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TANGENT MEASURES OF ELLIPTIC MEASURE AND APPLICATIONS

JONAS AZZAM AND MIHALIS MOURGOGLOU

Tangent measure and blow-up methods are powerful tools for understanding the relationship between
the infinitesimal structure of the boundary of a domain and the behavior of its harmonic measure. We
introduce a method for studying tangent measures of elliptic measures in arbitrary domains associated
with (possibly nonsymmetric) elliptic operators in divergence form whose coefficients have vanishing
mean oscillation at the boundary. In this setting, we show the following for domains & C R > 2:

(1) We extend the results of Kenig, Preiss, and Toro (J. Amer. Math. Soc. 22:3 (2009), 771-796) by
showing mutual absolute continuity of interior and exterior elliptic measures for any domains implies
the tangent measures are a.e. flat and the elliptic measures have dimension #.

(2) We generalize the work of Kenig and Toro (J. Reine Agnew. Math. 596 (2006), 1-44) and show that
VMO equivalence of doubling interior and exterior elliptic measures for general domains implies the
tangent measures are always supported on the zero sets of elliptic polynomials.

(3) In a uniform domain that satisfies the capacity density condition and whose boundary is locally finite
and has a.e. positive lower n-Hausdorff density, we show that if the elliptic measure is absolutely
continuous with respect to n-Hausdorff measure then the boundary is rectifiable. This generalizes the
work of Akman, Badger, Hofmann, and Martell (Trans. Amer. Math. Soc. 369:8 (2017), 5711-5745).
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1. Introduction

1A. Background. In this paper, we study how the relationships between the elliptic measures of two
complementary domains in R"*!, for n > 2, dictate the geometry of their common boundaries. We
shall denote those domains by Q1 and Q2 and the respective elliptic measures by ™' and ™. Bishop,
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Carleson, Garnett and Jones [Bishop et al. 1989] showed that, for disjoint simply connected planar
domains with mutually absolutely continuous harmonic measures, the boundary has tangents on a set of
positive measure. Kenig, Preiss, and Toro [Kenig et al. 2009] showed that if Q¥ are both nontangentially
accessible (or NTA) domains in R"t1 with n > 2, and the interior and exterior harmonic measures are
mutually absolutely continuous, then at every point of the common boundary except for a set of harmonic
measure zero, 92T looks flatter and flatter as we zoom in. We will not define NTA but refer the reader to
its inception in [Jerison and Kenig 1982]. Recently, the authors of the current paper, along with Tolsa
[Azzam et al. 2017b], as well as with Tolsa and Volberg [Azzam et al. 2016c¢], showed that additionally
the boundary is n-rectifiable in the sense that, off a set of harmonic measure zero, the boundary is a union
of Lipschitz images of R"*!, and in fact Q* and Q~ need not be NTA but just connected.

These are, however, almost everywhere phenomena, so it is interesting to ask what assumptions we need
on w® to guarantee some nice limiting behavior of our blow-ups at every point. Kenig and Toro [2006]
showed that if Q% is 2-sided NTA and log(dw™ /dwt) € VMO(dw™), then as we zoom in on any point
of the boundary for a particular sequence of scales, Q2" begins to look more and more like the zero set
of a harmonic polynomial (see Section 6 for the definition of VMO). In [Badger 2011], it is further shown
that these harmonic polynomials are always homogeneous, and [Badger 2013] investigates the topological
properties of sets where the boundary is approximated by zero sets of harmonic polynomials in this way.

To explain these results in more detail, we need to discuss what we mean by “blow-ups” and what it
means for these to look like not necessarily one object but any one of a class of objects as we zoom in
on harmonic measure. There are two ways we can consider this. Firstly, we can look at the Hausdorff
convergence of rescaled copies of the support of a measure as we zoom in. To do this, we follow the
framework of [Badger and Lewis 2015].

Definition 1.1. Let A ¢ R"*! be a set. For x € A, r > 0, and .¥ a collection of sets, define

) dist(a, x + S) dist(z, A)
O (x,r) = inf E _ E — .
2 (x, 1) Slgymax{ .
acANB(x,r) z€(x+S)NB(x,r)

We say x € A is a . point of A if lim, ¢ @ff (x,r)=0. We say A is locally bilaterally well approximated
by .7 (or simply LBWA(.¥)) if, for all ¢ > 0 and all compact sets K C A, there is r, ¢ > 0 such that
@‘Z(x,r) <eforallx e Kand 0 <r <r, k.

Thus, for x € A to be an .”-point means that, as we zoom in on A at the point x, the set A resembles
more and more an element of . (though that element may change as we zoom in).

Secondly, we can look at the weak convergence of rescaled copies of the measure itself. To do this, we
follow the framework of [Preiss 1987]. For a € R**! and r > 0, set

X —a
Ta,r(x) = P

Note that 7, ,(B(a, r)) = B(0, 1). Given a Radon measure j, the notation 7, ,[1] is the image measure
of u by T, ,; that is,
Tor[Wl(A) = n(rA+a), AcCR"™.
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Here and later, for a function f and a measure u, we write f[u] to denote the push-forward measure
FIr)(A) = w(f~1(A)).

Definition 1.2. We say that v is a tangent measure of 11 at a point a € R"*! if v is a nonzero Radon
measure on R"*! and there are sequences ¢; > 0 and r; |, O so that ¢; T, ,,[u] converges weakly to v as
i — oo and write v € Tan(u, a).

That is, v is a tangent measure of p at a point £ if, as we zoom in on pu at & for a sequence of scales,
the rescaled u converges weakly to v.

The collections of measures and sets that we will consider are associated to zero sets of harmonic
functions. Let H denote the set of harmonic functions vanishing at the origin, P (k) denote the set
of harmonic polynomials & of degree k such that £(0) = 0 and F (k) denote the set of homogeneous
polynomials of degree k. For h € H, we define

X, ={h=0}, Qp={h>0},

and
H={wp:he HY, Pk)={w,:he Pk)}, Fk)={wy,:he Fk)},
where
wp = —Vg, - Vhdosy,.
Also set
Pyk)={Zp:he P(1)U---UPk)}, Fxk)={Zy:heFk)}
and

Hy = (X, :h e H).

Here vg, (x) stands for the measure-theoretic unit outward normal of 2, at x € 0% (2, the reduced boundary
of 2. Now £ is a harmonic function and thus, real analytic, which implies that ¥, is an n-dimensional real
analytic variety; hence, 2, is a set of locally finite perimeter and one can prove that H" (92, \ 0*2;,) =0,
where H" stands for the n-Hausdorff measure. Notice now that vg, (x) is defined at " -almost every point
of ¥;, and oy, is the usual surface measure. For a detailed proof of this see [Azzam et al. 2017b, p. 21].

In the rest of the paper we will be dealing with unbounded domains, i.e., open and connected sets
in R"*, with n > 2.

We summarize the best results to date. We first mention a result by the authors, Tolsa, and Volberg.

Theorem 1.3 [Azzam et al. 2016¢; 2017b]. Let QF C R"*! pe two disjoint domains and w* = a)g‘;
for some xy+ € Q. If o are mutually absolutely continuous on E, then for w™-a.e. £ € E we have
Tan(w™, &) € .Z (1) and w* | can be covered up to a set of w*-measure zero by n-dimensional Lipschitz
graphs. Furthermore, if QT are CDC, then lim,_, @féi”(g, r)=0 forw-a.e. & € E.

This was originally shown by Bishop, Carleson, Garnett, and Jones [Bishop et al. 1989] for simply
connected planar domains. Later, Kenig, Preiss and Toro showed that, under the same assumptions,
provided that the domain is also 2-sided locally NTA, it holds that dimw™* = n (but not that w™ is

rectifiable).
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Below we summarize the results so far in the situation when €2 is 2-sided NTA and the interior and
exterior harmonic measures are VMO equivalent, which brings together results and techniques from
Badger [2011; 2013] and Kenig and Toro [2006].

Theorem 1.4. Let QT C R"! and Q= = ext(Q1) be NTA domains, and let w™ be the harmonic measure
in QF with pole x* € Q*. Assume that o™ and w™ are mutually absolutely continuous and f :=dw™ /dw™
satisfies log f € VMO(dw™). Then, there exists d € N (depending on n and the NTA constants) such
that the boundary dQ" is LBWA(Zx(d)) and may be decomposed into sets Ty, ..., Uy satisfying the
following:

(1) For1 <k <d, Ty ={£ € 9Q" : Tan(w™, &) C Z (k).
) ru.-.ury=9Q"
(3) lim, 0 ©;37(€,r) =0 for § € Ty,

The work of [Badger et al. 2017] studies the geometric structure of the set as well as the tangent
measure structure using the conclusions of the results above. We refer to their work for more details.

1B. Blowups of elliptic measures. In this paper, our objective is to recreate some parts of these results
for a class of elliptic measures. Admittedly, there are more results that could be generalized to this setting,
like Tsirelson’s theorem (using the method of [Tolsa and Volberg 2018]), but we content ourselves with
the present results to convey the flexibility of the method.

Let Q Cc R"! be openand A =A(-) =(a;;j(-))1<i,j<n+1 be a matrix with real measurable coefficients
in . We say that A is a uniformly elliptic matrix in Q with constant A > 1 and write A € < if it satisfies
the following conditions:

ATVEP < (A(x)E, ) forae. x € Q and for all £ € R"™!, (1-1)
(A(X)E, ) < AIE]In] for a.e. x € Q and for all &, n € R"*!, (1-2)

Notice that the matrix is possibly nonsymmetric and has variable coefficients. If A € o/, we define a
uniformly elliptic operator associated with A by

Ly = —div(A(-)V).

We will let a)é’x denote the L4-harmonic measure in 2 with pole at x (see Section 11 in [Heinonen
et al. 1993] for the definition), which we also call elliptic measure. It is clear that the transpose matrix
of A, which we denote by A7, is also uniformly elliptic in Q. Finally, a function u : Q — R that satisfies
the equation Lau = 0 in the weak sense is called L4-harmonic. We will denote by ¢ the subclass of </
consisting of matrices with constant entries.

To make sense of tangent measures of an elliptic measure at a point £ in its support, we need to assume
that the coefficients A do not oscillate too much there on small scales.

Definition 1.5. Let  C R"*! and let L4 be an elliptic operator on 2. For a compact set K C 92, we
will say that the coefficients of L, have vanishing mean oscillation on K with respect to Q (or just
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Ly € VMO(L2, K)) if

1
li —- inf A(x)—Cldx =0. 1-3
s sy, 100 Cls -

We also say the coefficients of L4 have VMO at § € 02 if

limL inf/ |[A(x) — C|dx =0. (1-4)
r—0 r"tl cew Jpe nna
Much like the harmonic case, the tangent measures we will obtain are supported on zero sets of elliptic
polynomials associated with an elliptic operator with constant coefficients. For a constant-coefficient
matrix A with real entries, we will denote by H4 the set of L4-harmonic functions # vanishing at zero,
i.e., those functions u for which

/Aww dx =0 forall p e C®(R") and  u(0)=0.

We also let P4 (k) denote the set of L4-harmonic polynomials of degree k vanishing at the origin, and
F4(k) C Pa(k) the subset of homogeneous L 4-harmonic polynomials of degree k. When A = I, we will
simply write F(k), P(k) and H in place of F4(k), P4(k) and Hj4.

For h € Hs, we will write

dof = —vg, - AVhdosy,,

where o stands for the surface measure on a surface S and v is the outward normal vector at x € 9*Q2y,,
the reduced boundary of €2;. Once more, we used that £ is real analytic since A has constant coefficients
and Lah = 0; see, e.g., Proposition 11.3 in [Mitrea 2013]. Again, when A is the identity, we will drop
the superscripts and, for example, write wj, in place of a);:‘. For .7 C €, we write

Hy={w) heHy, Ac.?), Pyk)={w) hePsk), Ac.?), Fo(k)={w} heFak), Ac.?},
Ha =y, Pa=Pay, Fa=Fa),

and define %y 5, P4 5, and Z.o 5 as we did before. Observe that # (1) =.74(1)=.% (1) forany A€ %.

Our results also recover some LBWA properties implied in previous results if we consider domains satis-
fying the capacity density condition (CDC), whose complements also satisfy the CDC (see Definition 3.3
below) and whose associated elliptic measures are doubling. Examples of domains satisfying these
conditions are NTA domains and, by [Martio 1979, Theorem 3.1], any uniform domain €2 for which there
is s > n — 1 such that H_ (B(§,r)N0R2)/r* >c>0forall§ € 92 and r > 0 is a CDC domain.

Our first result extends the work of [Kenig et al. 2009] to the elliptic case, and for domains beyond
NTA. First, recall the dimension of a measure .

For a Borel measure j in R"*!, we define the Hausdorff dimension of i by

dim(p) = inf{dim(Z) : w(R"*'\ Z) = 0}.
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In practice, it is easier to compute this dimension as follows. Define lower and upper pointwise dimension
at a point x € supp u to be

—logu(B(x,r)) and J,L(x)=limsup—10g'u(B(x’r)).

d = liminf
4 o logr r—0 log r

We call the common value d,,(x) = d w(x) = d, (x), if it exists, the pointwise dimension of p at
x € supp u. It is shown in [Barreira and Wolf 2006, Proposition 3] that

dim(p) =esssup{d,(x) : x € A}.

Theorem I. Let QF C R"*! be two disjoint domains and let Ly be a uniformly elliptic operator on
QtUQ™. Let also o* = wé’l’xi for some x+. € Q¥ be the La-harmonic measures in the respective domains
and Ly be in VMO(QT U Q™, &) at wt-almost every € € E C dQtT NdQ™ with respect to either QF. If
w* are mutually absolutely continuous on E, then for w*-a.e. &€ € E we have Tan(w™, £) C .Z (1) and

dim a)i|E = n. Furthermore, if8QjE are CDC, then lim,_, ¢ ®i§+(1)(5, r)=0 forwt-a.e & € E.

Kenig, Preiss, and Toro originally showed this if Q% were both NTA domains, and the dimension was
computed by estimating the Hausdorff dimension directly from above and then using the monotonicity
formula of Alt, Caffarelli, and Friedman [Alt et al. 1984] to estimate it from below. The latter is not
available for L-harmonic functions when L satisfies the VMO condition above. For this reason, we use
instead the fact that the tangent measures are all flat, which forces w™ to decay like a planar n-dimensional
Hausdorff measure on small scales.

Assuming a VMO condition on the interior and exterior elliptic measures, we can also obtain the
results of [Kenig and Toro 2006] and [Badger 2011] for elliptic measures on domains that do not have to
be NTA. We first state a pointwise version of these.

