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ON THE TRACE OPERATOR FOR FUNCTIONS OF BOUNDED A-VARIATION

DOMINIC BREIT, LARS DIENING AND FRANZ GMEINEDER

We consider the space BV* () of functions of bounded A-variation. For a given first-order linear homo-
geneous differential operator with constant coefficients A, this is the space of L!-functions u : @ — RV
such that the distributional differential expression Au is a finite (vectorial) Radon measure. We show that
for Lipschitz domains Q C R”, BVA()-functions have an L'(32)-trace if and only if A is C-elliptic (or,
equivalently, if the kernel of A is finite-dimensional). The existence of an L' (dQ)-trace was previously only
known for the special cases that Au coincides either with the full or the symmetric gradient of the function u
(and hence covered the special cases BV or BD). As a main novelty, we do not use the fundamental
theorem of calculus to construct the trace operator (an approach which is only available in the BV- and
BD-settings) but rather compare projections onto the nullspace of A as we approach the boundary. As
a sample application, we study the Dirichlet problem for quasiconvex variational functionals with linear
growth depending on Au.

1. Introduction

1A. Aim and scope. Let Q2 be an open, bounded Lipschitz domain in R" and let 1 < p < co. A key
tool in the study of partial differential equations is the assignment of boundary values to elements
u € WHP(Q; RV), often being the first step towards well-posedness results for such equations. In this
respect, it is a well-established fact, see [Maz’ya 2011], that if 1 < p < oo, then there exists a surjective,
bounded linear trace embedding operator

tr: Whe(Q; RYy — w=rriq; RY) (1-1)

which satisfies tr(u) = u|yq for u € C(2; RV N whr(Q; RN). If p = 1 instead, a result of [Gagliardo
1957] asserts that there exists a surjective, bounded linear trace embedding operator

tr: WhQ; Ry — L'(09; RY). (1-2)

The same holds true when W!!(Q; RV) is replaced by BV(Q; R"), the R" -valued functions of bounded
variation on 2. Both boundary trace embeddings (1-1), (1-2) and the corresponding variant for BV hinge
on inequalities
||u||W1—l/w(asz;RN) = C(”M”LF(Q;RN) + ||DM||LP(Q;RNM)), (1-3)
lullLrooryy < CUlullp@ryy + 1 Dull Lig:ryxn))
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if 1 < p <ooor p =1, respectively, to be satisfied for all u € C(Q; RM)NCH(Q; RY). These estimates in
turn are obtained as a consequence of the fundamental theorem of calculus in conjunction with a smooth
approximation argument.

As one of the fundamental achievements of 20th century harmonic analysis, Calderén and Zygmund
[1956] and Mihlin [1956] established that in a wealth of inequalities, the full gradient can be replaced
by weaker quantities only involving certain combinations of derivatives. Precisely, let A be a constant-
coefficient, linear, homogeneous differential operator from R" to RX; i.e., there exist fixed linear maps
Ay : RY — RX with

n
A = ZAaaa. (1-4)
a=1

Then for each 1 < p < oo there exists ¢ = c(p, n, A) > 0 such that there holds
I Dull Lo (gr.gveny < CllAUI| Lo go-ry  for all u € C°(RY; RY) (1-5)

if and only if A is elliptic. Here we say that A is elliptic if and only if for each § = (&, ..., &,) € R"\ {0}
the symbol map A[E]:=Y", €xAy: RY — RX is an injective linear map. A special instance of (1-5) is the
case of the symmetric gradient operator Eu := %(Du + D u) acting on maps u: R* — R" (here N =n>2
and K = n?, identifying R"*" = [R{”Z). In this situation, (1-5) gives the usual Korn inequalities, which
play a pivotal role in elasticity or fluid mechanics; see [Fuchs and Seregin 2000] for a comprehensive
overview.

Singular integrals or Fourier multiplier operators in general are not bounded on L. Thus one expects
the exponent range 1 < p < oo for (1-5) to be optimal for general elliptic operators A. This is in fact true
and manifested by Ornstein’s celebrated noninequality, stating the impossibility of nontrivial L'-estimates:

Theorem [Ornstein 1962]. Let A and B be two constant-coefficient first-order, linear homogeneous
differential operators on R" from RN to RX and from RV to R, respectively. Suppose that there exists a
constant ¢ > 0 such that

IBull 1oy < clAull 1 go.gry  forallu € CP(R"; RY).
Then there exists T € Z(RX; R) such that B =T o A.

This negative result— which faces contributions to date, see [Conti et al. 2005; Kirchheim and
Kristensen 2016] —immediately yields that if p = 1, inequalities that involve the full gradients Du do not
necessarily generalise to those involving only Au. On the other hand, by [Temam and Strang 1980] it is
known for the special case of A being the symmetric gradient operator that the second inequality in (1-3)
remains valid indeed for p =1 when D is replaced by £. However, the method employed in [Temam and
Strang 1980; Babadjian 2015] to arrive at this result is very specific to the symmetric gradient operator
and its structural properties: again based on the fundamental theorem of calculus, £u then allows one to
control a cone of line integrals emanating from the boundary, leading to the desired trace inequality. In
particular, it is far from clear whether and if so, how, trace inequalities of the form (1-3) can be established
for p =1 and D being replaced by differential operators A of the form (1-4). As we shall see below in
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Section 1C, even for general elliptic operators A the corresponding analogues of (1-3) break down and
hence the method employed for the symmetric gradient cannot easily generalise.

This leads us to the following classification problem: classify all differential operators of the form (1-4)
such that for any open and bounded Lipschitz domain Q2 C R" there exists a constant ¢ > 0 such that

lullprpq:ryy < cllullprgryy + 1A L1 (QrK)) (1-6)

holds for all u € C(2; RY) N C'(Q;RN).  The overall objective of the present paper is to solve
this classification problem. Before we pass on to the precise description of our results — in particular,
Theorem 1.2 — we briefly pause and connect this theme to other results available in the literature first.

1B. Contextualisation and function spaces. The quest for classifying differential operators A of the
form (1-4) such that well-known inequalities generalise to the A-framework for p = 1 has come up rather
recently. Building on the foundational work [Bourgain and Brezis 2003; 2004; 2007], Van Schaftingen
[2013] characterised all operators A of the form (1-4) for which a Sobolev-type inequality

el v vy < CllAUN L1y for all u € CP(R"; RY) (1-7)

holds. Whereas ellipticity of A is easily seen to be necessary for (1-7), it is far from sufficient and needs
to be augmented by the so-called cancellation condition. Following [Van Schaftingen 2013], we call A
cancelling if and only if
) AEIRY) = {0).
§eRm\{0}

Note that by ellipticity, u € C2°(R"; RY) can be represented via u = ka * Au, where ka: R" \ {0} —
Z(RX; RV) satisfies the growth bound |ka(y)| ~ |y|'~" for y € R" \ {0}. Then the fractional integra-
tion theorem only implies that the convolution with ks yields an operator that maps L!'(R"; RX) —
L&/("_l)([R”; RY) boundedly with the weak-L"/ "~ space L'&,/("_l)([R”; RY), and so (1-7) implies a
proper improvement based on the additional cancellation condition.

To unify this theme also in view of (1-6), we wish to interpret the above inequalities in terms of
(boundary trace) embeddings and thus introduce function spaces via

WA(Q) :={v e LY(Q; RY) : Au e L' (Q; RX)},
BVA(Q) :={v e L' (S RY) : Au e M(Q; R¥)},

where Q@ C R” is open, A is a differential operator of the form (1-4) and M (Q; RX) denotes the RX-
valued Radon measures of finite total variation on 2. These spaces are normed canonically via ||u|ya1 =
lullzr + [|Au|| ;1 (similarly for BV” with the obvious modifications); clearly, wAL(Q) - BVA() and
we shall refer to BVA(Q) as space of functions of bounded A-variation. In the literature, only particular
instances of spaces BV” have been studied in detail, namely for A = V or A = &, leading to the spaces
BV or BD of functions of bounded variation or deformation, respectively. Precisely, we then have
whl=wV:l LD=w¢! BV=BVY, BD =BV, and this paper is the first attempt to characterise the
properties of BV”-maps in terms of the properties of A in a unifying manner. By this, we also aim to
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clarify the underlying mechanisms for the corresponding trace inequalities to work in the known cases
A=Dand A=¢.

Returning to the classification problem related to (1-6), we conclude this subsection by pointing
out that ellipticity in itself cannot yield the required L'-trace theory. In fact, consider the operator
EPu =Eu— % div(u)E, (E, € R™" being the identity matrix), which is usually referred to as trace-free
symmetric gradient operator, for n > 2. This operator enters in a variety of applications, for instance
fluid mechanics or general relativity; see [Feireisl 2004; Bartnik and Isenberg 2004]. Regardless of n > 2,
the operator £? is elliptic; see Example 2.2(c). However, the following example from [Fuchs and Repin
2010] shows that an L!-trace does not exist if n = 2. Identifying R2=C, ker(EP) essentially contains the
holomorphic functions. Upon identifying R?> with C and denoting by [) the open unit disc in C, the map
u: D—C, z+— 1/(z—1), even belongs to wePl (B(0, 1)), whereas it is clear that || tr(u) || .1 5B(0,1)) = 0°-
In view of (1-6), our main result, Theorem 1.2 below, will cover the particular case of A =& Dasa special
case and provide a positive answer for all n > 3 and a negative answer for n = 2.

1C. Main results. Before we state our main result, we need to provide the definitions of several important
properties of our operator A. To begin with, we write the symbol mapping A[£] : RN — RX as

n
Al :=v@aé =) EAgv, E=(1....6) R, veRY. (1-8)
a=1

Moreover, we extend A[£]n = n ®a £ by (1-8) also to complex-valued £ € C" and n € CV. We strengthen
terminology and say that A is R-elliptic if A[£]: RY — RX is injective for all £ € R" \ {0} (i.e., A is
elliptic in the above sense), and C-elliptic provided A[£]: C¥ — CX is injective for all £ € C" \ {0}
(see Section 2C for more detail). Finally, we shall say that A has finite-dimensional nullspace if the
kernel N (A) of A in the distributional sense is finite-dimensional; i.e.,

dim(N(A)) < oo, with N(A) = {v € D'(R"; R") : Av = 0}, (1-9)

where D(R"; RY) = CX(R™; RY). We will see later in Theorem 2.6 that A has a finite-dimensional
nullspace if and only if it is C-elliptic. It is also equivalent to the type-(C) condition in the sense of
[Katamajska 1994]; see Remark 2.1. However, the notion of R-ellipticity is strictly weaker: For instance,
&P for n =2 is R-elliptic but not C-elliptic; see Example 2.2(c). We are now in position to formulate our
main result.

Theorem 1.1. Let A be a differential operator of the form (1-4). Then the following are equivalent:

(a) For all open and bounded Lipschitz domains 2 C R" there exists a constant ¢ > 0 such that (1-6)
holds for all u € C(2; RNy N Cl(Q; RY).
(b) A is C-elliptic.
Whereas necessity of C-ellipticity for (1-6) shall be addressed in Theorem 4.18 and essentially follows
from a construction relying on the properties of the two-dimensional operator £2, the more involved part

is the sufficiency. For future reference, we single this out and state in the following more elaborate form;
the full statement can be found in Theorem 4.17:
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Theorem 1.2 (trace theorem). Let A be C-elliptic (or equivalently, A has finite-dimensional nullspace).
Then there exists a trace operator tr : BVA(Q) — LY, H"Y) such that the following holds:

(a) tr(u) coincides with the classical trace for all u € BVA(Q)NC(Q; RY).

(b) tr(u) is the unique strictly continuous extension of the classical trace on BVA(Q)NC(Q2: RY). In
particular, tr: BVA(Q) —> L'(3Q; H* V) is continuous for the norm topology on BVA(Q).

(c) tr(WAH(Q)) = r(BVA(Q)) = L' (92 1™ ).

Regarding sufficiency, the core issue is how to replace the use of the fundamental theorem of calculus
by that of C-ellipticity. As a main consequence of the latter, we will employ the nullspace of C-elliptic
operators being finite-dimensional. Using local projections onto the nullspace N (A) close to the boundary,
we construct suitable approximations of u € BV*(Q) that have classical traces. The limit of these
traces provide us with the trace of u. In particular, the projections to the finite-dimensional nullspace
replace the fundamental theorem of calculus approach as used in [Temam and Strang 1980; Babadjian
2015].

In addition to Theorem 4.17 we will show in Theorem 4.18 and Remark 4.19 that if A is not C-elliptic,
then in general there is no trace operator from BVA(Q) to L1(32; H*Y). In particular, the existence of
L'(32; H"~)-traces on arbitrary bounded Lipschitz domains  C R" is equivalent to C-ellipticity of A.
This conclusion also identifies the infinite-dimensional nullspace of A as the reason for the failure of the
trace embedding of W€”:1(Q) into L!(3€2; H"~!) for n = 2 (see Example 2.2(c)). As a consequence of
Theorem 1.2 we also obtain a version of the Gauss—Green theorem, see Theorem 4.20, and the gluing
theorem, see Corollary 4.21. Let us also remark that Theorem 1.2 includes both the trace theorems for
the spaces BV and BD.

