


ANALYSIS AND PDE
Vol. 13, No. 1, 2020

dx.doi.org/10.2140/apde.2020.13.147

ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS
IN PARABOLIC HOMOGENIZATION

JUN GENG AND ZHONGWEI SHEN

For a family of second-order parabolic systems with rapidly oscillating and time-dependent periodic
coefficients, we investigate the asymptotic behavior of fundamental solutions and establish sharp estimates
for the remainders.

1. Introduction

In this paper we study the asymptotic behavior of fundamental solutions I';(x, ¢; y, s) for a family of
second-order parabolic operators 9, + £, with rapidly oscillating and time-dependent periodic coefficients.

Specifically, we consider
Lo =—div(A(x/e, t/e})V) 1-1)

in R? x R, where ¢ > 0 and A(y,s) = (al‘.xjﬂ(y, s)) with 1 <i, j <dand 1 <, 8 <m. Throughout the
paper we will assume that the coefficient matrix A = A(y, s) is real, bounded measurable and satisfies
the ellipticity condition

Al <pn™" and gl <af (v, 5)EE! (1-2)

forany & = (§7) € R"™*4 and a.e. (v, s) € R4 where > 0. We also assume that A is 1-periodic; i.e.,
A(y+z,5+1)=A(y,s) for(z,1) €7 and ae. (y, s) € R4, (1-3)

Under these assumptions it is known that as ¢ — 0, the operator d; + £, G-converges to a parabolic
operator d; + Ly with constant coefficients [Bensoussan et al. 1978].

In the scalar case m = 1, it follows from a celebrated theorem of John Nash [1958] that local solutions
of (0; + L¢)u, = 0 are Holder continuous. More precisely, if (3; + L;)u, = 0 in Qr, = Q2. (x9, tp) for
some (xo, fp) € R?T! and 0 < r < oo, where

0, (x0, to) = B(xo, 1) X (to — r?, 1), (1-4)

then there exists some o € (0, 1), depending only on d and p, such that

! 12
luellcoorg,) < C”_U< |Ma|2)
| Q2r| Jo,,
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where C > 0 depends only on d and w. In particular, C and o are independent of &€ > 0. The periodicity
assumption (1-3) is not needed here. It follows that the fundamental solution I (x, t; y, s) for d; + L,
exists and satisfies the Gaussian estimate

(1-6)

klx =y
t—s

C
ITe(x, 25y, 8)| < meXP{—

for any x, y € R? and —oo < s <t < 00, where « > 0 depends only on & and C > 0 depends on d and p
(also see [Aronson 1967; Fabes and Stroock 1986] for lower bounds).

If m > 2, the global Holder estimate (1-5) for 1 < r < oo was established recently in [Geng and Shen
2015] for any o € (0, 1) under the assumptions that A is elliptic, periodic, and A € VMO, (see (2-4) for
the definition of VMO, ). We mention that the local Holder estimate for 0 < r < & without the periodicity
condition was obtained earlier in [Byun 2007; Krylov 2007]. Consequently, by [Hofmann and Kim 2004;
Cho et al. 2008], the matrix of fundamental solutions I'.(x, ¢; y, s) = (Fgﬁ (x,t;y,8)),withl <a, B <m,
exists and satisfies the estimate (1-6), where ¥ > 0 depends only on . The constant C > 0 in (1-6)
depends on d, m, j and the function A*(r) in (2-5), but not on & > 0.

The primary purpose of this paper is to study the asymptotic behavior, as ¢ — 0, of I (x, #; y, 5),
Vile(x, 15 y,5), VyIe(x, 15y, 5), and V, VI (x, £; y, 5). Our main results extend the analogous estimates
for elliptic operators — div(A(x/¢)V) in [Avellaneda and Lin 1991; Kenig et al. 2014] to the parabolic
setting. As demonstrated in the elliptic case [Kenig and Shen 2011], the estimates in this paper open the
doors for the use of layer potentials in solving initial-boundary value problems for the parabolic operators
d; + L, with sharp estimates that are uniform in ¢ > 0.

Let I'g(x, t; ¥, s) denote the matrix of fundamental solutions for the homogenized operator 9, + Ly,
where Lo = — diV(AV) and A = (&f‘jﬂ ) is given by (2-7). Since A is constant and satisfies the ellipticity
condition (2-8), it is well known that I'g(x, ¢; y,s) = [g(x — y, ¢ —5; 0, 0) and for any x, y € R4 and
—00<§ <t <00,

-7

klx —yI?
VY9 To(x, 15y, )| < = ——}

§)@+M+2N) /2 exp{ PR

for any M, N > 0, where « > 0 depends only on u, and C depends on d, m, M, N, and .
Our first result provides the sharp estimate for I'; — ['g.

Theorem 1.1. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). If m > 2, we also
assume that A € VMO,. Then

oy
M} (1-8)

Ce
ITe(x, 23y, 8) = Dolx, 15y, 5)| < mexp{— P

forany x, y € R and —0o < s < t < 00, where k > 0 depends only on . The constant C depends on d,
m, o, and A* (if m > 2).

Let x (v, s)= (quﬁ (y,s)),where 1 <j <dand1<a, 8 <m, denote the matrix of correctors for d; + L,
(see Section 2 for its definition). The next theorem gives an asymptotic expansion for V, I (x, ¢; y, s).
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Theorem 1.2. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). Also assume that
A is Holder continuous,

|A(x, 1) — A(y, )| < T(lx — y| + [t — s]/H* (1-9)
forany (x, 1), (y,s) € R4 where Tt > 0 and x € (0, 1). Then
IVile(x, 15y, 8) — (I + Vi (x /e, t/eM)ViTo(x, 15 y, 5)|

2
€ 1, 12 _Kklx =y ]
< (5 @n log(2+¢e7 |t — s )exp{ — (1-10)

forany x,y € R? and —oo < s <t < 00, where k > 0 depends only on . The constant C depends on d,
m, u, and (A, t) in (1-9).

With the summation convention this means that for 1 <i <dand 1 <o, <m

o ary! LAy
(x,t;y,8)— (x,t;y,5)— (x/e,t/e”) (x,t;y,5) (I-11)
axi Bxi axi axj

is bounded by the right-hand side of (1-10). Let A(y, s) = @7 (y. 5)). where & (v, ) = al(y. —s).
Let T, (x,t;y,8) = (Fgﬁ (x,t;y,s)) denote the matrix of fundamental solutions for the operator d; + Lo,
where £, = — div(A(x/e, t/€%) V). Then

T (x,1;y,5) = TPy, —s; x, —1). (1-12)

Since A satisfies the same conditions as A, it follows from (1-10), (1-11) and (1-12) that

pe i o7y , arg?
(x,t;y,8)— (x,t;y,8)— (v/e, —s/e%) (x,t;y,5) (1-13)
Ay Ay Ay dyj

is bounded by the right-hand side of (1-10), where jx (y, s) = ( )Z;w (y, s)) denotes the correctors for 9, —1—28.
That is,

IV, DL (x, 85 9, 8) — (T + VI (y/e, —s/eNVTE (x, 15y, 9)]

_ e - Klx — y|?
= Tyaon log(2+ ¢ 1|t—s|1/2)exp{—ﬁ}, (1-14)

where I'Y denotes the transpose of the matrix I;.
We also obtain an asymptotic expansion for V, V,T¢(x, 7; y, ).

Theorem 1.3. Under the same assumptions on A as in Theorem 1.2, the estimate

a

Tray L2 (3. 9))

i9yj

= L e et T Gty 0) 5 e e e =5/
ax; k ' dxpdy, O Ty, ¢ ’

€ - Klx =yl
Smlog(2+8 1|t—s|1/2)exp{—ﬁ} (1-15)
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holds for x, y € R? and —oo < s <t < 00, where k depends only on . The constant C depends on d, m,
w, and (A, ) in (1-9).

