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ABSENCE OF CARTAN SUBALGEBRAS FOR
RIGHT-ANGLED HECKE VON NEUMANN ALGEBRAS

MARTIIN CASPERS

For a right-angled Coxeter system (W, S) and g > 0, let M, be the associated Hecke von Neumann algebra,
which is generated by self-adjoint operators Ty, s € S, satisfying the Hecke relation (/g Ts—q) (/g Ts+1)=0,
as well as suitable commutation relations. Under the assumption that (W, S) is irreducible and |S| > 3 it
was proved by Garncarek (J. Funct. Anal. 270:3 (2016), 1202-1219) that M, is a factor (of type II;) for a
range q € [p, p~'1 and otherwise My is the direct sum of a II;-factor and C.

In this paper we prove (under the same natural conditions as Garncarek) that M, is noninjective, that it
has the weak-* completely contractive approximation property and that it has the Haagerup property. In
the hyperbolic factorial case M, is a strongly solid algebra and consequently M, cannot have a Cartan
subalgebra. In the general case M, need not be strongly solid. However, we give examples of nonhyperbolic
right-angled Coxeter groups such that M, does not possess a Cartan subalgebra.

1. Introduction

Hecke algebras are one-parameter deformations of group algebras of a Coxeter group. They were the
foundation for the theory of quantum groups [Jimbo 1986; Kassel 1995] and have remarkable applications
in the theory of knot invariants, as was shown by V. Jones [1985]. A wide range of applications of Coxeter
groups and their Hecke deformations can be found in [Davis 2008]. Dymara [2006] (see also [Davis
2008, Section 19]) introduced the von Neumann algebras generated by Hecke algebras. Many important
results were then obtained (see also [Davis et al. 2007]) for these Hecke von Neumann algebras. This
gave for example insight into the cohomology of associated constructions and its Betti numbers. In this
paper we investigate the approximation properties of Hecke von Neumann algebras as well as their Cartan
subalgebras (here we mean the notion of a Cartan subalgebra in the von Neumann algebraic sense, which
we recall in Section 5, and not the Lie algebraic notion).

Let us recall the following definition. Let ¢ > 0 and let W be a right-angled Coxeter group with
generating set S (see Section 2). The associated Hecke algebra is a x-algebra generated by T, s € S,
which satisfies the relation

Vil —WqT,+1)=0, Tr=T,, and T,T,=TT,

for 5,¢t € S with st = ts. Hecke algebras carry a canonical faithful tracial vector state (the vacuum
state) and therefore generate a von Neumann algebra M, under its GNS construction. It was recently
proved by Garncarek [2016] that if (W, S) is irreducible (see Section 2) and |S| > 3, the von Neumann

MSC2010: 47L10.
Keywords: Hecke von Neumann algebras, approximation properties, Cartan subalgebras.
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algebra M, is a factor in the case g € [p, p~ 1, where p is the radius of convergence of the fundamental
power series (2-2). If ¢ € [p, p~'] then M, is the direct sum of a II;-factor and C. For more general
Coxeter groups/Hecke algebras (not necessarily being right-angled, or for multiparameters ¢) this result
is unknown. It deserves to be emphasized that this in particular shows that the isomorphism class of M,
depends on g; an observation that was already made in the final remarks of [Davis 2008, Section 19].

The first aim of this paper is to determine approximation properties of M, (assuming the same natural
conditions as Garncarek). We first show that M, is a noninjective von Neumann algebra and therefore
falls outside Connes’ classification of hyperfinite factors [1976]. Secondly we show that M, has the
weak-* completely contractive approximation property (wk-x CCAP). This means that there exists a net
of completely contractive finite-rank maps on M, that converges to the identity in the point o-weak
topology. In case g = 1 the algebra M, is the group von Neumann algebra of a right-angled Coxeter
group. In this case the result was known. For instance the CCAP follows from Reckwerdt’s result [2015]
and noninjectivity follows easily from identifying a copy of the free group inside W. Noninjectivity
can also be proved for right-angled Coxeter groups through the techniques developed in [Bozejko and
Speicher 1994]. Here we find the following:

Theorem A. Let g > 0:

(1) Let (W, S) be an irreducible right-angled Coxeter system with |S| > 3. Then M is noninjective.

(2) For a general right-angled Coxeter system (W, S) the associated Hecke von Neumann algebra M,
has the wk-+ CCAP and the Haagerup property.

The proofs of noninjectivity and the Haagerup property proceed by showing that Hecke von Neumann
algebras are actually graph products [Caspers and Fima 2017] and then using general graph/free-product
techniques involving important results of [Ueda 2011]. For the wk-%- CCAP we first obtain cb-estimates
for radial multipliers and then use estimates of word-length projections (see Proposition 4.11) going back
to [Haagerup 1978].

Our second aim is the study of Cartan subalgebras of the Hecke von Neumann algebra M. Recall
that a Cartan subalgebra of a II;-factor is by definition a maximal abelian subalgebra whose normalizer
generates the II;-factor itself. Cartan subalgebras arise typically in crossed products of free ergodic
probability measure preserving actions of discrete groups on a probability measure space.

Voiculescu [1996] was the first one to find factors (namely free group factors) that do not have a Cartan
subalgebra. His proof relies on estimates for the free entropy dimension of the normalizer of an injective
von Neumann algebra. Using a different approach, Ozawa and Popa [2010] were also able to find classes
of von Neumann algebras that do not have a Cartan subalgebra (including the free group factors). Ozawa
and Popa actually proved that these algebras have a stronger property that afterwards became known as
strong solidity: the normalizer of a diffuse injective von Neumann subalgebra generates an injective von
Neumann algebra again.

After these fundamental results by Ozawa and Popa, strong solidity was studied for many other
von Neumann algebras. In particular Popa and Vaes [2014] (see also [Chifan and Sinclair 2013]) proved
the absence of Cartan subalgebras for group factors of biexact groups that have the CBAP. Isono [2015]
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then put the results from [Popa and Vaes 2014] into a general von Neumann framework in order to prove
absence of Cartan subalgebras for free orthogonal quantum groups. Isono proved that factors with the
wk-* CBAP that satisfy condition (AO)™ are strongly solid. Using this strong solidity result by Isono we
are able to prove the following.

Theorem B. Let g € [p, p~ "1 with p as in Theorem 2.2. Let (W, S) be an irreducible right-angled
Coxeter system with |S| > 3. Assume that W is hyperbolic. Then the associated Hecke von Neumann
algebra M is strongly solid.

In turn as M, is noninjective by Theorem A we are able to derive the result announced in the title of
this paper for the hyperbolic case.

Corollary C. Let g € [p, p~ '] with p as in Theorem 2.2. For an irreducible right-angled hyperbolic
Coxeter system (W, S) with |S| > 3 the associated Hecke von Neumann algebra M, does not have a
Cartan subalgebra.

General right-angled Hecke von Neumann algebras are not strongly solid; see Remark 5.6. Still we
can prove in some cases that they do not possess a Cartan subalgebra. We do this by showing that if M,
were to have a Cartan subalgebra then under suitable conditions each of the three alternatives in [Vaes
2014, Theorem A] fails to be true, which leads to a contradiction.

Theorem D. Let g € [p, p~']. Let (W, S) be an irreducible right-angled Coxeter system with |S| > 3 for
which the Coxeter graph satisfies the conditions of Theorem 6.7. Then the associated Hecke von Neumann
algebra M does not have a Cartan subalgebra.

Structure. In Section 2 we introduce Hecke von Neumann algebras and some basic algebraic properties.
Lemma 2.7 is crucial for the results on strong solidity and the weak-x CCAP. In Section 3 we obtain
universal properties of Hecke von Neumann algebras and prove that they decompose as graph products. We
collect the consequences for the Haagerup property and noninjectivity. In Section 4 we find approximation
properties of M, and conclude Theorem A. Section 5 proves the strong solidity result of Theorem B
from which Corollary C shall easily follow. Finally Section 6 proves absence of Cartan subalgebras for
the cases of Theorem D.

Convention. Let X be a set and let A, B € X. We will briefly write A\ B for A\(AN B).

2. Notation and preliminaries

Standard results on operator spaces can be found in [Effros and Ruan 2000; Pisier 2003]. Standard
references for von Neumann algebras are [Stritild and Zsid6 1979; Takesaki 1979]. Recall that ucp stands
for unital completely positive.

2A. Coxeter groups. A Coxeter group W is a group that is freely generated by a finite set S subject to
relations

(sy") =1
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for some constant m(s, t) € {1,2,...,00} with m(s,t) = m(t,s) > 2, s #t, and m(s,s) = 1. The
constant m(s, t) = oo means that no relation is imposed, so that s, t are free variables. The Coxeter
group W is called right-angled if either m(s,t) =2 or m(s,t) = oo for all 5,7 € S, s # t and this is the
only case we need in this paper. Therefore we assume from now on that W is a right-angled Coxeter
group with generating set S. The pair (W, §) is also called a Coxeter system.

Let w € W and suppose that w = w; - - - w,, with w; € S. The representing expression w - - - wy, is
called reduced if whenever also w = wj - - - w;, with w; € S then n < mj; i.e., the expression is of minimal
length. In that case we will write |w| = n. Reduced expressions are not necessarily unique (only if
m(s, t) = oo whenever s # t), but for each w € W we may pick a reduced expression which we shall call
minimal.

Convention. For w € W we shall write w; for the minimal representative w = wy - - - wy,.

To the pair (W, S) we associate a graph I" with vertex set VI' = § and edge set EI" ={(s, t) :m(s, t) =2}.
A subgraph I'g of T is called full if the following property holds: for all s, € VI'g with (s, ) € ET we
have (s, t) € ET.

A clique in I is a full subgraph in which every two vertices share an edge. We let Cliq(I") denote the
set of cliques in I'. To keep the notation consistent with the literature the empty graph is in Cliq(T") by
convention (in this paper we shall sometimes exclude the empty graph from Cliq(I") explicitly or treat it
as a special case to keep some of the arguments more transparent).

For s € S we set

Link(s) ={t € S : m(s, 1) =2},

so these are all vertices in I" that have distance exactly 1 to s. For a subset X C VI" we set Link(X) =
(\sex Link(s). We sometimes regard Link(X) as a full subgraph of T".

Definition 2.1. A Coxeter system (W, S) is called irreducible if the complement of I" is connected. Here
the complement I'“ of the graph I' is the graph with the same vertex set VI" and for v, w € VI" we have
(v, w) € ET¢ if and only if (v, w) € ET.

2B. Hecke von Neumann algebras. Let (W, §S) be a right-angled Coxeter system. Let g > 0. By [Davis
2008, Proposition 19.1.1] there exists a unique unital *-algebra C,(I") generated by a basis {fw we W)
satisfying the following relations. For every s € § and w € W we have

~

~x [T if [sw| > |w],
Ts Tw = ~ ~ .
qTsw+ (g —1)T, otherwise,
Tr=Ty.
We define normalized elements Ty, = q_"”'/ 2?,,,. Then forw e Wands € S,

T. if
7.7, = | bw i Isw|.> [wl, 1)
Tsw + pTy otherwise,

where

p:

qg—1
R



ABSENCE OF CARTAN SUBALGEBRAS FOR RIGHT-ANGLED HECKE VON NEUMANN ALGEBRAS 5

There is a natural positive linear tracial map t on C, (W) satisfying 7(Ty) =0, w # 1, and 7(1) = 1. Let
LZ(MQ) be the Hilbert space given by the closure of C, (W) with respect to (x, y) = 7(y*x) and let M,
be the von Neumann algebra generated by C, (W) acting on LZ(M,,). The map t extends to a state on
M, and Lz(/\/lq) is its GNS space with cyclic vector 2 :=T,. M, is called the Hecke von Neumann
algebra at parameter g associated to the right-angled Coxeter system (W, S).

Theorem 2.2 (see [Garncarek 2016]). Let (W, S) be an irreducible right-angled Coxeter system and
suppose that |S| > 3. Let p be the radius of convergence of the fundamental power series

oo
D HweW:|w =k)*. (2-2)
k=0
For every q € [p, p~'] the von Neumann algebra M, is a factor. For g > 0 not in [p, o~ the von
Neumann algebra M, is the direct sum of a factor and C.

As M, possesses a normal faithful tracial state the factors appearing in Theorem 2.2 are of type II;.

For the analysis of M, we shall in fact need M, which is the group von Neumann algebra of the
Coxeter group W. It can be represented on Lz(Mq). Indeed, let 75" denote the generators of M as in
(2-1) and let T, be the generators of M,,. Define the unitary map!

U:L* (M) — L*(My) : TVQ — T, Q.

In this paper we shall always assume that M, is represented on LZ(M,,) by the identification M| —
B(Lz(Mq)) :x +— UxU* Note that this way

T (T Q) = Ty Q. (2-3)

For w € W we shall write P, for the projection of LZ(Mq) onto the closure of the space spanned linearly
by {7, : |lw™'v| = |v| — |w|} (see Remark 2.3 below). For I'y € Cliq(I") we shall write Pyr, for Py,
where w € W is the product of all vertex elements of I'g, and |V I'g| for the number of elements in V I'y.
Note that if 5, € VI'g then Py and P; commute and so Pyr, is well-defined. Similarly we shall write
Pyyr, for Py, where w € W is the product of v with all vertex elements of I'y.

Remark 2.3 (creation and annihilation arguments). Note that for w, v € W saying that |w~!v| = |v| — |w|
just means that the start of v contains the word w. Throughout the paper we say that s € S acts by means
of a creation operator on v € W if |sv| = |v| + 1. It acts as an annihilation operator if |sv| = |v| — 1.
Note that as W is right-angled we cannot have |sv| = |v|. For v, w € W we may always decompose w as
w = w'w” such that |w| = |w'| + |w”|, |w’v| = |v|—|w”|, and |wv| = |v| — |w”| + |w’|. That is, w first
acts by means of annihilations of the letters of w” and then w’ acts as a creation operator on w”v. We

//|
’

will use such arguments without further reference.

1Unitarity follows as the vectors Ty 2 are orthonormal. Indeed (Ty 2, Ty Q) = (T TwS2, Q). If v*w is reducible this
expression is 0. Otherwise there exists a letter w; at the starts of v and w such that T Ty = T';“, Ty + pTv*, Ty, Ty, where
wiw’ = w and w1y’ = v and w’ and v’ are of shorter length. The term pT};Ty, Ty reduces further and can be written
as a sum of operators ) ; Ty, but each u; must contain the letter w; as else w and v would not be reducible. Therefore
(pT:‘, Ty, Ty 2, Q) =0. So (Ty Ty, Q) = (T:‘, Ty 2, ©2). Continuing inductively we get (T, Ty Q2, Q) = 8y, w-
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The following Lemma 2.5, together with Lemma 2.7, says that T3, decomposes in terms of a sum of
operators that first act by annihilation (this is Tu(})) then a diagonal action (this is the projection P,yr,)

and finally by creation (this is Tu(,l)).

Definition 2.4. Let w € W. Let A,, be the set of triples (w’, I'g, w”) with w’, w” € W and I'y € Cliq(T")
such that (1) w = w'VIyw”, 2) lw| = |w'| + |VIg| + |w”|, 3) if s € S commutes with VI then
|lw’s| > |w’| (that is, letters commuting with VT cannot occur at the end of w’, and if they are present
they should occur at the start of w”).

Lemma 2.5. For (w', Ty, w”) € Ay, there existu, u’, u” € W such that
1 1 1 1
T Pyr, TS, = TP Pyyr, TS, (2-4)

1

and moreover if s € S is such that \u's| < |u'| then |su”| > |u"|. We may assume that u' = w'u™" and

u// — uw//‘

Proof. Let u € W be the (unique) element of maximal length such that |w'u~!| = |w’| — |u| and

luw”| = |w”| — |u|. Set ' = w'u~"! and u” = uw”. It then remains to prove (2-4) as the rest of the

properties are obvious or follow by maximality of #. We must show that
1
Pyyr, =TV Pyr, Tu(—)l‘

Take v € W. If |(uVTo) " 'v| = |v| — [V Ty (i.e., v starts with uVT) then |(VIo)'u'v| = |u"'v| —
|VDo| (i.e., u—'v starts with Vo). We shall prove that the converse holds. First, we claim that if
|(VIo)'utv|=|u""v| —|VIy| then |[u"'v| =|v] — |u~!]| (i.e., v starts with ). Indeed, because if this
were not the case then one of the letters in # would remain at the start of #~'v. And as the letters of u do
not commute with VI this would mean that [(VTo) ™ 'u~"v| # |u—'v| — |V Ty|, which is a contradiction.
From the initial assumption (Vo) 'u='w| = |u="v| — |VIg| (u'v starts with VI) together with
lu='v| = |v] — |u~"| (v starts with u) we get that |(uVIo) " v| = [v| — [uVTy|.
The previous paragraph shows the first equality of

Puvro(TyQ) = TV Pyry(T,-1,2) = TV Py TO(T,9). O

Remark 2.6. In Lemma 2.5 the property that |u’s| < |u’| implies that |su”| > |u”| is equivalent to
lu'u"| = |u'| + |u”|. The words #’ and u” in Lemma 2.5 are not unique: in the case |su”| = |u”| — 1 and
s commutes with VT, we may replace (u’, u”) by (u's, su”).

Lemma 2.7. We have
Tw= Y. pVOITY Py, Ty, (2-5)

(w’.To,w") €Ay
where Ay is given in Definition 2.4.

Proof. The proof proceeds by induction on the length of w. If |[w| =1 then T3, = Tu(,l) + pPy by (2-1).
Now suppose that (2-5) holds for all w € W with |w| =n. Let v € W be such that |v| =n+ 1. Decompose
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vasv=sw, |w|=n, s €S. Then,

T, =T,Tp = (T" +pPs)< 3 p'VFOT,ﬂ)PVFOT,ﬁ)>

(w',To,w")eAy
1 1 1 1
— Z (p|VF0\TS(w2 PVF() Tu(;//) + p|VFO|+1 P, Tu(,/)PVF() u()”)) (2-6)
(W', T, w") €Ay
Now we need to make the following observations.

(1) If sw’ = w's then P Tu()}) = Tu(})[’s. So in that case,

PT Pyr, TS = TSV PoPyr, TS

0 w//
Moreover Ps Pyr, equals Py, in the case s commutes with all elements of VI'y and it equals 0 otherwise.

(2) In the case sw’ # w's we claim that P; T(l)PvroT(},) = 0. To see this, rewrite P T( )PV OT(},) =
PST;,)P,,VFOT,‘(,,) with u, ', u” as in Lemma 2.5. As sw’ # w's we have su’ # u's and/or su # us
(because w’ = u'u with |w’| = |u’| + |u|; see Lemma 2.5).

(a) Assume su’ # u's. For v € W with T,,,Q in the range of P,yr,,
PTS) Puyr, TO(TyS2) = Py Ty 2. 27

Furthermore, the assertions of Lemma 2.5 imply |w'uVTo| = |u’| + [uVTy| and therefore (recalling
that 7,7, is in the range of P,yr,) we get that |u'u"v| = |u”v| + |u’|, which implies (because
su' # u's and u'u’"v starts with all letters of ') that (2-7) is 0. For v € W with T,»,2 not in the
range of P,yr, we have Tu(,l)PuerTlf,p(TvQ) 0. In all we conclude P; T( )PuerT(,l,) =0.

(b) Assume su’ = u's but su # us. Then P Tu(,l)Pu = Tu(,l)Ps P, =0.
So in all (2-6) gives,

T,= Y p"IT )Py, Ty + > PV T Py 1Y),

(w',To,w")€Ay (w’,To,w")EAy,sw'=w’'s,s VI o=VTys

and in turn an identification of all summands shows that the latter expression equals

Z p|VFo|T(1)P D 0

Codyr
(v',To,v")EAsw

2C. Group von Neumann algebras. Let G be a discrete group with left regular representation s — A
and group von Neumann algebra £(G) = {A; : s € G}”. We let A(G) be the Fourier algebra consisting
of functions ¢(s) = (A&, n),&,n € 0%(G). There is a pairing between A(G) and £(G) which is given
by (¢, A(f)) = fG f(s)p(s)ds which turns A(G) into an operator space that is completely isometrically
identified with £(G),. We let M5 A(G) be the space of completely bounded Fourier multipliers of A(G).
For m € McgA(G) we let T, : L(G) — L(G) be the normal completely bounded map determined by
A(f) = A(mf). The following theorem is due to Bozejko and Fendler [1984] (see also [Junge et al. 2009,
Theorem 4.5]).
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Theorem 2.8. Let m € McpA(G). There exists a unique normal completely bounded map M,, :
B(£%(G)) — B(£%(G)) that is an L>®(G)-bimodule homomorphism and such that M,, restricts to T,, :
A(f) = Amf) on L(G). Moreover, |Mpyllcg = 1Tmllcs = Im Mg acc)-

The map M, is called the Herz—Schur multiplier.

3. Universal property and conditional expectations

In this section we establish universal properties for M, and consequently show that M, is noninjective
and has the Haagerup property.

3A. Universal properties.

Theorem 3.1. Let g > 0, put p = (¢ — 1)/ /q and let (W, S) be a right-angled Coxeter system with
associated Hecke von Neumann algebra (M, ©). Suppose that (N, Txr) is a von Neumann algebra with
GNS faithful state Tty that is generated by self-adjoint operators Rg, s € S, that satisfy the relations
R, R, = R;R; whenever m(s,t) = 2, RS2 =14 pRs, s €S, and further Tar(Ry, - - - Ry,) = 0 for every
nonempty reduced word w = wy ---w, € W. Then there exists a unique normal x-homomorphism
7 : My — N such that w(Ty) = Ry. Moreover tyrom = 1.

Proof. The proof is routine; see [Caspers and Fima 2017, Proposition 2.12]. We sketch it here. Let
(L*>(N), mar, n) be a GNS construction for (N, Ty). As 7y is GNS faithful we may assume that A is
represented on L*(N) via . We define a linear map V : Lz(/\/lq) — L?>(\N) by VQ =n and

V(TyR2) = Ryn, wherewe W,

and Ry, := Ry, - - - Ry,. One checks that V is isometric by showing that {R,,n : w € W} is an orthonormal
system.2 Putting 7 (-) = V(-)V* concludes the lemma. As VQ2 =n we get tyyom = . O

Remark 3.2. Note that the property TS2 =1+ pT;, s € §, with p = (g — 1)/,/q. is equivalent to the
usual Hecke relation (\/g Ty — q)(/q Ty + 1) = 0 that appears in the literature.

We shall say that (VT/, 3’) is a Coxeter subsystem of (W, S) if S CSandm(s,t)=m(s,t) foralls,t e S.
Here 77 is the function on S x S that determines the commutation relations for W; see Section 2A.

Corollary 3.3. Let g > 0. Let ( W, S) be a Coxeter subsystem of a right-angled Coxeter system (W, S).
Let /\714 and M be their respective Hecke von Neumann algebras. Then naturally Mq is a von Neumann
subalgebra of M. In particular, there exists a trace-preserving normal conditional expectation & :
My — /\]q,

2The proof goes as follows. We may find unique coefficients ¢, such that Ty -+ Tw/l Twy -+ Tw, =Y pew cvTyv. We have
¢ =1if w=w and cg = 0if w # w’ by comparing the trace of both sides of this expression. In fact the coefficients c, may
be found by using the commutation relations for 7y and the Hecke relation TS2 = 1+ pT; to “reduce” the left-hand side of this ex-
pression. As the same relations hold for the operators Ry (by the assumption of the lemma) we also get Rw;, «++ Ry Ru, - Ry,=
Y vew cvRy. So, (Ryn, Ry n) = fN(R;‘;,Rw) =N (Ry - Rwi Ruw, - Ru,) = TN(ZveW c,,R,,) = cg. This proves that
indeed V is isometric.
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Proof. Theorem 3.1 implies that /\71q is a von Neumann subalgebra of M, and the canonical trace of
M, agrees with the one on /(/qu. Therefore /\7lq admits a trace-preserving normal conditional expectation
value; see [Takesaki 2003, Theorem I1X.4.2]. O

Consider the Hecke von Neumann algebra M, for the case that S is a one-point set, ¢ > 0, and
p=(q—1)//q. In that case we have W = {e, s} and LZ(Mq) has a canonical basis €2 and 7,2. With
respect to this basis 7§ takes the form ((1) 117) and one sees (using for example the relation TS2 =1+ pTy)
that M, = CIdy ® CTj; i.e., it is 2-dimensional. The following corollary uses the graph product, for which
we refer to [Caspers and Fima 2017]. It is a generalization of the free product by adding a commutation
relation to vertex algebras that share an edge; the free product is then given by a graph product over a
graph with no edges. In [Caspers and Fima 2017] the symbol x was used for graph products. We use the
notation « instead to distinguish them from free (amalgamated) products.

Corollary 3.4. Let (W, S) be an arbitrary right-angled Coxeter system and let ¢ > 0. Let I" be the graph
associated to (W, S) as before. For s € S let M, (s) be the 2-dimensional Hecke von Neumann subalgebra
corresponding to the one-point set {s}. Then we have a graph product decomposition My = *;cyr M, (s).

Proof. Let Ty € M, s € S, be the operators as introduced in Section 2B. Let i, s € S, be the operator Tj
but then considered in the algebra M, (s), which in turn is contained in x;cyr M, (s) with conditional
expectation. Now the map T — T, determines an isomorphism by Theorem 3.1 and the universal property
of the graph product given by [Caspers and Fima 2017, Proposition 2.12]. O

3B. Noninjectivity.

Definition 3.5. A von Neumann algebra M C B(H) is called injective if there exists a conditional
expectation & : B(H) - M.

Theorem 3.6. Let (W, S) be an irreducible right-angled Coxeter system with |S| > 3. Then M, is

noninjective.

Proof. It suffices to prove that M, contains an expected noninjective von Neumann subalgebra. Now any
irreducible Coxeter system (W, S) contains a Coxeter subsystem (W, E) either of the form S = {r,s, t}
with m(r, s) = m(r, t) = m(s,t) = o0 or S = {r,s,t} with m(r,s) =m(r,t) = oo and m(s,t) = 2. So
it satisfies to prove noninjectivity for these systems. In both cases, for ¢g fixed, set M to be the Hecke
von Neumann algebra of the Coxeter system consisting of just {r}. M has dimension 2. Set N to be
the Hecke von Neumann algebra of the Coxeter system {s, ¢}, which is infinite-dimensional in the case
m(s, t) = oo and 4-dimensional if m(s, t) = 2 (being the tensor product of two 2-dimensional algebras).
Then M, is isomorphic to the free product M A over the canonical traces by Corollary 3.4 and [Caspers
and Fima 2017, Remark 3.23]. As dim(M) 4 dim(N) > 5 it follows that M, is noninjective from [Ueda
2011, Theorem 4.1] (see comment (5) in Remark 4.2 of that work). U

3C. Haagerup property. We first construct radial multipliers.

Proposition 3.7. Let (W, S) be a right-angled Coxeter group with Hecke von Neumann algebra M,
q > 0. For every O < r < 1 there exists a normal unital completely positive map ®, : M, — M that is
determined by ®,(Ty) = r'*!T,,.
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Proof. As in Corollary 3.4 we identify M, with the graph product *Eevr(Mq (s), T5), where 7 is the
tracial state on M, (s). Consider the map ®, ; : M, (s) — M, (s) determined by 1 — 1, T > rT;. This
map is unital and completely positive: indeed consider the matrices

(Y e () (7 )

Then &, ; agrees with x — A*x A+ B*x B+C*xC as before Corollary 3.4 we already noted that 7y = ((1) ll) )-
Furthermore ®, ; preserves the trace 7, as T, is the vector state associated with (1, 0)". Therefore we may
apply [Caspers and Fima 2017, Proposition 2.30] and obtain the graph product ucp map @, := *seyr P, ,
which proves the proposition. U

Definition 3.8. Recall that a von Neumann algebra M with normal faithful tracial state T has the Haagerup
property if there exists a net ®; of r-preserving ucp maps M — M such that 7; : xQ2; > ®; (x)Q; is
compact and converges to 1 strongly.

Theorem 3.9. For any Coxeter system (W, S) and any q > 0 the von Neumann algebra M, has the
Haagerup property.

Proof. If § is finite Proposition 3.7 directly shows that M, has the Haagerup property by letting r 7 1.
Then the general case follows by an inductive limit argument on finite Coxeter subsystems using the
conditional expectations from Corollary 3.3. ]

4. Completely contractive approximation property

We show that for a right-angled Coxeter system (W, S) the Hecke von Neumann algebra M, has the
wk-*% CCAP; see Definition 4.12. The proof follows a— by now standard — strategy of [Haagerup 1978]
by considering radial multipliers first and then showing that word-length cut-downs have a complete
bound that is at most polynomial in the word length.

4A. Creation/annihilation arguments. Here we present some combinatorial arguments that we need in
Section 4B. We have chosen to separate these from the proofs of Section 4B so that the reader could skip
them at first sight.

We introduce the following notation. Let x, w € W. We shall write w < x to indicate that [w~'x| =
|x| — |w|. Then w < x is defined naturally. So w < x means that w is obtained from x by cutting off
a tail. An element v € W is called a cliqgue word in the case its letters form a clique. For A a clique in
W and v € W we define v(2, @) as the maximal? clique I'y such that [vVIy| = |v| — |V Ig|. Then we
take the decomposition v = v(1, A)v(2, A) with |[v] = |v(1, A)|+|v(2, A)| and v(2, A) = v(2, D)\ A
(which uniquely determines v(1, A)). For g < x we let Ag , be (x_lg) (2, @). In other words Ag  is
the maximal clique that appears at the start of g~'x. We let C(g, x) be the collection of w € W with
g <w =< gAg . Note that C(g, x) contains at least g and g A, , (and the latter elements can be equal).
We write C(g, +) for Ugix C(g,x).

3Suppose that I'g and Iy are cliques such that |[vVT';| = |v| —|VI}|, i =0, 1. Then the letters VI'¢ and VI'| must commute.
So the union I') =g UT'| is a clique with [vV | = |v| — |V I;].
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Example 4.1. Consider the Coxeter system (W, S) with S = {r, s, t} in which m(r, s) =2 and m(r, t) =
m(s, t) = oo. Consider v = trs. Then v(1l, @) =1, v(2,9) =rs, v(l,r) =1r, and v(2,r) = 5. Also
Apirst = 1{t, tr, ts, trs}.

Lemma 4.2. Let x,w € W. Let w = w'w” be the decomposition with |w| = |w’'| + |w”| such that
lw”x| = |x| — |[w”| and |wx| = |x| — |w"| + |w'|. Take (w")~! < g < x. Then, forv e C(g, x),
(wv)(2, (wg)(2, 2)\g(2,2)) =v(2, g2, D)\ (wg)(2, 2)) (4-1)
and
l(wo)(1, (wg)(2, 2)\g(2, @) = [v(l, g2, @)\wg (2, 2))| — |w"| + [w’|. (4-2)

Proof. Let v € C(g, x). The clique v(2, @) consists of the clique g~!

1

v plus all letters in g(2, @) that
commute with g7 v. Therefore v(2, g(2, @)\ (wg)(2, &)) is the clique consisting of g_1 v plus all letters
in (wg)(2, @) N g(2, @) that commute with g~'v. On the other hand (wv)(2, @) consists of the clique
g~ 'v together with all letters in (wg) (2, @) that commute with g~'v. Then (wv)(2, (wg)(2, @)\g(2, @))

1 -1

equals g~ v together with all elements in (wg) (2, @)Ng(2, &) that commute with g~ v. So we conclude

(4-1). Therefore,
[(wo)(1, (wg)(2, 2)\g(2, 2))| = [wv| — [(wv) (2, (wg)(2, D)\g(2, 2))|
= [v] — [w"[+ || — [v(2, g(2, 2)\(wg)(2, )|
= |v(1, g2, @)\wg(2, 2))| — [w"| + ||, (4-3)

completing the proof. U

Lemma4.3. Letx, w € W and decompose w as w = w'w” such that |{w| = |w'|+|w”|, |w"x|=|x|—|w"|,
and |lwx| = |x| — |[w”| + |w'|. Let (w")~' < g <x. Then:

(1) g2, 2)\(wg)(2, 2) = g2, 2)\(w"g)(2, 2).
(2) Forv e C(g,x) we have

v(2,v(2, 2)\(w"v)(2, 2)) = v(2, g(2, D)\ (w"g)(2, 2)). (4-4)

Proof. (1) Because (w”)~! < g < x we also have |[w”"g| = |g| — |w”| and |wg| = |g| — |w”| + |w’|. So
w’ creates letters in w” g so that g(2, @)\ (wg)(2, @) = g2, D)\ (w"g2)(2, ).

(2) Let A be the set of letters in g (2, @) that commute with g ~'v. The clique v(2, @) consists of g~ 'vUA.
This means that v(2, v(2, @)\(w”v)(2, @)) consists of g~ 'v U A intersected with (w”v)(2, @). The inter-
section of (w”v)(2, @) with g~ 'vis g v so that v(2, v(2, @)\ (W'v)(2, @) =g ' VUAN (W v)(2, @)).
On the other hand v(2, g(2, @)\ (w”g)(2, @)) equals g~ 'v U (A N (w”g)(2, @)) and as g(2, @) N
(w’g)(2, 2)=g 2, 2)N(w"v)(2, @) clearly (AN(w"v)(2, @))=(AN(w"g)(2, &)). This proves (4-4). (I

Although Coxeter groups generally do not have polynomial growth (nor are they hyperbolic) we still
have the polynomial estimate of the following Lemma 4.4. We do not believe that the degree of the
polynomial bound we obtain in Lemma 4.4 is optimal, but it suffices for our purposes and it admits a
short proof.
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Lemma 4.4. Let W be a right-angled Coxeter group with finite graph I. Let x € W. For a € N define
kx(a) =[{w <x :|w| =a}|.

Then kx(a) < CaV'1=2 Moreover, the constant C can be taken uniformly in x.

Proof. To carry out the proof we shall actually count a more refined number. We write A < I to indicate
that A is a complete subgraph of I". We say that w is a (< A)-word if its letters (in reduced form) are all
in V A (they do not need to exhaust all of V A); we say that w is a A-word if its letters are exactly V A.
Then define

/c;\(a)zl{v <x:|v|=aand visa (< A)-word}|. 4-5)

Let ¢ and k¢ be constants such that for a € {0, 1} we have for all @ # A <T that k2 (a) < c(a+ko)!V 2172
and further for all a € N and all nonempty complete subgraphs A of I' we have 2!V 4lca < (a + ko)% We
prove by induction on a € N that for all @ # A < I" we have K;\ (a) < c(a+ko)!VAI—2

Inductive step. Pick some fixed w < x with |w| =a and w a A-word. Now if v < x with |v| = a then let
vg be an element of maximal length such that both vy < v and vy < w (we leave in the middle if vg is
unique).

Let s € S be a letter that appears at the start of v, 'w. We claim that the letter s must commute with
v, 'v. Indeed, first observe that as vy has maximal length s cannot appear at the start of v, 'v. Further,
write x = vo(voflv)(v*lx) and x = vo(valw)(wflx). So,

vy 'w)(w'x) = (v, 'v) (v ). (4-6)

Now s appears at the start of (v, 'w) and hence this letter must occur somewhere in the expression
(vy 1v)(v”x) as well. Consider the first occurrence of s in (v, lv)(vflx). All the letters before it must
then commute with s as otherwise the equality (4-6), saying that s is at the start, is violated (see the normal

1 as then it is automatically

form theorem [Green 1990, Theorem 3.9]). But then s does not occur on v,
at its start. So the first time s occurs in (v, ! v)(v~'x) is in the part (v—'x) and so it commutes with all
elements in (v, lv).

So if vo_lw is a A-word then vo_lv is a Link(A)-word (recall Link(A) = [\;cy 4 Link(s)); in fact it
must be a (Link(A) N A)-word as we only deal with words with letters in A. Moreover v, v must appear
at the start of w™'x. So every word in the set we count in (4-5) is obtained from w by cutting off a tail

(this is v, ! w) and then adding a tail of the same size with commuting letters (this is v, lv). This certainly

Link(A’ —
K@=y Y kN (v ).

AN <A v=w
vlwisa A-word

gives the inequality

Note that the number of v € W with v < w, |[v] =/ and v a A’ -word is smaller than or equal to
K;‘il (Jw| —1). In the case [ = 0 we have K;}Ll (Jw| — 1) = 1 (elementary) and in the case [ > 0 we can
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apply our induction hypothesis to get k2", (jw] — 1) < c(a — I + ko)!V*'1=2. Therefore we get

K;\(a) = Z Z c(a +k0)|Link(A/)ﬂVA\—2

AN <A | y<w
v 'wisa A’-word

a
S Z ZCZ(a _l+k0)|VA/|—2(a+k0)|Link(A/)va|—2
AN <A 1=0

a
< Z ZCZ(a_{_kO)\VA/\fZ(a+k0)|Link(A,)ﬂVA|72‘
A <A =0

Since the intersection of each V A’ and Link(A") NV A is empty we find

a
kM) < DD Flat+kg) M <2V @+ 1@+ ko) VAT < ca+ ko) VA,
A <A =0

The last line follows from the choice of ¢ and k.

4B. Word-length projections. The aim of this section is to prove that Ty, — §(|w| < n)T,, gives a

13

O

complete bounded multiplier of M, with complete bound growing at most polynomially in n. Firstly we

simplify notation a little bit.

Remark 4.5. We may identify ¢>(W) with basis 8y, x € W, with L?(M,) with basis T, Q. This way

T,,(,l) acts on £2(W) by means of the left regular representation.

We borrow the following construction from [Ozawa 2008]. We let B (W) be the set of finite subsets

of W. For A € By(W) we define 5;5 to be the vectors in EZ(Bf(W)) given by

1 fwCA,
0 otherwise,

(=Dl ifwcA,
0 otherwise.

Ef(w) = { £y (w) = {

Using the binomial formula (see Lemma 4 of [Ozawa 2008]), we have ||§j‘IE > =241 and

0 ANB#J,
1 otherwise.

G
We let
R =span{Py : w € W}.
Let Q4 be the operator
Quwdy = 3(w = x)0y;
i.e., Qy is the Dirac delta function at w seen as a multiplication operator.

Lemma 4.6. For w € W we have Q = ZveC(w,_H(—l)lw_llev-

Proof. Firstly, Qu(w) = 1 = Po(w) = (X ccw.)(—D™ V1P)(w). Letx € W. If w £ x we get

Ouwx)=0= (Zvec(wﬁ)(—l)'“’_l”‘P,,)(x). In the case w < x we find

( ) (—1>"”‘”'P.,><x>= > (=ph

veC(w,+) veC(w,x)

(4-7)

(4-8)
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and this expression equals 0 by the binomial formula. Indeed, let A, , be the maximal clique appearing
at the start of w™'x (see Section 4A). The number of words smaller than Ay x of length [ is |Ay x|
choose /. So (4-8) equals

[Awxl [Awx] A
Y o o=y (M heneti—o O
=0 yeC(w,x),|lwlv|=l 1=0

Now let A, be the x-algebra generated by the operators T, w € W. So M, is the o-weak closure
of A,. We define
Tw ) | w | S n 9

VW, A, > M, : Ty —
=t . {0, otherwise.

We also set W, = V-, — W_(,_1). The crucial part which we need to prove is that W, is completely
bounded with a complete bound that can be upper-estimated in n polynomially. In order to do so we first
introduce three auxiliary maps.

Auxiliary map 1: Recall that M is just the group von Neumann algebra of the right-angled Coxeter

group W. For k € N define the multiplier A; — A;
pe(Ty") = 8(|lw| = T,

This map is completely bounded as the range is finite-dimensional. We may extend p; to a o-weakly
continuous map M; — M, (for convenience of the reader we provided details of this extension trick
through double duality in Theorem 4.13). By the Bozejko—Fendler theorem, Theorem 2.8, we may extend
or uniquely to a o-weakly continuous £°°(W)-bimodule map B(3(W)) — B(2(W)) with the same
completely bounded norm. Using Lemma 2.7 we see that

n
Woy=Y proWey.
k=0

We emphasize at this point that in our proofs we shall not need a growth estimate for | ot ||cs in terms
of k. It is known however by [Reckwerdt 2015] that | o ||cs admits a polynomial bound in k. In the
hyperbolic case this would already follow from [Ozawa 2008, Theorem 1(2)].

Only in the hyperbolic case it is known by [Ozawa 2008, Theorem 1(2)] that this map is completely
bounded and moreover || px|lcg < C(k + 1) for some constant C independent of k.

Auxiliary map 2: Let T be the unit circle in C. For z € T we define a unitary map,

AL (W) = (W) : 8y > 21Y18,,.
We set fori € Z,
@; : BUA(W)) — BE*H(W)) : x > / AN A, dz,
T

where the measure is the normalized Lebesgue measure on T. Intuitively ®; cuts out the operators that
create i more letters than they annihilate (where a negative creation is an annihilation). Using Lemma 2.7
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we see that
n

Woy= Y ®ioWe,.

i=—n

Auxiliary map 3: Assume that I" is finite. For a € N we define Stinespring dilations

Uy : (W) > W)@ W) R (W) ® L (Br(W)) 4-9)

by mapping §, to (see Section 4A for notation)

Z Z ﬁ;:,x,A,aSg ® 8g*‘x ® 8g(Q,A) ®§[:::

g=x A<g(2,9)
Here
Bicna= D (DEIF @), (4-10)
veC(g,x)
where Fp ,(v) =1 if
2[v(L, M)+ w2, A)| <a,

and else Fp 4,(v) =0. We let ﬁ;x’A o = Lif ,Bg r.Aq 7~ 0and ﬂ;x,A’a = 0 otherwise. Then set,
oap(X) = U, x®@101® 1)U, . 4-11)
The map U.E is bounded with polynomial bound in a by the following lemma.

Lemma 4.7. If T is finite, the map U ;E is bounded. Moreover, there exists a polynomial P such that
IUFIl < P(a).

Proof. 1t follows by a comparison of the first two tensor legs in the definition of UZ that the images
of 8y, x € W, are orthogonal vectors. Therefore it suffices to show that sup,y ||UZ8,|| is bounded
polynomially. Now let C = }_ \ . cjigry 2"*/>. Then

WUabell = | Y Y Brrnade ®8g-1x ®gn) @y

8=<x A<g(2,9)

IN
<Z Z |ﬁng 122 <cZA€nC1|aE<(F) nga| (4-12)

g=x A<g(2.9)

In the case
a=<2g,A)|+1g2, A, (4-13)

ﬂ;x’ A.q = 0 by definition. Inequality (4-13) will certainly hold when a < |g|. Let M be the maximum
length of a clique in Cliq(T"). Then if

2061, M|+ 182, N =a—2M -1, (4-14)

we find that ﬂ gxAa = =0 by the binomial formula as for every v € C(g, x) we have Fy ,(v) = 1. Inequality
(4-14) will certainly hold if 2|g| <a —2M — 1. So (4-12) can be estimated by C times the number of
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g <x with
s@a—2M -1 <lgl=<a.

But the number such g’s grows polynomially in a; see Lemma 4.4. (I
Lemma4.8. Letx € W. Letu’, u” € W be such that |u”"x| = |x| — |[u”|, [u'u"x| = |x|— |u"| + |u’|. Let
v € W be such that (w”)~' <v < x. Then,

+ —
Z 'Bg,x,g(2,®)\(u’u”g)(2,®),a wu'gwu'x, (u'u"g)(2,2)\g(2,2),a=2u'|+2u"|
v=g=x

_ {1 i 2lv(1,v(2, 29)\(W'u"v)(2, 2))| + [v(2, v(2, D)\ @'u"v)(2, ))| < a, 4-15)
|0 otherwise.
Proof. By (4-1) and (4-2) for v < g we get

+ _ lg=" vl
Bareconwwpeoa= 2 DE VM Foowigeo.dw)
weC(g,x)

—1
= Yo EDE P g e.onge.oa-2urw (W)

weCu'u"g,u'u"x)

__pt
= Buwrg.wurx (wu')2.0)\g 2.2).a—2u|+2lu" |
Therefore also,

ﬂ;x,g(Z.g)\(u’u”g)(Z,fa).a = 'Bu/u”g,u’u”x,(u/u”g)(Z,®)\g(2,®).a72lu’\+2\u”|'
We thus have that the left-hand side of (4-15) equals
+ - _ +
Z ﬁg,x,g(lg)\(u’u”g)(2,®),a 8.x,82,0)\Wu"g)2,2),a — Z 'Bgﬂx,g(Z,@)\(u’u”g)(l@),a'
v<g<x v<g<x

To compute this sum, recall that R was defined in (4-7), and define the mapping
kg R—>R: Py Fw(Z,@)\(u/u”w)(Z,@),a(w)Pw-
Then, using Lemma 4.6, the definition of «,, Lemma 4.3, and the definition (4-10),

xa(ngx):Ka( > (—1)'g"”'Pw)(x)= 3 =D Fyp o 2,200 (W)

weC(g,x) weC(g,x)
— /3+
T Mgx,go)\Wu"g)(2,9).a

As )y . g<x Qg can be written as P, plus projections in R that are not supported at x we see therefore
that

+
Y Birgeonwwpema= D ka(Qe)®) =ka(Py) ().

v<g<x v<g<x
This expression equals 1 if Fy2 o)\ wu"v)2,2),a(v) = 1 and 0 otherwise, which corresponds exactly to the

statement of the lemma. O

Lemma 4.9. Assume that U is finite so that (4-11) is defined boundedly. We have for n € N that
\ijl’l = Z?:—n O‘n*i,l’l‘H’ ] CDL o "I‘ISn
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Proof. Let Ty, € M, with |w| <n. We need to show that

n n
To=Y_ Y Ouintio®Piopm(Ty).

k=0i=—n

We split Ty, by Lemma 2.7,
1 1
Tw= Y T9Pyr,TY).
(w', T, w")eAy
and show that
n n
Z Z On—i,n+i © i 0 Pk
k=0i=—n

applied to each of these summands acts as the identity. Let us consider a summand T(}) Pyr, Tu()},) with
(w', Ty, w”) € Ay. Letu, u’, u” be as in Lemma 2.5 so that T( )PerT(},) = T(I)Pu Tu(,],). We have

T Pyyr, TV itk = [u/[+ |u”],

(1) ()
T, P, T,)=
ok(Ty” PuyrTy) {() otherwise.

So the only nonzero summand is k = |u’| 4 |u”| so that it remains to show that for x, y € W

n
< > Ouciinti 0 ®i(Ty Puvr,T,))ss. 8y> = (T,\ Puyry Ty 8. 8y). (4-16)
I1=—n

If the right-hand side is nonzero then we must have y = u’u”x. Furthermore, recall that there is a choice for
u"x|=x|—|u"|+]u'|.
After making this choice the right-hand side is nonzero in the case (u”)~'uV T < x, in which case the
expression equals 1.

Now consider the left-hand side of (4-16),

u’, u” and we may choose them (depending on x) such that |u"x| = |x|— |u”| and |u'u

(DT Payr, T @ 1@ 1@ DU 8, U7, ,8y)

:<Z Z 'BgXAn zq) (T(I)PuVFoT(” )8 ®8g_'x®8g(2 A)®€A,

8=x A<g(2,9) -
> D ﬁh,y,A,,nHah@sh1y®8h<2,A/)®sA>. @17)
h<y N'<h(2,2)

Comparing the first two tensor legs of this equation we derive the following The only summands that are

nonzero are the ones where u'u” -1

y = u'u”x and there is a choice for u’, u” (same choice as above) such that in fact [u”x| = |x| — |u

g = h and at the same time g~'x = h~'y. In particular we must have
//l
'u"x| = |x| — |u”] + |u'|. We also see that we must have (")~ 'uVT < x for this expression to

//| _

and |u'u
be nonzero. Taking into account ®; we see that (4-17) is nonzero only if i = |u lu|.

Next we note that by comparing the last two tensor legs, if a summand in (4-17) is nonzero then we
have g(2, A) = h(2, A’) and AN A’ = &. Recall that h = u'u”g. But then A must equal the letters in
g(2, @) that are not anymore in (#'u”g)(2, &) and A’ must equal the letters in (u'u”g) (2 &) that are not

anymore in g(2, @). This precisely means that A = g(2, @)\ (@'u"g)(2, @) and A’ = (W'u’"g)\g(2, @).
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In all, we find that

4-17) = (T Puvr, T @ 1@ 1@ DU, 8¢, Uy, .8y)

(T X AP 5, 0001, 08500 B,

8=x A<g(2,9) -
Z Z Bhy arntiOh-1x ® On ®Sn,n) @ €A>
h<y A'<h(2,2)

+ —
- Z lBg,x,g(2,®)\(u’u”g)(2,@),n—i uwu'guu'x,(uu'g)2,2)\g2,9),n+i"
(")~ luVTy<g<x

We claim that this expression is 1 by verifying Lemma 4.8. Indeed set w := (u”)~'uVTy. First suppose
that u is the empty word. Then
w2, w2, 2)\W'u"w)(2,2) =V
and so

w(l, w2, @)\@'u"w)(2, @) = @")"".

If u is not the empty word, then let s € W be a final letter of u (i.e., |us| = |u| — 1). Then s cannot

commute with VI'g as this would violate the equation Tu(,l)Pquo Tu(,}) = TI‘(})PVF0 Tlf,},). Therefore again,

w2, w2, 2)\W'u"w)2, 2) =w2, )=V
and so
w(l, w2, 2)\@'u"w)2,2)) =) 'u.

Further our constructions give that |u”| = (k —i)/2 and 2|u| + |VTo| = |w| — |&'| — |u”| = |lw| — k. So
we have
2w(l, w2, 2)\(@'u"w)(2, @) + w2, w2, 2)\(u'u"w)(2, 2))|

= 2@+ 2kl + Vo =25 4wl k)
=|w|—i<n—i, (4-18)
so that by Lemma 4.8 we see that (4-17) is 1. So we conclude that (4-16) holds. U
Lemma 4.10. Assume that U is finite so that (4-11) is defined boundedly. We have forn e N, —n <i <n,
On—in+i © PioVey = 04— pnyi 0 D;.

Proof. The proof pretty much parallels the proof of Lemma 4.9. We need to show that the right-hand
side applied to Ty, with |w| > n equals 0. Therefore we may look at the summands T,‘()})Pvro Tlf)},) with
(w’, Ty, w”) € Ay which can be further decomposed as Tu(,l)Puer Tu(,}) with u, u’, u” as in Lemma 2.5.
It suffices then to show that for all choices of k the following expression is 0:

(On—inti © @i 0 pr(T Puvry Ty )3y 8y). (4-19)
Firstly, this expression is 0 in the case |u’| + |u”| # k. So assume |u’| + |u”| = k. Then,

(4-19) = (p—inti 0 D (T Puyr, T )ox, ).
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As in the proof of Lemma 4.9 the expression (4-19) equals O unless #'u”x =y and (")~ 'uVIy < x
with u”, u’ chosen in such a way that |u”x| = |x| — |u”| and |u'u"x| = |x| — |u”| + |u’|. In that case
i=u'|—|u"|. Asin (4-17),

(4-19) = (T Puvr, T @ 1@ 1@ DUF 85, U, 18y)

— . _ (4-20)
- Z IBg,x,g(2,@)\(u/u”g)(Z,@),n—zlgu’u”g,u’u”x,(u’u”g)(Z,@)\g(Z,@),n+z .
(@)~ 'uVlTy<g<x
As for w := (u”)~'u VT we have again by the same reasoning as in/before (4-18) that
2lw(l, w(2, )\ (@'u"w)(2, )| + w2, w2, D)\ ('u"w)(2, @) = |w|—i >n—i.
The expression (4-20) is 0 by Lemma 4.8. (I

Proposition 4.11. We have | V<, |lcs < P(n) for some polynomial P.
Proof. By Lemmas 4.9 and 4.10 we have

n n
\Ijgn = Z On—in+i © D, 0 \pfn = Z On—in+i © (OFS
i=—n i=—n
and the right-hand side is completely bounded with polynomial bound in n; indeed the bound of o,_; ,,+;
is polynomial in n by its very definition and Lemma 4.7. ]

Definition 4.12. A von Neumann algebra M has the weak-* completely bounded approximation property
(wk-x CBAP) if there exists a net of normal finite-rank maps ®; : M — M such that ®;(x) — x
in the o-weak topology and moreover sup; ||®;|lcp < oo. If the maps ®; can be chosen so that
limsup; ||®;|¢cs < 1 then M is said to have the weak-* completely contractive approximation property
(wk-x CCAP).

Theorem 4.13. Let (W, S) be a right-angled Coxeter system and let g > 0. The Hecke von Neumann
algebra M has the wk-x CCAP.

Proof. By an inductive limit argument and Corollary 3.3 we may assume that I is finite. The proof
goes back to [Haagerup 1978]. Consider the completely bounded map W, o ®, : A, — M,. Clearly as
n — oo and r /' 1 this map converges to the identity in the point o-weak topology. Let € > 0. We have

o0

[W<n o ®rlies < [(W<p —Id) 0 @ fles + 1P lles < ( Z r"II‘I’nllczs) + 1P lles,
i=n+1
which shows using Propositions 4.11 and 3.7 that we may let r /' 1 and then choose n := n, converging
to oo such that |W<,, o ®,|l¢cs < 1+ € for some constant.

The map &, is normal. Also W, is normal by a standard argument: indeed using duality and
Kaplansky’s density theorem one sees that ¥, maps L' (My) — L! (M) boundedly. Then taking the
dual of this map yields that W, : M, — M, is a normal map. We may extend W, o ®, to a normal map
M, — M,. Then using a standard approximation argument yields the result. U
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Remark 4.14. In case our right-angled Coxeter group is free (i.e., m(s, t) = oo for all s # ¢) it is possible
to adapt the arguments of [Ricard and Xu 2006] in order to obtain word-length cut-downs with polynomial
bound. This argument — purely based on bookkeeping of creations/annihilations — seems unrepairable
in the general case. In the case ¢ = 1, for a general right-angled Coxeter group, word-length cut-downs
were obtained in [Reckwerdt 2015] by using actions on CAT(0)-spaces. The connection with the general
Hecke case is unclear.

5. Strong solidity in the hyperbolic case

We prove that in the factorial case (see Theorem 2.2) M, is a strongly solid von Neumann algebra in the
case the Coxeter group is hyperbolic.

5A. Preliminaries on strongly solid algebras. The normalizer of a von Neumann subalgebra P of M is
defined as {u € U(M) : uPu* = P}. We define Norp (M) as the von Neumann algebra generated by the
normalizer of P in M. A von Neumann algebra is called diffuse if it does not contain minimal projections.

Definition 5.1. A finite von Neumann algebra M is strongly solid if for any diffuse injective von Neumann
subalgebra P C M the von Neumann algebra Nor((P) is again injective.

Ozawa and Popa [2010] proved that free group factors are strongly solid and consequently they could
prove that these are II;-factors that have no Cartan subalgebras (as was proved in [Voiculescu 1996]
earlier by a completely different method). A general source for strongly solid von Neumann algebras
are group von Neumann algebras of groups that have the weak-* completely bounded approximation
property and are biexact (see [Chifan and Sinclair 2013; Chifan et al. 2013; Popa and Vaes 2014]; we
also refer to these sources for the definition of biexactness). The following definition and subsequent
theorem were then introduced and proved in [Isono 2015]. For standard forms of von Neumann algebras
we refer to [Takesaki 2003].

Definition 5.2. Let M C B(#) be a von Neumann algebra represented on the standard Hilbert space H
with modular conjugation J. We say that M satisfies condition (AO)™ if there exists a unital C*-subalgebra
A C M that is o-weakly dense in M and which satisfies the following two conditions:

(1) Ais locally reflexive.
(2) There exists a ucp map 6 : A®min JAJ — B(H) such that 6 (a ® b) —ab is a compact operator on H.

Theorem 5.3 [Isono 2015]. Let M be a II,-factor with separable predual. Suppose that M satisfies con-
dition (AO)™ and has the weak-* completely bounded approximation property. Then M is strongly solid.

A maximal abelian von Neumann subalgebra P € M of a II;-factor M is called a Cartan subalgebra
if Nora((P) = M. It is then obvious that if M is a noninjective strongly solid II;-factor, then M cannot
contain a Cartan subalgebra. Therefore we will now prove that the Hecke von Neumann algebra M, in
the factorial, hyperbolic case satisfies condition (AO)™.
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5B. Crossed products. Let A be a C*-algebra that is represented on a Hilbert space 7. Let o : G ~ A be
a continuous action of a discrete group G on A. The reduced crossed product A x, G is the C*-algebra of
operators acting on H ® £2(G) generated by operators

Ug 2221®€gh,h, g €G, and T(x) ::Zh_1 XxQenpn, XxEA. (5-1)
heG heG
Here the convergence of the sums should be understood in the strong topology. There is also a universal

crossed product A x,, G for which we refer to [Brown and Ozawa 2008] (in the case we need it, it turns
out to equal the reduced crossed product).

5C. Gromov boundary and condition (AO)*. Let again (W, S) be a Coxeter system which we assume
to be hyperbolic (see [Brown and Ozawa 2008, Section 5.3]). Let A be the associated Cayley tree. A
geodesic ray starting at a point w € A is a sequence (w, wv;, WV vy, ...) such that |wv; - - - v, | = |w|+n.
We typically write w = (w(0), w(1), ...) for a geodesic ray. Let dW be the Gromov boundary of W
which is the collection of all geodesic rays starting at the identity of W modulo the equivalence w; >~ w,
if and only if lim, y_,  dist(w; (x), w2(y)) =0. W U OW may be topologized as in [Brown and Ozawa
2008, Section 5.3].

Let W ~ W be the action by means of left translation. The action extends continuously to W U oW
and then restricts to an action W ~ dW. We may pull back this action to obtain W ~ C(dW). As
in this section we assumed that W is a hyperbolic group, the action W ~ dW is well known to be
amenable [Brown and Ozawa 2008], which implies that C(dW) x, W = C(d W) x, W, and furthermore
this crossed product is a nuclear C*-algebra. Let f € C(dW), let f] , fz € C(WUAW) be two continuous
extensions of f, and let f; and f, be their respective restrictions to W. Then f| — f> € Co(W). That
is, the multiplication map f; — f> acting on £>(W) determines a compact operator. So the assignment
f — fi1is a well-defined *-homomorphism C (0 W) — B2(W)) /K, where IC are the compact operators
on £?(W). It is easy to check that this map is W-equivariant and thus we obtain a *-homomorphism:

71 COW) x, W — BU2(W))/K. (5-2)
Let again W ~ W be the action by means of left translation which may be pulled back to obtain an

action W ~ £%°(W). Let
0 (W) x, W — BU*(W))

be the o-weakly continuous x-isomorphism determined by p : uy, — Tu(,l) and p : w(x) — x (see [Vaes
2001, Theorem 5.3]). In fact p is an injective map (this follows immediately from [De Commer 2011, The-
orem 2.1] as the operator G in this theorem equals the multiplicative unitary/structure operator [Takesaki
2003, p. 68]). Let Coo (W) be the C*-algebra generated by the projections Py, w € W. Take f € Coo(W)
and let f be the continuous extension of f to WUdW. The map f +— flaw determines a s-homomorphism
0 : Coo(W) — C(0W) that is W-equivariant. Therefore it extends to the crossed product map

0 X, 1d: Cou(W) X, W — COW) x, W.

Theorem 5.4. Let (W, S) be a right-angled hyperbolic Coxeter group and let q € [p, p~'1; see Theorem 2.2.
The von Neumann algebra M satisfies condition (AO)™.
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Proof. We let A, be the unital C*-subalgebra of M, generated by operators Ty, w € W. It is easy to
see that A, is preserved by the multipliers that we constructed in order to prove that M, had the wk-*
CBAP; see Section 4 (indeed these were compositions of radial multipliers — see Proposition 3.7 —and
word-length projections — see Proposition 4.11). Therefore A; has the CBAP; hence by the remarks
before [Haagerup and Kraus 1994, Theorem 2.2] it is exact. Therefore A, is locally reflexive [Brown and
Ozawa 2008; Pisier 2003, Chapter 18].

It remains to prove condition (2) of Definition 5.2. By Lemma 2.7 we see that A, is contained in the
C*-subalgebra of B*(W)) generated by the operators Py, Tu(,l) with w € W. So p~! (Ay) is contained in
Coo(W) X, W and therefore we may set

YA, > COW)x, W asy= (o N,Id)opfl.

The mapping 7, : JA,J — B(*(W))/K : b — b is a x-homomorphism and its image commutes with
the image of | of (5-2) (as was argued in [Higson and Guentner 2004, Lemma 6.2.8]). By the definition
of the maximal tensor product there exists a x-homomorphism

(M ®@m2) : (COW) Xy W) Qmax JAGJ — BW*(W)/K:a® JbJ > mi(a)JbJ.
We may now consider the following composition of x-homomorphisms:

®id
Aq ®nin JAGJ ——> (C@OW) 3, W) @umin JAgJ (5-3)

l:

B(ZZ(W))/,C <m}(c(avv) Xy W) ®max JAq J.
By construction this map is given by
a®JbJ+—alJbJ+K, wherea,becA,. (5-4)

The map m; is nuclear because we already observed that C(0 W) x, W is nuclear. Also 7 is nuclear as it
equals J(-)JomjoyoJ(-)J. It therefore follows that the mapping 71 Q@2 : (C(OW) X, W) Qmin J Ay J —
B(¢*(W))/K in diagram (5-3) is nuclear and we may apply the Choi-Effros lifting theorem [1976] in
order to obtain a ucp lift 6 : (C(OW) 3, W) ®min JA4J — B(£2(W)). Then 6 o (y ® Id) together with
(5-4) witness the result. Ol

Corollary 5.5. Let (W, S) be an irreducible hyperbolic Coxeter system with |S| > 3 and q € [p, p~'].
Then the Hecke von Neumann algebra M has no Cartan subalgebra.

Proof. This is a consequence of Theorem 5.3 together with Theorems 3.6, 4.13, and 5.4. U

Remark 5.6. In case W is not hyperbolic, it is not necessarily true that the group von Neumann algebra
M is strongly solid. The easiest case is when I" is K> 3, the complete bipartite graph with 2 + 3 vertices.
Then the graph product W = g, .7y = (£, * Z3) X (Z5 % Z * Z5) contains a copy of Z x [,. Thus M;
cannot be strongly solid as it contains the group von Neumann algebra of Z x [,. Note that K 3 is not an
irreducible graph but the same argument applies if one adds one point with no edges to K3 3.
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6. Absence of Cartan subalgebras

As we saw in Remark 5.6 the absence of Cartan subalgebras for general right-angled Hecke von Neumann
algebras cannot be proved through strong solidity. In this section we obtain absence of Cartan subalgebras
for some additional Hecke von Neumann algebras through an analysis of amalgamated free products
in conjunction with [Vaes 2014, Theorem A] (see also [loana 2015] for related results). We need some
terminology first.

Definition 6.1. Let N/, P C M be finite von Neumann algebras. We say that NV is injective (or amenable)
relative to P if there is a completely positive map ® from the basic construction (M, ep) onto N such
that ®| 4 is the conditional expectation of M onto N. Here ep is the Jones projection, i.e., the conditional
expectation of M to P on the L2-level.

The following Theorem 6.2 uses Popa’s intertwining by bimodules technique. For us it suffices that
for finite (separable) von Neumann algebras A/, P € M we say that ' < P if there exists no sequence
of unitaries wy in A such that for all x, y € M we have ||Ep(xwiy)|l2 — 0. The following theorem is a
somewhat less general version of [Vaes 2014, Theorem A].

Theorem 6.2. Let N;, i =1, 2, be finite von Neumann algebras with common von Neumann subalgebra B.
Let N' = N1 5 N3 be the (tracial) amalgamated free product. Let A C N be a von Neumann subalgebra
that is injective relative to one of the N;, i =1, 2. Then at least one of the following statements holds true:

(1) A=<y B.
(2) There exists i such that Nora (A) < N;.
(3) Norpar(A) is injective relative to B.

Recall that for a graph I" and r € VI we have Link(r) ={s € VI": (r, s) € ET'} and Star(r) = Link(r)U{r}.
We include the following lemma to show that part of the condition in Theorem 6.7 can always be achieved.

Lemma 6.3. Every irreducible graph T with |VT'| > 3 contains a vertex r € VI such that VI" — Star(r)

contains at least two points.

Proof. Pick some random point » € VI'. We cannot have Star(r) = VT because then I" would not be
irreducible. So there is at least one point w € VI" — Star(r). If there is another point in VI" — Star(r)
then we are done, so we assume that w is the only point in VI" — Star(r). This implies that Link(r) is
nonempty. Star(w) does not contain r as w ¢ Star(r). Also there must be at least one point u € Link(r)
(which was nonempty!) that is not connected to w because if this is not the case then every two elements
in Link(r) and {r, w} would be connected so that I is not irreducible. In all we proved that w has the
property that VI" — Star(w) contains at least two elements, namely r and u. ]

We recall the following definitions from [Caspers and Fima 2017].

Definition 6.4. Let I be a graph and let w = w; - - - w, be a word with letters in VI'. Suppose that
w; = wj. We say that the i-th and j-th letters of w are separated if there is a k with i <k < j such that
wy & Star(w;). If every two (equal) letters in w are separated then w is called reduced.
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Definition 6.5. Let I" be a graph and for s € VI let M(s) be a von Neumann algebra with normal faithful
tracial state 7. Let M(s)° = {a € M(s) : 75(a) =0}. Leta = a; - - - a, with a; € M(s;)° be an operator
in the graph product von Neumann algebra xs;cyrM(s). Then a is called reduced if the word sy - - - s, is
reduced. The word sy - - - 5, 18 then called the fype of a. We also say that two operators a; and a; of the
same type s € VI are separated if there exists i < k < j such that the type of ay is not in Star(s).

Definition 6.6. An inclusion of tracial von Neumann algebras B C N is called mixing if for every
sequence b, in B with ||b,|| < 1 and b, — 0 weakly we have that ||Eg(xb,y)||» — O for all x, y e N © B.

For the proof of the following theorem we need a condition assuming the existence of a specific point
r € S. The condition is chosen such that in Claim 2 of the proof of Theorem 6.7 we get a mixing inclusion
of von Neumann algebras. This gives examples of Hecke von Neumann algebras of nonhyperbolic Coxeter
groups that do not possess Cartan subalgebras. Indeed examples can easily be constructed; for example if
there exists a point r € S such that Link(r) is the graph of a nonhyperbolic Coxeter group and if there are
few edges between Link(r) and VI" — Star(r) (i.e., such that the condition below is satisfied). Though
we believe that the theorem should hold without this condition we were unable to find a complete proof.

Theorem 6.7. Let (W, S) be an irreducible right-angled Coxeter group with |S| > 3. Let q € [p, p~'].
Assume that there is an element r € S such that:
o VI — Star(r) contains at least two points.

o Forevery s, t € Link(r) such that (s, t) ¢ ET we have that
Link(s) N Link(t) N (VT — Star(r)) = @.
Then the Hecke-von Neumann algebra M, does not have a Cartan subalgebra.

Proof. LetI' = (VT', ET) be the graph of (W, §). By Corollary 3.4 we get a graph product decomposition
My =*xsevr My (s) with M, (s) the Hecke-von Neumann algebra associated with the Coxeter subsystem
generated by just s (so it is 2-dimensional by Section 3). Choose r € VT satisfying the conditions of the
statement of the theorem. Put

Ni= *seStar(r)Mq (s), M= *seVl"—{r}Mq(S), and B= *seLink(r)Mq(s)-

Here Link(r), Star(r), and VI" — {r} are all viewed as full subgraphs of T, i.e., a subgraph for which two
vertices share an edge if and only if they share an edge in I'. Simply write M for M,. By [Caspers and
Fima 2017, Theorem 2.26] we get

M = N 1 *B Nz.
Now suppose that A € M is a Cartan subalgebra. We are going to derive a contradiction by showing that
any of the three alternatives of Theorem 6.2 is absurd.
Claim 1: We cannot have Nor(A) < N; for eitheri =1, 2.

Proof of the claim. As A is assumed to be Cartan we need to prove that M £ N;. Lett € VI" — Star(r).
Then the subalgebra of M generated by M, (r) and M, (¢) is the tracial free product M, (r) * M, (7).
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Take unitaries u € M, (r) and v € M,(r) with trace 0. Put w; = (uv)¥, which then is a unitary in
M (r) * M (¢) with trace 0.

We need to show that for all x, y € M we have ||En; (xwiy) |2 — 0. Recall that M, (s)° is the space
of elements z € M, (s) with trace 0. By a density argument we may and will assume that x = xy - - - x
and y = yj - - - y; are reduced operators with x;, y; € M, (s)° for some s (see Definition 6.5 or [Caspers
and Fima 2017, Definition 2.10] for the notion of reduced operators). Take a decomposition x = x’a,
where x" =x -+ Xxp, and @ = Xpppq - - - Xg, With X1, ..o, X € My (r)° UM, (2)°. We may assume that
this decomposition is taken in such a way that the length of a is maximal; in other words, the end of
the expression x’ has (after possible commutations) no factors x; that come from M, (r)° and M, (1)°.
We take a similar decomposition for y. We may write y = by’ with y =y, 1---yyand b= y; --- y,
with y;, 1 <i <n, elements of either M, (r)° or M, (#)°. Again we may assume that this decomposition
is maximal meaning that (after possible commutations) the expression y” does not have factors at the start
that come from either M, (r)° or M, (¢)°.

Now write xwyy = x'(awb)y’. For k big (in fact k > m + n + 1 suffices) we get that aw;b is not
contained in A; for i = 1, 2. Indeed @ and b can never cancel all the occurrences of u and v in wy = (uv)*
so that awih € My (r) x My (1) © (My(r) UM, (t)). So xwiy = x"(awib)y” & N; for either i =1, 2.
Therefore |En; (xwiy)|l2 = 0 as k — oo.

Claim 2: We do not have A < B.

Proof of the claim. Firstly we check that the inclusion B € N, is mixing. Let b, be a sequence in B with
b, ]l < 1 such that b, — 0 weakly. Take x, y € A, © B. By linearity and density we may assume that both
x and y are reduced operators. In particular write a reduced expression x = x; - - - x, with x; € M, (s;)°
for some s; € VI'—{r} and 1 <i <n. Since x is not in B let x;, be such that s;, & Link(r). Let V A be the
set of all vertices in Link(r) that share an edge with s;,. Let A be the full subgraph of I" with edge set V A.
Then A must be complete (i.e., every two vertices share an edge) because otherwise this would contradict
the assumptions on r. This means that B:= *sevAMy(s) = ®sevr M, (s) is finite-dimensional, as
M, (s) is 2-dimensional; see Section 3. This in turn implies that || E5(b,)|l2 — O (indeed, b, is bounded
and converges to 0 weakly, hence o-weakly; so £5(b,) — 0 o-weakly and hence in the || - ||2-norm, by
finite dimensionality). Now we have

Ep(xbyy) = Ep(x (b, — Ex(by))y) +Es(xEx(DR)Y),

where the second summand converges to 0 in the || - ||2-norm as n — oo. Further Eg(x (b, — E5(b,))y) =0
for every n as the operator xy, is separated from any other operator of type s;,. So this shows that

1€8(xbay)ll2 = [1E8(xEG (D) Y)II2 — O.

This concludes our claim that the inclusion B C N, is mixing.

If A < B then we certainly have A < A>. But then by [Toana 2015, Lemma 9.4] and the previous
paragraph which shows that the inclusion NV; € M is mixing, we get that also Nor(A) < N,. However
this is impossible by Claim 1.
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Claim 3: M is not relatively injective with respect to B.

Proof of the claim. Recall our choice of r € VI at the start of the proof. Let ¢, #; be two different points in
VI —Star(r). Let A be the full subgraph of I" with vertex set {r, 11, t,}. Let N' = %scy o M, (s). Note that
NNB=C. Suppose that M were to be relatively injective with respect to 3. Then there exists a (possibly
nonnormal) conditional expectation @ : (M, eg) — M. We shall prove that this implies that NV is injective.

Let A be the set of all reduced words w with letters in VI that do not end on letters in Link(r) and that
do not start with letters in {r, ¢1, t}, meaning that for each s € Link(r) the word ws is reduced and for each
s €{r, t1, 1o} the word sw is reduced. For each word w € W let X,, be a maximal set of reduced operators
in M of type w that form an orthonormal system in L?(M). Let x € X, x’ € X, with w, w’ € A and
x # x'. The spaces spanned by N'x8 and A'x’B are orthogonal in L?(M) and invariant subspaces for \/.
Moreover, the projection* of L2(M) onto span Nx B!l is given by

Dx = E nixegx*n;,

iel
where we have chosen n;, i € I, to be elements of A/ that form an orthonormal basis of L(\/). In particular
Px € (M, eg). We have that the projections p,, x € X, w € A, commute with A/ and they sum up to 1 as

L*(M) = @ span NxBI'l2.
weA,xeXy
Forw e A, x € X, set

P =xepx®.

Similarly, p’, is the projection onto span x5 2 and P < px. We claim that the von Neumann algebra
generated by p,N p, and p/ is homogeneous of type I. In order to do so note that there is a unitary® map

U, :span NxBI'? — L2(N) ® L*(B) : nxb > n®b.

We have U,nU} = n ®Id;2 and U, p Uy = pa ® Id;2(5), where pq is the projection onto Q :=
1 € L2(N). So that the von Neumann algebra U, (p, N py, p..)U? is isomorphic to B(L*(NV)) ® Id; 25,
which is homogeneous of type L.

Now consider W : (M, eg) -® M —¥ N. This is a conditional expectation for the inclusion
N — (M, ep). Let P be the subalgebra of (M, ep) that is generated by all p, N p, and p’, with x € X,

4Indeed Ppx is a projection: clearly p} = py. Further, by assumption on x = x - - - x; we have for n € N that nx is a reduced
operator. Take b € B of trace 0. The word n;xb is then reduced. In order to determine the conditional expectation £g of
x*n;kn jxb one needs to write x*n;."n jxb as a sum of reduced operators and delete all terms that are not in 3. But the only such
terms are the ones where n;k annihilates n; and where each xl?“ annihilates x;. That is, SB(x*n;.knij) = r(n:.“nj)r(x*x)b =
d;,7b. Similarly, in order to determine £ (x*n;.kn jxb) one writes x*n;kn jx as a reduced expression and filters all operators
that are in B. Using that x does not end on letters in B, this can only happen if n;" annihilates the letter n; and each x;k
annihilates x;. That is, £g(x*nn;x) = t(nfn;)t(x*x) = &; j. So we conclude Eg(x*nn;xb) = §; ;b for any b € B. This
gives egx*nin;xeg = &; jes. Then p2 = ijel nixeBx*n;“njxeBx*n;.‘ =Y s nixepx*n} = py. The image of py is
clearly contained in span N'xB!'I2. Finally for a vector nxb, n € N, b € B, we have py (nxb) = Yier nixegx*ninxb =
Yier ixt(@F)T(min)b =3y nixt(nin)b = nxb.

SIndeed U, is unitary as HZ: nixb; H% =2 r(bj‘x*n;’.‘nixbi) =2 r(n;?‘ni)r(b;‘b,') = H Yini®b;

g, where the second
equality uses that n; xb; is reduced by definition of x ‘and that 7 (x*x) = 1 as x had norm 1 in LZ(M).
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w € A. The previous paragraph shows that P = P, x, wea(PxN Py, p;) is homogeneous of type .
Restricting ¥ to P gives a conditional expectation for the inclusion N' — P (recall that AV is contained in
P as the projections p, sum up to 1). Hence N is an expected subalgebra of a homogeneous type-I algebra.
As homogeneous type-I algebras are expected subalgebras of a type-I factor we conclude that \ is injective.

Remainder of the proof. Now Theorem 6.2 implies that either (1) Nor(A) < N; for either i = 1
ori =2;2)A=<nm B; (3) M is injective relative to 5. The three claims above rule out all of these
possibilities, showing that M does not possess a Cartan subalgebra. (I
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A VECTOR FIELD METHOD FOR RADIATING BLACK HOLE SPACETIMES

JESUS OLIVER AND JACOB STERBENZ

We develop a commuting vector field method for a general class of radiating spacetimes. The metrics we
consider are modeled on those constructed from global nonlinear stability problems in general relativity,
and our method provides sharp peeling estimates for solutions to both linear and (null form) nonlinear
scalar fields.
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1. Introduction

In this paper we develop a sharp variant of Klainerman’s vector field method for solutions to scalar wave
equations on a generic class of asymptotically flat spacetimes. These are taken to be certain long-range
perturbations of Minkowski space which enjoy a standard local energy decay assumption.

The first main consideration here is to place the minimal conditions on our metrics at null infinity which
are compatible with gravitational radiation, but at the same time are also strong enough to provide full
peeling estimates for scalar waves. Our conditions turn out to be natural even if one is only interested in
stationary long-range perturbations of Minkowski space, because they highlight certain peeling properties
of Lorentzian metrics at null infinity which appear to be necessary in order to produce estimates on the
order of the classical Morawetz conformal energy.

The second main consideration here is to produce a collection of norms which are natural for studying
nonlinear stability problems, at least when the quadratic part of nonlinearity enjoys a certain generalized
null condition. In fact, we will produce a range of norms with weights that are also capable of handling
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systems satisfying weaker “null conditions”, so our setup should also be useful for a class of quasilinear
stability problems where one assumes certain bounds on Ricci curvature; but we leave this to a subsequent
work.

First we discuss the basic assumptions and results which are contained in this paper. Additional remarks
and references with then follow.

1A. Basic notation and metric assumptions. When stating inequalities we will use A < B to mean
A < CB for some fixed C > 0 independent of A, B. We also employ the index notation A <; B when
C = C(k) depends on some auxiliary parameter k (although we will not always use such notation when a
dependency exists).

The setting for the paper is the following: We fix some compact X C R® with smooth boundary such
that R3 \ K is connected. On the manifold M = [0, 00) x (R3\ K) we suppose there is given a smooth
Lorentzian metric gog. We write (¢, x) for rectangular coordinates 0 <t < oo and x € R3\ K. Note that we
may assume K = &. In the sequel we will also assume that the level sets r = const are uniformly spacelike
in the sense that —C < g% < —c. In this paper r = |x| with the Euclidean norm and (x) = (1 + |x|2)%.

With respect to the coordinates (¢, x) and Euclidean measure dt dx we have L? norms restricted to
time slabs in M of the form [0, T'] x (R3\ ). These will be denoted by L?[0, T]. On the time slice
t = const we denote by LY the corresponding restricted norm, and we denote by L”L1[0, T] the mixed
norms. It will also be useful to employ various inhomogeneous Besov versions of these spaces. For
example we define ||¢”5£’L4[0,T] =250 ||Xj¢||€q[O’T], where x; is a spatial cutoff on scale (x) ~ 2/.
Similar notation is used for dyadic summations with respect to the time variable ¢, and other auxiliary
variables as well (such as the optical functions described below). We define fixed-time and spacetime
Sobolev spaces which will be denoted by H? and H*[0, T'], with the convention that in both cases we
consider all (¢, x)-derivatives 3! for multiindex |I| < s.

In this work we make two basic assumptions about our spacetimes (M, g). The first is an asymptotic
condition on the metric:

Definition 1.1 (asymptotically flat radiating spacetimes). Suppose (M, g) is given as above. Then we
say gqp 1s “outgoing radiating” if the following hold:

(I) (weak “optical function””) On M there is defined a smooth u = u(t, x) such that (u, x) forms a
uniform set of coordinates in the sense that C~! < u, < C, and u has the symbol bounds

1(t=3)) (txT00x)” (B — 1, Buu + @) | g1 po10,00) < 00 forall (i, J) € N x N, (D

where 7, = (x), T_ = (u), T4 =((t, x)), To=7_7; ', and where o’ = x'7,"\. Henceforth we let d = (3,, d,)
b 50y will denote the (u, x)-coordinate

u’vx

denote the (7, x)-coordinate derivatives, and likewise 9% = (9
derivatives.

(I) (outgoing radiation condition) First define symbol classes Z* in terms of the seminorms (restricted to

t €10, 00))

gl ==Y Nt @) @aD dllgu=+ Y 17 @8 (@d) allggrm (1<) @
i+|JI<N i+|J|=N
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Then for the inverse metric g*? in (u, x)-coordinates one has the symbol bounds

gocﬂ _haﬂ c ZO, |g|giu —I-Ct)i c Z%, gui _a)ia)jguj c Zl, guu c ZZ’ (3)
where
=0, hY=-o', h'=38V. )

A number of further remarks are in order concerning the previous definition. Proofs are provided in
Appendix A.

Remark 1.2. An immediate consequence of (1) is that one has a uniformly bounded change of frame
between (9;, d,) and (32, 32). Specifically

u’-x

b=ebog. Y 101l da=sP05 D 1N SISl )

[I1=k [11<k
In particular one may use either (9;, d,) or (85 , 8;’) to define the Sobolev spaces H*[0, T'] and H;, and
for this purpose we will use these frames interchangeably in the sequel. Note however that the frames

(0, 0,) and (8,’47 , 8;’ ) are not interchangeable in all contexts. See for instance Remark 1.12 below.

Remark 1.3. The condition (I) implies that r;] (u+ 1t —1t) = 0,(1), and together with (II) we have
(2= 81" (2x708:)? (¢ =Ml g 110,00y < 00 forall (i, J) €N x N,

where n = diag(—1, 1, 1, 1) is the Minkowski metric in (¢, x)-coordinates. In particular g is weakly
asymptotically flat in the sense that 3/ (g — 1) = o,(1) for all J € N*, and away from the region
(t —r) < (t +r) this can be strengthened to (¢9,)' (1,d)”’ (g — n) = o0,(1) for all (i, J) e N x N4,

Remark 1.4. Definition 1.1 allows us to replace u by & = yu + (1 — x)(t — ty), where x is a cutoff
supported where (f —r) < (t4r) with bounds |(7,9)” x| < 1. Thus, in the sequel we shall always assume
that u =t — 7, away from the “wave zone” (t —r) < (t +r).

Remark 1.5. For metrics which are quasistationary and quasispherical in the sense that g = go + g1,
where gg is spherical in (¢, x)-coordinates and

10> (1+7) (13 (1x0)” (80— M) llg1 110,00 + T (13) (120)” g1 1101 pj0,00) < 00 for all (i, J) € Nx N*,

it can be shown the conditions of Definition 1.1 hold. In particular this guarantees that our conditions
hold for certain stationary long-range perturbations of the Kerr family of spacetimes. In general we leave
as an open question to find natural (e.g., geometric) conditions on metrics which satisfy only

17 28" (7:0)” (8 = Ml Lv10,00) < 00
for some 0 < a < 1, which would guarantee the existence of an optical function such as in Definition 1.1.

Remark 1.6. The peeling conditions (3) represent sharp streamlined versions of the asymptotic estimates
obtained for geometric quantities in the nonlinear stability of Minkowski space (see [Christodoulou and
Klainerman 1993; Bieri 2010]), as well as asymptotically flat dynamical black hole spacetimes (see
[Dafermos et al. 2013]). While it would take a bit of work to translate the connection/curvature bounds of
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[Christodoulou and Klainerman 1993; Bieri 2010; Dafermos et al. 2013] into coordinate conditions such
as (3), we expect that the latter are in fact far more general. We leave this aspect of our work to further
investigations.

1B. The local energy decay assumption. The second main assumption of this paper concerns the behav-
ior of solutions to the inhomogeneous scalar wave equation on (M, g). Following [Marzuola et al. 2010;
Tataru and Tohaneanu 2011; Tataru 2013] we define the local energy decay norms.

Definition 1.7 (“classical” local energy decay norms). First set

1 1
l¢lie, 71 = ITx *@llecr2o.r)s I1F ILEr0.71 = lT5’ Fllerz2p0,77-

Next, for a fixed Ry > 1 sufficiently large (r < Ry may be assumed to contain X), and integer s > 0, we
define

I¢lie:, 1= D (7 '8’ dllLeo.r1 + 1007 e, 1), (62)
[J]<s

I¢lwees, o.r1= Y (l; 07 ¢lleo.r1 + 1097 $llLee> ryr0.71)- (6b)
[JI<s

IFless.r = Y 187 FliLeo.71, (6¢)
[JI<s

IF lweesso.r1= Y _ (187 FllLero,71+ 1807 Fll 12 < rojo.71)- (6d)
[JI<s

In terms of these spaces the second main assumption of the paper is:

Assumption 1.8 (weak and stationary energy boundedness/decay estimates). For Ry as in Definition 1.7
above and any s > 0 there hold the estimates

sup 0@ lla; + Pllwees, 0.71 Ss 100 O ey + 10e@ M wresstr! m)0,71> (7a)
0<t<T :
OSUP 10 (D1 ms P llLes, 10.71 Ss 10D O) s +11(, 0: DNl L2 s (< Ry 10, 71 H I g P LE=510. 71 (7D)
<t<T

In practice it is useful to have a bound which does not include the low-frequency error on the right-hand
side of (7b). This is found by concatenating (7a)—(7b), which gives
sup [0 () lms + PlLes, 1071 Ss 100 (O s + 101Dl s r<royr0. 71 + 0P llwLesspo,77- (8)

0<t<T class
Before continuing we make a number of remarks about these assumptions.

Remark 1.9. Estimates of the form (7a) have a long history for both asymptotically flat nontrapping
spacetimes, and for the Kerr family of metrics. For the case of black holes we refer the reader to [Blue
and Sterbenz 2006; Dafermos and Rodnianski 2009; Marzuola et al. 2010; Tataru and Tohaneanu 2011;
Dafermos et al. 2016] for more detailed discussions. In the sharp form needed for the present paper
the estimate (7a) was proved by Marzuola, Metcalfe, Tataru, and Tohaneanu [Marzuola et al. 2010]
for Schwarzschild space and Tataru and Tohaneanu [2011] for Kerr with |a| <« M. More recently a
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slightly less precise version of (7a) was established for the full subextremal range of Kerr by Dafermos,
Rodnianski, and Shlapentokh-Rothman [Dafermos et al. 2016]. It is expected that (7a) holds for a wide
class of asymptotically flat spacetimes which satisfy certain natural structural conditions similar to those
of the Kerr metric, as well as certain natural spectral assumptions. We refer the reader to [Metcalfe et al.
2017] for a definitive account in the case of nontrapping spacetimes.

Remark 1.10. The second estimate (7b) is essentially the “stationary local energy decay” estimate of
[Metcalfe et al. 2012]. It can be shown that (7b) follows from estimates similar to (7a) when 0, is timelike
on a set 7 where one loses regularity in the local energy decay norms (6). See Appendix B for a proof.
We remark that such timelike conditions hold for the Kerr family of metrics when the angular momentum
satisfies 0 < |a| < ag for some 0 < ay < M. On the other hand one should still expect (7b) to hold for the
full subextremal range 0 < |a| < M of Kerr thanks to the (microlocal) nonvanishing of the symbol of 9,
on the trapped set.

1C. Norms and vector fields. We now introduce the weighted local energy decay norms that will play a
leading role in the remainder of the paper.

Definition 1.11 (null energy decay norms). First we define a null energy seminorm with the same scaling
as LE:

_1 1
IplINeEw. 71 = 1T- " Pllpeo 2 (L <rcanyiorys IEINLE 0,71 = NT2 Fllg) 12 (1< canypo. 1y

Next, we have the generalization of LE’, . and WLE?,  which include the seminorms

class class

l¢leor = lole, o+ Y 1020 ¢, 17197 ¢) INLEr= Rp10.71- (9a)
[J]<s
¢llwLeso,71 = lléllwLes, (0,71 + Z 102" ¢, 77187 §) INLEG> RO 10.7- (9b)
IJI=s
Remark 1.12. Notice we have specifically used Bondi coordinate derivatives (85, 8;’ ) inside the gradient

portion of the right-hand side of (9). This appears to be necessary because condition (1) does not guarantee
a good peeling estimate for (af )! du. In particular we don’t assume improved control of the commutators
[Bf , 0¢] beyond the bounds (5).

Remark 1.13. We remark that our definition of NLE is essentially a sharp (dyadic) version of Alinhac’s
“ghost weight” energy [2001]. The authors wish to thank the anonymous referee for pointing out this
connection. Note also that the NLE terms in (9a) and (9b) simply represent a weaker (averaged) version
of the natural outgoing null energy on the hypersurfaces u = const.

Next, we define LE-type norms with uniform weights in time. These will play a central role in
establishing peeling estimates for solutions to the wave equation.
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Definition 1.14 (weighted LE and conformal energy norms). For functions ¢ which solve the wave
equation and 0 <a <1 we set

1
I6 Ol = It r™ “ Hag @l + 1t @0 (), 79 )2, (10a)
1
Ibllsero.rs = N0 e O ag im0 r + 179026, 77 @) luspo.r) + 17475192 (52 ) Ineerory. (10b)
@l s1.10,77 = ll@llee 570,77 + 77 ' 82 (1e) INLELO, 71- (10c)

For source terms we fix a parameter Ry as in Definition 1.7 and set
I Fllnejo, 71 = ||T.7.T()%F||LE*[O,T] +ITLIF | L2 < Roy10,77 + 174 FIINLE*[0,715 (11a)
Il v, = ||T+T()%F||4}LE*[0,T] + ||T+8F||4}L2(r<RO)[o,T] + [T+ FlINLE*[0, 7] (11b)
Finally, we construct higher-order versions of all the above norms.
Definition 1.15 (modified vector fields). First define the approximate Lie algebras

Lo={3,.0) — '3}, L={S.Q;}ULy, whereS=ud)+rd}, Q;=x'd"—x/3). (12)

u’ i
Note that all members of L commute modulo L with the exception of

[0 —w'8b, S1=0" — '8} + 1203}, (13)

b
For a function ¢ we write

o™ =(p,Tg, TR, ...,

where the right-hand side is an array of all products '’ of vector fields in L up to length || < k. If||-| is
any norm we write

lp®1 =" Ir'gl. Tel

[T|<k

We use a similar notation for pointwise identities; for example 9™ | = ZI 1)<k |aT' @] etc. In the case
of norms we use a subscript notation to denote higher-order derivatives by vector fields:

k k k
lp@ s = 16COllee,  NSlsaior) =16 Nse0.r1: 1 Fllvao.ry = 1F© Iveo. 11

and similarly for LE-type norms. In addition we set ||¢|| g = [[¢® || s and |¢ (D)1 5:, = 6™ (1) 1.

1D. Main results, I: Linear estimates. The main result of the paper can now be stated as follows.
Theorem 1.16 (weighted local energy decay estimates). Assuming estimates (7a) and (7b), for 0 <a <1
and fixed s, k > 0 there exist parameters B, = B, (s, k) such that:

(I) In the case a = 0 one has
sup [0 () a:, + lPllweegio,7)

0<t<T
1qJ
Sek D 20 1@d0) 398 Oz + 181 o3 poypo.ry + 1T owrere i oy (14)
<k |J|<s

where in the case k = 0 we define ”¢”HiT3(r<BO)[O,T] =0.



A VECTOR FIELD METHOD FOR RADIATING BLACK HOLE SPACETIMES 35

(II) For0 < a < 1 one has
sup [[¢ ()l e + 1@l sar0,1)

0<t<T
Ska ) 15 (@) 80 Oz + 1 Dl <oory + 1Tl (15)
[J<k

(IIT) Corresponding to a = 1 one has the endpoint bound

sup 16Ol g+l g0, 7 Sk D 12280 8 Ol 2+l et 51, <0711 Tl 110,77 (16)
0<t<T
== |J|<k

Remark 1.17. In the proof of Theorem 1.16 we find that for @ # 0, 1 one has B, — coasa — 0, 1.
In addition to the estimates above we shall also prove the following analog of Klainerman’s estimate:

Theorem 1.18 (global Sobolev estimate). For k > 1 one has the estimate

31 .
D Mg g (-0l (xed?) pll Lojo.ry
i+|J|<k

Sk sup lpllgy,, + 16l x(0,7)

0=<t<T
+ Y @) OOz + Y (-9 (1200 Typllyriory. (17)
IJ1<k i+|J]<k+1
One can combine the above two results in a straightforward way, which produces the first main
conclusion of our paper:

Theorem 1.19 (peeling estimates for the inhomogeneous wave equation). Given any k > 1 there exists
an integer N = N (k) depending (linearly) on k such that

31 ,
D lltitg (r-8)) (redD) pll Loro. )
i+|J|<k
Sk Y (200706 Ol 2+ Y 112 (1:0) T (0) 12
[JI=N [JI=N .
+ > @) (1) Tggpllyrio,ry- (18)
i+|J|<N

Proof that Theorems 1.16 and 1.18 imply estimate (18). We will in fact prove this for the explicit value
N = N (k) =3k + 13. Expanding the vector fields L from (12) we easily see

byi b
108l Sk 2 100 (200 Ogdllyrgo.ry-
i+|J|<k

Therefore given a value of k > 1, by combining (17) and (16), it suffices to control ||| HY,,(<BDI0.T]
Note that for any 0 < a < 1 one has

¢l

L 3(r<B)I[0,T] ga ||¢||SZ+3[0,T]-
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In particular applying this for a = % (say), and then using estimate (15) and N[0, T] C N: [0, T], it
suffices to bound the right-hand side of

1
-2
Iz * @l e <im0 S 1P Iwegl,o.71-

We now inductively use (14) in the form

1Bl Sty 2o D2 w80z + 19l oo, 7+ 1Teb by
' [11=<l; 1J]|<s; / !
where [y =k+4, b =k+3,....,kpa=1lands; =1, so =4, ..., sgr4 = 3k + 13. This leaves us with
finally having to bound the quantity ||¢|IWLE(3)1<+13[07T], which can be handled by an additional application
of (14) with only initial and source data bounds on the right-hand side (or what amounts to the same thing
by directly using our base assumption (7a)). This concludes our demonstration of (18) for the explicit
value N = N (k) = 3k + 13 chosen above. ]

1E. Main results, II: Nonlinear estimates. The estimates of Theorems 1.16 and 1.18 naturally lend
themselves bounding solutions to semilinear wave equations of the form [Ll,¢p = F(t, x, ¢, 9¢). Rather
than develop a comprehensive theory we concentrate on the equations g¢p =N B¢, x, $)0.PIg¢, where
the quadratic form A *f is sufficiently tame.