The relation between the condition of C-ellipticity and Van Schaftingen’s elliptic and cancelling
condition will be investigated in detail in the follow-up [Gmeineder and Raitd 2019] to this paper by
Raita and the third author; among others, it will be shown that C-ellipticity implies Van Schaftingen’s
condition but in general not vice versa. In this sense and as might be anticipated, L'-boundary traces
require a stronger condition on A.

1D. Variational problems. As a concluding application of the trace theorem from above, we address the
Dirichlet problem for linear growth functionals involving operators A. To be precise, we are interested in
the minimisation of functionals of the form

3lul :=/ f(x, Au) dx (1-10)
Q

over a class of maps u: Q — R" subject to Dirichlet boundary data u = ug on dQ. Here f: Q x RV>*" —
Rs¢ is a given variational integrand for which we suppose the linear growth assumption

cilzl € f(x,2) <calz]+c3 forallx e Qand z € RNV, (1-11)

Additionally, we assume that our integrand f is A-quasiconvex (in a sense specified in Section 5;
also see [Fonseca and Miiller 1999; Dacorogna 1982]). Our objective here is to minimise § over the
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Dirichlet class ug + WOA ’1(52), which are the W !(2)-functions whose traces agree with the given
boundary datum u¢. From the treatment of the Dirichlet problem on BV*, where A = V, see [Giaquinta
et al. 1979a; 1979b; Ambrosio et al. 2000], it is clear that the functional should be considered on
the class of BV”-maps on a larger Lipschitz domain U. More precisely, we need to consider the
weak*-lower semicontinuous envelope of § on BVA(U ). Whereas in the convex situation one can
make use of the classical results due to [Reshetnyak 1968], the quasiconvex case is substantially more
involved. The sequentially weak*-lower semicontinuous envelope T of § on BV() (so A = V) was
characterised in [Ambrosio and Dal Maso 1992; Fonseca and Miiller 1993]. The corresponding issue
for the symmetric-quasiconvex (so A = &) situation was resolved in [Rindler 2011]. Invoking the recent
outstanding generalisation of Alberti’s rank-one theorem [De Philippis and Rindler 2016], the weak*-
lower semicontinuity result of [Arroyo-Rabasa et al. 2018] and the area-strict continuity of [Kristensen
and Rindler 2010b], we give a precise characterization of the weak*-lower semicontinuous envelope §
on BVA(Q); see Proposition 5.1.

Consequently, a merger with Theorem 1.2 allows us to formulate the minimisation problem with
Dirichlet data u( purely in terms of BV*(); see Corollary 5.2. We demonstrate both the existence
of minima and the absence of a Lavrentiev gap with respect to the Dirichlet class ug + WOA 1(Q); see
Theorem 5.3.

1E. Organisation of the paper. The paper is organised as follows. In Section 2 we fix notation, introduce
the assumptions on the differential operators A and collect elementary implications for the Sobolev-type
spaces WAL(Q) and the spaces of functions of bounded A-variation BVA(Q). In Section 3 we introduce
local projection operators onto the nullspace N (A) on balls and derive Poincaré-type inequalities. In
Section 4, we construct the trace operator tr : BVA(Q) — L' (dQ; H"~!) and thereby give the proof of
Theorem 1.2. Moreover, we establish a Gauss—Green formula and a gluing lemma for BV*-maps. The
final Section 5 is dedicated to the existence of BV”-minimisers of A-quasiconvex variational problems
with linear growth subject to given Dirichlet boundary data.

2. Functions of bounded A-variation

In this section we introduce the space of functions of bounded variation associated with a differential
operator A.

2A. General notation. To avoid too many different constants throughout, we write a < b if there exists
a constant ¢ (which does not depend on the crucial quantities) with a < ¢b. If a < b and b < a, we also
write a <~ b. By £(B) we denote the diameter of a ball B and by |B|, its n-dimensional Lebesgue measure.
We write d( -, -) for the usual euclidean distance. For the euclidean inner product of a, b € R™ we use
the equivalent notations (a, b) or a - b. Given f € LIIOC(R”; RX) and a measurable subset U C R" with
|U| > 0, we use the equivalent notations

][ £ dx = (f)Ui=|U|l/ () dx
U U
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for the mean value integral. Lastly, for notational simplicity, we shall often suppress the possibly vectorial
target space when dealing with function spaces and, e.g., write L' (R") instead of L'(R"; R"), but this
will be clear from the context.

2B. Function space setup. Let A be given by (1-4). The corresponding dual (or formally adjoint)
operator A* is the differential operator on R” from RX to RV given by

n
A% =A%, (2-1)
a=I

where each A is the adjoint matrix of A,. For an open domain  C R" we define the Sobolev space
WAL(Q) associated to the operator A by

wWALQ) = WA RY) = {(u e L' (% RY) : Au e L1(Q2; R¥)). (2-2)
This is a Banach space with respect to the norm

lullwar @) = llullpi @) + AUl L1(q)- (2-3)

We moreover define the fotal A-variation of u € LIIOC(Q; RY) by

Au|() := Sup{/ (u, A*p)dx : 9 € CH(Q; RF), || < 1} (2-4)
Q

and consequently say that u is of bounded A-variation if and only if u € L'(2; RY) and |Au|(2) < oo.
Denoting by M (Q2; RX) the finite RX -valued Radon measures on £, by the Riesz representation theorem
this amounts to

BVAQ) :={u e L'(Q2; RY) : Au e M(Q; RF)}. (2-3)

Here, the shorthands Au € L' or Au € M above have to be understood in the sense that the distributional
differential expressions Au can be represented by L!-functions or Radon measures, respectively. The norm

”u”BVA(Q) = llullp @) + |Aul(€2) (2-6)

makes BV*(€2) a Banach space. However, due to the lack of good compactness properties, the norm
topology turns out not to be useful in many applications and one needs to consider weaker topologies. We
now introduce the canonical generalisations of well-known convergences in the full- or symmetric-gradient
cases; see [Ambrosio et al. 2000]. Let u € BVA(2) and (u) C BVA(2). We say that

o (ux) converges to u in the weak*-sense (in symbols uz =) if and only if uy — u strongly in L' ($2; R)
and Auk*—\Au in the weak*-sense of RX-valued Radon measures on 2 as k — o0.

e (uy) converges to u in the strict sense (in symbols up—>u) if and only if ds(ug, u) — 0 as k — oo,
where for v, w € BVA(Q) we set

ds(v, w) ::/ lv—wldx +||Av|(R) — [Aw|(Q)|.
Q
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e (ug) converges to u in the area-strict sense (in symbols uk—m) if and only if

/\/1+ dAu | A2 + A U () /\/1+ dAu df"+|A‘ (Q), &
— — 00,
Rz H Rz "

dAv dA
Av = L+ |Axv|
dgn dJAS )|

is the Radon-Nikodym decomposition of Av € M (2; RX) with respect to the Lebesgue measure .£".

where

Strictly speaking, these notions are reserved for the BV-versions and hence the above notions have to
be read as A-weak*, A-strict, and A-area-strict convergence. However, to keep terminology simple, we
tacitly assume that the differential operator A is fixed throughout and stick to the above terminology.

Note that the A-variation is sequentially lower semicontinuous with respect convergence in the weak*-
sense; i.e., if ug—u, then |Au|() < liminfi_, o |Auy|($2). Moreover, if u; € BVA() is a bounded
sequence with iy — u in L' (Q; RV), then already uz—u. Finally, if € is open and bounded with Lipschitz
boundary, then it is easy to conclude by the theorem of Banach and Alaoglu that if (u;) C BVA(Q)
is uniformly bounded in the BV”-norm, then there exists u € BV*(Q) and a subsequence (g (jy) of
(ug) such that ug(j—u as j — oo in the sense specified above. We shall often refer to this as the
weak*-compactness principle (for BV™).

2C. Assumptions on the differential operator A. For our trace result we need some structure on A
which we introduce now.
Let A be given by (1-4). Then A induces a bilinear pairing ®4: RY x R* — RX by

n
VQ®naz = ZZOAO,U forz € R" and v € RV . (2-7)
a=1
For all ¢ € C'(R") and v € C!(R"; RV) we have
A(pv) = Av+ v Qap V. (2-8)

Note that if A is the usual gradient, then ®x can be identified with the usual dyadic product ®, and if A
is the symmetric gradient, then ®p is given by the symmetric tensor product ©.

Recalling the notions of R- and C-ellipticity from Section 1C, we now pass on to a more detailed
discussion and begin with linking them to the fype-(C) condition as introduced in [Katamajska 1994].

Remark 2.1. The operator A is C-elliptic if and only if it is of type (C) in the sense of [Katamajska 1994].
More precisely, since A,[£] is a linear operator from RV to RX for each & € R", we find coefficients
Aq, j.k such that

n N
AEIME=:Y_ Y A jikallj
a=1 j=1
for every for £ € R” and n € R". Then
n
I]Dj,ku = ZAa,j,kaauj

a=1
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for k = 1,..., K is the family of scalar differential operators as used in [Katamajska 1994]. The
corresponding symbols are

Pic®) = A jiba:

a=1
with j=1,...,Nandk=1, ..., K. Now according to [Katamajska 1994] the family (Py) is of type (C)
if and only if (P; x(§)); « has rank K for all n € C" \ {0}. Since
n N

N K K
S S P =YY Aujskan; = AlEIn,

j=1k=1 a=1 j=1 k=1
this is equivalent to the injectivity of A[£] for all € CV \ {0}, which is exactly the C-ellipticity of A.
We now turn to some examples, to which we shall frequently refer.

Example 2.2. In what follows, we carefully examine the gradient, symmetric and trace-free symmetric
gradient operators. As these typically map R" to the matrices RV *" instead of a vector in RX, we
henceforth put K = Nn and identify RX with RY*":

(a) Let Au := Vu. Then N (A) just consists of the constants and
(V®v 2)jk = VjZk-
A has a finite-dimensional nullspace and is C-elliptic, since
ALE I = 15101,
(b) Let Au:=&(u) = %(Vu + (Vu)T) with N = n. Then N (€) just consists of the generators of rigid
motions, i.e.,
NE ={xr> Ax+b:AcR™ A=—AT, beR"},
and .
(WV®sjrk= z(vjzk + vezj).
£ has a finite-dimensional nullspace and is C-elliptic, since
1 1
ALEDI® = SIER M + 51 I,
() Let Au:=EPu)=1(Vu+ (Vu)") — L div(u)E, with N =n. Then
n
1 1
(V®gp 2)jk = §(ijk +vkzj) — ;8,-,;( Z V12

I=1
and

2_ 1201 2 1, -2
A" = SIE17 I+ S & mI™ =~ (& )"
If n > 3, then A is C-elliptic and it has the finite-dimensional nullspace
NEP)={x> Ax+b+Qa -x)x — |x*a): Ae RV A=—AT a,beR").

Elements of N (£P) are also known as conformal killing vectors [Dain 2006].
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If n =2, then A is only R-elliptic, but not C-elliptic. Indeed, A[£]n =0 for & =(1, i)T and n=(1, —i)T.
Moreover, the nullspace N (A) is of infinite dimension: indeed, if we identify R2 = C, then the kernel
of £P consists of the holomorphic functions. We will substantially use this property in the proofs of
Lemma 2.5 and Theorem 4.18.

We now draw some consequences of the single ellipticity conditions and link them to the finite-
dimensionality of the nullspace of A.

Lemma 2.3. Let A be K-elliptic with K = R or IK = C. Then there exist two constants 0 < k] < k3 < 00
such that

k1] z] < lv®azl < wkalvllz| forallve KN and z € K".

Proof. By scaling it suffices to assume |v| = |z] = 1. We have |v ®a z| > 0, since A is K-elliptic. Now
the claim follows by the compactness of {(v, z) : |[v| = |z| = 1} and continuity. [l

Lemma 2.4. Let A have a finite-dimensional nullspace. Then A is R-elliptic.

Proof. We proceed by contradiction. Assume that A is not R-elliptic. Then there exists & € R" \ {0}
and n € RV \ {0} with A[£]yp = 0. For every f € Ccl(lR; R) we define u¢(x) := f({§,x))n. Then
(Aup)(x) =A[&]n f((§,x)) =0. Since n # 0 and & # 0, the mapping f +> uy is injective. Therefore,
the set {us: feC cl (R)} is an infinite-dimensional subspace of N (A). This contradicts the fact that A
has finite-dimensional nullspace. ]

Lemma 2.5. Let A have a finite-dimensional nullspace. Then A is C-elliptic.

Proof. Since A has finite-dimensional nullspace, it is R-elliptic by Lemma 2.4.

We proceed by contradiction, and so assume that A is not C-elliptic. Then there exists £ € C" \ {0}
and n € CN \ {0} with 0 = A[£]n = n ®a £. We split £ and 7 into their real and imaginary parts by
E=:&+i& and n =: n; +iny. Then A[&]n = 0 implies

Algilm —Al&ln2 =0 and  A[&]n2 +Al&]n =0. (2-9)

We will show now that &; and x,, resp. n; and 7,, are linearly independent.