Remark 1.4. The estimates (1-10), (1-14) and (1-15) are sharp, up to the logarithmic factor log(2 +
e~ !t —s|!/?), which is probably not necessary. It may be possible to remove the logarithmic factor by
using higher-order correctors in the proof. However, we will not pursue this idea in the present paper.

In the scale case m = 1, the estimate (1-8), without the exponential factor, is known under the conditions
that A is elliptic, periodic, symmetric, and time-independent; see [Jikov et al. 1994, p. 77]. This was
proved by using the Floquet-Bloch decomposition of the fundamental solutions and by studying the
spectral properties of elliptic operators

—(V+ik) - A(V+ik)

in a periodic cell, where i = +/—1 and k € R% Such an approach is not available when the coefficient
matrix A is time-dependent. To the best of authors’ knowledge, the Gaussian bound in Theorem 1.1 as well
as our estimates in Theorems 1.2 and 1.3 are new even in the case that m = 1 and A is time-independent.

As a corollary of Theorems 1.1 and 1.2, we establish an interesting result on equistabilization for
time-dependent coefficients; cf. [Jikov et al. 1994, p. 77].

Corollary 1.5. Assume that A satisfies the same conditions as in Theorem 1.1. Let f € L™ (R?) and u,
be the bounded solution of the Cauchy problem,

@ +Lu, =0 in Rddx (0, 00), (1-16)
g = f on R* x {t =0},
with e =1 or 0. Then for any x e R and t > 1,
lur (x, 1) = uo(x, 0] < Ct7 V|| f oo (1-17)
Furthermore, if A is Holder continuous,
B
o o af aMO -1
Vui(x, 1) = Vug(x, 1) = V™ (x, t)g(x, N =Ct  log2+ 1) flleo (1-18)
J

forany x e R and t > 1.

We now describe some of the key ideas in the proof of Theorems 1.1, 1.2, and 1.3. As indicated earlier,
our main results extend the analogous results in [Avellaneda and Lin 1991; Kenig et al. 2014] for the
elliptic operators — div(A(x/e)V), where A = A(y) is elliptic and periodic. Our general approach is
inspired by [Kenig et al. 2014], which uses a two-scale expansion and relies on regularity estimates that
are uniform in € > 0. Following [Geng and Shen 2017], we consider the two-scale expansion

w, = up(x, 1) —ug(x, 1) — ex(x/e, 1 /€3S (Vug) — 2 (x /e, 1 /e2)V Ss(Vug), (1-19)
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where x (y, s) and ¢ (y, s) are correctors and dual correctors respectively for d; + L. (see Section 2 for
their definitions). In (1-19) the operator S; is a parabolic smoothing operator at scale €. In comparison
with the elliptic case, an extra term is added in the right-hand side of (1-19). This modification allows us
to show that if (9; + L. )u, = (9; + Lo)ug, then

(0; + Lo)we = e div(Fy) (1-20)

for some function F,, which depends only on ug. As a consequence, we may apply the uniform interior
L estimates established in [Geng and Shen 2015] to the function w,. To fully utilize the ideas above,
we will consider the functions

t
ug(x,t)=/ /Fe(x,t;y,S)f(y,S)e“”(”dyds,
—00 Rd
(1-21)

t
up(x, 1) :/ / Co(x,t;y,9) f(y, s)e V) dyds,
—00 Rd

where v is a Lipschitz function in R and f € C3(Qr(yo, s0); R™). The main technical step in proving
Theorem 1.1 involves bounding the L* norm

le¥ (ue — u0)ll 2oo(0, (xo.10)) (1-22)

by (1 £1122¢0, (yo.50))» Where O < & < r = c/to — so. We remark that the use of weighted inequalities with
weight e¥ to generate the exponential factor in the Gaussian bound is more or less well known. Our
approach may be regarded as a variation of the standard one found in [Hofmann and Kim 2004; Cho et al.
2008]; also see earlier work in [Fabes and Stroock 1986; Davies 1987a; Davies 1987b].

The proof of Theorem 1.2 uses the estimate in Theorem 1.1. The stronger assumption that A is
Holder continuous allows us to apply the uniform interior Lipschitz estimate obtained in [Geng and Shen
2015] to the function w, in (1-19). To see Theorem 1.3, one uses the fact that as a function of (x, ¢),
Vy[e(x, t; y, ) is a solution of (9; + L¢)u, = 0, away from the pole (y, s).

We end this section with some notation that will be used throughout the paper. A function & = h(y, s)
in R4t is said to be 1-periodic if & is periodic with respect to Z¢*!. We will use the notation

ff:i/f and h°(x,t) =h(x/e, t/e?)
E |E| JE

for ¢ > 0, as well as the summation convention that the repeated indices are summed. Finally, we shall
use k to denote positive constants that depend only on u, and C constants that depend at most on d, m,
and the smoothness of A, but never on ¢.

2. Preliminaries

Let £, = —div(A®(x, )V), where A®(x,t) = A(x /e, t/gz). Assume that A(y, s) is 1-periodic in (y, s)
and satisfies the ellipticity condition (1-2). For 1 < j <d and 1 < 8 < m, the corrector Xjﬂ = Xf (v,8)=
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( X;xﬁ (y, s)) is defined as the weak solution of the cell problem

@5+ L)) =—L1(PF) inY,
B

Xj = Xf (v, s) is 1-periodic in (y, ), (2-1
B
Jy xj =0,
where Y = [0, 1)t Pjﬂ (y) =yjef,and e = (0, ..., 1,...,0) with 1 in the B-th position. Note that
@+ L)) +PH=0 in R (2-2)

By the rescaling property of 9; 4+ L, one obtains

@ + L) ex! (x/e. 1/eH) + PP ()} =0 in R (2-3)
We say A € VMO, if
lin(l) A*(r) =0, (2-4)
r—
where
t
A#(r): sup ][ ][ ][ |A(y,s) — A(z,s)|dzdyds. (2-5)
O<p<r Jt—p2JyeB(x,p)JzeB(x,p)
(x,1)eRIH!

Observe that if A(y, s) is continuous in the variable y, uniformly in (y, s), then A € VMO,.

Lemma 2.1. Assume that A(y, s) is 1-periodic in (y, s) and satisfies (1-2). If m > 2, we also assume
A € VMO, Then x! € L®(Y; R™),

Proof. In the scalar case m = 1, this follows from (2-2) by Nash’s classical estimate. Moreover, the

1/2
(f |va|2) <cro! (2-6)
Or(x,1)

holds for any 0 < r < 1 and (x, t) € R**!, where Q,(x, 1) = B(x,r)x(t—r%,1),and C >0and o € (0, 1)
depend on d and p. If m > 2 and A € VMO, the boundedness of Xf follows from the interior W7
estimates for local solutions of (9, 4+ £1)(u) =div(f) [Byun 2007; Krylov 2007]. In this case the estimate
(2-6) holds for any o € (0, 1). O

estimate

LetA:(&?jﬂ),wherelfi,jfd, 1 <a, B <m,and

saff [ ap ay 0 Vﬂ] .
a.. = a.. +a., —x: ) 2-7)
ij ﬁ ij ik 3y1< Xj (
that is
A= ][ {A+AVy).
Y
It is known that the constant matrix A satisfies the ellipticity condition

plg? <aferel  forany & = (&) e R™, (2-8)
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and |&f‘jﬂ| < 1, where 1 > 0 depends only on d, m and p [Bensoussan et al. 1978]. Define
Lo=—div(AV).

Then 0, + Ly is the homogenized operator for the family of parabolic operators d; + L., € > 0.
To introduce the dual correctors, we consider the 1-periodic matrix-valued function

B=A+AVy — A. (2-9)

More precisely, B = B(y, s) = (bf;ﬁ), where 1 <i,j <d, | <a, B <m,and

vB

ax;
af _ af ay "N ~op -
bjj =a;; +ay I a;; - (2-10)

Lemma 2. 2 Letl1 < j<dandl <a,B <m. Then there exist 1-periodic functions gbklj (v, s) in RI*1
such thatqﬁ e H\(Y),

b] :_(¢sz) and ¢sz ¢lkj, (2-11)

where 1 <k,i <d-+1, bi is defined by (2-10) for 1 <i <d, b(d+1)/ X;Xﬁ, and we have used the
notation yg1 = .

