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ON THE GAP BETWEEN THE GAMMA-LIMIT AND THE POINTWISE LIMIT
FOR A NONLOCAL APPROXIMATION OF THE TOTAL VARIATION

CLARA ANTONUCCI, MASSIMO GOBBINO AND NICOLA PICENNI

We consider the approximation of the total variation of a function by the family of nonlocal and nonconvex
functionals introduced by H. Brezis and H.-M. Nguyen in a recent paper. The approximating functionals are
defined through double integrals in which every pair of points contributes according to some interaction law.

We answer two open questions concerning the dependence of the Gamma-limit on the interaction law. In
the first result, we show that the Gamma-limit depends on the full shape of the interaction law and not only
on the values in a neighborhood of the origin. In the second result, we show that there do exist interaction
laws for which the Gamma-limit coincides with the pointwise limit on smooth functions.

The key argument is that for some special classes of interaction laws the computation of the Gamma-limit
can be reduced to studying the asymptotic behavior of suitable multivariable minimum problems.

1. Introduction

In a recent paper H. Brezis and H.-M. Nguyen [2018] introduced the family of nonlocal functionals

3δ(ϕ, u, �) :=
∫∫

�2
ϕ

(
|u(y)− u(x)|

δ

)
δ

|y− x |d+1 dx dy, (1-1)

where d is a positive integer, �⊆ Rd is an open set, δ > 0 is a real parameter, u :�→ R is a measurable
function, and ϕ : [0,+∞)→ [0,+∞) is a measurable function satisfying suitable properties; see also
the note [Brezis and Nguyen 2017] or the conference [Brezis 2016] for a nice presentation of the topic.
The function ϕ, whose presence is motivated by problems in image processing, see [Brezis 2015; Brezis
and Nguyen 2018], describes the extent to which a pair (x, y) ∈ �2 contributes to the double integral
(1-1). For this reason, in the sequel we call ϕ the “interaction law”.

Following [Brezis and Nguyen 2018], we restrict ourselves to a special set of functions.

Definition 1.1 (admissible interaction laws). Let A denote the set of all functions ϕ : [0,+∞)→[0,+∞)
not identically equal to 0 such that

(i) ϕ is nondecreasing and lower semicontinuous on [0,+∞) and is continuous except at a finite number
of points in (0,+∞),

(ii) there exist a nonnegative real number a and a positive real number b such that

ϕ(t)≤min{at2, b} for all t ∈ [0,+∞).

MSC2010: 26B30, 46E35.
Keywords: Gamma-convergence, total variation, bounded-variation functions, nonlocal functional, nonconvex functional.
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These conditions guarantee that when ϕ ∈A, the right-hand side of (1-1) is finite at least for every u
of class C1 with compact support, and the resulting functional 3δ is lower semicontinuous with respect
to the convergence in L1(�).

The basic example is the case where ϕ(t) coincides with

ϕ1(t) :=
{

0 if t ∈ [0, 1],
1 if t > 1.

(1-2)

In [Brezis and Nguyen 2018] also a normalization condition is included in the definition of A. In this
paper we do not impose any normalization condition, but instead we set

N (ϕ) :=
∫
+∞

0

ϕ(t)
t2 dt for all ϕ ∈A, (1-3)

and we exploit this constant as a scale factor when computing limits and Gamma-limits.

Previous literature. The asymptotic behavior of the family 3δ was investigated in a series of papers,
starting with the model case ϕ = ϕ1; see [Bourgain and Nguyen 2006; Nguyen 2006; 2007; 2008; 2011].
The idea is that 3δ(ϕ, u, �) is asymptotically proportional to the functional

30(u, �) :=
{

total variation of u in � if u ∈ BV(�),
+∞ if u ∈ L1(�) \BV(�).

In order to state the precise results, let Sd−1
:= {σ ∈ Rd

: |σ | = 1} denote the unit sphere in Rd, and let
us consider the geometric constant

Gd :=

∫
Sd−1
|〈v, σ 〉| dσ, (1-4)

where v is any element of Sd−1 (of course the value of Gd does not depend on the choice of v), and the
integration is intended with respect to the (d−1)-dimensional Hausdorff measure.

The main convergence results obtained in [Brezis and Nguyen 2018] can be summed up as follows.

•Pointwise convergence. For every ϕ ∈A it turns out that

lim
δ→0+

3δ(ϕ, u,Rd)= Gd · N (ϕ) ·30(u,Rd) for all u ∈ C1
c (R

d),

where Gd is the geometric constant defined in (1-4), and N (ϕ) is the scale factor defined in (1-3).
On the other hand, there do exist functions u ∈W 1,1(Rd) for which the left-hand side is infinite (while

of course the right-hand side is finite). A precise characterization of equality cases is still unknown.

•Gamma-convergence. For every ϕ ∈A, there exists a constant Kd(ϕ), depending a priori also on the
space dimension, such that

0– lim
δ→0+

3δ(ϕ, u,Rd)= Gd · N (ϕ) · Kd(ϕ) ·30(u,Rd) for all u ∈ L1(Rd), (1-5)

where the Gamma-limit is intended with respect to the usual metric of L1(Rd) (but the result would be
the same with respect to the convergence in measure).
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Assuming that Kd(ϕ) does not depend on d, as one reasonably expects, we could interpret (1-5) by
saying that the Gamma-limit depends on the space dimension through the geometric constant Gd , on the
size of ϕ through the scale factor N (ϕ), and on the shape of ϕ through the “shape factor” Kd(ϕ).

The behavior under rescaling clarifies the different nature of the scale and the shape factors. If we
replace ϕ(t) by ϕ̂(t) := αϕ(βt) for some positive constants α and β, a change of variables shows that
N (ϕ̂)= αβN (ϕ), and the same scaling affects the left-hand side of (1-5). It follows that Kd(ϕ)= Kd(ϕ̂),
namely the shape factor is invariant by both horizontal and vertical rescaling.

Very little was known about Kd(ϕ). In [Nguyen 2007; 2011] it was proved that Kd(ϕ1)≤ log 2, where
ϕ1 is the model interaction law defined in (1-2). In [Brezis and Nguyen 2018] it was proved that

Kd(ϕ1)≤ Kd(ϕ)≤ 1 for all ϕ ∈A.

In order to shed some light on Kd(ϕ), whose appearance in the Gamma-limit was defined in [Brezis
and Nguyen 2018] as “mysterious and somewhat counterintuitive”, some open questions were explicitly
stated. The first one addresses the dependence of Kd(ϕ) on the full shape of ϕ.

Question 1 (see [Brezis and Nguyen 2018, Open Problem 4]). Assume that two functions ϕ and ψ in A
satisfy N (ϕ)= N (ψ), and

ϕ ≥ ψ near 0 (resp. ϕ = ψ near 0 ).

Is it true that
Kd(ϕ)≥ Kd(ψ) (resp. Kd(ϕ)= Kd(ψ))?

A positive answer to this question would imply that, once that the scale factor has been fixed, only
the behavior of the interaction law in a neighborhood of the origin is relevant to the Gamma-limit. This
intuition is supported by the observation that the kernel in (1-1) is divergent on the diagonal y = x , and
therefore short-range interactions should be more relevant in the computation of Kd(ϕ).

The second question addresses the necessity and the width of the gap between the pointwise limit and
the Gamma-limit.

Question 2 (see [Brezis and Nguyen 2018, Open Problem 2]). Is it true that Kd(ϕ) < 1 for every ϕ ∈A
(and every space dimension d)? Or even better: is it true that

sup{Kd(ϕ) : ϕ ∈A}< 1? (1-6)

A positive answer to this question, especially in the stronger form (1-6), would imply that the counter-
intuitive gap is structural.

Our results. In this paper we show that the answer to both questions is negative. To this end, for every
positive integer k we consider the interaction law ϕk : [0,+∞)→ [0,+∞) defined as

ϕk(t) := ϕ1

(
t
k

)
=

{
0 if t ∈ [0, k],
1 if t > k,

(1-7)

and then we introduce the following special classes of interaction laws.
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Definition 1.2 (special interaction laws). Let A denote the set of all admissible interaction laws defined
in Definition 1.1. We consider the following special subclasses.

• Let A0 denote the set of interaction laws that vanish in [0, 1], namely

A0 := {ϕ ∈A : ϕ(t)= 0 for all t ∈ [0, 1]}. (1-8)

• Let PCA denote the set of interaction laws that can be written in the form

ϕ(t)=
m∑

k=1

λkϕk(t) for all t ≥ 0 (1-9)

for some positive integer m and some nonnegative real numbers λ1, . . . , λm (not all equal to 0).

• Let PCA2 denote the set of interaction laws of the form (1-9) whose coefficients are equal in packages
of powers of 2, namely

λ2 = λ3, λ4 = · · · = λ7, λ8 = · · · = λ15,

and so on. More precisely, every ϕ ∈ PCA2 can be written in the form

ϕ(t) :=
m∑

j=1

(
aj

2 j
−1∑

k=2 j−1

ϕk(t)
)

for all t ≥ 0 (1-10)

for some positive integer m, and some nonnegative real numbers a1, . . . , am (not all equal to 0).

We observe that
A⊇A0 ⊇ PCA⊇ PCA2,

and all inclusions are strict.
Our first result is the following.

Theorem 1.3 (piecewise constant interaction laws). Let Kd(ϕ) be the shape factor of an interaction law
as defined by (1-5).

Then in every space dimension d it turns out that

sup{Kd(ϕ) : ϕ ∈ PCA2} = 1.

A closer look at the proof reveals that the supremum is realized for example by the interaction laws
of the form (1-10) with a1 = . . .= am = 1, in the limit as m→+∞. We point out that these achieving
interaction laws are also of the form (1-9) with λk = 1 and m a power of 2.

Theorem 1.3 above provides a negative answer to Question 1, as well as a negative answer to Question 2
in the stronger form (1-6). In particular, this means that the full shape of the interaction law comes into
play in the computation of the Gamma-limit, which therefore takes into account both short-range and
long-range interactions. At the beginning of Section 6 we present also an example with strict inequalities,
namely with ϕ > ψ near the origin, but Kd(ϕ) < Kd(ψ).

Our second result gives a stronger negative answer to Question 2, even when restricted to the smaller
class A0.
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Theorem 1.4 (piecewise affine dyadic interaction laws). Let Kd(ϕ) be the shape factor of an interaction
law as defined by (1-5).

Then the following statements hold true:

(1) In every space dimension d it turns out that

max{Kd(ϕ) : ϕ ∈A0} = 1.

(2) More precisely, let f : Z→ [0,+∞) be any nondecreasing and bounded function (not identically
equal to 0) such that

lim sup
n→+∞

f (−n) · 4n <+∞. (1-11)

Let us consider the function ζ : [0,+∞)→ [0,+∞) such that

• ζ(0)= 0,

• ζ(2z)= f (z) for every z ∈ Z,

• ζ is affine in the interval [2z, 2z+1
] for every z ∈ Z.

Then it turns out that ζ ∈A, and Kd(ζ )= 1 in every space dimension d.

The second statement of Theorem 1.4 above shows in particular that there are large classes of interaction
laws for which the Gamma-limit of (1-1) coincides with the pointwise limit for smooth functions.

Overview of the technique. The proof of these results follows the same strategy that in [Antonucci et al.
2020] led us to show that actually Kd(ϕ1) = log 2 (see also [Antonucci et al. 2018] for an informal
summary of our approach). Since we only need estimates from below for the shape factor, we can limit
ourselves to estimating from below the Gamma-liminf. The main steps are the following.

From local to global bounds: In Theorem B we reduce the problem in any dimension to intervals of the
real line, namely to showing that for δ small enough we can estimate from below 3δ(ϕ, u, (a, b)) in
terms of the oscillation of u in (a, b).

Reduction to multivariable minimum problems: In Proposition 4.3 we show that, when ϕ ∈ PCA, we
can assume that u is a nondecreasing step function with finite image contained in δZ. Up to vertical
translations, any such function depends only on the lengths `1, . . . , `n of the steps, where n ∼ δ−1. In
this way we reduce ourselves to studying the minimum of a δ-dependent multivariable function.

Telescopic effect: The minimum problems found in Proposition 4.3 can be very complicated. Nevertheless,
in the special case where ϕ ∈ PCA2, a telescopic effect implies that the configurations with `1 = · · · = `n

are asymptotically optimal (see Proposition 3.3). At this point, we have explicit estimates from below for
the Gamma-liminf, which in turn yield explicit estimates from below for shape factors, thus leading to
the proof of Theorem 1.3.

Approximation from below of special interaction laws: The more general interaction laws of Theorem 1.4
can be approximated from below by sequences of interaction laws that, up to horizontal rescaling, are in
PCA2. Again this provides estimates from below for the Gamma-liminf, and hence for shape factors, that
lead to the proof of Theorem 1.4.
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Structure of the paper. This paper is organized as follows. In Section 2 we recall the technical results
from [Antonucci et al. 2020] that are needed in the sequel. In Section 3 we investigate the asymptotic
behavior of suitable sequences of minimum problems for functions of a finite number of variables. In
Section 4 we prove Proposition 4.3, which establishes the connection between the Gamma-limit of (1-1)
and the minimum problems of the previous section. In Section 5 we prove Theorems 1.3 and 1.4. In
Section 6 we speculate about some possible generalizations and future directions.

2. Preliminary results

In this section we collect, for the convenience of the reader, the results from [Antonucci et al. 2020] that
are crucial to this paper. To begin with, we recall the definitions of truncation, vertical δ-segmentation
and nondecreasing rearrangement.

Definition 2.1 (truncation). Let X be any set, let w : X→ R be any function, and let A < B be two real
numbers. The truncation of w between A and B is the function TA,Bw : X→ R defined by

TA,Bw(x) :=


A if w(x) < A,
w(x) if A ≤ w(x)≤ B,
B if w(x) > B.

Definition 2.2 (vertical δ-segmentation). Let X be any set, let w : X→ R be any function, and let δ be a
positive real number. The vertical δ-segmentation of w is the function Sδw : X→ R defined by

Sδw(x) := δ
⌊
w(x)
δ

⌋
for all x ∈ X.

The function Sδw takes its values in δZ, and it is uniquely characterized by the fact that Sδw(x)= kδ
for some k ∈ Z if and only if kδ ≤ w(x) < (k+ 1)δ.

Definition 2.3 (nondecreasing rearrangement). Let (a, b)⊆ R be an interval, and let w : (a, b)→ R be a
function whose image is a finite set. The nondecreasing rearrangement ofw is the function Mw : (a, b)→R

defined by

Mw(x) :=min{y ∈ R :meas{z ∈ (a, b) : w(z)≤ y} ≥ x − a} for all x ∈ R. (2-1)

As expected, the function Mw is nondecreasing and satisfies

meas{x ∈ (a, b) : Mw(x)= y} =meas{x ∈ (a, b) : w(x)= y} for all y ∈ R.

Semidiscrete aggregation problem. Let us recall the main result of [Antonucci et al. 2020, Section 2],
where a class of discrete and semidiscrete aggregation problems was considered. Following the terminology
introduced therein, the basic ingredients are an interval (a, b) ⊆ R, an integer number k ≥ 1, and a
nonincreasing function c : (0, b− a)→ R, possibly unbounded in a neighborhood of the origin, called
the hostility function. A semidiscrete arrangement is any measurable function u : (a, b)→ Z with finite
image.
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For any such function u, we define the total k-hostility as

Fk(c, u)=
∫∫

(a,b)2
ϕk(|u(y)− u(x)|) · c(|y− x |) dx dy, (2-2)

where ϕk(t) is the interaction law defined by (1-7).
The key result proved in [Antonucci et al. 2020, Theorem 2.4] (and equivalent to some rearrangement

inequalities found independently in [Taylor 1973; Garsia and Rodemich 1974] in a different context) is
that the nondecreasing rearrangement does not increase the total hostility.

Theorem A (total hostility minimization). Let (a, b)⊆ R be an interval, let k ≥ 1 be an integer, and let
c : (0, b− a)→ R be a nonincreasing function. Let u : (a, b)→ Z be a measurable function with finite
image, let Mu : (a, b)→ Z be its nondecreasing rearrangement defined by (2-1), and let Fk(c, u) be the
functional defined by (2-2).

Then it turns out that
Fk(c, u)≥ Fk(c,Mu).

Localization technique. One of the main points in [Antonucci et al. 2020] was obtaining a localized
version of the Gamma-liminf inequality, namely an asymptotic estimate from below for 3δ(ϕ, uδ, (a, b))
in terms of the oscillation of uδ in (a, b). After such an estimate has been established, a quite classical
path, see for example [Gobbino 1998; Gobbino and Mora 2001], independent of the presence of the
interaction law ϕ, leads to an estimate from below for the Gamma-liminf of 3δ in any space dimension,
and hence to an estimate from below for the shape factor of ϕ. The precise statement is the following.

Theorem B (from local to global bounds). Let ϕ ∈ A be an interaction law, with scale factor N (ϕ)
defined by (1-3) and shape factor Kd(ϕ) defined by (1-5).

Let us assume that there exists a constant K0 such that, for every interval (a, b)⊆ R and every family
{uδ}δ>0 ⊆ L1((a, b)), it happens that

lim inf
δ→0+

3δ(ϕ, uδ, (a, b))≥ K0 · lim inf
δ→0+

osc(uδ, (a, b)), (2-3)

where osc(uδ, (a, b)) denotes the essential oscillation of uδ in (a, b).
Then for every positive integer d it turns out that

0– lim inf
δ→0+

3δ(ϕ, u,Rd)≥ Gd ·
1
2 K0 ·30(u,Rd) for all u ∈ L1(Rd). (2-4)

The proof of Theorem B has two distinct steps.
The first one, for which we refer to [Antonucci et al. 2020, Section 3.2], exploits a piecewise affine

approximation in order to deduce (2-4) in dimension 1 from the local estimate (2-3). We remark that
G1 = 2, and therefore in dimension 1 the geometric constant cancels the denominator, so that (2-3) is
exactly the localized version of (2-4).

The second step, for which we refer to [Antonucci et al. 2020, Section 4], relies on an integral-geometric
representation of both the total variation and the double integral (1-1). This representation leads from
(2-4) in dimension 1 to the analogous inequality in any space dimension.
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3. A family of multivariable minimum problems

In this section we introduce some notation, and we prove asymptotic estimates for a family of inequalities
involving multivariable functions. Roughly speaking, these multivariable functions represent the functional
3δ computed on a piecewise constant function with a finite number of steps of lengths `1, . . . , `n . The
main result of this section, namely estimate (3-10), is going to play a crucial role when combined with
the result of Proposition 4.3, where we estimate from below the asymptotic cost of oscillations.

Let n be a positive integer, and let (`1, . . . , `n) be an n-tuple of nonnegative real numbers. For every
positive integer k ≤ n we consider all possible sums of k consecutive terms

Si,k(`1, . . . , `n) :=

k−1∑
h=0

`i+h for all i ∈ {1, . . . , n− k+ 1}, (3-1)

and we define the set

Dn,k := {(`1, . . . , `n) ∈ [0,+∞)n : Si,k(`1, . . . , `n) > 0 for all i ∈ {1, . . . , n− k+ 1}} (3-2)

of all n-tuples of nonnegative real numbers without k consecutive components equal to 0. When n ≥ k+1,
for every (`1, . . . , `n) ∈ Dn,k we can set

Lk(`1, . . . , `n) :=

n−k∑
i=1

log
[Si,k+1(`1, . . . , `n)]

2

Si,k(`1, . . . , `n) · Si+1,k(`1, . . . , `n)
. (3-3)

Given any interaction law ϕ ∈ PCA, we call µ(ϕ) the smallest integer k such that λk 6= 0 in the
representation (1-9), and for every n ≥ m+ 1 we consider the homogeneous function Pn,ϕ : Dn,µ(ϕ)→ R

defined by

Pn,ϕ(`1, . . . , `n) :=

m∑
k=µ(ϕ)

λk Lk(`1, . . . , `n) for all (`1, . . . , `n) ∈ Dn,µ(ϕ), (3-4)

and its infimum
In(ϕ) := inf{Pn,ϕ(`1, . . . , `n) : (`1, . . . , `n) ∈ Dn,µ(ϕ)}

= inf{Pn,ϕ(`1, . . . , `n) : (`1, . . . , `n) ∈ (0,+∞)n}. (3-5)

Let us consider for example the interaction law ϕ1 defined in (1-2). In this case µ(ϕ1)= 1, the set Dn,1

is just (0,+∞)n, and the function in (3-4) has the form

Pn,ϕ1(`1, . . . , `n)= L1(`1, . . . , `n)= log
(`1+ `2)

2

`1`2
+ log

(`2+ `3)
2

`2`3
+ · · ·+ log

(`n−1+ `n)
2

`n−1`n
.