We begin with the linear independence of &; and &,. If £ = 0, then &, # 0 and then the R-ellipticity
of A and (2-9) imply n; = n, = 0, which contradicts n # 0. By the same argument, also & = 0 is not
possible. Hence, we have & # 0 and &, # 0. We now show the linear independence of & and &, by
contradiction, so let us assume that &, = A& with A #~ 0. Then it follows from (2-9) that

AlE11n1 = Al&]n = AALE In = —AA[E ] = —A2A[E ][]

This implies A[£;][n1] = 0. Hence by the R-ellipticity of A and & # 0, we get n; = 0. Now, (2-9) implies
Al&>][n2] = 0, so again the R-ellipticity of A gives o = 0. Overall, n = 0, which is a contradiction. This
proves that & and &, are linearly independent.

The proof of the linear independence of 1 and n, is completely analogous. Indeed, n; = yn, implies
Al ] = —yzA[Sl]m, so A[&1][n1] = 0. As above this implies n = 0, which is a contradiction.
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Let us define now 7 : R* — C and o : C — R" by

T(x) 1= (&, x) = (51, x) +i(52, x),
0 (z) :=Re(z)n —Im(z)n2.
Let O(C) denote the set of holomorphic functions on C. Then dim(O(C)) = oo. Moreover, for f € O(C)

we have 9; f (z) = 0 in the sense of complex derivatives. Let us define 77 : R" — RN by h fi=0ofort.
Our goal is to prove Ah ; = 0. We identify in the following C with R2. By the chain rule we conclude

(Ah ) (x) = Al 1101 f) (T (X)) — Al&1]72(31 f2) (T (X))
+A[E]m (02 f1)(T(x)) — AlE2]n2(02 f2) (T (x)).  (2-10)

Using the Cauchy—Riemann equations 0, f; = d» f> and 9; f, = —d f1 and (2-9) we get
(Ahg)(x) = (A& Im — AlE21m2) (91 f1) (T (x)) + (AlE1]1m2 + Al&21n1) (32 f1) (T (x)) = 0.

So for each f € O(C), we constructed an hy : R" — RN such that Ah r =0. We need to show that
dim({hs : f € O(C)}) = oo. For this, it suffices to show that the linear mapping f > hy is injective.
Recall that 7y = o0 o f o 7. Hence, it suffices to show that o is injective and that 7 is surjective. This,
however, follows from the fact that &; and &, resp. n; and 1, are linearly independent. O

Theorem 2.6. The following are equivalent:

(a) A has a finite-dimensional nullspace.
(b) A is C-elliptic.

(c) There exists | € N with N(A) C &), where &) denotes the set of polynomials with degree less or
equal to l.

Proof. Lemma 2.5 proves (a)enumi = (b)enumi. Obviously, (c)enumi = (a)enumi. It remains to show
(b)enumi = (c)enumi.

Since A is C-elliptic, it is of type-(C) in the sense of [Katamajska 1994]; see Remark 2.1. Fix w €
C>X(B(0, 1)) with f BO.1) @ dx = 1. Then for an arbitrary ball B, we obtain by dilation and translation
a function wp € CZ°(B) with fB wp(y)dy = 1. For every I € Ny let 73113 denote the averaged Taylor
polynomial with respect to B of order /, see [Dupont and Scott 1978]; i.e.,

(v —x)F
Phu(x) = / e (—,wB () Ju(y)dy.
Bipi=i P

The formula is obtained by multiplying Taylor’s polynomial of order [ by the weight wp and integrating
by parts. Note that Pgu €.

It follows from the representation formula of [Katamajska 1994, Theorem 4] that for all x € B

A
() — (Phu) ()] < c/ WO 4
B lx—y"

for some [ € Ny (which is fixed from now on) and all u € C°°(B). We do not know the exact value of /,

2-11)

but at least [ is so large that N (A) C & (there is, however, an upper bound for / in terms of n and N.)



570 DOMINIC BREIT, LARS DIENING AND FRANZ GMEINEDER

Now, let v € N(A); i.e., v € D'(R"; RY) with Av = 0 in the distributional sense. Let ¢. denote a
standard mollifier; i.e., ¢c(x) := € "¢(x/e) with a radially symmetric function ¢ € C2°(B; [0, 1]) with
fB ¢dx = 1. Then v * ¢, € C*°(R") and A(v * ¢.) = (Av) * ¢, = 0. Hence, it follows from (2-11) that
vx P € Z(R"). This implies v € Z(R") as desired. O

Remark 2.7. Let us compare our conditions with the ones of [Van Schaftingen 2013], building on the
fundamental work of [Bourgain and Brezis 2004; 2007]. According to [Van Schaftingen 2013] the
operator A is cancelling' if

M AEIRY) = (0). (2-12)
§#0

It has been shown in Theorem 1.4 of [Van Schaftingen 2013] that whenever A is R-elliptic and cancelling,
then we have the Sobolev-type inequality

lull Lrro-—vgn:ryy < CllAU] L1 e RrEY (2-13)

for all u € C>°(R"; RY). Moreover, the R-ellipticity and cancellation property of A are necessary for
such inequality.

For our result on traces we need the C-ellipticity of A. So the natural question arises how C-ellipticity
compares to the canceling property. It will been shown in [Gmeineder and Raitd 2019] that C-ellipticity
implies the canceling property but not vice versa. Indeed, the operator

%31u1—%3zuz %31M2+%32u1 o3uy
A) = ] 1 1 1
F01U+500u1 501U —50un F3up
is R-elliptic and cancelling but it is not C-elliptic, since it fails the finite-dimensional nullspace property

(recall Theorem 2.6).

2D. Smooth approximations in the interior. In this section we show that functions from W"1 () and
BVA() can be approximated in a certain sense by functions from W*-1(€2) N C*(£2; RY). The proof is
in the spirit of [Evans and Gariepy 1992, Chapter 5.2] and is included for the reader’s convenience.

Theorem 2.8 (smooth approximation). Let Q C R" be open. Then the following hold:

(a) The space (C* N WAL (Q) is dense in WAL(Q) with respect to the norm topology.

(b) The space (C*° NBVA)(Q) is dense in BV*(Q) with respect to the area-strict topology.
Proof. Fix u € BVA(Q). Fork =2, 3, ... define

1 1
Qri={xeQ:— <d(x,0Q) < —— 1.
k+1 k—1

Now pick a sequence () such that for each k € N we have ¥, € C2°(€2; [0, 1]) together with Zk Y =1
globally in Q2. Now let 5. : R" — R be a standard mollifier (even and nonnegative).

I The definition of cancelling in [Van Schaftingen 2013] is given in terms of the annihilating operator L from the exact
sequence in (5-6). However, it translates in our setting to (2-12).
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For j € N and k € N we can find €; ; > 0 such that:
() spt(ne;, * (Yxu)) C k.
() N[ — ey % (ran)ll 1y < 27577
(i) flu ®a Vhr — 1y, % (0 @ Vil L1y <2757
(iv) If u € WA1(Q), we additionally require ||y Au — ng, , * (YiAu) | 11 g) <2757
This allows us to define u; € C*(Q) by uj 1= ;o Ne; . * (Yru), which is well-defined in LIIOC(SZ), since
the sum is locally finite. Then in L] ()

U—uj= Z(Wku — Nej o * (Yut)).
k

This and (ii)enumi imply [lu —u;l| 1 gy < 277 If u € WA(Q), then (iii)enumi and (iv)enumi imply
|AY — Au; ||L1(R") < 27/, This proves (a)enumi.

It remains to prove u; L5 for j — oo for u € BVA(R). In fact, the proof is similar to the standard BV
case. For simplicity of notation we just show u jim for j — oo. The necessary changes to pass from
strict convergence to area-strict convergence are just like in [Bildhauer 2003, Lemma B.2].

Since uj — u in LY(R") it follows by the lower semicontinuity of the total A-variation that |Au|(€2) <
liminf; o |Au;|(£2). It remains to prove lim supj_)oolAuﬂ(SZ) < |Au|(£2). For this we invoke the dual
characterisation (2-4) of the total A-variation. Let ¢ € CCI(Q; RX) with |¢| < 1 be arbitrary. We compute

| warorax =Y [ g v avo ax =3 [ (a4 v o
Q X Q 2 Q

=Zf (u,A*(wk(ne,-,k*w)»dx—Zf (0, (e;, * @) @ax Vi) dx
[ERA K Ve
=: Ij +IIJ"

The sums are well-defined, since ¢ € CC1 (andu; =y, Nej * (Yru) in Ll (Q). Now

loc

> Wene, *¢)’ <D ilng, %01 <D Vildlloo = ¢l < 1.
k k k

Therefore,

Ij:/Q<u,A*<Z K[,k(naj’k*go))>dx§ Au| ().
k

Using Y, V{x =0 and ¢ € C}(2), we now rewrite /I; as

=3 [ 0@ Vi dr =Y [ g @u Vi b
k

PRRAY;

=Z/Q(na,-,k*(u ®a Vi) — (u ®a Vi), @) dx.
k

Invoking (iii)enumi and ||¢|| o, < 1 we obtain |1];| < 27J. Hence, collecting estimates we obtain as desired
limsup;_, o |Au; () <limsup;_, o (|Au|(£2) + 277y = |Au|(RQ). U
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3. Projections and Poincaré inequalities

In this section we derive several versions of Poincaré’s inequality. We assume throughout the section
that A is C-elliptic (or, equivalently, A has a finite-dimensional nullspace; see Theorem 2.6).

3A. Projection operator. We begin with some projection estimates.
For every ball B C R" and u € L*(B; RY) we define ITgzu as the Lz-projection of u onto N(A). Hence,

/|l'[3u|2dx§/|u|2dx.
B B

Since N (A) is finite-dimensional, there exists a constant ¢ > 0 with
Il g < ][ T u] dix. (3-1)
B

Indeed, this is clear for the unit ball and extends to general balls by dilation and translation. It follows

][|H3u|dx§c][|u|dx. (3-2)
B B

Thus, I15 can be extended to L' (B; RV) such that (3-2) remains valid.

from this as usual that

Lemma 3.1. Then there exists ¢ > 1 with

inf |ju— <|lu—Tlgu <c inf |u-— .
Jonby lu—qllpis < Bl = qu(A)|| qlli(s)

Proof. The first estimate is obvious. Now, for all g € N(A) we have I[15g = ¢g. This and (3-2) imply
lu—Mpullpigy < llu—qllprpy + 1T —g) i1z < cllu —qliLip-
Taking the infimum over g € N (A) proves the lemma. ]

3B. Poincaré inequalities. In this subsection we derive Poincaré-type inequalities for W*! and BV~,
Recall that for a ball B we denote by ¢(B) its diameter.

Theorem 3.2. There exists a constant ¢ > 0 such that for all balls B and all u € BVA(B) it holds

inf _ < |lu =TI < cl(B) |Au|(B),
qelzrvl(A) llu anl(B)_”u BM||L1(B)_C( ) |Aul(B)

where Tl is the L*>-orthogonal projection onto N (A) from Section 3A.

Proof. By dilation and translation, it suffices to prove the claim for the unit ball B = B(0, 1). Moreover,
by smooth approximation (see Theorem 2.8) it suffices to consider u € C*®(B; RY) N WA 1(B).

We use the averaged Taylor polynomials as in the proof of Theorem 2.6. Recall that by (2-11) we have
the estimate

lu(x) — (Plu)(x)| < c/ M dy forall x € B. (3-3)

g lx—yl"!
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Since P’u is not necessarily in the kernel of A, we wish to replace it by ITg(P'). Thus, we start with
Ju(x) = M (P'u) ()] < u(x) = (Plu) ()] + [(Phu) (x) = (Mp(P'u)) (). (3-4)

Now, for any p € & there holds

1p— Mg pll ey < c ][ Ap] dx. (3-5)
B

Indeed, both sides define a norm on the finite-dimensional space &7;/ N (A) and vanish on N (A). Hence,
forall x € B

|(P'u)(x) — (Mg (P'u)(x)| < [P'u — Tg(P'u)ll o5y < ¢ ]{9 IA(P'u)| dx. (3-6)
The definition of the averaged Taylor polynomial implies
APy =P~ (Aw), 3-7)
where P~'u := 0 if [ = 0. The L'-stability of the averaged Taylor polynomial gives
1P~ Al ) < cllAull s (3-8)
Now, (3-5) and (3-8) yield

|(Plu)(x) — (Mg(P'u))(x)| < cl(B) ][|Au| dy < C/ |(Au)(y)|
B

dy.
g x—yp 1

So, (3-3) and (3-4) imply the estimate

u(x) — (MpP'u)(x)| < c % (3-9)
Now, integration over x € B gives
[u=maptoiar<e [ [ B0 0y 0
B lx —yn=T
<c [ 11 [ b=y drdy < ces [ 1auldy,
We have shown b ' b
lu =T (P'w)l 11y < cl(B)|Aull 1) (3-10)
The rest follows by Lemma 3.1. (I

Theorem 3.3. Let B’ and B be two balls with B’ C B and £(B) < £(B’). Then for all u € BV*(B) with
u =0 on B’ there holds
lullpipy < c€(B)|Au|(B).

The constant only depends on the ratio £(B)/¢(B’).

Proof. We use the same construction as in the proof of Theorem 3.2. However, we choose w € C2°(B) in
the construction of the averaged Taylor polynomial additionally as @ € C2°(B’). This implies that P’u
only depends on the values of u on B’. Hence, we obtain P'u = 0. Thus, Theorem 3.2 proves the claim. [J
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Finally, let us remark that variants of Poincaré-type inequalities can also be established along the
lines of [Adams and Hedberg 1996, Lemma 8.3.1] or [Ziemer 1989, Chapter 4]. However, this requires
additional extension and compactness arguments which need to be proven first.

