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ABSENCE OF CARTAN SUBALGEBRAS FOR
RIGHT-ANGLED HECKE VON NEUMANN ALGEBRAS

MARTIJN CASPERS

For a right-angled Coxeter system (W, S) and q > 0, let Mq be the associated Hecke von Neumann algebra,
which is generated by self-adjoint operators Ts , s∈ S, satisfying the Hecke relation (

√
qTs−q)(

√
qTs+1)=0,

as well as suitable commutation relations. Under the assumption that (W, S) is irreducible and |S| ≥ 3 it
was proved by Garncarek (J. Funct. Anal. 270:3 (2016), 1202–1219) that Mq is a factor (of type II1) for a
range q ∈ [ρ, ρ−1

] and otherwise Mq is the direct sum of a II1-factor and C.
In this paper we prove (under the same natural conditions as Garncarek) that Mq is noninjective, that it

has the weak-∗ completely contractive approximation property and that it has the Haagerup property. In
the hyperbolic factorial case Mq is a strongly solid algebra and consequently Mq cannot have a Cartan
subalgebra. In the general case Mq need not be strongly solid. However, we give examples of nonhyperbolic
right-angled Coxeter groups such that Mq does not possess a Cartan subalgebra.

1. Introduction

Hecke algebras are one-parameter deformations of group algebras of a Coxeter group. They were the
foundation for the theory of quantum groups [Jimbo 1986; Kassel 1995] and have remarkable applications
in the theory of knot invariants, as was shown by V. Jones [1985]. A wide range of applications of Coxeter
groups and their Hecke deformations can be found in [Davis 2008]. Dymara [2006] (see also [Davis
2008, Section 19]) introduced the von Neumann algebras generated by Hecke algebras. Many important
results were then obtained (see also [Davis et al. 2007]) for these Hecke von Neumann algebras. This
gave for example insight into the cohomology of associated constructions and its Betti numbers. In this
paper we investigate the approximation properties of Hecke von Neumann algebras as well as their Cartan
subalgebras (here we mean the notion of a Cartan subalgebra in the von Neumann algebraic sense, which
we recall in Section 5, and not the Lie algebraic notion).

Let us recall the following definition. Let q > 0 and let W be a right-angled Coxeter group with
generating set S (see Section 2). The associated Hecke algebra is a ∗-algebra generated by Ts , s ∈ S,
which satisfies the relation

(
√

q Ts − q)(
√

q Ts + 1)= 0, T ∗s = Ts, and Ts Tt = Tt Ts

for s, t ∈ S with st = ts. Hecke algebras carry a canonical faithful tracial vector state (the vacuum
state) and therefore generate a von Neumann algebra Mq under its GNS construction. It was recently
proved by Garncarek [2016] that if (W, S) is irreducible (see Section 2) and |S| ≥ 3, the von Neumann

MSC2010: 47L10.
Keywords: Hecke von Neumann algebras, approximation properties, Cartan subalgebras.
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algebra Mq is a factor in the case q ∈ [ρ, ρ−1
], where ρ is the radius of convergence of the fundamental

power series (2-2). If q 6∈ [ρ, ρ−1
] then Mq is the direct sum of a II1-factor and C. For more general

Coxeter groups/Hecke algebras (not necessarily being right-angled, or for multiparameters q) this result
is unknown. It deserves to be emphasized that this in particular shows that the isomorphism class of Mq

depends on q; an observation that was already made in the final remarks of [Davis 2008, Section 19].
The first aim of this paper is to determine approximation properties of Mq (assuming the same natural

conditions as Garncarek). We first show that Mq is a noninjective von Neumann algebra and therefore
falls outside Connes’ classification of hyperfinite factors [1976]. Secondly we show that Mq has the
weak-∗ completely contractive approximation property (wk-∗ CCAP). This means that there exists a net
of completely contractive finite-rank maps on Mq that converges to the identity in the point σ -weak
topology. In case q = 1 the algebra Mq is the group von Neumann algebra of a right-angled Coxeter
group. In this case the result was known. For instance the CCAP follows from Reckwerdt’s result [2015]
and noninjectivity follows easily from identifying a copy of the free group inside W. Noninjectivity
can also be proved for right-angled Coxeter groups through the techniques developed in [Bożejko and
Speicher 1994]. Here we find the following:

Theorem A. Let q > 0:

(1) Let (W, S) be an irreducible right-angled Coxeter system with |S| ≥ 3. Then Mq is noninjective.

(2) For a general right-angled Coxeter system (W, S) the associated Hecke von Neumann algebra Mq

has the wk-∗ CCAP and the Haagerup property.

The proofs of noninjectivity and the Haagerup property proceed by showing that Hecke von Neumann
algebras are actually graph products [Caspers and Fima 2017] and then using general graph/free-product
techniques involving important results of [Ueda 2011]. For the wk-∗- CCAP we first obtain cb-estimates
for radial multipliers and then use estimates of word-length projections (see Proposition 4.11) going back
to [Haagerup 1978].

Our second aim is the study of Cartan subalgebras of the Hecke von Neumann algebra Mq . Recall
that a Cartan subalgebra of a II1-factor is by definition a maximal abelian subalgebra whose normalizer
generates the II1-factor itself. Cartan subalgebras arise typically in crossed products of free ergodic
probability measure preserving actions of discrete groups on a probability measure space.

Voiculescu [1996] was the first one to find factors (namely free group factors) that do not have a Cartan
subalgebra. His proof relies on estimates for the free entropy dimension of the normalizer of an injective
von Neumann algebra. Using a different approach, Ozawa and Popa [2010] were also able to find classes
of von Neumann algebras that do not have a Cartan subalgebra (including the free group factors). Ozawa
and Popa actually proved that these algebras have a stronger property that afterwards became known as
strong solidity: the normalizer of a diffuse injective von Neumann subalgebra generates an injective von
Neumann algebra again.

After these fundamental results by Ozawa and Popa, strong solidity was studied for many other
von Neumann algebras. In particular Popa and Vaes [2014] (see also [Chifan and Sinclair 2013]) proved
the absence of Cartan subalgebras for group factors of biexact groups that have the CBAP. Isono [2015]
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then put the results from [Popa and Vaes 2014] into a general von Neumann framework in order to prove
absence of Cartan subalgebras for free orthogonal quantum groups. Isono proved that factors with the
wk-∗ CBAP that satisfy condition (AO)+ are strongly solid. Using this strong solidity result by Isono we
are able to prove the following.

Theorem B. Let q ∈ [ρ, ρ−1
] with ρ as in Theorem 2.2. Let (W, S) be an irreducible right-angled

Coxeter system with |S| ≥ 3. Assume that W is hyperbolic. Then the associated Hecke von Neumann
algebra Mq is strongly solid.

In turn as Mq is noninjective by Theorem A we are able to derive the result announced in the title of
this paper for the hyperbolic case.

Corollary C. Let q ∈ [ρ, ρ−1
] with ρ as in Theorem 2.2. For an irreducible right-angled hyperbolic

Coxeter system (W, S) with |S| ≥ 3 the associated Hecke von Neumann algebra Mq does not have a
Cartan subalgebra.

General right-angled Hecke von Neumann algebras are not strongly solid; see Remark 5.6. Still we
can prove in some cases that they do not possess a Cartan subalgebra. We do this by showing that if Mq

were to have a Cartan subalgebra then under suitable conditions each of the three alternatives in [Vaes
2014, Theorem A] fails to be true, which leads to a contradiction.

Theorem D. Let q ∈ [ρ, ρ−1
]. Let (W, S) be an irreducible right-angled Coxeter system with |S| ≥ 3 for

which the Coxeter graph satisfies the conditions of Theorem 6.7. Then the associated Hecke von Neumann
algebra Mq does not have a Cartan subalgebra.

Structure. In Section 2 we introduce Hecke von Neumann algebras and some basic algebraic properties.
Lemma 2.7 is crucial for the results on strong solidity and the weak-∗ CCAP. In Section 3 we obtain
universal properties of Hecke von Neumann algebras and prove that they decompose as graph products. We
collect the consequences for the Haagerup property and noninjectivity. In Section 4 we find approximation
properties of Mq and conclude Theorem A. Section 5 proves the strong solidity result of Theorem B
from which Corollary C shall easily follow. Finally Section 6 proves absence of Cartan subalgebras for
the cases of Theorem D.

Convention. Let X be a set and let A, B ⊆ X . We will briefly write A\B for A\(A∩ B).

2. Notation and preliminaries

Standard results on operator spaces can be found in [Effros and Ruan 2000; Pisier 2003]. Standard
references for von Neumann algebras are [Strătilă and Zsidó 1979; Takesaki 1979]. Recall that ucp stands
for unital completely positive.

2A. Coxeter groups. A Coxeter group W is a group that is freely generated by a finite set S subject to
relations

(st)m(s,t) = 1
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for some constant m(s, t) ∈ {1, 2, . . . ,∞} with m(s, t) = m(t, s) ≥ 2, s 6= t , and m(s, s) = 1. The
constant m(s, t) = ∞ means that no relation is imposed, so that s, t are free variables. The Coxeter
group W is called right-angled if either m(s, t)= 2 or m(s, t)=∞ for all s, t ∈ S, s 6= t and this is the
only case we need in this paper. Therefore we assume from now on that W is a right-angled Coxeter
group with generating set S. The pair (W, S) is also called a Coxeter system.

Let w ∈ W and suppose that w = w1 · · ·wn with wi ∈ S. The representing expression w1 · · ·wn is
called reduced if whenever also w=w′1 · · ·w

′
m with w′i ∈ S then n ≤m; i.e., the expression is of minimal

length. In that case we will write |w| = n. Reduced expressions are not necessarily unique (only if
m(s, t)=∞ whenever s 6= t), but for each w ∈W we may pick a reduced expression which we shall call
minimal.

Convention. For w ∈W we shall write wi for the minimal representative w = w1 · · ·wn .

To the pair (W, S)we associate a graph 0 with vertex set V0= S and edge set E0={(s, t) :m(s, t)=2}.
A subgraph 00 of 0 is called full if the following property holds: for all s, t ∈ V00 with (s, t) ∈ E0 we
have (s, t) ∈ E00.

A clique in 0 is a full subgraph in which every two vertices share an edge. We let Cliq(0) denote the
set of cliques in 0. To keep the notation consistent with the literature the empty graph is in Cliq(0) by
convention (in this paper we shall sometimes exclude the empty graph from Cliq(0) explicitly or treat it
as a special case to keep some of the arguments more transparent).

For s ∈ S we set
Link(s)= {t ∈ S : m(s, t)= 2},

so these are all vertices in 0 that have distance exactly 1 to s. For a subset X ⊆ V0 we set Link(X)=⋂
s∈X Link(s). We sometimes regard Link(X) as a full subgraph of 0.

Definition 2.1. A Coxeter system (W, S) is called irreducible if the complement of 0 is connected. Here
the complement 0c of the graph 0 is the graph with the same vertex set V0 and for v,w ∈ V0 we have
(v,w) ∈ E0c if and only if (v,w) 6∈ E0.

2B. Hecke von Neumann algebras. Let (W, S) be a right-angled Coxeter system. Let q > 0. By [Davis
2008, Proposition 19.1.1] there exists a unique unital ∗-algebra Cq(0) generated by a basis {T̃w :w ∈W }
satisfying the following relations. For every s ∈ S and w ∈W we have

T̃s T̃w =

{
T̃sw if |sw|> |w|,
qT̃sw + (q − 1)T̃w otherwise,

T̃ ∗w = T̃w−1 .

We define normalized elements Tw = q−|w|/2T̃w. Then for w ∈W and s ∈ S,

Ts Tw =

{
Tsw if |sw|> |w|,
Tsw + pTw otherwise,

(2-1)

where
p =

q − 1
√

q
.
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There is a natural positive linear tracial map τ on Cq(W ) satisfying τ(Tw)= 0, w 6= 1, and τ(1)= 1. Let
L2(Mq) be the Hilbert space given by the closure of Cq(W ) with respect to 〈x, y〉 = τ(y∗x) and let Mq

be the von Neumann algebra generated by Cq(W ) acting on L2(Mq). The map τ extends to a state on
Mq and L2(Mq) is its GNS space with cyclic vector � := Te. Mq is called the Hecke von Neumann
algebra at parameter q associated to the right-angled Coxeter system (W, S).

Theorem 2.2 (see [Garncarek 2016]). Let (W, S) be an irreducible right-angled Coxeter system and
suppose that |S| ≥ 3. Let ρ be the radius of convergence of the fundamental power series

∞∑
k=0

|{w ∈W : |w| = k}|zk . (2-2)

For every q ∈ [ρ, ρ−1
] the von Neumann algebra Mq is a factor. For q > 0 not in [ρ, ρ−1

] the von
Neumann algebra Mq is the direct sum of a factor and C.

As Mq possesses a normal faithful tracial state the factors appearing in Theorem 2.2 are of type II1.
For the analysis of Mq we shall in fact need M1, which is the group von Neumann algebra of the

Coxeter group W. It can be represented on L2(Mq). Indeed, let T (1)
w denote the generators of M1 as in

(2-1) and let Tw be the generators of Mq . Define the unitary map1

U : L2(M1)→ L2(Mq) : T (1)
w �→ Tw�.

In this paper we shall always assume that M1 is represented on L2(Mq) by the identification M1→

B(L2(Mq)) : x 7→U xU∗. Note that this way

T (1)
v (Tw�)= Tvw�. (2-3)

For w ∈W we shall write Pw for the projection of L2(Mq) onto the closure of the space spanned linearly
by {Tv� : |w

−1v| = |v| − |w|} (see Remark 2.3 below). For 00 ∈ Cliq(0) we shall write PV00 for Pw,
where w ∈W is the product of all vertex elements of 00, and |V00| for the number of elements in V00.
Note that if s, t ∈ V00 then Ps and Pt commute and so PV00 is well-defined. Similarly we shall write
PvV00 for Pw, where w ∈W is the product of v with all vertex elements of 00.

Remark 2.3 (creation and annihilation arguments). Note that for w, v ∈W saying that |w−1v| = |v|−|w|

just means that the start of v contains the word w. Throughout the paper we say that s ∈ S acts by means
of a creation operator on v ∈ W if |sv| = |v| + 1. It acts as an annihilation operator if |sv| = |v| − 1.
Note that as W is right-angled we cannot have |sv| = |v|. For v,w ∈W we may always decompose w as
w =w′w′′ such that |w| = |w′|+ |w′′|, |w′′v| = |v|− |w′′|, and |wv| = |v|− |w′′|+ |w′|. That is, w first
acts by means of annihilations of the letters of w′′ and then w′ acts as a creation operator on w′′v. We
will use such arguments without further reference.

1Unitarity follows as the vectors Tw� are orthonormal. Indeed 〈Tw�, Tv�〉 = 〈T ∗v Tw�,�〉. If v∗w is reducible this
expression is 0. Otherwise there exists a letter w1 at the starts of v and w such that T ∗v Tw = T ∗

v′
Tw′ + pT ∗

v′
Tw1 Tw′ , where

w1w′ = w and w1v′ = v and w′ and v′ are of shorter length. The term pT ∗
v′

Tw1 Tw′ reduces further and can be written
as a sum of operators

∑
i Tui but each ui must contain the letter w1 as else w and v would not be reducible. Therefore

〈pT ∗
v′

Tw1 Tw′�,�〉 = 0. So 〈T ∗v Tw�,�〉 = 〈T ∗v′Tw′�,�〉. Continuing inductively we get 〈T ∗v Tw�,�〉 = δv,w .
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The following Lemma 2.5, together with Lemma 2.7, says that Tw decomposes in terms of a sum of
operators that first act by annihilation (this is T (1)

u′′ ) then a diagonal action (this is the projection PuV00)
and finally by creation (this is T (1)

u′ ).

Definition 2.4. Let w ∈W. Let Aw be the set of triples (w′, 00,w
′′) with w′,w′′ ∈W and 00 ∈ Cliq(0)

such that (1) w = w′V00w
′′, (2) |w| = |w′| + |V00| + |w

′′
|, (3) if s ∈ S commutes with V00 then

|w′s|> |w′| (that is, letters commuting with V00 cannot occur at the end of w′, and if they are present
they should occur at the start of w′′).

Lemma 2.5. For (w′, 00,w
′′) ∈ Aw there exist u, u′, u′′ ∈W such that

T (1)
w′ PV00 T (1)

w′′ = T (1)
u′ PuV00 T (1)

u′′ , (2-4)

and moreover if s ∈ S is such that |u′s| < |u′| then |su′′| > |u′′|. We may assume that u′ = w′u−1 and
u′′ = uw′′.

Proof. Let u ∈ W be the (unique) element of maximal length such that |w′u−1
| = |w′| − |u| and

|uw′′| = |w′′| − |u|. Set u′ = w′u−1 and u′′ = uw′′. It then remains to prove (2-4) as the rest of the
properties are obvious or follow by maximality of u. We must show that

PuV00 = T (1)
u PV00 T (1)

u−1 .

Take v ∈W. If |(uV00)
−1v| = |v| − |uV00| (i.e., v starts with uV00) then |(V00)

−1u−1v| = |u−1v| −

|V00| (i.e., u−1v starts with V00). We shall prove that the converse holds. First, we claim that if
|(V00)

−1u−1v| = |u−1v|− |V00| then |u−1v| = |v|− |u−1
| (i.e., v starts with u). Indeed, because if this

were not the case then one of the letters in u would remain at the start of u−1v. And as the letters of u do
not commute with V00 this would mean that |(V00)

−1u−1v| 6= |u−1v|− |V00|, which is a contradiction.
From the initial assumption |(V00)

−1u−1v| = |u−1v| − |V00| (u−1v starts with V00) together with
|u−1v| = |v| − |u−1

| (v starts with u) we get that |(uV00)
−1v| = |v| − |uV00|.

The previous paragraph shows the first equality of

PuV00(Tv�)= T (1)
u PV00(Tu−1v�)= T (1)

u PV00 T (1)
u−1(Tv�). �

Remark 2.6. In Lemma 2.5 the property that |u′s| < |u′| implies that |su′′| > |u′′| is equivalent to
|u′u′′| = |u′| + |u′′|. The words u′ and u′′ in Lemma 2.5 are not unique: in the case |su′′| = |u′′| − 1 and
s commutes with V00, we may replace (u′, u′′) by (u′s, su′′).

Lemma 2.7. We have

Tw =

∑
(w′,00,w′′)∈Aw

p|V00|T (1)
w′ PV00 T (1)

w′′ , (2-5)

where Aw is given in Definition 2.4.

Proof. The proof proceeds by induction on the length of w. If |w| = 1 then Tw = T (1)
w + pPw by (2-1).

Now suppose that (2-5) holds for all w ∈W with |w| = n. Let v ∈W be such that |v| = n+1. Decompose
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v as v = sw, |w| = n, s ∈ S. Then,

Tv = Ts Tw = (T (1)
s + pPs)

( ∑
(w′,00,w′′)∈Aw

p|V00|T (1)
w′ PV00 T (1)

w′′

)
=

∑
(w′,00,w′′)∈Aw

(p|V00|T (1)
sw′ PV00 T (1)

w′′ + p|V00|+1 Ps T (1)
w′ PV00 T (1)

w′′ ). (2-6)

Now we need to make the following observations.

(1) If sw′ = w′s then Ps T (1)
w′ = T (1)

w′ Ps . So in that case,

Ps T (1)
w′ PV00 T (1)

w′′ = T (1)
w′ Ps PV00 T (1)

w′′ .

Moreover Ps PV00 equals PsV00 in the case s commutes with all elements of V00 and it equals 0 otherwise.

(2) In the case sw′ 6= w′s we claim that Ps T (1)
w′ PV00 T (1)

w′′ = 0. To see this, rewrite Ps T (1)
w′ PV00 T (1)

w′′ =

Ps T (1)
u′ PuV00 T (1)

u′′ with u, u′, u′′ as in Lemma 2.5. As sw′ 6= w′s we have su′ 6= u′s and/or su 6= us
(because w′ = u′u with |w′| = |u′| + |u|; see Lemma 2.5).

(a) Assume su′ 6= u′s. For v ∈W with Tu′′v� in the range of PuV00 ,

Ps T (1)
u′ PuV00 T (1)

u′′ (Tv�)= Ps Tu′u′′v�. (2-7)

Furthermore, the assertions of Lemma 2.5 imply |u′uV00| = |u′| + |uV00| and therefore (recalling
that Tu′′v� is in the range of PuV00) we get that |u′u′′v| = |u′′v| + |u′|, which implies (because
su′ 6= u′s and u′u′′v starts with all letters of u′) that (2-7) is 0. For v ∈ W with Tu′′v� not in the
range of PuV00 we have T (1)

u′ PuV00 T (1)
u′′ (Tv�)= 0. In all we conclude Ps T (1)

u′ PuV00 T (1)
u′′ = 0.

(b) Assume su′ = u′s but su 6= us. Then Ps T (1)
u′ Pu = T (1)

u′ Ps Pu = 0.

So in all (2-6) gives,

Tv =

∑
(w′,00,w′′)∈Aw

p|V00|T (1)
sw′ PV00 T (1)

w′′ +

∑
(w′,00,w′′)∈Aw,sw′=w′s,sV00=V00s

p|V00|+1T (1)
w′ PsV00 T (1)

w′′ ,

and in turn an identification of all summands shows that the latter expression equals∑
(v′,00,v′′)∈Asw

p|V00|T (1)
v′ PV00 T (1)

v′′ . �

2C. Group von Neumann algebras. Let G be a discrete group with left regular representation s 7→ λs

and group von Neumann algebra L(G) = {λs : s ∈ G}′′. We let A(G) be the Fourier algebra consisting
of functions ϕ(s) = 〈λsξ , η〉, ξ, η ∈ `2(G). There is a pairing between A(G) and L(G) which is given
by 〈ϕ, λ( f )〉 =

∫
G f (s)ϕ(s) ds which turns A(G) into an operator space that is completely isometrically

identified with L(G)∗. We let MCB A(G) be the space of completely bounded Fourier multipliers of A(G).
For m ∈ MCB A(G) we let Tm : L(G)→ L(G) be the normal completely bounded map determined by
λ( f ) 7→ λ(m f ). The following theorem is due to Bożejko and Fendler [1984] (see also [Junge et al. 2009,
Theorem 4.5]).
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Theorem 2.8. Let m ∈ MCB A(G). There exists a unique normal completely bounded map Mm :

B(`2(G))→ B(`2(G)) that is an L∞(G)-bimodule homomorphism and such that Mm restricts to Tm :

λ( f ) 7→ λ(m f ) on L(G). Moreover, ‖Mm‖CB = ‖Tm‖CB = ‖m‖MCB A(G).

The map Mm is called the Herz–Schur multiplier.

3. Universal property and conditional expectations

In this section we establish universal properties for Mq and consequently show that Mq is noninjective
and has the Haagerup property.

3A. Universal properties.

Theorem 3.1. Let q > 0, put p = (q − 1)/
√

q and let (W, S) be a right-angled Coxeter system with
associated Hecke von Neumann algebra (Mq , τ ). Suppose that (N , τN ) is a von Neumann algebra with
GNS faithful state τN that is generated by self-adjoint operators Rs , s ∈ S, that satisfy the relations
Rs Rt = Rt Rs whenever m(s, t) = 2, R2

s = 1+ pRs , s ∈ S, and further τN (Rw1 · · · Rwn ) = 0 for every
nonempty reduced word w = w1 · · ·wn ∈ W. Then there exists a unique normal ∗-homomorphism
π :Mq →N such that π(Ts)= Rs . Moreover τN ◦π = τ .

Proof. The proof is routine; see [Caspers and Fima 2017, Proposition 2.12]. We sketch it here. Let
(L2(N ), πN , η) be a GNS construction for (N , τN ). As τN is GNS faithful we may assume that N is
represented on L2(N ) via πN . We define a linear map V : L2(Mq)→ L2(N ) by V�= η and

V (Tw�)= Rwη, where w ∈W,

and Rw := Rw1 · · · Rwn . One checks that V is isometric by showing that {Rwη :w ∈W } is an orthonormal
system.2 Putting π( · )= V ( · )V ∗ concludes the lemma. As V�= η we get τN ◦π = τ . �

Remark 3.2. Note that the property T 2
s = 1+ pTs , s ∈ S, with p = (q − 1)/

√
q, is equivalent to the

usual Hecke relation (
√

q Ts − q)(
√

q Ts + 1)= 0 that appears in the literature.

We shall say that (W̃, S̃) is a Coxeter subsystem of (W, S) if S̃⊆ S and m̃(s, t)=m(s, t) for all s, t ∈ S̃.
Here m̃ is the function on S̃× S̃ that determines the commutation relations for W̃ ; see Section 2A.

Corollary 3.3. Let q > 0. Let (W̃, S̃) be a Coxeter subsystem of a right-angled Coxeter system (W, S).
Let M̃q and Mq be their respective Hecke von Neumann algebras. Then naturally M̃q is a von Neumann
subalgebra of Mq . In particular, there exists a trace-preserving normal conditional expectation E :
Mq → M̃q .

2The proof goes as follows. We may find unique coefficients cv such that Tw′n · · · Tw′1
Tw1 · · · Twn =

∑
v∈W cvTv . We have

c∅ = 1 if w = w′ and c∅ = 0 if w 6= w′ by comparing the trace of both sides of this expression. In fact the coefficients cv may
be found by using the commutation relations for Ts and the Hecke relation T 2

s = 1+ pTs to “reduce” the left-hand side of this ex-
pression. As the same relations hold for the operators Rs (by the assumption of the lemma) we also get Rw′n · · · Rw′1

Rw1· · ·Rwn=∑
v∈W cv Rv . So, 〈Rwη, Rw′η〉 = τN (R

∗

w′
Rw) = τN (Rw′n · · · Rw′1

Rw1 · · · Rwn ) = τN
(∑

v∈W cv Rv
)
= c∅. This proves that

indeed V is isometric.
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Proof. Theorem 3.1 implies that M̃q is a von Neumann subalgebra of Mq and the canonical trace of
Mq agrees with the one on M̃q . Therefore M̃q admits a trace-preserving normal conditional expectation
value; see [Takesaki 2003, Theorem IX.4.2]. �

Consider the Hecke von Neumann algebra Mq for the case that S is a one-point set, q > 0, and
p = (q − 1)/

√
q. In that case we have W = {e, s} and L2(Mq) has a canonical basis � and Ts�. With

respect to this basis Ts takes the form
( 0

1
1
p

)
and one sees (using for example the relation T 2

s = 1+ pTs)
that Mq =CId2⊕CTs ; i.e., it is 2-dimensional. The following corollary uses the graph product, for which
we refer to [Caspers and Fima 2017]. It is a generalization of the free product by adding a commutation
relation to vertex algebras that share an edge; the free product is then given by a graph product over a
graph with no edges. In [Caspers and Fima 2017] the symbol ∗ was used for graph products. We use the
notation ? instead to distinguish them from free (amalgamated) products.

Corollary 3.4. Let (W, S) be an arbitrary right-angled Coxeter system and let q > 0. Let 0 be the graph
associated to (W, S) as before. For s ∈ S let Mq(s) be the 2-dimensional Hecke von Neumann subalgebra
corresponding to the one-point set {s}. Then we have a graph product decomposition Mq = ?s∈V0Mq(s).

Proof. Let Ts ∈Mq , s ∈ S, be the operators as introduced in Section 2B. Let T̃s , s ∈ S, be the operator Ts

but then considered in the algebra Mq(s), which in turn is contained in ?s∈V0Mq(s) with conditional
expectation. Now the map Ts 7→ T̃s determines an isomorphism by Theorem 3.1 and the universal property
of the graph product given by [Caspers and Fima 2017, Proposition 2.12]. �

3B. Noninjectivity.

Definition 3.5. A von Neumann algebra M ⊆ B(H) is called injective if there exists a conditional
expectation E : B(H)→M.

Theorem 3.6. Let (W, S) be an irreducible right-angled Coxeter system with |S| ≥ 3. Then Mq is
noninjective.

Proof. It suffices to prove that Mq contains an expected noninjective von Neumann subalgebra. Now any
irreducible Coxeter system (W, S) contains a Coxeter subsystem (W̃, S̃) either of the form S̃ = {r, s, t}
with m̃(r, s) = m̃(r, t) = m̃(s, t) =∞ or S̃ = {r, s, t} with m̃(r, s) = m̃(r, t) =∞ and m̃(s, t) = 2. So
it satisfies to prove noninjectivity for these systems. In both cases, for q fixed, set M to be the Hecke
von Neumann algebra of the Coxeter system consisting of just {r}. M has dimension 2. Set N to be
the Hecke von Neumann algebra of the Coxeter system {s, t}, which is infinite-dimensional in the case
m(s, t)=∞ and 4-dimensional if m(s, t)= 2 (being the tensor product of two 2-dimensional algebras).
Then Mq is isomorphic to the free product M∗N over the canonical traces by Corollary 3.4 and [Caspers
and Fima 2017, Remark 3.23]. As dim(M)+ dim(N )≥ 5 it follows that Mq is noninjective from [Ueda
2011, Theorem 4.1] (see comment (5) in Remark 4.2 of that work). �

3C. Haagerup property. We first construct radial multipliers.

Proposition 3.7. Let (W, S) be a right-angled Coxeter group with Hecke von Neumann algebra Mq ,
q > 0. For every 0< r < 1 there exists a normal unital completely positive map 8r :Mq →Mq that is
determined by 8r (Tw)= r |w|Tw.
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Proof. As in Corollary 3.4 we identify Mq with the graph product ∗0s∈V0(Mq(s), τs), where τs is the
tracial state on Mq(s). Consider the map 8r,s :Mq(s)→Mq(s) determined by 1 7→ 1, Ts 7→ rTs . This
map is unital and completely positive: indeed consider the matrices

A :=
(√

1−r 0
0 0

)
, B =

(
0
√

1−r
0 0

)
, C =

(√
r 0

0
√

r

)
.

Then8r,s agrees with x 7→ A∗x A+B∗x B+C∗xC as before Corollary 3.4 we already noted that Ts=
( 0

1
1
p

)
.

Furthermore 8r,s preserves the trace τs as τs is the vector state associated with (1, 0)t. Therefore we may
apply [Caspers and Fima 2017, Proposition 2.30] and obtain the graph product ucp map 8r := ?s∈V08r,s ,
which proves the proposition. �

Definition 3.8. Recall that a von Neumann algebra M with normal faithful tracial state τ has the Haagerup
property if there exists a net 8i of τ -preserving ucp maps M→M such that Ti : x�τ 7→8i (x)�τ is
compact and converges to 1 strongly.

Theorem 3.9. For any Coxeter system (W, S) and any q > 0 the von Neumann algebra Mq has the
Haagerup property.

Proof. If S is finite Proposition 3.7 directly shows that Mq has the Haagerup property by letting r ↗ 1.
Then the general case follows by an inductive limit argument on finite Coxeter subsystems using the
conditional expectations from Corollary 3.3. �

4. Completely contractive approximation property

We show that for a right-angled Coxeter system (W, S) the Hecke von Neumann algebra Mq has the
wk-∗ CCAP; see Definition 4.12. The proof follows a — by now standard — strategy of [Haagerup 1978]
by considering radial multipliers first and then showing that word-length cut-downs have a complete
bound that is at most polynomial in the word length.

4A. Creation/annihilation arguments. Here we present some combinatorial arguments that we need in
Section 4B. We have chosen to separate these from the proofs of Section 4B so that the reader could skip
them at first sight.

We introduce the following notation. Let x,w ∈W. We shall write w ≤ x to indicate that |w−1x| =
|x| − |w|. Then w < x is defined naturally. So w ≤ x means that w is obtained from x by cutting off
a tail. An element v ∈W is called a clique word in the case its letters form a clique. For 3 a clique in
W and v ∈ W we define v(2,∅) as the maximal3 clique 00 such that |vV00| = |v| − |V00|. Then we
take the decomposition v = v(1,3)v(2,3) with |v| = |v(1,3)| + |v(2,3)| and v(2,3) = v(2,∅)\3
(which uniquely determines v(1,3)). For g ≤ x we let 3g,x be (x−1 g)(2,∅). In other words 3g,x is
the maximal clique that appears at the start of g−1x. We let C(g, x) be the collection of w ∈ W with
g ≤ w ≤ g3g,x . Note that C(g, x) contains at least g and g3g,x (and the latter elements can be equal).
We write C(g,+) for

⋃
g≤x C(g, x).

3Suppose that 00 and 01 are cliques such that |vV0i | = |v|− |V0i |, i = 0, 1. Then the letters V00 and V01 must commute.
So the union 02 = 00 ∪01 is a clique with |vV02| = |v| − |V02|.
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Example 4.1. Consider the Coxeter system (W, S) with S = {r, s, t} in which m(r, s)= 2 and m(r, t)=
m(s, t) =∞. Consider v = trs. Then v(1,∅) = t , v(2,∅) = rs, v(1, r) = tr , and v(2, r) = s. Also
3t,trst = {t, tr, ts, trs}.

Lemma 4.2. Let x,w ∈ W. Let w = w′w′′ be the decomposition with |w| = |w′| + |w′′| such that
|w′′x| = |x| − |w′′| and |wx| = |x| − |w′′| + |w′|. Take (w′′)−1

≤ g ≤ x. Then, for v ∈ C(g, x),

(wv)(2, (wg)(2,∅)\g(2,∅))= v(2, g(2,∅)\(wg)(2,∅)) (4-1)

and
|(wv)(1, (wg)(2,∅)\g(2,∅))| = |v(1, g(2,∅)\wg(2,∅))| − |w′′| + |w′|. (4-2)

Proof. Let v ∈ C(g, x). The clique v(2,∅) consists of the clique g−1v plus all letters in g(2,∅) that
commute with g−1v. Therefore v(2, g(2,∅)\(wg)(2,∅)) is the clique consisting of g−1v plus all letters
in (wg)(2,∅)∩ g(2,∅) that commute with g−1v. On the other hand (wv)(2,∅) consists of the clique
g−1v together with all letters in (wg)(2,∅) that commute with g−1v. Then (wv)(2, (wg)(2,∅)\g(2,∅))
equals g−1v together with all elements in (wg)(2,∅)∩ g(2,∅) that commute with g−1v. So we conclude
(4-1). Therefore,

|(wv)(1, (wg)(2,∅)\g(2,∅))| = |wv| − |(wv)(2, (wg)(2,∅)\g(2,∅))|

= |v| − |w′′| + |w′| − |v(2, g(2,∅)\(wg)(2,∅))|

= |v(1, g(2,∅)\wg(2,∅))| − |w′′| + |w′|, (4-3)

completing the proof. �

Lemma 4.3. Let x,w∈W and decompose w as w=w′w′′ such that |w|= |w′|+|w′′|, |w′′x|= |x|−|w′′|,
and |wx| = |x| − |w′′| + |w′|. Let (w′′)−1

≤ g ≤ x. Then:

(1) g(2,∅)\(wg)(2,∅)= g(2,∅)\(w′′g)(2,∅).

(2) For v ∈ C(g, x) we have

v(2, v(2,∅)\(w′′v)(2,∅))= v(2, g(2,∅)\(w′′g)(2,∅)). (4-4)

Proof. (1) Because (w′′)−1
≤ g ≤ x we also have |w′′g| = |g| − |w′′| and |wg| = |g| − |w′′| + |w′|. So

w′ creates letters in w′′g so that g(2,∅)\(wg)(2,∅)= g(2,∅)\(w′′g)(2,∅).

(2) Let A be the set of letters in g(2,∅) that commute with g−1v. The clique v(2,∅) consists of g−1v∪A.
This means that v(2, v(2,∅)\(w′′v)(2,∅)) consists of g−1v∪ A intersected with (w′′v)(2,∅). The inter-
section of (w′′v)(2,∅) with g−1v is g−1v so that v(2, v(2,∅)\(w′′v)(2,∅))= g−1v∪(A∩(w′′v)(2,∅)).
On the other hand v(2, g(2,∅)\(w′′g)(2,∅)) equals g−1v ∪ (A ∩ (w′′g)(2,∅)) and as g(2,∅) ∩
(w′′g)(2,∅)=g(2,∅)∩(w′′v)(2,∅) clearly (A∩(w′′v)(2,∅))=(A∩(w′′g)(2,∅)). This proves (4-4). �

Although Coxeter groups generally do not have polynomial growth (nor are they hyperbolic) we still
have the polynomial estimate of the following Lemma 4.4. We do not believe that the degree of the
polynomial bound we obtain in Lemma 4.4 is optimal, but it suffices for our purposes and it admits a
short proof.
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Lemma 4.4. Let W be a right-angled Coxeter group with finite graph 0. Let x ∈W. For a ∈ N define

κx(a)= |{w ≤ x : |w| = a}|.

Then κx(a)≤ Ca|V0|−2. Moreover, the constant C can be taken uniformly in x.

Proof. To carry out the proof we shall actually count a more refined number. We write 3≤ 0 to indicate
that 3 is a complete subgraph of 0. We say that w is a (≤3)-word if its letters (in reduced form) are all
in V3 (they do not need to exhaust all of V3); we say that w is a 3-word if its letters are exactly V3.
Then define

κ3x (a)= |{v ≤ x : |v| = a and v is a (≤3)-word}|. (4-5)

Let c and k0 be constants such that for a∈{0, 1}we have for all ∅ 6=3<0 that κ3x (a)≤ c(a+k0)
|V3|−2

and further for all a ∈ N and all nonempty complete subgraphs 3 of 0 we have 2|V3|ca ≤ (a+ k0)
2. We

prove by induction on a ∈ N that for all ∅ 6=3< 0 we have κ3x (a)≤ c(a+ k0)
|V3|−2.

Inductive step. Pick some fixed w < x with |w| = a and w a 3-word. Now if v < x with |v| = a then let
v0 be an element of maximal length such that both v0 ≤ v and v0 ≤ w (we leave in the middle if v0 is
unique).

Let s ∈ S be a letter that appears at the start of v−1
0 w. We claim that the letter s must commute with

v−1
0 v. Indeed, first observe that as v0 has maximal length s cannot appear at the start of v−1

0 v. Further,
write x = v0(v

−1
0 v)(v−1x) and x = v0(v

−1
0 w)(w−1x). So,

(v−1
0 w)(w−1x)= (v−1

0 v)(v−1x). (4-6)

Now s appears at the start of (v−1
0 w) and hence this letter must occur somewhere in the expression

(v−1
0 v)(v−1x) as well. Consider the first occurrence of s in (v−1

0 v)(v−1x). All the letters before it must
then commute with s as otherwise the equality (4-6), saying that s is at the start, is violated (see the normal
form theorem [Green 1990, Theorem 3.9]). But then s does not occur on v−1

0 v as then it is automatically
at its start. So the first time s occurs in (v−1

0 v)(v−1x) is in the part (v−1x) and so it commutes with all
elements in (v−1

0 v).
So if v−1

0 w is a 3-word then v−1
0 v is a Link(3)-word (recall Link(3) =

⋂
s∈V3 Link(s)); in fact it

must be a (Link(3)∩3)-word as we only deal with words with letters in 3. Moreover v−1
0 v must appear

at the start of w−1x. So every word in the set we count in (4-5) is obtained from w by cutting off a tail
(this is v−1

0 w) and then adding a tail of the same size with commuting letters (this is v−1
0 v). This certainly

gives the inequality

κ3x (a)≤
∑
3′≤3

∑
v≤w

v−1w is a 3′-word

κ
Link(3′)
w−1x (|v−1w|).

Note that the number of v ∈ W with v < w, |v| = l and v a 3′ -word is smaller than or equal to
κ3
′

w−1(|w| − l). In the case l = 0 we have κ3
′

w−1(|w| − l) = 1 (elementary) and in the case l > 0 we can
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apply our induction hypothesis to get κ3
′

w−1(|w| − l)≤ c(a− l + k0)
|V3′|−2. Therefore we get

κ3x (a)≤
∑
3′<3

∑
v<w

v−1w is a 3′-word

c(a+ k0)
|Link(3′)∩V3|−2

≤

∑
3′<3

a∑
l=0

c2(a− l + k0)
|V3′|−2(a+ k0)

|Link(3′)∩V3|−2

≤

∑
3′<3

a∑
l=0

c2(a+ k0)
|V3′|−2(a+ k0)

|Link(3′)∩V3|−2.

Since the intersection of each V3′ and Link(3′)∩ V3 is empty we find

κ3x (a)≤
∑
3′<3

a∑
l=0

c2(a+ k0)
|V3|−4

≤ 2|V0|c2(a+ 1)(a+ k0)
|V3|−4

≤ c(a+ k0)
|V3|−2.

The last line follows from the choice of c and k0. �

4B. Word-length projections. The aim of this section is to prove that Tw 7→ δ(|w| ≤ n)Tw gives a
complete bounded multiplier of Mq with complete bound growing at most polynomially in n. Firstly we
simplify notation a little bit.

Remark 4.5. We may identify `2(W ) with basis δx , x ∈ W, with L2(Mq) with basis Tx�. This way
T (1)

w acts on `2(W ) by means of the left regular representation.

We borrow the following construction from [Ozawa 2008]. We let B f (W ) be the set of finite subsets
of W. For A ∈ B f (W ) we define ξ̃±A to be the vectors in `2(B f (W )) given by

ξ̃+A (ω)=

{
1 if ω ⊆ A,
0 otherwise,

ξ̃−A (ω)=

{
(−1)|ω| if ω ⊆ A,
0 otherwise.

Using the binomial formula (see Lemma 4 of [Ozawa 2008]), we have ‖ξ̃±A ‖
2
= 2|A| and

〈ξ̃+A , ξ̃
−

B 〉 =

{
0 A∩ B 6=∅,
1 otherwise.

We let
R= span{Pw : w ∈W }. (4-7)

Let Qw be the operator
Qwδx = δ(w = x)δx;

i.e., Qw is the Dirac delta function at w seen as a multiplication operator.

Lemma 4.6. For w ∈W we have Qw =
∑

v∈C(w,+)(−1)|w
−1v|Pv.

Proof. Firstly, Qw(w) = 1 = Pw(w) =
(∑

v∈C(w,+)(−1)|w
−1v|Pv

)
(w). Let x ∈ W. If w 6≤ x we get

Qw(x)= 0=
(∑

v∈C(w,+)(−1)|w
−1v|Pv

)
(x). In the case w < x we find( ∑

v∈C(w,+)

(−1)|w
−1v|Pv

)
(x)=

∑
v∈C(w,x)

(−1)|w
−1v|, (4-8)



14 MARTIJN CASPERS

and this expression equals 0 by the binomial formula. Indeed, let 3w,x be the maximal clique appearing
at the start of w−1x (see Section 4A). The number of words smaller than 3w,x of length l is |3w,x|

choose l. So (4-8) equals
|3w,x |∑

l=0

∑
v∈C(w,x),|w−1v|=l

(−1)|w
−1v|
=

|3w,x |∑
l=0

(
|3w,x|

l

)
(−1)|w

−1v|
= 0. �

Now let Aq be the ∗-algebra generated by the operators Tw, w ∈ W. So Mq is the σ -weak closure
of Aq . We define

9≤n :Aq →Mq : Tw 7→

{
Tw, |w| ≤ n,
0, otherwise.

We also set 9n = 9≤n −9≤(n−1). The crucial part which we need to prove is that 9≤n is completely
bounded with a complete bound that can be upper-estimated in n polynomially. In order to do so we first
introduce three auxiliary maps.

Auxiliary map 1: Recall that M1 is just the group von Neumann algebra of the right-angled Coxeter
group W. For k ∈ N define the multiplier A1→A1

ρk(T (1)
w )= δ(|w| = k)T (1)

w .

This map is completely bounded as the range is finite-dimensional. We may extend ρk to a σ -weakly
continuous map M1→M1 (for convenience of the reader we provided details of this extension trick
through double duality in Theorem 4.13). By the Bożejko–Fendler theorem, Theorem 2.8, we may extend
ρk uniquely to a σ -weakly continuous `∞(W )-bimodule map B(`2(W ))→ B(`2(W )) with the same
completely bounded norm. Using Lemma 2.7 we see that

9≤n =

n∑
k=0

ρk ◦9≤n.

We emphasize at this point that in our proofs we shall not need a growth estimate for ‖ρk‖CB in terms
of k. It is known however by [Reckwerdt 2015] that ‖ρk‖CB admits a polynomial bound in k. In the
hyperbolic case this would already follow from [Ozawa 2008, Theorem 1(2)].

Only in the hyperbolic case it is known by [Ozawa 2008, Theorem 1(2)] that this map is completely
bounded and moreover ‖ρk‖CB ≤ C(k+ 1) for some constant C independent of k.

Auxiliary map 2: Let T be the unit circle in C. For z ∈ T we define a unitary map,

Az : `
2(W )→ `2(W ) : δw 7→ z|w|δw.

We set for i ∈ Z,

8i : B(`2(W ))→ B(`2(W )) : x 7→
∫

T

z−i A∗z x Az dz,

where the measure is the normalized Lebesgue measure on T. Intuitively 8i cuts out the operators that
create i more letters than they annihilate (where a negative creation is an annihilation). Using Lemma 2.7
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we see that

9≤n =

n∑
i=−n

8i ◦9≤n.

Auxiliary map 3: Assume that 0 is finite. For a ∈ N we define Stinespring dilations

U±a : `
2(W )→ `2(W )⊗ `2(W )⊗ `2(W )⊗ `2(B f (W )) (4-9)

by mapping δx to (see Section 4A for notation)∑
g≤x

∑
3≤g(2,∅)

β±g,x,3,aδg ⊗ δg−1x ⊗ δg(2,3)⊗ ξ̃
±

3 .

Here
β+g,x,3,a =

∑
v∈C(g,x)

(−1)|g
−1v|F3,a(v), (4-10)

where F3,a(v)= 1 if
2|v(1,3)| + |v(2,3)| ≤ a,

and else F3,a(v)= 0. We let β−g,x,3,a = 1 if β+g,x,3,a 6= 0 and β−g,x,3,a = 0 otherwise. Then set,

σa,b(x)= (U−a )
∗(x ⊗ 1⊗ 1⊗ 1)U+b . (4-11)

The map U±a is bounded with polynomial bound in a by the following lemma.

Lemma 4.7. If 0 is finite, the map U±a is bounded. Moreover, there exists a polynomial P such that
‖U±a ‖ ≤ P(a).

Proof. It follows by a comparison of the first two tensor legs in the definition of U±a that the images
of δx , x ∈ W, are orthogonal vectors. Therefore it suffices to show that supx∈W ‖U

±
a δx‖ is bounded

polynomially. Now let C =
∑

3∈Cliq(0) 2|3|/2. Then

‖Uaδx‖ =

∥∥∥∥∑
g≤x

∑
3≤g(2,∅)

β±g,x,3,aδg ⊗ δg−1x ⊗ δg(2,3)⊗ ξ̃
±

3

∥∥∥∥
≤

∑
g≤x

∑
3≤g(2,∅)

|β±g,x,3,a|2
1
2 |3| ≤ C

∑
g≤x

max
3∈Cliq(0)

|β±g,x,3,a|. (4-12)

In the case
a ≤ 2|g(1,3)| + |g(2,3)|, (4-13)

β±g,x,3,a = 0 by definition. Inequality (4-13) will certainly hold when a ≤ |g|. Let M be the maximum
length of a clique in Cliq(0). Then if

2|g(1,3)| + |g(2,3)| ≤ a− 2M − 1, (4-14)

we find that β±g,x,3,a= 0 by the binomial formula as for every v ∈C(g, x) we have F3,a(v)= 1. Inequality
(4-14) will certainly hold if 2|g| ≤ a− 2M − 1. So (4-12) can be estimated by C times the number of
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g ≤ x with
1
2(a− 2M − 1)≤ |g| ≤ a.

But the number such g’s grows polynomially in a; see Lemma 4.4. �

Lemma 4.8. Let x ∈W. Let u′, u′′ ∈W be such that |u′′x| = |x|− |u′′|, |u′u′′x| = |x|− |u′′|+ |u′|. Let
v ∈W be such that (u′′)−1

≤ v ≤ x. Then,∑
v≤g≤x

β+g,x,g(2,∅)\(u′u′′g)(2,∅),aβ
−

u′u′′g,u′u′′x,(u′u′′g)(2,∅)\g(2,∅),a−2|u′|+2|u′′|

=

{
1 if 2|v(1, v(2,∅)\(u′u′′v)(2,∅))| + |v(2, v(2,∅)\(u′u′′v)(2,∅))| ≤ a,
0 otherwise.

(4-15)

Proof. By (4-1) and (4-2) for v ≤ g we get

β+g,x,g(2,∅)\(u′u′′g)(2,∅),a =
∑

w∈C(g,x)

(−1)|g
−1v|Fg(2,∅)\(u′u′′g)(2,∅),a(w)

=

∑
w∈C(u′u′′g,u′u′′x)

(−1)|g
−1v|F(u′u′′g)(2,∅)\g(2,∅),a−2|u′′|+2|u′|(w)

= β+u′u′′g,u′u′′x,(u′u′′g)(2,∅)\g(2,∅),a−2|u′|+2|u′′|.

Therefore also,

β−g,x,g(2,∅)\(u′u′′g)(2,∅),a = β
−

u′u′′g,u′u′′x,(u′u′′g)(2,∅)\g(2,∅),a−2|u′|+2|u′′|.

We thus have that the left-hand side of (4-15) equals∑
v≤g≤x

β+g,x,g(2,∅)\(u′u′′g)(2,∅),aβ
−

g,x,g(2,∅)\(u′u′′g)(2,∅),a =
∑

v≤g≤x
β+g,x,g(2,∅)\(u′u′′g)(2,∅),a.

To compute this sum, recall that R was defined in (4-7), and define the mapping

κa :R→R : Pw 7→ Fw(2,∅)\(u′u′′w)(2,∅),a(w)Pw.

Then, using Lemma 4.6, the definition of κa , Lemma 4.3, and the definition (4-10),

κa(Q g)(x)= κa

( ∑
w∈C(g,x)

(−1)|g
−1w|Pw

)
(x)=

∑
w∈C(g,x)

(−1)|g
−1w|Fw(2,∅)\(u′u′′w)(2,∅),a(w)

= β+g,x,g(2,∅)\(u′u′′g)(2,∅),a.

As
∑

v≤g≤x Q g can be written as Pv plus projections in R that are not supported at x we see therefore
that ∑

v≤g≤x
β+g,x,g(2,∅)\(u′u′′g)(2,∅),a =

∑
v≤g≤x

κa(Q g)(x)= κa(Pv)(x).

This expression equals 1 if Fv(2,∅)\(u′u′′v)(2,∅),a(v)= 1 and 0 otherwise, which corresponds exactly to the
statement of the lemma. �

Lemma 4.9. Assume that 0 is finite so that (4-11) is defined boundedly. We have for n ∈ N that
9≤n =

∑n
i=−n σn−i,n+i ◦8i ◦9≤n .
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Proof. Let Tw ∈Mq with |w| ≤ n. We need to show that

Tw =

n∑
k=0

n∑
i=−n

σn−i,n+i ◦8i ◦ ρk(Tw).

We split Tw by Lemma 2.7,

Tw =

∑
(w′,00,w′′)∈Aw

T (1)
w′ PV00 T (1)

w′′ ,

and show that
n∑

k=0

n∑
i=−n

σn−i,n+i ◦8i ◦ ρk

applied to each of these summands acts as the identity. Let us consider a summand T (1)
w′ PV00 T (1)

w′′ with
(w′, 00,w

′′) ∈ Aw. Let u, u′, u′′ be as in Lemma 2.5 so that T (1)
w′ PV00 T (1)

w′′ = T (1)
u′ PuV00 T (1)

u′′ . We have

ρk(T
(1)
u′ PuV00 T (1)

u′′ )=

{
T (1)

u′ PuV00 T (1)
u′′ if k = |u′| + |u′′|,

0 otherwise.

So the only nonzero summand is k = |u′| + |u′′| so that it remains to show that for x, y ∈W〈 n∑
i=−n

σn−i,n+i ◦8i (T
(1)
u′ PuV00 T (1)

u′′ )δx, δ y

〉
= 〈T (1)

u′ PuV00 T (1)
u′′ δx, δ y〉. (4-16)

If the right-hand side is nonzero then we must have y= u′u′′x. Furthermore, recall that there is a choice for
u′, u′′ and we may choose them (depending on x) such that |u′′x|= |x|−|u′′| and |u′u′′x|= |x|−|u′′|+|u′|.
After making this choice the right-hand side is nonzero in the case (u′′)−1uV00 ≤ x, in which case the
expression equals 1.

Now consider the left-hand side of (4-16),

〈(8i (T
(1)
u′ PuV00 T (1)

u′′ )⊗ 1⊗ 1⊗ 1)U+n−iδx,U−n+iδ y〉

=

〈∑
g≤x

∑
3≤g(2,∅)

β+g,x,3,n−i8i (T
(1)
u′ PuV00 T (1)

u′′ )δg ⊗ δg−1x ⊗ δg(2,3)⊗ ξ̃
+

3 ,∑
h≤ y

∑
3′≤h(2,∅)

β−h, y,3′,n+iδh⊗ δh−1 y⊗ δh(2,3′)⊗ ξ̃
−

3

〉
. (4-17)

Comparing the first two tensor legs of this equation we derive the following. The only summands that are
nonzero are the ones where u′u′′g = h and at the same time g−1x = h−1 y. In particular we must have
y = u′u′′x and there is a choice for u′, u′′ (same choice as above) such that in fact |u′′x| = |x| − |u′′|
and |u′u′′x| = |x| − |u′′| + |u′|. We also see that we must have (u′′)−1uV00 ≤ x for this expression to
be nonzero. Taking into account 8i we see that (4-17) is nonzero only if i = |u′′| − |u′|.

Next we note that by comparing the last two tensor legs, if a summand in (4-17) is nonzero then we
have g(2,3)= h(2,3′) and 3∩3′ =∅. Recall that h = u′u′′g. But then 3 must equal the letters in
g(2,∅) that are not anymore in (u′u′′g)(2,∅) and 3′ must equal the letters in (u′u′′g)(2,∅) that are not
anymore in g(2,∅). This precisely means that 3= g(2,∅)\(u′u′′g)(2,∅) and 3′ = (u′u′′g)\g(2,∅).
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In all, we find that

(4-17)= 〈(T (1)
u′ PuV00 T (1)

u′′ ⊗ 1⊗ 1⊗ 1)U+n−iδx,U−n+iδ y〉

=

〈∑
g≤x

∑
3≤g(2,∅)

β+g,x,3,n−i T
(1)
u′ PuV00 T (1)

u′′ δg ⊗ δg−1x ⊗ δg(2,3)⊗ ξ̃
+

3 ,∑
h≤ y

∑
3′≤h(2,∅)

β−h, y,3′,n+iδh−1x ⊗ δh⊗ δh(2,3′)⊗ ξ̃
−

3

〉
=

∑
(u′′)−1uV00≤g≤x

β+g,x,g(2,∅)\(u′u′′g)(2,∅),n−iβ
−

u′u′′g,u′u′′x,(u′u′′g)(2,∅)\g(2,∅),n+i .

We claim that this expression is 1 by verifying Lemma 4.8. Indeed set w := (u′′)−1uV00. First suppose
that u is the empty word. Then

w(2,w(2,∅)\(u′u′′w)(2,∅))= V00

and so
w(1,w(2,∅)\(u′u′′w)(2,∅))= (u′′)−1.

If u is not the empty word, then let s ∈ W be a final letter of u (i.e., |us| = |u| − 1). Then s cannot
commute with V00 as this would violate the equation T (1)

u′ PuV00 T (1)
u′′ = T (1)

w′ PV00 T (1)
w′′ . Therefore again,

w(2,w(2,∅)\(u′u′′w)(2,∅))= w(2,∅)= V00

and so
w(1,w(2,∅)\(u′u′′w)(2,∅))= (u′′)−1u.

Further our constructions give that |u′′| = (k− i)/2 and 2|u| + |V00| = |w| − |u′| − |u′′| = |w| − k. So
we have
2|w(1,w(2,∅)\(u′u′′w)(2,∅))| + |w(2,w(2,∅)\(u′u′′w)(2,∅))|

= 2|(u′′)−1
| + 2|u| + |V00| = 2

k− i
2
+ (|w| − k)

= |w| − i ≤ n− i, (4-18)

so that by Lemma 4.8 we see that (4-17) is 1. So we conclude that (4-16) holds. �

Lemma 4.10. Assume that 0 is finite so that (4-11) is defined boundedly. We have for n ∈N, −n ≤ i ≤ n,

σn−i,n+i ◦8i ◦9≤n = σn−i,n+i ◦8i .

Proof. The proof pretty much parallels the proof of Lemma 4.9. We need to show that the right-hand
side applied to Tw with |w|> n equals 0. Therefore we may look at the summands T (1)

w′ PV00 T (1)
w′′ with

(w′, 00,w
′′) ∈ Aw which can be further decomposed as T (1)

u′ PuV00 T (1)
u′′ with u, u′, u′′ as in Lemma 2.5.

It suffices then to show that for all choices of k the following expression is 0:

〈σn−i,n+i ◦8i ◦ ρk(T
(1)
u′ PuV00 T (1)

u′′ )δx, δ y〉. (4-19)

Firstly, this expression is 0 in the case |u′| + |u′′| 6= k. So assume |u′| + |u′′| = k. Then,

(4-19)= 〈σn−i,n+i ◦8i (T
(1)
u′ PuV00 T (1)

u′′ )δx, δ y〉.
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As in the proof of Lemma 4.9 the expression (4-19) equals 0 unless u′u′′x = y and (u′′)−1uV00 ≤ x
with u′′, u′ chosen in such a way that |u′′x| = |x| − |u′′| and |u′u′′x| = |x| − |u′′| + |u′|. In that case
i = |u′| − |u′′|. As in (4-17),

(4-19)= 〈(T (1)
u′ PuV00 T (1)

u′′ ⊗ 1⊗ 1⊗ 1)U+n−iδx,U−n+iδ y〉

=

∑
(u′′)−1uV00≤g≤x

βg,x,g(2,∅)\(u′u′′g)(2,∅),n−iβu′u′′g,u′u′′x,(u′u′′g)(2,∅)\g(2,∅),n+i .
(4-20)

As for w := (u′′)−1uV00 we have again by the same reasoning as in/before (4-18) that

2|w(1,w(2,∅)\(u′u′′w)(2,∅))| + |w(2,w(2,∅)\(u′u′′w)(2,∅))| = |w| − i > n− i.

The expression (4-20) is 0 by Lemma 4.8. �

Proposition 4.11. We have ‖9≤n‖CB ≤ P(n) for some polynomial P.

Proof. By Lemmas 4.9 and 4.10 we have

9≤n =

n∑
i=−n

σn−i,n+i ◦8i ◦9≤n =

n∑
i=−n

σn−i,n+i ◦8i ,

and the right-hand side is completely bounded with polynomial bound in n; indeed the bound of σn−i,n+i

is polynomial in n by its very definition and Lemma 4.7. �

Definition 4.12. A von Neumann algebra M has the weak-∗ completely bounded approximation property
(wk-∗ CBAP) if there exists a net of normal finite-rank maps 8i :M →M such that 8i (x) → x
in the σ -weak topology and moreover supi ‖8i‖CB < ∞. If the maps 8i can be chosen so that
lim supi ‖8i‖CB ≤ 1 then M is said to have the weak-∗ completely contractive approximation property
(wk-∗ CCAP).

Theorem 4.13. Let (W, S) be a right-angled Coxeter system and let q > 0. The Hecke von Neumann
algebra Mq has the wk-∗ CCAP.

Proof. By an inductive limit argument and Corollary 3.3 we may assume that 0 is finite. The proof
goes back to [Haagerup 1978]. Consider the completely bounded map 9≤n ◦8r :Aq →Mq . Clearly as
n→∞ and r ↗ 1 this map converges to the identity in the point σ -weak topology. Let ε > 0. We have

‖9≤n ◦8r‖CB ≤ ‖(9≤n − Id) ◦8r‖CB+‖8r‖CB ≤

( ∞∑
i=n+1

rn
‖9n‖CB

)
+‖8r‖CB,

which shows using Propositions 4.11 and 3.7 that we may let r ↗ 1 and then choose n := nr converging
to∞ such that ‖9≤nr ◦8r‖CB ≤ 1+ ε for some constant.

The map 8r is normal. Also 9≤n is normal by a standard argument: indeed using duality and
Kaplansky’s density theorem one sees that 9n maps L1(Mq)→ L1(Mq) boundedly. Then taking the
dual of this map yields that 9n :Mq→Mq is a normal map. We may extend 9≤n ◦8r to a normal map
Mq →Mq . Then using a standard approximation argument yields the result. �
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Remark 4.14. In case our right-angled Coxeter group is free (i.e., m(s, t)=∞ for all s 6= t) it is possible
to adapt the arguments of [Ricard and Xu 2006] in order to obtain word-length cut-downs with polynomial
bound. This argument — purely based on bookkeeping of creations/annihilations — seems unrepairable
in the general case. In the case q = 1, for a general right-angled Coxeter group, word-length cut-downs
were obtained in [Reckwerdt 2015] by using actions on CAT(0)-spaces. The connection with the general
Hecke case is unclear.

5. Strong solidity in the hyperbolic case

We prove that in the factorial case (see Theorem 2.2) Mq is a strongly solid von Neumann algebra in the
case the Coxeter group is hyperbolic.

5A. Preliminaries on strongly solid algebras. The normalizer of a von Neumann subalgebra P of M is
defined as {u ∈ U(M) : uPu∗ = P}. We define NorP(M) as the von Neumann algebra generated by the
normalizer of P in M. A von Neumann algebra is called diffuse if it does not contain minimal projections.

Definition 5.1. A finite von Neumann algebra M is strongly solid if for any diffuse injective von Neumann
subalgebra P ⊆M the von Neumann algebra NorM(P) is again injective.

Ozawa and Popa [2010] proved that free group factors are strongly solid and consequently they could
prove that these are II1-factors that have no Cartan subalgebras (as was proved in [Voiculescu 1996]
earlier by a completely different method). A general source for strongly solid von Neumann algebras
are group von Neumann algebras of groups that have the weak-∗ completely bounded approximation
property and are biexact (see [Chifan and Sinclair 2013; Chifan et al. 2013; Popa and Vaes 2014]; we
also refer to these sources for the definition of biexactness). The following definition and subsequent
theorem were then introduced and proved in [Isono 2015]. For standard forms of von Neumann algebras
we refer to [Takesaki 2003].

Definition 5.2. Let M⊆ B(H) be a von Neumann algebra represented on the standard Hilbert space H
with modular conjugation J. We say that M satisfies condition (AO)+ if there exists a unital C∗-subalgebra
A⊆M that is σ -weakly dense in M and which satisfies the following two conditions:

(1) A is locally reflexive.

(2) There exists a ucp map θ : A⊗min JAJ→ B(H) such that θ(a⊗b)−ab is a compact operator on H.

Theorem 5.3 [Isono 2015]. Let M be a II1-factor with separable predual. Suppose that M satisfies con-
dition (AO)+ and has the weak-∗ completely bounded approximation property. Then M is strongly solid.

A maximal abelian von Neumann subalgebra P ⊆M of a II1-factor M is called a Cartan subalgebra
if NorM(P)=M. It is then obvious that if M is a noninjective strongly solid II1-factor, then M cannot
contain a Cartan subalgebra. Therefore we will now prove that the Hecke von Neumann algebra Mq in
the factorial, hyperbolic case satisfies condition (AO)+.
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5B. Crossed products. Let A be a C∗-algebra that is represented on a Hilbert space H. Let α : Gy A be
a continuous action of a discrete group G on A. The reduced crossed product Aor G is the C∗-algebra of
operators acting on H⊗ `2(G) generated by operators

ug :=
∑
h∈G

1⊗ egh,h, g ∈ G, and π(x) :=
∑
h∈G

h−1
· x ⊗ eh,h, x ∈ A. (5-1)

Here the convergence of the sums should be understood in the strong topology. There is also a universal
crossed product Aou G for which we refer to [Brown and Ozawa 2008] (in the case we need it, it turns
out to equal the reduced crossed product).

5C. Gromov boundary and condition (AO)+. Let again (W, S) be a Coxeter system which we assume
to be hyperbolic (see [Brown and Ozawa 2008, Section 5.3]). Let 3 be the associated Cayley tree. A
geodesic ray starting at a point w ∈3 is a sequence (w,wv1,wv1v2, . . . ) such that |wv1 · · · vn| = |w|+n.
We typically write ω = (ω(0), ω(1), . . . ) for a geodesic ray. Let ∂W be the Gromov boundary of W
which is the collection of all geodesic rays starting at the identity of W modulo the equivalence ω1 ' ω2

if and only if limx,y→∞ dist(ω1(x), ω2(y))= 0. W ∪ ∂W may be topologized as in [Brown and Ozawa
2008, Section 5.3].

Let W y W be the action by means of left translation. The action extends continuously to W ∪ ∂W
and then restricts to an action W y ∂W. We may pull back this action to obtain W y C(∂W ). As
in this section we assumed that W is a hyperbolic group, the action W y ∂W is well known to be
amenable [Brown and Ozawa 2008], which implies that C(∂W )ou W = C(∂W )or W, and furthermore
this crossed product is a nuclear C∗-algebra. Let f ∈C(∂W ), let f̃1, f̃2 ∈C(W ∪ ∂W ) be two continuous
extensions of f , and let f1 and f2 be their respective restrictions to W. Then f1 − f2 ∈ C0(W ). That
is, the multiplication map f1− f2 acting on `2(W ) determines a compact operator. So the assignment
f 7→ f1 is a well-defined ∗-homomorphism C(∂W )→ B(`2(W ))/K, where K are the compact operators
on `2(W ). It is easy to check that this map is W -equivariant and thus we obtain a ∗-homomorphism:

π1 : C(∂W )ou W → B(`2(W ))/K. (5-2)

Let again W y W be the action by means of left translation which may be pulled back to obtain an
action W y `∞(W ). Let

ρ : `∞(W )or W → B(`2(W ))

be the σ -weakly continuous ∗-isomorphism determined by ρ : uw 7→ T (1)
w and ρ : π(x) 7→ x (see [Vaes

2001, Theorem 5.3]). In fact ρ is an injective map (this follows immediately from [De Commer 2011, The-
orem 2.1] as the operator G in this theorem equals the multiplicative unitary/structure operator [Takesaki
2003, p. 68]). Let C∞(W ) be the C∗-algebra generated by the projections Pw, w ∈W. Take f ∈ C∞(W )

and let f̃ be the continuous extension of f to W∪∂W. The map f 7→ f̃ |∂W determines a ∗-homomorphism
σ : C∞(W )→ C(∂W ) that is W -equivariant. Therefore it extends to the crossed product map

σ or Id : C∞(W )or W → C(∂W )or W.

Theorem 5.4. Let (W, S) be a right-angled hyperbolic Coxeter group and let q∈[ρ, ρ−1
]; see Theorem 2.2.

The von Neumann algebra Mq satisfies condition (AO)+.
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Proof. We let Aq be the unital C∗-subalgebra of Mq generated by operators Tw, w ∈ W. It is easy to
see that Aq is preserved by the multipliers that we constructed in order to prove that Mq had the wk-∗
CBAP; see Section 4 (indeed these were compositions of radial multipliers — see Proposition 3.7 — and
word-length projections — see Proposition 4.11). Therefore Aq has the CBAP; hence by the remarks
before [Haagerup and Kraus 1994, Theorem 2.2] it is exact. Therefore Aq is locally reflexive [Brown and
Ozawa 2008; Pisier 2003, Chapter 18].

It remains to prove condition (2) of Definition 5.2. By Lemma 2.7 we see that Aq is contained in the
C∗-subalgebra of B(`2(W )) generated by the operators Pw, T (1)

w with w ∈W. So ρ−1(Aq) is contained in
C∞(W )or W and therefore we may set

γ : Aq → C(∂W )or W as γ = (σ or Id) ◦ ρ−1.

The mapping π2 : JAq J → B(`2(W ))/K : b 7→ b is a ∗-homomorphism and its image commutes with
the image of π1 of (5-2) (as was argued in [Higson and Guentner 2004, Lemma 6.2.8]). By the definition
of the maximal tensor product there exists a ∗-homomorphism

(π1⊗π2) : (C(∂W )ou W )⊗max JAq J → B(`2(W ))/K : a⊗ JbJ 7→ π1(a)JbJ.

We may now consider the following composition of ∗-homomorphisms:

Aq ⊗min JAq J
γ⊗id // (C(∂W )or W )⊗min JAq J

'
��

B(`2(W ))/K (C(∂W )ou W )⊗max JAq J._?π1⊗π2

oo

(5-3)

By construction this map is given by

a⊗ JbJ 7→ a JbJ +K, where a, b ∈ Aq . (5-4)

The map π1 is nuclear because we already observed that C(∂W )ou W is nuclear. Also π2 is nuclear as it
equals J ( · )J ◦π1◦γ ◦ J ( · )J. It therefore follows that the mapping π1⊗π2 : (C(∂W )or W )⊗min J Aq J→
B(`2(W ))/K in diagram (5-3) is nuclear and we may apply the Choi–Effros lifting theorem [1976] in
order to obtain a ucp lift θ : (C(∂W )or W )⊗min J Aq J → B(`2(W )). Then θ ◦ (γ ⊗ Id) together with
(5-4) witness the result. �

Corollary 5.5. Let (W, S) be an irreducible hyperbolic Coxeter system with |S| ≥ 3 and q ∈ [ρ, ρ−1
].

Then the Hecke von Neumann algebra Mq has no Cartan subalgebra.

Proof. This is a consequence of Theorem 5.3 together with Theorems 3.6, 4.13, and 5.4. �

Remark 5.6. In case W is not hyperbolic, it is not necessarily true that the group von Neumann algebra
M1 is strongly solid. The easiest case is when 0 is K2,3, the complete bipartite graph with 2+ 3 vertices.
Then the graph product W = ∗K2,3Z2 = (Z2 ∗Z2)× (Z2 ∗Z2 ∗Z2) contains a copy of Z× F2. Thus M1

cannot be strongly solid as it contains the group von Neumann algebra of Z×F2. Note that K2,3 is not an
irreducible graph but the same argument applies if one adds one point with no edges to K2,3.
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6. Absence of Cartan subalgebras

As we saw in Remark 5.6 the absence of Cartan subalgebras for general right-angled Hecke von Neumann
algebras cannot be proved through strong solidity. In this section we obtain absence of Cartan subalgebras
for some additional Hecke von Neumann algebras through an analysis of amalgamated free products
in conjunction with [Vaes 2014, Theorem A] (see also [Ioana 2015] for related results). We need some
terminology first.

Definition 6.1. Let N ,P ⊆M be finite von Neumann algebras. We say that N is injective (or amenable)
relative to P if there is a completely positive map 8 from the basic construction 〈M, eP〉 onto N such
that 8|M is the conditional expectation of M onto N. Here eP is the Jones projection, i.e., the conditional
expectation of M to P on the L2-level.

The following Theorem 6.2 uses Popa’s intertwining by bimodules technique. For us it suffices that
for finite (separable) von Neumann algebras N ,P ⊆M we say that N ≺M P if there exists no sequence
of unitaries wk in N such that for all x, y ∈M we have ‖EP(xwk y)‖2→ 0. The following theorem is a
somewhat less general version of [Vaes 2014, Theorem A].

Theorem 6.2. Let Ni , i = 1, 2, be finite von Neumann algebras with common von Neumann subalgebra B.
Let N =N1 ∗B N2 be the (tracial) amalgamated free product. Let A⊆N be a von Neumann subalgebra
that is injective relative to one of the Ni , i = 1, 2. Then at least one of the following statements holds true:

(1) A≺N B.

(2) There exists i such that NorN (A)≺N Ni .

(3) NorN (A) is injective relative to B.

Recall that for a graph0 and r ∈V0 we have Link(r)={s∈V0 : (r, s)∈ E0} and Star(r)=Link(r)∪{r}.
We include the following lemma to show that part of the condition in Theorem 6.7 can always be achieved.

Lemma 6.3. Every irreducible graph 0 with |V0| ≥ 3 contains a vertex r ∈ V0 such that V0− Star(r)
contains at least two points.

Proof. Pick some random point r ∈ V0. We cannot have Star(r) = V0 because then 0 would not be
irreducible. So there is at least one point w ∈ V0− Star(r). If there is another point in V0− Star(r)
then we are done, so we assume that w is the only point in V0− Star(r). This implies that Link(r) is
nonempty. Star(w) does not contain r as w 6∈ Star(r). Also there must be at least one point u ∈ Link(r)
(which was nonempty!) that is not connected to w because if this is not the case then every two elements
in Link(r) and {r, w} would be connected so that 0 is not irreducible. In all we proved that w has the
property that V0− Star(w) contains at least two elements, namely r and u. �

We recall the following definitions from [Caspers and Fima 2017].

Definition 6.4. Let 0 be a graph and let w = w1 · · ·wn be a word with letters in V0. Suppose that
wi = wj . We say that the i-th and j-th letters of w are separated if there is a k with i < k < j such that
wk 6∈ Star(wi ). If every two (equal) letters in w are separated then w is called reduced.
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Definition 6.5. Let 0 be a graph and for s ∈ V0 let M(s) be a von Neumann algebra with normal faithful
tracial state τs . Let M(s)◦ = {a ∈M(s) : τs(a)= 0}. Let a = a1 · · · an with ai ∈M(si )

◦ be an operator
in the graph product von Neumann algebra ?s∈V0M(s). Then a is called reduced if the word s1 · · · sn is
reduced. The word s1 · · · sn is then called the type of a. We also say that two operators ai and aj of the
same type s ∈ V0 are separated if there exists i < k < j such that the type of ak is not in Star(s).

Definition 6.6. An inclusion of tracial von Neumann algebras B ⊆ N is called mixing if for every
sequence bn in B with ‖bn‖ ≤ 1 and bn→ 0 weakly we have that ‖EB(xbn y)‖2→ 0 for all x, y ∈N 	B.

For the proof of the following theorem we need a condition assuming the existence of a specific point
r ∈ S. The condition is chosen such that in Claim 2 of the proof of Theorem 6.7 we get a mixing inclusion
of von Neumann algebras. This gives examples of Hecke von Neumann algebras of nonhyperbolic Coxeter
groups that do not possess Cartan subalgebras. Indeed examples can easily be constructed; for example if
there exists a point r ∈ S such that Link(r) is the graph of a nonhyperbolic Coxeter group and if there are
few edges between Link(r) and V0− Star(r) (i.e., such that the condition below is satisfied). Though
we believe that the theorem should hold without this condition we were unable to find a complete proof.

Theorem 6.7. Let (W, S) be an irreducible right-angled Coxeter group with |S| ≥ 3. Let q ∈ [ρ, ρ−1
].

Assume that there is an element r ∈ S such that:

• V0− Star(r) contains at least two points.

• For every s, t ∈ Link(r) such that (s, t) 6∈ E0 we have that

Link(s)∩ Link(t)∩ (V0− Star(r))=∅.

Then the Hecke-von Neumann algebra Mq does not have a Cartan subalgebra.

Proof. Let 0= (V0, E0) be the graph of (W, S). By Corollary 3.4 we get a graph product decomposition
Mq = ?s∈V0Mq(s) with Mq(s) the Hecke-von Neumann algebra associated with the Coxeter subsystem
generated by just s (so it is 2-dimensional by Section 3). Choose r ∈ V0 satisfying the conditions of the
statement of the theorem. Put

N1 = ?s∈Star(r)Mq(s), N2 = ?s∈V0−{r}Mq(s), and B = ?s∈Link(r)Mq(s).

Here Link(r), Star(r), and V0−{r} are all viewed as full subgraphs of 0, i.e., a subgraph for which two
vertices share an edge if and only if they share an edge in 0. Simply write M for Mq . By [Caspers and
Fima 2017, Theorem 2.26] we get

M=N1 ∗B N2.

Now suppose that A⊆M is a Cartan subalgebra. We are going to derive a contradiction by showing that
any of the three alternatives of Theorem 6.2 is absurd.

Claim 1: We cannot have NorM(A)≺M Ni for either i = 1, 2.

Proof of the claim. As A is assumed to be Cartan we need to prove that M 6≺M Ni . Let t ∈ V0−Star(r).
Then the subalgebra of M generated by Mq(r) and Mq(t) is the tracial free product Mq(r) ∗Mq(t).
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Take unitaries u ∈Mq(r) and v ∈Mq(t) with trace 0. Put wk = (uv)k, which then is a unitary in
Mq(r) ∗Mq(t) with trace 0.

We need to show that for all x, y ∈M we have ‖ENi (xwk y)‖2→ 0. Recall that Mq(s)◦ is the space
of elements z ∈Mq(s) with trace 0. By a density argument we may and will assume that x = x1 · · · xk

and y = y1 · · · yl are reduced operators with xi , yi ∈Mq(s)◦ for some s (see Definition 6.5 or [Caspers
and Fima 2017, Definition 2.10] for the notion of reduced operators). Take a decomposition x = x ′a,
where x ′ = x1 · · · xm and a = xm+1 · · · xk , with xm+1, . . . , xk ∈Mq(r)◦ ∪Mq(t)◦. We may assume that
this decomposition is taken in such a way that the length of a is maximal; in other words, the end of
the expression x ′ has (after possible commutations) no factors xi that come from Mq(r)◦ and Mq(t)◦.
We take a similar decomposition for y. We may write y = by′ with y′ = yn+1 · · · yl and b = y1 · · · yn

with yi , 1≤ i ≤ n, elements of either Mq(r)◦ or Mq(t)◦. Again we may assume that this decomposition
is maximal meaning that (after possible commutations) the expression y′ does not have factors at the start
that come from either Mq(r)◦ or Mq(t)◦.

Now write xwk y = x ′(awkb)y′. For k big (in fact k ≥ m + n + 1 suffices) we get that awkb is not
contained in Ni for i = 1, 2. Indeed a and b can never cancel all the occurrences of u and v in wk = (uv)k

so that awkb ∈Mq(r) ∗Mq(t)	 (Mq(r)∪Mq(t)). So xwk y = x ′(awkb)y′ 6∈ Ni for either i = 1, 2.
Therefore ‖ENi (xwk y)‖2→ 0 as k→∞.

Claim 2: We do not have A≺M B.

Proof of the claim. Firstly we check that the inclusion B ⊆N2 is mixing. Let bn be a sequence in B with
‖bn‖≤ 1 such that bn→ 0 weakly. Take x, y ∈N2	B. By linearity and density we may assume that both
x and y are reduced operators. In particular write a reduced expression x = x1 · · · xn with xi ∈Mq(si )

◦

for some si ∈ V0−{r} and 1≤ i ≤ n. Since x is not in B let xi0 be such that si0 6∈ Link(r). Let V3 be the
set of all vertices in Link(r) that share an edge with si0 . Let 3 be the full subgraph of 0 with edge set V3.
Then 3 must be complete (i.e., every two vertices share an edge) because otherwise this would contradict
the assumptions on r . This means that B̃ := ?s∈V3Mq(s) =

⊗
s∈V0Mq(s) is finite-dimensional, as

Mq(s) is 2-dimensional; see Section 3. This in turn implies that ‖EB̃(bn)‖2→ 0 (indeed, bn is bounded
and converges to 0 weakly, hence σ -weakly; so EB̃(bn)→ 0 σ -weakly and hence in the ‖ · ‖2-norm, by
finite dimensionality). Now we have

EB(xbn y)= EB(x(bn − EB̃(bn))y)+ EB(xEB̃(bn)y),

where the second summand converges to 0 in the ‖·‖2-norm as n→∞. Further EB(x(bn−EB̃(bn))y)= 0
for every n as the operator xsi0

is separated from any other operator of type si0 . So this shows that

‖EB(xbn y)‖2 = ‖EB(xEB̃(bn)y)‖2→ 0.

This concludes our claim that the inclusion B ⊆N2 is mixing.
If A≺M B then we certainly have A≺M N2. But then by [Ioana 2015, Lemma 9.4] and the previous

paragraph which shows that the inclusion Ni ⊆M is mixing, we get that also NorM(A)≺M N2. However
this is impossible by Claim 1.
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Claim 3: M is not relatively injective with respect to B.

Proof of the claim. Recall our choice of r ∈ V0 at the start of the proof. Let t1, t2 be two different points in
V0−Star(r). Let 3 be the full subgraph of 0 with vertex set {r, t1, t2}. Let N = ?s∈V3Mq(s). Note that
N ∩B=C. Suppose that M were to be relatively injective with respect to B. Then there exists a (possibly
nonnormal) conditional expectation8 : 〈M, eB〉→M. We shall prove that this implies that N is injective.

Let A be the set of all reduced words w with letters in V0 that do not end on letters in Link(r) and that
do not start with letters in {r, t1, t2}, meaning that for each s ∈ Link(r) the word ws is reduced and for each
s ∈ {r, t1, t2} the word sw is reduced. For each word w ∈W let Xw be a maximal set of reduced operators
in M of type w that form an orthonormal system in L2(M). Let x ∈ Xw, x ′ ∈ Xw′ with w,w′ ∈ A and
x 6= x ′. The spaces spanned by N xB and N x ′B are orthogonal in L2(M) and invariant subspaces for N.
Moreover, the projection4 of L2(M) onto span N xB‖·‖2 is given by

px =
∑
i∈I

ni xeBx∗n∗i ,

where we have chosen ni , i ∈ I, to be elements of N that form an orthonormal basis of L2(N ). In particular
px ∈ 〈M, eB〉. We have that the projections px , x ∈ Xw, w ∈ A, commute with N and they sum up to 1 as

L2(M)=
⊕

w∈A,x∈Xw

span N xB‖·‖2 .

For w ∈ A, x ∈ Xw set
p′x = xeBx∗.

Similarly, p′x is the projection onto span xB‖·‖2 and p′x ≤ px . We claim that the von Neumann algebra
generated by pxN px and p′x is homogeneous of type I. In order to do so note that there is a unitary5 map

Ux : span N xB‖·‖2 → L2(N )⊗ L2(B) : nxb 7→ n⊗ b.

We have Ux nU∗x = n ⊗ IdL2(B) and Ux p′xU∗x = p� ⊗ IdL2(B), where p� is the projection onto � :=
1N ∈ L2(N ). So that the von Neumann algebra Ux 〈pxN px , p′x 〉U

∗
x is isomorphic to B(L2(N ))⊗ IdL2(B),

which is homogeneous of type I.
Now consider 9 : 〈M, eB〉 →8 M →EN N. This is a conditional expectation for the inclusion

N → 〈M, eB〉. Let P be the subalgebra of 〈M, eB〉 that is generated by all pxN px and p′x with x ∈ Xw,

4Indeed px is a projection: clearly p∗x = px . Further, by assumption on x = x1 · · · xk we have for n ∈N that nx is a reduced
operator. Take b ∈ B of trace 0. The word ni xb is then reduced. In order to determine the conditional expectation EB of
x∗n∗i n j xb one needs to write x∗n∗i n j xb as a sum of reduced operators and delete all terms that are not in B. But the only such
terms are the ones where n∗i annihilates n j and where each x∗i annihilates xi . That is, EB(x∗n∗i n j xb) = τ(n∗i n j )τ (x∗x)b =
δi, j b. Similarly, in order to determine EB(x∗n∗i n j xb) one writes x∗n∗i n j x as a reduced expression and filters all operators
that are in B. Using that x does not end on letters in B, this can only happen if n∗i annihilates the letter n j and each x∗i
annihilates xi . That is, EB(x∗n∗i n j x) = τ(n∗i n j )τ (x∗x) = δi, j . So we conclude EB(x∗n∗i n j xb) = δi, j b for any b ∈ B. This
gives eBx∗n∗i n j xeB = δi, j eB. Then p2

x =
∑

i, j∈I ni xeBx∗n∗i n j xeBx∗n∗j =
∑

i∈I ni xeBx∗n∗i = px . The image of px is
clearly contained in span N xB‖·‖2 . Finally for a vector nxb, n ∈ N, b ∈ B, we have px (nxb) =

∑
i∈I ni xeBx∗n∗i nxb =∑

i∈I ni xτ(x∗x)τ (n∗i n)b =
∑

i∈I ni xτ(n∗i n)b = nxb.
5Indeed Ux is unitary as

∥∥∑
i ni xbi

∥∥2
2=

∑
i, j τ(b

∗
j x∗n∗j ni xbi )=

∑
i, j τ(n

∗
j ni )τ (b∗j bi )=

∥∥∑
i ni ⊗ bi

∥∥2
2, where the second

equality uses that ni xbi is reduced by definition of x and that τ(x∗x)= 1 as x had norm 1 in L2(M).
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w ∈ A. The previous paragraph shows that P =
⊕

x∈Xw,w∈A〈pxN px , p′x 〉 is homogeneous of type I.
Restricting 9 to P gives a conditional expectation for the inclusion N → P (recall that N is contained in
P as the projections px sum up to 1). Hence N is an expected subalgebra of a homogeneous type-I algebra.
As homogeneous type-I algebras are expected subalgebras of a type-I factor we conclude that N is injective.

Remainder of the proof. Now Theorem 6.2 implies that either (1) NorM(A) ≺M Ni for either i = 1
or i = 2; (2) A ≺M B; (3) M is injective relative to B. The three claims above rule out all of these
possibilities, showing that M does not possess a Cartan subalgebra. �
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A VECTOR FIELD METHOD FOR RADIATING BLACK HOLE SPACETIMES

JESÚS OLIVER AND JACOB STERBENZ

We develop a commuting vector field method for a general class of radiating spacetimes. The metrics we
consider are modeled on those constructed from global nonlinear stability problems in general relativity,
and our method provides sharp peeling estimates for solutions to both linear and (null form) nonlinear
scalar fields.
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1. Introduction

In this paper we develop a sharp variant of Klainerman’s vector field method for solutions to scalar wave
equations on a generic class of asymptotically flat spacetimes. These are taken to be certain long-range
perturbations of Minkowski space which enjoy a standard local energy decay assumption.

The first main consideration here is to place the minimal conditions on our metrics at null infinity which
are compatible with gravitational radiation, but at the same time are also strong enough to provide full
peeling estimates for scalar waves. Our conditions turn out to be natural even if one is only interested in
stationary long-range perturbations of Minkowski space, because they highlight certain peeling properties
of Lorentzian metrics at null infinity which appear to be necessary in order to produce estimates on the
order of the classical Morawetz conformal energy.

The second main consideration here is to produce a collection of norms which are natural for studying
nonlinear stability problems, at least when the quadratic part of nonlinearity enjoys a certain generalized
null condition. In fact, we will produce a range of norms with weights that are also capable of handling
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systems satisfying weaker “null conditions”, so our setup should also be useful for a class of quasilinear
stability problems where one assumes certain bounds on Ricci curvature; but we leave this to a subsequent
work.

First we discuss the basic assumptions and results which are contained in this paper. Additional remarks
and references with then follow.

1A. Basic notation and metric assumptions. When stating inequalities we will use A . B to mean
A ≤ C B for some fixed C > 0 independent of A, B. We also employ the index notation A .k B when
C = C(k) depends on some auxiliary parameter k (although we will not always use such notation when a
dependency exists).

The setting for the paper is the following: We fix some compact K ⊂ R3 with smooth boundary such
that R3

\K is connected. On the manifold M= [0,∞)× (R3
\K) we suppose there is given a smooth

Lorentzian metric gαβ . We write (t, x) for rectangular coordinates 0≤ t <∞ and x ∈R3
\K. Note that we

may assume K=∅. In the sequel we will also assume that the level sets t = const are uniformly spacelike
in the sense that −C < g00 <−c. In this paper r = |x | with the Euclidean norm and 〈x〉 = (1+ |x |2)

1
2 .

With respect to the coordinates (t, x) and Euclidean measure dt dx we have L p norms restricted to
time slabs in M of the form [0, T ] × (R3

\K). These will be denoted by L p
[0, T ]. On the time slice

t = const we denote by L p
x the corresponding restricted norm, and we denote by L p

t Lq
x [0, T ] the mixed

norms. It will also be useful to employ various inhomogeneous Besov versions of these spaces. For
example we define ‖φ‖p

`
p
r Lq [0,T ]

=
∑

j≥0 ‖χjφ‖
p
Lq [0,T ], where χj is a spatial cutoff on scale 〈x〉 ≈ 2 j.

Similar notation is used for dyadic summations with respect to the time variable t , and other auxiliary
variables as well (such as the optical functions described below). We define fixed-time and spacetime
Sobolev spaces which will be denoted by H s

x and H s
[0, T ], with the convention that in both cases we

consider all (t, x)-derivatives ∂ I for multiindex |I | ≤ s.
In this work we make two basic assumptions about our spacetimes (M, g). The first is an asymptotic

condition on the metric:

Definition 1.1 (asymptotically flat radiating spacetimes). Suppose (M, g) is given as above. Then we
say gαβ is “outgoing radiating” if the following hold:

(I) (weak “optical function”) On M there is defined a smooth u = u(t, x) such that (u, x) forms a
uniform set of coordinates in the sense that C−1 < ut < C , and u has the symbol bounds

‖(τ−∂t)
i (τxτ0∂x)

J (∂t u− 1, ∂i u+ωi )‖`1
r L∞[0,∞) <∞ for all (i, J ) ∈ N×N3, (1)

where τx =〈x〉, τ−=〈u〉, τ+=〈(t, x)〉, τ0= τ−τ
−1
+ , and where ωi

= x iτ−1
x . Henceforth we let ∂= (∂t , ∂x)

denote the (t, x)-coordinate derivatives, and likewise ∂b
= (∂b

u , ∂
b
x ) will denote the (u, x)-coordinate

derivatives.

(II) (outgoing radiation condition) First define symbol classes Zk in terms of the seminorms (restricted to
t ∈ [0,∞))

|||q|||k,N :=
∑

i+|J |≤N

‖τ−k
0 (τ−∂

b
u )

i (τx∂
b
x )

J q‖`1
r L∞ +

∑
i+|J |≤N

‖τ−k
0 (τ−∂

b
u )

i (τx∂
b
x )

J q‖`1
u`

1
r L∞( 1

2 t<r<2t). (2)
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Then for the inverse metric gαβ in (u, x)-coordinates one has the symbol bounds

gαβ − hαβ ∈ Z0,
√
|g|giu

+ωi
∈ Z

1
2 , gui

−ωiωj gu j
∈ Z1, guu

∈ Z2, (3)

where
huu
= 0, hui

=−ωi , hi j
= δi j . (4)

A number of further remarks are in order concerning the previous definition. Proofs are provided in
Appendix A.

Remark 1.2. An immediate consequence of (1) is that one has a uniformly bounded change of frame
between (∂t , ∂x) and (∂b

u , ∂
b
x ). Specifically

∂b
α = eβα∂β,

∑
|I |≤k

|∂ I eβα |.k 1, ∂α = f βα ∂
b
β,

∑
|I |≤k

|(∂b)I f βα |.k 1. (5)

In particular one may use either (∂t , ∂x) or (∂b
u , ∂

b
x ) to define the Sobolev spaces H s

[0, T ] and H s
x , and

for this purpose we will use these frames interchangeably in the sequel. Note however that the frames
(∂t , ∂x) and (∂b

u , ∂
b
x ) are not interchangeable in all contexts. See for instance Remark 1.12 below.

Remark 1.3. The condition (I) implies that τ−1
+ (u+ τx − t)= or (1), and together with (II) we have

‖(τ−∂t)
i (τxτ0∂x)

J (g− η)‖`1
r L∞[0,∞) <∞ for all (i, J ) ∈ N×N3,

where η = diag(−1, 1, 1, 1) is the Minkowski metric in (t, x)-coordinates. In particular g is weakly
asymptotically flat in the sense that ∂ J (g − η) = or (1) for all J ∈ N4, and away from the region
〈t − r〉 � 〈t + r〉 this can be strengthened to (t∂t)

i (τx∂)
J (g− η)= or (1) for all (i, J ) ∈ N×N4.

Remark 1.4. Definition 1.1 allows us to replace u by ũ = χu + (1− χ)(t − τx), where χ is a cutoff
supported where 〈t−r〉� 〈t+r〉 with bounds |(τ+∂)Jχ |. 1. Thus, in the sequel we shall always assume
that u = t − τx away from the “wave zone” 〈t − r〉 � 〈t + r〉.

Remark 1.5. For metrics which are quasistationary and quasispherical in the sense that g = g0 + g1,
where g0 is spherical in (t, x)-coordinates and

‖ ln2(1+τx)(t∂t)
i (τx∂)

J (g0−η)‖`1
r L∞[0,∞)+‖τx(t∂t)

i (τx∂)
J g1‖`1

r L∞[0,∞)<∞ for all (i, J )∈N×N4,

it can be shown the conditions of Definition 1.1 hold. In particular this guarantees that our conditions
hold for certain stationary long-range perturbations of the Kerr family of spacetimes. In general we leave
as an open question to find natural (e.g., geometric) conditions on metrics which satisfy only

‖τ a
x (t∂t)

i (τx∂)
J (g− η)‖`1

r L∞[0,∞) <∞

for some 0≤ a < 1, which would guarantee the existence of an optical function such as in Definition 1.1.

Remark 1.6. The peeling conditions (3) represent sharp streamlined versions of the asymptotic estimates
obtained for geometric quantities in the nonlinear stability of Minkowski space (see [Christodoulou and
Klainerman 1993; Bieri 2010]), as well as asymptotically flat dynamical black hole spacetimes (see
[Dafermos et al. 2013]). While it would take a bit of work to translate the connection/curvature bounds of
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[Christodoulou and Klainerman 1993; Bieri 2010; Dafermos et al. 2013] into coordinate conditions such
as (3), we expect that the latter are in fact far more general. We leave this aspect of our work to further
investigations.

1B. The local energy decay assumption. The second main assumption of this paper concerns the behav-
ior of solutions to the inhomogeneous scalar wave equation on (M, g). Following [Marzuola et al. 2010;
Tataru and Tohaneanu 2011; Tataru 2013] we define the local energy decay norms.

Definition 1.7 (“classical” local energy decay norms). First set

‖φ‖LE[0,T ] = ‖τ
−

1
2

x φ‖`∞r L2[0,T ], ‖F‖LE∗[0,T ] = ‖τ
1
2

x F‖`1
r L2[0,T ].

Next, for a fixed R0 ≥ 1 sufficiently large (r < R0 may be assumed to contain K), and integer s ≥ 0, we
define

‖φ‖LEs
class[0,T ] =

∑
|J |≤s

(‖τ−1
x ∂ Jφ‖LE[0,T ]+‖∂∂

Jφ‖LE[0,T ]), (6a)

‖φ‖WLEs
class[0,T ] =

∑
|J |≤s

(‖τ−1
x ∂ Jφ‖LE[0,T ]+‖∂∂

Jφ‖LE(r>R0)[0,T ]), (6b)

‖F‖LE∗,s [0,T ] =
∑
|J |≤s

‖∂ J F‖LE∗[0,T ], (6c)

‖F‖WLE∗,s [0,T ] =
∑
|J |≤s

(‖∂ J F‖LE∗[0,T ]+‖∂∂
J F‖L2(r<R0)[0,T ]). (6d)

In terms of these spaces the second main assumption of the paper is:

Assumption 1.8 (weak and stationary energy boundedness/decay estimates). For R0 as in Definition 1.7
above and any s ≥ 0 there hold the estimates

sup
0≤t≤T

‖∂φ(t)‖H s
x
+‖φ‖WLEs

class[0,T ] .s ‖∂φ(0)‖H s
x
+‖�gφ‖(WLE∗,s+L1

t H s
x )[0,T ]

, (7a)

sup
0≤t≤T

‖∂φ(t)‖H s
x
+‖φ‖LEs

class[0,T ] .s ‖∂φ(0)‖H s
x
+‖(φ, ∂tφ)‖L2×H s(r<R0)[0,T ]+‖�gφ‖LE∗,s [0,T ]. (7b)

In practice it is useful to have a bound which does not include the low-frequency error on the right-hand
side of (7b). This is found by concatenating (7a)–(7b), which gives

sup
0≤t≤T

‖∂φ(t)‖H s
x
+‖φ‖LEs

class[0,T ] .s ‖∂φ(0)‖H s
x
+‖∂tφ‖H s(r<R0)[0,T ]+‖�gφ‖WLE∗,s [0,T ]. (8)

Before continuing we make a number of remarks about these assumptions.

Remark 1.9. Estimates of the form (7a) have a long history for both asymptotically flat nontrapping
spacetimes, and for the Kerr family of metrics. For the case of black holes we refer the reader to [Blue
and Sterbenz 2006; Dafermos and Rodnianski 2009; Marzuola et al. 2010; Tataru and Tohaneanu 2011;
Dafermos et al. 2016] for more detailed discussions. In the sharp form needed for the present paper
the estimate (7a) was proved by Marzuola, Metcalfe, Tataru, and Tohaneanu [Marzuola et al. 2010]
for Schwarzschild space and Tataru and Tohaneanu [2011] for Kerr with |a| � M. More recently a
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slightly less precise version of (7a) was established for the full subextremal range of Kerr by Dafermos,
Rodnianski, and Shlapentokh-Rothman [Dafermos et al. 2016]. It is expected that (7a) holds for a wide
class of asymptotically flat spacetimes which satisfy certain natural structural conditions similar to those
of the Kerr metric, as well as certain natural spectral assumptions. We refer the reader to [Metcalfe et al.
2017] for a definitive account in the case of nontrapping spacetimes.

Remark 1.10. The second estimate (7b) is essentially the “stationary local energy decay” estimate of
[Metcalfe et al. 2012]. It can be shown that (7b) follows from estimates similar to (7a) when ∂t is timelike
on a set T where one loses regularity in the local energy decay norms (6). See Appendix B for a proof.
We remark that such timelike conditions hold for the Kerr family of metrics when the angular momentum
satisfies 0≤ |a|< a0 for some 0< a0 < M. On the other hand one should still expect (7b) to hold for the
full subextremal range 0≤ |a|< M of Kerr thanks to the (microlocal) nonvanishing of the symbol of ∂t

on the trapped set.

1C. Norms and vector fields. We now introduce the weighted local energy decay norms that will play a
leading role in the remainder of the paper.

Definition 1.11 (null energy decay norms). First we define a null energy seminorm with the same scaling
as LE:

‖φ‖NLE[0,T ] = ‖τ
−

1
2
− φ‖`∞u L2( 1

2 t<r<2t)[0,T ], ‖F‖NLE∗[0,T ] = ‖τ
1
2
−F‖`1

u L2( 1
2 t<r<2t)[0,T ].

Next, we have the generalization of LEs
class and WLEs

class which include the seminorms

‖φ‖LEs
[0,T ] = ‖φ‖LEs

class[0,T ]+
∑
|J |≤s

‖(∂b
x (∂

b)Jφ, τ−1
x ∂ Jφ)‖NLE(r>R0)[0,T ], (9a)

‖φ‖WLEs
[0,T ] = ‖φ‖WLEs

class[0,T ]+
∑
|J |≤s

‖(∂b
x (∂

b)Jφ, τ−1
x ∂ Jφ)‖NLE(r>R0)[0,T ]. (9b)

Remark 1.12. Notice we have specifically used Bondi coordinate derivatives (∂b
u , ∂

b
x ) inside the gradient

portion of the right-hand side of (9). This appears to be necessary because condition (1) does not guarantee
a good peeling estimate for (∂b

x )
I ∂u. In particular we don’t assume improved control of the commutators

[∂b
x , ∂α] beyond the bounds (5).

Remark 1.13. We remark that our definition of NLE is essentially a sharp (dyadic) version of Alinhac’s
“ghost weight” energy [2001]. The authors wish to thank the anonymous referee for pointing out this
connection. Note also that the NLE terms in (9a) and (9b) simply represent a weaker (averaged) version
of the natural outgoing null energy on the hypersurfaces u = const.

Next, we define LE-type norms with uniform weights in time. These will play a central role in
establishing peeling estimates for solutions to the wave equation.
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Definition 1.14 (weighted LE and conformal energy norms). For functions φ which solve the wave
equation and 0≤ a ≤ 1 we set

‖φ(t)‖Ea = ‖τ a
+
τ

max {a, 1
2}

0 ∂φ(t)‖L2
x
+‖τ a

+
(∂b

xφ(t), τ
−1
x φ(t))‖L2

x
, (10a)

‖φ‖Sa[0,T ] = ‖τ
a
+
τ

max {a, 1
2}

0 ∂φ‖LE[0,T ]+‖τ
a
+
(∂b

xφ, τ
−1
x φ)‖LE[0,T ]+‖τ

a
+
τ−1

x ∂b
r (τxφ)‖NLE[0,T ], (10b)

‖φ‖S1,∞[0,T ] = ‖φ‖`∞t S1[0,T ]+‖τ+τ
−1
x ∂b

r (τxφ)‖NLE[0,T ]. (10c)

For source terms we fix a parameter R0 as in Definition 1.7 and set

‖F‖N a[0,T ] = ‖τ
a
+
τ

1
2

0 F‖LE∗[0,T ]+‖τ
a
+
∂F‖L2(r<R0)[0,T ]+‖τ

a
+

F‖NLE∗[0,T ], (11a)

‖F‖N 1,1[0,T ] = ‖τ+τ
1
2

0 F‖`1
t LE∗[0,T ]+‖τ+∂F‖`1

t L2(r<R0)[0,T ]+‖τ+F‖NLE∗[0,T ]. (11b)

Finally, we construct higher-order versions of all the above norms.

Definition 1.15 (modified vector fields). First define the approximate Lie algebras

L0 = {∂
b
u , ∂

b
i −ω

i∂b
u }, L= {S, �i j } ∪ L0, where S = u∂b

u + r∂b
r , �i j = x i∂b

j − x j∂b
i . (12)

Note that all members of L commute modulo L with the exception of

[∂b
i −ω

i∂b
u , S] = ∂b

i −ω
i∂b

u + τ
−2
x ωi∂b

u . (13)

For a function φ we write
φ(k) = (φ, 0 I1φ, 0 I2φ, . . . ),

where the right-hand side is an array of all products 0 I of vector fields in L up to length |I | ≤ k. If ‖ · ‖ is
any norm we write

‖φ(k)‖ =
∑
|I |≤k

‖0 Iφ‖, 0 ∈ L.

We use a similar notation for pointwise identities; for example |∂φ(k)| =
∑
|I |≤k |∂0

Iφ| etc. In the case
of norms we use a subscript notation to denote higher-order derivatives by vector fields:

‖φ(t)‖Ea
k
= ‖φ(k)(t)‖Ea , ‖φ‖Sa

k [0,T ] = ‖φ
(k)
‖Sa[0,T ], ‖F‖N a

k [0,T ] = ‖F
(k)
‖N a[0,T ],

and similarly for LE-type norms. In addition we set ‖φ‖H s
k
= ‖φ(k)‖H s and ‖φ(t)‖H s

x,k
= ‖φ(k)(t)‖H s

x
.

1D. Main results, I: Linear estimates. The main result of the paper can now be stated as follows.

Theorem 1.16 (weighted local energy decay estimates). Assuming estimates (7a) and (7b), for 0≤ a ≤ 1
and fixed s, k ≥ 0 there exist parameters Ba = Ba(s, k) such that:

(I) In the case a = 0 one has
sup

0≤t≤T
‖∂φ(t)‖H s

x,k
+‖φ‖WLEs

k [0,T ]

.s,k

∑
|I |≤k

∑
|J |≤s

‖(τx∂x)
I ∂ J

x ∂φ(0)‖L2
x
+‖φ‖H s+3

k−1 (r<B0)[0,T ]+‖�gφ‖(WLE∗,sk +L1
t H s

x,k)[0,T ]
, (14)

where in the case k = 0 we define ‖φ‖H s+3
−1 (r<B0)[0,T ] = 0.
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(II) For 0< a < 1 one has

sup
0≤t≤T
‖φ(t)‖Ea

k
+‖φ‖Sa

k [0,T ]

.k,a

∑
|J |≤k

‖τ a
x (τx∂x)

J∂φ(0)‖L2
x
+‖τ a−1

+
φ‖H1

k+1(r<Ba)[0,T ]+‖�gφ‖N a
k [0,T ]. (15)

(III) Corresponding to a = 1 one has the endpoint bound

sup
0≤t≤T

‖φ(t)‖E1
k
+‖φ‖S1,∞

k [0,T ].k

∑
|J |≤k

‖τx(τx∂x)
J∂φ(0)‖L2

x
+‖φ‖`1

t H1
k+1(r<B1)[0,T ]+‖�gφ‖N 1,1

k [0,T ]
. (16)

Remark 1.17. In the proof of Theorem 1.16 we find that for a 6= 0, 1 one has Ba→∞ as a→ 0, 1.

In addition to the estimates above we shall also prove the following analog of Klainerman’s estimate:

Theorem 1.18 (global Sobolev estimate). For k ≥ 1 one has the estimate∑
i+|J |≤k

‖τ
3
2
+τ

1
2

0 (τ−∂
b
u )

i (τx∂
b
x )

Jφ‖L∞[0,T ]

.k sup
0≤t≤T

‖φ(t)‖E1
k+1
+‖φ‖S1,∞

k+2 [0,T ]

+

∑
|J |≤k

‖τ 2
x (τx∂)

J�gφ(0)‖L2
x
+

∑
i+|J |≤k+1

‖(τ−∂
b
u )

i (τx∂
b
x )

J�gφ‖N 1,1[0,T ]. (17)

One can combine the above two results in a straightforward way, which produces the first main
conclusion of our paper:

Theorem 1.19 (peeling estimates for the inhomogeneous wave equation). Given any k ≥ 1 there exists
an integer N = N (k) depending (linearly) on k such that∑
i+|J |≤k

‖τ
3
2
+τ

1
2

0 (τ−∂
b
u )

i (τx∂
b
x )

Jφ‖L∞[0,T ]

.k

∑
|J |≤N

‖τx(τx∂x)
J∂φ(0)‖L2

x
+

∑
|J |≤N

‖τ 2
x (τx∂)

J�gφ(0)‖L2
x

+

∑
i+|J |≤N

‖(τ−∂
b
u )

i (τx∂
b
x )

J�gφ‖N 1,1[0,T ]. (18)

Proof that Theorems 1.16 and 1.18 imply estimate (18). We will in fact prove this for the explicit value
N = N (k)= 3k+ 13. Expanding the vector fields L from (12) we easily see

‖�gφ‖N 1,1
k [0,T ]

.k

∑
i+|J |≤k

‖(τ−∂
b
u )

i (τx∂
b
x )

J�gφ‖N 1,1[0,T ].

Therefore given a value of k ≥ 1, by combining (17) and (16), it suffices to control ‖φ‖`1
t H1

k+3(r<B1)[0,T ].
Note that for any 0< a < 1 one has

‖φ‖`1
t H1

k+3(r<B1)[0,T ] .a ‖φ‖Sa
k+3[0,T ].
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In particular applying this for a = 1
2 (say), and then using estimate (15) and N 1,1

[0, T ] ⊆ N
1
2 [0, T ], it

suffices to bound the right-hand side of

‖τ
−

1
2
+ φ‖H1

k+4(r<B1/2)[0,T ] . ‖φ‖WLE1
k+4[0,T ]

.

We now inductively use (14) in the form

‖φ‖WLE
sj
lj
[0,T ] .sj ,lj

∑
|I |≤lj

∑
|J |≤sj

‖(τx∂x)
I ∂ J

x ∂φ(0)‖L2
x
+‖φ‖

WLE
sj+3
lj−1 [0,T ]

+‖�gφ‖WLE
∗,sj
lj
[0,T ],

where l1 = k+ 4, l2 = k+ 3, . . . , lk+4 = 1 and s1 = 1, s2 = 4, . . . , sk+4 = 3k+ 13. This leaves us with
finally having to bound the quantity ‖φ‖WLE3k+13

0 [0,T ], which can be handled by an additional application
of (14) with only initial and source data bounds on the right-hand side (or what amounts to the same thing
by directly using our base assumption (7a)). This concludes our demonstration of (18) for the explicit
value N = N (k)= 3k+ 13 chosen above. �

1E. Main results, II: Nonlinear estimates. The estimates of Theorems 1.16 and 1.18 naturally lend
themselves bounding solutions to semilinear wave equations of the form �gφ = F(t, x, φ, ∂φ). Rather
than develop a comprehensive theory we concentrate on the equations�gφ=N αβ(t, x, φ)∂αφ∂βφ, where
the quadratic form N αβ is sufficiently tame.

Definition 1.20 (generalized null forms). A 2-tensor N αβ is called a “generalized null form” with respect
to a (weak) optical function u if its Bondi coordinate components satisfy

|(τ−∂
b
u )

i (τx∂
b
x )

J∂k
φN

αβ
|.i,J ck(|φ|), |(τ−∂

b
u )

i (τx∂
b
x )

J∂k
φN

uu
|.i,J ck(|φ|)τ0. (19)

Remark 1.21. Natural examples of N satisfying Definition 1.20 include multiples of the inverse metric
gαβ by factors N (t, x, φ) which satisfy derivative estimates consistent with (19). This would include the
case of wave-maps from φ : (M, g)→ (M′, g′) into Riemannian or Lorentzian targets where φ is close
to a constant map, in either an intrinsic or extrinsic formulation.

Another example of such N would be skew symmetric forms N αβ
= −N βα which obey the first

condition in (19).

In order to prove a priori estimates we define the norms

|||φ|||Sk [0,T ] =

k+4∑
j=0

(
sup

0≤t≤T
‖∂φ(t)‖H13+3(k− j)

x, j
+‖φ‖WLE13+3(k− j)

j [0,T ]

)
+‖φ‖S1/2

k+3[0,T ]

+ sup
0≤t≤T

‖φ(t)‖E1
k+2
+‖φ‖S1,∞

k+2 [0,T ]
+

∑
i+|J |≤k

‖τ
3
2
+τ

1
2

0 (τ−∂
b
u )

i (τx∂
b
x )

Jφ‖L∞[0,T ], (20)

|||F |||Nk [0,T ] =

k+4∑
j=0

‖F‖
(WLE∗,13+3(k− j)

j +L1
t H13+3(k− j)

x, j )[0,T ]+‖F‖N 1/2
k+3[0,T ]

+

∑
|J |≤k

‖τ 2
x (τx∂)

J F(0)‖L2
x
+

∑
i+|J |≤k+2

‖(τ−∂
b
u )

i (τx∂
b
x )

J F‖N 1,1[0,T ]. (21)

With this notation the main nonlinear theorem of our paper is the following:
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Theorem 1.22. Let φ be a smooth vector-valued function and let N (φ, ∂φ) denote a quadratic form
obeying (19), where we are using the notation N (φ, ∂φ) = N αβ(t, x, φ) ∂αφ ∂βφ. Then one has the
bounds

|||φ|||Sk [0,T ] .k

∑
|J |≤3k+13

‖τx(τx∂x)
J∂φ(0)‖L2

x
+ |||�gφ|||Nk [0,T ], (22)

|||N (φ, ∂φ)|||Nk [0,T ] . Ck(|||φ|||Sk [0,T ])|||φ|||Sk [0,T ](|||φ|||Sk [0,T ]+ |||�gφ|||Nk [0,T ]), k ≥ 18. (23)

The functions Ck( · ) are locally bounded functions determined by k as well as the functions ck on
right-hand side of (19).

From this and a standard continuity argument one has the nonlinear analog of Theorem 1.19:

Theorem 1.23 (peeling estimates for solutions to null-form systems). Suppose quadratic forms N are
given which satisfy (19). Let φ be a sufficiently smooth and well-localized solution to the system of
semilinear equations

�gφ =N αβ(t, x, φ) ∂αφ ∂βφ, (24)

which is assumed to hold on a time interval [0, T ]. Then given any k ≥ 18 there exists an ε0 = ε0(k) > 0
such that one has the a priori estimate∑

|J |≤3k+13

‖τx(τx∂x)
J∂φ(0)‖L2

x
= ε ≤ ε0 =⇒ |||φ|||Sk [0,T ] .k ε.

