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DYNAMICS OF ONE-FOLD SYMMETRIC PATCHES
FOR THE AGGREGATION EQUATION AND
COLLAPSE TO SINGULAR MEASURE

TAOUFIK HMIDI AND DONG LI

We are concerned with the dynamics of one-fold symmetric patches for the two-dimensional aggregation
equation associated to the Newtonian potential. We reformulate a suitable graph model and prove a local
well-posedness result in subcritical and critical spaces. The global existence is obtained only for small
initial data using a weak damping property hidden in the velocity terms. This allows us to analyze the
concentration phenomenon of the aggregation patches near the blow-up time. In particular, we prove
that the patch collapses to a collection of disjoint segments and we provide a description of the singular
measure through a careful study of the asymptotic behavior of the graph.
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1. Introduction

This paper is devoted to the study of the two-dimensional aggregation equation with the Newtonian

potential:
d:p+div(vp) =0, >0, x e R?,

(1, %) = =5z fp2(x = y)/1x = y[p(t. y) dy, (1-1)
(0. x) = po(x).

This model with more general potential interactions, with or without dissipation, is used to explain
some behavior in physics and population dynamics. As a matter of fact, it appears in vortex densities
in superconductors [Ambrosio and Serfaty 2008; Du and Zhang 2003; Keller and Segel 1970], material
sciences [Holm and Putkaradze 2006; Nieto et al. 2001], cooperative controls and biological swarming
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[Bernoff and Topaz 2011; Breder 1954; Boi et al. 2000; Gazi and Passino 2003; Mogilner and Edelstein-
Keshet 1999; Morale et al. 2005; Topaz and Bertozzi 2004], etc. During the last few decades, a lot of
intensive research activity has been devoted to exploring several mathematical and numerical aspects of
this equation. It is known according to [Bertozzi et al. 2012; Nieto et al. 2001] that classical solutions
can be constructed for short times. They develop a finite-time singularity if and only if the initial data is
strictly positive at some points and the blow-up time is explicitly given by T, = 1/max pg. This follows
from the equivalent form

dtp+v-Vp=p>

which, written with Lagrangian coordinates, gives exactly a Riccati equation. Note that similarly to
Yudovich’s result [1963] for Euler equations, weak unique solutions in LN L% can be constructed follow-
ing the same strategy; for more details see [Bertozzi et al. 2009; 2011; 2012; Bertozzi and Laurent 2007;
Bertozzi and Brandman 2010; Fetecau et al. 2011; Fetecau and Huang 2013; Dong 2011; Laurent 2007;
Li and Rodrigo 2009]. Since the L! norm is conserved at least at the formal level, a lot of effort was made
to extend the classical solutions beyond the first blow-up time. Poupaud [2002] established the existence
of global generalized solutions with defect measure when the initial data is a nonnegative bounded Radon
measure. He also showed that when the second moment of the initial data is bounded, for such solutions
the atomic part appears in finite time. This result is to some extent in contrast with what is established for
Euler equations. Indeed, according to Delort’s result [1991] global weak solutions without defect measure
can be established when the initial vorticity is a nonnegative bounded Radon measure and the associated
velocity has finite local energy. During the time, those solutions do not develop atomic part, contrary to
the aggregation equation. This illustrates somehow the gap between both equations, not only at the level
of classical solutions but also for the weak solutions. The literature dealing with measure-valued solutions
for the aggregation equation with different potentials is very abundant and we refer the reader to [Bodnar
and Velazquez 2006; Carrillo et al. 2006; 2011; Carrillo and Rosado 2010; Masmoudi and Zhang 2005].

Now we shall discuss another subject concerning the aggregation patches. Assume that the initial data
takes the patch form

Po = lD():

with D¢ a bounded domain; then solutions can be uniquely constructed up to the time 7* = 1 and one
can check that

1 .
p(l) = :ll)t, with (8; +v 'V)ll)t =0.

Note that v is computed from p through the Biot—Savart law. To filter the time factor in the velocity field
and find an analogous equation to the Euler equations, it is more convenient to rescale the time as was
done in [Bertozzi et al. 2012]. Indeed, set

1 xX—=y

‘(:—ln(l—t), M(T,X):—Z Rzm

15 (v)dy, Dy=D;

then we get
(81+u-V)151 =0, 50=D0.
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We observe that with this formulation, the blow-up occurs at infinite time and so the solutions do exist
globally in time. To simplify the notation we shall write this latter equation with the initial variables.
Hence the vortex patch problem is reduced to understanding the evolution equation

dip+v-Vp=0, >0,
v(t,x) = =5 [p, (x = y)/Ix = y|*dy, (1-2)
p(0) =1p,.

Let us point out that the area of the domain D; shrinks to zero exponentially; that is,
forallt >0, |p(t)|z1 =e"|Dol. (1-3)

The solution to this problem is global in time and takes the form p(¢) = 1p,, D; = ¥(¢, Do), where ¥
denotes the flow associated to the velocity v. Similarly to the Euler equations [Bertozzi and Constantin
1993; Chemin 1993], Bertozzi, Garnett, Laurent and Verdera [Bertozzi et al. 2016] proved the global-in-
time persistence of the boundary regularity in Holder spaces C !5, s € (0, 1). However the asymptotic
behavior of the patches for large time is still not well understood despite some interesting numerical
simulations giving some indications on the concentration dynamics. Notice first that the area of the patch
shrinks to zero, which gives that the associated domains will converge in Hausdorff distance to negligible
sets. The geometric structure of such sets is not well explored and hereafter we will give two pedagogic and
interesting simple examples illustrating the concentration, and one can find more details in [Bertozzi et al.
2012]. The first example is the disc which shrinks to its center, leading after a normalization procedure
to the convergence to Dirac mass. The second one is the ellipse patch which collapses to a segment along
the big axis and the normalized patch converges weakly to Wigner’s semicircle law of density
24/ x92 — x%

x> ——L1 xo=a—b.
x> [—x0,x0]

It seems that the mechanisms governing the concentration are very complex and related in part for some
special class to the initial distribution of the local mass. Indeed, the numerical experiments implemented in
[Bertozzi et al. 2012] for some regular shapes indicate that generically the concentration is organized along
a skeleton structure. The aim of this paper is to investigate this phenomenon and try to give a complete
answer for a special class of initial data where the concentration occurs along disjoint segments lying in
the same line. More precisely, we will deal with a one-fold symmetric patch, and by rotation invariance
we can suppose that its axis of symmetry coincides with the real axis. We assume in addition that the
boundary of the upper part is the graph of a slightly smooth function with small amplitude. Then we will
show that we can track the dynamics of the graph globally in time and prove that the normalized solution
converges weakly towards a probability measure supported in the union of disjoint segments lying in the
real axis. The results will be formulated rigorously in Section 2. The paper is organized as follows. In next
section we formulate the graph equation and state our main results. In Sections 3, 4 and 5 we shall discuss
basic tools that we use frequently throughout the paper. In Section 6 we prove the local well-posedness for
the graph equation. The global existence with small initial data is proved in Section 7, and Section 8§ deals
with the asymptotic behavior of the normalized density and its convergence towards a singular measure.



2006 TAOUFIK HMIDI AND DONG LI

2. Graph reformulation and main results

The main purpose of this section is to describe the boundary motion of the patch associated to (1-2) under
suitable symmetry structure. One of the basic properties of the aggregation equation that we shall use in
a crucial way concerns its group of symmetry, which is much richer than for Euler equations. Actually, in
addition to rotation and translation invariance, the aggregation equation is in fact invariant by reflection.
To check this property and without loss of generality we can look for the invariance with respect to the
real axis. Set
X=(x,y)eR? and X =(x,—y)
and introduce
b X) = p(t. ). b x)=—L [ X=X 50 vyay.
| T T fe -y

Using straightforward change of variables, it is quite easy to get

v(t, X)=0(t,X), div(vp)(t, X) =div(dp)(z, X).
Therefore we find that p satisfies also the aggregation equation
d:0 + div(0 p) = 0.

Combining this property with the uniqueness of Yudovich’s solutions, it follows that if the initial data
belong to L' N L> and admit an axis of symmetry then the solution remains invariant with respect to
the same axis. In the framework of the vortex patches this result means that if the initial data are given
by po = 1p, and the domain Dg is symmetric with respect to the real axis, the domain D, defining the
solution p(¢#) = 1p, remains symmetric with respect to the same axis for any positive time. Recall that in
the form (1-2) Yudovich-type solutions are global in time. To be precise about the terminology, here and
contrary to the standard definition in topology, where “domain” means a connected open set, we mean by
“domain” any measurable set of strictly positive measure. In addition, a patch whose domain is symmetric
with respect to the real axis (or any axis) is called one-fold symmetric.

In the current study, we shall focus on the domains D¢ such that the boundary part lying in the upper
half-plane is described by the graph of a C! positive function fp : R — R4 with compact support. This
is equivalent to

Do = {(x,y) € R?: x € supp fo, —fo(x) <y < fo(x)}.

We point out that concretely we shall consider the evolution not of D¢ but of its extended set defined by

Do ={(x,y) eR*:x € R, —fo(x) <y < fo(x)}.

This does not matter since the domain D; remains symmetric with respect to the real axis and then we
can simply track its evolution by knowing the dynamics of its extended domain: we just remove the extra
lines located on the real axis.

One of the main objectives of this paper is to follow the dynamics of the graph and investigate local and
global well-posedness issues in different function spaces. In the next lines, we shall derive the evolution
equation governing the motion of the initial graph fy. Assume that in a short time interval [0, T] the part of



DYNAMICS OF ONE-FOLD SYMMETRIC PATCHES FOR THE AGGREGATION EQUATION 2007

the boundary in the upper half-plane is described by the graph of a C! function f; : R — R. This forces
the points of the boundary dD; located on the real axis to be cusp singularities. As a material point located
at the boundary remains on the boundary, any parametrization s — y;(s) of the boundary should satisfy

(0:ye(s) —v(t, ye(s))) - 7i(ye(s)) =0,
with 71 (y; ) being a normal unit vector to the boundary at the point y; (s). Now take the parametrization in the
graph form y; : x — (x, f(¢, x)); then the preceding equation reduces to the nonlinear transport equation
A f(t,x) +ur(t,x) ox f(1,x) =uz(t,x), 120, xeR,
F(0,x) = fo(x),
where (11, u2)(¢, x) is the velocity (v, v2)(f, X) computed at the point X = (x, f(¢, x)). Throughout
this paper we use the notation

fe(x) = f(t.x) and f'(t,x) = 0x f(t. ).

To reformulate (2-1) in a closed form we shall recover the velocity components with respect to the graph
parametrization. We start with the computation of vy (X). Here and for the sake of simplicity we drop the

(2-1)

time parameter from the graph and the domain of the patch. One writes according to Fubini’s theorem

SO dys
—2nv1(X) = dYy = /(x y )/ dyi,
! |X Y|2 V) = y)2+ () —y2)2 !

where Y = (y1, ¥2). Using the change of variables y, — f(x) = (x — y1)Z we find
2000 = [ [mt(M) +t(M)]
R

— X X

= / [arctan( Jx+ y; — f(x)) + arctan( Jx+ y; + /) ):| d
R

To compute v; in terms of f we proceed as before and we find

_ [ -y 7o f(x) = y2
= [ g = | | G

Therefore we obtain the expression

. y24+(f(x+y)— f(x)?
4m}2(x’f(x))_/[RlOg(y2+(f(x+y)+f(x))2)dy

With the notation adopted before for (11, u;) we finally get the formulas

wy (. x) = %/I;[arctan(ft(X‘i‘J’)_ft(x)) +arctan(ft()€+y)+ft(x))i| oy,

Y y
2 2 (2-2)
e x)=L/10g(y (i +9) = /i) )d
’ 4 Jn Y24+ (fi(x+y)+ fi(x))?

We emphasize that for the coherence of the model the graph equation (2-1) is supplemented with the
initial condition fo(x) > 0. According to Proposition 6.2, the positivity is preserved for enough smooth
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solutions. Furthermore, and once again according to this proposition we have a maximum principle
estimate:

forallt >0, forall x e R, 0< f(t,x) <| follLee-

Notice that the model remains meaningful even when the function f; changes sign. In this case the
geometric domain of the patch is simply obtained by looking to the region delimited by the curve of
fr and it is symmetric with respect to the real axis. This is also equivalent to dealing with a positive
function f; but its graph will be less regular and belongs only to the Lipschitz class. Another essential
element that will be analyzed later in Proposition 6.2 concerns the support of the solutions, which remains
confined through the time interval. More precisely, if supp fo C [a, b] with a < b then provided that the
graph exists for ¢ € [0, T'] one has

supp f(¢t) Ca,b].

This follows from the fact that the flow associated to the horizontal velocity u1 is contractive on the
boundary. It is not clear whether global weak solutions satisfying the maximum principle can be
constructed. However, to deal with classical solutions one should control higher regularity of the graph
and it seems from the transport structure of the equation that the optimal scaling for local well-posedness
theory is Lipschitz class. Thus, in what follows we say that a function space is critical if it scales
as a Lipschitz class and subcritical if it scales above like Holder spaces C'*5, s > 0. Denote by
g(t,x) = 0x f(¢, x) the slope of the graph; then it is quite obvious from (2-1) that

0;g +u10xg = —0xu1g + dxus. (2-3)

For the computation of the source term we proceed in a classical way using the differentiation under the
integral sign and we get successively

J'x+y) - f1(x) fx+y)+ (%)

278511 (x) = p.v. dy+pv.
) =R G - o Y et w2

ydy (2-4)

and

(fx+y) = f)(f'(x+y)— f'(x)
Y2+ (f(x+y) = f(x)?

o [ TN SO ) + 1)
R Y24+ (f(x+y)+ f(x)?

where the notation “p.v.” is the Cauchy principal value. It is worth pointing out that the first two integrals

2mdxuz(x) =p.v. dy

dy,

appearing in the right-hand side of the expressions of d,u1 and d,u» are in fact connected to the Cauchy
operator associated to the curve f defined in (5-1). This operator is well-studied in the literature and some
details will be given later in Section 5. Next, we shall check that the integrals appearing in the right-hand
side of the preceding formulas can actually be restricted over a compact set related to the support of f.
Let [-M, M] be a symmetric segment containing the set Ko — Ko, with K¢ being the convex hull of the
support of fo, which is denoted by supp fp. It is clear that the support of dxu; f’ is contained in K¢ and
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thus for x € Ky one has

o [ L EAN G ydy:pV/M flx+ )= 1)
C ey TE+ - f0)? Y PG =)

Consequently, we obtain for x € R

M ' —f’
2mf'(x)dxu1 (x) = f'(x) p.v. /_M »2 f ((}C(jcr i)y) - %c))zy ’

: M o+ )
+f (X)P-V-/_M VA Gy + S

Coming back to the integral representation defining d,u, one can see, using a cancellation between both

sydy.

dy.

integrals, that the support of dxu» is contained in Ky. Furthermore, for x € K¢ one may write

_ M (S +2) = fONS (x+3) = [(x)
st =pr | R
—pwv /M (fx+y)+ /NS x+y) + f(x) dy
m Y+ (f(x+y)+ f(x)? '
Gathering the preceding identities we deduce that
2 (—dxuy f'(x) + 0xuz) = F(x) — G(x), (2-5)

with

M . o , s
Fx) 2 pu. /_ ) 0 +) = f@) =y OIS G+ 0 = )

Y+ (fx+y) - f(x)?

