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In the recent work G. David, J. Feneuil, and the first author have launched a program devoted to an
analogue of harmonic measure for lower-dimensional sets. A relevant class of partial differential equations,
analogous to the class of elliptic PDEs in the classical context, is given by linear degenerate equations
with the degeneracy suitably depending on the distance to the boundary.

The present paper continues this line of research and focuses on the criteria of quantitative absolute
continuity of the newly defined harmonic measure with respect to the Hausdorff measure, w € A (0),
in terms of solvability of boundary value problems. The authors establish, in particular, square function
estimates and solvability of the Dirichlet problem in BMO for domains with lower-dimensional boundaries
under the underlying assumption w € A (o). More generally, it is proved that in all domains with Ahlfors
regular boundaries the BMO solvability of the Dirichlet problem is necessary and sufficient for the
absolute continuity of the harmonic measure.
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1. Introduction

The last decade has seen great advances in the understanding of the connections between analytic,
geometric, and PDE properties of sets. One of the central questions in this quest pertains to the necessary
and sufficient conditions on the geometry of the domain which guarantee absolute continuity of the
harmonic measure w with respect to the surface measure o of the boundary. The interest to this problem
begins with the classical 1916 F. and M. Riesz theorem [Riesz and Riesz 1920], which asserts that
for a simply connected planar domain with a rectifiable boundary, the harmonic measure is absolutely
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continuous with respect to the boundary surface measure (see [Lavrentyev 1936] for a quantitative
version). A local analogue of this result was established in [Bishop and Jones 1990], which also showed
that absolute continuity may fail in the absence of some topological hypothesis, even for a rectifiable
domain. The emerging philosophy is that the key geometric properties at play are smoothness (or to
be precise, rectifiability) and connectedness of the domain. In higher dimensions, the latter is much
trickier, and without any pertinent details we mention that the absolute continuity of the harmonic measure
with respect to the boundary surface measure has been proved in Lipschitz graph domains [Dahlberg
1977], and later in the so-called chord-arc domains in [David and Jerison 1990; Semmes 1990], and
more recent achievements in the field have progressively further weakened the underlying geometric
hypotheses [Bennewitz and Lewis 2004; Badger 2012; Hofmann and Martell 2014; 2017; Azzam et al.
2017; Mourgoglou 2015; Akman et al. 2016; 2017; Azzam 2017], although the sharp assumptions,
particularly in terms of connectedness, are not completely clear yet. Meanwhile in the converse direction,
the necessary conditions for the absolute continuity of harmonic measure with respect to the Hausdorff
measure of the boundary have been obtained in 1-sided chord-arc domains in [Hofmann et al. 2014] (see
also [Azzam et al. 2017]), and later in more general domains in [Mourgoglou and Tolsa 2017; Hofmann
et al. 2017a]. As a culmination of this line of work, it was shown without any topological background
assumptions that rectifiability is necessary for absolute continuity of the harmonic measure in [Azzam et al.
2016b]. These results were extended to general elliptic operators and other manifestations of solvability
of the Dirichlet boundary value problem in [Hofmann et al. 2016; 2017b; 2017c; Toro and Zhao 2017;
Azzam and Mourgoglou 2017; Garnett et al. 2018; Azzam et al. 2016a] to mention only a few: the area is
blossoming and we do not aim at a complete listing of the related literature.

All of these advances heavily rely on the properties of harmonic functions, and as such, do not apply
to domains with lower-dimensional boundaries, for instance, a complement of a curve in R3. In fact, sets
of higher codimension are not visible by classical Brownian travelers (that is, the probability to hit such a
set is zero) and equivalently, by classical harmonic functions. Led by these considerations, G. David,
J. Feneuil, and the first author [David et al. 2017] have recently launched a program devoted to a new type
of degenerate elliptic PDEs, such that the corresponding elliptic measure (still referred to as harmonic
measure in the course of this discussion) is not only nontrivial, but absolutely continuous with respect to
the Hausdorff measure in favorable geometric circumstances. The goal of the present paper is to establish
equivalence of absolute continuity of harmonic measure to the BMO solvability of the Dirichlet problem
on arbitrary Ahlfors regular domains and in the general class of degenerate elliptic operators, and to
prove a technical roadblock that is very important in many applications: the square function estimates for
solutions. Let us discuss this in more detail.

We shall work in the general context of d-Ahlfors—David regular sets, which are roughly speaking,
d-dimensional uniformly at all scales.

Definition 1.1. Let I' C R” be a closed set and d < n be an integer. We say I" is d-Ahlfors regular if
there exists a constant Co > 1 such that for any g € I and r > 0

Co'rd <H4(B(q.r)NT) < Cor?,
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where ¢ is the d-dimensional Hausdorff measure. We shall often denote H¢ |, that is, %% restricted to
the set I, by o.

Let T" be a d-Ahlfors regular set in R” with d <n — 1, and Q = R” \ I'. Consider the degenerate
elliptic operator L = — div(A(X)V) with a real, symmetric n x n matrix A(X) satisfying

AX)E-¢ < CLIENCI8(X)4™ for X e Q and £, € R", (1.2)
AX)E-£> CTYEP (X)L for X € Q and £ € R” (1.3)

for some C; > 1, where §(X) = dist(X, I'). We say a function u in the Sobolev space W, (2) (see the
definition in (2.19)) is a weak solution to Lu = 0 if

// A(X)Vu-VodX =0 forany ¢ € C5°(Q).
Q

The basic elliptic theory of such equations was developed in [David et al. 2017]. In particular, it was
shown that the Dirichlet problem

Lu=0 inQ,

% D)

u=f onl

has a suitably interpreted weak solution for smooth compactly supported (and more general) f on I, that
such a solution is locally bounded and Holder continuous in the interior and at the boundary, and finally,
that it can be written in terms of the corresponding harmonic measure, and the latter satisfies the usual
doubling, nondegeneracy, and change-of-pole conditions. We refer the reader to Section 2 for details.
For now, we only recall that the harmonic measure is a (family of) positive regular Borel measure(s) X
on I, X € 2, such that, in particular, for any boundary function f € C(? (I") the solution to (D) can be
written as

u(X):/Ffda)X. (1.4)

Definition 1.5. We say the harmonic measure w is of class Ao, With respect to the surface measure
o = Hp, or simply @ € Aso(0), if for any € > 0, there exists § = §(¢) > 0 such that for any surface
ball A, any surface ball A’ C A and any Borel set E C A’ we have

o(E) »*(E)
oAy <% T LAy

Here A = A is a corkscrew point for A (see Lemma 2.50 for the definition and existence of a corkscrew

<e. (1.6)

point).

We remark that while the aforementioned basic properties of harmonic measure (existence, doubling,
nondegeneracy, change-of-poles etc.) hold in full generality of d-Ahlfors regular sets, d <n — 1, the
Aoo property of the harmonic measure is much more delicate and is not expected on very rough domains.
In particular, already on a planar domain with 1-dimensional boundary, rectifiability of the boundary
is necessary for w € Ao (). On the other hand, it is not vacuous either, as the authors in [David et al.
2019] have proved that, for any d <n —1 and I a d-dimensional Lipschitz graph with a small Lipschitz



1846 SVITLANA MAYBORODA AND ZIHUI ZHAO

constant, the harmonic measure is absolutely continuous with respect to the Hausdorff measure for the
operator L = —div(D(X)™"t4+1V), where

Q=

D(X):{/F|X—y|_d_°‘d7{d(y)}_ . XeQ, (1.7)

for some constant o > 0. It is easy to see that D(X) is equivalent to the Euclidean distance dist(X, I')
(and this would even stay true when I is an Ahlfors regular set) but not equal.

For any ¢ € T and r > 0, we use A = A(q,r) to denote the surface ball B(g,r) N T, and use
T(A) := B(g,r) N Q to denote the “tent” above A. A function f defined on I" is a BMO function if

1
1/ oo 1= sup (f |f—fA|2do) oo (1.8)
AcCT A

Here fa denotes the average f, f do.

Definition 1.9. We say that the Dirichlet problem (D) is solvable in BMO if for any boundary function
f € CQ(I"), the solution u to (D) given by (1.4) satisfies the condition that |Vu|? §(X)?"+2 dX is a
Carleson measure with norm bounded by a constant multiple of || f ||%MO, that is,

1
sup
Acr 0(A)

I[P scotax =i o, (1.10)
T(A)

One of the main results of the present paper is as follows.

Theorem 1.11. Let I be a d-Ahlfors regular set in R* withd <n — 1 and Q = R" \ T. Consider the
operator L = — div(A(X)V) with a real, symmetric n x n matrix A(X) satisfying (1.2) and (1.3). Then
the harmonic measure w is of class Aco(0) if and only if the Dirichlet problem (D) is BMO-solvable.

In codimension 1 this has been proved in [Dindos et al. 2011] for Lipschitz domains and in [Zhao
2018] for uniform domains with Ahlfors regular boundaries. One of the main difficulties in our case is
to prove an upper bound on the square function by the nontangential maximal function. The latter, in
codimension 1, goes back to the work of Dahlberg, Jerison, and Kenig [Dahlberg et al. 1984] for Lipschitz
domains, and their method can be extended to more general sets with the help of preliminary estimates
proved in [Jerison and Kenig 1982]. This result, and even more so the method behind it, underpinned many
later developments in the subject. To prove it, [Dahlberg et al. 1984] systematically uses the harmonic
measures of the sawtooth domains to get a good-A inequality. This technique is not available to us. The
sawtooth domain is a domain inside €2 on top of a set £ C dQ2 = T’ that satisfies some desired properties,
and, roughly speaking, allows one to exchange local results with global ones. In some sense, it is the
use of the sawtooth domains which allows one to exploit the fact that at every scale the A, condition
only carries information on a big portion of a boundary ball, rather than the entire boundary ball —a
crucial ingredient in this and many other arguments in the theory. In the case of lower-dimensional I,
however, the boundary of a sawtooth domain may have arbitrarily small/large pieces of dimension d
and, simultaneously, pieces of dimension n — 1. For that reason, it is not automatically clear if one can
make sense of the harmonic measure for the sawtooth domain or resolve the Dirichlet problem on the
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sawtooth domain. Instead we are bound to work with the Green’s function of the entire €2, and get a
good-A inequality by using various considerations akin to the comparison principle. Needless to say,
the geometric arguments for lower-dimensional sets are also very different and the technical side of
the present paper ends up surprisingly far from [Dahlberg et al. 1984; Dindos et al. 2011; Zhao 2018].
Moreover, since the theory of the lower-dimensional sets is still in its infancy, these technical geometric
arguments, e.g., Lemma 3.24, are likely to be useful in many future works.

The formal results in this direction are as follows. For any g € I' and o > 0, we define the nontangential
cone ['*(g) with vertex g and aperture « as

I'(g)={XeQ:|X—q|<(1+a)i(X)}, (1.12)
and a truncated cone as

'Y (q) =T%(q) N B(q.r).

When there is no confusion we drop the superindex « and simply denote them by I'(¢) and T’y (g),
respectively. We define the nontangential square function

Su(q) = (//F(q) |Vu|2§(X)' ¢ dm(X))2 (1.13)

and the truncated square function

1
2
S,u(q) = (/f |Vul2§(x)¢ dm(X)) . (1.14)
~(Q)
We also define the nontangential maximal function and its truncated analogue
Nu(q) = sup [u(X)|. Nyu(g)= sup |u(X)|. (1.15)
Xel'(g) Xel'y(g)

Given apertures 0 < @ <« < B, for simplicity we denote by Su, S’u the square functions on nontangential
cones of apertures o, o1, respectively, and denote by Nu the nontangential maximal function of aperture §.
We have:

Proposition 1.16 (good-A inequality for w). Suppose I is a d-Ahlfors regular set in R* withd <n — 1,
Q =R"\T and D is a collection of dyadic cubes for I'; see Lemma 3.3 for the details. Let u € W, (Q2) be

a nonnegative solution of Lu = 0 such that for some dyadic cube Q € D and A > 0 there exists g1 € I’
with
S'u(qr) <A and lg1 —q| < Cadiam Q forallq € Q.

Then for any Xg ¢ B(xg.,2C3L(Q)) and § sufficiently small, we have
X2 ({g € 0 : Su(q) > 21, Nu(q) <81}) < C§%w*2(Q). (1.17)

Here x g is the “center” of Q and £(Q) is the “size” of Q; see Lemma 3.3. The constant C > 0 depends
on the allowable parameters d,n, Cy, C1, the apertures o, &1, B, and the given constants Cy, Cs3.
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If, moreover, w € Ao (), then the good-A inequality for o follows and we conclude that
[SullLr@) < ClINulLr (o) (1.18)

for any 1 < p < oo and any solution u € W;.(2) to Lu = 0 such that the right-hand side is finite.

The paper is structured as follows. In Section 2 we first state some lemmas proved in [David et al.
2017] and prove some preliminary results based off these lemmas. In Section 3 we prove the above
proposition after a careful analysis of the sawtooth domains, and moreover we prove the upper bound of
the square function by the nontangential maximal function. This is an independent result and will also be
used in Section 4, where we prove if the harmonic measure w is of class A (0), the Dirichlet problem
is BMO-solvable. We prove the converse in Section 4C; that is, BMO-solvability implies the harmonic
measure o is of class Ao (0).