Proof. This lemma was proved in [Geng and Shen 2015]. We give a proof here for reader’s convenience.
By (2-1) and (2-7), b € L*(Y) and

f b =0 (2-12)
Y

for 1 <i <d+ 1. It follows that there exist f;jﬂ € H*(Y) such that
B B . md+l
Ad+1fg =b;; iR,

tj
(2-13)
f i is 1-periodic in IRdH,

where Ay, 1 denotes the Laplacian in R4+, Write

d 8 ad aﬁ d 0 Lap
b‘?‘.ﬂ:—{— o _ 9 } _{_ : } 214
i = oy Loy " By, oy Loy 0 &-14)
where the index k is summed from 1 to d 4+ 1. Note that by (2-1),
d+1 ab‘.”ﬂ d
ij aﬂ
“ =0. 2-1
X; dyi Z 8)’1 i 8s % =0 @15
1= i=
In view of (2-13) this implies
d+1

a
2
dyi
is harmonic in R4t Since it is 1-periodic, it must be constant. Consequently, by (2-14), we obtain

blj = _(¢klj) (2-16)
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where 0
af of
= g oy I 247
is 1-periodic and belongs to H!(Y). It is easy to see that qb,‘:l‘j = qbl k- U

The 1-periodic functions (¢>kl ), given by Lemma 2.2, are called dual correctors for the family of
parabolic operators 9; + L., € > 0.

Lemma 2.3. Let ¢ = (¢Zt£) be the dual correctors, given by Lemma 2.2. Under the same assumptions
as in Lemma 2.1, one has ¢,?£. e L°(Y).

Proof. Tt follows from (2-6) that if (x,#) e Rt and 0 < r < 1,
/Q - 6P 12 < crtte (2-18)

for some o € (0, 1). By covering the interval (¢ —r, ¢t) with intervals of length r2, we obtain

f |b;);'3| <Cl"d 1+20
By (x,1)

where B, (x,t) = B(x,r) x (t —r, t). Hence, by Holder’s inequality,

/ Ib?;ﬂ| < Crd+a
B, (x,t)
Thus, for any (x,t) € Y,

/ |b3’3(y,8)| Ivd <Ci2jd/ % (v 5)|dyds < C (2-19)
yds < Py, s)ldyds <C. -
y (Ix =yl 4+t =59 a ly—x|+lt—s|~2=i 7

In view of (2-13), by using the fundamental solution for Ay, in R?*!, we may show that

IV s £22 <C|IV,, + / |b"fﬂ(y’s)| dyd
Loo(Y 2 su p y S’
P W P TE T ey Jy (x =yl + 1 —sDd

where V,  denotes the gradient in R+1, This, together with (2-19), shows that |V 5’3| € L*(Y). By
(2-17) we obtain ¢;7; € L(Y). O

Remark 2.4. Suppose A = A(y, s) is Holder continuous in (y, s). By (2-2) and the standard regularity
theory for d; + L1, we have V x (y, s) is Holder continuous in (y, s). It follows that baﬂ (v, s) is Holder
continuous in (y, s). In view of (2-13) and (2-17) one may deduce that V,, s¢k is Holder continuous in
(v, s). This will be used in the proof of Theorems 1.2 and 1.3.

Theorem 2.5. Suppose that A satisfies the conditions (1-2) and (1-3). If m > 2, we also assume A € VMO,

Let u. be a weak solution of (0; + L¢)ue = div(f) in Qz = Qo (X0, ty) for some 0 < r < 00, where
=) € LP(Qa; R™*?) for some p > d + 2. Then

172 1/p
||Ms||L°°(Q,)§C{(][ |”s|2) +r<][ |f|p> } (2-20)

where C depends only on d, m, p, v, and A* in (2-5) (if m > 2).
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Proof. If m = 1, this follows from the well-known Nash’s estimate. The periodicity is not needed. If m > 2,
(2-20) follows from the uniform interior Holder estimate in [Geng and Shen 2015, Theorem 1.1]. O

Under the assumptions on A in Theorem 2.5, the matrix of fundamental solutions for 9, + L. in Ré+1
exists and satisfies the Gaussian estimate (1-6). This follows from the L*° estimate (2-20) by a general
result in [Hofmann and Kim 2004]; also see [Auscher 1996; Cho et al. 2008].

Theorem 2.6. Suppose that A satisfies conditions (1-2) and (1-3). Also assume that A satisfies the Holder
condition (1-9). Let u. be a weak solution of (0, + L¢)ue = F in Q2 = Qo (X0, to) for some 0 < r < 00,
where F € LP(Q»,; R™) for some p > d + 2. Then

1 172 1/p
Vuellze(o,) SC{—(][ Iuslz) +r<][ IFI”) } (2-21)
r Q2r Q2r

where C depends only ond, m, p, i, and (A, t) in (1-9).
Proof. This was proved in [Geng and Shen 2015, Theorem 1.2]. (I
The Lipschitz estimate (2-21) allows us to bound V, I¢ (x, 2; y, ), Ve (x,1; y,s) and V,V, T (x, 1; y, 5).

Theorem 2.7. Assume that A satisfies the same conditions as in Theorem 2.6. Then

C /<|x—y|2

IVaile(x, 25y, )| + IV e (x, 15y, 8)| < (1 —5) @R eXp{— [ (2-22)
. C Klx =yl

|vayrs(xJ,yvs)|§ (t—S)(d+2)/2 exp{_ t—s (2_23)

forany x, y € R and —o0o < s < t < 00, where k > 0 depends only on . The constant C depends on d,
m, i, and (A, ) in (1-9).

Proof. Fix xg, yo € R and so < to. Let up(x, t) = Fe(x, 1: Yo, S0). Then (9; + L¢)u, = 0 in Qy, (xg, ty),
where r = /ty — s9/8. The estimate for |V, I (xg, f; Yo, so)| now follows from (2-21) and (1-6) (with a
different «). In view of (1-12) this also gives the estimate for |V, I (xo, to; Yo, So)|. Finally, to see (2-23),
we let v (x, 1) =V, I (x, 1; yo, o). Then (0;+L;)ve =01n Q2 (xo, fp). By applying (2-21) to v, and using
the estimate in (2-22) for V,I'¢(x, t; y, 5), we obtain the desired estimate for |V, V, I (xo, fo; yo, s0)|. U

3. A two-scale expansion

Suppose that
(0 + Le)us = (9 + Lo)uo (3-D

in Q x (Tp, T1), where Q C R% Let S, be a linear operator to be chosen later. Following [Geng and Shen
2017], we consider the two-scale expansion w, = (wy), where

B B
ou 9 ou
B 2 0 2 af 2 0
wg(X,t):"t?(x’t)_”g(x’t)_ngq ()C/S, [/8 )S8<ax]>_8 ¢?d+])ij(x/89 t/E )axiSS(axj)’ (3_2)
and x jqﬂ , ¢?f +1)ij are the correctors and dual correctors introduced in the last section. The repeated indices
i, j in (3-2) are summed from 1 to d.
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Proposition 3.1. Let u, € L>(Ty, Ti; H'(Q)) and ug € L*(Ty, T1; H*(Q)). Let w, be defined by (3-2).
Assume (3-1) holds in Q x (Ty, Ty). Then

(0 + Le)we = € div(Fy) (3-3)

in Qx (Ty, Ty), where F, = (F;fl.) and

B
e ) =g (aaﬁ(x/s /&) — A“’S)(aio S, <aﬁ>>

j ax;

ou 7/
(x/s t/e )Xky(x/e t/e? )—S < )

axk
) ul ul
lkj(x/s t/e )—S 8xj +8¢l(d+1)](x/8 t/s )0; S, W

“ duy
—aif (x/e, r/s%( (¢(d+l)gk>> (x/e, r/g%%sg(ﬂ)

0Xp
—sa (x/s t/8 )¢ (x/e, t/s ) i <%) (3-4)
(d+1)tk dx axe axk ‘

The repeated indices i, j, k, £ are summed from 1 to d.
Proof. This proposition was proved in [Geng and Shen 2017, Theorem 2.2]. U
We now introduce a parabolic smoothing operator. Let
O={(x,t) e R 1 x>+ 1] < 1}.