G & /M £+ ) + £O) + 3 O (x4 )+ £1(0))
P ) m Y+ ([t )+ f(0)2

One should keep in mind that the integrals above can also be extended to the full real axis. Sometimes in

dy.

order to reduce the size of the integral representation we use the notation

AT F(x) = f(x+y) £ f(x). (2-6)
Thus F and G take the form

_ M AT f(x) =y (X)]AT f'(x)

Fo=en [ e
M IAL S + 3 WA ()

G(x) = p.v. /_ . T o) dy. (2-8)

The first main result of this paper is devoted to the local well-posedness issue. We shall discuss two
results related to subcritical and critical regularities. Denote by X one of the following spaces: Holder
spaces C*(R) with s € (0, 1) or the Dini space C*(R). For more details about classical properties of
these spaces we refer the reader to Section 4.
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Theorem 2.1. Let fo be a positive compactly supported function such that fj € X. Then, the following
results hold true:

(1) Equation (2-1) admits a unique local solution such that '€ L*°([0, T], X ), where the time existence T
is related to the norm | fyllx and the size of the support of fo. In addition, the solution satisfies the
maximum principle

forallt € [0.T], (| f@)llzee = [l follLoo.

(2) There exists a constant € > 0 depending only on s and the size of the support of fo such that if
Ifollcs <e (2-9)
then (2-1) admits a unique global solution ' € L*°(R4+; C*(R)). Moreover,
forallt >0, ||0x f(t)||re < Coe™",
with Co a constant depending only on || fg | cs.

Before outlining the strategy of the proof, some comments are in order.

Remarks. (1) The global existence result is only proved for the subcritical case (C*). The critical case
(Dini case) is more delicate to handle due to the lack of strong damping, which is only proved in the
subcritical case (see Proposition 7.1). Roughly speaking, the damping comes from the linearization of the
nonlinear term. Indeed, one finds that the equation

¢ [ +uydx f' = 5= (F(x) — G(x)) = — f' + L1 (x) + nonlinear,

where (see Proposition 7.1) the term “nonlinear” has superlinear C*-type estimates. If the term L (x)
were identically zero, then one can use the damping term — f” to obtain exponentially decaying global
solutions with small initial data. On the other hand, as it turns out, the almost-linear-type term L (x)
admits estimates of the form

ILulls < (Lflls +201F Nzee) + ClLF Nz eolLf s
IL1llzee = € min(|| flIZe0 ./ lls. /" Loe)-

The key improvement here is the first estimate in the L°° estimate of L, which is in some sense superlinear.
By using Proposition 6.2 one can obtain an exponential decay estimate of || f||; through an area argument.
This important estimate together with some interpolation estimates (and an exponential decay estimate
of ||0xu1]lo) and the strong damping term — f” then yields global well-posedness for small data.

(2) Coming back to the patch domain, we see that it admits cusp-like singularities located on the axis
of symmetry. This is not covered by the preceding result [Bertozzi et al. 2016] where the boundary is
assumed to be more regular than C'!. From the proof of Theorem 2.1 we deduce that the graph solutions
generate a Lipschitz velocity. This allows us to easily propagate a weak notion for the order of a cusp.
More precisely, let o > 0 be the order of a cusp xo; that is, for small r, we have | D N B(xg,7)| = O(r**%),
and then for the solutions constructed in Theorem 2.1 we get |D; N B(x;,r)| = O(r>*%), with x, the

image of xo by the flow. Notice that this problem was studied for Euler equations in [Danchin 2000].
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(3) From Sobolev embeddings we deduce according to the assumption on fy listed in Theorem 2.1 that
fo belongs to the space C!(R) of compactly supported C! functions.

(4) The maximum principle holds true globally in time; however, it is not clear whether some suitable
weak global solutions could be constructed in this setting.

Now we shall give some details about the proofs. First we establish local-in-time a priori estimates
based on the transport structure of the equation combined with some refined studies on modified curved
Cauchy operators implemented in Section 5 and essentially based on standard arguments from singular
integrals. The construction of the solutions done in Section 6C is slightly more intricate than the usual
schemes used for transport equations. This is due to the fact that the establishment of the a priori estimates
is not purely energetic. First, at some levels we use some nonlinear rigidity of the equation like in
Theorem 2.1(3), where the factor f’ behind the operator should be the derivative of the function f that
appears inside the operator. Second, we use at some point the fact that the support is confined in time.
Last we use at different steps the positivity of the solution. Hence it seems quite difficult to find a linear
scheme taking into account all of those constraints. The idea is to implement a nonlinear scheme with
two regularizing parameters ¢ and n. The first one is used to smooth out the singularity of the kernel and
the second to smooth the solution through a nonlinear scheme. We first establish that one has uniform
a priori estimates on n but on some small interval depending on ¢. We are also able to pass to the limit
on n and get a solution for a modified nonlinear problem. Second we check that the a priori estimates
still be valid uniformly on . This ensures that the time existence can be in fact pushed up to the time
given by the a priori estimates obtained for the initial equation (2-1). As a consequence we get a uniform
time existence with respect to € and finally we establish the convergence towards a solution of the initial
value problem using standard compactness arguments.

The global existence for small initial data requires much more careful analysis because there is no
apparent dissipation or damping mechanisms in the equation. Notice that the estimate of the source
term G contains some linear parts as it is stated in Proposition 6.1. The basic ingredient to get rid of
those linear parts is to implement a kind of linearization allowing us to capture a weak damping effect
in G that can just absorb the growth of the linear part. We do not know if the damping proved for lower
regularity still happens in the resolution space. As to the nonlinear terms, they are always associated
with some subcritical norms and thus using an interpolation argument with the exponential decay of the
L' norm we get a global-in-time control that leads to the global existence.

The second result that we shall discuss deals with the asymptotic behavior of the solutions to (1-2) and
(2-1). We shall study the collapse of the support to a collection of disjoint segments located at the axis of
symmetry. Another interesting issue that will be covered by this discussion concerns the characterization
of the limit behavior of the probability measure

t 1Dz

dPt é e
| Do

dA, (2-10)

with d A being Lebesgue measure and | Dg| denoting the Lebesgue measure of Dg. Our result reads as
follows.
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Theorem 2.2. Let fo be a positive compactly supported function such that fj € C*(R), with s € (0, 1).
Assume that supp fo is the union of n disjoint segments and satisfies the smallness condition (2-9). Then
there exists a compact set Doo C R composed of exactly of n disjoint segments and a constant C > 0 such
that

forallt =0, dp(D;.Deo) <Ce™. |Dool > 3|Dol.

with dg being the Hausdorff distance and |D| the one-dimensional Lebesgue measure of Deo. In
addition, the probability measures {dP;};>0 defined in (2-10) converge weakly as t goes to oo to the
probability measure

dPOO = CD(SDOO®{0},

with ® being a compactly supported function in Do belonging to C*(R) for any a € (0, 1) and can be
expressed in the form

-1
o(x) = 12Woo X)) o) (2-11)
Il follzt
with g a function that can be implicitly recovered from the full dynamics of solution { f; : t > 0} and
Yoo = lim ¥ ().
t—00

Note that  (t) is the one-dimensional flow associated to ui defined in (6-26) and

Dy =1{(x,y):x €supp fr, —f1(x) <y < fr(x)}.

Remark 2.3. The regularity of the profile ® might be improved and we expect that ® keeps the same
regularity as the graph.

The proof of the collapse of the support to a disjoint union of segments can be easily derived from the
formula (2-11) which ensures that the support of the limit measure is exactly the image of the support
of fp by the limit flow /o, which is a homeomorphism of the real axis. To get the convergence with
the Hausdorff distance we just use the exponential damping of the amplitude of the curve. As to the
characterization of the limit measure it is based on the exponential decay of the amplitude of graph
combined with the scattering as ¢ goes to infinity of the normalized solution e’ f(¢). In fact, we prove
that the density is nothing but the formal quantity

d(x) = 2[l_i>1¥>1o el f(t,x)

whose existence is obtained using the transport structure of the equation through the method of character-
istics combined with the damping effects of the nonlinear source terms.

3. Generalities on the limit shapes

In this short section we shall discuss a simple result dealing with the role of symmetry in the structure
of the limit shape D,. Roughly speaking, we shall prove that thin initial domains along their axis of
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symmetry generate concentration to segments. Notice that
Do & { lim ¥(t,x):x € DO},
t—>o0
where i is the flow associated to the velocity v and defined through the ODE
Yt x)=v(t, ¥(t,x), t>0,xeR2
¥(0,x) = x.

The existence of the set Do, will be proved below. We intend to prove the following.

(3-1)

Proposition 3.1. The following assertions hold:
(1) If Dy is a bounded domain of R?, then for any x € R? the quantity lim;_so ¥ (¢, X) exists.

(2) Let Dy be a simply connected bounded domain symmetric with respect to an axis A. Denote by
do = Length(Dg N A). There exists an absolute constant C such that if

1
do > C|D0|5
then the shape Do contains an interval of the size dy — C |D0|%.

Proof. (1) Integrating in time the flow equation (3-1) yields

t
Ve =x+ [ o v
0
Now observe that pointwisely

w01 = 5 (1 o0l o

Thus interpolation inequalities combined with (1-3) lead to

1 1 t 1
[v@llLee = Cllp71 p@)feo < Ce™2|Do|2, (3-2)

with C an absolute constant. This implies that the integral fooo v(t, ¥ (t,x)) dt converges absolutely and
therefore lim;_o0 ¥ (£, x) exists in R2. This allows us to define the limit shape Do as

Doo = { lim ¥ (z,x): x € Do}.
t—>00
(2) Without loss of generality we will suppose that the straight line A coincides with the real axis. Since
D is a simply connected bounded domain, there exist two different points X, X, (;“ € R such that
DoNA =Xy, X

Then it is clear that Length(Dg N A) = X, (;r — X :=do. By assumption Dy is symmetric with respect
to A; then the domain D; remains also symmetric with respect to the same axis and the points X SE move
along this axis. Set

XE() =y X5):

then as the flow is a homeomorphism

D:NA=[X"(t), X" ()]
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Now we wish to follow the evolution of the distance d(¢) := X ™ () — X ~(¢) and find a sufficient condition
such that this distance remains away from zero up to infinity. Notice from the first point that lim; .o d(¢)
exists and is equal to some positive number doo. From the triangle inequality, one easily gets

t
d(t) = do—2 /0 ()]l d<.

Inequality (3-2) ensures that
1
d(t) = do—C|Do|?

and therefore doo > do — C |Do|%. Consequently, if do > C |D0|% then the points {X *(¢)} do not collide
up to infinity and thus the set D, contains a nontrivial interval as claimed. O
4. Basic properties of Dini and Holder spaces

We now set up some function spaces that we shall use and review some of their important properties. Let
/ :R— R be a continuous function; we define its modulus of continuity ws : R+ — R4 by

wr(r)=sup [f(x)=f()I.

[x—yl<r

This is a nondecreasing function satisfying ws (0) = 0 and it is subadditive; that is, for r1, 72 > 0 we have

wr(r1 +r2) < wr(r1) + wr(r2). 4-1)

Now we intend to recall Dini and Holder spaces. The Dini space denoted by C *(R) is the set of continuous
bounded functions f such that

dr.

. Yor(r)
| fllLee + 1 fllp <oo, with| flp= N

Another space that we frequently use throughout this paper is the Holder space. Let s € (0, 1); we denote
by C5(R) the set of functions f : R — R such that

wf (r).

s

[/ llLee + 11 flls < oo, with | f]ls = sup

O<r<1
Let K be a compact set of R; we define Cg as the subspace of C*(R) whose elements are supported
in K. Note that Cg < L°(R), which means that a constant C depending only on the diameter of the
compact K exists such that

forall f€Cg, |[fllLee =Clfllp- (4-2)

This follows easily from the observation
forall r € ((), %], o(r)In2<|flb.

From (4-2) we deduce that for any A > 1

A
/0 U 4y <1 fIp 420 f e A = CIF (1 +1n 4). (4-3)
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Coming back to the definition of Dini seminorm one deduces the product laws: for f, g € Cg

Ifgllp =1 fllzellglip +lglzellfllp and [ fgllp =CllflplglD- (4-4)

Another useful space is C¢-, which is the subspace of C*(R) whose functions are supported on compact K.
It is quite obvious that

Ci > Cf > L™, (4-5)

We point out that all these spaces are complete. Another property which will be very useful is the following
composition law. If f € C*(R) with0 <s <1 and ¥ : R— R is a Lipschitz function then f oy € C*(R) and

1 o¥lls < (Lf s + 20 f o)V [ 00 (4-6)

It is worth pointing out that in the case of the Dini space C*(R) we get a more precise estimate of
logarithmic type,

If e¥lp = CALflip + 11/ o) 4+t ([V[[L0)), (4-7)

with the notation

A (Inx ifx>1,
Ing x = .
0 otherwise.

Another estimate of great interest is the following product law:

Ifglls = 1/ Iz lIglls + lgllzeo IF lls- (4-8)

In the next task we will be concerned with a pointwise estimate connecting a positive smooth function to
its derivative and explore how this property is affected by the regularity. This kind of property will be
required in Section 5 in studying Cauchy operators with special forms.

Lemma 4.1. Let K be a compact set of R and f : R — Ry be a continuous positive function supported
in K such that ' € C*(R). Then we have

I/l + I/ llzee
L+Ing (| f//lp/ f(x))

forallx eR, |f'(x)|<C

A weak version of this inequality is

(Ao + 1L/ o) + Ine (1/1f"IlD))
L4 1In4 (1/f(x)) ’

with C an absolute constant. If in addition ' € C*(R) with s € (0, 1), then

forallx R, |f'(x)|<C

1 s

forallx €R, | f'()I = CIf lls T [f ()T

and the constant C depends only on s.
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Proof. Let x be a given point; without any loss of generality one can assume that f’(x) > 0. Now let
h € [0, 1]; then using the mean value theorem, there exists ¢z € [x — &, x) such that

fx—h)= f(x)=hf'(cp)

= f(x)=hf'(x)=hlf"(cp) = ' (x)]

< f(x)=hf'(x)+h wyr(h).
From the positivity of the function f we deduce that for any % € [0, 1] one gets

SX)=hf'(x)+haws(h) = 0.
Then dividing by 42 and integrating in /& between ¢ and 1, with ¢ € (0, 1], we get
1
fO3+ 1@ e+ f'lp 2 0.
Multiplying by ¢ we obtain
foralle € (0,1), f(x)+ f'(x)elne+||f'||pe=>0. (4-9)

By studying the variation with respect to & we find that the suitable value of ¢ is given by

NN Vol
S (x)
Inserting this choice into (4-9) we find that
ef'(x) < f(x);

that is,
e—l—llf/IID/f/(x)f/(x) < f(x).

t

From the inequality e~ < e~ ! we deduce that

o1 WD s 7700
f'(x)

which implies in turn that

e—l—llf’llD/f’(X)f/(x) > e—2||f’IID/f’(X)||f/||D.