All the fractions inside the logarithms are greater than or equal to 4, and hence In(ϕ1)= (n− 1) log 4,
with the minimum realized when all the variables are equal. This computation was the final step in the
proof of the crucial estimate in [Antonucci et al. 2020]. In Section 4 of the present paper we show that
the asymptotic behavior of In(ϕ) plays a fundamental role in estimating from below the shape factor of
any interaction law ϕ ∈ PCA.
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Unfortunately, things are not that simple for larger values of k. For example, when the interaction law
is ϕ3, the function L3(`1, . . . , `n) is given by

log
(`1+ `2+ `3+ `4)

2

(`1+ `2+ `3)(`2+ `3+ `4)
+ log

(`2+ `3+ `4+ `5)
2

(`2+ `3+ `4)(`3+ `4+ `5)
+ · · · ,

and now the minimum is not realized when all the variables are equal (for example the periodic pattern
1, 0, 0, 1, 0, 0, . . . is better).

Of course any interaction law of the form ϕk can be dealt with as a rescaling of ϕ1, but nevertheless
the appearance of different patterns in the minimization process seems to suggest that things get worse
and worse when we take linear combinations of the form (3-4). Fortunately this is not always the case.
Indeed, when we expand linear combinations of this form, the numerators of the terms of Lk can partially
cancel with the denominators of the terms of Lk+1, leading to the following result.

Lemma 3.1 (telescopic effect). Let a, b, and n be positive integers such that a ≤ b ≤ n− 1. Let Si,k and
Lk be the functions of n variables defined in (3-1) and (3-3).

Then for every (`1, . . . , `n) ∈ Dn,a it turns out that

b∑
j=a

L j (`1, . . . , `n)≥

n−b∑
i=1

log
[Si,b+1(`1, . . . , `n)]

2

Si,a(`1, . . . , `n) · Si+(b−a)+1,a(`1, . . . , `n)
. (3-6)

Proof. To begin with, we observe that (3-6) is an equality when b= a. Therefore, in the sequel we assume
that b ≥ a+ 1. For the sake of shortness, throughout this proof we omit the explicit dependence on the
variables `1, . . . , `n . The left-hand side of (3-6) can be written in the form

b∑
j=a

L j = 261−62−63, (3-7)

where

61 :=

b∑
j=a

n− j∑
i=1

log Si, j+1, 62 :=

b∑
j=a

n− j∑
i=1

log Si, j , 63 :=

b∑
j=a

n− j∑
i=1

log Si+1, j .

With some algebra (shift of indices and separation of the terms corresponding to the first or last value
of some index) we can rewrite the three sums as

61 =

n−b∑
i=1

log Si,b+1+

b∑
j=a+1

log S1, j +

b∑
j=a+1

log Sn− j+1, j +

b∑
j=a+1

n− j∑
i=2

log Si, j ,

62 =

n−a∑
i=1

log Si,a +

b∑
j=a+1

log S1, j +

b∑
j=a+1

n− j∑
i=2

log Si, j ,

63 =

n−a+1∑
i=2

log Si,a +

b∑
j=a+1

log Sn− j+1, j +

b∑
j=a+1

n− j∑
i=2

log Si, j .
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When we plug these three equalities into (3-7), all double sums cancel, and also the second sums in
62 and 63 cancel with a part of the second and third terms in 61. We end up with

261−62−63= 2
n−b∑
i=1

log Si,b+1+

b∑
j=a+1

log S1, j+

b∑
j=a+1

log Sn− j+1, j−

n−a∑
i=1

log Si,a−

n−a+1∑
i=2

log Si,a. (3-8)

Let us reorganize these terms. In the second and third sums we change the indices and we rewrite them as
b∑

j=a+1

log S1, j =

b−a∑
k=1

log S1,k+a,

b∑
j=a+1

log Sn− j+1, j =

n−a∑
k=n−b+1

log Sk,n+1−k .

In the fourth sum we split the terms as
n−a∑
i=1

log Si,a =

n−b∑
i=1

log Si,a +

n−a∑
k=n−b+1

log Sk,a.

In the fifth sum we split the terms, and then we shift one index in order to rewrite the sum as
n−a+1∑

i=2

log Si,a =

b−a+1∑
i=2

log Si,a +

n−a+1∑
i=b−a+2

log Si,a =

b−a∑
k=1

log Sk+1,a +

n−b∑
i=1

log Si+(b−a)+1,a.

Plugging all these equalities into (3-8) we find that

261−62−63 =

n−b∑
i=1

log
[Si,b+1]

2

Si,a · Si+(b−a)+1,a
+

b−a∑
k=1

log
S1,k+a

Sk+1,a
+

n−a∑
k=n−b+1

log
Sk,n+1−k

Sk,a
.

In the sums of the last line, all terms are nonnegative because in all the fractions the numerators are
greater than or equal to the corresponding denominators. Recalling (3-7), it follows that

b∑
j=a

L j = 261−62−63 ≥

n−b∑
i=1

log
[Si,b+1]

2

Si,a · Si+(b−a)+1,a
,

which completes the proof of (3-6). �

Corollary 3.2. Let us consider the situation described in Lemma 3.1 in the special case where a = 2m−1

and b = 2m
− 1 for some positive integer m.

Then for every n ≥ 2m it turns out that
2m
−1∑

k=2m−1

Lk(`1, . . . , `n)≥ (n− 2m
+ 1) · 2 log 2 for all (`1, . . . , `n) ∈ Dn,a. (3-9)

Proof. In this special case it turns out that

Si,b+1 = Si,a + Si+(b−a)+1,a for all i ≤ n− 2m
+ 1.
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Therefore, from the inequality between arithmetic mean and geometric mean, we deduce that all the
fractions in the right-hand side of (3-6) are greater than or equal to 4, and this is enough to establish (3-9). �

From Corollary 3.2 we deduce a lower bound for the asymptotic behavior of In(ϕ) for interaction laws
ϕ ∈ PCA2.

Proposition 3.3 (interaction laws with package structure). Let m be a positive integer, let a1, . . . , am be
nonnegative real numbers (not all equal to 0), and let ϕ ∈ PCA2 be defined as in (1-10).

For every integer n ≥ 2m, let Pn,ϕ be the homogeneous function defined by (3-4), and let In(ϕ) be its
infimum as in (3-5).

Then it turns out that

lim inf
n→+∞

In(ϕ)

n
≥ 2 log 2 ·

m∑
j=1

aj . (3-10)

Proof. Let m0(ϕ) denote the smallest integer k such that ak > 0. From Corollary 3.2 we know
2 j
−1∑

k=2 j−1

Lk(`1, . . . , `n)≥ (n− 2 j
+ 1) · 2 log 2

for every j ∈ {m0(ϕ), . . . ,m}, and therefore

Pn,ϕ(`1, . . . , `n)≥

m∑
j=m0(ϕ)

aj · (n− 2 j
+ 1) · 2 log 2≥ (n− 2m) · 2 log 2 ·

m∑
j=1

aj

for every admissible choice of `1, . . . , `n .
Dividing by n, and letting n→+∞, we obtain (3-10). �

4. Asymptotic cost of oscillations

In this section we clarify the connection between the Gamma-limit of the family (1-1) and the multivariable
functions of Section 3. In analogy with [Antonucci et al. 2020], the question we address is the following.
Let us assume that a function uδ(x) oscillates between two values A and B in some interval (a, b). Does
this provide an estimate from below for 3δ(ϕ, uδ, (a, b)), at least when δ is small enough? A quantitative
answer is provided by Proposition 4.3 and Corollary 4.4, and this answer is connected to the Gamma-limit
of the family (1-1) by Theorem B, as we clarify in Proposition 4.5.

To begin with, we show that three simplifying operations can be performed on uδ without changing its
oscillation between A and B or increasing its energy.

Lemma 4.1 (truncation, segmentation, rearrangement). Let a < b and A < B be real numbers, let
u : (a, b)→ R be a measurable function, and let ϕ ∈ PCA.

Then for every δ > 0 it turns out that

3δ(ϕ, u, (a, b))≥3δ(ϕ,M SδTA,Bu, (a, b)), (4-1)

where TA,B , Sδ, and M are the operators of truncation, vertical δ-segmentation, and nondecreasing
rearrangement defined at the beginning of Section 2.
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Proof. Since 3δ is linear with respect to ϕ, it is enough to show inequality (4-1) when ϕ = ϕk for some
positive integer k, in which case

3δ(ϕk, u, (a, b))=
∫∫

Ik(δ,u,(a,b))

δ

(y− x)2
dx dy,

where
Ik(δ, u, (a, b)) := {(x, y) ∈ (a, b)2 : |u(y)− u(x)|> kδ}.

Let us examine the effects on 3δ of the three operations performed on u. The arguments are the same
as in the first part of the proof of [Antonucci et al. 2020, Proposition 3.4], where however only the case
of ϕ1 was considered.

Truncation: For every x and y in (a, b) it turns out that

|TA,Bu(y)− TA,Bu(x)|> kδ =⇒ |u(y)− u(x)|> kδ.

This implies Ik(δ, TA,Bu, (a, b))⊆ Ik(δ, u, (a, b)), and therefore

3δ(ϕk, u, (a, b))≥3δ(ϕk, TA,Bu, (a, b)). (4-2)

Vertical δ-segmentation: For every x and y in (a, b) it turns out that

|Sδu(y)− Sδu(x)|> kδ =⇒ |Sδu(y)− Sδu(x)| ≥ (k+ 1)δ =⇒ |u(y)− u(x)|> kδ.

As before this implies

3δ(ϕk, TA,Bu, (a, b))≥3δ(ϕk, SδTA,Bu, (a, b)). (4-3)

Nondecreasing rearrangement: We claim that

3δ(ϕk, SδTA,Bu, (a, b))≥3δ(ϕk,M SδTA,Bu, (a, b)). (4-4)

This inequality, together with (4-2) and (4-3), completes the proof of (4-1).
In order to prove (4-4), we rely on the theory of semidiscrete arrangements. To this end, we consider

the semidiscrete arrangement vδ : (a, b)→ Z defined by

vδ(x) :=
1
δ

SδTA,Bu(x) for all x ∈ (a, b) (4-5)

(we recall that SδTA,Bu takes its values in δZ, and hence vδ(x) is integer-valued) and the hostility function
c : (0, b− a)→ R defined by c(σ ) := δσ−2. We observe that

M SδTA,Bu(x)= δMvδ(x) for all x ∈ (a, b),

where Mvδ is the nondecreasing rearrangement of vδ. From (4-5) and (2-2) it turns out that

3δ(ϕk, SδTA,Bu, (a, b))= δ31(ϕk, vδ, (a, b))= Fk(c, vδ),

and similarly
3δ(ϕk,M SδTA,Bu, (a, b))= δ31(ϕk,Mvδ, (a, b))= Fk(c,Mvδ),

so that now (4-4) follows from Theorem A. �
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As a second simplifying step, we show that the double integral over (a, b)2 can be replaced, in the
computation of the liminf, by a double integral over an infinite strip, which is easier to handle. To this
end, we introduce the family of functionals

3̂δ(ϕ, u, (c, d)) :=
∫ d

c
dx
∫
+∞

−∞

ϕ

(
|u(y)− u(x)|

δ

)
δ

(y− x)2
dy,

and we prove the following result.

Lemma 4.2 (extension to a vertical strip). Let a < c < d < b be real numbers, and let ϕ : [0,+∞)→
[0,+∞) be a bounded measurable function. For every δ > 0, let uδ : (a, b)→R be a measurable function.
Let us extend uδ to the whole real line by setting uδ(x)= 0 for every x 6∈ (a, b).

Then it turns out that

lim inf
δ→0+

3δ(ϕ, uδ, (a, b))≥ lim inf
δ→0+

3̂δ(ϕ, uδ, (c, d)). (4-6)

Proof. Let us set for shortness

fδ(x, y) := ϕ
(
|uδ(y)− uδ(x)|

δ

)
δ

(y− x)2
for all (x, y) ∈ (a, b)×R.

Since ϕ is nonnegative and (c, d)⊆ (a, b), for every δ > 0 it turns out that

3δ(ϕ, uδ, (a, b))≥
∫ d

c
dx
∫ b

a
fδ(x, y) dy

= 3̂δ(ϕ, uδ, (c, d))−
∫ d

c
dx
∫

R\[a,b]
fδ(x, y) dy. (4-7)

From the boundedness of ϕ it follows that∫ d

c
dx
∫
+∞

b
fδ(x, y) dy ≤ δ‖ϕ‖∞

∫ d

c
dx
∫
+∞

b

1
(y− x)2

dy.

Since d < b, the double integral in the right-hand side is convergent, and hence

lim
δ→0+

∫ d

c
dx
∫
+∞

b
fδ(x, y) dy = 0. (4-8)

In an analogous way we obtain

lim
δ→0+

∫ d

c
dx
∫ a

−∞

fδ(x, y) dy = 0. (4-9)

At this point, (4-6) follows from (4-7), (4-8), and (4-9). �

We are now ready to state and prove the main result of this section.

Proposition 4.3 (limit cost of vertical oscillations). Let (a, b)⊆R be an interval, let {uδ}δ>0⊆ L1((a, b))
be a family of functions, let ϕ ∈PCA be a piecewise constant interaction law, let Pn,ϕ be the multivariable
function defined by (3-4), and let In(ϕ) be its infimum as in (3-5).
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Let us assume that there exist two real numbers A ≤ B such that

lim inf
δ→0+

meas{x ∈ (a, b) : uδ(x)≤ A+ ε}> 0 for all ε > 0, (4-10)

lim inf
δ→0+

meas{x ∈ (a, b) : uδ(x)≥ B− ε}> 0 for all ε > 0. (4-11)

Then it turns out that

lim inf
δ→0+

3δ(ϕ, uδ, (a, b))≥ (B− A) · lim inf
n→+∞

In(ϕ)

n
. (4-12)

Proof. To begin with, we observe that (4-12) is trivial if A = B, or if the left-hand side is infinite. Up
to restricting ourselves to a sequence δk → 0+, we can also assume that the liminf is actually a limit.
Therefore, in the sequel we assume that the left-hand side of (4-12) is uniformly bounded from above and
that A < B.

Let us fix ε > 0 such that 4ε < B− A. Due to assumptions (4-10) and (4-11), there exist η > 0 and
δ0 > 0 such that

meas{x ∈ (a, b) : uδ(x)≤ A+ ε} ≥ η for all δ ∈ (0, δ0), (4-13)

meas{x ∈ (a, b) : uδ(x)≥ B− ε} ≥ η for all δ ∈ (0, δ0). (4-14)

Let us consider the modified family ûδ := M SδTA,Buδ as in Lemma 4.1. From (4-13) and (4-14) it
follows that the nondecreasing function ûδ satisfies

ûδ(x)≤ A+ 2ε for all x ∈ (a, a+ η), for all δ ∈ (0, δ1), (4-15)

ûδ(x)≥ B− 2ε for all x ∈ (b− η, b), for all δ ∈ (0, δ1), (4-16)

where δ1 :=min{ε, δ0}. Moreover, from Lemmas 4.1 and 4.2 it follows that

lim inf
δ→0+

3δ(ϕ, uδ, (a, b))≥ lim inf
δ→0+

3δ(ϕ, ûδ, (a, b))≥ lim inf
δ→0+

3̂δ(ϕ, ûδ, (a+ η, b− η)),

where in the computation of the latter we imagine that ûδ has been extended to the whole real line by
setting it equal to 0 (or any other value) outside (a, b).

In order to compute the last liminf, we need a deeper description of the structure of ûδ. We know
that ûδ is nondecreasing and that its image is contained in δZ. Let δm0 denote the value of ûδ in a right
neighborhood of a, let us set x0 = a, and for every positive integer i let us define

xi := sup{x ∈ (a, b) : ûδ(x) < (m0+ i)δ}.

The sequence xi is nondecreasing, and xi = b for every large enough index i . If xi+1 > xi for some
index i , then it turns out that

ûδ(x)= (m0+ i)δ for all x ∈ (xi , xi+1).

If xi+1 = xi for some index i , this means that

meas{x ∈ (a, b) : ûδ(x)= (m0+ i)δ} = 0.
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Let α and β be the two indices (which of course do depend on δ) such that

α :=min{i ∈ N : xi ≥ a+ η} and β :=max{i ∈ N : xi ≤ b− η}.

Let us consider now the interaction law ϕ, which we assumed of the form (1-9), and let µ(ϕ) denote
the smallest index k ≤ m such that λk > 0. To begin with, we show that xi+µ(ϕ) > xi for every index i
with α ≤ i ≤ β. Indeed, if this is not the case, then it turns out that

ûδ(y)− ûδ(x)≥ (µ(ϕ)+ 1)δ for all (x, y) ∈ (a, xi )× (xi , b),

and in particular

3δ(ϕ, ûδ, (a, b))≥ λµ(ϕ)3δ(ϕµ(ϕ), ûδ, (a, b))≥ λµ(ϕ)

∫ xi

a
dx
∫ b

xi

δ

(y− x)2
dy,

which is absurd because the left-hand side is uniformly bounded from above, while the double integral in
the right-hand side is divergent.

Let us consider now an integer k ∈ {µ(ϕ), . . . ,m}, and for every x ∈ (a, b) let us set

Hk,+(x) :=
∫
+∞

x
ϕk

(
|ûδ(y)− ûδ(x)|

δ

)
δ

(y− x)2
dy,

Hk,−(x) :=
∫ x

−∞

ϕk

(
|ûδ(y)− ûδ(x)|

δ

)
δ

(y− x)2
dy.

With this notation it turns out that

3̂δ(ϕk, ûδ, (a+ η, b− η))=
∫ b−η

a+η
dx
∫
+∞

−∞

ϕk

(
|ûδ(y)− ûδ(x)|

δ

)
δ

(y− x)2
dy

=

∫ b−η

a+η
(Hk,+(x)+ Hk,−(x)) dx

≥

∫ xβ−k

xα
Hk,+(x) dx +

∫ xβ

xα+k

Hk,−(x) dx . (4-17)

Let us compute the last two integrals separately. For every index i ∈ {α+1, . . . , β−k} it turns out that

Hk,+(x)=
∫
+∞

xi+k

δ

(y− x)2
dy =

δ

xi+k − x
for all x ∈ (xi−1, xi ).

The previous equality assumes that xi−1 < xi , but actually it is true for trivial reasons also if xi−1 = xi .
It follows that ∫ xi

xi−1

Hk,+(x) dx = δ log
xi+k − xi−1

xi+k − xi

for every i ∈ {α+ 1, . . . , β − k}, and therefore∫ xβ−k

xα
Hk,+(x) dx =

β−k∑
i=α+1

∫ xi

xi−1

Hk,+(x) dx = δ
β−k∑

i=α+1

log
xi+k − xi−1

xi+k − xi
. (4-18)
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In an analogous way, for every index i ∈ {α+ k+ 1, . . . , β} it turns out that

Hk,−(x)=
∫ xi−k−1

−∞

δ

(y− x)2
dy =

δ

x − xi−k−1
for all x ∈ (xi−1, xi ),

so that, with a shift of indices, we obtain∫ xi+k

xi+k−1

Hk,−(x) dx = δ log
xi+k − xi−1

xi+k−1− xi−1

for every i ∈ {α+ 1, . . . , β − k}, and therefore∫ xβ

xα+k

Hk,−(x) dx =
β−k∑

i=α+1

∫ xi+k

xi+k−1

Hk,−(x) dx = δ
β−k∑

i=α+1

log
xi+k − xi−1

xi+k−1− xi−1
. (4-19)

Plugging (4-18) and (4-19) into (4-17), we find that

3̂δ(ϕk, ûδ, (a+ η, b− η))≥ δ
β−k∑

i=α+1

log
(xi+k − xi−1)

2

(xi+k−1− xi−1)(xi+k − xi )
.

Setting `i := xα+i − xα+i−1 for every i ∈ {1, . . . , β −α}, we can write the last inequality in the form

3̂δ(ϕk, ûδ, (a+ η, b− η))≥ δ
β−α−k∑

i=1

log
(`i + · · ·+ `i+k)

2

(`i + · · ·+ `i+k−1)(`i+1+ · · ·+ `i+k)

= δLk(`1, . . . , `β−α),

where Lk is the multivariable function defined in (3-3). We observe that the denominators do not vanish
because k ≥ µ(ϕ), and we have already proved that xi+µ(ϕ) > xi , which is equivalent to saying that the
list (`1, . . . , `β−α) contains no k consecutive terms that vanish. Since 3̂δ is linear with respect to ϕ, we
deduce

3̂δ(ϕ, ûδ, (a+ η, b− η))≥ δ
m∑

k=µ(ϕ)

λk Lk(`1, . . . , `β−α)

= δPβ−α,ϕ(`1, . . . , `β−α)≥ δ Iβ−α(ϕ).

Letting δ→ 0+, and observing that β −α→+∞, we conclude that

lim inf
δ→0+

3̂δ(ϕ, ûδ, (a+ η, b− η))≥ lim inf
δ→0+

δ Iβ−α(ϕ)

≥ lim inf
δ→0+

δ(β −α) · lim inf
δ→0+

Iβ−α(ϕ)
β −α

≥ lim inf
δ→0+

δ(β −α) · lim inf
n→+∞

In(ϕ)

n
. (4-20)

It remains to compute the liminf of δ(β − α). To this end, from (4-15) and the minimality of α we
deduce

A+ 2ε ≥ ûδ(x)= (m0+α− 1)δ for all x ∈ (xα−1, xα).
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Similarly, from (4-16) and the maximality of β we deduce

B− 2ε ≤ ûδ(x)= (m0+β)δ for all x ∈ (xβ, xβ+1).