Theorem II. Let QT be a domain in R™, let Q™ := ext(Q") be its exterior, and let Ly be a uniformly
elliptic operator in Q* U Q™. Denote by w™ the Ly-harmonic measures of QF with poles at some points
x* e QF, and assume that w* are mutually absolutely continuous with f = dw™ /dw™. If for a fixed
£ €dQTNAQT it holds that Ly € VMO(QTUQ™, &),

lim<][ fdw+> exp(—][ 1ogfdw+> =1, (1-5)
r=>0NJBE.r) B(&.r)

and Tan(w™, &) # @, then Tan(w™, €) C Fy (k) for some k and

. w1 (B(E,2r))
limsup ———= <
r—0 @ (B, 1)
If QF have the CDC, then additionally

(1-6)

) Feg 5 (k)
lim ©77¢> ,r)=0.
Im ©;q+ é&.,r)

It is well known that Tan(w™, &) # @ whenever w™ satisfies the pointwise doubling condition (1-6). In
our situation, however, we do not assume that, but we get it for free since .#« (k) is compact (see [Badger
2011, Lemma 4.10] for the harmonic case and Theorem 2.4 below).
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One might have guessed that a pointwise version of Theorem 1.4 would have assumed instead that

lim do™ =0,

r—0 B(E,r)

f —][ log fdw™
B(,r)

but we were not able to show that this implies Theorem II. However, under certain conditions they are
equivalent. We will discuss this matter in depth in Section 6 below.
Next, we state a global version.

Theorem IIL. Let QF C R"*! be two disjoint domains in R"+! with common boundary, and let Ly be
a uniformly elliptic operator in QT U Q™ such that Ly € VMO(QTUQ™,&) at every £ € 9QT NIQ™.
Denote by o™ the La-harmonic measures of Q* with poles at some points x* € Q*. If ot is C-doubling,
w* are mutually absolutely continuous, and log f = log(dw™ /dw™) € VMO(dw™), then there is d
depending on n and the doubling constant so that, for every compact subset K C 9Q™,

lim sup dy (T ;[0 ], Z4(d)) =0. (1-7)
r—0 gek

If additionally Q* are CDC domains, then for any compact set K C 92

. P¢.x(d)
lim sup O, ) ,r)=0.
fim sup O, €. 1)

That is, 3Q" € LBWA(Z4 5 (d)).

See Section 2 for the definition of d; (-, £ (d)), which is essentially a distance between measures
and the set P4 (d).

The proof of Theorem II involves some useful lemmas about tangent measures that may be of indepen-
dent interest. Specifically, we refer the reader to Lemma 2.10.

Over the course of working on this manuscript, we also resolved a question left open in [Badger 2011]
(see the discussion on page 861 of that work).

Proposition I. The d-cone 2 (k) has compact basis for each k € (0, n].

See Section 2 for the definition of compact bases. A consequence of this result is that we can improve
on the following theorem of Badger.

Theorem 1.6 [Badger 2011, Theorem 1.1]. Let Q2 C R**! be an NTA domain with harmonic measure »
and let & € 2. If Tan(w, &) C P (d), then Tan(w, &) C F (k) for some k < d.

In the proof of this result, Badger relied on the NTA assumption to conclude that Tan(w, §) was
compact. By using Proposition I (whose proof is rather short), the compactness of .% (k) (to which much
of the proof of Theorem 1.6 is dedicated), and a connectivity theorem of Preiss, we can improve this by
showing that, to get the same conclusion, no a priori information about the geometry of w is needed; it
need not have been a harmonic measure, let alone one for an NTA domain:

Proposition II. Let w be a Radon measure in R" and & € R"*! such that Tan(w, £) C P (k) for some
integer k. If Tan(w, &) N.% (k) £ & for some integer k, then Tan(w, &) C F (k).
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1C. Rectifiability and elliptic measure for uniform domains. The blow-up arguments we use also have
an application to studying the relationship between rectifiability and harmonic measure, a subject in
which there have been a flurry of results in the last few years. For simply connected planar domains,
the problem of when harmonic measure is absolutely continuous with respect to 7! is classical. Bishop
and Jones [1990] showed that, if €2 is simply connected, wg, <K #! on the subset of any Lipschitz curve
intersecting 9$2. Conversely, Pommerenke [1986] showed that if wg < ! on a subset E C 9%2, then that
set can be covered by Lipschitz graphs up to a set of harmonic measure zero. In fact, a much earlier result
of the Riesz brothers says that any Jordan domain has harmonic measure and is #! mutually absolutely
continuous if and only if the boundary is rectifiable; see [Riesz and Riesz 1920] or [Garnett and Marshall
2005, Chapter VI.1].

In higher dimensions, the problem is more delicate. There are some examples of simply connected
domains Q C R"*! with n-rectifiable boundaries of finite " -measure so that either wq & H" or H" & wq;
see [Wu 1986; Ziemer 1974]. David and Jerison [1990] showed that mutual absolute continuity occurs
for NTA domains with Ahlfors—David regular boundaries. Building on that, Badger [2012] showed that
H" K wg if 2 is an NTA domain whose boundary simply has locally finite H"-measure, although we
showed with Tolsa that the converse relation wg < H" could be false for such domains [Azzam et al.
2017c].

However, in [Azzam et al. 2016b], along with Hofmann, Martell, Mayboroda, Tolsa, and Volberg, we
showed that for any domain  C R"*! and E C 92 with wq(E) > 0 and H"(E) < 00, if wg < H" on E,
then £ may be covered up to wg-measure zero by Lipschitz graphs. By a theorem of Wolff, harmonic
measure in the plane lies on a set of o-finite 7{!-measure, and so the assumption that ' (E) < oo is
unnecessary in this case (although very necessary in higher dimensions due to the existence of Wolff
snowflakes). With Akman, we developed a converse for domains Q C R**! with big complements,
meaning

Hoo(B(E,r)\Q) > cr" forall £ € 9Q and 0 < r < diam 9<2. (1-8)

We showed that, for such domains, wg << H" on the subset of any n-dimensional Lipschitz graph [Akman
et al. 2019], and hence, for these domains, we know that absolute continuity is equivalent to rectifiability
of harmonic measure (versus rectifiability of the boundary).

There are fewer positive results concerning absolute continuity and rectifiability of elliptic measures.
Even in the case of the half-plane, without some extra assumptions on the behavior of the elliptic
coefficients, elliptic measure can be singular [Caffarelli et al. 1981; Sweezy 1992; Wu 1994], and some
sort of Dini condition on the coefficients near the boundary is needed [Fabes et al. 1984; Fefferman et al.
1991]. For example, Kenig and Pipher [2001], considered the following condition.

Definition 1.7. Let §(x) = dist(x, 02). We will say that an elliptic operator L = — div AV satisfies the
Kenig—Pipher condition (or KP-condition) if A = (a;;j(x)) is a uniformly elliptic real matrix that has
distributional derivatives such that

£§(2) = sup{8(x)|Va;;(x)|*: x € $B(z,8(2)), 1 <i, j <n+1} (1-9)
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is a Carleson measure in €2, by which we mean that for all x € 92 and r € (0, diam 9€2),

/ e5()dz < Cr.
B(x,r)NQ

In [Kenig and Pipher 2001], they showed that for Lipschitz domains in R"*!, elliptic operators satisfying
the KP-condition give rise to elliptic measures which are A-equivalent to surface measure. In fact,
it was proved in [Hofmann et al. 2017] that the same result can be obtained under the following more
general assumptions on the coefficients:

. Vaij (S Liploc(Q)’
(KP) = { 182l VaijlllL=@) < oo, (1-10)
3(x)|Va;j(x) |? is a Carleson measure

for 1 <i, j <n+ 1. Akman, Badger, Hofmann, and Martell observed in [Akman et al. 2017, Section 3.2]
that, using the same arguments in [David and Jerison 1990], this result can be extended to NTA domains
with Ahlfors—David regular boundaries. They used this fact to show that, on a uniform domain Q2 (see
Definition 8.1 below) with Ahlfors—David regular boundary, if L4 is a symmetric elliptic operator satisfying
alocal L' version of (1-9), i.e., A € Lip;,.(Q) and sup{|Va;j(x)| : x € 3B(z,8(2)), 1 <i,j <n+1}is
a Carleson measure with Carleson constant depending on the ball, then H" < wé implies n-rectifiability
of the boundary.

Using our blow-up arguments, we can obtain the following improvement.
Theorem 1IV. Let Q@ C R**! be a uniform CDC domain so that H"|yq is locally finite. Let wSLf be the

La-harmonic measure associated to a (possibly nonsymmetric) elliptic operator satisfying (1-1) and (1-2).
Let E C 0S2 be a set with H"(E) > 0 such that H" < a)é’* on E and for H"-a.e. £ € E

H"(B(§,r)NOKQ)
@ry

Oy (&, 1) = limi(glf >0
’ r—

and A has vanishing mean oscillation at . Then E is n-rectifiable.

Surprisingly, to get this improvement requires a very different set of techniques than originally
considered in [Akman et al. 2017]. Let us point out that the argument therein uses the symmetry
hypothesis on the coefficients in a significant way and does not seem easy to extend to the nonsymmetric
case unless one additionally assumes that H" « wéAT.

Having VMO coefficients #"-a.e. on 0€2 is natural as it is implied by the Carleson condition considered
in [Akman et al. 2017; Kenig and Pipher 2001] by the following proposition:

Proposition III. Ler Q C R™! be a uniform domain and suppose that A is an elliptic matrix satisfying
(1-1) and (1-2) such that A € Lip,,.(2) and, for some ball By centered on 9$2,

/ 8(x)|Vay; (x)|* dx < oo. (1-11)
By

Then Ly € VMO(L2, &) for H"-a.e. £ € ByN oK.
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Discussion of related results. Near the completion of this work, we learned that Toro and Zhao [2017]
simultaneously proved that H" <« wq implies rectifiability of the boundary if & € R"* is a uniform
domain with Ahlfors—David n-regular boundary and the elliptic coefficients are in W' (). They also
exploit the vanishing oscillation of the coefficients at almost every boundary point (which they show is
implied by the W!! condition) in the context of uniform domains, though, their proof is distinct by their
use of pseudotangents and stopping-time arguments.

1D. Notation. We will write a < b if there is C > 0 so that a < Cb and a <, b if the constant C depends
on the parameter 7. We write a & b to mean a < b < a and define a ~; b similarly.

2. Tangent measures

2A. Cones and compactness. Given two Radon measures @ and o, we set
Fp(u,o0) = suP/ fd(p—o),
f

where the supremum is taken over all the nonnegative 1-Lipschitz functions supported on B. For r > 0,
we write

Fr(u,v) = Fpo,n, Fr(n)=F(u,0)= /(l’ — Iz + dp.

A set of Radon measures .# is a d-cone if cTy [u] € 4 forall w € #, c >0and r > 0. We say a
d-cone has closed (resp. compact) basis if its basis {u € .# : Fi(u) = 1} is closed (resp. compact) with
respect to the weak topology.

For a d-cone .#, r > 0, and « a Radon measure with 0 < F, () < oo, we define the distance between

wand .# as
u

Fr(w)’

Lemma 2.1 [Kenig et al. 2009, Section 2]. Let u be a Radon measure in Rt and .# a d-cone. For
EcR" T andr > 0:

(1) Tz, [1](B(O, 5)) = n(B(&, sr)).

Q) [ fdTe, [nl= [ foTs,dp.

(3) Fpe,rn(w) =rFi(T (1))

4) Fper(p, v) =rFi(Tg (1], Te [V]).

(5) wi — p weakly if and only if F.(u;, ) — 0 forall r > 0.

6) dr(u, #) < 1.

(N dr(p, A) = di(To (1], A).

(8) If ui = n weakly and F,() > 0, then d, (i, #) — d. (i, A).

Lemma 2.2 [Kenig et al. 2009, Remark 2.13]. A d-cone .# of Radon measures in R"*! has a closed
basis if and only if it is a relatively closed subset of the nonzero Radon measures in R"*,

dr(u,///)=inf!F,( v):ve//,FAv):l}.
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Proof. One direction is obvious, so suppose .# has closed basis and w; € .# converges weakly to some
nonzero Radon measure p. Then F, (1) > O for some r > 0. The set {v € . : Fi;(v) = 1} is closed
by assumption, and since .# is a d-cone, the set {v € % : F,(v) = 1} is also closed. Hence, since
Wi/ Fr(ui) = w/F(u), we know p/F,. (i) € 4, and thus u € 4. Il

Lemma 2.3. If u is a nonzero Radon measure and 4 is a d-cone with closed basis, then u € .# if and
only ifd.(u, #) =0 forallr > 0 for which F.(u) > 0.

Proof. Suppose d, (i, #) = 0 for all r > 0 for which F,(u) > 0. For j € N large enough, we can find a
sequence ujx € .4 such that

. M
Fi(ujx)=1 and lim F~<—,,u-’):0. 2-1)
J\Mj.k J Fj(,u) J.k

k—>00
In particular, we can pass to a subsequence so that u; ; converges weakly in B(0, j) to a measure u;
supported in B(0, j) with Fj(u;) =1. In view of (2-1), the latter implies = F; () in B(0, j), and thus
F(upj — .
Since pj — pnj and Fj(u) # 0 for j large, we can pick k; so that
1
JFi(w)

Fi(wjx;> mj) <
In particular, for any r > O and j > r,

Fr (i Fi (), w) < Fr(j i Fj (), i Fj () + Fr(j Fj (1), 1)

< Fj(ujx Fi (), wj Fj () + Fr(uj Fj (1), 1)
1

< ; + Fp(u; Fj (), n) — 0.

Thus, wjk, Fj(n) — n. By Lemma 2.2, .7 is closed, and since we have w; x; Fj (1) € .# for all j, this
implies i € .. The other implication is trivial. |
Theorem 2.4 [Preiss 1987, Corollary 2.7]. Let j be a Radon measure on R"T! and & € supp pu. Then
Tan(w, &) has compact basis if and only if

lim sup M < 00. (2-2)

r—0 W(B(, 1))
In this case, for any v € Tan(uw, &), it holds that 0 € supp v and
v(B(,2r)) . p(B(§,2p))
————— <limsup ———
v(B(0,r)) p—0 (B, p))
Lemma 2.5 [Mattila 1995, Theorem 14.3]. Let j be a Radon measure on R"*. If & € R and (2-2)
holds, then every sequence r; |, 0 contains a subsequence such that
Tonlul
n(B(&, r}))

forallr > 0.

(2-3)

for some measure v € Tan(u, &).
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Having tangent measures that arise as limits of the form (2-3) is very convenient, but this limit does
not always converge weakly to something. This may happen if p is not pointwise doubling at the point a.
However, all tangent measures are at least dilations of tangent measures arising in this way.

Lemma 2.6 [Mattila 1995, Remark 14.4(1)]. Let i be a nonzero Radon measure, & € supp u, and
v € Tan(u, &). Then there are p; |, 0 and p, c > 0 so that

Tg o [u]
w(B(&, pj))
Proposition 2.7 [Preiss 1987, Proposition 2.2]. Let .# be a d-cone. Then .# has compact basis if and
only if for every A > 1 there is T > 1 such that

—cTyplv]l and Ty ,[v](B) > 0.

