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INFINITE-TIME BLOW-UP FOR
THE 3-DIMENSIONAL ENERGY-CRITICAL HEAT EQUATION

MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

We construct globally defined in time, unbounded positive solutions to the energy-critical heat equation in
dimension 3
u; = Au+u’  inR?x (0, 00), u(x,0) =ug(x) inR3.

For each y > 1 we find initial data (not necessarily radially symmetric) with lim|x|— oo |x|" 20 (x) > 0 such
that as t — oo

1

luC-.)lloo~1""2 if 1<y <2, lu(-.0)lloo~~1 it y>2, lu(-, ) lloo~~1(ne)™" if y=2.

Furthermore we show that this infinite-time blow-up is codimensional-1 stable. The existence of such
solutions was conjectured by Fila and King (Netw. Heterog. Media 7:4 (2012), 661-671).

1. Introduction
Let n > 3. The energy-critical heat equation in R" is the parabolic Cauchy problem

4
— n—2 i n
{ut_Au+|u| 2y in R” x (0, 00), (1-1)

u(-,0) =up in R".
The energy

— l 2 J— n__z nz—nz
Ew =y [ ©wuP="22 [
defines a Lyapunov functional for problem (1-1). In fact for classical solutions u(x, ¢) with sufficient

decay in space variable we have that

GEaC.) == [l

Classical parabolic theory yields that the Cauchy problem (1-1) is well-posed in its natural finite-energy
space for short time intervals.

In this paper we are interested in positive finite-energy solutions of (1-1) which are global in time,
namely defined and smooth in the entire time interval (0, o0). The presence of the Lyapunov functional
implies that limits of bounded solutions along sequences t = #,, — 400 can only be steady states, namely
solutions of the Yamabe equation

Au+|u|/%2u=0 in R". (1-2)
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All positive solutions of (1-2) are given by the Aubin—Talenti bubbles

Uu,s(X)=u_"52w(x;é),

where u > 0, £ € R” and
n—2

w(x) = (n(n —2))"12(ﬁ) :

They are precisely the extremals of Sobolev’s embedding. The criticality of problem (1-1) refers to
the presence of this continuum of steady states which become singular as p — 0, in addition to energy
invariance. In fact we immediately see that

EWU,g) =EU) forall£eR", u>0.

A solution u(x, ) of (1-1) which around one or more points of space looks like u(x, 1) ~ U ),£()(x)
with p(¢) — 0 is called a bubbling blow-up solution. Bubbling phenomena is present in many important
time-dependent and stationary settings, usually carrying deep meaning in the global structure of their
solutions. Notable examples include the Yamabe and harmonic map flows and the Keller—Segel chemotaxis
system; see [Ciraolo et al. 2018; Daskalopoulos et al. 2018; Rapha&l and Schweyer 2013; Davila et al.
2017; Ghoul and Masmoudi 2016]. In the last decade or so it has been extensively studied in energy-critical
wave equations, Schrodinger maps and other dispersive settings.

Problem (1-1) is a simple-looking model which contains much of the complexity of the bubbling
blow-up issue. Basic questions have remain unanswered until today. Existence or nonexistence of
infinite-time bubbling positive solutions in problem (1-1) is not known. This question has been explicitly
stated for instance in [Pola¢ik and Yanagida 2014; Quittner and Souplet 2007, Remark 22.10]. Detecting
such solutions rigorously is not easy. Usual behaviors in the flow (1-1) are either asymptotic vanishing or
blow-up in finite time. Global solutions with nontrivial asymptotic patterns are typically unstable objects
and hence harder to be detected.

In a very interesting paper Fila and King [2012] provided insight on the question in the case of a
radially symmetric, positive initial condition with an exact power decay rate. Using formal matching
asymptotic analysis, they demonstrated that the power decay determines the blow-up rate in a precise
manner. Intriguingly enough, their analysis leads them to conjecture that infinite-time blow-up should
only happen in low dimensions 3 and 4; see Conjecture 1.1 in [Fila and King 2012].

In this paper we rigorously establish the existence of solutions with infinite-time blow-up in dimension 3,
confirming the conjecture in [Fila and King 2012]. Thus we consider the Cauchy problem

u; =Au+u’ inR3x(0,00),

1-3
u(-,0)=uo inR3 (1-3)
for an initial datum u¢ which we assume first radially symmetric with an exact power decay of the form

lim |x|"ug(x) =:4>0. (1-4)
|x|—00
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As in [Fila and King 2012] we assume that y > 1, which means that u decays faster than the bubble
1
(0 =34(—3) (1-5)
w(x) = — . -
1+ |x|?

Theorem 1.1. Given y > 1, there exists a positive, radially symmetric global solution u(x, t) to problem
(1-3) whose initial condition uo(|x|) satisfies (1-4) and as t — +00

1 ifl<y<2,
lu(-. )l poowsy ~ | VE/Int  if y =2, (1-6)
NG ify>2.

More precisely, the blow-up takes place by bubbling near the origin. The solution of Theorem 1.1 is in
the inner self-similar region, |x| < /7, in leading order of the bubbling blow-up form

1 b
uw. 1) ~ w(r)s w(@)

where
t=y if 1 <y <2,
u(t) ~ 3t n?r ify =2, (1-7)
1 ify>2

and w is given by (1-5). In the outer self-similar region |x| >> /7, the solution dissipates in the form of a
self-similar solution of heat equation u; = Au in R3 x (0, 00).

A surprising feature of the construction is the dynamics discovered for the scaling parameter j(z).
It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
%—Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter w1 () we will need to solve linear equations of the type

!/tﬁ%” (1— e~ 55) ds = h(r)
0

t—s

for suitably decaying right-hand sides /(¢). See (6-8) and (6-13) below.
Problem (1-1) is a special case of the Fujita equation

{ut =Au+u? inR" x(0,00),

1-8
u(-,0) =up in R", (1-8)

with p > 1. Blow-up phenomena in problem (1-8) is extremely sensitive to the values of the exponent p.
A vast literature has been devoted to this problem after the seminal work [Fujita 1966]. We refer the
reader for instance to the book [Quittner and Souplet 2007] for background and a comprehensive account
of results until 2007 and to the more recent works [Matano and Merle 2004; 2009; 2011]. The case
p = (n+2)/(n—2) is special in many ways. Positive steady states do not exist when p < (n+2)/(n —2).
Positive radial global solutions must be bounded and go to zero; see [Poldcik and Quittner 2006; Pol4cik
et al. 2007; Quittner and Souplet 2007]. They exist when p > (n + 2)/(n — 2) but they have infinite
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energy; see [Gui et al. 1992]. Infinite-time blow-up exists in that case but it has an entirely different
nature; see [Poldcik and Yanagida 2003; 2014].

The study of energy-critical problems has attracted much attention in the last decade. For energy-critical
wave equations, blow-up solutions have been characterized and constructed in [Duyckaerts et al. 2012;
2013; 2016a; 2016b; Krieger et al. 2009]. In [Schweyer 2012] Type-II sign changing, finite time blow-up
for (1-1) is constructed, first formally predicted in [Filippas et al. 2000]. Threshold dynamics around the
steady states of (1-1) has been characterized in large dimensions 7 > 7 in [Collot et al. 2017]. Also in
large dimensions n > 5 in [Cortézar et al. 2016] infinite-time bubbling solutions of (1-1) in a bounded
domain under Dirichlet boundary conditions are constructed for n > 5. The cases n = 3, 4 are indeed
considerably more delicate and not treated there. The solutions in Theorem 1.1 are specially meaningful
for the full dynamics since they are threshold solutions in the sense that the solution of (1-3) with initial
condition Aug goes to zero as ¢t — oo if A < 1, while it blows-up in finite time if A > 1. Radial threshold
solutions for various ranges of exponents in (1-3) are analyzed in [Quittner and Souplet 2007].

We recall that from [Fila and King 2012], it is not expected to have this blow-up in entire space in
dimensions n > 5. Our approach is entirely different from that in [Schweyer 2012] for » = 4 in which a
finite-time type-II blow-up solution of (1-1) is constructed on the basis of the modulation equation methods
developed for critical dispersive equations in [Donninger and Krieger 2013; Ortoleva and Perelman 2013;
Merle et al. 2013; Raphaé&l and Rodnianski 2012; Rapha&l and Schweyer 2013].

Our approach has a parabolic-elliptic flavor, in line with the recent works [Cortazar et al. 2016; Davila
et al. 2017]. Since our proofs only rely on elliptic and parabolic estimates, we can easily modify the
proof to deal with nonradial and general initial data, in particular establishing codimension-1 stability of
the solution built. This is concordant with a result of [Krieger et al. 2015] on the corresponding wave
analogue. In Section 10 we prove the following:

Theorem 1.2. Let 1o = Uo(x) be a positive continuous function, uniformly bounded for x € R3. Let y > 1
and k > max{(y + 3)/2, y}. Then, there exists a positive global solution u(x,t) to problem (1-3) with

(. 0) = ug(lx]) + 20 [1 —n(m)],

| x| fo

initial condition

where ug is positive, radially symmetric, satisfies (1-4), to > 0 is a fixed large number and n is a smooth
cut-off function with n(s) =1 fors <1 and n(s) =0 fors > 2. Ast — +o00, u(x,t) satisfies (1-6).

Furthermore, there exists a codimension-1 manifold of functions in C ' (R3) converging to 0 at infinity,
with a sufficiently fast decay, that contains ug(|x|) + (Vo(x)/|x|)(1 — n(|x|/to)) such that if g lies
in that manifold and it is sufficiently close to uo(|x|) + (vo(x)/|x|*)(1 — n(|x|/to)) in the sense that
iio = uo(|x|) + (Do (x)/]1x|)(A = n(|x|/t0)) + O(|x|e~2*!) for some b > 0, then the solution 1(x, 1) to
(1-3) with u(x,0) = uo(x) is global in time and satisfies (1-6).

In the nonradial setting, the profile of the solution in the inner self-similar regime is

w(x—p(t)) |p(®)]
()2 p(t) (1)

u(x,t) ~ —0 ast— oo,
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where w is given by (1-5) and p satisfies the asymptotics (1-7). Precise description of the dynamics of
the center p = p(¢) is provided.

A surprising feature of the construction is the dynamics discovered for the scaling parameter (z).
It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
%—Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter () we will need to solve linear equations of the type

/t PO ety ds = hio)
0

t—s

for suitably decaying right-hand sides /(¢). See (6-8) and (6-13) below.

We believe that an approach similar to that in this paper could be used to prove the existence of a global
unbounded solution when N =4, p = 3 as conjectured in [Fila and King 2012]. We will undertake that
issue in a future work.

The proof of Theorem 1.1 starts with the construction of an approximate solution to problem (1-3)
with the asymptotic behavior described in (1-6). This is done in full detail in Section 2. We then show the
existence of an actual solution to problem (1-3) deforming the approximation, by means of a inner-outer
gluing procedure. This scheme is described in Section 3, and its proof is addressed in Sections 4-9. In
Section 10 we prove Theorem 1.2. Appendices A—C gather some technical results needed to prove the
theorems.

In the rest of the paper, we shall denote by C a generic positive constant, whose value may change
from line to line, and within the same line. We shall use the notation ¢ to indicate a positive constant,
with ¢ < 1, whose explicit value may change from line to line. Furthermore, 79 will denote a large fixed
positive number and

n:R—>R (1-9)

a smooth cut-off function with n(s) =1 for s < 1 and = 0 for s > 2.

2. Construction of an approximate solution and estimate of the associated error
After shifting the initial time to #9 > 0, problem (1-3) takes the form
u; = Au+u’ inR>x (19, 00), (2-1)
with initial condition ug(r) = u(r, to) satisfying
lim r’ug(r)=A >0 forsomey > 1. (2-2)
r—>00

This section is devoted to the construction of a first approximation for a solution to (2-1)—(2-2), and to
the description of the associated error.
The first approximation is built by matching an inner profile, made upon solving the elliptic problem

Au+u> =0 inR3 (2-3)
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and an outer profile, made upon solving the heat equation in the whole space
u; = Au  in R3, (2-4)

in the set of functions satisfying the decaying conditions (2-2). It is constructed in Section 2A (for the
inner profile) and Section 2B (for the outer profile), and in Section 2C we derive a precise description
of the error of approximation. In [Fila and King 2012], this approximate solution was already derived.
We realize though that, for our rigorous construction to work, we need a further improvement of the
approximation. This is done in Section 2D, where we introduce a next correction term, and describe
the associated error. It turns out that this next correction term gives the right dynamics for the blow-up
rate which turns out to be governed by a nonlocal differential equation with a fractional time-derivative
closely related to the so-called %—Caputo derivative. See (6-13).

2A. Construction of the first inner profile. We recall that all positive radially symmetric solutions to
(2-3) constitute a one-parameter family of functions, which are given explicitly by

1 P _1 r
() mosell)

for any positive number u > 0; see [Aubin 1976; Caffarelli et al. 1989]. We denote by Z¢ the only
bounded and radial function belonging to the kernel of the linear operator

P

w(r) =3

Lo(¢) = A + 5w?¢. (2-6)
See [Rey 1990]. The function Zj is explicitly defined by

1
w 32 r2—1
Zo(r) = —[— + w’(r)r] =——7. 2-7
2 2 (1 + r2)j
Given Zg, we denote by ®;(r) the solution to
AD; + 5wt D = Z, (2-8)
defined as
1
_ 37
D(r) = DPo(r) + mo + P1(r), where Py(r) = Tr, (2-9)

(5/ w*Zor? dr)no =/ (Zo——)Zor2 dr—S[ w*®Zor? dr,
0 0 2r 0

and @ is the unique solution to

1

-1 34 4
A¢+5w” ¢ = Z0—2— — 5w (q)()—l-]'[()),
r

= Ho (r)
explicitly given by

O1(r)=Z(r) [Or o (s)Zo(s)s% ds — Zo(r) /Or Mo(s)Z (s)s2 ds.
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In the above expression, 7 denotes another solution to A¢ + 5w*¢ = 0, linearly independent to Zy.
7 satisfies the asymptotic behavior Z(s)~s1ass—0,and Z(s) ~ 1 as s — oo.
A closer look at the expression of @ gives

121Nl < €
for some fixed positive constant C and any o > 0 small.

Remark 2.1. The solution to (2-8) is not unique. (In fact one can add any multiple of Zy.) The choice
we made in (2-9) is used to match the outer solution in the next section.

We have now the elements to define the first inner profile. We introduce a smooth positive function
u(t) of the form

1(t) = po()(1+ A1), where 11o(r) > 0, Jim_ feo(r) = 0. (2-10)

The function o will be defined below, see (2-23), (2-32), (2-36), as an explicit function of ¢ depending on
the decay rate y. On the other hand, the function A = A(¢) will be left as a parameter in the construction,
and it will be determined in the final argument to get an actual solution to the problem. In the meanwhile,
we shall assume that A = A(¢) is a smooth function in (#9, 00), defined by

oo
A(2) :=/ A(s) ds,
t
where A satisfies
[Allg = sup 10 1 Moo, +1 + Moo e +1] < £ (2-11)
>1o

foro = % + o/, with ¢’ > 0 small, and for some fixed constant £. Here we intend
If loo,it,e+11 =" sup  [f(s)],

s€lt,t+1]
_ | f(s1) — f(s2)]
[f]0,0',[t,t+1] = sup PP
si£sae[ti+1]  I1S1—52]

For a later purpose we introduce the space
Xy ={A € C(tp,00) : || Al is bounded}. (2-12)
With this in mind, we define the inner approximation to be
1 r
Un0) = 0 1) 4 i (0, Va0 = b (). @-13)

A direct computation gives

r ow
Ay + 5wy = —M_gzo(ﬁ) = a—;(r)-
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In the region {r : r > Ruo}, where R is any large but fixed positive number, the inner approximation
looks like

1

1 2 2
12 3% 1 1 we 0
() = 352 = 2y g @l ) + 2 (“—) o, @14
where ®[u](r, t) denotes a generic function, which depends smoothly on w, and on (r, t), and which is
uniformly bounded, for parameters u satisfying (2-10), for r in the considered region, and any ¢ large.