Consequently we get
2RI 1 < f(x).
Thus when f(x)/|| f/|lp > 1 this estimate does not give any useful information and then we simply write
1) =1L Mz
However for f(x)/|| f'llp <1 we get

I/"llp
L+Ing (L f'llp/ f(x)

f'xy=c
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from which we deduce that

L/ o (1 + e (/1 fllD)

S = C T )

Indeed, one may use the estimate

1+1Iny (1/x) _

for all x > 0,
orany l+1Ing(a/x) —

1 +1ny(1/a),
which can be verified easily by studying the variation of the fractional function.

Now let us move to the proof when f’ is assumed to belong to the Holder space C¥, with s € (0, 1).
Following the same proof as before one deduces that under the assumption f’(x) > 0 one obtains for
any h € Ry

FO)=hf' )+ £ 2 0.

By studying the variation of this function with respect to 4 we find that the best choice of % is given by

S
A+ s
which implies the desired result, that is,
/ / % =
f') = CIUf s L (o], 0

5. Modified curved Cauchy operators

This section is devoted to the study of some variants of Cauchy operators which are closely connected to
the operators arising in (2-4) and (2-5). Let us first recall the classical Cauchy operator associated to the
graph of a Lipschitz function f : R — R,

. gx+y)—gx)
Qg“”i@y+ﬂﬂx+w—f@»@“

which is well-defined at least for a smooth function g. According to a famous theorem of Coifman,

(-1

Mclntosh and Meyer [Coifman et al. 1982], this operator can be extended as a bounded operator from
L? to L? for 1 < p < oco. By adapting the proof of [Wittmann 1987], this operator can also be extended
continuously from Cg to C*(R) for 0 < s < I, provided that f belongs to C 1+5(R). However this
operator fails to be extended continuously from the Dini space Cg to itself, as can be checked from
Hilbert transform. The structure of the operators that we have to deal with, as one may observe from the
expression of F following (2-5), is slightly different from the Cauchy operators. It can be associated to
the truncated bilinear Cauchy operator defined as follows: for given M > 0, 8 € [0, 1],

M
) LM (x4 0y) — g () (h(x + y) — h(x))
Qﬂgmw”‘LM Vit ) — )
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The real and imaginary parts of this operator are given respectively by

M
R o )(x) = y(gx +0y) —g(x) (h(x +y) —h(x))
Pane= [ T

(5-2)

and

/M (fx+y)—f(x)(gx+0y)—g(x)(h(x +y)— h(X))
M V24 [f(x+y)— f))?

In what follows we denote by X one of the spaces Cg, with 0 < < 1, or Cg. The result that we shall

(g h)(x) =

discuss deals with the continuity of the preceding bilinear operators on the spaces X. This may have been
discussed in the literature, but as we need to control the continuity constant we shall give a detailed proof.

Proposition 5.1. Let K be a compact set of R and | be a compactly supported function such that f’ € X.
Then the following assertions hold true: The bilinear operator CJQ 1 X X X — X is well-defined and
continuous. More precisely, there exists a constant C independent of 6 such that for any g,h € X

IICﬁ’m(g,h)llx =CA+ 1/ e llf Ix)Uglp I7x + Alp lIglx).
9 [«
ICs™ (g Wllx = CILf lx L+ 1L £'IZe)Uglp I llx + llgllx 2]l p)-

Proof. We shall first establish the result for the real-part operator given by (5-2). First we note that one
may rewrite the expression using the notation (2-6) as follows:

6. M yAgyg(x)Ayh(x)
s h —
Gene= [ R T

where we simply replace the notation A" by A). Using the product laws (4-4) and (4-8) one obtains

cmh<MAAhdyMAAh
IC, " (g. Wlix = iy [AgygAy ||Xm+ iy ||| AgygAyhlLeo

1
—— | dy.
REERTNIE] M

Using once again the product law, it becomes
[AoygAyhllx < [[AsygliLee [Ayhlx +[1Agygllx | AyhllLoe
< wg(lyDIlIRllx +2lgllx wn(lyD.
where we have used that for 6 € [0, 1], y € R
1A Rlx <2lhlx.  [AgyhliLee < wp(]y]). (5-3)

Consequently

M dy
/ [AgygAyhlx— < Cglp Ihlx + 12D llgllx)- (5-4)

|yl

By the definition it is quite easy to check that for any function ¢ € X N L*°(R)

' 1
y*+¢?

2llgllzee
= ——Z el
y




DYNAMICS OF ONE-FOLD SYMMETRIC PATCHES FOR THE AGGREGATION EQUATION 2019

|

where we have used the inequalities

Hence we get
1

y2+(Ayf)2 X

Ay fllzee
<2 yy 1Ay flix

<Cy (| fllzee II.f lIx. (5-5)

1Ay fllzee < Iy f e and  wa, r(r) < [ylwp(r).

Therefore we get in view of (5-3),

M
f 011 AgygAyhllzoo H
—M

wg (YD
dy < C| f'llLee ||f/||X||h||L°°/M g| |

= ClLf e lLf x Mllzee gl p-

1
2+ (Ayf)2 X

Combining this last estimate with (5-4) we find that

IICQ M. mlx < Ciglp Ihllx + Iklp lglx + £ 1o I x 12l <l gllp)-

To deduce the result it is enough to use (4-5).
We are left with the task of estimating the imaginary part, which takes the form

0.5 M Ay f(x)Agyg(x)Ayh(x)
h =
Cr (&) = /_M Vt (B f ()

Note that we have dropped the minus sign before the integral, which of course has no consequence on the

dy.

computations. Using Taylor’s formula we get

1
Ay f() =y fo Fix+y)de

and thus

03, 1 VG TR gOBBD)
G (e ) = / / V1 (B, f())? yér

It suffices to reproduce the preceding computations using in particular the estimates

£/ (- +ty)AgygAyhliree < | f'llLoollhllLocwg (|y])

and
1/ + ) AgygAyhllx < I1f lLee|1AgygAyhllx + 11/ llx |1 AgygAyhllLee
<1 L (g (yDIAlx + lglx wn(yD) + 21 fIx gl Leown(ly]).
This implies, according to the Sobolev embeddings (4-5),

M 1
dy
fM/O If'(- +1y)AgygAyhllx ol dt <C|lf'llx(glpllklx + lgllx 2] p).
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Using (5-5) one may easily get

M
/M G+ Ty)AGygAyh”Loo‘ dy < Cllf'I7ee I/ lIx Bl ligllp

1
y2+(Ay ) lx
which gives the desired result using the Sobolev embeddings (4-5). O

The second kind of Cauchy integrals that we have to deal with, and that are related to the integral
terms in (2-4) and (2-5), are given by the linear operators

g yg(ax + By)
Tf g(x) = pV/R y2 + [f(x) —+ f(x + y)]2

with @ and B being two given parameters. The continuity of these operators in classical Banach spaces

is not in general easy to establish and could fail for some special cases. We point out that it is not our
purpose in this exposition to implement a complete study of these operators. A more complete theory
may be achieved but this topic exceeds the scope of this paper and we shall restrict ourselves to some
special configurations that fit with the application to the aggregation equation. Our result in this direction
reads as follows.

Theorem 5.2. Let o, 8 € [0, 1], K be a compact set of R and f : R — R4 be a compactly supported
continuous positive function such that f" € Cg. Then the following assertions hold true:

(1) The operator TP Cg — L% (R) is well-defined and continuous and

S
1T, PP glliee < CA+1f IFoo +1Lf ool £ D) gD,

with C a constant depending only on K and not on « and B.

(2) The modified operator ' T'x b : Cg — Cg is continuous. More precisely,

Lf'Ty “Pelp < Cllf Ip(Coing (/15 1p) + 1L 1)1l

with C a constant depending only on K and
(I1-mnp), Be(0.1],
1, B =0.

(3) Let s € (0, 1) and assume that f' € Cg; then f’T}x"B : Cg — CR(R) is well-defined and continuous.
More precisely, there exists a constant C depending only on the compact K and s such that

Cp &

Lf'Ty “Pells < Ccpllf’ IIIJ” 1 IsHg s (5-6)

In addition, one has the refined estimate

+
I/ T"‘ﬂg||S§C||f ||2+S(||f ||s2+SC,3+||f ||§4)||g||s+C||g||2+s g™ 11 s
with |
C é ﬁ_i’ IB € (O’ 1]’
ﬁ p—
1, B =0.
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Proof. To simplify the notation we shall throughout this proof write T¢ g instead of Tfa B g.

(1) By symmetrizing we get

_ [T ylglax+ By) —glax —By)]
s = | AU fa R “

+ tm / y glax —By)[f(x—y) = f(x + WIAT f(x) + Ai_yf(x)]
60 2+ A fOP) 2 +[AT, f(0)]?)
£ Te(x)+ THg(x). (5-7)
Without loss of generality we can assume that K = [—1, 1] and supp g C [—1, 1] and deal only with x > 0.

We shall distinguish two cases 0 < ax <2 and ox > 2. In the first case, reasoning on the support of g
we simply get

T o(x) — ylglax + By) — glax — By)]
78 = 2 2
0<py<3y V> +[f()+fx+y)]

Hence we obtain according to the definition of the modulus of continuity, a change of variables and (4-3)

wg (2
Trewis [ Oy <ol (5-8)
{0<By=<3} y

Coming back to the case «¢x > 2 one may write

2
Thew) < [ ©0e2Py) 4,
{ax—1<By<l+ax} Yy

1+ax 1
5wmum/' Lay
a y

x—1
1+y
—1+y

snmuwm(

<ClgliLe-

), y=ax>?2

Combining this last inequality with (5-8) we deduce that

177 gl < Cligllp- (5-9)
For the second term sz g we split it into two parts as follows:

yglax—=pBy)[f(x—y)— f(x+y)]
P2+ )+ f+ P02+ () + fx=»)]?)
/°° y glax—By)f(x—y)— f(x + Y (x,y)
o O+ + fx+MPO2+[f(x)+ f(x=»)]?)
21200+ T7g(x), (5-10)

dy

ng(x) = hm 4f(x)/

with

1
W(x,y)=f(x+y)+f(x—y)—2f(X)=y/0 [f'(x+0y)— f'(x—0y)]df
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The first term Tf g is easily estimated. Indeed, one can assume that f(x) > 0; otherwise the integral
vanishes. Thus using the mean value theorem and a change of variables we obtain

2

G2+] f(x)12>2 it

y2

o0
<8 o0 ! OO/ —d
= 8llglel e | o @

<Clglreellf oo (5-11)

T2 (0] = 8llglzoe I loe £ () /

As for the term sz 2, straightforward arguments yield

el

2,2 2
732600 =Sl | =

y=3 .
z wp(2y)
scngum(nfnioo+C||f’||Loo/0 o dy)

< Cliglree(l f Iz + Cllf Leell £ llp).

where we have used the fact

1
L dy +2lglzsll £ e /0

[Y(x, y)| <2y (2y).
Consequently we obtain
1T7glloe < Cliglzoe (1S 7o + 1/ lLoe D + 1 Loe). (5-12)
Putting together this estimate with (5-11) and (4-2) we obtain the desired estimate.
(2) First, recall from part (1) of this proof the decomposition
Trg(x) = Tflg(x) +T;’1g(x)—|—T;’2g(x). (5-13)

The second term is easier to deal with and one has

177 gl < Cliglp I/ o1+ 111/ 2)- (5-14)

This implies in view of the product laws (4-4) and (5-11) that

177 gl < Cliglp I/ 1oL Nlzee + 1L NI 1%)- (5-15)

To establish (5-14) we first note that if f(x) = 0 then T g(x) = 0. However for f(x) > 0, using the
mean value theorem and the change of variables y — f (x) y we get

A /°° y2 glax —Bf(x)y) fol [f'(x+0f()y)+ f(x=0f(x)y)]db
0 p(x, y)p(x,—y)

T/ g (o) =~ dy.  (5-16)
with

1 2
go(x,y)=y2+[2+y/0 f’(x—{—@f(x)y)d@] .
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Observe that the identity (5-16) is meaningful even for f(x) = 0 and we can check easily that it vanishes.
This follows from the fact that owing to the positivity of f when f(x) = 0 we have f’(x) = 0. To
simplify the expressions we introduce the functions

1
Ni(x,y) = glax—Bf(x)y) /0 [f'(x+0f()y) + f/(x = 60f (x) )] dF,
Di(x,y) = ¢(x, y)p(x, =y).
Then by (4-4) we obtain for fixed y

1
IN1 (-, 0o =2llgo(eld=By)lp ILf lLee+IIgllzee /0 [l f'e(d+6y )+l f'o(d—0yf)llp] do.
Using the composition law (4-7) we get successively

lg o (edd =By /)b = Cliglp (1 +Iny (@ + Bl fllLooy)).
If"odd+0yf)llp = Cllf o1 +1In(1 + 8] f'llLeey))-
This implies
IN1(-. »)lIp

1
=< Cliglp (1 +Inp (e + Bl f Loy [Lf lLee + CliglzeIl.f "l /0 (1+1In(1+ 61| f'llLey)) d6.

Since

n n
ln(l + l_[ xi) < Zln(l + x;) forall x; >0,
i=1 i=1
we have

IVt )b = Cligllp I/ o (1 +Ing [ fllzee +1Ing p). (5-17)

On the other hand it is clear that

N1 ) [Lee < Cligllzeell f oo (5-18)
To estimate 1/D1(-, y) in the Dini space Cg we come back to the definition, which implies
11/P1(-. Yo < ID1(-. D 11/Pr (-, I oo (5-19)

Now using the product law (4-4) we deduce that

D1 0D = e Pz lloC-, =)lip + e, »)lIp lle(-, =)l Lo

From simple calculations we get

(- £ e <¥2+Q+ ¥l llLee)* < CA+ £/ 1700)(1 + ¥?).

