

Lemma 6.3. Let £ and 1 be Wick words obtained by reduction and { € M be a Wick word of length
k = |¢|. For a fixed configuration a there is a number k() such that for all -1 < g <1

Dy (§) = gF@2,

where Z is a linear combination of reduced words with smaller length k — |I¢ ¢| — |I¢ »|. Moreover, if
k > m +m’ is the length of {, and L is the cardinality of oox g , then

k() > (k—m—m')L.
We will give more precise information about E in the next paragraph.

6C. Generalized q-gaussians. As a tool we will use a slight generalization of the von Neumann algebra
I'y(B, A® H). This generalization is based on matrix models of the ordinary g-gaussian von Neumann
algebras. This approach was invented by Speicher [1992; 1993] and has been applied in many situations;
see, e.g., [Biane 1997; Junge 2006; Junge, Palazuelos, Parcet, Perrin and Ricard 2015; Junge and Zeng
2015; Nou 2004; 2006]. Let Br: H — ﬂp LP(Q, X, u) the standard brownian motion so that Br(k)
is a normal random variable and (Br(h),Br(h’)) = (h,h’). The o-algebra is chosen minimal. This
construction is well known as the gaussian measure space construction. Given a self-adjoint matrix &;;
with values {—1, 1}, there are symmetries v; € M» (C) such that

ViVj = E&jjV;V;.

Speicher’s important idea is to choose the matrix ¢;; independently at random for all pairs. We will work
with double indices &(; r) (k,s)» Which are independent as functions of the pairs {(j,7), (k,s)} whenever
t # s or j # k and satisfy

P(egin,ks) = 1) = (1= 0y)

as long as (j,t) # (ks) for a given matrix Qy ;. This allows us to construct matrix models

u(t.h) = (% S s ®gj(h)) e [T © ® L= (@)
j=1 n now
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which satisfy

Tt hy) - ultm, ) = Y [T Quie ] (haho).
ocePy(m) {a,b}eo, {c,d}cc {a,b}ec
a<c<b<d

In other words the constant term g™ is replaced by the product of the crossing inversions weighted
according to Q. Indeed, by independence

1_[ Qtatc = [Ef(vjlstl Tt Ujm,tm)

{a,b}eo, {c,d}eo

a<c<b<d

for (ji,..., jm) <o. Inparticular for a fixed ¢ and ||| = 1 the random variable u(¢, &) is just an ordinary
g-gaussian. This central limit theorem is well known and goes back to [Speicher 1992; 1993]; see also
[Junge 2006; Junge and Zeng 2015].

We may easily generalize this to the A-valued situation by considering a sequence of symmetric
independent copies (7, B, A, D) and defining

u(t,h,a) = (% Z Vi ®gi(h)® nj(a)) I= l—[(Mzn C)®L®(Q)RD),.
j=1 n

n,w

For a subset 1 € S = §* C A, we denote the von Neumann algebra generated by the elements u(z, ki, a),
teQ,heH, acS by Fg(B, S ® H). Then define the von Neumann algebra I'g (B, S ® H) by the
same procedure as in Definition 3.4. A look at the moment formula allows us to state the following fact.

Lemma 6.4. Let To C T be a nonempty subset such that Qs = q for all s,t € Ty. Then T'y(B, S @ H)
embeds into I'g (B, S ® H) in a trace-preserving way.

Remark 6.5. As observed in [Junge and Zeng 2015] the reduction procedure still works in the generalized
g-gaussian setting.

Let us return to a configuration « as in Section 6B above. We replace the Wick words W (a, E) and
Wy (a', h') by new Wick words Wy (a, h) Wo(a’, h') as follows. For a configuration @ with a partition
oox g of the indices labeled with 0 x H, we define a new matrix

g if hg and kg are both in 0 x H,
q else.

0s:(q) =

Note that the matrix only depends on the first component ogx g of a configuration. For every pair
p ={l,r} € opxg we introduce a label e, and replace h; and &) by h; ® e, and h) @ e, to avoid
over-counting. We denote by Hy, H/ the modified vectors. Starting from

§0@ =So@(H1.a1)--so@)(Hm), 10@) = 50@ Hpy ) -+ s0@) (H1,a})

we apply the same reduction procedure (eliminating all the pairs from the nonreduced words X4 (l; ,ad))
for the W,’s and obtain the reduced Wick words Wy g)(H ,a), WoG)(H'.a’).
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Lemma 6.6. Fix ogxg. The function
F@)= Y, Enu(Wo@(H &)tWog(H'.a")
@01 =00x H
is a polynomial in § with lowest degree at least (|{|—m+m’) L and largest degree at most (|{|+m+m’) L.