Fix a nonnegative function 6 = 6(x, 1) € C§°(O) such that [ 0 = 1. Let 6:(x, 1) = 679720 (x /¢, 1 /&?).
Define

Se(f)(x 1) = f %60 (r, 1) = /R Sy =980 5) dy ds. (3-5)

Lemma 3.2. Let g =g (x, t) be a 1-periodic function in (x, t) and = ¥ (x) a bounded Lipschitz function
in R% Then

le? g°Se(Nlrarty < € e YV I2ligl Loy lle? fllogony (3-6)
forany 1 < p < oo, where g(x,t) = g(x /e, t/?) and C depends only on d and p.
Proof. Using fRdH 6. = 1 and Holder’s inequality, we obtain

ISs(e_"’f)(x,t)I”S[ VO £y, )17 6, (x — vt — 5) dy ds.
Rd+l
It follows that

1V DS, eV F)(x, )P < / eV OV £y )P Op(x — y, t —s)dyds
Rd+1

< espllvwloo/ [f (v, )P O0.(x —y,t —s)dyds,
Rd+1



ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS IN PARABOLIC HOMOGENIZATION 157

where we have used the facts that | (x) — ¥ (V)| < |V¥|leolx — ¥l and O, (x — y,t —5) =0 if |[x — y| > &,
for the last step. Hence, by Fubini’s theorem,

[ g ot se ool dxas
R4+
<Ml sup / |g8<x,r>|Pee<x—y,r—s>dxdrf | (v )P dy ds
Rd+1 Rd+1

(v,8)ERIF!

Voo
< Ce V=gl 7, o LA sy

where C depends only on d. This gives (3-6). U
Remark 3.3. Let @ C R? and (T, T) C R. Define

Q. ={x¢€ R?: dist(x, Q) < &}. (3-7)

Observe that for (x, t) € Q x (Ty, T1), we have S.(f)(x,t) = S.(fn:)(x, t), where n, = n.(x, t) is the
characteristic function of Q, x (Ty — &2, Ty +&%). By applying (3-6) to the function f7,, one may deduce

that
T

T +¢2
/ f eV g° S (|7 dxdt < CePVV = g7, / f le? f17 dx dt. (3-8)
Ty, JQ To—e% JQ;

Using /Rd+1 |VO,|dx dt < Ce™!, the same argument as in the proof of Lemma 3.2 also shows that

Ty T1+€2
| [ rergvsiniasar = ceren®isigg,, [ [ e piraxar 39)
To /Q To—e2 J Q;,

for 1 < p < oo, where C depends only on d and p.

Lemma 3.4. Let S, be defined as in (3-5). Let 1 < p < 0o and  be a bounded Lipschitz function in R%.
Then for @ C RY and (Ty, Ty) C R,
82

T T
/ / ¥ (So(V )= V )P dx dt < CePe?I VI / Y (V2 f 410 fDIP dedi,  (3-10)
To Q To

—2JQ,
where Q. is given by (3-7) and C depends only on d and p.

Proof. Write
Se(V)(x, 1) =V [f(x,1) = Ji(x, 1)+ J(x, 1),
where
Ji(x, 1) =/Rd+] O (v, )(Vf(x =y, t =s)=Vfx—y,1)dyds,

Bx, D) =/ 6. (v $)(V f(x — y. 1) — ¥ £ (x, 1)) dy, ds.
[Rd“

To estimate J»>, we observe that by Holder’s inequality and the fact fRdH O.dyds =1,

|J2(x, DIP S/RM 0c(y, )IVf(x =y, ) =Vfx,0Pdyds,
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and

L
IVf(x—y, ) =V fx,0)|= ‘/ a—Vf(x—fy,t)df
0 T

1 1 1/p
s|y|/0 |v2f<x—ry,r>|drs|y|</0 |V2f(x—ry,r>|”dr) :

It follows by Fubini’s theorem that

T
//le'/’(x)lg(x,t)lpdxdt
To /2

T\ 1
5/ /f /epw<x>ea(y,s)|y|”|v2f<x—ry,r)|"drdydsdxdt
Ty Q JRI+1 JO
Ty 1
gsﬂefl’”v‘/"oo/ // /ep’/’(x_fy)ég(y,s)wzf(x—ty,t)|1’ dtdydsdxdt
Ty JQ JRI+LJO

T
< 8peep||vw|m/ 1/ V2 1P dx dt.
To &

where we have used the facts that [ (x) — Y (x — )| < |T||Y|[|IV¥ ]l and B¢ (y, s) =0 if |y| > €.
Finally, to estimate J;, we first use integration by parts to obtain

(5 0)] < / V0.0, )| £ Gt — v, 1 —5) — f(x —y, )] dyds.
R
By Holder’s inequality,
i, D) < Csl-P/d VO N =yt — ) = [ =y 0l dy ds,
R +

where we have also used the fact fRd“ |VO,|dyds < Ce™\. Using

1 1/p
Sls|</ IBzf(x—y,t—IS)l”dr) ,
0

1
If(x—y,t—s)—f(x—y,t)lf‘/ aif(x—y,t—rs)dr
0 T

we see that by Fubini’s theorem,

T
//|e'/’(x)J1(x,t)|pdxdt
Ty JQ

T, 1
5081—17/ /f /eW(")IVGE(y,sN|s|p|8,f(x—y,t—rs)|”drdydsdxdt
To Q JRI+1 JQ

T, 1
< Celﬂ’efl’”W'w/ // / PV TNVO, (v, )]0, f(x — y, t —18)|P dr dyds dx dt
Ty JQ JRIHLJO

T1+82
< CePe? VY / eV, FIP dx dt.,
T0—82 QS
where we have used the facts that | (x) — ¥ (x — y)| < V¥ lleo| | and 0, (y, s) =0 if |y| > & or |s| > €.
This, together with the estimate for J,, completes the proof. ]



ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS IN PARABOLIC HOMOGENIZATION 159

Theorem 3.5. Let F; = (F;) be given by (3-4) and 1 < p < 0. Then for any Q2 C R and (Ty, T)) C R,

T
/ / leV F, Ipdxdt<CeSP|vw”°°f 2/ {le? V2uo|? + le¥ duo|”} dx dt, (3-11)
To To—¢

where Q. is given by (3-7) and C depends only on d, m, p and .

Proof. Observe that

/ / leV F.|? dx dt

Ty T,
<Ce~ P/ /|Vu0—S(Vu0)|Perxdz+C/ /Ix 1”18 (V2ug)|PePY dx dt
To
f /|¢ 1”18, (v2u0)|Perxdr+CeP/ /|¢€|p|VS8(8tuo)|perxdt

T] Tl
+C/ /|(v¢) |P|S(V2u0)|Perxdt+CeP/ f|¢ 1P|V Ss(VZug)|PePVdx dt, (3-12)
To

where C depends only on d and w. In (3-12) we have also used the observation that 9, S, (Vi) = V S¢ (0, u0)
and VS (Vuo) = S (VZuo).

