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TANGENT MEASURES OF ELLIPTIC MEASURE AND APPLICATIONS

JONAS AZZAM AND MIHALIS MOURGOGLOU

Tangent measure and blow-up methods are powerful tools for understanding the relationship between
the infinitesimal structure of the boundary of a domain and the behavior of its harmonic measure. We
introduce a method for studying tangent measures of elliptic measures in arbitrary domains associated
with (possibly nonsymmetric) elliptic operators in divergence form whose coefficients have vanishing
mean oscillation at the boundary. In this setting, we show the following for domains & C R > 2:

(1) We extend the results of Kenig, Preiss, and Toro (J. Amer. Math. Soc. 22:3 (2009), 771-796) by
showing mutual absolute continuity of interior and exterior elliptic measures for any domains implies
the tangent measures are a.e. flat and the elliptic measures have dimension #.

(2) We generalize the work of Kenig and Toro (J. Reine Agnew. Math. 596 (2006), 1-44) and show that
VMO equivalence of doubling interior and exterior elliptic measures for general domains implies the
tangent measures are always supported on the zero sets of elliptic polynomials.

(3) In a uniform domain that satisfies the capacity density condition and whose boundary is locally finite
and has a.e. positive lower n-Hausdorff density, we show that if the elliptic measure is absolutely
continuous with respect to n-Hausdorff measure then the boundary is rectifiable. This generalizes the
work of Akman, Badger, Hofmann, and Martell (Trans. Amer. Math. Soc. 369:8 (2017), 5711-5745).

1. Introduction 1891
2. Tangent measures 1900
3. Elliptic measures 1905
4. Harmonic polynomial measures 1917
5. Proof of Theorem I 1921
6. BMO, VMO and vanishing A, 1924
7. Proofs of Theorems II and III 1929
8. Proof of Theorem IV 1932
9. Proof of Proposition III 1936
Acknowledgements 1938
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1. Introduction

1A. Background. In this paper, we study how the relationships between the elliptic measures of two
complementary domains in R"*!, for n > 2, dictate the geometry of their common boundaries. We
shall denote those domains by Q1 and Q2 and the respective elliptic measures by ™' and ™. Bishop,

MSC2010: 31A15,28A75, 28A78, 28A33.
Keywords: harmonic measure, elliptic measure, capacity density condition, A-regular domains, tangent measures, absolute
continuity, rectifiability.
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Carleson, Garnett and Jones [Bishop et al. 1989] showed that, for disjoint simply connected planar
domains with mutually absolutely continuous harmonic measures, the boundary has tangents on a set of
positive measure. Kenig, Preiss, and Toro [Kenig et al. 2009] showed that if Q¥ are both nontangentially
accessible (or NTA) domains in R"t1 with n > 2, and the interior and exterior harmonic measures are
mutually absolutely continuous, then at every point of the common boundary except for a set of harmonic
measure zero, 92T looks flatter and flatter as we zoom in. We will not define NTA but refer the reader to
its inception in [Jerison and Kenig 1982]. Recently, the authors of the current paper, along with Tolsa
[Azzam et al. 2017b], as well as with Tolsa and Volberg [Azzam et al. 2016c¢], showed that additionally
the boundary is n-rectifiable in the sense that, off a set of harmonic measure zero, the boundary is a union
of Lipschitz images of R"*!, and in fact Q* and Q~ need not be NTA but just connected.

These are, however, almost everywhere phenomena, so it is interesting to ask what assumptions we need
on w® to guarantee some nice limiting behavior of our blow-ups at every point. Kenig and Toro [2006]
showed that if Q% is 2-sided NTA and log(dw™ /dwt) € VMO(dw™), then as we zoom in on any point
of the boundary for a particular sequence of scales, Q2" begins to look more and more like the zero set
of a harmonic polynomial (see Section 6 for the definition of VMO). In [Badger 2011], it is further shown
that these harmonic polynomials are always homogeneous, and [Badger 2013] investigates the topological
properties of sets where the boundary is approximated by zero sets of harmonic polynomials in this way.

To explain these results in more detail, we need to discuss what we mean by “blow-ups” and what it
means for these to look like not necessarily one object but any one of a class of objects as we zoom in
on harmonic measure. There are two ways we can consider this. Firstly, we can look at the Hausdorff
convergence of rescaled copies of the support of a measure as we zoom in. To do this, we follow the
framework of [Badger and Lewis 2015].

Definition 1.1. Let A ¢ R"*! be a set. For x € A, r > 0, and .¥ a collection of sets, define

) dist(a, x + S) dist(z, A)
O (x,r) = inf E _ E — .
2 (x, 1) Slgymax{ .
acANB(x,r) z€(x+S)NB(x,r)

We say x € A is a . point of A if lim, ¢ @ff (x,r)=0. We say A is locally bilaterally well approximated
by .7 (or simply LBWA(.¥)) if, for all ¢ > 0 and all compact sets K C A, there is r, ¢ > 0 such that
@‘Z(x,r) <eforallx e Kand 0 <r <r, k.

Thus, for x € A to be an .”-point means that, as we zoom in on A at the point x, the set A resembles
more and more an element of . (though that element may change as we zoom in).

Secondly, we can look at the weak convergence of rescaled copies of the measure itself. To do this, we
follow the framework of [Preiss 1987]. For a € R**! and r > 0, set

X —a
Ta,r(x) = P

Note that 7, ,(B(a, r)) = B(0, 1). Given a Radon measure j, the notation 7, ,[1] is the image measure
of u by T, ,; that is,
Tor[Wl(A) = n(rA+a), AcCR"™.
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Here and later, for a function f and a measure u, we write f[u] to denote the push-forward measure
FIr)(A) = w(f~1(A)).

Definition 1.2. We say that v is a tangent measure of 11 at a point a € R"*! if v is a nonzero Radon
measure on R"*! and there are sequences ¢; > 0 and r; |, O so that ¢; T, ,,[u] converges weakly to v as
i — oo and write v € Tan(u, a).

That is, v is a tangent measure of p at a point £ if, as we zoom in on pu at & for a sequence of scales,
the rescaled u converges weakly to v.

The collections of measures and sets that we will consider are associated to zero sets of harmonic
functions. Let H denote the set of harmonic functions vanishing at the origin, P (k) denote the set
of harmonic polynomials & of degree k such that £(0) = 0 and F (k) denote the set of homogeneous
polynomials of degree k. For h € H, we define

X, ={h=0}, Qp={h>0},

and
H={wp:he HY, Pk)={w,:he Pk)}, Fk)={wy,:he Fk)},
where
wp = —Vg, - Vhdosy,.
Also set
Pyk)={Zp:he P(1)U---UPk)}, Fxk)={Zy:heFk)}
and

Hy = (X, :h e H).

Here vg, (x) stands for the measure-theoretic unit outward normal of 2, at x € 0% (2, the reduced boundary
of 2. Now £ is a harmonic function and thus, real analytic, which implies that ¥, is an n-dimensional real
analytic variety; hence, 2, is a set of locally finite perimeter and one can prove that H" (92, \ 0*2;,) =0,
where H" stands for the n-Hausdorff measure. Notice now that vg, (x) is defined at " -almost every point
of ¥;, and oy, is the usual surface measure. For a detailed proof of this see [Azzam et al. 2017b, p. 21].

In the rest of the paper we will be dealing with unbounded domains, i.e., open and connected sets
in R"*, with n > 2.

We summarize the best results to date. We first mention a result by the authors, Tolsa, and Volberg.

Theorem 1.3 [Azzam et al. 2016¢; 2017b]. Let QF C R"*! pe two disjoint domains and w* = a)g‘;
for some xy+ € Q. If o are mutually absolutely continuous on E, then for w™-a.e. £ € E we have
Tan(w™, &) € .Z (1) and w* | can be covered up to a set of w*-measure zero by n-dimensional Lipschitz
graphs. Furthermore, if QT are CDC, then lim,_, @féi”(g, r)=0 forw-a.e. & € E.

This was originally shown by Bishop, Carleson, Garnett, and Jones [Bishop et al. 1989] for simply
connected planar domains. Later, Kenig, Preiss and Toro showed that, under the same assumptions,
provided that the domain is also 2-sided locally NTA, it holds that dimw™* = n (but not that w™ is

rectifiable).
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Below we summarize the results so far in the situation when €2 is 2-sided NTA and the interior and
exterior harmonic measures are VMO equivalent, which brings together results and techniques from
Badger [2011; 2013] and Kenig and Toro [2006].

Theorem 1.4. Let QT C R"! and Q= = ext(Q1) be NTA domains, and let w™ be the harmonic measure
in QF with pole x* € Q*. Assume that o™ and w™ are mutually absolutely continuous and f :=dw™ /dw™
satisfies log f € VMO(dw™). Then, there exists d € N (depending on n and the NTA constants) such
that the boundary dQ" is LBWA(Zx(d)) and may be decomposed into sets Ty, ..., Uy satisfying the
following:

(1) For1 <k <d, Ty ={£ € 9Q" : Tan(w™, &) C Z (k).
) ru.-.ury=9Q"
(3) lim, 0 ©;37(€,r) =0 for § € Ty,

The work of [Badger et al. 2017] studies the geometric structure of the set as well as the tangent
measure structure using the conclusions of the results above. We refer to their work for more details.

1B. Blowups of elliptic measures. In this paper, our objective is to recreate some parts of these results
for a class of elliptic measures. Admittedly, there are more results that could be generalized to this setting,
like Tsirelson’s theorem (using the method of [Tolsa and Volberg 2018]), but we content ourselves with
the present results to convey the flexibility of the method.

Let Q Cc R"! be openand A =A(-) =(a;;j(-))1<i,j<n+1 be a matrix with real measurable coefficients
in . We say that A is a uniformly elliptic matrix in Q with constant A > 1 and write A € < if it satisfies
the following conditions:

ATVEP < (A(x)E, ) forae. x € Q and for all £ € R"™!, (1-1)
(A(X)E, ) < AIE]In] for a.e. x € Q and for all &, n € R"*!, (1-2)

Notice that the matrix is possibly nonsymmetric and has variable coefficients. If A € o/, we define a
uniformly elliptic operator associated with A by

Ly = —div(A(-)V).

We will let a)é’x denote the L4-harmonic measure in 2 with pole at x (see Section 11 in [Heinonen
et al. 1993] for the definition), which we also call elliptic measure. It is clear that the transpose matrix
of A, which we denote by A7, is also uniformly elliptic in Q. Finally, a function u : Q — R that satisfies
the equation Lau = 0 in the weak sense is called L4-harmonic. We will denote by ¢ the subclass of </
consisting of matrices with constant entries.

To make sense of tangent measures of an elliptic measure at a point £ in its support, we need to assume
that the coefficients A do not oscillate too much there on small scales.

Definition 1.5. Let  C R"*! and let L4 be an elliptic operator on 2. For a compact set K C 92, we
will say that the coefficients of L, have vanishing mean oscillation on K with respect to Q (or just
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Ly € VMO(L2, K)) if

1
li —- inf A(x)—Cldx =0. 1-3
s sy, 100 Cls -

We also say the coefficients of L4 have VMO at § € 02 if

limL inf/ |[A(x) — C|dx =0. (1-4)
r—0 r"tl cew Jpe nna
Much like the harmonic case, the tangent measures we will obtain are supported on zero sets of elliptic
polynomials associated with an elliptic operator with constant coefficients. For a constant-coefficient
matrix A with real entries, we will denote by H4 the set of L4-harmonic functions # vanishing at zero,
i.e., those functions u for which

/Aww dx =0 forall p e C®(R") and  u(0)=0.

We also let P4 (k) denote the set of L4-harmonic polynomials of degree k vanishing at the origin, and
F4(k) C Pa(k) the subset of homogeneous L 4-harmonic polynomials of degree k. When A = I, we will
simply write F(k), P(k) and H in place of F4(k), P4(k) and Hj4.

For h € Hs, we will write

dof = —vg, - AVhdosy,,

where o stands for the surface measure on a surface S and v is the outward normal vector at x € 9*Q2y,,
the reduced boundary of €2;. Once more, we used that £ is real analytic since A has constant coefficients
and Lah = 0; see, e.g., Proposition 11.3 in [Mitrea 2013]. Again, when A is the identity, we will drop
the superscripts and, for example, write wj, in place of a);:‘. For .7 C €, we write

Hy={w) heHy, Ac.?), Pyk)={w) hePsk), Ac.?), Fo(k)={w} heFak), Ac.?},
Ha =y, Pa=Pay, Fa=Fa),

and define %y 5, P4 5, and Z.o 5 as we did before. Observe that # (1) =.74(1)=.% (1) forany A€ %.

Our results also recover some LBWA properties implied in previous results if we consider domains satis-
fying the capacity density condition (CDC), whose complements also satisfy the CDC (see Definition 3.3
below) and whose associated elliptic measures are doubling. Examples of domains satisfying these
conditions are NTA domains and, by [Martio 1979, Theorem 3.1], any uniform domain €2 for which there
is s > n — 1 such that H_ (B(§,r)N0R2)/r* >c>0forall§ € 92 and r > 0 is a CDC domain.

Our first result extends the work of [Kenig et al. 2009] to the elliptic case, and for domains beyond
NTA. First, recall the dimension of a measure .

For a Borel measure j in R"*!, we define the Hausdorff dimension of i by

dim(p) = inf{dim(Z) : w(R"*'\ Z) = 0}.
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In practice, it is easier to compute this dimension as follows. Define lower and upper pointwise dimension
at a point x € supp u to be

—logu(B(x,r)) and J,L(x)=limsup—10g'u(B(x’r)).

d = liminf
4 o logr r—0 log r

We call the common value d,,(x) = d w(x) = d, (x), if it exists, the pointwise dimension of p at
x € supp u. It is shown in [Barreira and Wolf 2006, Proposition 3] that

dim(p) =esssup{d,(x) : x € A}.

Theorem I. Let QF C R"*! be two disjoint domains and let Ly be a uniformly elliptic operator on
QtUQ™. Let also o* = wé’l’xi for some x+. € Q¥ be the La-harmonic measures in the respective domains
and Ly be in VMO(QT U Q™, &) at wt-almost every € € E C dQtT NdQ™ with respect to either QF. If
w* are mutually absolutely continuous on E, then for w*-a.e. &€ € E we have Tan(w™, £) C .Z (1) and

dim a)i|E = n. Furthermore, if8QjE are CDC, then lim,_, ¢ ®i§+(1)(5, r)=0 forwt-a.e & € E.

Kenig, Preiss, and Toro originally showed this if Q% were both NTA domains, and the dimension was
computed by estimating the Hausdorff dimension directly from above and then using the monotonicity
formula of Alt, Caffarelli, and Friedman [Alt et al. 1984] to estimate it from below. The latter is not
available for L-harmonic functions when L satisfies the VMO condition above. For this reason, we use
instead the fact that the tangent measures are all flat, which forces w™ to decay like a planar n-dimensional
Hausdorff measure on small scales.

Assuming a VMO condition on the interior and exterior elliptic measures, we can also obtain the
results of [Kenig and Toro 2006] and [Badger 2011] for elliptic measures on domains that do not have to
be NTA. We first state a pointwise version of these.

Theorem II. Let QT be a domain in R™, let Q™ := ext(Q") be its exterior, and let Ly be a uniformly
elliptic operator in Q* U Q™. Denote by w™ the Ly-harmonic measures of QF with poles at some points
x* e QF, and assume that w* are mutually absolutely continuous with f = dw™ /dw™. If for a fixed
£ €dQTNAQT it holds that Ly € VMO(QTUQ™, &),

lim<][ fdw+> exp(—][ 1ogfdw+> =1, (1-5)
r=>0NJBE.r) B(&.r)

and Tan(w™, &) # @, then Tan(w™, €) C Fy (k) for some k and

. w1 (B(E,2r))
limsup ———= <
r—0 @ (B, 1)
If QF have the CDC, then additionally

(1-6)

) Feg 5 (k)
lim ©77¢> ,r)=0.
Im ©;q+ é&.,r)

It is well known that Tan(w™, &) # @ whenever w™ satisfies the pointwise doubling condition (1-6). In
our situation, however, we do not assume that, but we get it for free since .#« (k) is compact (see [Badger
2011, Lemma 4.10] for the harmonic case and Theorem 2.4 below).
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One might have guessed that a pointwise version of Theorem 1.4 would have assumed instead that

lim do™ =0,

r—0 B(E,r)

f —][ log fdw™
B(,r)

but we were not able to show that this implies Theorem II. However, under certain conditions they are
equivalent. We will discuss this matter in depth in Section 6 below.
Next, we state a global version.

Theorem IIL. Let QF C R"*! be two disjoint domains in R"+! with common boundary, and let Ly be
a uniformly elliptic operator in QT U Q™ such that Ly € VMO(QTUQ™,&) at every £ € 9QT NIQ™.
Denote by o™ the La-harmonic measures of Q* with poles at some points x* € Q*. If ot is C-doubling,
w* are mutually absolutely continuous, and log f = log(dw™ /dw™) € VMO(dw™), then there is d
depending on n and the doubling constant so that, for every compact subset K C 9Q™,

lim sup dy (T ;[0 ], Z4(d)) =0. (1-7)
r—0 gek

If additionally Q* are CDC domains, then for any compact set K C 92

. P¢.x(d)
lim sup O, ) ,r)=0.
fim sup O, €. 1)

That is, 3Q" € LBWA(Z4 5 (d)).

See Section 2 for the definition of d; (-, £ (d)), which is essentially a distance between measures
and the set P4 (d).

The proof of Theorem II involves some useful lemmas about tangent measures that may be of indepen-
dent interest. Specifically, we refer the reader to Lemma 2.10.

Over the course of working on this manuscript, we also resolved a question left open in [Badger 2011]
(see the discussion on page 861 of that work).

Proposition I. The d-cone 2 (k) has compact basis for each k € (0, n].

See Section 2 for the definition of compact bases. A consequence of this result is that we can improve
on the following theorem of Badger.

Theorem 1.6 [Badger 2011, Theorem 1.1]. Let Q2 C R**! be an NTA domain with harmonic measure »
and let & € 2. If Tan(w, &) C P (d), then Tan(w, &) C F (k) for some k < d.

In the proof of this result, Badger relied on the NTA assumption to conclude that Tan(w, §) was
compact. By using Proposition I (whose proof is rather short), the compactness of .% (k) (to which much
of the proof of Theorem 1.6 is dedicated), and a connectivity theorem of Preiss, we can improve this by
showing that, to get the same conclusion, no a priori information about the geometry of w is needed; it
need not have been a harmonic measure, let alone one for an NTA domain:

Proposition II. Let w be a Radon measure in R" and & € R"*! such that Tan(w, £) C P (k) for some
integer k. If Tan(w, &) N.% (k) £ & for some integer k, then Tan(w, &) C F (k).
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1C. Rectifiability and elliptic measure for uniform domains. The blow-up arguments we use also have
an application to studying the relationship between rectifiability and harmonic measure, a subject in
which there have been a flurry of results in the last few years. For simply connected planar domains,
the problem of when harmonic measure is absolutely continuous with respect to 7! is classical. Bishop
and Jones [1990] showed that, if €2 is simply connected, wg, <K #! on the subset of any Lipschitz curve
intersecting 9$2. Conversely, Pommerenke [1986] showed that if wg < ! on a subset E C 9%2, then that
set can be covered by Lipschitz graphs up to a set of harmonic measure zero. In fact, a much earlier result
of the Riesz brothers says that any Jordan domain has harmonic measure and is #! mutually absolutely
continuous if and only if the boundary is rectifiable; see [Riesz and Riesz 1920] or [Garnett and Marshall
2005, Chapter VI.1].

In higher dimensions, the problem is more delicate. There are some examples of simply connected
domains Q C R"*! with n-rectifiable boundaries of finite " -measure so that either wq & H" or H" & wq;
see [Wu 1986; Ziemer 1974]. David and Jerison [1990] showed that mutual absolute continuity occurs
for NTA domains with Ahlfors—David regular boundaries. Building on that, Badger [2012] showed that
H" K wg if 2 is an NTA domain whose boundary simply has locally finite H"-measure, although we
showed with Tolsa that the converse relation wg < H" could be false for such domains [Azzam et al.
2017c].

However, in [Azzam et al. 2016b], along with Hofmann, Martell, Mayboroda, Tolsa, and Volberg, we
showed that for any domain  C R"*! and E C 92 with wq(E) > 0 and H"(E) < 00, if wg < H" on E,
then £ may be covered up to wg-measure zero by Lipschitz graphs. By a theorem of Wolff, harmonic
measure in the plane lies on a set of o-finite 7{!-measure, and so the assumption that ' (E) < oo is
unnecessary in this case (although very necessary in higher dimensions due to the existence of Wolff
snowflakes). With Akman, we developed a converse for domains Q C R**! with big complements,
meaning

Hoo(B(E,r)\Q) > cr" forall £ € 9Q and 0 < r < diam 9<2. (1-8)

We showed that, for such domains, wg << H" on the subset of any n-dimensional Lipschitz graph [Akman
et al. 2019], and hence, for these domains, we know that absolute continuity is equivalent to rectifiability
of harmonic measure (versus rectifiability of the boundary).

There are fewer positive results concerning absolute continuity and rectifiability of elliptic measures.
Even in the case of the half-plane, without some extra assumptions on the behavior of the elliptic
coefficients, elliptic measure can be singular [Caffarelli et al. 1981; Sweezy 1992; Wu 1994], and some
sort of Dini condition on the coefficients near the boundary is needed [Fabes et al. 1984; Fefferman et al.
1991]. For example, Kenig and Pipher [2001], considered the following condition.

Definition 1.7. Let §(x) = dist(x, 02). We will say that an elliptic operator L = — div AV satisfies the
Kenig—Pipher condition (or KP-condition) if A = (a;;j(x)) is a uniformly elliptic real matrix that has
distributional derivatives such that

£§(2) = sup{8(x)|Va;;(x)|*: x € $B(z,8(2)), 1 <i, j <n+1} (1-9)
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is a Carleson measure in €2, by which we mean that for all x € 92 and r € (0, diam 9€2),

/ e5()dz < Cr.
B(x,r)NQ

In [Kenig and Pipher 2001], they showed that for Lipschitz domains in R"*!, elliptic operators satisfying
the KP-condition give rise to elliptic measures which are A-equivalent to surface measure. In fact,
it was proved in [Hofmann et al. 2017] that the same result can be obtained under the following more
general assumptions on the coefficients:

. Vaij (S Liploc(Q)’
(KP) = { 182l VaijlllL=@) < oo, (1-10)
3(x)|Va;j(x) |? is a Carleson measure

for 1 <i, j <n+ 1. Akman, Badger, Hofmann, and Martell observed in [Akman et al. 2017, Section 3.2]
that, using the same arguments in [David and Jerison 1990], this result can be extended to NTA domains
with Ahlfors—David regular boundaries. They used this fact to show that, on a uniform domain Q2 (see
Definition 8.1 below) with Ahlfors—David regular boundary, if L4 is a symmetric elliptic operator satisfying
alocal L' version of (1-9), i.e., A € Lip;,.(Q) and sup{|Va;j(x)| : x € 3B(z,8(2)), 1 <i,j <n+1}is
a Carleson measure with Carleson constant depending on the ball, then H" < wé implies n-rectifiability
of the boundary.

Using our blow-up arguments, we can obtain the following improvement.
Theorem 1IV. Let Q@ C R**! be a uniform CDC domain so that H"|yq is locally finite. Let wSLf be the

La-harmonic measure associated to a (possibly nonsymmetric) elliptic operator satisfying (1-1) and (1-2).
Let E C 0S2 be a set with H"(E) > 0 such that H" < a)é’* on E and for H"-a.e. £ € E

H"(B(§,r)NOKQ)
@ry

Oy (&, 1) = limi(glf >0
’ r—

and A has vanishing mean oscillation at . Then E is n-rectifiable.

Surprisingly, to get this improvement requires a very different set of techniques than originally
considered in [Akman et al. 2017]. Let us point out that the argument therein uses the symmetry
hypothesis on the coefficients in a significant way and does not seem easy to extend to the nonsymmetric
case unless one additionally assumes that H" « wéAT.

Having VMO coefficients #"-a.e. on 0€2 is natural as it is implied by the Carleson condition considered
in [Akman et al. 2017; Kenig and Pipher 2001] by the following proposition:

Proposition III. Ler Q C R™! be a uniform domain and suppose that A is an elliptic matrix satisfying
(1-1) and (1-2) such that A € Lip,,.(2) and, for some ball By centered on 9$2,

/ 8(x)|Vay; (x)|* dx < oo. (1-11)
By

Then Ly € VMO(L2, &) for H"-a.e. £ € ByN oK.
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Discussion of related results. Near the completion of this work, we learned that Toro and Zhao [2017]
simultaneously proved that H" <« wq implies rectifiability of the boundary if & € R"* is a uniform
domain with Ahlfors—David n-regular boundary and the elliptic coefficients are in W' (). They also
exploit the vanishing oscillation of the coefficients at almost every boundary point (which they show is
implied by the W!! condition) in the context of uniform domains, though, their proof is distinct by their
use of pseudotangents and stopping-time arguments.

1D. Notation. We will write a < b if there is C > 0 so that a < Cb and a <, b if the constant C depends
on the parameter 7. We write a & b to mean a < b < a and define a ~; b similarly.

2. Tangent measures

2A. Cones and compactness. Given two Radon measures @ and o, we set
Fp(u,o0) = suP/ fd(p—o),
f

where the supremum is taken over all the nonnegative 1-Lipschitz functions supported on B. For r > 0,
we write

Fr(u,v) = Fpo,n, Fr(n)=F(u,0)= /(l’ — Iz + dp.

A set of Radon measures .# is a d-cone if cTy [u] € 4 forall w € #, c >0and r > 0. We say a
d-cone has closed (resp. compact) basis if its basis {u € .# : Fi(u) = 1} is closed (resp. compact) with
respect to the weak topology.

For a d-cone .#, r > 0, and « a Radon measure with 0 < F, () < oo, we define the distance between

wand .# as
u

Fr(w)’

Lemma 2.1 [Kenig et al. 2009, Section 2]. Let u be a Radon measure in Rt and .# a d-cone. For
EcR" T andr > 0:

(1) Tz, [1](B(O, 5)) = n(B(&, sr)).

Q) [ fdTe, [nl= [ foTs,dp.

(3) Fpe,rn(w) =rFi(T (1))

4) Fper(p, v) =rFi(Tg (1], Te [V]).

(5) wi — p weakly if and only if F.(u;, ) — 0 forall r > 0.

6) dr(u, #) < 1.

(N dr(p, A) = di(To (1], A).

(8) If ui = n weakly and F,() > 0, then d, (i, #) — d. (i, A).

Lemma 2.2 [Kenig et al. 2009, Remark 2.13]. A d-cone .# of Radon measures in R"*! has a closed
basis if and only if it is a relatively closed subset of the nonzero Radon measures in R"*,

dr(u,///)=inf!F,( v):ve//,FAv):l}.



TANGENT MEASURES OF ELLIPTIC MEASURE AND APPLICATIONS 1901

Proof. One direction is obvious, so suppose .# has closed basis and w; € .# converges weakly to some
nonzero Radon measure p. Then F, (1) > O for some r > 0. The set {v € . : Fi;(v) = 1} is closed
by assumption, and since .# is a d-cone, the set {v € % : F,(v) = 1} is also closed. Hence, since
Wi/ Fr(ui) = w/F(u), we know p/F,. (i) € 4, and thus u € 4. Il

Lemma 2.3. If u is a nonzero Radon measure and 4 is a d-cone with closed basis, then u € .# if and
only ifd.(u, #) =0 forallr > 0 for which F.(u) > 0.

Proof. Suppose d, (i, #) = 0 for all r > 0 for which F,(u) > 0. For j € N large enough, we can find a
sequence ujx € .4 such that

. M
Fi(ujx)=1 and lim F~<—,,u-’):0. 2-1)
J\Mj.k J Fj(,u) J.k

k—>00
In particular, we can pass to a subsequence so that u; ; converges weakly in B(0, j) to a measure u;
supported in B(0, j) with Fj(u;) =1. In view of (2-1), the latter implies = F; () in B(0, j), and thus
F(upj — .
Since pj — pnj and Fj(u) # 0 for j large, we can pick k; so that
1
JFi(w)

Fi(wjx;> mj) <
In particular, for any r > O and j > r,

Fr (i Fi (), w) < Fr(j i Fj (), i Fj () + Fr(j Fj (1), 1)

< Fj(ujx Fi (), wj Fj () + Fr(uj Fj (1), 1)
1

< ; + Fp(u; Fj (), n) — 0.

Thus, wjk, Fj(n) — n. By Lemma 2.2, .7 is closed, and since we have w; x; Fj (1) € .# for all j, this
implies i € .. The other implication is trivial. |
Theorem 2.4 [Preiss 1987, Corollary 2.7]. Let j be a Radon measure on R"T! and & € supp pu. Then
Tan(w, &) has compact basis if and only if

lim sup M < 00. (2-2)

r—0 W(B(, 1))
In this case, for any v € Tan(uw, &), it holds that 0 € supp v and
v(B(,2r)) . p(B(§,2p))
————— <limsup ———
v(B(0,r)) p—0 (B, p))
Lemma 2.5 [Mattila 1995, Theorem 14.3]. Let j be a Radon measure on R"*. If & € R and (2-2)
holds, then every sequence r; |, 0 contains a subsequence such that
Tonlul
n(B(&, r}))

forallr > 0.

(2-3)

for some measure v € Tan(u, &).
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Having tangent measures that arise as limits of the form (2-3) is very convenient, but this limit does
not always converge weakly to something. This may happen if p is not pointwise doubling at the point a.
However, all tangent measures are at least dilations of tangent measures arising in this way.

Lemma 2.6 [Mattila 1995, Remark 14.4(1)]. Let i be a nonzero Radon measure, & € supp u, and
v € Tan(u, &). Then there are p; |, 0 and p, c > 0 so that

Tg o [u]
w(B(&, pj))
Proposition 2.7 [Preiss 1987, Proposition 2.2]. Let .# be a d-cone. Then .# has compact basis if and
only if for every A > 1 there is T > 1 such that

—cTyplv]l and Ty ,[v](B) > 0.

Fo, (W) <AF.(W) foreveryV € .# andr > 0. (2-4)

In this case, 0 € supp WV forall ¥ € /.

Theorem 2.8 [Mattila 1995, Theorem 14.16]. Let ju be a Radon measure on R, For ji-almost every
x € R"TL if v e Tan(u, x), the following hold:

(1) Ty,,[v] € Tan(u, x) for all y € suppv and r > 0.
(2) Tan(v, y) C Tan(u, x) for all y € suppv.
Lemma 2.9 [Badger 2011, Lemma 2.6]. Let u be a nonzero Radon measure on R and x € supp ().

Ifv € Tan(u, x), then Tan(v, 0) C Tan(u, x).

2B. Connectivity of cones. The main tool from [Kenig et al. 2009; Badger 2011] is the following
“connectivity” lemma, which was originally shown in [Kenig et al. 2009, Corollary 2.16] under the
assumption that .# had compact basis. For our purposes, we need to remove this assumption.

Lemma 2.10. Let & and .# be d-cones and assume F has compact basis. Furthermore, suppose that
there is ey > 0 such that for u € A, if there is ro > 0 so that d,(u, %) < ¢ for all r > rg, then u € %. For
a Radon measure n and x € supp n, if Tan(n, x) C .# and Tan(n, x) N F # &, then Tan(n, x) C Z.

We will first require some lemmas.

Lemma 2.11. Let % be a d-cone with compact basis. There is B > 0 depending only on F so that the
following holds. Suppose  is a Radon measure in R"*!, & € supp w, Tan(w, £) N.7 # & and

limsupd,,(Tz ,[w], #) > €9 >0 for some ry > 0.

r—0
Then for ¢ < gy small enough, we may find p € Tan(w, §)\.Z so that
(1) dyy(u, ) =,
2) dy(n, F) <e forallr > ry, and
(3) 1(B(0, 1)) < rPu(B(0, 4r)) forall r > ry.

This is an adaptation of the proof of [Kenig et al. 2009, Corollary 2.16], but with some extra care.
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Proof. Without loss of generality, we will assume ro = 1. Let ¢; > 0 and r; | 0 be such that ¢; T¢ , [w] —
v € Z. Since % is compact, by Proposition 2.7, 0 € supp v and so v(B) > 0. Thus, by Lemma 2.1(5),
¢jTe r, [@](B) > 0 for j large. By Lemma 2.1(8), we have that, given ¢ > 0, for j large enough,

di (T o], 7) = di(¢; T 1 [0], F) <. (2-5)

Note that 0 € supp 7, [w] since § € supp w, and so there is no accidental dividing by zero in the definition
of di. By assumption, there is also s; | 0 so that

di(Tg 5;[w], 7) > . (2-6)

We can assume s; < r; by passing to a subsequence. Then by (2-5) and (2-6), let p; € (s}, rj) be the
maximal number such that

dl (Ts,pj [w]7 Lg\) =é&. (2_7)
Then, by the maximality of p;,
sup d\(Tz [w], #) <e. (2-8)
t€lpjirjl

We claim p; /r; — 0. If not, then since p;/r; < 1, we may pass to a subsequence so that p; /r; — 1 € (0, 1),
and so
CJTS,/J_;' [Cl)] = TO,)Oj/K,’ [CjTS,rj [a)]] - T()’[[U] S ya

which contradicts (2-7). Thus, p;/rj — 0, and so (2-8) implies that for « > 1, if j is large enough, we
have 1 <« <r;/p;. If w; = T¢ p,[w], then by Lemma 2.1(7), it holds that

(2-8)
do(wj, F) = do(Tg p; 0], F) = di(Tg op (0], F) < ¢, (2-9)
which by (2-7) implies
di(wj, F)=¢>0 and limsupd, (wj, #) <e forr>1. (2-10)
j—o00
For r > 1, let u; , € .7 be such that F;,(u;,) =1 and
F‘L’r (La Mj,r) < %drr(wj’ y)
Ftr(wj)
By (2-10), for j large enough,
Fo oty ) < For| s ) < 3der (@, 7) < 2e. @-11)
Frr(p) """ ) = T\ Ferwp) ™) 72

Since .# has compact basis, by Proposition 2.7 with A = 2, there is 7 > 1 depending only on .# so that
(2-4) holds for .# = .#. Thus, if ¢ < % by the triangle inequality for F, and (2-11),

DO Fy 202 S (uy) —2e = L =20 . (2-12)
Ftr(wj)

Hence, for any r > 1,
Frr(wj) = 4Fr(wj)-
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Set u; = w;/Fi(w;). Then iterating the above inequality and letting j — oo, we get that for all £ € N,

lim sup Fpe (i) < 4°.

Jj—00
This implies that we can pass to a subsequence so that u; converges weakly to a measure p € Tan(w, §).
In particular, for r > 1, since Fy(u;) = 1, we may compute

. . 2-10
di (e, F) = lim dy(uj, #) = lim dy(w;, 7) "= e,
Jj—> 00 Jj—00

(2-10)
dr(p, F) = lim d, (). 7) = lim d, (0, ) < e,
Jj—00 Jj— 00

and
T (B0, %)) < Fope(u) < 4°F>(u) forall £ € N. (2-13)
Since 7 > 1, for any r > 1, there exists £ > 0 such that -l <r <t If T € (1, 4), then (2-13) implies
T w(B(O0, 7)) < Tr*u(B(0,2)),
where o = 1/log, 7 € (1, c0) and we used that 4% = r'@ Therefore,
1(B(0, 1)) < 7*~*r*u(B(0,2)),

and notice that 7%~ < 1 whenever ¢ > 4; i.e., the constant is independent of 7. In the case that
l<r<tl<4, we simply use that B(0, r) C B(0, 4) to conclude that

p(B(0, r)) = u(B(0,4).
If T > 4, then (2-13) trivially gives

T (B0, %) < 4°u(B(0,2)) < t°u(B(0,2)),
which can only be true if r < t¢ < 2. Thus, B(0, r) C B(0, 2) and (3) readily follows. Il

Corollary 2.12. Let . be a d-cone with compact basis. There is B > 0 so that the following holds.
Suppose 1 is a Radon measure in R"*! so that

(1) Tan(u, &) NF # & and
(2) Tan(u, §)\F # 2.

Then there is ro > 0 so that for any & > 0 sufficiently small, the conclusion of Lemma 2.11 holds.

Proof. Let v € Tan(u, £)\.#. By Lemma 2.3, there exists ro > 0 so that F,,;(v) > 0 and d,, (v, .#) > 0. Let
¢j >0andr; | 0 be so that ¢; Tt ] — v. Then, for j large enough, d,O(Tg,,J. (], F) > %d,o(v, F) > 0.
The corollary now follows from Lemma 2.11 with g9 = %dro (v, F). Il

Proof of Lemma 2.10. If Tan(n, x)\.% # &, then, by Corollary 2.12, we may find u € Tan(n, x) \ % and
g,rg > 0 so that d,,(n, #) = ¢ and d,(u, #) < ¢ for all r > ro. By assumption, this implies u € %,
which is a contradiction. Thus, Tan(n, x) C .%. O
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3. Elliptic measures

3A. Uniformly elliptic operators in divergence form. Let A be a real matrix with measurable coefficients
that satisfies (1-1) and (1-2). We consider the second-order elliptic operator L = — div AV and we say

that a function u € W,\2

oo (§2) 1s a weak solution of the equation Lu = 0 in €2 (or just L-harmonic) if

/AVu Vo =0 forall ¢ € C°(). (3-1)

We also say that u € Wlf)’cz(Q) is a supersolution (resp. subsolution) for L in Q or just L-superharmonic
(resp. L-subharmonic) if [ AVuV¢ >0 (resp. [ AVuVe < 0) for all nonnegative ¢ € C§° ().

In this section, we assume n > 2.

3B. Regularity of the domain and Dirichlet problem. We say that a point xg € 02 is Sobolev L-regular
if, for each function ¢ € W2() N C(R), the L-harmonic function / in Q with h —¢ € W(:’Z(Q) satisfies

lim A(x) = @(xp).
xX—> X0

Theorem 3.1 [Heinonen et al. 1993, Theorem 6.27]. If for xg € 02 it holds that

/1 cap(B(xo, ) N Q°, B(xo,2r)) dr _
o cap(B(xo,r), B(xo,2r)) 1

then xq is Sobolev L-regular. Here cap( -, -) stands for the variational 2-capacity of the condenser (-, -)
(see, e.g., [Heinonen et al. 1993, p. 27]).

We say that a point xo € d<2 is Wiener regular if, for each function f € C(992; R), the L-harmonic
function Hy constructed by the Perron’s method satisfies

lim Hy(x) = f(xo).
X— X0
See [Heinonen et al. 1993, Chapter 9].

Lemma 3.2 [Heinonen et al. 1993, Theorem 9.20]. Suppose that xo € 0K2. If xg is Sobolev L-regular then
it is also Wiener regular.

The aforementioned result from [Heinonen et al. 1993] is only stated for €2 bounded but in fact it holds
for unbounded domains, since the only part of the proof that requires the domain to be bounded is the
existence of a unique solution of the Dirichlet problem with Sobolev Dirichlet data in bounded domains.
This is true though in the unbounded case as well. See, e.g., on p. 11 in [Azzam et al. 2016a] where this
is shown. Moreover, oo is also a Wiener regular point for each unbounded Q C R**!, if n > 2; see, e.g.,
Theorem 9.22 in [Heinonen et al. 1993].

We say that €2 is Sobolev L-regular (resp. Wiener regular) if all the points in d€2 are Sobolev L-regular
(resp. Wiener regular).
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Definition 3.3. A domain  C R"*! is called regular if every point of 92 is regular (i.e., if the classical
Dirichlet problem is solvable in €2 for the elliptic operator £), where 92 denotes the boundary of €2. For
K C 0%, we say that 2 has the capacity density condition (CDC) if, for all x € 02 and 0 < r < diam 9€2,

cap(B(x, r) N QE, B(x,2r)) > r" L.
Note that if n > 2, by Wiener’s criterion, domains satisfying the CDC are both Wiener regular and

L-Sobolev regular.

Let @ C R"*! be Wiener regular and x € Q. If f € C(9L2), then the map f I?f (x) is a bounded
linear functional on C(9€2). Therefore, by the Riesz representation theorem and the maximum principle,
there exists a probability measure w* on 92 (associated to L and the point x € ) defined on Borel
subsets of <2 so that

ﬁf(x) =/ fdw* forall x € Q.
aQ
We call w* the elliptic measure or L-harmonic measure associated to L and x.

3C. Green’s function and PDE estimates.

Lemma 3.4. Let Q C R" n > 2, be an open, connected set so that 0S2 is Sobolev L-regular. There
exists a Green’s function G : Q2 x Q\ {(x, y) : x = y} — R associated with L which satisfies the following.
For 0 < a < 1, there are positive constants C and c depending on a, n and A such that for all x, y € Q2
with x # y, it holds that
0<G(x,y) <Cle—yI'"™,
G(x,y) =clx—y['™ if Ix —y| < ada(x),
G(x,) € CQ@\ xD N W@\ {x}) and G(x, )y =0,

G(x,y) =G (y,x),

where G is the Green’s function associated with the operator Lz, and for every ¢ € C > (R

/ pdo* —e(x) = —f AT(y)VyG(x, y)-Vo(y)dy fora.e x € Q. (3-2)
a0 Q

In the statement of (3-2), one should understand that the integral on right-hand side is absolutely
convergent for a.e. x € Q and a proof of it can be found in Lemma 2.6 in [Azzam et al. 2016a]. The rest
were proved in [Griiter and Widman 1982; Hofmann and Kim 2007].

The lemma below is frequently called Bourgain’s lemma, as he proved a similar estimate for harmonic
measure in [Bourgain 1987].

Lemma 3.5 [Heinonen et al. 1993, Lemma 11.21]. Let Q C R"™*! be any domain satisfying the CDC
condition, xg € 02, and r > 0 so that Q\ B(xq, 2r) % &. Then

wé’x (B(x0,2r))=>c>0 forallx € QN B(xg,r), (3-3)

where ¢ depends on d and the constant in the CDC.
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Lemma 3.6. For Q@ C R"M n > 2. and the assumptions of Lemma 3.4, if B is centered on 0S2, then

G(x, y)ry! zie%% 0" (4B) <w"Y(@4B) forx e BNQand y € Q\2B. (3-4)

In particular, for a CDC domain, we have
G(x, )i ' <wtY(@4B) forxe BNQandy e Q\2B.

Proof. This was originally shown for harmonic measure in [Azzam et al. 2016b], but we cover the details
here.

By Bourgain’s estimate, @Y (4B) > 1 for y € 2B N L, and so for y € Q\2B and x € BN Q
inf,cop5 ™% (4B)

lx — y[n~!

~

inf w*(4B)G(x, y)ri ' < "1 < inf 0?(4B
05 4B)G(x, y)rg "B~ B¢ (4B)

and since G (x, -) vanishes on 9$2, we thus have that, for some constant C > 0,

limsup Cw®? (4B) — inf ol (@B)G (x, y)ry ' =0 forall £ € 3(Q\2B)
y—£ €

and so (3-4) follows from the maximum principle [Heinonen et al. 1993, Theorem 11.9]. U
By an iteration argument using Lemma 3.5, one can obtain the following lemma.

Lemma 3.7. Let @ C R"*! be open with the CDC. Let x € 9Q and 0 < r < diam Q. Let u be a nonnegative
L-harmonic function in B(x, 4r) N Q and continuous in B(x, 4r) N Q so that u =0 in 92 N B(x, 4r).
Then extending u by 0 in B(x, 4r) \ Q, there exists a constant a > 0 such that

8 o
u(y) < C( Q(y)) sup u forally € B(x,r), (3-5)
B(x,2r)

where C and o depend on n, A and the CDC constant, and 3q(y) = dist(y, Q). In particular, u is

a-Holder continuous in B(x,r).
The following lemma is standard but we provide a proof for the sake of completeness.

Lemma 3.8. Let Q@ C R"*! be an open set, and assume that A is an elliptic matrix and ® : R"+! — R*+!
is a bi-Lipschitz map. Set
A :=|det Dg|Dg-1 (Ao®) D] ;.

Then u is a weak solution of Lau =0 in ®(2) if and only if it = u o ® is a weak solution of L ;u =0 in .

Proof. Let ¢ € C°(R"™1) and ¢ = ¥ o ®. Then by change of variables and the chain rule
/ AVu-Vify = / (Ao®@)Vuo®d - Viyod|det Dy |
d(Q) Q
= / (Ao®)D} \V(uo®d) - D} V(yod)|det Do)
Q

=/IdetD¢|D¢1(AoCI>)D£_1V(uoq>)-V(lﬂoCD)z/ AVi-Vg.
Q Q

The lemma readily follows. O
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We will usually apply the above lemma when ®(x) = Sx for some matrix S, in which case
A=(detS)S ' (AoS)(S™HT. (3-6)

Lemma 3.9. With the same assumptions as Lemma 3.8, and assuming 2 is a Wiener regular domain, we
have that for any set E C ®(0Q2) = 0D (2) and x € Q

x L;x _
wgia ™ (E) = 0g™ (@7(E)). (3-7)

Proof. Let ¢ € C°(R"1). Since the function

v(x) :/wdwé’()gz)
is L4-harmonic for x € ®(£2), by the previous lemma we know that the function
~ L,®(x)
v(x) = / (pda)q)(mx
is L ;-harmonic for x € Q. If § € 9€2, then as x — & in 2, ®(x) — P (§) in P(£2), and so

i) = [ ol - o).

Thus, v is the L ;-harmonic extension of (¢ o ®)[3q to 2, and so

/ pdogiy™ = / po®dwg'" forall x € Q.
D () ET9)
Since this holds for all such ¢, we get that for any set £ C 0®(2) = ©(9£2),

Lix, -
Wiy (E) = g (@71 (E)),
which gives the lemma. U

The following lemma will help us relate measures generated by elliptic polynomials to just measures
generated by harmonic polynomials. In particular, if A is an elliptic matrix with constant and real
coefficients, by the change of variables described below (which is just a linear transformation), if % is
a harmonic polynomial solution in an open set 2 and S = /A (where A; is the symmetric part of A),
then 7 = h o S~! is a polynomial solution of —div AV« = 0 in S(2). So, there is a bijection between the
set of harmonic polynomials and the set of polynomial solutions of —div AVu =0 in S(2) (for a fixed
constant elliptic matrix A). Recall also that p is a harmonic polynomial in an open set if and only if it
is a harmonic polynomial in R"*!. So, if A is as above, there is an abundance of nontrivial polynomial
solutions of — div AVu = 0 in any open subset of R**! (including R"*! itself). In fact, Theorem 2 in
[Abramov and PetkovSek 2012] states that for such L4, for any k& € N, there exists a polynomial solution
of Lyh =0 of degree k.

Lemma 3.10. Ler A be an elliptic constant matrix, Ay = %(A +AT), and S = JA;. Let h € Hy and
h=hoS. Then A= (detS)I, h € H and

wj = (det $)" 'S w1, (3-8)
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Proof. Note that since L, has constant coefficients, Lx, = L4 by the fact that for u € C?
1 1
Lau = Zaij 0;0ju = 3 Zaij 0;0ju + 5 Za,-j 0j0;u
ij i,j ij

= Z M aiajbt = LASM.
ij

Thus, if & is an L 4-harmonic function, it is also an L4 -harmonic function. Moreover, for any ¥ eC° (R

[ wao = [ wran= [ nran=[vao

In fact, without loss of generality, we may assume that A = Aj.

Recall now that since Ay is a symmetric, positive definite and invertible matrix with constant real
entries, then it has a unique real symmetric positive definite square root S = +/A; which is also invertible.
Hence, by Lemma 3.8 and (3-6) with A = A, we have that A= (det S)I and h is L (get s)7-harmonic, and
thus just harmonic.

Letnow ¢ € C®(R"*!) and ¢y oS = ¢. By Green’s formula and the fact that S is also symmetric, we have

(detS)/goda)ﬁz(detS)/ flA(p:—(detS)/ Vh-Vg
; 2

:—(detS)/ STVhoS -STViyoS

;

:_/ SSTVhoS VoS
S=H(Qp)

:_/ AVR-VY = | hLs ()
Q

Qh
=/ hLA(w)szdwf=/<pdsl[w,f]. O
Qh

Let us recall some simple facts from linear algebra which help us understand how the geometry of
Q is affected by the linear transformation above. Note that § is orthogonally diagonalizable since it is
symmetric, which means that it represents a linear transformation with scaling in mutually perpendicular
directions. Hence S~! is a special bi-Lipschitz change of variables that takes balls to ellipsoids, where
eigenvectors determine directions of semiaxes, eigenvalues determine lengths of semiaxes and its maximum
eccentricity is given by +/(Amax/Amin) (Where Apax are Ay, are the maximal and minimal eigenvalues
of S~1), which is in turn bounded below by VA" and above by v/A. In particular, S~ (322) =9(S~'(Q)),
A2 <871 < A2 de., S™! distorts distances by at most a constant depending on ellipticity.

3D. The main blow-up lemma. We now introduce the main tool of this paper, which is a variant of
previous blow-up arguments, first introduced by Kenig and Toro [2006] for NTA domains, then extended
to CDC domains in [Azzam et al. 2017b]. Both these cases apply to harmonic measure but can be
extended to elliptic measures with a VMO condition on the coefficients.
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Lemma 3.11. Let Q" C R"™ be a CDC domain, K C Q" a compact set, §; € K a sequence of points,
and L = — div AV a uniformly elliptic operator in Q* such that

1
lim sup — inf / |[A(x) — C|dx =0. (3-9)
r—0 gck r’ Ce?® B(&,r)NQ+

Let w™ be the elliptic measure for Q* and ¢; > 0, and r; — 0 such that a) =T . [w*] * for
some nonzero measure a)+ Let Qj' T ., (Q1). Then there is a subsequence and a closed set & C R"+1
such that:

(a) For all R > O sufficiently large, B(0, R) N 89;.“ #* & and 852].+ N B(0, R) — X N B(0, R) in the
Hausdorff metric.

(b) ¢ =QL UQL, where Q7 is a nonempty open set and Q7 is also open but possibly empty. Further,
they satisfy that for any ball B with B C QL | a neighborhood of B is contained in jS for all j large
enough.

(c) suppwi C X
(d) Letut(x) =Gq+(x,x") on Q1 and u™(x) =0 on (L), Set

uj'-'“(x) = cju™ (xr; +.§j)r’-1_1.

Then u? converges locally uniformly in R"*! and in wlh ([R{”“) 10 a nonzero function ul, which is

j loc
continuous in R" Y, vanishes in (QX)¢, and satisfies

ul,(v) S ol (B(x,4r)r'™" (3-10)

forx e, r>0,and y € B(x,r)NQL. Moreover, there is A(J)r a constant elliptic matrix so that if
Ly =—divAjV, then

/(pda);ro :/ R ullLie foranyge CP (R, (3-11)
Rn

Suppose now that Q~ = R*+! \ QT, so that QT = 9Q™ and Q™ is also connected and has the CDC.
Define analogously WU g 7, and uz,. Assume that A is uniformly elliptic in QT U Q™, (3-9) holds
for QT U Q™ in place of Q+ and w; converges weakly to wy, = cwl, for some number c¢ € (0, c0).
Then Q_, # @ and for a suitable subsequence, (d) holds for U, o, and Q. Furthermore, if we set

+

Uoo = ul, —c~lug,, then:

(€) uwo extends to a continuous function on R"\ which satisfies Lous, = 0 in R"*1,

() T ={ucoc =0}, with uss > 0 0n QL and ux, < 0 on Q. Further, T is a real analytic variety of
dimension n.

(2) do}, =—(0un/dv4,) doygt, where og stands for the surface measure on a surface S and 9/9dva, =
V- AgV is the outward conormal derivative.

Proof. The proof of this lemma can be found in [Azzam et al. 2017b] for harmonic measure for the case
that K = {£} (i.e., so that (1-4) holds). The proof for general K is essentially the same in this setting with
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minor changes. Here we shall only record the required modifications (some of which are quite substantial)
for the K = {£} case in order for the same proof to work for any elliptic measure as well. In this case,
& =& forall j. We set

—§
Aj(x) = A(rjx +§), u; (x) = =cjr j - i(r]x +&), ¢ix):= go( -
J
Without loss of generality we can only work with u™ since the results for u~ can be proved analogously.
Notice now that for j large enough, the pole x is not in supp(g;). In fact, for any ball B centered at
the boundary of €2;, we can find jo € N such that for all j > jo, we have xt ¢ T: ;(B). Moreover, for
x € BNQ; and j large enough,

(34)
wb ) = utrix +8) S ! rjr) 0T (4 B+£) =ry "ol (4B). (3-12)

Proof of (b): We only need to prove the existence of B C QJJ“ for large j € N. Suppose there is no such

ball. Let ¢ be any continuous compactly supported nonnegative function for which [ ¢ dwd, # 0, and let
M > 0 be so that supp ¢ C B(0, M). Thus, there must be xo € B(0, M) N supp wl,. We set

8; := sup{dist(x, (2)) : x € B(0, 2M)},

which goes to zero by assumption. For x € B(0,2M) and j € N, let §;(x) € (Q;)C be closest to x so
that |x — ¢;(x)| < 6; < 2M (the second inequality holds because 0 € 89;). It also holds that for all
x € B(0,2M), we have |x — xo| < |x| + |xo| < 3M.

Notice now that for any j big enough, u;f is a solution in B(0, 2M) ﬂQ;f and a subsolution in B(0, 2M).
Moreover, if x € QJJT, then ¢;(x) € BQ;F. Thus, for j large, by Cauchy—Schwarz, Caccioppoli’s inequality
in B(0, M) (which also holds for subsolutions), and the fact that u;.L and ¢ are supported in Q;r and
B(0, M) respectively,

1/2
0 < /fﬁdw;r=/ AjVul Vo Sianm ||V¢||oo(/ |u | )
Qf B(0,2M)

7

(3-5) X 1/2
< (/ ( sup uf)z( 21?4( )> dx)
QFNB0.2M) B (x),2M)

S ( f [wf (B (x), 8M)(2M)' "> d )1/2< i )
~ QNB(0,2M) “i &), o 2M

8: \*
S M) V20T (B(xo, 13M))(2M)'~ <21(4)

and thus
0< /W% SiAnMg (hm sup a)+(B(xo, 13M))) hm(S"‘

]—)OO

<ol (B(xp, 13M))-0=0,

which is a contradiction. Thus, there is B C Q2; for all large j (after passing to a subsequence).



1912 JONAS AZZAM AND MIHALIS MOURGOGLOU

Proof of (d): Arguing as in [Azzam et al. 2017b], there exists u, which is continuous in R™*! and
vanishes on (21)¢ such that (after passing to a subsequence) ul s uZ, uniformly on compact sets
of R"*1. Moreover, it is not hard to see that uJ.r e WL2(B) for large j. Indeed, by (3-12), it is clear that

luf 1325 S "] 4B, (3-13)
while by Caccioppoli’s inequality and (3-12),
/ Vul PP S r_2/ P Srgllry "ol GB)Prt! =ry " wf 4B)T. (3-14)
B
In view of (3-13) and (3-14) we have
limsup [|u] w125y Sy "2 (1+rp) limsup f (4B)

j—o0 j—o0
<21 +rp)ot (4B) < .

Therefore, by [Hemonen et al. 1993, Theorem 1.32], u+ € Wloc (IR”“) and there exists a further
subsequence of u that converges weakly to u in WILCZ(R”“).
Notice that

—/Q+ AjVuJJ.r-Wp:/(pdwjr.
j

Indeed, by a change of variables, and letting ¢; = ¢ o T; ,; and ¢; = @ o T¢ ,,,

/(pda)f:cj/(pjdafr:/ AVu™ . Vg;
Qt

=cjr} /m A(rix +E)Vut(rjix +£) - Vo(x) dx

J

=/ AjVuf V.
Qf '

Let C; x be a constant elliptic matrix so that

lim(krj)_l_"/ |A—Cjxl=0
J B(&,kr)NQ*

By a diagonalization argument and compactness, we may pass to a subsequence so that for each k,
C; « converges to a uniformly elliptic matrix C, with constant coefficients. It is not hard to check that we
must in fact have that Cx = A for some fixed matrix A (using the fact that inf §; > 0). Thus, we have

1im(Mrj)—1—"/ |A—Al|=0 forall M > 1. (3-15)
J B(&,Mrj)NQ+

To see the ellipticity of A(}L is pretty easy but we show the details for completeness. Note that since A is
uniformly elliptic for a.e. x € Q*, for £ € R"*!

TEP < AW)E-E=(AWx) —ADE - E+AJE-E.
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Then, if we take averages over B(§, Mr;) N 2, use the existence of corkscrew balls in €2; for large j
proved in (b), and then take limits as j — 00, by (3-15) we have

ATNEP < AfE &

The upper bound follows by a similar argument and the proof is omitted.
We will now estimate the difference

fm Ajwj*.w—f AfVul -V (3-16)
J

Q%

for sufficiently large j.
To this end, let supp(¢) C B(0, M). Note that

|(3-16)[ <

f (A(rjx +&) — A))Vu) - V(p‘ +
Qf

/B(O M)(wjlgj ~Vulle ) Al Vel <L+ D

Note that u", uf, € WH(R"*), u} > 0 only in ", and uZ, > 0 only in Q. Since the extension of the
gradient of a function f € WS’Z(SZ) by zero to R"*! (where € is any domain) is the same as the gradient
of the extension of f by zero,! we have that in W!2(B(0, M))

wjlgf = V(ujlgjf) = wj — Vul, =Vl lg) =Vullg:,

so we have I, — 0. On the other hand, since A and A(J)r € L*®(Q),

1/2
no< ||wj+||Lz(B<o,M>)||w||oo( / |A<r,,-x+s>—Ao+|2dx>
B

(

(o,M)mQ,.+

3-14) 1
<, MU=MR2,t (B(O, 4M))(1_+n/
r B

1/2
|A(x) —Ag|dx>
J

(O,Mrj)ﬂQJr
3-15
(—> ) 0.

Thus, combining the above estimates and taking j — oo, we infer that

_/m Agw;.w:/ww;.

In particular, u7 is a continuous weak solution of
tor— —div ATV — 0  in OF
Lyw=—divAjVw =0 in Q.

Since L(J)r is a second-order elliptic operator with constant coefficients, u. is real analytic in QZ. Thus,
by the definition of u_, and since the gradient of its extension by zero is the extension by zero of the
gradient, we have
/ AFVul Vo= / AFVul - Ve.
Q%

Rn+1

ISee Proposition 9.18 in [Brezis 2011]. It is stated for C !_domains, but the direction we need holds for general Q.
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We now use the divergence theorem along with the fact that supp(Vg) C B(0.M) and obtain (writing
LET=L,r)
0

/(pdu)jo = _/R;m div[u;Aa“TV(p] +/[Rn+l u;Lg’T<p = —0+/n M;Lg’T(p,

Rr+1
which finishes the proof of (d). The rest of the proof is almost identical since one only uses that u, is
real analytic in R"*! and Liouville’s theorem for positive solutions of uniformly elliptic equations; see,
e.g., [Heinonen et al. 1993, Corollary 6.11].

One may argue similarly in the case of u;". Notice that in this case, we will obtain a constant-coefficient
uniformly elliptic matrix Aq such that
lir_n(Mrj)_]_”f |A—Ag|=0 forall M > 1. O
J B(E, Mrj)N(QHUQ-)
Now we prove a slightly weaker version of this result in the next two lemmas. Again, this is based

on the details in the proof of [Azzam et al. 2016¢, Lemma 5.3], but with some adjustments for elliptic
measure.

Lemma 3.12. Let Q C R™*! be a domain. Let & ;€ 0Q and L = —div AV be a uniformly elliptic operator
in § such that (1-3) holds with K = {§;} and, if o = a)éA’xo is its La-harmonic measure with pole at
xo € , there is rj — 0 and c; > 0 so that

w;j =Ty 0] > 0o, (3-17)
QNBE;, r;
timinf (208G (3-18)
J r;l+
w*(B(j,2rj))) 21 forall jandz € B(§j,r) NS. (3-19)

Then there is a subsequence such that the following hold: If u(x) = G (x, xo) on Q and u(x) =0 on Q€,
and
uj (x) = cjuxr; +&)rj ",

2
loc

for constant uniformly elliptic matrix Ag and such that

luoollL2@®/2) S @oo(B(0, 2)), (3-20)

/(pdwoo =/ UosoLa,p. (3-21)
Rn+1
If &€ =&; and A is continuous at §, then Ay is just the value of A at §.

then uj converges in L (%B) to a nonzero function us which is Ly ,-harmonic in {x : us > 0} N (%B)

and for any ¢ € CCOO(%B)

Proof. Recall that we let B = B(0, 1). Again, to simplify notation, we’ll just prove the case when
Sj =& €.
By (3-19), without loss of generality, we can scale the ¢; so that

woo (3B) = 1. (3-22)
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Let Q; = T¢ »,(2). By (3-19) and (3-4),
w(B(E,2r))) 2 r]"lflu(x) for all x € B(&§,rj) N2y, (3-23)

and so,

®;(2B) > uj(x) forallx e BNQI, (3-24)

By Caccioppoli’s inequality for L-subharmonic functions and the uniform boundedness of u# in B, we
deduce that, fori =1, 2,

lim sup [|Vut; || 28y2) S limsup [|uj]| 2y S limsup w;(2B) < 000 (2B).
j—o0 j—oo j—00

By the Rellich-Kondrachov theorem, the unit ball of the Sobolev space Wl’z( %B) is relatively compact
in LZ(%[EB), and thus there exists a subsequence of the functions u; which converges strongly in Lz(%B)
to another function uo, € L*(3B). This and the above inequality imply (3-20).

By the same diagonalization argument as in the proof of the previous lemma (although using (3-18)
instead of inf §; > O that we used in the previous lemma), we can pass to a subsequence so that, for some
uniformly elliptic matrix Ag with constant coefficients,

lim(Mrj)_l_" / |[A(x) — Aol =0 forall M > 1. (3-25)
J B(§,Mrj)NS
It easy to check that
/(pda)j =/AjVuj : V(pdx
for any C* function ¢ compactly supported in %B. Then passing to a limit, it follows that
/wdww=fA0Vum-V¢dx, for anyweCCOO(%B). O

Theorem 3.13. Let QF C R"! be disjoint domains. Let & € QT N3dQ~ and L = —div AV be a
uniformly elliptic operator in QU Q™ such that (1-3) holds with K = {&;} with respect to QT UQ™. If

+
ot = wé’l’x is the La-harmonic measure with pole at x* € QF, and if there is ri — 0and c; > 0 so that
a);r =Tz, ryl07] = 0,
a); =c¢j ng,,j [w7] = cwso

for some constant ¢ > 0, then there is a subsequence such that the following hold. If ut(x) = Ga=(x, x%)
on QF, u(x) =0 on (QH)° and
uj () = cju (ery + &), (3-26)

+_ -
i c

some constant uniformly elliptic matrix Ao, and moreover,

1

then uj :=u u; converges in LZ(%B) to a nonzero function U, which is La,-harmonic in %Bfor

1B N Supp woo = {1t =0} N 1B (3-27)

and (3-20) and (3-21) hold. If §; = & and A is continuous at &, then Ay is just the value of A at §.
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By applying this result to the sequences c;T; ar; [wT] for all a > 0, we see that u extends to an
L a,-harmonic function on R"*! so that for r > 0
lucoll 20,y S 7' oo (B(O, 41)), (3-28)
and for any ¢ € C>°(R"*1)

/(pda)oo =/ tooL Ay . (3-29)
Rn+1

Proof. The proof is mostly the same as the proof of [Azzam et al. 2016¢, Lemma 5.3], but we provided
some of the details here to show the differences. Again, we assume & = &. Note that since Q1 and Q~
are disjoint, we may assume without loss of generality that

1 1 1
|B(E, §7i)\Q7| = 3|B(&, 57))
and so Bourgain’s estimate implies
0¥ (B(E,2r;)) 21 forall z € B, rj).

Hence, the conclusions of Lemma 3.12 apply to w = 0™, Q = Q%, and u = u™. In particular, (3-24) in
our scenario is
o (2B) Z u (x) forallx e BNQY. (3-30)

Again, by rescaling, we can assume that wo (;B) = 1.
Observe now that for any nonnegative ¢ € C2°(3B) with ¢ = 1 in 3B, by Cauchy—Schwarz and

Caccioppoli’s inequality (since uj.c is positive and L;-harmonic in B N Q,i and zero in B\ ij.:) we have
1 = wx(3B) < / @ dwos = / AoVul - Vo dx

= lim AjVu;.r -Vodx

J QJ+
= All=lIVellLe@) lim Vi |
J JafnB/2
12
- 2
S Ml 1Vplotin( [ )
J QB

J

1/2
< lir_n(/ |uj+|2dx+f |uj+|2dx>
7 \JBnef nfu >1} BNQ; N{u;f <)

< limjinf(l{x eBNQ -ul >1)'? ||uj+||Lw(ij+)) +1t

(3-30) _
< liminf(l{x e BNQ : uf > 1} w0 2B) +1),
J

and so, for ¢ small enough,

BNQ| > [{x e BNQS :uf (x) > 1} 2 00 2B) 2.
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In particular,
|BE, r)\Q7| = |BE, r)) NQF| 2 ! a0 2B) 2. (3-31)

Thus, by the same arguments as earlier in proving (3-24), we have that for j large
a)j_(B(é, 2ri) 2 uj_ ()c)a)oo(ZTB)_2 forallx € B(§,r;))NQ™. (3-32)

Thus, we can apply Lemma 3.12 and can pass to a subsequence so that u; converges in Lz(%B) toa

function uz,. Hence, u —c¢™'u; — uf, —c™'uy, =t us and
c/ pdws = / Laspuy,dx  forany ¢ € C°(3B). (3-33)

In particular, we can show that us, is Ls,-harmonic in %[B, and the rest of the proof is exactly as in
[Azzam et al. 2016c] starting from equation (5.15). U

4. Harmonic polynomial measures

4A. Preliminaries. We now review and collect some lemmas that will help us work with the quantities a)fl‘.

Lemmad4.1. Leth € Hy andr > 0. Then

To, lofl=r""o (4-1)

A
hoTy !
Fr(@}) =r"Fi(@, - (4-2)

Proof. By Lemma 3.10, it suffices to prove this in the case that 4 € H. Note that if / is a harmonic
function and ¢ € C°(R"*1), then

/(pdTQ,r[a)h]:/‘ono,rdwh
:th(q;oTo,,)dx:r—thmpoTo, dx

=l / hoTy,! Apdx =r"" / ¢ dwy,p-. (4-3)
and so (4-1) follows. Moreover, by Lemma 2.1(3),
Frl@n) =1 Fi(To, [on) ‘= 1" Fi (@), 0
Lemma 4.2. Let h € Fy(k) andr > 0. Then
Fr(wf) = r" ™ Fi(of). (4-4)
Proof. Note that since / is homogeneous of degree k,

ho Ty (x) =h(rx) =r*h(x),
and thus, by (4-2),
Fr (o) =r"Fi(@, ) =r"Fi(op,) =" Fiep). O
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The following is an immediate consequence of Lemma 4.1.

Lemma 4.3 [Badger 2011, Lemma4.1]. Since %4 (k), P4 (k), and 5, are d-cones, so are F(k), Py (k),
and s for any ¥ C €.

Lemma 4.4. Let Aj € € converge to a matrix A € € and let h; € Hya; converge uniformly on compact
subsets to some h € Hy. Then wff — a)fl‘ weakly.

Proof. First we will deal with the case that A; = A = [ for all j.

We first claim that, since / and /; are harmonic, 19, — 1g, a.e. Indeed, if 1o, (x) =1, then h(x) > 0,
and by uniform convergence, h;(x) > 0 for all large ], and so lQh (x) =1 for all large j; similarly, if
lqo(x) =0, then either x € 92, (which has measure zero) or h; (x) < 0 for all large j, in which case
lgh (x) =0 for all large j. Thus, 1Qh — lg, pointwise everywhere in (0€2;) and thus a.e. in R"*+! In
partlcular hjlq, — hlgq a.e. Hence, for peC °°([R{”+1) by the dominated convergence theorem,

lim [ ¢dw,, = lim h,A(p:/ hA(p:/godwh,
Qj Qp

j—o00 j—o00

which implies wp; = wj aS j —> 00.

Now we hafldle thE: general case. Let A = %(éj —I—AjT), and~ S; = /Ajs, and define A and §
similarly. Let A; and A be defined as in (3-6), and let h =h o S and hj = h; o S;. Since /- is continuous
on the set of real symmetric matrices, & = h uniformly on compact subsets and both are harmonic. Thus,
Wj, — W, and so

lim ], * hm n (det S)8;[w;, 1 = (det $)S[e;] D . 0
Jj—00
Lemma 4.5. If A € € and h € P4 (k) for some k € N, then
Al Lo @) Skoa Fi(@)h). (4-5)

Proof. Suppose instead that there exist A; € ¢’ and hj € Py, (k) for which ||A;|L®) > j F) (whf) Without
loss of generality, we may assume ||/ ]| ~@®) = 1, and thus F (a)h!) — 0. Using Cauchy estimates (see,
e.g., Proposition 11.3 [Mitrea 2013]), {A; } | forms a normal famlly in B, and thus we can pass to a
subsequence so that &; converges uniformly on compact subsets of B and so that A; converges to some
A € €. Since all h; are polynomials of order k, we know that the coefficients of 4; converge, which, in
turn, implies that &; Converges to some function & € P, (k) uniformly on compact subsets of R"*!. By
Lemma 4.4, a)hf — a)h In particular,

Fi@;) = lim Fi(@j))=0

Thus, w(B(0,r)) =0 for all »r < 1, and so 0 ¢ supp w,. We will now show that in fact 0 € supp a);? in
order to get a contradiction.

