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SPACELIKE RADIAL GRAPHS OF PRESCRIBED MEAN CURVATURE
IN THE LORENTZ-MINKOWSKI SPACE

DENIS BONHEURE AND ALESSANDRO IACOPETTI

We investigate the existence and uniqueness of spacelike radial graphs of prescribed mean curvature in
the Lorentz-Minkowski space 1”1, for n > 2, spanning a given boundary datum lying on the hyperbolic
space H™.

1. Introduction

A radial graph is a hypersurface ¥ such that each ray emanating from the origin intersects X once at
most. In the euclidean context the problem of finding radial graphs of prescribed mean curvature has
been extensively studied over the years. In the first paper on the subject, Rad6 [1932] proved that for any
given Jordan curve I' C R3, with one-to-one radial projection onto a convex subset of the unit sphere S2,
there exists a minimal graph spanning I". Later, Tausch [1981] proved that area-minimizing disk-type
hypersurfaces spanning a boundary datum I" which can be expressed as a radial graph over 02, where
@ C S" is a convex subset, have a local representation as a radial graph. The case of variable mean
curvature was investigated by Serrin [1969], and a recent result of radial representation for H -surfaces in
cones was given in [Caldiroli and Iacopetti 2016]. Treibergs and Wei [1983] studied the case of closed
hypersurfaces, i.e., compact hypersurfaces without boundary. Lopez [2003] and de Lira [2002] studied
the case of radial graphs of constant mean curvature.

The Lorentz—Minkowski space, denoted by 1”71, is defined as the vector space R” 1 equipped with
the symmetric bilinear form

(x.y) =x1y1 4+ 4+ XnVn — Xn41Vn+1.

where x = (x1,...,%n41), ¥ = (V1.,..., Ynt1) € R?TL The bilinear form (-,-) is a nondegenerate
bilinear form of index 1, see [Spivak 1975, Section A], where the index of a bilinear form on a real vector
space is defined as the largest dimension of a negative definite subspace. The modulus of v € L**1 is
defined as |v| := /|{(v, v)|.

The interest in finding spacelike hypersurfaces of prescribed mean curvature in the Lorentz—Minkowski
space comes from the theory of relativity, in which maximal and constant-mean-curvature spacelike
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hypersurfaces play an important role, see [Bartnik and Simon 1982], where spacelike means that the
restriction of the Lorentz metric to the tangent plane, at every point, is positive definite. In the literature,
several result are available for spacelike vertical graphs, i.e., hypersurfaces which are expressed as a
cartesian graph. Entire maximal spacelike hypersurfaces were studied by Cheng and Yau [1976] and later
Treibergs [1982] tackled the general case of entire spacelike hypersurfaces of constant mean curvature.
The Dirichlet problem for spacelike vertical graphs in 1 was solved by Bartnik and Simon [1982], and
Gerhardt [1983] extended those results to the case of vertical graphs contained in Lorentzian manifolds
which can be expressed as a product of a Riemannian manifold times an interval. Bayard [2003] studied the
more general problem of prescribed scalar curvature. On the contrary, for radial graphs, to our knowledge,
the only available result concerns entire spacelike hypersurfaces with prescribed scalar curvature which
are asymptotic to the light-cone; see [Bayard and Delanog 2009].

The geometry of Lorentz—Minkowski spaces plays an in important role in the setting of the problem.
A first relevant fact is that there cannot exist spacelike closed hypersurfaces (see Proposition 2.5, or
[Lopez 2014] for the case of surfaces in L3). Therefore S”-type surfaces are ruled out, and the model
hypersurface in L1 for describing spacelike radial graphs is the hyperbolic space H” (see Definition 2.6).
Another important feature of Lorentz—Minkowski spaces is that, given a domain, there exist spacelike
hypersurfaces of arbitrarily large (in modulus) mean curvature, see [Lopez 2013], while in the euclidean
context this is not true in general. This fact will be crucial in our paper to construct barriers.

We state now the problem. Let € be a smooth bounded domain of H”. For u : @ — R, we define the
associated radial graph over €2 as the set

S):={p=e"Dgecl™'.qeQl

Let Cg be the cone spanned by Q (minus the origin), i.e., Cg:=ip=pq€ 1"t1:qeQ, p>0}, and
let H:Cq — R.

Definition 1.1. A H-bump (over Q) is a radial graph ¥ whose boundary coincides with 92 and such
that the mean curvature of X at every (interior) point equals H.

The Dirichlet problem for spacelike H -bumps is given by

n

3 (1= |Vu®)8ij +uiujuij = n(1—|Vul|?) —n(1 —|Vul?)?2e* H(e*q) inQ,
i,j=1
V| <1 ng, D
u=0 on 0%2,

where u;, u;; are the covariant derivatives of u, Vu is the gradient with respect to the Levi-Civita
connection of (H”, g) (see Section 3), and g = dx; @dx1 + -+ +dxp ® dxp —dXp41 ® dXp41 is the
induced Riemannian metric on H” (see Section 2).

Definition 1.2. Let 0 < r; <1 < ry, with r; # rp. The hyperbolic conical cap of radii ry, 7, spanned
by Q is the set

Ca(ri.r2) :={p=pq < 1"tlqgeQ, rn<p<r
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The main result of our paper is the following existence theorem.

Theorem 1.3. Let @ € (0,1), 0 <ry <1 <rp, with ry # ra. Assume Q is a bounded domain of H" of
class C3* that satisfies a uniform exterior geodesic ball condition. If H € C1* (Cq(r1,1r2)) is positive
and satisfies

(1) H(r1i9) > rl_1 and H(rq) < rz_lfor any q € Q,
(i) (/0N (AH(Aq)) <0 forallqg e Q, A €[r1, 1],
then there exists a unique solution of problem (1-1) whose associated radial graph is contained in
Cq(r1,r2).
Let Q, rq, rp be in the statement of Theorem 1.3. Let m > 1, let w : Q — R* be a smooth positive
function such that r{"_l <w< ré”_l and let Hy, ¢ : Cq(r1,72) — R, defined by

w(x/]x])
x|

Hp,o(x) 1= (1-2)

One easily verifies that Hy, 4 satisfies the hypotheses (i) and (ii) of Theorem 1.3. In particular, this
shows the existence of spacelike radial graphs of prescribed mean curvature even for nonhomogeneous
functions H, a case which is not contemplated for instance in [Bayard and Delanoé& 2009], where the k-th
scalar curvature is prescribed just on H".

We remark that (1-1) can be put in divergence form, namely

—divige (Vu/+/1—=|Vu|?) +n//1—|Vu|?> = ne*H(e"q) in <,
IVu| <1 in Q, (1-3)
u=0 on 092,

where divy» denotes the divergence operator for (H”, g). The principal part of this operator appears in the
Born-Infeld theory of electromagnetism [1934], which is a particular example of what is usually known
as a nonlinear electrodynamics. We therefore stress that Theorem 1.3 provides existence and uniqueness
of solutions for some specific Born—Infeld equations in which appear nontrivial nonlinearities involving
both the gradient and the function; see also [Bonheure et al. 2016; Bonheure and Iacopetti 2019].

The proof of Theorem 1.3 relies on the combination of several tools. For the existence, we apply a
variant of the classical Leray—Schauder fixed point theorem due to Potter [1972]. To this aim, we make
use of suitable comparison theorems and we prove fine a priori estimates for the solutions and their
gradient. Regarding uniqueness, we take advantage of the Hopf maximum principle as in the version
stated by Pucci and Serrin [2004].

We point out that the uniform exterior geodesic ball condition allows us to construct barriers for the
gradient of the solutions at the boundary. Such construction strongly depends on the shape of the mean
curvature operator for spacelike hypersurfaces in the Lorentz—Minkowski space, and we remark that
Theorem 1.3 grants existence of spacelike radial graphs over arbitrarily large and even nonconvex domains
of H". We note that it is not possible to mimic this construction in the euclidean framework, and in fact
the problem of finding radial graphs over proper (possibly nonconvex) domains of S” which are not
contained in a hemisphere is still open.



1808 DENIS BONHEURE AND ALESSANDRO TACOPETTI

Concerning global a priori estimates for the gradient, which is the key step in the proof, we derive a
quite complex technical result, see Proposition 8.1, which is inspired from [Gerhardt 1983] and is based
on the introduction of an ad hoc differential operator, Stampacchia’s truncation method and fine estimates
of the L?-norm of the quantity v(u) = 1/+/1 —|Vul?.

In this paper we also introduce a new definition of admissible couple (2, H) and triple (2, H, 6),
see Definition 4.4, where 8 € (0, 1). This notion of admissibility is very general and works even for
nonsmooth domains and just for continuous functions H. However, given a couple (2, H), it is not
easy in general to verify whether it is admissible or not. In Section 4 we provide trivial examples of
admissible couples and in Proposition 4.7 we exhibit a class of functions H such that (€2, H) is admissible
whenever 2 satisfies a uniform exterior geodesic condition. Using the notion of admissible couple, we
can extend Theorem 1.3 to a wider class of domains and mean curvature functions.

Theorem 1.4. Leta € (0,1), 0 <r; <1 <rp, with r1 # ry. Assume that Q is a bounded domain of H"
of class C>% and H € C1* (Cgq(r1,1r2)) satisfies conditions (i) and (ii) of Theorem 1.3. Assume that
(2, H) is admissible. Then there exists a unique solution of problem (1-1) whose associated radial graph
is contained in Cg(r1, r2).

A further existence result for problem (1-1), under more restrictive assumptions, is as follows.

Theorem 1.5. Let o € (0,1) and Q be a bounded domain of H" of class C3% Assume 6 € (0, 1),
0<ri<1<ry,withry #ry,and H € Cl’“(C§ (r1, r2)) satisfies

(a) H(r19) > rl_1 and H(rq) < rz_lfor any q € Q,
(b) (3/IN(AH(Aq)) < —1/(r1(0 —02/4)V2) forall g € Q, A € [r1,72],

© ||Vg H(X)|la+1 < (1= 9)/(n3/2r22) forall x € Cg(r1,r2), where VOTH is the euclidean tangential
component of VoH (x) on Ty x|H" (see Definition 6.2), Vo H is the gradient of H with respect to
the euclidean flat metric, and || - ||n+1 is the euclidean norm in R"+1,

Assume at last that (2, H, 0) is admissible according to Definitions 4.4 and 4.10. Then there exists a
unique spacelike H-bump contained in Cg(ry,12).

We mention this result because the proof quite differs from that of Theorem 1.4 and better shows the
differences and difficulties with respect to the euclidean case. The proof is this time based on the classical
Leray—Schauder theorem; see for instance [Gilbarg and Trudinger 1977, Theorem 11.3]. The first step
is to solve a suitable regularized equation associated to (1-1); see (4-2) and Theorem 5.1. The idea of
solving such a regularized equation is taken from [Treibergs 1982], where the author constructs barriers
for the gradient at the boundary. The way back to the original Dirichlet problem then uses a gradient
maximum principle [Treibergs and Wei 1983, Proposition 6]. In contrast with [Treibergs 1982], we deal
here with equations which do not satisfy, in general, a gradient maximum principle [Gilbarg and Trudinger
1977, Theorem 15.1]. In fact, in our case, when passing to local coordinates, we see that the regularized
operator associated to (1-1) does not satisfy, in general [loc. cit., condition (15.11)], and the principal part
depends both on the gradient and on the domain variables. We refer to Lemma 4.1 below for more details.
In order to overcome this difficulty, and eventually deduce a global a priori C! estimate, we perform
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the regularization in a proper way. We then use the admissibility condition to control the gradient at the
boundary, whereas we use two different strategies, see Lemma 4.12, for the interior estimate. The first
one which is based on the properties of harmonic functions, works only in dimension 2. The other proof
works in any dimension and is based on the global gradient bound given by [loc. cit., Theorem 15.2].