It follows that (β −α)δ ≥ B− A− 4ε− δ, and therefore from (4-20) we conclude that

lim inf
δ→0+

3̂δ(ϕ, ûδ, (a+ η, b− η))≥ (B− A− 4ε) · lim inf
n→+∞

In(ϕ)

n
.

Letting ε→ 0+, we finally deduce (4-12). �

As observed in [Antonucci et al. 2020], we can rewrite Proposition 4.3 as a relation between the liminf
of the energy and the liminf of oscillations as follows.

Corollary 4.4. Let (a, b), uδ, ϕ, and In(ϕ) be as in Proposition 4.3. For every δ > 0, let osc(uδ, (a, b))
denote the essential oscillation of uδ in (a, b).

Then it turns out that

lim inf
δ→0+

3δ(ϕ, uδ, (a, b))≥
(
lim inf
δ→0+

osc(uδ, (a, b))
)
· lim inf

n→+∞

In(ϕ)

n
.

Proof. Let iδ and sδ denote the essential infimum and the essential supremum of uδ(x) in (a, b), respectively.
Let us assume that iδ and sδ are real numbers (otherwise an analogous argument works with standard
minor changes). Let us set wδ(x) := uδ(x)− iδ, and let us observe that

3δ(ϕ, uδ, (a, b))=3δ(ϕ,wδ, (a, b)) for all δ > 0

and that wδ satisfies (4-10) and (4-11) with A := 0 and

B := lim inf
δ→0+

(sδ − iδ)= lim inf
δ→0+

osc(uδ, (a, b)).

At this point the conclusion follows from Proposition 4.3. �

Combining Theorem B and Corollary 4.4, we obtain the following result, which connects the Gamma-
liminf of the family (1-1) to the multivariable minimum problems of Section 3.

Proposition 4.5. For every positive integer d and every interaction law ϕ ∈ PCA it turns out that

0– lim inf
δ→0+

3δ(ϕ, u,Rd)≥ Gd ·
1
2

lim inf
n→+∞

Iϕ(n)
n
·30(u,Rd) for all u ∈ L1(Rd).

5. Proofs of our main results

Proof of Theorem 1.3. Let us consider, for every positive integer m, the interaction law defined as

ψm(t) :=
2m
−1∑

k=1

ϕk(t) for all t ≥ 0. (5-1)

This interaction law can be written in the form (1-10) with a1 = · · · = am = 1, and hence ψm ∈ PCA2.
As a consequence, from Proposition 3.3 we deduce

lim inf
n→+∞

In(ψm)

n
≥ m · 2 log 2,
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and therefore from Proposition 4.5 we obtain

0– lim inf
δ→0+

3δ(ψm, u,Rd)≥ Gd ·m log 2 ·30(u,Rd). (5-2)

On the other hand, from (1-5) we know

0– lim
δ→0+

3δ(ψm, u,Rd)= Gd · N (ψm) · Kd(ψm) ·30(u,Rd), (5-3)

and with some simple calculus we find that

N (ψm)=

∫
+∞

0

ψm(t)
t2 dt =

2m
−1∑

k=1

∫
+∞

0

ϕk(t)
t2 dt =

2m
−1∑

k=1

∫
+∞

k

1
t2 dt =

2m
−1∑

k=1

1
k
. (5-4)

Comparing (5-2) and (5-3) we obtain

Kd(ψm)≥
m log 2
N (ψm)

for all m ≥ 1. (5-5)

Now from (5-4) we know that N (ψm) ∼ m log 2 as m → +∞, and therefore we conclude that
Kd(ψm)→ 1 as m→+∞, independently of the space dimension. �

Proof of Theorem 1.4(1). Let us consider the interaction law θ ∈A0 defined by

θ(t) :=


0 if t ∈ [0, 1],
t − 1 if t ∈ [1, 2],
1 if t ≥ 2.

(5-6)

We claim that the shape factor of θ is 1 in any space dimension.
For every positive integer m we consider the interaction law

θm(t) :=
2m
−1∑

k=2m−1

ϕk(t),

and the rescaled function

θ̂m(t) :=
1

2m−1 θm((2m−1
− 1)t).

To begin with, we show that

θ(t)≥ θ̂m(t) for all t ≥ 0, for all m ≥ 1. (5-7)

To this end, we distinguish three cases.

Case 1: If t ∈ [0, 1], then (2m−1
− 1)t ≤ 2m−1

− 1, and hence ϕk((2m−1
− 1)t)= 0 for every k ≥ 2m−1. It

follows that θ̂m(t)= 0, and hence (5-7) is trivial.

Case 2: If t ≥ 2, then

θ̂m(t)≤
1

2m−1

2m
−1∑

k=2m−1

1= 1= θ(t),

and therefore (5-7) is again satisfied.
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Case 3: If t ∈ (1, 2), let us choose i ∈ {2m−1, . . . , 2m
− 1} such that

i
2m−1 < t ≤

i + 1
2m−1 .

Since

(2m−1
− 1)t ≤ (2m−1

− 1) ·
i + 1
2m−1 = i −

i + 1− 2m−1

2m−1 ≤ i,

we deduce

ϕk((2m−1
− 1)t)= 0 for all k ≥ i,

and therefore

θ̂m(t)≤
1

2m−1

i−1∑
k=2m−1

ϕk(t)≤
1

2m−1 (i − 2m−1)=
i

2m−1 − 1≤ t − 1= θ(t),

which proves (5-7) also in this case.

From inequality (5-7), and the rescaling properties of 3δ with respect to the interaction law, we deduce

0– lim inf
δ→0+

3δ(θ, u,Rd)≥ 0– lim inf
δ→0+

3δ(θ̂m, u,Rd)

=
2m−1

− 1
2m−1 ·0– lim inf

δ→0+
3δ(θm, u,Rd). (5-8)

Now we observe that the interaction law θm(t) can be written in the form (1-10) with a1=· · ·=am−1=0
and am = 1, and hence θm ∈ PCA2. As a consequence, from Proposition 3.3 we deduce

lim inf
n→+∞

In(θm)

n
≥ 2 log 2,

and therefore from Proposition 4.5 we obtain

0– lim inf
δ→0+

3δ(θm, u,Rd)≥ Gd · log 2 ·30(u,Rd).

Plugging this estimate into (5-8), and letting m→+∞, we deduce

0– lim inf
δ→0+

3δ(θ, u,Rd)≥ Gd · log 2 ·30(u,Rd). (5-9)

On the other hand, from (1-5) we know

0– lim
δ→0+

3δ(θ, u,Rd)= Gd · N (θ) · Kd(θ) ·30(u,Rd), (5-10)

and with some simple calculus we find that

N (θ)=
∫ 2

1

t − 1
t2 dt +

∫
+∞

2

1
t2 dt = log 2.

Comparing (5-9) and (5-10) we conclude that Kd(θ)= 1 in any space dimension.
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Proof of Theorem 1.4(2). The function ζ is continuous because f (z)→ 0 as z→−∞. It is also bounded
and monotone due to the corresponding assumptions on f (z). Finally, assumption (1-11) implies the
existence of a constant a such that ζ(t)≤ at2 for every t ≥ 0. This proves that ζ ∈A.

In order to compute scale and shape factor of ζ , we observe that it can be written in the form

ζ(t)=
+∞∑

z=−∞

( f (z+ 1)− f (z)) · θ(2−zt) for all t ≥ 0,

where θ is the interaction law defined in (5-6). Due to the additivity and to the rescaling properties of 3δ
with respect to the interaction law, from this representation it follows that

0– lim
δ→0+

3δ(ζ, u,Rd)≥

+∞∑
z=−∞

( f (z+ 1)− f (z))2−z
·0– lim inf

δ→0+
3δ(θ, u,Rd)

=

+∞∑
z=−∞

( f (z+ 1)− f (z))2−z
·Gd · N (θ) ·30(u,Rd), (5-11)

where in the last equality we have exploited that Kd(θ)= 1.
On the other hand, from (1-5) we know

0– lim
δ→0+

3δ(ζ, u,Rd)= Gd · N (ζ ) · Kd(ζ ) ·30(u,Rd). (5-12)

Since

N (ζ )= N (θ) ·
+∞∑

z=−∞

( f (z+ 1)− f (z))2−z,

comparing (5-11) and (5-12) we conclude that Kd(ζ )= 1 in any space dimension. �

6. Final remarks

In this section we present some variants of our main results, and we speculate about some possible future
extensions of the theory developed in this paper.

A counterexample to the short-range question with strict inequalities. Let us consider the interaction
laws

ϕε(t) :=
{

c1,ε · εt2 if t ∈ [0, 1],
c1,ε if t > 1,

ψ(t) := c2ψ2(t),

where ψ2(t) is defined by (5-1) with m = 2, and the constants c1,ε and c2 are chosen in such a way that
N (ϕε)= N (ψ)= 1.

From (5-5) and (5-4) with m = 2 it follows that Kd(ψ) ≥ (12/11) log 2. On the other hand, it is
possible (but not completely trivial) to show that Kd(ϕε)→ log 2 as ε→ 0+.

Therefore, when ε is small enough, this is an example of two interaction laws ϕε and ψ with equal
scale factor, satisfying ϕε(t) > ψ(t) for every t ∈ (0, 1], but nevertheless Kd(ϕε) < Kd(ψ) in every space
dimension. This provides a counterexample to Question 1 with strict inequalities.
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True Gamma-limits and smooth recovery families. In this paper we limited ourselves to providing
estimates from below for the Gamma-liminf, since they are enough to establish both Theorems 1.3 and 1.4.
On the other hand, with little further effort we could prove that actually the lower bound coincides with
the Gamma-limit.

This is evident in the case of the interaction laws with shape factor equal to 1, for example all those
provided by statement (2) of Theorem 1.4, because for them the pointwise limit coincides on smooth
functions with the estimate from below for the Gamma-liminf. Therefore, for all these interaction laws
we now know both the Gamma-limit with exact values of the constants in any space dimension and the
existence of smooth recovery families.

As for the interaction laws ψm(t) defined by (5-1), again we can show that the Gamma-limit coincides
with the lower bound we obtained for the Gamma-liminf, namely

0– lim
δ→0+

3δ(ψm, u,Rd)= Gd ·m log 2 ·30(u,Rd). (6-1)

In order to prove this result, one should follow the path we pursued in [Antonucci et al. 2020]. The
main idea is that in any space dimension the family Sδu of vertical δ-segmentations of u is a recovery
family when u is piecewise C1 or piecewise affine with compact support, and those classes are dense
in energy for the right-hand side of (6-1). Since vertical δ-segmentations of piecewise affine functions
with compact support are step functions with level sets that are finite unions of polytopes, it is enough
to further approximate them in order to produce recovery sequences made by functions of class C∞

with compact support. We refer to [Antonucci et al. 2020] for the details. Therefore, also in the case of
the interaction laws ψm(t), we end up with a Gamma-convergence result with both exact values of the
constants in any space dimension, and existence of smooth recovery families.

The same argument should work for all interaction laws in PCA2, and more generally for all interaction
laws ϕ ∈ PCA for which In(ϕ) is realized asymptotically when all the variables are equal.

Toward a general formula for the Gamma-limit. We suspect that the lower bound in Proposition 4.3
might be optimal for every ϕ ∈PCA, and that the liminf in the right-hand side of (4-12) is actually a limit.
Thanks to Proposition 4.5, this would imply

0– lim
δ→0+

3δ(ϕ, u,Rd)= Gd ·
1
2

lim
n→+∞

In(ϕ)

n
·30(u,Rd) for all u ∈ L1(Rd), (6-2)

for every ϕ ∈ PCA. In order to prove this result, the main difficulty seems to be the construction of
recovery sequences, which in general can no longer be obtained simply by vertical δ-segmentation. On
the contrary, the construction should now take into account the pattern that realizes the infimum In(ϕ).

A representation of the form (6-2), if true, would be important because any interaction law can be
approximated from below by piecewise constant interaction laws with steps of equal horizontal length (as
we did in the proof of statement (1) of Theorem 1.4), and these laws are rescalings of laws in PCA.

This kind of representation would be even more important if it were true that the Gamma-limit of
3δ(ϕ, u,Rd) is the supremum of the Gamma-limits of3δ(ψ, u,Rd) as ψ varies in the set of all piecewise
constant interaction laws, with steps of equal horizontal length that are less than or equal to ϕ. A
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confirmation of this conjecture would open the way for answering several questions raised in [Brezis
and Nguyen 2018]: a simplified proof of the Gamma-convergence result in full generality, a less implicit
formula for shape factors, and existence of smooth recovery families.

Characterization of interaction laws without gap. Concerning the gap between the pointwise limit and
the Gamma-limit, the challenge is now characterizing all interaction laws with shape factor equal to 1.
Let us summarize what we know for the time being on this specific issue.

• Continuity does not guarantee lack of the gap. Among continuous interaction laws, we have both
examples without gap (all interaction laws provided by Theorem 1.4) and interaction laws with gap.
Indeed, it is possible to show that the piecewise affine interaction law that is equal to 0 for t ∈ [0, 1− ε]
and equal to 1 for t ≥ 1 has a shape factor that tends to log 2 as ε→ 0+.

Conversely, we have no example of discontinuous interaction law without gap.

• It is not a matter of vanishing in a neighborhood of the origin. Among the interactions laws in A0

we have both examples without gap (the interaction law θ defined in (5-6)) and examples with gap (the
model interaction law ϕ1). Among the interaction laws that are positive for every t > 0 we have both
examples without gap (defined as in statement (2) of Theorem 1.4) and examples with gap (the interaction
law ϕε(t) defined at the beginning of this section).

• The shape factor is concave when restricted to interaction laws with equal scale factor. As a consequence,
any convex combination of interaction laws with the same scale factor, and shape factor equal to 1, has
again shape factor equal to 1. Considering that now we know many interaction laws with shape factor
equal to 1, this leads us to guess that the set of interaction laws with shape factor equal to 1 might be
quite large.

More general exponents. It should not be difficult to extend the results of this paper to the more general
family of functionals

3δ,p(ϕ, u, �) :=
∫∫

�2
ϕ

(
|u(y)− u(x)|

δ

)
δ

|y− x |d+p dx dy,

where p> 1 is a real number. This case was investigated in [Brezis and Nguyen 2020]. The Gamma-limit
turns out to be a multiple of the L p-norm of the gradient of u, and the exact constant was found in
[Antonucci et al. 2020] in the case ϕ = ϕ1. When extending the results of this paper, the presence of
the general exponent p > 1 requires probably only a change in definition (3-3), which now should be
replaced by something like

Lk,p :=

∫ Si,k+1

Si.k

1
σ p dσ +

∫ Si,k+1

Si+1.k

1
σ p dσ

=
1

p− 1

n−k∑
i=1

(
−

2
[Si,k+1]p−1 +

1
[Si,k]

p−1 +
1

[Si+1,k]p−1

)
.

Again, the special structure of the terms of the sum should guarantee the telescopic effect as in
Lemma 3.1.
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EXTERNAL BOUNDARY CONTROL OF THE MOTION OF A RIGID BODY
IMMERSED IN A PERFECT TWO-DIMENSIONAL FLUID

OLIVIER GLASS, JÓZSEF J. KOLUMBÁN AND FRANCK SUEUR

We consider the motion of a rigid body immersed in a two-dimensional irrotational perfect incompressible
fluid. The fluid is governed by the Euler equation, while the trajectory of the solid is given by Newton’s
equation, the force term corresponding to the fluid pressure on the body’s boundary only. The system is
assumed to be confined in a bounded domain with an impermeable condition on a part of the external
boundary. The issue considered here is the following: is there an appropriate boundary condition on the
remaining part of the external boundary (allowing some fluid going in and out the domain) such that the
immersed rigid body is driven from some given initial position and velocity to some final position (in the
same connected component of the set of possible positions as the initial position) and velocity in a given
positive time, without touching the external boundary? In this paper we provide a positive answer to this
question thanks to an impulsive control strategy. To that purpose we make use of a reformulation of the
solid equation into an ODE of geodesic form, with some force terms due to the circulation around the
body, as used by Glass, Munnier and Sueur (Invent. Math. 214:1 (2018), 171–287), and some extra terms
here due to the external boundary control.

1. Introduction and main result 651
2. Reformulation of the solid’s equation into an ODE 659
3. Reduction to the case where the displacement, velocities and circulation are small 665
4. Reduction to an approximate controllability result 667
5. Proof of the approximate controllability result Theorem 14 668
6. Closeness of the controlled system to the geodesic: proof of Proposition 20 673
7. Design of the control according to the solid position: proof of Proposition 19 677
Acknowledgements 682
References 682

1. Introduction and main result

1A. The model without control. A simple model of fluid-solid evolution is that of a single rigid body
surrounded by a perfect incompressible fluid. Let us describe this system. We consider a two-dimensional
bounded, open, smooth and simply connected1 domain � ⊂ R2. The domain � is composed of two
disjoint parts: the open part F(t) filled with fluid and the closed part S(t) representing the solid; see

MSC2010: 76B75, 93C15, 93C20.
Keywords: fluid-solid interaction, impulsive control, geodesics, coupled ODE/PDE system, fluid mechanics, Euler equation,

control problem, external boundary control.
1The condition of simple connectedness is actually not essential and one could generalize the present result to the case where

� is merely open and connected at the price of long but straightforward modifications.
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τ

∂Ω
F(t)

S0

ϑ(t)

τ

n

nh0

S(t)
h(t)

Figure 1. The domains �, S(t) and F(t)=� \S(t).

Figure 1. These parts depend on time t . Furthermore, we assume that S(t) is also smooth and simply
connected. On the fluid part F(t), the velocity field u : {(t, x) : t ∈ [0, T ], x ∈ F(t)} → R2 and the
pressure field π : {(t, x) : t ∈ [0, T ], x ∈ F(t)} → R satisfy the incompressible Euler equation:

∂u
∂t
+ (u · ∇)u+∇π = 0 and div u = 0 for t ∈ [0, T ] and x ∈ F(t). (1-1)

We consider impermeability boundary conditions, namely, on the solid boundary, the normal velocity
coincides with the solid normal velocity

u · n = uS · n on ∂S(t), (1-2)

where uS denotes the solid velocity described below, while on the outer part of the boundary we have

u · n = 0 on ∂�, (1-3)

where n is the unit outward normal vector on ∂F(t). The solid S(t) is obtained by a rigid movement
from S(0), and one can describe its position by the center of mass, h(t), and the angle variable with
respect to the initial position, ϑ(t). Consequently, we have

S(t)= h(t)+ R(ϑ(t))(S0− h0), (1-4)

where h0 is the center of mass at initial time, and

R(ϑ)=
(

cosϑ − sinϑ
sinϑ cosϑ

)
.

Moreover the solid velocity is hence given by

uS(t, x)= h′(t)+ϑ ′(t)(x − h(t))⊥, (1-5)

where for x = (x1, x2) we define x⊥ = (−x2, x1).
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The solid evolves according to Newton’s law, and is influenced by the fluid’s pressure on the boundary:

mh′′(t)=
∫
∂S(t)

πn dσ and Jϑ ′′(t)=
∫
∂S(t)

π(x − h(t))⊥ · n dσ. (1-6)

Here the constants m > 0 and J > 0 denote respectively the mass and the moment of inertia of the body,
where the fluid is supposed to be homogeneous of density 1, without loss of generality. Furthermore, the
circulation around the body is constant in time, that is,∫

∂S(t)
u(t) · τ dσ =

∫
∂S0

u0 · τ dσ = γ ∈ R for all t ≥ 0, (1-7)

due to Kelvin’s theorem, where τ denotes the unit counterclockwise tangent vector.
The Cauchy problem for this system with initial data

u|t=0 = u0 for x ∈ F(0),
h(0)= h0, h′(0)= h′0, ϑ(0)= 0, ϑ ′(0)= ϑ ′0 (1-8)

is now well-understood; see, e.g., [Glass et al. 2014; Glass and Sueur 2015; Houot et al. 2010; Ortega et al.
2005; 2007]. Furthermore, the three-dimensional case has also been studied in [Glass et al. 2012; Rosier
and Rosier 2009]. Note in passing that it is our convention used throughout the paper that ϑ(0)= 0.

In this paper, we will furthermore assume that the fluid is irrotational at the initial time, that is curl u0=0
in F(0), which implies that it stays irrotational at all times, due to Helmholtz’s third theorem, i.e.,

curl u = 0 for x ∈ F(t), for all t ≥ 0. (1-9)

1B. The control problem and the main result. We are now in position to state our main result.
Our goal is to investigate the possibility of controlling the solid by means of a boundary control acting

on the fluid. Consider 6 a nonempty, open part of the outer boundary ∂�. Suppose that one can choose
some nonhomogeneous boundary conditions on 6. One natural possibility is due to Yudovich [1962],
which consists of prescribing on the one hand the normal velocity on 6, i.e., choosing some function
g ∈ C∞0 ([0, T ]×6) with

∫
6

g = 0 and imposing that

u(t, x) · n(x)= g(t, x) on [0, T ]×6, (1-10)

while on the rest of the boundary we have the usual impermeability condition

u · n = 0 on [0, T ]× (∂� \6), (1-11)

and on the other hand the vorticity on the set 6− of points of [0, T ]×6 where the velocity field points
inside �. Note that 6− is deduced immediately from g.