Applying (4-4) and (4-7) to the expression of ¢ it is quite easy to check that
1
leC-. £y)llp = C( erllj”llLoo)y/0 If"odd£0yf)llp do

<CH+Y2 1/ ML) 1 o L+ Ing || /| 2o + g p).
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Thus combining the preceding estimates we find

D1 ) lp < CO+Y2F L) |f o (LI | | zoe +Ing ) A+ £/ 17 00) (14 37)
<CA+y*Ing Y) | f/ Ilp A+Ing || £/l Loe) A+ £/ ]7.00)- (5-20)

Now we shall use the following inequalities, which can be proved in a straightforward way: for any
y € R4 and for any a, b € R with |a| < b, one has

2 2> 2 — ya)? > 5-21
Y2+ Q2+ya) =y +( ya)_1+a2_1+b2 (5-21)
It follows that 5
L+ /117 0
1/o(-, £ o < ————=—, 5-22
1/ D)l < 3 (522)
Putting this estimate together with (5-20) and (5-19) yields
1+ y4Ing y
11/P1 (9l = €= 5= o (0 FIng 1o)X+ 117 22)
1+ ln+ y
1
=CT% LAl U+ 111l
Therefore we obtain using (5-17), (5-18) and (5-22)
[N /DO)C)p = TNV ) llzee [T/ ») o + TNV ) 11/P1) (- p) e
1+Inyy
<Cliglreellf Lo Tyt [FEPICERFAES!
1+1Ing || f'llLee +1ny y
+Clglpllf b 2 (L+ 111 00)
l1+y
14+Inty
<Clglplf'llp——4 e A (RS
+
Plugging this estimate into (5-16) we find
177" ¢l 54/ VAIW/DD . »lip dy < Cliglp I 1o+ 1Lf 1 13). (5-23)
This concludes the proof of (5-14).
Now we intend to estimate |7 g|| D, which is trickier. Let r € (0,1) and x1, x5 € R such that
|x1 — x2| < r. We shall decompose Tflg as follows:
Tlg=T/n g+ Thn 8 (5-24)

with

1 " ylglax + By) —glax — By)]
Tyim §() = / UM+ farnp

ri [ ylglax + By) — glax — By)]
Tren8) = / 2 )+ St P
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From the subadditivity of the modulus of continuity we get

' _ ywg(y) Cwg(y)
(0T 1mg<x>|§€|f(x>|/ S dy le()I/ s dy
Using Lemma 4.1 we find

v(f) Coe)
T+ns(1/foN Jo v+ f0)

/)T mtg()f)l <C
where
y(f) £ 1 o +Ing.(1/1 £l p))-
Now we claim that for y € (0, 1)

1 1 C 1
su < +
e>§1+ln+(1/8)y+8 y(I+ny]) 1+y

for some universal constant C > 0. To prove this result it is enough to get

1 1 C
sup < .
eco,n) 1 +1In(1/e) y+& = y(1+[Iny|)

Indeed, we shall consider the two cases € > ,/y and ¢ < ,/y. In the first case we observe

1 1 1

<— and

—<1’
y+e T \Jy I +1In(l/e) —

which implies
1 1 1 C
f—==——"7:.
I+In(l/e) y+e ™= /y ~ y(I1+|Iny|)

However in the second case ¢ < ,/y we write simply that

1 1 1 1
<— and

<
y+e Ty 1+1In(1/e) = 14 31n(1/y)

which gives the desired result. Coming back to (5-25) and using (5-27) we deduce that

- wg()’)
sup | £ T 8 ()| < Cy(f )/ P A e (17700 + fon

T () 0g(7)
Scy‘f)(/o (0 + JIny) d”/o Ity dy)‘

Consequently

2025

(5-25)

(5-26)

(5-27)

(5-28)

swp | £ T gen) = £() T, lmg(h)}fcy(f)(/o 20 /0 wg(y)dy).

y(1+[Inyl)

|x1—x2|<r
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Therefore we get by using Fubini’s theorem

! rl dr
[ s 1T s — £ G T ]

|x1—x2|<r

Lag(y) |Inyl !
d d
SCy(f)/O TR y+CV(f)/O [In ylwg () dy

<Cy(Nlglp-

As for Tfextg, we write

f'e)T extg(xl) f'(x2)T extg(xz)
= (f'(x1) = f'2)T extg(xz)Jrf(xl)( extg(xl) extg(xz))
2 11 (x1, X2) + (X1, X2). (5-29)
Our current goal is to prove that for j € {1,2}
/1 sup Mj(x1.%2)
0 |x1—x2|<r r

is well-estimated. For the first term we use (5-9) leading to

1
,ul(xl,xz) (r)
/0 sp  H1L%2) _||T”tg||L/0 ) 4y < Clglollflb.

[x1—x2|<r r

The second term is subtler. First note that if |[x; — x| < 1 then the quantity

FODThL g () = £/ () THL g(x2)

vanishes for x1, x, outside a compact set related only to the support of f. Therefore the integrals defining
U2 (x1, x2) may be restricted to the set {fr < By < B}, with B being some constant related to the size of
the supports of f and g, and without loss of generality we can take B = 1. It follows that

o y[&(x1,y)—&(x2,y)]
Ha(x1 x2) = f1(x1) /{ﬂrsﬂysl} Vo) + S+ )P

+ ) Y 8(x2, MIAS f(x2) — A f(xn)][AT f(x2) + AJrf(xl]
{Br<py=<1} 2+ [AY FDP) 2+ (A f(x2)]?)
= w2,1(x1,x2) + p2,2(x1, x2), (5-30)

with
g(x.y) 2 glax + By) —glax—By) and A f(x) = f(x+y)+ f(x).

To estimate 2,3 we shall use the following inequality, which is a consequence of Lemma 4.1:

SR ACO| I ( L)<
/o y+f() =1//@)n 1+f() <Cy(f)(1+1Iny L),
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with C an absolute constant. This implies

211,35 = Cogta — 2Dl ) [ s

= Cog(lx1 —x2))y(f)(1 + [In B]).

Consequently, we find that

sup  |u2,1(x1,x2)| < Cwg(r)y(f)(1+ [InB)
|x1—x2|<r
and therefore )
dr
[ s laatnm S < cn(na+nplelo.

[x1—x2|<r

We emphasize that for B = 0 one can still get an estimate since p2,1(x1, x2) = 0 and therefore we get
the desired estimate.
Now we shall move to the estimate of 112 2(x1, x2). We start with using the estimate
a 1

sup ——— < —

a>0 y2 + a2 ly |
which implies

V1§ (xa, MIIAT f(x2) = AT f(x)I AT f(x2) + AT f(xi1] < Clra—xillf] wg (2By)
= 2 —X1 Lo— 5 -
2+ A D)2 + A5 f(x2)]?) y?

Thus 1
B wga(2By)
wp i) = Crl e [0 gy
|x1—x2|<r r
which yields in view of Fubini’s theorem
1 dr 1 we (2BY)
[ s matin Czcirii [ f s @) 4y 4y
0 |x;—x2|<r r 0 J{Br=By=<1y Y
wg(2By)
ST =
{0=<By=<1} y

2 we(y)
scnf’nioofo Sk

<Cllf'I=lglp-

Note that the last constant does not depend on f. Putting together the preceding estimates we find that

1f'T/glp < Clglp((1+ [ By (f) +11.f /I ), (5-31)

where y( f) was defined in (5-26). As noted before, the case § = 0 has a special structure and one gets

1/ 'Trelp < Cliglp(f) + 1/ 17 e0)-
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Now let us move to the estimate of f’ (x)T; 2 g given by

T224(x) =/°° yglax —By)lf(x =y) = fFx + MY (x. y) dy
4 o PHL)+Sx+PI?+ 1)+ fx =)

2,2 ,2,2
= ]Z:int g(x) + Tfiext g(x)’

where )
W =y [ 1+ 0= 10 e
and the cut-off operators are given by

Tr220 () & /’ yeex =N/ —y)— fx+ )l (x. )
Fint (2 + A O (2 + AT, F(0)]?)

and

Tr,z,zg(x)_/lyg(ax—ﬁy)[f(x—y)—f(x+y)]1/f(x,y) A [P N y)
frext -

We shall proceed in a similar way to Tf1 g. Let us start with (x)TJf’iit’2 g. Since

[V (x. )| < 2ywp (),
one has
y3wr(y)
24+ [f(0)]>)?
wrr(y)
G

| )T e < Cllgllzsoll o] £/ ()] [0 5

-
5C||g||L°°||f/||L°°|f/(x)|/0
Thus following the same steps as for (5-28) we obtain

’272 72’2
sup | £ () Ty " g(xn) = £ (x2) Tf3e” g(x2)
[x1—x2|<r
wr(y)

< Clelle 17 e () [ -2

Therefore Fubini’s theorem and (4-2) imply

1 dr
/0 sup [ )T g () = () T g (xa)l — = Cliglizes | £ 15y (f)-

|x1—x2|<r

What is left is to estimate the quantity f’ ()C)Tfr;i’t2 g. First, it is obvious that

FONTra2e(x) = £ (o) Tin2g(x2)

= (') = [ D T[22 () + f/ ) (T (k1) = T2 (x2)).

The first term of the right-hand side is easy to estimate. Indeed,

(') = f ) T2 ()] < opr(Ix1 =2 DI T o oo

dy = dy.
2+ A ORI+ A5 0P ) D @

(5-32)

(5-33)

(5-34)

dy + Clglizeel £y (f) /O op () dy.

(5-35)
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It is clear that

dy < Cllgllze I.f'1%.

Ywr(y)
IT722g(0)] < Cliglzoe | /Lo / fy

,
Hence

! d
[ s 10 = N T2 S < Clells 115

|x1—x2|<r
To deal with the second term we proceed as for the term 5 (x1, x2) in (5-30). From (5-33) one has
LIOTF22000) = T[22 (x2))

— () YN (x1,y) = N(x2, ) dy+f/(xl)/lN(Xz,Y)(D(Xz,y)—D(xl,y))

D(x1,y) D(x1,y)D(x2,y)

It is quite obvious from some straightforward computations using in particular (5-34) that for |[x1 —xz| <r

dy. (5-36)

IN(x1,7) = N(x2, 9)| < C 1 /' lLoo y? (g (@r)wp: (9)y + g lLoews (r)y + lIgllLeer wf (1))

Since
1 C £
Dery) ~ D+ f@F =~y
we get
IV (x1,y) =N (x2, )| ) [ wr () wyr(r) wf’()’)]
C oo oo ——— ooV ——— |.

D1, y) < ClfllLee| wg(ar) + gl erf(xl)+||g||L A
This gives, in view of (4-2),

1

IV (x1,y) =N (x2, )
/
d
] [ SRS g
1 / 1
<l I 1 Bpos @)+ ) [ |f(x1)|d}+ B [ LD,
< IIfIID[IIfIIDwg(W) Igllpws (r) syt oY lglpll.f lip T (5-37)
which implies according to (5-31)
1 1
/ IV (x1,y) = N(xz, y)l
su X <C +
I 071+ 15 7 D lglo.
Now straightforward computations show that
N 5 D s —D y wfr

D(x1,y)D(x2,y)

Therefore using Fubini’s theorem we get

! / VIN (x2, y)(D(x2,y) — D(x1, )|
fj s v D(x1.)D(x2.y)

ay <L <l b lglo.

|x1—x2|<r
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Putting together the preceding estimates we find that
11’7 2glp < Cligln (1D + 1A 15y () +1715)
<CleglpUlf 5+ 1715 (5-39)

with C a constant depending only on the diameter of the compact K. To get the desired estimate it
suffices to put together (5-15), (5-31) and (5-39).

(3) We shall proceed as in the proof of part (2) of Theorem 5.2. We use exactly the same splitting with
similar estimates and to avoid redundancy we shall only give the basic estimates with some details for
the terms that require new treatment. We use the decomposition described in (5-13). To estimate sz )1 g
in C*® we use the expression (5-16). Then following the same lines using in particular the product law
(4-8) and the composition law (4-6), one has

1
VTG, 0)ls = Cligls(e® + BHLf T1oe DI f llLee + CligliLee ||f'||s/0 (14 0% £/l 700 ¥*) dO.
Since «, B € [0, 1] we deduce

VLG ) s < CAIgls I llzoe + g llzoo LA ) (X4 11Lf 700 %)

Similarly we get

1
lpC-. £y)lls =€ +y||f/||L°°)J’/(; If"odd£0yf)lls do

<COHY2S ML f s+ 1 1700 0.
This implies

D1 W)lls < CA+y* A+ LUZEDN Sl
and

C
I1/Di(-. s = W(l LS IS s

Consequently for s € (0, 1)
N /DD(- 9)ls < ||(N1(- W Leell1/DO Y)lls + IN1 L) s [11/Di(- p)llzee

< 1+ s I LED NS s g s

Therefore we get similarly to (5-23)
o0
2,1 114s / y
177 glls < CA+ N f Nz DI Nls IIglls/O T ds
< CA+ 1A= s g ls.
Combining product laws with Sobolev embeddings and (5-11) we get
2,1 2,1 2,1
1T glls < 1 f Lo T glls + 1L f s 1T g llzoe

<CAF NSNS s IS oo llgls + Iglzee L p 1/ s
<CA+ NSNS s 1 I gl

2
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Using once again Sobolev embeddings we get

2,1
LT glls < CAS s + 1 1D I llgls- (5-40)
Now to estimate Tf1 g we come back to the decomposition (5-24) and we easily get
r
I gl = Cllel [ 5714 dy < Ll
Hence we obtain, since r = |x1 — x2|,

T8 (e) = T g (x2)| < Cllglls [x1 — xal.
and we also get

f O T g ) = £/ ) T g o)l < CILf oo liglls 1 = x2 .

To estimate the term f’ Tr’ & we come back to (5-29) and (5-30) and following the same estimates one

gets
1
[w1(xr, x2) < lxr = x2* ILf N5 177 8 oo
<Clx1—x2l’ Il flIslglp-

Moreover

|2 (x1, x2)| < |2, 1(x1, x2)| + [p2,2(x1, x2)]
and

[12,2(x1,x2)| < Clxa—x1| || f/]17 00 ”g”s/ (By)*y 2 dy
{Br<By<1}

< Cllf' I Zo0 lIglls 1x1 — x2I°.
To deal with the term p2,1(x1, x2) in (5-30) one obtains in view of (5-31)
Yy
— dy
ﬂr<ﬂy<1} y2 + fZ(xl)

Ln—m|mnuwmn/

2,1 (x1. x2)| < lx1 —x2Iglls | f (x1)]

y+f(x)

Using the second part of Lemma 4.1 one finds for s” € (0, 5]

1+9’ lsilb/ % 1
uxmn/ e = el [y

Combining this inequality with

S/

at+s 1
sup <Cy 1+
a>0)y t+a
we get
1
/ B 1 l+s’ —%
sup | f7(x1)] dy <C| f'llg™ BT (5-41)

x1€R 0 y+f(x)
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and therefore

S/

1
|21 (erx2)] < g — 2l gl L1 5T BT

Hence
| )T g (x) — [ () T g (x2))

< Cliglp 1" lls lx1 =x2° + Cll f'lI700 g lls |31 = x2I* + Clx1 —x2|* I glls || £ III“ BT

It follows that

1 s/
1f'Trgls < Cligls(Lf 135 B7 = +1f 170) + Cliglpll £ lls- (5-42)

It remains to estimate f’ sz 2 g described in (5-32) and (5-33). First one may write

T7226(0)] = Cligllzos 1/ oo 1Ll / =1 dy

< Cligllzee [1f Nroe £ lls X1 — X2

Therefore

| D) Tr2 2 () — () Trm g (x2)] < Cliglios [/ 7o 1/ 1ls 1 — xa[*

By Sobolev embeddings we get

f e Tz () = /() Tl g (xe2)] < Cligls I oo 13 11 = x2 . (5-43)
From (5-35) and the analysis following that identity one has
1/ (x1) = £ ) T2 )| < I s 1 TR22 g Nl poe |1 — 2|
frext 2)1 = ST flext SlL 1 2
< Cllglese I/ 1211 f oo X1 — x2[*

Using (5-36), (5-37) and (5-41) (with " = s) combined with Sobolev embeddings, one deduces

1 _
|f/(x1)|/ IN(x1,y) =N (x2, )|

/ m2 ,
D(x1, ) dy = Cllf llieellglls AL + 177 Ms)-

From (5-38) we get

IV (x2, y)(D(x2,y) —D(x1, y))]

EC gl|Loe ! Loo / X1 — X2 S—Z.
D(x1,y)D(x2,y) liglzee I/ Moo I/ s | |y

Therefore we get

/ VN (x2, y)(D(x2,y) — D(x1. y))|
el D(x1. y)D(x2.7)

dy < Cliglzee 1/ 1 Ze0 £ lls 11 = 2
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Hence plugging the preceding estimates into (5-35) and (5-36), we find
£ G T2 0) = 1) T2 (xa)| < Cligllzes L1311 oo b1 — 2
+CI S Nz llgls ALSIE + 1 lls) 161 = xa )
+Clglzee I/ 7o 1/ s 1 = 2|
Using standard embeddings we get
£ G TF22000) = 1) TE22 () < Cllglls L Nzeo lxn = a2l (Lf s + 1F12). (5-44)
Putting together (5-43), (5-44) and (5-32) we obtain

17T 2gls < Cligls I/ oo (LF s+ 1LF7115)- (5-45)
Combining (5-40), (5-42) and (5-45) we get for any s’ € (0, s]

1

Lf"Trgls < Cligls 1A lp ULf lls + 177153 +Cligls 1157 B +Cliglp L ls-

Now using the embedding C* — C s < D we get

1 1

s 5 _1 5
1f ' Trgls < Cllgls BT 1L/ s +1£715%) < Clighs B2 1L 5™ + 1L 155).