In particular for sufficiently smooth, small, and well-localized initial data the solution to (24) exists
globally and enjoys the peeling estimates∑

i+|J |≤k

‖τ
3
2
+τ

1
2

0 (τ−∂
b
u )

i (τx∂
b
x )

Jφ‖L∞[0,T ] .k ε

for the same k as above.

1F. Some remarks and references. The vector field method for the wave equation on asymptotically
flat spacetimes has a long and well-developed history. In the case of small perturbations of Minkowski
space there are Klainerman’s original works [1985; 1986], followed by the proof in [Christodoulou and
Klainerman 1993] of the nonlinear stability of Minkowski space itself. In the latter work a vector field
method is developed for radiating spacetimes where control is ultimately provided through certain peeling
estimates for the curvature tensor of g. In a related vein there is [Bieri 2010] concerning nonlinear stability
under the much less restrictive decay assumptions on the initial data. In this case the peeling properties of
the metric end up being closer to the thresholds (3).

Going in a different direction there is the proof of stability of Minkowski space and its asymptotics in
wave coordinates in [Lindblad and Rodnianski 2010; Lindblad 2017]. Here one proceeds more directly
via Minkowski and Schwarzschild vector fields. For scalar wave equations this produces estimates with a
small loss due to the divergence of radiating null hypersurfaces compared to their stationary counterparts
(at least at the level of energy estimates). On the other hand strong peeling estimates such as (18) cannot
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hold for the (Minkowski difference of the) metric in wave coordinates due to obstructions at the level of
semilinear terms. More specifically, condition (19) seems to fail when writing the Einstein equations in
any reasonable way as a system of second-order equations for the metric.

Next, we turn to vector field methods on spacetimes which are locally large perturbations of Minkowski
space. There are mainly two innovations here, and we make a heavy use of both in the sequel. The first
innovation, due to Klainerman and Sideris [1996], allows one to replace Lorentz boosts with certain
weighted identities involving the wave operator �g (specifically see Lemma 4.13 below). The second
innovation, due initially to Keel, Smith, and Sogge [Keel et al. 2002] and used by many authors, concerns
the use of local energy decay estimates such as (7) in order to control localized errors generated by
commutations with vector fields. For further background and developments concerning the combination
of local energy decay and vector fields on various large perturbations of Minkowski space, we refer the
reader to [Metcalfe and Sogge 2005; 2007; Bony and Häfner 2010; Wang and Yu 2014; Yang 2013].

Concerning the application of vector fields to the class of black hole spacetimes there has recently
been a great deal of progress. The works most closely related to the present paper are [Blue and Sterbenz
2006; Dafermos et al. 2016; Luk 2012; 2013], which proceed by way of conformal energy estimates and
time-dependent weights. We also mention [Lindblad and Tohaneanu 2018] concerning certain quasilinear
wave equations (in this case the vector field approach is similar to [Lindblad and Rodnianski 2010]). We
remark that all of these works are written specifically to cover the case of Schwarzschild or Kerr with
small angular momentum.

For more general “black hole” backgrounds there is [Moschidis 2016] building on ideas of [Dafermos
and Rodnianski 2010] (see also Proposition 6.1 of [Rodnianski and Sterbenz 2010], where weighted
estimates based on outgoing null vector fields were introduced). Here one produces a vector field method
with time-independent weights. This shares a number of similarities with the present paper, in particular
the production of a family of weighted spacetime energy estimates depending on a parameter 0≤ a ≤ 1
which interpolates between the standard local energy decay estimates and the conformal energy. On
the other hand our approach and the one of Dafermos and Rodnianski and Moschidis appear to diverge
in many ways, especially regarding the issue of time-dependent weights. Our method also appears to
be more directly applicable to studying nonlinear problems. Indeed, with the machinery of estimates
(14)–(16) our proof of Theorem 1.22 occupies only a few additional pages.

Finally, one should also mention the works on Price’s law for scalar waves [Tataru 2013; Metcalfe
et al. 2012] which use vector fields as a launching point for much sharper estimates. An interesting open
question in this regard is to find an appropriate collection of norms capable of producing interior decay
rates better than t−

3
2 , but which are still compatible with semilinear problems such as in Theorem 1.23.

We close with a few additional comments on the specific methods we employ in this work. These are
a natural outgrowth of [Blue and Sterbenz 2006; Lindblad and Sterbenz 2006; Rodnianski and Sterbenz
2010; Oliver 2013; Dafermos and Rodnianski 2010]. In [Lindblad and Sterbenz 2006] we developed a
conformal multiplier technique that works well for perturbations of the wave equation, and then used
it to produce a collection of conformal energies with weights depending on a parameter. These ideas
will again play a central role in the present work. In [Rodnianski and Sterbenz 2010] we introduced



A VECTOR FIELD METHOD FOR RADIATING BLACK HOLE SPACETIMES 39

a Morawetz-type estimate based on the multiplier f (r)(∂t + ∂r ) and used it to control null tangential
derivatives for solutions to a certain wave equation with a potential (Proposition 6.1 of that paper). This
idea was expanded in [Dafermos and Rodnianski 2010] to prove global decay estimates. We will use
similar multipliers in this paper to produce a key portion of our estimates.1 In [Blue and Sterbenz 2006]
we produced a weighted-in-time local energy decay bound, and then used this to control the multiplier
error from the conformal vector field. This technique is used again here for a wider range of weights,
albeit assuming the local energy decay bound as a black box. Finally, the first author’s thesis [Oliver
2013] and [Oliver 2016] developed vector fields on radiating nontrapping spacetimes with even weaker
local bounds on ∂t g. We will use much of the setup from [Oliver 2016] in the present work.

1G. Outline of the paper. In Section 2 we record a number of algebraic identities for energy momentum
and deformation tensors. These form the basis for all the multiplier and commutator identities needed in
the sequel.

In Section 3 we specialize the formulas of Section 2 to the case of Bondi coordinates satisfying
Definition 1.1 and vector fields from Definition 1.15.

Section 4 is the technical heart of the paper. We begin by producing symbol bounds for the Lie
derivatives of 2-tensors which satisfy certain natural asymptotic estimates. Building on this we construct
a generic multiplier estimate for vector fields satisfying certain structural properties. This estimate covers
all of the multiplier bounds needed in the sequel, and may be useful for other applications as well, which
is one of our motivations for introducing an axiomatic setup. Following this we move on to estimates for
commutators. This is done in a way that allows us to perform some delicate integration by parts later in
Section 6, and is also convenient for proving pointwise bounds. We end by proving several generalized
Klainerman–Sideris-type identities, and then use these to conclude the discussion of pointwise bounds for
commutators.

In Section 5 we apply the abstract multiplier bound from Section 4 to produce the three main estimates
of Theorem 1.16 at level k = 0. For the bounds (14) and (16) this is done in such a way that the source
error term can be integrated by parts; this form is needed later to establish bounds for commutators.

In Section 6 we apply the formulas of the previous two sections to prove the estimates of Theorem 1.16
for an arbitrary number of vector fields. For the bound (15) this is more or less straightforward. However,
for the bounds (14) and (16) the argument is more involved because one cannot proceed directly via
Hölder’s inequality, and several additional integrations seem necessary to close the argument.

In Section 7 we prove some sharp L∞ decay estimates for functions in terms of the conformal energy
norms (10a), (10c), and (11b). This establishes Theorem 1.18.

In Section 8 we prove Theorem 1.22, which concludes the main nonlinear application of the paper.
In Appendix A we provide proofs of a number of the remarks following Definition 1.1. In particular

for large class of stationary metrics which are also spherically symmetric to highest order, we construct
optical functions satisfying bounds (3). Such metrics include radial long-range perturbations of the Kerr
family of metrics.

1For a complete the list of multipliers we use here, see Lemma 5.4 and the proofs immediately following.
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In Appendix B we show that estimate (7a) implies estimate (7b), at least when the metric satisfies
structural assumptions similar to the Kerr family with angular momentum in a certain range.

Finally, in Appendix C we record a number of elementary Hardy- and trace-type estimates. These will
be used throughout the body of the paper.

2. Formulas for commutators and multipliers

In this section we recall some basic formulas which underlie the energy method for the wave equation
on curved backgrounds. We do this first with respect to the original metric g. We then generalize such
formulas cover the case of metric conformal to g. The latter will form the basis for most of the multiplier
estimates in the sequel.

2A. Identities involving g. We begin with a basic definition:

Definition 2.1 (normalized deformation tensor). Let X be a vector field, and set (X)π = LX g. Then we
define (X)π̂ = (X)π − 1

2 g · trace((X)π) to be the “normalized deformation tensor” of X .

The quantity (X)π̂ underlies all of our formulas for multipliers and commutators as the following result
shows:

Lemma 2.2 (formulas involving (X)π̂). Let φ be a scalar field and X a vector field. As usual set
Tαβ = ∂αφ∂βφ− 1

2 gαβgα
′β ′∂α′φ∂β ′φ to be the energy momentum tensor of φ. Then one has the identities

(X)π̂αβ =−
1
√
|g|

X (
√
|g|gαβ)− gαβ∂γ Xγ

+ gαγ ∂γ (Xβ)+ gβγ ∂γ (Xα), (25a)

[�g, X ] = ∇α(X)π̂αβ∇β − 1
2 trace((X)π̂)�g, (25b)

∇
α(TαβXβ)= 1

2
(X)π̂αβ∂αφ∂βφ+�gφXφ. (25c)

Finally, if q is a smooth function then one has the commutator formula

(q X)π̂αβ − q(X)π̂αβ = Xα
∇
βq + Xβ

∇
αq − gαβXq. (26)

We’ll prove each of these formulas separately.

Proof of (25a) and (26). We have

(X)παβ = gαα
′

gββ
′

(Lx g)α′β ′ =−Xgαβ + gαγ ∂γ (Xβ)+ gβγ ∂γ (Xα).

On the other hand

1
2 trace((X)π)=∇αXα

=
1
√
|g|
∂α(
√
|g|Xα)=

1
√
|g|

X (
√
|g|)+ ∂αXα.

Subtracting the last two identities gives (25a). A direct application of (25a) shows (26). �

Proof of (25b). We begin with a formula that will also be useful in the sequel. Let Rαβ be any contravariant
2-tensor; then we claim

[X,∇αRαβ
∇β] = ∇αR̃

αβ
∇β + S̃β∇β, where R̃= LXR and S̃β =Rαβ

∇α(∇γ Xγ ). (27)
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To prove it, first note that a straightforward calculation using the coordinate-based formula for ∇αXα

above shows X (∇αY α)− Y (∇αXα) = ∇α[X, Y ]α for any pair of vector fields X and Y. Applying this
last formula to the vector field Y α =Rαβ

∇βφ and using the Leibniz rule for Lie derivatives followed by
[LX , d] = 0 for the exterior derivative d gives (27).

Now apply (27) to R= g−1. Using (LXR)αβ =−(X)παβ and ∇αXα
=−

1
2 trace((X)π̂) gives (25b). �

Proof of (25c). A standard calculation shows ∇α(TαβXβ) = 1
2
(X)παβTαβ +�gφXφ and (25c) follows

easily. �

2B. Conformal changes for scalar fields. In this section we recall a standard formula from geometry.
Let gαβ be a Lorentzian metric on a (3+1)-dimensional spacetime. We consider a conformally equivalent
metric g̃αβ , where �2g̃ = g for some weight function �> 0. Let ∇̃ denote the Levi-Civita connection of
g̃ and �g̃ = ∇̃

α
∇̃α the corresponding wave operator. Then we have:

Lemma 2.3 (identity for the conformal wave operator). Let �gφ = F. Then one has the formula

�g̃ψ + Vψ =�3 F, where ψ =�φ and V =�3�g�
−1. (28)

Proof. Start with

�g̃ =�
4 1
√
|g|
∂α(�

−2
√
|g|gαβ∂β)=�2(�g − 2gαβ∂α ln(�)∂β).

To eliminate the second term on the right-hand side we rescale φ via ψ =�φ, which gives us

�−2�g̃ψ =�gψ − 2gαβ∂α ln(�)∂βψ =��gφ−Wφ,

where
W =−�g(�)+ 2�∂α ln(�)∂α ln(�)=�2�g�

−1.

A straightforward manipulation of the last two equations gives (28). �

2C. Conformal multipliers. We now combine the identities of the last two sections to produce conjugated
weighted L2 identities. Our main result here is:

Lemma 2.4 (the conformal divergence identity). Let �gφ = F. Let X be a vector field supported in
the exterior region R3

\ K. Let χ(t, x) be a smooth function and � > 0 a smooth weight. Then in
(t, x)-coordinates one has the divergence identity∫ T

0

∫
R3\K

Q(X, χ,�, φ)
√
|g| dx dt =

∫
R3\K

P(X, χ,�, φ)
√
|g| dx

∣∣∣∣t=T

t=0
, (29)

where

P(X, χ,�, φ)=�−2g0α∂α(�φ)X (�φ)− 1
2�
−2 X0(gαβ∂α(�φ)∂β(�φ)−χVφ2), (30)

with V =�3�g�
−1, and where

Q(X, χ,�, φ)= F ·�−1 X (�φ)+�−2 Aαβ∂α(�φ)∂β(�φ)+ Bχφ2
+Cχφ,�−1 X (�φ), (31)
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with

A = 1
2(
(X)π̂ + 2X ln(�)g−1), Bχ = 1

2�
−2(X (χV )− trace(A)χV ), Cχ

=�−2(χ − 1)V . (32)

On the right-hand sides of the last two equations above all contractions are computed with respect to g.

Proof. First define the tensors

T̃ χ
αβ = ∂αψ∂βψ −

1
2 g̃αβ(g̃γ δ∂γψ∂δψ −χVψ2), (X)P̃χα = T̃ χ

αβXβ, where ψ =�φ.

Then by Stokes’ theorem and the support property of X we have∫ T

0

∫
R3\K
∇̃
α(X)P̃χα

√
|g̃| dx dt =

∫
R3\K

g̃α0T̃ χ
αβXβ

√
|g̃| dx

∣∣∣∣t=T

t=0
,

and right-hand side of (29) follows by substituting �−2g = g̃ into the volume forms and the right-hand
side contractions.

It remains to compute the g̃-contraction ∇̃α(X)P̃χα and show this produces the terms on left-hand side
of (29). To this end suppose (�g̃ + V )ψ = G. Then one has

∇̃
α T̃ χ

αβ = ((χ − 1)Vψ +G)∂βψ + 1
2∂β(χV )ψ2.

Using formula (25c) we have

∇̃
α(X)P̃χα =

1
2(L̂X g̃)αβ∂αψ∂βψ − 1

4 trace(L̂X g̃)χVψ2
+ ((χ − 1)Vψ +G)Xψ + 1

2 X (χV )ψ2, (33)

where all the contractions are computed with respect to g̃. To compute the first two terms on the right-hand
side we use

LX g̃ =�−2(LX g− 2X ln(�)g), and so L̂X g̃ =�−2(L̂X g+ 2X ln(�)g).

Substituting the last equation into right-hand side of (33) and using G =�3 F we have (31) and (32). �

3. Algebraic formulas involving Bondi coordinates

In this section we compute the key quantities from Lemmas 2.2 and 2.4 in Bondi coordinates (u, x).

Lemma 3.1 (formulas for deformation tensors). Let d = |g| be the determinant gαβ in rectangular Bondi
coordinates (u, x i ), and set �= τx . Then if X = Xα∂b

α is any vector field in Bondi coordinates we have
the formula for contravariant tensors

(X)π̂ + 2X ln(�)g−1
=−d−

1
2 (LX h+ (∂b

u Xu
+ ∂b

r X r
+ ∂b

i X i )h)+R, (34)

where X i
= X i

− r−2x i x j X j denotes the angular portion of X and X r
= r−1xi X i the radial portion, and

where h is given in (4). The remainder tensor R is given by the covariant formula

R=−d−
1
2 LX (d

1
2 g−1
− h)− d−

1
2 (∂b

u Xu
+ ∂b

r X r
+ ∂b

i X i )(d
1
2 g−1
− h)− 2r−1τ−2

x X r g−1. (35)
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Proof of formula (34). Starting with formula (25a) in Bondi coordinates and then using the identity

∂b
γ Xγ
= 2X ln(τx)+ ∂

b
u Xu
+ ∂b

r X r
+ ∂b

i X i
+ 2r−1τ−2

x X r

and setting �= τx , we have the formula for raised indices

(X)π̂ + 2X ln(�)g−1
=−d−

1
2 LX (d

1
2 g−1)− (∂b

u Xu
+ ∂b

r X r
+ ∂b

i X i
+ 2r−1τ−2

x X r )g−1.

Writing g−1
= d−

1
2 (d

1
2 g−1
− h)+ d−

1
2 h and inserting into this last equation gives (34) and (35). �

Lemma 3.2 (formulas for commutators). The following commutator formulas hold where d = |g| is
computed in Bondi coordinates:

(I) For X ∈ {∂b
u , ∂

b
i −ω

i∂b
u , �i j } one has the formula

[�g, X ] = ∇αRαβ
∇β +

1
2(X ln(d))�g, where R=−d−

1
2 LX (d

1
2 g−1
− h)+R1, (36)

where R1 = 0 for X ∈ {∂b
u , �i j }, and Rαβ

1 = 2d−
1
2ωiτ−3

x δαu δ
β
u when X = ∂b

i −ω
i∂b

u . Again h is as defined
in (4).

(II) For X = S one has

[�g, S]=∇αRαβ
∇β+

1
2(4+S ln(d))�g, where R=−d−

1
2LS(d

1
2 g−1
−h)−2d−

1
2 (d

1
2 g−1
−h)+R1, (37)

and where Rαβ

1 = d−
1
2ωiτ−2

x (δαi δ
β
u + δ

β

i δ
α
u ).

Proof of formulas (36) and (37). First note that formula (25a) above can be rewritten as

(X)π̂ =−d−
1
2 LX (d

1
2 g−1
− h)− d−

1
2 LX h− ∂b

αXαg−1, trace((X)π̂)=−2∂b
αXα
− X ln(d). (38)

Next, for each X ∈ {∂b
u , �i j , ∂

b
i −ω

i∂b
u } we have ∂b

αXα
= 0, and for X ∈ {∂b

u , �i j } we also have LX h= 0.
On the other hand for X = ∂b

i −ω
i∂b

u one computes LX hαβ = 0 for all but the uu-component, and for
this one has (LX h)uu

=−2ωiτ−3
x . Combining this information with (38) above and (25b) gives (36).

Finally, in the case when X = S we compute LSh+ 2h = −ωiτ−2
x (δαi δ

β
u + δ

β

i δ
α
u ). This allows us to

write for X = S

d−
1
2 LX h+ ∂b

αXαg−1
= 2d−

1
2 (d

1
2 g−1
− h)−R1+ 2g−1, where Rαβ

1 = d−
1
2ωiτ−2

x (δαi δ
β
u + δ

β

i δ
α
u ).

Using trace((X)π̂)=−8− S ln(d) and combining everything with (38) above and (25b) gives (37). �

4. Asymptotic estimates involving Bondi coordinates

We now move on to the main technical calculations of the paper. We record these here in a general form
that will be used throughout the sequel.
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4A. Basic estimates for derivatives.

Lemma 4.1 (estimates for the determinant). Let d = |g| = |det(g)| be the absolute determinant of g
computed in Bondi coordinates (u, x i ). Then for any µ ∈ R one has the symbol bounds

dµ− 1 ∈ Z0, (39)

where the symbol spaces Zk are defined in (2).

Proof of (39). We can write dµ−1= qµ(d−1
−1), where qµ(s) is smooth for s >−1 and q(0)= 0. Thus,

by Taylor expansion and the Leibniz and chain rules it suffices to consider the case µ=−1. From (3) we
know that

d−1
− 1+ τ−2

x = det(h)− det(g−1) ∈ Z0,

where h is given in (4). Since τ−2
x ∈ Z0, this completes the proof. �

A useful corollary of this last lemma and the assumptions (3) is the following:

Corollary 4.2. Let d = |g| = |det(g)| be the absolute determinant of g computed in Bondi coordinates
(u, x i ), and g−1 the inverse metric of g in Bondi coordinates. Then if h is as in (4) and one sets
Rαβ
= (d

1
2 g−1
− h)αβ , there holds the bounds

Ri j
∈ Z0, Rui

∈ Z
1
2 , Rui

−ωiωjRu j
∈ Z1, Ruu

∈ Z2. (40)

Building on the last two results we have the following collection of symbol bounds which will underlie
many of the error estimates in the sequel.

Lemma 4.3 (basic Lie derivative estimates). Let X = Xα∂α be a vector field. Then the following hold:

(I) Suppose that in Bondi coordinates X satisfies the symbol-type bounds for a, b, c ∈ R

|(τ−∂
b
u )

l(τx∂
b
x )

J Xu
|.l,J τ

a
x τ

b
+
τ c+1
−

(
τx

τ+

)min{|J |,1}

, |(τ−∂
b
u )

l(τx∂
b
x )

J X i
|.l,J τ

a+1
x τ b

+
τ c
−

(41)

and obeys the conditions

∂b
r Xu
= ∂b

u (X
i )= ∂b

r r−1(X i
− r−2x i x j X j )= 0. (42)

Let Rαβ be any contravariant 2-tensor which satisfies (40) with similar estimates for Riu (if it is nonsym-
metric). Then its Lie derivative by X , denoted by LXR=RX , satisfies

Ri j
X ∈ τ

a
x τ

b
+
τ c
−
·Z0, Rui

X ∈ τ
a
x τ

b
+
τ c
−
·Z

1
2 , Rui

X −ω
iωjR

u j
X ∈ τ

a
x τ

b
+
τ c
−
·Z1, Ruu

X ∈ τ
a
x τ

b
+
τ c
−
·Z2, (43)

with similar bounds for Riu
X .

(II) Alternatively, if one drops the condition ∂b
r Xu
= 0 but keeps the rest of (41) and (42), then the

previous conclusion holds with the last bound in (43) replaced by

Ruu
X ∈ τ

a
x τ

b
+
τ c
−
·Z

3
2 . (44)
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(III) Alternatively, if one drops the condition ∂b
u (X

r )= 0 but retains ∂b
u (X

i
− r−2x i x j X j )= 0 and the

rest of (41) and (42), then the result of part (I) holds with the first bound in (43) replaced by the pair

Ri j
X ∈ τ

a
x τ

b
+
τ c
−
·Z−

1
2 , Ri j

X −ω
iω jωkωlRkl

X ∈ τ
a
x τ

b
+
τ c
−
·Z0. (45)

(IV) Likewise, if Sα satisfies

S i
∈ τ−1

x ·Z
−

1
2 , S u

∈ τ−1
x ·Z

1
2 , (46)

then LXS = SX satisfies

S i
X ∈ τ

a−1
x τ b

+
τ c
−
·Z−

1
2 , S u

X ∈ τ
a−1
x τ b

+
τ c
−
·Z

1
2 , (47)

when X satisfies the symbol bounds (41) (in this case we do not need the extra conditions (42)).

(V) Finally, let X ∈ L0 = {∂
b
u , ∂

b
i −ω

i∂b
u }, and let R and S satisfy (40) and (46) respectively. Then LXR

and LXS satisfy (43) and (47) with a = c =−1 and b = 1.

Remark 4.4. As will become apparent in the proof, if one is only interested in the norms (2) at level
N = 0 for Rαβ

X and SαX (i.e., no derivatives), then one can replace the full symbol bounds (41) with
first-order conditions∑

l+|J |≤1

|(τ−∂
b
u )

l(τ+∂
b
x )

J Xu
|. τ a

x τ
b
+
τ c+1
−

,
∑

l+|J |≤1

|(τ−∂
b
u )

l(τx∂
b
x )

J X i
|. τ a+1

x τ b
+
τ c
−
.

In this case the various implications above are true with the inclusion R ∈ τ a
x τ

b
+
τ c
−
·Zk replaced by the

bound |||τ−a
x τ−b
+ τ−c
− R|||k,0 <∞.

Proof of Lemma 4.3. We prove the various portions separately. First note that the conditions (40) are
invariant with respect to dyadic cutoffs in the r-, u-, and (t+r)-variables. Therefore by utilizing such
cutoffs and the Leibniz rule we may assume a = b = c = 0. As a second preliminary note the identity

x̂ i
−ωi
= ωir−1(r + τx)

−1, where x̂ i
= r−1x i . (48)

This allows us to trade x̂ i for ωi in the region r > 1 as long as errors on the order of r−2 are acceptable.

Part 1: (the R bounds involving condition (41)) We begin with the proof of estimates (40) for LXR
assuming conditions (41) and (42) or one of the alternatives listed in items (II) and (III) above. The
formula for the Lie derivative is LXRαβ

= X (Rαβ)−∂γ (Xα)Rγβ
−∂γ (Xβ)Rαγ. We check each component

separately:

Case 1a: (the uu-component assuming ∂b
r Xu
= 0) By assumption we have ωi∂b

i Xu
= 0; thus

LXRuu
= X (Ruu)− 2∂b

u (X
u)Ruu

− ∂b
i (X

u)(Rui
−ωiωjRu j )− ∂b

i (X
u)(Riu

−ωiωjR ju).

Then the estimate in (43) for Ruu
X is immediate from the estimates (41) and (40).

Case 1b: (the uu-component when ∂b
r Xu
6= 0) By the previous case we have the desired estimate modulo

the additional expression r2τ−2
x ∂b

r (X
u)(Rur

+Rru), which adds a Z
3
2 -term.
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Case 2: (the ui- and iu-components) By symmetry it suffices to treat the ui case. We have

LXRui
= X (Rui )− ∂b

u (X
u)Rui

− ∂b
u (X

i )Ruu
− ∂b

j (X
u)R j i

− ∂b
j (X

i )Ru j .

Using estimates (41) and (40) we get a Z
1
2 symbol bound for this term. In addition one sees that for all parts

of the formula above, save for the expression B i
= X (ωiωjRu j )− ∂b

u (X
u)ωiωjRu j

−ωk∂b
k (X

i )ωjRu j ,
the bound is on the order of Z1. To show improved bounds we only need to consider the region r > 1.
Using (48) we see that B ≡ B̃ mod r−2

·Z
1
2 , where B̃ i

= X (x̂ iRur )− ∂b
u (X

u)x̂ iRur
− ∂b

r (X
i )Rur . Again

using (48), we see that in order to show B i
−ωiωjB j

∈ Z1 it suffices to prove χr>1(B̃
i
− x̂ i B̃r

) ∈ Z1.
This would follow immediately if B̃ is a radially directed vector field. Using X (x̂ i )= r−1(X i

− x̂ i X r )

we compute

B̃ i
= x̂ i (X (Rur )− ∂b

u (X
u)Rur

− ∂b
r (X

r )Rur )− r∂b
r [r
−1(X i

− x̂ i X r )]Rur ,

which is manifestly radial thanks to the last condition in (42).

Case 3a: (the i j -components assuming ∂b
u (X

i )= 0) Here we have

LXRi j
= X (Ri j )− ∂b

k (X
i )Rk j

− ∂b
k (X

j )Rik .

Then the estimate in (43) for Ri j
X is immediate from the estimates (41) and (40).

Case 3b: (the i j -components assuming ∂b
u (X

r ) 6= 0) In this case we are still assuming ∂b
u (X

i
− x̂ i X r )= 0.

Therefore we have

LXR
i j
X = X (Ri j )− x̂ i∂b

u (X
r )Ru j

− x̂ i∂b
u (X

r )Riu
− ∂b

k (X
i )Rk j

− ∂b
k (X

j )Rik .

A Z−
1
2 symbol bound for this expression in r > 1 is again immediate from (41) and (40). On the other hand

all but the second and third terms above yield an improved Z0 bound. Thus, using (48) we have for r > 1

Ri j
X −ω

iω jωkωlRkl
X ≡−ω

i∂b
u (X

r )(Ru j
−ω jωkRuk)−ω j∂b

u (X
r )(Riu

−ωiωkRku) mod r−2
·Z−

1
2 +Z0.

By (40) and (41) we have a Z0 bound for this last term as well.

Part 2: (the S bounds involving condition (41)) Again we can reduce to a = b = c = 0. Componentwise
we have LXSα = X (Sα)− ∂β(Xα)Sβ.

Case 1: (the u-component) Here we have

LXS u
= X (S u)− ∂b

u (X
u)S u
− ∂b

i (X
u)S i ,

so the second estimate in (46) follows directly by multiplying together the bounds in (41) and (46).

Case 2: (the i-components) Here we have

LXS i
= X (S i )− ∂b

u (X
i )S u
− ∂b

j (X
i )S j ,

and so the first estimate in (46) follows directly from (41) and (46).
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Part 3: (estimates involving L0) This is largely a corollary of Parts 1 and 2 above. For any X ∈ L0 one has
both conditions in (41), with a = c =−1 and b = 1. In this case one also has to deal with the fact that
∂b

r Xu
6= 0 and ∂b

r r−1(X i
− x̂ i x̂ j X j ) 6= 0, save for when X = ∂b

u . Recall that these two special conditions
were only used in Case 1b and Case 2 of Part 1 above. So we review those cases here when X = ∂b

i −ω
i∂b

u .

Case 1: (the uu-component of RX ) Recall from Case 1b of Part 1 above we only need to handle an
expression of the form ∂b

r (X
u)(Rur

+Rru) in the region r > 1, where Xu
=ωi. Using ∂b

r (ω
i )= r−1τ−2

x ωi

we get an τ−3
x ·Z

1
2 ⊆ τ−1

x τ−1
− τ+Z2 bound for this expression, which suffices.

Case 2: (the ui-component of RX ) Recall that the condition ∂b
r r−1(X i

− x̂ i x̂ j X j ) = 0 is only used to
establish the improved bound Riu

X −ω
iωjR

u j
X ∈ Z

1. Recall further that this improved bound automatically
holds modulo an expression of the form r∂b

r [r
−1(X i

− ωiωj X j )]Rur. When X i
= 0, 1 we see this

expression has symbol bounds on the order of τ−1
x ·Z

1
2 ⊆ τ−1

x τ−1
− τ+Z1, which suffices. �

4B. A general exterior multiplier estimate. Next, we prove some general multiplier bounds which will
be used a number of times in the sequel. To state them we first define the form of an acceptable error.

Definition 4.5 (general form of multiplier estimate errors). For a pair of parameters 0< a < 1 and R > 0,
and a quantity oR(1)→ 0 as R→∞, we set

E(a, R)

= ‖τ a
x ∂φ(0)‖

2
L2

x(r>
1
2 R)
+ oR(1) ·

(
sup

0≤t≤T
‖φ(t)‖2

Ea(r> 1
2 R)
+‖φ‖2

Sa(r> 1
2 R)[0,T ]

)
+‖φ‖Sa(r> 1

2 R)[0,T ] ·
(
R−

1
2 ‖(τ a

−
∂b

uφ, τ
a
x ∂

b
xφ, τ

a−1
x φ)‖L2( 1

2 R<r<R)[0,T ]+‖�gφ‖N a(r> 1
2 R)[0,T ]

)
. (49)

Corresponding to the cases a = 0, 1, for parameter R > 0, quantity oR(1), and vector field X , we set

E(0, R, X)= ‖∂φ(0)‖2
L2

x(r>
1
2 R)
+ oR(1) ·

(
sup

0≤t≤T
‖∂φ(t)‖2

L2
x(r>

1
2 R)
+‖φ‖2

LE0(r> 1
2 R)[0,T ]

)
+ R−1

‖(∂φ, τ−1
x φ)‖2

L2( 1
2 R<r<R)[0,T ]

+

∣∣∣∣∫ T

0

∫
R3\K
�gφ · τ

−1
x X (τxφ) dVg

∣∣∣∣, (50)

and

E(1, R, X)= ‖τx∂φ(0)‖2L2
x(r>

1
2 R)
+ oR(1) ·

(
sup

0≤t≤T
‖φ(t)‖2

E1(r> 1
2 R)
+‖φ‖2

S1,∞(r> 1
2 R)[0,T ]

)
+‖φ‖S1,∞(r> 1

2 R)[0,T ] · R
−

1
2 ‖(τ−∂

b
uφ, τx∂

b
xφ, φ)‖`1

t L2( 1
2 R<r<R)[0,T ]

+

∣∣∣∣∫ T

0

∫
R3\K
�gφ · τ

−1
x X (τxφ) dVg

∣∣∣∣. (51)

In the notation above the rate of oR(1) may change from line to line, but is fixed for any line on which
an error of the form E appears. Also we define dVg =

√
|g| dx dt , where |g| = |det g| is computed in

(t, x)-coordinates.

With this notation in mind we have:
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Proposition 4.6 (abstract multiplier estimate). Fix R > 0 sufficiently large so that K ⊂
{
r < 1

2 R
}
, and

let Y be a vector field such that Y = Y u∂b
u + Y r∂b

r , with both Y u
≥ 0 and Y r

≥ 0 depending only on the
(u, r)-variables. Then the following hold:

(I) Assume for some 0< a < 1 there holds the symbol-type bounds∑
i+|J |≤1

|(τ−∂
b
u )

i (τ+∂
b
r )

J Y u
|. τ 2a

+
τ

max{1,2a}
0 ,

∑
i+|J |≤1

|(τ−∂
b
u )

i (τx∂
b
r )

J Y r
|. τ 2a

x + τ
2a−1
+

τx . (52)

Then one has the multiplier estimate∫ T

0

∫
R3\K

χ>R
(
Au(∂b

uφ)
2
+Aur∂b

uφ·τ
−1
x ∂b

r (τxφ)+Ar (τ−1
x ∂b

r (τxφ))
2
+ /A|/∇bφ|2

)
dx dt

+‖τ−1
x (
√

Y u∂(τxφ),
√

Y r∂b
x (τxφ))(T )‖2L2

x (r>R). E(a, R), (53)

where |/∇bφ|2 denotes the (Euclidean) angular gradient of φ with respect to the spheres u = const and
r = const, and where the components of A are given by

Au
=−∂b

r Y u, Ar
=

1
2∂

b
r Y r
−

1
2∂

b
u Y u
− ∂b

u Y r , (54a)

Aur
= ∂b

r Y u, /A= r−1Y r
−

1
2∂

b
u Y u
−

1
2∂

b
r Y r . (54b)

Here χ>R = χ>1(R−1
· ) is a radial bump function with χ>R ≡ 1 on r > R and χ>R ≡ 0 on r < 1

2 R. The
implicit constant in (53) depends only on the bounds from (52), and the metric g.

(II) In the case a = 1, still assuming (52), we have (53)–(54) with the right-hand side of (53) replaced by
E(1, R)= E(1, R, χr>RY ), where χ>R is as above.

(III) Alternatively, in the case a = 0 replace assumption (52) with∑
i+|J |≤1

|(τ−∂
b
u )

i (τ+∂
b
r )

J Y u
|. 1,

∑
i+|J |≤1

|(τ−∂
b
u )

i (τx∂
b
r )

J Y r
|. 1, ∂b

u Y r
= 0. (55)

Then (53)–(54) hold with the right-hand side of (53) replaced by E(0, R)= E(0, R, χr>RY ), where χr>R

is as above.

In order to prove this proposition we need a few additional supporting lemmas.

Lemma 4.7 (asymptotics of the conformal potential). Let�= τx and define the quantity V =�3�g(�
−1).

Then in Bondi coordinates (u, x i ) one has the symbol bounds

V ∈ Z−
1
2 . (56)

Proof. First write the wave operator in Bondi coordinates as �g = d−
1
2�h+d−

1
2 ∂b
αRαβ∂b

β , where d = |g|
is the Bondi coordinate metric determinant,�h = ∂

b
αhαβ∂b

β where h is given in (4), and where R= d
1
2 g−h

satisfies the estimate (40). A quick calculation shows �h(τ
−1
x )=−3τ−5

x , and a little further work reveals

V =−d−
1
2 (r∂b

αR
αr
+ τ−2

x (1− 3r2)Rrr
+ 3τ−2

x ).

By (39) we have d−
1
2 − 1 ∈ Z0, so estimate (56) follows from (40). �
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Lemma 4.8 (formulas for boundary terms). Let X r , Xu be nonnegative and set X = Xu∂b
u + X r∂b

r . Then
if �= τx , one has the following pointwise estimate involving the quantity P(X, χ,�, φ) defined in (30):

Xu
|τ−1

x ∂(τxφ)|
2
+ X r
|τ−1

x ∂b
x (τxφ)|

2

.−P(X, χ,�, φ)+ or (1) · ((Xu
+ τ 2

0 X r )|τ−1
x ∂(τxφ)|

2
+χ(Xu

+ X r )τ
−

1
2

0 τ−2
x φ2). (57)

To prove estimate (57) we need the following elementary result:

Lemma 4.9 (approximate null frame). Let X and YA, A = 1, 2, be approximately unit-length vectors in
the Minkowski space in the sense that supα |X

α
| ≈ 1 and supα |Y

α
A | ≈ 1. Suppose that there exists ε > 0

such that 〈X, X〉 = O(ε2), 〈X, YA〉 = O(ε), and in addition |〈YA, YB〉− δAB | � 1. Then there exists an
exact null frame {L , L, eA} with 〈L , L〉 = 〈L , eA〉 = 〈L, L〉 = 0, 〈L , L〉 = −1, and 〈eA, eB〉 = δAB , and
coefficients γ , cA

X and cB
A for A, B = 1, 2, such that

X = L + cA
X eA+ γ L, YA = cB

AeB, where γ = O(ε2) and cA
X = O(ε) and |cA

B − δ
A
B | � 1.

Proof. Let eA form an orthonormal basis for the space-like 2-plane spanned by YA, with the first eA

in the direction of one of the YA. Let cB
A be the corresponding change of basis. Then |cA

B − δ
A
B | � 1.

Let L , L generate the two null directions over the span of eA and YA, chosen so that 〈L , L〉 = −1 and
X = L + cA

X eA+ γ L for some set of coefficients cA
X , γ . From 〈X, YA〉 = O(ε) we have 〈X, eA〉 = O(ε)

and so cA
X = O(ε). Then 〈X, X〉 = −2γ + O(ε2), so γ = O(ε2) follows from 〈X, X〉 = O(ε2). �

Proof of (57). Note that it suffices to prove this bound in the region r � 1. Consider the vector fields
{∂b

r , YA}, where YA is a (local) Euclidean orthonormal basis on the spheres r = const, u = const. Because
the metric g is asymptotically Minkowskian, |〈YA, YB〉−δAB | � 1. On the other hand a quick application
of the asymptotic formulas (3) and Cramer’s rule shows that 〈∂b

r , ∂
b
r 〉 = or (1) ·τ 2

0 and 〈∂b
r , YA〉 = or (1) ·τ0.

Thus, an application of the previous lemma shows that

∂b
r = L + or (1) · τ0 /∂

b
x + or (1) · τ 2

0 ∂,

where L is null, /∂b
x denotes derivatives tangent to u = const, r = const which are also orthogonal to L ,

and ∂ is arbitrary.
Next, let T = T [ψ] denote the energy momentum tensor of ψ with respect to the metric g. Because

t = const are uniformly spacelike when r � 1 we have

T (L ,−∇t)≈|Lψ |2+|/∇b
xψ |

2, |T (/∂b
x ,−∇t)|. |/∇b

xψ |·|∂ψ |+|g
αβ∂αψ∂βψ |, |T (∂,−∇t)|. |∂ψ |2.

A quick application of (3) and the middle bound above shows that uniformly for C > 0

τ0|T (/∂b
x ,−∇t)|. C−1

|∂b
xψ |

2
+Cτ 2

0 |∂ψ |
2.

Combining the last three displays gives the pointwise estimate

|∂b
xψ |

2 . T (∂b
r ,−∇t)+ or (1) · τ 2

0 |∂ψ |
2.
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In addition to this we also have by the asymptotic flatness of g and standard properties of T

|∂ψ |2 . T (∂b
u ,−∇t)+ or (1) · |∂ψ |2.

Finally, let P(X, χ,�, φ) denote the quantity defined in (30). Then

−P(X, χ,�, φ)=�−2T [�−1φ](X,−∇t)− 1
2�
−2 X0χVφ2, where V =�3�g(�

−1),

and where X0 denotes the time component of X in (t, x)-coordinates. By (1) we have |X0
|. Xu

+ X r.
Therefore estimate (57) follows from the last three displays above and estimate (56). �

We now return to the proof of the main result of this subsection. Because of the split form of the error
terms (49) and (51) there are essentially two cases.

Proof of Proposition 4.6 for 0< a < 1. We use the formalism of Section 2, in particular Lemma 2.4. Let
X = X R = χ>RY , where χ>R is as in the statement of the proposition. We choose � = τx and set the
auxiliary cutoff to χ = 0. Using the divergence identity (29) we need to estimate each spacetime term
given by formulas (31) and (32), as well as the boundary term on the right-hand side of (29).

Step 1: (output of the Aαβ-contraction) We’ll do this calculation by switching over to polar Bondi
coordinates (u, r, x A), where locally we can choose x A to be two members of x̂ i

= r−1x i . From (34) and
(35), and expansion of LX h, we may write Aαβ = χ>Rd−

1
2 Aαβ0 + d−

1
2 Rαβ , where

2Aαβ0 = ∂
b
γ (Y

α)hγβ + ∂b
γ (Y

β)hαγ − Y (hαβ)− (∂b
u Y u
+ ∂b

r Y r )hαβ, (58)

and R=R0+χ>RR1. Here 2R0 =
(X R)π̂ −χ>R

(Y )π̂ , which according to formula (26) is

2Rαβ

0 = τ
−1
x χR(gαr Y β + gβr Y α − Y r gαβ), (59)

and where χR = τx∂rχ>R is a smooth bump function adapted to r ≈ R. The second remainder term is

2R1 =−LY (d
1
2 g−1
− h)− (∂b

u Y u
+ ∂b

r Y r )(d
1
2 g−1
− h)− 2r−1τ−2

x d
1
2 X r g−1. (60)

A little further computation shows the coefficients of the quadratic form Aαβ0 from (58) are

Auu
0 =Au

+ τ−1
x (r + τx)

−1∂b
r Y u, Arr

0 =Ar
+ τ−1

x (r + τx)
−1∂b

u Y r , (61a)

2Aur
0 =Aur

+ τ−3
x Y r , AAB

= r−2δAB /A, (61b)

while Ar A
0 = Au A

0 = 0. Here the terms A are given in (54). Recalling the definitions of the norms (10b)
and using the conditions (52) we have∫ T

0

∫
R3\K

χ>R
(
Au(∂b

uφ)
2
+Aur∂b

uφ · τ
−1
x ∂b

r (τxφ)+Ar (τ−1
x ∂b

r (τxφ))
2
+ /A|/∇bφ|2

)
dx dt

≤

∫ T

0

∫
R3\K

χ>Rτ
−2
x d−

1
2 Aαβ0 ∂

b
α(τxφ)∂

b
β(τxφ) dVg + oR(1)‖φ‖2Sa(r> 1

2 R)[0,T ]
. (62)
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To estimate the remainder terms from (59), note that a straightforward calculation involving the
conditions (52) and (3) gives in rectangular Bondi coordinates

|Ri j
0 |. (τ

2a−1
x + τ 2a−1

+
)χR, |Rui

0 |. τ
−1
x τ 2a
+
τ0χR, |Ruu

0 |. τ
−1
x τ 2a
+
τ

max{1,2a}
0 χR, (63)

where χR is supported in 1
2 R < r < R. This yields the estimate∫ T

0

∫
|τ−2

x Rαβ

0 ∂α(τxφ)∂β(τxφ)| dx dt

. R−
1
2 ‖φ‖Sa( 1

2 R<r<R)[0,T ]‖(τ
a
−
∂b

uφ, τ
a
x ∂φ, τ

a−1
x φ)‖L2( 1

2 R<r<R)[0,T ]. (64)

To estimate the remainder terms from (60) we split the range into 0< a < 1
2 and 1

2 ≤ a < 1. When
0< a < 1

2 the conditions (52) imply∑
i+|J |≤1

|(τ−∂
b
u )

i (τ+∂
b
x )

J Y u
|. τ 2a−1

x · τ−,
∑

i+|J |≤1

|(τ−∂
b
u )

i (τx∂
b
x )

J Y r
|. τ 2a−1

x · τx .

In addition we must assume ∂b
r Y u
6= 0 and ∂b

u Y r
6= 0, although we do have ∂b

u (Y
i
− x̂ i Y r )= 0. Therefore by

simultaneously combining cases (II) and (III) of Lemma 4.3 and Remark 4.4, using |∂b
u Y u
+∂b

r Y r
|. τ 2a−1

x(
again for 0< a < 1

2

)
and (40), and directly using (3) for the last term on the right-hand side of (60) we

have for 0< a < 1
2

|||w−1
a Rrr

1 |||− 1
2 ,0
<∞, |||w−1

a Ruu
1 |||max{1,2a},0 <∞, |||w

−1
a Rru

1 ||| 12 ,0
<∞, (65a)

|||w−1
a rRu A

1 |||1,0 <∞, |||w
−1
a (rRr A

1 , r
2RAB

1 )|||0,0 <∞, where wa = (τ
2a−1
x + τ 2a−1

+
). (65b)

On the other hand in the range 1
2 ≤ a ≤ 1 the conditions (52) imply∑

i+|J |≤1

‖(τ−∂
b
u )

i (τ+∂
b
x )

J Y u
|. τ 2a−1

−
· τ−,

∑
i+|J |≤1

|(τ−∂
b
u )

i (τx∂
b
x )

J Y r
|. τ 2a−1

+
· τx .

Therefore by separately applying cases (II) and (III) of Lemma 4.3 and Remark 4.4 to the vector fields
Y u∂b

u and Y r∂b
r respectively, and this time using |∂b

u Y u
| + |∂b

r Y r
|. τ 2a−1

+ , we again have (65). Finally,
after several rounds of Hölder’s inequality and a straightforward check of definitions (2) and (10b), the
error bounds (65) yield the asymptotic estimate∫ T

0

∫
R3\K

χ>R|τ
−2
x Rαβ

1 ∂α(τxφ)∂β(τxφ)| dx dt . oR(1)‖φ‖2Sa(r> 1
2 R)[0,T ]

. (66)

As a last step we combine estimates (62), (64), and (66), while recalling that d
1
2 Aαβ = χ>R Aαβ0 +

R0+χ>RR1. This gives us∫ T

0

∫
R3\K

χ>R
(
Au(∂b

uφ)
2
+Aur∂b

uφ · τ
−1
x ∂b

r (τxφ)+Ar (τ−1
x ∂b

r (τxφ))
2
+ /A|/∇bφ|2

)
dx dt

≤

∫ T

0

∫
R3\K

τ−2
x Aαβ∂α(τxφ)∂β(τxφ) dVg + E(a, R), (67)

where the coefficients A are given by (54).
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Step 2: (estimating the Cχ -term) Using (56) we have Cχ
∈ τ−2

x Z−
1
2 , while (52) give the pointwise

estimate |τ−1
x X R(τxφ)|. χ>Rτ

2a
+
(τ

max{1,2a}
0 |∂b

uφ| + |τ
−1
x ∂b

r (τxφ)|). Thus Hölder’s inequality and (10b)
give ∣∣∣∣∫ T

0

∫
R3\K

Cχφτ−1
x X R(τxφ) dVg

∣∣∣∣. oR(1)‖φ‖2Sa[0,T ](r> 1
2 R)
. (68)

Step 3: (output of the boundary terms) Using the bound from (57) we directly have

‖τ−1
x (
√

Y u∂(τxφ),
√

Y r∂b
x (τxφ))(T )‖2L2

x (r>R)

. ‖τ a
x ∂φ(0)‖

2
L2

x
+ oR(1) sup

0≤t≤T
‖φ(t)‖2

Ea(r> 1
2 R)
−

∫
R3

P(X, χ,�, φ)
√
|g| dx

∣∣∣∣t=T

t=0
. (69)

Step 4: (output of the source term) Finally, another application of Hölder’s inequality shows∣∣∣∣∫ T

0

∫
R3\K
�gφ · τ

−1
x X R(τxφ) dVg

∣∣∣∣. ‖�gφ‖N a[0,T ]‖φ‖Sa(r> 1
2 R)[0,T ]. (70)

Adding together formulas (67)–(70) and using (29), (31), and (32) gives (53). �

For the proof of Proposition 4.6 with a = 1 it will help to have the following lemma:

Lemma 4.10. Let 8 be a bounded function supported on [0, T ], and let |||p2
|||0,0 <∞. Then for R > 0

one has the estimate

‖
√
τx/τ+ p·8‖L2(r>R).oR(1)

(
‖(1−χ 1

2 t<r<2t)8‖`∞t `∞r L2+‖χ 1
2 t<r<2t8‖`∞t `∞u `∞r L2+‖τ

1
2

x 8‖L∞t L2
x

)
. (71)

Proof of (71). We split the right-hand side into regions r < 1
2 t , 1

2 t < r < 2t , and r > 2t , all restricted to
r > R (we will largely suppress this last condition in the following notation).

In the first region we use

‖
√
τx/τ+ p ·8‖L2(r< 1

2 t) . ‖
√
τx/τ+ p‖`2

t `
2
r L∞(r< 1

2 t)‖8‖`∞t `∞r L2(r< 1
2 t)

followed by Young’s inequality, which gives ‖
√
τx/τ+ p‖`2

t `
2
r L∞(r< 1

2)
. ‖p‖`2

r L∞(r>R) = oR(1).

In the region 1
2 t < r < 2t we use

‖
√
τx/τ+ p ·8‖L2( 1

2 t<r<2t) . ‖p‖`2
u`

2
r L∞( 1

2 t<r<2t)‖8‖`∞t `∞u `∞r L2( 1
2 t<r<2t),

followed by ‖p‖`2
u`

2
r L∞( 1

2 t<r<2t)(r>R) = oR(1).
Finally, in the region r > 2t we use

‖
√
τx/τ+ p ·8‖L2(r>2t) . ‖τ

−
1
2

x p‖L2
t L∞x (r>2t)‖τ

1
2

x 8‖L∞t L2
x
,

followed by ‖τ
−

1
2

x p‖L2
t L∞x (r>2t) . ‖χt< 1

2 rτ
−

1
2

x p‖`2
r L2

t L∞x
. ‖p‖`2

r L∞(r>R) = oR(1). �

Proof of Proposition 4.6 for a = 1. The demonstration is largely similar to the previous proof, with a
few key differences. We again choose �= τx , but this time set the auxiliary cutoff in Lemma 2.4 to be
χ = χ< 1

2
(r/t) which vanishes in r > 3

4 t with χ ≡ 1 when r < 1
2 t .
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Step 1: (output of the Aαβ-contraction) We again have formulas (58)–(61).
An inspection of the remainder terms on the right-hand side of (61) using condition (52) shows that

we also have estimate (62) with the last term on the right-hand side replaced by oR(1)‖φ‖2S1,∞(r> 1
2 R)[0,T ]

.
Next, the estimates (63) are again valid except this time we use Hölder’s inequality to replace (64)

with∫ T

0

∫
|τ−2

x Rαβ

0 ∂α(τxφ)∂β(τxφ)| dx dt

. R
1
2 ‖φ‖S1,∞( 1

2 R<r<R)[0,T ]‖(τ−∂
b
uφ, τx∂φ, φ)‖`1

t L2( 1
2 R<r<R)[0,T ]. (72)

To estimate the remainder term involving Rαβ

1 note that (65) is still valid with a = 1. This allows us to
replace (66) in the case a = 1 with the slight improvement∫ T

0

∫
R3\K

χ>R|τ
−2
x Rαβ

1 ∂α(τxφ)∂β(τxφ)| dx dt

. ‖
√
τx/τ+ p · τ

−
1
2

x τ+(τ0∂φ, ∂
b
xφ, τ

−
1
2

0 τ−1
x ∂b

r (τxφ), τ
−1
x φ)‖2

L2(r> 1
2 R)[0,T ]

, (73)

where |||p2
|||0,0 <∞. Then an application of Lemma 4.10 produces

LHS (73). oR(1) ·
(

sup
0≤t≤T

‖φ(t)‖2
E1(r> 1

2 R)
+‖φ‖2

S1,∞(r> 1
2 R)[0,T ]

)
. (74)

Combining (72), (74), and the analog of (62), we have estimate (67) for the case a = 1.

Step 2: (estimating the Bχ -term) Inspection of (32) and estimate (56) shows the main thing is to compute
trace(A). By definition trace (X R)π̂ =−2∇αXα

R , so trace(A)= 4rτ−2
x X r

R −∇αXα
R . Using the conditions

(52) and the support of χ , we conclude |||τ 2
x τ
−1
+ Bχ |||0,0 <∞. Thus∣∣∣∣∫ T

0

∫
R3\K

Bχφ2 dVg

∣∣∣∣. ‖√τx/τ+ p · τ
−

1
2

x τ+(τ
−1
x φ)‖2

L2(r> 1
2 R)[0,T ]

, (75)

where |||p2
|||0,0 <∞. From this Lemma 4.10 produces

LHS (75). oR(1)(‖φ‖2E1(r> 1
2 R)[0,T ]

+‖φ‖2
S1,∞(r> 1

2 R)[0,T ]
).

Step 3: (estimating the Cχ -term) Using (56) and the support property of χ we have τ 2
+

Cχ
∈ Z−

1
2 , while

(52) give the pointwise bound |τ−1
x X R(τxφ)|. χ>Rτ

2
+
(τ 2

0 |∂
b
uφ| + |τ

−1
x ∂b

r (τxφ)|). Thus∣∣∣∣∫ T

0

∫
R3\K

Cχφτ−1
x X R(τxφ) dVg

∣∣∣∣. ‖√τx/τ+ p · τ
−

1
2

x τ+(τ0∂φ, τ
−

1
2

0 τ−1
x ∂b

r (τxφ), τ
−1
x φ)‖2

L2(r> 1
2 R)[0,T ]

,

where again p2
∈ Z0 so we conclude via Lemma 4.10.

Step 4: (output of the boundary terms) Here we simply note that (69) is also valid for a = 1.

Step 5: (output of the source term) This term is included directly in the definition of E(1, R, X). �

Proof of Proposition 4.6 for a = 0. This follows the pattern of the previous two proofs. We set �= τx

and choose χ = 0.
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Step 1: (output of the Aαβ-contraction) We again have formulas (58)–(61). This time one replaces (63)
with |Rαβ

0 |. τ
−1
x χR , in which case the right-hand side of (64) becomes

R−
1
2 ‖(∂φ, τ−1

x φ)‖2
L2( 1

2 R<r<R)[0,T ]
.

The analog of (62) is also valid with the second term on the right-hand side replaced by

oR(1)‖φ‖2LE0(r> 1
2 R)[0,T ]

.

The main difference is that this time the conditions (55) give |∂b
u Xu
+ ∂b

r X r
|. τ−1

x τ−1
0 . Together with

the condition ∂b
u Y r
= 0 and an application of Lemma 4.3, this means we need to replace (65) with

|||τxR
i j
1 |||−1,0 <∞, |||τxRui

1 |||− 1
2 ,0
<∞, |||τxRuu

1 ||| 12 ,0
<∞.

This is enough to show the analog of (66) with right-hand side replaced by oR(1)‖φ‖2LE0(r> 1
2 R)[0,T ]

.

Step 2: (estimating the Cχ -term) Using (56) gives Cχ
∈ τ−2

x Z−
1
2 , while (55) gives |τ−1

x X R(τxφ)| .
χr>R|(∂φ, τ

−1
x φ)|. Thus (68) is valid with right-hand side replaced by oR(1)‖φ‖2LE0(r> 1

2 R)[0,T ]
.

Step 4: (output of the boundary terms) Here we note that (69) is also valid for a = 0.

Step 5: (output of the source term) This term is included directly in the definition of E(0, R, X). �

4C. Abstract bounds for commutators. We now turn to some further consequences of Lemma 4.3.

Lemma 4.11 (abstract bounds for commutators). Let R and S be a contravariant 2-tensor and vector
field respectively. From them define the operator Q=∇αRαβ

∇β +Sα∇α . Then the following results hold:

(I) Suppose that R and S satisfy (40) and (46) respectively. Then if X is any vector field which satisfies
(41) and (42) with a = b = c = 0, one has [X,Q] = ∇αR̃

αβ
∇β + S̃ α∇α, where R̃ and S̃ satisfy (40) and

(46) respectively as well.

(II) Alternatively suppose X ∈ L0 = {∂
b
u , ∂

b
i −ω

i∂b
u } with the same conditions on R and S as above. Then

the previous result holds with bound (43) for R̃ and bound (47) for S̃ with a = c =−1 and b = 1.

(III) For any Q as defined above with R and S satisfying (40) and (46) we have the pointwise bound

|Qφ|. q · τ−2
x

∑
1≤l+|J |≤2

|(τxτ0∂
b
u )

l(τx∂
b
x )

Jφ|, where q ∈ Z−
1
2 . (76)

Alternatively, suppose R and S satisfy (43) and (47) with a = c =−1 and b = 1. Then

|Qφ|. q · τ−1
x

∑
|I |≤1

(τ
1
2

0 |∂
b
u0

Iφ| + |∂b
x0

Iφ|), where q ∈ Z−1, (77)

and where 0 ∈ L0 = {∂
b
u , ∂

b
i −ω

i∂b
u }.

(IV) Finally, let R satisfy any combination of conditions (43), (44), and (45), and let S satisfy (47). Let
w be a smooth weight function with

|(τ−∂
b
u )

l(τx∂
b
x )

Jw|.l,J τ
a′
x τ

b′
+
τ c′
−
. (78)
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Then with Q as defined above we have wQ = ∇αR̃
αβ
∇β + S̃ α∇α, where R̃αβ satisfies the appropriate

combination of conditions (43), (44), and (45), and S̃ α satisfies (47), in each case with coefficients a+ a′,
b+ b′, and c+ c′.

Proof. We’ll show each part separately.

Part 1: (the commutator property for X satisfying (41) and (42)) By formula (27) and parts (I) and (IV)
of Lemma 4.3, it suffices to show that Rαβ

∇α(∇γ Xγ ) satisfies (46). We’ll do this in a bit more generality
here for use in the sequel.

Let w be any weight function which satisfies (78), and let R be any contravariant 2-tensor which
satisfies the weaker conditions (44) and (45), and the remaining conditions in (43). Then we claim (47)
holds for Sα =Rαβ

∇α(w) with weights a+ a′, b+ b′, c+ c′. To see this note

S i
=Rui∂b

uw+R j i∂b
j (w), S u

=Ruu∂b
uw+R ju∂b

j (w),

so the desired estimates follow easily by multiplying together bounds (78) and the appropriate combination
of (43), (44), and (45).

To show part (I) of the lemma note that if X is as stated, then (39) shows w = ∇γ Xγ satisfies (78)
with a′ = b′ = c′ = 0. The desired result now follows from the discussion of the previous paragraph.

Part 2: (the commutator property for X ∈ L0) This follows at once from part (V) of Lemma 4.3 and the
main calculation of Part 1 above. Note that if X ∈ L0 then w = ∇γ Xγ satisfies (78) with a′ = c′ =−1
and b′ = 1.

Part 3: (the pointwise estimates (76) and (77)) The bound for the S potion of Qφ follows at once from (47).
For the R-contraction we write in Bondi coordinates

∇αRαβ
∇βφ =Rαβ∂b

α(ln
√
|g|)∂b

βφ+ (∂
b
αR

αβ)∂b
βφ+Rαβ∂b

α∂
b
βφ = S̃α∂b

αu+Rαβ∂b
α∂

b
βφ.

We only need to show that S̃ satisfies (47) with a= b= c= 0 in the case of estimate (76), and a= c=−1,
b = 1 in the case of estimate (76); then study Rαβ∂b

α∂
b
βφ.

For the first term of S̃ we use the fact that w = ln
√
|g| satisfies (78) with a′ = b′ = c′ = 0, which

follows from (39). Then by the main calculation of Part 1 above we have (47) for Rαβ∂b
α(ln
√
|g|).

For the expression ∂b
αRαβ the appropriate version of (47) follows at once from (43).

For the final term note that if R satisfies (43) then one has the pointwise estimate

|Rαβ∂b
α∂

b
βφ|. q · τ a

x τ
b
+
τ c
−
(τ

5
2

0 |(∂
b
u )

2φ| + τ0|∂
b
u ∂

b
xφ| + τ

1
2

0 |(∂
b
x )

2φ|), where q ∈ Z−
1
2 .

This is bounded by the right-hand side of (76) when a = b = c = 0, and the right-hand side of (77) when
a = c =−1 and b = 1.

Part 4: (proof of the algebra property (IV)) It is immediate that bound (47) for S is stable under multipli-
cation by w satisfying (78) with the appropriate change of weights. For the quadratic term of Q we write
w∇αRαβ

∇β = ∇αwRαβ
∇β −Rαβ

∇α(w)∇β . For the first term we use bounds (43) which are also stable
under multiplication by w. For the second term we use the main calculation of Part 1 above. �



56 JESÚS OLIVER AND JACOB STERBENZ

Parts (I) and (II) of the last lemma imply the following:

Corollary 4.12 (estimates for multicommutators). Let g be a metric which satisfies (3), and as usual set
L0 = {∂

b
u , ∂

b
i −ω

i∂b
u } and L= {S, �i j } ∪ L0. Then the following hold:

(I) If I is any multiindex then for products of vector fields in L one has the identity

[�g, 0
I
] =

∑
I ′(I

([∇αR
αβ

I ′ ∇β +SαI ′∇α]0
I ′
+wI ′0

I ′�g), (79)

where the sum is taken over the collection of all multiindices I ′ strictly contained in I ; in particular
each I ′ satisfies |I ′| ≤ |I | − 1. Here RI ′ and SI ′ satisfy (40) and (46) respectively, while there exist
constants w0

I ′ ∈ R such that
wI ′ −w

0
I ′ ∈ Z

0. (80)

(II) If the product in the previous part is restricted to vector fields in L0, then one has identity (79) with
estimates (43) and (47) for RI ′ and SI ′ with a = c = −1 and b = 1. In addition (80) in this case is
replaced by wI ′ ∈ τ

−1
x ·Z−1.

(III) Let 0 I be a product of vector fields in L and 0̃ J a product of vector fields in L0. Then one has the
identity

0̃ J
[�g, 0

I
] =

∑
I ′(I, J ′⊆J

([∇αR
αβ

I ′,J ′∇β +SαI ′,J ′∇α]0̃
J ′0 I ′
+wI ′,J ′0̃

J ′0 I ′�g), (81)

where RI ′,J ′ , SI ′,J ′ , and wI ′,J ′ satisfy respectively (40), (46), and (80).

Proof. We’ll show the different parts separately.

Part 1: (proof of (79) for L and L0) Here we will focus only on the case of products of vector fields in L,
as the case of L0 is completely analogous. Using the algebra property of Part (IV) of Lemma 4.11 and an
induction, it suffices to show

[�g, 0
I
] =

∑
I ′(I

[∇αR
αβ

I ′ ∇β +SαI ′∇α +wI ′�g]0
I ′, where 00

= Id. (82)

We shall prove this last bound itself by induction on the length |I | of the product 0 I.

Case 1: (|I | = 1) When 0 I consists of a single vector field in L, formula (82) follows from a combination
of formulas (36) and (37), followed by estimates (39), (40), and part (I) of Lemma 4.3.

Case 2: (|I | ≥ 2) Assume formula (82) holds for all multiindices |I |< k and choose some |I | = k, and
write 0 I

=0 I00 I1 for some |I0| = 1. By the Leibniz rule we have [�g, 0
I
] = [�g, 0

I0]0 I1+0 I0[�g, 0
I1].

By the same calculations as in the previous step we have

[�g, 0
I0]0 I1 =∇αRαβ

∇β0
I1 +w�g0

I1,

where R, w are of the desired form. On the other hand by induction we have

0 I0[�g, 0
I1] =

∑
I ′(I1

(∇αR
αβ

I ′ ∇β +SαI ′∇α+wI ′�g)0
I00 I ′
+

∑
I ′(I1

[0 I0, (∇αR
αβ

I ′ ∇β +SαI ′∇α+wI ′�g)]0
I ′ .
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By formula (27) and Part (I) of Lemma 4.11 the commutator [0 I0, (∇αR
αβ

I ′ ∇β + SαI ′∇α)] again yields
an operator of the form QI ′ = ∇αR̃

αβ

I ′ ∇β + S̃ αI ′∇α. Using (39), the same calculations of the previous
step, and part (IV) of Lemma 4.11, we see the commutator [0 I0, wI ′�g] yields another such operator.
Combining all this yields (82).

Part 2: (proof of (81)) Applying 0̃ J to formula (79) and then computing [0̃ J , (∇αR
αβ

I ′ ∇β + SαI ′∇α)]
through a repeated use of part (II) of Lemma 4.11 yields the desired result. �

4D. Klainerman–Sideris inequalities. We now prove an analog of the Klainerman–Sideris identity [1996].

Lemma 4.13 (Klainerman–Sideris-type identity). One has the pointwise estimates∑
1≤l+|J |≤2

|(τxτ0∂
b
u )

l(τx∂
b
x )

Jφ|.
∑

l+|J |=1
|I |≤1

|(τxτ0∂
b
u )

l(τx∂
b
x )

J0 Iφ| + τ 2
x τ0|�gφ|, (83)

∑
1≤l+|J |≤k

|(τ−∂
b
u )

l(τx∂
b
x )

Jφ|.
∑

l+|J |=1
|I |≤k−1

|(τ−∂
b
u )

l(τx∂
b
x )

J0 Iφ| +
∑

l+|J |≤k−2

τ 2
x τ0|(τ−∂

b
u )

l(τx∂
b
x )

J�gφ|, (84)

where in the second bound the implicit constant depends on k ≥ 2. Here all 0 ∈ L.

Proof of estimates (83) and (84). Both estimates follow from essentially the same computation.

Step 1: (a preliminary reduction) First, note that in either case it suffices to restrict to r > R � 1, as
estimates (83) and (84) with some implicit constant C = C(R, k) are automatic in r ≤ R by choosing all
0 ∈ L0 ∪ {S}.

Next, let �η be the Minkowski wave operator in Bondi coordinates which satisfies

�η =−2∂b
u ∂r + (∂

b
r )

2
− 2r−1∂b

u + 2r−1∂b
r + r−2

∑
i< j

(�i j )
2,

�η = d
1
2�g − ∂

b
αR

αβ∂b
β + O(r−2)∂b

x ∂
b
u + O(r−3)∂b

u ,

where d = |g| is the metric determinant in Bondi coordinates, and R= d
1
2 g− h, where h is given in (4)

and R satisfies (40). Thanks to (76) one has

τ 2
x τ0|�ηφ|. τ

2
x τ0|�gφ| + oR(1) ·

∑
1≤l+|J |≤2

|(τxτ0∂
b
u )

l(τx∂
b
x )

Jφ| in r > R.

Therefore it suffices to replace �g by �η in (83), and also in (84) when proving it for k = 2.

Step 2: (proof of (83) and (84) for k = 2 and �g replaced by �η) Start with the two identities

r2τ−1
+
∂b

r S = r2uτ−1
+
∂b

u ∂
b
r + r3τ−1

+
(∂b

r )
2
+ r2τ−1

+
∂b

r ,

1
2r2uτ−1

+
�η =−r2uτ−1

+
∂b

u ∂
b
r +

1
2r2uτ−1

+
(∂b

r )
2
− ruτ−1

+
∂b

u + ruτ−1
+
∂b

r +
1
2 uτ−1
+

∑
i< j

(�i j )
2.

Adding the two operators on the left-hand sides above and applying to φ yields

|(τx∂
b
r )

2φ|.
∑

l+|J |=1, |I |≤1

|(τxτ0∂
b
u )

l(τx∂
b
x )

J0 Iφ| + τ 2
x τ0|�ηφ|.

Note that by Remark 1.4 we can assume u+ 2r ≈ τ+ in r > R.
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Next, the vector fields S and ∂b
u alone give the pair of inequalities

|(τxτ0∂
b
u )

2φ| + |(τxτ0∂
b
u )(τx∂

b
r )φ|. |(τx∂

b
r )

2φ| +
∑

l+|J |=1, |I |≤1

|(τxτ0∂
b
u )

l(τx∂
b
x )

J0 Iφ|,

|(τ−∂
b
u )

2φ| + |(τ−∂
b
u )(τx∂

b
r )φ|. |(τx∂

b
r )

2φ| +
∑

l+|J |=1, |I |≤1

|(τ−∂
b
u )

l(τx∂
b
x )

J0 Iφ|.

Finally, note that all other combinations of derivatives on the left-hand side of (83) (respectively (84)
when k = 2) are automatically controlled by the first sums on right-hand side of (83) (respectively (84)
when k = 2) thanks to the rotation vector fields.

Step 3: (estimate (84) when k > 2) It suffices to show (84) assuming it’s true for k− 1. Applying (84)
with k− 1 to Xφ, where X ∈ {τ−∂b

u , τx∂
b
i }, and then feeding the results back into (84) with k = 2 applied

to 0 Iφ where 0 ∈ L and |I | ≤ k− 2, we need to show the commutator estimates∑
|I ′|,|I ′′|=1
|I |≤k−2

|X I ′
[0 I , X I ′′

]φ|.
∑

1≤|I |≤k−1

|X Iφ|,

∑
|I |≤k−2

τ 2
x τ0|[�g, 0

I
]φ|.

∑
1≤|I |≤k−1

|X Iφ|,

∑
|I |≤k−3
|I ′|=1

τ 2
x τ0|X I

[�g, X I ′
]φ|.

∑
1≤|I |≤k−1

|X Iφ|,

where each X I, X I ′, and X I ′′ is a product of members of {τ−∂b
u , τx∂

b
i }. The validity of these last three

bounds is easily checked by using (79) and (76) to evaluate [�g, 0
I
]φ, and by referring to the following

lemma. �

Lemma 4.14 (products of “standard” vector fields). Let X I and Y J be products of vector fields whose
Bondi coordinate coefficients satisfy

|(τ−∂
b
u )

l(τx∂
b
x )

J Xu
|.l,J τ−, |(τ−∂

b
u )

l(τx∂
b
x )

J X i
|.l,J τx ,

with the convention a product of length zero is a scalar satisfying bounds of the form (78) with a=b=c=0.
Then the following hold:

(I) The vector field [X I , Y J
] is a sum of products of similar vector fields each with word length |I |+|J |−1.

(II) For any nonzero multiindex I we have

|X Iφ|.
∑

1≤l+|J |≤|I |

|(τ−∂
b
u )

l(τx∂
b
x )

Jφ|.

(III) If X I is any product of such vector fields then

τ 2
x τ0 X I τ−2

x τ−1
0 − X I

=

∑
|J |≤|I |−1

Y J

for some other collection of products of similar vector fields Y I.
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(IV) One has τ 2
x τ0�g =

∑
1≤|I |≤2 X I for some collection of such vector fields X I.

Proof. The proof of the first three parts boils down to more or less elementary calculations. The last part
follows from a direct calculation involving the conditions (3) and (39) is also left to the reader. �

4E. A pointwise bound for multicommutators. To conclude this section, we record a combined conse-
quence of Lemma 4.11, Corollary 4.12, and Lemma 4.13. This will be our main tool for controlling
commutators in the sequel.

Lemma 4.15 (pointwise bound for commutators). For pair of multiindices I, J with |I | ≥ 1 one has

|0̃ J
[�g, 0

I
]φ|.

∑
I ′(I
|J ′|≤|J |

( ∑
l+|K |=1
|I ′′|≤1

q · τ−1
x |(τ0∂

b
u )

l(∂b
x )

K 0̃ J ′0 I ′+I ′′φ| + |0̃ J ′0 I ′�gφ|

)
, where q ∈ Z−

1
2 ,

(85)

where 0 I (etc.) denotes a product of vector fields in L= {S, �i j , ∂
b
u , ∂

b
i −ω

i∂b
u }, and 0̃ J (etc.) denotes a

product of vector fields in L0 = {∂
b
u , ∂

b
i −ω

i∂b
u }.

Proof. Using (81) followed by (76) and then (83) we have

LHS (85). RHS (85)+
∑

I ′(I, J ′⊆J

|�g(0̃
J ′0 I ′φ)|.

Thus, modulo induction on |I | we have reduced matters to estimating the commutator |[�g, 0̃
J ′
](0 I ′φ)|.

Applying part (II) of Corollary 4.12, again followed by (76) and then (83), and inducting on |I | we have

|[�g, 0̃
J ′
](0 I ′φ)|. RHS (85)+

∑
J ′′(J ′
|�g(0̃

J ′′0 I ′φ)|,

so the proof concludes with an additional round of induction, this time with respect to |J |. �

5. Proof of the weighted L2 estimates for k = 0

Theorem 5.1 (generalized local energy decay estimates). Assume estimates (7a) and (7b) for s = 0; then
the following are true:

(I) For R sufficiently large there exists CR > 0 and vector fields X j such that one has the uniform bound

‖φ‖WLE0
[0,T ] . sup

0≤t≤T
‖∂φ(t)‖L2

x
+CR‖φ‖WLE0

class[0,T ]
+ sup

j

∣∣∣∣∫ T

0

∫
R3\K
�gφ · X jφ dVg

∣∣∣∣ 1
2

, (86)

where X j = χ>Rqj∂
b
u , with qj = qj (u) obeying the uniform bounds |(τ−∂b

u )
kqj | .k 1. In addition

χ>R = χ>1(R−1
· ) is a radial bump function with χ>R ≡ 1 on r > R and χ>R ≡ 0 on r < 1

2 R for some R
sufficiently large so that K ⊆

{
r < 1

2 R
}
.

(II) For each 0< a < 1 there exists an Ra sufficiently large so that

sup
0≤t≤T

‖φ(t)‖Ea +‖φ‖Sa[0,T ] .a ‖τ
a
x ∂φ(0)‖L2

x
+‖τ a−1

+
φ‖H1

1 (r<Ra)[0,T ]+‖�gφ‖N a[0,T ], (87)

where the implicit constant depends continuously on a ∈ (0, 1).
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(III) For R sufficiently large there exists CR > 0 and vector fields X j such that one has uniformly

sup
0≤t≤T

‖φ(t)‖E1 +‖φ‖S1,∞[0,T ] . ‖τx∂φ(0)‖L2 +CR‖φ‖`1
t H1

1 (r<R)[0,T ]

+‖�gφ‖`∞t N 1[0,T ]+ sup
j

∣∣∣∣∫ T

0

∫
R3\K
�gφ · τ

−1
x X j (τxφ) dVg

∣∣∣∣ 1
2

, (88)

where X j = χ>R1qj K0, with K0 given by the formula K0 = (1+ u2)∂b
u + 2(u+ r)r∂b

r , where qj = qj (u)
has the uniform bounds |(τ−∂b

u )
kqj |.k 1, and where χ>R is the same as in (86) above.

5A. Splitting into interior and exterior estimates. To control the solution in the interior we use:

Proposition 5.2 (weighted LE bounds in time-like regions). Let R0 ≥ 1 be as in Definition 1.7. Then for
any a ≥ 0 and 1≤ p ≤∞ one has the uniform bound

sup
0≤t≤T

‖τ a
+
(∂φ, τ−1

x φ)(t)‖L2
x(r<

1
2)
+‖τ a

+
(∂φ, τ−1

x φ)‖`p
t LE(r< 1

2)[0,T ]

. ‖τ a
x τ
−

1
2
+ (∂φ, τ−1

+
φ)‖`p

t L2(r< 3
4 t)[0,T ]+‖τ

a−1
+

φ‖`p
t H1

1 (r<R0)[0,T ]+‖τ
a
+
τ0�gφ‖`p

t WLE∗,0[0,T ]. (89)

Here the `p
t sum is taken over a collection of dyadic regions 〈t〉 ≈ 2 j

≥ 1.

In the exterior we use multipliers to show that:

Proposition 5.3 (weighted exterior LE bounds). One has the following estimates uniformly for R suffi-
ciently large that K ⊆

{
r ≤ 1

2 R
}
:

(I) The following null energy bounds hold:

‖(∂b
xφ, τ

−1
x φ)‖NLE(r>R)[0,T ] . R

1
2 ‖φ‖WLE0

class[0,T ]
+

√
E(0, R), (90)

where E(0, R)= supj E(0, R, X j ) is given by formula (50) with X j as in Theorem 5.1.

(II) For fixed 0< a < 1 there holds

sup
0≤t≤T

‖φ(t)‖Ea(r>max {R, 1
2 t})

+‖φ‖Sa(r>max {R, 1
2 t})[0,T ]+‖τ

a
x τ
−

1
2
+ (∂φ, τ−1

x φ)‖L2(R<r< 3
4 t)[0,T ] .a

√
E(a, R), (91)

where E(a, R) is given by formula (49).

(III) Corresponding to a = 1 there holds the estimate

sup
0≤t≤T

‖φ(t)‖E1(r>max {R, 1
2 t})+‖φ‖S1,∞(r>max {R, 1

2 t})[0,T ]+‖τxτ
−

1
2
+ (∂φ, τ−1

+
φ)‖`∞t L2(R<r< 3

4 t)[0,T ]

. sup
0≤t≤T

R
1
2 ‖τ

1
2
−(∂φ, τ

−1
x φ)(t)‖L2

x(
1
2 R<r<R)+

√
E(1, R), (92)

where E(1, R)= supj E(1, R, X j ) is given in terms of formula (51) with X j as in Theorem 5.1.

Proof that Propositions 5.2 and 5.3 imply Theorem 5.1. We do this separately for each estimate.

Case 1: (a=0) Here we need to show (86) follows directly from (90) and the assumed bounds (7). From in-
spection of

√
E(0,R) and taking R sufficiently large, we only need to bound ‖(∂b

xφ,τ
−1
x φ)‖NLE(R0<r<R)[0,T ]

in terms of CR times ‖φ‖WLE0
class[0,T ]

. This follows by taking CR ≈ R
1
2 .
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Case 2: (0< a < 1) Adding together a suitable linear combination of estimates (89) with p = 2 and (91),
and using the inclusions `2

t LE⊆ LE and LE∗ ⊆ `2
t LE∗ (from Minkowski’s inequality), we have uniformly

sup
0≤t≤T

‖φ(t)‖Ea +‖φ‖Sa[0,T ]

.a sup
0≤t≤2R

‖φ(t)‖Ea(r<R)+‖φ‖Sa(r<R)[0,2R]+‖τ
a
x τ
−

1
2
+ (∂φ, τ−1

x φ)‖L2(r<min{R, 3
4 t})[0,T ]

+‖τ a−1
+

φ‖H1
1 (r<R0)[0,T ]+‖�gφ‖N a[0,T ]+

√
E(a, R),

Next, uniformly for T0 ≥ 2R ≥ 1 there hold the pair of bounds

‖τ a
x τ
−

1
2
+ (∂φ, τ−1

x φ)‖L2(r<min{R, 3
4 t})[0,T ] . ln(R)‖φ‖Sa(r<R)[0,T0]+ (R/T0)

1
2 ‖φ‖Sa[T0,T ],

and

E(a, R). ‖τ a
x ∂φ(0)‖

2
L2

x
+ (oR(1)+ (R/T0)

a) ·
(

sup
0≤t≤T

‖φ(t)‖2Ea +‖φ‖
2
Sa[0,T ]

)
+‖φ‖Sa[0,T ] · (‖φ‖Sa(r<R)[0,T0]+ R

3
2 ‖τ a−1
+

φ‖H0
1 (r<R)[0,T ]+‖�gφ‖N a[0,T ]).

In addition for T0 ≥ 2R there is the simple bound

sup
0≤t≤2R

‖φ(t)‖Ea(r<R)+ ln(R)‖φ‖Sa(r<R)[0,T0] .R,T0 ‖τ
a−1
+

φ‖H1
1 (r<R)[0,T0]

.

Therefore combining the last four inequalities with R = Ra ≥ R0 sufficiently large depending on a, and
for some T0 = Ta ≥ Ra which depends on both the size of Ra and a, we have estimate (87).

Case 3: (a = 1) Here we apply (89) with a = 1 and p =∞, and add to this a suitable linear combination
of (92). Note that an application of the weighted trace estimate (188c) followed by (184) with a= 1 gives

sup
0≤t≤T

R
1
2 ‖τ

1
2
−(∂φ, τ

−1
x φ)(t)‖L2

x(
1
2 R<r<R) . ‖τx∂φ(0)‖L2 + R

3
2 ‖φ‖`1

t H1
1 (r<R)[0,T ].

The rest of the proof follows a similar pattern to Case 2 above. �

5B. Proof of the interior estimate. Before moving on to the proof of the exterior estimates, which are
more involved, we first demonstrate Proposition 5.2.

Proof of estimate (89). Without loss of generality we work with the time interval [1, T ]. We apply estimate
(8) to 2akχ0(2−k t)χ<1(r/t)φ for k ≥ 0, where χ0(s) is a smooth bump function adapted to 1≤ s ≤ 2, and
χ<1(s) is a smooth function = 1 for s ≤ 1

2 and = 0 for s > 3
4 . Using the Hardy estimate (184) this yields

sup
2k≤t≤2k+1

‖τ a
+
(∂φ, τ−1

x φ)(t)‖L2
x(r<

1
2)
+‖τ a

+
(∂φ, τ−1

x φ)‖LE(r< 1
2)[2

k ,2k+1]

. ‖τ a
+
(∂b

uφ, τ
−1
+
φ)‖H1(r<R0)[2k−1,2k+2]+‖τ

a−1
+

(∂φ, τ−1
x φ)‖WLE∗,0(r< 3

4)[2
k−1,2k+2]

+‖τ a
+
τ0�gφ‖WLE∗,0[2k−1,2k+2].

For a fixed value of k, dyadic summation in r gives the uniform estimate

‖τ a−1
+

(∂φ,τ−1
x φ)‖WLE∗,0(r< 3

4)[2
k−1,2k+2].‖τ

a− 1
2

+ (∂φ,τ−1
x φ)‖L2(r< 3

4)[2
k−1,2k+2]+‖τ

a−1
+

φ‖H2(r<R0)[2k−1,2k+2].
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By splitting into regions r < γ t and r > γ t we have the following uniform estimate for 0< γ < 1
2 :

‖τ
a− 1

2
+ (∂φ, τ−1

x φ)‖L2(r< 3
4)[2

k−1,2k+2]

. γ
1
2 ‖τ a
+
(∂φ, τ−1

x φ)‖LE(r< 1
2)[2

k−1,2k+2]+ γ
−a−1
‖τ a

x τ
−

1
2
+ (∂φ, τ−1

+
φ)‖L2(r< 3

4)[2
k−1,2k+2].

On the one hand with the help of the scaling vector field we have

‖τ a
+
(∂b

uφ, τ
−1
+
φ)‖H1(r<R0)[2k−1,2k+2] . ‖τ

a−1
+

φ‖H1
1 (r<R0)[2k−1,2k+2].

Thus (89) follows by summing the last four displays in `p
t and taking γ � 1. �

5C. Proof of the exterior estimates. At the level of multipliers there are essentially four cases here:
a = 0, 0< a ≤ 1

2 , 1
2 ≤ a < 1, and a = 1. Collectively these are stated in the following lemma.

Lemma 5.4 (core multiplier bounds). One has the following collection of estimates uniformly for R large
enough that K ⊆

{
r ≤ 1

2 R
}
:

(I) Corresponding to the case a = 0 one has

‖τ
−

1
2
− τ−1

x ∂b
x (τxφ)‖

2
`∞u L2(r>R)[0,T ] . E(0, R). (93)

(II) In the range 0< a ≤ 1
2 one has

sup
0≤t≤T

‖τ a
+
(τ

1
2

0 ∂
b
uφ, τ

−1
x ∂b

x (τxφ))(t)‖2L2
x (r>R)

+‖τ
a− 3

2
x ∂b

x (τxφ)‖
2
L2(r>R)[0,T ]+‖τ

a− 1
2

+ τ 2
0 ∂

b
uφ‖

2
L2(r>R)[0,T ]

+‖τ
−

1
2
− τ a−1

x ∂b
r (τxφ)‖

2
`∞u L2(r>R)[0,T ]+‖τ

a− 1
2

+ τ
1
2

0 ∂
b
uφ‖

2
`∞u L2(r>R)[0,T ] . a−1E(a, R). (94)

Here we have set u = u+ 2r .

(III) When 1
2 ≤ a < 1 one has

sup
0≤t≤T
‖τ a
+
(τ a

0 ∂
b
uφ, τ

−1
x ∂b

x (τxφ))(t)‖2L2
x (r>R)

+‖τ
a− 3

2
x ∂b

x (τxφ)‖
2
L2(r>R)[0,T ]+‖τ

a− 1
2

+ τ 2
0 ∂

b
uφ‖

2
L2(r>R)[0,T ]

+‖τ
−

1
2
− τ a−1

x ∂b
r (τxφ)‖

2
`∞u L2(r>R)[0,T ]+‖τ

−
1
2
+ τ a

−
∂b

uφ‖
2
`∞u L2(r>R)[0,T ] . (1− a)−1E(a, R). (95)

Here again we have set u = u+ 2r .

(IV) Finally, corresponding to the case a = 1 we have

sup
0≤t≤T

‖τ+(τ0∂
b
uφ, τ

−1
x ∂b

x (τxφ))(t)‖2L2
x (r>R)+‖τ

−
1
2
− τ+τ

−1
x ∂b

r (τxφ)‖
2
`∞u L2(r>R)[0,T ] . E(1, R). (96)

We’ll prove each of these estimates separately. In each case we invoke Proposition 4.6.

Proof of estimate (93). Fix a j ∈ N and define the multiplier

Y u
= χ< j (u), Y r

= 0,
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where ∂sχ< j (s) = −2− jχj (s), with χj (s) ≈ 1 when 〈s〉 ≈ 2 j and vanishing away from this region. It
can also be arranged that χ< j (s)= 0 for s & 2 j by addition of a suitable constant. It is immediate these
coefficients satisfy (55), so we may use case (III) of Proposition 4.6. A short calculation then shows

Au
=Aur

= 0, Ar
= /A= 2− j−1χj (u)

for the coefficients in (54). Repeatedly applying estimate (53) for different j ∈ N, then taking supj of the
result concludes the proof. �

Proof of estimate (94). First freeze j, k ∈ N and define the multiplier

Y u
= a(2(2a−1)kτ−χ<k(u)+ τ 2a

+
τ 4

0 ), Y r
= Cr2a(1+χ< j (u)), u = u+ 2r, τ+ = 1+ u,

where χ<k , χ< j is as above and C > 0 will be chosen shortly. It is easy to check that these coefficients
satisfy the conditions on (52) (in r > R). Computing the formulas from (54) and choosing C � 1 we
have the following uniform estimates for 0< a ≤ 1

2 in the region r > 1:

Au & a(τ 2a−1
+

τ0χk(u)+ τ 2a−1
+

τ 4
0 ), Ar & τ−1

−
τ 2a

x χj (u)+ aτ 2a−1
x ,

|Aur
| �
√
AuAr , /A& τ 2a−1

x .

Repeatedly applying estimate (53) for different j, k ∈ N and on time intervals [0, t] ⊆ [0, T ] and then
taking sup j,k,t concludes the proof. �

Proof of estimate (95). In this case we set

Y u
= (1− a)(τ 2a

−
χ<k(u)+ τ 2a

+
τ 4

0 ), Y r
= C2r2a(1+χ< j (u))+C(1− a)τ 2a−1

+
r.

These satisfy the conditions in (52), and the formulas from (54) yield when C� 1 the following estimates
uniformly in 1

2 ≤ a < 1:

Au & (1− a)(τ−1
+
τ 2a
−
χk(u)+ τ 2a−1

+
τ 4

0 ), Ar & τ−1
−
τ 2a

x χj (u)+ (1− a)τ 2a−1
x ,

|Aur
| �
√
AuAr , /A& (1− a)τ 2a−1

x .

These suffice to give (95) through an application of (53). �

Proof of estimate (96). For this estimate we use the multiplier

Y u
= (1+χ< j (u))τ 2

−
, Y r

= (1+χ< j (u))2(u+ r)r.

This satisfies the conditions in (52) with a = 1. The formulas from (54) yield

Au
= 0, Ar & τ−1

−
τ 2
+
χj (u),

Aur
= 0, /A≥ 0.

This suffices to give (96) through an application of case (II) of Proposition 4.6. �

It remains to close the gap between Proposition 5.3 and Lemma 5.4.
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Proof of (90). Applying the Hardy estimate (187) with a = 1
2 to the function 2−

1
2 jχj (u)φ, followed by

the Hardy estimate (184) with a = 0 for the term on the right-hand side of (187) at t = 0, one has

‖τ
−

1
2
− τ−1

x φ‖`∞u L2(r>R)[0,T ] . ‖τ
−

1
2
− τ−1

x ∂b
x (τxφ)‖`∞u L2(r>R)[0,T ]+ R

1
2 ‖φ‖WLE0

class[0,T ]
+‖∂φ(0)‖L2

x
, (97)

where the extra factor of R
1
2 results from replacing τ

−
1
2
− with τ

−
1
2

x in the spacetime region 1
2 R < r < R.

Combining this with estimate (93) and using the definition (50) we have (90). �

Proof of (91). Estimate (187) of Appendix C and the definition of E(a, R) from (49) imply

‖τ a−1
x φ(T )‖2L2

x (r>R)+‖τ
a− 3

2
x φ‖2L2(r>R)[0,T ] .a ‖τ

a− 3
2

x ∂b
r (τxφ)‖

2
L2(r>R)[0,T ]+ E(a, R).

Adding this to (94) and (95) we have (91). �

Proof of (92). Adding estimate (186) to (96) gives

sup
0≤t≤T

‖φ(t)‖E1(r>max{R, 1
2 t})+‖τxτ

−
1
2
+ (∂φ, τ−1

+
φ)‖`∞t L2(R<r< 3

4 t)[0,T ]+‖τ+τ
−1
x ∂b

r (τxφ)‖NLE(r>R)[0,T ]

. sup
0≤t≤T

R
1
2 ‖τ

1
2
−(∂φ, τ

−1
x φ)(t)‖L2

x(
1
2 R<r<R)+

√
E(1, R).

On the other hand a straightforward integration of fixed-time norms in the region r > 1
2 t also gives

‖φ‖`∞t S1(r>max{R, 1
2 t})[0,T ] . sup

0≤t≤T
‖φ(t)‖E1(r>max{R, 1

2 t}).

Combining the previous two equations with the definition of S1,∞ finishes the proof. �

6. Estimates for commutators

In this section we complete the proofs of estimates (14), (15), and (16).

6A. Splitting into interior and exterior estimates. In the interior we use:

Proposition 6.1 (general interior estimates for commutators). Fix a multiindex |I | = k > 1 and let 0 I

denote a product in L= {S, �i j , ∂
b
u , ∂

b
i −ω

i∂b
u }. Then for R sufficiently large and any R′ > R one has the

following estimates:

‖[�g, 0
I
]φ‖WLE∗,s(r<R)[0,T ] .R ‖φ‖H s+3

k−1 (r<R)[0,T ], (98)

‖[�g, 0
I
]φ‖N a(r<R)[0,T ] .R,R′ ‖τ

a−1
+

φ‖H1
k+1(r<R′)[0,T ]+‖φ‖Sa

k−1[0,T ]+‖�gφ‖N a
k [0,T ], (99)

‖[�g, 0
I
]φ‖`∞t N 1(r<R)[0,T ] .R,R′ ‖φ‖`∞t H1

k+1(r<R′)[0,T ]+‖φ‖S1,∞
k−1 [0,T ]

+‖�gφ‖`∞t N 1
k [0,T ]

. (100)

The bound (99) is uniform in 0≤ a ≤ 1.

For the exterior we use:
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Proposition 6.2 (general exterior bounds for commutators). Fix multiindices |I | = k > 1 and |J | = s > 0,
and let 0 I denote a product of vector fields in L= {S, �i j , ∂

b
u , ∂

b
i −ω

i∂b
u }, while 0̃ J denotes a product of

vector fields in L0= {∂
b
u , ∂

b
i −ω

i∂b
u }. Let R0 be as in the definition of the norms (6). Then for R ≥ 2R0 > 0

sufficiently large one has the following:

(I) Corresponding to a = 0 one has

‖[�g, 0
I
]φ‖(WLE∗,s+L1

t H s
x )(r>R)[0,T ]

. oR(1) · ‖φ‖WLEs
k(r>R)[0,T ]+‖�gφ‖(WLE∗,sk−1+L1

t H s
x,k−1)(r>R)[0,T ]. (101)

In addition let X = χ>Rq∂b
u , where q = q(u) has the uniform bounds |(τ−∂b

u )
lq| .l 1, where χ>R is

supported in r > 1
2 R with the usual derivative bounds. Then one has the integral estimate∣∣∣∣∫ T

0

∫
R3\K
[�g, 0̃

J
]φ·X 0̃ Jφ dVg

∣∣∣∣. oR(1)·
(
‖φ‖2WLEs

[0,T ]+ sup
0≤t≤T

‖∂φ(t)‖2H s
x

)
+
(

sup
0≤t≤T

‖∂φ(t)‖H s
x
+‖φ‖WLEs

[0,T ]
)
·‖�gφ‖(LE∗,s+L1

t H s
x )[0,T ]

. (102)

(II) For 0< a < 1 one has uniformly the collection of estimates

‖[�g, 0
I
]φ‖N a(r>R)[0,T ] . oR(1) · ‖φ‖Sa

k [0,T ]+‖�gφ‖N a
k−1[0,T ]. (103)

(III) Finally, corresponding to the case a = 1 we have

‖[�g, 0
I
]φ‖`∞t N 1(r>R)[0,T ] . oR(1) · ‖φ‖S1,∞

k [0,T ]+‖�gφ‖`∞t N 1
k−1[0,T ]

. (104)

In addition let X =χ>Rq K0, where K0= (1+u2)∂b
u+2(u+r)r∂b

r , and where q and χ>R are as previously
stated. Then one has∣∣∣∣∫ T

0

∫
R3\K
[�g, 0

I
]φ · τ−1

x X (τx0
Iφ) dVg

∣∣∣∣
. oR(1) ·

(
‖φ‖2

S1,∞
k [0,T ]

+ sup
0≤t≤T

‖φ(t)‖2E1
k

)
+‖φ‖S1,∞

k [0,T ] · ‖�gφ‖N 1,1
k−1[0,T ]

. (105)

We will also need the following initial data bound.

Lemma 6.3 (initial data bound). Assume that the level sets t = const are uniformly spacelike. Then one
has the uniform estimate for 06 a 6 1

‖τ a
x ∂φ(0)‖H s

x,k
.
∑
|I |≤k

∑
|J |≤s

‖τ a
x (τx∂x)

I ∂ J
x ∂φ(0)‖L2

x
+‖τ a

x�gφ‖L1
t H s

x,k [0,1]
. (106)

Before giving the proofs of these individual components we use them to establish Theorem 1.16.

Proof of estimate (14). We need to treat separately the cases k = 0 and k > 0.

Case 1: (k = 0) In light of assumption (7a) and the data bound (106) we need to show∑
|J |≤s

‖(∂b)Jφ‖WLE0
[0,T ] . ‖∂φ(0)‖H s

x
+‖�gφ‖(WLE∗,s+L1

t H s
x )[0,T ]

.
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It suffices to show this bound for (∂b)Jφ replaced by 0̃ Jφ, where the product is taken over vector fields
in L0 = {∂

b
u , ∂

b
i −ω

i∂b
u }. Applying estimate (86) to 0̃ Jφ, then using assumption (7a) and (102), we find

that for |J | ≤ s

‖(∂b)Jφ‖2WLE0
[0,T ] . CR(‖∂φ(0)‖2H s

x
+‖�gφ‖

2
(WLE∗,s+L1

t H s
x )[0,T ]

)+ oR(1) · ‖φ‖2WLEs
[0,T ].

Summing this in |J | ≤ s and taking R sufficiently large finishes the proof.

Case 2: (k > 0) This is a straightforward application of estimate (14) with k = 0 applied to 0 Iφ, where
0 I denotes a product in L= {S, �i j , ∂

b
u , ∂

b
i −ω

i∂b
u }. Using estimates (98) and (101) for sufficiently large

R to control the commutator, followed by the data bound (106), completes the proof. Note that the value
R becomes the definition of B0(s, k) on (14). �

Proof of estimate (15). This follows by combining estimate (87) with (99), (103), and (106), and then
using an induction on k. Note that the value R becomes the definition of Ba(s, k) in (15). �

Proof of estimate (16). This follows from estimates (88), (100), (104), (105), and (106) in a similar pattern
as the previous proof. �

6B. Proof of the initial data bound and the interior estimates.

Proof of (106). By Remark 1.4 we can assume u ≡ t − τx when t ∈ [0, 1]. Therefore without loss of
generality we may replace 0 I with products of vector fields in LMinkowski = {t∂t + r∂r , x i∂j − x j∂i , ∂α}.
Notice that for products in LMinkowski we have the following equivalence at t = 0:

‖τ a
x φ

(k)(0)‖H s
x
≈

∑
|I |+ j≤k

‖τ a
x (τx∂x)

I ∂
j

t φ(0)‖H s
x

(107)

for a similarity constant that depends only on k. In addition to this, from the uniform spacelike condition
of t = 0 we have the identity

∂2
t = (g

00)−1(�g − P(t, x; D)), (108)

where P(t, x; D) is second-order with uniformly (r∂)J homogeneous coefficients, is at most first-order
in ∂t , and contains no zero-order term.

First we repeatedly use the . direction of (107) for φ(0), followed by the substitution (108) for terms
containing more than one copy of ∂t . We then use the & direction of (107) for any terms which are
produced which contain �gφ(0). From this sequence of steps we have the bound

‖τ a
x ∂φ(0)‖H s

x,k
.
∑
|I |≤k

‖τ a
x (τx∂x)

I ∂φ(0)‖H s
x
+‖τ a

x (�gφ)
(k−1)(0)‖H s

x
.

After a local L1(dt) trace estimate, the second term on the right-hand side above matches the right-hand
side of (106).

For the first term on the right-hand side on the previous inequality we again use identity (108) to
successively get rid of all additional ∂t -derivatives from the H s

x norm, followed by another application of
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the & direction of (107) for terms produced containing �gφ(0). This gives∑
|I |≤k

‖τ a
x (τx∂x)

I ∂φ(0)‖H s
x
.
∑
|I |≤k

∑
|J |≤s

‖τ a
x (τx∂x)

I ∂ J
x ∂φ(0)‖L2

x
+‖τ a

x (�gφ)
(k)(0)‖H s−1

x
.

The proof now concludes with a final local L1(dt) trace estimate the second term on the right-hand side
above. �

We now move on to the proof of Proposition 6.1. Note that estimate (98) follows more or less
immediately from (79). Therefore we focus attention on the last two estimates.

Proof of estimates (99) and (100). We will only focus here in showing (99). The proof of (100) follows
from identical calculations by replacing all L2

t norms with `∞t L2
t norms.

Step 1: (inductive setup) It suffices to show that for multiindex |I | = k and R sufficiently large, for R′> R
we have

‖τ a
+
[�g, 0

I
]φ‖H1(r<R)[0,T ] .R,R′ ‖τ

a−1
+

φ(k+1)
‖H1(r<R′)[0,T ]+‖τ

a
+
φ(k−1)

‖L2(r<R′)[0,T ]

+‖τ a
+
(�gφ)

(k)
‖H1(r<R0)[0,T ]+‖τ

a
+
(�gφ)

(k)
‖L2(r<R′)[0,T ]. (109)

This boils down to an induction. Indeed, for fixed nontrivial I and integer s ≥ 1 it suffices to show that
under the same assumptions one has

‖τ a
+
[�g, 0

I
]φ‖H s(r<R)[0,T ] .R,R′ ‖τ

a−1
+

φ(|I |+s)
‖H1(r<R′)[0,T ]+‖τ

a
+
φ(|I |−1)

‖L2(r<R′)[0,T ]

+‖τ a
+
(�gφ)

(|I |−1)
‖H s+1(r<R0)+‖τ

a
+
(�gφ)

(|I |−1)
‖H s(r<R′)

+

∑
I ′(I

‖τ a
+
[�g, 0

I ′
]φ‖H s+1(r<R′)[0,T ]. (110)

By repeatedly applying this last estimate for |I | + s = k + 1, where s = 1, . . . , k, and a sequence
R < R′s < R′s+1 < R′ we have (109).

Step 2: (elliptic estimate in 1
2 R0 < r < R) To prove (110) start with (79), which implies that

‖τ a
+
[�g, 0

I
]φ‖H s(r<R)[0,T ] .

∑
I ′(I

‖τ a
+
0 I ′φ‖H s+2(r<R)[0,T ]. (111)

Without loss of generality we may assume R0 is chosen large enough that in the region r > 1
2 R0 the

operator P(x, D)=�g − Q0(x, D) is uniformly elliptic, where Q0 contains all terms with a g0α-factor.
Standard elliptic estimates then give

‖τ a
+
0 I ′φ‖H s+2( 1

2 R0<r<R)[0,T ] .R,R′ ‖τ
a
+

P(x, D)0 I ′φ‖H s(r<R′)[0,T ]+‖τ
a
+
0 I ′φ‖L2(r<R′)[0,T ].

On the other hand due to the fact that any term in Q0(x, D) contains at least one time derivative, and
using the metric conditions (3), we have for I ′ ( I

‖τ a
+

Q0(x, D)0 I ′φ‖H s(r<R′)[0,T ] .R′ ‖τ
a−1
+

φ(|I |+s)
‖H1(r<R′)[0,T ].
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Thus, combining the last two inequalities we have∑
I ′(I

‖τ a
+
0 I ′φ‖H s+2( 1

2 R0<r<R)[0,T ]

.R,R′ ‖τ
a−1
+

φ(|I |+s)
‖H1(r<R′)[0,T ]+‖τ

a
+
φ(|I |−1)

‖L2(r<R′)[0,T ]

+‖τ a
+
(�gφ)

(|I |−1)
‖H s(r<R′)+

∑
I ′(I

‖τ a
+
[�g,0

I ′
]φ‖H s(r<R′)[0,T ]. (112)

Step 3: (LE estimate in r < 1
2 R0) It remains to bound the portion of the right-hand side of (111) which is

contained in r < 1
2 R0. Note that we only need to focus on the region t > 1 as the right-hand side of (111)

restricted to the time slab [0, 1] is automatically bounded by ‖τ a−1
+ φ(|I |+s)

‖H1(r<R′)[0,T ].
We begin by applying the stationary LE bound (7b) at regularity s+ 1 to χt>1χr< 1

2 R0
τ a
+
0 I ′φ, where

χr< 1
2 R0
= 1 on r < 1

2 R0 and χr< 1
2 R0
= 0 on r > R0, and with similar properties for χt>1. This results in

the estimate ∑
I ′(I

‖τ a
+
0 I ′φ‖H s+2(r< 1

2 R0)[1,T ] .R,R′ T1+ T2+ T3+ T4,

where

T1 =
∑
I ′(I

‖0 I ′φ‖H s+2(r<R0)[0,2], T2 =
∑
I ′(I

‖(∂tτ
a
+
0 I ′φ, τ a

+
0 I ′φ)‖H s+1×L2(r<R0)[0,T ],

T3 =
∑
I ′(I

‖[�g, χr< 1
2 R0
τ a
+
]0 I ′φ‖H s+1[0,T ], T4 =

∑
I ′(I

‖τ a
+
�g0

I ′φ‖H s+1(r<R0)[0,T ].

The term T1 results from differentiation of χt>1. The terms T1 and T4 are already compatible with the
right-hand side of (110). It is also easy to see that

T2 . ‖τ
a−1
+

φ(|I |+s)
‖H1(r<R0)[0,T ]+‖τ

a
+
φ(|I |−1)

‖L2(r<R0)[0,T ].

It remains to bound T3. Expanding the commutator gives

T3 . ‖τ
a−1
+

φ(|I |+s)
‖H1(r<R0)[0,T ]+

∑
I ′(I

‖τ a
+
0 I ′φ‖H s+2( 1

2 R0<r<R0)[0,T ].

The first term above is of the correct form. The second term is handled by estimate (112). �

6C. Proof of the exterior estimates. We first list some general calculations which take care of a large
portion of the desired estimates.

Lemma 6.4. For integers s, k ≥ 0 define

8(s,k) =
∑
|J |≤s

τ
−

1
2

x |(τ0∂(∂
b)Jφ(k), ∂b

x (∂
b)Jφ(k), τ−1

x (∂b)Jφ(k))|, /8(k) = τ
−

1
2

x τ
−

1
2

0 , |τ−1
x ∂b

r (τxφ
(k))|.

We also use the shorthand 8(0,k) =8(k). With this notation we have

‖8(s,k)‖`∞r L2(r>R)[0,T ]+‖τ
−

1
2

0 8(s,k)‖`∞u `∞r L2( 1
2 t<r<2t)∩(r>R)[0,T ] . ‖φ‖LEs

k(r>R)[0,T ], (113)

‖τ a
+
8(k)‖`∞r L2[0,T ]+‖τ

a
+
/8(k)‖`∞u L2( 1

2 t<r<2t)[0,T ] . ‖φ‖Sa
k [0,T ], (114)
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‖τ+8
(k)
‖`∞t `

∞
r L2[0,T ]+‖τ+ /8

(k)
‖`∞u L2( 1

2 t<r<2t)[0,T ] . ‖φ‖S1,∞
k [0,T ], (115)

‖τ
1
2

x τ+8
(k)
‖L∞t L2

x [0,T ] . sup
0≤t≤T

‖φ(t)‖E1
k
. (116)

In addition if 0 I is a product of vector fields in L= {S, �i j , ∂
b
u , ∂

b
i −ω

i∂b
u }, and 0̃ J a product of vector

fields in L0 = {∂
b
u , ∂

b
i −ω

i∂b
u }, where |I | = k and |J | = s, then we have the pointwise estimates

|0̃ J
[�g, 0

I
]φ|. q · τ

−
1
2

0 τ
−

1
2

x 8(s,k)+
∑
|J |≤s

|∂ J (�gφ)
(k−1)
|, where q ∈ Z0. (117)

Proof of Lemma 6.4. The proof of (113)–(116) is a straightforward application of the definition of the
various spaces involved. On the other hand (117) is immediate from (85). �

Note that a direct combination of (117) with either (113), (114), or (115) shows (101), (103), or (104)
respectively. Thus, the remainder of the subsection is devoted to showing the integral estimates (102)
and (105). In both cases the key step is to integrate by parts the bilinear operator resulting from the
commutator with �g. The relevant result here is:

Lemma 6.5. Let R be sufficiently large so that K ⊆
{
|x | < 1

2 R
}
, and let χ>R be a cutoff supported

in r > 1
2 R, constant for r > R, with the usual derivative bounds. Then one has the following integral

estimates:

(I) Let q = q(u) be a smooth function such that |(τ−∂b
u )

lq| .l 1. Furthermore let |J | = s ≥ 1 and
|J ′| ≤ s− 1 and let 0̃ J and 0̃ J ′ denote products of vector fields in L0 = {∂

b
u , ∂

b
i −ω

i∂b
u }. Then if R obeys

the conditions (43) with a = c =−1 and b = 1 one has∣∣∣∣∫ T

0

∫
R3
χ>R∇αRαβ

∇β 0̃
J ′φ · q∂b

u 0̃
Jφ dVg

∣∣∣∣. oR(1) ·
(
‖φ‖2

LEs(r> 1
2 R)[0,T ]

+ sup
0≤t≤T

‖∂φ(t)‖2H s
x

)
. (118)

(II) Alternatively, suppose that q = q(u) satisfies |(τ−∂b
u )

lq|.l τ−. Let 0 I and 0 I ′ be products of vector
fields in L= {S, �i j , ∂

b
u , ∂

b
i −ω

i∂b
u } for multiindices |I | = k ≥ 1 and |I ′| ≤ k − 1. Then if R obeys the

conditions (40) one has∣∣∣∣∫ T

0

∫
R3
χ>R∇αRαβ

∇β0
I ′φ · q S0 Iφ dVg

∣∣∣∣. oR(1) ·
(
‖φ‖2

S1,∞
k [0,T ]

+ sup
0≤t≤T

‖φ(t)‖2E1
k

)
. (119)

(III) Finally, with the same setup of estimate (119) let S obey the conditions (46). Then one has∣∣∣∣∫ T

0

∫
R3
χ>RSα∂α0 I ′φ · q S0 Iφ dVg

∣∣∣∣. oR(1) ·
(
‖φ‖2

S1,∞
k [0,T ]

+ sup
0≤t≤T

‖φ(t)‖2E1
k

)
. (120)

Proof of estimate (118). For functions F and G, a vector field X , and quadratic operator ∇αRαβ
∇β , we

have the pointwise identity

∇αRαβ
∇βF · XG =∇α[Rαβ

∇βF · XG− XαRβγ ∂βF · ∂γG]

+ (∇γ Xγ )Rαβ∂αF · ∂βG+Rαβ

X ∂αF · ∂βG+Rαβ∂αX F · ∂βG,

=∇αT α
1 + T2+ T3+ T4, (121)



70 JESÚS OLIVER AND JACOB STERBENZ

where RX = LXR. Setting F = 0̃ J ′φ, G = 0̃ Jφ, and X = q∂b
u in the above formula we estimate the

integral of each term separately.

Case 1: (the T1-term) Using the divergence theorem gives∣∣∣∣∫ T

0

∫
R3
χ>R∇αT α

1 dVg

∣∣∣∣. sup
0≤t≤T

∫
|x |> 1

2 R
|∇αt | · |T α

1 | dx + R−1
∣∣∣∣∫ T

0

∫
R3
χ ′RT r

1 dVg

∣∣∣∣, (122)

where |χ ′R| . 1 and is supported where 1
2 R < r < R. Based on the fact that all components of X are

uniformly bounded, and all components of R are oR(1) (in either Bondi or (t, x)-coordinates), we directly
have the pointwise estimate

|∇αt | · |T α
1 |. sup

α

|T α
1 |. oR(1)

∑
|J ′′|≤s

|∂∂ J ′′φ|2,

which in turn produces a bound for the right-hand side of (122) in terms of

oR(1) · (‖φ‖2LEs(r> 1
2 R)[0,T ]

+ sup
0≤t≤T

‖∂φ(t)‖2H s
x
).

Case 2: (the T2-term) Notice that estimate (39) gives |∇γ Xγ
|. 1 for X = q∂b

u . On the other hand for R
satisfying conditions (43) with a = c =−1 and b = 1 we have the pointwise estimate

|Rαβ∂α0̃
J ′φ∂β 0̃

Jφ|. p ·
∑
|J ′′|≤s

τ−1
x (|∂∂ J ′′φ|2+ τ−1

0 |∂
b
x ∂

J ′′φ|2), where p ∈ Z0. (123)

This suffices to give ∣∣∣∣∫ T

0

∫
R3
χ>RT2 dVg

∣∣∣∣. oR(1) · ‖φ‖2LEs(r> 1
2 R)[0,T ]

.

Case 3: (the T3-term) This is similar to the previous step. Notice that X = q∂b
u obeys the symbol bounds

(41) with a = b = 0 and c = −1, and satisfies all conditions in (42). Therefore, thanks to case (I) of
Lemma 4.3 we have that RX satisfies the bounds in (43) with a = c =−1 and b = 1. This is enough to
show (123) holds for R replaced by RX .

Case 4: (the T4-term) Modulo another bound similar to (123) it suffices to show

|(∂αq)Rαβ∂b
u 0̃

J ′φ∂β 0̃
Jφ|. RHS (123).

This follows from direct inspection of various terms involved. �

Proof of estimate (119). We again use the identity (121) and estimate each term separately. As a
preliminary note that with the assumptions of (119) and notation of Lemma 6.4 one has the pointwise
estimate

τ−|Rαβ∂α0
I ′φ · ∂β0

Iφ|. p · τxτ+|8
(k)
|
2, where p ∈ Z0. (124)

A similar bound holds if we replace 0 I ′φ by S0 I ′φ.
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Likewise, when X = q S with q = q(u) and bounds |(τ−∂b
u )

lq| .l τ− we have condition (41) with
a = b = 0 and c = 1, and also the conditions in (42) save for the second identity. Therefore by (III) of
Lemma 4.3 the tensor RX = LXR satisfies (in Bondi coordinates)

Ri j
X ∈ τ+ ·Z

0, Rui
X ∈ τ+ ·Z

1, Ruu
X ∈ τ+ ·Z

2.