Fo, (W) <AF.(W) foreveryV € .# andr > 0. (2-4)

In this case, 0 € supp WV forall ¥ € /.

Theorem 2.8 [Mattila 1995, Theorem 14.16]. Let ju be a Radon measure on R, For ji-almost every
x € R"TL if v e Tan(u, x), the following hold:

(1) Ty,,[v] € Tan(u, x) for all y € suppv and r > 0.
(2) Tan(v, y) C Tan(u, x) for all y € suppv.
Lemma 2.9 [Badger 2011, Lemma 2.6]. Let u be a nonzero Radon measure on R and x € supp ().

Ifv € Tan(u, x), then Tan(v, 0) C Tan(u, x).

2B. Connectivity of cones. The main tool from [Kenig et al. 2009; Badger 2011] is the following
“connectivity” lemma, which was originally shown in [Kenig et al. 2009, Corollary 2.16] under the
assumption that .# had compact basis. For our purposes, we need to remove this assumption.

Lemma 2.10. Let & and .# be d-cones and assume F has compact basis. Furthermore, suppose that
there is ey > 0 such that for u € A, if there is ro > 0 so that d,(u, %) < ¢ for all r > rg, then u € %. For
a Radon measure n and x € supp n, if Tan(n, x) C .# and Tan(n, x) N F # &, then Tan(n, x) C Z.

We will first require some lemmas.

Lemma 2.11. Let % be a d-cone with compact basis. There is B > 0 depending only on F so that the
following holds. Suppose  is a Radon measure in R"*!, & € supp w, Tan(w, £) N.7 # & and

limsupd,,(Tz ,[w], #) > €9 >0 for some ry > 0.

r—0
Then for ¢ < gy small enough, we may find p € Tan(w, §)\.Z so that
(1) dyy(u, ) =,
2) dy(n, F) <e forallr > ry, and
(3) 1(B(0, 1)) < rPu(B(0, 4r)) forall r > ry.

This is an adaptation of the proof of [Kenig et al. 2009, Corollary 2.16], but with some extra care.
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Proof. Without loss of generality, we will assume ro = 1. Let ¢; > 0 and r; | 0 be such that ¢; T¢ , [w] —
v € Z. Since % is compact, by Proposition 2.7, 0 € supp v and so v(B) > 0. Thus, by Lemma 2.1(5),
¢jTe r, [@](B) > 0 for j large. By Lemma 2.1(8), we have that, given ¢ > 0, for j large enough,

di (T o], 7) = di(¢; T 1 [0], F) <. (2-5)

Note that 0 € supp 7, [w] since § € supp w, and so there is no accidental dividing by zero in the definition
of di. By assumption, there is also s; | 0 so that

di(Tg 5;[w], 7) > . (2-6)

We can assume s; < r; by passing to a subsequence. Then by (2-5) and (2-6), let p; € (s}, rj) be the
maximal number such that

dl (Ts,pj [w]7 Lg\) =é&. (2_7)
Then, by the maximality of p;,
sup d\(Tz [w], #) <e. (2-8)
t€lpjirjl

We claim p; /r; — 0. If not, then since p;/r; < 1, we may pass to a subsequence so that p; /r; — 1 € (0, 1),
and so
CJTS,/J_;' [Cl)] = TO,)Oj/K,’ [CjTS,rj [a)]] - T()’[[U] S ya

which contradicts (2-7). Thus, p;/rj — 0, and so (2-8) implies that for « > 1, if j is large enough, we
have 1 <« <r;/p;. If w; = T¢ p,[w], then by Lemma 2.1(7), it holds that

(2-8)
do(wj, F) = do(Tg p; 0], F) = di(Tg op (0], F) < ¢, (2-9)
which by (2-7) implies
di(wj, F)=¢>0 and limsupd, (wj, #) <e forr>1. (2-10)
j—o00
For r > 1, let u; , € .7 be such that F;,(u;,) =1 and
F‘L’r (La Mj,r) < %drr(wj’ y)
Ftr(wj)
By (2-10), for j large enough,
Fo oty ) < For| s ) < 3der (@, 7) < 2e. @-11)
Frr(p) """ ) = T\ Ferwp) ™) 72

Since .# has compact basis, by Proposition 2.7 with A = 2, there is 7 > 1 depending only on .# so that
(2-4) holds for .# = .#. Thus, if ¢ < % by the triangle inequality for F, and (2-11),

DO Fy 202 S (uy) —2e = L =20 . (2-12)
Ftr(wj)

Hence, for any r > 1,
Frr(wj) = 4Fr(wj)-
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Set u; = w;/Fi(w;). Then iterating the above inequality and letting j — oo, we get that for all £ € N,

lim sup Fpe (i) < 4°.

Jj—00
This implies that we can pass to a subsequence so that u; converges weakly to a measure p € Tan(w, §).
In particular, for r > 1, since Fy(u;) = 1, we may compute

. . 2-10
di (e, F) = lim dy(uj, #) = lim dy(w;, 7) "= e,
Jj—> 00 Jj—00

(2-10)
dr(p, F) = lim d, (). 7) = lim d, (0, ) < e,
Jj—00 Jj— 00

and
T (B0, %)) < Fope(u) < 4°F>(u) forall £ € N. (2-13)
Since 7 > 1, for any r > 1, there exists £ > 0 such that -l <r <t If T € (1, 4), then (2-13) implies
T w(B(O0, 7)) < Tr*u(B(0,2)),
where o = 1/log, 7 € (1, c0) and we used that 4% = r'@ Therefore,
1(B(0, 1)) < 7*~*r*u(B(0,2)),

and notice that 7%~ < 1 whenever ¢ > 4; i.e., the constant is independent of 7. In the case that
l<r<tl<4, we simply use that B(0, r) C B(0, 4) to conclude that

p(B(0, r)) = u(B(0,4).
If T > 4, then (2-13) trivially gives

T (B0, %) < 4°u(B(0,2)) < t°u(B(0,2)),
which can only be true if r < t¢ < 2. Thus, B(0, r) C B(0, 2) and (3) readily follows. Il

Corollary 2.12. Let . be a d-cone with compact basis. There is B > 0 so that the following holds.
Suppose 1 is a Radon measure in R"*! so that

(1) Tan(u, &) NF # & and
(2) Tan(u, §)\F # 2.

Then there is ro > 0 so that for any & > 0 sufficiently small, the conclusion of Lemma 2.11 holds.

Proof. Let v € Tan(u, £)\.#. By Lemma 2.3, there exists ro > 0 so that F,,;(v) > 0 and d,, (v, .#) > 0. Let
¢j >0andr; | 0 be so that ¢; Tt ] — v. Then, for j large enough, d,O(Tg,,J. (], F) > %d,o(v, F) > 0.
The corollary now follows from Lemma 2.11 with g9 = %dro (v, F). Il

Proof of Lemma 2.10. If Tan(n, x)\.% # &, then, by Corollary 2.12, we may find u € Tan(n, x) \ % and
g,rg > 0 so that d,,(n, #) = ¢ and d,(u, #) < ¢ for all r > ro. By assumption, this implies u € %,
which is a contradiction. Thus, Tan(n, x) C .%. O
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3. Elliptic measures

3A. Uniformly elliptic operators in divergence form. Let A be a real matrix with measurable coefficients
that satisfies (1-1) and (1-2). We consider the second-order elliptic operator L = — div AV and we say

that a function u € W,\2

oo (§2) 1s a weak solution of the equation Lu = 0 in €2 (or just L-harmonic) if

/AVu Vo =0 forall ¢ € C°(). (3-1)

We also say that u € Wlf)’cz(Q) is a supersolution (resp. subsolution) for L in Q or just L-superharmonic
(resp. L-subharmonic) if [ AVuV¢ >0 (resp. [ AVuVe < 0) for all nonnegative ¢ € C§° ().

In this section, we assume n > 2.

3B. Regularity of the domain and Dirichlet problem. We say that a point xg € 02 is Sobolev L-regular
if, for each function ¢ € W2() N C(R), the L-harmonic function / in Q with h —¢ € W(:’Z(Q) satisfies

lim A(x) = @(xp).
xX—> X0

Theorem 3.1 [Heinonen et al. 1993, Theorem 6.27]. If for xg € 02 it holds that

/1 cap(B(xo, ) N Q°, B(xo,2r)) dr _
o cap(B(xo,r), B(xo,2r)) 1

then xq is Sobolev L-regular. Here cap( -, -) stands for the variational 2-capacity of the condenser (-, -)
(see, e.g., [Heinonen et al. 1993, p. 27]).

We say that a point xo € d<2 is Wiener regular if, for each function f € C(992; R), the L-harmonic
function Hy constructed by the Perron’s method satisfies

lim Hy(x) = f(xo).
X— X0
See [Heinonen et al. 1993, Chapter 9].

Lemma 3.2 [Heinonen et al. 1993, Theorem 9.20]. Suppose that xo € 0K2. If xg is Sobolev L-regular then
it is also Wiener regular.

The aforementioned result from [Heinonen et al. 1993] is only stated for €2 bounded but in fact it holds
for unbounded domains, since the only part of the proof that requires the domain to be bounded is the
existence of a unique solution of the Dirichlet problem with Sobolev Dirichlet data in bounded domains.
This is true though in the unbounded case as well. See, e.g., on p. 11 in [Azzam et al. 2016a] where this
is shown. Moreover, oo is also a Wiener regular point for each unbounded Q C R**!, if n > 2; see, e.g.,
Theorem 9.22 in [Heinonen et al. 1993].

We say that €2 is Sobolev L-regular (resp. Wiener regular) if all the points in d€2 are Sobolev L-regular
(resp. Wiener regular).
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Definition 3.3. A domain  C R"*! is called regular if every point of 92 is regular (i.e., if the classical
Dirichlet problem is solvable in €2 for the elliptic operator £), where 92 denotes the boundary of €2. For
K C 0%, we say that 2 has the capacity density condition (CDC) if, for all x € 02 and 0 < r < diam 9€2,

cap(B(x, r) N QE, B(x,2r)) > r" L.
Note that if n > 2, by Wiener’s criterion, domains satisfying the CDC are both Wiener regular and

L-Sobolev regular.

Let @ C R"*! be Wiener regular and x € Q. If f € C(9L2), then the map f I?f (x) is a bounded
linear functional on C(9€2). Therefore, by the Riesz representation theorem and the maximum principle,
there exists a probability measure w* on 92 (associated to L and the point x € ) defined on Borel
subsets of <2 so that

ﬁf(x) =/ fdw* forall x € Q.
aQ
We call w* the elliptic measure or L-harmonic measure associated to L and x.

3C. Green’s function and PDE estimates.

Lemma 3.4. Let Q C R" n > 2, be an open, connected set so that 0S2 is Sobolev L-regular. There
exists a Green’s function G : Q2 x Q\ {(x, y) : x = y} — R associated with L which satisfies the following.
For 0 < a < 1, there are positive constants C and c depending on a, n and A such that for all x, y € Q2
with x # y, it holds that
0<G(x,y) <Cle—yI'"™,
G(x,y) =clx—y['™ if Ix —y| < ada(x),
G(x,) € CQ@\ xD N W@\ {x}) and G(x, )y =0,

G(x,y) =G (y,x),

where G is the Green’s function associated with the operator Lz, and for every ¢ € C > (R

/ pdo* —e(x) = —f AT(y)VyG(x, y)-Vo(y)dy fora.e x € Q. (3-2)
a0 Q

In the statement of (3-2), one should understand that the integral on right-hand side is absolutely
convergent for a.e. x € Q and a proof of it can be found in Lemma 2.6 in [Azzam et al. 2016a]. The rest
were proved in [Griiter and Widman 1982; Hofmann and Kim 2007].

The lemma below is frequently called Bourgain’s lemma, as he proved a similar estimate for harmonic
measure in [Bourgain 1987].

Lemma 3.5 [Heinonen et al. 1993, Lemma 11.21]. Let Q C R"™*! be any domain satisfying the CDC
condition, xg € 02, and r > 0 so that Q\ B(xq, 2r) % &. Then

wé’x (B(x0,2r))=>c>0 forallx € QN B(xg,r), (3-3)

where ¢ depends on d and the constant in the CDC.
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Lemma 3.6. For Q@ C R"M n > 2. and the assumptions of Lemma 3.4, if B is centered on 0S2, then

G(x, y)ry! zie%% 0" (4B) <w"Y(@4B) forx e BNQand y € Q\2B. (3-4)

In particular, for a CDC domain, we have
G(x, )i ' <wtY(@4B) forxe BNQandy e Q\2B.

Proof. This was originally shown for harmonic measure in [Azzam et al. 2016b], but we cover the details
here.

By Bourgain’s estimate, @Y (4B) > 1 for y € 2B N L, and so for y € Q\2B and x € BN Q
inf,cop5 ™% (4B)

lx — y[n~!

~

inf w*(4B)G(x, y)ri ' < "1 < inf 0?(4B
05 4B)G(x, y)rg "B~ B¢ (4B)

and since G (x, -) vanishes on 9$2, we thus have that, for some constant C > 0,

limsup Cw®? (4B) — inf ol (@B)G (x, y)ry ' =0 forall £ € 3(Q\2B)
y—£ €

and so (3-4) follows from the maximum principle [Heinonen et al. 1993, Theorem 11.9]. U
By an iteration argument using Lemma 3.5, one can obtain the following lemma.

Lemma 3.7. Let @ C R"*! be open with the CDC. Let x € 9Q and 0 < r < diam Q. Let u be a nonnegative
L-harmonic function in B(x, 4r) N Q and continuous in B(x, 4r) N Q so that u =0 in 92 N B(x, 4r).
Then extending u by 0 in B(x, 4r) \ Q, there exists a constant a > 0 such that

8 o
u(y) < C( Q(y)) sup u forally € B(x,r), (3-5)
B(x,2r)

where C and o depend on n, A and the CDC constant, and 3q(y) = dist(y, Q). In particular, u is

a-Holder continuous in B(x,r).
The following lemma is standard but we provide a proof for the sake of completeness.

Lemma 3.8. Let Q@ C R"*! be an open set, and assume that A is an elliptic matrix and ® : R"+! — R*+!
is a bi-Lipschitz map. Set
A :=|det Dg|Dg-1 (Ao®) D] ;.

Then u is a weak solution of Lau =0 in ®(2) if and only if it = u o ® is a weak solution of L ;u =0 in .