Definition 1.20 (generalized null forms). A 2-tensor N'®? is called a “generalized null form” with respect
to a (weak) optical function u if its Bondi coordinate components satisfy

[(T=0)) (1:02) GNP Sig (D)), [(1-00) (202) N | Sis el 0. (19)

Remark 1.21. Natural examples of A satisfying Definition 1.20 include multiples of the inverse metric
g*P by factors N (¢, x, ¢) which satisfy derivative estimates consistent with (19). This would include the
case of wave-maps from ¢ : (M, g) — (M’, ¢’) into Riemannian or Lorentzian targets where ¢ is close
to a constant map, in either an intrinsic or extrinsic formulation.

Another example of such A/ would be skew symmetric forms N'*f = —A\#® which obey the first
condition in (19).

In order to prove a priori estimates we define the norms

k+4
i llse0.71 = Z:;(oi?ET 10 ()1l 1350 + 1Bl grsssingg ry) + 181151210, 74
Jj=0 ==
3 1
2.2 byi b\J
+ sup o@llg, bl D 1875 (-8 () $ll~io.ry. (20)
0=t<T i+]J|<k
k+4
ITE 1l 3o, 71 =Z(:)||F||(WLE;"3*3”‘f)+L}H;if3<k”)[o,T]Jr”F”Nk‘ﬁ[O,T]
J:

+ Y NI @ FOl+ Y @) (md)) Fliyugr. 21
|J|<k i+|J|<k+2

With this notation the main nonlinear theorem of our paper is the following:
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Theorem 1.22. Let ¢ be a smooth vector-valued function and let N (¢, d¢) denote a quadratic form
obeying (19), where we are using the notation N (¢, d¢) = N°C(t, x, ¢) d.¢ 0gp. Then one has the
bounds

Ipllsgor Se D Ite(zede)’ 86 ()12 + 1Dl nero. 71 (22)
|J]<3k+13

IV (@, 90,71 S Crll@lllsto, 7@ lls 0,71 Bl se0.71 + N @l vjo, 7). k = 18, (23)

The functions Ci(-) are locally bounded functions determined by k as well as the functions cy on

right-hand side of (19).
From this and a standard continuity argument one has the nonlinear analog of Theorem 1.19:

Theorem 1.23 (peeling estimates for solutions to null-form systems). Suppose quadratic forms N are
given which satisfy (19). Let ¢ be a sufficiently smooth and well-localized solution to the system of
semilinear equations

Oep = NP (1, x, ¢) dup Dpb, (24)

which is assumed to hold on a time interval [0, T']. Then given any k > 18 there exists an €9 = €g(k) > 0
such that one has the a priori estimate

Y In@d) 06Ol =c<e = ligllsior ke
|J]<3k+13

In particular for sufficiently smooth, small, and well-localized initial data the solution to (24) exists
globally and enjoys the peeling estimates

3 1
33 obyigl abyJ
E Tty (1-9,) (1:0,)" PllLx0,17 Sk €
i+|J|<k

for the same k as above.

1F. Some remarks and references. The vector field method for the wave equation on asymptotically
flat spacetimes has a long and well-developed history. In the case of small perturbations of Minkowski
space there are Klainerman’s original works [1985; 1986], followed by the proof in [Christodoulou and
Klainerman 1993] of the nonlinear stability of Minkowski space itself. In the latter work a vector field
method is developed for radiating spacetimes where control is ultimately provided through certain peeling
estimates for the curvature tensor of g. In a related vein there is [Bieri 2010] concerning nonlinear stability
under the much less restrictive decay assumptions on the initial data. In this case the peeling properties of
the metric end up being closer to the thresholds (3).

Going in a different direction there is the proof of stability of Minkowski space and its asymptotics in
wave coordinates in [Lindblad and Rodnianski 2010; Lindblad 2017]. Here one proceeds more directly
via Minkowski and Schwarzschild vector fields. For scalar wave equations this produces estimates with a
small loss due to the divergence of radiating null hypersurfaces compared to their stationary counterparts
(at least at the level of energy estimates). On the other hand strong peeling estimates such as (18) cannot
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hold for the (Minkowski difference of the) metric in wave coordinates due to obstructions at the level of
semilinear terms. More specifically, condition (19) seems to fail when writing the Einstein equations in
any reasonable way as a system of second-order equations for the metric.

Next, we turn to vector field methods on spacetimes which are locally large perturbations of Minkowski
space. There are mainly two innovations here, and we make a heavy use of both in the sequel. The first
innovation, due to Klainerman and Sideris [1996], allows one to replace Lorentz boosts with certain
weighted identities involving the wave operator [, (specifically see Lemma 4.13 below). The second
innovation, due initially to Keel, Smith, and Sogge [Keel et al. 2002] and used by many authors, concerns
the use of local energy decay estimates such as (7) in order to control localized errors generated by
commutations with vector fields. For further background and developments concerning the combination
of local energy decay and vector fields on various large perturbations of Minkowski space, we refer the
reader to [Metcalfe and Sogge 2005; 2007; Bony and Héfner 2010; Wang and Yu 2014; Yang 2013].

Concerning the application of vector fields to the class of black hole spacetimes there has recently
been a great deal of progress. The works most closely related to the present paper are [Blue and Sterbenz
2006; Dafermos et al. 2016; Luk 2012; 2013], which proceed by way of conformal energy estimates and
time-dependent weights. We also mention [Lindblad and Tohaneanu 2018] concerning certain quasilinear
wave equations (in this case the vector field approach is similar to [Lindblad and Rodnianski 2010]). We
remark that all of these works are written specifically to cover the case of Schwarzschild or Kerr with
small angular momentum.

For more general “black hole” backgrounds there is [Moschidis 2016] building on ideas of [Dafermos
and Rodnianski 2010] (see also Proposition 6.1 of [Rodnianski and Sterbenz 2010], where weighted
estimates based on outgoing null vector fields were introduced). Here one produces a vector field method
with time-independent weights. This shares a number of similarities with the present paper, in particular
the production of a family of weighted spacetime energy estimates depending on a parameter 0 <a <1
which interpolates between the standard local energy decay estimates and the conformal energy. On
the other hand our approach and the one of Dafermos and Rodnianski and Moschidis appear to diverge
in many ways, especially regarding the issue of time-dependent weights. Our method also appears to
be more directly applicable to studying nonlinear problems. Indeed, with the machinery of estimates
(14)—(16) our proof of Theorem 1.22 occupies only a few additional pages.

Finally, one should also mention the works on Price’s law for scalar waves [Tataru 2013; Metcalfe
et al. 2012] which use vector fields as a launching point for much sharper estimates. An interesting open
question in this regard is to find an appropriate collection of norms capable of producing interior decay
rates better than t_%, but which are still compatible with semilinear problems such as in Theorem 1.23.

We close with a few additional comments on the specific methods we employ in this work. These are
a natural outgrowth of [Blue and Sterbenz 2006; Lindblad and Sterbenz 2006; Rodnianski and Sterbenz
2010; Oliver 2013; Dafermos and Rodnianski 2010]. In [Lindblad and Sterbenz 2006] we developed a
conformal multiplier technique that works well for perturbations of the wave equation, and then used
it to produce a collection of conformal energies with weights depending on a parameter. These ideas
will again play a central role in the present work. In [Rodnianski and Sterbenz 2010] we introduced
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a Morawetz-type estimate based on the multiplier f(r)(d; 4+ 9,) and used it to control null tangential
derivatives for solutions to a certain wave equation with a potential (Proposition 6.1 of that paper). This
idea was expanded in [Dafermos and Rodnianski 2010] to prove global decay estimates. We will use
similar multipliers in this paper to produce a key portion of our estimates.' In [Blue and Sterbenz 2006]
we produced a weighted-in-time local energy decay bound, and then used this to control the multiplier
error from the conformal vector field. This technique is used again here for a wider range of weights,
albeit assuming the local energy decay bound as a black box. Finally, the first author’s thesis [Oliver
2013] and [Oliver 2016] developed vector fields on radiating nontrapping spacetimes with even weaker
local bounds on d,g. We will use much of the setup from [Oliver 2016] in the present work.

1G. Outline of the paper. In Section 2 we record a number of algebraic identities for energy momentum
and deformation tensors. These form the basis for all the multiplier and commutator identities needed in
the sequel.

In Section 3 we specialize the formulas of Section 2 to the case of Bondi coordinates satisfying
Definition 1.1 and vector fields from Definition 1.15.

Section 4 is the technical heart of the paper. We begin by producing symbol bounds for the Lie
derivatives of 2-tensors which satisfy certain natural asymptotic estimates. Building on this we construct
a generic multiplier estimate for vector fields satisfying certain structural properties. This estimate covers
all of the multiplier bounds needed in the sequel, and may be useful for other applications as well, which
is one of our motivations for introducing an axiomatic setup. Following this we move on to estimates for
commutators. This is done in a way that allows us to perform some delicate integration by parts later in
Section 6, and is also convenient for proving pointwise bounds. We end by proving several generalized
Klainerman-Sideris-type identities, and then use these to conclude the discussion of pointwise bounds for
commutators.

In Section 5 we apply the abstract multiplier bound from Section 4 to produce the three main estimates
of Theorem 1.16 at level k = 0. For the bounds (14) and (16) this is done in such a way that the source
error term can be integrated by parts; this form is needed later to establish bounds for commutators.

In Section 6 we apply the formulas of the previous two sections to prove the estimates of Theorem 1.16
for an arbitrary number of vector fields. For the bound (15) this is more or less straightforward. However,
for the bounds (14) and (16) the argument is more involved because one cannot proceed directly via
Holder’s inequality, and several additional integrations seem necessary to close the argument.

In Section 7 we prove some sharp L*> decay estimates for functions in terms of the conformal energy
norms (10a), (10c), and (11b). This establishes Theorem 1.18.

In Section 8 we prove Theorem 1.22, which concludes the main nonlinear application of the paper.

In Appendix A we provide proofs of a number of the remarks following Definition 1.1. In particular
for large class of stationary metrics which are also spherically symmetric to highest order, we construct
optical functions satisfying bounds (3). Such metrics include radial long-range perturbations of the Kerr
family of metrics.

IFor a complete the list of multipliers we use here, see Lemma 5.4 and the proofs immediately following.
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In Appendix B we show that estimate (7a) implies estimate (7b), at least when the metric satisfies
structural assumptions similar to the Kerr family with angular momentum in a certain range.

Finally, in Appendix C we record a number of elementary Hardy- and trace-type estimates. These will
be used throughout the body of the paper.

2. Formulas for commutators and multipliers

In this section we recall some basic formulas which underlie the energy method for the wave equation
on curved backgrounds. We do this first with respect to the original metric g. We then generalize such
formulas cover the case of metric conformal to g. The latter will form the basis for most of the multiplier
estimates in the sequel.

2A. Identities involving g. We begin with a basic definition:

Definition 2.1 (normalized deformation tensor). Let X be a vector field, and set 7 = £xg. Then we
define X7 = X7 — % g - trace() 1) to be the “normalized deformation tensor” of X.

The quantity 7 underlies all of our formulas for multipliers and commutators as the following result
shows:

Lemma 2.2 (formulas involving X)), Let ¢ be a scalar field and X a vector field. As usual set
Top = 0 Ppipdp — % 8up g"‘/ﬁ,aa/qSBﬁ/qb to be the energy momentum tensor of ¢. Then one has the identities

1

Oz = ———X(/1g1g"") — g0, X7 4 g*7 8, (XP) + g7 3, (X*), (252)
m 14 Y Y

[, X1 = Ve ® 7P Vg — 1 trace(PV7) 0, (25b)

V(T XP) = 102 3,050 + D0 X . (25¢)

Finally, if q is a smooth function then one has the commutator formula
@Opeb Pz = x*vPq 4+ XPveq — g Xq. (26)
We’ll prove each of these formulas separately.
Proof of (25a) and (26). We have
Wb = g% PP (L, g)arp = —Xg™ + g*7 0, (XP) + gP7 9, (X*).
On the other hand
L trace(Mm) = Vo X = ﬁaa(\/gx‘*) = ﬁ){(\/@) + 0, X°.

Subtracting the last two identities gives (25a). A direct application of (25a) shows (26). (I

Proof of (25b). We begin with a formula that will also be useful in the sequel. Let R*# be any contravariant
2-tensor; then we claim

[X, VoR¥Vy] = VRV +8°Vy,  where R =LxR and & =RV, (V,X7). (27
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To prove it, first note that a straightforward calculation using the coordinate-based formula for V, X“
above shows X (V,Y%) — Y (VyX%) = V4 X, Y]* for any pair of vector fields X and Y. Applying this
last formula to the vector field Y* = R*# V¢ and using the Leibniz rule for Lie derivatives followed by
[Lx,d] =0 for the exterior derivative d gives (27).

Now apply (27) to R = g L Using (LxR)P = -7 and vV, X = —% trace(‘X)71) gives (25b). U
Proof of (25¢). A standard calculation shows V* (T, X By = %(X)Jr“ﬂ Tug + U X ¢ and (25¢) follows
easily. ([l

2B. Conformal changes for scalar fields. In this section we recall a standard formula from geometry.
Let gqp be a Lorentzian metric on a (3+1)-dimensional spacetime. We consider a conformally equivalent
metric gqg, Where Q%% = g for some weight function 2 > 0. Let V denote the Levi-Civita connection of
gand [z = V@V, the corresponding wave operator. Then we have:

Lemma 2.3 (identity for the conformal wave operator). Let Ll ¢ = F. Then one has the formula
Oz + VY =Q°F, where y =Q¢ and V = Q0,7 (28)

Proof. Start with

1
Oz = 94ﬁ8a(9—2 1818% ) = Q7 (Og — 287 8, In(2) 9p).

To eliminate the second term on the right-hand side we rescale ¢ via ¥ = Q¢, which gives us
Q72 0;¢ = 0¥ — 2873, In(Q) gy = QU — W,
where
W = —,(Q) + 2243, In(Q)3% In(Q) = @0, Q.
A straightforward manipulation of the last two equations gives (28). ]
2C. Conformal multipliers. We now combine the identities of the last two sections to produce conjugated

weighted L? identities. Our main result here is:

Lemma 2.4 (the conformal divergence identity). Let [l,¢p = F. Let X be a vector field supported in
the exterior region R®> \ K. Let x(t, x) be a smooth function and Q > 0 a smooth weight. Then in
(t, x)-coordinates one has the divergence identity

T t=T
/ Q(X,X,Q,¢)/@dxdt:/ P(X, x,Q, ¢)Igldx| (29)
0 [R{3\IC IR3\IC t=0
where
P(X, x.Q,¢) =228, (Q0) X () — 172X (g 9, (2035 (Q) — x V§?), (30)

with'V = Q3Dg§2_1, and where

OX, x,Q,¢)=F-Q'X(Qp) + Q2 2A%3,(Qp)35(Q9) + BXp* + C* ¢, Q' X(Q¢), (31
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with
A=1(P72 42X In(@)g™"), BX=1Q2(X(xV)—trace(A)xV), Cr=Q 2 (x—-DV. (32)
On the right-hand sides of the last two equations above all contractions are computed with respect to g.
Proof. First define the tensors
TX = 0V opy — 38ap(8°0, W05y — x VY, PPF =TLXP,  where y = Q¢.

Then by Stokes’ theorem and the support property of X we have

T

T t=
// v“<x>Pg\/|g|dxdz:/ TS X \/1gldx| |
0 JRI\K R3\K t=

0

and right-hand side of (29) follows by substituting 2~2g = g into the volume forms and the right-hand
side contractions.

It remains to compute the g-contraction Ve )ﬁf and show this produces the terms on left-hand side
of (29). To this end suppose (L; + V) = G. Then one has

VT = ((x = DV + G)apyr + 305 (x V)v2.
Using formula (25¢) we have
VeOPX = L(Lyg) Py gy — Ltrace(Lx)x VY2 + (X — DV + GO Xy + X V)y?,  (33)

where all the contractions are computed with respect to g. To compute the first two terms on the right-hand
side we use

Lx8 =0 2(Lxg—2XIn(Q)g), andso Lxg = 2(Lxg+2XIn(Q)g).

Substituting the last equation into right-hand side of (33) and using G = Q3 F we have (31) and (32). O

3. Algebraic formulas involving Bondi coordinates
In this section we compute the key quantities from Lemmas 2.2 and 2.4 in Bondi coordinates (u, x).

Lemma 3.1 (formulas for deformation tensors). Let d = |g| be the determinant g, in rectangular Bondi
coordinates (u, x'), and set Q@ = t. Then if X = X“ ag is any vector field in Bondi coordinates we have
the formula for contravariant tensors

X4 42X In(Q)g " = —d 2 (Lxh+ (32X +3° X" + 3" X' )h) + R, (34)

where X' = X' — r_zxixj X/ denotes the angular portion of X and X" = r~'x; X' the radial portion, and
where h is given in (4). The remainder tensor R is given by the covariant formula

R=—d 1Lx(d2g™ —h)—d 2P X" +3"X" + 0P X)) d21g™ —h)—2r 't 2X"g™'. (35
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Proof of formula (34). Starting with formula (25a) in Bondi coordinates and then using the identity
X" =2XIn(ty) + X" + 3/ X"+ 9" X +2r 't 2X"
and setting 2 = t,, we have the formula for raised indices
®p 42X In(Q)g = —d 1 Lx(d? g™ — X"+ "X + 0P X +2r 12X g
Writing g~ = d~2(d2g~" — h) +d~2h and inserting into this last equation gives (34) and (35). O

Lemma 3.2 (formulas for commutators). The following commutator formulas hold where d = |g| is
computed in Bondi coordinates:

(I For X € {35, 81.[’ —o 85, Q;;} one has the formula

[Og, X1 = Vo RV + (X In(d)T,,  where R=—d ™ Lx(d?g™" —h)+ R, (36)

where Ry =0 for X € {dt, Q;;}, and R‘fﬂ = 2d_%w"t;383‘85 when X = 8" — ' 8b. Again h is as defined
in (4).

(I) For X = S one has
[Og, S1= Vo R Vg+1 4+SIn(d)0,,  where R=—d 2Ls(d?g ' —h)—2d"7(d?g"'=)+R1, (37)
and where R‘fﬁ = d_%w"rx”(éf‘éf + 6?8,‘;‘).
Proof of formulas (36) and (37). First note that formula (25a) above can be rewritten as
XOf = —d=1Lx(d2g™ —h)—d 2 Lyxh—3PX%g™),  trace(P7) = —20LX* — X In(d).  (38)

Next, foreach X € {8,’;, Qjj, 8;’—wi85} we have 8£X"‘ =0, and for X € {85, Q;;} we also have Lxh =0.
On the other hand for X = 8;’ — @'3" one computes Lxh*? = 0 for all but the uu-component, and for
this one has (Lxh)" = —2w' T 3, Combining this information with (38) above and (25b) gives (36).

Finally, in the case when X = S we compute Lgh +2h = —' r;z(Sf‘Sf + 8;3 87). This allows us to
write for X = §

d 1 Lxh+ 00X =247 2(d7g™ —h) =R +2g¢~", where R =d 2ait2(5%5F +6/5%).
Using trace(X77) = —8 — SIn(d) and combining everything with (38) above and (25b) gives (37). U

4. Asymptotic estimates involving Bondi coordinates

We now move on to the main technical calculations of the paper. We record these here in a general form
that will be used throughout the sequel.
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4A. Basic estimates for derivatives.

Lemma 4.1 (estimates for the determinant). Let d = |g| = |det(g)| be the absolute determinant of g
computed in Bondi coordinates (u, x'). Then for any u € R one has the symbol bounds

d*—1¢e 2°, (39)
where the symbol spaces Z* are defined in (2).

Proof of (39). We can write d* —1 =g, (d~'—1), where q,.(s) is smooth for s > —1 and ¢ (0) = 0. Thus,
by Taylor expansion and the Leibniz and chain rules it suffices to consider the case © = —1. From (3) we
know that

d™'— 1+ 172 =det(h) —det(g") € 2°,
where £ is given in (4). Since 72 € 29, this completes the proof. (]
A useful corollary of this last lemma and the assumptions (3) is the following:

Corollary 4.2. Let d = |g| = |det(g)| be the absolute determinant of g computed in Bondi coordinates
(u, x*), and g~ the inverse metric of g in Bondi coordinates. Then if h is as in (4) and one sets
R = (d%g_1 — h)*P, there holds the bounds

Riez’, RYez! RY-—wwoRYez, R“ez (40)

Building on the last two results we have the following collection of symbol bounds which will underlie
many of the error estimates in the sequel.

Lemma 4.3 (basic Lie derivative estimates). Let X = X*09,, be a vector field. Then the following hold.:

(D) Suppose that in Bondi coordinates X satisfies the symbol-type bounds for a, b, c € R
T min{|J|,1}
|(e- ) (2 0) X" o Tiele ‘“( ) @) @) X S rit e @D
T+

and obeys the conditions
X" =32(X"y =alr N (X' —r2xx; X)) = 0. (42)

Let R®? be any contravariant 2-tensor which satisfies (40) with similar estimates for R™ (if it is nonsym-
metric). Then its Lie derivative by X, denoted by LxR = Ry, satisfies

R il .20, RY erxirlrt .27, RY—woyRY exitlet 2!, R erithtt 22 43)

with similar bounds for Rl;‘

(I) Alternatively, if one drops the condition 8f’ X" = 0 but keeps the rest of (41) and (42), then the
previous conclusion holds with the last bound in (43) replaced by

RY' € r“f_]i c.z3. (44)
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(IIT) Alternatively, if one drops the condition 85 (X") = 0 but retains 85 (X' — r_zxixj X7) =0 and the
rest of (41) and (42), then the result of part (1) holds with the first bound in (43) replaced by the pair
R erithre. 271, RY - ol owRY e t07l1e - 20, (45)
(IV) Likewise, if S* satisfies
Stersl.z7i, S'er .z, (46)

then LxS = Sx satisfies
SX ety lr_l;r‘ -Z_%, Sy et lr_[;r‘ 'Z%, 47

when X satisfies the symbol bounds (41) (in this case we do not need the extra conditions (42)).

(V) Finally, let X € Ly = {d? ¥’ —w Bb} and let R and S satisfy (40) and (46) respectively. Then LxR

u’ i

and LxS satisfy (43) and (47) witha=c=—1and b= 1.

Remark 4.4. As will become apparent in the proof, if one is only interested in the norms (2) at level
N =0 for R’;‘(ﬁ and S% (i.e., no derivatives), then one can replace the full symbol bounds (41) with
first-order conditions

Yol @) x| Sefhet, YT o) () X St e

1+]J]<1 1+]J]<1

In this case the various implications above are true with the inclusion R € t{t b ¢ - Z* replaced by the

—a_—b
bound ||z 7“7 TZ“Rllk,0 < 0.

Proof of Lemma 4.3. We prove the various portions separately. First note that the conditions (40) are
invariant with respect to dyadic cutoffs in the r-, u-, and (¢+4r)-variables. Therefore by utilizing such
cutoffs and the Leibniz rule we may assume a = b = ¢ = 0. As a second preliminary note the identity

Y :a)ir_l(r+rx)_1, where &' = r~!x’. (48)

This allows us to trade X’ for ' in the region » > 1 as long as errors on the order of »~2 are acceptable.

Part 1: (the R bounds involving condition (41)) We begin with the proof of estimates (40) for LxR
assuming conditions (41) and (42) or one of the alternatives listed in items (II) and (III) above. The
formula for the Lie derivative is Ly R = X (R*) -3, (X*)RYF —3,, (XP)R*?. We check each component
separately:

Case la: (the uu-component assuming 3” X" = 0) By assumption we have o' 8}’ X" = 0; thus
LxR™ = X(R™) —23P(X")R™ — 37 (X")(R" — o' w;R™) — 87 (X")(R™ — o' w; RI™).

Then the estimate in (43) for R’ is immediate from the estimates (41) and (40).

Case 1b: (the uu-component when 3° X" # 0) By the previous case we have the desired estimate modulo
the additional expression rzrx_zaf (X"(RY +R™), which adds a Z 3 _term.
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Case 2: (the ui- and iu-components) By symmetry it suffices to treat the ui case. We have
LxR" = X(R") — ) (X")R* — 3} (X)R™ — 7 (X")R/' — a7 (X' )R™.

Using estimates (41) and (40) we geta Z > symbol bound for this term. In addition one sees that for all parts
of the formula above, save for the expression B = X(wiij”j) — 85 (X”)wiijL‘j — a)ka}; (Xi)ij”j,
the bound is on the order of Z!. To show improved bounds we only need to consider the region r > 1.
Using (48) we see that B= B mod r 2. 22, where B' = X (1 R") — L (XMRIRY — 3P (XTYR". Again
using (48), we see that in order to show B’ — a)ia)ij e Z! it suffices to prove Xr>1(gi — )?igr) ezl
This would follow immediately if Bisa radially directed vector field. Using X (£) =r ' (X' — 21 X")
we compute

B =2 (X(R*) — ab(X")R* — 3P (X")YR™") — rdb[r " (X' — R X")IR™,
which is manifestly radial thanks to the last condition in (42).

Case 3a: (the ij-components assuming 85(X )y = 0) Here we have
LxRY = X(R7) =P (XHRN — 8l (X))R*,
Then the estimate in (43) for R% is immediate from the estimates (41) and (40).

Case 3b: (the ij-components assuming 85 (X") #0) In this case we are still assuming 85 (X' —3X")=0.
Therefore we have

LxRY = X(RY) = 192X YR — 21ab (X")R™ — a2 (XYRM — o (X ))RI*.

AZ2 symbol bound for this expression in r > 1 is again immediate from (41) and (40). On the other hand
all but the second and third terms above yield an improved Z° bound. Thus, using (48) we have for r > 1

R — i) g R = —0' 92 (X")(RY — ! o R™) — 07 92 (XY (R — ' ay R¥) mod r=2. 272 + 20,
By (40) and (41) we have a Z9 bound for this last term as well.

Part 2: (the S bounds involving condition (41)) Again we can reduce to a = b = ¢ = 0. Componentwise
we have LxS% = X (8%) — 95(X*)SP.

Case 1: (the u-component) Here we have
LxS" =X (8") — b (x")S" — 3P (xS,

so the second estimate in (46) follows directly by multiplying together the bounds in (41) and (46).

Case 2: (the i-components) Here we have
LxS'=X(S")—a(xHS" -l (xHs/,

and so the first estimate in (46) follows directly from (41) and (46).
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Part 3: (estimates involving 1y) This is largely a corollary of Parts 1 and 2 above. For any X € L one has
both conditions in (41), with a = ¢ = —1 and b = 1. In this case one also has to deal with the fact that
3P X" #£ 0 and 8Pr~1(X' — £7%;X7) # 0, save for when X = 32. Recall that these two special conditions
were only used in Case 1b and Case 2 of Part 1 above. So we review those cases here when X = 8}’ —w'dP.

Case 1: (the uu-component of Rx) Recall from Case 1b of Part 1 above we only need to handle an
expression of the form 32 (X*)(R“ +R"*) in the region r > 1, where X" = w'. Using 8’ («’) =r 1720
we getan 7 3.23 C tx_lr__lt+22 bound for this expression, which suffices.

Case 2: (the ui-component of Rx) Recall that the condition 377 ~! (X' — £'%;X/) = 0 is only used to
establish the improved bound R‘;‘ - w;j R’;(] € Z'. Recall further that this improved bound automatically
holds modulo an expression of the form rd?[r~!(X' — o'w; X/)]R*". When X' = 0, 1 we see this
expression has symbol bounds on the order of 7~ - 22 € r- 17"z, Z!, which suffices. O

4B. A general exterior multiplier estimate. Next, we prove some general multiplier bounds which will
be used a number of times in the sequel. To state them we first define the form of an acceptable error.

Definition 4.5 (general form of multiplier estimate errors). For a pair of parameters 0 <a < 1 and R > 0,
and a quantity og(1) = 0 as R — oo, we set

E(a, R)

= 108 O3,y +0R (D ( 300 1SOIeoe gy F 180 o 1)

-1 b b -1
+ ”¢”S“(r>%R)[O,T] : (R zll(rf8u¢v rfaxgb, T)? ¢)”L2(%R<r<R)[O,T]+ |||:|g¢”N“(r>%R)[O,T])' (49)
Corresponding to the cases a = 0, 1, for parameter R > 0, quantity og(1), and vector field X, we set

EQ.R.X) = 100O) 1}, g +0r(D) -  sup

0<t<T

106 O3~ 1) T 19150~ 1 )07

—1 —1 2
+R ”(8¢’ Tx ¢)||L2(%R<}’<R)[O,T]+

T
f/ Ogtp- 17 X (1a) d V|, (50)
0 JRA\K
and

(1, R, X) = 20O, 1 gy +0r () ( SUp IG5 1 gy + 101 (121 10,7

0<t<T

-1 b b
+ ||¢”S‘v°°(r>%R)[O,T] “R2|[(z-9,¢, 1:0, 9, ¢)”Z}L2(%R<r<R)[O,T]

T
f/ Og¢- 7' X (1) dV,
0 JR\K

In the notation above the rate of og(1) may change from line to line, but is fixed for any line on which

N . (51)

an error of the form £ appears. Also we define dV, = /|g| dx dt, where |g| = |det g| is computed in
(t, x)-coordinates.

With this notation in mind we have:
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Proposition 4.6 (abstract multiplier estimate). Fix R > O sufficiently large so that K C {r < %R}, and
let Y be a vector field such that Y = Y" 85 +Yr Bf’, with both Y* > 0 and Y" > 0 depending only on the
(u, r)-variables. Then the following hold:

(I) Assume for some 0 < a < 1 there holds the symbol-type bounds

@) ) v Sty 3 @) (o) Y S e+ . (52)
i+|J[<1 i+|J]=1

Then one has the multiplier estimate

T
f / x=r(A“@ED) 2 + AT 0L (re )+ AT (7100 (1)) AV B17) dix dt
R3\K
Hle (VY (). VYT (@) (D 2 gy SE@ R),  (53)

where |Y°¢|? denotes the (Euclidean) angular gradient of ¢ with respect to the spheres u = const and

r = const, and where the components of A are given by
A= =aby", A =4aly" — Lol —aby”, (54a)
AT =3ty A=rly - Labye —1abyr. (54b)
Here x-g = x=1(R™'") is a radial bump function with xo-gx =1onr > Rand x-rg =0onr < %R. The

implicit constant in (53) depends only on the bounds from (52), and the metric g.

(1) In the case a = 1, still assuming (52), we have (53)—(54) with the right-hand side of (53) replaced by
E(, R)=&E(1, R, xy~rY), where x-p is as above.

(II) Alternatively, in the case a = 0 replace assumption (52) with

D@ @)y S Y @) (wad) YIS, akyT =0, (55)

i+lJ]<1 i+lJ]<1

Then (53)—(54) hold with the right-hand side of (53) replaced by £(0, R) = £(0, R, x,~rY), where x,~r
is as above.

In order to prove this proposition we need a few additional supporting lemmas.

Lemma 4.7 (asymptotics of the conformal potential). Let Q2 = 1, and define the quantity V = Q3Dg (QhH.
Then in Bondi coordinates (u, x*) one has the symbol bounds

Veza. (56)

Proof. First write the wave operator in Bondi coordinates as [, =d -3 Up+d™ BbR"‘ﬁ ab where d lg|
is the Bondi coordinate metric determinant, (1, = 82 hP 82 where £ is given in (4), and Where R=d> : g—nh
satisfies the estimate (40). A quick calculation shows L, (7~ = =37, >, and a little further work reveals

V=—d 2(rdiR* + 1721 = 3r)R” +37,2).

By (39) we have d2—1le 20 50 estimate (56) follows from (40). [l
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Lemma 4.8 (formulas for boundary terms). Let X", X" be nonnegative and set X = X" 85 + X" Bf’ . Then
if 2 = 1, one has the following pointwise estimate involving the quantity P(X, x, Q, ¢) defined in (30):

Xt () P 4+ X 0l (re )|
_1
S—PX, X, Q2,0)+0,() - (X* + 10Xt ' d () |+ x (X" + X7y 21297, (57)
To prove estimate (57) we need the following elementary result:

Lemma 4.9 (approximate null frame). Let X and Y4, A =1, 2, be approximately unit-length vectors in
the Minkowski space in the sense that sup,, | X“| ~ 1 and sup,, |Y{| ~ 1. Suppose that there exists € > 0
such that (X, X) = O(€?), (X, Ya) = O(€), and in addition |(Y4, Yg) — 84| < 1. Then there exists an
exact null frame {L, L, e} with (L, L) = (L,es) =(L,L)=0, (L,L)=—1,and (es, ep) =4p, and
coefficients y, C;} and cf for A, B =1, 2, such that

X=L +c§eA +yL, Ys= cﬁeg, where y = 0(62) andc? = 0(¢) and |c§ —52| < 1.

Proof. Let e4 form an orthonormal basis for the space-like 2-plane spanned by Y4, with the first e4
in the direction of one of the Y4. Let cﬁ be the corresponding change of basis. Then |c§ — Sg‘l < 1.

Let L, L generate the two null directions over the span of e4 and Y4, chosen so that (L, L) = —1 and
X=L +c§eA + y L for some set of coefficients c)A}, y. From (X, Y4) = O(¢) we have (X, e4) = O(¢)
and so c¢§ = O(e). Then (X, X) = —2y + O(€?), so y = O(€?) follows from (X, X) = O(€?). O

Proof of (57). Note that it suffices to prove this bound in the region r > 1. Consider the vector fields
{ a;’ , Y4}, where Y, is a (local) Euclidean orthonormal basis on the spheres r = const, u = const. Because
the metric g is asymptotically Minkowskian, [(Y4, Yg) —848| < 1. On the other hand a quick application
of the asymptotic formulas (3) and Cramer’s rule shows that (9 P y=o,(1)- ‘E02 and (Bf, Ya)=0,(1) 10.

ro>Yr
Thus, an application of the previous lemma shows that

¥ =L+o,(1) 18" +o,(1)-130,

where L is null, 3? denotes derivatives tangent to u = const, r = const which are also orthogonal to L,
and 0 is arbitrary.

Next, let T = T[] denote the energy momentum tensor of i with respect to the metric g. Because
t = const are uniformly spacelike when r > 1 we have

T(L,=VOR|LYP+ Yy, ITWL VDI SIVIWI-18 | +18P 0y il IT@, VDI <[y
A quick application of (3) and the middle bound above shows that uniformly for C > 0

0l T(#7, VDI S CTHogy P + Crgloy .
Combining the last three displays gives the pointwise estimate

1029 > <T@, =V +o,(1) - 310y
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In addition to this we also have by the asymptotic flatness of g and standard properties of T
9y 1> ST @2, —Vi)+o,(1)- |3y .
Finally, let P(X, x, 2, ¢) denote the quantity defined in (30). Then
—P(X, x,Q,¢)=Q T[Q '¢l(X, —V1) — Q72X % V¢?, where V = Q°0,(Q 7,

and where X° denotes the time component of X in (¢, x)-coordinates. By (1) we have |X°| < X* 4+ X",
Therefore estimate (57) follows from the last three displays above and estimate (56). O

We now return to the proof of the main result of this subsection. Because of the split form of the error
terms (49) and (51) there are essentially two cases.

Proof of Proposition 4.6 for 0 < a < 1. We use the formalism of Section 2, in particular Lemma 2.4. Let
X = Xg = x-rY, where x-p is as in the statement of the proposition. We choose 2 = t, and set the
auxiliary cutoff to x = 0. Using the divergence identity (29) we need to estimate each spacetime term
given by formulas (31) and (32), as well as the boundary term on the right-hand side of (29).

Step 1: (output of the A%}-contraction) We’ll do this calculation by switching over to polar Bondi
coordinates (u, r, x*), where locally we can choose x4 to be two members of £/ = r~!x’. From (34) and
(35), and expansion of Lxh, we may write AP — X>Rd_%Agﬁ —I—d_%R‘”‘ﬂ, where

2457 = 8b (Y h"P + 0L (YP)hY — Y (h*F) — (0¥ + 8P Y)h* (58)
and R = Ro + x-gRi1. Here 2Ry = X7 — x_ p M7, which according to formula (26) is
R =t (g YP 4 gPrYe — ¥ g%, (59)
and where xg = 7,0, x> g 1S a smooth bump function adapted to r &~ R. The second remainder term is
DRy =—Ly(dig™" —h)— @Y +3°Y" ) d21g™ —h)—2r 't 21X g " (60)
A little further computation shows the coefficients of the quadratic form Agﬁ from (58) are

AI(A)M :Au+fx_l(r+rx)_lafyu, A6r :Ar'i‘fx_](r‘i‘fx)_]afYr, (613)
QAL = AV 473y AMB = 2508 Y, (61b)

while A6A = Af‘)A = 0. Here the terms A are given in (54). Recalling the definitions of the norms (10b)
and using the conditions (52) we have

T
/ / x>k (A @) + A 30 - T 00 (1e) + AT (100 (1)) + AV BI7) dx dt
0 JRA\K

T
-2 -1 qaBab b )
< /O / ST AL DR @) Vet or DI oy )
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To estimate the remainder terms from (59), note that a straightforward calculation involving the
conditions (52) and (3) gives in rectangular Bondi coordinates

ij 1,2
RS < @2 220 Y pr,  IRM) St e X roxr,  IRE) St e e (63)

where g is supported in ER < r < R. This yields the estimate

T
/ / 1t 2R 00 (12) 05 (1e )| dix it
0
_1 _
<Rl (4o 1| 4000, 06, T D) 2 sy (64)

To estimate the remainder terms from (60) we split the range into 0 < a < % and % <a < 1. When
0 <a < § the conditions (52) imply

DRI FOU SIS I BE s SN NN A TOUC TR0 S S
i+|J|<1 i+J)<1

In addition we must assume af Y*#£0and 85 Y" #£0, although we do have 85(Yi —x1Y") =0. Therefore by
simultaneously combining cases (II) and (III) of Lemma 4.3 and Remark 4.4, using |3h Y4+ 8” Y| < rz"_l
(agaln forO0<a < ) and (40), and directly using (3) for the last term on the right-hand side of (60) we

havefor0<a<£

—1 —1 -1
llwy "R 1 o < oo, lwz R Nmaxg1 2a1.0 < 00, lllwy "Rl o < o0, (65a)
llwg 'rR o < 00, Mlw, R, FPREP) o0 < 00, where wy = (r* " +737").  (65b)

On the other hand in the range % < a <1 the conditions (52) imply

D e @y e e, Yy @) @) Y S
i+|J|<1 i+|J|<1

Therefore by separately applying cases (II) and (III) of Lemma 4.3 and Remark 4.4 to the vector fields
Y 85 and Y Bf respectively, and this time using |8b Y4+ |8b Y| < rz" ! we again have (65). Finally,
after several rounds of Holder’s inequality and a straightforward check of definitions (2) and (10b), the
error bounds (65) yield the asymptotic estimate

T
~2p0p < 5
/Ofm’cxﬂelrx Ry 30 (1:9)9p(txd)| dx dit S or IO, - 1 pyp0 7y (66)

As a last step we combine estimates (62), (64), and (66), while recalling that d A% — A> RAgﬂ +
Ro + x>rR1. This gives us

T
/ f X>r(A“ DL + A - T, 10) (1egp) + A (7' 9] (tep))” + AV |7) dx dt
0 JRO\K

T
sff T2 A 9y (1, $)dp (1) AV + E(a, R),  (67)
0 JRI\K

where the coefficients A are given by (54).
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Step 2: (estimating the CX-term) Using (56) we have C* € 7~ ZZ*%, while (52) give the pointwise
estimate |77 X g (1,¢)] < x> 72 (1g™ 20k p| + |78 (1,¢)]). Thus Holder’s inequality and (10b)
give

Cr ot Xp(1:9) d Vg

< 2
R}\K N0R(1)||¢||SQ[O’T](">%R)- (68)

Step 3: (output of the boundary terms) Using the bound from (57) we directly have
|7 (VY (1), VYT () (T2, gy

=T
S0 )1 +or () sup 19D 15 / P(X, x.Q.¢)y/Igldx| . (69)
0<t<T =0
Step 4: (output of the source term) Finally, another application of Holder’s inequality shows
Ot XR(9) V| S 10D Iveror1 1650y o, 11 (70)
R3\K
Adding together formulas (67)—(70) and using (29), (31), and (32) gives (53). U

For the proof of Proposition 4.6 with a = 1 it will help to have the following lemma:

Lemma 4.10. Let ® be a bounded function supported on [0, T1, and let ||| p*|llo.0 < oo. Then for R > 0
one has the estimate

1
IVt /T4 P @l 2= ) Sor(D (1A X er<20) Plleeee 2 X1 oo Plleeeeree 2+ (k% <D||L;>°L§)- (71)

Proof of (71). We split the right-hand side into regions r < %t, %t <r <?2t,and r > 2t, all restricted to
r > R (we will largely suppress this last condition in the following notation).
In the first region we use

||\/ tx/f-i-p ' cI>||L2(r<%t) S, ”\/ Tx/T+p||g%ggLoo(r<%t) ||¢||Z?°Z$°L2(r<%t)

followed by Young’s inequality, which gives ||«/tx/r+p||£,z£%Loo(r<%) < IPlers>r) = 0r(1).
In the region 5 1t <r <2t we use

IV T/t p q)”L2(1t<r<2t) ||p||£2€2L°°(lt<r<2t)||q>||£°°£°°[°°L2(lt<r<2t)

followed by ”pl|€%€zL°°(%l<r<2t)(r>R) =og(1).
Finally, in the region r > 2t we use
1

1 1
vV Tx/T+p cI)||L2(r>2t) T 2P||L$L30(r>2;)||Tx2q>||L§’°L§,

1 1
followed by ||z, iP||L[2Loo(r>2t) X1 1T EP”/sz[ZL;o N ||P||£§L°0(r>R) =og(l). 0
Proof of Proposition 4.6 for a = 1. The demonstration is largely similar to the previous proof, with a
few key differences. We again choose €2 = t,, but this time set the auxiliary cutoff in Lemma 2.4 to be
X = X<%(r/t) which vanishes in r > %t with x =1 when r < %t.
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Step 1: (output of the A% -contraction) We again have formulas (58)—(61).
An inspection of the remainder terms on the right-hand side of (61) using condition (52) shows that

we also have estimate (62) with the last term on the right-hand side replaced by o R(1)||¢||§LOQ (> 1 R)O.T]"
r 2 N

Next, the estimates (63) are again valid except this time we use Holder’s inequality to replace (64)
with
! B
/0 f |7 °RY 8 (1:9) 0 (1xp)| dx d
1
SRl g1 (1R r)10.111 (7= 10D D)t 21 Ry )07 (72)

To estimate the remainder term involving R(fﬁ note that (65) is still valid with a = 1. This allows us to
replace (66) in the case a = 1 with the slight improvement

T
/ / XoRITT RSP 00 () 35 (1,9 | dx dit
0 JRAI\K 1 1
SIVE/tip o T (wdg, 8¢, 7 "0 (1), T B a1y (73
where ||| P2|||0,0 < 0o. Then an application of Lemma 4.10 produces

LHS (73) S or(D) - ( sUp U071y + 19151 ) 10.7)- (74)

0<t<T
Combining (72), (74), and the analog of (62), we have estimate (67) for the case a = 1.

Step 2: (estimating the B*-term) Inspection of (32) and estimate (56) shows the main thing is to compute
trace(A). By definition trace Xe) 7 = —2Vy X%, so trace(A) = 4rt ZX;e — Vo X%. Using the conditions
(52) and the support of x, we conclude |||rft;13X llo.o < oo. Thus

T
// BX¢*dV,
0 JRI\K

where |||p2|||0,0 < 00. From this Lemma 4.10 produces

_1
SIVT/tp o e @ Oy ry (75)

LHS (75) S 0k DU %1 - 1 gy10.71 F 180510 (1= 1 10,17

Step 3: (estimating the C*-term) Using (56) and the support property of x we have IJZFC XeZ _%, while
(52) give the pointwise bound |7, X g(t:®)| S x> r71(r3105¢] + 17197 (xep)]). Thus

T 1 1
X1 T2 —2.—1qb -1 2
/(; /I‘@\IC C ot Xp(1x9) dVg SVt /tep -t 214 (1009, To " Ty 0, (tx¢), T, ¢)”L2(r>%R)[0,T]’

where again p? € Z° so we conclude via Lemma 4.10.
Step 4: (output of the boundary terms) Here we simply note that (69) is also valid for a = 1.
Step 5: (output of the source term) This term is included directly in the definition of £(1, R, X). U

Proof of Proposition 4.6 for a = 0. This follows the pattern of the previous two proofs. We set Q2 = t,
and choose y = 0.
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Step 1: (output of the A% -contraction) We again have formulas (58)—(61). This time one replaces (63)
with |Rgﬁ | St I x&, in which case the right-hand side of (64) becomes

_1 -
R0, T 721 gy <01y

The analog of (62) is also valid with the second term on the right-hand side replaced by

ORMIDI 0, 1 )07

The main difference is that this time the conditions (55) give [05X" + 37 X"| St7l7y ! Together with

the condition 85 Y" =0 and an application of Lemma 4.3, this means we need to replace (65) with

e R 10 < 00, TR 1 g <00, TRl o < 00,

2

1 LE’(r>1R)[0,T]
Step 2: (estimating the C*-term) Using (56) gives C* € r;2Z_f, while (55) gives |r;1XR(txd))| <

Xr>Rr| (00, ‘L'x_ld))|. Thus (68) is valid with right-hand side replaced by oR(l)”¢”iE0(r>%R)[O,T]'

Step 4: (output of the boundary terms) Here we note that (69) is also valid for a = 0.

This is enough to show the analog of (66) with right-hand side replaced by o (1)]|@ ||

Step 5: (output of the source term) This term is included directly in the definition of £(0, R, X). O

4C. Abstract bounds for commutators. We now turn to some further consequences of Lemma 4.3.

Lemma 4.11 (abstract bounds for commutators). Let R and S be a contravariant 2-tensor and vector
field respectively. From them define the operator Q = V,R*P Vg + 8%Vy. Then the following results hold.

(D) Suppose that R and S satisfy (40) and (46) respectively. Then if X is any vector field which satisfies
(41) and (42) witha =b =c =0, one has [ X, Q] = Vaﬁaﬂ Vg + S” Ve, where R and :S‘vsatisfy (40) and
(46) respectively as well.

() Alternatively suppose X € Ly = {85 , 8;’ — 8,14’ } with the same conditions on R and S as above. Then
the previous result holds with bound (43) for R and bound (47) for Switha=c=—1andb=1.

(IIT) For any Q as defined above with R and S satisfying (40) and (46) we have the pointwise bound
1901 Sq 1,2 D Nwewdl) (1007 ¢l where g € z71, (76)
I=<l+|J]=2
Alternatively, suppose R and S satisfy (43) and (47) witha =c = —1 and b = 1. Then

1
1001 Sq-17" Y (G 17T ¢+ 10T p]),  where g e 27, (77)
[]<1

and where T € Ly = {37, 3" — ' 3").

u’ i
(IV) Finally, let R satisfy any combination of conditions (43), (44), and (45), and let S satisfy (47). Let
w be a smooth weight function with

(r- 9 (zed) w] 1y w2l (78)

~
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Then with Q as defined above we have wQ = Vaﬁaﬁ Vg + S*V,, where R satisfies the appropriate
combination of conditions (43), (44), and (45), and S” satisfies (47), in each case with coefficients a + d’,
b+b,and c+¢.

Proof. We’ll show each part separately.

Part 1: (the commutator property for X satisfying (41) and (42)) By formula (27) and parts (I) and (IV)
of Lemma 4.3, it suffices to show that R*V,, (V,, X7) satisfies (46). We’ll do this in a bit more generality
here for use in the sequel.

Let w be any weight function which satisfies (78), and let R be any contravariant 2-tensor which
satisfies the weaker conditions (44) and (45), and the remaining conditions in (43). Then we claim (47)
holds for S% = R*V, (w) with weights a 4+ a’, b+ b’, ¢ + . To see this note

ST =RYw+ R (w), S =R"“w+RMd(w),

so the desired estimates follow easily by multiplying together bounds (78) and the appropriate combination
of (43), (44), and (45).

To show part (I) of the lemma note that if X is as stated, then (39) shows w = V, X7 satisfies (78)
with @’ = b" = ¢/ = 0. The desired result now follows from the discussion of the previous paragraph.

Part 2: (the commutator property for X € g) This follows at once from part (V) of Lemma 4.3 and the
main calculation of Part 1 above. Note that if X € Lo then w = V, X7 satisfies (78) with a’ = ¢’ = —1
and b’ =1.

Part 3: (the pointwise estimates (76) and (77)) The bound for the S potion of Q¢ follows at once from (47).
For the R-contraction we write in Bondi coordinates

Vo RV = R3] (In /18D + (LR ) + RP L = S*00u + R*$9.0%¢.

We only need to show that S satisfies (47) with a = b = ¢ =0 in the case of estimate (76), anda =c = —1,
b =1 in the case of estimate (76); then study R*? ag agqb.

For the first term of S we use the fact that w = In /|g] satisfies (78) with a’ = b’ = ¢’ = 0, which
follows from (39). Then by the main calculation of Part 1 above we have (47) for R 85 (In/]g)).

For the expression 8(’;73"“3 the appropriate version of (47) follows at once from (43).

For the final term note that if R satisfies (43) then one has the pointwise estimate

5 1
IR 2051 < q - 02l te (17 1(80)2 6] + 10l 0292 ¢] + 73 1(80)°]).  where g € Z72.

This is bounded by the right-hand side of (76) when a = b = ¢ = 0, and the right-hand side of (77) when

a=c=—landb=1.

Part 4: (proof of the algebra property (IV)) It is immediate that bound (47) for S is stable under multipli-
cation by w satisfying (78) with the appropriate change of weights. For the quadratic term of Q we write
wVy R Vg = V,wRP Vg — ReP Vo (w)Vg. For the first term we use bounds (43) which are also stable
under multiplication by w. For the second term we use the main calculation of Part 1 above. U
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Parts (I) and (II) of the last lemma imply the following:

Corollary 4.12 (estimates for multicommutators). Let g be a metric which satisfies (3), and as usual set
Lo = {92, 97 — '8P} and L = {S, Qi;} ULy. Then the following hold:

u’ i
(D If I is any multiindex then for products of vector fields in L one has the identity
[Oe. T'1= > (IVaR Vg + SEVID! +wp D'y, (79)
el

where the sum is taken over the collection of all multiindices 1’ strictly contained in I; in particular
each I’ satisfies |I'| < |I| — 1. Here Ry and Sy satisfy (40) and (46) respectively, while there exist
constants w(l), € R such that

wp —w), € 2°. (80)

(IT) If the product in the previous part is restricted to vector fields in Ly, then one has identity (79) with
estimates (43) and (47) for Ry and Sp with a = ¢ = —1 and b = 1. In addition (80) in this case is
replaced by wp € ‘L'x_l 271
(IIl) Let T'! be a product of vector fields in L and I'a product of vector fields in Ly. Then one has the
identity

MO T1= Y (VaRY Ve + 88 Vel T +wp T/ D), (81)

I'CL J'CJ

where Ry .y, Sp .y, and wy jr satisfy respectively (40), (46), and (80).
Proof. We’ll show the different parts separately.

Part 1: (proof of (79) for L and L) Here we will focus only on the case of products of vector fields in L,
as the case of L is completely analogous. Using the algebra property of Part (IV) of Lemma 4.11 and an
induction, it suffices to show

[Og. T'1= Y [VaRY Vg + S5 Ve + wpT T, where I =1d. (82)
el
We shall prove this last bound itself by induction on the length || of the product I'’.

Case 1: (|1| = 1) When I'! consists of a single vector field in L, formula (82) follows from a combination
of formulas (36) and (37), followed by estimates (39), (40), and part (I) of Lemma 4.3.

Case 2: (|1] = 2) Assume formula (82) holds for all multiindices |/| < k and choose some |/| = k, and
write I/ =TT for some |Io| = 1. By the Leibniz rule we have [L,, r'1= (g, rlojrh +F’°[Dg, ri.
By the same calculations as in the previous step we have

[0, TPIrt = v, R vt 4w, TN,
where R, w are of the desired form. On the other hand by induction we have

M0, T =Y (VaR Vg + 85 Vo + w0 DT + 3 [T, (VRS Vg + 85 Vo + wp O IT
I'Cly I'ch
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By formula (27) and Part (I) of Lemma 4.11 the commutator [I" b (v, R Vﬁ + 87/ V)] again yields
an operator of the form Qp = Vaﬁ(;fg Vg + g;l,Va. Using (39), the same calculations of the previous
step, and part (IV) of Lemma 4.11, we see the commutator [Th, w 1, ] yields another such operator.
Combining all this yields (82).

Part 2: (proof of (81)) Applying '/ to formula (79) and then computing [T, (V, R Vﬂ + 87 Vo)l
through a repeated use of part (II) of Lemma 4.11 yields the desired result. U
4D. Klainerman-Sideris inequalities. We now prove an analog of the Klainerman-Sideris identity [1996].

Lemma 4.13 (Klainerman—Sideris-type identity). One has the pointwise estimates

Y @) @D oIS Y I(wrd)) () T gl + v O, (83)
I<I+|J|<2 1+]J|=1
[71<1

> 1@ @D el S D 1@ oD @) T+ D trrol(r-0)) (190 DOl (84)
1<l+|J|<k I+|J|=1 1+|J|<k—2
[1]<k—1

where in the second bound the implicit constant depends on k > 2. Here all I" € L.
Proof of estimates (83) and (84). Both estimates follow from essentially the same computation.

Step 1: (a preliminary reduction) First, note that in either case it suffices to restrictto r > R > 1, as
estimates (83) and (84) with some implicit constant C = C(R, k) are automatic in » < R by choosing all
I' ey U{S}.
Next, let [, be the Minkowski wave operator in Bondi coordinates which satisfies
Oy =—2000, + ())> —2r 00 +2r 00 + 72 ) ()7,
i<j
1 _ _

Oy =d20y — PR3+ 0 H)d2d) + 0 )},
where d = |g| is the metric determinant in Bondi coordinates, and R = d > g — h, where h is given in (4)
and R satisfies (40). Thanks to (76) one has

1270l 0p¢l S o0l gl +or(D) - Y (1100 (1:80) ¢l inr > R.
1<l+|J]=2
Therefore it suffices to replace [1, by [, in (83), and also in (84) when proving it for k = 2.
Step 2: (proof of (83) and (84) for k = 2 and Uy replaced by L) Start with the two identities
r2r+18bS—r ur+18b8b+r T, 1(8 )2+r r+18b
%rzur_ZlD,, =—r ur+18b8b + Er ur; (8r )2 — ruu:lalf -I—rut;lab + 5 ur+l Z(QL,)z.

i<j

Adding the two operators on the left-hand sides above and applying to ¢ yields
@SS D (i) (md) T gl + i ol Dyl
I+|JI=1 1<
Note that by Remark 1.4 we can assume u +2r & 7, inr > R.
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Next, the vector fields S and 9” alone give the pair of inequalities

(1700001 + (1 100)) (1B S (@D *pl+ Y [(mewod)) (100 T g,
I+|J1=1, 111

(-0l +1(r- 9D (0B S 1T *pl+ Y 1(x-9)) (200 T ¢.
I+1J1=1,1]<1

Finally, note that all other combinations of derivatives on the left-hand side of (83) (respectively (84)
when k = 2) are automatically controlled by the first sums on right-hand side of (83) (respectively (84)
when k& = 2) thanks to the rotation vector fields.
Step 3: (estimate (84) when k > 2) It suffices to show (84) assuming it’s true for k — 1. Applying (84)
with k — 1 to X¢, where X € {t_92, 7,0"}, and then feeding the results back into (84) with k = 2 applied
to I''¢ where I" € L and || < k — 2, we need to show the commutator estimates

dooxIt x"g s Yo 1x'el,

|1']11"1=1 1<|I|<k—1
<k—2

Y ol gl Y X'l

[T1<k—2 1<|I|<k—1

Y nlX' 0, X0l S D 1XTl,
[1]<k-3 1<|I|<k—1
|1'|=1

where each X/, X/ /, and X" is a product of members of {t_ 85 , Ty 81.1’ }. The validity of these last three
bounds is easily checked by using (79) and (76) to evaluate [[g, I'!¢, and by referring to the following
lemma. O

Lemma 4.14 (products of “standard” vector fields). Let X! and Y’ be products of vector fields whose
Bondi coordinate coefficients satisfy
[ (rd)) X" Syt 100 (w0 X7 s s
with the convention a product of length zero is a scalar satisfying bounds of the form (718) witha =b=c=0.
Then the following hold:
(I) The vector field [ X', Y7 is a sum of products of similar vector fields each with word length |I|+|J|—1.
(I) For any nonzero multiindex I we have
XIS Do 1) (md) ¢l
L=+ |JI=|1]
(M) If X! is any product of such vector fields then
‘EXZ‘C()XIT;2‘L'0_1 —x'= Z v/
[J1=11]-1

for some other collection of products of similar vector fields Y.
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(IV) One has ‘L’)?‘L'()D ¢ = ZISI <2 X I for some collection of such vector fields X'.

Proof. The proof of the first three parts boils down to more or less elementary calculations. The last part
follows from a direct calculation involving the conditions (3) and (39) is also left to the reader. O

4E. A pointwise bound for multicommutators. To conclude this section, we record a combined conse-
quence of Lemma 4.11, Corollary 4.12, and Lemma 4.13. This will be our main tool for controlling
commutators in the sequel.

Lemma 4.15 (pointwise bound for commutators). For pair of multiindices 1, J with |I| > 1 one has

I (=S S T B < > q-r;l|(r085>’(a;’>KF’/F”+”’¢|+|F’F”Dg¢|), where g € 277,
I'cl Nl4K|=1
AR (85)

where T'! (etc.) denotes a product of vector fields in L = {S, Q; iz 85 , 8;’ — o' 85}, and T/ (etc.) denotes a
product of vector fields in Ly = {90, 37 — ' 85}.

u’ i

Proof. Using (81) followed by (76) and then (83) we have

LHS (85) SRHS(85)+ Y [O,(T'T79)l.
I'ClL U

Thus, modulo induction on |/| we have reduced matters to estimating the commutator |[[g, I/ (g
Applying part (II) of Corollary 4.12, again followed by (76) and then (83), and inducting on |/| we have

10, T/ 1 9)| SRHS(85)+ Y [0, (T T ¢)),
J//g]l

so the proof concludes with an additional round of induction, this time with respect to |J|. ]
5. Proof of the weighted L? estimates for k = 0

Theorem 5.1 (generalized local energy decay estimates). Assume estimates (7a) and (7b) for s = 0; then
the following are true:

(I) For R sufficiently large there exists Cr > 0 and vector fields X; such that one has the uniform bound

T 3
/ / Ugp-XijpdVy| , (86)
0 JRM\K

with q; = q;(u) obeying the uniform bounds |(t_af)kqj| <r 1. In addition

||¢’||WLE°[0,T] 5 o

sup ||a¢([)”L§ +Cg ||¢||WLE81N[Q,T] =+ sup
T > J

=I=

b

u°

where X; = x-rq;0
X>R = X>1(R_1 -) is a radial bump function with x-gp=1lonr > Rand x-=g=0o0nr < %Rfor some R
sufficiently large so that K C {r < %R}
(Il) For each O < a < 1 there exists an R, sufficiently large so that
sup 19O+ 181011 Sa 10Ol + 17 Bl <o+ 1Dellnern.rr, 87
<t<

where the implicit constant depends continuously on a € (0, 1).
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(IIT) For R sufficiently large there exists Cg > 0 and vector fields X; such that one has uniformly
sup | llgr + Pl 510,77 S0 (0) Ml 2 + CR||¢||@}H11(r<R)[0,T]

0<t<T

T 2
// Ogtp- 77 X (1) d V|, (88)
0 JRO\K

+ 109l gm0, 77 + sup
j

where X; = x~r,q; Ko, with K¢ given by the formula Ko = (1 + u2)35 +2(u —I—r)raf, where q; = q;(u)
has the uniform bounds |(t— 8,};)kqj| < 1, and where - is the same as in (86) above.

5A. Splitting into interior and exterior estimates. To control the solution in the interior we use:
Proposition 5.2 (weighted LE bounds in time-like regions). Let Rg > 1 be as in Definition 1.7. Then for

anya > 0and 1 < p < oo one has the uniform bound

sup (739, T DDl 2ty +1TLOS T D e yjo.m)
<t<T

1
-2 -1 —1
S, ||T)?T+ (09, L ¢)”£f’L2(r<%t)[0,T] + ||Ti ¢||Z,pH11(r<R0)[O,T] + ”TiTODgQS”grPWLE*.O[o,T]- (89)
Here the L' sum is taken over a collection of dyadic regions (t) ~ 2/ > 1.

In the exterior we use multipliers to show that:

Proposition 5.3 (weighted exterior LE bounds). One has the following estimates uniformly for R suffi-
ciently large that K C {r < %R}:

(D) The following null energy bounds hold:
1
1026, 7' ) INvee=mio.71 S R2 19 lwies,_ 0.1+ VEO, B), (90)
where £(0, R) = sup; £(0, R, X;) is given by formula (50) with X; as in Theorem 5.1.
(Il) For fixed 0 < a < 1 there holds
OzltlET I|¢(t)||E“(r>max{R,%t}) 1
+||¢||Sa(r>max{R,%I})[O,T] + ||‘L’;1‘E+ : (39, T;1¢)||L2(R<r<%t)[O,T] f,a vV &, R), (91)
where E(a, R) is given by formula (49).
(IIT) Corresponding to a = 1 there holds the estimate

1
-2 -1
sup ”¢(t)||E1(r>max{R,%t}) + ”¢”S‘v°°(r>max{R,%t})[O,T] + 7ty 2 (90, 7 ¢)”€;’°L2(R<r<%t)[0,T]

0<t<T

S sup RUIT 0. 7 0013 iy +VEL R, 92
where (1, R) = sup; E(1, R, X;) is given in terms of formula (S1) with X; as in Theorem 5.1.
Proof that Propositions 5.2 and 5.3 imply Theorem 5.1. We do this separately for each estimate.
Case 1: (a =0) Here we need to show (86) follows directly from (90) and the assumed bounds (7). From in-
spection of +/£(0, R) and taking R sufficiently large, we only need to bound || (8;’ o, T ) INLE(Ro<r<R)[0,T]
in terms of Cg times ”¢”WLESMSS[O~T]' This follows by taking Cg ~ R:.
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Case 2: (0 < a < 1) Adding together a suitable linear combination of estimates (89) with p =2 and (91),
and using the inclusions EZZLE CLE and LE* C thLE* (from Minkowski’s inequality), we have uniformly

sup (@)l ga + @l sat0,7]

0<t<T

_1
Sa 0<Stu<%1e NP ger<r) + 1@ llsei-<ryf0.28] + Iy T4 2 (00, Tx_]¢)||L2(r<min{R,§t})[o,T]
F e Dl g1 <ropo. 11 + 15PNl vero. 11 + v/ E(a, R),

Next, uniformly for 7y > 2R > 1 there hold the pair of bounds

_1 B |
ltiz, 2 (00, T, l¢)||L2(r<min{R,%t})[O,T] SIn(R) @l se¢-<ry0,791 + (R/ To) 2 | |l ser0, 715
and

(@, R) S I7{8p (O)II7 + (1) + (R/To)*) - ( sup 116 @) + I15u0.7)

0<t<T
3 -1
@ llsero.r1 - NP llsar <o,z + R2NTE Dl o< pypo. ) + 10PNl varo.71)-

In addition for 7y > 2R there is the simple bound

-1
sup || (D)l zair<ry + IR @l s <ryt0.701 Sr1o 1TE Dl 1 (< )10, 751
0<t<2R

Therefore combining the last four inequalities with R = R, > Ry sufficiently large depending on a, and
for some Ty = T, > R, which depends on both the size of R, and a, we have estimate (87).

Case 3: (a = 1) Here we apply (89) with @ =1 and p = 00, and add to this a suitable linear combination
of (92). Note that an application of the weighted trace estimate (188c) followed by (184) with a =1 gives

o1 _ 3
sup R2|72(0¢, T, ]¢)(t)||L2(%R<,<R) S ltedp ()| 2 + R2 @ller 1! <ry10.77-
0<t<T *

The rest of the proof follows a similar pattern to Case 2 above. O

5B. Proof of the interior estimate. Before moving on to the proof of the exterior estimates, which are
more involved, we first demonstrate Proposition 5.2.

Proof of estimate (89). Without loss of generality we work with the time interval [1, T']. We apply estimate
(8) to 2% xo(27*t) x<1(r /1)@ for k > 0, where xo(s) is a smooth bump function adapted to 1 <s <2, and
X<1(s) is a smooth function = 1 for s < % and =0 for s > %. Using the Hardy estimate (184) this yields

sup  [ITL@. T OOl 221y + 1TL@G, 77 D) (< ypoe 2t

2k5t52k+1
by _—1 ~1 ~1
SN0, ¢, T O gt <royi-1 2042 + 1T (00, T, ¢)||WLE*-0(r<%)[2k—l’2k+2]
Fle§ t00e P llwLgs 01,2042

For a fixed value of k, dyadic summation in r gives the uniform estimate

1
-1 -1 a—y -1 -1
i (39,7, ¢)I|WLE*,0(r<%)[2k71’2k+2]5I|T+ (0,1, ¢)||L2(r<%)[2k—l’2k+2]+”Ti D H2r < Ro)[261, 28+2] -
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By splitting into regions r < yt and r > yt we have the following uniform estimate for 0 < y <

a—1 _1
“T+ 2(8¢, T, ¢)”L2(r<%)[21"_1,2k+2]

—a—1

1
3 -1
SY2NTE@. o Dllig( <ty iy ¥
On the one hand with the help of the scaling vector field we have
b —1 -1
75 @@, T Dl <rpyize—1 20421 S NTET DNl 11 (r <Ry 261 20421

Thus (89) follows by summing the last four displays in £/ and taking y < 1.

1
2 -1
”T; T : (8¢7 T+ ¢) ||L2(r<%)[2k—l’2k+2]~

O

5C. Proof of the exterior estimates. At the level of multipliers there are essentially four cases here:

a=0,0<a<l 1

<3, 3 <a<1,and a = 1. Collectively these are stated in the following lemma.

Lemma 5.4 (core multiplier bounds). One has the following collection of estimates uniformly for R large

enough that K C {r < %R}:
(I) Corresponding to the case a = 0 one has
_1
e 9 (@) o 2o g0,y S EO5 R).

(I1) In the range 0 < a < % one has

1
sup 175 (25 900, 7,00 () (D172 -y
0<t<T *

a=3 b 2 a=3 _2.b 12
+ Il 23x(7»6‘75)||L2(r>13)[0,f] + Ty 7 8u¢||L2(r>R)[0,T]

1 11
—32_a—1qb 2 4=3_34qb 112 -1
+ ”t— Zr;l ar (rx(p)”glo‘oLZ(r>R)[0’T] + ”T-}- 2.502 a“¢”€§°L2(r>R)[O,T] 5 a S(a, R)

Here we have set u = u + 2r.

(IIT) When % <a < 1 one has

sup (174 (25 900, 7, 92 (e ) (D172, gy
0<t<T o

a=3 ap 2 a=3 2.b 12
Tl 2@ 2w pyo,r T+ 2T08u¢||L2(r>R)[O,T]

1 1
“2_a—1qb 2 2 b2 —1
+ ”T— 21—;1 8r (TX¢)||E3°L2(r>R)[O,T] + ||T+ 2Tia“¢||€Z°L2(r>R)[O,T] S, (1 - a) g(aa R)

Here again we have set u = u + 2r.

(IV) Finally, corresponding to the case a = 1 we have

_1
sup 1|74 (100 ¢, 7, 02 (L) (D172 o gy + 172 T4 1 9 (T G122 mygo.7) S ECLs R
0<t<T x u \

We’ll prove each of these estimates separately. In each case we invoke Proposition 4.6.

Proof of estimate (93). Fix a j € N and define the multiplier

Y'=x.jw), Y =0,

(93)

(94)

(95)

(96)



A VECTOR FIELD METHOD FOR RADIATING BLACK HOLE SPACETIMES 63

where 95 x < (s) = _2—ij (s), with x;(s) ~ 1 when (s) ~ 2/ and vanishing away from this region. It
can also be arranged that x_;(s) =0 for s 2 2/ by addition of a suitable constant. It is immediate these
coefficients satisfy (55), so we may use case (III) of Proposition 4.6. A short calculation then shows

A=A =0, A =A=2"7"x;w)

for the coefficients in (54). Repeatedly applying estimate (53) for different j € N, then taking sup; of the
result concludes the proof. (I

Proof of estimate (94). First freeze j, k € N and define the multiplier
Y — 0(2(2“_1)kf—x<k(kt) + _[ia_[ét)’ Yy = Cr2a(1 +x<jw), wu=u+2r, tL=1+4u,

where x ., x<; is as above and C > 0 will be chosen shortly. It is easy to check that these coefficients
satisfy the conditions on (52) (in » > R). Computing the formulas from (54) and choosing C > 1 we
have the following uniform estimates for 0 <a < % in the region r > 1:

A > a2 ) + 1207 ), AT T 2 ) a2
|AYT | & ARAT, Az

Repeatedly applying estimate (53) for different j, k € N and on time intervals [0, ] € [0, T] and then
taking sup; ; , concludes the proof. O

Proof of estimate (95). In this case we set
Y'=(1-a)@ @ +13°%), Y =Cr¥(1+ x<j@) +C1 —a)ri*'r.

These satisfy the conditions in (52), and the formulas from (54) yield when C > 1 the following estimates
uniformly in % <a<l:

A'Z (I =a) @ 2 ) + 17 ), A 2T g+ (1 -
|AY | < AuAT, A> (1 —a)yr2 !
These suffice to give (95) through an application of (53). (I
Proof of estimate (96). For this estimate we use the multiplier
Y= (14 x<;)t>, Y =14 x<j)2u+r)r.
This satisfies the conditions in (52) with a = 1. The formulas from (54) yield
A =0, A" Z 7'y,
A" =0, A=0.
This suffices to give (96) through an application of case (II) of Proposition 4.6. O

It remains to close the gap between Proposition 5.3 and Lemma 5.4.



64 JESUS OLIVER AND JACOB STERBENZ

Proof of (90). Applying the Hardy estimate (187) with a = % to the function 272/ x;j (u)¢@, followed by
the Hardy estimate (184) with a = O for the term on the right-hand side of (187) at ¢t = 0, one has

2.1 3 _—1aqb 1
It Plleer2o=ryt0,11 S M7= 270 07 (@) lege 126> myjo, 11 + R2 N @llweee, 0.7+ 109 O)llz2, (97)

1 1
2

where the extra factor of R2 results from replacing 7_ * with 7, * in the spacetime region %R <r <R.
Combining this with estimate (93) and using the definition (50) we have (90). [l

Proof of (91). Estimate (187) of Appendix C and the definition of £ (a, R) from (49) imply

_3 _3
||T)?_l¢(T)”i)2[(r>R) + ”T;l 2¢”i2(r>R)[O,T] S_,a ”T)? 28’}'](Tx¢)”%2(r>R)[O,T] +(€(Cl, R)
Adding this to (94) and (95) we have (91). ]

Proof of (92). Adding estimate (186) to (96) gives

1
-2 -1 —1qb
OiltlfT ”¢(t)||E1(r>max{R,%t}) + ||Txf+ ? (0¢, T ¢)”Z?°L2(R<r<%t)[0,T] + ||‘E+‘L'x ar (Tx¢)”NLE(r>R)[O,T]

< sup RI|T2 (94, o' DOl 2 (1g=r<r) +VEDLR).

0<t<T

On the other hand a straightforward integration of fixed-time norms in the region r > %t also gives

”¢||Z,°°S‘(r>max{R,%t})[O,T] N SUPT ||¢(t)”E1(r>maX{R,%t})‘
t=<

~Y
0=<

Combining the previous two equations with the definition of S finishes the proof. U

6. Estimates for commutators

In this section we complete the proofs of estimates (14), (15), and (16).

6A. Splitting into interior and exterior estimates. In the interior we use:
Proposition 6.1 (general interior estimates for commutators). Fix a multiindex |I| =k > 1 and let T'!

bab

denote a product in L = {S, ;;,9,, 97 — o' 85}. Then for R sufficiently large and any R’ > R one has the

following estimates:
”[Dg, l_‘1]¢||WLE*’“(r<R)[0,T] SR ||¢”H,ffi3(r<R)[O,T]’ (98)
0, T 1@ vagr<myjo.11 Sr.R ||Tf__l¢||Hk'+l(,<R/)[o,T] +l@llse j0.71+ Ig@lInero. 71, (99)
I
”[Dg, I ]¢||£,°°N1(r<R)[0,T] SR,R/ ”¢”E§’°H,}+l(r<R’)[O,T] + ”qﬁ”Sliff[QT] + ||Dg¢”£;’0Nkl[0,T]' (100)
The bound (99) is uniformin 0 <a < 1.

For the exterior we use:
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Proposition 6.2 (general exterior bounds for commutators). Fix multiindices |I| =k > 1 and |J| =5 >0,
and let T'! denote a product of vector fields in L = {S, Q; iz 85 , Bib —o 85}, while T/ denotes a product of

vector fields in Ly = (90, 9" — o' 85 }. Let Rg be as in the definition of the norms (6). Then for R > 2Ry >0

u’ -

sufficiently large one has the following:

(I) Corresponding to a =0 one has

I
I0g, T ](Z)”(WLE*’S—»—L,] H$)(r>R)[0,T]

SJ or(1)- ||¢||WLE-,f,(r>R)[O,T] + “Dg¢“(WLEZfI+Lt1Hj.k—l)(r>R)[OvT]. (101)

In addition let X = X>Rq8£’, where g = q(u) has the uniform bounds |(‘L'_8,f)lq| <; 1, where x~g is
supported inr > %R with the usual derivative bounds. Then one has the integral estimate

T
/ / (O, 16 X5 ¢ aVe| Sor(1)-(16erge 11+ sup 196012
0 JRI\K 0<t<T *

+( sup 19Ol ms HIlwrero.r1)- 10gb Nl wpws ) o,y (102)

0<t<T

(I) For 0 < a < 1 one has uniformly the collection of estimates
IO, T 1@l vae>ry0.11 S 0r (D) - @l se0.71 + 10 llve 10.7)- (103)
(IIl) Finally, corresponding to the case a = 1 we have
(] LHPS FI]¢”Z,°°N'(r>R)[O,T] Sor(1)- ||¢||S£‘°°[O,T] + 18Pl e n 0,77 (104)

In addition let X = x- pq Ko, where Ko = (1 +u2)8fj +2(u —I—r)rarb, and where q and x- g are as previously
stated. Then one has

T
// [O,, T -t ' X (r, T ¢) dV,
0 JRO\K

SorM) - (1915 7y 5uP I@DIy) + 181l 7y 1D llyit o 7y (105)

0<t<T
We will also need the following initial data bound.

Lemma 6.3 (initial data bound). Assume that the level sets t = const are uniformly spacelike. Then one
has the uniform estimate for 0 < a < 1

I2f0¢Ollm, < D D 11288} 00 O 12 + 17{ Tl s 0.1 (106)
=<k |J|<s
Before giving the proofs of these individual components we use them to establish Theorem 1.16.
Proof of estimate (14). We need to treat separately the cases k =0 and k£ > 0.
Case 1: (k = 0) In light of assumption (7a) and the data bound (106) we need to show

Y 1@ Plwieoo.r S 196 O as + 10l wrkes 4.1 rsyi0.71-
[JI<s
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It suffices to show this bound for (3”)” ¢ replaced by r/ ¢, where the product is taken over vector fields
inlLy={ 85, 8}’ — ' 85}. Applying estimate (86) to r/ ¢, then using assumption (7a) and (102), we find

that for |J| <s

10" @13y 010,71 < CRUBD OV 177y + 10 @My 1t oo, + R - 1S 1RyLpso.77-

Summing this in |J| < s and taking R sufficiently large finishes the proof.

Case 2: (k > 0) This is a straightforward application of estimate (14) with k = 0 applied to I'/ ¢, where
I'! denotes a product in L = {S, Q; i 8;’ , Bl.b — o' 85 }. Using estimates (98) and (101) for sufficiently large

R to control the commutator, followed by the data bound (106), completes the proof. Note that the value
R becomes the definition of By(s, k) on (14). O

Proof of estimate (15). This follows by combining estimate (87) with (99), (103), and (106), and then
using an induction on k. Note that the value R becomes the definition of B,(s, k) in (15). U

Proof of estimate (16). This follows from estimates (88), (100), (104), (105), and (106) in a similar pattern
as the previous proof. O

6B. Proof of the initial data bound and the interior estimates.

Proof of (106). By Remark 1.4 we can assume u =t — t, when t € [0, 1]. Therefore without loss of
generality we may replace '’ with products of vector fields in Lytinkowski = {£9; + 7 9;, x! d; — x70;, 0y ).
Notice that for products in Lyjinkowski W€ have the following equivalence at r = 0:

I1zép®@ Ol ~ Y T8 () 9 Oy (107)
+j<k

for a similarity constant that depends only on k. In addition to this, from the uniform spacelike condition
of + = 0 we have the identity

3 =" '@, - P(t,x; D)), (108)

where P(t, x; D) is second-order with uniformly (r3)’ homogeneous coefficients, is at most first-order
in 9;, and contains no zero-order term.

First we repeatedly use the < direction of (107) for ¢ (0), followed by the substitution (108) for terms
containing more than one copy of d,. We then use the 2 direction of (107) for any terms which are
produced which contain [1,¢ (0). From this sequence of steps we have the bound

I17¢0d O)lm:, S Y I (1:00) 9 O |y + T8 (T )V (O) 1 .
1<k

After a local L'(dt) trace estimate, the second term on the right-hand side above matches the right-hand
side of (106).

For the first term on the right-hand side on the previous inequality we again use identity (108) to
successively get rid of all additional 0;-derivatives from the H; norm, followed by another application of
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the 2 direction of (107) for terms produced containing [J,¢ (0). This gives
D Tl @) 9O S D Y 100" 97 9 Ol 2 + 178 (D) ® O 1.
\T1<k 1<k |J]<s

The proof now concludes with a final local L'(dt) trace estimate the second term on the right-hand side
above. ]

We now move on to the proof of Proposition 6.1. Note that estimate (98) follows more or less
immediately from (79). Therefore we focus attention on the last two estimates.

Proof of estimates (99) and (100). We will only focus here in showing (99). The proof of (100) follows
from identical calculations by replacing all L? norms with £>°L? norms.
Step 1: (inductive setup) It suffices to show that for multiindex |/| =k and R sufficiently large, for R’ > R
we have
1410, D1l g1 < ooy SRR TS OE D N 16<ryjo.71 + 17405Vl 12 <rry10.7)
175 Ol <rppio.r + 175 Ol 2 <riygo, - (109)
This boils down to an induction. Indeed, for fixed nontrivial / and integer s > 1 it suffices to show that
under the same assumptions one has
1740, Tl s <o, ) Seor 178 N e cryjory + 1240V 22 g0,
1T @ed) VN s <ryy + 1T @)V N2

+ Y 1740 T 1 s <0, 7 (110)
I'cl
By repeatedly applying this last estimate for [/| 4+ s = k + 1, where s = 1, ..., k, and a sequence

R < R{ < R} | < R' we have (109).

N

Step 2: (elliptic estimate in %RO < r < R) To prove (110) start with (79), which implies that

17410, Tl s <01 S D NTETY Sl vz rygo, - (111)
rcl

Without loss of generality we may assume Ry is chosen large enough that in the region r > %Ro the
operator P(x, D) = Ug — Qo(x, D) is uniformly elliptic, where Q¢ contains all terms with a g% -factor.
Standard elliptic estimates then give

r r r
[Tl ¢||H.v+z(%Ro<r<R)[0,T] Ser ITEP(x, D)UY bllasr<rifo.r) + 1L @l L2 <R j0.77-

On the other hand due to the fact that any term in Qo (x, D) contains at least one time derivative, and
using the metric conditions (3), we have for I’ C I

r 1 (14
7% Qo(x, DYT ¢l isr<rryo.11 Sre 1T SV 51 (o <ryg0.71-
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Thus, combining the last two inequalities we have

1/
DT Bl (1 ky<r <071

r'cl

—1 I |+ I|1—-1
Ser 1T SN koo 1T VN 2 <m0,

HITE @) D psrerrt YN0 T 1l s <t (112)
el
Step 3: (LE estimate inr < %RO) It remains to bound the portion of the right-hand side of (111) which is
contained in r < %Ro. Note that we only need to focus on the region ¢ > 1 as the right-hand side of (111)
restricted to the time slab [0, 1] is automatically bounded by |74 ¢+l 41 . 0. 77
We begin by applylng the stationary LE bound (7b) at regularity s + 1 to x;~1x, _1 1R, T +F "¢, where
Xr<lRy = =lonr< RO and x,_1 LRy = =0 onr > Ry, and with similar properties for y;-. This results in
the estlmate

Z ”le-rl,(p||Hs+2(r<%RO)[]’T] SrRre T+ T+ T3+ 1y,

rci
where
r I I

=Y I ¢l g2 <ropi0.21- To= Y G 6. T @) v w126 < royo. 710

¢l I'cl

I I

= M0 X1, P Bllseorys Ta= D 1T0T Gl st <rypto.7)-

el I'cl

The term 7 results from differentiation of x;~.;. The terms 77 and 7 are already compatible with the
right-hand side of (110). It is also easy to see that
T ST 0N i <royio )+ 128V M 2 < ropio, 71-

It remains to bound 73. Expanding the commutator gives

—1 (1] +s I
T3 S led o S)||H1(r<R0)[o,T] + Z |zl ¢”H”2(%R0<r<RO)[O,T]'
I'cl

The first term above is of the correct form. The second term is handled by estimate (112). U
6C. Proof of the exterior estimates. We first list some general calculations which take care of a large
portion of the desired estimates.

Lemma 6.4. For integers s, k > 0 define

_1 1 1
OCH = 3 1 (@) o, 8 @) 60, T @) 6P BO =1 T e ol ().
[JI<s

We also use the shorthand ®0% = ®®, With this notation we have

1
5,k T2k '
1D o2 myjo.1) + 7 2 @ >||egoew(%,w)m(b,g)[o 71 S N lie; o> ry0.71, (113)

k
128 @l 200,71+ 14PN Nl g 121y <2071 S 1 lsz0.71, (114)
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k k
174 @© lleeee 210,71+ 1748 g2 (1< <a0yp0.71 S 1 g1ovp0, 77 (115)
1
122 2 @@l 21071 S sup GOl g (116)
’ 0<t<T

In addition if T is a product of vector fields in L = {S, Qi;, 82, 8" — w ab} and T a product of vector

lj s Yy Yy
fields in Ly ={3°, 9" —w Bb} where |I| =k and |J| = s, then we have the pointwise estimates

u’ -

1

1
T[0T S g1 21 200+ Y 7 107 (e 9)* "1, where g € 2°. (117)

[J]=s
Proof of Lemma 6.4. The proof of (113)—(116) is a straightforward application of the definition of the
various spaces involved. On the other hand (117) is immediate from (85). O

Note that a direct combination of (117) with either (113), (114), or (115) shows (101), (103), or (104)
respectively. Thus, the remainder of the subsection is devoted to showing the integral estimates (102)
and (105). In both cases the key step is to integrate by parts the bilinear operator resulting from the
commutator with [,. The relevant result here is:

Lemma 6.5. Let R be sufficiently large so that K C {|x| < %R} and let - g be a cutoff supported
inr > %R, constant for r > R, with the usual derivative bounds. Then one has the following integral
estimates:

(D) Let g = q(u) be a smooth function such that |(r_85)lq| <; 1. Furthermore let |J| = s > 1 and
|J'| <s—1and let TV and TV denote products of vector fields in Lo = {8;j , 8lb —w ab} Then if R obeys
the conditions (43) witha = ¢ = —1 and b = 1 one has

2x>Rv RV 0 g0l 0 dVe| Sor ) (1915 o, ry + S0P 100 O). (18)

0<t<T

R

(II) Alternatively, suppose that ¢ = q(u) satisfies |(T— 85 Vgl <it_. Let T and T'! " be products of vector
fields in L= {S, Q;j, 32, 8" — ' 85} for multiindices |1| =k > 1 and |I'| <k — 1. Then if R obeys the
conditions (40) one has

3X>Rva7z“5vﬁr1’¢-qsr’¢ dv,
R\

< . 2 2
Sor(1) (||¢||Sk1.m[0,TJ+0$£T Il @)1I,). (119)
(II) Finally, with the same setup of estimate (119) let S obey the conditions (46). Then one has

X143, T ¢ qST pdvV,

Sor )19y 7y F S0P I9DIG).  (120)

R3 0<t<T

Proof of estimate (118). For functions F and G, a vector field X, and quadratic operator V,R*/ Vg, we
have the pointwise identity

VoeRPVF - XG = Vo [R*¥VF - XG — X*RFY 9 F - 3, G|
+ (V, X" )R, F -05G + R 9 F - 95G + RP0,XF - 946,
=VoI{' + T+ T3+ Ty, (121)
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where Rx = LxR. Setting F =T7'¢, G =T7¢, and X = ¢! in the above formula we estimate the
integral of each term separately.

Case 1: (the T)-term) Using the divergence theorem gives

T T
// x>k Vo T dV, // xR T] dV,
0 JR3 0 JR3

where |x| < 1 and is supported where %R < r < R. Based on the fact that all components of X are

; (122)

< sup/ |Vt| - |T¥ | dx + R
0<t<T J|x|>1R

uniformly bounded, and all components of R are og(1) (in either Bondi or (¢, x)-coordinates), we directly
have the pointwise estimate

|Vt |- 1T S sup | T Sor(1) Y 1007 ¢,
o

|J"|<s

which in turn produces a bound for the right-hand side of (122) in terms of

R (U0 (o1 T 300 1S O

Case 2: (the T>-term) Notice that estimate (39) gives |V, X7 | < 1 for X = qafj. On the other hand for R
satisfying conditions (43) with a =c = —1 and b = 1 we have the pointwise estimate

IR0, T ¢pdpT ¢l Sp- > 7' (1007 ¢ + 1518707 ¢*),  where p € 2°. (123)

|J"|<s

T
// X>RT2dVg
0 JR3

Case 3: (the Ts-term) This is similar to the previous step. Notice that X = q8,f obeys the symbol bounds
(41) with a = b = 0 and ¢ = —1, and satisfies all conditions in (42). Therefore, thanks to case (I) of
Lemma 4.3 we have that Ry satisfies the bounds in (43) with a = ¢ = —1 and b = 1. This is enough to
show (123) holds for R replaced by Rx.

This suffices to give

2
< 0r () 0B o1y 0,11

Case 4: (the Ty4-term) Modulo another bound similar to (123) it suffices to show
1(9q)RPOPT 90T p| < RHS (123).
This follows from direct inspection of various terms involved. ]

Proof of estimate (119). We again use the identity (121) and estimate each term separately. As a
preliminary note that with the assumptions of (119) and notation of Lemma 6.4 one has the pointwise
estimate

T R0, T - 95T 9| < p- 1t [P, where p € 2°. (124)

A similar bound holds if we replace I'"'¢ by ST’ ‘.
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Likewise, when X = ¢g§ with ¢ = ¢(«) and bounds |(7_ af)lql <; 7_ we have condition (41) with
a=>b=0and c =1, and also the conditions in (42) save for the second identity. Therefore by (III) of
Lemma 4.3 the tensor Rx = Lx R satisfies (in Bondi coordinates)

Rier,-2° Réer, -2, RUer, 2%
In particular we have the pointwise estimate

IR 95T ¢ 05T | S p- 1ty [PP)2, where p € 2°. (125)

Case 1: (the T)-term) Here we again use (122). For the first term on the right-hand side of (122) estimate
(116) shows it suffices to prove

sup |T{| S or(1) - 1,73 |V, (126)
o
For the first term in Tl"‘ we use

sup T_|R¥ 35T - ST | S or(D 72| 0P 2,
o

which follows from |R*?| < 1 and expanding S into 85 -and 8){’ -derivatives. For the second term in T
we have (126) thanks to (124) and | X%| < ty7—.

For the second term on the right-hand side of (122) the pointwise bound (126) is not sufficient to
recover the £7° structure needed on the right-hand side of (119). However, similar calculations to those
above show T| = T}, + T},, where

R—IXI,QT{I = X%Saaar‘llqusrlqﬁ’ R_1|X;€Tlr2| S_,OR(I) 'XR(F)TXI+|CD(k)|2.

Here x is a cutoff on a dyadic region ~ R, and S* = R~ yz(r)R"® is a smooth vector field satisfying
the assumptions of estimate (120) (which will be proved independently). Therefore we only need bound
the second term in the display above. Using (116) in the region t < R, and (115) in the region ¢t > R, we
have

T
R—1//3IX}eT{ZIdxdtSOR(I).(II¢|I§A1.oc[O ;T sup ||¢(t)||é£)'
0 Jr oo o,

0<t<T

Case 2: (the T,-term) For the remaining three terms in (121) we will set things up so as to appeal to
Lemma 4.10. For i =2, 3, 4 we will show

T
f / RIT AV SIVT/Tep - 7o @Ol 1y gy,  Where p? € 27, (127)
0 JR

which by a combination of estimate (71) and estimates (115) and (116) produces
T
] < . 2 2
/0 /R XorITH1 Ve S 0r D) (18151 1+ S0P ISOI,).
For the specific case of the T>-term note that (39) shows |V, X7 | < 7_. Then (124) immediately gives (127).

Case 3: (the Tz-term) In this case (127) follows at once from (125).
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Case 4: (the T4-term) Modulo an application of (124) with I'/ /¢ replaced by ST/ '¢>, to produce (127) for
this case it suffices to prove the pointwise estimate

|Buq)RST" ¢ 05T 9| S p- Tty |0V, where p e 2°,
which follows from expanding S to get
IRST ¢ - 957" | < p- 74 (r510¢P 1> + 1070 © %), where p € 2°.
This completes the proof of (119). ]
Proof of (120). For functions F' and G, and vector fields S and X, we have the pointwise identity
S¥0uF - XG = V(X SPOsF - G) — (Vo X)SPOF -G —SEopF -G —SPagXF - G. (128)

Here Sx = LxS = [X, S§]. We again need to estimate each term separately.
As a general first step note if S satisfies (46), |I'| <k —1, and |/| < k then

T_18%9, T ¢ -T'p| < p-1o1|®%)2,  where p € 2°. (129)

A similar bound holds if we replace I'’ ) by ST/ ‘.
Likewise, when X = ¢S, where g = ¢(u) with bounds |(7_ 85)1q| <; 7_, we have from part (IV) of
Lemma 4.3 the estimates

S;ET;1T+'Z%, S?(ETJ\TIT_F'Z%.
This gives the pointwise estimate
1820, T ¢ - T1p| < p- 1oty | P2, where p € 2°. (130)
X

Finally,
0ug)S*ST ¢ - T | S p- ey | @D, where p € 2°, (131)

which follows from (3,9)S* € 721, - 22 and 127, |ST! ¢ - T1¢p| < 77214 |¢®) 2. With (128)~(131) in
hand, the remainder of the proof of (120) is essentially identical to the proof of (119) above. ]

Proof of estimate (102). Using part (II) of Corollary 4.12 we may write

T
+// Xor| sl dx di
0 JR3

+(sup 118l as + N ILes o= ry10.71) - 10N wrs 1! 15y (= R)10,71>
0<t<T

T
LHS(102)§‘// x>rT1dV,
0 Jw3

where
Ti=) VeRYVI'9-qdl T ¢, Tr=" 858,179 qdT ¢,
J'cT JICd
and where R and Sy satisfy estimates (43) and (47) respectively witha =c = —1 and b = 1. We are
assuming the weight ¢ = ¢ (u) satisfies |(t— 85 Y| <; 1. The term T is therefore handled by estimate
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(118). On the other hand the conditions on Sy and inspection give the pointwise bound

Tl Sp- Y. w1007 o1 + 15 '102(07) " ¢I%),  where p e 2°.