We now proceed to bound each term in the right-hand side of (3-12), using Lemma 3.4 and Remark 3.3.
By Lemma 3.4, the first term in the right-hand side of (3-12) is bounded by

g2

T+
cePS"W"w/ le¥ (1V2ug| + |9;uo])|” dx dt. (3-13)
T Qe
Using (3-8) we may bound the second, third, fifth terms in the right-hand side of (3-12) by
T, +82
CePeIVV il / eV V2u|? dx dt. (3-14)
To—e2 JQ,

Finally, by (3-9), the fourth and sixth terms in the right-hand side of (3-12) are bounded by (3-13). [

4. Weighted estimates for 9, + L

Recall that I'y(x, ¢; y, s) denotes the matrix of fundamental solutions for the homogenized operator
3 + Lo in RYTL Let v R¢ — R be a bounded Lipschitz function and

t
o(x, 1) = / / Fo(r, 15 v, $) £ (v $)e YO dy ds, 4-1)
—00 Rd

where f € C°(R?H!; R™). Then
(3 +Loyug=e"Vf in R (4-2)

The goal of this section is to prove the following.
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Theorem 4.1. Let ug be defined by (4-1). Suppose that f(x,t) =0 fort <so. Then
t t
f / eV (1V2uol + |8uol)|* dx dt < Cew—so)lwn%o/ | f1*dx dt (4-3)
so J R4 s0 J R4

for any so <t < 0o, where k > 0 depends only on u and C depends only on d and .
We start with an estimate on a lower-order term.

Lemma 4.2. Let ug be defined by (4-1). Suppose that f(x,t) =0 fort < so. Then
t t
/ eV Vuo|? dx dt < C(t — sg)e 1 (=0IVV I / | f1? dx dt (4-4)
so J R4 50 J R4

for any so <t < 0o, where k1 > 0 depends only on w and C depends only on d and 1.

Proof. It follows from (1-7) that for x, y € R? and ¢ > s,

. C Klx =yl
V()= () . - - _ -
e IVilo(x, 1; y, 8)| < (—5) @R eXP{w(X) v - —
c Klx =yl
< =)@z P VY lloolx — ¥l — [
This, together with the inequality
t=9)IVYIZ, | «lx—yP
\Y x—y| < , 4-5
VY lloolx — y| < P 20— (4-5)
yields
, 1 , ,
eV OVD|Y Ty (x, 15 v, 8)] < Cel=DIVVIR/20) —ielx—y[2/2(1=5)) (4-6)

(1 —s)@nj2°

It follows that

t
eV D Vug(x, 1) < / / VOV To(x, 13y, )| f (v, s)| dy ds
so J R4

t
1 2
(t=s0) IV 112,/ () —ilx—y[*/Q2(t—s))
<Ce fm/ny (o @a |f(y.9)ldyds

172

1 e—K\x—ylz/(Z(t—S))|f(y’ s)|2dy dS) ,

t
< CtONVY I/ (g \1/4 f _
= (t=s0) o Jra (1—5)@+D/2

where we have used Holder’s inequality for the last step. The estimate (4-4) now follows by Fubini’s
theorem. (Il

Proof of Theorem 4.1. In view of (4-2) we have

dug 9, _
8+ Ly)— = — (¥
(0; + Lo) Ixe Ik e f)
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in R4+ 1t follows that

5 ~af 83145 oug ug
/ 8,Vu0-(Vuo)e’/’dx—/ Qi == o V’dx:/ _( Vg ) eV dx.
Rd Rd axiaxjaxk 0Xy Rd Xy,

Using integration by parts, we obtain

82 5 82
1d [Vug|>e? dx —I—/ af ——0 .
R4

0 L2y
2dr a1 axjaxk o’

ou? 9 29 82 B ou® 9 24
_ f . (Auo)e”” dx _/ e—v,bfa Uy oe N _/ ~af Uy . uy oe dx
R4 R

Rd 0xp 0xy g U 0xj0x;  0xp 0x;

By the ellipticity of Ly, this yields
2 2y 2. 12,2%
2dt/ [Vug|“e dx—i—u/ [Voug|“e”¥ dx

<c| |f||V2M0|€'/’dX+C/d |f|2dx+cuw||§o/d |wo|2e2*”dx+0||w||oo/d V2uol [Vuole™ dx,
R R R R

where C depends only on d and p. Using the Cauchy inequality, we may further deduce that

1d

S |Vu0|2e2'/’dx+ﬁ/ |V2uo|2e2¢dx50/ |f|2dx+C||V¢||§o/ |Vuo|?e? dx.
Zdt R4 2 R4 R4 Rd

We now integrate the inequality above in ¢ over the interval (sg, s1). This leads to

f \Vuo(x, s1))2e® dx + /;[ 1V2u0|2e dx dt

Rd
51 §1
< Cf / |f|2dxdz+C||V¢||§O/ / |Vuo|>e? dx dt
so J R4 so JRE
< CeF 1m0V I f / | fI*dx dt, (4-7)
- so J R4
where we have used (4-4) for the last inequality. Estimate (4-3) follows readily from (4-7). [l

5. Proof of Theorem 1.1

We start with some weighted estimates.

Lemma 5.1. Suppose that

(3 + Lo)we = ediv(F,)  in R? x (sg, 00), 5.1)
we, =0 on RY x {t = s0}.
Let ¥ : R? — R be a bounded Lipschitz function. Then for any t > s
t
/ |we (x, 1) 2V @ dx < Ce?e =0 IV / f |Fe(x, 5))%e*V ™) dx ds, (5-2)
R4 s0 JRd

where k > 0 and C > 0 depends only on L.
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Proof. Let
1(t) = fR e, 0|2e*?™ dx. (5-3)
Note that
I'(t) = 2fw<a,wg, eV w,) dx

=2 (Le(wy), ez‘pwg) dx —|—28/ (div(Fy), ez‘”wg) dx

R4

F.- V(ezwwg) dx
R4

AV, - (Vw,)e?? dx — 2/

AV, - V(e w, dx
Rd

i

= —2/ ASVwS-V(eZWwS)dx—zs/
R‘]
i

— 28/ F. - (Vwy)e?V dx — 2sf Fy-V(e*)w, dx,
Rd R4
where ( , ) denotes the pairing in H~1(RY; R™) x H'(R?; R™). It follows that
I'e) < —m/ Vg [*e* dx +x||wuoo/ |Vwe | [we|e* dx
R4 Rd
426 [ IVwilIFI dx-+ 46l [ el IFoie? dx,
Rzl Rd
where « > 0 depends only on w. By the Cauchy inequality this implies
I'(0) < VY IR (1) + k&2 / |Folx, DPe? dx, (5-4)
R4
where k¥ > 0 depends only on u. Hence,
(e -0V 1%y < nge—m—so)nvwlic/ Fo (e, 0262 dix.
dt [Rd
Since I (sg) = 0, it follows that
t
1(t) < Cé? / / IV F, (x, 5)2e® dx ds
so J R4

t
§C82€K(t_s0)|vw”g°// |Fo(x, s)|%e*Y dx ds. O
so J R4

Lemma 5.2. Suppose that u, € L>((—o0, T); H'(R?)) and ug € L*>((—o0, T); H*(R%)) for any T € R,
and that
(O + Lo)ug = (3 + Loyug  in RIT,
{ug(x,t)=u0(x,t)=0 fort <sg.
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Let w, be defined by (3-2), where the operator S, is given by (3-5). Then for any t > s,

/ lwe (x, )2V dx
R4

t+82
< C2ENTV =0T, / / (V2u0(x, )P + stio(x, )2V dx ds,  (5-5)
) Rd

where v is a bounded Lipschitz function in R%, « depends only on w, and C depends only on d, m and u.
Proof. This follows readily from Lemma 5.1 and Theorem 3.5 with p = 2. (Il
The next theorem gives a weighted L> estimate.

Theorem 5.3. Assume that A is 1-periodic and satisfies (1-2). If m > 2, we also assume that A € VMO,
Suppose that (0; + L¢)u. = (0, + Lo)ug in B(xg, 3r) x (ty — 5r2, tg +r?) for some (xg, ty) € R and
e <r <oo. Then

12
le¥ (e — 10) || L5 (0, o0y < Ce> V¥l <][ le¥ (ue — M0)|2>
o

2 (x0,10)
3rIVY |l so 2
+ Cere® VYo e¥ (1V2ug| + 1810 || oo (Bixo. 3 x (105210 412))

+Cee® IV eV ol Lo sy 3y -5 0472 (5-6)
where r is a Lipschitz function in R? and C depends only on d, m, i and A* (if m > 2).