Another useful estimate that one can get from taking s’ = 5 and using the interpolation inequalities

1+s 1‘ 1+s‘ 1 1 s 1
1/ o < CIL IS < CUAIZE NN 1 s <CU Nz NS, B72F <72,

is the following:

1 T - 1+f~
L' Trels < Clgls 1A 15 AL IS 872+ 1 1s®) + Clglz8 Nglhs™ 1/ s
This completes the proof of Theorem 5.2. O

6. Local well-posedness proof

The main objective of this section is to prove the local well-posedness result stated in the first part of
Theorem 2.1. The approach that we shall follow is classical and will be done in several steps. We start
with a priori estimates of smooth solutions in suitable Banach spaces and this will be the main concern of
Sections 6A and 6B. The rigorous construction of classical solutions will be conducted in Section 6C.

6A. Estimates of the source terms. The main goal of this section is to establish the following a priori
estimates for the source terms F and G described in (2-7) and (2-8).

Proposition 6.1. Let K be a compact set of R and s € (0, 1). We denote by X one of the spaces Cg
or Cg.. There exists a constant C > 0 depending only on K such that the following estimates hold true:

(1) Forany f € X we have

IF Lo < ClLf ool /D I1FIx < CILF oL x + 1L 1%)-
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(2) Forany f € X we have

1
IG Lo < Cllf NlLe A+ 1£1D).  1Glx <CA+ 1A 1D x + 11X
Proof. For simplicity throughout this proof we denote the operator A} by A,,.
(1) The estimate of F in L°° is quite easy. Indeed, it is obvious according to (4-3) that

JHCEIEIACY
p Y
R |yl

M oy
5C||f/||Loo/M =

=Cllf'llzellf'llp-

Now let us move to the estimate of F in the function space X, which is the Dini space Cg or the Holder

M
|Fllzoe < ClLf Lo / su
—M xe

dy

space C-. For this purpose we shall transform slightly F in order to apply Proposition 5.1. In fact from
Taylor’s formula one can write

LMy Ay )AL ()
d (x)‘f_M/o V@, or P

From the notation (5-2) one has

1
0,%
Py = [ PN S e
At this stage it suffices to apply Proposition 5.1, which implies

IFIx < CAL oIS x + 1L oo ll A I L 1%)

and gives in turn the desired result according to the embedding X <> L.

(2) The expression of G is given in (2-8) and for simplicity we shall assume throughout this part that
M = 1. We shall first split G as follows:

CTRADHAS S NS )+ ()

G0 = p'“/_l G )2 it
~ U )+ £ LA £GO)+f (S )+ AT £()
=2/ p’“/_l A+ fanE P “"V'/_l (a2 d
£ G1(x)+Ga(x). (6-1)

The estimate G in L°° is quite easy. To see this we can first assume that f(x) > 0; otherwise the integral
is vanishing. Thus by change of variables we get

@)

——————dy <C||f/|Le-

1G1 ()] < 4]Lf 0w f_
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Note that for x € supp f we have f(x 4+ y) =0 forall y ¢ [—1, 1]. Thus
S+ + %)

G1(x) ‘2f(x)/ (o) 1 f0))2

y +(f(x>>2 4
- Fatn+re
—2f(x) /R s dy =4 () aretan( (1)

£ G1+Goo. (6-2)

dy —4f(x) f'(x) /1

The estimate of G5 in L° is elementary:
1G12llzoe <4l f Lo I f llzoe. (6-3)

However, to estimate G, in X we use the product law (4-3) leading to

| f"arctan f[lx < | arctan f|zoo || .fllx + ||/ llze || arctan flx.
It is easy to check from the mean value theorem that

larctan fllzee < || fllee  and  wyreran £ (r) < @5 (r),
which implies in view of the embedding Lip < X that
larctan fllx < || fllx < CIlf"llzee.

Therefore we obtain from the classical embeddings

1G12llx < CUIf Lol flIx +ClLf ) < ClLA e | f Ix- (6-4)

We shall now estimate the term G1; in the space X. First we use Taylor’s formula

1
fan+ 1@ =2/ +y [ feoy)ao,
which implies after the change of variables y = f(x)z (assuming that f(x) > 0)

Flx)+ fl(x+y)
G =2
n)=2f (x)/R V2R 4y o 1+ 0y) dOP?

[ L)+ e+ f(x)2)
B 2/ o(x,2)

dz, (6-5)

with
1 2
o(x,z) =22+ (2 +z / f(x+0f(x)z) d@) .
0

Note that for f(x) = 0 we have from the definition G11(x) = 0, which agrees with the expression (6-5)
because f/(x) = 0. The estimate in L is easy to get in view of (5-22):

IG11llzoe < 4]l f" Lo /R 11/@(-.2) Lo dz < C(Lf lLee + 11 £ 11700)-
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From the product laws (4-4) and (4-8) we deduce that

IG11llx =2/R 1f'+ fo@d+zf)lIx 11/¢(-.2) || Lo dZ+2/R If"+f o(d+zf) L= 1/¢(-.2)|x dz
2 L1+45.
According to the product laws (4-6) and (4-7), one may write

I+ fro@d+zf)lx <1/ Ix(1+p(+ 2]l flLe=)).
with .
A (lnr it X =Cpg,
S P e
Observe that we can unify both cases through the estimate
1"+ ffod+zf)lx < ClILf x (T + A+ Izl f/llLe)®)
SCUI x4 [zF L7 00)- (6-6)
Putting together (6-6) and (5-22) we find for any s € (0, 1)

L+ 1251l oo
G <Clflx@ 12 0 f L
1=<ClflxA+ 7o) ; 1122

<CIf Ix A+ 117 00)- (6-7)
To estimate £, we use the elementary estimate
If"+ f o (d+zf)lLee 2] fllLoe.

Notice from the definition of the spaces X and (5-22) that one can deduce

1+ £/l 00
1+z4

dz

11/e(-.2)lx < 11/9(. D7 le(-, 2)llx < C leC-. 2)llx- (6-8)

Moreover by the product laws we find

1
leC-.2)llx =222+ [z[lIf L) /O If"o(d+0zf)lx do.
and this implies according to (6-6)
lo(-. ) lx = Clzl@+ |21 L) L Ix U+ 121 1LF N7 00)
<CA+2PF)A+ 112D Ix-
Putting together this estimate with (6-8) we find

L+ L1 Ix

1/o(-, <C
/o2l = € L2

(6-9)

Therefore we deduce that

L = Clf Lo (LIS IZEDNS x = CA+ 1701/ x-
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Combining this estimate with (6-7) we obtain

1G1llx = CA+ 1S 17 f " x-

It follows from this latter estimate, (6-4) and (6-2) that

IG1llx <CA+ £} lx- (6-10)

What is left is to estimate G,. For this purpose we write according to Taylor’s formula

/ V[ x)+2 [y f1(x+60y)do+ f/(x + y)]
Jr Y2+ (f(x) + f(x +))2
Ayf(x)Ayf (x)
- ‘”‘/R V(01 @t 0)?
£ G2.1(x) + G2.2(x) + 2" (x) arctan( f (x)),

Ga(x) =p.v

dyr2fw e [

where y : R — R is an even continuous compactly supported function belonging to X and taking the
value 1 on the neighborhood of [—1, 1]. Note that we have used in the first line the identity, for any x € K,

pV/1 y dy:pv/ Y1) "
1 2 H Sy + )P R V2 +y)+ /0P
which follows from the fact that f(x 4+ y) = 0 for all y ¢ [—1, 1]. Therefore we may write

1
G2,1(x) = (f () (T ) (x) +2 /0 LT f) () db + )T f) (),

where we use the notation Tfa # from Theorem 5.2. The estimate of G2,1 in L is quite easy and follows
from Theorem 5.2:

1G2,1llzee < ClLf oo I/ ID L+ 1L£115)-

However to estimate G > in L it is more convenient to write it in the form

/1 Ay f(x)Ay f'(x)
o 2 (f) + fx+ )2

Thus using the mean value theorem we find

1G22llzoe = ClLf Lo ./ Ip-

Combining these estimates with (4-2) we obtain

1G2llzoe < CILf Lo (1S D + 1/1D)- (6-11)

We shall now implement the estimates in X and start with the term G5 1. According to Theorem 5.2 one

G2,2(x) =p.v dy +2f(x) arctan(f(x)).

can unify the estimates in Cg and C* and get the weak estimate

L1
17T glx < Cliglx (13872 +1771%)- 6-12)
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From the product laws (4-4) and (4-8) one has

T 0 < 1 el £ T xlix + 17 1 oo 1T e

Hence we find
II(f/)z(Tfo’lx)llx < C“f/”LOO(”f/”)%( A0 + 1M S e (L 1LF1F)

1
< Clf e Lf g + 1 £15)-
Using (6-12) we get successively

,0 L1
1T £ lx < CIA Ix (L 5072 +11A1E (6-13)
and

1
17T fllx < LA I ALFIR A+ 17 150)-

Thus using the inequalities above we deduce that
1 1
1G2,1llx < ClLf e f g +ILF15) + CUF Ix ALl + 17715

3
<CU N2+ 115 (6-14)

When X = C?® we can give a refined estimate for (6-13) using (5-7),
1 3+2s

0,9 K K 1
LT fls < CUAIZE AL IS 072 + 1 F11),

which implies
I 1 3 15 / 2l< / 32+J m1s
1G2,1lls < Clf Lo f NS+ 1) +CUANZE AL NS+ 115
1
< CINF ol s + 1S1158). (6-15)
Hence one can combine (6-14) and (6-15):

1
1G2,1llx = CILA UL x + 1L 15°)- (6-16)

As for the term G >, we may write

G2,2(x) = 2f"(x) arctan( f (x))
M Ay £(x) =y (1A £/ (x) V') Ay f(x)
d V.
/_M VU@t sz R /R V(@) +S00)?
22/ (x) arctan( f(x)) + G3 ,(x) + G2 ,(x).

The last term was treated in the preceding estimates and we obtain as in (6-16)

1
1G32llx < CILA U lx + 1 1°)- (6-17)

It remains to estimate G21 »» Which can be split into two terms

G;,Z(x) = éint,r (X) + Gext,r (X),
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with

. [Ay £(¥) = 31 (O]A, £(x)
Gint,r = dy,
r (%) /mg VA Fa+n+ oz 2

A [Ayf(x) —yf/(X)]Ayf/(X)
Gext r == d
() /Mzmzr G+ f0)?

Now we shall proceed as in the proof of Theorem 5.2. Let r € (0,1) and x1,x2 € R such that
|x1 — x2| <r. First it is clear that

1Ay f1()] < op(|y]) (6-18)

In addition, using Taylor formula we get

Ay f(x)=yf ()] < [ylop(y). (6-19)
Therefore
A [wp/(|y])]?
(Giner ()] < / lop WD 4
lyl<r |y|
It follows that

A A " [wp (»)]?

sup  |Gingr (62) — Giner (x1)] < 4 / oW 4, 6-20)

|x1—x2|<r 0 y

Hence by Fubini’s theorem

: A A dr U wp ()12
/ sup |Gint,r(x1)_Gint,r(x1)| ’ 54/ fT|lny|dy.
0 0

|x1—x2|<r

From the definition and the monotonicity of the modulus of continuity one deduces that for any r € (0, 1)

Ywr(y)

lIn rloog (r) < [ dy <1/I.
r
which implies
1 ~ ~ dr
/ sup  [Ginr 1) = G (1) 2 < 411713 6-21)
0 |x1—x2|<r r

To get the suitable estimate in C* we come back to (6-20), which gives

,
sup | Gint,r (X2) = Gine,r (x1)] = 4||f/||?/ yE Ny <C| 15,
0

|x1—x2|<r
and thus
|Gint,r (X2) = Ging,r (X1)]
sup

112
lx1—x2]<1 lx1 —x2[* =€l (022

As for Gext,r, One writes

Gear (1) Corer (x2) = N(x1.y)=N(x2.y) dy+/M N(x2,p)[K(x2. ) =K (x1. )]

Mz|y|zr K(x1) >iylzr K, y»)K(x2. ) ’
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N, y)=[Ay f()=yf' 0)]Ay f/(x) and K(x,y) =y>+ (f(x) + f(x + ).
Notice that from (6-18) and (6-19) one gets

IN(x1,y) =N (x2, )| = Clylogp (Nop(ly) and [N ) =2[ylop(yDIf L. (6-23)

In addition, using straightforward calculus we obtain

K(x1, y) = K(x2, )| < Cr || f'lLoe (VE(x1, y) + VK (x2, ).