Finally, in the spirit of [Treibergs and Wei 1983], we prove a new kind of interior gradient estimate, see
Proposition 6.4, so that, under the hypotheses of Theorem 1.5, the solution of the regularized problem is a
solution of (1-1). It is important to note that, in contrast to [loc. cit.], since H” has negative Ricci curvature
and since we deal with hypersurfaces with boundary, the mere gradient estimate of Proposition 6.4 is not
sufficient for getting a global a priori C!-estimate. We refer to Remark 6.5 for more details.

When €2 satisfies a uniform exterior geodesic condition, thanks to Proposition 4.7, Remark 4.8 and
Remark 4.9, it is possible to show that the functions given by (1-2) satisfy the hypotheses of Theorem 1.5
for suitable choices of ry, 2, m, for @ close to 1 (in the C !-topology), and for some 64 € (0, 1).

As a future goal, it would be natural to investigate if it is possible to remove the monotonicity assumption
on H and to extend Theorem 1.3 also to sign-changing mean curvature functions.

The outline of the paper is the following. In Section 2, we fix the notation and we collect some known
facts which are useful in the remainder of the paper. In Section 3, we derive the equation for spacelike
H -bumps and in Section 4 we prove Proposition 4.7 and some a priori estimates. Section 5 is dedicated
to the proof of existence and uniqueness of solutions for the regularized Dirichlet problem associated to
problem (1-1). In Section 6, we work out an interior gradient estimate, namely Proposition 6.4, and in
Section 7 we prove Theorem 1.5. In Section 8, we prove a global a priori estimate for the gradient. We
finally prove Theorems 1.3 and 1.4 in Section 9.

2. Notation and preliminary results

Let n > 2; we denote by 1”1 the (n+1)-dimensional Lorentz—Minkowski space, which is R”*1 equipped
with the symmetric bilinear form
(x,y):=x1y1+-+ XnYn — Xnt1Vn+1.

We classify the vectors of L”*1 in three types.
Definition 2.1. A vector v € L”*! is said to be

e spacelike if (v, v) > 0 or v = 0;

e timelike if (v, v) < 0;

e lightlike if (v,v) =0 and v # 0.

The modulus of v € 1?1 is defined as |v| := /|(v,v)|. We also denote by (x, y)n+1 = X1y1 +
-+« 4+ Xp+1Yn+1 the euclidean scalar product, and by ||x||,+1 = \/x% + 4 x,zlJrl the euclidean norm
in R**1 Given a vector subspace V of "1, we consider the induced metric (-,-)y defined in the

natural way
(v,w)y = (v, w), v,weV.
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According to Definition 2.1 we classify the subspaces of 1”1 as follows.
Definition 2.2. A vector subspace V of 1" *! is said to be

» spacelike if the induced metric is positive definite;

¢ timelike if the induced metric has index 1;

e lightlike if the induced metric is degenerate.

In this paper, we deal only with hypersurfaces in 1”71, and thus we identify the tangent space of
M C 1”1 at p € M, denoted by T, M, with a vector subspace of dimension n in L+ In particular, by
abuse of notation, if ¢ : U — M, where U is an open subset of R”, is a local parametrization, we still use
the symbol 9; to denote the vector d¢/0x;.

Definition 2.3. Let M C 1”1 be a hypersurface. We say that M is spacelike (resp. timelike, lightlike)
if, for any p € M, the vector subspace T, M is spacelike (resp. timelike, lightlike). We say that M is a
nondegenerate hypersurface if M is spacelike or timelike.

Definition 2.4. A timelike vector v € L”*! is said to be future-oriented if (v, E,+1) <0 and past-oriented
if (v, Ep41) >0, where Ej, 41 :=(0,...,0,1).

We observe that for a spacelike (resp. timelike) surface M and p € M, we have the decomposition
L+l = oM ® (TyM )L, where (TyM )L is a timelike (resp. spacelike) subspace of dimension 1;
see [Lépez 2014]. A Gauss map is a differentiable map N : M — 1" *! such that [N(p)| = 1 and
N(p) € (TyM Yt forall pe M. If M is spacelike, the Gauss map pointing to the future is a map
N: M — H"

We recall now a result which is simple but crucial because it marks a relevant difference between the
euclidean geometry and the geometry of Lorentz—Minkowski spaces.

Proposition 2.5. Let M C "t be a compact spacelike, timelike or lightlike hypersurface. Then OM # .

Proof. Assume that 9M = @ and that M is spacelike (resp. timelike or lightlike). Let a € "1 be a
spacelike (resp. timelike) vector. Since M is compact, there exists a minimum (or a maximum) pg € M
for the function f(p) = (p,a). Since IM = &, we know py is a critical point of the function f and
thus (v,a) =0 forall v e T,M. Hence a € (T, M )L, but this gives a contradiction because (TyM )L is
timelike (resp. spacelike or lightlike). O

In other words, the previous result tells us that a closed hypersurface (i.e., compact without boundary)
must be degenerate (see Definition 2.3). Therefore closed surfaces are not relevant in the Lorentz—
Minkowski space, and this is deeply in contrast to euclidean geometry. For the sake of completeness,
we also point out that Proposition 2.5, as well the previous definitions, can be extended to general
hypersurfaces; see, e.g., [Lopez 2014, Section 3].

Definition 2.6. The hyperbolic space of center pg € LT and radius r > 0 is the hypersurface defined by
H" (po,r) :={p e """ (p— po. p— po) = =12, (p — po, En+1) <0},
where E,+1 = (0,...,0,1).
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From the euclidean point of view, this hypersurface is the “upper sheet” of a hyperboloid of two sheets.

Remark 2.7. The hyperbolic space is a spacelike hypersurface; see [Lopez 2014; Spivak 1975]. In fact,
let v € T,H" (po,r) and let 0 = o (s) be a curve in H" (po, r) such that 6’(0) = v. Then, differentiating
with respect to s the relation (o (s) — po, o (s) — po) = —r? at s = 0, we obtain (v, p — po) = 0. This
implies T,H" (po, r) = Span{p — polt. Since p — po is a timelike vector, it follows that H” (pg, r) is a
spacelike hypersurface. Moreover N(p) = (p — po)/r is a Gauss map.

When py is the origin of L”*1, and r = 1, the hyperbolic space is denoted by H"; that is,
H" = {(x1, ..o Xnp) €T ox? 4o 4 x2—x2 = =1, xp41 > 0}

In view of the previous remark, for any p € H", the induced metric on 7,H" is positive definite, and
hence the tensor g = dx; ® dx1 + -+ dxp @ dxp — dxp4+1 ® dxy 41 is a Riemannian metric for H".
Another model for H” is the Poincaré model in the unit disk B” :={y € R" : ||y ||, < 1}, where | - ||, is
the euclidean norm in R”. The hyperbolic metric in B” is defined by

4

T -2

which is conformally equivalent to the flat metric in B”. The isometry between (H", g) and (B”, g) is

n
g dy; ® dy;,
=1

given by the map F : H" — B” defined by
2x —
F(x):=x0— (x — %o) = ( L .. n ) 2-1)

(x —X0.x — xo) T+xpt1 1+ xp41

where x9 = (0,...,0,—1) € R*+1: see [Lee 1997, Proposition 3.5]. The map F is also known as
hyperbolic stereographic projection, and from a geometrical point of view, F' sends a point x € H" to the
intersection between the line joining x and xo with the hyperplane {y € R**1: y,.; = 0}.

We conclude this section by recalling a variant of the Leray—Schauder fixed point theorem which will
be used in the proof of Theorem 1.3.

Theorem 2.8 (A. J. B. Potter [1972]). Let X be a locally convex linear Hausdorff topological space and
U a closed convex subset of X such that the zero element of X is contained in the interior of U. Let
T :[0,1] x U — X be a continuous map such that T ([0, 1] x U) is relatively compact in X. Assume that

(a) T(t,x)# x forall x € dU and t € [0, 1];
(b) T(OxoU) CU.

Then, there is an element X of U such that x = T (1, ).

3. Derivation of the equation

Let 2 be a proper smooth bounded domain of the hyperbolic space H". Let us denote by 7 (£2) the space
of tangent vector fields to © and denote by V the Levi-Civita connection of L”*1, We recall that V°
coincides with the flat connection of R"*1, and we denote by V the induced Levi-Civita connection on .
Let u be a smooth function defined on 2. We denote by du the differential of u and by Vu the gradient
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of u, which is the only vector field on €2 such that
du(X)=(X,Vu) forany X € T(2).
The second covariant derivative of u is defined as
Vxyu:=VxVyu—VxY(u)=VxVyu—Vy,yu forany X,Y e T(Q),
and the Hessian of u, denoted by V2u, is the symmetric 2-tensor given by
Viu (X,Y):= Vx,yu forany X,Y € T(Q).

The Laplacian of u, denoted by Au, is the trace of the Hessian.

Let {e1, ..., ey} be a local orthonormal frame field for  and let {w!, ..., ®"} be the dual coframe
field; i.e., w' (ej) =6;j forany i, j = 1,...,n. The connection forms w;;’s defined by
a),'j(X) = (Vxej,ei), XGT(Q), (3—1)
and thus we have n
Ve € = Z wyj(ei)ek. (3-2)
k=1
We also recall that the connection forms are skew symmetric, i.e., w;; +wj; =0, forany 7, j € {1,...,n}.

In terms of the dual coframe field the exterior derivative of u (i.e., the differential) can be written as
n
du = Z ujw',
i=1
where u; denotes the covariant derivative V. u. We will also use the notation V; to denote Vg, .
For the second covariant derivatives, taking X = ¢;, ¥ = e; and using (3-1) we have

n
Vei et = Veyuj — Y wpj(eiug. (3-3)
k=1

From now on we will use the notation u;; to denote Ve, o, u. In particular the Hessian of u can be
written as u;;w; ® w; and the Laplacian of u as Au = Z?zl Uji.

Definition 3.1. Let A C L"*!; we define the cone spanned by A as the set
Cq:={pgel"l:geA p>0.

Remark 3.2. Observe that setting e, 1(x) := x/|x| for x € Cq, and extending the e;’s as constant along

radii, i.e., ¢; (x) = e; (x/|x]), x € Cq, fori =1,...,n, we get that {eq, ..., e,+1} is a local orthonormal
frame field for Cq, where e, is the future-oriented unit radial direction, i.e., (en+1,en+1) = —1,
(en+1, En+1) <0. We also observe that by direct computation we have Vl-Oen.H =e¢; foranyi =1,...,n.

We remark that by definition e,+1(g) = ¢ for any ¢ € Q, and by abuse of notation when writing V9 g,
where w € T(R"*1), it will be always understood that we are computing VO e, 4 at x = ¢, and ng

will stand for Vgn LW
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In order to derive the equation of spacelike H-bumps, one can argue as in [Treibergs and Wei 1983,
Section 1] with minor adjustments. Indeed, we only need to take into account the changes due to the
bilinear form (-,-), and the definition of mean curvature for spacelike hypersurfaces [Lopez 2014,
Section 3.2]. For the sake of completeness we derive the equation following the scheme of [loc. cit.,
Section 2].

Let u € C%(Q) N C%(R), let X be the associated radial graph and let Y : @ — R”T! be the map
defined as Y(q) := ¢*@g. From Remark 3.2 it holds that leq = ¢; and thus

VY =VP(e"q) = e"u;q +ee;. (3-4)
Therefore a local basis for Ty,) % is given by
Ei(q) =e"(ej +uiq), i=1,...,n,
and the components of the metric are
gij = (Ei, Ej) = e ((ei. ej) +uiuj{q, q)) = e*(8ij —ujuy).