2B. Construction of the first outer profile and choice of wo(t). The outer profile is chosen to satisfy
the heat equation u; = Au, in the whole space R3, and to fit the requested decaying property for the
initial condition (2-2). Its properties and exact definitions change depending on the value of the decay
rate y of the initial condition u; see (2-2). We consider three different situations: 1 <y <2, y =2, and
y > 2.

Case 1: 1 <y < 2. In this case we define uqyy as

Y r
uOut(r7[):t Zg(

ﬁ), (2-15)

with g the positive solution to

g’ (s) + (% + %)g/(s) + gg(s) =0, s€(0,00), (2-16)

that satisfies the properties
(1) limgoe 57 g(s) = A,
(2) limg_, o+ sg(s) = d for a certain positive constant d for which lim,_, o+ [g(s) —d/s] = 0.
Such a function g indeed exists. Let

s

2
Ly(g)=¢"+ (; + 2)g/ +vg, s€(0,00).

In Appendix A, we prove the following:

Lemma 2.2. If % < v < 1, there exist two positive linearly independent solutions y1 = y1(s) and

Y2 = ya(s) to
L,(g)=0, se€(0,00), (2-17)

that satisfy respectively

y1(s) = % + (- 1)(/Oosy1(s) ds) + 1_2US +0(s?) ifs—0t, (2-18)
0

ya(s) =ca+o(s) ifs—0T, (2-19)

y1(s) = cle_%s4”_3, ya(s) = s%(l + 0(%)) if §— 00 (2-20)

for some positive constants cy, C3.
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Thanks to the lemma, which we apply to solve (2-16) when v = y/2, we get that the function g we
are looking for in (2-15) is thus given by

24y2(0)

g(s) =dyi(s) + Ayz(s), withd = (2-21)
=) (57 s31(5) ds)
We observe that, in a region like 7 < R~ /¢, for some large but fixed R, we get
y—I1
I ZS | (I—y)y2(0) _y (72)
Uout(7 1)) =d——+1t 2 A r+t 20— ). 2-22

We next choose the function pg(¢) in the definition of w(z), (2-10), in such a way that the functions
Uin and Uoy automatically match in the whole region Rug < r < R™14/t, for some R large, but fixed
independent of 7. This is possible if

— d? 1—-y
po(t) = %f : (2-23)
Indeed, with this choice for po(¢), and given the bound (2-11), there exists a constant C so that
; }
|Min(r7[)_uout(rvt)| ECMTOv |vuin(r’t)_vuout(rvt)| Ecli_(z) (2’24)

for any Rug <r < R™1./t, and ¢ large enough.

Case 2: y = 2. In this case, we define uqy as

_ r _ r
Uou (T, ) =1t 1(log t)kAgo(ﬁ) + ¢ lh(ﬁ), (2-25)
where go(s) = s_le_% is a solution to
2
£O+(2+3)e 0+ =0 @26)
and & solves
2
h"(s) + (— + %)h’(s) +h(s) = kAgo(s), (2-27)
s

with limg_ o0 Y h(s) = A, and limg_, o+ sh(s) = d, so 2that limg_, g+ [A(s) —d/s] = 0. The function &
can be described explicitly. Let g1 (s) = sTle™ T fos ¢ dz. This function solves (2-26). Since g1 and
go are linearly independent, the variation of parameters formula gives that, for any constants d and b,

N

h(s) = go(s) [d —kA/O zg1(2) dz] + 21(s) |:b + kA[O zgo(z) dz] (2-28)

solves (2-27). In order to have limg_, oo s¥ 1 (s) = A, we need Z[b +kA fooo zgo(z)d Z] = A. Furthermore,
to have limg_, o+ [A(s) —d/s] = 0, we need b = 0. Thus we select

1

b=0, =
2f0°o zgo(z)dz

(2-29)
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Observe that, up to this moment, the constant d is arbitrary. Nevertheless, recall that we want oy, to be
a solution to u; = Au = uyr + (2/r)u,. Multiplying this equation by r, and integrating in (0, R), for
some fixed, large R, we get

R
%(/ ru(r,t) dr) = Ru,(R,t)+u(R,t),
0

where we use the fact that lim,_o[ru,(r,¢) + u(r,t)] = 0. Next, we integrate the above equation in ¢,
from 0 to co, and using the fact that lim;_, o fOR ru(r,t)dt =0, we get

R 00
—/ ru(r,0)dr =/ [Rur(R,t)+u(R,t)]dt. (2-30)
0 0

Take now ¥ = uqye and compute the right-hand side of (2-30):
[e.e]
/ [Rur(R,t)+u(R,t)]dt
0
o° R R R o0 R R R
= Ak[ t—l(logz)[—g/ (—) +g (—)] dt +/ t‘l[—h/(—) +h(—)} dt
0 N W o Lvi \Vr NG
o _ o0
= (4Ak/ s sgp(s) + go(s)] ds) logR+d + (2/ sTYsh' (s) + h(s)] ds),
0 0
where s := R/+/t and d is the constant defined by

d= —(4Ak /Ooo s (log s)[sg5(s) + go(s)] ds).

We can simplify the expression of the constant in front of log R. Indeed, multiplying (2-26) against s, we
get that (sg’(s) + g + (s2/2)g)’ = 0. For g = go, and using the fact that g¢ decays very fast as s — oo,
we get that sg((s) + go(s) = —(s2/2)go(s) for any s; thus

o o0
4Ak / s sgp(s) + go(s)] ds = Ak (—2 / 5g0(s) a’s) =—A
0 0
since (2-29). On the other hand, the decaying condition lim, o r2u(r,0) = A gives
R
—/ ru(r,0)dr = —Alog R+ B(R),
0

with limgp_, o, B(R) = B, where B is a real constant. Plugging this information in (2-30), we get

_ o0

d + (2/ sTLsh' (s) + h(s)] ds) = B.

0

This last relation defines in a unique way the constant d > 0 in the definition of %, (2-28). Indeed, a direct
computation gives

/0 sTHsh () + h(s)] ds = —%(/0 sgo(s) ds) +w,
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with

. lﬁ o0 s s _1 , s
w=- A sgo(s)(/o zgl(z)dz)ds+/0 s [sg1+g1](kA/0 zgo(z)dz)ds

from which we deduce that )
d—2w—B

N fooo sgo(s)ds
With this choice for the function 4 in (2-25), we get

h(s) = —— —[d +10kA]+ O(s®>) ass— 0"
and
1
172 _ kA(logt) d+10kAT] r
1) = —[kA(logt) +d]+ 171 - logt 2-31
ou(r,1) = Tk og) +d] +171 | E2C AL oftesn 1) ean
in the region r < R™14/z, for some large but fixed R, as t — oo.
In this case, namely when y = 2, we choose g in (2-10) as
[d +kA(logt)]* _,
o(t) = r, (2-32)
g /3
and thanks to this choice, and to the bound (2-11) on A, we find a constant C so that
1 1
o 1o
|uin(r7t)_uout(r, t)| = CT’ Ivum(r Z) vuout(r t)| = C (2‘33)

for any Rug < r < R™14/t, for some fixed and large R, and for all ¢ large enough.
Case 3: y > 2. In this case, we define ul, as
o0
| 1 r Jo ruo(r) dr)
Ugu(rt) =t " dgo| —= ). =L " |,
ol ) go(ﬁ) (f0°° sgo(s) ds

$2
where go(s) = s~ le™ 7 solves (2-26), and uo(r) is the initial condition for (2-1)—(2-2). Observe that, in
a region like r < R™1/7, for some large but fixed R, we get

1
72 d 2
uba(r1) =d - ’_11% 440 0(:—3). (2-34)

For a given time ¢, the function u! , is decaying very fast as r — oo. For this reason, we modify u_

out
with a function that has the right decay to match the initial condition u¢(r), for r large. Define

Uou(r, 1) = n(;)ugm(r, )+ (1 — n(;))ugut(r), with u2 (r) = %, (2-35)

where 7 is the cut-off function defined in (1-9).
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In this case, y > 2, we choose (g in (2-10) as

d2
po(?) = %l_l-

(2-36)
With this choice for j1o(¢), and thanks to (2-11), given any large but fixed number R > 0, there exists a
constant C so that

1
2

n
|uin(r» t)_uout(r, t)| <C 0

’

O |Vatn(r. 1) = Vatou (r. )] < €&
for any Rug <r < R™1

2-37
2 ( )
t, and for all ¢ large.

1
2
0

2C. Construction of the first global approximation and estimate of the error. Let ro > 0 be a small
and fixed number, and define

ro/t

(2-38)
where 7 is given by (1-9). For any smooth function ¥ = u(r, t), we define the error function as

Ul(r,r)=n(ﬁ)um(r,t)+(1—n( : ))uom(r,r),

Eu](r,t) = Au+u® —uy.
Our next purpose is to describe

(2-39)
E1(r,t) = E[UL](r, ),

(2-40)
with U; given by (2-38). To this end, we introduce the function & = «(¢), t > t,

a(t) = 34 1g ? (o). (2-41)
Since A satisfies (2-11), definition (2-41) defines a linear homeomorphism A : Xy — X}, A(1) = «,
where

Xp = {a € C(tg, o0) : ||| is bounded}, (2-42)
and s
lleellp := SuP o 2Ot lllelloo,te,e+11 + letlo,o,fr,e+11]-

(2-43)
Here o is the number introduced in (2-11). Let us denote by /¢ : (0, 00) — (0, 00) a smooth function
with the property that

1/s fors —0
h = ' 2-44
0(s) {l/s3 for s — oo, (2-44)
and define the following norm for any function f : R x (t9, 00) — R:

-1 3 r
[ fll«:= sup Mozﬂhol(_

)[”f”oo,B(x,l)x[t,t—i—l] + [flo,o,BG,Dx[r.e+11]s 7 =1[x]. (2-45)
x€R3,t>1¢ \/;
Here o is defined in (2-11),

I f lloo, BGe,1)x[t,6+1] =

sup [f(y,9)l (2-46)
yeB(x,1), se[tt+1]
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and
| f(y1,51) — f(¥2,82)]
[f]O,a,B(x,l)x[t,t—i—l] = sup o e (2-47)
Yi#y26€B(x,1), s1#sa2€[t,t+1] |y1 = y2[%7 + |51 — 82

The following estimates are valid, and we delay the proof to Appendix B since it is quite technical.

Lemma 2.3. Assume A = A(t) satisfies (2-11). The error function defined in (2-40) can be described as

) r
ant) = u+rn(ro«/7

where 1 is the smooth cut-off function defined in (1-9), a is the function defined in (2-41), and rg is a given
fixed small number. The function &1 «[A](r,t) depends smoothly on A. Furthermore, there exists C > 0
such that

) &), (2.48)

1E1.5]% < C. (2-49)

If the initial time to in problem (2-1) is large enough, there exist ¢ € (0, 1) so that, for any A1, A, satisfying
(2-11), we have

1 _3
[€1,%[A1] = E1x[A2]ll oo, BGx, 1) X[, +1] < €M T 2ho(\/—)H/M — A2l (2-50)
1 _3
€1.h1] = €10 Rallo syt = ent~Hho( 72 ) 1h1 =l @-s1)
for any r = |x| and any t. The definitions of the function ho and of the norm || - ||« are given respectively

in (2-44) and in (2-45). Furthermore the constant ¢ in (2-50) and (2-51) can be made as small as one
needs, provided that the initial time tq is chosen large enough.

2D. Construction of the second global approximation and estimate of the new error. Taking into ac-
count the expression of the error function given in (2-48), we introduce a correction function ¢g to
partially get rid of the term «(¢)/( + r). More precisely, let

&) = {a(zo) for t < 19, (2-52)

a(t) fort >ty,
and introduce the function ¢, a solution to

t
,¢O_A¢0+M%1{,<M} in R3 x (0, 00), do(x.10—1) =0 inR3, M? =1ty. (2-53)

Here, for a set K, we mean

1 ifxek
1 = '
k(%) {o ifx & K.
Duhamel’s formula provides an explicit expression for ¢g:
! 1 _lx=yi2 a(s)
do(x,t) = / —3/ e 4u—s) 1{|y|<M} dyds. (2-54)
to—1 (4(t —5))2 w1yl
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C2+20,1+a

Since A satisfies (2-11), classical parabolic estimates give that ¢ is locally , where o is the

Holder exponent in (2-11). In the interval (g, 00), the function ¢ solves

a(t)

ey in R* x (to, 0), (2-55)

dr¢po = Adpo +

and at time ¢ = fg, the function ¢g(x, fo) is radial in x and decays fast as |x| — oco; that is,
— 2
o (x, 0)| < ce™@¥" a5 x| - oo (2-56)

for some positive, fixed constants ¢ and c¢. Indeed, let x = fe, with |e|| = 1, and assume that £ >
max{1,2M}. Thus |x — y|?> > £?/4 for any |y| < M, and

2

4
to o7 T6(p—s) d 5
[9o(x.10)] = C'“(fo)l(f %ds) (/ —y) < Cla(to) | M?e™%.
to—1 (tg—s)2 Iyl<m |V

Taking £ — oo, estimate (2-56) thus follows from (2-41).
The second approximation is given by

UZ[A](r’t)zUl(rvt)+¢0(r’[)’ (2'57)

where U is in (2-38). Observe that U, satisfies the decaying conditions (2-2) at the initial time ¢y as
consequence of (2-56). The new error function

gZ[A’](rvt) = 5[U2](r’ t)

is thus

EM(r 1) = E1x + @(n( ) - 1{r<2M}) + (Ui +¢0)° — U7 . (2-58)

&2

.
roN/t

=&

The function & « is defined in (2-48). For a later purpose, it is useful to estimate, in the | - ||x-norm
introduced in (2-45), the function

_ X
Er:=8E1+ (1 —nRr(x,1))E22, where nr(x,1) = n(R_/Lo) (2-59)

Here 7(s) is given by (1-9), while the number R is a large number, whose definition will depend on 7y
but will not depend on ¢.
We have the validity of the following lemma, whose proof is given in Appendix C.

Lemma 2.4. Assume A = A(t) satisfies (2-11). The error function defined in (2-58) depends smoothly on
A and it satisfies the following estimates: There exists C > 0 such that

€21« < C. (2-60)
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If the initial time tg is large enough, there exists small positive number ¢ € (0, 1) such that, for any A1,
Ao satisfying (2-11), we have

_ _ 13 r

1€2[A 1] = E2[A2]ll oo, Bx, 1)x[t,04+1] < CHG 2h0($) [A1—=Azllg, 7 =]x], (2-61)
_ _ 1l 3 r
[E2[A1](r, 1) = E2[A2) (7. D]o,0,[1,041] = €1 T 2ho(ﬁ)”ll —Azlly (2-62)

for any x and t > to, provided the initial time ty in problem (2-1) is chosen large enough. The definition of
the function hy is given in (2-44), and the definition of the || - || «-norm is given in (2-45).
Remark 2.5. From the proof of the result, we also get that the constant ¢ in (2-61) and (2-62) can be

made as small as one needs, provided that the initial time #o is chosen large enough.