IJ//|<S

. T
This suffices to produce [ [ x> &IT2| S 0R(D - 1D s = pojo. 77 O

Proof of estimate (105). Note that the definition of X and the notation of Lemma 6.4 give the pointwise
bound

It ' X (o, )| S o2 rirg (@® + ),

Next, we take the decomposition 7, ! X7, = uS + X', where X' = q(8° + (u +2r)rt '8Pty + ur?t2).
This leads to the following improvement of the previous inequality

3 1
IX'(M )| S tirird - (@F + @),

Therefore combining (79), (117), the previous two inequalities, and (115) gives

ff X>RT dV

k Kyn2
+ VT /T4p - ‘L’+(CI)( ) + q)( ))||L2[O,T](r>R) + ”d’”s}i’w[o’]‘] : |||:|g¢”Nk1;11[0’T]a

LHS (102) < >
i=1,2

where p* € 20, where
=) VJR} Pvr!'¢.GsTly, Tr= > S8ta.I"p-GST g, (132)
I'Cl I'cl

and where ¢ = uqg(u) satisfies the assumptions of Lemma 6.5. The proof of (105) is concluded by an
application of estimate (119) to handle the contribution of 77, estimate (120) to handle the contribution
of T,, and Lemma 4.10 followed by (115) and (116), which together show

IWee/zep - T (@O + DD ie gy S ORMD - (1915100 7+ SUP IGDIE). O

0<t<T
7. L*™ estimates

The purpose of this section is to prove Theorem 1.18. In fact we will prove the slightly stronger bound:

Proposition 7.1 (fixed-time global Sobolev inequality). Let Ry > 1 be large enough so that K C {r < R}.
Then there exists R > R, sufficiently large such that given any k > 1 one has the following fixed-time
estimate uniform int > 0:

31 . 3
Y I ) @ad ¢l S 1T Oll w2y + 16Dl g,

i+|J|<k 301 i g
+ > it ro(-9) (1) Oed Ol 12 <nnzz. (133)
i+|J|<k

In the estimate above the implicit constant depends on R.
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We first give a quick demonstration of how Proposition 7.1 produces Theorem 1.18.

Proof that (133) implies (17). By an application of 7 < 1 and (188a) (when T > 1), and using the identity
T_ 8” S +¢d for some smooth ¢ with |37 ¢| < 7., we have uniformly for 0 <t < T the bound

||r+¢<>(z>||Hz<r<R) Sk sup (lp@llgy + 16l 7y-
0<t<T

Likewise, by an appropriate combination of (188a)—(188c) we have

sup Y i ed to(r00) (10" Db (Dl 12 <oy

0<t<T .
i+|J|<k .
SO IR @H Tep Ol + D @30 (100 Tgpliyriory. O
|J]<k i+|J|<k+1

7A. Reduction of Proposition 7.1. The proof of (133) will rest on previous material and the following
three lemmas. In each of these ¢ is a fixed parameter and ¢ = ¢ (¢) only depends on x. We also assume
R > 0 is chosen as in Proposition 7.1.

Lemma 7.2 (basic L*™ estimates). Let ¢ be a test function supported in r < 4( ). Then one has

1
(0, ¢l S N7 @076, 77 0™, 7720 ™) ooz (134)

On the other hand, without any support conditions imposed on ¢ we have

leiei bl S > Iemd) (1007 ¢l 2. (135)

I+]71<2

Lemma 7.3 (global elliptic estimate). Let ¢ be a function supported inr < 3 ( ). Then for R sufficiently
large one has the fixed-time estimate

1 1 1
172 (07¢. 7y ' 0x. T2 12 Sl 2 <y T2 005 b, 7 90, 71 9 112+ 72 Ogpllrz2. - (136)
where the implicit constant depends on R.

Lemma 7.4 (fixed-time commutator estimate). Let ¢ be a function which is supported in the region

r < 3(t), and let T'! denote a product of vector fields in L = {S, Q;;, 8%, 9" — 32} with |I| = k > 1.

l] LG TRl
Then for R as in Lemma 7.3 one has the fixed-time estimate

3 _ _3 i _
22 (O Tl 22 S 1“2 <ry + 0 2l g + 112 @) P llns2, (137)
rx x k r=x
where the implicit constant again depends on R.
We postpone the proofs of these in order to first establish Proposition 7.1.

Proof of (133). We estimate the timelike and null/spacelike regions separately.
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Step 1: (proofof (133)inr > 5 ( )) Applying estimate (135) to Xrs 1 (r Bb) (rxab) ¢ followed by (84)
we have

> Jeivg O @I Bl S D M@ @) @2,

I1+]J <k I+]J 1 <k+2

3 1
2.2 byl b\J
Shellg + > Neiei o o)) (wd?) Dol
I+|J1<k

Step 2: (reduction of (133) inr < 5 (t) to truncated functions) To prove (133) in the region r < é(t) we
claim it suffices to show the fixed-time estimate

o) @) Yl

I+J1<k s 1
SOl + O 2l + Y e @0 (@) Dewllgz, (138)
I+]J]1<k
for functions v supported in the region r < 3 ( ). Indeed, applying (138) to ¢ = Xr<lq ¢ and multiplying
the result by (¢ )3 we have shown (133) in r < 2( ) after using || x,_1 [¢||E1 < ”¢“E1§+1 as well as

31
Yo e w ) @) O x o 8laz S D @3 @aD) ll.2.

1+ |<k 14| <k+1

Sl + D Jeied 70(1-0)) (2:92) Ogpl 2.
1+]J|<k—1

On the last line we have again used (84).

Step 3: (reduction of (138) to the case k = 1) Using (84) we have
LHS(138) S > 10D @d)/ v * Ve + > Iei @) (@) Oyl ee.

I+]71<1 1+|J|<k—2

On the other hand for functions i supported in r < %(t} estimate (135) gives

1
> @) @) O¥lie S Y e () (100 Dl 2.

X

I+]J|<k—=2 I+ 1<k

Therefore, with the help of (137) we have reduced (138) to showing

_3 3
D@ @D Ylie SO lme<r + O W g + 12200 Pl (139)

I+JI<1

for functions ¥ supported in r < %(t).

Step 4: (proof of (139)) As a first step we have for i supported in r < %(t)

D0 @) @) Ylie S @y, v )l

1+]JI<1

which follows from Remark 1.4 and by writing S = (u — ru,)aé7 +ro, and 8;’ =0; — u,-af;.
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Next, concatenating (134) and (136) we have

1 1
sy, e SIY Dl m2gcry+0) 7 12 @ualy D, 7 udly D, 9y ) g2+ 122 Dy PVl 2.

Here we have used that |(f)~'u| &~ 1 on the support of ¥, as well as |[3, u]| < 1.

lfinally, we use the expansion ua,f =S +qd, where |07¢g| < r,ﬂ‘”' onr < %(t), as well as the estimate
7, % x (83) for terms involving 82, which altogether gives
1 1
17 @uaby ™.t udly V. 0y D)l < Ol gy + (0178 DVl 2. (140)
This completes the proof of (139), and hence our demonstration of (133). O

7B. Proof of the supporting lemmas. We now prove Lemmas 7.2, 7.3, and 7.4.

Proof of estimate (134). First note that a rescaled version of the usual H> — L® Sobolev estimates gives

1
Toa2y 1 -2
@l S Mt (90, T, 05, T "P)llecor 2,

which applied to ¢ proves half of (134).
It remains to prove (134) for t,0,¢, and this is really only an issue where » > 1. In this case the result
follows from Remark 1.4 and applying the following global Sobolev estimate to d,¢ for R > 1:

_1 _ . ‘
10010 (1rar<2r) S D RTN@R7G. RGN 2 (15, ar)  Where Q€ (x'9; —x73;).
[J1=1
Note that this bound is scale-invariant so it suffices to prove it for R = 1. After using a set of angular
cutoffs and a local chart on S?, it becomes the mixed Sobolev embedding

Ipllemn S D 19/0) 612w, (141)
1=<1,|J]=1

where the coordinates are written as x = (x!, x2, x%) = (x!, x’) € R* = R x R?. Estimate (141) follows
in the usual way by combining the Fourier inversion formula, the Cauchy—Schwarz inequality, and
Plancherel’s theorem, and using the fact that the multiplier (€)' (£)~! is in LZ(R%). O

Proof of estimate (135). It suffices to consider the region %(t) <r< %(t) and r >> 1, as the complementary
bound follows by rescaling the H> — L* Sobolev embedding. Using dyadic cutoffs we may further
assume ¢ is supported where 7_ &~ 2% and 7, &~ 2/, and by using angular sector cutoffs in the x-variable
we may further restrict this support to a 7 wedge about the x!-axis.

Next, we introduce the following variables on ¢ = const, r > 1, and the % wedge about the x!-axis:
y1 = 2%y, y2 =277x2, y3 =273,

Changing variables we have the formulas on # = const

1 . / .
X

x1
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where the derivatives u i are also with respect to r = const, and y’ = (y?, y?). In particular by condition (1)
there exist coefficients ¢, which are uniformly bounded where 7_ ~ 2K, 7, ~ 2/, and within the 7 wedge
about the x'-axis, such that 0, = >_,, cl,eq, where eq € {T_07, 7,02}

By the change of measures formula in the previous display we have

l .
D ikt Z le” @l L2(ay) ~ Z 1 7007)" (T 02) b1l 2ax) -

1112 a+|pI<2

To finish the proof it suffices to establish H> — L™ Sobolev estimates in the y-coordinates in terms of
the e, vector fields. Since the coefficients ¢!, are possibly very rough with respect to the y-variable we do
this by concatenating H' Sobolev embeddings in the following way:

1 J I 1
Il S D 100 bllLoay S D e’ blrsan S Y D 197" bll2ay S Y lle'dllraay)-

[11<1 [1]<1 [JI=11]=1 [1]=2
This completes the proof of (135). O

Proof of estimate (136). Following Remark 1.4 we see that the metric in (¢, x’)-coordinates satisfies
1(0)80)" (2:9)” (8% = 1) g1 e <2 ) S0 1
where n = diag(—1, 1, 1, 1) is the standard Minkowski metric. This gives the pointwise estimate
AP S q 1370, 7 0cp)| + 100,01 + 718,91 + 71" 9] +Teepl.  where g € £;L,

and where A is the standard 3-dimensional Laplacian. Therefore, by choosing R sufficiently large we see
that to prove (136) it suffices to show

1 1
172070, 7, '0cd, T2 leor2 S NPl <ry) + 178 APl L2, (142)
where A is the standard 3-dimensional Laplacian and R; > 1 is chosen so that X C {r < R;}.
Next, using the endpoint Hardy estimate (185) and truncating ¢ smoothly so it is supported away
from /C, we can reduce (142) to the following global estimate on R?:

1 1 1
“3a Al T2 A1 2
lTx 20AT Fllo2@y + 1te 0°AT Fllozmwey S It Fllg 2w

This last inequality follows by taking the decomposition T ATVF =37, %0 AT i F, where ; is a
partition of unity adapted to dyadic regions r & 2%, 2/ > 1, and using Young’s inequality to sum over

_1 1 ‘ ‘ 1
12 2 % 0™ X Fll ey + 172 %97 A7 Fll 2 sy S 2725272 UM 122 30 F 2 oy
for j, k > 0. This final estimate follows from standard L? fractional/singular integral bounds. U

Finally we prove the commutator estimate:

Proof of estimate (137). Using (79) inr < %(t), we have for ¢ supported in that region

1 1 1
17213 T Bl 2 S NTd 020%™ 170" N llgzer2 + 172 @) Pl 2.
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It remains to estimate the first term on right-hand side above. First, note that by the same reasoning used
to establish (140) we have

1 _ _ _ _ _3 1 _
122 090D, 71909 * D, 106 e S ()72l g + 1720Vl

for functions ¢ supported in » < 2(¢). In addition we have by applying (136) to ¢*~1 and then using the
previous bound to handle the resulting middle term on the right-hand side of (136) the bound

1 _ _ _ _ _3 1 _

122 @20“ Y, r 100 Doz SNSE Vp2gcry + ) 2101 51 + 172 D™ gy 2.
Combining the last three inequalities and using (1) to handle [85 , 0] we see that estimate (137) follows
via induction on k. O

8. Estimates for nonlinear problems

This section is devoted to the proof of Theorem 1.22.

8A. Proof of the N, — Sy mapping property. This section is devoted to the first half of Theorem 1.22.

Proof of (22). We treat each component of the norm separately.
Case 1: (L*° H®- and WLE-components) These are handled via an induction on the index j. For j =0
use (14). For j > 1 we again use (14) and estimate the middle term on the right-hand side via

ol YD < pyyi0,7) Slle ”WLE}%I“"*”‘)[O,T]-

Case 2: (S %-components) This term is handled by (15) with a = 5. The middle term on right-hand side

1
j.
of (15) is bounded by the output of the previous step at level j = k + 4 as follows:

1
-2
Iz " bl <im0 S 1llwig!,10.71-

Case 3: (§'°°- and E'-components) This follows from (16). The middle term on right-hand side of (16)
is bounded by the output of the previous step as follows:

||¢||5}Hl\}+3(r<31/2)[0,7"] S ”¢”S,if3[0,T]‘
Note also that expanding vector fields via the basis ” shows

byi b\J
IFllyipor S Do 1@ @)’ Fliyuory.
i+|J|<k+2

Case 4: (L°°-components) The bound for this term follows at once from (17). O

8B. Proof of the null form estimate. Here we prove the estimate (23). This may be broken up into a
number of pieces according the constituent parts of (20) and (21).
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Proposition 8.1 (constituent null form estimates). Let N' = NP (t, x, $),¢d5¢ denote a quadratic form
satisfying the conditions of Definition 1.20. Then there exist locally bounded functions Cy, depending on
the ci from (19), such that for k > 18 one has

k+4

E : 2
”N”(WLE*’]3+3(k_'j)+LllHl3.+3(k_j))[0 T] S Ck(|||¢”|sk[0,T])|||¢|||Sk[0’T]a (143)
J X, ’
j=0

INUyar2j0.71 S Crlligllsio ) 191 0.7y (144)

D @) @) Ny S Celllllsio. el s, 0.71 (N 510,71+ Dbl ngro.71), (145)
i+|J]<k+2

Z 177 (2 0) N O) 22 S Cr (UMl seto. e Il s 10,71 (b M se10. 71+ 1 Dbl o, 7) - (146)
|J1=k

Remark 8.2. In the sequel we will prove Proposition 8.1 assuming V' = N*? (¢, x)3,¢d5¢. In the more
general case when N'*? depends on ¢ as well, repeated application of the Leibniz rule leads to higher-order
products of the form [/, %3¢ 3¢, Such cubic and higher-order expressions are much easier
to handle via the uniform norms employed in this paper (e.g., they do not require a null structure), and
treating them explicitly only serves to clutter notation.

We will prove (143)—(146) with the help of the following lemma:

Lemma 8.3 (Leibniz rules). One has:

(I) Let N be a quadratic satisfying the conditions of Definition 1.20 but not depending on ¢, and use the no-
tation N'(¢, ) =Nz, X)0qpdp . Then if X! denotes a product in {85, 8;’ —! 85, S, Qij, r,alf, rxafg},
we have the identity

X'N@, vy = Y Neor(X"¢, X"y, (147)

I'+1"ClI
where each N 1» satisfies the conditions of Definition 1.20 as well.

(II) Let f, g be smooth functions compactly supported in both time and in the exterior region {r > Ry},
where Ry is given in Definition 1.7. Let w, be a weight satisfying |3’ w,| <; 7y. Then one has the
balanced product estimates

11 1 _1
lwo fgliwiess SNt T2 fllerer ool T—* glleoeco s + 1T * flleomo ITegller 1o, (148)

_1 1
lwa fgllwiess SNty fllezoelTe 2 gllesens + 1Ta * fllezo s T Tg g ller oo (149)

In addition there are also hold the unbalanced versions

11 _1
lwo fgllwLess SNt t20° fllgrerpoclT— 2 gllescece s, (150)

_1
lwa fgllwiess S ITxtgd® fllopoollTe *gllesoms, (151)

where we are using the shorthand |0° f| = ZIJ\SS 197 f.
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Proof of (147). By induction it suffices to prove this identity for a single vector field X. Using the notation
Nx(@. ) =XN (@, ¥)—N(X¢. ¥)—N (¢, X1), we have Ny’ = X (NP =) (X NP —al (XPINY.
The first bound in (19) for Ny follows at once from this identity and the assumption of (19) for V. To
prove the second bound in (19) for Ny, it suffices to study the contractions 8;3 (XN and 8)[/’ (XN,
For y = u the bound is again immediate from assuming (19). On the other hand for y =i we need
|(z—32)  (1,80)7 8P (X*)| <i.j T0 for each X € {32, 37 — /32, S, Qi;, 78k, ©,8?}. This follows from
inspection. (I
Proof of estimates (148)—(149). First let both f, g be not only (spacetime) compactly supported in the
exterior region R*\ R x K, but also supported in dyadic regions 7, ~ 2/ and t_ & 2¥. Then one has the
Moser estimate

Ifghas SN le=liglas + 1 asliglee.

Multiplying this through by the appropriate combination of 2/ and 2* and then summing in £!(¢2), we
have both (148) and (149). O

Proof of estimates (150)—(151). This follows from distributing the derivatives and Holder’s inequality. [J

Proof of estimate (143). Let x¢ be a smooth cutoff which is =1 on the cylinder C=[1, T —1] x {r > Ro+1}
and which vanishes for r < Rp and ¢ € [0 1] U [T — % T]. Our plan is to show

12
k+4
2

D10 = XNy i 7y S MBS, 0,71 (152)
j=0

k+4

3 IteN gy < Nblidgo.r- (153)

J
j=0

These bounds are further broken down into a number of cases.

Case 1: (L! H; j boundsinr < Ro+1) Expanding all derivatives into the product and discarding N"*# it
suffices to prove for j < k + 4 that

197990 0 11 12 ko o1 SNBIS0,7 When ji+ja=j, [I+I'] < 1343(k—j). (154)
There are now two subcases:
Case la: (evenly split derivatives) If both ||+ j; < 1043k —2j and |I'| + j» < 10+ 3k — 2, then
each factor can absorb at least two more derivatives and still go in L?(r < Ro+ DIO0, T]. Thus, after an
L)ZC — L%° Sobolev embedding on one factor we may use a product of
19700 2100 < Ry 110,71 S MBlllserorrs 19796 N 26 <rys o7y S Ml sigo.71-

Case 1b: (uneven split) The alternative to the previous case is that one factor, say the first, is such that
|I|+ j; > 1143k —2j. But this forces |I'| + j, < 2. In particular for k > 3 we may use a product of

S
1879 oo 126 <Ryt 1) S B lllsir0.715

3
I i 29l j
1979V | L1 e <1y S 17287 80 [l <ror1y S bl ser0,77-

This completes the proof of (154).
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Case 2: (Lt1 H)f’j bounds in [0, 1]U[T —1, T]) In this case we show the analog of (154) where the integral
is restricted to ([0, 11U[T — 1, T]) x (R*\ K). This follows by taking a product of two LfoH)f’j bounds
after an L2 — L%° embedding for the factor with the least number of derivatives.

Case 3: (WLE** bounds in C) Using (147) it suffices to show for j <k+4and o, 8 =u, 1,2,3

IXEN P 950U 95 [y prrw-n S @07y, Where ji+ jo = . (155)

where x¢ is also supported in the exterior region (0, T) x {r > Ro}. This estimate is further broken down
based on the values of j;, j» and «, B.

Case 3a: (max{ji, jo} < k — 1) In this case we plan to use (148) and (149) to cleanly distribute the
9! -derivatives. To facilitate this freeze the values of J1, j2 and define
fo=Xc0bo.  gg=Xcopp'?. (156)

From (5) and the definition of S; from (20) and we have

11 _1 _1
e T2 full greroe +NTxto fullgrzoo + 1T fill oo + 177 fillegeeo s + 17 * falleze s S M @lllsi0,71, (157)
where s = 13 4+ 3(k — j), with an identical set of estimates for the components of g.

Case 3a.1: (uu-components) Using (19) it suffices to show

lwi fu8u ||WLE*-13+3<k*j> 5 |||¢|”%k[(),7"], (158)

where |9 w;| < 19. This follows from (149) with @ = 1 and (157).

Case 3a.2: (ui- and iu-components) Here we need the analog of (158) with w; replaced by weight wq
with [37wo| < 1. This follows from (148) and (157).

Case 3a.3: (ij-components) In this case the analog of (158) follows from (149) with a = 0 and (157).

Case 3b: (max{j;, jo} > k) In this case from the constraint j; + jo = j < k + 4 we must have both
min{j;, jo} <4 and 13 4+ 3(k — j) < 13. Without loss of generality assume min{j, j»} = j;. Then with
the notation from (156) and setting s = 13 4+ 3(k — j), we have if kK > 18 the bounds

11 _1 _1

17 T20% fullereioe + 11T T00° follerpoe + 1760 fill oo + 17— Gillesoeso s + 1Tx > galleerrs S M lllsip0,71-

In particular (155) for this case follows from the bound above, (150), and (151). U
The proof of (144) and (145) largely boils down to (147) and the following lemma:

Lemma 8.4. Let N be any quadratic form which satisfies (19), and define N (¢, ) = NP 0 POpYr.
bl —wldb, S, Qij, 798, 1,38}, Then if |I| <k —1 we

u’ i

Suppose X! is a product of vector fields in {0
have the pointwise bound on [0, T]

1 _3 .
TGN X ¢ W Sldlllsor - 't tg D 1(odl) @) . (159)

i+]J]=1
A similar bound holds with the roles of ¢ and \r reversed.
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Proof. Expanding the N using condition (19) we have
G N X! S| S T 10X 91 1009+ 76 10X 61 - 10091 + 76 0 X ] - 9.
On the other hand inspection of the L°-term from the S; norm defined in (20) shows for || <k — 1

3 1 _3
0 10X ¢+ 75 197X ol S 77l el llso. 7.
Taking the product of the last two inequalities yields (159). Il

Proof of estimate (144). Using (147) to distribute derivatives, and splitting into interior and exterior
bounds, it suffices to show that when j; + j, =k +3

o ,

1T NG s @YY, Y i1 < ropio. 71 S M5 0,775 (160)
R )

NG 2 @97, ) 12— royio. 11 S NS, 0.71- (161)

Note that (160) is stronger than what we need here, and for this bound we can even assume all vector

b

fields are in the collection {9, , 8;’ — o 85 S, Ry, T 85 , Ty 85 }. We will use this greater generality in a

moment.
Case 1: (interior estimate) From the conditions k > 18 and j; + j, = k 4+ 3 we have min{jj, j,} <k —2.

Then (160) follows by taking the product of

1Tt Lo rpyior S Nbllscro.rrs 18" P16 <royio.71 S N llsero.r)-
Case 2: (exterior estimate) Using only min{j;, j»} < k — 1 estimate (161) follows from (159) and
_1 . _11
D e 2 @) @D 6 T e 2o 1y S e 213 (10000 CH Y, 920 TN g 121,71 S b llspr0.73- O
i+|J]=1
Proof of estimate (145). Combining (147), (159), and the Klainerman—Sideris identity (84) we have

S It (w ) N

i+|J|<k+2

-3 -3 -1 bai gabyJ . (k42) 3 NP
§|||¢|||Sk[0,T]'( Z T 2101y 2 (100,) (0)) ¢ T |+ Z Ty [(7-9,)" (1,3y) Dg¢|)- (162)

i+Jl=1 i+ | <k+2

The proof of (145) then follows by splitting into interior and exterior estimates as in the proof of (144)
above. Note that (160) already handles the interior contribution. For the exterior contribution we use

1
byi (qb\J 4 (k+2 2 b 4 (k+2 b 4 (k+2
> 1@d)) @D ¢ P 20,7 SNt 2T (r00p ¢4, 826 ) g g 210,71 Sl lllsero, 7y O
i+]J|=1

Proof of (146). This follows by applying (162) at t = 0 with index restriction i + |J| < k. [l
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Appendix A: Coordinates

In this appendix we discuss some basic consequences of Definition 1.1, as well as some simple conditions
which guarantee the assumptions of Definition 1.1 hold.

Bounds between (t, x)- and (u, x)-coordinates.

Lemma A.1. Let u(t, x) be a function satisfying condition (1) of Definition 1.1. Then for any smooth
function q and integer N > 0 one has the following equivalence of symbol-type bounds:

D) () gl Shgl = Y 1@ (11080 glloze Swg 1. (163)
i+|J|=N i+|J|=N

In addition the change of frame bounds (5) also hold.

Proof. Thanks to the change of variables formula

o= Lo gy (164)
u I&) i — Y 1>
U; Us

the implication “d;, d, bounds” = “85 , 81.1’ bounds” follows easily from (assuming i 4+ |J| < N)

ur>c, (T8 (te0de)” (s, ui)| Sn 1,

where the inequality above itself holds thanks to part (I) of Definition 1.1. Applying this to g = du we
have

|(r,8ub)i(‘£xfoaf)](ut, u)l Sl

Finally, using this last inequality and formula (164) the implication “3?, 3” bounds” = “9;, 8, bounds”

u’ l
becomes clear.

As a last step notice that (5) follows from the formulas (164) and estimate (163) applied to ¢ = du. U
Lemma A.2. Let u(t, x) be a function satisfying part (1) of Definition 1.1; then r;l U+t —1t)€LlL™.

Proof. We have L:l(u +1,—1) = L:l fo(t’x) ou+rt,—1)-ds+ O(L:l), where ds denotes the line
integral along a straight ray from the origin to (¢, x). Bounding the integral in absolute value gives

sup |77 (w7 — 0| 277+ > 28 sup a4 1, — 1)].

rac2) k<j rao2k
The assumption d(u + 7, — ) € £! L™ and Young’s convolution inequality finishes the proof. O

Lemma A.3. Let u(t, x) be a function satisfying condition (1) of Definition 1.1, and suppose that g is a
metric satisfying condition (I1). Then g is weakly asymptotically flat in (¢, x)-coordinates in the sense that

I(r=3) (txT0dx)” (g —= M 110 < 00 forall (i, J) € N x N*, (165)

where n = diag(—1, 1, 1, 1) is the Minkowski metric.
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Proof. By Lemma A.1 is suffices to prove the bound
1(z-8)) (t:00)” (g =M™l a1 < 00 forall (i, J) € N x N, (166)

where (g — 1)*? still denotes the components in (¢, x)-coordinates. Such estimates for (g —n)"/ follow at
once from the first inclusion in (3) because g% is the same in either (¢, x)- or (u, x)-coordinates.
For remaining components we compute

g ="+ ")+ (g’ —87)— g " u+1. —1),
g+ 1=g""+2(g" + ow; + 0w (g7 —87) —2(g"* + wi ") (u+ 1, — 1)
+8P 0+t — D)o+ T — )+ 1,7,

where all metric components on the right-hand side are now computed in (u, x)-coordinates, and where
we are using the notation @’ = w; = x't . In addition to these formulas we also have the estimate

1(t-00) (tx1092)” 3 (u + T = 1)l g1 1 < 00,

which itself is a consequence of (1), (164), and Lemma A.1. The remaining portion of estimate (166)
follows from the last three displays above combined with assumption (3). ]

Lemma A.4. Fix§>0. Let u; be an approximate optical function satisfying the conditions of Definition 1.1
in the region (t —r) > §(t +r), and let uy be an approximate optical function satisfying the conditions
of Definition 1.1 in the region (t —r) < 26(t +r). Then if x is any cutoff function with x = 1 on
(t—ry=>28(t+r), x=0o0n({t —r) <8{t+r), and |(t,0)” x| < 1, the function u = yu; + (1 — x)u,
satisfies the conditions of Definition 1.1 globally. In particular, in Definition 1.1 we may always assume
u =t — 1, away from the region (t —r) K (t +r).

Proof. Using Lemma A.2 we have both

1830 (r00) 75 w1 + T — D) |1 oo (52 1471 —ry <25) < OO

180 (r2:0:) 75" (2 + T — D)l g1 Lo (52 1471 1—ry <28) < OO

Thus r;l(ul — uy) satisfies the same bound in 8§ < (r +r) "' (t —r) <268, and so u = xu; + (1 — x)us
satisfies (1) globally. Note that r;l(ul) ~ r;l(u) ~lin{t—r)>5(t+r)and r;l(ug) ~ r;l(u) ~1in
(t —r) < §(t +r) thanks to Lemma A.2, so the definition of 7 is not affected by splicing u1, u;.

It remains to show the bounds (3) hold in (u, x)-coordinates. Because u =u, when (t —r) <48{(t+r), we
concentrate on the complementary region. Here it suffices to show that if u is any function satisfying (1),
and g is any metric satisfying (165), then one has automatically has the first inclusion in (3) restricted to
the region (t — r) > §(t 4+ r). Notice that by combining (165) and (1), we see that (165) also holds for all
Bondi coordinate components of (g*# — n®#). Therefore, adding and subtracting the tensor 4*# defined
in (4), our task boils down to showing

19 (220 ™ 0" + @)l oo (11 11y 25) < OO
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This last inequality follows from a few simple calculations and the estimate

()30 (2x)? 3w + T = Dl g1 oo -y ) < OO
which is an immediate consequence of (1). U
Constructions for nearly stationary/spherically symmetric metrics. In this section we discuss a simple

situation where one can construct an approximate “optical function” u(z, x) satisfying conditions (3).
This is given by the following definitions.

Definition A.S. Let g,p be a Lorentzian metric on [0, 00) x (R3 \ K), where K is a compact set. Then:

(i) g is called “weakly asymptotically flat and quasistationary” if
0> (1 + ) (18,) (229)” (8up — Map)lle1px < 00 for all (i, J) € N x N*. (167)

Here n = diag(—1, 1, 1, 1) is the Minkowski metric in (¢, x) € R x R3-coordinates.

(ii) g is called “quasispherical” if one can write g = go + g1, where gg is a spherically symmetric in
(t, x)-coordinates, and the remainder g; satisfies

”Tx(fxa)‘,(g])aﬂugrlLoo <oo forall J e N*. (168)

Proposition A.6. Let g,3 be a Lorentzian metric on [0, 00) X (R3\ K), where K is a compact set. Suppose
that g is weakly asymptotically flat and quasistationary/spherical in the sense that (167) and (168) both
hold. Then g satisfies the assumptions of Definition 1.1 (after a possible redefinition of the x' -coordinates).

Proof. We’ll prove this in a series of steps.

Step 1: (preliminary reduction) By Lemma A.4 above it suffices to construct an approximate optical
function u (¢, x) satisfying conditions (1) and (3) in the region (t —r) < (t 4+ r). Using a partition of unity
we may extend g to be the Minkowski metric in the exterior (¢t — r) = (t +r). This extension will still
satisfy (167) and (168).

Next, after a possible radial change of variables which preserves both (167) and (168), we may assume
that the area of ¢ = const and r = const with respect to the restriction of g is 472 In other words we
may assume the spherically symmetric part go can be written in polar coordinates as

20 = (80)ir dt*> +2(g0)sr dt dr + (g0),r dr* +r* do?, (169)

where do? is the standard round metric on S?.

The goal now is to construct u# in two pieces u = ug + u1, where ug = ug(t, r) is radially symmetric
and corresponds to gg, while the remainder u; takes into account g; = g — go. The requirements for these
two functions will be

() (r8)” 3 (o + 1 = Ollgt oo =gy + I1r(rd) dur gt Lo =) S 1 (170)
for sufficiently large R, and in addition

go(dug, duo) =2go(dug, duy) + g1(duo, dug) = 0. (171)
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Notice that (170) and formulas (164) allow us to freely change (rd)’ to (rd”)’ in any estimate we
consider.

First suppose that we have achieved both (170) and (171). By the assumption (167) and (170), we
have

() (r0) (8 = n*P)lgr gz ry + I F0) " 0" + @)lg1 e r) < 00,

where all components of (g% — n®#) are computed in (u, x)-coordinates. This suffices to give the first
inclusion in (3) (note we only need this for (t —r) < (t +r)). We remark that the convergence factor
In(r) is sufficient to sum in €. when r ~ ¢ ~ 2/.

Next, from the explicit form (169) and the identities in (171), we have both

Vgolgd” +r7 %" =0,  g" = g(duy, duy) + 2g1(duo, duy),

where +/|go| is computed in (ug, x)-coordinates. Using (168) and (170) we have

Ir(rd)’ (v/1gol = V1gD et = Ry < 00

where +/|g| is computed in (u, x)-coordinates. Combining the last two displays and (170) again gives
Ir2(rd)’ g o1 ooy + IIr(rd)’ (V1glg" + o', g — @' w;g")le1 o r) < 00,

which are sufficient to produce the remaining bounds in (3) (again for (t —r) < (t +r)).
It remains to construct uy and u; such that (170) and (171) hold.

Step 2: (construction of ug) For gg we have the expression (169), where
In*(r)(rd) (g6 + 1. 86" — 1. 8)le1p(r=1) <00 forall J € N2,

For the remainder of the construction we only need to work in the (z, r)-coordinates.

Let v = v(¢, r) be any function which solves the radial eikonal equation ggﬂ 0yvdgv = 0. From this we
define the quantity ¢ = dv — (1, —1), where d denotes (¢, r)-derivatives. As long as |¢| < 1 the coordinate
change (¢, r) — (u, r) is well-defined and we have

ac=G,r¢), 3"=q)0, (172)

where both G and g are smooth universally defined functions depending only on the (¢, r)-components
of g and not on v. Moreover g = qo + ¢1(¢) with gg a constant invertible matrix and g; = O () when
7] < % Finally we have the uniform symbol bounds

Ir 10> () (r9) (3) Gl g1 o2 py Sk 0r(1)  for [¢] < 3. (173)

Now let # = v in the previous construction with initial normalization 9,z < 0 and #|,—g =t — R
for sufficiently large R, and set = di — (1, —1). Then i is globally defined and smooth in r > R
because (1+ 1) Lorentzian metrics have no caustics. We also have || < 1 at least initially close to r = R.
Commuting (172) with vector fields 3” = ¢(¢)d, and applying a straightforward bootstrapping argument,
we may extend this to uniform bounds |E | < 1 and |8’ g: | <, 1forall r > R.
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Next, define the outgoing limit

o]

f(@i) = lim aﬂz=1+f G,(t(@,r),rC)dr,
r— 00 R

where G, denotes the r-component of G. By the previous paragraph we have both | f — 1| < 1 and
|8I£f| <j 1. Let F solve F' =1/f, and finally set ug = F (&1). Again we let { = duo — (1, —1), which we
remind the reader solves (172) with conditions (173).

By construction we immediately have g5 8,u09pu0 =0, |¢] < 1, and [3”¢| <; 1. In addition to this
and the fact that o,ug = (1/f)ii;, we have lim,_, », 9,190 = 1. Combining this last piece of information
with the r — oo limits gj' — —1, gi" — 1, g{ — 0, as well as d,u¢ < 0, we have the normalization
¢ — 0 as r — oo. In particular we may write

f(”O”’)=—/ G(t(uo,s), s, ¢)ds.

Differentiating this identity any number of times with respect to 8” = ¢(¢)d, and using the weighted
estimate (173) and a straightforward bootstrapping argument, gives the first bound in (170).

Step 3: (construction of u1) Using the second identity from (171), we have that the correction u; solves
the linear equation

ggﬁaauoaﬁul = —%g‘;‘ﬁaauoaﬁuo, up — 0asr — oo.

Integrating this in (¢, x)-coordinates we find that

1 0 uou ru
ui(ug, X) = 3 (81" / 80 ") (uo, sx/|x|) ds.
x|

By the first estimate in (170) and assumptions (167)-(168) we have
I (r9”)” (87" 186" Mgy ==y < 001
where 3% are computed in (¢, x)-coordinates. An application of Young’s convolution inequality to the

integral above gives (170) for u;. ]

Appendix B: Local energy decay

In this appendix we discuss how assumption (7b) relates to assumption (7a) when the metric g enjoys
structural properties similar to the Kerr family of metrics with angular momentum in a moderate range.

Let 7 € R’ be a compact region contained in the exterior R\ . We first redefine the norms (6b) and
(6d) so the regularity loss occurs only on 7:

Iplwees, .= Y (lt; 07 @llew.r + 11997 ¢llLecreo.r). (174)
[J|<s

IF Iwiessio.r1 = Y (187 Fllieso.71 + 19987 Fll 2¢rp0.77)- (175)
[J|<s

With respect to these modified norms we have:
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Proposition B.1. Let the norms WLE?, . and WLE;’  be defined as in (174) and (175). Suppose in

class class
addition that 0, is uniformly timelike on [0, 00) x T. Then estimate
sup [0 () llms + P llwLes, 10.71 S 106 (0) || s + 18P llwLe=s10.7] (176)

0<t<T
implies estimate

sup (|0 (D)l as + lpllLes, (0.7

class
0<t<T

S ||8¢(0)||H§ + ||¢||HS(7N')[0,T] + I|8t¢”HX(’T')[O,T] + 10gplILes 10,77,  (177)
where T is any compact neighborhood of T (here the implicit constant depends on 7).

Remark B.2. We do not need to make other assumptions on the metric g aside from boundedness of its
derivatives and 9, being uniformly timelike on [0, co) x 7. In particular the size of the time variation of
g plays no role in establishing (177) from (176).

Note that (177) implies (7b) when s = 0. For s > 0 a simple induction allows us to reduce the second
term in the right-hand side of (177) to ||¢|| L2(D0.T]-

Proof. Let T €T’ € 7, where T is an intermediate compact neighborhood. Without loss of generality
we may assume T is a small enough that 9; is still uniformly timelike on it. Estimate (177) will be shown

by adding together the pair of bounds
sup 10Dl ms (7o) + 1@ lILE, (700,71 S 109 O) a5 + 1Bl s+1 (70,77 + 1D @ liLE=s 10,71, (178)

0=<t<T
sup 10¢ () | gy + 1@+ (0,71 S 10D Oy + 161 s (Fyp0, 71
O<t<T

+10:@ 1 s (Fy10,77 T N8Pl s (Fy10,77- (179)

The first estimate (178) follows directly by applying (176) to (1 — x7)¢, where x7 =1 on T and
x7 =0 on (7)€, and then using the Hardy estimate (184) with a = O for the boundary term where all
derivatives fall on the cutoff.

The second estimate (179) is slightly more involved so we do it in a series of steps. For the demonstration
it will be convenient to fix an additional pair of intermediate spatial regions 7/ € 7" € 7 € T, and an
€ > 0 sufficiently small that the domain of dependence of 7" is contained in T for each fixed time in the
slab [0, €], and the domain of dependence of 7" is contained in 7" for each fixed time in the slab [T —e¢, T'].

Step 1: (elliptic bound in [e, T — €] x T") Our assumption is that the spatial part of [J,, i.e., the
operator (1/+/Tg))3+/1glg"d; for i, j = 1,2, 3, is uniformly elliptic in 7. In particular the operator
P(t,x, D)= xaﬁ + U, is uniformly elliptic in T for sufficiently large A € R. It follows that for any s > 0
one has the spacetime elliptic bound

Ix @l st S Mxllas + 10, (XD s + 10 (XAl 51

where x =1 on[e, T —€] x T and x = 0 outside of [0, T] x T. Writing g (x¢) =2V (9 Vyx) —
¢y x + xUg¢ and removing the cutoff, the previous inequality implies

o1 et e, r—e1 S WP N as@y0,71 T 10:@ s 10,71 + 15 @ s (Fyj0,71- (180)
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Step 2: (filling in the bottom time slab) Fixed time local energy estimates based on the domain of
dependence of 7" in the slab [0, €] give us

sup ([0 ()l as (77 S 109 (O) || s + ||Dg¢||Hs(7N')[o,T]-

0<t<e

Integrating these with respect to L? and adding them to (180) yields the improvement

o1 510,71 -1 S N0P O s + 11 s (Fyp0,71 + 10D s Fy10,71 T 15PN s (10,71 (181)

Step 3: (fixed-time energies on the slab [0, T — €] x T") Next, we let x be a spatial cutoff with x =1
on 7" and x = 0 outside 7. Using the multiplier x 9, and the left-hand side of (181) to control the
spacetime error we have

sup [0 ()|l s (77 S ”8¢’(0)”H5(y + ||¢||1—1x(’7j[0,T] + ||at¢||HS(7~j[o,T] + ||Dg¢||H.v(7~')[o,T]- (182)

0<t<T—¢

Step 4: (fixed-time energies on the slab [T — e, T] x T’) Using the domain of dependence of 7 in
[T — €, T] and the left-hand side of (182) at time T — ¢, we have

sup (10 ()l s 1) S 10 (O s + D1l s (0,77 + 10: P s (Fyj0. 77 + ||Dg¢||HS(7N')[0,T]- (183)

T—e<t<T

Finally, adding together (181), (182), (183), and the Lt2 integral of the left-hand side of (183), we have
(179). U

Appendix C: Hardy and trace inequalities

Lemma C.1 (Hardy inequalities). Let K C R? be compact with connected complement, and for any other
0 C R3 define L)%(Q) where the domain of integration is Q \ K, and L*>(Q)[0, T] where the domain of
integration is [0, T1 x (Q \ K) € R* Then for test functions ¢ one has the following:

(I) For all R = 0 there hold uniformly
1 Bl 2o k) S 17000l 2o rys When — 4 <a < oo, (184)
_3 _3 _1
”TX 2d’”(;”L%(r>R) S, ”Tx 2¢”L§(%R<r<R) + ”Tx 28x¢”g}L§(r>%R)- (185)

(Il) When R > 1 is large enough that I C {r < %R} there is the fixed-time estimate

_ _1 1 1 1
191200 S 172 0 (e iy + R0 215y + RENT2000 21 pyopy. (186)

(IIT) Again for R > 1 large enough that K C {r < %R} there is the spacetime estimate

3
-1 a—3
Ity " o (Mllzp=r Tt *@llze=ry0.7

_3 _3
Sa ”t)? 28rb(fx¢)||L2(r>%R)[Q,T]+”T)? 2(]5||L2(%R<r<R)[07T]+||‘L'xa8¢(0)||L§(r>%R), when a <1. (187)
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Lemma C.2 (weighted trace inequalities). For T > 0 and any R > 1 one has the uniform bound
126 (T 2 (3 vy S N0 D) 21y 21T RST, (188a)
12623y S N800, D) 21y + NSO O 21y R>T. (188D)

1 1
IT2¢ (D2 <) S (=35, D)l 2 <ryjo.77 + 17 @ O)ll 12 (<) (188c)
We note that estimate (188a) also holds with the restriction %R <r < R replaced by r < R.

Proof of (184). Let Ry > 1 be chosen so that IC C {r < R;}. First we prove the bound assuming R > R;.
We have I = [;° [« 8,(r?**'¢?) dw dr < 0, and also

Qa+DIr ™ P72 n gy < 1 +20r 7 Gll25 1) 17001l L2~ Ry

which concludes the proof in this case because 2a +1 >0 and r* ~ ¥ inr > 1.
Now suppose 0 < R < Ry, where R; is as above. A standard compactness argument shows

ol 2R<r<rr) S NDNL2R <r<2r)) T 10BN L2(R<r<2R)) (189)

where the implicit constant is uniform in R. Combining this bound with estimate (184) in r > R
completes the proof. (I

Proof of (185). Using estimates of the form (189) it suffices to show for R > R, where R; is as above,
that

3 3 |
-3, _3 _1
[l zx 2¢”[°°L)2C(r>2R) 5 llTx 2¢”E°°L§(r>R)”rx 28¢”£'L§(r>R)'

To prove it choose hx(r) so that hx(R) = 0 and h;c = 2_ka, where y; = 1 when R2¥ < r < R2KH
for k > 1, and x; = O when either r < R2¥=1 or r > R2¥*2 Then computing the integral I =
f/ ;o fgz 3, (hx¢?) dw dr = 0 and taking sup~ of the result yields the estimate in the display above. [

Proof of (186). Thanks to Remark 1.3 and the conditions (1) we can assume the coordinate u is chosen so
that —C < 9,u < —1/C for some fixed C > 0. Then (186) follows from integration of 9, (x= gu(T,¢)?)
with respect to dr dw. (]

Proof of (187). This boils down to integration of the quantity 85’ Otr=rP472(109)?) with respect to the
measure du dr dw over the slab 0 <t < 7. By Remark 1.3 and the conditions (1) we have the pair of
bounds 1/C < B,bt, o;u < C. In particular

T

T poo 00
L[ [ eteew 2 appadadrai= [ [ gowrwarpdoar s
0J0 JS? 0 JS?

0
for some pair of smooth functions «, 8 &~ 1. This yields (187) using the condition a < 1. [l
Proof of (188). To prove (188a) let x7(t) = x(¢t/T), where x (s) € Cgo(s > %) with x (1) = 1. Then (188a)
follows from integration of 8°(z_ 7 ¢?) with respect to du dx on the cylinder 0 < ¢ < T and %R <r<R.
In the case of (188b) and (188c) we use a similar procedure but simply drop the cutoff 7. U
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STABLE ODE-TYPE BLOWUP FOR SOME QUASILINEAR WAVE EQUATIONS
WITH DERIVATIVE-QUADRATIC NONLINEARITIES

JARED SPECK

We prove a constructive stable ODE-type blowup-result for open sets of solutions to a family of quasilinear
wave equations in three spatial dimensions. The blowup is driven by a Riccati-type derivative-quadratic
semilinear term, and the singularity is more severe than a shock in that the solution itself blows up like
the log of the distance to the blowup-time. We assume that the quasilinear terms satisfy certain structural
assumptions, which in particular ensure that the “elliptic part” of the wave operator vanishes precisely
at the singular points. The initial data are compactly supported and can be small or large in L*> in an
absolute sense, but we assume that their spatial derivatives satisfy a nonlinear smallness condition relative
to the size of the time derivative. The first main idea of the proof is to construct a quasilinear integrating
factor, which allows us to reformulate the wave equation as a first-order system whose solutions remain
regular, all the way up to the singularity. Using the integrating factor, we construct quasilinear vector
fields adapted to the nonlinear flow. The second main idea is to exploit some crucial monotonic terms in
various estimates, especially the energy estimates, that feature the integrating factor. The availability of
the monotonicity is tied to our size assumptions on the initial data and on the structure of the nonlinear
terms. The third main idea is to propagate the relative smallness of the spatial derivatives all the way up
to the singularity so that the solution behaves, in many ways, like an ODE solution. As a corollary of our
main results, we show that there are quasilinear wave equations that exhibit two distinct kinds of blowup:
the formation of shocks for one nontrivial set of data, and ODE-type blowup for another nontrivial set.

1. Introduction 93
2. Mathematical setup and the evolution equations 116
3. Assumptions on the initial data and bootstrap assumptions 118
4. Energy identities 121
5. A priori estimates 125
6. Local well-posedness and continuation criteria 137
7. The main theorem 138
References 142

1. Introduction

A fundamental issue surrounding the study of solutions to nonlinear hyperbolic PDEs is that singularities
can form in finite time, starting from smooth initial data. For a given singularity-forming solution, perhaps

Speck gratefully acknowledges support from NSF grant # DMS-1162211, from NSF CAREER grants # DMS-1454419 and
# DMS-1414537, from a Sloan Research Fellowship provided by the Alfred P. Sloan foundation, and from a Solomon Buchsbaum
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the most basic question one can ask is whether or not the singularity formation is stable under perturbations
of its initial data. Our main result provides a constructive, affirmative answer to this question for some
solutions to a class of quasilinear wave equations. Specifically, in three spatial dimensions, we provide a
sharp proof of stable ODE-type blowup for solutions corresponding to an open set (in a suitable Sobolev
topology in which there are no radial weights in the norms) of initial data for a class of quasilinear wave
equations that are well-modeled by

1
— PO+ ———AD = —(0,D). 1.1
; +1+a,c1> (9, D) (1.1)

It is only for concreteness that we restrict our attention to three spatial dimensions; our approach can be
applied to any number of spatial dimensions, with only slight modifications needed. See Sections 1B
and 2A for a precise description of the class of equations that we treat, Section 1C1 for a summary of our
main results, and Section 7 for the detailed statement of our main theorem.

There are many results on stable breakdown for solutions to wave equations, some of which we review
in Section 1D. The “theory” of stable breakdown is quite fragmented in that the techniques that have been
employed vary wildly between different classes of equations. In particular, the techniques that have been
developed do not seem to apply to the equations that we study in this article. This will become more
clear after we describe the main ideas of our proof (see Section 1C) and review prior works on stable
breakdown. Although ODE-type blowup is arguably the simplest blowup scenario, there do not seem to be
any prior constructive stable blowup-results of this type for scalar wave equations with derivative-quadratic
nonlinearities, in any number of spatial dimensions. We mention, however, that in [Rodnianski and Speck
2018b], we proved, using rather different techniques specialized to Einstein’s equations, a singularity
formation result for Einstein’s equations that can be interpreted as a stable ODE-type blowup-result for
the first derivatives' of a solution to a quasilinear elliptic-hyperbolic system with derivative-quadratic
nonlinearities.

Our proof of stable blowup is based on constructing a dynamic integrating factor Z, depending on &,
that allows us to transform the problem of proving singularity formation into the problem of showing that a
certain renormalized first-order system (involving ® and 7) has regular solutions that exist for a sufficiently
long time. This strategy of “renormalizing” the problem has been employed in other contexts, such as
[Rodnianski and Sterbenz 2010; Raphaél and Rodnianski 2012] on stable blowup for equivariant wave
maps, [Collot 2018] on the existence of singularity-forming solutions to energy-supercritical semilinear
wave equations, and [Alinhac 1999a; 1999b; 2001; Christodoulou 2007; Christodoulou and Miao 2014;
Speck 2016; 2019a; 2019b; 2018; Speck et al. 2016; Miao and Yu 2017; Miao 2018; Luk and Speck
2016; 2018] on stable shock formation in multiple spatial dimensions; later we will further describe these
works. We stress that the issue of constructing an appropriately renormalized system lies at the heart of
the difficulty of understanding the singular dynamics, and that the details behind the renormalization vary
considerably between the different works. However, there is a common theme tying together many of

IFor the solutions studied in [Rodnianski and Speck 2018b], relative to a geometrically defined coordinate system, the second
fundamental form of the metric blows up, while the metric components do not; this can be viewed as the blowup of the first
derivatives of the metric.
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these singularity formation results (and also others that we describe in Section 1D): the idea of studying
the dynamics with the help of a modulation parameter, which solves a corresponding modulation equation.
Roughly, a modulation equation is an ODE-type equation that is coupled to the PDE of interest (i.e., an
ODE with “PDE source terms”), and the role of the modulation parameter is to describe the “singular
portion” of the PDE dynamics as being driven by the ODE-type equation (that is, the modulation equation).
In the present article, the modulation parameter is Z, and it solves a transport equation (see (1C.1)) that
allows us, in the renormalized system (see Proposition 2.5), to cancel the singularity-driving Riccati
term — (9, P)? on the right-hand side of (1.1).

As in works cited in the previous paragraph, in the present article, the renormalized system that
we construct becomes degenerate as @ blows up, and for this reason, it is difficult to close the energy
estimates. To achieve this, we crucially rely on some hidden monotonicity, which becomes active near the
singularity and whose availability is tied to the monotonicity of the background ODE solutions (whose
perturbations we study) and to our assumptions on the factor multiplying the Laplacian, e.g., 1/(1 + 9, D)
in the model equation (1.1).

For the solutions featured in our main results, ® itself blows up in L*°. As of present, there is no known
exhaustive classification of the kinds of singularities that can form in general solutions to quasilinear wave
equations. Thus, in principle, for a different set of initial data compared to the set treated in our main
theorem, other kinds of singularities could form in solutions to the equations under study. We highlight
that the blowup of ® is a much more drastic singularity compared to the formation of a shock, which for
wave equations whose quasilinear terms are of the form f(d®) - 3%® (asin (1.1)),is a particular kind of
singularity in which certain second-order derivatives of ® blow up in L*> due to the intersection of a
family of characteristic hypersurfaces, while ® and d® remain bounded in L°. The blowup of ® for the
solutions under study here is philosophically important because it dashes any hope of uniquely weakly
continuing the solution past the singularity, at least in a sense analogous to what might be achievable
in the case of shock singularities in multiple spatial dimensions; see Remark 1.5 for further discussion
on the blowup of ® and Section 1D for further discussion on the formation of shock singularities in the
context of multiple spatial dimensions and for discussion of the problem of (weakly) continuing? the
solution past a shock.

There are a variety of singularity formation results for semilinear wave equations (whose nonlinearities
satisfy appropriate assumptions) in which solutions exhibit a “universal blowup-profile” near the singularity,
which roughly means that the solutions @ (¢, x) are asymptotic to «(¢) f (A(t)(x — xo)) as ¢t approaches
the blowup-time, where f = f(x) is the universal profile, x is the spatial blowup-point, and « and
A are functions that blow up as the singular time is approached; see Section 1D for a discussion of
some of these results. In contrast, our proof does not rely on exhibiting a universal blowup-profile near

2The most significant weak continuation result in more than one spatial dimension is Christodoulou’s recent solution [2019]
of the restricted shock development problem in compressible fluid mechanics, which, roughly speaking, is a local well-posedness
result for weak solutions and their corresponding hypersurfaces of discontinuity, starting from the first shock, whose formation
from smooth initial conditions was described in detail in his breakthrough work for relativistic fluids [Christodoulou 2007] and in
the follow-up work [Christodoulou and Miao 2014] on nonrelativistic compressible fluids. The term “restricted” means that the
jump in entropy across the shock hypersurface was ignored. See Section 1D for further discussion.
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singularities, and moreover, we expect that there should not be any such universal blow-up profile for the
set of singularity-forming solutions exhibited by our main theorem (although we do not prove this). Let
us briefly explain the reasons behind our expectation. Our proof is based on constructing the dynamic
function Z > 0 mentioned above, whose evolution equation is coupled to @, such that Z and Z9, ® remain
rather smooth all the way up to the singularity. To prove that a singularity develops, we show that 7
vanishes in finite time in a region where Zd,® is strictly positive; this shows that 9, ® blows up “like
F(x)/Z(t, x)”, where the regular function F is positive in regions where Z is small, while the blowup of
@ itself then follows from simple arguments given in Remark 1.5. Our proof allows for the possibility that
at the time of first blowup, Z and Z9,® (where Z0;® = F along the constant-time hypersurface of first
blowup) could be arbitrary smooth functions of the spatial variables, aside from the facts that 0,7 = —Z709, P
(see (1C.1)), that Zd,; P is nonzero at points where Z vanishes, and that the spatial derivatives of Z and
Z0;® are small (the latter two features are consequences of our assumptions on the initial data, which we
state in Section 3A); it is because of this arbitrariness that a universal blowup-profile is not featured in
our proofs. See the last point of Theorem 1.2 and Remark 1.4 for further discussion of these points. We
also remark that for related reasons, the proofs of the shock formation results described in Section 1D do
not make any reference to universal blowup-profiles; see the next two paragraphs for further discussion.

We expect that for the solutions treated by our main theorem, generically, the constant-time hypersurface
of first blowup will feature only isolated singularities; i.e., we expect that generic solutions have the
property that the zeros of Z within the constant-time hypersurface of first blowup are isolated.? For such
isolated singularities, it should be possible to provide a sharper description of the blowup (compared to the
description outlined in the previous paragraph) in a neighborhood of each singularity, essentially through
Taylor expansions of the smooth functions Z and Z9,® at each blowup-point. Although (for brevity) we
do not pursue this issue in the present article, deriving such a sharp description would be an important
precursor step to studying the boundary of the maximal development of the initial data; see also Remark 1.3.
This style of analysis (involving, in particular, Taylor expansions) was carried out in [Christodoulou 2007,
Chapter 15] in three spatial dimensions in his sharp proof of shock formation for the wave equations
of irrotational relativistic fluid mechanics, which are quasilinear. In particular, Christodoulou’s work
yielded a sharp description of a portion of the boundary of the maximal development in a neighborhood
of nondegenerate shock singularities, which is a class of shock singularities that includes many that are
isolated in the constant-time hypersurface of first blowup; see [Christodoulou 2007, Chapter 15] for the
detailed nondegeneracy assumptions made in his study of the boundary of the maximal development.
Christodoulou’s results substantially extended those of Alinhac [1999a; 1999b; 2001], who, for various
quasilinear wave equations in multiple spatial dimensions, gave a precise description of the formation of
nondegenerate shock singularities, but without uncovering the structure of the boundary of the maximal
development; see Section 1D for further discussion.

The arguments given in [Christodoulou 2007, Chapter 15] suggest (although they do not definitively
prove) that there should not be any universal blowup-profile that captures the asymptotics of solutions

3We believe this because Z, when viewed as a function of the spatial variables at fixed first blowup time, has a minimum
wherever it vanishes, and we believe that these minima should generically be nondegenerate critical points.
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to the wave equations that he studied near shock singularities, even singularities that are isolated in the
constant-time hypersurface of first blowup. The reason is that, much like in the present work, the blowup
of the solution was shown in [Christodoulou 2007] to occur precisely along the zero level set of a smooth
“dynamically constructed” function,* somewhat analogous to Z, and the arguments of [Christodoulou 2007,
Chapter 15] allowed for the possibility that the function is arbitrary (aside from satisfying Christodoulou’s
nondegeneracy assumptions, which one might expect to generically hold). It is interesting to contrast this
freedom against the rigidity that occurs in the study of blowup for semilinear heat equations with focusing
power-law nonlinearities in multiple spatial dimensions, i.e., 3,® = A® + |®|?~!® with p > 1: there
is a classical result [Merle and Zaag 1997] showing that, under suitable assumptions on p, there exists
an open set of initial data whose corresponding solutions form an isolated singularity in finite time and
exhibit a universal blowup-profile. This work can be viewed as an extension of [Bricmont and Kupiainen
1994], in which the authors constructed (without proving stability) an infinite number of families of
solutions containing isolated singularities within the constant-time hypersurface of first blowup such that
the solutions exhibit universal blowup-profiles near the singularities, where each family corresponds to a
distinct profile.

As a corollary of our main results, we show (see Section 1E) that there are quasilinear wave equations
that exhibit two distinct kinds of blowup: ODE-type blowup for one nontrivial (but not necessarily open)
set of initial data, and the formation of a shock for a different nontrivial set of data. We view this as a
parable highlighting two key phenomena that would have to be accounted for in any sufficiently broad
theory of singularity formation in solutions to quasilinear wave equations; i.e., in principle, a quasilinear
wave equation can admit radically different types of singularity-forming solutions. The phenomenon of
distinct types of singularities is well known for certain semilinear equations, but this issue has not been
substantially explored for quasilinear equations. For example, for the nonlinear Schrédinger equation
with a suitable L2-supercritical semilinear term, there is a stable regime of self-similar blowup [Merle
et al. 2010], while other radially symmetric solutions exhibit collapsing ring singularities [Merle et al.
2014]. In Section 1D, we describe some known results for semilinear wave equations exhibiting distinct
types of singularity-forming solutions, but we mention already that there can be type-I blowup, in which
the L°° norm of the solution itself blows up, as well as type-II blowup, in which the solution remains
bounded in an appropriate Sobolev norm. We also highlight that in the quasilinear case, the phenomenon
of distinct singularity types can be exhibited in the much simpler setting of quasilinear transport equations.
For example, the inhomogeneous Burgers equation 3, ¥ + W9, ¥ = W? admits the T-parametrized family
of spatially homogeneous singularity-forming solutions W opg).r := (T —1)~! as well as solutions that
form shocks, i.e., 3, W blows up but ¥ remains bounded (at least up to the singularity in 9, V).

The precise algebraic details of the weight 1/(1 4 9, ) in front of the Laplacian term in (1.1) are not
important for our proof. What is important is that the weight decays at an appropriate rate as 9, — oo,
that is, as the singularity forms; see Section 2A for our assumptions on the weight. As we will explain,

4The function appearing in [Christodoulou 2007], denoted by 1, measures the inverse density of a family of characteristic
hypersurfaces. It is a three-space-dimensional analog of the function, also denoted by w, that we use in Section 1E to study shock
formation in one spatial dimension.
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this decay yields a friction-type spacetime integral that is important for closing the energy estimates,
and it also helps us to prove that spatial derivative terms remain small relative to the time derivative
terms, up to the singularity. The problem of providing a sharp description of blowup for solutions to
derivative-quadratic semilinear wave equations, such as —92® + A® = —(3,®)?, remains open, even
though [John 1981] showed, via proof by contradiction, that all nontrivial, smooth, compactly supported
solutions to the equation —8,2d> + A® = —(9,®)? in three spatial dimensions blow up in finite time.

Our results show, in part due to the weight in front of the Laplacian, that the spatial-derivative-involving
nonlinearities in (1.1) (and the other equations that we study) exhibit a subcritical’® blowup-rate relative
to the pure time derivative terms. However, as we explain below, this subcritical behavior does not
seem detectable relative to the standard partial derivatives d,; to detect the behavior, we will use a
combination of “quasilinear vector field derivatives” Zd, and standard derivatives d,, where Z is the
“quasilinear integrating factor” mentioned above. As we have already alluded to above, our proof is based
on showing that 79, ® remains bounded up to the singularity and that the singularity formation coincides
with the vanishing of Z. In total, our approach allows us to treat the equations under study as quasilinear
perturbations of the Riccati ODE %QD = (% <I>)2. By “perturbation of the Riccati ODE”, we mean in
particular that the singularity formation is similar to the one that occurs in the following T -parametrized
family of ODE solutions to (1.1):

®opE).7(t) :=In((T —1)™h), (1.2)

where T € R is the blowup-time. Our methods are tailored to the quadratic term on the right-hand side of
(1.1) in that they do not apply, at least in their current form, to semilinear terms of type (9, ®)? for p # 2.
However, derivative-quadratic terms are of particular interest in view of the fact that they commonly
arise in nonlinear field theories (though the derivative-quadratic terms in such theories are often not
Riccati-type, like the one featured on the right-hand side of (1.1)).

1A. Paper outline. « In the remainder of Section 1, we summarize our results, outline their proofs, place
our work in context by discussing prior works on the breakdown of solutions, discuss a corollary (see
Section 1E) of our main results, and summarize our notation.

 In Section 2, we define the quantities that play a role in our analysis and derive various evolution
equations.

 In Section 3, we state our assumptions on the initial data and state bootstrap assumptions that are useful
for studying the solution.

« In Section 4, we derive energy identities.

« In Section 5, which is the main section of the article, we derive a priori estimates that in particular yield
strict improvements of the bootstrap assumptions.

SIn contrast, for the semilinear equation —812<D + AD = —(8,<I>)2, our approach suggests, but does not prove, that the
blowup-rate for the Laplacian term A® might be critical with respect to the expected blowup-rate for the other two terms in the
equation, i.e., that all terms might blow up at the same rate.
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« In Section 6, we state a standard local well-posedness result and continuation criteria for the equations
under study.

« In Section 7, we prove the main theorem.

1B. The class of wave equations under study. Our main theorem concerns the following Cauchy problem
for a quasilinear wave equation in three spatial dimensions:

2D+ H (3, D)AD = — (3, D), (1B.1a)
(3 D5y, 1 P|xy, 02®P|5y, 3PIx,) = (Wo, Uy, Wa, b3), (1B.1b)

where throughout, ¥, denotes the hypersurface of constant time . We assume that 0; 7 ;=0 W, for
i, j =1,2,3, which by Poincaré’s lemma is equivalent to the existence of a function & on R* such that
\ili =0; & fori = 1, 2, 3; see Remark 1.1. Our use of the notation “lila” for the data functions is tied to our
use of the “renormalized solutions variables” W, that we will use in studying solutions; see Definition 2.3.

Remark 1.1 (viewing (1B.1a) as an equation in d®). Since & itself is not featured in (1B.1a) (only its
derivatives appear), we only need to prescribe the first derivatives of @ along Xy (subject to the constraint
0; U j=0; \ili for i, j =1, 2, 3 mentioned above) in order to solve for {0y, ®}y—0, 1,23 This is relevant in
that we do not bother to derive estimates for ® itself (see, however, Remark 1.5).

In (1B.1a), A := 22:1 83 is the standard Euclidean Laplacian on R3 and # = # (3, P) is a nonlin-

ear “weight function” satisfying certain technical conditions stated below, specifically (2A.1)-(2A.5).
Prototypical examples of weights satisfying (2A.1)—(2A.5) are the functions

W (y) = or #(y)=——, 1B.2
() Ty () TS (1B.2)

where M > 1 is an integer, and the function
W (y) =exp(—y). (IB.3)

1C. Rough summary of the results and discussion of the proof.

1C1. Rough summary of the results. We now briefly summarize the main results; see Theorem 7.1 for
precise statements.

Theorem 1.2 (stable ODE-type blowup, rough version). Under suitable assumptions (stated in Section 2A)
on the weight W (0;P), there exists an open set of compactly supported initial data {\ila}a=0,1’23 (see
(1B.1b)) for (1B.1a), with \iJa e H>(R3), such that the solution blows up in finite time in a manner similar
to the ODE solutions ® opg).7 from (1.2). In particular, there exists a time 0 < T(Lifespan) < 0O such that
10; @l L)) and® | P Lo(x,) blow up as t * TLifespan). The data functions {\ila}a:()’lyzj are allowed to
be large or small as measured by a Sobolev norm without radial weights, but {lila}a= 12,3 V\ilo, and their
spatial derivatives up to top order must satisfy a nonlinear smallness condition relative to’ maxs, [\i10]+.

5More precisely, one can conclude that || ®|| Loo(x,) blows up at £ = T( jfespan) if the initial datum for & itself is prescribed;
Remark 1.1.
"Here and throughout, [ f]4+ := max{f, 0}.
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Moreover, let the integrating factor T be the solution to the initial value problem

0L =-10,P, ZI|g,=1. (1C.1)
Then I, the variables
Y, :=70,9, (1C.2)

and their partial derivatives with respect to the Cartesian coordinates remain regular all the way up to
time T(Lifespan)» €xcept possibly at the top derivative level due to the vanishing of  (3; ®) (which appears
as a weight in the energies) as 0, ® 1 0co. Moreover,

Along T o> the set of points at which a singularity forms is exactly

Bl
T(Ij;::;fn) = {(T(Lifespan)v )_C) | I(T(Lifespan)a E) = 0}

More precisely, there exists a data-dependent function® F on R such that, for any real number
N <5, we have F € HN (R%), such that im 7.0 1120, R1(2, - ) — F |l gy sy = 0, and such that

min F > 0.

Blowup
T(Lifespan)
. L . . . Bl
In particular, in view of (1C.1), we see that, for spatial points x with (T(Lifespan),X) € ET(S:::Z]),

Z(t, x) vanishes linearly9 as t 1 TLifespan)> and 0; @ (¢, x) blows up like F (x) /Z(t, x) as t 1 T(Lifespan)-

Remark 1.3 (maximal development). We anticipate that the sharp results of Theorem 1.2 should be
useful for obtaining detailed information about the solution not just up to the first singular time, but also
up to the boundary of the maximal development.'® In the context of shock formation for irrotational
solutions to the compressible Euler equations, [Christodoulou 2007, Chapter 15] used similar sharp
estimates to follow the solution up to boundary. Broadly similar results were obtained in [Merle and Zaag
2012], in which, in the case of one spatial dimension, they gave a sharp description of the boundary of
the maximal development for any singularity-forming solution to the semilinear focusing wave equation
—Btz\IJ + 8)%\11 = —|W|”~'W with p > 1 and showed in particular that characteristic points on the boundary
are isolated. In related work [Merle and Zaag 2015], in n > 1 spatial dimensions, the authors studied
the focusing wave equation —83\11 + AV = —|W|?~'W with data (W|;—g, 3, ¥|;—0) € H! x L? in the
subconformal case, i.e., thecase ]l < pforn=1and 1 < p < ®m+3)/(n — 1) for n > 2. The authors

tll

showed that a subset'! of the noncharacteristic portion of the blowup-surface is open, C!, and stable

under perturbations of the data.

8In Theorem 7.1, we did not explicitly mention the function F, but the existence of F and its properties follow easily from the
results stated in the theorem, in particular from (7.6a) and (7.7).
9That is, for (T(Lifespan) X) € E?lLozvup , we have —00 < 8 Z(T(Lifespan)- X) < 0.

10The maximal development of th(eléaptd;)is, roughly, the largest possible classical solution that is uniquely determined by the
data. Readers can consult [Sbierski 2016; Wong 2013] for further discussion.

1 The subset is the collection of noncharacteristic points on the boundary of the maximal development such that near that
point, the singularity-forming solution has the asymptotic profile of a Lorentz transform of a member of a certain family of

equilibria.
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Remark 1.4 (remarks on the set of points where blowup occurs). Theorem 1.2 shows in particular
that at time 7L ifespan) the singularity occurs precisely along the zero level set of the smooth'? function
Z(T Lifespan)> - ) ON R3. Since any closed subset of R? can be realized as the 0 level set of a smooth

function, Theorem 1.2 allows for the possibility that any compact'?

subset of X7y, could in principle
be the set of points at which some initially smooth solution first blows up. We conjecture that this is
in fact the case, that is, that, for any time T{yjfespan) € R and any compact subset & of T Litespan) there is
a solution W to (1B.1a) that is smooth in a slab of the form [T{vifespan) — &, T(Lifespan)) X R3 (for some
§ > 0) and that blows up along {7(Lifespan)} X K (Which is a subset of X7 ;....,).- One might approach
proving this conjecture by adopting a “backwards approach”, that is, by prescribing smooth initial data
(more precisely, initial data belonging to a sufficiently high-order Sobolev space) for Z and ¥, along
E T titespan SUCh that & = {x € R | Z(T(Lifespan)» X) = 0} and'* Wo (T Lifespany. ¥) > O for x € &, and then
trying to solve (2B.1) and the equations of Proposition 2.5 backwards, that is, for 7 < T(Lifespan). Such an
approach has successfully been employed in related contexts, for example in the construction of singular
solutions to the Einstein equations of general relativity [Beyer and LeFloch 2010]. We also recall the
aforementioned works [Bricmont and Kupiainen 1994; Merle and Zaag 1997] on focusing semilinear
heat equations, in which families of singular solutions (with, however, singularities that are isolated)
exhibiting prescribed asymptotic behavior were constructed.

Remark 1.5 (the blowup of ®). We now make some remarks on the blowup of @ itself since, as we
highlighted in Remark 1.1, one does not need to prescribe the initial datum of @ itself (and since in the
rest of the paper we do not assume that initial data for @ itself are prescribed). If one does prescribe its
initial data, then the results of Theorem 7.1 can easily be used to show that ® itself blows up at time
T{Lifespan) (such a result is not stated in Theorem 7.1). To deduce the blowup for @, one can first use (1C.1)
and the fundamental theorem of calculus to deduce that InZ (¢, x) + & (¢, x) = ©(0, x), where ®(0, -) is
a regular function that by assumption satisfies || ® (0, - )| L~ < 00. Since the singularity formation for 9,
yielded by Theorem 7.1 coincides with the vanishing of Z for the first time at # = T{Lifespan) it follows
that limy 4 7, SUPsef0.r) | Pl Lo(x,) = 00, as is claimed in Theorem 1.2.

1C2. The main ideas behind the proof of Theorem 7.1. The initial data that we consider are such that
the spatial derivatives of ® up to top order are initially small relative to d,®. We also assume that the
spatial derivatives of 9, up to top order are initially small. The smallness assumptions that we need to
close the proof are nonlinear in nature,'> for reasons described just below (1C.5); see Section 3C for our
precise smallness assumptions and Section 3D for a simple proof that such data exist. In our analysis, we
propagate certain aspects of this smallness all the way up to the singularity. As we mentioned earlier, this

2More precisely, in view of our assumptions on the initial data, we have Z(T(Lifespan), - ) — 1 € H 3(R3); see (7.6¢).

13Since we are assuming that the initial data for d @ are compact, it is easy to show that the zero level set of Z(T(Lifespan), )
is also compact; by virtue of finite speed of propagation for the wave equation satisfied by W, one can show that there exists a
compact subset K of R3 such that if ¢ € [0, T(Lifespan)] and x ¢ K, then Z(z, x) = 1.

14Note that by (1C.1)~(1C.2), this latter condition implies that 8; Z(T{Lifespan), X) < 0 for x € &.

1510 particular, our smallness assumptions on the data (1B.1b) are nor generally invariant under rescalings of the form
(P, Uy, ¥y, U3) > A (Bg, Wy, Wy, W3) if A is too large.
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allows us to effectively treat (1B.1a) as a perturbation of the Riccati ODE j—;dD = (% @)2. We again stress
that the vanishing of the coefficient # (9, ®) of the Laplacian term in (1B.1a) as the singularity forms is
important for our estimates, in particular for showing that spatial derivative terms remain relatively small.

A key point is that it does not seem possible to follow the solution all the way to the singularity
by studying the wave equation in the form (1B.1a). To caricature the situation, let us pretend that the
singularity occurs at + = 1. Our proof shows, roughly, that, for k > 1, [|0*®|| L>(x,) blows up like
cx(1 = 1)7% where ¢ is a data-dependent constant and 9% denotes k-th-order Cartesian coordinate partial
derivatives. This means, in particular, that commuting (1B.1a) with more and more spatial derivatives
makes the singularity strength of the nonlinear terms worse and worse, which is a serious obstacle to
closing nonlinear estimates. For this reason, as our statement of Theorem 1.2 already makes clear, our
proof is fundamentally based on the solution to (1C.1), that is, the integrating factor Z solving the transport
equation 0,2 = —Z0,P with initial conditions Z|x, = 1. We again stress that the finite-time blowup
9;® 1 oo would follow from the finite-time vanishing of Z and thus, to prove that a singularity forms,
we will show that T vanishes in finite time. Using Z, we are able to transform the wave equation into a
“renormalized system” that is equivalent to (1B.1a) up to the singularity. We then analyze the renormalized
system and show that the weighted derivatives {W,, :=Zdy P}y=0.1,2.3, Z, and the Cartesian spatial partial
derivatives of these quantities remain bounded, in appropriate norms (some with Z weights), all the way
up to the singularity. In particular, our proof relies on a combination of the derivatives {Z9, }4=0,1,2,3 and
{04 }e=0.1,2,3, where the weighted derivatives Zd, act first. Here and throughout, dp = d; and {9;};=12.3
are the standard Cartesian coordinate spatial partial derivatives.

In Proposition 2.5, we derive the renormalized system of equations satisfied by {Wy }y=0,1,2,3. Here we
only note that the system is first-order hyperbolic and that a seemingly dangerous factor of T~" appears
in the equations (recall that 7 vanishes at the singularity). However, the factor Z~! is multiplied by the
weight # = # (Z~'Wy) from (1B.1a), and due to our assumptions on #, we are able to show that the
product Z~'# (Z~'Wy) (which is equal to Z~'# (3, ®)) remains uniformly bounded up to the singularity.
Moreover, the spatial derivatives of the product Z=!%/ (Z~' W) also are controllable up to the singularity;
it is in this sense that the equations satisfied by {W,}y=0,1.2,3 can be viewed as a “renormalization” (i.e., a
“regularization”) of the original problem. The proof (see Lemma 5.6) of these bounds for the product
I (Z7'Wy) constitutes the most technical analysis of the article and is based on separately treating
regions where 7 is large and Z is small.

To prove that 9, ® blows up, we derive, in an appropriate localized region of spacetime, a pointwise
bound for ¥y of the form Wy = 1. In view of the evolution equation (1C.1) for Z, we see that such a bound
is strong enough to drive Z to O in finite time (note that the right-hand side of the evolution equation
in (1C.1) can be expressed as —Wy). To prove that W = 1, we of course rely on the size assumptions
described in the first paragraph of this subsubsection, which in particular include the assumption that
Yols, = 1 (in a localized region). If we caricature the situation by assuming the estimate'¢ ¥y ~ §
for some & > 0, then it follows from the evolution equation for Z that Z ~ 1 — 8¢, 9,® ~ (1 — 1)~
InZ + & ~ data, and thus ® ~ In(1 — 87)~! 4 data, where data is a smooth function determined by the

16Here we use the notation “A ~ B” to imprecisely indicate that A is well-approximated by B.
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initial data. Note that In(1 — 7)™ is one of the ODE blowup solutions (1.2). It is in this sense that our
results yield the stability of ODE-type blowup.

In reality, to close the proof sketch described above, we must overcome several major difficulties. The
first is that the blowup-time is not known in advance. However, we are able to make a good approximate
guess for it, which is sufficient for closing a bootstrap argument. We now describe what we mean by this.
The discussion in the previous paragraph suggests that the (future) blowup-time is approximately 1/ A,
where A* = maxzo[\ilo]+ (where A* > 0 by assumption). Indeed, if we set all spatial derivative terms
equal to zero in (1B.1a), then the blowup-time is precisely 1/ A.,. Our main theorem confirms that, for
data with small spatial derivatives, the blowup-time is a small perturbation of 1/ A,. This is conceptually
important in that it enables us to use a bootstrap argument in which we only aim to control the solution
for times less than 2/ A.,; the factor of 2 gives us a sufficient margin of error to show that the singularity
does form, and it allows us, in most cases, to soak factors of 1/ fi* into the constants “C” in our estimates;
see Section SA for further discussion on our conventions for constants.

The second and main difficulty that we encounter in our proof is that we need to derive energy estimates
for {Wy}e=0.1,2,3 that hold up to the singularity and, at the same time, to control the integrating factor Z;
most of our work in this paper is towards this goal. Our energies are roughly of the following form, where
V = Vo, Vi, Va, V3) should be thought of as some k-th Cartesian spatial derivative of (Wg, Wy, W;, W3):

3
{V02 + ZW(I—WO)V,}} dx. (1C.3)

a=1

E[VI=E[V]@E) = /
o
For the data under study, E[V'](0) is small. Since Z is small near the singularity and Wy is order-unity,
our assumptions on # imply that the factor #(Z~'Wy) on the right-hand side of (1C.3) is small near
the singularity; i.e., the energy provides only weak control over {V,},=123. This makes it difficult to
control certain terms in the energy identities, which arise from commutator error terms (that are generated
upon commuting the evolution equations for {W,}y=0,1,2,3 With spatial derivatives) and from the basic
integration by parts argument that we use to derive the energy identities. To control the most difficult
error integrals, we exploit the following spacetime integral, which also appears in the energy identities
(roughly it is generated when 9, falls on the weight % (Z~!Wy) on the right-hand side of (1C.3)):

3 t
win=3 [ [ @ wira s (1C4)
a=1Y5=0 %,

where #'(y) = dd—yV/ (y). A good model scenario to keep in mind is the case # = 1/(1 + 9;P) in regions
where 9;® is large (and thus the energy (1C.3) is weak), in which case 7' = —1/(1 + 9,®)2, and the
factor (Z~'Wo)2#'(Z~'Wy) on the right-hand side of (1C.4) can be expressed as —(8,P)?/(1 4 8, P)>.
In view of our assumptions on #/, the term #’(Z~' W) has a quantitatively negative sign in the difficult
regions where Z is small (which is equivalent to the largeness of d;,®). More precisely, (1C.4) has a
friction-type sign. This is important because the difficult error integrals mentioned above can be bounded
by < eJ[V](t), where, roughly, ¢ is the small L> size of the solution’s spatial derivatives. For this reason,
the integral (1C.4) can be used to absorb the difficult error integrals. In total, this allows us to prove
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a priori energy estimates, roughly of the form
E[VI](t) +T[V](t) < datax Cexp(Ct), (1C.5)

where “data” is, roughly, the small size of the spatial derivatives of the initial data. For our proof to
close, the right-hand side of (1C.5) must be sufficiently small. Thanks to our bootstrap assumption that
t<2/ A, it suffices to choose that initial data so that data x C exp(C/ Ay is sufficiently small. This is
one example of the nonlinear smallness of the spatial derivatives, relative to A, that we impose to close
the proof. In reality, to make this procedure work, we must separately treat regions where Z is small and
7 is large; see Proposition 5.8 and its proof for the details. We stress that absorbing the difficult error
integrals into the friction integral (1C.4) is crucial for showing that the energies remain bounded up to the
vanishing of T, which is in turn central for our approach. In the model case # (9, P) = 1/(1 + 9, D), if we
had instead tried to directly control the difficult error integrals by the energy, then we would have obtained
the inequality E[V](¥) < C fst:o 10; Pl Loz E[V1(s)ds + - --. Since ||0; P||L=(x,) goes to infinity at a
nonintegrable rate!” as the blowup-time is approached, this would have led to a priori energy estimates
allowing for the possibility that the energies blow up at the singularity, which would have completely
invalidated our philosophy of obtaining nonsingular estimates for the {¥,}y=0,1,2,3. We also highlight
that the regularity theory of Z is somewhat subtle at top order: our proof requires that we show that Z and
® have the same degree of differentiability and that the estimates for Z do not involve any dangerous
factors of Z~!; these features are not immediately apparent from (1C.1).

The circle of ideas tied to the “regularization approach” that we have taken here seems to be new in
the context of proving the stability of ODE-type blowup for a quasilinear wave equation. However, our
approach has some parallels with the known proofs of stable shock formation in multiple spatial dimensions,
which we describe in Section 1D. In those problems, the crux of the proofs also involves quasilinear
integrating factors that “hide” the singularity. In shock formation problems, the integrating factor (which,
earlier in the introduction, we referred to as a “modulation parameter”) is tied to nonlinear geometric
optics,'® and its top-order regularity theory is very difficult, at least in multiple spatial dimensions (much
more so than the top-order regularity theory of the integrating factor Z employed in the present article).
The proofs of shock formation also crucially rely on friction-type spacetime integrals, in analogy with
(1C.4), that are available because the integrating factor has a negative derivative (in an appropriate
direction) in regions near the singularity. However, in multidimensional shock formation problems, the
top-order energy identities feature dangerous terms, analogous to terms of strength Z~!, which lead to
a priori energy estimates allowing for the possibility that the high-order energies might blow up like Z=°
for some large universal constant P. This makes it difficult to derive the nonsingular estimates at the
lower derivative levels, which are central for closing the proof. In contrast, in our work here, the difficult
factors of Z~! are always multiplied by the term %/, which effectively ameliorates them, making it easier

7with a bit of additional effort, Theorem 7.1 could be sharpened to show that ||3; @ || Lo (x,) blows up like ¢/ (T{Lifespan) — )
where c is a positive data-dependent constant.

1811 the shock formation problems described in Section 1D, the integrating factor is the inverse foliation density of a family
of characteristic hypersurfaces, which are the level sets of an eikonal function. We also encounter the inverse foliation density
(which we denote by ) in Section 1E, where we derive a shock formation result in one spatial dimension.
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to close the energy estimates. On the other hand, the singularities that form in the solutions from our
main results are much more severe in that ® and 9, ® blow up; in contrast, in the shock formation results
(see Section 1D) for equations whose principal part is similar to that of (1.1), |®| and maxy—0,1,2,3 |04 P|
remain bounded up to the singularity, while maxy g—o,1,2,3 |09 P| blows up in finite time. Our approach
to proving Theorem 1.2 also has some parallels with Kichenassamy’s stable blowup-results [1996] for
semilinear wave equations with exponential nonlinearities, but we delay further discussion of this point
until the next subsection.

1D. Our results in the context of prior breakdown-results. There are many prior breakdown-results for
solutions to various hyperbolic equations, especially of wave type. Here we give a nonexhaustive account
of some of these works, which is meant to give the reader some feel for the kinds of results that are
known and how they compare with/contrast against our main results. In particular, we aim to expose how
the proof techniques vary considerably between different types of breakdown-results. We separate the
results into seven classes.

(1) (proofs of blowup by contradiction) For various hyperbolic systems, there are proofs of blowup by
contradiction, based on showing that, for smooth solutions, certain spatially averaged quantities satisfy
ordinary differential inequalities that force them to blow up in finite time, contradicting the assumed
smoothness. Notable contributions of this type are [John 1979; 1981] on several classes of nonlinear wave
equations with signed nonlinearities and Sideris’ proof [1984a] of blowup for various hyperbolic systems,
for semilinear wave equations in higher dimensions [Sideris 1984b] (which improved upon Kato’s result
[1980]), and for the compressible Euler equations in three spatial dimensions [Sideris 1985]. See also
[Guo and Tahvildar-Zadeh 1999] for similar results in the case of the relativistic Euler and Euler-Maxwell
equations. None of these results yield constructive information about the nature of the blowup, nor do
they apply to the wave equations under study here.

(2) (blowup for semilinear wave equations with power-law nonlinearities) There are many interesting
constructive blowup-results, in various spatial dimensions, for focusing semilinear wave equations of the
form 0,,® = —|®|?~®, where O,, := —3t2 + A is the wave operator of the Minkowski metric m. A
notable difference between these works and our work here is that these works relied on a careful analysis
of the spectrum of a linearized operator. We now discuss some specific examples.

In one spatial dimension, sharp results are known about the structure of singularities. For example,
[Merle and Zaag 2007] showed that, for p € (1, 0o), for general initial data, there is a one-parameter
family of functions that serve as the blowup-profiles relative to self-similar variables at noncharacteristic
points belonging to the boundary of the maximal development; see also Remark 1.3.

In more than one spatial dimension, much less is known. Under the assumption of radial symmetry, Don-
ninger [2010] proved the nonlinear stability of the ODE blowup solutions ® opE);7 := ¢, (T — )~/ (=1,
where'® p =3,5,7,.... More precisely, using “similarity coordinates”, he proved stability only in the
interior of the backward light cone emanating from the singularity. In three spatial dimensions, in the

19Actually, for convenience, Donninger [2010] considered the semilinear term —®”. However, as he noted there, his work
could be extended to apply to the term — || ~1o for p>1
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subcritical cases p € (1, 3], [Donninger and Schorkhuber 2012] proved an asymptotic stability result for
® opE); r under radially symmetric perturbations of the data in the energy space, again only in the interior
of the backward light cone emanating from the singularity. The result [Donninger and Schorkhuber 2012]
sharpened (in the near-ODE case) the works [Merle and Zaag 2003; 2005], which showed that all solutions
that form a singularity cannot blow up faster than the ODE rate (T — t)~%/?=D_ but which did not yield
any information about the profile of the solution near the singularity. Donninger and Schorkhuber [2014]
extended their stability results (still within radial symmetry) to the supercritical cases p > 3, but they
assumed additional regularity on the initial data (which they believed to be essential for closing the proof).
In [Donninger and Schérkhuber 2016], the authors proved results similar to those of [Donninger and
Schorkhuber 2014], but without the assumption of radial symmetry. See also [Chatzikaleas and Donninger
2019] for extensions of the results of [Donninger and Schorkhuber 2016] to the case of the cubic wave
equations in spatial dimensions belonging to the set {5, 7,9, 11, 13}. In [Donninger 2017], in three spatial
dimensions under the assumption of radial symmetry, Donninger established Strichartz estimates for
solutions to wave equations featuring a self-similar potential, and as an application, in the critical case
p =35, he showed the stability of the ODE blowup in the interior of the backward light cone emanating
from the singularity. In n > 1 spatial dimensions without symmetry assumptions, under the assumptions
l<pifn=landl <p<1+4/(n—1)if n > 2, [Merle and Zaag 2016] used similarity coordinates to
show that near a set of equilibria, solutions are either nonglobal, converge to 0, or converge to an explicit
equilibrium solution. The authors also tied the various possibilities to the nature of the boundary of the
maximal development (i.e., whether or not a certain point on the boundary is characteristic can affect
which of the possibilities can occur there).

In three spatial dimensions, in the critical case p = 5, there are many blowup-results tied to the
ground state solution W (r) := (14 r2/3)~!/2. For solutions with (conserved) energy below that of the
ground state, [Kenig and Merle 2008] established a sharp dichotomy showing that solutions blow up
in finite time to the past and future if || 415y > W]l 515, While they exist globally and scatter if
1PN g1z < IWlg1 (g, For the same equation, the authors of [Krieger et al. 2009] proved the existence
of radially symmetric “slow” type-II blowup solutions ®(z, r) = MW @)r) +w(t, r), where w is
a small error term, A(¢) :==¢7!7", v > %, and the singularity occurs at = 0. In this context, a type-II
singularity is such that the solution remains uniformly bounded in the energy space (which is critical) up to
the time of first blowup. The results were extended to v > 0 in [Krieger and Schlag 2014]. In [Donninger
et al. 2014], the results were extended to cases in which A () does not behave like a power law. Hillairet and
Raphaél [2012] constructed type-II blowup solutions for the critical focusing wave equation in four spatial
dimensions. Jendrej [2017] treated the case of five spatial dimensions. For the radial critical focusing wave
equation in three spatial dimensions, [Duyckaerts et al. 2011] yielded that if the blowup-time T is finite
and if the quantitative type-II condition sup, o 7{/l3;®lI7, sy T IV®|3, s} = IVWI|7, + no holds,
where W is the ground state and ng > 0 is a small constant, then the blowup asymptotics are of the type
exhibited by the solutions constructed in [Krieger et al. 2009]. The results were extended to the nonradial
case in three and five spatial dimensions in [Duyckaerts et al. 2012b]. Similar results were obtained in
the case of four spatial dimensions in [Cote et al. 2018] in the radial case. In [Duyckaerts et al. 2013], the
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authors gave a detailed description of the possible large-time behaviors of all finite-energy radial solutions
to the focusing critical wave equation in three spatial dimensions, extending the work [Duyckaerts et al.
2012a], where information along a sequence of times was obtained. For n € {3, 4, 5} spatial dimensions,
[Jendrej 2016] proved an upper bound for the blowup-rate A(¢) for type-II blowup solutions whose
asymptotics are ¢ (t,r) = MO D2PW(@)r) +w(t, ), assuming that w is sufficiently regular. In 11
or more spatial dimensions, [Collot 2018] considered a range of p-values that are energy-supercritical. For
each sufficiently large integer £, he constructed a codimension-(£—1) Lipschitz manifold of spherically
symmetric solutions that blow up like

1 r
32/ (=) (ﬂQ(m),

where Q(r) is the ground state profile, A ~ c¢(T — 1)%* and o > 2 is a constant that depends on p and
the number of spatial dimensions.

(3) (constructive blowup-results for wave maps) There are related blowup-results for some wave maps
whose targets admit a nontrivial harmonic map. For example, for the critical case of the wave maps
equation [, ® = O (|9, P|? — |VD|?), where @ : R'T2 — S2, under the equivariant symmetry assumption
D(t,r,0) = (k6, ¢(t,r)), where the first and second entries on the right-hand side are Euler angles
parametrizing S?and k € Z, there are blowup-results tied to the ground state Q(r) := 2 arctan(r¥).
Rodnianski and Sterbenz [2010] gave a sharp description of stable blowup when k > 4. They showed that
(under the symmetry assumptions) there is an open set of data, with energy slightly larger than the ground
state, such that the corresponding solutions blow up at a time 7" < co. Moreover, the asymptotics can be
described as ¢ (t,r) = Q(r/A(t)) +q(t,r), where A(t) > Oast 1+ T, A(t) = (T —1)/| In(T — 1)|'/*, and
(¢, 3q) is small in H' x L2. In particular, Q is the universal blowup-profile. As in the works cited above
involving A(¢), a key point of the proof is to derive and analyze an appropriate modulation equation,
that is, the ODE (which is coupled to the PDE) that governs the evolution of A(¢). The function X is
somewhat analogous to the integrating factor Z that we use in our work here. Raphaél and Rodnianski
[2012] extended the results to all cases k > 1, proving stable blowup with
—t
In(T — 1) 1/@=2)

ast 1 T in the cases k > 2, and, in the case k = 1, A(t) = (T —t)exp(—+/In|T —t|+O()) ast 1 T.
In [Krieger et al. 2008], in the case k = 1, the authors proved the existence of a continuum of related

A1) = cr(1+o(1))

solutions (believed to be nongeneric) exhibiting the blowup-rates A(t) = (T —t)", where v > % The
results were extended to v > 1 in [Gao and Krieger 2015]. In [Cote et al. 2015], in the equivariance class
k =1, the authors proved that within the subclass of degree-0 maps (i.e., in radial coordinates (¢, r), one
assumes ¢ (0, 0) = ¢ (0, o) = 0), there exist solutions with energy above but arbitrarily close to twice
the energy of the ground state that blow up in finite time. Within the subclass of degree-1 maps (i.e.,
¢(0,0)=0and ¢ (0, co) =), for maps with energy bigger than that of the ground state but less than three
times the energy of the ground state, the authors show that if a singularity forms, then the solution has
asymptotics whose blowup-profiles are the same as those from the works [Krieger et al. 2008; Rodnianski
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and Sterbenz 2010; Raphaél and Rodnianski 2012]. For equivariant wave maps ® : R x S — S2, in the
class k = 1, [Shahshahani 2016] proved the existence of a continuum of blowup solutions. In [Donninger
2011; Donninger et al. 2012], in the supercritical context of equivariant wave maps from R'*3 into S°,
the authors proved the stability of self-similar blowup solutions ¢ (¢, r) := 2 arctan(r /(T —r)). More
precisely, those results relied on some mode stability results that were later proved in [Costin et al. 2016];
see also [Costin et al. 2017] for similar results in a more general context.