2. Preliminaries

The ground work for harmonic measures associated to the (degenerate) elliptic operators L on sets of lower
dimensions d < n — 1 has been laid out in the work of David, Feneuil and Mayboroda [David et al. 2017],
henceforth abbreviated [DFM17]. In this section we state some relevant preliminary results proven in that
paper; we also prove a few lemmas that follow easily and are needed in later sections. For the convenience
of readers familiar with this subject, we point out that the new lemmas we prove here are Lemmas 2.10,
2.43 and 2.59. Unless specified otherwise, the constants that appear in the following lemmas depend
only on the allowable constants, namely the dimensions n, d, the Ahlfors regular constant Cy and the
ellipticity constant Cj.
We start with the following notation:

e For any X € Q, we define §(X) = dist(X, I'), the Euclidean distance from X to I, and the weight
w(X) =§(X)4 7+l

e We define

1
A(X) = WA(X) =8(X)" 17 A(X).

By (1.2) and (1.3), A(X) is a uniformly elliptic matrix.

¢ We define a measure m on Borel sets in R” by letting m(F) = ffE w(X)dm(X). We may write
dm(X)=w(X)dX. Since 0 < w < oo a.e. in R”, the measure m and the Lebesgue measure are mutually
absolutely continuous.

e For any ¢ € I" and r > 0, we use the notation A(q, r), or sometimes simply A, to denote the surface
ball B(g,r) NI, and T(A) to denote the “tent” B(g,r) N Q2 over A.

e We define the surface measure 0 = H¢ Ir-

o If B= B(X,r)isaball and @ > 0 a constant, we use «B = B(X, ar) to denote the concentric dilation
of B. The same notation applies to surface balls aA.
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Lemma 2.1 (Harnack chain condition [DFM17, Lemma 2.1]). Let I" be a d-Ahlfors regular set in R" and
d < n —1. Then there exists a constant ¢ € (0, 1), that depends only on d, n, Cy, such that for A > 1 and
X1, Xo € Q such that §(X;) > s and | X1 — X»| < As, we can find two points Y; € B(X,', %s) such that
dist([Y71, Y], T) > c A= =1=d) s That is, there is a thick tube in Q that connects the balls B(X,', %s)

Remark 2.2. We have
[Y1 =Y2| < |Y1 = X1| + | X1 — Xo| + | X2 + Y2| < 2As. (2.3)

Let t = cA~4/(n=1=d)g and 7 1=Y1.For2 < j < N let Z; be consecutive points on the line segment
[Y1. Y2] such that |Z; — Z;_1| = £7. Then

(N-Dit<|V1-Y|<Niz

Combined with (2.3) we get that the integer N satisfies

N |Y1—Y2| SA n—1

N At (2.4)

3T
Let Bo = B(X1.3s), Bj=B(Z;, ;7)) for1 < j <N and By41 = B(X2, 35). Clearly B; N\ Bj 11 # @
for all 0 < j < N. Moreover dist(Bg, '), dist(By+1, ') > %s and for 1 <j <N,

dist(B;,T) > 37 = 3cA w12y, 2.5)
dist(B;,T') < min{é(X1),5(X2)} + %s + |Y1 = Y2| < min{8(X7),8(X32)} + 3As. (2.6)

Lemma 2.7 (estimates on the weight [DFM 17, Lemma 2.3]).

(1) For any 0 > 0 there exists Cy > 0 such that for any X € R" and r > 0 satisfying §(X) > (14 0)r,

Cylr"w(X) <m(B(X,r)) = //B(X )w(z) dz < Cr'*w(X). (2.8)

(i1) There exists C > 0 such that for any g € I" and r > 0,

it <m@ = [ wedz et 29)
B(q,r)NnQ

From the above we deduce the following estimate, which will be needed later.

Lemma 2.10. Let ' be d-Ahlfors regular. For any o > —1, we have
// §(X)*dm(X) S rdtite, (2.11)
T(2A)

Proof. The proof is a simple use of Vitali covering. For j = 0,1, ... let
T, =TQRA)N{x eQ:27/r <§(X) <27/Fr},
To; =TQRA)N{x e Q:8(X) <27/ 1),
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Then o o
// §X)* dm(X) =) // 8(X)*dm(X) <Y (277 r)*m(T-)). (2.12)
T(2A) j=0 T; j=0

For every fixed j, we consider a covering of 4A by

2+l
U #(e-557)

ge4A

from which one can extract a countable Vitali subcovering 4A C |, B(gx, 2=/*1r), where g € 4A and
the balls By = B(qx,2 7 11r/5) are pairwise disjoint. The fact that ¢z € 4A = A(qo, 4r) implies

2—Ji+1, 2—J+1,
Bk:=B(q;<, z )CB(qo,4r+ z )

And the pairwise disjointness of the By ’s implies that for every fixed j, there are only finitely many of
them. In fact,

2-i+1 2r\?
S o (By) =o(L];) Bk) 50(A(q0,4r+ - r)) < (4r+?r) . (2.13)

k

Note that o (By) ~ (2~/*1r/5)¢ independent of k. Let N; be the number of By ’s; by (2.13)
27T\ 2r\? d
Nj'( : ) 5(4r+?) ;  thus N; <2/¢. (2.14)

For any X € T~ , let gy € I" be such that | X —gx| = 6(X). Then

lgx —qol < lgx — X|+|X —qo| <4r; ie., gx €4A. (2.15)

Hence gx € B(qx,2~/*1r) for some k. Moreover Ts; C Uy B(gk.2- 2=/*1r). Therefore by (2.14)
and (2.9),

m(T>;) < N;j -supm(B(qk., 2-2_j+1r)) < 2/"1(2_jr)d+1 ~ 27 a1
k

Combined with (2.12) we get

0 o0
// §(X)¥dm(X) < Z(z—jr)a p—Jpd+l _ d+1ta Z y—ile+l) < d+1+a
T(2A) = =
The last sum is convergent because o + 1 > 0. 0

Now we define the suitable function spaces. We denote by C(?(F) the space of compactly supported
continuous functions on T, thatis, f € C(? (I') if f is defined and continuous on I, and there exists a
surface ball A such that supp f C A. We consider the weighted Sobolev space

W=W12(Q)={uelLl.(Q): VuelL*(Q, dm)) (2.16)
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and set |lullw = ([fg |Vu(X)|? a’m(X))% for u € W. In fact, it was proved in Lemma 3.3 of [DFM17]
that since I" is d-Ahlfors regular with d <n —1,

W ={uelL.(R"):VueLl*R" dm)}. (2.17)
We also define a local version of W as follows: let E C R” be an open set, and define
Wr(E)z{ueLlloc(E):gouveor all 9 € Cg°(E)}. (2.18)
As observed in [DFM17],
Wo(E)={uelLl.(E):VuelL?.(E,dm))}. (2.19)

It is easy to see that if E C F are open subsets of R”, then W, (F) C W, (E). We set

_ 2
H=H? (I") = { g a measurable function on I" : / —|g(x) gd(yzl
rjrfx—ylt

The reader may recognize this is the homogeneous Sobolev space, a special case of the Besov spaces. The

do(x)do(y) <oop. (2.20)

authors in [DEM17] were able to define a trace operator 7' : W — H; see Theorem 3.13 (and Lemma 8.3
for a local version T : W,(E) — L} (I' N E)) there.

loc

Lemma 2.21 (interior Caccioppoli inequality [DFM17, Lemma 8.26]). Let E C 2 be an open set, and
let u € Wy (E) be a nonnegative solution in E. Then for any ¢ € C5°(E),

// ¢2|Vu|2dm§C// IVp|?u?dm, (2.22)
Q Q

where C depends only on n,d and C.
In particular, if B is a ball of radius r such that 2B C Q and u € W, (2B) is a nonnegative subsolution

in 2B, then
// |Vu|2dm§Cr_2// u?dm. (2.23)
B 2B

Remark 2.24. Inequality (2.23) holds if we replace 2B by (14 t) B, 7 >0, and in that case the constant C
depends on the value of t.

Lemma 2.25 (Harnack inequality [DFM17, Lemmas 8.42, 8.44]).
(1) Let B be a ball such that 3B C Q and let u € W, (3B) be a nonnegative solution in 3B. Then

supu < C infu, (2.26)
B B

where C depends onn,d and Cj.

(2) Let K be a compact set of 2 and u € W, () be a nonnegative solution in Q. Then
supu < Cg infu, 2.27)
K K

where Cg depends only onn, d, Cy, Cy, dist(K, I') and diam K.
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Lemma 2.28 (boundary Caccioppoli inequality [DFM17, Lemma 8.47]). Let B C R" be a ball centered
on I' of radius r, and let u € W, (2B) be a nonnegative subsolution in 2B\ T" such that Tu =0 a.e. on 2B.
Then for any ¢ € C§°(2B),

/ ¢2|Vu|2dm§C[/ IVo|2u? dm, (2.29)
2B 2B

where C depends on n,d and Cy. In particular (2.29) implies

// |Vu|2dm§Cr_2f/ uZdm. (2.30)
B 2B

Lemma 2.31 (boundary Moser estimate [DFM17, Lemma 8.71]). Let p > 0. Let B be a ball centered
on T and u € W, (2B) be a nonnegative subsolution in 2B \ T" such that Tu = 0 a.e. on 2B. Then

1

1 P
_ P
sgpu < Cp(m(ZB) /]23 U dm) . (2.32)

Lemma 2.33 (boundary Holder regularity [DFM17, Lemma 8.106]). Let B = B(q, r) be a ball centered
on ' and u € W, (B) be a solution in B such that Tu = 0 on B. There exists € (0, 1] such that for any

1
s\P 1 5 >
2= () Gt [ o) .

0<s<syr,
We are interested in the solution(s) of the Dirichlet problem (D).

Lemma 2.35 (existence and uniqueness of solution [DEM17, Lemma 9.3]). For any f € H, there exists
a unique u € W such that

Lu = in
{u 0 inQ, (2.36)

Tu=f aeonl.
Moreover |ullw <C| flxa.

Lemma 2.37 (properties of solutions for f € Cé’(F) [DFM17, Lemma 9.23]). There exists a bounded
linear operator
U:C()— C(R")

such that for every f € C(? ()

(i) the restriction of Uf to T is f;

(ii) supgs Uf = supr f and [pu Uf =infp f;
(iii) Uf € W () and is a solution of L in Q;

(iv) if B is a ball centered on T and f =0 on B, then Uf lies in W, (B);

W) if fe C(? (D)YN H, then Uf € W and is a unique solution of (2.36).

Remark 2.38. Since Uf € C(R"), its trace T(Uf) is exactly f. We also remark that Cé’ ()N H is
dense in Cé) (I"), with the supremum norm.
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Lemma 2.39 (harmonic measure [DFM17, Lemmas 9.30, 9.33]). For any X € €2, there exists a unique
positive regular Borel measure wX on T such that

Uf(X) = /F fdwX  forany f e COD). (2.40)
Additionally, for any Borel set E C T,
wX(E) = sup{wX(K) : E D K, K is compact } = inf{w*X (V) : E CV, V is open }. (2.41)
Moreover, X (T') = 1.

Lemma 2.42 [DFEM17, Lemma 9.38]. Let E C I" be a Borel set and define the function ug on Q2 by
ug(X) = wX(E). Then:

(1) If there exists X € Q such thatug(X) =0, thenug =0.

(ii) The function ug lies in W,-(Q2) and is a solution in 2.

(iii) If B C R" is a ball such that EN B = &, thenug € W, (B) and Tug =0on BNT.

For now we are only able to write down the solution to (D) if the boundary function f is in Cé’ (I);
see Lemma 2.37. With the help of the harmonic measure, we prove the following lemma:

Lemma 2.43. For any function f € C(?(F) and any Borel set E C T, the function

u(X):= / f doX (2.44)
E
defined on 2 satisfies the following:

(1) It is continuous in 2.
(2) It is a solution of Lu = 0 in Q and lies in W, (R2).

(3) If B CR" is an open ball such that E N B = &, then u is continuous in BN, u can be continuously
extended to zero on BN T, and u € W, (B).

Remark 2.45. We note the following:

e Compared with Lemmas 2.39 and 2.37, this lemma says that fy g integrated against the harmonic
measure gives rise to a continuous solution for any Borel set £ C I.

o If the Borel set E is bounded, then the same properties hold for any bounded continuous function
feCp(l).