Proof. Let w, be defined by (3-2). Then (9; + L:)w, = e div(F) in Qo (xg, to), Where F is given by
(3-4). It follows by Theorem 2.5 that

1/2 1/p
lwell L0, (xo.10)) = C{ (f |w£|2> +er <][ |Fg|p) } (5-7)
Q2 (x0,10) Q2 (x0,10)

where p > d 4 2. This leads to

1/2 1/p
llee — uollLo(Q, (xo.10)) §C<f |ue—uo|2> +C8r(f |Fs|p>
02 (x0,0) 02 (x0,10)

+Ce||Se (Vo) Il 105, (xo.10)) + CE* 1S (V210) | 1505, (x0.10))

where we have used the boundedness of x and ¢ in Lemmas 2.1 and 2.3. Hence, using |V (x) — ¥ (y)| <
2r|V¥ || for x, y € B(xg, 2r), we obtain

lle¥ (e — o) || (0, (xo.10))

1/2 1/p
< Ce¥ IV (][ |ew(us_u0)|2) 4 Cere? V¥l <][ |evaS|p>
02 (x0,10) Q2 (x0,10)

+ Cee? V¥V S, (Vo) | 105y (xo.t0)) + CEX 1V V11V S (VU0 | 25(0n (xo.10)) - (5-8)
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Finally, we use Theorem 3.5 to bound the second term in the right-hand side of (5-8). This yields
lle¥ (e — uo) (0, (xo.100)
1/2 1/p
< CIVVl (][ |ew(ua_u0)|2) 4 Cere¥ IVl (][ ][ {|er2u0|P+|eWa,u0|P}>
Qo (x0,10) —5r2 J B(x0,3r)

+Cee IV eV S, (Vuo) 10y o.ton + CeZe V1= 1V 5. (V2uo) | 101, (.10

where p > d + 2 and we also used the assumption ¢ < r. Estimate (5-6) now follows. U

We are now in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. We begin by fixing xq, yo € R¢*! and s < fo. We may assume that
e <r=(tp—s0)'/?/100.

For otherwise the desired estimate (1-8) follows directly from (1-6).
For f € C°(Qr(Yo, s0); R™), define

t
wien=[ [ Oy s0udyds
—o0o JRE
t
uo(x,t) =f / e VOTo(x, 15y, 8) f(y, s)dyds,
—o00 JRA
where 1 is a bounded Lipschitz function in R? to be chosen later. Then

O + Lo)ue = (3 + Loyup=e"V f in R4F!

and u.(x,1) = up(x,t) =0 if t < s9. Let w, be defined by (3-2). It follows from Lemma 5.2 and
Theorem 4.1 that

l‘+82
/ w (. )PV dx < C82628||V\//||oo+K(l—So+82)|Vllfllgo/ / f12dx ds (5-9)
Rd 50 Rd

for any t > sp.
Next, we use (5-6) to obtain

lle¥ (e — o) | L(0, (vg.10)) < Ce V¥l (f |€'//ws|2>
Q2 (x0,10)

+ Cere™ 1YV (1V2ug| + 1010 ]) | 2% (Bx0,3r) ¢ (t0—5110+72)
+ Cee? WY1V Vg oo (Bxg 3y x (19—512,10-412))- (5-10)
Since supp(f) C Q,(yo, So), it follows from the estimate (1-7) for I'y(x, ¢; y, s) that

2
K|Xo —
|V2uo(x, )] 4 18,u0(x, )] +r | Vug(x, 1)] < CeXp{—M}f |fe V|dyds (5-11)
Io — 50 0O, (yo,50)
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for any x € B(xg, 3r) and |t — fg| < 5r2, where k > 0 depends only on w. Thus, by (5-10), we obtain

lle? (e — uo)ll Lo (0, (xo.10))

1/2 — a2
< CMIVV (f |eww€|2) 4 erec(Ro=3H+n V¥ exp{_"|"0 Yol }f \Fldy ds
Q21 (x0,10) 1o — S0 0 (y0,50)

) 12
N K|Xo —
< Cere" V¥l {eCFZIV'/fllgc + eCXo=y0llIVillo eXp{—M}} . <][ |f|2) , (5-12)
o — So 0r(0,50)

where we have used (5-9) for the last step. By duality this implies

1/2
(f eV VOV (x, 15y, 5) — Tolx, 15y, ) > dy ds)
Qr(y0,50)

2
< Cer—d=14e7 IVl {ecrzuvwgo 1 oS30l V¥l exp{_"';‘o;y‘)'}} (5-13)
0—50

for any (x, t) € Q,(xo, to)-
To deduce the L bound for

eV IV (x, 15y, 5) = To(x, 13y, 9))

from its L? bound in (5-13), we apply Theorem 5.3 (with ¥ replaced by —y and A replaced by
A= fi(y, s) = A*(y, —s)) to the functions

ve(y,s) =Te(x0,t0; ¥y, —s) and wo(y,s) = o(xo, to; y, —5).

Note that (0, +Zﬁdg)vt9 = (0 + Zo)vo =01n B(yg, 3r) x (—s¢o — 5r2, —so+r?). Since A satisfies the same
conditions as A, we obtain

|V =V 00 (y, (yg, —s0) — vo(Yo, —50))]

12
< CI I <][ VOV (. — o) 2 dy ds)
0 (y0,—s0)

2
+ Cer— 1o IV¥lloo o ¥ (x0) =¥ (yo) exp _M
o — S0
1/2
= e (][ e EOmYONT (xo, 103 ¥, 8) = To(xo, o7 , )| dy ds)
Or(yo,s0+r?)

2
+ Cer—d=1 eIV lloo ¥ o) =¥ ) exp{ _ Klfo — Yol }
050

2
< Cor—d=16er V¥l | ger IV | pelsomsnll Tl o <1X0 = Yol (5-14)
— to — 50 )
where we have used (5-13) for the last inequality.
Finally, as in [Hofmann and Kim 2004; Cho et al. 2008], we let ¥ (y) = y¥o(|y — yo|), where y >0 is
to be chosen, Yo (p) = p if p < [xo — yol, and ¥o(p) = |xo — yo| if p > |xo — yo|. Note that |V{r|[cc =¥
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and ¥ (x9) — ¥ (y9) = ¥ |xo — yol. It follows from (5-14) that

ITe (x0, 0 Yo, s0) — Lo(x0, t0; Y0, S0)|

2
< Cer—94=1 = 7Io=yol+cyio=so {ecyz(to—m) + €Y o=l exp{ _K|);O — Yol }}, (5-15)
0—5S0

where ¢ > 0 depends at most on w. If |xg — yo| < 2¢+/to — S0, we may simply choose y = 0. This gives

2
K|xo —
| (x0, 03 Y0, 50) — Lo(xo, fo; y0, 50)| < Cer™ ™! < Ce(tg — o)~/ eXP{-M}-
0— 50
If |xo — yo| > 2¢c+/to — so, we choose
_ S]xo — yol
o — So '
Note that
x0 — yol? |xo — Yol
o — ol + ey o =0 +er (i — s0) = —(1 — e8) L0 g0y
o — So fo — So
2 2
Xo — —8|xp —
5{—8(1—c8)+%8}| 0 — Yol - X0 — Yol
fo — So 4(to — so)

if § < Le=1 Also, observe that

1
1

K |x0 — yol? X0 — yol? i |x0 — yol?
c)/\/to—so-i-cylxo—yol——y S{%6+C(S—K} 4 < - ,
o — So fo — S0 2(to — s0)

if 6§ < %(c + %)_IK. Recall that » = (100)~! /7y — so. As a result, we have proved that there exists «1 > 0,
depending only on w, such that

Ce K1lxo — yol?
. (xo0, to; Yo, So) — Lo(x0, to; Yo, S0)| < — = exp} ——— }.
|l (x0, 105 Y0, 50) — T'o(x0, 703 o, S0)| (fo = s0) @02 P{ o —s0

This completes the proof of Theorem 1.1. O

6. Proof of Theorem 1.2

Define

|F(x,t)—F(y,1)| ((x,1),(y,t) € K and x #Y}

Fll o =su
1 Fllcroky P{ P~
The proof of Theorem 1.2 relies on the following Lipschitz estimate.