(4) (blowup for semilinear wave equations with exponential nonlinearities) For the focusing semilinear
wave equation [J,,® = —e® in three spatial dimensions, [Kichenassamy 1996] proved that the singular
solution In(2/¢?) is stable under perturbations of the data along the constant-time hypersurface {t = —1}.
Moreover, he showed that the blowup-surface is of the form {r = f(x)}, where f(x) loses Sobolev
regularity compared to the initial data. It would be interesting to see if our main results could be extended
to show a similar result for the equations under study here. More precisely, we conjecture that a portion
of the blowup-surface (which would be a subset of the boundary of the maximal development mentioned
in Remark 1.3) is {Z = 0} for the solutions under study here. Kichenassamy’s work has one key feature
in common with ours: he devised a reformulation of the wave equation in which no singularity was
visible, in his case by constructing a singular change of coordinates adapted to the singularity; this is
broadly similar to the approach taken by authors who have proved shock formation results, as we describe
just below. However, unlike the “forwards approach” that we take in this article, Kichenassamy used a
“backwards approach” in which he first solved problems in which the singularity was prescribed along
blowup-surfaces and then showed that the map from the singularity to the Cauchy data along {t = —1} is
invertible; see also Remark 1.4 concerning backwards approaches. His proof of the invertibility of the
map from the singularity data to the Cauchy data was based on studying appropriately linearized versions
of the equations and on using Fuchsian techniques. The linearized equations exhibited derivative loss,
and Kichenassamy used a Nash—-Moser approach to handle the loss.

(5) (shock formation for quasilinear equations) Roughly speaking, a shock singularity is a “mild” type of
singularity such that the solution remains bounded but one of its derivatives blows up. More precisely,
shock singularities are tied to the intersection of a family of characteristics (which, in one spatial dimension,
are curves), and the blowup occurs only for derivatives of the solution in directions transversal to the
characteristics. There are many classical shock formation results in one spatial dimension, based on the
method of characteristics, with important contributions coming from [Riemann 1860; Lax 1964; 1972;
1973; John 1974], among others. Even in one spatial dimension, the field is still active, as is evidenced by
the recent work [Christodoulou and Perez 2016], which significantly sharpened [John 1974], giving a
complete description of shock formation for electromagnetic plane waves in nonlinear crystals.

Shock singularities are of interest in particular because, at least for systems with suitable structure,
there is hope of uniquely continuing the solution past the shock in a weak sense, subject to appropriate
selection criteria (typically tied to Rankine—-Hugoniot jump conditions across the shock curve, that is,
the curve across which the solution exhibits a jump discontinuity). In one spatial dimension, there
is an adequate rigorous mathematical theory, at least for strictly hyperbolic quasilinear PDE systems,
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that is able to accommodate the formation of shocks, the evolution of the solution after shocks, and
subsequent interactions of the shocks. We stress that the one-dimensional theory fundamentally relies
on the availability of PDE estimates in the space of functions of bounded variation. We refer readers to
the comprehensive work [Dafermos 2000] for a detailed discussion of the theory of shock waves in one
spatial dimension.

We now turn our attention to the case of more than one spatial dimension. As of the present, in more
than one spatial dimension, there is no broad, rigorous well-posedness theory for solutions to quasilinear
hyperbolic PDE systems that is able to accommodate the formation of shocks, the evolution of the
solution after shocks, and subsequent interactions of the shocks. The main difficulty is that, in view of
the fundamental result [Rauch 1986], bounded variation estimates typically fail for quasilinear hyperbolic
systems. This prevents one from being able to directly extend the theory described in the previous
paragraph to the case of multiple spatial dimensions. For this reason, in multiple spatial dimensions, it
seems that one is forced to work with Sobolev spaces and to derive energy estimates up to top order, a
task that has proven to be exceptionally difficult in the neighborhood of a shock singularity. Although in
multiple spatial dimensions the theory of what happens after shocks form is in its infancy,?” the rigorous
theory of the formation of a shock, starting from smooth initial conditions, has undergone dramatic
advancements in recent years. We refer readers to the survey article [Holzegel et al. 2016] for discussion
concerning the history of the subject and for an overview of some recent shock formation results in the
context of quasilinear wave equations in three spatial dimensions.

In more than one spatial dimension, the basic picture of what a shock singularity is remains unchanged
from the case of one spatial dimension: it is a singularity such that the solution remains bounded but one of
its derivatives blows up, and the blowup is tied to the intersection of a family of characteristic hypersurfaces,
as in the case of one spatial dimension. In the case of more than one spatial dimension, the characteristic
hypersurfaces are levels sets of a solution u to the eikonal equation, which is a (typically) fully nonlinear
transport-type equation in u whose coefficients depend on the solution to the original PDE of interest; see
the next paragraph for further discussion on eikonal functions in the context of quasilinear wave equations.
The use of eikonal functions to analyze solutions to quasilinear hyperbolic PDEs is tantamount to the
implementation of nonlinear geometric optics; again, we refer the reader to [Holzegel et al. 2016] for
further discussion of eikonal functions and their role in the study of quasilinear wave equations.

We now summarize some important results in the theory of shock formation in more than one spatial
dimension. Alinhac [1999a; 1999b; 2001] obtained the first results on shock formation without symmetry
assumptions in more than one spatial dimension. The main new difficulty compared to the case of one
spatial dimension is that the method of characteristics (implemented via eikonal functions) must be
supplemented with energy estimates, which leads to enormous technical complications. Alinhac’s work

20We mention, however, that Majda [1981; 1983a; 1983b] has solved, in appropriate Sobolev spaces, the shock front problem.
That is, he proved a local existence result starting from an initial discontinuity given across a smooth hypersurface contained in
the Cauchy hypersurface. The data must satisfy suitable jump conditions, entropy conditions, and higher-order compatibility
conditions. This is different than [Christodoulou 2019] on the restricted shock development problem, which we describe below.
A key difference is that [Christodoulou 2007; 2019] together describe the emergence of the shock hypersurface from an initially
smooth solution, whereas Majda prescribed the initial singularity.
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applied to small-data solutions to a class of scalar quasilinear wave equations of the form
(g (30)d,05P =0 (ID.1)

that fail to satisfy the null condition. In (1D.1), g = g(d®) is a Lorentzian metric that depends on the
solution. Alinhac showed that, for a set of “nondegenerate” small data, ® and d® remain bounded, while
d2® blows up in finite time due to the intersection of the characteristics. As we alluded to above, his
proof fundamentally relied on nonlinear geometric optics, that is, on an eikonal function, which in the
case of scalar quasilinear wave equations is a solution to the eikonal equation

()P (9 D)dudpu =0, (1D.2)

supplemented with appropriate initial data. The level sets of u are characteristic hypersurfaces! for (1D.1).
As it turns out, the intersection of the level sets of u is tied to the formation of a singularity in the solution
to (1D.1), just as in the case of one spatial dimension. Much like in the present work, the main estimates in
Alinhac’s proof did not concern singularities; the crux of his proof was to construct a system of geometric
coordinates, one of which is #, and to prove that relative to them, the solution remains very smooth, except
possibly at the very high derivative levels. He then showed that a singularity forms in the standard second-
order derivatives 3>® as a consequence of a finite-time degeneracy between the geometric coordinates
and the standard coordinates; roughly, the level sets of u intersect and cause the blowup, much like in the
classical example of the blowup of solutions to Burgers’ equation. The main challenge in the proof is that
to derive energy estimates relative to the geometric coordinates, one must control the eikonal function,
whose top-order regularity properties are difficult to obtain; naive estimates lead to the loss of a derivative.

The intricate regularity properties of eikonal functions had previously been understood in certain
problems for quasilinear wave equations in which singularities did not form. For example, the first
quasilinear wave problem in which the regularity properties of eikonal functions were fully exploited
was the celebrated proof [Christodoulou and Klainerman 1993] of the stability of Minkowski spacetime
as a solution to the Einstein vacuum equations. Eikonal functions have also played a central role in
proofs of low-regularity well-posedness for quasilinear wave equations [Klainerman and Rodnianski
2003; 2005; Smith and Tataru 2005; Klainerman et al. 2015]. However, unlike in these problems, in
the problem of shock formation, the top-order geometric energy estimates feature a degenerate weight
that vanishes as the shock forms, which leads to a priori estimates allowing for the possibility that the
high-order energies might blow up; note that this possible geometric energy blowup is distinct from the
formation of the shock, which happens at the low derivative levels relative to the standard coordinates. The
“degenerate weight” mentioned above is the inverse foliation density?? of the level sets of u. The inverse
foliation density vanishes when the characteristics intersect, and it is in some ways analogous to the
integrating factor Z that we use in our work here. Alinhac closed his singular top-order energy estimates
with a Nash—Moser iteration scheme that was adapted to the singularity and that handled the issue of

211y the context of wave equations, characteristic hypersurfaces are often referred to as “null hypersurfaces” due to their
intimate connection to the Lorentzian notion of a null vector field.

221 Section 1E, we encounter the inverse foliation density (we denote it by w), although we do not need to derive energy
estimates in that subsection since we consider only the case of one spatial dimension there.
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the regularity theory of « in a different way than [Christodoulou and Klainerman 1993; Klainerman
and Rodnianski 2003; 2005; Smith and Tataru 2005; Klainerman et al. 2015]. He then used a “descent
scheme” to show that the top-order geometric energy blowup does not propagate down too far to the
lower derivative levels. Consequently, the solution remains highly differentiable relative to the geometric
coordinates. The solution’s high degree of smoothness relative to the geometric coordinates is not just an
interesting artifact of the approach, but rather is fundamental to all aspects of the proof.

Due to his reliance on the Nash—Moser iteration scheme, Alinhac’s proof applied only to “nondegenerate”
initial data such that the first singularity is isolated in the constant-time hypersurface of first blowup, and
his framework breaks down precisely at the time of first blowup. For this reason, his approach is inadequate
for following the solution to the boundary of the maximal development of the data (see footnote 10),
which intersects the future of the first singular time. The breakthrough work [Christodoulou 2007]
overcame this drawback and significantly sharpened Alinhac’s results for the subset of quasilinear wave
equations that arise in the study of irrotational relativistic fluid mechanics. More precisely, Christodoulou’s
proof yielded a sharp description of the solution up to the boundary of the maximal development. This
information was essential even for setting up the shock development problem, which, roughly speaking, is
the problem of uniquely extending the solution past the singularity in a weak sense, subject to appropriate
jump conditions. We note that the shock development problem in relativistic fluid mechanics was
solved in spherical symmetry in [Christodoulou and Lisibach 2016] and, in the recent breakthrough
work [Christodoulou 2019] for the nonrelativistic compressible Euler equations and the relativistic Euler
equations without symmetry assumptions in a restricted case (known as the restricted shock development
problem) such that the jump in entropy across the shock hypersurface is ignored.

The wave equations studied in [Christodoulou 2007] form a subclass of the ones (1D.1) studied by
Alinhac. They enjoy special properties that Christodoulou used in his proofs, notably an Euler-Lagrange
formulation such that the Lagrangian is invariant under a symmetry group. The main technical improvement
afforded by Christodoulou’s framework is that in closing the energy estimates, he avoided using a Nash—
Moser iteration scheme and instead used an approach similar to the one employed in the aforementioned
works [Christodoulou and Klainerman 1993; Klainerman and Rodnianski 2003]. This approach is more
robust and is capable of accommodating solutions such that the blowup occurs along a hypersurface,
which, in the problem of shock formation, is what typically occurs along a portion of the boundary of the
maximal development.?® Christodoulou’s results have since been extended in many directions, including
to apply to other wave equations [Christodoulou and Miao 2014; Speck 2016], different sets of initial
data [Speck et al. 2016; Miao and Yu 2017; Miao 2018], the compressible Euler equations with nonzero
vorticity [Luk and Speck 2016; 2018; Speck 2019b], systems of wave equations with multiple speeds
[Speck 2018], and quasilinear systems in which a solution to a transport equation forms a shock [Speck
2019a]. Some of the earlier extensions are explained in detail in the survey article [Holzegel et al. 2016].

(6) (breakdown-results for Einstein’s equations) The Einstein equations of general relativity have many
remarkable properties and as such, it is not surprising that there are stable breakdown-results that are

23Roughly, a portion of the boundary is equal to the zero level set of the inverse foliation density.
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specialized to these equations. Here we simply highlight the following constructive results in three spatial
dimensions without symmetry assumptions: Christodoulou’s breakthrough results [2009] on the formation
of trapped surfaces and the stable singularity formation results [Rodnianski and Speck 2018a; 2018b; Luk
2018]. The work [Rodnianski and Speck 2018b] can be viewed as a stable ODE-type blowup-result for
Einstein’s equations in which the wave speed became infinite at the singularity. Note that in contrast, for
(1B.1a), the wave speed vanishes when 9, ® blows up.

(7) (finite-time degeneration of hyperbolicity) In [Speck 2017], we studied the wave equations
—32 W+ (1+W)PAY =0

in three spatial dimensions for P = 1, 2. We showed that there exists an open set of initial data such that
W is initially small but 1 + W vanishes in finite time, corresponding to a breakdown in the hyperbolicity
of the equation, but without any singularity forming. The difficult part of the proof is closing the energy
estimates in regions where 1 + W is small. The proof has some features in common with the proof of
the main results of this paper. For example, the proof relies on monotonicity tied to the sign of 9, ¥ and
the small size of VW. In particular, this leads to the availability of a friction-type integral in the energy
identities, analogous to the one (1C.4), which is crucially important for controlling certain error terms.

1E. Different kinds of singularity formation within the same quasilinear hyperbolic system. In this
subsection, we show that there are quasilinear wave equations, closely related to the wave equation
(1B.1a), that can exhibit two distinct kinds of blowup: ODE-type blowup for one set of data, and the
formation of shocks for another set. The ODE-type blowup is provided by our main results, so in this
subsection, most of the discussion is centered on shock formation. Our discussion is based on ideas and
techniques found in [Christodoulou 2007; Speck 2016].

To initiate the discussion, we define

D := 9, D. (1E.1)

For convenience, we will restrict our discussion to the specific weight

1 1
W = = ,
140, 14+
though similar results hold for any weight that satisfies the assumptions of Section 2A. To proceed, we
differentiate (1B.1a) with 0, to obtain the following closed equation in ®g:

92D Ady = @ Do) + 205 @y + 3 9, @ (1E.2)
0T e T YT g Y Ty Ty Y '

In the remainder of our discussion of shock formation, we will only consider plane-symmetric solutions,
that is, solutions that depend only on ¢ and x!. Note that in (1E.2), A = 812 for plane-symmetric solutions.
To study plane-symmetric solutions to (1E.2), we will use the characteristic vector fields

1 1

= —31.
V14 Py

L:=0+———=9;, L:=0
t ml = t

(1IE.3)
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We next define the characteristic coordinate u to be the solution to the following initial value problem for
a transport equation:

Lu=0, ulg,=1-—x' (1E.4)

Above and throughout, Xf := X%9, f denotes the derivative of the scalar function f in the direction
of the vector field X. Our choice of the vector field L in (1E.4) is adapted to the problem of detecting
“right-moving” shock formation. Similar results could be proved in the “left-moving” case; one could
analyze such solutions by constructing a characteristic coordinate u that solves Lu = 0. We view u as a
new coordinate adapted to the characteristics, and we will use the “geometric” coordinate system (¢, u)
when analyzing solutions. In particular, the level sets of u are characteristic for (1E.2). In fact, it is not
difficult to see that as a consequence of (1E.4), u is a solution to the eikonal equation (1D.2), where the
inverse metric (g~")*” is determined by the principal-order coefficients in the wave equation (1E.2).

We now define E;’/, relative to the geometric coordinates, to be the subset Z,”/ ={{t,u)|0<u<ul.
Note that Eé can be identified with an orientation-reversed version of the unit x! interval [0, 1]. Associated
to u, we define the inverse foliation density u > 0 by

ni=—-: (1E.5)
osu
Then 1/ is a measure of the density of the level sets of u#, and p = 0 corresponds to the intersection of the
characteristics, that is, the formation of a shock. From (1E.4), it follows that u|x, = T+ Pg=14+0(dp)
(for @( small). One can check that from the above definitions, we have, in addition to (1E.4), the identities
Lt =1, uLt = u, and uLu = 2. In particular, L = % along the integral curves of L and uL = de—u
along the integral curves of L.
Next, we differentiate (1B.1a) and (1E.4) with d; and carry out tedious but straightforward calculations
to obtain the following system in ®g and wu:

L(MLCDO)=—;(LCDO)(MLCDO)-HLﬂ{1+§<Do}L<I>o+ 2o {14+3®0} (uL Do), (IE.6a)
= 2(1+Dy) = 1+®p 2 1+®g 2 = '
H 2

LLdy=—————(LDg) > —————(LDPo)(uL P
WLL®D 4(1+<I>o)( 0) 4(1+q>0)( 0)(uL Do)

0 {143 Do} LOo+ o {14+3®0} (uL Do), (IE.6b)

1+®g 2 1+®o 2 =
Lip=———pL®g+—-——(uL D). 1E.6
jz 4(1+®0)M o+4(1+¢0)(u_ 0) (IE.6¢)

For convenience, we will prove shock formation only for a restricted class of initial data supported
in Eé; as can easily be inferred from our proof, the shock-forming solutions that we will construct are
stable under plane-symmetric perturbations, and our approach could be applied to a much larger set of
plane-symmetric initial data. Specifically, we will prove shock formation for solutions corresponding to
initial data such that

sup [Po| =€, LPoly, =0, sup|LPo|=4, (1E.7)
% %
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such that L&y ! is negative at some maximum of |L®,| on X!, and such that ¢ is small. The negativity
of L®q will drive the vanishing of w. To show the existence of such data, it is convenient to refer to the
Cartesian coordinate x'. Specifically, we fix a smooth nontrivial function f = f(x') supported in Zé and
set <I>0|2(1) xh = Kf(kxl), where « and A are real parameters. Note that 9; g5, xh = K)»f/(kxl). We
then set

1
9, B 51 = — 3, D1,
' %o vV 1+<D0|Eé %o
which implies that L®o|5 = 0 and
1
L®|5) (x") = =26 A~ f'(0x).

ST+ kf(xh

We now choose || sufficiently small and A sufficiently large, which allows us to achieve (1E.7) with
e > 0 arbitrarily small. Moreover, by adjusting the sign of x, we can ensure that L®g|s, ! is negative at
some maximum of |L®g| on 26. We also note that from domain of dependence considerations, it follows
that in terms of the geometric coordinates, solutions with data supported in Eé vanish when # <0, and
that the level set {# = 0} can be described in Cartesian coordinates as {(¢, x!) | 1 —x! 47 = 0}.

To derive estimates, we make the following bootstrap assumptions on any region of classical existence
suchthat0 <r <2and0<u <1:

0<pn<3, |P<+e, [LPo<+e, |LDo|<5. (1E.8)

Note also that the solution satisfies ®o (¢, u = 0) = 0 and that the assumptions (1E.8) are consistent with
the initial data when ¢ is small.
We now derive estimates. In the rest of the subsection, we will silently assume that & > 0 is sufficiently
small. We define
o, u) = sup  {|Dol(t', u") + |LDol(t', u')}. (1E.9)
(t',u")el0,t]1x[0,u]

Note that Q(0, u) < &, while our data-support assumptions and finite speed of propagation imply that
Q(t,0) = 0. Using the evolution equation (1E.6b), the bootstrap assumptions, the fact that L = %
along the integral curves of L, and the fact that uL = 2% along the integral curves of uL, we deduce
O(t,u) < CQO0,u) + cf:,:O Q@' uydt' + ¢ [,_, O(t,u")du’. From this estimate and Gronwall’s
inequality (in two variables), we deduce that there are constants C > 0 and ¢’ > ¢ such that, for 0 <7 <2

and 0 <u <1, we have
O(t,u) <CQO, u)e e < CQO,u)e™ <Ce*'c <e. (1E.10)

Using the estimate (1E.10) and the bootstrap assumptions for © and pL ®q to control the terms on
the right-hand side of (1E.6a), we deduce |L(uL®o)| < €. Integrating this estimate along the integral
curves of L and using that ©(0,u) = 14 O(¢), we find that, for 0 <t <2 and 0 < u < 1, we have
[LLDo](t, u) = [LLDPo](0, u) + O(e) = LDy (0, u) + O(e). Inserting this information into (1E.6¢c) and
using (1E.10), we deduce L = % L®g(0, u) + O(¢). Integrating in time and using the initial condition
(0, u) = 1+ O(e), we deduce that u(t, u) = 1 + JLP(0, u)t + O(e) = 1 + L Pol(t, w)t + O(e).
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We now note that if ¢ is sufficiently small, then the above estimates yield strict improvements of the
bootstrap assumptions (1E.8). By a standard continuity argument in ¢ and u, this justifies the bootstrap
assumptions and shows that the solution exists on regions of the form 0 <f <2 and 0 <u <1, as long as
w1 remains positive; the positivity of n and the above estimates guarantee that |®g| + max,—o,1 |94 Po|
is finite. Moreover, since (by construction) supy |L®g| =4 and since there is a value u, € (0, 1) such
that L®((0, u,) = —4, the above estimates for uL Py and p guarantee that minztl uw=1+0()—1tand
that at points (¢, u) € [0, 2] x [0, 1] of classical existence with p(t, u) < %, we have uL®g(t, u) < —1. 1t
follows that miny, 1 j4 cannot remain positive for times larger than 14 O(e) and that

minp <3 = sup|Ldo| > — :
z! 5] ming: 44
In total, these arguments yield that Supy! |L®g| blows up at some time #(shock) = 1 + O(¢), while [Py
and |L®g| remain uniformly bounded by < e. We have thus shown that a shock forms. Readers can
consult [Holzegel et al. 2016] for further discussion of the style of proof of shock formation given here
and extensions to the case of more than one spatial dimension.

We now revisit the solutions from our main results under the weight % (9;®) :=1/(1 + 9;P). Notice
that, for such solutions, ®¢ also solves (1E.2) but is such that |®g| blows up at the singularity. This is
different blowup behavior compared to the shock-forming solutions to (1E.2) constructed above, in which
|®o| remained bounded. Notice also that our main theorem requires, roughly, that ®|x, should not be
too small, which is in contrast to the initial data for the shock-forming formation solutions described
above. To close this subsection, we clarify that it could be, in principle, that the ODE-type blowup
solutions that we have constructed are unstable when viewed as solutions to (1E.2), even though they
are stable solutions of the original wave equation (1B.1a). The key point is that to solve (1E.2) (viewed
as a wave equation for @), we need to prescribe the data functions ®g|x, and 9, Po|x,, whereas for
the ODE-type blowup solutions we have constructed, we can freely prescribe (in plane symmetry) only
®y|x,; the quantity 9; Pg|x, is not “free”, but rather is uniquely determined from ®g|x, and 0P|y, via
the wave equation (1B.1a). Put differently, the ODE-type blowup solutions that we have constructed yield
“special” solutions to (1E.2) that are constrained by the fact that @y is the time derivative of a solution to
the original wave equation (1B.1a). In contrast, we expect that the methods of [Speck et al. 2016] could
be used to show that the plane-symmetric shock-forming solutions to (1E.2) that we constructed in this
subsection are stable under perturbations that break the plane symmetry.

1F. Notation. In this subsection, we summarize some notation that we use throughout.

o {x*}4=0.1,2,3 are the standard Cartesian coordinates on R!*3 =RxR3and 9, := 3%& are the corresponding
coordinate partial derivative vector fields; x% € R is the time coordinate and X = (x!, x2, x3) e R3 are
the spatial coordinates.

« We often use the alternative notation x° = ¢ and 9y = 9,.

e ¥, :={(t, x) | x € R3} is the standard flat hypersurface of constant time.
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» Greek “spacetime” indices such as « vary over 0, 1, 2, 3, while Latin “spatial” indices such as a vary
over 1, 2, 3. We use primed indices, such as a’, in the same way that we use their nonprimed counterparts.
We use Einstein’s summation convention in that repeated indices are summed over their respective ranges.

» We sometimes omit the arguments of functions appearing in pointwise inequalities. For example, we
sometimes write | f| < C¢ instead of | f (¢, x)| < Cé€.

o VKXW denotes the array comprising all k-th-order derivatives of W with respect to the Cartesian spatial
coordinate vector fields. We often use the alternative notation VW in place of V!W. For example,
VIV =V = (0¥, ¥, ;30).

o VW= S8 IVE W)
o VIOl = 30 (VK.

o HN(Z,) denotes the standard Sobolev space of functions on X,. If N > 0 is an integer, then the
corresponding norm 1is

1/2
||f||HN<z,):={ > /3|af‘a§28§’3f(t,)_c>|2da_c} .
xeR

aj+ax+az<N
In the case N = 0, we use the standard notation “L?” in place of “H”.
« Above and throughout, dx := dx! dx? dx> denotes standard Lebesgue measure on ;.

o L>°(%;) denotes the standard Lebesgue space of functions on X, with corresponding norm || f ||z (x,) 1=
ess Sup, g | £ (1, 1)|.
o If A and B are two quantities, then we often write A < B to indicate that “there exists a constant C > 0
such that A < CB”.

o We sometimes write A = O(B) to signify that there exists a constant C > 0 such that |[A| < C|B|.

» Explicit and implicit constants are allowed to depend on the data-size parameters A and fi; ! from
Section 3A, in a manner that we more fully explain in Section 5A.

2. Mathematical setup and the evolution equations

In this section, we state our assumptions on the nonlinearities, define the quantities that we will study in
the rest of the paper, and derive evolution equations.

2A. Assumptions on the weight. Let # be the scalar function from (1B.1a). We assume that there are
constants Cj, > 0 such that

#(y) >0, ye (-3, 00), (2A.1)
7 (0) =1, 2A.2)
#'(y) <0, yel0,00), 2A.3)

k
{a+w i ianronsc. o<k=s ye(-100). (2A4)
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We also assume that there is a constant o > 0 such that
P <al?’ WMV yell, o). (2A.5)
Note that (2A.1), (2A.3), and (2A.5) imply in particular that
#'(y) <0, yell,o0). (2A.6)
2B. The integrating factor and the renormalized solution variables.

2B1. Definitions. As we described in Section 1C2, our analysis fundamentally relies on the following
integrating factor.

Definition 2.1 (the integrating factor). Let ® be the solution to the wave equation (1B.1a). We define
I =1(t, x) to be the solution to the transport equation

0L=-10,®, I|g,=1. (2B.1)
Moreover, we define
Z.(t) = n%in 7. (2B.2)

Remark 2.2 (the vanishing of 7 implies singularity formation). It is straightforward to see from (2B.1)
that if Z(T, x) = 0 for some T > 0 and for one or more x € R?, then at such values of x we have
lim 7 SUP; (o 1) 3 P (s, x) = 0o. In fact, it follows that [_, |3, ® (s, x)| ds = co.

Most of our effort will go towards analyzing the following “renormalized” solution variables. We will
show that they remain regular up to the singularity.

Definition 2.3 (renormalized solution variables). Let @ be the solution to the wave equation (1B.1a) and
let Z be as in Definition 2.1. For « =0, 1, 2, 3, we define

W, =70, P. (2B.3)

2B2. A crucial identity for T and the T-weighted evolution equations. Our main goal in this subsubsection
is to derive evolution equations for the renormalized solution variables; see Proposition 2.5. As a
preliminary step, we first provide a lemma that shows that 9;Z can be controlled in terms W; and the
initial data, and that no singular factors of Z~! appear in the relationship. Though simple, the lemma is
crucial for the top-order regularity theory of Z.

Lemma 2.4 (identity for the spatial derivatives of the integrating factor). The following identity holds for
i=1,2,3, where {\ila}azl,z,3 are the wave equation initial data from (1B.1b):

0T = -V, +TV;. (2B.4)

Proof. Dividing (2B.1) by Z and then applying 9;, we compute that

8T 4+ W,
at{+} =0. (2B.5)
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Integrating (2B.5) with respect to time and using the initial conditions Z |5, = 1 and V¥;|x, = \ili, we arrive

at (2B.4). ]
We now derive the main evolution equations that we will study in the remainder of the paper.

Proposition 2.5 (the renormalized first-order system: Z-weighted evolution equations). For solutions to
(1B.1a)—(1B.1b), the renormalized solution variables of Definition 2.3 satisfy the system

3 3 3
O Wo =W/ (I"'W0) Y 8, Wa+ T ' W (T W) ) (W)’ = # (T W) ) _WuWa,  (2B.6a)
a=1 a=1 a=1
Wi = 9;Wo — ;W (2B.6b)

Proof. We first prove (2B.6a). From (1B.1a) and (2B.1), we deduce

3 3
(T3, ) =TH (B P)AD =W (9 D) Y 0a(T0,®) — ¥ (3,D) Y _(3T)3P.
a=1 a=1
Using (2B.4) to substitute for 9,7 and appealing to Definition 2.3, we arrive at the desired (2B.6a).
To prove (2B.6b), we first use Definition 2.3 and the symmetry property 9;0; ® = 9;0,P to obtain
W = (8, InT)W; + 9; ¥y — (3; InZ)W,. Using (2B.1) to replace 9; InZ with —Z~'¥; and (2B.4) to
replace —0; InZ with 7'y, — \if,-, we arrive at (2B.6b). O

3. Assumptions on the initial data and bootstrap assumptions

In this section, we state our size assumptions on the initial data for the wave equation (1B.1a), i.e.,
for (0;®@|x,, 01P|xy, 02P|x,, B Plx,) = (\i'o, \ifl, \ifg, li’3), and formulate bootstrap assumptions that are
convenient for studying the solution. We also precisely describe the smallness assumptions that we need
to close our estimates and show the existence of initial data that satisfy the smallness assumptions.

3A. Assumptions on the initial data. We assume that the initial data are compactly supported and satisfy
the following size assumptions for i =1, 2, 3:

V=20 oo sy + V100 [l oo sy + 1l s sy + €721V 0l L2050y + 1V W0l 3csy < €, (BA.1a)

ol (s < A, (3A.1b)
1 8
-7 =< rrélon W, (3A.1¢)

where € > 0 and A > 0 are two data-size parameters that we will discuss below (roughly, é will have to
be small for our proofs to close). Roughly, in our analysis, we will propagate the above size assumptions
during the solution’s classical lifespan, except for the top-order spatial derivatives of W;; we are not able
to control these top-order derivatives uniformly in the norm || - || ;2(x,) because of the presence of the
weight 7 in our energy, which can go to 0 as the singularity forms (see Definition 4.2).

We now introduce the crucial parameter A, that controls the time of first blowup; our analysis shows
that, for € sufficiently small, the time of first blowup is {1 + O(é)}ﬁ; I: see also Remark 3.2.
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Definition 3.1 (the parameter that controls the time of first blowup). We define the data-dependent
parameter fi* as follows:
fi* = r%ax[\ilo]+, (BA.2)
0

where [\ilo]+ = max{\ilo, 0}.

Our main results concern solutions such that A* > 0, so we will assume in the rest of the article that
this is the case.

Remark 3.2 (the relevance of /i*). The solutions that we study are such that?* 9,7 = —W, and 9, ¥y ~ 0
(throughout the evolution). Hence, by the fundamental theorem of calculus, we have Wy (¢, x) ~ \ilo (x)
and Z(t,x) ~1— t\ilo (x). From this last expression, we see that Z is expected to vanish for the first time
! which, since 8,7 = —Z9, P, implies the blowup of 9;® (see Remark 2.2). See
Lemmas 5.1 and 5.2 for the precise statements.

at approximately ¢ = A

*

3B. Bootstrap assumptions. To prove our main results, we find it convenient to rely on a set of bootstrap
assumptions, which we provide in this subsection.

o The size of TBoor). We assume that T(goor) 1S a bootstrap time with

0 < Tgooyy < 241, (3B.1)
where A > 0 is the data-size parameter from Definition 3.1. The assumption (3B.1) gives us a sufficient
margin of error to prove that finite-time blowup occurs (see Remark 3.2).

o Blowup has not yet occurred. Recall that, for the solutions under study, the vanishing of Z will coincide
with the formation of a singularity in 9, ®. For this reason, we assume that, for ¢ € [0, T(Boor)), We have

Z,(1) > 0, (3B.2)
where Z, is defined in (2B.2).

e The solution is contained in the regime of hyperbolicity.>> We assume that, for (¢, x) € [0, T(Boor) X R3,

lI‘I()(l‘? -lC) 1
T0.2) >3 (3B.3)

o Smallness of T implies largeness of Wo. We assume that, for (¢, x) € [0, TBoor)) X R3,
I(tx) <t = W@, x> LA, (3B.4)
o L™ bootstrap assumptions. We assume that, for ¢ € [0, T(oor)), We have
1oll=(s,) < A+e, (3B.5a)

VI3 | ooz, < e, (3B.5b)

2Here “A ~ B” imprecisely indicates that A is well-approximated by B.
BIn particular, the assumptions of Section 2A guarantee that "//(Iil\l'o) > 0 whenever (3B.3) holds. This inequality is
needed in order to guarantee that (1B.1a) is a wave equation.
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V=2 [l (s, < e, (3B.5¢)
I Zll oo, < 1+2A1A + ¢, (3B.5d)

where ¢ > 0 is a small bootstrap parameter; we describe our smallness assumptions in the next subsection.

Remark 3.3 (the solution remains compactly supported in space). From the bootstrap assumptions and
the assumptions of Section 2A on %/, we see that the wave speed {# (Z~'W)}'/? associated to (1B.1a)
remains uniformly bounded from above by a positive constant on the slab (¢, x) € [0, TBoot)) X R3. 1t
follows that there exists a large, data-dependent ball B C R* such that W, (¢, x) and Z — 1 vanish for
(t, x) € [0, T(Boor) X B.

3C. Smallness assumptions. For the rest of the article, when we say that “A is small relative to B”, we
mean that B > 0 and that there exists a continuous increasing function f : (0, co) — (0, co) such that
A < f(B). For brevity, we typically do not specify the form of f.

In the rest of the article, we make the following relative smallness assumptions. We continually adjust
the required smallness in order to close the estimates.

» The bootstrap parameter ¢ from Section 3B is small relative to 1 (i.e., in an absolute sense, without
regard for the other parameters).

o ¢ is small relative to A, where A is the data-size parameter from (3A.1b).
« ¢ is small relative to the data-size parameter A* from (3A.2).

¢ We assume that

et <e <, (3C.1)

where € is the data-smallness parameter from (3A.1a).

The first two of the above assumptions will allow us to control error terms that, roughly speaking, are of
size e A¥ for some integer k > 0. The third assumption is relevant because the expected blowup-time is
approximately AO; I (see Remark 3.2); the assumption will allow us to show that various error products,
specifically ones featuring a small factor &, remain small for t < 25;1, which is plenty of time for us to
show that Z vanishes and 9, ® blows up. (3C.1) is convenient for closing our bootstrap argument.

3D. Existence of initial data satisfying the smallness assumptions. It is easy to construct initial data
such that the parameters €, A, and A, satisfy the size assumptions stated in Section 3C. For example,
we can start with any smooth compactly supported data (\ifo, \ifl, \ilz, li'3) such that maxsy, \ilo > 0 and
—% < miny, \iJO. We then consider the one-parameter family (for i =1, 2, 3)

M), P @) == (Bo(x), A1 ().

It is straightforward to check that, for A > 0 sufficiently large, all of the size assumptions of Section 3C
are satisfied by the rescaled data (where, roughly speaking, the role of € is played by A7), as is (3A.1c).
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The proof relies on the simple scaling identities
VF ) = 27K (TR 0 ),
VI () = 27 (VR ),
IVF ol 2 = 232 IVE B 2

(A) ° _ °
IVE Wil 2 50) = A7 IR 2205y -
4. Energy identities

In this section, we define the energies that we use to control the solution in L? up to top order. We then
derive energy identities.

4A. Definitions. The following energy functional serves as a building block for our energies.

Definition 4.1 (basic energy functional). To any array-valued function V = V (¢, x) := (W, V1, V2, V3),
we associate the following energy, where Z is as in Definition 2.1 and Wy is as in Definition 2.3:

3
{VOZ-I—ZW(I_]\PO)(VQ)Z} dx. (4A.1)

a=1

E[VI=E[VIQ®) :=/

%

We now define @¢)(¢), which is the main L2-type quantity that we use to control the solution up to
top order.

Definition 4.2 (the L2-controlling quantity). Let &€ > 0 be the data-size parameter from Section 3A. We
define the L2-controlling quantity Q) as follows:

5 3
Qo)1) = Z/ {|V"%|2+ZW(I1%)|V"%|2} dx
k=2 =

a=1 3

4
+> i |vkwa|2d;_c+é3/2{|vwo|2+2(wa)2}d;_c. (4A.2)
k=1 ! a=1

Remark 4.3 (the é-weight in the definition of Q). Our main a priori energy estimate shows that
Qe (#) < € up to the singularity. The small coefficient of &€ in front of the last integral on the right-hand
side of (4A.2) is needed to ensure the O(€?) smallness of Q). However, the small coefficient of &3
implies that Q) (¢) provides only weak L?-control of VW, and W,; i.e., their L? norms can be as large
as O(&~Y?%). We clarify that the possible oY 2)—lalrgeness of V¥ is consistent with the construction
of initial data described in Section 3D, where the largeness comes from the scaling identity

M) e S
IV Woll 250 = 272NV W01l L2 (5

and the large parameter A can be viewed, roughly, as a size-O(é~!) quantity. Despite the possible
O(&~1/?)-largeness of VW, and W, in the norm || - | 12(x,)» We will nonetheless be able to show, through
a separate argument, the following crucial bounds: VW, and W, are bounded in the norm || - ||z (x,) by
< €, up to the singularity; see Proposition 5.8.
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4B. Basic energy identity. We aim to derive an energy identity for the L2-controlling quantity Q)
defined in (4A.2). As a preliminary step, in this subsection, we derive a standard energy identity for the
building-block energy defined in (4A.1).

Lemma 4.4 (basic energy identity). Let Z be as in Definition 2.1, and assume that {Wy}q=0.123 is a
solution to (2B.6a)—(2B.6b) with initial data {\i’a}a=0,1’2,3. Let E[V](t) be the building-block energy
defined in (4A.1). Let {Fy}y—0.1.2.3 be scalar functions. Then for spatially compactly supported solutions

V = Wy, Vi, Vo, V3) to the inhomogeneous linear PDE system
3

Vo= W (T 'W0)d,Va+ Fo, (4B.1a)
a=1
0, Vi =0; Vo + Fi, (4B.1b)

the following energy identity holds:

3
%E[V](r) =Y | @)W (T W) (Va) dx
a=17%

3 3
+ XY [ T @ @) Vi da
a=1 b=1 !

3 3
2.2, /E 72 (@ o) (T o) (Wa) (Vi) dx

a=1 b=1

3 3
_ZZf I @ o) (T W)W, W, (V)2 dx
a=1b=1" 2

3

—2Zf 7w (T W) (8, W) Vi Vo dx
a=1 Z
3

2> f I 2Wo W (T~ " Wo) W, V, Vo dx
a=1 i

3
+2Zf I (T W)W, V, Vo dx
a=1 %

3
+2/ VoFodx+2) | /(X "Wo)V,F, dx. (4B.2)
A 1V

Proof. First, using (2B.1) and (2B.6a), we compute that
W T o)y =T (T W) (8, Wo) + (T W) (T W)

3 3
=Y T @)W (T W0) @) + Y T (T W) (T W) (W)

=1 =1
a 3 a

- Zz—‘ W (T W) (T W)V, + (T W) ? (T ' Wy). (4B.3)

a=1
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Next, taking the time derivative of (4A.1), using (4B.3), and using (4B.1a)—(4B.1b) to substitute for 9, V,
we obtain

3
d
—E[V](@) =2 E (T Vo) Voda Va + W (T W) Vada Vo) dx
dt i

3
+2/ {voFo+ ZW(I“%)VQ&} dx
% a=1

33
+ XY [ T @ @) Vi) da
a=1 b=l !

3 3
2.2, /2 72 (@ o) (T o) (Wa)* (Vi) dx

a=1 b=1

3 3
“Y Y [T a o @ b, 0 da
a=1b=1"%

3
+3 | @) W (T W) (V) dix. (4B.4)
a=1 z

Integrating by parts in the first integral on the right-hand side of (4B.4) and using the identity (2B.4), we
obtain

3
23 | @ W) Voda Vi + # (T W) Vady Vo) dx
a=1 T
3
=—2Z/ I (T "W0) (8, Vo) Vu Vo dx
a=1 P

3 3
—22/ I‘Z\DOW/(I_I\IJO)\IJaVaVOd)_c—|—22/ I o' (T W), V, Vodx. (4B.5)
a=17% a=1"2

Using (4B.5) to substitute for the first integral on the right-hand side of (4B.4), we arrive at (4B.2). [

4C. Integral identity for the fundamental L*-controlling quantity. With the help of Lemma 4.4, we
now derive an energy identity for the controlling quantity Q).

Lemma 4.5 (integral identity for the L’-controlling quantity). Consider the following inhomogeneous
PDE system, obtained by commuting (2B.6a)—(2B.6b) with the k-th-order spatial derivative operator V*
(where T is as in Definition 2.1 and the precise form of the inhomogeneous terms Fé") in (4C.1a)—(4C.1b)
is not important for the purposes of this lemma):

3
3V W = (T W) Y 0,VF W, + Y, (4C.1a)

a=1

39, Vi W, = 3;VFw, + FY. (4C.1b)
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Then for solutions {Wy}y=0.1,2.3 to (2B.6a)—(2B.6b), the Lz—controlling quantity Q) of Definition 4.2
satisfies the following integral identity:

5 3
20 =060+Y Y [

t
k=2 a=1"Y5=

/ T ") 2w (T W) VR, | dx ds
0 J 3

5 3 3
220 f B /E T2 @ ) (T W) (00 W) IV Wy dx s

k=2 a=1 b=1"Y5=

5 3 3
>0 f . fz 720 (T o)y # (T W) (W,)? | VE W, |2 dx ds

k=2 a=1 b=1 -
5 3 3
—ZZZ/ /I—IW/(I—I%)W(I—I%)%%|v’<qz,,|2dgds
k=2 a=1 b=1V5=0 /X
5 3 L
—222/ / 7' (T W) (0, Vo) VFW, - VRW, dx ds
k=2 a=1Y3=0 %
5 3 L
—222/ / T2 (T W)W, VW, - VFW, dx ds
k=2 a=1Y5=0 Y%
5 3 L
+2ZZf / I (T W), VAW, - VRW, dx ds
k=2 a=1Y5=0 %
4 3 L
+2ZZ/ / VAW, - 9, VFWy dx ds
k=1 a=1Y5=0 %
5 5 3 L
+2Z/ /V"\IJO-FO(")d)_cderzZZ/ /W(I—lqjo)vkqja-Fg“dgds
k=2 s=0J X k=2 a=1 s=0J X
4 3 t
+2ZZ/ / Vi, - F® dx ds
k=1 a=1Y5=0 %

3 ' '
+2€32/ / V/(I_llllo)V\Ifo-aaVlIJadgds+2€3/ / V- FV dx ds
a=1 =0JX s=0J Xy

3 ' 3 '
+2€3Z/ / W, 9, Vo dx ds—2€32/ / VoW, W, dx ds. (4C.2)
a=1 s=0J Xy a=1 s=0J Xy

Proof. We take the time derivative of both sides of (4A.2). The time derivative of the first line of
the right-hand side of (4A.2) is given by (4B.2), where the role of (Vy, V1, V2, V3) in (4B.2) is played
by (VKW,, VKW, VAW, VAWs3) and the role of the inhomogeneous terms F, on the right-hand side
of (4B.2) is played by the terms F.") from (4C.1a)~(4C.1b). Moreover, with the help of (2B.6b) and
(4C.1a)-(4C.1b), we compute that the time derivatives of the terms on the second line of the right-hand
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side of (4A.2) are equal to
4 3 4 3
2y Zf VAW, -9, ViWdx +2) Z/ Vi, . F® dx
b — b

k=1 a=1 k=1 a=1 !

3
+2¢* Z/ (7 (T W) VW - 8, VW, + VW0 - Fy ) + W0, W0 — WoW, W} dix.
a=1"7%

Combining these calculations, we deduce that

5 3
d —1\qy 2y (7—1 kg 12
E@@(r):ZZ/&(I Wo)* W/ (T~ W) | VAW, | dx

k=2 a=1
5 3 3

FLE Y [T s @ w0 @)V d
k=2 a=1b=1"%

5 3 3
+Y 3> /2 T30 (T o)W (T Wo) (W) | VR, |2 dx

k=2 a=1 b=1

5 3 3
S XY [ T @ b 9 ds
%

k=2 a=1 b=1

5 3
—222/ 7' (T W) (0, Wo) VAW, - VAW, dx
k=2 a=1" %

5 3
-2 > /2 I 22U (T~ o)W, ViU, - VAW, dx

k=2 a=1
5 3

+2ZZ/ T o (T W), VR, - VEU, dx
k=2 a=1" >

3
+2 Z/ Vi B dx +23 " | @ o) Vi, - FR dx +(4C.3).
k=2 ¥ > a=1"%

Integrating (4C.4) from time O to time ¢, we arrive at the desired identity (4C.2).

5. A priori estimates

125

4C.3)

4C4)

In this section, we use the data-size and bootstrap assumptions of Section 3 and the energy identities

of Section 4 to derive a priori estimates for solutions to (2B.1) and to the renormalized equations of

Proposition 2.5.

5A. Conventions for constants. In our estimates, the explicit constants C > 0 and ¢ > 0 are free to

vary from line to line. These explicit constants, and implicit ones as well, are allowed to depend on the

data-size parameters A and A*_l from Section 3A. However, the constants can be chosen to be independent
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of the parameters € and & whenever € and ¢ are sufficiently small relative to A~'and A, in the sense
described in Section 3C. For example, under our conventions, we have fi*_zs = O(e).

5B. Pointwise estimates tied to the integrating factor. In this subsection, we derive pointwise estimates
that are important for analyzing 7.

We start by deriving sharp estimates for Wy. The proof is based on separately considering regions
where 7 is small and 7 is large. In Lemma 5.2, we will use these estimates to derive further information
about the behavior of Wy in regions where Z is small (i.e., near the singularity), which is crucial for
closing the energy estimates.

Lemma 5.1 (pointwise estimates for Wy). Under the data-size assumptions of Section 3A, the bootstrap
assumptions of Section 3B, and the smallness assumptions of Section 3C, the following pointwise estimates
hold for (t, x) € [0, Tooy) x R*:

Wo(r, x) = Yo (x) + O(e), (5B.1)

where Wo(x) = Wy (0, x).
In addition,

Sl

< n%in Y. (5B.2)
Proof. We first prove (5B.1). We will show that |9, Wy (¢, x)| < &. Then from this estimate and the fundamen-
tal theorem of calculus, we obtain the desired bound (5B.1). To prove the bound |3, Wy(z, x)| < e, we first
consider points (¢, x) such that Z(¢, x) > % Then all factors of Z~! in the evolution equation (2B.6a) can
be bounded by < 1. For this reason, the desired bound follows as a straightforward consequence of (2B.6a),
the bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions of Section 2A on 7.

To finish the proof of (5B.1), it remains to show that |9, Wy(z, x)| < e at points (¢, x) such that
0<Z(t,x) < % From the bootstrap assumption (3B.4), we deduce that 1 < Wy(¢, x) at such points.
From this bound, the bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions of
Section 2A on #, we deduce the following bound for some factors on the right-hand side of (2B.6a) at

the spacetime points under consideration:
7@ o) = Wy @ W) (T )| S 1T o) (T W)l S 1.

With the help of this bound, the desired estimate |3, Wy (¢, x)| < € follows as a straightforward conse-
quence of (2B.6a), the bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions
of Section 2A on #. We have therefore proved (5B.1).

The bound (5B.2) then follows from (3A.1c) and (5B.1). O

In the next lemma, we derive sharp estimates for Z. The estimates are important for closing the energy
estimates up to the singularity and for precisely tying the vanishing of Z to the blowup of 9, .

Lemma 5.2 (crucial estimates for the integrating factor). Under the data-size assumptions of Section 3A,
the bootstrap assumptions of Section 3B, and the smallness assumptions of Section 3C, the following
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estimates hold for (¢, x) € [0, TBoor)) X R3:
I(t, x) = 1 =ty (x) + O(e), (5B.3a)
T,(t) =1 —tA, + O(), (5B.3b)

where \ilo (x) =Wo(0, x), Z, is defined in (2B.2), and A* > 0 is the data-size parameter from Definition 3.1.
Moreover, the following implications hold for (t, x) € [0, T(Boot)) X R3:

T(t, x) < L min{1, 4,} Yolt, %) (5B.4a)
o T I(t,x) ~ ‘
I, x) <3 = W, x) > A (5B.4b)
Finally, the following implications hold for (t, x) € [0, T(Boor)) X R3:
Wo(7, x) 3
U(,x) <0 = I, x)>1—-Ce and U(,x) <0 = 7. 0) > —3- (5B.5)
» X

Remark 5.3 (improvement of a bootstrap assumption). Note in particular that the estimate (5B.4b)
provides a strict improvement of the bootstrap assumption (3B.4).

Remark 5.4 (the significance of (5B.5)). Note that (5B.5) is a strict improvement of the bootstrap
assumption (3B.3) and that (5B.5) implies that —% <0, P(t, x) for (t, x) € [0, T(Boot)) X R3. In view of the
assumption (2A.1) for #, we conclude that on (¢, x) € [0, TBoor)) X R3, the wave speed {# (Z7 1wy} 1/?
is positive and uniformly bounded from above by a positive constant. In the rest of article, we often
silently use this fact. Note, however, that from (2A.4) with k = 0, it follows that the wave speed vanishes
when 9, ® — 0.

Proof. From (2B.1) and the estimate (5B.1), we deduce 9,Z(¢, x) = —\ilo()_c) + O(e). Integrating in time
and using the initial condition (2B.1), we find that Z(z, x) = 1 — t\i!o(g) + O(¢), which is (5B.3a).

Equation (5B.3b) follows as a simple consequence of (5B.3a) and definitions (2B.2) and (3A.2).

To prove (5B.4a), we first consider the case /i* > 1. From (5B.3a) and (5B.1), we deduce that
Z(t, x) = 1 —tWo(t, x) +O(e). It follows that if Z(z, x) < 1, then tWy(r, x) > 1. Since 0 <1 <24;' <2,
we deduce that Wy (¢, x)/Z(¢, x) > 1, which is the desired conclusion. Next, we consider the case A* < 1.
Using (5B.3a) and (5B.1), we deduce that Z(¢, x) =1 —tWy(¢, x) + O(¢e). It follows that if Z(¢, x) < }—‘fi*,

then tWo(t,x) > 1 — %/i*. Since 0 <t < 215*_1, we deduce that

\IIO(t’E) - 2{1 _

Al =2—A4,,
I(t,x) — /) *

which, in view of our assumption A, <1,is > 1. This completes our proof of (5B.4a).

The implication (5B.4b) can be proved using arguments similar to the ones that we used to prove
(5B.4a), and we therefore omit the details.

Next, we note that when Wy (¢, x) <0, the estimate Z(¢, x) = 1 —t Wy (t, x) + O(¢e) proved above implies
that Z(¢, x) > 1 — Ce, which yields the first implication stated in (5B.5). To obtain the second implication
stated in (5B.5), we use the first implication and the estimate (5B.2). [l
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In the next lemma, we derive some simple pointwise estimates showing that the spatial derivatives of
7 up to top order can be controlled in terms of the spatial derivatives of {W,},=1.2 3.

Lemma 5.5 (estimates for the derivatives of the integrating factor). Under the data-size assumptions of
Section 3A, the bootstrap assumptions of Section 3B, and the smallness assumptions of Section 3C, the
following pointwise estimates hold for (t, x) € [0, T(Boor)) X R3:

3 3
IVII S Y 1Wal + Y 1l (5B.6a)
a=1 a=1
Moreover, for2 < k < 6, the following estimate holds:

3 3 3
VKIS Y IV [+ 0 VI 46 Y (. (5B.6b)
a=1

a=1 a=1

Finally, the following estimate holds for t € [0, TBoor)):
IVIIT )| s, Se. (5B.7)

Proof. The estimate (5B.6a) is straightforward consequence of (2B.4) and the bootstrap assumptions.
Similarly, the estimate (5B.6b) is straightforward to derive via induction in k with the help of (2B.4), the
bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1). Inequality (5B.7) then follows
from (5B.6a)-(5B.6b), the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1). ]

5C. Pointwise estimates involving the weight. In the next lemma, we derive precise pointwise estimates
for quantities that involve the weight function #. The detailed information is important for closing
the energy estimates and for showing that the spatial derivatives of # = #/(3,®) = # (I~' W) are
controllable. Some of the analysis is delicate in that 9, ® and its derivatives are allowed to be arbitrarily
large (i.e., the estimates hold uniformly, arbitrarily close to the singularity).

Lemma 5.6 (pointwise estimates involving the weight #'). Let 1 (0<T=(1/4) min{1, 4.} be the characteristic
function of the spacetime subset {(t, X) | 0<Z(t,x) < % min{1, A*}}. Under the data-size assumptions
of Section 3A, the bootstrap assumptions of Section 3B, and the smallness assumptions of Section 3C, the
following pointwise estimates hold for (t, x) € [0, T(Boot)) X R3:

7T W) S, (5C.1a)
IV @ YN S e _z= 1 aymingr AT 1V @ WOV + (/@ )} (5C.1b)
<e. (5C.1¢)

In addition, for2 <k <5, the following estimates hold:
3 3
IV (@ o)} S IV 4+ Y IV, 4 T vER, . (5C2)

a=1 a=1
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Furthermore, the following estimates hold:

' (T "W0) S Vg2 yaymingt AT 17 (T W)} 4+ (7 (T W)} V2 (5C.3a)
<. (5C.3b)

Moreover, for 1 <k <5, the following estimates hold.:

3 3
IVHZ ' @ W)} S IV 4 Y VR, 4 T vER, (5C.4)

a=1 a=1
Finally, for 0 < P <2, the following estimates hold:
2720 (T W0) + Vg ezt jayming1. Ay 17 T W) || S #/(T7 1 Wy, (5C.52)
Z= P (@ ') < 1. (5C.5b)

Proof. Throughout this proof, we set

B Wt x)
y=y(t, x):= IG.x)

Also, we silently use the observations of Remark 5.4.

Proof of (5C.1a): This bound is a trivial consequence of our assumption (2A.4) on 7.

Proof of (5C.1b) and (5C.1c): We first prove (5C.1b) at spacetime points (¢, x) such that Z(¢, x) >

}1 min{1, A,}. This is the easy case because Z~' < 4 max{l, fi;l} < C, and we therefore do not have to

concern ourselves with the possibility of small denominators. Specifically, using the identity (2B.4), the
bootstrap assumptions, the data-size assumptions (3A.1a), and the assumptions of Section 2A, we deduce
that when Z(¢, x) > ‘—ltmin{l, fi*}, we have

3 3
IV (T W) S IVl + ) [Wal + ) 1| Se. (5C.6)
a=1 a=1
Next, we use the bootstrap assumptions and the assumptions of Section 2A on 7, including the uniform
positivity and boundedness of % (y) on intervals of the form y € [—%, C ], to obtain

-1 -1 12
L7 yayming1 Ay <~ 7 (T Vo) ST W)} /2,

It follows that the right-hand side of (5C.6) is < the second term on the right-hand side of (5C.1b) as
desired.

We now prove (5C.1b) at points (¢, x) such that 0 < Z(z, x) < %min{l, ALl Along the way, we will
prove some additional estimates that we will use later on. We start by defining the following weighted
differential operator, which acts on functions f = f(y): Dy f := yZ% f. Note that the chain rule implies

VH# (y) =—Dy# (V. (5C.7)
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We therefore inductively deduce that, for 1 <k <5, we have

k n
|W<y>|,§Z|DW<y>|{ > H|ka<y—‘>|}. (5C.8)
n=1 >0 ki=k i=1
ki>1

The case k = 1 in (5C.8) yields |[V# (Z~'W)| < (Z~'Wo)>|#"(Z~"Wp)||V{ZW¥,'}|. Also using the
identity (2B.4), the bootstrap assumptions, the data-size assumptions (3A.1a), (3C.1), the assumptions of
Section 2A, and the crucially important estimate (5B.4b) (which implies that W’ ! < 1), we deduce that
when Z(¢, x) < %min{l, /i*}, we have |V{I\IIO_1}| < ¢ and thus

IV (T W0)| S 6@ W) |7 (T Wo)| S el(@ ' Wo)? 17T W) |}/

Selz 2@ g2, (5C.9)
which is < the first term on the right-hand side of (5C.1b) as desired. This finishes the proof of (5C.1b).
We clarify that to derive the next-to-last inequality in (5C.9), in which we bounded (Z~'Wg)?|#"(Z~'Wy)|
by its square root, we used (2A.4) to deduce y?|#"'(y)| < 1.

We now prove (5C.1c). From Remark 5.4, the assumptions of Section 2A on #/, and (5B.4b), we
deduce that

2 —1 1/2 2.2 —1 1/2
1{0<1§(1/4)min{1,/i*}}{z 7' (Z™ o)} ?s 1{0<I§(1/4)min{1,fi*}}{(z ‘I’o)V//(I o)} /
1 (5C.10)

AN

and that {# (Z~'Wg)}!/? < 1. That is, the non-¢ factors on the right-hand side of (5C.1b) are < 1. This
yields (5C.1c).

Proof of (5C.2): The proof is similar to that of (5C.1b), but slightly simpler. Note that k € [2, 5] by
assumption in this estimate. We first prove the estimate at points (¢, x) such that Z(z, x) > %min{l, fi*}.
This is the easy case because 77! < 4 max{1, fi;]} < C, and we therefore do not have to concern
ourselves with the possibility of small denominators. Specifically, using the identity (2B.4), the bootstrap
assumptions, the data-size assumptions (3A.1a), (3C.1), and the assumptions of Section 2A, we deduce
that when Z(¢, x) > }1 min{1, fi*}, we have

3 3
(VR (@ Wo)) | S IV 4+ IV, [+ DIV, (5C.11)
a=1 a=1
which is < the right-hand side of (5C.2) as desired.

It remains for us to prove (5C.2) at points (¢, x) such that 0 < Z(¢, x) < }l min{1, fi*}. Note that the
estimate (5C.8) holds and that by (2A.4) and Remark 5.4, we have the following bound?® for the factors
of Dy# (y) on the right-hand side of (5C.8): | Dy 7/ (y)| < 1. From this bound, (5C.8), the bootstrap
assumptions, and the data-size assumptions (3A.1a), we see that the desired bound (5C.2) will follow

261 obtaining this bound, it is helpful to note that Dy f = — d% f, where z:=1/y.
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once we show that the following bound holds when 2 < k <5 and Z(t, x) < }L min{1, /i*}:

3 3
VKGOS IV 4+ Y IVl |+ ) 0 [V, (5C.12)
a=1 a=1
To prove (5C.12), we first note that (5B.4b) implies that 1 < Wy (¢, x) in the present context. Thus, the
left-hand side of (5C.11), which is equal to V(T /Wo)|, is the k-th derivative of a ratio with a denominator
uniformly bounded from below away from 0, and the desired estimate (5C.2) follows as a straightforward
consequence of the identity (2B.4), the data-size assumptions (3A.1a), and the bootstrap assumptions.

Proof of (5C.3a), (5C.3b), and (5C.4): These estimates can be proved using arguments similar to the ones

we used to prove (5C.1b) and (5C.2), based on separately considering the cases Z(¢, x) > }f min{1, fi*} and
0<Z(t,x)< ‘l‘ min{1, A*} and using the assumptions of Section 2A. We omit the details, noting only that
we can write Z~ '/ (271 = 12y 1y7/ (y) and that the assumptions of Section 2A (especially (2A.5)),
(5B.4a), (5B.4b), and Remark 5.4 imply that we have the following key estimates, relevant for the more
difficult case 0 < Z(t, x) < 1 min{1, A,}:

-1 2 1/2
1{0<I§(1/4) min{l,;‘i*}}{qj() YW()’)} S 1{0<I§(1/4) min{l,,&*}}{y |W/(y)|} /
-2 1/2
S Vocr</mymngt AptZ 17" DM / (5C.13)
and, forn <5, |[D}(y# (y))| S 1 (footnote 26 is also relevant for obtaining this latter bound).

Proof of (5C.5a): We first note that by (2A.6) and (5B.4a), we have %’ (') <0 at points (¢, x) such
that Z(t, x) < }‘min{l, fi*}. From this fact and the identity 1 = 1{I>(1/4) min{1.A,}) + 1{0<I§(1/4) min{1.4,))°
it follows that

LHS (5C.52) = 17 (1 /gy ming1. T (T 0)]
1 r—1
S ymmini g7 @ 9ol (5C.14)

Also using the bound |#(y)| < 1, which is a simple consequence of (2A.4), we find that the left-hand side
of (5C.52) is S 1;7. (1 /4y min(1.4,))- Next, we recall the estimate 1,7 1 14y min(1.4,)) W (I~1W) that we
derived in our proof of (5C.1b). Combining the above estimates, we conclude the desired bound (5C.5a).

Proof of (5C.5b): We first prove (5C.5b) at points (¢, x) such that Z(z, x) > ‘l‘min{l, fi*}. Using the
bootstrap assumptions and the assumptions of Section 2A on #/, we deduce, in view of Remark 5.4, that
IZ=Pw (T W) | < |7 (Z7'Wy)| < 1 as desired.

It remains for us to prove (5C.5b) at points (¢, x) such that 0 < Z(z, x) < 3—1 min{1, /i*}. Using (5B.4b),
we see that 1 < Wy (¢, x) at such points, and it follows that |Z=F %/ (Z= W) | < (7' W}/ (T Wy)|.
Using the assumptions of Section 2A on #  and the assumption P € [0, 2], we deduce, in view of
Remark 5.4, that the right-hand side of the previous expression is < 1 as desired. This finishes the proof
of (5C.5b) and completes the proof of the lemma. ]

5D. Pointwise estimates for the inhomogeneous terms in the commuted evolution equations. With the
estimates of Lemma 5.6 in hand, we are now ready to derive pointwise estimates for the inhomogeneous
terms in the V¥-commuted evolution equations.
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Lemma 5.7 (pointwise estimates for the inhomogeneous terms in the V¥-commuted evolution equations).
Let T be as in Definition 2.1, and let {V,}y=0.1,2.3 be a solution to the system (2B.6a)—(2B.6b). Consider
the following inhomogeneous PDE system,>” obtained by commuting (2B.6a)—(2B.6b) with V*:

3
3V W = (T W) Y 0, VF W, + Y, (5D.1a)
a=1
3, VEW; = 3, VEwy + FY. (5D.1b)

Under the data-size assumptions of Section 3A, the bootstrap assumptions of Section 3B, and the smallness
assumptions of Section 3C, fork =2,3,4,5 and (t, x) € [0, TBoot)) X R3, the following estimate holds:
3
k — _
Fs 1 S el VPG + e 7y mingr. Ay D L1 (T o) )2 VR, |

a=1
3 3 3 3
e ) (@ W)Y VIR + ) IV, 462 T, 4+ ) D [VER,L. (5D.2)
a=1 a=1 a=1 a=1

Moreover, fork =0,1, 2,3, 4, the following estimate holds:

3 3 3 3
|Fo” SelVERwo + 3 VI 62 ) Wl + e Y [Wal + ) IV (5D.3)
absent ifk <1 a=l a=1 a=1 a=1

absent if k =0 absent ifk =0  absent ifk > 1
Finally, fork =0, 1,2, 3,4, 5, the following estimate holds:

3 3
Y IERIS VP + ) 1 vERG, . (5D.4)
a=l1 absent if k =0, 1 a=1

Proof. The estimate (5D.4) follows in a straightforward fashion from commuting (2B.6b) with Vk and
using the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1).

To prove (5D.2), we first commute (2B.6a) with V¥ to obtain (5D.1a). The only products in Fo(k) that are
difficult to bound are those that feature a factor in which k total derivatives fall on ¥,, specifically the prod-
ucts Y2 (VI# (T W)}, VE 1, SO T (T W)W, VA, and Y _, # (T W) b, ViU,
To bound the first of these, we use the estimate (5C.1b), which implies that the product is bounded by the
sum of the second and third terms on the right-hand side of (5D.2) as desired. To handle the second and
third products, we use (5C.1a), (5C.3a), the bootstrap assumptions, the data-size assumptions (3A.1a),
and (3C.1) to bound them in magnitude by

3 3

S eligzemnt dn DT 2 @ WAV e Yo @ 0} VR

a=1 a=1
which is in turn bounded by the sum of the second and third terms on the right-hand side of (5D.2) as
desired. The remaining terms in Fék) feature < k — 1 derivatives of W,. These terms can easily seen to

2TWe do not bother to state the precise form of the inhomogeneous terms Fo(,k) here.
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be < the right-hand side of (5D.2) with the help of the estimates (5C.1a), (5C.1c), (5C.2), (5C.3b), and
(5C.4), the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1).

The estimate (5D.3) is easier to prove and can be obtained in a similar fashion with the help of the
estimates (5C.1a), (5C.1c), (5C.2), (5C.3b), (5C.4), the bootstrap assumptions, the data-size assumptions
(3A.1a), and (3C.1). [l

5E. The main a priori estimates. We now derive the main result of this section: a priori estimates that
hold up to top order and that in particular yield a strict improvement of the bootstrap assumptions. These
are the main ingredients in the proof of our main theorem.

Proposition 5.8 (the main a priori estimates). Let Z be the integrating factor from Definition 2.1, and let
1 {0<T<(1/4) min{1, 4, }} be the characteristic function of the spacetime subset

{(t,x) |0 <Z(t, x) < L min{1, A,}}.

There exists a constant C > 0 such that under the data-size assumptions of Section 3A, the bootstrap
assumptions of Section 3B, and the smallness assumptions of Section 3C, for solutions {W,}y=0.1,2.3 to the
system (2B.6a)—(2B.6b), the L>-controlling quantity Qe) of Definition 4.2 satisfies the following estimate

fort [0, T(Boot)):

5 3
Qe () + %ﬁii Z Z/

k=2a=1""

WAL @ W) Vi, P dxds < C&. (SE.D)

t

1 - .
o ‘/;:x {0<Z<(1/4) min
In addition the following estimates hold for t € [0, Tgoor)) andi =1, 2, 3:

&l Yol 725, + IV Woll 335, < CE, (SE.2a)
ENB Wil T2 g, + 1V Wil 5, < CE. (SE.2b)

Moreover, 1 satisfies the following estimate for t € [0, T(Boor)):

ENVIIag, + IV g,
t
+/ O/Z Loz aymingt i Z 17 @' Wo)[ VoI dx ds < C€. (SE.3)
§= s

Finally, we have the following estimates for t € [0, T(Boot)), Which in particular yield strict improvements
of the bootstrap assumptions (3B.5a)—(3B.5d) whenever C¢é < ¢:

Wl (s, < A + Cé€, (5E.4a)
IV || s,y < CE, (SE.4b)
V=20 || oo,y < CE, (5E.4c)
IZll s,y < 14241 A4 Cé, (5E.4d)

VI3 oo (s, < CE. (5E.4e)
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Proof. Proof of (SE.1): The main step is to derive the following estimate:

5 3
@(é)(t)"'l_leAiZZ/ 0/2 1{0<I§(1/4)min{l,,&*}}I_zlyﬂ/(I_l\IJO)l|vklpa|2d)—C ds
§= s

k=2 a=1
5 3
5C82+C822/ 0_/2 1{0<I§(1/4)min{l,ﬁ*}}z_zwﬂ/(z_l‘%”|Vk\pa|2d)—6ds
k=2 a=1"3=0 Y %s !
+C Qe (s)ds. (SE.S5)
s=0

Once we have shown (5E.5), we can absorb the second term on the right-hand side of (5E.5) into the
second term on the left-hand side of (5E.5), which, for ¢ sufficiently small, at most reduces the coefficient
of %Ai in front of the second term on the left to the value of %ﬁi, as is stated on the left-hand side of
(5E.1). We then use Gronwall’s inequality and the assumption O <t < T(Boot) < Zfi;l to conclude that
the left-hand side of (SE.1) is < C exp(Ct)é> < C exp(Cfi;l)é2 < Cé&? as desired.

To prove (5E.5), we must bound the terms on the right-hand side of (4C.2). As a first step, we note
the following bound for the first term on the right-hand side of (4C.2): Q) (0) < C €2, an estimate that
follows as a straightforward consequence of definition (4A.2), the data-size assumptions (3A.1a)—(3A.1c),
the initial condition Z|x, = 1 stated in (2B.1), and the assumptions of Section 2A on #'.

Next, we treat the spacetime integral on the first line of the right-hand side of (4C.2). Using (5B.4b),
(5C.5a), and the bootstrap assumption (3B.5a) for || W[ L= (x,), we can express the integral as the negative

integral
5 3

t
_ZZ_/ 0/2 1{0<I§(1/4)min{l,fi*}}(I_I‘IIO)ZW///(I_I\IJ())||Vk\11a|2d)_cds,
k=2 a=1"75=07%s

which is bounded from above by the negative “favorable integral”

1 82 —2 —1 k 2
_EA*ZZ/ OL Locz=q/mming. a7 @ WIIV W, [P dx ds,
k=2 a=1 §= s

plus an error integral that is bounded in magnitude by

t

5 3
522/ W (T~ W) | VEW, |2 dx ds.

k=2 a=1"Y5=0%s

We can therefore bring the favorable integral over to the left-hand side of (5E.5), where it appears with a
“4” sign. Moreover, from Definition 4.2, we deduce that the error integral is bounded by the last term on
the right-hand side of (5E.5) as desired.

We now bound the spacetime integrals on lines two to four of the right-hand side of (4C.2). Using
the estimate (5C.5b), the bootstrap assumptions, the data-size assumptions (3A.1a), and (3C.1), we
deduce that all three integrands are bounded in magnitude by < Y7_, S0 _, #/(Z~' W) | V¥ W, |2. From
Definition 4.2, we conclude that the corresponding error integrals are bounded by the last term on the
right-hand side of (5E.5) as desired. Using similar reasoning and Young’s inequality, we bound the last
two spacetime integrals on the right-hand side of (4C.2) by < the right-hand side of (SE.5) as desired.
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We now bound the spacetime integrals on lines five to seven of the right-hand side of (4C.2). Using
the estimates (5C.5a) and (5C.5b), the bootstrap assumptions, the data-size assumptions (3A.1a), (3C.1),
and Young’s inequality, we deduce that all three integrands are bounded in magnitude by

5 3 5 3 5
Selzeqmmint Ay 2 DL W @ W) [VEW P e Y S (T W) | VAW, P4 ) VR
k=2 a=1 k=2 a=1 k=2
Appealing to Definition 4.2, we conclude that the corresponding error integrals are bounded in magnitude
by < the right-hand side of (5E.5) as desired.

We now bound the spacetime integral on line eight of the right-hand side of (4C.2), in which the
integrand is 222 1 ZZ 1Vk - 8, VKW,. Using Young’s inequality, we bound this integrand by
S|V 2 4373 vty |2 From Definition 4.2, we conclude that the integral of the right-hand
side of this express1on over the spacetime domain (s, x) € [0, ] x R3 is bounded by the last term on the
right-hand side of (5E.5) as desired.

We now bound the first spacetime integral on line nine of the right-hand side of (4C.2), in which the
integrand is 2 2222 Vi, - Fo(k). Using Young’s inequality, (5D.2), and (3C.1), we pointwise bound this
integrand in magnitude by

3
SIVEINGP 4616 sy aymingr oy DL 17 @ W)l V2, P

a=1

+ ZV/(I o) V2, 2 + Z (VI 12 4 &3 Z W, |2 + Z V=34, 2. (5E.6)

a=1 a=1 a=1
From Definition 4.2 and the data-size assumptions (3A.1a), we conclude that the integral of the right-hand
side of (5E.6) over the spacetime domain (s, x) € [0, ¢] x R3 is < the right-hand side of (SE.5) as desired.

We now bound the second spacetime integral on line nine of the right-hand side of (4C.2), in which
the integrand is 2 3"3_, S°3_, #/ (T~ W) V¥, - FM. Using Young’s inequality, (5C.1a), and (5D.4),
we pointwise bound this integrand in magnitude by < |V[Z31Wg|? 4+ 22:1 W (I~ W) | V2T, |2 +
22:1 V=3 li’a|2. From Definition 4.2 and the data-size assumptions (3A.1a), we conclude that the
integral of the right-hand side of this expression over the spacetime domain (s, x) € [0, 1] x R3 is < the
right-hand side of (5E.5) as desired.

We now bound the spacetime integral on line ten of the right-hand side of (4C.2), in which the integrand
is 2 Zi 1 Zz 1 vkw, . F, @ Using Young’s inequality and (5D.4), we pointwise bound this integrand in
magnitude by < |VIZ24y,|2 + Za LIV, 124 Z V<4\P |. From Definition 4.2 and the data-size
assumptions (3A.1a), we conclude that the integral of the right-hand side of this expression over the
spacetime domain (s, x) € [0, ] x R3 is < the right-hand side of (5E.5) as desired.

We now bound the first spacetime integral on line eleven of the right-hand side of (4C.2), in which the
integrand is 2&3%/ (' W) VW, - Y2 _, 9,V¥,. Using the estimate (5C.1a) and Young’s inequality, we
bound this integrand by < &3|VWy|? + 22:1 |V2W,|2. From Definition 4.2, we conclude that the integral
of the right-hand side of this expression over the spacetime domain (s, x) € [0, ] x R? is bounded by the
last term on the right-hand side of (SE.5) as desired.
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Finally, we bound the second spacetime integral on line eleven of the right-hand side of (4C.2), in
which the integrand is 23V - Fél). Using Young’s inequality and (5D.3), we pointwise bound this
integrand in magnitude by

3 3 3
SEVHL+ DIV +E D WP+ > [V, (5E.7)

a=1 a=1 a=1

From Definition 4.2 and the data-size assumptions (3A.1a), we conclude that the integral of the right-hand
side of (SE.7) over the spacetime domain (s, x) € [0, #] x R? is < the right-hand side of (5E.5) as desired.
This completes our proof of (5E.5) and therefore finishes the proof of (SE.1).

Proof of (5E.4b) and (5E.4c): In view of Definition 4.2, we see that the estimates ||V[2’3] Yollros) S €
and || VIN2, | Lo (s,) < € follow from (5E.1) and Sobolev embedding H?(R?) — L*(R?). To bound
(VW L(x,), we first use (5SD.1a), the bootstrap assumptions, the data-size assumptions (3A.1a), the
estimates (5C.1a) and (5D.3), inequality (3C.1), and the already-proven bound | VL2, lLo(s,) S € to
obtain |9, VWp| < g24¢ +Zc31=l |VIL2hy, | < é. From this bound, the fundamental theorem of calculus, and
the data-size assumptions (3A.1a), we find that |[VWg| < € +f;=0 éds S é. This implies ||VWo| o) SE,
which completes the proof of (5E.4b). Similarly, from (2B.6b), the bootstrap assumptions, the data-size
assumptions (3A.la), and the already-proven bound [|[VW¥||r=(x,) < €, we deduce Z?;:l [0, W, < €.
From this bound, the fundamental theorem of calculus, and the data-size assumption (3A.1a), we find
that 22:1 |V, | < é, which implies 22:1 [WallL(s,) S €, thereby completing the proof of (S5E.4c).

Proof of (5E.4a): We first use (2B.6a), the estimates (5C.1a) and (5C.3b), the bootstrap assumptions, the
data-size assumptions (3A.1a), and the already-proven bound || V='W || 1 (x,) < € to obtain |3, Wy| < €.

From this bound, the fundamental theorem of calculus, the data-size assumption (3A.1b), and the fact that
0 <1 <2A!, we find that | W | s,y < [[Woll Lo (x,) +CE < A + CE, which is the desired bound (5E.4a).

Proof of (5E.4d) and (5E.4e): We repeat the proof of (5B.3a), but using the bootstrap assumption (3B.5d)
and the estimates (5SE.4a)—(5E.4c) instead of using the full set of bootstrap assumptions. We find that
I, x)=1— t‘i’o(gc) + O(é). From this estimate, the fact that 0 <7 < 214;1, and the data-size assumption
(3A.1b), we conclude the desired bound (5E.4d). Similarly, to prove (S5E.4e), we repeat the proof of
(5B.7), but using the estimates (5E.4a)—(5E.4d) instead of the bootstrap assumptions.

Proof of (5E.3): The estimate (5E.3) follows as a straightforward consequence of the pointwise estimates
(5B.6a)—(5B.6b), the weight estimate (5C.5b), the energy estimate (5E.1), and the data-size assumptions
(3A.1a).

Proof of (5E.2a) and (5E.2b): To prove (5E.2a), we first use (5D.1a) and the estimate (5C.1a) to deduce
that

o 2 2
€ ||8t\p0||L2(Et) + ” vatlpo ||H3(E,)

5 3 3 4
_ o 0 k
SO Y M @Y PV s+ D IVl FENF sy + D N 22y, (SE8)
k=2 a=1 a=1 k=1
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Next, we recall that the already-proven estimates (SE.4a)—(5E.4d) imply that the bootstrap assumptions
(3B.52)—(3B.5d) hold with Cé€ in place of ¢. It follows that the pointwise estimate (5D.3) holds with Cé
in place of . From this fact, Definition 4.2, the energy estimate (5E.1), and the data-size assumptions
(3A.1a), we deduce that the right-hand side of (5E.8) is < €2, which is the desired bound (5E.2a).

The estimate (SE.2b) can be proved using similar arguments based on the evolution equation (5D.1b)
and the pointwise estimate (5D.4), and we omit the details. O

6. Local well-posedness and continuation criteria

In this section, we provide a proposition that yields standard well-posedness results and continuation
criteria pertaining to the quantities {dy P}y=0.1,2.3, Z, and {¥y}4=0.1,2.3-

Proposition 6.1. Let N > 3 be an integer and let (3;®|s,, 3 ®|x,, 2 P|x5,, 03P|5,) = (Wo, ¥y, ¥a, U3)
be initial data for the wave equation (1B.1a) satisfying \ifa e HY(R?),a =0, 1,2, 3, and with d; \ilj =9; \ili
fori, j=1,2,3 (see Remark 1.1). Let H := (—% oo) denote the regime of hyperbolicity, and note that
the following holds: (1B.1a) is a nondegenerate®® wave equation at points (¢, x) such that 9, ®(t, x) € H
(see (2A.1) for justification of this assertion). Assume that \ilo([R{3 ) is contained in a compact subset K
of H. Let T, I,, and {Wy}o=0.1,2.3 be the quantities defined in Definitions 2.1 and 2.3. Then there exist a
compact set R of H containing R in its interior and a time T > 0, depending on K and ZZ:O A HN
such that a unique® classical solution to (1B.1a) exists on [0, T) x R3, such that 3,®([0, T) x R?) C &,
and such that the following regularity properties hold for« =0, 1, 2, 3:

3, ® € C(0,T), HM). (6.1)

In addition, the solution depends continuously on the data.

Let T(Lifespan) be the supremum of all times T > O such that the classical solution to (1B.1a) exists on
[0, T) x R3 and satisfies the above properties. Then either T(Lifespan) = 00, 0F T(Lifespan) < 00 and one of
the following two breakdown scenarios must occur:

(1) There exists a sequence of points {(t,, Xn)}oo | C [0, T(Lifespan)) X R3 such that 3, (1,, Xn) escapes

n=1
every compact subset of H as n — o0.

) 1imlTT(Lifespan) SUD (0,1 Zz:() [l 0 a,CDHLOO(ZS) = 00.
Moreover, on [0, T(Lifespan)) X R3, 7 and {\, }a=0.1,2.3 are classical solutions to (2B.1) and (2B.6a)—
(2B.6b) such that
T —1€C(0, Twitespan))- HNT'RY), Wy € C0, Tititespan) HY (RY)). (6.2)
Finally, the quantity T, defined in (2B.2) satisfies the following estimates:

0 <Z,(t) <o fort €0, TiLifespan))- (6.3)

28By nondegenerate, we mean that relative to the Cartesian coordinates, the 4 x 4 matrix of components g,g has signature
(=, +,+, +), where g := —dt? + 1/(# (3; D)) 22:1 (dx%)? is the metric corresponding to (1B.1a).

29More precisely, @ is uniquely determined only up to a constant when only its first derivatives along ¥ are prescribed; see
Remark 1.1.
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Proof. The statements concerning ® are standard and can be proved using the ideas found, for example,
in [Speck 2008].

Next, we note that the evolution equation plus the initial condition for Z stated in (2B.1), the fact that
Z(t,-) — 1 is compactly supported in space (see Remark 3.3), and the fact that

& D € C([0, TiLitespan))s H" (R*)) C C ([0, T(tifespan))> C' (R))

(i.e., (6.1)) can be used to deduce (6.3). Similarly, from (2B.1), the identity (2B.4), the definition
W, := 70, P (see Definition 2.3), (6.1), and the standard Sobolev—Moser calculus, it is straightforward to
deduce (6.2). O

7. The main theorem

In this section, we state and prove our main stable blowup-result.

Theorem 7.1 (stable ODE-type blowup). Assume that the weight function W appearing in the wave
equation (1B.1a) satisfies the assumptions stated in Section 2A. Consider compactly supported initial data
(3 D5y, 1 Pxy, 2P|xy, B3P 5,) = (o, Uy, Uy, W3) for the wave equation (1B.1a) with ;¥; = 3,
fori, j=1,2,3 (see Remark 1.1) that satisfy the data-size assumptions (3A.1a)—(3A.1c) involving the
parameters € and fi, and let A* be the data-size parameter defined in (3A.2). Let Z, I, and {Vy}a=0.1.2.3
be the quantities defined in Definitions 2.1 and 2.3. We define

T(Lifespan) := sup{t > 0| {0, P}o=0,1,2,3 exist classically on [0, 1) x R3}. (7.1)

Ifé >0, A> 0, and fi* > 0, and if € is small relative to A and fi* in the sense explained in Section 3C,
then the following conclusions hold.

o Characterization of the solution’s classical lifespan: The solution’s classical lifespan is characterized
by Z, as follows:

T(Lifespan) = sup{t > 0 | dnf Z.(s) > 0}. (7.2)
Moreover,
Z(t,x) > 0 for (t,x) € [0, Tiwitespan) X R, (7.32)
lim Z.(t) =0. (7.3b)
11 T Lifespan)
In addition, the following estimate holds:
Tititespany = Ay {1+ O()). (7.4)

* Regularity properties of Wy and I on [0, T(Lifespan)) X R3: On the slab [0, T{Lifespan)) X R3, the solution

satisfies the energy bounds (SE.1)—(5E.3), the L™ estimates (SE.4a)—(SE.4e), (5B.1)-(5B.2), and (5B.3a)-

(5B.5) (with Cé€ on the right-hand side in place of ¢ in these equations). Moreover, {Wy}y—0.12.3 and
enjoy the following regularity:

Wo € C([0, Titespan))s H(®) N LX((0, Titespan)), H (RY)), (7.52)

W; € C(I0, Tawitespan), H(R*) N LO([0, Tiwitespany), H* (R)), (7.5b)

T —1¢€C0, Twitespan)> H°(R?) N LP([0, Tiwitespany), H> (R)). (7.5¢)
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* Regularity properties of Wy and T on [0, T(ifespan)] X R3: W, and T do not blow up at time T(Lifespan)»
but rather continuously extend to [0, T(Lifespan)| ¥ R3 as functions that enjoy the following regularity,
where N is any real number with N < 5:

Wy € L0, Tiwitespam 1, H> (RY)) N C ([0, TiLitespany 1, HY (R)), (7.62)
W; € C([0, Tiwitespany]> H*(R?)), (7.6b)
T —1 € C([0, Tifespan 1, H>(R?)). (7.6¢)

e Description of the vanishing of T and the blowup of 3;®: For (t, x) € [0, TLifespan)) X R3, we have

A,
I(t,x)<i = 8o, x)> . 7.7
(t,x) <z P ( _)_4I(t,)_c) (7.7)
Let
Bl
ET(S:::;) = {(T(Lifespan)7 x)|Z (T(Lifespan)a x) = 0}. (7.8)
. Bl
Then lf (T(Lifespan), X ) S ZT(S:::E“), we have30
lim 0,®(¢, x) = oo. (7.9)
IT T(Lifespan)

Finally, if (T(Lifespan), X) ¢ E?:S:ii)’ then there exists an open ball B, C R3 centered at x such that,

fora=0,1,2,3, we have 3, P € C([0, TLifespan)], HS(BE)).
Proof. Let C, > 1 be a constant; we will enlarge C, as needed throughout the proof. Let Tinmax) be the
supremum of the set of real numbers T with 0 < T < 215;1 such that the following properties hold:

e {0y P}y=0.1.2.3 1s a classical solution to (1B.1a) on [0, T') x R3 (see Remark 1.1) satisfying the properties
stated in Proposition 6.1 (with N =5 in the proposition).

« 7 is a classical solution to (2B.1) on [0, T') x R? satisfying the properties stated in Proposition 6.1 (with
N =5 in the proposition).

e {Wy}y=0.1,23 are classical solutions to (2B.6a)—(2B.6b) for (¢, x) € [0, T) x R3 such that the properties
stated in Proposition 6.1 hold (with N =5 in the proposition).

« The bootstrap assumptions (3B.3) and (3B.4) hold for (¢, x) € [0, T) x R>.
o The L bootstrap assumptions (3B.5a)—(3B.5d) hold for # € [0, T) with ¢ := C,é€.

o inf{Z,(t) | t € [0, T)} > 0, where Z, is defined in (2B.2). Note that this implies that the bootstrap
assumption (3B.2) holds for ¢ € [0, T').

Throughout the rest of the proof, we will assume that € is sufficiently small and that C, is sufficiently
large without explicitly mentioning it every time. Next, we note that the hypotheses of Proposition 6.1
hold with N = 5. Hence, by Proposition 6.1 and Sobolev embedding, we have T(mvax) > 0.

30See also Remark 1.5 concerning the blowup of @ itself, if initial data for & itself are prescribed.
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We will now show that Tivax) = T(Lifespan)> Where T{Lifespan) 1 defined by (7.1). We first note that
clearly, Timax) < T{(Lifespan)- T0 proceed, we assume for the sake of deriving a contradiction that

inf  Z,(s) > 0. (7.10)

s€[0, Timax))

Then, in view of Definitions 2.1 and 2.3, (2B.6a)—(2B.6b), the bootstrap assumptions, the assumptions of
Section 2A on #, the data-size assumptions (3A.1a), and (3C.1), we see that (7.10) implies

3
lim  sup {HatCDHLw():X) +) ||aaath||L°C(ZX)} < o0.
M Tmax) 5€0,1) s

Also taking into account Remark 5.4, we see that neither of the two breakdown scenarios of Proposition 6.1
occur on [0, Tovay) X R Moreover, by Proposition 5.8, if C, is large enough, then the bootstrap
assumption inequalities (3B.5a)—(3B.5d) hold in a strict sense (that is, with “<” replaced by “<’’) on
[0, Timax)) X R3. Moreover, all estimates proved prior to Proposition 5.8 hold with ¢ replaced by Cé,
and we will use this fact in the rest of the proof without mentioning it again. Furthermore, (5B.5)
and (5B.4b) respectively yield strict improvements of the bootstrap assumptions (3B.3) and (3B.4) for
(,x) € [0, Tomax) X R3. Next, we note that the estimate (5B.3b) implies that Z,(¢) cannot remain
positive for ¢ larger than fi;l{l + O(é)}. From this fact, it follows that Tipax) < 215;1. Combining these
facts and appealing to Proposition 6.1, we deduce that {0y, ®}y=0,1.2.3, {Ws}e=01,2.3, and Z extend as
classical solutions to a region of the form [0, Tmax) + A) X R3 for some A > 0 with Tovax) + A < 215;1
(on which these variables enjoy the regularity properties guaranteed by Proposition 6.1), such that
infse(0, Toyuy+4) Z«(s) > 0, and such that the bootstrap assumptions (3B.3)—(3B.5d) hold for (7, x) €
[0, Tmax) + A) x R3. In total, this contradicts the definition of Tmax). Therefore, (7.10) is impossible,
and it follows that

Tovax) = sup{t > 0| inf Z,(s) > 0}, (7.11)
s€[0,1)
that
inf  Z,(s) =0, (7.12)
s€[0, TiMax))

and that the estimates (5E.1)—(5E.3) and (5E.4a)—(5E.4e) hold for ¢ € [0, TiMmax))-

Next, we note that the estimate (7.7) follows from (5B.4b). Then, using (7.7) and (7.12), we see that
1imy 4 7y SUPse(0.1) 110: Pl Lo,y = 00, that is, that 9, @ blows up at time T(max). We have therefore shown
that Tmax) = T(Lifespan) and that T(pifespan) 18 characterized by (7.2). Moreover, from the estimate (5B.3b),
we find that Z, vanishes for the first time at T(Lifespan) = fi; 1{14-0(&)}, which in total yields (7.3a) and (7.4).

In the rest of this proof, we sometimes silently use that Wo € L°°([0, T(Lifespan))» L*R*)andZ—1¢€
L([0, T(Lifespan)) L?(R3)). These facts do not follow from the energy estimates (SE.1) and (SE.3),
but instead follow from (5E.4a), (5E.4d), and the compactly supported (in space) nature of Wy and
Z — 1. Next, we easily conclude from the definition (4A.2) of Q)(¢) and the fact that the esti-
mate (SE.1) holds on [0, T(Lifespan)) that Wy € L*®([0, T(Lifespan))> H>(R?)) (as is stated in (7.5a)) and
that W; € L*([0, T(Lifespan))» H 4(R?)) (as is stated in (7.5b)). The same reasoning yields that Wy €
L>([0, Tvifespan) ], H 3(R3)) (as is stated in (7.6a)), where the open time interval is replaced with
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[0, T{Lifespan)]- The fact that W, € C([0, T(ifespan))> H>(R?)) (as is stated in (7.5a)~(7.5b)) is a standard
result that can be proved using energy-based arguments (similar to the ones we used to prove (5E.1)) and
standard facts from functional analysis. We omit the details and instead refer the reader to [Speck 2008,
Section 2.7.5]. We clarify that in proving this “soft result”, it is important that, for fixed 7 € [0, T(Lifespan))
we have mingg ;g3 Z > 0, which, in view of Remark 5.4, implies in particular that the weight %’ (Z7 ")
on the right-hand side of (4A.2) is bounded from above and from below by 7-dependent positive constants
on [0, t] x R? (and thus the energy estimates are nondegenerate away from T itespany ). Through similar
reasoning based on (2B.1) (which states that 3,7 = —Wy), the identity (2B.4), and the estimate (5E.3), we
deduce that Z — 1 € C ([0, TiLifespan))> HO(R?)) N L>®([0, T(tifespan)), H> (R?)). We have therefore proved
(7.5a)—(7.5¢).

We will now prove (7.6a)—(7.6c). We first note that the estimates (5E.1) and (5E.2a)-(5E.2b) and
(2B.1) imply that 3, W, € L([0, TLifespan)) H*(R?)) and 8,7 € L*®([0, T(Lifespan)), H>(R?)). Hence,
from the fundamental theorem of calculus, the initial conditions (2B.1) and (3A.1a)—(3A.1b), and the
completeness of the Sobolev spaces HY (R?), we obtain W, € C([0, T(Lifespan ], H*(R¥)) and Z — 1 €
C ([0, Twifespany ], H S(R?). In particular, we have shown (7.6b)—(7.6¢). Moreover, (7.6¢) and Sobolev
embedding together yield that 7 € C([0, T(Lifespan) ], C (R?)) and thus Z, € C([0, T{Lifespan) 1, [0, 00)). Since
we have already shown that T(gifespan) 15 €qual to the right-hand side of (7.11) and shown (7.12), it follows
that 7, (T(Lifespan)) = 0 and that limmT(Ufespan) Z,(t) =0, that is, that (7.3b) holds. To obtain that, for any real
number N < 5, we have Wy € C([0, T(Lifespan)], H N (R?)) (as is stated in (7.6a)), we interpolate between’!
L? and H? and use the already-shown facts Wy € L ([0, T(vifespan) ], H S(R3))NC(O, T{Litespan) ], H 4(R3)).
We have therefore proved (7.6a).

The desired localized blowup-result (7.9) for points in E?(ISEZSZE") (where E%ﬁ:ﬁgﬂ) is defined in (7.8))
now follows from (7.7) and the continuous extension property Z € C ([0, T(Lifespan) ], C (R?)) mentioned
in the previous paragraph.