Proof. Since the definition (2.44) is a linear integration, we may assume without loss of generality that
f is nonnegative. Otherwise we just write f = f4 — f_, with fi € C(R"). We first assume that E is
an open set, and that X (E) > 0 for some X € Q. By Lemma 2.42(i) it follows that X (E) > 0 for
all X € Q. Fix an arbitrary Xo € Q2. Let K; be an increasing sequence of compact sets in E such that
wXo(E\ K;) < 1/j. By Urysohn’s lemma we can construct g; € C(?(F) such that ygx; < gj < xg, and



1854 SVITLANA MAYBORODA AND ZIHUI ZHAO

without loss of generality we can choose the sequence g; to be increasing. Note that fg; € C(? (I'), and
hence by Lemma 2.37 we may define u; = U(fg;) € C°(T"). Then

0 <u) 1,00 = [ Slre - g do¥ <X (ENKI S o
By Lemmas 2.42 and 2.25, for any compact subset K in €2 containing X, we have
o¥ (E\ Kj) = Cko™(E\ K;)

holds for every X € K. Here the constant Cx only depends on n, d, C1, dist(K, I') and diam K, and in
particular it is independent of j. Therefore

0<u(X)—u;(X) =<

’

Ckll fllLee
J

namely {u;} converges uniformly on compact sets of 2 to u, and thus u is continuous on 2.
Let ¢ € C5°(S2) be arbitrary; we claim that {u; } has a subsequence, which we relabel, such that

V(gu;) — V(pu) in L3(Q,w). (2.46)

In particular V(¢u) € L?(Q,w) for all ¢ Cs°(R2), and thus u € W, (2). Indeed, by the interior
Caccioppoli inequality (2.22), we have

[ v@upram <2 [| (voPui +g2vu Pram < c [[ (VoPuzam. @an

Recall that u; — u uniformly on the compact set supp ¢, and the right-hand side of (2.47) converges to
C fo |[Vo|?u? dm. As a consequence the left-hand side of (2.47) is uniformly bounded in j. Therefore
there is a subsequence (which we relabel) such that V(¢u;) converges weakly in L2(2, w) to some
function v. By the uniqueness of limit in the distributional sense, we conclude that v = V(¢u), which
finishes the proof of the claim (2.46).

Recall each u; is a solution of L in Q. Let ¢ € C§°(2) be an arbitrary test function. We choose
¢ € C5°(S2) such that ¢ = 1 on supp ¢. In particular V(¢u) = Vu and V(¢u;) = Vu; on supp ¢. Thus

/[QAVM.WdX://QAVu.wpdm=//Q,4V(¢u).v(pdm

= lim /AV(q&uﬂ-Vgodm
Q

j—o0
= lim // AVu;-Vodm = lim /f AVu; -VodX =0. (2.48)

If E is not an open set, the proof is similar, and we just need to approximate E from above by open
sets. We omit the details here.

Going further, if B C R” is an open ball such that £ N B = &, we first prove that u can be continuously
extended to zero on I' N B. Take an arbitrary ¢ € I' N B. Choose r > 0 sufficiently small so that
B(q.2r) C B. Consider a function g € C5°(R") satisfying xp(4,r) < & < XB(g,2r)- If f € Cé)(l"), then
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f(l—g) € C(()) (T"). If the Borel set £ is bounded and f is only assumed to be bounded continuous,
we let ¢ € Cg°(R") be a function such that ¢ = 1 on a compact set containing £ and B(g, 2r). Then

f(l—g)p e Cé)(F). Let
H(X) = U(f(1—g)p) = fF £ —g)pdo.

(For simplicity we take ¢ = 1 for case when f € Cé’ (I").) By the positivity of the harmonic measure and
the fact that £ C I" \ B(g, 2r), we deduce that 0 < u(X) < u(X) for all X € Q. Recall by Lemma 2.37
that # € C(R"), and as X — ¢’ € B(q,r) N T, we have ii(X) — f(1 —g)p(q’) = 0. By the squeeze
theorem, u can be continuously extended to zero on B(g,r) N I, and the resulting function, still denoted
as u, is continuous in B(qg, r).

Now we show that u € W;.(B). To this end, let ¢ € C5°(B); it suffices to show that V(¢u) € L?*(B,w).
From Lemma 2.37(iv), Remark 2.38 and the boundary Caccioppoli inequality (2.29), we have

//B|V(q§uj)|2dM52//3(|V¢|2u]2-+¢2|Vuj|2)dm§C//B|V¢|2u]2~dm. (2.49)

Recall that u; — u pointwise on B \ T. Since u is continuous on B, we know u € L?(supp ¢, w). Hence
by the dominated convergence theorem the right-hand side of (2.49) converges to C /[, B |V |?u? dm.
As a consequence the left-hand side is uniformly bounded, and thus, passing to a subsequence, V (¢u;)
converges weakly in L2(B, w) to some function v. By the uniqueness of the limit we deduce v = V(¢u).
In particular this implies V(¢u) € L?(B, w). O

In summary, we can write down the solution of L using the harmonic measure for the following
classes of boundary data: continuous and compactly supported functions f € Cé) (I") (see Lemma 2.37),
characteristic functions y g for Borel sets £ C I" (see Lemma 2.42), their products fy g (see the above
Lemma 2.43), or a linear combination of the above. For the third case, if the Borel set E is bounded, we
only need to assume f € Cp(T).

Lemma 2.50 (corkscrew point [DFM17, Lemma 11.46]). There exists M > 1 such that for any g € T
and r > 0, there exists a point A = A, (q) € 2 such that
r
A—q|<r, 6(A)=—. 2.51
l[A—ql<r. 5(A) =4 (2.51)
This point will be referred to as a corkscrew point hereafter.

Remark 2.52. Note that neither Lemma 2.1 nor Lemma 2.50 is automatically true if d = n — 1. In fact
in the case of codimension 1, people often work with domains that satisfy the Harnack chain condition in
which there exists a corkscrew point at all scales, called uniform domains or 1-sided NTA domains in the
literature.

Lemma 2.53 (boundary Harnack inequality [DFM17, Lemma 11.50]). Let g € I" and r > 0 be given, and
let A = Ay (q) be a corkscrew point as in Lemma 2.50. Let u € W, (B(q,2r)) be a nonnegative solution
of Lu =0 in B(q,2r) N Q that is not identically zero such that Tu = 0 on A(q, 2r). Then

u(X) < Cu(A) forall X € B(q,r). (2.54)
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We also recall the following “classical” Poincaré inequality for Sobolev functions.

Lemma 2.55 (Poincaré inequality [DEM17, Lemma 4.13]). Let I' be a d-Ahlfors regular set in R" with
d <n—1. For any functionv e W, X e R" andr > 0, let B = B(X,r); then

L _ 2 5 < 1 ) )i

where vg denotes the average m(B) ™! [gvdm.

Suppose A = B(qo,r) NT is a surface ball. For any ¢ € A and any j € N, let
Tj(@) =T(q)N(B(g.27/r)\ B(g.27/7'r)) 2.57)

be a stripe in the cone I'(¢) at height 27/, and

j+m
Tjsjam(q) = Ur(q) T'(g) N (B(g.27r)\ B(q.2"UT™71r)) (2.58)

be a union of m + 1 stripes. With this notation we can prove a less conventional form of the Poincaré
inequality, available for solutions with vanishing boundary values.

Lemma 2.59. Suppose that u € W,(Q) is a nonnegative solution of L, Tu = 0 on 3A and u €
W, (B(qo, 3r)). There exist an aperture & > o and integers my, my such that for all g € A

//F ( )u2 dm(X) < C277r)? // Vul? dm(X). 2.60)
7 :

ey = j+my @
The constants m1,my, & and C only depend onn,d,a, Cy, Cy.

Proof. Let B be a ball compactly contained in 2. Recall that u € W,.(2); in particular, pu € W for
@ € Cg°(R2) such that ¢ = 1 on B. Applying the above Lemma 2.55 to ¢u and squaring both sides,
we get

// |u(Y)—uB|2dm(Y)5Cr§/ IVu(Y)|> dm(Y). (2.61)
B B

For j € N, let A; denote a corkscrew point for B(gq.27/r), whose existence is guaranteed by
Lemma 2.50. Let m be a large integer whose value is to be determined later. Take X € FJ‘?‘ (g) and
X' = Ajm; then

1 21y 7—(j+m),
8(X)> —|X —¢q|> (0. € 2.62
() > X gl = S s = .62

X —X'|<|X—q|+lg—X'| <2/ r+270Utm < 21=J}

Applying Lemma 2.1 and Remark 2.2 to X, X’ with s =2~V /M and A = 2+t M, we can find
balls Bo = B(X, 1s), B; = B(Z;, 1), with t = cA=4/("=1=d)g and By 1 = B(X’, 1) that form a
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Harnack chain connecting X to X’ and satisfy (2.4), (2.5) and (2.6). Hence by Lemma 2.3(i) of [DFM17]
and (2.6), (2.5), we have

n
m(B;) > C~! (%) dist(B;, T)4F1 > ¢ (Ag)d =+l L pl-npd+1 (2.63)
n
m(B;) < C (%) dist(B;, )4+l < gnpd—n+l _ pd+1 (2.64)

foralli =0,...,N,N + 1. A simple computation shows B;y; C 3B; foralli =1,...N — 1, and
B, C %BO, By C %BN+1 if m is sufficiently large. Therefore for eachi =1,..., N —1,
2
) =3 | ()

1
P
m(Bi+1) By

S //33 [u(X) s, > dm(X)
< APTIgld // IVu(Y)|[?dm(Y) by (2.61),(2.63). (2.65)
Similarly *
uBi—u3Bi|25A”_1t1_d// IVu(Y)|2dm(Y).
3B;

Hence

lup, —up,,,|* < CA" 1174 /f IVu(Y)|?dm(Y). (2.66)
3B;
A similar argument shows that for the endpoint case i =0 or N + 1

lup, —up,, |* < max{s'™ A" ls2c 717y // IVu(Y)|>dm(Y)
3B
2 Di

~ AT 1g2p1d [/ IVu(Y)|?dm(Y). (2.67)
3Bi

The last line is justified since A > 1 implies 7 < 5. Combining this observation, (2.66), (2.67) and (2.4),
we get

/fB u(X) —ugy,, P dm(X)
N

< N// lu(X) —up,|? dm(X)+N'm(BO)Z|MBi —up; |
By i=0

d+1
5 NA"“sz(ﬁ) // Vu(¥)[2 dm(Y)
¢ 3BoU (UL, 3B) U3 Bn+1

< C/AIW_F"_ISZ// |Vu(Y)|2 dm(Y) (268)
3BoU (UL 3B)U3Bn+1
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On the other hand, by the Harnack inequality
M(X)SCM(X/) forallXeBN+1 :B(X/,%S),

Recall that X' = A;4,,. For any ¢ € A, by the assumption we know that u € W,.(B(q, 2r)) vanishes on
A(q, 2r). By boundary Holder regularity (Lemma 2.33) and the boundary Harnack principle (Lemma 2.53)
we have

u(X'y < C27™Pu(4)),

with a constant C independent of j and m. Thus

_ _ 1
gy, SUPX) 272" (4)) 52 2’"/’.me uzdm(X). (2.69)
0

The last inequality holds because A; is a corkscrew point and By = B(X , %s) for some X € I'j(q).
Combining (2.69) and (2.68) we obtain

// u? dm(X) < 2m(Bo)upy ) +2 // () gy, P dm(X)
Bo B

< Ay272mb [/ uZdm(X)
By

n—l+dd+1) 4, o
N

+ A, A TAm1=a IVu(Y)|2dm(Y). (2.70)

//%BOU(U:{\I:l 3B;)U3 BN+

Choose m big enough such that
—m 1

= ;
M ~2(1+a)

A272mB < % aswellas 2- 2.71)
then we can absorb the first term on the right-hand side of (2.70) to the left. Recall that By = B (X , %s)
for X satisfying (2.62). The reason for the second assumption in (2.71) is to guarantee the enlarged
ball %Bo is compactly contained in Q. Fix the value of m from now on; thus the value of A =21 /M
is also fixed. We get

/f wtdm(X) = Cs° ff Vu(y)2 dy. @7)
Bo 3BoU (UL 3B) U3 Br+

where s = 20U +m); /M and the constant C depends on d, n, Cy, Cy (recall the values of the corkscrew
constant M and the Harnack chain constant ¢ only depend on d, n, Co, Cy). Since By = B (X , %s) with
center X € F]‘?‘ (g), it is a simple exercise to show that given the second assumption of (2.71), there exists
an aperture «¢; > « such that

3By C @) (2.73)

A similar statement holds for %B N+1- Moreover (2.5) and (2.6) imply that fori = 1,..., N, there
exist an aperture o > o and an integer mg depending on the constants ¢, M from Lemmas 2.1 and 2.50
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such that
3Bi C 1325, ik mmo (@)- (2.74)

Let @ = max{wq, @2 }. Combining the above observations with (2.72) we get

/fB u*dm(X) < Cs* // )|Vu(y>|2dy. 2.75)

j 3—>j+m+mg

Consider the covering

r‘gc | B(X. 49). (2.76)
Xel'?(q)

We can extract a finite Vitali subcovering {Bk =B (X ks %s)} « such that

re(g c| JB* (2.77)
k

and {%Bk =B (X s %s)} & 18 mutually disjoint. Moreover the number of balls B¥ is uniformly bounded
by a constant C(n, m, M). Note that (2.75) holds for all such balls Bk in place of By; we deduce

//Fq(q) u?dm(X) SZ//;;k u?dm(X)

<CC(n,m,M)s? f/ |Vu(y)|? dy. (2.78)

] 3—J +m+m0 (@

Since the value of m is fixed, we finish the proof of Lemma 2.59. O

Lemma 2.79 (nondegeneracy of harmonic measure [DFM17, Lemma 11.73]). Let A > 1 be given. There
exists a constant Cy > 1 such that forany g € T, r > 0, and A = A,(q), where A,(q) is a corkscrew
point from Lemma 2.50, we have
wX(B(q,r)NT)>C;' for X € B(q,r/M), (2.80)
wX(B(q,r)NT)>C;' for X € B(A,8(4)/1). (2.81)

In [DFM17] the authors also prove the existence, uniqueness and properties of the Green’s function,
that is, formally, a function G defined on €2 x €2 such that for any ¥ € Q

LG(',Y):(SY inQv
G(-,Y)=0 onT,
where §y is the delta function.