Proof. Let ¢ € C°(R"™1) and ¢ = ¥ o ®. Then by change of variables and the chain rule
/ AVu-Vify = / (Ao®@)Vuo®d - Viyod|det Dy |
d(Q) Q
= / (Ao®)D} \V(uo®d) - D} V(yod)|det Do)
Q

=/IdetD¢|D¢1(AoCI>)D£_1V(uoq>)-V(lﬂoCD)z/ AVi-Vg.
Q Q

The lemma readily follows. O
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We will usually apply the above lemma when ®(x) = Sx for some matrix S, in which case
A=(detS)S ' (AoS)(S™HT. (3-6)

Lemma 3.9. With the same assumptions as Lemma 3.8, and assuming 2 is a Wiener regular domain, we
have that for any set E C ®(0Q2) = 0D (2) and x € Q

x L;x _
wgia ™ (E) = 0g™ (@7(E)). (3-7)

Proof. Let ¢ € C°(R"1). Since the function

v(x) :/wdwé’()gz)
is L4-harmonic for x € ®(£2), by the previous lemma we know that the function
~ L,®(x)
v(x) = / (pda)q)(mx
is L ;-harmonic for x € Q. If § € 9€2, then as x — & in 2, ®(x) — P (§) in P(£2), and so

i) = [ ol - o).

Thus, v is the L ;-harmonic extension of (¢ o ®)[3q to 2, and so

/ pdogiy™ = / po®dwg'" forall x € Q.
D () ET9)
Since this holds for all such ¢, we get that for any set £ C 0®(2) = ©(9£2),

Lix, -
Wiy (E) = g (@71 (E)),
which gives the lemma. U

The following lemma will help us relate measures generated by elliptic polynomials to just measures
generated by harmonic polynomials. In particular, if A is an elliptic matrix with constant and real
coefficients, by the change of variables described below (which is just a linear transformation), if % is
a harmonic polynomial solution in an open set 2 and S = /A (where A; is the symmetric part of A),
then 7 = h o S~! is a polynomial solution of —div AV« = 0 in S(2). So, there is a bijection between the
set of harmonic polynomials and the set of polynomial solutions of —div AVu =0 in S(2) (for a fixed
constant elliptic matrix A). Recall also that p is a harmonic polynomial in an open set if and only if it
is a harmonic polynomial in R"*!. So, if A is as above, there is an abundance of nontrivial polynomial
solutions of — div AVu = 0 in any open subset of R**! (including R"*! itself). In fact, Theorem 2 in
[Abramov and PetkovSek 2012] states that for such L4, for any k& € N, there exists a polynomial solution
of Lyh =0 of degree k.

Lemma 3.10. Ler A be an elliptic constant matrix, Ay = %(A +AT), and S = JA;. Let h € Hy and
h=hoS. Then A= (detS)I, h € H and

wj = (det $)" 'S w1, (3-8)
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Proof. Note that since L, has constant coefficients, Lx, = L4 by the fact that for u € C?
1 1
Lau = Zaij 0;0ju = 3 Zaij 0;0ju + 5 Za,-j 0j0;u
ij i,j ij

= Z M aiajbt = LASM.
ij

Thus, if & is an L 4-harmonic function, it is also an L4 -harmonic function. Moreover, for any ¥ eC° (R

[ wao = [ wran= [ nran=[vao

In fact, without loss of generality, we may assume that A = Aj.

Recall now that since Ay is a symmetric, positive definite and invertible matrix with constant real
entries, then it has a unique real symmetric positive definite square root S = +/A; which is also invertible.
Hence, by Lemma 3.8 and (3-6) with A = A, we have that A= (det S)I and h is L (get s)7-harmonic, and
thus just harmonic.

Letnow ¢ € C®(R"*!) and ¢y oS = ¢. By Green’s formula and the fact that S is also symmetric, we have

(detS)/goda)ﬁz(detS)/ flA(p:—(detS)/ Vh-Vg
; 2

:—(detS)/ STVhoS -STViyoS

;

:_/ SSTVhoS VoS
S=H(Qp)

:_/ AVR-VY = | hLs ()
Q

Qh
=/ hLA(w)szdwf=/<pdsl[w,f]. O
Qh

Let us recall some simple facts from linear algebra which help us understand how the geometry of
Q is affected by the linear transformation above. Note that § is orthogonally diagonalizable since it is
symmetric, which means that it represents a linear transformation with scaling in mutually perpendicular
directions. Hence S~! is a special bi-Lipschitz change of variables that takes balls to ellipsoids, where
eigenvectors determine directions of semiaxes, eigenvalues determine lengths of semiaxes and its maximum
eccentricity is given by +/(Amax/Amin) (Where Apax are Ay, are the maximal and minimal eigenvalues
of S~1), which is in turn bounded below by VA" and above by v/A. In particular, S~ (322) =9(S~'(Q)),
A2 <871 < A2 de., S™! distorts distances by at most a constant depending on ellipticity.

3D. The main blow-up lemma. We now introduce the main tool of this paper, which is a variant of
previous blow-up arguments, first introduced by Kenig and Toro [2006] for NTA domains, then extended
to CDC domains in [Azzam et al. 2017b]. Both these cases apply to harmonic measure but can be
extended to elliptic measures with a VMO condition on the coefficients.
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Lemma 3.11. Let Q" C R"™ be a CDC domain, K C Q" a compact set, §; € K a sequence of points,
and L = — div AV a uniformly elliptic operator in Q* such that

1
lim sup — inf / |[A(x) — C|dx =0. (3-9)
r—0 gck r’ Ce?® B(&,r)NQ+

Let w™ be the elliptic measure for Q* and ¢; > 0, and r; — 0 such that a) =T . [w*] * for
some nonzero measure a)+ Let Qj' T ., (Q1). Then there is a subsequence and a closed set & C R"+1
such that:

(a) For all R > O sufficiently large, B(0, R) N 89;.“ #* & and 852].+ N B(0, R) — X N B(0, R) in the
Hausdorff metric.

(b) ¢ =QL UQL, where Q7 is a nonempty open set and Q7 is also open but possibly empty. Further,
they satisfy that for any ball B with B C QL | a neighborhood of B is contained in jS for all j large
enough.

(c) suppwi C X
(d) Letut(x) =Gq+(x,x") on Q1 and u™(x) =0 on (L), Set

uj'-'“(x) = cju™ (xr; +.§j)r’-1_1.

Then u? converges locally uniformly in R"*! and in wlh ([R{”“) 10 a nonzero function ul, which is

j loc
continuous in R" Y, vanishes in (QX)¢, and satisfies

ul,(v) S ol (B(x,4r)r'™" (3-10)

forx e, r>0,and y € B(x,r)NQL. Moreover, there is A(J)r a constant elliptic matrix so that if
Ly =—divAjV, then

/(pda);ro :/ R ullLie foranyge CP (R, (3-11)
Rn

Suppose now that Q~ = R*+! \ QT, so that QT = 9Q™ and Q™ is also connected and has the CDC.
Define analogously WU g 7, and uz,. Assume that A is uniformly elliptic in QT U Q™, (3-9) holds
for QT U Q™ in place of Q+ and w; converges weakly to wy, = cwl, for some number c¢ € (0, c0).
Then Q_, # @ and for a suitable subsequence, (d) holds for U, o, and Q. Furthermore, if we set

+

Uoo = ul, —c~lug,, then:

(€) uwo extends to a continuous function on R"\ which satisfies Lous, = 0 in R"*1,

() T ={ucoc =0}, with uss > 0 0n QL and ux, < 0 on Q. Further, T is a real analytic variety of
dimension n.

(2) do}, =—(0un/dv4,) doygt, where og stands for the surface measure on a surface S and 9/9dva, =
V- AgV is the outward conormal derivative.

Proof. The proof of this lemma can be found in [Azzam et al. 2017b] for harmonic measure for the case
that K = {£} (i.e., so that (1-4) holds). The proof for general K is essentially the same in this setting with



TANGENT MEASURES OF ELLIPTIC MEASURE AND APPLICATIONS 1911

minor changes. Here we shall only record the required modifications (some of which are quite substantial)
for the K = {£} case in order for the same proof to work for any elliptic measure as well. In this case,
& =& forall j. We set

—§
Aj(x) = A(rjx +§), u; (x) = =cjr j - i(r]x +&), ¢ix):= go( -
J
Without loss of generality we can only work with u™ since the results for u~ can be proved analogously.
Notice now that for j large enough, the pole x is not in supp(g;). In fact, for any ball B centered at
the boundary of €2;, we can find jo € N such that for all j > jo, we have xt ¢ T: ;(B). Moreover, for
x € BNQ; and j large enough,

(34)
wb ) = utrix +8) S ! rjr) 0T (4 B+£) =ry "ol (4B). (3-12)

Proof of (b): We only need to prove the existence of B C QJJ“ for large j € N. Suppose there is no such

ball. Let ¢ be any continuous compactly supported nonnegative function for which [ ¢ dwd, # 0, and let
M > 0 be so that supp ¢ C B(0, M). Thus, there must be xo € B(0, M) N supp wl,. We set

8; := sup{dist(x, (2)) : x € B(0, 2M)},

which goes to zero by assumption. For x € B(0,2M) and j € N, let §;(x) € (Q;)C be closest to x so
that |x — ¢;(x)| < 6; < 2M (the second inequality holds because 0 € 89;). It also holds that for all
x € B(0,2M), we have |x — xo| < |x| + |xo| < 3M.

Notice now that for any j big enough, u;f is a solution in B(0, 2M) ﬂQ;f and a subsolution in B(0, 2M).
Moreover, if x € QJJT, then ¢;(x) € BQ;F. Thus, for j large, by Cauchy—Schwarz, Caccioppoli’s inequality
in B(0, M) (which also holds for subsolutions), and the fact that u;.L and ¢ are supported in Q;r and
B(0, M) respectively,

1/2
0 < /fﬁdw;r=/ AjVul Vo Sianm ||V¢||oo(/ |u | )
Qf B(0,2M)

7

(3-5) X 1/2
< (/ ( sup uf)z( 21?4( )> dx)
QFNB0.2M) B (x),2M)

S ( f [wf (B (x), 8M)(2M)' "> d )1/2< i )
~ QNB(0,2M) “i &), o 2M

8: \*
S M) V20T (B(xo, 13M))(2M)'~ <21(4)

and thus
0< /W% SiAnMg (hm sup a)+(B(xo, 13M))) hm(S"‘

]—)OO

<ol (B(xp, 13M))-0=0,

which is a contradiction. Thus, there is B C Q2; for all large j (after passing to a subsequence).
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Proof of (d): Arguing as in [Azzam et al. 2017b], there exists u, which is continuous in R™*! and
vanishes on (21)¢ such that (after passing to a subsequence) ul s uZ, uniformly on compact sets
of R"*1. Moreover, it is not hard to see that uJ.r e WL2(B) for large j. Indeed, by (3-12), it is clear that

luf 1325 S "] 4B, (3-13)
while by Caccioppoli’s inequality and (3-12),
/ Vul PP S r_2/ P Srgllry "ol GB)Prt! =ry " wf 4B)T. (3-14)
B
In view of (3-13) and (3-14) we have
limsup [|u] w125y Sy "2 (1+rp) limsup f (4B)

j—o0 j—o0
<21 +rp)ot (4B) < .

Therefore, by [Hemonen et al. 1993, Theorem 1.32], u+ € Wloc (IR”“) and there exists a further
subsequence of u that converges weakly to u in WILCZ(R”“).
Notice that

—/Q+ AjVuJJ.r-Wp:/(pdwjr.
j

Indeed, by a change of variables, and letting ¢; = ¢ o T; ,; and ¢; = @ o T¢ ,,,

/(pda)f:cj/(pjdafr:/ AVu™ . Vg;
Qt

=cjr} /m A(rix +E)Vut(rjix +£) - Vo(x) dx

J

=/ AjVuf V.
Qf '

Let C; x be a constant elliptic matrix so that

lim(krj)_l_"/ |A—Cjxl=0
J B(&,kr)NQ*

By a diagonalization argument and compactness, we may pass to a subsequence so that for each k,
C; « converges to a uniformly elliptic matrix C, with constant coefficients. It is not hard to check that we
must in fact have that Cx = A for some fixed matrix A (using the fact that inf §; > 0). Thus, we have

1im(Mrj)—1—"/ |A—Al|=0 forall M > 1. (3-15)
J B(&,Mrj)NQ+

To see the ellipticity of A(}L is pretty easy but we show the details for completeness. Note that since A is
uniformly elliptic for a.e. x € Q*, for £ € R"*!

TEP < AW)E-E=(AWx) —ADE - E+AJE-E.
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Then, if we take averages over B(§, Mr;) N 2, use the existence of corkscrew balls in €2; for large j
proved in (b), and then take limits as j — 00, by (3-15) we have

ATNEP < AfE &

The upper bound follows by a similar argument and the proof is omitted.
We will now estimate the difference

fm Ajwj*.w—f AfVul -V (3-16)
J

Q%

for sufficiently large j.
To this end, let supp(¢) C B(0, M). Note that

|(3-16)[ <

f (A(rjx +&) — A))Vu) - V(p‘ +
Qf

/B(O M)(wjlgj ~Vulle ) Al Vel <L+ D

Note that u", uf, € WH(R"*), u} > 0 only in ", and uZ, > 0 only in Q. Since the extension of the
gradient of a function f € WS’Z(SZ) by zero to R"*! (where € is any domain) is the same as the gradient
of the extension of f by zero,! we have that in W!2(B(0, M))

wjlgf = V(ujlgjf) = wj — Vul, =Vl lg) =Vullg:,

so we have I, — 0. On the other hand, since A and A(J)r € L*®(Q),

1/2
no< ||wj+||Lz(B<o,M>)||w||oo( / |A<r,,-x+s>—Ao+|2dx>
B

(

(o,M)mQ,.+

3-14) 1
<, MU=MR2,t (B(O, 4M))(1_+n/
r B

1/2
|A(x) —Ag|dx>
J

(O,Mrj)ﬂQJr
3-15
(—> ) 0.

Thus, combining the above estimates and taking j — oo, we infer that

_/m Agw;.w:/ww;.

In particular, u7 is a continuous weak solution of
tor— —div ATV — 0  in OF
Lyw=—divAjVw =0 in Q.

Since L(J)r is a second-order elliptic operator with constant coefficients, u. is real analytic in QZ. Thus,
by the definition of u_, and since the gradient of its extension by zero is the extension by zero of the
gradient, we have
/ AFVul Vo= / AFVul - Ve.
Q%

Rn+1

ISee Proposition 9.18 in [Brezis 2011]. It is stated for C !_domains, but the direction we need holds for general Q.
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We now use the divergence theorem along with the fact that supp(Vg) C B(0.M) and obtain (writing
LET=L,r)
0

/(pdu)jo = _/R;m div[u;Aa“TV(p] +/[Rn+l u;Lg’T<p = —0+/n M;Lg’T(p,

Rr+1
which finishes the proof of (d). The rest of the proof is almost identical since one only uses that u, is
real analytic in R"*! and Liouville’s theorem for positive solutions of uniformly elliptic equations; see,
e.g., [Heinonen et al. 1993, Corollary 6.11].