Since we are interested in the vorticity-free case, we will actually consider here a null control in
vorticity, that is,

curl u(t, x)= 0 on 6− = {(t, x) ∈ [0, T ]×6 : u(t, x) · n(x) < 0}. (1-12)
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Condition (1-12) enforces the validity of (1-9) as in the uncontrolled setting despite the fact that some
fluid is entering the domain.

The general question of this paper is how to control the solid’s movement by using the above boundary
control (that is, the function g). In particular we raise the question of driving the solid from a given
position and a given velocity to some other prescribed position and velocity. Note that we cannot expect
to control the fluid velocity in the situation described above: for instance, Kelvin’s theorem gives an
invariant of the dynamics, regardless of the control.

Throughout this paper we will only consider solid trajectories which stay away from the boundary.
Therefore we introduce

Q= {q := (h, ϑ) ∈�×R : d(h+ R(ϑ)(S0− h0), ∂�) > 0}.

Furthermore, let us from here on set

DT := {(t, x) : t ∈ [0, T ], x ∈ F(t)},

where we have omitted from the notation the dependence on F( · ), and therefore on the unknown (h, ϑ)( · ).
The main result of this paper is the following statement.

Theorem 1. Let T > 0. Consider S0 ⊂ � bounded, closed, simply connected with smooth boundary,
which is not a disk, and u0 ∈ C∞(F(0);R2), γ ∈ R, q0 = (h0, 0), q1 = (h1, ϑ1) ∈ Q, h′0, h′1 ∈ R2,
ϑ ′0, ϑ

′

1 ∈ R such that (h0, 0) and (h1, ϑ1) belong to the same connected component of Q and

div u0 = curl u0 = 0 in F(0), u0 · n = 0 on ∂�,

u0 · n = (h′0+ϑ
′

0(x − h0)
⊥) · n on ∂S0,

∫
∂S0

u0 · τ dσ = γ.

(See Figure 2.) Then there exists a control g ∈C∞0 ((0, T )×6) and a solution (h, ϑ, u)∈C∞([0, T ];Q)×
C∞(DT ;R

2) to (1-1), (1-2), (1-6), (1-7), (1-8), (1-9), (1-10), (1-11), which satisfies (h, h′, ϑ, ϑ ′)(T )=
(h1, h′1, ϑ1, ϑ

′

1).

(h0, 0) (h′
1, ϑ

′
1)

Σ ⊂ ∂Ω

(h′
0, ϑ

′
0)

(h1, ϑ1)

Figure 2. The initial and final positions and velocities in the control problem.
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Remark 2. In Theorem 1 the control g can be chosen with an arbitrary small total flux through 6−; that
is, for any T > 0, for any ν > 0, there exists a control g and a solution (h, ϑ, u) satisfying the properties
of Theorem 1 and such that moreover ∣∣∣∣∫ T

0

∫
6−

u · n dσ dt
∣∣∣∣< ν.

See Section 5D for more explanation. Let us mention that such a small flux condition cannot be guaranteed
in the results [Coron 1993; Glass 2000; 2001] regarding the controllability of the Euler equations.

When S0 is a disk, the second equation in (1-6) becomes degenerate, so it needs to be treated separately.
For instance, in the case of a homogeneous disk, i.e., when the center of mass coincides with the center
of the disk and we have (x − h(t))⊥ · n = 0 for any x ∈ ∂S(t), t ≥ 0, we cannot control ϑ . However, we
have a similar result for controlling the center of mass h.

Theorem 3. Let T > 0. Given a homogeneous disk S0 ⊂ �, u0 ∈ C∞(F(0);R2), γ ∈ R, h0, h1 ∈ �,
h′0, h′1 ∈ R2 such that (h0, 0) and (h1, 0) are in the same connected component of Q, and

div u0 = curl u0 = 0 in F(0), u0 · n = 0 on ∂�,

u0 · n = h′0 · n on ∂S0,

∫
∂S0

u0 · τ dσ = γ,

there exists g ∈ C∞0 ((0, T )×6) and a solution (h, u) in C∞([0, T ];�)×C∞(DT ;R
2) of (1-1), (1-2),

(1-6), (1-7), (1-9), (1-10), (1-11), (1-12) with initial data (h0, h′0, u0), which satisfies (h, h′)(T )= (h1, h′1).

The proof is similar to that of Theorem 1, with the added consideration that (x − h(t))⊥ · n = 0 for
any x ∈ ∂S(t), t ≥ 0. We therefore omit the proof. In the case where the disk is nonhomogeneous the
analysis is technically more intricate already in the uncontrolled setting, see [Glass et al. 2018], and we
will omit this case in this paper.

References. Let us mention a few results of boundary controllability of a fluid alone, that is without any
moving body. The problem is then finding a boundary control which steers the fluid velocity from u0

to some prescribed state u1. For the incompressible Euler equations small-time global exact boundary
controllability has been obtained in [Coron 1993; Glass 2000] in the two-dimensional, respectively three-
dimensional case. This result has been recently extended to the case of the incompressible Navier–Stokes
equation with Navier slip-with-friction boundary conditions in [Coron et al. 2020]; see also [Coron
et al. 2017] for a gentle exposition. Note that the proof there relies on the previous results for the Euler
equations by means of a rapid and strong control which drives the system in a high Reynolds regime. This
strategy was initiated in [Coron 1996], where an interior controllability result was already established. For
“viscous fluid + rigid body” control systems (with Dirichlet boundary conditions), local controllability
results have already been obtained in both two and three dimensions; see, e.g., [Boulakia and Guerrero
2013; Boulakia and Osses 2008; Imanuvilov and Takahashi 2007]. These results rely on Carleman
estimates on the linearized equation, and consequently on the parabolic character of the fluid equation.
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A different type of fluid-solid control result can be found in [Glass and Rosier 2013], where the fluid
is governed by the two-dimensional Euler equation. However in this paper the control is located on the
solid’s boundary which makes the situation quite different.

Actually, the results of Theorems 1 and 3 can rather be seen as some extensions to the case of an
immersed body of the results [Glass and Horsin 2010; 2012; 2016] concerning Lagrangian controllability
of the incompressible Euler and Stokes equations, where the control takes the same form as here.

1C. Generalizations and open problems. First, as we mentioned before, using the techniques of this
paper, the result could be straightforwardly generalized for domains that are not simply connected. One
could also manage in the same way the control of several solids (the reader may in particular see that the
argument using Runge’s theorem in Section 7 is local around the solid).

We would also like to underline that the absence of vorticity is not central here. This may surprise
the reader acquainted with the Euler equation, but actually following the arguments of [Coron 1993;
1996], one knows how to control the full model when one can control the irrotational one. This is by
the way the technique that we use to take care of the circulation γ (see in particular Section 3). But the
presence of vorticity makes a lot of complications from the point of view of the initial boundary problem,
in particular for what concerns the uniqueness issue; see [Yudovich 1962]. To avoid these unnecessary
technical complications, we restrain ourselves to the irrotational problem. But the full problem could
undoubtedly be treated in the same way.

Furthermore, one might ask the question of whether or not it is possible to control with a reduced
number of controls, i.e., to only look for controls g which take the form of a linear combination of some
a priori given controls {gi }i=1,...,I , which may depend on the geometry, but not the initial or final data of
the control problem. We consider that our methods can be adapted to prove such a result, in particular
since in Section 3 we prove that Theorem 1 follows from a simpler result, Theorem 13, where the solid
displacement, the solid velocities and the circulation are small. It then suffices to discretize the control
with respect to the parameters (h0, h′0, ϑ0, ϑ

′

0), (h1, h′1, ϑ1, ϑ
′

1) and γ . This does not pose a problem
since our control is actually constructed continuously with respect to these parameters, so one may apply a
compactness argument. However, the set of controls {gi }i=1,...,I will depend on the parameter δ > 0 from
Theorem 13, used to restrict the set of admissible positions Q to the set Qδ defined in (3-1). This subtlety
is due to the fact that the closure of Q also contains points where the solid touches the outer boundary,
while this is no longer the case with Qδ for a given fixed δ > 0, and we use this for the compactness
argument mentioned above.

There remain also many open problems.
Considering the recent progress on the controllability in the viscous case, a natural question is whether

or not the results in this paper could be adapted to the case where a rigid body is moving in a fluid driven by
the incompressible Navier–Stokes equation. In [Kolumbán 2020] we extend the analysis performed here
to prove the small-time global controllability of the motion of a rigid body in a viscous incompressible
fluid, driven by the incompressible Navier–Stokes equation, in the case where Navier slip-with-friction
boundary conditions are prescribed at the interface between the fluid and the solid. However, the case of
Dirichlet boundary conditions remains completely open.
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Let us mention the following open problem regarding the motion planning of a rigid body immersed in
an inviscid incompressible irrotational flow.

Open problem. Let T > 0, (h0, 0) in Q, and ξ in C2([0, T ];Q), with ξ(0)= (h0, 0). Let us decompose
ξ ′(0) into ξ ′(0)= (h′0, ϑ

′

0). Consider S0 ⊂� bounded, closed, simply connected with smooth boundary,
which is not a disk, γ ∈ R, and u0 ∈ C∞(F(0);R2) such that

div u0 = curl u0 = 0 in F(0), u0 · n = 0 on ∂�,

u0 · n = (h′0+ϑ
′

0(x − h0)
⊥) · n on ∂S0,

∫
∂S0

u0 · τ dσ = γ.

Do there exist g ∈ C([0, T ]×6) and a solution (h, ϑ, u) ∈ C2([0, T ];Q)×C1(DT ;R
2) to (1-1), (1-2),

(1-6), (1-7), (1-8), (1-9), (1-10), (1-11), which satisfies ξ = (h, ϑ)?

Even the approximate motion planning in C2, i.e., the same statement as above but with

‖ξ − (h, ϑ)‖C2([0,T ]) ≤ ε

(with ε > 0 arbitrary) instead of ξ = (h, ϑ), is an open problem.
Furthermore, in this paper we have ignored any possible thermodynamic effect in the model; however,

it would be a natural question to ask how our results could be generalized to the case when the fluid is
heat-conductive.

1D. Plan of the paper and main ideas behind the proof of Theorem 1. The paper is organized as
follows.

In Section 2 we first recall from [Glass et al. 2018] a reformulation of the Newton equations (1-6) as
an ODE in the uncontrolled case and then extend it to the case with control.

To be more precise, setting q := (h, ϑ) and considering a manifold of admissible positions Q (to be
defined later), the authors proved in [Glass et al. 2018] that there exist a field M : Q→ S++(R3) of
symmetric positive-definite matrices and smooth fields E, B :Q→ R3 such that the fluid-solid system is
equivalent to the following ODE in q:

M(q)q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q),

where 0(q) is a bilinear symmetric mapping, given by the so-called Christoffel symbols of the first kind:

0k
i, j =

1
2

(
∂(M)k, j

∂qi
+
∂(M)k,i

∂q j
−
∂(M)i, j

∂qk

)
.

In particular, the case with zero circulation represents the fact that the particle q is moving along the
geodesics associated with the Riemannian metric induced on Q by the so-called total inertia matrix M.

We extend the above result to the case with control g ∈C∞0 ([0, T ]×6) to find that q satisfies the ODE

M(q)q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q)+ F1(q, q ′, γ )[α] + F2(q)[∂tα], (1-13)
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where F1 and F2 are regular, and α is defined as the unique smooth solution of the Neumann problem

1α = 0 in F(t) and ∂nα = g16 on ∂F(t), (1-14)

with zero mean.
Note that in both cases above, the fluid velocity u can be recovered by solving some simple elliptic

PDEs.

In Section 3 we prove that Theorem 1 can be deduced from a simpler result, namely Theorem 13,
where the solid displacement, the initial and final solid velocities and the circulation are assumed to be
small.

This is achieved on one hand by using the usual time-rescale properties of the Euler equation in order
to pass from arbitrary solid velocities and circulation to small ones. More precisely, if u(t, · ) is a solution
to the Euler equation on [0, T ], then for any λ > 0

uλ(t, · ) :=
1
λ

u
(

t
λ
, ·

)
is a solution to the Euler equation on the time interval [0, λT ]. The corresponding scaling for the initial
and final solid velocities and the circulation associated with uλ becomes q ′0/λ, q ′1/λ and γ /λ. Hence, if
one can find a solution with small initial and final velocities and small circulation on [0, T ], one can pass
to the arbitrary (or large) case on [0, λT ] with λ ∈ (0, 1) small enough, thus obtaining the controllability
result in smaller time. There are multiple possibilities for using up the remaining time from λT to T, and
we give one in Section 3, relying on the time-reversal properties of the Euler equation.

On the other hand, one may use a compact covering argument to pass from the case when q0 and q1

are remote to the case when their distance is small.

In Section 4 we prove that another reduction is possible, as we prove that an approximate controllability
result (rather than an exact one), namely Theorem 14, allows us to deduce Theorem 13.

Indeed, if instead of (q, q ′)(T ) = (q1, q ′1) one only has ‖(q, q ′)(T )− (q1, q ′1)‖ ≤ η for η > 0 small
enough, then it is possible to pass to exact controllability by using a Brouwer-type topological argument.
However, for such a result to be applied, one has to make sure that the map (q1, q ′1) 7→ (q, q ′)(T ) is
well-defined and continuous for (q1, q ′1) in some small enough ball, which we will indeed achieve during
our construction.

Section 5 is devoted to the proof of Theorem 14 and is the core of the paper. In order to achieve the
aforementioned approximate controllability, we rely on the following strategy.

Suppose we have γ = 0 (if this is not the case, one can at least expect to be close in some sense to the
case without circulation when γ is small enough), and suppose that we can find some appropriate control
g ∈ C∞0 ([0, T ]; C) such that the term F1(q, q ′, 0)[α] + F2(q)[∂tα] in (1-13) behaves approximately like
v0δ0(t)+v1δT (t) for any given v0, v1 ∈R3, where δ0 and δT denote the Dirac distributions at times t = 0+

and t = T− respectively.
Then, (1-13) is going to be close (in an appropriate sense) to the formal toy model

M(q̃)q̃ ′′+〈0(q̃), q̃ ′, q̃ ′〉 = v0δ0+ v1δT , (1-15)
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and controlling (1-13) (at least approximately) reduces to controlling (1-15) by using the vectors v0, v1∈R3

as our control. In fact, we consider a control of the form

g(t, x)= β0(t)ḡ0(x)+β1(t)ḡ1(x), (1-16)

where the functions β0, β1 are chosen as square roots of sufficiently close smooth approximations of
δ0, δT (since it turns out that F1 depends quadratically on α, and by consequence also on g, see (1-14)),
and with some appropriate functions ḡ0, ḡ1.

Let us quickly explain how the controllability of the toy model (1-15) can be established. Given
q0, q1 ∈Q, there exists (at least in the case when q0 and q1 are sufficiently close, hence the arguments of
Section 3) a geodesic associated with the Riemannian metric induced on Q by M, which connects q0

with q1. More precisely, there exists a unique smooth function q̄ satisfying

M(q̄)q̄ ′′+〈0(q̄), q̄ ′, q̄ ′〉 = 0 on [0, T ], with q̄(0)= q0, q̄(T )= q1. (1-17)

So, one can arrive at the desired final position q1, but a priori the final velocity q̄ ′(T ) differs from q ′1;
furthermore even the initial velocity q̄ ′(0) differs from q ′0.

Then, controlling the solution q̃ of (1-15) from (q0, q ′0) to (q1, q ′1) just amounts to setting v0 :=

M(q0)(q̄ ′(0)−q ′0) and v1 :=−M(q1)(q̄ ′(T )−q ′1), which transforms the initial and final velocities q̃ ′(0)
and q̃ ′(T ) exactly to the desired velocities in order to achieve controllability.

In Section 6 we prove a proposition that is important for Theorem 14, namely that the whole system
will behave like the toy model above, in a certain regime (and in particular for small γ ). This relies on
some appropriate estimations of the terms F1, F2 and some Gronwall-type arguments.

Section 7 explains how one can construct the control by means of complex analysis: it can be considered
as the cornerstone of our control strategy. It is here that we construct the spacial parts ḡ0, ḡ1 of our
control g from (1-16), as functions of v0, v1.

2. Reformulation of the solid’s equation into an ODE

In this section we establish a reformulation of the Newton equations (1-6) as an ODE for the three degrees
of freedom of the rigid body with coefficients obtained by solving some elliptic-type problems on a
domain depending on the solid position. Indeed the fluid velocity can be recovered from the solid position
and velocity by an elliptic-type problem, so that the fluid state may be seen as solving an auxiliary steady
problem, where time only appears as a parameter, instead of the evolution equation (1-1). The Newton
equations can therefore be rephrased as a second-order differential equation on the solid position whose
coefficients are determined by the auxiliary fluid problem.

Such a reformulation in the case without boundary control was already achieved in [Glass et al. 2018]
and we will start by recalling this case in Section 2A; see Proposition 12 below. A crucial fact in the
analysis is that in the ODE reformulation the prefactor of the body’s accelerations is the sum of the
inertia of the solid and of the so-called “added inertia” which is a symmetric positive-semidefinite matrix
depending only on the body’s shape and position, and which encodes the amount of incompressible fluid
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that the rigid body has also to accelerate around itself. Remarkably enough in the case without control
and where the circulation is 0 it turns out that the solid equations can be recast as a geodesic equation
associated with the metric given by the total inertia.

Then we will extend this analysis to the case where there is a control on a part of the external boundary
in Section 2B; see Theorem 6. In particular we will establish that the remote influence of the external
boundary control translates into two additional force terms in the second-order ODE for the solid position;
indeed we will distinguish one force term associated with the control velocity and another one associated
with its time derivative.

To simplify notation, we define the positions and velocities q = (h, ϑ), q ′ = (h′, ϑ ′), and

S(q)= h+ R(ϑ)(S0− h0) and F(q)=� \S(q),

since the dependence in time of the domain occupied by the solid comes only from the position q.
Furthermore, we set q(t)= (h(t), ϑ(t)).

2A. A reminder of the uncontrolled case. We first recall that in the case without any control the fluid
velocity satisfies (1-2), (1-3), (1-7) and (1-9). Therefore at each time t the fluid velocity u satisfies the
div/curl system 

div u = curl u = 0 in F(q),
u · n = 0 on ∂�,
u · n = (h′+ϑ ′(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ,

(2-1)

where the dependence in time is only due to that of q and q ′. Given the solid position q and the right-hand
sides, the system (2-1) uniquely determines the fluid velocity u in the space of C∞ vector fields on the
closure of F(q). Moreover thanks to the linearity of the system with respect to its right-hand sides, its
unique solution u can be uniquely decomposed with respect to the following functions which depend
only on the solid position q = (h, ϑ) in Q and encode the contributions of elementary right-hand sides.

• The Kirchhoff potentials
8= (81,82,83)(q, · ) (2-2)

are defined as the solution of the Neumann problems

18i (q, x)= 0 in F(q), ∂n8i (q, x)= 0 on ∂�, for i ∈ {1, 2, 3},

∂n8i (q, x)=
{

ni on ∂S(q), for i ∈ {1, 2},
(x − h)⊥ · n on ∂S(q), for i = 3,

(2-3)

where all differential operators are with respect to the variable x .

• The stream function ψ for the circulation term is defined in the following way. First we consider the
solution ψ̃(q, · ) of the Dirichlet problem 1ψ̃(q, x)= 0 in F(q), ψ̃(q, x)= 0 on ∂�, and ψ̃(q, x)= 1
on ∂S(q). Then we set

ψ(q, · )=−
(∫

∂S(q)
∂nψ̃(q, x) dσ

)−1

ψ̃(q, · ) (2-4)
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such that we have ∫
∂S(q)

∂nψ(q, x) dσ =−1,

noting that the strong maximum principle gives us ∂nψ̃(q, x) < 0 on ∂S(q).
Remark 4. The Kirchhoff potentials 8 and the stream function ψ are C∞ as functions of q on Q. We
will use several times some properties of regularity with respect to the domain of solutions to linear elliptic
problems, included for another potential A[q, g] associated with the control; see Definition 8 below. We
will mention throughout the proof the properties which will be used and we refer to [Chambrion and
Munnier 2012; Henrot and Pierre 2005; Lohéac and Munnier 2014] for more on this material, which is
now standard in fluid-structure interaction.

The following statement is an immediate consequence of the definitions above.