In particular we have the pointwise estimate

|Rαβ

X ∂β0
I ′φ · ∂β0

Iφ|. p · τxτ+|8
(k)
|
2, where p ∈ Z0. (125)

Case 1: (the T1-term) Here we again use (122). For the first term on the right-hand side of (122) estimate
(116) shows it suffices to prove

sup
α

|T α
1 |. oR(1) · τxτ

2
+
|8(k)|2. (126)

For the first term in T α
1 we use

sup
α

τ−|Rαβ∂β0
I ′φ · S0 Iφ|. oR(1)τxτ

2
+
|8(k)|2,

which follows from |Rαβ
|. 1 and expanding S into ∂b

u - and ∂b
x -derivatives. For the second term in T α

1
we have (126) thanks to (124) and |Xα

|. τ+τ−.
For the second term on the right-hand side of (122) the pointwise bound (126) is not sufficient to

recover the `∞t structure needed on the right-hand side of (119). However, similar calculations to those
above show T r

1 = T r
11+ T r

12, where

R−1χ ′RT r
11 = χ ′RS

α∂α0
I ′φ · q S0 Iφ, R−1

|χ ′RT r
12|. oR(1) ·χR(r)τxτ+|8

(k)
|
2.

Here χR is a cutoff on a dyadic region ≈ R, and Sα = R−1χR(r)Rrα is a smooth vector field satisfying
the assumptions of estimate (120) (which will be proved independently). Therefore we only need bound
the second term in the display above. Using (116) in the region t ≤ R, and (115) in the region t > R, we
have

R−1
∫ T

0

∫
R3
|χ ′RT r

12| dx dt . oR(1) ·
(
‖φ‖2

S1,∞
k [0,T ]

+ sup
0≤t≤T

‖φ(t)‖2E1
k

)
.

Case 2: (the T2-term) For the remaining three terms in (121) we will set things up so as to appeal to
Lemma 4.10. For i = 2, 3, 4 we will show∫ T

0

∫
R3
χ>R|Ti | dVg . ‖

√
τx/τ+ p · τ+8(k)‖2L2[0,T ](r>R), where p2

∈ Z0, (127)

which by a combination of estimate (71) and estimates (115) and (116) produces∫ T

0

∫
R3
χ>R|Ti | dVg . oR(1) ·

(
‖φ‖2

S1,∞
k [0,T ]

+ sup
0≤t≤T

‖φ(t)‖2E1
k

)
.

For the specific case of the T2-term note that (39) shows |∇γ Xγ
|. τ−. Then (124) immediately gives (127).

Case 3: (the T3-term) In this case (127) follows at once from (125).
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Case 4: (the T4-term) Modulo an application of (124) with 0 I ′φ replaced by S0 I ′φ, to produce (127) for
this case it suffices to prove the pointwise estimate

|(∂αq)RαβS0 I ′φ · ∂β0
Iφ|. p · τxτ+|8

(k)
|
2, where p ∈ Z0,

which follows from expanding S to get

|RuβS0 I ′φ · ∂β0
Iφ|. p · τ+(τ 2

0 |∂φ
(k)
|
2
+ |∂b

xφ
(k)
|
2), where p ∈ Z0.

This completes the proof of (119). �

Proof of (120). For functions F and G, and vector fields S and X , we have the pointwise identity

Sα∂αF · XG =∇α(XαSβ∂βF ·G)− (∇αXα)Sβ∂βF ·G−SβX∂βF ·G−Sβ∂βX F ·G. (128)

Here SX = LXS = [X,S]. We again need to estimate each term separately.
As a general first step note if S satisfies (46), |I ′| ≤ k− 1, and |I | ≤ k then

τ−|Sα∂α0 I ′φ ·0 Iφ|. p · τxτ+|8
(k)
|
2, where p ∈ Z0. (129)

A similar bound holds if we replace 0 I ′φ by S0 I ′φ.
Likewise, when X = q S, where q = q(u) with bounds |(τ−∂b

u )
lq|.l τ−, we have from part (IV) of

Lemma 4.3 the estimates

S i
X ∈ τ

−1
x τ+ ·Z

1
2 , Su

X ∈ τ
−1
x τ+ ·Z

3
2 .

This gives the pointwise estimate

|SαX∂α0
I ′φ ·0 Iφ|. p · τxτ+|8

(k)
|
2, where p ∈ Z0. (130)

Finally,

|(∂αq)SαS0 I ′φ ·0 Iφ|. p · τxτ+|8
(k)
|
2, where p ∈ Z0, (131)

which follows from (∂αq)Sα ∈ τ−2
x τ+ ·Z

1
2 and τ−2

x τ+|S0 I ′φ ·0 Iφ|. τ−2
x τ+|φ

(k)
|
2. With (128)–(131) in

hand, the remainder of the proof of (120) is essentially identical to the proof of (119) above. �

Proof of estimate (102). Using part (II) of Corollary 4.12 we may write

LHS (102).
∣∣∣∣∫ T

0

∫
R3
χ>RT1 dVg

∣∣∣∣+ ∫ T

0

∫
R3
χ>R|T2| dx dt

+
(

sup
0≤t≤T

‖∂φ(t)‖H s
x
+‖φ‖LEs(r>R)[0,T ]

)
· ‖�gφ‖(LE∗,s+L1

t H s
x )(r>R)[0,T ],

where

T1 =
∑
J ′(J

∇αR
αβ

J ′ ∇β 0̃
J ′φ · q∂b

u 0̃
Jφ, T2 =

∑
J ′(J

SαJ ′∂α0̃
J ′φ · q∂b

u 0̃
Jφ,

and where RJ ′ and SJ ′ satisfy estimates (43) and (47) respectively with a = c =−1 and b = 1. We are
assuming the weight q = q(u) satisfies |(τ−∂b

u )
lq|.l 1. The term T1 is therefore handled by estimate
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(118). On the other hand the conditions on SI ′ and inspection give the pointwise bound

|T2|. p ·
∑
|J ′′|≤s

τ−1
x (|∂∂ J ′′φ|2+ τ−1

0 |∂
b
x (∂

b)J ′′φ|2), where p ∈ Z0.

This suffices to produce
∫ T

0

∫
R3 χ>R|T2|. oR(1) · ‖φ‖2LEs(r>R)[0,T ]. �

Proof of estimate (105). Note that the definition of X and the notation of Lemma 6.4 give the pointwise
bound

|τ−1
x X (τx0

Iφ)|. τ
1
2

x τ
2
+
τ

1
2

0 · (8
(k)
+ /8(k)).

Next, we take the decomposition τ−1
x Xτx = uS+ X ′, where X ′ = q(∂b

u + (u+ 2r)rτ−1
x ∂b

r τx + ur2τ−2
x ).

This leads to the following improvement of the previous inequality

|X ′(0 Iφ)|. τ
3
2

x τ+τ
1
2

0 · (8
(k)
+ /8(k)).

Therefore combining (79), (117), the previous two inequalities, and (115) gives

LHS (102).
∑

i=1,2

∣∣∣∣∫ T

0

∫
R3
χ>RTi dVg

∣∣∣∣
+‖

√
τx/τ+ p · τ+(8(k)+ /8(k))‖2L2[0,T ](r>R)+‖φ‖S1,∞

k [0,T ] · ‖�gφ‖N 1,1
k−1[0,T ]

,

where p2
∈ Z0, where

T1 =
∑
I ′(I

∇αR
αβ

I ′ ∇β0
I ′φ · q̃ S0 Iφ, T2 =

∑
I ′(I

SαI ′∂α0
I ′φ · q̃ S0 Iφ, (132)

and where q̃ = uq(u) satisfies the assumptions of Lemma 6.5. The proof of (105) is concluded by an
application of estimate (119) to handle the contribution of T1, estimate (120) to handle the contribution
of T2, and Lemma 4.10 followed by (115) and (116), which together show

‖
√
τx/τ+ p · τ+(8(k)+ /8(k))‖2L2[0,T ](r>R) . oR(1) ·

(
‖φ‖2

S1,∞
k [0,T ]

+ sup
0≤t≤T

‖φ(t)‖2E1
k

)
. �

7. L∞ estimates

The purpose of this section is to prove Theorem 1.18. In fact we will prove the slightly stronger bound:

Proposition 7.1 (fixed-time global Sobolev inequality). Let R1 ≥ 1 be large enough so that K⊆ {r < R1}.
Then there exists R ≥ R1 sufficiently large such that given any k ≥ 1 one has the following fixed-time
estimate uniform in t ≥ 0:∑
i+|J |≤k

‖τ
3
2
+τ

1
2

0 (τ−∂
b
u )

i (τx∂
b
x )

Jφ(t)‖L∞x . ‖τ
3
2
+φ

(k)(t)‖H2
x (r<R)+‖φ(t)‖E1

k+1

+

∑
i+|J |≤k

‖τ
3
2
+τ

1
2

x τ0(τ−∂
b
u )

i (τx∂
b
x )

J�gφ(t)‖`1
r L2

x (r<t)∩L2
x
. (133)

In the estimate above the implicit constant depends on R.
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We first give a quick demonstration of how Proposition 7.1 produces Theorem 1.18.

Proof that (133) implies (17). By an application of T ≤ 1 and (188a) (when T > 1), and using the identity
τ−∂

b
u = S+ q∂ for some smooth q with |∂ J q|. τx , we have uniformly for 0≤ t ≤ T the bound

‖τ
3
2
+φ

(k)(t)‖H2
x (r<R) .R sup

0≤t≤T
‖φ(t)‖E1

k+1
+‖φ‖S1,∞

k+2 [0,T ]
.

Likewise, by an appropriate combination of (188a)–(188c) we have

sup
0≤t≤T

∑
i+|J |≤k

‖τ
3
2
+τ

1
2

x τ0(τ−∂
b
u )

i (τx∂
b
x )

J�gφ(t)‖`1
r L2

x (r<t)∩L2
x

.
∑
|J |≤k

‖τ 2
x (τx∂)

J�gφ(0)‖L2
x
+

∑
i+|J |≤k+1

‖(τ−∂
b
u )

i (τx∂
b
x )

J�gφ‖N 1,1[0,T ]. �

7A. Reduction of Proposition 7.1. The proof of (133) will rest on previous material and the following
three lemmas. In each of these t is a fixed parameter and φ = φ(t) only depends on x . We also assume
R > 0 is chosen as in Proposition 7.1.

Lemma 7.2 (basic L∞ estimates). Let φ be a test function supported in r < 3
4〈t〉. Then one has

‖(τx∂xφ, φ
(1))‖L∞x . ‖τ

1
2

x (∂
2
xφ

(1), τ−1
x ∂xφ

(1), τ−2
x φ(1))‖`∞r L2

x
. (134)

On the other hand, without any support conditions imposed on φ we have

‖τ
3
2

x τ
1
2

0 φ‖L∞x .
∑

l+|J |62

‖(τxτ0∂
b
u )

l(τx∂
b
x )

Jφ‖L2
x
. (135)

Lemma 7.3 (global elliptic estimate). Let φ be a function supported in r < 3
4〈t〉. Then for R sufficiently

large one has the fixed-time estimate

‖τ
1
2

x (∂
2
xφ,τ

−1
x ∂xφ,τ

−2
x φ)‖`∞r L2

x
.‖φ‖H2

x (r<R)+‖τ
1
2

x (∂∂
b
uφ,τ

−1
x ∂b

uφ,τ
−1
+
∂φ)‖`1

r L2
x
+‖τ

1
2

x �gφ‖`1
r L2

x
, (136)

where the implicit constant depends on R.

Lemma 7.4 (fixed-time commutator estimate). Let φ be a function which is supported in the region
r < 3

4〈t〉, and let 0 I denote a product of vector fields in L = {S, �i j , ∂
b
u , ∂

b
i − ω

i∂b
u } with |I | = k > 1.

Then for R as in Lemma 7.3 one has the fixed-time estimate

‖τ
1
2

x [�g, 0
I
]φ‖`1

r L2
x
. ‖φ(k−1)

‖H2
x (r<R)+〈t〉

−
3
2 ‖φ‖E1

k
+‖τ

1
2

x (�gφ)
(k−1)
‖`1

r L2
x
, (137)

where the implicit constant again depends on R.

We postpone the proofs of these in order to first establish Proposition 7.1.

Proof of (133). We estimate the timelike and null/spacelike regions separately.
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Step 1: (proof of (133) in r > 1
2〈t〉) Applying estimate (135) to χr> 1

2 〈t〉
(τ−∂

b
u )

l(τx∂
b
x )

Jφ followed by (84)
we have∑

l+|J |6k

‖τ
3
2
+τ

1
2

0 (τ−∂
b
u )

l(τx∂
b
x )

Jφ‖L∞x (r>
1
2 〈t〉)
.

∑
l+|J |6k+2

‖(τ−∂
b
u )

l(τx∂
b
x )

Jφ‖L2
x
,

. ‖φ‖E1
k+1
+

∑
l+|J |6k

‖τ
3
2
+τ

1
2

x τ0(τ−∂
b
u )

l(τx∂
b
x )

J�gφ‖L2
x
.

Step 2: (reduction of (133) in r < 1
2〈t〉 to truncated functions) To prove (133) in the region r < 1

2〈t〉 we
claim it suffices to show the fixed-time estimate∑
l+|J |6k

‖(τ−∂
b
u )

l(τx∂
b
x )

Jψ‖L∞x

. ‖ψ (k)‖H2
x (r<R)+〈t〉

−
3
2 ‖ψ‖E1

k+1
+

∑
l+|J |6k

‖τ
1
2

x (τ−∂
b
u )

l(τx∂
b
x )

J�gψ‖`1
r L2

x
, (138)

for functions ψ supported in the region r < 3
4〈t〉. Indeed, applying (138) to ψ = χr< 1

2 〈t〉
φ and multiplying

the result by 〈t〉
3
2 we have shown (133) in r < 1

2〈t〉 after using ‖χr< 1
2 tφ‖E1

k+1
. ‖φ‖E1

k+1
as well as∑

l+|J |6k

‖τ
3
2
+τ

1
2

x (τ−∂
b
u )

l(τx∂
b
x )

J
[�g, χr< 1

2 〈t〉
]φ‖`1

r L2
x
.

∑
l+|J |6k+1

‖(τ−∂
b
u )

l(τx∂
b
x )

Jφ‖L2
x
,

. ‖φ‖E1
k
+

∑
l+|J |6k−1

‖τ
3
2
+τ

1
2

x τ0(τ−∂
b
u )

l(τx∂
b
x )

J�gφ‖L2
x
.

On the last line we have again used (84).

Step 3: (reduction of (138) to the case k = 1) Using (84) we have

LHS (138).
∑

l+|J |61

‖(τ−∂
b
u )

l(τx∂
b
x )

Jψ (k−1)
‖L∞x +

∑
l+|J |6k−2

‖τ 2
x (τ−∂

b
u )

l(τx∂
b
x )

J�gψ‖L∞x .

On the other hand for functions ψ supported in r < 3
4〈t〉 estimate (135) gives∑

l+|J |6k−2

‖τ 2
x (τ−∂

b
u )

l(τx∂
b
x )

J�gψ‖L∞x .
∑

l+|J |6k

‖τ
1
2

x (τ−∂
b
u )

l(τx∂
b
x )

J�gψ‖L2
x
.

Therefore, with the help of (137) we have reduced (138) to showing∑
l+|J |61

‖(τ−∂
b
u )

l(τx∂
b
x )

Jψ‖L∞x . ‖ψ
(1)
‖H2

x (r<R)+〈t〉
−

3
2 ‖ψ‖E1

2
+‖τ

1
2

x �gψ
(1)
‖`1

r L2
x

(139)

for functions ψ supported in r < 3
4〈t〉.

Step 4: (proof of (139)) As a first step we have for ψ supported in r < 3
4〈t〉∑

l+|J |61

‖(τ−∂
b
u )

l(τx∂
b
x )

Jψ‖L∞x . ‖(τx∂xψ,ψ
(1))‖L∞x ,

which follows from Remark 1.4 and by writing S = (u− rur )∂
b
u + r∂r and ∂b

i = ∂i − ui∂
b
u .
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Next, concatenating (134) and (136) we have

‖(τx∂xψ,ψ
(1))‖L∞x . ‖ψ

(1)
‖H2

x (r<R)+〈t〉
−1
‖τ

1
2

x (∂u∂b
uψ

(1), τ−1
x u∂b

uψ
(1), ∂ψ (1))‖`1

r L2
x
+‖τ

1
2

x �gψ
(1)
‖`1

r L2
x
.

Here we have used that |〈t〉−1u| ≈ 1 on the support of ψ , as well as |[∂, u]|. 1.
Finally, we use the expansion u∂b

u = S+q∂ , where |∂ J q|. τ 1−|J |
x on r < 3

4〈t〉, as well as the estimate
τ
−

1
2

x × (83) for terms involving ∂2, which altogether gives

‖τ
1
2

x (∂u∂b
uψ

(1), τ−1
x u∂b

uψ
(1), ∂ψ (1))‖`1

r L2
x
. 〈t〉−

1
2 ‖ψ‖E1

2
+〈t〉‖τ

1
2

x �gψ
(1)
‖L2

x
. (140)

This completes the proof of (139), and hence our demonstration of (133). �

7B. Proof of the supporting lemmas. We now prove Lemmas 7.2, 7.3, and 7.4.

Proof of estimate (134). First note that a rescaled version of the usual H 2
→ L∞ Sobolev estimates gives

‖φ‖L∞x . ‖τ
1
2

x (∂
2
xφ, τ

−1
x ∂xφ, τ

−2
x φ)‖`∞r L2

x
,

which applied to φ(1) proves half of (134).
It remains to prove (134) for τx∂xφ, and this is really only an issue where r > 1. In this case the result

follows from Remark 1.4 and applying the following global Sobolev estimate to ∂xφ for R ≥ 1:

‖φ‖L∞x (
1
2 R<r<2R) .

∑
|J |≤1

R−
1
2 ‖(∂x�

Jφ, R−1�Jφ)‖L2
x(

1
4 R<r<4R), where � ∈ {x i∂j − x j∂i }.

Note that this bound is scale-invariant so it suffices to prove it for R = 1. After using a set of angular
cutoffs and a local chart on S2, it becomes the mixed Sobolev embedding

‖φ‖L∞(R3) .
∑

|I |≤1,|J |≤1

‖∂ I
x ∂

J
x ′φ‖L2(R3), (141)

where the coordinates are written as x = (x1, x2, x3)= (x1, x ′) ∈ R3
= R×R2. Estimate (141) follows

in the usual way by combining the Fourier inversion formula, the Cauchy–Schwarz inequality, and
Plancherel’s theorem, and using the fact that the multiplier 〈ξ〉−1

〈ξ ′〉−1 is in L2(R3). �

Proof of estimate (135). It suffices to consider the region 1
2〈t〉< r < 3

2〈t〉 and r� 1, as the complementary
bound follows by rescaling the H 2

→ L∞ Sobolev embedding. Using dyadic cutoffs we may further
assume φ is supported where τ− ≈ 2k and τx ≈ 2 j, and by using angular sector cutoffs in the x-variable
we may further restrict this support to a π

4 wedge about the x1-axis.
Next, we introduce the following variables on t = const, r � 1, and the π

4 wedge about the x1-axis:

y1
= 2−ku, y2

= 2− j x2, y3
= 2− j x3.

Changing variables we have the formulas on t = const

∂y1 = 2k
(
∂b

u +
1

ux1
∂b

x1

)
, ∂y′ = 2 j

(
∂b

x ′ −
ux ′

ux1
∂b

x1

)
, 2k22 j dy = |ux1 | dx,
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where the derivatives ux i are also with respect to t = const, and y′= (y2, y3). In particular by condition (1)
there exist coefficients ci

α which are uniformly bounded where τ− ≈ 2k , τx ≈ 2 j , and within the π
4 wedge

about the x1-axis, such that ∂yi =
∑

α ci
αeα, where eα ∈ {τ−∂b

u , τx∂
b
x }.

By the change of measures formula in the previous display we have

2
1
2 k+ j

∑
|I |62

‖eIφ‖L2(dy) ≈
∑

a+|β|62

‖(τxτ0∂
b
u )

l(τx∂
b
x )

Jφ‖L2(dx).

To finish the proof it suffices to establish H 2
→ L∞ Sobolev estimates in the y-coordinates in terms of

the eα vector fields. Since the coefficients ci
α are possibly very rough with respect to the y-variable we do

this by concatenating H 1 Sobolev embeddings in the following way:

‖φ‖L∞(dy) .
∑
|I |≤1

‖∂ I
yφ‖L6(dy) .

∑
|I |≤1

‖eIφ‖L6(dy) .
∑
|J |≤1

∑
|I |≤1

‖∂ J
y eIφ‖L2(dy) .

∑
|I |≤2

‖eIφ‖L2(dy).

This completes the proof of (135). �

Proof of estimate (136). Following Remark 1.4 we see that the metric in (t, x i )-coordinates satisfies

‖(〈t〉∂t)
l(τx∂x)

J (gαβ − ηαβ)‖`1
r L∞(r< 3

4 〈t〉)
.l,J 1,

where η = diag(−1, 1, 1, 1) is the standard Minkowski metric. This gives the pointwise estimate

|1φ|. q · |(∂2
xφ, τ

−1
x ∂xφ)| + |∂∂

b
uφ| + τ

−1
x |∂

b
uφ| + τ

−1
+
|∂φ| + |�gφ|, where q ∈ `1

r L∞,

and where 1 is the standard 3-dimensional Laplacian. Therefore, by choosing R sufficiently large we see
that to prove (136) it suffices to show

‖τ
1
2

x (∂
2
xφ, τ

−1
x ∂xφ, τ

−2
x φ)‖`∞r L2

x
. ‖φ‖H2

x (r<R1)+‖τ
1
2

x 1φ‖`1
r L2

x
, (142)

where 1 is the standard 3-dimensional Laplacian and R1 ≥ 1 is chosen so that K ⊆ {r < R1}.
Next, using the endpoint Hardy estimate (185) and truncating φ smoothly so it is supported away

from K, we can reduce (142) to the following global estimate on R3:

‖τ
−

1
2

x ∂1−1 F‖`1
r L2

x (R
3)+‖τ

1
2

x ∂
21−1 F‖`1

r L2
x (R

3) . ‖τ
1
2

x F‖`1
r L2

x (R
3).

This last inequality follows by taking the decomposition ∂ J1−1 F =
∑

k, j χj∂
J1−1χk F, where χj is a

partition of unity adapted to dyadic regions r ≈ 2k, 2 j
≥ 1, and using Young’s inequality to sum over

‖τ
−

1
2

x χj∂1
−1χk F‖L2

x (R
3)+‖τ

1
2

x χj∂
21−1χk F‖L2

x (R
3) . 2 j 2k2−2 max{ j,k}

‖τ
1
2

x χk F‖L2
x (R

3)

for j, k ≥ 0. This final estimate follows from standard L2 fractional/singular integral bounds. �

Finally we prove the commutator estimate:

Proof of estimate (137). Using (79) in r < 3
4〈t〉, we have for φ supported in that region

‖τ
1
2

x [�g, 0
I
]φ‖`1

r L2
x
. ‖τ

1
2

x (∂
2φ(k−1), τ−1

x ∂φ(k−1))‖`∞r L2
x
+‖τ

1
2

x (�gφ)
(k−1)
‖`1

r L2
x
.
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It remains to estimate the first term on right-hand side above. First, note that by the same reasoning used
to establish (140) we have

‖τ
1
2

x (∂∂
b
uφ

(k−1), τ−1
x ∂b

uφ
(k−1), τ+∂φ

(k−1))‖`1
r L2

x
. 〈t〉−

3
2 ‖φ‖E1

k
+‖τ

1
2

x �gφ
(k−1)
‖L2

x

for functions φ supported in r < 3
4〈t〉. In addition we have by applying (136) to φ(k−1) and then using the

previous bound to handle the resulting middle term on the right-hand side of (136) the bound

‖τ
1
2

x (∂
2
xφ

(k−1), r−1∂xφ
(k−1))‖`∞r L2

x
. ‖φ(k−1)

‖H2
x (r<R)+〈t〉

−
3
2 ‖φ‖E1

k
+‖τ

1
2

x �gφ
(k−1)
‖`1

r L2
x
.

Combining the last three inequalities and using (1) to handle [∂b
u , ∂] we see that estimate (137) follows

via induction on k. �

8. Estimates for nonlinear problems

This section is devoted to the proof of Theorem 1.22.

8A. Proof of the Nk → Sk mapping property. This section is devoted to the first half of Theorem 1.22.

Proof of (22). We treat each component of the norm separately.

Case 1: (L∞H s- and WLE-components) These are handled via an induction on the index j . For j = 0
use (14). For j ≥ 1 we again use (14) and estimate the middle term on the right-hand side via

‖φ‖H16+3(k− j)
j−1 (r<B0)[0,T ]

. ‖φ‖WLE13+3(k− j+1)
j−1 [0,T ].

Case 2: (S
1
2 -components) This term is handled by (15) with a = 1

2 . The middle term on right-hand side
of (15) is bounded by the output of the previous step at level j = k+ 4 as follows:

‖τ
−

1
2
+ φ‖H1

k+4(r<B1/2)[0,T ] . ‖φ‖WLE1
k+4[0,T ]

.

Case 3: (S1,∞- and E1-components) This follows from (16). The middle term on right-hand side of (16)
is bounded by the output of the previous step as follows:

‖φ‖`1
t H1

k+3(r<B1/2)[0,T ] . ‖φ‖S1/2
k+3[0,T ]

.

Note also that expanding vector fields via the basis ∂b shows

‖F‖N 1,1
k+2[0,T ]

.
∑

i+|J |≤k+2

‖(τ−∂
b
u )

i (τx∂
b
x )

J F‖N 1,1[0,T ].

Case 4: (L∞-components) The bound for this term follows at once from (17). �

8B. Proof of the null form estimate. Here we prove the estimate (23). This may be broken up into a
number of pieces according the constituent parts of (20) and (21).
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Proposition 8.1 (constituent null form estimates). Let N =N αβ(t, x, φ)∂αφ∂βφ denote a quadratic form
satisfying the conditions of Definition 1.20. Then there exist locally bounded functions Ck , depending on
the ck from (19), such that for k ≥ 18 one has

k+4∑
j=0

‖N‖
(WLE∗,13+3(k− j)

j +L1
t H13+3(k− j)

x, j )[0,T ].Ck(|||φ|||Sk [0,T ])|||φ|||
2
Sk [0,T ], (143)

‖N‖N 1/2
k+3[0,T ]

.Ck(|||φ|||Sk [0,T ])|||φ|||
2
Sk [0,T ], (144)∑

i+|J |≤k+2

‖(τ−∂
b
u )

i (τx∂
b
x )

JN‖N 1,1[0,T ].Ck(|||φ|||Sk [0,T ])|||φ|||Sk [0,T ](|||φ|||Sk [0,T ]+|||�gφ|||Nk [0,T ]), (145)

∑
|J |≤k

‖τ 2
x (τx∂)

JN (0)‖L2
x
.Ck(|||φ|||Sk [0,T ])|||φ|||Sk [0,T ](|||φ|||Sk [0,T ]+|||�gφ|||Nk [0,T ]). (146)

Remark 8.2. In the sequel we will prove Proposition 8.1 assuming N =N αβ(t, x)∂αφ∂βφ. In the more
general case when N αβ depends on φ as well, repeated application of the Leibniz rule leads to higher-order
products of the form

∏m
i=1 φ

(ki )∂φ(l1)∂φ(l2). Such cubic and higher-order expressions are much easier
to handle via the uniform norms employed in this paper (e.g., they do not require a null structure), and
treating them explicitly only serves to clutter notation.

We will prove (143)–(146) with the help of the following lemma:

Lemma 8.3 (Leibniz rules). One has:

(I) Let N be a quadratic satisfying the conditions of Definition 1.20 but not depending on φ, and use the no-
tation N (φ, ψ)=N αβ(t, x)∂αφ∂βψ . Then if X I denotes a product in {∂b

u , ∂
b
i −ω

i∂b
u , S, �i j , τ−∂

b
u , τx∂

b
x },

we have the identity
X IN (φ, ψ)=

∑
I ′+I ′′⊆I

NI ′,I ′′(X I ′φ, X I ′′ψ), (147)

where each NI ′,I ′′ satisfies the conditions of Definition 1.20 as well.

(II) Let f, g be smooth functions compactly supported in both time and in the exterior region {r > R0},
where R0 is given in Definition 1.7. Let wa be a weight satisfying |∂ Jwa| .J τ

a
0 . Then one has the

balanced product estimates

‖w0 f g‖WLE∗,s . ‖τ
1
2

x τ
1
2
− f ‖`1

r `
1
u L∞‖τ

−
1
2
− g‖`∞r `∞u H s +‖τ

−
1
2

x f ‖`∞r H s‖τx g‖`1
r L∞, (148)

‖wa f g‖WLE∗,s . ‖τxτ
a
0 f ‖`1

r L∞‖τ
−

1
2

x g‖`∞r H s +‖τ
−

1
2

x f ‖`∞r H s‖τxτ
a
0 g‖`1

r L∞ . (149)

In addition there are also hold the unbalanced versions

‖w0 f g‖WLE∗,s . ‖τ
1
2

x τ
1
2
−∂

s f ‖`1
r `

1
u L∞‖τ

−
1
2
− g‖`∞r `∞u H s , (150)

‖wa f g‖WLE∗,s . ‖τxτ
a
0 ∂

s f ‖`1
r L∞‖τ

−
1
2

x g‖`∞r H s , (151)

where we are using the shorthand |∂s f | =
∑
|J |≤s |∂

J f |.
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Proof of (147). By induction it suffices to prove this identity for a single vector field X . Using the notation
NX (φ, ψ)= XN (φ, ψ)−N (Xφ,ψ)−N (φ, Xψ), we have N αβ

X = X (N αβ)−∂b
γ (X

α)N γβ
−∂b

γ (X
β)N αγ.

The first bound in (19) for NX follows at once from this identity and the assumption of (19) for N. To
prove the second bound in (19) for NX , it suffices to study the contractions ∂b

γ (X
u)N uγ and ∂b

γ (X
u)N γ u.

For γ = u the bound is again immediate from assuming (19). On the other hand for γ = i we need
|(τ−∂

b
u )

i (τx∂
b
x )

J∂b
i (X

u)| .i,J τ0 for each X ∈ {∂b
u , ∂

b
i − ω

i∂b
u , S, �i j , τ−∂

b
u , τx∂

b
x }. This follows from

inspection. �

Proof of estimates (148)–(149). First let both f, g be not only (spacetime) compactly supported in the
exterior region R4

\R×K, but also supported in dyadic regions τx ≈ 2 j and τ− ≈ 2k. Then one has the
Moser estimate

‖ f g‖H s . ‖ f ‖L∞‖g‖H s +‖ f ‖H s‖g‖L∞ .

Multiplying this through by the appropriate combination of 2 j and 2k and then summing in `1
r (`

2
u), we

have both (148) and (149). �

Proof of estimates (150)–(151). This follows from distributing the derivatives and Hölder’s inequality. �

Proof of estimate (143). Let χC be a smooth cutoff which is≡1 on the cylinder C=[1, T−1]×{r > R0+1}
and which vanishes for r < R0 and t ∈

[
0, 1

2

]
∪
[
T − 1

2 , T
]
. Our plan is to show

k+4∑
j=0

‖(1−χC)N‖L1
t H13+3(k− j)

x, j [0,T ] . |||φ|||
2
Sk [0,T ], (152)

k+4∑
j=0

‖χCN‖WLE∗,13+3(k− j)
j

. |||φ|||2Sk [0,T ]. (153)

These bounds are further broken down into a number of cases.

Case 1: (L1
t H s

x, j bounds in r < R0+ 1) Expanding all derivatives into the product and discarding N αβ it
suffices to prove for j ≤ k+ 4 that

‖∂ I ∂φ( j1)∂ I ′∂φ( j2)‖L1
t L2

x (r<R0+1)[0,T ]. |||φ|||
2
Sk [0,T ], when j1+ j2= j, |I |+|I ′|≤13+3(k− j). (154)

There are now two subcases:

Case 1a: (evenly split derivatives) If both |I | + j1 ≤ 10+ 3k − 2 j and |I ′| + j2 ≤ 10+ 3k − 2 j , then
each factor can absorb at least two more derivatives and still go in L2(r < R0+ 1)[0, T ]. Thus, after an
L2

x → L∞x Sobolev embedding on one factor we may use a product of

‖∂ I ∂φ( j1)‖L2
t L∞x (r<R0+1)[0,T ] . |||φ|||Sk [0,T ], ‖∂

I ′∂φ( j2)‖L2(r<R0+1)[0,T ] . |||φ|||Sk [0,T ].

Case 1b: (uneven split) The alternative to the previous case is that one factor, say the first, is such that
|I | + j1 ≥ 11+ 3k− 2 j . But this forces |I ′| + j2 ≤ 2. In particular for k ≥ 3 we may use a product of

‖∂ I ∂φ( j1)‖L∞t L2
x (r<R0+1) . |||φ|||Sk [0,T ],

‖∂ I ′∂φ( j2)‖L1
t L∞x (r<R0+1) . ‖τ

3
2
+∂

I ′∂φ( j2)‖L∞(r<R0+1) . |||φ|||Sk [0,T ].

This completes the proof of (154).
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Case 2: (L1
t H s

x, j bounds in [0, 1]∪[T −1, T ]) In this case we show the analog of (154) where the integral
is restricted to ([0, 1] ∪ [T − 1, T ])× (R3

\K). This follows by taking a product of two L∞t H s
x, j bounds

after an L2
x → L∞x embedding for the factor with the least number of derivatives.

Case 3: (WLE∗,s bounds in C) Using (147) it suffices to show for j ≤ k+ 4 and α, β = u, 1, 2, 3

‖χ̃2
CN

αβ

j1, j2∂
b
αφ

( j1)∂b
βφ

( j2)‖WLE∗,13+3(k− j) . |||φ|||2Sk [0,T ], where j1+ j2 = j, (155)

where χ̃C is also supported in the exterior region (0, T )×{r > R0}. This estimate is further broken down
based on the values of j1, j2 and α, β.

Case 3a: (max{ j1, j2} ≤ k − 1) In this case we plan to use (148) and (149) to cleanly distribute the
∂ I -derivatives. To facilitate this freeze the values of j1, j2 and define

fα = χ̃C∂b
αφ

( j1), gβ = χ̃C∂b
βφ

( j2). (156)

From (5) and the definition of Sk from (20) and we have

‖τ
1
2

x τ
1
2
− fu‖`1

u`
1
r L∞+‖τxτ0 fu‖`1

r L∞+‖τx fi‖`1
r L∞+‖τ

−
1
2
− fi‖`∞u `∞r H s+‖τ

−
1
2

x fα‖`∞r H s . |||φ|||Sk [0,T ], (157)

where s = 13+ 3(k− j), with an identical set of estimates for the components of g.

Case 3a.1: (uu-components) Using (19) it suffices to show

‖w1 fugu‖WLE∗,13+3(k− j) . |||φ|||2Sk [0,T ], (158)

where |∂ Iw1|. τ0. This follows from (149) with a = 1 and (157).

Case 3a.2: (ui- and iu-components) Here we need the analog of (158) with w1 replaced by weight w0

with |∂ Iw0|. 1. This follows from (148) and (157).

Case 3a.3: (i j -components) In this case the analog of (158) follows from (149) with a = 0 and (157).

Case 3b: (max{ j1, j2} ≥ k) In this case from the constraint j1 + j2 = j ≤ k + 4 we must have both
min{ j1, j2} ≤ 4 and 13+ 3(k− j)≤ 13. Without loss of generality assume min{ j1, j2} = j1. Then with
the notation from (156) and setting s = 13+ 3(k− j), we have if k ≥ 18 the bounds

‖τ
1
2

x τ
1
2
−∂

s fu‖`1
u`

1
r L∞ +‖τxτ0∂

s fα‖`1
r L∞ +‖τx∂

s fi‖`1
r L∞ +‖τ

−
1
2
− gi‖`∞u `∞r H s +‖τ

−
1
2

x gα‖`∞r H s . |||φ|||Sk [0,T ].

In particular (155) for this case follows from the bound above, (150), and (151). �

The proof of (144) and (145) largely boils down to (147) and the following lemma:

Lemma 8.4. Let N be any quadratic form which satisfies (19), and define N (φ, ψ) = N αβ∂αφ∂βψ .
Suppose X I is a product of vector fields in {∂b

u , ∂
b
i −ω

i∂b
u , S, �i j , τ−∂

b
u , τx∂

b
x }. Then if |I | ≤ k − 1 we

have the pointwise bound on [0, T ]

|τ
1
2

0 N (X Iφ,ψ)|. |||φ|||Sk [0,T ] · τ
−1
x τ

−
3
2
+ τ−1

0

∑
i+|J |=1

|(τ0∂
b
u )

i (∂b
x )

Jψ |. (159)

A similar bound holds with the roles of φ and ψ reversed.
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Proof. Expanding the N using condition (19) we have

|τ
1
2

0 N (X Iφ,ψ)|. τ
3
2

0 |∂
b
u X Iφ| · |∂b

uψ | + τ
1
2

0 |∂X Iφ| · |∂b
xψ | + τ

1
2

0 |∂
b
x X Iφ| · |∂ψ |.

On the other hand inspection of the L∞-term from the Sk norm defined in (20) shows for |I | ≤ k− 1

τ
3
2

0 |∂X Iφ| + τ
1
2

0 |∂
b
x X Iφ|. τ−1

x τ
−

3
2
+ |||φ|||Sk [0,T ].

Taking the product of the last two inequalities yields (159). �

Proof of estimate (144). Using (147) to distribute derivatives, and splitting into interior and exterior
bounds, it suffices to show that when j1+ j2 = k+ 3

‖τ+N j1, j2(φ
( j1), φ( j2))‖`1

t H1(r<R0)[0,T ] . |||φ|||
2
Sk [0,T ], (160)

‖N j1, j2(φ
( j1), φ( j2))‖N 1/2(r>R0)[0,T ] . |||φ|||

2
Sk [0,T ]. (161)

Note that (160) is stronger than what we need here, and for this bound we can even assume all vector
fields are in the collection {∂b

u , ∂
b
i −ω

i∂b
u , S, �i j , τ−∂

b
u , τx∂

b
x }. We will use this greater generality in a

moment.

Case 1: (interior estimate) From the conditions k ≥ 18 and j1+ j2 = k+ 3 we have min{ j1, j2} ≤ k− 2.
Then (160) follows by taking the product of

‖τ+φ
(k)
‖`1

t L∞(r<R0)[0,T ] . |||φ|||Sk [0,T ], ‖φ
(k+4)
‖H1(r<R0)[0,T ] . |||φ|||Sk [0,T ].

Case 2: (exterior estimate) Using only min{ j1, j2} ≤ k− 1 estimate (161) follows from (159) and∑
i+|J |=1

‖τ
−

1
2

x (τ0∂
b
u )

i (∂b
x )

Jφ(k+3)
‖`1

r `
1
u L2[0,T ]. ‖τ

−
1
2

x τ
1
2
+(τ0∂

b
uφ

(k+3), ∂b
xφ

(k+3))‖`∞r L2[0,T ]. |||φ|||Sk [0,T ]. �

Proof of estimate (145). Combining (147), (159), and the Klainerman–Sideris identity (84) we have∑
i+|J |≤k+2

τ
1
2

0 |(τ−∂
b
u )

i (τx∂
b
x )

JN |

. |||φ|||Sk [0,T ]·

( ∑
i+|J |=1

τ
−

1
2

x τ
−

3
2
+ τ

−
1
2

0 |(τ0∂
b
u )

i (∂b
x )

Jφ(k+2)
|+

∑
i+|J |≤k+2

τ
1
2

0 |(τ−∂
b
u )

i (τx∂
b
x )

J�gφ|

)
. (162)

The proof of (145) then follows by splitting into interior and exterior estimates as in the proof of (144)
above. Note that (160) already handles the interior contribution. For the exterior contribution we use∑

i+|J |=1

‖(τ0∂
b
u )

i (∂b
x )

Jφ(k+2)
‖`1

u`
1
t `

1
r L2[0,T ]. ‖τ

−
1
2

x τ+(τ0∂
b
uφ

(k+2), ∂b
xφ

(k+2))‖`∞t `∞r L2[0,T ]. |||φ|||Sk [0,T ]. �

Proof of (146). This follows by applying (162) at t = 0 with index restriction i + |J | ≤ k. �
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Appendix A: Coordinates

In this appendix we discuss some basic consequences of Definition 1.1, as well as some simple conditions
which guarantee the assumptions of Definition 1.1 hold.

Bounds between (t, x)- and (u, x)-coordinates.

Lemma A.1. Let u(t, x) be a function satisfying condition (I) of Definition 1.1. Then for any smooth
function q and integer N ≥ 0 one has the following equivalence of symbol-type bounds:∑

i+|J |≤N

‖(τ−∂
b
u )

i (τxτ0∂
b
x )

J q‖`1
r L∞ .N ,q 1 ⇐⇒

∑
i+|J |≤N

‖(τ−∂t)
i (τxτ0∂x)

J q‖`1
r L∞ .N ,q 1. (163)

In addition the change of frame bounds (5) also hold.

Proof. Thanks to the change of variables formula

∂b
u =

1
ut
∂t , ∂b

i = ∂i −
ui

ut
∂t , (164)

the implication “∂t , ∂x bounds”⇒ “∂b
u , ∂

b
i bounds” follows easily from (assuming i + |J | ≤ N )

ut > c, |(τ−∂t)
i (τxτ0∂x)

J (ut , ui )|.N 1,

where the inequality above itself holds thanks to part (I) of Definition 1.1. Applying this to q = ∂u we
have

|(τ−∂
b
u )

i (τxτ0∂
b
x )

J (ut , ui )|.N 1.

Finally, using this last inequality and formula (164) the implication “∂b
u , ∂

b
i bounds”⇒ “∂t , ∂x bounds”

becomes clear.
As a last step notice that (5) follows from the formulas (164) and estimate (163) applied to q = ∂u. �

Lemma A.2. Let u(t, x) be a function satisfying part (I) of Definition 1.1; then τ−1
+ (u+ τx − t) ∈ `1

r L∞.

Proof. We have τ−1
+ (u + τx − t) = τ−1

+

∫ (t,x)
0 ∂(u + τx − t) · ds + O(τ−1

+ ), where ds denotes the line
integral along a straight ray from the origin to (t, x). Bounding the integral in absolute value gives

sup
r≈2 j
|τ−1
+
(u+ τx − t)|. 2− j

+

∑
k≤ j

2k− j sup
r≈2k
|∂(u+ τx − t)|.

The assumption ∂(u+ τx − t) ∈ `1
r L∞ and Young’s convolution inequality finishes the proof. �

Lemma A.3. Let u(t, x) be a function satisfying condition (I) of Definition 1.1, and suppose that g is a
metric satisfying condition (II). Then g is weakly asymptotically flat in (t, x)-coordinates in the sense that

‖(τ−∂t)
i (τxτ0∂x)

J (g− η)αβ‖`1
r L∞ <∞ for all (i, J ) ∈ N×N4, (165)

where η = diag(−1, 1, 1, 1) is the Minkowski metric.
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Proof. By Lemma A.1 is suffices to prove the bound

‖(τ−∂
b
u )

i (τxτ0∂
b
x )

J (g− η)αβ‖`1
r L∞ <∞ for all (i, J ) ∈ N×N4, (166)

where (g−η)αβ still denotes the components in (t, x)-coordinates. Such estimates for (g−η)i j follow at
once from the first inclusion in (3) because gi j is the same in either (t, x)- or (u, x)-coordinates.

For remaining components we compute

gti
= (gui

+ωi )+ωj (gi j
− δi j )− gαi∂b

α(u+ τx − t),

gt t
+ 1= guu

+ 2(gui
+ωi )ωi +ωiωj (gi j

− δi j )− 2(guα
+ωi giα)∂b

α(u+ τx − t)

+ gαβ∂b
α(u+ τx − t)∂b

β(u+ τx − t)+ τ−2
x ,

where all metric components on the right-hand side are now computed in (u, x)-coordinates, and where
we are using the notation ωi

= ωi = x iτ−1
x . In addition to these formulas we also have the estimate

‖(τ−∂
b
u )

i (τxτ0∂
b
x )

J∂b(u+ τx − t)‖`1
r L∞ <∞,

which itself is a consequence of (1), (164), and Lemma A.1. The remaining portion of estimate (166)
follows from the last three displays above combined with assumption (3). �

Lemma A.4. Fix δ>0. Let u1 be an approximate optical function satisfying the conditions of Definition 1.1
in the region 〈t − r〉 ≥ δ〈t + r〉, and let u2 be an approximate optical function satisfying the conditions
of Definition 1.1 in the region 〈t − r〉 ≤ 2δ〈t + r〉. Then if χ is any cutoff function with χ ≡ 1 on
〈t − r〉 ≥ 2δ〈t + r〉, χ ≡ 0 on 〈t − r〉 ≤ δ〈t + r〉, and |(τx∂)

Jχ | . 1, the function u = χu1+ (1−χ)u2

satisfies the conditions of Definition 1.1 globally. In particular, in Definition 1.1 we may always assume
u = t − τx away from the region 〈t − r〉 � 〈t + r〉.

Proof. Using Lemma A.2 we have both

‖(〈t〉∂t)
i (τx∂x)

J τ−1
+
(u1+ τx − t)‖`1

r L∞(δ≤〈t+r〉−1〈t−r〉≤2δ) <∞,

‖(〈t〉∂t)
i (τx∂x)

J τ−1
+
(u2+ τx − t)‖`1

r L∞(δ≤〈t+r〉−1〈t−r〉≤2δ) <∞.

Thus τ−1
+ (u1− u2) satisfies the same bound in δ ≤ 〈t + r〉−1

〈t − r〉 ≤ 2δ, and so u = χu1+ (1−χ)u2

satisfies (1) globally. Note that τ−1
+ 〈u1〉 ≈ τ

−1
+ 〈u〉 ≈ 1 in 〈t − r〉 ≥ δ〈t + r〉 and τ−1

+ 〈u2〉 ≈ τ
−1
+ 〈u〉 ≈ 1 in

〈t − r〉 ≤ δ〈t + r〉 thanks to Lemma A.2, so the definition of τ0 is not affected by splicing u1, u2.
It remains to show the bounds (3) hold in (u, x)-coordinates. Because u=u2 when 〈t−r〉≤ δ〈t+r〉, we

concentrate on the complementary region. Here it suffices to show that if u is any function satisfying (1),
and g is any metric satisfying (165), then one has automatically has the first inclusion in (3) restricted to
the region 〈t − r〉 ≥ δ〈t + r〉. Notice that by combining (165) and (1), we see that (165) also holds for all
Bondi coordinate components of (gαβ − ηαβ). Therefore, adding and subtracting the tensor hαβ defined
in (4), our task boils down to showing

‖(〈t〉∂t)
i (τx∂)

J (ηuu, ηui
+ωi )‖`1

r L∞(〈t+r〉−1〈t−r〉≥δ) <∞.
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This last inequality follows from a few simple calculations and the estimate

‖(〈t〉∂t)
i (τx∂)

J∂(u+ τx − t)‖`1
r L∞(τ−1

+ 〈t−r〉≥δ) <∞,

which is an immediate consequence of (1). �

Constructions for nearly stationary/spherically symmetric metrics. In this section we discuss a simple
situation where one can construct an approximate “optical function” u(t, x) satisfying conditions (3).
This is given by the following definitions.

Definition A.5. Let gαβ be a Lorentzian metric on [0,∞)× (R3
\K), where K is a compact set. Then:

(i) g is called “weakly asymptotically flat and quasistationary” if

‖ ln2(1+ τx)(t∂t)
i (τx∂)

J (gαβ − ηαβ)‖`1
r L∞ <∞ for all (i, J ) ∈ N×N4. (167)

Here η = diag(−1, 1, 1, 1) is the Minkowski metric in (t, x) ∈ R×R3-coordinates.

(ii) g is called “quasispherical” if one can write g = g0+ g1, where g0 is a spherically symmetric in
(t, x)-coordinates, and the remainder g1 satisfies

‖τx(τx∂)
J (g1)αβ‖`1

r L∞ <∞ for all J ∈ N4. (168)

Proposition A.6. Let gαβ be a Lorentzian metric on [0,∞)×(R3
\K), where K is a compact set. Suppose

that g is weakly asymptotically flat and quasistationary/spherical in the sense that (167) and (168) both
hold. Then g satisfies the assumptions of Definition 1.1 (after a possible redefinition of the x i -coordinates).

Proof. We’ll prove this in a series of steps.

Step 1: (preliminary reduction) By Lemma A.4 above it suffices to construct an approximate optical
function u(t, x) satisfying conditions (1) and (3) in the region 〈t−r〉� 〈t+r〉. Using a partition of unity
we may extend g to be the Minkowski metric in the exterior 〈t − r〉& 〈t + r〉. This extension will still
satisfy (167) and (168).

Next, after a possible radial change of variables which preserves both (167) and (168), we may assume
that the area of t = const and r = const with respect to the restriction of g0 is 4πr2. In other words we
may assume the spherically symmetric part g0 can be written in polar coordinates as

g0 = (g0)t t dt2
+ 2(g0)tr dt dr + (g0)rr dr2

+ r2 dσ 2, (169)

where dσ 2 is the standard round metric on S2.
The goal now is to construct u in two pieces u = u0+ u1, where u0 = u0(t, r) is radially symmetric

and corresponds to g0, while the remainder u1 takes into account g1 = g− g0. The requirements for these
two functions will be

‖ ln(r)(r∂)J∂(u0+ r − t)‖`1
r L∞(r≥R)+‖r(r∂)

J∂u1‖`1
r L∞(r≥R) .J 1 (170)

for sufficiently large R, and in addition

g0(du0, du0)= 2g0(du0, du1)+ g1(du0, du0)= 0. (171)
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Notice that (170) and formulas (164) allow us to freely change (r∂)J to (r∂b)J in any estimate we
consider.

First suppose that we have achieved both (170) and (171). By the assumption (167) and (170), we
have

‖ ln(r)(r∂)J (gαβ − ηαβ)‖`1
r L∞(r≥R)+‖ ln(r)(r∂)J (ηuu, ηui

+ωi )‖`1
r L∞(r≥R) <∞,

where all components of (gαβ − ηαβ) are computed in (u, x)-coordinates. This suffices to give the first
inclusion in (3) (note we only need this for 〈t − r〉 � 〈t + r〉). We remark that the convergence factor
ln(r) is sufficient to sum in `1

u when r ≈ t ≈ 2 j .
Next, from the explicit form (169) and the identities in (171), we have both√

|g0|g
u0i
0 + r−1x i

= 0, guu
= g(du1, du1)+ 2g1(du0, du1),

where
√
|g0| is computed in (u0, x)-coordinates. Using (168) and (170) we have

‖r(r∂)J (
√
|g0| −

√
|g|)‖`1

r L∞(r≥R) <∞,

where
√
|g| is computed in (u, x)-coordinates. Combining the last two displays and (170) again gives

‖r2(r∂)J guu
‖`1

r L∞(r≥R)+‖r(r∂)
J (
√
|g|gui

+ωi , gui
−ωiωj gu j )‖`1

r L∞(r≥R) <∞,

which are sufficient to produce the remaining bounds in (3) (again for 〈t − r〉 � 〈t + r〉).
It remains to construct u0 and u1 such that (170) and (171) hold.

Step 2: (construction of u0) For g0 we have the expression (169), where

‖ ln2(r)(r∂)J (gt t
0 + 1, grr

0 − 1, gtr
0 )‖`1

r L∞(r≥1) <∞ for all J ∈ N2.

For the remainder of the construction we only need to work in the (t, r)-coordinates.
Let v = v(t, r) be any function which solves the radial eikonal equation gαβ0 ∂αv∂βv = 0. From this we

define the quantity ζ = ∂v− (1,−1), where ∂ denotes (t, r)-derivatives. As long as |ζ |< 1 the coordinate
change (t, r) 7→ (u, r) is well-defined and we have

∂b
r ζ = G(t, r, ζ ), ∂b

= q(ζ )∂, (172)

where both G and q are smooth universally defined functions depending only on the (t, r)-components
of g0 and not on v. Moreover q = q0+ q1(ζ ) with q0 a constant invertible matrix and q1 = O(ζ ) when
|ζ | ≤ 1

2 . Finally we have the uniform symbol bounds

‖r ln2(r)(r∂)J (∂ζ )
k G‖`1

r L∞(r≥R) .J,k oR(1) for |ζ | ≤ 1
2 . (173)

Now let ũ = v in the previous construction with initial normalization ∂r ũ < 0 and ũ|r=R = t − R
for sufficiently large R, and set ζ̃ = ∂ ũ − (1,−1). Then ũ is globally defined and smooth in r > R
because (1+1) Lorentzian metrics have no caustics. We also have |ζ̃ | � 1 at least initially close to r = R.
Commuting (172) with vector fields ∂b

= q(ζ )∂ , and applying a straightforward bootstrapping argument,
we may extend this to uniform bounds |ζ̃ | � 1 and |∂ J ζ̃ |.J 1 for all r > R.
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Next, define the outgoing limit

f (ũ)= lim
r→∞

∂t ũ = 1+
∫
∞

R
G t(t (ũ, r), r, ζ̃ ) dr,

where G t denotes the t-component of G. By the previous paragraph we have both | f − 1| � 1 and
|∂

j
ũ f |. j 1. Let F solve F ′ = 1/ f , and finally set u0 = F(ũ). Again we let ζ = ∂u0− (1,−1), which we

remind the reader solves (172) with conditions (173).
By construction we immediately have gαβ0 ∂αu0∂βu0 = 0, |ζ | � 1, and |∂ J ζ |.J 1. In addition to this

and the fact that ∂t u0 = (1/ f )ũt , we have limr→∞ ∂t u0 = 1. Combining this last piece of information
with the r →∞ limits gt t

0 →−1, grr
0 → 1, gtr

0 → 0, as well as ∂r u0 < 0, we have the normalization
ζ → 0 as r→∞. In particular we may write

ζ(u0, r)=−
∫
∞

r
G(t (u0, s), s, ζ ) ds.

Differentiating this identity any number of times with respect to ∂b
= q(ζ )∂ , and using the weighted

estimate (173) and a straightforward bootstrapping argument, gives the first bound in (170).

Step 3: (construction of u1) Using the second identity from (171), we have that the correction u1 solves
the linear equation

gαβ0 ∂αu0∂βu1 =−
1
2 gαβ1 ∂αu0∂βu0, u1→ 0 as r→∞.

Integrating this in (u0, x)-coordinates we find that

u1(u0, x)= 1
2

∫
∞

|x |
(gu0u0

1 /gru0
0 )(u0, sx/|x |) ds.

By the first estimate in (170) and assumptions (167)–(168) we have

‖r(r∂b)J (gu0u0
1 /gru0

0 )‖`1
r L∞(r≥R) <∞,

where ∂b are computed in (u0, x)-coordinates. An application of Young’s convolution inequality to the
integral above gives (170) for u1. �

Appendix B: Local energy decay

In this appendix we discuss how assumption (7b) relates to assumption (7a) when the metric g enjoys
structural properties similar to the Kerr family of metrics with angular momentum in a moderate range.

Let T ⊆ R3 be a compact region contained in the exterior R3
\K. We first redefine the norms (6b) and

(6d) so the regularity loss occurs only on T :

‖φ‖WLEs
class[0,T ] =

∑
|J |≤s

(‖τ−1
x ∂ Jφ‖LE[0,T ]+‖∂∂

Jφ‖LE(T c)[0,T ]), (174)

‖F‖WLE∗,s [0,T ] =
∑
|J |≤s

(‖∂ J F‖LE∗[0,T ]+‖∂∂
J F‖L2(T )[0,T ]). (175)

With respect to these modified norms we have:
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Proposition B.1. Let the norms WLEs
class and WLE∗,sclass be defined as in (174) and (175). Suppose in

addition that ∂t is uniformly timelike on [0,∞)× T . Then estimate

sup
0≤t≤T

‖∂φ(t)‖H s
x
+‖φ‖WLEs

class[0,T ] . ‖∂φ(0)‖H s
x
+‖�gφ‖WLE∗,s [0,T ] (176)

implies estimate

sup
0≤t≤T

‖∂φ(t)‖H s
x
+‖φ‖LEs

class[0,T ]

. ‖∂φ(0)‖H s
x
+‖φ‖H s(T̃ )[0,T ]+‖∂tφ‖H s(T̃ )[0,T ]+‖�gφ‖LE∗,s [0,T ], (177)

where T̃ is any compact neighborhood of T (here the implicit constant depends on T̃ ).

Remark B.2. We do not need to make other assumptions on the metric g aside from boundedness of its
derivatives and ∂t being uniformly timelike on [0,∞)× T . In particular the size of the time variation of
g plays no role in establishing (177) from (176).

Note that (177) implies (7b) when s = 0. For s > 0 a simple induction allows us to reduce the second
term in the right-hand side of (177) to ‖φ‖L2(T̃ )[0,T ].

Proof. Let T b T ′ b T̃ , where T ′ is an intermediate compact neighborhood. Without loss of generality
we may assume T̃ is a small enough that ∂t is still uniformly timelike on it. Estimate (177) will be shown
by adding together the pair of bounds

sup
0≤t≤T

‖∂φ(t)‖H s
x ((T ′)c)+‖φ‖LEs

class((T ′)c)[0,T ] . ‖∂φ(0)‖H s
x
+‖φ‖H s+1(T ′)[0,T ]+‖�gφ‖LE∗,s [0,T ], (178)

sup
0≤t≤T
‖∂φ(t)‖H s

x (T ′)+‖φ‖H s+1(T ′)[0,T ] . ‖∂φ(0)‖H s
x
+‖φ‖H s(T̃ )[0,T ]

+‖∂tφ‖H s(T̃ )[0,T ]+‖�gφ‖H s(T̃ )[0,T ]. (179)

The first estimate (178) follows directly by applying (176) to (1− χT )φ, where χT = 1 on T and
χT = 0 on (T ′)c, and then using the Hardy estimate (184) with a = 0 for the boundary term where all
derivatives fall on the cutoff.

The second estimate (179) is slightly more involved so we do it in a series of steps. For the demonstration
it will be convenient to fix an additional pair of intermediate spatial regions T ′ b T ′′ b T ′′′ b T̃ , and an
ε > 0 sufficiently small that the domain of dependence of T ′′′ is contained in T̃ for each fixed time in the
slab [0, ε], and the domain of dependence of T ′ is contained in T ′′ for each fixed time in the slab [T−ε, T ].

Step 1: (elliptic bound in [ε, T − ε] × T ′′′) Our assumption is that the spatial part of �g, i.e., the
operator (1/

√
|g|)∂i

√
|g|gi j∂j for i, j = 1, 2, 3, is uniformly elliptic in T̃ . In particular the operator

P(t, x, D)= λ∂2
t +�g is uniformly elliptic in T̃ for sufficiently large λ ∈R. It follows that for any s ≥ 0

one has the spacetime elliptic bound

‖χφ‖H s+1 . ‖χφ‖H s +‖∂t(χφ)‖H s +‖�g(χφ)‖H s−1,

where χ ≡ 1 on [ε, T − ε] × T ′′′ and χ ≡ 0 outside of [0, T ] × T̃ . Writing �g(χφ) = 2∇α(φ∇αχ)−
φ�gχ +χ�gφ and removing the cutoff, the previous inequality implies

‖φ‖H s+1(T ′′′)[ε,T−ε] . ‖φ‖H s(T̃ )[0,T ]+‖∂tφ‖H s(T̃ )[0,T ]+‖�gφ‖H s(T̃ )[0,T ]. (180)
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Step 2: (filling in the bottom time slab) Fixed time local energy estimates based on the domain of
dependence of T ′′′ in the slab [0, ε] give us

sup
0≤t≤ε

‖∂φ(t)‖H s
x (T ′′′) . ‖∂φ(0)‖H s

x
+‖�gφ‖H s(T̃ )[0,T ].

Integrating these with respect to L2
t and adding them to (180) yields the improvement

‖φ‖H s+1(T ′′′)[0,T−ε] . ‖∂φ(0)‖H s
x
+‖φ‖H s(T̃ )[0,T ]+‖∂tφ‖H s(T̃ )[0,T ]+‖�gφ‖H s(T̃ )[0,T ]. (181)

Step 3: (fixed-time energies on the slab [0, T − ε] × T ′′) Next, we let χ be a spatial cutoff with χ ≡ 1
on T ′′ and χ ≡ 0 outside T ′′′. Using the multiplier χ∂t and the left-hand side of (181) to control the
spacetime error we have

sup
0≤t≤T−ε

‖∂φ(t)‖H s
x (T ′′) . ‖∂φ(0)‖H s

x
+‖φ‖H s(T̃ )[0,T ]+‖∂tφ‖H s(T̃ )[0,T ]+‖�gφ‖H s(T̃ )[0,T ]. (182)

Step 4: (fixed-time energies on the slab [T − ε, T ] × T ′) Using the domain of dependence of T ′ in
[T − ε, T ] and the left-hand side of (182) at time T − ε, we have

sup
T−ε≤t≤T

‖∂φ(t)‖H s
x (T ′) . ‖∂φ(0)‖H s

x
+‖φ‖H s(T̃ )[0,T ]+‖∂tφ‖H s(T̃ )[0,T ]+‖�gφ‖H s(T̃ )[0,T ]. (183)

Finally, adding together (181), (182), (183), and the L2
t integral of the left-hand side of (183), we have

(179). �

Appendix C: Hardy and trace inequalities

Lemma C.1 (Hardy inequalities). Let K ⊆ R3 be compact with connected complement, and for any other
Q ⊆ R3 define L2

x(Q) where the domain of integration is Q \K, and L2(Q)[0, T ] where the domain of
integration is [0, T ]× (Q \K)⊆ R4. Then for test functions φ one has the following:

(I) For all R ≥ 0 there hold uniformly

‖τ a−1
x φ‖L2

x (r>R) .a ‖τ
a
x ∂xφ‖L2

x (r>R), when − 1
2 < a <∞, (184)

‖τ
−

3
2

x φ‖`∞r L2
x (r>R) . ‖τ

−
3
2

x φ‖L2
x(

1
2 R<r<R)+‖τ

−
1
2

x ∂xφ‖`1
r L2

x(r>
1
2 R). (185)

(II) When R ≥ 1 is large enough that K ⊆
{
r < 1

2 R
}

there is the fixed-time estimate

‖φ‖L2
x (r>R) . ‖τ−τ

−1
x ∂x(τxφ)‖L2

x (r>R)+ R−
1
2 ‖τ

1
2
−φ‖L2

x(
1
2 R<r<R)+ R

1
2 ‖τ

1
2
−∂φ‖L2

x(
1
2 R<r<R). (186)

(III) Again for R ≥ 1 large enough that K ⊆ {r < 1
2 R} there is the spacetime estimate

‖τ a−1
x φ(T )‖L2

x (r>R)+‖τ
a− 3

2
x φ‖L2(r>R)[0,T ]

.a ‖τ
a− 3

2
x ∂b

r (τxφ)‖L2(r> 1
2 R)[0,T ]+‖τ

a− 3
2

x φ‖L2( 1
2 R<r<R)[0,T ]+‖τ

a
x ∂φ(0)‖L2

x(r>
1
2 R), when a<1. (187)
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Lemma C.2 (weighted trace inequalities). For T ≥ 0 and any R ≥ 1 one has the uniform bound

‖τ
1
2
−φ(T )‖L2

x(
1
2 R<r<R) . ‖(τ−∂

b
uφ, φ)‖L2( 1

2 R<r<R)[ 12 T,T ], R . T, (188a)

‖τ
1
2
−φ(T )‖L2

x(
1
2 R<r<R) . ‖(τ−∂

b
uφ, φ)‖L2( 1

2 R<r<R)[0,T ]+‖τ
1
2

x φ(0)‖L2
x(

1
2 R<r<R), R� T, (188b)

‖τ
1
2
−φ(T )‖L2

x (r<R) . ‖(τ−∂
b
uφ, φ)‖L2(r<R)[0,T ]+‖τ

1
2

x φ(0)‖L2
x (r<R). (188c)

We note that estimate (188a) also holds with the restriction 1
2 R < r < R replaced by r < R.

Proof of (184). Let R1 ≥ 1 be chosen so that K ⊆ {r < R1}. First we prove the bound assuming R ≥ R1.
We have I =

∫
∞

R

∫
S2 ∂r (r2a+1φ2) dω dr ≤ 0, and also

(2a+ 1)‖ra−1φ‖2L2
x (r>R) ≤ I + 2‖ra−1φ‖L2

x (r>R)‖r
a∂φ‖L2

x (r>R),

which concludes the proof in this case because 2a+ 1> 0 and rα ≈ ταx in r > 1.
Now suppose 0≤ R < R1, where R1 is as above. A standard compactness argument shows

‖φ‖L2
x (R<r<R1) . ‖φ‖L2

x (R1<r<2R1)+‖∂φ‖L2(R<r<2R1), (189)

where the implicit constant is uniform in R. Combining this bound with estimate (184) in r > R1

completes the proof. �

Proof of (185). Using estimates of the form (189) it suffices to show for R ≥ R1, where R1 is as above,
that

‖τ
−

3
2

x φ‖2
`∞L2

x (r>2R) . ‖τ
−

3
2

x φ‖`∞L2
x (r>R)‖τ

−
1
2

x ∂φ‖`1 L2
x (r>R).

To prove it choose hk(r) so that hk(R) = 0 and h′k = 2−kχk , where χk = 1 when R2k
≤ r ≤ R2k+1

for k ≥ 1, and χk = 0 when either r ≤ R2k−1 or r ≥ R2k+2. Then computing the integral I =∫
∞

R

∫
S2 ∂r (hkφ

2) dω dr = 0 and taking supk≥1 of the result yields the estimate in the display above. �

Proof of (186). Thanks to Remark 1.3 and the conditions (1) we can assume the coordinate u is chosen so
that −C ≤ ∂r u ≤−1/C for some fixed C > 0. Then (186) follows from integration of ∂r (χ>Ru(τxφ)

2)

with respect to dr dω. �

Proof of (187). This boils down to integration of the quantity ∂b
r (χr>Rr2a−2(τxφ)

2) with respect to the
measure du dr dω over the slab 0 ≤ t ≤ T. By Remark 1.3 and the conditions (1) we have the pair of
bounds 1/C ≤ ∂b

r t , ∂t u ≤ C . In particular∫ T

0

∫
∞

0

∫
S2
∂b

r (χr>Rr2a−2(τxφ)
2)α dω dr dt =

∫
∞

0

∫
S2
χr>Rr2a−2(τxφ)

2β dω dr
∣∣∣∣T
0

(190)

for some pair of smooth functions α, β ≈ 1. This yields (187) using the condition a < 1. �

Proof of (188). To prove (188a) let χT (t)=χ(t/T ), where χ(s)∈C∞0
(
s> 1

2

)
with χ(1)= 1. Then (188a)

follows from integration of ∂b
u (τ−χTφ

2) with respect to du dx on the cylinder 0≤ t ≤ T and 1
2 R < r < R.

In the case of (188b) and (188c) we use a similar procedure but simply drop the cutoff χT . �



A VECTOR FIELD METHOD FOR RADIATING BLACK HOLE SPACETIMES 91

References

[Alinhac 2001] S. Alinhac, “The null condition for quasilinear wave equations in two space dimensions, I”, Invent. Math. 145:3
(2001), 597–618. MR Zbl

[Bieri 2010] L. Bieri, “An extension of the stability theorem of the Minkowski space in general relativity”, J. Differential Geom.
86:1 (2010), 17–70. MR Zbl

[Blue and Sterbenz 2006] P. Blue and J. Sterbenz, “Uniform decay of local energy and the semi-linear wave equation on
Schwarzschild space”, Comm. Math. Phys. 268:2 (2006), 481–504. MR Zbl

[Bony and Häfner 2010] J.-F. Bony and D. Häfner, “The semilinear wave equation on asymptotically Euclidean manifolds”,
Comm. Partial Differential Equations 35:1 (2010), 23–67. MR Zbl

[Christodoulou and Klainerman 1993] D. Christodoulou and S. Klainerman, The global nonlinear stability of the Minkowski
space, Princeton Math. Series 41, Princeton Univ. Press, 1993. MR Zbl

[Dafermos and Rodnianski 2009] M. Dafermos and I. Rodnianski, “The red-shift effect and radiation decay on black hole
spacetimes”, Comm. Pure Appl. Math. 62:7 (2009), 859–919. MR Zbl

[Dafermos and Rodnianski 2010] M. Dafermos and I. Rodnianski, “A new physical-space approach to decay for the wave
equation with applications to black hole spacetimes”, pp. 421–432 in XVIth International Congress on Mathematical Physics
(Prague, 2009), edited by P. Exner, World Sci. Publ., Hackensack, NJ, 2010. MR Zbl

[Dafermos et al. 2013] M. Dafermos, G. Holzegel, and I. Rodnianski, “A scattering theory construction of dynamical vacuum
black holes”, preprint, 2013. To appear in J. Diff. Geom. arXiv

[Dafermos et al. 2016] M. Dafermos, I. Rodnianski, and Y. Shlapentokh-Rothman, “Decay for solutions of the wave equation on
Kerr exterior spacetimes, III: The full subextremal case |a|< M”, Ann. of Math. (2) 183:3 (2016), 787–913. MR Zbl

[Keel et al. 2002] M. Keel, H. F. Smith, and C. D. Sogge, “Almost global existence for some semilinear wave equations”, J. Anal.
Math. 87 (2002), 265–279. MR Zbl

[Klainerman 1985] S. Klainerman, “Uniform decay estimates and the Lorentz invariance of the classical wave equation”, Comm.
Pure Appl. Math. 38:3 (1985), 321–332. MR Zbl

[Klainerman 1986] S. Klainerman, “The null condition and global existence to nonlinear wave equations”, pp. 293–326 in
Nonlinear systems of partial differential equations in applied mathematics, I (Santa Fe, NM, 1984), edited by B. Nicolaenko
et al., Lectures in Appl. Math. 23, Amer. Math. Soc., Providence, RI, 1986. MR Zbl

[Klainerman and Sideris 1996] S. Klainerman and T. C. Sideris, “On almost global existence for nonrelativistic wave equations
in 3D”, Comm. Pure Appl. Math. 49:3 (1996), 307–321. MR Zbl

[Lindblad 2017] H. Lindblad, “On the asymptotic behavior of solutions to the Einstein vacuum equations in wave coordinates”,
Comm. Math. Phys. 353:1 (2017), 135–184. MR Zbl

[Lindblad and Rodnianski 2010] H. Lindblad and I. Rodnianski, “The global stability of Minkowski space-time in harmonic
gauge”, Ann. of Math. (2) 171:3 (2010), 1401–1477. MR Zbl

[Lindblad and Sterbenz 2006] H. Lindblad and J. Sterbenz, “Global stability for charged-scalar fields on Minkowski space”, Int.
Math. Res. Pap. 2006 (2006), art. id. 52976. MR Zbl

[Lindblad and Tohaneanu 2018] H. Lindblad and M. Tohaneanu, “Global existence for quasilinear wave equations close to
Schwarzschild”, Comm. Partial Differential Equations 43:6 (2018), 893–944. MR Zbl

[Luk 2012] J. Luk, “A vector field method approach to improved decay for solutions to the wave equation on a slowly rotating
Kerr black hole”, Anal. PDE 5:3 (2012), 553–625. MR Zbl

[Luk 2013] J. Luk, “The null condition and global existence for nonlinear wave equations on slowly rotating Kerr spacetimes”,
J. Eur. Math. Soc. 15:5 (2013), 1629–1700. MR Zbl

[Marzuola et al. 2010] J. Marzuola, J. Metcalfe, D. Tataru, and M. Tohaneanu, “Strichartz estimates on Schwarzschild black
hole backgrounds”, Comm. Math. Phys. 293:1 (2010), 37–83. MR Zbl

[Metcalfe and Sogge 2005] J. Metcalfe and C. D. Sogge, “Hyperbolic trapped rays and global existence of quasilinear wave
equations”, Invent. Math. 159:1 (2005), 75–117. MR Zbl

http://dx.doi.org/10.1007/s002220100165
http://msp.org/idx/mr/1856402
http://msp.org/idx/zbl/1112.35341
http://dx.doi.org/10.4310/jdg/1299766683
http://msp.org/idx/mr/2772545
http://msp.org/idx/zbl/1213.83025
http://dx.doi.org/10.1007/s00220-006-0101-6
http://dx.doi.org/10.1007/s00220-006-0101-6
http://msp.org/idx/mr/2259204
http://msp.org/idx/zbl/1123.58018
http://dx.doi.org/10.1080/03605300903396601
http://msp.org/idx/mr/2748617
http://msp.org/idx/zbl/1191.35181
https://www.jstor.org/stable/j.ctt7zthns
https://www.jstor.org/stable/j.ctt7zthns
http://msp.org/idx/mr/1316662
http://msp.org/idx/zbl/0827.53055
http://dx.doi.org/10.1002/cpa.20281
http://dx.doi.org/10.1002/cpa.20281
http://msp.org/idx/mr/2527808
http://msp.org/idx/zbl/1169.83008
http://dx.doi.org/10.1142/9789814304634_0032
http://dx.doi.org/10.1142/9789814304634_0032
http://msp.org/idx/mr/2730803
http://msp.org/idx/zbl/1211.83019
http://msp.org/idx/arx/1306.5364
http://dx.doi.org/10.4007/annals.2016.183.3.2
http://dx.doi.org/10.4007/annals.2016.183.3.2
http://msp.org/idx/mr/3488738
http://msp.org/idx/zbl/1347.83002
http://dx.doi.org/10.1007/BF02868477
http://msp.org/idx/mr/1945285
http://msp.org/idx/zbl/1031.35107
http://dx.doi.org/10.1002/cpa.3160380305
http://msp.org/idx/mr/784477
http://msp.org/idx/zbl/0635.35059
http://msp.org/idx/mr/837683
http://msp.org/idx/zbl/0599.35105
http://dx.doi.org/10.1002/(SICI)1097-0312(199603)49:3<307::AID-CPA4>3.0.CO;2-H
http://dx.doi.org/10.1002/(SICI)1097-0312(199603)49:3<307::AID-CPA4>3.0.CO;2-H
http://msp.org/idx/mr/1374174
http://msp.org/idx/zbl/0867.35064
http://dx.doi.org/10.1007/s00220-017-2876-z
http://msp.org/idx/mr/3638312
http://msp.org/idx/zbl/1373.35308
http://dx.doi.org/10.4007/annals.2010.171.1401
http://dx.doi.org/10.4007/annals.2010.171.1401
http://msp.org/idx/mr/2680391
http://msp.org/idx/zbl/1192.53066
http://dx.doi.org/10.1155/IMRP/2006/52976
http://msp.org/idx/mr/2253534
http://msp.org/idx/zbl/1123.35047
http://dx.doi.org/10.1080/03605302.2018.1476529
http://dx.doi.org/10.1080/03605302.2018.1476529
http://msp.org/idx/mr/3909029
http://msp.org/idx/zbl/07024434
http://dx.doi.org/10.2140/apde.2012.5.553
http://dx.doi.org/10.2140/apde.2012.5.553
http://msp.org/idx/mr/2994507
http://msp.org/idx/zbl/1267.83065
http://dx.doi.org/10.4171/JEMS/400
http://msp.org/idx/mr/3082240
http://msp.org/idx/zbl/1280.35154
http://dx.doi.org/10.1007/s00220-009-0940-z
http://dx.doi.org/10.1007/s00220-009-0940-z
http://msp.org/idx/mr/2563798
http://msp.org/idx/zbl/1202.35327
http://dx.doi.org/10.1007/s00222-004-0383-2
http://dx.doi.org/10.1007/s00222-004-0383-2
http://msp.org/idx/mr/2142333
http://msp.org/idx/zbl/1077.35083


92 JESÚS OLIVER AND JACOB STERBENZ

[Metcalfe and Sogge 2007] J. Metcalfe and C. D. Sogge, “Global existence of null-form wave equations in exterior domains”,
Math. Z. 256:3 (2007), 521–549. MR Zbl

[Metcalfe et al. 2012] J. Metcalfe, D. Tataru, and M. Tohaneanu, “Price’s law on nonstationary space-times”, Adv. Math. 230:3
(2012), 995–1028. MR Zbl

[Metcalfe et al. 2017] J. Metcalfe, J. Sterbenz, and D. Tataru, “Local energy decay for scalar fields on time dependent
non-trapping backgrounds”, preprint, 2017. To appear in Amer. J. Math. arXiv

[Moschidis 2016] G. Moschidis, “The r p-weighted energy method of Dafermos and Rodnianski in general asymptotically flat
spacetimes and applications”, Ann. PDE 2:1 (2016), art. id. 6. MR Zbl

[Oliver 2013] J. Oliver, A vector field method for non-trapping spacetimes, Ph.D. thesis, University of California, San Diego,
2013, available at https://search.proquest.com/docview/1417765203.

[Oliver 2016] J. Oliver, “A vector field method for non-trapping, radiating spacetimes”, J. Hyperbolic Differ. Equ. 13:4 (2016),
735–790. MR Zbl

[Rodnianski and Sterbenz 2010] I. Rodnianski and J. Sterbenz, “On the formation of singularities in the critical O(3) σ -model”,
Ann. of Math. (2) 172:1 (2010), 187–242. MR Zbl

[Tataru 2013] D. Tataru, “Local decay of waves on asymptotically flat stationary space-times”, Amer. J. Math. 135:2 (2013),
361–401. MR Zbl

[Tataru and Tohaneanu 2011] D. Tataru and M. Tohaneanu, “A local energy estimate on Kerr black hole backgrounds”, Int. Math.
Res. Not. 2011:2 (2011), 248–292. MR Zbl

[Wang and Yu 2014] C. Wang and X. Yu, “Global existence of null-form wave equations on small asymptotically Euclidean
manifolds”, J. Funct. Anal. 266:9 (2014), 5676–5708. MR Zbl

[Yang 2013] S. Yang, “Global solutions of nonlinear wave equations in time dependent inhomogeneous media”, Arch. Ration.
Mech. Anal. 209:2 (2013), 683–728. MR Zbl

Received 30 May 2017. Revised 24 Sep 2018. Accepted 29 Dec 2018.

JESÚS OLIVER: jesus.oliver@csueastbay.edu
Department of Mathematics, California State University, East Bay, Hayward, CA, United States

JACOB STERBENZ: jsterben@math.ucsd.edu
Department of Mathematics, University of California at San Diego, La Jolla, CA, United States

mathematical sciences publishers msp

http://dx.doi.org/10.1007/s00209-006-0083-2
http://msp.org/idx/mr/2299569
http://msp.org/idx/zbl/1138.35065
http://dx.doi.org/10.1016/j.aim.2012.03.010
http://msp.org/idx/mr/2921169
http://msp.org/idx/zbl/1246.83070
http://msp.org/idx/arx/1703.08064
http://dx.doi.org/10.1007/s40818-016-0011-7
http://dx.doi.org/10.1007/s40818-016-0011-7
http://msp.org/idx/mr/3493208
http://msp.org/idx/zbl/1397.35031
https://search.proquest.com/docview/1417765203
http://dx.doi.org/10.1142/S021989161650020X
http://msp.org/idx/mr/3593706
http://msp.org/idx/zbl/1382.35044
http://dx.doi.org/10.4007/annals.2010.172.187
http://msp.org/idx/mr/2680419
http://msp.org/idx/zbl/1213.35392
http://dx.doi.org/10.1353/ajm.2013.0012
http://msp.org/idx/mr/3038715
http://msp.org/idx/zbl/1266.83033
http://dx.doi.org/10.1093/imrn/rnq069
http://msp.org/idx/mr/2764864
http://msp.org/idx/zbl/1209.83028
http://dx.doi.org/10.1016/j.jfa.2014.02.028
http://dx.doi.org/10.1016/j.jfa.2014.02.028
http://msp.org/idx/mr/3182955
http://msp.org/idx/zbl/1297.35142
http://dx.doi.org/10.1007/s00205-013-0631-y
http://msp.org/idx/mr/3056620
http://msp.org/idx/zbl/1284.35290
mailto:jesus.oliver@csueastbay.edu
mailto:jsterben@math.ucsd.edu
http://msp.org


ANALYSIS AND PDE
Vol. 13, No. 1, 2020

dx.doi.org/10.2140/apde.2020.13.93 msp

STABLE ODE-TYPE BLOWUP FOR SOME QUASILINEAR WAVE EQUATIONS
WITH DERIVATIVE-QUADRATIC NONLINEARITIES

JARED SPECK

We prove a constructive stable ODE-type blowup-result for open sets of solutions to a family of quasilinear
wave equations in three spatial dimensions. The blowup is driven by a Riccati-type derivative-quadratic
semilinear term, and the singularity is more severe than a shock in that the solution itself blows up like
the log of the distance to the blowup-time. We assume that the quasilinear terms satisfy certain structural
assumptions, which in particular ensure that the “elliptic part” of the wave operator vanishes precisely
at the singular points. The initial data are compactly supported and can be small or large in L∞ in an
absolute sense, but we assume that their spatial derivatives satisfy a nonlinear smallness condition relative
to the size of the time derivative. The first main idea of the proof is to construct a quasilinear integrating
factor, which allows us to reformulate the wave equation as a first-order system whose solutions remain
regular, all the way up to the singularity. Using the integrating factor, we construct quasilinear vector
fields adapted to the nonlinear flow. The second main idea is to exploit some crucial monotonic terms in
various estimates, especially the energy estimates, that feature the integrating factor. The availability of
the monotonicity is tied to our size assumptions on the initial data and on the structure of the nonlinear
terms. The third main idea is to propagate the relative smallness of the spatial derivatives all the way up
to the singularity so that the solution behaves, in many ways, like an ODE solution. As a corollary of our
main results, we show that there are quasilinear wave equations that exhibit two distinct kinds of blowup:
the formation of shocks for one nontrivial set of data, and ODE-type blowup for another nontrivial set.
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6. Local well-posedness and continuation criteria 137
7. The main theorem 138
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1. Introduction

A fundamental issue surrounding the study of solutions to nonlinear hyperbolic PDEs is that singularities
can form in finite time, starting from smooth initial data. For a given singularity-forming solution, perhaps
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the most basic question one can ask is whether or not the singularity formation is stable under perturbations
of its initial data. Our main result provides a constructive, affirmative answer to this question for some
solutions to a class of quasilinear wave equations. Specifically, in three spatial dimensions, we provide a
sharp proof of stable ODE-type blowup for solutions corresponding to an open set (in a suitable Sobolev
topology in which there are no radial weights in the norms) of initial data for a class of quasilinear wave
equations that are well-modeled by

−∂2
t 8+

1
1+ ∂t8

18=−(∂t8)
2. (1.1)

It is only for concreteness that we restrict our attention to three spatial dimensions; our approach can be
applied to any number of spatial dimensions, with only slight modifications needed. See Sections 1B
and 2A for a precise description of the class of equations that we treat, Section 1C1 for a summary of our
main results, and Section 7 for the detailed statement of our main theorem.

There are many results on stable breakdown for solutions to wave equations, some of which we review
in Section 1D. The “theory” of stable breakdown is quite fragmented in that the techniques that have been
employed vary wildly between different classes of equations. In particular, the techniques that have been
developed do not seem to apply to the equations that we study in this article. This will become more
clear after we describe the main ideas of our proof (see Section 1C) and review prior works on stable
breakdown. Although ODE-type blowup is arguably the simplest blowup scenario, there do not seem to be
any prior constructive stable blowup-results of this type for scalar wave equations with derivative-quadratic
nonlinearities, in any number of spatial dimensions. We mention, however, that in [Rodnianski and Speck
2018b], we proved, using rather different techniques specialized to Einstein’s equations, a singularity
formation result for Einstein’s equations that can be interpreted as a stable ODE-type blowup-result for
the first derivatives1 of a solution to a quasilinear elliptic-hyperbolic system with derivative-quadratic
nonlinearities.

Our proof of stable blowup is based on constructing a dynamic integrating factor I, depending on 8,
that allows us to transform the problem of proving singularity formation into the problem of showing that a
certain renormalized first-order system (involving8 and I) has regular solutions that exist for a sufficiently
long time. This strategy of “renormalizing” the problem has been employed in other contexts, such as
[Rodnianski and Sterbenz 2010; Raphaël and Rodnianski 2012] on stable blowup for equivariant wave
maps, [Collot 2018] on the existence of singularity-forming solutions to energy-supercritical semilinear
wave equations, and [Alinhac 1999a; 1999b; 2001; Christodoulou 2007; Christodoulou and Miao 2014;
Speck 2016; 2019a; 2019b; 2018; Speck et al. 2016; Miao and Yu 2017; Miao 2018; Luk and Speck
2016; 2018] on stable shock formation in multiple spatial dimensions; later we will further describe these
works. We stress that the issue of constructing an appropriately renormalized system lies at the heart of
the difficulty of understanding the singular dynamics, and that the details behind the renormalization vary
considerably between the different works. However, there is a common theme tying together many of

1For the solutions studied in [Rodnianski and Speck 2018b], relative to a geometrically defined coordinate system, the second
fundamental form of the metric blows up, while the metric components do not; this can be viewed as the blowup of the first
derivatives of the metric.
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these singularity formation results (and also others that we describe in Section 1D): the idea of studying
the dynamics with the help of a modulation parameter, which solves a corresponding modulation equation.
Roughly, a modulation equation is an ODE-type equation that is coupled to the PDE of interest (i.e., an
ODE with “PDE source terms”), and the role of the modulation parameter is to describe the “singular
portion” of the PDE dynamics as being driven by the ODE-type equation (that is, the modulation equation).
In the present article, the modulation parameter is I, and it solves a transport equation (see (1C.1)) that
allows us, in the renormalized system (see Proposition 2.5), to cancel the singularity-driving Riccati
term −(∂t8)

2 on the right-hand side of (1.1).
As in works cited in the previous paragraph, in the present article, the renormalized system that

we construct becomes degenerate as 8 blows up, and for this reason, it is difficult to close the energy
estimates. To achieve this, we crucially rely on some hidden monotonicity, which becomes active near the
singularity and whose availability is tied to the monotonicity of the background ODE solutions (whose
perturbations we study) and to our assumptions on the factor multiplying the Laplacian, e.g., 1/(1+ ∂t8)

in the model equation (1.1).
For the solutions featured in our main results, 8 itself blows up in L∞. As of present, there is no known

exhaustive classification of the kinds of singularities that can form in general solutions to quasilinear wave
equations. Thus, in principle, for a different set of initial data compared to the set treated in our main
theorem, other kinds of singularities could form in solutions to the equations under study. We highlight
that the blowup of 8 is a much more drastic singularity compared to the formation of a shock, which for
wave equations whose quasilinear terms are of the form f (∂8) · ∂28 (as in (1.1)), is a particular kind of
singularity in which certain second-order derivatives of 8 blow up in L∞ due to the intersection of a
family of characteristic hypersurfaces, while 8 and ∂8 remain bounded in L∞. The blowup of 8 for the
solutions under study here is philosophically important because it dashes any hope of uniquely weakly
continuing the solution past the singularity, at least in a sense analogous to what might be achievable
in the case of shock singularities in multiple spatial dimensions; see Remark 1.5 for further discussion
on the blowup of 8 and Section 1D for further discussion on the formation of shock singularities in the
context of multiple spatial dimensions and for discussion of the problem of (weakly) continuing2 the
solution past a shock.

There are a variety of singularity formation results for semilinear wave equations (whose nonlinearities
satisfy appropriate assumptions) in which solutions exhibit a “universal blowup-profile” near the singularity,
which roughly means that the solutions 8(t, x) are asymptotic to κ(t) f (λ(t)(x − x0)) as t approaches
the blowup-time, where f = f (x) is the universal profile, x0 is the spatial blowup-point, and κ and
λ are functions that blow up as the singular time is approached; see Section 1D for a discussion of
some of these results. In contrast, our proof does not rely on exhibiting a universal blowup-profile near

2The most significant weak continuation result in more than one spatial dimension is Christodoulou’s recent solution [2019]
of the restricted shock development problem in compressible fluid mechanics, which, roughly speaking, is a local well-posedness
result for weak solutions and their corresponding hypersurfaces of discontinuity, starting from the first shock, whose formation
from smooth initial conditions was described in detail in his breakthrough work for relativistic fluids [Christodoulou 2007] and in
the follow-up work [Christodoulou and Miao 2014] on nonrelativistic compressible fluids. The term “restricted” means that the
jump in entropy across the shock hypersurface was ignored. See Section 1D for further discussion.
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singularities, and moreover, we expect that there should not be any such universal blow-up profile for the
set of singularity-forming solutions exhibited by our main theorem (although we do not prove this). Let
us briefly explain the reasons behind our expectation. Our proof is based on constructing the dynamic
function I > 0 mentioned above, whose evolution equation is coupled to 8, such that I and I∂t8 remain
rather smooth all the way up to the singularity. To prove that a singularity develops, we show that I
vanishes in finite time in a region where I∂t8 is strictly positive; this shows that ∂t8 blows up “like
F(x)/I(t, x)”, where the regular function F is positive in regions where I is small, while the blowup of
8 itself then follows from simple arguments given in Remark 1.5. Our proof allows for the possibility that
at the time of first blowup, I and I∂t8 (where I∂t8= F along the constant-time hypersurface of first
blowup) could be arbitrary smooth functions of the spatial variables, aside from the facts that ∂tI=−I∂t8

(see (1C.1)), that I∂t8 is nonzero at points where I vanishes, and that the spatial derivatives of I and
I∂t8 are small (the latter two features are consequences of our assumptions on the initial data, which we
state in Section 3A); it is because of this arbitrariness that a universal blowup-profile is not featured in
our proofs. See the last point of Theorem 1.2 and Remark 1.4 for further discussion of these points. We
also remark that for related reasons, the proofs of the shock formation results described in Section 1D do
not make any reference to universal blowup-profiles; see the next two paragraphs for further discussion.

We expect that for the solutions treated by our main theorem, generically, the constant-time hypersurface
of first blowup will feature only isolated singularities; i.e., we expect that generic solutions have the
property that the zeros of I within the constant-time hypersurface of first blowup are isolated.3 For such
isolated singularities, it should be possible to provide a sharper description of the blowup (compared to the
description outlined in the previous paragraph) in a neighborhood of each singularity, essentially through
Taylor expansions of the smooth functions I and I∂t8 at each blowup-point. Although (for brevity) we
do not pursue this issue in the present article, deriving such a sharp description would be an important
precursor step to studying the boundary of the maximal development of the initial data; see also Remark 1.3.
This style of analysis (involving, in particular, Taylor expansions) was carried out in [Christodoulou 2007,
Chapter 15] in three spatial dimensions in his sharp proof of shock formation for the wave equations
of irrotational relativistic fluid mechanics, which are quasilinear. In particular, Christodoulou’s work
yielded a sharp description of a portion of the boundary of the maximal development in a neighborhood
of nondegenerate shock singularities, which is a class of shock singularities that includes many that are
isolated in the constant-time hypersurface of first blowup; see [Christodoulou 2007, Chapter 15] for the
detailed nondegeneracy assumptions made in his study of the boundary of the maximal development.
Christodoulou’s results substantially extended those of Alinhac [1999a; 1999b; 2001], who, for various
quasilinear wave equations in multiple spatial dimensions, gave a precise description of the formation of
nondegenerate shock singularities, but without uncovering the structure of the boundary of the maximal
development; see Section 1D for further discussion.

The arguments given in [Christodoulou 2007, Chapter 15] suggest (although they do not definitively
prove) that there should not be any universal blowup-profile that captures the asymptotics of solutions

3We believe this because I, when viewed as a function of the spatial variables at fixed first blowup time, has a minimum
wherever it vanishes, and we believe that these minima should generically be nondegenerate critical points.
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to the wave equations that he studied near shock singularities, even singularities that are isolated in the
constant-time hypersurface of first blowup. The reason is that, much like in the present work, the blowup
of the solution was shown in [Christodoulou 2007] to occur precisely along the zero level set of a smooth
“dynamically constructed” function,4 somewhat analogous to I, and the arguments of [Christodoulou 2007,
Chapter 15] allowed for the possibility that the function is arbitrary (aside from satisfying Christodoulou’s
nondegeneracy assumptions, which one might expect to generically hold). It is interesting to contrast this
freedom against the rigidity that occurs in the study of blowup for semilinear heat equations with focusing
power-law nonlinearities in multiple spatial dimensions, i.e., ∂t8=18+ |8|

p−18 with p > 1: there
is a classical result [Merle and Zaag 1997] showing that, under suitable assumptions on p, there exists
an open set of initial data whose corresponding solutions form an isolated singularity in finite time and
exhibit a universal blowup-profile. This work can be viewed as an extension of [Bricmont and Kupiainen
1994], in which the authors constructed (without proving stability) an infinite number of families of
solutions containing isolated singularities within the constant-time hypersurface of first blowup such that
the solutions exhibit universal blowup-profiles near the singularities, where each family corresponds to a
distinct profile.

As a corollary of our main results, we show (see Section 1E) that there are quasilinear wave equations
that exhibit two distinct kinds of blowup: ODE-type blowup for one nontrivial (but not necessarily open)
set of initial data, and the formation of a shock for a different nontrivial set of data. We view this as a
parable highlighting two key phenomena that would have to be accounted for in any sufficiently broad
theory of singularity formation in solutions to quasilinear wave equations; i.e., in principle, a quasilinear
wave equation can admit radically different types of singularity-forming solutions. The phenomenon of
distinct types of singularities is well known for certain semilinear equations, but this issue has not been
substantially explored for quasilinear equations. For example, for the nonlinear Schrödinger equation
with a suitable L2-supercritical semilinear term, there is a stable regime of self-similar blowup [Merle
et al. 2010], while other radially symmetric solutions exhibit collapsing ring singularities [Merle et al.
2014]. In Section 1D, we describe some known results for semilinear wave equations exhibiting distinct
types of singularity-forming solutions, but we mention already that there can be type-I blowup, in which
the L∞ norm of the solution itself blows up, as well as type-II blowup, in which the solution remains
bounded in an appropriate Sobolev norm. We also highlight that in the quasilinear case, the phenomenon
of distinct singularity types can be exhibited in the much simpler setting of quasilinear transport equations.
For example, the inhomogeneous Burgers equation ∂t9+9∂x9 =9

2 admits the T -parametrized family
of spatially homogeneous singularity-forming solutions 9(ODE);T := (T − t)−1 as well as solutions that
form shocks, i.e., ∂x9 blows up but 9 remains bounded (at least up to the singularity in ∂x9).

The precise algebraic details of the weight 1/(1+ ∂t8) in front of the Laplacian term in (1.1) are not
important for our proof. What is important is that the weight decays at an appropriate rate as ∂t8→∞,
that is, as the singularity forms; see Section 2A for our assumptions on the weight. As we will explain,

4The function appearing in [Christodoulou 2007], denoted by µ, measures the inverse density of a family of characteristic
hypersurfaces. It is a three-space-dimensional analog of the function, also denoted by µ, that we use in Section 1E to study shock
formation in one spatial dimension.
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this decay yields a friction-type spacetime integral that is important for closing the energy estimates,
and it also helps us to prove that spatial derivative terms remain small relative to the time derivative
terms, up to the singularity. The problem of providing a sharp description of blowup for solutions to
derivative-quadratic semilinear wave equations, such as −∂2

t 8+18 = −(∂t8)
2, remains open, even

though [John 1981] showed, via proof by contradiction, that all nontrivial, smooth, compactly supported
solutions to the equation −∂2

t 8+18=−(∂t8)
2 in three spatial dimensions blow up in finite time.

Our results show, in part due to the weight in front of the Laplacian, that the spatial-derivative-involving
nonlinearities in (1.1) (and the other equations that we study) exhibit a subcritical5 blowup-rate relative
to the pure time derivative terms. However, as we explain below, this subcritical behavior does not
seem detectable relative to the standard partial derivatives ∂α; to detect the behavior, we will use a
combination of “quasilinear vector field derivatives” I∂α and standard derivatives ∂α, where I is the
“quasilinear integrating factor” mentioned above. As we have already alluded to above, our proof is based
on showing that I∂α8 remains bounded up to the singularity and that the singularity formation coincides
with the vanishing of I. In total, our approach allows us to treat the equations under study as quasilinear
perturbations of the Riccati ODE d2

dt28=
( d

dt8
)2. By “perturbation of the Riccati ODE”, we mean in

particular that the singularity formation is similar to the one that occurs in the following T -parametrized
family of ODE solutions to (1.1):

8(ODE);T (t) := ln((T − t)−1), (1.2)

where T ∈ R is the blowup-time. Our methods are tailored to the quadratic term on the right-hand side of
(1.1) in that they do not apply, at least in their current form, to semilinear terms of type (∂t8)

p for p 6= 2.
However, derivative-quadratic terms are of particular interest in view of the fact that they commonly
arise in nonlinear field theories (though the derivative-quadratic terms in such theories are often not
Riccati-type, like the one featured on the right-hand side of (1.1)).

1A. Paper outline. • In the remainder of Section 1, we summarize our results, outline their proofs, place
our work in context by discussing prior works on the breakdown of solutions, discuss a corollary (see
Section 1E) of our main results, and summarize our notation.

• In Section 2, we define the quantities that play a role in our analysis and derive various evolution
equations.

• In Section 3, we state our assumptions on the initial data and state bootstrap assumptions that are useful
for studying the solution.

• In Section 4, we derive energy identities.

• In Section 5, which is the main section of the article, we derive a priori estimates that in particular yield
strict improvements of the bootstrap assumptions.

5In contrast, for the semilinear equation −∂2
t 8+18 = −(∂t8)

2, our approach suggests, but does not prove, that the
blowup-rate for the Laplacian term 18 might be critical with respect to the expected blowup-rate for the other two terms in the
equation, i.e., that all terms might blow up at the same rate.
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• In Section 6, we state a standard local well-posedness result and continuation criteria for the equations
under study.

• In Section 7, we prove the main theorem.

1B. The class of wave equations under study. Our main theorem concerns the following Cauchy problem
for a quasilinear wave equation in three spatial dimensions:

−∂2
t 8+W (∂t8)18=−(∂t8)

2, (1B.1a)

(∂t8|60, ∂18|60, ∂28|60, ∂38|60)= (9̊0, 9̊1, 9̊2, 9̊3), (1B.1b)

where throughout, 6t denotes the hypersurface of constant time t . We assume that ∂i 9̊ j = ∂ j 9̊i for
i, j = 1, 2, 3, which by Poincaré’s lemma is equivalent to the existence of a function 8̊ on R3 such that
9̊i = ∂i8̊ for i = 1, 2, 3; see Remark 1.1. Our use of the notation “9̊α” for the data functions is tied to our
use of the “renormalized solutions variables” 9α that we will use in studying solutions; see Definition 2.3.

Remark 1.1 (viewing (1B.1a) as an equation in ∂8). Since 8 itself is not featured in (1B.1a) (only its
derivatives appear), we only need to prescribe the first derivatives of 8 along 60 (subject to the constraint
∂i 9̊ j = ∂ j 9̊i for i, j = 1, 2, 3 mentioned above) in order to solve for {∂α8}α=0,1,2,3. This is relevant in
that we do not bother to derive estimates for 8 itself (see, however, Remark 1.5).

In (1B.1a), 1 :=
∑3

a=1 ∂
2
a is the standard Euclidean Laplacian on R3 and W = W (∂t8) is a nonlin-

ear “weight function” satisfying certain technical conditions stated below, specifically (2A.1)–(2A.5).
Prototypical examples of weights satisfying (2A.1)–(2A.5) are the functions

W (y)=
1

1+ yM or W (y)=
1

(1+ y)M , (1B.2)

where M ≥ 1 is an integer, and the function

W (y)= exp(−y). (1B.3)

1C. Rough summary of the results and discussion of the proof.

1C1. Rough summary of the results. We now briefly summarize the main results; see Theorem 7.1 for
precise statements.

Theorem 1.2 (stable ODE-type blowup, rough version). Under suitable assumptions (stated in Section 2A)
on the weight W (∂t8), there exists an open set of compactly supported initial data {9̊α}α=0,1,2,3 (see
(1B.1b)) for (1B.1a), with 9̊α ∈ H 5(R3), such that the solution blows up in finite time in a manner similar
to the ODE solutions 8(ODE);T from (1.2). In particular, there exists a time 0< T(Lifespan) <∞ such that
‖∂t8‖L∞(6t ) and6

‖8‖L∞(6t ) blow up as t ↑ T(Lifespan). The data functions {9̊α}α=0,1,2,3 are allowed to
be large or small as measured by a Sobolev norm without radial weights, but {9̊a}a=1,2,3, ∇9̊0, and their
spatial derivatives up to top order must satisfy a nonlinear smallness condition relative to7 max60[9̊0]+.

6More precisely, one can conclude that ‖8‖L∞(6t ) blows up at t = T(Lifespan) if the initial datum for 8 itself is prescribed;
Remark 1.1.

7Here and throughout, [ f ]+ :=max{ f, 0}.
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Moreover, let the integrating factor I be the solution to the initial value problem

∂tI =−I∂t8, I|60 = 1. (1C.1)

Then I, the variables

9α := I∂α8, (1C.2)

and their partial derivatives with respect to the Cartesian coordinates remain regular all the way up to
time T(Lifespan), except possibly at the top derivative level due to the vanishing of W (∂t8) (which appears
as a weight in the energies) as ∂t8 ↑∞. Moreover,

Along 6T(Lifespan) , the set of points at which a singularity forms is exactly

6
Blowup
T(Lifespan)

:= {(T(Lifespan), x) | I(T(Lifespan), x)= 0}.

More precisely, there exists a data-dependent function8 F on R3 such that, for any real number
N < 5, we have F ∈ H N (R3), such that limt↑T(Lifespan) ‖[I∂t8](t, · )− F‖H N (R3) = 0, and such that

min
6

Blowup
T(Lifespan)

F > 0.

In particular, in view of (1C.1), we see that, for spatial points x with (T(Lifespan), x)∈6
Blowup
T(Lifespan)

,
I(t, x) vanishes linearly9 as t↑T(Lifespan), and ∂t8(t, x) blows up like F(x)/I(t, x) as t↑T(Lifespan).

Remark 1.3 (maximal development). We anticipate that the sharp results of Theorem 1.2 should be
useful for obtaining detailed information about the solution not just up to the first singular time, but also
up to the boundary of the maximal development.10 In the context of shock formation for irrotational
solutions to the compressible Euler equations, [Christodoulou 2007, Chapter 15] used similar sharp
estimates to follow the solution up to boundary. Broadly similar results were obtained in [Merle and Zaag
2012], in which, in the case of one spatial dimension, they gave a sharp description of the boundary of
the maximal development for any singularity-forming solution to the semilinear focusing wave equation
−∂2

t 9+∂
2
x9 =−|9|

p−19 with p> 1 and showed in particular that characteristic points on the boundary
are isolated. In related work [Merle and Zaag 2015], in n ≥ 1 spatial dimensions, the authors studied
the focusing wave equation −∂2

t 9 +19 = −|9|
p−19 with data (9|t=0, ∂t9|t=0) ∈ H 1

× L2 in the
subconformal case, i.e., the case 1 < p for n = 1 and 1 < p < (n+ 3)/(n− 1) for n ≥ 2. The authors
showed that a subset11 of the noncharacteristic portion of the blowup-surface is open, C1, and stable
under perturbations of the data.

8In Theorem 7.1, we did not explicitly mention the function F, but the existence of F and its properties follow easily from the
results stated in the theorem, in particular from (7.6a) and (7.7).

9That is, for (T(Lifespan), x) ∈6Blowup
T(Lifespan)

, we have −∞< ∂tI(T(Lifespan), x) < 0.
10The maximal development of the data is, roughly, the largest possible classical solution that is uniquely determined by the

data. Readers can consult [Sbierski 2016; Wong 2013] for further discussion.
11The subset is the collection of noncharacteristic points on the boundary of the maximal development such that near that

point, the singularity-forming solution has the asymptotic profile of a Lorentz transform of a member of a certain family of
equilibria.
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Remark 1.4 (remarks on the set of points where blowup occurs). Theorem 1.2 shows in particular
that at time T(Lifespan), the singularity occurs precisely along the zero level set of the smooth12 function
I(T(Lifespan), · ) on R3. Since any closed subset of R3 can be realized as the 0 level set of a smooth
function, Theorem 1.2 allows for the possibility that any compact13 subset of 6T(Lifespan) could in principle
be the set of points at which some initially smooth solution first blows up. We conjecture that this is
in fact the case, that is, that, for any time T(Lifespan) ∈ R and any compact subset K of 6T(Lifespan) , there is
a solution 9 to (1B.1a) that is smooth in a slab of the form [T(Lifespan) − δ, T(Lifespan))×R3 (for some
δ > 0) and that blows up along {T(Lifespan)} ×K (which is a subset of 6T(Lifespan)). One might approach
proving this conjecture by adopting a “backwards approach”, that is, by prescribing smooth initial data
(more precisely, initial data belonging to a sufficiently high-order Sobolev space) for I and 9α along
6T(Lifespan) such that K = {x ∈ R3

| I(T(Lifespan), x) = 0} and14 90(T(Lifespan), x) > 0 for x ∈ K, and then
trying to solve (2B.1) and the equations of Proposition 2.5 backwards, that is, for t < T(Lifespan). Such an
approach has successfully been employed in related contexts, for example in the construction of singular
solutions to the Einstein equations of general relativity [Beyer and LeFloch 2010]. We also recall the
aforementioned works [Bricmont and Kupiainen 1994; Merle and Zaag 1997] on focusing semilinear
heat equations, in which families of singular solutions (with, however, singularities that are isolated)
exhibiting prescribed asymptotic behavior were constructed.

Remark 1.5 (the blowup of 8). We now make some remarks on the blowup of 8 itself since, as we
highlighted in Remark 1.1, one does not need to prescribe the initial datum of 8 itself (and since in the
rest of the paper we do not assume that initial data for 8 itself are prescribed). If one does prescribe its
initial data, then the results of Theorem 7.1 can easily be used to show that 8 itself blows up at time
T(Lifespan) (such a result is not stated in Theorem 7.1). To deduce the blowup for8, one can first use (1C.1)
and the fundamental theorem of calculus to deduce that ln I(t, x)+8(t, x)=8(0, x), where 8(0, · ) is
a regular function that by assumption satisfies ‖8(0, · )‖L∞ <∞. Since the singularity formation for ∂t8

yielded by Theorem 7.1 coincides with the vanishing of I for the first time at t = T(Lifespan), it follows
that limt↑T(Lifespan) sups∈[0,t) ‖8‖L∞(6s) =∞, as is claimed in Theorem 1.2.

1C2. The main ideas behind the proof of Theorem 7.1. The initial data that we consider are such that
the spatial derivatives of 8 up to top order are initially small relative to ∂t8. We also assume that the
spatial derivatives of ∂t8 up to top order are initially small. The smallness assumptions that we need to
close the proof are nonlinear in nature,15 for reasons described just below (1C.5); see Section 3C for our
precise smallness assumptions and Section 3D for a simple proof that such data exist. In our analysis, we
propagate certain aspects of this smallness all the way up to the singularity. As we mentioned earlier, this

12More precisely, in view of our assumptions on the initial data, we have I(T(Lifespan), · )− 1 ∈ H5(R3); see (7.6c).
13Since we are assuming that the initial data for ∂α8 are compact, it is easy to show that the zero level set of I(T(Lifespan), · )

is also compact; by virtue of finite speed of propagation for the wave equation satisfied by 9, one can show that there exists a
compact subset K of R3 such that if t ∈ [0, T(Lifespan)] and x /∈ K , then I(t, x)= 1.

14Note that by (1C.1)–(1C.2), this latter condition implies that ∂tI(T(Lifespan), x) < 0 for x ∈ K.
15In particular, our smallness assumptions on the data (1B.1b) are not generally invariant under rescalings of the form

(9̊0, 9̊1, 9̊2, 9̊3)→ λ−1(9̊0, 9̊1, 9̊2, 9̊3) if λ is too large.
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allows us to effectively treat (1B.1a) as a perturbation of the Riccati ODE d2

dt28=
( d

dt8
)2. We again stress

that the vanishing of the coefficient W (∂t8) of the Laplacian term in (1B.1a) as the singularity forms is
important for our estimates, in particular for showing that spatial derivative terms remain relatively small.

A key point is that it does not seem possible to follow the solution all the way to the singularity
by studying the wave equation in the form (1B.1a). To caricature the situation, let us pretend that the
singularity occurs at t = 1. Our proof shows, roughly, that, for k ≥ 1, ‖∂k8‖L∞(6t ) blows up like
ck(1− t)−k, where ck is a data-dependent constant and ∂k denotes k-th-order Cartesian coordinate partial
derivatives. This means, in particular, that commuting (1B.1a) with more and more spatial derivatives
makes the singularity strength of the nonlinear terms worse and worse, which is a serious obstacle to
closing nonlinear estimates. For this reason, as our statement of Theorem 1.2 already makes clear, our
proof is fundamentally based on the solution to (1C.1), that is, the integrating factor I solving the transport
equation ∂tI = −I∂t8 with initial conditions I|60 = 1. We again stress that the finite-time blowup
∂t8 ↑∞ would follow from the finite-time vanishing of I and thus, to prove that a singularity forms,
we will show that I vanishes in finite time. Using I, we are able to transform the wave equation into a
“renormalized system” that is equivalent to (1B.1a) up to the singularity. We then analyze the renormalized
system and show that the weighted derivatives {9α := I∂α8}α=0,1,2,3, I, and the Cartesian spatial partial
derivatives of these quantities remain bounded, in appropriate norms (some with I weights), all the way
up to the singularity. In particular, our proof relies on a combination of the derivatives {I∂α}α=0,1,2,3 and
{∂α}α=0,1,2,3, where the weighted derivatives I∂α act first. Here and throughout, ∂0 = ∂t and {∂i }i=1,2,3

are the standard Cartesian coordinate spatial partial derivatives.
In Proposition 2.5, we derive the renormalized system of equations satisfied by {9α}α=0,1,2,3. Here we

only note that the system is first-order hyperbolic and that a seemingly dangerous factor of I−1 appears
in the equations (recall that I vanishes at the singularity). However, the factor I−1 is multiplied by the
weight W = W (I−190) from (1B.1a), and due to our assumptions on W , we are able to show that the
product I−1W (I−190) (which is equal to I−1W (∂t8)) remains uniformly bounded up to the singularity.
Moreover, the spatial derivatives of the product I−1W (I−190) also are controllable up to the singularity;
it is in this sense that the equations satisfied by {9α}α=0,1,2,3 can be viewed as a “renormalization” (i.e., a
“regularization”) of the original problem. The proof (see Lemma 5.6) of these bounds for the product
I−1W (I−190) constitutes the most technical analysis of the article and is based on separately treating
regions where I is large and I is small.

To prove that ∂t8 blows up, we derive, in an appropriate localized region of spacetime, a pointwise
bound for 90 of the form 90& 1. In view of the evolution equation (1C.1) for I, we see that such a bound
is strong enough to drive I to 0 in finite time (note that the right-hand side of the evolution equation
in (1C.1) can be expressed as −90). To prove that 90 & 1, we of course rely on the size assumptions
described in the first paragraph of this subsubsection, which in particular include the assumption that
90|60 & 1 (in a localized region). If we caricature the situation by assuming the estimate16 90 ∼ δ

for some δ > 0, then it follows from the evolution equation for I that I ∼ 1− δt , ∂t8 ∼ (1− δt)−1,
ln I +8∼ data, and thus 8∼ ln(1− δt)−1

+ data, where data is a smooth function determined by the

16Here we use the notation “A ∼ B” to imprecisely indicate that A is well-approximated by B.
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initial data. Note that ln(1− δt)−1 is one of the ODE blowup solutions (1.2). It is in this sense that our
results yield the stability of ODE-type blowup.