One may argue similarly in the case of u;". Notice that in this case, we will obtain a constant-coefficient
uniformly elliptic matrix Aq such that
lir_n(Mrj)_]_”f |A—Ag|=0 forall M > 1. O
J B(E, Mrj)N(QHUQ-)
Now we prove a slightly weaker version of this result in the next two lemmas. Again, this is based

on the details in the proof of [Azzam et al. 2016¢, Lemma 5.3], but with some adjustments for elliptic
measure.

Lemma 3.12. Let Q C R™*! be a domain. Let & ;€ 0Q and L = —div AV be a uniformly elliptic operator
in § such that (1-3) holds with K = {§;} and, if o = a)éA’xo is its La-harmonic measure with pole at
xo € , there is rj — 0 and c; > 0 so that

w;j =Ty 0] > 0o, (3-17)
QNBE;, r;
timinf (208G (3-18)
J r;l+
w*(B(j,2rj))) 21 forall jandz € B(§j,r) NS. (3-19)

Then there is a subsequence such that the following hold: If u(x) = G (x, xo) on Q and u(x) =0 on Q€,
and
uj (x) = cjuxr; +&)rj ",

2
loc

for constant uniformly elliptic matrix Ag and such that

luoollL2@®/2) S @oo(B(0, 2)), (3-20)

/(pdwoo =/ UosoLa,p. (3-21)
Rn+1
If &€ =&; and A is continuous at §, then Ay is just the value of A at §.

then uj converges in L (%B) to a nonzero function us which is Ly ,-harmonic in {x : us > 0} N (%B)

and for any ¢ € CCOO(%B)

Proof. Recall that we let B = B(0, 1). Again, to simplify notation, we’ll just prove the case when
Sj =& €.
By (3-19), without loss of generality, we can scale the ¢; so that

woo (3B) = 1. (3-22)
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Let Q; = T¢ »,(2). By (3-19) and (3-4),
w(B(E,2r))) 2 r]"lflu(x) for all x € B(&§,rj) N2y, (3-23)

and so,

®;(2B) > uj(x) forallx e BNQI, (3-24)

By Caccioppoli’s inequality for L-subharmonic functions and the uniform boundedness of u# in B, we
deduce that, fori =1, 2,

lim sup [|Vut; || 28y2) S limsup [|uj]| 2y S limsup w;(2B) < 000 (2B).
j—o0 j—oo j—00

By the Rellich-Kondrachov theorem, the unit ball of the Sobolev space Wl’z( %B) is relatively compact
in LZ(%[EB), and thus there exists a subsequence of the functions u; which converges strongly in Lz(%B)
to another function uo, € L*(3B). This and the above inequality imply (3-20).

By the same diagonalization argument as in the proof of the previous lemma (although using (3-18)
instead of inf §; > O that we used in the previous lemma), we can pass to a subsequence so that, for some
uniformly elliptic matrix Ag with constant coefficients,

lim(Mrj)_l_" / |[A(x) — Aol =0 forall M > 1. (3-25)
J B(§,Mrj)NS
It easy to check that
/(pda)j =/AjVuj : V(pdx
for any C* function ¢ compactly supported in %B. Then passing to a limit, it follows that
/wdww=fA0Vum-V¢dx, for anyweCCOO(%B). O

Theorem 3.13. Let QF C R"! be disjoint domains. Let & € QT N3dQ~ and L = —div AV be a
uniformly elliptic operator in QU Q™ such that (1-3) holds with K = {&;} with respect to QT UQ™. If

+
ot = wé’l’x is the La-harmonic measure with pole at x* € QF, and if there is ri — 0and c; > 0 so that
a);r =Tz, ryl07] = 0,
a); =c¢j ng,,j [w7] = cwso

for some constant ¢ > 0, then there is a subsequence such that the following hold. If ut(x) = Ga=(x, x%)
on QF, u(x) =0 on (QH)° and
uj () = cju (ery + &), (3-26)

+_ -
i c

some constant uniformly elliptic matrix Ao, and moreover,

1

then uj :=u u; converges in LZ(%B) to a nonzero function U, which is La,-harmonic in %Bfor

1B N Supp woo = {1t =0} N 1B (3-27)

and (3-20) and (3-21) hold. If §; = & and A is continuous at &, then Ay is just the value of A at §.



1916 JONAS AZZAM AND MIHALIS MOURGOGLOU

By applying this result to the sequences c;T; ar; [wT] for all a > 0, we see that u extends to an
L a,-harmonic function on R"*! so that for r > 0
lucoll 20,y S 7' oo (B(O, 41)), (3-28)
and for any ¢ € C>°(R"*1)

/(pda)oo =/ tooL Ay . (3-29)
Rn+1

Proof. The proof is mostly the same as the proof of [Azzam et al. 2016¢, Lemma 5.3], but we provided
some of the details here to show the differences. Again, we assume & = &. Note that since Q1 and Q~
are disjoint, we may assume without loss of generality that

1 1 1
|B(E, §7i)\Q7| = 3|B(&, 57))
and so Bourgain’s estimate implies
0¥ (B(E,2r;)) 21 forall z € B, rj).

Hence, the conclusions of Lemma 3.12 apply to w = 0™, Q = Q%, and u = u™. In particular, (3-24) in
our scenario is
o (2B) Z u (x) forallx e BNQY. (3-30)

Again, by rescaling, we can assume that wo (;B) = 1.
Observe now that for any nonnegative ¢ € C2°(3B) with ¢ = 1 in 3B, by Cauchy—Schwarz and

Caccioppoli’s inequality (since uj.c is positive and L;-harmonic in B N Q,i and zero in B\ ij.:) we have
1 = wx(3B) < / @ dwos = / AoVul - Vo dx

= lim AjVu;.r -Vodx

J QJ+
= All=lIVellLe@) lim Vi |
J JafnB/2
12
- 2
S Ml 1Vplotin( [ )
J QB

J

1/2
< lir_n(/ |uj+|2dx+f |uj+|2dx>
7 \JBnef nfu >1} BNQ; N{u;f <)

< limjinf(l{x eBNQ -ul >1)'? ||uj+||Lw(ij+)) +1t

(3-30) _
< liminf(l{x e BNQ : uf > 1} w0 2B) +1),
J

and so, for ¢ small enough,

BNQ| > [{x e BNQS :uf (x) > 1} 2 00 2B) 2.
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In particular,
|BE, r)\Q7| = |BE, r)) NQF| 2 ! a0 2B) 2. (3-31)

Thus, by the same arguments as earlier in proving (3-24), we have that for j large
a)j_(B(é, 2ri) 2 uj_ ()c)a)oo(ZTB)_2 forallx € B(§,r;))NQ™. (3-32)

Thus, we can apply Lemma 3.12 and can pass to a subsequence so that u; converges in Lz(%B) toa

function uz,. Hence, u —c¢™'u; — uf, —c™'uy, =t us and
c/ pdws = / Laspuy,dx  forany ¢ € C°(3B). (3-33)

In particular, we can show that us, is Ls,-harmonic in %[B, and the rest of the proof is exactly as in
[Azzam et al. 2016c] starting from equation (5.15). U

4. Harmonic polynomial measures

4A. Preliminaries. We now review and collect some lemmas that will help us work with the quantities a)fl‘.

Lemmad4.1. Leth € Hy andr > 0. Then

To, lofl=r""o (4-1)

A
hoTy !
Fr(@}) =r"Fi(@, - (4-2)

Proof. By Lemma 3.10, it suffices to prove this in the case that 4 € H. Note that if / is a harmonic
function and ¢ € C°(R"*1), then

/(pdTQ,r[a)h]:/‘ono,rdwh
:th(q;oTo,,)dx:r—thmpoTo, dx

=l / hoTy,! Apdx =r"" / ¢ dwy,p-. (4-3)
and so (4-1) follows. Moreover, by Lemma 2.1(3),
Frl@n) =1 Fi(To, [on) ‘= 1" Fi (@), 0
Lemma 4.2. Let h € Fy(k) andr > 0. Then
Fr(wf) = r" ™ Fi(of). (4-4)
Proof. Note that since / is homogeneous of degree k,

ho Ty (x) =h(rx) =r*h(x),
and thus, by (4-2),
Fr (o) =r"Fi(@, ) =r"Fi(op,) =" Fiep). O
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The following is an immediate consequence of Lemma 4.1.

Lemma 4.3 [Badger 2011, Lemma4.1]. Since %4 (k), P4 (k), and 5, are d-cones, so are F(k), Py (k),
and s for any ¥ C €.

Lemma 4.4. Let Aj € € converge to a matrix A € € and let h; € Hya; converge uniformly on compact
subsets to some h € Hy. Then wff — a)fl‘ weakly.

Proof. First we will deal with the case that A; = A = [ for all j.

We first claim that, since / and /; are harmonic, 19, — 1g, a.e. Indeed, if 1o, (x) =1, then h(x) > 0,
and by uniform convergence, h;(x) > 0 for all large ], and so lQh (x) =1 for all large j; similarly, if
lqo(x) =0, then either x € 92, (which has measure zero) or h; (x) < 0 for all large j, in which case
lgh (x) =0 for all large j. Thus, 1Qh — lg, pointwise everywhere in (0€2;) and thus a.e. in R"*+! In
partlcular hjlq, — hlgq a.e. Hence, for peC °°([R{”+1) by the dominated convergence theorem,

lim [ ¢dw,, = lim h,A(p:/ hA(p:/godwh,
Qj Qp

j—o00 j—o00

which implies wp; = wj aS j —> 00.

Now we hafldle thE: general case. Let A = %(éj —I—AjT), and~ S; = /Ajs, and define A and §
similarly. Let A; and A be defined as in (3-6), and let h =h o S and hj = h; o S;. Since /- is continuous
on the set of real symmetric matrices, & = h uniformly on compact subsets and both are harmonic. Thus,
Wj, — W, and so

lim ], * hm n (det S)8;[w;, 1 = (det $)S[e;] D . 0
Jj—00
Lemma 4.5. If A € € and h € P4 (k) for some k € N, then
Al Lo @) Skoa Fi(@)h). (4-5)

Proof. Suppose instead that there exist A; € ¢’ and hj € Py, (k) for which ||A;|L®) > j F) (whf) Without
loss of generality, we may assume ||/ ]| ~@®) = 1, and thus F (a)h!) — 0. Using Cauchy estimates (see,
e.g., Proposition 11.3 [Mitrea 2013]), {A; } | forms a normal famlly in B, and thus we can pass to a
subsequence so that &; converges uniformly on compact subsets of B and so that A; converges to some
A € €. Since all h; are polynomials of order k, we know that the coefficients of 4; converge, which, in
turn, implies that &; Converges to some function & € P, (k) uniformly on compact subsets of R"*!. By
Lemma 4.4, a)hf — a)h In particular,

Fi@;) = lim Fi(@j))=0

Thus, w(B(0,r)) =0 for all »r < 1, and so 0 ¢ supp w,. We will now show that in fact 0 € supp a);? in
order to get a contradiction.

First, by Lemma 3.10, we can assume without loss of generality that A = I and a);? = wp. Secondly,
notice that as h; € P« (k), we have h € (k) and so h(0) = 0. By Lojasiewicz’s structure theorem for
real analytic varieties (see, e.g., [Krantz and Parks 1992, Theorem 6.3.3, p. 168]), if U is a small enough
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neighborhood of a point 0 € X, we have
ung,=viuvetu...uv,

where V is either the empty set or the singleton {0} and for each i € {1, ..., n}, we may write V' as
a finite, disjoint union V' = Uivi | FJ". of i-dimensional real analytic submanifolds. Further, for each
1<i<n-1,

unvisvi-ty...uvo,

Moreover, forl <k <mnand 1 <j < Ng, UN 8FJ’: is a union of sets of the form F,i for1 <{ <i and
1 <m < Ny and possibly V°.

By the main result in [Cheeger et al. 2015], dim{VA2=0} <n — 1, and thus V" N {Vh=0} is a closed
set of relatively empty interior in V", so in particular

Vi\{VE=0})NU =V"NU=%,NU>0.

For ¢ € UNV™"\{Vh=0}, the derivative of & at ¢ tangent to V" is always zero, as / is zero on V", which
forces Vh to be perpendicular to V". Since the normal derivative is nonzero,

vnvi\vh=ojclceunvr: 2 2ol cunvinsupe.
Thus, 0 € U N V"\{Vh=0} C supp wp, which gives us the contradiction and concludes the proof.  [J

4B. Proof of Proposition I. Proposition I is a consequence of the following more general result.
Lemma 4.6. Let . C € be closed (hence compact). Then Py (k) and F.s (k) have compact bases

Proof. Let hj € Py; (k) with A; € 7 and assume .7 (a’}?f ) =1. Then by (4-5) and Cauchy estimates, we can
bound each coefficient of the polynomials /2; uniformly, and then pass to a subsequence so that A; — A €.
and h; converges on compact subsets of R"*! to a function h € P4 (k) C Py (k). By Lemma 4.4, we have
wy; — wp, which implies that & (k) has compact basis. The proof for .7 (k) is similar. O

As a corollary, we show the following stronger version of (4-5).
Corollary 4.7. For h € Py (k) andr > 0,
1Al ooy 2k r™" Fr (). (4-6)

Proof. Let h € Py(k) and ¢ € CSO(R"“) be such that 1, < ¢ < 1g. Since P (k) has compact basis
by Lemma 4.6, we can estimate

@-4) *5)
Fi(owp) S Fl/z(wh)fffpdth/ hAg < ||A§0||oo/ |hl Slhllce® S Fi(ws).
Q B

For r # 1, by the previous inequalities we have

(4-2) Ny _1 "y
Fr(wp) = 1" Fi(@yep-) " [ho Ty @) ~ " | b ). O
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4C. Proof of Proposition I1.

Lemmad4.8. Leth € Hy, A €6, and
DO[

h(x) = Z Z j!(o)x“= Zhj(X)
j=m

Jj=mla|=j

be its Taylor series (where m > 0 and h,, # 0), which converges uniformly to h on compact subsets
of R*L. Then Tan(w}', 0) = {cwj ¢ > 0).

Proof. For notational convenience, we will just consider the case A = I; the general case is identical.
Note that as » — 0, we have r ""h o To_rl — h,, uniformly on compact subsets of R"*!. Indeed, fix R > 0.