4. Traces

In this section we show that the space of functions of bounded A-variation admits a continuous trace
operator to L' (3Q) if and only if A is C-elliptic (or, equivalently, A has a finite-dimensional nullspace;
see Theorem 2.6).

4A. Assumptions on the domain. In order to ensure a proper trace we need to make certain regularity
assumptions on 2. Our results include all Lipschitz graph domains. However, we will consider even
more general domains. Indeed, nontangentially accessible domains (NTA domains) provide a natural
setting for our construction of the trace operator. We refer to [Hofmann et al. 2010] for more information
on NTA domains.

We begin with the necessary conditions on our domain.

Definition 4.1 (interior/exterior corkscrew condition). Let Q C R":

(a) We say that 2 satisfies the interior corkscrew condition if there exist R > 0 and M > 2 such that for
all x € 92 and all r € (0, R) there exists a y € 2 such that

1 r
—r<|lx—y|< d Bly,—)cQ.
Mr_|x y| <r an (y M)

(b) We say that Q satisfies the exterior corkscrew condition if R" \ 2 satisfies the interior corkscrew
condition.

Definition 4.2 (Harnack chain condition). We say that Q C R" satisfies the (interior) Harnack chain
condition if there exist R > 0 and M €N such that for any € >0, r € (0, R), x €92, and y1, y» € B(x, r)N2
with |y; — y2| < €2k and d(yj, 02) > € for j =1, 2 there exists a chain of Mk balls By, ..., By in Q
connecting y; and y; satisfying

(@) y1 € By, y2 € By,

(b) ﬁE(Bj) <d(Bj,dR2) < M{(B;) for j =1, ..., Mk,

(c) €(B;) = L-min{d(y1, Bj),d(y2, Bj)} for j =1, ..., Mk.
Definition 4.3 (NTA domain). We say that a domain Q C R” is an NTA (nontangentially accessible)

domain if 2 satisfies the interior corkscrew condition, the exterior corkscrew condition and the interior
Harnack chain condition.

Definition 4.4. We say that Q C R" has Ahlfors regular boundary if there exist R > 0 and M > 0 such
that for all » € (0, R)

1
Mr"*l <H" YBGx,r)NaQ) < Mr" L. 4-1)

In the following we tacitly require that our domains satisfy the following assumption:
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Assumption 4.5. We assume that 2 satisfies the following:
(a) is an NTA domain.
(b) €2 has Ahlfors regular boundary.

Note that all Lipschitz domains satisfy this assumption.
Let us now construct families of balls that we will use later in the construction of our traces:
For each j € Z, let (B} «)x denote a (countable) cover of balls of R" with diameter £(B; ;) such that
@) -2/ <eB=z-277.
(b) The scaled balls (%Bj,k) , cover R"
(c) Each family (B; ;)i is locally finite with covering constant independent of j; i.e.,

sup Z XB;, < C.
i 7

For each j let (n; )« be a partition of unity with respect to the (B} x)x such that for all j, k

IMjkll oo + BNV il oo < c. (4-2)
Now, we define the 27/-neighbourhood U; of 32 by

Uji={xeQ:dx,aQ) <27/}.

Since €2 satisfies the interior corkscrew condition, we can find for each ball B; ; close to the boundary a
reflected ball BJ?’ « close by. We will use these reflected balls later to define the local projections of our
functions. More precisely:

(B1) There exists jo € Z, such that the following holds: for each B;; with j > jo and B;y NU; # &,
there exists a ball B, C Q with £(B},) = £(Bjx) =~ d(B; . 9$) and d(Bj . B},) < €(B; ). where the
hidden constants are independent of j, k.

Moreover, due to the Harnack chain condition we can connect two reflected balls of neighbouring balls
by a small chain of balls. More precisely, we have the following.

(B2) If Bjy C Qand j > jo, then there exists a chain of balls Wy, ..., W,,, with y uniformly bounded,
such that

(2) W = Bjy and W, = B},
() (WgNWpii| = Wl = |Wpii| = |Bjilfor B=1,...,y —1,
() L(Wg) = L€(Bjy) for=1,...,y.

The hidden constants are independent of j, k, 8.

We define Q(Bj . B} ) == Uj_, W.
(B3) If BN B, # and j, | > jo with |j —I| < 1, then there exists a chain of balls Wy, ..., W, with
y uniformly bounded, such that

(a) W =B}, and W, = B .
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(®) (WpgNWpii| = [Wp| = |Wgp1l = |Bjil for =1,...,y =1,
(c) d(Wg, dQ2) =~ £(Wp) = £(Bj i) for p=1,...,y.
The hidden constants are independent of j, k, 8.
We define Q(B;{k, Blﬁ’m) = UZ=1 Wsg.
By construction of the chains above, we get:
(B4) There exists ky > 2 such that the following hold uniformly in j > jo:

Z XB/:m = CXU./'—/«O\U_/-MO and Z Z XQ(B/@,m’Bj:Jrl,k) = cXUj—ko\Uj+k0'
m:Bj,mﬂUﬁéQ m:Bj’mﬁUﬁéz k:Bj+l,kmBj,m#®

4B. Trace operator. We will now construct the trace operator on BV*(2). We will obtain the traces by

a suitable approximation process. In particular, we will define truncations 7;u which are smooth close to

the boundary and admit classical traces. The limits will later provide the trace of the original function.
We define

Hj,kl/t = HquLt.
Js

Let p; € C*°(2) be such that xy,,, < p; < xu, and ||V ;o S 2J and let u € BVA(2). Then for j > jo
we define Tju in 2 by
Tiu:=u—p; »_ njwlu— ) = (1= ppu+p; > 0Tl . (4-3)
k k
Due to the support of 7; x the sum in the definition is locally finite. In particular, the sum is well-defined
in L]

1oc(§2). The function Tju is an approximation of u that replaces the values of u in the neighbourhood

of 9 of distance 27/ by local averages. These averages are performed slightly inside the domain on the
balls B .
We begin with an auxiliary estimate involving IT; xu.

Lemma 4.6. We have the following estimates:

(a) There holds

: <
”Hj,kl/lHLoo(Bj.k) Nankh/ll dx.

J

(b) If Bjn N (U; \ Uj12) # @, then Bj,, C Q and
=Tl 1,y S ECBym)|AUI(Q(Bjms B )
(©) If Bjy1,x N B} # 3, then
1By 1Tttt = Tt o) S By |AUN(QUBE, 4, B )

Proof. (a) Since IT; ; maps to N(A) and N (A) C &7, this is just the usual inverse estimate for polynomials
of a fixed degree.
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(b) The definition of U; and £(B; ;,) < %Z_j imply B; ,, C 2. We compute

ul| <|lu—TIlg,, ull

il , g vl

u—1I1; ,,u = ||lu—1I, .
” Jj,m ”LI(B_,gm) “ jm Ll(Bj,,,,)

B

) + ||H3j.mu —1I1
Jom Ll(Bj,m)

The first term can be estimated by Poincaré’s inequality from Theorem 3.2 which yields immediately

[l S L(Bjm) |Aul(Bjm).

- HB]-JHM ”Ll(Bj_m)

For the second term we make use of the Harnack chain conditions (recall Definition 4.2) and, using (B2),
connect B ,, and Bﬁm by a chain

14
#
Q(Bjx, B;,) = Wp,
B=1

where Wy, ..., W, are balls of size proportional to £(B; ;). In particular, we have W; = B; ,, and
W, = Bij Moreover, we can assume that |[Wg N Wg 1| = |Wg| = £(B; ) for all B. Now, we gain

1T, u — g ull

y—1
< E I TTwy,,u — Ow,ull,,
jom LI(Bj.m) ot B+1 B L'(Bj )

y—1 14
SO MMwe =Ml S D =Tl g
=1 p=1

using equivalence of norms on N (A). Finally, using again Theorem 3.2 in conjunction with (B4),

Tl u—TI

Y
ot — gz ul SBjw) Y Au|(Wy) S E(Bjw)|Aul(Q(Bj . BE,,).

1 .
L' (Bjn) ot
Gathering estimates, we arrive at the claim.

(c) First, by the inverse estimate for polynomials, we have

| Bjm | 1T 1kt = Tt oo,y S W pr ke = Tymell 1,y = Mz = 1_IB}{mM||L1(Bjm)-

1k Bf’m) (recall (B3)), we obtain the claim arguing
exactly as in (b). O

Now, connecting B}i 1, and Bﬁm via the chain Q (B.n

The following lemma shows that 7; is well-defined on L!(<Q).
Lemma 4.7. T; : LY(Q) — LY(Q) is linear and bounded.

Proof. We estimate pointwise on 2

I Tjul < (1= pplul +p; Y Xz 1Tkt - (4-4)
k
With Lemma 4.6 we get

Tjul S xo\u; lul + Z XBju ][

|u| dx.
Bf
k:Bj,kﬁUj#@ Jik
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This implies

Tl Sl + Y 1Bjal f, luldx
k: Bj xNU; #£@ Bjx

S lullieww,) + Z /n Jul dx.
k:BjykﬂUj#@ Bj'k

Since the Bﬁ ¢ are locally finite by (B4), we get || Tju]|,, @ < Jlu] L1(s as desired. O

The next two lemmas show now that 7 ju — Tju is summable in L' () and BVA(Q).

Lemma 4.8. Letu € L' (Q) and j > jo. Then

”Tj+1u - Y}MHLI(Q) S} ||u||Ll(Uj+l—kO\Uj+kO)'

Proof. Let j > jo. Then we have

Tjp1u — Tju = (pj = pj+1)u + pj+1 Z Nj+1x 11k — pj Z Njmjmu.
k m
Now

||(IO] _pj+l)u||Ll(Q) = ||u||Ll(Uj\Uj+2)‘
Moreover, by Lemma 4.6 (a) it follows that
”pjnj,mnj,mM”Ll(Q) = C|Bj,m| ”HJ"’"MHLOO(BI-,,,,) = C||u||Ll(Bﬁm)’

where it suffices to consider those j with B; ,, NU; # &. Now (B4) implies

Z ”pjnj,mnj,m’/t”LI(Q) = C||M||L'(Uj,k0\Uj+ko)-

m

Analogously,
D loimira kel gy < ellll iy, 00y i)
k
Combining the above estimates proves the lemma. ]

Lemma 4.9. Let u € BVA(Q) and j > jo. Then
AT 10 = Tyl 1 gy S VAU Uty \ Ujky)-
Proof. Using that ) njm = ; nj+1.k = 1 in Q we get
Tjpru—Tiuw= (0= pj1) Y _ im0 —Tmt) + i1 Y Mgt ctjom (g it — T ae) =: T+ 11 (4-5)
m k,m

In order to estimate [|A(T; 4 u — Tju)llLl(Q) it is crucial that AIT; 1 yu = AIl; ,,u = 0 and the gradients
of pj, Pj+1, Nj,m» and nj 1 are bounded by 2/; recall (4-2). Let us consider II. We only have to estimate
those summands with k, m satisfying B; 1 N B} ,, # @ since otherwise 1,11 x71;,m =0. For each such k, m
we estimate the L' (€2)-norm of AIl by Lemma 4.6(c)enumi. Now, in combination with (B4) we get

||AII||L'(Q) 5 |AM|(Uj—kO \ Uj+ko)-
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Let us consider /. We only need to estimate those summands with m satisfying B; ,,(U;\U}42) # <, since
otherwise (o; —pj+1)n;,m =0. For each such m we estimate the L' (Q)-norm of AI by Lemma 4.6(b)enumi.
Now, in combination with (B4) we get

IAL L1y S 1AU(Uj—ky \ Ujtko)- O

Based on the two lemmas above, we now study the convergence Tju — u.

Corollary 4.10. Ifu € L'(Q), then

o.¢]
u=Tyu+ Y (Tru—Tu)= lim Tju (4-6)
- J—> 00
I=jo
in L\(Q). If additionally u € BVA(R), then (4-6) also holds in BV* ().
Proof. Since p; — 0in L] (), itis clear that Tju — u in L] ().
Note that for j > jo
j—1
Tju=Tyu+ Y (Trou—Tpu). (4-7)
I=Jo

It follows from Lemmas 4.8 and 4.9 that 77 u — Tju is summable in LY(Q), resp. in BVA(Q), since the
Ujt1—ky \ Uj4x, are locally finite with respect to j. Hence, Tju is a Cauchy sequence in L' (), resp.
in BVA(). Since the limit must agree with the LIIOC(Q) limit, which is u, the claim follows. O

Since Tju is smooth close to the boundary 9€2, it is possible to evaluate the classical trace tr(7;u). We
now show that these traces form a L'(92)-Cauchy sequence.