Finally, we will show that if (T{Lifespan), X) ¢ E%ﬁ:ifm, then there exists an open ball B, C R3
centered at x such that, for « = 0, 1, 2, 3, we have 0,® € C([0, T(Lifespan)], H S(Bz))- To proceed,

Blowup

we first note that if (T(Lifespan), X) ¢ = then the results proved above imply that there exist a

T(Lifespan)’
8y > 0 and a radius r, > O such that, \(;;tﬁ )Bz:g C R3 denoting the open ball of radius r, centered
at x, we have Z(¢, 2) > 0 for (¢, X) € [T(Lifespan) — Ox» T(Lifespan)] X Ez;r,,x (where Ez;rg denotes the
closure of Bz;rg) and such that, for 7 € [T(Lifespan) — Ox, T(Lifespan))» We have || Wy || H5({t)x Byr,) < OO and
IZ — 1l (1)< B,.,,) < ©0- Hence, since the wave speed of the system is uniformly bounded from above
on [T{Lifespan) —;S; » T(Lifespan) | X B xir, (see Remark 3.3), since 7 is uniformly bounded from above and
from below by positive (x-dependent) constants on [T(Lifespan) — x» T (Lifespan)] X Ez;w and since the
estimates (7.5a)—(7.5¢) and (7.6a)—(7.6c) hold, we can derive Sobolev estimates (using energy-based

arguments) similar to the ones that we derived three paragraphs above, but localized in space,’? for

31Here, we mean the followilng standard inequality: if f € H S(Et) and 0 < N < 5, then there exists a constant Cy > 0
- =
sueh that 1 57vz,) = O Il 1 b, |
For example, for o > 0 chosen sufficiently large, for # near T(f jfespan), and for s € [#, T(Lifespan) ], One can view the state of
the solution on {r} x By, as an “initial” condition and use energy identities to obtain Sobolev estimates on {s} X By, _¢5 C Zs.
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(2B.1) and (2B.6a)—(2B.6b), starting from initial conditions on {t} x B,., for some ¢ sufficiently close
to T(Lifespan)- This yields the existence of an open ball B, C By, centered at x such that the following
regularity properties hold: W, € C([0, T(Lifespan) ], H S(Bz)) and 7 — 1 € C([0, T ifespan) |, H 6(BX)). We
clarify that in deriving these spatially localized energy estimates on the closed time interval [0, T(Lifespan) s
we have exploited the following crucially important consequence of the bounds noted above and the
assumptions of Section 2A on #: the weight # (Z~'Wy) (which appears, for example, on the right-hand
side of (4A.2)) is strictly positive on the domain [T(Lifespan) —0x» T(Lifespan) ] X B x- Finally, from the regularity
properties of {W,}y—0,1,2,3 and Z mentioned above, the positivity of Z on [T(Lifespan) — Ox» T(Lifespan)] X B x>
and the standard Sobolev—Moser calculus, we conclude, in view of Definition 2.3, the desired result
e ® € C([0, Tifespan) I, H 5 (By)). We have therefore proved the theorem. O
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ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS
IN PARABOLIC HOMOGENIZATION

JUN GENG AND ZHONGWEI SHEN

For a family of second-order parabolic systems with rapidly oscillating and time-dependent periodic
coefficients, we investigate the asymptotic behavior of fundamental solutions and establish sharp estimates
for the remainders.

1. Introduction

In this paper we study the asymptotic behavior of fundamental solutions I';(x, ¢; y, s) for a family of
second-order parabolic operators 9, + £, with rapidly oscillating and time-dependent periodic coefficients.

Specifically, we consider
Lo =—div(A(x/e, t/e})V) 1-1)

in R? x R, where ¢ > 0 and A(y,s) = (al‘.xjﬂ(y, s)) with 1 <i, j <dand 1 <, 8 <m. Throughout the
paper we will assume that the coefficient matrix A = A(y, s) is real, bounded measurable and satisfies
the ellipticity condition

Al <pn™" and gl <af (v, 5)EE! (1-2)

forany & = (§7) € R"™*4 and a.e. (v, s) € R4 where > 0. We also assume that A is 1-periodic; i.e.,
A(y+z,5+1)=A(y,s) for(z,1) €7 and ae. (y, s) € R4, (1-3)

Under these assumptions it is known that as ¢ — 0, the operator d; + £, G-converges to a parabolic
operator d; + Ly with constant coefficients [Bensoussan et al. 1978].

In the scalar case m = 1, it follows from a celebrated theorem of John Nash [1958] that local solutions
of (0; + L¢)u, = 0 are Holder continuous. More precisely, if (3; + L;)u, = 0 in Qr, = Q2. (x9, tp) for
some (xo, fp) € R?T! and 0 < r < oo, where

0, (x0, to) = B(xo, 1) X (to — r?, 1), (1-4)

then there exists some o € (0, 1), depending only on d and p, such that

! 12
luellcoorg,) < C”_U< |Ma|2)
| Q2r| Jo,,
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where C > 0 depends only on d and w. In particular, C and o are independent of &€ > 0. The periodicity
assumption (1-3) is not needed here. It follows that the fundamental solution I (x, t; y, s) for d; + L,
exists and satisfies the Gaussian estimate

(1-6)

klx =y
t—s

C
ITe(x, 25y, 8)| < meXP{—

for any x, y € R? and —oo < s <t < 00, where « > 0 depends only on & and C > 0 depends on d and p
(also see [Aronson 1967; Fabes and Stroock 1986] for lower bounds).

If m > 2, the global Holder estimate (1-5) for 1 < r < oo was established recently in [Geng and Shen
2015] for any o € (0, 1) under the assumptions that A is elliptic, periodic, and A € VMO, (see (2-4) for
the definition of VMO, ). We mention that the local Holder estimate for 0 < r < & without the periodicity
condition was obtained earlier in [Byun 2007; Krylov 2007]. Consequently, by [Hofmann and Kim 2004;
Cho et al. 2008], the matrix of fundamental solutions I'.(x, ¢; y, s) = (Fgﬁ (x,t;y,8)),withl <a, B <m,
exists and satisfies the estimate (1-6), where ¥ > 0 depends only on . The constant C > 0 in (1-6)
depends on d, m, j and the function A*(r) in (2-5), but not on & > 0.

The primary purpose of this paper is to study the asymptotic behavior, as ¢ — 0, of I (x, #; y, 5),
Vile(x, 15 y,5), VyIe(x, 15y, 5), and V, VI (x, £; y, 5). Our main results extend the analogous estimates
for elliptic operators — div(A(x/¢)V) in [Avellaneda and Lin 1991; Kenig et al. 2014] to the parabolic
setting. As demonstrated in the elliptic case [Kenig and Shen 2011], the estimates in this paper open the
doors for the use of layer potentials in solving initial-boundary value problems for the parabolic operators
d; + L, with sharp estimates that are uniform in ¢ > 0.

Let I'g(x, t; ¥, s) denote the matrix of fundamental solutions for the homogenized operator 9, + Ly,
where Lo = — diV(AV) and A = (&f‘jﬂ ) is given by (2-7). Since A is constant and satisfies the ellipticity
condition (2-8), it is well known that I'g(x, ¢; y,s) = [g(x — y, ¢ —5; 0, 0) and for any x, y € R4 and
—00<§ <t <00,

-7

klx —yI?
VY9 To(x, 15y, )| < = ——}

§)@+M+2N) /2 exp{ PR

for any M, N > 0, where « > 0 depends only on u, and C depends on d, m, M, N, and .
Our first result provides the sharp estimate for I'; — ['g.

Theorem 1.1. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). If m > 2, we also
assume that A € VMO,. Then

oy
M} (1-8)

Ce
ITe(x, 23y, 8) = Dolx, 15y, 5)| < mexp{— P

forany x, y € R and —0o < s < t < 00, where k > 0 depends only on . The constant C depends on d,
m, o, and A* (if m > 2).

Let x (v, s)= (quﬁ (y,s)),where 1 <j <dand1<a, 8 <m, denote the matrix of correctors for d; + L,
(see Section 2 for its definition). The next theorem gives an asymptotic expansion for V, I (x, ¢; y, s).
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Theorem 1.2. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). Also assume that
A is Holder continuous,

|A(x, 1) — A(y, )| < T(lx — y| + [t — s]/H* (1-9)
forany (x, 1), (y,s) € R4 where Tt > 0 and x € (0, 1). Then
IVile(x, 15y, 8) — (I + Vi (x /e, t/eM)ViTo(x, 15 y, 5)|

2
€ 1, 12 _Kklx =y ]
< (5 @n log(2+¢e7 |t — s )exp{ — (1-10)

forany x,y € R? and —oo < s <t < 00, where k > 0 depends only on . The constant C depends on d,
m, u, and (A, t) in (1-9).

With the summation convention this means that for 1 <i <dand 1 <o, <m

o ary! LAy
(x,t;y,8)— (x,t;y,5)— (x/e,t/e”) (x,t;y,5) (I-11)
axi Bxi axi axj

is bounded by the right-hand side of (1-10). Let A(y, s) = @7 (y. 5)). where & (v, ) = al(y. —s).
Let T, (x,t;y,8) = (Fgﬁ (x,t;y,s)) denote the matrix of fundamental solutions for the operator d; + Lo,
where £, = — div(A(x/e, t/€%) V). Then

T (x,1;y,5) = TPy, —s; x, —1). (1-12)

Since A satisfies the same conditions as A, it follows from (1-10), (1-11) and (1-12) that

pe i o7y , arg?
(x,t;y,8)— (x,t;y,8)— (v/e, —s/e%) (x,t;y,5) (1-13)
Ay Ay Ay dyj

is bounded by the right-hand side of (1-10), where jx (y, s) = ( )Z;w (y, s)) denotes the correctors for 9, —1—28.
That is,

IV, DL (x, 85 9, 8) — (T + VI (y/e, —s/eNVTE (x, 15y, 9)]

_ e - Klx — y|?
= Tyaon log(2+ ¢ 1|t—s|1/2)exp{—ﬁ}, (1-14)

where I'Y denotes the transpose of the matrix I;.
We also obtain an asymptotic expansion for V, V,T¢(x, 7; y, ).

Theorem 1.3. Under the same assumptions on A as in Theorem 1.2, the estimate

a

Tray L2 (3. 9))

i9yj

= L e et T Gty 0) 5 e e e =5/
ax; k ' dxpdy, O Ty, ¢ ’

€ - Klx =yl
Smlog(2+8 1|t—s|1/2)exp{—ﬁ} (1-15)
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holds for x, y € R? and —oo < s <t < 00, where k depends only on . The constant C depends on d, m,
w, and (A, ) in (1-9).

Remark 1.4. The estimates (1-10), (1-14) and (1-15) are sharp, up to the logarithmic factor log(2 +
e~ !t —s|!/?), which is probably not necessary. It may be possible to remove the logarithmic factor by
using higher-order correctors in the proof. However, we will not pursue this idea in the present paper.

In the scale case m = 1, the estimate (1-8), without the exponential factor, is known under the conditions
that A is elliptic, periodic, symmetric, and time-independent; see [Jikov et al. 1994, p. 77]. This was
proved by using the Floquet-Bloch decomposition of the fundamental solutions and by studying the
spectral properties of elliptic operators

—(V+ik) - A(V+ik)

in a periodic cell, where i = +/—1 and k € R% Such an approach is not available when the coefficient
matrix A is time-dependent. To the best of authors’ knowledge, the Gaussian bound in Theorem 1.1 as well
as our estimates in Theorems 1.2 and 1.3 are new even in the case that m = 1 and A is time-independent.

As a corollary of Theorems 1.1 and 1.2, we establish an interesting result on equistabilization for
time-dependent coefficients; cf. [Jikov et al. 1994, p. 77].

Corollary 1.5. Assume that A satisfies the same conditions as in Theorem 1.1. Let f € L™ (R?) and u,
be the bounded solution of the Cauchy problem,

@ +Lu, =0 in Rddx (0, 00), (1-16)
g = f on R* x {t =0},
with e =1 or 0. Then for any x e R and t > 1,
lur (x, 1) = uo(x, 0] < Ct7 V|| f oo (1-17)
Furthermore, if A is Holder continuous,
B
o o af aMO -1
Vui(x, 1) = Vug(x, 1) = V™ (x, t)g(x, N =Ct  log2+ 1) flleo (1-18)
J

forany x e R and t > 1.

We now describe some of the key ideas in the proof of Theorems 1.1, 1.2, and 1.3. As indicated earlier,
our main results extend the analogous results in [Avellaneda and Lin 1991; Kenig et al. 2014] for the
elliptic operators — div(A(x/e)V), where A = A(y) is elliptic and periodic. Our general approach is
inspired by [Kenig et al. 2014], which uses a two-scale expansion and relies on regularity estimates that
are uniform in € > 0. Following [Geng and Shen 2017], we consider the two-scale expansion

w, = up(x, 1) —ug(x, 1) — ex(x/e, 1 /€3S (Vug) — 2 (x /e, 1 /e2)V Ss(Vug), (1-19)
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where x (y, s) and ¢ (y, s) are correctors and dual correctors respectively for d; + L. (see Section 2 for
their definitions). In (1-19) the operator S; is a parabolic smoothing operator at scale €. In comparison
with the elliptic case, an extra term is added in the right-hand side of (1-19). This modification allows us
to show that if (9; + L. )u, = (9; + Lo)ug, then

(0; + Lo)we = e div(Fy) (1-20)

for some function F,, which depends only on ug. As a consequence, we may apply the uniform interior
L estimates established in [Geng and Shen 2015] to the function w,. To fully utilize the ideas above,
we will consider the functions

t
ug(x,t)=/ /Fe(x,t;y,S)f(y,S)e“”(”dyds,
—00 Rd
(1-21)

t
up(x, 1) :/ / Co(x,t;y,9) f(y, s)e V) dyds,
—00 Rd

where v is a Lipschitz function in R and f € C3(Qr(yo, s0); R™). The main technical step in proving
Theorem 1.1 involves bounding the L* norm

le¥ (ue — u0)ll 2oo(0, (xo.10)) (1-22)

by (1 £1122¢0, (yo.50))» Where O < & < r = c/to — so. We remark that the use of weighted inequalities with
weight e¥ to generate the exponential factor in the Gaussian bound is more or less well known. Our
approach may be regarded as a variation of the standard one found in [Hofmann and Kim 2004; Cho et al.
2008]; also see earlier work in [Fabes and Stroock 1986; Davies 1987a; Davies 1987b].

The proof of Theorem 1.2 uses the estimate in Theorem 1.1. The stronger assumption that A is
Holder continuous allows us to apply the uniform interior Lipschitz estimate obtained in [Geng and Shen
2015] to the function w, in (1-19). To see Theorem 1.3, one uses the fact that as a function of (x, ¢),
Vy[e(x, t; y, ) is a solution of (9; + L¢)u, = 0, away from the pole (y, s).

We end this section with some notation that will be used throughout the paper. A function & = h(y, s)
in R4t is said to be 1-periodic if & is periodic with respect to Z¢*!. We will use the notation

ff:i/f and h°(x,t) =h(x/e, t/e?)
E |E| JE

for ¢ > 0, as well as the summation convention that the repeated indices are summed. Finally, we shall
use k to denote positive constants that depend only on u, and C constants that depend at most on d, m,
and the smoothness of A, but never on ¢.

2. Preliminaries

Let £, = —div(A®(x, )V), where A®(x,t) = A(x /e, t/gz). Assume that A(y, s) is 1-periodic in (y, s)
and satisfies the ellipticity condition (1-2). For 1 < j <d and 1 < 8 < m, the corrector Xjﬂ = Xf (v,8)=
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( X;xﬁ (y, s)) is defined as the weak solution of the cell problem

@5+ L)) =—L1(PF) inY,
B

Xj = Xf (v, s) is 1-periodic in (y, ), (2-1
B
Jy xj =0,
where Y = [0, 1)t Pjﬂ (y) =yjef,and e = (0, ..., 1,...,0) with 1 in the B-th position. Note that
@+ L)) +PH=0 in R (2-2)

By the rescaling property of 9; 4+ L, one obtains

@ + L) ex! (x/e. 1/eH) + PP ()} =0 in R (2-3)
We say A € VMO, if
lin(l) A*(r) =0, (2-4)
r—
where
t
A#(r): sup ][ ][ ][ |A(y,s) — A(z,s)|dzdyds. (2-5)
O<p<r Jt—p2JyeB(x,p)JzeB(x,p)
(x,1)eRIH!

Observe that if A(y, s) is continuous in the variable y, uniformly in (y, s), then A € VMO,.

Lemma 2.1. Assume that A(y, s) is 1-periodic in (y, s) and satisfies (1-2). If m > 2, we also assume
A € VMO, Then x! € L®(Y; R™),

Proof. In the scalar case m = 1, this follows from (2-2) by Nash’s classical estimate. Moreover, the

1/2
(f |va|2) <cro! (2-6)
Or(x,1)

holds for any 0 < r < 1 and (x, t) € R**!, where Q,(x, 1) = B(x,r)x(t—r%,1),and C >0and o € (0, 1)
depend on d and p. If m > 2 and A € VMO, the boundedness of Xf follows from the interior W7
estimates for local solutions of (9, 4+ £1)(u) =div(f) [Byun 2007; Krylov 2007]. In this case the estimate
(2-6) holds for any o € (0, 1). O

estimate

LetA:(&?jﬂ),wherelfi,jfd, 1 <a, B <m,and

saff [ ap ay 0 Vﬂ] .
a.. = a.. +a., —x: ) 2-7)
ij ﬁ ij ik 3y1< Xj (
that is
A= ][ {A+AVy).
Y
It is known that the constant matrix A satisfies the ellipticity condition

plg? <aferel  forany & = (&) e R™, (2-8)



ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS IN PARABOLIC HOMOGENIZATION 153

and |&f‘jﬂ| < 1, where 1 > 0 depends only on d, m and p [Bensoussan et al. 1978]. Define
Lo=—div(AV).

Then 0, + Ly is the homogenized operator for the family of parabolic operators d; + L., € > 0.
To introduce the dual correctors, we consider the 1-periodic matrix-valued function

B=A+AVy — A. (2-9)

More precisely, B = B(y, s) = (bf;ﬁ), where 1 <i,j <d, | <a, B <m,and

vB

ax;
af _ af ay "N ~op -
bjj =a;; +ay I a;; - (2-10)

Lemma 2. 2 Letl1 < j<dandl <a,B <m. Then there exist 1-periodic functions gbklj (v, s) in RI*1
such thatqﬁ e H\(Y),

b] :_(¢sz) and ¢sz ¢lkj, (2-11)

where 1 <k,i <d-+1, bi is defined by (2-10) for 1 <i <d, b(d+1)/ X;Xﬁ, and we have used the
notation yg1 = .

Proof. This lemma was proved in [Geng and Shen 2015]. We give a proof here for reader’s convenience.
By (2-1) and (2-7), b € L*(Y) and

f b =0 (2-12)
Y

for 1 <i <d+ 1. It follows that there exist f;jﬂ € H*(Y) such that
B B . md+l
Ad+1fg =b;; iR,

tj
(2-13)
f i is 1-periodic in IRdH,

where Ay, 1 denotes the Laplacian in R4+, Write

d 8 ad aﬁ d 0 Lap
b‘?‘.ﬂ:—{— o _ 9 } _{_ : } 214
i = oy Loy " By, oy Loy 0 &-14)
where the index k is summed from 1 to d 4+ 1. Note that by (2-1),
d+1 ab‘.”ﬂ d
ij aﬂ
“ =0. 2-1
X; dyi Z 8)’1 i 8s % =0 @15
1= i=
In view of (2-13) this implies
d+1

a
2
dyi
is harmonic in R4t Since it is 1-periodic, it must be constant. Consequently, by (2-14), we obtain

blj = _(¢klj) (2-16)
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where 0
af of
= g oy I 247
is 1-periodic and belongs to H!(Y). It is easy to see that qb,‘:l‘j = qbl k- U

The 1-periodic functions (¢>kl ), given by Lemma 2.2, are called dual correctors for the family of
parabolic operators 9; + L., € > 0.

Lemma 2.3. Let ¢ = (¢Zt£) be the dual correctors, given by Lemma 2.2. Under the same assumptions
as in Lemma 2.1, one has ¢,?£. e L°(Y).

Proof. Tt follows from (2-6) that if (x,#) e Rt and 0 < r < 1,
/Q - 6P 12 < crtte (2-18)

for some o € (0, 1). By covering the interval (¢ —r, ¢t) with intervals of length r2, we obtain

f |b;);'3| <Cl"d 1+20
By (x,1)

where B, (x,t) = B(x,r) x (t —r, t). Hence, by Holder’s inequality,

/ Ib?;ﬂ| < Crd+a
B, (x,t)
Thus, for any (x,t) € Y,

/ |b3’3(y,8)| Ivd <Ci2jd/ % (v 5)|dyds < C (2-19)
yds < Py, s)ldyds <C. -
y (Ix =yl 4+t =59 a ly—x|+lt—s|~2=i 7

In view of (2-13), by using the fundamental solution for Ay, in R?*!, we may show that

IV s £22 <C|IV,, + / |b"fﬂ(y’s)| dyd
Loo(Y 2 su p y S’
P W P TE T ey Jy (x =yl + 1 —sDd

where V,  denotes the gradient in R+1, This, together with (2-19), shows that |V 5’3| € L*(Y). By
(2-17) we obtain ¢;7; € L(Y). O

Remark 2.4. Suppose A = A(y, s) is Holder continuous in (y, s). By (2-2) and the standard regularity
theory for d; + L1, we have V x (y, s) is Holder continuous in (y, s). It follows that baﬂ (v, s) is Holder
continuous in (y, s). In view of (2-13) and (2-17) one may deduce that V,, s¢k is Holder continuous in
(v, s). This will be used in the proof of Theorems 1.2 and 1.3.

Theorem 2.5. Suppose that A satisfies the conditions (1-2) and (1-3). If m > 2, we also assume A € VMO,

Let u. be a weak solution of (0; + L¢)ue = div(f) in Qz = Qo (X0, ty) for some 0 < r < 00, where
=) € LP(Qa; R™*?) for some p > d + 2. Then

172 1/p
||Ms||L°°(Q,)§C{(][ |”s|2) +r<][ |f|p> } (2-20)

where C depends only on d, m, p, v, and A* in (2-5) (if m > 2).



ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS IN PARABOLIC HOMOGENIZATION 155

Proof. If m = 1, this follows from the well-known Nash’s estimate. The periodicity is not needed. If m > 2,
(2-20) follows from the uniform interior Holder estimate in [Geng and Shen 2015, Theorem 1.1]. O

Under the assumptions on A in Theorem 2.5, the matrix of fundamental solutions for 9, + L. in Ré+1
exists and satisfies the Gaussian estimate (1-6). This follows from the L*° estimate (2-20) by a general
result in [Hofmann and Kim 2004]; also see [Auscher 1996; Cho et al. 2008].

Theorem 2.6. Suppose that A satisfies conditions (1-2) and (1-3). Also assume that A satisfies the Holder
condition (1-9). Let u. be a weak solution of (0, + L¢)ue = F in Q2 = Qo (X0, to) for some 0 < r < 00,
where F € LP(Q»,; R™) for some p > d + 2. Then

1 172 1/p
Vuellze(o,) SC{—(][ Iuslz) +r<][ IFI”) } (2-21)
r Q2r Q2r

where C depends only ond, m, p, i, and (A, t) in (1-9).
Proof. This was proved in [Geng and Shen 2015, Theorem 1.2]. (I
The Lipschitz estimate (2-21) allows us to bound V, I¢ (x, 2; y, ), Ve (x,1; y,s) and V,V, T (x, 1; y, 5).

Theorem 2.7. Assume that A satisfies the same conditions as in Theorem 2.6. Then

C /<|x—y|2

IVaile(x, 25y, )| + IV e (x, 15y, 8)| < (1 —5) @R eXp{— [ (2-22)
. C Klx =yl

|vayrs(xJ,yvs)|§ (t—S)(d+2)/2 exp{_ t—s (2_23)

forany x, y € R and —o0o < s < t < 00, where k > 0 depends only on . The constant C depends on d,
m, i, and (A, ) in (1-9).

Proof. Fix xg, yo € R and so < to. Let up(x, t) = Fe(x, 1: Yo, S0). Then (9; + L¢)u, = 0 in Qy, (xg, ty),
where r = /ty — s9/8. The estimate for |V, I (xg, f; Yo, so)| now follows from (2-21) and (1-6) (with a
different «). In view of (1-12) this also gives the estimate for |V, I (xo, to; Yo, So)|. Finally, to see (2-23),
we let v (x, 1) =V, I (x, 1; yo, o). Then (0;+L;)ve =01n Q2 (xo, fp). By applying (2-21) to v, and using
the estimate in (2-22) for V,I'¢(x, t; y, 5), we obtain the desired estimate for |V, V, I (xo, fo; yo, s0)|. U

3. A two-scale expansion

Suppose that
(0 + Le)us = (9 + Lo)uo (3-D

in Q x (Tp, T1), where Q C R% Let S, be a linear operator to be chosen later. Following [Geng and Shen
2017], we consider the two-scale expansion w, = (wy), where

B B
ou 9 ou
B 2 0 2 af 2 0
wg(X,t):"t?(x’t)_”g(x’t)_ngq ()C/S, [/8 )S8<ax]>_8 ¢?d+])ij(x/89 t/E )axiSS(axj)’ (3_2)
and x jqﬂ , ¢?f +1)ij are the correctors and dual correctors introduced in the last section. The repeated indices
i, j in (3-2) are summed from 1 to d.
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Proposition 3.1. Let u, € L>(Ty, Ti; H'(Q)) and ug € L*(Ty, T1; H*(Q)). Let w, be defined by (3-2).
Assume (3-1) holds in Q x (Ty, Ty). Then

(0 + Le)we = € div(Fy) (3-3)

in Qx (Ty, Ty), where F, = (F;fl.) and

B
e ) =g (aaﬁ(x/s /&) — A“’S)(aio S, <aﬁ>>

j ax;

ou 7/
(x/s t/e )Xky(x/e t/e? )—S < )

axk
) ul ul
lkj(x/s t/e )—S 8xj +8¢l(d+1)](x/8 t/s )0; S, W

“ duy
—aif (x/e, r/s%( (¢(d+l)gk>> (x/e, r/g%%sg(ﬂ)

0Xp
—sa (x/s t/8 )¢ (x/e, t/s ) i <%) (3-4)
(d+1)tk dx axe axk ‘

The repeated indices i, j, k, £ are summed from 1 to d.
Proof. This proposition was proved in [Geng and Shen 2017, Theorem 2.2]. U
We now introduce a parabolic smoothing operator. Let
O={(x,t) e R 1 x>+ 1] < 1}.

Fix a nonnegative function 6 = 6(x, 1) € C§°(O) such that [ 0 = 1. Let 6:(x, 1) = 679720 (x /¢, 1 /&?).
Define

Se(f)(x 1) = f %60 (r, 1) = /R Sy =980 5) dy ds. (3-5)

Lemma 3.2. Let g =g (x, t) be a 1-periodic function in (x, t) and = ¥ (x) a bounded Lipschitz function
in R% Then

le? g°Se(Nlrarty < € e YV I2ligl Loy lle? fllogony (3-6)
forany 1 < p < oo, where g(x,t) = g(x /e, t/?) and C depends only on d and p.
Proof. Using fRdH 6. = 1 and Holder’s inequality, we obtain

ISs(e_"’f)(x,t)I”S[ VO £y, )17 6, (x — vt — 5) dy ds.
Rd+l
It follows that

1V DS, eV F)(x, )P < / eV OV £y )P Op(x — y, t —s)dyds
Rd+1

< espllvwloo/ [f (v, )P O0.(x —y,t —s)dyds,
Rd+1
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where we have used the facts that | (x) — ¥ (V)| < |V¥|leolx — ¥l and O, (x — y,t —5) =0 if |[x — y| > &,
for the last step. Hence, by Fubini’s theorem,

[ g ot se ool dxas
R4+
<Ml sup / |g8<x,r>|Pee<x—y,r—s>dxdrf | (v )P dy ds
Rd+1 Rd+1

(v,8)ERIF!

Voo
< Ce V=gl 7, o LA sy

where C depends only on d. This gives (3-6). U
Remark 3.3. Let @ C R? and (T, T) C R. Define

Q. ={x¢€ R?: dist(x, Q) < &}. (3-7)

Observe that for (x, t) € Q x (Ty, T1), we have S.(f)(x,t) = S.(fn:)(x, t), where n, = n.(x, t) is the
characteristic function of Q, x (Ty — &2, Ty +&%). By applying (3-6) to the function f7,, one may deduce

that
T

T +¢2
/ f eV g° S (|7 dxdt < CePVV = g7, / f le? f17 dx dt. (3-8)
Ty, JQ To—e% JQ;

Using /Rd+1 |VO,|dx dt < Ce™!, the same argument as in the proof of Lemma 3.2 also shows that

Ty T1+€2
| [ rergvsiniasar = ceren®isigg,, [ [ e piraxar 39)
To /Q To—e2 J Q;,

for 1 < p < oo, where C depends only on d and p.

Lemma 3.4. Let S, be defined as in (3-5). Let 1 < p < 0o and  be a bounded Lipschitz function in R%.
Then for @ C RY and (Ty, Ty) C R,
82

T T
/ / ¥ (So(V )= V )P dx dt < CePe?I VI / Y (V2 f 410 fDIP dedi,  (3-10)
To Q To

—2JQ,
where Q. is given by (3-7) and C depends only on d and p.

Proof. Write
Se(V)(x, 1) =V [f(x,1) = Ji(x, 1)+ J(x, 1),
where
Ji(x, 1) =/Rd+] O (v, )(Vf(x =y, t =s)=Vfx—y,1)dyds,

Bx, D) =/ 6. (v $)(V f(x — y. 1) — ¥ £ (x, 1)) dy, ds.
[Rd“

To estimate J»>, we observe that by Holder’s inequality and the fact fRdH O.dyds =1,

|J2(x, DIP S/RM 0c(y, )IVf(x =y, ) =Vfx,0Pdyds,
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and

L
IVf(x—y, ) =V fx,0)|= ‘/ a—Vf(x—fy,t)df
0 T

1 1 1/p
s|y|/0 |v2f<x—ry,r>|drs|y|</0 |V2f(x—ry,r>|”dr) :

It follows by Fubini’s theorem that

T
//le'/’(x)lg(x,t)lpdxdt
To /2

T\ 1
5/ /f /epw<x>ea(y,s)|y|”|v2f<x—ry,r)|"drdydsdxdt
Ty Q JRI+1 JO
Ty 1
gsﬂefl’”v‘/"oo/ // /ep’/’(x_fy)ég(y,s)wzf(x—ty,t)|1’ dtdydsdxdt
Ty JQ JRI+LJO

T
< 8peep||vw|m/ 1/ V2 1P dx dt.
To &

where we have used the facts that [ (x) — Y (x — )| < |T||Y|[|IV¥ ]l and B¢ (y, s) =0 if |y| > €.
Finally, to estimate J;, we first use integration by parts to obtain

(5 0)] < / V0.0, )| £ Gt — v, 1 —5) — f(x —y, )] dyds.
R
By Holder’s inequality,
i, D) < Csl-P/d VO N =yt — ) = [ =y 0l dy ds,
R +

where we have also used the fact fRd“ |VO,|dyds < Ce™\. Using

1 1/p
Sls|</ IBzf(x—y,t—IS)l”dr) ,
0

1
If(x—y,t—s)—f(x—y,t)lf‘/ aif(x—y,t—rs)dr
0 T

we see that by Fubini’s theorem,

T
//|e'/’(x)J1(x,t)|pdxdt
Ty JQ

T, 1
5081—17/ /f /eW(")IVGE(y,sN|s|p|8,f(x—y,t—rs)|”drdydsdxdt
To Q JRI+1 JQ

T, 1
< Celﬂ’efl’”W'w/ // / PV TNVO, (v, )]0, f(x — y, t —18)|P dr dyds dx dt
Ty JQ JRIHLJO

T1+82
< CePe? VY / eV, FIP dx dt.,
T0—82 QS
where we have used the facts that | (x) — ¥ (x — y)| < V¥ lleo| | and 0, (y, s) =0 if |y| > & or |s| > €.
This, together with the estimate for J,, completes the proof. ]
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Theorem 3.5. Let F; = (F;) be given by (3-4) and 1 < p < 0. Then for any Q2 C R and (Ty, T)) C R,

T
/ / leV F, Ipdxdt<CeSP|vw”°°f 2/ {le? V2uo|? + le¥ duo|”} dx dt, (3-11)
To To—¢

where Q. is given by (3-7) and C depends only on d, m, p and .

Proof. Observe that

/ / leV F.|? dx dt

Ty T,
<Ce~ P/ /|Vu0—S(Vu0)|Perxdz+C/ /Ix 1”18 (V2ug)|PePY dx dt
To
f /|¢ 1”18, (v2u0)|Perxdr+CeP/ /|¢€|p|VS8(8tuo)|perxdt

T] Tl
+C/ /|(v¢) |P|S(V2u0)|Perxdt+CeP/ f|¢ 1P|V Ss(VZug)|PePVdx dt, (3-12)
To

where C depends only on d and w. In (3-12) we have also used the observation that 9, S, (Vi) = V S¢ (0, u0)
and VS (Vuo) = S (VZuo).

We now proceed to bound each term in the right-hand side of (3-12), using Lemma 3.4 and Remark 3.3.
By Lemma 3.4, the first term in the right-hand side of (3-12) is bounded by

g2

T+
cePS"W"w/ le¥ (1V2ug| + |9;uo])|” dx dt. (3-13)
T Qe
Using (3-8) we may bound the second, third, fifth terms in the right-hand side of (3-12) by
T, +82
CePeIVV il / eV V2u|? dx dt. (3-14)
To—e2 JQ,

Finally, by (3-9), the fourth and sixth terms in the right-hand side of (3-12) are bounded by (3-13). [

4. Weighted estimates for 9, + L

Recall that I'y(x, ¢; y, s) denotes the matrix of fundamental solutions for the homogenized operator
3 + Lo in RYTL Let v R¢ — R be a bounded Lipschitz function and

t
o(x, 1) = / / Fo(r, 15 v, $) £ (v $)e YO dy ds, 4-1)
—00 Rd

where f € C°(R?H!; R™). Then
(3 +Loyug=e"Vf in R (4-2)

The goal of this section is to prove the following.
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Theorem 4.1. Let ug be defined by (4-1). Suppose that f(x,t) =0 fort <so. Then
t t
f / eV (1V2uol + |8uol)|* dx dt < Cew—so)lwn%o/ | f1*dx dt (4-3)
so J R4 s0 J R4

for any so <t < 0o, where k > 0 depends only on u and C depends only on d and .
We start with an estimate on a lower-order term.

Lemma 4.2. Let ug be defined by (4-1). Suppose that f(x,t) =0 fort < so. Then
t t
/ eV Vuo|? dx dt < C(t — sg)e 1 (=0IVV I / | f1? dx dt (4-4)
so J R4 50 J R4

for any so <t < 0o, where k1 > 0 depends only on w and C depends only on d and 1.

Proof. It follows from (1-7) that for x, y € R? and ¢ > s,

. C Klx =yl
V()= () . - - _ -
e IVilo(x, 1; y, 8)| < (—5) @R eXP{w(X) v - —
c Klx =yl
< =)@z P VY lloolx — ¥l — [
This, together with the inequality
t=9)IVYIZ, | «lx—yP
\Y x—y| < , 4-5
VY lloolx — y| < P 20— (4-5)
yields
, 1 , ,
eV OVD|Y Ty (x, 15 v, 8)] < Cel=DIVVIR/20) —ielx—y[2/2(1=5)) (4-6)

(1 —s)@nj2°

It follows that

t
eV D Vug(x, 1) < / / VOV To(x, 13y, )| f (v, s)| dy ds
so J R4

t
1 2
(t=s0) IV 112,/ () —ilx—y[*/Q2(t—s))
<Ce fm/ny (o @a |f(y.9)ldyds

172

1 e—K\x—ylz/(Z(t—S))|f(y’ s)|2dy dS) ,

t
< CtONVY I/ (g \1/4 f _
= (t=s0) o Jra (1—5)@+D/2

where we have used Holder’s inequality for the last step. The estimate (4-4) now follows by Fubini’s
theorem. (Il

Proof of Theorem 4.1. In view of (4-2) we have

dug 9, _
8+ Ly)— = — (¥
(0; + Lo) Ixe Ik e f)
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in R4+ 1t follows that

5 ~af 83145 oug ug
/ 8,Vu0-(Vuo)e’/’dx—/ Qi == o V’dx:/ _( Vg ) eV dx.
Rd Rd axiaxjaxk 0Xy Rd Xy,

Using integration by parts, we obtain

82 5 82
1d [Vug|>e? dx —I—/ af ——0 .
R4

0 L2y
2dr a1 axjaxk o’

ou? 9 29 82 B ou® 9 24
_ f . (Auo)e”” dx _/ e—v,bfa Uy oe N _/ ~af Uy . uy oe dx
R4 R

Rd 0xp 0xy g U 0xj0x;  0xp 0x;

By the ellipticity of Ly, this yields
2 2y 2. 12,2%
2dt/ [Vug|“e dx—i—u/ [Voug|“e”¥ dx

<c| |f||V2M0|€'/’dX+C/d |f|2dx+cuw||§o/d |wo|2e2*”dx+0||w||oo/d V2uol [Vuole™ dx,
R R R R

where C depends only on d and p. Using the Cauchy inequality, we may further deduce that

1d

S |Vu0|2e2'/’dx+ﬁ/ |V2uo|2e2¢dx50/ |f|2dx+C||V¢||§o/ |Vuo|?e? dx.
Zdt R4 2 R4 R4 Rd

We now integrate the inequality above in ¢ over the interval (sg, s1). This leads to

f \Vuo(x, s1))2e® dx + /;[ 1V2u0|2e dx dt

Rd
51 §1
< Cf / |f|2dxdz+C||V¢||§O/ / |Vuo|>e? dx dt
so J R4 so JRE
< CeF 1m0V I f / | fI*dx dt, (4-7)
- so J R4
where we have used (4-4) for the last inequality. Estimate (4-3) follows readily from (4-7). [l

5. Proof of Theorem 1.1

We start with some weighted estimates.

Lemma 5.1. Suppose that

(3 + Lo)we = ediv(F,)  in R? x (sg, 00), 5.1)
we, =0 on RY x {t = s0}.
Let ¥ : R? — R be a bounded Lipschitz function. Then for any t > s
t
/ |we (x, 1) 2V @ dx < Ce?e =0 IV / f |Fe(x, 5))%e*V ™) dx ds, (5-2)
R4 s0 JRd

where k > 0 and C > 0 depends only on L.
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Proof. Let
1(t) = fR e, 0|2e*?™ dx. (5-3)
Note that
I'(t) = 2fw<a,wg, eV w,) dx

=2 (Le(wy), ez‘pwg) dx —|—28/ (div(Fy), ez‘”wg) dx

R4

F.- V(ezwwg) dx
R4

AV, - (Vw,)e?? dx — 2/

AV, - V(e w, dx
Rd

i

= —2/ ASVwS-V(eZWwS)dx—zs/
R‘]
i

— 28/ F. - (Vwy)e?V dx — 2sf Fy-V(e*)w, dx,
Rd R4
where ( , ) denotes the pairing in H~1(RY; R™) x H'(R?; R™). It follows that
I'e) < —m/ Vg [*e* dx +x||wuoo/ |Vwe | [we|e* dx
R4 Rd
426 [ IVwilIFI dx-+ 46l [ el IFoie? dx,
Rzl Rd
where « > 0 depends only on w. By the Cauchy inequality this implies
I'(0) < VY IR (1) + k&2 / |Folx, DPe? dx, (5-4)
R4
where k¥ > 0 depends only on u. Hence,
(e -0V 1%y < nge—m—so)nvwlic/ Fo (e, 0262 dix.
dt [Rd
Since I (sg) = 0, it follows that
t
1(t) < Cé? / / IV F, (x, 5)2e® dx ds
so J R4

t
§C82€K(t_s0)|vw”g°// |Fo(x, s)|%e*Y dx ds. O
so J R4

Lemma 5.2. Suppose that u, € L>((—o0, T); H'(R?)) and ug € L*>((—o0, T); H*(R%)) for any T € R,
and that
(O + Lo)ug = (3 + Loyug  in RIT,
{ug(x,t)=u0(x,t)=0 fort <sg.
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Let w, be defined by (3-2), where the operator S, is given by (3-5). Then for any t > s,

/ lwe (x, )2V dx
R4

t+82
< C2ENTV =0T, / / (V2u0(x, )P + stio(x, )2V dx ds,  (5-5)
) Rd

where v is a bounded Lipschitz function in R%, « depends only on w, and C depends only on d, m and u.
Proof. This follows readily from Lemma 5.1 and Theorem 3.5 with p = 2. (Il
The next theorem gives a weighted L> estimate.

Theorem 5.3. Assume that A is 1-periodic and satisfies (1-2). If m > 2, we also assume that A € VMO,
Suppose that (0; + L¢)u. = (0, + Lo)ug in B(xg, 3r) x (ty — 5r2, tg +r?) for some (xg, ty) € R and
e <r <oo. Then

12
le¥ (e — 10) || L5 (0, o0y < Ce> V¥l <][ le¥ (ue — M0)|2>
o

2 (x0,10)
3rIVY |l so 2
+ Cere® VYo e¥ (1V2ug| + 1810 || oo (Bixo. 3 x (105210 412))

+Cee® IV eV ol Lo sy 3y -5 0472 (5-6)
where r is a Lipschitz function in R? and C depends only on d, m, i and A* (if m > 2).

Proof. Let w, be defined by (3-2). Then (9; + L:)w, = e div(F) in Qo (xg, to), Where F is given by
(3-4). It follows by Theorem 2.5 that

1/2 1/p
lwell L0, (xo.10)) = C{ (f |w£|2> +er <][ |Fg|p) } (5-7)
Q2 (x0,10) Q2 (x0,10)

where p > d 4 2. This leads to

1/2 1/p
llee — uollLo(Q, (xo.10)) §C<f |ue—uo|2> +C8r(f |Fs|p>
02 (x0,0) 02 (x0,10)

+Ce||Se (Vo) Il 105, (xo.10)) + CE* 1S (V210) | 1505, (x0.10))

where we have used the boundedness of x and ¢ in Lemmas 2.1 and 2.3. Hence, using |V (x) — ¥ (y)| <
2r|V¥ || for x, y € B(xg, 2r), we obtain

lle¥ (e — o) || (0, (xo.10))

1/2 1/p
< Ce¥ IV (][ |ew(us_u0)|2) 4 Cere? V¥l <][ |evaS|p>
02 (x0,10) Q2 (x0,10)

+ Cee? V¥V S, (Vo) | 105y (xo.t0)) + CEX 1V V11V S (VU0 | 25(0n (xo.10)) - (5-8)
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Finally, we use Theorem 3.5 to bound the second term in the right-hand side of (5-8). This yields
lle¥ (e — uo) (0, (xo.100)
1/2 1/p
< CIVVl (][ |ew(ua_u0)|2) 4 Cere¥ IVl (][ ][ {|er2u0|P+|eWa,u0|P}>
Qo (x0,10) —5r2 J B(x0,3r)

+Cee IV eV S, (Vuo) 10y o.ton + CeZe V1= 1V 5. (V2uo) | 101, (.10

where p > d + 2 and we also used the assumption ¢ < r. Estimate (5-6) now follows. U

We are now in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. We begin by fixing xq, yo € R¢*! and s < fo. We may assume that
e <r=(tp—s0)'/?/100.

For otherwise the desired estimate (1-8) follows directly from (1-6).
For f € C°(Qr(Yo, s0); R™), define

t
wien=[ [ Oy s0udyds
—o0o JRE
t
uo(x,t) =f / e VOTo(x, 15y, 8) f(y, s)dyds,
—o00 JRA
where 1 is a bounded Lipschitz function in R? to be chosen later. Then

O + Lo)ue = (3 + Loyup=e"V f in R4F!

and u.(x,1) = up(x,t) =0 if t < s9. Let w, be defined by (3-2). It follows from Lemma 5.2 and
Theorem 4.1 that

l‘+82
/ w (. )PV dx < C82628||V\//||oo+K(l—So+82)|Vllfllgo/ / f12dx ds (5-9)
Rd 50 Rd

for any t > sp.
Next, we use (5-6) to obtain

lle¥ (e — o) | L(0, (vg.10)) < Ce V¥l (f |€'//ws|2>
Q2 (x0,10)

+ Cere™ 1YV (1V2ug| + 1010 ]) | 2% (Bx0,3r) ¢ (t0—5110+72)
+ Cee? WY1V Vg oo (Bxg 3y x (19—512,10-412))- (5-10)
Since supp(f) C Q,(yo, So), it follows from the estimate (1-7) for I'y(x, ¢; y, s) that

2
K|Xo —
|V2uo(x, )] 4 18,u0(x, )] +r | Vug(x, 1)] < CeXp{—M}f |fe V|dyds (5-11)
Io — 50 0O, (yo,50)
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for any x € B(xg, 3r) and |t — fg| < 5r2, where k > 0 depends only on w. Thus, by (5-10), we obtain

lle? (e — uo)ll Lo (0, (xo.10))

1/2 — a2
< CMIVV (f |eww€|2) 4 erec(Ro=3H+n V¥ exp{_"|"0 Yol }f \Fldy ds
Q21 (x0,10) 1o — S0 0 (y0,50)

) 12
N K|Xo —
< Cere" V¥l {eCFZIV'/fllgc + eCXo=y0llIVillo eXp{—M}} . <][ |f|2) , (5-12)
o — So 0r(0,50)

where we have used (5-9) for the last step. By duality this implies

1/2
(f eV VOV (x, 15y, 5) — Tolx, 15y, ) > dy ds)
Qr(y0,50)

2
< Cer—d=14e7 IVl {ecrzuvwgo 1 oS30l V¥l exp{_"';‘o;y‘)'}} (5-13)
0—50

for any (x, t) € Q,(xo, to)-
To deduce the L bound for

eV IV (x, 15y, 5) = To(x, 13y, 9))

from its L? bound in (5-13), we apply Theorem 5.3 (with ¥ replaced by —y and A replaced by
A= fi(y, s) = A*(y, —s)) to the functions

ve(y,s) =Te(x0,t0; ¥y, —s) and wo(y,s) = o(xo, to; y, —5).

Note that (0, +Zﬁdg)vt9 = (0 + Zo)vo =01n B(yg, 3r) x (—s¢o — 5r2, —so+r?). Since A satisfies the same
conditions as A, we obtain

|V =V 00 (y, (yg, —s0) — vo(Yo, —50))]

12
< CI I <][ VOV (. — o) 2 dy ds)
0 (y0,—s0)

2
+ Cer— 1o IV¥lloo o ¥ (x0) =¥ (yo) exp _M
o — S0
1/2
= e (][ e EOmYONT (xo, 103 ¥, 8) = To(xo, o7 , )| dy ds)
Or(yo,s0+r?)

2
+ Cer—d=1 eIV lloo ¥ o) =¥ ) exp{ _ Klfo — Yol }
050

2
< Cor—d=16er V¥l | ger IV | pelsomsnll Tl o <1X0 = Yol (5-14)
— to — 50 )
where we have used (5-13) for the last inequality.
Finally, as in [Hofmann and Kim 2004; Cho et al. 2008], we let ¥ (y) = y¥o(|y — yo|), where y >0 is
to be chosen, Yo (p) = p if p < [xo — yol, and ¥o(p) = |xo — yo| if p > |xo — yo|. Note that |V{r|[cc =¥
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and ¥ (x9) — ¥ (y9) = ¥ |xo — yol. It follows from (5-14) that

ITe (x0, 0 Yo, s0) — Lo(x0, t0; Y0, S0)|

2
< Cer—94=1 = 7Io=yol+cyio=so {ecyz(to—m) + €Y o=l exp{ _K|);O — Yol }}, (5-15)
0—5S0

where ¢ > 0 depends at most on w. If |xg — yo| < 2¢+/to — S0, we may simply choose y = 0. This gives

2
K|xo —
| (x0, 03 Y0, 50) — Lo(xo, fo; y0, 50)| < Cer™ ™! < Ce(tg — o)~/ eXP{-M}-
0— 50
If |xo — yo| > 2¢c+/to — so, we choose
_ S]xo — yol
o — So '
Note that
x0 — yol? |xo — Yol
o — ol + ey o =0 +er (i — s0) = —(1 — e8) L0 g0y
o — So fo — So
2 2
Xo — —8|xp —
5{—8(1—c8)+%8}| 0 — Yol - X0 — Yol
fo — So 4(to — so)

if § < Le=1 Also, observe that

1
1

K |x0 — yol? X0 — yol? i |x0 — yol?
c)/\/to—so-i-cylxo—yol——y S{%6+C(S—K} 4 < - ,
o — So fo — S0 2(to — s0)

if 6§ < %(c + %)_IK. Recall that » = (100)~! /7y — so. As a result, we have proved that there exists «1 > 0,
depending only on w, such that

Ce K1lxo — yol?
. (xo0, to; Yo, So) — Lo(x0, to; Yo, S0)| < — = exp} ——— }.
|l (x0, 105 Y0, 50) — T'o(x0, 703 o, S0)| (fo = s0) @02 P{ o —s0

This completes the proof of Theorem 1.1. O

6. Proof of Theorem 1.2

Define

|F(x,t)—F(y,1)| ((x,1),(y,t) € K and x #Y}

Fll o =su
1 Fllcroky P{ P~
The proof of Theorem 1.2 relies on the following Lipschitz estimate.

Theorem 6.1. Assume that A satisfies conditions (1-2), (1-3) and (1-9). Suppose that

(0 + Le)ue = (0; + Lo)uo
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in Qa,(x0, to) for some (xg, ty) € Rt and e < r < 0o. Then

1/2
IVue—Viuo—(V %) Vol L0, xote)) < Cr ™ (][ |ua—uo|2) +Cer ™| Vol 150y, (xo.10))
(@)

2 (X0,10)
+Celn[e ' r42](1Vuo 4218, Vg |4+-€| V3 uo |l L (01, (x0.10))
+Ce 1V 2uol 419 Vuol+e | V3uoll 2000y roeys (6-1)
where C depends only on d, m, u and (A, t) in (1-9).

Proof. Let
82u0

—, 6-2
8Xi8)€j ( )

U

— £ 2 ¢

We =Ug —UY —EX; P € ¢(d+1)ij
Xj

where Xf(x, 1) = xj(x/e, t/82) and ¢fd+l)ij(x, 1) = Qa+1yij(x/e, t/az). It follows by Proposition 3.1
that (9; + L;)w, = ¢ div(F) in Qo (x0, o), Where F; is given by (3-4) with S, being the identity operator.
Choose a cut-off function ¢ € Cg° (R4*1) such that

0<¢=1, p=1 in Q3 /2(xo, to),
e, ) =0 if [x—xo| = Irort < 19— (2r)%,
Vol <Cr7', |V + 3| < Cr 2.
Using

(0 + Le) (pwe) = (9 9)we + e div(pFe) — e Fe (Vo) — div(A* (Ve)w,) — A*Vw,(Vy),
where A®(x, 1) = A(x /e, t/€?), we may deduce that for any (x, t) € Q, (xo, t),
t
we(x, 1) = / /1 Ce(x, 5y, ){(0sp)we —eFe (Vo) — ASng(Vgo)}dy ds
—00 J R t
—/ / Ve (x, t; y, s){epF, — A*(Vo)w,} dy ds
—o00 JR4
=1(x, 1)+ J(x,1),

where .
J(x,t)z—é‘/ / VyTe(x, 15y, $)p(y, s)Fe(y, s)dyds.
—00 Rd

Since ¢ =1 in Q3,/2(x0, fo), we see that for (x, 1) € Q,(xo, 1),

t

IVI(x,0)| = C/ Vel (x, 25y, ) {105 ¢l |we | + €| Fe | Vol + [Vwe [ [Vol} dy ds

—00 Rd t
+C/ fd|vxvyrs(x,t;y,s>||V<p||wg|dyds
—o0 JR

1
C{—][ wltef  RI+f |ng|}
" J Qs (x0,10) Qor (x0,10) 0O7r/4(x0,0)

] 12 1/2
C{—(f |ws|2) +s(][ |F5|2> }
r 02 (x0,0) 02 (x0,10)

IA

IA
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where we have used (parabolic) Caccioppoli’s inequality for the last step. In view of (3-4) with S, being
the identity operator,
|Fel < C{IV?uol + 18, Vuo| + €| V2uol},

where we have used the boundedness of V¢ (see Remark 2.4). It follows that || VI || 1o0(0, (xo.1)) 15 bounded
by the right-hand side of (6-1).
Finally, to estimate J(x, t), we write

JGet) = —¢ /_too /R VAT 13 D N 5) = Pl ) s
+8/_OO /Rd Le(x, 15, 9) (Vo) (y, s) Fe(y, s) dy ds.
It follows that for (x, ) € O, (xo, tp)
Vi@l ze [ TNy 00 DN R 5) — Fulr. o)l dy ds

Q2 (x0,10)
+ef ViTa(x. 15 2 )| Vo (v, )1 | Fs (v, )] dy ds
02 (x0,10)

F.(y,s) — Fo(x,
<Ce f Fe(, ) S(f ;Z'H dyds + Ce ][ IF.l. (6-3)
Q2 (x0,10) (Ix =yl + 1t —s] / ) Q2 (x0,0)

To bound the first integral in the right-hand side of (6-3), we subdivide the domain Q»,(xg, fy) into
Qe (x, 1) and Q2 (x0, 10) \ Qe(x, 7). On Qs (x0, fo) \ Qc(x, 1), we use the bound

|F€(y$ S) - F&‘(xa S)l = 2||F€||L°°(Q2r(xo,to))7

while for Q. (x, t), we use

|Fe (v, 8) — Fo(x, )] < [x = YI* I Flle20(0s, (.t -
This leads to

IVJ(x,1)| < Celn[e™'r + N Fell oo (Qs (xo,10)) T+ Ce!t? | Ee 1200, (x0.10))
< Celnle™'r + 11111V2uo| + €19, Vuuo| + &l V2t |l L (05, (x0.10))
+ Ce" ) 1V2ug| + €13, Vuol + €| V1ol [l ¢10(0y, (0,100 -

Thus, in view of the estimate for VI (x, t), we have proved that ||Vwg| 10, (xo.5)) 15 bounded by the
right-hand side of (6-1). Since

IVwe — {Vie — Vg — (V) Vol o0, (vo.10)) < CeIllVuol + V1ol ll 150, (xo.10))
the estimate (6-1) follows. |

To prove Theorem 1.2, we fix xg, yg € R and so < . We may assume that ¢ < (o — s9)/8. For
otherwise the estimate (1-10) follows directly from (2-22). We apply Theorem 6.1 to the functions

ug(x,1) =Te(x,t; y0,50) and wuo(x,t)="To(x,1; yo, so)
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in Oy (xg, ty), where r = (o — so)/8. Note that (d; + L.)u, = (3; + Lo)ug = 0 in Q4 (xg, t9). To bound
the first term in the right-hand side of (6-1), we use the estimate (1-8) in Theorem 1.1. All other terms
in the right-hand side of (6-1) may be handled easily by using the estimates (1-7) for I'g(x, ; y, s). We
leave the details to the reader.

7. Proof of Theorem 1.3

To prove Theorem 1.3, we fix xg, yo € R and s¢ < fo. As before, we may assume that ¢ < (o — s9)/8,
for otherwise the estimate (1-15) follows directly from (2-23).

Letr = (to —s0)/8. Fix 1 < j <d and 1 < B < m. We apply Theorem 6.1 to the functions u, = (u¥)
and ug = (ug) in Q2 (xo, fo), Where

d
ug (x, 1) = 5 ALY, 15 30, 50),
9y;
d 0 -
(. 1) = TGN 0x, 13 30, 50) {877 850 4+ 55 (R o /e, —so/6M) .
dye 9y;

where ) denotes the correctors for 9, + ZE. Observe that (9; + Lo)u. = (9; + Lo)ug = 0 in Q4 (xg, ty).
To bound the first term in the right-hand side of (6-1), we use the estimate (1-14). As in the proof of
Theorem 1.1, all other terms in the right-hand side of (6-1) may be handled readily by using estimate
(1-7) for T'y(x, t; y, 5).
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CAPILLARY SURFACES ARISING IN SINGULAR PERTURBATION PROBLEMS

ARAM L. KARAKHANYAN

We prove some Bernstein-type theorems for a class of stationary points of the Alt—Caffarelli functional in
R? and R? arising as limits of the singular perturbation problem

{Aus(x) = Be(ue) in By,

lue] <1 in By,

in the unit ball By as ¢ — 0. Here B¢(1) = (1/¢)B(t/e) = 0, B € C5°[0, 1], fol B)dt =M > 0,is an
approximation of the Dirac measure and ¢ > 0. The limit functions u = lim,; ¢ #¢; of uniformly con-
verging sequences {u & } solve a Bernoulli-type free boundary problem in some weak sense. Our approach
has two novelties: First we develop a hybrid method for stratification of the free boundary d{uo > 0} of
blow-up solutions which combines some ideas and techniques of viscosity and variational theory. An
important tool we use is a new monotonicity formula for the solutions u, based on a computation of
J. Spruck. It implies that any blow-up u¢ of u either vanishes identically or is a homogeneous function
of degree 1, that is, ug = rg(o), o € SN=1 in spherical coordinates (r, 8). In particular, this implies
that in two dimensions the singular set is empty at the nondegenerate points, and in three dimensions
the singular set of u is at most a singleton. Second, we show that the spherical part g is the support
function (in Minkowski’s sense) of some capillary surface contained in the sphere of radius ~/2M. In
particular, we show that Vi : S — R? is an almost conformal and minimal immersion and the singular
Alt—Caffarelli example corresponds to a piece of catenoid which is a unique ring-type stationary minimal
surface determined by the support function g.

1. Introduction

In this paper we study the singular perturbation problem

Aug(x) = Be(ue) %n By, (Py)
lug] <1 in By,
where ¢ > 0 is a small parameter,

Be(1) = (1/e)B(1/¢).
ﬁ(t) Z O’ Suppﬂ - [O’ 1]’ (1_1)
[y Bydt =M >0

is an approximation of the Dirac measure, and B; C R¥ is the unit ball centered at the origin. It is well

known that (P;) models propagation of equidiffusional premixed flames with high activation of energy

MSC2010: 49Q05, 35R35, 35B25.
Keywords: singular perturbation problem, free boundary regularity, capillary surfaces, global solutions.
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[Caffarelli 1995]. Heuristically, the limit o = limg, o #s; (for a suitable sequence ¢; — 0) solves a
Bernoulli-type free boundary problem with the free boundary condition

|Vu™|?> —|Vu~|*> =2M.

If the functions {u,} are also minimizers of

2 t
Jelute] = /Q AL +B(%), B(t) = /0 B(s) ds. (1-2)

then the limits of {u.} inherit the generic features of minimizers (e.g., nondegeneracy, rectifiability
of d{u > 0}, etc.). Consequently, the limits of uniformly converging sequences {ug, } as &; — 0 are
minimizers of the Alt—Caffarelli functional J[u] = [’ B, |Vu|?> +2M X{u>0}- It is known that the singular
set of minimizers is empty in dimensions 2, 3 and 4; see [Alt and Caffarelli 1981; Caffarelli et al. 2004;
Jerison and Savin 2015]. However, if u#, is not a minimizer then the analysis of the limits of u presents a
more delicate problem. The main difficulty in carrying out such analysis is that the free boundary may
contain degenerate points [Weiss 2003].

This paper is devoted to the study of the blow-ups of the limits of the singular perturbation problem
(Pe) and establishes a new and direct connection with minimal surfaces. In particular, we show that
every blow-up of a limit function u = limg, o #g; in R3 (for an appropriate sequence & j) defines an
almost conformal and minimal immersion which is perpendicular to the sphere of radius ~/2M , where
M = fol B(1) dt. In other words, one obtains a capillary surface inside the sphere of radius v/2M.

Our first result is:

Theorem A. Let uy; — u locally uniformly in By for some subsequence ¢;. Then any blow-up of u at a
free boundary point xo € d{u > 0} is either identically zero or a homogeneous function of degree 1. In
particular, if N = 2 and u is not degenerate at xo € d{u > 0} then every blow-up of u at xo must be one
of the following functions (after some rotation of coordinates):

(1) v/2M x1+, a half-plane solution provided that there is a measure-theoretic normal at x,
(2) awedge a|xq|, 0 <a < 2M,
(3) a two-plane solution ozxfr —Bx7, a?>—B%2=2M, a,B > 0.

In order to prove Theorem A we will introduce a monotone quantity based on a computation of Joel
Spruck [1983]. From Theorem A it follows that in R? the blow-up limits at nondegenerate free boundary
points can be explicitly computed. It is worthwhile to note that the minimizers of

Jlu) = /B Vul + 2Mxgno) (1-3)
1

are nondegenerate; i.e., for each subdomain ' € B there is a constant ¢o > 0 depending on dist(d By, 02’),
N, M, such that

sup ut >cor forall xg € d{u>0yNQ’, B,(x9) C Bj. (1-4)
By (x0)
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However, if u, is any solution of (P,) then nondegeneracy may not be true. There is a sufficient condition
[Caftarelli et al. 1997, Theorem 6.3] that implies (1-4).

Some well-known examples demonstrate rather strikingly that for the stationary case there are wedge-
like global solutions for which the measure-theoretic boundary of {# > 0} is empty. This is impossible for
minimizers. In fact, the zero set of a minimizer has uniformly positive Lebesgue density. In this respect
Theorem A only states that if u is nondegenerate at x( then the blow-up is a nontrivial cone.

The existence of wedge solutions, see [Caffarelli et al. 1997, Remark 5.1], suggests that some further
assumptions are needed to formulate the free boundary condition. For instance, one may assume that the
upper Lebesgue density at x € d{u > 0} satisfies ©*(x, {u > 0}) < 1; i.e., the upper density measure is
not covering the full ball. We emphasize that for some solutions the topological and measure-theoretic
boundaries may not coincide. Our next result addresses the degeneracy and wedge-formation in R3 of
blow-ups at free boundary points.

Theorem B. Suppose N = 3. Let u > 0 be a limit of some uniformly converging sequence {ue; } solving
(Pe) such that u is nondegenerate at yo € 0{u > 0}. Let ug be a blow-up of u at yo. If € is a component
of 3{ug > 0} such that the measure-theoretic boundary of {ug > 0} in € is nonempty then

(1) all points of € are nondegenerate,
(2) € is a subset of the measure-theoretic boundary of {ug > 0},
(3) €\ {0} is smooth.
In particular in R3 the singular set of 3{ug > 0} is at most a singleton.

Theorem B implies that the reduced boundary propagates instantaneously in the components of
d{ug > 0}. Our last result sheds some new light on the characterization of the blow-ups as minimal
surfaces inside spheres with contact angle %

Theorem C. Let ug be as in Theorem B and ug = rg(o), o € S?, in spherical coordinates. Then the
parametrization X(0) = 0g(0) + Vg2g(0) defines an almost conformal and minimal immersion. If
{g > 0} is homeomorphic to a disk then ug is a half-plane solution ~/2M xi". If {g > 0} is homeomorphic
to a ring then the only singular cone is the Alt—Caffarelli catenoid.

Observe that Aug = 0 implies that the spherical part g satisfies the following equation on the sphere:
Agn-18+ (N —-1)g =0,

where Agn-1 is the Laplace—Beltrami operator. If we regard g as the support function of some embedded
hypersurface M then the matrix [V;; g + §;; 2]~ ! gives the Weingarten mapping and its eigenvalues are
the principal curvatures kq, ..., kxy—q of M. If N = 3 then we have

L1 kitk
0:A§2g+2g:trace[Vijg+5ijg]:k_1+k_2: }61/622’

implying that the mean curvature is zero at the points where the Gauss curvature kk, does not vanish.

This is how the minimal surfaces enter into the game. One of the main obstacles is to show that the
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surface parametrized by X(0) = Vuy (o) is embedded. Then the classification for the disk-type domains
{g > 0} follows from a result of [Nitsche 1985]. To prove the last statement of Theorem C we will use
the moving plane method. It is worthwhile to point out that the results of this paper can be extended to
other classes of stationary points. For instance, the weak solutions introduced in [Alt and Caffarelli 1981]
can be analyzed in similar way provided that the zero set has uniformly positive Lebesgue density at free
boundary points in order to guarantee that the class of weak solution is closed with respect to blow-ups;
see [Alt and Caftarelli 1981, Example 5.8].

Related works. In [Hauswirth et al. 2011] L. Hauswirth, F. Hélein, and F. Pacard considered the overde-
termined problem
Au(x)=0 in 2,
u>0 in Q, (1-5)
u(x)=0, |Vu|=1 onaL,

where €2 is a smooth domain and the boundary conditions are satisfied in the classical sense. A domain €2
admitting a solution u to (1-5) is called exceptional. Note that every nonnegative smooth solution of the
limiting singular perturbation problem solves (1-5) with M = % In [Hauswirth et al. 2011] the authors
constructed a number of examples of exceptional domains and proposed to classify them. In particular,
they proved that if Q C R? is conformal to a half-plane such that u is strictly monotone in one fixed
direction then 2 is a half-space [Hauswirth et al. 2011, Proposition 6.1]. However the general problem
remained open.

Later M. Traizet [2014, Proposition 1] showed that the smoothness assumption can be relaxed, namely
if Q C R? has C° boundary and the boundary conditions are still satisfied in the classical sense then
is real-analytic. Under various topological conditions on the two-dimensional domain  C R? (such as
finite connectivity and periodicity), M. Traizet classified the possible exceptional domains. One of his
remarkable results is that from €2 one can construct a complete minimal surface using the Weierstrass
representation formula [Traizet 2014, Theorem 9]. Another classification result in R?, under stronger
topological hypotheses than in [Traizet 2014], was given by D. Khavinson, E. Lundberg and R. Teodorescu
[Khavinson et al. 2013]. Moreover, their results in the simply connected case are stronger because unlike
M. Traizet they do not assume the finite connectivity (i.e., d€2 has finite number of components). As
opposed to these results (1) we do not assume any regularity of the free boundary (which plays the role of
02 in (1-5)), (2) the Neumann condition is not satisfied in the classical sense, (3) the minimal surface we
construct in Theorem C is not complete and it is a capillary surface inside sphere, and (4) our techniques do
not impose any restriction on the dimension. Note that in [Hauswirth et al. 2011] the authors suggested to
study more general classes of exceptional domains: if (M, g) is an m-dimensional Riemannian manifold
admitting a harmonic function with zero Dirichlet and constant Neumann boundary data then M is called
exceptional and u a roof function. In this context Theorem C provides a way of constructing a roof
function on the sphere from the blow-ups of stationary points of the Alt—Caffarelli functional.

One may consider higher-order critical points as well, such as mountain passes (which are, in fact,
minimizers over some subspace of admissible functions), for which one has nondegeneracy and nontrivial
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Lebesgue density properties [Jerison and Perera 2018, Propositions 1.7-5.1]. Observe that neither of these
properties is available for our solutions as Theorem 6.3 and Remark 5.1 in [Caffarelli et al. 1997] indicate,
and in the present work we do not impose any additional assumptions on our stationary points of this kind.

It seems that the only result in high dimensions that appears in [Hauswirth et al. 2011; Khavinson et al.
2013; Traizet 2014] states that if the complement of 2 is connected and has C?** boundary, then € is the
exterior of a ball [Khavinson et al. 2013, Theorem 7.1]. The restriction Q C R? is because the authors
have mainly used the techniques from complex analysis. Our approach does not have this restriction since
our main tool is the representation of the solution in terms of the Minkowski support function. We remark
that using our method in high dimensions we can construct a surface M inside the sphere of radius ~/2M
such that the sum of its principal radii of curvature is zero, and M is transversal to the sphere.

Finally, we point out that our approach may lead to a new characterization of global minimizers in R?
[Caffarelli et al. 2004]. Indeed, [Ros and Vergasta 1995, Theorem 6] implies that the capillary surface M
in Theorem C associated with the blow-up limit must be totally geodesic (i.e., the second fundamental
form is identically zero). Consequently, the blow-up must be the half-plane solution.

The paper is organized as follows: In Section 2 we set up some basic notation which will be used
throughout the paper. Section 3 is devoted to the study of a new monotone quantity s(xg, #, #). This
interesting quantity is derived from a computation of Spruck [1983]. Among other things, properties of s
imply that every blow-up of u is either a homogeneous function of degree 1 or identically zero. Section 4
contains the proof of Theorem A. In Section 5 we develop a new method of stratification of the free
boundary points and prove Theorem B. Section 6 contains the proof of Theorem C. For the convenience
of the reader, in the Appendix we repeat the relevant material from [Caffarelli et al. 1997] without proofs.

2. Notation

Throughout the paper N will denote the spatial dimension. B, (xg) = {x € RV : |x — x| < r} denotes
the open ball of radius r > 0 centered at xo € R". The s-dimensional Hausdorff measure is denoted
by 7, the unit sphere by SV~ ¢ R¥, and the characteristic function of the set D by yp. We also let

1
M:/0 B(t)dt.

Sometimes we will set x = (x7,x’), where x’ € RV ~1. For a given function v, we will define vt =
max(0, v) and v~ = max(0, —v). Finally, we say that v € C 01 (D) if for every D’ € D, there is a constant

loc
L(D’) such that
lv(x) —v(y)| < L(D')|x —y| forall x,y€D.

Ifve Clg’cl (D) then we say that v is locally Lipschitz continuous in D. For x = (xy,...,xy) and fixed
xo € RN we denote by (x — X0)1+ the positive part of the first coordinate of x — x¢. If u(xg) = 0 then
(u(x))r = u(xo +rx)/r, r > 0, denotes the scaled function at xo. For given r; — 0 the sequence

(u(x))y, is called a blow-up sequence and its limit #¢ a blow-up of u at xo.
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3. Monotonicity formula of Spruck

It is convenient to work with a weaker definition of nondegeneracy which only ensures that the blow-up
does not vanish identically.

Definition 3.1. We say that u is degenerate at xy € d{u > 0} if liminf, o (1/r) J[Br (x0) ut =0.

* is subharmonic.

Observe that T (x) = o(]x — x¢|) near the degenerate point x( because u
It is known that the solutions of (P;) are locally Lipschitz continuous; see the Appendix, Proposition A.1.
Consequently, there is a subsequence ¢ — 0 such that us; — u locally uniformly. Furthermore, u is
a stationary point of the Alt—Caffarelli problem in some weak sense and the blow-up of u can be

approximated by some scaled family of solutions to (P;); see the Appendix, Propositions A.5 and A.6.

Proposition 3.1. Let u be a limit of some sequence ug; as in Proposition A.2. Then any blow-up of u at a
nondegenerate point is a homogeneous function of degree 1.

Proof. To fix the ideas we assume that 0 € d{u > 0} is a nondegenerate point. We begin with writing the
Laplacian in polar coordinates

N —1 1
Au:urr + ur+_2A§N71u (3'1)
r
and then introducing the auxiliary function
v(t,0) = u(r, U), r=e’. (3-2)
¥
A straightforward computation yields
Uy 1
Vp=—Ur+V, Vg=-—, Vi =Upl+V, Agn-1V=—-Agn-1U,
r r

where, with some abuse of notation, v, denotes the gradient of v computed on the sphere. Rewriting the
equation Aug, = B.(u) in z- and o-derivatives we obtain

1 L (r
;[(N — 1)(1) — atvg) + 3%1}8 — 3,1}8 + AgN—l Ug] = Eﬂ(gvg)
Next, we multiply both sides of the last equation by d;v, to get
ro(r
31 Vs[(N — 1) (v — 9, v5) + 07V — 0; Vs + Agn—1Ve] = 0rve—p (gvg). (3-3)

The right-hand side of (3-3) can be further transformed as follows:

r (et et e ! et et et
—,3(—1)8)8;1)8 = ﬂ(—vg) [—8;1}8 — —vs] + ﬁ(—vs)—vs
€ € € € € € e

(e /e)ve et et
=0y / B(s)ds +,3(—vs)—vs
0 & &

e~ ! et et
= BtB(—vg) —I—,B(—vg)—vg = 1.
& € &
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It is important to note that by our assumption (1-1) the last term is nonnegative; in other words

—t —t
ﬂ("—vs)%vs > 0. (3-4)

&

Moreover, we have

I =[(N = 1)vg — N3yve + 02ve + Agn-10¢]0,ve

(atvs)2
2

2
= (N—l)at(%s)—N(atUg)z—Fat( ) +8tU8A§N—1Ug.

Next we integrate the identity
1 2=T 1 1

over SV ~! and then over [T}, T in order to get

2T T P 2
(N-1) Ye —N/ / (8tv8)2+/ ( tvs) / / 01V AgN—1Vg
SN*I TO TO SN*I §N1 TO SNI
[l
SN—-1

/TO [ (—vg)—vs

T
_ 1 0T ]
/To /§N—1 01V AgN—1Vg = 3 /§N_1 | Vo vel ‘To' (3-5)

Rearranging the terms and utilizing (3-4) we get the identity

Vufocto e f oo

Note that

9 2 —t T
=(N-1) Us +/ (3rve) _l/ |ng€|2‘; _/ B(e—vg) (3-6)
sN—1 2 T, SN—1 2 To 2 Jon—1 0 SN—1 £ T,
From here it follows that -
/ / (3rve)* < C, (3-7)
To SgN—1
where C depends on || Vi | oo, M, N but not on g, Ty or T.
Letting ¢ — 0 we conclude
T
/ / (0,v)* = C, (3-8)
Ty JSN-1

where v(t,0) = u(r,0)/r. But d;v = —u, + u/r, implying that

00 u 2
[ / (u, - —) dtdo <C. 3-9)
To sN—1 r

The proof of Theorem A follows if we note that —u, +u/r = 0 is the Euler equation for the homogeneous
functions of degree 1. O
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In the proof of Proposition 3.1 we used Spruck’s original computation [1983]. The identity (3-6) can
be interpreted as a local energy balance for u.. Moreover, using (3-6) we can construct a monotone
quantity which has some remarkable properties.

Corollary 3.2. Suppose 0 € 3{u > 0} and let (r,0), o € SN, be the spherical coordinates. Introduce

se(r)=[§N_l[2B(@) —|Va 2=V =1) 2(r %) (arug(r o) el (’)” 5. (3-10)

e Then S¢(r) is nondecreasing in r.

* Moreover, if ug; — u for some subsequence £j — 0, then Sg; (r) — S(r) for a.e. r, where

2 2
S(r)=/§N [2Mx{u>0}+ —Veul2— (N -1~ (V 9) (a,u(r,o)—”(rr’o)”do. G-11)

In particular, S(r) is a nondecreasing function of r.

e S(r) is constant if and only if u is a homogeneous function of degree 1.

Proof. By setting r; = e T ry=e"Toand noting that r; < r, if T > T, we obtain from (3-6)

Sg(r2)—Sg(r1)=2N/ [ B (0,v¢)2 +2/;0/;N1 ( vg) ve > 0,

where we applied (3-4) and hence the first claim follows. The second part follows from Propositions A.1
and A.2. Indeed, integrating S.(r) < S.(r +1¢), t = 0, over [r; — 8, r1 + 8] we infer

1 r1+6
% r1—8

1 ri+6
Se(r)dr < —/ Se(r +1t)dr.
26 §

ri—
Then first letting ¢ — 0 and utilizing Proposition A.2 together with (A-1) and then sending 6 — 0 we infer

that S(r) is nondecreasing for a.e. . Finally the last part follows as in the proof of Proposition 3.1. O

As one can see we did not use the Pohozhaev identity, as opposed to the monotonicity formula in
[Weiss 2003]. Spruck’s monotonicity formula enjoys a remarkable property.

Lemma 3.3. Let u be as in Proposition 3.1. Set S(xg, 1, u) for S(r) defined by the sphere centered at
Xxo € d{u > 0}. Suppose xj, € 0{u > 0} such that x;, — xo. Then

lim sup S(xg, 0,u) < S(xo,0, u).

XK —>X0

Proof. For given § > 0 there is po > 0 such that S(xg, p, #) < S(x¢,0,u) + 6 whenever p < po. Fix
such p and choose k so large that S'(xg, p, u) <&+ S(xg, p, #). From the monotonicity of S(xg, p, u) it
follows that

S(xk, 0,u) < S(xg, p,u) <6+ S(xo, p, u)

<26+ S(x¢,0,u).

First letting xz — xo and then § — 0 the result follows. O
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Lemma 3.4. Let S be the monotone quantity in (3-11). Then the following hold:

() s(xg, R,u) = (1/RN) fOR rN=18(xo, r, u) dr is monotone nondecreasing and

d R
—s(xp,u, R) = / NS (xo,u,r)dr = 0.
0

dR RN+1
(ii) If the solution u > 0 is degenerate at xog € d{u > 0} then the set {u > 0} has well-defined Lebesgue
density ©(xg, {u > 0}) equal to

1 1
—_— ,0, —_— 1 , R,
2M|B1|S(XO u) = M |B,| i 1m s(xo u).

(iii) Suppose xj € 0{u > 0} such that x;, — xo. Then

lim sup s(xg, 0, u) < s(xg,0, u).
Xje—>X0

Proof. 1t is easy to compute

N (R S(xo, R, u)
S/(xo,R,u)=—RN+1 /0 v 1S(xo,r,u)a’r—l—oT

R
/ NS (xg,u, r)dr +
0

R RN+1 R

1 R
= W/ NS (xg, r,u) dr.
0

To prove the second claim notice that at the degenerate point xo we have u(x) = o(|x — xo|) by virtue
of the subharmonicity of u. Consequently f Br(xo) |Vu|? = o(1) as r — 0 by virtue of the Caccioppoli
inequality. Therefore the only surviving term in S’ comes from 2M x ;- o}. The proof of the last claim is
analogous to that of Lemma 3.3. O

Lemma 3.5. Let 0 € 3{u > 0} and assume that ug =rg(c), o € SV, is a blow-up limit of u at 0 which
is homogeneous function of degree 1. Then

/ IVagIZ—(N—l)/ g? {=0 lfa{U%O}lsﬂata[(),
S SN—1

<0 otherwise.
Proof. Let (r, o) be the spherical coordinates; then the Laplacian takes the form

N -1 1
Oplte + ") ASNA Ug.
r

Aug = Brrug

Multiply both sides of Aug by rV~1u, and integrate over [0, R] x SN to get

R
Iy (ue;) :=/ /SN ] ugafrung_l dodr

= RN- 1/51\1 1u8 rlUg — / /SN— (azue)2 N- 1+(N—1)8ru‘,;u$r ]dadr
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R
I (us;) ::/ / usafung_z do dr
0 §N71

_ (”8)2 R (ue)z _
=RN Z/SN_I ) —(N—2)/(; LN_I[TVN 3]d0d7,

R R
13(u8].) = / / AgN—l”gUng_3 dodr = —/ / |V0ug|2rN_3 do dr.
0 §N—] 0 SN_I

Choosing a converging sequence u,; and letting ej — 0 we get by virtue of Proposition A.2

lim Bejus, =81iglo[[1(usj)+(N— DIa(ue;) + 13(uep)] = Iy () + (N = D)L (u) + I3(u).

£j—>0 BR

Suppose that u g, is a blow-up sequence at the origin and u g, — uo =rg(o); then

RN N-1
Idw)=RN/1 g —— gz————RN/ g> =0,
sN—1 N Jgn-1 N sN-1
2 2 N
g N -2 g R
12(u0)=RN/ ———RN/ 5 = g
sN—1 2 N sN—1 2 N Jgn—1

By Proposition A.5 and (A-2) there is a sequence d; — 0 such that us, — ¢ and
lim / Bs;us; < |Blloclix € By :0 <ugs; <d;}| —0,
8;—>0JpB,

provided that u is flat at 0. Hence we have

. RN =0 if d{u > 0} is flat at 0,
lim [ Bsus = —[(N—l)/ gz—/ |Vag|2}{ . O
§;—0JpB, N SN—1 SN—1 >0 otherwise.

4. Proof of Theorem A

The first part of the theorem follows from Proposition 3.1. Since u is not degenerate at the origin, by
Propositions A.2 and A.5 u,, (x) — uo(x) locally uniformly and by Proposition 3.1 u is homogeneous
of degree 1. Write A in polar coordinates (r, 8) to obtain

19
r2 96
In particular, writing o = rg (), this yields a second-order ODE for g,

10
Aw=—-——(rw,)+ (wg).
ror

g+§=0. 4-1)

Suppose g(0) = g(6p) =0, 6y € [0, 27); then (4-1) implies that g(6) = A sin 6 for some constant A,
consequently forcing 6y = . Hence, since N = 2, we obtain that #¢ must be linear; in other words the
free boundary d{u( > 0} is everywhere flat. This in turn implies that in two dimensions the singular set
of the free boundary d{uo > 0} is empty. Consequently, u is linear in {u¢ > 0} and {uo < 0}. From here
parts (2) and (3) of Theorem A follow from [Caffarelli et al. 1997, Propositions 5.3 and 5.1].
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So it remains to check (1). For the elliptic problem the only difference is that the limit function
M (x) = limg; ¢ Bs; (us;) cannot have nontrivial concentration on the free boundary coming from
{x1 <0}, as opposed to the parabolic case studied in [Caffarelli et al. 1997]. Observe that VB(us; /8;) =
Vusg, Bs; (us;) = 0in By \ {0 <us, <§;}. By Proposition A.5 and (A-2) there is sequence 0 < 1; — 0
such that (ug;)x; — uo, &j/Aj — 0 and M(x) = M) (x>0} + Mox{x,<0}- It follows from (A-3) that

2

/ M81¢+/ My o9 = a—81¢ forall¢eC(§’°(Bl). 4-2)
(x>0} {x] <0} (x;>0} 2

After integration by parts we obtain M f_ll ¢(0,x3)dxy = (M — %oﬂ) f_ll ¢ (0, x2) dx,. This yields

a?

My=M — —.
0 2
Next we claim that My = 0. Suppose My > 0; then Iy := {t € R: B(t) = My} # @ and there
is a € (0, 1) such that Iy C [a, 1]. Since B(¢) is continuous and nondecreasing, it follows that there is

0 <ao < a such that us, (x)/8; € [ao, 1] provided that j is sufficiently large.

Let
ug; (x)
C=1x: 5 € lap, 1] N{x1 <0} N By.
Jj
Then,
CC{x € By:apdj <us (x) <3} C{0<ugs <28;}N By.
But [{0 <us; <23;} N B[ — 0, which implies that M( cannot be positive. O

5. The structure of the free boundary of blow-ups in R3

In this section we assume that # > 0 is a limit of ug; solving (P.) for some sequence ¢; — 0, u is
nondegenerate at some yg € d{u > 0} and u¢ is a blow-up of u at yo. Note that by Corollary 3.2 ug is a
homogeneous function of degree 1. If ¢ is not a minimizer then it is natural to expect that the solutions
of (P,) develop singularities in RN, N > 3.

We first prove a nondegeneracy result.

Lemma 5.1. Let xg € 0{ug > 0} be a free boundary point such that there is a ball B C {ug = 0} touching
d{ug > 0} at x¢ and O(xg, {ug > 0}) > % Then uq is nondegenerate at xo and

uo(x) = vV2M (x —x0) " + o(x — x0).

Proof. Let (ug)r = ug(xo +rx)/r. There is ry such that
(ug)r =0 in{x; <—=8}NQy, forallr <ry, (5-1)

for some small § > 0, where Q; = (—1, 1)3 is the unit cube. Moreover, there is 7y > 0 such that

{(uo)r >0} N{x; >0} N By|
| B1]

>1-§ forallr <. (5-2)
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Cti
£

X1

A% (x])

Figure 1. The construction of the point ()'cfj , &%), The purple region is C%/ .

Fix r with these two properties (5-1) and (5-2). There exists y > 0 such that
[{@o)r >y} i{x1 > 03N By|

| Bi] 2

Let v = (us; )r, where ug; — ug (see Proposition A.5) and A% = {v® >y /2}N{xy >0} N B;. Since
v% — (ug), uniformly (see Proposition A.2), it follows that there is jo(r) such that for j > jo(r) we

—26. (5-3)

have
|A% | > | By|(3 —26). (5-4)

Let B ={x;€(—1,-6)}N Q1 and —B% ={x; € (§,1)} N Q4. Let C&% = A% N (—B%). Then we
have
|C& | > |By|(3 —28) > 0.

Define A% (x1) = {x’: (x1,x") € C%} and f% (x1) = |A®% (x1)|. We claim that
HX] . fej (Xl) > |B1|(% —35)}’ > 0.

Indeed, if the claim fails then we have

1
|B1](3 —26) <|C¥| :/5 S (x1) dxy <|By|(5 - 39),

which is a contradiction.
Hence there is x}’ € (8, 1) such that f% (x}') > | By|(% —35). Now choose 0 <da’ <a <b < b’ <1
such that
B(s) >k forallseld,b].
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Let 8} = ¢;j/r. We claim that there is £% € A® and )Efj such that

v Ej s&j
—(x{".§7) € (a.b).
&

Indeed, for sufficiently large j we have

v &j g
a> 8—/(—x1’,x') =0 forall x" € A% (x),

J
vEi . j /
— 7 x> Y b forall x' € A% (x7).
g 1 2¢" 1
J J

provided that j > j;(r); see Figure 1. Hence from the mean value theorem we see that the claim is true.
From the uniform Lipschitz continuity of the functions v®/ it follows that there is a constant co > 0 such that

V¥ . _¢&j o &
?(xl,x/) €(d,b) if|x; —x]|<é&jco, x' €A% (x)).
J
Consequently we have

By (v57) > ﬁ,/ B A% el = — (1= 38)2¢o8, = 2| By (1= 38)co == C.
B I 8]- |xl_)_cl |<8}CO 8].

Now the nondegeneracy follows from the proof of Part II of Theorem 6.3 in [Caffarelli et al. 1997]. The
asymptotic expansion follows from Theorem A and Proposition 3.1. O

Remark 5.2. Note that under the weaker assumption ®(xg, {#o > 0}) > 0 the argument in the proof
of Lemma 5.1 still works. However for a self-crossing free boundary [Weiss 2003] (see Figure 2) the
assumptions of Lemma 5.1 may not be satisfied.

As an immediate corollary we have:
Corollary 5.3. Let xy € 0{ug > 0} be a point of reduced boundary. Then u is nondegenerate at x.

Proof. Suppose that 0 € d{ug > 0} and 9{(ug)r > 0} C B, N{|x - e| < &} for some unit vector e and
small ¢ > 0. Here (uo)r = uo(rx)/r. Consider the family of balls B/, (et),t € [—&,¢]. Then there

u>0 u>0

Figure 2. Possible self-crossing free boundary which fails to satisfy the conditions of Lemma 5.1.
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is t; € [—¢, €] such that B}, (ete) touches the free boundary at some point zo € By provided that ¢ is
sufficiently small. Let vy = t;e. Introduce the barrier function

9(3) —e(lx —vol)

we) = o(3)—e() By

Uo,

where ¢(|x|) = 1/|x|¥ 2. We have A(ug—w) = Aug>01in D = By(vg) \ Bi/2(vo) and ug —w <0
on dD. From the maximum principle we infer that ug < w in D. But we have that the maximum of
ug — w is realized at zo. Hence from the Hopf lemma we get

—V2M = 0,,u0(z0) > dyyw(zo) = —|¢'( %| o(L)— (1)
V o(1)—

or

wp (o) = vair? 2 e 0
B1(v0) e

In the following definition we let Q" (1) = {u > 0} and Q~ (1) = {u < 0}. Moreover, let
Gy uy) = ) — () —2M, (5-5)

where ©; and u}, are the normal derivatives in the inward direction v to Q2 (1) and 32~ (u), respectively.
For more details see [Caffarelli and Salsa 2005, Definition 2.4].

Definition 5.1. Let  be a bounded domain of R" and let u be a continuous function in . We say
that u is a viscosity solution in €2 if:

(i) Au=0in Q" (u) and Q" (u).
(ii) Along the free boundary d{u > 0}, the function u satisfies the free boundary condition in the sense that:
(a) If at x¢ € 0{u > 0} there exists a ball B C Q7 () such that xo € 9B and
ut(x) > a(x —xg,v)T +o(x —x0|) forxeB, (5-6)
u= (x) < B{x —x0,v)” +0(]x —xq|) forx e B, (5-7)

for some @ > 0 and B > 0, with equality along every nontangential domain, then the free boundary
condition is satisfied:

G(a,pB) <0.
(b) If at x¢ € d{u > 0} there exists a ball B C Q7 (u) such that xy € dB and
u (x) > B{x —x0,v)” +0(]x —x¢|) forxeB,
u(x) <a(x —x0,v)" +o0(x —xg|) forx € dB,

for some & > 0 and B > 0, with equality along every nontangential domain, then

G(a, B) > 0.
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In our case B = 0 and we have only u™. However, one has to check that the free boundary conditions
(a) and (b) in Definition 5.1 are satisfied.

Lemma 5.4. Let ug be a blow-up of u at some nondegenerate point such that ®(x, {ug > 0}) > % for
every x € d{ug > 0}. Then ug is a viscosity solution in the sense of Definition 5.1.

Proof. We have to show that the properties (a), (b) in Definition 5.1 hold. Suppose that B C {uy > 0}
touches d{uy > 0} at some point xo. Then it follows from Hopf’s lemma that u( is nondegenerate
at xg. Consequently, if uqq is a blow-up at x( then by Theorem A ugo(x) = oleJr after some rotation of
coordinate system. Moreover 0 < o < ~/2M. Hence G(x,0) < 0.

Now suppose that B C {u#y = 0} and B touches d{uy > 0} at zo. By Lemma 5.1 u is nondegenerate
at zg. Theorem A implies that any blow-up ugg of ug at zg must be ugg(x) = V2M xI" after some
rotation of coordinates. Hence G(v/2M , 0) > 0. O

5A. Properties of d{ug > 0}. We want to study the properties of g. We first prove a Bernstein-type result
which is a simple consequence of a refinement of the Alt—Caffarelli-Friedman monotonicity formula [Alt
et al. 1984b; Caffarelli et al. 2000].

Lemma 5.5. Let u > 0 be a limit of solutions to (Pg). Let ug =rg (o), o € SV1, be a nontrivial blow-up
of u at some free boundary point. If there is a hemisphere containing supp g then the graph of uy is a

half-plane.
Proof. Without loss of generality we assume supp g C S]_?_’_l ={XeSNl:xy>0} Letv(xy,...,xny)=
u(xy,...,—xp) be the reflection of u with respect to the hyperplane xx = 0. Then v is a nonnegative

subharmonic function satisfying the requirements of [Caffarelli et al. 2000, Lemma 2.3]. Thus

() 1/ |Vu0|2/ |Vv|?
r) —= —
ré B, |x|N_2 B, |x|N_2

is nondecreasing in r. Moreover

20(r)

C
@' (r) > Ap, Ay = ,,N—]Xl Area(dB; \ (supp ug U supp v)).

Thus, if supp g digresses from the hemisphere by size § > 0 then 4, > ¢(8) > 0. Hence integrating the
differential inequality for ® we see that ® grows exponentially, which is a contradiction since in view of
Proposition A.3 ug is Lipschitz and hence ® must be bounded. O

It is convenient to define the following subsets of the free boundary:

T2 = {x € 3{uo > 0} such that O(x, {ug > 0}) = 1}, (5-8)
't = {x € 9{up > 0} such that O(x, {ug > 0}) = 1}, (5-9)

where ®(x, D) denotes the Lebesgue density of D at x. We will see that ®(x, {uy > 0}) exists at every
1

nondegenerate point and equals either 1 or 5
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Lemma 5.6. Assume N = 3. Let xg € 0{ug > 0} \ {0} be a nondegenerate free boundary point such that
the lower Lebesgue density satisfies ©«(xg, {ug = 0}) > 0. Then there is a unit vector vg such that

ug(x) = V2M[(x — xo) - vo] T + o(x — xp). (5-10)
In particular, xo € T'y .

Proof. Set v, = ug(xo + prX)/pr. Since uq is nondegenerate at xg it follows from a customary compact-
ness argument that vy — v and by virtue of Corollary 3.2 v is a homogeneous function of degree 1. We have

uo (o + P X)

o = uo(pg ' xo + x) = Vuo(pj ' xo + x) (pf; ' X0 + X)

1
= - Vito((¥o + o) (3o + piv). (5-11)
where the last line follows from the zero-degree homogeneity of the gradient; hence

Pr Uk (X) = Vug(xo + prx)(xo + prx) = Vg (x)(xo + pg X). (5-12)

By the Lipschitz continuity of uq it follows that vy is locally bounded. Consequently, for a suitable
subsequence of px we have vg, — v and Vv(x)xo = 0. Without loss of generality we may assume that xo
is on the x3-axis, implying that v depends only on x; and x,. Applying Proposition A.6 and Corollary 3.2
we conclude that S(xg, r, #g) is nondecreasing and thus v must be homogeneous of degree 1. Indeed,
there is a sequence 6; — 0 such that (ug;)y; — v.8; = ¢;/A; by Proposition A.6.

Finally, applying Theorem A and the assumption ®«(xg, {ug = 0}) > 0 we see that v must be a
half-plane solution. It remains to note that the approximate tangent of d{uo > 0} at x¢ is unique and this
completes the proof. O

Lemma 5.7. We want to show that ®(x, {ug > 0}) > % in some neighborhood of x¢. Let xo € I'y /5. Then
there exists ro > 0 such that By,(xo) N d{ug > 0} is a C1* surface.