3. The inner-outer gluing
Recall that our ultimate purpose is to construct a global unbounded solution u to (2-1)—(2-2) of the form
u=UAl(r, 1)+, t>to, (3-1)

where U, is defined in (2-57), while ¢ (x, ¢) is a smaller perturbation. The rest of the paper is thus devoted
to finding qg(x, t). The construction of é(x, t) is done by means of an inner-outer gluing procedure. This
procedure consists in writing

G(x. 1) =Y (x, 1) +¢"(x, 1), where ¢ (x.,1) 1= ngr(x,0)(x,1), (3-2)
with 1
$(x,1) :=u52¢(i,t), WR(XJ):U(L)v (3-3)
Mo Ruo

where 7(s) is given in (1-9).
In terms of qNS, problem (2-1)—(2-2) reads as

31p = Ap+5Us¢p+ N(p)+& in R x 19, 00), (3-4)
where &, is defined in (2-58) and
N(§) = (Uz+¢)° = U3 —5U3¢.
Recalling that w,, = u_%w(r//i), we let
VIA(r 1) = 5(U5 —wp)ng + 505 (1= 11g) (3-5)

and write 5U; = Swﬁ nr + V[A](r, ). A main observation we make is that ¢ solves problem (3-4) if the
tuple (v, ¢) solves the following coupled system of nonlinear equations:

0y =AY +V AW +2VNRrVid+d(Ax—3) R+ NA(@)+E21+E22(1-nr)  in R3x[tg,00), (3-6)

and
01 = A + 5wk + 5wy + 22 in Bagy,(0) x [fo. 00). (3-7)
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We refer to (2-58) for the definition of &7 and &35. In terms of ¢, see (3-3), (3-7) becomes

1odrd = Dy + 5wt + ug Eaa(poy, 1) +5 a _’:"A)4w4( a +y A)Z)wwoy, )
+ B[¢] + B°[¢] in B2g(0) x [t9, 00), (3-8)
where
Bl¢] := po(9¢e0) (% +y- Vy¢), (3-9)
0 L 4 Yy 4 1_(1+A)4 4 y
ol “S[W (<1+A)2) v (y)}’”s( T+ A7 )“’ (<1+A>2)¢‘ G-10

We call (3-6) the outer problem and (3-8) the inner problem(s) .

We next describe precisely our strategy to solve (3-6)—(3-8). For given parameter A satisfying (2-11),
and function ¢ fixed in a suitable range, we first solve for ¥ the outer problem (3-6), in the form of a
(nonlocal) nonlinear operator ¥ = W(A, ¢). This is done in full detail in Section 4.

We then replace this ¥ in (3-8). At this point we consider the change of variable

(=10, 5= w0,
which reduces (3-8) to

0cp = Ay +5wd + H[y, 4, $](y,1(x)), y € Bar(0), 7> 10, (3-11)

where t¢ is such that #(7¢) = to, and

HIV: 910 H0) = 1 20070450 (25 ) v oy, 0+ Blg)+ 891, G-12)

Next step is to construct a solution ¢ to problem (3-11). We can do this for functions ¢ which furthermore
satisfy

¢(y,70) =eoZ(y), y € Bagr(0), (3-13)

for some constant eg. Here Z is the positive radially symmetric bounded eigenfunction associated to the
only negative eigenvalue A to the problem

Lo(¢) +Ap =0, ¢ e L®R>). (3-14)

Here L is the linear operator around the standard bubble w in R3. We refer to (2-6) for the definition
of Lg. Furthermore, it is known that A¢ is simple and Z decays like

Z(y) ~ |y te VIRl a5 |y — o0,

To be more precise, we prove that problem (3-11)—(3-13) is solvable in ¢, provided that in addition the
parameter A is chosen so that H [y, A, ¢](y, t(t)) satisfies the orthogonality condition

/ H[y, A, 0l(y,t (1)) Zo(y)dy =0 forall t > tg. (3-15)
Bar
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We recall that Zo(y), defined in (2-7), is the only bounded radial element in the kernel of the linear
elliptic operator Ly.

Equation (3-15) becomes a nonlinear, nonlocal problem in A for any fixed ¢. We attack this problem in
Sections 5, 6, and 7. In Section 5, we get the precise form of (3-15) as a nonlocal nonlinear operator in A.
The principal part of the operator in A defined by (3-15) is a linear nonlocal operator which turns out to be
a perturbation of the %—Caputo derivative. We refer to [Caputo 1967] for the original definition of Caputo
derivatives. In Section 6 we develop an invertibility theory for such a linear operator. In Section 7 we
fully solve (3-15) in A, by means of a Banach fixed-point argument. The solution A = A[¢] is a nonlinear
operator in ¢, and we also describe the Lipschitz dependence of A with respect to ¢, which is a key
property for our final argument.

At this point, one realizes that a central point of our complete proof is to design a linear theory that
allows us to solve in ¢ problem (3-11)—(3-13). For this purpose, we shall construct a solution to an initial
value problem of the form

¢c=Ap +5wd +h(y,T) in Bagx(19,00),  ¢(y,70) =eoZ(y) in Bag. (3-16)

And then we solve problem (3-11)—(3-13) by means of a contraction mapping argument.
Let a be a fixed number with a € (0, 2), and let v > 0 so that, for ¢ large,

3 3 ,
7~ /,Lgl‘_l ify #2 and ¥~ Méf”” ify=2

for some v’ > 0 that can be fixed arbitrarily small. We solve (3-16) for functions & with ||A]), 244-norm
bounded, where

hllvosa:=sup L+ 1Y) Ao, By 1)xz,c+1] + Mlo.o, B, 1)x[z,c+1]): (3-17)

>10,yER3

and we construct solutions ¢ in the class of functions with ||¢|, ;-norm bounded, where

||¢”v,a = sup Tr(l + |y|a)[||¢”oo,B(y,l)x[r,r-i—l] + [¢]0,0,B(y,1)x[r,r+1]]
T>10,y€ER3
+ sup A+ YDV Slloo. B )x[r.r4+1] + [VBlo.0.B. )x[re+1))- (3-18)
>10,y€R3

We have the validity of the following result:

Proposition 3.1. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and function h = h(y, t), with h(y, t) = h(|y|, t) and ||h||v,24a < +00, that satisfies

/ h(y,t)Zo(y)dy =0 forall t € (19, 00) (3-19)
Bsr

there exist ¢ € C2120:.140 [oe  which is radial in v, and eg which solve problem (3-16). Moreover,
¢ = ¢[h] and eq = eg[h] define linear operators of h that satisfy the estimates

R4—a R4_a
— R , |V )| <Ct™V
Sl V000l < 0

lp(y. Dl =C7™" I1721lv,2+a- (3-20)
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and
leo[h]] < Cllhllv,2+a

for some fixed constant C.
We postpone the proof of this proposition to Section 9. Section 8 is devoted to solving problem
(3-11)—(3-13) and this concludes the proof of Theorem 1.1.
4. Solving the outer problem

The aim of this section is to solve the outer problem (3-6) for given parameter A satisfying (2-11), and for
given small functions ¢, in the form of a nonlinear nonlocal operator

Y(x.1) = VA, @] (x,0).

We recall that ¢™"(x, 1) = nr(x, z)qa(x, t), with

~ -1 X X
P(x.1) = M02¢(—,t) and nR(x,t)=n(—)-
Mo Rwo
Here n(s) is defined in (1-9), and R is a sufficiently large number, independent of . We assume that

¢|lv,q is bounded. @1

Let ¢g : (0, 00) — (0, 00) be a smooth and bounded given function with the property that

s fors — 071
= ’ 4-2
#o(s) %l/s?’ for s — oo. (4-2)
We introduce the following L°°-weighted norms for functions f = f(r,¢):
[/ s == 11 S i1 DS I, (4-3)
-+ (r

7= sop gt (22 ) owscemtr iU st 7 =1al, G
x€R3,t>10 \/;
1 _ r

71 s g 1605 (22 ) U oot loutymtanl. 7 =al. 69
xX€ER3, t>1g «/Z

Refer to (2-46) and (2-47) for the definitions of || /||l oo, B(x,1)x[z,:4+1] @0d [ f 0,0, B(x,1)x[z,+1]-

Proposition 4.1. Assume that A satisfies (2-11), and that the function ¢ satisfies the bound (4-1). Let
Vo € C%(R3), radially symmetric so that

1Yo + ¥ IVio(»)| < 15 %8P (4-6)

for some positive constants a and b. There exists to large so that problem (3-6) has a unique solution
Y = Y[A, ¢] so that

v (r,to) = Yo(r), ¥l +IDy|2=C. (4-7)
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Proof. Let f be a given function with || f ||«-norm bounded. Classical parabolic estimates give that any
solution to d; ¢ = Al/f + f is locally C 2129119 Furthermore, a consequence of Lemma A.1 is that the
function @g(r, 1) = ,uot 2900 (r/+/1) is a positive supersolution for 9,1 > Ay + f(r.t). Observe also
that @o (7, t9) > Yo(r). Combining these facts with the maximum principle, we see that, for a function f
with || f||«-norm bounded, the unique solution to d;¢ = Ay + f, with ¥ (r, t9) = Vo, has ||/ || xx-norm
bounded. We claim that a possibly large multiple of ¢g works as a supersolution also for the problem

Indeed, recalling the definition of V in (3-5), we write
V=Vi+V,, Vi=5U;—-wpnr. Va=5U3(1-npg).

In the region where ng # 0, namely when r < 2R 1o, we expand in Taylor the function V; and we find
s* € (0,1) so that

Vi(r. 1) = 20(wy + s* (oW1 (r.1) + po(r. 1)) [G W1 (1. 1) + po(r. )&

From here, we see that, in this region, |V1(r,7)| < Rt~ !ng, so that

Vi o )] < Mozl_gho(%)- (4-9)

Let us now consider V5. This function is not zero only when r > Ry, and in this region we have that
[Va(r,0)] < (15/r*)(1 = nR), so that

2 1 1 r 5, 1 3 r
|V2(r,t)1ﬁ0(r,t)|5/:—4/t§f é<P0($)(1—77R)5R 2ugt 2ho(\—/f)- (4-10)

Choosing R large, but independent of ¢, we thus find that a multiple of ¢ is a supersolution for (4-8).
We call T, : (f, ¥o) — ¥ the linear operator that to any f with || || «-norm bounded and any initial
condition g satisfying (4-6) associates the unique solution to

3IW:AW"‘VM](”,f)W‘i‘f(”J), W(rvIO)ZWO(r)’ (4'11)

which has bounded ||/ || ««-norm. Define ¥ = T, (0, ¥9). We observe that ¥ + v is a solution to (3-6) if
¥ is a fixed point for the operator

Ao(¥) = To(12VnRVxd + ¢(Ax — 3R] + NN + V) + E21 + E22(1 = R))- (4-12)

We shall show the existence and uniqueness of such a fixed point as consequence of the contraction
mapping theorem. We perform a fixed-point argument in the set of functions ¥ in

By ={y € L : ||[Y]lsx <1} (4-13)
for some r > 0.
From Lemma 2.3 we have that there exists a constant ¢ so that

€21 + E22(1 = nR) ||« < c1. (4-14)



234 MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

We now claim that there exists a constant ¢, such that, if the parameter A satisfies (2-11), and if the
function ¢ satisfies the bound (4-1), then

12VnR Vi + G(Ax —0)nR ]« + IN@ + P)lx < ca. (4-15)
Furthermore, we claim that there exists a constant ¢ € (0, 1) so that, for any V1, ¥» € By,

Ao (V1) — Ao (Y2) 45 < €ll1 — Y[ (4-16)
If we assume, for the moment, the validity of (4-14), (4-15) and (4-16), we get the existence of a fixed
point for problem (4-12) in the set (4-13), provided r is chosen large enough.

Proof of (4-15): We start with the estimate of the first term in (4-15). Since we assume the validity of the
bound (4-1) on ¢, we write

3
nel < " (|x I/Ruo)l 0" (1x|/Rio)] — pgt™!

/\ < .

see (3-18) for the notation ||¢||, 4. Thus, we get

2 [n"(Ix]/Rpo)| -5 _y 1 r
|¢AxﬂR|5TMO r " —=ho N ¢1lv.a

N
In"(Ix|/Rpo)| § _3 3,3 r o\ 21,
ST#(%[ 2ho «/— I@llv.a < pgt™2ho i Rliaa-

Arguing similarly, we get

I 3, (o \Iel
onil < gt~ o2 ) U6 ana 199Vel < g Eho (2 ) Mol

which proves the L bound in the first estimate in (4-15). To check the Holder bound for this term, we

focus the analysis on the term g (x, f) := qASA xNR- The other terms can be treated in a similar way. We write

g(x1.11) — g(x2. 12|
|x1 —x2]29 +|t; —12|°

p(x1,11) — P(x2,12)] +|¢3(x2,l2)||Ax71R(X1,11)—Ax’)R(Xz,lz)|

lx1 —x2|29 + |t; —12]° lx1 —x2|29 + |t; —12]°

= |Axnr(x1,11)]

In order to control the first term, we use the definition in (3-18) of |¢||,,, and we argue as before. The
second term can be easily treated using the L°°-bound on qS and the smoothness of the function Axng.
This completes the analysis of the first estimate in (4-15).

We continue with the proof of the second estimate in (4-15). We recall that

N(@) = (Ur +¢)° —Us —5Us ¢.

It is convenient to estimate this function in three different regions: where r < M~ 1o, where M 1o <
r < M/t and where r > M /t, with M a large positive number.
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From the definition of U, in (2-57), we see that, if r < M _1;L0, then
3 . _3
IN@)| S o 21917 S o 2 IV + [nrDI.
We recall that
1 1 r 3
1S 1 miidt 2900(?), nedl < wat eIl e, (4-17)
so that we get, for r < M‘luo,
T 2.—1 T2 2 % -3
NG+ D15 3 1+ 01+ 11 (50 (22 ) (@-18)

Let us now consider the region M ~119 < r < M /. Here, after a Taylor expansion, we get

3
n2
IN(+¥)| swi[|w+w|2+|nR¢|2]5—2[|w|2+|nR¢| ].
Using again (4-17), we obtain, for M_I[L() <r<M\t

7 (4-19)

_ 1
Let us now consider r > M +/t. Observe that in this region ng =0, |(Y + ¥)(r,1)| < Mgt 200(r/ /1)
and, from (C-3), also |Ux(r,t)| < o/ r. Thus we have

50 /1 s
NG + )] < (@) < uét_z(uét_zho(%)).

NG+ )] <2 [+ 912+ 112 1(% iho(r)).

(4-20)
From (4-18)—(4-20), we get the L bound for the second estimate in (4-15)
Proof of (4-16): For any V1, ¥ € B,, we have
Ao(¥1) = Ao(¥2) = To(N(W1 + ¥ + ¢™) — N2 + ¥ + ¢™):
thus
140 (Y1) = Ao (¥2) x < CIIN(W1 + ¥ + ™) = N(¥2 + ¥ + ™)l
We write
N1 +¢™) = N2 +¢™)
=U2+v148)° — U2+ Y2+ 8)° —5U (Y1 — 2)
= U2+ VY1+8)° —(U2+Y2+8)° =52+ g)* (Y1 — ¥2) + 5[(U2 + ©)* = U 1(¥1 — ¥2),
=N

Z=N2
where g := ¢™ + . In the region where r < M /1, we have

IN (.0 S w) [y — v,
which yields

N2 G 0] < 2 [l — W2||i*](ﬂét_%ho(\%)),
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while N, can be estimated as

1y —1y4in 3 -3 r
R L R T LR A (e G )

On the other hand, if r > M /1, we have qﬁi“ = 0, so that

N2 e, )] S 31 19 —wzn**(uéf?ho(%))-

On the other hand N; can be estimated as follows:

. L1 r
IN1(x, )] S [Y1 = 2>, from which [Ny (x,1)| < gt 2h0(ﬁ)||¢1—wzll**-
In summary, we get

INW1+ @™ +9) = N2+ ™ + ¥)llup < Cudllvn — val s,

where C = max{||¥1 — ¥2||xx, [[¢™|lv.a}. Thus we get the validity of (4-16) provided that t¢ is large
enough. O

Remark 4.2. Proposition 4.1 defines the solution to problem (3-6) as a function of the initial condition v,
in the form of an operator ¥ = W[v], from a small neighborhood of 0 in the Banach space L>°(S)
equipped with the norm

sup [[y]1e®P o) + [y11e?P Vo (»)]] (4-21)
yER3

into the Banach space of functions ¥y € L°°(Q2) equipped with the norm ||/ ||, defined in (4-3). A
closer look to the proof of Proposition 4.1, and the implicit function theorem give that yo — W[y] is a
diffeomorphism, and that

1P a1 — B[Y 3] les < c[ sup [|¥1e2P s — w31 + sup |[y[e® Vs — vy 2l|]
yER3 yER3

for some positive constant c.