Since we look for a spacelike hypersurface we must have |Vu|? < 1, and by elementary computations we
see that the inverse matrix (g%/) is given by

ij — g=2u (g, Uity 1} 3-5
4 e (lj+1_|vu|2) (3-5)
For the Gauss map we have
q+ iy ukek
N ===
V) ==
Indeed it is elementary to verify that (N()(q)), E;i) =0 foranyi =1,...,n and
—1 4 |Vu|?
N S N = - = —
(NO@) NO@) = =5

Moreover, as u = 0 on 0€2, there exists g1 € Q such that Vu(g1) = 0 and by definition N()(¢1)) = g1
and thus (N()(q1)). En+1) < 0. Therefore, since N oY € C%(Q2, R"*1) and Q is connected, it follows
that N()(2)) C H", so that N is future-oriented. The coefficients of the second fundamental form are
given by
u
o 000 €1 (=8ij +uju; —uij) ]
oij = (N, V;V/y) = A—[Vup)Z (3-6)

Indeed, recalling Remark 3.2 and (3-4), by direct computation we have

V?(V})y) =e"(ujujq + VPVJ(-)u q+ujei +uiej +Ve)).
Hence, by using the relations (e;,e;) = §;;, (ei,q) = 0, and regrouping the terms, we deduce that

e "
(N.VIVIY) = ————|wju; = VPVu+ (Vej.q) + Y ug(Viej.er)).  (3-7)
(1= Va7
k=1
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Since (VPe;,q) = —(ej, VPq) = —(ej.¢;) = —5;; and
n n
VZ-OV]QM - Z uk(leej,ek) = V,-Vju - Z uk(V,-ej,ek) = Ujj,
k=1 k=1
from (3-7) we finally get (3-6).
At the end, from [L6épez 2014, Definition 3.3], the mean curvature of a spacelike hypersurface at
p =Y(q) € X is given by

nHY(@)=- Y g0y

ij=1

Therefore, from (3-5) and (3-6), we deduce that u must satisfy the equation

> (1= [VuP)siy + sy = n(1 = Vul?) —ne (1 — [Vul?) > HY(q)).
ij=1

4. A priori estimates

Let € > 0 and let ne € C5°([0, +00)) be such that rne € C5°([0, +00)), r > ne(r)r, is increasing in
(0,2/¢) and decreasing in (2/€, +00). Assume moreover that

r forr <1—e,
Ne(r)r=91—¢€/2 forl—e/2<r <2/e,
0 forr > 3/e.

We define the regularized equation as

Y (A =nZ(AVubIVu)i; + nZ(IVuluiu;)ui;
et = n(1 = ne(IVu)|Va2)(1 = V1 = ne(IVu)|Vu2e* H(e g)).  (4-1)

To simplify the notation we will write n2|Vu|? instead of n2(|Vu[)|Vu|?. The regularized Dirichlet
problem for spacelike H -bumps is

n
X ((=n2|VuP)byrduip iy =n(=iZ[VuP) 1=V I=gZ[uPe Heq) g2
ij=1 -

u=0 on 0€2.
We denote by Q. the operator
n
Qc(u):= Y (1 —nZ|Vu»)8;j + nZujujuij —n(1 = nZ|Vul®) + n(1—nZ|Vu[*)3/2e* H(e"q).
i,j=1
We claim that, in hyperbolic stereographic coordinates, the operator Q. is uniformly elliptic. This is the
content of the next lemma.

Lemma 4.1. For any € € (0, 1), the operator Q, in hyperbolic stereographic coordinates, is uniformly
elliptic with ellipticity constants depending only on € and 2.
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Proof. Let F : H" — B”" be the hyperbolic stereographic projection. By definition we have that 2 is
mapped into a smooth proper domain A = F(Q) € B", ¢ = F~!: A — Q is a global parametrization,
and there exist ¢, c; > 0 depending only on €2 such that

1 = %(1 - ||J’||,21)2 <cp forall y e A. (4-3)
Let us set )
AMy) = ———>. yeb". (4-4)
L=yl

We recall that F is an isometry and the hyperbolic metric in B” is § = A2 Y _7_, dy; ® dy; (see Section 2).
In particular, (d;,d;) = 8;;A2, where 9; denotes the vector d¢/dy;, and the Christoffel symbols of the
hyperbolic Levi-Civita connection are given by

A i " Al
F{‘j = 718,-;( + 7’5,-/( — ZSkZTSijv (4-5)
=1

where A; = dA/dy;. In local coordinates the gradient is given by
- di
V=Y ~’J—a =" 22 “9 (4-6)
i,j=1 i=1 Vi
and thus
Vul? = 272 Voii . (4-7)

where i = u o F~! and Vyi is the gradient of & with respect to the euclidean flat metric. Using the
well-known expression for the Hessian and the Laplacian in local coordinates we have

P i~y i

oy dyi = TTawe

m= 3 # (G- St ) = (Ra - Xk @
k=1 !

ij ii
2 \idy; Ik PO

V2u(0;,0;) =

(4-8)

By using the previous identities and (4-5) we infer that

n ~

o o 0%u
§ =14 § : @, 4-10
ij=1 e 3J’h Oy Oy Oy " (10

where @ is a term which does not involve second-order partial derivatives. From (4-4), (4-7), (4-9) and
(4-10) we deduce that the principal part of the operator Q, in hyperbolic stereographic coordinates, is
021 _, 00 du  9%u ]

n
-2 1 — 12121 VaiiI*)s: : 2927 7
|:ijz=:l( A Vo5 dyi 0y, e dyi dy; dyi dy;

where n¢ = 1e(A7 Y| Voii||n). Forany i, j = 1,...,n, we define, for y € A, p = (p1,..., pn) € R",

a’ (y, p) = 2721 =27 p A2 pN12)8:5 + n2 A pll) A ™2 pi ps]- (4-11)
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Now, for any & = (§1,...,&,) € R", y € A, p € R" we claim that

n

elélr = Y @l (v, p)Eik; = secrll£]7 (4-12)

i,j=1
where the constants ¢y, ¢p are given by (4-3). Indeed by the definition of 7 for any y € A, p € R" it
holds that
_ — 2
0<nZA " plA2Npll; < (1 - 3¢€)

and thus
S @ (v, p)tit; =r2[(1 232 pI2) El12 + A 2(2 plsl)(zp,sj)]
i,j=1 i=1

= A2 [ =222 D€l +nZA2(p.6)7]

- - - 2
> A2 =222 pIDIENR = A2 (1= (1= 3€) ) IEN7 = sereli§Il.
where (-, ), denotes the euclidean scalar product in R”. The proof of the other inequality in (4-12) is

similar and we omit the details. O

For ¢t € [0, 1], we define the operator

n
QL) := Y ((1=n2[Vul»)8ij + nZuiuj)ui; —nt(1—nZ|Vul?) + nt (1 - nZ|Vu|*)>2e* H(e" ).
i,j=1

For u such that |[Vu|s,@ < 1, we also define the operator O (u) as

n
Q') := Y (1= |VulP)8ij +uiuj)uij —nt (1= [Vul?) +nt (1= |Vu|?)>?e“ H(e"q).  (4-13)
i,j=1
Remark 4.2. By definition, for any fixed € € (0, 1), if u is such that |Vu|so < 1 — €, we have
QL(u) = Q' (u) for any ¢ € [0, 1]. Moreover, in view of Lemma 4.1 and since the principal parts of QZ,
Q! are independent of 7, they are uniformly elliptic even with respect to 7, when passing to hyperbolic
stereographic coordinates.

Remark 4.3. As seen in the proof of Lemma 4.1 we can write an explicit expression of the operator Q%
in hyperbolic stereographic coordinates defined in the whole A = F(£2). For our purposes we just observe

that the transformed operator is of the form
n

OL@) = Y al(y.Voil)iiij + bes(y.u. Voil).
i,j=1

where dij =de(y, p): A xR" — R is given by (4-11), and l;e,, A XRxR" — R is given by

n n
bei(y.2.p)i=—(1=n2A72pID) D Gk —n2A"> D Guicr(¥) Prprcrr
k=1 h,k,r=1

—nt(1=n2A72 | pl?) +nt (1 — 2272 p|12)3/%e* H(e* F(v)),
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where A is defined in (4-4), G, G, are smooth functions defined in A, where h, k,r € {1,...,n}. We
point out that déj does not depend on z and &éj = 0(1), Ee,t = O0(|plln), as || plln = +o0, uniformly
for y € A, and z in compact subsets of R. In particular, according to the notation of [Gilbarg and
Trudinger 1977], setting £ := Z?J:l Ezéj pi pj, we have that £ does not depend on z and £ = O(| p||2)
as | plln = +o0, uniformly for y € A.

These properties will be useful in the sequel. In addition, since (&éj ) is symmetric and positive definite,
when applying the results of [loc. cit., Section 15], it will be understood that we take (&éj * = &éj and
¢; = 0; see [loc. cit., (15.23)].

We define now the class of admissible domains.

Definition 4.4. Let 2 be a bounded domain of H” and let H € C 0(CQ). We say that (2, H) is admissible
if there exists a constant 6 € (0, 1) such that for any go € 02 and for any ¢ € [0, 1], there exist two
functions @1, ¢ € C%(Q) satisfying

(i) supq |Vei|<1—0fori =1,2,
(ii) ¢1(q0) = 0 and ¢1(go) =0 on 952,
(iil) ¢2(qo) = 0 and ¢2(g0) = 0 on 92,
(iv) Q' (p1) =0, Q' (p2) <0in Q.

We denote by A the set of admissible couples (2, H). Given 6 € (0, 1), and given 2 and H as above,
we say that (2, H, 0) is admissible if (€2, H) is admissible with constant 6.

Remark 4.5. We observe that A # @. In fact for any given domain Q2 C H” for any fixed m > 0, the
function H(x) = 1/|x|™, x € Cg, is such that (2, H) € A. In fact it is easy to see that Q;(0) = 0 for any
t € [0, 1], so that the functions ¢; = 0, ¢, = 0 satisfy (i)—(iv) for any 8 € (0, 1). More generally, for any
domain €2 and for any function H € CO(CQ) such that H|g =1, we have (2, H) € A, and (2, H,0) is
admissible for any 6 € (0, 1).

This condition of admissibility is very general. If we impose some regularity on 92, and if we assume
that H is positive, smooth and not increasing along radii, then every couple (€2, H) is admissible. This
is the content of the next result. We introduce first the following definition.

Definition 4.6. Let 2 be a bounded domain of H”. We say that 2 satisfies a uniform exterior geodesic
ball condition if there exist 0 > 0 and a map Z : 32 — H” of class C? such that for any go € 9Q there
exists a geodesic ball in H” of radius o centered at £ = Z(go) € H" \ , and denoted by By (£), such
that go € 0By (£) and B, (§) C H" \ Q.

Proposition 4.7. Let Q be a bounded domain of H" satisfying a uniform exterior geodesic ball condition.
Let H € CI(CQ) be such that H > 0 and (3/0A)(AH(Aq)) <0 forallq € Q, A > 0. Then (2, H) is
admissible.

Proof. Let distyn (-, - ) be the geodesic distance in H”. Let o > 0 be the number given by Definition 4.6
for Q. In particular, by definition, it follows that for any g € dQ there exists £ = £(qo) ¢ 2 such that
distyn (€, 0Q2) = distyn (€, g9) = 0.
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Let go € 092, t € [0, 1] and let £ = £(qo) satisfying the above properties. Since every geodesic ball of
H" is geodesically convex, see [Papadopoulos 2005, Section 2.5], we can take R > 0 sufficiently large
so that © is contained in the geodesically convex ball B (£). We observe that since €2 is bounded and
distyn (€, 92) = o, up to a new choice of a larger R, we can assume that R is uniform with respect to the
choice of gg € 022.

Arguing as in proof of [Gerhardt 1983, Theorem 2.1], we set |||¢ ||| := distyn (g, &) to denote the geodesic
distance from & and we define

[l Il
5t (q) = [" | qma )2 ds, p(s) = aePs,
q0

where «, B are positive constants to be determined later. By construction it holds that § 7 € C2(Bg(£)\{£}),
§t e C%(Q), §7(go) =0 and §T > 0 in Q because of the exterior ball condition.