First, by Lemma 3.10, we can assume without loss of generality that A = I and a);? = wp. Secondly,
notice that as h; € P« (k), we have h € (k) and so h(0) = 0. By Lojasiewicz’s structure theorem for
real analytic varieties (see, e.g., [Krantz and Parks 1992, Theorem 6.3.3, p. 168]), if U is a small enough
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neighborhood of a point 0 € X, we have
ung,=viuvetu...uv,

where V is either the empty set or the singleton {0} and for each i € {1, ..., n}, we may write V' as
a finite, disjoint union V' = Uivi | FJ". of i-dimensional real analytic submanifolds. Further, for each
1<i<n-1,

unvisvi-ty...uvo,

Moreover, forl <k <mnand 1 <j < Ng, UN 8FJ’: is a union of sets of the form F,i for1 <{ <i and
1 <m < Ny and possibly V°.

By the main result in [Cheeger et al. 2015], dim{VA2=0} <n — 1, and thus V" N {Vh=0} is a closed
set of relatively empty interior in V", so in particular

Vi\{VE=0})NU =V"NU=%,NU>0.

For ¢ € UNV™"\{Vh=0}, the derivative of & at ¢ tangent to V" is always zero, as / is zero on V", which
forces Vh to be perpendicular to V". Since the normal derivative is nonzero,

vnvi\vh=ojclceunvr: 2 2ol cunvinsupe.
Thus, 0 € U N V"\{Vh=0} C supp wp, which gives us the contradiction and concludes the proof.  [J

4B. Proof of Proposition I. Proposition I is a consequence of the following more general result.
Lemma 4.6. Let . C € be closed (hence compact). Then Py (k) and F.s (k) have compact bases

Proof. Let hj € Py; (k) with A; € 7 and assume .7 (a’}?f ) =1. Then by (4-5) and Cauchy estimates, we can
bound each coefficient of the polynomials /2; uniformly, and then pass to a subsequence so that A; — A €.
and h; converges on compact subsets of R"*! to a function h € P4 (k) C Py (k). By Lemma 4.4, we have
wy; — wp, which implies that & (k) has compact basis. The proof for .7 (k) is similar. O

As a corollary, we show the following stronger version of (4-5).
Corollary 4.7. For h € Py (k) andr > 0,
1Al ooy 2k r™" Fr (). (4-6)

Proof. Let h € Py(k) and ¢ € CSO(R"“) be such that 1, < ¢ < 1g. Since P (k) has compact basis
by Lemma 4.6, we can estimate

@-4) *5)
Fi(owp) S Fl/z(wh)fffpdth/ hAg < ||A§0||oo/ |hl Slhllce® S Fi(ws).
Q B

For r # 1, by the previous inequalities we have

(4-2) Ny _1 "y
Fr(wp) = 1" Fi(@yep-) " [ho Ty @) ~ " | b ). O
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4C. Proof of Proposition I1.

Lemmad4.8. Leth € Hy, A €6, and
DO[

h(x) = Z Z j!(o)x“= Zhj(X)
j=m

Jj=mla|=j

be its Taylor series (where m > 0 and h,, # 0), which converges uniformly to h on compact subsets
of R*L. Then Tan(w}', 0) = {cwj ¢ > 0).

Proof. For notational convenience, we will just consider the case A = I; the general case is identical.
Note that as » — 0, we have r ""h o To_rl — h,, uniformly on compact subsets of R"*!. Indeed, fix R > 0.

L e = ) 3 e

j=m la|=j j=m la|=j

Then the series

converges uniformly to r ~"h o Tofrl on compact subsets of B(0, R), provided r is small enough. In fact,
by Cauchy estimates,
ID*h(0)] Sn |l

and since there exists a constant C > 1 such that k"/k! < C* for x € B(0, R) and r € (0, 1/(CR)) we have

—m — i Doth(o) N el
PR T ) — ke = Y Y T‘R' [l

j=m+1 lal=]
A B -
Sam Y CIRIF™™ Sy ™(CRA™ ! = (CR™'r =5 0.
j=m+1
Let now
a1 @1 _

v =r T o] = ma)hOTO—l = O oyt

T r

By Lemma 4.4, v, — wy, € .% (m). In particular, every tangent measure of wy, at zero must be a multiple
of this one. O

We now state an interesting consequence of these results: if a portion of tangent measures of an
arbitrary Radon measure are in &?(k), then in fact they are all in .% (k) (that is, we did not have to assume
the original measure was special like harmonic measure).

Lemma 4.9. Let w be a Radon measure, & € supp w, and k be the minimal integer such that Tan(w, ) N
P (k) # T, then Tan(w, £) N Z (k) C .Z (k).

We follow the proof in [Badger 2011, Lemma 5.9], which originally supposed that @ was a harmonic
measure for an NTA domain.

Proof. If k =1, then &(1) = %#(1). Now suppose k > 1 and there is & € P (k) nonhomogeneous such
that w;, € Tan(w, §) N P (k). Since h € £ (k), we may write

k N k
h(x) = Z Z b :!(O)Xa = Z hm(x),
j=m

j=m la|=j
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where m < k since h € & (k) is not homogeneous. By Lemma 4.8, Tan(wp, 0) = {cwy,, : ¢ > 0} C F (m),

and since Tan(wy, 0) C Tan(w, £) by Lemma 2.9, Tan(w, £) N % (m) # @, contradicting the minimality
of k. Thus, Tan(w, &) N 2 (k) C Z (k). O

We will also need the following result.

Lemma 4.10 [Badger 2011, Lemma 4.7]. Suppose h € P(m) for some m. There exist ¢ = e(n,m, k) >0
and ro > 0 so that if d, (wy,, 7 (k)) < € for allr > ry, then m = k.

Proof of Proposition II. Suppose Tan(w, §) C £ (k). Let m be the minimal integer for which Tan(w, §) N
P(m) # 3, som < k. Then, by Lemma 4.9, Tan(w, £) N £(m) C .% (m). In particular, Tan(w, £) N
Z(m) # @. Since, by Proposition I, £2(k) has compact basis, we can use Lemmas 4.10 and 2.10 to
conclude Tan(w, &§) C % (m). O

5. Proof of Theorem I

Lemma 5.1. Let ¥/ C € be closed and w = a)é’x be an Lj-harmonic measure where A € o/ and
Ly € VMO(£2, &) at & € supp w. Also assume we have Tan(w, §) C . Let k be the smallest integer for
which Tan(w, £) N F.o (k) # @. Then Tan(w, &) C Fo (k). In particular,

| logo(BE. M)
m-—————————=n

+k—1; (5-1
r—0 logr

i.e., the pointwise dimension of harmonic measure at the point § isn+k — 1.

Proof. If Tan(w, §) ¢ .%.»~(k), then by Corollary 2.12, there is ro > 0 so that for any ¢ > 0 small we may
find v € Tan(w, §)\.Z.~ (k) so that d,,(v, #4(k)) = ¢ and d, (v, Z»(k)) < ¢ for all r > ry. Without loss
of generality, we can assume ry = 1. For each r > 1, choose i, € %~ (k) such that F,(u«,) =1 and

v
F\——r ,ur) < 2e.
(Fr(v)

Then forr > 1,

F,
W _ /(r—|x|>+d

Fy(v) For(v)
(4-4)

=26+ 27" Py (uay) = 26+ 27" F =27 R

<2+ /(r — XDy dpar =2¢ + Fr(p2r)

for some B > 0 that goes to zero as ¢ — 0. Similarly,

Fr(v)

> k=B,
FZr(V) -
Hence, for £ € N,
2((n+k—,3) < M < 2€(n+k+ﬂ)‘ (5-2)
Fr(v)

Note that v = w,‘;‘ for some h € 5 by Theorem 3.13 and A € ., and so

(3-28) (5-2)
I1hlle@m S 20 an(B(0,2) <27 Fyen (o) < 28CTPT Fp (). (5-3)
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Let o be a multi-index of length || > k. Then we can pick ¢ > 0 small enough so that 8 is so small that
|| —k — B > 0 holds. Thus, by Cauchy estimates,

(5-3)
10°R(0)| So 27N All Loy S 27 F A () — 0

as £ — oo, and so h € P4 (k).

Suppose h = Zl;zl hj. If w, & 7 4(k), then there exists j < k such that 4; # 0, and by Lemma 4.8, we
infer that Tan(wg‘, 0) contains an element of .%4(j). Since w,ﬁ‘ € Tan(w, &), we know that Tan(a);l‘, 0) C
Tan(w, &) by Lemma 2.9 and thus, Tan(w, £) N.Z4(j) # &. Hence Tan(w, £) N.Z»(j) # &, contradicting
the minimality of k. This proves Tan(w, &) C .Z.» (k).

For the final equality, note that Tan(w, §) C Z.»~(k) and so Tan(w, £) has compact basis. In particular,
by Lemma 2.11,

lir% di(Tz rlw], 77 (k)) = 0.

Thus, for € > 0, there is rg > 0 such that for each r <r there exists u, € %~ (k) so that Fi(u,) =1 and

Ty o]
Fi\ ———, u, .
1<F1(T§,r[a)]) # ) =

Setting v, = r_ngr] [1r], this gives F,(v,) =1 and

w
Fl———v ) <e.
(Fr(w) )

By the same arguments as earlier, we can show that there exists y > 0, which goes to zero as ¢ — 0, so
that for all £ > 0 and r <27 ¢ 1y

2ntk=y) Four (@) < pttk+y) (5-4)
- F(w) —

Hence, if we setd =n+k — 1, we get
w(B(&,27) = T - [0](B(0, 29) < 27  Fyoni (T; r[0])
< 2(z+1)(n+k+y)_€Fl (T%— r[a)])
< MY T [w](B(O, 1))

— 2@(d+)/)+n+k+yw(B(;§’ r)).
Similarly,

o(B(, 1) =Te ,[](BO, 1)) < F(T; ,[])
<27 DI BT 0]
< 2—(6—1)(n+k—y)+€w(3(s’ 2€r))
_ 2—Z(d—y)+n+k—yw(B(%., er)).

For r < %ro, let £ € N be so that 27 ¢~ 1ry < r <27 %ry. Then
w(B(&, 1) <w(B(E, 27 rg)) <2717y 4 (B(&, rg))

< 21O 4 (B(E, 1)),
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Hence, recalling that these logs are negative, we conclude

logw(BE. 1) _ . log 2"V (B(E, r0))) td

hgl(?f logr ?Ll(?f logr Ty=d-y.
A similar estimate gives
lim sup logw(BE, ) <d+y
r—0 logr
If we let y — 0, then (5-1) follows. O

Proof of Theorem 1. We set

T(ENB “(ENB
B SeE:limw( (%‘,r)):hma)( (f;“,i’)):1 ’
r—0 ot (BE,r)) r—0 @ (B(,r))
E™ ={& € E* : (1-4) holds}.
Notice that by [Mattila 1995, Corollary 2.14(1)] and because w; and w; are mutually absolutely continuous

on E,
ot (E\E*)=w (E\E**) =0.
Also, set

P dom o (BEr) o (ENBE )
A= {S €0 <k = ) = B ) A FENBE.) OO}’

I' = {£ € A : £ is a Lebesgue point for & with respect to w™}.
Again, by Lebesgue differentiation for measures (see [Mattila 1995, Corollary 2.14(2) and Remark 2.15(3)]),
I" has full measure in £** and hence in E.

Next, we record a lemma which was proven in [Azzam et al. 2017b, Lemma 5.8] (which in turn is
based on the work of [Kenig et al. 2009]) in the case of the harmonic functions in domains that satisfy
the CDC condition, but its proof goes through unchanged for L-harmonic functions in general domains.
Lemma5.2. Let§ €T, ¢; >0, and rj — 0 be so that a)]+ =cjTzr, [wT] = woo. Then a)]_ =cjTz o7 ] —
h(§)weo.

We define

Z :={cH"|y : ¢ >0, V ad-dimensional plane containing the origin}.

It is not hard to show that .# has compact basis.
Lemma 5.3. For ot-a.e. £ €T,

Tan(w™, £)N.Z # 2.

Proof. We can pick & €T so that Tan(w™, §) # &, let wo € Tan(w™, £), so there is ¢; > 0 and r; | 0 so that
¢iTer,; [w"] — ws. By Lemma 5.2, we also have ¢iTe rilo™ ] — h(&)weo. By Theorem 3.13, (3-27) holds.

In particular, %B N supp w is a smooth real analytic variety, and arguing as in [Azzam et al. 2016c¢],
for example, one deduces that

dwos|py2 = —cn (gt *AoViteo) dH" g1t nm /2
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where Ay is the matrix from Theorem 3.13, 3*QZ is the reduced boundary of Q7 = {u >0} and Voi IS
the measure-theoretic outer unit normal. Hence, w is absolutely continuous with respect to surface mea-
sure of Q% in %B. Thus, since the tangent measure at " -almost every point of dQY is contained in .Z,
we can take another tangent measure of we that is in .# and apply Theorem 2.8 to conclude the proof. [

By Lemmas 5.1 and 5.3, we also have that dim w™ | = n. It remains to show that if QF both have the
CDC, then lim, ¢ ®§z+ (¢§,r) =0 for wt-a.e. £ € E. But this follows almost immediately because, for
almost every § € I' and any r; | 0, we may pass to a subsequence so that, by Lemma 3.11(a) and (f),
lim;_, o @:fm (¢, r;) = 0. This concludes the proof of Theorem I. Il

6. BMO, VMO and vanishing A,

In this section, we will prove some estimates relating the logarithm of a Radon—Nikodym derivative to
the mutual absolute continuity properties of two measures. We will apply them to the specific case of

elliptic measure, but we will prove them for general measures.

Definition 6.1. Let « be a Radon measure on a metric space X. We say that a function f € LlloC (w) is of

bounded mean oscillation and write f € BMO(u) if there exists a constant C > 0 such that

sup  sup ][ |f = fB.mnldn < C, (6-1)
re(0,00) xesuppu J B(x,r)

where fy = f, fdp = u(A)~" [, fdp for any A C X with 1(A) > 0. We define the space of

vanishing mean oscillation VMO(u) to be the closure in the BMO(u) norm of the set of bounded

uniformly continuous functions defined on X. Equivalently, we say f € VMO(u) if f € Llloc(,u) and

tim sup o 1f = fanldu=0. 6-2)
r=>0 xesuppp JB(x,r)

Definition 6.2. For two measures p and v on a metric space X, we will say v € Ao () if u < v and
there is K = K (i, v) so that for any ball B centered on the support of ©

dv ][ dv )
—du exp|— 4+ log—du) < K(u,v). 6-3
]{;du“p(ggdu“—w) (6-3)
We will say v € A/ (w) if there are ¢, § € (0, 1) so that forall BC X and E C B
E E
KE) s wE) . (6-4)

<5 =
n(B) v(B)
We will say v € VAo (1) (or vanishing Ao with respect to ) if

. dv dv
lim sup ][ —du exp(—][ log — d,u) =1 (6-5)
=0 gesuppu JB du B du
and v € VA (w) if for all » > O there is &, € (0, 1) so that lim,_,o &, =0 and §, > 0 so that for all balls

BcCc X withrg <rand EC B
H(E) v(E)

(B) <6 = »(B) < &r. (6-6)
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In the case that X =R"*! and p is equal to the (n41)-dimensional Lebesgue measure, A .-equivalence
is the same as A/_-equivalence, and this is from [Reimann and Rychener 1975], although it was also
shown later in [Khrushchev 1984; Garcia-Cuerva and Rubio de Francia 1985].

We recall a notion introduced in [Korey 1998].

Definition 6.3. A probability space (X, ) is halving if every subset E C X of positive measure has a
subset F' C E so that u(F) = %,u(E).

We will first focus on proving the following after a series of other lemmas.
Lemma 6.4. Let (X, ) be a metric measure space, v < (, and f =dv/du:

(1) Ifve A (n) andlog f € BMO(w), then v € Axo (). If X is also halving, then v € Ax (1) implies
v e AL (u) andlog f € BMO(w).

(2) Ifve VA, (n) andlog f € VMO(), then v € VAxo (). If X is also halving, then v € VA (1)
implies v € VAL (n) and log f € VMO().

The first implication of the second half of (1) of the lemma is a consequence of the following theorem.

Theorem 6.5 [Khrushchev 1984, Theorem 1]. Suppose v << w, B is a ball centered on supp u, and

dv ][ dv )
—dupexp|—+ log=—dun) <C.
]gduu p( s dn )=

Then there are €, 5 > 0 so that, for any F C BN supp i,

KE) e 6-7)
w(B) v(B)
Moreover, there is § > 0 so that
wE) s V) e, (6-8)

< -
w(B) v(B)
In particular, if v € Axo (1), then v € A (v), and if v € VA (1), then v € VAL ().

Proof. We follow the proof from [Khrushchev 1984, Theorem 1], since he proves (6-7) but not (6-8). Let
6 € (0, 1) to be chosen later, let F € B and suppose u(F) =38 (B); we will pick § later. Let f =dv/du,
E = B\ F, and set

(B
Cw(F)’
Let gg = f, f du. Then
E F
log C = (log f )5 + log f5 = %aog F e+ ZE B; (log f)r+log f5.  (69)

By Jensen’s inequality, for any set S

(log f~1s = —(log f)s > —log fs,
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and applying this to S = E, F, we have

W(E) u(F)
logC > —mlog fE— (B) log fr +1log fp
W(E) W(F) WF)  u(F)  u(F)
7 ——1 + 1 + 1 +1
=By OB TE T gy R ) 08 ey T o8 Tl b

M(F)1 w(F) — u(F)

— 1
LIET B uE) T B

logt +log f5.
Now observe that

—log f£ = log(

and so we have

) 1
_logM log B +log<1+ t)

n(E) n(B) V(B)>
n(B) v(B) v(E)

E 1 F F F
log C > log i )+log<1+—)+'u( >logu( )+M( )10 t
w(B) t w(B) = p(E)  pn(B)
F F E E E 1
_ K )logu( ), m( )logu( )+10g(1+t)+&10g_
n(B) ~p(B) w(B) ~ u(B) n(B) “t
n(E) 1
=3dlogé+ (1 —38)log(1—6)+log(l+1¢)+ ——Ilog-.
u(B) t
=0(3)
Note that lims—¢ ¢(6§) =0. Let « > 0 and pick § > 0 so that |¢(§)| < «log C. Then
E 1
(14 ) log € > log(1 + 1)+ X 100 L (6-10)
uw(B) "t
We restrict § further so that § < «. If + > 1, then
E 1 1
Mlog— > log —;
n(B) “t t
otherwise,
E 1 1
&bg— > (1 —oa)log-
w(B) 1t t
since w(E)/u(B)=1—§ > 1 —«. Thus, in any case, we have
1 1
+alogC>log o (6-11)
-«

This implies t > ¢ = C~(1H+9/(1=®) "and so
_ v(F) tv(F) _ v(F)+v(E) _ v(B) - v(B)
14t 14t 141 T4t T 14c

This proves (6-7) with ¢ = (1 + )"l To prove (6-8), we go back to (6-10) with the same bound on §.
Then, since t > c,

v(F)

wE) 1
(B log o= log<1 +

1 1
Zlog(l+;)—81+alogc.

(I1+a)logC >log(l+1)+ A + ——=logt

1) w(F)
n(B)




TANGENT MEASURES OF ELLIPTIC MEASURE AND APPLICATIONS 1927

Since § < «, this implies

1 1 ) 1
log(14 ) < (14a+6—%YiogC = +a)(1+——)logC < % i0gC,
t l -« l—«o l—«
and so
c+e/d-e) _ 1 o l
t
We now pick « so that CU+®/(0-®) _ 1 =2(C — 1), and we are done. O

Korey showed that VA, implies the logarithm of the density is VMO.

Theorem 6.6 [Korey 1998, Theorem 4 and Section 3.5]. There is a universal constant ¢ > 0 so that the
following holds. Let (X, ) be a halving probability space, and suppose that

(Jyexpgdn) _

<K. (6-12)
exp(fy g du)
Then
/.g—/gdp,‘d,uflogZK (6-13)
X X
andas K — 1,
/ g—/gd,u‘dufc«/l(—l. (6-14)
X X

Lemma 6.7. Let (X, ) be a metric probability space and suppose v <K . Let €, € (0, 1) be so that for
any E C X

WE) <du(X) = v(E) <ev(X). (6-15)
Set f =dv/du and assume
][ logf—][ logfd,u‘du<n. (6-16)
X X
Then
e/
1 5][ fd,uexp(—][ logfd,u) < . (6-17)
X X 1—¢

Proof. Without loss of generality, we may assume w(X) = v(X) = 1. Let & > 0 and pick § so that (6-15)
holds.
Let c = [, log f du and

G={llogf—c|l<p:=ns""}, F=G" (6-18)
Then, by Chebyshev’s inequality and (6-16), we infer that w(F) < §, which, in turn, by (6-15), implies
v(F) <e. (6-19)

Moreover, on the set G,

g> [log f —c|

and so
f<et ongG. (6-20)
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Then,
X (6-20) .
nwX)  Jx G F
< T8 L y(F) (619) TN 4,
Thus,
(l—s)f fdu=1—g <t/
X
and so
ectn/d
f fdu< : (6-21)
X 1—
This and Jensen’s inequality imply
1<e—c/ fd/“L <e € 1 eC+'7/5 — 677/5' 0
- X 1—¢ 1—¢

Corollary 6.8. Let (X, i) be a metric measure space. Set f = dv/du and assume that for some sequence

of balls Bj in X
lim][
i JB;

and for all € > 0 there is § > 0 so that for j sufficiently large

u(E) v(E)
1(B)) <§ = v(B) <&

logf—][ logfd,u‘d,u =0 (6-22)
B;

(6-23)

Then
lim fduexp (—][ log f d,u) = 1. (6-24)
J—>00 Bj .

B]
In particular, if log f € VMO(du) and v € VA_ (i), then v € VAo ().

Proof. Let ¢, n > 0 and let § > 0 be so that (6-23) holds for j large enough. Then (6-16) holds (with B;
in place of X and |p; in place of w). Then (6-17) must hold. In particular,

eh/s
limsup][ fdu exp(—][ logfdu> < .
j—soo JB; B; l—¢

J J

As ¢ and § did not depend on 5, we can send n — 0, and then ¢ — 0 since § now vanishes from the

inequality, and then we obtain (6-24). O
Proof of Lemma 6.4. The second halves of (1) and (2) follow from Theorems 6.5 and 6.6. The first half of
(1) follows from Lemma 6.7, and the first half of (2) is from Corollary 6.8. O

Lemma 6.9. Let Q@ C R"*! be any connected domain and w = a)ngA’x where A € o7 (2). Then w is halving.

Proof. Suppose there is E C 9Q with w(E) > 0 that is not halving. For t € R and v € "7, let
H,={x¢€ R"*!:x.v>1¢}. Thent w(H;, N E) is not continuous for any v € S", and so there is ,
so that w(0H,,, N E) > 0. Let V, = 0H,, ,, which is an n-dimensional plane. Since S" is uncountable,
there is ¢ > 0 so that w(V, N E) > ¢ > 0 for all v in some uncountable set A C S". Let A’ C A be
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countable. Note that for any u, v € A’ distinct, V, NV, is an (n—1)-dimensional subspace. This implies
V. NV, has 2-capacity zero [Heinonen et al. 1993, Theorem 2.27]; hence it is a polar set for w [loc. cit.,
Theorem 10.1] and polar sets have L4-harmonic measure zero [loc. cit., Theorem 11.15]. Thus, if we set

W = V\ [ W,

veA’

vF#EU
we have (W, NE) = w(V, N E) > ¢ and W, are mutually disjoint. But since A’ is infinite, this implies
w(E) = oo, which is a contradiction. Il
Lemma 6.10. Let QT C R"*! be a connected domain with connected complement Q~ = ext(Q1) and
let Ly be a uniformly elliptic operator with real coefficients. If w™® denote the La-harmonic measures of
QF with fixed poles x* € QF, then v~ € Ax(w™) if and only if o~ € AL (0T) and log(dw™ /dw™) €
BMO(dw™). Moreover,w™ € VAs(w™) ifand only if o~ € VAL (w™) andlog(dw™ /dw™) e VMO(dw™).
Proof. This follows from Lemmas 6.4 and 6.9. g

7. Proofs of Theorems II and III

Lemma 7.1. Let w® be two halving Radon measures with equal supports and set f =log(dw™ /dw™).
Suppose there are r; |, 0 and §; € 9Q™ so that a);r =Ts.r, [wt]/w(B(&, rj)) converges weakly to some
measure o with w(B) > 0. Further assume that for all M > 0

lim fdo™ exp(—][ log f da)+) =1. (7-1)
J JBE My B(&,Mr))

Then a)l_ — w as well.

The proof is similar to that of [Kenig and Toro 2006, Theorem 4.4], though using the techniques of the
previous section, we no longer require the doubling assumption.

Proof. Let B = B(§;, rj) and for a ball B set cp = fB log f. By assumption, for each M > 0,

—cus; af(MBj)

. o7 (MB)) —1 asj— oo. (7-2)

Let ¢ € C°(R™*!) with support in B(0, M) for some M > 0 and let @j =¢oTg, ;. Thensupp ¢; C M B;.
Let ¢ > 0. By (7-2), for j large enough, we have
0<e B w (By) l<e and 0<e M5 w (MB))
wt(B)) ot (M B))

1 <e. (7-3)
Let now n =c+/1 — ¢, where c is the constant in (6-14). For j large enough, Theorem 6.6 and (7-2) imply
][ |log f —cB,.|da)+ <n and ][ |log f —cMBflda)+ <. (7-4)

B; ‘ MB; ‘

Note that ¢ is independent of . For fixed § > 0 and for a ball B, we set

Gp=1{6 € BNIQ" :|log f(§) —cpl <n/8}, Fp=B\Gs.
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Then, Chebyshev’s inequality and (7-4) imply
o (Fp) <8w"(Bj)) and o (Fyp) <do™(MB)), (7-5)

and for § > 0 small enough and j large enough Theorem 6.5 and (7-2) imply

o (Fp) <&, 0 (Bj) and o (Fyp) <éw (MB;)). (7-6)
Let C = 2w (MB)/w(B). Since w(B) > 0, we know
, ot (MB) . of (MB)  o(MB)
limsup ————— =limsup —— < =5C,
j—o00 a)+(Bj) j—oo W (B) o (B)
and so for j large enough,
ot (MB)) < Co™(B;). (7-7)
Also, note that for j large enough,
lcg, —cmp;| = ][ (cs, —cms)| dw™
B;

A

][ e, — log flde™ + ][ llog f — cup, | do*

B] B]
(7-4) o (M B))
ot (Bj) Jus,
Hence, (7-7)
- 72+ cun, T8 4 e +(1+C)y
w (MBj) < o (MBj)(1+¢)e™ < Cw™(Bj)(1+¢e)e™"

(7-4)
(7-7)
log f —cmp | do™ < (14 C)n. (7-8)

(7-3)
< Co™ (B)(1+£)e"TO" <200~ (B)) Sc 0™ (B)). (7-9)
Then

1 1
godw-_—/godaﬁrz pido~ — —— @ido™
f J 7 o= (B) Jug, "’ wt(By) Jug, "’
1

= — i f do™ + —
o~ (B)) /MB_,mFMBj ! @™ (Bj) JmB;nG s,

=211 =:Iz
CMB: CMB;
e MPj
gojdw++ —
0~ (Bj) Jus;

(f — ™) da™

Qj do™ ©; do™

ot (B;) Jus,
::]3 =iy
=hL+hL—-L+14.

We will estimate each of these terms separately, with the understanding that j is large enough (depending
on M and n):

@™ (Bj) JmB;nFus,

(7-6)
“(Fyg. - : “(Fyg) 79
| < lolloo lFMB.de)+= l@ll oo™ ( MB_,) =Cl) (M Bj) lolloow™( MB,) ,SCM”(/)” .
o (B)) Jugs, T o By @ (B) o (M) ~OMvl
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Next, for points in G5,
e NP MB < f < N3 MB;
and so
LMB (e—n/(s _ 1) < f CMB CMB (en/3 _ 1)

Thus, for n > 0 small enough (i.e., for j large enough), we can make

|f CMB | < (SecMB on GMBj-
Therefore,
CMB LMB
|I|< Melloo ot (G )_ Melloo ot (MB))
™ (B;) o™ (B})

(79
" (MB)) 8ll¢llocw™ (M B;) T

8,
- (MB]) - (BJ) ~ ¢lloc,C, M

PR LIS, )”%M +(MB))
T (B) (B;)
eMB; (7-3)
il@lloow™ (M B;) @ (M B;) 79)

.
- (BJ) - (MB]) ~ C,M, ¢l

Finally,
" " a2
1| < (ech,ja) (B)) _l)a) (M B)) +(-)

; <
- O 3 Clglloo.M -
©=(B) ) &*(B) Jus, !

Since these estimates hold for all j large enough, we can conclude

/(pda)j_—/(pjda)

Now send § to zero since it only had to be small enough depending on ¢. Finally, ¢ was arbitrarily chosen,
which implies that the above limit is zero. Since this holds for all ¢, we get that a)Ji have the same weak
limit. OJ

lim sup
j—00

S, gl €13,

Proof of Theorem 1. Let w € Tan(w™, ). We claim that € J#,. By Lemma 2.6, w = cTy () for some
constants ¢, r > 0 and some measure y of the form pu =1lim;_¢ Tt ,, [0™ /@™ (B(£, r})) for some r; | 0,
where (B) > 0. By Lemma 7.1, u = lim;_,¢ Iz rlo” /o™ (B(§, rj)) as well. By Theorem 3.13 (or
Lemma 3.11(g) if Q% have the CDC), u € #,, and since , is a d-cone by Lemma 4.3, we also have
that w € J%,, which proves the claim.

Hence, v = w, for some u € H4 and some A € ¥. By Lemma 4.8, for some k > 0,

Tan(w,, 0) = {cwy, : ¢ > 0} C Fa(k) C Fy(k),

and since Tan(w,, 0) C Tan(w™, &) by Lemma 2.9, we now know that Tan(w™, £) N. %4 (k) # @ as well.
By Lemma 5.1, Tan(w™, €) C .Z4 (k). The proof that @djéf(k) (£, r) — 0 if Q% have the CDC is similar
to the proof of Theorem L. O
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Proof of Theorem I11. Let K be any compact subset of 9Q27. Suppose there is a sequence of radii r; | 0
and §; € K so that

di (T, 1 [07], P (d) = & > 0, (7-10)

where d will be chosen later, but it will depend only on 7 and the doubling constant of w™.

Since w™ is doubling, we may pass to a subsequence so that a);r =Tg.r, [wt]/w™ (B(§, r;)) converges
weakly to some measure w.

If f=dw™ /do™ satisfies log f € VMO(w™), then doubling also implies that v~ € VAL (»™). Indeed,
if ot is doubling, then the John—Nirenberg theorem holds, and the VMO condition tells us that on
small enough balls, f is a traditional A ,-weight (see [Garnett 2007, Chapter 6.2]). This easily implies
fdo™ =dw™ € VA (o). Thus, by Corollary 6.8, we know o~ € VA (w™) and that (7-1) holds
for every M > 0. By Lemma 7.1, w; — was well. Thus, we can pass to a subsequence so that the
conclusions of Theorem 3.13 hold. In particular, v = w), for some Lgy-harmonic function 4, where Lg is a
uniformly elliptic operator with constant coefficients, and also, for any ¢ € CSO(R”H), (3-21) holds.

Now we apply the same standard trick from [Kenig and Toro 2006]. Notice that since w™ is doubling,
S0 is wy, which combined with Cauchy estimates implies that there exists 8 > 0 such that for any £ € N
and any multi-index o

(3-28)
101 (O)] S 27 Al o aemy S 2871w, (B0, 2411)

< 2l =B g, (B(0, 2)). (7-11)

Hence, if |a| > 1 —n + B, letting £ — oo gives |02 (0)| = 0, which implies 4 is a polynomial of degree
at most 1 —n + B. Setting d = [1 —n + B gives a contradiction to (7-10). The proof of (1-7) is similar
to the proof of Theorem I, where we use instead Lemma 3.11 instead of Theorem 3.13. O

8. Proof of Theorem IV

All elliptic operators in this section will be assumed to satisfy (1-1) and (1-2). We will require a few
lemmas about elliptic measures in uniform domains as well as some new notation.

Definition 8.1. Let Q C R"H!:

o We say 2 satisfies the corkscrew condition if, for some uniform constant ¢ > 0 and every ball B centered
on 02 with 0 < rp < diam(d€2), there is a ball B(xpg, crg) € Q2N B. The point xp is called a corkscrew
point relative to B.

* We say  satisfies the Harnack chain condition if there is a uniform constant C such that for every
p >0, A >1, and every pair of points x, y € Q with §(x), §(¥) > p and |x — y| < Ap there is a chain
of open balls By, ..., By C 2, N <C(A), withx € By, y € By, By N Byy1 # < and C~'diam(By) <
dist(By, 02) < C diam(By). The chain of balls is called a Harnack chain.

Definition 8.2. If Q satisfies both the corkscrew and the Harnack chain conditions, then we say that €2 is
a uniform domain.
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Theorem 8.3. Let @ C R"*! be a uniform domain with the CDC and u a nonnegative Ly -elliptic function
vanishing on 2B N 02, where B is a ball with rg < diam 0Q2 and A € o7/ (2). Then

sup u(x) Su(xp). 8-1)
xeBNQ

This was originally shown in Section 4 of [Jerison and Kenig 1982] for NTA domains, but the proof
only uses the Holder continuity of u at the boundary and the fact that NTA domains are uniform, and so
the proof of the above result is exactly the same.

Theorem 8.4. Let Q@ C R"! be a uniform domain with the CDC and Ly an elliptic operator satisfying
(1-1) and (1-2). Then, for all B centered on 02,

ot *(B) ~ rg_]GQ(x, xg) forallx € Q\2B. (8-2)

This follows from [Aikawa and Hirata 2008]. Their proof is originally for harmonic measures, but an
inspection of the proof shows that it carries through for elliptic measure as well.

Theorem 8.5. Let Q@ C R"*! be a uniform domain with the CDC. If L, is an elliptic operator satisfying
(1-1) and (1-2), B is a ball centered on 02, and E C BN JdK2 is Borel, then
La,x
Wkt (E) ~ “’SLZA—X(E) (8-3)
g (B)

Again, this is [Jerison and Kenig 1982, Lemma 4.11], and since the previous two lemmas are available,
the proof is exactly the same for elliptic measures modulo the proof of [loc. cit., Lemma 4.10]. The latter
can also be proved by building a subuniform domain as in [loc. cit.], and then showing as in [Akman et al.
2019, Lemma 2.26] that the resulting domain is also CDC (all of this instead of a geometric localization
theorem due to Jones, which only works for NTA domains).

Lemma 8.6. Let Q@ C R™! be a uniform domain with the CDC and L an elliptic operator satisfying
(1-1) and (1-2), and also (1-4) at §. If &€ € Q2 and w; = wtr*0(B(E, rj))_ng,rj (wh4*) converges weakly
to a tangent measure Wy, € Tan(w™*0, &), then there is a uniform domain Qo and a constant matrix
Ao € € such that, for each x € Qo a)f-zj — wé‘200 and for all balls B' C B centered on 0Q, if Xp is a

corkscrew point in Qoo N B,
La,. Woo (B’
W (B~ ol )-
Weo(B)

This was originally shown in [Azzam and Mourgoglou 2018] for harmonic measure. In our situation,

(8-4)

the proof is much shorter, so we provide it here.

Proof. By Lemma 3.11, there is Ag € ¢ so that we can pass to a subsequence so that u;(x) =
cju(xr +&)r ~! converges uniformly in R"*! to a nonzero Ly, -elliptic function u, and also so that, if
Qj =T ;(£2), then 9€2; converges in the Hausdorff metric on compact subsets. Let Qoo = {100 >0}

Claim. Q. is uniform. If x, y € Q. with dist({x, y}, 9€2) > e|x — y|, then they are contained in £2; and
dist({x, y}, 0€2;) > %8|x — y| for sufficiently large j. Since the £2; are uniform, for each j we can find a
Harnack chain of length N = N (¢) contained in ;. By passing to a subsequence, we can assume the
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length of this chain is constant and their centers and radii are converging, and hence the chain converges
to a Harnack chain in Q4 of length no more than N. A similar proof shows that Q2 is a corkscrew
domain. Hence, Q4 is uniform.

Suppose B’ C B are centered on 0Q24,. Let

Ts,rj (x)
Wq.

Ly,x
7 1

=Tz lo
If Xj = Té,rj (xp), then

gy P8 B _a® 05 B) w8
Wq; ~ =Ty X = .
“ wg (B) g (B) og (B)  «;(B)

Since w; and wg; are doubling measures, we have

(B’ B’ B’
g (B") <liminfwg (B") < limsup i(B) < woo(B) < ool )‘
) jooe jroo Wj(B) T @o(B) T woo(B)

A similar estimate gives the reverse inequality, and hence proves (8-4). O

We will use the following criterion for uniform rectifiability due to Hofmann, Martell, and Uriarte-
Tuero. See Theorem 1.23, equation 1.22, and Remark 1.25 in [Hofmann et al. 2014]; for a local version
see Corollary 11.2 in [Mourgoglou and Tolsa 2017].

Theorem 8.7. Let Q@ C R"*! be a uniform domain with n-regular boundary and let wg be the harmonic
measure defined in Q. Suppose there is q¢ > 1 so that, for any balls B’ C B centered on 0%, if kg =

dog [(dH"|yq), then
1/q
(][ k% dH") 5][ kg dH".
BN 2B'NoK

Then 0X2 is uniformly rectifiable.

Recall that, by the main result of [Aikawa and Hirata 2008], harmonic measure is doubling in uniform
domains satisfying the CDC, and thus, by (8-3), the right side of this inequality is comparable to
fB/DBQ kg dH" (that is, with B’ instead of 2B"), which we will use below.

Remark 8.8. This result still holds for constant coefficients. Indeed, it is easy to see that the A,-property
is preserved under linear transformations that map balls to ellipsoids, as is the one in Lemma 3.10 (see
the paragraph after the proof of this lemma), using that such weights are doubling.Thus, by Lemma 3.10
and the fact that being a uniformly rectifiable set, by its very definition, is invariant under bi-Lipschitz
maps, 02 is uniformly rectifiable.

Recall that an Ahlfors n-regular set E is uniformly rectifiable if there are ¢, L > 0 so that, for every
ball B centered on E with 7z < diam E, there is an L-Lipschitz map f : B(0, r3) NR" — R"*! so that

H'(f(B(0,rg))NE) > cry.

Now we prove Theorem IV. Let Q C R"*! be a uniform CDC domain so that 1" |3q is locally finite.
Let w = wé“ be the L4-harmonic measure associated to a (possibly nonsymmetric) elliptic operator
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satisfying (1-1) and (1-2). Let £ C 9S2 be a set with H"(E) > 0 such that H" K a)ngA on E and for H"-a.e.

§€E,
H'(B(E,r)NI)

@r)

Oyq &, 1) = limiélf

and A has vanishing mean oscillation at &.

Assume H" (E) > 0 (otherwise the theorem is trivial). Then we may find a subset E’ of full #"-measure,
where w and H" are mutually absolutely continuous (in particular, H" = gw for some function g, so we
pick E' = {x : g(x) > 0}). For H"|yq-a.e. £ € E’, we also have

0 <8 (H"lag, §) <O " (H"se, §) < oco. (8-5)

The lower bound is by assumption, and the upper bound is from [Mattila 1995, Theorem 6.2]. By [loc. cit.,
Theorem 14.7], for H"|yq-a.e. € € E', Tan(H"|3q, &) consists of Ahlfors—David n-regular measures. By
[loc. cit., Lemmas 14.5 and 14.6], for H"|3q-a.e. £ € E,

Tan(H" |5, §) = Tan(H" |, §) = Tan(w, §)

and Tan(w, &) consists only of Ahlfors—David n-regular measures. Let E” C E’ be the set of points where
this holds.

By the Besicovitch decomposition theorem, we can split E” into two sets F; and F,, where F} is
n-rectifiable and F, is purely n-unrectifiable. Suppose H"(F>) > 0. Let £ € F, be a point of density of
F, with respect to H".

Let r; | O be so that w; := w0 (B(E, rj))_1 T, (wh4*) converges weakly to some Ahlfors—David
n-regular measure w, € Tan(w, £). By Lemma 8.6, we may find a uniform domain 2 so that supp we =
9Q and, for any balls B’ C B centered on 9€2,

La,, Weoo (B’ re,
CUQZ) xB(B,)% o (B") %_13!
Woo(B) I'p

for some Ag € €. If 0 = H"|5q,., then o is Ahlfors—David n-regular and so if we set

. dwé:’xg
B=
then we have that for o-a.e. x € BN oY
' wéAo,xB (B(x, 1)) rn/rg L
kp(x) = lim —= ~ =rg .
r—0 o(B(x,r)) rit

Hence, if B’ C B is centered on 92,

1/2
(][ kgda) ~ry" w][ kg do.
!’ B/

Thus, in light of Remark 8.8, 024, is uniformly rectifiable. By the main result of [Azzam et al. 2017a],
Q is an NTA domain. In particular, we can find corkscrew balls By C BN Q4 and By € B\ Q2. We
claim that, for all j sufficiently large, %Bl C Q;NB and %Bz C B\2;. Indeed, if %Bi N0, # < for
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infinitely many j, then since w; is doubling, wj(%Bi) ~ w;(B) =1 for all j, and so wx(B;) > 0, and in
particular 02, N B; # &, which is a contradiction. Thus, By and B, do not intersect d€2; for sufficiently
large j. They cannot both be in €2; for all large j, since otherwise, if they were both in €; for infinitely
many j then in each such 2, they would be connected by a Harnack chain in €2; of bounded length;
passing to a subsequence, this implies there is a Harnack chain connecting B to B;, and since B] € Q,
the whole chain, including B,, must be in 2, which is a contradiction. Thus, at least one of these balls
is in QJC for all j large. By the proof of Lemma 8.6, 2, = {ux >0}, and since u; — u», uniformly on
compact subsets of Q4 and u, > 0 on By, we have By C 2; for j large, and so B, C Qj for j large.
This proves the claim.

Now there is a small angle of directions around the vector parallel to the line between the centers of
B and B, where the orthogonal projection of d€2; "B has Lebesgue measure comparable to 1. By the
Besicovitch-Federer projection theorem, the purely unrectifiable part of 9€2; has zero Lebesgue measure
projection in almost all of these directions, and so d€2; NB contains an n-rectifiable set of 7{"-measure 2 1
(with constant depending on the sizes of By and B;). Thus,

. JH'Y(BE rp)NIQ\F) . ri 8-5)
lim inf 2 liminf >
j=oo  H'(B(,rj)NAR) j=oo H'(B(§,rj)No)

But this contradicts that & is a point of density for F,. Therefore, #" (F>) = 0, and we have now shown
that H"-almost all of E’ is rectifiable, and thus w™-almost all of E is contained in a countable union of
Lipschitz graphs. This finishes the proof of Theorem IV.

9. Proof of Proposition I11

Assume the conditions of the proposition. We recall the following result.

Theorem 9.1 [Hurri-Syrjinen 1994, Theorem 1.3]. Suppose that Q@ C R™! is a bounded C -uniform?

domain. If
(n+1p
<g< d 1-6 1,
PEAS T T pa—y @ pUmd <t

then for allu € L} () such that Vu(x)d(x, Q)% € LP(Q),

loc

inf |lu(x) = allLo@) Snpg.s.c 191DV VU dist(-, Q) e (9-1)

(The explicit constant in (9-1) is written at the end of the proof on page 218 of [Hurri-Syrjdnen 1994].)
We will use this in the case that § = % and p =g = 2, so (9-1) becomes

inf [lu(x) —allpa@) Snpgs.c 1D Vudist(-, Q9122 9-2)

Lemma 9.2. Suppose E C R"*! is a closed set and € : E€ — [0, 00] is a function such that for some ball

By centered on E
/ e(z)dz < 0.
E°NBy

2In fact it holds for John domains.
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Then for H"-a.e. x € E N By,

lim r ™" / e(x)dz=0.
r—0 E¢NB(x,r)

Proof. Without loss of generality, we can assume E C By. Let du(z) =&(z) dz|ge. For x € E and r > 0, set

a(x,r)=%f’r))=r_"/bﬂ " )8(z)dz.
‘NB(x,r

Suppose there is F C E with H"(F) > 0 such that
limsupa(x,r) > 0.
r—0
Then there is ¢ > 0 and a compact set G C F with H. (G) > 0 and
limsupa(x,r) >t >0 forall x € G.
r—0

For each x € G, pick ry; > 0 so that B(x,r, 1) C Bp and a(x,ry,1) > t. Let le be a Besicovitch
subcovering from ¥ := {B(x, r;) : x € G}, that is, a countable collection of balls in ¥; so that

o< 1p S l.
J
Since the le come from ¢, we have that for all j
1(B})

n
It
Bj

= a(xBj;,rBj]) > .

Let
L= UB}\E.

Then since the Bj] have bounded overlap and come from ¥,

peo = [ duz [ Sty du= 3w =1 Y s = ).
Ly L j T
Since u(G) =0, there is §; > 0 so that if G5, = {x € R" : dist(x, G) < §;} and L' = L1\Gs,, then
p(LY) > (L) = 31HL(G).
Now inductively, suppose we have constructed disjoint sets L', ..., L¥ C By, where
w(L)) 2 tH" (G) forall j=1,2,...,k,

and there is §; >OsothatL1U---ULkﬂG5k =a.
For each x € G, we may find ry x4+1 € (0, &) so that B(x, ryx+1) C Bo and a(x, ryx+1) > t. Let
{Bj].‘H} be a Besicovitch subcovering of the collection % = {B(x, ry x+1) : x € G}, so

1 < Z 1B/1_<+1 Sn s
J
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where Liy1 = J; B*'. Since G has 1(G) =0, there is 841 € (0, 8) so that L' = L1\ Gy, has
n(Liy) 1
p(L) = = = / 1, duz / Z u(B =1 Z Fin 2 1H(G).

Also note that by our induction hypothesis
LM ¢ Lit1 CGs, C (Ll U... ULk)C.

Thus, by induction, we can come up with a sequence of disjoint sets LX C By so that p(L*) > tHL (G)
for all k, which contradicts the finiteness of u since ¢ is locally integrable. (|

Now we finish the proof of Proposition III. By the previous lemma, for £(z) = |VA(z)|? dist(z, Q°)
and E = 92, we have that for H"-a.e. £ € ByN IR

lim r " / IVA|*dist(z, Q) dz = 0. (9-3)
B(&,r)NQ2

r—0

Let & € Bo N d<2 be such a point. There is a universal constant M depending on the uniformity constants
so that, for all r > 0, there is an M C-uniform domain £2, such that

QNBE, r) CQ CQNBE, Mr).

This follows from the proof of [Hofmann and Martell 2014, Lemma 3.61]. See also [Azzam 2016,
Lemma 4.1; Jerison and Kenig 1982, Lemma 6.3].
Hence, by Cauchy—Schwarz inequality,

1/2
infr—<"+1)/ IA—C| < inf(r—<"+1>/ |A —C|2>
c B(E,r)NQ c B(€,1)NS

1/2
< igf(r_(”“)/ |A—C|2>

%-2) 1/2
S |Qr|l/(2(n+]))< n+1/ |VA| dist(z, Qc)dZ)

1/2
< (r‘”/ VA% dist(z, ) dz) —0 asr—0.
QNB(E Mr)
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DISCRETELY SELF-SIMILAR SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS WITH DATA IN leoc
SATISFYING THE LOCAL ENERGY INEQUALITY

ZACHARY BRADSHAW AND TAI-PENG TSAI

Chae and Wolf recently constructed discretely self-similar solutions to the Navier—Stokes equations for
any discretely self-similar data in L .. Their solutions are in the class of local Leray solutions with
projected pressure and satisfy the “local energy inequality with projected pressure”. In this note, for the
same class of initial data, we construct discretely self-similar suitable weak solutions to the Navier—Stokes
equations that satisfy the classical local energy inequality of Scheffer and Caffarelli-Kohn—Nirenberg.
We also obtain an explicit formula for the pressure in terms of the velocity. Our argument involves a new
purely local energy estimate for discretely self-similar solutions with data in L2 = and an approximation

loc
of divergence-free, discretely self-similar vector fields in leoc by divergence-free, discretely self-similar
elements of L3 .

1. Introduction

The Navier—Stokes equations describe the evolution of a viscous incompressible fluid’s velocity field v
and associated scalar pressure 7. In particular, v and 7 are required to satisfy

ov—Av+v-Vo+Vr =0, (1-1)

V-v=0, (1-2)

in the sense of distributions. For our purposes, (1-1) is applied on R? x (0, co) and v evolves from a

prescribed, divergence-free initial data vy : R*> — R>. Solutions to (1-1) exhibit a natural scaling: if v
satisfies (1-1), then for any A > 0

v (x, 1) = Av(hx, A%) (1-3)
is also a solution with pressure
7t (x, 1) = A2 (x, A2) (1-4)
and initial data
g (x) = Avg(Ax). (1-5)

A solution is called self-similar (SS) if v*(x, ) = v(x, t) for all A > 0 and is discretely self-similar with
factor X (i.e., v is A-DSS) if this scaling invariance holds for a given A > 1. Similarly, vg is self-similar
(a.k.a. (—1)-homogeneous) if vo(x) = Lvg(Ax) for all A > O or A-DSS if this holds for a given A > 1.

MSC2010: 35Q30, 76DO05.
Keywords: Navier—Stokes equations, self-similar solution, weak solution.
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These solutions can be either forward or backward if they are defined on R3 x (0, 00) or R3 x (—o0, 0)
respectively. In this note we work exclusively with forward solutions and omit the qualifier “forward”.
Self-similar solutions satisfy an ansatz for v in terms of a time-independent profile «, namely,

1 X
vix,t) = $u<$), (1-6)

—Au—%u—%y‘Vu—i-u-Vu—i-Vp:O,
V-u=0

where u solves the Leray equations
in R, (1-7)

in the variable y = x/4/t. Discretely self-similar solutions are determined by their behavior on the time
interval 1 <7 < A? and satisfy the ansatz

1
v(x,t) = Eu(y,s), (1-8)

where
X

y=\/;,

The vector field u is T-periodic with period T = 2log A and solves the time-dependent Leray equations

s =logt. (1-9)

asu—Au—%u—%y-Vu+u-Vu+Vp=0,

in R® x R. (1-10)
V-u=0

Note that the similarity transform (1-8)—(1-9) gives a one-to-one correspondence between solutions to
(1-1) and (1-10). Moreover, when vy is SS or DSS, the initial condition v|;,—g = vg corresponds to a
boundary condition for u at spatial infinity; see [Korobkov and Tsai 2016; Bradshaw and Tsai 2017a;
2017b].

Self-similar solutions are interesting in a variety of contexts as candidates for ill-posedness or finite
time blow-up of solutions to the 3-dimensional Navier—Stokes equations; see [Guillod and Sverdk 2017;
Jia and Sverdk 2014; 2015; Leray 1934; Necas et al. 1996; Tsai 1998] and the discussion in [Bradshaw
and Tsai 2017a]. Forward self-similar solutions are compelling candidates for nonuniqueness [Jia and
Sverak 2015; Guillod and Sverdk 2017]. Until recently, the existence of forward self-similar solutions was
only known for small data [Barraza 1996; Cannone and Planchon 1996; Giga and Miyakawa 1989; Koch
and Tataru 2001; Kato 1992]. Such solutions are necessarily unique. Jia and Sverék [2014] constructed
forward self-similar solutions for large data where the data is assumed to be Holder continuous away from
the origin. This result has been generalized in a number of directions by a variety of authors [Bradshaw
and Tsai 2017a; 2017b; 2018; Chae and Wolf 2018; Korobkov and Tsai 2016; Lemarié-Rieusset 2016;
Tsai 2014]. This paper can be understood in the context of [Bradshaw and Tsai 2017a; Chae and Wolf
2018; Lemarié-Rieusset 2016] and we briefly recall the main results of these papers.

In [Bradshaw and Tsai 2017a], we generalize [Jia and Sverdk 2014] in two ways. First, all smoothness
assumptions on the initial data are removed; we only require vy € L3 (and vy divergence-free and SS
or DSS). Second, we allow the data to be DSS for any A > 1, in which case we obtain DSS solutions
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as opposed to SS solutions — in contrast, the method of [Jia and Sverdk 2014] can be adapted to give
DSS solutions but only when X is close to 1 [Tsai 2014]. The method of proof in [Bradshaw and Tsai
2017a] has since been extended to the half-space in [Bradshaw and Tsai 2017b] and to initial data in the
Besov spaces Bg/ go_l when 3 < p < 6 [Bradshaw and Tsai 2018]. Solutions which satisfy a rotationally
corrected scaling invariance are also constructed in [Bradshaw and Tsai 2017b].

The solutions of [Bradshaw and Tsai 2017a] belong to the class of local Leray solutions. This class
was introduced in [Lemarié-Rieusset 2002] to provide a local analogue of Leray’s weak solutions [1934].

We recall the definition of local Leray solutions in full. For g € [1, 00), we say f € LZloc if

Ifllzs = sup | fllaBe.1) < oo
xeR3

2

lOC([R3 X [0, 00)) is a local Leray solution to

Definition 1.1 (local Leray solutions). A vector field v € L

(1-1) with divergence-free initial data vy € Lﬁloc if:

(1) For some 7 € Lfo/cz([R3 % [0, 00)), the pair (v, ) is a distributional solution to (1-1).

(2) For any R > 0, the vector field v satisfies

R2
esssup sup / %|v(x,t)|2dx+ sup/ / IVu(x, 1)|>dx dt < oo.
Br(x0) 0 JBg(xo)

0<t<R? xpeR3 xoeR3
(3) For all compact subsets K of R3 we have v(t) — vo in L%(K) as t — 0%,

(4) v is suitable in the sense of Caffarelli-Kohn—Nirenberg; i.e., for all cylinders Q compactly supported
in R? x (0, 00) and all nonnegative ¢ € C5°(Q), we have

flv(t)|2¢dx+2f/|Vv|2¢dxdt§/f|v|2(8,¢+A¢)dxdt+//(|v|2+271)(v-v¢)dxdt. (1-11)

(5) For every xg € R3, there exists Cxy € L3/2(0, T) such that

1 1
p(x,t)—cxo(t)=—§|v(x,t)|2+4—/ Kx—=y):v(y,H)®u(y,t)dy
7T J By (x0)

1
+4— (K(x—=y)—K(xo—y)):v(y,t) Qu(y,t)dy
7T JR3\ B (x0)

in L3/2(0, T; L3*(B; (x0))), where K (x) = V2(1/|x]).

Lemarié-Rieusset [2002] constructed global-in-time local Leray solutions if v belongs to E2, the

2
uloc

treats the pressure carefully. Note that [Lemarié-Rieusset 2002; Kikuchi and Seregin 2007; Jia and Sverak

closure of C3° in the L (R3?) norm. See [Kikuchi and Seregin 2007] for another construction which
2014; 2015] contain alternative definitions of local Leray solutions. On one hand, [Kikuchi and Seregin
2007] requires the pressure satisfy a certain formula (we will establish a similar pressure formula for our
solutions; see Theorem 1.2). In [Jia and Sverdk 2014; 2015], the explicit pressure formula is replaced by
a decay condition imposed on the solution at spatial infinity, namely, for all R > 0

RZ
lim // lv|? dx dt = 0.
[xol=00 Jo  JB(xg,R)
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Jia and Sverak [2014; 2015] claim that, if v exhibits this decay, then the pressure formula from [Kikuchi
and Seregin 2007] is valid. Since the decay property is easier to directly establish for a given solution,
this justifies using it in place of the explicit pressure formula in the definition of local Leray solutions. It
turns out that these properties are equivalent when vy € E2. This can be proved using ideas contained
in a recent preprint of Maekawa, Miura, and Prange [Maekawa et al. 2019] on the construction of local
energy solutions in the half-space.

Local Leray solutions are known to satisfy a useful a priori bound. Let N'(vy) denote the class of local
Leray solutions with initial data vg. The following estimate is well known for local Leray solutions (see
[Jia and Sverak 2014]): for all ¥ € N (vg) and r > 0 we have

O’Fz
ess sup supf oG, D) dx + sup/ / V3> dx dt < CA, (1-12)
0<t<or? xoeR3 Y B, (xo) x0eR3 J0O B, (x0)
where
A=sup/ Hvol*dx, o (r)=co min{r*A=2, 1}, (1-13)
X()ER3 B, (x0)

for a small universal positive constant co.
Concurrently to the publication of [Bradshaw and Tsai 2017a], the book [Lemarié-Rieusset 2016]

was published, which includes a chapter on the self-similar solutions of [Jia and Sverdk 2014]. Here,

2
loc?

vector field. The main elements of his argument are as follows. He first uses the Leray—Schauder approach

Lemarié-Rieusset generalizes the space of initial data to include any Li , divergence-free, self-similar

of [Jia and Sverak 2014] to construct self-similar solutions for initial data vy satisfying |vo(x)| < |x |~ 1.
This construction is more general than that in [Jia and Sverdk 2014] but less general than that in [Bradshaw
and Tsai 2017a]. But, provided vy is self-similar, vy € leoc if and only if vg € lejloc‘ And, furthermore,
2 then it can be a i db ® wh h
loc? pproximated by a sequence v~ where eac

(x)] < |x|~L. Then, the first construction gives local Leray solutions for each v(()k) and, because local

2
uloc

if vg is self-similar and belongs to L
vy
Leray solutions satisfy the a priori bound (1-12) depending only on the L, _ norm of their initial data,
these will converge to an SS local Leray solution with leoc data. This argument breaks down for DSS
solutions since L]ZOC NDSS # Lﬁloc N DSS (see (1-15) for an example) and, therefore, we cannot get the
uniform bound (1-12) on a sequence of approximating solutions for free.

Chae and Wolf [2018], on the other hand, introduced an entirely new method to construct A-DSS
solutions for any A > 1 and initial data vy € L%OC([R{3). These solutions live in the class of “local Leray
solutions with projected pressure”, which means they satisfy a modified local energy inequality instead
of the classical local energy inequality (1-11) of [Caffarelli et al. 1982]. To construct these solutions,
Chae and Wolf use a fixed-point argument to solve the mollified Navier—Stokes equations (this is the
same system studied in [Bradshaw and Tsai 2017a], but written in physical variables as opposed to the
similarity variables, see (3-4) and (3-5)). To apply the fixed-point argument, Chae and Wolf first prove
existence for the (mollified) linearized equations where the given drift velocity is DSS. They then apply
a fixed-point theorem (the space for the fixed-point argument is a bounded set of the DSS subspace

of L'3/5(0, T; L3(B;)) — B, denotes the ball of radius r centered at the origin — defined below [Chae
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and Wolf 2018, (3.1)]) to prove that there exists a drift velocity which matches the solution. This gives
existence of a DSS solution to the mollified Navier—Stokes equations. Note that the approximations
satisfy the a priori (energy) bound [Chae and Wolf 2018, (2.35)] and the norm of the mollification term
can be absorbed for T sufficiently small.

In this paper we give a simple, alternative proof of the result in [Chae and Wolf 2018]. The following
theorem is our main result.

Theorem 1.2. Assume vy € LIZOC(IR3) is a divergence-free L-DSS vector field for some ). > 1. Then there
exists a A-DSS distributional solution v to (1-1) and associated pressure w so that v is suitable in the

sense of [Caffarelli et al. 1982] and satisfies
t1_1)1(1)1+ lv(#) —voll L2(x) =0

for every compact subset K of R Moreover, for any T > 0 and compact subset K of R>, we have
ve L®0,T; L>(K))NL*0, T; H'(K)) and w € L>*(0, T; L3/*(K)). Furthermore, for any (x,t) €
R3 x (0, 00), the pressure satisfies the formula

—0

n(x,t):—%lvlz(x,t)ﬂim/ Kij(x = y)vi(y, D)v;(y, 1) dy (1-14)
lyl>3

3/2
loc

in L)~(R3 x (0, 00)).

Comments on Theorem 1.2. (1) In [Chae and Wolf 2018], the data also belongs to leoc, but the solution
is not shown to satisfy the local energy inequality of [Caffarelli et al. 1982]. Instead, it satisfies a “local
energy inequality with projected pressure”. Since the solution constructed in Theorem 1.2 satisfies the
traditional local energy inequality, this theorem is a slight refinement of the main result of [Chae and Wolf
2018]. Furthermore, we are careful to give a precise formulation (1-14) of the pressure and its connection

to the velocity. The relationship between v and 7 is less clear in [loc. cit.].

(2) The integral in (1-14) is not a Calderén—Zygmund singular integral because we do not have a global
bound for v. It is defined in L}/? using the DSS property.

loc

(3) Our method of proof is by approximation and is similar to the argument from [Lemarié-Rieusset 2016].
The main difference is that we need to construct a sequence of approximating solutions and establish a
new a priori bound for these solutions for DSS data—in [loc. cit.] the bound (1-12) is sufficient (and
free). Note that an approximation argument using (1-12) was also used by the authors in [Bradshaw and
Tsai 2017a] to construct SS solutions as a limit of DSS solutions where the scaling factors are converging
to 1.

2

(4) Generally, the solution v is not necessarily a local Leray solution because vg may not be in L,

and we do not assert the uniform bounds in Definition 1.1(2). Consider the DSS function in leoc for

3
0<a<§

Fa) =Y A fuo(bx), fuo(r) =[x —x0l " x (x —x0), (1-15)

keZ



1948 ZACHARY BRADSHAW AND TAI-PENG TSAI

where 147 < |xg| < A —r for some r > 0, and y is the characteristic function of the ball B, (0). It is not

in L2

tloc When 1 <a < % for its behavior at infinity. It is in Lﬁloc when 0 < a < 1. The function f;(x) for

a =1 is given in Comment 4 after [Bradshaw and Tsai 2017a, Theorem 1.2] as an inapplicable example
since it is not in L>*°(R3).

5) Ifyy € Lﬁloc, then it is not difficult to obtain uniform bounds on v in the sense of Definition 1.1(2).

Furthermore, Definition 1.1(5) can be established whenever vy € E?; see [Maekawa et al. 2019]. Thus,
our construction yields DSS local Leray solutions whenever the data is DSS, divergence-free, and in E2.

2
loc

tions constructed in [Bradshaw and Tsai 2017a]. There are several steps. First we need to prove
that DSS data in leoc can be approximated in L?(B;) by DSS data in L3. This is the subject of

Section 4A. Then, [loc. cit.] gives us a sequence of DSS solutions in the local Leray class. To prove

2
loc

we need to establish new a priori bounds for the solutions from [loc. cit.] which are independent

Our strategy for proving Theorem 1.2 is to approximate a solution with data in L:  using solu-

that these solutions converge to a solution with L; . data satisfying the desired pressure formula,
of the L3 norm of the initial data (this is done in Section 3) and also prove that they satisfy the
pressure formula (see Section 2). In Sections 4B and 4C, we put these ingredients together to prove
Theorem 1.2.

As a last remark, in [Chae and Wolf 2018] it is unclear if the solution is suitable in the classical sense.
The referee for this paper suggested a compelling argument to address this. In particular, the discretely
self-similar ansatz and the boundedness of the solution in L]ZOC([R{3 X [0, 00)) should make it possible to
define PV - (u ® u). Then, starting with a solution of [loc. cit.], a pressure p could be constructed in D’.
It then could be shown that Vp + P(u - Vu) = 0. This should follow from the slow growth of u at spatial
infinity and using the fact that V p + P(u - Vu) is spatially harmonic.

2. A limiting pressure formula for DSS solutions

In this section we will prove that, under certain conditions, the limiting pressure distribution of an
approximation scheme for (1-1) inherits the structure of the approximate pressure distributions. This
result will be applied in Sections 3 and 4C.

Lemma 2.1. Fix A > 1and T > 0. Let vy € leoc be a given divergence-free, A-DSS vector field and
2

ioc I8 a sequence of divergence-free, A-DSS vector fields so that v(()k) — v in L*(By).
Assume vy and Uy are divergence-free, A-DSS vector fields and that there exists a distribution my so that

assume {v(()k)} CcL

the following conditions are satisfied:

o U, Uy, and 1y solve the system

vk — Avg + 0k - Vup + Ve =0, (x,1) e R* x [0, T,

for the initial data v(()k) and both vy and Uy converge to v(()k) in L]ZOC.

o v and Uy are uniformly bounded in L*(0, T; L>(B,)) N L%(0, T; H'(B1)) overall k € N.
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e Forall 0 <t < T, the distribution m;, satisfies the formula

”k(xvf)=—%[5k'vk](%t)+gi_f)% N 5K,;,-(x—y)(ﬁk)i(y,t)(vk)j(y,t)dy- (2-1)
y|>

o There exists a A-DSS solution v in L°(0,T; L*>(B,))NL*(0,T; H'(By)) with pressure  in L*/*(0,T; L*/?)

so that
v and Ty — v weakly in L*(0, T; H'(B))),

v and Oy — v in L*(0, T; L*(By)),
7 — 7 weakly in L3%(0, T; L’/%(B))).

Then, fora.e. 0 <t <T and x € B,, the pressure w satisfies the formula

m(x, 1) =—1[v|*(x, 1) + lim Kij(x — ) ()i (v, H(W);(y, ) dy (2-2)

=0Jy1>5
in L3*((0, T) x B;).

Remark 2.2. The purpose of this lemma is to establish the pressure formula (2-2), which, ultimately, will
allow us to prove (1-14). It is, however, not needed to establish the other conclusions of Theorem 1.2.

Proof. Note that since vg, ¢, and v are all uniformly bounded in L*°(0, T’; L*(B;))NL%*, T; H'(B))),
convergence in L>(0, T; L?(By)), Holder’s inequality, Sobolev embedding, using the equation to get
uniform bound of 9; v, and rescaling the solution imply

ve and 9y — v in L3(0, T; L3(By)).

It also shows that vy, vy, and v are all uniformly bounded in L3(0, T; L3(B))) (at least for k sufficiently

large).
Let
mp (6, 1) = =3[0 vl (x, 1),
me(x, 1) = lim Kij(x — ) (@) (v, (W) (v, 1) dy,
§—0 A2>|y|>8
P (x, 1) =/ . Kij(x = y)(0r)i (v, ) (v)j (y, 1) dy.
y>A
Also let

1 1 2
V4 (-x7 t) = _§|v| (-x9 t)7

7T2(X,t)=1im/ Kij(x —y)vi(y, v (y, 1) dy,
§—0 A2>|y|>8

7T3(X,f)=/ Kij(x —y)vi(y,Hv;(y, 1) dy.
yZXz

Since vg and 7 — v in L3(0, T; L3(B,)), we have

i — ' in L¥%0, T; L¥*(B))).
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Let
hij(y, 1) = ()i (vk)j — v;v;

= {(Up)il(vk); — v ]+ [(0k)i — vilv;}(y, 1).

Using the Calderén—Zygmund theory we clearly have

T T
/ |nk2(x,t)—7r2(x,t)|3/2dxdtSC// i (e, 0)]>*dx dt
0 B)L 0 B)LZ

T 1/2 T 1/2
§C(// ﬁ,?dxdt) (/f (vk—v)3dxdt)
0 JB;» 0 JB,»
T 1/2 T 1/2
+C(/ / u3dxdz) ( / f (f)k—v)3dxdt> )
0 JB;» 0 JB»

T A4
// (5k—v)3(x,t)dxdt=k4/ (7 —v)(z, ) dzdt
0 B> 0 B

Rescaling gives

for the obvious choice of z and t. Since the right-hand side of the equation above vanishes as
k — oo, as does the identical term but with v; replaced by vg, we conclude that nkz converges to
n%in L3%(0, T; L¥*(By)).

Establishing the convergence of 7‘[,? to 77> is more difficult. Let

pr(x, 1) = (x, 1) — 3 (x, 1) =f Kij(x=)hi (v, 1) dy.
[y|=A

Fix x € B;. Then

- 3/2
k(e D < C

1
/ By (3, )] dy
ly

[>A2 |)’|3

| 12 | Vs
§C[ —dy) f —1hi, j(y, )" dy
<y|zk2 |y|4 ly|=A2 |y|5/2 "
1
=C/ b0l dy.
sz lyP2

Let Ay = {x : A¥"! < |x| < AK} for k € Z. Then, using the scaling properties of /,

_1 3 > 1
i, ] 32 = 1k 3/2
[ et orRay =37 [ ogih o0l ay
- k=3
21
= C(A)Z)LSI(/Z/ i j (v, 1Y dy
k=3 Ag

o
1 _
<C) E W/B |hi j(z, tA kY32 dz.
k=3 1
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loc

Thus,

T T o0
1
|pe(x, )1 dt sﬁcm/ —/ i j (2. tA ") dz dt
/()/l;x 0 ;)LSk/Z B, J

o0 1 TA—2k
< C(/\)ZW/ / i j(z, ) dz de
k=3 0 By

T
< C(A)f \hi j(z, T)[¥* dz d.
0 JB

Therefore this term is bounded as (2-3).