Proposition 4.3. Assume the validity of the assumptions of Proposition 4.1. Then the function ¥ =
(A, @) depends smoothly on A and ¢, and we have the validity of the following estimates: for any initial
time tg in problem (2-1) sufficiently large, and any sufficiently large radius R in the cut-off function ng
introduced in (3-2), there exists ¢ such that, given A1, A, satisfying (2-11), one has

[WA1, @] — W[A2, B]llsx < c[[A1 — A2]ly (4-22)
for any ¢ satisfying (4-1). Moreover, given ¢1, ¢» satisfying (4-1), one has

WA, ¢1] = WIA, f2][lsx < cllp1 — P2llv.a (4-23)
for any A satisfying (2-11).
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Proof. Fix ¢ and define ¥ = ¥[A1, ¢] — W[z, ¢] for A1 and A, satisfying (2-11). Then v solves
Y =AY + (V] + N AD@) + F,  R®x (tg,00),  ¥(r,10) =0,
for A =sA; 4+ (1 —5)A2, s € (0, 1), where
F = &n[ai]=Enhal+(1—nr)[E2lM]—Exa M)l + [V M=V Rally2 + [N [A1] = N[ ]| (Y2 + ™),
where ¥; = ¥[A;,¢], j =1,2. From Lemma 2.3 and estimates (2-61)—(2-62), we get
[€21[A1] = E21[A2]]l% = ellA1 — Az ]lg,
(1 =nRr)[E22[A1] — E22[A2]ll« = ellA1 — Az ]ly,
provided ¢ is large enough. One also checks that, for some ¢ € (0, 1),
VA= VR2dlW2ll« < ellds = Azl IIN[A] = N[A2l](¥2 + ™)1« < €[l A1 — Azl

The constant ¢; can be made arbitrarily small provided 7¢ is large. Arguing as inl (4—19) and (4-10), one
can show that a certain multiple of the function ||A1 — A2 ||y@o(r. 1), where @ = udt~2¢po(r/+/1), serves
as supersolution for y. This proves (4-22).

Let us now fix A, and take ¢1, ¢, satisfying (4-1). Define (,i)m = anSJ and d)] (x,t)= /,LO ¢J (x/ o, 1),
for j = 1,2, as natural. Let ¥ = ¥ (X, ¢1) — ¥ (A, ¢2). We have ¥ (r, tp) = 0 and

0¥ =AY + VAW + (Y1 + ") — (Y2 + ") + [2VnR Ve (d1 — $2) + (b1 — $2) (Ax — 3:)nR]
+ (Y2 +dM° — (Y2 + $IN)° — 5US (B — "

Arguing as in (4-6)—(4-21), we get

Jw

}pvnRvdéy—$g+4$1—éﬂch—aonﬂ\fuéthO(f#)ﬂﬂ%igghﬁ

1

S I G [

|(,¢/ +¢1n 5 (1/,2 +¢1n 5 5U24(¢11n )| < g %]’lo (%) ”‘f)l;lsz”v,a

and also

I G L

The constant ¢; in the last two formulas can be made arbitrarily small provided R is chosen large
enough. O

5. Choice of A: part I

Let ¢y = W[A, ¢] be the solution to problem (3-6) predicted by Proposition 4.1, and satisfying the properties
described in Proposition 4.3. We substitute ¢ in (3-11) and (3-12), and we want to solve, in ¢, problem
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(3-11), satisfying the initial condition (3-13). As we stated in Proposition 3.1, problem (3-11)—(3-13) can
be solved for functions ¢ satisfying (4-1), provided that

H[y, A, dl(y,t (1)) Zo(y)dy =0 forall t > tg, (5-1)

Brr
where H [y, A, @] is defined in (3-12).
Next lemma states that (5-1) is a nonlinear, nonlocal equation in A, at any fixed ¢.

Lemma 5.1. Assume that A satisfies (2-11), and that the function ¢ satisfies the bound (4-1). Let
Y = W[A, @] be the solution to problem (3-6) predicted by Proposition 4.1. Then (5-1) is equivalent to

[T+ popob(t) +q1(M)]po(0,1) = g(t) + G[A, ] (1). (5-2)
Here ¢ is the function defined in (2-53) and also in (2-54); thus

t 1 2 v
$0(0.1) = / _— [ et 2Oy ydvds. (5-3)
to—1 (4 (t —s5))2 Jr3 w1yl

The function b = b(t) is a smooth function in (tg, 00). By ¢q1(s) we denote a smooth function such that
¢1(0) = 0 and q7(0) # 0. Moreover,

1blloo <C, ligllb =C.  IGIA. ¢]llb =C. (5-4)

Furthermore, if the initial time to in problem (2-1) is chosen large enough, there exists R in the definition
of the cut-off function in (3-2) sufficiently large and there exists a constant ¢ € (0, 1) so that, for any ¢,
IG[A1. 9] — G[A2. ¢]llb < cl[A1 — Azl (5-5)
and, for any A,
IG[A. ¢1] = G[A. p2]llp < clipr — ¢2]lv.a- (5-6)
The constants ¢ in (5-5) and (5-6) can be made as small as one needs, provided that the initial time tg is

chosen large enough. We refer to (2-43) and (3-18) for the definitions of || - ||y and || - ||v,a respectively.

Proof. Throughout the proof, we denote by ¢; = g; (s), for any integer i, a smooth real function, with the
property that

d .
(ds)] qi(0)=0 forj <i and (ds)

We have the decomposition

qi (0) # 0.

/B HI. 2. $)(v. (1) Zo(y) dy

1
2
0

(1 ik)z w4(1 _J;A)W(Moy,t)Zo(y) dy

4 L BIgIZo0) dy /B Bz dy

5
=g / Ex(poy. 1) Zo(y) dy + 5/
Bor B

=i1+iz+iz+is.
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Forany j =1,...,4, i; is a function of ¢ and depends also on A and ¢. To emphasize this dependence,
we write i; = i;[A, ¢](¢).
We claim that

_1
Ko 2i1[A, 91(2)
= o2 [(S/B w*(y)Zo(y) dy)¢o(0, 1)+ (q1(A) + 10oq0(A))Po (0, 1) + /igot(t)b(l)}, (5-7)
2R
where b(t) is a smooth function in (¢g, c0) which is uniformly bounded as ¢ — co.
Observe that i1 does not depend on ¢. From (2-53) satisfied by ¢g, and Lemma A.1, we get the

existence of a positive constant ¢ so that |po(uoy, )| < ca(t)po(z) for any y € Bor. Thus, we Taylor
expand & in the region y € By g as follows:

Exa(poy.1) = 5Ufdo +4(Us +5¢0)>d3 =a+b

for some s € (0, 1). Let us first analyze a. We write

a=5u"2w*(y)po(0,1) + 5[U7 (roy) — k>w* (»)]o(0.1) + 5U; [po(10y. 1) — ¢o(0.1)] .

=aj =as

Observe that, by the definition of U; in (2-38), and (2-13), we have

4
Ut (roy) — n2w*(y) = [wu(uoy) + o @, (%)} —pn2wh(y)
4
=172 w0+ (o 2 ) 0 ) + e (M) 2wt

({2 o) o ()

for some s € (0, 1). Observe that

w(ﬁ) —w(y) = Vw®)-y + Vw(y)-yz[-2A — A?] (5-8)

for some z € (0, 1). Taking into account also the description of ®; in (2-9), we get
| anZody = i1 () + portpao (Mo 0.1, (5-9)
2R
We next claim that, for y € B, we have

Bo(roy.1) —¢o(0.1) = a(t)| oy |’ TI()O(| y|) (5-10)

for some o € (0, 1). We postpone the proof of (5-10) to the Appendix. We thus get
[ asZo dy = p"2uGe )b (). (5-11)
Bor

Collecting estimates (5-9)—(5-11) we get (5-7).
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We claim that 1
Ko *i2[A,91(1) = g(1) + G[A, $] (1), (5-12)
with
lgllb =c. 1G[A. @lllb <c

for some constant ¢. We refer to (2-43) for the definition of | - ||,. Furthermore, we claim that G satisfies
estimates (5-5) and (5-6) for some constant ¢ € (0, 1). To prove the above assertion, we write

ba 2 iaA. 1) = 5 / W ()10, 0oy ) Zo(y) dy

Bor

+5 /B w () [ 0] = ¥[0. 0] (o y. 1) Zo(y) dy
+s /B W)W, ¢l — VL. 0l (oy. 1) Zo(y) dy

s /B [w4((1+y—A)2)—w4(Y)]1/’[k’¢](Moy,I)Zo(y) dy

1 Y 3
wlaran ) = (e oo 0zrar = 3

Jj=1
The first term,

g1() =5 /B w* )V (oy. D10, 01 Zo() dy.

is an explicit smooth function, globally defined in (9, o0), which satisfies the bound

el < c(s fB w0y 1 Zo() dy) (5-13)

for some constant ¢ > 0, as direct consequence of (4-7). Let us analyze the term gs. We see that
g5 = g5[A, ¢](¢). Let us first assume that A and ¢ are fixed. From (4-7), we get

1g5(0)] < cq1(A) / Wt )W A B0y, D Zo()| dy < et~ g1 (A) / 0 +'y|'y|5)

Using again (4-7) and the assumptions on A and on ¢, we get [g5]o,o,[r,14+1] < C/Lg t~1, from which we
conclude that ||g5||, < ¢, for some constant ¢ > 0. Let us now fix ¢ and take A, A, satisfying (2-11).
We write

gs[A1, dl—gs[A2, @]

! I
:5[(1+A1)4_(1+A2)4MM w4(m)wp\1,¢](ﬂo%Z)Zo(y)dy

1 4 Y 4 Y
[ [ () () [ dlor.n o

1 y
+5|:m—1] /BzR w4(m)[1ﬂ[kl,¢]—wuz,¢]](M0y’l)zo(y) dy = ey +ex+es.
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Thanks to (2-11), and arguing as before, we see that
ler ()| = CIAl(l)—Az(t)I/B [w* ()Y [r1, ¢l (roy. 1) Zo(y)| dy
2R

o
<auno®H ([ 5000 ds) 141 — il
t

3 _ 3 _
< [wo(t0)] o)t A1 = Az2llg < crppo(®) 2t A1 = Az,
where ¢ is a positive number, which can be chosen arbitrarily small, in particular ¢; < 1, provided ¢y is
chosen large enough. Similarly one can show that, thanks to (2-11),
3 _
le1]o.0.fr.04+1] < c1pro() 217 A1 = Az g
We thus can conclude that there exists a positive small number ¢; < 1 so that
llerlly <cillAr—Az|y.

A similar argument allow us to say that also [z ||, <c1]|[A1—A2||y. We next analyze e3. From (4-22) we get

01 =237 ([ 0tV ) 1= v iz

3
<cipgt A=Az,

and also .
[e3)0,0,[1,0+1] = clugz‘l [A1—Az]ly

for some constant ¢1 € (0, 1). We can conclude that
lgs[A1. @] — gs[A2. ]Il < c1llA1 — A2 |ly.

The same estimate can be obtained for g4, arguing in a similar way.
Let us now consider g,. This term does not depend on ¢; namely g2[A, ¢](¢) = g2[A](t). From

3 - [yl 3 -
20 < e ( [t 2 il = endr 1A,

3
(820020411 < crtgt 1Al

Proposition 4.3, we get

and similarly

Furthermore, if ¢y is large enough, there exists ¢; € (0, 1) so that

|g2[A1](2) — g2[A2](?)] 55/ w* W)Y A1, 0] — ¥ [A2, 0] (oy. )| Zo dy

R3
3 3
< Ctg ' gt 2 = Aall < crpegt 22— Azlly

and also ,
[g1[A2] — g2[A2llo .o fr.e+1] < c1igt 2l A1 — Azlly

thanks to the results of Proposition 4.3. Arguing in the same way, one gets similar estimates for gs.
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Collecting all the above arguments, we conclude that Ma%iz [A, #](¢) can be written as in (5-12), with
g and G satisfying (5-4), (5-5) and (5-6).
Next we claim that 1
o ij[A.91(0) = GA.¢l(). j=3.4, (5-14)

and G satisfies (5-4), (5-5) and (5-6). We start with j = 3. First, we see that i3 does not depend on A,
and it is linear in ¢. Since we are assuming that ¢ satisfies (4-1), we have

(Sl

3 3
i3] < (opoR* g 1 Hgllva < cpig )1 I llv.a.

_1 3
[/’L() 2i3(t)]0,0',[t,t+1] =< c:u(% (t)t_l ”¢||v,a

for some constant ¢ > 0. Let us now take ¢, and ¢, and we get that, if po (to)uf)(to)Rz_“ is small

ko

enough,

o2 i31] — alpaD) ()] < 11 " b1 = B2llve

o a1] — i3 l8aD) Olo.oras1) < 11 O 61 = d2 o

for some ¢ € (0, 1). Estimate (5-14) for j = 4 can be proved in a very similar way. We leave the details
to the interested reader. Combining (5-7), (5-12) and (5-14), we complete the proof of (5-2). O

6. Solving a nonlocal linear problem

Let ¢¢ be the function introduced in (2-53). Later in our argument we will need to solve in A, a nonlocal
equation of the form
for a certain right-hand side . We see from (5-3) that ¢ (0, ¢), defined as

vl

2
t a S) e 4u—s)

$0(0,7) = / / ( 3 Liy|<mydy ds,
to—1JR3 (4 (t —s))2 1+ 1V

defines a nonlocal nonlinear operator in A. For convenience we recall that

a(tyg) fort <ty,
a(t) fort >tg,

() =315 oy a0 = | A= [ s

We write
$0(0,7) = T[A](2) + T[A](2), (6-2)
where T is 5
! a(s) oW
TAl() = / / 3 1{|y|<M} dzds. (6-3)
to-1 JR® (4m(t —s))2 VI

We shall see that 7 is a small perturbation of 7, in a sense we will make precise later. In this section, we

start with the analysis of problem
T[Al(t) = h(t), t> 1. (6-4)
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Straightforward computations give

w3 a(s)

o =-2 [ =

(1—e" = A>)a’s (6-5)

Indeed, letting z = y/(2+/t — 5), one gets
a(s) e |22
1(t) = dzds
() ~/t0 1/[&3 2t —s {|Z|<«/t s}

a)3 a(s) _p2 w3 [T als) / = _2
e 1 dods = — e P 2pd
/to 1/ Ji—s PRo<f1 9P 4 Ji—1 Vi—s Jo pap

t 2
__» o(s) (1— e~ =) ds. (6-6)
4 to—1 t—s

Introduce the function 8 = B(¢) as

Bt) = % /tooo_t(s) ds. (6-7)
If B = B(¢) solves
40 . LN )
/ro—l m(l—e =) ds = h(t), (6-8)
then the function A(¢) = |, too A(s) ds, defined as
o _ _% 1( ) % - cT)3 1
BAW) = g (0B(r) + L0 / B wpo) ds, &= "23%, (6-9)

solves (6-4).