In reality, to close the proof sketch described above, we must overcome several major difficulties. The
first is that the blowup-time is not known in advance. However, we are able to make a good approximate
guess for it, which is sufficient for closing a bootstrap argument. We now describe what we mean by this.
The discussion in the previous paragraph suggests that the (future) blowup-time is approximately 1/ Å∗,
where Å∗ :=max60[9̊0]+ (where Å∗ > 0 by assumption). Indeed, if we set all spatial derivative terms
equal to zero in (1B.1a), then the blowup-time is precisely 1/ Å∗. Our main theorem confirms that, for
data with small spatial derivatives, the blowup-time is a small perturbation of 1/ Å∗. This is conceptually
important in that it enables us to use a bootstrap argument in which we only aim to control the solution
for times less than 2/ Å∗; the factor of 2 gives us a sufficient margin of error to show that the singularity
does form, and it allows us, in most cases, to soak factors of 1/ Å∗ into the constants “C” in our estimates;
see Section 5A for further discussion on our conventions for constants.

The second and main difficulty that we encounter in our proof is that we need to derive energy estimates
for {9α}α=0,1,2,3 that hold up to the singularity and, at the same time, to control the integrating factor I;
most of our work in this paper is towards this goal. Our energies are roughly of the following form, where
V = (V0, V1, V2, V3) should be thought of as some k-th Cartesian spatial derivative of (90, 91, 92, 93):

E[V ] = E[V ](t) :=
∫
6t

{
V 2

0 +

3∑
a=1

W (I−190)V 2
a

}
dx . (1C.3)

For the data under study, E[V ](0) is small. Since I is small near the singularity and 90 is order-unity,
our assumptions on W imply that the factor W (I−190) on the right-hand side of (1C.3) is small near
the singularity; i.e., the energy provides only weak control over {Va}a=1,2,3. This makes it difficult to
control certain terms in the energy identities, which arise from commutator error terms (that are generated
upon commuting the evolution equations for {9α}α=0,1,2,3 with spatial derivatives) and from the basic
integration by parts argument that we use to derive the energy identities. To control the most difficult
error integrals, we exploit the following spacetime integral, which also appears in the energy identities
(roughly it is generated when ∂t falls on the weight W (I−190) on the right-hand side of (1C.3)):

I[V ](t) :=
3∑

a=1

∫ t

s=0

∫
6s

(I−190)
2W ′(I−190)(Va)

2 dx ds, (1C.4)

where W ′(y)= d
dy W (y). A good model scenario to keep in mind is the case W = 1/(1+ ∂t8) in regions

where ∂t8 is large (and thus the energy (1C.3) is weak), in which case W ′ = −1/(1+ ∂t8)
2, and the

factor (I−190)
2W ′(I−190) on the right-hand side of (1C.4) can be expressed as −(∂t8)

2/(1+ ∂t8)
2.

In view of our assumptions on W , the term W ′(I−190) has a quantitatively negative sign in the difficult
regions where I is small (which is equivalent to the largeness of ∂t8). More precisely, (1C.4) has a
friction-type sign. This is important because the difficult error integrals mentioned above can be bounded
by . εI[V ](t), where, roughly, ε is the small L∞ size of the solution’s spatial derivatives. For this reason,
the integral (1C.4) can be used to absorb the difficult error integrals. In total, this allows us to prove
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a priori energy estimates, roughly of the form

E[V ](t)+ I[V ](t)≤ data×C exp(Ct), (1C.5)

where “data” is, roughly, the small size of the spatial derivatives of the initial data. For our proof to
close, the right-hand side of (1C.5) must be sufficiently small. Thanks to our bootstrap assumption that
t < 2/ Å∗, it suffices to choose that initial data so that data×C exp(C/ Å∗) is sufficiently small. This is
one example of the nonlinear smallness of the spatial derivatives, relative to Å∗, that we impose to close
the proof. In reality, to make this procedure work, we must separately treat regions where I is small and
I is large; see Proposition 5.8 and its proof for the details. We stress that absorbing the difficult error
integrals into the friction integral (1C.4) is crucial for showing that the energies remain bounded up to the
vanishing of I, which is in turn central for our approach. In the model case W (∂t8)= 1/(1+∂t8), if we
had instead tried to directly control the difficult error integrals by the energy, then we would have obtained
the inequality E[V ](t) ≤ C

∫ t
s=0 ‖∂t8‖L∞(6s)E[V ](s) ds + · · · . Since ‖∂t8‖L∞(6s) goes to infinity at a

nonintegrable rate17 as the blowup-time is approached, this would have led to a priori energy estimates
allowing for the possibility that the energies blow up at the singularity, which would have completely
invalidated our philosophy of obtaining nonsingular estimates for the {9α}α=0,1,2,3. We also highlight
that the regularity theory of I is somewhat subtle at top order: our proof requires that we show that I and
8 have the same degree of differentiability and that the estimates for I do not involve any dangerous
factors of I−1; these features are not immediately apparent from (1C.1).

The circle of ideas tied to the “regularization approach” that we have taken here seems to be new in
the context of proving the stability of ODE-type blowup for a quasilinear wave equation. However, our
approach has some parallels with the known proofs of stable shock formation in multiple spatial dimensions,
which we describe in Section 1D. In those problems, the crux of the proofs also involves quasilinear
integrating factors that “hide” the singularity. In shock formation problems, the integrating factor (which,
earlier in the introduction, we referred to as a “modulation parameter”) is tied to nonlinear geometric
optics,18 and its top-order regularity theory is very difficult, at least in multiple spatial dimensions (much
more so than the top-order regularity theory of the integrating factor I employed in the present article).
The proofs of shock formation also crucially rely on friction-type spacetime integrals, in analogy with
(1C.4), that are available because the integrating factor has a negative derivative (in an appropriate
direction) in regions near the singularity. However, in multidimensional shock formation problems, the
top-order energy identities feature dangerous terms, analogous to terms of strength I−1, which lead to
a priori energy estimates allowing for the possibility that the high-order energies might blow up like I−P

for some large universal constant P. This makes it difficult to derive the nonsingular estimates at the
lower derivative levels, which are central for closing the proof. In contrast, in our work here, the difficult
factors of I−1 are always multiplied by the term W , which effectively ameliorates them, making it easier

17With a bit of additional effort, Theorem 7.1 could be sharpened to show that ‖∂t8‖L∞(6t ) blows up like c/(T(Lifespan)− t),
where c is a positive data-dependent constant.

18In the shock formation problems described in Section 1D, the integrating factor is the inverse foliation density of a family
of characteristic hypersurfaces, which are the level sets of an eikonal function. We also encounter the inverse foliation density
(which we denote by µ) in Section 1E, where we derive a shock formation result in one spatial dimension.
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to close the energy estimates. On the other hand, the singularities that form in the solutions from our
main results are much more severe in that 8 and ∂t8 blow up; in contrast, in the shock formation results
(see Section 1D) for equations whose principal part is similar to that of (1.1), |8| and maxα=0,1,2,3 |∂α8|

remain bounded up to the singularity, while maxα,β=0,1,2,3 |∂α∂β8| blows up in finite time. Our approach
to proving Theorem 1.2 also has some parallels with Kichenassamy’s stable blowup-results [1996] for
semilinear wave equations with exponential nonlinearities, but we delay further discussion of this point
until the next subsection.

1D. Our results in the context of prior breakdown-results. There are many prior breakdown-results for
solutions to various hyperbolic equations, especially of wave type. Here we give a nonexhaustive account
of some of these works, which is meant to give the reader some feel for the kinds of results that are
known and how they compare with/contrast against our main results. In particular, we aim to expose how
the proof techniques vary considerably between different types of breakdown-results. We separate the
results into seven classes.

(1) (proofs of blowup by contradiction) For various hyperbolic systems, there are proofs of blowup by
contradiction, based on showing that, for smooth solutions, certain spatially averaged quantities satisfy
ordinary differential inequalities that force them to blow up in finite time, contradicting the assumed
smoothness. Notable contributions of this type are [John 1979; 1981] on several classes of nonlinear wave
equations with signed nonlinearities and Sideris’ proof [1984a] of blowup for various hyperbolic systems,
for semilinear wave equations in higher dimensions [Sideris 1984b] (which improved upon Kato’s result
[1980]), and for the compressible Euler equations in three spatial dimensions [Sideris 1985]. See also
[Guo and Tahvildar-Zadeh 1999] for similar results in the case of the relativistic Euler and Euler–Maxwell
equations. None of these results yield constructive information about the nature of the blowup, nor do
they apply to the wave equations under study here.

(2) (blowup for semilinear wave equations with power-law nonlinearities) There are many interesting
constructive blowup-results, in various spatial dimensions, for focusing semilinear wave equations of the
form �m8 = −|8|

p−18, where �m := −∂
2
t +1 is the wave operator of the Minkowski metric m. A

notable difference between these works and our work here is that these works relied on a careful analysis
of the spectrum of a linearized operator. We now discuss some specific examples.

In one spatial dimension, sharp results are known about the structure of singularities. For example,
[Merle and Zaag 2007] showed that, for p ∈ (1,∞), for general initial data, there is a one-parameter
family of functions that serve as the blowup-profiles relative to self-similar variables at noncharacteristic
points belonging to the boundary of the maximal development; see also Remark 1.3.

In more than one spatial dimension, much less is known. Under the assumption of radial symmetry, Don-
ninger [2010] proved the nonlinear stability of the ODE blowup solutions 8(ODE);T := cp(T − t)−2/(p−1),
where19 p = 3, 5, 7, . . . . More precisely, using “similarity coordinates”, he proved stability only in the
interior of the backward light cone emanating from the singularity. In three spatial dimensions, in the

19Actually, for convenience, Donninger [2010] considered the semilinear term −8p . However, as he noted there, his work
could be extended to apply to the term −|8|p−18 for p > 1.



106 JARED SPECK

subcritical cases p ∈ (1, 3], [Donninger and Schörkhuber 2012] proved an asymptotic stability result for
8(ODE);T under radially symmetric perturbations of the data in the energy space, again only in the interior
of the backward light cone emanating from the singularity. The result [Donninger and Schörkhuber 2012]
sharpened (in the near-ODE case) the works [Merle and Zaag 2003; 2005], which showed that all solutions
that form a singularity cannot blow up faster than the ODE rate (T − t)−2/(p−1), but which did not yield
any information about the profile of the solution near the singularity. Donninger and Schörkhuber [2014]
extended their stability results (still within radial symmetry) to the supercritical cases p > 3, but they
assumed additional regularity on the initial data (which they believed to be essential for closing the proof).
In [Donninger and Schörkhuber 2016], the authors proved results similar to those of [Donninger and
Schörkhuber 2014], but without the assumption of radial symmetry. See also [Chatzikaleas and Donninger
2019] for extensions of the results of [Donninger and Schörkhuber 2016] to the case of the cubic wave
equations in spatial dimensions belonging to the set {5, 7, 9, 11, 13}. In [Donninger 2017], in three spatial
dimensions under the assumption of radial symmetry, Donninger established Strichartz estimates for
solutions to wave equations featuring a self-similar potential, and as an application, in the critical case
p = 5, he showed the stability of the ODE blowup in the interior of the backward light cone emanating
from the singularity. In n ≥ 1 spatial dimensions without symmetry assumptions, under the assumptions
1< p if n = 1 and 1< p < 1+ 4/(n− 1) if n ≥ 2, [Merle and Zaag 2016] used similarity coordinates to
show that near a set of equilibria, solutions are either nonglobal, converge to 0, or converge to an explicit
equilibrium solution. The authors also tied the various possibilities to the nature of the boundary of the
maximal development (i.e., whether or not a certain point on the boundary is characteristic can affect
which of the possibilities can occur there).

In three spatial dimensions, in the critical case p = 5, there are many blowup-results tied to the
ground state solution W (r) := (1+ r2/3)−1/2. For solutions with (conserved) energy below that of the
ground state, [Kenig and Merle 2008] established a sharp dichotomy showing that solutions blow up
in finite time to the past and future if ‖8‖Ḣ1(60)

> ‖W‖Ḣ1(60)
, while they exist globally and scatter if

‖8‖Ḣ1(60)
< ‖W‖Ḣ1(60)

. For the same equation, the authors of [Krieger et al. 2009] proved the existence
of radially symmetric “slow” type-II blowup solutions 8(t, r)= λ1/2(t)W (λ(t)r)+w(t, r), where w is
a small error term, λ(t) := t−1−ν , ν > 1

2 , and the singularity occurs at t = 0. In this context, a type-II
singularity is such that the solution remains uniformly bounded in the energy space (which is critical) up to
the time of first blowup. The results were extended to ν > 0 in [Krieger and Schlag 2014]. In [Donninger
et al. 2014], the results were extended to cases in which λ(t) does not behave like a power law. Hillairet and
Raphaël [2012] constructed type-II blowup solutions for the critical focusing wave equation in four spatial
dimensions. Jendrej [2017] treated the case of five spatial dimensions. For the radial critical focusing wave
equation in three spatial dimensions, [Duyckaerts et al. 2011] yielded that if the blowup-time T is finite
and if the quantitative type-II condition supt∈[0,T ){‖∂t8‖

2
L2(6t )

+ ‖∇8‖2L2(6t )
} ≤ ‖∇W‖2L2 + η0 holds,

where W is the ground state and η0 > 0 is a small constant, then the blowup asymptotics are of the type
exhibited by the solutions constructed in [Krieger et al. 2009]. The results were extended to the nonradial
case in three and five spatial dimensions in [Duyckaerts et al. 2012b]. Similar results were obtained in
the case of four spatial dimensions in [Côte et al. 2018] in the radial case. In [Duyckaerts et al. 2013], the
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authors gave a detailed description of the possible large-time behaviors of all finite-energy radial solutions
to the focusing critical wave equation in three spatial dimensions, extending the work [Duyckaerts et al.
2012a], where information along a sequence of times was obtained. For n ∈ {3, 4, 5} spatial dimensions,
[Jendrej 2016] proved an upper bound for the blowup-rate λ(t) for type-II blowup solutions whose
asymptotics are 8(t, r)= [λ(t)](n−2)/2W (λ(t)r)+w(t, r), assuming that w is sufficiently regular. In 11
or more spatial dimensions, [Collot 2018] considered a range of p-values that are energy-supercritical. For
each sufficiently large integer `, he constructed a codimension-(`−1) Lipschitz manifold of spherically
symmetric solutions that blow up like

1
λ2/(p−1) (t)Q

(
r
λ(t)

)
,

where Q(r) is the ground state profile, λ∼ c(T − t)`/α, and α > 2 is a constant that depends on p and
the number of spatial dimensions.

(3) (constructive blowup-results for wave maps) There are related blowup-results for some wave maps
whose targets admit a nontrivial harmonic map. For example, for the critical case of the wave maps
equation �m8=8(|∂t8|

2
−|∇8|2), where 8 :R1+2

→S2, under the equivariant symmetry assumption
8(t, r, θ) = (kθ, φ(t, r)), where the first and second entries on the right-hand side are Euler angles
parametrizing S2 and k ∈ Z+, there are blowup-results tied to the ground state Q(r) := 2 arctan(r k).
Rodnianski and Sterbenz [2010] gave a sharp description of stable blowup when k ≥ 4. They showed that
(under the symmetry assumptions) there is an open set of data, with energy slightly larger than the ground
state, such that the corresponding solutions blow up at a time T <∞. Moreover, the asymptotics can be
described as φ(t, r)= Q(r/λ(t))+ q(t, r), where λ(t)→ 0 as t ↑ T, λ(t)& (T − t)/| ln(T − t)|1/4, and
(q, ∂tq) is small in Ḣ 1

× L2. In particular, Q is the universal blowup-profile. As in the works cited above
involving λ(t), a key point of the proof is to derive and analyze an appropriate modulation equation,
that is, the ODE (which is coupled to the PDE) that governs the evolution of λ(t). The function λ is
somewhat analogous to the integrating factor I that we use in our work here. Raphaël and Rodnianski
[2012] extended the results to all cases k ≥ 1, proving stable blowup with

λ(t)= ck(1+ o(1))
T − t

|ln(T − t)|1/(2k−2)

as t ↑ T in the cases k ≥ 2, and, in the case k = 1, λ(t) = (T − t) exp(−
√

ln |T − t | + O(1)) as t ↑ T.
In [Krieger et al. 2008], in the case k = 1, the authors proved the existence of a continuum of related
solutions (believed to be nongeneric) exhibiting the blowup-rates λ(t) = (T − t)ν , where ν > 3

2 . The
results were extended to ν > 1 in [Gao and Krieger 2015]. In [Côte et al. 2015], in the equivariance class
k = 1, the authors proved that within the subclass of degree-0 maps (i.e., in radial coordinates (t, r), one
assumes φ(0, 0)= φ(0,∞)= 0), there exist solutions with energy above but arbitrarily close to twice
the energy of the ground state that blow up in finite time. Within the subclass of degree-1 maps (i.e.,
φ(0, 0)= 0 and φ(0,∞)=π ), for maps with energy bigger than that of the ground state but less than three
times the energy of the ground state, the authors show that if a singularity forms, then the solution has
asymptotics whose blowup-profiles are the same as those from the works [Krieger et al. 2008; Rodnianski
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and Sterbenz 2010; Raphaël and Rodnianski 2012]. For equivariant wave maps 8 : R×S2
→ S2, in the

class k = 1, [Shahshahani 2016] proved the existence of a continuum of blowup solutions. In [Donninger
2011; Donninger et al. 2012], in the supercritical context of equivariant wave maps from R1+3 into S3,
the authors proved the stability of self-similar blowup solutions φT (t, r) := 2 arctan(r/(T − r)). More
precisely, those results relied on some mode stability results that were later proved in [Costin et al. 2016];
see also [Costin et al. 2017] for similar results in a more general context.

(4) (blowup for semilinear wave equations with exponential nonlinearities) For the focusing semilinear
wave equation �m8=−e8 in three spatial dimensions, [Kichenassamy 1996] proved that the singular
solution ln(2/t2) is stable under perturbations of the data along the constant-time hypersurface {t =−1}.
Moreover, he showed that the blowup-surface is of the form {t = f (x)}, where f (x) loses Sobolev
regularity compared to the initial data. It would be interesting to see if our main results could be extended
to show a similar result for the equations under study here. More precisely, we conjecture that a portion
of the blowup-surface (which would be a subset of the boundary of the maximal development mentioned
in Remark 1.3) is {I = 0} for the solutions under study here. Kichenassamy’s work has one key feature
in common with ours: he devised a reformulation of the wave equation in which no singularity was
visible, in his case by constructing a singular change of coordinates adapted to the singularity; this is
broadly similar to the approach taken by authors who have proved shock formation results, as we describe
just below. However, unlike the “forwards approach” that we take in this article, Kichenassamy used a
“backwards approach” in which he first solved problems in which the singularity was prescribed along
blowup-surfaces and then showed that the map from the singularity to the Cauchy data along {t =−1} is
invertible; see also Remark 1.4 concerning backwards approaches. His proof of the invertibility of the
map from the singularity data to the Cauchy data was based on studying appropriately linearized versions
of the equations and on using Fuchsian techniques. The linearized equations exhibited derivative loss,
and Kichenassamy used a Nash–Moser approach to handle the loss.

(5) (shock formation for quasilinear equations) Roughly speaking, a shock singularity is a “mild” type of
singularity such that the solution remains bounded but one of its derivatives blows up. More precisely,
shock singularities are tied to the intersection of a family of characteristics (which, in one spatial dimension,
are curves), and the blowup occurs only for derivatives of the solution in directions transversal to the
characteristics. There are many classical shock formation results in one spatial dimension, based on the
method of characteristics, with important contributions coming from [Riemann 1860; Lax 1964; 1972;
1973; John 1974], among others. Even in one spatial dimension, the field is still active, as is evidenced by
the recent work [Christodoulou and Perez 2016], which significantly sharpened [John 1974], giving a
complete description of shock formation for electromagnetic plane waves in nonlinear crystals.

Shock singularities are of interest in particular because, at least for systems with suitable structure,
there is hope of uniquely continuing the solution past the shock in a weak sense, subject to appropriate
selection criteria (typically tied to Rankine–Hugoniot jump conditions across the shock curve, that is,
the curve across which the solution exhibits a jump discontinuity). In one spatial dimension, there
is an adequate rigorous mathematical theory, at least for strictly hyperbolic quasilinear PDE systems,
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that is able to accommodate the formation of shocks, the evolution of the solution after shocks, and
subsequent interactions of the shocks. We stress that the one-dimensional theory fundamentally relies
on the availability of PDE estimates in the space of functions of bounded variation. We refer readers to
the comprehensive work [Dafermos 2000] for a detailed discussion of the theory of shock waves in one
spatial dimension.

We now turn our attention to the case of more than one spatial dimension. As of the present, in more
than one spatial dimension, there is no broad, rigorous well-posedness theory for solutions to quasilinear
hyperbolic PDE systems that is able to accommodate the formation of shocks, the evolution of the
solution after shocks, and subsequent interactions of the shocks. The main difficulty is that, in view of
the fundamental result [Rauch 1986], bounded variation estimates typically fail for quasilinear hyperbolic
systems. This prevents one from being able to directly extend the theory described in the previous
paragraph to the case of multiple spatial dimensions. For this reason, in multiple spatial dimensions, it
seems that one is forced to work with Sobolev spaces and to derive energy estimates up to top order, a
task that has proven to be exceptionally difficult in the neighborhood of a shock singularity. Although in
multiple spatial dimensions the theory of what happens after shocks form is in its infancy,20 the rigorous
theory of the formation of a shock, starting from smooth initial conditions, has undergone dramatic
advancements in recent years. We refer readers to the survey article [Holzegel et al. 2016] for discussion
concerning the history of the subject and for an overview of some recent shock formation results in the
context of quasilinear wave equations in three spatial dimensions.

In more than one spatial dimension, the basic picture of what a shock singularity is remains unchanged
from the case of one spatial dimension: it is a singularity such that the solution remains bounded but one of
its derivatives blows up, and the blowup is tied to the intersection of a family of characteristic hypersurfaces,
as in the case of one spatial dimension. In the case of more than one spatial dimension, the characteristic
hypersurfaces are levels sets of a solution u to the eikonal equation, which is a (typically) fully nonlinear
transport-type equation in u whose coefficients depend on the solution to the original PDE of interest; see
the next paragraph for further discussion on eikonal functions in the context of quasilinear wave equations.
The use of eikonal functions to analyze solutions to quasilinear hyperbolic PDEs is tantamount to the
implementation of nonlinear geometric optics; again, we refer the reader to [Holzegel et al. 2016] for
further discussion of eikonal functions and their role in the study of quasilinear wave equations.

We now summarize some important results in the theory of shock formation in more than one spatial
dimension. Alinhac [1999a; 1999b; 2001] obtained the first results on shock formation without symmetry
assumptions in more than one spatial dimension. The main new difficulty compared to the case of one
spatial dimension is that the method of characteristics (implemented via eikonal functions) must be
supplemented with energy estimates, which leads to enormous technical complications. Alinhac’s work

20We mention, however, that Majda [1981; 1983a; 1983b] has solved, in appropriate Sobolev spaces, the shock front problem.
That is, he proved a local existence result starting from an initial discontinuity given across a smooth hypersurface contained in
the Cauchy hypersurface. The data must satisfy suitable jump conditions, entropy conditions, and higher-order compatibility
conditions. This is different than [Christodoulou 2019] on the restricted shock development problem, which we describe below.
A key difference is that [Christodoulou 2007; 2019] together describe the emergence of the shock hypersurface from an initially
smooth solution, whereas Majda prescribed the initial singularity.
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applied to small-data solutions to a class of scalar quasilinear wave equations of the form

(g−1)αβ(∂8)∂α∂β8= 0 (1D.1)

that fail to satisfy the null condition. In (1D.1), g = g(∂8) is a Lorentzian metric that depends on the
solution. Alinhac showed that, for a set of “nondegenerate” small data, 8 and ∂8 remain bounded, while
∂28 blows up in finite time due to the intersection of the characteristics. As we alluded to above, his
proof fundamentally relied on nonlinear geometric optics, that is, on an eikonal function, which in the
case of scalar quasilinear wave equations is a solution to the eikonal equation

(g−1)αβ(∂8)∂αu∂βu = 0, (1D.2)

supplemented with appropriate initial data. The level sets of u are characteristic hypersurfaces21 for (1D.1).
As it turns out, the intersection of the level sets of u is tied to the formation of a singularity in the solution
to (1D.1), just as in the case of one spatial dimension. Much like in the present work, the main estimates in
Alinhac’s proof did not concern singularities; the crux of his proof was to construct a system of geometric
coordinates, one of which is u, and to prove that relative to them, the solution remains very smooth, except
possibly at the very high derivative levels. He then showed that a singularity forms in the standard second-
order derivatives ∂28 as a consequence of a finite-time degeneracy between the geometric coordinates
and the standard coordinates; roughly, the level sets of u intersect and cause the blowup, much like in the
classical example of the blowup of solutions to Burgers’ equation. The main challenge in the proof is that
to derive energy estimates relative to the geometric coordinates, one must control the eikonal function,
whose top-order regularity properties are difficult to obtain; naive estimates lead to the loss of a derivative.

The intricate regularity properties of eikonal functions had previously been understood in certain
problems for quasilinear wave equations in which singularities did not form. For example, the first
quasilinear wave problem in which the regularity properties of eikonal functions were fully exploited
was the celebrated proof [Christodoulou and Klainerman 1993] of the stability of Minkowski spacetime
as a solution to the Einstein vacuum equations. Eikonal functions have also played a central role in
proofs of low-regularity well-posedness for quasilinear wave equations [Klainerman and Rodnianski
2003; 2005; Smith and Tataru 2005; Klainerman et al. 2015]. However, unlike in these problems, in
the problem of shock formation, the top-order geometric energy estimates feature a degenerate weight
that vanishes as the shock forms, which leads to a priori estimates allowing for the possibility that the
high-order energies might blow up; note that this possible geometric energy blowup is distinct from the
formation of the shock, which happens at the low derivative levels relative to the standard coordinates. The
“degenerate weight” mentioned above is the inverse foliation density22 of the level sets of u. The inverse
foliation density vanishes when the characteristics intersect, and it is in some ways analogous to the
integrating factor I that we use in our work here. Alinhac closed his singular top-order energy estimates
with a Nash–Moser iteration scheme that was adapted to the singularity and that handled the issue of

21In the context of wave equations, characteristic hypersurfaces are often referred to as “null hypersurfaces” due to their
intimate connection to the Lorentzian notion of a null vector field.

22In Section 1E, we encounter the inverse foliation density (we denote it by µ), although we do not need to derive energy
estimates in that subsection since we consider only the case of one spatial dimension there.
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the regularity theory of u in a different way than [Christodoulou and Klainerman 1993; Klainerman
and Rodnianski 2003; 2005; Smith and Tataru 2005; Klainerman et al. 2015]. He then used a “descent
scheme” to show that the top-order geometric energy blowup does not propagate down too far to the
lower derivative levels. Consequently, the solution remains highly differentiable relative to the geometric
coordinates. The solution’s high degree of smoothness relative to the geometric coordinates is not just an
interesting artifact of the approach, but rather is fundamental to all aspects of the proof.

Due to his reliance on the Nash–Moser iteration scheme, Alinhac’s proof applied only to “nondegenerate”
initial data such that the first singularity is isolated in the constant-time hypersurface of first blowup, and
his framework breaks down precisely at the time of first blowup. For this reason, his approach is inadequate
for following the solution to the boundary of the maximal development of the data (see footnote 10),
which intersects the future of the first singular time. The breakthrough work [Christodoulou 2007]
overcame this drawback and significantly sharpened Alinhac’s results for the subset of quasilinear wave
equations that arise in the study of irrotational relativistic fluid mechanics. More precisely, Christodoulou’s
proof yielded a sharp description of the solution up to the boundary of the maximal development. This
information was essential even for setting up the shock development problem, which, roughly speaking, is
the problem of uniquely extending the solution past the singularity in a weak sense, subject to appropriate
jump conditions. We note that the shock development problem in relativistic fluid mechanics was
solved in spherical symmetry in [Christodoulou and Lisibach 2016] and, in the recent breakthrough
work [Christodoulou 2019] for the nonrelativistic compressible Euler equations and the relativistic Euler
equations without symmetry assumptions in a restricted case (known as the restricted shock development
problem) such that the jump in entropy across the shock hypersurface is ignored.

The wave equations studied in [Christodoulou 2007] form a subclass of the ones (1D.1) studied by
Alinhac. They enjoy special properties that Christodoulou used in his proofs, notably an Euler–Lagrange
formulation such that the Lagrangian is invariant under a symmetry group. The main technical improvement
afforded by Christodoulou’s framework is that in closing the energy estimates, he avoided using a Nash–
Moser iteration scheme and instead used an approach similar to the one employed in the aforementioned
works [Christodoulou and Klainerman 1993; Klainerman and Rodnianski 2003]. This approach is more
robust and is capable of accommodating solutions such that the blowup occurs along a hypersurface,
which, in the problem of shock formation, is what typically occurs along a portion of the boundary of the
maximal development.23 Christodoulou’s results have since been extended in many directions, including
to apply to other wave equations [Christodoulou and Miao 2014; Speck 2016], different sets of initial
data [Speck et al. 2016; Miao and Yu 2017; Miao 2018], the compressible Euler equations with nonzero
vorticity [Luk and Speck 2016; 2018; Speck 2019b], systems of wave equations with multiple speeds
[Speck 2018], and quasilinear systems in which a solution to a transport equation forms a shock [Speck
2019a]. Some of the earlier extensions are explained in detail in the survey article [Holzegel et al. 2016].

(6) (breakdown-results for Einstein’s equations) The Einstein equations of general relativity have many
remarkable properties and as such, it is not surprising that there are stable breakdown-results that are

23Roughly, a portion of the boundary is equal to the zero level set of the inverse foliation density.
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specialized to these equations. Here we simply highlight the following constructive results in three spatial
dimensions without symmetry assumptions: Christodoulou’s breakthrough results [2009] on the formation
of trapped surfaces and the stable singularity formation results [Rodnianski and Speck 2018a; 2018b; Luk
2018]. The work [Rodnianski and Speck 2018b] can be viewed as a stable ODE-type blowup-result for
Einstein’s equations in which the wave speed became infinite at the singularity. Note that in contrast, for
(1B.1a), the wave speed vanishes when ∂t8 blows up.

(7) (finite-time degeneration of hyperbolicity) In [Speck 2017], we studied the wave equations

−∂2
t 9 + (1+9)

P19 = 0

in three spatial dimensions for P = 1, 2. We showed that there exists an open set of initial data such that
9 is initially small but 1+9 vanishes in finite time, corresponding to a breakdown in the hyperbolicity
of the equation, but without any singularity forming. The difficult part of the proof is closing the energy
estimates in regions where 1+9 is small. The proof has some features in common with the proof of
the main results of this paper. For example, the proof relies on monotonicity tied to the sign of ∂t9 and
the small size of ∇9. In particular, this leads to the availability of a friction-type integral in the energy
identities, analogous to the one (1C.4), which is crucially important for controlling certain error terms.

1E. Different kinds of singularity formation within the same quasilinear hyperbolic system. In this
subsection, we show that there are quasilinear wave equations, closely related to the wave equation
(1B.1a), that can exhibit two distinct kinds of blowup: ODE-type blowup for one set of data, and the
formation of shocks for another set. The ODE-type blowup is provided by our main results, so in this
subsection, most of the discussion is centered on shock formation. Our discussion is based on ideas and
techniques found in [Christodoulou 2007; Speck 2016].

To initiate the discussion, we define
80 := ∂t8. (1E.1)

For convenience, we will restrict our discussion to the specific weight

W =
1

1+ ∂t8
=

1
1+80

,

though similar results hold for any weight that satisfies the assumptions of Section 2A. To proceed, we
differentiate (1B.1a) with ∂t to obtain the following closed equation in 80:

∂2
t 80−

1
1+80

180 =−
1

1+80
(∂t80)

2
+

280

1+80
∂t80+

382
0

1+80
∂t80. (1E.2)

In the remainder of our discussion of shock formation, we will only consider plane-symmetric solutions,
that is, solutions that depend only on t and x1. Note that in (1E.2), 1= ∂2

1 for plane-symmetric solutions.
To study plane-symmetric solutions to (1E.2), we will use the characteristic vector fields

L := ∂t +
1

√
1+80

∂1, L := ∂t −
1

√
1+80

∂1. (1E.3)
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We next define the characteristic coordinate u to be the solution to the following initial value problem for
a transport equation:

Lu = 0, u|60 = 1− x1. (1E.4)

Above and throughout, X f := Xα∂α f denotes the derivative of the scalar function f in the direction
of the vector field X . Our choice of the vector field L in (1E.4) is adapted to the problem of detecting
“right-moving” shock formation. Similar results could be proved in the “left-moving” case; one could
analyze such solutions by constructing a characteristic coordinate u that solves Lu = 0. We view u as a
new coordinate adapted to the characteristics, and we will use the “geometric” coordinate system (t, u)
when analyzing solutions. In particular, the level sets of u are characteristic for (1E.2). In fact, it is not
difficult to see that as a consequence of (1E.4), u is a solution to the eikonal equation (1D.2), where the
inverse metric (g−1)αβ is determined by the principal-order coefficients in the wave equation (1E.2).

We now define 6u′
t , relative to the geometric coordinates, to be the subset 6u′

t := {(t, u) | 0≤ u ≤ u′}.
Note that61

0 can be identified with an orientation-reversed version of the unit x1 interval [0, 1]. Associated
to u, we define the inverse foliation density µ > 0 by

µ :=
1
∂t u

. (1E.5)

Then 1/µ is a measure of the density of the level sets of u, and µ= 0 corresponds to the intersection of the
characteristics, that is, the formation of a shock. From (1E.4), it follows that µ|60 =

√
1+80= 1+O(80)

(for80 small). One can check that from the above definitions, we have, in addition to (1E.4), the identities
Lt = 1, µLt = µ, and µLu = 2. In particular, L = d

dt along the integral curves of L and µL = 2 d
du

along the integral curves of µL .
Next, we differentiate (1B.1a) and (1E.4) with ∂t and carry out tedious but straightforward calculations

to obtain the following system in 80 and µ:

L(µL80)=−
1

2(1+80)
(L80)(µL80)+µ

80

1+80

{
1+ 3

280
}

L80+
80

1+80

{
1+3

280
}
(µL80), (1E.6a)

µL L80=−
µ

4(1+80)
(L80)

2
−

3
4(1+80)

(L80)(µL80)

+µ
80

1+80

{
1+ 3

280
}

L80+
80

1+80

{
1+3

280
}
(µL80), (1E.6b)

Lµ=
1

4(1+80)
µL80+

1
4(1+80)

(µL80). (1E.6c)

For convenience, we will prove shock formation only for a restricted class of initial data supported
in 61

0 ; as can easily be inferred from our proof, the shock-forming solutions that we will construct are
stable under plane-symmetric perturbations, and our approach could be applied to a much larger set of
plane-symmetric initial data. Specifically, we will prove shock formation for solutions corresponding to
initial data such that

sup
61

0

|80| ≤ ε, L80|60 = 0, sup
61

0

|L80| = 4, (1E.7)
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such that L80|61
0

is negative at some maximum of |L80| on 61
0 , and such that ε is small. The negativity

of L80 will drive the vanishing of µ. To show the existence of such data, it is convenient to refer to the
Cartesian coordinate x1. Specifically, we fix a smooth nontrivial function f = f (x1) supported in 61

0 and
set 80|61

0
(x1) := κ f (λx1), where κ and λ are real parameters. Note that ∂180|60(x

1)= κλ f ′(λx1). We
then set

∂t80|61
0
:= −

1
√

1+80|61
0

∂180|61
0
,

which implies that L80|61
0
= 0 and

L80|61
0
(x1)=−2κλ

1√
1+ κ f (λx1)

f ′(λx1).

We now choose |κ| sufficiently small and λ sufficiently large, which allows us to achieve (1E.7) with
ε > 0 arbitrarily small. Moreover, by adjusting the sign of κ , we can ensure that L80|61

0
is negative at

some maximum of |L80| on 61
0 . We also note that from domain of dependence considerations, it follows

that in terms of the geometric coordinates, solutions with data supported in 61
0 vanish when u ≤ 0, and

that the level set {u = 0} can be described in Cartesian coordinates as {(t, x1) | 1− x1
+ t = 0}.

To derive estimates, we make the following bootstrap assumptions on any region of classical existence
such that 0≤ t ≤ 2 and 0≤ u ≤ 1:

0< µ≤ 3, |80| ≤
√
ε, |L80| ≤

√
ε, |L80| ≤ 5. (1E.8)

Note also that the solution satisfies 80(t, u = 0)= 0 and that the assumptions (1E.8) are consistent with
the initial data when ε is small.

We now derive estimates. In the rest of the subsection, we will silently assume that ε > 0 is sufficiently
small. We define

Q(t, u) := sup
(t ′,u′)∈[0,t]×[0,u]

{|80|(t ′, u′)+ |L80|(t ′, u′)}. (1E.9)

Note that Q(0, u) . ε, while our data-support assumptions and finite speed of propagation imply that
Q(t, 0) = 0. Using the evolution equation (1E.6b), the bootstrap assumptions, the fact that L = d

dt
along the integral curves of L , and the fact that µL = 2 d

du along the integral curves of µL , we deduce
Q(t, u) ≤ C Q(0, u) + c

∫ t
t ′=0 Q(t ′, u) dt ′ + c

∫ u
u′=0 Q(t, u′) du′. From this estimate and Gronwall’s

inequality (in two variables), we deduce that there are constants C > 0 and c′ > c such that, for 0≤ t ≤ 2
and 0≤ u ≤ 1, we have

Q(t, u)≤ C Q(0, u)ec′t ec′u
≤ C Q(0, u)e3c′

≤ Ce3c′ε . ε. (1E.10)

Using the estimate (1E.10) and the bootstrap assumptions for µ and µL80 to control the terms on
the right-hand side of (1E.6a), we deduce |L(µL80)| . ε. Integrating this estimate along the integral
curves of L and using that µ(0, u) = 1+O(ε), we find that, for 0 ≤ t ≤ 2 and 0 ≤ u ≤ 1, we have
[µL80](t, u)= [µL80](0, u)+O(ε)= L80(0, u)+O(ε). Inserting this information into (1E.6c) and
using (1E.10), we deduce Lµ= 1

4 L80(0, u)+O(ε). Integrating in time and using the initial condition
µ(0, u) = 1+O(ε), we deduce that µ(t, u) = 1+ 1

4 L80(0, u)t +O(ε) = 1+ 1
4 [µL80](t, u)t +O(ε).
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We now note that if ε is sufficiently small, then the above estimates yield strict improvements of the
bootstrap assumptions (1E.8). By a standard continuity argument in t and u, this justifies the bootstrap
assumptions and shows that the solution exists on regions of the form 0≤ t ≤ 2 and 0≤ u ≤ 1, as long as
µ remains positive; the positivity of µ and the above estimates guarantee that |80| +maxα=0,1 |∂α80|

is finite. Moreover, since (by construction) sup61
0
|L80| = 4 and since there is a value u∗ ∈ (0, 1) such

that L80(0, u∗)=−4, the above estimates for µL80 and µ guarantee that min61
t
µ= 1+O(ε)− t and

that at points (t, u) ∈ [0, 2]× [0, 1] of classical existence with µ(t, u)≤ 1
4 , we have µL80(t, u)≤−1. It

follows that min61
t
µ cannot remain positive for times larger than 1+O(ε) and that

min
61

t

µ≤ 1
4 =⇒ sup

61
t

|L80| ≥
1

min61
t
µ
.

In total, these arguments yield that sup61
t
|L80| blows up at some time t(Shock) = 1+O(ε), while |80|

and |L80| remain uniformly bounded by . ε. We have thus shown that a shock forms. Readers can
consult [Holzegel et al. 2016] for further discussion of the style of proof of shock formation given here
and extensions to the case of more than one spatial dimension.

We now revisit the solutions from our main results under the weight W (∂t8) := 1/(1+ ∂t8). Notice
that, for such solutions, 80 also solves (1E.2) but is such that |80| blows up at the singularity. This is
different blowup behavior compared to the shock-forming solutions to (1E.2) constructed above, in which
|80| remained bounded. Notice also that our main theorem requires, roughly, that 80|60 should not be
too small, which is in contrast to the initial data for the shock-forming formation solutions described
above. To close this subsection, we clarify that it could be, in principle, that the ODE-type blowup
solutions that we have constructed are unstable when viewed as solutions to (1E.2), even though they
are stable solutions of the original wave equation (1B.1a). The key point is that to solve (1E.2) (viewed
as a wave equation for 80), we need to prescribe the data functions 80|60 and ∂t80|60 , whereas for
the ODE-type blowup solutions we have constructed, we can freely prescribe (in plane symmetry) only
80|60 ; the quantity ∂t80|60 is not “free”, but rather is uniquely determined from 80|60 and ∂18|60 via
the wave equation (1B.1a). Put differently, the ODE-type blowup solutions that we have constructed yield
“special” solutions to (1E.2) that are constrained by the fact that 80 is the time derivative of a solution to
the original wave equation (1B.1a). In contrast, we expect that the methods of [Speck et al. 2016] could
be used to show that the plane-symmetric shock-forming solutions to (1E.2) that we constructed in this
subsection are stable under perturbations that break the plane symmetry.

1F. Notation. In this subsection, we summarize some notation that we use throughout.

• {xα}α=0,1,2,3 are the standard Cartesian coordinates on R1+3
=R×R3 and ∂α := ∂

∂xα are the corresponding
coordinate partial derivative vector fields; x0

∈ R is the time coordinate and x := (x1, x2, x3) ∈ R3 are
the spatial coordinates.

• We often use the alternative notation x0
= t and ∂0 = ∂t .

• 6t := {(t, x) | x ∈ R3
} is the standard flat hypersurface of constant time.
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• Greek “spacetime” indices such as α vary over 0, 1, 2, 3, while Latin “spatial” indices such as a vary
over 1, 2, 3. We use primed indices, such as a′, in the same way that we use their nonprimed counterparts.
We use Einstein’s summation convention in that repeated indices are summed over their respective ranges.

• We sometimes omit the arguments of functions appearing in pointwise inequalities. For example, we
sometimes write | f | ≤ C ε̊ instead of | f (t, x)| ≤ C ε̊.

• ∇
k9 denotes the array comprising all k-th-order derivatives of 9 with respect to the Cartesian spatial

coordinate vector fields. We often use the alternative notation ∇9 in place of ∇19. For example,
∇

19 =∇9 := (∂19, ∂29, ∂39).

• |∇
≤k9| :=

∑k
k′=0 |∇

k′9|.

• |∇
[a,b]9| :=

∑b
k′=a |∇

k′9|.

• H N (6t) denotes the standard Sobolev space of functions on 6t . If N ≥ 0 is an integer, then the
corresponding norm is

‖ f ‖H N (6t ) :=

{ ∑
a1+a2+a3≤N

∫
x∈R3
|∂

a1
1 ∂

a2
2 ∂

a3
3 f (t, x)|2 dx

}1/2

.

In the case N = 0, we use the standard notation “L2” in place of “H 0”.

• Above and throughout, dx := dx1 dx2 dx3 denotes standard Lebesgue measure on 6t .

• L∞(6t) denotes the standard Lebesgue space of functions on6t with corresponding norm ‖ f ‖L∞(6t ) :=

ess supx∈R3 | f (t, x)|.

• If A and B are two quantities, then we often write A. B to indicate that “there exists a constant C > 0
such that A ≤ C B”.

• We sometimes write A =O(B) to signify that there exists a constant C > 0 such that |A| ≤ C |B|.

• Explicit and implicit constants are allowed to depend on the data-size parameters Å and Å−1
∗

from
Section 3A, in a manner that we more fully explain in Section 5A.

2. Mathematical setup and the evolution equations

In this section, we state our assumptions on the nonlinearities, define the quantities that we will study in
the rest of the paper, and derive evolution equations.

2A. Assumptions on the weight. Let W be the scalar function from (1B.1a). We assume that there are
constants Ck > 0 such that

W (y) > 0, y ∈
(
−

1
2 ,∞

)
, (2A.1)

W (0)= 1, (2A.2)

W ′(y)≤ 0, y ∈ [0,∞), (2A.3)∣∣∣{(1+ y)2 d
dy

}k
[(1+ y)W (y)]

∣∣∣≤ Ck, 0≤ k ≤ 5, y ∈
(
−

1
2 ,∞

)
. (2A.4)
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We also assume that there is a constant α > 0 such that

W (y)≤ α|W ′(y)|1/2, y ∈ [1,∞). (2A.5)

Note that (2A.1), (2A.3), and (2A.5) imply in particular that

W ′(y) < 0, y ∈ [1,∞). (2A.6)

2B. The integrating factor and the renormalized solution variables.

2B1. Definitions. As we described in Section 1C2, our analysis fundamentally relies on the following
integrating factor.

Definition 2.1 (the integrating factor). Let 8 be the solution to the wave equation (1B.1a). We define
I = I(t, x) to be the solution to the transport equation

∂tI =−I∂t8, I|60 = 1. (2B.1)

Moreover, we define
I?(t) :=min

6t
I. (2B.2)

Remark 2.2 (the vanishing of I implies singularity formation). It is straightforward to see from (2B.1)
that if I(T, x) = 0 for some T > 0 and for one or more x ∈ R3, then at such values of x we have
limt↑T sups∈[0,t) ∂t8(s, x)=∞. In fact, it follows that

∫ t
s=0 |∂t8(s, x)| ds =∞.

Most of our effort will go towards analyzing the following “renormalized” solution variables. We will
show that they remain regular up to the singularity.

Definition 2.3 (renormalized solution variables). Let 8 be the solution to the wave equation (1B.1a) and
let I be as in Definition 2.1. For α = 0, 1, 2, 3, we define

9α := I∂α8. (2B.3)

2B2. A crucial identity for I and the I-weighted evolution equations. Our main goal in this subsubsection
is to derive evolution equations for the renormalized solution variables; see Proposition 2.5. As a
preliminary step, we first provide a lemma that shows that ∂iI can be controlled in terms 9i and the
initial data, and that no singular factors of I−1 appear in the relationship. Though simple, the lemma is
crucial for the top-order regularity theory of I.

Lemma 2.4 (identity for the spatial derivatives of the integrating factor). The following identity holds for
i = 1, 2, 3, where {9̊a}a=1,2,3 are the wave equation initial data from (1B.1b):

∂iI =−9i + I9̊i . (2B.4)

Proof. Dividing (2B.1) by I and then applying ∂i , we compute that

∂t

{
∂iI +9i

I

}
= 0. (2B.5)
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Integrating (2B.5) with respect to time and using the initial conditions I|60 = 1 and 9i |60 = 9̊i , we arrive
at (2B.4). �

We now derive the main evolution equations that we will study in the remainder of the paper.

Proposition 2.5 (the renormalized first-order system: I-weighted evolution equations). For solutions to
(1B.1a)–(1B.1b), the renormalized solution variables of Definition 2.3 satisfy the system

∂t90 =W (I−190)

3∑
a=1

∂a9a + I−1W (I−190)

3∑
a=1

(9a)
2
−W (I−190)

3∑
a=1

9̊a9a, (2B.6a)

∂t9i = ∂i90− 9̊i90. (2B.6b)

Proof. We first prove (2B.6a). From (1B.1a) and (2B.1), we deduce

∂t(I∂t8)= IW (∂t8)18=W (∂t8)

3∑
a=1

∂a(I∂a8)−W (∂t8)

3∑
a=1

(∂aI)∂a8.

Using (2B.4) to substitute for ∂aI and appealing to Definition 2.3, we arrive at the desired (2B.6a).
To prove (2B.6b), we first use Definition 2.3 and the symmetry property ∂t∂i8 = ∂i∂t8 to obtain

∂t9i = (∂t ln I)9i + ∂i90 − (∂i ln I)90. Using (2B.1) to replace ∂t ln I with −I−190 and (2B.4) to
replace −∂i ln I with I−19i − 9̊i , we arrive at (2B.6b). �

3. Assumptions on the initial data and bootstrap assumptions

In this section, we state our size assumptions on the initial data for the wave equation (1B.1a), i.e.,
for (∂t8|60, ∂18|60, ∂28|60, ∂38|60)= (9̊0, 9̊1, 9̊2, 9̊3), and formulate bootstrap assumptions that are
convenient for studying the solution. We also precisely describe the smallness assumptions that we need
to close our estimates and show the existence of initial data that satisfy the smallness assumptions.

3A. Assumptions on the initial data. We assume that the initial data are compactly supported and satisfy
the following size assumptions for i = 1, 2, 3:

‖∇
≤29̊i‖L∞(60)+‖∇

[1,3]9̊0‖L∞(60)+‖9̊i‖H5(60)+ ε̊
3/2
‖∇9̊0‖L2(60)+‖∇

29̊0‖H3(60) ≤ ε̊, (3A.1a)

‖9̊0‖L∞(60) ≤ Å, (3A.1b)

−
1
4 ≤min

60
9̊0, (3A.1c)

where ε̊ > 0 and Å > 0 are two data-size parameters that we will discuss below (roughly, ε̊ will have to
be small for our proofs to close). Roughly, in our analysis, we will propagate the above size assumptions
during the solution’s classical lifespan, except for the top-order spatial derivatives of 9i ; we are not able
to control these top-order derivatives uniformly in the norm ‖ · ‖L2(6t ) because of the presence of the
weight W in our energy, which can go to 0 as the singularity forms (see Definition 4.2).

We now introduce the crucial parameter Å∗ that controls the time of first blowup; our analysis shows
that, for ε̊ sufficiently small, the time of first blowup is {1+O(ε̊)} Å−1

∗
; see also Remark 3.2.
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Definition 3.1 (the parameter that controls the time of first blowup). We define the data-dependent
parameter Å∗ as follows:

Å∗ :=max
60
[9̊0]+, (3A.2)

where [9̊0]+ :=max{9̊0, 0}.

Our main results concern solutions such that Å∗ > 0, so we will assume in the rest of the article that
this is the case.

Remark 3.2 (the relevance of Å∗). The solutions that we study are such that24 ∂tI =−90 and ∂t90 ∼ 0
(throughout the evolution). Hence, by the fundamental theorem of calculus, we have 90(t, x)∼ 9̊0(x)
and I(t, x)∼ 1− t9̊0(x). From this last expression, we see that I is expected to vanish for the first time
at approximately t = Å−1

∗
which, since ∂tI =−I∂t8, implies the blowup of ∂t8 (see Remark 2.2). See

Lemmas 5.1 and 5.2 for the precise statements.

3B. Bootstrap assumptions. To prove our main results, we find it convenient to rely on a set of bootstrap
assumptions, which we provide in this subsection.

• The size of T(Boot). We assume that T(Boot) is a bootstrap time with

0< T(Boot) ≤ 2 Å−1
∗
, (3B.1)

where Å > 0 is the data-size parameter from Definition 3.1. The assumption (3B.1) gives us a sufficient
margin of error to prove that finite-time blowup occurs (see Remark 3.2).

• Blowup has not yet occurred. Recall that, for the solutions under study, the vanishing of I will coincide
with the formation of a singularity in ∂t8. For this reason, we assume that, for t ∈ [0, T(Boot)), we have

I?(t) > 0, (3B.2)

where I? is defined in (2B.2).

• The solution is contained in the regime of hyperbolicity.25 We assume that, for (t, x)∈ [0, T(Boot))×R3,

90(t, x)
I(t, x)

>−
1
2
. (3B.3)

• Smallness of I implies largeness of 90. We assume that, for (t, x) ∈ [0, T(Boot))×R3,

I(t, x)≤ 1
8 =⇒ 90(t, x)≥ 1

8 Å∗. (3B.4)

• L∞ bootstrap assumptions. We assume that, for t ∈ [0, T(Boot)), we have

‖90‖L∞(6t ) ≤ Å+ ε, (3B.5a)

‖∇
[1,3]90‖L∞(6t ) ≤ ε, (3B.5b)

24Here “A ∼ B” imprecisely indicates that A is well-approximated by B.
25In particular, the assumptions of Section 2A guarantee that W (I−190) > 0 whenever (3B.3) holds. This inequality is

needed in order to guarantee that (1B.1a) is a wave equation.
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‖∇
≤29i‖L∞(6t ) ≤ ε, (3B.5c)

‖I‖L∞(6t ) ≤ 1+ 2 Å−1
∗

Å+ ε, (3B.5d)

where ε > 0 is a small bootstrap parameter; we describe our smallness assumptions in the next subsection.

Remark 3.3 (the solution remains compactly supported in space). From the bootstrap assumptions and
the assumptions of Section 2A on W , we see that the wave speed {W (I−190)}

1/2 associated to (1B.1a)
remains uniformly bounded from above by a positive constant on the slab (t, x) ∈ [0, T(Boot))×R3. It
follows that there exists a large, data-dependent ball B ⊂ R3 such that 9α(t, x) and I − 1 vanish for
(t, x) ∈ [0, T(Boot))× Bc.

3C. Smallness assumptions. For the rest of the article, when we say that “A is small relative to B”, we
mean that B > 0 and that there exists a continuous increasing function f : (0,∞)→ (0,∞) such that
A < f (B). For brevity, we typically do not specify the form of f .

In the rest of the article, we make the following relative smallness assumptions. We continually adjust
the required smallness in order to close the estimates.

• The bootstrap parameter ε from Section 3B is small relative to 1 (i.e., in an absolute sense, without
regard for the other parameters).

• ε is small relative to Å−1, where Å is the data-size parameter from (3A.1b).

• ε is small relative to the data-size parameter Å∗ from (3A.2).

• We assume that

ε4/3
≤ ε̊ ≤ ε, (3C.1)

where ε̊ is the data-smallness parameter from (3A.1a).

The first two of the above assumptions will allow us to control error terms that, roughly speaking, are of
size ε Åk for some integer k ≥ 0. The third assumption is relevant because the expected blowup-time is
approximately Å−1

∗
(see Remark 3.2); the assumption will allow us to show that various error products,

specifically ones featuring a small factor ε, remain small for t ≤ 2 Å−1
∗

, which is plenty of time for us to
show that I vanishes and ∂t8 blows up. (3C.1) is convenient for closing our bootstrap argument.

3D. Existence of initial data satisfying the smallness assumptions. It is easy to construct initial data
such that the parameters ε̊, Å, and Å∗ satisfy the size assumptions stated in Section 3C. For example,
we can start with any smooth compactly supported data (9̊0, 9̊1, 9̊2, 9̊3) such that max60 9̊0 > 0 and
−

1
4 ≤min60 9̊0. We then consider the one-parameter family (for i = 1, 2, 3)

(
(λ)
9̊0(x),

(λ)
9̊i (x)) := (9̊0(λ

−1x), λ−19̊i (x)).

It is straightforward to check that, for λ > 0 sufficiently large, all of the size assumptions of Section 3C
are satisfied by the rescaled data (where, roughly speaking, the role of ε̊ is played by λ−1), as is (3A.1c).
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The proof relies on the simple scaling identities

∇
k (λ)9̊0(x)= λ−k(∇k9̊0)(λ

−1x),

∇
k (λ)9̊i (x)= λ−1(∇k9̊i )(x),

‖∇
k (λ)9̊0‖L2(60) = λ

3/2−k
‖∇

k9̊0‖L2(60),

‖∇
k (λ)9̊i‖L2(60) = λ

−1
‖∇

k9̊i‖L2(60).

4. Energy identities

In this section, we define the energies that we use to control the solution in L2 up to top order. We then
derive energy identities.

4A. Definitions. The following energy functional serves as a building block for our energies.

Definition 4.1 (basic energy functional). To any array-valued function V = V (t, x) := (V0, V1, V2, V3),
we associate the following energy, where I is as in Definition 2.1 and 90 is as in Definition 2.3:

E[V ] = E[V ](t) :=
∫
6t

{
V 2

0 +

3∑
a=1

W (I−190)(Va)
2
}

dx . (4A.1)

We now define Q(ε̊)(t), which is the main L2-type quantity that we use to control the solution up to
top order.

Definition 4.2 (the L2-controlling quantity). Let ε̊ > 0 be the data-size parameter from Section 3A. We
define the L2-controlling quantity Q(ε̊) as follows:

Q(ε̊)(t) :=
5∑

k=2

∫
6t

{
|∇

k90|
2
+

3∑
a=1

W (I−190)|∇
k9a|

2
}

dx

+

4∑
k=1

∫
6t

|∇
k9a|

2 dx + ε̊3
∫
6t

{
|∇90|

2
+

3∑
a=1

(9a)
2
}

dx . (4A.2)

Remark 4.3 (the ε̊-weight in the definition of Q(ε̊)). Our main a priori energy estimate shows that
Q(ε̊)(t). ε̊2 up to the singularity. The small coefficient of ε̊3 in front of the last integral on the right-hand
side of (4A.2) is needed to ensure the O(ε̊2) smallness of Q(ε̊). However, the small coefficient of ε̊3

implies that Q(ε̊)(t) provides only weak L2-control of ∇90 and 9a; i.e., their L2 norms can be as large
as O(ε̊−1/2). We clarify that the possible O(ε̊−1/2)-largeness of ∇90 is consistent with the construction
of initial data described in Section 3D, where the largeness comes from the scaling identity

‖∇
(λ)
9̊0‖L2(60) = λ

1/2
‖∇9̊0‖L2(60),

and the large parameter λ can be viewed, roughly, as a size-O(ε̊−1) quantity. Despite the possible
O(ε̊−1/2)-largeness of ∇90 and 9a in the norm ‖ · ‖L2(6t ), we will nonetheless be able to show, through
a separate argument, the following crucial bounds: ∇90 and 9a are bounded in the norm ‖ · ‖L∞(6t ) by
. ε̊, up to the singularity; see Proposition 5.8.
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4B. Basic energy identity. We aim to derive an energy identity for the L2-controlling quantity Q(ε̊)

defined in (4A.2). As a preliminary step, in this subsection, we derive a standard energy identity for the
building-block energy defined in (4A.1).

Lemma 4.4 (basic energy identity). Let I be as in Definition 2.1, and assume that {9α}α=0,1,2,3 is a
solution to (2B.6a)–(2B.6b) with initial data {9̊α}α=0,1,2,3. Let E[V ](t) be the building-block energy
defined in (4A.1). Let {Fα}α=0,1,2,3 be scalar functions. Then for spatially compactly supported solutions
V := (V0, V1, V2, V3) to the inhomogeneous linear PDE system

∂t V0 =

3∑
a=1

W (I−190)∂a Va + F0, (4B.1a)

∂t Vi = ∂i V0+ Fi , (4B.1b)

the following energy identity holds:

d
dt

E[V ](t)=
3∑

a=1

∫
6t

(I−190)
2W ′(I−190)(Va)

2 dx

+

3∑
a=1

3∑
b=1

∫
6t

I−1W ′(I−190)W (I−190)(∂a9a)(Vb)
2 dx

+

3∑
a=1

3∑
b=1

∫
6t

I−2W ′(I−190)W (I−190)(9a)
2(Vb)

2 dx

−

3∑
a=1

3∑
b=1

∫
6t

I−1W ′(I−190)W (I−190)9̊a9a(Vb)
2 dx

− 2
3∑

a=1

∫
6t

I−1W ′(I−190)(∂a90)Va V0 dx

− 2
3∑

a=1

∫
6t

I−290W
′(I−190)9a Va V0 dx

+ 2
3∑

a=1

∫
6t

I−190W
′(I−190)9̊a Va V0 dx

+ 2
∫
6t

V0 F0 dx + 2
3∑

a=1

∫
6t

W (I−190)Va Fa dx . (4B.2)

Proof. First, using (2B.1) and (2B.6a), we compute that

∂t {W (I−190)} = I−1W ′(I−190)(∂t90)+ (I−190)
2W ′(I−190)

=

3∑
a=1

I−1W ′(I−190)W (I−190)(∂a9a)+

3∑
a=1

I−2W ′(I−190)W (I−190)(9a)
2

−

3∑
a=1

I−1W ′(I−190)W (I−190)9̊a9a + (I−190)
2W ′(I−190). (4B.3)
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Next, taking the time derivative of (4A.1), using (4B.3), and using (4B.1a)–(4B.1b) to substitute for ∂t Vα ,
we obtain

d
dt

E[V ](t)= 2
3∑

a=1

∫
6t

{W (I−190)V0∂a Va +W (I−190)Va∂a V0} dx

+ 2
∫
6t

{
V0 F0+

3∑
a=1

W (I−190)Va Fa

}
dx

+

3∑
a=1

3∑
b=1

∫
6t

I−1W ′(I−190)W (I−190)(∂a9a)(Vb)
2 dx

+

3∑
a=1

3∑
b=1

∫
6t

I−2W ′(I−190)W (I−190)(9a)
2(Vb)

2 dx

−

3∑
a=1

3∑
b=1

∫
6t

I−1W ′(I−190)W (I−190)9̊a9a(Vb)
2 dx

+

3∑
a=1

∫
6t

(I−190)
2W ′(I−190)(Va)

2 dx . (4B.4)

Integrating by parts in the first integral on the right-hand side of (4B.4) and using the identity (2B.4), we
obtain

2
3∑

a=1

∫
6t

{W (I−190)V0∂a Va +W (I−190)Va∂a V0} dx

=−2
3∑

a=1

∫
6t

I−1W ′(I−190)(∂a90)Va V0 dx

− 2
3∑

a=1

∫
6t

I−290W
′(I−190)9a Va V0 dx + 2

3∑
a=1

∫
6t

I−190W
′(I−190)9̊a Va V0 dx . (4B.5)

Using (4B.5) to substitute for the first integral on the right-hand side of (4B.4), we arrive at (4B.2). �

4C. Integral identity for the fundamental L2-controlling quantity. With the help of Lemma 4.4, we
now derive an energy identity for the controlling quantity Q(ε̊).

Lemma 4.5 (integral identity for the L2-controlling quantity). Consider the following inhomogeneous
PDE system, obtained by commuting (2B.6a)–(2B.6b) with the k-th-order spatial derivative operator ∇k

(where I is as in Definition 2.1 and the precise form of the inhomogeneous terms F (k)α in (4C.1a)–(4C.1b)
is not important for the purposes of this lemma):

∂t∇
k90 = W (I−190)

3∑
a=1

∂a∇
k9a + F (k)0 , (4C.1a)

∂t∇
k9i = ∂i∇

k90+ F (k)i . (4C.1b)
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Then for solutions {9α}α=0,1,2,3 to (2B.6a)–(2B.6b), the L2-controlling quantity Q(ε̊) of Definition 4.2
satisfies the following integral identity:

Q(ε̊)(t)=Q(ε̊)(0)+
5∑

k=2

3∑
a=1

∫ t

s=0

∫
6s

(I−190)
2W ′(I−190)|∇

k9a|
2 dx ds

+

5∑
k=2

3∑
a=1

3∑
b=1

∫ t

s=0

∫
6s

I−1W ′(I−190)W (I−190)(∂a9a)|∇
k9b|

2 dx ds

+

5∑
k=2

3∑
a=1

3∑
b=1

∫ t

s=0

∫
6s

I−2W ′(I−190)W (I−190)(9a)
2
|∇

k9b|
2 dx ds

−

5∑
k=2

3∑
a=1

3∑
b=1

∫ t

s=0

∫
6s

I−1W ′(I−190)W (I−190)9̊a9a|∇
k9b|

2 dx ds

− 2
5∑

k=2

3∑
a=1

∫ t

s=0

∫
6s

I−1W ′(I−190)(∂a90)∇
k9a · ∇

k90 dx ds

− 2
5∑

k=2

3∑
a=1

∫ t

s=0

∫
6s

I−290W
′(I−190)9a∇

k9a · ∇
k90 dx ds

+ 2
5∑

k=2

3∑
a=1

∫ t

s=0

∫
6s

I−190W
′(I−190)9̊a∇

k9a · ∇
k90 dx ds

+ 2
4∑

k=1

3∑
a=1

∫ t

s=0

∫
6s

∇
k9a · ∂a∇

k90 dx ds

+ 2
5∑

k=2

∫ t

s=0

∫
6s

∇
k90 · F

(k)
0 dx ds+ 2

5∑
k=2

3∑
a=1

∫ t

s=0

∫
6s

W (I−190)∇
k9a · F (k)a dx ds

+ 2
4∑

k=1

3∑
a=1

∫ t

s=0

∫
6s

∇
k9a · F (k)a dx ds

+ 2ε̊3
3∑

a=1

∫ t

s=0

∫
6s

W (I−190)∇90 · ∂a∇9a dx ds+ 2ε̊3
∫ t

s=0

∫
6s

∇90 · F
(1)
0 dx ds

+ 2ε̊3
3∑

a=1

∫ t

s=0

∫
6s

9a∂a90 dx ds− 2ε̊3
3∑

a=1

∫ t

s=0

∫
6s

909a9̊a dx ds. (4C.2)

Proof. We take the time derivative of both sides of (4A.2). The time derivative of the first line of
the right-hand side of (4A.2) is given by (4B.2), where the role of (V0, V1, V2, V3) in (4B.2) is played
by (∇k90,∇

k91,∇
k92,∇

k93) and the role of the inhomogeneous terms Fα on the right-hand side
of (4B.2) is played by the terms F (k)α from (4C.1a)–(4C.1b). Moreover, with the help of (2B.6b) and
(4C.1a)–(4C.1b), we compute that the time derivatives of the terms on the second line of the right-hand
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side of (4A.2) are equal to

2
4∑

k=1

3∑
a=1

∫
6t

∇
k9a · ∂a∇

k90 dx + 2
4∑

k=1

3∑
a=1

∫
6t

∇
k9a · F (k)a dx

+2ε̊3
3∑

a=1

∫
6t

{W (I−190)∇90 · ∂a∇9a +∇90 · F
(1)
0 +9a∂a90−909a9̊a} dx . (4C.3)

Combining these calculations, we deduce that

d
dt

Q(ε̊)(t)=
5∑

k=2

3∑
a=1

∫
6t

(I−190)
2W ′(I−190)|∇

k9a|
2 dx

+

5∑
k=2

3∑
a=1

3∑
b=1

∫
6t

I−1W ′(I−190)W (I−190)(∂a9a)|∇
k9b|

2 dx

+

5∑
k=2

3∑
a=1

3∑
b=1

∫
6t

I−2W ′(I−190)W (I−190)(9a)
2
|∇

k9b|
2 dx

−

5∑
k=2

3∑
a=1

3∑
b=1

∫
6t

I−1W ′(I−190)W (I−190)9̊a9a|∇
k9b|

2 dx

− 2
5∑

k=2

3∑
a=1

∫
6t

I−1W ′(I−190)(∂a90)∇
k9a · ∇

k90 dx

− 2
5∑

k=2

3∑
a=1

∫
6t

I−290W
′(I−190)9a∇

k9a · ∇
k90 dx

+ 2
5∑

k=2

3∑
a=1

∫
6t

I−190W
′(I−190)9̊a∇

k9a · ∇
k90 dx

+ 2
5∑

k=2

∫
6t

∇
k90 · F

(k)
0 dx + 2

3∑
a=1

∫
6t

W (I−190)∇
k9a · F (k)a dx + (4C.3). (4C.4)

Integrating (4C.4) from time 0 to time t , we arrive at the desired identity (4C.2). �

5. A priori estimates

In this section, we use the data-size and bootstrap assumptions of Section 3 and the energy identities
of Section 4 to derive a priori estimates for solutions to (2B.1) and to the renormalized equations of
Proposition 2.5.

5A. Conventions for constants. In our estimates, the explicit constants C > 0 and c > 0 are free to
vary from line to line. These explicit constants, and implicit ones as well, are allowed to depend on the
data-size parameters Å and Å−1

∗
from Section 3A. However, the constants can be chosen to be independent



126 JARED SPECK

of the parameters ε̊ and ε whenever ε̊ and ε are sufficiently small relative to Å−1 and Å∗ in the sense
described in Section 3C. For example, under our conventions, we have Å−2

∗
ε =O(ε).

5B. Pointwise estimates tied to the integrating factor. In this subsection, we derive pointwise estimates
that are important for analyzing I.

We start by deriving sharp estimates for 90. The proof is based on separately considering regions
where I is small and I is large. In Lemma 5.2, we will use these estimates to derive further information
about the behavior of 90 in regions where I is small (i.e., near the singularity), which is crucial for
closing the energy estimates.

Lemma 5.1 (pointwise estimates for 90). Under the data-size assumptions of Section 3A, the bootstrap
assumptions of Section 3B, and the smallness assumptions of Section 3C, the following pointwise estimates
hold for (t, x) ∈ [0, T(Boot))×R3:

90(t, x)= 9̊0(x)+O(ε), (5B.1)

where 9̊0(x)=90(0, x).
In addition,

−
5

16 ≤min
6t
90. (5B.2)

Proof. We first prove (5B.1). We will show that |∂t90(t, x)|.ε. Then from this estimate and the fundamen-
tal theorem of calculus, we obtain the desired bound (5B.1). To prove the bound |∂t90(t, x)|. ε, we first
consider points (t, x) such that I(t, x) > 1

8 . Then all factors of I−1 in the evolution equation (2B.6a) can
be bounded by. 1. For this reason, the desired bound follows as a straightforward consequence of (2B.6a),
the bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions of Section 2A on W .

To finish the proof of (5B.1), it remains to show that |∂t90(t, x)| . ε at points (t, x) such that
0 < I(t, x) ≤ 1

8 . From the bootstrap assumption (3B.4), we deduce that 1 . 90(t, x) at such points.
From this bound, the bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions of
Section 2A on W , we deduce the following bound for some factors on the right-hand side of (2B.6a) at
the spacetime points under consideration:

|I−1W (I−190)| =9
−1
0 |(I

−190)W (I−190)|. |(I−190)W (I−190)|. 1.

With the help of this bound, the desired estimate |∂t90(t, x)| . ε follows as a straightforward conse-
quence of (2B.6a), the bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions
of Section 2A on W . We have therefore proved (5B.1).

The bound (5B.2) then follows from (3A.1c) and (5B.1). �

In the next lemma, we derive sharp estimates for I. The estimates are important for closing the energy
estimates up to the singularity and for precisely tying the vanishing of I to the blowup of ∂t8.

Lemma 5.2 (crucial estimates for the integrating factor). Under the data-size assumptions of Section 3A,
the bootstrap assumptions of Section 3B, and the smallness assumptions of Section 3C, the following
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estimates hold for (t, x) ∈ [0, T(Boot))×R3:

I(t, x)= 1− t9̊0(x)+O(ε), (5B.3a)

I?(t)= 1− t Å∗+O(ε), (5B.3b)

where 9̊0(x)=90(0, x), I? is defined in (2B.2), and Å∗> 0 is the data-size parameter from Definition 3.1.
Moreover, the following implications hold for (t, x) ∈ [0, T(Boot))×R3:

I(t, x)≤ 1
4 min{1, Å∗} =⇒

90(t, x)
I(t, x)

≥ 1, (5B.4a)

I(t, x)≤ 1
4 =⇒ 90(t, x)≥ 1

4 Å∗. (5B.4b)

Finally, the following implications hold for (t, x) ∈ [0, T(Boot))×R3:

9(t, x)≤ 0 =⇒ I(t, x)≥ 1−Cε and 9(t, x)≤ 0 =⇒
90(t, x)
I(t, x)

≥−
3
8 . (5B.5)

Remark 5.3 (improvement of a bootstrap assumption). Note in particular that the estimate (5B.4b)
provides a strict improvement of the bootstrap assumption (3B.4).

Remark 5.4 (the significance of (5B.5)). Note that (5B.5) is a strict improvement of the bootstrap
assumption (3B.3) and that (5B.5) implies that− 3

8 ≤ ∂t8(t, x) for (t, x)∈ [0, T(Boot))×R3. In view of the
assumption (2A.1) for W , we conclude that on (t, x) ∈ [0, T(Boot))×R3, the wave speed {W (I−190)}

1/2

is positive and uniformly bounded from above by a positive constant. In the rest of article, we often
silently use this fact. Note, however, that from (2A.4) with k = 0, it follows that the wave speed vanishes
when ∂t8→∞.

Proof. From (2B.1) and the estimate (5B.1), we deduce ∂tI(t, x)=−9̊0(x)+O(ε). Integrating in time
and using the initial condition (2B.1), we find that I(t, x)= 1− t9̊0(x)+O(ε), which is (5B.3a).

Equation (5B.3b) follows as a simple consequence of (5B.3a) and definitions (2B.2) and (3A.2).
To prove (5B.4a), we first consider the case Å∗ ≥ 1. From (5B.3a) and (5B.1), we deduce that

I(t, x)= 1− t90(t, x)+O(ε). It follows that if I(t, x)≤ 1
4 , then t90(t, x)≥ 1

2 . Since 0≤ t ≤ 2 Å−1
∗
≤ 2,

we deduce that 90(t, x)/I(t, x)≥ 1, which is the desired conclusion. Next, we consider the case Å∗ < 1.
Using (5B.3a) and (5B.1), we deduce that I(t, x)= 1− t90(t, x)+O(ε). It follows that if I(t, x)≤ 1

4 Å∗,
then t90(t, x)≥ 1− 1

2 Å∗. Since 0≤ t ≤ 2 Å−1
∗

, we deduce that

90(t, x)
I(t, x)

≥ 2
{
1− 1

2 Å∗
}
= 2− Å∗,

which, in view of our assumption Å∗ < 1, is > 1. This completes our proof of (5B.4a).
The implication (5B.4b) can be proved using arguments similar to the ones that we used to prove

(5B.4a), and we therefore omit the details.
Next, we note that when90(t, x)≤ 0, the estimate I(t, x)= 1−t90(t, x)+O(ε) proved above implies

that I(t, x)≥ 1−Cε, which yields the first implication stated in (5B.5). To obtain the second implication
stated in (5B.5), we use the first implication and the estimate (5B.2). �
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In the next lemma, we derive some simple pointwise estimates showing that the spatial derivatives of
I up to top order can be controlled in terms of the spatial derivatives of {9a}a=1,2,3.

Lemma 5.5 (estimates for the derivatives of the integrating factor). Under the data-size assumptions of
Section 3A, the bootstrap assumptions of Section 3B, and the smallness assumptions of Section 3C, the
following pointwise estimates hold for (t, x) ∈ [0, T(Boot))×R3:

|∇I|.
3∑

a=1

|9a| +

3∑
a=1

|9̊a|. (5B.6a)

Moreover, for 2≤ k ≤ 6, the following estimate holds:

|∇
kI|.

3∑
a=1

|∇
[1,k−1]9a| +

3∑
a=1

|∇
[1,k−1]9̊a| + ε

3∑
a=1

|9̊a|. (5B.6b)

Finally, the following estimate holds for t ∈ [0, T(Boot)):

‖∇
[1,3]I‖L∞(6t ) . ε. (5B.7)

Proof. The estimate (5B.6a) is straightforward consequence of (2B.4) and the bootstrap assumptions.
Similarly, the estimate (5B.6b) is straightforward to derive via induction in k with the help of (2B.4), the
bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1). Inequality (5B.7) then follows
from (5B.6a)–(5B.6b), the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1). �

5C. Pointwise estimates involving the weight. In the next lemma, we derive precise pointwise estimates
for quantities that involve the weight function W . The detailed information is important for closing
the energy estimates and for showing that the spatial derivatives of W = W (∂t8) = W (I−190) are
controllable. Some of the analysis is delicate in that ∂t8 and its derivatives are allowed to be arbitrarily
large (i.e., the estimates hold uniformly, arbitrarily close to the singularity).

Lemma 5.6 (pointwise estimates involving the weight W ). Let 1
{0<I≤(1/4)min{1, Å∗}} be the characteristic

function of the spacetime subset
{
(t, x)

∣∣ 0< I(t, x)≤ 1
4 min{1, Å∗}

}
. Under the data-size assumptions

of Section 3A, the bootstrap assumptions of Section 3B, and the smallness assumptions of Section 3C, the
following pointwise estimates hold for (t, x) ∈ [0, T(Boot))×R3:

W (I−190). 1, (5C.1a)

|∇{W (I−190)}|. ε1{0<I≤(1/4)min{1, Å∗}}{I
−2
|W ′(I−190)|}

1/2
+ ε{W (I−190)}

1/2 (5C.1b)

. ε. (5C.1c)

In addition, for 2≤ k ≤ 5, the following estimates hold:

|∇
k
{W (I−190)}|. |∇

[1,k]90| +

3∑
a=1

|∇
≤k−19a| +

3∑
a=1

|∇
≤k−19̊a|. (5C.2)
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Furthermore, the following estimates hold:

I−1W (I−190). 1
{0<I≤(1/4)min{1, Å∗}}{I

−2
|W ′(I−190)|}

1/2
+{W (I−190)}

1/2 (5C.3a)

. 1. (5C.3b)

Moreover, for 1≤ k ≤ 5, the following estimates hold:

|∇
k
{I−1W (I−190)}|. |∇

[1,k]90| +

3∑
a=1

|∇
≤k−19a| +

3∑
a=1

|∇
≤k−19̊a|. (5C.4)

Finally, for 0≤ P ≤ 2, the following estimates hold:∣∣I−2W ′(I−190)+ 1
{0<I≤(1/4)min{1, Å∗}}I

−2
|W ′(I−190)|

∣∣.W (I−190), (5C.5a)

|I−PW ′(I−190)|. 1. (5C.5b)

Proof. Throughout this proof, we set

y = y(t, x) :=
90(t, x)
I(t, x)

.

Also, we silently use the observations of Remark 5.4.

Proof of (5C.1a): This bound is a trivial consequence of our assumption (2A.4) on W .

Proof of (5C.1b) and (5C.1c): We first prove (5C.1b) at spacetime points (t, x) such that I(t, x) >
1
4 min{1, Å∗}. This is the easy case because I−1 < 4 max{1, Å−1

∗
} ≤ C , and we therefore do not have to

concern ourselves with the possibility of small denominators. Specifically, using the identity (2B.4), the
bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions of Section 2A, we deduce
that when I(t, x) > 1

4 min{1, Å∗}, we have

|∇{W (I−190)}|. |∇90| +

3∑
a=1

|9a| +

3∑
a=1

|9̊a|. ε. (5C.6)

Next, we use the bootstrap assumptions and the assumptions of Section 2A on W , including the uniform
positivity and boundedness of W (y) on intervals of the form y ∈

[
−

3
8 ,C

]
, to obtain

1
{I>(1/4)min{1, Å∗}} . W (I−190). {W (I−190)}

1/2.

It follows that the right-hand side of (5C.6) is . the second term on the right-hand side of (5C.1b) as
desired.

We now prove (5C.1b) at points (t, x) such that 0< I(t, x)≤ 1
4 min{1, Å∗}. Along the way, we will

prove some additional estimates that we will use later on. We start by defining the following weighted
differential operator, which acts on functions f = f (y): DY f := y2 d

dy f . Note that the chain rule implies

∇W (y)=−DY W (y)∇(y−1). (5C.7)
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We therefore inductively deduce that, for 1≤ k ≤ 5, we have

|∇
kW (y)|.

k∑
n=1

|Dn
Y W (y)|

{ ∑
∑n

i=1 ki=k
ki≥1

n∏
i=1

|∇
ki (y−1)|

}
. (5C.8)

The case k = 1 in (5C.8) yields |∇W (I−190)| . (I−190)
2
|W ′(I−190)||∇{I9−1

0 }|. Also using the
identity (2B.4), the bootstrap assumptions, the data-size assumptions (3A.1a), (3C.1), the assumptions of
Section 2A, and the crucially important estimate (5B.4b) (which implies that 9−1

0 . 1), we deduce that
when I(t, x)≤ 1

4 min{1, Å∗}, we have |∇{I9−1
0 }|. ε and thus

|∇W (I−190)|. ε(I−190)
2
|W ′(I−190)|. ε{(I−190)

2
|W ′(I−190)|}

1/2

. ε{I−2
|W ′(I−190)|}

1/2, (5C.9)

which is . the first term on the right-hand side of (5C.1b) as desired. This finishes the proof of (5C.1b).
We clarify that to derive the next-to-last inequality in (5C.9), in which we bounded (I−190)

2
|W ′(I−190)|

by its square root, we used (2A.4) to deduce y2
|W ′(y)|. 1.

We now prove (5C.1c). From Remark 5.4, the assumptions of Section 2A on W , and (5B.4b), we
deduce that

1
{0<I≤(1/4)min{1, Å∗}}{I

−2
|W ′(I−190)|}

1/2 . 1
{0<I≤(1/4)min{1, Å∗}}{(I

−292
0 )|W

′(I−190)|}
1/2

. 1 (5C.10)

and that {W (I−190)}
1/2 . 1. That is, the non-ε factors on the right-hand side of (5C.1b) are . 1. This

yields (5C.1c).

Proof of (5C.2): The proof is similar to that of (5C.1b), but slightly simpler. Note that k ∈ [2, 5] by
assumption in this estimate. We first prove the estimate at points (t, x) such that I(t, x) > 1

4 min{1, Å∗}.
This is the easy case because I−1 < 4 max{1, Å−1

∗
} ≤ C , and we therefore do not have to concern

ourselves with the possibility of small denominators. Specifically, using the identity (2B.4), the bootstrap
assumptions, the data-size assumptions (3A.1a), (3C.1), and the assumptions of Section 2A, we deduce
that when I(t, x) > 1

4 min{1, Å∗}, we have

|∇
k
{W (I−190)}|. |∇

[1,k]90| +

3∑
a=1

|∇
≤k−19a| +

3∑
a=1

|∇
≤k−19̊a|, (5C.11)

which is . the right-hand side of (5C.2) as desired.
It remains for us to prove (5C.2) at points (t, x) such that 0< I(t, x)≤ 1

4 min{1, Å∗}. Note that the
estimate (5C.8) holds and that by (2A.4) and Remark 5.4, we have the following bound26 for the factors
of Dn

Y W (y) on the right-hand side of (5C.8): |Dn
Y W (y)| . 1. From this bound, (5C.8), the bootstrap

assumptions, and the data-size assumptions (3A.1a), we see that the desired bound (5C.2) will follow

26In obtaining this bound, it is helpful to note that DY f =− d
dz f , where z := 1/y.
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once we show that the following bound holds when 2≤ k ≤ 5 and I(t, x)≤ 1
4 min{1, Å∗}:

|∇
k(y−1)|. |∇[1,k]90| +

3∑
a=1

|∇
≤k−19a| +

3∑
a=1

|∇
≤k−19̊a|. (5C.12)

To prove (5C.12), we first note that (5B.4b) implies that 1.90(t, x) in the present context. Thus, the
left-hand side of (5C.11), which is equal to |∇k(I/90)|, is the k-th derivative of a ratio with a denominator
uniformly bounded from below away from 0, and the desired estimate (5C.2) follows as a straightforward
consequence of the identity (2B.4), the data-size assumptions (3A.1a), and the bootstrap assumptions.

Proof of (5C.3a), (5C.3b), and (5C.4): These estimates can be proved using arguments similar to the ones
we used to prove (5C.1b) and (5C.2), based on separately considering the cases I(t, x)> 1

4 min{1, Å∗} and
0< I(t, x)≤ 1

4 min{1, Å∗} and using the assumptions of Section 2A. We omit the details, noting only that
we can write I−1W (I−190)=9

−1
0 yW (y) and that the assumptions of Section 2A (especially (2A.5)),

(5B.4a), (5B.4b), and Remark 5.4 imply that we have the following key estimates, relevant for the more
difficult case 0< I(t, x)≤ 1

4 min{1, Å∗}:

1
{0<I≤(1/4)min{1, Å∗}}{9

−1
0 yW (y)}. 1

{0<I≤(1/4)min{1, Å∗}}{y
2
|W ′(y)|}1/2

. 1
{0<I≤(1/4)min{1, Å∗}}{I

−2
|W ′(y)|}1/2 (5C.13)

and, for n ≤ 5, |Dn
Y (yW (y))|. 1 (footnote 26 is also relevant for obtaining this latter bound).

Proof of (5C.5a): We first note that by (2A.6) and (5B.4a), we have W ′(I−190) < 0 at points (t, x) such
that I(t, x)≤ 1

4 min{1, Å∗}. From this fact and the identity 1= 1
{I>(1/4)min{1, Å∗}}+ 1

{0<I≤(1/4)min{1, Å∗}},
it follows that

LHS (5C.5a)= |1
{I>(1/4)min{1, Å∗}}I

−2W ′(I−190)|

. 1
{I>(1/4)min{1, Å∗}}|W

′(I−190)|. (5C.14)

Also using the bound |W ′(y)|. 1, which is a simple consequence of (2A.4), we find that the left-hand side
of (5C.5a) is . 1

{I>(1/4)min{1, Å∗}}. Next, we recall the estimate 1
{I>(1/4)min{1, Å∗}} .W (I−190) that we

derived in our proof of (5C.1b). Combining the above estimates, we conclude the desired bound (5C.5a).

Proof of (5C.5b): We first prove (5C.5b) at points (t, x) such that I(t, x) > 1
4 min{1, Å∗}. Using the

bootstrap assumptions and the assumptions of Section 2A on W , we deduce, in view of Remark 5.4, that
|I−PW ′(I−190)|. |W ′(I−190)|. 1 as desired.

It remains for us to prove (5C.5b) at points (t, x) such that 0< I(t, x)≤ 1
4 min{1, Å∗}. Using (5B.4b),

we see that 1.90(t, x) at such points, and it follows that |I−PW ′(I−190)|. |{I−190}
PW ′(I−190)|.

Using the assumptions of Section 2A on W and the assumption P ∈ [0, 2], we deduce, in view of
Remark 5.4, that the right-hand side of the previous expression is . 1 as desired. This finishes the proof
of (5C.5b) and completes the proof of the lemma. �

5D. Pointwise estimates for the inhomogeneous terms in the commuted evolution equations. With the
estimates of Lemma 5.6 in hand, we are now ready to derive pointwise estimates for the inhomogeneous
terms in the ∇k-commuted evolution equations.
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Lemma 5.7 (pointwise estimates for the inhomogeneous terms in the ∇k-commuted evolution equations).
Let I be as in Definition 2.1, and let {9α}α=0,1,2,3 be a solution to the system (2B.6a)–(2B.6b). Consider
the following inhomogeneous PDE system,27 obtained by commuting (2B.6a)–(2B.6b) with ∇k :

∂t∇
k90 = W (I−190)

3∑
a=1

∂a∇
k9a + F (k)0 , (5D.1a)

∂t∇
k9i = ∂i∇

k90+ F (k)i . (5D.1b)

Under the data-size assumptions of Section 3A, the bootstrap assumptions of Section 3B, and the smallness
assumptions of Section 3C, for k = 2, 3, 4, 5 and (t, x) ∈ [0, T(Boot))×R3, the following estimate holds:

|F (k)0 |. ε|∇
[2,k]90| + ε1{0<I≤(1/4)min{1, Å∗}}

3∑
a=1

{I−2
|W ′(I−190)|}

1/2
|∇

k9a|

+ ε

3∑
a=1

{W (I−190)}
1/2
|∇

k9a| +

3∑
a=1

|∇
[1,k−1]9a| + ε

2
3∑

a=1

|9a| +

3∑
a=1

|∇
≤k9̊a|. (5D.2)

Moreover, for k = 0, 1, 2, 3, 4, the following estimate holds:

|F (k)0 |. ε|∇
[2,k]90|︸ ︷︷ ︸

absent if k ≤ 1

+

3∑
a=1

|∇
[1,k]9a|︸ ︷︷ ︸

absent if k = 0

+ ε2
3∑

a=1

|9a|︸ ︷︷ ︸
absent if k = 0

+ ε

3∑
a=1

|9a|︸ ︷︷ ︸
absent if k ≥ 1

+

3∑
a=1

|∇
≤k9̊a|. (5D.3)

Finally, for k = 0, 1, 2, 3, 4, 5, the following estimate holds:
3∑

a=1

|F (k)a |. ε|∇[2,k]90|︸ ︷︷ ︸
absent if k = 0, 1

+

3∑
a=1

|∇
≤k9̊a|. (5D.4)

Proof. The estimate (5D.4) follows in a straightforward fashion from commuting (2B.6b) with ∇k and
using the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1).

To prove (5D.2), we first commute (2B.6a) with ∇k to obtain (5D.1a). The only products in F (k)0 that are
difficult to bound are those that feature a factor in which k total derivatives fall on9a , specifically the prod-
ucts

∑3
a=1{∇[W (I−190)]}∂a∇

k−19a ,
∑3

a=1 I
−1W (I−190)9a∇

k9a , and
∑3

a=1 W (I−190)9̊a∇
k9a .

To bound the first of these, we use the estimate (5C.1b), which implies that the product is bounded by the
sum of the second and third terms on the right-hand side of (5D.2) as desired. To handle the second and
third products, we use (5C.1a), (5C.3a), the bootstrap assumptions, the data-size assumptions (3A.1a),
and (3C.1) to bound them in magnitude by

. ε1
{0<I≤(1/4)min{1, Å∗}}

3∑
a=1

{I−2
|W ′(I−190)|}

1/2
|∇

k9a| + ε

3∑
a=1

{W (I−190)}
1/2
|∇

k9a|,

which is in turn bounded by the sum of the second and third terms on the right-hand side of (5D.2) as
desired. The remaining terms in F (k)0 feature ≤ k− 1 derivatives of 9a . These terms can easily seen to

27We do not bother to state the precise form of the inhomogeneous terms F(k)α here.
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be . the right-hand side of (5D.2) with the help of the estimates (5C.1a), (5C.1c), (5C.2), (5C.3b), and
(5C.4), the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1).

The estimate (5D.3) is easier to prove and can be obtained in a similar fashion with the help of the
estimates (5C.1a), (5C.1c), (5C.2), (5C.3b), (5C.4), the bootstrap assumptions, the data-size assumptions
(3A.1a), and (3C.1). �

5E. The main a priori estimates. We now derive the main result of this section: a priori estimates that
hold up to top order and that in particular yield a strict improvement of the bootstrap assumptions. These
are the main ingredients in the proof of our main theorem.

Proposition 5.8 (the main a priori estimates). Let I be the integrating factor from Definition 2.1, and let
1
{0<I≤(1/4)min{1, Å∗}} be the characteristic function of the spacetime subset{

(t, x)
∣∣ 0< I(t, x)≤ 1

4 min{1, Å∗}
}
.

There exists a constant C > 0 such that under the data-size assumptions of Section 3A, the bootstrap
assumptions of Section 3B, and the smallness assumptions of Section 3C, for solutions {9α}α=0,1,2,3 to the
system (2B.6a)–(2B.6b), the L2-controlling quantity Q(ε̊) of Definition 4.2 satisfies the following estimate
for t ∈ [0, T(Boot)):

Q(ε̊)(t)+ 1
20 Å2
∗

5∑
k=2

3∑
a=1

∫ t

s=0

∫
6s

1
{0<I≤(1/4)min{1, Å∗}}I

−2
|W ′(I−190)||∇

k9a|
2 dx ds ≤ C ε̊2. (5E.1)

In addition the following estimates hold for t ∈ [0, T(Boot)) and i = 1, 2, 3:

ε̊‖∂t90‖
2
L2(6t )

+‖∇∂t90‖
2
H3(6t )

≤ C ε̊2, (5E.2a)

ε̊3
‖∂t9i‖

2
L2(6t )

+‖∇∂t9i‖
2
H3(6t )

≤ C ε̊2. (5E.2b)

Moreover, I satisfies the following estimate for t ∈ [0, T(Boot)):

ε̊3
‖∇I‖2L2(6t )

+‖∇
[2,5]I‖2L2(6t )

+

∫ t

s=0

∫
6s

1
{0<I≤(1/4)min{1, Å∗}}I

−2
|W ′(I−190)||∇

6I|2 dx ds ≤ C ε̊2. (5E.3)

Finally, we have the following estimates for t ∈[0, T(Boot)), which in particular yield strict improvements
of the bootstrap assumptions (3B.5a)–(3B.5d) whenever C ε̊ < ε:

‖90‖L∞(6t ) ≤ Å+C ε̊, (5E.4a)

‖∇
[1,3]90‖L∞(6t ) ≤ C ε̊, (5E.4b)

‖∇
≤29i‖L∞(6t ) ≤ C ε̊, (5E.4c)

‖I‖L∞(6t ) ≤ 1+ 2 Å−1
∗

Å+C ε̊, (5E.4d)

‖∇
[1,3]I‖L∞(6t ) ≤ C ε̊. (5E.4e)
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Proof. Proof of (5E.1): The main step is to derive the following estimate:

Q(ε̊)(t)+ 1
16 Å2
∗

5∑
k=2

3∑
a=1

∫ t

s=0

∫
6s

1
{0<I≤(1/4)min{1, Å∗}}I

−2
|W ′(I−190)||∇

k9a|
2 dx ds

≤ C ε̊2
+Cε

5∑
k=2

3∑
a=1

∫ t

s=0

∫
6s

1
{0<I≤(1/4)min{1, Å∗}}I

−2
|W ′(I−190)||∇

k9a|
2 dx ds

+C
∫ t

s=0
Q(ε̊)(s) ds. (5E.5)

Once we have shown (5E.5), we can absorb the second term on the right-hand side of (5E.5) into the
second term on the left-hand side of (5E.5), which, for ε sufficiently small, at most reduces the coefficient
of 1

16 Å2
∗

in front of the second term on the left to the value of 1
20 Å2
∗
, as is stated on the left-hand side of

(5E.1). We then use Gronwall’s inequality and the assumption 0< t < T(Boot) ≤ 2 Å−1
∗

to conclude that
the left-hand side of (5E.1) is ≤ C exp(Ct)ε̊2

≤ C exp(C Å−1
∗
)ε̊2
≤ C ε̊2 as desired.

To prove (5E.5), we must bound the terms on the right-hand side of (4C.2). As a first step, we note
the following bound for the first term on the right-hand side of (4C.2): Q(ε̊)(0)≤ C ε̊2, an estimate that
follows as a straightforward consequence of definition (4A.2), the data-size assumptions (3A.1a)–(3A.1c),
the initial condition I|60 = 1 stated in (2B.1), and the assumptions of Section 2A on W .

Next, we treat the spacetime integral on the first line of the right-hand side of (4C.2). Using (5B.4b),
(5C.5a), and the bootstrap assumption (3B.5a) for ‖90‖L∞(6t ), we can express the integral as the negative
integral

−

5∑
k=2

3∑
a=1

∫ t

s=0

∫
6s

1
{0<I≤(1/4)min{1, Å∗}}(I

−190)
2
|W ′(I−190)||∇

k9a|
2 dx ds,

which is bounded from above by the negative “favorable integral”

−
1
16 Å2
∗

5∑
k=2

3∑
a=1

∫ t

s=0

∫
6s

1
{0<I≤(1/4)min{1, Å∗}}I

−2
|W ′(I−190)||∇

k9a|
2 dx ds,

plus an error integral that is bounded in magnitude by

.
5∑

k=2

3∑
a=1

∫ t

s=0

∫
6s

W (I−190)|∇
k9a|

2 dx ds.

We can therefore bring the favorable integral over to the left-hand side of (5E.5), where it appears with a
“+” sign. Moreover, from Definition 4.2, we deduce that the error integral is bounded by the last term on
the right-hand side of (5E.5) as desired.

We now bound the spacetime integrals on lines two to four of the right-hand side of (4C.2). Using
the estimate (5C.5b), the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1), we
deduce that all three integrands are bounded in magnitude by .

∑5
k=2

∑3
a=1 W (I−190)|∇

k9a|
2. From

Definition 4.2, we conclude that the corresponding error integrals are bounded by the last term on the
right-hand side of (5E.5) as desired. Using similar reasoning and Young’s inequality, we bound the last
two spacetime integrals on the right-hand side of (4C.2) by ≤ the right-hand side of (5E.5) as desired.
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We now bound the spacetime integrals on lines five to seven of the right-hand side of (4C.2). Using
the estimates (5C.5a) and (5C.5b), the bootstrap assumptions, the data-size assumptions (3A.1a), (3C.1),
and Young’s inequality, we deduce that all three integrands are bounded in magnitude by

. ε1
{0<I≤(1/4)min{1, Å∗}}

5∑
k=2

3∑
a=1

I−2
|W ′(I−190)||∇

k9a|
2
+ε

5∑
k=2

3∑
a=1

W (I−190)|∇
k9a|

2
+

5∑
k=2

|∇
k90|

2.

Appealing to Definition 4.2, we conclude that the corresponding error integrals are bounded in magnitude
by ≤ the right-hand side of (5E.5) as desired.

We now bound the spacetime integral on line eight of the right-hand side of (4C.2), in which the
integrand is 2

∑4
k=1

∑3
a=1 ∇

k9a · ∂a∇
k90. Using Young’s inequality, we bound this integrand by

. |∇[2,5]90|
2
+
∑3

a=1 |∇
[1,4]9a|

2. From Definition 4.2, we conclude that the integral of the right-hand
side of this expression over the spacetime domain (s, x) ∈ [0, t]×R3 is bounded by the last term on the
right-hand side of (5E.5) as desired.

We now bound the first spacetime integral on line nine of the right-hand side of (4C.2), in which the
integrand is 2

∑5
k=2 ∇

k90 · F
(k)
0 . Using Young’s inequality, (5D.2), and (3C.1), we pointwise bound this

integrand in magnitude by

. |∇[2,5]90|
2
+ ε1

{0<I≤(1/4)min{1, Å∗}}

3∑
a=1

I−2
|W ′(I−190)||∇

[2,5]9a|
2

+

3∑
a=1

W (I−190)|∇
[2,5]9a|

2
+

3∑
a=1

|∇
[1,4]9a|

2
+ ε̊3

3∑
a=1

|9a|
2
+

3∑
a=1

|∇
≤59̊a|

2. (5E.6)

From Definition 4.2 and the data-size assumptions (3A.1a), we conclude that the integral of the right-hand
side of (5E.6) over the spacetime domain (s, x) ∈ [0, t]×R3 is ≤ the right-hand side of (5E.5) as desired.

We now bound the second spacetime integral on line nine of the right-hand side of (4C.2), in which
the integrand is 2

∑5
k=2

∑3
a=1 W (I−190)∇

k9a · F
(k)
a . Using Young’s inequality, (5C.1a), and (5D.4),

we pointwise bound this integrand in magnitude by . |∇[2,5]90|
2
+
∑3

a=1 W (I−190)|∇
[2,5]9a|

2
+∑3

a=1 |∇
≤59̊a|

2. From Definition 4.2 and the data-size assumptions (3A.1a), we conclude that the
integral of the right-hand side of this expression over the spacetime domain (s, x) ∈ [0, t]×R3 is ≤ the
right-hand side of (5E.5) as desired.

We now bound the spacetime integral on line ten of the right-hand side of (4C.2), in which the integrand
is 2

∑4
k=1

∑3
a=1 ∇

k9a · F
(k)
a . Using Young’s inequality and (5D.4), we pointwise bound this integrand in

magnitude by . |∇[2,4]90|
2
+
∑3

a=1 |∇
[1,4]9a|

2
+
∑3

a=1 |∇
≤49̊a|

2. From Definition 4.2 and the data-size
assumptions (3A.1a), we conclude that the integral of the right-hand side of this expression over the
spacetime domain (s, x) ∈ [0, t]×R3 is ≤ the right-hand side of (5E.5) as desired.

We now bound the first spacetime integral on line eleven of the right-hand side of (4C.2), in which the
integrand is 2ε̊3W (I−190)∇90 ·

∑3
a=1 ∂a∇9a . Using the estimate (5C.1a) and Young’s inequality, we

bound this integrand by . ε̊3
|∇90|

2
+
∑3

a=1 |∇
29a|

2. From Definition 4.2, we conclude that the integral
of the right-hand side of this expression over the spacetime domain (s, x) ∈ [0, t]×R3 is bounded by the
last term on the right-hand side of (5E.5) as desired.
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Finally, we bound the second spacetime integral on line eleven of the right-hand side of (4C.2), in
which the integrand is 2ε̊3

∇90 · F
(1)
0 . Using Young’s inequality and (5D.3), we pointwise bound this

integrand in magnitude by

. ε̊3
|∇90|

2
+

3∑
a=1

|∇9a|
2
+ ε̊3

3∑
a=1

|9a|
2
+

3∑
a=1

|∇
≤19̊a|

2. (5E.7)

From Definition 4.2 and the data-size assumptions (3A.1a), we conclude that the integral of the right-hand
side of (5E.7) over the spacetime domain (s, x) ∈ [0, t]×R3 is ≤ the right-hand side of (5E.5) as desired.
This completes our proof of (5E.5) and therefore finishes the proof of (5E.1).

Proof of (5E.4b) and (5E.4c): In view of Definition 4.2, we see that the estimates ‖∇[2,3]90‖L∞(6t ) . ε̊
and ‖∇[1,2]9i‖L∞(6t ) . ε̊ follow from (5E.1) and Sobolev embedding H 2(R3) ↪→ L∞(R3). To bound
‖∇90‖L∞(6t ), we first use (5D.1a), the bootstrap assumptions, the data-size assumptions (3A.1a), the
estimates (5C.1a) and (5D.3), inequality (3C.1), and the already-proven bound ‖∇[1,2]9i‖L∞(6t ) . ε̊ to
obtain |∂t∇90|.ε2

+ε̊+
∑3

a=1 |∇
[1,2]9a|. ε̊. From this bound, the fundamental theorem of calculus, and

the data-size assumptions (3A.1a), we find that |∇90|. ε̊+
∫ t

s=0 ε̊ ds. ε̊. This implies ‖∇90‖L∞(6t ). ε̊,
which completes the proof of (5E.4b). Similarly, from (2B.6b), the bootstrap assumptions, the data-size
assumptions (3A.1a), and the already-proven bound ‖∇90‖L∞(6t ) . ε̊, we deduce

∑3
a=1 |∂t9a| . ε̊.

From this bound, the fundamental theorem of calculus, and the data-size assumption (3A.1a), we find
that

∑3
a=1 |9a|. ε̊, which implies

∑3
a=1 ‖9a‖L∞(6t ) . ε̊, thereby completing the proof of (5E.4c).

Proof of (5E.4a): We first use (2B.6a), the estimates (5C.1a) and (5C.3b), the bootstrap assumptions, the
data-size assumptions (3A.1a), and the already-proven bound ‖∇≤19i‖L∞(6t ) . ε̊ to obtain |∂t90|. ε̊.
From this bound, the fundamental theorem of calculus, the data-size assumption (3A.1b), and the fact that
0< t ≤ 2 Å−1

∗
, we find that ‖90‖L∞(6t ) ≤‖9̊0‖L∞(60)+C ε̊ ≤ Å+C ε̊, which is the desired bound (5E.4a).

Proof of (5E.4d) and (5E.4e): We repeat the proof of (5B.3a), but using the bootstrap assumption (3B.5d)
and the estimates (5E.4a)–(5E.4c) instead of using the full set of bootstrap assumptions. We find that
I(t, x)= 1− t9̊0(x)+O(ε̊). From this estimate, the fact that 0< t < 2 Å−1

∗
, and the data-size assumption

(3A.1b), we conclude the desired bound (5E.4d). Similarly, to prove (5E.4e), we repeat the proof of
(5B.7), but using the estimates (5E.4a)–(5E.4d) instead of the bootstrap assumptions.

Proof of (5E.3): The estimate (5E.3) follows as a straightforward consequence of the pointwise estimates
(5B.6a)–(5B.6b), the weight estimate (5C.5b), the energy estimate (5E.1), and the data-size assumptions
(3A.1a).

Proof of (5E.2a) and (5E.2b): To prove (5E.2a), we first use (5D.1a) and the estimate (5C.1a) to deduce
that

ε̊‖∂t90‖
2
L2(6t )

+‖∇∂t90‖
2
H3(6t )

.
5∑

k=2

3∑
a=1

‖{W (I−190)}
1/2
∇

k9a‖
2
L2(6t )

+

3∑
a=1

‖∇9a‖
2
L2(6t )

+ ε̊‖F (0)0 ‖
2
L2(6t )

+

4∑
k=1

‖F (k)0 ‖
2
L2(6t )

. (5E.8)
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Next, we recall that the already-proven estimates (5E.4a)–(5E.4d) imply that the bootstrap assumptions
(3B.5a)–(3B.5d) hold with C ε̊ in place of ε. It follows that the pointwise estimate (5D.3) holds with C ε̊
in place of ε. From this fact, Definition 4.2, the energy estimate (5E.1), and the data-size assumptions
(3A.1a), we deduce that the right-hand side of (5E.8) is . ε̊2, which is the desired bound (5E.2a).

The estimate (5E.2b) can be proved using similar arguments based on the evolution equation (5D.1b)
and the pointwise estimate (5D.4), and we omit the details. �

6. Local well-posedness and continuation criteria

In this section, we provide a proposition that yields standard well-posedness results and continuation
criteria pertaining to the quantities {∂α8}α=0,1,2,3, I, and {9α}α=0,1,2,3.

Proposition 6.1. Let N ≥ 3 be an integer and let (∂t8|60, ∂18|60, ∂28|60, ∂38|60)= (9̊0, 9̊1, 9̊2, 9̊3)

be initial data for the wave equation (1B.1a) satisfying 9̊α ∈ H N (R3), α=0, 1, 2, 3, and with ∂i 9̊ j = ∂ j 9̊i

for i, j = 1, 2, 3 (see Remark 1.1). Let H :=
(
−

1
2 ,∞

)
denote the regime of hyperbolicity, and note that

the following holds: (1B.1a) is a nondegenerate28 wave equation at points (t, x) such that ∂t8(t, x) ∈H
(see (2A.1) for justification of this assertion). Assume that 9̊0(R

3) is contained in a compact subset K
of H. Let I, I?, and {9α}α=0,1,2,3 be the quantities defined in Definitions 2.1 and 2.3. Then there exist a
compact set K′ of H containing K in its interior and a time T > 0, depending on K and

∑3
α=0 ‖9̊α‖H N ,

such that a unique29 classical solution to (1B.1a) exists on [0, T )×R3, such that ∂t8([0, T )×R3)⊂ K′,
and such that the following regularity properties hold for α = 0, 1, 2, 3:

∂α8 ∈ C([0, T ), H N ). (6.1)

In addition, the solution depends continuously on the data.
Let T(Lifespan) be the supremum of all times T > 0 such that the classical solution to (1B.1a) exists on
[0, T )×R3 and satisfies the above properties. Then either T(Lifespan) =∞, or T(Lifespan) <∞ and one of
the following two breakdown scenarios must occur:

(1) There exists a sequence of points {(tn, xn)}
∞

n=1 ⊂ [0, T(Lifespan))×R3 such that ∂t8(tn, xn) escapes
every compact subset of H as n→∞.

(2) limt↑T(Lifespan) sups∈[0,t)
∑3

α=0 ‖∂α∂t8‖L∞(6s) =∞.

Moreover, on [0, T(Lifespan))×R3, I and {9α}α=0,1,2,3 are classical solutions to (2B.1) and (2B.6a)–
(2B.6b) such that

I − 1 ∈ C([0, T(Lifespan)), H N+1(R3)), 9α ∈ C([0, T(Lifespan)), H N (R3)). (6.2)

Finally, the quantity I? defined in (2B.2) satisfies the following estimates:

0< I?(t) <∞ for t ∈ [0, T(Lifespan)). (6.3)
28By nondegenerate, we mean that relative to the Cartesian coordinates, the 4× 4 matrix of components gαβ has signature

(−,+,+,+), where g := −dt2
+ 1/(W (∂t8))

∑3
a=1(dxa)2 is the metric corresponding to (1B.1a).

29More precisely, 8 is uniquely determined only up to a constant when only its first derivatives along 60 are prescribed; see
Remark 1.1.
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Proof. The statements concerning 8 are standard and can be proved using the ideas found, for example,
in [Speck 2008].

Next, we note that the evolution equation plus the initial condition for I stated in (2B.1), the fact that
I(t, · )− 1 is compactly supported in space (see Remark 3.3), and the fact that

∂t8 ∈ C([0, T(Lifespan)), H N (R3))⊂ C([0, T(Lifespan)),C1(R3))

(i.e., (6.1)) can be used to deduce (6.3). Similarly, from (2B.1), the identity (2B.4), the definition
9α := I∂α8 (see Definition 2.3), (6.1), and the standard Sobolev–Moser calculus, it is straightforward to
deduce (6.2). �

7. The main theorem

In this section, we state and prove our main stable blowup-result.

Theorem 7.1 (stable ODE-type blowup). Assume that the weight function W appearing in the wave
equation (1B.1a) satisfies the assumptions stated in Section 2A. Consider compactly supported initial data
(∂t8|60, ∂18|60, ∂28|60, ∂38|60)= (9̊0, 9̊1, 9̊2, 9̊3) for the wave equation (1B.1a) with ∂i 9̊ j = ∂ j 9̊i

for i, j = 1, 2, 3 (see Remark 1.1) that satisfy the data-size assumptions (3A.1a)–(3A.1c) involving the
parameters ε̊ and Å, and let Å∗ be the data-size parameter defined in (3A.2). Let I, I?, and {9α}α=0,1,2,3

be the quantities defined in Definitions 2.1 and 2.3. We define

T(Lifespan) := sup{t > 0 | {∂α8}α=0,1,2,3 exist classically on [0, t)×R3
}. (7.1)

If ε̊ > 0, Å > 0, and Å∗ > 0, and if ε̊ is small relative to Å−1 and Å∗ in the sense explained in Section 3C,
then the following conclusions hold.

• Characterization of the solution’s classical lifespan: The solution’s classical lifespan is characterized
by I? as follows:

T(Lifespan) = sup
{
t > 0

∣∣ inf
s∈[0,t)

I?(s) > 0
}
. (7.2)

Moreover,
I(t, x) > 0 for (t, x) ∈ [0, T(Lifespan))×R3, (7.3a)

lim
t↑T(Lifespan)

I?(t)= 0. (7.3b)

In addition, the following estimate holds:

T(Lifespan) = Å−1
∗
{1+O(ε̊)}. (7.4)

• Regularity properties of 9α and I on [0, T(Lifespan))×R3: On the slab [0, T(Lifespan))×R3, the solution
satisfies the energy bounds (5E.1)–(5E.3), the L∞ estimates (5E.4a)–(5E.4e), (5B.1)–(5B.2), and (5B.3a)–
(5B.5) (with C ε̊ on the right-hand side in place of ε in these equations). Moreover, {9α}α=0,1,2,3 and I
enjoy the following regularity:

90 ∈ C([0, T(Lifespan)), H 5(R3))∩ L∞([0, T(Lifespan)), H 5(R3)), (7.5a)

9i ∈ C([0, T(Lifespan)), H 5(R3))∩ L∞([0, T(Lifespan)), H 4(R3)), (7.5b)

I − 1 ∈ C([0, T(Lifespan)), H 6(R3))∩ L∞([0, T(Lifespan)), H 5(R3)). (7.5c)



STABLE ODE-TYPE BLOWUP FOR SOME QUASILINEAR WAVE EQUATIONS 139

• Regularity properties of 9α and I on [0, T(Lifespan)]×R3: 9α and I do not blow up at time T(Lifespan),
but rather continuously extend to [0, T(Lifespan)] × R3 as functions that enjoy the following regularity,
where N is any real number with N < 5:

90 ∈ L∞([0, T(Lifespan)], H 5(R3))∩C([0, T(Lifespan)], H N (R3)), (7.6a)

9i ∈ C([0, T(Lifespan)], H 4(R3)), (7.6b)

I − 1 ∈ C([0, T(Lifespan)], H 5(R3)). (7.6c)

• Description of the vanishing of I and the blowup of ∂t8: For (t, x) ∈ [0, T(Lifespan))×R3, we have

I(t, x)≤ 1
4 =⇒ ∂t8(t, x)≥

Å∗
4I(t, x)

. (7.7)

Let

6
Blowup
T(Lifespan)

:= {(T(Lifespan), x) | I(T(Lifespan), x)= 0}. (7.8)

Then if (T(Lifespan), x) ∈6Blowup
T(Lifespan)

, we have30

lim
t↑T(Lifespan)

∂t8(t, x)=∞. (7.9)

Finally, if (T(Lifespan), x) /∈ 6Blowup
T(Lifespan)

, then there exists an open ball Bx ⊂ R3 centered at x such that,
for α = 0, 1, 2, 3, we have ∂α8 ∈ C([0, T(Lifespan)], H 5(Bx)).