Lemma 4.11. Let u € BVA(Q). Then
Itr(Tj 1) — (Tl 1 gy S 1AUIUj—ko \ Ujtig),
(Tl 1oy S 20Nl L 0\

Proof. We begin with the first estimate. It follows from (4-5) that

tr(Tjqu) — tr(Tju) = Ztr(nj+1,knj,m(nj+1,ku —1I1; uu)),

k,m

where the sums are locally finite sums. Hence,

||tI’(T}'+1M) - tr(Y}u)”Ll(g)Q) =< Z ||tr(77j+1,k77j,m(nj+l,ku - Hj,mu))”LI(ag)-

k,m

We only have to consider those k, m with Bj N B;j,, # &. For such k, m
e (1 xjm (ot ke = T ) 1 gy < WLttt = Thj it oo, ' (OQN Bj114N Bj ).

We estimate the first factor by Lemma 4.6(c)enumi and the second by the Ahlfors regularity of the
boundary, see (4-1), and thereby obtain

Itr 41,40 (Tt ke = T i) |1 o0y S 1AUI(R(BE . BE ).



580 DOMINIC BREIT, LARS DIENING AND FRANZ GMEINEDER

Summing over k and m and using (B4) implies

Nt (Tjq1u) — (L)l 11 50y S 1AUN(Uj—ky \ Ujko)-

This proves the first estimate.
Let us now estimate [|tr(Tj,)|l 09" We begin with

tr(7j,) = Ztr(njo,knjo,k”)-
k

For each k with B, ; N 0€2 there holds
”tr(njo,knjo,ku) ”LI(Z)Q) = ” 1_Ij(),ku ”LOO(BJ.OVk)/Hn_l (@e2n Bjo,k)-

We estimate the first factor by Lemma 4.6(a)enumi and the second by the Ahlfors regularity of the
boundary; see (4-1). This gives

1

e ok jo k)l 11 oy S 77 |u| dx
O 0(By,) I8,
Summing over k£ and m and using (B4) implies
(Tl 1 a0y S 20Nl L 0\ o) O

Recall that by Corollary 4.10 we have
oo
w=Tiu+ ) (T = Tiw) = lim Ty
I=jo
in BVA(Q). Moreover, Lemma 4.11 shows that
r(Tjpu) + Y (T4 1) — tr(Tju)) = lim te(Tj(u))
JZjo /e

is well-defined in L' (3%). Finally,

| lim tr(7; () | < (T )1 gy + Y e (Tgr10) = (T |1 g
J—00 L1 (8Q) i=jo

S2Null vy, \Uigarg) F+ DA Uj—ky \ Uky)
J=Jo
Sl + 1A ()
by Lemma 4.11. This allows us to define for every u € BVA(Q) a trace

tr(u) == lim tr(Tju), (4-8)

the limit being understood in the L'(8)-sense. This limit satisfies

@l pe) S Nullzi ) + 1Aul(R). (4-9)
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We now show that tr coincides with tr for all smooth functions and hence start with an approximation
result.

Lemma 4.12. Let u € C°(Q) be uniformly continuous. Then Tju — u in C Q).

Proof. We have
u—Tiu=p; Z Nj i — I gu),
k

where it suffices to take the sum over those k with B; y NU; # <. Let us take one of those k. We will
show that ||n; (e — TT; )|l ; « @ is small for large j. Since the B} are locally finite with respect to k
(with a covering number independent of j), this will prove the lemma.

g
Bj,k

Since A maps constants to zero, the projections I1; ; map constants to themselves. Let (u)
f p¢ udx; then by Lemma 4.6(a)enumi
Jok

I = T oy = = () e WPk = e D

< |lu — (u) ¢ —1—][ u—(u),: |dx.
S W )T T 1 W

Since u is uniformly continuous, the B; ; and Bf, « are small and close to each other, see (B1), and we see
that both expressions on the right-hand side are small for large j uniformly in k. (Il
Corollary 4.13. Letu € BVA(Q) N CYUQ) be uniformly continuous. Then tr(u) = tr(u).

Proof. We see from Corollary 4.10 and Lemma 4.12 that Tju — u in BVA() and in C%(Q). By the
definition of tr(«), we have tr(Tju) — ff(u). Since Tju — u in CY(), we also have tr(Tju) — tr(u)
in C°(3L). The limits must agree in L}OC(a Q), so tr(u) = tr(u). U

We have already seen that tr : BVA(Q) — L'(9Q) is continuous with respect to the norm topology.
We wish to use this to conclude that tr is the only extension of the classical trace to BVA(Q). However, as
smooth functions are not dense in BV with respect to the norm topology, we switch to strict convergence
as in the BV-case.

Lemma 4.14. The trace operator tr: BVA(Q) — L1(3Q; RY) is continuous with respect to the strict
convergence of BVA(Q).

Proof. Letu, uy € BVA(Q) with u;>>u and m € N.
It follows from the definition (4-3) of 7} that for j > m + k¢ there holds for all v € BVA(Q)

Tj(pmv) = Pm ij-

Indeed, p,, = 1 on the B;; and the Bf’ ;. for all m that contribute to the sum in (4-3).
This implies

tr(v) = lim tr(Tjv) = lim tr(Tj(pnv)) = tr(o,v) in L' (3Q).
J—> 00 J—> 00

Now, forall k e N,

ltr(ur — )l 21 5y = 1T (om (ke — 1)) || 21 (52 -
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Thus, by (4-9)
I ux — )l L1 o) S 1lom (e = )l 1 @) + 1A Com (. — 1) [(R)
S Nl — ull gy + 1AUk | (Un) + [Aug|(Un) + 27" lux —ull 1,
Now, let k, I — oo. Since u;~>u in BVA(Q) and U,, is open, we get
It — w11 o0y S AU (Un).
The right-hand side converges to zero for m — oco. Thus ff(uk) — tr(u) in L! (0L2) for k — oo. O

In order to proceed, we need a smooth approximation result up to the boundary in the area-strict
topology.
Lemma 4.15. Let u € BVA(Q). Then there exists uj € C>®(Q) with ujlnt in BVA(Q).

Proof. For j > jo consider Tju. Then Tju is C* in U j+1. Indeed, for all x € U;;1 we have
(Tju)(x) = ) mju T .
k
For each k with B; ; N U;41 # 0 we have

IV 0T g S 1Vl e, T k0 e+ IV T il g,

Using inverse estimates for polynomials and Lemma 4.6 we get
j(n+1
19 0T o, S €10 Byl 1Tl 1 S 27D g,

Hence, Tju is uniformly continuous on U -

Now, let n.: R" — R be an standard mollifier (even and nonnegative). It is well known that u; . :=
pj+1Tju+ ((1 — pj+1)Tju) * n. converges to Tju as € \( 0 in L'() as well as in the area-strict sense.
Hence, we can find €; such that
<27/

””j,ej - ]}u”Ll(Q)

IA(Tju) [(R2) — [A ). )I(R)] <277

Moreover, recall that Tju — u strongly in BVA(Q). This implies that u j '= uj ¢ has the desired property.
This proves the strict convergence. The area-strict convergence follows by the same steps. ([

As a consequence of Lemmas 4.14 and 4.15 we immediately obtain the following corollary.

Corollary 4.16. The operator tr : BVA(Q) — LY(3Q; H" ) is the unique strictly continuous extension
of the classical trace on BVA(Q)NCYUQ).

Due to the above results it is not anymore necessary to distinguish the classical trace and our new trace.
We collect our results proven so far in the following theorem.

Theorem 4.17. Let A be C-elliptic and let Q2 be an NTA domain with Ahlfors regular boundary (see
Assumption 4.5). Then there exists a trace operator tr : BVA(Q) — L1 (02, H"~") such that the following
hold:
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(a) tr(u) coincides with the classical trace for all u € BVA(Q)NCYQ).
(b) tr(u) is the unique strictly continuous extension of the classical trace on BVA(Q)NCYQ).
(c) r(WAH(Q)) = r(BVA(Q)) = L' (9, H" ).

Proof. The existence of tr is shown in Lemma 4.14. Part (a) follows from Corollary 4.13, whereas (b) is a
consequence of Corollary 4.16. Finally, part (c) is a consequence of the fact that

(W@ RY)) = L1(92; RY)
and Wh1(Q; RY) ¢ WA(Q). In particular, the sufficiency part of Theorem 1.2 is complete. U

4C. Necessity of C-ellipticity. In this section we show that it is not possible to define an L'-trace of
BV”-functions if the operator A is not C-elliptic. As such, we extend the observation of [Fuchs and
Repin 2010] that D 5 z > 1/(z — 1) € C is holomorphic and belongs to L'(ID; C) but does not belong to
L'(dD; C); see Example 2.2(c).

Theorem 4.18 (without a trace). Suppose that A is not C-elliptic. Let B denote the unit ball of R".
Then there exists a vector & € R" \ {0} such that for the half-ball B* := {x € B : (£, x) > 0} and
the hyperplane $) = {x € R" : (1, x) = 0} there exists a function u € W' (B*) N C>®(B*) such that
ug¢ L'(®»NB, 1.

Proof. We begin with the case that A is not R-elliptic. Let us define f(x1, x2) := (Jx1]| + |x2|%)73/4, The
crucial observation now is that f, 8, f € L'(B). However, f ¢ L'({x; = 0}|z, #"~"). We have to adapt
this example to our situation. Since A is not R elliptic, there exists & € R” \ {0} and n; € RN\ {0}
with A[&;]n; = 0. We choose &, ..., &, such that &, ..., &, is a basis. Now, define 7 : R" — R2 and
o :R— RY by t(x) := (&1, x), (62, x)) and 0 (2) := z 1. Moreover, we define i, : R" — RN by
hf:=o0o fot. Then we obtain

2
(Ahf)(x) = ZA[Sj]nl(ajf)(f(x))

j=1

(compare (2-10)). Since A[&1]n; = 0, this simplifies to

(Ah ) (x) = AlE2]m1 (82 f) (T (x)).

We choose the hyperplane $:={x: (£, x) =0}. It follows from f, 8, f e L'(B) and f ¢ L'({x;=0}|5, 1"~ ")
that u, Au € L'(B) and so in particular u, Au € L'(BT) with Bt := {x € B : (§/,x) > 0} but u ¢
L'(HN B, H"1). This concludes the proof in the case that A is not R-elliptic.

Assume now that A is R-elliptic but not C-elliptic. Then as in the proof of Lemma 2.5 there exist
&1, & € R" and ny, n, € R", which are, resp., linearly independent such that

Al& +ixz](n +in2) =0.

Define f:C— Cby f(z) := ;. Then f € L'(By) with By :={|z| < 1} but f ¢ L'({Re(z) = 0}|p,, H" 1.
As in Lemma 2.5 we define 7 : R” — C and 0 : C — R" by t(x) := (£, x) = (&1, x) +i (£, x) and
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0 (z) :=Re(z)n; — Im(z)n,. Moreover, define i ;: R" — RN by hy:=0o fot. Then as in Lemma 2.5
we have (Ahs)(x) =0 in D'(B1) with BT := {x € B: (x;, x) > 0}. It follows from f € L'(B*) and
f ¢ L'({Re(z) = 0}|p,, H" ') that h y € WAL(B) but hy ¢ LY(HN B, H"') with $:= {x : (£, x) =0}.
This concludes the proof if A is R-elliptic but not C-elliptic. ]

Remark 4.19. Theorem 4.18 shows the nonexistence of a trace on some particular boundary hyperplane.
If © does not enjoy this simple geometry but is a bounded domain with C°°-boundary, then we choose a
boundary point xg € €2 such that a suitable translation of the hyperplanes $) from the preceding proof
becomes tangent to d<2 at x¢. In this situation, flattening the boundary locally around xy and applying the
preceding theorem directly yield the nonexistence of boundary traces in L'(9Q; H"~!). We leave the
details to the reader.

4D. Gauss—Green formula. We now deduce the Gauss—Green formula for functions from BVA(Q),
which, with Theorem 1.2 at our disposal, is a direct consequence of the Gauss—Green formula for smooth
functions. Let us note that up to here, only Assumption 4.5 is required, whereas in what follows we stick
to a Lipschitz assumption” on 9.

Theorem 4.20 (Gauss—Green formula). Let 2 C R" be open and bounded with Lipschitz boundary. For
all u € BVA(Q) and all ¢ € CH(Q; RN) we have

/Au-d)dx:—/u-A*qﬁdx—}—/ (tr(u) @a v) - pdH" 1, (4-10)
Q Q a0

where v denotes the unit outer normal of 2.

Proof. Due to Lemma 4.15 there exists a sequence u; € C > (Q) such that u.,-s—m in BVA(2). Due to
Lemma 4.14 we also have u; — u in L', H""). Now, (4-10) is valid for each u;j. Passing to the
limit proves the claim. 0

Corollary 4.21. Let Q € U C R”" such that Q and U are open and bounded and have Lipschitz boundary.
For u € BVA(Q) and v € BVA(U \ ) define w := xqu + xu\@v. Then w € BVAU) and

Aw = Aulg +AvLyg +t (V) —tr™ (1) @a vH" Laq, (4-11)

where trt (u) denotes the interior trace of u and tr— (v) denotes the exterior trace of v and v the unit outer
normal of 2.