Lemma 2.82 (estimates of Green’s function [DFM17, Lemma 11.78]). There exists a constant C > 1
such that forany g € ', r >0, A = B(q,r) N T and a corkscrew point A = A, (q) we have

C7 197 1G(Xo, A) < 0X0(A) < Cré71G(Xo, A) for Xo € 2\ B(q,2r). (2.83)
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Lemma 2.84 (doubling of harmonic measure [DFM17, Lemma 11.102]). For q € I" and r > 0, we have
wX(B(q,2r)NT) < CoX(B(q,r)NT) (2.85)
forany X € Q\ B(q, 4r).

Lemma 2.86 (change of poles [DFM17, Lemma 11.135]). Let ¢ € I" and r > 0 be given, and let
A = A, (q) be a corkscrew point as in Lemma 2.50. Let E, F C A(q, r) be two Borel subsets of T such
that w4 (E) and o (F) are positive. Then

oX(E) o4(E)

~ X € Q\ B(qg,2r). 2.87
X~ o, foramy X €@\ Blg.2n 287
In particular with the choice F = A(q,r),
X
w” (E) A
—————— ~w?(E) forany X € Q\ B(q,2r). (2.88)
wX(A(g. 1))

Let us restate the definition of w € A (0) and make a few remarks that will become useful later.

Definition 2.89. We say the harmonic measure o is of class Ao, With respect to the surface measure
o = H%|p, or simply € Aso(0), if for any € > 0, there exists § = §(¢) > 0 such that for any surface
ball A, any surface ball A’ C A and any Borel set E C A’ we have

o(E) w4(E)
oAy <% T LAy

Here A = A, is a corkscrew point for A (see Lemma 2.50).

<e€. (2.90)

Remark 2.91. (i) The reader may recall that the standard definition for A is that the harmonic measure
with a fixed pole, i.e., a)XO, satisfies (2.90). For unbounded boundary I' though, the standard definition
needs to be replaced by its scale-invariant analogue, which is Definition 2.89. In fact since I is unbounded,
it is impossible to have wX° € Ao (o) with a fixed pole Xo; see the comments after Theorem 1.18 of
[David et al. 2019].

(i) The above definition is symmetric: Suppose @ € Aqo(0). Then we also have 0 € Ago(w) (in a
scale-invariant sense); i.e., the smallness of w4 (E)/wA(A’) implies the smallness of o (E) /o (A).

(iii) In particular, the assumption (2.90) implies that @ <« ¢ when restricted to A. We denote the
Radon—Nikodym derivative by k4 = dw? /do. Since both w4 and ¢ are Radon measures, we have

A /
: w?(A")
k4 = lim for o-a.e. g € A. 2.92
(q) A,=1A(g’r) o (A) ro-ae. q (2.92)
r—>

Moreover since o is doubling, by standard harmonic analysis techniques (see [Garcia-Cuerva and Rubio
de Francia 1985] for example for the proof) (2.90) implies that k4 satisfies a reverse Holder inequality:
there are constants rg > 1, C > 0 such that for all r € (1, ry),

1
(][ |kA|’da) §C][ k4 do. (2.93)
A A
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The constants r¢ and C only depend on the constants characterizing the A, property (2.90); in particular,
they are independent of A and A.

Recall that one of our main goals is to prove Theorem 1.11, which states the equivalence between
® € Ax(0) and the BMO solvability of the Dirichlet problem. We make a few preliminary remarks.

Note that (T, o) is a space of homogeneous type. By the John—Nirenberg inequality for spaces of
homogeneous type, we may also use any L? norm (1 < p < 00) in the definition (1.8), and the resulting
BMO norms are all equivalent. See [Coifman and Weiss 1977; John and Nirenberg 1961]. Also it is easy
to see that if f € L°°(I"), then f is a BMO function with || f |[smo < /2| f || .o.

We observe that the Carleson measure norm of |Vu|? §(X) dm(X) is in some sense equivalent to the
integral of the truncated square function. Suppose A = A(qo, ) is an arbitrary surface ball. For any
X € T(A), we define

AX ={qgel:X el (g}
Let gy € I'be a point such that | X —gx| = §(X). Then
Agx.a8(X)) € AX € A(gx. (o +2)8(X)). (2.94)
Since T is d-Ahlfors regular, (2.94) implies o (AX) ~ §(X )4. Thus

// |Vu|25(X)dm(X)xv,// IVu28(X) "o (AX)dm(X)
T(A) T(A)

=/f |Vu|28(X)1_d/ do(q) dm(X). (2.95)
T(A) AX

Changing the order of integration, on one hand we get an upper bound

// |Vu|28(X)1_d/ do(q)dm(X)f/ // IVul?8(X)"~? dm(X) do
T(A) AX la—qol<(@+2)r JIT (44 1)r(9)
< / |S(@+1yrul? do. (2.96)
(@+2)A

On the other hand, we get a lower bound

// |Vu|25(X)1_d/ a’o(q)dm(X)z/ // IVul28(X)' "¢ dm(X) do
T(A) AX la—gol<37 JIT,/2(q)
> / 1S1,ul*do. (2.97)
1A 2
2
Therefore for any go € T,

1 1
sup —// IVul?8(X)dm(X)~  sup / |S,u|? do. (2.98)
A=A(go.s) 9 (D) Jr(a) A=A(go,r) O(A) Ja

s>0 r>0
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3. Bound of the square function by the nontangential maximal function
The goal of this section is to prove:

Theorem 3.1. Let I" be a d-Ahlfors regular set in R" with an integer d <n—1, and let w be the harmonic
measure of the domain Q = R" \ I. Suppose w € Aoo(0); then

[Sullpr@) < ClINulLr @) (3.2)

forany 1 < p < oo and any solution u € Wy (2) to Lu = 0 such that the right-hand side is finite. Here the
constant C > 0 depends on the allowable parameters d,n, Cy, C1, the aperture o and the Ao constant(s).

It suffices to prove (3.2) for nonnegative harmonic functions u, because otherwise we just split u as
u = u4 —u— and use the linearity of L and the triangle inequality. Before starting to prove the theorem
we need to recall some notation and preliminary results.

Lemma 3.3 (dyadic cubes for Ahlfors regular sets [David and Semmes 1991; David and Semmes 1993;
Christ 1990]). Let I' C R”" be a d-Ahlfors regular set. Then there exist constants agy, A1, y > 0, depending
only on d,n and Cy, such that for each k € Z there is a collection of Borel sets (“dyadic cubes”)

D :=1{QF CT:j € 7).

where ¢} denotes some index set depending on k, satisfying the following properties:

O T'=Uje Q}‘for eachk € 7.

(i) If m > k then either Q" C Q;‘ or Q"N Q;‘ = 0.
(iii) For each pair (j, k) and each m < k, there is a unique i € _#p, such that Q;‘ c o

(iv) diam Qj? < A2k

(v) Each Q;‘ contains some surface ball A(x]].‘, ap27 k) = B(x]].‘, a2 F)NT.

(vi) H({q € QF 1 dist(q. T\ QF) = p27*}) = A1p"H*(QF) for all (j. k) and all p € (0. ao).
We shall denote by D = D(I") the collection of all relevant Q}‘ s Le.,

D =|_JDx.
k

Remark 3.4. (1) For a dyadic cube Q € D, we let k(Q) denote the “dyadic generation” to which
Q belongs; i.e., we set k(Q) = k if O € D. We also set its “length” to be £(Q) = 27K(Q). Thus
€(0) =27%D « diam Q.

(2) Properties (iv) and (v) imply that for each cube Q € D, there is a point xg € I' such that
A(xg,r9) C Q C A(xg,Carg), 3.5)

where rg = ap2 %D ~ diam Q and C; = Ay /ay.
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Now we define sawtooth domains following the definitions of Hofmann and Martell; see for example
[Hofmann and Martell 2014; Hofmann et al. 2016; 2017c]. Since €2 is an open set, it has a Whitney
decomposition, that is, a collection of closed “Whitney” boxes in €2, denoted by W = W(2), which form
a covering of 2 with pairwise nonoverlapping interiors and satisfy

4diam I <dist(41,T") <dist(/,T) <40diam [/ forany I € W, (3.6)
and also
%diam I; <diam I, < 4 diam I; (3.7)

whenever /7 and I, in WV touch. (See [Stein 1970] for reference.) Let X; denote the center of / and
£(I) the side length of I; then diam I ~ £(1). We also write k(1) = k if £(I) = 27%.

Let D be a collection of dyadic cubes for the Ahlfors regular set I', as in Lemma 3.3. For any dyadic
cube Q €D, pick two parameters 1 < 1 and K >> 1, and define

— {1 e W:n9l(Q) < (1) < K2£(Q), dist(I, Q) < K2£(Q)}. (3.8)

Let X denote a corkscrew point for the surface ball A(xg, %rQ). We can guarantee that X ¢ is in some
I e W& provided we choose 7 small enough and K large enough. For each I € Wg, by Lemma 2.1 and
the discussions after that, there is a Harnack chain connecting X; to X¢g; we call it H;. By the definition
of WQ we may construct this Harnack chain so that it COIISIS'[S of a bounded number of balls (depending
on the values of 1, K), and stays a distance at least cn4<ﬂ i £(Q) away from I'; see (2.5). We let Wo
denote the set of all J € VW which meet at least one of the Harnack chains Hy, with I € WQ, 1e.,

Wgo :={J € W : there exists I € Wg for which H; N J # @}. (3.9)

Clearly WOQ C Wp. Additionally, it follows from the construction of the augmented collections Wg
and the properties of the Harnack chains (in particular (2.5) and (2.6)) that there are uniform constants ¢
and C such that

CnIETDU(Q) < U(1) < CK2L(Q),

; (3.10)
dist(1, Q) < CK24(Q)

for any I € Wop. In particular once 7, K are fixed, for any Q € D the cardinality of Wy is uniformly
bounded, which we denote by Np.

Next we choose a small parameter 6 € (0, 1) so that for any 7 € W the concentric dilation 7* = (1+46)1
still satisfies the Whitney property

diam I ~ diam I* ~ dist(/*, T") ~ dist(1, T"). (3.11)

Moreover by taking 6 small enough we can guarantee that dist(/*, J*) ~ dist(/, J) for every I,J € W,
that 7* meets J* if and only if 3/ meets dJ and that %J N I* = & for any distinct 7, J € W. In what
follows we will need to work with further dilations 7** = (1 +20)I or I*** = (1 4+40)1I etc. (We may
need to take 6 even smaller to make sure the above properties also hold for 7**, I*** etc.) Given an
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arbitrary Q € D, we may define an associated Whitney region Ug, U, 5 as

Ug:= | J I1*. Uvs:=J 1™ (3.12)
Iewo Tewo

Let Do ={Q'eD: Q' C Q}. Forany Q €D and any family 7 = {Q;} of disjoint cubes in Do \ {0},
we define the local discretized sawtooth relative to F by

Dr:=Dg\ | Do,. (3.13)
Qje}'

We also define the local sawtooth domain relative to F by

szf,Q:=im( U UQ/), Q;Q:int( U Ué/). (3.14)

Q’eDr o Q’eDr 0
For convenience we set
Wro= |J Wo (3.15)
Q/ED]:,Q

so that in particular we may write

szf,Q=int( U 1*), Q;,Q=im( U 1) (3.16)
Iewsr o I1ewr o

We will need further fattened sawtooth domains Qj‘T*Q etc. whose definitions follow the same lines as
above. We remark that by (3.10), there is a constant C3 depending on K, 6 such that

Qr.p C B(xp.C3(0)NQ (3.17)

for any Q € D and collection of maximal cubes F, where x¢ is the “center” of Q as in (3.5).

Finally, to work with sawtooth domains, it is more natural to use a discrete dyadic version of the
approach region rather than the standard nontangential cone defined in (1.12): for every g € I', we define
the dyadic nontangential cones as

Ta@)= |J Up. Tale= |J Uy™ (3.18)
QeD:Q03¢q QeD: 03¢

where we use f‘d to denote a cone with bigger “aperture” or fattened region; we also define the local
dyadic nontangential cones as

r?ao= U v TP@= U vy (3.19)
0’eDp:Q'3q Q’eDp:Q'3q
We claim that given an aperture o > 0, there exists K, in the definition (3.8), sufficiently large such

that the standard nontangential cone I'*(g) satisfies I'*(¢) C I';(g) for all ¢ € T'; and vice versa, for
fixed values of 1, K and the dilation constant 6, there exists @y > 0 such that the dyadic cone I'y(g)
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satisfies 'y (q) C T'*1(q) for all ¢ € T'. For any X € I'*(gq), let I be a Whitney box such that X € I'*.
By (3.6) we know £(1) ~ 8(X). Let Q be a cube containing g with length £(Q) = £(I). Then

dist(Z, 0) < |X —q| < (1 +a)8(X) < C(1 + a)l(I) = C(1 + a){(0). (3.20)

If K is sufficiently large so that K2 > C(1 + @), then (3.20) and £(1) = £(Q) implies that I € WOQ.
By the definition (3.18) it follows that X € I';(g). In particular, since I'*(q) is open, we also have
I'“(q) CintT';(¢q). On the other hand, suppose X € I'y(g); by definition (3.18) X is contained in some

I* = (14 6)I for a Whitney box I € Wy and dyadic cube Q containing g. Then by (3.10),
|X —g| <diam I'"* +dist(1, Q) + diam Q < C(K, 6)£(Q),
§(X) ~ L) = C(mE(Q).
Therefore there exists o7 sufficiently large, depending on the values of 7, K, 6, such that
|X —q] < (1 +a1)8(X);
ie., X € '“(g). We summarize that now we have
I'(q) cintTy(q) CTy(q) CT*(q) forallqgeT. (3.21)

Clearly @y > o. Moreover, there exists § > a1 depending on 71, K, 6 such that the fattened dyadic
nontangential cone f‘d (g) satisfies

Ty(q)cTP(g) forallgeTl. (3.22)

From now on we fix the values of , K, 6 and 8 > a; > o > 0.
Let F=0Q\ UQ]_ cr Q; and suppose it is not empty. We claim that

int( U FdQ(q)) cQrocQrocayyc . (3.23)
qgeF qgeF
In fact, for any ¢ € F, it is clear that ¢ is in some Q' € Dz, g; and by (3.14), the definition of Qr o, we
have the first inclusion. On the other hand any X € Q*** belongs to some U é’f* with O’ € D, o, and
thus X € FQ(q) for arbitrary g € Q’ By the deﬁmtlon of Dr,0, we know Q' N F # @, so by taking
qu’ﬂFwegetXqueFF Q).