Thus
wp W2 DIKG2 ) =K _ oy o (1D
|[x1—x2|<r ’C(xle’)]C(xz,J’) L | |2
Hence we get by Fubini’s theorem and (4-3)
1
N (x1,y)—N(x2, y)l / / dy dr 12
wp [ wp ) 2L <cpr)
](;|x1—x2|§r {M=>|y|>r} K(xl) {M=>|y|>r} 4 4 | | b

and

/1 sup / N2 I K1 )] yodr ooy / / oD g,
0 |x1—x2|<r J{M=|y|>r} K(x1, y)K(x2.y) Mzlyl=ry V2

<CIf I 1/ "llp-

Finally we obtain
! G G dr <CI 1% +Cll 12 /
sup | ext,r(xl) - ext,r(x2)| I ”f ”D + ”f ”LOO ”f ”D
0 |x1—x2|<r r
As to the estimate in C* we use (6-23) which implies

/ IN(x1.y) =N (x2, )]
r<lyl<M} K(x1)

a=eiple [ 2y

r<lyl<my 1Yl

=Clflshf pr®

and

dy
dy < Cllf"|Zeoll /157 / e

(M=>|y|>r} 1Y
<CIf Mool f 7"

/ N (x2, W] K(x2, y) — K(x1, )|
{(M=|y|>r} K(x1,y)K(x2,y)

It follows from Sobolev embedding C* < L°° that

1Gext.r (x1) — Gexir (x2)]
sup

[x1—x2|<r |x1 —x2|*

<CI o 1/ s + NS D 1113

Combining the estimates above with (6-21) and (6-22) we deduce

1G3,llx < CIf Ip (U f lIx +1£1%)-
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Putting together this estimate with (6-16) and (6-17) we get

1
IG2llx < CILA IR x + 1 1%D)- (6-24)
Now using (6-10) and (6-24) we find

1
IGIx < CIf Ix A+ 11D+ CUF U x + 115

1

<CA+IL DAL x + 1150,
which ends the proof of Proposition 6.1. O
6B. A priori estimates. The aim of this section is to establish weak and strong a priori estimates for

solutions to (2-1). This part is the cornerstone of the local well-posedness theory. The main result of this
section reads as follows.

Proposition 6.2. Let f : [0, T] x R — R be a smooth solution for the graph equation (2-1). Assume that
the initial data is positive and with compact support Ky. Then the following assertions hold true:

(1) Foranyt €]0, T, the function f; is positive and

Jorallt € [0, T], (| f(@)llLee <[l follLoe.

(2) Foranyt €10, T], we have
If @l =l follpre™.

(3) The support supp f; is contained in the convex hull of Ko; that is,
forall t €[0,T], supp f(z) C Conv K.
(4) Set X = Cg or X = Cg, withs € (0,1). If fy € X then there exists T depending only on || f;llx
such that ' € L*°([0, T]; X).
Proof. (1) To get the first part about the persistence of the positivity of we shall prove that
forall x e R, wus(t,x) = f(t,x)U(¢, x), (6-25)
with
Uz < CA+ILS (D)
and C being a constant depending only on the size of the support of f;. Note from part (3) of the current
proposition that the support of f; is contained in a fixed compact set and therefore the constant C can be

taken independent of the time variable. Assume for a while (6-25) and let us see how to propagate the
positivity. Denote by v the flow associated to the velocity u1, that is, the solution of the ODE

8,¢(t,x)=u1(t,1ﬂ(t,x)), W(O’X)Zx- (6'26)
Recall that

ui(t,x) = % /R[arctan(f([’ s y; — /@ x)) — arctan(f(t’ s yj APAGED )} dy.
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Set
n(t,x) = f(t, ¥ x));
then
Aen(t, x) =uz(t, ¥ (t, x)) = n(t. x)UQ, ¥ (1, x)). (6-27)
Consequently

n(t, x) = fo(x)elo UE¥@x)dr
Since the flow ¥ (¢) : R — R is a diffeomorphism we get the representation
F.2) = fo( (1. x))elo Vlmb (y o, (6-28)

As an immediate consequence we get the persistence through the time of the positivity of the solution. Let
us now come back to the proof of the identity (6-25). To simplify the notation we remove the variable ¢
from the functions. Applying Taylor’s formula to the function

o [P+ @ = fx+p)?
T €[0, f(x)] > g(7) _10g|:y2—}—(1:—|—f(x+y))2j|

yields

—2muy(x)

Fe+ ) =) F+ ) +of ()
‘f(x)//My N Tpn s d”f(x)//w TR s PR

£ fONI(X) + f(x)Va(x).

Using once again Taylor’s formula we get the expressions

Vi(x)
L (1-0) f(x) v fo /' (x+6y)df
= sdtd dvd
bl M0 Sy o koo o | / w2 H Sy —ef P
2 V11 (0)+V12(x)
and
Va(x)

v (1417) f(x) Y [ f1(x+0y)do
= dtd
/o/—M POy eGP V/ / e p Y
2 V2,1(x)+V2,2(x).

To estimate V7,1 and V2,1 we can assume that f(x) > 0. Then making the change of variables z > y =
(1—1) f(x)z leads to

7™ dtdz
Vi) = / / 1 5 (629)
T—rm Z +[ +2 /o f’(x—i—@(l—r)f(x)z)d@]
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Using (5-22) we deduce that

IViillLee < COL+ |1 /117 00)- (6-30)
Similarly we get

1VaillLee < CA+ 1 f1200)- (6-31)

Let us now bound V; >, j = 1, 2. First by symmetry we write

1
Vlz(x>=/f Y Jo 'O+ 0p)dOLf (x — ) = f(x + p)e(x. y)

dyd
G2+ G+ —tf PO+ -y —tfoP) T

Y Iyl +0y) = [ —0y)]dE
/ / Y-y —tfop 4"
where
Ve, y) = f(x +3) + f(x —y) =20/ (%)
1
—2(1—-1)f(x)+y fo Lf/(x +6y) — f'(x — 0y)] d6
Thus
V1,2l
ny 11200 y21(0=7) £ (X) + Yooy ()] LM ()
<C dyd C dy d
= / / Gty - OP OG-y —@p) P T /0/0 y

Similarly to V7,1 one gets

y"(1=-1)f(x)dydrt
/0/0 I = OPOR L o= =P = O I )

It follows that

V1.2l oo SCIIf/II%oo(1+||f/||ioo+/ dy)+Cl f'lp

<Cllf NFec A+ £ 700 + 1L/ D)+ Cll f Il (6-32)

The estimate of V>, 2 can be done in a similar way and one obtains

IV22llzee = ClILf 7 oo (L4 11/ 700 + 1L/ D)+ C L f Il (6-33)

Combining both last estimates with (6-30) and (6-31) we finally get according to the embedding (4-2)

|U L < CA+ [ £1%),

where the constant C depends only on the size of the support of f.

wr(y)
Yy

Now let us establish the maximum principle. From (2-2) combined with the positivity of f; one gets
forallt €[0,T], forall x e R, wu»(z,x)<0.

Coming back to (6-27) we deduce that
dn(t,x) <0,
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which implies in turn that
forallt €[0,T], forall x e R, f(t,x) < fo(y (., x)).
Combined with the positivity of f(¢) we deduce immediately the maximum principle

forallz € [0.T], [ f(®)llLee = [l follzee.

Now we intend to provide a more refined identity that we shall use later in studying the asymptotic
behavior of the solution. Actually we have

us(t,x) =—f(, x)(1 + R(t, x)), (6-34)
with
IR@) Lo < CILf" O lp 1+ [1f'OlI7o0)-
First note that R = le j=1 Vi,j. The estimates of V1 > and V5> > are done in (6-32) and (6-33). However
to deal with V1,1 and similarly V> 1 we return to the expression (6-29). Set
1
2[4zt

Easy computations using (5-22) show the existence of a positive constant C such that

T K(t) =

2zt +z7]  _ 1 - 1+ 12

/ —
forall 7,z € R, [K'(7)| = (242122 2241 +ze2 — 1422

Applying the mean value theorem yields

1 1+12
K(r)— <C .
' © 1422~ |T|1+22
Therefore we get
T dz dt
M- [ [ < CIf e+ 17 1300).
THr®
which implies that
Vi,10) = 7| < C[[f lzoe L+ 11/ I Fo0) + CllLf oo (6-35)
Similarly we obtain
V21(x) = 7| < CLf lLoe (L4 11Lf IZoe) + C L f Il o (6-36)

Putting together (6-32), (6-33), (6-35), (6-36) we get (6-34).

(2) Integrating (1-2) in the space variable we get after integration by parts
d
/ o(t,x)dx = / div v(z, x)p(t,x)dx = —/ 0%(t,x)dx = —/ o(t,x)dx,
dt R R R

where in the last line we have used that for the characteristic function one has p? = p. The time decay
follows then easily.
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(3) According to the representation of the solution given by (6-28) we have easily that the support of

f(t) is the image by the flow 1/ (¢) of the initial support, that is,

Kt - W(L KO)

(6-37)

We have to check that if Ko C [a, b], with a < b, then K; C [a, b]. To do so it is enough to prove that

V(2 [a,b]) Cla,b].

This means that the flow is contractive on the boundary of the support. As ¥ (¢) is a homeomorphism, we
have ¥ (¢, [a, b]) = [V (¢,a), ¥ (¢, b)]. Hence to get the desired inclusion it suffices to establish that

ar2y(t.a)=a and b 2y(1.b) <b.
This reduces to studying the derivative in time of a; and b;. First one has
ar=uy(t,a;) and bt =ui(t,by).

Since f(¢t,y) =0, for all y ¢ (as, bs) and f; positive everywhere,

b,—a,
ul(t,at):l arctan M dy > 0.
y
T Jo y

Hence d; > 0 and therefore a; > a, for any ¢ € [0, T'].

bi—a; —
ui(t,by) = —l/ arctan(M) dy <0,
7 Jo y

which implies that b; < b for any ¢ € [0, T']. This ends the proof of part (3).
(4) Recall from (2-3) and (2-5) that g £ f/ satisfies the equation

Similarly we get

1
0ig +u101g = Z(F_G)'

Set h(t,x) = g(t, ¥ (t, x)), where ¢ is the flow defined in (6-26). Then

Deh(t, x) = 5 (P9 (1.3) = G Y (1,3))),
Thus

_ 1 ! _
g(t.x) = go(¥ ™' (t.x) + 5 - /0 (F=6)(r. ¥y~ (t.x) d.
Recall the classical estimate
182w, v, ]| < SNt )|Loe dt’.

which we may combine with the composition laws (4-6) and (4-7) to get

t A t
le()lx < Ce’® [||go||X i [0 I(F — 6)(@)lx dr], O /0 19501 () e d.

(6-38)

(6-39)
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To estimate ||0xu1(2)||L> we come back to (2-4). The first integral term can be restricted to a compact
set [-M, M| and thus

. /M flor+9) = f'(0)

M Y2+ +y)— fx)
As for the second term, the integral can be restricted to [—M, M| and we simply write
o | SEEN @

R Y2+ (f(x+y)+ f(x))?

- /M LGNSO oy | 2f'(x)
M Y2+ (f(x+y)+ f(x0)? R Y2+ (f(x+y)+ f(x)

The first term of the right-hand side is controlled as before:
. /M SN =S

M Y2+ (f(x+y)+ f(x)?

However, the last term can be estimated as in the proof of Theorem 5.2(1). One gets in view of (5-7),
(5-10) and (5-11)

M wr(y)
)2yd)"§2/0 dey§C||f/||D~

)2ydy-

dy‘ <Clf'Io.

y < "2 My osoll £/ " oo
‘p'v‘/Ry2+(f(x+y)+f(x))2 dy‘_c(”fHLoo"‘”f”L I/ D + 1f [Loe).

Hence using the embedding X < Cg < L we find
10xur(@)llzee < CULS D + 1L el f'lIp)
<C(Lf'Olx + 11 O1%). (6-40)
which implies
Vo) <Ctll f llLeex + 1/ oo x)- (6-41)

Using Proposition 6.1 we obtain
I(F =G)Dllx < UL Olx + 1L Ollx)- (6-42)
Plugging (6-41) and (6-42) into (6-39) we obtain

CTUS g0 x +1 /B0 )
FEE R folx + T egex + 1 e x))-

This shows the existence of small 7 depending only on || f§||x and such that

I/ e x <20 follx

which ends the proof of the proposition. O

1/ lLgex <e

6C. Scheme construction of the solutions. This section is devoted to the construction of the solutions
to (2-3) in short time. Before giving a precise description about the method used here and based on a
double regularization, let us explain the main ideas of the strategy. The a priori estimates developed in
the previous sections require some rigid properties like the confinement of the support, the positivity of
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the solution and some nonlinear effects in order to control some singular terms, as was mentioned in
Theorem 5.2. So it appears hard to find a linear scheme that respects all of those constraints. The idea is
to proceed with a nonlinear double regularization scheme. First, we fix a small parameter ¢ > 0 used to
regularize the singularity of the kernels around the origin, and second we elaborate an iterative nonlinear
scheme giving rise to a family of solutions (f,7), that may violate some of the mentioned constraints.
With this scheme we are able to derive a priori estimates uniformly with respect to n during a short time
Te > 0, but this time may shrink to zero as € goes to zero. By compactness arguments we prove that
these approximate solutions ( f,;), converge as n goes to infinity to a solution f® living in our function
space during the time interval [0, T;]. Now the function f¢ satisfies a modified nonlinear problem but the
important fact is that all the a priori estimates developed in the preceding sections hold uniformly on &.
This allows us by a classical procedure to implement the bootstrap argument and prove that the family
(f%)e is actually defined on some time interval [0, 7] independently on &. To conclude it remains to pass
to the limit when € goes to zero and this allows us to construct a solution for our initial problem.

Let us now give more details about this double scheme regularization. Consider the iterative scheme

8t n8+1 +ui(fn8)ax n8+1 = ug(fns—i-l)’ neN,
Jo (&, x) = fo(x), (6-43)
100, x) = fo(x),

with
ui(g)(t,x) £ %X(X) x(») [arctan(g(t’x+y;_g(t’x))-l-arctan(g(t’x—i_y)z—i_g(t’x))] dy,
! - 24 (g(t,x+2)—g (1, %))? (64
. Al Y2+t x+y)—g(t,x
uz(g)(t,x)—4n IylzsX(y)log()’z-i-(g(f,x-i-y)-l-g(t,x))2)d :

The function y is a positive smooth cut-off function taking the value 1 on some interval [—M, M| such
that

Ko, Ko — Ko C [-M, M],

with Ky being the convex hull of supp fy. The function y is introduced in order to guarantee the
convergence of the integrals. We shall see later by using the support structure of the solutions that one
can in fact remove this cut-off function. Define

Er={f:feL>®(0,TIxR), f e L*°(0,T],X)}
equipped with the norm
1/ ez = I1f Lo o, 71xR) + 9% f lLoo f0,77. %)

where X denotes the Dini space C* or Holder space C*(R), 0 < s < 1, and for simplicity we shall
during this part work only with the Holder space. We intend to explain the approach without giving all
the details, because some of them are classical. Using the method of characteristics, one can transform
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(6-43) into a fixed-point problem

t
Jat1 =Ny (fat1),  With N(f)(t,x) = fo(¥p ¢ (t, X)) +/0 U5 ()T Yne(T. ¥y p (1. X)) d T,
with v/, . being the one-dimensional flow associated to u} (f,’), that is, the solution of the ODE
t
Vne(t,x) =x+ / ul (f9) (T, Yne(r,x)) dr. (6-45)
0

It is clear that

t
NGOl < Il follz + /0 () ()| d.