Let us consider the operator

\% t
Qi () := —divyn ( ! ) + ! —nte¥ H(eq)

V1—|Vul? V1—|Vul?

(which is the divergence form of —Q). We set

. Vu . 1
A(u) ;= —divyn (W) v(u) = —W

We observe that |V|||g|ll| = 1 for any ¢ € Br(§) \ {£}. This property is known for general manifolds
when R is sufficiently small so that Bg(£) is contained in a normal neighborhood of &; see [Lee 1997,
Corollaries 6.9 and 6.11]. In our case, as a consequence of the Cartan—-Hadamard theorem, since H" has
negative sectional curvature it admits global normal coordinates and we are done.

Therefore, since the covariant derivatives of § are given by (§7); = (1 + y)~1/2]||¢]|l;, we obtain
that for any ¢ € Q

Vst =1 +y) 2 <1,
and
v(8+) — )/_1/2(1 + y)l/z'

In addition, by direct computation, see [Gerhardt 1983, (2.14)—(2.16)], it holds that
AGT) =1+ V2 (3B - Allgl)v ™).

We observe that A|||¢||| is smooth and bounded in compact subsets of Br(§) \ {£} and it is singular as
g — &. Indeed, see [Gerhardt 1983, (2.17)—(2.18)], we have

n—1
~Allgll =~ + (4-14)

where W is a bounded term which is given, in normal coordinates centered at &, by

n
U=— " ¢"TEllgllk-
i5j7k=1
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In particular, in view of the uniform exterior geodesic ball condition, since disty~ (¢, £(qo)) > o for any
g € Q, for any go € 92, from (4-14) we infer that A ||¢||| is bounded in Q by a constant depending only on
n,0,,qo. In addition, by definition the map go > £ is of class C2(9$2, H") and thus, by compactness
of €2, it follows that A|||¢||| is bounded by a constant depending only n, 7, 2.

Now, by the previous relations we have

A(8+) + an(8+) = [(1 + )/)—1/2(%/3 _ A|||q|||) + Zn](y_1/2(1 + )/)1/2)
> (18— Allgll)y™2 = (1 — Allgll)e™ "2 Ps/2,

Setting H := max, .o H(g) > 0, we can choose f sufficiently large so that %/3 — Alllg|ll > 0 for any
g € Q. With this choice of 8 we choose « sufficiently small so that (%,B — A|||q|||)oz_1/zeﬁs/2 > nH for
any x € Q, 5 € [|lgolll. SUP, e llglll]. Therefore, since §+ > 0 in &, and in view of the monotonicity

assumption on H, it follows that

AT +ntv(™) —n1e8+H(e5+q) > AT +ntv(8T) —nte® H(e )
> AT +ntv(@t)—ntH

> 0.

Hence, Q% (§%)>0in Q, which is equivalent to Q (§%) <0 in €, and in addition by construction we have
§T>00n0d%, §T(xp) =0, and V8| = (1+y)~Y/2 < 1—6, for some number 4 = 04 (a, B) € (0, 1).

As pointed out before, in view of the uniform exterior ball condition, —A|||¢||| is uniformly bounded
by a constant depending only on 7, o, 2, and by construction sup gea llglll < R. Therefore, the numbers
o, B can be chosen in a uniform way with respect to the base point gog € d2 (and also with respect to
t €0, 1]). Hence, there exists 0+ € (0, 1) such that for any gg € d€2, ¢ € [0, 1], the function ¢, := st
(which depends on the choice of g but not on ¢) satisfies (i)—(iv) of Definition 4.4 with § = 0. For the
other barrier is suffices to take ¢; := §~, where

gl
§ = —f" (14 y(s)) "2 ds,

g0l

and to argue as in the previous case. We observe that in this case the choice of «, f has to be made in a
different way but it is still uniform with respect to gg, and ¢.

In fact
AGT) +1nv(§T) = —y V2 (1= Alllgll — tn(1 4+ y)V/?)

_ _a_1/2€—/3s/2(%13 —Allgll —tn(1 +aeﬂs)1/2).

Taking o = e ~# < 191l it follows that n(1+aeP)1/2 < «/2n forany >0, s € [|llgo]ll. sup g ll|l]-
With this choice of «, we choose B such that

3B—Allgll—27>0
for x € Q. At the end, we have A(§7) + tnv(§7) <0, and thus since H > 0 it holds that
A ) +tnv(67)— tne‘S_H(eg_q) <A@B ) +tnv(§) <0 inQ.
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As before we find a uniform 6_ € (0, 1) such that for any g € 092, ¢ € [0, 1], the function ¢ := §~
satisfies |[Vg1| < 1 —6_ and (ii)—(iv) of Definition 4.4. At the end, choosing 6 := min{f_, 61} we have
that for any gg € 92, t € [0, 1], the functions @1, @, satisfy (i)—(iv) of Definition 4.4, and hence (2, H)
is admissible. O

Remark 4.8. It is important to note that in the previous proof the choice of 6 depends only on #n, g, 2
and depends on H just by the number H := max ges H(g) > 0 because of the monotonicity assumption.
In particular 6 does not depend on the derivatives of H.

IfHeC 1(C§ (r1,7r2)) we define a canonical extension of H to a mapping on the cone Cg in the
following way: set

hi(q) = [%pH(pq)Lzrl, ha(q) = [%PH(,lﬂl)]p:r2

and
(r1/p)H(r1q) + (1 —r1/p)h1(q) for p € (0,r1),

H(pq) := | H(pq) for p € [r1.72], (4-15)
(r2/p)H(r2q) + (1 —r2/p)h2(q) for p € (2, +00).

Remark 4.9. It is elementary to check that HecC! (Cg). and if H satisfies (0/dA)(AH (Ag)) < O for all
g €Q, A er1,r], it follows that

%(kﬁ(kq)) <0 forallge, A>0.

Therefore, since H (x) = H(x) for x € , by Remark 4.8 if  satisfies the hypotheses of Proposition 4.7
and H is positive, it follows that (ﬁ , 2) is admissible with constant which does not depend on the choice
of r1, r, and the derivatives of H.

In view of the previous remark, the following definition makes sense:

Definition 4.10. Let Q be a bounded domain of H?, let 0 <r; <1 <rp andlet H € C 1(C§ (r1,12)).
We say that (2, H) is admissible if (€2, H ) is admissible, where H is the extension of H defined in
(4-15), and for 6 € (0, 1) we say that (2, H, 6) is admissible if (£2, H, 0) is admissible.

Now we have all the tools to prove the a priori estimates. Let us fix some notation: let k e N, « € (0, 1),
and we consider the subspaces C(f’o‘ (Q):={uecCk®(Q):ulyq =0}, Cé‘(ﬁ) ={ueCk(Q):u|yg =0},
endowed, respectively, with the usual norms |- | o, | - [x. We point out that Céc *Q), Cé‘ (Q) are closed
subspaces of Banach spaces and thus they are Banach too. When needed we will specify also the domain
in the norms; otherwise it will be understood that the domain is . Moreover, for the C°()-norm we
will use the notation |- |00, | * [0o,, and || - |co, || - [lco, When working in the euclidean setting.

We define Q ! as the operator obtained from Q! by replacing H with its extension H, and in the
class of functions satisfying |Vu|eo,@ < 1 we define Q as

n
0 () := D (A= Vul»8ij +uiujui; —nt (1= |Vul?) + nt (1= |Vu|*)*/?e“ H(e"q).  (4-16)
i,j=1
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In order to simplify the notation we set L¢ yu = Zi,j=1((}\— nzIVul)8i; + nZuju;)u;;. The first
result we prove is about a priori C° estimates for solutions of Q Lu)=0.

Lemma 4.11 (a priori C 0 estimates). Let Q be a bounded domain and let ry #£ry suchthat0<ry <1<r,.
Assume that H € C! (Cq(r1,r2)) satisfies

H(r1q) > rl_1 and H(ryq) < rz_1 forany q € Q, 4-17)
and

%(AH(M)) <0 forallge S, Aer.rl. (4-18)

Fore € (0,1), foreveryt €[0,1], ifu € COZ(S_Z) is a solution of Qé(u) =0 then
logry <u(q) <logr, foreveryqeQ.
Proof. Let us observe that since we are assuming (4-17), (4-18), it holds that
ﬁ(x)>|x|_1 if [x| <ry, x €Cg and ﬁ(x)<|x|_1 if [x| = rz, x €Cg. (4-19)

Lete € (0,1),1letz €[0,1] and let u € COZ(Q) such that Qé(u) = 0. By definition u is a classical
solution of the Dirichlet problem

Leyu=nt(1—n2|Vul?>)(1—+1- n2|Vu|2e”FI(e"q)) in 2,

4-20
u=20 in 092. ( )

Let go € Q such that u(gg) = maxg u. Assume by contradiction that u(go) > logr2. Then go €
because r, > 1 and u = 0 on 2. Hence Vu(go) = 0, and since g is a maximum point, it holds that
Au(go) <0, and by the definition of L, ¢ this reads as

Lu,eu <0.

On the other hand it must be that ¢ > 0 because otherwise if ¢ = 0 then ¥ = 0. Moreover

_ u(qo) _
Lu,eu(QO) =nte (eu(qo)

_ f_j(eu(qo)qo)) >0,
because H (x) < |x|~1 as |x| > rp. Thus we reach a contradiction. The same argument holds to show
that ming u > logry. O

Lemma 4.12 (a priori C 1 estimates). Let € € (0, 1) and let Q be a bounded domain of class C? Assume
that H satisfies (4-17), (4-18). Then, there exist two positive constants M, C and ag € (0, 1) such that for
allt €[0,1] ifu e COZ(S_Z) is such that |Vu | gq < 1 —€ and is a solution of the equation QAé (u) =0, then

|VM|OO,Q EMa |u|1,()l0 EC

Proof. Let us fix e € (0, 1), let t € [0, 1] and let u = u; be a solution of QAé(u) = 0. From Lemma 4.11
we have log r1 < u < logr; and thus by definition u also satisfies Q%(u) = 0. Therefore, from now on
we can work just with the operator Q.
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Let us set be (g, u, Vu) :=nt(1 —n2|Vu|*)(1 — /1 —n2|Vul2e¥ H(e"q)). In view of Remark 4.2,
passing to hyperbolic stereographic coordinates, the operator Q is uniformly elliptic with constants
independent of #; moreover, by definition and thanks to Lemma 4.11, the term be¢ (g, u, Vu) is uniformly
bounded with respect to 7.

Now there are only two possibilities: there exists a constant M independent of ¢ such that |Vu|eo @ <M
for all ¢ € [0, 1] or there exists a subsequence (#x) C [0, 1] such that |Vuy, |00, — +00 as k — +00. We
claim that the second case cannot happen. To this end we will give two proofs of this fact; one works
only in dimension 2, the other one works in any dimension.

Case of dimension 2: Assume that |Vuy, |o0,0 — +00. Let us set Q;C = {x € Q:|Vuy|>3/e}, and
qk € Q. such that [Vuy, oo, = [Vuy, (qr)|. We observe that Q) is closed and hence is a compact subset
of €2, and since |V, < 1 —€, we have Q) N0 = & for all k. Let 2 be the connected component
of Q;C containing gy . Consider now the auxiliary problem

Avg, =ntp(1—12|Vuy |2 (1= V1 =02 |Vuy, [2e¥c H(e"kq)) in Q,

i 4-21)
vy =0 in 0€2.