For N sufficiently large, we augment the collection of maximal cubes F by adding all dyadic cubes
in D of size smaller than or equal to 2~V £(Q), and we denote by FV a collection consisting of all
maximal cubes of the above augmented collection. In particular Q’ € D v o if and only if Q' eDyr,p and
£(Q") > 27N ¢(Q). By doing this we guarantee that the sawtooth domain £ FN,@ 1s compactly contained
in €2 (roughly speaking dist(2 zn o, €2€) ~ 2=N¢(Q)). Similar to Lemma 4.44 of [Hofmann et al. 2017c],
we can construct a smooth cutoff function of 2 zn o:

Lemma 3.24 (cut-off function of sawtooth domain). There exists Yn € C5°(R") such that:

1 * < < sk .
) xex, , SYN =Xaw,

(i) supyeq VYN (X)[6(X) < 1.
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(iii) We abbreviate Wxn ¢ as Wy and set & = HQ;N’Q,
WE, = {I € Wy : there exists J € W\ Wy with dl N dJ # T}.
Then
Vyn=0 in ) I*** (3.25)
Iewn\Wwx
(iv) Foreach I € W, let Q denote a cube in D zn, o suchthat I € Wq,. Suppose w is the harmonic
measure with pole X and X satisfies dist(X, Q;‘__";TQ) > L(Q). Then

> w(Q1) S w(0). (3.26)

Iewy

with a constant depending on 1, K, ag, C1, d and the Ahlfors regular constant of T.

Remark 3.27. (1) We remark that the construction of ¥ and the proof of its properties (i), (ii), (iii)
are higher codimensional analogues of Lemma 4.44 of [Hofmann et al. 2017c]. However we prove (iv)
instead of the second estimate in their (4.46) because we will need to prove a good-A inequality for the
harmonic measure, instead of the surface measure. Since harmonic measure could have much worse
decay properties than the surface measure, not to mention that I' and 92z~ o are objects of different
dimensions, proving (iv) requires a different argument.

(2) Note that in (iv), the choice of Q; may not be unique. Suppose both Qj, Q 1 are cubes in Dzn o
such that / € Wgp, and I € WQ;‘ By the construction of the Wg’s and in particular (3.10), we know

UQN ~ D)~ Q). dist(Qr. O1) SUQ1). (3.28)
with constants depending on 7, K. Since harmonic measure is doubling, we have
Cio(Q1) =(01) = C20(Q1). (3.29)

with constants only depending on the doubling constant and 7, K. That is to say, for different choices of
Q7 the left-hand side of (3.26) differs at most by a constant multiple. But once we associate a cube Q;
to I, the choice will be fixed.

Proof. The proof of (i) is a modification of the proof from [Hofmann et al. 2017c] in higher codimensions.
We recall that given I any closed dyadic cube in R”, we set 1** = (1 426)1 and I*** = (1 +40)1. Let
us introduce 1** = (1 4+ 36)1 so that

I** Cint I** C T** Cint [***. (3.30)

2°2
implicit constant depending on 6. For every I € W we set ¢; = ¢po((- — X7)/£([)), where X7 is the
center of /, so that ¢; € CF°(R"), yr+x < ¢y < x7ee and [Vy| S 1/E(1). Let D(X) 1=} ¢y b1 (X)
for every X € Q. Since for each compact subset of 2 the previous sum has finitely many nonvanishing
terms, we have ® € C2°(2). Also 0 < ®(X) < Cy since the family {I~ **11ew has bounded overlap.

loc

Given [y = [—l l]n C R", we fix ¢g € C5§°(R") such that X1+ < ¢o = XTse and |V¢o| < 1, with the
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Hence we can set ®; = ¢;/® and one can easily see that &; € C5°(R"), CG_IXI** < ®; < Y7« and
|[V®r| < 1/£(1). Recalling the definition of Wy = Wxn g in (3.15), we set

X
v = Y ar(x) = =te 910

, XeQ. 3.31)

We first note that the number of terms in the sum defining ¥ is bounded depending on N. Indeed if
Q' €Dxng then Q' € Do and 27N0(Q) < £(Q) < £(Q), which implies Dz~ g has finite cardinality
with bound depending only on the Ahlfors regular constant and N. Also by construction Wg has
cardinality depending only on the allowable parameters 1, K. Hence #/Vy < Cn < co. This and the fact
that ®; € C5°(R") for each I yield that ¥y € C5°(R"). Moreover

suppyy € | J 7= Ljﬁﬂnm( g Uy) QN o (3.32)

Iewn Q’E[D]_.N‘Q Iewo Q/EID]_.NqQ

This and the definition of ¥ immediately give Yy < xexs, On the other hand, if X € SZ* No then
there exists I € Wy such that X € I**, in which case we have %//N X)=o,(X)>Cy 1 This completes
the proof of (1).

To obtain (ii) we note that for every X € 2

Vyn Xl = 0 IVOr(X)| Zm)xm( )~3(X) (333)
Iewyn

where we have used that if X € I** then £(I) ~ §(I) and also that the family {I**};) has bounded
overlap.

Now we turn to (iii). Fix I € Wy \WE, and X € I*** and set Wy = {J e W:¢s(X) # 0}. We first
note that Wy C Wy . Indeed if ¢p7(X) # 0 then X € J** Hence X € I*** N J*** and our choice of §
gives that d/ meets dJ; this in turn implies that J € Wy since I ¢ W]%. All these imply

ZJGWN ¢y (X) _ ZJGWNOWX ¢s(X) _ ZJGWNOWX ¢y (X)
2 rew 9 (X) 2 sewnwy PT(X) X sewnnwy P (X)

Hence yp |y+++ = 1 for every I € Wy \Wﬁ This and the bounded overlap of the family {/***}7 ¢y,
immediately give that Viyy =0 in Tewn\WE I**

Finally, it remains to prove the most difficult property, (iv). For any I € WN, by definition there exists
some J; € W\ Wy such that 0/ N dJ; # &. Roughly speaking, this is to say that / is a Whitney box
living in the “boundary” of Q;N’ 0 Thus picking any Q) € D such that WQ/I contains Jy, we know
Q7 ¢ Dxn g, that is, either Q7 € Do, for some Q; € FN or Q) ¢ Dg. We classify I € WE, based on
which category its associated cube Q) lives in: we define

YN (X) = =1. (3.34)

zj:{]eWE:Q}el]ZDQj} for any Q; e FN,
So={l eWwx: Q) ¢Dg}.
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(Note that for each I € WE,, we associate it to a unique Q7, even though the choice itself is not unique.)
Recalling (3.7) we have £(1) ~ £(Jr). Moreover by the definition of Wy and (3.10),

Q) ~ L) ~ UI) ~ L(Q). (335)
dis(Q7, 0)) < dist(Q7, 1) +dist(1, J7) + dist(J7, 0)) < (01 +L(Q)) SLQ)).  (336)

By a similar argument to that in Remark 3.27(2) and the doubling property of harmonic measure, we
have w(Q7) ~ w(Q7) forany I € WE,, with a uniform constant depending on 7, K. Therefore to prove
(3.26) it suffices to show

> w(@) Sw(0).
Tewx
We claim that for any Q; € F N,

> @(Q)) S w(Q)). (3.37)
IGZj
Recall that all such Q3 ’s live in Dg . For each k € N we define Ef ={leX;: U(Q) = 27k ).
Since Q7 € Dpng, Q) € FN . we always have Q; N QO =d,soby (3.36)

dist(Q}. (Q;)) < dist(Q}. Q1) S Q) =27%¢(Q)). (3.38)

That is, the smaller Q7 is, the closer it is to the “boundary” of Q;. The Q/’s of different generations are
very far from being disjoint; however we will sum up the w(Q7})’s by swapping them for the harmonic
measure of mutually disjoint cubes. By (3.38), for p sufficiently small there is an integer k1 = k1(p) such
that for any integer k > ky

U U 25 clge; distq.(9))°) < 3pt(0))}. (3.39)

k'zk res’
In fact by choosing k; slightly bigger, we can even guarantee that for any integer k > k1,

U U 97c Y @) cige; disiq.(0,)°) < 5p(Q))} (3.40)

k'>k Ie):j?’ i €Ty

where {Q ; }iez, 1s the collection of all dyadic cubes in Do ; of length 2k £(Q;) such that QO ; C {q €Q0;:
dist(q, (Q;)°) < % pL(Q j)}. By Lemma 3.3(v)—(vi) the index set Z; has finite cardinality and #7; < C2%4.
(A priori the set Z could be empty, in which case (3.40) just means there is no Q corresponding to any
I € Upsk Ej?/. This case is easy to deal with.)

On the other hand by Lemma 3.3, as long as we fix p € (0, ag) satisfying A1p” <1, the set {g € Q; :
dist(q, (Q;)°) > % p€(Q;)} is not empty; moreover, there is an integer k» sufficiently large such that for
each k >k, we can find a cube Qj such that E(Qj) = 2_k€(Qj) and

Q; Clqe Q) :distq,(Q)°) > Lpt(0))}. (3.41)
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Aiip
Q,/’
Qii2

J

Figure 1. Illustration of the swap of cubes in iteration.

We may think of Q ; as sitting in the “center” of O, and all Q/’s as being in a (% p)—boundary layer of Q;.
Let ko = max{ky, k>}, and let N; denote the (maximal) number of Q) ’s with £(Q}) = 2_kOE(Qj). By
(3.39) and Lemma 3.3(vi), Nj is uniformly bounded by a constant depending on ag, A1, p, ko and d.
Moreover by the doubling property of w, each such Q) satisfies

o(0)) < w(Q;) < Clko)(0)), (3.42)

with the constant C (ko) depending on kg as well as the doubling constant of w. Recall that for each Q7,
the number of all possible /’s corresponding to it is uniformly bounded by C(Np). Therefore

Y~ 0(Q)) < C(No) > ®(Q]) < C(No)N1C(ko)w(0)). (3.43)

Iexfo Q) :(Q))=27"0L(Q))

Now for any [ € E;‘ Wit{l k =1,...,ko— 1, again by the doubling property of harmonic measure we
have w(Q}) < C(ko)w(Q;). By Lemma 3.3(iv)—(v), the total number of Q7’s in Dy such that £(Q}) =
27k¢(0 i), withk =1,...,ko— 1, is uniformly bounded by a constant depending only on ko, aq, C1,d
and the Ahlfors regular constant of I'. Thus the total number of /’s in Ef withk =1,...,ko—11is also
uniformly bounded. Therefore combining with (3.43), we get

ko
Z Z w(Q}) S w(Q)). (estimate kq)

= k
k 17exk

For future generations, we recall (3.40), which says all the Q}’s corresponding to some / € Zj? ,
with k > kg, are contained in Uiezko Q} The following proof is illustrated in the (idealized) Figure 1,
where each label denotes the cube near it enclosed or shaded by the same color. Consider any cube
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o' = Q’ for an arbitrary i € Zj,,. Applylng the above argument to Q' in place of Q;, we can find a
cube Q/ Ql € Do’ with length Q") =2"kogQ") = 272kog(Q;) sitting in the “center” of Q’, in the
sense that

Q! C{q € Q' dist(q.(Q)) > $pL(Q)}. (3.44)
and all future generations satisfy
U U 2rc U 02 c{ge 0 dist(q.(0)°) < 3pt(0")}. (3.45)
k>2ko Iezf i2€Tk,

Q; GDQ/

where {Qiiz}izezk is the collection of all dyadic cubes of length 27%0¢(Q") = 272kog(Q ;) that are
completely contained in {q eQ' = Q’ dist(g, (Q")°) < ZpZ(Q’ )} (The index set for i, may not be the
same as the index set for i, but their cardlnahtles are uniformly bounded by C 2kod g0 we abuse the notation
here and simply assume they are the same.) Moreover we can get an analogous estimate of (estimate k)

2ko N
> 0@ se@)). (3.46)
k=ko+1 Jexk

Q/I EDQ/

Summing up (3.46) over all cubes Q' € {Q; }iGIkO’ recalling (3.40) we get

2ko N
Yo D w@D s Y o)) (3.47)
k=ko+1 Iezk €Ty,

Since {Q },ezk is a collection of cubes in the same generation, they are mutually disjoint, and their
subcubes {Q }‘GIko are also mutually disjoint. Hence

2ko
Z Z w(07) < Z w(Q;) =a)( |_| QA;) (estimate 2kg)

k=k 1 k 1€Ty i1 €T,
ot 1ex] ko ko

Moreover, recalling the second inclusion of (3.40) and (3.41), each Q ; is disjoint from Q 7,80 we can add
up (estimate ko) and (estimate 2kg) with ease. We can repeat this argument iteratively: for any / € N we

apply the argument to cube Q' = Q;‘izmil , with iy, ..., i; € Z,, to get an analogous estimate of (3.46);
then we sum up over the index sets and get
(I+1ko
Y Y e@ps Y W)= w( L Qﬁl""")- (estimate (I+1)ko)
k=lko+1 IeEf 01500501 €Tk i15eesi1 €Tk

Most significantly for us, for each / € N the union of cubes on the right-hand side of (estimate (/4 1)kg)
is disjoint from all the cubes from all previous summations. Therefore we conclude that

3 w(Q})sw(u( ] Q;i"“”)) < w(0)). (3.48)

k=11exk 1N Nil s €Tk,
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It is trivial to see ZIGE? o(Q)) Sw(Q)), so

D@D =) Y (@) Sw(Q)). (3.49)

Iex; kGN]eEj?