Lemma 5. For any q = (h, ϑ) in Q, for any p = (`, ω) in R2
×R and for any γ , the unique solution u

in C∞(F(q)) to the system 
div u = curl u = 0 in ∈ F(q),
u · n = 0 on ∂�,
u · n = (`+ω(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ

(2-5)

is given by the formula, for x in F(q),

u(x)=∇(p ·8(q, x))+ γ∇⊥ψ(q, x). (2-6)

Above p ·8(q, x) denotes the inner product

p ·8(q, x)=
3∑

i=1

pi8i (q, x).

Let us now address the solid dynamics. The solid motion is driven by the Newton equations (1-6)
where the influence of the fluid on the solid appears through the fluid pressure. The pressure can in turn
be related to the fluid velocity thanks to the Euler equations (1-1). The contributions to the solid dynamics
of the two terms in the right-hand side of the fluid velocity decomposition formula (2-6) are very different.
On the one hand the potential part, i.e., the first term in the right-hand side of (2-6), contributes as an
added inertia matrix, together with a connection term which ensures a geodesic structure [Munnier 2009],
whereas on the other hand the contribution of the term due to the circulation, i.e., the second term in the
right-hand side of (2-6), turns out to be a force which reminds us of the Lorentz force in electromagnetism
by its structure [Glass et al. 2018]. We therefore introduce the following notation.

• We respectively define the genuine and added mass 3× 3 matrices by

Mg =

m 0 0
0 m 0
0 0 J

 ,
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and, for q ∈Q,

Ma(q)=
(∫

F(q)
∇8i (q, x) · ∇8 j (q, x) dx

)
16i, j63

.

Note that Ma is a symmetric Gram matrix and is C∞ on Q.

• We define the symmetric bilinear map 0(q) given by

〈0(q), p, p〉 =
( ∑

1≤i, j≤3

0k
i, j (q)pi p j

)
1≤k≤3

∈ R3 for all p ∈ R3,

where, for each i, j, k ∈ {1, 2, 3}, 0k
i, j denotes the Christoffel symbol of the first kind defined on Q by

0k
i, j =

1
2

(
∂(Ma)k, j

∂qi
+
∂(Ma)k,i

∂q j
−
∂(Ma)i, j

∂qk

)
. (2-7)

It can be checked that 0 is of class C∞ on Q.

• We introduce the following C∞ vector fields on Q with values in R3:

E =−
1
2

∫
∂S(q)
|∂nψ(q, · )|2∂n8(q, · ) dσ, (2-8)

B =
∫
∂S(q)

∂nψ(q, · )(∂n8(q, · )× ∂τ8(q, · )) dσ. (2-9)

We recall that the notation 8 was given in (2-2).
The reformulation of the model as an ODE is given in the following result, which was first established

in [Munnier 2009] in the case γ = 0 and in [Glass et al. 2018] in the case γ ∈ R.

Theorem 6. Given q = (h, ϑ) ∈ C∞([0, T ];Q), u ∈ C∞(DT ;R
2) we have that (q, u) is a solution to

(1-1), (1-2), (1-3), (1-6), (1-7) and (1-9) if and only if q satisfies the ODE on [0, T ]

(Mg +Ma(q))q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q), (2-10)

and u is the unique solution to the system (2-1). Moreover the total kinetic energy 1
2(Mg +Ma(q))q ′ · q ′

is conserved in time for smooth solutions of (2-10), at least as long as there is no collision.

Note that in the case where γ = 0, the ODE (2-10) means that the particle q is moving along the
geodesics associated with the Riemannian metric induced on Q by the matrix field Mg +Ma(q). Note
that, since Q is a manifold with boundary and the metric Mg +Ma(q) may become singular at the
boundary of Q, the Hopf–Rinow theorem does not apply and geodesics may not be global. However we
will make use only of local geodesics.

Remark 7. Let us also mention that the whole “inviscid fluid + rigid body” system can be reinterpreted
as a geodesic flow on an infinite-dimensional manifold; see [Glass and Sueur 2012]. However the
reformulation established by Theorem 6 relies on the finite-dimensional manifold Q and sheds more light
on the dynamics of the rigid body.



EXTERNAL BOUNDARY CONTROL OF THE MOTION OF A RIGID BODY 663

Below we provide a sketch of the proof of Theorem 6; this will be useful in Section 2B when extending
the analysis to the controlled case.

Proof. Let us focus on the direct part of the proof for sake of clarity but all the subsequent arguments can
be arranged in order to ensure the converse part of the statement as well. Using Green’s first identity and
the properties of the Kirchhoff functions, the Newton equations (1-6) can be rewritten as

Mgq ′′ =
∫
F(q)
∇π · ∇8(q, x) dx . (2-11)

Moreover when u is irrotational, (1-1) can be rephrased as

∇π =−∂t u− 1
2∇x |u|2 for x in F(q(t)), (2-12)

and Lemma 5 shows that for any t in [0, T ]

u(t, · )=∇(q ′(t) ·8(q(t), · ))+ γ∇⊥ψ(q(t), · ). (2-13)

Substituting (2-13) into (2-12) and then the resulting decomposition of ∇π into (2-11) we get

Mgq ′′ =−
∫
F(q)

(
∂t∇(q ′ ·8(q, x))+

∇|∇(q ′ ·8(q, x))|2

2

)
· ∇8(q, x) dx

− γ

∫
F(q)

(
∂t∇
⊥ψ(q, x)+∇(∇(q ′ ·8(q, x)) · ∇⊥ψ(q, x))

)
· ∇8(q, x) dx

− γ 2
∫
F(q)

∇|∇ψ(q, x)|2

2
· ∇8(q, x) dx . (2-14)

According to Lemmas 32, 33 and 34 in [Glass et al. 2018], the terms in the three lines of the right-hand
side above are respectively equal to −Ma(q)q ′′ − 〈0(q), q ′, q ′〉, γ q ′ × B(q) and γ 2 E(q), so that we
easily deduce the ODE (2-10) from (2-14).

The conservation of the kinetic energy 1
2(Mg +Ma(q))q ′ · q ′ is then simply obtained by multiplying

the ODE (2-10) by q ′ and observing that

((Mg +Ma(q))q ′′+〈0(q), q ′, q ′〉) · q ′ =
( 1

2(Mg +Ma(q))q ′ · q ′
)′
, (2-15)

completing the proof. �

2B. Extension to the controlled case. We now tackle the case where a control is imposed on the part 6
of the external boundary ∂�. At any time this control has to be compatible with the incompressibility of
the fluid, meaning that the flux through 6 has to be zero. We therefore introduce the set

C :=
{

g ∈ C∞0 (6;R) :
∫
6

g dσ = 0
}
.

The decomposition of the fluid velocity u then involves a new potential term involving the following
function.
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Definition 8. For any q ∈Q and g ∈ C we consider the unique solution ᾱ :=A[q, g] ∈ C∞(F(q);R) to
the Neumann problem

1ᾱ = 0 in F(q) and ∂nᾱ = g16 on ∂F(q), (2-16)

with zero mean on F(q).
Let us mention that the zero-mean condition above allows us to determine a unique solution to the

Neumann problem but plays no role in the sequel.
Now Lemma 5 can be modified as follows.

Lemma 9. For any q = (h, ϑ) in Q, for any p = (`, ω) in R2
×R, for any ḡ in C, the unique solution u

in C∞(F(q)) to 
div u = curl u = 0 in F(q),
u · n = 16 ḡ on ∂�,
u · n = (`+ω(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ

is given by
u =∇(p ·8(q, · ))+ γ∇⊥ψ(q, · )+∇A[q, ḡ]. (2-17)

Let us avoid possible confusion by mentioning that the ∇ operator above has to be considered with
respect to the space variable x . The function A[q, ḡ] and its time derivative will respectively be involved
in the arguments of the following force terms.

Definition 10. We define, for any q in Q, p in R3, α in C∞(F(q);R) and γ in R, F1(q, p, γ )[α] and
F2(q)[α] in R3 by

F1(q, p, γ )[α] := −1
2

∫
∂S(q)
|∇α|2 ∂n8(q, · ) dσ

−

∫
∂S(q)
∇α · (∇(p ·8(q, · ))+ γ∇⊥ψ(q, · ))∂n8(q, · ) dσ, (2-18)

F2(q)[α] := −
∫
∂S(q)

α ∂n8(q, · ) dσ. (2-19)

Observe that (2-18) and (2-19) only require α and ∇α to be defined on ∂S(q). Moreover when these
formulas are applied to α =A[q, g] for some g in C, only the trace of α and the tangential derivative ∂τα
on ∂S(q) are involved, since the normal derivative of α vanishes on ∂S(q) by definition; see (2-16).

We define our notion of controlled solution of the “fluid + solid” system as follows.

Definition 11. We say that (q, g) in C∞([0, T ];Q) × C∞0 ([0, T ]; C) is a controlled solution if the
following ODE holds true on [0, T ]:

(Mg +Ma(q))q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q)+ F1(q, q ′, γ )[α] + F2(q)[∂tα], (2-20)

where α(t, · ) :=A[q(t), g(t, · )].

We have the following result for reformulating the model as an ODE.
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Proposition 12. Given

q ∈ C∞([0, T ];Q), u ∈ C∞(DT ;R
2) and g ∈ C∞0 ([0, T ]; C),

we have that (q, u) is a solution to (1-1), (1-2), (1-6), (1-7), (1-8), (1-9), (1-10), (1-11), (1-12) if and only
if (q, g) is a controlled solution and u is the unique solution to the unique div/curl-type problem

div u = curl u = 0 in F(q),
u · n = 16g on ∂�,
u · n = (h′+ϑ ′(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ,

with q = (h, ϑ).

Proposition 12 therefore extends Theorem 6 to the case with an external boundary control (in particular
one recovers Theorem 6 in the case where g is identically vanishing).

Proof. We proceed as in the proof of Theorem 6 recalled above, with some modifications due to the
extra term involved in the decomposition of the fluid velocity; compare (2-6) and (2-17). In particular
some extra terms appear in the right-hand side of (2-14) after substituting the right-hand side of (2-17)
for u in (2-12). Using some integration by parts and the properties of the Kirchhoff functions we obtain
integrals on ∂S(q) whose sum precisely gives F1(q, q ′, γ )[α(t, · )] + F2(q)[∂tα(t, · )]. This allows us to
conclude. �

3. Reduction to the case where the displacement, velocities and circulation are small

For δ > 0, we introduce the set

Qδ = {q ∈�×R : d(S(q), ∂�) > δ}. (3-1)

The goal of this section is to prove that Theorem 1 can be deduced from the following result. The
balls have to be understood for the Euclidean norm (rather than for the metric Mg +Ma(q)).

Theorem 13. Given δ >0, S0⊂� bounded, closed, simply connected with smooth boundary, which is not
a disk, q0 in Qδ and T > 0, there exists r > 0 such that for any q1 in B(q0, r), for any γ ∈ R with |γ | ≤ r
and for any q ′0, q ′1 ∈ B(0, r), there is a controlled solution (q, g) in C∞([0, T ];Qδ)×C∞0 ([0, T ] ×6)
such that (q, q ′)(0)= (q0, q ′0) and (q, q ′)(T )= (q1, q ′1).

Note in particular that for r > 0 small enough, B(q0, r) is included in the connected component of Qδ

containing q0.

Proof of Theorem 1 from Theorem 13. We proceed in two steps: first we use a time-rescaling argument
in order to deduce from Theorem 13 a more general result covering the case where the initial and final
velocities q ′0 and q ′1 and the circulation γ are large. This argument is reminiscent of a time-rescaling
argument used by J.-M. Coron [1993] for the Euler equation, which has been also used in [Glass and
Rosier 2013] in order to pass from the potential case to the case with vorticity. Then we use a compactness
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argument in order to deal with the case where q0 and q1 are remote (but of course in the same connected
component of Qδ).

The time-rescaling argument relies on the following observation: it follows from (2-20) that (q, g) is a
controlled solution on [0, T ] with circulation γ if and only if (qλ, gλ) is a controlled solution on [0, λT ]
with circulation γ /λ, where (qλ, gλ) is defined by

qλ(t) := q
(

t
λ

)
and gλ(t, x) :=

1
λ

g
(

t
λ
, x
)
. (3-2)

Of course the initial and final conditions

(q, q ′)(0)= (q0, q ′0) and (q, q ′)(T )= (q1, q ′1)

translate respectively into

(qλ, (qλ)′)(0)=
(

q0,
q ′0
λ

)
and (qλ, (qλ)′)(λT )=

(
q1,

q ′1
λ

)
. (3-3)

Now consider q0 in Qδ and q1 in B(q0, r) in the same connected component of Qδ as q0, with r > 0
as in Theorem 13, and q ′0, q ′1 and γ without size constraint. For λ small enough, (q0, λq ′0), (q1, λq ′1)
and λγ satisfy the assumptions of Theorem 13. Hence there exists a controlled solution (q, g) on
[0, T ], achieving (q, q ′)(0)= (q0, λq ′0) and (q, q ′)(T )= (q1, λq ′1). On the other hand, the corresponding
trajectory qλ constructed above will satisfy the conclusions of Theorem 1 on [0, λT ], in particular that
(qλ, (qλ)′)(0) = (q0, q ′0) and (qλ, (qλ)′)(λT ) = (q1, q ′1). Moreover we can assume that it is the case
without loss of generality that λ is small, and in particular that λ≤ 1. Thus the result is obtained but in a
shorter time interval.

To get to the desired time interval, using that (2-20) enjoys some invariance properties by translation
and time-reversal (up to the change of the sign of γ ) it is sufficient to glue together an odd number, say
2N + 1 with N in N∗, of appropriate controlled solutions each defined on a time interval of length λT
with λ = 1/(2N + 1), going back and forth between (q0, q ′0) and (q1, q ′1) until time T = (2N + 1)λT.
Moreover one can see that the gluings are not only C2 but even C∞.

We have therefore already proven that Theorem 1 is true in the case where q1 is close to q0, or more
precisely for any q0 in Qδ and q1 in B(q0, rq0).

For the general case where q0 and q1 are in the same connected component of Qδ for some δ > 0,
without the closeness condition, we use again a gluing process. Consider indeed a smooth curve from q0 to
q1. For each point q on this curve, there is an rq > 0 such that for any q̃ in B(q, rq), any q ′0, q ′1 and any γ ,
one can connect (q, q ′0) to (q̃, q ′1) by a solution of the system for any time T > 0. Extract a finite subcover
of the curve by the balls B(q, rq). Therefore we find N ≥ 2 and (qi/N )i=1,...,N−1 in the same connected
component of Qδ as q0 such that for any i = 1, . . . , N , one has that qi/N is in B(q(i−1)/N , rq(i−1)/N ) (note
that this includes q0 and q1). Therefore, using again the local result obtained above, there exist some
controlled solutions from (q(i−1)/N , 0) to (qi/N , 0) (for i = 1 and i = N we use (q0, q ′0/N ) and (q1, q ′1/N )
rather than (q0, 0) and (q1, 0)), each on a time interval of length T associated with circulation γ /N. One



EXTERNAL BOUNDARY CONTROL OF THE MOTION OF A RIGID BODY 667

deduces by time-rescaling some controlled solutions associated with circulation γ on a time interval of
length T/N. Gluing them together leads to the desired controlled solution. �

4. Reduction to an approximate controllability result

The goal of this section is to prove that Theorem 13 can be deduced from the following approximate
controllability result thanks to a topological argument already used in [Glass and Rosier 2013]; see
Lemma 15 below. Let us mention that a similar argument has also been used for control purposes but in
other contexts; see, e.g., [Aronsson 1973; Brunovský and Lobry 1975; Grasse 1981; 1982].

Theorem 14. Given δ > 0, S0 ⊂ � bounded, closed, simply connected with smooth boundary, which
is not a disk, q0 in Qδ and T > 0, there is r̃ > 0 such that B(q0, r̃) is included in the same connected
component of Qδ as q0, and furthermore, for any η > 0, there exists r ′ = r ′(η) > 0 such that, for any
γ ∈ R with |γ | ≤ r ′ and for any q ′0 in B(0, r̃), there is a mapping

T : B((q0, q ′0), r̃)→ C∞([0, T ];Qδ),

which with (q1, q ′1) associates q where (q, g) is a controlled solution associated with the initial data
(q0, q ′0), such that the mapping

(q1, q ′1) ∈ B((q0, q ′0), r̃) 7→ (T (q1, q ′1), T (q1, q ′1)
′)(T ) ∈Qδ ×R3

is continuous and such that for any (q1, q ′1) in B((q0, q ′0), r̃)

‖(T (q1, q ′1), T (q1, q ′1)
′)(T )− (q1, q ′1)‖6 η.

The proof of Theorem 14 will be given in Section 5. Here we prove that Theorem 13 follows from
Theorem 14.

Proof of Theorem 13 from Theorem 14. Let δ > 0, S0 ⊂ � bounded, closed, simply connected with
smooth boundary, which is not a disk, q0 in Qδ and T > 0. Let r̃ > 0 as in Theorem 14 and η = r̃/2. We
deduce that for any γ ∈ R with |γ | ≤ r ′ = r ′(r̃/2) and q ′0 in B(0, r̃), there is a mapping

T : B((q0, q ′0), r̃)→ C∞([0, T ];Qδ)

which maps (q1, q ′1) to q where (q, g) is a controlled solution associated with the initial data (q0, q ′0)
such that for any (q1, q ′1) in B((q0, q ′0), r̃),

‖(T (q1, q ′1), T (q1, q ′1)
′)(T )− (q1, q ′1)‖6

r̃
2
.

We define a mapping f from B((q0, q ′0), r̃) to R6 which maps (q1, q ′1) to

f (q1, q ′1) := (T (q1, q ′1), T (q1, q ′1)
′)(T ).

Then we apply the following lemma borrowed from [Glass and Rosier 2013, pp. 32–33] to w0 = (q0, q ′0)
and κ = r̃ .
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Lemma 15. Letw0∈Rn , κ >0, f : B(w0, κ)→Rn a continuous map such that we have | f (w)−w|≤κ/2
for any x in ∂B(w0, κ). Then B(w0, κ/2)⊂ f (B(w0, κ)).

This allows us to conclude the proof of Theorem 13 by setting

r =min
{

r̃

2
√

5
, r ′
(

r̃
2

)}
,

since the conditions q1 ∈ B(q0, r), |γ | ≤ r and q ′0, q ′1 ∈ B(0, r) imply |γ | ≤ r ′(r̃/2) and (q1, q ′1) ∈
B((q0, q ′0), r̃/2). �

5. Proof of the approximate controllability result Theorem 14

In this section we prove Theorem 14 by exploiting the geodesic feature of the uncontrolled system with
zero circulation; see the observation below Theorem 6. To do so, we will use some well-chosen impulsive
controls which allow us to modify the velocity q ′ in a short time interval and put the state of the system
on a prescribed geodesic (and use that |γ | is small). We mention here [Bressan 1996] for many more
examples on the impulsive control strategy.

5A. First step. We consider S0 ⊂� as before and consider δ > 0 so that q0 ∈Qδ . We let r1 > 0 be small
enough so that B(q0, r1)⊂Qδ. We also let T > 0.

The first step consists in considering the geodesics associated with the uncontrolled, potential case
(γ = 0). The following classical result regarding the existence of geodesics can be found for instance in
[Marsden and Ratiu 1994, Section 7.5]; see also [Gaines 1969] for the continuity feature.

Lemma 16. There exists r2 in (0, r1/2) such that for any q1 in B(q0, r2) there exists a unique C∞ solution
q̄(t) lying in B(q0, r1/2) to

(Mg +Ma(q̄))q̄ ′′+〈0(q̄), q̄ ′, q̄ ′〉 = 0 on [0, T ], with q̄(0)= q0, q̄(T )= q1. (5-1)

Furthermore the map q1 ∈ B(q0, r2) 7→ (c0, c1) ∈ R6 given by c0 = q̄ ′(0), c1 = q̄ ′(T ) is continuous.

Let us fix r2 as in the lemma before. Let q ′0 in B(0, r2) and (q1, q ′1) in B((q0, q ′0), r2).

Our goal is to make the system follow approximately such a geodesic q̄, which we consider fixed
during this section. For the geodesic equation in (5-1), q0 and q1 determine the initial and final velocities
(which of course differ in general from q ′0 and q ′1). But we will see that it is possible to use the penultimate
term of (2-20) in order to modify the initial and final velocities of the system. Precisely, the control will
be used so that the right-hand side of (2-20) behaves like two Dirac masses at times close to 0 and T,
driving the velocity q ′ from the initial and final velocities to the ones of the geodesic in two short time
intervals close to 0 and T.

5B. Illustration of the method on a toy model. Let us illustrate this strategy on a toy model. We will
later on adapt the analysis to the complete model; see Proposition 21.
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Let β : R→ R be a smooth, nonnegative function supported in [−1, 1] such that
∫ 1
−1 β(t)

2 dt = 1 and,
for ε in (0, 1),

βε(t) :=
1
√
ε
β

(
t − ε
ε

)
,

so that2 (β2
ε )ε is an approximation of the unity when ε→ 0+.