L e = ) 3 e

j=m la|=j j=m la|=j

Then the series

converges uniformly to r ~"h o Tofrl on compact subsets of B(0, R), provided r is small enough. In fact,
by Cauchy estimates,
ID*h(0)] Sn |l

and since there exists a constant C > 1 such that k"/k! < C* for x € B(0, R) and r € (0, 1/(CR)) we have

—m — i Doth(o) N el
PR T ) — ke = Y Y T‘R' [l

j=m+1 lal=]
A B -
Sam Y CIRIF™™ Sy ™(CRA™ ! = (CR™'r =5 0.
j=m+1
Let now
a1 @1 _

v =r T o] = ma)hOTO—l = O oyt

T r

By Lemma 4.4, v, — wy, € .% (m). In particular, every tangent measure of wy, at zero must be a multiple
of this one. O

We now state an interesting consequence of these results: if a portion of tangent measures of an
arbitrary Radon measure are in &?(k), then in fact they are all in .% (k) (that is, we did not have to assume
the original measure was special like harmonic measure).

Lemma 4.9. Let w be a Radon measure, & € supp w, and k be the minimal integer such that Tan(w, ) N
P (k) # T, then Tan(w, £) N Z (k) C .Z (k).

We follow the proof in [Badger 2011, Lemma 5.9], which originally supposed that @ was a harmonic
measure for an NTA domain.

Proof. If k =1, then &(1) = %#(1). Now suppose k > 1 and there is & € P (k) nonhomogeneous such
that w;, € Tan(w, §) N P (k). Since h € £ (k), we may write

k N k
h(x) = Z Z b :!(O)Xa = Z hm(x),
j=m

j=m la|=j




TANGENT MEASURES OF ELLIPTIC MEASURE AND APPLICATIONS 1921

where m < k since h € & (k) is not homogeneous. By Lemma 4.8, Tan(wp, 0) = {cwy,, : ¢ > 0} C F (m),

and since Tan(wy, 0) C Tan(w, £) by Lemma 2.9, Tan(w, £) N % (m) # @, contradicting the minimality
of k. Thus, Tan(w, &) N 2 (k) C Z (k). O

We will also need the following result.

Lemma 4.10 [Badger 2011, Lemma 4.7]. Suppose h € P(m) for some m. There exist ¢ = e(n,m, k) >0
and ro > 0 so that if d, (wy,, 7 (k)) < € for allr > ry, then m = k.

Proof of Proposition II. Suppose Tan(w, §) C £ (k). Let m be the minimal integer for which Tan(w, §) N
P(m) # 3, som < k. Then, by Lemma 4.9, Tan(w, £) N £(m) C .% (m). In particular, Tan(w, £) N
Z(m) # @. Since, by Proposition I, £2(k) has compact basis, we can use Lemmas 4.10 and 2.10 to
conclude Tan(w, &§) C % (m). O

5. Proof of Theorem I

Lemma 5.1. Let ¥/ C € be closed and w = a)é’x be an Lj-harmonic measure where A € o/ and
Ly € VMO(£2, &) at & € supp w. Also assume we have Tan(w, §) C . Let k be the smallest integer for
which Tan(w, £) N F.o (k) # @. Then Tan(w, &) C Fo (k). In particular,

| logo(BE. M)
m-—————————=n

+k—1; (5-1
r—0 logr

i.e., the pointwise dimension of harmonic measure at the point § isn+k — 1.

Proof. If Tan(w, §) ¢ .%.»~(k), then by Corollary 2.12, there is ro > 0 so that for any ¢ > 0 small we may
find v € Tan(w, §)\.Z.~ (k) so that d,,(v, #4(k)) = ¢ and d, (v, Z»(k)) < ¢ for all r > ry. Without loss
of generality, we can assume ry = 1. For each r > 1, choose i, € %~ (k) such that F,(u«,) =1 and

v
F\——r ,ur) < 2e.
(Fr(v)

Then forr > 1,

F,
W _ /(r—|x|>+d

Fy(v) For(v)
(4-4)

=26+ 27" Py (uay) = 26+ 27" F =27 R

<2+ /(r — XDy dpar =2¢ + Fr(p2r)

for some B > 0 that goes to zero as ¢ — 0. Similarly,

Fr(v)

> k=B,
FZr(V) -
Hence, for £ € N,
2((n+k—,3) < M < 2€(n+k+ﬂ)‘ (5-2)
Fr(v)

Note that v = w,‘;‘ for some h € 5 by Theorem 3.13 and A € ., and so

(3-28) (5-2)
I1hlle@m S 20 an(B(0,2) <27 Fyen (o) < 28CTPT Fp (). (5-3)
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Let o be a multi-index of length || > k. Then we can pick ¢ > 0 small enough so that 8 is so small that
|| —k — B > 0 holds. Thus, by Cauchy estimates,

(5-3)
10°R(0)| So 27N All Loy S 27 F A () — 0

as £ — oo, and so h € P4 (k).

Suppose h = Zl;zl hj. If w, & 7 4(k), then there exists j < k such that 4; # 0, and by Lemma 4.8, we
infer that Tan(wg‘, 0) contains an element of .%4(j). Since w,ﬁ‘ € Tan(w, &), we know that Tan(a);l‘, 0) C
Tan(w, &) by Lemma 2.9 and thus, Tan(w, £) N.Z4(j) # &. Hence Tan(w, £) N.Z»(j) # &, contradicting
the minimality of k. This proves Tan(w, &) C .Z.» (k).

For the final equality, note that Tan(w, §) C Z.»~(k) and so Tan(w, £) has compact basis. In particular,
by Lemma 2.11,

lir% di(Tz rlw], 77 (k)) = 0.

Thus, for € > 0, there is rg > 0 such that for each r <r there exists u, € %~ (k) so that Fi(u,) =1 and

Ty o]
Fi\ ———, u, .
1<F1(T§,r[a)]) # ) =

Setting v, = r_ngr] [1r], this gives F,(v,) =1 and

w
Fl———v ) <e.
(Fr(w) )

By the same arguments as earlier, we can show that there exists y > 0, which goes to zero as ¢ — 0, so
that for all £ > 0 and r <27 ¢ 1y

2ntk=y) Four (@) < pttk+y) (5-4)
- F(w) —

Hence, if we setd =n+k — 1, we get
w(B(&,27) = T - [0](B(0, 29) < 27  Fyoni (T; r[0])
< 2(z+1)(n+k+y)_€Fl (T%— r[a)])
< MY T [w](B(O, 1))

— 2@(d+)/)+n+k+yw(B(;§’ r)).
Similarly,

o(B(, 1) =Te ,[](BO, 1)) < F(T; ,[])
<27 DI BT 0]
< 2—(6—1)(n+k—y)+€w(3(s’ 2€r))
_ 2—Z(d—y)+n+k—yw(B(%., er)).

For r < %ro, let £ € N be so that 27 ¢~ 1ry < r <27 %ry. Then
w(B(&, 1) <w(B(E, 27 rg)) <2717y 4 (B(&, rg))

< 21O 4 (B(E, 1)),
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Hence, recalling that these logs are negative, we conclude

logw(BE. 1) _ . log 2"V (B(E, r0))) td

hgl(?f logr ?Ll(?f logr Ty=d-y.
A similar estimate gives
lim sup logw(BE, ) <d+y
r—0 logr
If we let y — 0, then (5-1) follows. O

Proof of Theorem 1. We set

T(ENB “(ENB
B SeE:limw( (%‘,r)):hma)( (f;“,i’)):1 ’
r—0 ot (BE,r)) r—0 @ (B(,r))
E™ ={& € E* : (1-4) holds}.
Notice that by [Mattila 1995, Corollary 2.14(1)] and because w; and w; are mutually absolutely continuous

on E,
ot (E\E*)=w (E\E**) =0.
Also, set

P dom o (BEr) o (ENBE )
A= {S €0 <k = ) = B ) A FENBE.) OO}’

I' = {£ € A : £ is a Lebesgue point for & with respect to w™}.
Again, by Lebesgue differentiation for measures (see [Mattila 1995, Corollary 2.14(2) and Remark 2.15(3)]),
I" has full measure in £** and hence in E.

Next, we record a lemma which was proven in [Azzam et al. 2017b, Lemma 5.8] (which in turn is
based on the work of [Kenig et al. 2009]) in the case of the harmonic functions in domains that satisfy
the CDC condition, but its proof goes through unchanged for L-harmonic functions in general domains.
Lemma5.2. Let§ €T, ¢; >0, and rj — 0 be so that a)]+ =cjTzr, [wT] = woo. Then a)]_ =cjTz o7 ] —
h(§)weo.

We define

Z :={cH"|y : ¢ >0, V ad-dimensional plane containing the origin}.

It is not hard to show that .# has compact basis.
Lemma 5.3. For ot-a.e. £ €T,

Tan(w™, £)N.Z # 2.

Proof. We can pick & €T so that Tan(w™, §) # &, let wo € Tan(w™, £), so there is ¢; > 0 and r; | 0 so that
¢iTer,; [w"] — ws. By Lemma 5.2, we also have ¢iTe rilo™ ] — h(&)weo. By Theorem 3.13, (3-27) holds.

In particular, %B N supp w is a smooth real analytic variety, and arguing as in [Azzam et al. 2016c¢],
for example, one deduces that

dwos|py2 = —cn (gt *AoViteo) dH" g1t nm /2
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where Ay is the matrix from Theorem 3.13, 3*QZ is the reduced boundary of Q7 = {u >0} and Voi IS
the measure-theoretic outer unit normal. Hence, w is absolutely continuous with respect to surface mea-
sure of Q% in %B. Thus, since the tangent measure at " -almost every point of dQY is contained in .Z,
we can take another tangent measure of we that is in .# and apply Theorem 2.8 to conclude the proof. [

By Lemmas 5.1 and 5.3, we also have that dim w™ | = n. It remains to show that if QF both have the
CDC, then lim, ¢ ®§z+ (¢§,r) =0 for wt-a.e. £ € E. But this follows almost immediately because, for
almost every § € I' and any r; | 0, we may pass to a subsequence so that, by Lemma 3.11(a) and (f),
lim;_, o @:fm (¢, r;) = 0. This concludes the proof of Theorem I. Il

6. BMO, VMO and vanishing A,

In this section, we will prove some estimates relating the logarithm of a Radon—Nikodym derivative to
the mutual absolute continuity properties of two measures. We will apply them to the specific case of

elliptic measure, but we will prove them for general measures.

Definition 6.1. Let « be a Radon measure on a metric space X. We say that a function f € LlloC (w) is of

bounded mean oscillation and write f € BMO(u) if there exists a constant C > 0 such that

sup  sup ][ |f = fB.mnldn < C, (6-1)
re(0,00) xesuppu J B(x,r)

where fy = f, fdp = u(A)~" [, fdp for any A C X with 1(A) > 0. We define the space of

vanishing mean oscillation VMO(u) to be the closure in the BMO(u) norm of the set of bounded

uniformly continuous functions defined on X. Equivalently, we say f € VMO(u) if f € Llloc(,u) and

tim sup o 1f = fanldu=0. 6-2)
r=>0 xesuppp JB(x,r)

Definition 6.2. For two measures p and v on a metric space X, we will say v € Ao () if u < v and
there is K = K (i, v) so that for any ball B centered on the support of ©

dv ][ dv )
—du exp|— 4+ log—du) < K(u,v). 6-3
]{;du“p(ggdu“—w) (6-3)
We will say v € A/ (w) if there are ¢, § € (0, 1) so that forall BC X and E C B
E E
KE) s wE) . (6-4)

<5 =
n(B) v(B)
We will say v € VAo (1) (or vanishing Ao with respect to ) if

. dv dv
lim sup ][ —du exp(—][ log — d,u) =1 (6-5)
=0 gesuppu JB du B du
and v € VA (w) if for all » > O there is &, € (0, 1) so that lim,_,o &, =0 and §, > 0 so that for all balls

BcCc X withrg <rand EC B
H(E) v(E)

(B) <6 = »(B) < &r. (6-6)
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In the case that X =R"*! and p is equal to the (n41)-dimensional Lebesgue measure, A .-equivalence
is the same as A/_-equivalence, and this is from [Reimann and Rychener 1975], although it was also
shown later in [Khrushchev 1984; Garcia-Cuerva and Rubio de Francia 1985].

We recall a notion introduced in [Korey 1998].

Definition 6.3. A probability space (X, ) is halving if every subset E C X of positive measure has a
subset F' C E so that u(F) = %,u(E).

We will first focus on proving the following after a series of other lemmas.
Lemma 6.4. Let (X, ) be a metric measure space, v < (, and f =dv/du:

(1) Ifve A (n) andlog f € BMO(w), then v € Axo (). If X is also halving, then v € Ax (1) implies
v e AL (u) andlog f € BMO(w).

(2) Ifve VA, (n) andlog f € VMO(), then v € VAxo (). If X is also halving, then v € VA (1)
implies v € VAL (n) and log f € VMO().

The first implication of the second half of (1) of the lemma is a consequence of the following theorem.

Theorem 6.5 [Khrushchev 1984, Theorem 1]. Suppose v << w, B is a ball centered on supp u, and

dv ][ dv )
—dupexp|—+ log=—dun) <C.
]gduu p( s dn )=

Then there are €, 5 > 0 so that, for any F C BN supp i,

KE) e 6-7)
w(B) v(B)
Moreover, there is § > 0 so that
wE) s V) e, (6-8)

< -
w(B) v(B)
In particular, if v € Axo (1), then v € A (v), and if v € VA (1), then v € VAL ().

Proof. We follow the proof from [Khrushchev 1984, Theorem 1], since he proves (6-7) but not (6-8). Let
6 € (0, 1) to be chosen later, let F € B and suppose u(F) =38 (B); we will pick § later. Let f =dv/du,
E = B\ F, and set

(B
Cw(F)’
Let gg = f, f du. Then
E F
log C = (log f )5 + log f5 = %aog F e+ ZE B; (log f)r+log f5.  (69)

By Jensen’s inequality, for any set S

(log f~1s = —(log f)s > —log fs,
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and applying this to S = E, F, we have

W(E) u(F)
logC > —mlog fE— (B) log fr +1log fp
W(E) W(F) WF)  u(F)  u(F)
7 ——1 + 1 + 1 +1
=By OB TE T gy R ) 08 ey T o8 Tl b

M(F)1 w(F) — u(F)

— 1
LIET B uE) T B

logt +log f5.
Now observe that

—log f£ = log(

and so we have

) 1
_logM log B +log<1+ t)

n(E) n(B) V(B)>
n(B) v(B) v(E)

E 1 F F F
log C > log i )+log<1+—)+'u( >logu( )+M( )10 t
w(B) t w(B) = p(E)  pn(B)
F F E E E 1
_ K )logu( ), m( )logu( )+10g(1+t)+&10g_
n(B) ~p(B) w(B) ~ u(B) n(B) “t
n(E) 1
=3dlogé+ (1 —38)log(1—6)+log(l+1¢)+ ——Ilog-.
u(B) t
=0(3)
Note that lims—¢ ¢(6§) =0. Let « > 0 and pick § > 0 so that |¢(§)| < «log C. Then
E 1
(14 ) log € > log(1 + 1)+ X 100 L (6-10)
uw(B) "t
We restrict § further so that § < «. If + > 1, then
E 1 1
Mlog— > log —;
n(B) “t t
otherwise,
E 1 1
&bg— > (1 —oa)log-
w(B) 1t t
since w(E)/u(B)=1—§ > 1 —«. Thus, in any case, we have
1 1
+alogC>log o (6-11)
-«

This implies t > ¢ = C~(1H+9/(1=®) "and so
_ v(F) tv(F) _ v(F)+v(E) _ v(B) - v(B)
14t 14t 141 T4t T 14c

This proves (6-7) with ¢ = (1 + )"l To prove (6-8), we go back to (6-10) with the same bound on §.
Then, since t > c,

v(F)

wE) 1
(B log o= log<1 +

1 1
Zlog(l+;)—81+alogc.