Since the maximal cubes Q; in F N are mutually disjoint and contained in Q, we have

Yo D @D )Y, o@)<w(Q). (3.50)

Q_]'G]:N IGE_I‘ Q_/G]‘—N

Now we consider / € ¥, which by definition means Q’I ¢ Dg. Recalling (3.35) and (3.36), and that
€(I) < CL(Q) forall I € Wy = Wgrn o, we have

Q) ~ L) =CUQ), dist(Qr, Q1) SL(Q]) = CLQ). (.51
In particular since Q7 € Do, we have
dist(Q7, Q) < dist(Q7, Q1) S £(Q7) = CL(Q). (3.52)

If £(Q7) > £(Q), then
(O ~L(Q), dist(Q7.0) < CL(Q). (3.53)

There are finitely many such Q7 ’s and by the doubling property of harmonic measure, w(Q7) ~ @(Q).
If £(Q}) < £(Q), let Q¢ € D be the cube containing Q) with length £(Q¢) = £(Q). By the assumption
Q) ¢ Do, we know Qy is disjoint from Q. On the other hand (3.52) implies

dist(Qo, Q) < dist(Q}, Q) < CL(Q); (3.54)

that is, Qg is a sibling (i.e., of the same generation) of Q in a C{(Q)-neighborhood of Q. There are
finitely many such Q¢’s. Moreover

dist(Q7. (Qo)*) = dist(Q7. Q) < £(Q]). (3.55)
So if £(Q}) < £(Q), we can guarantee that Q/ lies in the (%p)—boundary layer of Qo: Q; C {q € Qo:
dist(q, (Qo)¢) < %pK(QO)}. Applying the same argument to Qg in place of Q;, we get

> w(0]) S w(Qo) ~(Q). (3.56)
Q{;EZO

Summing up (3.56) over all (finitely many) Qg’s satisfying (3.54), we get
Y 00 Sw(Q). (3.57)

IeXo
Finally we combine (3.50) and (3.57) and conclude that
Yoow@p= Y. D w@D+ ) o(Q)) w0 (3.58)

Tews Q;erN I€x; Iezo
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Therefore
> 00 Sw(Q). (3.59)
Iewy
concluding the proof. O

Now that all the preparatory work has been done, we proceed to sketch the basic idea for the proof of
Theorem 3.1. It is well known in harmonic analysis that the proof of ||Su||z»s) < C||Nul|r»(s) can be
reduced to the proof of a certain good-A inequality measured by . We first prove Proposition 1.16, which
is a good-A inequality measured by w; then we use the assumption w € As(0) to obtain the desired
good-A inequality for .

Recall that we use Su, S'u, S”u to denote the square functions on standard nontangential cones
of apertures o, a1, B, respectively, and Nu to denote the nontangential maximal function on cones of
aperture 8, where f > a1 > « are fixed apertures (see the discussion before Lemma 3.24). Also
recall from (3.17) that for any collection F of dyadic cubes, the sawtooth domain Q7 o satisfies
Qr,0 C B(xg,C3£(Q)) N Q. In fact, by choosing a slightly bigger constant C3 we can also guarantee
Q*** C B(xg,C34(Q)) N Q.

Proof of Proposition 1.16. For simplicity we set w = wX2. Let E ={g € O : Su(q) >2A, Nu(gq) <8A} and
F={qe€Q:Nu(q) <38A}. If F is empty, then the left-hand side of (1.17) is zero, and there is nothing to
prove. So we assume F # &. Note that Nu(q) is a continuous function, so Q\ F ={g € Q : Nu(q) > 5A}
is relatively open in Q. We run a stopping-time procedure for the descendants of @, and stop at
Q' € Do whenever Nu(q) > §A for all ¢ € Q". We denote the collection of all maximal cubes by
Fo={0;} C Do \{Q}. We claim that they form a partition:

Q\F={geQ:Nulq)>s= | 0. (3.60)
Qj€P
Clearly by construction UQj er, @) 1s contained in the set on the left. For any go € O such that
Nu(qo) > 8A (since the set {g € T" : Nu(q) > §A} is open), Q \ F # Q and the cubes in D are
nested, there exists a small cube Q' € Do \ {Q} containing ¢o such that Nu(q) > §A for all g € Q".
By the stopping-time procedure, either Q’ € F», or Q' is contained in some cube Q; € F,. Hence
goe Q' C UQj 5 Q;, and we prove the claim (3.60). Recall (3.23), which we rewrite here:

1nt(U FQ(q)) CQr0Clrociyc r'@). (3.61)
qeF geF

We claim that |u(X)| <JA forall X € Q***Q In fact, by (3.22) and (3.61) we know that every X € SZ***Q
is contained in some FQ(q) c T8 (¢) for some ¢ € F. Since Nu(q) = SUpyers(q) [U(X)| <8A forq € F,

we get [u(X)| <dA.

Step 1: Recall the assumption that S u(q;) < A for some ¢; satisfying |q; —¢| < Co diam Q for all
q € Q. Set r = diam Q. We claim that for any t > 0 there exists § > 0 sufficiently small such that the
truncated square function S ,u(g) is greater than A for any g € E.
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Fix g € E. Recall that Su(q) > 2A forqg € E. We set U =T'*(q) \ B(q, tr); then we aim to show
/ IVu(X)28(X)' ™ 2dm(X) <32 (3.62)
U

Let Uy =T%(q)\ B(g, tr) for a constant ¢ > t to be chosen later, and U, =T%(q) N (B(q,tr)\ B(g, tr)).
Then U = U; U U,. A simple computation shows that
Uy =T%@q)\ B(g,tr) cT% (q1) (3.63)

if the apertures satisfy
C
(1 +a)(1 + 72) <l4a,

that is, if ¢ is sufficiently large such that

Cy(1
+M§O{1.

Therefore

[ vucorsodaneo < [ jvueopsaam)
o T (q)
= S"u(q1)? < A% (3.64)
Let I'j(g) = T'%(¢q) N (B(g, 2/1r)\ B(q.2 "tr)) for j =1,2,...; then
e U no.
ji2i—ler<tr

Each I'j(¢) can be covered by a finite union (depending on n) of balls B; ; with radius r;  ~q 2 tr.
Let Bj* denote a slight fattening of B; . such that we still have B* - Fﬂ (g); then by Lemma 2.7(i),
m(B*k) ~ rd+1 (ZJ tr)d‘"1 Thus

|| vucorsco=tano = Y [ vuaop st dmeo
U>

2i-lrr<tr T (@)

~ap Y. @ty // IVu(X)|?> dm(X)

2/ lgr<tr 1<k<C(n)

DY (2j”)—1—d//m (02 dm(X)

2/ =ler<tr
l<k=<C(n)

SEV Y @ mB)

2/=lgr<tr

< (61)? 1og2(£) <2A2, (3.65)
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if § is sufficiently small depending on the values of ¢, T and «, B. Therefore (3.62) holds, and thus for any
qekE,

|Seru (@) = // Vu(X) 2 5(X) 4 dm(X)
Ir«(g)nB(q,tr)

= [/ IVu(X)]28(X) ¢ dm(X)
“(\U
> A2, (3.66)
Step 2: Combining (3.66) with E C F we get
Ro®) = [(1u@Pdo@s= [ [[ - vupson™andet. G
E F ¢ (q)
By (3.21) we have
I'7.(q) CintTy(q) C Ty(q) (3.68)

for any ¢ € Q. In particular if X belongs to the left-hand side of (3.68), then X € Uy for some dyadic
cube Q' containing g. Moreover

5(X) <|X —q|<tr=tdiam Q ~ t£(Q). (3.69)

By the definition of Ug’ and (3.10), we have

n

§(X) 2 enT a1 £(Q). (3.70)

By combining (3.69), (3.70) and choosing t small enough depending on 1, we can guarantee that £(Q’) <
2£(Q). Since Q" N Q > g, by property (ii) of Lemma 3.3 we know Q' € Dg. Hence I'%.(¢) C FdQ Q).
Again since I'%,(¢) is an open set, we also have I'?,.(¢) C int FdQ (¢)- Therefore

Urs@c Y (intT% (¢)) Cint(U ro (q)). (3.71)
qgeF qgeF qeF

Applying Fubini’s theorem to the right-hand side of (3.67), we conclude that it is bounded by
// ” IVu(X)[?8(X) w(lge F: X € rdQ (@)}) dm(X). (3.72)
int (Uper I'g (P)

For any p € F and any X € FdQ (p), we have X € I € Wy for a cube Q' in Df,, o containing p. Thus
| X —q| ~€(Q") ~£(I) ~ §(X). Since the family {I*}; )y has bounded overlap and harmonic measure,
w has pole at X, and we conclude by Lemma 2.82 that

o({ge F:X eT2(q)h) ~ a)( g Q/) ~G(Xg, X)8(X)471, (3.73)
Q’eDo
L(Q)~8(X)~dist(X,Q)
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Combining (3.67), (3.72), (3.73) and (3.61) and using (1.3), we get

A2w(E) < [/ IVu(X)]*G(Xg, X)dm(X)
Q

s

Here we abbreviate G(X) = G(Xg, X) when there is no ambiguity as to what the pole is. Recall that
Xo ¢ B(xg,2C3£(Q)), and similar to (3.17) we may choose the dilation constant € small enough so that

Q}Z*Q C B(xg.3C3£(Q)). They guarantee that X ¢ ¢S:f:*Q and moreover dist(X g, S_Z};fQ) 2 L(0).

F2,0°

IVu(X)[?G(Xg, X)w(X)dX < f/ AVu-VuG dX. (3.74)

F2.0 Q]—'z,Q

Hence G(X) is harmonic in the fat sawtooth domain €2

Step 3: Next we are going to prove

[/ AVu-VuG dX < (61)*w(0). (3.75)
Q

_F2.Q
Recalling the discussion before Lemma 3.24, we can augment F, by adding all dyadic cubes of lengths

less than or equal to 27V £(Q), and denote by ]-"év the collection of maximal cubes giving rise to the
aforementioned augmented collection. We claim that

// AVu-VuG dX < (61)*w(0), (3.76)
Q_n

.o

with a constant independent of N. Thus by passing N — oo we obtain (3.75).
Recall that in Lemma 3.24, we constructed a smooth cut-off function ¥ such that xQn o SYn <
N -

IL

Since u, G € Wr(Qj’-‘j\;,Q) N LOO(Q;:TV,Q)’ we have uGyy, u?yy € Wol’z(er’;’Q). In particular they
can be approximated by smooth functions in C° (Q;’j"v Q) C C°(£2). In the sawtooth region Q;’; 0
we have —div(AVu) = —div(AVG) = 0; thus

++ . Hence
XQ}"N.Q

AVu-vVuG dX 5// AVu-VuGyy dX. 3.77)
Rn

FN-Q

/f AVu-VquNdX:// AVu~V(quN)—%AV(u2)'V(Gl/fN)dX
R7 R7
_o_1L V(12
=0 2//[;% AV(GYN)-Vu?)dX
:—1(/ wNAVG-V(uZ)—i-GAVWN-V(uz)dX)
2\ /)

- _% (// AVGV U Yn)—u? AVG-Vy +2uGAVU-Viry dX)

:%// uzAVGVlﬁNdX—// uGAVu-VdeX:%I—U, (3.78)
R7 R7
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where we use the symmetry of A and the equation —div(AVu) = 0 in the second equality, and
—div(AVG) = 0 in the second-to-last equality. We first estimate the second term. By (3.25), the
contribution to the integral /I only comes from Whitney boxes I € WE,. Recall the harmonic function u
is nonnegative and we use Xj to denote the center of Whitney box /. By Lemma 3.24(ii), the Holder
inequality, the estimate of the weight (2.8), the interior Caccioppoli inequality (2.23), the Harnack
inequality (2.26) and (2.83), we have

u(X7)G(X7)
=X T J]..wuiam

WE

U(XDGX1) s 2\
<> D m(l )(ﬁ[|vu| dm)
Ie WN JH**
s X uCnaoenun = (ff e am)
IEWI)E, JHEEk
S Y XX ~ Y u(X) e(Q1), (3.79)
Iewx Iewx

where Qj is defined as in Lemma 3.24(iv). Using the estimate |u(X)| < §A for all X € Q;"}‘V*Q and
(3.26), we have
11115 Y u(X)’0(Qr) S (61)°w(0). (3.80)
ITewx
Similarly,

1= Y R 96l s 3 wtnPe(0n £ 6%, 38D
1

ewx Iewx

We finish the proof of (3.75) by combining (3.78), (3.80) and (3.81).
Finally we combine (3.67) and (3.75), and get

2w(E) £ (62)*0(0Q). (3.82)

and thus
w(E) < C8%w(0). (3.83)
This finishes the proof of the good-A inequality for . O

We will also need the following auxiliary fact:

Lemma 3.84. For any apertures 0 < a < o’ and any function u € W,(R2), let Su and Su denote the
square functions with apertures o and o' respectively. Suppose Su < oo for o-almost every q € T'; then
the set {qg € T : Su(q) > A} is open for every A > 0.