We have now shown that 7y (x, t) converges weakly to both 7! (x, 1) + 72(x, 1) +73(x, ) and 7w (x, 1)
in L3%(0, T; L32(B,)), implying that 7w (x, 1) = 7l (x, 1) +7%(x, t) + 73 (x, t) as distributions. In other
words, 7 (x, t) satisfies (2-2) in L3/2((0, T) x B,). O

3. Properties of DSS solutions with data in L3

The goal of this section is to obtain a bound on the local evolution of DSS solutions v constructed in
[Bradshaw and Tsai 2017a] that is independent of both the L3w and L?

uloc NOTMS of v and to establish an

explicit representation formula for the pressure.

Assume vy € Li([l@) and v is a DSS solution evolving from vg as constructed in [loc. cit.]. For a
generic solution to (1-1), we cannot close energy estimates for ¢v solely in terms of vg|p, — there is
always some spillover. Proposition 3.1 states that this is possible for DSS solutions as a result of their
scaling properties. In our argument, we must work with a quantity that is continuous in time. This is
not known for f B, |u(t)|> dx when v is a local Leray solution. Hence, we need to work at the level of a
mollified approximation scheme [loc. cit., (2.24)] (see (3-4) below). Note that in [loc. cit.], the mollified
scheme is used to approximate a solution to the time-periodic Leray equations and the mollification is
time-independent. Undoing the similarity transformation results in a time-dependent mollification of the
drift component of the nonlinear term of the solution in the physical variables (see (3-5) below); this
matches the mollification used in [Chae and Wolf 2018].

Proposition 3.1. Fix A > 1. Assume vy € L3 (R®) is A-DSS and divergence-free, and v is a A-DSS
local Leray solution evolving from vy constructed in [Bradshaw and Tsai 2017a] (in particular, it is

the limit of the mollified approximation scheme (2.24) in that paper) and 1 is its associated pressure.
2
L2(By)’
”v()”Li, so that

Let ag = ||vg| Then, there exist positive T = T (ag, A) and C (g, A) independent of ||vo|| L2, and

T
esssup/ |v(x,t)|2dx—|—/f V| dx dr < C(ag, M), (3-1)
B 0 J B

0<t<T

and

T
/ I (x, )2 dx dt < C(ag, 1. (3-2)
0 JB;
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Moreover, for x € By and t € (0, T), the pressure satisfies the formula

N(x,t)=—%|v|2(x,t)+§im Kij(x = y)vi(y, Hvj(y, 1) dy (3-3)

—YVJyl>8
in L32(B; x (0, T)).

Typically, the best pressure decompositions we have for local Leray solutions depend on a particular
ball containing the spatial point at which the pressure is being computed. The resulting formula consists
of a local Calderén—Zygmund part and a far-field part with a singular kernel that is decaying faster than
the kernel of K. The formula (3-3) does not involve such a decomposition, and, as is evident in the proof,
the integral in (3-3) is defined using the DSS property.

The proof of [Bradshaw and Tsai 2017a] shows that the left sides of (3-1) and (3-2) are bounded
by constants depending on vy, in particular its Li’u([R@)—norm. For this application, we need a bound
depending only on |lvollz2(5,) and A.

Proof. Since v is a solution from [Bradshaw and Tsai 2017a], its image under the similarity transform
(1-9) solves the time-periodic Leray equations and is the limit of a mollified approximation scheme
[loc. cit., (2.24)]. In particular, for each € > 0, there exists a time-periodic solution u. to the problem

(stte — Atte — Jue — 3y - Ve + (e xute) - Vite + Vpe) (v, s) =0, (3-4)

where 7. (y) = (1/€*)n(y/e€) and 5 is in CSO(R3), is nonnegative, and satisfies f n(y)dy = 1. Applying
(1-8)—(1-9) we obtain a A-DSS vector field v satisfying

0rve (X, 1) — Ave(x, 1) + (e ;% Ve) - VVe(x, 1) + Ve (x, 1) = 0. (3-5)

Note the time dependence of the convolution kernel 7, Vi in (3-5).

By the convergence properties of u.(y, s) to u(y, s) = «/tv(x, t) [loc. cit., p. 1108] and discretely
self-similar scaling (to extend the estimates down to ¢ = 0), it follows that for all 7 > 0 and all compact
sets K C R?,

ve — v weakly in L2(0, T; H'(K)),
Ve — v strongly in L2(O, T; LZ(K)),
Ve(s) — v(s) weakly in LQ(K) for all s € [0, T'].

Note also that v.(t) — vg in leoc; i.e., the mollification does not affect the initial data. Furthermore,

because each v, is smooth on R> x (0, co) and right continuous in L120C at r =0, it follows that

ac®) = [ |ve(x,)|?dx
By

and

Ac(1) = sup ae(t)

0<t<t

are continuous as functions of ¢. This is not clearly true for f B, lv(x, 1)|*dx.
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Note that, for any k € Z and g € [1, 00), since ve(x, 1) = A v (R x, A2y,

/ lve(x, D)9 dx = AC~ D% | v (&, A7) |7 di. (3-6)
Bkk B

Our goal is to establish local-in-time a priori bounds for «.(¢) that are independent of €. Note that v,
satisfies the local energy equality; i.e.,

t
/|Ue|2¢(1)dx+2//IVUE|2¢dxds
0

=/|vo|2¢dx+/f|ve|2(as¢+A¢>dxds
0
t t
+ [ [l v -voravas + [ [ voravas o)
0 0

for any nonnegative ¢ € Cgo([R{3 x [0, 00)). Fix x € C*°(R) with x(t) =1ift <1and x(¢t) =0if r > A.
We now fix ¢ in (3-7) as

P(x, 1) = x*(Ix]) - x (0).

We will estimate the terms on the right-hand side of (3-7) for 0 < ¢ < 1, and we can treat ¢ as
t-independent from now on. The first term is bounded by «. For the second, using the scaling properties
(3-6) of v, we have

! ! /22 t
f/|v€|2(8s¢+A¢)dxds§C/ |ve|2dxdsgcx3/ |v€|2dxds§C(A)/ &c(s) ds.
0 0 JB, 0 JB 0
For the cubic term, we begin by using Young’s inequality to obtain
t t t
/ / Vel ((Me g5 % ve) - V) dx ds < C/ lve|® dx ds—{—C/[ |5 % vl dx ds.
0 0 J B, 0 JB;,
Rescaling the unmollified term and making the obvious change of variables results in the estimate
t /22 t
f lve|® dx ds < C(A)/ lve|® dy dt < C(A)/ / lve|Pp>/% dx ds.
0 J B, 0 By 0
For the term involving the mollifier, note that n € C3° and suppn C B, for some p > 0. By taking €
sufficiently small we can ensure that supp 7, 5 C By—1 whenever s < 1. Note A4 (n—1) < Ak for all
k > 0. Thus, for x € B;,

(e s *v)(x. 5)] < / He s e Gx — v, )1 dy

= / NesMve(x =y, )| xp,(x —y)dy

= (neﬁ* (XBRZ |v€|))(x, S)
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whenever € is sufficiently small and s < 1. Therefore, under the same assumptions and after rescaling we
see that, for any 1 < g < o0,
(e g5 % V) ) | a8,y < C@Mve®)llLeB,2) < C@.0. MWve(A ™) [ La(sy). (3-8)

where C is independent of s and €. Note that this estimate is also valid if B, is replaced by B, but with
a different choice of constants, smallness condition on €, and right-hand side determined at time A Cs.
Using standard inequalities and (3-8) with g = 3 thus leads to the estimate

t t
f / Ve >((Me g5 % ve) - V) dx ds < C(n, 1) / / lve¢** dx ds. (3-9)
0 0
By the Gagliardo—Nirenberg inequality and rescaling (3-6), we have, for any s > 0, that
16" v ()l 3 < CIV @ (@20 516" e )5 ()
< CM@()'2 + 10" Vve(9)112)' 2 @e(s)'*.
Hence, for any y > 0,

1620135 < CONY @) + 7@ () + 7102 Vue(5) 1),
Thus,

//|U6|2((ngﬁ*ve)'v¢)dxds
0 . )
=C.,vy, n)/ (&e(s)3+&e(s)l)ds+C(k)y//|Vv€|2¢dxds. (3-10)
0 0

Provided y is small enough, the gradient term can be absorbed into the left-hand side of (3-7).
We next estimate the pressure term. For this we need a formula for the pressure, which we presently
justify. Let we = ve — Vo, where Vo(x, t) = e’®vy. We have
o we — Awe + V. =g, divw, =0,
where g; = —9,G;; with
G = (¢ /7% Ve) @ Ve
= (e g * We + 1 /7 % Vo) @ (we + Vo).

For 0 < t; <t < 00, we have

Vo € C([n, n2]: L*®) N LE(RY)),

we € L%(11, 12 L(R%) N L2 (11, 123 L*(R)) € L (11, 123 L (RY).

By Young’s convolution inequality,

2
||G||L2(z1,t2;L2) 5 ||ﬂeﬁ”Lw(n,zz;Lﬁ/Sle)(Hwe||L4(;1,z2;L3(R3)) + ||V0||L4(R3x[;1,z2])) .

Since g € L%([t1, 1x]; H™'), [Caffarelli et al. 1982, Lemma A.2] implies w. € C([t1, t,]; L?) (after
modification on a set of time of measure zero; since the modified vector field still satisfies the above
system distributionally, this does not effect our argument).
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Consider the following nonstationary Stokes system with forcing g:
oV —-—AV+VP=g, divV =0,

with initial data V) = w, (r;) € L?(R?). It is well known that if g€ L®(11, tp; H~") and V, € L?, then there
exists a unique V € Cy, ([11, 1r]; L*(R*)) N L*([t1, 12]; H'(R?)) and unique V P solving the nonstationary
stokes system given above; see [Bradshaw and Tsai 2017a, p. 1107-1108]. Letting V = w, and P = n,
this implies that w. and V. are unique. Up to a function m,(¢) independent of x,

Te(x, 1) =1, (1) = —%[(neﬁ*ve)-ve](x, t)+(}irr(1) Kij(x=y) (e sixve)i (v, 1) (ve)j (v, 1) dy, (3-11)
Y Jy|>8
where

The right-hand side of (3-11) is defined in L2([t1, t2]; L*(R?)). Since the only appearance of . in (3-5)
is V., we can redefine . to equal w. — m,(¢) and, therefore, can drop 7, (¢) from (3-11).

The pressure 7. given by (3-11) is already bounded in L?([t1, t2]; L*(R?)) for any 0 <t <t <0
but the bound depends on #;, , and €. We now bound it in L32(0, T; L*?(By)). Bounding the first term
from (3-11) is simple given Holder’s inequality, (3-8), and (3-9). In particular, we have for any y > 0

t t t
/0 1410 50 e o2, 5 < COs o) /O (Ge(s) e () ) ds+y fo / VoelPpdxds.

To bound the principal value integral in (3-11), we need to split the integral into local and nonlocal parts

as follows:
lim K (x—=y)(n. zxve) (v, D) ve(y, 1) dy
§—0 ly|>8
= lim K (x=y) (e yi#%v) (v, Ve (v, D) x3,, (¥) dy +/ K(x=y) (e jixve) (v, e (y, 1) dy
§—0 B,2\Bs |y|>A2

= Tnear (X, 1) +7gar (X, 7).

To bound e, note that, by the Calderén—Zygmund theory,
1 7near (s Dl 328,) < 1(Me 7 % v (-, Ve (-, t)||L3/2(BA2)a
and, arguing as above using (3-8) but with B, in place of B, (see the note following (3-8)), it follows that
/Ot 1 near (- )1 52, d5 < CO v m) /Ot(&e<s>3 +ac(s) ) ds +y fO/ |Vvel*¢ dx ds.
Bounding the term ¢, is more complicated. Let

Ay ={x: A< x| < kk}.
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We start with the following pointwise estimate which is valid whenever x € B, :

> 1
. )] sCZ/ 00O DI, Dl dy
k=3 Ak |x_)’|
=1
SC()‘)ZW/ (1o % 0. Dl ey, D] dy
k=3 Ak

o
1 _ -
=CM Y % fA (0, yrmsr % ve) (2, A7) Jve (z, 1A~ 2) | dz
k=3 0
S|
< CO) Y Oz v ) s I0e A~ L2y
k=3
S|
SCO) Y et g ) < COVGD),
k=3
where we have used (3-6), (3-8) and rescaled the solution. Therefore,
t 32 t
fo 12t (- s )52, d5 < C(R) /O e (s)*? ds.
After using Holder’s inequality, (3-9), the bounds above, and o*/?> < « + o for « > 0, it is clear that
t 32 t
/ “776('95)”L3/2(BA) ds+/ /zne(ve'v¢)dde , .
0 0
COuyn [(@or+aehas+y [ [1vupodnas
0 0

Combining the estimates above (and taking y sufficiently small to absorb the gradient terms on the
right-hand side), we obtain

t t
oze(t)—i—f |Vue|? dx ds §ao+C(A,n,y)f (@ (s)> + @ (s))) ds. (3-12)
0 JB; 0
Therefore,

ae(t) <oap+ C/ (@ (s)® + ac(s)) ds. (3-13)
0

By continuity of o (¢), we have
Qe(t) <200 forallr<T, (3-14)

for some 7' > 0. By a continuity argument, we may take 7 = (C (2 + Sa(%))_l.
Letting € — 0 yields

(v, xpv)(@) < ligigf(ve, XB,Ve)2(1) < 20

for all < T. Note that (3-12) gives uniform (in €) control of

T
/ |Vue|? dx dt < C(ag, 1)
0 JB
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for some constant C (¢, A). From [Bradshaw and Tsai 2017a] we have that v, converges weakly to v
in L?(1/k, T; H'(By)) for every k € N. Hence,

T T
/ |Vv|2dxdt§sup/ |Vve | dx dt,
1/k J B e>0J0 J B

and, letting k — oo, it follows that
T
/ |Vv|?dx dt < C(ag, ).
0 JB

Similarly, since . € L32(0, T; L*?(B;)) with uniformly bounded norms, it follows that
e L0, T; L**(By)).

Applying Lemma 2.1 yields the desired pressure representation in L3/(0, T; L3/>(B;)) and concludes
the proof. (|

4. DSS solutions with data in LIZOC(R3)

In this section we prove Theorem 1.2. To do this, we need to approximate DSS data in leoc by divergence-
free DSS vector fields in Li) and also characterize discrete self-similarity on R x (0, co) in terms of a
neighborhood of the origin.

4A. Approximation of DSS data in L?

loc*

Lemma 4.1. Let f € leoc(R3; R?) be a given divergence-free A-DSS vector field for some A > 0. There
exists a sequence of divergence-free »-DSS vector fields ¢® so that p® e L3w (R3) and ||¢p® — £ 2)—>0
as k — oo (By is the ball of radius 1 centered at the origin).

The main difficulty in proving this lemma is that each f® must be divergence-free. We thus need to
use the Bogovski map [1980], which we presently recall.

Lemma 4.2. Let Q2 be a bounded Lipschitz domain in R", 2 <n < oo. There is a linear map ¥V that maps
a scalar f € L1(2) with fQ f=0,1<gq <o0,toavectorfieldv=Vf € W(;’q(Q; R*) and
divv = f, ||U||W0Lq(m <cQ, Pl fllLae-

The map WV is independent of q for f € C2°(R2).
Proof of Lemma 4.1. Let Zy(x) € C*®(R?) satisfy

1, x| > 1,
Zo(x) = {radial, increasing, A~!<|x| <1,
0, lx] <A™l

Note that V- (Zo f) = f - VZo; i.e., Zo f is not divergence-free. We can correct this using Lemma 4.2
with ¢ = 2 for the scalar — f - VZj noting that f is locally square integrable and

f—f-VZodx=O,
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because f is divergence-free. Denote by @ the image of — f - VZ, under a Bogovski mapping with
domain {x : A~! < |x| < 1}. Then, &g Wol’z(Bl \ B,-1) and

V-(Zof +P9)=0
Let Z;(x) = Zo(x/A") and ®; (x) = A~ ®g(A~"x) for all i € Z. It follows that
V. (Zif +®) =0
for all i € Z. Note that supp(Z; — Z;12) = {x : A/ 7! < |x| <A/ T2}. Let
fi=3(Zi— Zizo) f + 3(®; — Dip2).

Then each f; is divergence-free and supported on B,i+2 \ B;:-1. Furthermore,
f=2_ 1
ieZ
where convergence is understood in the pointwise sense for all x = 0. To confirm this note that if x
satisfies A’ < x| < A'T! then x € supp(Z; — Z;») if and only if j € {i —1,i,i + 1}. It follows that

Y (Zj=Zja)(x) =2
jez
On the other hand, supp ®; = {x : /=1 < |x| < A/} and, therefore,
Z(qu(x) =P 2(x) =P 1(x) — P11 (x) =0
jez
It follows that f =), _; fi.

Assume ¢(()k) is a sequence of divergence-free vector fields in C;°(B;2 \ B;-1) so that ¢(()k) — foin
Lz(Bkz \ B,-1). Let ¢i(k) = A‘i¢ék) (x~'x). Then the vector field

k
p® =3 "¢
ieZ
is a divergence-free, A-DSS vector field, and satisfies

10 (x)] < exlx|™!

(where the proportionality constants cj are not uniformly bounded with respect to k). Hence, ¢ € Li).
We finish by arguing that ¢ — f in L?(B;). We know that fB N\B, l(qb(k) f)?dx — 0as k — oo.
Using the definition of ¢ and the fact that f is discretely self—s1m11ar we have, letting A; = B;: \ Byi-1,

that
0" prar=3 [ @V pas

i<0

—3 0 (¢<k> dar=— [ % — rdx
o =1 ),
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In Ao, we have p® — f = 2?272(@(]() — fi). Thus

0 2
k (k —k/2 4k k)
1% = Fllrzcay < Y 167 = fill2cag = D A7 2166” = foll2gay <3168 = foll 2so\8, 1)
i=—2 k=0

which completes the proof. O

4B. DSS solutions in a neighborhood of the origin. In the Introduction we saw that any time-periodic
solution u to (1-10) corresponds to a DSS solution v after the change of variables (1-9). Distributionally,
u is a time-periodic solution to (1-10) if and only if

s'+T
/ (05 /)= (Vu, VH+ (Bu+3y Vu—u-Vu, f))ds =0 (4-1)

holds for all s’ € R and f € Dr, where D7 denotes the collection of all smooth divergence-free vector
fields in R? x R which are time-periodic with period T and whose supports are compact in space. In
[Bradshaw and Tsai 2017a], this definition was used with s” = 0 since the goal was to extend a solution
on [0, T'] to R using periodicity. The same modification can be made here based on the observations that
if u satisfies (4-1) then u can be extended to a time-periodic solution on R and if u is a time-periodic
solution on R then u satisfies (4-1).

Since there is a one-to-one correspondence between time-periodic solutions to (1-10) and DSS solutions,
an equivalent characterization of DSS solutions is obtained by reformulating (4-1) in the physical variables.
For f € Dr let £ (x,t) =t~ f(y,s). Note {r(x, t) = A2¢¢(Ax, A%t). Then, v is A-DSS if and only if

22t
/ ((v, 0:¢¢) — (V, V&) —(v-Vu,85))dT =0 4-2)
t

forall >0and f € Dr, since (4-1) is just (4-2) in similarity variables. Note that (v, £ )|,—2; = (v, {f)l=:-
It follows that, if v is a solution to (1-1) that satisfies (4-2) for = 1, then v|,¢[; ;27 can be extended to a
A-DSS solution for all positive times.

Fix k € Z and let Q; = B;x(0) x (0, A%*). Our goal is to give a third characterization of discrete
self-similarity on Q. Let f € Dy be given and ¢y be as above. Let R be large enough so that, for all
t €[1, A%], the support of ¢¢(¢) is a subset of Bg(0) and choose m =m(f) € Z so that R/A" < Ak and
AZ72m < )2k Tt follows that

Brpn (0) x [A 72", 2272"] C Q.

Extend ¢ to all # > O using the following scaling: for (x, 1) € R3 x (0, 00), let
Crx, 1) =A% g (W x, 2%),

where i is chosen so that A%t € [1, A?]. Since ¢ flr3x[1.22] 18 compactly supported in space, its spatial
support shrinks as # — 0T, In particular, for € [A\72", A>~"], we have supp {s C Q. Form € Z, let

Dy, ={¢ € CP(R*x(0,00)) : SUpp |,y y2-207 C O
and V(x,1) € [R{3><(0, 00),3 f € Dy such that ¢ (x,1) =Cr(x,1)}. (4-3)
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It is easy to see that

U ng =Dr.
meZ
Rescaling (4-2) gives
)\2—2111
AZW (v, 3:¢5) — (Vv, Viy) — (v-V, ) di’ =0, (4-4)

where t' = £/)A?" and the inner products are taken with respect to the rescaled spatial variable x’ = x /A"
In particular, the integral is computed over a subset of Q and is identical to the same integral with ¢
replaced by ¢ for some ¢ ng. Thus, if v is a solution to (1-1), and ¢ € ng for some m € Z, then (4-2)
is satisfied if and only if (4-4) is satisfied for the f € Dy for which ¢y = ¢. This leads to the following
extendability property: if v is a solution to (1-1) on Qj and satisfies (4-4) for every m € Z and ¢ € ng’
then v can be extended to a discretely self-similar solution on R3 x (0, 00); in other words, if a solution
is DSS in a neighborhood of the origin, then it can be extended to a DSS solution on R x (0, 00).

4C. Construction of DSS solutions.

2
loc

{vék)} be the sequence of vector fields {¢®} from Lemma 4.1 applied to vo. Then, the values ||v(()k) 228y
are uniformly bounded and ||v(()k) — vollz2p,) —> 0 as k — oo. Since v(()k) € L3 and is A-DSS, by

Proof of Theorem 1.2. Fix A > 1 and assume vy € L; 1is a divergence-free A-DSS vector field. Let

[Bradshaw and Tsai 2017a] there exists a A-DSS local Leray solution v to (1-1) and an associated
pressure i having initial data v(()k) for every k € N. By Proposition 3.1, v; are uniformly bounded in
L>(0, T; L*(B))NL?(0, T; H'(By)) (hence also in L'%3(0, T'; L'°3(By))) for some T which depends
only on A and ||v(()k) llL2(B,)- As usual, see [Bradshaw and Tsai 2017a; Kikuchi and Seregin 2007; Lemarié-
Rieusset 2016], there exists a distribution v and a subsequence of {v;} (still indexed by k for simplicity)
so that v; converges to v in the weak star topology on L>(0, T; L>(B;)), in the weak topology on
L?(0, T; H'(By)), and in L2(0, T; L*>(By)). Since they are uniformly bounded in L'%/3(0, T; L'93(By)),
they also converge in L9(0, T'; L9(By)) for any g < ?. By the pressure estimate (3-2) in Proposition 3.1,
7y are uniformly bounded in L372(0, T; L*?(By)) by C(A, llvollz2¢p,)) and, therefore, we may extract a
subsequence which converges weakly to a distribution 7 € L32(0, T; L3/%(By)).

Fix k € Z so that A < 1 and A% < T. Then, Q, = By« x (0, %) C By x (0, T). Therefore vy satisfies
(1-1) on Q, and satisfies (4-4) for every m € Z and ¢ € DZK. Thus, v can be extended to a DSS solution
on R? x (0, o) (which we still denote by v).

For compact subsets K of By, we automatically have lim, o+ |[v— vl 12(x) = 0. For a general compact
subset K of R3, we have K’ = A" K C B; for some m € Z, and

/ lw(x, 1) —vo(xX) 2 dx =27 | o', A2"1) — vo(x")|> dx’.

K K’

It follows that lim, _, o+ [|v(#) — voll .2(k) = O for every compact set K C R3. A similar rescaling argument
also implies that v e L>®(0, T'; L2(K))NL?(0, T'; H'(K)) and w € L¥?(0, T’; L*/*(K)) for any T” > 0
and compact subset K of R>,
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To confirm that v satisfies the local energy inequality, first note that each vy satisfies the local energy
inequality

/lvk(t)|2¢dx+2/ |V 2¢ dx dt

5/|vék)|2¢dx+//|vk|2(8t¢+A¢)dxdt+/ (vel? + 270 (g - V) dx dt

for all nonnegative ¢ € C;° (R3 x Ri). Furthermore, the right-hand sides of the energy inequality for
v® converge to the right-hand side of the energy inequality for v as k — oo, while the left-hand sides
are lower semicontinuous; see [Caffarelli et al. 1982, (A.51)]. The local energy inequality for v plainly
follows.

Finally, note that 7y satisfies the formula (3-3). Applying Lemma 2.1 to the sequence and limit above
implies that  satisfies the desired pressure formula in L32(0, T; L3*(B))). Rescaling establishes the
formula in L;/?(R? x (0, 00)). m
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CONTINUITY PROPERTIES FOR DIVERGENCE FORM
BOUNDARY DATA HOMOGENIZATION PROBLEMS

WILLIAM M. FELDMAN AND YUMING PAUL ZHANG

We study the asymptotic behavior at rational directions of the effective boundary condition in periodic
homogenization of oscillating Dirichlet data. We establish a characterization for the directional limits
at a rational direction in terms of a relatively simple two-dimensional boundary layer problem for the
homogenized operator. Using this characterization we show continuity of the effective boundary condition
for divergence form linear systems, and for divergence form nonlinear equations we give an example of
discontinuity.

1. Introduction

In this work we will study the following type of boundary layer problem in dimension d > 2:
{—V-a(y,Vv,s,) =0 inPS={y-n>s},

(I-1)
v (¥) =o(») on dP,.

Here n € S91 is a unit vector, s € R, ¢ is continuous and 74 periodic, the operator « is also 74 periodic
in y and will satisfy a uniform ellipticity assumption. This work will consider both nonlinear scalar
equations and linear systems, so, for now, we do not specify the assumptions on ¢ any further.

The boundary layer limit of the system (1-1) is defined by

ox(n,s) = Rlim va(Rn + y) if the limit exists and is independent of y € dP;.
—00

If, additionally, the boundary layer limit is independent of s then we say that the cell equation (1-1)
homogenizes. Typically ¢4 is independent of s for irrational directions # and we write ¢ (7), while for
rational directions 7 € RZ4 the limits above exist but depend on s.

The focus of this article is on the limiting behavior of ¢« at rational directions. As a consequence
of this study we will be able to establish continuity or discontinuity of ¢4 on S d=1 We will see that
continuity of ¢y is intrinsically linked with linearity of the operator a(x, p). In the case of a linear system
we show continuity of ¢, while in the case of nonlinear scalar equations we give an example where @,
is discontinuous; this indicates generic discontinuity for nonlinear equations.

The main result established in this paper is that the directional limits of ¢4 at a rational direction
are determined by a “second cell problem”, which is a boundary layer problem for the homogenized
operator «°. From this asymptotic formula it becomes relatively straightforward to address questions of

MSC2010: 35B27, 35157, 35J60.
Keywords: homogenization, boundary layers, oscillating boundary data, nonlinear elliptic equations, elliptic systems.
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continuity or discontinuity of ¢y at rational directions. Let us take £ € Z9 \ {0} to be an irreducible lattice
vector and £ to be the corresponding rational unit vector in the same direction. Then the cell equation
(1-1) solution vg exists for each s € R and has a boundary layer limit,

px(€.5):= lim vi(RE).

but that limit typically is not independent of the translation s applied to the half-space domain Pg. We will
see that @« (&, 5) is a 1/|&|-periodic function on R. Now suppose that we have a sequence of directions
ny — & such that

& —ny
1€ —ng|

Call n the approach direction of the sequence 7y to £. We will show that the limit of ¢« (nz) is determined

— 1, where 7 is a unit vector with L &.

by the following boundary layer problem. Call Pg = Pgo = {x-& > 0} and define

{ a ( wé‘,n) n & and L(S, 7]): lim wg,:’n(RE) (1'2)
Wen = @x(&,x-1)  ondPg R—o0
Then it holds
lim @u(ni) = L(E.7). -3)
k—o00

We will see below that L(£,7) is continuous in 7 € S4~!. Thus the directional limits of ¢ at & are
determined by the boundary layer limit of a half-space problem for the homogenized operator. This limit
structure was first observed in [Choi and Kim 2014] and developed further by the first author and Kim
[Feldman and Kim 2017]; both papers studied nondivergence form and possibly nonlinear equations. We
will explain in this paper how the second cell problem follows purely from qualitative features which are
shared by a wide class of elliptic equations, including divergence form linear systems, and both divergence
and nondivergence form nonlinear equations. We are somewhat vague about the hypotheses, which will
be explained in detail in Sections 3 and 4.

Once we have established (1-3), the question of qualitative continuity/discontinuity of ¢ is reduced
to a much simpler problem. For linear equations the homogenized operator ¢° is linear and translation-
invariant and so a straightforward argument, for example by the Riesz representation theorem, shows
that

1/1€]
L) = Jim e, (RO =] [ putes)ds:

i.e., it is the average over a period of ¢« (£, -). Evidently this does not depend on the approach direction 7.
Thus qualitative continuity of ¢, for linear problems follows easily once we establish (1-3).

In the case of nonlinear equations the formula (1-3) allows us to construct examples where discontinuities
do occur; see Theorem 1.3 below. Our conjecture is that discontinuities are generic for the class of
quasilinear equations we consider. Note that when @ is not continuous at £, the asymptotic formula (1-3)
still contains interesting information; it explains the structure of the discontinuity. In particular, the blow
up of ¢4 at a discontinuity is 0-homogeneous and continuous away from the origin.
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Before we state our main theorems we give a brief explanation about where (1-1) arises and why one
should be interested in the continuity/discontinuity of ¢«. Let 2 C R4 be a bounded domain and consider
the homogenization problem with oscillating Dirichlet boundary data,

{—v- (a(£.Vu®)) =0 inQ,

ut(x) =g(x, %) on 0€2, (1-4)

where & > 0 is a small parameter, g(x, y) is continuous in x, y and 74 periodic in y. This system
is natural to consider in its own right, but also it arises naturally in the study of homogenization with
nonoscillatory Dirichlet data when one studies the higher-order terms in the asymptotic expansion; see
[Gérard-Varet and Masmoudi 2012] where this is explained.

The interest in studying (1-4) is the asymptotic behavior of the u® solutions as € — 0. This problem
has been studied recently by a number of authors starting with [Gérard-Varet and Masmoudi 2011; 2012]
and followed by [Aleksanyan, Shahgholian, and Sj6lin 2015; Aleksanyan 2017; Choi and Kim 2014;
Feldman and Kim 2017; Feldman 2014; Prange 2013; Zhang 2017; Armstrong, Kuusi, Mourrat, and
Prange 2017; Guillen and Schwab 2016]. Tt has been established that solutions u® converge, at least in
L?(R2), to some ©° which is a unique solution to

{—V (@ (Vu®) =0 inQ,

u®(x) = ¢%(x) on 0€2, (1-5)

where a° and ¢°(x) are called respectively the homogenized operator and homogenized boundary data.
The identification of the homogenized operator a° is a classical topic. The homogenized boundary ¢° is
determined by the boundary layer equation (1-1),

¢%(x) = @«(nx), when ny is the inward unit normal to € and ¢(y) = g(x, y).

That is, (1-1) can be viewed as a kind of cell problem associated with the homogenization of (1-4). At
least for linear equations this definition makes sense as long as the set of boundary points of €2 where
(1-1) does not homogenize, i.e., those with rational normal, has zero harmonic measure. The convergence
of u® to u® has been established rigorously for linear systems by Gérard-Varet and Masmoudi [2012],
and further investigations have yielded optimal rates of convergence; see [Armstrong, Kuusi, Mourrat,
and Prange 2017; Shen and Zhuge 2018]. For nonlinear divergence form equations, to our knowledge,
the problem has not been studied yet. This is the source of our interest in the fine properties of @x:
quantitative continuity estimates for ¢, lead to quantitative continuity estimates for #° and u?, and are
used to establish rates of convergence u® — u®. Meanwhile, characterizing the type of discontinuities
of ¢4, when they are present, leads to understanding the qualitative features of u® and u°.

Now we return to state our main results. The first is the validity of the “second cell problem” formula
(1-3) for the directional limits of ¢x.

Theorem 1.1. The limit characterization (1-3) holds for divergence form linear systems and nonlinear
equations satisfying a uniform ellipticity condition. The 0-homogeneous profile L(€,n) at direction
£ € 79\ {0} is continuous in n € S,
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Our arguments to derive (1-3) can be quantified to obtain a modulus of continuity, which we make
explicit below, however so far we cannot push the method to obtain the optimal modulus of continuity. In
a very nice recent work Shen and Zhuge [2017] obtain an almost Lipschitz modulus of continuity by a
different method; we will compare their approach with ours below.

Theorem 1.2. For elliptic linear systems, d > 2, forany 0 < a < % there is a constant C > 1 depending
on a as well as universal parameters associated with the system (see Section 3) such that, for any ny,n,
irrational,

o« (n1) = @x(n2)| = Cllgllcslny —nal®.

We note that in the course of proving Theorem 1.2 we actually show Holder regularity for every 0 <o < 1
at each lattice direction & € Z4 \ {0}; the modulus of continuity however depends on the rational direction
and degenerates as |£| — oo. This is why we only end up with (almost) Hélder—% continuity in the end.

For nonlinear problems our conjecture is that ¢, is discontinuous at rational directions, at least for
generic boundary data and operators. A result of this kind was established for nondivergence form
equations in [Feldman and Kim 2017]. In the divergence form nonlinear case we have constructed an
explicit example showing that discontinuity is possible.

Theorem 1.3. For d > 3 there exist smooth boundary data ¢ and uniformly elliptic, positively 1-
homogeneous, nonlinear operators a(x, p) such that g« is discontinuous at some rational direction.

We compare with [Shen and Zhuge 2017], which studies continuity properties of ¢4 for linear divergence
form systems. They show, in the linear systems case, that ¢y is in W17 for every p < oo. They establish
Lipschitz estimates on the Diophantine directions which only grow subpolynomially in the Diophantine
parameter, and thereby obtain the W !:? estimates and extend continuously to the rational directions. As
can be seen, for example, by Theorem 1.3, this type of result would not be possible for quasilinear elliptic
equations. Our approach is to compute the directional limits at each rational direction via the second cell
problem formula (1-3). Although this method does not yet yield an optimal quantitative estimate, it applies
to both linear and nonlinear equations including both divergence form, as established here, and nondiver-
gence form, as in [Feldman and Kim 2017]. We establish (suboptimal) quantitative continuity for linear
systems, and also we can classify the types of discontinuities which are present in the nonlinear setting.

Finally we compare with the work of the first author and Kim [Feldman and Kim 2017] in the nondiver-
gence form case. As we try to emphasize in Section 2, the broad outline of the arguments for Theorems 1.1
and 1.2 are the same in divergence and nondivergence form. However, at the level of the proofs there are
many technical differences; we will try to highlight the most interesting throughout the paper. The idea,
from [Feldman and Kim 2017], for the construction of nonlinear operators with discontinuous ¢« does not
work at all in the divergence form setting. We needed a completely different construction for Theorem 1.3.

Generally speaking, for linear systems we need to replace arguments with maximum principle by
large-scale estimates on the Poisson kernel in half-spaces and cone-type domains. These estimates come
from [Avellaneda and Lin 1991] or are adapted from the arguments there. For nonlinear equations we do
have a maximum principle, but many new arguments need to be developed since, as far as we are aware,
this is the first paper on the boundary layer problem for quasilinear divergence form equations.
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1A. Notation. We go over some of the notation and terminology used in the paper. We will refer to
constants which depend only on the dimension or fundamental parameters associated with the operator
a(x, p) (to be made specific below), e.g., ellipticity ratio or smoothness norm, as universal constants.
We will write C or ¢ for universal constants which may change from line to line. Given some quantities
A, B we write A < B if A < CB for a universal constant C. If the constants depend on an additional
nonuniversal parameter @ we may write A <y B.

We will use various standard L? and Holder C%® norms. For Holder seminorms, which omit the
zeroth-order sup norm term, we write [ f|c-x.«. Given a measurable set £ C R? we will also use the
L1 < (E) norm, which is defined by

1 1/1’
1 f 1L =(—/ Ifl") .
Lavg(E) |E| E

The oscillation is a convenient quantity for us since the solution property for the equations we consider
is preserved under addition of constant functions. This is usually defined for a scalar-valued function
u:E—Ronaset ECR? as oscgu = sup g u—infg u. We use a slightly different definition which
also makes sense for vector-valued u : E — RN ,

oscu = inf{r > 0 : there exists u¢ € R such that ||u —ugllLoE) = %r}
E

2. Explanation of the limit structure at rational directions

We give a high-level description of the asymptotics of the boundary layer limit at rational directions. What
we would like to emphasize throughout this description is that the argument is basically geometric, and
has to do with the way that d P, intersects the unit periodicity cell in the asymptotic limit as # approaches
a rational direction. This calculation relies only on certain qualitative features of Dirichlet problems
for elliptic equations which are true both for divergence and nondivergence form both linear (including
systems) and nonlinear. To emphasize the level of abstraction we will write the boundary layer problem
in the form

{F[vn,x]zO in P, :={x-n>0}, (2-1)

Uy =¢@ on dPy.

Always F and ¢ will share 74 periodicity in the x-variable. In order to carry out the heuristic argument
we will need the following properties of the class of equations/systems. We emphasize that the following
properties are not stated very precisely, they are merely meant to be illustrative:

(i) (homogenization) There is an elliptic operator F° in the same class such that if  is a sequence of
solutions of F[u®, %] = 0 in a domain  converging to some u° then F[u°] =0 in Q.

(ii) (continuity with respect to boundary data in L°°) There exists C > 0 so thatif n € S d-1 and Uy, Uy

are bounded solutions of (2-1) with respective boundary data ¢; and ¢, then

sup |uy —uz| < Csup o —@a].
P, P,
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(iii) (large-scale interior and boundary regularity estimates) There is & € (0, 1) such that for any r > 0 if
Flu,x]=0in B, N Py, where B, is some ball of radius r,

[ulca(B, 0P,y ST™% o0sc u+[glce(B,nap,)-
B/NP,

The heuristic outline below applies to a wide class of elliptic equations; already the arguments were
carried out rigorously for nondivergence nonlinear equations by Choi and Kim [2014] and the first author
and Kim [Feldman and Kim 2017] and similar ideas were used for parabolic equations in moving domains
by the second author in [Zhang 2017]. Here we will be studying divergence form equations, linear systems
and nonlinear scalar equations.

To begin we need to understand the boundary layer limit at a rational direction. Let & € Z4 \ {0} and
consider the solution vg (x) of,

§ (2-2)

{F[vg,x]zo in P} ={x-n> s},
vgzgo onan.

Translating the half-space, by changing s, changes the part of the data ¢ seen by the boundary condition.
Thus the boundary layer limit of vg can depend on the parameter s; we define

px(E.5) = lim vi(RE).

As will become clear, this particular parametrization of the boundary layer limits is naturally associated
with the asymptotic structure of the boundary layer limits for directions # near £.

The next step is to understand the geometry near &. Letn € S d=1 pe a direction near & and vy, be the
corresponding half-space solution. We can write,

n = (cos e)é — (sing)n for some small angle ¢ and a unit vector L &.

We obtain an asymptotic for v, at an intermediate length scale.

Let x € 9Py, then the hyperplanes 0P, and BPSX * are close in a large neighborhood, any scale 0(%),
of x. By using the local up-to-the-boundary regularity we see that v, and vg, with s = x - &, are close on
the boundary of their common domain, at least in this 0(%) neighborhood of x. Now vg has a boundary
layer limit ¢« (&, ), and the length scale |£| associated with the boundary layer depends on &, but not
on ¢. Thus for £ small and |§| € R K %

Un(x + Rn) = @u (€, x - £) + 05(1) = gs (€, tan e(x - 1)) + 0g(1).

Here 0.(1) depends only on |&], ¢, and universal parameters of the problem. This is one of the main
places where we use the large-scale boundary regularity estimates, property (iii) above. Thus, moving
into the domain by Rn and rescaling to the scale 1/tane, i.e., letting w®(x) ~ v, ((x + Rn)/tane¢), we
find that the boundary layer limit is well approximated by the boundary layer limit of

{F[we,x/tan8]=0 in P, (2-3)

wé = e«(&,x-1n) on 9P
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in the limit as ¢ — 0. Now taking the limit as ¢ — 0 of in (2-3) we find the “second cell problem”
FOlwg n] =0 in Pg,
{wgy,7 =@«(§,x-n) ondP:.
Thus we characterize the directional limits at the rational direction £ as the boundary layer limits of the

(2-4)

associated second cell problem
E—n
lim @x(ng) = lim wg,(RE) if é’i k n.
koo R=oo & — i
With this characterization the gualitative continuity and discontinuity of @, can be investigated solely by
studying (2-4).
In the following, Sections 3 and 4, we will explain background regularity results for linear systems

and nonlinear divergence form equations and the well-posedness of Dirichlet problems in half-spaces. In
particular we will prove that properties we used in the heuristic arguments above do hold for the type
of equations/systems we consider. In Section 5 we will go into more detail about the boundary layer
equation (1-1) in rational and irrational half-spaces. In Section 6 we will make rigorous the above outline
obtaining intermediate-scale asymptotics which lead to the second cell equation (2-4). In Section 7 we
show how to derive continuity of ¢, from the second cell problem for linear problems, and in Section 8
we show how nonlinearity can cause discontinuity of @y.

3. Linear systems background results

In this section we will recall some results about divergence form linear systems. Let €2 be a domain of
R4 and N > 1; we consider solutions of the elliptic linear system

—V-(A(x)Vu) =0 in Q,

where u € H'(2; RV) is at least a weak solution. Here we use the notation 4 = (A?‘jﬂ (x)) forl <a, B <d
and 1 <i, j < N defined for x € [R{d, where we mean, using the summation convention,

(V- (AC) V)i = D, (AFF ()0, u5).

We assume that A4 satisfies the following hypotheses:

(i) Periodicity:

A(x+z)=A(x) forallx eR? zez?. (3-1)
(ii) Ellipticity: for some A > 0 and all £ € RZ*N,
rELEL < ATPele] <glgl. (3-2)
(iii) Regularity: for some M > 0,
[A4llcsway = M. (3-3)

We remark that the regularity on A is far more than is necessary for most of the results below. When we
say that C is a universal constant below we mean that it depends only on the parameters, d, N, A, M.
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3A. Integral representation. Consider the following boundary layer problem, which will be the main
object of our study:

{—V-(A(x)Vu) =V-f+g inPy, (3-4)

u(x) = @(x) on dPy,
for f, g smooth vector-valued functions with compact support and ¢ continuous and bounded. A solution
is given by the Green’s function formula

u(x) = /P VG(x.y) f()dy + / G(x. y)g()dy + [ P(x. )o(y) dy.

n n

Here G, P are the Green matrix and Poisson kernel corresponding to our operator. For y € P,, G solves

{—Vx (A(X)VxG(x.y)) =8(x —y)Iy in Py,

3-5
G(x,»)=0 on 0P, (5-5)

and the Poisson kernel is given, for x € P, and y € 0Py, by

P(x,y) = —n- (A" (»)V,G(x, y)),
that is,
Pij(x,y) = —na ARY ()3, Gy (x, ).

Following from [Avellaneda and Lin 1991], and exactly stated in [Gérard-Varet and Masmoudi 2012,
Proposition 5], G and P satisfy the same bounds as for a constant coefficient operator:

Theorem 3.1. Call §(y) := dist(y, dPy). Forall x # y in P,, one has

C
|G(X,y)|§m ford > 3,
|G(x, )| = C(|log |x — pl| + 1) ford =2,
|G(x,y)| = M forall d,
X=)y
C
[VxG(x, p)| < W forall d,
5(y) 8(x)8(y)
[VxG(x, y)| SC( foralld.
i =17 =yl

For all x € P, and y € 0Py, one has
Cé(x)
x —y|d’

|VP(x,y)|§C( L W )

|x—yl4  |x—yldt!

| P(x, )| <

Although it is not precisely stated there, the methods of [Avellaneda and Lin 1991] also can achieve
the same bounds for the Green’s function and Poisson kernel associated with the operator —V - (A(x)V)
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in the strip-type domains
I1,(0,R):=4{0<x-n <R},

with constants independent of R. This will be useful later.
From the Poisson kernel bounds we can derive the L °° estimate which replaces the maximum principle
for linear systems.

Lemma 3.2. Suppose that uq,u, are bounded solutions of (3-4) with respective boundary data @1, ¢
and zero right-hand side. Then,

S;IP luy —uz| < Cllor —@2llL=@p,)-
where C is a universal constant. The same holds for solutions in I1,(0, R).
For the solutions given by the Poisson kernel representation formula, the result of Lemma 3.2 follows
from a standard calculation using Theorem 3.1. There is some subtlety in showing uniqueness; see
[Gérard-Varet and Masmoudi 2012, Section 2.2] for a proof.

3B. Large-scale boundary regularity. In this section we consider the large-scale boundary regularity
used in the heuristic argument of Section 2 for linear elliptic systems. We will need a boundary regularity
result [Avellaneda and Lin 1987, Theorem 1]. For the following we assume €2 is some domain with
0 € 092 and that u?® solves

—V-(A(%)Vua)zo in Q N B, and u®=g ondQN Bj.

Lemma 3.3. For every 0 < o < 1 there is a constant C depending on o and universal quantities such
that, if @ ={xz >0}N By =: BIF,

¥lca sty = CUIVElL(xa=03n B + 14" = 8Ol L25)-
and for every v > 0
IVl oo g,y = CUVE o (xy=0inBy) + 117 =8O 2 (p+)-

We need the Holder regularity result in cone-type domains which are the intersection of two half-spaces
with normal directions n,n, very close to each other. We will consider the more general class of
domains €2 which are a Lipschitz graph over R~ with small Lipschitz constant. In particular we assume
that there is an / : R?~! — R Lipschitz with f(0) = 0 such that

QN B ={(x",xg) :xy > f(x')} N By.

Lemma 3.4. Forevery 0 < a < 1 there is a §(a) > 0 universal such that, if Q as above with |V f ||co <8,
then
[u¥]ce@nB,,2) = CUIVEIL~@ans,) + [u° =gl L2@nB,))-

The proof is by compactness; we postpone it to Appendix A.
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3C. Poisson kernel in half-space intersection. From the regularity estimates of the previous subsection
we can derive estimates on the Poisson kernel in the intersection of nearby half-space domains. Consider
two unit vectors ny,n, with [ny —ny| ~ & small. For simplicity we suppose that

nj = (cose)ey + (—1)’ (sin)e;.
Set
K == Pnl ﬂ Pnz.

Define Gk (x, y) to be the Green’s matrix. Although the domain is Lipschitz, G still satisfies the bound
(via [Avellaneda and Lin 1987]), in d > 3,

Gg(x, )| S —————.
We set Pg(x, y), for x € K and y € K, to be the Poisson kernel for K, which is well-defined as long as
y1 # 0. Call §(x) = dist(x, dK).

Lemma 3.5. For any o € (0, 1) and ¢ sufficiently small depending on o and universal quantities,

§(x)*
|x_y|d—1+a
|PK(X,)/)|§05 1 S(X)a

|y1| |x_y|d—2+a

for |y1l= 3|x —yl,
for |y1] < 1x—yl.

The proof is postponed to Appendix A; we show how the estimates are used. Suppose ¥ : IK — RN
satisfies

¥ (x)] = min{|x; [, 1}.
We consider the Poisson kernel solution of the Dirichlet problem,
ue) = [ PeCe ) dy

In particular we are interested in the continuity at 0; we only consider really x = te; for some ¢ > 0 (or
X =tny or tny but this is basically the same) so we restrict to that case. Now for y € 0K, |x —y|~¢+|y|
and so |x — y| Z |y1]| and the first bound in Lemma 3.5 implies the second. Thus we can compute

Z(X

1 .
u(teq)| SAKWWHHH{U’HJ}QI)’
</ s i {1 1 }d
<| —————minyl,— ¢ dy
ok (1 +|yhd—2+e |31l

<// i {1 ! } a d-d
< miny 1, zdy;.
R JRd—2 il (¢ + |y1]| + |z[)4 -2+

Computing the inner integrals, we have

1 1 1
dz = / dw < .
/Rd—z (t + 1]+ |z)4=2+e (t + |31 Jra—2 (1 + Jw[)d =2+« (t+ [y )*
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Then

1 t*
lu(teg)| < / min{l,—}—dy1 <t* fort<I.
R yil) @+ 1yiD*

We state the result of a slight generalization of this calculation as a lemma.

Lemma 3.6. Suppose that K = Py, N Py,, a € (0,1) and & = |ny — ny| is sufficiently small so that the
estimates of Lemma 3.5 hold, ¥ : 0K — R smooth and satisfies the bound

¥ ()] = min{8?|x - (01 —n2)IP. 1}
for some § > 0 and 1 > B > «, Then for any bounded solution u of

—V-(A(x)Vu) =0 in K withu = on 0K,
it holds

lu(teg)| < 8%*  fort < é

There is an additional subtlety which is the uniqueness of the bounded solution of the Dirichlet problem
in K; the argument is the same as in the half-space case; see [Gérard-Varet and Masmoudi 2012]. To derive
Lemma 3.6 from the previous calculation just do a rescaling to u(g); the domain K is scaling-invariant
and the Poisson kernel associated with A(g) satisfies the same bounds as for 4.

4. Nonlinear equations background results

In this section we consider the boundary layer problem for nonlinear operators. To explain the assumptions
we write out the problem in a general domain

{—V-a(%, Vug) =0 inQ,

uf(x) = g(x, %) on 2. ¢

This type of equation would arise as the Euler—Lagrange equation of a variational problem,

minimize E(u) = / F(% Vu) dx over u € Hy(Q)+ g(- , E)
Q

A natural uniform ellipticity assumption on the functional F'is
F is convex with 1 = D*F > > 0.

Then a = DF is 1-Lipschitz continuous in p and has the monotonicity property

(a(x, p)—a(x,q))-(p—q) = Ap—q* forall p,q e R?.

Now we consider how to determine the effective boundary conditions for the homogenization equation

(4-1). We zoom in at a boundary point xo € €2 defining
—Vea(y+2,1vee) =0 in 1(Q—x).

v8(y) = u®(xg +&y), which solves {
vi(y) = g(Xo +ey,y+ %) on %8(9 — Xp).
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Now in order to have a unique equation in the limit ¢ — 0 the following limit needs to exist:
ax(y, p) = lim ta(y, 17" p).
t—0
Note that, if said limit exists, it is always 1-homogeneous in p,
ax(y, p) = lim ta(y, A71)7! p) = hax(y, p).

In other words we need a to be 1-homogeneous in p at co; then the operator ay is this limiting homogeneous
profile of a at xy.
The above discussion motivates our assumption on the operators we study in the half-space problem:

(i) Periodicity:
a(x+z,p)=a(x,p) for allxele,ZEZd,peRd. (4-2)
(ii) Ellipticity: for some A > 0 and all p,q € R4

(a(x,p)—a(x.q)-(p—q) = Alp—ql* and |a(Cx,p—a(x.q)| <|p—ql. (4-3)

(iii) Positive homogeneity: for all x, p and ¢ > 0,

a(x,tp) =ta(x, p). (4-4)

For convenience will also assume a(x, p) is C'! in x so that, by the De Giorgi regularity theorem, solutions
are locally C 1 for some universal a > 0.

4A. Regularity estimates for nonlinear equations. In this section we explain the regularity estimates
which we use to obtain (1) existence of boundary layer limits and (2) the characterization of limits at
rational directions. For both results we need the De Giorgi estimates respectively for the interior and
boundary. As is the usual approach for regularity of nonlinear equations, we can reduce to considering
actually the regularity of linear equations but with only bounded measurable coefficients.

For what follows we will take 4 : R — M, dxd to be measurable and elliptic,

A< A(x) <1

Recall that results for bounded measurable coefficients imply results for solutions of nonlinear uniformly
elliptic equations and for the difference of two solutions. If u,u, € le)c(Q) solve

—V.a(x,Vuj)=0 inQ

then w = u{ — u, solves

1
—V-(Ax)Vw) =0 in Q with A(x)= / Dpa(x,sVuy + (1 —5)Vuy)ds, (4-5)
0

and one can easily check that A < A(x) < 1.
We remind that, despite the overlap of notation, the results in this section apply to solutions of scalar
equations not systems.
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Theorem 4.1 (De Giorgi—Nash—-Moser). There is an a € (0, 1) and C > 0 depending on d, A so that if u
solves
—V-(A(x)Vu) =0 in B,
then,
[ulce(By/») = C inf u—cllL2(p))-

A similar result holds up to the boundary for regular domains. We say that €2 is a regular domain of
R if there are ro, u > 0 so that for every x € 02 and every 0 < r < ryg,

1€ N B, (x)| = u|By|.

Lemma 4.2. Suppose that Q2 is a regular domain, rg > 1 and 0 € 0, and ¢ € C B There is an

ao(d, A, ) € (0,1) such that for 0 < a < min{ayg, B} there is C(d, A, i, ) > 0 so that if u solves
—V-(Ax)Vu) =0 in BN, withu= ¢ on o2,

then for every r <1,
oscu =< C(lglcsp,) + inf lu—cllL2cs,))r.

r

The proof is postponed to Appendix A. We make a remark on the optimality of this estimate. Using
these results one can show local C 1 estimates for solutions of nonlinear uniformly elliptic equations.
Large-scale C»% estimates are not possible due to the x-dependence, but in the spirit of [Avellaneda and
Lin 1991] one can prove large-scale Lipschitz estimates; this was done in [Moser and Struwe 1992]. See
also [Armstrong and Smart 2016] for the stochastic case. These estimates however are for solutions, we
seem to require the result of Lemma 4.2 for differences of solutions (i.e., basically it is a C* estimate of a
derivative). It is not clear, therefore, whether we can do better than Lemma 4.2.

4B. Half-space problem. We consider the basic well-posedness results for nonlinear problems set in
half-spaces. Consider

{_V.a(X,Vu) =0 in Pn, (4—6)

Then the maximum principle holds.

Lemma 4.3. Suppose u and u, are respectively bounded subsolutions and supersolutions of (4-6) with
boundary data ¢1 < @5 on dPy; then,

The result follows from Lemma 4.2 or, more precisely, its proof. The proof is postponed to Appendix A.

4C. Homogenization of nonoscillatory Dirichlet problem. In this section we recall quantitative homog-
enization results for nonlinear divergence form problems in bounded domains with regular Dirichlet
boundary condition. We will refer mainly to [Armstrong and Smart 2016]; they considered the stochastic
case but their arguments also apply to the periodic case. The problem has also been studied in [Cardone,
Pastukhova, and Zhikov 2005; Pastukhova 2008].
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More precisely we study the limit
{—v-a(f,vm):o in Q, . {—v-ao(vu°)=o in Q,

ué(x) = g(x) on 092 u®(x) = g(x) on 092, “-7)

where the boundary data g is a trace of g € W 7 (Q) for some p > 2. The following result is a combination
of Proposition 4.1 and Corollary 4.2 in [Armstrong and Smart 2016] adapted to the periodic setting.

Theorem 4.4 [Armstrong and Smart 2016]. Let Q@ € R? be a bounded Lipschitz domain and p > 2.
Fixe e (0,1] and let u®,u® € g + HO1 (R2) satisfying (4-7). There exist constants C(d, A, p, 2) = 1 and
B(d, X\, p) € (0, 1] such that
g_ .0 B
lu” =u"lrz2 @) = Ce”IVelLe, @)

By interpolating the L?* estimate with the interior and boundary regularity, Theorem 4.1 and Lemma 4.2,
there exist constants C'(d, ), ) > 1 and B'(d, A) € (0, 1] such that

sup u® —u®| < C'eP | Vgl Lo re-

Actually Corollary 4.2 of [Armstrong and Smart 2016] only does the interpolation argument for interior
points; adding in the boundary regularity Lemma 4.2 to get the uniform estimate up to d<2 is an elementary
argument. There are additional error terms in [Armstrong and Smart 2016] but these can be made zero in
the periodic setting using the existence of periodic correctors.

5. Boundary layers limits

In this section we will discuss the boundary layer problem for divergence form elliptic problems in
rational and irrational half-spaces. The results that we need for this paper are valid for both nonlinear
scalar equations and linear systems and the proofs have only minor differences. For that reason, in this
section and the next, we will discuss both types of equations in a unified way. We use the nonlinear
notation for the PDE. We consider the cell problem

{—V-a(y, Vul) =0 in P},

5-1
v =) on 0F3. oD

We will first consider the case when n € S~ \ RZ? is irrational.

SA. Irrational half-spaces. For linear systems, (5-1) in irrational half-spaces has been much studied
[Gérard-Varet and Masmoudi 2011; 2012; Aleksanyan, Shahgholian, and Sjolin 2015; Aleksanyan 2017;
Armstrong, Kuusi, Mourrat, and Prange 2017; Prange 2013; Shen and Zhuge 2017]. Typically the focus
has been on the Diophantine irrational directions. We do not give the definition, since it is not needed
for our work, but basically the Diophantine condition is a quantification of the irrationality. Under this
assumption strong quantitative results can be derived for the convergence to the boundary layer limit.
For the purposes of this paper we are only interested in the qualitative result, the existence of a boundary
layer limit for (5-1) in a generic irrational half-space (no Diophantine assumption). The existence of a
boundary layer tail in general irrational half-spaces was originally proven by Prange [2013] for divergence
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form linear systems, and for nonlinear nondivergence form equations by the first author in [Feldman and
Kim 2017] (following [Choi and Kim 2014] on the Neumann problem). To our knowledge the case of
nonlinear divergence form equations has not been studied yet.

What we would like to explain here is that the proof of [Feldman and Kim 2017] applies also to the
problems we consider in this paper, careful inspection shows that the proof of [Feldman and Kim 2017]
only required the interior regularity, continuity up to the boundary (small-scale), and the L°° estimate (or
maximum principle) with respect to the boundary data.

Theorem 5.1. Suppose that n € S2=1\ RZ%. Then there exists ¢« (n) such that

sup sup |vy(y + Rn)—@x(n)| >0 as R — oo.
S yedP,
One consequence of this theorem is that, for irrational directions, we can just study v, = v0. We give
a sketch of the proof following [Feldman 2014].

Proof (sketch). The boundary data, and hence the solution v, as well by uniqueness (L*° estimate
Lemma 3.2 or maximum principle Lemma 4.3), satisfies an almost periodicity property in the directions
parallel to dP,. More precisely, given N > 1 there is a modulus w,(N) — 0 as N — oo (uses n irrational)
so that for any y € 3P, there is a lattice vector z € Z¢ with |z — y| < N and |z-n — 5| < o(N); see
[Feldman and Kim 2017, Lemma 2.3]. Define z’ to be the projection of z onto dP;; then

lo(x +2) = ()] = lp(x +2) —p(x +2)| = Vo [loow(N).

The same estimate, up to a universal constant, holds for |v} (x +z’) — v} (x)| by Lemma 3.2 or Lemma 4.3.
Since v,? (- +z) solves the same equation in P, we can use the up-to-the-boundary Holder continuity
and the L°° estimate (or maximum principle) to see that

1 () = v (- + 2l Lo pynpimny S IV lloown(N)*,

Sending N to co we see that if v2 has a boundary layer limit then so does v$ and they have the same value.
Then we just need to argue for v0. Given y € 9P, the same argument as above shows there is Z € 9P,
with |z —y| < N and
U2 () = vp (- + D) < [ Velloown (V).
Then using the L°° estimate Lemma 3.2 (or the maximum principle) and the large-scale interior regularity

estimates, Theorem 4.1 above for the nonlinear case or Lemma 9 in [Avellaneda and Lin 1987] for the
linear systems case,

osc vy(¥) < osc vy (y) < osc V(v 4+ Rn) + ClIVOll o (N)®
L0 U 3 ose ()= ose o, Un(Y )+ ClIVellocwn(N)

< 190loo((%) +on(V)%).

Choosing N large first to make w,(N) small and then R > N gets the existence of a boundary layer
limit. H
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5B. Rational half-spaces. Next we consider the case of a rational half-space. Let & € Z% \ {0} be an

irreducible lattice direction, and vg be the corresponding half-space problem solution. In this case ¢

is periodic with respect to a (d—1)-dimensional lattice parallel to P¢. There exist {1, ...,{z_; with

{; L& and |£;| < |&| which are periods of ¢. Then by uniqueness ¢; are also periods of vg. In this special

situation it is possible to show that there is a boundary layer limit with an exponential rate of convergence.
We give a general set-up. We consider the half-space problem

_ : d
{—V-a(x,Vv)_V-f in RY,

, (5-2)
v=1yY(x) on B[Ri,

where Y : a[REfl|r — R and f are smooth, and ¥, f, and a(-, p) all share d — 1 linearly independent periods
li,....lg_1 € 3'Ri such that

max |{;| < M.
1<j<d-1

The operators a, as always, will also satisfy the assumptions of either Section 3 or Section 4. For now we
will take f = 0; this covers most of the situations we will run into in this paper. Then v has a boundary
layer limit with exponential rate of convergence.

Lemma 5.2. There exists a value ¢« () such that

sup |v(y + Reg) —cx| < Closcy)e <RIM
yeaRi

with C, ¢ > 0 depending only on A, d.

The proof of this result is the same as the proof of the analogous result, [Feldman and Kim 2017,
Lemma 3.1], so we only include a sketch. The only tools necessary are the maximum principle (or
L° estimate Lemma 3.2) and the large-scale interior Holder estimates via De Giorgi—Nash—Moser for
nonlinear equations (Theorem 4.1) or [Avellaneda and Lin 1987, Lemma 9] for linear systems.

Proof (sketch). Let L > 1 to be chosen, call Q to be the unit periodicity cell of ¥ which has diameter
at most ~ M. Apply the De Giorgi interior Holder estimates or the Avellaneda—Lin large-scale Holder
estimates to find
osc  v=oscv(y+LMn)<CL ®oscu <CL *oscy < 1oscy.
P, +LMn  yeQ v ) ; V=gosey
The second inequality is by the maximum principle or the L estimate Lemma 3.2; for the third inequality
we have chosen L > 1 universal to make CL™% < % Then iterate the argument with the new boundary
data on 0P, + L M n with oscillation decayed by a factor of % O

We will also need a slight variant of the above result when the operator a does not share the same
periodicity as the boundary data, but instead has oscillations at a much smaller scale. We assume that v
has periods £1,...,£4_1 as before, and now we also assume that there are eq, ..., e; which are periods
of a and

max |ej| <e.
1<j=<d
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For example this is the case with a(f, p) when a(-, p) is Zd—periodic. In this situation we do not
quite have a boundary layer limit with exponential rate, but at least there is an exponential decay of the
oscillation down to a scale ~ &%

Lemma 5.3. There exists a value c« () such that for any B € (0, 1]

sup [v(y + Reg) —cx| < Closc ¥)e ™ R/M 1 C |y || cpe®
yeaR‘j_

for some universal a(B) € (0, 1) (nonlinear case) or for every a € (0, B) (linear case), with ¢,C > 0
universal and C depending on o as well.

Again the proof of this result mirrors the proof of Lemma 3.2 in [Feldman and Kim 2017] and we
do not include it. Briefly, the idea is the same as Lemma 5.2 except that the lattice vectors generated by
£1,...,£L4_1 are no longer periods of v; instead for each lattice vector there is a nearby vector (distance at
most €) which is a period of the operator. This vector will almost be a period of v, with error of €* which
comes from the boundary continuity estimate Lemma 4.2 (nonlinear) or Lemma 3.4 (linear system).

Finally we discuss the boundary layer equation (5-1) with nonzero right-hand side f. We will restrict
to the case of linear systems. We need to put a decay assumption on f to guarantee even the existence of
a solution. We will assume that there are K, b > 0 so that

K _
sup | /()] = e PRM. (5-3)
Ya=R
Such assumption arises naturally; it is exactly the decay obtained for Vv when v solves (5-1) with f = 0.
The % polynomial decay is important since we will care about the dependence on M > 1; the exponential
does not take effect until R > M, while the % decay begins at the unit scale.

Lemma 5.4. Suppose that f satisfies the bound (5-3) and v is the solution of the half-space equation
(5-1) for a linear system satisfying the standard assumptions of Section 3. Then there exists ¢« (Y, f) such
that
sup |v(y 4+ Reg) —cx| < C((osc ) + K log M)e_bOR/M,
yea[Rfli_
where the constants C and by depend on universal parameters as well as b from (5-3).

See the Appendix and [Feldman and Kim 2017, Lemma A.4] for more details.
5C. Interior homogenization of a boundary layer problem. In this section we will consider the interior

homogenization of half-space problems with periodic boundary data; as explained in Section 2 such a
problem arises in the course of computing the directional limits of ¢, at a rational direction:

—V~a(§,Vu8) =0 in Py, (5-4)
ué = ¥(x) on 0P,

homogenizing to
—OV-aO(VuO) =0 in Py, (5-5)
u’ =y(x) on dP,.
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Here ¥ : 0P, — RY, as in the previous section, will be smooth and periodic with respect to d — 1
linearly independent translations parallel to dP,, which we call £1,...,£;_1 € dP,. As before we call
M = max; |{;| and assume that M > e. For convenience we can assume that M = 1; general results
can be derived by scaling.

This problem is quite similar to the standard homogenization problem for Dirichlet boundary data, the
unboundedness of the domain is compensated by the periodicity of the boundary data and by the existence
of a boundary layer limit which is a kind of (free) boundary condition at infinity. The main result of this
section is the uniform convergence of u® to u° and hence also (importantly for us) the convergence of the
boundary layer limits.

Proposition 5.5. Homogenization holds for (5-4) with estimates:

(i) (nonlinear equations) For every B € (0, 1), there exists 0 < a(B, A, d) < B such that, for all ¢ < %,

sup [u® —u®| <p [W]cse®.

Py

e 1
(i) (linear systems) For every ¢ < 3,
0 1\3
sup ° —u®| S []cse(log 5 )
P, €

We will follow the idea of [Feldman and Kim 2017, Lemma 4.5]; there is a slight additional difficulty
since for divergence form nonlinear problems it is not possible to add a linear function # - x and preserve
the solution property, even for the homogenized problem. The C* norm we require for ¥ in the linear
systems case is more than necessary.

For convenience we will make some additional assumptions so that u® shares the periods of the
boundary data ¥. Assume that n = £/|&| for an irreducible lattice direction & € Z4 \ {0}. In that case
a(-, p) is periodic with respect to the lattice £ NZ4 = {k € 79 : k - £ = 0}. Then we assume that the
periods of ¥ are also periods of a(é, p),

O, ... by ecttnZ?. (5-6)

Then by the uniqueness of bounded solutions to (5-4) the solution u* also has ¢4, ...,{4_; as periods.
The result of Proposition 5.5 should hold without this assumption, as was proven in the nondivergence
form case in [Feldman and Kim 2017, Lemma 4.5].

The proof will use known results about homogenization of Dirichlet boundary value problems in
bounded domains; specifically we consider the problem in a strip-type domain,

{—V-a(%, Vu%) =0 inI1,(0,R) ={0<x-n< R},

usy =Y (x) on 9T, (0, R) = {x-n € {0, R}, o7

where we make some choice to extend ¥ to x -n = R, preserving the regularity and periodic structure.
The solution of the homogenized problem ”(I)e is defined analogously. Because of (5-6), u% and u% have
periods £1,...,£L4_1, so although the domain IT,(0, R) is unbounded, actually we can consider (5-7) as
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a homogenization problem on the bounded domain Td—1 % [0, R], or rather a rotation/rescaling of this
domain.
For linear systems we have, for R > 1, the rate for convergence
sup |u% —ugl < CRY|Yllca(R™"e). (5-8)
I, (0,R)
which can be derived from the rate of convergence proved in [Avellaneda and Lin 1991] by scaling. The
C* regularity on v is sufficient; we did not state the precise regularity requirement on ¥ which can be
found in [Avellaneda and Lin 1991]. With less regularity on ¥ one can also obtain an algebraic rate of
convergence O(g%).
For nonlinear equations there is an algebraic rate of convergence, for any 8 € (0, 1),
sup_up —ug| < CRO|[Y | con(R™"e)", (5-9)
1,(0,R)
with some o = () € (0, 1) universal. This result was recounted above in Section 4C, and can be found
in [Armstrong and Smart 2016; Pastukhova 2008].

Proof of Proposition 5.5. We define the boundary layer limits of, respectively, the e-problem and the
homogenized problem in (5-4). We have not proven that the e-problem has a boundary layer limit;
however Lemma 5.3 gives that the limit values are concentrated in a set of diameter o.(1). So we define,

pufe lim u¥(Rn) and p°= lim u®(Rn),
R—o0 R—o00
where ©® can be any subsequential limit and satisfies, again via Lemma 5.3,

|uf —uf(Rn)| < C||VY¥]loo(e® + e B)  (nonlinear case), (5-10)
|1 —uf(Rn)| < C||VY¥ | cov (e + e “B)  (linear system case). (5-11)

Instead of arguing directly with #® and u° we consider

-V a(f Vu’je) =0 1inII,(0, R),
u% =Y (x) onx-n=0, (5-12)
u% = u® onx-n=R
and, for j € {0, ¢}

—V-aO(Vu(I)?’J.) =0 inI1,(0, R),

u% i =Y onx-n=0, (5-13)
u%j=uj onx-n=R.

We will choose R = R(¢) below to balance the various errors. The error in replacing u® by u’% is given by
|1 (x) — U (X)| < C[[VY oo (e® +e~F)  for x € 1,(0, R),
. 0 0
and replacing u" by u R.0 by

|u®(x) — uOR’O(x)| < C(osc¥)e R for x € T1,(0, R):;
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the estimates hold on d11,(0, R) by (5-10) (or for linear we use (5-11) instead), and therefore by the
maximum principle (or by Lemma 3.2 for linear systems) they hold on the interior as well. To estimate
the error in replacing ”(1)?,0 by u%, . we need to estimate the difference u® — u1®, which is basically the
goal of the proof; this will be achieved below.