Theorem 6.1. Assume that A satisfies conditions (1-2), (1-3) and (1-9). Suppose that

(0 + Le)ue = (0; + Lo)uo
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in Qa,(x0, to) for some (xg, ty) € Rt and e < r < 0o. Then

1/2
IVue—Viuo—(V %) Vol L0, xote)) < Cr ™ (][ |ua—uo|2) +Cer ™| Vol 150y, (xo.10))
(@)

2 (X0,10)
+Celn[e ' r42](1Vuo 4218, Vg |4+-€| V3 uo |l L (01, (x0.10))
+Ce 1V 2uol 419 Vuol+e | V3uoll 2000y roeys (6-1)
where C depends only on d, m, u and (A, t) in (1-9).

Proof. Let
82u0

—, 6-2
8Xi8)€j ( )

U

— £ 2 ¢

We =Ug —UY —EX; P € ¢(d+1)ij
Xj

where Xf(x, 1) = xj(x/e, t/82) and ¢fd+l)ij(x, 1) = Qa+1yij(x/e, t/az). It follows by Proposition 3.1
that (9; + L;)w, = ¢ div(F) in Qo (x0, o), Where F; is given by (3-4) with S, being the identity operator.
Choose a cut-off function ¢ € Cg° (R4*1) such that

0<¢=1, p=1 in Q3 /2(xo, to),
e, ) =0 if [x—xo| = Irort < 19— (2r)%,
Vol <Cr7', |V + 3| < Cr 2.
Using

(0 + Le) (pwe) = (9 9)we + e div(pFe) — e Fe (Vo) — div(A* (Ve)w,) — A*Vw,(Vy),
where A®(x, 1) = A(x /e, t/€?), we may deduce that for any (x, t) € Q, (xo, t),
t
we(x, 1) = / /1 Ce(x, 5y, ){(0sp)we —eFe (Vo) — ASng(Vgo)}dy ds
—00 J R t
—/ / Ve (x, t; y, s){epF, — A*(Vo)w,} dy ds
—o00 JR4
=1(x, 1)+ J(x,1),

where .
J(x,t)z—é‘/ / VyTe(x, 15y, $)p(y, s)Fe(y, s)dyds.
—00 Rd

Since ¢ =1 in Q3,/2(x0, fo), we see that for (x, 1) € Q,(xo, 1),

t

IVI(x,0)| = C/ Vel (x, 25y, ) {105 ¢l |we | + €| Fe | Vol + [Vwe [ [Vol} dy ds

—00 Rd t
+C/ fd|vxvyrs(x,t;y,s>||V<p||wg|dyds
—o0 JR

1
C{—][ wltef  RI+f |ng|}
" J Qs (x0,10) Qor (x0,10) 0O7r/4(x0,0)

] 12 1/2
C{—(f |ws|2) +s(][ |F5|2> }
r 02 (x0,0) 02 (x0,10)

IA

IA
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where we have used (parabolic) Caccioppoli’s inequality for the last step. In view of (3-4) with S, being
the identity operator,
|Fel < C{IV?uol + 18, Vuo| + €| V2uol},

where we have used the boundedness of V¢ (see Remark 2.4). It follows that || VI || 1o0(0, (xo.1)) 15 bounded
by the right-hand side of (6-1).
Finally, to estimate J(x, t), we write

JGet) = —¢ /_too /R VAT 13 D N 5) = Pl ) s
+8/_OO /Rd Le(x, 15, 9) (Vo) (y, s) Fe(y, s) dy ds.
It follows that for (x, ) € O, (xo, tp)
Vi@l ze [ TNy 00 DN R 5) — Fulr. o)l dy ds

Q2 (x0,10)
+ef ViTa(x. 15 2 )| Vo (v, )1 | Fs (v, )] dy ds
02 (x0,10)

F.(y,s) — Fo(x,
<Ce f Fe(, ) S(f ;Z'H dyds + Ce ][ IF.l. (6-3)
Q2 (x0,10) (Ix =yl + 1t —s] / ) Q2 (x0,0)

To bound the first integral in the right-hand side of (6-3), we subdivide the domain Q»,(xg, fy) into
Qe (x, 1) and Q2 (x0, 10) \ Qe(x, 7). On Qs (x0, fo) \ Qc(x, 1), we use the bound

|F€(y$ S) - F&‘(xa S)l = 2||F€||L°°(Q2r(xo,to))7

while for Q. (x, t), we use

|Fe (v, 8) — Fo(x, )] < [x = YI* I Flle20(0s, (.t -
This leads to

IVJ(x,1)| < Celn[e™'r + N Fell oo (Qs (xo,10)) T+ Ce!t? | Ee 1200, (x0.10))
< Celnle™'r + 11111V2uo| + €19, Vuuo| + &l V2t |l L (05, (x0.10))
+ Ce" ) 1V2ug| + €13, Vuol + €| V1ol [l ¢10(0y, (0,100 -

Thus, in view of the estimate for VI (x, t), we have proved that ||Vwg| 10, (xo.5)) 15 bounded by the
right-hand side of (6-1). Since

IVwe — {Vie — Vg — (V) Vol o0, (vo.10)) < CeIllVuol + V1ol ll 150, (xo.10))
the estimate (6-1) follows. |

To prove Theorem 1.2, we fix xg, yg € R and so < . We may assume that ¢ < (o — s9)/8. For
otherwise the estimate (1-10) follows directly from (2-22). We apply Theorem 6.1 to the functions

ug(x,1) =Te(x,t; y0,50) and wuo(x,t)="To(x,1; yo, so)
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in Oy (xg, ty), where r = (o — so)/8. Note that (d; + L.)u, = (3; + Lo)ug = 0 in Q4 (xg, t9). To bound
the first term in the right-hand side of (6-1), we use the estimate (1-8) in Theorem 1.1. All other terms
in the right-hand side of (6-1) may be handled easily by using the estimates (1-7) for I'g(x, ; y, s). We
leave the details to the reader.

7. Proof of Theorem 1.3

To prove Theorem 1.3, we fix xg, yo € R and s¢ < fo. As before, we may assume that ¢ < (o — s9)/8,
for otherwise the estimate (1-15) follows directly from (2-23).

Letr = (to —s0)/8. Fix 1 < j <d and 1 < B < m. We apply Theorem 6.1 to the functions u, = (u¥)
and ug = (ug) in Q2 (xo, fo), Where

d
ug (x, 1) = 5 ALY, 15 30, 50),
9y;
d 0 -
(. 1) = TGN 0x, 13 30, 50) {877 850 4+ 55 (R o /e, —so/6M) .
dye 9y;

where ) denotes the correctors for 9, + ZE. Observe that (9; + Lo)u. = (9; + Lo)ug = 0 in Q4 (xg, ty).
To bound the first term in the right-hand side of (6-1), we use the estimate (1-14). As in the proof of
Theorem 1.1, all other terms in the right-hand side of (6-1) may be handled readily by using estimate
(1-7) for T'y(x, t; y, 5).