Proof. Let C∗ > 1 be a constant; we will enlarge C∗ as needed throughout the proof. Let T(Max) be the
supremum of the set of real numbers T with 0≤ T ≤ 2 Å−1

∗
such that the following properties hold:

• {∂α8}α=0,1,2,3 is a classical solution to (1B.1a) on [0, T )×R3 (see Remark 1.1) satisfying the properties
stated in Proposition 6.1 (with N = 5 in the proposition).

• I is a classical solution to (2B.1) on [0, T )×R3 satisfying the properties stated in Proposition 6.1 (with
N = 5 in the proposition).

• {9α}α=0,1,2,3 are classical solutions to (2B.6a)–(2B.6b) for (t, x) ∈ [0, T )×R3 such that the properties
stated in Proposition 6.1 hold (with N = 5 in the proposition).

• The bootstrap assumptions (3B.3) and (3B.4) hold for (t, x) ∈ [0, T )×R3.

• The L∞ bootstrap assumptions (3B.5a)–(3B.5d) hold for t ∈ [0, T ) with ε := C∗ε̊.

• inf{I?(t) | t ∈ [0, T )} > 0, where I? is defined in (2B.2). Note that this implies that the bootstrap
assumption (3B.2) holds for t ∈ [0, T ).

Throughout the rest of the proof, we will assume that ε̊ is sufficiently small and that C∗ is sufficiently
large without explicitly mentioning it every time. Next, we note that the hypotheses of Proposition 6.1
hold with N = 5. Hence, by Proposition 6.1 and Sobolev embedding, we have T(Max) > 0.

30See also Remark 1.5 concerning the blowup of 8 itself, if initial data for 8 itself are prescribed.
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We will now show that T(Max) = T(Lifespan), where T(Lifespan) is defined by (7.1). We first note that
clearly, T(Max) ≤ T(Lifespan). To proceed, we assume for the sake of deriving a contradiction that

inf
s∈[0,T(Max))

I?(s) > 0. (7.10)

Then, in view of Definitions 2.1 and 2.3, (2B.6a)–(2B.6b), the bootstrap assumptions, the assumptions of
Section 2A on W , the data-size assumptions (3A.1a), and (3C.1), we see that (7.10) implies

lim
t↑T(Max)

sup
s∈[0,t)

{
‖∂t8‖L∞(6s)+

3∑
α=0

‖∂α∂t8‖L∞(6s)

}
<∞.

Also taking into account Remark 5.4, we see that neither of the two breakdown scenarios of Proposition 6.1
occur on [0, T(Max)) × R3. Moreover, by Proposition 5.8, if C∗ is large enough, then the bootstrap
assumption inequalities (3B.5a)–(3B.5d) hold in a strict sense (that is, with “≤” replaced by “<”) on
[0, T(Max))×R3. Moreover, all estimates proved prior to Proposition 5.8 hold with ε replaced by C ε̊,
and we will use this fact in the rest of the proof without mentioning it again. Furthermore, (5B.5)
and (5B.4b) respectively yield strict improvements of the bootstrap assumptions (3B.3) and (3B.4) for
(t, x) ∈ [0, T(Max)) × R3. Next, we note that the estimate (5B.3b) implies that I?(t) cannot remain
positive for t larger than Å−1

∗
{1+O(ε̊)}. From this fact, it follows that T(Max) < 2 Å−1

∗
. Combining these

facts and appealing to Proposition 6.1, we deduce that {∂α8}α=0,1,2,3, {9α}α=0,1,2,3, and I extend as
classical solutions to a region of the form [0, T(Max)+1)×R3 for some 1> 0 with T(Max)+1< 2 Å−1

∗

(on which these variables enjoy the regularity properties guaranteed by Proposition 6.1), such that
infs∈[0,T(Max)+1) I?(s) > 0, and such that the bootstrap assumptions (3B.3)–(3B.5d) hold for (t, x) ∈
[0, T(Max)+1)×R3. In total, this contradicts the definition of T(Max). Therefore, (7.10) is impossible,
and it follows that

T(Max) = sup
{
t > 0

∣∣ inf
s∈[0,t)

I?(s) > 0
}
, (7.11)

that

inf
s∈[0,T(Max))

I?(s)= 0, (7.12)

and that the estimates (5E.1)–(5E.3) and (5E.4a)–(5E.4e) hold for t ∈ [0, T(Max)).
Next, we note that the estimate (7.7) follows from (5B.4b). Then, using (7.7) and (7.12), we see that

limt↑T(Max) sups∈[0,t) ‖∂t8‖L∞(6s)=∞, that is, that ∂t8 blows up at time T(Max). We have therefore shown
that T(Max) = T(Lifespan) and that T(Lifespan) is characterized by (7.2). Moreover, from the estimate (5B.3b),
we find that I? vanishes for the first time at T(Lifespan)= Å−1

∗
{1+O(ε̊)}, which in total yields (7.3a) and (7.4).

In the rest of this proof, we sometimes silently use that 90 ∈ L∞([0, T(Lifespan)), L2(R3)) and I − 1 ∈
L∞([0, T(Lifespan)), L2(R3)). These facts do not follow from the energy estimates (5E.1) and (5E.3),
but instead follow from (5E.4a), (5E.4d), and the compactly supported (in space) nature of 90 and
I − 1. Next, we easily conclude from the definition (4A.2) of Q(ε̊)(t) and the fact that the esti-
mate (5E.1) holds on [0, T(Lifespan)) that 90 ∈ L∞([0, T(Lifespan)), H 5(R3)) (as is stated in (7.5a)) and
that 9i ∈ L∞([0, T(Lifespan)), H 4(R3)) (as is stated in (7.5b)). The same reasoning yields that 90 ∈

L∞([0, T(Lifespan)], H 5(R3)) (as is stated in (7.6a)), where the open time interval is replaced with
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[0, T(Lifespan)]. The fact that 9α ∈ C([0, T(Lifespan)), H 5(R3)) (as is stated in (7.5a)–(7.5b)) is a standard
result that can be proved using energy-based arguments (similar to the ones we used to prove (5E.1)) and
standard facts from functional analysis. We omit the details and instead refer the reader to [Speck 2008,
Section 2.7.5]. We clarify that in proving this “soft result”, it is important that, for fixed t ∈ [0, T(Lifespan)),
we have min[0,t]×R3 I > 0, which, in view of Remark 5.4, implies in particular that the weight W (I−190)

on the right-hand side of (4A.2) is bounded from above and from below by t-dependent positive constants
on [0, t]×R3 (and thus the energy estimates are nondegenerate away from 6T(Lifespan)). Through similar
reasoning based on (2B.1) (which states that ∂tI =−90), the identity (2B.4), and the estimate (5E.3), we
deduce that I − 1 ∈ C([0, T(Lifespan)), H 6(R3))∩ L∞([0, T(Lifespan)), H 5(R3)). We have therefore proved
(7.5a)–(7.5c).

We will now prove (7.6a)–(7.6c). We first note that the estimates (5E.1) and (5E.2a)–(5E.2b) and
(2B.1) imply that ∂t9α ∈ L∞([0, T(Lifespan)), H 4(R3)) and ∂tI ∈ L∞([0, T(Lifespan)), H 5(R3)). Hence,
from the fundamental theorem of calculus, the initial conditions (2B.1) and (3A.1a)–(3A.1b), and the
completeness of the Sobolev spaces H M(R3), we obtain 9α ∈ C([0, T(Lifespan)], H 4(R3)) and I − 1 ∈
C([0, T(Lifespan)], H 5(R3)). In particular, we have shown (7.6b)–(7.6c). Moreover, (7.6c) and Sobolev
embedding together yield that I ∈C([0, T(Lifespan)],C(R3)) and thus I? ∈C([0, T(Lifespan)], [0,∞)). Since
we have already shown that T(Lifespan) is equal to the right-hand side of (7.11) and shown (7.12), it follows
that I?(T(Lifespan))= 0 and that limt↑T(Lifespan) I?(t)= 0, that is, that (7.3b) holds. To obtain that, for any real
number N < 5, we have 90 ∈C([0, T(Lifespan)], H N (R3)) (as is stated in (7.6a)), we interpolate between31

L2 and H 5 and use the already-shown facts90∈ L∞([0, T(Lifespan)], H 5(R3))∩C([0, T(Lifespan)], H 4(R3)).
We have therefore proved (7.6a).

The desired localized blowup-result (7.9) for points in 6Blowup
T(Lifespan)

(where 6Blowup
T(Lifespan)

is defined in (7.8))
now follows from (7.7) and the continuous extension property I ∈ C([0, T(Lifespan)],C(R3)) mentioned
in the previous paragraph.

Finally, we will show that if (T(Lifespan), x) /∈ 6Blowup
T(Lifespan)

, then there exists an open ball Bx ⊂ R3

centered at x such that, for α = 0, 1, 2, 3, we have ∂α8 ∈ C([0, T(Lifespan)], H 5(Bx)). To proceed,
we first note that if (T(Lifespan), x) /∈ 6Blowup

T(Lifespan)
, then the results proved above imply that there exist a

δx > 0 and a radius rx > 0 such that, with Bx;rx ⊂ R3 denoting the open ball of radius rx centered
at x , we have I(t, y) > 0 for (t, y) ∈ [T(Lifespan) − δx , T(Lifespan)] × Bx;rx (where Bx;rx denotes the
closure of Bx;rx ) and such that, for t ∈ [T(Lifespan)− δx , T(Lifespan)), we have ‖9α‖H5({t}×Bx;rx )

<∞ and
‖I − 1‖H6({t}×Bx;rx )

<∞. Hence, since the wave speed of the system is uniformly bounded from above
on [T(Lifespan)− δx , T(Lifespan)] × Bx;rx (see Remark 3.3), since I is uniformly bounded from above and
from below by positive (x-dependent) constants on [T(Lifespan) − δx , T(Lifespan)] × Bx;rx , and since the
estimates (7.5a)–(7.5c) and (7.6a)–(7.6c) hold, we can derive Sobolev estimates (using energy-based
arguments) similar to the ones that we derived three paragraphs above, but localized in space,32 for

31Here, we mean the following standard inequality: if f ∈ H5(6t ) and 0 ≤ N ≤ 5, then there exists a constant CN > 0
such that ‖ f ‖H N (6t )

≤ CN ‖ f ‖1−N/5
L2(6t )

‖ f ‖N/5
H5(6t )

.
32For example, for σ > 0 chosen sufficiently large, for t near T(Lifespan), and for s ∈ [t, T(Lifespan)], one can view the state of

the solution on {t}×Bx;rx as an “initial” condition and use energy identities to obtain Sobolev estimates on {s}×Bx;rx−σ s ⊂6s .
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(2B.1) and (2B.6a)–(2B.6b), starting from initial conditions on {t}× Bx;rx for some t sufficiently close
to T(Lifespan). This yields the existence of an open ball Bx ⊂ Bx;rx centered at x such that the following
regularity properties hold: 9α ∈ C([0, T(Lifespan)], H 5(Bx)) and I − 1 ∈ C([0, T(Lifespan)], H 6(Bx)). We
clarify that in deriving these spatially localized energy estimates on the closed time interval [0, T(Lifespan)],
we have exploited the following crucially important consequence of the bounds noted above and the
assumptions of Section 2A on W : the weight W (I−190) (which appears, for example, on the right-hand
side of (4A.2)) is strictly positive on the domain [T(Lifespan)−δx , T(Lifespan)]×Bx . Finally, from the regularity
properties of {9α}α=0,1,2,3 and I mentioned above, the positivity of I on [T(Lifespan)−δx , T(Lifespan)]× Bx ,
and the standard Sobolev–Moser calculus, we conclude, in view of Definition 2.3, the desired result
∂α8 ∈ C([0, T(Lifespan)], H 5(Bx)). We have therefore proved the theorem. �
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ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS
IN PARABOLIC HOMOGENIZATION

JUN GENG AND ZHONGWEI SHEN

For a family of second-order parabolic systems with rapidly oscillating and time-dependent periodic
coefficients, we investigate the asymptotic behavior of fundamental solutions and establish sharp estimates
for the remainders.

1. Introduction

In this paper we study the asymptotic behavior of fundamental solutions 0ε(x, t; y, s) for a family of
second-order parabolic operators ∂t+Lε with rapidly oscillating and time-dependent periodic coefficients.
Specifically, we consider

Lε =− div(A(x/ε, t/ε2)∇) (1-1)

in Rd
×R, where ε > 0 and A(y, s)= (aαβi j (y, s)) with 1≤ i, j ≤ d and 1≤ α, β ≤ m. Throughout the

paper we will assume that the coefficient matrix A = A(y, s) is real, bounded measurable and satisfies
the ellipticity condition

‖A‖∞ ≤ µ−1 and µ|ξ |2 ≤ aαβi j (y, s)ξαi ξ
β

j (1-2)

for any ξ = (ξαi ) ∈ Rm×d and a.e. (y, s) ∈ Rd+1, where µ > 0. We also assume that A is 1-periodic; i.e.,

A(y+ z, s+ t)= A(y, s) for (z, t) ∈ Zd+1 and a.e. (y, s) ∈ Rd+1. (1-3)

Under these assumptions it is known that as ε→ 0, the operator ∂t + Lε G-converges to a parabolic
operator ∂t +L0 with constant coefficients [Bensoussan et al. 1978].

In the scalar case m = 1, it follows from a celebrated theorem of John Nash [1958] that local solutions
of (∂t +Lε)uε = 0 are Hölder continuous. More precisely, if (∂t +Lε)uε = 0 in Q2r = Q2r (x0, t0) for
some (x0, t0) ∈ Rd+1 and 0< r <∞, where

Qr (x0, t0)= B(x0, r)× (t0− r2, t0), (1-4)

then there exists some σ ∈ (0, 1), depending only on d and µ, such that

‖uε‖Cσ,σ/2(Qr ) ≤ Cr−σ
(

1
|Q2r |

∫
Q2r

|uε|2
)1/2

, (1-5)
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where C > 0 depends only on d and µ. In particular, C and σ are independent of ε > 0. The periodicity
assumption (1-3) is not needed here. It follows that the fundamental solution 0ε(x, t; y, s) for ∂t +Lε
exists and satisfies the Gaussian estimate

|0ε(x, t; y, s)| ≤
C

(t − s)d/2
exp

{
−
κ|x − y|2

t − s

}
(1-6)

for any x, y ∈ Rd and −∞< s < t <∞, where κ > 0 depends only on µ and C > 0 depends on d and µ
(also see [Aronson 1967; Fabes and Stroock 1986] for lower bounds).

If m ≥ 2, the global Hölder estimate (1-5) for 1< r <∞ was established recently in [Geng and Shen
2015] for any σ ∈ (0, 1) under the assumptions that A is elliptic, periodic, and A ∈ VMOx (see (2-4) for
the definition of VMOx ). We mention that the local Hölder estimate for 0< r < ε without the periodicity
condition was obtained earlier in [Byun 2007; Krylov 2007]. Consequently, by [Hofmann and Kim 2004;
Cho et al. 2008], the matrix of fundamental solutions 0ε(x, t; y, s)= (0αβε (x, t; y, s)), with 1≤ α, β ≤m,
exists and satisfies the estimate (1-6), where κ > 0 depends only on µ. The constant C > 0 in (1-6)
depends on d , m, µ and the function A#(r) in (2-5), but not on ε > 0.

The primary purpose of this paper is to study the asymptotic behavior, as ε→ 0, of 0ε(x, t; y, s),
∇x0ε(x, t; y, s), ∇y0ε(x, t; y, s), and ∇x∇y0ε(x, t; y, s). Our main results extend the analogous estimates
for elliptic operators − div(A(x/ε)∇) in [Avellaneda and Lin 1991; Kenig et al. 2014] to the parabolic
setting. As demonstrated in the elliptic case [Kenig and Shen 2011], the estimates in this paper open the
doors for the use of layer potentials in solving initial-boundary value problems for the parabolic operators
∂t +Lε with sharp estimates that are uniform in ε > 0.

Let 00(x, t; y, s) denote the matrix of fundamental solutions for the homogenized operator ∂t +L0,
where L0 =− div( Â∇) and Â = (âαβi j ) is given by (2-7). Since Â is constant and satisfies the ellipticity
condition (2-8), it is well known that 00(x, t; y, s) = 00(x − y, t − s; 0, 0) and for any x, y ∈ Rd and
−∞< s < t <∞,

|∇
M
x ∂

N
t 00(x, t; y, s)| ≤

C
(t − s)(d+M+2N )/2 exp

{
−
κ|x − y|2

t − s

}
(1-7)

for any M, N ≥ 0, where κ > 0 depends only on µ, and C depends on d , m, M, N, and µ.
Our first result provides the sharp estimate for 0ε −00.

Theorem 1.1. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). If m ≥ 2, we also
assume that A ∈ VMOx . Then

|0ε(x, t; y, s)−00(x, t; y, s)| ≤
Cε

(t − s)(d+1)/2 exp
{
−
κ|x − y|2

t − s

}
(1-8)

for any x, y ∈ Rd and −∞< s < t <∞, where κ > 0 depends only on µ. The constant C depends on d ,
m, µ, and A# (if m ≥ 2).

Let χ(y, s)= (χαβj (y, s)), where 1≤ j ≤d and 1≤α, β≤m, denote the matrix of correctors for ∂t+Lε
(see Section 2 for its definition). The next theorem gives an asymptotic expansion for ∇x0ε(x, t; y, s).
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Theorem 1.2. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). Also assume that
A is Hölder continuous,

|A(x, t)− A(y, s)| ≤ τ(|x − y| + |t − s|1/2)λ (1-9)

for any (x, t), (y, s) ∈ Rd+1, where τ ≥ 0 and λ ∈ (0, 1). Then

|∇x0ε(x, t; y, s)− (I +∇χ(x/ε, t/ε2))∇x00(x, t; y, s)|

≤
Cε

(t − s)(d+2)/2 log(2+ ε−1
|t − s|1/2) exp

{
−
κ|x − y|2

t − s

}
(1-10)

for any x, y ∈ Rd and −∞< s < t <∞, where κ > 0 depends only on µ. The constant C depends on d ,
m, µ, and (λ, τ ) in (1-9).

With the summation convention this means that for 1≤ i ≤ d and 1≤ α, β ≤ m∣∣∣∣∂0αβε∂xi
(x, t; y, s)−

∂0
αβ

0

∂xi
(x, t; y, s)−

∂χ
αγ

j

∂xi
(x/ε, t/ε2)

∂0
γβ

0

∂x j
(x, t; y, s)

∣∣∣∣ (1-11)

is bounded by the right-hand side of (1-10). Let Ã(y, s)= (ãαβi j (y, s)), where ãαβi j (y, s)= aβαj i (y,−s).
Let 0̃ε(x, t; y, s)= (0̃αβε (x, t; y, s)) denote the matrix of fundamental solutions for the operator ∂t + L̃ε,
where L̃ε =− div( Ã(x/ε, t/ε2)∇). Then

0αβε (x, t; y, s)= 0̃βαε (y,−s; x,−t). (1-12)

Since Ã satisfies the same conditions as A, it follows from (1-10), (1-11) and (1-12) that∣∣∣∣∂0βαε∂yi
(x, t; y, s)−

∂0
βα

0

∂yi
(x, t; y, s)−

∂χ̃
αγ

j

∂yi
(y/ε,−s/ε2)

∂0
βγ

0

∂yj
(x, t; y, s)

∣∣∣∣ (1-13)

is bounded by the right-hand side of (1-10), where χ̃(y, s)= (χ̃αβj (y, s)) denotes the correctors for ∂t+L̃ε.
That is,

|∇y0
T
ε (x, t; y, s)− (I +∇χ̃(y/ε,−s/ε2))∇y0

T
0 (x, t; y, s)|

≤
Cε

(t − s)(d+2)/2 log(2+ ε−1
|t − s|1/2) exp

{
−
κ|x − y|2

t − s

}
, (1-14)

where 0T
ε denotes the transpose of the matrix 0ε.

We also obtain an asymptotic expansion for ∇x∇y0ε(x, t; y, s).

Theorem 1.3. Under the same assumptions on A as in Theorem 1.2, the estimate∣∣∣ ∂

∂xi∂yj
{0αβε (x, t; y, s)}

−
∂

∂xi
{δαγ xk + εχ

αγ

k (x/ε, t/ε2)}
∂2

∂xk∂y`
{0

γ σ

0 (x, t; y, s)} ∂
∂yj
{δβσ y`+ εχ̃

βσ

` (y/ε,−s/ε2)}

∣∣∣
≤

Cε
(t − s)(d+3)/2 log(2+ ε−1

|t − s|1/2) exp
{
−
κ|x − y|2

t − s

}
(1-15)
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holds for x, y ∈ Rd and −∞< s < t <∞, where κ depends only on µ. The constant C depends on d , m,
µ, and (λ, τ ) in (1-9).

Remark 1.4. The estimates (1-10), (1-14) and (1-15) are sharp, up to the logarithmic factor log(2+
ε−1
|t − s|1/2), which is probably not necessary. It may be possible to remove the logarithmic factor by

using higher-order correctors in the proof. However, we will not pursue this idea in the present paper.

In the scale case m= 1, the estimate (1-8), without the exponential factor, is known under the conditions
that A is elliptic, periodic, symmetric, and time-independent; see [Jikov et al. 1994, p. 77]. This was
proved by using the Floquet–Bloch decomposition of the fundamental solutions and by studying the
spectral properties of elliptic operators

−(∇ + ik) · A(∇ + ik)

in a periodic cell, where i =
√
−1 and k ∈ Rd. Such an approach is not available when the coefficient

matrix A is time-dependent. To the best of authors’ knowledge, the Gaussian bound in Theorem 1.1 as well
as our estimates in Theorems 1.2 and 1.3 are new even in the case that m = 1 and A is time-independent.

As a corollary of Theorems 1.1 and 1.2, we establish an interesting result on equistabilization for
time-dependent coefficients; cf. [Jikov et al. 1994, p. 77].

Corollary 1.5. Assume that A satisfies the same conditions as in Theorem 1.1. Let f ∈ L∞(Rd) and uε
be the bounded solution of the Cauchy problem,{

(∂t +Lε)uε = 0 in Rd
× (0,∞),

uε = f on Rd
×{t = 0},

(1-16)

with ε = 1 or 0. Then for any x ∈ Rd and t ≥ 1,

|u1(x, t)− u0(x, t)| ≤ Ct−1/2
‖ f ‖∞. (1-17)

Furthermore, if A is Hölder continuous,∣∣∣∣∇uα1 (x, t)−∇uα0 (x, t)−∇χαβj (x, t)
∂uβ0
∂x j

(x, t)
∣∣∣∣≤ Ct−1 log(2+ t)‖ f ‖∞ (1-18)

for any x ∈ Rd and t ≥ 1.

We now describe some of the key ideas in the proof of Theorems 1.1, 1.2, and 1.3. As indicated earlier,
our main results extend the analogous results in [Avellaneda and Lin 1991; Kenig et al. 2014] for the
elliptic operators − div(A(x/ε)∇), where A = A(y) is elliptic and periodic. Our general approach is
inspired by [Kenig et al. 2014], which uses a two-scale expansion and relies on regularity estimates that
are uniform in ε > 0. Following [Geng and Shen 2017], we consider the two-scale expansion

wε = uε(x, t)− u0(x, t)− εχ(x/ε, t/ε2)Sε(∇u0)− ε
2φ(x/ε, t/ε2)∇Sε(∇u0), (1-19)
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where χ(y, s) and φ(y, s) are correctors and dual correctors respectively for ∂t +Lε (see Section 2 for
their definitions). In (1-19) the operator Sε is a parabolic smoothing operator at scale ε. In comparison
with the elliptic case, an extra term is added in the right-hand side of (1-19). This modification allows us
to show that if (∂t +Lε)uε = (∂t +L0)u0, then

(∂t +Lε)wε = ε div(Fε) (1-20)

for some function Fε, which depends only on u0. As a consequence, we may apply the uniform interior
L∞ estimates established in [Geng and Shen 2015] to the function wε. To fully utilize the ideas above,
we will consider the functions

uε(x, t)=
∫ t

−∞

∫
Rd
0ε(x, t; y, s) f (y, s)e−ψ(y) dy ds,

u0(x, t)=
∫ t

−∞

∫
Rd
00(x, t; y, s) f (y, s)e−ψ(y) dy ds,

(1-21)

where ψ is a Lipschitz function in Rd and f ∈ C∞0 (Qr (y0, s0);R
m). The main technical step in proving

Theorem 1.1 involves bounding the L∞ norm

‖eψ(uε − u0)‖L∞(Qr (x0,t0)) (1-22)

by ‖ f ‖L2(Qr (y0,s0)), where 0< ε < r = c
√

t0− s0. We remark that the use of weighted inequalities with
weight eψ to generate the exponential factor in the Gaussian bound is more or less well known. Our
approach may be regarded as a variation of the standard one found in [Hofmann and Kim 2004; Cho et al.
2008]; also see earlier work in [Fabes and Stroock 1986; Davies 1987a; Davies 1987b].

The proof of Theorem 1.2 uses the estimate in Theorem 1.1. The stronger assumption that A is
Hölder continuous allows us to apply the uniform interior Lipschitz estimate obtained in [Geng and Shen
2015] to the function wε in (1-19). To see Theorem 1.3, one uses the fact that as a function of (x, t),
∇y0ε(x, t; y, s) is a solution of (∂t +Lε)uε = 0, away from the pole (y, s).

We end this section with some notation that will be used throughout the paper. A function h = h(y, s)
in Rd+1 is said to be 1-periodic if h is periodic with respect to Zd+1. We will use the notation

/

∫
E

f =
1
|E |

∫
E

f and hε(x, t)= h(x/ε, t/ε2)

for ε > 0, as well as the summation convention that the repeated indices are summed. Finally, we shall
use κ to denote positive constants that depend only on µ, and C constants that depend at most on d , m, µ
and the smoothness of A, but never on ε.

2. Preliminaries

Let Lε =− div(Aε(x, t)∇), where Aε(x, t)= A(x/ε, t/ε2). Assume that A(y, s) is 1-periodic in (y, s)
and satisfies the ellipticity condition (1-2). For 1≤ j ≤ d and 1≤ β ≤ m, the corrector χβj = χ

β

j (y, s)=
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(χ
αβ

j (y, s)) is defined as the weak solution of the cell problem
(∂s +L1)(χ

β

j )=−L1(P
β

j ) in Y,
χ
β

j = χ
β

j (y, s) is 1-periodic in (y, s),∫
Y χ

β

j = 0,
(2-1)

where Y = [0, 1)d+1, Pβj (y)= yj eβ, and eβ = (0, . . . , 1, . . . , 0) with 1 in the β-th position. Note that

(∂s +L1)(χ
β

j + Pβj )= 0 in Rd+1. (2-2)

By the rescaling property of ∂t +Lε, one obtains

(∂t +Lε){εχ
β

j (x/ε, t/ε2)+ Pβj (x)} = 0 in Rd+1. (2-3)

We say A ∈ VMOx if
lim
r→0

A#(r)= 0, (2-4)

where

A#(r)= sup
0<ρ<r

(x,t)∈Rd+1
/

∫ t

t−ρ2

/
∫

y∈B(x,ρ)

/

∫
z∈B(x,ρ)

|A(y, s)− A(z, s)| dz dy ds. (2-5)

Observe that if A(y, s) is continuous in the variable y, uniformly in (y, s), then A ∈ VMOx .

Lemma 2.1. Assume that A(y, s) is 1-periodic in (y, s) and satisfies (1-2). If m ≥ 2, we also assume
A ∈ VMOx . Then χβj ∈ L∞(Y ;Rm).

Proof. In the scalar case m = 1, this follows from (2-2) by Nash’s classical estimate. Moreover, the
estimate (

/

∫
Qr (x,t)

|∇χ
β

j |
2
)1/2

≤ Crσ−1 (2-6)

holds for any 0< r < 1 and (x, t)∈Rd+1, where Qr (x, t)= B(x, r)×(t−r2, t), and C > 0 and σ ∈ (0, 1)
depend on d and µ. If m ≥ 2 and A ∈ VMOx , the boundedness of χβj follows from the interior W 1,p

estimates for local solutions of (∂t+L1)(u)= div( f ) [Byun 2007; Krylov 2007]. In this case the estimate
(2-6) holds for any σ ∈ (0, 1). �

Let Â = (âαβi j ), where 1≤ i, j ≤ d , 1≤ α, β ≤ m, and

âαβi j =

/

∫
Y

[
aαβi j + aαγik

∂

∂yk
χ
γβ

j

]
; (2-7)

that is

Â = /

∫
Y
{A+ A∇χ}.

It is known that the constant matrix Â satisfies the ellipticity condition

µ|ξ |2 ≤ âαβi j ξ
α
i ξ

β

j for any ξ = (ξβj ) ∈ Rm×d , (2-8)
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and |âαβi j | ≤ µ1, where µ1 > 0 depends only on d , m and µ [Bensoussan et al. 1978]. Define

L0 =− div( Â∇).

Then ∂t +L0 is the homogenized operator for the family of parabolic operators ∂t +Lε, ε > 0.
To introduce the dual correctors, we consider the 1-periodic matrix-valued function

B = A+ A∇χ − Â. (2-9)

More precisely, B = B(y, s)= (bαβi j ), where 1≤ i, j ≤ d , 1≤ α, β ≤ m, and

bαβi j = aαβi j + aαγik

∂χ
γβ

j

∂yk
− âαβi j . (2-10)

Lemma 2.2. Let 1 ≤ j ≤ d and 1 ≤ α, β ≤ m. Then there exist 1-periodic functions φαβki j (y, s) in Rd+1

such that φαβki j ∈ H 1(Y ),
bαβi j =

∂

∂yk
(φ
αβ

ki j ) and φ
αβ

ki j =−φ
αβ

ik j , (2-11)

where 1 ≤ k, i ≤ d + 1, bαβi j is defined by (2-10) for 1 ≤ i ≤ d, bαβ(d+1) j = −χ
αβ

j , and we have used the
notation yd+1 = s.

Proof. This lemma was proved in [Geng and Shen 2015]. We give a proof here for reader’s convenience.
By (2-1) and (2-7), bαβi j ∈ L2(Y ) and ∫

Y
bαβi j = 0 (2-12)

for 1≤ i ≤ d + 1. It follows that there exist f αβi j ∈ H 2(Y ) such that

1d+1 f αβi j = bαβi j in Rd+1,

f αβi j is 1-periodic in Rd+1,
(2-13)

where 1d+1 denotes the Laplacian in Rd+1. Write

bαβi j =
∂

∂yk

{
∂

∂yk
f αβi j −

∂

∂yi
f αβk j

}
+

∂

∂yi

{
∂

∂yk
f αβk j

}
, (2-14)

where the index k is summed from 1 to d + 1. Note that by (2-1),
d+1∑
i=1

∂bαβi j

∂yi
=

d∑
i=1

∂

∂yi
bαβi j −

∂

∂s
χ
αβ

j = 0. (2-15)

In view of (2-13) this implies
d+1∑
i=1

∂

∂yi
f αβi j

is harmonic in Rd+1. Since it is 1-periodic, it must be constant. Consequently, by (2-14), we obtain

bαβi j =
∂

∂yk
(φ
αβ

ki j ), (2-16)
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where
φ
αβ

ki j =
∂

∂yk
f αβi j −

∂

∂yi
f αβk j (2-17)

is 1-periodic and belongs to H 1(Y ). It is easy to see that φαβki j =−φ
αβ

ik j . �

The 1-periodic functions (φαβki j ), given by Lemma 2.2, are called dual correctors for the family of
parabolic operators ∂t +Lε, ε > 0.

Lemma 2.3. Let φ = (φαβki j ) be the dual correctors, given by Lemma 2.2. Under the same assumptions
as in Lemma 2.1, one has φαβki j ∈ L∞(Y ).

Proof. It follows from (2-6) that if (x, t) ∈ Rd+1 and 0< r < 1,∫
Qr (x,t)

|bαβi j |
2
≤ Crd+2σ (2-18)

for some σ ∈ (0, 1). By covering the interval (t − r, t) with intervals of length r2, we obtain∫
Br (x,t)

|bαβi j |
2
≤ Crd−1+2σ ,

where Br (x, t)= B(x, r)× (t − r, t). Hence, by Hölder’s inequality,∫
Br (x,t)

|bαβi j | ≤ Crd+σ .

Thus, for any (x, t) ∈ Y,∫
Y

|bαβi j (y, s)|

(|x − y| + |t − s|)d
dy ds ≤ C

∞∑
j=1

2 jd
∫
|y−x |+|t−s|∼2− j

|bαβi j (y, s)| dy ds ≤ C. (2-19)

In view of (2-13), by using the fundamental solution for 1d+1 in Rd+1, we may show that

‖∇y,s f αβi j ‖L∞(Y ) ≤ C‖∇y,s f αβi j ‖L2(Y )+ sup
(x,t)∈Y

∫
Y

|bαβi j (y, s)|

(|x − y| + |t − s|)d
dy ds,

where ∇y,s denotes the gradient in Rd+1. This, together with (2-19), shows that |∇y,s f αβi j | ∈ L∞(Y ). By
(2-17) we obtain φαβki j ∈ L∞(Y ). �

Remark 2.4. Suppose A = A(y, s) is Hölder continuous in (y, s). By (2-2) and the standard regularity
theory for ∂s +L1, we have ∇χ(y, s) is Hölder continuous in (y, s). It follows that bαβi j (y, s) is Hölder
continuous in (y, s). In view of (2-13) and (2-17) one may deduce that ∇y,sφ

αβ

ki j is Hölder continuous in
(y, s). This will be used in the proof of Theorems 1.2 and 1.3.

Theorem 2.5. Suppose that A satisfies the conditions (1-2) and (1-3). If m≥2, we also assume A∈VMOx .
Let uε be a weak solution of (∂t + Lε)uε = div( f ) in Q2r = Q2r (x0, t0) for some 0 < r <∞, where
f = ( f αi ) ∈ L p(Q2r ;R

m×d) for some p > d + 2. Then

‖uε‖L∞(Qr ) ≤ C
{(

/

∫
Q2r

|uε|2
)1/2

+ r
(

/

∫
Q2r

| f |p
)1/p}

, (2-20)

where C depends only on d, m, p, µ, and A# in (2-5) (if m ≥ 2).
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Proof. If m= 1, this follows from the well-known Nash’s estimate. The periodicity is not needed. If m≥ 2,
(2-20) follows from the uniform interior Hölder estimate in [Geng and Shen 2015, Theorem 1.1]. �

Under the assumptions on A in Theorem 2.5, the matrix of fundamental solutions for ∂t +Lε in Rd+1

exists and satisfies the Gaussian estimate (1-6). This follows from the L∞ estimate (2-20) by a general
result in [Hofmann and Kim 2004]; also see [Auscher 1996; Cho et al. 2008].

Theorem 2.6. Suppose that A satisfies conditions (1-2) and (1-3). Also assume that A satisfies the Hölder
condition (1-9). Let uε be a weak solution of (∂t +Lε)uε = F in Q2r = Q2r (x0, t0) for some 0< r <∞,
where F ∈ L p(Q2r ;R

m) for some p > d + 2. Then

‖∇uε‖L∞(Qr ) ≤ C
{

1
r

(

/

∫
Q2r

|uε|2
)1/2

+ r
(

/

∫
Q2r

|F |p
)1/p}

, (2-21)

where C depends only on d, m, p, µ, and (λ, τ ) in (1-9).

Proof. This was proved in [Geng and Shen 2015, Theorem 1.2]. �

The Lipschitz estimate (2-21) allows us to bound∇x0ε(x, t; y,s),∇y0ε(x, t; y,s) and∇x∇y0ε(x, t; y,s).

Theorem 2.7. Assume that A satisfies the same conditions as in Theorem 2.6. Then

|∇x0ε(x, t; y, s)| + |∇y0ε(x, t; y, s)| ≤
C

(t − s)(d+1)/2 exp
{
−
κ|x − y|2

t − s

}
, (2-22)

|∇x∇y0ε(x, t; y, s)| ≤
C

(t − s)(d+2)/2 exp
{
−
κ|x − y|2

t − s

}
(2-23)

for any x, y ∈ Rd and −∞< s < t <∞, where κ > 0 depends only on µ. The constant C depends on d ,
m, µ, and (λ, τ ) in (1-9).

Proof. Fix x0, y0 ∈ Rd and s0 < t0. Let uε(x, t)= 0ε(x, t; y0, s0). Then (∂t +Lε)uε = 0 in Q2r (x0, t0),
where r =

√
t0− s0/8. The estimate for |∇x0(x0, t0; y0, s0)| now follows from (2-21) and (1-6) (with a

different κ). In view of (1-12) this also gives the estimate for |∇y0ε(x0, t0; y0, s0)|. Finally, to see (2-23),
we let vε(x, t)=∇y0ε(x, t; y0, s0). Then (∂t+Lε)vε=0 in Q2r (x0, t0). By applying (2-21) to vε and using
the estimate in (2-22) for ∇y0ε(x, t; y, s), we obtain the desired estimate for |∇x∇y0ε(x0, t0; y0, s0)|. �

3. A two-scale expansion

Suppose that
(∂t +Lε)uε = (∂t +L0)u0 (3-1)

in �× (T0, T1), where �⊂ Rd. Let Sε be a linear operator to be chosen later. Following [Geng and Shen
2017], we consider the two-scale expansion wε = (wαε ), where

wαε (x, t)=uαε (x, t)−uα0 (x, t)−εχαβj (x/ε, t/ε2)Sε

(
∂uβ0
∂x j

)
−ε2φ

αβ

(d+1)i j (x/ε, t/ε2)
∂

∂xi
Sε

(
∂uβ0
∂x j

)
, (3-2)

and χαβj , φαβ(d+1)i j are the correctors and dual correctors introduced in the last section. The repeated indices
i, j in (3-2) are summed from 1 to d .
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Proposition 3.1. Let uε ∈ L2(T0, T1; H 1(�)) and u0 ∈ L2(T0, T1; H 2(�)). Let wε be defined by (3-2).
Assume (3-1) holds in �× (T0, T1). Then

(∂t +Lε)wε = ε div(Fε) (3-3)

in �× (T0, T1), where Fε = (Fαε,i ) and

Fαε,i (x, t)= ε−1(aαβi j (x/ε, t/ε2)− âαβi j )

(
∂uβ0
∂x j
− Sε

(
∂uβ0
∂x j

))
+ aαβi j (x/ε, t/ε2)χ

βγ

k (x/ε, t/ε2)
∂

∂x j
Sε

(
∂uγ0
∂xk

)
+φ

αβ

ik j (x/ε, t/ε2)
∂

∂xk
Sε

(
∂uβ0
∂x j

)
+ εφ

αβ

i(d+1) j (x/ε, t/ε2)∂t Sε

(
∂uβ0
∂x j

)
− aαβi j (x/ε, t/ε2)

(
∂

∂x j
(φ
βγ

(d+1)`k)

)
(x/ε, t/ε2)

∂

∂x`
Sε

(
∂uγ0
∂xk

)
− εaαβi j (x/ε, t/ε2)φ

βγ

(d+1)`k(x/ε, t/ε2)
∂2

∂x j∂x`
Sε

(
∂uγ0
∂xk

)
. (3-4)

The repeated indices i, j, k, ` are summed from 1 to d.

Proof. This proposition was proved in [Geng and Shen 2017, Theorem 2.2]. �

We now introduce a parabolic smoothing operator. Let

O = {(x, t) ∈ Rd+1
: |x |2+ |t | ≤ 1}.

Fix a nonnegative function θ = θ(x, t) ∈C∞0 (O) such that
∫

Rd+1 θ = 1. Let θε(x, t)= ε−d−2θ(x/ε, t/ε2).
Define

Sε( f )(x, t)= f ∗ θε(x, t)=
∫

Rd+1
f (x − y, t − s)θε(y, s) dy ds. (3-5)

Lemma 3.2. Let g= g(x, t) be a 1-periodic function in (x, t) and ψ =ψ(x) a bounded Lipschitz function
in Rd. Then

‖eψgεSε( f )‖L p(Rd+1) ≤ C eε‖∇ψ‖∞‖g‖L p(Y )‖eψ f ‖L p(Rd+1) (3-6)

for any 1≤ p <∞, where gε(x, t)= g(x/ε, t/ε2) and C depends only on d and p.

Proof. Using
∫

Rd+1 θε = 1 and Hölder’s inequality, we obtain

|Sε(e−ψ f )(x, t)|p ≤
∫

Rd+1
|e−ψ(y) f (y, s)|p θε(x − y, t − s) dy ds.

It follows that

|eψ(x)Sε(e−ψ f )(x, t)|p ≤
∫

Rd+1
|eψ(x)−ψ(y) f (y, s)|p θε(x − y, t − s) dy ds

≤ eεp‖∇ψ‖∞
∫

Rd+1
| f (y, s)|p θε(x − y, t − s) dy ds,
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where we have used the facts that |ψ(x)−ψ(y)| ≤ ‖∇ψ‖∞|x− y| and θε(x− y, t− s)= 0 if |x− y|> ε,
for the last step. Hence, by Fubini’s theorem,∫

Rd+1
|gε(x, t)|p|eψ Sε(e−ψ f )(x, t)|p dx dt

≤ eεp‖∇ψ‖∞ sup
(y,s)∈Rd+1

∫
Rd+1
|gε(x, t)|pθε(x − y, t − s) dx dt

∫
Rd+1
| f (y, s)|p dy ds

≤ C eεp‖∇ψ‖∞‖g‖p
L p(Y )‖ f ‖p

L p(Rd+1)
,

where C depends only on d. This gives (3-6). �

Remark 3.3. Let �⊂ Rd and (T0, T1)⊂ R. Define

�ε = {x ∈ Rd
: dist(x, �) < ε}. (3-7)

Observe that for (x, t) ∈�× (T0, T1), we have Sε( f )(x, t)= Sε( f ηε)(x, t), where ηε = ηε(x, t) is the
characteristic function of �ε× (T0−ε

2, T1+ε
2). By applying (3-6) to the function f ηε, one may deduce

that ∫ T1

T0

∫
�

|eψgεSε( f )|p dx dt ≤ Ceεp‖∇ψ‖∞‖g‖p
L p(Y )

∫ T1+ε
2

T0−ε2

∫
�ε

|eψ f |p dx dt. (3-8)

Using
∫

Rd+1 |∇θε| dx dt ≤ Cε−1, the same argument as in the proof of Lemma 3.2 also shows that∫ T1

T0

∫
�

|eψgε∇Sε( f )|p dx dt ≤ Cε−peεp‖∇ψ‖∞‖g‖p
L p(Y )

∫ T1+ε
2

T0−ε2

∫
�ε

|eψ f |p dx dt (3-9)

for 1≤ p <∞, where C depends only on d and p.

Lemma 3.4. Let Sε be defined as in (3-5). Let 1≤ p <∞ and ψ be a bounded Lipschitz function in Rd.
Then for �⊂ Rd and (T0, T1)⊂ R,∫ T1

T0

∫
�

|eψ(Sε(∇ f )−∇ f )|p dx dt ≤ Cε peεp‖∇ψ‖∞
∫ T1+ε

2

T0−ε2

∫
�ε

|eψ(|∇2 f | + |∂t f |)|p dx dt, (3-10)

where �ε is given by (3-7) and C depends only on d and p.

Proof. Write
Sε(∇ f )(x, t)−∇ f (x, t)= J1(x, t)+ J2(x, t),

where

J1(x, t)=
∫

Rd+1
θε(y, s)(∇ f (x − y, t − s)−∇ f (x − y, t)) dy ds,

J2(x, t)=
∫

Rd+1
θε(y, s)(∇ f (x − y, t)−∇ f (x, t)) dy, ds.

To estimate J2, we observe that by Hölder’s inequality and the fact
∫

Rd+1 θε dy ds = 1,

|J2(x, t)|p ≤
∫

Rd+1
θε(y, s)|∇ f (x − y, t)−∇ f (x, t)|p dy ds,
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and

|∇ f (x − y, t)−∇ f (x, t)| =
∣∣∣∣∫ 1

0

∂

∂τ
∇ f (x − τ y, t) dτ

∣∣∣∣
≤ |y|

∫ 1

0
|∇

2 f (x − τ y, t)| dτ ≤ |y|
(∫ 1

0
|∇

2 f (x − τ y, t)|p dτ
)1/p

.

It follows by Fubini’s theorem that∫ T1

T0

∫
�

|eψ(x) J2(x, t)|p dx dt

≤

∫ T1

T0

∫
�

∫
Rd+1

∫ 1

0
epψ(x)θε(y, s)|y|p|∇2 f (x − τ y, t)|p dτ dy ds dx dt

≤ ε peεp‖∇ψ‖∞
∫ T1

T0

∫
�

∫
Rd+1

∫ 1

0
epψ(x−τ y)θε(y, s)|∇2 f (x − τ y, t)|p dτ dy ds dx dt

≤ ε peεp‖∇ψ‖∞
∫ T1

T0

∫
�ε

|eψ∇2 f |p dx dt,

where we have used the facts that |ψ(x)−ψ(x − τ y)| ≤ |τ ||y|‖∇ψ‖∞ and θε(y, s)= 0 if |y|> ε.
Finally, to estimate J1, we first use integration by parts to obtain

|J1(x, t)| ≤
∫

Rd+1
|∇θε(y, s)|| f (x − y, t − s)− f (x − y, t)| dy ds.

By Hölder’s inequality,

|J1(x, t)|p ≤ Cε1−p
∫

Rd+1
|∇θε(y, s)|| f (x − y, t − s)− f (x − y, t)|p dy ds,

where we have also used the fact
∫

Rd+1 |∇θε| dy ds ≤ Cε−1. Using

| f (x − y, t − s)− f (x − y, t)| ≤
∣∣∣∣∫ 1

0

∂

∂τ
f (x − y, t − τ s) dτ

∣∣∣∣≤ |s|(∫ 1

0
|∂t f (x − y, t − τ s)|p dτ

)1/p

,

we see that by Fubini’s theorem,∫ T1

T0

∫
�

|eψ(x) J1(x, t)|p dx dt

≤ Cε1−p
∫ T1

T0

∫
�

∫
Rd+1

∫ 1

0
epψ(x)

|∇θε(y, s)||s|p|∂t f (x − y, t − τ s)|p dτ dy ds dx dt

≤ Cε1+peεp‖∇ψ‖∞
∫ T1

T0

∫
�

∫
Rd+1

∫ 1

0
epψ(x−y)

|∇θε(y, s)||∂t f (x − y, t − τ s)|p dτ dy ds dx dt

≤ Cε peεp‖∇ψ‖∞
∫ T1+ε

2

T0−ε2

∫
�ε

|eψ∂t f |p dx dt,

where we have used the facts that |ψ(x)−ψ(x− y)| ≤ ‖∇ψ‖∞|y| and θε(y, s)= 0 if |y|> ε or |s|> ε2.
This, together with the estimate for J2, completes the proof. �
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Theorem 3.5. Let Fε = (Fαε,i ) be given by (3-4) and 1≤ p <∞. Then for any �⊂ Rd and (T0, T1)⊂ R,∫ T1

T0

∫
�

|eψFε|p dx dt ≤ Ceεp‖∇ψ‖∞
∫ T1+ε

2

T0−ε2

∫
�ε

{|eψ∇2u0|
p
+ |eψ∂t u0|

p
} dx dt, (3-11)

where �ε is given by (3-7) and C depends only on d, m, p and µ.

Proof. Observe that∫ T1

T0

∫
�

|eψFε|p dx dt

≤ Cε−p
∫ T1

T0

∫
�

|∇u0−Sε(∇u0)|
pepψ dx dt+C

∫ T1

T0

∫
�

|χ ε|p|Sε(∇2u0)|
pepψ dx dt

+C
∫ T1

T0

∫
�

|φε|p|Sε(∇2u0)|
pepψ dx dt+Cε p

∫ T1

T0

∫
�

|φε|p|∇Sε(∂t u0)|
pepψdx dt

+C
∫ T1

T0

∫
�

|(∇φ)ε|p|Sε(∇2u0)|
pepψdx dt+Cε p

∫ T1

T0

∫
�

|φε|p|∇Sε(∇2u0)|
pepψdx dt, (3-12)

where C depends only on d andµ. In (3-12) we have also used the observation that ∂t Sε(∇u0)=∇Sε(∂t u0)

and ∇Sε(∇u0)= Sε(∇2u0).
We now proceed to bound each term in the right-hand side of (3-12), using Lemma 3.4 and Remark 3.3.

By Lemma 3.4, the first term in the right-hand side of (3-12) is bounded by

Cepε‖∇ψ‖∞
∫ T1+ε

2

T0−ε2

∫
�ε

|eψ(|∇2u0| + |∂t u0|)|
p dx dt. (3-13)

Using (3-8) we may bound the second, third, fifth terms in the right-hand side of (3-12) by

Cepε‖∇ψ‖∞
∫ T1+ε

2

T0−ε2

∫
�ε

|eψ∇2u0|
p dx dt. (3-14)

Finally, by (3-9), the fourth and sixth terms in the right-hand side of (3-12) are bounded by (3-13). �

4. Weighted estimates for ∂t +L0

Recall that 00(x, t; y, s) denotes the matrix of fundamental solutions for the homogenized operator
∂t +L0 in Rd+1. Let ψ : Rd

→ R be a bounded Lipschitz function and

u0(x, t)=
∫ t

−∞

∫
Rd
00(x, t; y, s) f (y, s)e−ψ(y) dy ds, (4-1)

where f ∈ C∞0 (R
d+1
;Rm). Then

(∂t +L0)u0 = e−ψ f in Rd+1. (4-2)

The goal of this section is to prove the following.
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Theorem 4.1. Let u0 be defined by (4-1). Suppose that f (x, t)= 0 for t ≤ s0. Then∫ t

s0

∫
Rd
|eψ(|∇2u0| + |∂t u0|)|

2 dx dt ≤ Ceκ(t−s0)‖∇ψ‖
2
∞

∫ t

s0

∫
Rd
| f |2 dx dt (4-3)

for any s0 < t <∞, where κ > 0 depends only on µ and C depends only on d and µ.

We start with an estimate on a lower-order term.

Lemma 4.2. Let u0 be defined by (4-1). Suppose that f (x, t)= 0 for t < s0. Then∫ t

s0

∫
Rd
|eψ∇u0|

2 dx dt ≤ C(t − s0)eκ1(t−s0)‖∇ψ‖
2
∞

∫ t

s0

∫
Rd
| f |2 dx dt (4-4)

for any s0 < t <∞, where κ1 > 0 depends only on µ and C depends only on d and µ.

Proof. It follows from (1-7) that for x, y ∈ Rd and t > s,

eψ(x)−ψ(y)|∇x00(x, t; y, s)| ≤
C

(t − s)(d+1)/2 exp
{
ψ(x)−ψ(y)−

κ|x − y|2

t − s

}
≤

C
(t − s)(d+1)/2 exp

{
‖∇ψ‖∞|x − y| −

κ|x − y|2

t − s

}
.

This, together with the inequality

‖∇ψ‖∞|x − y| ≤
(t − s)‖∇ψ‖2

∞

2κ
+
κ|x − y|2

2(t − s)
, (4-5)

yields

eψ(x)−ψ(y)|∇x00(x, t; y, s)| ≤ Ce(t−s)‖∇ψ‖2∞/(2κ) ·
1

(t − s)(d+1)/2 e−κ|x−y|2/(2(t−s)). (4-6)

It follows that

|eψ(x)∇u0(x, t)| ≤
∫ t

s0

∫
Rd

eψ(x)−ψ(y)|∇x00(x, t; y, s)|| f (y, s)| dy ds

≤Ce(t−s0)‖∇ψ‖
2
∞/(2κ)

∫ t

s0

∫
Rd

1
(t−s)(d+1)/2 e−κ|x−y|2/(2(t−s))

| f (y, s)| dy ds

≤Ce(t−s0)‖∇ψ‖
2
∞/(2κ)(t−s0)

1/4
(∫ t

s0

∫
Rd

1
(t−s)(d+1)/2 e−κ|x−y|2/(2(t−s))

| f (y, s)|2 dy ds
)1/2

,

where we have used Hölder’s inequality for the last step. The estimate (4-4) now follows by Fubini’s
theorem. �

Proof of Theorem 4.1. In view of (4-2) we have

(∂t +L0)
∂u0

∂xk
=

∂

∂xk
(e−ψ f )



ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS IN PARABOLIC HOMOGENIZATION 161

in Rd+1. It follows that∫
Rd
∂t∇u0 · (∇u0)e2ψ dx −

∫
Rd

âαβi j
∂3uβ0

∂xi∂x j∂xk
·
∂uα0
∂xk

e2ψ dx =
∫

Rd

∂

∂xk
(e−ψ f α)

∂uα0
∂xk

e2ψ dx .

Using integration by parts, we obtain

1
2

d
dt

∫
Rd
|∇u0|

2e2ψ dx +
∫

Rd
âαβi j

∂2uβ0
∂x j∂xk

·
∂2uα0
∂xi∂xk

e2ψ dx

=−

∫
Rd

f · (1u0)eψ dx −
∫

Rd
e−ψ f α

∂uα0
∂xk

∂e2ψ

∂xk
dx −

∫
Rd

âαβi j
∂2uβ0
∂x j∂xk

·
∂uα0
∂xk

∂e2ψ

∂xi
dx .

By the ellipticity of L0, this yields

1
2

d
dt

∫
Rd
|∇u0|

2e2ψ dx+µ
∫

Rd
|∇

2u0|
2e2ψ dx

≤C
∫

Rd
| f ||∇2u0|eψ dx+C

∫
Rd
| f |2 dx+C‖∇ψ‖2

∞

∫
Rd
|∇u0|

2e2ψ dx+C‖∇ψ‖∞

∫
Rd
|∇

2u0||∇u0|e2ψ dx,

where C depends only on d and µ. Using the Cauchy inequality, we may further deduce that

1
2

d
dt

∫
Rd
|∇u0|

2e2ψ dx + µ
2

∫
Rd
|∇

2u0|
2e2ψ dx ≤ C

∫
Rd
| f |2 dx +C‖∇ψ‖2

∞

∫
Rd
|∇u0|

2e2ψ dx .

We now integrate the inequality above in t over the interval (s0, s1). This leads to

1
2

∫
Rd
|∇u0(x, s1)|

2e2ψ dx + µ
2

∫ s1

s0

∫
Rd
|∇

2u0|
2e2ψ dx dt

≤ C
∫ s1

s0

∫
Rd
| f |2 dx dt +C‖∇ψ‖2

∞

∫ s1

s0

∫
Rd
|∇u0|

2e2ψ dx dt

≤ Ceκ(s1−s0)‖∇ψ‖
2
∞

∫ s1

s0

∫
Rd
| f |2 dx dt, (4-7)

where we have used (4-4) for the last inequality. Estimate (4-3) follows readily from (4-7). �

5. Proof of Theorem 1.1

We start with some weighted estimates.

Lemma 5.1. Suppose that {
(∂t +Lε)wε = ε div(Fε) in Rd

× (s0,∞),

wε = 0 on Rd
×{t = s0}.

(5-1)

Let ψ : Rd
→ R be a bounded Lipschitz function. Then for any t > s0∫

Rd
|wε(x, t)|2e2ψ(x) dx ≤ Cε2eκ(t−s0)‖∇ψ‖

2
∞

∫ t

s0

∫
Rd
|Fε(x, s)|2e2ψ(x) dx ds, (5-2)

where κ > 0 and C > 0 depends only on µ.
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Proof. Let

I (t)=
∫

Rd
|wε(x, t)|2e2ψ(x) dx . (5-3)

Note that

I ′(t)= 2
∫

Rd
〈∂twε, e2ψwε〉 dx

=−2
∫

Rd
〈Lε(wε), e2ψwε〉 dx + 2ε

∫
Rd
〈div(Fε), e2ψwε〉 dx

=−2
∫

Rd
Aε∇wε · ∇(e2ψwε) dx − 2ε

∫
Rd

Fε · ∇(e2ψwε) dx

=−2
∫

Rd
Aε∇wε · (∇wε)e2ψ dx − 2

∫
Rd

Aε∇wε · ∇(e2ψ)wε dx

− 2ε
∫

Rd
Fε · (∇wε)e2ψ dx − 2ε

∫
Rd

Fε · ∇(e2ψ)wε dx,

where 〈 , 〉 denotes the pairing in H−1(Rd
;Rm)× H 1(Rd

;Rm). It follows that

I ′(t)≤−2µ
∫

Rd
|∇wε|

2e2ψ dx + κ‖∇ψ‖∞

∫
Rd
|∇wε||wε|e2ψ dx

+ 2ε
∫

Rd
|∇wε||Fε|e2ψ dx + 4ε‖∇ψ‖∞

∫
Rd
|wε||Fε|e2ψ dx,

where κ > 0 depends only on µ. By the Cauchy inequality this implies

I ′(t)≤ κ‖∇ψ‖2
∞

I (t)+ κε2
∫

Rd
|Fε(x, t)|2e2ψ dx, (5-4)

where κ > 0 depends only on µ. Hence,

d
dt
{I (t)e−κ(t−s0)‖∇ψ‖

2
∞} ≤ Cε2e−κ(t−s0)‖∇ψ‖

2
∞

∫
Rd
|Fε(x, t)|2e2ψ dx .

Since I (s0)= 0, it follows that

I (t)≤ Cε2
∫ t

s0

∫
Rd

eκ(t−s)‖∇ψ‖2∞ |Fε(x, s)|2e2ψ dx ds

≤ Cε2eκ(t−s0)‖∇ψ‖
2
∞

∫ t

s0

∫
Rd
|Fε(x, s)|2e2ψ dx ds. �

Lemma 5.2. Suppose that uε ∈ L2((−∞, T ); H 1(Rd)) and u0 ∈ L2((−∞, T ); H 2(Rd)) for any T ∈ R,
and that {

(∂t +Lε)uε = (∂t +L0)u0 in Rd+1,

uε(x, t)= u0(x, t)= 0 for t ≤ s0.
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Let wε be defined by (3-2), where the operator Sε is given by (3-5). Then for any t > s0,∫
Rd
|wε(x, t)|2e2ψ(x) dx

≤ Cε2e2ε‖∇ψ‖∞+κ(t−s0)‖∇ψ‖
2
∞

∫ t+ε2

s0

∫
Rd
{|∇

2u0(x, s)|2+ |∂su0(x, s)|2}e2ψ(x) dx ds, (5-5)

where ψ is a bounded Lipschitz function in Rd, κ depends only on µ, and C depends only on d , m and µ.

Proof. This follows readily from Lemma 5.1 and Theorem 3.5 with p = 2. �

The next theorem gives a weighted L∞ estimate.

Theorem 5.3. Assume that A is 1-periodic and satisfies (1-2). If m ≥ 2, we also assume that A ∈ VMOx .
Suppose that (∂t +Lε)uε = (∂t +L0)u0 in B(x0, 3r)× (t0− 5r2, t0+ r2) for some (x0, t0) ∈ Rd+1 and
ε ≤ r <∞. Then

‖eψ(uε − u0)‖L∞(Qr (x0,t0)) ≤ Ce3r‖∇ψ‖∞

(
/

∫
Q2r (x0,t0)

|eψ(uε − u0)|
2
)1/2

+Cεre3r‖∇ψ‖∞‖eψ(|∇2u0| + |∂t u0|)‖L∞(B(x0,3r)×(t0−5r2,t0+r2))

+Cεe3r‖∇ψ‖∞‖eψ∇u0‖L∞(B(x0,3r)×(t0−5r2,t0+r2)), (5-6)

where ψ is a Lipschitz function in Rd and C depends only on d, m, µ and A# (if m ≥ 2).

Proof. Let wε be defined by (3-2). Then (∂t +Lε)wε = ε div(Fε) in Q2r (x0, t0), where Fε is given by
(3-4). It follows by Theorem 2.5 that

‖wε‖L∞(Qr (x0,t0)) ≤ C
{(

/

∫
Q2r (x0,t0)

|wε|
2
)1/2

+ εr
(

/

∫
Q2r (x0,t0)

|Fε|p
)1/p}

, (5-7)

where p > d + 2. This leads to

‖uε − u0‖L∞(Qr (x0,t0)) ≤ C
(

/

∫
Q2r (x0,t0)

|uε − u0|
2
)1/2

+Cεr
(

/

∫
Q2r (x0,t0)

|Fε|p
)1/p

+Cε‖Sε(∇u0)‖L∞(Q2r (x0,t0))+Cε2
‖Sε(∇2u0)‖L∞(Q2r (x0,t0)),

where we have used the boundedness of χ and φ in Lemmas 2.1 and 2.3. Hence, using |ψ(x)−ψ(y)| ≤
2r‖∇ψ‖∞ for x, y ∈ B(x0, 2r), we obtain

‖eψ(uε − u0)‖L∞(Qr (x0,t0))

≤ Ce2r‖∇ψ‖∞

(

/

∫
Q2r (x0,t0)

|eψ(uε − u0)|
2
)1/2

+Cεre2r‖∇ψ‖∞

(

/

∫
Q2r (x0,t0)

|eψFε|p
)1/p

+Cεe2r‖∇ψ‖∞‖eψ Sε(∇u0)‖L∞(Q2r (x0,t0))+Cε2e2r‖∇ψ‖∞‖eψ Sε(∇2u0)‖L∞(Q2r (x0,t0)). (5-8)
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Finally, we use Theorem 3.5 to bound the second term in the right-hand side of (5-8). This yields

‖eψ(uε − u0)‖L∞(Qr (x0,t0))

≤Ce2r‖∇ψ‖∞

(

/

∫
Q2r (x0,t0)

|eψ(uε−u0)|
2
)1/2

+Cεre3r‖∇ψ‖∞

(

/

∫ t0+r2

t0−5r2

/

∫
B(x0,3r)

{|eψ∇2u0|
p
+|eψ∂t u0|

p
}

)1/p

+Cεe2r‖∇ψ‖∞‖eψ Sε(∇u0)‖L∞(Q2r (x0,t0))+Cε2e2r‖∇ψ‖∞‖eψ Sε(∇2u0)‖L∞(Q2r (x0,t0)),

where p > d + 2 and we also used the assumption ε ≤ r . Estimate (5-6) now follows. �

We are now in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. We begin by fixing x0, y0 ∈ Rd+1 and s0 < t0. We may assume that

ε < r = (t0− s0)
1/2/100.

For otherwise the desired estimate (1-8) follows directly from (1-6).
For f ∈ C∞0 (Qr (y0, s0);R

m), define

uε(x, t)=
∫ t

−∞

∫
Rd

e−ψ(y)0ε(x, t; y, s) f (y, s) dy ds,

u0(x, t)=
∫ t

−∞

∫
Rd

e−ψ(y)00(x, t; y, s) f (y, s) dy ds,

where ψ is a bounded Lipschitz function in Rd to be chosen later. Then

(∂t +Lε)uε = (∂t +L0)u0 = e−ψ f in Rd+1

and uε(x, t) = u0(x, t) = 0 if t ≤ s0. Let wε be defined by (3-2). It follows from Lemma 5.2 and
Theorem 4.1 that∫

Rd
|wε(x, t)|2e2ψ(x) dx ≤ Cε2e2ε‖∇ψ‖∞+κ(t−s0+ε

2)‖∇ψ‖2∞

∫ t+ε2

s0

∫
Rd
| f |2 dx ds (5-9)

for any t > s0.
Next, we use (5-6) to obtain

‖eψ(uε − u0)‖L∞(Qr (x0,t0)) ≤ Ce3r‖∇ψ‖∞

(

/

∫
Q2r (x0,t0)

|eψwε|2
)1/2

+Cεre3r‖∇ψ‖∞‖eψ(|∇2u0| + |∂t u0|)‖L∞(B(x0,3r)×(t0−5r2,t0+r2))

+Cεe3r‖∇ψ‖∞‖eψ∇u0‖L∞(B(x0,3r)×(t0−5r2,t0+r2)). (5-10)

Since supp( f )⊂ Qr (y0, s0), it follows from the estimate (1-7) for 00(x, t; y, s) that

|∇
2u0(x, t)| + |∂t u0(x, t)| + r−1

|∇u0(x, t)| ≤ C exp
{
−
κ|x0− y0|

2

t0− s0

}

/

∫
Qr (y0,s0)

| f e−ψ | dy ds (5-11)
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for any x ∈ B(x0, 3r) and |t − t0| ≤ 5r2, where κ > 0 depends only on µ. Thus, by (5-10), we obtain

‖eψ(uε − u0)‖L∞(Qr (x0,t0))

≤ Ce3r‖∇ψ‖∞

(

/

∫
Q2r (x0,t0)

|eψwε|2
)1/2

+ εrec(|x0−y0|+r)‖∇ψ‖∞ exp
{
−
κ|x0− y0|

2

t0− s0

}
/

∫
Qr (y0,s0)

| f | dy ds

≤ Cεrecr‖∇ψ‖∞

{
ecr2
‖∇ψ‖2∞ + ec|x0−y0|‖∇ψ‖∞ exp

{
−
κ|x0− y0|

2

t0− s0

}}
·

(
/

∫
Qr (y0,s0)

| f |2
)1/2

, (5-12)

where we have used (5-9) for the last step. By duality this implies(

/

∫
Qr (y0,s0)

|eψ(x)−ψ(y)(0ε(x, t; y, s)−00(x, t; y, s))|2 dy ds
)1/2

≤ Cεr−d−1ecr‖∇ψ‖∞

{
ecr2
‖∇ψ‖2∞ + ec|x0−y0|‖∇ψ‖∞ exp

{
−
κ|x0− y0|

2

t0− s0

}}
(5-13)

for any (x, t) ∈ Qr (x0, t0).
To deduce the L∞ bound for

eψ(x)−ψ(y)(0ε(x, t; y, s)−00(x, t; y, s))

from its L2 bound in (5-13), we apply Theorem 5.3 (with ψ replaced by −ψ and A replaced by
Ã = Ã(y, s)= A∗(y,−s)) to the functions

vε(y, s)= 0ε(x0, t0; y,−s) and v0(y, s)= 00(x0, t0; y,−s).

Note that (∂t + L̃ε)vε = (∂t + L̃0)v0 = 0 in B(y0, 3r)× (−s0−5r2,−s0+ r2). Since Ã satisfies the same
conditions as A, we obtain

|eψ(x0)−ψ(y0)(vε(y0,−s0)− v0(y0,−s0))|

≤ Ce3r‖∇ψ‖∞

(

/

∫
Qr (y0,−s0)

|eψ(x0)−ψ(y)(vε − v0)|
2 dy ds

)1/2

+Cεr−d−1ecr‖∇ψ‖∞eψ(x0)−ψ(y0) exp
{
−
κ|x0− y0|

2

t0− s0

}
= Ce3r‖∇ψ‖∞

(

/

∫
Qr (y0,s0+r2)

|eψ(x0)−ψ(y)(0ε(x0, t0; y, s)−00(x0, t0; y, s))|2 dy ds
)1/2

+Cεr−d−1ecr‖∇ψ‖∞eψ(x0)−ψ(y0) exp
{
−
κ|x0− y0|

2

t0− s0

}
≤ Cεr−d−1ecr‖∇ψ‖∞

{
ecr2
‖∇ψ‖2∞ + ec|x0−y0|‖∇ψ‖∞ exp

{
−
κ|x0− y0|

2

t0− s0

}}
, (5-14)

where we have used (5-13) for the last inequality.
Finally, as in [Hofmann and Kim 2004; Cho et al. 2008], we let ψ(y)= γψ0(|y− y0|), where γ ≥ 0 is

to be chosen, ψ0(ρ)= ρ if ρ ≤ |x0− y0|, and ψ0(ρ)= |x0− y0| if ρ > |x0− y0|. Note that ‖∇ψ‖∞ = γ
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and ψ(x0)−ψ(y0)= γ |x0− y0|. It follows from (5-14) that

|0ε(x0, t0; y0, s0)−00(x0, t0; y0, s0)|

≤ Cεr−d−1e−γ |x0−y0|+cγ
√

t0−s0

{
ecγ 2(t0−s0)+ ecγ |x0−y0| exp

{
−
κ|x0− y0|

2

t0− s0

}}
, (5-15)

where c > 0 depends at most on µ. If |x0− y0| ≤ 2c
√

t0− s0, we may simply choose γ = 0. This gives

|0ε(x0, t0; y0, s0)−00(x0, t0; y0, s0)| ≤ Cεr−d−1
≤ Cε(t0− s0)

−(d+1)/2 exp
{
−
κ|x0− y0|

2

t0− s0

}
.

If |x0− y0|> 2c
√

t0− s0, we choose

γ =
δ|x0− y0|

t0− s0
.

Note that

−γ |x0− y0| + cγ
√

t0− s0+ cγ 2(t0− s0)=−δ(1− cδ)
|x0− y0|

2

t0− s0
+ cδ
|x0− y0|
√

t0− s0

≤
{
−δ(1− cδ)+ 1

2δ
} |x0− y0|

2

t0− s0
≤
−δ|x0− y0|

2

4(t0− s0)

if δ ≤ 1
4 c−1. Also, observe that

cγ
√

t0− s0+ cγ |x0− y0| −
κ|x0− y0|

2

t0− s0
≤
{1

2δ+ cδ− κ
} |x0− y0|

2

t0− s0
≤−

κ|x0− y0|
2

2(t0− s0)
,

if δ ≤ 1
2

(
c+ 1

2

)−1
κ . Recall that r = (100)−1√t0− s0. As a result, we have proved that there exists κ1 > 0,

depending only on µ, such that

|0ε(x0, t0; y0, s0)−00(x0, t0; y0, s0)| ≤
Cε

(t0− s0)(d+1)/2 exp
{
−
κ1|x0− y0|

2

t0− s0

}
.

This completes the proof of Theorem 1.1. �

6. Proof of Theorem 1.2

Define

‖F‖Cλ,0(K ) = sup
{
|F(x, t)− F(y, t)|
|x − y|λ

: (x, t), (y, t) ∈ K and x 6= y
}
.

The proof of Theorem 1.2 relies on the following Lipschitz estimate.

Theorem 6.1. Assume that A satisfies conditions (1-2), (1-3) and (1-9). Suppose that

(∂t +Lε)uε = (∂t +L0)u0
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in Q2r (x0, t0) for some (x0, t0) ∈ Rd+1 and ε ≤ r <∞. Then

‖∇uε−∇u0−(∇χ)
ε
∇u0‖L∞(Qr (x0,t0))≤Cr−1

(

/

∫
Q2r (x0,t0)

|uε−u0|
2
)1/2

+Cεr−1
‖∇u0‖L∞(Q2r (x0,t0))

+Cε ln[ε−1r+2]‖|∇2u0|+ε|∂t∇u0|+ε|∇
3u0|‖L∞(Q2r (x0,t0))

+Cε1+λ
‖|∇

2u0|+ε|∂t∇u0|+ε|∇
3u0|‖Cλ,0(Q2r (x0,t0)), (6-1)

where C depends only on d, m, µ and (λ, τ ) in (1-9).

Proof. Let

wε = uε − u0− εχ
ε
j
∂u0

∂x j
− ε2φε(d+1)i j

∂2u0

∂xi∂x j
, (6-2)

where χ εj (x, t) = χj (x/ε, t/ε2) and φε(d+1)i j (x, t) = φ(d+1)i j (x/ε, t/ε2). It follows by Proposition 3.1
that (∂t+Lε)wε = ε div(Fε) in Q2r (x0, t0), where Fε is given by (3-4) with Sε being the identity operator.
Choose a cut-off function ϕ ∈ C∞0 (R

d+1) such that

0≤ ϕ ≤ 1, ϕ = 1 in Q3r/2(x0, t0),

ϕ(x, t)= 0 if |x − x0| ≥
7
4r or t < t0−

( 7
4r
)2
,

|∇ϕ| ≤ Cr−1, |∇2ϕ| + |∂tϕ| ≤ Cr−2.

Using

(∂t +Lε)(ϕwε)= (∂tϕ)wε + ε div(ϕFε)− εFε(∇ϕ)− div(Aε(∇ϕ)wε)− Aε∇wε(∇ϕ),

where Aε(x, t)= A(x/ε, t/ε2), we may deduce that for any (x, t) ∈ Qr (x0, t0),

wε(x, t)=
∫ t

−∞

∫
Rd
0ε(x, t; y, s){(∂sϕ)wε − εFε(∇ϕ)− Aε∇wε(∇ϕ)} dy ds

−

∫ t

−∞

∫
Rd
∇y0ε(x, t; y, s){εϕFε − Aε(∇ϕ)wε} dy ds

= I (x, t)+ J (x, t),

where

J (x, t)=−ε
∫ t

−∞

∫
Rd
∇y0ε(x, t; y, s)ϕ(y, s)Fε(y, s) dy ds.

Since ϕ = 1 in Q3r/2(x0, t0), we see that for (x, t) ∈ Qr (x0, t0),

|∇ I (x, t)| ≤ C
∫ t

−∞

∫
Rd
|∇x0ε(x, t; y, s)|{|∂sϕ||wε| + ε|Fε||∇ϕ| + |∇wε||∇ϕ|} dy ds

+C
∫ t

−∞

∫
Rd
|∇x∇y0ε(x, t; y, s)||∇ϕ||wε| dy ds

≤ C
{

1
r

/

∫
Q2r (x0,t0)

|wε| + ε /

∫
Q2r (x0,t0)

|Fε| + /

∫
Q7r/4(x0,t0)

|∇wε|

}
≤ C

{
1
r

(

/

∫
Q2r (x0,t0)

|wε|
2
)1/2

+ ε

(

/

∫
Q2r (x0,t0)

|Fε|2
)1/2}

,
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where we have used (parabolic) Caccioppoli’s inequality for the last step. In view of (3-4) with Sε being
the identity operator,

|Fε| ≤ C{|∇2u0| + ε|∂t∇u0| + ε|∇
3u0|},

where we have used the boundedness of ∇φ (see Remark 2.4). It follows that ‖∇ I‖L∞(Qr (x0,t0)) is bounded
by the right-hand side of (6-1).

Finally, to estimate J (x, t), we write

J (x, t)=−ε
∫ t

−∞

∫
Rd
∇y{0ε(x, t; y, s)ϕ(y, s)}(Fε(y, s)− Fε(x, s)) dy ds

+ ε

∫ t

−∞

∫
Rd
0ε(x, t; y, s)(∇ϕ)(y, s)Fε(y, s) dy ds.

It follows that for (x, t) ∈ Qr (x0, t0)

|∇ J (x, t)| ≤ ε
∫

Q2r (x0,t0)
|∇x∇y{0ε(x, t; y, s)ϕ(y, s)}||Fε(y, s)− Fε(x, s)| dy ds

+ ε

∫
Q2r (x0,t0)

|∇x0ε(x, t; y, s)||∇ϕ(y, s)||Fε(y, s)| dy ds

≤ Cε
∫

Q2r (x0,t0)

|Fε(y, s)− Fε(x, s)|
(|x − y| + |t − s|1/2)d+2 dy ds+Cε /

∫
Q2r (x0,t0)

|Fε|. (6-3)

To bound the first integral in the right-hand side of (6-3), we subdivide the domain Q2r (x0, t0) into
Qε(x, t) and Q2r (x0, t0) \ Qε(x, t). On Q2r (x0, t0) \ Qε(x, t), we use the bound

|Fε(y, s)− Fε(x, s)| ≤ 2‖Fε‖L∞(Q2r (x0,t0)),

while for Qε(x, t), we use

|Fε(y, s)− Fε(x, s)| ≤ |x − y|λ‖F‖Cλ,0(Q2r (x0,t0)).

This leads to

|∇ J (x, t)| ≤ Cε ln[ε−1r + 1]‖Fε‖L∞(Q2r (x0,t0))+Cε1+λ
‖Fε‖Cλ,0(Q2r (x0,t0))

≤ Cε ln[ε−1r + 1]‖|∇2u0| + ε|∂t∇u0| + ε|∇
3u0|‖L∞(Q2r (x0,t0))

+Cε1+λ
‖|∇

2u0| + ε|∂t∇u0| + ε|∇
3u0|‖Cλ,0(Q2r (x0,t0)).

Thus, in view of the estimate for ∇ I (x, t), we have proved that ‖∇wε‖L∞(Qr (x0,t0)) is bounded by the
right-hand side of (6-1). Since

‖∇wε −{∇uε −∇u0− (∇χ)
ε
∇u0}‖L∞(Qr (x0,t0)) ≤ Cε‖|∇2u0| + ε|∇

3u0|‖L∞(Qr (x0,t0)),

the estimate (6-1) follows. �

To prove Theorem 1.2, we fix x0, y0 ∈ Rd and s0 < t0. We may assume that ε < (t0 − s0)/8. For
otherwise the estimate (1-10) follows directly from (2-22). We apply Theorem 6.1 to the functions

uε(x, t)= 0ε(x, t; y0, s0) and u0(x, t)= 00(x, t; y0, s0)



ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS IN PARABOLIC HOMOGENIZATION 169

in Q2r (x0, t0), where r = (t0− s0)/8. Note that (∂t +Lε)uε = (∂t +L0)u0 = 0 in Q4r (x0, t0). To bound
the first term in the right-hand side of (6-1), we use the estimate (1-8) in Theorem 1.1. All other terms
in the right-hand side of (6-1) may be handled easily by using the estimates (1-7) for 00(x, t; y, s). We
leave the details to the reader.

7. Proof of Theorem 1.3

To prove Theorem 1.3, we fix x0, y0 ∈ Rd and s0 < t0. As before, we may assume that ε < (t0− s0)/8,
for otherwise the estimate (1-15) follows directly from (2-23).

Let r = (t0− s0)/8. Fix 1≤ j ≤ d and 1≤ β ≤ m. We apply Theorem 6.1 to the functions uε = (uαε )
and u0 = (uα0 ) in Q2r (x0, t0), where

uαε (x, t)= ∂

∂yj
{0αβε }(x, t; y0, s0),

uα0 (x, t)= ∂

∂y`
{0ασ0 }(x, t; y0, s0) ·

{
δβσ δj`+

∂

∂yj
(χ̃

βσ

` )(y0/ε,−s0/ε
2)
}
,

where χ̃ denotes the correctors for ∂t + L̃ε. Observe that (∂t +Lε)uε = (∂t +L0)u0 = 0 in Q4r (x0, t0).
To bound the first term in the right-hand side of (6-1), we use the estimate (1-14). As in the proof of
Theorem 1.1, all other terms in the right-hand side of (6-1) may be handled readily by using estimate
(1-7) for 00(x, t; y, s).
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CAPILLARY SURFACES ARISING IN SINGULAR PERTURBATION PROBLEMS

ARAM L. KARAKHANYAN

We prove some Bernstein-type theorems for a class of stationary points of the Alt–Caffarelli functional in
R2 and R3 arising as limits of the singular perturbation problem(

4u".x/D ˇ".u"/ in B1;

ju"j � 1 in B1;

in the unit ball B1 as "! 0. Here ˇ".t/D .1="/ˇ.t="/ � 0, ˇ 2 C1
0
Œ0; 1�,

R 1

0
ˇ.t/ dt DM > 0, is an

approximation of the Dirac measure and " > 0. The limit functions uD lim"j!0 u"j of uniformly con-
verging sequences fu"j g solve a Bernoulli-type free boundary problem in some weak sense. Our approach
has two novelties: First we develop a hybrid method for stratification of the free boundary @fu0 > 0g of
blow-up solutions which combines some ideas and techniques of viscosity and variational theory. An
important tool we use is a new monotonicity formula for the solutions u" based on a computation of
J. Spruck. It implies that any blow-up u0 of u either vanishes identically or is a homogeneous function
of degree 1, that is, u0 D rg.�/, � 2 SN�1, in spherical coordinates .r; �/. In particular, this implies
that in two dimensions the singular set is empty at the nondegenerate points, and in three dimensions
the singular set of u0 is at most a singleton. Second, we show that the spherical part g is the support
function (in Minkowski’s sense) of some capillary surface contained in the sphere of radius

p
2M. In

particular, we show that ru0 W S
2! R3 is an almost conformal and minimal immersion and the singular

Alt–Caffarelli example corresponds to a piece of catenoid which is a unique ring-type stationary minimal
surface determined by the support function g.

1. Introduction

In this paper we study the singular perturbation problem�
4u".x/D ˇ".u"/ in B1;

ju"j � 1 in B1;
(P")

where " > 0 is a small parameter, 8<:
ˇ".t/D .1="/ˇ.t="/;

ˇ.t/� 0; suppˇ � Œ0; 1�;R 1
0 ˇ.t/ dt DM > 0

(1-1)

is an approximation of the Dirac measure, and B1 � RN is the unit ball centered at the origin. It is well
known that (P") models propagation of equidiffusional premixed flames with high activation of energy

MSC2010: 49Q05, 35R35, 35B25.
Keywords: singular perturbation problem, free boundary regularity, capillary surfaces, global solutions.
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[Caffarelli 1995]. Heuristically, the limit u0 D lim"j!0 u"j (for a suitable sequence "j ! 0) solves a
Bernoulli-type free boundary problem with the free boundary condition

jruCj2� jru�j2 D 2M:

If the functions fu"g are also minimizers of

J"Œu"�D

Z
�

jru"j
2

2
CB

�
u"

"

�
; B.t/D

Z t

0

ˇ.s/ ds; (1-2)

then the limits of fu"g inherit the generic features of minimizers (e.g., nondegeneracy, rectifiability
of @fu > 0g, etc.). Consequently, the limits of uniformly converging sequences fu"j g as "j ! 0 are
minimizers of the Alt–Caffarelli functional J Œu�D

R
B1
jruj2C 2M�fu>0g. It is known that the singular

set of minimizers is empty in dimensions 2; 3 and 4; see [Alt and Caffarelli 1981; Caffarelli et al. 2004;
Jerison and Savin 2015]. However, if u" is not a minimizer then the analysis of the limits of u presents a
more delicate problem. The main difficulty in carrying out such analysis is that the free boundary may
contain degenerate points [Weiss 2003].

This paper is devoted to the study of the blow-ups of the limits of the singular perturbation problem
(P") and establishes a new and direct connection with minimal surfaces. In particular, we show that
every blow-up of a limit function u D lim"j!0 u"j in R3 (for an appropriate sequence "j ) defines an
almost conformal and minimal immersion which is perpendicular to the sphere of radius

p
2M , where

M D
R 1

0 ˇ.t/ dt . In other words, one obtains a capillary surface inside the sphere of radius
p

2M.

Our first result is:

Theorem A. Let u"j ! u locally uniformly in B1 for some subsequence "j . Then any blow-up of u at a
free boundary point x0 2 @fu> 0g is either identically zero or a homogeneous function of degree 1. In
particular, if N D 2 and u is not degenerate at x0 2 @fu> 0g then every blow-up of u at x0 must be one
of the following functions (after some rotation of coordinates):

(1)
p

2M xC
1

, a half-plane solution provided that there is a measure-theoretic normal at x0,

(2) a wedge ˛jx1j, 0< ˛ �
p

2M ,

(3) a two-plane solution ˛xC
1
�ˇx�

1
; ˛2�ˇ2 D 2M, ˛; ˇ > 0.

In order to prove Theorem A we will introduce a monotone quantity based on a computation of Joel
Spruck [1983]. From Theorem A it follows that in R2 the blow-up limits at nondegenerate free boundary
points can be explicitly computed. It is worthwhile to note that the minimizers of

J Œu�D

Z
B1

jruj2C 2M�fu>0g (1-3)

are nondegenerate; i.e., for each subdomain�0bB1 there is a constant c0>0 depending on dist.@B1; @�
0/,

N, M, such that

sup
Br .x0/

uC � c0r for all x0 2 @fu> 0g\�0; Br .x0/� B1: (1-4)
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However, if u" is any solution of (P") then nondegeneracy may not be true. There is a sufficient condition
[Caffarelli et al. 1997, Theorem 6.3] that implies (1-4).

Some well-known examples demonstrate rather strikingly that for the stationary case there are wedge-
like global solutions for which the measure-theoretic boundary of fu> 0g is empty. This is impossible for
minimizers. In fact, the zero set of a minimizer has uniformly positive Lebesgue density. In this respect
Theorem A only states that if u is nondegenerate at x0 then the blow-up is a nontrivial cone.

The existence of wedge solutions, see [Caffarelli et al. 1997, Remark 5.1], suggests that some further
assumptions are needed to formulate the free boundary condition. For instance, one may assume that the
upper Lebesgue density at x 2 @fu> 0g satisfies ‚�.x; fu> 0g/ < 1; i.e., the upper density measure is
not covering the full ball. We emphasize that for some solutions the topological and measure-theoretic
boundaries may not coincide. Our next result addresses the degeneracy and wedge-formation in R3 of
blow-ups at free boundary points.

Theorem B. Suppose N D 3. Let u� 0 be a limit of some uniformly converging sequence fu"j g solving
(P") such that u is nondegenerate at y0 2 @fu> 0g. Let u0 be a blow-up of u at y0. If C is a component
of @fu0 > 0g such that the measure-theoretic boundary of fu0 > 0g in C is nonempty then

(1) all points of C are nondegenerate,

(2) C is a subset of the measure-theoretic boundary of fu0 > 0g,

(3) C n f0g is smooth.

In particular in R3 the singular set of @fu0 > 0g is at most a singleton.

Theorem B implies that the reduced boundary propagates instantaneously in the components of
@fu0 > 0g. Our last result sheds some new light on the characterization of the blow-ups as minimal
surfaces inside spheres with contact angle �

2
.

Theorem C. Let u0 be as in Theorem B and u0 D rg.�/, � 2 S2, in spherical coordinates. Then the
parametrization X.�/ D �g.�/CrS2g.�/ defines an almost conformal and minimal immersion. If
fg > 0g is homeomorphic to a disk then u0 is a half-plane solution

p
2M xC

1
. If fg > 0g is homeomorphic

to a ring then the only singular cone is the Alt–Caffarelli catenoid.

Observe that 4u0 D 0 implies that the spherical part g satisfies the following equation on the sphere:

4SN�1gC .N � 1/g D 0;

where4SN�1 is the Laplace–Beltrami operator. If we regard g as the support function of some embedded
hypersurface M then the matrix Œrij gC ıij g��1 gives the Weingarten mapping and its eigenvalues are
the principal curvatures k1; : : : ; kN�1 of M. If N D 3 then we have

0D4S2gC 2g D traceŒrij gC ıij g�D
1

k1

C
1

k2

D
k1C k2

k1k2

;

implying that the mean curvature is zero at the points where the Gauss curvature k1k2 does not vanish.
This is how the minimal surfaces enter into the game. One of the main obstacles is to show that the
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surface parametrized by X.�/Dru0.�/ is embedded. Then the classification for the disk-type domains
fg > 0g follows from a result of [Nitsche 1985]. To prove the last statement of Theorem C we will use
the moving plane method. It is worthwhile to point out that the results of this paper can be extended to
other classes of stationary points. For instance, the weak solutions introduced in [Alt and Caffarelli 1981]
can be analyzed in similar way provided that the zero set has uniformly positive Lebesgue density at free
boundary points in order to guarantee that the class of weak solution is closed with respect to blow-ups;
see [Alt and Caffarelli 1981, Example 5.8].

Related works. In [Hauswirth et al. 2011] L. Hauswirth, F. Hélein, and F. Pacard considered the overde-
termined problem 8<:

4u.x/D 0 in �;
u> 0 in �;
u.x/D 0; jruj D 1 on @�;

(1-5)

where � is a smooth domain and the boundary conditions are satisfied in the classical sense. A domain �
admitting a solution u to (1-5) is called exceptional. Note that every nonnegative smooth solution of the
limiting singular perturbation problem solves (1-5) with M D 1

2
. In [Hauswirth et al. 2011] the authors

constructed a number of examples of exceptional domains and proposed to classify them. In particular,
they proved that if � � R2 is conformal to a half-plane such that u is strictly monotone in one fixed
direction then � is a half-space [Hauswirth et al. 2011, Proposition 6.1]. However the general problem
remained open.

Later M. Traizet [2014, Proposition 1] showed that the smoothness assumption can be relaxed, namely
if �� R2 has C 0 boundary and the boundary conditions are still satisfied in the classical sense then �
is real-analytic. Under various topological conditions on the two-dimensional domain �� R2 (such as
finite connectivity and periodicity), M. Traizet classified the possible exceptional domains. One of his
remarkable results is that from � one can construct a complete minimal surface using the Weierstrass
representation formula [Traizet 2014, Theorem 9]. Another classification result in R2, under stronger
topological hypotheses than in [Traizet 2014], was given by D. Khavinson, E. Lundberg and R. Teodorescu
[Khavinson et al. 2013]. Moreover, their results in the simply connected case are stronger because unlike
M. Traizet they do not assume the finite connectivity (i.e., @� has finite number of components). As
opposed to these results (1) we do not assume any regularity of the free boundary (which plays the role of
@� in (1-5)), (2) the Neumann condition is not satisfied in the classical sense, (3) the minimal surface we
construct in Theorem C is not complete and it is a capillary surface inside sphere, and (4) our techniques do
not impose any restriction on the dimension. Note that in [Hauswirth et al. 2011] the authors suggested to
study more general classes of exceptional domains: if .M;g/ is an m-dimensional Riemannian manifold
admitting a harmonic function with zero Dirichlet and constant Neumann boundary data then M is called
exceptional and u a roof function. In this context Theorem C provides a way of constructing a roof
function on the sphere from the blow-ups of stationary points of the Alt–Caffarelli functional.

One may consider higher-order critical points as well, such as mountain passes (which are, in fact,
minimizers over some subspace of admissible functions), for which one has nondegeneracy and nontrivial
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Lebesgue density properties [Jerison and Perera 2018, Propositions 1.7–5.1]. Observe that neither of these
properties is available for our solutions as Theorem 6.3 and Remark 5.1 in [Caffarelli et al. 1997] indicate,
and in the present work we do not impose any additional assumptions on our stationary points of this kind.

It seems that the only result in high dimensions that appears in [Hauswirth et al. 2011; Khavinson et al.
2013; Traizet 2014] states that if the complement of � is connected and has C 2;˛ boundary, then � is the
exterior of a ball [Khavinson et al. 2013, Theorem 7.1]. The restriction �� R2 is because the authors
have mainly used the techniques from complex analysis. Our approach does not have this restriction since
our main tool is the representation of the solution in terms of the Minkowski support function. We remark
that using our method in high dimensions we can construct a surface M inside the sphere of radius

p
2M

such that the sum of its principal radii of curvature is zero, and M is transversal to the sphere.
Finally, we point out that our approach may lead to a new characterization of global minimizers in R3

[Caffarelli et al. 2004]. Indeed, [Ros and Vergasta 1995, Theorem 6] implies that the capillary surface M

in Theorem C associated with the blow-up limit must be totally geodesic (i.e., the second fundamental
form is identically zero). Consequently, the blow-up must be the half-plane solution.

The paper is organized as follows: In Section 2 we set up some basic notation which will be used
throughout the paper. Section 3 is devoted to the study of a new monotone quantity s.x0;u; r/. This
interesting quantity is derived from a computation of Spruck [1983]. Among other things, properties of s

imply that every blow-up of u is either a homogeneous function of degree 1 or identically zero. Section 4
contains the proof of Theorem A. In Section 5 we develop a new method of stratification of the free
boundary points and prove Theorem B. Section 6 contains the proof of Theorem C. For the convenience
of the reader, in the Appendix we repeat the relevant material from [Caffarelli et al. 1997] without proofs.

2. Notation

Throughout the paper N will denote the spatial dimension. Br .x0/D fx 2 RN W jx�x0j< rg denotes
the open ball of radius r > 0 centered at x0 2 RN. The s-dimensional Hausdorff measure is denoted
by Hs, the unit sphere by SN�1 � RN, and the characteristic function of the set D by �D . We also let

M D

Z 1

0

ˇ.t/ dt:

Sometimes we will set x D .x1;x
0/, where x0 2 RN�1. For a given function v, we will define vC D

max.0; v/ and v�Dmax.0;�v/. Finally, we say that v 2C
0;1
loc .D/ if for every D0bD, there is a constant

L.D0/ such that

jv.x/� v.y/j �L.D0/jx�yj for all x;y 2 D:

If v 2 C
0;1
loc .D/ then we say that v is locally Lipschitz continuous in D. For x D .x1; : : : ;xN / and fixed

x0 2 RN we denote by .x �x0/
C

1
the positive part of the first coordinate of x �x0. If u.x0/D 0 then

.u.x//r D u.x0 C rx/=r , r > 0, denotes the scaled function at x0. For given rj ! 0 the sequence

.u.x//rj is called a blow-up sequence and its limit u0 a blow-up of u at x0.
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3. Monotonicity formula of Spruck

It is convenient to work with a weaker definition of nondegeneracy which only ensures that the blow-up
does not vanish identically.

Definition 3.1. We say that u is degenerate at x0 2 @fu> 0g if lim infr!0 .1=r/ /

R
Br .x0/

uC D 0.

Observe that uC.x/D o.jx�x0j/ near the degenerate point x0 because uC is subharmonic.
It is known that the solutions of (P") are locally Lipschitz continuous; see the Appendix, Proposition A.1.

Consequently, there is a subsequence "j ! 0 such that u"j ! u locally uniformly. Furthermore, u is
a stationary point of the Alt–Caffarelli problem in some weak sense and the blow-up of u can be
approximated by some scaled family of solutions to (P"); see the Appendix, Propositions A.5 and A.6.

Proposition 3.1. Let u be a limit of some sequence u"j as in Proposition A.2. Then any blow-up of u at a
nondegenerate point is a homogeneous function of degree 1.

Proof. To fix the ideas we assume that 0 2 @fu> 0g is a nondegenerate point. We begin with writing the
Laplacian in polar coordinates

4uD urr C
N � 1

r
ur C

1

r2
4SN�1u (3-1)

and then introducing the auxiliary function

v.t; �/D
u.r; �/

r
; r D e�t : (3-2)

A straightforward computation yields

vt D�ur C v; v� D
u�

r
; vt t D urr r C vt ; 4SN�1v D

1

r
4SN�1u;

where, with some abuse of notation, v� denotes the gradient of v computed on the sphere. Rewriting the
equation �u" D ˇ".u"/ in t - and � -derivatives we obtain

1

r
Œ.N � 1/.v� @tv"/C @

2
t v"� @tv"C4SN�1v"�D

1

"
ˇ

�
r

"
v"

�
:

Next, we multiply both sides of the last equation by @tv" to get

@tv"Œ.N � 1/.v� @tv"/C @
2
t v"� @tv"C4SN�1v"�D @tv"

r

"
ˇ

�
r

"
v"

�
: (3-3)

The right-hand side of (3-3) can be further transformed as follows:

r

"
ˇ

�
e�t

"
v"

�
@tv" D ˇ

�
e�t

"
v"

��
e�t

"
@tv"�

e�t

"
v"

�
Cˇ

�
e�t

"
v"

�
e�t

"
v"

D @t

Z .e�t="/v"

0

ˇ.s/ dsCˇ

�
e�t

"
v"

�
e�t

"
v"

D @tB
�

e�t

"
v"

�
Cˇ

�
e�t

"
v"

�
e�t

"
v" � I1:
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It is important to note that by our assumption (1-1) the last term is nonnegative; in other words

ˇ

�
e�t

"
v"

�
e�t

"
v" � 0: (3-4)

Moreover, we have

I2 � Œ.N � 1/v"�N @tv"C @
2
t v"C4SN�1v"�@tv"

D .N � 1/@t

�
v2
"

2

�
�N.@tv"/

2
C @t

�
.@tv"/

2

2

�
C @tv"4SN�1v":

Next we integrate the identity
I2 D rI1

over SN�1 and then over ŒT0;T � in order to get

.N � 1/

Z
SN�1

v2
"

2

ˇ̌̌̌T
T0

�N

Z T

T0

Z
SN�1

.@tv"/
2
C

Z
SN�1

.@tv"/
2

2

ˇ̌̌̌T
T0

C

Z T

T0

Z
SN�1

@tv"4SN�1v"

D

Z
SN�1

B
�

e�t

"
v"

�ˇ̌̌̌T
T0

C

Z T

T0

Z
SN�1

ˇ

�
r

"
v"

�
r

"
v":

Note that Z T

T0

Z
SN�1

@tv"4SN�1v" D�
1

2

Z
SN�1

jr�v"j
2
ˇ̌T
T0
: (3-5)

Rearranging the terms and utilizing (3-4) we get the identity

N

Z T

T0

Z
SN�1

.@tv"/
2
C

Z T

T0

Z
SN�1

ˇ

�
r

"
v"

�
r

"
v"

D .N � 1/

Z
SN�1

v2
"

2

ˇ̌̌̌T
T0

C

Z
SN�1

.@tv"/
2

2

ˇ̌̌̌T
T0

�
1

2

Z
SN�1

jr�v"j
2
ˇ̌T
T0
�

Z
SN�1

B
�

e�t

"
v"

�ˇ̌̌̌T
T0

: (3-6)

From here it follows that Z T

T0

Z
SN�1

.@tv"/
2
� C; (3-7)

where C depends on kru"k1;M;N but not on ";T0 or T.
Letting "! 0 we conclude Z T

T0

Z
SN�1

.@tv/
2
� C; (3-8)

where v.t; �/D u.r; �/=r . But @tv D�ur Cu=r , implying thatZ 1
T0

Z
SN�1

�
ur �

u

r

�2

dt d� � C: (3-9)

The proof of Theorem A follows if we note that �urCu=r D 0 is the Euler equation for the homogeneous
functions of degree 1. �
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In the proof of Proposition 3.1 we used Spruck’s original computation [1983]. The identity (3-6) can
be interpreted as a local energy balance for u". Moreover, using (3-6) we can construct a monotone
quantity which has some remarkable properties.

Corollary 3.2. Suppose 0 2 @fu> 0g and let .r; �/, � 2 SN�1, be the spherical coordinates. Introduce

S".r/D

Z
SN�1

�
2B
�

u".r; �/

"

�
C

1

r2
jr�u"j

2
�.N �1/

u2
".r; �/

r2
�

�
@r u".r; �/�

u".r; �/

r

�2�
d�: (3-10)

� Then S".r/ is nondecreasing in r .

� Moreover, if u"j ! u for some subsequence "j ! 0, then S"j .r/! S.r/ for a.e. r , where

S.r/D

Z
SN�1

�
2M�fu>0gC

1

r2
jr�uj2� .N � 1/

u2.r; �/

r2
�

�
@r u.r; �/�

u.r; �/

r

�2�
d�: (3-11)

In particular, S.r/ is a nondecreasing function of r .

� S.r/ is constant if and only if u is a homogeneous function of degree 1.

Proof. By setting r1 D e�T, r2 D e�T0 and noting that r1 < r2 if T > T0 we obtain from (3-6)

S".r2/�S".r1/D 2N

Z T

T0

Z
SN�1

.@tv"/
2
C 2

Z T

T0

Z
SN�1

ˇ

�
r

"
v"

�
r

"
v" � 0;

where we applied (3-4) and hence the first claim follows. The second part follows from Propositions A.1
and A.2. Indeed, integrating S".r/� S".r C t/, t � 0, over Œr1� ı; r1C ı� we infer

1

2ı

Z r1Cı

r1�ı

S".r/ dr �
1

2ı

Z r1Cı

r1�ı

S".r C t/ dr:

Then first letting "! 0 and utilizing Proposition A.2 together with (A-1) and then sending ı! 0 we infer
that S.r/ is nondecreasing for a.e. r . Finally the last part follows as in the proof of Proposition 3.1. �

As one can see we did not use the Pohozhaev identity, as opposed to the monotonicity formula in
[Weiss 2003]. Spruck’s monotonicity formula enjoys a remarkable property.

Lemma 3.3. Let u be as in Proposition 3.1. Set S.x0; r;u/ for S.r/ defined by the sphere centered at
x0 2 @fu> 0g. Suppose xk 2 @fu> 0g such that xk ! x0. Then

lim sup
xk!x0

S.xk ; 0;u/� S.x0; 0;u/:

Proof. For given ı > 0 there is �0 > 0 such that S.x0; �;u/ � S.x0; 0;u/C ı whenever � < �0. Fix
such � and choose k so large that S.xk ; �;u/ < ıCS.x0; �;u/. From the monotonicity of S.xk ; �;u/ it
follows that

S.xk ; 0;u/� S.xk ; �;u/� ıCS.x0; �;u/

� 2ıCS.x0; 0;u/:

First letting xk ! x0 and then ı! 0 the result follows. �
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Lemma 3.4. Let S be the monotone quantity in (3-11). Then the following hold:

(i) s.x0;R;u/D .1=R
N /
R R

0 rN�1S.x0; r;u/ dr is monotone nondecreasing and

d

dR
s.x0;u;R/D

1

RNC1

Z R

0

rN S 0.x0;u; r/ dr � 0:

(ii) If the solution u� 0 is degenerate at x0 2 @fu> 0g then the set fu> 0g has well-defined Lebesgue
density ‚.x0; fu> 0g/ equal to

1

2M jB1j
s.x0; 0;u/D

1

2M jB1j
lim

R!0
s.x0;R;u/:

(iii) Suppose xk 2 @fu> 0g such that xk ! x0. Then

lim sup
xk!x0

s.xk ; 0;u/� s.x0; 0;u/:

Proof. It is easy to compute

s0.x0;R;u/D�
N

RNC1

Z R

0

rN�1S.x0; r;u/ dr C
S.x0;R;u/

R

D�
S.x0;R;u/

R
C

1

RNC1

Z R

0

rN S 0.x0;u; r/ dr C
S.x0;R;u/

R

D
1

RNC1

Z R

0

rN S 0.x0; r;u/ dr:

To prove the second claim notice that at the degenerate point x0 we have u.x/D o.jx�x0j/ by virtue
of the subharmonicity of u. Consequently /

R
BR.x0/

jruj2 D o.1/ as r ! 0 by virtue of the Caccioppoli
inequality. Therefore the only surviving term in S comes from 2M�fu>0g. The proof of the last claim is
analogous to that of Lemma 3.3. �

Lemma 3.5. Let 0 2 @fu> 0g and assume that u0D rg.�/, � 2SN�1, is a blow-up limit of u at 0 which
is homogeneous function of degree 1. ThenZ

SN�1

jr�gj2� .N � 1/

Z
SN�1

g2

�
D 0 if @fu> 0g is flat at 0;

� 0 otherwise:

Proof. Let .r; �/ be the spherical coordinates; then the Laplacian takes the form

4u" D @
2
rr u"C

N � 1

r
@r u"C

1

r2
4SN�1u":

Multiply both sides of �u" by rN�1u" and integrate over Œ0;R��SN�1 to get

I1.u"j / WD

Z R

0

Z
SN�1

u"@
2
rr u"r

N�1 d� dr

DRN�1

Z
SN�1

u"@r u"�

Z R

0

Z
SN�1

�
.@2

r u"/
2rN�1

C .N � 1/@r u"u"r
N�1

�
d� dr;
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I2.u"j / WD

Z R

0

Z
SN�1

u"@
2
r u"r

N�2 d� dr

DRN�2

Z
SN�1

.u"/
2

2
� .N � 2/

Z R

0

Z
SN�1

�
.u"/

2

2
rN�3

�
d� dr;

I3.u"j / WD

Z R

0

Z
SN�1

4SN�1u"u"r
N�3 d� dr D�

Z R

0

Z
SN�1

jr�u"j
2rN�3 d� dr:

Choosing a converging sequence u"j and letting "j ! 0 we get by virtue of Proposition A.2

lim
"j!0

Z
BR

ˇ"j u"j D lim
"j!0

ŒI1.u"j /C .N � 1/I2.u"j /C I3.u"j /�! I1.u/C .N � 1/I2.u/C I3.u/:

Suppose that uRk
is a blow-up sequence at the origin and uRk

! u0 D rg.�/; then

I1.u0/DRN

Z
SN�1

g2
�

RN

N

Z
SN�1

g2
�

N � 1

N
RN

Z
SN�1

g2
D 0;

I2.u0/DRN

Z
SN�1

g2

2
�

N � 2

N
RN

Z
SN�1

g2

2
D

RN

N

Z
SN�1

g2:

By Proposition A.5 and (A-2) there is a sequence ıj ! 0 such that uıj ! u0 and

lim
ıj!0

Z
B1

ˇıj uıj � kˇk1jfx 2 B1 W 0< uıj < ıj gj ! 0;

provided that u is flat at 0. Hence we have

lim
ıj!0

Z
B1

ˇıj uıj D
RN

N

�
.N � 1/

Z
SN�1

g2
�

Z
SN�1

jr�gj2
��
D 0 if @fu> 0g is flat at 0;

� 0 otherwise:
�

4. Proof of Theorem A

The first part of the theorem follows from Proposition 3.1. Since u is not degenerate at the origin, by
Propositions A.2 and A.5 u�k

.x/! u0.x/ locally uniformly and by Proposition 3.1 u0 is homogeneous
of degree 1. Write 4 in polar coordinates .r; �/ to obtain

4w D
1

r

@

@r
.rwr /C

1

r2

@

@�
.w� /:

In particular, writing u0 D rg.�/, this yields a second-order ODE for g,

gC Rg D 0: (4-1)

Suppose g.0/D g.�0/D 0 , �0 2 Œ0; 2�/; then (4-1) implies that g.�/D A sin � for some constant A,
consequently forcing �0 D � . Hence, since N D 2, we obtain that u0 must be linear; in other words the
free boundary @fu0 > 0g is everywhere flat. This in turn implies that in two dimensions the singular set
of the free boundary @fu0 > 0g is empty. Consequently, u0 is linear in fu0 > 0g and fu0 < 0g. From here
parts (2) and (3) of Theorem A follow from [Caffarelli et al. 1997, Propositions 5.3 and 5.1].
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So it remains to check (1). For the elliptic problem the only difference is that the limit function
M.x/ D limıj!0 Bıj .uıj / cannot have nontrivial concentration on the free boundary coming from
fx1 < 0g, as opposed to the parabolic case studied in [Caffarelli et al. 1997]. Observe that rB.uıj =ıj /D
ruıjˇıj .uıj /D 0 in B1 n f0< uıj < ıj g. By Proposition A.5 and (A-2) there is sequence 0< �j ! 0

such that .u"j /�j ! u0; "j=�j ! 0 and M.x/DM�fx1>0gCM0�fx1<0g. It follows from (A-3) thatZ
fx1>0g

M @1�C

Z
fx1<0g

M0 @1� D

Z
fx1>0g

˛2

2
@1� for all � 2 C10 .B1/: (4-2)

After integration by parts we obtain M0

R 1
�1 �.0;x2/ dx2 D

�
M � 1

2
˛2
� R 1
�1 �.0;x2/ dx2. This yields

M0 DM �
˛2

2
:

Next we claim that M0 D 0. Suppose M0 > 0; then I0 WD ft 2 R W B.t/ D M0g 6D ∅ and there
is a 2 .0; 1/ such that I0 � Œa; 1�: Since B.t/ is continuous and nondecreasing, it follows that there is
0< a0 < a such that uıj .x/=ıj 2 Œa0; 1� provided that j is sufficiently large.

Let

C D
�

x W
uıj .x/

ıj
2 Œa0; 1�

�
\fx1 < 0g\B1:

Then,
C � fx 2 B1 W a0ıj � uıj .x/� ıj g � f0< uıj < 2ıj g\B1:

But jf0< uıj < 2ıj g\B1j ! 0, which implies that M0 cannot be positive. �

5. The structure of the free boundary of blow-ups in R3

In this section we assume that u � 0 is a limit of u"j solving (P") for some sequence "j ! 0, u is
nondegenerate at some y0 2 @fu> 0g and u0 is a blow-up of u at y0. Note that by Corollary 3.2 u0 is a
homogeneous function of degree 1. If u0 is not a minimizer then it is natural to expect that the solutions
of (P") develop singularities in RN, N � 3.

We first prove a nondegeneracy result.

Lemma 5.1. Let x0 2 @fu0 > 0g be a free boundary point such that there is a ball B � fu0D 0g touching
@fu0 > 0g at x0 and ‚.x0; fu0 > 0g/� 1

2
. Then u0 is nondegenerate at x0 and

u0.x/D
p

2M .x�x0/
C
C o.x�x0/:

Proof. Let .u0/r D u0.x0C rx/=r . There is r0 such that

.u0/r D 0 in fx1 < �ıg\Q1; for all r � r0; (5-1)

for some small ı > 0, where Q1 D .�1; 1/3 is the unit cube. Moreover, there is Or0 > 0 such that

jf.u0/r > 0g\ fx1 > 0g\B1j

jB1j
> 1

2
� ı for all r � Or0: (5-2)
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x
j
1

�x
j
1

ƒ"j .x
j
1
/

C "j

�"j

Nx
"j
1

x1

Figure 1. The construction of the point . Nx"j
1
; �"j /. The purple region is C "j .

Fix r with these two properties (5-1) and (5-2). There exists 
 > 0 such that

jf.u0/r > 
 g\ fx1 > 0g\B1j

jB1j
> 1

2
� 2ı: (5-3)

Let v"j D .u"j /r , where u"j ! u0 (see Proposition A.5) and A"j D fv"j > 
=2g\ fx1 > 0g\B1. Since
v"j ! .u0/r uniformly (see Proposition A.2), it follows that there is j0.r/ such that for j � j0.r/ we
have

jA"j j> jB1j
�

1
2
� 2ı

�
: (5-4)

Let B"j D fx1 2 .�1;�ı/g \Q1 and �B"j D fx1 2 .ı; 1/g \Q1. Let C "j D A"j \ .�B"j /. Then we
have

jC "j j � jB1j
�

1
2
� 2ı

�
> 0:

Define ƒ"j .x1/D fx
0 W .x1;x

0/ 2 C "j g and f "j .x1/D jƒ
"j .x1/j. We claim thatˇ̌˚

x1 W f
"j .x1/ > jB1j

�
1
2
� 3ı

�	ˇ̌
> 0:

Indeed, if the claim fails then we have

jB1j
�

1
2
� 2ı

�
� jC "j j D

Z 1

ı

f "j .x1/ dx1 � jB1j
�

1
2
� 3ı

�
;

which is a contradiction.
Hence there is x

"j
1
2 .ı; 1/ such that f "j .x"j

1
/ > jB1j

�
1
2
� 3ı

�
. Now choose 0< a0 < a< b < b0 < 1

such that
ˇ.s/ > � for all s 2 Œa0; b0�:
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Let "0j D "j=r . We claim that there is �"j 2ƒ"j and Nx"j
1

such that

v"j

"0j
.x
"j
1
; �"j / 2 .a; b/:

Indeed, for sufficiently large j we have

a>
v"j

"0j
.�x

"j
1
;x0/D 0 for all x0 2ƒ"j .x

"j
1
/;

v"j

"0j
.x
"j
1
;x0/ >




2"0j
> b for all x0 2ƒ"j .x

"j
1
/;

provided that j > j1.r/; see Figure 1. Hence from the mean value theorem we see that the claim is true.
From the uniform Lipschitz continuity of the functions v"j it follows that there is a constant c0>0 such that

v"j

"0j
.x1;x

0/ 2 .a0; b0/ if jx1� Nx
"j
1
j< "0j c0; x0 2ƒ"j .x

"j
1
/:

Consequently we haveZ
B1

ˇ"0
j
.v"j /�

�

"0j

Z
jx1� Nx

"j

1
j<"0

j
c0

jƒ"j .x1/jdx1 �
�

"0j
.1� 3ı/2c0"

0
j D 2�jB1j.1� 3ı/c0 WD

zC :

Now the nondegeneracy follows from the proof of Part II of Theorem 6.3 in [Caffarelli et al. 1997]. The
asymptotic expansion follows from Theorem A and Proposition 3.1. �

Remark 5.2. Note that under the weaker assumption ‚.x0; fu0 > 0g/ > 0 the argument in the proof
of Lemma 5.1 still works. However for a self-crossing free boundary [Weiss 2003] (see Figure 2) the
assumptions of Lemma 5.1 may not be satisfied.