For a function f defined on [0, T ], we will define

‖ f ‖T,ε := ‖ f ‖C0([0,T ])+‖ f ‖C1([2ε,T−2ε]). (5-2)

Lemma 17. Let q0, r2, q1, q ′0 and q ′1 as above. Let

v0 := (Mg +Ma(q0))(c0(q1)− q ′0) and v1 := −(Mg +Ma(q1))(c1(q1)− q ′1). (5-3)

Let, for ε in (0, 1), qε be the maximal solution to the Cauchy problem

(Mg +Ma(qε))q ′′ε +〈0(qε), q ′ε, q ′ε〉 = β
2
ε ( · )v0+β

2
ε (T − · )v1, (5-4)

with qε(0) = q0 and q ′ε(0) = q ′0. Then for ε small enough, qε(t) lies in B(q0, r1) for t in [0, T ] and, as
ε→ 0+, ‖qε − q̄‖T,ε→ 0 and (qε, q ′ε)(T )→ (q1, q ′1).

Proof. For ε in (0, 1), let us define Tε = sup{T̂ > 0 : qε(t) ∈ B(q0, r1) for t ∈ (0, T̂ )}. Let us first prove
that there exists T̃ > 0 such that for any ε in (0, 1) we have Tε ≥ T̃. Using the identity (2-15), we obtain
indeed, for any ε in (0, 1), for any t ∈ (0, Tε)

(Mg +Ma(qε(t)))q ′ε(t) · q
′

ε(t)= (Mg +Ma(q0))q ′0 · q
′

0+ 2
∫ t

0
(β2
ε ( · )v0+β

2
ε (T − · )v1) · q ′ε.

Moreover, relying on Remark 4, we see that there exists c > 0 (which depends on δ) such that for any q
in Qδ, for any p in R3

c|p|2 ≤ (Mg +Ma(q))p · p ≤ c−1
|p|2. (5-5)

Therefore using Gronwall’s lemma we obtain that there exists C > 0 such that for any ε in (0, 1), for
any t ∈ (0, Tε) we have supt∈(0,Tε) ‖q

′
ε(t)‖ ≤ C . Therefore by the mean value theorem for T̃ := r1/2C ,

for any ε in (0, 1) one has Tε ≥ T̃.
We now prove in the same time that for ε > 0 small enough Tε ≥ T, and the convergence results stated

in Lemma 17. In order to exploit the supports of the functions βε( · ) and βε(T − · ) in the right-hand
side of (5-4) we compare the dynamics of qε and q̄ during the three time intervals [0, 2ε], [2ε, T − 2ε]
and [T − 2ε, T ].

For ε1 := T̃ /2 and ε in (0, ε1), one already has that Tε ≥ 2ε and we can therefore simply compare the
dynamics of qε and q̄ on the first interval [0, 2ε]. Indeed using again the mean value theorem we obtain

2In the next lemma we are going to make use only of the square function β2
ε but we will also have to deal with the function βε

itself in the sequel; see below Proposition 19.
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that supt∈[0,2ε] |qε− q0| converges to 0 as ε goes to 0. Moreover integrating (5-4) on [0, 2ε] and taking
into account the choice of v0 in (5-3), we obtain

(Mg +Ma(qε(2ε)))q ′ε(2ε)

= (Mg +Ma(q0))c0(q1)−

∫ 2ε

0
(DMa(qε) · q ′ε) · q

′

ε dt −
∫ 2ε

0
〈0(qε), q ′ε, q ′ε〉 dt. (5-6)

Now, there exists C > 0 such that for any q in Qδ, for any p in R3

|(DMa(q) · p) · p| + |〈0(q), p, p〉| ≤ C |p|2. (5-7)

Combining this and the bound on q ′ε we see that the two terms of the last line of (5-6) above converge to 0
as ε goes to 0. Since q 7→Ma(q) is continuous on Qδ and qε(2ε) converges to q0 as ε→ 0, the matrix
Ma(qε) converges to Ma(q0) as ε→ 0. Therefore, using that the matrix Mg +Ma(q0) is invertible we
deduce that q ′ε(2ε) converges to c0(q1) as ε goes to 0.

During the time interval [2ε, T − 2ε], the right-hand side of (5-4) vanishes and the equation therefore
reduces to the geodesic equation in (5-1). Since this equation is invariant by translation in time, one may
use the following elementary result on the continuous dependence on the data, with a time shift of 2ε.

Lemma 18. There exists η > 0 such that for any (q̃0, q̃ ′0) in B((q0, c0(q1)), η) there exists a unique C∞

solution q̃(t) lying in B(q0, r1) to

(Mg +Ma(q̃))q̃ ′′+〈0(q̃), q̃ ′, q̃ ′〉 = 0 on [0, T ], with q̃(0)= q̃0, q̃ ′(0)= q̃ ′0.

Furthermore ‖q̃ − q̄‖C1([0,T ])→ 0 as (q̃0, q̃ ′0)→ (q0, c0(q1)).

Since qε(2ε) and q ′ε(2ε) respectively converge to q0 and c0(q1), according to Lemma 18 there exists
ε2 in (0, ε1) such that for ε in (0, ε2), there exists a unique C∞ solution q̃ε(t) lying in B(q0, r1) to

(Mg +Ma(q̃ε))q̃ ′′ε +〈0(q̃ε), q̃ ′ε, q̃ ′ε〉 = 0 on [0, T ],

with

q̃ε(0)= qε(2ε), q̃ ′ε(0)= q ′ε(2ε) and ‖q̃ε − q̄‖C1([0,T ])→ 0 as ε→ 0.

Since the function defined by q̂ε(t)= qε(t + 2ε) also satisfies

(Mg +Ma(q̂ε))q̂ ′′ε +〈0(q̂ε), q̂ ′ε, q̂ ′ε〉 = 0 on [0, T − 4ε], with q̂ε(0)= qε(2ε), q̂ ′ε(0)= q ′ε(2ε),

by the uniqueness part in the Cauchy–Lipschitz theorem one has that Tε ≥ T − 2ε and q̂ε and q̃ε coincide
on [0, T − 4ε], so that, shifting back in time, ‖qε − q̄( · − 2ε)‖C1([2ε,T−2ε])→ 0 as ε→ 0. Since q̄ is
smooth, this gives that ‖qε − q̄‖C1([2ε,T−2ε])→ 0 as ε→ 0.

Finally one deals with the time interval [T − 2ε, T ] in the same way as the first step. In particular,
reducing ε one more time if necessary one obtains, by an energy estimate, a Gronwall estimate and the
mean value theorem, that Tε ≥ T. Moreover the choice of the vector v1 in (5-3) allows us to reorient the
velocity q ′ε from c1(q1) to q ′1, whereas the position is not much changed (due to the uniform bound of q ′ε
and the mean value theorem) so that the value of qε at time T converges to q1 as ε goes to 0. �
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5C. Back to the complete model. Now in order to mimic the right-hand side of (5-4) we are going to use
one part of the force term F1 introduced in Definition 10. Let us therefore introduce some notations for
the different contributions of the force term F1. We define, for any q in Q, p in R3, α in C∞(F(q);R)

F1,a(q)[α] := −
1
2

∫
∂S(q)
|∇α|2 ∂n8(q, · ) dσ, (5-8)

F1,b(q, p)[α] := −
∫
∂S(q)
∇α · ∇(p ·8(q, · )) ∂n8(q, · ) dσ, (5-9)

F1,c(q)[α] := −
∫
∂S(q)
∇α · ∇⊥ψ(q, · ) ∂n8(q, · ) dσ, (5-10)

so that for any γ in R

F1(q, p, γ )[α] = F1,a(q)[α] + F1,b(q, p)[α] + γ F1,c(q)[α].

The part which will allow us to approximate the right-hand side of (5-4) is F1,a . More precisely we are
going to see (see Proposition 20) that there exists a control α (chosen below as α = A[q, gε] with gε
given by (5-14)) that in the appropriate regime the dynamics of (2-20) behaves like the equation with only
F1,a on the right-hand side. Moreover the following lemma, where the time parameter does not appear,
proves that the operator F1,a(q)[ · ] can actually attain any value v in R3. Recall that δ > 0 was fixed at
the beginning of Section 5A.

Proposition 19. There exists a continuous mapping ḡ :Qδ ×R3
→ C such that for any (q, v) in Qδ ×R3

the function ᾱ :=A[q, ḡ(q, v)] in C∞(F(q);R) satisfies

1ᾱ = 0 in F(q) and ∂nᾱ = 0 on ∂F(q) \6, (5-11)∫
∂S(q)
|∇ᾱ|2 ∂n8(q, · ) dσ = v, (5-12)∫

∂S(q)
ᾱ ∂n8(q, · ) dσ = 0. (5-13)

We recall that the operator A was introduced in Definition 8. The result above will be proved in
Section 7. Note that when S(q) is a homogeneous disk, an adapted version of Proposition 19 still holds;
see Proposition 26 in Section 7. The condition (5-13) will be useful to cancel out the last term of (2-20).

We define

gε(t, x) := βε(t)ḡ(q0,−2v0)(x)+βε(T − t)ḡ(q1,−2v1)(x), (5-14)

where v0 and v1 were defined in (5-3) for (q1, q ′1) in B((q0, q ′0), r2), and ḡ is given by Proposition 19. The
goal is to prove that for ε and |γ | small enough, this control drives the system (2-20) with α =A[q, gε]
from (q0, q ′0) to (q1, q ′1), approximately.

(1) We first observe that

F1,a(q)[A[q, gε]] = β2
ε (t)F1,a(q)[A[q, ḡ(q0,−2v0)]] +β

2
ε (T − t)F1,a(q)[A[q, ḡ(q1,−2v1)]], (5-15)
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and is therefore a good candidate to approximate the right-hand side of (5-4) if q is near q0 for t near 0
and if q is near q1 for t near T. One then may indeed expect that

F1,a(q)[A[q, ḡ(q0,−2v0)]] and F1,a(q)[A[q, ḡ(q1,−2v1)]]

are close to
F1,a(q0)[A[q0, ḡ(q0,−2v0)]] and F1,a(q1)[A[q1, ḡ(q1,−2v1)]],

respectively, on the respective supports of βε( · ) and βε(T − · ). Moreover, according to Proposition 19
these last two terms are equal to v0 and v1 (see (5-8) and (5-12)).

(2) Next we will rigorously prove in Proposition 21 below that the conclusion of Lemma 17 for the toy
system also holds when one substitutes the term F1,a(q)[A[q, gε]] in (5-15). This corresponds also to
(2-20) with γ = 0 and the term F1,b and F2 put to zero.

(3) Finally it will appear that in an appropriate regime, in particular for small ε and |γ |, the second-to-last
term of (2-20) is dominant with respect to the other terms of the right-hand side (here the condition (5-13)
above will be essential in order to deal with the last term of (2-20)).

Let us state a proposition summarizing the claims above. According to the Cauchy–Lipschitz theorem
there exists a controlled solution qε,γ associated with the control gε introduced in (5-14), starting with
the initial condition qε,γ (0)= q0 and q ′ε,γ (0)= q ′0, with circulation γ , and lying in B(q0, r1) up to some
positive time Tε,γ . More explicitly qε,γ satisfies on [0, Tε,γ ]

(Mg +Ma(qε,γ ))q ′′ε,γ +〈0(qε,γ ), q ′ε,γ , q ′ε,γ 〉

= γ 2 E(qε,γ )+ γ q ′ε,γ × B(qε,γ )+ F1(qε,γ , q ′ε,γ , γ )[A[qε,γ , gε]] + F2(qε,γ )[∂tA[qε,γ , gε]]. (5-16)

Observe that due to the choice of the control gε in (5-14) the function qε,γ also depends on (q1, q ′1)
through v0 and v1; see their definition in (5-3).

We have the following approximation result.

Proposition 20. For ε and |γ | small enough, Tε,γ > T and, as ε and |γ | converge to 0+, we have
‖qε,γ − q̄‖T,ε→ 0 and (qε,γ , q ′ε,γ )(T )→ (q1, q ′1), uniformly for (q1, q ′1) in B((q0, q ′0), r2).

This result will be proved in Section 6. Once Proposition 20 is proved, Theorem 14 follows rapidly.
Indeed, let us set r̃ = r2; according to Proposition 20, for η > 0, there exists ε = ε(η) > 0 and r ′ = r ′(η)
in (0, r̃) such that for any γ ∈ R with |γ | ≤ r ′ and for any q ′0 in B(0, r̃) the mapping T defined on
B((q0, q ′0), r̃) by setting T (q1, q ′1) = qε,γ has the desired properties. In particular the continuity of T
follows from the regularity of c0 in Lemma 16 and of the solution of ODEs on their initial data. This
ends the proof of Theorem 14.

5D. About Remark 2. Now that we presented the scheme of proof of Theorem 1 let us explain how
to obtain the improvement mentioned in Remark 2. It is actually a direct consequence of the explicit
formula for gε(t, x) given in (5-14) and of a change of variable in time. Due to the expression of βε given
at the beginning of Section 5B one obtains that the total flux through 6−, that is,

∫ T
0

∫
6−

gε dσ dt , is of
order

√
ε. Hence one can reduce ε again in order to satisfy the requirement of Remark 2.
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On the other hand observe that the time-rescaling argument used in the proof of Theorem 1 from
Theorem 13, see (3-2), leaves the total flux through 6− invariant, while the number N of steps involved
in the end of the same proof does not depend on ε.

6. Closeness of the controlled system to the geodesic: proof of Proposition 20

In this section, we prove Proposition 20.

6A. Proof of Proposition 20. The proof of Proposition 20 is split in several parts. To compare qε,γ
and q̄ , we are going to consider an “intermediate trajectory” q̃ε which imitates the trajectory qε of the toy
model of Lemma 17 by using the part F1,a of the force term. More precisely we define q̃ε by

(Mg +Ma(q̃ε))q̃ ′′ε +〈0(q̃ε), q̃ ′ε, q̃ ′ε〉 = F1,a(q̃ε)[A[q̃ε, gε]], with q̃ε(0)= q0, q̃ ′ε(0)= q ′0, (6-1)

where gε was defined in (5-14) and where the operator A was introduced in Definition 8. Note that
due to the definition of gε, the function q̃ε also depends on q1, q ′1. The statement below is equivalent to
Lemma 17 for q̃ε, comparing q̃ε to the “target geodesic” q̄ .

Proposition 21. There exists ε1 > 0 such that for any ε ∈ (0, ε1], for any (q1, q ′1) in B((q0, q ′0), r2), the
solution q̃ε given by (6-1) lies in the ball B(q0, r1) at least up to T. Moreover ‖q̃ε − q̄‖T,ε converges to 0
and (q̃ε, q̃ ′ε)(T ) converges to (q1, q ′1) when ε converges to 0+, uniformly for (q1, q ′1) in B((q0, q ′0), r2) for
both convergences.

We recall that the norm ‖ · ‖T,ε was defined in (5-2). The proof of Proposition 21 can be found in
Section 6B.

The following result allows us to deduce the closeness of the trajectories qε,0, given by (5-16) with
γ = 0, and q̃ε given by (6-1). Let us recall that by the definition of Tε,γ that comes along (5-16), qε,0 lies
in B(q0, r1) up to the time Tε,0, which depends on q1, q ′1.

Proposition 22. There exists ε2 in (0, ε1] such that for any ε ∈ (0, ε2], one has Tε,0 ≥ T. Moreover
‖q̃ε − qε,0‖C1([0,T ])→ 0 when ε→ 0+, uniformly for (q1, q ′1) in B((q0, q ′0), r2).

The proof of Proposition 22 can be found in Section 6C.
Finally, we have the following estimation of the deviation due to the circulation γ , which will be

proved in Section 6D.

Proposition 23. There exists ε3 in (0, ε2] such that for all ε ∈ (0, ε3], there exists γ0 > 0 such that for
any γ ∈ [−γ0, γ0], we have Tε,γ ≥ T and ‖qε,γ − qε,0‖C1[0,T ] converges to 0 when γ → 0, uniformly for
(q1, q ′1) in B((q0, q ′0), r2).

Propositions 21, 22 and 23 give us directly the result of Proposition 20.

6B. Proof of Proposition 21. We proceed as in the proof of Lemma 17 with a few extra complications
related to the fact that the right-hand side of (6-1) is more involved than the one of (5-4) and to the fact
that we need to obtain uniform convergences with respect to (q1, q ′1) in B((q0, q ′0), r2).
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As in the proof of Lemma 17 we introduce, for ε in (0, 1), the time

Tε = sup{T̂ > 0 : q̃ε(t) ∈ B(q0, r1) for t ∈ (0, T̂ )}

and we first prove that there exists T̃ > 0 such that for any ε in (0, 1) we have Tε ≥ T̃ thanks to an energy
estimate. In order to deal with the term coming from (5-15) in the right-hand side of the energy estimate,
recalling Remark 4 and the definition of F1,a in (5-8), we observe that for any R > 0 there exists C > 0
such that for any q, q̃ in Qδ, for any v in B(0, R)

|F1,a(q)[A[q, ḡ(q̃, v)]]| ≤ C. (6-2)

This allows us to deduce from the expressions of v0 and v1 in (5-3) that there exists T̃ > 0 and C > 0
such that for any (q1, q ′1) in B((q0, q ′0), r2), for any ε in (0, 1) we have Tε ≥ T̃ and ‖q̃ ′ε‖C([0,Tε]) ≤C . We
deduce that for ε1 := T̃ /2 and ε in (0, ε1) we have Tε ≥ 2ε and that supt∈[0,2ε] |q̃ε−q0| converges to 0 as
ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2).

Now let us prove that q̃ ′ε(2ε) converges to c0(q1) as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2).
We integrate (6-1) on [0, 2ε]. Thus

(Mg +Ma(q̃ε(2ε)))q̃ ′ε(2ε)= (Mg +Ma(q0))q ′0−
∫ 2ε

0
(DMa(q̃ε) · q̃ ′ε) · q̃

′

ε dt

−

∫ 2ε

0
〈0(q̃ε), q̃ ′ε, q̃ ′ε〉 dt +

∫ 2ε

0
F1,a(q̃ε)[A[q̃ε, gε]] dt. (6-3)

Then we pass to the limit as ε goes to 0+ in the last equality. Here we use two extra arguments with
respect to the corresponding argument in the proof of Lemma 17. On the one hand we see that the
convergences of Ma(q̃ε(2ε)) to Ma(q0) and of the two first terms of the last line to 0, already obtained
in the proof of Lemma 17, hold uniformly with respect to (q1, q ′1) in B((q0, q ′0), r2), as a consequence
of the uniform estimates of q̃ε − q0 and q̃ ′ε obtained above. On the other hand the term F1,a enjoys the
following regularity property with respect to q: we have that q 7→ F1,a(q)[A[q, ḡ(q0, v)]] is Lipschitz
with respect to q in Qδ uniformly for v in bounded sets of R3. Therefore using that supt∈[0,2ε] |q̃ε − q0|

converges to 0 as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2), the expressions of v0 and v1 in (5-3)
and that F1,a(q0)[A[q0, ḡ(q0,−2v0)]] = v0, according to Proposition 19 we deduce that

sup
t∈[0,2ε]

|F1,a(q̃ε)[A[q̃ε, ḡ(q0,−2v0)]] − v0|

converges to 0 as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2). Since for t in [0, 2ε], (5-15) applied
to q = q̃ε is simplified into

F1,a(q̃ε)[A[q̃ε, gε]] = β2
ε (t)F1,a(q̃ε)[A[q̃ε, ḡ(q0,−2v0)]],

and
∫ 2ε

0 β2
ε (t) dt = 1, we get that the last term in (6-3) converges to v0 when ε goes to 0. Moreover, due

to the choice of v0 the first and last terms of the right-hand side of (6-3) can be combined at the limit to
get (Mg +Ma(q0))c0(q1).
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Therefore, inverting the matrix in the right-hand side of (6-3) and passing to the limit, we see that
q̃ ′ε(2ε) converges to c0(q1) as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2).

When t is in [2ε, T − 2ε], (6-1) reduces to a geodesic equation so that the same arguments as in the
proof of Lemma 17 apply.

Finally for the last step, for t in [T − 2ε, T ] we proceed in the same way as in the first step. This ends
the proof of Proposition 21.

6C. Proof of Proposition 22. We begin with the following lemma, which provides a uniform boundedness
for the trajectories qε,0 satisfying (5-16) with γ = 0, that is,

(Mg +Ma(qε,0))q ′′ε,0+〈0(qε,0), q ′ε,0, q ′ε,0〉

= F1,a(qε,0)[A[qε,0, gε]] + F1,b(qε,0, q ′ε,0)[A[qε,0, gε]] + F2(qε,0)[∂tA[qε,0, gε]]. (6-4)

We recall that gε is given by (5-14) with v0 and v1 given by (5-3). The terms F1,a and F1,b were defined
in (5-8), (5-9), and F2 in (2-18). Also we recall that by the definition of Tε,0 (see the definition of Tε,γ in
the end of Section 5C), during the time interval [0, Tε,0], the trajectory qε,0 remains in B(q0, r1).

Lemma 24. There exists εa > 0 such that

sup
(q1,q ′1)∈B((q0,q ′0),r2)

ε∈(0,εa]

‖q ′ε,0‖C([0,Tε,0]) <+∞.