Proof. Let w be as given and let ¢ € C1(U). We split the domain U into Q and U \ Q2 and apply the
Gauss—Green formula (4-10) first to U and then to €2 and U \ 2 separately. This yields

—/ wA*qux:—/ u-A*¢pdx —f v-A*pdx
U Q U\Q
:/Au-qﬁdx—/ (tr+(u)®,&v)-¢d7-[”_l—|—/ Av-pdx+| (T W)Qav)-¢pdH L.
Q a0 U\Q Q2

This proves w € BVA(U ) and the representation formula (4-11). O

21n fact, this can be weakened towards more general domains, but we will not need this in the sequel.
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4E. Sobolev spaces with zero boundary values. Using our trace operator, it is natural to define subspaces
of functions with zero boundary values; i.e.,

Wl (Q) = {u € WAN(Q) s tr(u) =0,

BV, () := {u € BVA(Q) : tr(u) = 0}.
However, in the context of Sobolev spaces WOA’1 (R2) there are two more variants to define these spaces.
One by zero extension and one by the closure of C2°(£2). We will show below in Theorem 4.23 that all
three definitions define the same spaces.

We begin with an auxiliary lemma which we need for WOA’1 (R2). For slightly more generality we state
it for BV} ().

Lemma 4.22. Letu € BVOA(Q). Then (1 —pj)u — uin BVA(Q), with p;j as in Section 4B.
Proof. We can assume that @ € U C R" for some open, bounded U with Lipschitz boundary. By

Corollary 4.21 we can extend u on U \ 2 by zero.
We have
Al = pju —u) =—p;jAu —u Qs Vp;.
Hence,
AT = p)u—w)|(R) < [Aul(U;) +cr; lull i,

We will now show that
-1
Vj ”u”Ll(Uj) 5 |Au|(Ujfm)

for some m € N (and sufficiently large, i.e., j +m > jy). In fact, for fixed j define
K;:.= {k: Bj,kﬂUj #“ O},
By the geometry of €2, we can find a factor A > 0 such that for each k € K; the enlarged ball AB;
contains some ball BJ’.’ i that is completely in R" \ 2. Now, for each k € K, we get by Theorem 3.3
||M||Ll(Bj,k) 5 ”””LI(AB_M) 5 rj|AM|()»Bj,k) = ”j|AM|(Q ﬁ)»Bj,k)-

Since the (B i) are locally finite, so are the (A B ). Now, if we choose m € N such that QNAB;  CU;_p,
then
r Nl S D0 s S D 1Al @, S 1ARIU) ).
kEKj kEKj
Overall, we obtain
AT — pj)u —u)|(2) < [Au|(Uj—m)-

Now, |Aul(U;—,) — 0, since U;_,, \( &. This proves the claim by the Poincaré inequality from
Theorem 3.3. O

Theorem 4.23 (zero traces). Let Q2 € U C R" for some open, bounded U with Lipschitz boundary and let
u € WAN(Q). The following are equivalent:

(@) ue W, ().
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(b) The extension i == xqu by zero on U \ Q is in W1 (U).
(c) There exist ux € C2°(S2) with uy — u in wAKQ).

Proof. (a)enumi = (b)enumi: Let u € WOA’I(SZ) and let # = xqu be its zero extension on U. Then by
Corollary 4.21 we have Aii =Aulg € L'(U), so ii € wAL).

(b)enumi = (a)enumi: Let it = xqu € W1 (U). Then by Corollary 4.21 we have Aii = Aul_g+ tr* (1) @a
vH"Lyq. Since At € L'(U), the singular part must vanish; i.e., tr™ (1) ®a vH" 'Lsq = 0. So by
R-ellipticity of A we have trt (u) = 0 on 3.

(c)enumi = (a)enumi: By continuity of the trace operator we have tr(u) = limy_,  tr(ug) =0 in L),
ALl
sou € W, (2).

(a)enumi = (c)enumi: Let v := (1 — pr)u as in Lemma 4.22. Then vy — u in W 1(Q). Moreover, the
v have compact support, since vy = 0 on Ug41. Now, let ne: R* — R be an standard mollifier with
support on B.(0). Then we find €; such that

vk — vk * e, ||LI(Q) + |Avg — Ay *¢€k)||L1(Q) = 27k
and supp(vi * ¢, ) € 2. The sequence uy := vi * ¢, has the desired properties. O

Proposition 4.24 (trace-preserving area-strict smoothing). Let 2 € U C R" such that 2 and U are open
and bounded and have Lipschitz boundary. Let ug € WAYNU). Further let u € BVA(U) with u = ug on
U \ Q. Then there exists u; € ug+ C2°(S2) such that ujum in BVA(U).

Proof. The proof is a straightforward modification of the corresponding statement for BV-functions; see
[Bildhauer 2003, Lemma B.2] or [Kristensen and Rindler 2010a, Lemma 1]. Let us just explain the basic
idea: The usual localization argument by a partition of unity reduces the question to a local Lipschitz
graph. Then split u into ug + xo(u — ug). Now the xqo(u — up) part is moved by translation slightly
into Q. In a second step it is mollified to get a C2°(S2) term. U

5. The Dirichlet problem on BV*

This final section is devoted to variational problems with linear growth involving Au subject to given
boundary data.

Let 2 C R” be an open, bounded set with Lipschitz boundary. Our goal is to study the functional § :
WA Q) — R given by

Slv] :=/ f(x, Av) dx, (5-1)
Q

where f satisfies linear growth conditions. Given a boundary datum ug € WA L(Q), we wish to minimise §
within the Dirichlet class uo+ W(’)& ! (£2). The existence of a minimiser together with the precise formulation
of the problem at our disposal will be given in Theorem 5.3 below.

Let us define the A-rank-one cone €(A) = RY @4 R" C RX, with ®4 as given by (2-7). This cone
is important to characterise the jump terms of BV” functions as in Corollary 4.21. Also in the product
rule (2-8), we have v ®a V¢ € € (A) pointwise for ¢ € C'(R") and v € C'(R"; RM).
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By use of the Fourier transform, we see that A(u) = (A[£]i) V. Since A[&]u € €' (A) pointwise, we obtain
A(u) € span(%(A)) pointwise. Hence, we define the effective range of A as Z(A) := span(% (A)) C RX;
i.e., Au € Z(A) pointwise. As a consequence, we only need to require that the second argument of f
in (5-1) is from Z(A). We assume that

f:Qx2A)— R is continuous (5-2)
and satisfies the following linear growth assumption
cilzl = f(x, 2) < e2lz] +¢3 (5-3)

for all x € Q and z € Z(A). Moreover, we require A to be C-elliptic, which allows us to use the trace
results of the previous sections.
Furthermore, we assume that there exists a modulus of continuity @ such that

|f(x, A) = f(y, Al =o(lx = yDL +|A]) (5-4)

holds for all x, y € Q and all A € Z(A). In all of what follows, we tacitly stick to these assumptions.
We say that g : Z(A) — R is A-quasiconvex if for all ¢ € W(}’OO((O, 1" RV) and A € Z(A) there holds

¢(4) < / (A +Ag)dx. (5-5)
O,1)"

We say that f : Q x Z(A) — R is A-quasiconvex if f(x, -) is A-quasiconvex for each x € Q.

Let us link this notion of quasiconvexity to that of [Fonseca and Miiller 1999, Definition 3.1]. Since A
is C-elliptic, it is also R-elliptic. So by [Van Schaftingen 2013, Proposition 4.2], there exists M € N and
a linear, homogeneous constant-coefficient differential operator L with symbol mapping L[£] from RX to
RM that annihilates A in the sense that the corresponding symbol complex

RN ALl gk L&l pM (5-6)

is exact for every £ € R" \ {0}. In this situation, A is called a potential for L, and L an annihilator for A.
Since A[£](RV) has the same dimension for all £ # 0, the operator L has constant rank. Consequently, our
A-quasiconvexity equals the [-quasiconvexity® of [Fonseca and Miiller 1999]. By exactness of the above
symbol complex (5-6), it is easy to see that the wave cone (or characteristic cone) Ay :=|J £k (0] ker(L[£])
of L agrees with our A-rank-one cone %' (A).

We define the strong recession function f : Q x Z(A) — R by

/’ tA
o0 A) = lim LA
x'—x t
A=A
r—o0

(5-7)

whenever the limit exists.

3In [Fonseca and Miiller 19991, first-order annihilating operators are considered, and in general this is not the case in our
situation (e.g., the symmetric gradient is annihilated by curl curl). However, the generalisation of the concept of L-quasiconvexity
extends to higher-order operators L in the obvious manner.
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Since f is A-quasiconvex, satisfies the linear growth condition (5-3), and satisfies the continuity
condition (5-4), Lemma A.1 from the Appendix yields that £ is automatically well-defined on © x € (A).

As usual the Dirichlet class ug + WOA’ ! (R2) is not large enough to ensure the existence of minimisers for
variational problems with linear growth. Here, the passage to BV* () allows us to access the necessary
sequential compactness. However, elements of BV*(£2) do not admit control over their exterior trace. To
overcome this problem we proceed as in [Giaquinta et al. 1979a; 1979b] and pass to a larger superset U,
i.e., let Q € U with oU Lipschitz. Now, we extend § to BVA(U) and minimise over those u € BVA(U)
which agree with ug on U \ 2. For this, we further need to accomplish the following: First, we have to
extend f: Qx Z(A) - Rto f:U x Z(A) — R, while preserving the structure of f; see Lemma A.2
in the Appendix. Second, we need to extend our boundary data to U, which is always possible, since
tr(WAN(Q)) = L'(0Q, H"™ ) = e(W1(U \ Q)) by Theorem 4.17. In particular, we assume in the
following that ug € W 1(U).

We define the functional Fy : BVA(U) —» R by

— dAw o dAw s
ot = | f(x’ E) [ g (x’ d|mw|) il

and the Dirichlet class

D,m:{weBVA(U):w:uo on U\ Q}.

Hence, our aim is to minimise §y over D,,. Later we will see that this minimisation can also be expressed
only in terms of BVA(Q) with an additional term (-, tr(u — ug) ®a v) which penalises the deviations
from the correct boundary values; see Theorem 5.3.

We begin with a characterisation of the extension of § : W*1(Q) — R to BVA(). For this, recall
that 2 C R” is a bounded Lipschitz domain and that (5-2)—(5-5) are in action.

Proposition 5.1. The functional § : BV*(Q) — R given by

§ . dAu d o dAu dIAS
[”]"/Qf(x’@> +/Qf (x’dwm)' !

is the A-area strict continuous extension of § : WAL(Q) = R. Moreover, F[u] : BVA(Q) — R is
sequentially weak*-lower semicontinuous on BV*().

Proof. We begin with the A-area strict continuity of § : BVA(Q) — R. If £ existed on all of Q x Z(A),
we could just use [Kristensen and Rindler 2010b, Theorem 4]. However, we can only rely on the existence
of £ on Q x €(A) due to Lemma A.1 from the Appendix. The following steps show how to overcome
this technical issue and hence how the argument of [Kristensen and Rindler 2010b, Theorem 4] can be
made to work.

Let us denote by E (2, Z(A)) those functions g :  x Z(A) — R such that

(&) > (1—&Dgx, (1 - 5D '8)
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has a continuous extension to QX—BK; here, Bx denotes the unit ball in Z(A). In particular, the strong
recession function g exists on all of Q x Z(A). Functionals with integrands from E (Q, Z(A)) enjoy
good continuity properties.

Due to [Alibert and Bouchitté 1997, Lemma 2.3] there exists a sequence f; € E (2, Z(A)) with

sup fr(x, A) = f(x, A) and sup f°(x, A) = fa(x, A) —hmlnf fx ; ) (5-8)
keN keN ﬁ/:)f;

Let u jﬁm in BVA(Q). Since fi € E(Q, Z(A)) we may apply the Reshetnyak-type continuity theorem
in [Kristensen and Rindler 2010b, Theorem 5] to conclude

A 00 dASuj s
hjn_l)g}f&[uj]>hjrg1£f il x dgn dx + fk x’d|ASuj| d|A u; |
Au dASu
d Plx, —— ) d|A®
/fk( dzn) o [ 5 (x d|/-w|) Al

and so, by monotone convergence,

dAu dAu —
d d|A* lim inf .
/Qf<x, dzn> x+/ﬁf#(x, dINul) [A’u| < imin Slu;l

Due to the generalisation of Alberti’s celebrated rank-one theorem in [De Philippis and Rindler 2016],
we know that dAu /d|A°u| € € (A) pointwisely |A’u|-a.e. Now, by Lemma A.1 from the Appendix, we
find that fx = f* on Q x ¥(A). Hence

Fu] = dAu d . dAu dIA U] < lim inf 3
[u]_/;zf X,@ X+/;2f X, dlAyul | M|_ 1}21013 [u!]'

Since f is continuous, we may apply the same argument to — f to obtain F[u] > lim sup 00 Flu il

Hence F[u] = lim o0 Flu ;1. This proves that 3 BVA(Q) — R is A-area strictly continuous.

Due to Lemma 4.15, WA-1(Q) is dense in BVA() with respect to A-area strict convergence. Since
§ =& on WA1(Q), we see that § : BVA(Q) — R is the A-area strict extension of § : WA 1(Q) — R.