As an immediate corollary we have:

Corollary 5.3. Let x0 2 @fu0 > 0g be a point of reduced boundary. Then u0 is nondegenerate at x0.

Proof. Suppose that 0 2 @fu0 > 0g and @f.u0/r > 0g � B2 \ fjx � ej < "g for some unit vector e and
small " > 0. Here .u0/r D u0.rx/=r . Consider the family of balls B1=2.et/; t 2 Œ�"; "�. Then there

u> 0u> 0

O

Figure 2. Possible self-crossing free boundary which fails to satisfy the conditions of Lemma 5.1.
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is t" 2 Œ�"; "� such that B1=2.et"/ touches the free boundary at some point z0 2 B1 provided that " is
sufficiently small. Let �0 D t"e. Introduce the barrier function

w.x/D
'
�

1
2

�
�'.jx� �0j/

'
�

1
2

�
�'.1/

sup
B1.�0/

u0;

where '.jxj/D 1=jxjN�2. We have 4.u0�w/D4u0 � 0 in D D B1.�0/ nB1=2.�0/ and u0�w � 0

on @D. From the maximum principle we infer that u0 � w in D. But we have that the maximum of
u0�w is realized at z0. Hence from the Hopf lemma we get

�
p

2M D @�0
u0.z0/ > @�0

w.z0/D�
ˇ̌
'0
�

1
2

�ˇ̌supB1.�0/
u0

'
�

1
2

�
�'.1/

or

sup
B1.�0/

.u0/r �
p

2M
'
�

1
2

�
�'.1/ˇ̌

'0
�

1
2

�ˇ̌ : �

In the following definition we let �C.u/D fu> 0g and ��.u/D fu< 0g. Moreover, let

G.uC� ;u
�
� / WD .u

C
� /

2
� .u�� /

2
� 2M; (5-5)

where uC� and u�� are the normal derivatives in the inward direction � to @�C.u/ and @��.u/, respectively.
For more details see [Caffarelli and Salsa 2005, Definition 2.4].

Definition 5.1. Let � be a bounded domain of RN and let u be a continuous function in �. We say
that u is a viscosity solution in � if:

(i) �uD 0 in �C.u/ and ��.u/.

(ii) Along the free boundary @fu> 0g, the function u satisfies the free boundary condition in the sense that:

(a) If at x0 2 @fu> 0g there exists a ball B ��C.u/ such that x0 2 @B and

uC.x/� ˛hx�x0; �i
C
C o.jx�x0j/ for x 2 B; (5-6)

u�.x/� ˇhx�x0; �i
�
C o.jx�x0j/ for x 2 Bc ; (5-7)

for some ˛ > 0 and ˇ � 0, with equality along every nontangential domain, then the free boundary
condition is satisfied:

G.˛; ˇ/� 0:

(b) If at x0 2 @fu> 0g there exists a ball B ���.u/ such that x0 2 @B and

u�.x/� ˇhx�x0; �i
�
C o.jx�x0j/ for x 2 B;

uC.x/� ˛hx�x0; �i
C
C o.jx�x0j/ for x 2 @B;

for some ˛ � 0 and ˇ > 0, with equality along every nontangential domain, then

G.˛; ˇ/� 0:
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In our case ˇ D 0 and we have only uC. However, one has to check that the free boundary conditions
(a) and (b) in Definition 5.1 are satisfied.

Lemma 5.4. Let u0 be a blow-up of u at some nondegenerate point such that ‚.x; fu0 > 0g/ � 1
2

for
every x 2 @fu0 > 0g. Then u0 is a viscosity solution in the sense of Definition 5.1.

Proof. We have to show that the properties (a), (b) in Definition 5.1 hold. Suppose that B � fu0 > 0g

touches @fu0 > 0g at some point x0. Then it follows from Hopf’s lemma that u0 is nondegenerate
at x0. Consequently, if u00 is a blow-up at x0 then by Theorem A u00.x/D ˛xC

1
after some rotation of

coordinate system. Moreover 0< ˛ �
p

2M. Hence G.˛; 0/� 0.
Now suppose that B � fu0 D 0g and B touches @fu0 > 0g at z0. By Lemma 5.1 u0 is nondegenerate

at z0. Theorem A implies that any blow-up u00 of u0 at z0 must be u00.x/ D
p

2M xC
1

after some
rotation of coordinates. Hence G.

p
2M ; 0/� 0. �

5A. Properties of @fu0 > 0g. We want to study the properties of g. We first prove a Bernstein-type result
which is a simple consequence of a refinement of the Alt–Caffarelli–Friedman monotonicity formula [Alt
et al. 1984b; Caffarelli et al. 2000].

Lemma 5.5. Let u� 0 be a limit of solutions to (P"). Let u0D rg.�/, � 2SN�1, be a nontrivial blow-up
of u at some free boundary point. If there is a hemisphere containing supp g then the graph of u0 is a
half-plane.

Proof. Without loss of generality we assume supp g�SN�1
C DfX 2SN�1 WxN �0g. Let v.x1; : : : ;xN /D

u.x1; : : : ;�xN / be the reflection of u with respect to the hyperplane xN D 0. Then v is a nonnegative
subharmonic function satisfying the requirements of [Caffarelli et al. 2000, Lemma 2.3]. Thus

ˆ.r/D
1

r4

Z
Br

jru0j
2

jxjN�2

Z
Br

jrvj2

jxjN�2

is nondecreasing in r . Moreover

ˆ0.r/�
2ˆ.r/

r
Ar ; Ar D

CN

rN�1
Area.@Br n .supp u0[ supp v//:

Thus, if supp g digresses from the hemisphere by size ı > 0 then Ar � c.ı/ > 0. Hence integrating the
differential inequality for ˆ we see that ˆ grows exponentially, which is a contradiction since in view of
Proposition A.3 u0 is Lipschitz and hence ˆ must be bounded. �

It is convenient to define the following subsets of the free boundary:

�1=2 D
˚
x 2 @fu0 > 0g such that ‚.x; fu0 > 0g/D 1

2

	
; (5-8)

�1 D fx 2 @fu0 > 0g such that ‚.x; fu0 > 0g/D 1g; (5-9)

where ‚.x;D/ denotes the Lebesgue density of D at x. We will see that ‚.x; fu0 > 0g/ exists at every
nondegenerate point and equals either 1 or 1

2
.
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Lemma 5.6. Assume N D 3. Let x0 2 @fu0 > 0g n f0g be a nondegenerate free boundary point such that
the lower Lebesgue density satisfies ‚�.x0; fu0 � 0g/ > 0. Then there is a unit vector �0 such that

u0.x/D
p

2M Œ.x�x0/ � �0�
C
C o.x�x0/: (5-10)

In particular, x0 2 �1=2.

Proof. Set vk D u0.x0C�kx/=�k . Since u0 is nondegenerate at x0 it follows from a customary compact-
ness argument that vk!v and by virtue of Corollary 3.2 v is a homogeneous function of degree 1. We have

u0.x0C �kx/

�k

D u0.�
�1
k x0Cx/Dru0.�

�1
k x0Cx/.��1

k x0Cx/

D
1

�k

ru0.x0C �kx/.x0C �kx/; (5-11)

where the last line follows from the zero-degree homogeneity of the gradient; hence

�kvk.x/Dru0.x0C �kx/.x0C �kx/Drvk.x/.x0C �kx/: (5-12)

By the Lipschitz continuity of u0 it follows that vk is locally bounded. Consequently, for a suitable
subsequence of �k we have vkj ! v and rv.x/x0D 0. Without loss of generality we may assume that x0

is on the x3-axis, implying that v depends only on x1 and x2. Applying Proposition A.6 and Corollary 3.2
we conclude that S.x0; r;u0/ is nondecreasing and thus v must be homogeneous of degree 1. Indeed,
there is a sequence ıj ! 0 such that .u"j /�j ! v; ıj D "j=�j by Proposition A.6.

Finally, applying Theorem A and the assumption ‚�.x0; fu0 D 0g/ > 0 we see that v must be a
half-plane solution. It remains to note that the approximate tangent of @fu0 > 0g at x0 is unique and this
completes the proof. �

Lemma 5.7. We want to show that‚.x; fu0 > 0g/� 1
2

in some neighborhood of x0. Let x0 2 �1=2. Then
there exists r0 > 0 such that Br0

.x0/\ @fu0 > 0g is a C 1;˛ surface.

Proof. Let y0 2 @fu0 > 0g be a degenerate point. Suppose there is � > 0 such that u0 is degenerate
at every point of B�.y0/\ @fu0 > 0g. Since supp�u0 � @fu0 > 0g, it follows that u0 � 0 in B�.y0/.
Consequently, there is a sequence of nondegenerate points yk ! y0. Note that if yk is a nondegenerate
point then by Theorem A the Lebesgue density satisfies ‚.yk ; fu0 > 0g/� 1

2
.

Let uk
00

be a blow-up of u0 at yk . By Proposition A.6 for fixed k there are ık
j ! 0 such that

.u"k
j
/�k
j
! uk

00
, ık

j D "
k
j =�

k
j . Thus applying Theorem A it follows that uk

00
is a half-plane solution or

a wedge.
From scaling properties of Spruck’s monotonicity formula and Lemma 3.4 we get

s.0;yk ;u0/D s.1; 0;uk
00/D 2M vol.B1\fu

k
00 > 0g/D

�
2�M if yk is a wedge point,
�M otherwise:

(5-13)

Then applying Corollary 3.2 to uık
j

and using the semicontinuity of S, Lemma 3.3 together with Lemma 3.5,
we have

2M vol.B1\fu
k
00 > 0g/D lim sup

yk!y0

s.0;yk ;u0/� s.0;y0;u0/D 2M�‚.x0; fu0 > 0g/: (5-14)
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Therefore we conclude that ‚.x; fu0 > 0g/� 1
2

for every free boundary point x in some neighborhood
of x0. By virtue of Lemma 5.4 u0 is a viscosity solution which is flat x0. Applying the “flatness-implies-
C 1;˛” regularity results from [Caffarelli 1987; 1989] the lemma follows. �

Next we prove a representation formula for 4u0.

Lemma 5.8. Let u0 be as in Lemma 5.5. Then:

(i) H2.�1=2\BR/ <1 for any R> 0.

(ii) Away from �1 the following representation formula holds:

4u0 D
p

2MH2
��1=2:

Proof. (i) For given x 2 �1=2 there is a Q�x > 0 such that

sup
Br .x/

u0 �
p

M r; r 2 .0; Q�x/: (5-15)

This follows from the asymptotic expansion in Lemma 5.6. Consequently, there is �0x > 0 such thatZ
Br .x/

4u0 �
p

M r2; r 2 .0; �0x/: (5-16)

Indeed, if this inequality is false then there is a sequence rj & 0 such thatZ
Brj

.x/

4u0 <
p

M r2
j :

Set vj .x/D u0.xC rj x/=rj . By (5-15) supB1
vj .x/�

p
M. Moreover, it follows from Lemma 5.6 that

vj .x/!
p

2M xC
1

in a suitable coordinate system, while
R

B1
4v�

p
M. However,

R
B1
4xC

1
D
p

2M �
2

and this is in contradiction with the former inequality. Putting N�xDmin.�0x; Q�x/ we see that the collection
of balls F D

S
B�x

.x/, x 2 �1=2 \ BR, �x < N�x , is a Besicovitch-type covering of �1=2 \ BR.
Consequently, there is a positive integer m > 0 and subcoverings F1; : : : ;Fm such that the balls in
each Fi , 1� i �m, are disjoint and �1=2\BR �

Sm
iD1 Fi . We have from (5-16)

4�R2
kru0k1 �

Z
@BR

@�u0 �

Z
B�x .x/2Fi

4u0 D

X
B�x .x/2Fi

Z
B�x .x/

4u0 �m
p

M
X

B�x .x/2Fi

�2
x :

This yields X
B�x .x/2

Sm
iD1 Fi

�2
x �

4kru0k1�R2

m
p

M
: (5-17)

Given ı > 0 small, suppose there is x 2 �1=2 such that N�x � ı. Then we choose �x < ı. Thus, in any case
we can assume that �x < ı. In view of (5-17) this implies that the ı-Hausdorff premeasure is bounded
independently of ı. This proves (i).
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(ii) From the estimate
p

M r2
�

Z
Br .x/

4u0 � 4�r2
kru0k; r 2 .0; N�x/; Br .x/\�1=2 � �1=2;

we see that there is a positive bounded function q such that 4u0 D qH2
��1=2. Using Lemma 5.6 we

conclude that q D
p

2M. �

Next we prove the full nondegeneracy of u0 near �1=2.

Lemma 5.9. Let u0 be as above and x0 2 �1=2. Then for any Br .x/ such that x 2 @fu0 > 0g, Br .x/\

@fu0 > 0g � �1=2, we have
sup

Br .x/

u0 �
p

2M�r:

Proof. By a direct computation we have

r�2

Z
@Br .x/

u0 D

Z r

0

dt

t2

Z
Bt .x/

4u0 �

Z r

0

1

t2

p
2M� t2

D
p

2M�r;

where the inequality follows from the representation formula and the fact that @fu0>0g is a cone; hence for
all t 2 .0; r/ we have H2.Br .x/\�1=2/� � t2. It remains to note that r�2

R
@Br .x/

u0 � supBr .x/
u0. �

5B. Weak solutions. Combining Lemmas 5.8 and 5.9 as well as Propositions A.2(iii) and A.3(i) we see
that u0 is a weak solution near �1=2 in the sense of [Alt and Caffarelli 1981, Definition 5.1]. Furthermore,
@fu0 > 0g n f0g is flat at each point.

Lemma 5.10. The blow-up u0 is a weak solution in the Alt–Caffarelli sense away from �1. Furthermore,
�1=2 is smooth.

Proof. All conditions in [Alt and Caffarelli 1981, Definition 5.1] are satisfied and u0 is flat at every point
z0 2 @fu0 > 0g n f0g thanks to (5-10). Applying Theorem 8.1 of the same paper we infer that �1=2 is
smooth at every z0 2 @fu0 > 0g n f0g. �

5C. Minimal perimeter. In this section we prove that the local perturbations S 0 � fu0 > 0g of a portion
S � �1=2 have larger H2 measure than S. This can be seen from the estimate jru0.x/j �

p
2M, which

follows from Lemma A.7. Since by Lemma 5.10 on �1=2 the free boundary condition jru0j D
p

2M is
satisfied in the classical sense, it follows that

0D

Z
D

4u0 D

Z
S

@�u0C

Z
S 0
@�u0 D

p
2MH2.S/C

Z
S 0
@�u0;

where D � fu0 > 0g such that @D D S [S 0. But
ˇ̌R

S 0 @�u0

ˇ̌
�
p

2MH2.S 0/ and thereby

H2.S/�H2.S 0/: (5-18)

The estimate for the perimeter can be reformulated as follows:

Theorem 5.11. Let N D 3. Then the components of �1=2 are surfaces of nonpositive outward mean
curvature. In particular, �1=2 is a union of smooth convex surfaces.
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Proof. Since u0 is a weak solution, by Lemma 5.10 �1=2 is smooth. If z0 2 �1=2 then choosing the
coordinate system in R3 so that x3-axis has the direction of the inward normal of fu0 > 0g at z0 and
considering the free boundary near z0 as a graph x3D h.x1;x2/, we can consider the one-sided variations
of the surface area functional. Indeed, let D�R2 be a open bounded domain in the x1x2-plane containing
z0 and assume t > 0, 0�  2 C1

0
.D/. Then from (5-18) we have

0�
1

t

Z
D

�p
1Cjrhj2�

p
1Cjr.h� t /j2

�
D

Z
D

2rhr � t jr j2p
1Cjrhj2C

p
1Cjr.h� t /j2

!

Z
D

rhr p
1Cjrhj2

as t ! 0: (5-19)

Therefore

div
�

rhp
1Cjrhj2

�
� 0

and, noting that �1=2 is a cone, the result follows. �

5D. Full nondegeneracy.

Lemma 5.12. Assume that N D 3 and let u0 be a nontrivial blow-up of u such that the measure-theoretic
boundary of fu0 > 0g is nonempty. Then @fu0 > 0g n f0g � �1=2. In particular the set of degenerate
points of @fu0 > 0g is empty.

Proof. Let u0 be a blow-up of u at 0. Since u is nondegenerate at 0, it follows that u0 does not vanish
identically. Hence there is a ball B � fu0 > 0g touching @fu0 > 0g at some point z0 2 @fu0 > 0g \B.
By Hopf’s lemma, the Lipschitz estimate Proposition A.3(i) and asymptotic expansion [Caffarelli 1989,
Lemma A1] it follows that u0 is not degenerate at z0. Consequently, the set of nondegenerate points of
u0 is not empty.

Suppose that S is a component of @fu0 > 0g containing a point of measure-theoretic boundary of
fu0 > 0g. Note that by Lemma 5.7 and Theorem 5.11 S is a smooth convex surface. Let x0 2 @S , x0 6D 0.
Then either (a) x0 2 �1 or (b) u0 is degenerate at x0.

We first analyze the case (a). Let ` be the ray passing through x0 and … the tangent half-plane to S

along `. First note that u0 is nondegenerate at x0 becauseZ
Br .x0/

�u0 �

Z
Br .x0/\S

�u0 �
p

2MH2.S \Br .x0//�
p

2M
�r2

2

for sufficiently small r . Consequently

1

R2

Z
@BR

u0 D

Z R

0

1

r2

Z
Br .x0/

�u0 �
p

2M
�r2

2
R: (5-20)

Let u00 be a blow-up of u0 at x0. Then from Theorem A it follows that u00 is two-dimensional. Moreover
…� @fu00 > 0g, fu00 > 0g has unit density at 0, and the interior of fu00D 0g near … is not empty. Note
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O

x0

`

S1

S

…

Figure 3. The structure of the free boundary near the point x0.

that the interior of the set fu0 D 0g propagates to x0 along another component S1 of measure-theoretic
boundary; see Figure 3. Consequently, near …, we have u00.x/ D

p
2M xC

1
after some rotation of

coordinates. From the unique continuation theorem it follows that u00.x/D
p

2M xC
1

everywhere, which
is in contradiction with the fact that fu00 > 0g has unit density at 0.

As for the case (b), (5-20) shows that u0 is nondegenerate at x0 as long as x0 is on the boundary of S. �

5E. Properties of �1=2.

Lemma 5.13. Suppose u0 is not degenerate at x0 2 @fu0 > 0g n f0g, such that ‚�.x0; fu0 D 0g/ > 0.
Then there is a unique component C of @fu0 > 0g containing x0 such that C� �1=2.

Proof. We only have to show the uniqueness of C; the rest follows from Lemmas 5.6 and 5.7. Suppose
there are two components of @fu0 > 0g n f0g, C1 and C2, containing x0. From the dimension-reduction
argument as in the proof of Lemma 5.6, it follows that C1 and C2 have the same approximate tangent
plane at x0. This is in contradiction with our assumption ‚�.x0; fu0 D 0g/ > 0. �
Lemma 5.14. Let C be a component of @fu0 > 0g such that C\�1=2 6D∅. Then C n�1=2 D∅; in other
words all points of C are in �1=2.

Proof. By Lemma 5.12 C cannot have degenerate points; thus we have to show that �1=2 cannot have
limit points in �1. Note that �1=2 is of locally finite perimeter (see Lemma 5.8(i)) and hence locally it
is a countable union of convex surfaces. Let x0 2 �1 \C be a limit point of �1=2 \C. The generatrix
of the cone @fu0 > 0g passing through x0 splits C into two parts, one of which must be convex near x0

because by assumption x0 is a limit point of �1=2; see Theorem 5.11. The set fu0D 0gı propagates to x0

because �1=2 is a subset of reduced boundary. Thus, there is another subset of �1=2 approaching x0, and
it is a part of the topological boundary of fu0 D 0gı. Therefore, the ray passing through x0 is on the
boundaries of two convex pieces of @fu0 > 0g (near x0). Note that if these pieces of �1=2 contain flat
parts then from the unique continuation theorem we infer that @fu0 > 0g cannot have singularity at 0.
Thus, they cannot contain flat parts and consequently the density of fu0 > 0g at x0 cannot be 1, because
by convexity of �1=2 it follows that fu0 � 0gı has positive density at x0. But this is in contradiction with
the assumption x0 2 �1. �
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Summarizing we have:

Proposition 5.15. Let u0 be as above and N D3. Then @fu0>0gnf0g is a union of smooth convex cones.

5F. Proof of Theorem B. The first part of Theorem B follows from Lemma 5.12, while the second part is
a corollary of Lemma 5.14 since �1=2 coincides with the reduced boundary. Finally, the last part follows
from Lemma 5.10, because by Lemma 5.14 the reduced boundary propagates instantaneously in @fu0> 0g.

6. Proof of Theorem C

6A. Inverse Gauss map and the support function. Suppose N D 3 and uD rg.�; �/, where

x D r.sin � cos�; sin � sin�; cos �/:

Then

4u0 D
1

r

�
g�� C

cos �
sin �

g� C
g��

sin2 �
C 2g

�
:

Note that

4S2g D g�� C
cos �
sin �

g� C
g��

sin2 �

is the Laplace–Beltrami operator. Thus we get

4S2gC 2g D 0: (6-1)

Let H.n/, n 2 SN�1, be the Minkowski support function of some hypersurface M. H.n/ is the distance
between the point on M with normal n and the origin. It is known [Alexandroff 1939] that the eigenvalues
of the matrix

r
2
ij H.n/C ıij H.n/

are the principal radii of curvature of the surface determined by H, where the second-order derivatives
are taken with respect to an orthonormal frame at n 2 SN�1. The support function uses the inverse of the
Gauss map to parametrize the surface as

H.n/DG�1.n/ � n:

Furthermore, we have the following formula for the Gauss curvature K [Alexandroff 1939]:

1

K
D det.r2

ij H.n/C ıij H.n//: (6-2)

The Gauss map is a local diffeomorphism whenever K 6D 0 [Langevin and Rosenberg 1988]. Since
u0 D rg is harmonic in fu0 > 0g, we infer that g is smooth on S2\fg > 0g.

Remark 6.1. In higher dimensions (6-1) becomes

�SN�1gC .N � 1/g D

N�1X
iD1

1

ki
D
�N�2.k/

�N�1.k/
D 0; �m D

X
i1<i2<���<im

ki1
ki2
� � � kim

; (6-3)
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where �m.k/ is the m-th elementary symmetric function and ki , i D 1; : : : ;N � 1, are the principal
curvatures. Observe that any positive function g > 0 satisfying the equation �SN�1gC .N � 1/g D 0

defines an .N�2/-minimal surface (i.e., �N�2.k/ D 0) provided that the Gauss curvature satisfies
�N�1 6D 0. From here we infer that the spherical parts of the homogeneous stationary points of the
Alt–Caffarelli functional are support functions of an .N�2/-capillary surface in SN�1, because they are
solutions to (6-3).

6B. Catenoid is a solution. Alt and Caffarelli [1981, page 110] constructed a weak solution which is
not a minimizer. Their solution can be given explicitly as follows: let

x D r.sin � cos�; sin � sin�; cos �/

and take

u.x/D r max
�
f .�/

f 0.�0/
; 0

�
;

where

f .�/D 2C cos � log
�

1� cos �
1C cos �

�
D 2C cos � log

�
tan2 �

2

�
and �0 is the unique zero of f between 0 and �

2
. The aim of this section is to show that f is the support

function of catenoid. Recall that the principal radii of curvature of a smooth surface are the eigenvalues
of the matrix r2

SN�1H C ıij H, where the Hessian is taken with respect to the sphere SN�1 [Alexandroff
1939]. At each point where the Gauss curvature does not vanish, the zero mean curvature condition for
N D 3 can be written as

4S2H C 2H D 0;

where 4S2 is the Laplace–Beltrami operator and H.n/ is the value of Minkowski’s support function
corresponding to the normal n 2 S2. From now on let us consider the .x;y/-variables on R2. Recall
that by rotating the graph of y.x/ D a cosh.x=a/ around the x-axis one obtains a catenoid for some
constant a. Thus it is enough to compute the support function for the graph of y. Let ˛ be the angle
the tangent line of y at .x;y.x// forms with the x-axis. If n is the unit normal to the graph of y then
nD .� sin˛; cos˛/ and

H.n/D .x;y.x// � nD�x sin˛C a cos˛ cosh
x

a
:

Noting that the unit tangent at .x;y.x// is .cos˛; sin˛/ and equating with the slope of tangent line,
which is .sinh.x=a/;�1/, we obtain

cos˛ D
sinh.x=a/

p
1C sinh2.x=a/

; sin˛ D�
1

p
1C sinh2.x=a/

:

From second equation we get that sinh.x=a/D tan˛ and solving the quadratic equation e2.x=a/� 1D

2e.x=a/ tan˛ we find that

x D a log
1C sin˛

cos˛
; cosh

x

a
D

1

cos˛
:
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Consequently,

H.n/D�
a

2
sin˛ log

�
1C sin˛

cos˛

�2

C a:

Taking ˛ D � C �
2

we have

1C sin˛
cos˛

D
1C cos �
� sin �

D
2 cos2 �

2

�2 sin �
2

cos �
2

D� cot
�

2

and thus choosing aD 2 the result follows.

6C. Almost minimal immersions. Consider the parametrization X W Ug! R3, where

X.n/D ng.n/CrS2g; Ug D fg > 0g � S2: (6-4)

Let M be the hypersurface determined by X. The spherical part g of u0 solves (6-1) and by [Reznikov
1992, Theorem 1] X determines a smooth map which is either constant or a conformal minimal immersion
outside a locally finite set of isolated singularities (branch points). Recall that if at some point p

X�1
�X�2

D 0; XD X.�1; �2/ in local coordinates �1; �2; (6-5)

then p is called branch point; see [Nitsche 1989, page 314].
Observe that X.n/ is the gradient of the blow-up u0 at nD x=jxj. Indeed,

X.n/D
n

r
rgC

1

r
rS2.rg/D

n

r
u0.x/C

1

r
rS2u0

D
n

r
.ru0.x/ �x/C

1

r
rS2u0 D n

�
ru0.x/ �

x

jxj

�
C

1

r
rS2u0 Dru0.x/: (6-6)

In particular, the computation above shows that

ru0.x/Dru0

�
x

jxj

�
; rS2g.n/? nI (6-7)

in other words the gradient is homogeneous of degree 0.
The absence of branch points does not rule out the possibility of self-intersection. Therefore we need

to prove that under conditions of Theorem C M is embedded.

6D. Dual cones and center of mass. If u0 is a blow-up and the assumptions in Theorem C are satisfied,
then by virtue of Proposition 5.15 the free boundary @fu0 > 0g n f0g is a union of smooth convex cones
C1 and C2. We define the dual cones as

C?i D @fy 2 R3
W x �y � 0; x 2 Cig; i D 1; 2: (6-8)

It is well known that the dual of a convex cone is also convex [Schneider 2014, page 35].

Lemma 6.2. The largest principal curvature of Ci n f0g is strictly positive.
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Proof. To fix the ideas, we prove the statement for C1. Note that one of the principal curvatures of C1nf0g

is zero because C1 is a cone and C1 n f0g is smooth; see Theorem B. Let �.p/ be the largest principal
curvature at p 2 C1 n f0g. Suppose there is p such that �.p/D 0. Choose the coordinate system at p so
that x1 points in the outward normal direction at p (into fu0 � 0g), the x2-axis is tangential at p and is
the principal direction corresponding to �.p/. Then we have ru0.p/D e1, where e1 is the unit direction
of the x1-axis, and the mean curvature of C1 at p vanishes because we assumed that �.p/D 0. Writing
the mean curvature at p in terms of the derivatives of u0 we have

0D
ru0D2u0.ru0/

T � jru0j
24u0

jru0j
3

D
@11u0
p

2M
;

implying that @11u0 D 0. Moreover, since u0 is homogeneous of degree 1, ru0 D e1 along the x1-axis.
This yields @13u0 D @23u0 D @33u0 D 0 along the x1-axis. From the harmonicity of u0 it follows that
@22u0 D 0 along the x3-axis. Summarizing, we have that along the points of the x3-axis the Hessian of
u0 has the form 0@ 0 @12u0 0

@12u0 0 0

0 0 0

1A :
Finally, letting �.t/, t 2 .�ı; ı/, be the parametrization of the curve along which the x1x2-plane intersects
C1 and differentiating jru0.�.t//j D 1 in t we get that at p one must have

0D e1

0@ 0 @12u0 0

@12u0 0 0

0 0 0

1A e2 D @12u0.p/:

Thus, the Hessian D2u0 vanishes along the x1-axis. The function w D
p

2M � @1u0 is harmonic in
fu0 > 0g and w � 0 thanks to Lemma A.7. Moreover, w.e1/D 0Dminw. Since at e1 the free boundary
is regular, by Hopf’s lemma @1w D �@11u0 6D 0. However, D2u0.te1/D 0 for every t > 0 and hence
@11w.e1/D 0, which is a contradiction. �
Remark 6.3. It follows from Lemma 6.2 and Theorem B that there are two positive constants �0; �1 such
that

0< �0 � �.p/� �1; p 2 .@fu0 > 0g n f0g/\ @Bp
2M
;

where �.p/ is the largest curvature of @fu0 > 0g at p 2 .@fu0 > 0g n f0g/\ @Bp
2M

.

Let us put 
i D S2\C?i .

Lemma 6.4. Let C?
1
;C?

2
be the dual cones (6-8). Then we have:

(i) @M is differentiable and there are two positive constants �?
0
; �?

1
such that the largest curvature �?.p/

of .C?i n f0g/\S2 satisfies �?
0
� �?.p/� �?

1
.

(ii) There is ı > 0 small such that every component Eı of @B1�ı \M defines a convex cone Kı D f� t W

� 2Eı; t > 0g,

(iii) M is star-shaped with respect to the origin and hence embedded.
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Proof. Suppose that C?
1

is not differentiable at some z 6D 0. Then Ci must have a flat piece. Indeed, if
n1; n2 are the normals of two supporting hyperplanes of C?i at z then the unit vectors

nt D
tn1C .1� t/n2

jtn1C .1� t/n2j

define a support function at z for every t 2 .0; 1/. Since the vectors nt lie on the same plane, C1 must
have a flat piece. The unique continuation theorem implies that the free boundary is a hyperplane and
cannot have singularities. Now the desired estimate follows from Remark 6.3 and the definition of dual
cone. The first claim is proved.

Let k1; k2 be the principal curvatures of M. Then k1 C k2 D 0 and the Gauss curvature is K D

�k2
1
D �k2

2
. Since M is a smooth immersion, from (6-2) and the smoothness of X D ru0 in Ug we

see that K 6D 0. Furthermore, there is a tame constant c0 > 0 such that k2
i � c0, i D 1; 2, at every point

of M. Thus by virtue of the part (i) M is fibered by @B1�ı for ı > 0 small. We claim that jX.n/j > 0,
n 2 U g. Clearly this is true if n 2 @Ug, where jX.n/j D 1. Suppose there is n 2 Ug such that X.n/D 0.
Since X.n/D ngCrS2g, it follows that g.n/D 0, but this is impossible since n 2 fg > 0g D Ug. From
g.n/D X.n/ � n> 0, n 2 Ug, it follows that M is star-shaped with respect to the origin. Consequently,
M is fibered by @Bt for every t 2 .0; 1/ and hence embedded. �

Let n 2 Ug. Then from X.n/Dru0.n/ it follows that

jX.n/j@fu0>0gj D jru0j@fu0>0gj D
p

2M :

Since by Lemma 6.4 M is differentiable along 
i , we see that the contact angle ˛ between M and S2 is

cos˛ D n �
X.n/j@fu0>0g
p

2M
D g.n/j@fu0>0g D 0:

Thus, the minimal surface defined by g is inside of the sphere of radius
p

2M because in view of
Lemma A.7 jru0j

2 D g2 C jrgj2 � 2M. Moreover, M is tangential to C?
1

and C?
2

along S2 since
n?rS2g by (6-7).

We recall the definition of topological type Œ"; r; �� of hypersurface M � R3 from [Nitsche 1985,
page 47].

Definition 6.1. We say that M is of topological type Œ"; r; �� if it has orientation ", Euler characteristic �,
and r boundary curves. Here "D˙1, where C1 means that M is orientable and "D�1 is nonorientable.
For an orientable surface the Euler characteristic is defined by the relation �D 2� 2g� r , where g is the
genus of M.

Now the first part of Theorem C follows from Nitsche’s theorem [1985, page 2]. Moreover, the only
stationary surfaces of disk type are the totally geodesic disks and the spherical cups. From Lemma 5.5 it
follows that if u0 D rg and supp g is a disk then u0 is a half-plane.

In view of Lemma 6.4(iii) the proof of Theorem C can be deduced from the result of [Nitsche 1962]
but we will sketch a shorter proof based on Aleksandrov’s moving plane method and Serrin’s boundary
lemma. We reformulate Theorem C as follows:
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Lemma 6.5. Let M be of topological type Œ1; 2; 0�, i.e., a ring-type minimal surface. Then M is a part of
a catenoid.

Proof. By Lemma 6.4(iii) M is embedded. In particular, X is a conformal minimal immersion (see the
discussion in Section 6C).

Let @MD 
1[ 
2. Then applying Stokes’ formula we haveZ
M

4MXD

Z
@M

n� ds D

Z

1

n�C

Z

2

n� ds; (6-9)

where n� is the outward conormal, i.e., n� is tangent to M and normal to @M; see [Fang 1996, page 81].
Since X is minimal, 4MXD 0. Thus Z


1

n� dsC

Z

2

n� ds D 0: (6-10)

Since M is tangential to C?i it follows that the conormal n� on 
i points in the direction of the generatrix
of the dual cone C?i . Observe that if we use the arc-length parametrization of 
i and let sk 2 Œ0; j
i j� be
some partition points then the sums Sm D

Pm
kD0 n�i

k
.skC1� sk/, n�i

k
2 C?i , approximate the boundary

integrals in (6-9). Consequently the vector Sm is strictly inside of the cone C?i and in the limit converges
to the center of mass of 
i computed with respect to the origin (the vertex of the cone). In view of (6-10)
there is a diameter of S2 strictly inside of both dual cones C?

1
and C?

2
.

Without loss of generality we assume that the diameter passes through the north and south poles.
Now we can apply Aleksandrov’s moving plane method and Serrin’s boundary point lemma to finish the
proof. Let …t be the family of planes containing the x1-axis where t measures the angle between …t

and x3-axis.
Now start rotating …t about the x1-axis starting from a position when …t is a support hyperplane to

either of the cones C?
1
;C?

2
and …t \C?i 6D∅, i D 1; 2.

Case 1: If the first touch of M and its reflection eM with respect to the plane …t occurs at some interior
point of M, then from the maximum principle it follows that MD eM.

By Lemma 6.4, both dual cones are strictly convex. Moreover, we claim that for ı small the cones
generated by M\ @B1�ı are convex, otherwise the inflection point would propagate to C?i .

The two remaining possibilities are:

Case 2: The first touch of M and its reflection eM occurs at some boundary point where @M is perpendicular
to …t .

Case 3: The first touch of M and its reflection eM occurs at some boundary point where @M is not lying
on …t .

We cannot directly apply Serrin’s boundary point lemma [1971] because @M is only C 1;1 by virtue of
Lemma 6.4. However, from the fibering of M near @M we conclude that Qg � g near the contact point,
where Qg is the support function of zM. Thus QuD r Qg � rg D u. Hence applying Serrin’s boundary point
lemma to the harmonic functions Qu and u we conclude that MD eM.
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Choosing …t to be an arbitrary family passing through a line perpendicular to the diameter it follows
that 
1; 
2 are circles and (6-10) forces them to lie on parallel planes. Applying [Schoen 1983, Corollary 2]
we infer that M is a part of catenoid. �

Appendix

This section contains some well-known results about the solutions of the singular perturbation problem (P").
We begin with the uniform Lipschitz estimates of Luis Caffarelli; see [Caffarelli 1995] for the proof.

Proposition A.1. Let fu"g be a family of solutions of (P"). Then there is a constant C depending only on
N; kˇk1 and independent of " such that

kru"kL1.B1=2/ � C: (A-1)

As a consequence we get that one can extract converging sequences fu"n
g of solutions of (P") such

that the limit functions are stationary points of the Alt–Caffarelli problem.

Proposition A.2. Let u" be a family of solutions to (P") in a domain D � RN. Let us assume that
ku"kL1.D/ �A for some constant A> 0 independent of ". For every "n! 0 there exists a subsequence
"n0 ! 0 and u 2 C

0;1
loc .D/ such that

(i) u"n0
! u uniformly on compact subsets of D,

(ii) ru"n0
!ru in L2

loc.D/,

(iii) u is harmonic in D n @fu> 0g.

Proof. See [Caffarelli et al. 1997, Lemma 3.1]. �

Next, we recall the estimates for the slopes of some global solutions.

Proposition A.3. Let u be as in Proposition A.2. Then the following statements hold true:

(i) u is Lipschitz.

(ii) If u"j !uD˛xC
1

locally uniformly, then 0�˛�
p

2M (see [Caffarelli et al. 1997, Proposition 5.2]).

(iii) If u"j ! u D ˛xC
1
� 
x�

1
C o.jxj/ and 
 > 0 then ˛2 � 
 2 D

p
2M (see [Caffarelli et al. 1997,

Proposition 5.1]). In this lemma the essential assumption is that 
 > 0.

Remark A.4. Observe that if u.x/D ˛xC
1
C N̨x�

1
then we must necessarily have that ˛ D N̨ �

p
2M ;

see [Caffarelli et al. 1997, Proposition 5.3]. In this case the interior of the zero set of u is empty. Thus
one might have a wedge-like solution.

Using Proposition A.1 we can extract a sequence u"j for some sequence "j such that u"j !u uniformly
in B1=2; see Proposition A.2. Let u be a limit and 0<�j # 0 and uj .x/Du.x0C�j x/=�j , x0 2 @fu> 0g.
Thanks to Proposition A.3(i) we can extract a subsequence, still labeled �j , such that uj converges to
some function u0 defined in RN. The function u0 is called a blow-up limit of u at the free boundary
point x0 and it depends on f�j g.
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The two propositions to follow establish an important property of the blow-up limits, namely that the
first and second blow-ups of u can be obtained from (P") for a suitable choice of parameter ". Observe
that the scaled function r.u"j /�n

satisfies the equation

4.u"j /�j D
�j

"j
ˇ

�
�j

"j
.u"j /�j

�
: (A-2)

Taking ıj D "j=�j ! 0 we see that .u"j /�j is solution to 4uıj D ˇıj .uıj /.

Proposition A.5. Let u"j be a family of solutions to (P") in a domain D � RN such that u"j ! u

uniformly on D and "j ! 0. Let x0 2 D \ @fu > 0g and let xn 2 @fu > 0g be such that xn ! x0 as
n!1. Let �n! 0, u�n

.x/D .1=�n/u.xnC�nx/ and .u"j /�n
D .1=�n/u"j .xnC�nx/. Assume that

u�n
! U as n!1 uniformly on compact subsets of RN. Then there exists j .n/!1 such that for

every jn � j .n/ it holds that "j=�n! 0 and

� .u"jn /�n
! U uniformly on compact subsets of RN,

� r.u"jn /�n
!rU in L2

loc.R
N /,

� ru�n
!rU in L2

loc.R
N /.

Proof. See [Caffarelli et al. 1997, Lemma 3.2]. �

Finally, recall that the result of the previous proposition extends to the second blow-up.

Proposition A.6. Let u"j be a solution to (P") in a domain Dj � DjC1 and
S

j Dj D RN such that
u"j ! U uniformly on compact sets of RN and "j ! 0. Let us assume that for some choice of positive
numbers dn and points xn 2 @fU > 0g, the sequence

Udn
.x/D

1

dn
U.xnC dnx/

converges uniformly on compact sets of RN to a function U0. Let

.u"j /dn
D

1

dn
u"j .xnC dnx/:

Then there exists j .n/!1 such that for every jn � j .n/, it holds that "jn
=dn! 0 and

� .u"jn /dn
! U0 uniformly on compact subsets of RN,

� r.u"j /dn
!rU0 in L2

loc.R
N /.

Proof. See [Caffarelli et al. 1997, Lemma 3.3]. �

The next lemma contains one of the crucial estimates needed for the proof of Proposition 5.15.

Lemma A.7. Let u� 0 be as in Proposition A.2. Then

lim sup
x!x0;u.x/>0

jru.x/j �
p

2M :
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Proof. To fix the ideas we let x0 D 0 and l D lim supx!0;u.x/>0 jru.x/j. Suppose l > 0, otherwise we
are done. Choose a sequence zk ! 0 such that u.zk/ > 0 and jru.zk/j ! l . Setting �k D jyk � zk j,
where yk 2 @fu > 0g is the nearest point to zk on the free boundary and proceeding as in the proof of
[Alt et al. 1984a, Lemma 3.4] we can conclude that the blow-up sequence uk.x/ D �

�1
k

u.zk C �kx/

has a limit u0 (at least for a subsequence, thanks to Proposition A.1) such that u0.x/ D lx1, x1 > 0,
in a suitable coordinate system. Moreover, by Proposition A.5 it follows that u0 is a limit of some u�j
solving 4u�j D ˇ�j .u�j / in Brj ; rj !1. If there is a point z 2 fx1 D 0g and r > 0 such that u0 > 0 in
Br .z/\fx1 < 0g then near z we must have u0.x/D l.x� z/C

1
C l.x� z/�

1
C o.x� z/; see Remark A.4.

Applying the unique continuation theorem to u0.x/� u0.�x1;x2; : : : ;xn/ we see that u0 D l.�x1/
C,

x1 < 0. Thus recalling Remark A.4 again we infer that l �
p

2M. �
Finally, we mention a useful identity for the solutions u"; see [Caffarelli et al. 1997, equation (5.2)]:

Let u" be a solution of (P"). Then for any � 2 C1
0
.B1/ there holdsZ �

jru"j
2

2
CB

�
u"

"

��
@1� D

Z X
k

@ku" @1u"@k�: (A-3)
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A SPIRAL INTERFACE WITH
POSITIVE ALT–CAFFARELLI–FRIEDMAN LIMIT AT THE ORIGIN

MARK ALLEN AND DENNIS KRIVENTSOV

We give an example of a pair of nonnegative subharmonic functions with disjoint support for which
the Alt–Caffarelli–Friedman monotonicity formula has strictly positive limit at the origin, and yet the
interface between their supports lacks a (unique) tangent there. This clarifies a remark of Caffarelli and
Salsa (A geometric approach to free boundary problems, 2005) that the positivity of the limit of the ACF
formula implies unique tangents; this is true under some additional assumptions, but false in general. In
our example, blow-ups converge to the expected piecewise linear two-plane function along subsequences,
but the limiting function depends on the subsequence due to the spiraling nature of the interface.

1. Introduction

The Alt–Caffarelli–Friedman monotonicity formula (hereafter denoted ACF formula) has been and
continues to be a powerful tool in the study of free boundary problems. It was introduced in [Alt et al.
1984] in order to prove that the solutions to a two-phase Bernoulli free boundary problem are Lipschitz
continuous. The formula was then adapted to treat more general two-phase problems, and a discussion
of the formula, its proof, and its applications to two-phase free boundary problems may be found in
[Caffarelli and Salsa 2005]. The ACF formula has also been effective in studying obstacle-type problems,
and applications of the formula for obstacle-type problems are found in [Petrosyan et al. 2012]. Further
applications also include the study of segregation problems in [Caffarelli et al. 2009]. While the most
typical use of the formula is to prove the optimal regularity of solutions or flatness of the free boundary, it
can also be used for other purposes, such as to show the separation of phases in free boundary problems;
see [Allen and Petrosyan 2012; Allen et al. 2015; Allen and Shi 2016].

The key property of the ACF formula (1-1) is given in the following proposition:

Proposition 1.1. Let u1, u2 ≥ 0 be two continuous subharmonic functions in BR with u1 · u2 = 0 and
u1(0)= u2(0)= 0. Then

8(r, u1, u2) :=
1
r4

∫
Br (0)

|∇u1|
2

|x |n−2

∫
Br (0)

|∇u2|
2

|x |n−2 (1-1)

is nondecreasing for 0< r < R. Consequently, the limit

8(0+, u1, u2) := lim
r↘0

8(r, u1, u2)

is well defined.

MSC2010: 35R35, 35J05.
Keywords: ACF monotonicity formula, spiral interface, free boundary, monotonicity formula.
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Our paper is motivated by the following claim, which appears as Lemma 12.9 in [Caffarelli and Salsa
2005]:

Claim 1.2. Let u ≥ 0 be continuous in B1 and harmonic in {u > 0}. Let �1 be a connected component of
{u > 0} and let 0 ∈ ∂�1. If u1 = u|�1 and u2 = u− u1, then if 8(0+, u1, u2) > 0, exactly two connected
components �1 and �2 of {u > 0} are tangent at 0, and in a suitable system of coordinates,

u(x)= αx+1 +βx−1 + o(|x |), (1-2)

with α, β > 0.

As no proof of this Lemma 12.9 is provided in [Caffarelli and Salsa 2005] (it is followed only by
some general remarks), it is not entirely clear whether it is meant to be taken at face value. We note, for
example, that if u is also assumed to satisfy a two-phase free boundary problem of the type treated in
[Caffarelli and Salsa 2005], then the claim is valid, but requires heavy use of the free boundary relation to
prove.

Claim 1.2, and in particular the question of whether it is true in the generality stated, drew the authors’
interest when the second author was tempted to use it while working on certain eigenvalue optimization
problems [Kriventsov and Lin 2019] but was unable to write down a proof. Typically, a monotonicity
formula is applied together with other tools making explicit use of the free boundary relation in order to
prove regularity of an interface; however, Claim 1.2 would imply that the ACF monotonicity formula, on
its own, yields some regularity of the interface. This makes the claim very powerful and useful, especially
in problems where the free boundary condition is difficult to exploit, such as the vector-valued free
boundary problems arising from spectral optimization [Kriventsov and Lin 2018; 2019].

Unfortunately, it is also not true: the main result of this paper is to provide a counterexample to
Claim 1.2.

Theorem 1.3. For any dimension n ≥ 2, there exist two continuous subharmonic functions u, ũ ≥ 0
with u, ũ both harmonic in their respective positivity sets and u · ũ = 0. Furthermore, 8(0+, u, ũ) > 0.
However, ∂{u > 0} and ∂{ũ > 0} (which are given by a piecewise smooth, connected hypersurface when
restricted to any annulus B1\Br ) do not admit tangents (or approximate tangents) at the origin, nor do
there exist numbers α, β > 0 and a change of coordinates such that u+ ũ = αx+1 +βx−1 + o(|x |).

In the above, the boundary of a measurable set A is said to admit a tangent (plane) at the origin if

0< lim inf
r↘0

|Br ∩ A|
|Br |

≤ lim sup
r↘0

|Br ∩ A|
|Br |

< 1 (1-3)

and there is a unit vector ν such that

lim
r↘0

1
r

max
x∈∂A∩Br

|x · ν| = 0.

The boundary is said to admit an approximate tangent (plane) if (1-3) holds and

lim
r↘0

1
rn+1

∫
Br∩∂A

|x · ν|2 dHn−1
= 0.
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Here Hn−1 denotes (n−1)-dimensional Hausdorff measure. Note that if u, ũ are as in Claim 1.2 and A is
either {u > 0} or {ũ > 0}, then (1-3) holds; see Corollary 12.4 in [Caffarelli and Salsa 2005].

It seems that the notion of approximate tangent above (or another similar measure-theoretic notion) is
the more meaningful one in this context. Indeed, there are simpler constructions which produce functions
u, ũ as in Claim 1.2 for which ∂{u>0} does not admit a tangent at 0 but does admit an approximate
tangent.

If one only considers functions u for which ∂{u>0} is, say, given by a 1-Lipschitz graph over some
plane πr on every annulus B2r\Br , these two notions of tangent plane are equivalent. This property holds
for the example constructed in the proof of Theorem 1.3.

The functions u, ũ we construct in proving the theorem have ∂{u>0} a spiral: while u+ ũ looks more
and more like α(x · ν)++β(x · ν)− on progressively smaller balls Br , the choice of ν cannot be made
uniformly in r , and the optimal ν rotates (slowly) as r decreases. Some free boundary problems are
known to exhibit spiraling patterns for the interface; see [Blank 2001; Terracini et al. 2019] for examples,
although the spirals produced there have different properties from ours. We also remark that an example
of nonunique tangents for an energy minimization problem is given in [White 1992].

Further questions. Before turning to the proof of Theorem 1.3 we would like to offer some discussion
of the further questions raised by this theorem and speculate on what “optimal” results, both positive and
negative, might look like.

A standard argument with the ACF formula shows that if u, ũ are as in Claim 1.2, then for every
sequence rk→ 0, there is a subsequence rk j such that

lim
j→∞

1

rn+2
k j

∫
Brk j

|u(x)−α(x · ν)+−β(x · ν)−|2 = 0,

where α, β, ν depend on the subsequence. Let us refer to any such subsequence rk j as a blow-up
subsequence. We are interested in whether or not these parameters may be chosen independent of the
blow-up subsequence.

In the example constructed below, the functions u and ũ are rotations of one another around the origin;
in particular, this means that for all of the blow-up subsequences, α = β = c

√
8(0+, u, ũ) are the same,

while ν depends on the particular subsequence.
This example gives one way for (1-2) to fail. There could, in principle, be another way: say that

∂{u>0} = ∂{ũ>0} is given by a C1 hypersurface (including up to the origin, so that it admits a tangent
there), and that u, ũ are as in Claim 1.2. Can one find a pair u, ũ like this for which (1-2) fails? This
would mean that between the various blow-up subsequences, ν would remain fixed, while α and β would
vary. Note that if the hypersurface is more regular near the origin (in particular, if it is a Lyapunov–Dini
surface), then this is impossible.

Another set of questions is related to optimality in Theorem 1.3. To clarify the discussion, define, for
each r , ν(r) to be the best approximating normal vector:∫

Br∩∂{u>0}
|x · ν(r)|2 dHn−1

= min
ν∈Sn−1

∫
Br∩∂{u>0}

|x · ν|2 dHn−1.
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It may be verified that ν(r) is uniquely determined from this relation and depends in a Lipschitz manner
on r . The property of having an approximate tangent, then, can be reformulated as saying that ν(r) has a
limit as r→ 0, while Theorem 1.3 gives an example where∫ 1

0

∣∣∣∣dν(r)dr

∣∣∣∣=∞. (1-4)

What restrictions on the change in ν(r), one may ask then, are implied by the conditions in Claim 1.2?
We conjecture that under those conditions, one must have∫ 1

0
r
∣∣∣∣dν(r)dr

∣∣∣∣2 <∞; (1-5)

on the other hand, for any ν0(r) satisfying (1-4) and (1-5), there is a pair of functions u, ũ as in Claim 1.2
with ν0(r) with ∣∣∣∣dν(r)dr

∣∣∣∣≥ ∣∣∣∣dν0(r)
dr

∣∣∣∣.
To explain the source of (1-5), let us point out that in Section 2, we construct a pair of functions u, ũ for
which ∫

∞

0

∣∣∣∣dν(r)dr

∣∣∣∣= θ and
8(0+, u, ũ)
8(∞, u, ũ)

≥ 1− θ2

(and this dependence on θ seems to be sharp up to constants). By gluing truncated and scaled versions of
this construction, one might hope to attain functions u, ũ satisfying the hypotheses of Claim 1.2, and with∫ 2 j+1

2 j

∣∣∣∣dν(r)dr

∣∣∣∣≈ θi

for any sequence θi for which
∏

i (1−θ
2
i )> 0. This restriction is equivalent to (1-5) for such a construction.

In the actual proof of Theorem 1.3, we are unable to perform the truncation and gluing steps uniformly
in θ , and so do not obtain such a quantitative result.

Finally, over the past two decades enormous progress has been made in understanding the relationship
between the behavior of positive harmonic functions with zero Dirichlet condition near the boundaries of
domains and the geometric measure-theoretic properties of the boundary; we do not attempt to provide a
summary here, but refer the reader to the introduction and references in [Azzam et al. 2016]. We suggest
that the questions above can be thought of as a continuation, or extension, of this program, with the goal
of relating (finer) geometric properties of a boundary to the simultaneous behavior of positive harmonic
functions on a domain and its compliment, using the ACF formula as a crucial tool.

Outline of proof. To prove Theorem 1.3 we will construct a subharmonic function u ≥ 0 in R2 such that
u is harmonic in its positivity set and u(0)= 0. Furthermore, ∂{u>0} will be invariant under a rotation
of π . Consequently, if ũ(z) := u(−z), then the pair u, ũ will satisfy the assumptions of the ACF formula
in Proposition 1.1. Before explaining the construction of u and the outline of the paper, we first give two
definitions.
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We define the class of functions in R2

K :=
{
u ∈ C(B1) : u ≥ 0 in B1, 1u = 0 in {u>0},

u(0)= 0, u(z) · u(−z)= 0, and ∂{u(z)>0} = ∂{u(−z)>0}
}
.

By working in the class K, we may consider using a one-sided rescaled version of the ACF formula. If
u ∈ K, then

J (r, u) :=
(

2
πr2

∫
Br

|∇u|2
)1/2

is monotonically nondecreasing in r since J (r, u)=
( 2
π

)2√
8(r, u(z), u(−z)). Furthermore, if u is C1

up to ∂{u>0} near the origin, then J (0+, u)= |∇u(0)|.
In order to prove Theorem 1.3 we first show in Section 2, working on unbounded domains, that it is

possible to turn ∂{u>0} so that its asymptotic behavior at infinity differs from its tangent near the origin
by an angle of θ while arranging that J (∞, u)− J (0+, u) < 1−θ2 (for small θ ). In Section 3 we transfer
this result to a bounded domain. In Section 4 we inductively construct a sequence of functions in K and
take a limit to obtain the u in Theorem 1.3. Heuristically, the value of J (0+, u) should be

∏
(1− θ2

i ),
and this is strictly positive if, say, θi = i−1. On successively smaller balls, the interface {u=0} will have
turned a total amount of

∑
i−1
→∞, which implies that the interface spirals towards the origin and

therefore lacks a unique tangent there. We make these heuristic ideas rigorous, and then we show how
the pair u, ũ also provide a counterexample in higher dimensions.

2. Conformal mapping

We utilize the Schwarz–Christoffel formula to obtain a conformal mapping. For a fixed angle 0< θ < π
2 ,

we map the upper half-plane to the domain�θ (see Figure 1) by the conformal mapping fθ with derivative

f ′θ (z)= (z− (−1))(π+θ)/π−1(z− 1)(π−θ)/π−1
=

(
z+ 1
z− 1

)θ/π
. (2-1)

We translate fθ by a constant z0, so that the midpoint of the line segment in the image is the origin
0+ 0i . We define tθ ∈ (−1, 1) ⊂ R to be tθ = f −1

θ (0+ 0i). Clearly, tθ → 0 as θ → 0. What is of
importance is how quickly tθ → 0. In order to determine this decay rate we use the following result:

fθ

θ

Figure 1. Conformal map.
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Lemma 2.1. Let f, g > 0 be integrable functions on an interval I . If f/g is an increasing function, then
for any x1 < x2 < x3 < x4 with each xi ∈ I , we have∫ x2

x1
f∫ x2

x1
g
≤

∫ x4
x3

f∫ x4
x3

g
.

Proof. Since f/g is increasing we have∫ x2

x1

f (x) dx ≤
∫ x2

x1

f (x2)

g(x2)
g(x) dx .

Consequently, we have ∫ x2
x1

f (x) dx∫ x2
x1

g(x) dx
≤

f (x2)

g(x2)
.

By the same argument, we have
f (x3)

g(x3)
≤

∫ x4
x3

f (x) dx∫ x4
x3

g(x) dx
,

and so the conclusion follows. �

We will also need the following:

Lemma 2.2. Let f ≥ g > 0 be integrable and continuous on [0, 1) with f ≥ g and f/g increasing, and∫ 1

0
f > M and

∫ 1

0
g > M.

Let x1, x2 be the unique values such that

M +
∫ x1

0
g =

∫ 1

x1

g and M +
∫ x2

0
f =

∫ 1

x2

f. (2-2)

Then x1 ≤ x2.

Proof. We have
M +

∫ x1
0 f

M +
∫ x1

0 g
≤

∫ x1
0 f∫ x1
0 g
≤

∫ 1
x1

f∫ 1
x1

g
,

where the second inequality is due to Lemma 2.1. Since x1 is chosen so that (2-2) holds, we have that the
denominator in the inequality above is the same so that

M +
∫ x1

0
f ≤

∫ 1

x1

f.

Then x1 ≤ x2. �

The two lemmas above allow us to prove:

Lemma 2.3. Let fθ be defined as in (2-1) and let tθ = f −1
θ (0+ 0i). Then there exists θ0 > 0 such that

0< tθ ≤ 2θ/π as long as 0< θ ≤ θ0.
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Proof. To determine the midpoint of a line segment it suffices to find the x-value. Consequently, we focus
on the real part of the mapping fθ . If t ∈ (−1, 1), then

f ′(t)=
(
(−1)

1+ t
1− t

)θ/π
=

(
1+ t
1− t

)θ/π
eiθ .

Thus, tθ is the unique value in (−1, 1) such that∫ tθ

−1

(
1+ t
1− t

)θ/π
dt =

∫ 1

tθ

(
1+ t
1− t

)θ/π
dt.

We now note that (
1+ t
1− t

)θ/π
≥

(
1+ t

2

)θ/π
if − 1≤ t ≤ 0.

Then tθ ≤ ξθ , where ξθ is the unique value such that∫ 0

−1

(
1+ t

2

)θ/π
dt +

∫ ξθ

0

(
1+ t
1− t

)θ/π
dt =

∫ 1

ξθ

(
1+ t
1− t

)θ/π
dt.

We also have (
1+ t
1− t

)θ/π
≤

(
1

1− t

)2θ/π

if 0≤ t ≤ 1,

and
(1/(1− t))2θ/π

((1+ t)/(1− t))θ/π
=

(
1

1− t2

)θ/π
is an increasing function on (0, 1). If we let

M =
∫ 0

−1

(
1+ t

2

)θ/π
dt,

then we may apply Lemma 2.2 and conclude that tθ ≤ ξθ ≤ τθ , where τθ is given by∫ 0

−1

(
1+ t

2

)θ/π
dt +

∫ τθ

0

(
1

1− t

)2θ/π

dt =
∫ 1

τθ

(
1

1− t

)2θ/π

dt.

The integrals above have elementary antiderivatives. In order to show that τθ ≤ 2θ/π for small θ , we
choose 2θ/π as the point of integration. By taking explicit antiderivatives and simplifying, it suffices to
show that for small enough θ , (1

2

)θ/π
1+ θ/π

+
1− 2(1− 2θ/π)1−2θ/π

1− 2θ/π
≥ 0. (2-3)

The expression on the left of (2-3) approaches zero as θ→ 0. If we take the derivative of the left side of
(2-3) with respect to θ and let θ→ 0 we obtain

(
1+ ln

( 1
2

))
/π > 0. Then (2-3) is true as long as 0<θ ≤ θ0

for θ0 > 0 chosen small enough. Hence we conclude that tθ ≤ τθ ≤ 2θ/π for any 0< θ ≤ θ0. �

From (2-1) we have | f ′θ (z)| → 1 as |z| →∞. We let φθ be the harmonic function in �θ defined by

y+ = φθ (u, v),
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where fθ = u+ iv. Since 1= |∇φθ || f ′(z)|, we have |∇φθ | → 1 as |z| →∞. By a rotation of π
2 of φθ

we have a complementary harmonic function φ̃θ and can thus apply the ACF monotonicity formula. We
have J (∞, φθ , φ̃θ )= 1. To find J (0+, φθ , φ̃θ ) we find |∇φθ (0)|. This is given by

1= |∇φθ (0)|| f ′(tθ )|.

Thus

1≥ |∇φθ (0)| =
(

1− tθ
1+ tθ

)θ/π
,

so |∇φθ (0)| is an increasing function of θ , and

1≥ |∇φθ (0)| ≥
(

1− 2θ/π
1+ 2θ/π

)θ/π
.

Using L’Hospital’s rule we conclude that

lim
θ→0

1− ((1− 2θ/π)/(1+ 2θ/π))θ/π

(θ/π)2
= 4> 0.

As a consequence we have the following result:

Lemma 2.4. There exists θ0 such that if 0< θ ≤ θ0, then

0< 1− θ2 < |∇φθ (0)| ≤ 1. (2-4)

Since J (∞, φθ )= 1 and J (0+, φθ )= |∇φθ (0)|, Lemma 2.4 shows that

J (∞, φθ )− J (0+, φθ ) < 1− θ2.

3. Bounded domain

The aim of this section is to transfer the inequality in (2-4) to a harmonic function on a bounded domain.
We approximate �θ with domains �θ,M ; see Figure 2. If fθ,M is the conformal mapping of the upper
half-plane onto �θ,M , then

f ′θ,M(z)=
(

z+ 1
z− 1

)θ/π( z− z2

z+ z2

)1/2( z+ z1

z− z1

)1/2

, (3-1)

where z1, z2 ∈ R and 1< z1 < z2. We again translate fθ,M by a constant so that the domain is centered
on the origin as in Figure 2. The points z1, z2 are chosen so that fθ,M(z2)= M + 0i . We point out that
| f ′θ,M | → 1 as |z| →∞. We define φθ,M(u, v)= y+, where fθ,M = u+ iv.

Lemma 3.1. Fix θ ≤ θ0. There exists M > 0, possibly depending on θ , such that J (∞, φθ,M) = 1 and
J (0+, φθ,M) > 1− θ2.

Proof. That J (∞, φθ,M) = 1 follows from the definition of φθ,M and (3-1). Now from the explicit
formulas given for f ′θ (z) and fθ,M in (2-1) and (3-1) respectively, we have φθ,M → φθ in C1 up to the
boundary in a neighborhood of the origin. Since |∇φθ (0)|> 1− θ2, the conclusion follows. �
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(−M, 0)
θ

Figure 2. Domain �θ,M .

Remark 3.2. Since J (r, φθ,M) is monotonically increasing in r , it follows from Lemma 3.1 that

J (∞, φθ,M)− J (0+, φθ,M) < 1− θ2.

For any θ ≤ θ0, we fix an M that satisfies Lemma 3.1. We now transfer the decrease in energy to a
finite domain.

Lemma 3.3. Let θ and φθ,M be as in Lemma 3.1. Let �θ,M be defined as before. If we define wR to be
such that 

1wR = 0 in BR ∩�θ,M ,

wR = 0 on ∂�θ,M ∩ BR,

wR = y on (∂BR)
+,

then wR→ φθ,M locally uniformly in �θ,M and in C1 in Bρ ∩�θ,M for small enough ρ.

Proof. Using the rescaling

φR :=
φθ,M(Rx, Ry)

R
,

we have φR→ y+ in C1 on (∂B1)
+. Thus, for any η > 0, there exists R0 > 0 such that if R ≥ R0, then

(1− η)y+ ≤ φR ≤ (1+ η)y+ on (∂B1)
+.

Then rescaling back we obtain that (1− η)y+ ≤ φθ,M ≤ (1+ η)y+ on (∂BR)
+ if R ≥ R0. From the

maximum principle we then have

(1− η)wR ≤ φθ,M ≤ (1+ η)wR for any R ≥ R0.

Then as R→∞, we have wR → w∞ locally uniformly in �θ,M and in C1 in a neighborhood of the
origin. Furthermore, we have (1− η)w∞ ≤ φθ,M ≤ (1+ η)w∞. Since η can be taken to be arbitrarily
small, we conclude that w∞ = φθ,M . �

We end this section by defining a θ -turn. If u ∈ K and for some ρ > 0 we have ∂{u > 0} ∩ Bρ is a line
segment with inward unit normal ν, then a θ -turn in Bρ gives a new function v with

(i) v ∈ K,

(ii) v = u on ∂B1,
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Figure 3. θ -turn when ν = i .

(iii) ∂{v > 0} ∩ (B1 \ Bρ)= ∂{u>0} ∩ (B1 \ Bρ),

(iv) ∂{v > 0} ∩ Bρ = ∂{φθ,M(ei(ν−θ)(2M/ρ)z) > 0} ∩ Bρ .

The idea of property (iv) is to shrink φθ,M on B2M to Bρ and give v the same positivity set; see Figure 3
for when ν = i .

4. Construction of counterexample

As before we let θ0 be as in Lemma 2.4. This next lemma shows how to apply a θ -turn to a function that
is almost linear at the origin.

Lemma 4.1. Fix ε > 0. Assume u ∈ K, and that there is s < r0 < 1 with

(1) Bs ∩ ∂{u>0} = Bs ∩ {yn=0},

(2) |u|< 2J (1, u)r0 on Br0 .

If θ ≤ θ0, then there exists r, ρ with s > r > ρ > 0 with a θ-turn in Bρ such that if v is the redefined
function, then v satisfies

(A) |v|< 2J (1, v)r on Br ,

(B) |v| ≤ (1+ θ2) supBt
|u| on Bt for t ∈ [r0, 1],

(C) J (1, v)≤ (1+ θ2)J (1, u),

(D) J (0+, v) > (1− θ2)2 J (0+, u).

Proof. We choose r < s small enough so that∥∥∥∥u(r x)
r
− J (0+, u)y+

∥∥∥∥
C1((∂B1)+)

< δ, (4-1)

and so that |u|< 2J (1, u)r . We now apply a θ-turn in Bρ with 0< ρ < r . As ρ→ 0, we have v→ u
uniformly away from the origin, so that by choosing ρ small enough, v satisfies (B).

We now let η > 0 be small and use a cut-off function and obtain in the standard way the Caccioppoli
inequality ∫

B1\Bη
|∇v− u|2 ≤ C(η)

∫
B1\Bη/2

|v− u|2.
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Then as ρ→ 0, we have v→ u in H 1(B1 \ Bη) for any η > 0. We now use the monotonicity of J (r, v)
to prove that v→ u in H 1(B1) as ρ→ 0. We have∫

Bη
|∇v|2 ≤ η2

∫
B1

|∇v|2 = δ2
∫

B1\Bη
|∇v|2+

∫
Bη
|∇v|2,

so that ∫
Bη
|∇v|2 ≤

η2

1− η2

∫
B1\Bη
|∇v|2,

and we conclude that ∫
B1

|∇v|2 ≤
1

1− η2

∫
B1\Bη
|∇v|2.

Then ‖v‖H1(B1) is bounded as ρ→ 0, so that v ⇀ u in H 1(B1) as ρ→ 0. We now have∫
B1

|∇u|2 ≤ lim
ρ→0

∫
B1

|∇v|2 ≤ lim
ρ→0

1
1− η2

∫
B1\Bη
|∇v|2 =

1
1− η2

∫
B1\Bη
|∇u|2.

Since η can be chosen arbitrarily small, we have ∇v→∇u in L2(B1) and thus conclude that v→ u in
H 1(B1) as ρ→ 0. Consequently, we may choose ρ even smaller so that properties (A) and (C) hold.

From (4-1), if ρ is chosen small enough we have∥∥∥∥v(r z)
r
− J (0+, u)y+

∥∥∥∥
C1((∂B1)+)

< δ,

so that (1− δ)J (0+, u)y+ ≤ v(r z)/r on (∂B1)
+. We now define w to be the solution to

1w = 0 in {v(r z)/r > 0} ∩ B1,

w = 0 on ∂{v(r z)/r > 0} ∩ B1,

w = (1− δ)J (0+)y+ on (∂B1)
+.

We have w ≤ v in B1, so that |∇w(0)| ≤ |∇v(0)| or J (0+, w)≤ J (0+, v). We may rescale w and apply
Lemma 3.3 to obtain that for small enough ρ, we have

J (0+, w) > (1− θ2)(1− δ)J (0+, u).

By choosing δ < θ2 we obtain (D). �

Proof of Theorem 1.3 in dimension n = 2. We now use Lemma 4.1 to construct a sequence uk ∈ K with
lim uk→ u. The pair u and ũ(z) := u(−z) will be a counterexample to Claim 1.2. The sequence uk is
constructed inductively as follows. We choose θk = 1/(k+ N0), where N0 ∈ N is chosen large enough
so that θk ≤ θ0. We then let u0 = y+ on B1. By Lemma 4.1 there exists ρ1 < r1 such that if a θ1-turn is
applied in Bρ1 to obtain u1, then u1 will satisfy properties (A)–(D). We now suppose that uk has been
constructed for some k ≥ 1. By rotating uk it will satisfy assumption (1) of Lemma 4.1. Assumption (2)
will also be satisfied because uk satisfies (A) for r = rk . By Lemma 4.1 there exists ρk+1 < rk+1 with
rk+1 < ρk so that if we apply a θk+1-turn to uk to obtain uk+1 we have

(i) |uk+1|< 2J (1, uk+1)r on Br ,



212 MARK ALLEN AND DENNIS KRIVENTSOV

(ii) |uk+1| ≤
∏k

j=1(1+ θ
2
j ) supBt

|u0| on Bt for t ∈ [rk, 1],

(iii) J (1, uk+1)≤
∏k

j=1(1+ θ
2
j )J (1, u0)=

∏k
j=1(1+ θ

2
j ),

(iv) J (0+, uk+1) >
∏k

j=1(1− θ
2
j )

2 J (0+, u0)=
∏k

j=1(1− θ
2
j )

2.

From the same arguments involving the Caccioppoli inequality as in the proof of Lemma 4.1, there exists
u such that uk→ u in H 1(B1) and locally uniformly away from the origin. Then u is continuous away
from the origin. From (i) we obtain that |u| ≤ Cr on Br for 0< r ≤ 1, so that u is continuous up to the
origin, and u(0)= 0.

Now 0<
∏
∞

k=1(1− θ
2
k )

2 if and only if 0<
∏
∞

k=1(1− θ
2
k ) if and only if

∞∑
k=1

(k+ N0)
−2
=

∞∑
k=1

θ2
k <∞.

Since the inequality above is true, we conclude that

0<
∞∏

k=1

(1− θ2
k )

2 <

∞∏
k=1

(1− θ2
k ) < 1.

The last inequality above is due to the fact that all the terms are less than 1. Since uk→ u in H 1(B1) and
from properties (ii) and (iii), we conclude that

0<
∞∏

k=1

(1− θ2
k )

2
≤ J (r, u)≤ C J (1, u) <∞ for all 0< r ≤ 1,

so that J (0+, u) > 0.
If we let ũk(z)= uk(−z), then ũk→ ũ, where ũ(z)= u(−z). Furthermore, u · ũ = 0 in B1. Since also

u, ũ are nonnegative, continuous, and harmonic when positive, they satisfy the assumptions of the ACF
monotonicity formula in Proposition 1.1. We now show that u, ũ are a counterexample to Claim 1.2.
We assume by way of contradiction that {u>0} and {ũ>0} are tangent at the origin and after a rotation
u(z)+ ũ(z) = αx+1 + βx−1 + o(|z|). Then for any small δ > 0, there exists r0 such that if r ≤ r0 and
|z|> 1

2 and |Arg(z)|< δ, then

u(r z)+ ũ(r z)
r

>
αx+1

2
> 0. (4-2)

We now recall that from the construction

∂{u>0} ∩ (Brk \ Bρk )= {z : z=te−i
∑k

j=1 θ j and ρk ≤ |t |< rk}. (4-3)

Since
∑
θk = ∞ and θk → 0, we obtain from (4-3) there exist infinitely many zk with |zk | → 0 and

|Arg(z)|< δ such that u(zk)+ ũ(zk)= 0. This contradicts (4-2), and so Claim 1.2 is not true. �

We now show that the pair u and ũ are also a counterexample in higher dimensions.
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Proof of Theorem 1.3 in dimension n>2. For u as in the proof for dimension 2, we letwn(x1, x2, . . . , xn)=

u(x1, x2). Since in dimension n = 2 we have

1
r2

∫
Br

|∇u|2 ≥ C > 0,

it follows that in dimension n,
1
rn

∫
Br

|∇w|2 ≥ C.

Then
1
r2

∫
Br

|∇w|2

|x |n−2 ≥
1
r2

∫
Br

|∇w|2

rn−2 =
1
rn

∫
Br

|∇w|2 ≥ C > 0,

so that 8(r, w, w̃) > 0. We have already shown that u+ ũ cannot satisfy the conclusions in Claim 1.2;
consequently, w+ w̃ also do not satisfy those conclusions. �
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INFINITE-TIME BLOW-UP FOR
THE 3-DIMENSIONAL ENERGY-CRITICAL HEAT EQUATION

MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

We construct globally defined in time, unbounded positive solutions to the energy-critical heat equation in
dimension 3

ut D�uCu
5 in R3 � .0;1/; u.x; 0/D u0.x/ in R3:

For each 
 > 1 we find initial data (not necessarily radially symmetric) with limjxj!1 jxj
u0.x/ > 0 such
that as t !1

ku. � ; t /k1�t

� 1

2 if 1<
<2; ku. � ; t /k1�
p
t if 
>2; ku. � ; t /k1�

p
t .ln t /�1 if 
D2:

Furthermore we show that this infinite-time blow-up is codimensional-1 stable. The existence of such
solutions was conjectured by Fila and King (Netw. Heterog. Media 7:4 (2012), 661–671).

1. Introduction

Let n� 3. The energy-critical heat equation in Rn is the parabolic Cauchy problem�
ut D�uCjuj

4
n�2u in Rn � .0;1/;

u. � ; 0/D u0 in Rn:
(1-1)

The energy

E.u/D
1

2

Z
Rn
jruj2�

n�2

2n

Z
Rn
juj

2n
n�2

defines a Lyapunov functional for problem (1-1). In fact for classical solutions u.x; t/ with sufficient
decay in space variable we have that

d

dt
E.u. � ; t //D�

Z
Rn
jut j

2:

Classical parabolic theory yields that the Cauchy problem (1-1) is well-posed in its natural finite-energy
space for short time intervals.

In this paper we are interested in positive finite-energy solutions of (1-1) which are global in time,
namely defined and smooth in the entire time interval .0;1/. The presence of the Lyapunov functional
implies that limits of bounded solutions along sequences t D tn!C1 can only be steady states, namely
solutions of the Yamabe equation

�uCjuj
4
n�2uD 0 in Rn: (1-2)
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All positive solutions of (1-2) are given by the Aubin–Talenti bubbles

U�;�.x/D �
�n�2

2 w

�
x� �

�

�
;

where � > 0, � 2 Rn and

w.x/D .n.n� 2//
n�2
4

�
1

1Cjxj2

�n�2
2

:

They are precisely the extremals of Sobolev’s embedding. The criticality of problem (1-1) refers to
the presence of this continuum of steady states which become singular as �! 0, in addition to energy
invariance. In fact we immediately see that

E.U�;�/DE.U / for all � 2 Rn; � > 0:

A solution u.x; t/ of (1-1) which around one or more points of space looks like u.x; t/� U�.t/;�.t/.x/
with �.t/! 0 is called a bubbling blow-up solution. Bubbling phenomena is present in many important
time-dependent and stationary settings, usually carrying deep meaning in the global structure of their
solutions. Notable examples include the Yamabe and harmonic map flows and the Keller–Segel chemotaxis
system; see [Ciraolo et al. 2018; Daskalopoulos et al. 2018; Raphaël and Schweyer 2013; Davila et al.
2017; Ghoul and Masmoudi 2016]. In the last decade or so it has been extensively studied in energy-critical
wave equations, Schrödinger maps and other dispersive settings.

Problem (1-1) is a simple-looking model which contains much of the complexity of the bubbling
blow-up issue. Basic questions have remain unanswered until today. Existence or nonexistence of
infinite-time bubbling positive solutions in problem (1-1) is not known. This question has been explicitly
stated for instance in [Poláčik and Yanagida 2014; Quittner and Souplet 2007, Remark 22.10]. Detecting
such solutions rigorously is not easy. Usual behaviors in the flow (1-1) are either asymptotic vanishing or
blow-up in finite time. Global solutions with nontrivial asymptotic patterns are typically unstable objects
and hence harder to be detected.

In a very interesting paper Fila and King [2012] provided insight on the question in the case of a
radially symmetric, positive initial condition with an exact power decay rate. Using formal matching
asymptotic analysis, they demonstrated that the power decay determines the blow-up rate in a precise
manner. Intriguingly enough, their analysis leads them to conjecture that infinite-time blow-up should
only happen in low dimensions 3 and 4; see Conjecture 1.1 in [Fila and King 2012].

In this paper we rigorously establish the existence of solutions with infinite-time blow-up in dimension 3,
confirming the conjecture in [Fila and King 2012]. Thus we consider the Cauchy problem�

ut D�uCu
5 in R3 � .0;1/;

u. � ; 0/D u0 in R3
(1-3)

for an initial datum u0 which we assume first radially symmetric with an exact power decay of the form

lim
jxj!1

jxj
u0.x/DW A > 0: (1-4)
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As in [Fila and King 2012] we assume that 
 > 1, which means that u0 decays faster than the bubble

w.x/D 3
1
4

�
1

1Cjxj2

�1
2

: (1-5)

Theorem 1.1. Given 
 > 1, there exists a positive, radially symmetric global solution u.x; t/ to problem
(1-3) whose initial condition u0.jxj/ satisfies (1-4) and as t !C1

ku. � ; t /kL1.R3/ �

8<:
t

�1
2 if 1 < 
 < 2;
p
t=ln t if 
 D 2;
p
t if 
 > 2:

(1-6)

More precisely, the blow-up takes place by bubbling near the origin. The solution of Theorem 1.1 is in
the inner self-similar region, jxj �

p
t , in leading order of the bubbling blow-up form

u.x; t/�
1

�.t/
1
2

w

�
x

�.t/

�
;

where

�.t/�

8<:
t1�
 if 1 < 
 < 2;
t�1ln2 t if 
 D 2;
t�1 if 
 > 2

(1-7)

and w is given by (1-5). In the outer self-similar region jxj �
p
t , the solution dissipates in the form of a

self-similar solution of heat equation ut D�u in R3 � .0;1/.
A surprising feature of the construction is the dynamics discovered for the scaling parameter �.t/.

It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
1
2

-Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter �.t/ we will need to solve linear equations of the typeZ t

0

ˇ0.s/
p
t � s

.1� e�
M2

.t�s/ / ds D h.t/

for suitably decaying right-hand sides h.t/. See (6-8) and (6-13) below.
Problem (1-1) is a special case of the Fujita equation�

ut D�uCu
p in Rn � .0;1/;

u. � ; 0/D u0 in Rn;
(1-8)

with p > 1. Blow-up phenomena in problem (1-8) is extremely sensitive to the values of the exponent p.
A vast literature has been devoted to this problem after the seminal work [Fujita 1966]. We refer the
reader for instance to the book [Quittner and Souplet 2007] for background and a comprehensive account
of results until 2007 and to the more recent works [Matano and Merle 2004; 2009; 2011]. The case
pD .nC2/=.n�2/ is special in many ways. Positive steady states do not exist when p < .nC2/=.n�2/.
Positive radial global solutions must be bounded and go to zero; see [Poláčik and Quittner 2006; Poláčik
et al. 2007; Quittner and Souplet 2007]. They exist when p > .nC 2/=.n� 2/ but they have infinite
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energy; see [Gui et al. 1992]. Infinite-time blow-up exists in that case but it has an entirely different
nature; see [Poláčik and Yanagida 2003; 2014].

The study of energy-critical problems has attracted much attention in the last decade. For energy-critical
wave equations, blow-up solutions have been characterized and constructed in [Duyckaerts et al. 2012;
2013; 2016a; 2016b; Krieger et al. 2009]. In [Schweyer 2012] Type-II sign changing, finite time blow-up
for (1-1) is constructed, first formally predicted in [Filippas et al. 2000]. Threshold dynamics around the
steady states of (1-1) has been characterized in large dimensions n� 7 in [Collot et al. 2017]. Also in
large dimensions n� 5 in [Cortázar et al. 2016] infinite-time bubbling solutions of (1-1) in a bounded
domain under Dirichlet boundary conditions are constructed for n � 5. The cases nD 3; 4 are indeed
considerably more delicate and not treated there. The solutions in Theorem 1.1 are specially meaningful
for the full dynamics since they are threshold solutions in the sense that the solution of (1-3) with initial
condition �u0 goes to zero as t !1 if � < 1, while it blows-up in finite time if � > 1. Radial threshold
solutions for various ranges of exponents in (1-3) are analyzed in [Quittner and Souplet 2007].

We recall that from [Fila and King 2012], it is not expected to have this blow-up in entire space in
dimensions n� 5. Our approach is entirely different from that in [Schweyer 2012] for nD 4 in which a
finite-time type-II blow-up solution of (1-1) is constructed on the basis of the modulation equation methods
developed for critical dispersive equations in [Donninger and Krieger 2013; Ortoleva and Perelman 2013;
Merle et al. 2013; Raphaël and Rodnianski 2012; Raphaël and Schweyer 2013].

Our approach has a parabolic-elliptic flavor, in line with the recent works [Cortázar et al. 2016; Davila
et al. 2017]. Since our proofs only rely on elliptic and parabolic estimates, we can easily modify the
proof to deal with nonradial and general initial data, in particular establishing codimension-1 stability of
the solution built. This is concordant with a result of [Krieger et al. 2015] on the corresponding wave
analogue. In Section 10 we prove the following:

Theorem 1.2. Let Nv0D Nv0.x/ be a positive continuous function, uniformly bounded for x 2R3. Let 
 > 1
and � > maxf.
 C 3/=2; 
g. Then, there exists a positive global solution u.x; t/ to problem (1-3) with
initial condition

u.x; 0/D u0.jxj/C
Nv0.x/

jxj�

�
1� �

�
jxj

t0

��
;

where u0 is positive, radially symmetric, satisfies (1-4), t0 > 0 is a fixed large number and � is a smooth
cut-off function with �.s/D 1 for s < 1 and �.s/D 0 for s > 2. As t !C1, u.x; t/ satisfies (1-6).

Furthermore, there exists a codimension-1 manifold of functions in C 1.R3/ converging to 0 at infinity,
with a sufficiently fast decay, that contains u0.jxj/C . Nv0.x/=jxj�/.1� �.jxj=t0// such that if Nu0 lies
in that manifold and it is sufficiently close to u0.jxj/C . Nv0.x/=jxj�/.1� �.jxj=t0// in the sense that
Nu0 D u0.jxj/C . Nv0.x/=jxj

�/.1� �.jxj=t0//CO.jxje�bjxj/ for some b > 0, then the solution Nu.x; t/ to
(1-3) with Nu.x; 0/D Nu0.x/ is global in time and satisfies (1-6).

In the nonradial setting, the profile of the solution in the inner self-similar regime is

u.x; t/�
1

�.t/
1
2

w

�
x�p.t/

�.t/

�
;

jp.t/j

�.t/
! 0 as t !1;
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where w is given by (1-5) and � satisfies the asymptotics (1-7). Precise description of the dynamics of
the center p D p.t/ is provided.

A surprising feature of the construction is the dynamics discovered for the scaling parameter �.t/.
It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
1
2

-Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter �.t/ we will need to solve linear equations of the typeZ t

0

ˇ0.s/
p
t � s

.1� e�
M2

.t�s/ / ds D h.t/

for suitably decaying right-hand sides h.t/. See (6-8) and (6-13) below.
We believe that an approach similar to that in this paper could be used to prove the existence of a global

unbounded solution when N D 4, p D 3 as conjectured in [Fila and King 2012]. We will undertake that
issue in a future work.

The proof of Theorem 1.1 starts with the construction of an approximate solution to problem (1-3)
with the asymptotic behavior described in (1-6). This is done in full detail in Section 2. We then show the
existence of an actual solution to problem (1-3) deforming the approximation, by means of a inner-outer
gluing procedure. This scheme is described in Section 3, and its proof is addressed in Sections 4–9. In
Section 10 we prove Theorem 1.2. Appendices A–C gather some technical results needed to prove the
theorems.

In the rest of the paper, we shall denote by C a generic positive constant, whose value may change
from line to line, and within the same line. We shall use the notation c to indicate a positive constant,
with c < 1, whose explicit value may change from line to line. Furthermore, t0 will denote a large fixed
positive number and

� W R! R (1-9)

a smooth cut-off function with �.s/D 1 for s < 1 and D 0 for s > 2.

2. Construction of an approximate solution and estimate of the associated error

After shifting the initial time to t0 > 0, problem (1-3) takes the form

ut D�uCu
5 in R3 � .t0;1/; (2-1)

with initial condition u0.r/D u.r; t0/ satisfying

lim
r!1

r
u0.r/D A > 0 for some 
 > 1: (2-2)

This section is devoted to the construction of a first approximation for a solution to (2-1)–(2-2), and to
the description of the associated error.

The first approximation is built by matching an inner profile, made upon solving the elliptic problem

�uCu5 D 0 in R3 (2-3)
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and an outer profile, made upon solving the heat equation in the whole space

ut D�u in R3; (2-4)

in the set of functions satisfying the decaying conditions (2-2). It is constructed in Section 2A (for the
inner profile) and Section 2B (for the outer profile), and in Section 2C we derive a precise description
of the error of approximation. In [Fila and King 2012], this approximate solution was already derived.
We realize though that, for our rigorous construction to work, we need a further improvement of the
approximation. This is done in Section 2D, where we introduce a next correction term, and describe
the associated error. It turns out that this next correction term gives the right dynamics for the blow-up
rate which turns out to be governed by a nonlocal differential equation with a fractional time-derivative
closely related to the so-called 1

2
-Caputo derivative. See (6-13).

2A. Construction of the first inner profile. We recall that all positive radially symmetric solutions to
(2-3) constitute a one-parameter family of functions, which are given explicitly by

w.r/D 3
1
4

�
1

1C r2

�1
2

; w�.r/D �
� 1
2w

�
r

�

�
; (2-5)

for any positive number � > 0; see [Aubin 1976; Caffarelli et al. 1989]. We denote by Z0 the only
bounded and radial function belonging to the kernel of the linear operator

L0.�/D��C 5w
4�: (2-6)

See [Rey 1990]. The function Z0 is explicitly defined by

Z0.r/D�

�
w

2
Cw0.r/r

�
D
3
1
4

2

r2� 1

.1C r2/
3
2

: (2-7)

Given Z0, we denote by ˆ1.r/ the solution to

�ˆ1C 5w
4ˆ1 DZ0; (2-8)

defined as

ˆ1.r/Dˆ0.r/C�0Cˆ1.r/; where ˆ0.r/D
3
1
4

4
r;�

5

Z 1
0

w4Z0r
2 dr

�
�0 D

Z 1
0

�
Z0�

3
1
4

2r

�
Z0r

2 dr � 5

Z 1
0

w4ˆ0Z0r
2 dr;

(2-9)

and ˆ1 is the unique solution to

��C 5wp�1� D

�
Z0�

3
1
4

2r

�
� 5w4.ˆ0C�0/„ ƒ‚ …
WD…0.r/

;

explicitly given by

ˆ1.r/D zZ.r/

Z r

0

…0.s/Z0.s/s
2 ds�Z0.r/

Z r

0

…0.s/ zZ.s/s
2 ds:
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In the above expression, zZ denotes another solution to �� C 5w4� D 0, linearly independent to Z0.
zZ satisfies the asymptotic behavior zZ.s/� s�1 as s! 0, and zZ.s/� 1 as s!1.

A closer look at the expression of ˆ1 gives

kr2��ˆ1.r/k1 < C

for some fixed positive constant C and any � > 0 small.

Remark 2.1. The solution to (2-8) is not unique. (In fact one can add any multiple of Z0.) The choice
we made in (2-9) is used to match the outer solution in the next section.

We have now the elements to define the first inner profile. We introduce a smooth positive function
�.t/ of the form

�.t/D �0.t/.1Cƒ.t//
2; where �0.t/ > 0; lim

t!1
�0.t/D 0: (2-10)

The function �0 will be defined below, see (2-23), (2-32), (2-36), as an explicit function of t depending on
the decay rate 
 . On the other hand, the function ƒDƒ.t/ will be left as a parameter in the construction,
and it will be determined in the final argument to get an actual solution to the problem. In the meanwhile,
we shall assume that ƒDƒ.t/ is a smooth function in .t0;1/, defined by

ƒ.t/ WD

Z 1
t

�.s/ ds;

where � satisfies

k�k] WD sup
t>t0

�0.t/
�1t Œk�k1;Œt;tC1�C Œ��0;�;Œt;tC1��� ` (2-11)

for � D 1
2
C � 0, with � 0 > 0 small, and for some fixed constant `. Here we intend

kf k1;Œt;tC1� D sup
s2Œt;tC1�

jf .s/j;

Œf �0;�;Œt;tC1� D sup
s1 6Ds22Œt;tC1�

jf .s1/�f .s2/j

js1� s2j�
:

For a later purpose we introduce the space

X] D f� 2 C.t0;1/ W k�k] is boundedg: (2-12)

With this in mind, we define the inner approximation to be

uin.r; t/D w�.r/C�
0
0 1.r; t/;  1.r; t/D �

1
2ˆ1

�
r

�

�
: (2-13)

A direct computation gives

� 1C 5w
4
� 1 D��

� 3
2Z0

�
r

�

�
D
@w�

@�
.r/:
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In the region fr W r > R�0g, where R is any large but fixed positive number, the inner approximation
looks like

uin.r; t/D 3
1
4
�
1
2

r
�
3
1
4

4
�00�

� 1
2 r C�

1
2

0�
0
0‚Œ��.r; t/C

�
1
2

0

r

�
�0

r

�2
‚Œ��.r; t/; (2-14)

where ‚Œ��.r; t/ denotes a generic function, which depends smoothly on �, and on .r; t/, and which is
uniformly bounded, for parameters � satisfying (2-10), for r in the considered region, and any t large.

2B. Construction of the first outer profile and choice of �0.t/. The outer profile is chosen to satisfy
the heat equation ut D �u, in the whole space R3, and to fit the requested decaying property for the
initial condition (2-2). Its properties and exact definitions change depending on the value of the decay
rate 
 of the initial condition u0; see (2-2). We consider three different situations: 1 < 
 < 2, 
 D 2, and

 > 2.

Case 1: 1 < 
 < 2. In this case we define uout as

uout.r; t/D t
�


2 g

�
r
p
t

�
; (2-15)

with g the positive solution to

g00.s/C

�
2

s
C
s

2

�
g0.s/C




2
g.s/D 0; s 2 .0;1/; (2-16)

that satisfies the properties

(1) lims!1 s
g.s/D A,

(2) lims!0C sg.s/D d for a certain positive constant d for which lims!0C Œg.s/� d=s�D 0.

Such a function g indeed exists. Let

L�.g/D g
00
C

�
2

s
C
s

2

�
g0C �g; s 2 .0;1/:

In Appendix A, we prove the following:

Lemma 2.2. If 1
2
< � < 1, there exist two positive linearly independent solutions y1 D y1.s/ and

y2 D y2.s/ to
L�.g/D 0; s 2 .0;1/; (2-17)

that satisfy respectively

y1.s/D
1

s
C .� � 1/

�Z 1
0

sy1.s/ ds

�
C
1� 2�

4
sCO.s2/ if s! 0C; (2-18)

y2.s/D c2C o.s/ if s! 0C; (2-19)

y1.s/D c1e
� s
2

4 s4��3; y2.s/D
1

s2�

�
1C o

�
1

s

��
if s!1 (2-20)

for some positive constants c1, c2.
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Thanks to the lemma, which we apply to solve (2-16) when � D 
=2, we get that the function g we
are looking for in (2-15) is thus given by

g.s/D dy1.s/CAy2.s/; with d D
2Ay2.0/

.2� 
/
�R1
0 sy1.s/ ds

� > 0: (2-21)

We observe that, in a region like r < R�1
p
t , for some large but fixed R, we get

uout.r; t/D d
t�


�1
2

r
C t�


C1
2 A

.1� 
/y2.0/

2.2� 
/
R1
0 zy1.z/ dz

r C t�


2O

�
r2

t

�
: (2-22)

We next choose the function �0.t/ in the definition of �.t/, (2-10), in such a way that the functions
uin and uout automatically match in the whole region R�0 < r < R�1

p
t , for some R large, but fixed

independent of t . This is possible if

�0.t/D
d2
p
3
t1�
 : (2-23)

Indeed, with this choice for �0.t/, and given the bound (2-11), there exists a constant C so that

juin.r; t/�uout.r; t/j � C
�
1
2

0

r
; jruin.r; t/�ruout.r; t/j � C

�
1
2

0

r2
(2-24)

for any R�0 < r < R�1
p
t , and t large enough.

Case 2: 
 D 2. In this case, we define uout as

uout.r; t/D t
�1.log t /kAg0

�
r
p
t

�
C t�1h

�
r
p
t

�
; (2-25)

where g0.s/D s�1e�
s2

4 is a solution to

g00.s/C

�
2

s
C
s

2

�
g0.s/Cg.s/D 0 (2-26)

and h solves

h00.s/C

�
2

s
C
s

2

�
h0.s/C h.s/D kAg0.s/; (2-27)

with lims!1 s
h.s/D A, and lims!0C sh.s/D d , so that lims!0C Œh.s/� d=s�D 0. The function h
can be described explicitly. Let g1.s/D s�1e�

s2

4

R s
0 e

z2

4 dz. This function solves (2-26). Since g1 and
g0 are linearly independent, the variation of parameters formula gives that, for any constants d and b,

h.s/D g0.s/

�
d � kA

Z s

0

zg1.z/ dz

�
Cg1.s/

�
bC kA

Z s

0

zg0.z/ dz

�
(2-28)

solves (2-27). In order to have lims!1 s
h.s/DA, we need 2
�
bCkA

R1
0 zg0.z/ dz

�
DA. Furthermore,

to have lims!0C Œh.s/� d=s�D 0, we need b D 0. Thus we select

b D 0; k D
1

2
R1
0 zg0.z/ dz

: (2-29)
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Observe that, up to this moment, the constant d is arbitrary. Nevertheless, recall that we want uout to be
a solution to ut D�uD urr C .2=r/ur . Multiplying this equation by r , and integrating in .0; R/, for
some fixed, large R, we get

d

dt

�Z R

0

ru.r; t/ dr

�
DRur.R; t/Cu.R; t/;

where we use the fact that limr!0Œrur.r; t/Cu.r; t/�D 0. Next, we integrate the above equation in t ,
from 0 to1, and using the fact that limt!1

R R
0 ru.r; t/ dt D 0, we get

�

Z R

0

ru.r; 0/ dr D

Z 1
0

ŒRur.R; t/Cu.R; t/� dt: (2-30)

Take now uD uout and compute the right-hand side of (2-30):Z 1
0

ŒRur.R; t/Cu.R; t/� dt

D Ak

Z 1
0

t�1.log t /
�
R
p
t
g00

�
R
p
t

�
Cg0

�
R
p
t

��
dt C

Z 1
0

t�1
�
R
p
t
h0
�
R
p
t

�
C h

�
R
p
t

��
dt

D

�
4Ak

Z 1
0

s�1Œsg00.s/Cg0.s/� ds

�
logRC Nd C

�
2

Z 1
0

s�1Œsh0.s/C h.s/� ds

�
;

where s WDR=
p
t and Nd is the constant defined by

Nd D�

�
4Ak

Z 1
0

s�1.log s/Œsg00.s/Cg0.s/� ds
�
:

We can simplify the expression of the constant in front of logR. Indeed, multiplying (2-26) against s, we
get that .sg0.s/CgC .s2=2/g/0 D 0. For g D g0, and using the fact that g0 decays very fast as s!1,
we get that sg00.s/Cg0.s/D�.s

2=2/g0.s/ for any s; thus

4Ak

Z 1
0

s�1Œsg00.s/Cg0.s/� ds D Ak

�
�2

Z 1
0

sg0.s/ ds

�
D�A

since (2-29). On the other hand, the decaying condition limr!1 r2u.r; 0/D A gives

�

Z R

0

ru.r; 0/ dr D�A logRCB.R/;

with limR!1B.R/D B , where B is a real constant. Plugging this information in (2-30), we get

Nd C

�
2

Z 1
0

s�1Œsh0.s/C h.s/� ds

�
D B:

This last relation defines in a unique way the constant d > 0 in the definition of h, (2-28). Indeed, a direct
computation gives Z 1

0

s�1Œsh0.s/C h.s/� ds D�
d

2

�Z 1
0

sg0.s/ ds

�
C!;
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with

! D
kA

2

Z 1
0

sg0.s/

�Z s

0

zg1.z/ dz

�
dsC

Z s

0

s�1Œsg01Cg1�

�
kA

Z s

0

zg0.z/ dz

�
ds;

from which we deduce that

d D
Nd � 2! �BR1
0 sg0.s/ ds

:

With this choice for the function h in (2-25), we get

h.s/D
d

s
�
s

4
Œd C 10kA�CO.s3/ as s! 0C

and

uout.r; t/D
t�

1
2

r
ŒkA.log t /C d�C t�1

�
�
kA.log t /

4
�
d C 10kA

4

�
r
p
t
CO

�
.log t /

r3

t3
p
t

�
(2-31)

in the region r < R�1
p
t , for some large but fixed R, as t !1.

In this case, namely when 
 D 2, we choose �0 in (2-10) as

�0.t/D
Œd C kA.log t /�2

p
3

t�1; (2-32)

and thanks to this choice, and to the bound (2-11) on �, we find a constant C so that

juin.r; t/�uout.r; t/j � C
�
1
2

0

r
; jruin.r; t/�ruout.r; t/j � C

�
1
2

0

r2
(2-33)

for any R�0 < r < R�1
p
t , for some fixed and large R, and for all t large enough.

Case 3: 
 > 2. In this case, we define u1out as

u1out.r; t/D t
�1 dg0

�
r
p
t

�
; d D

�R1
0 ru0.r/ drR1
0 sg0.s/ ds

�
;

where g0.s/D s�1e�
s2

4 solves (2-26), and u0.r/ is the initial condition for (2-1)–(2-2). Observe that, in
a region like r < R�1

p
t , for some large but fixed R, we get

u1out.r; t/D d
t�

1
2

r
� t�1

d

4

r
p
t
C t�1O

�
r2

t
3
2

�
: (2-34)

For a given time t , the function u1out is decaying very fast as r!1. For this reason, we modify u1out

with a function that has the right decay to match the initial condition u0.r/, for r large. Define

uout.r; t/D �

�
r

t

�
u1out.r; t/C

�
1� �

�
r

t

��
u2out.r/; with u2out.r/D

A

r

; (2-35)

where � is the cut-off function defined in (1-9).
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In this case, 
 > 2, we choose �0 in (2-10) as

�0.t/D
d2
p
3
t�1: (2-36)

With this choice for �0.t/, and thanks to (2-11), given any large but fixed number R > 0, there exists a
constant C so that

juin.r; t/�uout.r; t/j � C
�
1
2

0

r
; jruin.r; t/�ruout.r; t/j � C

�
1
2

0

r2
(2-37)

for any R�0 < r < R�1
p
t , and for all t large.

2C. Construction of the first global approximation and estimate of the error. Let r0 > 0 be a small
and fixed number, and define

U1.r; t/D �

�
r

r0
p
t

�
uin.r; t/C

�
1� �

�
r

r0
p
t

��
uout.r; t/; (2-38)

where � is given by (1-9). For any smooth function uD u.r; t/, we define the error function as

E Œu�.r; t/D�uCu5�ut : (2-39)

Our next purpose is to describe
E1.r; t/D EŒU1�.r; t/; (2-40)

with U1 given by (2-38). To this end, we introduce the function ˛ D ˛.t/, t > t0,

˛.t/D 3
1
4�
� 1
2

0 .�0ƒ/
0: (2-41)

Since ƒ satisfies (2-11), definition (2-41) defines a linear homeomorphism A W X] ! X[, A.�/ D ˛,
where

X[ D f˛ 2 C.t0;1/ W k˛k[ is boundedg; (2-42)

and
k˛k[ WD sup

t>t0

�
� 3
2

0 .t/t Œk˛k1;Œt;tC1�Cj˛j0;�;Œt;tC1��: (2-43)

Here � is the number introduced in (2-11). Let us denote by h0 W .0;1/! .0;1/ a smooth function
with the property that

h0.s/D

�
1=s for s! 0;

1=s3 for s!1;
(2-44)

and define the following norm for any function f W R3 � .t0;1/! R:

kf k� WD sup
x2R3; t>t0

�
� 1
2

0 t
3
2h�10

�
r
p
t

�
Œkf k1;B.x;1/�Œt;tC1�C Œf �0;�;B.x;1/�Œt;tC1��; r D jxj: (2-45)

Here � is defined in (2-11),

kf k1;B.x;1/�Œt;tC1� D sup
y2B.x;1/; s2Œt;tC1�

jf .y; s/j (2-46)
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and

Œf �0;�;B.x;1/�Œt;tC1� D sup
y1 6Dy22B.x;1/; s1 6Ds22Œt;tC1�

jf .y1; s1/�f .y2; s2/j

jy1�y2j2� Cjs1� s2j�
: (2-47)

The following estimates are valid, and we delay the proof to Appendix B since it is quite technical.

Lemma 2.3. Assume �D �.t/ satisfies (2-11). The error function defined in (2-40) can be described as

E1.r; t/D
˛.t/

�C r
�

�
r

r0
p
t

�
C E1;�Œ��.r; t/; (2-48)

where � is the smooth cut-off function defined in (1-9), ˛ is the function defined in (2-41), and r0 is a given
fixed small number. The function E1;�Œ��.r; t/ depends smoothly on �. Furthermore, there exists C > 0
such that

kE1;�k� � C: (2-49)

If the initial time t0 in problem (2-1) is large enough, there exist c 2 .0; 1/ so that, for any �1, �2 satisfying
(2-11), we have

kE1;�Œ�1�� E1;�Œ�2�k1;B.x;1/�Œt;tC1� � c�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k]; (2-50)

ŒE1;�Œ�1�� E1;�Œ�2��0;�;B.x;1/�Œt;tC1� � c�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k] (2-51)

for any r D jxj and any t . The definitions of the function h0 and of the norm k � k� are given respectively
in (2-44) and in (2-45). Furthermore the constant c in (2-50) and (2-51) can be made as small as one
needs, provided that the initial time t0 is chosen large enough.

2D. Construction of the second global approximation and estimate of the new error. Taking into ac-
count the expression of the error function given in (2-48), we introduce a correction function �0 to
partially get rid of the term ˛.t/=.�C r/. More precisely, let

N̨ .t/D

�
˛.t0/ for t < t0;
˛.t/ for t � t0;

(2-52)

and introduce the function �0, a solution to

@t�0 D��0C
N̨ .t/

�C r
1fr<M g in R3 � .0;1/; �0.x; t0� 1/D 0 in R3; M 2

D t0: (2-53)

Here, for a set K, we mean

1K.x/D

�
1 if x 2K;
0 if x 62K:

Duhamel’s formula provides an explicit expression for �0:

�0.x; t/D

Z t

t0�1

1

.4�.t � s//
3
2

Z
R3
e�
jx�yj2

4.t�s/
N̨ .s/

�Cjyj
1fjyj<M g dy ds: (2-54)
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Since � satisfies (2-11), classical parabolic estimates give that �0 is locally C 2C2�;1C�, where � is the
Hölder exponent in (2-11). In the interval .t0;1/, the function �0 solves

@t�0 D��0C
˛.t/

�C r
1fr<M g in R3 � .t0;1/; (2-55)

and at time t D t0, the function �0.x; t0/ is radial in x and decays fast as jxj !1; that is,

j�0.x; t0/j � ce
�ajxj2 as jxj !1 (2-56)

for some positive, fixed constants a and c. Indeed, let x D `e, with kek D 1, and assume that ` >
maxf1; 2M g. Thus jx�yj2 > `2=4 for any jyj<M, and

j�0.x; t0/j � C j˛.t0/j

�Z t0

t0�1

e
� `2

16.t0�s/

.t0� s/
3
2

ds

��Z
jyj<M

dy

jyj

�
� C j˛.t0/jM

2e�
`2

16 :

Taking `!1, estimate (2-56) thus follows from (2-41).
The second approximation is given by

U2Œ��.r; t/D U1.r; t/C�0.r; t/; (2-57)

where U1 is in (2-38). Observe that U2 satisfies the decaying conditions (2-2) at the initial time t0 as
consequence of (2-56). The new error function

E2Œ��.r; t/D E ŒU2�.r; t/

is thus

E2Œ��.r; t/D E1;�C
˛.t/

r

�
�

�
r

r0
p
t

�
� 1fr<2M g

�
„ ƒ‚ …

WDE21

C .U1C�0/
5
�U 51„ ƒ‚ …

E22

: (2-58)

The function E1;� is defined in (2-48). For a later purpose, it is useful to estimate, in the k � k�-norm
introduced in (2-45), the function

E2 WD E21C .1� �R.x; t//E22; where �R.x; t/D �
�

x

R�0

�
: (2-59)

Here �.s/ is given by (1-9), while the number R is a large number, whose definition will depend on t0
but will not depend on t .

We have the validity of the following lemma, whose proof is given in Appendix C.

Lemma 2.4. Assume �D �.t/ satisfies (2-11). The error function defined in (2-58) depends smoothly on
� and it satisfies the following estimates: There exists C > 0 such that

kE2k� � C: (2-60)
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If the initial time t0 is large enough, there exists small positive number c 2 .0; 1/ such that, for any �1,
�2 satisfying (2-11), we have

kE2Œ�1�� E2Œ�2�k1;B.x;1/�Œt;tC1� � c�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k]; r D jxj; (2-61)

ŒE2Œ�1�.r; t/� E2Œ�2�.r; t/�0;�;Œt;tC1� � c�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k] (2-62)

for any x and t > t0, provided the initial time t0 in problem (2-1) is chosen large enough. The definition of
the function h0 is given in (2-44), and the definition of the k � k�-norm is given in (2-45).

Remark 2.5. From the proof of the result, we also get that the constant c in (2-61) and (2-62) can be
made as small as one needs, provided that the initial time t0 is chosen large enough.

3. The inner-outer gluing

Recall that our ultimate purpose is to construct a global unbounded solution u to (2-1)–(2-2) of the form

uD U2Œ��.r; t/C Q�; t > t0; (3-1)

where U2 is defined in (2-57), while Q�.x; t/ is a smaller perturbation. The rest of the paper is thus devoted
to finding Q�.x; t/. The construction of Q�.x; t/ is done by means of an inner-outer gluing procedure. This
procedure consists in writing

Q�.x; t/D  .x; t/C�in.x; t/; where �in.x; t/ WD �R.x; t/ O�.x; t/; (3-2)

with
O�.x; t/ WD �

� 1
2

0 �

�
x

�0
; t

�
; �R.x; t/D �

�
x

R�0

�
; (3-3)

where �.s/ is given in (1-9).
In terms of Q�, problem (2-1)–(2-2) reads as

@t Q� D� Q�C 5U
4
2
Q�CN. Q�/C E2 in R3 � Œt0;1/; (3-4)

where E2 is defined in (2-58) and

N. Q�/D .U2C Q�/
5
�U 52 � 5U

4
2
Q�:

Recalling that w� D ��
1
2w.r=�/, we let

V Œ��.r; t/D 5.U 42 �w
4
�/�RC 5U

4
2 .1� �R/ (3-5)

and write 5U 42 D 5w
4
��RCV Œ��.r; t/: A main observation we make is that Q� solves problem (3-4) if the

tuple . ; �/ solves the following coupled system of nonlinear equations:

@t D� CV Œ�� CŒ2r�Rrx O�C O�.�x�@t /�R�CNŒ��. Q�/CE21CE22.1��R/ in R3�Œt0;1/; (3-6)

and
@t O� D� O�C 5w

4
�
O�C 5w4� C E22 in B2R�0.0/� Œt0;1/: (3-7)
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We refer to (2-58) for the definition of E21 and E22. In terms of �, see (3-3), (3-7) becomes

�20@t� D�y�C 5w
4�C�

5
2

0 E22.�0y; t/C 5
�
1
2

0

.1Cƒ/4
w4
�

y

.1Cƒ/2

�
 .�0y; t/

CBŒ��CB0Œ�� in B2R.0/� Œt0;1/; (3-8)

where

BŒ�� WD �0.@t�0/

�
�

2
Cy � ry�

�
; (3-9)

B0Œ�� WD 5

�
w4
�

y

.1Cƒ/2

�
�w4.y/

�
�C 5

�
1� .1Cƒ/4

.1Cƒ/4

�
w4
�

y

.1Cƒ/2

�
�: (3-10)

We call (3-6) the outer problem and (3-8) the inner problem(s) .
We next describe precisely our strategy to solve (3-6)–(3-8). For given parameter � satisfying (2-11),

and function � fixed in a suitable range, we first solve for  the outer problem (3-6), in the form of a
(nonlocal) nonlinear operator  D‰.�; �/. This is done in full detail in Section 4.

We then replace this  in (3-8). At this point we consider the change of variable

t D t .�/;
dt

d�
D �20.t/;

which reduces (3-8) to

@�� D�y�C 5w
4�CHŒ ; �; ��.y; t.�//; y 2 B2R.0/; � � �0; (3-11)

where �0 is such that t .�0/D t0, and

HŒ ; �; ��.y; t.�//D�
5
2

0 E22.�0y; t/C5
�
1
2

0

.1Cƒ/4
w4
�

y

.1Cƒ/2

�
 .�0y; t/CBŒ��CB

0Œ��: (3-12)

Next step is to construct a solution � to problem (3-11). We can do this for functions � which furthermore
satisfy

�.y; �0/D e0Z.y/; y 2 B2R.0/; (3-13)

for some constant e0. Here Z is the positive radially symmetric bounded eigenfunction associated to the
only negative eigenvalue �0 to the problem

L0.�/C�� D 0; � 2 L1.R3/: (3-14)

Here L0 is the linear operator around the standard bubble w in R3. We refer to (2-6) for the definition
of L0. Furthermore, it is known that �0 is simple and Z decays like

Z.y/� jyj�1e�
p
j�0jjyj as jyj !1:

To be more precise, we prove that problem (3-11)–(3-13) is solvable in �, provided that in addition the
parameter � is chosen so that HŒ ; �; ��.y; t.�// satisfies the orthogonality conditionZ

B2R

HŒ ; �; ��.y; t.�//Z0.y/ dy D 0 for all t > t0: (3-15)
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We recall that Z0.y/, defined in (2-7), is the only bounded radial element in the kernel of the linear
elliptic operator L0.

Equation (3-15) becomes a nonlinear, nonlocal problem in � for any fixed �. We attack this problem in
Sections 5, 6, and 7. In Section 5, we get the precise form of (3-15) as a nonlocal nonlinear operator in �.
The principal part of the operator in � defined by (3-15) is a linear nonlocal operator which turns out to be
a perturbation of the 1

2
-Caputo derivative. We refer to [Caputo 1967] for the original definition of Caputo

derivatives. In Section 6 we develop an invertibility theory for such a linear operator. In Section 7 we
fully solve (3-15) in �, by means of a Banach fixed-point argument. The solution �D �Œ�� is a nonlinear
operator in �, and we also describe the Lipschitz dependence of � with respect to �, which is a key
property for our final argument.