Proof. First we see that the mappings

q 7→ F1,a(q)[A[q, ḡ(q0, v)]] and q 7→ F1,b(q, · )[A[q, ḡ(q0, v)]]

are bounded for q in Qδ, uniformly for v in bounded sets of R3. Let us now focus on the F2 term. For t
in [0, 2ε], we have gε(t)= βε(t)ḡ(q0,−2v0) so that, by the chain rule, for t in [0,min(2ε, Tε,0)],

∂tA[qε,0, gε] = βεDqA[qε,0, ḡ(q0,−2v0)] · q ′ε,0+β
′

εA[qε,0, ḡ(q0,−2v0)].

Concerning F2 we have, using the property (5-13),

F2(qε,0)[∂tA[qε,0, gε]]

= βε

∫
∂S(qε,0)

(DqA[qε,0, ḡ(q0,−2v0)] · q ′ε,0) ∂n8(qε,0, · ) dσ

+β ′ε

(∫
∂S(qε,0)

A[qε,0, ḡ(q0,−2v0)] ∂n8(qε,0, · ) dσ −
∫
∂S(q0)

A[q0, ḡ(q0,−2v0)] ∂n8(q0, · ) dσ
)
.

Using that the mapping q 7→
∫
∂S(q) ∇qA[q, ḡ(q0, v)]⊗∂n8(q, · ) dσ is bounded for q over Qδ and that

the mapping q 7→
∫
∂S(q)A[q, ḡ(q0, v)] ∂n8(q, · ) dσ is Lipschitz with respect to q in Qδ , both uniformly

for v in bounded sets of R3, we see that this involves (recalling the expression of βε given at the beginning
of Section 5B)

|F2(qε,0)[∂tA[qε,0, gε]]|. C
(

1
ε1/2 |q

′

ε,0| +
1
ε3/2 |qε,0− q0|

)
, (6-5)
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uniformly for (q1, q ′1) in B((q0, q ′0), r2). Then, multiplying (6-4) by q ′ε,0 and using once more the identity
(2-15), we obtain, for any ε in (0, 1), for t in [0,min(2ε, Tε,0)]

(Mg+Ma(qε,0(t)))q ′ε,0(t)·q
′

ε,0(t)

= (Mg+Ma(q0))q ′0·q
′

0

+2
∫ t

0

(
F1,a(qε,0)[A[qε,0,gε]]+F1,b(qε,0,q ′ε,0)[A[qε,0,gε]]+F2(qε,0)[∂tA[qε,0,gε]]

)
·q ′ε,0. (6-6)

Then, using (5-5), the boundedness of the mappings

q 7→ F1,a(q)[A[q, ḡ(q0, v)]] and q 7→ F1,b(q, · )[A[q, ḡ(q0, v)]]

already mentioned above, the definition of βε and the bound (6-5), we get

|q ′ε,0(t)|
2
≤ C

(
1+

1
ε1/2

∫ t

0
|q ′ε,0(s)|

2 ds+
1
ε3/2

∫ t

0
|q ′ε,0(s)||qε,0(s)− q0| ds

)
.

Then using the mean value theorem and that t ≤ 2ε, we have

|q ′ε,0(t)|
2
≤ C

(
1+ ε1/2 sup

[0,min(2ε,Tε,0)]
|q ′ε,0|

2),
so that for ε small enough, and for t in [0,min(2ε, Tε,0)], |q ′ε,0(t)| ≤ C , uniformly for (q1, q ′1) in
B((q0, q ′0), r2). As a consequence of the usual blow-up criterion for ODEs, we have Tε,0 ≥ 2ε.

During the next phase, i.e., for t in [2ε, T − 2ε], the control is inactive so that (6-4) is a geodesic
equation. Then by a simple energy estimate we get again that |q ′ε,0(t)| ≤ C on [0,min(T − 2ε, Tε,0)].

Finally if Tε,0 ≥ T −2ε, then we deal with the last phase as in the first phase. This concludes the proof
of Lemma 24. �

We then conclude the proof of Proposition 22 by a classical comparison argument using Gronwall’s
lemma and the Lipschitz regularity with respect to q of the various mappings involved (Ma , 0, F1,a ,
F1,b and F2). This allows us to prove that there exists ε2 in (0, ε1] such that for any ε ∈ (0, ε2] we have
Tε,0 ≥ T and ‖q̃ε − qε,0‖C1([0,T ])→ 0 when ε→ 0+, uniformly for (q1, q ′1) in B((q0, q ′0), r2). This ends
the proof of Proposition 22.

6D. Proof of Proposition 23. First we may extend Lemma 24 to the solutions qε,γ to (5-16) in the
following manner.

Lemma 25. There exists εb in (0, ε2) such that ‖q ′ε,γ ‖C([0,Tε,γ ]) is bounded uniformly in ε ∈ (0, εb] for
any γ ∈ [−1, 1] and for (q1, q ′1) ∈ B((q0, q ′0), r2).

It is indeed a matter of adding the “electric field” E in (6-6), and noting that E is bounded on Qδ; the
“magnetic field” B gives no contribution to the energy.

We now finish the proof of Proposition 23. Using a comparison argument we obtain that there exists
ε3 in (0, εb] such that for all ε ∈ (0, ε3], there exists γ0 > 0 such that for any γ ∈ [−γ0, γ0], we have
Tε,γ ≥ T and ‖qε,γ − qε,0‖C1[0,T ] converges to 0 when γ → 0, uniformly for (q1, q ′1) in B((q0, q ′0), r2).
This concludes the proof of Proposition 23.
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7. Design of the control according to the solid position: proof of Proposition 19

This section is devoted to the proof of Proposition 19.

7A. The case of a homogeneous disk. Before proving Proposition 19 we establish the following similar
result concerning the simpler case where the solid is a homogeneous disk. In that case, the statement
merely considers q of the form q = (h, 0). Thus in order to simplify the writing, we introduce

Qh
δ := {h ∈ R2

: (h, 0) ∈Qδ}.

Also throughout this section when we will write q, it will be understood that q is associated with h by
q = (h, 0).

Proposition 26. Let δ > 0. Then there exists a continuous mapping ḡ :Qh
δ×R2

→ C such that the function
ᾱ :=A[q, ḡ(q, v)] in C∞(F(q);R) satisfies

1ᾱ(q, x)= 0 in F(q) and ∂nᾱ(q, x)= 0 on ∂F(q) \6, (7-1)∫
∂S(q)
|∇ᾱ(q, x)|2n dσ = v, (7-2)∫

∂S(q)
ᾱ(q, x)n dσ = 0. (7-3)

In order to prove Proposition 26, the mapping ḡ will be constructed using a combination of some
elementary functions which we introduce in several lemmas.

To begin with, we will make use of the elementary geometrical property that {n(q0, x) : x ∈ ∂S(q0)} is
the unit circle S1 and of the following lemma.

Lemma 27. There exist three vectors e1, e2, e3∈{n(q0, x) : x ∈∂S(q0)} and positive C∞ maps (µi )16i63 :

R2
→ R+ such that for any v ∈ R2

3∑
i=1

µi (v)ei = v. (7-4)

Proof. One may consider for instance e1 := (1, 0), e2 := (0, 1), e3 := (−1,−1), and

µ1(v)= v1+
√

1+ |v1|2+ |v2|2, µ2(v)= v2+
√

1+ |v1|2+ |v2|2, µ3(v)=
√

1+ |v1|2+ |v2|2. �

In the next lemma, we introduce some functions that are defined in a neighborhood of ∂S(q0) (for
some q0 = (h0, 0) fixed), satisfying some counterparts of the properties (7-1) and (7-2).

Lemma 28. There exist families of functions (α̃i, j
ε )ε∈(0,1), i, j ∈ {1, 2, 3}, such that for any i, j ∈ {1, 2, 3},

for any ε ∈ (0, 1) the function α̃i, j
ε is defined and harmonic in a closed neighborhood V i, j

ε of ∂S(q0) and
satisfies ∂nα̃

i, j
ε = 0 on ∂S(q0), and moreover one has for any i, j, k, l in {1, 2, 3},∫

∂S(q0)

∇α̃i, j
ε · ∇α̃

k,l
ε n dσ → δ(i, j),(k,l)ei as ε→ 0+.
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Proof. Without loss of generality, we may suppose that S(q0) is the unit disk. Consider the parametrization
{c(s) = (cos(s), sin(s)) : s ∈ [0, 2π ]} of ∂S(q0) and the corresponding si such that n(q0, c(si )) = ei ,
i ∈ {1, 2, 3}.

We consider families of smooth functions β i, j
ε : [0, 2π ] → R, i, j ∈ {1, 2, 3}, ε ∈ (0, 1), such that

suppβ i, j
ε ∩ suppβk,l

ε =∅ whenever (i, j) 6= (k, l), diam(suppβ i, j
ε )→ 0 as ε→ 0+,∫ 2π

0
β i, j
ε (s) dσ = 0 and

∣∣∣∣∫ 2π

0
|β i, j
ε (s)|

2n(q0, c(s)) ds− ei

∣∣∣∣→ 0 as ε→ 0+.

Then we define α̃i, j
ε in polar coordinates as the truncated Laurent series

α̃i, j
ε (r, ϑ) :=

1
2

∑
0<k≤K

1
k

(
r k
+

1
r k

)
(−b̂i, j

k,ε cos(kϑ)+ âi, j
k,ε sin(kϑ)),

where âi, j
k,ε and b̂i, j

k,ε denote the k-th Fourier coefficients of the function β i, j
ε . It is elementary to check that

the function α̃i, j
ε satisfies the required properties for an appropriate choice of K . �

Now, for any h ∈Qh
δ , we may define

V i, j
ε (q) := V i, j

ε − h0+ h,

which is a neighborhood of ∂S(q), and

α̃i, j
ε (q, x) := α̃i, j

ε (x + h0− h)

for each x ∈ V i, j
ε (q). We have for i, j, k, l in {1, 2, 3},∫

∂S(q)
∇α̃i, j

ε (q, x) · ∇α̃k,l
ε (q, x)n(q, x) dσ =

∫
∂S(q0)

∇α̃i, j
ε (x) · ∇α̃

k,l
ε (x)n(q0, x) dσ.

Proceeding as in [Glass 2001] (see also [Glass 2012, p. 147–149]) and relying in particular Runge’s
theorem, we have the following result which asserts the existence of harmonic approximate extensions on
the whole fluid domain.

Lemma 29. There exists a family of functions (αi, j
η )η∈(0,1), i, j ∈ {1, 2, 3}, harmonic in F(q), satisfying

∂nα
i, j
η (q, x)= 0 on ∂F(q) \6, with for any k in N,

‖αi, j
η (q, · )− α̃

i, j
ε (q, · )‖Ck(V i, j

ε (q)∩F(q))→ 0 when η→ 0+. (7-5)

We now check that the above construction can be made continuous in q .

Lemma 30. For any ν > 0, there exist continuous mappings h ∈ Qh
δ 7→ ᾱi, j (q, · ) ∈ C∞(F(q)), where

q = (h, 0), i, j ∈ {1, 2, 3}, such that for any h ∈Qh
δ we have 1x ᾱ

i, j (q, x)= 0 in F(q), ∂nᾱ
i, j (q, x)= 0

on ∂F(q) \6 and ∣∣∣∣∫
∂S(q)
∇ᾱi, j (q, · ) · ∇ᾱk,l(q, · )n dσ − δ(i, j),(k,l)ei

∣∣∣∣≤ ν. (7-6)
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Proof. Let us assume that the functions αi, j
η were previously defined not only for h ∈Qh

δ but for h ∈Qh
δ ;

this is possible by using a smaller δ. Hence we may for each h ∈Qh
δ find functions αi, j

η (for some η > 0)
satisfying the properties above, and in particular such that (7-6) is valid.

Next we observe that for any h ∈ Qh
δ , setting q = (h, 0), the unique solution α̂i, j

η (q̃, q, · ) (up to an
additive constant) to the Neumann problem

1x α̂
i, j
η (q̃, q, x)= 0 in F(q̃),

∂nα̂
i, j
η (q̃, q, x)= 0 on ∂F(q̃) \6,

∂nα̂
i, j
η (q̃, q, x)= ∂nα

i, j
η (q, x) on 6,

is continuous with respect to q̃ ∈Qδ . It follows that when a family of functions αi, j
η satisfies (7-6) at some

point h ∈Qh
δ , it satisfies (7-6) (with perhaps 2ν in the right-hand side) in some neighborhood of h. Since

Qh
δ is compact and can be covered with such neighborhoods, one can extract a finite subcover and use a

partition of unity (according to the variable q) adapted to this subcover to conclude: one gets an estimate
like (7-6) with Cν on the right-hand side (for some constant C). It is then just a matter of considering
ν/C rather than ν at the beginning. �

Finally our basic building blocks to prove Proposition 26 are given in the following lemma, where we
can add the constraint (7-3).

Lemma 31. For any ν > 0, there exist continuous mappings q = (h, 0) ∈ Qδ 7→ ᾱi (q, · ) ∈ C∞(F(q)),
i ∈ {1, 2, 3}, such that for any q = (h, 0) ∈ Qδ we have 1x ᾱ

i (q, x) = 0 in F(q), ∂nᾱ
i (q, x) = 0 on

∂F(q) \6 and ∣∣∣∣∫
∂S(q)
∇ᾱi (q, · ) · ∇ᾱ j (q, · )n dσ − δi, j ei

∣∣∣∣≤ ν, (7-7)∫
∂S(q)

ᾱi (q, · )n dσ = 0. (7-8)

Proof. Consider the functions ᾱi, j given by Lemma 30. For any q = (h, 0) ∈ Qδ, for any i ∈ {1, 2, 3}
the three vectors

∫
∂S(q) ᾱ

i, j (q, · )n dσ , where j ∈ {1, 2, 3}, are linearly dependent in R2; therefore there
exists λi, j (q) ∈ R such that

3∑
j=1

λi, j (q)
∫
∂S(q)

ᾱi, j (q, · )n dσ = 0 and
3∑

j=1

|λi, j (q)|2 = 1. (7-9)

Then one defines ᾱi (q, · ) :=
∑3

j=1 λ
i, j (q)ᾱi, j (q, · ), and one checks that it satisfies (7-7) with some Cν

in the right-hand side. Again changing ν in ν/C allows us to conclude. �

We are now in position to prove Proposition 26.

Proof of Proposition 26. Let δ > 0. Let ν > 0. We define the mapping S which with (h, v) ∈Qh
δ ×R2

associates the function

α̃(q, · ) :=
3∑

i=1

√
µi (v)ᾱi (q, · ),
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in C∞(F(q)), where the functions µi were introduced in Lemma 27 and the functions ᾱi were introduced
in Lemma 31. Next we define T :Qh

δ ×R2
→Qh

δ ×R2 by

(h, v) 7→ (T1, T2)(h, v) :=
(

h,
∫
∂S(q)
|∇α̃(q, · )|2n dσ

)
, where α̃ = S(h, v).

Using (7-4) and (7-7), one checks that T is smooth and that

∂T2

∂v
= Id+O(ν).

Hence taking ν sufficiently small, we see that ∂T2/∂v is invertible; hence ∂T /∂(h, v) is invertible.
Consequently one can use the inverse function theorem on T : for each h0 ∈ Qh

δ it realizes a local
diffeomorphism at(h0, 0), and hence on Qh

δ × B(0, r) for r > 0 small enough. This gives the result of
Proposition 26 for v small: given (h, v) ∈Qh

δ × B(0, r), we let (h, ṽ) := T −1(h, v). Then the functions
ᾱ :=

∑3
i=1

√
µi (ṽ)ᾱi (q, · ) and ḡ := 16 ∂nᾱ satisfy the requirements. The general case follows by the

linearity of (7-1) and (7-3) and by the homogeneity of (7-2). This ends the proof of Proposition 26. �

7B. The case when S0 is not a disk. We now get back to the proof of Proposition 19. We will denote
by coni(A) the conical hull of A, namely

coni(A) :=
{ k∑

i=1

λi ai : k ∈ N∗, λi ≥ 0, ai ∈ A
}
.

The first step is the following elementary geometric lemma.

Lemma 32. Let S0 ⊂� bounded, closed, simply connected with smooth boundary, which is not a disk.
Then coni{(n(x), (x − h0)

⊥
· n(x)) : x ∈ ∂S0} = R3.

Proof. Suppose the contrary. Then there exists a plane separating (in the large sense) the origin in R3

from the set coni({(n(x), (x−h0)
⊥
·n(x)) : x ∈ ∂S0}). We claim that a normal vector to this plane can be

put in the form (a, b, 1), with a, b ∈ R. Indeed, otherwise it would need to be of the form (a, b, 0), and
the separation inequality would give (a, b) · n(x) ≥ 0 for all x ∈ ∂S0. However, since ∂S0 is a smooth,
closed curve, the set {n(x) : x ∈ ∂S0} is the unit circle of R2; therefore we have a contradiction.

Now we deduce that we have the separation property

(a, b) · n(x)+ (x − h0)
⊥
· n(x)≥ 0 for all x ∈ ∂S0.

Setting w = (a, b)− h⊥0 , this translates into (w+ x⊥) · n(x)≥ 0. But using Green’s formula, we get

0≤
∫
∂S0

(w+ x⊥) · n(x) dσ =
∫
S0

div(w+ x⊥) dx = 0,

and consequently, we deduce that (w+x⊥)·n(x)=0 for all x in ∂S0. This is equivalent to (x−w⊥)·τ(x)=0
for all x in ∂S0. Parametrizing the translated curve ∂S0 − w

⊥ by {c(s) : s ∈ [0, 1]}, it follows that
c(s) · ċ(s)= 0, for all s in [0, 1], and therefore |c(s)|2 is constant. This means that ∂S0−w

⊥ is a circle,
so S0 is a disk, which is a contradiction. �
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Fix q0 ∈ Qδ . Recalling the definitions of the Kirchhoff potentials in (2-2) and (2-3), we infer from the
previous lemma that

coni{∂n8(q0, x) : x ∈ ∂S0} = R3.

In place of Lemma 27, we have the following lemma which is a straightforward consequence of Lemma 32
and of a repeated application of Carathéodory’s theorem on the convex hull.

Lemma 33. There are some (xi )i∈{1,...,16} in ∂S0 and positive continuous mappings µi : R3
→ R,

16 i 6 16, v 7→ µi (v), such that
16∑

i=1

µi (v)∂n8(q0, xi )= v.

We are now in position to establish Proposition 19. We deduce from Lemma 33 that for any q :=
(h, ϑ) ∈Qδ, for any v in R3

16∑
i=1

µi (v) ∂n8(q, xi (q))=R(ϑ)v,

where xi (q) := R(ϑ)(xi − h0)+ h and R(ϑ) denotes the 3× 3 rotation matrix defined by

R(ϑ) :=
(

R(ϑ) 0
0 1

)
.

Due to the Riemann mapping theorem, there exists a biholomorphic mapping9 :C\B(0, 1)→C\S(q)
with ∂S(q) = 9(∂B(0, 1)), where C denotes the Riemann sphere. We consider the parametrizations
{c(s) = (cos(s), sin(s)) : s ∈ [0, 2π ]} of ∂B(0, 1) and {9(c(s)) : s ∈ [0, 2π ]} of ∂S(q), and the corre-
sponding si such that xi (q)=9(c(si )) for i ∈ {1, . . . , 16}.

Then, for any smooth function α : ∂S(q)→ R, due to the Cauchy–Riemann relations, we have

∂nα(9(x))=
1

√
| det(D9(x))|

∂nB (α ◦9)(x),∫
∂S(q)
|∇α(x)|2 ∂n8(q, x) dσ =

∫
∂B(0,1)

|∇α(9(x))|2 ∂nB8(q, 9(x))
1

√
| det(D9(x))|

dσ

for any x ∈ ∂B(0, 1), where n and nB respectively denote the normal vectors on ∂S(q) and ∂B(0, 1).
Note that, since 9 is invertible, we have | det(D9(x))|> 0 for any x ∈ ∂B(0, 1).

For each ε > 0, i ∈ {1, . . . , 16}, j ∈ {1, 2, 3, 4} (here the index j belongs to {1, 2, 3, 4} rather
than {1, 2, 3} in order to adapt the linear dependence argument of Lemma 31 to the case of the three
linear constraints (5-13)), we consider families of smooth functions β i, j

ε : [0, 2π ] → R satisfying
suppβ i, j

ε ∩ suppβk,l
ε =∅ for (i, j) 6= (k, l), diam(suppβ i, j

ε )→ 0 as ε→ 0+,∫ 2π

0
β i, j
ε (s) ds = 0,

and ∣∣∣∣∫ 2π

0
|β i, j
ε (s)|

2 ∂n8(q, c(s))
1

√
| det(D9(c(s)))|

ds− ẽi

∣∣∣∣→ 0 as ε→ 0+,
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where

ẽi :=
1

√
| det(D9(c(si )))|

∂n8(q, xi (q)).