The proof is similar in spirit to that of Lemma 4.6 in [Milakis et al. 2013].
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Proof. If ¢ € T is such that S’u(g) > A, then there exists > 0 so that

S A\
// Va2 8(X) 4 dm(X) > (M) .
T (g)\B(q,n) 2

We claim that there exists € > 0 such that for any p € A(g, en) we have

// IVu28(X)' ¢ dm(X) > A2, (3.85)
r“(p)\B(p,n)

and therefore Su(p) > A.
We observe that

‘// IVu|?8(x)1—4 dm(X)—// |Vul?>8(x)' ¢ dm(X)‘
re(g)\B(q,n) r*(p)\B(p,n)

5// IVul?8(X)"~4 dm(X), (3.86)
D

where D = (I'*(q) \ B(q,n))A(T'*(p)\ B(p, n)) is the set difference. It suffices to show that the integral
fIp IVu[?8(X )= dm(X) is sufficiently small, if we choose € sufficiently small.

Suppose that X € I'*(¢)\ B(gq, n); then | X —¢g| < (1 +®)8(X) and | X —¢g| = 7. Thus 6(X) > n/(14+«).
If moreover X ¢ I'“(p)\ B(p,n) and p € B(q,€n), then | X —¢q| > (1 + «)(1 —€)§(X). By symmetry,
we need to study sets of the form

Ve={XeQ:|X—ql=zn AI+a)(1-€)8X) <|X —ql <(1+a)5(X)},
Vy={XeQ:|X—pl=n I+a)(1—-€)8X) <|X —p|<(1+a)sX)}.

Without loss of generality we may assume S’u(g) < oo. If not, by the assumption that S’u < oo almost

everywhere, we can always find ¢’ € A(q, %en) such that S"u(g’) < oo, and in particular p € A(g, €n) C

A(q’, 2en). In this case we just replace g by ¢’, and € by 2¢. Moreover, if € < L, we have

VoUWV, CVei= {XEQ X —q| > g, (1+a)1—-€)?8X)<|X —q| < +a) € 8(X)y.
€

1
1-2
Note that for given o’ > «, by choosing € sufficiently small we can guarantee (1+a)(1—¢)/(1—2¢) <1+a’.
Thus V. c T (¢)\ B (q, %n) =: Vo, and as € tends to zero, the set V, decreases to an empty set. Moreover,

// IVu28(X) "¢ dm(X) < // IVu28(X) % dm(X) = |S'u(q)|? < oo;
Vo a/(Q)
hence by the continuity of measure from above, we deduce that
f IVu28(X) % dm(X) \, 0.
Ve

In particular, by choosing € sufficiently small, we can guarantee

2
// IVu|?§(X)' ¢ dm(X)f// IVu28(X)' "4 dm(X) < (%) — 22 (3.87)
D €

Combining (3.87) with (3.86), we conclude the proof of the claim (3.85). O
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Now we set out to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. We first prove the theorem assuming that ||S'u||z» (o) is finite. Under this
assumption, we have [|S"ullpr) ~ IISullLr @) ~ |ISullLr (o). For reference, see Proposition 4 of
[Coifman et al. 1985]. (The stated proof in that paper is for the upper half-plane, but the argument goes
through for Ahlfors regular sets of higher codimension.) Therefore by a standard argument, the proof of
(3.2) can be reduced to the following good-A inequality: for any € > 0 sufficiently small, we can find
8 = 6(¢) > 0 such that for all A > 0,

o({g €T : Su(g) > 24, Nu(q) <81}) <eo({g €T : S'u(q) > A}), (3.88)

and§ —>0ase — 0. If {g € " : S'u(q) > A} is empty, (3.88) is trivial, so we assume the set is not empty.
We apply Lemma 3.84 with apertures 0 < oy < B. Since ||S"ul|rr (o) ~ [|S'u|| L7 () < 00, in particular
S"u(gq) < oo almost everywhere. Therefore {g € T : S'u(q) > A} is open. We also remark that the set
{g € T : S’u(q) > A} has finite o-measure, and moreover

r:s’ ) < - S'ul? do < IS0 00 3.89
0({q€ :S'u(g) > })_A_p S/u(q)>1| ul U_T<w (3.89)
In particular, for any dyadic cube Q € D completely contained in {g € T" : S'u(g) > A}
d , IS ullLr o)
t(Q) ~0(Q)§0({q€F:Su(q)>)L})§T, (3.90)

so its length has a uniform upper bound (albeit depending on the value of 1). Recall that £(Q) ~ 27k(Q),
and suppose kg € Z is such that

S’u || P
—kod < | L7 (0)
2 R (3.91)
with a sufficiently large implicit constant. Then by (3.90), any cube Q¢ in Dy, cannot be completely
contained in {g € T : S"u(q) > A}.

We run a stopping-time procedure as follows: for each Q¢ € Dy, we traverse all its descendants,
and stop whenever we find a cube Q € Do, such that Su(q) > A forall g € Q. Let 71 = {Q;} be the
collection of all stopping cubes in UQ 0€Dy, Dg,. Similar to the proof of (3.60), we can show that they
form a partition:

{gel:Su@)>11= | J 0. (3.92)
Q€7

Note that the assumption Su(q) > 21 clearly implies S'u(g) > A; namely

{geT :Su(q)>2AyCc{gel:Su(q) >} = U 0.
Q,eF

Therefore to prove (3.88), it suffices to localize and show that

o({g € O :Su(q) > 21, Nu(g) <81}) <eo(Q) forany Q = Q; € Fi. (3.93)
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Recall that by (3.5), every Q € D is contained in a surface ball A(xg,Carg). Let X ,Q denote a
corkscrew point for B(xg, C2rg). Recall Definition 2.89 of w € Axo(0) and Remark 2.91(ii) right
afterwards. Assuming w € Axo(0), to prove (3.93) it suffices to show that

0¥ ({g € 0 : Su(g) > 21, Nu(g) < 61}) < C(®)w*2(Q). (3.94)

with a constant C(8) independent of Q and A, and that C(§) — 0 as § — 0. Recall that for any collection F
of dyadic cubes, there is a constant C3 such that Q;*a C B(xg,C34(Q)) N Q. Let Xo be a corkscrew
point for B(xg,2C3M{(Q)); then

Xo —xg| = 8(Xg) = 2C3(Q). (3.95)

Thus X¢g ¢ B(xg,2C3£(Q)), and in particular X¢o ¢ Qj;*é Moreover, there is a Harnack chain of finite
length (depending only on M, C and C3) connecting X g to Xp,; in particular wX2(E) ~ wXo (E) for
any Borel set E C Q. Therefore the proof of (3.94) is equivalent to the proof of

X2 ({g € 0 : Su(q) > 21, Nu(q) < 81}) < C(§)w*2(Q). (3.96)

Recall that Q = Q; € F; is a maximal cube with respect to the stopping criterion {S'u(g) > A}. By
maximality the parent of Q, denoted by Q contains at least one point g1 ¢ {g € I : S'u(g) > A}; that is,
S’u(q1) < A. For any g € Q we have

~ 5 A
g1 —q| <diam § < 412D = 4,2~ *(@-D < 2L 4izm 0. (3.97)
ao
Therefore for any maximal cube, we may use Proposition 1.16, with constant C; = Aj/ag, to conclude
the desired estimate (3.96).

All the above arguments show that if we know a priori ||S"u||1,» (¢) is finite, we can prove || Su||» (o) <
[Nullz» (). If we do not have this a priori information, then for « sufficiently small we let

De={0Q €D:x <L(Q)<1/x}, (3.98)
Q=) Up. Q= U5 @F=J U e, (3.99)
Q€D Qeby Qeby

define the k-approximate nontangential cones as
@ =T*@NQe. TP =T"@N. TL@=Tlgnar™
and define the k-approximate dyadic nontangential cones as

Tan@=Ta@NQ= |J Ug. Taulg)=Talq)nQ*.
Qeb¥:0>¢q

In this regime we have the following inclusions analogous to (3.21) and (3.22):

T%(q) CTa,(q) CT(q). Taxlq) CTE(g). (3.100)
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Moreover, the x-approximate local nontangential cones
ré@=ré@ne= \J Up. Il@=0¢nar
Q’eDpoND¥:Q'3q
satisfy the following inclusions analogous to (3.23):
U T @cronecQronQecayynaer™c |y @
qeF qeF

for any dyadic cube Q and collection of maximal cubes I' C Dy \ {Q}, under the assumption that
F=0\U 0;eF Q; is not empty. We then define the x-approximate square functions S,u, S,u and
nontangential maximal function N,u accordingly, as integrals defined on the k-approximate nontan-
gential cones instead of standard nontangential cones. Since N,u(q) < Nu(q) for all g € I", we have
[Nculzr@) < Nu|lLr) < oo. By the interior Caccioppoli inequality (2.23) and B > a1 > «, we have

Scu(q) < Sgu(g) < C(k)Neu(q).
and thus
[ScttllLr o) S CU Nl Lr (o) < CU) | NullLr (o) < 0. (3.101)

We cannot let k go to zero in (3.101) since the upper bound on the right-hand side depends on « (in fact
C(k) — oo as k — 0). However, since ||S,u| 17 (o) is finite, we can apply the previous arguments and
prove that || Scu|z» (o) < [|Nett||L 7 (5)» With a constant independent of «. Hence

[ScullLr @) < INcullLr o) < ClINu| L2 (o)
with a constant C independent of k. Therefore we can safely let k¥ go to zero and conclude that

ISullLr (o) = limsup [|SeulLro) < CINullLr (o).
k—0
This finishes the proof of Theorem 3.1. O

4. » € A (0) is equivalent to BMO-solvability

4A. From w € A (0) to LP-solvability.

Theorem 4.1. Assume @ € Aso(0). Then there exist some pgy € (1, 00) such that the elliptic problem (D)
is LP-solvable for all p € (pg, 00), in the sense that there exists a universal constant C > 0 such that
for any f € C(?(F) and any Borel set E C T, the solution uw(X) = [ f dw”X satisfies the estimate

[NullLr @) = Cl fxELP(0)-
Remark 4.2. For a bounded set FE, it suffices to assume that f € Cp(T").

Proof. We first treat the case when E = I. Let ¢ € I" and define for any p > 1

N =

My f(gq) = sup (fA | f1P do) < 00. 4.3)

Asgq
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We claim
[u(X)| < CMpf(q) forany X € I'(q). 4.4)

Hence Nu(g) < C M, f(g), and thus by the L?-boundedness (p > 1) of Hardy-Littlewood maximal
function (see [Coifman and Weiss 1977] for spaces of homogeneous type and [Stein 1993])

[INullLro) = ClIMfllLr) S 1 fllLre)-
In fact, let X € I'(¢g) be fixed and A = A(q, (1 +«)8(X)). For j eNlet A; = 2/A,andset AL =&

We have
u(X)—/fda) Z/ . (4.5)

\Aj 1

For each j € N, let A; denote a corkscrew point for A;. Recall Definition 2.89 of w € Axo(0) and
the discussion after that, in particular (2.92) and (2.93). We have that for each j, the Radon—Nikodym
derivative

Aj (A/)

k4 (g = Z =7
(¢) = A/%, (M)

satisfies a reverse Holder inequality

1
(f |kA-/|’do) gcf k4 do (4.6)
Aj Aj

for all r € (1,rp), with uniform constants ro > 1 and C > 0. For any j > 2 and any surface ball
A" C Aj\ Aj_1, by the Holder regularity of solutions near the boundary (see Lemma 2.33), we have

wX (A 27 B pAi—2(A) ~ 27 B pAi (A). 4.7)

Hence for any ¢’ € A; \ Aj_q,
X A/ X A Aj (A
W) @MW) 0

A’—)q o(A) AN —q’ o(A) A'sq’ o(A)
A'CAjN\Aj— A CANA;j—y

k*(q") = =27k (q). (48)

.. . . . 1 1 _ . .
Therefore by (4.6), (4.8), and Holder inequality for conjugates >tr= 1 with r € (1, rg), we obtain

o 00
W13 [ A de s 2 [ do
j=078j\Aj—1 2o A

J

< - —JjB . p % Ajr %
_22 U(A.,)(][Aj|f| do) (][A, k47| da)

Z 27Ba(A; )(][A‘,- Vil da)’l’ (][A, k4 da)

Z B My f (@)™ (A)) £ My f(q). 4.9)

| A



1882 SVITLANA MAYBORODA AND ZIHUI ZHAO

Thus we have finished proving the claim (4.4) for any p € (pg, 00), where pg is the conjugate of ro. Note
that we never used the continuity or compact support of f, and replacing f by fyEr we can repeat the
same argument with no change. The assumption that £ is bounded or f has compact support guarantees
we still have a priori finite integrability in (4.3). O

4B. Proof of the BMO-solvability.
Theorem 4.10. Assume that w € Aso(0). For any f € C(?(F), letu =Uf € W, () be a solution to
Lu = 0 given by Lemmas 2.37 and 2.39. Then |Vu|?> §(X) dm(X) is a Carleson measure, and moreover

1
sup
Acr o(A)

I 19uisc0 amo < €1 o @1
T(A)

Proof. Fix an arbitrary surface ball A = A(qo, r). Let @ > 0. Define the constant ¢ = max{« + 2, 12}
and let A = ¢A = A(qo, cr) be a concentric dilation. We define the average f i =fx fdo. Let

= =Dxx. L= -/Drmi =1z
and for any X € Q2 let

ul(X)=fFf1 de=/A(f—fg)de,
_ X _ ey X X _ 4 X\ &
uz(X)—/Ffzdw —/M(f f2) do /Mfdw froX(T\ &),

uz = f A
By Lemmas 2.37, 2.39, 2.42 and 2.43, they are solutions to L, and u1, u5 can be continuously extended
to I\ A and A, respectively. Moreover

(w1 + 1z +uz)(X) = /F £ doX = UF(X) = u(X).