(I1+a)logC >log(l+1)+ A + ——=logt

1) w(F)
n(B)
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Since § < «, this implies

1 1 ) 1
log(14 ) < (14a+6—%YiogC = +a)(1+——)logC < % i0gC,
t l -« l—«o l—«
and so
c+e/d-e) _ 1 o l
t
We now pick « so that CU+®/(0-®) _ 1 =2(C — 1), and we are done. O

Korey showed that VA, implies the logarithm of the density is VMO.

Theorem 6.6 [Korey 1998, Theorem 4 and Section 3.5]. There is a universal constant ¢ > 0 so that the
following holds. Let (X, ) be a halving probability space, and suppose that

(Jyexpgdn) _

<K. (6-12)
exp(fy g du)
Then
/.g—/gdp,‘d,uflogZK (6-13)
X X
andas K — 1,
/ g—/gd,u‘dufc«/l(—l. (6-14)
X X

Lemma 6.7. Let (X, ) be a metric probability space and suppose v <K . Let €, € (0, 1) be so that for
any E C X

WE) <du(X) = v(E) <ev(X). (6-15)
Set f =dv/du and assume
][ logf—][ logfd,u‘du<n. (6-16)
X X
Then
e/
1 5][ fd,uexp(—][ logfd,u) < . (6-17)
X X 1—¢

Proof. Without loss of generality, we may assume w(X) = v(X) = 1. Let & > 0 and pick § so that (6-15)
holds.
Let c = [, log f du and

G={llogf—c|l<p:=ns""}, F=G" (6-18)
Then, by Chebyshev’s inequality and (6-16), we infer that w(F) < §, which, in turn, by (6-15), implies
v(F) <e. (6-19)

Moreover, on the set G,

g> [log f —c|

and so
f<et ongG. (6-20)
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Then,
X (6-20) .
nwX)  Jx G F
< T8 L y(F) (619) TN 4,
Thus,
(l—s)f fdu=1—g <t/
X
and so
ectn/d
f fdu< : (6-21)
X 1—
This and Jensen’s inequality imply
1<e—c/ fd/“L <e € 1 eC+'7/5 — 677/5' 0
- X 1—¢ 1—¢

Corollary 6.8. Let (X, i) be a metric measure space. Set f = dv/du and assume that for some sequence

of balls Bj in X
lim][
i JB;

and for all € > 0 there is § > 0 so that for j sufficiently large

u(E) v(E)
1(B)) <§ = v(B) <&

logf—][ logfd,u‘d,u =0 (6-22)
B;

(6-23)

Then
lim fduexp (—][ log f d,u) = 1. (6-24)
J—>00 Bj .

B]
In particular, if log f € VMO(du) and v € VA_ (i), then v € VAo ().

Proof. Let ¢, n > 0 and let § > 0 be so that (6-23) holds for j large enough. Then (6-16) holds (with B;
in place of X and |p; in place of w). Then (6-17) must hold. In particular,

eh/s
limsup][ fdu exp(—][ logfdu> < .
j—soo JB; B; l—¢

J J

As ¢ and § did not depend on 5, we can send n — 0, and then ¢ — 0 since § now vanishes from the

inequality, and then we obtain (6-24). O
Proof of Lemma 6.4. The second halves of (1) and (2) follow from Theorems 6.5 and 6.6. The first half of
(1) follows from Lemma 6.7, and the first half of (2) is from Corollary 6.8. O

Lemma 6.9. Let Q@ C R"*! be any connected domain and w = a)ngA’x where A € o7 (2). Then w is halving.

Proof. Suppose there is E C 9Q with w(E) > 0 that is not halving. For t € R and v € "7, let
H,={x¢€ R"*!:x.v>1¢}. Thent w(H;, N E) is not continuous for any v € S", and so there is ,
so that w(0H,,, N E) > 0. Let V, = 0H,, ,, which is an n-dimensional plane. Since S" is uncountable,
there is ¢ > 0 so that w(V, N E) > ¢ > 0 for all v in some uncountable set A C S". Let A’ C A be
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countable. Note that for any u, v € A’ distinct, V, NV, is an (n—1)-dimensional subspace. This implies
V. NV, has 2-capacity zero [Heinonen et al. 1993, Theorem 2.27]; hence it is a polar set for w [loc. cit.,
Theorem 10.1] and polar sets have L4-harmonic measure zero [loc. cit., Theorem 11.15]. Thus, if we set

W = V\ [ W,

veA’

vF#EU
we have (W, NE) = w(V, N E) > ¢ and W, are mutually disjoint. But since A’ is infinite, this implies
w(E) = oo, which is a contradiction. Il
Lemma 6.10. Let QT C R"*! be a connected domain with connected complement Q~ = ext(Q1) and
let Ly be a uniformly elliptic operator with real coefficients. If w™® denote the La-harmonic measures of
QF with fixed poles x* € QF, then v~ € Ax(w™) if and only if o~ € AL (0T) and log(dw™ /dw™) €
BMO(dw™). Moreover,w™ € VAs(w™) ifand only if o~ € VAL (w™) andlog(dw™ /dw™) e VMO(dw™).
Proof. This follows from Lemmas 6.4 and 6.9. g

7. Proofs of Theorems II and III

Lemma 7.1. Let w® be two halving Radon measures with equal supports and set f =log(dw™ /dw™).
Suppose there are r; |, 0 and §; € 9Q™ so that a);r =Ts.r, [wt]/w(B(&, rj)) converges weakly to some
measure o with w(B) > 0. Further assume that for all M > 0

lim fdo™ exp(—][ log f da)+) =1. (7-1)
J JBE My B(&,Mr))

Then a)l_ — w as well.

The proof is similar to that of [Kenig and Toro 2006, Theorem 4.4], though using the techniques of the
previous section, we no longer require the doubling assumption.

Proof. Let B = B(§;, rj) and for a ball B set cp = fB log f. By assumption, for each M > 0,

—cus; af(MBj)

. o7 (MB)) —1 asj— oo. (7-2)

Let ¢ € C°(R™*!) with support in B(0, M) for some M > 0 and let @j =¢oTg, ;. Thensupp ¢; C M B;.
Let ¢ > 0. By (7-2), for j large enough, we have
0<e B w (By) l<e and 0<e M5 w (MB))
wt(B)) ot (M B))

1 <e. (7-3)
Let now n =c+/1 — ¢, where c is the constant in (6-14). For j large enough, Theorem 6.6 and (7-2) imply
][ |log f —cB,.|da)+ <n and ][ |log f —cMBflda)+ <. (7-4)

B; ‘ MB; ‘

Note that ¢ is independent of . For fixed § > 0 and for a ball B, we set

Gp=1{6 € BNIQ" :|log f(§) —cpl <n/8}, Fp=B\Gs.
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Then, Chebyshev’s inequality and (7-4) imply
o (Fp) <8w"(Bj)) and o (Fyp) <do™(MB)), (7-5)

and for § > 0 small enough and j large enough Theorem 6.5 and (7-2) imply

o (Fp) <&, 0 (Bj) and o (Fyp) <éw (MB;)). (7-6)
Let C = 2w (MB)/w(B). Since w(B) > 0, we know
, ot (MB) . of (MB)  o(MB)
limsup ————— =limsup —— < =5C,
j—o00 a)+(Bj) j—oo W (B) o (B)
and so for j large enough,
ot (MB)) < Co™(B;). (7-7)
Also, note that for j large enough,
lcg, —cmp;| = ][ (cs, —cms)| dw™
B;

A

][ e, — log flde™ + ][ llog f — cup, | do*

B] B]
(7-4) o (M B))
ot (Bj) Jus,
Hence, (7-7)
- 72+ cun, T8 4 e +(1+C)y
w (MBj) < o (MBj)(1+¢)e™ < Cw™(Bj)(1+¢e)e™"

(7-4)
(7-7)
log f —cmp | do™ < (14 C)n. (7-8)

(7-3)
< Co™ (B)(1+£)e"TO" <200~ (B)) Sc 0™ (B)). (7-9)
Then

1 1
godw-_—/godaﬁrz pido~ — —— @ido™
f J 7 o= (B) Jug, "’ wt(By) Jug, "’
1

= — i f do™ + —
o~ (B)) /MB_,mFMBj ! @™ (Bj) JmB;nG s,

=211 =:Iz
CMB: CMB;
e MPj
gojdw++ —
0~ (Bj) Jus;

(f — ™) da™

Qj do™ ©; do™

ot (B;) Jus,
::]3 =iy
=hL+hL—-L+14.

We will estimate each of these terms separately, with the understanding that j is large enough (depending
on M and n):

@™ (Bj) JmB;nFus,

(7-6)
“(Fyg. - : “(Fyg) 79
| < lolloo lFMB.de)+= l@ll oo™ ( MB_,) =Cl) (M Bj) lolloow™( MB,) ,SCM”(/)” .
o (B)) Jugs, T o By @ (B) o (M) ~OMvl



TANGENT MEASURES OF ELLIPTIC MEASURE AND APPLICATIONS 1931

Next, for points in G5,
e NP MB < f < N3 MB;
and so
LMB (e—n/(s _ 1) < f CMB CMB (en/3 _ 1)

Thus, for n > 0 small enough (i.e., for j large enough), we can make

|f CMB | < (SecMB on GMBj-
Therefore,
CMB LMB
|I|< Melloo ot (G )_ Melloo ot (MB))
™ (B;) o™ (B})

(79
" (MB)) 8ll¢llocw™ (M B;) T

8,
- (MB]) - (BJ) ~ ¢lloc,C, M

PR LIS, )”%M +(MB))
T (B) (B;)
eMB; (7-3)
il@lloow™ (M B;) @ (M B;) 79)

.
- (BJ) - (MB]) ~ C,M, ¢l

Finally,
" " a2
1| < (ech,ja) (B)) _l)a) (M B)) +(-)

; <
- O 3 Clglloo.M -
©=(B) ) &*(B) Jus, !

Since these estimates hold for all j large enough, we can conclude

/(pda)j_—/(pjda)

Now send § to zero since it only had to be small enough depending on ¢. Finally, ¢ was arbitrarily chosen,
which implies that the above limit is zero. Since this holds for all ¢, we get that a)Ji have the same weak
limit. OJ

lim sup
j—00

S, gl €13,

Proof of Theorem 1. Let w € Tan(w™, ). We claim that € J#,. By Lemma 2.6, w = cTy () for some
constants ¢, r > 0 and some measure y of the form pu =1lim;_¢ Tt ,, [0™ /@™ (B(£, r})) for some r; | 0,
where (B) > 0. By Lemma 7.1, u = lim;_,¢ Iz rlo” /o™ (B(§, rj)) as well. By Theorem 3.13 (or
Lemma 3.11(g) if Q% have the CDC), u € #,, and since , is a d-cone by Lemma 4.3, we also have
that w € J%,, which proves the claim.

Hence, v = w, for some u € H4 and some A € ¥. By Lemma 4.8, for some k > 0,

Tan(w,, 0) = {cwy, : ¢ > 0} C Fa(k) C Fy(k),

and since Tan(w,, 0) C Tan(w™, &) by Lemma 2.9, we now know that Tan(w™, £) N. %4 (k) # @ as well.
By Lemma 5.1, Tan(w™, €) C .Z4 (k). The proof that @djéf(k) (£, r) — 0 if Q% have the CDC is similar
to the proof of Theorem L. O
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Proof of Theorem I11. Let K be any compact subset of 9Q27. Suppose there is a sequence of radii r; | 0
and §; € K so that

di (T, 1 [07], P (d) = & > 0, (7-10)

where d will be chosen later, but it will depend only on 7 and the doubling constant of w™.

Since w™ is doubling, we may pass to a subsequence so that a);r =Tg.r, [wt]/w™ (B(§, r;)) converges
weakly to some measure w.

If f=dw™ /do™ satisfies log f € VMO(w™), then doubling also implies that v~ € VAL (»™). Indeed,
if ot is doubling, then the John—Nirenberg theorem holds, and the VMO condition tells us that on
small enough balls, f is a traditional A ,-weight (see [Garnett 2007, Chapter 6.2]). This easily implies
fdo™ =dw™ € VA (o). Thus, by Corollary 6.8, we know o~ € VA (w™) and that (7-1) holds
for every M > 0. By Lemma 7.1, w; — was well. Thus, we can pass to a subsequence so that the
conclusions of Theorem 3.13 hold. In particular, v = w), for some Lgy-harmonic function 4, where Lg is a
uniformly elliptic operator with constant coefficients, and also, for any ¢ € CSO(R”H), (3-21) holds.

Now we apply the same standard trick from [Kenig and Toro 2006]. Notice that since w™ is doubling,
S0 is wy, which combined with Cauchy estimates implies that there exists 8 > 0 such that for any £ € N
and any multi-index o

(3-28)
101 (O)] S 27 Al o aemy S 2871w, (B0, 2411)

< 2l =B g, (B(0, 2)). (7-11)

Hence, if |a| > 1 —n + B, letting £ — oo gives |02 (0)| = 0, which implies 4 is a polynomial of degree
at most 1 —n + B. Setting d = [1 —n + B gives a contradiction to (7-10). The proof of (1-7) is similar
to the proof of Theorem I, where we use instead Lemma 3.11 instead of Theorem 3.13. O

8. Proof of Theorem IV

All elliptic operators in this section will be assumed to satisfy (1-1) and (1-2). We will require a few
lemmas about elliptic measures in uniform domains as well as some new notation.

Definition 8.1. Let Q C R"H!:

o We say 2 satisfies the corkscrew condition if, for some uniform constant ¢ > 0 and every ball B centered
on 02 with 0 < rp < diam(d€2), there is a ball B(xpg, crg) € Q2N B. The point xp is called a corkscrew
point relative to B.

* We say  satisfies the Harnack chain condition if there is a uniform constant C such that for every
p >0, A >1, and every pair of points x, y € Q with §(x), §(¥) > p and |x — y| < Ap there is a chain
of open balls By, ..., By C 2, N <C(A), withx € By, y € By, By N Byy1 # < and C~'diam(By) <
dist(By, 02) < C diam(By). The chain of balls is called a Harnack chain.