We observe that since uy, is uniformly bounded, by construction and standard regularity theory we
get that vy, and its gradient are uniformly bounded with respect to k. By definition wy, := uy — vy, is
harmonic in QZ Therefore, considering the isometry F : H? — B2, and since harmonicity is preserved
through composition with isometries, see [Hélein and Wood 2008, Section 2.2], we know wy, := F owy,
is harmonic in Q% =F (Q ) € B2. Now, since the hyperbolic metric g is conformal to the euclidean
metric go in B? (see Section 2), we have that Wy, is harmonic also in (Q ,go).- We point out that,
in general, this fact is false in other dimensions. Hence, since ,, is harmonic, it follows that also
Vowy, is harmonic in ﬁ% s0 || Vowy, ||» achieves its maximum on the boundary, and thus || VoW, [|ec =
| Vowy, ||Oo’ aGy 400 as k — +o00. On the other hand, by construction and (4-7) we have that

IVotey Il ar = sup Vot (M)l = sup —————— |V, (q)|
oot = Car T ey A=IF@IZR
4
= sup s (2 4 Vi)
geaqy A= IF(@I7)? \e

is uniformly bounded and thus we get a contradiction.

Case of any dimension n > 2: Consider i :=uo F !, where F : H" — B" is the hyperbolic stereographic
projection. Then # is a solution of a uniformly elliptic equation which satisfies the hypotheses of [Gilbarg
and Trudinger 1977, Theorem 15.2]; see [loc. cit., (i), p. 367]. In fact, thanks to Remark 4.3, writing
Q1 in local coordinates we see by elementary computations that the natural conditions of [loc. cit., (i),
p. 367], are satisfied (uniformly in 7). In particular, introducing the operator

+Z||p||n pkay
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we see that §a , 855,, satisfy, as || p|l» — +oo (uniformly for (y, z) € A x[logry,logrs], andin ¢ € [0, 1]),
the growth conditions of [loc. cit., (15.36)], and thus the hypotheses of [loc. cit., Theorem 15.2] are
satisfied with ¢ <0.

Thanks to Lemma 4.11 the oscillation of u is uniformly bounded; moreover, since |Viu|o go < 1 —¢€
and the structural conditions are satisfied uniformly in 7, we have that the constant given by [loc. cit.,
Theorem 15.2] is uniformly bounded with respect to . Hence there exists C independent of ¢ such that
[ Voit|| oo, F(2) < C, and hence, in view of (4-7), the same holds for |Vu|so, . Therefore, it cannot happen
that there exists a sequence (¢ ) such that |Vuy, |0, — +00, and we are done.

Conclusion: From the previous discussion the only possibility is that there exists a constant M such that
|Vit|oo, < M for all ¢ € [0, 1]. From this fact, up to passing to local coordinates, since QZ is uniformly
elliptic (with ellipticity constant independent of 7) and b¢ ; (g, u, Vu) is uniformly bounded in ¢, thanks to
[loc. cit., Theorem 13.7], there exists g € (0, 1) and a positive constant C, both depending only on n, €2,
V|00, §2, and the ratio between the uniform bound on b¢ ; and the lower ellipticity constant, such that

[Vu]o,ao S Ca
where [-]o,¢, denotes the C %0 seminorm. At the end, from this fact and Lemma 4.11, we conclude that
u]1,00 = C1

for some constant C; not depending on ¢, and the proof is complete. O

5. Existence and uniqueness of solutions for the regularized problem
The aim of this section is to prove the following:

Theorem 5.1. Let o € (0,1), 0 < ry <1 <rp, with ry # ra, let Q be a bounded domain of H", with
boundary of class C*>% Let H € C 1(C§ (r1,r2)) satisfy hypotheses (i), (ii) of Theorem 1.3. Assume
that (2, H) is admissible. Then, there exists € € (0, 1) such that for any € € (0, €) equation (4-2) has a
solution. Moreover such a solution is the unique solution of problem (4-2) whose associated radial graph
is contained in Cg(ry, r2).

Proof. We divide the proof into several steps.

Step 1: Choice of € € (0, 1).

Let H be the extension of H defined in (4-15). Since (€2, H ) is admissible we choose € = 6, where 0
is given by Definition 4.4.

Lete € (0, 1) such thate <6, let ag € (0, 1) be the number given by Lemma 4.12 and set 8 := min{w, g }.
For any fixed w € C 18 () we define the operator Lyge: Coz’ﬂ (Q) - C%8(Q) as

n
Ly eu:= Z (A =n2|Vw|?)8i; + nZwiw;)u;;.
ij=1

Step 2: For every w € CB(Q) the operator Ly, ¢ is a bijection of Coz’ﬂ () onto Cco%8(Q).
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A mapping u € C(f B () belongs to the kernel of Ly, ¢ if and only if u solves the Dirichlet problem

n

> (1 =n2|Vw|?)8ij + nfwiw;)u;; =0 in L,
i,j=1 (5-1)
u=~0 on 2.

Since Ly ¢ is uniformly elliptic (see Lemma 4.1), by the maximum principle, because v = 0 on 0€2
we obtain that ¥ = 0 in €2, and this means that L, ¢ is injective. In order to prove that L, ¢ is onto we
use the continuity method. Let ¢ € [0, 1]; we introduce the family of operators

Liwe: CEP Q) — ¥ (@)
defined by
Et,w,e = (1 _I)A +th,s-
We observe that Lo 4, = A and for every f € C 0.8 (S_Z) the Dirichlet problem
Au=f inQ,
u=0 ondQ

admits a solution C2-#(Q). That is, Lo,w,e sends C%B(Q) onto Coz’ﬂ (). Now we claim that there
exists a constant C > 0 such that

[ula,8 < ClLsw,elo,p (5-2)

for every t € [0, 1], for every u € Co2 B (). In view of the method of continuity, this is enough to infer
that £1,,e = Luy,e is onto. If (5-2) is false then there exist sequences (#x) C [0, 1] and (ug) C Coz’ﬂ (Q)
such that

|£t,w,e|0,,3 — 0 and Iuk|2,ﬂ =1 (5-3)

By compactness, in particular using also the Ascoli-Arzela theorem, there exist # € [0, 1] and u € Co2 B (Q)
such that, up to subsequences,

th >t and up —u in C3(Q).

By continuity we have £, ¢ = 0. Since, up to passing to hyperbolic stereographic coordinates, L i ¢
is a convex combination of elliptic operators, it follows that u = 0. In particular
ur — 0 in C%(Q). (5-4)
We observe that
n
Liweu= Y afuij.
i,j=1

where ai{e = (1 —tn2|Vw|?)8;; + tn?w;w;), and L; 4 ¢ is uniformly elliptic; moreover, arguing as in
the proof of Lemma 4.1 we see that the ellipticity constants are independent of ¢. Since the boundary is
smooth we can apply global Schauder estimates and we get

luklz,g < C(Jukloo + |Lt,w.elo,8)
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with C independent of k. This yields a contradiction with (5-3), (5-4). Hence (5-2) is true and the proof
of Step 2 is complete.

Step 3: For every C > 0 there exists K > 0 such that if |w[; g < C then |u|, g < K|Ly culo,g for every
ueClP Q).

We argue by contradiction as in the last part of the proof of Step 2. If the result is false then there exist
a bounded sequence (wy) in C*#(Q) and a sequence () in CO2 # () such that

|uk|2,5 =1 and |ka,euk|0,ﬂ — 0. (5-5)
By compactness, there exist w € C1(Q) and u € COZ(Q) such that, up to subsequences,
wy —w in CHQ) and ur —>u in C3(Q).

By continuity we get Ly ¢u = 0. Then u = 0, by Step 2. Taking into account Lemma 4.1 we observe
that the operators Ly,  are uniformly elliptic with ellipticity constants independent of k. Using standard
Schauder estimates we obtain that

luklz,p < C1(Jugloo + [ Ly etilo,p)-

where C; is a constant independent of k. Since ux — 0 in C°%(2) and by (5-5) we reach a contradiction.
The proof of Step 3 is complete.

Step 4: Let (w) be a bounded sequence in C 1A (Q) and let (f;) be a bounded sequence in C %2 (Q).
Then the sequence (1) of solutions of

kaseuk = fk in Q’ (5—6)
ur =0 onodQ.
is bounded in C2-#(Q).

The existence of a solution u of (5-6) is given by Step 2, and the thesis follows from Step 3.

Step 5: Let us consider the map 7 : COI’B Q) — Col’ﬂ (), defined as follows: for every w € Col’ﬂ (Q)
we set Te (w) := u, where u = u(w, €) is the unique solution of the problem

n A
X (=Pt 2wy =n(—i2VwP 1V 1= Vuler Aetq) in2.
ij=1 i

u=0 on 9€2.
We claim that T¢ is a compact operator.

We first observe T¢ is well-defined; in fact, as proved in Step 2, for a given w € CO1 B (), the operator
Ly ¢ is a bijection between CO2 A (Q) and C%#(Q). In addition is 7 is a linear map. It remains to prove
that T, maps bounded families of CO1 A () into relatively compact subsets of CO1 B (Q).

Let (w)) be a bounded family of CO1 A (R2); then (u;), where uy = T'wy, is a family of solutions of
(5-7). Hence u € Cg’ﬂ () and since we assumed that there exists C > 0 such that lwali,g < C, by
Step 3 we have

< 2 2 _ 2 2 Wy (Wi <
) —_ € —
luala,p < Kn(1=nZ|Vwa?)(1 = V1 —nZ|Vwy |[>e"* H (e 61))}0,/; Ky,
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where K is a positive constant not depending on the family. Hence (u)) is uniformly bounded in
CO2 A (2), and in particular by Step 4 and the Ascoli—Arzela theorem, it is relatively compact in CO1 A (Q).
This proves that (1) is relatively compact in C(} A () and we are done.

Step 6: There exists a constant C > 0 such that |u|; g < C for any u € Col’ﬂ (Q) satisfying u = ¢ Teu,
where ¢ € [0, 1].

We first observe that by definition and standard elliptic regularity theory any u € CO1 B (RQ) satisfying
u = tTeu is of class COZ"B () and satisfies Qé (u) = 0. Thanks to Lemma 4.12, and since 8 < «y, there
exists C > 0 such that |u|; g < C, provided that |Vu|, go < 1 —e€. Therefore, in order to conclude, it is
sufficient to check this boundary estimate for the gradient.

Let go € €2 such that [Vu(qo)| = |[Vu|so,90- If Vu(go) = 0, it follows that Vi = 0 on 92 and hence
there is nothing to prove. Therefore, let us assume that Vu(go) # 0.

Since (€2, I-?) is admissible, for any ¢ € [0, 1] there exist @1, ¢, € C2(RQ) satisfying (i)—(iv) of
Definition 4.4 at g¢. Hence, taking into account of the choice of € and Remark 4.2, we have

OL(p1) > OL(w) > OL(pa) inQ,

and @1 <u < ¢, on 2. Let us write

n
OLw) = Y aluij +bes(q.u.Vu),
ij=1
where
5€’t(q, u,Vu) := —nt(1— r;§|Vu|2) +nt(l— n§|Vu|2)3/2e”ﬁ(e”q).

Notice that thanks to assumption (ii) and Remark 4.9, it follows that for any fixed ¢ € 2 the map
Z > ezﬁ(ezq) is not increasing.