Proof. Let a be a configuration which contains o¢x . Comparing the terms in the moment formula for
‘L’(Z/Wq (/’l, 5)§Wq (l’l’, a’)) and T(E/WQ@) (h, ﬁ)CWQ@ (h’, a’))

we see that they differ by the factor (§/¢)*® number of pairs. Note however, that k(cr) only depends
on «. This implies the assertion. O

6D. Weak containment. We need a simple fact about polynomials:

Lemma 6.7. Let [a, b] be an interval, Py(a, b) the set of polynomials of degree d, and a <ty <t1 <
-+« <ty < b distinct points. Then the map ® : Pg(a,b) — C2t1 ¢(f) = f(t}), is injective. Moreover,
there exists a matrix a; j such that for every polynomial

p)= > et*
0<k=<d
of degree < d we have

o = Zak,jf(lj)-
j

Proof. For 0 < j < d we define the polynomial p;(f) = (Hi;éj (tj — 1,‘,-))_1 [1i5;(t —1i), which has
degree d. Then we see that p;(#;) =1 and p; (#;) = 0 for i # j. In particular, the polynomials (p;)o<;<d
are linearly independent and hence Py (a,b) = span{p; : 0 < j < d}. This implies

p)= Y ptj)p;)
0<j=d
and in particular ® is injective. Since moreover, the monomials are linearly independent in Co (a, b), we
see that the linear map W(«y,...,ag) = @(Z k Ok t]k ) is invertible and can be represented by the matrix

Cirx= t]k, the well-known Vandermonde matrix. Then A = C ! does the job. O

From now on we fix 0 = 0gx 7, and Wick words & = Wq(ﬁ, a),n="Ww (P?’, c;’) which are obtained
after reduction from possible longer terms s4 (11, a1) -+ Sq(hm, am) and sq(h),,, a.,,) -+ - sq(h'y, a}). This
allows us to define

Fo' (Z) = EM (WQ(,) (ﬁ, Zi)é’WQ(;) (Ijl, 5))
As in Section 6B, we assume that at least L labels of £ and 7 are of the form (0, /;).

Corollary 6.8. Fix m,m’ and L. Then there exists a degree D = D(m,m’, L) such that for q € [a, b]
anda <ty <---<tp <b < 1 there are coefficients y; such that

En(§5n) = ZZ(%
o ]

(k—m—m’)L
) Vi Fs(tr)
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holds for k = || > 2(m + m’). Moreover, for some possibly different coefficients 7y
EmEM =YY nFs)
[

holds for |C]| <2(m +m’).

Proof. We fix 0 and k > m + m’. Let [a,b] C (—1,1) be an interval and a = g. The ¢;’s are all
chosen bigger than a. We define the polynomial py (1) =1~ & —m=—m')L p(t) which has degree at most
(k+m'+m—(k—m—-m"))L < (2m + 2m’)L and hence
pr(t) = > ajt! and aj =" cijpilt;)
0<j<(2m+2m’)L i

hold for mutually different points a < t1,...,tg < b, where d < (2m +2m’)L + 1 are independent of k.
Hence we get

Fy(q) =q* ™ p(q) = g% L3 " ;507 pe(t)
Ji
, —_— N ' q (k—m—m’)L
=L S O ) = (e’ ) (£) Folti)
Jii i '
This defines the coefficients y;. For k < 2(m + m’) we work directly with the polynomial F(z) of degree
at most 2(m +m’)L. O

Let M =T,(B,S® H)and M =T,(B.S ® (H ® H)). Define the M-M bimodule F,,, C L2(M)
as the || - ||2-closed linear span of the reduced Wick words Wy (x1,...,x¢, h1,...,hy), N > 1, such that
hi € H x{0}U{0} x H for all i and at least m of the vectors h; belong to {0} x H. This bimodule will
play a crucial role in our deformation-rigidity arguments in the next section.

Theorem 6.9. Let M =Ty (B, S ® H) and let C > 0, d > 0 be two constants such that the dimension
of Li(M) over B is smaller than Cd¥ for all k. Let |q| < 1. Then there exists an Lo € N and a B-M
bimodule K such that Fj is weakly contained in Lo,(M) ®p K for alll > Ly.