The next lemma constructs a solution to (6-8). If we formally let M — oo in (6-8), we get that the
left-hand side of (6-8) is nothing but the —-Caputo derivative of B. This fact inspires the proof of the
following:

Lemma 6.1. Let 0 = % + o', with ' > 0 small, be the number fixed in (2-11), and h : (t9,00) - R a

smooth function satisfying
_3
tsutp wo > tlllhllo,fz,e+17 + [Aloo,fr,e+11] < C (6-10)
>t0

for some constant C. Then there exist a constant C1 and a unique smooth function B : (to — 1, 00) —> R

which solves (6-8), B € C 1 that satisfy the bound
_3
tsu}:) o tUIB llo,fr,e+11 + [B'No,0,t,0417) < M. (6-11)
=10

We recall that M? = to was first introduced in (2-53).

Observe that a direct consequence of this lemma, together with (6-9) and (2-41), is the invertibility
theory for problem (6-4) that will be used in next section to solve (5-1). This is contained in the following:
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Proposition 6.2. The function T : Xy — X, defined in (6-3) is a linear, nonlocal, homeomorphism such
that
1T~ W)y < CM ™ hlly  for any h € X, (6-12)

for some fixed positive constant C. We refer to (2-11) and to (2-12) for the definition of the || - ||y-norm
and of the set Xy, and to (2-43) and (2-42) for the definition of the norm || - ||, and of the space Xj.

We devote the rest of the section to the following:

Proof of Lemma 6.1. We start performing a change of variables, to transform problem (6-8) into an
equivalent one with simpler form: Let

s=to—1+M?a, t=t9—1+M?b, B(a)=p(s), h(b)=h().

After this change of variables, problem (6-8) takes the form

b ar
/ PO (1 55y da = Mi(h). (6-13)
0 vb—a
Let .
l—e V7
Kin=——
() NG

and take the Laplace transform of both sides in (6-13), thus getting
LPBYELEK)E) = ML) E).
Since L(B') = §L(B)(§) — B(0). we get

B L(h)()
LPB)E) = e Mm. (6-14)

Observe now that

o0 l—e 2 [, _ &
c(K)(s)=/0 e—f"( - )dn=ﬁ/0 P (1= ) dp.

We readily get that

L(K)(E) = %(2 [Ooo e P’ dp)(l to(l)) asf— 0. (6-15)

To describe the behavior of £(K)(§), for £ — 0, we first notice that

1

1
£ 1—e n —e n
()= [
e n= n+ 0(V?).
/ 7 5
On the other hand,

ﬁmé_sn(%)d":ﬁwﬁ"(l ) n+[ —dn—O(f)

& 5
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Thus we conclude that

1

l_jﬁ_" dn+ O(/§) as&—0. (6-16)

@ = [

From (6-15) and (6-16), we conclude that

1 _{61/§+02/\/§+0(1) if § —0,
ELK)E)  les/VE1+0(1) if § — oo,
Let now G = G(t) be so that L(G)(§) = 1/(EL(K)(§)). Standard arguments on Laplace transformation
imply that
C1+ G/t +0(1/t) ift — oo,

¢3/~t(1 +0(1)) ift >0

for certain constants ¢1, ¢ and ¢3. From (6-14), taking the anti-Laplace transform of both sides, we get

G(t) = {

b
B(b) = B(0) + M/ h(a)G(b—a)da
0
00 o) b
= B(0)+ M¢é, / h(a)da + M &, f h(a)da+ M f h(a)[G(b—a)—¢1]da.
0 b 0
We select the solution to problem (6-13) so that
B(0) + Mé, /oo h(a)da = 0.
0

In the original variables, we thus obtain an explicit solution to (6-8):

= 00 t _
ﬂ(l)z%[t h(s)ds+$[t_lh(s)[G(tM—2s)—51] ds. (6-17)

0

=B1(2) =B>(1)
Let us now check (6-11). Since (6-10) holds, we easily get
_3

sup po 2B S ML

t>1o
To control the second term in (6-17), we change variable t = M 2f, s = M?5, so that

t
Bo(t) = Mﬁ _ h(M?$)[G(7 —5) —&1] ds.
Mz

Since t9 = M? and since (6-10) holds, we get

-3
L owg® o 13 13
B01% 57 [ BERI6G -9 -ed5 5 i D < M)
o

from which we get the validity of (6-11).
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_3
The assumption that ji, >¢[h]o ¢.[z,¢+1] is bounded guarantees that the function B defined in (6-17) is
differentiable. Indeed, trivially one has B (t) = —(¢1/M)h(t). Let us write f5 in the following way:

t _ —
Balt) = %/to (h(s)—h(t))[G(tM—zs) —cl] ds + % : [G( Mj) —51] ds.

Thus we have

o0 o)l s [ (5o
h(f) [ (l—s) 5] h(t)/[ (Z_S)—El]ds

*hzf?i(f o((52) <)o)
/mu)hmm( S)*+%?Z(/P%%£)—4PO-

Both the last two 1ntegrals are well-defined, as consequence of the behavior of G(n), as n — 0, and the
assumption that Z[h]o o.[t,¢+1] 1s bounded. Since G(n) ~n~ 2 as n — 0, direct computations give the
bounds in (6-11) for B/(z). O

7. Choice of A: partII
This section is devoted to solving (5-1) in A for fixed ¢ satisfying (4-1). We have the validity of the
following:

Proposition 7.1. For any ¢ satisfying (4-1), there exists L > 0 and a unique solution A = A[@] to (5-1),
with

Ay < LMY, (7-1)
where M = /1y, provided the initial time to in problem (2-1) is chosen large enough. Furthermore, there
exists a constant ¢ € (0, 1) such that, for any ¢1, ¢2 satisfying (4-1), we have

[Alp1] — Ald2]llg < clip1 —P2llv.a- (7-2)
Proof of Proposition 7.1.. Lemma 5.1 states that solving (5-1) is equivalent to solving (5-2). We write
(5-2) as
TA@) + TIAI(1) = (1 + popob (1) + 1 (M)~ g (@) + G[A. $1(1)]. (7-3)
where T and 7 are defined in (6-2) and (6-3), while b, g and G satisfy the bounds in (5-4), (5-5) and (5-6).
Here g1 = ¢1(s) denotes a smooth function such that ¢ (0) = 0 and ¢} (0) # 0. We observe first that
(14 popob (1) + g1 (M) ' [g() + G 1. ¢l(1)] = g1 (1) + G1[A. 9] (1)

for some new functions g1 and G that also satisfy (5-4), (5-5), and (5-6).
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Thanks to the result of Proposition 6.2, solving (7-3) in A reduces to solving the fixed-point problem
M) = FQ)@),  FA):=T (g1 +Gi[X, ] - T[A), (7-4)

where T~ is the operator introduced in Proposition 6.2.
Step 1: First we show that, for any fixed ¢ satisfying (4-1), there exists a unique fixed point A = A[¢] of
contraction type for F in the set
B={AeXy:|Alg<LM"}
for some L > 0 large.

In order to prove this fact, we claim that, if the initial time 7¢ in problem (2-1) is large enough, there

are positive constants ¢y, ¢z € (0, 1) so that, for any A € B,
ITMIs <&M ALy with&aiC <1, (7-5)
1701 = TRalll < E2lA1 = Azlly. with CM ™} (e +&2) <1, (7-6)
forany A, A, € B. The constant C is the constant appearing in (6-12), while ¢ is the one appearing in (5-5).
Assume for the moment the validity of (7-5) and (7-6). For any A € B, we have
IFM)ly < CM g1 + GiA.¢]— TALls
<M (g1l + 1G1 [, 1l + T
<CM'Qc+éLy<LM™t,
provided L > (2¢C)/(1 —¢1C), where C is the constant in (6-12), ¢ is the constant in (5-4), and ¢ is
the constant in (7-5), which satisfies c;C < 1.
Let us take now A1, A2 € B. We have
IF() = FO)llg = 1T (G1[A1. 6] — Gi[Aa. ¢]) — T~ (T [M] = TA2D) Iy
< CM (|G (1. ¢] = GilA2. @1l + I T [A1] = T [A2] 1)
<CM ' (c1 + )2 —Aally < ellAr — Azl
for some ¢ < 1, thanks to the choice of ¢; in (7-6).

A direct application of the Banach fixed-point theorem gives the existence and uniqueness of a solution A
to (5-1), satisfying (7-1). We complete the first part of the proof of the proposition with the proofs of
(7-5) and (7-6).

Proof of (7-5). Let A € B. From (6-2) and (6-3), we get

‘ 2

|
a(s) I ,LL(S)
TIN@) = Lijy<andzd
o= /m 1/Rs (4n(t—s))2 I als) + [y] PI=M =

a(s)p(s) I s

P dpds
to—1 ~t—s Jo n+p
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M
JE—s _p2
e
0

M| [ a(s)pu(s) ‘
R
/t s

ool s A [ S

for some explicit constant c¢. Since

<c——

dp‘ <
p+p Vi

for any ¢ large, we observe that

(7-7)

for some fixed constant A. We claim that

/t:—l %ds =a()u(t)t —to+ 1T1(2), t > to, (7-8)

for some smooth and uniformly bounded function T1(¢). Indeed, we write, for B4 (s) = @(s)u(s),

L Buls) ﬂ*(s) ﬂ*(t) — it 1 ]
/to_lmd _/0 ds+2B«(t)Vt—to+1=i+2B8«t)Vt—to+1. (7-9)

Using the change of variables x = /t — s,

VITOFL [Bu (1) — Bu(t — x2)]
B (1)

dx.

Jt—to+1
i = —2/

[Ba(1) — Balt —x2)] dx = —28(0) /0

We now observe that the function x — [Bx(¢t) — Bx(t — x?)]/Bx«(t) is uniformly bounded in x €

[0, /Tt —to + 1], since

[Bult) = Bslt —xD)] _ (1—(1—x2/0)"L(1=x2/1)"37"1  fory #2,
Bx(1) T 1= (1=x2/6)73[1 +log(1 —x2/0)] fory =2,

where y =1ify >2,and y =y — 1 if 1 <y < 2. With this in mind, we conclude that

i =Bx(t)vt—1to+ 1T1(2) (7-10)

for some smooth and bounded function IT. Inserting (7-10) into (7-9), we get (7-8).
Using (7-8) in (7-7), we conclude that

PO < Ao Mgl (1))

for some fixed constant A, independent of ¢ and of M. Thus, for ¢ large, if we choose #¢ sufficiently large,
there exists a constant ¢; € (0, 1) such that

FANO] < exM A glud ()]
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Let now consider #1 and ¢, € [t, 7 + 1]. We write

P - Tl = [ [ - O] [V o P g

1 X v
e[ E [ oy,
to—1 V2= = w+p

2 a(s) [V _p pu :
—c'/ e’ dpds = E ij.
131 P

j=1

Vi2—s Jo M+p
Observe that, for 1, t, € [t,t + 1], for ¢ large, we have

sup | (t1) — pu(22)| < Cuo(t)  sup |A(t1) — A(22)]

3
< CM ™ po(t) (g (™) (7-11)
naelta+1] =127 tbelte+1] 11— 12l 0

for some constant C. With this, we can estimate i1 and i5 as follows:

3
liiloofte+1] <CM o) (ne @)t™") for j =1,5.

Straightforward computation gives

3
lijlo.ofr+11 < CM ™ o ()% [ Allg(ueg (0)e™Y)  for j =1,2,3.
These estimates, together with the ones we obtained before, constitute the proof of (7-5).
Proof of (7-6). Let A1, A, € B. From (6-2) and (6-3),

oals) //rwfse_pz[ pi[A1] pit[A2] ]dpds_
0

flo=tilo=¢ | 7= Al +p bkl +o

Observe that
|([A1] = A2 ()] < Apo(s)|A1(s) — Az (s)]

[ee]
< Apo(s) / 21— Aal(x) dx < Ap2() A1 —Aally
N

for some constant A, whose value may change from one line to the other, and which is independent of
t and #9. A Taylor expansion gives

IT[A1() — T[22)(0)] S/t_l 5{%

for some fi between w[A1] and p[A2]. Thus we get

7=,
fo ¢ L ki 1(5) = pl2a)(0) dp s

IT[a(6) = T[R2) ()] < AM%(I)M[Mé(I)t_llllll — Aa2llg.

where A is a constant independent of 7o and ¢. Using again (7-11), we can show that

N N 3
T[] = TA2loore+1] < ApgOM [ @Ot A1 — A2 14
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where A is a constant independent of 79 and ¢. Choosing #¢ large enough, we can find ¢, small enough
so that (7-6) holds true.

Step 2: In the second part of the proof, we show the validity of (7-2). For this purpose, we fix ¢; and
¢» satisfying (4-1), and we let A; = A[¢;], j =1,2. If A = A1 — A2, then we see that A solves

A =T"YG1[A1. ¢1]— Gil[r2. ¢2))
=T (G1[A1. ¢1] = G[A1. $2]) + T (G1[A1. d2] = G A2, ¢2]).
Thus
IAllg < CM (|G 1[A, 1] — GIA1. 2]l + G 1[A1. 2] — G[A2, $2]llb)
<CM 7' (c|lp1 — P2llv.a +cllA1 — A2[ly).

where C is the constant in (6-12), M2 = t¢, ¢ are the constants defined respectively in (5-5) and (5-6).
We now observe that the proof of Lemma 5.1 also gives that the constants ¢ in (5-5) and (5-6) can be
such that CM ~1¢ < 1. Thus the proof of (7-2) readily follows. O

Remark 7.2. Recall that the function ¥ = W[y], the solution to problem (3-6), depends smoothly
on the initial condition g, provided ¢ belongs to a small neighborhood of 0 in the Banach space
L*°(L2) equipped with the norm defined in (4-21), as observed in Remark 4.2. This fact implies that also
A = A[Wo], the solution to (5-1), depends on ¥o. A closer look at the definitions of A = A[yo] gives that

ISP = Al < 1P P = v ooy + 122 TVEEY = VSV Loo )

This fact will be useful in the final argument of finding ¢, the solution to (3-13).

8. Final argument: solving (3-8)

We are constructing a global unbounded solution to problem (2-1)—(2-2) of the form (3-1)
u=U[A](r,1) + .

The function U, is defined in (2-57), while qS is given in (3-2). The function ¥ which enters in the
definition of ¢ solves the outer problem (3-6), and its properties are contained in Propositions 4.1 and 4.3.
The parameter A = A(7) belongs to the space Xy, (2-12), and has been chosen to solve (5-1). The
properties of this A = A(¢) are collected in Proposition 7.1. What is left is to solve the inner problem
(3-8) in ¢. Thanks to the choice of A = A(¢), the orthogonality condition (3-19) is satisfied, so that we
can use the result of Proposition 3.1 to solve problem (3-8) in ¢.

In other words, we want to find ¢, with its ||¢||, 4-bounded, solution to problem (3-8). The function
Y = W[A[@], @] solves (3-6), while A = A[¢] solves (5-1).