Clearly the Carleson measure of the constant function u3 is trivial.
Applying Theorem 4.1 to f1 and uy, we get |[Nuy|lpr) < Cll fillL»(@) < 0o. Combined with
Theorem 3.1,

N =

ISutlio) < INuslio) < lln = ( [ 17 = fal” do) @.12)
for any p € (pg, 00). By (2.95) and (2.96)

// |Vu1)?8(X)dm(X) < C/ |S(a+1)ru1|2 do.
T(A) (a+2)A

Recall that A = ¢A O (o + 2)A; thus

/f |Vu1|28(X)dm(X)§C/~|S(a+1)ru1|2da
T(A) A

< CG(A)I_% ([ |Su1|pda)
A

~ 1=2
< Co(A)' 77 (|Surl7 oo 4.13)

ST
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for any p > max{2, po}. Combining (4.13) and (4.12) we get
I 19500 dmx) < Co@lf o < @14
T(A)

Turning to the estimate for u;, let {I} C W be a collection of dyadic Whitney boxes that intersect
T (A) (recall the properties of Whitney decomposition W in (3.6)). On each Whitney box [, we have by
the interior Caccioppoli inequality (2.23)

[[ Vaal? $(X) dm(X) < £(Iy) / Vua dm(X)
I Iy
1
<t s [ 0P amon

<[] S e

Recall 1} = (1 + 0) I} is the dilation of I satisfying (3.11). Then summing up we get

s (X012
Vuz > §(X) dm(X) < ———dm(X
I, el s amex) §k:/[; om0

uz2(X)|?
< ————dm(X). 4.15
N//T@A) s00 " 4me) (.15)

In the last line we use the finite overlap of {/ ,:‘}, and the fact that by taking 6 sufficiently small, we can
ensure that I/ C T(%A) for all I intersects T'(A). Recall that %A = A((Io, %r) and T(%A) denotes
B (q(), ) N .

Let f2 denote the positive and negative parts of fz, and let u2 = fr\ A f2 dwX > 0. There is a
technical issue that f2 ¢ C 0(F) however by splitting u2 as

b= [ fde¥ - feX A = D)
{(f=fx)\A
== [ fde e (A < S\,
{f<fxN\A
we can confirm by combining Lemmas 2.42 and 2.43 that uéﬁ € W, (2) are indeed legitimate solutions
of L, and they can be continuously extended to A by zero. By the linearity of integration, we have
Up = fI‘ frdwX = u;' —u,. Letv(X) := u;'(X) + u; (X); again by linearity we have

_ X _ L X
v(X)—/Flledw —/M|f fildoX. 4.16)

Thus |u2(X)| < v(X) for all X € Q. Moreover by the properties of uéc, we know that v € W, () is a
solution of L, that Tv =0 on A and that v € W, (B(qo,cr)). (Recall that A=cA= B(go,cr)nT.)
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We claim
v(X)<C ||f||BMo(a) for all X € T(6A). “4.17)

By the definition (4.16), the function v vanishes on A. Note that A D 12A by the choice of A ve
W, (B(qo, 12r)) is a nonnegative solution in 7(12A) and Tv = 0 on 12A. Let A be a corkscrew point
for T(12A); by the boundary Harnack inequality (2.54)

v(X) <Cv(A) forall X € T(6A).

For any j € N, let A; be a corkscrew point for the surface ball 2/ A. Similar to (4.9), we get

oo

v(4) < 2_jﬂ/ — £+ kY do
(4) ; PN R

<°° —jB _rpyg » kA_;rd)’ s
_;2 (fyg'f Jxl 6) (]ij&' I"do) o(2/A)

oo
<D 27| fllsmo@y@™ (27 A)
j=1

< N f lIBmMo(o)- (4.18)

Here p is a conjugate to . We conclude the proof of (4.17).
Next, we show a finer estimate based off (4.17), which is

B
000 = (X2 ) 1 laviowy foratl X e 7(3), @.19)

where 8 € (0, 1] is the exponent from Lemma 2.33. To this end, for any X € T(% A), let gx be a boundary
point such that | X —gx| = 6(X). Note that

| X —gx|=68(X)<|X —qo| < %r;
ie., X € B(qx. %r) N 2. Note also
lax —qol <lgx — X| +|X —qol <3r+3r =3r,

so B(gx,3r) C B(qo,6r). Since AD6AD A(gx,3r), we have v € W, (B(gx,3r)) is a nonnegative
solution in B(gx,3r) N and Tv = 0 on A(qy, 3r). By the boundary Holder regularity (2.34) and the
first part of this lemma (4.17), we conclude

X —qx!\’ 1 ) )5
”(X)S( 3 )(m(B(qx,ar)) //B(qx,3,m'”' dm

5(X)\? S(X)\P
( (X)) sup v < (ﬂ) I lIBMO(o) -
r T(6A) r

A
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Combining (4.19) and (4.15), we get

// |vu2|25(X)dm(X)<W”B—M°(")(f/ 10,6 e ldm(X)) (4.20)
T(A) T(34)

Since 28 — 1 > —1, we can use Lemma 2.10 with exponent @ =2 — 1 to get

I 19ua 800 im0 < 11 o) £ @)1 o @21)
T(A)
Combining (4.14) and (4.21) finishes the proof. O

4C. From BMO-solvability to ® € Ao (d). In this subsection, we prove the other half of Theorem 1.11:

Theorem 4.22. Assume that for any f € C(? (), the solutionu = Uf € W, () given by Lemmas 2.37
and 2.39 satisfies the property that |Vu|? §(X) dm(X) is a Carleson measure with

sup
Acr 0(A)

I 19uisc0 dmo < €1 o (4.23)
T(A)
Then w € Aoo(0), with the implicit constant depending on d,n, Cy, Cy and the above constant C.

Let us start with proving the following Lemma.

Lemma 4.24. Suppose the Dirichlet problem (D) is BMO-solvable. Then any nonnegative function
f e C(? (') whose support is contained in a surface ball A satisfies

/A do’ < C1lf lsmoe)- 4.25)

Here A is a corkscrew point for A.

Proof. Since f € C, 0(F) is a nonnegative function, by Lemma 2.37 u = Uf € W, (2) is a nonnegative
solution of L. Suppose A has radius . Consider another surface ball A’ = B(q’, r)NT of the same radius r
and which is of distance 2r away from A. Thus in particular, Tu = 0 on 3A’ and u € W, (B(q’, 3r)), by
Lemma 2.37(i) and (iv). Applying the BMO-solvability assumption to u = Uf and the surface ball A’,
we have

I 1vup s dmco = oS By (426)
T(A)
We have shown in (2.97) that
// IVul?8(X)dm(X) = / 1S1,ul*do, 4.27)
T(a) a2

where S LU is the truncated square function of aperture & > o, whose value is determined in Lemma 2.59
and only depends on n, d, Cy, C; and «. In order to get a lower bound of the square function S LU, we
2
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decompose the nontangential cone I' ! ,(q) into stripes as in (2.57) and use the Poincaré-type inequality
proved in Lemma 2.59 for surface ball A’. Let m1, m, be integers determined in Lemma 2.59. We obtain

ISy ulP@= || - IVulPs0 dm(x)
ﬁ/z)r(q)
>,
Z IVu28(X) =% dm(X)
m1+m2 - F, ST ()
2 Y - ‘|l [Vul dm(X)
j=mi+1 a_m1_>j+m2(4)
Z Q.27 )" 2// u? dm(X)
j=mi+1 a(q)
o0
2 > ur(4))
j=mi+1

where A; € T'j(g) is a corkscrew point at the scale 2=/r. In the last inequality, we use the interior
corkscrew condition, as each stripe of the cone I'; (¢) contains a ball of radius comparable to 2777 1r (as
long as « is chosen to be big, say o > 2M, where M is the corkscrew constant). Moreover,

o0

> wP(4) = uP(Amy) 2 u*(Ay). (4.28)
Jj=mi+1

Recall for any g € A’, the point A1 = A1(q) is a corkscrew point of B(q,2r). Let A’ be the corkscrew
point for T(%A’ ); by Lemma 2.1 and the Harnack inequality, u(A") & u(A;). Therefore

IS%,ulz(q) > u?(A1) Zu*(A’) foranyqe A
Combining this with (4.26) and (4.27), we get
a(A)|| I3 > 1S1,ul>do 2 o (30" )u?(A) 2 o (A )u*(A)
BMO(o) ~ 1ar 5T ~ 2 ~ ,
2

and thus
u(A") < | f llsmo(o)- (4.29)

Let A be a corkscrew point for A. Since A and A’ have the same radius r and they are of distance 2r
apart, we have u(A4) ~ u(A’). By assumption f is supported on A; hence

u(A) = / fdo?. (4.30)
A
The lemma follows by combining (4.29) and (4.30). O

With that at hand, we pass to the proof of Theorem 4.22.
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Proof of Theorem 4.22. By the change-of-pole formula in Lemma 2.86 and the Harnack inequality, to
prove w € Axo(0) and in particular (2.90), it suffices to show: for any € > 0 fixed, we can find n = 7n(€)
such that for any Borel set £ C A

U(E)< implies a)A(E)
o(ay T TREES A

<e. (4.3

Here A is a surface ball and A is a corkscrew point for A. In fact, since o and w are regular Borel
measures, we may assume E is an open subset of A.
Recall from Lemma 2.79 that

wd(A)> 1

for some C > 1. Thus to show w4(E)/w4(A) < € it suffices to show w4(E) < Cle. Let § > 0 be a
small constant to be determined later; we define a function

f(x) =max{0,1+dlog My yE(x)}, (4.32)

where M, is the Hardy-Littlewood maximal function with respect to o. Similar to Section 5.3 of [Zhao
2018], f satisfies:
e 0< f <1,and f =1 on the open set E.
* || fllBMo(s) < A8, where A is a constant independent of E'.
o If
U(E) —1/8

— 3) ~ 433
o) ~ () ~e (4.33)
then f is supported in 2A.

Next we use a mollification argument to approximate f by continuous functions. Let ¢ be a radially
symmetric smooth function on R” such that ¢ =1 on B 1> Suppp C Biand 0 <¢ <1. Let

1 [z _ Jyer JOW)pe(x —y)do(y)
ve?) = e_d‘”(")’ T = e =y do ()

for x € I'. (4.34)

Then these f¢’s satisfy the following properties:

e Each f¢ is continuous, and is supported in 3A.
* There is a constant C (independent of €) such that || f¢|[smoo) =< C |l f lIBMO(0)-

e f(x) <liminfc¢ fc(x) for all x in their support 3A.

The proof of the above properties is a slight modification of Appendix A of [Zhao 2018]: here the mollifier
{@e} is an approximation of identity of dimension d, instead of dimension #n — 1. The proof uses standard
mollification arguments and the Ahlfors regularity of I". Moreover, the proof of the last property also
uses the precise definition of f in (4.32).
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Let A’ be a corkscrew point with respect to 3A. The last property and Fatou’s lemma imply

/ F(x)do? (x) < / liminf £, (x) dw? (x) < liminf / Ffe(x) do? (x). (4.35)
3A 3A €0 €—~>0 J3A

Since each f¢ is nonnegative, continuous and supported on 3A, we apply Lemma 4.24 and get

/3A Je(x) do™ (x) < Cl| fellmo) < €'/ Ismoco)- (4.36)

Combining (4.35) and (4.36), we get

/3 S 40" () = 'L nvioie) = €.

On the other hand, since f > yg
[ et @ =0 &)z 0t E),
3A

The last inequality follows from the Harnack inequality and the fact that A, A’ are corkscrew points
to surface balls A,3A respectively. Therefore w4(E) < C§, as long as the condition (4.33), i.e.,
o(E)/a(A) < n, is satisfied. In other words, w € Axo(0). O
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