Proof. Let yy € 0{uy > 0} be a degenerate point. Suppose there is p > 0 such that u( is degenerate
at every point of B,(yo) N d{ug > 0}. Since supp Aug C d{uo > 0}, it follows that ug = 0 in B,(yo).
Consequently, there is a sequence of nondegenerate points y; — 3. Note that if y; is a nondegenerate
point then by Theorem A the Lebesgue density satisfies ® (g, {ug > 0}) > %

Let ”I(go be a blow-up of uq at yg. By Proposition A.6 for fixed k there are 5}’.‘ — 0 such that
(u 85;) Ak — ulgo, 8]’.‘ = 8}‘ / k}‘ . Thus applying Theorem A it follows that ulgo is a half-plane solution or
a wedge.

From scaling properties of Spruck’s monotonicity formula and Lemma 3.4 we get

2nM if y; is a wedge point, (5-13)

0, v, ug) = s(1,0,u% ) = 2M vol(B; N {uk > 0}) =
$(0, v, uo) = s ”00) vol(By {”00 ) {nM otherwise.

Then applying Corollary 3.2 to u g« and using the semicontinuity of S, Lemma 3.3 together with Lemma 3.5,
J
we have

2M vol(By N {uk ) > 0}) = limsup s(0, yx, uo) < 5(0, yo, uo) = 2M wO(xg, {uo > 0}).  (5-14)
Yk—>Yo
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Therefore we conclude that ®(x, {ug > 0}) > % for every free boundary point x in some neighborhood
of x¢. By virtue of Lemma 5.4 u is a viscosity solution which is flat x¢. Applying the “flatness-implies-
C 19> regularity results from [Caffarelli 1987; 1989] the lemma follows. O

Next we prove a representation formula for Auy.
Lemma 5.8. Let ug be as in Lemma 5.5. Then:
(i) H*(T1/2 N Bg) < oo forany R > 0.
(i) Away from I'y the following representation formula holds:
Aug = V2MH? LTy,
Proof. (i) For given x € I'y/, there is a px > 0 such that

sup ug = ~Mr, re(0,px). (5-15)
B (x)

This follows from the asymptotic expansion in Lemma 5.6. Consequently, there is p}, > 0 such that
/ Aug>~Mr?,  re(0,p,). (5-16)
By (x)

Indeed, if this inequality is false then there is a sequence r; ~\ 0 such that

/ Aug < erjz.
Brj (x)

Set vj(x) = uo(x +rjx)/rj. By (5-15) suppg, vj(x) = VM. Moreover, it follows from Lemma 5.6 that
vj (x) —> \/Wx;r in a suitable coordinate system, while fBl Av < VM. However, fB1 AxT = Wg
and this is in contradiction with the former inequality. Putting o = min(p’,, px) we see that the collection
of balls F = | B, (x), x € I'y/, N Br, px < px., is a Besicovitch-type covering of I'y/, N Bp.
Consequently, there is a positive integer m > 0 and subcoverings Fi, ..., F such that the balls in
each Fj, 1 <i <m, are disjoint and I'; /, N Bg C U,’-"zl Fi. We have from (5-16)

s Vuoloz [ bz [ sw= Y[ swzavil Y
0BRr Bpx(x)e]-‘,- Bpx(x)

B (x)EF; B, (x)eF;

This yields
g2 < AVl R
T omVM

By, (x)EU:ﬁ:l Fi

(5-17)

Given § > 0 small, suppose there is x € I'y/, such that px > 6. Then we choose px < §. Thus, in any case
we can assume that px < §. In view of (5-17) this implies that the §-Hausdorff premeasure is bounded
independently of §. This proves (i).
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(i1)) From the estimate

\/MrszB()Auof4nr2||Vu0||, r€(0,px), Br(x)NTy, CTyya,
r(x

we see that there is a positive bounded function ¢ such that Aug = gH>*L T /2- Using Lemma 5.6 we
conclude that ¢ = V2 M. O

Next we prove the full nondegeneracy of ug near I'y /5.

Lemma 5.9. Let ug be as above and xo € Iy /5. Then for any By (x) such that x € d{ug > 0}, B,(x) N
d{ug > 0} C I'y/2, we have

sup ug > vV2Mmr.
By (x)

Proof. By a direct computation we have
" dt "1
r_zf u(,:/ —2/ AuOZ/ —2V2Mnt2=v2Mnr,
9B, (x) 0 1% JB(x) o !

where the inequality follows from the representation formula and the fact that d{u¢ > 0} is a cone; hence for
all t € (0, r) we have H?(B,(x) N Ti2) = mt2. It remains to note that r 2 faB, (x) 40 = SUPp, (x) Uo- O

5B. Weak solutions. Combining Lemmas 5.8 and 5.9 as well as Propositions A.2(iii) and A.3(i) we see
that u¢ is a weak solution near I'; /, in the sense of [Alt and Caffarelli 1981, Definition 5.1]. Furthermore,
d{ug > 0} \ {0} is flat at each point.

Lemma 5.10. The blow-up u is a weak solution in the Alt—Caffarelli sense away from I'y. Furthermore,
I’y /2 is smooth.

Proof. All conditions in [Alt and Caffarelli 1981, Definition 5.1] are satisfied and u is flat at every point
zo € d{ug > 0} \ {0} thanks to (5-10). Applying Theorem 8.1 of the same paper we infer that I'; /, is
smooth at every zg € d{ugo > 0} \ {0}. O

5C. Minimal perimeter. In this section we prove that the local perturbations S’ C {uo > 0} of a portion
S C Iy, have larger 72 measure than S. This can be seen from the estimate |Vug(x)| < ~/2M, which
follows from Lemma A.7. Since by Lemma 5.10 on I'y/, the free boundary condition |Vu| = V2M is
satisfied in the classical sense, it follows that

o=/ Au():/ dpug + Bvuoz«/ZMHz(S)+/ Ao,
D S S’ S’

where D C {uy > 0} such that 9D = S U S’. But US’ 8vuo‘ < V2MH?(S’) and thereby
H2(S) < H(S"). (5-18)
The estimate for the perimeter can be reformulated as follows:

Theorem S5.11. Let N = 3. Then the components of I'y;, are surfaces of nonpositive outward mean
curvature. In particular, 'y /5 is a union of smooth convex surfaces.
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Proof. Since ug is a weak solution, by Lemma 5.10 I'y/, is smooth. If zg € I'j/, then choosing the
coordinate system in R? so that x3-axis has the direction of the inward normal of {uo > 0} at zy and
considering the free boundary near zq as a graph x3 = /(x1, x,), we can consider the one-sided variations
of the surface area functional. Indeed, let D C R? be a open bounded domain in the xx,-plane containing
zo and assume 7 > 0, 0 < € C3°(D). Then from (5-18) we have

ozlf[mﬂvmz—J1+|V<h—n/f)|2]
tJp

_ 2VAVY —t|Vyr|?

o JTHIVEE + T+ [V —19)]2
VhVy

— | ——— ast—0. (5-19)
D /14 |Vh|?
Therefore
. Vh
divl ———=1]>0
V1+|Vh|?
and, noting that I'y/, is a cone, the result follows. O

5D. Full nondegeneracy.

Lemma 5.12. Assume that N = 3 and let ug be a nontrivial blow-up of u such that the measure-theoretic
boundary of {ug > 0} is nonempty. Then d{ug > 0} \ {0} C I'y5. In particular the set of degenerate
points of d{ug > 0} is empty.

Proof. Let uq be a blow-up of u at 0. Since u is nondegenerate at 0, it follows that «y does not vanish
identically. Hence there is a ball B C {ug > 0} touching d{uy > 0} at some point zg € d{ug > 0} N B.
By Hopf’s lemma, the Lipschitz estimate Proposition A.3(i) and asymptotic expansion [Caffarelli 1989,
Lemma A1l] it follows that u¢ is not degenerate at zy. Consequently, the set of nondegenerate points of
Ug is not empty.

Suppose that S is a component of d{uy > 0} containing a point of measure-theoretic boundary of
{ug > 0}. Note that by Lemma 5.7 and Theorem 5.11 S is a smooth convex surface. Let xg € S, xo # 0.
Then either (a) xo € I'; or (b) ug is degenerate at xy.

We first analyze the case (a). Let £ be the ray passing through x( and IT the tangent half-plane to S
along £. First note that u is nondegenerate at xy because

2
/ Aug > / Aug > N2ZMHA(S N By (xq)) = v2M 22—
B (x0) B (x)NS 2

for sufficiently small . Consequently
1 R 2
— o :/ —2/ Aug > V2MZ—R. (5-20)
R* Jopg 0 7% JB,(x0) 2
Let 1o be a blow-up of u at x¢. Then from Theorem A it follows that ¢ is two-dimensional. Moreover
IT C 0{ugo > 0}, {upo > 0} has unit density at 0, and the interior of {#g9 = 0} near IT is not empty. Note
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S

S

)

Figure 3. The structure of the free boundary near the point xg.

that the interior of the set {ug = 0} propagates to x¢ along another component S; of measure-theoretic
boundary; see Figure 3. Consequently, near I1, we have ugo(x) = V2M. xfr after some rotation of
coordinates. From the unique continuation theorem it follows that u0g(x) = v/2M. x1+ everywhere, which
is in contradiction with the fact that {uo¢ > 0} has unit density at 0.

As for the case (b), (5-20) shows that 1 is nondegenerate at x¢ as long as x is on the boundary of .S. [J

SE. Properties of T'y3.

Lemma 5.13. Suppose uy is not degenerate at xo € 0{ug > 0} \ {0}, such that ©«(xq, {ug = 0}) > 0.
Then there is a unique component € of d{ug > 0} containing xq such that € C I'y 5.

Proof. We only have to show the uniqueness of €; the rest follows from Lemmas 5.6 and 5.7. Suppose
there are two components of d{uy > 0} \ {0}, €; and €,, containing xo. From the dimension-reduction
argument as in the proof of Lemma 5.6, it follows that €; and €, have the same approximate tangent
plane at x¢. This is in contradiction with our assumption @ (xg, {u#g = 0}) > 0. O

Lemma 5.14. Let € be a component of d{ug > 0} such that €N Ty, # @. Then €\ 'y, = @; in other
words all points of € are in Ty ;.

Proof. By Lemma 5.12 € cannot have degenerate points; thus we have to show that I';/, cannot have
limit points in I'y. Note that I'; /, is of locally finite perimeter (see Lemma 5.8(i)) and hence locally it
is a countable union of convex surfaces. Let xo € I'y N € be a limit point of I'y ), N €. The generatrix
of the cone d{uo > 0} passing through x splits € into two parts, one of which must be convex near x,
because by assumption X is a limit point of I'; /5; see Theorem 5.11. The set {uo = 0}° propagates to xg
because I'y /5 is a subset of reduced boundary. Thus, there is another subset of I'; /, approaching x¢, and
it is a part of the topological boundary of {u#y = 0}°. Therefore, the ray passing through x is on the
boundaries of two convex pieces of d{uo > 0} (near x¢). Note that if these pieces of I'; /, contain flat
parts then from the unique continuation theorem we infer that d{uy > 0} cannot have singularity at 0.
Thus, they cannot contain flat parts and consequently the density of {u¢ > 0} at x¢ cannot be 1, because
by convexity of I'y /5 it follows that {uo = 0}° has positive density at xo. But this is in contradiction with
the assumption x¢ € I'y. O
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Summarizing we have:
Proposition 5.15. Let ug be as above and N = 3. Then d{ug > 0}\{0} is a union of smooth convex cones.

5K. Proof of Theorem B. The first part of Theorem B follows from Lemma 5.12, while the second part is
a corollary of Lemma 5.14 since I'y /5 coincides with the reduced boundary. Finally, the last part follows
from Lemma 5.10, because by Lemma 5.14 the reduced boundary propagates instantaneously in d{uy > 0}.

6. Proof of Theorem C
6A. Inverse Gauss map and the support function. Suppose N =3 and u =rg(6, ¢), where

x = r(sin 0 cos ¢, sin 0 sin ¢, cos ).

Then
1 cos 0 g
Aug = —(ggg +—80+ ,d’f +2g).
r sin 6 sin? 6
Note that
cos )
A =
s28 = 800 T 5860 T in2 0
is the Laplace—Beltrami operator. Thus we get
Ag2g +2g =0. (6-1)

Let H(n), n € SV, be the Minkowski support function of some hypersurface M. H (n) is the distance
between the point on M with normal 7 and the origin. It is known [Alexandroff 1939] that the eigenvalues
of the matrix

Vi H(n) + 6 H(n)

are the principal radii of curvature of the surface determined by H, where the second-order derivatives
are taken with respect to an orthonormal frame at n € S ~1. The support function uses the inverse of the
Gauss map to parametrize the surface as

H@n) =G '(n)-n.

Furthermore, we have the following formula for the Gauss curvature K [Alexandroff 1939]:
1
%= det(V}; H(n) + 8;j H(n)). (6-2)

The Gauss map is a local diffeomorphism whenever K # 0 [Langevin and Rosenberg 1988]. Since
ug = rg is harmonic in {uq > 0}, we infer that g is smooth on S? N {g > 0}.

Remark 6.1. In higher dimensions (6-1) becomes
N—-1

1 2k
Agn-1g+ (N —1)g = Zk_—O-N—Z()—
i=1 "

= o = om= Yo kikiykiy,  (63)

I1<ip<-<im
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where 0,,(k) is the m-th elementary symmetric function and k;, i = 1,..., N — 1, are the principal
curvatures. Observe that any positive function g > 0 satisfying the equation Agn—1g + (N —1)g =0
defines an (N —2)-minimal surface (i.e., oy—>(k) = 0) provided that the Gauss curvature satisfies
on—1 # 0. From here we infer that the spherical parts of the homogeneous stationary points of the
Alt—Caffarelli functional are support functions of an (N —2)-capillary surface in SV =1, because they are
solutions to (6-3).

6B. Catenoid is a solution. Alt and Caffarelli [1981, page 110] constructed a weak solution which is
not a minimizer. Their solution can be given explicitly as follows: let

X = r(sin @ cos ¢, sin 0 sin ¢, cos )

and take

u(x) = rmax( /) O),

f'(6o)
where

1 —cosf 0
f(0)=2+4cosb log(l_i_(:%) =2+ cos 0 log (tan2 E)

and 6 is the unique zero of f between 0 and Z. The aim of this section is to show that /" is the support
function of catenoid. Recall that the principal radii of curvature of a smooth surface are the eigenvalues
of the matrix Vé ~—1 H +8;j H, where the Hessian is taken with respect to the sphere SN—1 [Alexandroff
1939]. At each point where the Gauss curvature does not vanish, the zero mean curvature condition for
N = 3 can be written as

AgpH +2H =0,

where Ag is the Laplace—Beltrami operator and H (n) is the value of Minkowski’s support function
corresponding to the normal n € S% From now on let us consider the (x, y)-variables on R?. Recall
that by rotating the graph of y(x) = acosh(x/a) around the x-axis one obtains a catenoid for some
constant ¢. Thus it is enough to compute the support function for the graph of y. Let « be the angle
the tangent line of y at (x, y(x)) forms with the x-axis. If # is the unit normal to the graph of y then
n = (—sina, cosa) and

H(n) =(x,y(x))-n=—xsina —i—acosozcoshf.
a

Noting that the unit tangent at (x, y(x)) is (cos «, sina) and equating with the slope of tangent line,
which is (sinh(x/a), —1), we obtain
sinh(x/a) i 1
cosa = , sina=— .
V1 + sinh?(x /a) V1 + sinh?(x /a)
From second equation we get that sinh(x /a) = tan @ and solving the quadratic equation e2x/a) 1 =
2¢X/® tan o we find that

1+ sina X 1
x =alog———, cosh— = .
cos o a cosoa




CAPILLARY SURFACES ARISING IN SINGULAR PERTURBATION PROBLEMS 193

Consequently,

1 +sina)\?
Hn) = —% sinalog(ﬂ) +a.

cos o

Taking a = 6 + 5 we have

l+sine 1+cosf 2COSZ% t@
= - = = — COt —
cosa —sinf —2sin % cos% 2

and thus choosing a = 2 the result follows.

6C. Almost minimal immersions. Consider the parametrization X : Uy — R?, where
X(n) =ng(n) + Va2g, Ug={g>0}CS> (6-4)

Let M be the hypersurface determined by X. The spherical part g of u¢ solves (6-1) and by [Reznikov
1992, Theorem 1] X determines a smooth map which is either constant or a conformal minimal immersion
outside a locally finite set of isolated singularities (branch points). Recall that if at some point p

Xg, xXg, =0, X = X(&1,&>) in local coordinates &1, &>, (6-5)

then p is called branch point; see [Nitsche 1989, page 314].
Observe that X(n) is the gradient of the blow-up u¢ at n = x/|x/|. Indeed,

n 1 n 1
X(n) = ;rg + ;ng(rg) = ;uo(x) + ;nguo

n 1 X 1
= —(Vuo(x)-x)+ -Vgaug = n(Vuo(x) . ﬂ) + —Vgaug = Vup(x). (6-6)
r r X ¥
In particular, the computation above shows that
X
Vug(x) = Vuo(ﬂ), Veag(n) Ln; (6-7)
x

in other words the gradient is homogeneous of degree 0.
The absence of branch points does not rule out the possibility of self-intersection. Therefore we need
to prove that under conditions of Theorem C M is embedded.

6D. Dual cones and center of mass. If u is a blow-up and the assumptions in Theorem C are satisfied,
then by virtue of Proposition 5.15 the free boundary d{uy > 0} \ {0} is a union of smooth convex cones
C; and C,. We define the dual cones as

Cr=dyeR:x-y<0,xeC}, i=1,2. (6-8)
It is well known that the dual of a convex cone is also convex [Schneider 2014, page 35].

Lemma 6.2. The largest principal curvature of C; \ {0} is strictly positive.
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Proof. To fix the ideas, we prove the statement for C;. Note that one of the principal curvatures of C; \ {0}
is zero because C; is a cone and C; \ {0} is smooth; see Theorem B. Let «(p) be the largest principal
curvature at p € C; \ {0}. Suppose there is p such that ¥ (p) = 0. Choose the coordinate system at p so
that x; points in the outward normal direction at p (into {u¢ = 0}), the x,-axis is tangential at p and is
the principal direction corresponding to x (p). Then we have Vuy(p) = e1, where e; is the unit direction
of the x-axis, and the mean curvature of C; at p vanishes because we assumed that x(p) = 0. Writing
the mean curvature at p in terms of the derivatives of uy we have

_ Vo D% (Vo) — [Vug|? Aug _ 9uuo
[Vuol3 NOIY8

implying that d;;u9 = 0. Moreover, since uq is homogeneous of degree 1, Vuy = e; along the x;-axis.

This yields d13ug = d3ug = d33u¢ = 0 along the x-axis. From the harmonicity of u it follows that
022ug = 0 along the x3-axis. Summarizing, we have that along the points of the x3-axis the Hessian of
uo has the form

0 812110 0
8121/!0 0 0
0 0 0

Finally, letting o (¢), ¢ € (—4, §), be the parametrization of the curve along which the x; x,-plane intersects
C; and differentiating |Vug(a(z))| = 1 in ¢ we get that at p one must have

0 812u0 0
O=e; |dppug 0 0 ]ex=01up(p).
0 0O O

Thus, the Hessian D?u vanishes along the x;-axis. The function w = V2M — 9 uy is harmonic in
{ug > 0} and w > 0 thanks to Lemma A.7. Moreover, w(e;) = 0 = min w. Since at ¢; the free boundary
is regular, by Hopf’s lemma 9w = —d,;u¢ # 0. However, D?uq(te;) = 0 for every ¢ > 0 and hence
d11w(ep) = 0, which is a contradiction. O

Remark 6.3. It follows from Lemma 6.2 and Theorem B that there are two positive constants kg, k1 such
that

0<kg=<k(p)=<k1, pe@{uy> O}\{O})HE)BW,
where «(p) is the largest curvature of d{ug > 0} at p € (d{ug > 0} \ {0}) N BBW.
Let us put y; = S? N cr.
Lemma 6.4. Let G’l*, G’; be the dual cones (6-8). Then we have:

(i) OM is differentiable and there are two positive constants ky, K} such that the largest curvature k* (p)
of (CX\{0}) N S? satisfies Ky <k*(p) < k7.

(ii) There is 6 > 0 small such that every component Eg of dB1_s N M defines a convex cone Kg = {ot :
o€ Eg, t >0},

(iii) M is star-shaped with respect to the origin and hence embedded.



CAPILLARY SURFACES ARISING IN SINGULAR PERTURBATION PROBLEMS 195

Proof. Suppose that C7 is not differentiable at some z # 0. Then C; must have a flat piece. Indeed, if
ny,ny are the normals of two supporting hyperplanes of C} at z then the unit vectors
tn1+ (1 —1)n,
ns =
" iy + (1= 1)ny

define a support function at z for every ¢ € (0, 1). Since the vectors #; lie on the same plane, C; must

have a flat piece. The unique continuation theorem implies that the free boundary is a hyperplane and
cannot have singularities. Now the desired estimate follows from Remark 6.3 and the definition of dual
cone. The first claim is proved.

Let k1, k, be the principal curvatures of M. Then k 4+ k, = 0 and the Gauss curvature is K =
—kl2 = —k%. Since M is a smooth immersion, from (6-2) and the smoothness of X = Vug in Uy we
see that K # 0. Furthermore, there is a tame constant ¢g > 0 such that kl.2 > cp, i = 1,2, at every point
of M. Thus by virtue of the part (i) M is fibered by dB;_g for § > 0 small. We claim that |X(n)| > 0,
ne Ug. Clearly this is true if n € dUg, where |X(n)| = 1. Suppose there is n € U, such that X(n) = 0.
Since X(n) = ng + Vg2 g, it follows that g(n) = 0, but this is impossible since n € {g > 0} = Ug. From
g(n)=X(n)-n>0, n € Uy, it follows that M is star-shaped with respect to the origin. Consequently,
M is fibered by dB; for every ¢t € (0, 1) and hence embedded. d

Let n € Ug. Then from X(n) = Vuq(n) it follows that
XM [ggug>03| = [Virolagug>03l = V2M.
Since by Lemma 6.4 M is differentiable along y;, we see that the contact angle « between M and S? is

X(1)]9uy>03
cosa =n- ?ZWO = g(”)|8{u0>0} = 0.

Thus, the minimal surface defined by g is inside of the sphere of radius v2M because in view of
Lemma A.7 |Vug|?> = g% + |Vg|?> < 2M. Moreover, M is tangential to C} and €7 along S? since
n L Vg2g by (6-7).

We recall the definition of topological type [e, r, x] of hypersurface M C R? from [Nitsche 1985,
page 47].

Definition 6.1. We say that M is of topological type [, r, x] if it has orientation &, Euler characteristic x,
and r boundary curves. Here ¢ = £1, where 41 means that M is orientable and ¢ = —1 is nonorientable.
For an orientable surface the Euler characteristic is defined by the relation y =2 —2g —r, where g is the
genus of M.

Now the first part of Theorem C follows from Nitsche’s theorem [1985, page 2]. Moreover, the only
stationary surfaces of disk type are the totally geodesic disks and the spherical cups. From Lemma 5.5 it
follows that if o = rg and supp g is a disk then u is a half-plane.

In view of Lemma 6.4(iii) the proof of Theorem C can be deduced from the result of [Nitsche 1962]
but we will sketch a shorter proof based on Aleksandrov’s moving plane method and Serrin’s boundary
lemma. We reformulate Theorem C as follows:
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Lemma 6.5. Let M be of topological type [1,2,0], i.e., a ring-type minimal surface. Then M is a part of
a catenoid.

Proof. By Lemma 6.4(iii) M is embedded. In particular, X is a conformal minimal immersion (see the
discussion in Section 6C).
Let OM = y; U y,. Then applying Stokes’ formula we have

/AMDC=/ n*ds=/ n*+/ n*ds, (6-9)
M oM Y1 V2

where n* is the outward conormal, i.e., n* is tangent to M and normal to dM; see [Fang 1996, page 81].
Since X is minimal, A»X = 0. Thus

/ n*ds+/ n*ds=0. (6-10)
Vi 2

Since M is tangential to C it follows that the conormal #* on y; points in the direction of the generatrix
of the dual cone C;. Observe that if we use the arc-length parametrization of y; and let s € [0, |y;|] be
some partition points then the sums Sy, = Y ;' n,’:i (Sk+1—Sk)» n,ti € C7, approximate the boundary
integrals in (6-9). Consequently the vector Sy, is strictly inside of the cone €} and in the limit converges
to the center of mass of y; computed with respect to the origin (the vertex of the cone). In view of (6-10)
there is a diameter of S? strictly inside of both dual cones C} and CJ.

Without loss of generality we assume that the diameter passes through the north and south poles.
Now we can apply Aleksandrov’s moving plane method and Serrin’s boundary point lemma to finish the
proof. Let IT; be the family of planes containing the x;-axis where ¢ measures the angle between I1;
and x3-axis.

Now start rotating I1; about the x1-axis starting from a position when I1; is a support hyperplane to
either of the cones C7,C} and [T, NC} # @, i =1, 2.

Case 1: If the first touch of M and its reflection M with respect to the plane I1; occurs at some interior
point of M, then from the maximum principle it follows that M = M.

By Lemma 6.4, both dual cones are strictly convex. Moreover, we claim that for § small the cones
generated by M N dB_g are convex, otherwise the inflection point would propagate to C7.

The two remaining possibilities are:

Case 2: The first touch of M and its reflection M occurs at some boundary point where d)M is perpendicular
to I1 I

Case 3: The first touch of M and its reflection M occurs at some boundary point where dM is not lying
on IT,.

We cannot directly apply Serrin’s boundary point lemma [1971] because dM is only C !>! by virtue of
Lemma 6.4. However, from the fibering of M near dM we conclude that g < g near the contact point,
where g is the support function of M. Thus ii = rg < rg = u. Hence applying Serrin’s boundary point
lemma to the harmonic functions i and u we conclude that M = M.
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Choosing I1; to be an arbitrary family passing through a line perpendicular to the diameter it follows
that y1, y, are circles and (6-10) forces them to lie on parallel planes. Applying [Schoen 1983, Corollary 2]
we infer that M is a part of catenoid. O

Appendix

This section contains some well-known results about the solutions of the singular perturbation problem (Ps).
We begin with the uniform Lipschitz estimates of Luis Caffarelli; see [Caffarelli 1995] for the proof.

Proposition A.1. Let {u.} be a family of solutions of (Pg). Then there is a constant C depending only on
N, || Blloo and independent of & such that

As a consequence we get that one can extract converging sequences {u¢, } of solutions of (P,) such
that the limit functions are stationary points of the Alt—Caffarelli problem.

Proposition A.2. Let u, be a family of solutions to (Pg) in a domain D C RN. Let us assume that
luellLoo(py < A for some constant A > 0 independent of e. For every &, — 0 there exists a subsequence
gw — 0andu € Clg’cl (D) such that

(1) ug,, — u uniformly on compact subsets of D,
(i) Vue,, — Vu in L% (D),
(iii) u is harmonic in D\ d{u > 0}.
Proof. See [Caffarelli et al. 1997, Lemma 3.1]. O
Next, we recall the estimates for the slopes of some global solutions.
Proposition A.3. Let u be as in Proposition A.2. Then the following statements hold true:
(1) u is Lipschitz.
(i) ffue; >u= ax1+ locally uniformly, then 0 <o < V2M (see [Caftarelli et al. 1997, Proposition 5.2]).
(i) Ifug; — u = ozxfr —yx] +o(|x]) and y > 0 then o> — y? = V2M (see [Caffarelli et al. 1997,
Proposition 5.1]). In this lemma the essential assumption is that y > 0.

Remark A.4. Observe that if u(x) = axi" +ax| then we must necessarily have that « = & < v/2M;
see [Caffarelli et al. 1997, Proposition 5.3]. In this case the interior of the zero set of u is empty. Thus
one might have a wedge-like solution.

Using Proposition A.1 we can extract a sequence u,; for some sequence ¢; such that us; — u uniformly
in Bj/,; see Proposition A.2. Let u be alimit and 0 < p; | 0 and u; (x) = u(xo + p;j x)/pj, Xo € {u > 0}.
Thanks to Proposition A.3(i) we can extract a subsequence, still labeled p;, such that u; converges to
some function 1 defined in RY. The function u is called a blow-up limit of u at the free boundary
point xo and it depends on {p; }.
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The two propositions to follow establish an important property of the blow-up limits, namely that the
first and second blow-ups of u can be obtained from (P;) for a suitable choice of parameter ¢. Observe
that the scaled function V(ug; ), satisfies the equation

" (u, >Aj)- (A2)

€j

A
Aug; ), = —’ﬂ(

€j
Taking §; = ¢ /Aj — 0 we see that (ug;)y; is solution to Aug;, = Bs, (us;).

Proposition A.5. Let ug; be a family of solutions to (Pg) in a domain D C RN such that Ug, —> U
uniformly on D and ¢j — 0. Let xo € D N d{u > 0} and let x, € d{u > 0} be such that x, — x¢ as
n— o00. Let Ay — 0, uy, (x) = (1/An)u(xp + Anx) and (ug; )y, = (1/An)tie; (Xn + AnXx). Assume that
uy, — U as n — oo uniformly on compact subsets of RN. Then there exists j(n) — oo such that for

every ju > j(n) it holds that €j /Ay, — 0 and

* (ug;,)r, — U uniformly on compact subsets of RV,
* V(ug;, )a, = VU in L (RN),

loc

e Vu,, — VU in L} (RV).

loc
Proof. See [Caffarelli et al. 1997, Lemma 3.2]. O

Finally, recall that the result of the previous proposition extends to the second blow-up.

Proposition A.6. Let u.; be a solution to (Pe) in a domain Dj C Dj41 and Uj Dj = RN such that
ug; — U uniformly on compact sets of RN and ¢ i — 0. Let us assume that for some choice of positive
numbers dy, and points x,, € 0{U > 0}, the sequence

1
Udn (x) = —U(xp +dnx)
dn
converges uniformly on compact sets of RN to a function Uy. Let

|
(qu )d, = d_nusj (xn + dnx).

Then there exists j(n) — oo such that for every j, > j(n), it holds that €;, /d, — 0 and
* (ug;, )a, —> Uo uniformly on compact subsets of RY,
* V(ug;)a, = VU in L _(RV).
Proof. See [Caffarelli et al. 1997, Lemma 3.3]. O

The next lemma contains one of the crucial estimates needed for the proof of Proposition 5.15.

Lemma A.7. Let u > 0 be as in Proposition A.2. Then

limsup |Vu(x)| < v2M.

x—>x0,Uu(x)>0
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Proof. To fix the ideas we let xo = 0 and / = limsup,_, ¢ ,,(x)>0 |Vu(x)|. Suppose / > 0, otherwise we
are done. Choose a sequence zj — 0 such that u(zz) > 0 and |Vu(zi)| — [. Setting pr = |k — zk|,
where y; € 0{u > 0} is the nearest point to z; on the free boundary and proceeding as in the proof of
[Alt et al. 1984a, Lemma 3.4] we can conclude that the blow-up sequence uy (x) = p;lu(zk + pxX)
has a limit u( (at least for a subsequence, thanks to Proposition A.1) such that ug(x) = /xq, x1 > 0,
in a suitable coordinate system. Moreover, by Proposition A.5 it follows that u is a limit of some u;
solving Auy,; = B, (uy;) in By, rj — oco. If there is a point z € {x; = 0} and r > 0 such that u¢ > 0 in
B, (z) N{x1 < 0} then near z we must have ug(x) = I(x — z);r +1(x —z)] +o(x —z); see Remark A.4.

Applying the unique continuation theorem to uq(x) — tg(—X1, X2, ..., X,) we see that ug = [(—x1)™T,
x1 < 0. Thus recalling Remark A.4 again we infer that / < +/2M. O

Finally, we mention a useful identity for the solutions u.; see [Caffarelli et al. 1997, equation (5.2)]:
Let u, be a solution of (Pg). Then for any ¢ € C5°(B) there holds

Vug|? .
[(l L;| +B(%)) 81¢=/;8kugalugak¢' (A3)
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A SPIRAL INTERFACE WITH
POSITIVE ALT-CAFFARELLI-FRIEDMAN LIMIT AT THE ORIGIN

MARK ALLEN AND DENNIS KRIVENTSOV

We give an example of a pair of nonnegative subharmonic functions with disjoint support for which
the Alt—Caffarelli—-Friedman monotonicity formula has strictly positive limit at the origin, and yet the
interface between their supports lacks a (unique) tangent there. This clarifies a remark of Caffarelli and
Salsa (A geometric approach to free boundary problems, 2005) that the positivity of the limit of the ACF
formula implies unique tangents; this is true under some additional assumptions, but false in general. In
our example, blow-ups converge to the expected piecewise linear two-plane function along subsequences,
but the limiting function depends on the subsequence due to the spiraling nature of the interface.

1. Introduction

The Alt—Caffarelli-Friedman monotonicity formula (hereafter denoted ACF formula) has been and
continues to be a powerful tool in the study of free boundary problems. It was introduced in [Alt et al.
1984] in order to prove that the solutions to a two-phase Bernoulli free boundary problem are Lipschitz
continuous. The formula was then adapted to treat more general two-phase problems, and a discussion
of the formula, its proof, and its applications to two-phase free boundary problems may be found in
[Caffarelli and Salsa 2005]. The ACF formula has also been effective in studying obstacle-type problems,
and applications of the formula for obstacle-type problems are found in [Petrosyan et al. 2012]. Further
applications also include the study of segregation problems in [Caffarelli et al. 2009]. While the most
typical use of the formula is to prove the optimal regularity of solutions or flatness of the free boundary, it
can also be used for other purposes, such as to show the separation of phases in free boundary problems;
see [Allen and Petrosyan 2012; Allen et al. 2015; Allen and Shi 2016].
The key property of the ACF formula (1-1) is given in the following proposition:

Proposition 1.1. Let uy, uy > 0 be two continuous subharmonic functions in Bg with u - u, = 0 and

u1(0) =u2(0) =0. Then
1 |Vu|? [Vus|?
®(r, uy, uz) ;=—4f nl_Z/ = (1-1)
r* Jg. ) 1xI B.(0) |x|

is nondecreasing for 0 <r < R. Consequently, the limit

D0+, uy, uz) :=lim ®(r, uy, uz)
N0

is well defined.

MSC2010: 35R35, 35J05.
Keywords: ACF monotonicity formula, spiral interface, free boundary, monotonicity formula.
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Our paper is motivated by the following claim, which appears as Lemma 12.9 in [Caffarelli and Salsa
2005]:

Claim 1.2. Let u > 0 be continuous in By and harmonic in {u > 0}. Let Q21 be a connected component of
{u>0}andlet 0 € 0Q2;. If u1 =ulg, and us = u — uy, then if (04, uy, us) > 0, exactly two connected
components 21 and Q2 of {u > 0} are tangent at 0, and in a suitable system of coordinates,

u(x) = ax; + Bx; +o(lx)), (1-2)
with «, B > 0.

As no proof of this Lemma 12.9 is provided in [Caffarelli and Salsa 2005] (it is followed only by
some general remarks), it is not entirely clear whether it is meant to be taken at face value. We note, for
example, that if u is also assumed to satisfy a two-phase free boundary problem of the type treated in
[Caffarelli and Salsa 2005], then the claim is valid, but requires heavy use of the free boundary relation to
prove.

Claim 1.2, and in particular the question of whether it is true in the generality stated, drew the authors’
interest when the second author was tempted to use it while working on certain eigenvalue optimization
problems [Kriventsov and Lin 2019] but was unable to write down a proof. Typically, a monotonicity
formula is applied together with other tools making explicit use of the free boundary relation in order to
prove regularity of an interface; however, Claim 1.2 would imply that the ACF monotonicity formula, on
its own, yields some regularity of the interface. This makes the claim very powerful and useful, especially
in problems where the free boundary condition is difficult to exploit, such as the vector-valued free
boundary problems arising from spectral optimization [Kriventsov and Lin 2018; 2019].

Unfortunately, it is also not true: the main result of this paper is to provide a counterexample to
Claim 1.2.

Theorem 1.3. For any dimension n > 2, there exist two continuous subharmonic functions u,u > 0
with u, u both harmonic in their respective positivity sets and u - u = 0. Furthermore, ® (0+, u, i) > 0.
However, d{u > 0} and d{ut > 0} (which are given by a piecewise smooth, connected hypersurface when
restricted to any annulus B1\ B,) do not admit tangents (or approximate tangents) at the origin, nor do
there exist numbers o, B > 0 and a change of coordinates such that u + i = owcfr + Bx; +o(|x)).

In the above, the boundary of a measurable set A is said to admit a tangent (plane) at the origin if

.. IB-DAl |B,NA]
0 <liminf ——— <limsup — <1 (1-3)

NGO |Br| r\O |Br|

and there is a unit vector v such that

lim - max |x-v|=0.
r\O r xedANB,

The boundary is said to admit an approximate tangent (plane) if (1-3) holds and

1
lim / Ix-v2dH" ' =0.
N0 Jp naa
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Here "~! denotes (n—1)-dimensional Hausdorff measure. Note that if u, it are as in Claim 1.2 and A is
either {# > 0} or {#z > 0}, then (1-3) holds; see Corollary 12.4 in [Caffarelli and Salsa 2005].

It seems that the notion of approximate tangent above (or another similar measure-theoretic notion) is
the more meaningful one in this context. Indeed, there are simpler constructions which produce functions
u, i as in Claim 1.2 for which d{u >0} does not admit a tangent at O but does admit an approximate
tangent.

If one only considers functions u# for which d{u >0} is, say, given by a 1-Lipschitz graph over some
plane m, on every annulus B,,\ B,, these two notions of tangent plane are equivalent. This property holds
for the example constructed in the proof of Theorem 1.3.

The functions u, iz we construct in proving the theorem have d{u > 0} a spiral: while u 4 & looks more
and more like o(x - v)+ + B(x - v)_ on progressively smaller balls B,, the choice of v cannot be made
uniformly in r, and the optimal v rotates (slowly) as r decreases. Some free boundary problems are
known to exhibit spiraling patterns for the interface; see [Blank 2001; Terracini et al. 2019] for examples,
although the spirals produced there have different properties from ours. We also remark that an example
of nonunique tangents for an energy minimization problem is given in [White 1992].

Further questions. Before turning to the proof of Theorem 1.3 we would like to offer some discussion
of the further questions raised by this theorem and speculate on what “optimal” results, both positive and
negative, might look like.

A standard argument with the ACF formula shows that if u, i are as in Claim 1.2, then for every
sequence ry — 0, there is a subsequence rg; such that

rn1+2 /B u(x) —a(x-v)y —Blx-v)_[* =0,
kj kj

where «, B, v depend on the subsequence. Let us refer to any such subsequence ry; as a blow-up
subsequence. We are interested in whether or not these parameters may be chosen independent of the
blow-up subsequence.

In the example constructed below, the functions u and u are rotations of one another around the origin;
in particular, this means that for all of the blow-up subsequences, & = 8 = ¢/ P (0+, u, it) are the same,
while v depends on the particular subsequence.

This example gives one way for (1-2) to fail. There could, in principle, be another way: say that
d{u>0} = d{ii >0} is given by a C' hypersurface (including up to the origin, so that it admits a tangent
there), and that u,  are as in Claim 1.2. Can one find a pair u, u like this for which (1-2) fails? This
would mean that between the various blow-up subsequences, v would remain fixed, while o and g would
vary. Note that if the hypersurface is more regular near the origin (in particular, if it is a Lyapunov—Dini
surface), then this is impossible.

Another set of questions is related to optimality in Theorem 1.3. To clarify the discussion, define, for
each r, v(r) to be the best approximating normal vector:

/ Ix v dH = min/ Ix-v2dH"
B,Nd{u>0} ves"1 JB.na{u>0}
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It may be verified that v(r) is uniquely determined from this relation and depends in a Lipschitz manner
on r. The property of having an approximate tangent, then, can be reformulated as saying that v(r) has a
limit as r — 0, while Theorem 1.3 gives an example where

[

What restrictions on the change in v(r), one may ask then, are implied by the conditions in Claim 1.2?

dv(r)
dr

= o0. (1-4)

We conjecture that under those conditions, one must have

1
[
0

on the other hand, for any vy (r) satisfying (1-4) and (1-5), there is a pair of functions u, & as in Claim 1.2
with vy (r) with

2

DO _ o (1-5)

dr

dv(r)
dr

>

dvo(r)
dr

To explain the source of (1-5), let us point out that in Section 2, we construct a pair of functions u, i for

which
o0
/

(and this dependence on 6 seems to be sharp up to constants). By gluing truncated and scaled versions of

dv(r)
dr

O (04, u, u) -

—>1-62
® (00, u, u)

=6 and

this construction, one might hope to attain functions u, i satisfying the hypotheses of Claim 1.2, and with

2Jj+1

J

for any sequence 6; for which [ ]. (1 —91.2) > 0. This restriction is equivalent to (1-5) for such a construction.

dv(r)
dr

~ b;

In the actual proof of Theorem 1.3, we are unable to perform the truncation and gluing steps uniformly
in 8, and so do not obtain such a quantitative result.

Finally, over the past two decades enormous progress has been made in understanding the relationship
between the behavior of positive harmonic functions with zero Dirichlet condition near the boundaries of
domains and the geometric measure-theoretic properties of the boundary; we do not attempt to provide a
summary here, but refer the reader to the introduction and references in [Azzam et al. 2016]. We suggest
that the questions above can be thought of as a continuation, or extension, of this program, with the goal
of relating (finer) geometric properties of a boundary to the simultaneous behavior of positive harmonic
functions on a domain and its compliment, using the ACF formula as a crucial tool.

Outline of proof. To prove Theorem 1.3 we will construct a subharmonic function # > 0 in R? such that
u is harmonic in its positivity set and u#(0) = 0. Furthermore, d{u >0} will be invariant under a rotation
of . Consequently, if #(z) := u(—z), then the pair u, u will satisfy the assumptions of the ACF formula
in Proposition 1.1. Before explaining the construction of u and the outline of the paper, we first give two
definitions.
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We define the class of functions in R?

K:={ueC(By):u>0in By, Au=0in {u>0},
u(0)=0, u(z) -u(—z) =0, and 9{u(z) >0} = o{u(—z) >0}}.

By working in the class ', we may consider using a one-sided rescaled version of the ACF formula. If

u € IC, then
2 172
2
J(r,u) = (_2f |Vu|>
r B,

is monotonically nondecreasing in r since J (r, u) = (%)ZJ @ (r, u(z), u(—z)). Furthermore, if u is C'
up to d{u >0} near the origin, then J(0+, u) = |Vu(0)|.
In order to prove Theorem 1.3 we first show in Section 2, working on unbounded domains, that it is

possible to turn d{u > 0} so that its asymptotic behavior at infinity differs from its tangent near the origin
by an angle of & while arranging that J (oo, u) — J (0+,u) < 1— 62 (for small 0). In Section 3 we transfer
this result to a bounded domain. In Section 4 we inductively construct a sequence of functions in X and
take a limit to obtain the u in Theorem 1.3. Heuristically, the value of J(0+, «) should be [](1 — 91.2),
and this is strictly positive if, say, 6; =i ~!. On successively smaller balls, the interface {u =0} will have
turned a total amount of }_i~! — oo, which implies that the interface spirals towards the origin and
therefore lacks a unique tangent there. We make these heuristic ideas rigorous, and then we show how
the pair u, i also provide a counterexample in higher dimensions.

2. Conformal mapping

We utilize the Schwarz—Christoffel formula to obtain a conformal mapping. For a fixed angle 0 <6 < 7,
we map the upper half-plane to the domain €24 (see Figure 1) by the conformal mapping fs with derivative

1 0/m
F1(2) = (2 — (— 1) TH/T=1 (7 _ [y=0)/a=1 _ (%) . @1

We translate fy by a constant z, so that the midpoint of the line segment in the image is the origin
04+ 0i. We define tp € (—1,1) CRtobe ty = f9_1(0+0i). Clearly, tp — 0 as & — 0. What is of
importance is how quickly #p — 0. In order to determine this decay rate we use the following result:

fo
—

Figure 1. Conformal map.



206 MARK ALLEN AND DENNIS KRIVENTSOV

Lemma 2.1. Let f, g > 0 be integrable functions on an interval 1. If f/g is an increasing function, then
for any x| < xp < x3 < x4 with each x; € I, we have

Lo LS

=

e ™ [ie

Proof. Since f/g is increasing we have

fxz fodr< [ L9200y ax,

X1 X1 g(x2)

Consequently, we have
[ Fdx_ fxn)
Jgdx T gla)

By the same argument, we have
f(X3) < fxx; f(x) dx
g(x) = [Fg()dx’
and so the conclusion follows. O

We will also need the following:

Lemma 2.2. Let f > g > 0 be integrable and continuous on [0, 1) with f > g and f/g increasing, and

1 1
/f>M and /g>M.
0 0

Let x1, xo be the unique values such that

X1 1 X2 1
M+/ g=/ ¢ and M+f f:/ f. (2-2)
0 X1 0 X2

Then x1 < x».
Proof. We have
M+ _f s S
M+f'e ™ f's ™ [ig
where the second inequality is due to Lemma 2.1. Since x) is chosen so that (2-2) holds, we have that the
denominator in the inequality above is the same so that

M+/0x‘f5[x11f.

Then x; < x». (|

The two lemmas above allow us to prove:

Lemma 2.3. Let fy be defined as in (2-1) and let tg = fe_1 (04 0i). Then there exists 6y > 0 such that
0<ty <20/m aslongas0 <6 <6,
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Proof. To determine the midpoint of a line segment it suffices to find the x-value. Consequently, we focus
on the real part of the mapping fy. If r € (—1, 1), then

) 1+2\™ 1+0\"
f(t)=<(—1):) :(:> o,

Thus, #y is the unique value in (—1, 1) such that

/te 1+¢ e/ﬂdt_/l 141 9/77dt
g \1—t i, =t '

1+\" 1+\"
s > it if —1<¢<0.
1—1 2

Then #g < &y, where &y is the unique value such that

0 0/m & 0/m 1 0/m
141 141 141t
[(5) o [ (5) e [(5)
-1 2 0 1—1t & 1—1¢

1 tG/n 1 20/m
<i> 5(—) ifo<t<1,
1—1¢ 1—1¢

(/A= (1 \*
((L+1)/A—1)f/m (1 — r2>

is an increasing function on (0, 1). If we let

0 6/m
141
L\ 2

then we may apply Lemma 2.2 and conclude that #y < &y < 1y, where 1y is given by

0 /1 4\ W] N\ L/ N\
— dt+ — dt = — dt.
-1 2 0 1—1t 7 1—1¢

The integrals above have elementary antiderivatives. In order to show that 7y < 26/m for small 6, we

‘We now note that

‘We also have

and

choose 26 /7 as the point of integration. By taking explicit antiderivatives and simplifying, it suffices to
show that for small enough 6,

1\0/7 1-20/7
5 1-2(1-26
) (1-2/7) > 0. 2-3)
1+6/m 1-20/m
The expression on the left of (2-3) approaches zero as 6 — 0. If we take the derivative of the left side of

(2-3) with respect to 8 and let & — 0 we obtain (1 +ln(%))/n > (. Then (2-3) is true as long as 0 < 6 <6
for 6y > 0 chosen small enough. Hence we conclude that fy < 7y <20/7 for any 0 < 8 < 6. O

From (2-1) we have | f;(z)| — 1 as [z| = 0o. We let ¢ be the harmonic function in 2y defined by

¥ =a(u, v),
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where fy =u +iv. Since 1 = |V¢y||f'(z)], we have |[Vgy| — 1 as |z| — oco. By a rotation of % of ¢y
we have a complementary harmonic function ¢y and can thus apply the ACF monotonicity formula. We
have J (00, ¢, ¢) = 1. To find J (04, ¢y, ) we find |V (0)|. This is given by

1= Vo)1 (19)].

1= Ve (0)] = B

Thus

s0 |V¢g (0)] is an increasing function of 8, and

1> 1[Vge(0)| = (ﬂfﬁf
=T =\ T+ 20/7

Using L' Hospital’s rule we conclude that

_ _ 6/
1= (=26/m)/A+26/7)""

lim
00 O/m)?
As a consequence we have the following result:

Lemma 2.4. There exists 0y such that if 0 < 6 < 6y, then
0<1—6%2<|Vgg(0)| <1. (2-4)
Since J (00, ¢g) =1 and J (04, ¢pg) = |Vy(0)|, Lemma 2.4 shows that

J (00, ¢p) — J(0+, ) < 1 —062.

3. Bounded domain

The aim of this section is to transfer the inequality in (2-4) to a harmonic function on a bounded domain.
We approximate 29 with domains Qg js; see Figure 2. If fy 5 is the conformal mapping of the upper
half-plane onto €29 s, then

4+ N 2=\ 242\
z—1 Z+22 7—21

where 71, z2 € Rand 1 < z; < z». We again translate fj ) by a constant so that the domain is centered
on the origin as in Figure 2. The points z1, z; are chosen so that fy »(z2) = M + 0i. We point out that
| fo.ul = 1 as |z| — oo. We define ¢ ar (1, v) = y*, where fy y = u +iv.

Lemma 3.1. Fix 6 < 6y. There exists M > 0, possibly depending on 0, such that J (0o, ¢pp ) = 1 and
J(O+, go.u) > 1 — 62

Proof. That J(oo, ¢g.pr) = 1 follows from the definition of ¢y »s and (3-1). Now from the explicit
formulas given for fé (z) and fp p in (2-1) and (3-1) respectively, we have ¢y s — ¢p in C ! up to the
boundary in a neighborhood of the origin. Since |V¢g(0)| > 1 — 62, the conclusion follows. [l
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Figure 2. Domain Qg 5.

Remark 3.2. Since J(r, ¢ p) is monotonically increasing in r, it follows from Lemma 3.1 that
J (00, ¢o.m) — J O+, o) < 1 —62%

For any 6 < 6y, we fix an M that satisfies Lemma 3.1. We now transfer the decrease in energy to a
finite domain.

Lemma 3.3. Let 6 and ¢g pr be as in Lemma 3.1. Let Qg y be defined as before. If we define wg to be

such that
AwR=0 in BRQQQ’M,

U)RZO on BQQ’MHBR,
wg=y on(dBr)",
then wgr — ¢g yu locally uniformly in Qg y and in Clin B, N Qg for small enough p.

Proof. Using the rescaling

_ ¢o,m(Rx, Ry)

=

we have ¢pr — y* in C! on (3 By)*. Thus, for any 1 > 0, there exists Ry > 0 such that if R > Ry, then
(1=my* <¢r<(1+mny" on(@B)™.

Then rescaling back we obtain that (1 —n)y™ < ¢g s < (1 + 1)y on (dBg)™ if R > Ry. From the
maximum principle we then have

R :

(1 —mwgr <¢go.m < (1+n)wg forany R > Ry.

Then as R — oo, we have wr — wqo locally uniformly in €24 p and in C Uina neighborhood of the
origin. Furthermore, we have (1 — n)ws < ¢9.m < (1 + n)ws. Since n can be taken to be arbitrarily
small, we conclude that we, = ¢y u- O

We end this section by defining a 6-turn. If # € K and for some p > 0 we have d{u > 0} N B, is a line
segment with inward unit normal v, then a f-turn in B, gives a new function v with

G velk,

(il)) v=u on dBy,
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Figure 3. 6-turn when v =1.

(i) d{v >0}N(B1\ B,) =d{u>0}N (B \ B)),
(iv) 8{v > 0} N B, = d{po.m ("~ (2M/p)z) > 0} N B,.

The idea of property (iv) is to shrink ¢y y on By to B, and give v the same positivity set; see Figure 3
for when v =1i.

4. Construction of counterexample
As before we let 6y be as in Lemma 2.4. This next lemma shows how to apply a 6-turn to a function that
is almost linear at the origin.
Lemma 4.1. Fix € > 0. Assume u € K, and that there is s < ro < 1 with
(1) ByNofu>0}= B;N{y,=0},
(2) |ul <2J(, u)rg on By,

If 0 < 60y, then there exists r, p with s > r > p > 0 with a O-turn in B, such that if v is the redefined
function, then v satisfies

(A) |v| <2J(1,v)r on By,

(B) |v| < (1+6%) supy |ul on B, fort € [ro, 1],
(©) J(,v) < (1+6%)J(1, u),

(D) J(O+,v) > (1 —62)2J (0+, u).

Proof. We choose r < s small enough so that

u(rx)

— J(O+, u)y* <38, 4-1)

C'((@B1™)

and so that |u| < 2J(1, u)r. We now apply a f-turnin B, with0 < p <r. As p — 0, we have v — u
uniformly away from the origin, so that by choosing p small enough, v satisfies (B).

We now let n > 0 be small and use a cut-off function and obtain in the standard way the Caccioppoli
inequality

f Vv —ul* < C(n) lv—ul®.
Bi\B, Bi\By2
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Then as p — 0, we have v — u in H'(B; \ B,) for any n > 0. We now use the monotonicity of J (r, v)
to prove that v — u in H'(B)) as p — 0. We have

/IVv|2§n2 |Vv|2=82/ |W|2+/ Vol
B, B Bi\B, B,
2
f Vol < ! 2[ IVol?,
B 1 —n% Jp\5,

n

so that

and we conclude that

1
Vol < 2/ Vol?.
B 1_77 Bl\Bn

Then [[v| g1 (p,) 1s bounded as p — 0, so that v — u in H'(B;) as p — 0. We now have

1 1
|Vu|? <11m |Vv|? < lim 2/ |Vv|? = 2/ |Vul|?.
B B p—01—n%Jp\B, 1 =07 Jp)\3,

Since 7 can be chosen arbitrarily small, we have Vv — Vu in L?(B)) and thus conclude that v — u in

H'(B;) as p — 0. Consequently, we may choose p even smaller so that properties (A) and (C) hold.
From (4-1), if p is chosen small enough we have

v(rz)

— J(O+, u)y* <34,

C'((@BD™)

so that (1 —8)J(0+, u)y™ <v(rz)/r on (dB;)". We now define w to be the solution to

Aw =0 in {v(rz)/r > 0}N By,
w=0 on d{v(rz)/r > 0} N By,
w=(1-8§J0O+)y" on(dB))".

We have w < v in By, so that |[Vw(0)| < |[Vv(0)] or J (04, w) < J(0+, v). We may rescale w and apply
Lemma 3.3 to obtain that for small enough p, we have

JO+, w) > (1 =051 —8)J 0+, u).
By choosing § < 62 we obtain (D). ([

Proof of Theorem 1.3 in dimension n = 2. We now use Lemma 4.1 to construct a sequence u; € K with
limu; — u. The pair u and i(z) := u(—z) will be a counterexample to Claim 1.2. The sequence uy is
constructed inductively as follows. We choose 0, = 1/(k + Ny), where Ny € N is chosen large enough
so that 6y < 6y. We then let ug = y* on B;. By Lemma 4.1 there exists p; < r; such that if a ;-turn is
applied in B, to obtain u, then u; will satisfy properties (A)—(D). We now suppose that u; has been
constructed for some k£ > 1. By rotating uy it will satisfy assumption (1) of Lemma 4.1. Assumption (2)
will also be satisfied because uy satisfies (A) for » = ry. By Lemma 4.1 there exists pgy; < rr41 with
rr+1 < px so that if we apply a 6;41-turn to uy to obtain u;,; we have

(1) [ug+1| <2J(1, ug41)r on By,
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(i) [urs1] < [T52,(1+62) supg, luol on B, for t € [, 11,
(i) J (1, upn) < [T5 (140D (1, o) =TT5, (1 +62),
(i) JO+ i) > [T (1 =0T O+, uo) = [T}_; (1 - 6})”.

From the same arguments involving the Caccioppoli inequality as in the proof of Lemma 4.1, there exists
u such that u; — u in H'(B;) and locally uniformly away from the origin. Then u is continuous away
from the origin. From (i) we obtain that || < Cr on B, for 0 < r <1, so that u is continuous up to the
origin, and u(0) = 0.

Now 0 < [Tpe, (1 —62)? if and only if 0 < 5o, (1 — 67) if and only if

[e.¢] o0
D (k+No)y>=> 67 <oo.
k=1 k=1

Since the inequality above is true, we conclude that

o<[Ja-*<JJa-6d <1

k=1 k=1

The last inequality above is due to the fact that all the terms are less than 1. Since u; — u in H'(B;) and
from properties (ii) and (iii), we conclude that

o0
0<[Ja-6)*<J(nu)y<CI(1.u)<oo forall0<r<1,
k=1

so that J (0+, u) > 0.
If we let i1 (z) = ux(—z), then ity — i, where ii1(z) = u(—z). Furthermore, u - it = 0 in B;. Since also
u, i are nonnegative, continuous, and harmonic when positive, they satisfy the assumptions of the ACF
monotonicity formula in Proposition 1.1. We now show that u, & are a counterexample to Claim 1.2.
We assume by way of contradiction that {# >0} and {z > 0} are tangent at the origin and after a rotation
u(z) +u(z) = owcfr + Bx; +o(|z]). Then for any small § > 0, there exists ry such that if r < ry and
|z| > % and |Arg(z)| < 4, then
u(rz) +i(rz) . axy
r 2

> 0. 4-2)
We now recall that from the construction
Hu>0}N (B, \ By) ={z: z=te”" puEYY and pr < [t] < ri}. (4-3)

Since ) 6y = oo and 6y — 0, we obtain from (4-3) there exist infinitely many z; with |zz| — 0 and
|Arg(z)| < & such that u(zx) 4 it(zx) = 0. This contradicts (4-2), and so Claim 1.2 is not true. [l

We now show that the pair u and & are also a counterexample in higher dimensions.
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Proof of Theorem 1.3 in dimension n > 2. For u as in the proof for dimension 2, we let w, (x1, X2, ..., X) =
u(x1, xp). Since in dimension n = 2 we have

1 2
) |VI/£| ZC>0,
r B,

it follows that in dimension n,

1 2
— | vw?=>c.
ri B,

1 IVw|> 1 IVw|> 1 5
S 2z o = | Ywlr=C>0,
r=Jp, |x| r=Jp r r* Jp

r

Then

so that ®(r, w, w) > 0. We have already shown that u + & cannot satisfy the conclusions in Claim 1.2;
consequently, w 4+ w also do not satisfy those conclusions. (Il
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INFINITE-TIME BLOW-UP FOR
THE 3-DIMENSIONAL ENERGY-CRITICAL HEAT EQUATION

MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

We construct globally defined in time, unbounded positive solutions to the energy-critical heat equation in
dimension 3
u; = Au+u’  in R x (0, 00), u(x,0) =up(x) inR3.

For each y > 1 we find initial data (not necessarily radially symmetric) with lim|x|— o |X["2#0(x) > O such
that as t — oo

G Olloo~t”"2 if1<y<2 [uC-.Dleo~vE ify>2.  [u(-.)o~e(nr)™" if y=2.

Furthermore we show that this infinite-time blow-up is codimensional-1 stable. The existence of such
solutions was conjectured by Fila and King (Netw. Heterog. Media 7:4 (2012), 661-671).

1. Introduction
Let n > 3. The energy-critical heat equation in R" is the parabolic Cauchy problem

4
— n— 1 n
{ut = Au + |u|7™—2u in R" x (0, 00), (1-1)

u(-,0) =ugp in R",
The energy

— l 2 — g n,2—”2
pa =g [ wup=222 [
defines a Lyapunov functional for problem (1-1). In fact for classical solutions u(x, ¢) with sufficient
decay in space variable we have that

dEacm=-[

|us |2-
R7
Classical parabolic theory yields that the Cauchy problem (1-1) is well-posed in its natural finite-energy
space for short time intervals.

In this paper we are interested in positive finite-energy solutions of (1-1) which are global in time,
namely defined and smooth in the entire time interval (0, 00). The presence of the Lyapunov functional
implies that limits of bounded solutions along sequences ¢ = t,, — 400 can only be steady states, namely

solutions of the Yamabe equation
Au+|u|72u =0 inR". (1-2)

MSC2010: 35B33, 35B40, 35K58.
Keywords: blow-up, critical exponents, nonlinear parabolic equations.
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All positive solutions of (1-2) are given by the Aubin—Talenti bubbles

Uu,s(X)=M_n§2w(x;g),

where > 0, £ € R" and

w(x)=(n(n—z>)’%2(1+1|x|2) -

They are precisely the extremals of Sobolev’s embedding. The criticality of problem (1-1) refers to

the presence of this continuum of steady states which become singular as ;& — 0, in addition to energy
invariance. In fact we immediately see that

E(U,¢) =EU) forallEeR", u>0.

A solution u(x, 7) of (1-1) which around one or more points of space looks like u(x, ) ~ U ) £@)(x)
with @ (¢) — 0 is called a bubbling blow-up solution. Bubbling phenomena is present in many important
time-dependent and stationary settings, usually carrying deep meaning in the global structure of their
solutions. Notable examples include the Yamabe and harmonic map flows and the Keller—Segel chemotaxis
system; see [Ciraolo et al. 2018; Daskalopoulos et al. 2018; Rapha&l and Schweyer 2013; Davila et al.
2017; Ghoul and Masmoudi 2016]. In the last decade or so it has been extensively studied in energy-critical
wave equations, Schrodinger maps and other dispersive settings.

Problem (1-1) is a simple-looking model which contains much of the complexity of the bubbling
blow-up issue. Basic questions have remain unanswered until today. Existence or nonexistence of
infinite-time bubbling positive solutions in problem (1-1) is not known. This question has been explicitly
stated for instance in [Pol4cik and Yanagida 2014; Quittner and Souplet 2007, Remark 22.10]. Detecting
such solutions rigorously is not easy. Usual behaviors in the flow (1-1) are either asymptotic vanishing or
blow-up in finite time. Global solutions with nontrivial asymptotic patterns are typically unstable objects
and hence harder to be detected.

In a very interesting paper Fila and King [2012] provided insight on the question in the case of a
radially symmetric, positive initial condition with an exact power decay rate. Using formal matching
asymptotic analysis, they demonstrated that the power decay determines the blow-up rate in a precise
manner. Intriguingly enough, their analysis leads them to conjecture that infinite-time blow-up should
only happen in low dimensions 3 and 4; see Conjecture 1.1 in [Fila and King 2012].

In this paper we rigorously establish the existence of solutions with infinite-time blow-up in dimension 3,
confirming the conjecture in [Fila and King 2012]. Thus we consider the Cauchy problem

u; =Au+u> inR3x(0,00),

1-3
u(-.0)=uo inR3 (-3)
for an initial datum u¢ which we assume first radially symmetric with an exact power decay of the form

lim |x[Yug(x) =: 4> 0. (1-4)

|x[—>o00
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As in [Fila and King 2012] we assume that y > 1, which means that uy decays faster than the bubble

1 1 >
w(x)=3 (1+|X|2) . (1-5)

Theorem 1.1. Given y > 1, there exists a positive, radially symmetric global solution u(x, t) to problem
(1-3) whose initial condition uo(|x|) satisfies (1-4) and as t — +00

7 ifl<y<2,
lu(-. OllLoe@s) ~ Vi /Int if y =2, (1-6)
NG if y>2.

More precisely, the blow-up takes place by bubbling near the origin. The solution of Theorem 1.1 is in
the inner self-similar region, |x| < /7, in leading order of the bubbling blow-up form

1 X
nn 0~ “’(m)’

where
1=y if 1 <y <2,
u(t) ~ 3t %t ify =2, (1-7
1 ify>2

and w is given by (1-5). In the outer self-similar region |x| 3> /7, the solution dissipates in the form of a
self-similar solution of heat equation u; = Au in R3 x (0, c0).

A surprising feature of the construction is the dynamics discovered for the scaling parameter j(z).
It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
%—Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter i (z) we will need to solve linear equations of the type

/t PO ety ds = hir)
0

r—s

for suitably decaying right-hand sides /(z). See (6-8) and (6-13) below.
Problem (1-1) is a special case of the Fujita equation

= ? inR"
{ut Au+u? inR" x (0, 00), (1-8)

u(-,0) =1up in R”,

with p > 1. Blow-up phenomena in problem (1-8) is extremely sensitive to the values of the exponent p.
A vast literature has been devoted to this problem after the seminal work [Fujita 1966]. We refer the
reader for instance to the book [Quittner and Souplet 2007] for background and a comprehensive account
of results until 2007 and to the more recent works [Matano and Merle 2004; 2009; 2011]. The case
p = ((n+2)/(n—2) is special in many ways. Positive steady states do not exist when p < (n+2)/(n—2).
Positive radial global solutions must be bounded and go to zero; see [Poldcik and Quittner 2006; Polacik
et al. 2007; Quittner and Souplet 2007]. They exist when p > (n + 2)/(n — 2) but they have infinite
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energy; see [Gui et al. 1992]. Infinite-time blow-up exists in that case but it has an entirely different
nature; see [Polacik and Yanagida 2003; 2014].

The study of energy-critical problems has attracted much attention in the last decade. For energy-critical
wave equations, blow-up solutions have been characterized and constructed in [Duyckaerts et al. 2012;
2013; 2016a; 2016b; Krieger et al. 2009]. In [Schweyer 2012] Type-II sign changing, finite time blow-up
for (1-1) is constructed, first formally predicted in [Filippas et al. 2000]. Threshold dynamics around the
steady states of (1-1) has been characterized in large dimensions # > 7 in [Collot et al. 2017]. Also in
large dimensions 7 > 5 in [Cortédzar et al. 2016] infinite-time bubbling solutions of (1-1) in a bounded
domain under Dirichlet boundary conditions are constructed for n > 5. The cases n = 3, 4 are indeed
considerably more delicate and not treated there. The solutions in Theorem 1.1 are specially meaningful
for the full dynamics since they are threshold solutions in the sense that the solution of (1-3) with initial
condition Aug goes to zero as t — oo if A < 1, while it blows-up in finite time if A > 1. Radial threshold
solutions for various ranges of exponents in (1-3) are analyzed in [Quittner and Souplet 2007].

We recall that from [Fila and King 2012], it is not expected to have this blow-up in entire space in
dimensions n > 5. Our approach is entirely different from that in [Schweyer 2012] for n = 4 in which a
finite-time type-II blow-up solution of (1-1) is constructed on the basis of the modulation equation methods
developed for critical dispersive equations in [Donninger and Krieger 2013; Ortoleva and Perelman 2013;
Merle et al. 2013; Raphaél and Rodnianski 2012; Raphaél and Schweyer 2013].

Our approach has a parabolic-elliptic flavor, in line with the recent works [Cortdzar et al. 2016; Davila
et al. 2017]. Since our proofs only rely on elliptic and parabolic estimates, we can easily modify the
proof to deal with nonradial and general initial data, in particular establishing codimension-1 stability of
the solution built. This is concordant with a result of [Krieger et al. 2015] on the corresponding wave
analogue. In Section 10 we prove the following:

Theorem 1.2. Let g = 0g(x) be a positive continuous function, uniformly bounded for x € R3. Let y > 1
and k > max{(y + 3)/2, y}. Then, there exists a positive global solution u(x,t) to problem (1-3) with

u(x. 0) = ug(lx]) + 20 [1 —n(m)},

|x|% )

initial condition

where uy is positive, radially symmetric, satisfies (1-4), to > 0 is a fixed large number and n is a smooth
cut-off function with n(s) = 1 for s < 1 and n(s) =0 fors > 2. Ast — +00, u(x,t) satisfies (1-6).

Furthermore, there exists a codimension-1 manifold of functions in C 1 (R3) converging to 0 at infinity,
with a sufficiently fast decay, that contains ug(|x|) + (vo(x)/|x[)(1 — n(|x|/t0)) such that if ug lies
in that manifold and it is sufficiently close to uo(|x|) + (Vo(x)/|x|“)(1 — n(|x|/t0)) in the sense that
iio = uo(|x]) + (Do (x)/1x|) (1 = n(|x|/t0)) + O(|x|e~2*I) for some b > 0, then the solution ii(x, 1) to
(1-3) with u(x,0) = uo(x) is global in time and satisfies (1-6).

In the nonradial setting, the profile of the solution in the inner self-similar regime is

w(x—p(t)) |p(®)]
u(1)2 (1) p(t)

—0 ast — oo,

u(x,t) ~
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where w is given by (1-5) and p satisfies the asymptotics (1-7). Precise description of the dynamics of
the center p = p(¢) is provided.

A surprising feature of the construction is the dynamics discovered for the scaling parameter ().
It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
%—Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter i (¢) we will need to solve linear equations of the type

/t PO (1 — e #5y ds = har)
0

r—s

for suitably decaying right-hand sides /(z). See (6-8) and (6-13) below.

We believe that an approach similar to that in this paper could be used to prove the existence of a global
unbounded solution when N =4, p = 3 as conjectured in [Fila and King 2012]. We will undertake that
issue in a future work.

The proof of Theorem 1.1 starts with the construction of an approximate solution to problem (1-3)
with the asymptotic behavior described in (1-6). This is done in full detail in Section 2. We then show the
existence of an actual solution to problem (1-3) deforming the approximation, by means of a inner-outer
gluing procedure. This scheme is described in Section 3, and its proof is addressed in Sections 4-9. In
Section 10 we prove Theorem 1.2. Appendices A—C gather some technical results needed to prove the
theorems.

In the rest of the paper, we shall denote by C a generic positive constant, whose value may change
from line to line, and within the same line. We shall use the notation ¢ to indicate a positive constant,
with ¢ < 1, whose explicit value may change from line to line. Furthermore, 7o will denote a large fixed
positive number and

n:R—-R (1-9)

a smooth cut-off function with n(s) =1 for s < 1 and = 0 for s > 2.

2. Construction of an approximate solution and estimate of the associated error
After shifting the initial time to ¢y > 0, problem (1-3) takes the form
u; = Au+u’ inR>x (19, 00), (2-1)
with initial condition ug(7) = u(r, to) satisfying
lim rYug(r)=A >0 forsomey > 1. (2-2)
r—00

This section is devoted to the construction of a first approximation for a solution to (2-1)—(2-2), and to
the description of the associated error.
The first approximation is built by matching an inner profile, made upon solving the elliptic problem

Au+u>=0 inR3 (2-3)
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and an outer profile, made upon solving the heat equation in the whole space
u; = Au in R3, (2-4)

in the set of functions satisfying the decaying conditions (2-2). It is constructed in Section 2A (for the
inner profile) and Section 2B (for the outer profile), and in Section 2C we derive a precise description
of the error of approximation. In [Fila and King 2012], this approximate solution was already derived.
We realize though that, for our rigorous construction to work, we need a further improvement of the
approximation. This is done in Section 2D, where we introduce a next correction term, and describe
the associated error. It turns out that this next correction term gives the right dynamics for the blow-up
rate which turns out to be governed by a nonlocal differential equation with a fractional time-derivative
closely related to the so-called %—Caputo derivative. See (6-13).

2A. Construction of the first inner profile. We recall that all positive radially symmetric solutions to
(2-3) constitute a one-parameter family of functions, which are given explicitly by

1 5 1
() o) e

for any positive number p > 0; see [Aubin 1976; Caffarelli et al. 1989]. We denote by Zj the only
bounded and radial function belonging to the kernel of the linear operator

A=

w(r)=3

Lo(¢) = Ag + 5wo. (2-6)
See [Rey 1990]. The function Zj is explicitly defined by
1
33 r2-1
Zo(r)= —[E + w/(r)r] == (27
2 2 (1+7r2)2
Given Zy, we denote by ®;(r) the solution to
A®; + 5wt dy = Z,, (2-8)
defined as
33
®1(r) = Do(r) +mo + ®1(r), where Oo(r) = =" 29

00 0o 3% 00
(5/ w4Z()I"2d7’)7T0=/ (Z()——)Zorzdr—S/ w4d>oZor2dr,
0 0 2r 0

and @ is the unique solution to

1

-1 34 4
A¢+5wp ¢= Z()—z— — 5w (<D0+7T()),
r

ZZHQ(I')

explicitly given by

D1(r)=Z(r) /0 o(s)Zo(s)s% ds — Zo(r) /0 Ho(s)Z (s)s? ds.
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In the above expression, Z denotes another solution to A¢ + 5w*@ = 0, linearly independent to Zj.
Z satisfies the asymptotic behavior V4 (s)~s lass—0,and Z (s) ~1ass— oo.
A closer look at the expression of ®; gives

P22 ®1(N)leo < €
for some fixed positive constant C and any ¢ > 0 small.

Remark 2.1. The solution to (2-8) is not unique. (In fact one can add any multiple of Zg.) The choice
we made in (2-9) is used to match the outer solution in the next section.

We have now the elements to define the first inner profile. We introduce a smooth positive function
u(t) of the form

p(t) = po(M)(1+A@)*.  where po(t) > 0. lim puo(t) =0. (2-10)

The function o will be defined below, see (2-23), (2-32), (2-36), as an explicit function of # depending on
the decay rate y. On the other hand, the function A = A(¢) will be left as a parameter in the construction,
and it will be determined in the final argument to get an actual solution to the problem. In the meanwhile,
we shall assume that A = A(#) is a smooth function in (zg, c0), defined by

o0
A(?) :=/ A(s) ds,
t
where A satisfies
[Ally = sup o) 1A o .41 + Moo fz.e+17] < £ (2-11)
>0

foro = % + o’, with ¢’ > 0 small, and for some fixed constant £. Here we intend

I lloo,ite+11 =" sup [f(s)],

s€ft,t+1]
_ | f(s1) — f(s2)]
[f]O,U,[t,t+1] = sup B TP—
siEsaelte+1] 11— 52
For a later purpose we introduce the space
Xy ={A € C(t9,00) : || A[|y is bounded}. (2-12)

With this in mind, we define the inner approximation to be
r

) = W 0) + i (0 V() = b (). @13)

A direct computation gives

_3 r Jw
Ay + 5wy = —p Ezo(ﬁ) = a—:(r).
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In the region {r : r > Ruo}, where R is any large but fixed positive number, the inner approximation
looks like

1 1

1 34
win(r 1) = 3422 - 28 4z e, z)+’”‘° B\ o, @14
r 4 r

where ®[u](r, ) denotes a generic function, which depends smoothly on u, and on (r, ¢), and which is
uniformly bounded, for parameters u satisfying (2-10), for r in the considered region, and any ¢ large.

2B. Construction of the first outer profile and choice of po(t). The outer profile is chosen to satisfy
the heat equation 1, = Au, in the whole space R3, and to fit the requested decaying property for the
initial condition (2-2). Its properties and exact definitions change depending on the value of the decay
rate y of the initial condition ug; see (2-2). We consider three different situations: 1 <y <2, y =2, and

y > 2.
Case 1: 1 <y < 2. In this case we define uqy as
Uou (. 1) = t_gg(%), (2-15)
with g the positive solution to
g"(s) + (% + %)g'(s) + 28 =0, sc0.00), (2-16)

that satisfies the properties
(1) lims— o s¥ g(s) =
(2) limg_, o+ sg(s) = d for a certain positive constant d for which lim,_, o+ [g(s) —d/s] = 0.

Such a function g indeed exists. Let

2 s
Ly(g)=g"+ (; + E)g/-i- vg, s €(0,00).

In Appendix A, we prove the following:

Lemma 2.2. If % < v < 1, there exist two positive linearly independent solutions y1 = yi(s) and

y2 = ya(s) to
L,(g)=0, s€(0,00), (2-17)

that satisfy respectively

y1(s) = % + - 1)(/oosy1(s) ds) + _2vs +0(s?) ifs—>0T, (2-18)
0

ya(s) =ca+o(s) ifs =07, (2-19)

y1(s) = cle_%s4”_3, ya(s) = ! (1 —i—o(l)) if §— 00 (2-20)

for some positive constants c1, C3.
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Thanks to the lemma, which we apply to solve (2-16) when v = y/2, we get that the function g we
are looking for in (2-15) is thus given by

24y,(0)

g(s) =dyi(s) + Aya(s), withd = (2-21)
C=y)(fo sy1(s) ds)
We observe that, in a region like r < R™!4/t, for some large but fixed R, we get
v—1
1~ 2 1— 0 2
o 1) = d'—— = (12122 r+t—50(r—). (2-22)
r 22— J§2 zy1(2) dz t

We next choose the function po(¢) in the definition of w(z), (2-10), in such a way that the functions
uin and uoy automatically match in the whole region Rug < r < R~14/t, for some R large, but fixed
independent of ¢. This is possible if

— d? 1—y
po(?) = %l . (2-23)
Indeed, with this choice for po(¢), and given the bound (2-11), there exists a constant C so that
} }
|uin(rvt)_u0ut(r’t)| SC/LTO’ |Vuin(r7t)_vuout(rat)| fcl:_(z) (2'24)

for any R <r < R™14/t, and ¢ large enough.

Case 2: y = 2. In this case, we define uqyy as

r r

out(r, 1) =t Y(log )k Ago| — +t‘1h(—), 2-25
ou(r. 1) = 1~ (log 1) go(ﬁ) Z (2:25)

where go(s) = s_le_% is a solution to

, 2 s
g"(s) + (; + z)g’(S) +g(s)=0 (2-26)
and A solves
h"(s) + (g + %)h/(s) +h(s) = kAgo(s), (2-27)
K

with limg_ o0 Y h(s) = A, and limg_, o+ sh(s) = d, so 2that limg_, o+ [A(s) —d/s] = 0. The function A
can be described explicitly. Let g1(s) = sTle— T fos e dz. This function solves (2-26). Since g1 and
go are linearly independent, the variation of parameters formula gives that, for any constants d and b,

N N

h(s) = go(s) [d kA /0 201(2) dz} T e(s) [b kA /0 220(2) dz] (2-28)

solves (2-27). In order to have limg—, o sY h(s) = A, we need 2[b +kA fooo zgo(z)d z] = A. Furthermore,
to have limg_, o+ [h(s) —d/s] = 0, we need b = 0. Thus we select

1

b=0, =
2 [ zgo(z) dz

(2-29)
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Observe that, up to this moment, the constant d is arbitrary. Nevertheless, recall that we want 1y to be
a solution to u; = Au = u,r + (2/r)u,. Multiplying this equation by r, and integrating in (0, R), for
some fixed, large R, we get

R
%(/ ru(r,t) dr) = Ru,(R,t)+u(R,1),
0

where we use the fact that lim,_o[ru,(r, 1) + u(r,t)] = 0. Next, we integrate the above equation in ¢,
from 0 to 0o, and using the fact that lim;_, o, fOR ru(r,t)dt =0, we get

o0

R
—/ ru(r,0)dr :[ [Ru,(R,t) +u(R,t)]dt. (2-30)
0 0

Take now u = Uy, and compute the right-hand side of (2-30):
o0
/ [Rur(R,t)+u(R,t)]dt
0
& R R R o R R R
:Ak/ t~(logt [— /(—)+ (—)]dz+f z—l[—h/(—) +h(—)}dt
I IV Wo AW o L\ ) TG
o0 _ o0
= (4Ak/ s sgp(s) + go(s)] ds) logR+d + (2/ sTHsh' (s) + h(s)] ds),
0 0
where s := R/+/t and d is the constant defined by

d= —(4Ak /Ooo s~ (log $)[sg6(s) + go(s)] ds).

We can simplify the expression of the constant in front of log R. Indeed, multiplying (2-26) against s, we
get that (sg’(s) + g + (s2/2)g)’ = 0. For g = go, and using the fact that go decays very fast as s — oo,
we get that sg((s) + go(s) = —(s2/2)go(s) for any s; thus

o0 o
4Ak/ s sgp(s) + go(s)] ds = Ak (—2/ 5go(s) ds) =—A
0 0
since (2-29). On the other hand, the decaying condition lim, _, oo r2u(r,0) = A gives
R
—/ ru(r,0)dr = —Alog R+ B(R),
0

with limg_.oc B(R) = B, where B is a real constant. Plugging this information in (2-30), we get

_ o0

d+ (2 / sTLsh! (s) + h(s)] ds) = B.

0

This last relation defines in a unique way the constant d > 0 in the definition of %, (2-28). Indeed, a direct
computation gives

/0 sTUsh (s) 4+ h(s)]ds = —%(/0 sgo(s) ds) + o,
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w= %A/O ng(S)(/o z81(2) dZ) ds+/0 s [sg} +g1](kA/O 280(2) dz) ds

from which we deduce that

with

_ d—2w—B
Io° sgo(s) ds
With this choice for the function /4 in (2-25), we get

h(s) = ———[d + 10kA]+ O(s®) ass— 0"
and
=2 [ kA(ogt) d+10kA7 r 3
Uout(7, 1) = [kA(log t)+d]+ [— 2 — 2 i| ﬁ ((log t) \/_) (2-31)

in the region r < R™14/t, for some large but fixed R, as t — oo.
In this case, namely when y = 2, we choose (g in (2-10) as

[d +kA(log O _,

o(t) = ) (2-32)
g /3
and thanks to this choice, and to the bound (2-11) on A, we find a constant C so that
1 1
2 2
|uin(rst) Uout (7, t)l = C Fo s |Vu1n(r ) — Vuou(r, t)' =C g (2-33)

for any R <r < R™14/t, for some fixed and large R, and for all ¢ large enough.
Case 3: y > 2. In this case, we define ul as
_ (fooo ruo(r) dr)

Lrnty=t"'d (L)
uout(r ) 80 «/E fooo Sgo(S) ds

52
where go(s) = s~le™ % solves (2-26), and uo(r) is the initial condition for (2-1)—(2-2). Observe that, in
a region like r < R™14/7, for some large but fixed R, we get

=3 dr 2
uéut(r,t):dT—t_lzJ_ —10(”) (2-34)

For a given time 7, the function u/ , is decaying very fast as r — oo. For this reason, we modify u]
with a function that has the right decay to match the initial condition u¢(r), for r large. Define

Uout(r, 1) = n(;)uéut(r, 1)+ (1 - n(;))ugut(r), with u2 () = ril’ (2-35)

where 7 is the cut-off function defined in (1-9).
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In this case, y > 2, we choose 1o in (2-10) as

d? _
fo(t) = —=t".

(2-36)

V3
With this choice for po(¢), and thanks to (2-11), given any large but fixed number R > 0, there exists a
constant C so that

D=

9

1
2
Vitin(r, 1) = Vitgu(r, )] < CEL (2-37)
r r
for any Rug < r < R™14/t, and for all ¢ large.

o
|uin(r, l)_uout(r,t)l <C 0

2C. Construction of the first global approximation and estimate of the error. Let ro > 0 be a small
and fixed number, and define

Ul(”,l)=77( !

ro«/?)uin(r’ 0+ (1 B n(roﬁ))uout(r’t)’

(2-38)
where 7 is given by (1-9). For any smooth function ¥ = u(r, ¢), we define the error function as

Eu)(r,t) = Au+u’ —u;. (2-39)
Our next purpose is to describe

En(r,1) = E[Un](r, 1), (2-40)
with Uy given by (2-38). To this end, we introduce the function o = «(¢), t > ¢,

1

a(t) = 3% 1192 (1o (2-41)
Since A satisfies (2-11), definition (2-41) defines a linear homeomorphism A : Xy — X}, A(1) = «a,
where

X, = {a € C(tp,00) : |||l is bounded},
and

(2-42)
_3
el := SUP It (Ol oo, 2,04 17 + |0, 12,24+ 17]-
>10

(2-43)
Here ¢ is the number introduced in (2-11). Let us denote by g : (0, c0) — (0, 00) a smooth function
with the property that

1/s fors — 0,
h0(5)={ /

1/s3 fors — oo,
and define the following norm for any function f : R3 x (t9, 00) — R:

13 r
Ifllei=  sup uo%zhol(—

)[||f||oo,3(x,1)x[,,t+u + Ulow peirastl = Ixl. (245)
X€ER3, t>19 \/;

(2-44)

Here o is defined in (2-11),

I f lloo, BGe,1)x[t,04+1] = sup L f(y.9s)l (2-46)
y€B(x,1), seltt+1]



INFINITE-TIME BLOW-UP FOR THE 3-DIMENSIONAL ENERGY-CRITICAL HEAT EQUATION 227

and
| f(y1.51) — f(y2.52)]
[flo.0,BGx,Dx[t.t41] = sup 5 —. (2-47)
V1#y2€B(x,1), si#s2€[t,t+1] [y1—y2]%7 + |51 — 82

The following estimates are valid, and we delay the proof to Appendix B since it is quite technical.

Lemma 2.3. Assume A = A(t) satisfies (2-11). The error function defined in (2-40) can be described as

_oa() r
fatnn = M+rn(r0\/;

where 1 is the smooth cut-off function defined in (1-9), « is the function defined in (2-41), and rq is a given

) + &1« [A](r, 1), (2-48)

fixed small number. The function &1 «[A](r,t) depends smoothly on A. Furthermore, there exists C > 0
such that

l€1lls < C. (2-49)

If the initial time to in problem (2-1) is large enough, there exist ¢ € (0, 1) so that, for any Ay, A, satisfying
(2-11), we have

1€1,«[A1] = €1, [A2]ll oo, BGx, 1) x[1,041] = Cuot 2ho(\/-)ll)n — Azlly, (2-50)

d)

1
(E1alh] = 1o Tloo. Bl 1] < CHEE zho( f)nxl all (2-51)

for any r = |x| and any t. The definitions of the function ho and of the norm || - ||« are given respectively
in (2-44) and in (2-45). Furthermore the constant ¢ in (2-50) and (2-51) can be made as small as one
needs, provided that the initial time tg is chosen large enough.

2D. Construction of the second global approximation and estimate of the new error. Taking into ac-
count the expression of the error function given in (2-48), we introduce a correction function ¢ to
partially get rid of the term «(¢)/ (i + ). More precisely, let

a(r) = {a(lo) for ¢t < 1y, (2-52)

a(t) fort >t,
and introduce the function ¢, a solution to

t
drdo = Ao + %1{,4‘4} in B> x (0, 00), Po(x,10—1)=0 inR>, M? =ty. (2-53)

Here, for a set K, we mean
1 ifxek,

1K(x):{o if x ¢ K.

Duhamel’s formula provides an explicit expression for ¢yg:

t 1 x—y|2 hy
¢0(x,t)=/ —3/ i o) 14y |<ay dy ds. (2-54)
to—1 (47 (t —s))2 Jm? p+ 1yl
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1+o

Since A satisfies (2-11), classical parabolic estimates give that ¢ is locally C212%119 where o is the

Holder exponent in (2-11). In the interval (¢, 00), the function ¢¢ solves

ot )
dubo = o+ Ly in X (1,9, (2-55)

and at time ¢ = t¢, the function ¢ (x, 9) is radial in x and decays fast as |x| — oo; that is,
— 2
|po(x,10)| < ce " as x| — o0 (2-56)

for some positive, fixed constants @ and ¢. Indeed, let x = e, with ||e| = 1, and assume that £ >
max{1,2M}. Thus |x — y|?> > £2/4 for any |y| < M, and

2

o, T6lg—s) d 5
[9o(x, f0)] = Cla(io) ( / ot ds) ( f —y) < Cla(to)|M2e~ 5.
-1 (to—5)3 ) \iyi<nr 1]

Taking £ — oo, estimate (2-56) thus follows from (2-41).
The second approximation is given by

Us[Al(r,t) = Ui (r.t) + ¢o(r. 1), (2-57)

where U; is in (2-38). Observe that U, satisfies the decaying conditions (2-2) at the initial time f¢ as
consequence of (2-56). The new error function

E[M(r. 1) = E[U](r, 1)

is thus
_ a(t) r 5 5
E[A](r 1) =Erx +—— 1 —1g<omy | +(Ur + o)’ — U7 . (2-58)
r ro/t
&
=821

The function &1 « is defined in (2-48). For a later purpose, it is useful to estimate, in the | - ||x-norm
introduced in (2-45), the function

— X
E2: =&+ (1 —ngr(x,1))E22, where ngr(x,1) = n(R_uo) (2-59)

Here n(s) is given by (1-9), while the number R is a large number, whose definition will depend on 7
but will not depend on ¢.
We have the validity of the following lemma, whose proof is given in Appendix C.

Lemma 2.4. Assume A = A(t) satisfies (2-11). The error function defined in (2-58) depends smoothly on
A and it satisfies the following estimates: There exists C > 0 such that

€2« < C. (2-60)
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If the initial time tg is large enough, there exists small positive number ¢ € (0, 1) such that, for any A1,
Aa satisfying (2-11), we have

_ _ 1 3 r

1€2[A1] = £2[A2]ll 00, Bx, 1) x[t,0+1] S €gt 2ho (E)”M —Aally, r=1x], (2-61)
_ _ 1 3 r
Ealh](r ) = EalAal(r. Do ] < cHEt zho(ﬁ) T WS (2-62)

for any x and t > ty, provided the initial time to in problem (2-1) is chosen large enough. The definition of
the function hy is given in (2-44), and the definition of the || - || x-norm is given in (2-45).

Remark 2.5. From the proof of the result, we also get that the constant ¢ in (2-61) and (2-62) can be
made as small as one needs, provided that the initial time #p is chosen large enough.
3. The inner-outer gluing
Recall that our ultimate purpose is to construct a global unbounded solution u to (2-1)—(2-2) of the form
u=UR(r.0) +. 1>t (3-1)

where U, is defined in (2-57), while ¢ (x, ¢) is a smaller perturbation. The rest of the paper is thus devoted
to finding @ (x, 7). The construction of ¢(x, ¢) is done by means of an inner-outer gluing procedure. This
procedure consists in writing

&(x,t) =Y (x,1) +¢i“(x, t), where ¢i"(x, t):=ngr(x, t)qg(x, 1), (3-2)
with 1
$lx,1) = u52¢(1,r), nR(x, 1) = n(i) (3-3)
Mo Rpo

where 7(s) is given in (1-9).
In terms of qS, problem (2-1)—(2-2) reads as

06 = Ap+5U i+ N(@)+ & inR>x[tg, 00), (3-4)
where &, is defined in (2-58) and
N(@) = (U2 +)° = U3 = 5U'9.
Recalling that w,, = ,u_%w(r/u), we let
VA, 1) = 5(Uy —wi)ngr + 5U5 (1—nRr) (3-5)

and write 5U24 = Swfln R + V[A](r,1). A main observation we make is that ¢ solves problem (3-4) if the
tuple (v, ¢) solves the following coupled system of nonlinear equations:

3:Y =AY +VIAIY+[2VRrVid+d(Ax—3)nR]I+NA(@)+E21+E22(1-nr)  in R3x[tg,00), (3-6)

and
dip = Ad + Swf}ﬁg + Swf}ﬂ# + &2 in Bary,(0) X [fg, 00). (3-7)
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We refer to (2-58) for the definition of £,1 and &35. In terms of ¢, see (3-3), (3-7) becomes

1
5 2
2 4 3 Mo 4 y
dp=A 5 & )45 1t
Kod:@ = Ay +Sw e + pgE22(poy. 1) + (1+A)4w ((1+A)2)¢(Mo)’ )

+ Bl#] + B°[¢] in Bog(0) x [to, 00), (3-8)

where

Bl¢]:= uo(atuo)@ +y- Vyab), (3-9)

Opa1._ 4 y 4 1—(1+A)* 4 y
Bl "5[“’ ((1+A)2)_w (y)]¢+5( +A) )w ((1+A>2)¢' S

We call (3-6) the outer problem and (3-8) the inner problem(s) .
We next describe precisely our strategy to solve (3-6)—(3-8). For given parameter A satisfying (2-11),

and function ¢ fixed in a suitable range, we first solve for ¥ the outer problem (3-6), in the form of a
(nonlocal) nonlinear operator ¢ = W(A, ¢). This is done in full detail in Section 4.
We then replace this i in (3-8). At this point we consider the change of variable

dt 2
t=1t(r), —= 1),
(@ =)
which reduces (3-8) to

I = Ay + 5w + H[Y, A, ¢](y.1(r)). y € Bar(0), 7> 10, (3-11)
where 7¢ is such that ¢ (z9) = to, and
1
1o
(1+A)*

Next step is to construct a solution ¢ to problem (3-11). We can do this for functions ¢ which furthermore

HIV: 2 91010 = i oy 1)+ 50 (s ) v oy 0+ B+ 891, G-12)

satisfy
$(y,10) =eoZ(y), y € Bar(0), (3-13)

for some constant eg. Here Z is the positive radially symmetric bounded eigenfunction associated to the
only negative eigenvalue A¢ to the problem

Lo(@)+Ap =0, ¢eL®R>). (3-14)

Here Ly is the linear operator around the standard bubble w in R3. We refer to (2-6) for the definition
of Lg. Furthermore, it is known that A¢ is simple and Z decays like

Z(y) ~ |y tem V12l a5 |y] — o0,

To be more precise, we prove that problem (3-11)—(3-13) is solvable in ¢, provided that in addition the
parameter A is chosen so that H [y, A, ¢](y, t (7)) satisfies the orthogonality condition

/ H{Y, A, 9l(y,t(1))Zo(y)dy =0 forall t > tg. (3-15)
Bar
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We recall that Zy(y), defined in (2-7), is the only bounded radial element in the kernel of the linear
elliptic operator Ly.