Proof. Let us recall that

((® () P(a®pb).a®pf) =1(B"Ep(a*{a)bl’) = t(Ep(a*ia)Eg(bi'B¥)).

Now we may assume that (&;);ey, is a basis of dimension dj over B so that

Pe(Q) =) &Ep(y) and Ep(§€) <.
iely
This implies
Tkt =) tCEEERE DN = Y &G EBE DN

iely i€l

= Y (@)1 ®p ). & ® (E6)").

iely



1702 MARIUS JUNGE AND BOGDAN UDREA

Let go < 1 so that ¢/qo < 1. Then we define the B-M bimodule
K= @ L*Ton(B.S®H))
q/q0=t<1

with the natural left and right actions. For ﬁxed &, n we choose a= j:q and |q|/qo <to <---<tp <b for
some b < 1. This allows us to define Wy, )(h a) and Wy, )(h a/) in K. With the help of Corollary 6.8
we deduce that the map ®(¢) = Zk22(m+m’) Ep (EP;(C)n) satisfies

12t L, )@ sk

k— L TR G
<SSl Y @RS 11 @8 Wou (B, a5 ®8 Wou) (H.d)E)*|.
g

k>2(m+m’) i€l
Now we note that
1 ®8 Wou)(H'.a)| = Wo)(H'.a)llLy e, = <)

and
1§ ®8 Wou)(H. D))" | = v(Woq)(H. )6 Ep (& 5) Wo) (H.)5)")
< T(&& W, (H.a@)* Wo ) (H.d)
< ||WQ(z,)(ﬁ,5)||12~Q(, L =c).
Thus it suffices to know that ) q(k m=mL gk is finite. Note here that m and m’ depend on the Wick
word and that we may assume / > Lg. Thus g, Log < landb < 1is enough to achieve summability.

Using the second part of Corollary 6.8 we also have summability for k < 2(m + m’). Lemma 6.1 then
yields the assertion. U

Corollary 6.10. Let M = T'y(B, S ® H) and assume that H is finite-dimensional and dimp (D (S)) <
cdk for some constants C,d > 0. Then there exists an B-M bimodule K such that for m > 1 large
enough we have Fp, < L>(M) ®p K. In particular, for m large enough, Fy, is weakly contained into

L2(M) ®p L*(M).
7. The proof of the main theorem and its applications

We first need some preliminaries. Throughout this section we use the notation M = M(H)=14(B,S®H)
and M =T,;(B,S®(H S H))=M(H & H). Let

M=(DRT,((*@H)vM C(DRT,({*® H))".
As in Section 5, let
HC ((L2(M) ®.4L*(P)) ® Fy (> ® H))®

be the norm-closed linear span of the sequences

(n_2 Z (), (x1) -+ 70, (X)) y ® 4 2) ® 5y (B1) -+ 8, (hm))

(jl"“;jm):U
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form>1, o0 € P12(m), x; € BSB, hj € H, y € M, z € P. Take the representations
7:M— B(H), 0:P°®°— B(H)

introduced in Section 5 and define N’ = (M) v 8(P°P) C B(#H). As seen in Section 5, we choose a
normal faithful state ¢ on Bp = w(B) v 8(P°P) C B(H) and then define a normal faithful state ¥ on
by ¥ = ¢o Ep,, where Ep,, :/}/ — Bp is the normal faithful conditional expectation. Let dy, € L' ()
be the density of ¢ and &y = dIZ. Then L2(N) is the norm-closed span of the elements 7 (x4 )8 (y°P)&o
for xo € M a Wick word and y € P. Let Wy (M) be the linear span of the Wick words of degree k in M
and L2(Bp) = L*(Bp, ¢) be the standard form for Bp C B(#). Then A is standardly represented on

L*(N) = @ Wi (M)L?(Bp)
k>0

by the formulas

7 (xg)0(y*P) (7w (x,)0(zP)€0) = (x5 x1)0((2)*)60. X0, Xy €M, y,z € P.