Applying the elementary inequality, for a > 0, b,c € R4,

(a-l—b)‘ b+c
log = )
a—+c a

we get from (6-44) that

f2.x+y)+ f2(t.x)
2

N0 5 [ a0 dy < Ce 2 £0) .

lyl=e y
It follows that
IN()Lseree < I follLes + Ce72T | f IIfc%oLoo- (6-46)

We shall move to the estimate of |0, N ()| Lgex- Letus first start with the estimate of [[0x 4 fo (¥, H L¥X-
By straightforward computations using product laws (4-8), composition laws (4-6) in Holder spaces and
the classical estimate on the flow

Cllax @SN, 1
10xWnilpsox <Ce AT LS

(4 10x @i (SN L1 x)-
one gets
19 fo(Wm )M lLsex < 1H0x fo} (W) lLsex 19x ¥ sl Lsex
Cllox @i, 1 ;oo
< C|0x folxe : LTt (1 4 ||ax(u§(fn8))||L1Tx)
Differentiating the expression of u§(f,7) in (6-44) and making standard estimates we get easily
19:x S (£ O} x < € + Ce™Hdx £ (Ollx + Ce2 1102 £ (O llzoe Il £ (Ol
<C+Ce i ller +Ce2 14712,

where we have used

<C|flxy~™
X

1
H y2+ f?
Therefore

10x{ oWy D lusex < Clldx follxeCTHCe T ler +Ce UL, (6-47)

—1 & -3 113
1859t lpsox < CeCTHETE Miler +CTAT I, (648)
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Similarly we get
855 (N legex < Ce™210x fllzgex | flgex + Ce™*19x flgeroo | flzgeros | /1750
<Ce | f1E +CeH S 11E,-
Combining this estimate with product laws and (6-48) we deduce that
105 5 (/)@ Y e (. Y Y lx < C20F 13, + 641 £ 14, )eCTHETe i ler +CTe I E,
Putting together this estimate with (6-47) we find that
102N (Nllzgex < Cldx follx +Te 2N £ 13, + Te*| £ 1&,)eCTHETE Willer +CTeA
which yields in view of (6-46)
IN ey < CAlfollzos + 19x follx +Te ™2 £12, + Te 4| £114,)eC T FCTe Miler +CTeRIATE,
We can assume that 0 < 7 <1 and then
INC) ler < CAlfollzos + 195 follx + Ts™ £ 114,)e€ T M7
Consider now the closed ball
B=1{f €&r:|flley <2C follos + 105 follx)eCTe M lery;
if we choose T such that
16C3 T (| follLoo + 1 follx)3e3CTe Miler <4 (6-49)

then A : B — B is well-defined and proceeding as before we can show under this condition that it is also
a contraction. This implies the existence in this ball of a unique solution to the fixed-point problem and
so one can construct a solution f,” 11 € ET to (6-43) and we have the estimates

forall m eN, | filler <2C( follzoe + l10x follx)e e i ler
Now we select T' such that it satisfies also
64C* (Il follLoe + 1135 follx)*Te™ <In2; (6-50)
then we get the uniform estimates
foralln e N, || fuller <4C(|| follLe + [|0x follx)-
In order to satisfy mutually the conditions (6-49) and (6-50) it suffices to take
Te := Co&?, (6-51)
with Cp depending only on || fo|lLoo + [|0x follx such that

foralln €N, || fuller < 4C ([l follLoe + [|9x follx)- (6-52)
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Now we shall check that we can remove the localization in space through the cut-off function y. To do
so, it suffices to get suitable information on the support of (f,?). We shall prove that

foralln e N, supp f,7(¢) C Ko. (6-53)

where Ky is the convex hull of the support of fy. Before giving the proof let us assume for a while
this property and see how to get rid of the localizations in the velocity fields. From the expression of

u5(f,;4,) one has

(y2 + (fne_H(l’x +y)— fn€+1(l’x))2) d
Y2+ (S @ x + )+ fr(2,x))?

_ 1
47 Jiy|ze

e = [

|y|=e

y2+(fne_H(l’x+y)_fn€+1(t’x))2)dy
Y2+ (S o x + )+ fr(2,x))? '

Since for all x ¢ Ko we have f,4+1(7,x) =0, it follows that u5( f,7, ) (¢, x) =0; hence suppu5( f,7, ) (t) CKo.
Thus for all x € Ky

y2 + (fn£+1([?x +y) _fn8+1([7x))2)
1— 1 d
/Iylze[ *)] Og()’z‘i‘(fngﬂ(f,x‘f‘ﬂ‘f‘fng+1(l,x))2 Y

(1 x() 1og(

y2 + (fn€+1(ta X + y) — fn8+1(t, X))2
2 & ° 2 dy = 0

yZ+( n+1(t’x +y) + n+1([,x))

because y = 1 on Ko — Ko. Now we claim that in the advection term uj( f, _H)(t, x)0x f,} 1 of (6-43)

one can remove the cut-off function. Since dy f,7,; = 0 outside Ko, one gets immediately y(x)dx f,y, | =

dx f,711- Similarly one has

/ [1— () log(
{ly|=le}NKo—Kop

u‘i(g)(t,x)é% ) |:arctan(
y|=e

g(t,ery)—g(t,X))Jrarctan(g(t,ery)Jrg(t,X))} dy
y y

_% (1—=x(»)) [arctan(g(t’ x+y)=g (. x))—i-arctan(g(t’ X+ +et. x) )} dy,
T Jlylze y y
and for x € Ky it is clear that
/ (I—x(»)) [arctan(g(t’x+yy)_g(t’x)) +arctan(g(t’x+y;+g(t’x) ):| dy
ly|=e
= / (1—x(») [arctan(g(t’x—i_y)_g(t’x)) +arctan(g(t’x+y)+g(t’x) )] dy =0.
{yI=e}NKo—Ko y y

Now let us come back to the proof of (6-53) and provide further qualitative properties. Similarly to the
identity (6-25) one obtains

ud T, x) = £E () + Upgro(6,%), Ung1,e(0)llzoe < CA A+ | fug1 DS

So following the same lines as in the proof of Proposition 6.2 we get a similar formula to (6-28) which
implies the positivity result
fn+1(l,X) z 07
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where we have used in particular that the initial data satisfies f,7, ;(0,x) = fo(x) > 0. Thus we obtain
forallmeN, f,(, x)>0.
As u%,g(t, x) <0, following the same lines as the proof of Proposition 6.2 we get the maximum principle
foralln eN, || f,7 (D)o = || follLee.

The proof of the confinement of the support (6-53) follows exactly the same lines as the proof of
Proposition 6.2(3). Now we shall study the strong convergence of the sequence (f,7),. Set

Gg(t’x) = fn—i—l(t,x)_ fn(t’x)'
Then

9¢0 n+1 +ui(fy +1)8 9n+1 (Mi(fn8+1) —uj (fng))axfng—}-l + “g(anJrz) - ug(fng-i-l)-
According to the mean value theorem one has fora > 0, x,y € R,
|arctan(x) —arctan(y)| < [x —y| and |log(a + |x|) —log(a + [y])| < |x—yla~",

which imply

S (S ) @) —u§ (L) O]lzee < C||f,f+1(t>—f:<z>||L°o/ i

Iyl=e Yl

< Ce7 | fii1 () = f7 (Ol oo

Similarly, we obtain

s S )@ =u5 (f)Olzee < Ce2( firpr Ollzee + L7 Olleo) L fify 1 () = fi7 @)l oo

Using the uniform estimates (6-52) we get for any ¢ € [0, T]
1S (S ) @) = u5 (DOl < CllflIxe 2 fs1 ) = £y Ollzoe,  19x S () lzee < Cll fllx-
Using the maximum principle for the transport equation allows us to get for any ¢ € [0, T]
t
16n+1(0) Lo < Ce72| S5 lx | /0 [16n+1 () lLoe + 16n (D)Ll dz.

By virtue of Gronwall’s lemma one finds that for any ¢ € [0, 7]

t
—2 7
16n4+1(0) | oo < €©° ”fo”XTE/ 16n (D)oo d .
0

Hence we obtain in view of (6-51)

t
1641 (1)l < Co /O 16 (0)l| L= d.

By induction we find

Zn
foralln €N, forallt € [0, Te], [|OnllLoopo < C(’)’—'||90||L;>0Loo.
n!
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This implies the convergence of the series

> 0n+1llL5e oo < 00.
&
neN

Therefore (f,7)n converges strongly in L2 L> to an element f* € L2 L*°. From the uniform estimates
(6-52) we deduce that f¢ € £r,. This allows us to pass to the limit in (6-43) and obtain that f° is a
solution to

8tf8+u‘i(fs)8xf8=u‘§(f8), .54
%fos(fvx)Zfo(X), (6-54)
with
u§ (fO)(t.x) & L [arctan(fs([’x+y)_f8(t’x))—i—arctan(fe(t’x+y)+f8([’x))] dy,
27 Jiylze y y o5

y2+(f8<z,x+y>—f8<z,x>>2) .
V(o) + o2 )

Now, the proofs used to get the a priori estimates can be adapted to (6-54) supplemented with (6-55).

us(£0)0x) & o Mk’g(

For instance the a priori estimates obtained in Proposition 6.2 hold for the modified equation (6-54)
independently on vanishing €. In particular one can bound uniformly in ¢ the solution f® in the space X7,
and therefore T, is not maximal and by a standard bootstrap argument we can continue the solution up to
the local time 7" constructed in Proposition 6.2. It follows that f¢ belongs to £7 uniformly with respect
to small €. This yields according once again to Proposition 6.2 and the inequalities (6-25) and (6-40)
:E:)pl] 10: /¥ llLgeLoe < UG (f I Lgoroe 19x fElLgeLoe + 1ua(f)llLge oo < Co,
e€(o,

and Cy is a constant depending on the size of the initial data. Now from the compact embedding C — Cp
and Ascoli’s lemma we deduce that up to a subsequence (f¢) converges strongly in L7’ L°° to some
element f which belongs in turn to £7. This allows us to pass to the limit in (6-54) and (6-55) and find
a solution to the initial value problem (6-43). We point out that by working more one may obtain the
strong convergence of the full sequence ( f¢) to f. Note finally that the uniqueness follows easily from
the arguments used to prove that (6,) is a Cauchy sequence.

7. Global well-posedness

We are concerned here with the global existence of strong solutions already constructed in Theorem 2.1.
This will be established under a smallness condition on the initial data and it is probable that for arbitrary
large initial data the graph structure might be destroyed in finite time. The basic ingredient which allows
us to balance the energy amplification during the time evolution is a damping effect generated by the
source terms. Note that this damping effect is plausible from the graph equation (2-1) according to the
identity (6-34). However, as we shall see in the next section, it is quite complicated to extend this behavior
for higher regularity at the level of the resolution space due to the existence of a linear part in the source
term governing the motion of the slope (2-3). This part could in general bring an amplification in time
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of the energy. To circumvent this difficulty we establish a weakly damping property of the linearized
operator associated to the source term that we combine with the time decay of the solution for weak
regularity using an interpolation argument.

TA. Weak and strong damping behavior of the source term. Note from Proposition 6.1 that ' does not
contribute at the linear level, which is not the case of the functional G. We shall prove that actually there
is no linear contribution for G. This will be done by establishing a damping property that occurs at least
at the linear level. This is described by the following proposition.

Proposition 7.1. Let K be a compact set of R and s € (0, 1); then for any f € Cg we have the decomposition
G(x) =2nf"(x) + L(x) + N(x),
with
1
ILls <271 s + 20/ lzoe) + CUS ool /s and  INTs < CUS IS s +1F7115),
where C > 0 is a constant depending only on K and s. Moreover,
ILllzee < € min(| flIze0lf llss 1f Loe) and  [[Nllzee < ClLf ol £ lp + 1L£'115)-
Proof. In view of (6-1), (6-2), (6-4), (6-16), (6-17) and (6-24) one gets
G(x) =Gux)+ H(x), H=Gi2+Gy,

with .
IH s < CILA IR s + 11159). (7-1)

Note also that from (6-3) and (6-11) we get

IHllzoo < Cll f ool f lls + 1LF13)- (7-2)
Now from (6-5) we get

/ /
Gri(x) =2 S+ [+ f(x)z) dz.
R @(x,2)

with
1 2
@(x,z) =22+ (2 +z / fl(x+0f(x)z) d@) .
0
We shall split again G1; as follows:
'O+ 6+ f@02) o [+ e+ f0)DY2)
2 2

R z+4 R p(x,2)(z2 +4)
2 L(x)+ N (x).

Gi1(x) =2

with . . )
v(x,z) 24z / Fl(x+0f(x)z)do + 22( / F/(x + 01 (x)z) d@) .
0 0

From (5-22) one gets
INllzee < ClLF oo (14 1/ 1700)- (7-3)
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Using the product law (4-8) we get

H [f'+ frodd+z/)]Y(-.2)

<20 fleelly (- 2) Lo 11/9(-, 2)|ls
90("2)

20 e 1Y L Dls 11/9( . 2)llzee
+ (LS s +1Lf o dd+ )Y (. 2llLee [11/0(- . 2) | oo

N

In addition, it is clear that

1w (. 2)lLee <4zl £/ lLoe + 12 £/ 117 oo

Performing the composition law (4-6) we deduce that

1 (- 2)lls < LI s (T4 12151 1 700) + ClzP I o 1L s (U4 12151117 00)-
Combining this latter estimate with (6-9) and (5-22) yields
H [f'+ fed+z)]Y(-.2)
o(-.2)
Hence we get according to the embedding Cg — L°

IV < I lzoe L lls (U4 1L IZED)

26
=+

<CIf Bl 1+ 1715+
< CI NS s + 17110,

Setting N = N + H and combining the latter estimate with (7-1) we find the desired estimate for N
stated in the proposition. Putting together (7-2) and (7-3) combined with Sobolev embedding we find

INlIzee < ClLF oo (L s + 1F7115)-
Coming back to £ one may write

1 S+ f(x)z) = f'(x)
22+4dz+2 i 214 d

< ClLf e If s+ LA IZED A+ [2[).

s

z227f(x) + L(x). (7-4)

£ =4 [
R
To estimate L in C* we simply write

/ /
R z +4

Combined with (4-6) we find

1f o dd+z)lls < (Lf" s + 21 f o) A + 1211 £ [l Lo0)*
< Nls + 201 Nzeo) (X + 2P N7 00)

where in the last line we have used the inequality, for all s € (0, 1), for all x, y > 0 one has

(x+y)° =x* 4 y°.
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Using (4-2), it follows that

1L <27 (ILf " lls + 20 f o) + CUL s 1L N oo

The estimate of L in L°° is easier and one gets according to (7-4),

|z
z2 4+ 4

| s

L] <20 £ P 1 s /R dz < ClF@F I/ s

Therefore we obtain
ILLoe < ClLA Moo ILf s
We point out that we have obviously

L]z < 27| f']| oo
It follows that
ILllzoe < € min([l £ lIzo0llf lls. £ zo0)- (7-5)
This completes the proof of Proposition 7.1. O

7B. Global a priori estimates. The main goal of this section is to show how we may use the weakly
damping effect of the source terms stated in Proposition 7.1 in order to get global a priori estimates when
the initial data is small enough. The basic result reads as follows.