Equation (3-15) becomes a nonlinear, nonlocal problem in A for any fixed ¢p. We attack this problem in
Sections 5, 6, and 7. In Section 5, we get the precise form of (3-15) as a nonlocal nonlinear operator in A.
The principal part of the operator in A defined by (3-15) is a linear nonlocal operator which turns out to be
a perturbation of the %—Caputo derivative. We refer to [Caputo 1967] for the original definition of Caputo
derivatives. In Section 6 we develop an invertibility theory for such a linear operator. In Section 7 we
fully solve (3-15) in A, by means of a Banach fixed-point argument. The solution A = A[¢] is a nonlinear
operator in ¢, and we also describe the Lipschitz dependence of A with respect to ¢, which is a key
property for our final argument.

At this point, one realizes that a central point of our complete proof is to design a linear theory that
allows us to solve in ¢ problem (3-11)—(3-13). For this purpose, we shall construct a solution to an initial
value problem of the form

¢c = Ap + 5w +h(y,T) in Bag x (19,00),  ¢(y.70) =eoZ(y) in Bag. (3-16)

And then we solve problem (3-11)—(3-13) by means of a contraction mapping argument.
Let a be a fixed number with a € (0, 2), and let v > 0 so that, for ¢ large,

3 3 ,
TV~ pltTh ify #£2 and TV~ pltTY ity =2
for some v’ > 0 that can be fixed arbitrarily small. We solve (3-16) for functions / with ||k||y 2+4-norm
bounded, where

I2llvo4a = sup (L + Y2 ) Alloo, By, 1)x(r.c41] + [Mo,0,B(r, 1)x[z,c+11]: (3-17)

>10,y€ER3

and we construct solutions ¢ in the class of functions with ||¢||, o-norm bounded, where

”¢”v,a = sup Tr(l + |y|a)[||¢”oo,B(y,l)x[r,r—H] + [¢]0,0,B(y,1)><[r,1:+1]]

T>10,yER3

+ sup L+ YDV Slloo. B )x[r.e+1] + [VPlo.0.BG.)x[re+1]]- (3-18)

T>10,y€ER3
We have the validity of the following result:

Proposition 3.1. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and function h = h(y, t), with h(y, t) = h(|y|, t) and ||h||v,24+a < +00, that satisfies

/ h(y,t)Zo(y)dy =0 forall T € (19, 00) (3-19)
Bar

there exist ¢ € C>T20119 Joc. . which is radial in y, and eq which solve problem (3-16). Moreover,
¢ = @|h] and eq = eg[h] define linear operators of h that satisfy the estimates
4—a 4—a

)| <CtV——||h , |V , )| <Ct™"——— |k , 3-20
lp(y. 1) =Ct 1+|y|3” lv2+a, |Vy@(y.7)[=Ct 1+|y|4” [v,2+a ( )
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and
leo[]| < Cllhllv,2+4

for some fixed constant C.
We postpone the proof of this proposition to Section 9. Section 8 is devoted to solving problem
(3-11)—(3-13) and this concludes the proof of Theorem 1.1.
4. Solving the outer problem

The aim of this section is to solve the outer problem (3-6) for given parameter A satisfying (2-11), and for
given small functions ¢, in the form of a nonlinear nonlocal operator

Y(x.1) = WA, ¢](x,0).

We recall that ¢ (x, 1) = nr(x, t)qg(x, t), with

~ -1 X X
()b(xvt):: /"L()zd)(_’t) and TIR(x»t):n(_)
Mo Ruo
Here n(s) is defined in (1-9), and R is a sufficiently large number, independent of . We assume that

[#]lv.q is bounded. 1)

Let g : (0, 00) — (0, 00) be a smooth and bounded given function with the property that

) fors — 0t
= ’ 4-2
#o(s) {l/s3 for s — oo. 4-2)
We introduce the following L °°-weighted norms for functions f = f(r,1):
I/ s := ILf e+ DS 2, (4-3)
-1 r

1= sup uozrwo1(—)[||f||oo,3<x,1)x[,,t+u+[f10,a,3<x,1)x[t,t+1]1, r=Ixl. @4
x€R3,t>1¢ \/;
_1 _ r

Ifl= sup g e(gh) 1(—)[nf||oo,3(x,1>x[t,t+1]+[f]o,g,3(x,1>x[t,t+u], r=|xl. @5)
x€R3,t>1g \/;

Refer to (2-46) and (2-47) for the definitions of || f||loo, B(x,1)x[r,:+1] a0d [ flo,0,B(x,1)x[t,t+1]-

Proposition 4.1. Assume that A satisfies (2-11), and that the function ¢ satisfies the bound (4-1). Let
Vo € C2(R?), radially symmetric so that

o) + [y IVYo(»)] < tg9e 2P (4-6)

for some positive constants a and b. There exists to large so that problem (3-6) has a unique solution
v = W[A, @] so that

W(V»IO)ZWO(”)» ||W||1+||DW||2§C (4'7)
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Proof. Let f be a given function with || f ||«-norm bounded. Classical parabolic estimates give that any
solution to d; ¢ = Aw + f is locally C2129:119_ Furthermore, a consequence of Lemma A.1 is that the
function @g(r,t) = uot 2<p0 (r/+/t) is a positive supersolution for 3,1 > Ay + f(r,t). Observe also
that o (r, t9) = ¥o(r). Combining these facts with the maximum principle, we see that, for a function f
with || f ||«-norm bounded, the unique solution to d;¥ = Ay + f, with ¥ (r, t9) = Vo, has ||| xx-norm
bounded. We claim that a possibly large multiple of ¢ works as a supersolution also for the problem

Y =AYy +V(r, Oy + f(r,1). (4-8)
Indeed, recalling the definition of V in (3-5), we write
V=Vi+Vs, Vi=5U5-wynr, V2=5U5(1-1g).

In the region where ngr # 0, namely when r < 2R, we expand in Taylor the function V; and we find
s* € (0,1) so that

Vi(r. 1) =20(wy + ™ (oW1 (r.1) + po(r. 1)) [p W1 (r. 1) + po (. )&

From here, we see that, in this region, |V1(r,t)| < Rt~ !ng, so that

vl = g o ). @9)

Let us now consider V,. This function is not zero only when r > R, and in this region we have that
[Va(r.0)| < (ug/r*)(1 —ng). so that

21 r 5 2 _3 r
|V2(V,l)‘ﬂo(r,l)|§l;—4ﬂ§f 2@0(\—/;)(1—77R)5R it 2ho(ﬁ)- (4-10)

Choosing R large, but independent of ¢, we thus find that a multiple of ¢¢ is a supersolution for (4-8).
We call Ty, : (f, ¥o) — ¥ the linear operator that to any f with || f||«-norm bounded and any initial
condition g satisfying (4-6) associates the unique solution to

atw=AW+V[/\](”’Z)W+]{(F’Z)’ W(’”JO)=W0(”), (4'11)

which has bounded || || «+-norm. Define v = T, (0, o). We observe that ¥ 4 v is a solution to (3-6) if
¥ is a fixed point for the operator

Ao(¥) = To(12VnRVx + ¢(Ax — 3R]+ NN + V) + E21 + E22(1 = 1R))- (4-12)

We shall show the existence and uniqueness of such a fixed point as consequence of the contraction
mapping theorem. We perform a fixed-point argument in the set of functions ¥ in

Bo={v € L ||[Y]lx <7} (4-13)
for some r > 0.
From Lemma 2.3 we have that there exists a constant ¢ so that

€21 + E22(1 —nR) ||« < c1. (4-14)
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We now claim that there exists a constant ¢, such that, if the parameter A satisfies (2-11), and if the
function ¢ satisfies the bound (4-1), then

12VnRVxd + ¢(Ax —d)NR]x + [N@ + V)« < ca. (4-15)

Furthermore, we claim that there exists a constant ¢ € (0, 1) so that, for any v, ¥, € By,

Ao (V1) — Ao (Y2) 4% = €l|¥1 — Y2l sx. (4-16)
If we assume, for the moment, the validity of (4-14), (4-15) and (4-16), we get the existence of a fixed
point for problem (4-12) in the set (4-13), provided r is chosen large enough.

Proof of (4-15): We start with the estimate of the first term in (4-15). Since we assume the validity of the
bound (4-1) on ¢, we write

3
In"(1x|/Rpo)|  pgt™t
R2u3 (1 + [x/mol?)

7" (Ix|/Rpo)| HE
R2u? ~

[pAxnR| < Iblv.a:

see (3-18) for the notation ||¢|, 4. Thus, we get

2 " (Ix]/Rpo)| -5 4 1 r
[bAxNRIS = poqa Mo ﬁho i [#1lv.a

In"(Ix]/Rpo)| % _3 Il
SRI—JraOM(%Z 2ho 7 ”¢”va~ﬂ0t 2ho \/- RI::'

Arguing similarly, we get

L s el -3 i
|¢aan| 2 zho(\/—) Rl-lljaa and |V¢V77R|</’L0t 2h \/‘ R1+vaas

which proves the L°° bound in the first estimate in (4-15). To check the Holder bound for this term, we
focus the analysis on the term g(x, 1) := <]3A xNR- The other terms can be treated in a similar way. We write

lg(x1,11) — g(x2,12)|
|x1 —x2|29 +|t1 —12]°

|p(x1,11) — p(x2,12)] o 2’12)||Ax77R(x1 1) — Axnr(x2, 12)]

|x1 —x2|29 + |t} —12]° |x1 —x2|%9 + |t1 —12]°

= |Axnr(x1,11)|

In order to control the first term, we use the definition in (3-18) of ||¢|,,, and we argue as before. The
second term can be easily treated using the L°°-bound on qAS and the smoothness of the function Axng.
This completes the analysis of the first estimate in (4-15).

We continue with the proof of the second estimate in (4-15). We recall that

N(@) = (Ur+¢)° —Us —5U5 ¢.

It is convenient to estimate this function in three different regions: where r < M~ 1o, where M 1o <
r < M/t and where r > M /t, with M a large positive number.
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From the definition of U, in (2-57), we see that, if r < M ™! Mo, then

_3
IN@)I S g 2112 S 11 2 W12 + e ).
We recall that

1 r 3
W] S W lsespagt™ 2¢o(ﬁ), Inrd| < et nrllél e 4-17)
so that we get, forr<]\7_1u0,
~ _ _ _ 1 3
NG+ )] <12 T+ 012+ 112 a](/ﬁ 2ho(ﬁ)) (418)

Let us now consider the region M ~!j19 < r < M /t. Here, after a Taylor expansion, we get

W

NG+ )| Swhlly + 2 + Inrdl?) < “5 1y 2+ Ind ).

Using again (4-17), we obtain, for M g <r < M /1,
~ - _ - 1l 3 r
NG+ )] < 12 Y+ 12+ 112 ]( 3, Zho(ﬁ))- (+19)

— - 1
Let us now consider » > M +/t. Observe that in this region ng = 0, |(Y + ¥)(r,1)| < /Lgt_%goo(r/ V1)
and, from (C-3), also |Ux(r,t)| < po/r. Thus we have

5
(e 9 iy 3, (7
IN(@+¥)| < (70) Sugt? (uoz 3h0($)). (4-20)
From (4-18)—(4-20), we get the L ° bound for the second estimate in (4-15).
Proof of (4-16): For any V1, ¥, € B,, we have
Ao(¥1) = Ao(Y2) = To(N(Y1 + ¥ + ¢™) = N(Y2 + ¥ + ¢™):
thus _ .
[Ao(¥1) = Ao (Y2) 45 < CINW1 + ¥ +¢™) = N2 + ¥ + ™).
We write
N1 +¢™) = N2 +¢™)
= U+ ¥1+8)°— (U2 +¥2+g)° —5U5 (Y1 —¥2)

=+ Y1 +8)° — U2+ ¥2+8)° —5(Uz+ ©)* (Y1 — ¥2) + 5[(U2 + g)* — U 1(¥1 — ),
=Ny =N>

where g := ¢ + . In the region where r < M /t, we have

IN1(x, )] S wi [ =y,
which yields

N2 Ge )] < 3 g — wzn**](é o(ﬁ))
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while N, can be estimated as

W

. _ _ . 1 3 r
N>, O S 131 o+ 13 16 a1 —Wzll**(uét ho(ﬁ))-
On the other hand, if r > M /1, we have qbi“ = 0, so that
< 211.7, % -3 r
IN2(x, )| < 1ol ¥ llsx I — Vallsx | kgt~ 2ho| —= ) |-
NG
On the other hand N; can be estimated as follows:
. L1 r
IN1(x,8)| S Y1 — w2|5, from which |N1(x,1)| < /,L%;,Lgl‘ 2h0($) Y1 — Y2l 5x.

In summary, we get

INW1+¢™ +v9) = N2+ ¢™ + )l p < Cullvn — Vol sx.

where C = max{[|¥/1 — V2| xx, " [lv.a}. Thus we get the validity of (4-16) provided that #y is large
enough. O

Remark 4.2. Proposition 4.1 defines the solution to problem (3-6) as a function of the initial condition g,
in the form of an operator ¥ = W[], from a small neighborhood of 0 in the Banach space L*°(£2)
equipped with the norm

sup [[3]1e?P 1y ()] + 1y11e2 Vo ()] (4-21)
yER3

into the Banach space of functions ¥ € L°°(2) equipped with the norm || ||«x, defined in (4-3). A
closer look to the proof of Proposition 4.1, and the implicit function theorem give that y9 — W[y] is a
diffeomorphism, and that

1P[We]— P[Pl < c[ sup [[¥1eP [y — 31| + sup |[y[e® vy — Vy2l|]
yER3 yER3

for some positive constant c.

Proposition 4.3. Assume the validity of the assumptions of Proposition 4.1. Then the function W =
(A, @) depends smoothly on A and ¢, and we have the validity of the following estimates: for any initial
time to in problem (2-1) sufficiently large, and any sufficiently large radius R in the cut-off function ng
introduced in (3-2), there exists ¢ such that, given A1, A, satisfying (2-11), one has

[W[A1, @] — W[A2, @]l4x < c[[A1 — A2 lly (4-22)
for any ¢ satisfying (4-1). Moreover, given ¢y, ¢ satisfying (4-1), one has

WA, 1] — VA, d2]ll4x < cllp1 — P2llv,a (4-23)
for any A satisfying (2-11).
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Proof. Fix ¢ and define ¥ = ¥[A1, ¢] — ¥ [A2, ¢] for A1 and A, satisfying (2-11). Then ¥ solves
¥ =AY + (V] + N W)+ F, R>x(t9,00), ¥(r,10) =0,
for A =sA1 4+ (1 —5)A2, s € (0, 1), where
F = &1[M]=EnlAal+ (1=nR)[E22[A1]=Exa[R]]+ [V [M1] =V A2l + [N ] = N A ]} (Y2 +¢™),
where ¥; = ¥[A;,¢], j = 1,2. From Lemma 2.3 and estimates (2-61)—(2-62), we get
[£21[A1] = E21[A2] [l < cl|A1 — A2]ly,
11 =nR)[E22[A1] — E22[A2]llx = ellA1 — Azlly,
provided fg is large enough. One also checks that, for some ¢ € (0, 1),
IV IM] = VIRllY2lls < elld = A2llg, (NI = NR2I(W2 + ¢l < el A —Az|z.

The constant ¢; can be made arbitrarily small provided #¢ is large. Arguing as 1n (4- 9) and (4-10), one
can show that a certain multiple of the function [|[A1 — Az |[4@o (7. 7), where ¢ = ;,LOZ‘ 2(,00 (r/ /1), serves
as supersolution for . This proves (4-22).

Let us now fix A, and take ¢1, ¢, satisfying (4-1). Define ¢‘n = r;R¢j and ¢, (x,t)= /,LO ¢, (x/pmo,t),
for j = 1,2, as natural. Let ¥ = ¥/ (X, ¢1) — ¥ (A, ¢). We have ¥/ (r, t9) = 0 and

Y =AY + VIAIY + (Y1 + ") — (Y2 + 1) + [2Vnr Vi (d1 — $2) + ($1 — ¢2)(Ax — )R]
+ (Y2 + ¢ — (Y2 + ¢ — 5US (¢ — i1

Arguing as in (4-6)—(4-21), we get

|3

[2VnRVx($1 — d2) + (¢1 — $2)(Ax — 3)1R]| < /Lét_Zho(%) I¢1 = 2llv.a

Rlta
1 3 r
<cult 2h0($) ll$1 — d2llv.a

|(w2 +¢1n 5 (Wz +¢m 5 5U24(¢i1n_¢i2n)| < Mg gho(ﬁ) ||¢1 ¢2||v,a

Rlta

<cu0t 2ho(\/-)”(ﬁl $2llv.a-

The constant ¢ in the last two formulas can be made arbitrarily small provided R is chosen large

and also

enough. O

5. Choice of A: part I

Let ¢ = W[A, ¢] be the solution to problem (3-6) predicted by Proposition 4.1, and satisfying the properties
described in Proposition 4.3. We substitute v in (3-11) and (3-12), and we want to solve, in ¢, problem
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(3-11), satisfying the initial condition (3-13). As we stated in Proposition 3.1, problem (3-11)—(3-13) can
be solved for functions ¢ satisfying (4-1), provided that

H[y, A, 0](y,t (1)) Zo(y)dy =0 forall z > 19, (5-1)

Bor
where H [{, A, ¢] is defined in (3-12).
Next lemma states that (5-1) is a nonlinear, nonlocal equation in A, at any fixed ¢.

Lemma 5.1. Assume that A satisfies (2-11), and that the function ¢ satisfies the bound (4-1). Let
Y = W[A, @] be the solution to problem (3-6) predicted by Proposition 4.1. Then (5-1) is equivalent to

[1+ poptoh(t) + q1(MN)]ho(0,1) = g(2) + G[A, 9](2). (5-2)
Here ¢ is the function defined in (2-53) and also in (2-54); thus
t 2 -
w00 = [ [ e SOy dyas (5-3)
to—1 (47 (t —5))2 Jw3 p+ 1yl

The function b = b(t) is a smooth function in (ty, 00). By q1(s) we denote a smooth function such that
q1(0) = 0 and q7(0) # 0. Moreover,

[blle <C. ligllh =C. [IG[A.@]ll, =C. (5-4)

Furthermore, if the initial time to in problem (2-1) is chosen large enough, there exists R in the definition
of the cut-off function in (3-2) sufficiently large and there exists a constant ¢ € (0, 1) so that, for any ¢,

1G[A1, @] — G[A2. @]llp = ellA1 — A2|4 (5-5)
and, for any A,
IGIA. ¢1] = GIA, d2]llb = cllPp1 — P2llv.a- (5-6)
The constants c in (5-5) and (5-6) can be made as small as one needs, provided that the initial time tg is
chosen large enough. We refer to (2-43) and (3-18) for the definitions of || - ||y and || - ||v,4 respectively.

Proof. Throughout the proof, we denote by ¢; = ¢; (s), for any integer i, a smooth real function, with the
property that

d d
(d—s)jqi 0)=0 forj <i and qu (0) #£0.

We have the decomposition

H[y, A, ¢l(y,1(t))Zo(y) dy

Bor

3 K 4, Y
=2 & 1) Z d +5/ w NZ d
i [, Emnor0Zo0)dv+5 [ et (v ey 0 Zot) dy

4 L  BIgIZo0) dy /B  BgIZo0) dy

(=X T

=11 +i2+i3+is.



INFINITE-TIME BLOW-UP FOR THE 3-DIMENSIONAL ENERGY-CRITICAL HEAT EQUATION 239

Forany j =1,...,4, i; is a function of ¢ and depends also on A and ¢. To emphasize this dependence,
we write i; =i;[A, @](¢).

We claim that

1
o Zi1lA. ¢](2)

= M%M_z[(S/B w4(y)Zo(y)dy)¢o(0, 1)+ (q1(A) + 10oq0(A))$o(0, 1) +u‘o’a(t)b(t)}, (5-7)

2R
where b(¢) is a smooth function in (¢g, co) which is uniformly bounded as ¢ — oo.
Observe that i; does not depend on ¢. From (2-53) satisfied by ¢, and Lemma A.1, we get the

existence of a positive constant ¢ so that |¢po(uoy, )| < ca(t)uo(t) for any y € Bg. Thus, we Taylor
expand &5 in the region y € B g as follows:

E22(ptoy.1) = 5U o +4(Us +5¢0) g = a +b

for some s € (0, 1). Let us first analyze a. We write

a=5u"2w*(y)Po(0,1) + 5[U7 (roy) — w>w* (1) (0. 1) + 5U [po(10y. 1) — ¢o(0.1)] .

=ai =as

Observe that, by the definition of U; in (2-38), and (2-13), we have

4
Ut (noy) —p2w*(y) = [wu(MOY) + Hpp @ (%)] — 2wt (y)

4
—pu2 [w(y) + (w (af—/\)z) - w(y)) + 1 u®, (“_)} )

or
o
R {E e R S

for some s € (0, 1). Observe that
Y _ 2
o( g ) w0 = Vew)y + Vut) yit-2n - A7) 59)
for some z € (0, 1). Taking into account also the description of ®; in (2-9), we get
| aizody = i) + omao (Mg 0.0). (5:9)
2R

We next claim that, for y € By g, we have

Po(1oy.1) —o(0.1) = a(t)|pwoy|” TI(1)O( ¥ ) (5-10)

for some o € (0, 1). We postpone the proof of (5-10) to the Appendix. We thus get
| azody=pugawp. (5-11)
Brr

Collecting estimates (5-9)—(5-11) we get (5-7).
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We claim that .
Ho *i2[A, ¢1(1) = g(t) + G[A, $](0), (5-12)
with
gl <c. NGIA. @]l =c

for some constant ¢. We refer to (2-43) for the definition of || - ||,. Furthermore, we claim that G satisfies
estimates (5-5) and (5-6) for some constant ¢y € (0, 1). To prove the above assertion, we write

po al #10) =5 [ w9000y 0 Zo(r) dy

Bsr

+5 fB wh (WA, 0] = [0, 0] (oy. 1) Zo(y) dy
+5 /B W)W, ¢l -V Ix. Ol (oy. ) Zo(y) dy

" /BZR [w4((1+y—A)2) - w4(y)]w[h 1oy, 1) Zo(y) dy

1
[(1 g 1} [Bm 1»04((1+A)2)1/f[)L ¢l (10y, 1) Zo(y) dy = Zg/

The first term,
g1() =5 fB W ()Y (0. 0. 01Zo () d.
2R

is an explicit smooth function, globally defined in (¢, 00), which satisfies the bound

el =c(s [ wtolyizots dy) (5-13)
Bar
for some constant ¢ > 0, as direct consequence of (4-7). Let us analyze the term g5. We see that
g5 = g5[A, ¢](¢). Let us first assume that A and ¢ are fixed. From (4-7), we get

|y
+ |y|5)

Using again (4-7) and the assumptions on A and on ¢, we get [g5]o,,[r,14+1] = cué t~1, from which we
conclude that ||g5||, < ¢, for some constant ¢ > 0. Let us now fix ¢ and take A1, A, satisfying (2-11).
We write

gs[A1, dl—gs[A2, P]
1 1
B 5[(1 +AD* (1 +A2>4] /B "’4((1+y—m)2)‘/'m $1(1oy.1)Zo(y) dy

1 4 y 4 y
+5[—(1+A2)4_1]/32R[w (—(1+A1)2)_w (—(HAZ)Z)]W[M¢](uoy,z)Zo(y)dy

1
+s[m—1} /B w4((1+y—Az)2)[w[xl,qs]—wuz,qs]](uoy,r)zo(y) dy = e1+es+es.

g5l =ear0) [ I gly. 0 2ol dv = engi~l i) / :
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Thanks to (2-11), and arguing as before, we see that
le1 ()] = 0|A1(t)—Az(t)|/B [w* (V)Y [, @110y, 1) Zo(y)| dy
2R

o0
<ano®3 ([ 5 ao(o) ds) s — il
t

3 3 _
[o(t0)] o ()21 |21 = Azlly < cxppo ()21 A1 = Az g,
where ¢ is a positive number, which can be chosen arbitrarily small, in particular ¢; < 1, provided #¢ is
chosen large enough. Similarly one can show that, thanks to (2-11)
3 _
[e1]o.o,fr,c4+1] < C1/0() 2t AL — A .
We thus can conclude that there exists a positive small number ¢; < 1 so that
lerlls = cllAr —Az]ly.

A similar argument allow us to say that also [ez |, <c1||A1—A2||y. We next analyze e3. From (4-22) we get

01 =237 ([0t 2 ) i 01— v izl

3
<cipgt AL — Az,

and also s
[e3]o.o[re+1] S C1iadt A1 — Az lly

for some constant ¢y € (0, 1). We can conclude that
lgs[A1. @] —gslAz, @lllp < c1llAr — Az |l4.

The same estimate can be obtained for g4, arguing in a similar way
Let us now consider g,. This term does not depend on ¢; namely g2[A, ¢](¢) = g2[A](t). From

3 [y 3
22001 < e ([t )ty =gl

2.

Proposition 4.3, we get

and similarly
3
(820,01, 411 = Clgt™

Furthermore, if ¢ is large enough, there exists ¢; € (0, 1) so that

21O = a2 =5 [ 0t O 0= ¥ 2. 0oy, 01 Zo dy

3
< Cto_lll«o A1 = Azllg < crpdt T IAL = Azlly

and also s
[g1[A2] — g2[A2]lo.orr+1] < ciigt 2IA1 — A2 g

thanks to the results of Proposition 4.3. Arguing in the same way, one gets similar estimates for g3



242 MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI
_1
Collecting all the above arguments, we conclude that 1, *i2[A, ¢](¢) can be written as in (5-12), with
g and G satisfying (5-4), (5-5) and (5-6).
Next we claim that 1
1o *ij[A. 91() = G[A. ¢1(1). j =3.4, (5-14)

and G satisfies (5-4), (5-5) and (5-6). We start with j = 3. First, we see that i3 does not depend on A,
and it is linear in ¢. Since we are assuming that ¢ satisfies (4-1), we have

D=

3 3
i3] = (opoR* g (1 Hgllva < g ) I llv.a.

_1 3
(o > i3Do.or.e+11 < g D1 B llv,a

for some constant ¢ > 0. Let us now take ¢1, and ¢, and we get that, if wo(fo) g (fo) R*™ is small

o

enough,

g 2 i3l1] — 3I8aD (0] < 11 " 61 = Ballv

[Mo_% (i3[p1] = i3[P2D) (D)oo, [t +1] = Clﬂ§ 01 g1 = $2llv.a

for some ¢ € (0, 1). Estimate (5-14) for j = 4 can be proved in a very similar way. We leave the details
to the interested reader. Combining (5-7), (5-12) and (5-14), we complete the proof of (5-2). O

6. Solving a nonlocal linear problem

Let ¢¢ be the function introduced in (2-53). Later in our argument we will need to solve in A, a nonlocal
equation of the form
¢0(0,2) =h(t), te€(t,0), (6-1)

for a certain right-hand side 4. We see from (5-3) that ¢(0, ¢), defined as

2

[l
g a(s) e s
$0(0,17) Z/ / 3 Lyjy|<my dy ds.
to—1JR3 (4 (t —s))2 KT |yl

defines a nonlocal nonlinear operator in A. For convenience we recall that

a(ty) fort <ty,
a(t) fort >ty,

a(t) =34 g ® (uohY. &) = { A@) = / A(s) ds.

‘We write
$0(0,1) = T[A](2) + T[A](2), (6-2)
where T is 5
t 7 —~F—»
T[k](l‘) = / a(s) 3 e 1{|y|<M} dzds. (6-3)
to-1 /R (4t —s))2 |Vl

We shall see that 7 is a small perturbation of 7, in a sense we will make precise later. In this section, we

start with the analysis of problem
TA@) =h(t), t>t. (6-4)
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Straightforward computations give

TIA(t) = —% [_1 j%a—e—u”f))ds. (6-5)

Indeed, letting z = y/(2+/t —5), one gets

a(s) e"z|
/\](t)—];o 1/;@32 —[—s {|z|< }dZdS
-t
/to 1/ oe(s) e pl{p< dpds=% () /ﬁ G 2pdp

Vi—s V= 4 Jig—1 Nt —s
S S i :
. lm —e =9)ds. (6-6)
Introduce the function § = B(t) as
B(t) = % /oo&(s) ds. (6-7)
t
If B = B(¢) solves
/t ) (1—e —as w)ds = h(t), (6-8)
to—1 VI —S

then the function A(r) = | too A(s) ds, defined as

1 1 1 |
a‘)A(z):/,Lo‘f(z),s(z)Jr ()f B(s)itg 2 po(s) ds, @:%31, (6-9)

solves (6-4).

The next lemma constructs a solution to (6-8). If we formally let M — oo in (6-8), we get that the
left-hand side of (6-8) is nothing but the %—Caputo derivative of 8. This fact inspires the proof of the
following:

Lemma 6.1. Let 0 = % + 0/, with ¢’ > 0 small, be the number fixed in (2-11), and h : (t9,00) = R a
smooth function satisfying

_3
tsu}) wo > tlllhllo,fz,i+17 + Moo, fr,e+11] < C (6-10)
>l

for some constant C. Then there exist a constant Cy and a unique smooth function B : (to — 1, 00) > R

which solves (6-8), B € C U that satisfy the bound
_3
tSUtP o >t B llo,it.e411 + [Blo,oft.0417) < Mt (6-11)
>10

We recall that M? = to was first introduced in (2-53).

Observe that a direct consequence of this lemma, together with (6-9) and (2-41), is the invertibility
theory for problem (6-4) that will be used in next section to solve (5-1). This is contained in the following:
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Proposition 6.2. The function T : Xy — X, defined in (6-3) is a linear, nonlocal, homeomorphism such
that
1T~ (Wllg < CM " Ally  for any h € Xy, (6-12)

for some fixed positive constant C. We refer to (2-11) and to (2-12) for the definition of the | - ||y-norm
and of the set Xy, and to (2-43) and (2-42) for the definition of the norm || - ||, and of the space X),.

We devote the rest of the section to the following:

Proof of Lemma 6.1. We start performing a change of variables, to transform problem (6-8) into an
equivalent one with simpler form: Let

s=to—1+M?a, t=t9—1+M?b, Ba)=p(s). h(b)=nh(@).

After this change of variables, problem (6-8) takes the form

B'(a) —L _
[0 F(l —e Yda = Mh(b) (6-13)
Let .
e Vi
Kip)= ——
(m) 7

and take the Laplace transform of both sides in (6-13), thus getting
LBYELK)E) = MLHB)E).
Since L(B') = §L(B)(§) — B(0). we get

B(0) Yy LM)E) (6-14)

LHO =" +M 06

Observe now that

L(K)(E) = /000 e—%‘n(l _jﬁ_n) dn = %/(;00 e_p2(1 —e_%)dp.

We readily get that

L(K)(E) = %(2 fooo e P’ dp)(l +o(l)) asf — oco. (6-15)

To describe the behavior of L(K)(§), for £ — 0, we first notice that

1 _1
E 1—e n / —e
&n
e dn+ O(V§).
/0 ( ) S vE
On the other hand,

—1 1 -
00 e l—e n)d _ ) —Eﬂ(l_ﬁ_e W)d ooﬂd _0 ‘
/é e (—ﬁ " /é S Gy KU v XL /%)
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Thus we conclude that

1_\/_677_" dn+ O(E) as&— 0. (6-16)

@ = [

From (6-15) and (6-16), we conclude that

I {c1/§+cz/\/§+ o(1) if&—0,
EL(K)E)  lea/VE+0(1)) if § — oo.
Let now G = G(t) be so that L(G)(§) = 1/(EL(K)(§)). Standard arguments on Laplace transformation
imply that
C1 +52/\/;+ o(l/t) ift — oo,

&3/l +0(1)) ift -0

for certain constants ¢, ¢» and ¢3. From (6-14), taking the anti-Laplace transform of both sides, we get

G(t) = {

b
B(b) = B(0) + M/ h(a)G(b—a)da
0
00 00 b
=B0)+ Mé f h(a)da + M, / h(a)da+ M / h(a)[G(b—a)—c1]da.
0 b 0
We select the solution to problem (6-13) so that
B(0) + Mé, /Oo h(a)da = 0.
0

In the original variables, we thus obtain an explicit solution to (6-8):

~ 00 t _
ﬂ(t):ju—l/t h(s)ds-i—%/t h(s)[G(tM—ZS)—EI}ds. (6-17)

0—1

=p1() =B(t)
Let us now check (6-11). Since (6-10) holds, we easily get

_3
sup o 1B S ML
t>1o
To control the second term in (6-17), we change variable t = M 2f s = M?5, so that
f
Ba(t) = Mﬁ _ MMPS)[G(T—5) -] ds.
Wz
Since o = M? and since (6-10) holds, we get
G
1 Mo (8 U S 1 3
< o7 —3)— < 2(n < 2
2015 37 [, F6E 5 -a1ds 5 g 05 Mg 0,
0

from which we get the validity of (6-11).
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_3
The assumption that j1, >1[h]o ¢.[z,1+1] is bounded guarantees that the function 8 defined in (6-17) is
differentiable. Indeed, trivially one has B (t) = —(¢1/M)h(t). Let us write B in the following way:

t _ —
Ba(t) = % /;0 (h(s)—h(t)) [G (ZM—;) —c1:| ds + % . |:G(ZM—2S) —51:| ds.

Thus we have

1 _ Lt ~
h,(,)/ [ (M2) 5}01 _hf(t) [ (t_s)—c~1j|ds

0
h(t) d t t— _
ara (1o (G ) -a) )
f - heyd (['T.(t—
—;[ﬁmn—hmchﬁ§)w+-§%5(&[ccﬁg)—a}w)

Both the last two in3tegrals are well-defined, as consequence of the behavior of G(7), as n — 0, and the

assumption that ;Lo_jt[h]o,gj [1,:+1] 18 bounded. Since G(n) ~ n_% as n — 0, direct computations give the
bounds in (6-11) for B’(z). O

7. Choice of A: part II
This section is devoted to solving (5-1) in A for fixed ¢ satisfying (4-1). We have the validity of the
following:

Proposition 7.1. For any ¢ satisfying (4-1), there exists L > 0 and a unique solution A = A[¢] to (5-1),
with
IAlly < LMY, (7-1)

where M = \/tg, provided the initial time to in problem (2-1) is chosen large enough. Furthermore, there
exists a constant ¢ € (0, 1) such that, for any ¢1, ¢ satisfying (4-1), we have

[Alp1] = Alg2]llg < cllp1 — d2llv.a- (7-2)

Proof of Proposition 7.1.. Lemma 5.1 states that solving (5-1) is equivalent to solving (5-2). We write
(5-2) as
T[A(0) + TA)() = (1 + popob(t) + 1 (1) "' g(1) + G[A, $1(0)], (7-3)

where T and 7 are defined in (6-2) and (6-3), while b, g and G satisfy the bounds in (5-4), (5-5) and (5-6).
Here g1 = ¢1(s) denotes a smooth function such that ¢ (0) = 0 and ¢} (0) # 0. We observe first that

(1+ popob () + q1(M)) g (t) + G[A, ¢1()] = g1(1) + G1[A, B (1)
for some new functions g and G that also satisfy (5-4), (5-5), and (5-6).
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Thanks to the result of Proposition 6.2, solving (7-3) in A reduces to solving the fixed-point problem
A0 =FQ)@), FO):=T g1+ G, ¢]-T[A), (7-4)

where T~! is the operator introduced in Proposition 6.2.
Step 1: First we show that, for any fixed ¢ satisfying (4-1), there exists a unique fixed point A = A[¢] of
contraction type for F in the set
B={AeXy:|Alg<LM '}
for some L > 0 large.
In order to prove this fact, we claim that, if the initial time 7 in problem (2-1) is large enough, there
are positive constants ¢1, ¢z € (0, 1) so that, for any A € B,
ITA <@ MIAly.  withaC <1, (7-5)
IT (] =T (22l < E2lA1 = A2lly. with CM ™' (e +&2) <1, (7-6)
forany A1, A, € B. The constant C is the constant appearing in (6-12), while ¢ is the one appearing in (5-5).
Assume for the moment the validity of (7-5) and (7-6). For any A € B, we have
IFM)llg < CM g1 + Gi[r. ] = TAIl,
<M~ (lgully + 1G1 [ ¢l + I T [A]llb)
<CM'Qc+éL)y<LM™Y,
provided L > (2¢C)/(1 —¢1C), where C is the constant in (6-12), ¢ is the constant in (5-4), and ¢; is

the constant in (7-5), which satisfies ¢1C < 1.
Let us take now A1, A2 € B. We have

IF(A) = FO)llg = 1T (G1[A1. 6] — Gi[Aa. @) — T~ (T[] = TA2)) Iy
< CM 7Y (IG1 M. 8] - Gl @l + 1T (] = T[A2] )
<CM ' (c1 +E)|h —Aally <ellAr — Azl
for some ¢ < 1, thanks to the choice of ¢5 in (7-6).
A direct application of the Banach fixed-point theorem gives the existence and uniqueness of a solution A

to (5-1), satisfying (7-1). We complete the first part of the proof of the proposition with the proofs of
(7-5) and (7-6).

Proof of (7-5). Let A € B. From (6-2) and (6-3), we get

|y[2
1—s)

- ! a(s) e x p(s)
TIA() = — 1gyl<py dz d
A /;0—1/@ Grt—s)> Il i) +1yl (i< €= €5

t _ M
= c'/ Aps) [V e P dpds
to—1 ~Vt—s Jo H+p
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for some explicit constant ¢. Since

=c—

i

M
/\/Z—S 2
e 1Y
0

P

dp
u+p
for any ¢ large, we observe that

M ft Mds‘ (7-7)

ITIAIO] = Aﬁ Vi

for some fixed constant A. We claim that

/t:—l O_l(s—/:MT(j) ds = &(t)ﬂ(t)mn(l), > 1, (7-8)

for some smooth and uniformly bounded function T1(¢). Indeed, we write, for B4 (s) = a(s)u(s),

/t:_l IB;(_S)S ds = tot_l ﬂ*(s)t;\/Té:(t)dS‘i‘Zﬂ*(l‘)\/l—to-l-l:i+2[3*([),/t_t0+1. (7_9)

Using the change of variables x = +/f — s,

VITOt LB (1) — Bx(t — x?)]

dx.
Bat) !

/m

=2 [Ba(t) — Bt —x%)] dx = —2B.(0) /
0 0

We now observe that the function x — [B«(t) — B« (t — x?)]/Bx«(t) is uniformly bounded in x €

[0, VTt —to + 1], since

[Ba(t)—Bx(t —xH)] _ (1—(1=x%/0)71(1 —x2/0)737! for y # 2,
B (1) 1= (1 —=x2/)73[1 +1log(1 —x2/1)]® fory =2,

where y =1ify >2,and y =y — 1 if 1 <y < 2. With this in mind, we conclude that

i=Bx)yt—to+ 1T1(2) (7-10)

for some smooth and bounded function II. Inserting (7-10) into (7-9), we get (7-8).
Using (7-8) in (7-7), we conclude that

A1) < Ao Mgl (0]

for some fixed constant A, independent of ¢ and of M. Thus, for ¢ large, if we choose 7¢ sufficiently large,
there exists a constant ¢; € (0, 1) such that

TINO] < exM A lglug (0]
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Let now consider #1 and #, € [t, 7 + 1]. We write

Pl - TR = ¢ [ [ o) _ e } / T 2 P

to—1 Jh—s  \Jth—s m=+p
131 ¥ 5
_c/ a(s) /ﬁ -2 _PH s ds
1 Vi2—S$ H+p
L G(s) [VaS _p pu :
—c e P ——dpds = ij.
Viz—=s Jo n+p P Z ’

Observe that, for t1, t, € [t,t + 1], for ¢ large, we have

1) — p( A(t1) — At 3
sup lister) = 1ltz)| Mff)l < Cpo(t)  sup M <CM ' po()(ug @)Y (7-11)
t1,02€[t, 0 +1] t1 —12] t,t2 €[t t+1] |11 — 12

for some constant C. With this, we can estimate i1 and i5 as follows:
3
[i11o.0,ite+11 < CM ™ o () (g ()1™1)  for j = 1.5.
Straightforward computation gives
3
lijloouft.e4+1] < CM ™ 1o ()1 [ Allg(ng () ") for j =1,2,3.

These estimates, together with the ones we obtained before, constitute the proof of (7-5).

Proof of (7-6). Let A1, A, € B. From (6-2) and (6-3),

a(s) [F _pz[ pifA1] piiA2] }d J
to—1 VI —s Pal+p  ulra]+p

PRl - i) = ¢
Observe that
(] = 12D )] < Apo()| A1 () — As(s)]
< AMO(S)/ A= Aal(¥) dx = Ap2() A1 —Aally

for some constant A, whose value may change from one line to the other, and which is independent of
t and 7. A Taylor expansion gives

| (s)]
1 VT—s

for some [i between pu[A1] and u[A2]. Thus we get

P ale) - FAa)0)] < [ / me_pzﬁlu[lﬂ@)—M[lz](S)ldpds

FR]) = TII0)] < A3 @M g () 1Ay — 2l

where A is a constant independent of 79 and ¢. Using again (7-11), we can show that

~ A~ 3
IT]=TR2lloofr.e+11 < Ag(OM g (0TI A1 = A2y,
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where A is a constant independent of 79 and ¢. Choosing ¢ large enough, we can find ¢, small enough
so that (7-6) holds true.

Step 2: In the second part of the proof, we show the validity of (7-2). For this purpose, we fix ¢ and
¢> satisfying (4-1), and we let A; = A[¢;], j = 1,2. If L = A1 — A2, then we see that A solves

A =T7YGi[A1, 1] - Gi[A2, ¢2))
=T71(G1[A1. ¢1] = G[A1. d2]) + T (G1lA1. §2] = G2z, $2]).
Thus
[Allg < CM Y (|G1[A1, 1] — GlA1, @2lllb + | G1lA1, ¢2] — G[A2, $a]llb)
<CM™(cllpr — P2llv.a + cllAr — A2 ]ly),

where C is the constant in (6-12), M? = t, ¢ are the constants defined respectively in (5-5) and (5-6).
We now observe that the proof of Lemma 5.1 also gives that the constants ¢ in (5-5) and (5-6) can be
such that CM ~!¢ < 1. Thus the proof of (7-2) readily follows. O

Remark 7.2. Recall that the function ¥ = W[v], the solution to problem (3-6), depends smoothly
on the initial condition Vg, provided v belongs to a small neighborhood of 0 in the Banach space
L°°(R2) equipped with the norm defined in (4-21), as observed in Remark 4.2. This fact implies that also
A = A[o], the solution to (5-1), depends on 1. A closer look at the definitions of A = A[vg] gives that

ISP = AT < 1P P = v T ooy + 122 IVHEY = VY SV1 Loo s

This fact will be useful in the final argument of finding ¢, the solution to (3-13).

8. Final argument: solving (3-8)

We are constructing a global unbounded solution to problem (2-1)—(2-2) of the form (3-1)
u=Us[A(r,0) + ¢.

The function U, is defined in (2-57), while ¢~> is given in (3-2). The function ¥ which enters in the
definition of ¢ solves the outer problem (3-6), and its properties are contained in Propositions 4.1 and 4.3.
The parameter A = A(¢) belongs to the space Xy, (2-12), and has been chosen to solve (5-1). The
properties of this A = A(¢) are collected in Proposition 7.1. What is left is to solve the inner problem
(3-8) in ¢. Thanks to the choice of A = A(¢), the orthogonality condition (3-19) is satisfied, so that we
can use the result of Proposition 3.1 to solve problem (3-8) in ¢.

In other words, we want to find ¢, with its ||¢||,,4-bounded, solution to problem (3-8). The function
Y = W[A[@], #] solves (3-6), while A = A[¢] solves (5-1).

At this point, we fix a in the definition of || - ||, 4 to be equal to 1. Proposition 3.1 defines a linear
operator ¢ = T (h), where ¢ is the solution to (3-16) so that

@b < CoR*||7]lv3
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for some fixed constant Cy. We refer to (3-17) for ||/|y,244 and to (3-18) for ||@||,,4, for a = 1. Thus
we can say that ¢ solves (3-11)—(3-13) if and only if ¢ is a fixed point for the problem

¢ =T(H[p]), where H[p] = H(Y[¢]. A[¢].4). (8-1)

and H is defined in (3-12). Choose the number R in the cut-off functjon n g, defined in (2-59) and appearing
in the ansatz (3-2), to be sufficiently large in terms of ¢, say R® ,ug (to) = 1. We claim that there exists a
unique ¢ solution to (8-1) in the set

By =1{¢:|pllv1 = L1}
for some L > 0, fixed.

From (2-59) and (4-7), we see that
1

5 ! uo ! s 4( ) ' pgr~!
2E IS , w , —_—.

Furthermore,

2—1 2—1

Ho! 1BOL$](1)] < CA(r) 10

2
|B[¢](1)| < CR Mouom 0+ [y[a+a)”

In fact, one can prove that
IH [$]lv,24+a < C1R™

for some fixed number Cy, independent from ¢ and of #y. This implies that, if ¢ € By, then T (¢) € By,
provided L is chosen large. Furthermore, combining (2-61), the result of Proposition 4.3, and the result
of Proposition 7.1, we get the existence of a number ¢ € (0, 1) so that

1Tp1] = Tlp2lllv,a < cllpr —P2llv.a

for any ¢ and ¢, € B;. We apply Banach fixed-point theorem to get the existence of a unique solution
to (8-1) with || - ||,,4-bounded.

This concludes the proof of the existence of the solution to problem (2-1)—(2-2), or equivalently
problem (1-3)—(1-4), as predicted by Theorem 1.1. O

9. Basic linear theory for the inner problem

Let R > 0 be a fixed large number. This section is devoted to constructing a solution to the initial value
problem

¢ =Ap + 5w +h(y, 1) in Brgx(19,00), ¢(y,70)=eoZ(y) in Bag, 9-1)

for any given function / with ||h||, 244 < 400, not necessarily radial in the y-variable. We refer to (3-17)
for the explicit definition of the || - ||,,244 norm. The corresponding problem in dimension n > 5 has
already been treated in [Cortdzar et al. 2016, Section 7]. We follow the same strategy in the procedure to
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construct the solution to (9-1), but in dimension 3 we get a decay estimate for the solution different from
the one valid for dimensions n > 5.

We recall that the operator Lo(¢) = A¢ + 5w*¢ has a 4-dimensional kernel generated by the bounded
functions Z defined in (2-7) and also by

ow )

Zi(y)= P i=1,2,3. (9-2)
i

In the class of radially symmetric functions, the only element in the kernel of L¢ is Zy. To describe our

construction, we consider an orthonormal basis ¥,,, m =0, 1, ..., in L?(S?) of spherical harmonics,

namely eigenfunctions of the problem

sothat 0 =Ag <Ay =+ =A3 =2 < A4 <---. Let h(-,7) € L?(ByR) for any T € [r9, 00). We
decompose it into the form

o0
h(y,7) = Zhj(r,r)ﬁj(%), r=yl, hj(r,‘l,’):[gzh(re,f)ﬂj(e)de.
j=0
In addition, we write & = h° + h! + ht, where

3 00
WO =ho(r.T). h'=) hi(rn0)d;, ht=> hj(r.0);.
j=1 j=4

Observe that 1! = i1 = 0 if & is radially symmetric in the y-variable. Consider also the analogous
decomposition for ¢ into ¢ = ¢° + ¢! + ¢+ We build the solution ¢ of problem (9-1) by doing so
separately for the pairs (¢°, h°), (¢', h!) and (¢, h1).

Our main result in this section is the following proposition.

Proposition 9.1. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any h = h(y, t) with ||h||y 2+a < +00 that satisfies forall j =0,1,...,3

/ h(y,©)Z;j(y)dy =0 forall t € (19,00), (9-3)
Bor

there exist ¢ = ¢[h] and eg = eg[h] which solve problem (9-1). They define linear operators of h that
satisfy the estimates

|¢(y,r)|sr“’[ R 0 asa + R4_a4||h1||v,2+a+”h”"—’2+;}, ©-4)
1+ |yl 1+ |yl 1+ |yl

R+ R*- il
\V/ O <7V h° + hl +—’a:|, 9-5
900,015 7| mallzes + sl has + 2 | 09

and
leo[h]| < 1hllv,2+a- (9-6)
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Proposition 3.1 is a direct consequence of Proposition 9.1. Indeed, if / is radially symmetric in the
y-variable, (9-3) is automatically satisfied for j = 1,...,3, and h = h°.
The result contained in Proposition 9.1 follows from the next proposition, which refers to the problem

¢ =Ad+5w()*¢+h(y. 1) —c(r)Z in Brg x (19, 00), $(y.10) =0 in Bag.  (9-7)

Proposition 9.2. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any h with ||h|y 244 < +00 and satisfying the orthogonality conditions (3-19), there exist ¢ = ¢[h]
and ¢ = c[h] which solve problem (9-7), and define linear operators of h. The function ¢[h] satisfies
estimate (9-4), (9-5) and for some I" > 0

c(f)—/ hzlgr—”[RH h—Z/ hZ
BzR B2R

Assuming the validity of Proposition 9.2, we proceed with:

+e—FR||h||v,2+a]. ©-8)
v,2+a

Proof of Proposition 9.1. Let ¢ be the solution of problem (9-7) predicted by Proposition 9.2. Let us
write

¢(y.7) =1(y. 1) +e(0)Z(y) (9-9)
for some e € C !([rg, 00)). We find
dep = A+ 5w + h(y. 7) + [¢' (1) — Aoe(r) — (D] Z(y).
We choose e(7) to be the unique bounded solution of the equation
¢'(t) —Aoe(r) = c(1). 7€ (70,00),

which is explicitly given by
o0
e(r) = / exp(v/ Ao(t —5))c(s) ds.
T

The function e depends linearly on /. Besides, we clearly have from (9-8), |e(t)| < ™" ||/]|v,244, and
thus, from the fact that ¢; satisfies estimates (9-4), (9-5), so does ¢ given by (9-9). Thus ¢ satisfies
problem (9-1) with initial condition ¢ (v, 79) = e(10) Z(¥). O

The rest of the section is devoted to the following:
Proof of Proposition 9.2. The proof is divided in two steps. In the first step, we construct a solution to
(9-7) which has value zero on the boundary dB;g, at any time 7, for a right-hand side / not necessarily

satisfying the orthogonality conditions (9-3). In the second step, we make use of this construction to
solve (9-7), for a right-hand side satisfying (9-3), and to obtain estimates (9-4), (9-5) and (9-6).

Step 1: We claim that for all sufficiently large R > 0 and any H with ||H |, , < 400 there exist
¢ = ¢(y, ) and ¢ = c¢(r) which solve problem
¢ = Ap + 5w+ H(y, 1) —c(1) Z(y) in B2r x (0. 00),

. (9-10)
¢ =0 on dByg x (19, 00), ¢(-,10) =0 in Byp.
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The functions ¢ and c are linear operators of & and satisfy the estimates

R |Hva R |H"va 2 1H|lv,a
(1+|y|)|V¢(y,r)I+|¢(y,r)|Sr“’[ : 2 4+ R : ] (9-11)
14|y 14 |y]? 14 |yle
and for some I" > 0
C(‘L’)—/ HZ sr—“[Rz H—Z/ HZ +e—FR||H||v,a]. (9-12)
Bar Bor v,a

We construct the solution ¢ mode by mode, considering first mode 0, then modes 1,2, 3 and finally
modes greater or equal to 4. For each mode, we get the corresponding estimates.

Construction at mode 0. Consider problem (9-10) for a right-hand side H = Hy(r, t) radially symmetric.
Let n(s) be the smooth cut-off function in (1-9), and consider ny(y) = n(|y| — £) for a large but fixed
number £ independent of R. By standard parabolic theory, there exists a unique solution ¢«[h¢] to

¢r = Ap +5w(r)*(1—ng)¢ + Ho(y,7) in Bag x (0, 00),
¢ =0 ondByg X (19, 0), ¢(-,70) =0 in Byp,

(9-13)

where
H():H()—Co(‘t)z, CO(T)=/; HO(y,T)Z(y)dy'
2R

The function ¢« [/10] is radial and satisfies the bound
|« Holl ST "R*™|H||v.a-

This can be proven with the use of a special supersolution arguing as in Lemma 7.3 in [Cort4zar et al.
2016]. Setting ¢ = ¢«[H o] + ¢ and c(v) = co(v) + &(t), problem (9-10) gets reduced to

(,i;t = A(,i; + 5w(r)4¢~7 + Flo(r, t)—C¢(t)Z in Bag X (19, 00),

. - (9-14)
¢ =0 ondByg X (19,0), ¢(-,79) =0 in Byp.

where Hy = S5w*nyp«[H o). Observe that Hy is radial, compactly supported and with size controlled by
that of H . In particular we have that for any m > 0

—v —v

T T

Ho(r.7)| < v Hol(-. ol <
|Ho(r f)l~1+rm[§3§0r I¢«[Hol(-. D)llL=] < 15

R* | H ||y.q. (9-15)
We shall next solve problem (9-14) under the additional orthogonality constraint

$(-,7)Z =0 forall z € (9, 00). (9-16)

Bor

Problem (9-14)—(9-16) is equivalent to solving just (9-14) for ¢ given by the explicit linear functional
¢ :=¢[¢, Hoy| determined by the relation

c(1) Z? :/ ﬁg(-,t)Z+/ qug(-,r)Z. 9-17)
Bor Bor 0Bar
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If the function ¢ = ¢(r) defined by (9-17) were independent of ¢, standard linear parabolic theory
would give the existence of a unique solution. On the other hand, a close look at (9-17) shows that the
dependence of ¢ = ¢(7) on ¢ is small in an Loo.C1He 5 setting, since Z(R) = O(e~TR) for some
I" > 0. A contraction argument applies to yield existence of a unique solution to (9-14)—(9-16) defined
at all times. To get the estimates, we assume smoothness of the data so that integrations by parts and
differentiations can be carried over, and then argue by approximations. Testing (9-14)—(9-16) against ¢
and integrating in space, we obtain the relation

o[ 068 = [B ¢b. g=Ho—()Zo.

Bor

where Q is the quadratic form defined by

0(6.9) = / (V62— 50*1]2). (9-18)

Since dimension is 3, there exists > 0 such that, for any ¢ with [ ¢Z = 0, the following inequality
holds:

p
0.6 = 45 [ 4

The proof of this inequality is a slight modification of the proof for the corresponding inequality in
dimensions 7 > 5 that can be found in [Cortdzar et al. 2016, Lemma 7.2], considering that f B Zg =0(R)
as R — oo, when dimension is 3. Thus we have, for some 8’ > 0,

!
0| ¢+ < RZ/ g% (9-19)
Bor R Bor B>r

We observe that from (9-17) and (9-15) for m = 0 we get

6(0)| <t"K, K :=[sup " |¢«[Hol(-,7)Loe] +e TR sup t¥|[Vu[Hol(-, )| Lo ].

T>10 T>70

Besides, using again estimate (9-15) for a sufficiently large m, we get

/ g2 g _L,—211 KZ.
Bor

Using that é(-.70) = 0 and Gronwall’s inequality, we readily get from (9-19) the L2-estimate
lp(-. D2, ST "RK (9-20)

for all T > 79. Now, using standard parabolic estimates in the equation satisfied by ¢ we obtain then that
on any large fixed radius £ > 0,

#(-, D)llLoo(Byy) ST "R*K  forall T > 1o.

Since the right-hand side has a fast decay at infinity and taking into account that we are in dimension 3,
outside By we can dominate the solution by a barrier of the order "|y|~L. As a conclusion, also using
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local parabolic estimates for the gradient, we find that
2

[sup ¥ [lp«[Hol(-.)|Loe]. (9-21)

L+ IDIVR0 D+ 160 Dl S 7 s

It clearly follows from this estimate and inequality (9-15) that the function

polhol := ¢ + ¢« [Ho] (9-22)

solves problem (9-10) for H = Hj and satisfies

4—a

1+ 1y

(1 +1yDIVygo(y. D)+ lgo(y. )| ST

1H [v.a-
Finally, from (9-17) we see that
cw=[ Hz+[ sutng.Holz+ 0T H] v
Bsr Brr
From here we find the validity of the estimate

c(t) — HyZ| <17’ |:R2

Bsr

Ho—-Z HoZ

Bsr

+e—FR||Ho||u,a].

v,a
Hence estimates (9-11) and (9-12) hold. The construction of the solution at mode 0 is concluded.

Construction at modes 1 to 3. Here we consider the case H = H!, where H'(y, 1) = 213'=1 H;(r, 1)v;.
The function

n
O'[H"]:=>"¢;(r. 1), (9-23)
=1
solves the initial-boundary value problem

¢ = Ap+ 5w+ H'(y,7) in Bag x (t9,0),

(9-24)
¢ =0 ondBypr x (79,00), ¢(-.70) =0 in By,
if the function ¢; (r, T) solves
dc¢; = L1+ H;(r,t) in (0,2R) x (t9, 00), 025
0r¢;(0,7) =0=¢;(R,7r) forall t € (19, 00), ¢j(r,70) =0 forallr € (0, R),
where
Lalgi] = ey +20 Y 2% sty (9-26)

Let us consider the solution of the stationary problem Li[¢]+ (1 +r)~% =0 given by the variation of

2R
b=20) [ s

where Z(r) = w,(r). Since w, (r) ~ r =2 for large r, we find the estimate |¢(r)| < (R*~%)/(1+r2). Then,
provided that 7o was chosen sufficiently large, the function 2| H; v o7~ #(r) is a positive supersolution

parameters formula

/ (1+5)"9Z(s)s? ds,
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of problem (9-25) and thus we find |¢; (r, 7)| < ™" ((R*™%)/(1 4+ r2))||H} ||v.o. Hence ¢'[H] given by
(9-23) satisfies
4—a

1+|y?

9! [H (v, )| < 1 v,

A corresponding estimate for the gradient follows.
Construction at higher modes. We consider now the case of higher modes,
¢r = A¢p +5wie+ H- in Byg x (10.00),
¢ =0 on dByR X (19, 00), ¢(-,70) =0 in Byp,

where H = H+ = Z}’i4 H;(r)®; whose solution has the form ot = Z;’;4 ¢j(r,7)0;. Given the
quadratic form in (9-18), for ¢ € HO1 (B2R),

(9-27)

/ o= Q(pt.¢h) (9-28)
Bar r2 7 .

The proof of this fact is elementary. The interested reader can find it in [Cortazar et al. 2016]. Let ¢« [H ]
be the solution to

¢ = Ad +5w(r)* (1 —np)¢ + H(y,7) in Bag x (19, 00),
¢ =0 ondByg X (19, 0), ¢(-,0) =0 in Byp,

where H- = H- —ctZ, and ¢t = [ = H+Z. By writing ¢ = ¢[H+] + $, problem (9-27) reduces
to solving

¢ = Ad +5w(»)*¢+ H in Bag x (10, 00),

. . (9-29)
¢ =0 on dByg X (19, 00), ¢(-,70) =0 in Byp,
where H = 5w (y)*nyp«[H L] for a sufficiently large £. Arguing as in (9-19) we now get
2 |¢~)|2 < 211712
dz " +c 5 < IYI°IH|" (9-30)
Bor Bog |Vl Bor
Similarly to (9-20) we get
117 @ Dll2Bopy S TR H lv.a- (9-31)

From elliptic estimates we then get
16 D loe(Bary) S T RPIHS (v forall > 7o,
so that with the aid of a barrier we obtain
6. DI ST VRTNH o1+ [y~

It follows that the function
¢ [HY] = ¢ + puHY] (9-32)
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satisfies
I [HH . Ol STV RAIA+1yD + A+ y) ™I H  lve  in Bag.

Similar estimates for the gradient follow.
Conclusion. Let
plh) = @11+ ¢! [n'] + ¢ ]
for the functions defined in (9-22), (9-23), (9-32). By construction, ¢[h] solves (9-10). It defines a linear
operator of /1 and satisfies (9-11). The proof of Step 1 is concluded.

Step 2: To complete the proof of Proposition 9.2, we decompose the right-hand side 4 in (9-7) in modes,
h = h° 4+ h' 4+ h't as before, and define separately associated solutions of (9-7) in a decomposition

¢=¢"+o! +on
Construction at mode 0. For a bounded radial &7 = h(|y|) defined in B,g with |, Box hZy =0, let h
designate the extension of / as zero outside B, g. The equation

AH—|—5w4(y)H+i;(|y|)=0 inR3, H()—0 as]|y|— oo,

has a solution H =: LO_1 [] represented by the variation of parameters formula

H(r)=Z(r) / - h(s)Zo(s)s% ds + Zo(r) / ” h(s)Z (s)s? ds, (9-33)

where Z (r) is a suitable second radial solution of L()[Z ] = 0, linearly independent with Zy. The mode-0
function ho = ho(|y|, 7) is defined in B, g and satisfies ||i¢||v,2+4 < +00 and fBZR hoZy =0 for all 7.
Then Ho := Ly [ho(-, 7)] satisfies the estimate

_C—V

(1+r)2

|Ho(r, )| < l7ollv,2+a-

Let ®g[ho] be the radial solution in B3g to

@, = A® + 5wt (y)® + Ho(ly|, 1) —co(1)Z  in Bag x (79, 0),
® =0 on dB3g x(19,00), ®(-,79) =0 1in B3p

(9-34)

that we discussed in Step 1. The solution ®g[h¢] defines a linear operator of &g and satisfies the estimates

—Vv p4—a

T
|q)0(yv T)| 5 —”HOH ,a» (9_35)
(1+1yD e
where for some I" > 0
co(t) — / HoZ| <t [RZ Ho—Z HoZ| + e—FR||H0||,,,a] (9-36)
Bagr Bagr v,a

Since Lo[Z] = Ao Z,

Ao HoZ = HoLo[Z] :/

BZR BZR BZR

LolHolZ + / (Zdy Ho— Hodv Z),
0B R
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and hence
/ HoZ =25" [ hoZ+ 0™ ™Rt hollv2+a-
Bogr

Bor

Also, from the definition of the operator Ly ! we see that Z = 1oLy '[Z]. Thus

HHO—Z HoZ

Bar

Ly! [ho —AoZ

ho —Z/ hoZ
Bar

Next, we discuss estimates on the first and second derivatives of ®. Let us fix now a vector e with

HOZ}

v,a Bor v,a

< +e R hollv.24a-

v,2+a

le] =1, a large number p > 0 with p <2R and a number t; > 7. Consider the change of variables
Dy(z,t):=Do(pe+pz, 11 + p%1), Hpy(z,t):= 02 [Ho(pe + pz, 11 + p2t) —co(t1 + p*t) Z(pe + pz)].
Then ®,(z, ) satisfies an equation of the form
0:Pp=A,Pp+ By(z,1)P,+ Hp(z,t) in B1(0)x(0,2),

where B, = O(p~?) uniformly in B»(0) x (0, 00). Standard parabolic estimates yield that for any
O<a<l1

[Vz®@pllLoo(B, ,,0)x(1,2)) S [ PpllLoe(B1(0)x(0,2)) T | Hpll L= (B, (0)x(0,2))-

Moreover
| HpllLoo (B, 0)x(0.2)) S P2 t1 V| Hollv,as | PpllLoo(B, 0)x0.2)) < 71 K(p),
where
R2—a 5 o
K(p) = R=||h ||v,2+a- (9-37)
I+p

This yields in particular that
pIVy@(pe, 11 + p*)| = [VH(0, )| S 77V K(p).
Hence if we choose 9 > R?, we get that for any T > 279 and |y| < 3R
(1+yDIVy®(y. Dl S 7" K(lyD. (9-38)

We obtain that these bounds are as well valid for T < 27¢ by the use of similar parabolic estimates up to
the initial time (with condition 0).

Now, we observe that the function Hy is of class C ! in the variable y and ||Vy Hollv,14a < [|A°[lv,2+4-
It follows that we have the estimate

(1 +yP)IDye(r. o)l < e K(Iy])

for all T > 79, |y| < 2R, where K is the function in (9-37). The proof follows simply by differentiating
the equation satisfied by @, rescaling in the same way we did to get the gradient estimate, and applying
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the bound already proven for Vy, ®. Thus we have in By g

B R4—a
(14 yP)ID*®(y. )|+ (1 +[yDIVE(y. )|+ |P(y. D S T l)||ho||v,2+ar|y|-
This yields in particular
4—a
Lo@1(-. 1) S 7V K02tz in B
0 , T /\/‘E V,2+a1+|y|3 2R-
We define
¢°[ho] := Lo[®]|, .-
Then ¢°[h¢] solves problem (9-7) with
¢(t) := Aoco(7), (9-39)
¢°[ho] satisfies the estimate
0 R4—a
|9 [ho] (¥, )| < T_u||h0||v,2+am in Bap, (9-40)

and from (9-36), estimate (9-8) holds too.

Construction for modes 1 to 3. We consider now 1! (y, 1) = 213-=1 hj(r,7)9;, with |k ||y, 244 < 400,

that satisfies, foralli =1,...,3, fBzR hl'Z; =0forall T € (10, 00). We will show that there is a solution
= Y
¢1[h1] = Z o (r, ‘E)l?j (7)
j=1
to problem (9-7) for & = h! which defines a linear operator of 4! and satisfies the estimate
4
1 —a
,T)| S R™||h . 9-41

Let us fix 1 < j < 3. For a function & = h;(r)J;(y/r) defined in By, we let H = Lo_l[h] =
H;(r)v;(y/r) be the solution of the equation

AH+pUP™"H + 19, =0 inR",  H(y)—0 asl|y|— oo,

where & ; designates the extension of /1 as zero outside B, g, represented by the variation of parameters
formula

2R
H,;(r)zwrm/ - :

=y, (p)2

If we consider a function h/ = hj(r, t)?d; defined in Bog with A7 ||2+a,» < 400 and fBzR hi Z; =0 for

/‘00 hj (s)wy(s)s" L ds.
0

all 7, then H; = LO_1 [/ (-, 7)] satisfies the estimate |Hjllv.a < |1hjllv,2+a- Let us consider the boundary
value problem in B3g

O, = AP+ pU(y)? '@+ H;(r)d;(y) in B3g x (t0,0),

(9-42)
® =0 on dB3R X (19,0), ®(-,79) =0 in B3p.
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As consequence of Step 1, we find a solution ®; [A] to this problem, which defines a linear operator of /;

and satisfies the estimates
—Vv p3—a

T
1@ (v, 7)| < RYIAjllv2+a- (9-43)

L+ |yf?
Arguing by scaling and parabolic estimates, we find as in the construction for mode 0,
4—a

IL[D;]C-. DI S 77" Allv.24a Byg.

14 [y]*

We define ¢;[h;] := L[P;
and satisfies

HBZR and ¢'[h!] := Zj':l ¢;[h;]9;. This function solves (9-7) for h = h!

4—a

16 R O S TRy 24a, Bag. (9-44)

14 |y]*

Construction at higher modes. In order to deal with the higher modes, for & = ht = Zjoi 4 hj(r)®; we
let --[h1] be just the unique solution of the problem

¢c = Ap+ pU()P'¢p +ht  in Bag x (19, 00),
¢ =0 on dByR X (79, 00), ¢(-,70) =0 in Byp,

which is estimated as

(9-45)

it v eta
LU0 Dl ST in Ba, (9-46)

We just let
$ln] = ¢°1°1 + ¢ [n'] + ¢ 1]
be the function constructed above. According to estimates (9-40) and (9-46) we find that this function
solves problem (9-7) for c(t) given by (9-17), with bounds (9-4), (9-5), (9-8) as required. O
10. Nonradially symmetric case

In this section, we discuss the existence of solutions for problem (2-1) when the initial condition is not
radially symmetric, and we discuss the codimension-1 stability. Let vg be a positive, uniformly bounded
smooth function, not radially symmetric and define

v 3
vo(x) = v|°(|’fc), withx>max{y+ ,y}. (10-1)
X
We construct a solution to the initial value problem
u; = Au+u> inR3 x (to, 00), (10-2)

u(x, o) = uo(|x[) + vo(x),
where ug is radial and satisfies the decay condition (2-2), while vg is a nonradial function of the form
(10-1).
Since the strategy of the proof is similar to the one already performed in detail for vo(x) = 0, we shall
indicate the changes in the argument that are required when the initial condition is not radially symmetric.
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We start with a slightly different first approximation. Let p = p(¢) : [tg, 00) — R be a smooth function

so that
t

p(to) =0, p@)= / P(s)ds,
o
where P satisfies

D R
[Plle = Sup 1o ()2 P () oo 041 + [Ploo,fre+17] < £, (10-3)
>1o

with o the number fixed in (2-11), and £ a positive fixed number. Observe that, under these assumptions,
and the bound on « in (10-1), we have |p(¢)|/po(t) — 0 as t — oo. Define

Uk, PI(x,1) = Ua(x,t) + Us(x,1), Uz(x,1):= Us(lx — p(t)|,1), (10-4)

Us(x,t) = (1 — n(@)) v (x). (10-5)

If we call E[A, P](x,t) := AU + U?> — U,, we can write

where U, is given by (2-57) and

E[A, P)(x,t) = &[A)(Ix — pl, 1) = VUa(|Ix = pl,1) - p(t) + AU3 — s Uz + U3)® — (U2)°.

at
=&3
Define
_ b .
E(v.0) = Enllx—pl.o)+ (1 - (IL—M'O)) (E22(x — pl.) = VUs(x = pl.0)- 5O (106
where ng is defined in (2-59). We have
_ 13 |x|) —etd (le)
E(x,t)| <Cult 2hol == ). |&@x. 1) <Ct ™ 2ho( =2 ). 10-7
el = Cgr (1), leatrn < o( 5 (107
A solution to (10-2) does exist and has the form
u=U[L Pl(r.t)+¢, >t (10-8)

where U is defined in (10-4), while ¢(x, ) is given as in (3-2),
GO, 1) =Y(x,1) +¢"(x,1), where ¢"(x,1) = nr(x,1)(x,1),
n _1
and ¢(x,1) := py 2P (x/ o, 1). For any o € C2(R?) so that

V1Yo + [y IV < 15%e b (10-9)

for some positive constants a and b, the function i is the solution to

3V =AY + VY + [2VnrVid + d(Ax — 3R] + N[A(P) +E+&  in R3 x [t9, 00),

(10-10)
W(X, ZLO) = W()’
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where V is defined as in (3-5) with U instead of Uy, and N(¢) = (U 4+ ¢)> —U> —5U*¢. This solution v/
can be described as

Y(x. 1) =yr(x. 1) + Yur(x, 1), (10-11)
where ¥, is a radial function in |x — p(¢)|, for any ¢, and
I (x| —pt2 IXI)
x, )| <Cut 20| == ). x, )| < Ct7 "2y 2 ). 10-12
el = Cugrbon( 1) sl = et o (1] (10-12

We refer to (4-2) for the definition of ¢y.
On the other hand, the function qS satisfies

0 = A + 5w + Swiy + Ex2(1x — p(1)].1) = VU (|x = p(t)|.1)- p(t)  in Baryy(0) X [to. 00),

n _1
with ¢(x,70) = 1o > (fo)eo Z(x /jLo(t0)). In terms of ¢, this equation becomes

150:9 = Ay +5w*d + f(y.1) in Bag(0) x [tg, 00),
d(y,t0) =eoZ(y),

(10-13)

where

F0u0) = g E2(lttoy — p(O1.1) = VUa(loy — p(0)]. 1)+ (1)

:“(% 4 Yy 0
+5(1+A)4w ((1+A)2)W(M0)’J)+B[¢]+B [¢]

In the above expression, ¥ is the solution to (10-10), while B and B are defined respectively in (3-9)
and (3-10). The solution ¢ exists in the class of functions with || - ||, 4,-norm bounded, see (4-1), as
consequence of Proposition 9.1, and a contraction-type argument, provided the parameter functions A and
P can be chosen so that

/f(y,t)Zj(y)dy=O forallt >ty, j=0,1,...,n. (10-14)
Br

The system of (n+1) nonlinear, nonlocal equations in A and P is solvable for A and P satisfying (2-11)
and (10-3). Indeed, (10-14), for j = 0, can be treated as we did for (5-1) in Sections 5, 6, 7. On the other
hand, when j =1,...,n, (10-14) are perturbations of

plo) = pdt i
for some fixed vector # € R Thus it can be solved for parameters p(t) = [ tto P(s) ds satisfying (10-3).
This concludes the proof of existence of a positive global solution to (10-2).

Next we discuss the codimension-1 stability. Let us observe that the construction of ¢ and eg, the
solution to (10-13), is possible for any initial condition ¥ to the outer problem (10-10). We have the
validity of Lipschitz dependence of ¢ = @[], and eg = eq[o] in the C !-topology described in (10-9).
As a consequence of the implicit function theorem, the maps ¢[9] and eg[o] depend in the C !-sense
on Vo in our C!-topology (10-9), thanks to the corresponding dependence for v, A and p.
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Let us consider the following map defined in a small neighborhood of 0 in X = C1(Q):
F(y0) = Yo — (eo[¥o] — eolto]) Zo
so that F[0] =0, F is differentiable, and
Dy, F(0)[h] = h —(Dy,eol0],h)Zo, heX.
We have a solution which blows-up as ¢t — 400 provided that
u(-,to) = u*(-,10) —eo[0]Zo + g, (10-15)

where u™* is the solution corresponding to ¥ = 0, and g = F[yo] for any small vo.
The vector space of the functionals in X given by D, eo[0] has dimension 1. We write W :=
Ker(Dy,e0[0]) is a space with codimension 1. Indeed, we can find a nonzero function u such that

X=We(u).
We consider the operator in a neighborhood of 0 in X given by
Gw+oaou)=au+ F(w), o R, weW.

Then G is of class C'! near the origin, G(0) = 0 and Dy,,G(0)[h] = h. By the local inverse theorem, G
defines a local C'! diffeomorphism onto a neighborhood of the origin. For all small g we can find smooth
functions a(g), w(g) with

a(gu+ F(w(g) =g

Thus the set M of functions F[w], w € W, can be described in a neighborhood of 0 exactly as those
g € X such that

a(g) =0.
This says precisely that M is locally a codimension-1 C !-manifold such that if g in (10-15) is selected
there, then the desired phenomenon takes place. O
Appendix A

Proof of Lemma 2.2. We denote by y,(s) the solution to (2-17) with limg_, 0 $2” y2(s) = 1, and by y;(s)
another solution, linearly independent from y,, defined explicitly by

2

Y1(5) = ey2(5) / (A1)

(2)2 72
for some positive constant ¢ we fix later. The function yj(s) decays fast at infinity, since
_52 gy -
yi(s) =cre” 75V (1 + o),

as s — oo, for some positive constant ¢y, as a direct consequence from (A-1). The function y,(s) is
definite for any s € (0, 00), and it is positive. Indeed, we first observe that the operator L, satisfies the
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maximum principle. This is consequence of the fact that the positive function go(s) = e_% / 55 which
solves L1(go) =0, satisfies L, (go) <0 in (0, co). With this is mind, we define go(s) = fsoo e_ZT/z2 dz.
This is a positive function which satisfies L, (go) =vgo > 0in (0, 00). Thus g is a subsolution. Moreover,
it is easy to see that go(R) < y2(R) for any R large enough. A standard application of the maximum
principle thus gives that y, is positive in (0, 00).

We now claim that lim,_, o+ sy (s) exists and it is positive. Write y1(s) = ¢(s2/4), x = s2/4, from
which we get

x¢"+ (3 +x)¢ +vp =0, xe(0,00).

Performing the further change of variables ¢ (x) = e *¢(x), we get that ¢ satisfies

x(p,/ + (% —x)(p/ — (% — ]))90 = O, X € (O, OO) (A_z)
In [Filippas et al. 2000, Appendix A], it is proven that (A-2) admits polynomial solutions if and only if
%— v=—k, k=0,1,2,.... Since % < v < 1, this never happens; thus ¢ cannot be bounded, as x — ot.

On the other hand, the behavior of the solutions to (A-2), as x — 0T, is determined by x¢” + %<p’ =0,
which implies that the solutions to (A-2) are bounded around x = 0, or they behave like x_% asx — 0T,
Combining all the above information, for a proper choice of the constant ¢ in (A-1), we get

y1(s) = %(1 +o0(1)) ass—0.
To understand further the behavior of y; around s = 0, we write sy1(s) = f(s), so that
frH st (=2 f=0, s5€(0.00). (A-3)

Integrating (A-3) between 0 and oo, and using the fast decay of y; to 0 as s — 0o, we compute

ro=w=n [ reds<o. f0=4-v. (A-4)

With this information, we get the estimates (2-18) and (2-20) for yi(s).

§2
Since the Wronskian associated to problem (2-17) is given by a multiple of e~ % /52

, we conclude
that, since y; is unbounded as s — 0T, we have y;(s) is bounded as s — 0. O

Lemma A.1. Let h = h(s) be a smooth function defined for s > 0 so that

1/s or s — 0,
1/s°  fors — oo.
Then there exists a solution to
r
90 = A +z‘ﬂh(—), A-5

of the form

Y(r,t)= t_ﬂ“(p(%), with ¢(s) = {S fors =0, (A-6)

1/s3  fors — oo.
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Proof. We look for a solution to (A-5) of the form ¥ (r, 1) =t~ B~V (r/ /7). Thus ¢ satisfies

i)90' +(B—-1D)p+h(s)=0.

(p//+ %"_
s 2

We look for a solution of the above equation of the form
o(s) =z(s)y1(s),
where yq solves y| +(2/s +s/2)y; +(B—1)y1 =0, and

as s — 0,

1/s
yl(S)N e_%s4(ﬂ_l)_3 as s — oQ.

The existence of y; is consequence of Lemma 2.2. A direct computation gives

Z(s)=—/0 " (77)2 (/ h(x)y1(x)x? e dx) dn.

One can easily see that
as s — 0,

§2
() ~ { TsTABD 55— 0.
This fact gives (A-6), and concludes the proof of the lemma. O
Proof of (5-10). For x € By, we shall prove
Po(1ox. 1) —o(0.1) = a(t)|pox |7 (1) O(|x|) (A-T)

for some o € (0, 1). Here IT = I1(¢) denotes a smooth and bounded function of ¢, and ® a smooth and
bounded function of x.
We have

t 1 X y2 —\y
¢0(M0X,f)—¢0(0,f)=/t m/ e S e “’] |(|)1{r<M}dy ds
o (4 (t—s))2 JR3

LT[ PO A ey Ly dy ds
(t—s)2 |z Hel<30 0
=1 +1I.

where

t—(% nox |2
I=/ ) Bs) AONY —|z—52= | _e—lzl] L

}dy ds.
0 (t —5)2 |z

M
2J/t—s

We start estimating /7. We observe that, if t — (uox/(2m)) < s <t, then uo|x|/ (2t —s) > m. We
write

1l =111+ 11, + 113,
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where , .
_|p— _H0X 1
11,-=/ PO (A5 ey L Lz <y 4y ds,
‘ 1—(%0*) Jp; (t—s)z || 2Vi=s
with . N N
HoXx Holy Holy
Di=!z:|z— < - , Dy = < —
! { 21 —s 42«/t—s} 2 { RN

and D3 is the complement of the two above regions.
We start estimating //;. We see that

x |2 /
/ v ! dy:[e_ﬁ'} ! _—c—z =3
D,

—1
2] Hel<3i=) +SH ] Holx|

for some constant ¢, as a direct application of dominated convergence theorem. Thus

/(uox / SPRTINLS Tz dyds = /(MOX)mdS—C(MOM)z

|z| 2Vi=s M0|x|

On the other hand, for any z in Dy, one has

2] > 1 polx|
42 t=s’

o
[l
D, |z Holx|

for any o0 > 0. We take o > 1, so that

=(557)

and hence we can bound

—|Z|2 1

=(57) . 1
/ (t—s)2"2ds| <c polx|.

dyds| <

lz1<

Dy 2] el 3=t = (olx))®

Thus we conclude that
1
[111] < B'(t) (polx])=.
Arguing in a similar way, one finds the same type of estimate for //5. In the third region D3, we have

1 Mo x|
42«/t—s’

2] > 1 olx| o Mo
421 =2 2t —s

so that again one gets the estimate

|113] < B'(t) 1ol x|.

Let us now consider the interval of time fg < s <t — (io|x|/(2m~/t —5))?, that is, region where one has
Holx|/ (2t —s) < m. We have the decomposition

I=11+1V,

where

t—1 unox |2
11 = p) ["Z‘ =l —'2'2] 1 v dyds.
{|Z|<
to (t—S)Z |Z| 2t—s
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We start with IV, where we expand in Taylor:

M()|x|

“GayS [ Bs) e s e
= —e 7 1 M dyd
v /t 1 ([—s)z[ ]|Z| {|Z|<z Vi=s yas

o (G wolxl ([ e , ! polx| Y2
=p'(1) - P (/ H dZ) ds=,3(t)log(?(t—(m) )M0|x|
= B'(t)polx|[log(polx ] = B'(t) (1ol x)°

for some positive o < 1. Finally, we consider /1. Again, after a Taylor expansion, we have

t—1 / t—1 p/
1 =polsl [ s =l [

Collecting the previous estimates, we conclude with the validity of (A-7). O

Appendix B

Proof of Lemma 2.3. Throughout the proof of the lemma, we denote by ¢; = ¢; (s), for any integer i, a
smooth real function with the property that

——qi(0)=0 forj<i  and (dd)lq,();éO

With ® = O(r) we intend a smooth function of the space variable, which is uniformly bounded. Also,

d
(ds)/
IT = T1(¢) stands for a smooth function of the time variable, which is uniformly bounded in ¢ € (0, co).

The explicit expressions of these functions change from line to line, and also within the same line.
Let Ro = ro~/t. A simple computation gives the explicit expression of the error £; in (2-40):

sion-etn( )t (o( )

R, r
+RO (Uin— uout)An(R )+2RO V (Uin—Uout)- VU(RO)+(M1H uout)Rzn (RO)’ (B-1)

:=gl :=51
where

& = Ay +ul, —0;u;n and &L, =

out

= Aoy + ugut — 0¢Uout. (B-2)
We start analyzing 5#1, getting

ow 0y
Em(r.1) = o[ Ay +5wfblﬂ1]—ﬂ'a—: Wt oY) —wj; —5wy oY — g ¥ —%M/W
/ wl

o (B-3)

= (W' —po)~ ZZO(M)H(WWLMO%) —wp, —5wi po Vil — oY1 —por ——
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Now we write

) 1
3 (T 14 PR S _ r\ (w2 —pg)* - r
(W'—po)p 220(—)=[2(,“2—#5)/4‘(#2—#3)#01#6]# lzo(—)——l"uolugu 1Zo( =)
M H W2 K
Taking into account that
1
341 1
Z =——-+4+0|—=
0(s) 2 s + (s3)
as s — 0o, it is convenient to write
l 1 L 1 _ _ r
2012 — ) + (2 — g molpe 1Zo(ﬁ)
1
a(t) 1 1 1 1o _ _ r 32 u
1 [2(12 — o) + (12 — g ig  Holi Nu) 2T utr
where « is defined in (2-41). We decompose (B-3) as
1 a(t)
En(rit) = —— Lt +5m( rt), (B-4)
where £ il is explicitly given by
51 (“z_ﬂo)z -1,/ -1 r 1 I NS5 4
En(rt) =———F""—pg Mokt Zo ; —po¥1+[(wu+po¥1)” —wy—5wy wo ]
/_,L2
1
14 I N - r\ 3% nu 31#1
2(u2—pl) +(u2—pd g gl Zol — |—= Lok . (B-5
+2(n2—pg )+ (w2 —pg g Holn N ) 2 0r|” Zef (B-5)

We observe now that (eq + e¢2 + e3)71(r/ Rg) can be described as sum of functions of the form

3 72R2 —%t_l
Bl Damnonem. e gpmnoer. ®-6)

where ¢ is a smooth function with ¢(0) # 0, while ¢, is a smooth function with ¢>(0) = ¢5(0) = 0, and
g4 (0) # 0. On the other hand, we see that

1
alt 2 ft—l B
er = 2 nyo(), s = L [RA 4 Rl ITOOE), (B
343 Mo +r

where g1 is a smooth function with g1 (0) =0, ¢7(0) # 0. Under assumption (2-11) and combining (B-4),
(B-6) and (B-7) we find that

_ 1
|EA Moo, B X[ r+1] S Mél_zho(L), r=|x|. (B-8)
> 5 s \/;

Since (2-41), we observe that

()
l1—n| —
nr Ro
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Let us fix A1 and A, satisfying (2-11). We write, for some L =sh + (1—=5)A2, s €(0,1),
5
zl r 117 r . 17 7
EL ] - mmzbn(R—O) — (D,EL I —m)n(R—O), with D;EL A1 = 3 (D[4,
j=1

where the e; are defined in (B-5). Let us consider 1. We have

(Dien)[A] = 2u0(1 + A) Dyu(en)[Al.
Direct computation gives

1
2.,—1

IDule)llr. 0l £ 2o (IO ().

We combine the above estimates to get

g
|e1[11]—e1mz]|n(Rio)<uo’Li |1—Az|n(io)
<C(Mo(f)l_l)ll«o(f)l_zho(f)||11—/\2||u

<C(M0(fo)fol)ﬂo(f)l 2ho(\/—)”ll—/\zﬂn

Choosing 7 large if necessary, we get C(jo(f0)?, 1) < 1. Similar estimates can be obtained for the other
terms ez, ..., es5. Thus we get

[(ERA] = EnlA2D) X oo, B, 1)x[tt+1]<c1liol 2ho(\/—)ﬂll—)tzlhq

for some constant ¢{ which can be made arbitrarily small, if 7o is chosen large. Also, we have

_ _ L 3 r
[ELIM] = EL A 2Nloofrrt1] < cSudt 2ho(ﬁ)[)tl —A2]o,o,[t,+1]-

Let us now describe £} . A first observation is that, for any value of y, we immediately see that £L,

out*
does not depend on A. On the other hand, if 1 <y <2 the expression for £}, becomes

1 5
gout(r’ t) = uout’

so that we directly get
5

2

"
gl < cr—g1{r>Ral}. (B-9)

s (%)

Let us consider now y > 2. In this case, the expression of £, is a bit more involved

1
out(r l)—rl( )(uout)s (1_ (Z))A|:y£);+2)+r5yi|
2(u0ut Mout)An( )+2t V(Mout uout) VT]( )+(uout Mout)[ 2 ,(;) (B'IO)

. cout ~out
.—51 ::51
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A close analysis of each one of the terms appearing in (B-10) gives

()

From (B-9)—-(B-10) and (B-11), we obtain
1
{Mgz—%ho(r/ﬁ) ifl<y<2,

(1-7(3)|
o m A\ Ry 1™ 2ho(r/ /1) ify >2.

Going back to (B-1), we are left with the description of £; = £;[A] and £ [A]. Directly we check

1
t()’ 1) _2 l%

Lpsn + 1{t<r<2t} +—=1g Sicren (B-11)

el

1

- 5 Yy
[€10r.0)1, 1€1(r,1)] = CRG? =2 1Ry <r <2k} (B-12)

for some positive constant C. This gives right away

— ~ L 3 r

Er+ &1 S puit 2ho|l — ).

B+ Eil st )

Let us fix A1 and A, satisfying (2-11). We write, for some L=sA + (1—=s)Aa, s€(0,1),
El[kl](r,t) —51[12](}’, l) = Dkgl[)_t][kl —/\2](1’,[),

where

DyE 1] = R02<axum[x1mn( )+2ROIV((aAum>m> Vn( 0)

Since in the region we are considering

1
2
DpunlA] = 2101+ M) @) A, |@yarin)| < =

we have

1E1A](r. 1) = E1[A2) |0, Bx, 1)x[t,e+1] < (o (10) 1y )ll«of 2ho(«/—)H/\l—)LzHﬂ

1l 3 r
<cipde iho(ﬁ)nxl—xzun

for some constant c¢; € (0, 1), provided 7 is large enough. Furthermore, we also have, for any ¢ > o,

_ _ 1 3 r
E1 ] = 81 Palloso ] < C1igt zho(ﬁ)ml oo frrit):

with again ¢y € (0, 1). Collecting all the previous estimates, we get the proof of the lemma. O

Remark B.1. From the proof of the result, we also get that the constants ¢ in (2-50) and (2-51) can be
made as small as one needs, provided that the initial time ¢y is chosen large enough.
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Appendix C

Proof of Lemma 2.4. Under the assumptions (2-11) on A, we get that, for any > 0 and ¢ > ¢,

1 3 r
121 (o O)] + (€21 (1 Dot ] S it %(7;), c-1)

where hy is given by (2-44), and also estimates similar to (2-50) and (2-51) for 9, &> 1. These estimates
follow from (2-49)—(2-50), (2-41) and from

! 1
042ty < )

Here we use again Rg = ro+/t. Furthermore, in the region where 1(r/Rg) — 1 <onmy # 0, the above

function is regular enough to have

T () -t (]
N — ) —lgp<om Sla@®|t"2hol —= |, r=|x|.
[M+r Ro tr<2My 0,0, B(x,1)x[t,t+1] v

Using (2-43), we get (C-1). Let us consider now (1 —ngr)(r,t). We claim that

[E22(1=nR)(r, )| < c2. (C-2)
Given d > 1, define
1/s  fors —0,
h =
«() { 1/s%  fors — oo.

Arguing as in the proof of Lemma A.1, we get the existence of ¥, so that

r (s) = for s — 0,
P N oL 1/sd for s — oo.

Comparing the above equation and the equation satisfied by ¢, and using the maximum principle, we

N\'—‘

1 L

obtain that, in the region where (1 —ng) # 0,

1
G0, 1)] < A lgpds™ go(%) (C-3)

We proceed now with the estimate of (1 —ng)&22. A Taylor expansion gives the existence of s* € (0, 1),
so that

En(r,t) = 5(Uy + 5% ¢0)*¢o.
Let M be a large fixed number. From (2-38) and (2-13), we see that, if r < M /i,

5.3 r
(1= nR)E22| S wiigo S R gt Zho(ﬁ)’

On the other hand, thanks to (C-3) we see that, for r > M /1, we get

(1= 1R)Ex| < ($0)° S pat™ ho(%)
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Thus we get the L°° bound in estimate (C-2). The control on the Holder norm contained in (2-61)
and (2-62) follows arguing as in the proof of (2-50)—(2-51) in the proof of Lemma 2.3, and from the
assumption on A in (2-11). We leave the details to the reader. O
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A WELL-POSEDNESS RESULT FOR
VISCOUS COMPRESSIBLE FLUIDS WITH
ONLY BOUNDED DENSITY

RAPHAEL DANCHIN, FRANCESCO FANELLI AND MARIUS PAICU

We are concerned with the existence and uniqueness of solutions with only bounded density for the
barotropic compressible Navier—Stokes equations. Assuming that the initial velocity has slightly sub-
critical regularity and that the initial density is a small perturbation (in the L*> norm) of a positive
constant, we prove the existence of local-in-time solutions. In the case where the density takes two
constant values across a smooth interface (or, more generally, has striated regularity with respect to some
nondegenerate family of vector fields), we get uniqueness. This latter result supplements the work by
D. Hoff (Comm. Pure Appl. Math. 55:11 (2002), 1365-1407) with a uniqueness statement, and is valid in
any dimension d > 2 and for general pressure laws.

Introduction 275
1. Main results 278
2. Tools 282
3. An existence statement for almost critical data and only bounded density 290
4. Tangential regularity and uniqueness 296
Appendix: Harmonic analysis estimates 308
Acknowledgements 315
References 315
Introduction

We are concerned with the multidimensional barotropic compressible Navier—Stokes system in the whole
space:

{8;,0 +diV(,0u) =0, (0_1)

0 (pu) +div(ipu  u) — uAu —AVdivu +VP(p) =0.

Here p = p(t, x) and u = u(t, x), with (¢, x) € Ry x R and d > 1, denote the density and velocity of the
fluid, respectively. The pressure P is a given function of p. We shall take that function locally in W!>
in all that follows, and assume (with no loss of generality) that it vanishes at some constant reference
density p > 0. The (constant) viscosity coefficients u and A satisfy

u>0 and v:i=A4pu >0, (0-2)

MSC2010: primary 35Q35; secondary 35B65, 76N 10, 35B30, 35A02.
Keywords: compressible Navier—Stokes equations, bounded density, maximal regularity, tangential regularity, Lagrangian
formulation.
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which ensures ellipticity of the operator
L:=—pnA —AVdiv. (0-3)
We supplement system (0-1) with the initial conditions
pli=0o=p0 and ul—o = uo. (0-4)

A number of recent works have been dedicated to the study of solutions with discontinuous density
(so-called “shock data”) for models of viscous compressible fluids. Even though the situation is by
now quite well understood for d = 1 (see, e.g., [Hoff 1991]), the multidimensional case is far from
being completely elucidated. In this direction, we mention works of D. Hoff [1995; 2002], who greatly
contributed with the construction of “intermediate solutions” allowing for discontinuity of the density, in
between the weak solutions of P.-L.. Lions [1998] and the classical ones of, e.g., J. Nash [1962].