Definition 8.2. If Q satisfies both the corkscrew and the Harnack chain conditions, then we say that €2 is
a uniform domain.
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Theorem 8.3. Let @ C R"*! be a uniform domain with the CDC and u a nonnegative Ly -elliptic function
vanishing on 2B N 02, where B is a ball with rg < diam 0Q2 and A € o7/ (2). Then

sup u(x) Su(xp). 8-1)
xeBNQ

This was originally shown in Section 4 of [Jerison and Kenig 1982] for NTA domains, but the proof
only uses the Holder continuity of u at the boundary and the fact that NTA domains are uniform, and so
the proof of the above result is exactly the same.

Theorem 8.4. Let Q@ C R"! be a uniform domain with the CDC and Ly an elliptic operator satisfying
(1-1) and (1-2). Then, for all B centered on 02,

ot *(B) ~ rg_]GQ(x, xg) forallx € Q\2B. (8-2)

This follows from [Aikawa and Hirata 2008]. Their proof is originally for harmonic measures, but an
inspection of the proof shows that it carries through for elliptic measure as well.

Theorem 8.5. Let Q@ C R"*! be a uniform domain with the CDC. If L, is an elliptic operator satisfying
(1-1) and (1-2), B is a ball centered on 02, and E C BN JdK2 is Borel, then
La,x
Wkt (E) ~ “’SLZA—X(E) (8-3)
g (B)

Again, this is [Jerison and Kenig 1982, Lemma 4.11], and since the previous two lemmas are available,
the proof is exactly the same for elliptic measures modulo the proof of [loc. cit., Lemma 4.10]. The latter
can also be proved by building a subuniform domain as in [loc. cit.], and then showing as in [Akman et al.
2019, Lemma 2.26] that the resulting domain is also CDC (all of this instead of a geometric localization
theorem due to Jones, which only works for NTA domains).

Lemma 8.6. Let Q@ C R™! be a uniform domain with the CDC and L an elliptic operator satisfying
(1-1) and (1-2), and also (1-4) at §. If &€ € Q2 and w; = wtr*0(B(E, rj))_ng,rj (wh4*) converges weakly
to a tangent measure Wy, € Tan(w™*0, &), then there is a uniform domain Qo and a constant matrix
Ao € € such that, for each x € Qo a)f-zj — wé‘200 and for all balls B' C B centered on 0Q, if Xp is a

corkscrew point in Qoo N B,
La,. Woo (B’
W (B~ ol )-
Weo(B)

This was originally shown in [Azzam and Mourgoglou 2018] for harmonic measure. In our situation,

(8-4)

the proof is much shorter, so we provide it here.

Proof. By Lemma 3.11, there is Ag € ¢ so that we can pass to a subsequence so that u;(x) =
cju(xr +&)r ~! converges uniformly in R"*! to a nonzero Ly, -elliptic function u, and also so that, if
Qj =T ;(£2), then 9€2; converges in the Hausdorff metric on compact subsets. Let Qoo = {100 >0}

Claim. Q. is uniform. If x, y € Q. with dist({x, y}, 9€2) > e|x — y|, then they are contained in £2; and
dist({x, y}, 0€2;) > %8|x — y| for sufficiently large j. Since the £2; are uniform, for each j we can find a
Harnack chain of length N = N (¢) contained in ;. By passing to a subsequence, we can assume the
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length of this chain is constant and their centers and radii are converging, and hence the chain converges
to a Harnack chain in Q4 of length no more than N. A similar proof shows that Q2 is a corkscrew
domain. Hence, Q4 is uniform.

Suppose B’ C B are centered on 0Q24,. Let

Ts,rj (x)
Wq.

Ly,x
7 1

=Tz lo
If Xj = Té,rj (xp), then

gy P8 B _a® 05 B) w8
Wq; ~ =Ty X = .
“ wg (B) g (B) og (B)  «;(B)

Since w; and wg; are doubling measures, we have

(B’ B’ B’
g (B") <liminfwg (B") < limsup i(B) < woo(B) < ool )‘
) jooe jroo Wj(B) T @o(B) T woo(B)

A similar estimate gives the reverse inequality, and hence proves (8-4). O

We will use the following criterion for uniform rectifiability due to Hofmann, Martell, and Uriarte-
Tuero. See Theorem 1.23, equation 1.22, and Remark 1.25 in [Hofmann et al. 2014]; for a local version
see Corollary 11.2 in [Mourgoglou and Tolsa 2017].

Theorem 8.7. Let Q@ C R"*! be a uniform domain with n-regular boundary and let wg be the harmonic
measure defined in Q. Suppose there is q¢ > 1 so that, for any balls B’ C B centered on 0%, if kg =

dog [(dH"|yq), then
1/q
(][ k% dH") 5][ kg dH".
BN 2B'NoK

Then 0X2 is uniformly rectifiable.

Recall that, by the main result of [Aikawa and Hirata 2008], harmonic measure is doubling in uniform
domains satisfying the CDC, and thus, by (8-3), the right side of this inequality is comparable to
fB/DBQ kg dH" (that is, with B’ instead of 2B"), which we will use below.

Remark 8.8. This result still holds for constant coefficients. Indeed, it is easy to see that the A,-property
is preserved under linear transformations that map balls to ellipsoids, as is the one in Lemma 3.10 (see
the paragraph after the proof of this lemma), using that such weights are doubling.Thus, by Lemma 3.10
and the fact that being a uniformly rectifiable set, by its very definition, is invariant under bi-Lipschitz
maps, 02 is uniformly rectifiable.

Recall that an Ahlfors n-regular set E is uniformly rectifiable if there are ¢, L > 0 so that, for every
ball B centered on E with 7z < diam E, there is an L-Lipschitz map f : B(0, r3) NR" — R"*! so that

H'(f(B(0,rg))NE) > cry.

Now we prove Theorem IV. Let Q C R"*! be a uniform CDC domain so that 1" |3q is locally finite.
Let w = wé“ be the L4-harmonic measure associated to a (possibly nonsymmetric) elliptic operator
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satisfying (1-1) and (1-2). Let £ C 9S2 be a set with H"(E) > 0 such that H" K a)ngA on E and for H"-a.e.

§€E,
H'(B(E,r)NI)

@r)

Oyq &, 1) = limiélf

and A has vanishing mean oscillation at &.

Assume H" (E) > 0 (otherwise the theorem is trivial). Then we may find a subset E’ of full #"-measure,
where w and H" are mutually absolutely continuous (in particular, H" = gw for some function g, so we
pick E' = {x : g(x) > 0}). For H"|yq-a.e. £ € E’, we also have

0 <8 (H"lag, §) <O " (H"se, §) < oco. (8-5)

The lower bound is by assumption, and the upper bound is from [Mattila 1995, Theorem 6.2]. By [loc. cit.,
Theorem 14.7], for H"|yq-a.e. € € E', Tan(H"|3q, &) consists of Ahlfors—David n-regular measures. By
[loc. cit., Lemmas 14.5 and 14.6], for H"|3q-a.e. £ € E,

Tan(H" |5, §) = Tan(H" |, §) = Tan(w, §)

and Tan(w, &) consists only of Ahlfors—David n-regular measures. Let E” C E’ be the set of points where
this holds.

By the Besicovitch decomposition theorem, we can split E” into two sets F; and F,, where F} is
n-rectifiable and F, is purely n-unrectifiable. Suppose H"(F>) > 0. Let £ € F, be a point of density of
F, with respect to H".

Let r; | O be so that w; := w0 (B(E, rj))_1 T, (wh4*) converges weakly to some Ahlfors—David
n-regular measure w, € Tan(w, £). By Lemma 8.6, we may find a uniform domain 2 so that supp we =
9Q and, for any balls B’ C B centered on 9€2,

La,, Weoo (B’ re,
CUQZ) xB(B,)% o (B") %_13!
Woo(B) I'p

for some Ag € €. If 0 = H"|5q,., then o is Ahlfors—David n-regular and so if we set

. dwé:’xg
B=
then we have that for o-a.e. x € BN oY
' wéAo,xB (B(x, 1)) rn/rg L
kp(x) = lim —= ~ =rg .
r—0 o(B(x,r)) rit

Hence, if B’ C B is centered on 92,

1/2
(][ kgda) ~ry" w][ kg do.
!’ B/

Thus, in light of Remark 8.8, 024, is uniformly rectifiable. By the main result of [Azzam et al. 2017a],
Q is an NTA domain. In particular, we can find corkscrew balls By C BN Q4 and By € B\ Q2. We
claim that, for all j sufficiently large, %Bl C Q;NB and %Bz C B\2;. Indeed, if %Bi N0, # < for



1936 JONAS AZZAM AND MIHALIS MOURGOGLOU

infinitely many j, then since w; is doubling, wj(%Bi) ~ w;(B) =1 for all j, and so wx(B;) > 0, and in
particular 02, N B; # &, which is a contradiction. Thus, By and B, do not intersect d€2; for sufficiently
large j. They cannot both be in €2; for all large j, since otherwise, if they were both in €; for infinitely
many j then in each such 2, they would be connected by a Harnack chain in €2; of bounded length;
passing to a subsequence, this implies there is a Harnack chain connecting B to B;, and since B] € Q,
the whole chain, including B,, must be in 2, which is a contradiction. Thus, at least one of these balls
is in QJC for all j large. By the proof of Lemma 8.6, 2, = {ux >0}, and since u; — u», uniformly on
compact subsets of Q4 and u, > 0 on By, we have By C 2; for j large, and so B, C Qj for j large.
This proves the claim.

Now there is a small angle of directions around the vector parallel to the line between the centers of
B and B, where the orthogonal projection of d€2; "B has Lebesgue measure comparable to 1. By the
Besicovitch-Federer projection theorem, the purely unrectifiable part of 9€2; has zero Lebesgue measure
projection in almost all of these directions, and so d€2; NB contains an n-rectifiable set of 7{"-measure 2 1
(with constant depending on the sizes of By and B;). Thus,

. JH'Y(BE rp)NIQ\F) . ri 8-5)
lim inf 2 liminf >
j=oo  H'(B(,rj)NAR) j=oo H'(B(§,rj)No)

But this contradicts that & is a point of density for F,. Therefore, #" (F>) = 0, and we have now shown
that H"-almost all of E’ is rectifiable, and thus w™-almost all of E is contained in a countable union of
Lipschitz graphs. This finishes the proof of Theorem IV.

9. Proof of Proposition I11

Assume the conditions of the proposition. We recall the following result.

Theorem 9.1 [Hurri-Syrjinen 1994, Theorem 1.3]. Suppose that Q@ C R™! is a bounded C -uniform?

domain. If
(n+1p
<g< d 1-6 1,
PEAS T T pa—y @ pUmd <t

then for allu € L} () such that Vu(x)d(x, Q)% € LP(Q),

loc

inf |lu(x) = allLo@) Snpg.s.c 191DV VU dist(-, Q) e (9-1)

(The explicit constant in (9-1) is written at the end of the proof on page 218 of [Hurri-Syrjdnen 1994].)
We will use this in the case that § = % and p =g = 2, so (9-1) becomes

inf [lu(x) —allpa@) Snpgs.c 1D Vudist(-, Q9122 9-2)

Lemma 9.2. Suppose E C R"*! is a closed set and € : E€ — [0, 00] is a function such that for some ball

By centered on E
/ e(z)dz < 0.
E°NBy

2In fact it holds for John domains.
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Then for H"-a.e. x € E N By,

lim r ™" / e(x)dz=0.
r—0 E¢NB(x,r)

Proof. Without loss of generality, we can assume E C By. Let du(z) =&(z) dz|ge. For x € E and r > 0, set

a(x,r)=%f’r))=r_"/bﬂ " )8(z)dz.
‘NB(x,r

Suppose there is F C E with H"(F) > 0 such that
limsupa(x,r) > 0.
r—0
Then there is ¢ > 0 and a compact set G C F with H. (G) > 0 and
limsupa(x,r) >t >0 forall x € G.
r—0

For each x € G, pick ry; > 0 so that B(x,r, 1) C Bp and a(x,ry,1) > t. Let le be a Besicovitch
subcovering from ¥ := {B(x, r;) : x € G}, that is, a countable collection of balls in ¥; so that

o< 1p S l.
J
Since the le come from ¢, we have that for all j
1(B})

n
It
Bj

= a(xBj;,rBj]) > .

Let
L= UB}\E.

Then since the Bj] have bounded overlap and come from ¥,

peo = [ duz [ Sty du= 3w =1 Y s = ).
Ly L j T
Since u(G) =0, there is §; > 0 so that if G5, = {x € R" : dist(x, G) < §;} and L' = L1\Gs,, then
p(LY) > (L) = 31HL(G).
Now inductively, suppose we have constructed disjoint sets L', ..., L¥ C By, where
w(L)) 2 tH" (G) forall j=1,2,...,k,

and there is §; >OsothatL1U---ULkﬂG5k =a.
For each x € G, we may find ry x4+1 € (0, &) so that B(x, ryx+1) C Bo and a(x, ryx+1) > t. Let
{Bj].‘H} be a Besicovitch subcovering of the collection % = {B(x, ry x+1) : x € G}, so

1 < Z 1B/1_<+1 Sn s
J
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where Liy1 = J; B*'. Since G has 1(G) =0, there is 841 € (0, 8) so that L' = L1\ Gy, has
n(Liy) 1
p(L) = = = / 1, duz / Z u(B =1 Z Fin 2 1H(G).

Also note that by our induction hypothesis
LM ¢ Lit1 CGs, C (Ll U... ULk)C.

Thus, by induction, we can come up with a sequence of disjoint sets LX C By so that p(L*) > tHL (G)
for all k, which contradicts the finiteness of u since ¢ is locally integrable. (|

Now we finish the proof of Proposition III. By the previous lemma, for £(z) = |VA(z)|? dist(z, Q°)
and E = 92, we have that for H"-a.e. £ € ByN IR

lim r " / IVA|*dist(z, Q) dz = 0. (9-3)
B(&,r)NQ2

r—0

Let & € Bo N d<2 be such a point. There is a universal constant M depending on the uniformity constants
so that, for all r > 0, there is an M C-uniform domain £2, such that

QNBE, r) CQ CQNBE, Mr).

This follows from the proof of [Hofmann and Martell 2014, Lemma 3.61]. See also [Azzam 2016,
Lemma 4.1; Jerison and Kenig 1982, Lemma 6.3].
Hence, by Cauchy—Schwarz inequality,

1/2
infr—<"+1)/ IA—C| < inf(r—<"+1>/ |A —C|2>
c B(E,r)NQ c B(€,1)NS

1/2
< igf(r_(”“)/ |A—C|2>

%-2) 1/2
S |Qr|l/(2(n+]))< n+1/ |VA| dist(z, Qc)dZ)

1/2
< (r‘”/ VA% dist(z, ) dz) —0 asr—0.
QNB(E Mr)
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