References

[Aronson 1967] D. G. Aronson, “Bounds for the fundamental solution of a parabolic equation”, Bull. Amer. Math. Soc. 73
(1967), 890-896. MR Zbl

[Auscher 1996] P. Auscher, “Regularity theorems and heat kernel for elliptic operators”, J. London Math. Soc. (2) 54:2 (1996),
284-296. MR Zbl

[Avellaneda and Lin 1991] M. Avellaneda and F.-H. Lin, “L” bounds on singular integrals in homogenization”, Comm. Pure
Appl. Math. 44:8-9 (1991), 897-910. MR Zbl

[Bensoussan et al. 1978] A. Bensoussan, J.-L. Lions, and G. Papanicolaou, Asymptotic analysis for periodic structures, Studies
in Math. Appl. 5, North-Holland, Amsterdam, 1978. MR Zbl

[Byun 2007] S.-S. Byun, “Optimal wl.p regularity theory for parabolic equations in divergence form”, J. Evol. Equ. 7:3 (2007),
415-428. MR Zbl

[Cho et al. 2008] S. Cho, H. Dong, and S. Kim, “On the Green’s matrices of strongly parabolic systems of second order”,
Indiana Univ. Math. J. 57:4 (2008), 1633-1677. MR Zbl

[Davies 1987a] E. B. Davies, “Explicit constants for Gaussian upper bounds on heat kernels”, Amer. J. Math. 109:2 (1987),
319-333. MR Zbl

[Davies 1987b] E. B. Davies, “Heat kernel bounds for second order elliptic operators on Riemannian manifolds”, Amer. J. Math.
109:3 (1987), 545-569. MR Zbl

[Fabes and Stroock 1986] E. B. Fabes and D. W. Stroock, “A new proof of Moser’s parabolic Harnack inequality using the old
ideas of Nash”, Arch. Rational Mech. Anal. 96:4 (1986), 327-338. MR Zbl

[Geng and Shen 2015] J. Geng and Z. Shen, “Uniform regularity estimates in parabolic homogenization”, Indiana Univ. Math. J.
64:3 (2015), 697-733. MR Zbl

[Geng and Shen 2017] J. Geng and Z. Shen, “Convergence rates in parabolic homogenization with time-dependent periodic
coefficients”, J. Funct. Anal. 272:5 (2017), 2092-2113. MR Zbl


http://dx.doi.org/10.1090/S0002-9904-1967-11830-5
http://msp.org/idx/mr/0217444
http://msp.org/idx/zbl/0153.42002
http://dx.doi.org/10.1112/jlms/54.2.284
http://msp.org/idx/mr/1405056
http://msp.org/idx/zbl/0863.35020
http://dx.doi.org/10.1002/cpa.3160440805
http://msp.org/idx/mr/1127038
http://msp.org/idx/zbl/0761.42008
http://msp.org/idx/mr/503330
http://msp.org/idx/zbl/0404.35001
http://dx.doi.org/10.1007/s00028-007-0278-y
http://msp.org/idx/mr/2328932
http://msp.org/idx/zbl/1221.35426
http://dx.doi.org/10.1512/iumj.2008.57.3293
http://msp.org/idx/mr/2440876
http://msp.org/idx/zbl/1170.35005
http://dx.doi.org/10.2307/2374577
http://msp.org/idx/mr/882426
http://msp.org/idx/zbl/0659.35009
http://dx.doi.org/10.2307/2374567
http://msp.org/idx/mr/892598
http://msp.org/idx/zbl/0648.58037
http://dx.doi.org/10.1007/BF00251802
http://dx.doi.org/10.1007/BF00251802
http://msp.org/idx/mr/855753
http://msp.org/idx/zbl/0652.35052
http://dx.doi.org/10.1512/iumj.2015.64.5503
http://msp.org/idx/mr/3361284
http://msp.org/idx/zbl/1325.35081
http://dx.doi.org/10.1016/j.jfa.2016.10.005
http://dx.doi.org/10.1016/j.jfa.2016.10.005
http://msp.org/idx/mr/3596717
http://msp.org/idx/zbl/1356.35031

170 JUN GENG AND ZHONGWEI SHEN

[Hofmann and Kim 2004] S. Hofmann and S. Kim, “Gaussian estimates for fundamental solutions to certain parabolic systems”,
Publ. Mat. 48:2 (2004), 481-496. MR Zbl

[Jikov et al. 1994] V. V. Jikov, S. M. Kozlov, and O. A. Oleinik, Homogenization of differential operators and integral functionals,
Springer, 1994. MR Zbl

[Kenig and Shen 2011] C. E. Kenig and Z. Shen, “Layer potential methods for elliptic homogenization problems”, Comm. Pure
Appl. Math. 64:1 (2011), 1-44. MR Zbl

[Kenig et al. 2014] C. E. Kenig, F. Lin, and Z. Shen, “Periodic homogenization of Green and Neumann functions”, Comm. Pure
Appl. Math. 67:8 (2014), 1219-1262. MR Zbl

[Krylov 2007] N. V. Krylov, “Parabolic and elliptic equations with VMO coefficients”, Comm. Partial Differential Equations
32:1-3 (2007), 453—475. MR Zbl

[Nash 1958] J. Nash, “Continuity of solutions of parabolic and elliptic equations”, Amer. J. Math. 80 (1958), 931-954. MR Zbl
Received 1 Jan 2018. Revised 28 Oct 2018. Accepted 29 Dec 2018.

JUN GENG: gengjun@lzu.edu.cn
School of Mathematics and Statistics, Lanzhou University, Lanzhou, China

ZHONGWEI SHEN: zshen2@uky.edu
Department of Mathematics, University of Kentucky, Lexington, KY, United States

:'msp

mathematical sciences publishers


http://dx.doi.org/10.5565/PUBLMAT_48204_10
http://msp.org/idx/mr/2091016
http://msp.org/idx/zbl/1061.35023
http://dx.doi.org/10.1007/978-3-642-84659-5
http://msp.org/idx/mr/1329546
http://msp.org/idx/zbl/0838.35001
http://dx.doi.org/10.1002/cpa.20343
http://msp.org/idx/mr/2743875
http://msp.org/idx/zbl/1213.35063
http://dx.doi.org/10.1002/cpa.21482
http://msp.org/idx/mr/3225629
http://msp.org/idx/zbl/1300.35030
http://dx.doi.org/10.1080/03605300600781626
http://msp.org/idx/mr/2304157
http://msp.org/idx/zbl/1114.35079
http://dx.doi.org/10.2307/2372841
http://msp.org/idx/mr/0100158
http://msp.org/idx/zbl/0096.06902
mailto:gengjun@lzu.edu.cn
mailto:zshen2@uky.edu
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF
Patrick Gérard
patrick.gerard @math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Gilles Pisier  Texas A&M University, and Paris 6

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vadim Kaloshin

Herbert Koch

Izabella Laba

Richard B. Melrose

Frank Merle

William Minicozzi IT

Clément Mouhot

‘Werner Miiller

berti @sissa.it

University of California, Berkeley, USA
mchrist@math.berkeley.edu
Princeton University, USA
cf@math.princeton.edu

Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com
Universitit Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk
Universitit Bonn, Germany

mueller @math.uni-bonn.de

Tristan Riviere

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao @math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski @math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 13 No.1 2020

Absence of Cartan subalgebras for right-angled Hecke von Neumann algebras 1
MARTIN CASPERS

A vector field method for radiating black hole spacetimes 29
JESUS OLIVER and JACOB STERBENZ

Stable ODE-type blowup for some quasilinear wave equations with derivative-quadratic non- 93

linearities
JARED SPECK

Asymptotic expansions of fundamental solutions in parabolic homogenization 147
JUN GENG and ZHONGWEI SHEN

Capillary surfaces arising in singular perturbation problems 171
ARAM L. KARAKHANYAN

A spiral interface with positive Alt—Caffarelli-Friedman limit at the origin 201
MARK ALLEN and DENNIS KRIVENTSOV

Infinite-time blow-up for the 3-dimensional energy-critical heat equation 215
MANUEL DEL PINO, MONICA MUSSO and JUNCHENG WEI

A well-posedness result for viscous compressible fluids with only bounded density 275
RAPHAEL DANCHIN, FRANCESCO FANELLI and MARIUS PAICU



	1. Introduction
	2. Preliminaries
	3. A two-scale expansion
	4. Weighted estimates for t +L0
	5. Proof of Theorem 1.1
	6. Proof of Theorem 1.2
	7. Proof of Theorem 1.3
	References
	
	