Thanks to Lemma 4.1 and Remark 4.3, under the hyperbolic stereographic projection F : H” — B”,
the operator Qé is transformed into a uniformly elliptic operator of the form

n
Otii =Y a (y. Voil)ilij + be:(y.1l. Voil).
i,j=1

where y € F(S2), Voii is the euclidean gradient, and ii;; are the second partial derivatives of # = uo F 1,
In view of Remark 4.3 and assumption (ii) the principal part déj (y, p) does not depend on z, and for each
(y, p) € F(2) x R" the map z Z;G’l (v, z, p) is nonincreasing. Hence the comparison principle applies,
see [Gilbarg and Trudinger 1977, Theorem 10.1], and thus setting ¢; := ¢; o F 1 fori = 1,2, from
OL(@1) = OL(@) > OL(¢2) in F(R), and §; < il < @ on IF(R), it follows that §; < il < @ in F().
Therefore we obtain

1 <u=<¢y inQ. (5-8)

We observe that since u = 0 on 92, we know Vu(qo) is orthogonal to T,,0€2, where T,,0S2 is the
tangent space at go for €2, and we have the orthogonal decomposition Span{Vu(qo)} @ 74,02 = T4,H"
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Letus set W := Vu(qo)/|Vu(qo)| and consider a curve y : (=6, §) — H" such that ¥ (0) = qo, ¥ (s) € 2
for s € (0,8) and v¥'(0) = w if W points towards the interior of  (otherwise we take ¥/(0) = —). Since
2 has a smooth boundary we can always find a curve satisfying these properties. From (5-8), and since
u(qo) = ¢1(qo) = ¥2(q0) = 0, we deduce that for all sufficiently small 4 > 0

() =1 (¥ (0) _ uly () —u@(©) _ p2(¢(h) — ¢2(¥(0))
h - h - h '

Passing to the limit as 4 — 0 we get

(5-9)

d1(qo)[W] < du(qo)[W] < dp2(qo)[W]

(if W points in the opposite direction, (5-9) holds but with the reversed inequalities). Thus, it follows that

|du(qo)[W]| = max{|d¢1(qo)[W]l. |d¢2(qo)[W]]}-

Since H" a spacelike hypersurface, for any ¢ € H"” the Cauchy—Schwarz inequality holds in 7,;H" for
(.- )Tgun (we point out that, in general, the Cauchy—Schwarz inequality does not hold in L7+ see

[Lopez 2013]). In particular |dg; (q0)[W]] = [{(V¢i(q0). W)| = |@i(q0)| 0] = |gi(q0)I.
Hence, by the previous discussion and by Definition 4.4 we have

[Vu(go)| = [{Vu(qo). )| = |du(go)[w]| < max{|dg:[], dez[w]} < 1—6.

Finally, since € < 0 we get that |Vu| satisfies the desired boundary estimate, and thus from the initial
discussion, the proof of Step 6 is complete.

Step 7: Existence of a solution of problem (4-2). Thanks to Steps 5 and 6 it follows that the operator
Te : CO1 B Q) — Col’ﬁ (Q) satisfies the hypotheses of the Leray—Schauder theorem, see [Gilbarg and
Trudinger 1977, Theorem 11.3], and thus there exists u € CO1 B (S_Z) which solves u = T.u. Hence,
RS Co2 # (2), and by the definition of H and Lemma 4.11, u is a solution of problem (4-2). The proof of
Step 7 is complete.

Step 8: Uniqueness.

For the uniqueness of the solution it is sufficient to argue as in [Caldiroli and Gullino 2013, Section 2.3].
For the sake of completeness we give a sketch of the proof.

Let us fix € € (0,1) and let uy, up € C2(Q) N C%(R) be two solutions of problem (4-2) such that the
corresponding radial graphs are contained in Cg(r1,72). If u1 # u then there exists ¢ € € such that
u1(q) # ua(q). Without loss of generality we can assume that u;(§) < u»(g¢). Then there exists y > 0
such that u1(q) + p = u2(q) forevery ¢ € Q2 and u1(qo) + 1 =u2(qo) at some go € 2. Set i1 :=u;+pn
and observe that 1 satisfies

n
Y ((U=n2|Vita )8 + nZita it )itz <n(1—[n2Vi 7)) (1= V1= 2| Viiy|*e*L H(e1g)) in Q
i,j=1
because of (ii) and u > 0. Notice that the radial graph defined by 1 stays over (in the radial direction)
that one corresponding to u; and they intersect at the point X¢ = qoe“Z(‘]O). Now, in order to conclude,
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it sufficient to compare %, and u, by means of the Hopf maximum principle. To this end we use the
version stated in [Pucci and Serrin 2004, Theorem 2.3] for the operator

n
Qcu) = > (1=nZ|Vul»)8ij +uiujuij —n(1 —nZ|Vu*)(1 — V1 —nZ|Vul>e" H(e"q)).
i,j=1
It is easy to see that, up to passing to hyperbolic stereographic coordinates, the assumptions of [Pucci and
Serrin 2004, Theorem 2.3] are fulfilled, and applying the theorem as in [Caldiroli and Gullino 2013], we
deduce that #; = u5 in . But this gives a contradiction since 1|y = i > 0 = us|yq. Hence it must
be that u1; = u, and we are done. O

6. An interior estimate for the gradient

In this section we prove an estimate for the gradient when the maximum point of its modulus lies in the
interior of the domain 2. We begin with a preliminary elementary result of linear algebra.

Lemma 6.1. Let A = (a;ij), B = (bij) € M, (R) be two symmetric matrices. Assume that A is positive
semidefinite and B is negative semidefinite. Then

n
Z a,'jbl-j <0.
ij=1
Proof. Since A, B are symmetric we have Zf j=14ijbij = trace(AB), and there exist two invertible
matrices P, Q such that P~"1AP = D4 and Q"' BQ = Dp are diagonal. Thanks to the assumptions
we have that D4 has nonnegative elements on the diagonal, while D p has nonpositive elements on the

diagonal. Therefore, since the trace is invariant under similitude, and diagonal matrices commute in the
product, we have

trace(AB) = trace(P " 'APP~'BP) = trace(D4 P! BP) = trace(P ! D4BP) = trace(D4 B).
Now, by the same argument we get
trace(Dg B) = trace(Q ' D40 Q' BQ) = trace(D4 Q' QDpg) = trace(D4 Dp).
Therefore, Zf j=14aijbij = trace(AB) = trace(D4 Dp) < 0, and the proof is complete. O

Definition 6.2. Let H € C! (Cg), and let Vo H be gradient of H in R”*1 with respect to the flat metric.
We define the (euclidean) tangential component of Vo H on T /|x|H" as the vector

VI H(x) = VoH (x) — (VoH (x), F(x))nt17(x), X €Cg.

where
(x19 < Xn, _xn—i-l)

Ixlln+1
Remark 6.3. We point out that by definition V(T; H(x) =VoH(x)— (VoH(x), x/||x|ln+1)7(x), and if
v € R* 1 is such that (7(x), v),+1 = 0 then {x/|x|, v) =0, and vice versa. In particular (7(x), v),+1 =0

F(x):=

for any v € Ty /x| H", x € Cg.
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In the sequel we will make use also of the following formulas for the second and third covariant
derivatives of a smooth function u defined over €2, see [Yau 1975, Section 2]:

n n
Zuijwj =du,~—Zuja)j,-, (6-1)
Jj=1 Jj=1
n n n
k
Z”ijka) =du,~j—2ukja)kl~—2uika)kj. (6-2)
k=1 k=1 k=1

Proposition 6.4. Let Q be a bounded domain of H", let H € Cl(CQ), €€ (0,1),and letu € C3(Q) be
a solution of

n
D (=02 |Vu)8ij + nFuiujui; =n(1—n2|Vul?)(1 = V1 —=nZ[Vu]?e* H(e"q)).  (6-3)
i,j=1

Then, if the maximum point qo of |Vu| lies in the interior of Q, we have |Vu(qo)| = 0 or
[~ =) =n(1 = 2 Vutgo)®) e @ St ag))| . 1Vulgo)

—n*2 (1= 2| Vu(qo) )22 @ | Vg H (@) go) a1 <0, (6-4)
where Vg H is the (euclidean) tangential component of (Vo H ) (%49 qqy) on Ty H™

Proof. We will prove a more general version of (6-4). Let us fix a smooth positive function f : R — RT

and consider the auxiliary function ¢ := f(2Cu)|Vu|?, where C € R is a fixed constant. In order to

simplify the notation we set v := |Vu|?; hence ¢ = f(2Cu)v. Assume that ¢ has a maximum point at

some ¢o lying in the interior of 2. Hence V¢(go) = 0 and the Hessian (¢;;(qo)) is negative semidefinite.
By direct computation we have v; = 2 Z}l=1 uju;; and from Ve(go) = 0 we get

n
Z fQCu)upup; + f'2Cu)Cvou; =0 foralli=1,...,n, (6-5)
h=1
which implies
n f/
Z ujujpupy = —C =—v2, (6-6)
i,h=1 f

where, f, f’ stand, respectively, for f(2Cu), f/(2Cu). By a simple computation, from (6-6), we get

Z UiUjpbUph kU = (]}) C2 3 (6—7)

ih,k=1

Let us set
U = ((1_775|V“| )Sij +776M uj),

be :=n(1—n2|Vul?)(1 — /1 —n2|Vu|2e¥ H(e"q)).
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Since (a€ ) is a positive definite symmetric matrix and (¢;; (go)) is symmetric negative semidefinite, from
Lemma 6.1 it follows that

n
> aZgij(qo) <0. (6-8)
i,j=1

In order to get an estimate for v = |Vu|?, the idea is to use (6-8). To this end we compute explicitly
9ij(go)- Recalling that

n
¢ = Z(Z FQRCuupup; + f’(2Cu)Cvui),
h=1
and using (6-5), (6-1) we have

Zgou (qo)w’ —2Z[Z<2Cf UjUpUp+ U U

j= h=1
+fuh,]uh)+2C S ujuiv+Cf u,Jv+Z2Cf u; uhuh]] ,
h=1
and thus from (6-8) we infer that

n
2[ Y (@Cs A=nZvyujupup + f(1=nZv)uj;+ f(1=nZv)upiiup)
i,h=1 .
+2C2f"(1—nzv)v2+z Cf'(1—n2v)u;;v
i=1

n n
2 2 2
+ Y 20 2uiupupi+ Y (fn2uiujupiup+ fnuijupup;)
ih=1 ijh=1

n n
+2C2 f"qP+ Y Cf uiujuijv+ ) 2Cf’n§ujuhuhjv}50- ©-9)
i,j=1 Jsh=1

Now we estimate and rewrite the terms involving the second and third covariant derivatives. We may
choose a coordinate frame at gq satisfying 8;;v'/2 = u;. If v(go) = 0, then maxg ¢ = ¢(qo) = 0 and
the thesis follows immediately. Otherwise in these coordinates, from (6-5), it follows that

Uil :—fTCv, (6-10)

which implies

Z uijui; > (f) C%v2. (6-11)
i,j=1 /

Since u is a solution of (6-3), computing at g¢ in these coordinates we have

n
> (A —n2v)ui; + nZvuin = be.
i=1
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and from (6-10) we obtain

Zu” = (b +Cf 2 2)(1 n2v)~L. (6-12)
i=1 f
Recalling that 7¢(|Vu|) = ne(v1/2), by direct computation we infer
n
Vi(Zv) =) (2716 oo Pupup + anuhuhk)» (6-13)
h=1

where it is understood that 7. stands for 1/ (v 1/ 2). By differentiating (6-3), taking into account (6-1),(6-2)
and (6-13), after some standard computations we deduce that

n n
Z[— Z @nenev Pupupe+2n2upupuii + Z 2nenLv”  Pupuupu i

k=1- ih=1 i,j,h=1
n n
+ Y (nZujupcuijHnZui +((1—77§v)5ij+77§uiuj)uijk)]wk = (b
L,j=1 k=1

Now, contracting the equation with uj, we get

n

1/2 2
Z (—2nen o Pupugupguii — 202 upugupeui;)

i,hk=1
+ Z 2n€n;v_1/2uiujukuhuhkuij
Ljhhk=1
+ D Pujuguiu 4 2w i)
i,j,k=1 n n n
+ > U=nfvuguie+ Y nfuiujuguie = »_ (bekug.  (6-14)
ik=1 i,j,k=1 k=1
Since the Ricci curvature of the hyperbolic space is R;; = —(n — 1)d;;, the Ricci formula, see formula
(2.11) in [Yau 1975], gives
n n
> kg =Y ugujie — (n—Dv. (6-15)
k=1 k=1

Hence, using (6-15), and taking into account (6-6), (6-7),(6-12), we rewrite (6-14) as
n n
D U=nZvyugugii+ Y nFuiujuguji
ik=1 i,jk=1
_ 1 1 2 2 /Cf,5/21 2—1b Cflzz
=—(n—Dv(1-ngv)—2nen, 7 (1=ngv)™ " | be+ e
=207 Cv?(1=12v) ! (be+CnZv?)