By Lemma 4.2 (or Lemma 3.3 in the linear systems case) there exists a universal §o(A, d) > 0 so that
if B is uniformly elliptic and ¢ solves

—V-(B(x)Vqg) =0 inII,(0,1),
g=0 onx-n=0, (5-14)
lgl =1 onx-n=1;

then |g(x)| < % for x -n < §y. Now set

—V-(B(x)Vg®¥)=0 in0<x-n<R,
qf = u%’o —u%’a, which solves ¢ ¢¢ =0 onx-n=0,
q° =u®—puf onx-n=R,

with B(x) = A° in the linear case, or
1
B(x) = / Dao(tVu% o(X) + (11— t)Vu(I)e .(x))dt uniformly elliptic,
0 9 b

in the nonlinear case. Now (1/|% — u#|)g(Rx) solves an equation of the type (5-14) and so,
(8o Rn)| < 3|u® — ).
Now we apply the homogenization error estimates (5-9) and (5-8) for the domain I, (0, R) to (5-12)
uk.e— Rl < CRIVY [loo(R™ )"
or respectively in the linear system case
k. —ukl < CR* Yl ca(Re).
Now we estimate the error in € — u° for the nonlinear case
|1 =01 < Ju®BoRn) —u®(Bo Rn)| + C| VY [loo (6% +e7F)
< [u% o Rn) —u% (o Rm)| + |¢°(Bo Rn)| + C [V [loo(e* + e~F)
< CR||[VY [loo(R™"e)Y + 511° — u°| + ClIVY [0 (¥ + ¢ ~F).
Moving the middle term above to the left-hand side we find,
18 =1 < ClIVYlloo(R(R™e)Y + 6% +¢™F) < C|| VY [loce”

where finally we have chosen R = C log % and o’ < min{a, y}. The same argument in the linear case
yields,

nf = pl| < CYlea(RYR ) +e+e™F)y < C ch(l"g i)S' -
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6. Asymptotics near a rational direction

We study asymptotic behavior of the cell problems as n € S9! approaches a rational direction £ € Z4\{0}.
We call vg the solution of the cell problem

—V-a(x + s, va)zo in Pg, 6-1)
vg(x) = @(x + s&) on JP.
The boundary layer limit of the above cell problem depends on the parameter s and we define
@« (€,5) == lim vg(x + R§), (6-2)
R—o00

which is well-defined and the limit is independent of x; see Lemma 5.2. It follows from Bézout’s identity
that ¢, is a 1/|&|-periodic function on R; see [Feldman and Kim 2017, Lemma 2.9]. As long as we can
we will combine the arguments for linear systems and nonlinear equations.

6A. Regularity of ¢«(&,-). To begin we need to establish some regularity of ¢, (&, -). For quantitative
purposes it is important to control the dependence of the regularity on |£|. We just state the results,
postponing the proofs until the end of the section. A modulus of continuity for ¢« (&, -) which is uniform
in |&] is not difficult to establish. This follows from the continuity up to the boundary Lemma 4.2 (or
Lemma 3.3) and the maximum principle Lemma 4.3 (or the L estimate Lemma 3.2).

Lemma 6.1. The boundary layer limits o« (&, s) are continuous in s:

(1) (nonmlinear equations)

[9«(§. )lce = ClIVellco.

which holds for some universal C > 1 and o € (0, 1).

(ii) (linear systems) Holder estimates as above hold for all o« € (0, 1) and moreover,

Hiqo*(é,-)H <C|Vellcov forany0<v =<1.
ds o]

To optimize our estimates, in the linear case we will also need higher regularity of ¢4 which is (almost)
uniform in |£|; this is somewhat harder to establish.

Lemma 6.2 (linear systems). For any & € 79 \ {0}, suppose ¢ (&, s) is defined as above. Then for all
j € N4 and any v > 0 there exists some constant Cj universal such that

< Cjl@llcivlog’ (1 + |£]).

d’
S‘jP‘E‘P*(E’S)

Note that Lemma 6.2 is a bit weaker than Lemma 6.1 in the case j = 1; this is because we take a
different approach which is suboptimal in the j = 1 case; it is not clear if the logarithmic terms are
necessary when j > 1. The proof is similar to [Feldman and Kim 2017, Lemma 7.2], taking the derivative
of vg with respect to s and estimating based on the PDE. Probably more precise Sobolev estimates are
possible but we did not pursue this.
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6B. Intermediate-scale asymptotics. Consider an irrational direction # close to a lattice direction £ €
79\ {0}. Let & > 0 small and we write

n = (cos s)é — (sing)n for some & € 7 \ {0} and a unit vector n L §.

We will assume below that |¢| < %. We consider the cell problem in Py,

{—V-a(y, Vu,) =0 in Py, 6-3)

vn = @(») on dPy.

The first step of the argument is to show, with error estimate, that the boundary layer limit of v, is close
to the boundary layer limit of the problem

{—V-a(y/tans, Voity =0 in Py, (6-4)

vt = x (€, y 1) on 9Py
The solution v},m approximates v, asymptotically as ¢ — 0, starting at an intermediate scale 1 < R < %
away from dP,. The argument is by direct comparison of v, with vg in their common domain.
Since (6-4) has a boundary layer of size uniform in ¢ we can replace, again with small error, by a
problem in a fixed domain
—V.a(y/tane, VwE )=0 in P,
{ v-aly/ ) : )
wg , =@« y-n) on JPg.

We note that there may be some confusion due to similarities in the notation between vg and w g,n' The
boundary value problem for wgm, or its homogenized version introduced later, will always be set in Pg,
so there will be no need for the translation parameter s.

We remark that for both (6-4) and (6-5) we have not proven the existence of a boundary layer
limit; rather we use Lemma 5.3. For convenience we will state estimates on limg_, o, v},m(R n) or on
limp_ 0o wg 7](Ré ), but technically we will mean that the estimate holds for every subsequential limit.

Proposition 6.3. Ler £ € 79\ {0} and n = (cos s)é — (sin &)n with & > 0 small and a unit vector n L &:

(i) (nonlinear equations) There is universal a € (0, 1) such that
[ox(m) — Tim w, (RE)| < [ VelloolEle®,
R—o00 >’

where we mean that the estimate holds for any subsequential limit of wg n(Ré ) as R — oo.

(ii) (linear systems) For every o € (0,1) and any v > 0
() — lim w, (RE)| Sav [plcr £]%e”
R—o0 >’

where again we mean that the estimate holds for any subsequential limit of wg n(Ré) as R — oo.

The first step is to compare the boundary layer limits of (6-3) and (6-4).
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Lemma 6.4. Fix any x € 0P,, 1 < R < % and let s = x -ntane:
(1) (nonlinear equations) There is a universal o € (0, 1) such that
lun —vl(x + Rn) < [[Velloo(Re)™.
(ii) (linear systems) For every o € (0, 1)
[vn — v 1(x + R) Sa Ve lloo(Re).
Proof. Let us define the cone domains
K(x):=(Pg+x)NP, and Kg(x)= K(x)N Br(x);

we may simply write K, K g if x =0. Let xo € dPy,; we compute using n-xo9 = 0 and n = (cos e)é —(sin¢g)n
that

X0 é = (xo-n)tane.
Let x € dK(xo); then x € 9Py (or x € dP¢ + X¢) and there exists y € 0Pg + x¢ (or respectively dP,) with
|x —y| < |x —xp|sine < g|]x — xp|.
Nonlinear equations: Applying the De Giorgi boundary continuity estimates Lemma 4.2 for small enough
o € (0, 1) universal, for all x € dK(xg),
[030) = 0 ()] = [03¥) = 9]+ 190 = v ()] 5 [T @lloot® x = ol
Now since vg (x) — vy (x) is a difference of solutions we can apply the boundary continuity estimate from
Lemma 4.2 again,
[V (x) = vn ()] S IV@llooe®|x —x0|*  for x € K(xo),

with perhaps a slightly smaller «(d, A).

Linear systems: We have, by almost the same argument as above now using instead Lemma 3.3, for any
ae(0,1)
[vE(X) = vn ()] S IV@llooe®|x —xo|*  on IK(xp).

Now by the Poisson kernel bounds in K(x¢), Lemmas 3.5 and 3.6, for a slightly smaller « and ¢ sufficiently
small depending on «

[VE(xX) —vn(x)| £ IV@llooe®|x —x0|*  for x € K(xp).
The remainder of the proof is the same as the case of scalar equations. O

Now we derive some consequences of Lemma 6.4. Let’s assume that | V@[ < 1 to simplify the
exposition; the general inequalities can of course be derived by rescaling. Combining Lemma 5.2 with
Lemma 6.4 we find that for any R > 1

lun(x + Rn) — @u (€, x -ntane)| < [(Re)* + e “R/Ell for x € 9P,.
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Choosing R = |&|log % we obtain,
|un(x + Rn) — @« (&, x -ntane)| < |E]%*  for x € 0Py, (6-6)

either for a slightly smaller universal « in the nonlinear case, or again for every « € (0, 1) in the case of
linear systems.
Now consider the rescaling

() = vn ([Rn] + é) defined for y € Py, €7

where [Rn] € 74 is the lattice point such that Rn —[Rn] € [0, 1)4.
Lemma 6.5. Let R = |&|log % and 9™ be defined as above in (6-7). Then:

(i) (nonlinear equations) There is universal o € (0, 1) such that
sup [0, — v | S IVe ol €]*&®.
Py

(ii) (linear systems) For every o € (0, 1)

sup |7, — v Sa Ve llool€[%e®.

n

Proof. Again assume that ||V¢|oo < 1 to simplify the exposition. Note that

() = va(Rn + ﬁ(y + (Rn]~ Rn)tane))
so by (6-6)
[T (») — ¢« (£, (v + ((Rn] — Rn) tane) - )| <a 1]

Then applying the regularity of ¢, from Lemma 6.1

155" (1) = x (&, y - )| Sa €%
Thus " solves
{—V-a(y/tan e, Vi) =0 in Py,

|5 (y) — @u (&, ¥y )| < C|E|%e*  on OP,.

This is almost the same as (6-4) solved by vi,“‘. The L°°-estimate Lemma 3.2 (or the maximum principle)

(6-8)

implies . .
sup [v," — 0" <o €] (6-9)

Py,

either for every « € (0, 1) in the linear systems case, or for some universal « in the nonlinear case. [

To complete the proof of Proposition 6.3 we just need to compare the solutions vi{“ of (6-4) and wg’n
of (6-5). The width of the boundary layer is now of uniform size in ¢ so this is not a problem; we will
just need to use the boundary continuity estimate (Lemmas 3.4 and 4.2) and the continuity estimate of
¢« (&,-) Lemma 6.1.
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int

Lemma 6.6. The following estimates hold for the boundary layers of v,

e .
and w £’
(1) (nonlinear equations) There is o € (0, 1) universal such that
: int : & ¢ o o
| lim o(Rm)— lim w, (RE)| < | Velloolé["".
where technically we mean that the estimate holds for any pair of subsequential limits.
(ii) (linear systems) For every o € (0,1) and any v > 0
: int : & £ a o
}ngnoo v, (Rn) —Rh_f)noo wg,,,(RE)‘ Saw [Plerv |57,
where technically we mean that the estimate holds for any pair of subsequential limits.
Proof. We compare the two solutions in their common domain. As before let K = P, N Pg and

int

&
Uu="v —Ww .
n &n

Nonlinear equations: We have

—V-(A(x)Vu) =0 in K with some A < A(x) <1 as in (4-5).
We compute the error on K in the same way that we did in Lemma 6.4. Using Lemma 4.2 we find for
x € 0K,

()] = Jv," (x) = wg ()] < llox €. )l core® X[ < [IVlloos™|x]*,
where o is the universal, continuity modulus from Lemma 6.1 and @ < «’. Next we use the De Giorgi
boundary continuity estimate, Lemma 4.2 to obtain, again with a slightly smaller c,
()| S IV@llooe®|x|*  forx € K. (6-10)

int

Next we use that the size of the boundary layers for v

Lemma 5.3, to find for all Ry > 1,

and u)g p are uniformly bounded in ¢, via

sup [viM'(y + Ron) — lim vl (Rn)| S llgw(&. )| core® + (0sc pu)e™ RO/
yeopr, R—00

where again we mean that the estimate holds for any subsequential limit of vil‘“(Rn). An analogous
estimate holds for wg " replacing Rn with R. Using our assumption that ¢ < Z- we have nn-£ > x% and
so we have

int & : int £ & . ) &
max{}vn (Roé) — ngnoo v, (Rn)}, |w53n(R0§) — Rh_r)noo wé,n(RE)}}
< e (. )l core® + (0sc pu)e™ /Bl (6-11)
Finally we combine (6-10) with (6-11), choosing Ry = |&|log 1/(|€]e), to find
| lim v (Rn)— lim w§, (RE)| < vl (Ro€) — wf , (Rof)| + C[|[Vepllool£|* e
R—00 R—o00 ’ ’
< IVelloos® Ry

1 o
S IVollolel*e (log )

Making « slightly smaller we can remove the logarithmic term.
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Linear systems: We have
—V-(4(x)Vu) =0 in K.

Using Lemma 3.3 we find, for x € K and any v > 0,
Ju )] = [0 (x) = wg ()] S V@ (€, ) looe®|x 1% <o Vel cove®]x|.

By the Poisson kernel bounds in K, Lemmas 3.5 and 3.6, we have for a slightly smaller & € (0, 1) and ¢
sufficiently small depending on «

[u(x)| So [@lcrve*|x|*  forx € K.
The remainder of the proof is the same as the case of scalar equations. O

Proposition 6.3 follows combining Lemmas 6.5 and 6.6.

6C. Interior homogenization of the intermediate-scale problem. We take ¢ — 0 in (6-5) and derive the
second cell problem

—V.a(x/tang, Vw¢ )=0 in P,
{ X ( / E,n) 1 £ (6—12)
We (%) = @x(§, X -1)) on JP,
which homogenizes to
{—V.aO(va,n) =0 in P, o
W p(x) = @x(§,x-n) on dPg,

where a° is the homogenized operator associated with a(%, . )
We make the definition

LE,n) = 1li RE).

€. m) = lim wey(x + RE)

As we will show below L (&, -) is the limiting 0-homogeneous profile of ¢, at the direction &,
lim @ (nj) = L(&.n)
j—o0

for any sequence of n; irrational with n; — & and (é —nj)/ |§ —nj| — n. This characterization is the first
main result of the paper Theorem 1.1.

We make a further remark about the second cell problem in (1-2). It is straightforward to see that wg ;
is actually a function only of two variables x - £ and x - . The boundary data ¢« (&, x - 1) is invariant with
respect to translations which are perpendicular to both & and 7, and so by uniqueness the solution wg
is invariant in those directions as well. Note that we are using the spatial homogeneity of the operator
here; the same is not true of wg’n. This property was useful in [Feldman and Kim 2017] since solutions
of nonlinear nondivergence form elliptic problems in dimension d = 2 have better regularity properties.
Although we do not use this in a significant way here, we point it out anyway since it could be potentially
useful in the future.

Now we state the quantitative version of Theorem 1.1:
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Theorem 6.7. Let & € 79\ {0} be irreducible and n = (cos 8)§ — (sin &)n be an irrational direction. Then:

(1) (nonlinear equations) There is a universal o € (0, 1) such that

lox () = L&, M| S [ Vellool§]*e.

(ii) (linear systems) For every o € (0, 1)

s (n) — L(§. )| Za [plcs|E]%E.

We will need one more lemma in the proof of Theorem 6.7, which is independently interesting since it
gives the continuity of L(&, n) in .

Lemma 6.8. Ler £ € 79\ {0} be irreducible and n, /' L €. Then
. & . £ —o /o o
| Jim wf, (RE)— fim wg,,,(RE)| Sa lolcx (517 In—|% + &%)
and

ILE.m) = LE M| Sa lellcxlEl™ m—n'"I"

either for a universal a € (0, 1) and k = 1 (nonlinear case), or for every a € (0, 1) and k = 3 (linear
systems case). For the first estimate we mean that the inequality holds for any pair of subsequential limits
ofwg n(RS), wg n,(RS) as R — cc.

Proof of Theorem 6.7. The ingredients have all been established elsewhere, we just need to combine them.

There is some set up to use Proposition 5.5 since the (5-6) does not necessarily hold for (6-12). Recall
that £+ N 79 is spanned by d — 1 linearly independent vectors £1, ..., £4_; with norms |£ il < |&|. Then
for each ¢ > 0 we can choose a vector 1, € SSJ- Nz, ie.a period of a(- /tane, p) with

Ine —n| < Celg]. (6-14)

Now Proposition 5.5 will apply to get a quantitative estimate of the difference wg ne ~ Wemes We will use

this below. o

Nonlinear equations: By Proposition 6.3, there is universal « € (0, 1) such that
lox(n) — lim wf (RE)| < [|Veloolé]%e%,
R—o0 ’

where we mean that the estimate holds for any subsequential limit of wg . (Ré ) as R — oo. Proposition 5.5,
homogenization of problems in half-space-type domains, applies to wg "

slle

SUp [, ~ el 5 [pa 6. Ve €17 S 1 Vploos”
3

for some universal 8 > o € (0, 1). We have used Lemma 6.1 to estimate the Holder norm of ¢« (&, -).
Then Lemma 6.8 and (6-14) implies

Jim wg (RE)— Jim wf, (RE)|+|L(E ne) = LE M S [Velloo (1§17 0 =11% +%) S [Vl ooe™.
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Combining these
lps«(n) — L& )| < Vel l§*e”.

Linear systems: By Proposition 6.3, for every « € (0, 1) and any v > 0
|‘/’* (n) — lim w; n(RS)’ Saw [@lc1v[§]%e”,
R—o00 ’

where again we mean that the estimate holds for any subsequential limit of wg n(Ré) as R — oo. Now
Proposition 5.5 (properly rescaled) applies to wg ne’

S}l;lp |w$»’78 - wg,ng 505 [QO* (&-7 : )]C4|$|a_18a
&

< lellesl&l® ™ log* (1 + €&

for every a € (0, 1). We have used Lemma 6.2 to obtain the C* regularity of ¢« (£,-). We also have
1€/~ 1 1og*(1 + &) < 1. Then Lemma 6.8 and (6-14) imply

| lim wg (RE)— lim wg  (RE)|+|L(E ne) — LE )| Sa lples (7% 1e —nl* + %) < [plese®.
R—oc0 >’ R—o0 >’
Combining these, for any « € (0, 1),

s (n) — L(§. )| Za [plcs €17 O

Proof of Lemma 6.8. We just argue for W = wg n " wg v the argument for wg , — wg ,/ is almost the
same and slightly simpler.

Nonlinear equations: Note that W(0) = 0 and the boundary data for W on dP¢ has
|0x(x 1) — @ (x| = ll@xllce ln — 1" [x|% < I Vellooln —n'|*|x]*

for a universal o € (0, 1) by Lemma 6.1. By the boundary regularity Lemma 4.2 and the maximum
principle,
(W) S IVellooln—n'|*1x|*  for x € P¢ N Bg,

for a, possibly smaller, universal . Now by Lemma 5.3 applied to wg - wg » separately, there is cx € R
such that for all R > 1

sup (W)= ol 5 forlen g expl—elél R+ &),
x-E>R

where « universal is from Lemma 6.1, and o’ < o universal. Combining the two estimates with R =
—1g1—-1
¢ &[T [Tog In —1'|| we get

lex] Sa IVexlloo (117 In —1'|* + &%),

again with a possibly different universal « € (0, 1).
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Linear systems: Note that W(0) = 0 and the boundary data for W on 0P¢ has

=+ 45
ool 1 ds2 ¥

d
|V (@x(x 1) — @u(x-))| < H—dsw* ln—n'l1x].
o0

By the boundary regularity Lemma 3.3, for any o € (0, 1),

IW(x)| Sa

d
Y R& C2(1 + R)|n—n'||x|* for x € Pz N Bg.

Now by Lemma 5.3 applied to u)g n u)g , separately, there is c« € R such that for all R > 1

SSUPR|W(X)—C*| ~ “d Px

(|§| exp(—c|é|R) + ¢ )

Combining the two estimates with R = ¢~ |£|~!|log |n — /||, we get

lex] Sa losllc2(1E7%n—1n"|% +€%).

We are ignoring some negative powers of |&| since they are < 1. |

6D. Proofs of regularity estimates of p«. We return to prove the regularity estimates of ¢« Lemma 6.1
and Lemma 6.2. The Holder regularity Lemma 6.1 is relatively straightforward, while the higher regularity
Lemma 6.2 requires some more careful estimates.

Proof of Lemma 6.1. We will show an upper bound for |@« (&, h) — <p* (&, 0)| with /& < 0; the proof works
also for nonzero s and /1 € R. Con51der vg a solution in Pg¢ and US a solution in Pg + hE D Pg. By the
boundary continuity estimates for vs, for every y € 0P,

i () = v = [oE (1) — ()] < WE () — @y = hé)| + V@ lloh < C[| Vol cch®

for some « € (0, 1) by Lemma 4.2. For the case of linear systems we have similarly,

() —vf ] = [E () — ()] = Cloplcrnh
for any v > 0 by the boundary gradient estimates for smooth coefficient linear systems. Then the maximum

principle, or respectively the L estimate for systems Lemma 3.2, implies the same bound holds in all
of Pg and therefore also for the boundary layer limits. O

Proof of Lemma 6.2. In order to get estimates on higher derivatives of vg in s, the method for Lemma 6.1
doesn’t work; we need to differentiate in the equation. Since we only consider one normal direction
£ € 79\ {0} we drop the dependence v° = vg on £. We denote derivatives with respect to s by d and then

{_v (A(x + sE)VKvS) = V- f in P, (6-15)

Fvs = (E-V)ko(x + s&) on P,
where f involves derivatives /v for j <k,
k—1

f= Z(’]‘.)(é VYT A(x + sE)VT S

j=0
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Let p > d arbitrary but fixed. We will suppose, inductively, that we can prove for any R >0 and every j <k,

sup  [[V/o®||p

) < Gl log! —¢; R/lg]
y€dP¢,R'">R we(Brr/2(y+R'E)) = Gjlelei+iy R log’ (1 + |&])e™ ,

where the constants depend on j, [4]c; and universal parameters. The case R < 1 corresponds basically
to an L°° bound on P.
Then by Lemma B.1

19%0% | Loocpey < ClIE - V)¥@lloo + C logh (1 + [ED[@lcron. (6-16)

Furthermore, by Lemma B.2, 8%v® has a boundary layer limit
dk
= 7 ’ N ’
Wi = g ¢+ (6. 5)
with
[9%0° — ] = Clog (1 + [ED[plcw.ve ™ R/EL

Now we aim to establish the inductive hypothesis. The following argument will also establish the base
case when j = 0. First we consider the case R < 1. This follows from (6-16) and the up-to-the-boundary
gradient estimates (Lemma 3.3),

IVF0* | oocpyy < CIIE- V)@l 1w + C logh (1 + [ED[p]crn < Clogh (1 + ED[@lcrri.

In the case R > 1, by the Avellaneda—Lin large-scale interior W -2 estimates and the inductive hypothesis,

! k
<Cq, oe TV A
B3R/4(Y+R§) Lie(B3r/4a(y+RE))

1 -
< C 5 logh (1 +[ED[plenve ™ R/EL

k. R
IVOVLp (e nrrE) S C R

Combining the cases R < 1 and R > 1 establishes the inductive hypothesis for j = k. The bound on
|dXv* || Lo and hence on the boundary layer limit /1, which is also a consequence of the induction, is
the desired result. U

7. Continuity estimate for homogenized boundary data associated with linear systems

In this section we use the limiting structure at rational directions established above to prove that the
homogenized boundary condition associated with a linear system is continuous. We recall the second cell
problem; let & € Z4 \ {0} a rational direction and suppose that we have a sequence of directions 1, — é‘
such that R
§—ng
€~k
Then the limit of ¢4 (ny) is determined by the second cell problem
{—v “(A°Vwg ;) =0 in P,
W, = @x(§,x 1) on 9P,

— 1, where 7 is a unit vector with n L &.

(7-1)
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and thus limy _, oo @« (ng) =limg_, oo we 5 (RE), where A°, constant, is the homogenized matrix associated
with A(3) and @« (, -) defined in (6-2) is a 1/|£| periodic function on R (see [Feldman and Kim 2017,
Lemma 2.9] where the period of ¢« is explained).

First we state the qualitative result, identifying the limit and showing continuity at rational directions.
Continuity of g, at the irrational directions has been established, for example in [Prange 2013]. Combining
those results shows that ¢, extends to a continuous function on S d-1

Lemma 7.1. Ler £ € 79\ {0}; then for any sequence ny — é,

1/]&l
tim gu(n) = 6] [ a6 d
k—o00 0
From this we know that L (£, ), defined in Section 6C, is independent of 7 in the linear case. And we
will simply write L(§) = L(&, n).

Proof. By rotation and rescaling we can reduce to proving that the boundary layer limit associated with
the half-space problem

UL (400 — . d
{ V-(A°Vv) =0 in R%, (7-2)

=g(xX1.....xg_1) ondRZ,

where A° is a constant and uniformly elliptic and g is a 74-1 -periodic continuous function R~ RN s
lim v(Rey) = / g(x)dx’.
R—o0 [0’ l]d—l

We will actually give two proofs of this result, especially since it plays a key role in our main results.

Riesz representation: Consider the (linear) map 7': C(R?~! /79~1) — RN mapping g > limg_, o V(Rey).
The L estimates Lemma 3.2 imply that 7 is continuous. Since A4° is constant, translating g parallel
to B[REi just translates the solution v and so we also get translation invariance, for any y’ € T4~

Tg(-—)y)=Tg.

The Riesz representation theorem implies that 7¢ = [ /71 g(x”) du(x") for some (vector-valued)
measure (. The translation invariance of 7" implies translation invariance of © which means it is a constant
multiple of the Haar measure, Lebesgue measure in this case. Then 7'1 = | implies that du = dx’.

Direct method: Consider

w(t) = / v(x', 1) dx’.
[0,1]9~1
If we can show that u is constant we are done. Compute, using a summation convention,
O Jij 0,ij a2
Ay [L](l)—/ Ay advj(x/,t)dx/
[0,1]4~1

A()lj , —o
/o 11d-1 ﬂ;ld gpvj (x', 1) dx" =0
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Now note that for each derivative 82 8 appearing in the sum either @ or B is # d and so we are integrating
the derivative of a periodic function over its unit cell. Thus

AST W) =0 forall1 <i <N.
Let £ € RV; applying (3-2) with the vector gL = 18,4 gives
MEI? = MELEL < gy sleh = Ag7ETE.
In particular the N x N matrix with coefficients Ag’,flj is invertible and therefore
w’(t)=0 forallz>0.

Thus p is linear, since p is bounded it must be constant. O

The next result is quantitative; the argument, which is the same as in [Feldman and Kim 2017], uses
the Dirichlet approximation theorem. We recall that number-theoretic result here.

Theorem 7.2 (Dirichlet approximation). For given real numbers ay, . ..,o, and N €N, there are integers
Pis---»Pn-q €Zwithl < g < N such that

lgoi — pil = —7
This is proved by the pigeonhole principle.

Theorem 7.3. Let ¢«(-) be defined the boundary layer limit associated with (1-1) defined for n €
S4=1\ RZ9. Then for every o < % and all ny,n, € ST\ RZ4,

| (n1) — s (n2)] S l@llcslng —na|*.

Proof. Let ny, n, be a pair of irrational unit vectors and set § = |n; —n,|. Assume § <2~4d~/2 Let
M = §3/6+D with s = d — 1. By Dirichlet’s approximation theorem, there exists £ € Z4 \ {0} and
k € Z with 1 <k < M such that

ni

_k—lg < k_lM_l/s.

171]o0

Now k~!|n|so€ is not a unit vector, but by the above inequality
kM nylool€] = 1= Vds" = 1.
Then, since the map x > x/|x| is Lipschitz on R? \ B2,

§

ny — —

£ <§+Ck~'M~s,

ni _£ <gkTtMTVs,

&1

Note also that

k
[

~ oo

+ MY < Vdk+1<k.
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Thus, for j =1, 2,

3
q

where we chose M at the beginning so that the two terms are of the same size.

|§| < |E||5+Ck_1M_1/S| SM8+M_1/S Nal/(s-l—l) :Sl/d,

For appropriate choices of n; L §,
nj = (cose;)é — (singj)n;,

with &) ~ n; — &/|£]].
Now apply Theorem 6.7, noting that L(&,n1) = L(&,n,) = L(§) by Lemma 7.1. For any 0 < o < 1
we have
)

This completes the proof for |n; —n,| small; for general ny,n, € S d—1 just use the boundedness of ¢y. [

|9 (n1) = @x(n2)| < l@x(n1) = LE)| + [L(E) — ¢« (n2)]

< ||<ﬂ||(:5(|§|a ;

=] gl =
g/,

ny — —

€

&1

S leles

8. A nonlinear equation with discontinuous homogenized boundary data

In this final section we study the second cell equation (1-2) for nonlinear equations. We give an example
of a nonlinear divergence form equation, with smooth boundary condition, for which the boundary layer
limit of (1-2) depends on the approach direction 7.

We consider the nonlinear operator

a(p1, pa. p3) = (p1. p2. p3 + f(p1. p3))’,
where

f(p1.p3) := (V8p] +9p3 + p3).

Here f is a solution of
8/%=2psf = (pi +p3) =0.

It is easy to check that f is positively 1-homogeneous and uniformly elliptic.
We will take £ = e3 and n = e or e, and we will set (xq, x5,x3) = (x, ,z). For the boundary
condition we choose

e(y) = % +cos(y-£) sothat @«(&,5) = % ~+ cos(s).

It is worthwhile to note that arbitrary ¢, (&, s) can be achieved by choosing ¢(3) = @« (&, y -£). We aim
to compute L (&, n).
If n = ey, (1-2) becomes

{—V~(ux,uy,uz + f(ux,uz)) =0 inR3,

8-1
u(x,y,0)=%+cosx in Ri. @-1)
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The operator and boundary data were chosen to make the solution

—Z

u(x,y,z)= (% + cos x)e
Note that
S, uz) = 3e7%
and so
(ux,uy,uz + f(ux,uz)) = (—sinx e ?, 0, —cosx e ?),
from which it is easy to verify that u solves (8-1). The boundary layer limit in this case is 0 and so, by its

definition, L(&,e1) = 0.
If n = e, then the equation becomes

—V - (ux,uy,uz + f(ux,uz)) =0 inR3, 2)
u(x,y,0)=%+cosy in R3..
This reduces to the following two-dimensional problem for v(y, z) = u(x, y, z):
—V - (vy, gvz + 3[vz]) =0 inR2, 53
v(y,0)=%+cosy on BREL.

Let v be the solution of (8-3). Consider w(y, z) := (% ~+ cos y)e_z, the solution from before,

-V. (wy, %wz + %|wz|) = [(—% — % cos y)l{cosy<0} + %(cosy — l)l{cosy>0}]e_z <0. (8-4)

Thus w is a subsolution of (8-3); from Lemma 4.3 we have w < v.

The operator (vy, %vz + %|vz|) is uniformly elliptic and Lipschitz continuous. We use a strong
maximum principle [Serrin 1970, Theorem 1']; in any bounded domain, we either have w = v or w < v.
Since the inequality in (8-4) is strict, except when y = 0 mod 27, the case must be w < v. Since both
w, v are 1-periodic in the y-direction, restricting to the set z =1, w(y, 1) <v(y, 1) —§ for some 6 > 0.
Then by comparing w and v — 6 on z > 1, again using Lemma 4.3, we deduce that w < v —§; in particular

lim v> lim w46 =46.
Z—>0Q0 Z—>00

Thus L(&,e5) <0 = L(&,e1) and therefore ¢«(n) is discontinuous at the direction e3.

Appendix A

Hoélder estimate in cone domain. We complete the proof of Lemma 3.4, the Holder estimate in the flat
cone domain which we used above.

Proof of Lemma 3.4. Suppose that

IVellzo@aney <1 and ][ e —g(0))2 < 1.
BiNQ
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Let some @ < @’ < 1; by Lemma 3.3 there isa 1 > 6 > 0 so that if Ky, = P, for some n € S91 then

sup [uf —g(0)] < 6%
BgN P,

We prove by compactness that there exists § > 0 sufficiently small such that for any solution u? as above

1/2
(]fB . |u8—g(0)|2) <6 (A-1)
]

To achieve the Holder estimate from (A-1) is the standard iteration argument.

Suppose that the previous statement fails; that is, there exists f; and corresponding 2 with §; =
IV frlloo = 0, Ay satisfying the standard assumptions, &5 > 0, gz with Lipschitz norm at most 1 and
corresponding uy solving the equation with boundary data gz on dQ2; N By and

1/2
(][ g —gk(0)|2) 6@,
BoNQy

By taking subsequences we can assume that Ay — A uniformly, g — g uniformly and the uj; converge
to some u weakly in A and strongly in L2 Then, assuming that ¢ — ¢ > 0, we claim u solves

—V-A(f)vuzo in Q@ N By with u = g on {x; =0} N B,. (A-2)

If ¢ — 0 or g — oo then we replace A(x/e) by A° or A(0) respectively.
The only part which is not the same as in [Avellaneda and Lin 1987] is to check the boundary condition.
Consider the transformations

Pr(x) = (x",xq + fr(x")) mapping @ : {xg >0} — {xg > fi(x")}.

Define vy = uy o ®y. Note that |®; — x| <8, Vv = VO, Vuy and | VO — I|poe < 8. Therefore,
up to taking a subsequence, the vy converge weakly in H'! (Bl"') and strongly in H'!/ 2(31+) to the same
limit u. Since the trace operator is continuous 7" : H'/ 2(B;Ir ) — L?({xz = 0} N B;), we have that the
trace of v is the limit of the traces g; of the vy.

Then, once we have established the limit (A-2), from the regularity estimate in the flat domain

1/2 /
b < (f |u—g(0)|2) <6,
ByNP,

which is a contradiction since ¢ < ¢’ and 9 < 1. O

Poisson kernel bounds in half-space intersection. We return to prove the Poisson kernel bounds in the
intersection of nearby half-spaces, Lemma 3.5.

Proof of Lemma 3.5. The proof basically follows the proof of the Poisson kernel bounds in a smooth
domain in [Avellaneda and Lin 1987, Lemma 21] except we need to be careful to deal with the singularity
of the boundary. We do the case d > 3; the d = 2 case is a similar modification of the arguments in
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[Avellaneda and Lin 1987, Lemma 21]. Let x, y € K and call r = |y — x|. We have the Green’s function
bound holding for x, y € K (see Theorem 13 in [Avellaneda and Lin 1987] and the remark below)

1
|Gk (x, )| < a2

We will first improve the Green’s function bound; the bound on the Poisson kernel will follow.

If§(x)> %r then |Gk (x, ¥)| S8(x)/r?=". Consider the case §(x) < %r. Let x € 0K with |x—X| =§(x).
Then Gk (-, y) is a solution of the system in B()E, %r) N K. For ¢ sufficiently small depending on « the
boundary Holder estimates Lemma 3.4 apply and

Gz y) < &

< o forallze B(x,3r) N K; (A-3)
-

in particular the bound holds at z = x.

Now we make a similar argument in the y-variable starting from (A-3); however Holder regularity
is not sufficient anymore so we need to deal more directly with the singularity. Since we will send
y — 0K \ {y1 =0} we can just consider the case §(y) <min{3r, 3|y1|}. Let j € 9K with |y — 7| = ().
Then G (x,-) is a solution of the adjoint equation in B()_z, %r) NK.If |y1| = %r then | y1| = |y1] = %r
and B( ¥, %r) N K is the intersection of a half-space with the ball B( ¥, %r) The boundary Lipschitz
estimate of [Avellaneda and Lin 1987] applies and

_8(E)8(x)®

-1 .
|G(x,2)| < d-ita forallzeB(y,gr)ﬂK,

since §(y) < %r we get the bound at z = y. If || < %r then we instead apply the boundary Lipschitz
estimate in B(J, |y1]) to find

8(z)8(x)*

Gx,2)| S ————
|G(x.2)] |y1|rd_2+0‘

forall z € B(y,|y1|/2) N K;

since 6(y) < %l 1| we get the bound at z = y. The bounds for the Poisson kernel follow by taking
appropriate difference quotients. O

Large-scale boundary regularity nonlinear equations. We return to prove the De Giorgi boundary
Holder estimates, Lemma 4.2, for scalar equations with bounded uniformly elliptic coefficients.

Proof of Lemma 4.2. Without loss we can assume that osconp, # =1 and 0 <u <11in Q N By. Call
M = maxyqnp, ¢ and consider

v=(u—M)4, whichis asubsolution of —V-(A(x)Vv) <0in Bj.
Now since
{v=0}N B1| = u,
we apply the De Giorgi weak Harnack inequality to find

vf(l—é)(slzlr}]ag u—M) in By
1
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for some 6 > 0 depending on p, d, A. Making the same argument for —u we find

osc u<(1-68) osc u+8 osc ¢.

QﬂB]/z QN B, 0QNB,
Iterating this argument we obtain,
k—1
osc u=<(1 —8)k 0sC U + 8(1 —8)k_j_1 osc .
QﬂBl/zk QNB; Z(:) 3QﬂBl/zj
Using the Holder continuity of ¢,
k—1
osc u<(1—8K osc u+ §(1=8)"/~12778).
e, = 0= (ot loles L s0-9
Choosing § smaller if necessary so that
278 < (1-9),
the summation is bounded independent of k and
- : log(1—46)
osc u<C(a)( osc u-+ 27%  witha = ——————~ < B. O
1/2k ( )(QﬁBl [(p]Cﬁ) v log2 P

Proof of Lemma 4.3. Set w = u1 — uy; then by (4-5) w solves a uniformly elliptic equation in Pj:
—V-(Ax)Vw) =0 in Q with A(x)= /01 Dpa(x,sVuy + (1 —5)Vuy)ds,
with w < 0 on 0Py, and w < M for some M > 0. Define
v =w4 = max{w, 0}, which is a subsolution of —V - (4(x)Vv) <0 in RY.
Now since,
[{v=<0}NB,| > 1B
for any r > 1 we apply the De Giorgi weak Harnack inequality to find

max w4 <maxv < (1 —4) max w in B,/,.
B,/ 2N Py B> B.NPy,

Iterating this argument we find

max wy < (1—8)% max wy <(1-8~ M.

B-NPy B, NPy
Sending k£ — oo and then r — oo we find w4+ = 0. O
Appendix B

In this section we complete the proof of Lemma 5.4. Recall that we are considering the boundary layer
problem with

{—V (A(x)Vv)=V-f inRY, (B-1)

v=vY(x) on 8[F\Ri,
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where 1V : 8|Rf’;_ — R and f are smooth, A satisfies the usual assumptions from Section 3 and, furthermore,
Y, f,and A all share d — 1 linearly independent periods £1,...,€;_1 € S[Ri such that, for some M > 2,

max |{;| < M.
1<j<d-1

The following maximal function-type norms turn out to be useful:

Mp(S R0 = y.edjggi/zle I/ ”Lfvg(BR’/z(y+R’ed))’ (B-2)
I,(f) == Mp(£.0)+ D NM,(f.N). (B-3)
Ne2N

Note that M, (f,0) = ”f”LOO(Rf’,_)‘
We write v by the Green’s function formula,

v = [ P+ [ G010y

R +
The first result is an L°° estimate:

Lemma B.1. Forany p > d,

0sc v <p os¢ v+ I1(f).
RE IRE.

Proof. The bound for the Poisson integral is already done in Lemma 3.2. For the Green’s function term
we use the Avellaneda—Lin bounds in Theorem 3.1 along with a Whitney-type decomposition.

Letxe [R{i; without loss of generality x = (0, x4). If x; > 1, let N €2V be the unique dyadic such that
Ny <x4 <2Ny. Then define  €[1,2) such thata Nx =x4. If x7 <1 define o =2. Now we make a cube de-
composition Q,j:=aN(j.1)+a[—%N, %N)d for2<N 2N and j €79, with side length comparable
to the distance to x4 =0. For N =1 we define Q1 ; =a(J, 1)+a[—1, %)d In this set up (0,x47) € On, 0-

Now we bound the Green’s function integral by

/d VG I f ()] dy = Z/ VG (xS ()l dy
RY 0 '@
< 101VxG )Lz, f Lt
)
<2 D NGOy o) Mo (S N).
N J

We claim that, for any p > d and any N € 2N, j e 74-1

IVxG(x, )| N+ 1), (B-4)

<
/
LE.(Q) ~P

Taking the bound for granted we can complete the computation,
fRd VG SO dy YD N+ Mp(f.N) S Ip(f).
+ N j

where for the last inequality we used that (1 + |/|)~¢ is summable on 74~
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Now we finish by proving (B-4) using the Avellaneda—Lin bounds, Theorem 3.1. When j = 0 and
N = N, we bound

1/p’ (ed)p’ 1/p’
192G, ) dy) ( f x— y|0= D2 dy)
(IQI/ ~ 10|
) CN , 1/p’
< N—d/p (/ (1=d)p/ .d—1 dr)
0

< N~4/P' y(A=p)d=D+D/p" _ N1-d
where we have used p > d so that (p’ —1)(d — 1) < 1 and the integral in the second line converges.
When j # 0 and/or N # N, we have that |[x — y| 2 max{N (1 +|j|), Nx} for y € Qp,;. In this case,

Yd XdVd
Ix =yl |x—yldt!

SN 41717 + NNy max{N(1 +/]), Ny}~ @D
SN 417,

[VxG(x, y)| <

which was the desired estimate. O

Next we prove the existence of a boundary layer limit with convergence rate. We assume the following
exponential-type bounds on f, which are well suited to the boundary layer problem: there are K, b > 0
so that, for all R > 0,

—bR/M -
My(f,R) = —— 1+R . (B-5)

From (B-5) one can compute,
Ip(f) <p KlogM,

and also

I,(f.R):= > NMy(f.N) <, KlogMe *R/M.
2NS N>R

Lemma B.2. Let v, f, ¥ and A as above in (B-1) with f satisfying the exponential bound (B-5). There
exists ¢« € R™ such that

sup |v(y) —cs| Sp ((osc ) + K log M)e_COR/M
y-eaZR

where the rate co depends on b and universal constants.

The proof is almost the same as [Feldman and Kim 2017, Lemma A.4] so we omit it.
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DYNAMICS OF ONE-FOLD SYMMETRIC PATCHES
FOR THE AGGREGATION EQUATION AND
COLLAPSE TO SINGULAR MEASURE

TAOUFIK HMIDI AND DONG LI

We are concerned with the dynamics of one-fold symmetric patches for the two-dimensional aggregation
equation associated to the Newtonian potential. We reformulate a suitable graph model and prove a local
well-posedness result in subcritical and critical spaces. The global existence is obtained only for small
initial data using a weak damping property hidden in the velocity terms. This allows us to analyze the
concentration phenomenon of the aggregation patches near the blow-up time. In particular, we prove
that the patch collapses to a collection of disjoint segments and we provide a description of the singular
measure through a careful study of the asymptotic behavior of the graph.
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1. Introduction

This paper is devoted to the study of the two-dimensional aggregation equation with the Newtonian

potential:
d:p+div(vp) =0, >0, x e R?,

(1, %) = =5z fp2(x = y)/1x = y[p(t. y) dy, (1-1)
(0. x) = po(x).

This model with more general potential interactions, with or without dissipation, is used to explain
some behavior in physics and population dynamics. As a matter of fact, it appears in vortex densities
in superconductors [Ambrosio and Serfaty 2008; Du and Zhang 2003; Keller and Segel 1970], material
sciences [Holm and Putkaradze 2006; Nieto et al. 2001], cooperative controls and biological swarming
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[Bernoff and Topaz 2011; Breder 1954; Boi et al. 2000; Gazi and Passino 2003; Mogilner and Edelstein-
Keshet 1999; Morale et al. 2005; Topaz and Bertozzi 2004], etc. During the last few decades, a lot of
intensive research activity has been devoted to exploring several mathematical and numerical aspects of
this equation. It is known according to [Bertozzi et al. 2012; Nieto et al. 2001] that classical solutions
can be constructed for short times. They develop a finite-time singularity if and only if the initial data is
strictly positive at some points and the blow-up time is explicitly given by T, = 1/max pg. This follows
from the equivalent form

dtp+v-Vp=p>

which, written with Lagrangian coordinates, gives exactly a Riccati equation. Note that similarly to
Yudovich’s result [1963] for Euler equations, weak unique solutions in LN L% can be constructed follow-
ing the same strategy; for more details see [Bertozzi et al. 2009; 2011; 2012; Bertozzi and Laurent 2007;
Bertozzi and Brandman 2010; Fetecau et al. 2011; Fetecau and Huang 2013; Dong 2011; Laurent 2007;
Li and Rodrigo 2009]. Since the L! norm is conserved at least at the formal level, a lot of effort was made
to extend the classical solutions beyond the first blow-up time. Poupaud [2002] established the existence
of global generalized solutions with defect measure when the initial data is a nonnegative bounded Radon
measure. He also showed that when the second moment of the initial data is bounded, for such solutions
the atomic part appears in finite time. This result is to some extent in contrast with what is established for
Euler equations. Indeed, according to Delort’s result [1991] global weak solutions without defect measure
can be established when the initial vorticity is a nonnegative bounded Radon measure and the associated
velocity has finite local energy. During the time, those solutions do not develop atomic part, contrary to
the aggregation equation. This illustrates somehow the gap between both equations, not only at the level
of classical solutions but also for the weak solutions. The literature dealing with measure-valued solutions
for the aggregation equation with different potentials is very abundant and we refer the reader to [Bodnar
and Velazquez 2006; Carrillo et al. 2006; 2011; Carrillo and Rosado 2010; Masmoudi and Zhang 2005].

Now we shall discuss another subject concerning the aggregation patches. Assume that the initial data
takes the patch form

Po = lD():

with D¢ a bounded domain; then solutions can be uniquely constructed up to the time 7* = 1 and one
can check that

1 .
p(l) = :ll)t, with (8; +v 'V)ll)t =0.

Note that v is computed from p through the Biot—Savart law. To filter the time factor in the velocity field
and find an analogous equation to the Euler equations, it is more convenient to rescale the time as was
done in [Bertozzi et al. 2012]. Indeed, set

1 xX—=y

‘(:—ln(l—t), M(T,X):—Z Rzm

15 (v)dy, Dy=D;

then we get
(81+u-V)151 =0, 50=D0.
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We observe that with this formulation, the blow-up occurs at infinite time and so the solutions do exist
globally in time. To simplify the notation we shall write this latter equation with the initial variables.
Hence the vortex patch problem is reduced to understanding the evolution equation

dip+v-Vp=0, >0,
v(t,x) = =5 [p, (x = y)/Ix = y|*dy, (1-2)
p(0) =1p,.

Let us point out that the area of the domain D; shrinks to zero exponentially; that is,
forallt >0, |p(t)|z1 =e"|Dol. (1-3)

The solution to this problem is global in time and takes the form p(¢) = 1p,, D; = ¥(¢, Do), where ¥
denotes the flow associated to the velocity v. Similarly to the Euler equations [Bertozzi and Constantin
1993; Chemin 1993], Bertozzi, Garnett, Laurent and Verdera [Bertozzi et al. 2016] proved the global-in-
time persistence of the boundary regularity in Holder spaces C !5, s € (0, 1). However the asymptotic
behavior of the patches for large time is still not well understood despite some interesting numerical
simulations giving some indications on the concentration dynamics. Notice first that the area of the patch
shrinks to zero, which gives that the associated domains will converge in Hausdorff distance to negligible
sets. The geometric structure of such sets is not well explored and hereafter we will give two pedagogic and
interesting simple examples illustrating the concentration, and one can find more details in [Bertozzi et al.
2012]. The first example is the disc which shrinks to its center, leading after a normalization procedure
to the convergence to Dirac mass. The second one is the ellipse patch which collapses to a segment along
the big axis and the normalized patch converges weakly to Wigner’s semicircle law of density
24/ x92 — x%

x> ——L1 xo=a—b.
x> [—x0,x0]

It seems that the mechanisms governing the concentration are very complex and related in part for some
special class to the initial distribution of the local mass. Indeed, the numerical experiments implemented in
[Bertozzi et al. 2012] for some regular shapes indicate that generically the concentration is organized along
a skeleton structure. The aim of this paper is to investigate this phenomenon and try to give a complete
answer for a special class of initial data where the concentration occurs along disjoint segments lying in
the same line. More precisely, we will deal with a one-fold symmetric patch, and by rotation invariance
we can suppose that its axis of symmetry coincides with the real axis. We assume in addition that the
boundary of the upper part is the graph of a slightly smooth function with small amplitude. Then we will
show that we can track the dynamics of the graph globally in time and prove that the normalized solution
converges weakly towards a probability measure supported in the union of disjoint segments lying in the
real axis. The results will be formulated rigorously in Section 2. The paper is organized as follows. In next
section we formulate the graph equation and state our main results. In Sections 3, 4 and 5 we shall discuss
basic tools that we use frequently throughout the paper. In Section 6 we prove the local well-posedness for
the graph equation. The global existence with small initial data is proved in Section 7, and Section 8§ deals
with the asymptotic behavior of the normalized density and its convergence towards a singular measure.
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2. Graph reformulation and main results

The main purpose of this section is to describe the boundary motion of the patch associated to (1-2) under
suitable symmetry structure. One of the basic properties of the aggregation equation that we shall use in
a crucial way concerns its group of symmetry, which is much richer than for Euler equations. Actually, in
addition to rotation and translation invariance, the aggregation equation is in fact invariant by reflection.
To check this property and without loss of generality we can look for the invariance with respect to the
real axis. Set
X=(x,y)eR? and X =(x,—y)
and introduce
b X) = p(t. ). b x)=—L [ X=X 50 vyay.
| T T fe -y

Using straightforward change of variables, it is quite easy to get

v(t, X)=0(t,X), div(vp)(t, X) =div(dp)(z, X).
Therefore we find that p satisfies also the aggregation equation
d:0 + div(0 p) = 0.

Combining this property with the uniqueness of Yudovich’s solutions, it follows that if the initial data
belong to L' N L> and admit an axis of symmetry then the solution remains invariant with respect to
the same axis. In the framework of the vortex patches this result means that if the initial data are given
by po = 1p, and the domain Dg is symmetric with respect to the real axis, the domain D, defining the
solution p(¢#) = 1p, remains symmetric with respect to the same axis for any positive time. Recall that in
the form (1-2) Yudovich-type solutions are global in time. To be precise about the terminology, here and
contrary to the standard definition in topology, where “domain” means a connected open set, we mean by
“domain” any measurable set of strictly positive measure. In addition, a patch whose domain is symmetric
with respect to the real axis (or any axis) is called one-fold symmetric.

In the current study, we shall focus on the domains D¢ such that the boundary part lying in the upper
half-plane is described by the graph of a C! positive function fp : R — R4 with compact support. This
is equivalent to

Do = {(x,y) € R?: x € supp fo, —fo(x) <y < fo(x)}.

We point out that concretely we shall consider the evolution not of D¢ but of its extended set defined by

Do ={(x,y) eR*:x € R, —fo(x) <y < fo(x)}.

This does not matter since the domain D; remains symmetric with respect to the real axis and then we
can simply track its evolution by knowing the dynamics of its extended domain: we just remove the extra
lines located on the real axis.

One of the main objectives of this paper is to follow the dynamics of the graph and investigate local and
global well-posedness issues in different function spaces. In the next lines, we shall derive the evolution
equation governing the motion of the initial graph fy. Assume that in a short time interval [0, T] the part of
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the boundary in the upper half-plane is described by the graph of a C! function f; : R — R. This forces
the points of the boundary dD; located on the real axis to be cusp singularities. As a material point located
at the boundary remains on the boundary, any parametrization s — y;(s) of the boundary should satisfy

(0:ye(s) —v(t, ye(s))) - 7i(ye(s)) =0,
with 71 (y; ) being a normal unit vector to the boundary at the point y; (s). Now take the parametrization in the
graph form y; : x — (x, f(¢, x)); then the preceding equation reduces to the nonlinear transport equation
A f(t,x) +ur(t,x) ox f(1,x) =uz(t,x), 120, xeR,
F(0,x) = fo(x),
where (11, u2)(¢, x) is the velocity (v, v2)(f, X) computed at the point X = (x, f(¢, x)). Throughout
this paper we use the notation

fe(x) = f(t.x) and f'(t,x) = 0x f(t. ).

To reformulate (2-1) in a closed form we shall recover the velocity components with respect to the graph
parametrization. We start with the computation of vy (X). Here and for the sake of simplicity we drop the

(2-1)

time parameter from the graph and the domain of the patch. One writes according to Fubini’s theorem

SO dys
—2nv1(X) = dYy = /(x y )/ dyi,
! |X Y|2 V) = y)2+ () —y2)2 !

where Y = (y1, ¥2). Using the change of variables y, — f(x) = (x — y1)Z we find
2000 = [ [mt(M) +t(M)]
R

— X X

= / [arctan( Jx+ y; — f(x)) + arctan( Jx+ y; + /) ):| d
R

To compute v; in terms of f we proceed as before and we find

_ [ -y 7o f(x) = y2
= [ g = | | G

Therefore we obtain the expression

. y24+(f(x+y)— f(x)?
4m}2(x’f(x))_/[RlOg(y2+(f(x+y)+f(x))2)dy

With the notation adopted before for (11, u;) we finally get the formulas

wy (. x) = %/I;[arctan(ft(X‘i‘J’)_ft(x)) +arctan(ft()€+y)+ft(x))i| oy,

Y y
2 2 (2-2)
e x)=L/10g(y (i +9) = /i) )d
’ 4 Jn Y24+ (fi(x+y)+ fi(x))?

We emphasize that for the coherence of the model the graph equation (2-1) is supplemented with the
initial condition fo(x) > 0. According to Proposition 6.2, the positivity is preserved for enough smooth
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solutions. Furthermore, and once again according to this proposition we have a maximum principle
estimate:

forallt >0, forall x e R, 0< f(t,x) <| follLee-

Notice that the model remains meaningful even when the function f; changes sign. In this case the
geometric domain of the patch is simply obtained by looking to the region delimited by the curve of
fr and it is symmetric with respect to the real axis. This is also equivalent to dealing with a positive
function f; but its graph will be less regular and belongs only to the Lipschitz class. Another essential
element that will be analyzed later in Proposition 6.2 concerns the support of the solutions, which remains
confined through the time interval. More precisely, if supp fo C [a, b] with a < b then provided that the
graph exists for ¢ € [0, T'] one has

supp f(¢t) Ca,b].

This follows from the fact that the flow associated to the horizontal velocity u1 is contractive on the
boundary. It is not clear whether global weak solutions satisfying the maximum principle can be
constructed. However, to deal with classical solutions one should control higher regularity of the graph
and it seems from the transport structure of the equation that the optimal scaling for local well-posedness
theory is Lipschitz class. Thus, in what follows we say that a function space is critical if it scales
as a Lipschitz class and subcritical if it scales above like Holder spaces C'*5, s > 0. Denote by
g(t,x) = 0x f(¢, x) the slope of the graph; then it is quite obvious from (2-1) that

0;g +u10xg = —0xu1g + dxus. (2-3)

For the computation of the source term we proceed in a classical way using the differentiation under the
integral sign and we get successively

J'x+y) - f1(x) fx+y)+ (%)

278511 (x) = p.v. dy+pv.
) =R G - o Y et w2

ydy (2-4)

and

(fx+y) = f)(f'(x+y)— f'(x)
Y2+ (f(x+y) = f(x)?

o [ TN SO ) + 1)
R Y24+ (f(x+y)+ f(x)?

where the notation “p.v.” is the Cauchy principal value. It is worth pointing out that the first two integrals

2mdxuz(x) =p.v. dy

dy,

appearing in the right-hand side of the expressions of d,u1 and d,u» are in fact connected to the Cauchy
operator associated to the curve f defined in (5-1). This operator is well-studied in the literature and some
details will be given later in Section 5. Next, we shall check that the integrals appearing in the right-hand
side of the preceding formulas can actually be restricted over a compact set related to the support of f.
Let [-M, M] be a symmetric segment containing the set Ko — Ko, with K¢ being the convex hull of the
support of fo, which is denoted by supp fp. It is clear that the support of dxu; f’ is contained in K¢ and
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thus for x € Ky one has

o [ L EAN G ydy:pV/M flx+ )= 1)
C ey TE+ - f0)? Y PG =)

Consequently, we obtain for x € R

M ' —f’
2mf'(x)dxu1 (x) = f'(x) p.v. /_M »2 f ((}C(jcr i)y) - %c))zy ’

: M o+ )
+f (X)P-V-/_M VA Gy + S

Coming back to the integral representation defining d,u, one can see, using a cancellation between both

sydy.

dy.

integrals, that the support of dxu» is contained in Ky. Furthermore, for x € K¢ one may write

_ M (S +2) = fONS (x+3) = [(x)
st =pr | R
—pwv /M (fx+y)+ /NS x+y) + f(x) dy
m Y+ (f(x+y)+ f(x)? '
Gathering the preceding identities we deduce that
2 (—dxuy f'(x) + 0xuz) = F(x) — G(x), (2-5)

with

M . o , s
Fx) 2 pu. /_ ) 0 +) = f@) =y OIS G+ 0 = )

Y+ (fx+y) - f(x)?

G & /M £+ ) + £O) + 3 O (x4 )+ £1(0))
P ) m Y+ ([t )+ f(0)2

One should keep in mind that the integrals above can also be extended to the full real axis. Sometimes in

dy.

order to reduce the size of the integral representation we use the notation

AT F(x) = f(x+y) £ f(x). (2-6)
Thus F and G take the form

_ M AT f(x) =y (X)]AT f'(x)

Fo=en [ e
M IAL S + 3 WA ()

G(x) = p.v. /_ . T o) dy. (2-8)

The first main result of this paper is devoted to the local well-posedness issue. We shall discuss two
results related to subcritical and critical regularities. Denote by X one of the following spaces: Holder
spaces C*(R) with s € (0, 1) or the Dini space C*(R). For more details about classical properties of
these spaces we refer the reader to Section 4.
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Theorem 2.1. Let fo be a positive compactly supported function such that fj € X. Then, the following
results hold true:

(1) Equation (2-1) admits a unique local solution such that '€ L*°([0, T], X ), where the time existence T
is related to the norm | fyllx and the size of the support of fo. In addition, the solution satisfies the
maximum principle

forallt € [0.T], (| f@)llzee = [l follLoo.

(2) There exists a constant € > 0 depending only on s and the size of the support of fo such that if
Ifollcs <e (2-9)
then (2-1) admits a unique global solution ' € L*°(R4+; C*(R)). Moreover,
forallt >0, ||0x f(t)||re < Coe™",
with Co a constant depending only on || fg | cs.

Before outlining the strategy of the proof, some comments are in order.

Remarks. (1) The global existence result is only proved for the subcritical case (C*). The critical case
(Dini case) is more delicate to handle due to the lack of strong damping, which is only proved in the
subcritical case (see Proposition 7.1). Roughly speaking, the damping comes from the linearization of the
nonlinear term. Indeed, one finds that the equation

¢ [ +uydx f' = 5= (F(x) — G(x)) = — f' + L1 (x) + nonlinear,

where (see Proposition 7.1) the term “nonlinear” has superlinear C*-type estimates. If the term L (x)
were identically zero, then one can use the damping term — f” to obtain exponentially decaying global
solutions with small initial data. On the other hand, as it turns out, the almost-linear-type term L (x)
admits estimates of the form

ILulls < (Lflls +201F Nzee) + ClLF Nz eolLf s
IL1llzee = € min(|| flIZe0 ./ lls. /" Loe)-

The key improvement here is the first estimate in the L°° estimate of L, which is in some sense superlinear.
By using Proposition 6.2 one can obtain an exponential decay estimate of || f||; through an area argument.
This important estimate together with some interpolation estimates (and an exponential decay estimate
of ||0xu1]lo) and the strong damping term — f” then yields global well-posedness for small data.

(2) Coming back to the patch domain, we see that it admits cusp-like singularities located on the axis
of symmetry. This is not covered by the preceding result [Bertozzi et al. 2016] where the boundary is
assumed to be more regular than C'!. From the proof of Theorem 2.1 we deduce that the graph solutions
generate a Lipschitz velocity. This allows us to easily propagate a weak notion for the order of a cusp.
More precisely, let o > 0 be the order of a cusp xo; that is, for small r, we have | D N B(xg,7)| = O(r**%),
and then for the solutions constructed in Theorem 2.1 we get |D; N B(x;,r)| = O(r>*%), with x, the

image of xo by the flow. Notice that this problem was studied for Euler equations in [Danchin 2000].
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(3) From Sobolev embeddings we deduce according to the assumption on fy listed in Theorem 2.1 that
fo belongs to the space C!(R) of compactly supported C! functions.

(4) The maximum principle holds true globally in time; however, it is not clear whether some suitable
weak global solutions could be constructed in this setting.

Now we shall give some details about the proofs. First we establish local-in-time a priori estimates
based on the transport structure of the equation combined with some refined studies on modified curved
Cauchy operators implemented in Section 5 and essentially based on standard arguments from singular
integrals. The construction of the solutions done in Section 6C is slightly more intricate than the usual
schemes used for transport equations. This is due to the fact that the establishment of the a priori estimates
is not purely energetic. First, at some levels we use some nonlinear rigidity of the equation like in
Theorem 2.1(3), where the factor f’ behind the operator should be the derivative of the function f that
appears inside the operator. Second, we use at some point the fact that the support is confined in time.
Last we use at different steps the positivity of the solution. Hence it seems quite difficult to find a linear
scheme taking into account all of those constraints. The idea is to implement a nonlinear scheme with
two regularizing parameters ¢ and n. The first one is used to smooth out the singularity of the kernel and
the second to smooth the solution through a nonlinear scheme. We first establish that one has uniform
a priori estimates on n but on some small interval depending on ¢. We are also able to pass to the limit
on n and get a solution for a modified nonlinear problem. Second we check that the a priori estimates
still be valid uniformly on . This ensures that the time existence can be in fact pushed up to the time
given by the a priori estimates obtained for the initial equation (2-1). As a consequence we get a uniform
time existence with respect to € and finally we establish the convergence towards a solution of the initial
value problem using standard compactness arguments.

The global existence for small initial data requires much more careful analysis because there is no
apparent dissipation or damping mechanisms in the equation. Notice that the estimate of the source
term G contains some linear parts as it is stated in Proposition 6.1. The basic ingredient to get rid of
those linear parts is to implement a kind of linearization allowing us to capture a weak damping effect
in G that can just absorb the growth of the linear part. We do not know if the damping proved for lower
regularity still happens in the resolution space. As to the nonlinear terms, they are always associated
with some subcritical norms and thus using an interpolation argument with the exponential decay of the
L' norm we get a global-in-time control that leads to the global existence.

The second result that we shall discuss deals with the asymptotic behavior of the solutions to (1-2) and
(2-1). We shall study the collapse of the support to a collection of disjoint segments located at the axis of
symmetry. Another interesting issue that will be covered by this discussion concerns the characterization
of the limit behavior of the probability measure

t 1Dz

dPt é e
| Do

dA, (2-10)

with d A being Lebesgue measure and | Dg| denoting the Lebesgue measure of Dg. Our result reads as
follows.
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Theorem 2.2. Let fo be a positive compactly supported function such that fj € C*(R), with s € (0, 1).
Assume that supp fo is the union of n disjoint segments and satisfies the smallness condition (2-9). Then
there exists a compact set Doo C R composed of exactly of n disjoint segments and a constant C > 0 such
that

forallt =0, dp(D;.Deo) <Ce™. |Dool > 3|Dol.

with dg being the Hausdorff distance and |D| the one-dimensional Lebesgue measure of Deo. In
addition, the probability measures {dP;};>0 defined in (2-10) converge weakly as t goes to oo to the
probability measure

dPOO = CD(SDOO®{0},

with ® being a compactly supported function in Do belonging to C*(R) for any a € (0, 1) and can be
expressed in the form

-1
o(x) = 12Woo X)) o) (2-11)
Il follzt
with g a function that can be implicitly recovered from the full dynamics of solution { f; : t > 0} and
Yoo = lim ¥ ().
t—00

Note that  (t) is the one-dimensional flow associated to ui defined in (6-26) and

Dy =1{(x,y):x €supp fr, —f1(x) <y < fr(x)}.

Remark 2.3. The regularity of the profile ® might be improved and we expect that ® keeps the same
regularity as the graph.

The proof of the collapse of the support to a disjoint union of segments can be easily derived from the
formula (2-11) which ensures that the support of the limit measure is exactly the image of the support
of fp by the limit flow /o, which is a homeomorphism of the real axis. To get the convergence with
the Hausdorff distance we just use the exponential damping of the amplitude of the curve. As to the
characterization of the limit measure it is based on the exponential decay of the amplitude of graph
combined with the scattering as ¢ goes to infinity of the normalized solution e’ f(¢). In fact, we prove
that the density is nothing but the formal quantity

d(x) = 2[l_i>1¥>1o el f(t,x)

whose existence is obtained using the transport structure of the equation through the method of character-
istics combined with the damping effects of the nonlinear source terms.

3. Generalities on the limit shapes

In this short section we shall discuss a simple result dealing with the role of symmetry in the structure
of the limit shape D,. Roughly speaking, we shall prove that thin initial domains along their axis of
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symmetry generate concentration to segments. Notice that
Do & { lim ¥(t,x):x € DO},
t—>o0
where i is the flow associated to the velocity v and defined through the ODE
Yt x)=v(t, ¥(t,x), t>0,xeR2
¥(0,x) = x.

The existence of the set Do, will be proved below. We intend to prove the following.

(3-1)

Proposition 3.1. The following assertions hold:
(1) If Dy is a bounded domain of R?, then for any x € R? the quantity lim;_so ¥ (¢, X) exists.

(2) Let Dy be a simply connected bounded domain symmetric with respect to an axis A. Denote by
do = Length(Dg N A). There exists an absolute constant C such that if

1
do > C|D0|5
then the shape Do contains an interval of the size dy — C |D0|%.

Proof. (1) Integrating in time the flow equation (3-1) yields

t
Ve =x+ [ o v
0
Now observe that pointwisely

w01 = 5 (1 o0l o

Thus interpolation inequalities combined with (1-3) lead to

1 1 t 1
[v@llLee = Cllp71 p@)feo < Ce™2|Do|2, (3-2)

with C an absolute constant. This implies that the integral fooo v(t, ¥ (t,x)) dt converges absolutely and
therefore lim;_o0 ¥ (£, x) exists in R2. This allows us to define the limit shape Do as

Doo = { lim ¥ (z,x): x € Do}.
t—>00
(2) Without loss of generality we will suppose that the straight line A coincides with the real axis. Since
D is a simply connected bounded domain, there exist two different points X, X, (;“ € R such that
DoNA =Xy, X

Then it is clear that Length(Dg N A) = X, (;r — X :=do. By assumption Dy is symmetric with respect
to A; then the domain D; remains also symmetric with respect to the same axis and the points X SE move
along this axis. Set

XE() =y X5):

then as the flow is a homeomorphism

D:NA=[X"(t), X" ()]
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Now we wish to follow the evolution of the distance d(¢) := X ™ () — X ~(¢) and find a sufficient condition
such that this distance remains away from zero up to infinity. Notice from the first point that lim; .o d(¢)
exists and is equal to some positive number doo. From the triangle inequality, one easily gets

t
d(t) = do—2 /0 ()]l d<.

Inequality (3-2) ensures that
1
d(t) = do—C|Do|?

and therefore doo > do — C |Do|%. Consequently, if do > C |D0|% then the points {X *(¢)} do not collide
up to infinity and thus the set D, contains a nontrivial interval as claimed. O
4. Basic properties of Dini and Holder spaces

We now set up some function spaces that we shall use and review some of their important properties. Let
/ :R— R be a continuous function; we define its modulus of continuity ws : R+ — R4 by

wr(r)=sup [f(x)=f()I.

[x—yl<r

This is a nondecreasing function satisfying ws (0) = 0 and it is subadditive; that is, for r1, 72 > 0 we have

wr(r1 +r2) < wr(r1) + wr(r2). 4-1)

Now we intend to recall Dini and Holder spaces. The Dini space denoted by C *(R) is the set of continuous
bounded functions f such that

dr.

. Yor(r)
| fllLee + 1 fllp <oo, with| flp= N

Another space that we frequently use throughout this paper is the Holder space. Let s € (0, 1); we denote
by C5(R) the set of functions f : R — R such that

wf (r).

s

[/ llLee + 11 flls < oo, with | f]ls = sup

O<r<1
Let K be a compact set of R; we define Cg as the subspace of C*(R) whose elements are supported
in K. Note that Cg < L°(R), which means that a constant C depending only on the diameter of the
compact K exists such that

forall f€Cg, |[fllLee =Clfllp- (4-2)

This follows easily from the observation
forall r € ((), %], o(r)In2<|flb.