It remains to prove the sequential weak*-lower semicontinuity of T : BVA(Q) — R on BVA(Q).
Let L be an A-annihilating operator as in the exact sequence (5-6). Now, the sequential weak*-lower
semicontinuity just follows from [Arroyo-Rabasa et al. 2018, Theorem 1.2] (note that °° is well-defined
on  x ¢(A) due to Lemma A.1 from the Appendix). O

If we apply to our Dirichlet class D,,, then we obtain the following results:

Corollary 5.2. Let f satisfy (5-2)—(5-5) and let §u0 :BVA(Q) — R, given by

_ dAu dAu B 00 n—1
&m[u]:/ f(x ) f IS ( )d|Au|—|—/ ¥ (X,V39®Atr(u—uo)>d7'l . (5-9)
Q d|ASu| a0

be sequentially weak*-lower semicontinuous on BV* ().
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Proof. Proposition 5.1 (applied with € replaced by U) shows that §y : BVA(U) — R is area-strictly
continuous on BVA(U ) and sequentially weak*-lower semicontinuous on BVA(U ).

For u € BVA(Q) let it := Xu\g4o + xeu. Then due to Corollary 4.21 we have i € BVA(U) and, with
the outer normal v of 2,

A =Aul Q4+ AugL" L (U \ Q) +tr(u — up) n vH" LS. (5-10)
Hence,

Sulal =Fuglul+ | f(x, Aug) dx. (5-11)
U\Q

If up s in BVA(Q), then iy =i in BVA(U). Indeed, it is clear that u; — u in L' (U). Moreover, since u
is bounded in BVA(2), so is Aug € M(S2) and tr(uy) in L'(3$2) (using the trace theorem, Theorem 4.17).
This and (5-10) show that i, is bounded in BVA(U ). In conjunction with uy — u in L'(U) we obtain

dr=i in BVA(U).
Since Fy is sequentially weak*-lower semicontinuous on BVA(U), it follows that §u0 sequentially
weak*-lower semicontinuous on BVA(Q). O

Theorem 5.3. Let f satisfy (5-2)—(5-5). Then the functional §u0 :BVA(Q) = R is coercive and has a
minimiser on BVA(Q). Moreover, we have

min §, = inf F. (5-12)
BVA(Q) uo+W,"' (Q)

Proof. We begin with the coerciveness of ;?MO. Let (vx) C BVA(Q) with (§uo(uk)) bounded. We have to
show that (vg) is bounded in BVA(Q). Let 3y := Xu\gHo + XUk as in Corollary 5.2. Then due to (5-11),
Su (Ur) is bounded. By the linear growth condition (5-3) we see that (Avg) is uniformly bounded in
M(U; RX). Now choose a ball B’ C 2 and another ball B with U C B. Since vy —ug=0on U \ Q, we
can extend it by zero to a function from BV (B) due to Theorem 4.23(b). Now, we can apply Poincaré’s
inequality in the form of Theorem 3.3 to conclude that (vg) is also bounded in L'(U). Hence, (vy) is
bounded on BVA(2), which is the desired coerciveness.

By positivity of f and f°°, we have §u0[w] >0 for all w € BVA(2), and so we may pick a minimising
sequence (uy) in BVA(Q). By coerciveness, this sequence is bounded in BVA(Q). We can pick a
(nonrelabeled) subsequence such that up=u in BVA(Q) for some u € BVA(Q). By the sequential
weak*-lower semicontinuity from Corollary 5.2, we deduce that  is a minimiser of §uo.

We conclude the proof by showing (5-12). The “<”-part is obvious. Due to Proposition 4.24 we find a
sequence wy € D, such that wkum in BVA(U). By the A-area-strict continuity of Fu on BVA(U), see
Proposition 5.1, we see that Su () = limg_, oo Ju (wy). This and (5-11) prove the “>"-part of (5-12). U

Appendix

We now collect some auxiliary results that have been used in the main part of the paper. The following
lemma shows that the recession function is automatically well-defined on the A-rank-one cone.
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Lemma A.1. Let A be R-elliptic, let f: Q x Z(A) — R be A-quasiconvex in the sense of (5-5), satisfy
the linear growth condition (5-3), and satisfy the continuity condition (5-4). Then f(x,-) is Lipschitz
continuous in Z(A) uniformly in x € Q. Moreover, the strong recession function f> : Q x Z(A) — R
with o
£, Ay i= tim LA
x'—=x t

A'—A
t—00

is well-defined on Q x €(A). (Note that the limit A’ — A is taken in Z(A).) Moreover,
| fP(x, A) = fPU, A)] <o(x' —x)IA]
forall x,x' € Q and A € €(A).

Proof. We begin with the Lipschitz continuity of f on Z(A).

Let Ae Z(A) and B=a ®ab € ¢€(A). Since f is A-quasiconvex, it is a consequence4 of [Fonseca
and Miiller 1999, Proposition 3.4] that # — f(x, A+ ¢B) is convex on R. This property is known as
% (A)-convexity; see [Kirchheim and Kristensen 2016].

Thus the function
[ f(x,A+ta®nb)— f(x, A

t
is increasing. Hence, with A := (1 +|A + B|+ |A|)/|B| > 1, we obtain

|f(x,A+B)— f(x,A)l=¢g) <g)

g(t) =

|B|
< x,A+ra®@ab)— f(x, A
| f( ab)— f( )|1+|A+B|+|A|
- 02(2|A|-i-)ulBl)-i-263|B|
1+|A+ B|+]A|
<62(1-1-3|A|+|A+B|)-i-263|B|
- 1+ |A+ B|+|A]

< (3¢2+2¢3)|B|

using (5-3). This proves the Lipschitz continuity in € (A)-directions.
If B € Z(A), then by Z(A) = span(%¢ (A)) we can decompose B into at most K summands from ¢ (A).
Now the Lipschitz continuity in %’(A)-directions implies

|f(x, A+ B) = f(x, A)| = KBc2 +2¢3)| B| (A-1)

for all A, B € #(A). This proves the Lipschitz continuity part.
Let A e ¢(A) and x € Q. Then t — (f(x,tA) — f(x,0))/t is increasing in ¢ by € (A)-convexity
of f(x,-) and bounded by c;|A| due to the linear growth condition (5-3). This allows us to define

4As proven in [Fonseca and Miiller 1999], if A is a first-order linear homogeneous differential operator, then .A-quasiconvex
functions are A _4-convex. Note that in our setting, . = .A need not be first of first order; however, their arguments extend to the
case of higher-order annihilating operators A in a straightforward manner.
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g® : Q x%(A) - R by
fx,tA)
sup ——.

t>0 t

1A
g (x, 4) = lim fx.14) (xt )

o0
Now, let A’ € Z(A) and x’ € Q; then by (A-1) and (5-4)

f(x',tA) _ f(x,tA)‘ - ‘f(x/, tA) — f(x/, tA)'+‘f(x/, tA)— f(x,tA)
t t - t t
1+1|A]

<KQBcr+2c3)|A— A | +w(]x" —x])

This proves f>°(x, A) = g*(x, A) for all x € Q and A € €(A). Consequently, we obtain the existence
of £ in Q x €(A).
The continuity of f*°(-, A) for A € €(A) is a direct consequence of the continuity of f(-, A). [

Lemma A.2. Let A be R-elliptic, and let f : Q2 x Z(A) — R be A-quasiconvex in the sense of (5-5), satisfy
the linear growth condition (5-3), and satisfy the continuity condition (5-4). Furthermore, let Q € U with
dU Lipschitz. Then there exists an extension f U x Z(A) — R of f, which is A-quasiconvex, satisfies
the linear growth condition (5-3), and satisfies the continuity condition (5-4). (The modulus of continuity
might change by a factor.)

Proof. Since U and 3K are Lipschitz, we find a Lipschitz map ® : U — Q, which is the identity on .
Now define f(x, A) := f(®(x), A). O

Acknowledgments

The authors wish to thank Jan Kristensen for numerous helpful discussions, comments and reading a
preliminary version of this paper. Gmeineder further acknowledges financial support and hospitality of
the Max—Planck—Institut fiir Mathematik in den Naturwissenschaften during a research stay in Leipzig in
May 2017, where parts of this project were concluded.

References

[Adams and Hedberg 1996] D. R. Adams and L. I. Hedberg, Function spaces and potential theory, Grundlehren der Math.
Wissenschaften 314, Springer, 1996. MR Zbl

[Alibert and Bouchitté 1997] J. J. Alibert and G. Bouchitté, “Non-uniform integrability and generalized Young measures”,
J. Convex Anal. 4:1 (1997), 129-147. MR Zbl

[Ambrosio and Dal Maso 1992] L. Ambrosio and G. Dal Maso, “On the relaxation in BV(€2; R™) of quasi-convex integrals”,
J. Funct. Anal. 109:1 (1992), 76-97. MR Zbl

[Ambrosio et al. 2000] L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity problems,
Oxford Univ. Press, 2000. MR Zbl

[Arroyo-Rabasa et al. 2018] A. Arroyo-Rabasa, G. De Philippis, and F. Rindler, “Lower semicontinuity and relaxation of
linear-growth integral functionals under PDE constraints”, Adv. Calc. Var. (online publication January 2018).

[Babadjian 2015] J.-F. Babadjian, “Traces of functions of bounded deformation”, Indiana Univ. Math. J. 64:4 (2015), 1271-1290.
MR Zbl

[Bartnik and Isenberg 2004] R. Bartnik and J. Isenberg, “The constraint equations”, pp. 1-38 in The Einstein equations and the
large scale behavior of gravitational fields, edited by P. T. Chrusciel and H. Friedrich, Birkhduser, Basel, 2004. MR Zbl


http://dx.doi.org/10.1007/978-3-662-03282-4
http://msp.org/idx/mr/1411441
http://msp.org/idx/zbl/0834.46021
http://eudml.org/doc/225088
http://msp.org/idx/mr/1459885
http://msp.org/idx/zbl/0981.49012
http://dx.doi.org/10.1016/0022-1236(92)90012-8
http://msp.org/idx/mr/1183605
http://msp.org/idx/zbl/0769.49009
http://msp.org/idx/mr/1857292
http://msp.org/idx/zbl/0957.49001
http://dx.doi.org/10.1515/acv-2017-0003
http://dx.doi.org/10.1515/acv-2017-0003
http://dx.doi.org/10.1512/iumj.2015.64.5601
http://msp.org/idx/mr/3385790
http://msp.org/idx/zbl/1339.26030
http://dx.doi.org/10.1007/978-3-0348-7953-8_1
http://msp.org/idx/mr/2098912
http://msp.org/idx/zbl/1073.83009

ON THE TRACE OPERATOR FOR FUNCTIONS OF BOUNDED A-VARIATION 593

[Bildhauer 2003] M. Bildhauer, Convex variational problems, Lecture Notes in Math. 1818, Springer, 2003. MR Zbl

[Bourgain and Brezis 2003] J. Bourgain and H. Brezis, “On the equation div Y = f and application to control of phases”, J. Amer.
Math. Soc. 16:2 (2003), 393-426. MR Zbl

[Bourgain and Brezis 2004] J. Bourgain and H. Brezis, “New estimates for the Laplacian, the div-curl, and related Hodge
systems”, C. R. Math. Acad. Sci. Paris 338:7 (2004), 539-543. MR Zbl

[Bourgain and Brezis 2007] J. Bourgain and H. Brezis, “New estimates for elliptic equations and Hodge type systems”, J. Eur.
Math. Soc. 9:2 (2007), 277-315. MR Zbl

[Calder6n and Zygmund 1956] A. P. Calderén and A. Zygmund, “On singular integrals”, Amer. J. Math. 78 (1956), 289-309.
MR Zbl

[Conti et al. 2005] S. Conti, D. Faraco, and F. Maggi, “A new approach to counterexamples to L! estimates: Korn’s inequality,
geometric rigidity, and regularity for gradients of separately convex functions”, Arch. Ration. Mech. Anal. 175:2 (2005),
287-300. MR Zbl

[Dacorogna 1982] B. Dacorogna, Weak continuity and weak lower semicontinuity of nonlinear functionals, Lecture Notes in
Math. 922, Springer, 1982. MR Zbl

[Dain 2006] S. Dain, “Generalized Korn’s inequality and conformal Killing vectors”, Calc. Var. Partial Differential Equations
25:4 (2006), 535-540. MR Zbl

[De Philippis and Rindler 2016] G. De Philippis and F. Rindler, “On the structure of .o7-free measures and applications”, Ann. of
Math. (2) 184:3 (2016), 1017-1039. MR Zbl

[Dupont and Scott 1978] T. Dupont and R. Scott, “Constructive polynomial approximation in Sobolev spaces”, pp. 31-44 in
Recent advances in numerical analysis, edited by C. de Boor and G. H. Golub, Publ. Math. Res. Center Univ. Wisconsin 41,
Academic Press, New York, 1978. MR Zbl

[Evans and Gariepy 1992] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, CRC Press, Boca
Raton, FL, 1992. MR Zbl

[Feireisl 2004] E. Feireisl, Dynamics of viscous compressible fluids, Oxford Lect. Series in Math. Appl. 26, Oxford Univ. Press,
2004. MR Zbl

[Fonseca and Miiller 1993] 1. Fonseca and S. Miiller, “Relaxation of quasiconvex functionals in BV (€2, R?) for integrands
f(x,u, Vu)”, Arch. Ration. Mech. Anal. 123:1 (1993), 1-49. MR Zbl

[Fonseca and Miiller 1999] 1. Fonseca and S. Miiller, “.<7-quasiconvexity, lower semicontinuity, and Young measures”, SIAM J.
Math. Anal. 30:6 (1999), 1355-1390. MR Zbl