At this point, one realizes that a central point of our complete proof is to design a linear theory that
allows us to solve in � problem (3-11)–(3-13). For this purpose, we shall construct a solution to an initial
value problem of the form

�� D��C 5w
4�C h.y; �/ in B2R � .�0;1/; �.y; �0/D e0Z.y/ in B2R: (3-16)

And then we solve problem (3-11)–(3-13) by means of a contraction mapping argument.
Let a be a fixed number with a 2 .0; 2/, and let � > 0 so that, for t large,

��� � �
3
2

0 t
�1 if 
 6D 2 and ��� � �

3
2

0 t
�1C�0 if 
 D 2

for some �0 > 0 that can be fixed arbitrarily small. We solve (3-16) for functions h with khk�;2Ca-norm
bounded, where

khk�;2Ca WD sup
�>�0;y2R3

��.1Cjyj2Ca/Œkhk1;B.y;1/�Œ�;�C1�C Œh�0;�;B.y;1/�Œ�;�C1��; (3-17)

and we construct solutions � in the class of functions with k�k�;a-norm bounded, where

k�k�;a WD sup
�>�0;y2R3

�� .1Cjyja/Œk�k1;B.y;1/�Œ�;�C1�C Œ��0;�;B.y;1/�Œ�;�C1��

C sup
�>�0;y2R3

��.1Cjyj1Ca/Œkr�k1;B.y;1/�Œ�;�C1�C Œr��0;�;B.y;1/�Œ�;�C1��: (3-18)

We have the validity of the following result:

Proposition 3.1. Let �; a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and function hD h.y; �/, with h.y; �/D h.jyj; �/ and khk�;2Ca <C1, that satisfiesZ

B2R

h.y; �/Z0.y/ dy D 0 for all � 2 .�0;1/ (3-19)

there exist � 2 C 2C2�;1C� -loc., which is radial in y, and e0 which solve problem (3-16). Moreover,
� D �Œh� and e0 D e0Œh� define linear operators of h that satisfy the estimates

j�.y; �/j � C���
R4�a

1Cjyj3
khk�;2Ca; jry�.y; �/j � C�

�� R4�a

1Cjyj4
khk�;2Ca; (3-20)
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and

je0Œh�j � Ckhk�;2Ca

for some fixed constant C .

We postpone the proof of this proposition to Section 9. Section 8 is devoted to solving problem
(3-11)–(3-13) and this concludes the proof of Theorem 1.1.

4. Solving the outer problem

The aim of this section is to solve the outer problem (3-6) for given parameter � satisfying (2-11), and for
given small functions �, in the form of a nonlinear nonlocal operator

 .x; t/D‰Œ�; ��.x; t/:

We recall that �in.x; t/D �R.x; t/ O�.x; t/, with

O�.x; t/ WD �
� 1
2

0 �

�
x

�0
; t

�
and �R.x; t/D �

�
x

R�0

�
:

Here �.s/ is defined in (1-9), and R is a sufficiently large number, independent of t . We assume that

k�k�;a is bounded: (4-1)

Let '0 W .0;1/! .0;1/ be a smooth and bounded given function with the property that

'0.s/D

�
s for s! 0C;

1=s3 for s!1:
(4-2)

We introduce the following L1-weighted norms for functions f D f .r; t/:

kf k�� WD kf k1CkDf k2; (4-3)

kf k1 WD sup
x2R3; t>t0

�
� 1
2

0 t
1
2'�10

�
r
p
t

�
Œkf k1;B.x;1/�Œt;tC1�CŒf �0;�;B.x;1/�Œt;tC1��; r Djxj; (4-4)

kf k2 WD sup
x2R3; t>t0

�
� 1
2

0 t .'00/
�1

�
r
p
t

�
Œkf k1;B.x;1/�Œt;tC1�CŒf �0;�;B.x;1/�Œt;tC1��; r Djxj: (4-5)

Refer to (2-46) and (2-47) for the definitions of kf k1;B.x;1/�Œt;tC1� and Œf �0;�;B.x;1/�Œt;tC1�.

Proposition 4.1. Assume that � satisfies (2-11), and that the function � satisfies the bound (4-1). Let
 0 2 C

2.R3/, radially symmetric so that

jyjj 0.y/jC jyjjr 0.y/j � t
�a
0 e�bjyj (4-6)

for some positive constants a and b. There exists t0 large so that problem (3-6) has a unique solution
 D‰Œ�; �� so that

 .r; t0/D  0.r/; k k1CkD k2 � C: (4-7)
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Proof. Let f be a given function with kf k�-norm bounded. Classical parabolic estimates give that any
solution to @t D� C f is locally C 2C2�;1C�. Furthermore, a consequence of Lemma A.1 is that the
function N'0.r; t/D �

1
2

0 t
� 1
2'0.r=

p
t / is a positive supersolution for @t �� Cf .r; t/: Observe also

that N'0.r; t0/�  0.r/. Combining these facts with the maximum principle, we see that, for a function f
with kf k�-norm bounded, the unique solution to @t D� Cf , with  .r; t0/D  0, has k k��-norm
bounded. We claim that a possibly large multiple of N'0 works as a supersolution also for the problem

@t �� CV.r; t/ Cf .r; t/: (4-8)

Indeed, recalling the definition of V in (3-5), we write

V D V1CV2; V1 D 5.U
4
2 �w

4
�/�R; V2 D 5U

4
2 .1� �R/:

In the region where �R 6D 0, namely when r < 2R�0, we expand in Taylor the function V1 and we find
s� 2 .0; 1/ so that

V1.r; t/D 20
�
w�C s

�.�00‰1.r; t/C�0.r; t//
�3
Œ�00‰1.r; t/C�0.r; t//��R:

From here, we see that, in this region, jV1.r; t/j.Rt�1�R; so that

jV1.r; t/ 0.r; t/j. �
1
2

0 t
� 3
2h0

�
r
p
t

�
: (4-9)

Let us now consider V2. This function is not zero only when r > R�0, and in this region we have that
jV2.r; t/j. .�20=r4/.1� �R/; so that

jV2.r; t/ 0.r; t/j.
�2

r4
�
1
2

0 t
� 1
2'0

�
r
p
t

�
.1� �R/.R�2�

1
2

0 t
� 3
2h0

�
r
p
t

�
: (4-10)

Choosing R large, but independent of t , we thus find that a multiple of N'0 is a supersolution for (4-8).
We call To W .f;  0/!  the linear operator that to any f with kf k�-norm bounded and any initial

condition  0 satisfying (4-6) associates the unique solution to

@t D� CV Œ��.r; t/ Cf .r; t/;  .r; t0/D  0.r/; (4-11)

which has bounded k k��-norm. Define N D To.0;  0/. We observe that  C N is a solution to (3-6) if
 is a fixed point for the operator

Ao. /D To
�
Œ2r�Rrx O�C O�.�x � @t /�R�CNŒ��. Q�C N /C E21C E22.1� �R/

�
: (4-12)

We shall show the existence and uniqueness of such a fixed point as consequence of the contraction
mapping theorem. We perform a fixed-point argument in the set of functions  in

Bo D f 2 L
1
W k k�� < rg (4-13)

for some r > 0.
From Lemma 2.3 we have that there exists a constant c1 so that

kE21C E22.1� �R/k� � c1: (4-14)
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We now claim that there exists a constant c2 such that, if the parameter � satisfies (2-11), and if the
function � satisfies the bound (4-1), then

k2r�Rrx O�C O�.�x � @t /�Rk�CkN. Q�C N /k� � c2: (4-15)

Furthermore, we claim that there exists a constant c 2 .0; 1/ so that, for any  1,  2 2 B0,

kAo. 1/�Ao. 2/k�� � ck 1� 2k��: (4-16)

If we assume, for the moment, the validity of (4-14), (4-15) and (4-16), we get the existence of a fixed
point for problem (4-12) in the set (4-13), provided r is chosen large enough.

Proof of (4-15): We start with the estimate of the first term in (4-15). Since we assume the validity of the
bound (4-1) on �, we write

j O��x�Rj.
j�00.jxj=R�0/j

R2�20
j O�j.

j�00.jxj=R�0/j

R2�20

�
3
2

0 t
�1

.1Cjx=�0ja/
k�k�;aI

see (3-18) for the notation k�k�;a. Thus, we get

j O��x�Rj.
j�00.jxj=R�0/j

R2Ca
�
� 1
2

0 t�1
r
p
t
h0

�
r
p
t

�
k�k�;a

.
j�00.jxj=R�0/j

R1Ca
�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�k�;a . �

1
2

0 t
� 3
2h0

�
r
p
t

�
k�k�;a

R1Ca
:

Arguing similarly, we get

j O�@x�Rj. �
1
2

0 t
� 3
2h0

�
r
p
t

�
k�k�;a

R1Ca
and jr O�r�Rj. �

1
2

0 t
� 3
2h0

�
r
p
t

�
k�k�;a

R1Ca
;

which proves the L1 bound in the first estimate in (4-15). To check the Hölder bound for this term, we
focus the analysis on the term g.x; t/ WD O��x�R. The other terms can be treated in a similar way. We write

jg.x1; t1/�g.x2; t2/j

jx1� x2j2� Cjt1� t2j�

D j�x�R.x1; t1/j
j O�.x1; t1/� O�.x2; t2/j

jx1� x2j2� Cjt1� t2j�
Cj O�.x2; t2/j

j�x�R.x1; t1/��x�R.x2; t2/j

jx1� x2j2� Cjt1� t2j�
:

In order to control the first term, we use the definition in (3-18) of k�k�;a and we argue as before. The
second term can be easily treated using the L1-bound on O� and the smoothness of the function �x�R.
This completes the analysis of the first estimate in (4-15).

We continue with the proof of the second estimate in (4-15). We recall that

N. Q�/D .U2C Q�/
5
�U 52 � 5U

4
2
Q�:

It is convenient to estimate this function in three different regions: where r <M�1�0, where M�1�0 <
r <M

p
t and where r >M

p
t , with M a large positive number.
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From the definition of U2 in (2-57), we see that, if r <M�1�0, then

jN. Q�/j. ��
3
2

0 j
Q�j2 . ��

3
2

0 Œj j2Cj�R O�j
2�:

We recall that

j j. k k���
1
2

0 t
� 1
2'0

�
r
p
t

�
; j�R O�j. �

3
2

0 t
�1
j�Rjk�k�;a; (4-17)

so that we get, for r <M�1�0,

jN. Q�C N /j. �20t
�1Œk C N k2��Ck�k

2
�;a�

�
�
1
2

0 t
� 3
2h0

�
r
p
t

��
: (4-18)

Let us now consider the region M�1�0 < r <M
p
t . Here, after a Taylor expansion, we get

jN. Q�C N /j. w3�Œj C N j
2
Cj�R O�j

2�.
�
3
2

0

r3
Œj j2Cj�R O�j

2�:

Using again (4-17), we obtain, for M�1�0 < r <M
p
t ,

jN. Q�C N /j. �20t
�1Œk C N k2��Ck�k

2
�;a�

�
�
1
2

0 t
� 3
2h0

�
r
p
t

��
: (4-19)

Let us now consider r >M
p
t . Observe that in this region �R D 0, j. C N /.r; t/j. �

1
2

0 t
� 1
2'0.r=

p
t /

and, from (C-3), also jU2.r; t/j. �0=r . Thus we have

jN. Q�C N /j.
�
�0

r

�5
. �

9
2

0 t
� 1
2

�
�
1
2

0 t
� 3
2h0

�
r
p
t

��
: (4-20)

From (4-18)–(4-20), we get the L1 bound for the second estimate in (4-15).

Proof of (4-16): For any  1,  2 2 Bo, we have

Ao. 1/�Ao. 2/D T0.N. 1C N C�in/�N. 2C N C�
in//I

thus
kAo. 1/�Ao. 2/k�� � CkN. 1C N C�in/�N. 2C N C�

in/k�:

We write

N. 1C�
in/�N. 2C�

in/

D .U2C 1Cg/
5
� .U2C 2Cg/

5
� 5U 42 . 1� 2/

D .U2C 1Cg/
5
� .U2C 2Cg/

5
� 5.U2Cg/

4. 1� 2/„ ƒ‚ …
WDN1

C 5Œ.U2Cg/
4
�U 42 �. 1� 2/„ ƒ‚ …
WDN2

;

where g WD �inC N . In the region where r <M
p
t , we have

jN1.x; t/j. w3�j 1� 2j
2;

which yields

jN1.x; t/j. �20t
�1Œk 1� 2k

2
���

�
�
1
2

0 t
� 3
2h0

�
r
p
t

��
;
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while N2 can be estimated as

jN2.x; t/j. Œ�20t
�1
k N k��C�

2
0t
�1
k�in
k�;a�k 1� 2k��

�
�
1
2

0 t
� 3
2h0

�
r
p
t

��
:

On the other hand, if r >M
p
t , we have �in � 0, so that

jN2.x; t/j. �20k N k��k 1� 2k��
�
�
1
2

0 t
� 3
2h0

�
r
p
t

��
:

On the other hand N1 can be estimated as follows:

jN1.x; t/j. j 1� 2j5; from which jN1.x; t/j. �20�
1
2

0 t
� 1
2h0

�
r
p
t

�
k 1� 2k��:

In summary, we get

kN. 1C�
in
C N /�N. 2C�

in
C N /k�;ˇ � C�

2
0k 1� 2k��;

where C D maxfk 1 � 2k��; k�ink�;ag. Thus we get the validity of (4-16) provided that t0 is large
enough. �

Remark 4.2. Proposition 4.1 defines the solution to problem (3-6) as a function of the initial condition  0,
in the form of an operator  D N‰Œ 0�, from a small neighborhood of 0 in the Banach space L1.�/
equipped with the norm

sup
y2R3

Œjyjjebjyj 0.y/jC jyjje
bjyj
r 0.y/j� (4-21)

into the Banach space of functions  2 L1.�/ equipped with the norm k k��, defined in (4-3). A
closer look to the proof of Proposition 4.1, and the implicit function theorem give that  0! N‰Œ 0� is a
diffeomorphism, and that

k N‰Œ 10 ��
N‰Œ 20 �k�� � c

�
sup
y2R3

ˇ̌
jyjebjyjŒ 10 � 

2
0 �
ˇ̌
C sup
y2R3

ˇ̌
jyjebjyjŒr 10 �r 

2
0 �
ˇ̌�

for some positive constant c.

Proposition 4.3. Assume the validity of the assumptions of Proposition 4.1. Then the function  D
‰.�; �/ depends smoothly on � and �, and we have the validity of the following estimates: for any initial
time t0 in problem (2-1) sufficiently large, and any sufficiently large radius R in the cut-off function �R
introduced in (3-2), there exists c such that, given �1, �2 satisfying (2-11), one has

k‰Œ�1; ���‰Œ�2; ��k�� � ck�1��2k] (4-22)

for any � satisfying (4-1). Moreover, given �1, �2 satisfying (4-1), one has

k‰Œ�; �1��‰Œ�; �2�k�� � ck�1��2k�;a (4-23)

for any � satisfying (2-11).
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Proof. Fix � and define N D  Œ�1; ��� Œ�2; �� for �1 and �2 satisfying (2-11). Then N solves

@t N D� N C .V Œ�1�CN
0Œ��/. N /CF; R3 � .t0;1/; N .r; t0/D 0;

for �D s�1C .1� s/�2, s 2 .0; 1/; where

F D E21Œ�1��E21Œ�2�C.1��R/ŒE22Œ�1��E22Œ�2��CŒV Œ�1��V Œ�2�� 2CŒN Œ�1��NŒ�1��. 2C�in/;

where  j D  Œ�j ; ��, j D 1; 2. From Lemma 2.3 and estimates (2-61)–(2-62), we get

kE21Œ�1�� E21Œ�2�k� � ck�1��2k];

k.1� �R/ŒE22Œ�1�� E22Œ�2��k� � ck�1��2k];

provided t0 is large enough. One also checks that, for some c 2 .0; 1/,

kŒV Œ�1��V Œ�2�� 2k� � ck�1��2k]; kŒN Œ�1��NŒ�2��. 2C�
in/k� � ck�1��2k]:

The constant c1 can be made arbitrarily small provided t0 is large. Arguing as in (4-9) and (4-10), one
can show that a certain multiple of the function k�1��2k] N'0.r; t/, where N'0D�

1
2

0 t
� 1
2'0.r=

p
t /, serves

as supersolution for N . This proves (4-22).
Let us now fix �, and take �1, �2 satisfying (4-1). Define �in

j D �R
O�j and O�j .x; t/D�

� 1
2

0 �j .x=�0; t /,
for j D 1; 2, as natural. Let N D  .�; �1/� .�; �2/. We have N .r; t0/D 0 and

@t N D� N CV Œ�� N C . 1C�
in
1 /
5
� . 2C�

in
1 /
5
C Œ2r�Rrx. O�1� O�2/C . O�1� O�2/.�x � @t /�R�

C . 2C�
in
1 /
5
� . 2C�

in
2 /
5
� 5U 42 .�

in
1 ��

in
2 /:

Arguing as in (4-6)–(4-21), we getˇ̌
Œ2r�Rrx. O�1� O�2/C . O�1� O�2/.�x � @t /�R�

ˇ̌
� �

1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k�;a

R1Ca

� c�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k�;a

and also

j. 2C�
in
1 /
5
� . 2C�

in
2 /
5
� 5U 42 .�

in
1 ��

in
2 /j � �

1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k�;a

R1Ca

� c�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k�;a:

The constant c1 in the last two formulas can be made arbitrarily small provided R is chosen large
enough. �

5. Choice of �: part I

Let D‰Œ�; �� be the solution to problem (3-6) predicted by Proposition 4.1, and satisfying the properties
described in Proposition 4.3. We substitute  in (3-11) and (3-12), and we want to solve, in �, problem



238 MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

(3-11), satisfying the initial condition (3-13). As we stated in Proposition 3.1, problem (3-11)–(3-13) can
be solved for functions � satisfying (4-1), provided thatZ

B2R

HŒ ; �; ��.y; t.�//Z0.y/ dy D 0 for all t > t0; (5-1)

where HŒ ; �; �� is defined in (3-12).
Next lemma states that (5-1) is a nonlinear, nonlocal equation in �, at any fixed �.

Lemma 5.1. Assume that � satisfies (2-11), and that the function � satisfies the bound (4-1). Let
 D‰Œ�; �� be the solution to problem (3-6) predicted by Proposition 4.1. Then (5-1) is equivalent to

Œ1C�0�
0
0b.t/C q1.�/��0.0; t/D g.t/CGŒ�; ��.t/: (5-2)

Here �0 is the function defined in (2-53) and also in (2-54); thus

�0.0; t/D

Z t

t0�1

1

.4�.t � s//
3
2

Z
R3
e�

jyj2

4.t�s/
N̨ .s/

�Cjyj
1fr<M g dy ds: (5-3)

The function b D b.t/ is a smooth function in .t0;1/. By q1.s/ we denote a smooth function such that
q1.0/D 0 and q01.0/ 6D 0. Moreover,

kbk1 < C; kgk[ � C; kGŒ�; ��k[ � C: (5-4)

Furthermore, if the initial time t0 in problem (2-1) is chosen large enough, there exists R in the definition
of the cut-off function in (3-2) sufficiently large and there exists a constant c 2 .0; 1/ so that, for any �,

kGŒ�1; ���GŒ�2; ��k[ � ck�1��2k] (5-5)

and, for any �,
kGŒ�; �1��GŒ�; �2�k[ � ck�1��2k�;a: (5-6)

The constants c in (5-5) and (5-6) can be made as small as one needs, provided that the initial time t0 is
chosen large enough. We refer to (2-43) and (3-18) for the definitions of k � k[ and k � k�;a respectively.

Proof. Throughout the proof, we denote by qi D qi .s/, for any integer i , a smooth real function, with the
property that

d

.ds/j
qi .0/D 0 for j < i and

d

.ds/i
qi .0/ 6D 0:

We have the decompositionZ
B2R

HŒ ; �; ��.y; t.�//Z0.y/ dy

D �
5
2

0

Z
B2R

E22.�0y; t/Z0.y/ dyC 5
Z
B2R

�
1
2

0

.1C�/2
w4.

y

1C�
/ .�0y; t/Z0.y/ dy

C

Z
B2R

BŒ��Z0.y/ dy

Z
B2R

B0Œ��Z0.y/ dy

D i1C i2C i3C i4:
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For any j D 1; : : : ; 4, ij is a function of t and depends also on � and �. To emphasize this dependence,
we write ij D ij Œ�; ��.t/.

We claim that

�
� 1
2

0 i1Œ�; ��.t/

D �20�
�2

��
5

Z
B2R

w4.y/Z0.y/ dy

�
�0.0; t/C .q1.�/C�0�

0
0q0.�//�0.0; t/C�

�
0˛.t/b.t/

�
; (5-7)

where b.t/ is a smooth function in .t0;1/ which is uniformly bounded as t !1.
Observe that i1 does not depend on �. From (2-53) satisfied by �0, and Lemma A.1, we get the

existence of a positive constant c so that j�0.�0y; t/j � c˛.t/�0.t/ for any y 2 B2R. Thus, we Taylor
expand E22 in the region y 2 B2R as follows:

E22.�0y; t/D 5U 41 �0C 4.U1C s�0/
3�20 D aC b

for some s 2 .0; 1/. Let us first analyze a. We write

aD 5��2w4.y/�0.0; t/C 5ŒU
4
1 .�0y/��

�2w4.y/��0.0; t/„ ƒ‚ …
WDa1

C 5U 41 Œ�0.�0y; t/��0.0; t/�„ ƒ‚ …
WDa2

:

Observe that, by the definition of U1 in (2-38), and (2-13), we have

U 41 .�0y/��
�2w4.y/D

�
w�.�0y/C�

0
0�

1
2ˆ1

�
�0r

�

��4
���2w4.y/

D ��2
�
w.y/C

�
w

�
y

.1Cƒ/2

�
�w.y/

�
C�00�ˆ1

�
�0r

�

��4
���2w4.y/

D 4��2w3.y/s

��
w

�
y

.1Cƒ/2

�
�w.y/

�
C�00�ˆ1

�
�0r

�

��
for some s 2 .0; 1/. Observe that

w

�
y

.1Cƒ/2

�
�w.y/Drw.y/ �yCrw.y/ �yzŒ�2ƒ�ƒ2� (5-8)

for some z 2 .0; 1/. Taking into account also the description of ˆ1 in (2-9), we getZ
B2R

a1Z0 dy D �
�2Œq1.ƒ/C�0�

0
0q0.ƒ/��0.0; t/: (5-9)

We next claim that, for y 2 B2R, we have

�0.�0y; t/��0.0; t/D ˛.t/j�0yj
�….t/‚.jyj/ (5-10)

for some � 2 .0; 1/. We postpone the proof of (5-10) to the Appendix. We thus getZ
B2R

a2Z0 dy D �
�2��0˛.t/b.t/: (5-11)

Collecting estimates (5-9)–(5-11) we get (5-7).
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We claim that
�
� 1
2

0 i2Œ�; ��.t/D g.t/CGŒ�; ��.t/; (5-12)

with
kgk[ � c; kGŒ�; ��k[ � c

for some constant c. We refer to (2-43) for the definition of k � k[. Furthermore, we claim that G satisfies
estimates (5-5) and (5-6) for some constant c1 2 .0; 1/. To prove the above assertion, we write

�
� 1
2

0 i2Œ�; ��.t/D 5

Z
B2R

w4.y/ Œ0; 0�.�0y; t/Z0.y/ dy

C5

Z
B2R

w4.y/Œ Œ�; 0�� Œ0; 0��.�0y; t/Z0.y/ dy

C5

Z
B2R

w4.y/Œ Œ�; ��� Œ�; 0��.�0y; t/Z0.y/ dy

C5

Z
B2R

�
w4
�

y

.1Cƒ/2

�
�w4.y/

�
 Œ�; ��.�0y; t/Z0.y/ dy

C5

�
1

.1Cƒ/4
�1

� Z
B2R

w4
�

y

.1Cƒ/2

�
 Œ�; ��.�0y; t/Z0.y/ dy D

5X
jD1

gj :

The first term,

g1.t/D 5

Z
B2R

w4.y/ .�0y; t/Œ0; 0�Z0.y/ dy;

is an explicit smooth function, globally defined in .t0;1/, which satisfies the bound

kg1k[ � c

�
5

Z
B2R

w4.y/jyjZ0.y/ dy

�
(5-13)

for some constant c > 0, as direct consequence of (4-7). Let us analyze the term g5. We see that
g5 D g5Œ�; ��.t/. Let us first assume that � and � are fixed. From (4-7), we get

jg5.t/j � cq1.�/

Z
B2R

jw4.y/ Œ�; ��.�0y; t/Z0.y/j dy � c�
3
2

0 t
�1q1.�/

Z
jyj

.1Cjyj5/
dy:

Using again (4-7) and the assumptions on � and on �, we get Œg5�0;�;Œt;tC1� � c�
3
2

0 t
�1; from which we

conclude that kg5k[ � c, for some constant c > 0. Let us now fix � and take �1, �2 satisfying (2-11).
We write

g5Œ�1; ���g5Œ�2; ��

D 5

�
1

.1Cƒ1/4
�

1

.1Cƒ2/4

� Z
B2R

w4
�

y

.1Cƒ1/2

�
 Œ�1; ��.�0y; t/Z0.y/ dy

C5

�
1

.1Cƒ2/4
�1

� Z
B2R

�
w4
�

y

.1Cƒ1/2

�
�w4

�
y

.1Cƒ2/2

��
 Œ�1; ��.�0y; t/Z0.y/ dy

C5

�
1

.1Cƒ2/4
�1

� Z
B2R

w4
�

y

.1Cƒ2/2

�
Œ Œ�1; ��� Œ�2; ���.�0y; t/Z0.y/ dy D e1Ce2Ce3:
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Thanks to (2-11), and arguing as before, we see that

je1.t/j � cjƒ1.t/�ƒ2.t/j

Z
B2R

jw4.y/ Œ�1; ��.�0y; t/Z0.y/j dy

� c�0.t/
3
2 t�1

�Z 1
t

s�1�0.s/ ds

�
k�1��2k]

� Œ�0.t0/��0.t/
3
2 t�1k�1��2k] � c1�0.t/

3
2 t�1k�1��2k];

where c1 is a positive number, which can be chosen arbitrarily small, in particular c1 < 1, provided t0 is
chosen large enough. Similarly one can show that, thanks to (2-11),

Œe1�0;�;Œt;tC1� � c1�0.t/
3
2 t�1k�1��2k]:

We thus can conclude that there exists a positive small number c1 < 1 so that

ke1k[ � c1k�1��2k]:

A similar argument allow us to say that also ke2k[�c1k�1��2k]. We next analyze e3. From (4-22) we get

je3.t/j � �
3
2

0 t
�1

�Z
w4.y/

jyj

1Cjyj
dy

�
k Œ�1; ��� Œ�2; ��k��

� c1�
3
2

0 t
�1
k�1��2k];

and also
Œe3�0;�;Œt;tC1� � c1�

3
2

0 t
�1
k�1��2k]

for some constant c1 2 .0; 1/. We can conclude that

kg5Œ�1; ���g5Œ�2; ��k[ � c1k�1��2k]:

The same estimate can be obtained for g4, arguing in a similar way.
Let us now consider g2. This term does not depend on �; namely g2Œ�; ��.t/ D g2Œ��.t/. From

Proposition 4.3, we get

jg2.t/j � �
3
2

0 t
�2

�Z
w4

jyj

1Cjyj
dy

�
k�k] � c�

3
2

0 t
�2
k�k];

and similarly

Œg2.t/�0;�;Œt;tC1� � c�
3
2

0 t
�2
k�k]:

Furthermore, if t0 is large enough, there exists c1 2 .0; 1/ so that

jg2Œ�1�.t/�g2Œ�2�.t/j � 5

Z
R3
w4.y/kŒ Œ�1; 0�� Œ�2; 0��.�0y; t/kZ0 dy

� Ct�10 �
3
2

0 t
�2
k�1��2k] � c1�

3
2

0 t
�2
k�1��2k]

and also
Œg1Œ�2��g2Œ�2��0;�;Œt;tC1� � c1�

3
2

0 t
�2
k�1��2k]

thanks to the results of Proposition 4.3. Arguing in the same way, one gets similar estimates for g3.
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Collecting all the above arguments, we conclude that �
� 1
2

0 i2Œ�; ��.t/ can be written as in (5-12), with
g and G satisfying (5-4), (5-5) and (5-6).

Next we claim that
�
� 1
2

0 ij Œ�; ��.t/DGŒ�; ��.t/; j D 3; 4; (5-14)

and G satisfies (5-4), (5-5) and (5-6). We start with j D 3. First, we see that i3 does not depend on �,
and it is linear in �. Since we are assuming that � satisfies (4-1), we have

j�
� 1
2

0 i3.t/j � .�0�
0
0R

2�a/�
3
2

0 .t/t
�1
k�k�;a � c�

3
2

0 .t/t
�1
k�k�;a;

Œ�
� 1
2

0 i3.t/�0;�;Œt;tC1� � c�
3
2

0 .t/t
�1
k�k�;a

for some constant c > 0. Let us now take �1, and �2, and we get that, if �0.t0/�00.t0/R
2�a is small

enough,

j�
� 1
2

0 .i3Œ�1�� i3Œ�2�/.t/j � c1�
3
2

0 .t/t
�1
k�1��2k�;a;

Œ�
� 1
2

0 .i3Œ�1�� i3Œ�2�/.t/�0;�;Œt;tC1� � c1�
3
2

0 .t/t
�1
k�1��2k�;a

for some c1 2 .0; 1/. Estimate (5-14) for j D 4 can be proved in a very similar way. We leave the details
to the interested reader. Combining (5-7), (5-12) and (5-14), we complete the proof of (5-2). �

6. Solving a nonlocal linear problem

Let �0 be the function introduced in (2-53). Later in our argument we will need to solve in �, a nonlocal
equation of the form

�0.0; t/D h.t/; t 2 .t0;1/; (6-1)

for a certain right-hand side h. We see from (5-3) that �0.0; t/, defined as

�0.0; t/D

Z t

t0�1

Z
R3

N̨ .s/

.4�.t � s//
3
2

e�
jyj2

4.t�s/

�Cjyj
1fjyj<M g dy ds;

defines a nonlocal nonlinear operator in �. For convenience we recall that

˛.t/D 3
1
4�
� 1
2

0 .�0ƒ/
0; N̨ .t/D

�
˛.t0/ for t < t0;
˛.t/ for t � t0;

ƒ.t/D

Z 1
t

�.s/ ds:

We write
�0.0; t/D T Œ��.t/C yT Œ��.t/; (6-2)

where T is

T Œ��.t/D

Z t

t0�1

Z
R3

N̨ .s/

.4�.t � s//
3
2

e�
jyj2

4.t�s/

jyj
1fjyj<M g dz ds: (6-3)

We shall see that yT is a small perturbation of T , in a sense we will make precise later. In this section, we
start with the analysis of problem

T Œ��.t/D h.t/; t > t0: (6-4)
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Straightforward computations give

T Œ��.t/D�
N!3

4

Z t

t0�1

N̨ .s/
p
t � s

.1� e�
M2

.t�s/ / ds: (6-5)

Indeed, letting z D y=.2
p
t � s/, one gets

T Œ��.t/D

Z t

t0�1

Z
R3

N̨ .s/

2
p
t � s

e�jzj
2

jzj
1fjzj< Mp

t�s
g dz ds

D
N!3

2

Z t

t0�1

Z 1
0

N̨ .s/
p
t � s

e��
2

�1f�< Mp
t�s
g d� ds D

N!3

4

Z t

t0�1

N̨ .s/
p
t � s

Z Mp
t�s

0

e��
2

2� d�

D�
N!3

4

Z t

t0�1

N̨ .s/
p
t � s

.1� e�
M2

.t�s/ / ds: (6-6)

Introduce the function ˇ D ˇ.t/ as

ˇ.t/D
N!3

4

Z 1
t

N̨ .s/ ds: (6-7)

If ˇ D ˇ.t/ solves Z t

t0�1

ˇ0.s/
p
t � s

.1� e�
M2

.t�s/ / ds D h.t/; (6-8)

then the function ƒ.t/D
R1
t �.s/ ds, defined as

N!ƒ.t/D �
� 1
2

0 .t/ˇ.t/C
��10 .t/

2

Z 1
t

ˇ.s/�
� 1
2

0 �00.s/ ds; N! D
N!3

4
3
1
4 ; (6-9)

solves (6-4).
The next lemma constructs a solution to (6-8). If we formally let M !1 in (6-8), we get that the

left-hand side of (6-8) is nothing but the 1
2

-Caputo derivative of ˇ. This fact inspires the proof of the
following:

Lemma 6.1. Let � D 1
2
C � 0, with � 0 > 0 small, be the number fixed in (2-11), and h W .t0;1/! R a

smooth function satisfying

sup
t>t0

�
� 3
2

0 t Œkhk0;Œt;tC1�C Œh�0;�;Œt;tC1��� C (6-10)

for some constant C . Then there exist a constant C1 and a unique smooth function ˇ W .t0� 1;1/! R

which solves (6-8), ˇ 2 C 1, that satisfy the bound

sup
t>t0

�
� 3
2

0 t Œkˇ0k0;Œt;tC1�C Œˇ
0�0;�;Œt;tC1��� C1M

�1: (6-11)

We recall that M 2 D t0 was first introduced in (2-53).

Observe that a direct consequence of this lemma, together with (6-9) and (2-41), is the invertibility
theory for problem (6-4) that will be used in next section to solve (5-1). This is contained in the following:
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Proposition 6.2. The function T WX]!X[, defined in (6-3) is a linear, nonlocal, homeomorphism such
that

kT �1.h/k] � CM
�1
khk[ for any h 2X[; (6-12)

for some fixed positive constant C . We refer to (2-11) and to (2-12) for the definition of the k � k]-norm
and of the set X], and to (2-43) and (2-42) for the definition of the norm k � k[ and of the space X[.

We devote the rest of the section to the following:

Proof of Lemma 6.1. We start performing a change of variables, to transform problem (6-8) into an
equivalent one with simpler form: Let

s D t0� 1CM
2a; t D t0� 1CM

2b; Q̌.a/D ˇ.s/; Qh.b/D h.t/:

After this change of variables, problem (6-8) takes the formZ b

0

Q̌0.a/
p
b� a

.1� e�
1
b�a / daDM Qh.b/: (6-13)

Let

K.�/D
1� e

� 1p
�

p
�

and take the Laplace transform of both sides in (6-13), thus getting

L. Q̌0/.�/L.K/.�/DML. Qh/.�/:

Since L. Q̌0/D �L. Q̌/.�/� Q̌.0/, we get

L. Q̌/.�/D
Q̌.0/

�
CM

L. Qh/.�/
�L.K/.�/

: (6-14)

Observe now that

L.K/.�/D
Z 1
0

e���
�
1� e�

1
�

p
�

�
d�D

2p
�

Z 1
0

e�p
2

.1� e
�
�

p2 / dp:

We readily get that

L.K/.�/D
1p
�

�
2

Z 1
0

e�p
2

dp

�
.1C o.1// as �!1: (6-15)

To describe the behavior of L.K/.�/, for �! 0, we first notice thatZ 1
�

0

e���
�
1� e�

1
�

p
�

�
d�D

Z 1
0

1� e�
1
�

p
�

d�CO.
p
�/:

On the other hand,Z 1
1
�

e���
�
1� e�

1
�

p
�

�
d�D

Z 1
1
�

e���
�
1� 1

�
� e�

1
�

p
�

�
d�C

Z 1
1
�

e���

�
p
�
d�DO.

p
�/:
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Thus we conclude that

L.K/.�/D
Z 1
0

1� e�
1
�

p
�

d�CO.
p
�/ as �! 0: (6-16)

From (6-15) and (6-16), we conclude that

1

�L.K/.�/
D

�
c1=�C c2=

p
�CO.1/ if �! 0;

c3=
p
�.1C o.1// if �!1:

Let now G DG.t/ be so that L.G/.�/D 1=.�L.K/.�//. Standard arguments on Laplace transformation
imply that

G.t/D

�
Qc1C Qc2=

p
t CO.1=t/ if t !1;

Qc3=
p
t .1C o.1// if t ! 0

for certain constants Qc1, Qc2 and Qc3. From (6-14), taking the anti-Laplace transform of both sides, we get

Q̌.b/D Q̌.0/CM

Z b

0

Qh.a/G.b� a/ da

D Q̌.0/CM Qc1

Z 1
0

Qh.a/ daCM Qc1

Z 1
b

Qh.a/ daCM

Z b

0

Qh.a/ŒG.b� a/� Qc1� da:

We select the solution to problem (6-13) so that

Q̌.0/CM Qc1

Z 1
0

Qh.a/ daD 0:

In the original variables, we thus obtain an explicit solution to (6-8):

ˇ.t/D
Qc1

M

Z 1
t

h.s/ ds„ ƒ‚ …
WDˇ1.t/

C
1

M

Z t

t0�1

h.s/

�
G

�
t � s

M 2

�
� Qc1

�
ds„ ƒ‚ …

WDˇ2.t/

: (6-17)

Let us now check (6-11). Since (6-10) holds, we easily get

sup
t>t0

�
� 3
2

0 jˇ1.t/j.M
�1:

To control the second term in (6-17), we change variable t DM 2 Nt , s DM 2 Ns, so that

ˇ2.t/DM

Z Nt
t0�1

M2

h.M 2
Ns/ŒG.Nt � Ns/� Qc1� d Ns:

Since t0 DM 2 and since (6-10) holds, we get

jˇ2.t/j.
1

M

Z Nt
1� 1

t0

�
3
2

0 .Ns/

Ns
ŒG.Nt � Ns/� Qc1� d Ns .

1

M
�
3
2

0 .Nt /.M
�1�

3
2

0 .t/;

from which we get the validity of (6-11).
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The assumption that �
� 3
2

0 t Œh�0;�;Œt;tC1� is bounded guarantees that the function ˇ defined in (6-17) is
differentiable. Indeed, trivially one has ˇ01.t/D�. Qc1=M/h.t/. Let us write ˇ2 in the following way:

ˇ2.t/D
1

M

Z t

t0

.h.s/� h.t//

�
G

�
t � s

M 2

�
� Qc1

�
dsC

h.t/

M

Z t

t0

�
G

�
t � s

M 2

�
� Qc1

�
ds:

Thus we have

ˇ02.t/D
1

M
lim
s!t

�
.h.s/� h.t//

�
G

�
t � s

M 2

�
� Qc1

��
„ ƒ‚ …

D0

C
1

M 3

Z t

t0

.h.s/� h.t//G0
�
t � s

M 2

�
ds

C
h0.t/

M

Z t

t0

�
G

�
t � s

M 2

�
� Qc1

�
ds�

h0.t/

M

Z t

t0

�
G

�
t � s

M 2

�
� Qc1

�
ds„ ƒ‚ …

D0

C
h.t/

M

d

dt

�Z t

t0

�
G

�
t � s

M 2

�
� Qc1

�
ds

�
D

1

M 3

Z t

t0

.h.s/� h.t//G0
�
t � s

M 2

�
dsC

h.t/

M

d

dt

�Z t

t0

�
G

�
t � s

M 2

�
� Qc1

�
ds

�
:

Both the last two integrals are well-defined, as consequence of the behavior of G.�/, as �! 0, and the
assumption that �

� 3
2

0 t Œh�0;�;Œt;tC1� is bounded. Since G.�/� ��
1
2 as �! 0, direct computations give the

bounds in (6-11) for ˇ0.t/. �

7. Choice of �: part II

This section is devoted to solving (5-1) in � for fixed � satisfying (4-1). We have the validity of the
following:

Proposition 7.1. For any � satisfying (4-1), there exists L> 0 and a unique solution �D �Œ�� to (5-1),
with

k�k] � LM
�1; (7-1)

where M D
p
t0, provided the initial time t0 in problem (2-1) is chosen large enough. Furthermore, there

exists a constant c 2 .0; 1/ such that, for any �1, �2 satisfying (4-1), we have

k�Œ�1���Œ�2�k] � ck�1��2k�;a: (7-2)

Proof of Proposition 7.1.. Lemma 5.1 states that solving (5-1) is equivalent to solving (5-2). We write
(5-2) as

T Œ��.t/C yT Œ��.t/D .1C�0�
0
0b.t/C q1.�//

�1Œg.t/CGŒ�; ��.t/�; (7-3)

where T and yT are defined in (6-2) and (6-3), while b, g and G satisfy the bounds in (5-4), (5-5) and (5-6).
Here q1 D q1.s/ denotes a smooth function such that q1.0/D 0 and q01.0/ 6D 0. We observe first that

.1C�0�
0
0b.t/C q1.�//

�1Œg.t/CGŒ�; ��.t/�D g1.t/CG1Œ�; ��.t/

for some new functions g1 and G1 that also satisfy (5-4), (5-5), and (5-6).
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Thanks to the result of Proposition 6.2, solving (7-3) in � reduces to solving the fixed-point problem

�.t/D F.�/.t/; F.�/ WD T �1.g1CG1Œ�; ��� yT Œ��/; (7-4)

where T �1 is the operator introduced in Proposition 6.2.

Step 1: First we show that, for any fixed � satisfying (4-1), there exists a unique fixed point �D �Œ�� of
contraction type for F in the set

BDf�2X] W k�k]�LM
�1
g

for some L> 0 large.
In order to prove this fact, we claim that, if the initial time t0 in problem (2-1) is large enough, there

are positive constants Nc1, Nc2 2 .0; 1/ so that, for any � 2 B ,

k yT Œ��k[ � Nc1Mk�k]; with Nc1C < 1; (7-5)

k yT Œ�1�� yT Œ�2�k[ � Nc2k�1��2k]; with CM�1.cC Nc2/ < 1; (7-6)

for any �1, �22B . The constantC is the constant appearing in (6-12), while c is the one appearing in (5-5).
Assume for the moment the validity of (7-5) and (7-6). For any � 2 B , we have

kF.�/k] � CM�1kg1CG1Œ�; ��� yT Œ��k[
� CM�1.kg1k[CkG1Œ�; ��k[CkyT Œ��k[/

� CM�1.2cC Nc1L/� LM
�1;

provided L> .2cC /=.1� Nc1C/, where C is the constant in (6-12), c is the constant in (5-4), and Nc1 is
the constant in (7-5), which satisfies Nc1C < 1.

Let us take now �1, �2 2 B . We have

kF.�1/�F.�2/k] D kT �1.G1Œ�1; ���G1Œ�2; ��/�T �1. yT Œ�1�� yT Œ�2�/k]
� CM�1.kG1Œ�1; ���G1Œ�2; ��k[CkyT Œ�1�� yT Œ�2�k[/

� CM�1.c1C Nc2/k�1��2k] < "k�1��2k]

for some " < 1, thanks to the choice of Nc2 in (7-6).
A direct application of the Banach fixed-point theorem gives the existence and uniqueness of a solution �

to (5-1), satisfying (7-1). We complete the first part of the proof of the proposition with the proofs of
(7-5) and (7-6).

Proof of (7-5). Let � 2 B . From (6-2) and (6-3), we get

yT Œ��.t/D�

Z t

t0�1

Z
R3

N̨ .s/

.4�.t � s//
3
2

e�
jyj2

4.t�s/

jyj

�.s/

�.s/Cjyj
1fjyj<M g dz ds

D Nc

Z t

t0�1

N̨ .s/�.s/
p
t � s

Z Mp
t�s

0

e��
2 �

�C �
d� ds
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for some explicit constant Nc. Since ˇ̌̌̌Z Mp
t�s

0

e��
2 �

�C�
d�

ˇ̌̌̌
� c

M
p
t

for any t large, we observe that

j yT Œ��.t/j � A
M
p
t

ˇ̌̌̌Z t

t0�1

N̨ .s/�.s/
p
t � s

ds

ˇ̌̌̌
(7-7)

for some fixed constant A. We claim thatZ t

t0�1

N̨ .s/�.s/
p
t � s

ds D N̨ .t/�.t/
p
t � t0C 1….t/; t > t0; (7-8)

for some smooth and uniformly bounded function ….t/. Indeed, we write, for ˇ�.s/D N̨ .s/�.s/,Z t

t0�1

ˇ�.s/
p
t � s

ds D

Z t

t0�1

ˇ�.s/�ˇ�.t/
p
t � s

dsC 2ˇ�.t/
p
t � t0C 1D i C 2ˇ�.t/

p
t � t0C 1: (7-9)

Using the change of variables x D
p
t � s,

i D�2

Z pt�t0C1
0

Œˇ�.t/�ˇ�.t � x
2/� dx D�2ˇ�.t/

Z pt�t0C1
0

Œˇ�.t/�ˇ�.t � x
2/�

ˇ�.t/
dx:

We now observe that the function x ! Œˇ�.t/ � ˇ�.t � x
2/�=ˇ�.t/ is uniformly bounded in x 2

Œ0;
p
t � t0C 1�, since

Œˇ�.t/�ˇ�.t � x
2/�

ˇ�.t/
D

�
1� .1� x2=t/�1.1� x2=t/�

3
2
N
�1 for 
 6D 2;

1� .1� x2=t/�
5
2 Œ1C log.1� x2=t/�3 for 
 D 2;

where N
 D 1 if 
 > 2, and N
 D 
 � 1 if 1 < 
 < 2. With this in mind, we conclude that

i D ˇ�.t/
p
t � t0C 1….t/ (7-10)

for some smooth and bounded function …. Inserting (7-10) into (7-9), we get (7-8).
Using (7-8) in (7-7), we conclude that

j yT Œ��.t/j � A�0.t/Mk�k]Œ�
3
2

0 .t/t
�1�

for some fixed constant A, independent of t and of M. Thus, for t large, if we choose t0 sufficiently large,
there exists a constant c1 2 .0; 1/ such that

j yT Œ��.t/j � c1Mk�k]Œ�
3
2

0 .t/t
�1�:
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Let now consider t1 and t2 2 Œt; t C 1�. We write

yT Œ��.t1/� yT Œ��.t2/D Nc

Z t1

t0�1

�
N̨ .s/
p
t1� s

�
N̨ .s/
p
t2� s

� Z Mp
t1�s

0

e��
2 ��

�C �
d� ds

� Nc

Z t1

t0�1

N̨ .s/
p
t2� s

Z Mp
t1�s

Mp
t2�s

e��
2 ��

�C �
d� ds

� Nc

Z t2

t1

N̨ .s/
p
t2� s

Z Mp
t2�s

0

e��
2 ��

�C �
d� ds D

3X
jD1

ij :

Observe that, for t1, t2 2 Œt; t C 1�, for t large, we have

sup
t1;t22Œt;tC1�

j�.t1/��.t2/j

jt1� t2j�
� C�0.t/ sup

t1;t22Œt;tC1�

jƒ.t1/�ƒ.t2/j

jt1� t2j�
� CM�1�0.t/.�

3
2

0 .t/t
�1/ (7-11)

for some constant C . With this, we can estimate i1 and i5 as follows:

Œij �0;�;Œt;tC1� � CM
�1�0.t/.�

3
2

0 .t/t
�1/ for j D 1; 5:

Straightforward computation gives

Œij �0;�;Œt;tC1� � CM
�1�0.t/t

��
k�k].�

3
2

0 .t/t
�1/ for j D 1; 2; 3:

These estimates, together with the ones we obtained before, constitute the proof of (7-5).

Proof of (7-6). Let �1, �2 2 B . From (6-2) and (6-3),

yT Œ�1�.t/� yT Œ�2�.t/D Nc

Z t

t0�1

N̨ .s/
p
t � s

Z Mp
t�s

0

e��
2

�
��Œ�1�

�Œ�1�C �
�

��Œ�2�

�Œ�2�C �

�
d� ds:

Observe that

j.�Œ�1���Œ�2�/.s/j � A�0.s/jƒ1.s/�ƒ2.s/j

� A�0.s/

Z 1
s

j�1��2j.x/ dx � A�
2
0.s/k�1��2k]

for some constant A, whose value may change from one line to the other, and which is independent of
t and t0. A Taylor expansion gives

j yT Œ�1�.t/� yT Œ�2�.t/j �

Z t

t0�1

j N̨ .s/j
p
t � s

Z Mp
t�s

0

e��
2 �

. Q�C �/2
j�Œ�1�.s/��Œ�2�.s/j d� ds

for some Q� between �Œ�1� and �Œ�2�. Thus we get

j yT Œ�1�.t/� yT Œ�2�.t/j � A�
2
0.t/M Œ�

3
2

0 .t/t
�1�k�1��2k];

where A is a constant independent of t0 and t . Using again (7-11), we can show that

j yT Œ�1�� yT Œ�2�j0;�;Œt;tC1� � A�
2
0.t/M Œ�

3
2

0 .t/t
�1�k�1��2k];
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where A is a constant independent of t0 and t . Choosing t0 large enough, we can find Nc2 small enough
so that (7-6) holds true.

Step 2: In the second part of the proof, we show the validity of (7-2). For this purpose, we fix �1 and
�2 satisfying (4-1), and we let �j D �Œ�j �, j D 1; 2. If N�D �1��2, then we see that N� solves

N�D T �1.G1Œ�1; �1��G1Œ�2; �2�/

D T �1.G1Œ N�1; �1��GŒ N�1; �2�/CT
�1.G1Œ�1; �2��GŒ�2; �2�/:

Thus
kN�k] � CM

�1.kG1Œ N�1; �1��GŒ N�1; �2�k[CkG1Œ�1; �2��GŒ�2; �2�k[/

� CM�1.ck�1��2k�;aC ck�1��2k]/;

where C is the constant in (6-12), M 2 D t0, c are the constants defined respectively in (5-5) and (5-6).
We now observe that the proof of Lemma 5.1 also gives that the constants c in (5-5) and (5-6) can be
such that CM�1c < 1. Thus the proof of (7-2) readily follows. �

Remark 7.2. Recall that the function  D N‰Œ 0�, the solution to problem (3-6), depends smoothly
on the initial condition  0, provided  0 belongs to a small neighborhood of 0 in the Banach space
L1.�/ equipped with the norm defined in (4-21), as observed in Remark 4.2. This fact implies that also
�D �Œ 0�, the solution to (5-1), depends on  0. A closer look at the definitions of �D �Œ 0� gives that

k�Œ 
.1/
0 ���Œ 

.2/
0 �k] . kebjyjŒ 

.1/
0 � 

.1/
0 �kL1.R3/Cke

bjyjŒr 
.1/
0 �r 

.1/
0 �kL1.R3/:

This fact will be useful in the final argument of finding �, the solution to (3-13).

8. Final argument: solving (3-8)

We are constructing a global unbounded solution to problem (2-1)–(2-2) of the form (3-1)

uD U2Œ��.r; t/C Q�:

The function U2 is defined in (2-57), while Q� is given in (3-2). The function  which enters in the
definition of Q� solves the outer problem (3-6), and its properties are contained in Propositions 4.1 and 4.3.
The parameter � D �.t/ belongs to the space X], (2-12), and has been chosen to solve (5-1). The
properties of this �D �.t/ are collected in Proposition 7.1. What is left is to solve the inner problem
(3-8) in �. Thanks to the choice of �D �.t/, the orthogonality condition (3-19) is satisfied, so that we
can use the result of Proposition 3.1 to solve problem (3-8) in �.

In other words, we want to find �, with its k�k�;a-bounded, solution to problem (3-8). The function
 D‰Œ�Œ��; �� solves (3-6), while �D �Œ�� solves (5-1).

At this point, we fix a in the definition of k � k�;a to be equal to 1. Proposition 3.1 defines a linear
operator � D T .h/, where � is the solution to (3-16) so that

k�k�;1 � C0R
4
khk�;3
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for some fixed constant C0. We refer to (3-17) for khk�;2Ca and to (3-18) for k�k�;a, for aD 1. Thus
we can say that � solves (3-11)–(3-13) if and only if � is a fixed point for the problem

� D T .H Œ��/; where H Œ��DH. Œ��; �Œ��; �/; (8-1)

andH is defined in (3-12). Choose the numberR in the cut-off function �R, defined in (2-59) and appearing
in the ansatz (3-2), to be sufficiently large in terms of t0, say R6�

1
2

0 .t0/D 1. We claim that there exists a
unique � solution to (8-1) in the set

B1 D f� W k�k�;1 � L1g

for some L1 > 0, fixed.
From (2-59) and (4-7), we see that

j�
5
2

0 E22.�0y; t/j. �
1
2

0

�
3
2

0 t
�1

.1Cjyj2/2
;

ˇ̌̌̌
5

�
1
2

0

.1Cƒ/4
w4
�

y

.1Cƒ/2

�
 .�0y; t/

ˇ̌̌̌
.
�20.t/t

�1

.1Cjyj3/
:

Furthermore,

jBŒ��.t/j � CR2�0�
0
0

�
3
2

0 t
�1

.1Cjyj2Ca/
; jB0Œ��.t/j � Cƒ.t/

�
3
2

0 t
�1

.1Cjyj4Ca/
:

In fact, one can prove that

kH Œ��k�;2Ca � C1R
�4

for some fixed number C1, independent from t and of t0. This implies that, if � 2 B1, then T .�/ 2 B1,
provided L1 is chosen large. Furthermore, combining (2-61), the result of Proposition 4.3, and the result
of Proposition 7.1, we get the existence of a number c 2 .0; 1/ so that

kT Œ�1�� T Œ�2�k�;a � ck�1��2k�;a

for any �1 and �2 2 B1. We apply Banach fixed-point theorem to get the existence of a unique solution
to (8-1) with k � k�;a-bounded.

This concludes the proof of the existence of the solution to problem (2-1)–(2-2), or equivalently
problem (1-3)–(1-4), as predicted by Theorem 1.1. �

9. Basic linear theory for the inner problem

Let R > 0 be a fixed large number. This section is devoted to constructing a solution to the initial value
problem

�� D��C 5w
4�C h.y; �/ in B2R � .�0;1/; �.y; �0/D e0Z.y/ in B2R; (9-1)

for any given function h with khk�;2Ca <C1, not necessarily radial in the y-variable. We refer to (3-17)
for the explicit definition of the k � k�;2Ca norm. The corresponding problem in dimension n � 5 has
already been treated in [Cortázar et al. 2016, Section 7]. We follow the same strategy in the procedure to
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construct the solution to (9-1), but in dimension 3 we get a decay estimate for the solution different from
the one valid for dimensions n� 5.

We recall that the operator L0.�/D��C5w4� has a 4-dimensional kernel generated by the bounded
functions Z0 defined in (2-7) and also by

Zi .y/D
@w

@yi
; i D 1; 2; 3: (9-2)

In the class of radially symmetric functions, the only element in the kernel of L0 is Z0. To describe our
construction, we consider an orthonormal basis #m, mD 0; 1; : : : , in L2.S2/ of spherical harmonics,
namely eigenfunctions of the problem

�S2#mC�m#m D 0 in S2

so that 0 D �0 < �1 D � � � D �3 D 2 < �4 � � � � . Let h. � ; �/ 2 L2.B2R/ for any � 2 Œ�0;1/. We
decompose it into the form

h.y; �/D

1X
jD0

hj .r; �/#j

�
y

r

�
; r D jyj; hj .r; �/D

Z
S2
h.r�; �/#j .�/ d�:

In addition, we write hD h0C h1C h?, where

h0 D h0.r; �/; h1 D

3X
jD1

hj .r; �/#j ; h? D

1X
jD4

hj .r; �/#j :

Observe that h1 D h? D 0 if h is radially symmetric in the y-variable. Consider also the analogous
decomposition for � into � D �0C �1C �?. We build the solution � of problem (9-1) by doing so
separately for the pairs .�0; h0/, .�1; h1/ and .�?; h?/.

Our main result in this section is the following proposition.

Proposition 9.1. Let �; a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any hD h.y; �/ with khk�;2Ca <C1 that satisfies for all j D 0; 1; : : : ; 3Z

B2R

h.y; �/Zj .y/ dy D 0 for all � 2 .�0;1/; (9-3)

there exist � D �Œh� and e0 D e0Œh� which solve problem (9-1). They define linear operators of h that
satisfy the estimates

j�.y; �/j. ���
�
R4�a

1Cjyj3
kh0k�;2CaC

R4�a

1Cjyj4
kh1k�;2CaC

khk�;2Ca

1Cjyja

�
; (9-4)

jry�.y; �/j. ���
�
R4�a

1Cjyj4
kh0k�;2CaC

R4�a

1Cjyj5
kh1k�;2CaC

khk�;2Ca

1CjyjaC1

�
; (9-5)

and

je0Œh�j. khk�;2Ca: (9-6)
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Proposition 3.1 is a direct consequence of Proposition 9.1. Indeed, if h is radially symmetric in the
y-variable, (9-3) is automatically satisfied for j D 1; : : : ; 3, and h� h0.

The result contained in Proposition 9.1 follows from the next proposition, which refers to the problem

�� D��C 5w.y/
4�C h.y; �/� c.�/Z in B2R � .�0;1/; �.y; �0/D 0 in B2R: (9-7)

Proposition 9.2. Let �; a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any h with khk�;2Ca <C1 and satisfying the orthogonality conditions (3-19), there exist � D �Œh�
and c D cŒh� which solve problem (9-7), and define linear operators of h. The function �Œh� satisfies
estimate (9-4), (9-5) and for some � > 0ˇ̌̌̌

c.�/�

Z
B2R

hZ

ˇ̌̌̌
. ���

�
R2�a





h�Z Z
B2R

hZ






�;2Ca

C e��Rkhk�;2C˛

�
: (9-8)

Assuming the validity of Proposition 9.2, we proceed with:

Proof of Proposition 9.1. Let �1 be the solution of problem (9-7) predicted by Proposition 9.2. Let us
write

�.y; �/D �1.y; �/C e.�/Z.y/ (9-9)

for some e 2 C 1.Œ�0;1//. We find

@�� D��C 5w
4�C h.y; �/C Œe0.�/��0e.�/� c.�/�Z.y/:

We choose e.�/ to be the unique bounded solution of the equation

e0.�/��0e.�/D c.�/; � 2 .�0;1/;

which is explicitly given by

e.�/D

Z 1
�

exp.
p
�0.� � s//c.s/ ds:

The function e depends linearly on h. Besides, we clearly have from (9-8), je.�/j. ���khk�;2Ca, and
thus, from the fact that �1 satisfies estimates (9-4), (9-5), so does � given by (9-9). Thus � satisfies
problem (9-1) with initial condition �.y; �0/D e.�0/Z.y/. �

The rest of the section is devoted to the following:

Proof of Proposition 9.2. The proof is divided in two steps. In the first step, we construct a solution to
(9-7) which has value zero on the boundary @B2R, at any time � , for a right-hand side h not necessarily
satisfying the orthogonality conditions (9-3). In the second step, we make use of this construction to
solve (9-7), for a right-hand side satisfying (9-3), and to obtain estimates (9-4), (9-5) and (9-6).

Step 1: We claim that for all sufficiently large R > 0 and any H with kHk�;a < C1 there exist
� D �.y; �/ and c D c.�/ which solve problem

�� D��C 5w
4�CH.y; �/� c.�/Z.y/ in B2R � .�0;1/;

� D 0 on @B2R � .�0;1/; �. � ; �0/D 0 in B2R:
(9-10)
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The functions � and c are linear operators of h and satisfy the estimates

.1Cjyj/jr�.y; �/jC j�.y; �/j. ���
�
R4�akH 0k�;a

1Cjyj
C
R4�akH 1k�;a

1Cjyj2
CR2

kHk�;a

1Cjyja

�
(9-11)

and for some � > 0ˇ̌̌̌
c.�/�

Z
B2R

HZ

ˇ̌̌̌
. ���

�
R2




H �Z Z

B2R

HZ






�;a

C e��RkHk�;a

�
: (9-12)

We construct the solution � mode by mode, considering first mode 0, then modes 1; 2; 3 and finally
modes greater or equal to 4. For each mode, we get the corresponding estimates.

Construction at mode 0. Consider problem (9-10) for a right-hand side H DH0.r; �/ radially symmetric.
Let �.s/ be the smooth cut-off function in (1-9), and consider �`.y/D �.jyj � `/ for a large but fixed
number ` independent of R. By standard parabolic theory, there exists a unique solution ��Œ Nh0� to

�� D��C 5w.r/
4.1� �`/�CH 0.y; �/ in B2R � .�0;1/;

� D 0 on @B2R � .�0;1/; �. � ; �0/D 0 in B2R;
(9-13)

where

H 0 DH0� c0.�/Z; c0.�/D

Z
B2R

H0.y; �/Z.y/ dy:

The function ��Œ Nh0� is radial and satisfies the bound

j��ŒH 0�j. ���R2�akHk�;a:

This can be proven with the use of a special supersolution arguing as in Lemma 7.3 in [Cortázar et al.
2016]. Setting � D ��ŒH 0�C Q� and c.�/D c0.�/C Qc.�/, problem (9-10) gets reduced to

Q�� D� Q�C 5w.r/
4 Q�C zH0.r; �/� Qc.�/Z in B2R � .�0;1/;

Q� D 0 on @B2R � .�0;1/; Q�. � ; �0/D 0 in B2R:
(9-14)

where zH0 D 5w4�`��ŒH 0�: Observe that zH0 is radial, compactly supported and with size controlled by
that of H 0. In particular we have that for any m> 0

j zH0.r; �/j.
���

1C rm

�
sup
�>�0

��k��ŒH 0�. � ; �/kL1
�
.

���

1C rm
R2�akHk�;a: (9-15)

We shall next solve problem (9-14) under the additional orthogonality constraintZ
B2R

Q�. � ; �/Z D 0 for all � 2 .�0;1/: (9-16)

Problem (9-14)–(9-16) is equivalent to solving just (9-14) for Qc given by the explicit linear functional
Qc WD QcŒ Q�; zH0� determined by the relation

Qc.�/

Z
B2R

Z2 D

Z
B2R

zH0. � ; �/ZC

Z
@B2R

@r Q�. � ; �/Z: (9-17)
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If the function Qc D Qc.�/ defined by (9-17) were independent of �, standard linear parabolic theory
would give the existence of a unique solution. On the other hand, a close look at (9-17) shows that the
dependence of Qc D Qc.�/ on � is small in an L1-C 1C˛;

1C˛
2 setting, since Z.R/D O.e��R/ for some

� > 0. A contraction argument applies to yield existence of a unique solution to (9-14)–(9-16) defined
at all times. To get the estimates, we assume smoothness of the data so that integrations by parts and
differentiations can be carried over, and then argue by approximations. Testing (9-14)–(9-16) against Q�
and integrating in space, we obtain the relation

@�

Z
B2R

Q�2CQ. Q�; Q�/D

Z
B2R

g Q�; g D zH0� Qc.�/Z0;

where Q is the quadratic form defined by

Q.�; �/ WD

Z
Œjr�j2� 5w4j�j2�: (9-18)

Since dimension is 3, there exists ˇ > 0 such that, for any � with
R
�Z D 0, the following inequality

holds:

Q.�; �/�
ˇ

R2

Z
�2:

The proof of this inequality is a slight modification of the proof for the corresponding inequality in
dimensions n� 5 that can be found in [Cortázar et al. 2016, Lemma 7.2], considering that

R
BR
Z20 DO.R/

as R!1, when dimension is 3. Thus we have, for some ˇ0 > 0,

@�

Z
B2R

Q�2C
ˇ0

R2

Z
B2R

Q�2 .R2
Z
B2R

g2: (9-19)

We observe that from (9-17) and (9-15) for mD 0 we get

j Qc.�/j � ���K; K WD
�

sup
�>�0

��k��ŒH 0�. � ; �/kL1
�
C e��R

�
sup
�>�0

��kr��ŒH 0�. � ; �/kL1
�
:

Besides, using again estimate (9-15) for a sufficiently large m, we getZ
B2R

g2 . ��2�K2:

Using that Q�. � ; �0/D 0 and Gronwall’s inequality, we readily get from (9-19) the L2-estimate

k Q�. � ; �/kL2.B2R/ . �
��R2K (9-20)

for all � > �0. Now, using standard parabolic estimates in the equation satisfied by Q� we obtain then that
on any large fixed radius ` > 0,

k Q�. � ; �/kL1.BM / . �
��R2K for all � > �0:

Since the right-hand side has a fast decay at infinity and taking into account that we are in dimension 3,
outside B` we can dominate the solution by a barrier of the order ��� jyj�1. As a conclusion, also using
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local parabolic estimates for the gradient, we find that

.1Cjyj/jry Q�.y; �/jC j Q�.y; �/j. ���
R2

1Cjyj

�
sup
�>�0

��k��ŒH 0�. � ; �/kL1
�
: (9-21)

It clearly follows from this estimate and inequality (9-15) that the function

�0Œh0� WD Q�C��ŒH 0� (9-22)

solves problem (9-10) for H DH0 and satisfies

.1Cjyj/jry�0.y; �/jC j�0.y; �/j. ���
R4�a

1Cjyj
kHk�;a:

Finally, from (9-17) we see that

c.�/D

Z
B2R

HZC

Z
B2R

5w4�`��ŒH 0�ZCO.e
��R/kHk�;a:

From here we find the validity of the estimateˇ̌̌̌
c.�/�

Z
B2R

H0Z

ˇ̌̌̌
. ���

�
R2




H0�Z Z

B2R

H0Z






�;a

C e��RkH0k�;a

�
:

Hence estimates (9-11) and (9-12) hold. The construction of the solution at mode 0 is concluded.

Construction at modes 1 to 3. Here we consider the case H DH 1, where H 1.y; �/D
P3
jD1Hj .r; �/#j .

The function

�1ŒH 1� WD

nX
jD1

�j .r; �/#j (9-23)

solves the initial-boundary value problem

�� D��C 5w
4�CH 1.y; �/ in B2R � .�0;1/;

� D 0 on @B2R � .�0;1/; �. � ; �0/D 0 in B2R;
(9-24)

if the function �j .r; �/ solves

@��j D L1Œ�j �CHj .r; �/ in .0; 2R/� .�0;1/;

@r�j .0; �/D 0D �j .R; �/ for all � 2 .�0;1/; �j .r; �0/D 0 for all r 2 .0; R/;
(9-25)

where

L1Œ�j � WD @rr�j C 2
@r�j

r
� 2

�j

r2
C 5w4�j : (9-26)

Let us consider the solution of the stationary problem L1Œ��C .1C r/�a D 0 given by the variation of
parameters formula

N�.r/DZ.r/

Z 2R

r

1

�2Z.�/2

Z �

0

.1C s/�aZ.s/s2 ds;

whereZ.r/Dwr.r/. Sincewr.r/� r�2 for large r , we find the estimate j N�.r/j. .R4�a/=.1Cr2/. Then,
provided that �0 was chosen sufficiently large, the function 2kHj k�;a��� N�.r/ is a positive supersolution
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of problem (9-25) and thus we find j�j .r; �/j. ���..R4�a/=.1C r2//kHj k�;a. Hence �1ŒH 1� given by
(9-23) satisfies

j�1ŒH 1�.y; �/j.
R4�a

1Cjyj2
kH 1
k�;a:

A corresponding estimate for the gradient follows.

Construction at higher modes. We consider now the case of higher modes,

�� D��C 5w
4�CH? in B2R � .�0;1/;

� D 0 on @B2R � .�0;1/; �. � ; �0/D 0 in B2R;
(9-27)

where H D H? D
P1
jD4Hj .r/‚j whose solution has the form �? D

P1
jD4 �j .r; �/‚j . Given the

quadratic form in (9-18), for �? 2H 1
0 .B2R/,Z
B2R

j�?j2

r2
.Q.�?; �?/: (9-28)

The proof of this fact is elementary. The interested reader can find it in [Cortázar et al. 2016]. Let ��ŒH?�
be the solution to

�� D��C 5w.r/
4.1� �`/�CH

?.y; �/ in B2R � .�0;1/;

� D 0 on @B2R � .�0;1/; �. � ; 0/D 0 in B2R;

where H? DH?� c?Z, and c? D
R
B2R

H?Z. By writing � D ��ŒH?�C Q�, problem (9-27) reduces
to solving

Q�� D� Q�C 5w.y/
4 Q�C zH in B2R � .�0;1/;

Q� D 0 on @B2R � .�0;1/; Q�. � ; �0/D 0 in B2R;
(9-29)

where zH D 5w.y/4�`��ŒH?� for a sufficiently large `. Arguing as in (9-19) we now get

@�

Z
B2R

Q�2C c

Z
B2R

j Q�j2

jyj2
.
Z
B2R

jyj2j zH j2: (9-30)

Similarly to (9-20) we get

kjyj�1 Q�. � ; �/kL2.B2R/ . �
��R2�akHk�;a: (9-31)

From elliptic estimates we then get

k Q�. � ; �/kL1.B2R/ . �
��R2�akH?k�;a for all � > �0;

so that with the aid of a barrier we obtain

j Q�.y; �/j. ���R2�akH?k�;a.1Cjyj/�1:

It follows that the function
�?ŒH?� WD Q�C��ŒH

?� (9-32)
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satisfies
j�?ŒH?�.y; �/j. ���R2Œ.1Cjyj/�1C .1Cjyj/�a�kH?k�;a in B2R:

Similar estimates for the gradient follow.

Conclusion. Let
�Œh� WD �0Œh0�C�1Œh1�C�?Œh?�

for the functions defined in (9-22), (9-23), (9-32). By construction, �Œh� solves (9-10). It defines a linear
operator of h and satisfies (9-11). The proof of Step 1 is concluded.

Step 2: To complete the proof of Proposition 9.2, we decompose the right-hand side h in (9-7) in modes,
h D h0 C h1 C h? as before, and define separately associated solutions of (9-7) in a decomposition
� D �0C�1C�?.

Construction at mode 0. For a bounded radial h D h.jyj/ defined in B2R with
R
B2R

hZ0 D 0, let Qh
designate the extension of h as zero outside B2R. The equation

�H C 5w4.y/H C Qh.jyj/D 0 in R3; H.y/! 0 as jyj !1;

has a solution H DW L�10 Œh� represented by the variation of parameters formula

H.r/D zZ.r/

Z 1
r

Qh.s/Z0.s/s
2 dsCZ0.r/

Z 1
r

Qh.s/ zZ.s/s2 ds; (9-33)

where zZ.r/ is a suitable second radial solution of L0Œ zZ�D 0, linearly independent with Z0. The mode-0
function h0 D h0.jyj; �/ is defined in B2R and satisfies kh0k�;2Ca <C1 and

R
B2R

h0Z0 D 0 for all � .
Then H0 WD L�10 Œh0. � ; �/� satisfies the estimate

jH0.r; �/j.
���

.1C r/a
kh0k�;2Ca:

Let ˆ0Œh0� be the radial solution in B3R to

ˆ� D�ˆC 5w
4.y/ˆCH0.jyj; �/� c0.�/Z in B3R � .�0;1/;

ˆD 0 on @B3R � .�0;1/; ˆ. � ; �0/D 0 in B3R
(9-34)

that we discussed in Step 1. The solution ˆ0Œh0� defines a linear operator of h0 and satisfies the estimates

jˆ0.y; �/j.
���R4�a

.1Cjyj/
kH0k�;a; (9-35)

where for some � > 0ˇ̌̌̌
c0.�/�

Z
B2R

H0Z

ˇ̌̌̌
. ���

�
R2




H0�Z Z

B2R

H0Z






�;a

C e��RkH0k�;a

�
: (9-36)

Since L0ŒZ�D �0Z,

�0

Z
B2R

H0Z D

Z
B2R

H0L0ŒZ�D

Z
B2R

L0ŒH0�ZC

Z
@B2R

.Z@�H0�H0@�Z/;
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and hence Z
B2R

H0Z D �
�1
0

Z
B2R

h0ZCO.e
��R/���kh0k�;2Ca:

Also, from the definition of the operator L�10 we see that Z D �0L�10 ŒZ�. Thus



H0�Z Z
B2R

H0Z






�;a

D





L�10 �
h0��0Z

Z
B2R

H0Z

�




�;a

.




h0�Z Z

B2R

h0Z






�;2Ca

C e��Rkh0k�;2Ca:

Next, we discuss estimates on the first and second derivatives of ˆ0. Let us fix now a vector e with
jej D 1, a large number � > 0 with � � 2R and a number �1 � �0. Consider the change of variables

ˆ�.z; t/ WDˆ0.�eC�z; �1C�
2t /; H�.z; t/ WD �

2ŒH0.�eC�z; �1C�
2t /�c0.�1C�

2t /Z.�eC�z/�:

Then ˆ�.z; t/ satisfies an equation of the form

@tˆ� D�zˆ�CB�.z; t/ˆ�CH�.z; t/ in B1.0/� .0; 2/;

where B� D O.��2/ uniformly in B2.0/ � .0;1/. Standard parabolic estimates yield that for any
0 < ˛ < 1

krzˆ�kL1.B1=2.0/�.1;2// . kˆ�kL1.B1.0/�.0;2//CkH�kL1.B1.0/�.0;2//:
Moreover

kH�kL1.B1.0/�.0;2// . �
2�a���1 kH0k�;a; kˆ�kL1.B1.0/�.0;2// . �

�1
1 K.�/;

where

K.�/D
R2�a

1C �
R2kh0k�;2Ca: (9-37)

This yields in particular that

�jryˆ.�e; �1C �
2/j D jr Q�.0; 1/j. ���1 K.�/:

Hence if we choose �0 �R2, we get that for any � > 2�0 and jyj � 3R

.1Cjyj/jryˆ.y; �/j. ���K.jyj/: (9-38)

We obtain that these bounds are as well valid for � < 2�0 by the use of similar parabolic estimates up to
the initial time (with condition 0).

Now, we observe that the function H0 is of class C 1 in the variable y and kryH0k�;1Ca � kh0k�;2Ca.
It follows that we have the estimate

.1Cjyj2/jD2yˆ.y; �/j. �
��K.jyj/

for all � > �0, jyj � 2R, where K is the function in (9-37). The proof follows simply by differentiating
the equation satisfied by ˆ, rescaling in the same way we did to get the gradient estimate, and applying
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the bound already proven for ryˆ. Thus we have in B2R

.1Cjyj2/jD2ˆ.y; �/jC .1Cjyj/jrˆ.y; �/jC jˆ.y; �/j. ���kh0k�;2Ca
R4�a

1Cjyj
:

This yields in particular

jL0Œˆ�. � ; �/j. ���kh0k�;2Ca
R4�a

1Cjyj3
in B2R:

We define
�0Œh0� WD L0Œˆ�

ˇ̌
B2R

:

Then �0Œh0� solves problem (9-7) with

c.�/ WD �0c0.�/; (9-39)

�0Œh0� satisfies the estimate

j�0Œh0�.y; �/j. ���kh0k�;2Ca
R4�a

1Cjyj3
in B2R; (9-40)

and from (9-36), estimate (9-8) holds too.

Construction for modes 1 to 3. We consider now h1.y; �/D
P3
jD1 hj .r; �/#j , with kh1k�;2Ca <C1,

that satisfies, for all i D 1; : : : ; 3,
R
B2R

h1Zi D 0 for all � 2 .�0;1/. We will show that there is a solution

�1Œh1�D

3X
jD1

�j .r; �/#j

�
y

r

�
to problem (9-7) for hD h1 which defines a linear operator of h1 and satisfies the estimate

j�1.y; �/j.
R4

1Cjyj4
R�akhk�;2Ca: (9-41)

Let us fix 1 � j � 3. For a function h D hj .r/#j .y=r/ defined in B2R, we let H D L�10 Œh� WD

Hj .r/#j .y=r/ be the solution of the equation

�H CpU p�1H C Qhj#j D 0 in Rn; H.y/! 0 as jyj !1;

where Qhj designates the extension of hj as zero outside B2R, represented by the variation of parameters
formula

Hj .r/D wr.r/

Z 2R

r

1

�n�1wr.�/2

Z 1
�

Qhj .s/wr.s/s
n�1 ds:

If we consider a function hj D hj .r; �/#j defined in B2R with khj k2Ca;� <C1 and
R
B2R

hjZj D 0 for
all � , then Hj DL�10 Œhj . � ; �/� satisfies the estimate kHj k�;a . khj k�;2Ca: Let us consider the boundary
value problem in B3R

ˆ� D�ˆCpU.y/
p�1ˆCHj .r/#j .y/ in B3R � .�0;1/;

ˆD 0 on @B3R � .�0;1/; ˆ. � ; �0/D 0 in B3R:
(9-42)
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As consequence of Step 1, we find a solution ĵ Œh� to this problem, which defines a linear operator of hj
and satisfies the estimates

j ĵ .y; �/j.
���R3�a

1Cjyj2
R1khj k�;2Ca: (9-43)

Arguing by scaling and parabolic estimates, we find as in the construction for mode 0,

jLŒ ĵ �. � ; �/j. ���khk�;2Ca
R4�a

1Cjyj4
in B2R:

We define �j Œhj � WD LŒ ĵ �
ˇ̌
B2R

and �1Œh1� WD
P3
jD1 �j Œhj �#j . This function solves (9-7) for hD h1

and satisfies

j�1Œh1�.y; �/j. ���khj k2Ca;�
R4�a

1Cjyj4
in B2R: (9-44)

Construction at higher modes. In order to deal with the higher modes, for hD h? D
P1
jD4 hj .r/‚j we

let �?Œh?� be just the unique solution of the problem

�� D��CpU.y/
p�1�C h? in B2R � .�0;1/;

� D 0 on @B2R � .�0;1/; �. � ; �0/D 0 in B2R;
(9-45)

which is estimated as

j�?Œh?�.y; �/j. ���
kh?k�;2Ca

1Cjyja
in B2R: (9-46)

We just let
�Œh� WD �0Œh0�C�1Œh1�C�?Œh?�

be the function constructed above. According to estimates (9-40) and (9-46) we find that this function
solves problem (9-7) for c.�/ given by (9-17), with bounds (9-4), (9-5), (9-8) as required. �

10. Nonradially symmetric case

In this section, we discuss the existence of solutions for problem (2-1) when the initial condition is not
radially symmetric, and we discuss the codimension-1 stability. Let Nv0 be a positive, uniformly bounded
smooth function, not radially symmetric and define

v0.x/D
Nv0.x/

jxj�
; with � >max

�

 C 3

2
; 


�
: (10-1)

We construct a solution to the initial value problem�
ut D�uCu

5 in R3 � .t0;1/;

u.x; t0/D u0.jxj/C v0.x/;
(10-2)

where u0 is radial and satisfies the decay condition (2-2), while v0 is a nonradial function of the form
(10-1).

Since the strategy of the proof is similar to the one already performed in detail for Nv0.x/� 0, we shall
indicate the changes in the argument that are required when the initial condition is not radially symmetric.
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We start with a slightly different first approximation. Let pDp.t/ W Œt0;1/!R3 be a smooth function
so that

p.t0/D 0; p.t/D

Z t

t0

P.s/ ds;

where P satisfies

kP k} WD sup
t>t0

�0.t/
� 1
2 t��1ŒkP.s/k1;Œt;tC1�C ŒP �0;�;Œt;tC1��� `; (10-3)

with � the number fixed in (2-11), and ` a positive fixed number. Observe that, under these assumptions,
and the bound on � in (10-1), we have jp.t/j=�0.t/! 0 as t !1. Define

U Œ�; P �.x; t/D yU2.x; t/CU3.x; t/; yU2.x; t/ WD U2.jx�p.t/j; t /; (10-4)

where U2 is given by (2-57) and

U3.x; t/D

�
1� �

�
jxj

t

��
v0.x/: (10-5)

If we call EŒ�; P �.x; t/ WD�U CU 5�Ut , we can write

EŒ�; P �.x; t/D E2Œ��.jx�pj; t /�rU2.jx�pj; t / � Pp.t/C�U3�
@U3

@t
C . yU2CU3/

5
� . yU2/

5„ ƒ‚ …
WDE3

:

Define

E.x; t/D E21.jx�pj; t /C
�
1� �R

�
jxj

R�0

��
ŒE22.jx�pj; t /�rU2.jx�pj; t / � Pp.t/�; (10-6)

where �R is defined in (2-59). We have

jE.x; t/j � C�
1
2

0 t
� 3
2h0

�
jxj
p
t

�
; jE3.x; t/j � Ct��C

1
2h0

�
jxj
p
t

�
: (10-7)

A solution to (10-2) does exist and has the form

uD U Œ�; P �.r; t/C Q�; t > t0; (10-8)

where U is defined in (10-4), while Q�.x; t/ is given as in (3-2),

Q�.x; t/D  .x; t/C�in.x; t/; where �in.x; t/ WD �R.x; t/ O�.x; t/;

and O�.x; t/ WD �
� 1
2

0 �.x=�0; t /. For any  0 2 C 2.R3/ so that

jyjj 0.y/jC jyjjr 0.y/j � t
�a
0 e�bjyj (10-9)

for some positive constants a and b, the function  is the solution to

@t D� CV C Œ2r�Rrx O�C O�.�x � @t /�R�CNŒ��. Q�/C ECE3 in R3 � Œt0;1/;

 .x; t0/D  0;
(10-10)
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where V is defined as in (3-5) with U instead of U2, and N. Q�/D .UC Q�/5�U 5�5U 4 Q�: This solution  
can be described as

 .x; t/D  r.x; t/C nr.x; t/; (10-11)

where  r is a radial function in jx�p.t/j, for any t , and

j r.x; t/j � C�
1
2

0 t
� 1
2'0

�
jxj
p
t

�
; j nr.x; t/j � Ct

��C 3
2'0

�
jxj
p
t

�
: (10-12)

We refer to (4-2) for the definition of '0.
On the other hand, the function O� satisfies

@t O� D� O�C 5w
4
�
O�C 5w4� C E22.jx�p.t/j; t /�rU2.jx�p.t/j; t / � Pp.t/ in B2R�0.0/� Œt0;1/;

with O�.x; t0/D �
� 1
2

0 .t0/e0Z.x=�0.t0//. In terms of �, this equation becomes

�20@t� D�y�C 5w
4�Cf .y; t/ in B2R.0/� Œt0;1/;

�.y; t0/D e0Z.y/;
(10-13)

where

f .y; t/D �
5
2

0 E22.j�0y �p.t/j; t /�rU2.j�0y �p.t/j; t / � Pp.t/

C5
�
1
2

0

.1Cƒ/4
w4
�

y

.1Cƒ/2

�
 .�0y; t/CBŒ��CB

0Œ��:

In the above expression,  is the solution to (10-10), while B and B0 are defined respectively in (3-9)
and (3-10). The solution � exists in the class of functions with k � k�;a-norm bounded, see (4-1), as
consequence of Proposition 9.1, and a contraction-type argument, provided the parameter functions � and
P can be chosen so thatZ

BR

f .y; t/Zj .y/ dy D 0 for all t > t0; j D 0; 1; : : : ; n: (10-14)

The system of .nC1/ nonlinear, nonlocal equations in � and P is solvable for � and P satisfying (2-11)
and (10-3). Indeed, (10-14), for j D 0, can be treated as we did for (5-1) in Sections 5, 6, 7. On the other
hand, when j D 1; : : : ; n, (10-14) are perturbations of

Pp.t/D �
1
2

0 t
��C1

Nu

for some fixed vector Nu 2 R3. Thus it can be solved for parameters p.t/D
R t
t0
P.s/ ds satisfying (10-3).

This concludes the proof of existence of a positive global solution to (10-2).
Next we discuss the codimension-1 stability. Let us observe that the construction of � and e0, the

solution to (10-13), is possible for any initial condition  0 to the outer problem (10-10). We have the
validity of Lipschitz dependence of � D �Œ 0�, and e0 D e0Œ 0� in the C 1-topology described in (10-9).
As a consequence of the implicit function theorem, the maps �Œ 0� and e0Œ 0� depend in the C 1-sense
on  0 in our C 1-topology (10-9), thanks to the corresponding dependence for  , � and p.
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Let us consider the following map defined in a small neighborhood of 0 in X D C 1.�/:

F. 0/D  0� .e0Œ 0�� e0Œt0�/Z0

so that F Œ0�D 0, F is differentiable, and

D 0F.0/Œh�D h� hD 0e0Œ0�; hiZ0; h 2X:

We have a solution which blows-up as t !C1 provided that

u. � ; t0/D u
�. � ; t0/� e0Œ0�Z0Cg; (10-15)

where u� is the solution corresponding to  0 D 0, and g D F Œ 0� for any small  0.
The vector space of the functionals in X given by D 0e0Œ0� has dimension 1. We write W WD

Ker.D 0e0Œ0�/ is a space with codimension 1. Indeed, we can find a nonzero function u such that

X DW ˚hui:

We consider the operator in a neighborhood of 0 in X given by

G.wC˛u/D ˛uCF.w/; j̨ 2 R; w 2W:

Then G is of class C 1 near the origin, G.0/D 0 and D 0G.0/Œh�D h. By the local inverse theorem, G
defines a local C 1 diffeomorphism onto a neighborhood of the origin. For all small g we can find smooth
functions ˛.g/, w.g/ with

˛.g/uCF.w.g//D g:

Thus the set M of functions F Œw�, w 2 W , can be described in a neighborhood of 0 exactly as those
g 2X such that

˛.g/D 0:

This says precisely that M is locally a codimension-1 C 1-manifold such that if g in (10-15) is selected
there, then the desired phenomenon takes place. �

Appendix A

Proof of Lemma 2.2. We denote by y2.s/ the solution to (2-17) with lims!1 s2�y2.s/D 1, and by y1.s/
another solution, linearly independent from y2, defined explicitly by

y1.s/D cy2.s/

Z 1
s

e�
z2

4

y2.z/2z2
dz (A-1)

for some positive constant c we fix later. The function y1.s/ decays fast at infinity, since

y1.s/D c1e
� s
2

4 s4��3.1C o.s�1//;

as s !1, for some positive constant c1, as a direct consequence from (A-1). The function y2.s/ is
definite for any s 2 .0;1/, and it is positive. Indeed, we first observe that the operator L� satisfies the
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maximum principle. This is consequence of the fact that the positive function g0.s/D e�
s2

4 =s, which
solves L1.g0/D 0, satisfies L�.g0/ < 0 in .0;1/. With this is mind, we define Ng0.s/D

R1
s e�

z2

4 =z2 dz.
This is a positive function which satisfiesL�. Ng0/D� Ng0>0 in .0;1/. Thus Ng0 is a subsolution. Moreover,
it is easy to see that Ng0.R/ < y2.R/ for any R large enough. A standard application of the maximum
principle thus gives that y2 is positive in .0;1/.

We now claim that lims!0C sy1.s/ exists and it is positive. Write y1.s/D �.s2=4/, x D s2=4, from
which we get

x�00C
�
3
2
C x

�
�0C �� D 0; x 2 .0;1/:

Performing the further change of variables �.x/D e�x'.x/, we get that ' satisfies

x'00C
�
3
2
� x

�
'0�

�
3
2
� �

�
' D 0; x 2 .0;1/: (A-2)

In [Filippas et al. 2000, Appendix A], it is proven that (A-2) admits polynomial solutions if and only if
3
2
�� D�k, kD 0; 1; 2; : : : . Since 1

2
< � < 1, this never happens; thus ' cannot be bounded, as x! 0C.

On the other hand, the behavior of the solutions to (A-2), as x! 0C, is determined by x'00C 3
2
'0 D 0,

which implies that the solutions to (A-2) are bounded around x D 0, or they behave like x�
1
2 as x! 0C.

Combining all the above information, for a proper choice of the constant c in (A-1), we get

y1.s/D
1

s
.1C o.1// as s! 0:

To understand further the behavior of y1 around s D 0, we write sy1.s/D f .s/, so that

f 00C 1
2
sf 0C

�
� � 1

2

�
f D 0; s 2 .0;1/: (A-3)

Integrating (A-3) between 0 and1, and using the fast decay of y1 to 0 as s!1, we compute

f 0.0/D .� � 1/

Z 1
0

f .s/ ds < 0; f 00.0/D 1
2
� �: (A-4)

With this information, we get the estimates (2-18) and (2-20) for y1.s/.
Since the Wronskian associated to problem (2-17) is given by a multiple of e�

s2

4 =s2, we conclude
that, since y1 is unbounded as s! 0C, we have y2.s/ is bounded as s! 0C. �

Lemma A.1. Let hD h.s/ be a smooth function defined for s � 0 so that

h.s/D

�
1=s for s! 0;

1=s3 for s!1:
Then there exists a solution to

@t D� C t
�ˇh

�
r
p
t

�
; (A-5)

of the form

 .r; t/D t�ˇC1'

�
r
p
t

�
; with '.s/D

�
s for s! 0;

1=s3 for s!1:
(A-6)
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Proof. We look for a solution to (A-5) of the form  .r; t/D t�.ˇ�1/'.r=
p
t /. Thus ' satisfies

'00C

�
2

s
C
s

2

�
'0C .ˇ� 1/'C h.s/D 0:

We look for a solution of the above equation of the form

'.s/D z.s/y1.s/;

where y1 solves y001 C .2=sC s=2/y
0
1C .ˇ� 1/y1 D 0, and

y1.s/�

(
1=s as s! 0;

e�
s2

4 s4.ˇ�1/�3 as s!1:

The existence of y1 is consequence of Lemma 2.2. A direct computation gives

z.s/D�

Z s

0

e�
�2

4

y1.�/2�2

�Z �

0

h.x/y1.x/x
2e

x2

4 dx

�
d�:

One can easily see that

z.s/�

(
s2 as s! 0;

e
s2

4 s�4.ˇ�1/ as s!1:

This fact gives (A-6), and concludes the proof of the lemma. �

Proof of (5-10). For x 2 B2R, we shall prove

�0.�0x; t/��0.0; t/D ˛.t/j�0xj
�….t/‚.jxj/ (A-7)

for some � 2 .0; 1/. Here …D….t/ denotes a smooth and bounded function of t , and ‚ a smooth and
bounded function of x.

We have

�0.�0x; t/��0.0; t/D

Z t

t0

1

.4�.t � s//
3
2

Z
R3
Œe�
jx�yj2

4.t�s/ � e
�jyj2

4.t�s/ �
˛.s/

jyj
1fr<M g dy ds

D
1

2

Z t

t0

Z
ˇ0.s/

.t � s/
1
2

Œe
�jz�

�0x

2
p
t�s
j
2

� e�jzj
2

�
1

jzj
1fjzj< M

2
p
t�s
g dy ds

D I C II;

where

I D

Z t�.�0x
2m
/

t0

Z
ˇ0.s/

.t � s/
1
2

Œe
�jz�

�0x

2
p
t�s
j
2

� e�jzj
2

�
1

jzj
1fjzj< M

2
p
t�s
g dy ds:

We start estimating II . We observe that, if t � .�0x=.2m// < s < t , then �0jxj=.2
p
t � s/ > m. We

write

II D II1C II2C II3;
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where

IIj D

Z t

t�.�0x
2m
/

Z
Dj

ˇ0.s/

.t � s/
1
2

Œe
�jz�

�0x

2
p
t�s
j
2

� e�jzj
2

�
1

jzj
1fjzj< M

2
p
t�s
g dy ds;

with

D1 D

�
z W

ˇ̌̌̌
z�

�0x

2
p
t � s

ˇ̌̌̌
<
1

4

�0jyj

2
p
t � s

�
; D2 D

�
z W jzj<

1

4

�0jyj

2
p
t � s

�
;

and D3 is the complement of the two above regions.
We start estimating II1. We see thatZ

D1

e
�jz�

�0x

2
p
t�s
j
2 1

jzj
1fjzj< M

2
p
t�s
g dy D

Z
e�jNzj

1ˇ̌
NzC �0x

2
p
t�s

ˇ̌ d Nz D c 2pt � s
�0jxj

for some constant c, as a direct application of dominated convergence theorem. ThusZ t

t�.�0x
2m
/

Z
D1

e
�jz�

�0x

2
p
t�s
j
2 1

jzj
1fjzj< M

2
p
t�s
g dy ds D

2c

�0jxj

Z t

t�.�0x
2m
/

p
t � s ds D c0.�0jxj/

1
2 :

On the other hand, for any z in D1, one has

jzj>
1

4

�0jxj

2
p
t � s

;

and hence we can bound ˇ̌̌̌Z
D1

e�jzj
2 1

jzj
dz

ˇ̌̌̌
� c

�p
t � s

�0jxj

��
for any � > 0. We take � > 1, so thatˇ̌̌̌Z t�.�0x

2m
/

t0

Z
D1

e�jzj
2 1

jzj
1fjzj< M

2
p
t�s
g dy ds

ˇ̌̌̌
�

1

.�0jxj/�

ˇ̌̌̌Z t�.�0x
2m
/

t0

.t � s/
�
2
� 1
2 ds

ˇ̌̌̌
� c0�0jxj:

Thus we conclude that
jII1j. ˇ0.t/.�0jxj/

1
2 :

Arguing in a similar way, one finds the same type of estimate for II2. In the third region D3, we have

jzj>
1

4

�0jxj

2
p
t � 2

; jz�
�0x

2
p
t � s
j>

1

4

�0jxj

2
p
t � s

;

so that again one gets the estimate
jII3j. ˇ0.t/�0jxj:

Let us now consider the interval of time t0 < s < t � .�0jxj=.2m
p
t � s//2, that is, region where one has

�0jxj=.2
p
t � s/ < m. We have the decomposition

I D III C IV;

where

III D

Z t�1

t0

Z
ˇ0.s/

.t � s/
1
2

Œe
�jz�

�0x

2
p
t�s
j
2

� e�jzj
2

�
1

jzj
1fjzj< M

2
p
t�s
g dy ds:
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We start with IV , where we expand in Taylor:

IV D

Z t�. �0jxj

2m
p
t�s
/
2

t�1

Z
ˇ0.s/

.t � s/
1
2

Œe
�jz�

�0x

2
p
t�s
j
2

� e�jzj
2

�
1

jzj
1fjzj< M

2
p
t�s
g dy ds

D ˇ0.t/

Z t�. �0jxj

2m
p
t�s
/
2

t�1

�0jxj

t � s

�Z
e�jzj

2

jzj
dz

�
ds D ˇ0.t/ log

�
1

t

�
t �

�
�0jxj

2m
p
t � s

�2�
�0jxj

D ˇ0.t/�0jxjŒlog.�0jxj/�D ˇ0.t/.�0jxj/�

for some positive � < 1. Finally, we consider III . Again, after a Taylor expansion, we have

III D �0jxj

Z t�1

t0

ˇ0.s/

.t � s/
ds D �0jxj

Z t�1

t0

ˇ0.s/

t � s
ds:

Collecting the previous estimates, we conclude with the validity of (A-7). �

Appendix B

Proof of Lemma 2.3. Throughout the proof of the lemma, we denote by qi D qi .s/, for any integer i , a
smooth real function with the property that

d

.ds/j
qi .0/D 0 for j < i and

d

.ds/i
qi .0/ 6D 0:

With ‚D‚.r/ we intend a smooth function of the space variable, which is uniformly bounded. Also,
…D….t/ stands for a smooth function of the time variable, which is uniformly bounded in t 2 .0;1/.
The explicit expressions of these functions change from line to line, and also within the same line.

Let R0 D r0
p
t . A simple computation gives the explicit expression of the error E1 in (2-40):

E1.r; t/D E1in�
�
r

R0

�
CE1out

�
1��

�
r

R0

��
CR�20 .uin�uout/��

�
r

R0

�
C2R�10 r.uin�uout/�r�

�
r

R0

�
„ ƒ‚ …

WDE1

C.uin�uout/
R00

R20
�0
�
r

R0

�
„ ƒ‚ …

WDyE1

; (B-1)

where

E1in D�uinCu
5
in� @tuin and E1out D�uoutCu

5
out� @tuout: (B-2)

We start analyzing E1in, getting

E1in.r; t/D�
0
0Œ� 1C5w

4
� 1���

0 @w�

@�
C.w�C�

0
0 1/

5
�w4��5w

4
��
0
0 1��

00
0 1��

0
0�
0 @ 1

@�

D .�0��00/�
� 3
2Z0

�
r

�

�
CŒ.w�C�

0
0 1/

5
�w5��5w

4
��
0
0 1���

00
0 1��

0
0�
0 @ 1

@�
: (B-3)
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Now we write

.�0��00/�
� 3
2Z0

�
r

�

�
D Œ2.�

1
2��

1
2

0 /
0
C.�

1
2��

1
2

0 /�
�1
0 �00��

�1Z0

�
r

�

�
�
.�

1
2 ��

1
2

0 /
2

�
1
2

��10 �00�
�1Z0

�
r

�

�
:

Taking into account that

Z0.s/D
3
1
4

2

1

s
CO

�
1

s3

�
as s!1, it is convenient to write

Œ2.�
1
2 ��

1
2

0 /
0
C .�

1
2 ��

1
2

0 /�
�1
0 �00��

�1Z0

�
r

�

�
D

˛.t/

�C r
C Œ2.�

1
2 ��

1
2

0 /
0
C .�

1
2 ��

1
2

0 /�
�1
0 �00��

�1

�
Z0

�
r

�

�
�
3
1
4

2

�

�C r

�
;

where ˛ is defined in (2-41). We decompose (B-3) as

E1in.r; t/D
˛.t/

�C r
C E1in.r; t/; (B-4)

where E1in is explicitly given by

E1in.r; t/D�
.�

1
2��

1
2

0 /
2

�
1
2

��10 �00�
�1Z0

�
r

�

�
��000 1CŒ.w�C�

0
0 1/

5
�w5��5w

4
��
0
0 1�

CŒ2.�
1
2��

1
2

0 /
0
C.�

1
2��

1
2

0 /�
�1
0 �00��

�1

�
Z0

�
r

�

�
�
3
1
4

2

�

�Cr

�
��00�

0 @ 1

@�
D

5X
jD1

ej : (B-5)

We observe now that .e1C e2C e3/�.r=R0/ can be described as sum of functions of the form

�
1
2

0 t
�2R20

�0C r
q0.ƒ/….t/‚.r/;

�
� 1
2

0 t�1

�0C r
q2.ƒ/….t/‚.r/; (B-6)

where q0 is a smooth function with q.0/ 6D 0, while q2 is a smooth function with q2.0/D q02.0/D 0, and
q002.0/ 6D 0. On the other hand, we see that

e4 D
˛.t/�20

�30C r
3
….t/‚.r/; e5 D

�
1
2

0 t
�1

�0C r
ŒR20ƒ

0
CR20t

�1q1.ƒ/�….t/‚.r/; (B-7)

where q1 is a smooth function with q1.0/D 0, q01.0/ 6D 0. Under assumption (2-11) and combining (B-4),
(B-6) and (B-7) we find that

jE1in�j1;B.x;1/�Œt;tC1� . �
1
2

0 t
� 3
2h0

�
r
p
t

�
; r D jxj: (B-8)

Since (2-41), we observe thatˇ̌̌̌
˛.t/

�C r

�
1� �

�
r

R0

��ˇ̌̌̌
. �

3
2

0 t
� 3
2h0

�
r
p
t

�
; r D jxj:
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Let us fix �1 and �2 satisfying (2-11). We write, for some N�D s�1C .1� s/�2, s 2 .0; 1/,

.E1inŒ�1�� E1inŒ�2�/�
�
r

R0

�
D .D�E1inŒ N��Œ�1��2�/�

�
r

R0

�
; with D�E1inŒ N��D

5X
jD1

.D�ej /Œ N��;

where the ej are defined in (B-5). Let us consider e1. We have

.D�e1/Œ N��D 2�0.1Cƒ/D�.e1/Œ N��:

Direct computation gives

jD�.e1/Œ N��.r; t/j.
�
� 1
2

0 t�1

�0C r
q0. N�/….t/‚.r/:

We combine the above estimates to get

je1Œ�1�� e1Œ�2�j�

�
r

R0

�
� �0

�
� 1
2

0 t�1

�0C r
j�1��2j�

�
r

R0

�
� C.�0.t/t

�1/�
3
2

0 .t/t
� 3
2h0

�
r
p
t

�
k�1��2k]

� C.�0.t0/t
�1
0 /�

3
2

0 .t/t
� 3
2h0

�
r
p
t

�
k�1��2k]:

Choosing t0 large if necessary, we get C.�0.t0/t�10 / < 1. Similar estimates can be obtained for the other
terms e2; : : : ; e5. Thus we get

j.E1inŒ�1�� E1inŒ�2�/�j1;B.x;1/�Œt;tC1� � c
o
1�

1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k]

for some constant co1 which can be made arbitrarily small, if t0 is chosen large. Also, we have

ŒE1inŒ�1�� E1inŒ�2��0;�;Œt;tC1� � c
o
1�

1
2

0 t
� 3
2h0

�
r
p
t

�
Œ�1��2�0;�;Œt;tC1�:

Let us now describe E1out. A first observation is that, for any value of 
 , we immediately see that E1out

does not depend on �. On the other hand, if 1 < 
 � 2 the expression for E1out becomes

E1out.r; t/D u
5
out;

so that we directly get ˇ̌̌̌
E1out

�
1��

�
r

R0

��ˇ̌̌̌
� C

�
5
2

0

r5
1
fr>R�10 g

: (B-9)

Let us consider now 
 > 2. In this case, the expression of E1out is a bit more involved

E1out.r; t/D �

�
r

t

�
.u1out/

5
C

�
1��

�
r

t

��
A

�

.
�1/

r
C2
C
A4

r5


�
Ct�2.u1out�u

2
out/��

�
r

t

�
C2t�r.u1out�u

2
out/�r�

�
r

t

�
„ ƒ‚ …

WDEout
1

C.u1out�u
2
out/t

�2�0
�
r

t

�
„ ƒ‚ …

WDyE
out
1

: (B-10)
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A close analysis of each one of the terms appearing in (B-10) givesˇ̌̌̌
E1out

�
1� �

�
r

R0

��ˇ̌̌̌
� C

�
t�.
�1/

r3
1fr>tgC

t�2�
1
2

0

r
1ft<r<2tgC

t�
5
2

r5
1
fr0
p
t<r<tg

�
: (B-11)

From (B-9)–(B-10) and (B-11), we obtainˇ̌̌̌
E1out

�
1��

�
r

R0

��ˇ̌̌̌
.

(
�
1
2

0 t
� 3
2h0.r=

p
t / if 1 < 
 � 2;

t�2h0.r=
p
t / if 
 > 2:

Going back to (B-1), we are left with the description of E1 D E1Œ�� and yE1Œ��. Directly we check

jE1.r; t/j; jyE1.r; t/j � CR�20
�
1
2

0

r
1fR0<r<2R0g (B-12)

for some positive constant C . This gives right away

jE1C yE1j. �
1
2

0 t
� 3
2h0

�
r
p
t

�
:

Let us fix �1 and �2 satisfying (2-11). We write, for some N�D s�1C .1� s/�2, s 2 .0; 1/,

E1Œ�1�.r; t/� E1Œ�2�.r; t/DD�E1Œ N��Œ�1��2�.r; t/;

where

D�E1Œ N��DR�20 .@�uinŒ N��/��

�
r

R0

�
C 2R�10 r..@�uin/Œ N��/ � r�

�
r

R0

�
:

Since in the region we are considering

@�uinŒ N��D 2�0.1Cƒ/.@�uin/Œ N��; j.@�uin/j � c
�
� 1
2

0

r
;

we have

jE1Œ�1�.r; t/� E1Œ�2�j1;B.x;1/�Œt;tC1� � .�0.t0/t�10 /�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k]

� c1�
1
2

0 t
� 3
2h0

�
r
p
t

�
k�1��2k]

for some constant c1 2 .0; 1/, provided t0 is large enough. Furthermore, we also have, for any t > t0,

ŒE1Œ�1�� E1Œ�2��0;�;Œt;tC1� � c1�
1
2

0 t
� 3
2h0

�
r
p
t

�
.Œ�1��2�0;�;Œt;tC1�/;

with again c1 2 .0; 1/. Collecting all the previous estimates, we get the proof of the lemma. �

Remark B.1. From the proof of the result, we also get that the constants c in (2-50) and (2-51) can be
made as small as one needs, provided that the initial time t0 is chosen large enough.
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Appendix C

Proof of Lemma 2.4. Under the assumptions (2-11) on �, we get that, for any r > 0 and t > t0,

jE2;1.r; t/jC ŒE2;1.r; t/�0;�;Œt;tC1� . �
1
2

0 t
� 3
2h0

�
r
p
t

�
; (C-1)

where h0 is given by (2-44), and also estimates similar to (2-50) and (2-51) for @�E2;1. These estimates
follow from (2-49)–(2-50), (2-41) and fromˇ̌̌̌

˛.t/

�C r

�
�

�
r

R0

�
� 1fr<2M g

�ˇ̌̌̌
� j˛.t/jt�

1
2h0

�
r
p
t

�
:

Here we use again R0 D r0
p
t . Furthermore, in the region where �.r=R0/� 1fr<2M g 6D 0, the above

function is regular enough to have�
˛.t/

�C r

�
�

�
r

R0

�
� 1fr<2M g

��
0;�;B.x;1/�Œt;tC1�

� j˛.t/jt�
1
2h0

�
r
p
t

�
; r D jxj:

Using (2-43), we get (C-1). Let us consider now E22.1� �R/.r; t/. We claim that

kE22.1� �R/.r; t/k� � c2: (C-2)

Given d > 1, define

h�.s/D

�
1=s for s! 0;

1=sd for s!1:

Arguing as in the proof of Lemma A.1, we get the existence of  � so that

@t � D� �C�
1
2

0 t
� 3
2h�

�
r
p
t

�
; with  �.r; t/D �

1
2

0 t
� 1
2'�

�
r
p
t

�
; '.s/D

�
s for s! 0;

1=sd for s!1:

Comparing the above equation and the equation satisfied by �0, and using the maximum principle, we
obtain that, in the region where .1� �R/ 6D 0,

j�0.x; t/j � k�k]�
1
2

0 t
� 1
2'�

�
r
p
t

�
: (C-3)

We proceed now with the estimate of .1� �R/E22. A Taylor expansion gives the existence of s� 2 .0; 1/,
so that

E22.r; t/D 5.U1C s��0/4�0:

Let M be a large fixed number. From (2-38) and (2-13), we see that, if r <M
p
t ,

j.1� �R/E22j. w4��0 .R
�2�

1
2

0 t
� 3
2h0

�
r
p
t

�
:

On the other hand, thanks to (C-3) we see that, for r >M
p
t , we get

j.1� �R/E22j. .�0/5 . �
5
2

0 t
� 5
2h0

�
r
p
t

�
:
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Thus we get the L1 bound in estimate (C-2). The control on the Hölder norm contained in (2-61)
and (2-62) follows arguing as in the proof of (2-50)–(2-51) in the proof of Lemma 2.3, and from the
assumption on � in (2-11). We leave the details to the reader. �
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We are concerned with the existence and uniqueness of solutions with only bounded density for the
barotropic compressible Navier–Stokes equations. Assuming that the initial velocity has slightly sub-
critical regularity and that the initial density is a small perturbation (in the L∞ norm) of a positive
constant, we prove the existence of local-in-time solutions. In the case where the density takes two
constant values across a smooth interface (or, more generally, has striated regularity with respect to some
nondegenerate family of vector fields), we get uniqueness. This latter result supplements the work by
D. Hoff (Comm. Pure Appl. Math. 55:11 (2002), 1365–1407) with a uniqueness statement, and is valid in
any dimension d ≥ 2 and for general pressure laws.
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Introduction

We are concerned with the multidimensional barotropic compressible Navier–Stokes system in the whole
space: {

∂tρ+ div(ρu)= 0,
∂t(ρu)+ div(ρu⊗ u)−µ1u− λ∇ div u+∇P(ρ)= 0.

(0-1)

Here ρ = ρ(t, x) and u = u(t, x), with (t, x) ∈R+×Rd and d ≥ 1, denote the density and velocity of the
fluid, respectively. The pressure P is a given function of ρ. We shall take that function locally in W 1,∞

in all that follows, and assume (with no loss of generality) that it vanishes at some constant reference
density ρ̄ > 0. The (constant) viscosity coefficients µ and λ satisfy

µ > 0 and ν := λ+µ > 0, (0-2)
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which ensures ellipticity of the operator

L := −µ1− λ∇div. (0-3)

We supplement system (0-1) with the initial conditions

ρ|t=0 = ρ0 and u|t=0 = u0. (0-4)

A number of recent works have been dedicated to the study of solutions with discontinuous density
(so-called “shock data”) for models of viscous compressible fluids. Even though the situation is by
now quite well understood for d = 1 (see, e.g., [Hoff 1991]), the multidimensional case is far from
being completely elucidated. In this direction, we mention works of D. Hoff [1995; 2002], who greatly
contributed with the construction of “intermediate solutions” allowing for discontinuity of the density, in
between the weak solutions of P.-L. Lions [1998] and the classical ones of, e.g., J. Nash [1962].

In the two-dimensional case, Hoff [2002] succeeded in getting very accurate information on the
propagation of density discontinuities across suitably smooth curves (as predicted by the Rankine–
Hugoniot condition), under the assumption that the pressure is a linear function of ρ (see Theorem 1.2
therein). In particular, he proved that those curves are convected by the flow and keep their initial
regularity even though the gradient of the velocity is not continuous. The result was strongly based on
the observation that, for such solutions, the “effective viscous flux” F := ν div u− P(ρ) is continuous,
although singularities persist in div u and P(ρ) separately.

The present paper aims at completing the aforementioned works in several directions.
First, we want to supplement them with a uniqueness result. Indeed, Hoff [2002] constructed solutions

(that are global in time under some smallness assumption) and pointed out very accurate qualitative
properties for the geometric structure of singularities, but did not address uniqueness. That latter issue has
been considered afterward in [Hoff 2006], but only for linear pressure laws. In fact, the main uniqueness
theorem therein requires either the pressure law to be linear (as opposed to the standard isentropic
assumption P(ρ)= aργ with γ > 1) or some Lebesgue-type information on ∇ρ (thus precluding us from
considering jumps across interfaces). To the best of our knowledge, exhibiting an appropriate functional
framework for uniqueness without imposing a special structure for the solutions has remained an open
question for nonlinear pressure laws and discontinuous densities.

Our second goal is to extend Hoff’s works concerning discontinuity across interfaces and uniqueness
to any dimension and to more general pressure laws and density singularities.

Finding conditions on the initial data that ensure that ∇u belongs to L1([0, T ]; L∞) for some T > 0
is the key to our two goals. That latter property will be achieved by combining parabolic maximal
regularity estimates with tangential (or striated) regularity techniques that are borrowed from the work by
J.-Y. Chemin [1991].

In order to introduce the reader to our use of maximal regularity, let us consider the slightly simpler
situation of a fluid fulfilling the inhomogeneous incompressible Navier–Stokes equations:

∂tρ+ div(ρu)= 0,
∂t(ρu)+ div(ρu⊗ u)−µ1u+∇5= 0,
div u = 0.

(0-5)
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We have in mind the case where the initial density is given by

ρ0 = c11D + c21Dc (0-6)

for some positive constants c1, c2, with D being a smooth bounded domain of Rd (above, 1A designates
the characteristic function of a set A).

Several recent works have been devoted to proposing conditions on u0 allowing for solving (0-5) either
locally or globally, and uniquely. The first result in that direction has been obtained by the first author
and P. B. Mucha [Danchin and Mucha 2012]. It is based on endpoint maximal regularity and requires the
jump c1− c2 to be small enough. However, that approach requires the use of multiplier spaces to handle
the low regularity of the density, and is very unlikely to be extendable to the compressible setting, owing
to the pressure term that now depends on ρ.

Therefore, we shall rather take advantage of the approach that has been proposed recently in [Huang
et al. 2013] by the third author together with J. Huang and P. Zhang to investigate (0-5) with only bounded
density. Indeed, it is based on the standard parabolic maximal regularity and requires only very elementary
tools like Hölder inequality and Sobolev embedding. In order to present the main steps, assume for
simplicity that the reference density ρ̄ is 1. Then, setting % := ρ− 1, system (0-5) can be rewritten as

∂t%+ u · ∇% = 0,
∂t u−µ1u+∇5=−%∂t u− (1+%)u · ∇u,
div u = 0.

From basic maximal regularity estimates (recalled in Section 2B below), we have1 for all 1< p, r <∞,

‖u‖L∞T (Ḃ
2−2/r
p,r )
+‖(∂t u, µ∇2u)‖Lr

T (L
p) ≤ C(‖u0‖Ḃ2−2/r

p,r
+‖%∂t u‖Lr

T (L
p)+‖(1+%)u · ∇u‖Lr

T (L
p)).

It is obvious that the second term of the right-hand side may be absorbed by the left-hand side if the
nonhomogeneity % is small enough for the L∞ norm. As for the last term, it may be absorbed either
for a short time if the velocity is large, or for all times if the velocity is small, and the norm Lr (L p) is
scaling-invariant for the incompressible Navier–Stokes equations, that is to say, satisfies

2
r
+

d
p
= 3. (0-7)

Those simple observations are the keys to the proof of global existence for (0-5) in [Huang et al. 2013].
As regards uniqueness, owing to the hyperbolic part of the system (viz. the first equation of (0-5)), we
need (at least) a L1

T (Lip) control on the velocity. Note that if one combines the above control in Lr
T (L

p)

for ∇2u with the corresponding critical Sobolev embedding, then we miss that information by a little
in the critical regularity setting, as having (0-7) and r > 1 implies that p < d; nonetheless, it turns out
that, if working in a slightly subcritical framework (that is, 2/r + d/p < 3), one can get existence and
uniqueness together for any initial density ρ0 ∈ L∞ that is close enough to some positive constant (see
[Danchin and Zhang 2014; Huang et al. 2013] for more details).