From (4-2) we deduce that for any A > 1

A
/0 U 4y <1 fIp 420 f e A = CIF (1 +1n 4). (4-3)
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Coming back to the definition of Dini seminorm one deduces the product laws: for f, g € Cg

Ifgllp =1 fllzellglip +lglzellfllp and [ fgllp =CllflplglD- (4-4)

Another useful space is C¢-, which is the subspace of C*(R) whose functions are supported on compact K.
It is quite obvious that

Ci > Cf > L™, (4-5)

We point out that all these spaces are complete. Another property which will be very useful is the following
composition law. If f € C*(R) with0 <s <1 and ¥ : R— R is a Lipschitz function then f oy € C*(R) and

1 o¥lls < (Lf s + 20 f o)V [ 00 (4-6)

It is worth pointing out that in the case of the Dini space C*(R) we get a more precise estimate of
logarithmic type,

If e¥lp = CALflip + 11/ o) 4+t ([V[[L0)), (4-7)

with the notation

A (Inx ifx>1,
Ing x = .
0 otherwise.

Another estimate of great interest is the following product law:

Ifglls = 1/ Iz lIglls + lgllzeo IF lls- (4-8)

In the next task we will be concerned with a pointwise estimate connecting a positive smooth function to
its derivative and explore how this property is affected by the regularity. This kind of property will be
required in Section 5 in studying Cauchy operators with special forms.

Lemma 4.1. Let K be a compact set of R and f : R — Ry be a continuous positive function supported
in K such that ' € C*(R). Then we have

I/l + I/ llzee
L+Ing (| f//lp/ f(x))

forallx eR, |f'(x)|<C

A weak version of this inequality is

(Ao + 1L/ o) + Ine (1/1f"IlD))
L4 1In4 (1/f(x)) ’

with C an absolute constant. If in addition ' € C*(R) with s € (0, 1), then

forallx R, |f'(x)|<C

1 s

forallx €R, | f'()I = CIf lls T [f ()T

and the constant C depends only on s.
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Proof. Let x be a given point; without any loss of generality one can assume that f’(x) > 0. Now let
h € [0, 1]; then using the mean value theorem, there exists ¢z € [x — &, x) such that

fx—h)= f(x)=hf'(cp)

= f(x)=hf'(x)=hlf"(cp) = ' (x)]

< f(x)=hf'(x)+h wyr(h).
From the positivity of the function f we deduce that for any % € [0, 1] one gets

SX)=hf'(x)+haws(h) = 0.
Then dividing by 42 and integrating in /& between ¢ and 1, with ¢ € (0, 1], we get
1
fO3+ 1@ e+ f'lp 2 0.
Multiplying by ¢ we obtain
foralle € (0,1), f(x)+ f'(x)elne+||f'||pe=>0. (4-9)

By studying the variation with respect to & we find that the suitable value of ¢ is given by

NN Vol
S (x)
Inserting this choice into (4-9) we find that
ef'(x) < f(x);

that is,
e—l—llf/IID/f/(x)f/(x) < f(x).

t

From the inequality e~ < e~ ! we deduce that

o1 WD s 7700
f'(x)

which implies in turn that

e—l—llf’llD/f’(X)f/(x) > e—2||f’IID/f’(X)||f/||D.

Consequently we get
2RI 1 < f(x).
Thus when f(x)/|| f/|lp > 1 this estimate does not give any useful information and then we simply write
1) =1L Mz
However for f(x)/|| f'llp <1 we get

I/"llp
L+Ing (L f'llp/ f(x)

f'xy=c
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from which we deduce that

L/ o (1 + e (/1 fllD)

S = C T )

Indeed, one may use the estimate

1+1Iny (1/x) _

for all x > 0,
orany l+1Ing(a/x) —

1 +1ny(1/a),
which can be verified easily by studying the variation of the fractional function.

Now let us move to the proof when f’ is assumed to belong to the Holder space C¥, with s € (0, 1).
Following the same proof as before one deduces that under the assumption f’(x) > 0 one obtains for
any h € Ry

FO)=hf' )+ £ 2 0.

By studying the variation of this function with respect to 4 we find that the best choice of % is given by

S
A+ s
which implies the desired result, that is,
/ / % =
f') = CIUf s L (o], 0

5. Modified curved Cauchy operators

This section is devoted to the study of some variants of Cauchy operators which are closely connected to
the operators arising in (2-4) and (2-5). Let us first recall the classical Cauchy operator associated to the
graph of a Lipschitz function f : R — R,

. gx+y)—gx)
Qg“”i@y+ﬂﬂx+w—f@»@“

which is well-defined at least for a smooth function g. According to a famous theorem of Coifman,

(-1

Mclntosh and Meyer [Coifman et al. 1982], this operator can be extended as a bounded operator from
L? to L? for 1 < p < oco. By adapting the proof of [Wittmann 1987], this operator can also be extended
continuously from Cg to C*(R) for 0 < s < I, provided that f belongs to C 1+5(R). However this
operator fails to be extended continuously from the Dini space Cg to itself, as can be checked from
Hilbert transform. The structure of the operators that we have to deal with, as one may observe from the
expression of F following (2-5), is slightly different from the Cauchy operators. It can be associated to
the truncated bilinear Cauchy operator defined as follows: for given M > 0, 8 € [0, 1],

M
) LM (x4 0y) — g () (h(x + y) — h(x))
Qﬂgmw”‘LM Vit ) — )
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The real and imaginary parts of this operator are given respectively by

M
R o )(x) = y(gx +0y) —g(x) (h(x +y) —h(x))
Pane= [ T

(5-2)

and

/M (fx+y)—f(x)(gx+0y)—g(x)(h(x +y)— h(X))
M V24 [f(x+y)— f))?

In what follows we denote by X one of the spaces Cg, with 0 < < 1, or Cg. The result that we shall

(g h)(x) =

discuss deals with the continuity of the preceding bilinear operators on the spaces X. This may have been
discussed in the literature, but as we need to control the continuity constant we shall give a detailed proof.

Proposition 5.1. Let K be a compact set of R and | be a compactly supported function such that f’ € X.
Then the following assertions hold true: The bilinear operator CJQ 1 X X X — X is well-defined and
continuous. More precisely, there exists a constant C independent of 6 such that for any g,h € X

IICﬁ’m(g,h)llx =CA+ 1/ e llf Ix)Uglp I7x + Alp lIglx).
9 [«
ICs™ (g Wllx = CILf lx L+ 1L £'IZe)Uglp I llx + llgllx 2]l p)-

Proof. We shall first establish the result for the real-part operator given by (5-2). First we note that one
may rewrite the expression using the notation (2-6) as follows:

6. M yAgyg(x)Ayh(x)
s h —
Gene= [ R T

where we simply replace the notation A" by A). Using the product laws (4-4) and (4-8) one obtains

cmh<MAAhdyMAAh
IC, " (g. Wlix = iy [AgygAy ||Xm+ iy ||| AgygAyhlLeo

1
—— | dy.
REERTNIE] M

Using once again the product law, it becomes
[AoygAyhllx < [[AsygliLee [Ayhlx +[1Agygllx | AyhllLoe
< wg(lyDIlIRllx +2lgllx wn(lyD.
where we have used that for 6 € [0, 1], y € R
1A Rlx <2lhlx.  [AgyhliLee < wp(]y]). (5-3)

Consequently

M dy
/ [AgygAyhlx— < Cglp Ihlx + 12D llgllx)- (5-4)

|yl

By the definition it is quite easy to check that for any function ¢ € X N L*°(R)

' 1
y*+¢?

2llgllzee
= ——Z el
y
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|

where we have used the inequalities

Hence we get
1

y2+(Ayf)2 X

Ay fllzee
<2 yy 1Ay flix

<Cy (| fllzee II.f lIx. (5-5)

1Ay fllzee < Iy f e and  wa, r(r) < [ylwp(r).

Therefore we get in view of (5-3),

M
f 011 AgygAyhllzoo H
—M

wg (YD
dy < C| f'llLee ||f/||X||h||L°°/M g| |

= ClLf e lLf x Mllzee gl p-

1
2+ (Ayf)2 X

Combining this last estimate with (5-4) we find that

IICQ M. mlx < Ciglp Ihllx + Iklp lglx + £ 1o I x 12l <l gllp)-

To deduce the result it is enough to use (4-5).
We are left with the task of estimating the imaginary part, which takes the form

0.5 M Ay f(x)Agyg(x)Ayh(x)
h =
Cr (&) = /_M Vt (B f ()

Note that we have dropped the minus sign before the integral, which of course has no consequence on the

dy.

computations. Using Taylor’s formula we get

1
Ay f() =y fo Fix+y)de

and thus

03, 1 VG TR gOBBD)
G (e ) = / / V1 (B, f())? yér

It suffices to reproduce the preceding computations using in particular the estimates

£/ (- +ty)AgygAyhliree < | f'llLoollhllLocwg (|y])

and
1/ + ) AgygAyhllx < I1f lLee|1AgygAyhllx + 11/ llx |1 AgygAyhllLee
<1 L (g (yDIAlx + lglx wn(yD) + 21 fIx gl Leown(ly]).
This implies, according to the Sobolev embeddings (4-5),

M 1
dy
fM/O If'(- +1y)AgygAyhllx ol dt <C|lf'llx(glpllklx + lgllx 2] p).
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Using (5-5) one may easily get

M
/M G+ Ty)AGygAyh”Loo‘ dy < Cllf'I7ee I/ lIx Bl ligllp

1
y2+(Ay ) lx
which gives the desired result using the Sobolev embeddings (4-5). O

The second kind of Cauchy integrals that we have to deal with, and that are related to the integral
terms in (2-4) and (2-5), are given by the linear operators

g yg(ax + By)
Tf g(x) = pV/R y2 + [f(x) —+ f(x + y)]2

with @ and B being two given parameters. The continuity of these operators in classical Banach spaces

is not in general easy to establish and could fail for some special cases. We point out that it is not our
purpose in this exposition to implement a complete study of these operators. A more complete theory
may be achieved but this topic exceeds the scope of this paper and we shall restrict ourselves to some
special configurations that fit with the application to the aggregation equation. Our result in this direction
reads as follows.

Theorem 5.2. Let o, 8 € [0, 1], K be a compact set of R and f : R — R4 be a compactly supported
continuous positive function such that f" € Cg. Then the following assertions hold true:

(1) The operator TP Cg — L% (R) is well-defined and continuous and

S
1T, PP glliee < CA+1f IFoo +1Lf ool £ D) gD,

with C a constant depending only on K and not on « and B.

(2) The modified operator ' T'x b : Cg — Cg is continuous. More precisely,

Lf'Ty “Pelp < Cllf Ip(Coing (/15 1p) + 1L 1)1l

with C a constant depending only on K and
(I1-mnp), Be(0.1],
1, B =0.

(3) Let s € (0, 1) and assume that f' € Cg; then f’T}x"B : Cg — CR(R) is well-defined and continuous.
More precisely, there exists a constant C depending only on the compact K and s such that

Cp &

Lf'Ty “Pells < Ccpllf’ IIIJ” 1 IsHg s (5-6)

In addition, one has the refined estimate

+
I/ T"‘ﬂg||S§C||f ||2+S(||f ||s2+SC,3+||f ||§4)||g||s+C||g||2+s g™ 11 s
with |
C é ﬁ_i’ IB € (O’ 1]’
ﬁ p—
1, B =0.
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Proof. To simplify the notation we shall throughout this proof write T¢ g instead of Tfa B g.

(1) By symmetrizing we get

_ [T ylglax+ By) —glax —By)]
s = | AU fa R “

+ tm / y glax —By)[f(x—y) = f(x + WIAT f(x) + Ai_yf(x)]
60 2+ A fOP) 2 +[AT, f(0)]?)
£ Te(x)+ THg(x). (5-7)
Without loss of generality we can assume that K = [—1, 1] and supp g C [—1, 1] and deal only with x > 0.

We shall distinguish two cases 0 < ax <2 and ox > 2. In the first case, reasoning on the support of g
we simply get

T o(x) — ylglax + By) — glax — By)]
78 = 2 2
0<py<3y V> +[f()+fx+y)]

Hence we obtain according to the definition of the modulus of continuity, a change of variables and (4-3)

wg (2
Trewis [ Oy <ol (5-8)
{0<By=<3} y

Coming back to the case «¢x > 2 one may write

2
Thew) < [ ©0e2Py) 4,
{ax—1<By<l+ax} Yy

1+ax 1
5wmum/' Lay
a y

x—1
1+y
—1+y

snmuwm(

<ClgliLe-

), y=ax>?2

Combining this last inequality with (5-8) we deduce that

177 gl < Cligllp- (5-9)
For the second term sz g we split it into two parts as follows:

yglax—=pBy)[f(x—y)— f(x+y)]
P2+ )+ f+ P02+ () + fx=»)]?)
/°° y glax—By)f(x—y)— f(x + Y (x,y)
o O+ + fx+MPO2+[f(x)+ f(x=»)]?)
21200+ T7g(x), (5-10)

dy

ng(x) = hm 4f(x)/

with

1
W(x,y)=f(x+y)+f(x—y)—2f(X)=y/0 [f'(x+0y)— f'(x—0y)]df



2022 TAOUFIK HMIDI AND DONG LI

The first term Tf g is easily estimated. Indeed, one can assume that f(x) > 0; otherwise the integral
vanishes. Thus using the mean value theorem and a change of variables we obtain

2

G2+] f(x)12>2 it

y2

o0
<8 o0 ! OO/ —d
= 8llglel e | o @

<Clglreellf oo (5-11)

T2 (0] = 8llglzoe I loe £ () /

As for the term sz 2, straightforward arguments yield

el

2,2 2
732600 =Sl | =

y=3 .
z wp(2y)
scngum(nfnioo+C||f’||Loo/0 o dy)

< Cliglree(l f Iz + Cllf Leell £ llp).

where we have used the fact

1
L dy +2lglzsll £ e /0

[Y(x, y)| <2y (2y).
Consequently we obtain
1T7glloe < Cliglzoe (1S 7o + 1/ lLoe D + 1 Loe). (5-12)
Putting together this estimate with (5-11) and (4-2) we obtain the desired estimate.
(2) First, recall from part (1) of this proof the decomposition
Trg(x) = Tflg(x) +T;’1g(x)—|—T;’2g(x). (5-13)

The second term is easier to deal with and one has

177 gl < Cliglp I/ o1+ 111/ 2)- (5-14)

This implies in view of the product laws (4-4) and (5-11) that

177 gl < Cliglp I/ 1oL Nlzee + 1L NI 1%)- (5-15)

To establish (5-14) we first note that if f(x) = 0 then T g(x) = 0. However for f(x) > 0, using the
mean value theorem and the change of variables y — f (x) y we get

A /°° y2 glax —Bf(x)y) fol [f'(x+0f()y)+ f(x=0f(x)y)]db
0 p(x, y)p(x,—y)

T/ g (o) =~ dy.  (5-16)
with

1 2
go(x,y)=y2+[2+y/0 f’(x—{—@f(x)y)d@] .
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Observe that the identity (5-16) is meaningful even for f(x) = 0 and we can check easily that it vanishes.
This follows from the fact that owing to the positivity of f when f(x) = 0 we have f’(x) = 0. To
simplify the expressions we introduce the functions

1
Ni(x,y) = glax—Bf(x)y) /0 [f'(x+0f()y) + f/(x = 60f (x) )] dF,
Di(x,y) = ¢(x, y)p(x, =y).
Then by (4-4) we obtain for fixed y

1
IN1 (-, 0o =2llgo(eld=By)lp ILf lLee+IIgllzee /0 [l f'e(d+6y )+l f'o(d—0yf)llp] do.
Using the composition law (4-7) we get successively

lg o (edd =By /)b = Cliglp (1 +Iny (@ + Bl fllLooy)).
If"odd+0yf)llp = Cllf o1 +1In(1 + 8] f'llLeey))-
This implies
IN1(-. »)lIp

1
=< Cliglp (1 +Inp (e + Bl f Loy [Lf lLee + CliglzeIl.f "l /0 (1+1In(1+ 61| f'llLey)) d6.

Since

n n
ln(l + l_[ xi) < Zln(l + x;) forall x; >0,
i=1 i=1
we have

IVt )b = Cligllp I/ o (1 +Ing [ fllzee +1Ing p). (5-17)

On the other hand it is clear that

N1 ) [Lee < Cligllzeell f oo (5-18)
To estimate 1/D1(-, y) in the Dini space Cg we come back to the definition, which implies
11/P1(-. Yo < ID1(-. D 11/Pr (-, I oo (5-19)

Now using the product law (4-4) we deduce that

D1 0D = e Pz lloC-, =)lip + e, »)lIp lle(-, =)l Lo

From simple calculations we get

(- £ e <¥2+Q+ ¥l llLee)* < CA+ £/ 1700)(1 + ¥?).

Applying (4-4) and (4-7) to the expression of ¢ it is quite easy to check that
1
leC-. £y)llp = C( erllj”llLoo)y/0 If"odd£0yf)llp do

<CH+Y2 1/ ML) 1 o L+ Ing || /| 2o + g p).
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Thus combining the preceding estimates we find

D1 ) lp < CO+Y2F L) |f o (LI | | zoe +Ing ) A+ £/ 17 00) (14 37)
<CA+y*Ing Y) | f/ Ilp A+Ing || £/l Loe) A+ £/ ]7.00)- (5-20)

Now we shall use the following inequalities, which can be proved in a straightforward way: for any
y € R4 and for any a, b € R with |a| < b, one has

2 2> 2 — ya)? > 5-21
Y2+ Q2+ya) =y +( ya)_1+a2_1+b2 (5-21)
It follows that 5
L+ /117 0
1/o(-, £ o < ————=—, 5-22
1/ D)l < 3 (522)
Putting this estimate together with (5-20) and (5-19) yields
1+ y4Ing y
11/P1 (9l = €= 5= o (0 FIng 1o)X+ 117 22)
1+ ln+ y
1
=CT% LAl U+ 111l
Therefore we obtain using (5-17), (5-18) and (5-22)
[N /DO)C)p = TNV ) llzee [T/ ») o + TNV ) 11/P1) (- p) e
1+Inyy
<Cliglreellf Lo Tyt [FEPICERFAES!
1+1Ing || f'llLee +1ny y
+Clglpllf b 2 (L+ 111 00)
l1+y
14+Inty
<Clglplf'llp——4 e A (RS
+
Plugging this estimate into (5-16) we find
177" ¢l 54/ VAIW/DD . »lip dy < Cliglp I 1o+ 1Lf 1 13). (5-23)
This concludes the proof of (5-14).
Now we intend to estimate |7 g|| D, which is trickier. Let r € (0,1) and x1, x5 € R such that
|x1 — x2| < r. We shall decompose Tflg as follows:
Tlg=T/n g+ Thn 8 (5-24)

with

1 " ylglax + By) —glax — By)]
Tyim §() = / UM+ farnp

ri [ ylglax + By) — glax — By)]
Tren8) = / 2 )+ St P
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From the subadditivity of the modulus of continuity we get

' _ ywg(y) Cwg(y)
(0T 1mg<x>|§€|f(x>|/ S dy le()I/ s dy
Using Lemma 4.1 we find

v(f) Coe)
T+ns(1/foN Jo v+ f0)

/)T mtg()f)l <C
where
y(f) £ 1 o +Ing.(1/1 £l p))-
Now we claim that for y € (0, 1)

1 1 C 1
su < +
e>§1+ln+(1/8)y+8 y(I+ny]) 1+y

for some universal constant C > 0. To prove this result it is enough to get

1 1 C
sup < .
eco,n) 1 +1In(1/e) y+& = y(1+[Iny|)

Indeed, we shall consider the two cases € > ,/y and ¢ < ,/y. In the first case we observe

1 1 1

<— and

—<1’
y+e T \Jy I +1In(l/e) —

which implies
1 1 1 C
f—==——"7:.
I+In(l/e) y+e ™= /y ~ y(I1+|Iny|)

However in the second case ¢ < ,/y we write simply that

1 1 1 1
<— and

<
y+e Ty 1+1In(1/e) = 14 31n(1/y)

which gives the desired result. Coming back to (5-25) and using (5-27) we deduce that

- wg()’)
sup | £ T 8 ()| < Cy(f )/ P A e (17700 + fon

T () 0g(7)
Scy‘f)(/o (0 + JIny) d”/o Ity dy)‘

Consequently

2025

(5-25)

(5-26)

(5-27)

(5-28)

swp | £ T gen) = £() T, lmg(h)}fcy(f)(/o 20 /0 wg(y)dy).

y(1+[Inyl)

|x1—x2|<r
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Therefore we get by using Fubini’s theorem

! rl dr
[ s 1T s — £ G T ]

|x1—x2|<r

Lag(y) |Inyl !
d d
SCy(f)/O TR y+CV(f)/O [In ylwg () dy

<Cy(Nlglp-

As for Tfextg, we write

f'e)T extg(xl) f'(x2)T extg(xz)
= (f'(x1) = f'2)T extg(xz)Jrf(xl)( extg(xl) extg(xz))
2 11 (x1, X2) + (X1, X2). (5-29)
Our current goal is to prove that for j € {1,2}
/1 sup Mj(x1.%2)
0 |x1—x2|<r r

is well-estimated. For the first term we use (5-9) leading to

1
,ul(xl,xz) (r)
/0 sp  H1L%2) _||T”tg||L/0 ) 4y < Clglollflb.

[x1—x2|<r r

The second term is subtler. First note that if |[x; — x| < 1 then the quantity

FODThL g () = £/ () THL g(x2)

vanishes for x1, x, outside a compact set related only to the support of f. Therefore the integrals defining
U2 (x1, x2) may be restricted to the set {fr < By < B}, with B being some constant related to the size of
the supports of f and g, and without loss of generality we can take B = 1. It follows that

o y[&(x1,y)—&(x2,y)]
Ha(x1 x2) = f1(x1) /{ﬂrsﬂysl} Vo) + S+ )P

+ ) Y 8(x2, MIAS f(x2) — A f(xn)][AT f(x2) + AJrf(xl]
{Br<py=<1} 2+ [AY FDP) 2+ (A f(x2)]?)
= w2,1(x1,x2) + p2,2(x1, x2), (5-30)

with
g(x.y) 2 glax + By) —glax—By) and A f(x) = f(x+y)+ f(x).

To estimate 2,3 we shall use the following inequality, which is a consequence of Lemma 4.1:

SR ACO| I ( L)<
/o y+f() =1//@)n 1+f() <Cy(f)(1+1Iny L),
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with C an absolute constant. This implies

211,35 = Cogta — 2Dl ) [ s

= Cog(lx1 —x2))y(f)(1 + [In B]).

Consequently, we find that

sup  |u2,1(x1,x2)| < Cwg(r)y(f)(1+ [InB)
|x1—x2|<r
and therefore )
dr
[ s laatnm S < cn(na+nplelo.

[x1—x2|<r

We emphasize that for B = 0 one can still get an estimate since p2,1(x1, x2) = 0 and therefore we get
the desired estimate.
Now we shall move to the estimate of 112 2(x1, x2). We start with using the estimate
a 1

sup ——— < —

a>0 y2 + a2 ly |
which implies

V1§ (xa, MIIAT f(x2) = AT f(x)I AT f(x2) + AT f(xi1] < Clra—xillf] wg (2By)
= 2 —X1 Lo— 5 -
2+ A D)2 + A5 f(x2)]?) y?

Thus 1
B wga(2By)
wp i) = Crl e [0 gy
|x1—x2|<r r
which yields in view of Fubini’s theorem
1 dr 1 we (2BY)
[ s matin Czcirii [ f s @) 4y 4y
0 |x;—x2|<r r 0 J{Br=By=<1y Y
wg(2By)
ST =
{0=<By=<1} y

2 we(y)
scnf’nioofo Sk

<Cllf'I=lglp-

Note that the last constant does not depend on f. Putting together the preceding estimates we find that

1f'T/glp < Clglp((1+ [ By (f) +11.f /I ), (5-31)

where y( f) was defined in (5-26). As noted before, the case § = 0 has a special structure and one gets

1/ 'Trelp < Cliglp(f) + 1/ 17 e0)-
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Now let us move to the estimate of f’ (x)T; 2 g given by

T224(x) =/°° yglax —By)lf(x =y) = fFx + MY (x. y) dy
4 o PHL)+Sx+PI?+ 1)+ fx =)

2,2 ,2,2
= ]Z:int g(x) + Tfiext g(x)’

where )
W =y [ 1+ 0= 10 e
and the cut-off operators are given by

Tr220 () & /’ yeex =N/ —y)— fx+ )l (x. )
Fint (2 + A O (2 + AT, F(0)]?)

and

Tr,z,zg(x)_/lyg(ax—ﬁy)[f(x—y)—f(x+y)]1/f(x,y) A [P N y)
frext -

We shall proceed in a similar way to Tf1 g. Let us start with (x)TJf’iit’2 g. Since

[V (x. )| < 2ywp (),
one has
y3wr(y)
24+ [f(0)]>)?
wrr(y)
G

| )T e < Cllgllzsoll o] £/ ()] [0 5

-
5C||g||L°°||f/||L°°|f/(x)|/0
Thus following the same steps as for (5-28) we obtain

’272 72’2
sup | £ () Ty " g(xn) = £ (x2) Tf3e” g(x2)
[x1—x2|<r
wr(y)

< Clelle 17 e () [ -2

Therefore Fubini’s theorem and (4-2) imply

1 dr
/0 sup [ )T g () = () T g (xa)l — = Cliglizes | £ 15y (f)-

|x1—x2|<r

What is left is to estimate the quantity f’ ()C)Tfr;i’t2 g. First, it is obvious that

FONTra2e(x) = £ (o) Tin2g(x2)

= (') = [ D T[22 () + f/ ) (T (k1) = T2 (x2)).

The first term of the right-hand side is easy to estimate. Indeed,

(') = f ) T2 ()] < opr(Ix1 =2 DI T o oo

dy = dy.
2+ A ORI+ A5 0P ) D @

(5-32)

(5-33)

(5-34)

dy + Clglizeel £y (f) /O op () dy.

(5-35)
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It is clear that

dy < Cllgllze I.f'1%.

Ywr(y)
IT722g(0)] < Cliglzoe | /Lo / fy

,
Hence

! d
[ s 10 = N T2 S < Clells 115

|x1—x2|<r
To deal with the second term we proceed as for the term 5 (x1, x2) in (5-30). From (5-33) one has
LIOTF22000) = T[22 (x2))

— () YN (x1,y) = N(x2, ) dy+f/(xl)/lN(Xz,Y)(D(Xz,y)—D(xl,y))

D(x1,y) D(x1,y)D(x2,y)

It is quite obvious from some straightforward computations using in particular (5-34) that for |[x1 —xz| <r

dy. (5-36)

IN(x1,7) = N(x2, 9)| < C 1 /' lLoo y? (g (@r)wp: (9)y + g lLoews (r)y + lIgllLeer wf (1))

Since
1 C £
Dery) ~ D+ f@F =~y
we get
IV (x1,y) =N (x2, )| ) [ wr () wyr(r) wf’()’)]
C oo oo ——— ooV ——— |.

D1, y) < ClfllLee| wg(ar) + gl erf(xl)+||g||L A
This gives, in view of (4-2),

1

IV (x1,y) =N (x2, )
/
d
] [ SRS g
1 / 1
<l I 1 Bpos @)+ ) [ |f(x1)|d}+ B [ LD,
< IIfIID[IIfIIDwg(W) Igllpws (r) syt oY lglpll.f lip T (5-37)
which implies according to (5-31)
1 1
/ IV (x1,y) = N(xz, y)l
su X <C +
I 071+ 15 7 D lglo.
Now straightforward computations show that
N 5 D s —D y wfr

D(x1,y)D(x2,y)

Therefore using Fubini’s theorem we get

! / VIN (x2, y)(D(x2,y) — D(x1, )|
fj s v D(x1.)D(x2.y)

ay <L <l b lglo.

|x1—x2|<r
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Putting together the preceding estimates we find that
11’7 2glp < Cligln (1D + 1A 15y () +1715)
<CleglpUlf 5+ 1715 (5-39)

with C a constant depending only on the diameter of the compact K. To get the desired estimate it
suffices to put together (5-15), (5-31) and (5-39).

(3) We shall proceed as in the proof of part (2) of Theorem 5.2. We use exactly the same splitting with
similar estimates and to avoid redundancy we shall only give the basic estimates with some details for
the terms that require new treatment. We use the decomposition described in (5-13). To estimate sz )1 g
in C*® we use the expression (5-16). Then following the same lines using in particular the product law
(4-8) and the composition law (4-6), one has

1
VTG, 0)ls = Cligls(e® + BHLf T1oe DI f llLee + CligliLee ||f'||s/0 (14 0% £/l 700 ¥*) dO.
Since «, B € [0, 1] we deduce

VLG ) s < CAIgls I llzoe + g llzoo LA ) (X4 11Lf 700 %)

Similarly we get

1
lpC-. £y)lls =€ +y||f/||L°°)J’/(; If"odd£0yf)lls do

<COHY2S ML f s+ 1 1700 0.
This implies

D1 W)lls < CA+y* A+ LUZEDN Sl
and

C
I1/Di(-. s = W(l LS IS s

Consequently for s € (0, 1)
N /DD(- 9)ls < ||(N1(- W Leell1/DO Y)lls + IN1 L) s [11/Di(- p)llzee

< 1+ s I LED NS s g s

Therefore we get similarly to (5-23)
o0
2,1 114s / y
177 glls < CA+ N f Nz DI Nls IIglls/O T ds
< CA+ 1A= s g ls.
Combining product laws with Sobolev embeddings and (5-11) we get
2,1 2,1 2,1
1T glls < 1 f Lo T glls + 1L f s 1T g llzoe

<CAF NSNS s IS oo llgls + Iglzee L p 1/ s
<CA+ NSNS s 1 I gl

2
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Using once again Sobolev embeddings we get

2,1
LT glls < CAS s + 1 1D I llgls- (5-40)
Now to estimate Tf1 g we come back to the decomposition (5-24) and we easily get
r
I gl = Cllel [ 5714 dy < Ll
Hence we obtain, since r = |x1 — x2|,

T8 (e) = T g (x2)| < Cllglls [x1 — xal.
and we also get

f O T g ) = £/ ) T g o)l < CILf oo liglls 1 = x2 .

To estimate the term f’ Tr’ & we come back to (5-29) and (5-30) and following the same estimates one

gets
1
[w1(xr, x2) < lxr = x2* ILf N5 177 8 oo
<Clx1—x2l’ Il flIslglp-

Moreover

|2 (x1, x2)| < |2, 1(x1, x2)| + [p2,2(x1, x2)]
and

[12,2(x1,x2)| < Clxa—x1| || f/]17 00 ”g”s/ (By)*y 2 dy
{Br<By<1}

< Cllf' I Zo0 lIglls 1x1 — x2I°.
To deal with the term p2,1(x1, x2) in (5-30) one obtains in view of (5-31)
Yy
— dy
ﬂr<ﬂy<1} y2 + fZ(xl)

Ln—m|mnuwmn/

2,1 (x1. x2)| < lx1 —x2Iglls | f (x1)]

y+f(x)

Using the second part of Lemma 4.1 one finds for s” € (0, 5]

1+9’ lsilb/ % 1
uxmn/ e = el [y

Combining this inequality with

S/

at+s 1
sup <Cy 1+
a>0)y t+a
we get
1
/ B 1 l+s’ —%
sup | f7(x1)] dy <C| f'llg™ BT (5-41)

x1€R 0 y+f(x)
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and therefore

S/

1
|21 (erx2)] < g — 2l gl L1 5T BT

Hence
| )T g (x) — [ () T g (x2))

< Cliglp 1" lls lx1 =x2° + Cll f'lI700 g lls |31 = x2I* + Clx1 —x2|* I glls || £ III“ BT

It follows that

1 s/
1f'Trgls < Cligls(Lf 135 B7 = +1f 170) + Cliglpll £ lls- (5-42)

It remains to estimate f’ sz 2 g described in (5-32) and (5-33). First one may write

T7226(0)] = Cligllzos 1/ oo 1Ll / =1 dy

< Cligllzee [1f Nroe £ lls X1 — X2

Therefore

| D) Tr2 2 () — () Trm g (x2)] < Cliglios [/ 7o 1/ 1ls 1 — xa[*

By Sobolev embeddings we get

f e Tz () = /() Tl g (xe2)] < Cligls I oo 13 11 = x2 . (5-43)
From (5-35) and the analysis following that identity one has
1/ (x1) = £ ) T2 )| < I s 1 TR22 g Nl poe |1 — 2|
frext 2)1 = ST flext SlL 1 2
< Cllglese I/ 1211 f oo X1 — x2[*

Using (5-36), (5-37) and (5-41) (with " = s) combined with Sobolev embeddings, one deduces

1 _
|f/(x1)|/ IN(x1,y) =N (x2, )|

/ m2 ,
D(x1, ) dy = Cllf llieellglls AL + 177 Ms)-

From (5-38) we get

IV (x2, y)(D(x2,y) —D(x1, y))]

EC gl|Loe ! Loo / X1 — X2 S—Z.
D(x1,y)D(x2,y) liglzee I/ Moo I/ s | |y

Therefore we get

/ VN (x2, y)(D(x2,y) — D(x1. y))|
el D(x1. y)D(x2.7)

dy < Cliglzee 1/ 1 Ze0 £ lls 11 = 2
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Hence plugging the preceding estimates into (5-35) and (5-36), we find
£ G T2 0) = 1) T2 (xa)| < Cligllzes L1311 oo b1 — 2
+CI S Nz llgls ALSIE + 1 lls) 161 = xa )
+Clglzee I/ 7o 1/ s 1 = 2|
Using standard embeddings we get
£ G TF22000) = 1) TE22 () < Cllglls L Nzeo lxn = a2l (Lf s + 1F12). (5-44)
Putting together (5-43), (5-44) and (5-32) we obtain

17T 2gls < Cligls I/ oo (LF s+ 1LF7115)- (5-45)
Combining (5-40), (5-42) and (5-45) we get for any s’ € (0, s]

1

Lf"Trgls < Cligls 1A lp ULf lls + 177153 +Cligls 1157 B +Cliglp L ls-

Now using the embedding C* — C s < D we get

1 1

s 5 _1 5
1f ' Trgls < Cllgls BT 1L/ s +1£715%) < Clighs B2 1L 5™ + 1L 155).

Another useful estimate that one can get from taking s’ = 5 and using the interpolation inequalities

1+s 1‘ 1+s‘ 1 1 s 1
1/ o < CIL IS < CUAIZE NN 1 s <CU Nz NS, B72F <72,

is the following:

1 T - 1+f~
L' Trels < Clgls 1A 15 AL IS 872+ 1 1s®) + Clglz8 Nglhs™ 1/ s
This completes the proof of Theorem 5.2. O

6. Local well-posedness proof

The main objective of this section is to prove the local well-posedness result stated in the first part of
Theorem 2.1. The approach that we shall follow is classical and will be done in several steps. We start
with a priori estimates of smooth solutions in suitable Banach spaces and this will be the main concern of
Sections 6A and 6B. The rigorous construction of classical solutions will be conducted in Section 6C.

6A. Estimates of the source terms. The main goal of this section is to establish the following a priori
estimates for the source terms F and G described in (2-7) and (2-8).

Proposition 6.1. Let K be a compact set of R and s € (0, 1). We denote by X one of the spaces Cg
or Cg.. There exists a constant C > 0 depending only on K such that the following estimates hold true:

(1) Forany f € X we have

IF Lo < ClLf ool /D I1FIx < CILF oL x + 1L 1%)-
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(2) Forany f € X we have

1
IG Lo < Cllf NlLe A+ 1£1D).  1Glx <CA+ 1A 1D x + 11X
Proof. For simplicity throughout this proof we denote the operator A} by A,,.
(1) The estimate of F in L°° is quite easy. Indeed, it is obvious according to (4-3) that

JHCEIEIACY
p Y
R |yl

M oy
5C||f/||Loo/M =

=Cllf'llzellf'llp-

Now let us move to the estimate of F in the function space X, which is the Dini space Cg or the Holder

M
|Fllzoe < ClLf Lo / su
—M xe

dy

space C-. For this purpose we shall transform slightly F in order to apply Proposition 5.1. In fact from
Taylor’s formula one can write

LMy Ay )AL ()
d (x)‘f_M/o V@, or P

From the notation (5-2) one has

1
0,%
Py = [ PN S e
At this stage it suffices to apply Proposition 5.1, which implies

IFIx < CAL oIS x + 1L oo ll A I L 1%)

and gives in turn the desired result according to the embedding X <> L.

(2) The expression of G is given in (2-8) and for simplicity we shall assume throughout this part that
M = 1. We shall first split G as follows:

CTRADHAS S NS )+ ()

G0 = p'“/_l G )2 it
~ U )+ £ LA £GO)+f (S )+ AT £()
=2/ p’“/_l A+ fanE P “"V'/_l (a2 d
£ G1(x)+Ga(x). (6-1)

The estimate G in L°° is quite easy. To see this we can first assume that f(x) > 0; otherwise the integral
is vanishing. Thus by change of variables we get

@)

——————dy <C||f/|Le-

1G1 ()] < 4]Lf 0w f_
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Note that for x € supp f we have f(x 4+ y) =0 forall y ¢ [—1, 1]. Thus
S+ + %)

G1(x) ‘2f(x)/ (o) 1 f0))2

y +(f(x>>2 4
- Fatn+re
—2f(x) /R s dy =4 () aretan( (1)

£ G1+Goo. (6-2)

dy —4f(x) f'(x) /1

The estimate of G5 in L° is elementary:
1G12llzoe <4l f Lo I f llzoe. (6-3)

However, to estimate G, in X we use the product law (4-3) leading to

| f"arctan f[lx < | arctan f|zoo || .fllx + ||/ llze || arctan flx.
It is easy to check from the mean value theorem that

larctan fllzee < || fllee  and  wyreran £ (r) < @5 (r),
which implies in view of the embedding Lip < X that
larctan fllx < || fllx < CIlf"llzee.

Therefore we obtain from the classical embeddings

1G12llx < CUIf Lol flIx +ClLf ) < ClLA e | f Ix- (6-4)

We shall now estimate the term G1; in the space X. First we use Taylor’s formula

1
fan+ 1@ =2/ +y [ feoy)ao,
which implies after the change of variables y = f(x)z (assuming that f(x) > 0)

Flx)+ fl(x+y)
G =2
n)=2f (x)/R V2R 4y o 1+ 0y) dOP?

[ L)+ e+ f(x)2)
B 2/ o(x,2)

dz, (6-5)

with
1 2
o(x,z) =22+ (2 +z / f(x+0f(x)z) d@) .
0

Note that for f(x) = 0 we have from the definition G11(x) = 0, which agrees with the expression (6-5)
because f/(x) = 0. The estimate in L is easy to get in view of (5-22):

IG11llzoe < 4]l f" Lo /R 11/@(-.2) Lo dz < C(Lf lLee + 11 £ 11700)-
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From the product laws (4-4) and (4-8) we deduce that

IG11llx =2/R 1f'+ fo@d+zf)lIx 11/¢(-.2) || Lo dZ+2/R If"+f o(d+zf) L= 1/¢(-.2)|x dz
2 L1+45.
According to the product laws (4-6) and (4-7), one may write

I+ fro@d+zf)lx <1/ Ix(1+p(+ 2]l flLe=)).
with .
A (lnr it X =Cpg,
S P e
Observe that we can unify both cases through the estimate
1"+ ffod+zf)lx < ClILf x (T + A+ Izl f/llLe)®)
SCUI x4 [zF L7 00)- (6-6)
Putting together (6-6) and (5-22) we find for any s € (0, 1)

L+ 1251l oo
G <Clflx@ 12 0 f L
1=<ClflxA+ 7o) ; 1122

<CIf Ix A+ 117 00)- (6-7)
To estimate £, we use the elementary estimate
If"+ f o (d+zf)lLee 2] fllLoe.

Notice from the definition of the spaces X and (5-22) that one can deduce

1+ £/l 00
1+z4

dz

11/e(-.2)lx < 11/9(. D7 le(-, 2)llx < C leC-. 2)llx- (6-8)

Moreover by the product laws we find

1
leC-.2)llx =222+ [z[lIf L) /O If"o(d+0zf)lx do.
and this implies according to (6-6)
lo(-. ) lx = Clzl@+ |21 L) L Ix U+ 121 1LF N7 00)
<CA+2PF)A+ 112D Ix-
Putting together this estimate with (6-8) we find

L+ L1 Ix

1/o(-, <C
/o2l = € L2

(6-9)

Therefore we deduce that

L = Clf Lo (LIS IZEDNS x = CA+ 1701/ x-
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Combining this estimate with (6-7) we obtain

1G1llx = CA+ 1S 17 f " x-

It follows from this latter estimate, (6-4) and (6-2) that

IG1llx <CA+ £} lx- (6-10)

What is left is to estimate G,. For this purpose we write according to Taylor’s formula

/ V[ x)+2 [y f1(x+60y)do+ f/(x + y)]
Jr Y2+ (f(x) + f(x +))2
Ayf(x)Ayf (x)
- ‘”‘/R V(01 @t 0)?
£ G2.1(x) + G2.2(x) + 2" (x) arctan( f (x)),

Ga(x) =p.v

dyr2fw e [

where y : R — R is an even continuous compactly supported function belonging to X and taking the
value 1 on the neighborhood of [—1, 1]. Note that we have used in the first line the identity, for any x € K,

pV/1 y dy:pv/ Y1) "
1 2 H Sy + )P R V2 +y)+ /0P
which follows from the fact that f(x 4+ y) = 0 for all y ¢ [—1, 1]. Therefore we may write

1
G2,1(x) = (f () (T ) (x) +2 /0 LT f) () db + )T f) (),

where we use the notation Tfa # from Theorem 5.2. The estimate of G2,1 in L is quite easy and follows
from Theorem 5.2:

1G2,1llzee < ClLf oo I/ ID L+ 1L£115)-

However to estimate G > in L it is more convenient to write it in the form

/1 Ay f(x)Ay f'(x)
o 2 (f) + fx+ )2

Thus using the mean value theorem we find

1G22llzoe = ClLf Lo ./ Ip-

Combining these estimates with (4-2) we obtain

1G2llzoe < CILf Lo (1S D + 1/1D)- (6-11)

We shall now implement the estimates in X and start with the term G5 1. According to Theorem 5.2 one

G2,2(x) =p.v dy +2f(x) arctan(f(x)).

can unify the estimates in Cg and C* and get the weak estimate

L1
17T glx < Cliglx (13872 +1771%)- 6-12)
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From the product laws (4-4) and (4-8) one has

T 0 < 1 el £ T xlix + 17 1 oo 1T e

Hence we find
II(f/)z(Tfo’lx)llx < C“f/”LOO(”f/”)%( A0 + 1M S e (L 1LF1F)

1
< Clf e Lf g + 1 £15)-
Using (6-12) we get successively

,0 L1
1T £ lx < CIA Ix (L 5072 +11A1E (6-13)
and

1
17T fllx < LA I ALFIR A+ 17 150)-

Thus using the inequalities above we deduce that
1 1
1G2,1llx < ClLf e f g +ILF15) + CUF Ix ALl + 17715

3
<CU N2+ 115 (6-14)

When X = C?® we can give a refined estimate for (6-13) using (5-7),
1 3+2s

0,9 K K 1
LT fls < CUAIZE AL IS 072 + 1 F11),

which implies
I 1 3 15 / 2l< / 32+J m1s
1G2,1lls < Clf Lo f NS+ 1) +CUANZE AL NS+ 115
1
< CINF ol s + 1S1158). (6-15)
Hence one can combine (6-14) and (6-15):

1
1G2,1llx = CILA UL x + 1L 15°)- (6-16)

As for the term G >, we may write

G2,2(x) = 2f"(x) arctan( f (x))
M Ay £(x) =y (1A £/ (x) V') Ay f(x)
d V.
/_M VU@t sz R /R V(@) +S00)?
22/ (x) arctan( f(x)) + G3 ,(x) + G2 ,(x).

The last term was treated in the preceding estimates and we obtain as in (6-16)

1
1G32llx < CILA U lx + 1 1°)- (6-17)

It remains to estimate G21 »» Which can be split into two terms

G;,Z(x) = éint,r (X) + Gext,r (X),
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with

. [Ay £(¥) = 31 (O]A, £(x)
Gint,r = dy,
r (%) /mg VA Fa+n+ oz 2

A [Ayf(x) —yf/(X)]Ayf/(X)
Gext r == d
() /Mzmzr G+ f0)?

Now we shall proceed as in the proof of Theorem 5.2. Let r € (0,1) and x1,x2 € R such that
|x1 — x2| <r. First it is clear that

1Ay f1()] < op(|y]) (6-18)

In addition, using Taylor formula we get

Ay f(x)=yf ()] < [ylop(y). (6-19)
Therefore
A [wp/(|y])]?
(Giner ()] < / lop WD 4
lyl<r |y|
It follows that

A A " [wp (»)]?

sup  |Gingr (62) — Giner (x1)] < 4 / oW 4, 6-20)

|x1—x2|<r 0 y

Hence by Fubini’s theorem

: A A dr U wp ()12
/ sup |Gint,r(x1)_Gint,r(x1)| ’ 54/ fT|lny|dy.
0 0

|x1—x2|<r

From the definition and the monotonicity of the modulus of continuity one deduces that for any r € (0, 1)

Ywr(y)

lIn rloog (r) < [ dy <1/I.
r
which implies
1 ~ ~ dr
/ sup  [Ginr 1) = G (1) 2 < 411713 6-21)
0 |x1—x2|<r r

To get the suitable estimate in C* we come back to (6-20), which gives

,
sup | Gint,r (X2) = Gine,r (x1)] = 4||f/||?/ yE Ny <C| 15,
0

|x1—x2|<r
and thus
|Gint,r (X2) = Ging,r (X1)]
sup

112
lx1—x2]<1 lx1 —x2[* =€l (022

As for Gext,r, One writes

Gear (1) Corer (x2) = N(x1.y)=N(x2.y) dy+/M N(x2,p)[K(x2. ) =K (x1. )]

Mz|y|zr K(x1) >iylzr K, y»)K(x2. ) ’
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N, y)=[Ay f()=yf' 0)]Ay f/(x) and K(x,y) =y>+ (f(x) + f(x + ).
Notice that from (6-18) and (6-19) one gets

IN(x1,y) =N (x2, )| = Clylogp (Nop(ly) and [N ) =2[ylop(yDIf L. (6-23)

In addition, using straightforward calculus we obtain

K(x1, y) = K(x2, )| < Cr || f'lLoe (VE(x1, y) + VK (x2, ).

Thus
wp W2 DIKG2 ) =K _ oy o (1D
|[x1—x2|<r ’C(xle’)]C(xz,J’) L | |2
Hence we get by Fubini’s theorem and (4-3)
1
N (x1,y)—N(x2, y)l / / dy dr 12
wp [ wp ) 2L <cpr)
](;|x1—x2|§r {M=>|y|>r} K(xl) {M=>|y|>r} 4 4 | | b

and

/1 sup / N2 I K1 )] yodr ooy / / oD g,
0 |x1—x2|<r J{M=|y|>r} K(x1, y)K(x2.y) Mzlyl=ry V2

<CIf I 1/ "llp-

Finally we obtain
! G G dr <CI 1% +Cll 12 /
sup | ext,r(xl) - ext,r(x2)| I ”f ”D + ”f ”LOO ”f ”D
0 |x1—x2|<r r
As to the estimate in C* we use (6-23) which implies

/ IN(x1.y) =N (x2, )]
r<lyl<M} K(x1)

a=eiple [ 2y

r<lyl<my 1Yl

=Clflshf pr®

and

dy
dy < Cllf"|Zeoll /157 / e

(M=>|y|>r} 1Y
<CIf Mool f 7"

/ N (x2, W] K(x2, y) — K(x1, )|
{(M=|y|>r} K(x1,y)K(x2,y)

It follows from Sobolev embedding C* < L°° that

1Gext.r (x1) — Gexir (x2)]
sup

[x1—x2|<r |x1 —x2|*

<CI o 1/ s + NS D 1113

Combining the estimates above with (6-21) and (6-22) we deduce

1G3,llx < CIf Ip (U f lIx +1£1%)-
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Putting together this estimate with (6-16) and (6-17) we get

1
IG2llx < CILA IR x + 1 1%D)- (6-24)
Now using (6-10) and (6-24) we find

1
IGIx < CIf Ix A+ 11D+ CUF U x + 115

1

<CA+IL DAL x + 1150,
which ends the proof of Proposition 6.1. O
6B. A priori estimates. The aim of this section is to establish weak and strong a priori estimates for

solutions to (2-1). This part is the cornerstone of the local well-posedness theory. The main result of this
section reads as follows.

Proposition 6.2. Let f : [0, T] x R — R be a smooth solution for the graph equation (2-1). Assume that
the initial data is positive and with compact support Ky. Then the following assertions hold true:

(1) Foranyt €]0, T, the function f; is positive and

Jorallt € [0, T], (| f(@)llLee <[l follLoe.

(2) Foranyt €10, T], we have
If @l =l follpre™.

(3) The support supp f; is contained in the convex hull of Ko; that is,
forall t €[0,T], supp f(z) C Conv K.
(4) Set X = Cg or X = Cg, withs € (0,1). If fy € X then there exists T depending only on || f;llx
such that ' € L*°([0, T]; X).
Proof. (1) To get the first part about the persistence of the positivity of we shall prove that
forall x e R, wus(t,x) = f(t,x)U(¢, x), (6-25)
with
Uz < CA+ILS (D)
and C being a constant depending only on the size of the support of f;. Note from part (3) of the current
proposition that the support of f; is contained in a fixed compact set and therefore the constant C can be

taken independent of the time variable. Assume for a while (6-25) and let us see how to propagate the
positivity. Denote by v the flow associated to the velocity u1, that is, the solution of the ODE

8,¢(t,x)=u1(t,1ﬂ(t,x)), W(O’X)Zx- (6'26)
Recall that

ui(t,x) = % /R[arctan(f([’ s y; — /@ x)) — arctan(f(t’ s yj APAGED )} dy.
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Set
n(t,x) = f(t, ¥ x));
then
Aen(t, x) =uz(t, ¥ (t, x)) = n(t. x)UQ, ¥ (1, x)). (6-27)
Consequently

n(t, x) = fo(x)elo UE¥@x)dr
Since the flow ¥ (¢) : R — R is a diffeomorphism we get the representation
F.2) = fo( (1. x))elo Vlmb (y o, (6-28)

As an immediate consequence we get the persistence through the time of the positivity of the solution. Let
us now come back to the proof of the identity (6-25). To simplify the notation we remove the variable ¢
from the functions. Applying Taylor’s formula to the function

o [P+ @ = fx+p)?
T €[0, f(x)] > g(7) _10g|:y2—}—(1:—|—f(x+y))2j|

yields

—2muy(x)

Fe+ ) =) F+ ) +of ()
‘f(x)//My N Tpn s d”f(x)//w TR s PR

£ fONI(X) + f(x)Va(x).

Using once again Taylor’s formula we get the expressions

Vi(x)
L (1-0) f(x) v fo /' (x+6y)df
= sdtd dvd
bl M0 Sy o koo o | / w2 H Sy —ef P
2 V11 (0)+V12(x)
and
Va(x)

v (1417) f(x) Y [ f1(x+0y)do
= dtd
/o/—M POy eGP V/ / e p Y
2 V2,1(x)+V2,2(x).

To estimate V7,1 and V2,1 we can assume that f(x) > 0. Then making the change of variables z > y =
(1—1) f(x)z leads to

7™ dtdz
Vi) = / / 1 5 (629)
T—rm Z +[ +2 /o f’(x—i—@(l—r)f(x)z)d@]
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Using (5-22) we deduce that

IViillLee < COL+ |1 /117 00)- (6-30)
Similarly we get

1VaillLee < CA+ 1 f1200)- (6-31)

Let us now bound V; >, j = 1, 2. First by symmetry we write

1
Vlz(x>=/f Y Jo 'O+ 0p)dOLf (x — ) = f(x + p)e(x. y)

dyd
G2+ G+ —tf PO+ -y —tfoP) T

Y Iyl +0y) = [ —0y)]dE
/ / Y-y —tfop 4"
where
Ve, y) = f(x +3) + f(x —y) =20/ (%)
1
—2(1—-1)f(x)+y fo Lf/(x +6y) — f'(x — 0y)] d6
Thus
V1,2l
ny 11200 y21(0=7) £ (X) + Yooy ()] LM ()
<C dyd C dy d
= / / Gty - OP OG-y —@p) P T /0/0 y

Similarly to V7,1 one gets

y"(1=-1)f(x)dydrt
/0/0 I = OPOR L o= =P = O I )

It follows that

V1.2l oo SCIIf/II%oo(1+||f/||ioo+/ dy)+Cl f'lp

<Cllf NFec A+ £ 700 + 1L/ D)+ Cll f Il (6-32)

The estimate of V>, 2 can be done in a similar way and one obtains

IV22llzee = ClILf 7 oo (L4 11/ 700 + 1L/ D)+ C L f Il (6-33)

Combining both last estimates with (6-30) and (6-31) we finally get according to the embedding (4-2)

|U L < CA+ [ £1%),

where the constant C depends only on the size of the support of f.

wr(y)
Yy

Now let us establish the maximum principle. From (2-2) combined with the positivity of f; one gets
forallt €[0,T], forall x e R, wu»(z,x)<0.

Coming back to (6-27) we deduce that
dn(t,x) <0,
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which implies in turn that
forallt €[0,T], forall x e R, f(t,x) < fo(y (., x)).
Combined with the positivity of f(¢) we deduce immediately the maximum principle

forallz € [0.T], [ f(®)llLee = [l follzee.

Now we intend to provide a more refined identity that we shall use later in studying the asymptotic
behavior of the solution. Actually we have

us(t,x) =—f(, x)(1 + R(t, x)), (6-34)
with
IR@) Lo < CILf" O lp 1+ [1f'OlI7o0)-
First note that R = le j=1 Vi,j. The estimates of V1 > and V5> > are done in (6-32) and (6-33). However
to deal with V1,1 and similarly V> 1 we return to the expression (6-29). Set
1
2[4zt

Easy computations using (5-22) show the existence of a positive constant C such that

T K(t) =

2zt +z7]  _ 1 - 1+ 12

/ —
forall 7,z € R, [K'(7)| = (242122 2241 +ze2 — 1422

Applying the mean value theorem yields

1 1+12
K(r)— <C .
' © 1422~ |T|1+22
Therefore we get
T dz dt
M- [ [ < CIf e+ 17 1300).
THr®
which implies that
Vi,10) = 7| < C[[f lzoe L+ 11/ I Fo0) + CllLf oo (6-35)
Similarly we obtain
V21(x) = 7| < CLf lLoe (L4 11Lf IZoe) + C L f Il o (6-36)

Putting together (6-32), (6-33), (6-35), (6-36) we get (6-34).

(2) Integrating (1-2) in the space variable we get after integration by parts
d
/ o(t,x)dx = / div v(z, x)p(t,x)dx = —/ 0%(t,x)dx = —/ o(t,x)dx,
dt R R R

where in the last line we have used that for the characteristic function one has p? = p. The time decay
follows then easily.
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(3) According to the representation of the solution given by (6-28) we have easily that the support of

f(t) is the image by the flow 1/ (¢) of the initial support, that is,

Kt - W(L KO)

(6-37)

We have to check that if Ko C [a, b], with a < b, then K; C [a, b]. To do so it is enough to prove that

V(2 [a,b]) Cla,b].

This means that the flow is contractive on the boundary of the support. As ¥ (¢) is a homeomorphism, we
have ¥ (¢, [a, b]) = [V (¢,a), ¥ (¢, b)]. Hence to get the desired inclusion it suffices to establish that

ar2y(t.a)=a and b 2y(1.b) <b.
This reduces to studying the derivative in time of a; and b;. First one has
ar=uy(t,a;) and bt =ui(t,by).

Since f(¢t,y) =0, for all y ¢ (as, bs) and f; positive everywhere,

b,—a,
ul(t,at):l arctan M dy > 0.
y
T Jo y

Hence d; > 0 and therefore a; > a, for any ¢ € [0, T'].

bi—a; —
ui(t,by) = —l/ arctan(M) dy <0,
7 Jo y

which implies that b; < b for any ¢ € [0, T']. This ends the proof of part (3).
(4) Recall from (2-3) and (2-5) that g £ f/ satisfies the equation

Similarly we get

1
0ig +u101g = Z(F_G)'

Set h(t,x) = g(t, ¥ (t, x)), where ¢ is the flow defined in (6-26). Then

Deh(t, x) = 5 (P9 (1.3) = G Y (1,3))),
Thus

_ 1 ! _
g(t.x) = go(¥ ™' (t.x) + 5 - /0 (F=6)(r. ¥y~ (t.x) d.
Recall the classical estimate
182w, v, ]| < SNt )|Loe dt’.

which we may combine with the composition laws (4-6) and (4-7) to get

t A t
le()lx < Ce’® [||go||X i [0 I(F — 6)(@)lx dr], O /0 19501 () e d.

(6-38)

(6-39)
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To estimate ||0xu1(2)||L> we come back to (2-4). The first integral term can be restricted to a compact
set [-M, M| and thus

. /M flor+9) = f'(0)

M Y2+ +y)— fx)
As for the second term, the integral can be restricted to [—M, M| and we simply write
o | SEEN @

R Y2+ (f(x+y)+ f(x))?

- /M LGNSO oy | 2f'(x)
M Y2+ (f(x+y)+ f(x0)? R Y2+ (f(x+y)+ f(x)

The first term of the right-hand side is controlled as before:
. /M SN =S

M Y2+ (f(x+y)+ f(x)?

However, the last term can be estimated as in the proof of Theorem 5.2(1). One gets in view of (5-7),
(5-10) and (5-11)

M wr(y)
)2yd)"§2/0 dey§C||f/||D~

)2ydy-

dy‘ <Clf'Io.

y < "2 My osoll £/ " oo
‘p'v‘/Ry2+(f(x+y)+f(x))2 dy‘_c(”fHLoo"‘”f”L I/ D + 1f [Loe).

Hence using the embedding X < Cg < L we find
10xur(@)llzee < CULS D + 1L el f'lIp)
<C(Lf'Olx + 11 O1%). (6-40)
which implies
Vo) <Ctll f llLeex + 1/ oo x)- (6-41)

Using Proposition 6.1 we obtain
I(F =G)Dllx < UL Olx + 1L Ollx)- (6-42)
Plugging (6-41) and (6-42) into (6-39) we obtain

CTUS g0 x +1 /B0 )
FEE R folx + T egex + 1 e x))-

This shows the existence of small 7 depending only on || f§||x and such that

I/ e x <20 follx

which ends the proof of the proposition. O

1/ lLgex <e

6C. Scheme construction of the solutions. This section is devoted to the construction of the solutions
to (2-3) in short time. Before giving a precise description about the method used here and based on a
double regularization, let us explain the main ideas of the strategy. The a priori estimates developed in
the previous sections require some rigid properties like the confinement of the support, the positivity of
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the solution and some nonlinear effects in order to control some singular terms, as was mentioned in
Theorem 5.2. So it appears hard to find a linear scheme that respects all of those constraints. The idea is
to proceed with a nonlinear double regularization scheme. First, we fix a small parameter ¢ > 0 used to
regularize the singularity of the kernels around the origin, and second we elaborate an iterative nonlinear
scheme giving rise to a family of solutions (f,7), that may violate some of the mentioned constraints.
With this scheme we are able to derive a priori estimates uniformly with respect to n during a short time
Te > 0, but this time may shrink to zero as € goes to zero. By compactness arguments we prove that
these approximate solutions ( f,;), converge as n goes to infinity to a solution f® living in our function
space during the time interval [0, T;]. Now the function f¢ satisfies a modified nonlinear problem but the
important fact is that all the a priori estimates developed in the preceding sections hold uniformly on &.
This allows us by a classical procedure to implement the bootstrap argument and prove that the family
(f%)e is actually defined on some time interval [0, 7] independently on &. To conclude it remains to pass
to the limit when € goes to zero and this allows us to construct a solution for our initial problem.

Let us now give more details about this double scheme regularization. Consider the iterative scheme

8t n8+1 +ui(fn8)ax n8+1 = ug(fns—i-l)’ neN,
Jo (&, x) = fo(x), (6-43)
100, x) = fo(x),

with
ui(g)(t,x) £ %X(X) x(») [arctan(g(t’x+y;_g(t’x))-l-arctan(g(t’x—i_y)z—i_g(t’x))] dy,
! - 24 (g(t,x+2)—g (1, %))? (64
. Al Y2+t x+y)—g(t,x
uz(g)(t,x)—4n IylzsX(y)log()’z-i-(g(f,x-i-y)-l-g(t,x))2)d :

The function y is a positive smooth cut-off function taking the value 1 on some interval [—M, M| such
that

Ko, Ko — Ko C [-M, M],

with Ky being the convex hull of supp fy. The function y is introduced in order to guarantee the
convergence of the integrals. We shall see later by using the support structure of the solutions that one
can in fact remove this cut-off function. Define

Er={f:feL>®(0,TIxR), f e L*°(0,T],X)}
equipped with the norm
1/ ez = I1f Lo o, 71xR) + 9% f lLoo f0,77. %)

where X denotes the Dini space C* or Holder space C*(R), 0 < s < 1, and for simplicity we shall
during this part work only with the Holder space. We intend to explain the approach without giving all
the details, because some of them are classical. Using the method of characteristics, one can transform
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(6-43) into a fixed-point problem

t
Jat1 =Ny (fat1),  With N(f)(t,x) = fo(¥p ¢ (t, X)) +/0 U5 ()T Yne(T. ¥y p (1. X)) d T,
with v/, . being the one-dimensional flow associated to u} (f,’), that is, the solution of the ODE
t
Vne(t,x) =x+ / ul (f9) (T, Yne(r,x)) dr. (6-45)
0

It is clear that

t
NGOl < Il follz + /0 () ()| d.

Applying the elementary inequality, for a > 0, b,c € R4,

(a-l—b)‘ b+c
log = )
a—+c a

we get from (6-44) that

f2.x+y)+ f2(t.x)
2

N0 5 [ a0 dy < Ce 2 £0) .

lyl=e y
It follows that
IN()Lseree < I follLes + Ce72T | f IIfc%oLoo- (6-46)

We shall move to the estimate of |0, N ()| Lgex- Letus first start with the estimate of [[0x 4 fo (¥, H L¥X-
By straightforward computations using product laws (4-8), composition laws (4-6) in Holder spaces and
the classical estimate on the flow

Cllax @SN, 1
10xWnilpsox <Ce AT LS

(4 10x @i (SN L1 x)-
one gets
19 fo(Wm )M lLsex < 1H0x fo} (W) lLsex 19x ¥ sl Lsex
Cllox @i, 1 ;oo
< C|0x folxe : LTt (1 4 ||ax(u§(fn8))||L1Tx)
Differentiating the expression of u§(f,7) in (6-44) and making standard estimates we get easily
19:x S (£ O} x < € + Ce™Hdx £ (Ollx + Ce2 1102 £ (O llzoe Il £ (Ol
<C+Ce i ller +Ce2 14712,

where we have used

<C|flxy~™
X

1
H y2+ f?
Therefore

10x{ oWy D lusex < Clldx follxeCTHCe T ler +Ce UL, (6-47)

—1 & -3 113
1859t lpsox < CeCTHETE Miler +CTAT I, (648)
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Similarly we get
855 (N legex < Ce™210x fllzgex | flgex + Ce™*19x flgeroo | flzgeros | /1750
<Ce | f1E +CeH S 11E,-
Combining this estimate with product laws and (6-48) we deduce that
105 5 (/)@ Y e (. Y Y lx < C20F 13, + 641 £ 14, )eCTHETe i ler +CTe I E,
Putting together this estimate with (6-47) we find that
102N (Nllzgex < Cldx follx +Te 2N £ 13, + Te*| £ 1&,)eCTHETE Willer +CTeA
which yields in view of (6-46)
IN ey < CAlfollzos + 19x follx +Te ™2 £12, + Te 4| £114,)eC T FCTe Miler +CTeRIATE,
We can assume that 0 < 7 <1 and then
INC) ler < CAlfollzos + 195 follx + Ts™ £ 114,)e€ T M7
Consider now the closed ball
B=1{f €&r:|flley <2C follos + 105 follx)eCTe M lery;
if we choose T such that
16C3 T (| follLoo + 1 follx)3e3CTe Miler <4 (6-49)

then A : B — B is well-defined and proceeding as before we can show under this condition that it is also
a contraction. This implies the existence in this ball of a unique solution to the fixed-point problem and
so one can construct a solution f,” 11 € ET to (6-43) and we have the estimates

forall m eN, | filler <2C( follzoe + l10x follx)e e i ler
Now we select T' such that it satisfies also
64C* (Il follLoe + 1135 follx)*Te™ <In2; (6-50)
then we get the uniform estimates
foralln e N, || fuller <4C(|| follLe + [|0x follx)-
In order to satisfy mutually the conditions (6-49) and (6-50) it suffices to take
Te := Co&?, (6-51)
with Cp depending only on || fo|lLoo + [|0x follx such that

foralln €N, || fuller < 4C ([l follLoe + [|9x follx)- (6-52)
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Now we shall check that we can remove the localization in space through the cut-off function y. To do
so, it suffices to get suitable information on the support of (f,?). We shall prove that

foralln e N, supp f,7(¢) C Ko. (6-53)

where Ky is the convex hull of the support of fy. Before giving the proof let us assume for a while
this property and see how to get rid of the localizations in the velocity fields. From the expression of

u5(f,;4,) one has

(y2 + (fne_H(l’x +y)— fn€+1(l’x))2) d
Y2+ (S @ x + )+ fr(2,x))?

_ 1
47 Jiy|ze

e = [

|y|=e

y2+(fne_H(l’x+y)_fn€+1(t’x))2)dy
Y2+ (S o x + )+ fr(2,x))? '

Since for all x ¢ Ko we have f,4+1(7,x) =0, it follows that u5( f,7, ) (¢, x) =0; hence suppu5( f,7, ) (t) CKo.
Thus for all x € Ky

y2 + (fn£+1([?x +y) _fn8+1([7x))2)
1— 1 d
/Iylze[ *)] Og()’z‘i‘(fngﬂ(f,x‘f‘ﬂ‘f‘fng+1(l,x))2 Y

(1 x() 1og(

y2 + (fn€+1(ta X + y) — fn8+1(t, X))2
2 & ° 2 dy = 0

yZ+( n+1(t’x +y) + n+1([,x))

because y = 1 on Ko — Ko. Now we claim that in the advection term uj( f, _H)(t, x)0x f,} 1 of (6-43)

one can remove the cut-off function. Since dy f,7,; = 0 outside Ko, one gets immediately y(x)dx f,y, | =

dx f,711- Similarly one has

/ [1— () log(
{ly|=le}NKo—Kop

u‘i(g)(t,x)é% ) |:arctan(
y|=e

g(t,ery)—g(t,X))Jrarctan(g(t,ery)Jrg(t,X))} dy
y y

_% (1—=x(»)) [arctan(g(t’ x+y)=g (. x))—i-arctan(g(t’ X+ +et. x) )} dy,
T Jlylze y y
and for x € Ky it is clear that
/ (I—x(»)) [arctan(g(t’x+yy)_g(t’x)) +arctan(g(t’x+y;+g(t’x) ):| dy
ly|=e
= / (1—x(») [arctan(g(t’x—i_y)_g(t’x)) +arctan(g(t’x+y)+g(t’x) )] dy =0.
{yI=e}NKo—Ko y y

Now let us come back to the proof of (6-53) and provide further qualitative properties. Similarly to the
identity (6-25) one obtains

ud T, x) = £E () + Upgro(6,%), Ung1,e(0)llzoe < CA A+ | fug1 DS

So following the same lines as in the proof of Proposition 6.2 we get a similar formula to (6-28) which
implies the positivity result
fn+1(l,X) z 07
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where we have used in particular that the initial data satisfies f,7, ;(0,x) = fo(x) > 0. Thus we obtain
forallmeN, f,(, x)>0.
As u%,g(t, x) <0, following the same lines as the proof of Proposition 6.2 we get the maximum principle
foralln eN, || f,7 (D)o = || follLee.

The proof of the confinement of the support (6-53) follows exactly the same lines as the proof of
Proposition 6.2(3). Now we shall study the strong convergence of the sequence (f,7),. Set

Gg(t’x) = fn—i—l(t,x)_ fn(t’x)'
Then

9¢0 n+1 +ui(fy +1)8 9n+1 (Mi(fn8+1) —uj (fng))axfng—}-l + “g(anJrz) - ug(fng-i-l)-
According to the mean value theorem one has fora > 0, x,y € R,
|arctan(x) —arctan(y)| < [x —y| and |log(a + |x|) —log(a + [y])| < |x—yla~",

which imply

S (S ) @) —u§ (L) O]lzee < C||f,f+1(t>—f:<z>||L°o/ i

Iyl=e Yl

< Ce7 | fii1 () = f7 (Ol oo

Similarly, we obtain

s S )@ =u5 (f)Olzee < Ce2( firpr Ollzee + L7 Olleo) L fify 1 () = fi7 @)l oo

Using the uniform estimates (6-52) we get for any ¢ € [0, T]
1S (S ) @) = u5 (DOl < CllflIxe 2 fs1 ) = £y Ollzoe,  19x S () lzee < Cll fllx-
Using the maximum principle for the transport equation allows us to get for any ¢ € [0, T]
t
16n+1(0) Lo < Ce72| S5 lx | /0 [16n+1 () lLoe + 16n (D)Ll dz.

By virtue of Gronwall’s lemma one finds that for any ¢ € [0, 7]

t
—2 7
16n4+1(0) | oo < €©° ”fo”XTE/ 16n (D)oo d .
0

Hence we obtain in view of (6-51)

t
1641 (1)l < Co /O 16 (0)l| L= d.