At this point, we fix a in the definition of | - ||, 4 to be equal to 1. Proposition 3.1 defines a linear
operator ¢ = T (h), where ¢ is the solution to (3-16) so that

pllv,1 < CoR*]lv,3
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for some fixed constant Cy. We refer to (3-17) for || h||y,244 and to (3-18) for ||@||v,q4, for a = 1. Thus
we can say that ¢ solves (3-11)—(3-13) if and only if ¢ is a fixed point for the problem

¢ =T(H|[p]). where H[p]=H(y[¢].A[¢].4). (8-1)

and H is defined in (3-12). Choose the number R in the cut-off functjon n g, defined in (2-59) and appearing
in the ansatz (3-2), to be sufficiently large in terms of g, say R® pLg (to) = 1. We claim that there exists a
unique ¢ solution to (8-1) in the set

Bi={¢:l¢lv,1 = L1}
for some L > 0, fixed.
From (2-59) and (4-7), we see that

3 1
3 yopgt! ‘ Mo 4( y ) ‘ po@!
2 ¢ )| <l , w )| = .
o220y DI o T Pagap? \aaa )V oD = a0 p
Furthermore,
- -
Mol Mot
B )| < CR? il RES— 3 N <CA@F)—2——.

In fact, one can prove that
IH[$]llv,24a <C1R™*

for some fixed number C;, independent from ¢ and of #y. This implies that, if ¢ € By, then 7 (¢) € By,
provided L is chosen large. Furthermore, combining (2-61), the result of Proposition 4.3, and the result
of Proposition 7.1, we get the existence of a number ¢ € (0, 1) so that

7 11] _T[¢2]||v,a <cl¢1 _¢2||v,a

for any ¢; and ¢, € B;. We apply Banach fixed-point theorem to get the existence of a unique solution
to (8-1) with || - ||, 4,-bounded.

This concludes the proof of the existence of the solution to problem (2-1)—(2-2), or equivalently
problem (1-3)—(1-4), as predicted by Theorem 1.1. O

9. Basic linear theory for the inner problem

Let R > 0O be a fixed large number. This section is devoted to constructing a solution to the initial value
problem

¢ = Ap +5w*p +h(y, 1) in Brg x (19,.00), ¢(y,70) =e0Z(y) in Bag, 9-1)

for any given function & with ||||,,244 < +00, not necessarily radial in the y-variable. We refer to (3-17)
for the explicit definition of the | - ||,,24+4 norm. The corresponding problem in dimension n > 5 has
already been treated in [Cortazar et al. 2016, Section 7]. We follow the same strategy in the procedure to
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construct the solution to (9-1), but in dimension 3 we get a decay estimate for the solution different from
the one valid for dimensions n > 5.

We recall that the operator Lo(¢) = A¢ + 5w*¢ has a 4-dimensional kernel generated by the bounded
functions Zy defined in (2-7) and also by

9
Zi(y) = % i=1.2.3. (9-2)
1

In the class of radially symmetric functions, the only element in the kernel of L is Zo. To describe our
construction, we consider an orthonormal basis ¥, m = 0,1, ..., in L2(S 2) of spherical harmonics,
namely eigenfunctions of the problem

sothat 0 = Ag <Ay =+ =43 =2 < A4 <---. Let h(-,7) € L?(BaR) for any 1 € [r9,00). We
decompose it into the form

o0
h(y,r)=2hj(r,r)z9j(%), r=1yl, hj, r)=/S2h(r9,t)z9j(0)d9.
j=0
In addition, we write & = h° + h! + hl, where

3 [oe)
WO =ho(r.t). h'=> hi(r.0)9,. ht=> hj(r.0)9;.
j=4

Jj=1

Observe that 1! = h+ = 0 if A is radially symmetric in the y-variable. Consider also the analogous
decomposition for ¢ into ¢ = ¢® + ¢! + ¢. We build the solution ¢ of problem (9-1) by doing so
separately for the pairs (¢°, 1°), (¢!, h') and (¢, h1).

Our main result in this section is the following proposition.

Proposition 9.1. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any h = h(y, t) with ||h||y,244 < +00 that satisfies forall j =0,1,...,3

h(y,©)Z;j(y)dy =0 forall t € (19, 00), (9-3)

Bsr

there exist ¢ = ¢[h] and ey = eg[h] which solve problem (9-1). They define linear operators of h that
satisfy the estimates

|¢(y,r)|sr‘“[ R 00 asa + R4_a4||h1||v,2+a+”h”“—’2+j], 9-4)
1+1yl 1+1yl 1+1yl

Ré=a Ré-a Il
\V/ , < 77V A hl _v.eTa | 9.5
900: 01 5 7| ol lzee + sl s + 52 ] 09

and
leolh]] < IAllv,2+a- (9-6)
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Proposition 3.1 is a direct consequence of Proposition 9.1. Indeed, if / is radially symmetric in the
y-variable, (9-3) is automatically satisfied for j = 1,...,3, and h = h°.
The result contained in Proposition 9.1 follows from the next proposition, which refers to the problem

¢r = Ap +5w(y)*¢ +h(y, 1) —c(t)Z in Bag X (70, 00), ¢(y.10) =0 inBrr. (97

Proposition 9.2. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any h with ||h|y 244 < +00 and satisfying the orthogonality conditions (3-19), there exist ¢ = ¢|[h]
and ¢ = c[h] which solve problem (9-7), and define linear operators of h. The function ¢[h] satisfies
estimate (9-4), (9-5) and for some I" > 0

c(r)— hZ

Bar

5 _[—U |:R2—a

h— Z/ hZ +e—FR||h||V,2+a]. (9-8)
Brr

Assuming the validity of Proposition 9.2, we proceed with:

v,2+a

Proof of Proposition 9.1. Let ¢ be the solution of problem (9-7) predicted by Proposition 9.2. Let us
write

¢(y. 1) =d1(y. 1) +e(r)Z(y) (9-9)
for some e € C !([rg, 00)). We find
0:¢ = Ap + 5w g + h(y, 1) + [¢/(x) — hoe(r) = (D] Z(p).
We choose ¢(t) to be the unique bounded solution of the equation
¢'(t) —Aoe(r) =c(v), 1€ (10,00),

which is explicitly given by
o0
e(r)= / exp(v/ Ao(t —5))c(s) ds.
T

The function e depends linearly on 4. Besides, we clearly have from (9-8), |e(7)| < || ]lv,2+4, and

thus, from the fact that ¢ satisfies estimates (9-4), (9-5), so does ¢ given by (9-9). Thus ¢ satisfies

problem (9-1) with initial condition ¢(y, t9) = e(79) Z(y). O
The rest of the section is devoted to the following:

Proof of Proposition 9.2. The proof is divided in two steps. In the first step, we construct a solution to

(9-7) which has value zero on the boundary dB;g, at any time 7, for a right-hand side / not necessarily

satisfying the orthogonality conditions (9-3). In the second step, we make use of this construction to
solve (9-7), for a right-hand side satisfying (9-3), and to obtain estimates (9-4), (9-5) and (9-6).

Step 1: We claim that for all sufficiently large R > 0 and any H with ||H ||, < +o0o there exist
¢ = ¢(y, 7) and ¢ = c(t) which solve problem
$r = Ad + 5w + H(y, 1) —c()Z(y) in Bag x (0. 00).

. (9-10)
¢ =0 on dByg x (19, 00), ¢(-,70) =0 in Byp.
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The functions ¢ and ¢ are linear operators of / and satisfy the estimates

R |Hva R | H"va 5 Hlv.a
<1+|y|>|w><y,r)|+|¢(y,r>|sr—“[ ’ ’ ’ } ©O-11)
14|yl 14 [y|? 14|yl
and for some " > 0
c(t)— HZ sf—”[Rz H—Z/ HZ +e—FR||H||m]. (9-12)
Bor Bar v,a

We construct the solution ¢ mode by mode, considering first mode 0, then modes 1, 2, 3 and finally
modes greater or equal to 4. For each mode, we get the corresponding estimates.

Construction at mode 0. Consider problem (9-10) for a right-hand side H = Hg(r, t) radially symmetric.
Let n(s) be the smooth cut-off function in (1-9), and consider ny(y) = n(|y| — £) for a large but fixed
number £ independent of R. By standard parabolic theory, there exists a unique solution ¢«[hg] to

¢r = Ap +5w(r)* (1 =1 + Ho(y.7) in Bag X (10, 00),
¢ =0 on dByg x (10, 00), ¢(-,70) =0 1in Bjp,

(9-13)

where
HOZH()—C()(‘L')Z, CO(‘C):/I; Ho(y,r)Z(y)dy.
2R

The function ¢« [h0] is radial and satisfies the bound
p«[Hol| ST "R*™|H|lva-

This can be proven with the use of a special supersolution arguing as in Lemma 7.3 in [Cortézar et al.
2016]. Setting ¢ = ¢«[H o] + ¢ and c(v) = co(v) + &(7), problem (9-10) gets reduced to

<;~Sr = A(]; + 5w(r)4<,2~5 + H~0(r, 1) —¢(1)Z in Bag X (19, 00),

. (9-14)
¢ =0 ondByR X (19,0), ¢(-,79) =0 1in Byp.

where Hy =5 w*nep«[Ho). Observe that H, is radial, compactly supported and with size controlled by
that of H . In particular we have that for any m > 0

—p —

[sup ”[|gp«[Hol(-. 7)o ] S ’

14+rm >10 14rm

T

|Ho(r,7)| < R*||H|yq. (9-15)

We shall next solve problem (9-14) under the additional orthogonality constraint

$(-,1)Z =0 forall 7 € (19, 00). (9-16)

Bor

Problem (9-14)—(9-16) is equivalent to solving just (9-14) for ¢ given by the explicit linear functional
¢ := ¢[¢, Ho) determined by the relation

c(1) 7% = Ho(-.7)Z +/ 3¢(-.1)Z. (9-17)
Bsr Bar 0B R
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If the function ¢ = ¢(t) defined by (9-17) were independent of ¢, standard linear parabolic theory
would give the existence of a unique solution. On the other hand, a close look at (9-17) shows that the
dependence of ¢ = ¢(t) on ¢ is small in an L*°-C I+, 15 setting, since Z(R) = O(e T'R) for some
I' > 0. A contraction argument applies to yield existence of a unique solution to (9-14)—(9-16) defined
at all times. To get the estimates, we assume smoothness of the data so that integrations by parts and
differentiations can be carried over, and then argue by approximations. Testing (9-14)—(9-16) against ¢
and integrating in space, we obtain the relation

[ Fr0@h= [ eb e=fo-c0)2s,
BzR B2R
where Q is the quadratic form defined by

0(4.9):= / (V6P — 5wgP] 0-18)

Since dimension is 3, there exists $ > 0 such that, for any ¢ with [ ¢Z = 0, the following inequality
holds:

p
0.4z 45 [ 4

The proof of this inequality is a slight modification of the proof for the corresponding inequality in
dimensions n > 5 that can be found in [Cortdzar et al. 2016, Lemma 7.2], considering that f Br Zg =0(R)
as R — oo, when dimension is 3. Thus we have, for some g’ > 0,

/
0| $P+5 [ <R / g (9-19)
Bogr R Bor Bsr

We observe that from (9-17) and (9-15) for m = 0 we get

é(l<t7"K, K:= [rSBP g [Hol(-. 7) | Loe] +€_FR[rS;1§ IV [Hol(- . 7) I Loe].

Besides, using again estimate (9-15) for a sufficiently large m, we get

/ g2 5 _E—2v KZ.
Bsr

Using that é(- . 10) = 0 and Gronwall’s inequality, we readily get from (9-19) the L2-estimate
(- D2y ST "RK (9-20)

for all T > 9. Now, using standard parabolic estimates in the equation satisfied by ¢ we obtain then that
on any large fixed radius £ > 0,

1¢(-. O llLooByy) ST "R?*K  forall T > 1p.

Since the right-hand side has a fast decay at infinity and taking into account that we are in dimension 3,
outside B, we can dominate the solution by a barrier of the order 7—”|y|~!. As a conclusion, also using
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local parabolic estimates for the gradient, we find that
2

[ sup (g« [Hol(-, 7) L] (9-21)

(D10 Ol + 1B 0l S 7 s

It clearly follows from this estimate and inequality (9-15) that the function

polhol := ¢ + ¢« [H o] (9-22)

solves problem (9-10) for H = Hj and satisfies

4—a

_, R
(I+[yDIVygo(y. D)+ |po(y. T)[ S T D

1 H [|v.a-
Finally, from (9-17) we see that
cw=[ Hz+ [ sutngdHoZ+ 0T H] v
Brr Brr
From here we find the validity of the estimate

Ho—-Z HoZ

Bor

c(r) — HOZ‘ <tV [RZ

Bor

+e—FR||Ho||v,a].

v,a
Hence estimates (9-11) and (9-12) hold. The construction of the solution at mode 0 is concluded.

Construction at modes 1 to 3. Here we consider the case H = H', where H'(y, 1) = ij:l Hj(r, 1)v;.
The function

' [H'] Z@ (r, T)9; (9-23)
j=1

solves the initial-boundary value problem

¢c = Ap +5w*¢ + H'(y,7) in Bag x (19, 00),

(9-24)
¢ =0 ondByg x (19,00), ¢(-,70) =0 in Bop,
if the function ¢; (r, T) solves
dcp; = Lil¢pj]1+ Hj(r,7) in (0,2R) x (19, 00), ©.25)
0-¢;(0,7) =0=¢;(R,7r) forall t € (19, 00), ¢j(r,79) =0 forallr € (0, R),
where
L1lgj] = 0rrp; +2 ’¢J —2¢J + 5w, . (9-26)

Let us consider the solution of the stationary problem Li[¢]+ (1 4+r)~% =0 given by the variation of
parameters formula

2R
qg(r):Z(r)/ / (1+5)"9Z(s)s? ds,

ZZ( )2

where Z(r) = w,(r). Since w, (1) ~ r =2 for large r, we find the estimate |¢(r)| < (R*~%)/(1+r?). Then,
provided that 7o was chosen sufficiently large, the function 2| H; ||, o7~ (r) is a positive supersolution
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of problem (9-25) and thus we find |¢; (r, 7)| < TV ((R*™%)/(1 +r?))||H,}||v,o- Hence ¢ [H ] given by
(9-23) satisfies
4—a

' H (. Dl <

A corresponding estimate for the gradient follows.
Construction at higher modes. We consider now the case of higher modes,
b = Ap + 5w + HL in Bygx (10, 0),
¢ =0 ondByR % (19,00), ¢(-,70) =0 in Byp,

where H = H+ = Z}’i4 H;(r)®; whose solution has the form ot = Z}";4 ¢j(r,7)®;. Given the
quadratic form in (9-18), for ¢+ € H{} (B2Rr),

(9-27)

/ 77 < ot ¢h) (9-28)
Bag r2 ’ '

The proof of this fact is elementary. The interested reader can find it in [Cortdzar et al. 2016]. Let ¢ [H 1]
be the solution to

¢r = Ad +50(r)* (1 —np)¢ + H(y,7) in Bag x (19, 00),
¢ =0 on dByg x (19,00), ¢(-,0) =0 in Byp,

where H- = H+ —¢1Z, and ¢t = fBzR H*+Z. By writing ¢ = ¢«[H"] + ¢, problem (9-27) reduces
to solving

b = AP +5w(»)*é + H in Bag x (70, 0),

. . (9-29)
¢ =0 ondByg X (19,0), ¢(-,79) =0 in Byp,
where H = 5w (y)*ne¢«[H] for a sufficiently large £. Arguing as in (9-19) we now get
2 |¢~’|2 < 211712
dz ¢~ +c T < IYI[H|" (9-30)
Brr Bar 1V Brr
Similarly to (9-20) we get
Y17 ¢ Dlle2 (o) S T RN H lv.a- (9-31)

From elliptic estimates we then get
16 OllzooBap) ST RUNHS v, forall T > 1o,
so that with the aid of a barrier we obtain
¢ DI S TR H b a1+ yD 7

It follows that the function
¢ [HY] = ¢+ puH'] (9-32)
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satisfies
g [HH . Ol S R+ 1y + A+ y) ™I H lve  in Bar.