VY Vo5 y
—2nen.C (f) v7/2— 2r)€C (7) v3+2(be)kuk. (6-16)
k=1
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Now, from (6-9) and by using (6-6), (6-7), (6-11), (6-12) (6-16), we deduce that

—4C?(1— nev)(ff) v24+C? (1— )(f ) 2

f
+f|: (n—1v(1—n?v)—2n nCLvs/z(l n2v)~ l(b —l—Cf/ 2 2)
€ €lle f € f
—2C77§v2(1—r]§v) (b +C J}, 2 2)

/ N\ 2 n
—zcznene(];) 7/2—2c2(f7) v3+k§<be>kuk}

+2C2 " (1=n?v)v?>+Cf v(b +C L /! n? 2)

7
2 (f)? 202 (f )2
-2C +C2 +2C2f” 2.3
f f
2 (f)? 2o’ () 5
—C —2C% 203 <0. (6-17)
f f
Now we compute the term Yy _; (be)xux. To this end let us observe that

(e H("9)k (40)
= " H ("1 go) + 4wy (g0) (Vo H) (") o) - go + €290 (Vo H)(e"“Vq0) - e (qo).

where - denotes the standard euclidean product of R”*! and Vo H is the gradient of H with respect to
the flat metric in R”*1. Then, after some computations and taking into account (6-13), we get

n

> (boki(qo) = 2ncf; Nenev® 2 (1= vV 1—nZv "0 H(e"0) go))

k=1
/
200 L 2oy (1 = V1= g2 @0 H(ena0) g5
f
—nC ];, Netle/ 1= n2v (e H (e go))v?
/
—nch(w(l 2v) ("4 H (e () go)v

—n(1— ngv)3/26u(qo) (eu(qo)H(eu(qo)qo) + eZu(qo)VOH(eu(qo)qo) ~qO)v

—n(l— ngv)yzezu(‘m)VOH(e"(qO)qo)-Vu, (6-18)
Computing (9/9A)(AH (Aqo))|; —,u(e and taking into account Remark 6.3, we rewrite the last two terms
of (6-18) as

—n(l— ngv)3/2e"(q°)%(/\H(kqo)) v—n(l— ngv)3/2e2“(q°)vgH(e”(q(’)qo) -Vu, (6-19)

A=et(d0)
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where VOT H is the euclidean tangential component of (Vo H) on T,,H". Hence, from (6-17), (6-18),
(6-19), regrouping and simplifying terms, we get

=203 (P =12 + (et )
—C?[(f")?B—4nZv + Zv) + 2 f(nZv)* =2 f(1 = nZv)]v?
—nC(1=n2v)*2 f' f (ev'/?)e* @) H (40 go)v3/?
[~ =1 £20 = n20) = C2 (Y ) (1 = )
—nCLf (1= o) (Zv)e" @0 H (") go)
0
—nf21 =20 LonGgy| T
—nf2(1- 7731))5/2 2u(qo)vg"H(eu(qo)q0) . Vu
+nCf f(1=nzv)> (1= V1= 1Zv @) H(e"®)gq)) <0, (6-20)
and the proof of the general inequality is complete. Now we prove (6-4). Taking f = 1, and dividing
(6-20) by (1 —n?v)?, we get
1 - 1/2 ,u(q0) 9
[~(1— 1) —n(1 = n20) D GHO)| T
—n(1—n?v)/2e2@yT g (@0 gh). Vi <0. (6-21)
Assume that v(qg) # 0 (otherwise v = 0 and there is nothing to prove). To conclude the proof it remains to

estimate the term VOT H (e"90) g4)-Vu. To this end, recalling the notation used in the proof of Lemma 4.1,
we define 1 € R" as the vector whose i-th component is

a.
19 ln+1”

hi = VI H(E"49qq)-

i=1,...,n, where d; = (0¢/0y;)(F(qo))- Then, by construction and the Cauchy—Schwarz inequality

we have
IR = Z(vo H(e")gp)- B +l) <n||V§ H(e*q0)|2, . (6-22)
i=1 "
Now, exploiting (4-6) we have
VI H(e*90 q0) - Vu = Z‘ VTH(e“(qO)qo) 9; =171 Z —h = A" (Voii, h)n,
i=1 i=1

and thus, from (4-7), (6-22) we deduce that
VT H ("9 g0)-Vu| = 271 [(Voil, h)n] < A7 [ Voit[lnll2lln < v/n|Vul|VE H(e* 9 qo)[ln+1. (6-23)

Finally, combining (6-21), (6-23) and dividing by v'/2, we obtain (6-4). O
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Remark 6.5. Applying the gradient estimate (6-4) to the solutions of Q%(u) = 0, we obtain

[~ =D =ne(1 =21 Vutgo) ) 2@ L) ]IVu@o)]

—n321(1 = 2| Vu(qo)|»)'2e** 4 |V H(e* 9 go)l|ns1 < 0. (6-24)

—=eu(ap)

Hence, it is not possible, by using only this strategy, to get a uniform bound with respect to ¢ for |Vu|so
as in [Treibergs and Wei 1983]. In fact here we deal with functions defined on a manifold with negative
Ricci curvature, and thus in (6-24) we have a term —(n — 1), while in [loc. cit.], for the sphere, this term
has the opposite sign. We also point out that this trouble does not depend on the choice of the auxiliary
function in the proof of Proposition 6.4, as shown by (6-20), where the leading term v has a negative
coefficient.

7. Proof of Theorem 1.5

Proof of Theorem 1.5. We first observe that by definition (2, H) is admissible with constant 6, and thus
in the proof of Theorem 5.1 we can take € = 6. Therefore, for any € € (0, ), there exists a solution u, of
the regularized problem (4-2). Let us choose € € (0, ) sufficiently close to 6 so that

J —
ﬁ(AH(Aq))<—W for allqEQ, /\E[V],rz], (7-1)
1—e¢
||V5H(X)||n+1 < m» X €Cq(r1.r2), (7-2)

and let u be the solution of the regularized problem (4-2).

Let g € Q be the maximum point of |Vu/[, and set v = |Vu(go)|?. There are only two possibilities:
v < (1 —¢€)? or v > (1 —€)2. In the first case there is nothing to prove; in fact, by definition of 1. we
have that u is a solution of problem (1-1) and we are done. Therefore let us assume that v > (1 —¢€)2. We
point out that in this case g¢ cannot belong to d2 because by Step 6 of the proof of Theorem 5.1 and
since € < 0, we have

sup |[Vul? < (1-60)% < (1 —¢)2.
a0

Hence ¢o € §2. We also observe that u € C3#(§Q), for some B € (0, «]. In fact, by Theorem 5.1 we
know that u € CO2 A (2). Thanks to Lemma 4.11 we know that X (u) is contained in Cg(r1.72) and since
HecCl® (Cq(r1.1m2)), 0 €C 3@ by standard regularity results, see [Gilbarg and Trudinger 1977], we
getueC 3.p (). Therefore, we can apply Proposition 6.4 and recalling that by definition

1—n2v =1-n2(IVu(qo))|Vu(go)|?,

we have
—(n—1)— _n2.0\1/2 u(qo)i 1/2
[ (I’l 1) n(l nev) € oA (AH(Aq))‘A=eu(qo)]v

—n32(1 = n2v) /2240 VI H (@0 gg) |41 <0, (7-3)



SPACELIKE RADIAL GRAPHS OF PRESCRIBED MEAN CURVATURE IN THE LORENTZ-MINKOWSKI SPACE 1835

but on the other hand, since we are assuming that v > (1 — €)2, by the definition of 7. we have
1>1—n2v>1—(1—1¢)* and in view of (7-1), (7-2) we have

—(n—1)— 28172 u(g0) 0 1/2
[(n 1)—n(1—niv)/“e OaA(AH(kq))‘A:eu(qo)]

=12 (1= nZv)! 224V T H (W0 g0) 41

u(go) (1 — n2 1/2 2u(qo)
>E*”—U+”e - nwlm]wﬂ_i_f—ﬂ—d
T (e—1e?) 2
1.2\1/2
€ — 4€
> —(n—l)—i—nu vl/z—(l—e)
1. 9\1/2
(€—%€?)

z(l-6—-(1-¢)=0

and thus we contradict (7-3). Therefore the only possibility is v < (1 —€)?, and by the definition of 7. this
means that u is a solution of problem (1-1). Moreover, as proved in Theorem 5.1, such a solution is the
unique solution whose associated radial graph is contained in Cg (71, 72), and this completes the proof. [

8. A finer gradient estimate

In this section we prove an a priori estimate for the gradient of the solutions of
—diVHn(Vu/W)+nt/W=nte“H(e”q) in Q,
V| < 1 in €2, (8-1)
u=20 on 02,

where ¢ € [0, 1]. As in Section 4 we introduce the function v = 1/4/1 — |Vu/|2.

Proposition 8.1. Let Q be a bounded domain of H", let H € CI(CQ), let r1,m3 € R be such that
ri #r2,0<ry <1<ry, and let vo > 0 be a positive number. Then, there exists a constant C =
C(r1,72,v0, 2, H) > 0 such that for any t € [0, 1], for any solution u € C3(Q) of (8-1) satisfying
logr1 <u <logr; and supyq v < vo, we have

supv < C.
Q

Proof. Let u € C3(Q) be a solution of (8-1) satisfying logr; < u <logr, and supyq v < vg. Clearly
v € C%(Q) and we can introduce the differential operator Py, : C1(Q) — C%(Q) defined by

n
Py,w:=v Z Up W,
k=1

where uy, wy are the covariant derivatives with respect to a orthonormal frame field. Applying P, to both
sides of the equation in (8-1) and arguing as in Proposition 6.4 we deduce that v satisfies the equation

n
> Vi fijv) v Ve + [(Vu, V) ?

i,j=1

n n n
+v Z f,-jujku,-k + Z sziju,-uj +ntv{Vu,Vv) = vntZuka(e“H(e“q)), (8-2)
i, k=1 ij=1 k=1
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where f;; :=v8;; +v3u;u; and R;j =—(n—1)8;; is the Ricci curvature tensor of H”, i, j =1,...,n. This
relation resembles that appearing in [Gerhardt 1983, (4.8)], and it can be proved by direct computation tak-
ing into account of the identities V™2 = 1—|Vu|?, v; =v3Y ]_ ujuy;, (Vu, Vv) = V3Z7’m=1ulumu1m,
|Vu|]2 =v83" | (Z7=1 ululi)z, and [Yau 1975, (2.6)]. In order to estimate the terms appearing in (8-2)
we first observe that

n n
3
Do fiwirum = Y i + v uiuu g

i,j,k=1 i,j,k=1
n n n 2
=v Y uf 40’ Z(Zuiuik) > v|D%ul?, (8-3)
ik=1 k=1 "i=1

where | D?ul|? := ZZk:l ”izk is the square of the matrix norm of the Hessian. For the term nt (Vu, Vv),
we write the equation in (8-1) in nondivergence form as

—vAu — (Vu,Vv) +ntv =nte* H(e"q). (8-4)

Then, multiplying each side by ntv, recalling that v > 1, % H(e*q) is uniformly bounded with respect
to ¢, and using the inequality |Au| < /n|D?u| we deduce that