By induction we find

Zn
foralln €N, forallt € [0, Te], [|OnllLoopo < C(’)’—'||90||L;>0Loo.
n!
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This implies the convergence of the series

> 0n+1llL5e oo < 00.
&
neN

Therefore (f,7)n converges strongly in L2 L> to an element f* € L2 L*°. From the uniform estimates
(6-52) we deduce that f¢ € £r,. This allows us to pass to the limit in (6-43) and obtain that f° is a
solution to

8tf8+u‘i(fs)8xf8=u‘§(f8), .54
%fos(fvx)Zfo(X), (6-54)
with
u§ (fO)(t.x) & L [arctan(fs([’x+y)_f8(t’x))—i—arctan(fe(t’x+y)+f8([’x))] dy,
27 Jiylze y y o5

y2+(f8<z,x+y>—f8<z,x>>2) .
V(o) + o2 )

Now, the proofs used to get the a priori estimates can be adapted to (6-54) supplemented with (6-55).

us(£0)0x) & o Mk’g(

For instance the a priori estimates obtained in Proposition 6.2 hold for the modified equation (6-54)
independently on vanishing €. In particular one can bound uniformly in ¢ the solution f® in the space X7,
and therefore T, is not maximal and by a standard bootstrap argument we can continue the solution up to
the local time 7" constructed in Proposition 6.2. It follows that f¢ belongs to £7 uniformly with respect
to small €. This yields according once again to Proposition 6.2 and the inequalities (6-25) and (6-40)
:E:)pl] 10: /¥ llLgeLoe < UG (f I Lgoroe 19x fElLgeLoe + 1ua(f)llLge oo < Co,
e€(o,

and Cy is a constant depending on the size of the initial data. Now from the compact embedding C — Cp
and Ascoli’s lemma we deduce that up to a subsequence (f¢) converges strongly in L7’ L°° to some
element f which belongs in turn to £7. This allows us to pass to the limit in (6-54) and (6-55) and find
a solution to the initial value problem (6-43). We point out that by working more one may obtain the
strong convergence of the full sequence ( f¢) to f. Note finally that the uniqueness follows easily from
the arguments used to prove that (6,) is a Cauchy sequence.

7. Global well-posedness

We are concerned here with the global existence of strong solutions already constructed in Theorem 2.1.
This will be established under a smallness condition on the initial data and it is probable that for arbitrary
large initial data the graph structure might be destroyed in finite time. The basic ingredient which allows
us to balance the energy amplification during the time evolution is a damping effect generated by the
source terms. Note that this damping effect is plausible from the graph equation (2-1) according to the
identity (6-34). However, as we shall see in the next section, it is quite complicated to extend this behavior
for higher regularity at the level of the resolution space due to the existence of a linear part in the source
term governing the motion of the slope (2-3). This part could in general bring an amplification in time



DYNAMICS OF ONE-FOLD SYMMETRIC PATCHES FOR THE AGGREGATION EQUATION 2053

of the energy. To circumvent this difficulty we establish a weakly damping property of the linearized
operator associated to the source term that we combine with the time decay of the solution for weak
regularity using an interpolation argument.

TA. Weak and strong damping behavior of the source term. Note from Proposition 6.1 that ' does not
contribute at the linear level, which is not the case of the functional G. We shall prove that actually there
is no linear contribution for G. This will be done by establishing a damping property that occurs at least
at the linear level. This is described by the following proposition.

Proposition 7.1. Let K be a compact set of R and s € (0, 1); then for any f € Cg we have the decomposition
G(x) =2nf"(x) + L(x) + N(x),
with
1
ILls <271 s + 20/ lzoe) + CUS ool /s and  INTs < CUS IS s +1F7115),
where C > 0 is a constant depending only on K and s. Moreover,
ILllzee < € min(| flIze0lf llss 1f Loe) and  [[Nllzee < ClLf ol £ lp + 1L£'115)-
Proof. In view of (6-1), (6-2), (6-4), (6-16), (6-17) and (6-24) one gets
G(x) =Gux)+ H(x), H=Gi2+Gy,

with .
IH s < CILA IR s + 11159). (7-1)

Note also that from (6-3) and (6-11) we get

IHllzoo < Cll f ool f lls + 1LF13)- (7-2)
Now from (6-5) we get

/ /
Gri(x) =2 S+ [+ f(x)z) dz.
R @(x,2)

with
1 2
@(x,z) =22+ (2 +z / fl(x+0f(x)z) d@) .
0
We shall split again G1; as follows:
'O+ 6+ f@02) o [+ e+ f0)DY2)
2 2

R z+4 R p(x,2)(z2 +4)
2 L(x)+ N (x).

Gi1(x) =2

with . . )
v(x,z) 24z / Fl(x+0f(x)z)do + 22( / F/(x + 01 (x)z) d@) .
0 0

From (5-22) one gets
INllzee < ClLF oo (14 1/ 1700)- (7-3)
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Using the product law (4-8) we get

H [f'+ frodd+z/)]Y(-.2)

<20 fleelly (- 2) Lo 11/9(-, 2)|ls
90("2)

20 e 1Y L Dls 11/9( . 2)llzee
+ (LS s +1Lf o dd+ )Y (. 2llLee [11/0(- . 2) | oo

N

In addition, it is clear that

1w (. 2)lLee <4zl £/ lLoe + 12 £/ 117 oo

Performing the composition law (4-6) we deduce that

1 (- 2)lls < LI s (T4 12151 1 700) + ClzP I o 1L s (U4 12151117 00)-
Combining this latter estimate with (6-9) and (5-22) yields
H [f'+ fed+z)]Y(-.2)
o(-.2)
Hence we get according to the embedding Cg — L°

IV < I lzoe L lls (U4 1L IZED)

26
=+

<CIf Bl 1+ 1715+
< CI NS s + 17110,

Setting N = N + H and combining the latter estimate with (7-1) we find the desired estimate for N
stated in the proposition. Putting together (7-2) and (7-3) combined with Sobolev embedding we find

INlIzee < ClLF oo (L s + 1F7115)-
Coming back to £ one may write

1 S+ f(x)z) = f'(x)
22+4dz+2 i 214 d

< ClLf e If s+ LA IZED A+ [2[).

s

z227f(x) + L(x). (7-4)

£ =4 [
R
To estimate L in C* we simply write

/ /
R z +4

Combined with (4-6) we find

1f o dd+z)lls < (Lf" s + 21 f o) A + 1211 £ [l Lo0)*
< Nls + 201 Nzeo) (X + 2P N7 00)

where in the last line we have used the inequality, for all s € (0, 1), for all x, y > 0 one has

(x+y)° =x* 4 y°.
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Using (4-2), it follows that

1L <27 (ILf " lls + 20 f o) + CUL s 1L N oo

The estimate of L in L°° is easier and one gets according to (7-4),

|z
z2 4+ 4

| s

L] <20 £ P 1 s /R dz < ClF@F I/ s

Therefore we obtain
ILLoe < ClLA Moo ILf s
We point out that we have obviously

L]z < 27| f']| oo
It follows that
ILllzoe < € min([l £ lIzo0llf lls. £ zo0)- (7-5)
This completes the proof of Proposition 7.1. O

7B. Global a priori estimates. The main goal of this section is to show how we may use the weakly
damping effect of the source terms stated in Proposition 7.1 in order to get global a priori estimates when
the initial data is small enough. The basic result reads as follows.

Proposition 7.2. Let K be a compact set of R and s € (0, 1). There exists a constant € > 0 such that if
| folls < & then (2-1) admits a unique global solution

/e L®(Ry; CR).
Moreover, there exists a constant Cy depending on the initial data such that

forallt =0, ||f'(t)|reo < Coe™".

Proof. According to the decomposition of Proposition 7.1 combined with (2-3) and (2-5) we get that
g = 0y f satisfies the equation

Bg(t.x) +u1(t.x) 01g(1. x) + g(t.x) =R(t.x). R2L(F—L-N). (7-6)
Using Propositions 6.1 and 7.1 combined with the (4-2) we find
1
IRNs < I s +20 f oo +ClLf T UL s+ WD +C U o0 1 Ns+HC UL N Z oo UL s+ 1150)-
The embedding C Ig C Cg combined with interpolation inequalities in Holder spaces yields
1 1
1 D = ClF Nz L5 - (7-7)
Set so = min(s, %), then it is easy to get

IRl < 11f s + 20 £ llzoe + C LA N7 LA s + 1715 (7-8)
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Let A(t, x) £ g(t,¥(t,x)), where ¢ is the flow introduced in (6-26). Then it is obvious that
dch(t,x)+h(t,x) =R(t, ¥(t,x)).

This allows us to deduce the Duhamel integral representation

t
e’g(t,X)=go(1//_1(t,X))+/o ER(T.Y(r. ¥ (1.x)) d.
Thus /

e'llg@lls < lgo ™ t)lls +/0 IR Y (@ Yy Ol d.

According to (6-38) and (4-6) we obtain

t
lgo(W ™ @)s < Cllgollse”®, V() = fo 1811 (z) || Lo dT
and

IR @y ODls < IR@) +20R(@) [L)e? OV,

Note that the estimate of R in C* has been already stated in (7-8). However to get a suitable estimate in
L°° we use Propositions 6.1 and 7.1 combined with Sobolev embedding,

IRz < CILF Ol (LS Ollp + LA ON1H) + € min(| fONF oo IS Olls. £ @) 2o)
<CULS Ol + 1L O )AL Olls + 1L/ O
<CI O (L Olls + 1LF @19 (7-9)
It follows that
IR ¥ (. )
< @ls + 21 £/ @lzeo)e” OO L |l £/ @ (L @ lls + £/ @113 OV,
Set K(1) = e~V ®Wel|| f/(1)|5 and
S@) =Ce'e™ O£ Ol + 1LF O ULL Olls + £/ @15
Then . )
K(t) < CK(0) +/ K(t)dt +/ S(r)dr.
0 0

By virtue of Gronwall’s lemma we deduce that

t
K(t) < Ce' K(0) +/ e TTS(r)dr.
0

This implies
1/ Olls < Ce" O f5lls

t t
—|—CeV(’)[O ||f/(z)||Loodr+eV(’)/0 L @I UL @ lls + 1LF @l de. (7-10)
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Combining the interpolation inequality
s 2

1f lLee < CULL LA 15T

with Proposition 6.2(2) we obtain

S

2
JR
Lf'@llzee < Cem 21| foll 21 ILF/ (N5

Plugging this estimate into (6-40) we find

s 2 44s

|1 (O)llzee < Ce™ = Sl 77 (LS O + 1S/ O1F).

It is quite obvious from (4-2) and the compactness of the support that

I follr = Cllfglls.

with C a constant depending on the size of the support of fy. Set

p(T)= sup [ f'@®ls-
t€l0,T]

Then combining (7-10) with (7-11) and (7-12) yields

S

5 2 dds
p(T) < CeCIFNST QoMNZFs +[p(MIZF)

with
SSO 250

M(T)=||fd||s+||f6||s2ﬁ[p(T)]2ﬂ2”+IIfJII?[p(T)]2+~‘(p(T)+[p(T)]16)-

2057

(7-11)

(7-12)

This implies the existence of small number ¢ > 0 depending only on C, and thus on the size of the support

of fp, such that
[folls<e = forallT >0, p(T)=<35(fols).

with limy_0 §(x) = 0. This gives the global a priori estimates.

(7-13)

What is left is to establish the precise time decay of || f/(¢)||z stated in Proposition 7.2. From (7-6)

it is easy to establish the following estimate using the method of characteristics:

t
@)L < e llgollLe + /0 eI |R(0)|| oo d e

According to (7-9) we obtain

t
NS Ollzee = Nl follLee +C /0 IS @l f @llp +1f13) d.

Using Gronwall’s lemma we obtain

t
N Ol < fgllzee™®, W) = C/O L/ @lp +11£'15) dx.

Putting together (7-7) with (7-11) we obtain
_s Ats
=l I O

N

I @)lp < Ce 3+

(7-14)
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Hence we deduce from (7-13) that

forallt >0, W() < Cy,
and therefore
forallt >0, | £ (t)|lLes <Coe™, | f'(t)|p < Coe ¥ (7-15)

for a suitable constant Cyp depending on the initial data. Inserting these estimates into (7-9) we obtain
forallt >0, [R(t)|Le < Coe™". (7-16)
Since f; is compactly supported in a fixed compact set
forallt >0, | f(t)|pe < Cre". (7-17)

Finally, we point out that all the constants involved in the preceding estimates are time independent.
Indeed, they are related to the support of f; which is confined in the convex hull of the support of the
initial data, as has been stated in Proposition 6.2(3). O

8. Scattering and collapse to singular measure

The aim of the last section is to analyze and identify the long time behavior of the global solutions stated
in Theorem 2.2. It attempts to investigate the time evolution of the probability measure

dP é p(Z,X)
) =

where d A denotes the usual Lebesgue measure. Note that without loss of generality we have assumed in

dA(x) = e'1p, (x) dA(x),

the last line that ||pg||;,1 = 1. As we shall see, this measure converges weakly as ¢ goes to infinity to a
probability measure concentrated on the real line and absolutely continuous with respect to Lebesgue
measure on the real line. The description of the density and the support of this limiting measure will be
the subject of the next two sections.

8A. Structure of the singular measure. In this section we shall prove the part of Theorem 2.2 dealing
with the weak convergence of the measure d P; when ¢ goes to co. First, it is obvious that the probability
measure d P; is absolutely continuous with respect to the Lebesgue measure. The convergence of the
family {dP; : t > 0} will be done in a weak sense as follows. Let ¢ € D(R?) be a test function; one can
write using Fubini’s theorem

A / fr(x)
Iz=/ p(x,y)dP; =e // @(x,y)dy.
R2 R J—fi(x)

According to Taylor expansion in the second variable one gets

forall (x.y) € R%,  @(x.y) = @(x,0)+ y¥(x.y) and [¥r~ <C.
This implies

Jf1(x)

I,:2e’/ft(x)<p(x,0)dx+ll, Itléet// yy(x,y)dy. (8-1)
R R J—fr(x)



DYNAMICS OF ONE-FOLD SYMMETRIC PATCHES FOR THE AGGREGATION EQUATION 2059

We shall check that the term / tl does not contribute in the limiting behavior. Actually it vanishes for ¢
going to infinity. Indeed,

1Y < ety / o) dx.
R

Using (7-17) and the localization of the support of f; in the convex hull of the initial support, we deduce
that

|It1| <Ce™,
and thus
Jim 1! =o.
Combining (2-1), (6-34), (7-15), (7-17) and (7-13) we deduce that
A f(t, x) +urdx f(1,x) + f(t,x) =—f(t,x)R(t, x), (8-2)
with
IRz < I/ Olp (411 1/ @)]15) < Ce™ 75" (8-3)

From the method of characteristics developed in studying (7-6) we get the representation
¢ Y (t.x) = fo(x)eld REVED T (8-4)

From the integrability property (8-3) we deduce that {e’ f(¢, ¥ (¢))} converges uniformly as 7 goes to oo
to the positive function
x> fox)elo” REVEDIT 2 Ry (). (8-5)

More precisely, using straightforward computations we easily get
oo o
le’ fi o (t) = RallLoe < || Rzl / IR(x)|l Lo dT < Ce™ 342", (8-6)
t

The next goal is prove that the flow ¥ (¢) converges uniformly as ¢ goes to infinity to some homeomorphism
Voo : R — R which belongs to the bi-Lipschitz class. First, recall from the definition (6-26) that

t
Y, x)=x +/0 ui(z,¥(r,x))dr.

Recall from Section 2 that 11 (x) = v (x, f(x)) and the velocity is computed from the density p according
to the second equation of (1-2). Hence we get

ler ()llzee < 1A Vol e
Now using the classical interpolation inequality
1 1
IAT Voo < ClipllZ, 1ol 7o
combined with the decay rate stated in Proposition 6.2(2) we deduce that

1 ()|l Lo < Ce™ 2, (8-7)
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Consequently, it follows that ¥ (¢) converges uniformly to the function

Voo(X) 2 +/oou1(‘r,1ﬂ(‘l:,x))d‘[.
0

More precisely, we have

19 (6) — Yooll e < / 1 (2) oo d < Ce™*. (8-8)
t

It remains to check that ¥ is bi-Lipschitz. First we know that

t
1cw ()l <”O, V() = / 121 (0) ]| = d.
0

Using (7-12) and (7-13) we deduce that

forall £ >0, [|8x¥ (t)|[Loo < C,  [|8xur (1) Lo < CeTrse 25", (8-9)

Differentiating ¥« and using the triangle inequality we get

oo

1—[ 19511 (2) oo [[0x Y (D)l oo d T < Yoo (x) <1 +/ [0xu1 (D) l|Loolldx ¥ (T)l|Loe d .
0 0

Therefore we obtain
for all x € R, 1—Cets <Yl (x) < 14+ Cets.

Taking ¢ small enough, meaning that the initial data is very small, we get
forallx eR, 1<yl (x)<3. (8-10)
This shows that ¥ is a bi-Lipschitz function from R to R. Furthermore, it is obvious that
o0
V) =00+ [ i@y de
t

and hence

Voo (1. x)) = x + /t ui (. (r Y~ (1)) d.
Combining this identity with s, © Wo_ol = Id and (8-7) yields
Voo (012, %)) — oo (Wl )] < / 1 (©)zoe d T < Ce™5

Applying (8-10) we deduce that

— — _L
170 =¥ llLee < Ce™2.
This shows that ¥~ (¢) converges uniformly to wo_ol with an exponential rate. Set

®=Ryoy) (8-11)
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and assume for a while that R, belongs to C* for any « € (0, 1); then we deduce from the preceding
estimates, especially (8-6) and (8-4), that

le” £(1) = @llLee < e f(1) = Ry oy~ (1) [lzoe + [|R2 0 Yy~ (1) = Rao ) [l

<Ce =" 4+ |Rala Y1) — ¥ %o

_ s —al
<Ce #x! 4 Ce 2.

: _ 25
Taking o = 7755 we get

le’ f(t) — ®|| oo < Ce™ T2, (8-12)

Let us now check that R, belongs to C* for any « € (0, 1). For this goal we shall express differently
the function R,. Set R1(f, x) = — f (¢, x) R(¢, x); then from the method of characteristics the solution to
(8-2) may be recovered as follows:

t

e f(t.y(t,x)) = fo(x) +/ e"Ri(z,¥(r,x))dt.
0
Putting together (8-3) and (7-17) we deduce that

4435
IR1(z, ¥ (7)) Loe < Ce™3+2s5". (8-13)
Therefore we find the identity

o0

Ra(x) = folx) + /0 "Ry (v 9 (r. ) d. (8-14)

We shall now study the regularity of R, through the use of this representation.
Differentiating (8-2) in x and comparing it to (7-6) we get the identity

OxR1(t,x) =R(t,x)+ dxu1(t, x) dx f (¢, x).
Using (7-15), (7-16) and (8-9) we find
forallt >0, [0xR1(t)|r <Ce™".
Combining this latter estimate with the Leibniz formula and (8-9) implies
forallt >0, [0x(Ri(t,¥(t,)))|lLee <Ce™". (8-15)

It suffices now to apply the following classical interpolation inequality: for any « € (0, 1) there exists
C > 0 such that
1lla < ClRILSE 17 1F oo

which implies that according to (8-13) and (8-15)
forall 1 20, [Ri(t,¥(t,-)]la < Ce™ e 17w, (8-16)

Returning to the identity (8-14), one obtains in view of (8-16)

o0
[ R2llee = [l foller +/ e |Ri(r. ¥ (r. Dadr =C
0
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for any « € (0, 1). As an immediate consequence of (8-11), (8-10) and (4-6) we find that ® belongs to
C“ for any « € (0, 1). We guess the profile ® to keep the same regularity as fp, that is, in C 175, but this
could require much more refined analysis.

Now coming back to (8-1) we find in view of (8-12) and the Lebesgue theorem

lim I(t) = 2/ d(x)p(x,0)dx.
t—>00 R
This is equivalent to writing in the weak sense
. N
tl_l)n;o dP; =2 $peoy = dPo. (8-17)
Now we shall discuss some properties of ®. From (8-5) and (8-11) we have
supp ® = Yoo (Ko), Ko = supp fo. (8-18)
According to (8-10), the measure of supp P is strictly positive with
| supp ®| = 3| Kol. (8-19)

It remains to check that d Po is a probability measure on the real axis, which reduces to verifying that

2/[Rd>(x)dx =1.

First note that using Proposition 6.2(2) one obtains for any ¢ > 0

1=2/etf(t,x)dx.
R

To exchange the limit and integral it suffices to apply the Lebesgue theorem thanks to the condition (8-12)
and the fact that supp f; € Conv K (recall that for simplicity we have assumed that | po||;1 = 1):

t—>00

lim [ e’ f(t,x)dx = / d(x)dx.
R R

This provides the desired result. We point out that with the normalization ||pg|;1 = 1 one gets instead
of (8-17)

AP = ——§ ,
T ol el

which gives the structure of the limiting measure stated in Theorem 2.2 thanks to (8-5) and (8-11).

8B. Concentration of the support. In this section we shall complete the study of the limiting measure
d P~ and identify its support, denoted by K. What is left to conclude the proof of Theorem 2.2 is just
to check that the support D; of the solution p; converges in the Hausdorff sense to K. Recall that Ky
is the support of fy and is assumed to be a finite collection of increasing segments [a;; b;], i =1,...,n,
such that a; < b; < a;j+1. According to (8-18) one has

supp ® = VYoo (Ko) £ Koo.
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Since W, is strictly increasing due to (8-10) one deduces easily that
supp ® = U7 [af, 5], af® £ Yoolai),  b® £ Yoo(bi).
Using once again (8-10) one may easily obtain that
foralli, [af®—b°|> %|ai —b;].

Now to establish the convergence in the Hausdorff sense of D; towards K it suffices to prove the result
for each connected component, that is,

foralli =1,...,n, dg(T} [a®, b)) <Ce™,
with
i A . t gt
Iy ={(x, fi1(x)) :x €la;, b;]}.
By straightforward analysis using (7-17) one obtains
dp (T, [af°, b)) < Ce™ + C max(|al —af®|, |b! —b5°)).

From (8-8) one gets
max(|af —af°|, |b; —b°|) < Ce™
and therefore
forallt >0, dp(Ds, Koo) <Ce™".

The proof of Theorem 2.1 is now complete.
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COUPLED KAHLER-RICCI SOLITONS ON TORIC FANO MANIFOLDS

JAKOB HULTGREN

We prove a necessary and sufficient condition in terms of the barycenters of a collection of polytopes
for existence of coupled Kéhler—Einstein metrics on toric Fano manifolds. This confirms the toric case
of a coupled version of the Yau-Tian—Donaldson conjecture and as a corollary we obtain an example
of a coupled Kihler—Einstein metric on a manifold which does not admit Kihler—Einstein metrics. We
also obtain a necessary and sufficient condition for existence of torus-invariant solutions to a system of
soliton-type equations on toric Fano manifolds.

1. Introduction

Given a compact Kéhler manifold (X, w), an important question in complex geometry is the problem of
finding a metric of constant scalar curvature in the Kihler class [w]. It has been known for a long time
that there are deep obstructions to existence of these metrics. In the case when [w] = £¢1(X), constant
scalar curvature metrics coincide with Kéhler—Einstein metrics, i.e., metrics that are proportional to their
Ricci tensor. It was recently shown [Chen et al. 2015a; 2015b; 2015c¢] that existence of such metrics is
equivalent to a certain algebraic stability condition: K-polystability (see also [Tian 2015]). A similar
stability condition for general Kihler classes is conjectured to be equivalent to existence of constant scalar
curvature metrics. However, except for some special classes of manifolds (see [Donaldson 2009]) this is
open. It should also be pointed out that even in light of [Chen et al. 2015a; 2015b; 2015c], determining
if a given manifold admits a Kdhler—Einstein metric is not a straightforward task. The condition of
K-polystability is not readily checkable. On the other hand, a large class of manifolds where existence
of Kéhler-Einstein metrics reduces to a simple criterion is given by toric Fano manifolds. Here, as was
originally proved in [Wang and Zhu 2004], existence of Kihler—Einstein metrics is equivalent to the
condition that the barycenter of the polytope associated to the anticanonical polarization is the origin. In
addition, Wang and Zhu [2004] proved that any toric Fano manifold admits a Kidhler—Ricci soliton, in
other words a metric w such that

Ricw=Ly(w)+w (D)

for a holomorphic vector field V. Here Ly denotes Lie derivative along V. These appear as natural
long-time solutions to the Kdhler—Ricci flow and have attracted great interest over the years; see for
example [Hamilton 1993; 1995; Cao 1997; Tian 1997].

MSC2010: 32Q15, 32Q20, 32Q26, 53C25.
Keywords: coupled Kihler-Einstein metrics, Kihler—Einstein metrics, Monge—Ampere equations, Kihler manifolds.
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In a recent paper Witt Nystrom together with the present author introduced the concept of coupled
Kihler-Einstein metrics [Hultgren and Nystrom 2018]. These are k-tuples of Kéhler metrics (w1, .. ., wy)
on a compact Kihler manifold X satisfying

Ricw; =+ =Ricay =+ Y o )

1

These generalize Kédhler—Finstein metrics in the sense that for k = 1 this equation reduces to the classical

equation

Ric w] = :I:w1
defining Kihler—Einstein metrics. Moreover, (2) implies a cohomological condition on wy, ..., wg,
namely

D ol = e (X). 3)
l

We see that, much as for Kéhler—Einstein metrics, the theory splits into two cases: ¢;(X) <0and ¢;(X) > 0.
Now, as in [Hultgren and Nystrom 2018] we will say that a k-tuple of Kihler classes («j, ..., o) such
that Zi o; = Fc1(X) is a decomposition of £c1(X) and given a decomposition of c¢{(X) we will say that
it admits a coupled Kihler-Einstein metric if there is a coupled Kihler—Einstein metric (wy, . .., @)
such that [w;] = «; for all i. In [Hultgren and Nystrém 2018] it was shown that fixing a decomposition of
c1(X) imposes the right boundary conditions on (2) in the sense that:

e If 1 (X) < 0, then any decomposition of —c;(X) admits a unique coupled Kidhler—FEinstein metric.

e If ¢ (X) > 0, then any coupled Kéhler—Einstein metric admitted by a given decomposition of ¢ (X)
is unique up to the flow of holomorphic vector fields.

Moreover, it was shown that if ¢;(X) > 0 and (wy, ..., wy) is a coupled Kidhler—Einstein metric, then
the associated k-tuple of Kihler classes ([w1], ..., [wg]) satisfies a certain algebraic stability condition
which, by analogy, was called K-polystability. It was also conjectured that the converse of this holds,
providing a “coupled” Yau-Tian—Donaldson conjecture:

Conjecture 1 [Hultgren and Nystrom 2018]. Assume c1(X) > 0. Then a decomposition of ci(X) admits
a coupled Kdhler-Einstein metric if and only if it is K-polystable.

Our main theorem confirms this conjecture in the toric case and provides a simple condition for
K-polystability in terms of the barycenters of a collection of polytopes associated to («y, ..., ®;). More
precisely, consider the anticanonical line bundle — K x over a toric Fano manifold X. Fixing the action of
(C*)" on X, this defines a polytope P_g, in the vector space M ® R, where M is the character lattice
of (C*)". For a general Kihler class that arises as the curvature of a toric line bundle, this correspondence
is well-defined up to translation of the polytope (or equivalently, up to choice of action on the toric line
bundle). Moreover, the correspondence trivially extends to all Kéhler classes that can be written as linear
combinations with positive real coefficients of Kéhler classes of this type. By general facts (see Lemma 23
and the discussion following it) this holds for any Ké&hler class on a toric Fano manifold. This means that
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a decomposition of ¢ (X) determines (up to translations) a set of polytopes Py, ..., Pr in R". Moreover,
the condition ) ; o; = ¢;(X) means the polytopes can be chosen so that the Minkowski sum satisfies

Y P=Pk,. “4)
Enforcing this, we note that the polytopes associated to a decomposition of ¢;(X) are well-defined up to
translations
(Pr,..., P> (Pi+ci, ..., Pc+cp),
where ¢y, ..., ¢, € R" satisfies ) . ¢; =0.

Now, given a polytope P in R"” we will let b(P) be the (normalized) barycenter of P,

1
b(P) = Se1epy /ppdp’

where dp is the uniform measure on P and Vol(P) = fP dp. Note that b(P + c) = b(P) + c; hence,

assuming (4), the quantity » . b(P;) is independent of the choices of translation of Py, ..., Pr. Our main
theorem is:
Theorem 2. Let X be a toric Fano manifold. Assume («;) is a decomposition of c{(X) and Py, ..., Py

are the associated polytopes. Then the following are equivalent:

(1) (o;) admits a coupled Kiihler—Einstein tuple.

(i1) («y) is K-polystable in the sense of [Hultgren and Nystrom 2018].
(iii) Y ; b(P;) =0.
Remark 3. One important point is ) _; b(P;) is not in general equal to
b(Z Pl-) =b(P_ky);

i

hence the condition on Py, ..., P, in Theorem 2 is not (a priori) equivalent to existence of a classical
Kéhler—FEinstein metric. In fact, none of these conditions imply the others. By Corollary 4 below,
there is an example of a manifold that doesn’t admit Kdhler—Einstein metrics but does admit coupled

Kihler-FEinstein metrics. Moreover, by Remark 6 there is an example of a Kidhler—Einstein manifold with
decompositions of ¢ (X) that doesn’t admit coupled Kidhler—FEinstein metrics.

Corollary 4. Let E be the rank-2 vector bundle
E=0p(—1)® Opi(—1)

over P2 x P! and consider the toric four-manifold X = P(E). Then X does not admit a Kdihler—Einstein
metric. On the other hand, let v : X — P! be the natural projection onto P! and By, o € HYV(X) be
the classes corresponding to the divisors given by w1 (0) and 7w~ (00), respectively. Then

o=t 436+ ). ar= a0 +1/36+8) ®

are Kdhler and the decomposition of ¢ (X) given by (a1, az) admits a coupled Kdihler—Einstein metric.
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Remark 5. It would be interesting to see if there are simpler examples than the one given in Corollary 4
of manifolds which admit coupled Kéhler—Einstein metrics but no Kédhler—Einstein metrics. However, by
Corollary 1.6 in [Hultgren and Nystrom 2018], the automorphism group of any manifold that admits a
coupled Kihler-Einstein metric is reductive. Among other things, this rules out P> blown up in one or
two points.

Remark 6. The following is an example of a decomposition of ¢;(X) on an Einstein manifold that does
not admit a coupled Kihler-Einstein metric. Let X be the toric Fano manifold acquired by blowing up P?
in three points and D be the (S')"-invariant divisor in X that corresponds to the ray generated by (1, 1)
in the fan of X. Let D, = —%Kx +tD. We have D; + D_; = —Kx. Computer calculations show that

b(Pp,)+b(Pp_) #0

for small #; in other words the decomposition of c¢;(X) given by (c1(Dy), c1(D—;)) does not admit a
coupled Kéhler-Einstein metric for small ¢.

Remark 7. As discussed in [Hultgren and Nystrom 2018], fixing a Kéhler class & on X we get a family
of decompositions of ¢y (X)

{ta,c1(X) —ta) :t € (0, t,)},

where #, = sup{r : ¢;(X) — ta > 0}. Assuming they admit coupled Kéhler-Einstein metrics (n], n5) we
get a canonical family of metrics {w; := 1/} in a. Now, let X be a toric Fano surface. By Theorem 2,
(to, ¢ — c1(X)) admits a coupled Kahler—Einstein metric if and only if

tb(Pr,) +b(P_gy—1,) =0, (6)

where L, is a toric (R-)line bundle such that ¢;(L,) = «. On the other hand, it was proven in [Donaldson
2009] that o admits a constant scalar curvature metric if and only if

Jp,, fdo B Ip, fdp -0
Jip,, do Jp, dp ~

for every convex function f on the closure of P, with equality if and only if f is affine linear. Here do
is the measure on d Py, defined by the identity

d
— (/ h dp) = f hdo
dt Pro+tP_gy t=0 dPL,

for all functions /4 continuous in a neighborhood of P. In particular, for affine linear functions f, (7)
reduces to the barycenter condition

(7)

Jp,, o do

faPLa do

It would be interesting to understand the relationship of (6) with the conditions (7) and (8).

b(P,) =b(do) = ®)
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Our second result considers a more general (soliton-type) version of (2), namely, given holomorphic
vector fields Vi, ..., Vi

Ricw; — Ly, (@) =+ =Ricwg — Ly, (@) = Y _ . 9)

i
We will say that a k-tuple of Kihler metrics satisfying (2) is a coupled Kdhler—Ricci soliton. When
k=1, (9) reduces to (1) and defines classical Kihler—Ricci solitons. As mentioned above these appear as
natural solutions to the Kihler—Ricci flow. In fact, a similar interpretation in terms of natural solutions

to a geometric flow can be given for (9). Given k Kéhler metrics a)(l), cees w,e we may consider the flow
defined by
%wﬁ:Ricw’l—Zwl{, e %w,ﬁ:Ricw,’c—Zwl{ (10)

l l
for t € [0, 0o0). Stationary solutions to (10) are given by coupled Kédhler—Einstein metrics, i.e., solutions
to (2). On the other hand, putting V| =- - - = V; = V and letting (}) be the flow along V of a k-tuple (w?)
satisfying (9) means (w}) will satisfy (9) for each 7. Plugging this into the right-hand side of (10) gives

Ricw| — Y o} = Lv())
i

for all j. By definition (d/dt)a);. = Lv(a)]’.) for all j; hence (a)l’.) satisfies (10).

To state our second result we need some terminology. Note that a point in the vector space that is
dual to M ® R, namely N ® R where N is the lattice consisting of one-parameter subgroups in (C*)",
determines a holomorphic vector field on X. We will call any holomorphic vector field on X that arises
in this manner a toric vector field. These can be given a concrete description in the following way: By
definition, the action of (C*)" on X admits an open, dense and free orbit. Identifying (C*)" with this
orbit and letting o7y, . .., g, be the standard logarithmic coordinates on (C*)" the toric vector fields are
simply the vector fields that arise as linear combinations of the coordinate vector fields d/do1, ..., 3/00%.
We will often identify a toric vector field with its associated point in N @ R.

In this context there is a natural vector-valued invariant Ay (P) determined by a polytope P in
R" = M ® R and a point V in the dual vector space N ® R. To define it we first introduce the V-weighted
volume of P

Voly (P) =/ VPl dp.
P

Then Ay (P) is given by

Ap(V)= — / V) g (an
U o) 70
With respect to this we have:
Theorem 8. Let V1, ..., Vi be toric vector fields on a toric Fano manifold X. Assume («y, ..., a) is a
decomposition of c1(X) and Py, ..., Py are the associated polytopes. Then there is an (S')"-invariant
solution (wy, ..., wy) to (9) such that w; € «; for each i if and only if

D Ar (Vi) =0. (12)
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Remark 9. Much as in Theorem 2, the polytopes Py, ..., Py associated to (a7, ..., ax) are only well-
defined up to translations P; — P; + ¢; for ¢; € R" satisfying Zi ¢; = 0. On the other hand, much as the
barycenter, Ay (P) satisfies

Apic(V)=Ap(V) +c,

and hence the left-hand side of (12) is invariant under such translations.

Remark 10. Theorem 8 is a generalization of Wang and Zhu’s theorem [2004] on the existence of
Kihler—Ricci solitons on toric manifolds. See also [Berman and Berndtsson 2013; Delcroix 2017] for
generalizations in other directions.

A straightforward corollary of Theorem 8, using that (11) is the gradient of a strictly convex and proper
function on R", is:

Corollary 11. Let («;) be a decomposition of ¢1(X) on a toric Fano manifold. Then there is a unique
toric vector field V such that (o;) admits an (S Y invariant coupled Kdhler—Ricci soliton where V| =
=V =V.

Remark 12. Naturally, we expect solutions of the flow (10) to converge to the Kéhler—Ricci solitons in
Corollary 11. This parallels the theory in the case k = 1 (see [Tian and Zhu 2007]). On the other hand, it
is interesting to note that by Theorem 8§ there exists a large class of solitons that do not appear as natural
solutions to (10) in the sense discussed above (this happens whenever V; # V; for some i and j). This
suggests that there is a more general flow, which includes (10) as a special case, and where the solitons of
Theorem 8 appear as natural solutions.

A second corollary of Theorem 8 is related to the corresponding real Monge—Ampere equation. Let
f1, -, fi be twice differentiable convex functions on R". Let V f; denote the gradient of f;. Then, given
a decomposition (o, ..., o) and associated polytopes Py, ..., Py, existence of coupled Kihler—Ricci
solitons is equivalent to the solvability of the equation

Vi,V f1) d? (Vi V fx) d?
¢ der( LYo 2 € det( T\ T (13)
VOIVl (Pl) dxl dxm VOle (Pk) a’xl dxm
under the boundary conditions
ViR =P, (14)

where the left-hand side of (14) denotes the closure of the image of V f; in R". We will say that a k-tuple
of polytopes in R” is toric Fano if it is defined by a decomposition of ¢;(X) on a toric Fano manifold.

Corollary 13. Assume Py, ..., Py is a toric Fano k-tuple of polytopes and Vy, ..., Vi € R%. Then (13)
admits a solution satisfying (14) if and only if

Y An(Vi)=0.

In particular, if Vi = - - - = Vi, = 0 then (13) admits a solution satisfying (14) if and only if

Zb(P,-) =0.
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Theorem 2 essentially follows from considering the case V| = --- = V; = 0 in Theorem 8. Doing this
gives that (iii) in Theorem 2 implies (i). As mentioned above, by a previous result [Hultgren and Nystrom
2018, Theorem 1.15] (i) implies (i1). Finally, an explicit formula for the (coupled) Donaldson—Futaki
invariant of test configurations induced by toric vector fields shows that (ii) implies (iii). To be more
precise, if V is a toric vector field and (¢;) is a decomposition of c¢;(X) with associated polytopes
Py, ..., Py, then the test configuration for (¢;) induced by V has Donaldson—Futaki invariant

<V, Zb(Pi)>.

It follows that if ), b(P;) # 0, then there is a test configuration for (o;) with negative Donaldson-Futaki
invariant. By definition, this means (c;) is not K-polystable (see Section 3.2 for a detailed argument).

The main point in the proof of Theorem 8§ is to establish a priori C°-estimates along an associated
continuity path. More precisely, let 0y, .. ., 6 be Kéhler metrics such that [6;] = «;. Assume, using the
Calabi—Yau theorem, that wy is a Kéhler form such that Ricwy = ) _, 6; and f X wy = 1. For each i, let
8i = 8p,.v;, be a 6;-plurisubharmonic function on X such that

dd‘gi = Ly, (6;)
and f x e’ 0" =1 (see Lemma 17). For ¢ € [0, 1] we will consider the equation
eSO () 4 dd )" = - - - = eSO (G 4 dd )" = e Zi Pl (15)
Moreover, fixing a point xg € X we will assume solutions to (15) are normalized according to

¢P1(x0) = - -+ = Pr(x0). (16)

The significance of these equations is that for t = 1, a k-tuple of functions ¢y, . .., ¢ such that each ¢; is
0;-plurisubharmonic solves (15) if and only if the k-tuple of Kéhler metrics (6; + dd“¢;) is a coupled
Kéhler—Ricci soliton. We prove:

Theorem 14. Let V;, o; and P; be as in Theorem 8 and assume (12) holds. Let xo be the point in X that,
under the identification of (C*)" with its open, dense and free orbit, corresponds to the identity element in
(C*™. Then, for any ty > O there is a constant C such that any solution (¢1, ..., ¢r) of (15) fort > 1y,
normalized according to (16), satisfies

sup |¢i| < C
X
foralli.

Pingali [2018] reduced existence of coupled Kihler-Einstein metrics to a priori C%-estimates. This
means that Theorem 8 in the special case when V| = ... = V; =0, and thus Theorem 2, follows from
Theorem 14 above and Pingali’s work. For the general case we adapt the argument of Pingali to the
soliton setting, essentially following the computations in [Tian and Zhu 2000]. Letting Aut(X) be the
automorphism group of X we prove:
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Theorem 15. Let X be a Fano manifold and Vi, ..., Vi be holomorphic vector fields in the reductive
part of the Lie algebra of Aut(X) such that Im V; generate a compact one-parameter subgroup in Aut(X)
for eachi. Let (o;) be a decomposition of c1(X) with representatives 0, ..., 0k such thatIm Ly,6; =0
for all i. Assume also C°-estimates hold for (15); in other words, for each ty > 0, there is a constant C

such that any solution (¢;) to (15) at t > tg satisfies
sup || < C
X

for alli. Then («;) admits a solution to (9).

We get that the positive part of Theorem 8 follows directly from Theorems 14 and 15. The negative
part of Theorem 8 follows directly from a change of variables in (13) (see Lemma 28).

Remark 16. Berman and Berndtsson [2013] used a variational approach to prove existence of Kéhler—
Ricci solitons on toric log Fano varieties. They give a direct argument for coercivity of the associated
Ding functional on (S')"-invariant metrics. It would be interesting if this coercivity estimate could be
extended to the coupled setting. This would provide a stronger result than this paper in two respects:
First of all, it would cover the singular setting of log Fano varieties. Secondly, since this bypasses the
higher-order a priori estimates from complex geometry it would provide a version of Corollary 13 that is
valid for all k-tuples of polytopes, not only the ones that are defined by decompositions of ¢1(X) on toric
Fano manifolds.

This paper is organized in the following way: Sections 2.1 and 2.2 are devoted to the proof of
Theorem 15. In Section 2.1 we prove openness along the continuity path and solvability at t = 0. In
Section 2.2 we prove C>“-estimates assuming C%-estimates, thus finishing the proof of Theorem 15. In
Section 3 we set up the real convex geometric framework and in Section 3.1 we use this to prove the
CY-estimate of Theorem 14. Finally, at the end of Section 3.1 we prove Theorem 8, Corollary 11 and
Corollary 13 and in Section 3.2 we prove Theorem 2.

2. Openness and higher-order estimates

This section is devoted to proving Theorem 15.
The following lemma is well known. However, as a courtesy to the reader we include a proof of it.

Lemma 17. Assume X is a Fano manifold, V a holomorphic vector field on X and 6 a Kdhler form on X
such that the imaginary part of Ly (0) vanishes. Then there is a smooth real-valued function g on X such
that

ddg = Ly (6).

Proof. Since V is a holomorphic vector field, the contraction operator iy anticommutes with 9; hence
iv@ is a 9-closed (0, 1)-form. By the Kodaira vanishing theorem, since X is Fano, the sheaf cohomology
group satisfies

H'(X,0)=H'(X,—-Kx+ Kx) =0.
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This means the Dolbeault cohomology group satisfies
HOY(x)=H'(X,0)=0;

hence iy6; is also d-exact. Let g be a smooth function such that «/—15g =iy6. As Ly (6) is real, so
is g. Moreover,
dd°g =iddg = diy0 = Ly (0). O
For each i, let PSH(X, 6;) be the space of 6;-plurisubharmonic functions on X, in other words the
space of upper semicontinuous and locally integrable functions ¢; satisfying dd“¢; + 6; > 0. Note that if
¢; is a smooth function in PSH(X, 6;), then
Ly (dd°¢) = diy.~/—133¢;
= v/ —138iv,d¢; = dd°Vi(¢i);
hence dd‘(g; + Vi (¢;)) = Ly (0; + dd ¢;). This means that, much as in [Hultgren and Nystrém 2018],

we get:

Lemma 18. Let X be a Fano manifold, Vi, ..., Vi holomorphic vector fields on X and («;) a k-tuple
of Kdhler classes on X such that Y o; = c1(X). Assume each class «; has a representative 6; such that
Im Ly (6;) =0 and, for each i, let ¢; be a smooth function in PSH(X, 6;). Then (¢1, ..., ¢r) is a solution
to (15) at t = 1 if and only if the k-tuple of Kdihler metrics (6; + dd ;) is a coupled Kdhler—Ricci soliton.

2.1. Openness. Here we will prove the first part of Theorem 15, namely that the set of ¢ such that (15)
is solvable is open.
We will use the Banach spaces

A={@1,. . d) 19 € CHUX)),
B={(vi,...,v) v € C**(X)}.
Moreover, let Apsg be the open subset of A given by
Apsit ={(@1, ..., 1) : ¢ € CH*(X) NPSH(X, 6))}.
Let F : R x Apsy — B be defined by
log((01 +dd“g1)" /wp) + g1+ Vi(g) +1 3 i

F(t, () = :
log((Ox +dd $r)" |wy) + gk + Vi(dr) +1 ) i

Note that F(¢, (¢;)) = 0 if and only if (¢;) defines a solution to (15) at . Moreover, in this case the
measure

w:=(6; +ddc¢l.)”€gi+vi(¢i)

is independent of i.
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Lemma 19. The Fréchet derivative of F at (t, (¢;)) with respect to the second argument is given by
H : A — B defined by

—Ap v+ Vi) 1) v
H(vy,...,v9) = : , (17)
—Ap vk + V(o) +1 > v;

where w; = 6; +dd°¢; and A, is the associated Laplace—Beltrami operator. Moreover, H is elliptic.
Finally, assume F(t, ¢) =0 and let (-, -) be the inner product on B given by

() @) =3 [ v
Then
(H(I/ll, ey Mk)’ (U[)) = <(ui), H(Ul, ey Uk)>

for any (u;), (v;) € B.

Proof. Equation (17) follows from straightforward differentiation and the well-known identity

d , (0 +dd“(¢i +5vi)" dd“v(0; +dd°¢;)" !
— log =n = Ay, V;.
ds o 4=0 (0 +dd ;)" !
Now, H takes the following form in local coordinates:
(uj) =~ (v;)) = Z a™ (x) Ou; + lower-order terms
' I U 9x10%, ’

i,l,m

where af}” =0ifi # j and {af:.”}l,m are the coefficients for the Laplace operator A, . Recall that H is
elliptic if the matrix

(Z al™ (x)éz%‘m) (18)
I,m

is invertible for all p € X and all nonzero £ = ) £(d/9x;) € T, X, but this follows immediately. To see
this note that

>l (0)&En
I,m

is 0if i # j and, by ellipticity of A,,, positive if i = j. This means (18) is a diagonal matrix with positive
entries on the diagonal; hence it is invertible.

We will now prove the last statement in the lemma. It is a consequence of the following identity for
functions u, v € C>%(X) (see Lemma 2.2 in [Tian and Zhu 2000]):

f(Aw,-v+Vi(v))uM=—/(dv,dum,-u- (19)
X X
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We get
Z/}((Aw,-vi+\G(vi)+2vj)um=—Z/}((dvi,duierZvajum
i i i i,j
=Z/ vi<Aw,-ui+Vi(ui)+Zuj>M,
i X j

and the last statement in the lemma follows. O

Lemma 20. Assume t € [0, 1) and (v;) € A are not all constant and satisfy

Ap 1+ Vi) =+ = Ay v + Vi(we) =1 ) v (20)
i
for a k-tuple wy, . .., wy satisfying
Ricw; — Ly, (1) =+ =Ricwy — Ly (@) =t Y _wi+(1 =1 6. (21)
i i

Then A > t.

Proof. Let 04, v denote the gradient of v with respect to the metric w;. Moreover, we will use the notation
Ric,, = Ric(w;). The proof is based on the following Weitzenbdck identity (see [Tian and Zhu 2000],
equation 2.7, page 277):

- f (d (A v+ Vi), dV)u, it > / (Rico, —Ly (@) (3, v 3y D)1
X X

Combining this with (21) and (20) gives

2
s / (Z vj) p= / (A vi + Vi) = — f (d(Auvi + Vi (0), dv), 1
X . X X
J
> / (Ricy, +Ly (@) (8, Vi Do i)t = t / D 10w il i (22)

X X .

J

Moreover, we claim that (20) implies

fX |, Vil 14 = / ldvjle, 1 (23)
| 4vile

for any i and j. Assuming that this is true we see that (22) implies

2
sz(va)Mfo E:Iaw,vjlijﬂ=t/§ 2, 1
X . X . X .
J J J

=1 fX 3 (Do + ViW)vu
J

:t)\/x;(; v,-)vjuztkfx(;vj)zu.



2078 JAKOB HULTGREN

We conclude that A > t. Moreover, if A = ¢ then equality holds in all inequalities above. In particular,
equality holds in the last inequality of (22); hence, by (21),

0= / (Ricw; _LV(a)i))(aw,' Vi, 8&),‘ vi):““ - t/ E |3w,- vi|620jl'l’
X X .
J

=<1—z>/ > 10w, vilg 1
X .
J

from which it follows that v; is constant for every i. This means that to finish the proof of the lemma it
suffices to prove (23). To do this, note that for any i and j, by (20)

/X|du/|iju=/X(ijvj+Vi(vj))UjM

2/(Awivi+Vi(Uz’))vﬂt=/(dvi,dvj)w,-l/«-
X X

Moreover, choosing coordinates (zp, ..., z,) that are normal with respect to w; and such that w; is
diagonal with eigenvalues 8y, ..., 8, at a point p we get
1 dv; dv; 1 9v; 2\/ v, |
dv;, dvi) g | = =74 5\/ — —L1 =19, vil,. |dvil,. .
[(d v, dvj)a | ’;ﬂl 92 0 le 5o le 7| = 1uvila |4l

Combining this with the Cauchy—Schwarz inequality we get

[ vt = [ v avons il e <. / |aw,.vl~|3,)ju\/ [ v
X X X X X

and (23) follows. O

We can now prove the first part of Theorem 15.

Proof of Theorem 15. First part: openness and the case t = 0. The theorem is proved using the continuity
method along the path defined by (15). Here we will prove that the set of # such that (15) is solvable is
nonempty and open in [0, 1]. At the end of Section 2.2 we will prove that it is also closed in [0, 1], hence
that (15) is solvable for all ¢ € [0, 1].

First of all, to see that the set of ¢ such that (15) is solvable is nonempty, note that for r = 0, (15)
reduces to the collection of equations

0 +dd ;)" e8I Vi) = . (24)
This means that for each i we can apply the Main Theorem in [Zhu 2000] to get ¢; such that
(O +dd )" esi VY = o (25)

for some ¢; € R. Integrating both sides of this and using the fact that

/ egi+vi(¢i)(9i +dd°¢;)" :/ egiel.” =1 :/ 0)8 (26)
X X X
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for all smooth ¢; € PSH(X, 6;) we see that ¢; = 0 for all j; in other words (¢, ..., ¢) provides a
solution to (15) at r = 0.

Now, (26) is well known but for completeness we provide an argument for it here. Consider the
variation of the left-hand side of (26) with respect to ¢;

‘Amw@+vwmm, 27)
where we use the notation p; = e8+Vi®) (6, + dd°p;)". By (19),
(LMM@+V@M@HJWFi£W@@MZL@w¢+V@M@m, (28)

and hence (27) vanishes. This proves (26).

The fact that the set of ¢ such that (15) is solvable is open follows from Lemmas 19 and 20 and
a standard application of the implicit function theorem. More precisely, H is elliptic by Lemma 19.
This means the image of H : (W>2(X))* — (L?(X))* is closed (see for example Theorem 10.4.7 in
[Nicolaescu 1996]). Taking (v;) in the orthogonal complement of the image of H gives

((vi), H(u;)) =0

for all (u;) € (W>2(X))K. In particular, it holds for all (;) € (C°°(X))X. By the last point in Lemma 19
this means H (v;) = 0 as a distribution. By elliptic regularity (see for example Corollary 10.3.10 in
[Nicolaescu 1996]) (v;) € (C*®(X))* and hence, by Lemma 20, (v;) = (C;) for constants Cy, ..., Cy. As
H(C;) =0we get Y C; =0. Using this and elliptic regularity again (see for example Theorem 10.3.11(b)
in [Nicolaescu 1996]), we may conclude that the kernel of H is {C 1o s Cr Y Ci = 0} and the image

of H is
E:{(vi)eB:/vl,uz---zkau}. 29)
X X

It follows that H is invertible as a map from
A={(w) e A:vi(x) =+ = ve(x0)}

to B. Moreover, the derivative of F with respect to z, (¢, (¢;)) — (Z Giv ey Y, qb,-), trivially maps to B.
Thus, applying the implicit function theorem to F restricted to AN Apsy completes the proof of the
theorem. O

2.2. Higher-order estimates. We begin with:

Lemma 21. Assume (¢;) satisfies (15) for some t € [0, 1]. Then
sup [Ag¢;| < C,
X

where C depends only on sup; ||¢; || co(x).
We will use the following lemma from [Zhu 2000] (page 768, Corollary 5.3):
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Lemma 22. Let X be a compact Kdhler manifold, w a Kdihler form on X and V a holomorphic vector
field on X. Assume ¢ € PSH(X, w) is smooth and X (¢) is a real-valued function. Then

sup [V(¢)| < C
X

for a constant C that is independent of ¢.

Proof of Lemma 21. We start with the following inequality originating in [ Yau 1978] (see for example
equation 2.3 on page 1587 in [Chen and He 2012]): assume w is a Kéhler form and v is a smooth function
satisfying

(w+ddv)" =e’ 0"

Then there are constants Cy, Cy and C3, independent of v, such that
Agyaaeo(e” M (n+ Ayv)) = e TVALF 4+ Ca(n + Ayv)" "V — G, (30)
For each j, we have that ¢; satisfies the equation
0 +dd ;) = e~ &~V L diHlog(@i /o) gn. 31)
Applying (30) to this and letting

uj = e C19i (n+ Agj(ﬁj),
for all j we get

Aguj > e 1A, (_gj — Vi(¢)) —t Z o + 1og(wg/9;’)) +Co(n+ Agp)" "V — 5. (32)
i

Note that dd“¢; > —6;; hence
(dd;) N6
A9j¢j :n@—n > —n.
J
This means u; > 0 for all j. Moreover, u; — e~ C19i Ay, pj = ne~€1% . Hence, adjusting C> and C; in a

way which only depends on sup; ||¢;[|co(x), we get

Auyttj = =€~ Ngy (g5 + V() =1 ) ui+ Col)/ "7V — €. (33)
i

Now, let

. 8 i —
Vj = Z an1 azm and 9] = Zeéidzm le-

As in [Tian and Zhu 2000], we compute

e 90
Ao, (& +Vig) =Y a%(v,,g (9,f,z+ l))

m,l

av,f;( 0% ) 007 g,
- 0+ —L )+ Vi 2L+ — ). 34
dzy \ "M 3z,,0% "\ 9z;  0z,07/07 %)
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We will be interested in this at a point, p, where u; attains its maximum. Choosing coordinates around p
that are normal with respect to 6; and such that w; = 60; + dd“¢; is diagonal, (34) reduces to

J 2.4
Zav'"(H i )—i—VJ-(Aqu)_

" 0Zm 0Zm0Zm

The first term of this can be bounded by

J
m

|9z
m

m

(14 Ag,9)).
Moreover, as u; is stationary at p we get that

Vi) = C1Vi(@)u; = e~V (A 07)
vanishes at p; hence

(e V(Do )] p = (CLV;(9))u))l .
We conclude that

J

m

0
e 1% Ng, (g + V;(9))) < (SUP 5 + C1Vj(¢>j))uj-

m
By Lemma 22 this is bounded by Cu; for a uniform constant C.
We will now plug this into (33). By the maximum principle A, u; <0 at p. Letting M; = maxx u; >0
we get
0= —Cuj—1 Y M+ Cul}/ "™V — 3

1

at p. Summing over j and using Young’s inequality a < ea”/""~Y 4 C(n, €) we get, after adjusting C3,
G
OZ—CZMZ' _ktZMi'i‘?ZMi_CS
C
- (—C—kt+f) > Mi-cs.

Choosing € small enough that the expression in the parentheses is positive gives an upper bound on ) © M;.
Since M; > 0 for all i, this implies a bound on sup M; = sup |u;|. This proves the lemma. (|

Proof of Theorem 15. Second part: C**-estimates. Here we will prove that the set of ¢ such that (15) is
solvable is closed.

By Lemma 21, |Ag,¢;| is bounded by a constant that depends only on ||¢;[|co(x) for all i. We wish
to apply Theorem 1 in [Wang 2012]. To do this we need uniform bounds on the Holder norms of ¢;
and V;(¢;). These are implied by the uniform bounds on Ay, ¢;. To see this, choose coordinates that are
normal with respect to 8; and such that 6; + dd“¢; is diagonal at a point p. Since

G _
O +ddgi=> (1+ dzm dzm >0

0Zm0Zm
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we get that achi/(azmazm) > —1 for all m. Together with the bound

A9i¢i:Z i <C

02, 0Zm

m

this gives uniform bounds on |3%¢; /(9z,,37;)| for all m and [ and the bounds on the Holder norms follow.

Combining this with the argument at the end of Section 2.1, we conclude that the set of ¢ such that
(15) is solvable is nonempty, open and closed in [0, 1]. It follows that (15) has a solution (¢;) at t = 1.
Consequently, by Lemma 18 (6; + dd¢;) solves (9). U

3. C'-estimates

In this section X will always be a toric Fano manifold. In other words ¢ (X) > 0 and, letting n = dim X,
there is an n-dimensional complex torus (C*)" acting on X by biholomorphisms such that the action
admits an open, dense and free orbit. The purpose of the section is to prove Theorem 14. We will begin by
recalling the well-known correspondence between metrics on line bundles over toric varieties and convex
functions in R”. As in the Introduction we fix an action of (C*)" on X and identify (C*)" with its open,
dense and free orbit. Let 0 be an (S')"-invariant Kihler form on X that arises as the curvature of a metric
|| - || on a toric line bundle over X. Let P be the polytope associated to this toric line bundle. Assume sg
is the (C*)"-invariant section corresponding to the point O € P. By the invariance s( is nonvanishing on
(C*)"™ and the metric can be represented by a plurisubharmonic function ¥ on (C*)" by

Y = —log [Isol*.
Then 1 satisfies dd“iyy = 6. Using toric coordinates
(X1, ..., xp) = (log|zil, ..., log|z,|) € R"
Y defines a convex function on R"
f@xr, ..o xy) =Y (e, ..., e™)

which will have the property V f(R") = P. Moreover, in logarithmic coordinates o; = log z; we have

% f . .
E dojdo; =dd“y =0. (35)
- 8)6,'8)6,‘
ij k
Now, for a convex polytope P, let E(P) be the space of smooth, strictly convex functions f such that
V(R =P.

Then it is well known (see for example Proposition 3.3, page 687 in [Berman and Berndtsson 2013]) that
(35) gives a one-to-one correspondence between the (S')"-invariant elements in [6] and E(P).

As noted in the Introduction, the correspondence above extends trivially to any 6 such that [0] can be
written as a linear combination with positive real coefficients of Kihler classes that arise as the curvature
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of toric line bundles. On the other hand, we have the following general principle which we record for the
convenience of the reader:

Lemma 23. Let o be a Kdhler class on a Fano manifold X. Then there are some ample line bundles
Ly, ..., Ly, over X and positive real coefficients Ay, ..., Ay such that

o= Zkicl(Li). (36)

Proof. First of all, any Kihler class o can be written as (36) where the line bundles L; are not necessarily
ample and the constants A; are not necessarily positive. To see this, recall that the map

ci: H'(X, 0% - HX(X,7)
is part of the exact sequence
H'(X,0" - H*(X,7) — H*(X, 0).
By the Kodaira vanishing theorem, since X is Fano,
H*(X,0)=H*(X,Kx — Kx) =0.

It follows that ¢ is surjective, and hence any element in le) RX)=H 2(X, R) can be written as a linear
combination over R of elements in the image of c¢;. Note that this means the set of rational classes, in
other words the set of classes of the form gc (L) for some rational number ¢ and some line bundle L, is
dense in HVD(X).

Now, the cone of Kihler classes K is open in H"D(X). This means we can take a set of rational
classes ny, ..., n; in K that span H (LD (X)) over R. Moreover, these classes define an open subcone of K,

C= {Z)\,‘T]l‘ 1A € R+}
i
For any @ € K we may take a rational class 7ng in the open set (@« — C) N K which is nonempty since « is

in the interior of K. This means o = 19 + k, where x € C and (36) follows. O

Noting that any divisor on a toric manifold is linearly equivalent to an (S')"-invariant divisor, Lemma 23
and the discussion preceding it gives:

Lemma 24. Let o be a Kdhler class on X and P be the polytope corresponding to a. Then (35) gives a
one-to-one correspondence between the (S Y invariant elements in o and E(P). Moreover, ifa=c(L),
where L is a toric line bundle over X, then this correspondence is given by 6 — f, where

floglzil, ..., log|z,]) := —log|IsolI?,

where s is the (S')"-invariant (meromorphic) section corresponding to the point 0 e M @R and | - || is

the metric on L with curvature 6.



2084 JAKOB HULTGREN

For each i, let ; : R" — R be defined by

1
hi(x) =log N, Z e
y

where the sum is taken over all vertices of the polytope P; and Np is the number of vertices of the
polytope P;. These functions are smooth, strictly convex and satisfy Vi;(R") = P;; hence h; € E(P;).
For each i, let 6; be the element in «; corresponding to /;. Then there is a one-to-one correspondence
between E(P;) and the smooth (S!)"-invariant elements of PSH(X, 6;) given by

fi(x) = hi(x) = ¢i(e"). (37)
Moreover, h;(0) = 0 for each i. This means the normalization (16) is equivalent to
S10) == fi(0). (38)

Using the correspondence in (37), it is possible to rewrite (15) as a real Monge—Ampere equation.

Lemma 25. Assume (¢;) and (f;) are related as in (37). Then, fort € [0, 1], (¢;) satisfies (15) if and
only if (f;) satisfies

Vi,V 2 Vi,V 2
ViV det 0~ f1 L VeV 1i) det 0” fx :e—tziﬁ—(l—t)z,-hi' (39)
Voly, (P1) 0X,,0X] Voly, (Py) 0X,,0X]
Proof. First of all, using (35) we see that
3 f; " 3 f;
0; +dd¢;)" = dojdo;) =det do do, 40
O +dd ;) (Z Ixom 20 01) e (axmam) o dé (40)

m,l

where do do =do; ---do, doy - - - daoy,.
Abusing notation, we may think of f; and h; as (S')"-invariant plurisubharmonic functions on
(C*™ c X. We will show that

e Lidigh = ¢ ilimhd gyt — o=t i fim(=DLihi g5 45 (41)

This will follow if we show that
ezh"a)g =do dé. (42)

To do this, we note that by convexity

V(Z h,-) (R) = Z Vh; (R") = Z Pi=P_g,.
i i
By Lemma 24, ) h; defines a metric on — Ky of curvature ) _ 6; by the relation

2 - hi
Isoll3-, =™ =",

where sg is the unique (C*)"-invariant section of — Ky, in other words

=0 A gt
So_aal/\ Aaak—da .
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Moreover, the volume form a)g defines a metric on —Kx by the relation

n

o)
d _1 2Vl = —O.
ldo ”“’0 do do
The curvature of || - ||w3 is Ricwp = ) _ 6;. By uniqueness in the Calabi—Yau theorem || - Isnm =" ||w3
and (42) follows.
It remains to show that
ViV 1)
— p8itVildi) 43)
VOIVI. (Pl)
We will first show that
(Vi, Vi) +Ci = gi + Vi(éi) (44)

for some C; € R. Abusing notation again, and thinking of f; as an (S')"-invariant plurisubharmonic
function on (C*)" C X, we compute

. 3£
dd®(V;, V f) :ddC<Z %am> =Y Lam doj dé)

0Xy, ~ 90X 0x;0Xp,
m,j,l

3 fi
=9i do,, do
v (Z 0Xpm0X; 7 Gl)

m,l

m

=iy (0; +dd ¢;) = Ly (0;) =dd(gi + Vi(¢:))

and (44) follows by the maximum principle. To get (43), note that the push forward of do do under the map

(z1y .-+, 2n) — (log|z1l, ..., log|z,|) is the Euclidean measure dx on R". This means, by (40) and (44),
Vi) ¢pn O fi \ vvsiec
e8itVi(di 6; +dd ¢l) — det| —2— Vi Vi idx. 45)
e n axmaxl

Performing the change of variables V f; = p we get

45) =" / VP dp.
P;
By (26)
[ egi+Vi(¢i)(9i +dd¢;)" :/ el = 1.
X X
This means C = log Voly, (P;) and (43) follows.

Using (40), (41) and (43) we conclude that (f;) satisfies (13) if and only if (¢;) satisfies (15) on (C*)".
As (¢;) 1s assumed to be smooth, the lemma follows. Il

3.1. Estimates. To prove Theorem 14 we need to prove that for all #) > O there is a constant C such that
any solution (f;) to (39) at t > fg, normalized according to (38), satisfies

sup|fi —hi| <C (46)
X

for all i.
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For each i, let u; be the Legendre transform of f;. Recall that f; is a smooth, strictly convex function
on R" such that V f; (R") = P;. This means each u; is a smooth, strictly convex function on P;. Moreover,
a standard property of the Legendre transform is that

sup| fi — hil = sup [u; — k|,
R P;

where K is the Legendre transform of 4;. Since A} is bounded on P; (this is easy to verify) we have that
(46) is equivalent to a uniform bound on supp. |u;].

We will use a variant of the method of [Wang and Zhu 2004] (see also [Donaldson 2008]). The first
step is to establish bounds on the function

w=w =) (1f;+1=0h).

l
Since w is strictly convex and O is in the interior of P_g, = Vw(R") we have that w is bounded from

below and attains its minimal value at a unique point. Let m = inf w and let x,, be the minimal point of w.

Lemma 26. Assume ty > 0 and (12) holds. Then there are constants C and € such that if (f;) is a solution
to (39) at t > 1y, then
w>e€lx —xy|—C (47)
and
|xy| < C. (48)

The proof of Lemma 26 follows one of the arguments in [Donaldson 2008], which is based on [Wang and
Zhu 2004]. The main point is the following convex geometric fact (see Proposition 2 in [Donaldson 2008]).

Lemma 27. Assume f is a convex function on R"* attaining minimal value 0, and suppose

82
det f > A
0X,,0X]

Vol(K) < CcA~!/?

on K ={f <1}. Then

for some constant C depending only on the dimension n.
Using Lemma 27 we can prove Lemma 26.
Proof of Lemma 26. The proof proceeds in four steps:
Step 1: m is bounded from below. Let p_g, be the support function of P_g, defined by

p-kx(x) = sup (x,p).
PEP_ky

Since Vw(R") = P_g, we have w <m + p_g,. Moreover, by the change of variables p = V f;
Vi.r) g4 (Vi,V ) 2 r
€ p a
=fP’—:/ ¢ det /i dx:[ ewdeCem/ e PKx dx > Ce™ ™,
VOlvi (P,) R" VOlVi (Pl) axmaxl n n

possibly changing C in the last inequality. This means m is bounded from below by a uniform constant.
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Step 2: m is bounded from above. By monotonicity of the determinant function and convexity we have

8211) 32ﬁ aZhi
det = det| ¢ 1—1t
© (meaxl) © [ Xi:(axm(’)m) + )Xi:(axmaxl)}

3 f;

0X;,0x;

> 18 det( ) = 1§ Voly, (P)e~ ViV~ > Ce™"dx,

where the last inequality follows from the fact that V f; (R") = P; is bounded. This means

82
det o > Ce !
0X,,0x]

on K = {w <m+ 1}. By Lemma 27, possibly redefining C,

Vol(K) < Ce™/>. (49)

Convexity of w and the coarea formula give
1 :/ e Vdx < Ce M2

This means m is bounded from above.

Step 3: w > €| - —xy| —m + 1 for uniform constants € and C. Since Vw(R") = P_g, and P_g, is
bounded we have that there is a uniform constant » > 0 such that K contains a small ball centered at x,, of
radius r. If there was a point in K far from x,, then the volume of K would be very big, contradicting (49).
This means K is contained in a ball centered at x,, of radius R for some uniform constant R. Convexity
of w gives

{R‘1|x —Xxp|+m ifx¢K,

w(x) >
()= ifx € K.
Moreover, R~!|x — x,,| <1 on K. This means putting € = 1/R finishes Step 3.

Step 4: |xy | is bounded. In this step we will use the assumption (12). By the divergence theorem, since
e " — 0 exponentially as |x| — oo,
/ Vwe Vdx = / divV(e ™) dx =0.

Moreover,

/,1 V(Z ﬁ)e—wczx = Zf Vfie " dx

1
- Z Voly. (P;) Jge

i

75 ),
_ (Vi.p) _
= — | pe dp =0,
Z VOIVI.(P,') P

i

: 921
Vf,-e(V"’fo)det(—f’ )dx

0x,,0x;
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where the last two equalities are given by performing the change of variables p =V f; (x) in each summand

and (12). This means
\Y hile % dx =0. (50)
[x()

Recall that ) h; is convex and hence V(Zi hi) is monotone. Hence, if |x,| is large then, putting
vV =Xy /|xy|, we get that (x, v) is positive and bounded away from 0 on some large ball centered at x,,.
By (47) the mass of e™" dx is concentrated around x,,. This contradicts (50). U

We can now prove Theorem 14.