The conjugation .7 : LZ(N) — L?(N\) associated to the standard representation of A\ is given by

T ((x6)0(y®)E0) = 0V (w(x2)0(7))ko. xs €M, y € P,

i
2

where Utw is the modular group on A associated to . We will also consider N=~N (ﬁ ) constructed in

the same way as N by using H = H & H instead of H. Thus take
HC ((L2M) @4 L2(P)) ® Fy (2 @ H))”
to be the norm-closed linear span of the sequences
(n"? Yo (i ()7, (Km)y ®az) @), (1) -+ 5),, (ﬁm))
Utseesjm)=0
form>1, o € P1x(m), x; € BSB, h~,' e H. Exactly as in Section 5, define the x-representations
n:M— B(H), 0:P°®— B(H)
and then define NV = n(ﬁ) Vv 6(P°P). Then N is standardly represented on

L*(N) = @ Wi (M)L2(Bp).

k>0

and the associated conjugation J:L2(N) > L2(N) is given by the formula
T (x(x0)0(r™)é0) = 0¥, (x(x3)0(7)ko. o €M, y € P,
2

where atw is the modular automorphism group on N associated to Y. For every angle ¢ define the unitary

V; on L2(N) by
7 (Xo (X1, h1, - oy X )0 (Y°P)Eo > (X (X1, 04 (R1), - -+ s Xm, 04 (him))) B () Eo.
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Then the one-parameter group of x-automorphisms Ad(V;) of B(LZ(A%) restricts to a group «; of
*-automorphisms of N, acting according to the formula

o (7 (g (X1, Bt - X, ) O (yP)) = 7 (6 (x1,00 (1) - -, X 01 () )O(yP).

When further restricted to M = Iy(B,S® H ) this group of *-automorphisms coincides with the one
introduced in Theorem 3.16 and we have the identity

Ti(x) = Em(as(x)), xeM,0=<s<7,

where T} is the heat semigroup introduced in Theorem 3.16 and ¢ = —In(cos(s)). We finally introduce the
bimodules needed in the deformation argument. To do this, recall that M=M (H @ H) is the generalized
q-gaussian algebra generated by B, s4(a, h,0) and s4(a, 0, h), where a € S runs through the generating
set and & € H are unit vectors. Let F C H be an orthonormal basis. Then we define an M-M bimodule
Fem C L2(M) by

Fem =spanl 2 {Wo(ky, ... ky,ar,....an0) i ki € Fx {0} U{0} x F, #{ilk; € {0} x F} = m)}.

Note that we use reduced Wick words. This means N = |os| and the vectors (kq, ..., ky) are the ones
obtained after contracting the pairs. Here 0 € Py 2(N’) and ay, . .., an- are the original coefficients from S.
One can see that F—,, is exactly the eigenspace of vectors & € L2 (7\7) such that Eproq m) (s (§)) =71
for all (some) # > 0. Likewise we define the M-M bimodule F£, < L2(N) as the | - [|2-closed span of
the elements

n(Wo(x1,h1, ... Xm, hm))0(yP)é0, xi € BSB, hj € F x{0} U{0} x F,
such that exactly m of the vectors /&; belong to {0} x F. It’s easy to see that .Fim can be described by

FE, =1t € La(N) : Exoom) (@ (§)) = e "™& for all t > 0}.
Finally, we set

Fn= P Fem c L?(M). FL= P FE, cL*WN).

m'>m m’'>m
Let’s remark that we have the following transversality property, whose proof is virtually the same as that
of Proposition 5.1 in [Avsec 2012].

Lemma 7.1. There exists a constant C = C(m) > 0 such that for 0 <t <271 we have
[Vims1 () —Ell < Cle Vi@l foralls e P LiW) C L*(N).
k>m+1
Theorem 7.2. Let M = I'y(B,S ® H) associated to a sequence of symmetric independent copies
(j, B, A, D) and assume that the dimension of Dy (S) over B is finite for every k and that H is finite-
dimensional. Let A C M be a von Neumann subalgebra which is amenable relative to B and define
P = Ny (A)'. Let m > 1 be fixed. Then at least one of the following statements holds:

(1) The M -M bimodule F, is left P-amenable.
(2) There exist t,§ > 0 such that inf, ey (a || Ty (a)]]2 > 6.
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Proof. The approximately invariant states w,, € Ny constructed in Theorem 5.1 are implemented by unit
vectors &, € L2(N) C LZ(A7'). Using the Powers—Stormer inequalities we see that the vectors &, have
the following properties:

(1) (w(x)én, &n) —> T(x), x € M.
2) ||lm(a)b(@)sn —&nll — 0. a € U(A).
3) )@ Tr(u)0@)Tén — Enll — 0, u € Nag (A).
Letet: Lz(_/’\/"') — ]—",fl) be the orthogonal projection. We have the following alternative:

Case 1. For every nonzero projection p € Z(P) and for every ¢ > 0 we have

I2ll2
8C
We will prove that in this case the M -M bimodule F, is left P-amenable.

limsup |le V7 (p)&al >
n

Lemma 7.3. Let X be the strong operator topology completion of Fy, as a right M -module with respect
to the M -valued inner product (x,y) = Ep(x*y), x, y € Fm. Let L(X) be the von Neumann algebra of
adjointable operators on X. Then there exists a normal *-homomorphism ¥V : L(X) — B (Lz(]-',ﬁ )) such
that W(L(X)) C B(L>(FE)) N (N°PY N (6(PP)).