Proposition 7.2. Let K be a compact set of R and s € (0, 1). There exists a constant € > 0 such that if
| folls < & then (2-1) admits a unique global solution

/e L®(Ry; CR).
Moreover, there exists a constant Cy depending on the initial data such that

forallt =0, ||f'(t)|reo < Coe™".

Proof. According to the decomposition of Proposition 7.1 combined with (2-3) and (2-5) we get that
g = 0y f satisfies the equation

Bg(t.x) +u1(t.x) 01g(1. x) + g(t.x) =R(t.x). R2L(F—L-N). (7-6)
Using Propositions 6.1 and 7.1 combined with the (4-2) we find
1
IRNs < I s +20 f oo +ClLf T UL s+ WD +C U o0 1 Ns+HC UL N Z oo UL s+ 1150)-
The embedding C Ig C Cg combined with interpolation inequalities in Holder spaces yields
1 1
1 D = ClF Nz L5 - (7-7)
Set so = min(s, %), then it is easy to get

IRl < 11f s + 20 £ llzoe + C LA N7 LA s + 1715 (7-8)
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Let A(t, x) £ g(t,¥(t,x)), where ¢ is the flow introduced in (6-26). Then it is obvious that
dch(t,x)+h(t,x) =R(t, ¥(t,x)).

This allows us to deduce the Duhamel integral representation

t
e’g(t,X)=go(1//_1(t,X))+/o ER(T.Y(r. ¥ (1.x)) d.
Thus /

e'llg@lls < lgo ™ t)lls +/0 IR Y (@ Yy Ol d.

According to (6-38) and (4-6) we obtain

t
lgo(W ™ @)s < Cllgollse”®, V() = fo 1811 (z) || Lo dT
and

IR @y ODls < IR@) +20R(@) [L)e? OV,

Note that the estimate of R in C* has been already stated in (7-8). However to get a suitable estimate in
L°° we use Propositions 6.1 and 7.1 combined with Sobolev embedding,

IRz < CILF Ol (LS Ollp + LA ON1H) + € min(| fONF oo IS Olls. £ @) 2o)
<CULS Ol + 1L O )AL Olls + 1L/ O
<CI O (L Olls + 1LF @19 (7-9)
It follows that
IR ¥ (. )
< @ls + 21 £/ @lzeo)e” OO L |l £/ @ (L @ lls + £/ @113 OV,
Set K(1) = e~V ®Wel|| f/(1)|5 and
S@) =Ce'e™ O£ Ol + 1LF O ULL Olls + £/ @15
Then . )
K(t) < CK(0) +/ K(t)dt +/ S(r)dr.
0 0

By virtue of Gronwall’s lemma we deduce that

t
K(t) < Ce' K(0) +/ e TTS(r)dr.
0

This implies
1/ Olls < Ce" O f5lls

t t
—|—CeV(’)[O ||f/(z)||Loodr+eV(’)/0 L @I UL @ lls + 1LF @l de. (7-10)
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Combining the interpolation inequality
s 2

1f lLee < CULL LA 15T

with Proposition 6.2(2) we obtain

S

2
JR
Lf'@llzee < Cem 21| foll 21 ILF/ (N5

Plugging this estimate into (6-40) we find

s 2 44s

|1 (O)llzee < Ce™ = Sl 77 (LS O + 1S/ O1F).

It is quite obvious from (4-2) and the compactness of the support that

I follr = Cllfglls.

with C a constant depending on the size of the support of fy. Set

p(T)= sup [ f'@®ls-
t€l0,T]

Then combining (7-10) with (7-11) and (7-12) yields

S

5 2 dds
p(T) < CeCIFNST QoMNZFs +[p(MIZF)

with
SSO 250

M(T)=||fd||s+||f6||s2ﬁ[p(T)]2ﬂ2”+IIfJII?[p(T)]2+~‘(p(T)+[p(T)]16)-

2057

(7-11)

(7-12)

This implies the existence of small number ¢ > 0 depending only on C, and thus on the size of the support

of fp, such that
[folls<e = forallT >0, p(T)=<35(fols).

with limy_0 §(x) = 0. This gives the global a priori estimates.

(7-13)

What is left is to establish the precise time decay of || f/(¢)||z stated in Proposition 7.2. From (7-6)

it is easy to establish the following estimate using the method of characteristics:

t
@)L < e llgollLe + /0 eI |R(0)|| oo d e

According to (7-9) we obtain

t
NS Ollzee = Nl follLee +C /0 IS @l f @llp +1f13) d.

Using Gronwall’s lemma we obtain

t
N Ol < fgllzee™®, W) = C/O L/ @lp +11£'15) dx.

Putting together (7-7) with (7-11) we obtain
_s Ats
=l I O

N

I @)lp < Ce 3+

(7-14)
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Hence we deduce from (7-13) that

forallt >0, W() < Cy,
and therefore
forallt >0, | £ (t)|lLes <Coe™, | f'(t)|p < Coe ¥ (7-15)

for a suitable constant Cyp depending on the initial data. Inserting these estimates into (7-9) we obtain
forallt >0, [R(t)|Le < Coe™". (7-16)
Since f; is compactly supported in a fixed compact set
forallt >0, | f(t)|pe < Cre". (7-17)

Finally, we point out that all the constants involved in the preceding estimates are time independent.
Indeed, they are related to the support of f; which is confined in the convex hull of the support of the
initial data, as has been stated in Proposition 6.2(3). O

8. Scattering and collapse to singular measure

The aim of the last section is to analyze and identify the long time behavior of the global solutions stated
in Theorem 2.2. It attempts to investigate the time evolution of the probability measure

dP é p(Z,X)
) =

where d A denotes the usual Lebesgue measure. Note that without loss of generality we have assumed in

dA(x) = e'1p, (x) dA(x),

the last line that ||pg||;,1 = 1. As we shall see, this measure converges weakly as ¢ goes to infinity to a
probability measure concentrated on the real line and absolutely continuous with respect to Lebesgue
measure on the real line. The description of the density and the support of this limiting measure will be
the subject of the next two sections.

8A. Structure of the singular measure. In this section we shall prove the part of Theorem 2.2 dealing
with the weak convergence of the measure d P; when ¢ goes to co. First, it is obvious that the probability
measure d P; is absolutely continuous with respect to the Lebesgue measure. The convergence of the
family {dP; : t > 0} will be done in a weak sense as follows. Let ¢ € D(R?) be a test function; one can
write using Fubini’s theorem

A / fr(x)
Iz=/ p(x,y)dP; =e // @(x,y)dy.
R2 R J—fi(x)

According to Taylor expansion in the second variable one gets

forall (x.y) € R%,  @(x.y) = @(x,0)+ y¥(x.y) and [¥r~ <C.
This implies

Jf1(x)

I,:2e’/ft(x)<p(x,0)dx+ll, Itléet// yy(x,y)dy. (8-1)
R R J—fr(x)
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We shall check that the term / tl does not contribute in the limiting behavior. Actually it vanishes for ¢
going to infinity. Indeed,

1Y < ety / o) dx.
R

Using (7-17) and the localization of the support of f; in the convex hull of the initial support, we deduce
that

|It1| <Ce™,
and thus
Jim 1! =o.
Combining (2-1), (6-34), (7-15), (7-17) and (7-13) we deduce that
A f(t, x) +urdx f(1,x) + f(t,x) =—f(t,x)R(t, x), (8-2)
with
IRz < I/ Olp (411 1/ @)]15) < Ce™ 75" (8-3)

From the method of characteristics developed in studying (7-6) we get the representation
¢ Y (t.x) = fo(x)eld REVED T (8-4)

From the integrability property (8-3) we deduce that {e’ f(¢, ¥ (¢))} converges uniformly as 7 goes to oo
to the positive function
x> fox)elo” REVEDIT 2 Ry (). (8-5)

More precisely, using straightforward computations we easily get
oo o
le’ fi o (t) = RallLoe < || Rzl / IR(x)|l Lo dT < Ce™ 342", (8-6)
t

The next goal is prove that the flow ¥ (¢) converges uniformly as ¢ goes to infinity to some homeomorphism
Voo : R — R which belongs to the bi-Lipschitz class. First, recall from the definition (6-26) that

t
Y, x)=x +/0 ui(z,¥(r,x))dr.

Recall from Section 2 that 11 (x) = v (x, f(x)) and the velocity is computed from the density p according
to the second equation of (1-2). Hence we get

ler ()llzee < 1A Vol e
Now using the classical interpolation inequality
1 1
IAT Voo < ClipllZ, 1ol 7o
combined with the decay rate stated in Proposition 6.2(2) we deduce that

1 ()|l Lo < Ce™ 2, (8-7)
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Consequently, it follows that ¥ (¢) converges uniformly to the function

Voo(X) 2 +/oou1(‘r,1ﬂ(‘l:,x))d‘[.
0

More precisely, we have

19 (6) — Yooll e < / 1 (2) oo d < Ce™*. (8-8)
t

It remains to check that ¥ is bi-Lipschitz. First we know that

t
1cw ()l <”O, V() = / 121 (0) ]| = d.
0

Using (7-12) and (7-13) we deduce that

forall £ >0, [|8x¥ (t)|[Loo < C,  [|8xur (1) Lo < CeTrse 25", (8-9)

Differentiating ¥« and using the triangle inequality we get

oo

1—[ 19511 (2) oo [[0x Y (D)l oo d T < Yoo (x) <1 +/ [0xu1 (D) l|Loolldx ¥ (T)l|Loe d .
0 0

Therefore we obtain
for all x € R, 1—Cets <Yl (x) < 14+ Cets.

Taking ¢ small enough, meaning that the initial data is very small, we get
forallx eR, 1<yl (x)<3. (8-10)
This shows that ¥ is a bi-Lipschitz function from R to R. Furthermore, it is obvious that
o0
V) =00+ [ i@y de
t

and hence

Voo (1. x)) = x + /t ui (. (r Y~ (1)) d.
Combining this identity with s, © Wo_ol = Id and (8-7) yields
Voo (012, %)) — oo (Wl )] < / 1 (©)zoe d T < Ce™5

Applying (8-10) we deduce that

— — _L
170 =¥ llLee < Ce™2.
This shows that ¥~ (¢) converges uniformly to wo_ol with an exponential rate. Set

®=Ryoy) (8-11)
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and assume for a while that R, belongs to C* for any « € (0, 1); then we deduce from the preceding
estimates, especially (8-6) and (8-4), that

le” £(1) = @llLee < e f(1) = Ry oy~ (1) [lzoe + [|R2 0 Yy~ (1) = Rao ) [l

<Ce =" 4+ |Rala Y1) — ¥ %o

_ s —al
<Ce #x! 4 Ce 2.

: _ 25
Taking o = 7755 we get

le’ f(t) — ®|| oo < Ce™ T2, (8-12)

Let us now check that R, belongs to C* for any « € (0, 1). For this goal we shall express differently
the function R,. Set R1(f, x) = — f (¢, x) R(¢, x); then from the method of characteristics the solution to
(8-2) may be recovered as follows:

t

e f(t.y(t,x)) = fo(x) +/ e"Ri(z,¥(r,x))dt.
0
Putting together (8-3) and (7-17) we deduce that

4435
IR1(z, ¥ (7)) Loe < Ce™3+2s5". (8-13)
Therefore we find the identity

o0

Ra(x) = folx) + /0 "Ry (v 9 (r. ) d. (8-14)

We shall now study the regularity of R, through the use of this representation.
Differentiating (8-2) in x and comparing it to (7-6) we get the identity

OxR1(t,x) =R(t,x)+ dxu1(t, x) dx f (¢, x).
Using (7-15), (7-16) and (8-9) we find
forallt >0, [0xR1(t)|r <Ce™".
Combining this latter estimate with the Leibniz formula and (8-9) implies
forallt >0, [0x(Ri(t,¥(t,)))|lLee <Ce™". (8-15)

It suffices now to apply the following classical interpolation inequality: for any « € (0, 1) there exists
C > 0 such that
1lla < ClRILSE 17 1F oo

which implies that according to (8-13) and (8-15)
forall 1 20, [Ri(t,¥(t,-)]la < Ce™ e 17w, (8-16)

Returning to the identity (8-14), one obtains in view of (8-16)

o0
[ R2llee = [l foller +/ e |Ri(r. ¥ (r. Dadr =C
0
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for any « € (0, 1). As an immediate consequence of (8-11), (8-10) and (4-6) we find that ® belongs to
C“ for any « € (0, 1). We guess the profile ® to keep the same regularity as fp, that is, in C 175, but this
could require much more refined analysis.

Now coming back to (8-1) we find in view of (8-12) and the Lebesgue theorem

lim I(t) = 2/ d(x)p(x,0)dx.
t—>00 R
This is equivalent to writing in the weak sense
. N
tl_l)n;o dP; =2 $peoy = dPo. (8-17)
Now we shall discuss some properties of ®. From (8-5) and (8-11) we have
supp ® = Yoo (Ko), Ko = supp fo. (8-18)
According to (8-10), the measure of supp P is strictly positive with
| supp ®| = 3| Kol. (8-19)

It remains to check that d Po is a probability measure on the real axis, which reduces to verifying that

2/[Rd>(x)dx =1.

First note that using Proposition 6.2(2) one obtains for any ¢ > 0

1=2/etf(t,x)dx.
R

To exchange the limit and integral it suffices to apply the Lebesgue theorem thanks to the condition (8-12)
and the fact that supp f; € Conv K (recall that for simplicity we have assumed that | po||;1 = 1):

t—>00

lim [ e’ f(t,x)dx = / d(x)dx.
R R

This provides the desired result. We point out that with the normalization ||pg|;1 = 1 one gets instead
of (8-17)

AP = ——§ ,
T ol el

which gives the structure of the limiting measure stated in Theorem 2.2 thanks to (8-5) and (8-11).

8B. Concentration of the support. In this section we shall complete the study of the limiting measure
d P~ and identify its support, denoted by K. What is left to conclude the proof of Theorem 2.2 is just
to check that the support D; of the solution p; converges in the Hausdorff sense to K. Recall that Ky
is the support of fy and is assumed to be a finite collection of increasing segments [a;; b;], i =1,...,n,
such that a; < b; < a;j+1. According to (8-18) one has

supp ® = VYoo (Ko) £ Koo.
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Since W, is strictly increasing due to (8-10) one deduces easily that
supp ® = U7 [af, 5], af® £ Yoolai),  b® £ Yoo(bi).
Using once again (8-10) one may easily obtain that
foralli, [af®—b°|> %|ai —b;].

Now to establish the convergence in the Hausdorff sense of D; towards K it suffices to prove the result
for each connected component, that is,

foralli =1,...,n, dg(T} [a®, b)) <Ce™,
with
i A . t gt
Iy ={(x, fi1(x)) :x €la;, b;]}.
By straightforward analysis using (7-17) one obtains
dp (T, [af°, b)) < Ce™ + C max(|al —af®|, |b! —b5°)).

From (8-8) one gets
max(|af —af°|, |b; —b°|) < Ce™
and therefore
forallt >0, dp(Ds, Koo) <Ce™".

The proof of Theorem 2.1 is now complete.
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