Proof of Theorem 4. First of all, by the change of variables x = Vu;(p) and (15) we have

9% fi
/ [Vu;|9dp = |x|? det /i dx
P R 0X,,0X;

<Voly.(P) | |x|9e”Vi-VIi=w gy (51)
Rn

<C lx|97e™" dx < Cy,
Rn

where the second inequality follows from the fact that V f; (R") = P; is bounded and the last inequality
follows from Lemma 26. Put g =n + 1 and

1
i = dp.
* T Nol(Py /p e

By Morrey’s inequality (see [Haskovec and Schmeiser 2009]) we have

lui —dillcoypy < Cllu; — itillwracp,

A (52)
= Cllu; — uillLapy + ClIVu;llLacp),
where y = 1 —n/q. By the Poincaré—Wirtinger inequality this can be bounded by
ClIVuillLap)
for some C. This is bounded by (51). Since P; is bounded we may conclude from this that
sup |u;(p1) —ui(p2)| < Cllu; —it;||cor(py < C. (53)

P1,p2€P;

This means it suffices to bound each u; in some point.
To bound each u; in some point, note that by general properties of the Legendre transform f;(0) =
—u;(V f;(0)). This means

i (V £ (0))| = | £ (0)] =%

Zf/(O)‘ = Hw o),
J

where the last two equalities follow from (38) and the fact that /4;(0) =0 for all i. Since |x,,| is bounded
and Vw € P_g, is bounded we have that |w(0) — w(x, )| is bounded. By Lemma 26, |w(x,,)| = |m]| is



COUPLED KAHLER-RICCI SOLITONS ON TORIC FANO MANIFOLDS 2089

bounded. This means |u; (V f;(0))| and hence, by (53), supp, |u;| is bounded for each i. By the discussion
following (46) this proves the theorem. O

Proof of Theorem 8. Assuming (12) holds, existence of coupled Kéhler—Ricci solitons follow directly
from Theorem 14 and Theorem 15. Indeed, any toric holomorphic vector field V; is in the reductive part
of the Lie algebra of Aut(X). Moreover, Im V; generates a compact one-parameter subgroup of Aut(X)
and, since 6; is (S')"-invariant, Im Ly (6;) = 0.

Assume that (¢;) admits a coupled Kéhler—Ricci soliton. By Lemmas 18 and 25, (13) admits a solution.
Then (12) follows from Lemma 28 below. [

Lemma 28. Assume (13) admits a solution. Then
D Ar (Vi) =0.

Proof. Let (f;) be a solution to (13). As in the proof of Lemma 26, by the divergence theorem, since
e~ 2 /i — 0 exponentially as |x| — oo,

/ (ZVf,-)e‘Zif"dx:/ divV(e~ 2 fiydx =0. (54)
Rn i Rn

On the other hand, by (13)

S ViV fi) aZfi
54) = Vfie ~ilidx = V f; det dx.
(>4) ZfR fie x=2. S oty (P e<8xm8x1> *

" n
; R

Performing the change of variables V f; = p in each summand gives that the right-hand side of this equals

1
— ViPhdp =" Ap (V). O
lZVOIV,-(Pi)/PI-pe P Z P (Vi)

Proof of Corollary 11. Note that
> Ap (V) (55)

is the gradient of the function on R" defined by

Vi Zlog[ VP dp.
i Fi

This is strictly convex and proper (in fact, its gradient image is ), P; = P_g,, which contains zero as an
interior point); hence it admits a unique minimum. Letting V be this minimum means (12) is fulfilled.
The corollary then follows from Theorem 8. 0

Proof of Corollary 13. The corollary follows from Theorem 8 and Lemma 25. Il
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3.2. Toric test configurations and proof of Theorem 2. Theorem 2 will follow from Theorem 8 combined
with Theorem 1.15 in [Hultgren and Nystrom 2018] and an explicit calculation of the Donaldson—Futaki
invariant of test configurations induced by toric vector fields.

In [Hultgren and Nystrom 2018] a type of test configuration for decompositions of ¢ (X) was defined.
The data defining them is essentially given by k test configurations (X, L), ..., (Xk, L), where X} =
-+ =X, =t X, such that (X, ), £;) defines a test configuration for (X, —Kx). The Donaldson—Futaki
invariant associated to this data is defined as the intersection number
£t (—Kappr =2 L) - (X £i)"

(1
o D (—Ky)"

DF(«X, (£i)) = — ; (56)

where |o;| = f y 0" for any 6 such that [0] = a. We point out that the notation here differs from [Hultgren
and Nystrom 2018] in that here (X, £;) are the (C*-invariantly) compactified test configurations over P,

Now, recall that if L is a toric line bundle over a toric manifold X, then a toric vector field V induces a
test configuration (X'V, £Y) for (X, L). This can be described in the following way: Letd], ..., dy e N®R
and cy, ..., cx € R be the data defining the polytope Py, i.e.,

P ={{di,-) = —ci}.
Then, the polytope of £ can be arranged to be
Prv ={{di, ) = —ci}N{{do+V,-) = 0} N {{—dop, - ) = —C,v},

where dy corresponds to the divisor given by the central fiber of X and C,v is a number that can be
modified without changing the Donaldson—Futaki invariant by adding a multiple Opi(1) to £V. In
particular, as long as Cv is big enough for £" to be ample,

(LYY = Vol(Pzv) = Vol(PL)(Cpv +(V, b(P))).
This also gives
(n+DHOpi (1) - (L)' = %(ﬁv +10pi (1)"H!

d
= Vol(Pgvi0,,(1)) = Vol(PL). (57)
Finally, we note that if L = —Kx then £" is the relative canonical bundle of X'V up to a twist determined
by CLV .
LY =—Kyvpi + CrvOpi (1). (58)
Proof of Theorem 2. Putting V| = --- =V, =0 gives

D AR (V) =) b(P);

hence it follows from Theorem 8 that part (iii) of the theorem implies part (i). Moreover, (i) implies (ii)
by Theorem 1.15 in [Hultgren and Nystrom 2018]. Thus, to finish the proof of Theorem 2, it suffices to
prove that (ii) implies (iii).



COUPLED KAHLER-RICCI SOLITONS ON TORIC FANO MANIFOLDS 2091

We will prove the contrapositive. Assume ) ; b(P;) # 0; in other words ) _.(V, b(P;)) < 0 for some
toric vector field V. Let (X", (Ll.V )) be the associated test configuration. As (X, > Ely ) is a test
configuration for —Kx we get, using (58) and |«;| = Vol(P;),

(CiV)nJrl . (Zz Cﬁfv)Opl (1) - (Zl Elv)n
voipy Y Vol(P-kyx)

DF(X", (£}) ="

i

=3 (Cov + (V. b(P) = Cpy
= (V.b(P)) <0, >

and hence (¢;) is not K-polystable. O

3.3. Proof of Corollary 4.

Proof of Corollary 4. First of all, by [Futaki et al. 1990] (see also [Futaki 1983; Wang 1991]) the Futaki
invariant of X is nonzero; hence X does not admit a Kéhler—Einstein metric. To prove the rest of the
corollary, we fix a (C*)*-action on X in the following way: Consider the standard embeddings of Op2 (—1)
and Opi(—1) in to C3 x P? and C? x P! respectively:

Op2(—=1) = {((z0, 21, 22), (ap : a1 : a2)) : Zoar1=z21ap, Z1a2=2241},

Op1(—1) = {((wo, w1), (bo : b1)) : wob1=w1bo}.
We get an embedding of X = P(E) into P* x P? x P! as
X ={((zo:z1:22:wo:w1), (ap :ar : az), (bo : b)) : zoa1 = z1a0, z1a2 = 2241, Wob1 = wibo}.
We define a (C*)*-action by letting an element (¢1, 12, 13, t4) € (C*)* act on X by
((zo:z1:z2:wo:wy), (ap:ar:az), (bo:b1))— ((zo:t1z1:taza: tawg : atzwy), (ap :tiay - hay), (bo:t3b1)).

The invariant divisors are
Dy ={z0=ap=0}, D, ={z1=a;=0}, D3 ={z22=a,=0}, D4 = {wo=by=0},
Ds = {w1=b1=0}, D¢ = {z0=21=22=0}, D7 = {wo=w;=0}
corresponding to the following elements in the lattice N = Z* of one-parameter subgroups of (C*)*:

dl =(_1’_1707_1)’ d2=(1707070)7 d3=(07 17090)7 d4=(0505_171)9
ds =(0,0,1,0), de=1(0,0,0,-1), d7=(0,0,0,1).

The divisor corresponding to —Ky is 21721 D;. For c € (A% %), we will be interested in divisors of the
form

D(c) =c(Ds+Ds)+ Y 1D
i#4,5
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corresponding to polytopes
Ploy={yeR*: (y,d) <1 i#4,5, (y,d)<c, i=45)}. (60)
Note that the two classes in (5) are given by D(c) and D(1 — ¢) for
c=%+3¢\/§e(3¢,%). (61)
To prove the corollary we will verify the following two facts:

e Aslongasce (}P %), none of the conditions in (60) are redundant. (By standard theory for toric
varieties this implies D(c) and D(—c) are ample and hence 8; and B, are Kihler.)

e We have

fP(c) ydy + fP(l—c) ydy _

0
fP(c) dy fP(l—c) dy

when c is given by (61).

Note that both these conditions are invariant under linear transformations of R". Applying to the generators

di, ..., d; the linear transformation
100 -2
010 =2
A= 001 3
000 6

giVeS new generators
di=(_17_1a05 _2)7 déz(laovoa _2)’ dé=(071507 _2)9 dz/1=(070a_1’3)a
dg = (0’ 07 173)’ dé: (05 0’ 07 6)5 déz(ov 05 0’ _6)9

and a new polytope

Po={yeR*: (v.d) <L i#4,5 (y.d) <c, i=4,5} (62)

] ]

It is straightforward to check that as long as c € (}L, %), none of the conditions in (62) are redundant; hence
D(c) is ample for any ¢ € (}‘ %) Moreover, the sets {d|, d,, d}, dg, d}} and {d}, di} are both invariant
under the linear transformation

0-1 00
1-1 00
B= 0 0-10
0 0 01

It follows that P’(c) and hence the barycenter of P’(c) is invariant under B. As any fixed point of B is
parallel to (0, 0, 0, 1) we conclude that

f yldy=f yzdy=/ y3dy =0.
P'(c) P'(c) P'(c)
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Moreover, we denote by S, the two-dimensional simplex corresponding to the anticanonical bundle of P2
=yeR:y<lp<l,—yi—-ym<l)

and note that (y, ..., y4) € P'(c) if and only if ys € (— 15, 15), 1y3] <c—3ysand (y1, y2) € (3 +2y4)S>.

We get
/ yady = / V4 < / dy, dyz) ( / dys) dys
P'(c) -1 (%+2y4)sz (c=3y»)[-1.1]

2V01(S)f 1+2 )(c—3 yd _x=2
- 2 Y4 Y4)ays = 720
and similarly
2 56c¢ —3
/ dy =2Vol(52) (%4—2)74) (c—=3y)dys = —.
P'(c) SI=1,1] 144
It follows that
Jprio yady fP’(l _o¥ady  1(5¢—2  5(1—c)—2Y\ (112¢* —112c+23) )
T d " Joaody 5\36c—3 S6(1—c)—3)  (56c—53)(56c—3)"

which vanishes as
=141 /5-(13 O
¢=3 4\[7 (4*4)'
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CARLESON MEASURE ESTIMATES AND THE DIRICHLET PROBLEM
FOR DEGENERATE ELLIPTIC EQUATIONS

STEVE HOFMANN, PHI LE AND ANDREW J. MORRIS

We prove that the Dirichlet problem for degenerate elliptic equations div(A4Vu) = 0 in the upper half-space
(x,t)e [R{T'l is solvable when 7 > 2 and the boundary data is in L1 (R") for some p < oo. The coefficient
matrix A is only assumed to be measurable, real-valued and ¢-independent with a degenerate bound and
ellipticity controlled by an A,-weight p. It is not required to be symmetric. The result is achieved by prov-
ing a Carleson measure estimate for all bounded solutions in order to deduce that the degenerate elliptic
measure is in A, with respect to the p-weighted Lebesgue measure on R”. The Carleson measure estimate
allows us to avoid applying the method of e-approximability, which simplifies the proof obtained recently
in the case of uniformly elliptic coefficients. The results have natural extensions to Lipschitz domains.
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1. Introduction

We consider the Dirichlet boundary value problem for the degenerate elliptic equation div(AVu) = 0 in the
upper half-space [R{'rrl when n > 2 and which we make precise below. The boundary R” x {0} is identified
with R and we adopt the notation X = (x, ¢) for points X € [R’j_“ with coordinates x € R” and ¢ € (0, 00).
The gradient V := (Vy, d¢) and divergence div := div, +3; are with respect to all (n41)-coordinates. The
coefficient A denotes an (n+1) x (n+1) matrix of measurable, real-valued and ¢-independent functions
on [R{’jr“Ll. The matrix A(x) := A(x,t) is not required to be symmetric. We suppose that there exist

constants 0 < A < A < co and an A,-weight p on R” such that the degenerate bound and ellipticity

{AM)E O < Ap(x)IEE] and  (A(x)E &) = Au(x)IE? (1.1)

hold for all £,¢ € R"*! and almost every x € R". We use (-,-) and | - | to denote the Euclidean
inner product and norm. An A;-weight  on R” refers to a nonnegative locally integrable function
MSC2010: 35J25, 35170, 42B20, 42B25.

Keywords: square functions, nontangential maximal functions, harmonic measure, Radon—Nikodym derivative, Carleson

measure, divergence form elliptic equations, Dirichlet problem, A> Muckenhoupt weights, reverse Holder inequality.
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u:R" — [0, oo] such that

1 1
litla,@my = S“p(|Q|/ px)dx )(|Q|/Qu<x> ) >

where supg denotes the supremum over all cubes Q in R” with volume |Q|. We also use u to denote the
measure ©(Q) = fQ p(x) dx and consider the Lebesgue space L% (R") with the norm ||f||Lp(Rn) =
(fn |f|1’ dp) VP for all p €[1,00). There is also the notation £, f dp 1= pu(Q)~ lfQ f d, whilst
fQ =10|" lfQ S(x)dx.

If p is identically 1, then A is called uniformly elliptic. The solvability of the Dirichlet problem for
general nonsymmetric coefficients in that case was obtained only recently by Hofmann, Kenig, Mayboroda
and Pipher [Hofmann et al. 2015a]. The result in dimension » = 1 had been obtained previously by Kenig,
Koch, Pipher and Toro [Kenig et al. 2000]. These results assert that for each uniformly elliptic coefficient
matrix A there exists some p < oo for which the Dirichlet problem is solvable for L?-boundary data.
Conversely, counterexamples in [Kenig et al. 2000] show that for each p < 0o, there exists a uniformly
elliptic coefficient matrix A for which the Dirichlet problem is not solvable for L?-boundary data. In
contrast, solvability of the Dirichlet problem for symmetric coefficients in the uniformly elliptic case is
well understood, and we mention only that it was obtained by Jerison and Kenig [1981] for L?-boundary
data when 2 < p < oo.

The solvability of the Dirichlet problem in the uniformly elliptic case has also been established for
a variety of complex coefficient structures; see, for instance, [Auscher and Stahlhut 2014; Hofmann
et al. 2015a; 2015b]. A significant portion of that theory was recently extended to the degenerate elliptic
case by Auscher, Rosén and Rule [Auscher et al. 2015] for Lz—boundary data. That extension did not
include, however, the results for general nonsymmetric coefficients in [Hofmann et al. 2015a]. This paper
complements the progress made in [Auscher et al. 2015] by extending the solvability obtained for the
Dirichlet problem in [Hofmann et al. 2015a] to the degenerate elliptic case.

For solvability on the upper half-space [R’f'l, the Ap-weight u on R” is extended to the ¢-independent
Aa-weight p(x, 1) := u(x) on R**! (and (1] 4, @n+1y = [1]4,®n))- We then say that u is a solution of
the equation div(4Vu) = 0 in an open set 2 € R"™! when u € WM 1OC(SZ) and fRn-H (AVu,vo) =0
for all smooth compactly supported functions ® € C>°(£2). The solution space is the local u-weighted
Sobolev space WM,loc defined in Section 2. The convergence of solutions to boundary data is afforded by
estimates for the nontangential maximal function Nsu of solutions u, defined by

(Nsu)(x):= sup |u(y,t)| forall x € R",
(.)€l (x)
where I'(x) is the cone {(y,?) € R"‘H t|ly —x| <t} If p e (1,00), then the Dirichlet problem for
Lﬁ(R") boundary data, or simply (D)p w» 18 said to be solvable when for each f € Lh w(R™) there exists

a solution u such that
div(AVu) =0 in R"F!,
Nau € LE(R™), (D)pou
hmt—)()u( ’t) - .f’
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where the limit is required to converge in Lﬁ(R”)—norm and in the nontangential sense whereby
limr (x)s(y,1)—(x,0) ¥(¥, 1) = f(x) for almost every x € R". Note that this definition of solvability
is distinct from well-posedness, which requires that such solutions are unique. We are able to obtain a
uniqueness result for solutions that converge uniformly to O at infinity, but the question of well-posedness
more generally remains open (see Theorem 5.34 and the preceding discussion).

A nonnegative Borel measure w on a cube Qg in R” is said to be in the Axo-class with respect to pu,
written w € Ao (1), when there exist constants C, 6 > 0, which we call the Ao, (Q¢)-constants, such that

M(E)

0
w(E) < C (@) o(0)

for all cubes Q C Qg and all Borel sets £ C Q. This is a scale-invariant version of the absolute continuity
of w with respect to u. It is well known, at least in the uniformly elliptic case, that solvability of the
Dirichlet problem for L?-boundary data for some p < co is equivalent to the property that an adapted
harmonic measure (elliptic measure) belongs to Ao, with respect to the Lebesgue measure on R”; see

X , which we call

Theorem 1.7.3 in [Kenig 1994]. In the degenerate case, an adapted harmonic measure w
degenerate elliptic measure, can also be defined at each X € [Ri'j_“ (see Section 5). We prove that this
degenerate elliptic measure is in Ao With respect to v and then deduce the solvability of (D), ,, stated
in the theorem below. This requires the notation associated with cubes Q in R", where x¢p and £(Q)
denote the centre and side length of Q, respectively, and X := (xg,£(Q)) denotes the corkscrew point

in [Ri:’_“ relative to Q.

Theorem 1.2. If n > 2 and the t-independent coefficient matrix A satisfies the degenerate bound and
ellipticity in (1.1) for some constants 0 < A < A < oo and an A-weight . on R", then there exists
p € (1, 00) such that (D), is solvable. Moreover, on each cube Q in R", the degenerate elliptic measure
w = wX2 | Q satisfies w € Aoo(t) With Aso(Q)-constants that depend only on n, A, A and (]as-

In contrast to the proof of solvability in the uniformly elliptic case in [Hofmann et al. 2015a], we avoid
the need to apply the method of e-approximability by first establishing the Carleson measure estimate
in the theorem below. This crucial estimate facilitates the main results of the paper. The connection
between the Carleson measure estimate and solvability was first established in the uniformly elliptic case
by Kenig, Kirchheim, Pipher and Toro [Kenig et al. 2016], and we follow their approach here, adapting it
to the degenerate elliptic setting (see Lemma 5.24 below). In particular, the Aso-property of degenerate
elliptic measure is obtained by combining the Carleson measure estimate (1.4) with the notion of good
e-coverings introduced in [Kenig et al. 2000].

Theorem 1.3. If n > 2 and the t-independent coefficient matrix A satisfies the degenerate bound and
ellipticity in (1.1) for some constants 0 < A < A < 00 and an A-weight (1 on R", then any solution
ue L°°(R’_1|_+l) of div(AVu) =0in IR’f'_—"l satisfies the Carleson measure estimate

L Q)
sup ———
o Q) Jo

where C depends only on n, A, A and [1t]4,.

dt
. |1V, 1) dp(x) = < Clul%, (1.4)
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Using the Carleson measure estimate in this way allows us to bypass the need to establish norm-
equivalences between the nontangential maximal function Nxu and the square function Su of solutions u,

defined by
_ » _dp(y) dr)'? "
(SM)(X)— (//l:(x) |tVu(y,t)| MT) for all x € R",

where A(x,t) is the surface ball {y € R” : |y — x| < t}. It was shown by Dahlberg, Jerison and Kenig
[Dahlberg et al. 1984], however, that such estimates are a consequence of the Ao-property of degenerate
elliptic measure, which provides the following result.

Theorem 1.5. If n > 2 and the t-independent coefficient matrix A satisfies the degenerate bound and
ellipticity in (1.1) for some constants 0 < A < A < 00 and an Ay-weight i on R", then any solution of
div(AVu) =0 in RTLI satisfies

”SMHLZ(R”) = C||N*U||L5(Rn) forall p € (0, 00),
and if, in addition, u(X¢) = 0 for some X¢ € R'}r"'l, then
||N*u||Lﬁ(Rn) = C||S”||Lﬁ([r@n) for all p € (0, 00),

where C depends only on Xg, p,n, A, A and [t]4,.

The paper is structured as follows. Technical preliminaries concerning weights and degenerate elliptic
operators are in Section 2, whilst estimates for weighted maximal operators are in Section 3. The Carleson
measure estimate in Theorem 1.3 is obtained in Section 4. The degenerate elliptic measure is constructed
in Section 5 and then the Aso-estimates in Theorem 1.2 are deduced as part of Theorem 5.30. The square
function and nontangential maximal function estimates in Theorem 1.5 are included in the more general
result in Theorem 5.31, whilst the solvability of the Dirichlet problem in Theorem 1.2 is finally deduced
in Theorem 5.34, where a uniqueness result is also obtained.

We state and prove our results in the upper half-space, but we note that they extend immediately to
the case that the domain is the region above a Lipschitz graph, by a well-known pull-back technique
which preserves the ¢-independence of the coefficients. In turn, our results concerning the Ao-property
of degenerate elliptic measure may then be extended to the case of a bounded star-like Lipschitz domain,
with radially independent coefficients, by a standard localization argument using the maximum principle.

The convention is adopted whereby C denotes a finite positive constant that may change from one line
to the next. For a, b € R, the notation a < b means that a < Cb, whilst ¢ < b means thata < b < a. We
write a <p b when a < Cb and we wish to emphasise that C depends on a specified parameter p.

2. Preliminaries

We dispense with some technical preliminaries concerning general A,-weights u for p € (1, 00) and
degenerate elliptic operators on R” for n € N. All cubes Q and balls B in R" are assumed to be
open (except in Section 5D where the standard dyadic cubes S in D(R") are assumed to be closed
to provide genuine coverings of R”). For @ > 0, let «Q and aB denote the concentric dilates of Q
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and B respectively. For x € R” and r > 0, define the ball B(x,r) :={y e R" : |y —x| <r}. An
Ap-weight refers to a nonnegative locally integrable function 1 on R” with the property that [©]4, (rn) =
supgo (f 0 :“) (f o) V“_l/(p_l))p 1o o0. The measure associated with such a weight satisfies the doubling

property
p(aB) < [u]a,a"? n(B) 2.1)

for all & > 1; see, for instance, Section 1.5 in Chapter V of [Stein 1993].
For an open set 2 C R”, the Sobolev space W/}’p (R2) is defined as the completion, in the ambient
space Lﬁ(Q), of the normed space of all f € C°°(2) with finite norm

p = Pd VflIPd : 2.2
10 sy = [ LVt [ 19517 dp <o 22)

The embedding of the completion Wﬂl’p () in L{,(Q) relies on the A,-property of the weight (to the
extent that it implies both u and /,L_l/(p_l) are in LlloC (€2)), which ensures that if (f;); is a W;’p(Q)—
Cauchy sequence in C *°(£2) converging to 0 in Lﬁ(Q), then (fj); converges to 0 in le "7 (Q)-norm;
see Section 2.1 in [Fabes et al. 1982b]. Therefore, since C°°(£2) is dense in Wul "P(Q), the gradient
extends to a bounded operator V : W/Ll’p (Q) —> Lﬁ(Q, R"), thereby extending (2.2) to all f € W/Ll’p ().
The Sobolev space WOI,;f (€2) is defined as the closure of C°(R2) in WM1 "7 (). It can be shown that
Wol,;f (R*) = W,}’p (R™) by following the proof in the unweighted case from Proposition 1 of Chapter V
in [Stein 1970] but instead using Lemma 2.2 in [Auscher et al. 2015] to deduce the convergence of the
regularization in LZ(R”). The local space WJ:lf)’C(Q) is then defined as the set of all f € LZJOC(Q) such
that f € Wul "7 (Q') for all open sets " with compact closure Q' C Q (henceforth denoted by Q' € Q).
Finally, the weighted Sobolev and Poincaré inequalities obtained for continuous functions in Theorems 1.2
and 1.5 in [Fabes et al. 1982b] have the following immediate extensions.

Theorem 2.3. Let n > 2 and suppose that B C R" denotes a ball with radius r(B). If p € (1, 00) and 1
is an Ap-weight on R", then there exists § > 0 such that

U(p(y48)) y
(f |f|1’(nf1+8)du) ’ srw)(][ IVfI”du) ’ @4
B B
forall f € Wy'?(B), and
1/p 1/p
(][ |f(x)—cB|Pdu) srw)(][ IVfI”du) @5)
B B

forall f € WMl’p(B) and cp € {fB fdu, {g f}, where the implicit constants depend only on n, p
and [u]a,. The estimates also hold when the ball B and the radius r(B) are replaced by a cube Q and
the side length £(Q).

For n € N, constants 0 < A < A < 0o and an Aj-weight © on R”, let £(n, A, A, i) denote the set
of all n x n matrices A of measurable real-valued functions on R” satisfying the degenerate bound and
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ellipticity
{AME O = Apn(x)IENIE] and  (A(X)E, €) = Ap(x)IE (2.6)

for all £, ¢ € R" and almost every x € R". These properties allow us to define
Ly :Dom(Ly) S L7(Q) — L1 (RQ)

as the maximal accretive operator in Li(Q) associated with the bilinear form defined by

1
oalf.g) = [ (AVAVe) = [ (LAY £ Ve)dy @)
Q Q'K
forall f,g € WO{i(Q). The domain of £, g is dense in LIZL(Q), and in particular

Dom(L,,q) = {f € Woli(Q) : sup M < oo},
’ gecc@) 1€lL2 @)
with

fQ (L0 f)gdu=aa(f.g) 2.8)

for all f € Dom(L, ) and g € Wolﬁ(Q). It is equivalent to define £, o as the composition
—div,, o((1/1)AV) of unbounded operators, where — div,, o is the adjoint V* of the closed densely
defined operator V : WOI”/%(Q) - Li(Q) — LIZL(Q, R), that is,

/ (—divq f)gdu = / (f.Vg)du 2.9)
Q Q

for all f € Dom(div,, @) :=Dom(V*)and g € Wol’;f (£2). In view of (2.7) and (2.8), we have the formal
identities div,, o = (1/u)divg p and £, o = —(1/p) dive (AV).
Now let 2 = Q for some cube Q C R” and denote the space of bounded linear functionals on WOI’Z(Q)

K

by WOT;’Z(Q). The inclusions WO{ﬁ(Q) - Lli(Q) - WO_,/i’Z(Q) are interpreted in the standard way by
identifying f € Li(Q) with the functional £ defined by ££(g) := fQ fgduforall g e WO{ﬁ(Q). Thus,

setting

Luof(@)=ap(fg) and —divup f(g):= /Q (f.Vg) du

forall f, g € WOI”;(Q) and f € L?(Q,R"), we obtain an extension of L, 0 from (2.8) to a bounded

invertible operator from Wol’;f(Q) onto WO_’:L’Z(Q), and an extension of div,, o from (2.9) to a bounded
operator from LIZL(Q) into WOT;’Z(Q). The surjectivity of £, o relies on (2.4) and the Lax—Milgram
theorem. These definitions imply

”V[’;}Q diVM,Q f”L%,_(Q,R") S ”f”le,,(Q,[R")

forall f € Li(Q, R"™). The topological direct sum or Wol”i( 0)-Hodge decomposition

L%(Q.R") = {iAVg ‘g€ WO{;f(Q)} ® {h € L%(Q.R") :divy,0 h = 0} (2.10)
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follows by writing
f= —iAVEE}Q divio f+(f + ﬁAVﬁ;}Q div,0 f) = iAVg +h,

since then div, o h = div, o f — E,LL,QE;}Q div,, o f = 0. This decomposition also extends to
Lﬁ(Q, R") for all p € [2,2 4+ €) and some € > 0 by recent work of Le [2015], although we do not need
it here.

Now let Q = R" and consider div,, := divy, g as in (2.9) so £, := —div,((1/un)AV) is maximal
accretive, thus having a maximal accretive square root cl/ 2 in L%L(R”). The solution of the Kato square
root problem in [Auscher et al. 2002] was recently extended to degenerate elliptic equations by Cruz-

— 1,2 mny.
gi)lrl:le(zrlljlzl){lis [2(1)125(3Rn"1;h15 shows that ||£M f||L2 (Rn) ~ ”Vf”Lﬁ(R",R") for all f € W,”(R"); hence

The operator £, is also injective and type-S,+ in L%L(R”) for some w € (O, 2) so it has a bounded
H®(Sg, )-functional calculus in LIZL(IR”) for each 6 € (w, ), where Sg :={z € C\ {0} : |argz| < 0}.
See Section 2.2 of [Auscher 2007] for the uniformly elliptic case and Theorems F and G in [Albrecht
et al. 1996] for the general theory. An equivalent property is the validity of the quadratic estimate

/0 LD T2 oy o = 112 gy Torall f € L2, @.11)

for each holomorphic ¥ on Sg__ satistying |y (z)| < min{|z|*, |z| 7B} for some «, B > 0, where the
bounded operator ¥ (1 £<) on Li([R{") is defined by a Cauchy integral. More generally, the relationship
between bounded holomorphic functional calculi and quadratic estimates is developed in the seminal
articles [Mclntosh 1986; Cowling et al. 1996].

The functional calculus then defines a bounded operator ¢ (L) on Li(R”) for each bounded holomor-
phic function ¢ on Sg and ”('D(L:M)HL,ZL(R")—)L%L(R”) <6 ||¢lloo- Another consequence is that —L,,
generates a holomorphic contraction semigroup (e_““);e 82,5, U0} ON L? 2 (R"); thus e s f €
Dom(£L,,) and d;(e™*“= f) = Lye "= f for all f € L7, (R") and t > 0. The functional calculus
also extends to define an unbounded operator ¢ (L) on Li ([R”) for each holomorphic function ¢ on S
satisfying |¢(z)| < max{|z|%, |z| 78} for some a, B > 0, but the algebra homomorphism property of the
functional calculus (¢1(Ly)P2(Ly) = ($1$2)(L,,)) must then be interpreted in the sense of unbounded
linear operators. This allows us to interpret both the semigroup and the square root of £, in terms of the
functional calculus in order to justify some otherwise formal manipulations, beginning with (2.15) in the
proof of the following corollary of the solution of the Kato problem in [Cruz-Uribe and Rios 2015].

Theorem 2.12. Let n > 1 and suppose that A € E(n, A, A, ) for some constants 0 < A < A < o0 and
an Az-weight p on R". The operator L, 1= —div, ((1/ /L).AV) satisfies

o0
| egyenrtes f||L2(Rn) = IV 12 gy 2.13)

42
/(; ||t Vx I'C,U,e ! Eﬂf||L2 (IR” RnJrl) t ~ ”vf”LZ (R” R”) (214)

forall f € WMI’Z([R{"), where the implicit constants depend only on n, A, A and [t]a,
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Proof. The functional calculus of £, justifies the identity

£Me—t25uf = ﬁb/2e—t2£u£llb/2f - e_(tz/z)ﬁﬂﬁue_(tz/z)ﬁﬂf (2.15)
for all f € Dom(ﬁ}/ 2) and ¢ > 0. The first equality in (2.15), the quadratic estimate in (2.11) and the

solution of the Kato problem in [Cruz-Uribe and Rios 2015] imply

o0 _ dt _ dt
[ e 12 ) = [ e R )

1/2
”‘C f||L2 (R™)
~ ”Vf”Lﬁ(R”,R”)
1/2y _ 1.2 mon .
for all € Dom(L,/~) = W,,”(R"), which proves (2.13).

The bounded H*°(S7, )-functional calculus of £, implies the uniform estimate
o+ n

2 2 _ [:
”tvx,te ! Mg||L2 R7 Rn—‘,—l) ||tat€ ! g”L2 R”) + ||tvx ! ||L2 R” Rn)

N “l‘zﬁ e’ ﬁ“g”LZ (R™) +/ 1*(AVye™ L‘“g, Vxe_ﬂﬁug)
R7
—2r —12
S g7z oy + 102 Lie™ gl oy le™ gl 2,
5 “g”i‘ZL(Rn)

forall g € LIZL([RR”) and ¢ > 0. Thus, the second equality in (2.15) and the vertical square function estimate
in (2.13), which we have already proved, imply

- dt -
J R Ty e o e 2 Y

for all f € W,">(R"), which proves (2.14). O

Now let us return to the case when 2 € R” is an arbitrary open set and suppose that f : Q@ — R"
is a measurable function for which (1/u) f € L°°(Q). A solution of the inhomogeneous equation
div(AVu) =div f in Q C R” refers to any function u € wl loc(Q) such that [p, (AVu— f,V®) =0 for
all ® € C2°(S2). All solutions u of the homogeneous equatlon div(AVu) = 0 in 2 are locally bounded
and Holder continuous in the sense that

1/2
lullzooB)y < (f u|? du) (2.16)
2B

and there exists « > 0 such that

_ o 1/2
lu(x) —u(y)| < ('j(—;;') (f |u|2du) for all x, y € B, (2.17)
2B
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and if, in addition, ¥ > 0 almost everywhere on €2, there is the Harnack inequality

supu <infu (2.18)
B B

for all balls B of radius r(B) such that 2B C €2, where « and the implicit constants depend only on 7, A,
A and [p]4,. These properties follow from Corollary 2.3.4, Lemma 2.3.5 and Theorem 2.3.12 in [Fabes
et al. 1982b] by observing that the proofs do not use the assumption therein that 4 is symmetric. The
estimates also hold when the balls B are replaced by (open) cubes Q, and also when the dilate 2B is
replaced by Co B for any Cy > 1, provided the implicit constants are understood to depend on Cy.

The following local boundedness estimate for solutions of the inhomogeneous equation is needed in
Lemma 4.3, although only for p = 2. This is a simpler version of Theorem 8.17 in [Gilbarg and Trudinger
1977], which we have adapted to degenerate elliptic equations. In fact, the result for p > 2 is already
proven in [Fabes et al. 1982b] by combining Corollary 2.3.4 with estimates (2.3.7) and (2.3.13) therein.
The proof is included here for the reader’s convenience and since it implies (2.16) as a special case, which
in turn is the well-known starting point for establishing (2.17).

Theorem 2.19. Let n > 2 and suppose that A € E(n, A, A, i) for some constants 0 < A < A < 00 and
an Ap-weight i on R™. Let Q C R” denote an open set and suppose that f : Q — R" is a measurable
Sfunction such that (1/p) f € L°(Q). If p € (1, 00) and div(AVu) = div f in Q, then

1/p
1
Wl < (£, 1P ai) - ra|Lr], Lo 2.20)

for all balls B of radius r(B) > 0 such that 2B C 2, where the implicit constant depends only on p, n, A,
A and [p] 4,

Proof. Suppose that div(AVu) = div f in Q and consider a ball B such that 2B C 2. First, assume that
u is nonnegative and in L°°(2B). Let € > 0, setk =r(B)|(1/1) f ||Lo(@) and ¢ :==u +k + €. Let B,
denote the ball concentric to B with radius r > 0 and recall the index § > 0 from the Sobolev inequality
in Theorem 2.3. We claim that if y € [p, 0c0) and r(B) <r; <r <2r(B), then

n 1/ (y (2 +5)) 2/
(f ﬁz(m-l-S) du) 4 < (]/ r ) V(][
B, r2—r B

where the implicit constant depends only on p, n, A, A and [p]4,. To prove (2.21), fix n € C2°(2) such
that n: 2 — [0,1], n=1o0n B;, n=00n Q\ By, and |V <2/(rp —71). Set B :=y —1 and
V= n%zf. Note that v € WOI’;%(Q) with

1/y
uY d,u) , (2.21)

2

Vo =2nVnab + n2af~vu,

since 0 < € < ue(x) < |lul|poo2B) + k + € < oo for almost every x € 2B; thus

/ (AVu— f . 2nVniP) = —/ (AVu— f, pr?ab=1vu).
Rn Rn
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We then use this identity and Cauchy’s inequality with o > 0 to obtain
/ nzﬁf_1|Vu|2du §,1/ 20 ﬂ Y AVuU, Vu)
R R”
=27 [ wil (AVu— £ )+ [ oab g V)
n Rn
<a o)™t [ il (1Vul+ [ L )1Vnldi [ el g 19ulan

Spo [ At vePdus ot [ A dp

+/ ﬁﬂ"rlv Zd +/( )/3+1d
Ve V|~ du B) %

_B_ — U _B+1
—|—o/ nzuﬂ YWul?du+o 1/ ( ) du,
Rn € R”? V(B)

where in the second inequality we used the assumption that § :=y —1 > p —1 and in the final inequality
we used the fact that |(1/w) f| <k/r(B) <iue/r(B) on 2. Next, choose 6 > 0 small enough, depending
only on p, A and A, to deduce that

2
1
vy du < / B“(v 2+(L))d s—/ abtau,
/;r | | M plA R Ue | 7}| r(B) M (72_7‘1)2 Brz K

1

where in the final inequality we used the fact that r(B) > r, — r;. Now combine this estimate with the
Sobolev inequality (2.4) and recall that 8 := y — 1 to obtain

n 1/ (G +6)
(][B -)’(n 1+5)d ) < rIZ][ |V(ﬁgﬂ+1)/2)|2 du

r Bl‘]

S+on? £ a7 du

8!

2
ri _
s(y ) ][ ul du,
rp—ri B,

2

where the implicit constants depend only on p, n, A, A and [u]4,, proving (2.21).
We now apply the Moser iteration technique to prove (2.20). Set y :=n/(n — 1) 4+ § and define
d(q,r) = (fBr uld du)l/q for g, r > 0. Estimate (2.21) implies

2]y
) O(y,r2),

where C depends only on p, n, A, A and [u]4,, and it follows by induction that

r
O(yy.r1) < (CV 1
rp —ri

D(py™. (1+27™)r(B)) < (4Cp)@/PYIE=0 17" (2) /D Y= kx™ @ (p. 21 (B)) < B(p. 2r(B))
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for all m € N. This shows that

1/p
liloeqay = Jim @(p2".r(B) < 0(p.20(8) = ({2 du)

and therefore

1/p 1/p 1
il < Vel < (£ 72di) = (£ wran) " 4r@|Lr], o +e
2B 2B MU ILoo(R)

for all € > 0, which implies (2.20).

Finally, it remains to remove the assumption that u is nonnegative and bounded. This is achieved by
setting ¢ := max{u, 0} + k + € and u, := — min{u, 0} + k + € respectively and in each case adjusting
the proof above to incorporate the truncated test function v := 5%k (ii¢ )iie, where

xP-1 x<N+k+e,

h =
N ) {(N+k+e)ﬂ—1, x>N+k+e.

We leave the standard details to the reader. O

The following self-improvement property for Carleson measures will be used in conjunction with the
local Holder continuity estimate for solutions in (2.17). The result is proved in the unweighted case in
Lemma 2.14 in [Auscher et al. 2001]. In that proof, the Lebesgue measure on R” can in fact be replaced
by any doubling measure, since the Whitney decomposition of open sets can be adapted to any such
measure; see, for instance, Lemma 2 in Chapter I of [Stein 1993]. The result below then follows.

Lemma 2.22. Let n > 1 and suppose that |4 is an Az-weight on R". Let «, Bo > 0 and suppose that
(v¢) >0 is a collection of Hélder continuous functions on a cube Q C R”" satisfying

0<v(0)<Po and [or(x)—v, ()] < ﬂo("“:y')

forall x,y € Q. If there exists n € (0,1], B > 0 and, for each cube Q' C Q, a measurable set F' C Q’
such that

L) d
p(F) 2 (@) and —o [ v dun < p,
then
1 {(Q) d
iy v e san b4 o

where the implicit constant depends only on a, n, n and [{t]4,.

3. Estimates for maximal operators

We obtain estimates for a variety of maximal operators (M, D« ;, N, and ]V,,f’ w) adapted to an A>-
weight p and degenerate elliptic operators £, := —div,, ((1/1).AV) on R" for n > 2. These will be used



2106 STEVE HOFMANN, PHI LE AND ANDREW J. MORRIS

to prove the Carleson measure estimate from Theorem 1.3 in Section 4. We first define the maximal
operators M, and Dy , by

My, f(x) = sup ﬁ 1O,

r>0

_ 2 1/2
puasr=mn(f,, (G o)

forall f € L}L’IOC(R”), gEe WJ,’I%)C([R”) and x € R". The usual unweighted and centred Hardy-Littlewood

maximal operator is abbreviated by M. The maximal operator M, is bounded on Lﬁ([R{”) for all
p € (1, 00) and satisfies the weak-type estimate

,bL({X eR": |Mﬂf(x)| > K}) 5 K_IHf”LL'(R”) for all « > 0» (31)
forall f € LL(R”); see, for instance, Theorem 1 in Chapter I of [Stein 1993]. There is also the following
weak-type estimate for the maximal operator Dy ;.

Lemma 3.2. Letn > 2. If i is an Ax-weight on R", then
p(x €R" | Duy f(X)| > 1) SKT2IVLIZ, @y Jorall k>0, (3.3)
“m >

forall f € WMI’Z([R”), where the implicit constant depends only on n and [|t)4,.
Proof. If f € C2°(R"), then a version of Morrey’s inequality [1966, Theorem 3.5.2] shows that
FACIEFASD]
[x =yl
for almost every x, y € R”; hence
Dayu f(x) S M(Vf)(x) + (Mu[M(V ) (x))

Estimate (3.3) then follows from the weak-type bound for M, in (3.1), the fact that M is bounded on
Li([R{”) (see, for instance, Theorem 1 in Chapter V of [Stein 1993]) and the density of C°(R")

S MV f)x) + MV f)(y)

1/2

in W, (R). O
We now define the nontangential maximal operators N, and ﬁf - for n >0, by
N 1/2
Nou(x):= sup  |u(y,1), N,.f’,uv(x) = sup (f lv(z, t)|2 d,u(z))
(y.0)€Ty(x) (y,1)ely(x) \J B(y,tat)

for all measurable functions u, v on R’f’l (such that v(-,?) € LiﬁlOC(IR”) for a.e. t > 0) and x € R”,
where I'y(x) :=={(y,1) € [F\R’firJrl .|y — x| < nt} is the conical nontangential approach region in [R'rrl with
vertex at x and aperture 7.

Now suppose that A € E(n, A, A, 1), as defined by (2.6). In particular, since A has real-valued

coefficients, there exists an integral kernel W;(x, y) such that

S = [ W) f ) i) G4
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forall f € L2 ([R{”) and there exists constants C1, C2 > 0 such that

G lx—y?
Wi (x, y)| < m eXp(—Cz ; ) 3.5)

for all t+ > 0 and x, y € R". This was proved by Cruz-Uribe and Rios for f € CZ°(R") under the
assumption that 4 is symmetric; see Theorem 1 and Remark 3 in [Cruz-Uribe and Rios 2014]. The

symmetry assumption can be removed, however, by following their proof and applying the Harnack
inequality for degenerate parabolic equations obtained by Ishige [1999, Theorem A], which does not
require symmetric coefficients, instead of the version recorded in Proposition 3.8 of [Cruz-Uribe and Rios
2008]. The results also extend to f € Li(IR”) by density, Schur’s lemma and the doubling property of x.

We now consider the semigroup generated by £, := —div,((1/1).AV) with elliptic homogeneity (¢
replaced by ¢2) and denoted by P; := ¢! *Lu in the estimates below.

Lemma 3.6. Let n > 2 and suppose that A € E(n, A, A, u) for some constants 0 < A < A < oo and an
As-weight i on R™. Let p € (1, 00) and suppose that | is also an Ap-weight on R". If x € R", n > 0 and
o > 1, then

sup  [(00) " [Poe (f = cBr.ano) |0 Sa [Mu(IV £ 17) ()] (3.7
(¥.1)ely(x)

forall f € WMl’p([R”) and cp(x,ant) € {fB(x,ant) fdu, fB(x,ant) f}, and

INJ@cPe ) Sy IMu(IV £ 17) ()17, (3.8)
I INT @ Pe )7 S MU (V£ 1P) ()2, (3.9)
INJ (VP /))P < My (IMu (1Y £ 1P)P/P) () + Mu (1Y f ) (x) (3.10)

forall f € WP}’Z(R”) N Wu} l’;C([R”), where the implicit constants depend only on n, A, A, p, [i]a, and

[it]a,, as well as on o in (3.7) and on 7 in (3.8).

Proof Let x € R", (y.1) € T(x), f € Wy (R") N W, D (RY). fpix) = fpieny f and fpea) =
JEB(x t)f du. To prove (3.7), it suffices to assume that n = 1 and o > 1. We set Cy(¢) := B(x, at)
and define the dyadic annulus C; (¢) := B(x, 2/at)\ B(x,2/ lat) for all j € N. The Gaussian kernel
estimates in (3.4) and (3.5) imply

T P (S = fBGean) I =17 2 (3. 2)f(2) = fB(xan] du(z)

ly —z|?

=20 IM(B(J’ ) c.(t)e"p(‘cz )lf(z) fBean| din(z)

j=0
o
=) I

i=0

~.
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To estimate /g, note that B(x, «t) € B(y, (1 + «)¢) and apply the doubling property of u, followed by
the Lj;-Poincaré inequality in (2.5) with cg = fp(, ;) [ to obtain

1/p
Io Sat™! ][ If(Z)—fB(x,at)ldM(Z)S(][ IVflpdu) < M (1Y £17) (]2
B(x,axt) B(x,axt)

To estimate [, for each j € N, expand f(z) — fB(x,ar) as a telescoping sum to write
y2 H(B(x, 2jott))t_1
(B(y.1)) ;
X (f - f - fB(x,zf'az)| du+ Z |f~B(x,2iat) - fB(x,zi—lat)| + 1 /B(r.at) — SB(x.an) |)
B(x,27 at)

i=1

I < Cre~ G2 lam1

< G202 am 2 W(B(y. (1427 a)1) _1][ CE
1(B(y,1)) Z B(x.2ar) | = IBGx2ian | dit

’Se—Cz(Zj_lOt—l)z(l +2ja)2n 2la(f
Z -

=0

1/p
IVfI”dM)

(x,2 at)

<o Y 4IIML(V 1))V,

~

where the second inequality relies on the inclusion B(x,2/at) € B(y, (1 4+ 2/a)t), whilst the third
inequality uses the doubling property of w in (2.1) with p = 2, and the Lﬁ—Poincaré inequality in (2.5)
with cg = fB(x sign J dii. Altogether, we have

T P = SBran)] ()] a(ze—c‘“zt"f) [Mu(IV £1P) NP < M (V£ 12) (012

which proves (3.7) when cp(x,ar) = fB(x,az) f. The proof when cp(x.qr) = fB(xm) f du follows as
above by replacing fB(x,qr) With fB(x 4r), since (2.5) can still be applied.

To prove (3.8) and (3.9), suppose that n > 0. The Gaussian kernel estimate for e ~**# in (3.5) implies
that 7d,P; f(y) has an integral kernel W,2(y, z) satisfying

~ - Cq ly —z|?
WeO-D1=0 B ) &P (C2 2 )

and the conservation property [p, Wtz(y, z)du(y) =0 for all z € R” and ¢ > 0. This follows from
Theorem 5 in [Cruz-Uribe and Rios 2014], where the assumption that .4 is symmetric can be removed as
per the remarks preceding this lemma. Therefore, we may write

0P f () =171 Vi2 (v, D) (2) = fBemn)] din(2)

and a change of variables implies

sup  |0:Pr f(y)|= sup 1_1‘/ Wiz (0. DI (@) = feen] du(@))|.
(y.1)€I(x) (3.0l (x) R
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We can then obtain (3.8) by following the proof of (3.7) with & = 1 in order to show that this is bounded
by [M,(|V f|? )(x)]/P, since the doubling property of i ensures that

g Cl n |y_Z|2
W2 (3,2)] < —’GXP(—Cz, ly=zl
“m u(B(y.1) s

for some positive constants Cq,, and C» ; that depend on 7. We obtain (3.9) as an immediate consequence
of (3.8) and the fact that 77_18t77,7t = (05Ps)|s=n¢-

To prove (3.10), let n > 0, set uy, := Py, f and choose a nonnegative function ® € CZ°(B(y, 2nt))
such that ® = 1 on B(y,nt) and |V, ®| < (n¢)~. Let ¢ > 0 denote a constant that will be chosen later.
The definition of £,, implies

][ VaPye f12 dpt
B(y,nt)

1 / 212
S— |Vitns [P du
w(By, o) Jpr
1

& w(B(y,nt)) Jrn
1
=BG 70) Jpr AV etne Velline = Y O%]) = 2 AV i, Ve Dlaty: =) P}

(Avxunt, Vx(”nt - C))CDZ

1 / )
S | {(Lpune)une — )P + [ Vauy:| [V @ [(uye — )P} d
w(B(y.nt)) Jru TN s "
1 1
< ———|dsups | |ttns — | ®? + |Vettns| |V ®||u —c|d>)du
u(B(y.n1)) B(y,zm)(zn% s e
=1 +1I.

Now fix ¢ := fB(x,Snt)- To estimate I, we use Cauchy’s inequality and the doubling property of wu,
combined with the fact that B(x, nt) € B(y,2nt) € B(x, 3nt), to obtain

1< ][ (I~ 0crune >+ ) P fune = f 1+ 0721 f = foeeann ) du=: 11 + I + I5.
B(x,3nt)
It is immediate that 71 < M, (|71 N, (3:Py: £)|?)(x), whilst the semigroup property

nt
/ dsug(z)ds
0

implies that I» < M, (|N«(dsus)|?)(x), and the Li—Poincaré inequality in (2.5) shows that /3 <
My (IV f 12)(x): hence

I = Mu(In™ PN 3 Pye £)12) () + Mu(IN« Bs15) 1) (x) + M (IV f ) (x).

e (2) = f(2)] =

= NtN«(9sus)(2)

To estimate /1, we use Cauchy’s inequality with € > 0 to obtain

€
11 g—[ |V @2 dp + € (1o + I3).
w(By.nt) Jgn ' T
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A sufficiently small choice of € > 0 allows the e-term to be subtracted, yielding
][ - VxPye f12dp < T+ 11 < Mu(In™ N @ Pye )12 + IN«@: Py I+ IV S P) (),
B(y,nt

which, combined with (3.8) and (3.9), implies (3.10). O
The pointwise estimates in Lemma 3.6 have the following corollary.

Corollary 3.11. Let n > 2 and suppose that A € E(n, A, A, u) for some constants 0 < A < A < 0o and
an A-weight i on R™ If n > 0, then

pfx € R S INS@Pr () > 0} Sn k2 IV T2 un gy (3.12)

plx € R I N @ Py O] > 1) Sk 21V 112 o gy (3.13)
M )

p(lx € R [N (VxPre )] > kD) S K2V S I o ) (3.14)

forallk >0and f € Wul’2 (R™), where the implicit constants depend only on n, A, A and [|]4,, as well
as on nin (3.12).

Proof. Estimates (3.12) and (3.13) follow respectively from (3.8) and (3.9), in the case p = 2, since M,
satisfies the weak-type estimate in (3.1). To prove (3.14), note that there exists 1 < g < 2 such that yu is
an A4-weight on R"; see, for instance, Section 3 in Chapter V of [Stein 1993]. Therefore, combining
(3.10) in the case p = ¢ with (3.1) and noting that 2/¢q > 1, we obtain
no.an -2 ay2/4a 2
pEx € R" 1[Ny ) (Vi Pre ()] > k}) Sk (| M (IV £ )”L%/‘f(Rn) IV L2 @n )
-2 2
5 K ”Vf”Lﬁ(R”,R")

forallk >0and f € W,j’z([R{”) (since W,}’Z(R”) C W/;,’I%C([R{”)), as required. |

4. The Carleson measure estimate

The purpose of this section is to prove the Carleson measure estimate (1.4) in Theorem 1.3. We adopt
the strategy outlined at the end of Section 3.1 in [Hofmann et al. 2015a], although the crucial technical
estimate, stated here as Theorem 4.10, is not at all an obvious extension of the uniformly elliptic case.
Moreover, establishing the Carleson measure estimate directly allows us to avoid “good-A” inequalities
and thus apply a change of variables based on the WOI’Z—

S
W01’2+€-Versi0n (for a sufficiently small € > 0) required in [Hofmann et al. 2015a].

Hodge decomposition in (2.10), instead of the

The technical result in Theorem 4.10 establishes (1.4) on certain “big pieces” of all cubes. The passage
to the general estimate ultimately follows from the self-improvement property for Carleson measures in
Lemma 2.22. This requires, however, that the Carleson measure estimate on the full gradient Vu of a
solution # can be controlled by the same estimate on its transversal derivative d;u, which is the content
of Lemma 4.2. We briefly postpone the statement and proof of Lemma 4.2 and Theorem 4.10, however,
in order to deduce Theorem 1.3 from those results below.
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In contrast to the previous two sections, the results here concern solutions of the equation div(AVu) =0
in open sets 2 C [R’f'l when n > 2 and A is a t-independent coefficient matrix that satisfies (1.1) for
some 0 < A < A < oo and an A,-weight 1 on R”. In particular, in Section 2, weighted Sobolev spaces
were defined on open sets in R? and matrix coefficients A € & (d,A, A, u) were considered for all
d € N. Those results also hold here on open sets in the upper half-space with the weight u(x, ¢) := u(x)
and the coefficients A(x,r) := A(x) for all (x,7) € R"*!, since then [u]g,@n+1y = []4>wr) and
Ae&m+1,A, A, p). In particular, the solution space WMI,’I%)C(Q) is defined and the regularity estimates
in (2.16), (2.17) and (2.18) hold when 2 C [R{'rrl.

We will also use, without reference, the well-known fact that if u is a solution of div(AVu) = 0 in
QC R’jr“, then d;u is also a solution in 2. In particular, to see that d;u is in Wu}”lic(Q), a Whitney
decomposition of Q reduces matters to showing that d,u is in WM1 2 (R) for all cubes R C Q satisfying
L(R) < % dist(R, d€2). To this end, define the difference quotients Dlhu(X) =1/ h)[u(X +he;j)—u(X)]
for all X € R and h <dist(R, 3S2), where ¢; is the unit vector in the i-th coordinate direction in R"*1,
The t-independence of the coefficients implies that DZ 41U is a solution in R, so we use the identity
D,I: +1(0iu) = 0; (D,’f 41) and Caccioppoli’s inequality to obtain

[ 1Pk @oran < [ vkl desew? [ 10k e de
R R 2R

< U(R)? // |0:u|?>du =: K for all h < dist(R, 982),
2R

where the implicit constant depends only on n, A, A and [u]4,, and the final bound holds uniformly in /
because u is in Wul 2 (R); see Lemma 7.23 in [Gilbarg and Trudinger 1977]. We can then use Lemma 7.24
in the same reference to deduce that d;u is in W,}’Z(R) with the estimate

[|0;07ul| = [10;0;ul K

2 2
L2(R) L2(R) =

for alli € {1,...,n + 1}, as required. Note that the proofs of Lemmas 7.23 and 7.24 in [Gilbarg and
Trudinger 1977] extend immediately to the weighted context considered here because C *°(R) is still
dense in WMI’Z(R).

Proof of Theorem 1.3 from Lemma 4.2 and Theorem 4.10. Let O C R" denote a cube and suppose that
ue L°°([Ri+1) solves div(AVu) =0 in [RR’_’:”. It follows a fortiori from Theorem 4.10 that there exist
constants C, ¢ > 0 and, for each cube Q’ C Q, a measurable set F' C Q’ such that u(F’) > cou(Q’) and

L pl©) . A .
m/ﬂ /F, [t0ru(x, 1) dM(X)TSC”M”oo»

where C and co depend only on n, A, A and [u]4,.
The coefficient matrix A is ¢-independent, so d;u is also a solution and thus the degenerate version of
Moser’s estimate in (2.16), followed by Caccioppoli’s inequality, shows that ||f9;u]|eo < || ]|co- Moreover,
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the degenerate version of the de Giorgi—Nash Holder regularity for solutions in (2.17) shows that

X — o X — o
|za,u(x,z>—ratu(y,r)|s(' ty') ||ratu||oos||u||oo(' y')

t

for all x,y € Q and # > 0, where all of the implicit constants and the exponent & > 0 depend only on
n, A, A and [u]4,. Therefore, we may apply Lemma 2.22 with

(v, @, Bo.n, B} := {(tdu)*, &, C ||ull%, co, CllullZ}
to obtain

1 /‘K(Q) ) dt )
— [t0:u(x, )7 dp(x) — < llulls. 4.1)
w(Q) Jo 0 t e
where the implicit constant depends only on 7, A, A and [u]4,. This estimate holds for all cubes Q, so
by Lemma 4.2, we conclude that (1.4) holds. O

We now dispense with the following lemma, which was used in the proof of Theorem 1.3 above to
reduce to a Carleson measure estimate on the transversal derivative of solutions. The proof is adapted
from Section 3.1 of [Hofmann et al. 2015a].

Lemma 4.2. Let n > 2 and consider a cube Q CR". If A is a t-independent coefficient matrix that satisfies

the degenerate bound and ellipticity in (1.1) for some constants 0 < A < A < 0o and an A-weight |
on R”™, then any solution u € L*° (40 x (0,4£(Q))) of div(AVu) =0in 4Q x (0,4£(Q)) satisfies

(Q) 5 dt 4(Q) ) dt 2
/ / Va0 dui) & < / / (e, du) 2+ w()lull%.
o Jo 4 0 40 t

where the implicit constant depends only on n, A, A and [|1]4,.

Proof. Let 0 <6 < % and set P (1) := P(t/£(Q)), where ® : R — [0, 1] denotes a C *°-function such
that ®(¢) =1 for all 26 <t < 1, whilst ®(¢) =0 for all # < § and ¢ > 2. Integrating by parts with respect
to the 7-variable and noting that ||0; ®||z,00((1,27) < 1, whilst [|0; ®||z00((5,257) < 1/8, we obtain

24(Q)
. 2
I._/;/() [Vu(x, t)|“®o (1)t dt du(x)
24(0Q)
= /Q /0 0,(IVu(x. D20 ()2 di dp(x)

2£(Q)
<[] (0. Vute0) o) dr dpi
0Jo

20(Q) 260(Q)
+/ ][ |Vu(x,t)|2t2dtdu(x)+/ ][ |Vu(x,t)?t? dt du(x)
0 JuQ) 0 JsuQ)

= I,+IN+I”/.

For the term I’, we apply Cauchy’s inequality with an arbitrary € > 0 to obtain

L
I'SGI—I—E/ / |V u(x, )%t dt du(x).
0 Jo
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For the term 1", we apply Caccioppoli’s inequality, the doubling property of u and the fact that 1 ~ £(Q)
in the domain of the integration to obtain

24(Q)
" _— 2
1 NE(Q)/Q/Z(Q) |Vu(x,t)|”dt dp(x)

| 50(0)/2 , ,
St Lo [ P dr ) £ (@)l

Q) J20 Juo))2
For the term I"”, the same reasoning shows that 1" < 1 (Q)|Ju||%,. We now fix € > 0, depending only on
allowable constants, such that altogether

ZK(Q) 2.3 2
Is[Q/O Ve, )P0 dt dp(x) + p(Q) u )%,

which is justified since I < oo by Caccioppoli’s inequality and the support of ®g.

To complete the estimate, we let {W; : j € J} denote a collection of Whitney boxes (from a Whitney
decomposition of [R'jfl) such that W; N(Q x(0,24(Q))) # @ and Zjej Low, (x,1) < 1. The coefficient
matrix A is t-independent, so d;u is also a solution of div(AVu) = 0 in each set W} ; hence we may apply
Caccioppoli’s inequality in combination with the fact that < /(W) in W; to obtain

%) dt
[ ] ivutnPau S <3 [ Vot ddie + w@ll
250(Q) J toiggw

< Zuwj)/fzw BeuCe. DI di du(x) + () [ul%

jeJ
46(0) . dt .
< / / 180 Ce. P du) 2+ () llull%.
0 40 t

where the implicit constants do not depend on §. The final result is then obtained by applying Fatou’s
lemma to estimate the limit as § approaches O. O

The remainder of this section is dedicated to the proof of the crucial technical estimate, Theorem 4.10,
that was used to prove Theorem 1.3. The proof adapts the change of variables from Section 3.2 of
[Hofmann et al. 2015a] to the degenerate elliptic case. This is used to pull back solutions to certain
sawtooth domains where the Carleson measure estimate can be verified by reducing matters to the vertical
square function estimates in Theorem 2.12, which we recall were obtained from the solution of the Kato
problem in [Cruz-Uribe and Rios 2015]. The following technical lemma, which reprises the notation
Pr = e~*Lu for Ly, = —div,((1/n)AV) and A€ E(n, A, A, n) as in (2.6) and Lemma 3.6, will be
used to justify these changes of variables.

Lemma 4.3. Let n > 2 and suppose that A € E(n, A, A, u) for some constants 0 < A < A < 0o and an
An-weight i on R". Let Q C R" denote a cube and suppose that f :5Q — R" is a measurable function
such that (1/w) f € L°°(50Q). Let ¢ € Wol’;f(SQ) and suppose that div(AV¢) =div f in 50. If ko > 0,
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0<n< % and xg € Q satisfy A(n, ¢, A)(xo) < ko, where

A1 §. A) =07 N @ Pyed) + Na(0:Ped) + [Mu (V)] + Do, (4.4)

then
8Py ()| <o for all (x.,1) € Ty (o) @4.5)

and
(0 =Po)g @] Sn(ko+ | f| )1 forall (r.) € Ty(xo) 10 x .4LQ)). @6

where the implicit constant depends only on n, A, A and [|1]4,.
Proof. Suppose that kg >0, 0 <7 < % and xo € Q satisfy A(n, ¢, A)(xo) < kg. It follows a fortiori that
n~INS (3¢ Ppe)(x0) < Ko, so (4.5) holds for all (x, ) € T'y(xo).

To prove (4.6), first note that the properties of the semigroup imply

nt
|(1—7’m)¢(x())|=‘ A dsPsp(xo) ds

<Ntk 4.7

for all 7 > 0, since N« (05Ps¢)(x0) < ko. Now let (x,7) € I'y(x0) N (20 x (0,4£(Q))). We set ¢xy,ps =
fB(xo,znt) ¢(y) dy and apply estimate (3.7) with & = 2 to obtain
[Pt (@ = o) ()| S 0t [Myu (1Y) (x0)]'/? < . (4.8)

Next, since div(AV (¢ — ¢(xg))) = div(AVe¢) = div f in 50, and since 0 < 1 < % ensures that

B(xg,2nt) €50, we may apply the degenerate version of Moser’s estimate for inhomogeneous equations
in (2.20) to obtain

1/2
[¢(x) = p(x0)| S (][B( - |¢(y)—¢(xo)|2du(y)) +’”“ﬁf“w

< nt(D*,,u,fp(xO) + H if Hoo)

< r;t(lco n Hﬁf Hoo) (4.9)
Combining estimates (4.7), (4.8) and (4.9), we obtain
|(I =Pye)p ()] < |p(x) — P (x0)| + [(I —Pye)p(x0)| + [Pye (b — Pxo,ne) (x0)| + [Pye (¢ — Pxg,ne) (¥)]

UG WL

which proves (4.6), as the implicit constant depends only on n, A, A and [u]4,. |

We now present the main technical result of this section. The proof is adapted from Section 3.2 of
[Hofmann et al. 2015a], although some arguments have been simplified as detailed at the beginning of
this section, and the additional justification required in the degenerate elliptic case has been emphasised.

The strategy of the original proof in [Hofmann et al. 2015a] was motivated in part by the fact that
integration by parts is sufficient to establish the required estimate in the case when A has a certain block
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upper-triangular structure. A key idea in that paper was to account for the presence of lower-triangular
coefficients ¢ (and upper-triangular coefficients) by decomposing them according to a W01’2+€-Hodge
decomposition. This was done locally on a given cube Q and the idea has been adapted here. First, the
Wol,;f—Hodge decomposition ¢1s5g = uh — AV is introduced in (4.13), where A is the n x n submatrix
of A shown in (4.12). After integrating by parts, the divergence-free component ph provides valuable
cancellation, whilst the adapted gradient vector field A V¢ facilitates a reduction to the square function
estimates in Theorem 2.12, which are implied by the solution to the Kato problem in [Cruz-Uribe and
Rios 2015], for the boundary operator Ly ,, := —div,((1/p) A V).

*
I,

arranged by initially making the Dahlberg—Kenig—Stein-type pull-back ¢ ¢ — (I — P,;“t)go(x) so that the

The latter estimates, however, require that L} , acts on the range of P, := e_tleTﬂ and this is
lower-triangular coefficients become ph — A Vy P,;ktq). This change of variables is justified by choosing
n > 0 small enough so that the pull-back is bi-Lipschitz in . Once this is in place, a set F' is introduced
that contains a “big piece” of Q and on which the various maximal functions in Lemma 4.3 are bounded.
The integration on F x (0, £(Q)) is then performed by introducing a smooth test function Wy that equals 1
on F x (26£(Q),2£(Q)) and is supported on a certain truncated sawtooth domain 2, /3 ¢ 5 over F,
where § > 0 is an arbitrary (small) parameter that provides for a smooth truncation in the ¢-direction near
the boundary of [RT'I. The main integration by parts is then performed in (4.32). The two principal terms
S and 8, arise from the tangential and transversal integration by parts, respectively, where the former is
taken with respect to the measure p and thus requires additional justification from the uniformly elliptic
case. These and numerous error terms are then shown to be appropriately under control.

Theorem 4.10. Let n > 2 and consider a cube Q C R™. If A is a t-independent coefficient matrix
that satisfies the degenerate bound and ellipticity in (1.1) for some constants 0 < A < A < oo and
an Ap-weight | on R™, then for any solution u € L°°(4Q x (0,4£(Q))) that solves div(AVu) = 0 in
40 x(0,44(Q)), there exist constants C, cg > 0 and a measurable set F C Q such that w(F) > copu(Q)
and

i | [ rvuenRdue S < cpuli @1

where C and co depend only on n, A, A and [jL]4,.

Proof. We begin by expressing the matrix 4 and its adjoint A* (which is just the transpose A', since the
matrix coefficients are real-valued) in the form

A= | Al e A (4.12)
S letld | Sl btld | '

where A denotes the n x n submatrix of A with entries (A4y);,;j := Ai,j, 1 <i,j <n, whilst b :=

(A n+1)1<i<n is a column vector, ¢' := (Ap+1,/)1<j<n is arow vector and d := Ap41 1 is a scalar.
Now consider a cube Q C R”. The aim is to construct a set F C Q with the required properties. To

this end, we apply the Hodge decomposition from (2.10) to the space Li (50, R™) in order to write

1 1 * 1 1 ~ r
—clso =——A;Vo+h, —=blso=——AVo+h, 4.13
m 50 m N ve m 50 m nve ( )
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where ¢, ¢ € WJ,’g(SQ) and b, h € Li(SQ, R™) are such that div, h = div, h=0and

2
f (Vo) + h(0)) du(x) < f O g <1, 4.14)
50 50
- b 2
f avewp+lhor duw < f ‘ﬁ du(o) < 1. “.15)
50 50 M

We extend each of ¢, @, k. h to functions on R” by setting them equal to 0 on R” \ 50.
In Sections 2 and 3, we investigated the operators £, := —div,((1/1)AV) and P; := e~1*Lu for
arbitrary coefficient matrices A in E(n, A, A, ). We now set

Lll,u, = —diVM(iA”Vx), P, = e_tzL"‘,U.’

) (4.16)

iy (—
I, 1% w

in order to apply those results in the cases A = Ay and A = A}.

427 %
"Ly,

A;‘;vx), PFi=e

We now introduce two constants kg, 7 > 0, which will be fixed shortly, and recall the function A(n, ¢, .A)
from (4.4) to define the set F' C Q by

Fi={xeQ: A ¢. A)(X)+AM. §. A)(X)+ N (Vi P@) )+ N (Vi Ppe @) (x) <ko}. (4.17)
Applying the weak-type bounds in (3.1), (3.3), (3.13) and (3.14) followed by the estimates from the
Hodge decomposition in (4.14) and (4.15), we obtain

-2 2 ) -2
/’L(Q \ F) S KO (”V(p”Lﬁ(R”,R”) + ”vw”Lﬁ(R”,R”)) S KO /’L(Q)’

where the implicit constants depend only on n, A, A and [u]4,. This allows us to now fix ko > 1 and some
constant ¢g > 0 such that u(F) > cou(Q), where both «¢ and co depend only on the allowed constants,
and thus are independent of 7.