Proof. The condition 5.13(iii) implies that ]—",,1: = X ®u L*(N), where the left action on A is that of
w(M). Therefore the map W : L(X) — B(.an ) given by

T—TQ®pyid

is a well-defined normal *x-homomorphism. Let us consider a rank-1 operator £ ® 1 € L(X) with &,
Wick words in M. Then we calculate

W (€ ® ) ((x5)0(y™P)é0) = ()T (Epm (1" x5))60(yP)o.

Let e, be the orthogonal projection of N onto the closure of A €0, which exists thanks to the fact that
EQ/P is faithful, see Remark 5.14. Then we note that for X5 € M we have

(7 (Ept (17 %6))0(yP)Eo, B3 5P E0) = Y (OGFP)*0(yP) ., (R2x0))
= YOG OOPNEL ) 0 Exian)(E2x0))
= (T (Ep (1% x0))0(yP)ko. 7(55) 0 (FP)Eo).

This shows that
7 (Ep (n*x5))0(y*P)éo = enr(m(n*x5)0(y*P)Eo).

Thus we deduce that for all the rank-1 operators £ @ 1 € L(X)
V(E @) = LagenLam

is a right A’-module map, and hence belongs to B(Lz(]-'lﬁ ) N (N°PY. It’s also trivial to check that
V(¢ ® n) commutes with the operators Lg(yopy for all y € P. Since W is normal and the linear span
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of the rank-1 operators is so-dense in £(X), we have W(L(X)) C B(Lz(]-',{l))) N (NP)Y N (O(PP))Y, as
desired. O
The lemma provides a normal *-homomorphism
W : B(Fm) N(MPY — B(FEYN (O(PP)v Tn(M)T v TO(PP)T)
such that W(A(x)) = 7 (x) for x € M, where A is the natural left action of M on Lz(ﬁ). From this point
on, the proof proceeds verbatim as in [Popa and Vaes 2014a, proof of Case 1 in Theorem 3.1].

Case 2. There exist a nonzero central projection p € Z(P) and ¢ > 0 such that

imsup e Vi () | < 1212,

In this case we prove that there exist s, § > 0 such || Ts(a)||2 > 6 for all a € U(A). Write w(p)&n = Cn + 1

where {n € Dr < L? PN, 1 € Dismtt L? +(N). Note that [[§»|| < 1, [In.] < 1. Since V; converges
uniformly on (@ k<m L2 (/\/'))1, there exists a fop > 0 such that for 0 < s < 79 we have

otz 112 (@ 12)
Vs : fi L .
Ivig =g < minf 502 12 fore e (@) 220v0)

k<m

. . _ 2 .
Fix 0 < s <min{t"™*1, 19,121, 2=(m+ D7} For every n > 1 we have the estimate

Vs (p)en — w(P)enll < 1VsSn — Cnll + 1Vsnn — nall
_ lrll2 1212
- 8 8

+ [Vsnn —null < + C“eJ_VWH'l/EUn [

||p8||2 +C||eLVm+fﬂ(p)§n|l+C||e Vm-i—fgn”

||P||2 1 1
2 + Clle™Vmt15m(p)enll + Clle™ (V1580 — &)l + Clletgall

- ||[;||2_l_C”eJ_Verfn(p)gn”+C||Vm+f§n Snll

Ipll2
== * Clle™Vim(p)énl-
Taking the limsup with respect to n we obtain
: 3lpll2
limsup [|[Vsm(p)en —m(p)énll < —— 3
n
From this point on, the proof proceeds verbatim as in [Popa and Vaes 2014a, proof of Case 2 in
Theorem 3.1]. O

Proof of Theorem A. For the first alternative, we use the second item in Theorem 7.2, Proposition 3.20
and Proposition 2.3. For the second alternative, we use the first item in Theorem 7.2, Corollary 6.10 and
Remark 2.7. O

Proof of Corollaries B, C, D. These follow immediately from Theorem A. O
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