1Throughout the paper we agree that, if E is a Banach space, r ∈ [1,∞] and T > 0, then Lr
T (E) designates the space

Lr ([0, T ]; E) and ‖ · ‖Lr
T (E)

the corresponding norm; when T =∞, we use the notation Lr (E).
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In the particular case where ρ0 is given by (0-6), once the Lipschitz control of the transport field is
available, it is possible to propagate the Lipschitz regularity of the domain D, as it is just advected by the
(Lipschitz continuous) flow of the velocity field. Based on that observation, further developments and
more accurate information on the evolution of the boundary of D have been obtained very recently by
X. Liao and P. Zhang [2016; 2019], and by the first author with X. Zhang [Danchin and Zhang 2017] and
with Mucha [Danchin and Mucha 2017]. In most of those works, a key ingredient is the propagation of
tangential regularity, in the spirit of the seminal work [Chemin 1991; 1993] dedicated to the vortex patch
problem for the incompressible Euler equations. We refer also to papers [Gamblin and Saint Raymond
1995; Danchin 1997; 1999; Hmidi 2005] for extensions of the results of [Chemin 1991; 1993] to higher
dimensions and to viscous homogeneous fluids, the case of nonhomogeneous inviscid flows being treated
in [Fanelli 2012].

The rest of the paper is devoted to obtaining similar results for the compressible Navier–Stokes
equations (0-1) and is structured as follows. In the next section, we present our main results and give some
insight to the proofs. Then, in Section 2, we recall the definition of Besov spaces and introduce the tools
for achieving our results: Littlewood–Paley decomposition, maximal regularity and estimates involving
striated regularity. Section 3 is devoted to the proof of our main existence theorem for general discontinuous
densities, while the next section concerns the propagation of striated regularity and uniqueness. Some
technical results that are based on harmonic analysis are postponed until the Appendix.

1. Main results

In order to evaluate our chances of getting the same results for (0-1) as for (0-5) after suitable adaptation
of the method described above, let us rewrite (0-1) in terms of (%, u). We get, just denoting by P (instead
of P(1+ %)) the pressure term, the system{

∂t%+ u · ∇%+ (%+ 1) div u = 0,
∂t u−µ1u− λ∇ div u =−%∂t u− (1+%)u · ∇u−∇P.

(1-1)

As the so-called Lamé system (that is, the left-hand side of the second equation) enjoys the same maximal
regularity properties as the heat equation, one can handle the terms %∂t u and (1+%)u · ∇u in a suitable
Lr (L p) framework exactly as in the incompressible situation. However, by this method, bounding ∇P
requires ∇% to be in some Lebesgue space, a condition that we want to avoid. In fact, the coupling
between the density and the velocity equations is stronger than for (0-5) so that the two equations of (1-1)
should not be considered separately. For that reason, it is much more difficult to prove a well-posedness
result for rough densities here than in the incompressible case, and the presence of the “out-of-scaling”
term ∇P precludes us from achieving global existence (even for small data) by simple arguments. A
standard way to weaken the coupling between the two equations of (1-1) (that has been used by Hoff
[1995; 2002] and, more recently, by B. Haspot [2011] or by the first author with L. He [Danchin and
He 2016]) is to reformulate the system in terms of a “modified velocity field”, in the same spirit as the
effective viscous flux mentioned in the Introduction: we set

w := u+∇(−ν1)−1 P, with ν := λ+µ.
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The modified velocity w absorbs the main part of ∇P, as may be observed when writing out the equation
for w:

(1+ %)∂tw−µ1w− λ∇ divw+ (1+ %)u · ∇u+ (1+ %)(−ν1)−1
∇∂t P = 0. (1-2)

As, by virtue of the mass equation, we have

∂t P = (P − ρP ′) div u− div(Pu),

the last term of (1-2) is indeed of lower order and can be bounded in Lr
T (L

p) whenever % is bounded and
belongs to some suitable Lebesgue space.

As we shall see in the present paper, working with w and % rather than with the original unknowns
u and ρ proves to be efficient if one is concerned with existence (and possibly uniqueness) results for
(0-1) with only bounded density. In fact, we shall implement the maximal regularity estimates on the
equation fulfilled by w, and bound % by means of the standard a priori estimates in Lebesgue spaces
for the transport equation. For technical reasons, however, it will be wise to replace (−ν1)−1 by its
nonhomogeneous version (Id− ν1)−1, which is much less singular.

That strategy will enable us to prove the following local-in-time result of existence for (0-1) supple-
mented with a rough initial density.2

Theorem 1.1. Let d ≥ 1. Let the pair (p, r) satisfy

d < p <∞ and 1< r <
2p

2p− d
, (1-3)

and define the pair of indices (r0, r1) by the relations

1
r0
=

1
r
− 1+

d
2p

and
1
r1
=

1
r
−

1
2
. (1-4)

Let the initial density ρ0 and velocity u0 satisfy

%0: = ρ0− 1 in (L p
∩ L∞)(Rd),

w0: = u0− v0 in Ḃ2−2/r
p,r , with v0 := −∇(Id− ν1)−1(P(ρ0)).

There exist ε > 0 and a time T > 0 such that, if

‖%0‖L∞ ≤ ε, (1-5)

then there exists a solution (ρ, u) to system (0-1)–(0-4) on [0, T ]×Rd with % := ρ− 1 satisfying

‖%‖L∞([0,T ]×Rd ) ≤ 4ε and % ∈ C([0, T ]; Lq) for all p ≤ q <∞,

and u = v+w with v := −∇(Id− ν1)−1(P(ρ)) in C([0, T ];W 1,q(Rd)) for all p ≤ q <∞, and

w ∈ C([0, T ]; Ḃ2−2/r
p,r )∩ Lr0

T (L
∞), ∇w ∈ Lr1

T (L
p) and ∂tw,∇

2w ∈ Lr
T (L

p).

That solution is unique if d = 1.

2The reader is referred to Section 2 below for the definition of the homogeneous Besov spaces Ḃs
p,r .
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If , in addition, u0 and %0 are in L2, and inf P ′ > 0 on [1− 4ε, 1+ 4ε], then the energy balance

1
2‖
√
ρ(t)u(t)‖2L2 +‖5(ρ(t))‖L1 +µ‖∇u‖2L2

t (L2)
+ λ‖ div u‖2L2

t (L2)
=

1
2‖
√
ρ0u0‖

2
L2 +‖5(ρ0)‖L1 (1-6)

holds true for all t ∈ [0, T ], where the function 5=5(z) is defined by the conditions 5(1)=5′(1)= 0
and 5′′(z)= P ′(z)/z.

Combining the above statement with Sobolev embeddings ensures that ∇w and div u are in L1
T (L

∞).
However, because the operator ∇2(Id− ν1)−1 does not quite map L∞ into itself (except if d = 1 of
course), there is no guarantee that the constructed velocity field u has gradient in L1

T (L
∞). This seems

to be the minimal requirement in order to get uniqueness of solutions (see, e.g., [Hoff 2002; Danchin
2014]). Keeping the model case (0-6) in mind, the question is whether adding up geometric hypotheses,
like interfaces or tangential regularity, ensures that property and, hopefully, uniqueness.

Motivated by the pioneering work [Chemin 1991; 1993], we shall assume that the initial density has
some “striated regularity” along a nondegenerate family of vector fields. To be more specific, we have to
introduce more notation and give some definitions. Before doing that, let us underline that propagating
tangential regularity for compressible flows means facing new difficulties compared to the incompressible
case, due to the fact that div u does not vanish anymore.

First of all, for any p in ]d,∞], we denote by L∞,p the space of all continuous and bounded functions
with gradient in L p(Rd). Now, for a given vector field Y in L∞,p, we are interested in the regularity of a
function f along Y , i.e., in the quantity

∂Y f :=
d∑

j=1

Y j∂ j f.

This expression is well-defined if f is smooth enough, in which case we have the identity

∂Y f = div( f Y )− f div Y. (1-7)

If f is only bounded (which, typically, will be the case if f is the density given by (0-6)), the above
right-hand side makes sense for any vector field Y in L∞,p, while ∂Y f has no meaning. Then we take the
right-hand side of (1-7) as a definition of ∂Y f .

In order to define striated regularity, fix a family X = (Xλ)1≤λ≤m of m vector fields with components
in L∞,p and suppose that it is nondegenerate, in the sense that

I (X ) := inf
x∈Rd

sup
3∈3m

d−1

∣∣ d−1
∧ X3(x)

∣∣1/(d−1)
> 0.

Here 3 ∈ 3m
d−1 means that 3 = (λ1, . . . , λd−1), with λi ∈ {1, . . . ,m} for all i and λi < λ j for i < j ,

while the symbol d−1
∧ X3 stands for the unique element of Rd such that

for all Y ∈ Rd ,
( d−1
∧ X3

)
· Y = det(Xλ1, . . . Xλd−1, Y ).

Then we set

‖Xλ‖L∞,p := ‖Xλ‖L∞ +‖∇Xλ‖L p and |‖X |‖L∞,p := sup
λ∈3

‖Xλ‖L∞,p .

More generally, whenever E is a normed space, we use the notation |‖X |‖E := supλ∈3 ‖Xλ‖E .
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Definition 1.2. Take a vector field Y ∈L∞,p for some p ∈ ]d,∞]. Given a function f ∈ L∞, we say that
f belongs to L

p
Y if div( f Y ) ∈ L p(Rd).

If X = (Xλ)1≤λ≤m is a nondegenerate family of vector fields in L∞,p then we set

L
p
X :=

⋂
1≤λ≤m

L
p
Xλ and ‖ f ‖L

p
X
:=

1
I (X )

(‖ f ‖L∞ |‖X |‖L∞,p + |‖div( f X )|‖L p).

The main motivation for Definition 1.2 is Proposition 2.12 below, which states that, if % is bounded and
if, in addition, % ∈ L

p
X for some nondegenerate family X of vector fields in L∞,p with d < p <∞, then

(ηId−1)−1
∇

2 f (%) is in L∞ for all η > 0 and smooth enough function f . That fundamental property
will enable us to consider data like (0-6) in a functional framework that ensures persistence of interface
regularity and uniqueness together, as stated just below.

Theorem 1.3. Let d≥1 and the pair (p, r) fulfill conditions (1-3). Consider initial data (ρ0, u0) satisfying
the same assumptions as in Theorem 1.1. Assume in addition that there exists a nondegenerate family
X0 = (X0,λ)1≤λ≤m of vector fields in L∞,p such that ρ0 belongs to L

p
X0

.
Then, there exists a time T > 0 and a unique solution (ρ, u) to system (0-1)–(0-4) on [0, T ]×Rd such

that % := ρ−1, v :=−∇(Id−ν1)−1(P(ρ)) and w := u−v satisfy the same properties as in Theorem 1.1.
Furthermore, ∇u belongs to L1([0, T ]; L∞(Rd)) and u has a flow ψu with bounded gradient that is the
unique solution of

ψu(t, x)= x +
∫ t

0
u(τ, ψu(τ, x)) dτ for all (t, x) ∈ [0, T ]×Rd . (1-8)

Finally, if we define X t,λ by the formula X t,λ(x) := ∂X0,λψu(t, ψ−1
u (t, x)) then, for all times t ∈ [0, T ],

the family Xt := (X t,λ)1≤λ≤m remains nondegenerate and in the space L∞,p, and the density ρ(t) belongs
to L

p
Xt

.

Let us make some comments on the proof of that second main result. As pointed out above, the striated
regularity hypothesis ensures that (Id− ν1)−1

∇
2 P is bounded. Since we know from Theorem 1.1 that

∇w is in L1
T (L

∞), one can conclude that also ∇u belongs to L1
T (L

∞). From this property and the remark
that, for all λ ∈3, one has

∂t Xλ+ u · ∇Xλ = ∂Xλu and ∂t div(ρXλ)+ div(div(ρXλ)u)= 0,

standard estimates for the transport equation will enable us to propagate the tangential regularity.
As regards the proof of uniqueness, we adopt the viewpoint in [Hoff 2006]: solutions with minimal

regularity are best if compared in a Lagrangian framework; that is, we compare the instantaneous states
of corresponding fluid particles in two different solutions rather than the states of different fluid particles
instantaneously occupying the same point of space-time. However, the proof that is proposed therein relies
on stability estimates in the negative Sobolev space Ḣ−1 for the density; at some point, it is crucial that
ρ ∈ Ḣ−1 implies P(ρ) is in Ḣ−1, too, a property that obviously fails when the pressure law is nonlinear.

In the present paper, adopting the Lagrangian viewpoint will enable us to avoid (for general pressure
laws) the loss of one derivative due to the hyperbolic part of system (0-1). As a matter of fact, we
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shall establish stability estimates for the (Lagrangian) velocity field directly in the energy space, and
the presence of variable coefficients owing to the initial density variations, either in front of the time
derivative or in the elliptic part of the evolution operator, will be harmless.

Let us finally state an important application of Theorem 1.3.

Corollary 1.4. Assume that ρ0 is given by (0-6) for some bounded domain D of class W 2,p with
d < p <∞.

Then, there exists ε > 0 such that, if |c1− c2| ≤ ε, then for any initial velocity field u0 satisfying the
conditions of Theorem 1.1, there exists T > 0 such that system (0-1)–(0-4) admits a unique solution (ρ, u).
Furthermore, the density at time t has a jump discontinuity along the interface of the domain Dt transported
by the flow of u, and ∂Dt keeps its W 2,p regularity.

We end this section with a list of possible extensions/improvements of our paper.

(1) All our results may be readily adapted to the case of periodic boundary conditions; indeed, our
techniques rely on Fourier analysis and thus hold true for functions defined on the torus.

(2) We expect a similar existence statement if the fluid domain is a bounded open set � with (say)
C2 boundary, and the system is supplemented with homogeneous Dirichlet boundary conditions for the
velocity. Indeed, in that setting, the Besov spaces may be defined by real interpolation from the domain
of the Lamé (or, equivalently the heat) operator and the maximal regularity estimates remain the same.
The reader may refer to [Danchin 2010] for an example of solving (0-1) in that setting, in the case of
density in W 1,p for some p > d.

Concerning the propagation of tangential regularity, the situation where the reference family of vector
fields does not degenerate at the boundary should be tractable with few changes (this is a matter of
adapting the work of N. Depauw [1999] to our system). This means that one can consider initial densities
like (0-6) provided the boundary of D does not meet that of �.

(3) To keep the paper a reasonable size, we refrained from considering the global existence issue for
rough densities. We plan to address that interesting question in the near future.

2. Tools

Here we introduce the main tools for our analysis. First of all, we recall basic facts about Littlewood–
Paley theory and Besov spaces. The next subsection is devoted to maximal regularity results. Finally, in
Section 2C we present key inequalities involving striated regularity.

2A. Littlewood–Paley theory and Besov spaces. We here briefly present Littlewood–Paley theory, as it
will come into play for proving our main result. We refer, e.g., to Chapter 2 of [Bahouri et al. 2011] for
more details. For simplicity of exposition, we focus on the Rd case; however, the whole construction can
be adapted to the d-dimensional torus Td.

First of all, let us introduce the so-called “Littlewood–Paley decomposition”. It is based on a nonho-
mogeneous dyadic partition of unity with respect to the Fourier variable: fix a smooth radial function χ
supported in the ball B(0, 2), equal to 1 in a neighborhood of B(0, 1) and such that r 7→ χ(re) is
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nonincreasing over R+ for all unitary vectors e ∈ Rd. Set

ϕ(ξ)= χ(ξ)−χ(2ξ) and ϕ j (ξ) := ϕ(2− jξ) for all j ≥ 0.

The nonhomogeneous dyadic blocks (1 j ) j∈Z are defined by3

1 j := 0 if j ≤−2, 1−1 := χ(D) and 1 j := ϕ(2− j D) if j ≥ 0.

We also introduce the following low-frequency cut-off operator:

S j := χ(2− j D)=
∑

k≤ j−1

1k for j ≥ 0, and S j = 0 for j < 0. (2-1)

It is well known that for any u ∈ S ′, one has the equality

u =
∑
j≥−1

1 j u in S ′.

Sometimes, we shall alternatively use the spectral cut-offs 1̇ j and Ṡ j that are defined by

1̇ j := ϕ(2− j D) and Ṡ j = χ(2− j D) for all j ∈ Z.

Note that we have
u =

∑
j∈Z

1̇ j u (2-2)

up to polynomials only, which makes decomposition (2-2) unwieldy. A way to have equality in (2-2) in the
sense of tempered distributions is to restrict oneself to elements u of the set S ′h of tempered distributions
such that

lim
j→−∞

‖Ṡ j u‖L∞ = 0.

It is now time to introduce Besov spaces.

Definition 2.1. Let s ∈ R and 1≤ p, r ≤∞:

(i) The nonhomogeneous Besov space Bs
p,r is the set of tempered distributions u for which

‖u‖Bs
p,r
:= ‖(2 js

‖1 j u‖L p) j≥−1‖`r <∞.

(ii) The homogeneous Besov space Ḃs
p,r is the subset of distributions u in S ′h such that

‖u‖Ḃs
p,r
:= ‖(2 js

‖1̇ j u‖L p) j∈Z‖`r <∞.

It is well known that Bs
2,2 coincides with H s (with equivalent norms) and that nonhomogeneous

(resp. homogeneous) Besov spaces are interpolation spaces between Sobolev spaces W k,p (resp. Ẇ k,p).
Furthermore, for all p ∈ ]1,∞[, one has the following continuous embeddings (see the proof in [Bahouri
et al. 2011, Chapter 2]):

Ḃ0
p,min(p,2) ↪→ L p ↪→ Ḃ0

p,max(p,2) and B0
p,min(p,2) ↪→ L p ↪→ B0

p,max(p,2).

We shall also often use the embeddings that are stated in the following proposition.

3Throughout f (D) stands for the pseudodifferential operator u 7→ F−1( f Fu).
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Proposition 2.2. Let 1 ≤ p1 ≤ p2 ≤∞. The space Bs1
p1,r1

(Rd) is continuously embedded in the space
Bs2

p2,r2
(Rd) if

s2 < s1− d
( 1

p1
−

1
p2

)
or s2 = s1− d

( 1
p1
−

1
p2

)
and r1 ≤ r2.

The space Ḃs1
p1,r1

(Rd) is continuously embedded in the space Ḃs2
p2,r2

(Rd) if

s2 = s1− d
( 1

p1
−

1
p2

)
and r1 ≤ r2.

Finally, we shall need the following continuity result.

Lemma 2.3. There exists a constant C , depending only on d, such that for all p ∈ [1,∞] we have

‖1(Id−1)−1 f ‖L p ≤ C‖ f ‖L p .

Proof. It suffices to notice that

1(Id−1)−1 f = (Id−1)−1 f − f

and that (Id−1)−1 maps L p to B2
p,∞ (see Proposition 2.78 of [Bahouri et al. 2011]) and hence to L p,

with a constant independent of p. �

Corollary 2.4. Let u solve the elliptic equation (Id−1)u = f in Rd, with f ∈ L p for some p ∈ [1,∞].
Then u ∈W 1,p(Rd), with 1u ∈ L p, and one has the estimate

‖u‖W 1,p +‖1u‖L p ≤ C‖ f ‖L p

for some positive constant C depending just on d.
If 1< p <∞, then u ∈W 2,p and we have

‖u‖W 2,p ≤ C‖ f ‖L p .

Proof. From Lemma 2.3, we gather that 1u ∈ L p; hence u =1u+ f belongs to L p too. This relation
in particular implies the control ‖u‖L p ≤ C‖ f ‖L p . At this point, the control of the gradient of u in L p

follows, e.g., from Gagliardo–Nirenberg inequalities (or a decomposition into low and high frequencies).
Finally, in the case 1< p <∞, having 1u ∈ L p implies ∇2u ∈ L p by Calderón–Zygmund theory. �

2B. Maximal regularity and propagation of L p norms. In this subsection we recall some results about
maximal regularity for the heat equation, and then extend them to the elliptic operator L defined in (0-3).
Those results will be essentially the key to Theorem 1.1, namely existence of solutions in an L p setting.

2B1. The case of the heat kernel. Here we focus on maximal regularity results for the heat semigroup,
as they will lead to similar ones for the Lamé semigroup generated by −L (see Section 2B2 below). We
first look at the propagation of regularity for the initial datum. Our starting point is the proposition below,
which corresponds to Theorem 2.34 of [Bahouri et al. 2011].

Proposition 2.5. Let s > 0 and (p, r) ∈ [1,∞]2. A constant C exists such that

C−1
‖z‖Ḃ−s

p,r
≤
∥∥‖t s/2et1z‖L p

∥∥
Lr (R+;dt/t) ≤ C‖z‖Ḃ−s

p,r
.
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Thus we deduce that, for all r ∈ [1,∞[, having z in Ḃ−2/r
p,r (Rd) is equivalent to the condition et1z ∈

Lr (R+; L p(Rd)). In particular, taking z =1u0 and assuming that u0 has critical regularity Ḃ−1+d/p
p,r (Rd)

for some p ∈ ]1,∞[ and r fulfilling

2−
2
r
=

d
p
− 1 with 1< r <∞, (2-3)

Proposition 2.5 combined with the classical L p theory for the Laplace operator implies that ∇2et1u0 is
in Lr (R+; L p(Rd)).

Note however that (2-3) gives the constraint d/3< p ≤ d, which is too restrictive for our scope: we
will need p > d in order to guarantee that ∇u is in L1([0, T ]; L∞(Rd)) for some T > 0 (see Section 3
for more details). This fact will preclude us from working in the critical regularity setting.

Before going on, let us introduce more notation: throughout this section, we will use an index j to
designate the regularity of Lebesgue exponents (p j , r j ) ∈ [1,∞]2 pertaining to the term ∇ j h.

According to Proposition 2.5, if u0 is in Ḃs2
p2,r2

with s2 = 2− 2/r2 and 1< p2, r2 <∞, then

∇
2et1u0 ∈ Lr2(R+; L p2(Rd)). (2-4)

Furthermore, we have

et1u0 ∈ Cb(R+; Ḃs2
p2,r2

) (2-5)

since

‖et1u0‖Ḃ
2−2/r2
p2,r2
∼ ‖∇

2et1u0‖Ḃ
−2/r2
p2,r2
∼

(∫
R+

‖eτ1(1et1u0)‖
r2
L p2 dτ

)1/r2

and, using the fact that the heat semigroup is contractive on L p2,∫
R+

‖eτ1(1et1u0)‖
r2
L p2 dτ ≤

∫
R+

‖eτ11u0‖
r2
L p2 dτ ≤ C‖1u0‖

r2

Ḃ
−2/r2
p2,r2

.

Time continuity in (2-5) just follows from the fact that S is densely embedded in L p2.
Next, by the embedding properties of Proposition 2.2, we have, if p1 ≥ p2 and r1 ≥ r2,

∇u0 ∈ Ḃs1
p1,r1

with s1 = 1− 2
r2
− d

( 1
p2
−

1
p1

)
.

In order to be in the position to apply Proposition 2.5 so as to get that ∇et1u0 ∈ Lr1(R+; L p1(Rd)), we
need to have in addition s1 < 0, that is to say,

2
r2
+

d
p2
−

d
p1
> 1. (2-6)

Then, defining r1 by
2
r2
+

d
p2
= 1+ 2

r1
+

d
p1
, (2-7)

we get

∇et1u0 ∈ Lr1(R+; L p1(Rd)). (2-8)
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Finally, let us consider et1u0. By critical embedding, we have, if p0 ≥ p2 and r0 ≥ r2,

u0 ∈ Ḃs0
p0,r0

, with s0 = 2− 2
r2
− d

( 1
p2
−

1
p0

)
.

If we want to resort again to Proposition 2.5, we need to have in addition that

s0 = 2− 2
r2
−

d
p1
< 0. (2-9)

Under that condition, choosing r0 so that s0 =−2/r0, that is to say, such that

2
r2
+

d
p2
= 2+ 2

r0
+

d
p0
, (2-10)

we end up with
et1u0 ∈ Lr0(R+; L p0(Rd)). (2-11)

Let us next consider the propagation of regularity for the forcing term in the heat equation. We start by
presenting the standard maximal Lr (L p) regularity for the heat semigroup (see the proof in [Lemarié-
Rieusset 2002, Lemma 7.3] for instance).

Lemma 2.6. Let us define the operator A2 by the formula

A2 : f 7→
∫ t

0
∇

2e(t−s)1 f (s, · ) ds.

Then A2 is bounded from Lr2(]0, T [; L p2(Rd)) to Lr2(]0, T [; L p2(Rd)) for every T ∈ ]0,∞] and
1< p2, r2 <∞. Moreover, there holds

‖A2 f ‖L
r2
T (L

p2 ) ≤ C‖ f ‖L
r2
T (L

p2 ).

As for the propagation of regularity for the first derivatives, we have the following statement.

Lemma 2.7. Assume that the Lebesgue exponents p1 and p2 fulfill 0 ≤ 1/p2 − 1/p1 < 1/d and that
1< r2 < r1 <∞ are related by (2-7). Let us define the operator A1 by

A1 : f 7→
∫ t

0
∇e(t−s)1 f (s, · ) ds.

Then A1 is bounded from Lr2(]0, T [; L p2(Rd)) to Lr1(]0, T [; L p1(Rd)) for every T ∈ ]0,∞[, and
there holds

‖A1 f ‖L
r1
T (L

p1 ) ≤ C‖ f ‖L
r2
T (L

p2 )

for a suitable constant C > 0 depending only on the space dimension d ≥ 1 and on p1, r1, p2, r2.

Proof. We use the fact that for all 0≤ s ≤ t ≤ T

∇e(t−s)1 f (s, x)=
√
π

(4π(t − s))(d+1)/2

∫
Rd

(x − y)
2
√
(t − s)

exp
(
−
|x − y|2

4(t − s)

)
f (s, y) dy

:=

√
π

(4π(t − s))(d+1)/2 K1

(
·

√
4(t − s)

)
∗x f (s, · ).
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Applying Young’s inequality in the space variables yields

‖∇e(t−s)1(1[0,T ] f )(s, · )‖L p1 ≤ C(t − s)−(d+1)/2
∥∥∥∥K1

(
·

√
4π(t − s)

)∥∥∥∥
Lm1

‖1[0,T ] f ‖L p2

≤ C(t − s)−β‖1[0,T ] f ‖L p2 ,

where we have defined m1 and β by

1
p1
+ 1= 1

m1
+

1
p2

and β =
d+1

2
−

d
2m1
=

1
2
+

d
2p2
−

d
2p1

.

Note that the conditions in the lemma ensure that β ∈
[ 1

2 , 1[. At this point, we apply the Hardy–Littlewood–
Sobolev inequality (see, e.g., Theorem 1.7 of [Bahouri et al. 2011]) with respect to time: since r1 and r2

satisfy 1/r1+ 1= 1/r2+β by hypothesis (2-7), we immediately get the claimed inequality. The lemma
is thus proved. �

We now state integrability properties concerning f itself, without taking any derivative.

Lemma 2.8. Assume that the Lebesgue exponents p0 and p2 fulfill 0 ≤ 1/p2 − 1/p0 < 2/d and that
1< r2 < r0 <∞ are related by (2-10). Define the operator A0 by the formula

A0 : f 7→
∫ t

0
e(t−s)1 f (s, · ) ds.

Let s2 := 2− 2/r2. Then A0 is bounded from Lr2(]0, T [; L p2) to Lr0(]0, T [; L p0)∩ C([0, T ]; Ḃs2
p2,r2

)

for every T ∈ ]0,∞], and there holds

‖A0 f ‖L∞T (Ḃ
s2
p2,r2 )
+‖A0 f ‖L

r0
T (L

p0 ) ≤ C‖ f ‖L
r2
T (L

p2 )

for a suitable constant C > 0 depending on the space dimension d ≥ 1 and on p0, r0, p2, r2.

Proof. The proof of the continuity in Lr0(]0, T [; L p0) goes as in Lemma 2.7: We start by writing

e(t−s)1 f (s, x)=
1

(4π(t − s))d/2

∫
Rd

exp
(
−
|x − y|2

4(t − s)

)
f (s, y) dy

:=
1

(4π(t − s))d/2
K0

(
·

√
4(t − s)

)
∗x f (s, · ).

Then, we apply Young’s inequality in the space variables and get, for every s > 0 fixed,

‖e(t−s)1(1[0,T ] f )(s, · )‖L p0 ≤ C(t − s)−d/2
∥∥∥∥K0

(
·

√
4π(t − s)

)∥∥∥∥
Lm0

‖1[0,T ] f ‖L p2

≤ C(t − s)−γ ‖1[0,T ] f ‖L p2 ,

where, exactly as before, we have defined m0 and γ by the relations

1+
1
p0
=

1
m0
+

1
p2

and γ =
d

2p2
−

d
2p0

.

Our assumptions ensure that γ ∈ ]0, 1[ and one may apply the Hardy–Littlewood–Sobolev inequality
with respect to time. Since r0 and r2 satisfy 1/r0+ 1= 1/r2+ γ by hypothesis (2-10), we immediately
get that A0 is bounded from Lr2

T (L
p2) to Lr0

T (L
p0).
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The second part of the statement is classical. Arguing by density, it suffices to establish that

‖A0 f (T )‖Ḃ
s2
p2,r2
≤ C‖ f ‖L

r2
T (L

p2 ).

To this end, we write, using Proposition 2.5 and an obvious change of variable, that

‖A0 f (T )‖Ḃ
s2
p2,r2
∼

(∫
∞

0
‖1et1A0 f (T )‖r2

L p2 dt
)1/r2

∼

(∫
∞

0

∥∥∥∥∫ T

0
1e(t+T−τ)1 f (τ ) dτ

∥∥∥∥r2

L p2

dt
)1/r2

≤ C
(∫

∞

T

∥∥∥∥∫ t ′

0
1e(t

′
−τ)1( f 1[0,T ])(τ ) dτ

∥∥∥∥r2

L p2

dt
)1/r2

.

Then using Lemma 2.6 to bound the right-hand side yields the claimed inequality. �

2B2. Maximal regularity results for the operator L. Here we want to extend the results of the previous
subsection to the elliptic operator L=−µ1− λ∇ div, under condition (0-2): for suitable initial datum
h0 and external force f , let us consider the equation{

∂t h+Lh = f,
h|t=0 = h0.

(2-12)

The following statement will be a key ingredient in the proof of our existence result.

Proposition 2.9. Let ((p j , r j )) j=0,1,2 satisfy

1< p2, r2 <∞, r2 < r0, r2 < r1, p0 ≥ p2, p1 ≥ p2,

and the relations (2-7) and (2-10). Let h0 be in Ḃs2
p2,r2

with s2 :=2−2/r2, and let f be in Lr2
loc(R+; L

p2(Rd)).
Let (µ, λ) ∈ R2 satisfy condition (0-2).

Then, for all T > 0, system (2-12) has a unique solution h in C([0, T ]; Ḃs2
p2,r2

) ∩ Lr0([0, T ]; L p0),
with ∇h ∈ Lr1([0, T ]; L p1) and ∂t h,∇2h ∈ Lr2([0, T ]; L p2). Moreover, there exists a constant C0 > 0
(depending just on µ, λ, d, p0, p1, p2 and r2) such that the following estimate holds true:

‖h‖L∞T (Ḃ
s2
p2,r2 )
+‖h‖L

r0
T (L

p0 )+‖∇h‖L
r1
T (L

p1 )+‖(∂t h,∇2h)‖L
r2
T (L

p2 )≤C0(‖h0‖Ḃ
s2
p2,r2
+‖ f ‖L

r2
T (L

p2 )). (2-13)

Proof. Let us write down the Helmholtz decomposition of the vector field h: denoting by P the Leray
projector onto the space of divergence-free vector fields and by Q the projector onto the space of irrotational
vector fields, we have h = Ph+Qh. Recall that we have in Fourier variables

F(Qh)(ξ)=
1
|ξ |2

(ξ · ĥ(ξ))ξ.

Hence P and Q are linear combinations of composition of Riesz transforms and thus act continuously on
L p for all 1< p <∞.

Now, applying those two operators to system (2-12), we discover that Ph and Qh satisfy the heat
equations

(∂t −µ1)Ph = P f and (∂t − ν1)Qh =Q f, with ν := µ+ λ,
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with initial data Ph0 and Qh0, respectively. Therefore, denoting by A the operator P or Q, and by α
either µ or ν, Duhamel’s formula gives us

Ah(t)= eαt1Ah0+

∫ t

0
eα(t−s)1A f (s) ds. (2-14)

For the term containing the initial datum, we apply (2-4), (2-5), (2-8) and (2-11), while for the source
term we apply Lemmas 2.6, 2.7 and 2.8. Therefore, we conclude by continuity of the operators P and Q

over L p for 1< p <∞, and over Ḃs
q,r for all s ∈ R and all (q, r) ∈ ]1,∞[2. �

2C. Tangential regularity. We establish here fundamental stationary estimates about propagation of
striated (or tangential) regularity in the L p setting.

Before starting the presentation, let us recall that the classical result on pseudodifferential operators
of order zero ensures that, if g ∈ L∞, then 1−1∂i∂ j g ∈ BMO. The main result of this subsection states
that, if g has suitable tangential regularity properties (similar to those exhibited in [Chemin 1991] for the
vortex patches problem), then 1−1∂i∂ j g is in L∞. Our starting point is an adaptation of Lemma 5.1 in
[Paicu and Zhang 2017] enabling us to handle the operator ∇(ηId−1)−1, valid in any dimension and for
nonzero divergence vector fields.

Before stating that lemma, the proof of which is postponed in the Appendix, let us introduce, for m ∈R,
the class Sm of symbols of order m, that is, the space of C∞(Rd) functions σ such that for all α ∈ Nd

there exists Cα > 0 satisfying, for all ξ ∈ Rd ,

|ψασ(ξ)| ≤ Cα(1+ |ξ |)m−|α|.

Lemma 2.10. Let 1 < p < ∞. Consider a vector field X in L∞,p and a function g ∈ L∞ such that
∂X g ∈ L p. Let σ be a smooth Fourier multiplier in the class S−1. Then, for any fixed 0 < s < 1, the
following estimate holds true:

‖ψXσ(D)g‖Bs
p,∞
≤ C(‖ψX g‖L p +‖∇X‖L p‖g‖L∞).

Since the nonhomogeneous Besov space Bs
p,∞ is embedded in L∞ whenever s > d/p, Lemma 2.10

implies the following fundamental result.

Corollary 2.11. Assume that d < p <∞, and consider a vector field X in L∞,p and a function g ∈ L∞

such that ∂X g ∈ L p. Then, for any Fourier multiplier σ in the class S−1, there exists a constant C > 0
such that

‖ψXσ(D)g‖L∞ ≤ C(‖ψX g‖L p +‖∇X‖L p‖g‖L∞).

From the previous results, we immediately obtain the following fundamental stationary estimate.

Proposition 2.12. Fix p ∈ ]d,∞[ and an integer m ≥ d − 1, and take a nondegenerate family X =
(Xλ)1≤λ≤m of vector fields belonging to L∞,p. Let g ∈ L∞(Rd) be such that g ∈ L

p
X .

Then for all η > 0, one has the property

(ηId−1)−1
∇

2g ∈ L∞(Rd).
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Moreover, there exists a positive constant C such that the following estimates hold true:

‖∇
2(ηId−1)−1g‖L∞ ≤ C

((
1+
|‖X |‖4d−5

L∞ |‖∇X |‖L p

(I (X ))4d−4

)
‖g‖L∞ +

|‖X |‖4d−5
L∞

(I (X ))4d−4 |‖∂X g|‖L p

)
.

Proof. Fix some 3 := (λ1, . . . , λd−1) ∈ 3
m
d−1, and consider the set U3 of those x ∈ Rd such that one

has
( d−1
∧ X3

)
(x)≥ (I (X ))d−1. By Lemma 3.2 of [Danchin 1999], there exists a family of functions bk`

i j ,
where (i, j, k) ∈ {1, . . . , d}3 and ` ∈ {1, . . . , d − 1}, which are homogeneous of degree 4d − 5 with
respect to the coefficients of (Xλ1, . . . , Xλd−1) and such that the following identity holds true on U3 for
all ξ ∈ Rd :

ξiξ j =

( d−1
∧ X3(x)

)i( d−1
∧ X3(x)

) j∣∣ d−1
∧ X3(x)

∣∣2 |ξ |2+
1∣∣d−1

∧ X3(x)
∣∣4 ∑

k,`

bk`
i j ξk(Xλ`(x) · ξ).

Then, we multiply both sides by (η+ |ξ |2)−1ĝ(ξ) and take the inverse Fourier transform at x :

(ηId−1)−1∂i∂ j g =

( d−1
∧ X3

)i( d−1
∧ X3

) j∣∣ d−1
∧ X3

∣∣2 1(ηId−1)−1g+
1∣∣d−1
∧ X3

∣∣4 ∑
k,`

bk`
i j ∂Xλ` (∂k(ηId−1)−1g).

Hence, thanks also to Lemma 2.3, for all 3 ∈3d−1, we deduce the following bound on the set U3:

‖(ηId−1)−1∂i∂ j g‖L∞(U3) ≤ ‖g‖L∞ +
C

(I (X ))4d−4

∑
`

‖X3‖4d−5
L∞ ‖∂Xλ` (∇(ηId−1)−1g)‖L∞ . (2-15)

In order to bound the last term in the right-hand side, we apply Corollary 2.11: we get, for some
constant C > 0 also depending on d and on p, the estimate

‖∂Xλ` (∇(ηId−1)−1g)‖L∞ ≤ C(‖∂Xλ` g‖L p +‖g‖L∞‖∇Xλ`‖L p).

Inserting this bound into (2-15) immediately gives us the result. �

We conclude this part by presenting a new estimate concerning tangential regularity. This statement,
which will be proved in the Appendix, turns out to be of tremendous importance to exhibiting the Lipschitz
regularity of the velocity field u; see Section 4A below.

Proposition 2.13. Let the hypotheses of Proposition 2.12 be in force. Then there exists a constant C > 0
such that, for all η > 0, the following estimate holds true:

|‖∂X∇
2(ηId−1)−1g|‖L p ≤ C

(
|‖∇X |‖L p

(
1+
|‖X |‖4d−5

L∞ |‖∇X |‖L p

(I (X ))4d−4

)
‖g‖L∞

+

(
1+
|‖X |‖4d−5

L∞ |‖∇X |‖L p

(I (X ))4d−4

)
|‖∂X g|‖L p+

|‖X |‖4d−4
L∞

(I (X ))4d−4 |‖∇X |‖L p‖g‖L∞

)
.

3. An existence statement for almost critical data and only bounded density

The goal of the present section is to prove Theorem 1.1. After reformulating the original system (0-1),
we establish a priori estimates on smooth solutions, and then provide the reader with the construction of a
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family of approximate smooth solutions to our (new) system. As a last step, we show the convergence of
the sequence to a true solution.

3A. Reformulation of the system. In all that follows, we assume for notational simplicity that ν = 1.
This is of course not restrictive, owing to the change of unknowns

(ρ̃, ũ)(t, x) := (ρ, u)(νt, νx). (3-1)

First of all, we want to reformulate our system in terms of new unknowns, to which maximal regularity
results of Section 2B apply. As already explained at the beginning of the paper, in order to handle the
pressure term, it is convenient to introduce the auxiliary vector field

v := −∇(Id−1)−1 P (3-2)

and the modified velocity field

w := u− v = u+∇(Id−1)−1 P. (3-3)

For future use, we observe that

div u = divw−1(Id−1)−1 P. (3-4)

We want to reformulate system (0-1) in terms of the new unknowns (%,w), keeping in mind that
estimates for v may be deduced from those for %, and that combining with information on w enables us
to bound the original velocity field u. From the first equation of (1-1) and relation (3-4), we immediately
deduce that

∂t%+ u · ∇% =−ρ divw+ ρ1(Id−1)−1 P, (3-5)

with ρ := 1+ % and u := w−∇(Id−1)−1 P.
Regarding w, we see from the second equation of (1-1) and (3-3) that

ρ∂tw−µ1w− λ∇ divw =−(Id−1)−1
∇P − ρu · ∇u− ρ(Id−1)−1

∇ψt P.

Using once again the mass equation in (0-1), we find

∂t P + div(Pu)= g(ρ) div u, with g(ρ) := P(ρ)− ρP ′(ρ),

so that the equation for w can be recast as

ρ∂tw+Lw =−ρF, (3-6)

with

F = 1
ρ
(Id−1)−1

∇P+w ·∇w+w ·∇v+v ·∇w+v ·∇v+ (Id−1)−1
∇(g(ρ) div u−div(Pu)). (3-7)

The existence part of Theorem 1.1 will be a consequence of the following statement.

Proposition 3.1. Let %0 ∈ L p
∩ L∞(Rd) and w0 ∈ Ḃ2−2/r

p,r , with

d < p <∞ and 1< r <
2p

2p− d
. (3-8)
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Define r0 and r1 by
1
r0
:=

1
r
+

d
2p
− 1 and 1

r1
:=

1
r
−

1
2
. (3-9)

There exists some small enough constant ε > 0 depending only on d , p and r , such that, if in addition %0

fulfills (1-5), then there exist a time T > 0 and a weak solution (%,w) to system (3-5)–(3-6) on [0, T [×Rd

such that % ∈ C([0, T ]; L p) and

‖%‖L∞T (L
∞) ≤ 4ε, (3-10)

and w ∈ C([0, T ]; Ḃ2−2/r
p,r ) ∩ Lr0([0, T ]; L∞(Rd)), with ∇w ∈ Lr1([0, T ]; L p(Rd)) and ∂tw,∇

2w ∈

Lr ([0, T ]; L p(Rd)).
If in addition to the above hypotheses, we have inf P ′ > 0 on [1− 4ε, 1+ 4ε] and %0, u0 ∈ L2(Rd),

where u0 := w0+ v0 and v0 is defined as in the statement of Theorem 1.1, then u := w−∇(Id−1)−1 P
fulfills u ∈ L∞T (L

2)∩ L2
T (H

1) and the energy equality (1-6) holds true.

3B. A priori bounds for smooth solutions. We start by establishing a priori estimates for smooth solu-
tions to the new system (3-5)–(3-6). Our goal is to “close the estimates” in the space

ET :=
{
(%,w) ∈ L∞T (L

p
∩ L∞)× (C([0, T ]; Ḃ2−2/r

p,r )∩ Lr0
T (L

∞))
∣∣ ∇w ∈ Lr1

T (L
p), ∇2w ∈ Lr2

T (L
p)
}

for some small enough T > 0.
We define

N (T ) := ‖%‖L∞T (L
p∩L∞)+‖w‖L∞T (Ḃ

2−2/r
p,r )∩L

r0
T (L

∞)
+‖∇w‖L

r1
T (L

p)+‖(∂tw,∇
2w)‖Lr

T (L
p). (3-11)

As it fulfills a transport equation, it is easy to propagate any Lebesgue norm Lq for % once we know
that div u is in L1

T (L
∞) and that the right-hand side of (3-5) is in L1

T (L
q). Given the expected properties

on w, this will give us the constraint q ≥ p. As for (3-6), we want to apply the maximal regularity
estimates given by Proposition 2.9.

3B1. Bounds for the density. Throughout, we fix some ε > 0 and constant C > 0 so that (recall that
P(1)= 0)

|P(z)| ≤ C |z− 1| for all z ∈ [1− 4ε, 1+ 4ε]. (3-12)

As a first step, let us establish estimates for the density term. Let us take some q ∈ [p,∞[. By
multiplying (3-5) by |%|q−2% and integrating in space, we easily get

1
q

d
dt
‖%‖

q
Lq −

1
q

∫
|%|q div u+

∫
|%|q divw+

∫
%|%|q−2 divw =

∫
(%+ 1)%|%|q−21(Id−1)−1 P.

By (3-4), one can rewrite the previous relation as

1
q

d
dt
‖%‖

q
Lq +

(
1− 1

q

) ∫
|%|q(divw−1(Id−1)−1 P)=

∫
%|%|q−2(1(Id−1)−1 P − divw),
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which immediately implies

‖%(t)‖Lq ≤ ‖%0‖Lq +

(
1− 1

q

) ∫ t

0
‖%‖Lq‖1(Id−1)−1 P − divw‖L∞ dτ

+

∫ t

0
‖1(Id−1)−1 P − divw‖Lq dτ.

Of course, passing to the limit q →∞, we see that the same inequality holds true for q =∞. Then,
using Lemma 2.3 and the fact that, under (3-12), we have

‖P‖Lr ≤ C‖%‖Lr for all r ∈ [1,∞], (3-13)

an application of Gronwall’s lemma implies that, for all q ∈ [p,∞], there holds

‖%(t)‖Lq ≤ eCt+
∫ t

0 ‖ divw‖L∞dτ
(
‖%0‖Lq +

∫ t

0
‖ divw‖Lq dτ

)
. (3-14)

Define now the time T > 0 as

T := sup
{

t > 0
∣∣∣∣ Ct +

∫ t

0
‖ divw‖L∞ dτ ≤ log 2 and

∫ t

0
‖ divw‖L∞ ≤ ε

}
; (3-15)

then, on [0, T ] one has, owing to (3-14),

‖%(t)‖L∞ ≤ 2‖%0‖L∞ + 2ε.

Hence, if we take the initial density satisfying (1-5), for ε fixed in (3-12) above, then we get (3-10).

3B2. Bounds for w. Throughout we fix the time T > 0 as defined in (3-15) and assume that (3-10) is
fulfilled. Then, applying Proposition 2.9 to (3-6) with (p0, p1, p2) = (∞, p, p), r2 = r and (r0, r1)

according to (3-9), we get, treating the term %∂tw as a perturbation,

‖w‖L∞T (Ḃ
2−2/r
p,r )∩L

r0
T (L

∞)
+‖∇w‖L

r1
T (L

p)+‖(∂tw,∇
2w)‖Lr

T (L
p)

≤ C0(‖w0‖Ḃ2−2/r
p,r
+‖%‖L∞T (L

∞)‖∂tw‖Lr
T (L

p)+‖F‖Lr
T (L

p))

for a suitable constant C0 > 0. Now, assuming that ε in (1-5) has been fixed so small that

8C0ε ≤ 1, (3-16)

thanks to (3-10) we gather the estimate

‖w‖L∞T (Ḃ
2−2/r
p,r )∩L

r0
T (L

∞)
+‖∇w‖L

r1
T (L

p)+‖(∂tw,∇
2w)‖L

r2
T (L

p) ≤ 2C0(‖w0‖Ḃ2−2/r
p,r
+‖F‖Lr

T (L
p)). (3-17)

Our next goal is to bound F, defined by (3-7). First of all, as the operator∇(Id−1)−1 maps continuously
Lq into W 1,q for any 1< q <∞, one deduces that

‖v‖W 1,q ≤ C‖%‖Lq , (3-18)

where v is the vector field defined in (3-2). Hence, the first term in (3-7) can be bounded, thanks to (3-13),
in the following way:

‖(Id−1)−1
∇P‖Lr

T (L
p) ≤ CT 1/r

‖%‖L∞T (L
p). (3-19)
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Next, we estimate the transport terms of F by means of Hölder inequality, using that

1
r
−

1
r0
−

1
r1
=

3
2
−

1
r
−

d
2p
=

1
2
−

1
r0
> 0.

We get the inequality

‖w · ∇w+w · ∇v+ v · ∇w+ v · ∇v‖Lr
T (L

p)

≤ CT 1/2−1/r0(‖v‖L
r0
T (L

∞)
+‖w‖L

r0
T (L

∞)
)(‖∇v‖L

r1
T (L

p)+‖∇w‖L
r1
T (L

p)). (3-20)

Hence, using the definition of N (T ) and (3-18), inequality (3-20) becomes

‖w · ∇w+w · ∇v+ v · ∇w+ v · ∇v‖Lr
T (L

p) ≤ CT 1/2−1/r0(1+ T 1/r0)(1+ T 1/r1)N 2(T ). (3-21)

Let us now consider the term ∇(Id−1)−1 div(Pu) occurring in the definition of F. From Corollary 2.4
and (3-10), combined with the continuity of the function P, we deduce that

‖∇(Id−1)−1 div(Pu)‖Lr
T (L

p) ≤ C‖Pu‖Lr
T (L

p)

≤ CT 1/r−1/r0−1/r1‖P‖L
r1
T (L

p)(‖v‖L
r0
T (L

∞)
+‖w‖L

r0
T (L

∞)
)

≤ CT 1/r−1/r0‖%‖L∞T (L
p)(T 1/r0‖%‖L∞T (L

∞)+‖w‖L
r0
T (L

∞)
).

Hence, using the definition of N (T ), we get

‖∇(Id−1)−1 div(Pu)‖Lr
T (L

p) ≤ CT 1/r−1/r0(1+ T 1/r0)N 2(T ). (3-22)

To handle the last term of F, we write

∇(Id−1)−1(g(ρ) div u)= g(1)∇(Id−1)−1 div u+∇(Id−1)−1((g(ρ)− g(1)) div u).

To bound the first term, we use that, thanks to (3-4),

∇(Id−1)−1 div u =∇(Id−1)−1 divw+∇(Id−1)−21P.

Because both ∇(Id−1)−1 and ∇(Id−1)−21 map L p to itself, we get

‖∇(Id−1−1) div u‖Lr
T (L

p) ≤ C(T 1/2
‖∇w‖L

r1
T (L

p)+ T 1/r
‖P‖L∞T (L

p))≤ C(T 1/2
+ T 1/r )N (T ).

Similarly, we have

‖∇(Id−1)−1((g(ρ)− g(1)) div u)‖Lr
T (L

p) ≤ C‖(g(ρ)− g(1)) div u‖Lr
T (L

p)

≤ CT 1/r−1/r0−1/r1‖%‖L
r0
T (L

∞)
‖ div u‖L

r1
T (L

p);

so, keeping in mind (3-4), one can conclude that∥∥∇(Id−1)−1((g(ρ)− g(1)) div u
)∥∥

Lr
T (L

p)
≤ CT 1/2(1+ T 1/r1)N 2(T ). (3-23)

In the end, plugging the inequalities (3-14) and (3-19)–(3-23) into (3-17), whenever relation (3-10) is
fulfilled, we get

N (T )≤ C
(
‖%0‖L p∩L∞ +‖w0‖Ḃ2−2/r

p,r
+ (T 1/2

+ T 1/r )N (T )+ (T 1/2−1/r0 + T 1/r )N 2(T )
)
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for some constant C depending only on the pressure function and on the regularity parameters. From that
inequality and a standard bootstrap argument, one may conclude that there exists a time T > 0, depending
only on the norm of the initial data, such that

N (T )≤ 2C(‖%0‖L p∩L∞ +‖w0‖Ḃ2−2/r
p,r

). (3-24)

3B3. Classical energy estimates. We establish here energy estimates for solutions to system (0-1), under
the additional assumption that u0 ∈ L2. The computations being quite standard, we only sketch the
arguments, and refer the reader to, e.g., Chapter 5 of [Lions 1998] for the details: we take the L2 scalar
product of the momentum equation in (0-1) with u, integrate by parts and make use of the mass equation.
Defining 5 as in the statement of Theorem 1.1, we end up with the relation

1
2

d
dt

∫
ρ|u|2 dx + d

dt

∫
5(ρ) dx +µ

∫
|∇u|2 dx + λ

∫
| div u|2 dx = 0.

The previous relation, after integration in time, leads to the classical energy balance (1-6).
Now, keeping in mind the smallness assumption (1-5), we gather that if inf P ′ > 0 on [1− 4ε, 1+ 4ε]

then it holds on [0, T ] that

C−1
‖%(t)‖2L2 ≤ ‖5(ρ(t))‖L1 ≤ C‖%(t)‖2L2 .

Hence, by the hypotheses on the initial data, we get that the right-hand side of (1-6) is finite, and then,
for all t ∈ [0, T ], one has that

√
ρu belongs to L∞t (L

2), % ∈ L∞t (L
2) and ∇u ∈ L2

t (L
2).

To make a long story short, one can eventually assert that for all t ∈ [0, T ], we have

‖u(t)‖2L2 +

∫ t

0
‖∇u(τ )‖2L2 dτ +‖%(t)‖2L2 ≤ C (3-25)

for some C > 0 just depending on the initial energy, on P and on ε.

3C. The proof of existence. In this subsection, we derive, from the estimates of the previous part, the
existence of a weak solution to system (3-5)–(3-6).

We start by smoothing out the initial data (%0, u0) by convolution with a family of nonnegative
mollifiers:

%n
0 := χ

n
∗ %0 and un

0 := χ
n
∗ u0.

Then %n
0 still satisfies (1-5), and both %n

0 and un
0 belong to all Sobolev spaces W k,p, with k ∈N. Note that

one can in addition multiply the regularized data by a family of cut-off functions, to have %n
0 and un

0 in L2,
which enables us to apply Theorem A of [Mucha 2001].4 We get a sequence of solutions (%n, un) on
[0, T n

] (with T n > 0) to (0-1), supplemented with initial data (1+ %n
0 , un

0), fulfilling (1-5), the energy
balance (1-6), and the properties

%n
∈ C([0, T n

];W 1,p), un
∈ C([0, T n

]; L2), ∂tw
n,∇2wn

∈ Lr ([0, T n
]; L p).

4Actually, [Mucha 2001] concentrates on the R3 case but very small changes allow one to get a similar result in Rd provided
p> d . One can alternatively use [Danchin 2001], which proves local-in-time existence in Besov spaces with subcritical regularity.
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Furthermore, by taking advantage of (3-24), one can exhibit some T > 0, depending only on norms of
(%0, u0), such that T n

≥ T for all n ∈N, and eventually get, for some constant C depending only on p, r ,
d and ε, the bound

‖%n
‖L∞T (L

p∩L∞)+‖w
n
‖L∞T (Ḃ

2−2/r
p,r )∩L

r0
T (L

∞)
+‖∇wn

‖L
r1
T (L

p)+‖(∂tw
n,∇2wn)‖Lr

T (L
p)

≤ C(‖%0‖L p∩L∞ +‖w0‖Ḃ2−2/r
p,r

).

The previous inequality ensures the weak-? convergence (up to an extraction of a subsequence) of
(%n, wn) to some (%,w) in the space ET .

Strong convergence properties are still needed, in order to pass to the limit in the weak formulation
of the equations, and show that (%,w) is indeed a solution of system (3-5)–(3-6). In order to glean strong
compactness, it suffices to use the fact that the above uniform bound also provides a control on the first-
order time derivatives in sufficiently negative Sobolev spaces, through the equation fulfilled by (%n, wn).
Then one can combine with the Ascoli theorem and interpolation, to get strong convergence, which turns
out to be enough to pass to the limit in the equation satisfied byw. In order to justify that % satisfies the mass
equation, one can repeat the arguments of [Huang et al. 2013] (see also [Lions 1998]) which in particular
imply that %n

→% (up to subsequence) in C([0, T ]; Lq) for all p≤q<∞. The details are left to the reader.
Finally, once it is known that (%,w) satisfy the desired equation, one can recover time continuity for

w by taking advantage of Proposition 2.9.
To prove that the energy balance is fulfilled in the case where inf P ′ > 0 on [1− 4ε, 1+ 4ε] and

%0, u0 ∈ L2, we just have to observe that it is satisfied by (ρn, un) (with the regularized data) for all
n ∈ N and that having %0 ∈ L2 guarantees that %n

→ % in C([0, T ]; L2). This implies that vn
→ v in

C([0, T ]; H 1). Furthermore, the compactness properties of (wn) that have been pointed out just above
ensure that wn

→ w in L2([0, T ]; H 1
loc)∩ L∞([0, T ]; L2

loc). Finally, since

1
2‖
√
ρ(t)u(t)‖2L2 +‖5(ρ(t))‖L1 +µ‖∇u‖2L2

t (L2)
+ λ‖ div u‖2L2

t (L2)

= lim
R→∞

(
1
2

∫
B(0,R)

(ρ(t, x)|u(t, x)|2+5(ρ(t, x))) dx +
∫ t

0

∫
B(0,R)

(µ|∇u|2+ λ(div u)2) dx dτ
)
,

and because the aforementioned properties of convergence enable us to pass to the limit in the right-hand
side for any R > 0, we get the desired energy balance.

Proposition 3.1 is thus completely proven, and so is Theorem 1.1 (apart from uniqueness if d = 1,
which will be discussed at the beginning of the next section).

4. Tangential regularity and uniqueness

The main goal of this section is to prove uniqueness of solutions to (0-1) in the previous functional
framework. According to the pioneering work [Hoff 2006] or to the recent paper [Danchin 2014] by the
first author, the condition ∇u ∈ L1

T (L
∞) seems to be the minimal requirement in order to get uniqueness.

Recall that (still assuming ν = 1 for notational simplicity)

∇u =∇w+∇2(Id−1)−1 P(ρ). (4-1)
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By Proposition 3.1 and Sobolev embeddings, we immediately get that ∇w is in L1
T (L

∞). So is the
last term of (4-1) if the space dimension is 1 since P(ρ) is bounded and ∂2

xx(Id− ∂
2
xx)
−1 maps L∞

to L∞. If d ≥ 2, however, then the property that P is bounded ensures only (by Calderón–Zygmund
theory) that ∇2(Id−1)−1 P is in BMO. Having Proposition 2.12 in mind, this prompts us to make an
additional tangential regularity type assumption so as to guarantee that, indeed, ∇2(Id−1)−1 P belongs
to L∞.

In the rest of this section, we thus assume the following tangential regularity hypothesis: for p ∈ ]d,∞[,
there exists a nondegenerate family X0= (X0,λ)1≤λ≤m of vector fields in L∞,p such that the initial density ρ0

belongs to the space L
p
X0

(see Definition 1.2 above).

4A. Propagation of tangential regularity. In this subsection we establish a priori estimates for striated
regularity of the density of a smooth enough solution (%, u) to system (3-5)–(3-6). From those bounds,
we will infer a control on the Lipschitz norm of u. Throughout this section, we shall use the notation

U (t) :=
∫ t

0
‖∇u(τ )‖L∞ dτ.

4A1. Bounds for the tangential vector fields. Let us generically denote by X0 one of the vector fields
of the family X0. It is well known that the evolution of X0 along the velocity flow is the solution to the
transport equation {

(∂t + u · ∇)X = ∂X u,
X |t=0 = X0,

(4-2)

where the notation ∂X u was introduced in (1-7).
For all t ≥ 0, we then define the family X (t) := (Xλ(t))1≤λ≤m , where Xλ stands for the solution to

system (4-2), supplemented with initial datum X0,λ.
Our goal, now, is to establish some bounds on each vector field X (t) of the family X (t). They are

based on classical estimates for transport equations in the spirit of those of Section 3B1.
First of all, the standard L∞ estimate for (4-2) leads us to the inequality

‖X (t)‖L∞ ≤ ‖X0‖L∞eU (t). (4-3)

Next, arguing exactly as in Proposition 4.1 of [Danchin 1999] (one needs to pass through the flow
associated to u) yields

I (X (t))≥ I (X0)e−U (t), (4-4)

which ensures that the family X (t) remains nondegenerate whenever U (t) stays bounded.
Finally, differentiating (4-2) with respect to the space variable x j , we get

∂t∂ j X + u · ∇∂ j X =−∂ j u · ∇X + ∂ j∂X u,

which leads to

‖∇X (t)‖L p ≤ ‖∇X (0)‖L p +

∫ t

0
(C‖∇u‖L∞‖∇X‖L p +‖∇∂X u‖L p) dτ. (4-5)



298 RAPHAËL DANCHIN, FRANCESCO FANELLI AND MARIUS PAICU

Observe that, for all 1≤ j ≤ d, we have the relation

∂ j∂X u = ∂ j X · ∇u+ ∂X∂ j u,

where the former term is easily bounded in L p by the quantity ‖∇X‖L p‖∇u‖L∞ . Then, taking advantage
of Gronwall’s inequality, we get

‖∇X (t)‖L p ≤ eCU (t)
(
‖∇X0‖L p +

∫ t

0
e−CU (τ )

‖∂X∇u‖L p dτ
)
. (4-6)

4A2. Propagation of striated regularity for the density. We now show propagation of tangential regularity
for the density function. To begin, we recast the first equation of (0-1) in the form

∂tρ+ u · ∇ρ =−ρ div u. (4-7)

Next, we multiply the previous relation by X : by virtue of (4-2), we find

∂t(ρX)+ u · ∇(ρX)+ ρX div u− ρ∂X u = 0.

Taking the divergence of the obtained relation, straightforward computations lead to the equation

∂t div(ρX)+ u · ∇ div(ρX)=− div u div(ρX).

From it, repeating the computations of Section 3B1, we deduce that

‖ div(ρ(t)X (t))‖L p ≤ eCU (t)
‖ div(ρ0 X0)‖L p . (4-8)

Thanks to the previous estimate and to the relation

div(P(ρ)X)= (P(ρ)− ρP ′(ρ)) div X + P ′(ρ) div(ρX),

one easily gathers the propagation of tangential regularity also for the pressure term:

‖ div(P(ρ)X)‖L p ≤ ‖P(ρ)− ρP ′(ρ)‖L∞‖ div X‖L p +‖P ′(ρ)‖L∞‖ div(ρX)‖L p

≤ C(‖∇X‖L p +‖ div(ρX)‖L p),

where, in writing the last inequality, we have used (3-12) and (3-10). For future use, we also notice that,
by the previous estimate and (1-7), we have

‖∂X P(ρ)‖L p ≤ C(‖∇X‖L p +‖ div(ρX)‖L p). (4-9)

4A3. Final estimates for the gradient of the velocity. In this subsection, we complete the proof of
propagation of striated regularity, and exhibit a bound for ∇u in L1

T0
(L∞), for some time T0 > 0

depending only on suitable norms of the data.
First, we want to control the L p norm of ∇X which, in light of inequality (4-6), requires bounding

the quantity ‖∂X∇u‖L p . Here lies the main difficulty, compared to the standard result of propagation of
striated regularity for incompressible flows. On the one hand, the part of this term corresponding to Pu
may be bounded quite easily since Pu = Pw (note that u−w is a gradient) and estimates on the second
derivatives are thus available through the maximal regularity results that have been proved before. On
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the other hand, Qu has a part involving w (which is fine, exactly as before) and another one depending
on P(ρ). Here Proposition 2.13 will come into play. More precisely, we use relation (4-1) to write

∂X∇u = ∂X∇w+ ∂X∇
2(Id−1)−1 P(ρ). (4-10)

Bounding the first term is easy: thanks to Section 3B2 and (4-3), we have

‖∂X∇w‖L p ≤ ‖X‖L∞‖∇
2w‖L p ≤ eU

‖X0‖L∞‖∇
2w‖L p . (4-11)

Recall that, thanks to Theorem 1.1 and especially estimate (3-24), the quantity ‖∇2w‖L p is in Lr
T , and

thus in L1
T .

For the last term in (4-10), Proposition 2.13, guarantees that

‖∂X∇
2(Id−1)−1 P(ρ)‖L p ≤ C

(
|‖∇X |‖L p

(
1+
|‖X |‖4d−5

L∞ |‖∇X |‖L p

(I (X ))4d−4

)
‖P(ρ)‖L∞

+

(
1+
|‖X |‖4d−5

L∞ |‖∇X |‖L p

(I (X ))4d−4

)
|‖∂X P(ρ)|‖L p

+
|‖X |‖4d−4

L∞

(I (X ))4d−4 |‖∇X |‖L p‖P(ρ)‖L∞

)
.

In view of estimates (3-24) and (4-9), this implies that (taking C larger if need be)

‖∂X∇
2(Id−1)−1 P(ρ)‖L p

≤ C
(
(|‖∇X |‖L p + |‖div(ρX )|‖L p)

(
1+
|‖X |‖4d−5

L∞ |‖∇X |‖L p

(I (X ))4d−4

)
+
|‖X |‖4d−4

L∞

(I (X ))4d−4 |‖∇X |‖L p

)
.

At this point, we use the bounds (4-3), (4-4) and (4-8). Including a dependence on |‖X0|‖L∞ , I (X0)

and |‖div(ρ0X0)|‖L p in C , we deduce for some constant cd depending only on d

‖∂X∇
2(Id−1)−1 P(ρ)‖L p

≤ C
(
|‖∇X |‖L p(1+ ecdU

|‖∇X |‖L p)+ (1+ ecdU
|‖∇X |‖L p)eU

+ e(cd+1)U
|‖∇X |‖L p

)
.

Changing cd to cd + 1, the previous relation finally leads us to the bound

‖∂X∇
2(Id−1)−1 P(ρ)‖L p ≤ CecdU (1+ |‖∇X |‖2L p). (4-12)

Putting estimates (4-11) and (4-12) together, we finally gather

‖∂X∇u‖L p ≤ CecdU (1+ |‖∇X |‖2L p +‖∇
2w‖L p). (4-13)

At this point, define the time T1 to satisfy

T1 := sup{t ∈ ]0, T ] |U (t)≤ log 2}, (4-14)

where T > 0 is the time given by Proposition 3.1.
Then, changing C if need be, estimate (4-13) implies that, on [0, T1], one has

‖∂X∇u‖L p ≤ C(1+ |‖∇X |‖2L p +‖∇
2w‖L p).
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Inserting now this bound in (4-6) and using also (3-24), we find that, for all λ ∈ {1, . . . ,m},

‖∇Xλ(t)‖L p ≤ 2
(
‖∇X0,λ‖L p +

∫ t

0
‖∂Xλ∇u‖L p dτ

)
≤ 2

(
‖∇X0,λ‖L p +C

∫ t

0
(1+ |‖∇X |‖2L p +‖∇

2w‖L p) dτ
)
.

Taking the supremum on λ, we find that for some C0 depending only on the norms of the data, and for
some “absolute” constant C , we have for all t ∈ [0, T1]

|‖∇X (t)|‖L p ≤ C
(

C0+C
∫ t

0
|‖∇X (τ )|‖2L p dτ

)
.

Then, using a Gronwall-type argument, we conclude that

|‖∇X (t)|‖L p ≤
C0

1−CC0t
for all t ∈ [0, T1] satisfying CC0t < 1. (4-15)

This having been established, let us turn our attention to finding a bound for the quantity U (t), as it
is needed to close the estimates. Resorting to relation (4-1) again, we see that we have to control the
L1

t (L
∞) norm of each term appearing on its right-hand side. For the term in w, this is an easy task: thanks

to Proposition 3.1 and Sobolev embeddings, a decomposition into low and high frequencies implies

‖∇w‖L1
t (L∞)

≤ C(t1−1/r1‖∇w‖L
r1
T (L

p)+ t1−1/r
‖∇

2w‖Lr
T (L

p)) (4-16)

for all t ∈ [0, T ], where we also used relation (1-4).
Bounding the latter term in (4-1) is based on Proposition 2.12, which gives

‖∇
2(Id−1)−1 P(ρ)‖L∞ ≤ C

((
1+
|‖X |‖4d−5

L∞ |‖∇X |‖L p

(I (X ))4d−4

)
‖P(ρ)‖L∞ +

|‖X |‖4d−5
L∞

(I (X ))4d−4 |‖∂X P(ρ)|‖L p

)
.

In view of (3-24), (4-3), (4-4), (4-8) and (4-9), omitting once again the explicit dependence of the
multiplicative constants on the norms of the initial data, the previous inequality allows us to get

‖∇
2(Id−1)−1 P(ρ)‖L∞ ≤ C(1+ ecdU

|‖∇X |‖L p + ecdU (|‖∇X |‖L p + eU ))

≤ CecdU (1+ |‖∇X |‖L p). (4-17)

Recalling definition (4-14) of T1 and (4-15) and taking 0< T0 ≤ T1 so that 2CC0T0 ≤ 1, we gather

‖∇
2(Id−1)−1 P(ρ)‖L∞T0

(L∞) ≤ C(1+C0), (4-18)

which implies, together with (4-16), the following control, for all fixed t ∈ [0, T0]:

‖∇u‖L1
t (L∞)

≤ C(t1−1/r1‖∇w‖L
r1
T (L

p1 )+ t1−1/r
‖∇

2w‖Lr
T (L

p)+ t (1+C0)). (4-19)

Up to taking a smaller T0, we then see that the requirement ‖∇u‖L1
T0
(L∞) ≤ log 2 can be fulfilled. Then, a

classical bootstrap argument, which we do not detail here, finally allows us to deduce the boundedness
of ∇u in L1

T0
(L∞).
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In order to prove rigorously the existence part of Theorem 1.3, one may proceed as in Section 3C.
There, we constructed a sequence (%n, un) of smooth solutions that is uniformly bounded in the space ET .
Therefore, it is only a matter of checking that one can get uniform bounds, too, for the striated regularity.
To do this, we smooth out the reference family of vector fields X0 into X n

0 (paying attention to keep the
nondegeneracy condition), and then define the family X n

:= (Xn
λ)1≤λ≤m transported by the flow of un

according to (4-2), taking un instead of u and starting from the initial vector field Xn
0,λ. Then, repeating the

computations that have been carried out just above, we get uniform bounds for all the quantities involving
the striated regularity, and thus also for ∇un in L1

T0
(L∞). That (%n, un) tends to some solution (%, u) of

(1-1) belonging to ET0 has already been justified before. Furthermore, combining our new bounds with
compactness arguments allows us to pass to the limit in (4-2) as well, and to get the crucial information
that ∇u is in L1

T0
(L∞).

4B. The proof of uniqueness. With (4-19) established, one can now tackle the proof of uniqueness of
solutions. The basic idea is to perform a Lagrangian change of coordinates in system (0-1), in order to by-
pass the hyperbolic nature of the mass equation, which otherwise would cause the loss of one derivative in
the stability estimates. In fact, we will perform stability estimates for the Lagrangian formulation of (0-1).

4B1. Lagrangian formulation. The goal of this subsection is to recast system (0-1) in Lagrangian variables.
Recall that in light of the estimates of Section 4A, we know that for all k0 > 0 there exists a time T0 > 0
such that ∫ T0

0
‖∇u(t)‖L∞ dt ≤ k0. (4-20)

The value of k0 will be determined in the course of the computations below.
First of all, we define the flow ψu associated to the velocity field u to be the solution of

ψu(t, y) := y+
∫ t

0
u(τ, ψu(τ, y)) dτ. (4-21)

Thanks to that, any function f = f (t, x) may be rewritten in Lagrangian coordinates (t, y) according to
the relation

f̄ (t, y) := f (t, ψu(t, y)). (4-22)

A key observation is that, once passing to Lagrangian coordinates, one can forget about the reference
Eulerian velocity u by rewriting definition (4-21) in terms of the Lagrangian velocity ū, defining
directly ψu by

ψu(t, y)= y+
∫ t

0
ū(τ, y) dτ.

In what follows, we set Ju := det(Dψu) and Au := (Dψu)
−1. Observe that, by the standard chain rule,

Dx f = Dy f̄ · Au . (4-23)

Lemma A.2 of [Danchin 2014] provides us with the following alternative expressions.5

5From now on we agree that adj(M) designates the adjugate matrix of M. Of course, if M is invertible, then adj(M) =
(det M)M−1.
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Lemma 4.1. For any C1 function K and any C1 vector field H defined over Rd, one has

∇x K = J−1
u divy(adj Dψu K ),

divx H = J−1
u divy(adj Dψu H).

Moreover, since our diffeomorphism ψu is the flow of the time-dependent vector field u, we also get,
for any function f ,

∂t f + div( f u)= J−1
u ∂t(Ju f̄ ). (4-24)

The next statement is in the spirit of Lemma A.3 of [Danchin 2014]; also its proof follows the same
steps, up to a straightforward adaptation to our functional framework.

Lemma 4.2. Let u be a velocity field with ∇u ∈ L1([0, T0]; L∞(Rd)), and let ψu be its flow, defined by
(4-21). Suppose that condition (4-20) is fulfilled with k0 < 1.

Then there exists a constant C > 0, just depending on k0, such that the following estimates hold true,
for all times t ∈ [0, T0]:

‖Id− adj Dψu(t)‖L∞ ≤ C‖Du‖L1
T0
(L∞),

‖Id− Au(t)‖L∞ ≤ C‖Du‖L1
T0
(L∞),

‖J±1
u (t)− 1‖L∞ ≤ C‖Du‖L1

T0
(L∞).

We also state the following lemma, the proof of which is straightforward.

Lemma 4.3. For any function f = f (x), define f̄ according to (4-22). Then for any p ∈ [1,∞[ one has

‖ f̄ ‖L p ≤ ‖Ju‖
1/p
L∞ ‖ f ‖L p and ‖ f ‖L p ≤ ‖J−1

u ‖
1/p
L∞ ‖ f̄ ‖L p .

After these preliminaries, we can recast our system in Lagrangian coordinates. First of all, from the
mass equation in (0-1) and (4-24), we discover that

∂t(Ju ρ̄)= 0, whence Ju ρ̄ = ρ0. (4-25)

Second, we notice that, in Lagrangian coordinates, the operator L can be written as

L̃ f := −J−1
u
(
µ div(adj(Dψu)

tAu∇ f )− λ div(adj(Dψu)(
tAu : ∇ f ))

)
, (4-26)

where we have used the notation M : N := tr(M N )=
∑

i j Mi j N j i .
Hence, thanks to (4-24) and (4-25), the momentum equation in (0-1) can be rewritten as

ρ0ψt ū+ L̃ū =− div(adj Dψu P(J−1ρ0)). (4-27)

4B2. Stability estimates in Lagrangian coordinates. In this section, we tackle the proof of uniqueness,
by showing stability estimates for the Lagrangian formulation of our system.

More precisely, we consider initial data (ρ j
0 , u j

0), for j = 1, 2, satisfying the hypotheses of Theorem 1.3.
For the sake of simplicity and clarity, we focus on the case ρ1

0 = ρ
2
0 = ρ0, and suppose that ρ0 satisfies

the striated regularity assumption with respect to some fixed nondegenerate family of vector fields X0.
The initial velocities do not need to be equal.
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Let (ρ1, u1) and (ρ2, u2) be two solutions to system (0-1) on the time interval [0, T ], fulfilling the
properties given by Theorem 1.3 and corresponding to the data (ρ0, u1

0) and (ρ0, u2
0), respectively. Setting

% j
= ρ j

− 1 for j = 1, 2, and defining w j according to (3-3), the pairs (% j , w j ) solve (3-5)–(3-6) and
also enjoy the regularity properties stated in Theorem 1.1. Moreover, as shown in Section 4A, for all
j tangential regularity is propagated with respect to the nondegenerate family X j, which corresponds
to the family X0 transported by the flow of u j. Hence, for all k0 > 0, there exists T0 > 0 such that both
∇u1 and ∇u2 fulfill (4-20), which allows us to pass to Lagrangian coordinates, as shown in Section 4B1.
Denoting, for j = 1, 2, the flow of u j by ψ j , setting J j := Ju j and A j := Au j , and taking advantage of
the previous computations, we discover that (ρ̄ j , ū j ) j=1,2 satisfy the relations J j ρ̄

j
= ρ0 and

ρ0ψt ū j
+ L̃ j ū j

=− div(adj Dψ j P(J−1
j ρ0)),

where L̃ j is the operator corresponding to u j that has been defined by formula (4-26).
Let δū := ū1

− ū2 and use similar notation for the other quantities. Taking the difference of the
equations respectively for ū1 and ū2, we find that δū satisfies

ρ0ψtδū+Lδū = (L− L̃1)δū+ δLū2
− div(δ adj P(J−1

1 ρ0))

− div
(
adj Dψ2(P(J−1

1 ρ0)− P(J−1
2 ρ0))

)
, (4-28)

where we have set δ adj := adj Dψ1− adj Dψ2. A slight adaptation of Lemma A.4 of [Danchin 2014]
allows us to get the following bounds.

Lemma 4.4. If (4-20) is fulfilled by u1 and u2 for some k0 ∈ ]0, 1], then there exists a constant C > 0 just
depending on k0 such that the following estimates hold true for all times t ∈ [0, T0] and all p ∈ [1,∞]:

‖ adj Dψ1(t)− adj Dψ2(t)‖L p ≤ C
∫ t

0
‖∇δu(τ )‖L p dτ,

‖A1(t)− A2(t)‖L p ≤ C
∫ t

0
‖∇δu(τ )‖L p dτ,

‖J±1
1 (t)− J±1

2 (t)‖L p ≤ C
∫ t

0
‖∇δu(τ )‖L p dτ.

We now perform energy estimates for (4-28): take the L2 scalar product of both sides with δū and
integrate by parts. In view of Lemmas 4.2 and 4.4, we deduce the following controls for the terms coming
from the right-hand side: ∣∣∣∣∫ (L− L̃1)δū · δū dx

∣∣∣∣≤ Ck0‖∇δū‖2L2,∣∣∣∣∫ δLū2
· δū dx

∣∣∣∣≤ C
(∫ t

0
‖∇δū‖L2 dτ

)
‖∇ū2

‖L∞‖∇δū‖L2,∣∣∣∣∫ div(δ adj P(J−1
1 ρ0)) · δū dx

∣∣∣∣≤ C
(∫ t

0
‖∇δū‖L2 dτ

)
‖ρ0‖L∞‖∇δū‖L2,∣∣∣∣∫ div

(
adj Dψ2(P(J−1

1 ρ0)− P(J−1
2 ρ0))

)
· δū dx

∣∣∣∣≤ C
(∫ t

0
‖∇δū‖L2 dτ

)
‖ρ0‖L∞‖∇δū‖L2 .
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Now, if k0 in (4-20) has been taken small enough, then a repeated use of the Young and Cauchy–Schwarz
inequalities leads us to the estimate

d
dt

∫
ρ0|δū|2 dx +

∫
|∇δū|2 dx ≤ Ct (1+‖∇ū2

‖
2
L∞)

∫ t

0
‖∇δū‖2L2 dτ (4-29)

for a new constant C > 0 that depends only on k0, ‖ρ0‖L∞ , P, λ and µ.
In order to conclude uniqueness on [0, T0] by applying Gronwall’s lemma, we need that∫ T0

0
t (1+‖∇ū2

‖
2
L∞) dt <∞. (4-30)

In view of (4-23) and Lemma 4.3, it suffices to show that t1/2
∇u2 is in L2

T0
(L∞). Now, recall

∇u2
=∇w2

−∇
2(Id−1)−1 P(ρ2),

and, thanks to the estimates of Section 4A, one has that ∇2(Id−1)−1 P(ρ2) belongs to L∞([0, T0]×Rd).
Therefore, our next (and final) goal is to show that there exists T0 > 0 such that∫ T0

0
t‖∇w2

‖
2
L∞ dt <∞. (4-31)

This will be achieved thanks to the following proposition, the proof of which is postponed to the next
subsection.

Proposition 4.5. Under the hypotheses of Theorem 1.3, let us fix some

R2 >max
{

r0

2
,

r1

2
, 2
}

such that
1

2R2
<

3
2
−

1
r2
+

d
2p
, with r2 := r,

and set R0 = R1 = 2R2. For j ∈ {0, 1, 2}, define moreover the indices

α j :=
1
r j
−

1
R j

and γ j :=
1
r j
−

1
2R j

. (4-32)

Then, there exists a positive time T∗ such that one has the properties

tα2∇
2w ∈ L R2

T∗ (L
p), tγ1∇w ∈ L R1

T∗ (L
p), tγ0w ∈ L R0

T∗ (L
∞).

From the previous proposition, we immediately deduce the following corollary.

Corollary 4.6. Under the assumptions of Theorem 1.3, one has∫ T∗

0
t‖∇w(t)‖2L∞ dt <∞.

Proof. By Sobolev embedding, the stated inequality is a consequence of the following computation:∫ T∗

0
t‖∇2w(t)‖2L p dt =

∫ T∗

0
t1−ηtη‖∇2w(t)‖2L p dt

≤

(∫ T∗

0
tηq
‖∇

2w(t)‖2q
L p dt

)1/q(∫ T∗

0
t (1−η)q

′

dt
)1/q ′

,
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where q ′ is the conjugate exponent of q . Take q = R2/2, so that 1/q ′ = 1−2/R2 and impose the relation
qη = R2α2, getting in this way η = 2α2. With these choices and because r2 = r ∈ ]1, 2[, the condition
(1− η)q ′ >−1 is satisfied, which completes the proof of the corollary. �

At this point, one can finish the proof of Theorem 1.3 by establishing the uniqueness of solutions. Let
us define the function

E(t) := ‖
√
ρ0δū(t)‖2L2 +

∫ t

0
‖∇δū(τ )‖2L2 dτ.

Up to choosing a smaller T0, we can suppose that T0 = T∗. Then, applying Gronwall’s inequality to
(4-29), we get, for all t ∈ [0, T∗], the bound

E(t)≤ E(0) exp
(

C
∫ t

0
f (τ ) dτ

)
, where f (t) := t (1+‖∇ū2(t)‖2L∞).

Since E(0)≡ 0 and, by Corollary 4.6, f ∈ L1([0, T∗]), we get uniqueness on [0, T∗]. Combining with a
standard continuation argument, we then conclude uniqueness on the whole interval [0, T ].

4B3. Maximal regularity with time weights. For completeness, we still have to prove Proposition 4.5.
First, we need the following lemma, which concerns the maximal regularity issue with time weights for
the heat semigroup, and is strongly inspired by Lemma 3.2 of [Huang et al. 2013].

Lemma 4.7. Let the exponents (R j , α j , γ j ) j∈{0,1,2} be chosen as in Proposition 4.5. Let the operators A1

and A0 be defined as in Lemmas 2.7 and 2.8. Fix some T > 0, and assume that tα2 f belongs to L R2
T (L

p).
Then one has t1/r1A1 f ∈ L∞T (L

p) and t1/r0A0 f ∈ L∞T (L
∞), together with the estimates

‖t1/r1A1 f ‖L∞T (L
p)+‖t1/r0A0 f ‖L∞T (L

∞) ≤ C‖tα2 f ‖
L

R2
T (L p)

.

Moreover, we have tα1A1 f (t) ∈ L R1/(1+δ)
T (L p) and tα0A0 f (t) ∈ L R0/(1+δ)

T (L∞) for all δ > 0, with the
bounds

‖tα1A1 f ‖
L

R1/(1+δ)
T (L p)

+‖tα0A0 f ‖
L

R0/(1+δ)
T (L∞)

≤ C(T δ/R1 + T δ/R0)‖tα2 f ‖
L

R2
T (L p)

.

In particular, defining γ0 and γ1 according to (4-32), we have tγ1A1 f ∈ L R1
T (L

p) and tγ0A0 f ∈ L R0
T (L

∞),
and the following estimate is satisfied:

‖tγ1A1 f ‖
L

R1
T (L p)

+‖tγ0A0 f ‖
L

R0
T (L∞)

≤ C(T 1/(2R1)+ T 1/(2R0))‖tα2 f ‖
L

R2
T (L p)

.

Proof. Regarding the operator A1, going along the lines of the proof of Lemma 2.7, one gets

‖∇e(t−s)1 f (s, · )‖L p ≤ C(t − s)−1/2
‖ f (s)‖L p for all 0≤ s ≤ t ≤ T,

which implies, after setting 1/R′2 = 1− 1/R2, the inequality

‖A1 f (t)‖L p ≤ C
∫ t

0
(t − s)−1/2s−α2‖sα2 f (s)‖L p ds

≤ C
(∫ t

0
(t − s)−R′2/2s−α2 R′2 ds

)1/R′2
‖sα2 f ‖

L
R2
T (L p)

.
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Since R2 > 2, we have R′2/2< 1, while, by our definition of α2 in (4-32), we have α2 R′2 < 1. Therefore,
performing the change of variable s = tτ inside the integral yields

‖A1 f (t)‖L p ≤ Ct1/2−α2−1/R2‖sα2 f ‖
L

R2
T (L p)

.

On the one hand, since 1/2−α2− 1/R2 = 1/2− 1/r2 =−1/r1, we have∥∥t1/r1‖A1 f (t)‖L p
∥∥

L∞T
≤ C‖sα2 f ‖

L
R2
T (L p)

. (4-33)

On the other hand, since 1/2− α2 − 1/R2 = −α1 − 1/R1, we also get that tα1‖A1 f (t)‖L p belongs to
L R1/(1+δ)

T for all δ > 0, and satisfies∥∥tα1‖A1 f (t)‖L p
∥∥

L
R1/(1+δ)
T

≤ Cδ‖sα2 f ‖
L

R2
T (L p)

T δ/R1 . (4-34)

Taking δ = 1 and interpolating between estimates (4-33) and (4-34), we get that tγ1‖A1 f (t)‖L p ∈ L R1
T ,

with the estimate ∥∥tγ1‖A1 f (t)‖L p
∥∥

L
R1
T
≤ C‖sα2 f ‖

L
R2
T (L p)

T 1/(2R1). (4-35)

Proving the claimed bound for the term A0 follows along the same lines. First of all, setting p′ to be
the conjugate exponent of p, we can write

‖e(t−s)1 f (s, · )‖L∞ ≤ C(t − s)−d/2
∥∥∥∥K0

(
·

√
4π(t − s)

)∥∥∥∥
L p′
‖ f (s)‖L p

≤ C(t − s)−d/(2p)s−α2‖sα2 f (s)‖L p .

Integrating this expression in time and applying the Hölder inequality once give us, much as above,

‖A0 f (t)‖L∞ ≤ C
(∫ t

0
(t − s)−d/(2p)R′2s−α2 R′2 ds

)1/R′2
‖sα2 f ‖

L
R2
T (L p)

.

Once again, thanks to our choice of R2 we have that d/(2p)R′2 < 1 (recall that p > d); hence, repeating
the change of variable s = tτ we find

‖A0 f (t)‖L∞ ≤ Ct1−d/(2p)−α2−1/R2‖tα2 f ‖
L

R2
T (L p)

.

Now, first we remark that 1− d/(2p)−α2− 1/R2 =−1/r0, and hence t1/r0‖A0 f (t)‖L∞ ∈ L∞T , with∥∥t1/r0‖A0 f (t)‖L∞
∥∥

L∞T
≤ C‖sα2 f ‖

L
R2
T (L p)

. (4-36)

Then, we also notice that 1− d/(2p)− α2 − 1/R2 = −α0 − 1/R0, so that tα0‖A0 f (t)‖L∞ belongs to
L R0/(1+δ)

T for all δ > 0, and satisfies the estimate∥∥tα0‖A0 f (t)‖L∞
∥∥

L
R0/(1+δ)
T

≤ Cδ‖sα2 f ‖
L

R2
T (L p)

T δ/R0 . (4-37)

As above, taking δ = 1 and interpolating between estimates (4-36) and (4-37), we finally deduce the
property tγ0‖A0 f (t)‖L∞ ∈ L R0

T , together with the estimate∥∥tγ0‖A0 f (t)‖L∞
∥∥

L
R0
T
≤ C‖sα2 f ‖

L
R2
T (L p)

T 1/(2R0). (4-38)

The lemma is now proved. �
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Finally, we need the following lemma, which was established in [Huang et al. 2013]:

Lemma 4.8. Let 1< R, p <∞, and let α ≥ 0 be such that α+ 1/R < 1. Suppose that tα f belongs to
L R

T (L
p) for some T ∈ ]0,∞].

Then also tαA2 f belongs to L R
T (L

p), and one has the estimate

‖tαA2 f ‖L R
T (L

p) ≤ C‖tα f ‖L R
T (L

p).

Now, we are in the position of proving Proposition 4.5.

Proof of Proposition 4.5. Recall that w satisfies (3-6), and thus

w(t)= e−tLw0−

∫ t

0
e(s−t)L(ρF)(s) ds with F given by (3-7). (4-39)

Let us first study the term containing the initial data. By hypothesis, ∇2w0 ∈ Ḃ−2/r
p,r ↪→ Ḃ−2/r

p,R2
, since

R2 > 2 > r by our definitions. Thanks to Proposition 2.9, this implies that tα2∇
2e−tLw0 belongs to

L R2(R+; L p(Rd)).
In the same way, we have ∇w0 ∈ Ḃ−2/r1

p,r1 ↪→ Ḃ−2/r1
p,R1

and w0 ∈ Ḃ−2/r0
∞,r0 ↪→ Ḃ−2/r0

∞,R0
, because we have taken

R1 = R0 = 2R2 >max{r0, r1}. From these properties we deduce that tα1∇e−tLw0 ∈ L R1(R+; L p(Rd))

and that tα0e−tLw0 ∈ L R0(R+; L∞(Rd)). Since now both γ1 and γ0 are greater than α1 and α0 respectively,
we get that, for all T > 0 fixed, tγ1∇e−Ltw0 ∈ L R1

T (L
p) and tγ0e−tLw0 ∈ L R0

T (L
∞).

As for the forcing term of (4-39), we apply Lemma 4.8 with R= R2 and α= α2 (note that α2+1/R2=

1/r < 1). We also apply Lemma 4.7. Therefore, if we set

Ñ (T ) := ‖%‖L∞T (L
p∩L∞)+‖tγ0w‖

L
R0
T (L∞)

+‖tγ1∇w‖
L

R1
T (L p)

+‖tα2∇
2w‖

L
R2
T (L p)

,

arguing exactly as in Section 3B2, we get for some constant CT bounded by a positive power of T,

Ñ (T )≤ CT (‖%0‖L p∩L∞ +‖w0‖Ḃ2−2/r
p,r
+‖tα2ρF‖

L
R2
T (L p)

), (4-40)

where F is defined in (3-7). At this point, we bound the term ‖tα2ρ(t)F(t)‖
L

R2
T (L p)

by following the
computations of Section 3B2: first of all, (3-19) is now replaced by the control

‖tα2(Id−1)−1
∇P‖

L
R2
T (L p)

≤ CT α2+1/R2‖%‖L∞T (L
p) ≤ CT Ñ (T ).

Next, we have, noting that our conditions on the exponents imply α2 > γ0+ γ1,

‖tα2(w · ∇w+w · ∇v+ v · ∇w+ v · ∇v)‖
L

R2
T (L p)

≤ CT α2−(γ0+γ1)(‖tγ0v‖
L

R0
T (L∞)

+‖tγ0w‖
L

R0
T (L∞)

)(‖tγ1∇v‖
L

T1
T (L

p)
+‖tγ1∇w‖

L
R1
T (L p)

)

≤ CT α2−(γ0+γ1)(1+ T γ0)(1+ T γ1)Ñ 2
(T ),

and estimate (3-22) becomes

‖tα2∇(Id−1)−1 div(Pu)‖
L

R2
T (L p)

≤ CT α2−γ0‖P‖
L

R1
T (L p)

(‖tγ0v‖
L

R0
T (L∞)

+‖tγ0w‖
L

R0
T (L∞)

)

≤ CT α2−γ0+1/R1(1+ T γ0)Ñ 2
(T ).
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Finally, we have

‖tα2∇(Id−1−1) div u‖
L

R2
T (L p)

≤ CT α2−γ1(‖tγ1∇w‖
L

R2
T (L p)

+‖tγ1 P‖
L

R2
T (L p)

)

≤ CT α2−γ1+1/(2R2)(1+ T 1/(2R2)+γ1)Ñ (T ),

and, arguing in a pretty similar way, we also get

‖tα2∇(Id−1)−1((g(ρ)− g(1)) div u
)
‖

L
R2
T (L p)

≤ CT α2−γ1‖%‖L∞T (L
∞)(‖tγ11(Id−1)−1 P(ρ)‖

L
R2
T (L p)

+‖tγ1 divw‖
L

R2
T (L p)

)

≤ T α2−γ1+1/(2R2)(1+ T 1/(2R2)+γ1)Ñ 2
(T ).

Putting all these bounds together, we end up with

‖tα2ρF‖
L

R2
T (L p)

≤ CT (Ñ (T )+ Ñ 2
(T )).

Therefore, we can insert the previous inequality into (4-40): the application of a standard bootstrap
argument allows us to find a time T∗ > 0 such that, for all t ∈ [0, T∗], one has

Ñ (t)≤ C(‖%0‖L p∩L∞ +‖w0‖Ḃ2−2/r
p,r

)

for a suitable positive constant C , which completes the proof of Proposition 4.5. �

Appendix: Harmonic analysis estimates

This appendix is devoted to the proofs of Lemma 2.10 and Proposition 2.13.

Proof of Lemma 2.10. It is based on the following Bony’s paraproduct decomposition (first introduced
in [Bony 1981]) for the (formal) product of two tempered distributions u and v:

uv = Tuv+ Tvu+ R(u, v), (A-1)

where we have defined

Tuv :=
∑

j

S j−1u1 jv and R(u, v) :=
∑

j

1̃ j u1 jv, with 1̃ j :=
∑
| j ′− j |≤1

1 j ′ .

The above operator T is called paraproduct, whereas R is called remainder. We refer to Chapter 2 of
[Bahouri et al. 2011] for a presentation of continuity properties of the previous operators in the class of
Besov spaces. For the time being, we limit ourselves to pointing out that the generic term S j−1u1 jv of
Tuv is spectrally supported on dyadic annuli with radius of size about 2 j, while the generic term 1̃ j u1 jv

of R(u, v) is supported on dyadic balls of size about 2 j.
One can now start the proof of Lemma 2.10. By using Bony’s decomposition (A-1) and a commutator’s

process, we get, setting X̃ := (Id− S0)X ,

ψXσ(D)g = σ(D) div(Xg)+ [TX k ; σ(D)ψk]g− σ(D)ψk Tg X k
− σ(D)ψk R(X̃ k, g)

+ Tσ(D)ψk g X k
+ R(X̃ k, σ (D)ψk g)+

(
R(S0 X k, σ (D)ψk g)− σ(D)ψk R(S0 X k, g)

)
. (A-2)
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Bounding the first term relies on the fact that multiplier operators in S−1 map B0
p,∞ to B1

p,∞ (see
[Bahouri et al. 2011, Proposition 2.78]) and that L p is embedded in B0

p,∞. We thus have

‖σ(D) div(Xg)‖B1
p,∞
≤ C‖ div(Xg)‖B0

p,∞

≤ C‖ div(Xg)‖L p ≤ C(‖ψX g‖L p +‖∇X‖L p‖g‖L∞).

Next, to handle the third term of (A-2), we use the fact that, being in S0, the operator σ(D)∂k maps
B1

p,∞ to itself (again, see [Bahouri et al. 2011, Proposition 2.78]), that the paraproduct operator T maps
L∞ × B1

p,∞ to B1
p,∞ and [Bahouri et al. 2011, Remark 2.83], and that L p is embedded in B0

p,∞. We
eventually get

‖σ(D)ψk Tg X k
‖B1

p,∞
≤ C‖Tg X‖B1

p,∞

≤ C‖g‖L∞‖∇X‖B0
p,∞
≤ C‖g‖L∞‖∇X‖L p .

Similarly, since the remainder operator R maps L∞ × B1
p,∞ to B1

p,∞ and because, owing to the
low-frequency cut-off, we have

‖X̃‖B1
p,∞
≤ C‖∇X‖B0

p,∞
≤ C‖∇X‖L p , (A-3)

we readily get

‖σ(D)ψk R(X̃ k, g)‖B1
p,∞
≤ C‖g‖L∞‖∇X‖L p .

Regarding the term R(X̃ k, σ (D)ψk g), we just have to use (A-3) and that R maps also B0
∞,∞× B1

p,∞ to
B1

p,∞, to get

‖R(X̃ k, σ (D)ψk g)‖B1
p,∞
≤ C‖σ(D)ψk g‖B0

∞,∞
‖∇X‖L p .

Since σ(D)ψk maps B0
∞,∞ to itself, and because L∞ ↪→ B0

∞,∞, that term also satisfies the required
inequality.

The term Tσ(D)∂k g X k turns out to be the only one that cannot be bounded in B1
p,∞ under our assumptions.

In fact, for that term, we use that the paraproduct maps Bs−1
∞,∞× B1

p,∞ to Bs
p,∞ (as s − 1< 0) to write

(still using [Bahouri et al. 2011, Remark 2.83]),

‖Tσ(D)∂k g X k
‖Bs

p,∞
≤ C‖σ(D)∂k g‖Bs−1

∞,∞
‖∇X k

‖L p .

Because σ(D)∂k maps Bs−1
∞,∞ to itself, and L∞ ↪→ Bs−1

∞,∞, we get

‖Tσ(D)∂k g X k
‖Bs

p,∞
≤ C‖g‖L∞‖∇X‖L p .

To conclude the proof, it is only a matter of bounding suitably the two commutator terms in (A-2). First
of all, notice that since the general term of the paraproduct is spectrally supported in dyadic annuli, one
may find a smooth function ψ supported in some annulus centered at the origin, and such that

[TX k ; σ(D)ψk]g =
∑
j∈Z

[S j−1 X k, ψ(2− j D)σ (D)ψk]1 j g. (A-4)
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For each fixed j ∈ Z and k ∈ {1, . . . , d}, let us define hk
j := iF−1(ξkψ(2− j

· )σ ). Then we have, thanks
to the definition of hk

j (D) and the mean value formula,

[S j−1 X k, ψ(2− j D)σ (D)ψk]1 j g(x)=
∫

Rd
hk

j (y)(S j−1 X k(x)− S j−1 X k(x − y))1 j g(x − y) dy

=−

∫ 1

0

∫
Rd

hk
j (y)y · ∇S j−1 X k(x − τ y)1 j g(x − y) dy dτ

=−

∫ 1

0

∫
Rd

hk
j

(
z
τ

)(
z
τ

)
· ∇S j−1 X k(x − z)1 j g

(
x −

z
τ

)
dz
τ d dτ.

From the last line and convolution inequalities, we get

‖[S j−1 X k, ψ(2− j D)σ (D)ψk]1 j g‖L p ≤ ‖| · |hk
j‖L1‖1 j g‖L∞‖∇S j−1 X k

‖L p ,

which, admitting for a while that
‖| · |hk

j‖L1 ≤ C2− j (A-5)

and using the definition of the norm in B1
p,∞ implies

‖[TX k ; σ(D)ψk]g‖B1
p,∞
≤ C‖g‖L∞‖∇X‖L p .

In order to prove (A-5), we use the fact that, performing integration by parts,

(1+ |z|2)d(zhk
j (z))= (2π)

−d
∫

ei z·ξ (Id−1)d∇(ξkψ(2− j
·)σ )(ξ) dξ.

As integration may be restricted to those ξ ∈ Rd such that |ξ | ∼ 2 j and since σ is in S−1, routine
computations lead to

(1+ |z|2)d |zhk
j (z)| ≤ C2− j for all z ∈ Rd ,

whence (A-5) follows.
In order to bound the last term of (A-2), we use the fact that, owing to the properties of the localization

of the Littlewood–Paley decomposition, we have for some suitable smooth function ψ with compact
support and value 1 on some neighborhood of the origin,

R(S0 X k, σ (D)ψk g)− σ(D)ψk R(S0 X k, g)=
0∑

j=−1

[1 j S0 X k, σ (D)ψ(D)∂k]1̃ j g.

Then, arguing as above and setting hk
:= F−1(iξ kψσ), we find that

[1 j S0 X k, σ (D)ψ(D)∂k]1̃ j g(x)=
∫ 1

0

∫
Rd

hk(y)y · ∇1 j−1S0 X k(x − τ y)1̃ j g(x − y) dy dτ.

Hence convolution inequalities and the fact that the only nonzero terms above correspond to j = 0, 1,
lead us to

‖R(S0 X k, σ (D)ψk g)− σ(D)ψk R(S0 X k, g)‖L p ≤ C2− j
‖∇1 j−1S0 X k

‖L p‖1̃ j g‖L∞

≤ C2− j
‖∇X‖L p‖g‖L∞ .

This completes the proof of Lemma 2.10. �
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Proof of Proposition 2.13. For all 1≤ j ≤ d and η > 0, let us introduce the modified Riesz transform

R(η)

j := ∂ j (ηId−1)−1/2, (A-6)

so that R(η)

i R(η)

j = ∂i∂ j (ηId−1)−1.
Proposition 2.13 follows from Proposition 2.12 and the following lemma involving the tangential

regularity with respect to only one vector field.

Lemma A.1. Let p ∈ ]1,∞[ and take a vector field X ∈ L∞,p. Let g ∈ L∞ be such that g ∈ L
p
X and

R(η)

i R(η)

j g ∈ L∞ for some η > 0. There exists a constant C > 0 such that

‖∂XR
(η)

i R(η)

j g‖L p ≤ C
(
(‖R(η)

i R(η)

j g‖L∞ +‖g‖L∞)‖∇X‖L p +‖∂X g‖L p
)
.

For proving that lemma, a few reminders concerning the Hardy–Littlewood maximal function M[ f ] of
a function f in L1

loc(R
d) are in order. Recall that it is defined by

M[ f ](x) := sup
r>0

1
|B(x, r)|

∫
B(x,r)

| f (y)| dy,

where B(x, r) denotes the ball in Rd of center x and radius r , and |B(x, r)| its Lebesgue measure.
The following statement is classical (for the proof, see, e.g., Chapter 1 of [Stein 1993]).

Lemma A.2. The following properties hold true:

(a) For any 1< p ≤∞, there exist constants 0< c < C such that for any function g in L p(Rd)

c‖g‖L p ≤ ‖M[g]‖L p ≤ C‖g‖L p .

(b) Let p, q ∈ ]1,∞[ or p = q = ∞. Let { f j } j∈Z be a sequence of functions in L p(Rd) such that
( f j )`q (Z) ∈ L p(Rd). Then there holds

‖(M[ f j ])`q‖L p ≤ C‖( f j )`q‖L p .

(c) For any fixed 8 ∈ L1(Rd) such that 9(x)= sup|y|≥|x | |8(y)| ∈ L1(Rd) with
∫

Rd 9(x) dx = A, and
any function g, we have for all x ∈ Rd

sup
t>0
|g ∗8t(x)| ≤ C M[g](x), with 8t(x) := t−d8

(
x
t

)
.

We shall also need the following definition.

Definition A.3. Let s ∈ R and p ∈ ]1,∞[. The homogeneous Sobolev space Ẇ s,p is defined as the set of
u ∈ S ′h such that

‖u‖Ẇ s,p := ‖(−1)
s/2u‖L p <∞.

The spaces L p and Ẇ s,p may be characterized in terms of Littlewood–Paley decomposition as they
come up as special Triebel–Lizorkin spaces (see, e.g., [Runst and Sickel 1996, Chapter 2]).

Proposition A.4. Let s ∈ R and p ∈ ]1,∞[. Then one has the following equivalences of norms:

‖u‖Ẇ s,p ∼
∥∥‖(2 js1̇ j u) j‖`2(Z)

∥∥
L p and ‖u‖L p ∼

∥∥‖(1 j u) j‖`2( j≥−1)
∥∥

L p .
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Proof of Lemma A.1. We start the proof by remarking that

ψXR
(η)

i R(η)

j g = div(XR(η)

i R(η)

j g)−R(η)

i R(η)

j g div X.

Since

‖R(η)

i R(η)

j g div X‖L p ≤ C‖∇X‖L p‖R(η)

i R(η)

j g‖L∞,

we just need to bound the term div(XR(η)

i R(η)

j g) in L p.
To this end, we resort again to Bony’s decomposition (A-1) and get

div(XR(η)

i R(η)

j g)=R(η)

i R(η)

j div(Xg)+ψk[TX k ;R(η)

i R(η)

j ]g+ψk TR(η)
i R(η)

j g X k

−R(η)

i R(η)

j ψk Tg X k
+ψk R(X k,R(η)

i R(η)

j g)−R(η)

i R(η)

j ψk R(X k, g). (A-7)

The first term in the right-hand side of the previous relation may be bounded by means of Corollary 2.4
and identity (1-7):

‖R(η)

i R(η)

j div(Xg)‖L p ≤ C‖ div(Xg)‖L p ≤ C(‖∂X g‖L p +‖∇X‖L p‖g‖L∞).

Next, since we have

‖Sm−1R
(η)

i R(η)

j g‖L∞ ≤ C‖R(η)

i R(η)

j g‖L∞,

we get for all `≥−1, thanks to Lemma A.2(c), and using the fact that Sm−1 = 0 for m ≤ 0,

|(1`ψk TR(η)
i R(η)

j g X k)(x)| ≤ C2`
∑
|m−`|≤4

M[Sm−1R
(η)

i R(η)

j g1m X k
](x)

≤ C
∑
|m−`|≤4

‖Sm−1R
(η)

i R(η)

j g‖L∞M[2m1m X k
](x)

≤ C‖R(η)

i R(η)

j g‖L∞
∑
|m−`|≤4

m≥1

M[2m1m X k
](x).

As a result, thanks to Proposition A.4 (where we take s = 0) and point (b) of Lemma A.2, we get

‖ψk TR(η)
i R(η)

j g X k
‖L p ≤ C‖R(η)

i R(η)

j g‖L∞

∥∥∥∥(∑
`≥1

(M[2`1̇`X k
])2
)1/2∥∥∥∥

L p

≤ C‖R(η)

i R(η)

j g‖L∞‖∇X‖L p .

Using the same strategy for handling ψk Tg X k, we also obtain

‖R(η)

i R(η)

j ψk Tg X k
‖L p ≤ C‖ψk Tg X k

‖L p ≤ C‖g‖L∞‖∇X‖L p .

For the third term of the second line in (A-7), we remove the low frequencies of X and consider the
modified remainder defined by

R̃(X k,R(η)

i R(η)

j g)=
∑
m≥0

1m X k1̃mR
(η)

i R(η)

j g.
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Then we write that for all `≥−1, taking advantage of Lemma A.2,

|1`ψk R̃(X k,R(η)

i R(η)

j g)(x)| ≤ C2`
∑

m≥max(0,`−5)

M[1m X k1̃mR
(η)

i R(η)

j g](x)

≤ C‖R(η)

i R(η)

j g‖L∞
∑

m≥max(0,`−5)

2`−m M[2m1m X k
](x).

Hence, from Proposition A.4 and Young’s inequality for convolutions, we infer that

‖ψk R̃(X k,R(η)

i R(η)

j g)‖L p ≤ C‖g‖L∞

(∑
`≥−5

2−`
)∥∥‖(M[2 j1 j X ](x)) j∈N‖`2

∥∥
L p

≤ C‖g‖L∞‖∇X‖L p .

Obviously, the same estimate holds true for the term R(η)

i R(η)

j ψk R̃(X k, g).
The low-frequency terms that have been discarded have to be treated together; that is, we have to bound

ψk[1−1 X k,R(η)

i R(η)

j ]1̃−1g in L p, and this may be done in the same way as at the end of the proof of
Lemma 2.10. We end up with

‖ψk[1−1 X k,R(η)

i R(η)

j ]1̃−1g‖L p ≤ C‖1−1∇X‖L p‖1̃−1g‖L∞ ≤ C‖∇X‖L p‖g‖L∞ .

Finally, it remains to handle the commutator term on the right-hand side of (A-7). We start by
decomposing R(η)

i R(η)

j into

R(η)

i R(η)

j =RiR j − η(ηId−1)−1RiR j , (A-8)

where R j stands for the classical Riesz transform (which corresponds to taking η = 0 in (A-6)). Let us
first consider the part of the commutator corresponding to RiR j . We have

([TX k ;RiR j ]g)(x)=
∑
m≥1

[Sm−1 X k,RiR j ]1m g.

Let θ(ξ)=−ξiξ j |ξ |
−2ϕ(ξ), with ϕ being the function used in the Littlewood–Paley decomposition. Since

the generic term [Sm−1 X k,RiR j ]1m g is supported on dyadic annuli of size 2m, one can write

[Sm−1 X k,RiR j ]1m g

=

∑
|m−`|≤4

(Sm−1 X k1mRiR j1`g−RiR j1`(Sm−1 X k1m g))

=

∑
|m−`|≤4

(
Sm−1 X k(Sm+1θ(2−`D)g− Smθ(2−`D)g)− θ(2−`D)(Sm−1 X k(Sm+1g− Sm g))

)
.

Therefore, by applying Abel’s rearrangement technique and using that 1 j = 1̇ j for j ∈ N, we get

[TX k ;RiR j ]g =−
∑
m≥2

∑
|m−`|≤4

[1̇m−2 X, θ(2−`D)]Sm g.
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The general term of the above series is spectrally supported in dyadic annuli of size about 2m. Therefore,
there exists some universal integer N0 so that for all q ∈ Z,

1̇q∂k[TX k ;RiR j ]g =
∑

|m−q|≤N0

∑
|`−m|≤4

1̇q∂k[θ(2−`D), 1̇m−2 X ]Sm g. (A-9)

Now, part (c) of Lemma A.2 ensures that for all x ∈ Rd∣∣1̇q∂k[θ(2−`D), 1̇m−2 X ]Sm g(x)
∣∣≤ C2q M[[θ(2−`D), 1̇m−2 X ]Sm g](x) (A-10)

and the mean value formula gives us, setting θ̌ := F−1θ ,

([θ(2−`D), 1̇m−2 X k
]Sm g)(x)=−2d`

∫ 1

0

∫
Rd
θ̌ (2`z)z · ∇1̇m−2 X k(x − τ z)Sm g(x − z) dz dτ,

whence, performing a change of variables and setting 9(z) := zθ̌ (z),

([θ(2−`D), 1̇m−2 X k
]Sm g)(x)=−2−`

∫ 1

0

∫
Rd

(
2`

τ

)d

9

(
2`z
τ

)
· ∇1̇m−2 X k(x − z)Sm g

(
x −

z
τ

)
dz dτ.

From that latter relation, we deduce that

M[[θ(2−`D), 1̇m−2 X ]Sm g](x)≤ C2−`‖g‖L∞

∫ 1

0

∫
Rd

(
2`

τ

)d ∣∣∣∣9(2`z
τ

)∣∣∣∣M[∇1̇m−2 X k(x − z)] dz dτ

≤ C2−`‖g‖L∞M[1̇m−2∇X ](x).

We now plug that inequality into (A-10) and (A-9), then take the norm in `2(Z) with respect to q and
eventually compute the norm in L p(Rd). We end up with

‖∂k1̇q [TX k ;RiR j ]g‖L p(`2(Z)) ≤ C‖M(1̇q∇X)‖L p(`2(Z)).

Therefore, by applying Proposition A.4 with s = 0 and part (b) of Lemma A.2, we finally get

‖ψk[TX k ;RiR j ]g‖L p ≤ C‖g‖L∞‖∇X‖L p . (A-11)

To complete the proof, we have to bound the commutator term corresponding to the last part of (A-8). To
do this, we use the fact that

η[TX k ; (ηId−1)−1RiR j ]g = η[TX k ; (ηId−1)−1
]RiR j g+ η(ηId−1)−1

[TX k ;RiR j ]g.

To handle the last term, we just have to use (A-11) and the fact that η(ηId−1)−1 maps L p to itself
(uniformly with respect to η). For the other term, we use that, by embedding,∥∥η∂k[TX k ; (ηId−1)−1

]RiR j g
∥∥

L p ≤ Cη
∥∥[TX k ; (ηId−1)−1

]RiR j g
∥∥

B1
p,1
.

Then, using the fact that the multiplier η(ηId−1)−1 is in S−2 (uniformly with respect to η ≤ 1) and
arguing as for bounding (A-4), one ends up with∥∥η∂k[TX k ; (ηId−1)−1

]RiR j g
∥∥

L p ≤ C‖∇X‖L p‖RiR j g‖B−1
∞,1
≤ C‖∇X‖L p‖RiR j g‖B0

∞,∞
.
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Clearly, in the above computations, the low frequencies of g are not involved. Hence, we actually have,
using that Ri maps Ḃ0

∞,∞ to itself and that Ḃ0
∞,∞ ↪→ L∞,∥∥η∂k[TX k ; (ηId−1)−1
]RiR j g

∥∥
L p ≤ C‖∇X‖L p‖g‖L∞ .

Summing up all the above estimates concludes the proof of the lemma. �
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