[ntv(Vu, Vv)| < civ2(1 + |Aul) < cav?(1 + | D?ul)

for some constants ¢, ¢ > 0 depending on n, ry, 1> and || H||oo,c§, but not on ¢. From now on c3, ¢4,
etc. will denote positive constants which do not depend on ¢. Now, if |D?u| < ca(1 + /1 + 1/c3), we
get |[ntv(Vu, Vv)| < c3v2, where c3 depends just on c,, and thus ntv(Vu, Vv) > —c3v2. On the other
hand, if |[D?u| > ¢2(1 + /1 + 1/c3), by an elementary computation we infer that
—cv?2(1 + |D?u)) + %1}2|D2u|2 > 0.
Hence, in view of (8-3) and the previous inequalities we obtain
n
Z Sijujxuix +ntv(Vu, Vv) 2—04v2+%v2|D2u|2. (8-5)
i,j,k=1
Therefore, from (8-2), (8-5) we have
n n
- Z Vi fijv;) + [(Vu, V)2 + 3v%|D?u|* < c5v + vnt Z upVi(e"H(e"q)).  (8-6)
i,j=1 k=1
Now, writing (8-4) as —vAu — (Vu, Vv) = nte¥ H(e¥q) — ntv and squaring, by using elementary
inequalities we get
V2| Aul? = 2v|Au| [(Vu, Vv)| + [(Vu, Vv)|? < 2n2e® H?(e¥q) + 2n%02. (8-7)
Multiplying (8-4) by v, and using |Au| < /n|D?u|, we deduce that

v[(Vu, V)| < esv?(1 + | D%ul).
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Hence, from this, using again |Au| < \/n|D?u|, and (8-7) we obtain
—nv?|D%ul? = 2/nesv?(1 + | D?u)) + |(Vu, Vv) |2 < 2n%e?* H?(e%q) + 2n°v
and thus by elementary computations we deduce that
—cev?|D?u)? + |(Vu, Vv) |2 < 2n%e® H?(e"q) + c7v2. (8-8)

Therefore, dividing (8-8) by C := 2c¢¢ + 1 and summing with (8-6) we deduce

n

— Y Vi fijvp) + (L4 2¢0)[(Vu, Vo) + cav?| D?ul?

i,j=1 n
< cgv? +cge®  H?(e"q) + vnt Zukvk (e"H(e%q)), (8-9)

k=1

where ¢y = % —c6/(2ce + 1) > 0 does not depend on ¢. From (8-9), by arguing as in [Gerhardt 1983,
Theorem 4.1], we can conclude the proof. In fact, using Stampacchia’s truncation method (for the details
see the Appendix in [loc. cit.]), multiplying (8-9) with

Y :=vmax{v—1,0}, [>vg,

and integrating by parts we deduce
supv <vo+co(1+v13, o). (8-10)
Q

where cg > 0 is a constant depending on 7, €2, r1, r2 and || H || so,cg; but not on 7, and | - |5 o denotes the
standard L?-norm. Therefore, in order to conclude the proof it suffices to prove a uniform estimate for
the L2"-norm of v with respect to the parameter ¢. To this end, recalling that v > 1, and that e* H (e*) is
uniformly bounded by a constant depending only on r1, r2, || H [[co,c» We can rewrite the right-hand side
of (8-9) in a simpler way:

n
— Z Vi £i;v;) 4+ (14 2¢0) [(Vu, Vo) > 4 cxv?| D?ul? .
=1 <crov? 4 vnt Zukvk(e“H(e“q)). (8-11)
k=1
Now, let p > 2 be any fixed real number, let A > 0 be a real number to be chosen later and multiply

(8-11) by
pri=vf et

where v; := max{v —[,0} and / is any fixed number such that / > vg. Since vlpe“ € Hol’q (R2), for any
q € [1,+00), we can integrate by parts and thus we obtain

p Z[ f,jv,vlvl et ) Z/ 2 fijviu l”l

7J_1 ,j_l
+(1+2C*)/ | VM vv>|2 V4 Au+C*/ 2|D2 |2 V4 Au
Q

§c11[ vzvpe)“‘+c11(p—|—l)/ vvl "(Vu, V)le A“+c11)\f vvp|D2u|e)“‘ (8-12)
Q
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Now let us observe that
n n
D7 fyvivi= " Gijv v uu)vivi= |Vl + 03[V, Vo) P = 03 (Vi Vo) 2. (8-13)
i,j=1 i,j=1
In addition, by direct computation we have
A Z / f,jvju,vl =2 Z /(1—|Vu|2)v(8,,v+v u,u,)vju,vl
i,j=1 i,j=1
=A/ (Vu, Vv)oo/e M (8-14)
Q
Furthermore, fixing a large constant C; and splitting the domains of the integrals into two parts

[{Vu,Vv)| < Cq and |{Vu, Vv)| > C1, by elementary computations it follows that for a suitable large
constant c¢1, > 0 it holds that

c*/ vlp (Vu,Vv)|2eA"—c11(p+1)/ vvlp_1|(Vu,Vv)|eM
Q Q

2—612/ vlpe)“‘—clz/ vvlp TeAu, (8-15)
Q Q

Again by elementary considerations we obtain the further estimate
V21 D2ul? P Au 2 P Au P, Au
Cx | D“ul|“v —c11A v|D ulyye™ > —ciz | vye (8-16)
Q Q

Indeed, since it is always possible to find a constant ¢1; > O such that cxxZ —c11Ax + ¢33 > 0 for all
x > 0, then, taking x = v|D?u| we obtain the desired inequality. Therefore, from (8-12), and using the
estimates (8-13)—(8-16), we deduce that

<1+p+c*>/ (V. Vo) Pof e

< A/ |(Vu, Vv)|vvlpeM +c14/ vzvlpe’w +c14/ vlpe’h‘ +c14/ vvlp_le'w . (8-17)
Q Q Q Q

()

Observe that (/) contains only powers of the form v“v;’, with a, b >0 such thata +b < p + 1. From

now on we will denote by /7, I3, etc. terms which are finite sums of integrals of the form ¢ fQ v”vlb et

wherea+b < p+1, a,b >0 and c is a constant which does not depend on ¢. The strategy to conclude
the proof is to obtain an estimate of the kind

/ vPet < 1. (8-18)
Q

To this aim, from (8-17), dividing each side by (p + 1 4 ¢«) and using the elementary inequality
xy < %xz + lyz, we obtain that

A2 2
/ [(Vu, Vv) |2vl Au o G1pre )2/ VI e’lu—l—w%/gvzvlpeku—i—ll. (8-19)
* *
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Now, multiplying (8-4) by ¢ = vvlp eM, integrating by parts, taking into account that Vo = Vvvlp M 4

vavvlp_le)“‘ + kvvlqu, and p > 2, we get

)L/Q vzvlp|Vu|2e’m < c15/Q vzvlpe)“‘ +(p+ 1)/Q vzvlp_1|(Vu, Vu)le? + 1. (8-20)
Now, choosing A > c15 and recalling that v=2 = 1 — |Vu/|?, from (8-20) we obtain
1 2
)\[ vzvlpe’w < L)zf vlp|(Vu,Vv)|2e'1" + Is. (8-21)
Q (A—c15)? Ja
From the combination of (8-19) and (8-21), for a large A such that
A2(p+1)? 2c12(p +1)? -1

(P+1+c)?(A—c15)?  (p+1+ce)(A—c15)?
it follows that
/ vf|(Vu,Vv)|zeA" < Iy,
Q

and then, from this and (8-21), we conclude that

/ vzvlpe)“‘ < Is,
Q

which gives the desired inequality (8-18). Therefore, from (8-18) and the arbitrariness of p we deduce
that [v|2,,q is uniformly bounded in ¢ and thus from (8-10) we deduce the thesis. O

9. Proofs of Theorems 1.3 and 1.4

The proofs of Theorem 1.3 and Theorem 1.4 are identical except for a small part and thus we give a
unified proof in which at some point we distinguish between the two cases.

Proof. Let o, r1,12, 2 and H be as in the statement of the theorem. Recalling the definition of the
operators QF, @t (see (4-13), (4-16)), by the same proof as that of Lemma 4.11 it follows that, for any
tel0,1],ifue COZ(S_Z) is a solution of @t (#) = 0 and satisfies |Vu|o,@ < 1 then

logr; <u(q) <logr, foranygq e Q. 9-1)

Hence, by the definition of QF, we have also a uniform bound with respect to ¢ on the L norm of the
solutions of Qf(u) = 0. In order to get a uniform bound on the gradient we use Proposition 8.1. To
this end, in the case of Theorem 1.3 since €2 satisfies a uniform exterior geodesic condition and H > 0,
thanks to Proposition 4.7 we have that (2, H) is admissible, and by arguing as in Step 6 of the proof of
Theorem 5.1 we obtain that there exists 8 € (0, 1) such that for any 7 € [0, 1], if u € Co2 () is a solution
of (1) = 0 and satisfies |Vu|co,0 < 1, then

|Vu(g)| <1—6 forany g € 02.

Indeed, if |Vu|oo.o < 1 and u € C(R), then, by the same proof as that of Lemma 4.1 we get that O’
is uniformly elliptic in €2 (when passing to hyperbolic stereographic coordinates) and thus, thanks to
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the hypotheses on H, we can apply [Gilbarg and Trudinger 1977, Theorem 10.1] and argue as in Step 6
of the proof of Theorem 5.1. In the case of Theorem 1.4, the proof of this fact is identical and we use
directly the hypothesis that (2, H') is admissible without invoking Proposition 4.7.

Since Q is of class C3%, H € C1¢ (Cg(r1,1r2)) and thanks to (9-1), by standard elliptic regularity
theory, see [Gilbarg and Trudinger 1977], any solution u € C(f “*(Q) of Q' (u) = 0 such that |Vu| < 1
in & turns out to be of class C3%(Q). Hence, setting vy := 1/+/1 — 62, by Proposition 8.1, it follows
that there exists 64 € (0, 1), depending only on n, r1, 73, vo, 2, H but not on ¢, such that for any solution
u e C3(Q) of Q' (u) = 0 satisfying |Vu| < 1 in it holds that

|IVu(q)| <1—64 foranyq e Q. (9-2)
Let us fix § > 0 sufficiently small so that 1 — 64 4+ 6 < 1 and consider the set
U:={weCy*R): |[Vw|og <10k +35}.

Clearly U is a convex and closed subset of Cy**($2). We define the map 7 : [0,1] x U — Cy*(Q),
T(t,w) := u, where u is the unique solution of

n A~
> ((1—=|Vw|?)8ij + wiwj)u;; =nt(1—|Vw[?)(1 — V1 —|Vw|?e¥ H(e¥q)) in £,
i,j=1
u=0 on 9<2.
We observe that T is well-defined. Indeed, for a fixed w € U, considering the linear operator L, u :=
Z?’j=1 (1 —_|Vw|2)8,~j + w; w; )u;i;, and arguing as in Step 2 of the proof of Theorem 5.1, we see that
Lye: Coz’a (Q) — C%*(Q) is a bijection. Hence

T(w) =1Ly (n(1—|Vw|?)(1 = V1 —|Vw|?eP H(eVq)))

is defined and we are done.

It is easy to verify that 7" is continuous and, arguing as in the proof of Step 5 of Theorem 5.1, we
have that 7'([0, 1] x U) is a relatively compact subset of CO1 “*(R2). Moreover 0 lies in the interior of U
and T(0 x dU) C U. To conclude the proof it suffices to prove that if (¢,u) € [0, 1] x U satisfies
T(t,u) =u then u € oU. Indeed, if T(¢,u) = u then u € Coz’a () is a solution of @t (1) = 0 and thus
from (9-1) we have Q' (u) = 0. Then, since u € U we have |Vu|oo,0 <1—60%+ 8 < 1 and thus Q' is
uniformly elliptic. Therefore by elliptic regularity theory u € C3%*(Q) and thanks to (9-2) it follows that
|[Vit|oo,@ < 1 — 04 < 1—04 44, thus u cannot belong to dU and we are done.

Finally, from Theorem 2.8 we conclude that there exists # € U which solves T'(1,u) = u;i.e., U isa

solution of (1-1). For the uniqueness it suffices to argue as in Step 8 of the proof of Theorem 5.1. [
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