Similar estimates for the gradient follow.
Conclusion. Let
lh) = ¢ 11+ ¢! ('] + ¢ (]
for the functions defined in (9-22), (9-23), (9-32). By construction, ¢[/] solves (9-10). It defines a linear
operator of /1 and satisfies (9-11). The proof of Step 1 is concluded.

Step 2: To complete the proof of Proposition 9.2, we decompose the right-hand side /4 in (9-7) in modes,
h = h° + h' + bt as before, and define separately associated solutions of (9-7) in a decomposition

$=¢°+¢' +o~
Construction at mode 0. For a bounded radial &7 = h(|y|) defined in Byg with [, Box hZy =0, let h
designate the extension of / as zero outside B,gr. The equation

AH +50*(y)H +h(ly) =0 inR3 H(y)—0 as]|y|— oo,

has a solution H =: LO_1 [h] represented by the variation of parameters formula
H(r)=Z(r) / h(s)Zo(s)s% ds + Zo(r) / h(s)Z(s)s? ds, (9-33)
r r

where Z (r) is a suitable second radial solution of LO[Z ] = 0, linearly independent with Z¢. The mode-0
function ho = ho(|y|. 7) is defined in By and satisfies ||hg|v,2+4 < +00 and fBZR hoZy =0 for all .
Then Ho := Ly [ho(-,7)] satisfies the estimate

.L,_l)

o0l £

hollv,2+a-

Let ®g[ho] be the radial solution in B3y to

®r = AD + 5w*(»)® + Ho(|y|. 1) —co(r)Z in B3g x (10, 00),
® =0 on dB3r x (19, 00), ®(-,79) =0 1in B3gr

(9-34)

that we discussed in Step 1. The solution ®g[h¢] defines a linear operator of /o and satisfies the estimates

T~V R4—a
|®o(y. 0)| £ ———< I Hollv,a: (9-35)
I+ 1y e
where for some I" > 0
am- [ 7| r—V[RZ Ho-7 [ Hoz +e—FR||Ho||v,a]. 9-36)
Bor Brr v,a
Since Lo[Z] = Ao Z,
ho [ Hoz= [ HoLolzl= [ Lolttlz+ [ (z0,Ho - Hd,2).
Bogr Bogr Bopr dB>Rr
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and hence
HoZ = Ay hoZ + 0(e "Rt holv.2+a-

Bor Bsr

Also, from the definition of the operator Ly! we see that Z = ALy '[Z]. Thus

HHO—Z HoZ

Bsr

Ly! [ho —XoZ HOZ]

v,a B> v,a

ho—Z hoZ

Bar

+e R holly244a-

S ‘
v,2+a

Next, we discuss estimates on the first and second derivatives of ®¢. Let us fix now a vector e with
le| = 1, a large number p > 0 with p <2R and a number t; > 79. Consider the change of variables

®p(z.1) :=Do(pe+pz. 11 +p°1),  Hy(z,1):=p*[Ho(pe + pz, 11+ p°1) —co(t1 + p°1) Z(pe + pz)].
Then ®,(z, t) satisfies an equation of the form

where B, = O(p~2) uniformly in B2(0) x (0, 00). Standard parabolic estimates yield that for any
O<a<l1

IV2®pllLoo (B, 20)x(1,2)) £ 1 PpllLoo(B,0)x(0,2)) + | HpllLoo (B, (0)x(0,2))-

Moreover
I HpllLoo (B, 0)x(0,2)) S P> 71 "I Hollv.a: 1 ®pllLeo(B10)x(0,2)) S 71 ' K(p).
where
R2—a 210
K(p) = R7|\A7 v, 244 (9-37)
1+p

This yields in particular that
pIVy @(pe. 11 + p*)| = [V$(0,1)| S 77 " K(p).
Hence if we choose 79 > R2 we get that for any 7 > 219 and |y| < 3R
(L+1yDIVy@(y. D S T "K(|yD. (9-38)

We obtain that these bounds are as well valid for T < 27p by the use of similar parabolic estimates up to
the initial time (with condition 0).

Now, we observe that the function Hy is of class C ! in the variable y and ||Vy Hollv,14a < |A°[lv,2+4-
It follows that we have the estimate

(1+1yP)ID;e(y. )| ST K(|y))

for all T > 79, |y| < 2R, where K is the function in (9-37). The proof follows simply by differentiating
the equation satisfied by ®, rescaling in the same way we did to get the gradient estimate, and applying
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the bound already proven for V,,®. Thus we have in B g

B R4—a
A+ 1yPID*@( D) + 1+ Y DIVE D+ 190 DI S 7 I 2a e
This yields in particular
4—a
Lo[@)(- D S T V10l 2va s in Bag.
) ~ v, a 1 + |y|3
We define
¢°[ho] := Lo[®]|5, .-
Then ¢°[ho] solves problem (9-7) with
¢(7) 1= Aoco(7), (9-39)
$°[ho] satisfies the estimate
4—a
16°Th0] (v, O S T lhollv.2+ar———5 in Bar, (9-40)
L+ 1yl

and from (9-36), estimate (9-8) holds too.

Construction for modes 1 to 3. We consider now hl(y, 1) = 213:1 hj(r,7)9;, with |hY ||y 244 < +00,

that satisfies, foralli =1, ..., 3, f Bog h'Z; =0forall t € (1q, 00). We will show that there is a solution
: y
Pl[h'] = Z@(r, )0, (7)
j=1

to problem (9-7) for & = h! which defines a linear operator of 4! and satisfies the estimate
4

14 |y]*

Let us fix 1 < j < 3. For a function & = h;(r)0;(y/r) defined in Byg, we let H = Lgl[h] =
H;(r)¥;(y/r) be the solution of the equation

9! (y.7)| < R™|hllv,2+a- (9-41)

AH +pUP™ ' H + 19, =0 inR",  H(y)—0 asl|y|— oo,

where h ; designates the extension of /; as zero outside B, g, represented by the variation of parameters
formula

2R
H,~<r)=wr(r)/ . 1

~lw,(p)?
If we consider a function b/ = hj(r,7)¥; defined in Bog with A7 |24-a.» < 400 and fBZR h' Z; =0 for
all 7, then H; = Lal [/ (-, 7)] satisfies the estimate | Hjllv,a < ||hj|lv,2+a- Let us consider the boundary

/00 l;j ($)w,(s)s" ' ds.
o

value problem in B3g
O = AQ+ pU(y)?~ '@+ H;(r)d;(y) in Bag x (10, 00),

(9-42)
® =0 ondB3R X (19,00), ®(-,79) =0 in B3p.
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As consequence of Step 1, we find a solution ®; [A] to this problem, which defines a linear operator of /;

and satisfies the estimates
r—v 3—a

14 [y]?

Arguing by scaling and parabolic estimates, we find as in the construction for mode 0,

1D (y,7)| < RYIAj v, 24a- (9-43)

4—a

L[®]1(-,0)| S V|h —
LIRS T hlasat

in BrR.

We define ¢;[h;] := L[q>,~]|BzR and ¢'[h'] := Zj?=1 ¢;[h;]9;. This function solves (9-7) for h = h!
and satisfies

4—a
L+ y*

Construction at higher modes. In order to deal with the higher modes, for h = h* = Z;‘; 4 hj(r)®; we

10 R, O S TRy 240, in Byg. (9-44)

let =[] be just the unique solution of the problem

¢r = AP+ pU)P ¢ +h™  in Bag x (9, 00),

(9-45)
¢ =0 on dByg x(19,00), ¢(-.70) =0 in Byp,
which is estimated as
Led 1h+1v,24a
lp=[h~](y,0)| S 77— in Byg. (9-46)
1+ [yl*

We just let
p[h] = ¢°[h°] + ¢ [n'] + ¢ (1]

be the function constructed above. According to estimates (9-40) and (9-46) we find that this function
solves problem (9-7) for c(t) given by (9-17), with bounds (9-4), (9-5), (9-8) as required. o

10. Nonradially symmetric case

In this section, we discuss the existence of solutions for problem (2-1) when the initial condition is not

radially symmetric, and we discuss the codimension-1 stability. Let vg be a positive, uniformly bounded

smooth function, not radially symmetric and define

Uo(x)
|x]*

3
vo(x) = , withx>max{y—2i_ ,y}. (10-1)

We construct a solution to the initial value problem
u; = Au+u>  in R3 x (¢, 00),
u(x, o) = uo(|x|) + vo(x),
where u is radial and satisfies the decay condition (2-2), while vg is a nonradial function of the form
(10-1).
Since the strategy of the proof is similar to the one already performed in detail for v (x) = 0, we shall

(10-2)

indicate the changes in the argument that are required when the initial condition is not radially symmetric.
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We start with a slightly different first approximation. Let p = p(t) : [to, 00) — R3 be a smooth function

so that
t

plto) =0, p(t):/ P(s)ds,

to
where P satisfies

S
1Pl := Sup polt 20THIP$) lloosfee+11 + [Ploo 1] < € (10-3)
>1o

with o the number fixed in (2-11), and £ a positive fixed number. Observe that, under these assumptions,
and the bound on « in (10-1), we have |p(¢)|/o(t) — 0 as t — oco. Define

UL, Pl(x,1) = Ua(x,t) + Us(x,1), Us(x,t):=Us(|x — p()], 1), (10-4)

Us(x,t) = (1 — n('f—')) vo(x). (10-5)

If we call £[A, P](x.t) := AU + U?> — U,, we can write

where U, is given by (2-57) and

EA, Pl(x.1) = &[Al(Ix — pl.1) = VUa(|x — p|.1) - p(t) + AU3 — 88% + (U2 +Us)’ = (02)° .

=&3
Define
_ X .
G0 = = pl.0) + (1= ne( - ) )il = pl.) = VU=l 0. (100
where ng is defined in (2-59). We have
_ 13 |x|) et ] (le)
E(x, )| <Cult™2ho| =), |E3(x,t)| <Ct™*T2ho| == ). 10-7
e ) v I e o( 2 (107
A solution to (10-2) does exist and has the form
u=U[A Pl(r,t)+¢, t>t9, (10-8)

where U is defined in (10-4), while ¢(x, 7) is given as in (3-2),
G(x,1) =Y(x,1) +¢"(x,1), where ¢ (x,1) 1= nr(x,1)p(x,1),
n 1
and ¢(x,t) := py >¢(x/ o, ). For any g € C?(R3) so that

o)) + [y VYo (»)] < tg9e b (10-9)

for some positive constants a and b, the function v is the solution to
0y = AY + VY + 2VNRVed + (A —d)nr] + NAI@) +E+&3  in R x [1o, 00),

(10-10)
w(xv ZO) = WO,
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where V is defined as in (3-5) with U instead of Us, and N(¢) = (U +¢)° — U —5U*¢. This solution
can be described as

Y(x,1) = Yr(x, 1) + Ynr(x,1), (10-11)
where ;- is a radial function in |x — p(¢)|, for any ¢, and
11 (x| g3 IXI)
x, 1) < Cuit 2@l == ). x, )| < Ct7 " 200 =2 ). 10-12
|Yr(x,1)| < Ko 900(\/;) |Ynr(x,1)] < ‘PO(ﬁ ( )

We refer to (4-2) for the definition of ¢y.
On the other hand, the function qg satisfies

0ip = A + 5wt + Swi ¥ + Exn(|x — p(1)].1) = VU (Ix — p(0)]. 1) - p(1)  in Baryo(0) X [f0. 00).

n _1
with ¢(x,%0) = 1o > (fo)eo Z(x/[to(f0)). In terms of ¢, this equation becomes

15919 = Ayg +5wd + f(y.1) in Bar(0) x [tg, 00),

(10-13)
¢ (y.t0) = eoZ(y),

where

F0u0) = g Eax(lttoy — p(O1.1) = VUa(oy — p(0)]. 1)+ (1)
g

(1+A)*

In the above expression, v is the solution to (10-10), while B and B are defined respectively in (3-9)
and (3-10). The solution ¢ exists in the class of functions with || - ||,,4,-norm bounded, see (4-1), as
consequence of Proposition 9.1, and a contraction-type argument, provided the parameter functions A and

+5

w4((1 +yA)2)w(uoy,z) + Blg] + B[],

P can be chosen so that
/ J(.1)Zj(y)dy =0 forallt>ty, j=0,1,...,n. (10-14)
Br

The system of (n+1) nonlinear, nonlocal equations in A and P is solvable for A and P satisfying (2-11)
and (10-3). Indeed, (10-14), for j = 0, can be treated as we did for (5-1) in Sections 5, 6, 7. On the other
hand, when j = 1,...,n, (10-14) are perturbations of

1

) = pgr i
for some fixed vector # € R>. Thus it can be solved for parameters p(7) = |, tto P(s) ds satisfying (10-3).
This concludes the proof of existence of a positive global solution to (10-2).

Next we discuss the codimension-1 stability. Let us observe that the construction of ¢ and eg, the
solution to (10-13), is possible for any initial condition ¥y to the outer problem (10-10). We have the
validity of Lipschitz dependence of ¢ = @[], and eg = eo[yo] in the C !-topology described in (10-9).
As a consequence of the implicit function theorem, the maps ¢[¥o] and eg[o] depend in the C !-sense
on Y in our C !-topology (10-9), thanks to the corresponding dependence for ¥, A and p.
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Let us consider the following map defined in a small neighborhood of 0 in X = C 1(Q):
F(¥0) = Yo — (eo[¥o] —eolto]) Zo
so that F[0] =0, F is differentiable, and
Dy, F(0)[h] = h—(Dyyeol0].h)Zo, heX.
We have a solution which blows-up as t — +o0 provided that
u(-,t0) =u*(-,t0) —eo[0]Zo + g. (10-15)
where u* is the solution corresponding to Yo = 0, and g = F[y¢] for any small .
The vector space of the functionals in X given by D, eo[0] has dimension 1. We write W :=
Ker(Dy,e0[0]) is a space with codimension 1. Indeed, we can find a nonzero function u such that
X =W (u).
We consider the operator in a neighborhood of 0 in X given by
Gw+ou)=au+F(w), o cR, weW

Then G is of class C'! near the origin, G(0) = 0 and Dy,G(0)[h] = h. By the local inverse theorem, G
defines a local C'! diffeomorphism onto a neighborhood of the origin. For all small g we can find smooth
functions «(g), w(g) with

a(@u+ F(w(g) =g

Thus the set M of functions F[w], w € W, can be described in a neighborhood of 0 exactly as those
g € X such that

a(g) =0.
This says precisely that M is locally a codimension-1 C !-manifold such that if g in (10-15) is selected
there, then the desired phenomenon takes place. O
Appendix A

Proof of Lemma 2.2. We denote by y(s) the solution to (2-17) with limg_, o0 52" y2(s) = 1, and by y;(s)
another solution, linearly independent from y,, defined explicitly by

2

yi(s) = cyz(S)/ (A-1)

———dz
y2(2)?z?
for some positive constant ¢ we fix later. The function y;(s) decays fast at infinity, since
s2
yi(s) =cre” 7531+ 0(s7h),

as s — oo, for some positive constant ¢y, as a direct consequence from (A-1). The function y,(s) is
definite for any s € (0, 00), and it is positive. Indeed, we first observe that the operator L, satisfies the
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maximum principle. This is consequence of the fact that the positive function go(s) = e_% / 5, which
solves L1(go) =0, satisfies L, (go) <0 in (0, co). With this is mind, we define go(s) = fsoo e_ZT/Z2 dz.
This is a positive function which satisfies L, (go) =vgo > 0in (0, 00). Thus gg is a subsolution. Moreover,
it is easy to see that go(R) < y2(R) for any R large enough. A standard application of the maximum
principle thus gives that y, is positive in (0, 00).