[Fuchs and Repin 2010] M. Fuchs and S. Repin, “Some Poincaré-type inequalities for functions of bounded deformation
involving the deviatoric part of the symmetric gradient”, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 385
(2010), 224-233. In Russian; translated in J. Math. Sci. (N.Y.) 178:3 (2011), 367-372. MR Zbl

[Fuchs and Seregin 2000] M. Fuchs and G. Seregin, Variational methods for problems from plasticity theory and for generalized
Newtonian fluids, Lecture Notes in Math. 1749, Springer, 2000. Zbl

[Gagliardo 1957] E. Gagliardo, “Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi di funzioni in n variabili”,
Rend. Sem. Mat. Univ. Padova 27 (1957), 284-305. MR Zbl

[Giaquinta et al. 1979a] M. Giaquinta, G. Modica, and J. Soucek, “Functionals with linear growth in the calculus of variations, I”,
Comment. Math. Univ. Carolin. 20:1 (1979), 143-156. MR Zbl

[Giaquinta et al. 1979b] M. Giaquinta, G. Modica, and J. Soucek, “Functionals with linear growth in the calculus of variations, 11",
Comment. Math. Univ. Carolin. 20:1 (1979), 157-172. MR Zbl

[Gmeineder and Raitd 2019] F. Gmeineder and B. Raitd, “Embeddings for A-weakly differentiable functions on domains”,
J. Funct. Anal. 277:12 (2019), art. id. 108278. MR Zbl

[Hofmann et al. 2010] S. Hofmann, M. Mitrea, and M. Taylor, “Singular integrals and elliptic boundary problems on regular
Semmes—Kenig-Toro domains”, Int. Math. Res. Not. 2010:14 (2010), 2567-2865. MR Zbl

[Katamajska 1994] A. Katamajska, “Pointwise multiplicative inequalities and Nirenberg type estimates in weighted Sobolev
spaces”, Studia Math. 108:3 (1994), 275-290. MR Zbl


http://dx.doi.org/10.1007/b12308
http://msp.org/idx/mr/1998189
http://msp.org/idx/zbl/1033.49001
http://dx.doi.org/10.1090/S0894-0347-02-00411-3
http://msp.org/idx/mr/1949165
http://msp.org/idx/zbl/1075.35006
http://dx.doi.org/10.1016/j.crma.2003.12.031
http://dx.doi.org/10.1016/j.crma.2003.12.031
http://msp.org/idx/mr/2057026
http://msp.org/idx/zbl/1101.35013
http://dx.doi.org/10.4171/JEMS/80
http://msp.org/idx/mr/2293957
http://msp.org/idx/zbl/1176.35061
http://dx.doi.org/10.2307/2372517
http://msp.org/idx/mr/0084633
http://msp.org/idx/zbl/0072.11501
http://dx.doi.org/10.1007/s00205-004-0350-5
http://dx.doi.org/10.1007/s00205-004-0350-5
http://msp.org/idx/mr/2118479
http://msp.org/idx/zbl/1080.49026
http://msp.org/idx/mr/658130
http://msp.org/idx/zbl/0484.46041
http://dx.doi.org/10.1007/s00526-005-0371-4
http://msp.org/idx/mr/2214623
http://msp.org/idx/zbl/1091.35097
http://dx.doi.org/10.4007/annals.2016.184.3.10
http://msp.org/idx/mr/3549629
http://msp.org/idx/zbl/1352.49050
http://dx.doi.org/10.1016/B978-0-12-208360-0.50007-3
http://msp.org/idx/mr/519055
http://msp.org/idx/zbl/0456.65003
http://msp.org/idx/mr/1158660
http://msp.org/idx/zbl/0804.28001
http://dx.doi.org/10.1093/acprof:oso/9780198528388.001.0001
http://msp.org/idx/mr/2040667
http://msp.org/idx/zbl/1080.76001
http://dx.doi.org/10.1007/BF00386367
http://dx.doi.org/10.1007/BF00386367
http://msp.org/idx/mr/1218685
http://msp.org/idx/zbl/0788.49039
http://dx.doi.org/10.1137/S0036141098339885
http://msp.org/idx/mr/1718306
http://msp.org/idx/zbl/0940.49014
http://mi.mathnet.ru/eng/znsl3907
http://mi.mathnet.ru/eng/znsl3907
https://link.springer.com/article/10.1007%2Fs10958-011-0554-9
http://msp.org/idx/mr/2749377
http://msp.org/idx/zbl/1305.74038
http://dx.doi.org/10.1007/BFb0103751
http://dx.doi.org/10.1007/BFb0103751
http://msp.org/idx/zbl/0964.76003
http://www.numdam.org/item?id=RSMUP_1957__27__284_0
http://msp.org/idx/mr/0102739
http://msp.org/idx/zbl/0087.10902
https://dml.cz/handle/10338.dmlcz/105909
http://msp.org/idx/mr/526154
http://msp.org/idx/zbl/0421.49010
https://dml.cz/handle/10338.dmlcz/105910
http://msp.org/idx/mr/526154
http://msp.org/idx/zbl/0409.49007
http://dx.doi.org/10.1016/j.jfa.2019.108278
http://msp.org/idx/mr/4019087
http://msp.org/idx/zbl/07118806
http://dx.doi.org/10.1093/imrn/rnp214
http://dx.doi.org/10.1093/imrn/rnp214
http://msp.org/idx/mr/2669659
http://msp.org/idx/zbl/1221.31010
http://dx.doi.org/10.4064/sm-108-3-275-290
http://dx.doi.org/10.4064/sm-108-3-275-290
http://msp.org/idx/mr/1259280
http://msp.org/idx/zbl/0819.46021

594 DOMINIC BREIT, LARS DIENING AND FRANZ GMEINEDER

[Kirchheim and Kristensen 2016] B. Kirchheim and J. Kristensen, “On rank one convex functions that are homogeneous of
degree one”, Arch. Ration. Mech. Anal. 221:1 (2016), 527-558. MR Zbl

[Kristensen and Rindler 2010a] J. Kristensen and F. Rindler, “Characterization of generalized gradient Young measures generated
by sequences in w1 and BV”, Arch. Ration. Mech. Anal. 197:2 (2010), 539-598. MR Zbl

[Kristensen and Rindler 2010b] J. Kristensen and F. Rindler, “Relaxation of signed integral functionals in BV”, Calc. Var. Partial
Differential Equations 37:1-2 (2010), 29-62. MR Zbl

[Maz’ya 2011] V. Maz’ya, Sobolev spaces with applications to elliptic partial differential equations, 2nd ed., Grundlehren der
Math. Wissenschaften 342, Springer, 2011. MR Zbl

[Mihlin 1956] S. G. Mihlin, “On the multipliers of Fourier integrals”, Dokl. Akad. Nauk SSSR (N.S.) 109 (1956), 701-703. In
Russian. MR

[Ornstein 1962] D. Ornstein, “A non-equality for differential operators in the L| norm”, Arch. Ration. Mech. Anal. 11 (1962),
40-49. MR Zbl

[Reshetnyak 1968] Y. G. Reshetnyak, “The weak convergence of completely additive vector-valued set functions”, Sibirsk.
Mat. Z. 9 (1968), 1386-1394. In Russian; translated in Siberian Math. J. 9:6 (1968), 1039-1045. MR

[Rindler 2011] F. Rindler, “Lower semicontinuity for integral functionals in the space of functions of bounded deformation via
rigidity and Young measures”, Arch. Ration. Mech. Anal. 202:1 (2011), 63-113. MR Zbl

[Temam and Strang 1980] R. Temam and G. Strang, “Functions of bounded deformation”, Arch. Ration. Mech. Anal. 75:1
(1980), 7-21. MR Zbl

[Van Schaftingen 2013] J. Van Schaftingen, “Limiting Sobolev inequalities for vector fields and canceling linear differential
operators”, J. Eur. Math. Soc. 15:3 (2013), 877-921. MR Zbl

[Ziemer 1989] W. P. Ziemer, Weakly differentiable functions, Graduate Texts in Math. 120, Springer, 1989. MR Zbl
Received 8 Dec 2018. Accepted 23 Feb 2019.

DOMINIC BREIT: d.breit@hw.ac.uk
Department of Mathematics, Heriot-Watt University, Riccarton, Edinburgh, United Kingdom

LARS DIENING: lars.diening@uni-bielefeld.de
Fakultit fiir Mathematik, Universitit Bielefeld, Bielefeld, Germany

FRANZ GMEINEDER: fgmeined@math.uni-bonn.de
Department of Applied Mathematics, University of Bonn, Bonn, Germany

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1007/s00205-016-0967-1
http://dx.doi.org/10.1007/s00205-016-0967-1
http://msp.org/idx/mr/3483901
http://msp.org/idx/zbl/1342.49015
http://dx.doi.org/10.1007/s00205-009-0287-9
http://dx.doi.org/10.1007/s00205-009-0287-9
http://msp.org/idx/mr/2660519
http://msp.org/idx/zbl/1245.49060
http://dx.doi.org/10.1007/s00526-009-0250-5
http://msp.org/idx/mr/2564396
http://msp.org/idx/zbl/1189.49018
http://dx.doi.org/10.1007/978-3-642-15564-2
http://msp.org/idx/mr/2777530
http://msp.org/idx/zbl/1217.46002
http://msp.org/idx/mr/0080799
http://dx.doi.org/10.1007/BF00253928
http://msp.org/idx/mr/0149331
http://msp.org/idx/zbl/0106.29602
https://link.springer.com/article/10.1007/BF02196453
http://msp.org/idx/mr/0240274
http://dx.doi.org/10.1007/s00205-011-0408-0
http://dx.doi.org/10.1007/s00205-011-0408-0
http://msp.org/idx/mr/2835863
http://msp.org/idx/zbl/1258.49014
http://dx.doi.org/10.1007/BF00284617
http://msp.org/idx/mr/592100
http://msp.org/idx/zbl/0472.73031
http://dx.doi.org/10.4171/JEMS/380
http://dx.doi.org/10.4171/JEMS/380
http://msp.org/idx/mr/3085095
http://msp.org/idx/zbl/1284.46032
http://dx.doi.org/10.1007/978-1-4612-1015-3
http://msp.org/idx/mr/1014685
http://msp.org/idx/zbl/0692.46022
mailto:d.breit@hw.ac.uk
mailto:lars.diening@uni-bielefeld.de
mailto:fgmeined@math.uni-bonn.de
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF
Patrick Gérard
patrick.gerard @math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Gilles Pisier  Texas A&M University, and Paris 6

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vadim Kaloshin

Herbert Koch

Izabella Laba

Richard B. Melrose

Frank Merle

William Minicozzi IT

Clément Mouhot

‘Werner Miiller

berti @sissa.it

University of California, Berkeley, USA
mchrist@math.berkeley.edu
Princeton University, USA
cf@math.princeton.edu

Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com
Universitit Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk
Universitit Bonn, Germany

mueller @math.uni-bonn.de

Tristan Riviere

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao @math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski @math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 13 No.2 2020

Regularity estimates for elliptic nonlocal operators
BARTELOMIEJ DYDA and MORITZ KASSMANN

On solvability and ill-posedness of the compressible Euler system subject to stochastic forces
DOMINIC BREIT, EDUARD FEIREISL and MARTINA HOFMANOVA

Variable coefficient Wolff-type inequalities and sharp local smoothing estimates for wave
equations on manifolds
DAVID BELTRAN, JONATHAN HICKMAN and CHRISTOPHER D. SOGGE

On the Holder continuous subsolution problem for the complex Monge—Ampere equation, II
NGoc CUONG NGUYEN

The Calderén problem for the fractional Schrodinger equation
TUHIN GHOSH, MIKKO SALO and GUNTHER UHLMANN

Sharp Strichartz inequalities for fractional and higher-order Schrodinger equations
GIANMARCO BROCCHI, DIOGO OLIVEIRA E SILVA and RENE QUILODRAN

A bootstrapping approach to jump inequalities and their applications
MARIUSZ MIREK, ELIAS M. STEIN and PAVEL ZORIN-KRANICH

On the trace operator for functions of bounded A-variation
DOMINIC BREIT, LARS DIENING and FRANZ GMEINEDER

Optimal constants for a nonlocal approximation of Sobolev norms and total variation
CLARA ANTONUCCI, MASSIMO GOBBINO, MATTEO MIGLIORINI and NICOLA
PICENNI

317

371

403

435

455

477

527

559

595



	1. Introduction
	1A. Aim and scope
	1B. Contextualisation and function spaces
	1C. Main results
	1D. Variational problems
	1E. Organisation of the paper

	2. Functions of bounded A-variation
	2A. General notation
	2B. Function space setup
	2C. Assumptions on the differential operator A
	2D. Smooth approximations in the interior

	3. Projections and Poincaré inequalities
	3A. Projection operator
	3B. Poincaré inequalities

	4. Traces
	4A. Assumptions on the domain
	4B. Trace operator
	4C. Necessity of C-ellipticity
	4D. Gauss–Green formula
	4E. Sobolev spaces with zero boundary values

	5. The Dirichlet problem on BVA
	Appendix
	Acknowledgments
	References
	
	