We now fix the value of 5 as follows. First, for 0 <« <4 and 8 > 0, let

Qp = UxeF Tp(x), Rp,0a:=RpN 20O X (al(Q),4£(Q)) and Qg o:=p 0,0

denote the sawtooth domains in [F\R'rrl spanned by cones centred on F of aperture 8. Next, note that the
properties of the Hodge decomposition in (4.13) imply —div(A4;V¢) = div(c1sp) and —div(4, V@) =
div(b1sp) in 5Q. Therefore, we now fix 0 <5 < % in accordance with (4.5) and (4.6) such that

max{|d; Py (X)), [0 Pye @ (X)[} < nko < % for all (x,1) € 2 (4.18)

and
max{|(I — Pp)p(x)|, [(I — Pye)@(x)[}

< (o + max | Le oo,
I

lb” })zgnmm%z for all (x,1) € Q.. (4.19)
Moo

where 1 and the implicit constants depend only on 7, A, A and [u]4,.
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It remains to prove (4.11). We will achieve this by changing variables in the transversal direction using
the mapping ¢ — t(x,?), with x € R” fixed, defined by

t(.0) =1 = (I = Py)p(x)
and having Jacobian denoted by
J(x, 1) :=0rt(x,1) = 14 0; Py (x). (4.20)
In order to justify such changes of variables, we note from (4.18) and (4.19) that
Zr<t(x,r)<3t and F<J(x,1)<3 forall (x,1) € Q0. 4.21)

In particular, foreachx € F and 0 <« < %, this implies that the mapping ¢ — t(x, t) is bi-Lipschitz in ¢
on 2af(Q),2£(Q)) with range

(4a0(Q). £(Q)) S T(x.-)((2al(Q).2L(Q))) S (b(Q). 4L(Q)). (4.22)
Moreover, for each 0 < f < 5, the mapping (x, 1) = p(x, 1) defined by
px. 1) = (x,7(x,1)) = (x,1 + Ppo(x) — p(x))
is bi-Lipschitz in  on Qg ¢ with range
Qgp/0.0 € P(Rp.0) € Q7.0 (4.23)

Now consider a bounded solution u satisfying div(AVu) = 0 in 4Q x (0,4£(Q)). The pull-back
up:=uopisin L*°(2y o) and div(4;Vu1) =0 in Q, o, where

Ay e |: JA, b +A||Vx<P—A||VxP,;k¢<P}
(uh — A Vx Ppio)' (Ap,p)/J
and _
px.1) = [fo_(ic, Z)} _ VxPr;erD(x_)l— Vx(D(x)] . (4.24)

Our statement that div(4;Vu1) = 0 in Q, ¢ does not mean that A; satisfies (1.1), only that u; €
WMI:I%C(Q”,Q) and that fszrJ,-l (A1Vuy, V@) =0 for all ® € C°(25,0). To prove this, we combine the
pointwise identity

(A((Va) o p). (Vv) 0 p)J = (41V(uop), V(vop)) forall ve Wy (p(2y,0)) (4.25)

with the change of variables (x,7) = p(x,?) on £, o, which is justified because p is bi-Lipschitz
in ¢ on Q; o with range p(2,,0) C 40 x (0,4£(Q)) by (4.23). Also, we note for later use that
112, ou1llco < llu]lco and, using (4.21), that

[qul — (Vxr)(0ru1)/J

Viuy| <
V] @eur)/J

]‘ Vatl ] = [(Viyopl + [Vt dus]  (426)

on Q4 0.
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Next, in order to work with the pull-back solution u1, we consider an arbitrary constant 0 < § < %
and define a smooth cut-off function Ws adapted to 2, ¢ as follows. Let §r(x) := dist(x, F), fix a
C°°-function ® : R — [0, 1] satisfying ®(¢) = 1 when ¢ < % and ®(f) = 0 when ¢ > %, and then define

_ afSF(x) ! _ 4 n+1
\Il(g(x,t).—CD( nt )®(32£(Q))(1 CD(—168K(Q))) forall (x,7) e RL.

This function is designed so that Wg = 1 on F x (26€(Q), 2£(Q)), and since n < %, we have supp Vg C
Qn/g’Q,g and

1, (x.0)  1g,(x.1)  1gs(x.1)
t t(Q) 56(Q)

Vi Ws(x, 1) < for all (x,7) € 2y/38.0.5- 4.27)

where
Ey:={(x,1) €20 x (0,4£(Q)) : 1gnt <8F(x) < gnt},
E> =20 x(20(Q),44(0)),
E3:=20 x (§£(0).28L(0)).

In contrast to Section 3.2 in [Hofmann et al. 2015a], the cut-off function Wg introduced here incorporates
an additional truncation in the ¢-direction at the boundary. This is done to simplify subsequent integration-
by-parts arguments, since it ensures that Wg vanishes on the boundary of [R’_’,_“. For later purposes, it is
also convenient to isolate the following general fact here.

Remark 4.28. For each k € Z, let IDZ denote the grid of dyadic cubes Q" C R" such that
6L4772_k <diam Q' < %nZ_k.
If Co > 0 and (vy);>0 is a collection of nonnegative measurable functions such that

sup ][ v;(x)dpu(x) < Cy forallk €Z, forall Q' e D7,
te[2—k 2—k+1] !

// + (1El(x DI AN 1E3(x’t))vt(x) dp(x) dt 5 Con(0), (4.29)
Rn 1

then

Q) 5(Q)

where the implicit constant depends only on 7, A, A and [u]4,. To see this, first observe that since §f is
a Lipschitz mapping with constant 1, we have

OWx 27 2 ¥ C k) = {(x, 1) €40 % (0,4£(Q)): ”g <8p(x) < Cnty,
0@ x [27F 2% 1] C 40 x (£(Q). 8£(0)).

03 x 27k 27kt c 40 x (38€(0).48€(Q))

whenever E; N (QW x [27% 27*+1]) £ @ and i € {1,2,3}. The estimate in (4.27) and the doubling
property of u then imply that the left side of (4.29) is bounded by
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dt 8L(0) 48£(0)
f 1z dp— +C][ w(0)di +C][ M(Q)dt)
7l 17¢)) 156(0)

2

(C/m)éF(x)
<G ( / / U i)+ M(Q)) < Con(0),
40 J(

1/(Cm)Sr(x) !

2k+

WL X [

kez g’epy

as required.

We now proceed to prove (4.11). First, note that it suffices to show that

£(0)
sup [ [ 1Vu(. t)lzdu(X) L < (0. (4.30)
0<6<1/8 48¢(Q)

since we may then obtain (4.11) by using Fatou’s lemma to pass to the limit as § approaches 0. To this
end, we use (4.22), followed by the bi-Lipschitz-in-¢ change of variables ¢ — t(x, ) on (§¢(Q),2£4(Q))
for each x € F, estimate (4.21) and identity (4.25) to obtain

14(9)] {«Q)
/ / [t Vu(x, t)|2du(x)— </ / (AVu,Vu)t dt dx
45¢(0) 484(Q)

24(Q)
/ / A1Vu1,Vu1)tdtdx
28£(Q)

< // (A1Vuy, Vu) W3 t dx dt.
Ri—i—l

Thus, in order to prove (4.30) and ultimately (4.11), it suffices to show that
/f (A1Vuy, Vu )3 rdx dt < |Ju|3ou(Q) forall0 <8 <4, (4.31)
n+l
where the implicit constant depends only on n, A, A and [u]4,.

Next, we recall that div(4;Vu1) = 0in £, o, noting that ul\llzt € W1 Z(Q,7 0), and then integrate
by parts to obtain

// (A1Vuy, Vu )3 t dx dt
R

:_l// (A V(). V(W21)) dx di

2 R+

+
1 1 1

=1 TI(V(M%), FAten w3 dudi = [ o VO Ve
1 {(Ap. p)

_E[ATI ui(L I m@)‘lfs dpdt + > //n 1 Zat(T W dx dt

__// (AV @), V() tdxdt + 5 // ui(ent1, A1V(¥3)) dx dt

IZS1+S2+E1+E2, (4.32)
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where e, +1 :=(0,...,0, 1) denotes the unit vector in the ¢-direction. In particular, note that the tangential
integration by parts

1

/ (vx(,f) h— A”V P,;ktg0>\115 du = /R u%divu[(h—ﬁAITVxP:t(p)\Ifg] du,

with respect to the measure , is justified by the definition of the operator div,,, since P ;¢ € Dom(L 1)
and div,, A =0 imply (h—(1/u) AV P* go)\llz € Dom(div,,) (recall (2.8), (2.9) and (4 16)). Meanwhile,
the transversal integration by parts

© Ap, *© Ap,
/0 a,(u%)(< 1;p>)w§dt:—/0 u%a,[(< I;p))\llg}dt

is justified because Wg vanishes on the boundary of [R{T'l.

We proceed to prove that, for all o € (0, 1), each term in (4.32) is controlled by

S1+Sz+E1+EzSG// +1(A1Vu1,Vu1)\I!§tdxdz+a_1||u||§o,u(Q), (4.33)
Rn

where the implicit constant depends only on 7, A, A and [j]4,. Estimate (4.31) will then follow by fixing
a sufficiently small o € (0, 1), depending only on allowed constants, to move the integral in (4.33) to the
left side of (4.32). This is justified because the integral in (4.33) is finite by Caccioppoli’s inequality and
the fact that Ws vanishes in a neighbourhood of the boundary of R'jfl (supp Ws € 2;/8.0,8)-

We now prove (4.33) in three steps to complete the proof.

Step 1: estimates for the error terms E; and E» in (4.32).
We first apply Cauchy’s inequality with o to write

|5 [ Ve @) axar
2 Rrrrl

=2‘// (A1 Vuy,, VU u 1 Ws t dx dt
Rn-i—l
+
So// (A1Vu1,Vu1)\IJ§tdxdt+o_1 // M%(A1V\P5,V\If5)tdxdt
Rn+1 Rn++1
= U// (A1Vuy, Vu )5 t dx dt + o E1.
Rn—H

We then use uh = clsg + Al"l‘V(p from (4.13), the degenerate bound in (1.1) for A, the bound
12, ou1lleo < llulleo and the estimate for VW from (4.27) to obtain

’ 1g lE 1g * 2
E| + E> < lul2 // ( Ly 1E 3)(1+|Vx(1—Pt)<p|)dudt,
D\ o) T "
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where (4.27) ensures that |V(lIf§)| and |VWg|?t can be controlled in the same manner. In order to
apply Remark 4.28 with v, = 1g, o , (1 +|Vx({ — P,;"t)go|2), we observe that if k € Z, Q' € [D)Z and
Qy/8,0,8N0(0"x [27%, 27k+1]) £ &, then there exists xo € F such that Q' C A(xg, n27%) € CQ’, where
A is used to denote balls in R”; hence

O'x 27k, 27¥ ) CQ, 10.5/4 (4.34)

and the doubling property of p implies

][ |vx(1—P,;‘,><p|2dus][ V. Pl d//«+][ Va0 du
o’ A(xo,nt) A(xg,n27K)
<IN (Vu PE@) o) + My (Vg ) (o)

<k2 <1 forallr e 275, 270+, (4.35)

where in the last line we used the definition of the set F in (4.17) and the weighted maximal operators Ni m
and M), from Section 3. It thus follows from (4.29) that E| + E5 < )12, (Q), so altogether we have

E\+E, 50// (A1Vur, Vu )5 t dx dt + o~ Hul|Zn(Q) forall o € (0,1). (4.36)
Rn—i—l

Step 2: estimates for the term S in (4.32).

We note that 9, P,j; = 772’L|T Py on L? 1(R") and integrate by parts in 7 to write

N % // +1 u%(LﬁsMP:t(P)‘I’g du dt
v

1
=_§//n a,(LM PAo)W2 1 dydt
+
// (ulatul)(BtP <p)ll‘8 dudt + — pre // ul(a me)‘l’aat‘l’a dudt

=:S{+S/+5S/,

where there is no boundary term because Wg vanishes on the boundary of [R{T'l.
To estimate S;”, we use the definition of the set F in (4.17), the estimate for |VWs| from (4.27), and

Remark 4.28 in the case v; = 1, to obtain

St S ullZ // NI (B P9) 10, V5| dp dt
Q

n/8.Q

< nicollull 2o (Q) S ullZen(Q).

To estimate S|, we observe that d,(L wPriw) =1Ly M(a Pp,p), since ¢ € W1 2([R”) and 9; P,

—2n? tP Lﬁ‘ 1 on the dense subset Dom(L ) of W1 2([R{") (note also that 1 Vy P and hence its adJ01nt

are bounded operators on L2, as can be seen from the proof of Theorem 2.12). We then apply Cauchy’s
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inequality with o to write

//n+ Ly 0 Py TVt dpdt

/
S <

// A”V 3 P9). V u1>u1\118tdudt‘

‘// A”Vx(E),qu)) vx%)u%%zdudz =J+K

<0// |qu1|2\llstdudt+(0_l 1)// u1|Vx8 P (p|2\1151dudt

+// N uilVeWs?tdpdt =:08S{; + (6~ + 1)S{, + S{5, (4.37)
+

where the integration by parts in x, with respect to the measure u, is justified by the definition of the oper-

ator Ll"l‘ N (recall (2.8), (2.9) and (4.16)). The terms J and K are highlighted above for reference in Step 3.

To estimate S {3, we use the estimate for |VWg| from (4.27) and Remark 4.28 in the case v; =1 to

obtain Sy; < [|u 2,14 (Q).

To estimate S,, we observe that Vyd, P,j; = —ZUZIVX i Py on L? 1,(R") and then apply the vertical

square function estimate from (2.14) followed by the Wo (5 0)-Hodge estimate for ¢ from (4.14) to obtain

dt

Si2 S ut|Vid; P ? W tdpde < Jlul3 12V Lyt P Izdu—
n+1 n+1
RYY Ry

SNV 12 gy S 112100,

The terms S|, and S|" will now be estimated together. We again apply Cauchy’s inequality with o,
followed by the vertical square function estimate from (2.13) with £, = L . and the W1 2(SQ) -Hodge
estimate for ¢ from (4.14) to obtain

0S11+S//<U// " |qu1|21p§tdudt+‘// +1(u18tu1)(8tP,;‘,<p)\IJ§dudt
RY RY

50// +1|Vu1|2\11§tdudt+0_1||u|| // |0 Py <p|2d,u—
Rf’l
<o[/ A1Vu1,Vu1)\118tdxdt+0/[ [Vit| |8,u1|2\118tdudt+0_1||u|| w(Q),

where we combined the pointwise estimates for Vu; and J from (4.26) and (4.21) with identity (4.25)
and the ellipticity of A to deduce the final inequality.
We use the dyadic decomposition from Remark 4.28 to write

// Vet (01 [PWF tdpudr <y Y /

kez Q/e[[])"

2—k+1
/1Qan|VxT| |0;u1)>tdudr.  (4.38)
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Observe that if k € Z, Q' € D] and Q5,056 N (Q' x [27,27%+1]) +£ g, then, as in (4.34) and (4.35),
it holds that Q" x [27%, 27k +11 € @, ,4 5/4 and

][ IVat(x.0)[>du(x) Sk§ forallr e 2%, 27F+1],
Q/

Also, we have %t <t(x,t) < %t and J(x,1) = 1 on Q' x [27%,27%k+1] by (4.21), so the degenerate
version of Moser’s estimate in (2.16) and 7-independence show that

2t
sup |01 (. 1) = sup |J(x,z>afu<x,r<x,z>)|25][ f 19510(y. )| ds du(y)
xeQ’ xeQ’ 20’ Jt/2

for all 7 € [27%, 27k+1]. In particular, note that
20" x 2751 27F 2 C @ = {(p,5) € RV 18R (1) < Sms, 180(0) <5 <8L(Q)),
since there exists (xg, fo) € Q' x [27%,27%+1] satisfying § r (xg) < %T]lo, whence
Sr(y) <diam(2Q’) + %Ufo < 1%172_]c < %ns forall y €20’ and s > 27%71,

whilst 8£(Q) < to < 4£(Q) implies [27%,27%+1] c (18¢(0), 8£(Q)).
The observations in the preceding paragraph show that (4.38) is bounded by

2—k+1 2t
>y (f |vxr|2du)(/ | |asu(y,s>|21m<y,s)dsdu(y))dr
kez gren! 2k o’ 207 Jt/2
2—k+2
S22 /z—k—l /2Q/|3su(y,S)|21sz*(y,S)Sdu(y)ds

kez Q/G[DZ
s(f[paospsanmrass [ iaaoP sdutds) = m+ £
*k Q*\Q**
where we used the fact that ) ; ., ZQ/E[[DZ 1,0/xp—k—1 p—k+2] < 1pn+1 and introduced
: ’ -

Q** = {(r,5) e R 85 () < ns. 48L(Q) <5 < L(Q)}.
To estimate the main term M, we use (4.21)—(4.23) to observe that
pH Q™) € Q16N (20 X (28L(0), 2L(0))).-

Thus, since Wg = 1 on these sets, the change of variables (y,s) — p(y, s) gives
M§// |(8,u)op|2J\11§td,udt§// (A1Vu1,Vu1)\II§tdxdt,
R:_—H Ri—i—l

where we used identity (4.25) and the ellipticity of A to deduce the final inequality.
To estimate the error term E, recall that the degenerate version of Moser’s estimate in (2.16), followed
by Caccioppoli’s inequality, ensures that ||s05u| oo < ||t|lco- Thus, by the definition of Q* \ Q** and
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the doubling property of w, we obtain

A8/mbr() g (BUQ) gy [45LQ) gq
E <ul’ / (/ —+/ —+/ )du(y)<||u|| 1(0).
20\J(@8/5n)8r () S £(0) S ©6/2)¢(Q) §

This shows that

oS{;+ S8 < //”H A1Vu1,Vu1)‘~118 tdxdt + o Hu| 2 mn(0);

hence

Slsa// +I(A1Vu1,Vu1)\I/§tdxdt+0_1||u||§ou(Q) for all o € (0, 1). (4.39)
Rn

Step 3: estimates for the term S5 in (4.32).
We observe that since A is ¢-independent it is possible to write

{(Ap. p)
252_/[ +1u18t( J VZdxdt

//Rnﬂ ( )(AP p)V2 dx dt
//Rnﬂ( ) (3:p. A*p) 3 dxdt+// ( )(Ap 90 p) V2 dx di

To estimate I, we recall the Jacobian J(x,7) =1+ 9; P, @ (x) from (4.20) and then integrate by parts

=1+4+1I+11I.

in ¢ to write

82P )
I = _//n+l u1 Jgt (Ap,p)\IJ(% dx dt

@ P )
:/[ t(”l nt (Ap, P)‘If(g dxdt+// B % Jgt 3t((Ap,p))\IJ§dxdt
n Rn

* -2 atPr;kt(p 2
+// u?d, P d:(J77)(Ap, p)\IIS dxdl-l—// . u? 72 (Ap., p)0:(Y5)dxdt
R RY

=11+ 1, + 15+ 14,

where there is no boundary term because W vanishes on the boundary of [R':rl.
To estimate Iy, we recall that J < 1 on supp Ws C €2, /3 0 5 by (4.21) and then apply Cauchy’s
inequality with ¢ to obtain

_ dt
|11|sa/f 0eu1|*|p)* Y5 tdpdt +o 1// ut|d; Ppeo | p|> V5 dp —
RT_I R'_"_'H t

=ol|+071]. (4.40)
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To estimate 17, recall that | p|?> = 1+ |V 7|? by the definition of p in (4.24), so we follow the treatment
of (4.38) above to obtain

B [ AV Va3 rdx e + Juln(0),
Rn

To estimate 17, recall that || 1g, ,u1llco < [[1]lco and use the dyadic decomposition from Remark 4.28

to obtain
2—k+1
B Y 3 WePiolmigrnosaion |, / PR
kGZQ’eD"
Sz D" D" 1m0 PN} cogorp—k 2—k+1))
kGZQ’eD"
2— k+2
Sy Y werf ][ 10: Pl du dt
kGZQ’elD"
2—k+2
sy X [ ey P dn
kez Q’e uj)” 29’

- dt
<l // L e g dp

where the second line uses the pointwise bound |p|2\11§ <1g,505(1+ V(I — P,?‘t)<p|2) and esti-
mate (4.35), the third line uses the parabolic version of the degenerate Moser-type estimate in (2.16)
(see Theorem B in [Fernandes 1991]), noting that v := Bt(e L, r@) solves d;v = —L} Vs Whilst
0: Py go(x)| <|tv(x, 77212)| and the final line uses the vertical square function estimate from (2.13) with
L, =Ly . and the W (5 0)-Hodge estimate for ¢ from (4.14).

To estimate I, we agaln use the bound J < 1 on supp Ws C €2, /5 o s from (4.21), and then recall
the definition p := (Vx(P,;"t —I)¢p,—1) from (4.24) to obtain

dt
s [ e wgrdum// Bl PrePlpP¥ian T @)
#

The first integral in (4.42) is the same as S|, from (4.37), whilst the second integral is the same as I{
from (4.40); hence |I2| < ||u]|2,1(Q).
To estimate I3, we use the bound [9; P, ¢| < g guaranteed by (4.18) to deduce that

10, (J 2 )|:|at(l+at ) 2|~|82 9

on supp Ws C Q2,,/8 0,5 and write

15 [ o pgelpPed an S + f/ 3107 PP pPWE dadi = 1+ 1.
!
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To estimate I}, we note that it is the same as I}’ from (4.40); thus I} < ||u]|2,n(0Q).
To estimate I g’ , we follow the estimates and justification provided for (4.41), noting in addition that
dv=0%(e” iLy, n@) solves 0;(d;v) = (d;v), to obtain

IIM
—k+1
sy Y 102Pe R e k2k+q%/ /“|p|w5du——
kez g’ep]
Sl Y Y @Y, Pyl + 1620 (Lik 1 P 17 o g1 wpp—k 25417
keZQ/e[D”
2— k+2
Sz Y Y wenf f7 (1L}, Pl + 120,(L P) ) dpsd
kGZQ’e[D)”

dt
<l /f iLE Pl du Ll // V(L PP d o

2

where the second line uses |32 (p| S0 Ly, Ppr@)| S Ly, Pyl + 110 (Lyy , Py @), the third line
uses |Ly , Prro(x)| = |v(x, n212)| and [0 (L, Py @) ()] < [1(0:v)(x, n*t?)|, and the final line uses
the vertical square function estimates from (2.13) and (2.14) with £, = L} s hence [I3]| < [lu 12,1(0).

To estimate I, we use [0; Pp,o| <1, J < 1 and Ipl? < (14 |Vx(I — 77t)(,o|2), which hold on
supp W < Qn /8,0.,8 by (4.18), (4.21) and (4.24), to reduce to the estimate obtained for E { + E»; hence

[14] < [lullZn(Q).
To estimate II, we use the definition p := (Vx(P,;“t — )¢, —1) from (4.24) to note that d; p =

(V0; P,;"t<p, 0) and use the Hodge decomposition from (4.13) to write
(0rp, A*P> (Vx 0y Pnt(p, A|| Vx(PyTt_I)Qﬂ —c)= (ant 90 A|| vxP (@ — wh) (4.43)

for all x € 50 and ¢ > 0. Using this and recalling that div,, A = 0, it follows that

II—//"+1( ) (Vx0: Py, Ay Vs Pyl — Mh)‘lj(g dx dt

//n ( )(8’ (L m@)‘l’g dpdt
// 9% me ( ) AV P*§0 Mh)‘l‘(g dx dt

// +1( ) Pro(Ve(¥5). Af Vi Prog — wh) dx di
er
=11+ I, + 113, (4.44)

where the integration by parts in x, with respect to the measure p, is justified by the definition of the

operator L; ,, (recall (2.8), (2.9) and (4.16)).

I,
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To estimate I1{, we use J < 1 and LIT,ILPTII('O —2n%t)~ 1o, P ;@ to show that it can be treated the

same way as I{ in (4.40), without | p|?; hence |II1] < [ul|%, ,u(Q)
To estimate II,, weuse J < 1,

IVe(J ™D =Ve(149: P0) ' S VX0 Prol

and apply Cauchy’s inequality with o to obtain

|112|<0*// |qu1|2\P51dudt+[/ u?|Vy0; Py Q>3 tdpdt

_ dt
+ (o 1+1)// N u%|a,P,;;¢|2(|vxP,;‘,¢|2+|h|2)\p§du7. (4.45)
Ry

The first integral is the same as S, from (4.37), whilst the remaining two integrals are the same as those
that bound 1 in (4.42), except (|Vx P, . ©|? + |h|?) replaces | p|% This factor is controlled in the same
way, however, since the Hodge decomposmon in (4.13) implies
2 1 | 2 2.
WP = |celsg + - ArVp| S 1+ Vapl:
2 M
hence by (4.35) we obtain

|IIZ|<U// » A1Vu1,Vu1)\l‘5tdxdt+0 1||u|| w(Q).
Rﬂ

To estimate 113, we use J < 1 and Cauchy’s inequality to write

dt
|113|5// N u%lvx%lztdudwr// +lu%|a,P,;‘,<p|2(|vx * o2 + [h|?) W2 dp -
RY R

The first term above is the same as S5 in (4.37), whilst the remaining term is the same as the last integral
in (4.45); hence |113] < [[u(|31(Q).
To estimate 111, we observe by analogy with (4.43) that

(Ap,d:p) = (AyVx(Py, — )¢ — b, Vx0: Pp,0)
= (A Vx(Py,0 —¢) + AyVxg — ph Vi 3: P,0)
= (AuVx[(P)0 — @) — (Ppi@ — @) + AyVx Pyi@ — ph, V50, Py o)

for all x € 50 and ¢ > 0 and then write
m= [ +1( )v (Pl —9) — Py — @), ALV x0: Plogp) W3 dx di
Rn

// +1( ) AyVx Py — /Lh V0 Pnt(p)\ps dx dt
Rn

=11+ 1II,.
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To estimate 1111, we integrate by parts in x with respect to the measure p to write
U% * ~ o~ * *
ity = [ (5 )P0 =0 = (Pued = DL P09 d
§ u2 w2
L i 0= = (). 4900

Rﬂ

+

=: 1T, + 11,

which is justified by the definition of LII " (recall (2.8), (2.9) and (4.16)).
To estimate 111}, we use Hardy S 1nequahty (see, for instance, page 272 in [Stein 1970]) to observe,
for the semigroups P; € {e PLi L, n}, the estimate

oo dt oo rnt dt o0 dt
[ |Pntf_f|2t_35[ (/ |8Psf|ds)—</ |8,77tf|27 forallfeL (R™).
0 0 0 0

We then recall that |1, ,u1]leo < [[U]loc and J < 1 on supp Ws € 22,/5,0,5 to obtain

1, |<||u||oo[[ (P2 — gl + | Pyud — @) | L 00 Pl dt de

L din\2 [ e . L di\\?
st [ ([ 1ro-or+1pug-o2 55 ) ([T ieLiarger ) d
1/2 /2
< Il (f/ o027 0P + 10 Pl e (// P07 Pl )

S ”ullgo(HV(p”LZ (R”,R”) + “vq)”LZ (Rn’Rn))l/ZHV(p”LZ (Rn Rn) ~ ”M” M(Q)

where the final line uses the vertical square function estimates from (2.13)-(2.14) for £, € {L} e L, wh
and the W1 2(SQ) -Hodge estimates for ¢, ¢ from (4.14)—(4.15).

To estimate 11", recall that |Pyr¢ —@| <t and |Ppi§ —@| <t onsupp Ws € 2,780, by (4.19),
whilst J = 1 and |V (J™1)| < | Vi ¢ Py, so distributing Vy over ul, \IIZ and 1/J yields terms that
can be controlled in the same way as J, K and S 12 in (4.37).

To estimate I1I,, note that the estimates used to control ¢ and Py;¢ also hold for ¢ and P;;¢ by
(4.14)—(4.15) and (4.18)—(4.19), whilst div,, A = div, h=0 by (4.13); hence III, can be estimated in
the same way as II in (4.44).

This gives

|11 | + | 111 5| <o// (A1Vuy, Vu )3 t dx dt + o Hlul|Z 1 (Q);
Rn +1
hence

S2§0/[ A1Vu1,Vu1)\118ldxdl+o 1||u|| w(Q) forallo € (0,1). (4.46)
n+1

We combine (4.36), (4.39) and (4.46) to obtain (4.33), as required. O
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5. Solvability of the Dirichlet problem

This section is dedicated to the proof of Theorem 1.2. We first consider the construction and properties of
a degenerate elliptic measure w* for degenerate elliptic equations div(4Vu) = 0 in the upper half-space,
where X = (x,t) € [R%ﬁ_“ and n > 2. The t-independent coefficient matrix A is assumed throughout
to satisfy the degenerate bound and ellipticity in (1.1) for some constants 0 < A < A < oo and an
Ap-weight 1 on R”™. This is necessary as the literature only seems to treat bounded domains, whilst the
passage to unbounded domains in the uniformly elliptic case (see Section 10 in [Littman et al. 1963] and
[Hofmann and Kim 2007]) relies on a global version of the Sobolev embedding in (2.4), which is not
known for A>-weights in general. The degenerate elliptic measure is then shown to be in the Axo-class
with respect to  on the boundary R” in Theorem 5.30 and the solvability of the Dirichlet problem follows
in Theorem 5.34. These results together prove Theorem 1.2.

5A. Boundary estimates for solutions. We require some estimates for solutions near the boundary 0%
of a bounded Lipschitz domain ¥ C R” (see Section 2 of [Caffarelli et al. 1981] for the standard
definition). These estimates require some regularity on the domain boundary but no attempt is made here
to obtain the minimal such regularity, as the focus is to define and analyse a degenerate elliptic measure
on R”,

The Lipschitz regularity of the boundary 9% ensures that the smooth class C°°(X) and the Lipschitz
class C%1(X) are both dense in WM1 ’2(2); see Theorem 3.4.1 in [Morrey 1966] and page 29 in [Kinder-
lehrer and Stampacchia 1980]. This allows the usual definition, for £ C 0¥ and u € WMI’Z(E), whereby
u > 0on E in the WI,%’Z(E)—sense means there exists a sequence u; in C 0.1(X) that converges to u in
Wﬁ’z(Z) with u;(x) > 0 for all x € E. This induces definitions for inequalities <, > and =, between
functions and/or constants, on E in the W/}’z(E)—sense; see, for instance, Definition 5.1 in [Kinderlehrer
and Stampacchia 1980]. Moreover, with supyx, # :=inf{k € R: v <k on dX in the Wul ’Z(E)—sense} and
infyy, := — supyx(—u), the weak maximum principle holds [Fabes et al. 1982b, Theorem 2.2.2], and the
strong version follows by the Harnack inequality in (2.18) [Fabes et al. 1982b, Corollary 2.3.10].

We can now state a Holder continuity estimate and a Harnack inequality for certain solutions near the
boundary. For a cube O C R", recall the corkscrew point Xg := (xg,£(Q)) and denote the Carleson
box in R% ! by Tp := Q x (0,£(Q)). Also, recall that p(x,?) := pu(x), so duu(x,1) = p(x)dx dt,
for (x,t) e R*tL Ifu e W,}’Z(TzQ) is a solution of div(AVu) = 0 in T, and u = 0 on 2Q in the
WMl’z(TZQ)—sense, then

a 1/2
(. 0| < (z(t@) (][T |u|2d/L) for all (x.1) € Tg. 5.1)
20

and if, in addition, ¥ > 0 almost everywhere on 7> ¢, then
u(X) Su(Xg) forall X € Ty, (5.2)

where « is from (2.17) and the implicit constants depend only on 7, A, A and [u]4,. Estimate (5.1) follows
from standard reflection arguments and the interior Holder continuity estimate in (2.17), as observed on
page 102 in [Fabes et al. 1982b]. Estimate (5.2) can then be deduced from (5.1) and the interior Harnack
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inequality in (2.18), as in the uniformly elliptic case; see the proof of Theorem 1.1 in [Caffarelli et al.
1981], which does not use the assumption therein that A is symmetric.

5B. Definition and properties of degenerate elliptic measure. For X € R"t1 x ¢ R* and r > 0, we
use B(X,r):={Y e R"t1:|Y — X| < r} to denote balls in R*T! and A(x,r) :={y e R": x| <r} to
denote balls in R”, where A(x, r) is identified with the surface ball B((x,0),r) N 8R'jr+1 in R"*1. For
each R > 0, consider the bounded Lipschitz domain Xg := B(0, R) N [R'_’Jl with Lipschitz constant
at most 1. For each X € Xg, the degenerate elliptic measure a)I}g is the measure on dX g, as defined
on page 583 in [Fabes et al. 1983], such that u(X) = /. 9% h da)l)g solves the Dirichlet problem for
continuous boundary data 7 € C(0XR) in the sense that div(AVu) = 0in X g and u € C(Zg) with
ulyz, = h.

We now define the degenerate elliptic measure on R”. If f € C.(R"), fix Ry > 0 such that supp f C
A(0, Ro) and set f equal to zero on [R{’jr'"l, so then f* € C(dZR) for all R > Ry, where f*(X) :=
max{=% f(X), 0}; thus

ug(X):= [  fEdoy forall X € T
0XR
solve the Dirichlet problem as above in X g for all R > Ry. The maximum principle then implies that
u%l(X) < uﬁz(X), whenever Ro < Ry < R and X € X, and that supg- ||u§||oo < || floo- This
allows us to define

u(X):= [uh(X)—ug(X)] forall X e R%F1, (5.3)

lim
R—o0
and since the mapping f — u(X) is a positive linear functional on C.(R"), the Riesz representation
theorem implies that there exists a regular Borel probability measure (the degenerate elliptic measure)
X on R" such that u(X) = [ f do*.

The function u from (5.3) solves div(AVu) =0 in IR’}F"']. To prove this, note that ||u||co < || f |lco, SO
for each compact set K C [F\RTFI, the Holder continuity of solutions in (2.17) ensures the equicontinuity
required to apply the Arzela—Ascoli theorem and extract a subsequence ug; that converges to u uniformly
on K. This combined with Caccioppoli’s inequality shows that u g, converges to u in Wu}’z (K); hence
uEe WJ,’IZOC(RTLI). Moreover, if ¢ € CCO"(R'J’F“) and K = supp¢ C X, then

‘ /K (AV(u—ur), Vo) = AIV@llooit(K)/2 1t —urll 12 (5.4)

from which it follows that [in+1{AVu, Vo) = 0, as required.
+

We note by (5.3) that, when restricted to any bounded Borel subset of R”, the measures wfg converge

weakly to @, so Theorem 1 on page 54 of [Evans and Gariepy 1992] shows that
oX(U) <liminfowX (U), X (K)>limsupop(K), oX(B)= lim wx(B) (5.5)

R—o0 R—00 R—o0

for all bounded open sets U C R”, all compact sets K C R”, and all bounded Borel sets B C R” such
that @ (3B) = 0. This construction of the degenerate elliptic measure also provides for the following

expected properties.
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Lemma 5.6. If X, X; € [Ri’j_“ and E C R" is a Borel set, then w*X°(E) = 0 if and only if X1 (E) = 0.
Moreover, the nonnegative function u(X) := w*X (E) is a solution of div(AVu) = 0 in [RTLI and the
boundary Holder continuity estimate

(e, 1) < (@)au(xg) forall (x.1) € Tg 5.7)

holds on all cubes Q such that 2Q C R" \ E, where « is from (2.17) and the implicit constants depend
onlyonn, A, A and [|1]4,,

Proof. The proof follows that of Lemma 1.2.7 in [Kenig 1994], except we must account for the fact that
the solution to the Dirichlet problem in [F\R’_’i_Jrl defined by (5.3) requires boundary data to have compact
support, which is easily done as we now show. Suppose that w*X°(E) = 0 and that K C E is a compact
set. The regularity of the measure implies that wX°(K) = 0 and, for each € > 0, there exists a bounded
open set U D K such that 0X0(U) < e. In particular, we may assume that U is bounded because K is
compact, so by Urysohn’s lemma there exists g € C.(R") such that g(x) =1on K,0<g(x) <lonU,
and supp g C U. It follows that u(X) = [p. g dw*X is the solution to the Dirichlet problem in [R{’f'l
defined by (5.3) with boundary data g. Applying the Harnack inequality from (2.18) and connecting X
with X via a Harnack chain then shows that there exists C > 0, depending on X¢ and X1, such that

0X1(K) <u(X1) < Cu(Xo) < CoX°(U) <Ce forall e > 0;

hence wX1(K) = 0 for all compact sets K C E, and so X! (E) = 0 by regularity.

The proof that u(X) := w* (E) is a solution of div(AVu) =0 in R’f‘l also follows that of Lemma 1.2.7
in [Kenig 1994]. It remains to prove that the boundary Holder continuity estimate holds on all cubes Q
such that 2Q € R" \ E. We first consider when E is bounded. In that case, let Us denote the open
§-neighbourhood of E and set x5 := ¢e * 1y, for all § > € > 0, where @¢(x) := € "¢(x/€) and
@ € C(A(0, 1)) is a fixed nonnegative function with [, ¢ = 1. In particular, since U is open, we have
1g <1y, <liminfc¢ x¢s. Consequently, if X = (x,7) € [F\R'_fl, then

u(X):wX(E)fa)X(Ug)f/ liminf)(egda)xfliminf/ Yes do™. (5.8)
gn €0 ’ €e=>0 Jpn

The function y. s belongs to C°(R™) and thus extends to a function in C£° (R"*1). The construction of
the degenerate elliptic measure (see pages 580-583 in [Fabes et al. 1983], which was the starting point for
our extension to the upper half-space above) thus implies ve(X) := [pn Xes dwX is in W1’2(T(3 /2)0)
and vanishes on %Q whenever 0 <€ < § < %E(Q), so estimate (5.8) combined with the boundary Holder
continuity estimate in (5.1) and the boundary Harnack inequality in (5.2) shows that

t o
u(x,t) < lign_)i(l)lfve(x, t) < (@) lign_j(l)lfve(XQ) for all (x,7) € To. (5.9)

We now let Us . denote the open e-neighbourhood of Us, in which case y. 5 < 1y, and ve(X) <
wX (Us.¢), so by (5.9) and the regularity of the degenerate elliptic measure we have

t .
< (- Xo < Xo
u(x,t) < (E(Q)) 11€m10nfa) (Us.e) < ( ) w2 (Us) forall (x,1)eTp.

L
t(Q)
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This proves (5.7) if E is bounded, since the regularity of the measure also implies that wXe (Us)
approaches wX2(E) = u(X o) as § approaches 0. If E is not bounded, then applying (5.7) on the
bounded sets Ey := Lyk+19\2k g E, for k € N, shows that

wr. ) =S 0¥ (Ep) < (L)anQ(Ek)z(L)anQ(E) for all (x.1) € Tg.
2 2\ 7o) te)

k=1

as required. O

5C. Preliminary estimates for degenerate elliptic measure. In the uniformly elliptic case, there is a rich
theory for the Green’s function on bounded domains, and specifically, estimates and connections with
elliptic measure; see, for instance, Theorem 1.2.8 and Corollary 1.3.6 in [Kenig 1994]. This theory also
extends to unbounded domains; see Section 10 in [Littman et al. 1963] and [Hofmann and Kim 2007]. In
the degenerate elliptic case, the theory was developed on bounded domains in [Fabes et al. 1982a; 1982b;
1983], but it is not clear if there is always such a Green’s function on unbounded domains. In particular, the
construction in [Hofmann and Kim 2007] for the uniformly elliptic case relies on the (unweighted) global
version of the Sobolev embedding in (2.4), which is not known for a general A;-weight. In what follows,
we combine the properties of the Green’s function on the bounded domain X := B(0, R) N R’f’l with
the limit properties in (5.5) to deduce estimates for degenerate elliptic measure on R”. These will be used
to prove Lemma 5.24 and ultimately Theorem 5.30.

For each R > 0, the Green’s function gg : g X X g > [0, 00] is constructed by following Proposition 2.4
in [Fabes et al. 1982a]. In particular, for each Y € X g, the mapping X + gr(X,Y) is the Holder
continuous function in X g \ {¥'} that vanishes on X g and satisfies sz (AVgRr(-,Y),V®) = ®(Y) for
all ® € C°(XR). As explained on page 583 in [Fabes et al. 1983], these properties are valid on any NTA
domain, hence a fortiori on X . The proofs do not rely on the assumption therein that A is symmetric,
although the symmetry property gr(X,Y) = gr(Y, X) is no longer guaranteed, as gx(X,Y) :=gr(¥, X)
is the Green’s function for the adjoint operator — div(A*V). We will rely on the following two lemmas,
which are immediate from Theorem 4 and Lemma 3 in [Fabes et al. 1983], respectively, to estimate the
Green’s function gg and the degenerate elliptic measure wg on X g.

Lemma 5.10. If X,Y €e Zgpand | X — Y| < %dist(Y, 0XR), then
dist(Y,02X R) 52 ds
wxn= [
where the implicit constants depend only on n, A, A and [j1]4,.

Lemma 5.11. If R > 0 and Q is a cube in R" such that T,p C X R, then

gr(X0.Y) _ y  £(Q) wk(0)
o)~ DUty = o)

where the implicit constants depend only on n, A, A and [|1]4,.

forallY € g\ Tro,
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The degenerate elliptic measure wl}g satisfies the doubling property a)I}g 20) < Coa)ig (Q) for all
cubes Q in R" such that 7,9 C X g and all X € X g\ T»¢, where the doubling constant Co > 0 depends
only on n, A, A and [u]4,. This is proved in Lemma 1 on page 584 of [Fabes et al. 1983] by using
the estimates in Lemma 5.11, the Harnack inequality in (2.18), and the doubling property of . The
doubling constant Cqy does not depend on R, which allows us to use the inequalities in (5.5) to show that
the degenerate elliptic measure w* is locally doubling on R”, in the sense that

»*(20) <liminfog (2Q) < liminfwy (3 Q) <limsupog (10) < 0*(Q) (5.12)
R—o0 R—o0 R—00
for all cubes Q C R"” and all X € [R{Trl \ T2¢. where the implicit constant is CZ. In particular, the
doubling property implies w* (3Q) = 0 for all cubes Q C R” (see page 403 in [Garcia-Cuerva and Rubio
de Francia 1985] or Proposition 6.3 in [Hofmann and Martell 2014]), so (5.12) actually improves to
0X(20) < CowX (Q), since by the equality in (5.5) we now have

0wX(0) = Jim wX(Q) (5.13)

for all cubes Q C R" and all X € [RRTLI \ T2p. This provides the following estimate for degenerate
elliptic measure.

Lemma 5.14. If Q is a cube in R", then wX2(Q) = 1, where the implicit constant depends only on n, A,
A and [l4,.

Proof. Let Q denote a cube in R" and fix Rg > 0 such that 7,9 C X g,. The Holder continuity at the
boundary in (5.1) and the Harnack inequality in (2.18) imply (see the proof of Lemma 3 on page 585 in
[Fabes et al. 1983]) that

wx2(Q)2 1 forall R > Ry,

where the implicit constant depends only on 7, A, A and [ut]4,, and so does not depend on R. The result

follows by using Harnack’s inequality to shift the pole (from X9 to X¢) in (5.12)—(5.13) to obtain
. X

®X2(Q) =limgoo wx?(Q) 2 1. O

The estimates in Lemma 5.11 also imply the following comparison principle. The result is stated on
page 585 in [Fabes et al. 1983] and the proof is the same as in the uniformly elliptic case; see Theorem 1.4
in [Caffarelli et al. 1981] or Lemma 1.3.7 in [Kenig 1994], neither of which use the assumption therein
that A is symmetric.

Lemma 5.15 (comparison principle). Let Q denote a cube in R" and suppose that u, v € W,Ll’z(TzQ) N

C(TzQ) withu,v > 0on Tg. If div(AVu) = div(AVv) =0in Trp andu = v = 0o0n 2Q, then
u(X) _u(Xg)
v(X)  v(Xp)

forall X € Tg,

where the implicit constants depend only on n, A, A and [|]4,.

The following corollary of these preliminaries will be used in Proposition 5.18 to estimate Radon—
Nikodym derivatives of the degenerate elliptic measure.
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Lemma 5.16. If Q¢ and Q are cubes in R" such that Q C Qy, then

0X(0)
wX(Qo)

where the implicit constants depend only on n, A, A and [|1]4,.

a)XQo(Q) = forall X € [R’_frl \ T20,

Proof. Let O C Qg be cubes in R”, suppose that X € [R{'jr"'l \ T> ¢, and consider R > 0 large enough so
that X € X g and T4, C X g. Lemma 5.11 shows that

0% (Q0) £(Q0) = 11(Q0) gr(X 04, X),
X (0)U0) = 1(Q) gr(X0, X)
0% (0)£(0) = u(Q) gr(Xo. X30,)-

Ifu(Y)=gr(Y,X)and v(Y)=ggr(Y¥, X30,), then div(AVu) =div(AVu)v =0in Trg, andu =v =0
on 20y, so the comparison principle in Lemma 5.15 shows that

gr(Xg. X) =U(XQ):V(XQ0)= gr(X gy, X)
gr(Xg.X30,) v(Xo) v(Xg,) gr(Xg,.X30,)

Also, Lemma 5.10 shows that gr(Xo,, X30,) =~ £(Q0)/1(Qo), so together we obtain

wx(Q) _ gr(Xg, X) n(Q) L(Qo) _ gr(Xg, X30,) 1£(Q) £(Qo) _

wp'*(Q)
0X(00) ~ grR(Xge. X) £(Q) 11(Q0) ~ gr(Xg,. X30,) £(Q) 1(Qo) ~ R '

X
The Harnack inequality from (2.18) then shows that ‘U})e( (Q) = a)fg (Qo)wpg Co (Q) and the result follows
by using (5.13) to estimate the limit as R approaches infinity. O

If X,Xp € [R{’_’,_H, then Lemma 5.6 shows that X and wX° are mutually absolutely continuous, so the
Lebesgue differentiation theorem for the locally doubling measure wX° implies that the Radon—Nikodym
derivative of w¥ satisfies
do* X (Q(y.5)) Xo

TR Y T T

where Q(y, s) denotes the cube in R” with centre y and side length s. The following decay estimate for

K(Xo,X,y):=

-ae. y € R”, (5.17)

the kernel function K extends Lemma 2 on page 584 in [Fabes et al. 1983]. It is the final property of
degenerate elliptic measure needed to prove Lemma 5.24.

Proposition 5.18. If Q¢ and Q are cubes in R" such that Q C Qy, then

1 max{ |y—XQ|
0% (Q) Q)

where o >0 from (2.17) and the implicit constant depend only on n, A, A and [j1]4,.

K(Xgy. X0,y) <

—
,1% , a)XQO-a.e.yer,



CARLESON MEASURE ESTIMATES AND THE DIRICHLET PROBLEM 2135

Proof. Let Q C Qg denote cubes in R” and fix J € N such that 2710 € Qg €27 Q. If y € Q, then
Lemma 5.16 and the Harnack inequality in (2.18) show that

@22 (0(y.5)) _ 0¥ (Q(y.))
®*220(Q) wX20(Q)
whenever 0 < s < dist(y,R* \ Q). If y € 2/ 0\ 2/71Q for some j € {1,...,J}, then the boundary

Holder continuity estimate in (5.7) combined with Lemma 5.16 and the Harnack inequality in (2.18) show
that

0X2(Q(y.s) =

t(Q)
2/724(Q)

€(Q) )"‘w"Qo(Q(y,s))

* ijfz —
) w Q(Q(y’s))’\’(b;_le a)XQO(ZjQ)

o0 % (
whenever 0 < s < dist(y, R” \ (2/ Q \ 2/720Q)), where « > 0 from (2.17) and the implicit constants
depend only on 1, A, A and [u]4,. The result follows by using these two estimates to bound the limit
as s approaches zero in (5.17). O

5D. The A o-estimate for degenerate elliptic measure. We now combine the properties of degenerate
elliptic measure with good €g-coverings for sets, as introduced in [Kenig et al. 2000] and defined below
(see also [Kenig et al. 2016]), to construct bounded solutions that satisfy the truncated square function
estimate in Lemma 5.24. This result, combined with the Carleson measure estimate from Theorem 1.3,
allows us to prove the A-estimate for the degenerate elliptic measure in Theorem 5.30. This avoids the
need to apply the method of e-approximability, as was done in [Hofmann et al. 2015a], and so simplifies
the proof in the uniformly elliptic case.

Let D(R™) denote the standard collection {2 (j 4-[0, 1]%) :k € Z, j € Z™} of all closed dyadic cubes S
in R”. For each S € D(R") and n = 2K, where K € N, define D(S) :={S’ e D(R"): S’ C S} and

D7(S):={S' € D(S): £(S") =27 K¢(S)}, (5.19)
so D7(S) is precisely the set of all dyadic descendants of S at scale 2~ X¢(S).

Definition 5.20. Suppose that Q¢ is a cube in R”. If g >0, k € N, 0 € Qg isacube and E C Q,
then a good €g-cover of E of length k in Q is a collection {0y }5;1 of nested open sets that satisfy
E C Op € Og_; C-+-C 01 C Q and each of which has a decomposition 0; = | J72; Sl-l given by a
collection {Sl.l tien € D(R™) of dyadic cubes with pairwise disjoint interiors such that

wX220(0; N SI7Y) < g wX220(S!7Y) foralli eN, foralll € {2,... k}. (5.21)

Let us record a few important consequences of this definition that will be needed. It is proved on
page 243 in [Kenig et al. 2000] that for each i e N and [/ € {2, ..., k}, there exists a unique j € N such
that Sil is a proper subset of Sjl._l; thus E(Sl.l) < %E(S;_l). Also, for m € {2, ..., k}, iterating (5.21) as
in Lemma 2.5 of [Kenig et al. 2000] shows that

wX220(0; N SM) < eb™MwX220(S™) foralli €N, foralll € {m,... k}. (5.22)



2136 STEVE HOFMANN, PHI LE AND ANDREW J. MORRIS

In the uniformly elliptic case, the following result is Lemma 2.3 from [Kenig et al. 2016]. The proof
extends to the degenerate elliptic case, since it only relies on the fact that the degenerate elliptic measure
wX220 is doubling when restricted to the cube Q.

Lemma 5.23. Suppose that Qg is a cube in R™. If €9 > 0, then there exists 8o > 0, depending only on €y,
n, A, A and [|1]4,, such that the following property holds:

If Q € Qo isacube and E C Qg such that wX220 (E) < 8, then there exists a good €y-cover of E of
length k in Q for some natural number k = log(w*220 (E))/log €9, where the implicit constants depend
onlyonn, A, A and [1]4,.

We can now prove the following lemma by adapting the proof in [Kenig et al. 2016] to the degenerate
elliptic case. The original argument has also been somewhat modified.

Lemma 5.24. Suppose that Qg is a cube in R™. If M > 1, then there exists §pr > 0, depending only on
M, n, A, A and [t)a,, such that the following property holds:

If Q € Qg is a cube and E € Q and wX?20 (E) < 8pr, then there is a Borel subset B of R" such that
the solution u(X) := X (B) of div(AVu) =0 in [R{{"_—H satisfies

rHe dp(y)  di
M = / / tVu(y,1))? ———— — forallx € E,
A(x,yt) W(A(x, 1)) t

where y > 0 is a constant that depends only on n, A, A and [[4]4,

Proof. We introduce three constants €g, 8, 1 € (0, 1) that will be chosen with § < §¢, where ¢ is determined
by € as in Lemma 5.23, and n = 27K for some K € N. Therefore, if E C 0 C Qp and wX220 (E) <6,
then there exists a good €g-cover of E of length k in Q such that k < log(wX220 (E))/ log €o. This cover
is denoted by {01}5‘21 with Oy = 2, Sl.l as in Definition 5.20, and for each such cube Sl.l , a dyadic
descendant §l.l in I]])”(Sl.l) that contains the centre of Sl.l is now fixed and

o0
0= 8. (5.25)
i=1
where we note that £(§ )= nﬁ(S ) in accordance with (5.19).

We claim that there exists a Borel subset 3 of R” such that 15 = Z 1—2 01 N0, To see this, suppose
that Zl — 0/ no & (x) # 0 and let /o denote the smallest integer / € [2, k] such that 1 5 \Ol (x)=1.
It must hold that x € 010 1\ Oy, so then x ¢ Oy, which implies x ¢ O; and x ¢ 0, for all l > lo; hence
15 8,_1\0; (x) =0 for all / > [y and the claim follows.

We now aim to choose €, 17 € (0, 1) such that u(X) := wX () on [Ri”Jrl satisfies

(X, 50) —u(X, gl 2 1 forall St eD(S!), foralli eN, foralll €{l,...,k}, (5.26)

where the implicit constant depends only on the allowed constants n, A, A and [u]4,, and if x and )?
denote the centres of S I"and S;, S, then the relevant corkscrew points are precisely X ns! = (x nt(S; ! ))
and X ns! = (x nzﬁ(S )). To this end, we proceed to obtain estimates for u (X Sz) and u(X S;)
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To estimate u (X nS! ), write
12

u(XnSg):/ lgda)XnS{+/ 1gdwXns! =T +11.
‘ R\ S! s!

1

The boundary Holder continuity in (5.7) shows that I < wXys! (R™\ Sl.l ) < Con®, where Cy, @ > 0 depend
only on the allowed constants. To estimate /7, write

X
”—2/1 5, 1o, dons + Z/ 15, 10, 4 "Sl“r/ 1

X o1
~ 5!
s O/\Oj 41 do”ns|
j=l+2 i

=: 111+ 11+ 113.

First, observe that /1y, =0, since if m € {2,...,[}, then Sl.l C 0; € 0j and so (5j_1 \Oj)N Sl-l =
To estimate /15, the kernel function representation in (5.17) and estimates in Proposition 5.18, the local

doubling property of the degenerate elliptic measure in (5.12) and property (5.22) of the good €p-covering,
show that

I, = Z /

K(X20y. X, 51.y) do*220(y)

i=lt2 (0;—1\0,)NS!
k
C X
S w ZQO((OJ I\O/)mS)
XzQO(Sl)JXI;Lz
C k
<—1— > 0*2(0; NS}
— X2Q0(Sl = l~|—2w ( -1 )

k

Cy j-1-1, X CnEO
<— E € 290 (S )< ——

X 0

w2eo (Sil) j=1+2 -

where the constant Cy, > 0 depends only on 1 and the allowed constants.
To estimate 113, observe that Sl.l N 5; = §l-l by the definition of 51 in (5.25); hence

15 = /~ dwXns! — /~ doXns! = 1T} — 11} .
S! S/N0; 41

The term /1] is estimated in the same way as /I, above to show that

C ~ C
" n Xz0 ) n X290 !
115 < —a)XZQO(SiI)w 0(01+1NS;) < CL)XZQO(Sil)a) 0(0141NS;) < Cyeo.
We estimate /1] from above and below. First, note that X nS! = (x r)K(S )) x € Sl and K(S )= nE(S ),
SO ns’ (S )= w sl (S ) by the Harnack inequality in (2 18), whilst wX l(S ) > 1 by Lemma 5.14.
Thus, there exists co € (0, 1) depending only on the allowed constants such that 175 = ® nSl-I (Sl.) > ¢o.
Next, choose a different dyadic descendant § f #* §l-l in ID)”(SZ.I ) that contains the centre of Sl.l . The
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preceding argument shows that a)anlZ (§ll.) > cg, whilst a)anl? (§ll. N §l.l) < w*ps! (3§ ) = 0; hence

co < I} = 0Xns! (§)) = 1 —0%us! R"\ §) <1

—w%ns! (S < 1—co.
The above estimates together show that if € € (0, 1), then
co fu(XnS'_;)fCon“+3Cneo+1—co. (5.27)
To estimate u (X . §i;), write

M(X S‘[):/ 15da) nSl —I—/:\ lgda)anf :jf-i—ﬁ,
1o R1\S! s

i

as well as

[
:Z/ 5,10, d0™is] + Z / 5,10, 4 ns] +/ 1670p4, 478!

j=l+2
III+IIZ+II3

The arguments used to estimate 7, I/; and I/, show that I< a)Xn§{ (R" \§l) < Con*~, ﬁl =0 and
11, < Cyep/(1 —€p). To estimate /13, observe that

SIn 0\ 0111) = (SINSH\ 0144,

where either 0¥ nS! (Sl N S ) =0 and I15=0,o0r Sl 51.1 and

115 :/A dw*s! —/A dwXns! =: 11— 117,
Sil S-lﬂ01+1

The boundary Holder continuity estimate in (5.7) shows that

Ty = 05! (S = 1—0Xss! ®R*\ §) > 1 - Con®,
whilst repeating the arguments used to estimate /75 shows that
ﬁ// < Cﬂ

PN C
__n X2 l _—n Xs0 I
—0"22(0;+1NS;) < w220(0;41 N S;) < Cyeop.
= oTaegh O NI = e gy O 9D = Greo
These estimates together show that if €g € (0 l) then either

Ofu(X,,ﬁil)ECOUa+3Cn€0 or ”(Xn§;)31_(con“+cn€0)'

(5.28)
The estimates (5.27) and (5.28) together imply

|M(XnS,~’) - M(Xn§,~’)| > co —2Con* —4Cyeo.
We thus obtain (5.26) by first choosing 1 € (0, 1) so that 2Con* < %co and then choosing ¢ € (O )

: 1

2
(depending on 1) so that 4Cyeg < %C(). These choices of 7 and €, which depend only on the allowed
constants, are now fixed.
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To complete the proof, suppose that M > 1 and x € E, and recall that § € (0, §p) remains to be chosen,
where 8¢ is now fixed by our choice of €y as in Lemma 5.23. First, fix a cube S¥ in {Sl.k }ien such that
x € Sk The remarks after Definition 5.20 then imply that for each [ € {1,...,k — 1}, there exists a
unique cube S in {Sl-l}ieN such that x € S’ and S/+! ¢ §; thus £(S!*1) < %Z(Sl). Next, for each
I e{l,..., k}, fix a dyadic descendant S’ in D"(S?) such that x € S’.

Observe that, for some t € (0, 1) sufficiently close to 1 and depending only on 7, the corkscrew points
X, st and X nS! both belong to the dilate rQl of the cube

0L = {(y.0) € R 1 |y —xloo < (3 + 12)E(SD). In?e(Sh) <1 < (1 4+ DS}
with (Z(Q%) =1+ %772)6(51). Therefore, if ¢! := fQé u, then the Moser-type estimate in (2.16), the
Poincaré inequality in (2.5) and the doubling property of p show that

12 12
—c "< fu—c

2 12
|M(X7/S1)_M(Xn§l)| f,lu(X,]SI)—Cl + u(X, s Lo(xQh)

77Sl)

S f u-cPanz el £ 1vultd
2, o)

e(s!
< S e [ Ve d
p(A(x, (14 3m2)Ush)) Jof

du(y) dt
[tVu(y, )| ———— —. (5.29)

s, oo i
Iterating the bound £(S!*1) < %K(S ) shows that £(S!") <2!=""¢(S") when I’ > [. This implies that
the collection {Q,ll, cee, Q],j} has the bounded intersection property whereby, for each [ € {1,...,k},

there are at most 3 + 21log,(1/5? + 1)) such cubes Qf; satisfying Qi,/ N Q,l7 = @. This allows us to sum
estimate (5.29) over [ € {1,..., k} and then apply (5.26) to obtain

» du(y) di _ [THD > du(y) dt
"5"// AR (A(x,r))Tsfo /A(x,m"v“(y’”' W(AG0) 1

for some y > 0 that depends only on 7 > 0 and thus only on the allowed constants.

To conclude, recall that k = log(wX220 (E)™1)/log(1/e€o) > log(1/8)/ log(1/€p), since wX220 (E) <
8 < 1. Therefore, the result follows by choosing § € (0, §o] such that M < log(1/48), since §ps:= 6
depends only on M and the allowed constants. O

We now combine the above technical lemma with the Carleson measure estimate from Theorem 1.3 to
prove the main A-estimate for degenerate elliptic measure.

Theorem 5.30. Suppose that Qg is a cube in R™. If X € [Rf'l \Tg, and w := wX | Qo denotes the
degenerate elliptic measure restricted to Qy, then w € Aoo(J4) and the following equivalent properties
hold:

(1) For each € € (0,1), there exists § € (0, 1), depending only on €, n, A, A and [jt]a,, such that
the following property holds: if Q C Qg is a cube and E C Q such that o(E) < sw(Q), then

R(E) < epn(Q).
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(2) The measure w is absolutely continuous with respect to | and there exists q € (1, 00) such that the
Radon—Nikodym derivative k := dw/du satisfies, on all surface balls A C Qy, the reverse Holder

estimate
1/q
()" oo
A A

where q and the implicit constant depend only on n, A, A and [1t]4,.

(3) There exist C, 0 > 0, depending only on n, A, A and [|1]4,, such that

(E)<C(“EQ;) w(0)

for all cubes Q C Q¢ and all Borel sets E C Q.

Proof. 1t is well known that (1)—(3) are equivalent; see Theorem 1.4.13 in [Kenig 1994]. Moreover, by
Lemma 5.16, it suffices to prove (1) when X = X, ¢,,. In that case, by Lemma 5.24, the Carleson measure
estimate in Theorem 1.3, Fubini’s theorem and the doubling property of u, it follows that for each M > 1,
there exists 637 > 0, depending only on M and the allowed constants, such that the following property
holds: if Q € Qg is acube and E € Q such that w(E) < §pr@(Q), then there exists a solution u of the
equation div(AVu) = 0 in [R{T'l with ||u]jeo < 1 such that

YD Cdu(y)  di
2 d
Mu(E) < /E /0 /A vt 0P S S

7e(0) dt
2 —
<[, oo ano < u),

where the implicit constants and > y > 0 depend only on the allowed constants. Therefore, if € € (0, 1),
we choose M(€) > 1 and thus dps(c) € (0, 1), depending only on € and the allowed constants, such that
W(E) <eu(Q), as required. O

5E. The square function and nontangential maximal function estimates. The L7, w(R™)-norm equiv-
alence between the square function Su and the nontangential maximal function Nyu of solutions u
in Theorem 1.5 is now a corollary of the main Ao-estimate for the degenerate elliptic measure in
Theorem 5.30. This was proved by Dahlberg, Jerison and Kenig in Theorem 1 of [Dahlberg et al. 1984],
which actually provides the more general result in Theorem 5.31 below. In particular, the degenerate
elliptic case is treated on page 106 of the same paper, noting that the normalisation u(Xo) = 0 assumed
therein is actually only required for the so-called N < S-estimate.

Theorem 5.31. Suppose that © : [0, 00)— [0, 00) is an unbounded, nondecreasing, continuous function
with ®(0) = 0 and ©(2t) < CD(¢) for all t > 0 and some C > 0. If div(AVu) =0in errl’ then

[ O(Su) du < / S(Naw) dp.
[Rﬂ Rn
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and if, in addition, u(Xo) = 0 for some X¢ € [RR’_’,_H, then

[ o duz /R (5w dp.

where the implicit constants depend only on Xo, ®, n, A, A and [t]4,.

The next result is also a consequence of the main Aso-estimate in Theorem 5.30. It will allow us to
construct solutions to the Dirichlet problem (D)., as integrals of Lﬁ(R”)—boundary data with respect to
degenerate elliptic measure.

Lemma 5.32. Suppose that 1/p + 1/q = 1, where q € (1,00) is the reverse Holder exponent from
Theorem 5.30. If X = (x,t) € [RET’I, then the Radon—Nikodym derivative k(X,-) 1= do*X /du is in
Lz (R™) and

[ G097 () 5 (A

Moreover, if f € Lﬁ(R”) and u(X) := [gn f(3) dw”, then ||N*“||Lﬁ(Rn) < ||f||ij(Rﬂ)- The implicit
constant in each estimate depends only on n, A, A and [|1]4,.

Proof. Suppose that X = (x,1) € IRTLI. The proof of Proposition 5.18 shows that

k((x’ th)a y)
0@ O (A(x,2/t))
Applying the reverse Holder estimate from Theorem 5.30 then shows that

[k anm = [

SAC D) T+ 2 (A, 27 0) S (A1)
Jj=1

k((x,t),y) <277@ forall y € A(x,27¢)\ A(x,2/71¢), forall j € N.

k(0. )" du) + Y | k(e 0, )7 dpa(y)
0 =/

(x,27 )\ A(x,2/~1¢)

s

To obtain the nontangential maximal function estimate, it suffices to consider the case when f > 0,
since in general we may then decompose f = f — f into its positive and negative parts T, £~ > 0.
To this end, suppose that xo € R” and that X = (x,1) € R’jfl in order to write

oo o)
f = flA(XO’Zt) + Z flA(xO,szrlt)\A(xO’zjt) = Z f)
Jj=1 Jj=0

and define

0= [ H0d*0)= [ GO duo),

The self-improvement property of the reverse Holder estimate from Theorem 5.30 (see Theorem 1.4.13
in [Kenig 1994]) implies that there exists an exponent r > g such that

1/r
(][A k(a0 ) du(y)) < ][A k(G ), ) du(y) < ﬁ (5.33)

for all surface balls A € A(x, %t)
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Now suppose that X = (x,¢) € I'(xp). To estimate ug, we apply the interior Harnack inequality in
(2.18) followed by Holder’s inequality and (5.33) to obtain

wo(x. 1) = uo(x. 61) < / FOYk(x60). y) d(y)

A(x0,2t)

1/r , 1/r
< ( / |k(<x,6z>,y)|’du<y>) ( [ oy du(y))
A(x0,2t) A(x0,2t)

, , 1/r’
< (A (xo, 207V ( /A oY du(y))

< M (f")(xo)]V".

To estimate u; when j € N, we apply the boundary Holder continuity estimate from (5.7) and then

(x0,21)

proceed as in the estimate above to obtain

r\* . . :
uj(x,t) < (2—”) uj(xg,2t) <2 '/a“j(xo,2'/+2t)

52_ja/ SO k((x0,27F210), y) dp(y)
A(XQ,ZJ'HZ‘)

. ) 1/r , 1/r’
soe([ ko2 ooy anm) ([ o du)
A(x0,27F1z) A(x0,27F12)

) , 1/r’
sz—ﬂ*(][ oy du(y))
A(x0,2/ T1¢)
< 27 M (f ) (xo)] VT

The above estimates together show that
Nau(xo) < [Myu(f 7 ) xo)] /"
for all xo € R", and since r’ < ¢’ = p, it follows that ||N*u||Lﬁ < ||f||Lﬁ, as required. |

We conclude the paper by using the preceding lemma to obtain solvability of the Dirichlet problem
(D)p,u- A uniqueness result is also obtained but only for solutions that converge uniformly to O at infinity.
This restriction does not appear in the uniformly elliptic case; see Theorem 1.7.7 in [Kenig 1994]. It
arises here because of the absence of a Green’s function for degenerate elliptic equations on unbounded
domains (see Section 5C) and it is not clear to us whether this can be improved.

Theorem 5.34. Suppose that 1/p + 1/q = 1, where q € (1, 00) is the reverse Holder exponent from
Theorem 5.30. The Dirichlet problem for Lﬁ(R”)—boundary data is solvable in the sense that for each
f e Lﬁ(IR”), there exists a solution u such that

div(AVu) =0 in R,

Nou € LE(R"), (D)p.s

hml—)O M(' ’ t) = .f?
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where the limit converges in Lﬁ(R")-norm and in the nontangential sense whereby

u(y.n) = f(x)

lim
T'(x)>(y,t)—>(x,0)

for almost every x € R"™. Moreover, if f has compact support, then there is a unique solution u of (D)p .
that converges uniformly to O at infinity in the sense that limpg_ o ||u “LOO(RTI \B.R) =0

Proof. Suppose that [ € Lﬁ(IR”) and define u(X) := [ou f dwX forall X IRTLl. We first prove that
div(AVu) =0 in [R{’rLl. Let (f;); denote a sequence in C.(R") that converges to f in Lﬁ([Ri”) and
consider the solutions u; (X) := [ fj dwX. The L9 (R")-estimate for the Radon-Nikodym derivative
dwX /dp from Lemma 5.32 and the doubling property of i show that

llj = vllLoe k) Sk 15 = SlliLg @

for all j € N and any compact set K C [R{’:LH, SO u; converges to u in Li’loc([R{”). Moreover, (fe;cioppoli’s
inequality and the arguments preceding (5.4) show that u; converges to a solution v in WM e (R?), so

then u = v is a solution in errl as required.

The nontangential maximal function estimate || Nyu|| LE@®Y) S INal LE @) is given by Lemma 5.32.
To prove the nontangential convergence to the boundary datum, first recall that u; € C ([ﬁi’_’i_ﬂ) with
ujlgn := fj, s0 imr(x)s(y,1)—(x,0) 4j (¥.1) = fj(x) (see Section 5B). We combine this fact with the
bound

(1) = OO < Ju(ret) = (. O]+l (0.0 = O+ 15 = )]
to obtain

limsup — u(y.2) = f(X)] < [Nu(u —u; )| + [(f = f7) ()]

r'x)>(y,t)—>(x,0)

for all x € R". For any n > 0, we then apply Chebyshev’s inequality and the nontangential maximal
function estimate from Lemma 5.32 to show that

p({xeR": lim sup lu(y.1)— f(x)| >n})
I'(x)2(y,1)—>(x,0)

< u({r € R Nulu—u))(x) > 3n}) + p(fx € R (f = /) @0)] > S)
S0P UNe =) p gy + 1 = S )
SIS = S0 p gy

It follows, since f; converges to f in L% (R"), that

li 1) =
F(x)a(ylyltl)lﬁ(x,o)u(y ) f(x)

for almost every x € R”, as required. The norm convergence lim;—q |[u(-, ) — f]|| LE@) then follows
by Lebesgue’s dominated convergence theorem.

It remains to prove that u is the unique solution satisfying lim| x| [[4(X)|lcc = O when f has
compact support. In that case, fix Ry > 0 such that f is supported in the surface ball A(0, Rg). If
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X e [Riﬁ_“ and | X | > 2Ry, then the reverse Holder estimate in Theorem 5.30 shows that

(X)] < /A SO k(X y) du(y)

0,Ro

1/q
<11l ey ( /A o1 FED du(y))

1
S gy (A0 31XD) 17 f k(X ) dpa()
A(0,1X|/2)

-1/
= ”f”Lﬁ(R")/’L(A(07%|X|)) 7,

whilst limg_, 0 (A0, R)) = o0, since p is in the Aso-class with respect to Lebesgue measure on R”;

thus limg—oo U]} o ®+\B(O.R) = 0. The maximum principle allows us to conclude that any solution
. . + ’ .

of (D)p,;, with this decay must be unique. |
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