In the two-dimensional case, Hoff [2002] succeeded in getting very accurate information on the
propagation of density discontinuities across suitably smooth curves (as predicted by the Rankine—
Hugoniot condition), under the assumption that the pressure is a linear function of p (see Theorem 1.2
therein). In particular, he proved that those curves are convected by the flow and keep their initial
regularity even though the gradient of the velocity is not continuous. The result was strongly based on
the observation that, for such solutions, the “effective viscous flux” F := vdivu — P(p) is continuous,
although singularities persist in divu and P(p) separately.

The present paper aims at completing the aforementioned works in several directions.

First, we want to supplement them with a uniqueness result. Indeed, Hoff [2002] constructed solutions
(that are global in time under some smallness assumption) and pointed out very accurate qualitative
properties for the geometric structure of singularities, but did not address uniqueness. That latter issue has
been considered afterward in [Hoff 2006], but only for linear pressure laws. In fact, the main uniqueness
theorem therein requires either the pressure law to be linear (as opposed to the standard isentropic
assumption P(p) =ap? with y > 1) or some Lebesgue-type information on V p (thus precluding us from
considering jumps across interfaces). To the best of our knowledge, exhibiting an appropriate functional
framework for uniqueness without imposing a special structure for the solutions has remained an open
question for nonlinear pressure laws and discontinuous densities.

Our second goal is to extend Hoff’s works concerning discontinuity across interfaces and uniqueness
to any dimension and to more general pressure laws and density singularities.

Finding conditions on the initial data that ensure that Vu belongs to L' ([0, T']; L*°) for some T > 0
is the key to our two goals. That latter property will be achieved by combining parabolic maximal
regularity estimates with tangential (or striated) regularity techniques that are borrowed from the work by
J.-Y. Chemin [1991].

In order to introduce the reader to our use of maximal regularity, let us consider the slightly simpler
situation of a fluid fulfilling the inhomogeneous incompressible Navier—Stokes equations:

drp +div(pu) =0,
or(pu) +div(pu @ u) — uAu+ VII =0, (0-5)
divu =0.
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We have in mind the case where the initial density is given by
po=c1lp+calpe (0-6)

for some positive constants ¢y, c3, with D being a smooth bounded domain of R4 (above, 1,4 designates
the characteristic function of a set A).

Several recent works have been devoted to proposing conditions on u allowing for solving (0-5) either
locally or globally, and uniquely. The first result in that direction has been obtained by the first author
and P. B. Mucha [Danchin and Mucha 2012]. It is based on endpoint maximal regularity and requires the
jump c; — c» to be small enough. However, that approach requires the use of multiplier spaces to handle
the low regularity of the density, and is very unlikely to be extendable to the compressible setting, owing
to the pressure term that now depends on p.

Therefore, we shall rather take advantage of the approach that has been proposed recently in [Huang
et al. 2013] by the third author together with J. Huang and P. Zhang to investigate (0-5) with only bounded
density. Indeed, it is based on the standard parabolic maximal regularity and requires only very elementary
tools like Holder inequality and Sobolev embedding. In order to present the main steps, assume for
simplicity that the reference density p is 1. Then, setting o := p — 1, system (0-5) can be rewritten as

do+u-Vo =0,
oru — wAu + VI = —pdiu — (1+0)u - Vu,
divu =0.

From basic maximal regularity estimates (recalled in Section 2B below), we have! forall 1 < p, r < oo,

ol oo 22my + 11 Byt 1V )Ly < Cllluoll g2 + lledrull g wry + 1 (1+Q)u - Vull . rr)).-

It is obvious that the second term of the right-hand side may be absorbed by the left-hand side if the
nonhomogeneity o is small enough for the L* norm. As for the last term, it may be absorbed either
for a short time if the velocity is large, or for all times if the velocity is small, and the norm L"(L?) is
scaling-invariant for the incompressible Navier—Stokes equations, that is to say, satisfies

2 + d_ 3. 0-7)
rp
Those simple observations are the keys to the proof of global existence for (0-5) in [Huang et al. 2013].
As regards uniqueness, owing to the hyperbolic part of the system (viz. the first equation of (0-5)), we
need (at least) a LIT(Lip) control on the velocity. Note that if one combines the above control in L7.(L?)
for V2u with the corresponding critical Sobolev embedding, then we miss that information by a little
in the critical regularity setting, as having (0-7) and r > 1 implies that p < d; nonetheless, it turns out
that, if working in a slightly subcritical framework (that is, 2/r +d/p < 3), one can get existence and
uniqueness together for any initial density pp € L° that is close enough to some positive constant (see
[Danchin and Zhang 2014; Huang et al. 2013] for more details).

1Throughout the paper we agree that, if E is a Banach space, r € [1,00] and T > 0, then L%, (E) designates the space
L"([0,T]; E) and || - ”LVT(E) the corresponding norm; when T = oo, we use the notation L” (E).
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In the particular case where py is given by (0-6), once the Lipschitz control of the transport field is
available, it is possible to propagate the Lipschitz regularity of the domain D, as it is just advected by the
(Lipschitz continuous) flow of the velocity field. Based on that observation, further developments and
more accurate information on the evolution of the boundary of D have been obtained very recently by
X. Liao and P. Zhang [2016; 2019], and by the first author with X. Zhang [Danchin and Zhang 2017] and
with Mucha [Danchin and Mucha 2017]. In most of those works, a key ingredient is the propagation of
tangential regularity, in the spirit of the seminal work [Chemin 1991; 1993] dedicated to the vortex patch
problem for the incompressible Euler equations. We refer also to papers [Gamblin and Saint Raymond
1995; Danchin 1997; 1999; Hmidi 2005] for extensions of the results of [Chemin 1991; 1993] to higher
dimensions and to viscous homogeneous fluids, the case of nonhomogeneous inviscid flows being treated
in [Fanelli 2012].

The rest of the paper is devoted to obtaining similar results for the compressible Navier—Stokes
equations (0-1) and is structured as follows. In the next section, we present our main results and give some
insight to the proofs. Then, in Section 2, we recall the definition of Besov spaces and introduce the tools
for achieving our results: Littlewood—Paley decomposition, maximal regularity and estimates involving
striated regularity. Section 3 is devoted to the proof of our main existence theorem for general discontinuous
densities, while the next section concerns the propagation of striated regularity and uniqueness. Some
technical results that are based on harmonic analysis are postponed until the Appendix.

1. Main results

In order to evaluate our chances of getting the same results for (0-1) as for (0-5) after suitable adaptation
of the method described above, let us rewrite (0-1) in terms of (o, u). We get, just denoting by P (instead
of P(1+ o)) the pressure term, the system

ia;Q-i-u-VQ—i-(Q-i-l)diVu:O, (1-1)
o — puAu —AVdivu = —pou — (140)u - Vu — VP,

As the so-called Lamé system (that is, the left-hand side of the second equation) enjoys the same maximal
regularity properties as the heat equation, one can handle the terms 09d;u and (14-9)u - Vu in a suitable
L"(L?) framework exactly as in the incompressible situation. However, by this method, bounding V P
requires Vo to be in some Lebesgue space, a condition that we want to avoid. In fact, the coupling
between the density and the velocity equations is stronger than for (0-5) so that the two equations of (1-1)
should not be considered separately. For that reason, it is much more difficult to prove a well-posedness
result for rough densities here than in the incompressible case, and the presence of the “out-of-scaling”
term V P precludes us from achieving global existence (even for small data) by simple arguments. A
standard way to weaken the coupling between the two equations of (1-1) (that has been used by Hoff
[1995; 2002] and, more recently, by B. Haspot [2011] or by the first author with L. He [Danchin and
He 2016]) is to reformulate the system in terms of a “modified velocity field”, in the same spirit as the
effective viscous flux mentioned in the Introduction: we set

wi=1u-+ V(—vA)‘lP, with v := A + .
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The modified velocity w absorbs the main part of V P, as may be observed when writing out the equation
for w:
14+0)0w—puAw —AVdivw+ (1 +0)u-Vu+ (1+ 0)(—vA)~ 'V, P =0. (1-2)

As, by virtue of the mass equation, we have
9P =(P—pP')divu —div(Pu),

the last term of (1-2) is indeed of lower order and can be bounded in L’ (L?) whenever o is bounded and
belongs to some suitable Lebesgue space.

As we shall see in the present paper, working with w and o rather than with the original unknowns
u and p proves to be efficient if one is concerned with existence (and possibly uniqueness) results for
(0-1) with only bounded density. In fact, we shall implement the maximal regularity estimates on the
equation fulfilled by w, and bound o by means of the standard a priori estimates in Lebesgue spaces
for the transport equation. For technical reasons, however, it will be wise to replace (—vA)~! by its
nonhomogeneous version (Id — vA)~!, which is much less singular.

That strategy will enable us to prove the following local-in-time result of existence for (0-1) supple-
mented with a rough initial density.”

Theorem 1.1. Let d > 1. Let the pair (p, r) satisfy

2
d<p<oo and 1<r< P , (1-3)
p—d
and define the pair of indices (ro, r1) by the relations
1 1 d 1 1 1
—=—-—=14+— and —=-——. (1-4)
ro r 2p rn r 2
Let the initial density py and velocity ug satisfy
e:=po—1 in(LPNL=)RY),
Wo: =uUg—Uvy in 312,;2/’, with vy := —V(Id —vA) " (P (pp)).
There exist € > 0 and a time T > 0 such that, if
lloollL= <é, (1-5)

then there exists a solution (p, u) to system (0-1)—(0-4) on [0, T] x R? with o := p — 1 satisfying
lollL~qo,rixrey <46 and 0 €C(0,T]; LY) forall p <q < oo,
andu =v+w with v := —V(Id—vA)~'(P(p)) in C([0, T]; W4 (RY)) for all p < q < oo, and
weC(0,T]: B; ) NLP(L™), VweL}(LP) and dw,Vw e L (LP).
That solution is unique if d = 1.

2The reader is referred to Section 2 below for the definition of the homogeneous Besov spaces B;, e
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If, in addition, uy and o are in L?% and inf P’ > 0 on [1 — 4e, 1 + 4¢], then the energy balance

IV o@uI72 + I @) 1L+ IVl T o) + A divallZa o) = 3lv/Bouollz + 1T (00) 1 (1-6)

holds true for all t € [0, T], where the function I1 = I1(z) is defined by the conditions T1(1) =T1'(1) =0
and 11" (z) = P'(2)/z.

Combining the above statement with Sobolev embeddings ensures that Vw and div u are in LIT(LOO).
However, because the operator VZ(Id — vA)~! does not quite map L* into itself (except if d = 1 of
course), there is no guarantee that the constructed velocity field # has gradient in LIT(LO"). This seems
to be the minimal requirement in order to get uniqueness of solutions (see, e.g., [Hoff 2002; Danchin
2014]). Keeping the model case (0-6) in mind, the question is whether adding up geometric hypotheses,
like interfaces or tangential regularity, ensures that property and, hopefully, uniqueness.

Motivated by the pioneering work [Chemin 1991; 1993], we shall assume that the initial density has
some ‘“‘striated regularity”” along a nondegenerate family of vector fields. To be more specific, we have to
introduce more notation and give some definitions. Before doing that, let us underline that propagating
tangential regularity for compressible flows means facing new difficulties compared to the incompressible
case, due to the fact that div # does not vanish anymore.

First of all, for any p in ]d, oc], we denote by L°” the space of all continuous and bounded functions
with gradient in L? (R?). Now, for a given vector field Y in L°”, we are interested in the regularity of a
function f along Y, i.e., in the quantity

d
dyf:=) Yiof.
j=1
This expression is well-defined if f is smooth enough, in which case we have the identity

dy f =div(fY) — fdivY. (1-7)

If f is only bounded (which, typically, will be the case if f is the density given by (0-6)), the above
right-hand side makes sense for any vector field ¥ in L°>?, while dy f has no meaning. Then we take the
right-hand side of (1-7) as a definition of dy f.

In order to define striated regularity, fix a family X = (X,)1<x<m of m vector fields with components
in L°>? and suppose that it is nondegenerate, in the sense that

I(X):= inf sup |d/_\1 XA(x)|1/(d_1) > 0.
XeR! AeA

Here A € A} | means that A = (Ay,...,Aq—1), with A; € {1,...,m} forall i and A; < A; fori < j,
while the symbol df\l X s stands for the unique element of R4 such that

forall Y eRY, (“'X,) Y =det(X;,,... X5, ,, ¥).

Then we set

1 X5 Mlweer := 1 XallLe + IVXallr  and || X][[poer := sup || Xy [lpee.r.
rEA

More generally, whenever E is a normed space, we use the notation ||| X||| g := sup,cp | XallE.
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Definition 1.2. Take a vector field Y € L°>? for some p € ]d, co]. Given a function f € L°°, we say that
f belongs to LY if div(fY) € LP(RY).

If X = (X)1<1<m is a nondegenerate family of vector fields in L°>” then we set
1

p . p R
5= () Ly, and [fly, =T

1<A<m

(LS Tzoe M Mloer + 1div(f X))

The main motivation for Definition 1.2 is Proposition 2.12 below, which states that, if ¢ is bounded and
if, in addition, o € L% for some nondegenerate family & of vector fields in L7 with d < p < oo, then
(nId — A)~'V2 £ () is in L> for all n > 0 and smooth enough function f. That fundamental property
will enable us to consider data like (0-6) in a functional framework that ensures persistence of interface
regularity and uniqueness together, as stated just below.

Theorem 1.3. Let d > 1 and the pair (p, r) fulfill conditions (1-3). Consider initial data (pg, ug) satisfying
the same assumptions as in Theorem 1.1. Assume in addition that there exists a nondegenerate family
Xo = (Xo0.2)1<r<m Of vector fields in L°>P such that py belongs to I]_QO.

Then, there exists a time T > 0 and a unique solution (p, u) to system (0-1)-(0-4) on [0, T] x R4 such
thato:=p—1, v:=—V{Id— vA)Y(P(p)) and w:=u—v satisfy the same properties as in Theorem 1.1.
Furthermore, Vu belongs to L([0, T]; L™®(R%)) and u has a flow ¥, with bounded gradient that is the
unique solution of

t
Y, (t,x)=x +/ u(t, ¥, (r,x))dt forall (t,x) €0, T] x R?. (1-8)
0

Finally, if we define X; ; by the formula X; ;(x) := dx,, ¥ (¢, wu_l(t, x)) then, for all times t € [0, T,
the family X; := (X, ) 1<r<m remains nondegenerate and in the space L.°°P, and the density p(t) belongs
to L.

Let us make some comments on the proof of that second main result. As pointed out above, the striated
regularity hypothesis ensures that (Id — vA)~!V? P is bounded. Since we know from Theorem 1.1 that
Vw is in LlT(LOO), one can conclude that also Vu belongs to LlT (L°°). From this property and the remark
that, for all A € A, one has

X, +u-VX, =0dx,u and 0,div(pX,)+div(div(pX,)u) =0,

standard estimates for the transport equation will enable us to propagate the tangential regularity.

As regards the proof of uniqueness, we adopt the viewpoint in [Hoff 2006]: solutions with minimal
regularity are best if compared in a Lagrangian framework; that is, we compare the instantaneous states
of corresponding fluid particles in two different solutions rather than the states of different fluid particles
instantaneously occupying the same point of space-time. However, the proof that is proposed therein relies
on stability estimates in the negative Sobolev space H~! for the density; at some point, it is crucial that
p € H™! implies P(p) is in H ", too, a property that obviously fails when the pressure law is nonlinear.

In the present paper, adopting the Lagrangian viewpoint will enable us to avoid (for general pressure
laws) the loss of one derivative due to the hyperbolic part of system (0-1). As a matter of fact, we
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shall establish stability estimates for the (Lagrangian) velocity field directly in the energy space, and
the presence of variable coefficients owing to the initial density variations, either in front of the time
derivative or in the elliptic part of the evolution operator, will be harmless.

Let us finally state an important application of Theorem 1.3.

Corollary 1.4. Assume that py is given by (0-6) for some bounded domain D of class WP with
d < p < oo

Then, there exists € > 0 such that, if |c; — c2| < &, then for any initial velocity field uq satisfying the
conditions of Theorem 1.1, there exists T > 0 such that system (0-1)—(0-4) admits a unique solution (p, u).
Furthermore, the density at time t has a jump discontinuity along the interface of the domain D, transported
by the flow of u, and 3D, keeps its W>P regularity.

We end this section with a list of possible extensions/improvements of our paper.

(1) All our results may be readily adapted to the case of periodic boundary conditions; indeed, our
techniques rely on Fourier analysis and thus hold true for functions defined on the torus.

(2) We expect a similar existence statement if the fluid domain is a bounded open set 2 with (say)
C? boundary, and the system is supplemented with homogeneous Dirichlet boundary conditions for the
velocity. Indeed, in that setting, the Besov spaces may be defined by real interpolation from the domain
of the Lamé (or, equivalently the heat) operator and the maximal regularity estimates remain the same.
The reader may refer to [Danchin 2010] for an example of solving (0-1) in that setting, in the case of
density in W' for some p > d.

Concerning the propagation of tangential regularity, the situation where the reference family of vector
fields does not degenerate at the boundary should be tractable with few changes (this is a matter of
adapting the work of N. Depauw [1999] to our system). This means that one can consider initial densities
like (0-6) provided the boundary of D does not meet that of 2.

(3) To keep the paper a reasonable size, we refrained from considering the global existence issue for
rough densities. We plan to address that interesting question in the near future.

2. Tools

Here we introduce the main tools for our analysis. First of all, we recall basic facts about Littlewood—
Paley theory and Besov spaces. The next subsection is devoted to maximal regularity results. Finally, in
Section 2C we present key inequalities involving striated regularity.

2A. Littlewood—Paley theory and Besov spaces. We here briefly present Littlewood—Paley theory, as it
will come into play for proving our main result. We refer, e.g., to Chapter 2 of [Bahouri et al. 2011] for
more details. For simplicity of exposition, we focus on the R? case; however, the whole construction can
be adapted to the d-dimensional torus T<.

First of all, let us introduce the so-called “Littlewood—Paley decomposition”. It is based on a nonho-
mogeneous dyadic partition of unity with respect to the Fourier variable: fix a smooth radial function y
supported in the ball B(0, 2), equal to 1 in a neighborhood of B(0, 1) and such that r — x(re) is
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nonincreasing over R, for all unitary vectors e € RY. Set

9(E) = x(§) — x(25) and ¢;(§):=¢(27/¢) forall j=0.
The nonhomogeneous dyadic blocks (A ;) jez are defined by3
Aj:=0 if j <-2, A_1:=x(D) and Aj = ¢(27'D) if j>0.
We also introduce the following low-frequency cut-off operator:
Sj=xQ7 D)= 3" A¢ forj=0, and S;=0 forj<0. 2-1)
k<j—1
It is well known that for any u € &', one has the equality
U= Z Aju inS.
j==1
Sometimes, we shall alternatively use the spectral cut-offs A ; and S ; that are defined by

Aj:=¢Q27'D) and S;=x(Q27/D) foralljeZ.
Note that we have
u=Yy Aju (2-2)
JEZ
up to polynomials only, which makes decomposition (2-2) unwieldy. A way to have equality in (2-2) in the
sense of tempered distributions is to restrict oneself to elements u of the set S, of tempered distributions

such that
dim [|Sjullz~ =0.
Jj—>—00

It is now time to introduce Besov spaces.

Definition 2.1. Lets e Rand 1 < p,r < oc:

(i) The nonhomogeneous Besov space B, , is the set of tempered distributions « for which
llullgy, = 17 NAjullr) j=—1ller < 0o

(i) The homogeneous Besov space B;ﬁ . is the subset of distributions « in S such that
lull g, = 1@ IA jullo) jezller < oe.

It is well known that B; , coincides with H* (with equivalent norms) and that nonhomogeneous
(resp. homogeneous) Besov spaces are interpolation spaces between Sobolev spaces W57 (resp. WX-P).
Furthermore, for all p € ]1, oo[, one has the following continuous embeddings (see the proof in [Bahouri
et al. 2011, Chapter 2]):

and B° «s LP s B

P 0
—~> L= B p.min(p,2) p.max(p,2)*

0
B p,max(p,2)

p.min(p,2)

We shall also often use the embeddings that are stated in the following proposition.

3Throughout f (D) stands for the pseudodifterential operator u — F —I¢ fFu).
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Proposition 2.2. Let 1 < p; < p, < 0o. The space B’ . (R?) is continuously embedded in the space

p P11
B, (RY) if
sz<s1—d(L—L> or sz=s1—d(i—L> and r; <r.
P1 p2 D1 P2
The space st7|1,r1 (R?) is continuously embedded in the space B;}z rz([F\Rd) if
Sy =8 —d<L — i) and r; <r.
p1 D2

Finally, we shall need the following continuity result.
Lemma 2.3. There exists a constant C, depending only on d, such that for all p € [1, oo] we have
IAdd = 2)7 flle < Cll iz
Proof. Tt suffices to notice that
AMd—A)'f=@d-D)"f—f
and that (Id — A)~! maps L? to Bf,’oo (see Proposition 2.78 of [Bahouri et al. 2011]) and hence to L?,
with a constant independent of p. U
Corollary 2.4. Let u solve the elliptic equation (Id — A)u = f in RY, with f € L? for some p € [1, 00].
Then u € Wl’p([Rd), with Au € L?, and one has the estimate

lullwrr + 1 AullLr < CILfllLe

for some positive constant C depending just on d.
If 1 < p < oo, then u € W*P and we have

lullwzr < Cllflle.

Proof. From Lemma 2.3, we gather that Au € L?; hence u = Au + f belongs to L? too. This relation
in particular implies the control ||u]|z» < C|| f| Lr. At this point, the control of the gradient of u in L?
follows, e.g., from Gagliardo—Nirenberg inequalities (or a decomposition into low and high frequencies).
Finally, in the case 1 < p < oo, having Au € L? implies V>u € L? by Calderén-Zygmund theory. [

2B. Maximal regularity and propagation of L? norms. In this subsection we recall some results about
maximal regularity for the heat equation, and then extend them to the elliptic operator £ defined in (0-3).
Those results will be essentially the key to Theorem 1.1, namely existence of solutions in an L? setting.

2B1. The case of the heat kernel. Here we focus on maximal regularity results for the heat semigroup,
as they will lead to similar ones for the Lamé semigroup generated by —L (see Section 2B2 below). We
first look at the propagation of regularity for the initial datum. Our starting point is the proposition below,
which corresponds to Theorem 2.34 of [Bahouri et al. 2011].

Proposition 2.5. Let s > 0 and (p, r) € [1, 00]> A constant C exists such that

S/ZetA

—1
CMall 5z < 162 22l Lo

r®dyn = Clzlags
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Thus we deduce that, for all r € [1, oo[, having z in B;,%/ "(RY) is equivalent to the condition e’ Az e
L"(Ry; LP(R%)). In particular, taking z = Aug and assuming that u has critical regularity B;}er/ P(R?)

for some p € ]1, oo[ and r fulfilling

2 d i
2——=——1 withl <r < o0, (2-3)
rp
Proposition 2.5 combined with the classical L” theory for the Laplace operator implies that VZe/%ug is
in L™ (Ry; LP(R?)).

Note however that (2-3) gives the constraint d /3 < p < d, which is too restrictive for our scope: we
will need p > d in order to guarantee that Vu is in L'([0, T]; L™®(R%)) for some T > 0 (see Section 3
for more details). This fact will preclude us from working in the critical regularity setting.

Before going on, let us introduce more notation: throughout this section, we will use an index j to
designate the regularity of Lebesgue exponents (p;,r;) € [1, oo]? pertaining to the term V/h.

. .. . . . hd K3 . _ _
According to Proposition 2.5, if ug is in szm with s =2 —2/ry and 1 < pj, rp < 00, then

V2e'®ug € L (Ry; LP*(RY)). (2-4)
Furthermore, we have

e"®ug e Cy(Ry; B (2-5)

8
prrs)
since
1/rs
lle" ol o2 ~ V7€ ol y21m, ~ le™ (e uo) |7, dT
p2.r2 p2.ry R,
and, using the fact that the heat semigroup is contractive on L2,

/ le™® (Ae"uo) |7y, dT < / le™ Auol 7y, dT < CllAugll’ o, -
Ry R

P22

Time continuity in (2-5) just follows from the fact that S is densely embedded in L72.
Next, by the embedding properties of Proposition 2.2, we have, if p; > p; and r| > ry,

Vug € B withslzl—i_d<i_i).
e ) P2 pi

In order to be in the position to apply Proposition 2.5 so as to get that Ve'®ug € L (R ; LP' (RY)), we
need to have in addition s; < 0, that is to say,

2,4 _d (2-6)
r2 p2 pi1
Then, defining r; by
24 4244 (2-7)
no p2 . pi

we get
Ve'luy e L' (Ry; LPY(RY)). (2-8)
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Finally, let us consider ¢’ Auo. By critical embedding, we have, if pg > p> and ro > ry,

o € BY withsozz—z—d<i—i).

po.ro? r P2 Do
If we want to resort again to Proposition 2.5, we need to have in addition that
so=2-2-2 9 (2-9)
. pi
Under that condition, choosing ry so that so = —2/rg, that is to say, such that
2,d _,,2.4 (2-10)
r2  p2 o  Po

we end up with
e®ug e L™(Ry; L7 (RY)). (2-11)

Let us next consider the propagation of regularity for the forcing term in the heat equation. We start by
presenting the standard maximal L" (L?) regularity for the heat semigroup (see the proof in [Lemarié-
Rieusset 2002, Lemma 7.3] for instance).

Lemma 2.6. Let us define the operator A, by the formula

t
A f|—>/ V298 £(s, ) ds.
0

Then A is bounded from L™(10, T[; LP2(R%)) to L]0, T[; LP2(RY)) for every T € 10, 00] and
1 < pa, rp < 00. Moreover, there holds
“-AZf”L’TZ(Lpz) = C“f”L’TZ(Lpz)-
As for the propagation of regularity for the first derivatives, we have the following statement.

Lemma 2.7. Assume that the Lebesgue exponents py and p> fulfill 0 < 1/p, — 1/p1 < 1/d and that
1 <ry < ry < oo are related by (2-7). Let us define the operator Ay by

'
Al f > f Vel =92 f(s,-) ds.
0
Then A is bounded from L™(]0, T[; LP2(R%)) to L]0, T[; LP' (R?)) for every T € 10, oo[, and
there holds
||~A1f||L’T1 (LP1) = C”fllL"T?(Lpz)
for a suitable constant C > 0 depending only on the space dimension d > 1 and on py, ry, p2, 1.
Proof. We use the fact that forall 0 <s <¢ <T
e / =9 o =y
(@ (1 —5) D2 Jga 2/t =5) 4t —s)

_ VT K :
T (@n(t—s)dth2 1<¢4(r —)

Ve =98 f(s,x) =

)f(s, y)dy

)*xf(ss')-
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Applying Young’s inequality in the space variables yields

IVe"92 (L1071 £)(s, im < C(t —s)~ T2 g, (—) I L0.71.f I 2
o A=) lgm "
<Ct—9)"P Lo fllLe,
where we have defined m; and 8 by
1 1 1 d+1 d 1 d d
—+l=—+— and B=—FF -5 —=5+7—"—5—.
p1 mi p2 'B 2 2m1 2 2p2 2p1

Note that the conditions in the lemma ensure that 8 € [%, 1[. At this point, we apply the Hardy—Littlewood—
Sobolev inequality (see, e.g., Theorem 1.7 of [Bahouri et al. 2011]) with respect to time: since r; and r
satisfy 1/r; + 1 =1/r, + B by hypothesis (2-7), we immediately get the claimed inequality. The lemma
is thus proved. (Il

We now state integrability properties concerning f itself, without taking any derivative.

Lemma 2.8. Assume that the Lebesgue exponents po and p; fulfill 0 < 1/p; — 1/po < 2/d and that
1 < ry < rg < oo are related by (2-10). Define the operator Ag by the formula

t
Ao:f|—>/ I8 £ (s, ) ds.
0

Let sp :=2—2/ry. Then Ay is bounded from L™ (]0, T[; L??) to L™ (0, T[; LP°) NC([0, T]; B;;zz,rz)
for every T € ]0, oo], and there holds
||A0f||L;0(B;22J2) + “-AOf”L’TO(Lpo) = C“f”L’TZ(LI'z)
for a suitable constant C > 0 depending on the space dimension d > 1 and on py, ro, p2, 2.
Proof. The proof of the continuity in L (]0, T[; LP°) goes as in Lemma 2.7: We start by writing
lx —y|?

1
(t—s)A _ _
N CE T fw exP( 4(t—s))f(s’y) “

1 .
T @t — )P KO(W: —s)) * 6D

Then, we apply Young’s inequality in the space variables and get, for every s > 0 fixed,

le"=2L10.710) (s, e < Ct — )2 I L0.71.f |2

L"mo

Kol ———

0(«/47‘[0 — s))
<C@ =)o, flILe,

where, exactly as before, we have defined mg and y by the relations

1 1 1 d d
l+—=—+— and y=———.
po  mo  p2 2p> 2po
Our assumptions ensure that y € ]0, 1[ and one may apply the Hardy-Littlewood—Sobolev inequality
with respect to time. Since ry and r; satisfy 1/rg+ 1 =1/r + y by hypothesis (2-10), we immediately

get that Ay is bounded from L7 (L??) to L7 (L™).
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The second part of the statement is classical. Arguing by density, it suffices to establish that

o f (Ml = Cllfll o)

To this end, we write, using Proposition 2.5 and an obvious change of variable, that

[ee) 1/r2
Ao f ()l ~ ( /0 A€ Ao f (DI dr)
00 r 1/r
([ “
0 L2
oo r 1/ra
5C< [ ‘ dt) .
T LP2

Then using Lemma 2.6 to bound the right-hand side yields the claimed inequality. O

T
f Ae(t+T—T)Af(T) dt

0

t/
f Ae" "IN (fl.) (1) dT
0

2B2. Maximal regularity results for the operator L. Here we want to extend the results of the previous
subsection to the elliptic operator £ = —u A — AV div, under condition (0-2): for suitable initial datum
ho and external force f, let us consider the equation
{B,h + Lh = f,
h‘ 1—0 = hy.

The following statement will be a key ingredient in the proof of our existence result.

(2-12)

Proposition 2.9. Let ((pj, r;))j=o0,1,2 satisfy

l<pyrm<oo, rp<rg, ry<ri, Ppo>p2 Pl1>Pp2

and the relations (2-7) and (2-10). Let hg be in B;}m with sy :=2—2/r>,and let f bein Llréc([Rq; LP2(RY)).
Let (i, A) € R? satisfy condition (0-2).
Then, for all T > 0, system (2-12) has a unique solution h in C([0, T]; B;}Nz) N L0, T; LPo),

with Vh € L™ ([0, T1; LP") and 8;,h, V*h € L™>([0, T1; LP?). Moreover, there exists a constant Coy > 0
(depending just on i, A, d, po, p1, p2 and ry) such that the following estimate holds true:

”h”L%c(B,S;ZZ.rZ)—i_ ”h”LrTO(L/’O)+ ||Vh||LrTl (LP|)+ ||(3,h, Vzh) ”L'TZ(LPQ) = CO(”hO||)_!};22J2 + ”f”L’TZ (Lpz))- (2-13)

Proof. Let us write down the Helmholtz decomposition of the vector field 4: denoting by PP the Leray
projector onto the space of divergence-free vector fields and by @ the projector onto the space of irrotational
vector fields, we have h = Ph + Qh. Recall that we have in Fourier variables

1
€12

Hence P and Q are linear combinations of composition of Riesz transforms and thus act continuously on

F@h)(E) = — (& - h(£))E.

L? forall 1 < p < o0.
Now, applying those two operators to system (2-12), we discover that Pi and Q#h satisfy the heat
equations
0 —uMNPh=Pf and O, —vA)Qrh=Qf, withv:=u+A,
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with initial data Pho and Q#hy, respectively. Therefore, denoting by A the operator [° or Q, and by «
either u or v, Duhamel’s formula gives us

t
Ah(t) = e 2 Ahg + / e U=IBN £ (s5) ds. (2-14)
0

For the term containing the initial datum, we apply (2-4), (2-5), (2-8) and (2-11), while for the source
term we apply Lemmas 2.6, 2.7 and 2.8. Therefore, we conclude by continuity of the operators [P and
over L? for 1 < p < 00, and over B;’r for all s € R and all (¢, r) € ]1, oo[2. O

2C. Tangential regularity. We establish here fundamental stationary estimates about propagation of
striated (or tangential) regularity in the L? setting.

Before starting the presentation, let us recall that the classical result on pseudodifferential operators
of order zero ensures that, if g € L™, then A™'9; djg € BMO. The main result of this subsection states
that, if g has suitable tangential regularity properties (similar to those exhibited in [Chemin 1991] for the
vortex patches problem), then A~1;d ;g is in L°°. Our starting point is an adaptation of Lemma 5.1 in
[Paicu and Zhang 2017] enabling us to handle the operator V(nId — A)~!, valid in any dimension and for
nonzero divergence vector fields.

Before stating that lemma, the proof of which is postponed in the Appendix, let us introduce, for m € R,
the class $™ of symbols of order m, that is, the space of C>(R¢) functions ¢ such that for all @ € N¢
there exists C, > 0 satisfying, for all £ € R?,

[Y%o (&)] < Co(1+[E])™ 1.

Lemma 2.10. Let 1 < p < oo. Consider a vector field X in L°*? and a function g € L™ such that
dxg € LP. Let o be a smooth Fourier multiplier in the class S™\. Then, for any fixed 0 < s < 1, the
following estimate holds true:

lVxo(D)gllsy ., < CUIYxglr +IVXILrllglize).

p,o0 T

Since the nonhomogeneous Besov space B), , is embedded in L whenever s > d/p, Lemma 2.10
implies the following fundamental result.

Corollary 2.11. Assume that d < p < 00, and consider a vector field X in 1.°°? and a function g € L™
such that dxg € LP. Then, for any Fourier multiplier o in the class S™\, there exists a constant C > 0
such that

[¥xo(D)gllLe < C[¥xgller + IVXIiLrligliLe).
From the previous results, we immediately obtain the following fundamental stationary estimate.

Proposition 2.12. Fix p € |d, oo[ and an integer m > d — 1, and take a nondegenerate family X =
(X2)1<r<m Of vector fields belonging to L°>P. Let g € L% (RY) be such that g € I]_Q.
Then for all n > 0, one has the property

(nld — A)~'V2g € L®(RY).
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Moreover, there exists a positive constant C such that the following estimates hold true:

XNV X e
(1 (X))4d—4

1174
(I (Xx))4d—4

IV2(nld — A) ™ gl 1 EC((I—F )||g||Leo+ |||axg|||u).

Proof. Fix some A := (A1,...,Aq—1) € A}j_,, and consider the set U, of those x € R4 such that one
has (d/_\1 X A)(x) > (I(X))* L, By Lemma 3.2 of [Danchin 1999], there exists a family of functions bf.‘f,
where (i, j,k) € {1,...,d}> and £ € {1,...,d — 1}, which are homogeneous of degree 4d — 5 with
respect to the coefficients of (X, ..., X,,_,) and such that the following identity holds true on U, for

all £ € R%:
(R X ) (R Xa @) o

[ XA 0] 3 XA )]

&g = 7 Y b E(G, () - £).
k.l

Then, we multiply both sides by (n + | |)~12(&) and take the inverse Fourier transform at x:

dflx i d*lX J 1
Ca A_) ( as 1) AGId—8) " g+ ———— 3 by, @Grld— ) g).
|d/\1XA| |d/\1XA| k,¢

(ld— A)~'0;0,¢ =

Hence, thanks also to Lemma 2.3, for all A € A?~!, we deduce the following bound on the set Uy :
C
-1 4d—5 —1
||(ﬂId—A) alangLoo(UA) < ||g||LOO+W2€:”XA”LOO ”aX)Le(V(r]Id—A) g)HLoo (2-15)

In order to bound the last term in the right-hand side, we apply Corollary 2.11: we get, for some
constant C > 0 also depending on d and on p, the estimate

18x,, (VId — A) "' @)l e < C(lldx,, gllr + gl L=V X0, [l ).
Inserting this bound into (2-15) immediately gives us the result. O

We conclude this part by presenting a new estimate concerning tangential regularity. This statement,
which will be proved in the Appendix, turns out to be of tremendous importance to exhibiting the Lipschitz
regularity of the velocity field u; see Section 4A below.

Proposition 2.13. Let the hypotheses of Proposition 2.12 be in force. Then there exists a constant C > 0
such that, for all n > 0, the following estimate holds true:

XNV X e
llgll o

182 V2 (ld—A) gl 1r < C(nwxmu (1+

(I1(X))%d—4
XN NV &I e 14
+(1+ (;(X))4d_4 |||axg|||m+W|nvxnm||g||Loc.

3. An existence statement for almost critical data and only bounded density

The goal of the present section is to prove Theorem 1.1. After reformulating the original system (0-1),
we establish a priori estimates on smooth solutions, and then provide the reader with the construction of a
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family of approximate smooth solutions to our (new) system. As a last step, we show the convergence of
the sequence to a true solution.

3A. Reformulation of the system. In all that follows, we assume for notational simplicity that v = 1.
This is of course not restrictive, owing to the change of unknowns

(57 I,?)([,x):: (p,M)(Vt,U)C). (3'1)

First of all, we want to reformulate our system in terms of new unknowns, to which maximal regularity
results of Section 2B apply. As already explained at the beginning of the paper, in order to handle the
pressure term, it is convenient to introduce the auxiliary vector field

v:i=—V(Ad—A)"'P (3-2)
and the modified velocity field
wi=u—v=u+V{Id—A)"'P. (3-3)
For future use, we observe that
divu =divw — A(Id— A)"'P. (3-4)

We want to reformulate system (0-1) in terms of the new unknowns (o, w), keeping in mind that
estimates for v may be deduced from those for g, and that combining with information on w enables us
to bound the original velocity field u. From the first equation of (1-1) and relation (3-4), we immediately
deduce that

do+u-Vo=—pdivw+pAdd—A)~'P, (3-5)

with p:=1+4+pandu :=w—V({Id— A)~'P.
Regarding w, we see from the second equation of (1-1) and (3-3) that

pdw — uAw —AVdivw = —(Id— A)"'VP — pu-Vu — p(Id — A) "'V, P.
Using once again the mass equation in (0-1), we find
0, P +div(Pu) = g(p)divu, with g(p):= P(p)—pP'(p),
so that the equation for w can be recast as
pow—+ Lw=—pF, (3-6)
with
F= %(Id—A)_IVP-l—w'Vw—i—w-Vv+v-Vw+v-Vv+(Id—A)_1V(g(p) divu —div(Pu)). (3-7)

The existence part of Theorem 1.1 will be a consequence of the following statement.

52—2/r

Proposition 3.1. Let oo € L? N L®(R?) and wy € B, ", with

d<p<oo and 1<r<

T d (3-8)
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Define ry and ry by

11
— ==+
p

d
ro 2

(3-9)

| —

—1 and 1 = T

r r
There exists some small enough constant € > 0 depending only on d, p and r, such that, if in addition o
fulfills (1-5), then there exist a time T > 0 and a weak solution (o, w) to system (3-5)—(3-6) on [0, T x R¢
such that o € C([0, T]; L?) and

lollLewe) < 4e, (3-10)

and w € C([0,T]; By,>"

L7 ([0, T]; L? (R%)).

If in addition to the above hypotheses, we have inf P’ > 0 on [1 — 4e, 1 4 4¢] and 09, ug € L*(R%),
where ug := wo + vo and vy is defined as in the statement of Theorem 1.1, then u := w — V(Id — AP
Sulfills u € L%O(LZ) N LZT(HI) and the energy equality (1-6) holds true.

Yy N L([0, T]; L®(RY)), with Vw € L' ([0, T1; L?(RY)) and 3,w, V?w €

3B. A priori bounds for smooth solutions. We start by establishing a priori estimates for smooth solu-
tions to the new system (3-5)—(3-6). Our goal is to “close the estimates” in the space

Er:={(0.w) € LF(L? NLY®) x (C([0.T]; B, 7" )N LY (L™)) | Vw € L} (L), V?w € LF (L")}

for some small enough 7 > 0.
We define

N(T) = ”Q”L%O(LPQLOO) + ”w”L%O(Bﬁ;Z/r)ﬂL;()(LOO) + ||Vw”L’Tl (LP) + ”(alwa vzw)”L;(Lp)' (3_1 1)

As it fulfills a transport equation, it is easy to propagate any Lebesgue norm L7 for o once we know
that div u is in LIT(LOO) and that the right-hand side of (3-5) is in LIT(Lq). Given the expected properties
on w, this will give us the constraint ¢ > p. As for (3-6), we want to apply the maximal regularity
estimates given by Proposition 2.9.

3B1. Bounds for the density. Throughout, we fix some & > 0 and constant C > 0 so that (recall that
P(1)=0)

|P(z)| <Clz—1| forallze[l—de, 1+4e]. (3-12)

As a first step, let us establish estimates for the density term. Let us take some g € [p, co[. By
multiplying (3-5) by |0|? ¢ and integrating in space, we easily get

1d 1 . . 2 . - -
Mngu‘{q—gf|Q|qdwu+/|g|qdww+/g|g|q 2dww=/(g+1)g|mq PA(d—A)TP.

By (3-4), one can rewrite the previous relation as

1d 1 . - - — .
C—IEIIQII%qu(l—C—I)/Iqu(dlvw—A(Id—A) ‘P)zfQIQI" 2(AQd— )~ P —divw),
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which immediately implies

WA - .
le@llzs = ||Qo||m+(1—5)/ lellsllAdd = A) ™ P — div ]|~ d
0

t
+/ [AId— A)~"'P —divw| . dx.
0

Of course, passing to the limit ¢ — oo, we see that the same inequality holds true for ¢ = co. Then,
using Lemma 2.3 and the fact that, under (3-12), we have

IPllr <Cllollr forall r €[l1, oo], (3-13)

an application of Gronwall’s lemma implies that, for all g € [p, oo], there holds

1 . t
lo(®) e < €t Idvwlicd (||.Qo||Lf1 + / || div w/l Lo dr). (3-14)
0

Define now the time 7 > 0 as
T := sup{t >0 ‘ Ct—i—/ot || divw]|| Lo dt <log?2 and /Ot | divw]| e < 8}; (3-15)
then, on [0, 7] one has, owing to (3-14),
lo@ e < 2lloollL> + 2e.

Hence, if we take the initial density satisfying (1-5), for ¢ fixed in (3-12) above, then we get (3-10).

3B2. Bounds for w. Throughout we fix the time 7 > 0 as defined in (3-15) and assume that (3-10) is
fulfilled. Then, applying Proposition 2.9 to (3-6) with (pg, p1, p2) = (00, p, p), r» = r and (rg, 1)
according to (3-9), we get, treating the term pd;w as a perturbation,

“w ||L7°9(Bﬁ;2/r)ﬂL¥)(L°°) + ||VLU||LrT1 (LP) + ” (alwa vzw) ”L;-(Lp)
= Colllwoll g2 +lleligr o) 19 wliLy wry + I1F Nl Ly r))
for a suitable constant Cy > 0. Now, assuming that ¢ in (1-5) has been fixed so small that
8Coe <1, (3-16)
thanks to (3-10) we gather the estimate
10l e 220 ey + 1V 12 oy + 1w, V202 ) = 2C0 (w0l g2 + I llgery). (3-17)

Our next goal is to bound F, defined by (3-7). First of all, as the operator V(Id—A)~! maps continuously
L7 into W for any 1 < g < 0o, one deduces that

lvllwie = Cllellzs, (3-18)

where v is the vector field defined in (3-2). Hence, the first term in (3-7) can be bounded, thanks to (3-13),
in the following way:
IAd = A) 'V P sy < CTV lollLsewr). (3-19)
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Next, we estimate the transport terms of F' by means of Holder inequality, using that

1 1 1.3 1 4 _1 1

> 0.

roro o 2 r 2p 2 r
We get the inequality
lw-Vw+w-Vv+v-Vw+v- Vol
= CTY27V0 (ol o ey + 10120 DUV OH 21 oy + IV 1) (3-20)
Hence, using the definition of A/(T) and (3-18), inequality (3-20) becomes
lw-Vw+w - Votv:-Vw+v- Vol e < CTZV0A+TVO)A+ TMNHT). (321

Let us now consider the term V(Id— A)~! div(Pu) occurring in the definition of F. From Corollary 2.4
and (3-10), combined with the continuity of the function P, we deduce that

IV(Ad— A)~"div(Pu) Lz ey < CllPullprwr)
< TV TP o (10 o ey + 00 )
< TV ol g (T llel gy + 1wl o o)-
Hence, using the definition of V' (T), we get
IVAd— A div(Pu) || r wry < CTV7 7101+ TVON(T). (3-22)
To handle the last term of F, we write
V(Id—A) "' (g(p)divu) = g(DHVId— A) "' divu + VAd — A) " ((g(p) — g(1)) divu).
To bound the first term, we use that, thanks to (3-4),
VAd—A) 'divu =V(Id— A) "' divw + V(Id — A)2AP.
Because both V(Id — A)~! and V(Id — A)2A map L7 to itself, we get
IVAd =AY divullzg ey < CT VIV oy + TPl g ) < CT2 + TYDNT).
Similarly, we have

IVAd—A)~'((g(p) — g(1)) divar) || 1ry < ClI(g(p) — (1)) div ul| s, (L)

< TV g g ooy div el s
s0, keeping in mind (3-4), one can conclude that
[vad—2)""((s(p) — g(1)) divu)

In the end, plugging the inequalities (3-14) and (3-19)—(3-23) into (3-17), whenever relation (3-10) is
fulfilled, we get

an < CT'?(1+TYV"YN(T). (3-23)

N(T) = C(leollrnr + llwoll go-zrr + (T2 + TYN(T) + (T2 + TUHNAT))
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for some constant C depending only on the pressure function and on the regularity parameters. From that
inequality and a standard bootstrap argument, one may conclude that there exists a time 7' > 0, depending
only on the norm of the initial data, such that

N(T) =2CleollLrnze +llwoll g2-2rr)- (3-24)

3B3. Classical energy estimates. We establish here energy estimates for solutions to system (0-1), under
the additional assumption that uy € L% The computations being quite standard, we only sketch the
arguments, and refer the reader to, e.g., Chapter 5 of [Lions 1998] for the details: we take the L? scalar
product of the momentum equation in (0-1) with u, integrate by parts and make use of the mass equation.
Defining IT as in the statement of Theorem 1.1, we end up with the relation

1d 2 d 2 L2 g
> plul”dx + a7 / IT(p)dx +,u/ [Vul dx—i—)»/ |divul|“dx = 0.
The previous relation, after integration in time, leads to the classical energy balance (1-6).
Now, keeping in mind the smallness assumption (1-5), we gather that if inf P’ > 0 on [1 —4e, 1 + 4¢]

then it holds on [0, 7'] that

CHle®II7> < IM(p@)llL < Clle®) 7.

Hence, by the hypotheses on the initial data, we get that the right-hand side of (1-6) is finite, and then,
for all 7 € [0, T'], one has that ,/pu belongs to L(L?), o € L®(L?) and Vu € L?(L?).
To make a long story short, one can eventually assert that for all ¢ € [0, T'], we have

t
@17 + / IVu()l7dz + le®Il7> < € (3-25)
0
for some C > 0 just depending on the initial energy, on P and on &.

3C. The proof of existence. In this subsection, we derive, from the estimates of the previous part, the
existence of a weak solution to system (3-5)—(3-6).
We start by smoothing out the initial data (og, #g) by convolution with a family of nonnegative
mollifiers:
00 :=x"*00 and ug:= x" *uo.

Then gy still satisfies (1-5), and both g;; and ug belong to all Sobolev spaces Wk, with k € N. Note that
one can in addition multiply the regularized data by a family of cut-off functions, to have o; and u; in L?
which enables us to apply Theorem A of [Mucha 2001].* We get a sequence of solutions (0", ") on
[0, T"] (with T" > 0) to (0-1), supplemented with initial data (1 + g, ug), fulfilling (1-5), the energy
balance (1-6), and the properties

0" €C([0,T"]; WP), u"ecC([0,T"); L%, dw", Vw" e L' ([0, T"]; LP).

4Actually, [Mucha 2001] concentrates on the R3 case but very small changes allow one to get a similar result in RY provided
p > d. One can alternatively use [Danchin 2001], which proves local-in-time existence in Besov spaces with subcritical regularity.
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Furthermore, by taking advantage of (3-24), one can exhibit some 7" > 0, depending only on norms of
(00, up), such that 7" > T for all n € N, and eventually get, for some constant C depending only on p, r,
d and ¢, the bound

2
o™ Nz rnrey + MW"l oo g2-2my 10 ooy T HVW Lt 1y N @™, VWD Iz )
= Cllleollrnze + llwoll g2-2/r).

The previous inequality ensures the weak-+ convergence (up to an extraction of a subsequence) of
(0", w") to some (o, w) in the space Er.

Strong convergence properties are still needed, in order to pass to the limit in the weak formulation
of the equations, and show that (g, w) is indeed a solution of system (3-5)—(3-6). In order to glean strong
compactness, it suffices to use the fact that the above uniform bound also provides a control on the first-
order time derivatives in sufficiently negative Sobolev spaces, through the equation fulfilled by (0", w").
Then one can combine with the Ascoli theorem and interpolation, to get strong convergence, which turns
out to be enough to pass to the limit in the equation satisfied by w. In order to justify that o satisfies the mass
equation, one can repeat the arguments of [Huang et al. 2013] (see also [Lions 1998]) which in particular
imply that 0" — o (up to subsequence) in C([0, T']; L?) for all p < g < 0o. The details are left to the reader.

Finally, once it is known that (o, w) satisfy the desired equation, one can recover time continuity for
w by taking advantage of Proposition 2.9.

To prove that the energy balance is fulfilled in the case where inf P’ > 0 on [1 — 4¢, 1 + 4¢] and
00, up € L, we just have to observe that it is satisfied by (p”, u"*) (with the regularized data) for all
n € N and that having oy € L? guarantees that " — ¢ in C([0, T]; L?). This implies that v — v in
C([0, T1; H'). Furthermore, the compactness properties of (w") that have been pointed out just above
ensure that w" — w in L2([0, T]; Hl1 YN L0, TT; leoc). Finally, since

ocC

IV o @uI72 + I @) 1+ plIVul D o) + Al divael 7o)
t
— lim (1f (:O(t,x)|u(t,x)|2+H(p(t,x)))dx—i—/f (M|Vu|2+k(divu)2)dxdr),
R—oo\ 2 B(0,R) 0 JB(,R)

and because the aforementioned properties of convergence enable us to pass to the limit in the right-hand
side for any R > 0, we get the desired energy balance.

Proposition 3.1 is thus completely proven, and so is Theorem 1.1 (apart from uniqueness if d = 1,
which will be discussed at the beginning of the next section).

4. Tangential regularity and uniqueness

The main goal of this section is to prove uniqueness of solutions to (0-1) in the previous functional
framework. According to the pioneering work [Hoff 2006] or to the recent paper [Danchin 2014] by the
first author, the condition Vu € LIT(LOO) seems to be the minimal requirement in order to get uniqueness.
Recall that (still assuming v = 1 for notational simplicity)

Vu=Vw+V2Id—A)"'P(p). 4-1)
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By Proposition 3.1 and Sobolev embeddings, we immediately get that Vw is in LIT(LOO). So is the
last term of (4-1) if the space dimension is 1 since P(p) is bounded and 92 (Id — 92,)~! maps L™
to L. If d > 2, however, then the property that P is bounded ensures only (by Calderén—Zygmund
theory) that V>(Id — A)~!' P is in BMO. Having Proposition 2.12 in mind, this prompts us to make an
additional tangential regularity type assumption so as to guarantee that, indeed, VZ(Id — A)~! P belongs
to L™,

In the rest of this section, we thus assume the following tangential regularity hypothesis: for p € ]d, oo,
there exists a nondegenerate family Xp = (X¢,)1<a<m Of vector fields in L°? such that the initial density pg
belongs to the space I]_f’YO (see Definition 1.2 above).

4A. Propagation of tangential regularity. In this subsection we establish a priori estimates for striated
regularity of the density of a smooth enough solution (g, ©) to system (3-5)—(3-6). From those bounds,
we will infer a control on the Lipschitz norm of u. Throughout this section, we shall use the notation

U(t) := / Vu()| 1~ dt.
0

4A1. Bounds for the tangential vector fields. Let us generically denote by X, one of the vector fields

of the family Aj. It is well known that the evolution of X along the velocity flow is the solution to the
transport equation

0 -V)X = 0xu,

{ 0 +u-V) xu (4-2)

X|1=0 = Xo,
where the notation dxu was introduced in (1-7).
For all > 0, we then define the family X' (¢) := (X, (¢))1<a<m, Where X, stands for the solution to
system (4-2), supplemented with initial datum Xy ;.
Our goal, now, is to establish some bounds on each vector field X (¢) of the family X'(¢). They are
based on classical estimates for transport equations in the spirit of those of Section 3B1.
First of all, the standard L°° estimate for (4-2) leads us to the inequality

X ()| < || Xoll eV ®. (4-3)

Next, arguing exactly as in Proposition 4.1 of [Danchin 1999] (one needs to pass through the flow
associated to u) yields
1(X(0) = 1 (X)e V), (4-4)

which ensures that the family X' (#) remains nondegenerate whenever U (¢) stays bounded.
Finally, differentiating (4-2) with respect to the space variable x;, we get

3t3jX+l/t 'Van = —3J'I/t . VX+8j8Xu,

which leads to

t
IVX®OllLr < IVXO)lLr +/ (ClIVullL=IVX|ILr + [IVOxullLr) dz. (4-5)
0
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Observe that, for all 1 < j < d, we have the relation
8jaxu = an -Vu + 8X8ju,
where the former term is easily bounded in L? by the quantity ||V X||»||Vu| L. Then, taking advantage

of Gronwall’s inequality, we get

t
IVX(#)llLr <eV® (nvxonu + / e Uy Vul| e dr). (4-6)
0

4A2. Propagation of striated regularity for the density. We now show propagation of tangential regularity
for the density function. To begin, we recast the first equation of (0-1) in the form

op+u-Vp=—pdivu. 4-7)

Next, we multiply the previous relation by X: by virtue of (4-2), we find

(X)) +u-V(pX)+pXdivu — poxu =0.
Taking the divergence of the obtained relation, straightforward computations lead to the equation

o div(pX)4+u-Vdiv(pX) = —divu div(p X).

From it, repeating the computations of Section 3B1, we deduce that

I div(p ()X )llr < e divipoXo)lLr- (4-8)

Thanks to the previous estimate and to the relation
div(P(p)X) = (P(p) — pP'(p)) div X + P'(p) div(pX),

one easily gathers the propagation of tangential regularity also for the pressure term:

I div(P () X)llLr < 1P (p) = pP (P) Izl div X [|o + I P"(p) [l Lol div (0 X) I e
=CUIVXIizr + 11 div(pX)lLr),

where, in writing the last inequality, we have used (3-12) and (3-10). For future use, we also notice that,
by the previous estimate and (1-7), we have

[ax P(p)llLr = CUIVXIlLr + [[div(p X)) Lr). (4-9)

4A3. Final estimates for the gradient of the velocity. In this subsection, we complete the proof of
propagation of striated regularity, and exhibit a bound for Vu in LITO(LOO), for some time Ty > 0
depending only on suitable norms of the data.

First, we want to control the L? norm of VX which, in light of inequality (4-6), requires bounding
the quantity ||dx Vu/| L». Here lies the main difficulty, compared to the standard result of propagation of
striated regularity for incompressible flows. On the one hand, the part of this term corresponding to Pu
may be bounded quite easily since Pu = Pw (note that u — w is a gradient) and estimates on the second
derivatives are thus available through the maximal regularity results that have been proved before. On
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the other hand, Qu has a part involving w (which is fine, exactly as before) and another one depending
on P(p). Here Proposition 2.13 will come into play. More precisely, we use relation (4-1) to write
dxVu = 9xVw + dx V>Id — A) "' P(p). (4-10)
Bounding the first term is easy: thanks to Section 3B2 and (4-3), we have
19xVwlLr < X ll=Vwllze < €[ Xollz= | V2wl L. (4-11)

Recall that, thanks to Theorem 1.1 and especially estimate (3-24), the quantity ||V2w]z» is in L%, and
thus in LlT.
For the last term in (4-10), Proposition 2.13, guarantees that

) 4 XNV X e
[9xV2(Ad— A) ' P(o) e < CLINIVA Lo 1+ 0 1P (p)ll
XNV X Lp
+<1 M |(||IL(X)|)||M_4|||L )max POl
1134 Tl P
WIII Wzl P (o) llLes ).

In view of estimates (3-24) and (4-9), this implies that (taking C larger if need be)
19x V2(Ad = 2)~ P ()| r

AN UMYX | X
(I (X))4d=4 (1 (X))4d—4
At this point, we use the bounds (4-3), (4-4) and (4-8). Including a dependence on ||| Xp||| Lo, I (Xp)
and [||div(poXp)|llzr in C, we deduce for some constant ¢; depending only on d

< C((IIIVXIIILP + |IIdiV(pX)|||Lp)(1 + |||VX|”LP)-

9x V2(1d — A) ' P (o)L
<C(NIVXNILr (L4 e“YIVA[ILr) + (14 <Y VA Lr)e? + etV VA L0).

Changing ¢, to ¢4 + 1, the previous relation finally leads us to the bound
19x V2 = A) T P(p) e < CeY (L + [V XII7). (4-12)
Putting estimates (4-11) and (4-12) together, we finally gather
10x Vaull Lo < CeV (L4 IVXNT, + [Vl ). (4-13)
At this point, define the time 7 to satisfy
Ty :=sup{t €10, T]| U(t) <log2}, (4-14)

where T > 0 is the time given by Proposition 3.1.
Then, changing C if need be, estimate (4-13) implies that, on [0, T7], one has

l9x VulLr < CA+NVXNZ, + V2wl Lr).
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Inserting now this bound in (4-6) and using also (3-24), we find that, for all A € {1, ..., m},

t
IVXa@llLr < 2<“VX0,A”LP +/ 19x, Vullr dr)
0

t
52(||VX0,A||LP+C / <1+|||Wc|||%p+||v2w||u>dr).
0

Taking the supremum on X, we find that for some Cy depending only on the norms of the data, and for
some “absolute” constant C, we have for all ¢ € [0, T;]

t
|||VX(I)I||LPEC<C0+C/O |I|VX(T)III%pdT>.

Then, using a Gronwall-type argument, we conclude that
C
NIVX@)Lr < 1—(,(‘)Ct for all ¢ € [0, T] satisfying CCypt < 1. (4-15)
—CCo

This having been established, let us turn our attention to finding a bound for the quantity U (¢), as it
is needed to close the estimates. Resorting to relation (4-1) again, we see that we have to control the
L!(L*®) norm of each term appearing on its right-hand side. For the term in w, this is an easy task: thanks
to Proposition 3.1 and Sobolev embeddings, a decomposition into low and high frequencies implies

VWl gy < C@ VIV 7 oy + 27TV L 0r) (4-16)

for all ¢ € [0, T], where we also used relation (1-4).
Bounding the latter term in (4-1) is based on Proposition 2.12, which gives

XISV XL X443
IV2(d - A P(p) 1~ < c((l . '(”;( X)')”M_J”L >||P(/0)||L°° n %maﬁ(p)nm).

In view of (3-24), (4-3), (4-4), (4-8) and (4-9), omitting once again the explicit dependence of the
multiplicative constants on the norms of the initial data, the previous inequality allows us to get

[VZId — A) ' P(p) || < C(A 4 e“Y|| VXL + eV (VX Ly +eY))
<Ce“Y A+ |IVX|lILr). (4-17)

Recalling definition (4-14) of 77 and (4-15) and taking O < Ty < T so that 2CCyTp < 1, we gather
IV2d = 2)7" P(p)llng 1) < €1 +Co), (4-18)
which implies, together with (4-16), the following control, for all fixed ¢ € [0, Tp]:
IVull gy < CA VW oy + 171V w ey +1(1+ Co)). (4-19)

Up to taking a smaller Ty, we then see that the requirement ||Vu||, Loy S log 2 can be fulfilled. Then, a
classical bootstrap argument, which we do not detail here, finally allows us to deduce the boundedness
of Vu in Ly, (L*).
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In order to prove rigorously the existence part of Theorem 1.3, one may proceed as in Section 3C.
There, we constructed a sequence (0", u") of smooth solutions that is uniformly bounded in the space E7.
Therefore, it is only a matter of checking that one can get uniform bounds, too, for the striated regularity.
To do this, we smooth out the reference family of vector fields Xy into & (paying attention to keep the
nondegeneracy condition), and then define the family X" := (X})<j<; transported by the flow of u"
according to (4-2), taking u" instead of u and starting from the initial vector field X , . Then, repeating the
computations that have been carried out just above, we get uniform bounds for all the quantities involving
the striated regularity, and thus also for Vu" in LlTO (L®°). That (0", u") tends to some solution (o, u) of
(1-1) belonging to E7, has already been justified before. Furthermore, combining our new bounds with
compactness arguments allows us to pass to the limit in (4-2) as well, and to get the crucial information
that Vu is in Ly, (L*).

4B. The proof of uniqueness. With (4-19) established, one can now tackle the proof of uniqueness of
solutions. The basic idea is to perform a Lagrangian change of coordinates in system (0-1), in order to by-
pass the hyperbolic nature of the mass equation, which otherwise would cause the loss of one derivative in
the stability estimates. In fact, we will perform stability estimates for the Lagrangian formulation of (0-1).

4B1. Lagrangian formulation. The goal of this subsection is to recast system (0-1) in Lagrangian variables.
Recall that in light of the estimates of Section 4A, we know that for all ky > O there exists a time Ty > 0
such that

To
/ [Vu)l|| L dt < k. (4-20)
0

The value of ko will be determined in the course of the computations below.
First of all, we define the flow v, associated to the velocity field u to be the solution of

alt, y) =y + /0 u(z, Yz, ) d. (4-21)

Thanks to that, any function f = f (¢, x) may be rewritten in Lagrangian coordinates (¢, y) according to
the relation

[, y) = [y, y). (4-22)

A key observation is that, once passing to Lagrangian coordinates, one can forget about the reference
Eulerian velocity u by rewriting definition (4-21) in terms of the Lagrangian velocity u, defining
directly i, by

t
Yu(t,y) =y+/0 u(r,y)dr.

In what follows, we set J,, := det(Dv,) and A, := (D). Observe that, by the standard chain rule,

D.f=D,f-A,. (4-23)

Lemma A.2 of [Danchin 2014] provides us with the following alternative expressions.’

SFrom now on we agree that adj(M) designates the adjugate matrix of M. Of course, if M is invertible, then adj(M) =
(det M)M™ L.
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Lemma 4.1. For any C' function K and any C' vector field H defined over R?, one has
V.K = J; " divy(adj Dy, K),
div, H = J; ' div,(adj Dy, H).
Moreover, since our diffeomorphism v, is the flow of the time-dependent vector field u, we also get,

for any function f,
& f +div(fu) = J 18,(J. f). (4-24)

The next statement is in the spirit of Lemma A.3 of [Danchin 2014]; also its proof follows the same
steps, up to a straightforward adaptation to our functional framework.

Lemma 4.2. Let u be a velocity field with Vu € L' ([0, Ty]; L% (RY)), and let r, be its flow, defined by
(4-21). Suppose that condition (4-20) is fulfilled with ky < 1.
Then there exists a constant C > 0, just depending on kg, such that the following estimates hold true,

for all times t € [0, Ty):
I1d = adj Dy (Dl < ClI Dullyy (1)

Id — A, (t) ||z~ < CIIDullLITO(m,
IE (1) — 1| < CliDully, )-
We also state the following lemma, the proof of which is straightforward.

Lemma 4.3. For any function f = f(x), define f according to (4-22). Then for any p € [1, oo one has

— 1 — 1 r
A e < W20 F e and N flle < 17 120 e

After these preliminaries, we can recast our system in Lagrangian coordinates. First of all, from the
mass equation in (0-1) and (4-24), we discover that

0;(J,p) =0, whence J,p0=pp. (4-25)
Second, we notice that, in Lagrangian coordinates, the operator £ can be written as
Lf:=—J; " (ndiv@adj(Dy,)'A,V f) — X div(adj(DY,) (A, : V £))), (4-26)

where we have used the notation M : N :=tr(MN) = Zij M;;Nj;.
Hence, thanks to (4-24) and (4-25), the momentum equation in (0-1) can be rewritten as

povit + Lit = — div(adj Dy, P(J "' po)). (4-27)

4B2. Stability estimates in Lagrangian coordinates. In this section, we tackle the proof of uniqueness,
by showing stability estimates for the Lagrangian formulation of our system.

More precisely, we consider initial data (pé, ué), for j =1, 2, satisfying the hypotheses of Theorem 1.3.
For the sake of simplicity and clarity, we focus on the case ,001 = ,og = po, and suppose that pg satisfies
the striated regularity assumption with respect to some fixed nondegenerate family of vector fields Ajp.
The initial velocities do not need to be equal.
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Let (p!, u') and (p?, u?) be two solutions to system (0-1) on the time interval [0, T'], fulfilling the
properties given by Theorem 1.3 and corresponding to the data (pp, u(l)) and (po, u(z)), respectively. Setting
o/ =p/ —1for j =1, 2, and defining w/ according to (3-3), the pairs (¢/, w’) solve (3-5)—(3-6) and
also enjoy the regularity properties stated in Theorem 1.1. Moreover, as shown in Section 4A, for all
j tangential regularity is propagated with respect to the nondegenerate family X'/, which corresponds
to the family X transported by the flow of u/. Hence, for all ko > 0, there exists Ty > 0 such that both
Vu'! and Vu? fulfill (4-20), which allows us to pass to Lagrangian coordinates, as shown in Section 4B1.
Denoting, for j = 1, 2, the flow of u’ by v}, setting J; := J,; and A, := A,;, and taking advantage of
the previous computations, we discover that (o7, it/) j—1 » satisfy the relations J;p/ = p and

povit) + L i) = — div(adj Dy; P(J;' po)),

where £ j 1s the operator corresponding to u/ that has been defined by formula (4-26).
Let 8it := it! — i2?> and use similar notation for the other quantities. Taking the difference of the
equations respectively for iz! and i% we find that 8i satisfies

PV it + L1 = (L — L£1)8i1 + 8Li* — div(§ adj P(J; " po))
— div(adj DY2(P(J; ' po) — P(Jy 'p0))),  (4-28)

where we have set § adj := adj Dyr; — adj Dy,. A slight adaptation of Lemma A.4 of [Danchin 2014]
allows us to get the following bounds.

Lemma 4.4. If (4-20) is fulfilled by u' and u® for some ko € 10, 11, then there exists a constant C > 0 just
depending on kg such that the following estimates hold true for all times t € [0, Tp] and all p € [1, oo]:

t
I adj Dy 1 () — adj Dy (1)l < C / IVSu(e) e dr,
0
t
1AL = AxD)lr < C / IVsu()lr d,
0

t
1 @) = I @l < C/ IV8u(t)| Lr dr.
0
We now perform energy estimates for (4-28): take the L? scalar product of both sides with §ii and

integrate by parts. In view of Lemmas 4.2 and 4.4, we deduce the following controls for the terms coming
from the right-hand side:

’/(ﬁ—zl)éﬁ-&idx < Ckol|V8it|%,
t
‘/éﬁﬁz-&?dx 5c</ ||V8ﬁ||det>||Vﬁ2||Loo||V8ﬁ||Lz,
0

t
‘ f div(s adj P(J]”" py)) - 87t dx sc( f ||vaﬁ||det)||po||Loo||vazz||Lz,
0

t
‘/ div(adj Dy (P(J; ' po) — P(J; ' po))) - S dx | < C<f IVéull 2 dT) lleoll L=l Véull L2
0
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Now, if kg in (4-20) has been taken small enough, then a repeated use of the Young and Cauchy—Schwarz
inequalities leads us to the estimate

t
% ,00|812|2dx+/|V8ﬁ|2dx§Ct(1+||V122||%30)/0 V8|2, dv (4-29)

for a new constant C > 0 that depends only on ko, || pollz~, P, A and u.
In order to conclude uniqueness on [0, Tp] by applying Gronwall’s lemma, we need that

To
/ 11 + Vi [2) di < oo, (4-30)
0

In view of (4-23) and Lemma 4.3, it suffices to show that #'/2Vu? is in LZTO(LOO). Now, recall
Vu? =Vw? —VZ1d— A)~'P(p?),

and, thanks to the estimates of Section 4A, one has that VZ(Id — A)~! P(p?) belongs to L°([0, Tp] x RY).
Therefore, our next (and final) goal is to show that there exists 7y > 0 such that

To
/ t|Vw?||? « dt < o0. (4-31)
0
This will be achieved thanks to the following proposition, the proof of which is postponed to the next
subsection.

Proposition 4.5. Under the hypotheses of Theorem 1.3, let us fix some

ro 11 1 3 1 d .
R; > maxq —, —,2 such that — < ———+—, withr, =,
2 2 2R, 2 ry 2p

and set Ry = Ry =2R;. For j € {0, 1, 2}, define moreover the indices

1 1 1 1
aji=— and y;:=—

- 4-32
}"j j rj 2Rj ( )

Then, there exists a positive time T, such that one has the properties
o172 Rycrp % Ricrp Yo Ry y oo
1?Viw e Ly (LP), t"Vwe Ly (LP), t"we Ly (L™).
From the previous proposition, we immediately deduce the following corollary.

Corollary 4.6. Under the assumptions of Theorem 1.3, one has

T
/ HIVw()||3~ dt < co.
0

Proof. By Sobolev embedding, the stated inequality is a consequence of the following computation:

Ty Ty
/ Vw7, dt = f N Vw17, di
0 0

T, 5 1/q T, ) 1/q'
< (/ V2w () |7 dt) (/ r(1=mq dt) ,
0 0
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where ¢’ is the conjugate exponent of g. Take ¢ = R»/2, so that 1/¢" =1 —2/R; and impose the relation
gn = Ryay, getting in this way n = 2a;. With these choices and because r, = r € ]1, 2[, the condition
(1—1n)q’ > —1 is satisfied, which completes the proof of the corollary. (I

At this point, one can finish the proof of Theorem 1.3 by establishing the uniqueness of solutions. Let
us define the function

t
E() = |1 /Asi(t) %, + /O IVa(0)|. dr.

Up to choosing a smaller 7y, we can suppose that Ty = T,. Then, applying Gronwall’s inequality to
(4-29), we get, for all ¢ € [0, T,], the bound

t
E(t) < E(0) exp(C/ f(1) dr), where f(1) :=t(14 | Vi’ (1)1 ).
0
Since E(0) =0 and, by Corollary 4.6, f € L'([0, T..]), we get uniqueness on [0, 7, ]. Combining with a
standard continuation argument, we then conclude uniqueness on the whole interval [0, T].

4B3. Maximal regularity with time weights. For completeness, we still have to prove Proposition 4.5.
First, we need the following lemma, which concerns the maximal regularity issue with time weights for
the heat semigroup, and is strongly inspired by Lemma 3.2 of [Huang et al. 2013].

Lemma 4.7. Let the exponents (R, aj, v;) je0,1,2) be chosen as in Proposition 4.5. Let the operators A;
and Ag be defined as in Lemmas 2.7 and 2.8. Fix some T > 0, and assume that t*2 f belongs to L?Z(Ll’).
Then one has t'/" A, f € LP(L?) and t1ro Ao f e L (L), together with the estimates

1 1
17 A f g + 170 Ao f sy < CH £l ooy -

Moreover, we have t*' A f(t) € L?'/(IM)(L”) and t“ Ay f (1) € L?O/(IM)(LOO)for all 5 > 0, with the
bounds

£V AL risass g )+ 1890 Ao fI rosass < C(T* 4 T‘S/RO)IItOQfIILRz(L,,)-
T T T

(LP) (L)

In particular, defining vy and y| according to (4-32), we have t" A f € LI;‘ (LP)and t" Ay f € L§° (L),
and the following estimate is satisfied:

1AL U 1y 1870 A0S Nl 0 oy < CTHERD L THEED 2 )]y
Proof. Regarding the operator .4;, going along the lines of the proof of Lemma 2.7, one gets
IVer™2 f(s, Ilr < Ct =)™ 2N f®)llzr forall0<s<r<T,

which implies, after setting 1/R} = 1 — 1/R», the inequality

AL fO)llr <C /0 (t — )27 |52 f(s) || Lo ds

! / / I/Ré
< C(/ (t —s) Re/2gRs dS> 1“2 11 22 -
0 T
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Since R, > 2, we have Ré /2 < 1, while, by our definition of a, in (4-32), we have azRé < 1. Therefore,
performing the change of variable s = ¢7 inside the integral yields

1/2—ay—1/R
JALf Ol = Co TR Ly
On the one hand, since 1/2 —ap —1/Ry =1/2—1/r, = —1/r|, we have
[ AL Ollee] e < CU™ Fll 22 (4-33)

On the other hand, since 1/2 —ay — 1/Ry = —a; — 1/R;, we also get that t*'||.A; f(¢)| L» belongs to
L?‘/(H‘S) for all § > 0, and satisfies

[ 1AL Ol | s < Colls® £l T (4-34)

Taking § = 1 and interpolating between estimates (4-33) and (4-34), we get that 1" || A; f(¢)||Lr € L;l,
with the estimate
1/2R
[ NALF Ollee | 1 < CUs™ fll gy THER. (4-35)

Proving the claimed bound for the term A follows along the same lines. First of all, setting p’ to be
the conjugate exponent of p, we can write

e f s, )le < Ct =)™ NF@Lr

Lr

KO(«/47T(I = s))
< C(t —s)" P g2 || 5% £ (5)| 1o

Integrating this expression in time and applying the Holder inequality once give us, much as above,

t / / I/Ré
1o f (1)L < C( f (1 =)~ CPRgmaks ds) 152 F1l k2 -
0 T

Once again, thanks to our choice of R, we have that d/(2p)R} < 1 (recall that p > d); hence, repeating
the change of variable s = tt we find

1-d/(2p)—az—1/R
I Aof D)l < ColmEPR R f] kg .
Now, first we remark that 1 —d/(2p) —as — 1/R> = —1/rg, and hence ¢'/70|| Ay f (¢)|| L~ € LS, with
[ 1A f Ol | e < CUsF s (4-36)

Then, we also notice that 1 —d/(2p) —ar — 1/Ry = —ag — 1/ Ry, so that t*°|| Ay f (¢)]| L~ belongs to
LITQO/ (19 for all § > 0, and satisfies the estimate

[0 1 A0 f @l s < Colls™ £l T, (4-37)

As above, taking § = 1 and interpolating between estimates (4-36) and (4-37), we finally deduce the
property 7 || Ao f(¢) || € L;O, together with the estimate

[ 1 Ao f Ol ro < Clls® £l 52 TR (4-38)

The lemma is now proved. U
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Finally, we need the following lemma, which was established in [Huang et al. 2013]:

Lemma 4.8. Let 1 < R, p < 00, and let o > 0 be such that o + 1/R < 1. Suppose that t* f belongs to
L?(Lp)for some T € 10, oo].
Then also t* Ay f belongs to L?(L/’ ), and one has the estimate

||taA2f||L1T?(Lp) = C||taf||L§(Lp)'
Now, we are in the position of proving Proposition 4.5.

Proof of Proposition 4.5. Recall that w satisfies (3-6), and thus

t
w(t) = e Fwy— / e“DE(pF)(s)ds with F given by (3-7). (4-39)
0

2/r =2/r

PRy
Ry > 2 > r by our definitions. Thanks to Proposition 2.9, this implies that %2 V2 £wq belongs to

LR (Ry; LP(R)).
In the same way, we have Vwg € B P 31/ ey B "and wg € BOo o Boozgo, because we have taken
Ry = Ry = 2R, > max({rg, r1}. From these propertles we deduce that t"‘IVe_’cwo e LR (R,; LP(R%))
and that t%e~"“wy e LR (R,; L (R?)). Since now both y1 and yy are greater than o and o respectively,
we get that, for all T > 0 fixed, "' Ve “ wg € L?l (L?) and t"e Lwq € L§° (L®).
As for the forcing term of (4-39), we apply Lemma 4.8 with R = R and o = a» (note that p + 1/ Ry =
1/r < 1). We also apply Lemma 4.7. Therefore, if we set

Let us first study the term containing the initial data. By hypothesis, V2w € B < B since

2/ 2/ro

RT) = llglugwonim) + 17w o o) + 1 VWl 1+ 1V201 1
arguing exactly as in Section 3B2, we get for some constant Cr bounded by a positive power of T,
N(T) = CrleollLenr= + lwoll g2 + 112 pFll 25 ;1)) (4-40)
or L2 (LP)

where F is defined in (3-7). At this point, we bound the term [|[t*2p(¢) F(¢)|| LR (L) by following the
computations of Section 3B2: first of all, (3-19) is now replaced by the control i

I (0d = M) 7'V Pl g < CT VR o) o rry < CLAT).
Next, we have, noting that our conditions on the exponents imply oy > Yo + v1,

o2 . . . .
11 (w - Vw +w - Vo+v-Vuw +v- Vo)l x

ar—(o+y1) (|+Y0 %0 Vi Vi
<cr Uy gy + 0] AV 5+ 1T )
< CTOlz—()/o-i-)/l)(l +T7)(1+ Tyl)./\7'2(T),
and estimate (3-22) becomes
129 Ad = A) v (P o ) = CT PPy I 0 ) + 10w )

< cre /R4 o) P(T).
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Finally, we have
112V Ad = A divul ) < T V0l 5 g+ 1Pl )
< CTaz—)/l-i-]/(ZRz)(l 4+ TV RN )./\7(T),
and, arguing in a pretty similar way, we also get
1 .

72V (1d — A) 7' ((g(p) — g (1)) divu) Iy 22 10

< CT ol am (1" AUd = 8)~ PPl )+ 17 diveol 5, ;)

< Totz—)/l-i-]/(ZRz)(l + TV@R)+n )/\72(7")

Putting all these bounds together, we end up with
~ ~2
1t pFl 7y < CTN(T) +N(T)).
Ly~ (LP)

Therefore, we can insert the previous inequality into (4-40): the application of a standard bootstrap
argument allows us to find a time 7, > O such that, for all ¢ € [0, 7], one has

N@ = ClgollLrozs + lwoll g2-21r)

for a suitable positive constant C, which completes the proof of Proposition 4.5. U

Appendix: Harmonic analysis estimates
This appendix is devoted to the proofs of Lemma 2.10 and Proposition 2.13.

Proof of Lemma 2.10. 1t is based on the following Bony’s paraproduct decomposition (first introduced
in [Bony 1981]) for the (formal) product of two tempered distributions « and v:

uv=T,v+ Tyu+ R(u, v), (A-1)
where we have defined
T,v:= Z Si—1ulAjv and R(u,v) = Z AjuA.,-v, with Aj = Z Aj.
J J lJ'—Jjl=1
The above operator T is called paraproduct, whereas R is called remainder. We refer to Chapter 2 of
[Bahouri et al. 2011] for a presentation of continuity properties of the previous operators in the class of
Besov spaces. For the time being, we limit ourselves to pointing out that the generic term S;_juA jv of
T, v is spectrally supported on dyadic annuli with radius of size about 2/, while the generic term A jUAjv
of R(u, v) is supported on dyadic balls of size about 2/.
One can now start the proof of Lemma 2.10. By using Bony’s decomposition (A-1) and a commutator’s
process, we get, setting X = (Id - So)X,
¥x0 (D)g =0 (D) div(Xg) + [Txe; o (D)Yilg — o (D)W T X* — o (D)YuR(X, g)
+ To(Dypg X* + R(X*, 0 (D)Yg) + (R(So XX, 0 (D)Yig) — o (D)Yk R(SoX*, 8)).  (A-2)
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Bounding the first term relies on the fact that multiplier operators in S~! map Bg’ - 0 B }) - (see
[Bahouri et al. 2011, Proposition 2.78]) and that L? is embedded in Bg’ - We thus have

lo (D) div(Xg)llpy < Clldiv(Xg)lipg
< Clldiv(Xg)llr = CU1¥xgllr +IVXIILrliglize).

Next, to handle the third term of (A-2), we use the fact that, being in S°, the operator o (D)d; maps
B Il, o~ toitself (again, see [Bahouri et al. 2011, Proposition 2.78]), that the paraproduct operator 7' maps
L*® x B, to B ., and [Bahouri et al. 2011, Remark 2.83], and that L” is embedded in BY) ... We
eventually get

llo (DY T X gy < ClITeXllg)

< Cliglz=lVXllp = Cligllz=llVXIlLr

1

Similarly, since the remainder operator R maps L™ x Bll,’ o 0 B,

and because, owing to the
low-frequency cut-off, we have

IXllgy . < CIVXligy < CIVX Lo, (A-3)
we readily get
lo (DY R(X*, @)llgy . < Cligh=lIVXIlLe.

Regarding the term R(ik, o (D)yrg), we just have to use (A-3) and that R maps also Bgo’oo X Bll,’oo to
B! __, to get

p,o0°

IREE, 6 (DY)l < Cllo(D)aglp, IVXILr.

0

00,007

Since o (D)y, maps Bgo,oo to itself, and because L* — B
inequality.

that term also satisfies the required

The term Ty (p)a, X* turns out to be the only one that cannot be bounded in B 11],00 under our assumptions.
In fact, for that term, we use that the paraproduct maps B3 ! xB 1},, w0 B ., (ass —1 < 0) to write
(still using [Bahouri et al. 2011, Remark 2.83]),

1T 0yas X 1B, < Cllo(D)3hgll gt IVX Lo

Because o (D)d; maps Bgo_(l)o to itself, and L — Bg;éo, we get

1o pyag X 13y . < CliglLlIVX Lo
To conclude the proof, it is only a matter of bounding suitably the two commutator terms in (A-2). First

of all, notice that since the general term of the paraproduct is spectrally supported in dyadic annuli, one
may find a smooth function ¥ supported in some annulus centered at the origin, and such that

[Txe; o (D)ynlg = Y [S;1 X5, (277 D)o (D)YxlA . (A-4)
Jjez
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For each fixed j e Zand k € {1, ..., d}, let us define hlj‘. =i F~ 1 (&w (277 -)o). Then we have, thanks
to the definition of h’; (D) and the mean value formula,

[S;-1 X", (27 D)o (D)Yi]A jg(x) = /R SO X ) = S X (= y)A g = ) dy

1
== [ Hy VX e — o8-y dyde
0 JR

1
d
:—f/ h§<£><£)-VSJ-1Xk(x—z)Ajg(x—£>—§d‘c.
0 JRd T T T)T

From the last line and convolution inequalities, we get
ILS;—1 X5, ¥ 27 D)o (DYl Ajgller < Il IRA I L1128l VS -1 X ¥l o,
which, admitting for a while that
I -1R5 ) < €27 (A-5)
and using the definition of the norm in B 117,00 implies

ITxe; o (D)Yrlgllp: < Cligle=IVX]Lr.

In order to prove (A-5), we use the fact that, performing integration by parts,
(1 + 1z (=) = @)™ f e (1d— M)V (&Y (27 o) (§) dE.

As integration may be restricted to those £ € R? such that |£] ~ 2/ and since o is in S~!, routine
computations lead to
(1+ 1z |zhb () = €27/ forall z € RY,

whence (A-5) follows.

In order to bound the last term of (A-2), we use the fact that, owing to the properties of the localization
of the Littlewood—Paley decomposition, we have for some suitable smooth function i with compact
support and value 1 on some neighborhood of the origin,

0

R(SoX*, 0(D)yrg) — o (D) R(SoX*, 8) = Y [A;SoX*, o (D)Y (D) A .
j=—1

Then, arguing as above and setting #* := F~1(i&¥yo), we find that

1
(A, SoX¥, o (D) (D)IIA g (x) = /0 /R )y VA S0X - ) A g~ ) dydr.

Hence convolution inequalities and the fact that the only nonzero terms above correspond to j =0, 1,
lead us to

IR(SoX*, o (D)Yeg) — o (DY R(So X , &)llLr < C27|[VA;_1S0 X" Lo | A gl 1o
<C27IVX|Lrllgl Lo
This completes the proof of Lemma 2.10. ]
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Proof of Proposition 2.13. For all 1 < j <d and 5 > 0, let us introduce the modified Riesz transform
R = d;(nld — A) 772, (A-6)

so that R{" R = 3;0; (nld — A)~".
Proposition 2.13 follows from Proposition 2.12 and the following lemma involving the tangential
regularity with respect to only one vector field.

Lemma A.1. Let p € |1, oo[ and take a vector field X € L>P. Let g € L™ be such that g € L and
REW)R@ g € L for some n > 0. There exists a constant C > 0 such that

loxR{" R gllLr < C(UR R gl e + gl L) IVXIILr + 19x ] Lr).

For proving that lemma, a few reminders concerning the Hardy—Littlewood maximal function M| f] of
a function f in Llloc(Rd) are in order. Recall that it is defined by

1
M = B — dy,
[f1(x) ﬁggw(x’r)l B(X’r)lf(y)l y

where B(x, r) denotes the ball in R? of center x and radius r, and |B(x, r)] its Lebesgue measure.
The following statement is classical (for the proof, see, e.g., Chapter 1 of [Stein 1993]).

Lemma A.2. The following properties hold true:

(a) Forany 1 < p < o0, there exist constants 0 < ¢ < C such that for any function g in L? (R?)

clighcr < IMIglliLr = CligllLr.
(b) Let p,q € 11,00[ or p = q = 00. Let {f}};jcz be a sequence of functions in LP(RY) such that
(fe@ € L?(R?). Then there holds
IMLfiDeallLr < CIHCfjeallLr.

(c) For any fixed ® € L'(RY) such that W (x) = sup, >, | ()| € L'RY) with [, ¥ (x)dx = A, and
any function g, we have for all x € R?

sup |g * @, (x)| < CM[gl(x), with ®,(x) := t_ch()?C),

t>0

We shall also need the following definition.

Definition A.3. Let s € R and p € |1, oo[. The homogeneous Sobolev space W* P is defined as the set of
u € S, such that
el s = I1(=2)"ullr < 00

The spaces L? and WP may be characterized in terms of Littlewood—Paley decomposition as they
come up as special Triebel-Lizorkin spaces (see, e.g., [Runst and Sickel 1996, Chapter 2]).

Proposition A.4. Let s € R and p € 11, oo[. Then one has the following equivalences of norms:

lullyisr ~ (17 A jlle |, and Nulize ~ 1A ju)jlle2 -1y -
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Proof of Lemma A.1. We start the proof by remarking that

YxR{PRY g = div(XR{"R"g) — R{" RV g div X.
Since
My, g \V/ ()5 (m)
IRPRW g div X[l 2r < CIVXIILoAIRPR Vgl 10,

we just need to bound the term div(X Rgn)REU) g)in LP.
To this end, we resort again to Bony’s decomposition (A-1) and get

div(XR{" R g) = RV R div(Xg) + Yl Te; R{VR" 1g + Y T oo X
i J
~RPRP T X+ YRS RVRY ) = RPR U R(XE, 8). (A7)

The first term in the right-hand side of the previous relation may be bounded by means of Corollary 2.4
and identity (1-7):

IRIVR div(Xg)llzr < Clldiv(Xg) Ly < ClIdxgllr + IVXLoligllL)-

Next, since we have
1Sn_1R{" RV gl < CIRMR gl 1,

we get for all £ > —1, thanks to Lemma A.2(c), and using the fact that S,,_; =0 for m <0,

(AT X< €2 37 MISuRPRT ¢4, X410x)
|m—L]|<4

<C Y USmatRR gl MI2" A X 1(x)

m—)<4
<CIR"RY g~ Y M2"AuX*1(x).
im—£|<4
m>1

As a result, thanks to Proposition A.4 (where we take s = 0) and point (b) of Lemma A.2, we get

1/2
19T X llLr < CIRMR Vgl 1o~ H (Z(M[zeAeXk])z)
>1

< CIR{"R gl L~ VX | Lo

Lr

Using the same strategy for handling ¥ T, X k we also obtain
IRPR YT X 1o < ClYRT X 1o < Cligll= VXl Lo-

For the third term of the second line in (A-7), we remove the low frequencies of X and consider the
modified remainder defined by

R RI"RWg) =" AuX*AuR{"RVg.

m=>0
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Then we write that for all £ > —1, taking advantage of Lemma A.2,
A R RPRP ) < €28 Y MIARX AL RPRI g1(x)
m>max(0,£—5)
<CIRPRY g~ > 2M2" A XK ().
m>max(0,£—5)

Hence, from Proposition A.4 and Young’s inequality for convolutions, we infer that

I R(X*, RPR )| 1o < cnguLw( 3> 2—f) IIM127 A X1 jenllz |,
L>-5

=Cligllz=lVXIlLr.
Obviously, the same estimate holds true for the term Rf")RE.")wk R(Xk o).
The low-frequency terms that have been discarded have to be treated together; that is, we have to bound

YA X k Rf”)RE")]A_l g in L?, and this may be done in the same way as at the end of the proof of
Lemma 2.10. We end up with

Il A 1 X5 RIPRIIA iglle < CIA VX oA gl < CUVX|Lr gl

Finally, it remains to handle the commutator term on the right-hand side of (A-7). We start by
decomposing R\"” 725.'7) into

RIRY = RiR; —nnld— ) RiR,;, (A9

where R ; stands for the classical Riesz transform (which corresponds to taking n = 0 in (A-6)). Let us
first consider the part of the commutator corresponding to R; R j. We have

[Ty RiIRDX) =Y [Sn1 X5, RiR 1A

m>1

Let0(§) =—§§;1§ | 2@ (&), with ¢ being the function used in the Littlewood—Paley decomposition. Since
the generic term [S,,_; X%, R;R 1A, g is supported on dyadic annuli of size 2", one can write

[Su_1 X5, RiRj1Amg

= Y Sua X ANRIR A — RiR;A(Sn- 1 X  Ang))
Im—L|<4

= Y (Sn 1 X (Snt10Q D)g — 02 D)g) =02 D)(Sp-1 X (Smi18 — Sng)))-
|m—t|<4

Therefore, by applying Abel’s rearrangement technique and using that A ; = A j for j € N, we get

[Txe; RiRjlg ==Y Y [An2X,0027"D)ISug.

m>2 |m—L{|<4
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The general term of the above series is spectrally supported in dyadic annuli of size about 2. Therefore,
there exists some universal integer Ny so that for all g € Z,

ATy RiRjlg =D > A%l0Q ‘D), Ay 2X1Sng. (A-9)

|m—q|<No |[t—m|<4
Now, part (c) of Lemma A.2 ensures that for all x € R4
|Ag0[0(27" D), Ay —2X1S,g(x)| < C2IMI[027 D), Apy_2X1Sg](x) (A-10)

and the mean value formula gives us, setting 6:=F o,
1
(6@ D), A2 X 1S,8) (x) = —24¢ / / 0220z VA2 X (x — 12)Sg(x — 2) dz dr,
0 JRe

whence, performing a change of variables and setting W (z) := 20(2),

1 eNd I4
([627¢D), Ayp_2X*1S,8)(x) = —27* / / (2?) w(z—z) VAp_ 2 XF(x — z)Smg<x — 5) dzdr.
0 JRd

T T

From that latter relation, we deduce that

X 1 2Z d 2[ .
MI[027 D), Ap_2X1Sgl(x) < C27 gl L [ f (?> w({)‘M[VAm_zxk(x—zﬂdzdr
0 d

< C27YgllLeM[A 2V X](x).

We now plug that inequality into (A-10) and (A-9), then take the norm in £2(Z) with respect to g and
eventually compute the norm in L”(R¢). We end up with

18k Ag[ T RiR 18N o2 zyy < CIM(AGVX) | Lo 22y
Therefore, by applying Proposition A.4 with s =0 and part (b) of Lemma A.2, we finally get
V[ Txr; RiRj1gllLr < CliglliLellVXILe. (A-11)

To complete the proof, we have to bound the commutator term corresponding to the last part of (A-8). To
do this, we use the fact that

N[ Tye; (n1d — A)7'RiRj1g = nlTye; (nld— A) T RiR g+ n(nld — A) ' [Tye; RiRlg.

To handle the last term, we just have to use (A-11) and the fact that n(nld — A)~! maps L? to itself
(uniformly with respect to n). For the other term, we use that, by embedding,

|03k [Tx; (n1d — A) IR R g |, < Cn||[Tx; (nld — A) IR R g 5,

Then, using the fact that the multiplier n(nId — A)~! is in S~2 (uniformly with respect to n < 1) and
arguing as for bounding (A-4), one ends up with

[0k Txis (n1d = A)TIRR g |, < CUVXIILe IRiR gl g1, < CIVX Lo IRiR gl g, -
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Clearly, in the above computations, the low frequencies of g are not involved. Hence, we actually have,
using that R; maps Bgo’oo to itself and that Bgo, o — L,

|no[Txe: (ld — AR R;g |, < CIVXILrllglLos

Summing up all the above estimates concludes the proof of the lemma. U
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