We now claim that lim,_, o+ sy1(s) exists and it is positive. Write y1(s) = ¢(s2/4), x = s2/4, from
which we get

x¢"+(%+x)¢/+v¢=0, x € (0, 00).
Performing the further change of variables ¢ (x) = e *¢(x), we get that ¢ satisfies
x¢"+(3-x)p = (3-v)p=0, xe(0.00). (A-2)

In [Filippas et al. 2000, Appendix Al], it is proven that (A-2) admits polynomial solutions if and only if
%— v=—k, k=0,1,2,.... Since % < v < 1, this never happens; thus ¢ cannot be bounded, as x — ot.
On the other hand, the behavior of the solutions to (A-2), as x — 07, is determined by x¢” + %(p/ =0,
which implies that the solutions to (A-2) are bounded around x = 0, or they behave like x_% asx — 0t

Combining all the above information, for a proper choice of the constant ¢ in (A-1), we get
y1(s) = %(1 +o0(1)) ass—0.
To understand further the behavior of y; around s = 0, we write sy1(s) = f(s), so that
S+ 3sf +(v=12)f =0 s5€(0, 00). (A-3)

Integrating (A-3) between 0 and oo, and using the fast decay of y; to 0 as s — oo, we compute

£10) = -1 fo Fs)ds <0, f'©0) =1y, (A-4)

With this information, we get the estimates (2-18) and (2-20) for y; (s).

s2
Since the Wronskian associated to problem (2-17) is given by a multiple of e~ % /52

, we conclude
that, since yj is unbounded as s — 0T, we have y,(s) is bounded as s — 0. O

Lemma A.1. Let h = h(s) be a smooth function defined for s > 0 so that

/s  fors—0,
h(s) = 3

1/s°  fors — oo.
Then there exists a solution to

B = Ay + t_ﬂh(%), (A-5)

of the form

v(rt)= t_'BH(p(%), with o(s) = %S fors =0, (A-6)

1/s3  fors — oo.
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Proof. We look for a solution to (A-5) of the form ¥ (r, 1) = t —B=Dg(r//7). Thus ¢ satisfies
" 2 s /
¢+ E+§ o +(B-De+h(s)=0.
We look for a solution of the above equation of the form

p(s) = z(s)y1(5),

where yq solves y| + (2/s +s/2)y; + (B —1)y1 =0, and

) 1/s as s — 0,
S ~
N e_%s4(ﬂ_1)_3 as s — Q.

The existence of y; is consequence of Lemma 2.2. A direct computation gives

z(s) =—/0 yl(n)2 (/ h(x)y1(x)x2e T dx) dn.

One can easily see that

5) ~ 52 ass — 0,
z(s
YT —4B-D 455 — 00.
This fact gives (A-6), and concludes the proof of the lemma. O

Proof of (5-10). For x € B g, we shall prove

Po(1ox. 1) — do(0.1) = a(t)|pox |7 TI(1)O(|x|) (A-T)

for some ¢ € (0, 1). Here I1 = I1(¢) denotes a smooth and bounded function of 7, and ® a smooth and
bounded function of x.
We have

t 2 B
¢0(M0X,f)—¢0(0,l)=/t ﬁ/ e S — e l”] |(|)1{r<M}dy ds
o (4t (t —s5))2 JR3

t x |2
_ 1/ B'(s) PO g, —|z—37= e Y dy ds
2J0l =5t 2] e<a i)
where
=8 1) et
1=/ 2 ﬁ(s)l[e e e —|z|] Lo m_ydyds.
to (t—S)§ |Z| G

We start estimating /7. We observe that, if ¢ — (uox/(2m)) < s <t, then wo|x|/(2Vt —s) > m. We
write

Il =111+ 11, 4 113,
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where )
_|p—_Hox
1= / o) —le SN —e"z'z] L1z1< ydy ds,
— (uox D, (t—S)Z |Z| Z=3/i=s
with
MHoXx

|z =

Dl:{z 1 plyl } DZ:{Z.M _ 1 polyl
2t —s 42«/t—s ) 42/t —s

and D3 is the complement of the two above regions.
We start estimating /7. We see that

nox 12 _ /t+
/ v =] ! o<1 dy :/e_lzl 1M0X Z —c—2 =S
D, |z| 3/iss |z + + 5 s{ Kolx|

for some constant ¢, as a direct application of dominated convergence theorem. Thus

—|z— Mox — B
/ Kox) [ |Z|1{|2|<2\/—}d yds M0|x| (—(H0x) Vi—sds = C(M0|x|)2~

On the other hand, for any z in D1, one has

1 polx|

42i—s

/ [0
/ e"z|2idz §c|: t_s:|
D, 2|

Mol x|
for any o0 > 0. We take o > 1, so that

/t (2111/ ||211 dvd
N
o PIRETI e~

Thus we conclude that

|z] >

and hence we can bound

1

t_(Tnf o _ 1 ,
—GEEBE/, (t —5)5% ds| < 'olxl.

1
11| < B () (1ol x]) 2.
Arguing in a similar way, one finds the same type of estimate for //,. In the third region D3, we have

2] > 1 polx|
421 =2°

so that again one gets the estimate

pox 1 Kol x|
2J/i—s 421 —s

|z -

|113] < B'(t) ol x|.

Let us now consider the interval of time fo < s <t — (io|x|/(2m+/t —s))?, that is, region where one has
Holx|/ (2t —s) < m. We have the decomposition

1 =11 +1V,
where i1 B/(s) S |2 51
11 :/ B N Ly R dy ds.
10 (Z—S)Z |Z| 2Jt—s
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We start with IV, where we expand in Taylor:

molxl ) ,

G B'(s) . —|z— o 72, 1
IV=/ —le 2= | —e 7l ]—1{|Z|< M_ dyds
t—1 (t—s)2 |z| s

nolxl

t ) —|z|? 2
_ 2amvi=s’ polx| ([ e o 1o polx|
g [ ([ az) as=pomoe( (i~ (522 ) Yol
= /) ptolv| Hog(yzo 1)) = /) olx])®

for some positive o < 1. Finally, we consider //1. Again, after a Taylor expansion, we have

t—1 / t—1 g/
= ol [ s g [
P () o IS
Collecting the previous estimates, we conclude with the validity of (A-7). O

Appendix B

Proof of Lemma 2.3. Throughout the proof of the lemma, we denote by g; = ¢; (s), for any integer i, a
smooth real function with the property that

d

d
s )Jq,(O) 0 forj<i and ——q;(0) # 0.

(ds)!

With ® = @(r) we intend a smooth function of the space variable, which is uniformly bounded. Also,
IT = T1(¢) stands for a smooth function of the time variable, which is uniformly bounded in ¢ € (0, c0).
The explicit expressions of these functions change from line to line, and also within the same line.

Let Ro = ro~/t. A simple computation gives the explicit expression of the error £; in (2-40):

51(}" t)_ 1nn(R )+501ut( TI(RLO))

_ r _ R, r
+R02(uin_uout)A77(R_O)+2RO lV(uin—uout)'vn(Ro)‘f‘(um Uout) Rzn (RO)’ (B-1)

=& ~_:§1
where

5&1 = Auj, + ulsn —0suj, and gl — 0 Uout. (B-2)

out

= Auout—i—u

out
We start analyzing 51117 getting

ow V1
5&(”, )= M6[AW1 +5wi‘/f1]—ﬂ/a—:+(wu+ﬂ61ﬁ1)5—wﬁ_5wzﬂ61/fl—Mgl/fl _MZ)M/W

,0
= (W' —po)p™ 2ZO(M)‘|‘[(wu‘f‘/io‘ﬁl)s—w —SWMMQWI] —poV1—H aiul (B-3)
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Now we write

3 (r 14 T (Y wEeud? r
(1'—po) 1 ZZo(—)=[2(u2—u3)’+(M2—M5)uoIM()]M 1Zo( ) —— g won ™ Zo[ = ).
H w w2 H
Taking into account that

as § — 00, it is convenient to write

1 1 1 1 _ _ r
202 —pd) + (12 — pud)pe  moli 120(;)

a(r) 14 TR R _1[ (r) 31 ,u]
= + 12z —u?) + (uz — u2 Zol — ) —=— ,
tr 22 — o) + (2 — pg)ig Holi A
where « is defined in (2-41). We decompose (B-3) as
()
&, t)— +Em( rt), (B-4)
where £l is explicitly given by
- (g r
Enlrt) = ——12ug uon™" Zo " — gV (W o ¥n) > —ws —5w i uo v
M2
1
14 T N - r\ 34 pu 3%
2z —p2Y (2 —pu2) s bl Zo = |- whi . (B-5
F[2(p2—pg) + (2 —pg)ig Hol™" | Zo ) Zej (B-5)

We observe now that (e1 + e2 + e3)n(r/ Ro) can be described as sum of functions of the form

% —2R2 _%t—l
Kol %o scmmnmer). Bl mmnmer). (B-6)
Mo + 1 Mo + 7

where ¢ is a smooth function with ¢(0) # 0, while g> is a smooth function with ¢2(0) = ¢5(0) = 0, and
g5 (0) # 0. On the other hand, we see that

2 .—1
WO ner). =00

3
0

[RZA" 4+ R3t g1 (M)]T1(1)O(r), (B-7)

where ¢ is a smooth function with g1 (0) =0, ¢7(0) # 0. Under assumption (2-11) and combining (B-4),
(B-6) and (B-7) we find that

— 1l 3 r
|E Moo, B x[rr4+1] S Het Zho(ﬁ), r=|x|. (B-8)

Since (2-41), we observe that

(i)

3 3 r
Su&l_zho(—), r=Ixl.
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Let us fix A; and A satisfying (2-11). We write, for some A = sA; + (1 —s)A2, s € (0, 1),
5
_ — r = r . - _
ERM]—ELRaDn( — ) = (DAELIAIA — A2l —= ). with DAELIAI =" (Dye))IAl.
Ro Ro i

where the e; are defined in (B-5). Let us consider e1. We have

(Dzen)[A] = 2p0(1 + A) Dy (en) [A]-
Direct computation gives

-1
2.—1

IDute)llr. 0] £ 20— go (0O ().

We combine the above estimates to get

_1
r 241
|€1[X1]—€1[12]|W(R—0)<MOIL - Ml—xzm( 0)

< Cluoy Ml (r)r—ho( f) 121 = Aaly

< C(uo(to)ig g (f)f_Zho(\/-) A1 — Azl

Choosing 1 large if necessary, we get C(uo(fo)?y 1) < 1. Similar estimates can be obtained for the other
terms ey, ..., es. Thus we get

I(ELIA] = ERIA2D X oo B X[ +1] < Ci),U«o ho(\/-) A1 — 22014

for some constant ¢{ which can be made arbitrarily small, if 79 is chosen large. Also, we have

_ 13 r
[ELIA] = ELANlo o frr41] < CS1dt 2 ho (E)Ml —A2lo,0,[t,t4+1]

Let us now describe £L,. A first observation is that, for any value of y, we immediately see that £,

out*

does not depend on A. On the other hand, if 1 < y < 2 the expression for £} becomes

1 5
Sout(r’ t) = Uouts

so that we directly get
5

51

¥ J7rs
ol 1 =1 %o ))| = €75 Lomriy (B-9)

Let us consider now y > 2. In this case, the expression of 8 ¢ 18 a bit more involved

—1 A4
sin(EJotrs ()
2(uout Out)An( )+2[ V(Mout uout) V’I( )+(u0ut uout)t —2 ,(::) (B—lo)

.—cout ~out
=& =&,
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A close analysis of each one of the terms appearing in (B-10) gives

271
1 - ~(r=1) 1
£ V) =c
L)) =]

(=2 5
Loy +
From (B-9)—(B-10) and (B-11), we obtain
u2t 2 ho(r//i) ifl<y <2

AR
0 t=2ho(r/ 1)

Going back to (B-1), we are left with the description of £

5
-3

1{r()\f<r<t} (B-11)

if y > 2.

£1[A] and £[A]. Directly we check
_ p
|E1(r, D], 1E1(r,1)] < CR

= 71{R0<r<2R0}
for some positive constant C. This gives right away

(B-12)

~ 1l 3 r
€1+ &1 S gt 2ho(ﬁ)-

Let us fix A; and A satisfying (2-11). We write, for some A = sA; + (1 —s)A2, s € (0,1)

where

M](r. 1) = E1[A2](r, 1) = D E1[Al[Ar — A2) (1. 1)

D;E1[H] = Ry @A ])An( 0 ) + 2Ry V(@auin) A Vn( . )
Since in the region we are considering

we have

BaumlA] = 2ut0(1 + M) @), |@puim)] < 0

1E1[A1](r. 1) — E1[A2] 00, Bx, 1)x[tt+1] < (o (t0)tg )Mo _ho( )||M—)tz||ﬁ

1 3 r
< cuisytHho( 2 )l = el

for some constant ¢ € (0, 1), provided ¢¢ is large enough. Furthermore, we also have, for any ¢ > ¢,

1 3 r
[E1[A1] = E1lA2]lo,0,fr.0+1] < C1UG T 2ho(ﬁ)([)&l —A2J0,6,t,0+1])

with again ¢ € (0, 1). Collecting all the previous estimates, we get the proof of the lemma

. |
Remark B.1. From the proof of the result, we also get that the constants ¢ in (2-50) and (2-51) can be
made as small as one needs, provided that the initial time #¢ is chosen large enough
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Appendix C

Proof of Lemma 2.4. Under the assumptions (2-11) on A, we get that, for any » > 0 and ¢ > ¢,

1 3 r
1E2,1(r, )]+ [E2,1 (. D]oo[1,0+1] S gt 2ho (\_ﬁ) (C-1)

where hg is given by (2-44), and also estimates similar to (2-50) and (2-51) for d,&>,1. These estimates
follow from (2-49)—(2-50), (2-41) and from
<lo@le 4o 72

alt) r 1
LTS S B

Here we use again Ro = ro+/t. Furthermore, in the region where 1(r/Rg) — 1¢, <opmy # 0, the above

function is regular enough to have

N - | — Yr<2m <la@[t"2ho| —= ), r=|x].
[M +r Ro i 0,0,B(x,1)x[t,t+1] Vi

Using (2-43), we get (C-1). Let us consider now > (1 —ng)(r,t). We claim that

[E22(1 —=nR)(r, D)5 < c2. (C-2)
Given d > 1, define
1/s  fors—0,
h =
+() { 1/s¢  for s — oco.

Arguing as in the proof of Lemma A.1, we get the existence of ¥/, so that

r s for s — 0,

L3 11 r
*:A * 2 _7h* 5 ith *\ 7, - 21‘_7 x|\ —F= | -
i v Thot (x/;) with Y (1) ot =¢ («/;) ¢(s) {l/sd for s — oo.

Comparing the above equation and the equation satisfied by ¢, and using the maximum principle, we
obtain that, in the region where (1 —ng) # 0,

go(x.)] < ||A||w3z—5¢*(%). (C-3)

We proceed now with the estimate of (1 —ng)&22. A Taylor expansion gives the existence of s* € (0, 1),
so that

Exn(r,t) = 5(Us + s*po)* ¢o.

Let M be a large fixed number. From (2-38) and (2-13), we see that, if r < M\t

5 43 r
(1= 1R)Ex] S who S R 2pdt 2ho($).

On the other hand, thanks to (C-3) we see that, for r > M/, we get

o(5)

Nl

5
(1= 1R)E2| < ($0)° S gt~
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Thus we get the L°° bound in estimate (C-2). The control on the Holder norm contained in (2-61)
and (2-62) follows arguing as in the proof of (2-50)—(2-51) in the proof of Lemma 2.3, and from the
assumption on A in (2-11). We leave the details to the reader. O
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