Then one may proceed essentially as in the proof of Proposition 26. The details are therefore left to
the reader.
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DISTANCE GRAPHS AND SETS OF POSITIVE UPPER DENSITY IN Rd

NEIL LYALL AND ÁKOS MAGYAR

We present a refinement and sharp extension of a result of Bourgain on finding configurations of k+1 points
in general position in measurable subset of Rd of positive upper density whenever d ≥ k+ 1 to all proper
k-degenerate distance graphs.

1. Introduction

1.1. Background. A result of Furstenberg, Katznelson, and Weiss [Furstenberg et al. 1990] states that
if A ⊆ R2 has positive upper Banach density, then its distance set {|x − x ′| : x, x ′ ∈ A} contains all
sufficiently large numbers. Recall that the upper Banach density of a measurable set A⊆Rd is defined by

δ∗(A)= lim
N→∞

sup
t∈Rd

|A∩ (t + QN )|

|QN |
, (1)

where | · | denotes Lebesgue measure on Rd and QN denotes the cube [−N/2, N/2]d.
Note that the distance set of any set of positive Lebesgue measure in Rd automatically contains all

sufficiently small numbers (by for example the Lebesgue density theorem) and that it is easy to construct
a set of positive upper density which does not contain a fixed distance by placing small balls centered on
an appropriate square lattice.

This result was later reproved using Fourier analytic techniques by Bourgain [1986]. In fact he
established the following more general result for all finite point configurations V = {v0, v1, . . . , vk} with
the property that {v1− v0, . . . , vk − v0} forms a linearly independent collection of vectors in Rd, namely
for all nondegenerate simplices. In the sequel we shall refer to such point configurations as being in
general position.

Theorem 1 [Bourgain 1986]. Let 1k ⊆ Rd be a fixed collection of k+ 1 points in general position.
If A⊆Rd has positive upper Banach density and d ≥ k+1, then there exists a threshold λ0=λ0(A,1k)

such that A contains an isometric copy of λ ·1k for all λ≥ λ0.

Recall that a point configuration 1′k is said to be an isometric copy of λ ·1k if there exists a bijection
φ :1k→1′k such that |φ(v)−φ(w)| = λ|v−w| for all v,w ∈1k .

Bourgain [1986] further demonstrated that no result along the lines of Theorem 1 can hold for
configurations that contain any three points in arithmetic progression on a line, specifically showing that
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245792. Magyar was partially supported by grant NSF-DMS 1600840 and ERC-AdG 321104.
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for any d ≥ 1 there are sets of positive upper Banach density in Rd which do not contain an isometric
copy of configurations of the form {0, y, 2y} with |y| = λ for all sufficiently large λ. However, Ziegler
[2006] established the remarkable result that if A ⊆ Rd with d ≥ 2 has positive upper density and
V = {0, v1, . . . , vn} ⊆ Rd, where n can notably be taken arbitrarily large with respect to d, then there
does exists a threshold λ0 = λ0(A, V ) such that Aε contains an isometric copy of λ ·V for all λ≥ λ0 and
any ε > 0, where Aε denotes the ε-neighborhood of A.

Together these results may be viewed as initial results in geometric Ramsey theory where, roughly
speaking, one shows that “large” but otherwise arbitrary sets necessarily contain certain geometric config-
urations. Recently there has been a number of results in this direction in various contexts; see [Bulinski
2018; Bennett et al. 2016; Iosevich and Parshall 2018]. The objective of this article is to present a common
extension in the setting of measurable subsets of Euclidean spaces of positive upper Banach density, while
simultaneously presenting a new approach to (and refinement of) Theorem 1 based on a simple notion of
uniform distribution attached to an appropriate scale. For another instance of this new approach see [Lyall
and Magyar 2018] where configurations of points that form the vertices of a rigid geometric square, and
more generally the direct product of any two finite point configurations in general position, are addressed.

1.2. Distance graphs and main result. A distance graph 0 = 0(V, E) is a connected finite graph with
vertex set V contained in Rd for some d≥1. We say that 0 is k-degenerate if each of its subgraphs contains
a vertex with degree at most k; that is, some vertex in the subgraph touches k or fewer of the subgraphs
edges. It is thus straightforward to verify, by induction, that if a given graph is k-degenerate, then there
exists an ordering of its vertex set V ={v0, v1, . . . , vn} in such a way that |Vj | ≤ k for all 1≤ j ≤ n, where

Vj := {vi : (vi , vj ) ∈ E with 0≤ i < j} (2)

denotes the set of predecessors of the vertex vj . In this article we shall always assume that the vertices of
any given k-degenerate graph have been ordered as such. The degeneracy of a graph is defined to be the
smallest k for which it is k-degenerate. Finally, we shall refer to a distance graph as proper if for every
1≤ j ≤ n, the set of vertices vj ∪ Vj , namely vj together with its predecessors, are in general position.

Given a distance graph 0 = 0(V, E) and λ > 0 we will say that 0′ = 0′(V ′, E ′) is isometric to λ ·0
if there exists a bijection φ : V → V ′ such that (v,w) ∈ E if and only if (φ(v), φ(w)) ∈ E ′ and
|φ(v)−φ(w)| = λ|v−w|, and say that 0′ is a δ-close isometric copy of λ ·0 if one has the additional
“angular closeness” property that

(φ(v)−φ(w)) · (v−w)

|φ(v)−φ(w)||v−w|
> 1− δ (3)

for all (v,w) ∈ E . Note that if δ > 2 then a δ-close isometric copy is merely an isometric copy. Finally,
we say that A ⊆ Rd contains a distance graph 0 = 0(V, E) if V ⊆ A.

The main result of this article is the following:

Theorem 2. Let 0 = 0(V, E) be a proper k-degenerate distance graph and δ > 0:

(i) If A⊆Rd has positive upper Banach density and d ≥ k+1, then there exists λ0 = λ0(A, 0, δ), which
tends to infinity as δ→ 0+, such that A contains a δ-close isometric copy of λ ·0 for all λ≥ λ0.
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(ii) If A⊆ [0, 1]d with |A|> 0 and d ≥ k+1, then A will contain a δ-close isometric copy of λ ·0 for all
λ in some interval of length at least exp(−C0,δ|A|−C |V |), with C0,δ tending to infinity as δ→ 0+.

Intuitively one should visualize a distance graph with edges made of rigid rods which can freely turn
around the vertices. One should further visualize an isometric copy of a distance graph in a set A ⊆ Rd

as a folding of the graph so that all of its vertices are supported on A, and a δ-close isometric copy of a
distance graph in a set A⊆ Rd , with δ > 0 and small, as a suitably small perturbation of the graph so that
all of its vertices are supported on A.

Part (i) of Theorem 2 already constitutes a refinement of Theorem 1 when 0 is simply taken to be a
complete distance graph on (k+ 1) vertices in general position and δ > 0 is taken sufficiently small. In
this special case it establishes that positive upper density subsets of Rd not only contain an isometric copy
of all sufficiently large dilates of a given nondegenerate simplex, as already guaranteed by Theorem 1,
but that these copies can in fact be found as sufficiently large dilates of a “small rotation” of the original
simplex. We further note that in both parts of Theorem 2 the dimension d is restricted only by the “level
of degeneracy” of the given distance graph and not on the number of its vertices which could in fact be
arbitrarily large. It is important to further observe that the length of the interval of dilations guaranteed by
Part (ii) of Theorem 2 depends only on the measure of A and not on the set A itself.

Allowing the edges to rotate around the vertices is essential in our arguments. For example, the authors
are unaware of any proof that there are k-equally spaced points along a line in a subset of positive density
of R2, with arbitrary large gaps that does not invoking Szemerédi’s theorem [1975], and that such a
result is in fact not possible for all sufficiently large gaps1. The reason being that the linear relations
between the points of the pattern are no longer there when we allow for rotations of the edges around the
vertices. A crucial observation of this note is that in this case the frequency of isometric copies in a given
set is controlled by a simple norm, which may be we viewed as a Euclidean analogue of the so-called
U 1-seminorm [Tao and Vu 2006, Chapter 11], utilized in additive combinatorics. In the context of finite
field geometries, a geometric analogue of the Gowers U 2-uniformity norm was developed in [Lyall et al.
2018] and used to prove that sets of positive density contain isometric copies of all circular quadrilaterals.
We hope to address such problems for subsets of positive upper density of Euclidean spaces in the future.

As mentioned above, various special cases of our main result have been established, albeit in different
contexts. Indeed, in [Bulinski 2018] the embedding of large copies of trees (1-degenerate distance graphs)
was shown for dense subsets of the integer lattice. In [Bennett et al. 2016] it was shown that measurable
subsets A ⊆ [0, 1]d of Hausdorff dimension larger than (d + 1)/2 contain an isometric copy of λ ·0 for
all λ in some interval, in the special case when 0 is a finite path. Very recently, parallel to our work,
embedding of bounded degree distance graphs was addressed for subsets of vector spaces over finite
fields [Iosevich and Parshall 2018].

Examples of distance graphs. (a) A nonempty connected graph is 1-degenerate if and only if it is a
tree (contains no cycles). Any tree with vertices in Rd with d ≥ 1 is isometric to a proper 1-degenerate
distance graph in R2.

1For k = 3 a result of this type was obtained in [Cook et al. 2017], with the Euclidean distance replaced by the `p-distance,
for all p 6= 2.
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Figure 1. An example of a proper 2-degenerate distance graph in R3

(b) Cycles with vertices in Rd with d ≥ 1 form 2-degenerate distance graphs, but these are not necessarily
isometric to a proper 2-degenerate distance graph in Rd for any d ≥ 1. Indeed, if V = {0, 1, 2} ⊆ R and
E = {(0, 1), (1, 2), (0, 2)}, then this defines just such a distance graph.

(c) If V = {(i, j) : 0 ≤ i, j ≤ n} ⊆ R2 and E = {((i, j), (i ′ j ′)) : |i − i ′| + | j − j ′| = 1}, then this
“2-dimensional grid” forms a proper 2-degenerate distance graph in R2.

In general, one can construct a proper 2-degenerate distance graph in R3 as follows: Start with any
proper cycle with vertices in R3, such as a proper triangle (three vertices in general position) or four
vertices forming a “nonrigid” square (no diagonal edges), and at every step attach an edge (or vertex) of
another proper cycle (or tree) to any of the edges (or vertices) of the graph constructed at the previous
step. See Figure 1.

(d) A complete graph with vertices {v0, . . . , vk} ⊆ Rk forms a proper k-degenerate distance graph if and
only if {v0, . . . , vk} are in general position. Another example of a proper k-degenerate distance graph
in Rk is the “k-dimensional grid” with vertices V = {(i1, . . . , ik) : 0 ≤ i1, . . . , ik ≤ n} ⊆ Rk and edges
E = {((i1, . . . , ik), (i ′1, . . . , i ′k)) : |i1− i ′1| + · · · + |ik − i ′k | = 1}.

More generally, one can construct a proper k-degenerate distance graph in Rk+1 as follows: Start with
any known proper k-degenerate distance graph with vertices in Rk+1 and at every step attach another proper
`-degenerate distance graph with `≤ k to any of the faces, edges, or vertices of the graph constructed at
the previous step.

Remark on the sharpness of the dimension condition in Theorem 2. Let e1, . . . , ek be the standard
basis vectors of Rk and 1+ and 1− denote the complete graphs with vertices {0, e1, e2, . . . , ek} and
{0,−e1, e2, . . . , ek} respectively. It is clear that 0=1+∪1− then defines a proper k-degenerate distance
graph with the property that any isometric copy of λ ·0 in Rk must contain three collinear points, i.e.,
a copy of {−λe1, 0, λe1} obtained by a translation and a rotation. As mentioned above, it was shown
in [Bourgain 1986] that there are sets of positive upper Banach density in Rk, for any k, which do not
contain such configurations for all large λ. This example shows the sharpness of the dimension condition
d ≥ k+ 1 in Theorem 2.

1.3. Outline of the paper. In Section 2 we introduce a norm which measures the uniformity of distribution
with respect to a scale L . We prove that this norm controls the frequency with which isometric copies of
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a given distance graph occur in a subset of the unit cube. This is analogous to the so-called von Neumann
type inequalities in additive combinatorics; see for example [Tao and Vu 2006, Chapter 11].

In Section 3 we observe that sets of positive density are uniformly distributed with respect to sufficiently
large scales which immediately implies Part (i) of Theorem 2. The proof of Part (ii) is also provided in
Section 3 and based on a decomposition of a set into uniformly distributed parts.

Section 4 contains an alternative approach inspired by the argument in [Bourgain 1986]. We include
this in order to highlight the simplicity and directness of our approach to Part (i) of Theorem 2, but also
with the hope that this will serve to clarify Bourgain’s approach and emphasize that our approach to
Part (ii) of Theorem 2 is in essence a physical space reinterpretation of Bourgain’s original.

2. A counting function and generalized von Neumann inequality

We now fix δ > 0 and let 0 = 0(V, E) denote a fixed proper k-degenerate distance graph with vertex set
V = {v0, v1, . . . , vn} with v0 = 0 in Rd with d ≥ k+ 1.

As our arguments are analytic, we need to define a measure on, or at least on a local piece of, the
configuration space of all isometric copies of 0. For each (vi , vj )∈ E let ti j = |vi−vj |

2. The configuration
space of all isometric copies of 0, with the vertex v0 remaining fixed at 0, namely

S0 := {(x0, x1, . . . , xn) ∈ Rd(n+1)
: x0 = 0 and |xi − x j |

2
= ti j for all i, j for which (vi , vj ) ∈ E} (4)

is clearly a real subvariety. We now proceed to give an equivalent description of the S0.
For each point (x0, x1, . . . , xn) ∈ Rd(n+1) and 1≤ j ≤ n we let

X j := {xi : i has the property that vi ∈ Vj },

with Vj = {vi : (vi , vj ) ∈ E with 0≤ i < j} as in (2) above. Moreover, for each (x0, x1, . . . , xn) ∈Rd(n+1)

and 1≤ j ≤ n, we define the sets

Sj = Sj (X j ) := {x ∈ Rd
: |x − xi |

2
= ti j for all xi ∈ X j }. (5)

Note that for any finite set X j , Sj (X j ) is the intersection of |X j | spheres and hence is itself either a sphere
(of some dimension) or empty. It is thus easy to see that

(0, x1, . . . , xn) ∈ S0 ⇐⇒ x j ∈ Sj (X j ) for all 1≤ j ≤ n (6)

since both sides are defined by the same set of equations given in (4) above.
Since 0 is proper there exists a point (x0, x1, . . . , xn)∈ S0 with the property that the sets X j := {x j }∪X j

are in general position for all 1≤ j ≤ n; for example one could (and we will) take x j = vj for all 0≤ j ≤ n.
We shall refer to such points in S0 as proper. The following example illustrates that there may exist points
of S0 that are not proper. Let V = {v0, v1, v2, v3} ⊆ R3 and E = {{(v0, v1), (v0, v2), (v1, v3), (v2, v3)},
where

v0 = (0, 0, 0), v1 = (1, 0, 0), v2 = (0, 2, 0), v3 = (1, 2, 0).
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Then 0=0(V, E) is a proper 2-degenerate distance graph in R3. If we let x0= v0, x1= v1, x2= (2, 0, 0),
and x3 = (3, 0, 0), then it is easy to see that (x0, x1, x2, x3) is a point on S0 that is not proper since
X3 = {x1, x2, x3} is not in general position. It is however clear in this example, and in fact also true in
general (although we do not need this fact), that “generic points” of S0 will always be proper.

The basic properties of the spheres Sj (X j ) and their geometric relationship with the sets X j , specifically
in the nontrivial case when |X j | ≥ 2, are collected in Lemma 3 below.

Lemma 3. If (x0, x1, . . . , xn) is a proper point of S0 , then for all 1≤ j ≤ n for which we have |X j | ≥ 2:

(i) The affine subspaces spanned by Sj (X j ) and X j respectively are orthogonal and hence Sj (X j ) is a
sphere of dimension d − |X j |, which is at least 1 since |X j | ≤ k and d ≥ k+ 1.

(ii) The radius rj of the sphere Sj (X j ) is positive, equal to the distance from any point x ∈ Sj to the affine
subspace spanned by X j , and in fact depends continuously on the points in X j .

Proof. We first recall the elementary fact that the intersection of any two spheres in R3 is either empty or a
circle lying in a plane perpendicular to the line joining the centers of the spheres. Since any four points in
Rd with d ≥ 3 span a three-dimensional affine subspace, it follows immediately from the elementary fact
above that if we let x ∈ Sj (X j ) and xi1 and xi2 be any two points in X j , then the vectors x−x j and xi2−xi1

are orthogonal, and hence the affine subspaces spanned by Sj (X j ) and X j respectively are orthogonal.
Let cj denote the projection of x j onto the affine subspace spanned by X j . We claim that cj is the center

of the sphere Sj (X j ). Indeed, since cj has the property that the vectors x − cj and xi − cj are orthogonal
for all x ∈ Sj (X j ) and all xi ∈ X j , it follows that for any fixed xi ∈ X j we have |x j − xi |

2
= |x − xi |

2 for
all x ∈ Sj (X j ), and hence by Pythagoras that |x − cj | = |x j − cj | for all x ∈ Sj (X j ).

The discussion above implies that the radius rj of Sj (X j ) is positive and equal to the distance from any
point x ∈ Sj , so in particular x j , to the affine subspace spanned by X j . Specifically, if X j = {xi1, . . . , xi`},
then the fact that X j ={xi1, . . . , xi`, x j } is in general position ensures that the volume of the `-dimensional
fundamental parallelotope determined by the vectors {x j − xi1, . . . , x j − xi`} is nonzero. It is a basic
fact, see for example either Section 8.72 in [Shilov 1971] or Theorem 7 in Chapter X of [Birkhoff and
Mac Lane 1941], that the volume of this parallelotope is equal to the square root of the so-called Gram
determinant, namely the determinant of the (Gram) inner product matrix

det{(x j − xim1
) · (x j − xim2

)}1≤m1,m2≤`.

It thus follows that

rj =

√
det{(x j − xim1

) · (x j − xim2
)}1≤m1,m2≤`

det{(xi` − xim1
) · (xi` − xim2

)}1≤m1,m2≤`−1
, (7)

as rj is the height of our parallelotope if we take its base to be the (`−1)-dimensional parallelotope
determined by the vectors {xi` − xi1, . . . , xi` − xi`−1}; see for example Section 8.72 in [Shilov 1971].

Since one can easily see, by expanding |(x j − xim2
)− (x j − xim1

)|2, that

det{(x j − xim1
) · (x j − xim2

)}1≤m1,m2≤` =
1
2(tim1 j + tim2 j − |xim1

− xim2
|
2),

it follows that rj , in addition to being positive, in fact depends continuously on the points in X j . �
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Finally we introduce compactly supported functions ηj ∈ C∞(Rd) with 0 ≤ ηj ≤ 1 and ηj (vj ) = 1
for each 0≤ j ≤ n. We further assume that the supports of each ηj have been chosen small enough to
ensure that every (x0, x1, . . . , xn) ∈ S0 with x j ∈ supp ηj corresponds to a δ-close isometric copy of 0
with vertex v0 remaining fixed at 0.

An important consequence of Part (ii) of Lemma 3 above is that we may also assume that the supports
of each ηj have been chosen small enough to ensure that there exists a constant r0 > 0 such that for each
(x0, x1, . . . , xn) ∈ S0, with x j ∈ supp ηj , the corresponding spheres Sj (X j ) will all have radius rj ≥ r0.

Definition 4 (localized counting function). For any 0< λ� 1 and functions

f0, f1, . . . , fn : [0, 1]d → R,

with d ≥ k+ 1, we define

T0,δ( f0, f1, . . . , fn)(λ)=

∫∫
· · ·

∫
f0(x) f1(x − λx1) · · · fn(x − λxn) dµn(xn) · · · dµ1(x1) dx, (8)

where dµj (x j )= ηj (x j ) dσj (x j ) and σj denotes the normalized surface measure on Sj .

Note that if A ⊆ [0, 1]d and T0,δ(1A, 1A, . . . , 1A)(λ) > 0, then A must contain a point configuration
0′ = {x, x + λx1, . . . , x + λxn} with each x j ∈ Sj (X j ), and hence a δ-close isometric copy of λ ·0.

The key to showing that T0,δ(1A, 1A, . . . , 1A)(λ) is positive for certain sets A is to estimate (8) in
terms of a suitable uniformity norm localized to a scale L (related to λ).

Definition 5 (U 1(L)-norm). For 0< L � 1 and functions f : [0, 1]d → R we define

‖ f ‖U 1(L) = ‖ f ∗ϕL‖2,

where ϕL(x)= L−d ϕ(L−1x), with ϕ = 1[−1/2,1/2]d .

Note that if A ⊆ [0, 1]d with α = |A|> 0 and we define f A := 1A−α1[0,1]d , then

‖ f A‖
2
U 1(L) =

∫
Rd

∣∣∣∣ |A∩ (t + QL)|

|QL |
− |A|

∣∣∣∣2 dt, (9)

where QL = [−L/2, L/2]d.

Evidently the U 1(L)-norm is measuring the mean-square uniform distribution of A on scale L . The
engine that drives our approach to Theorem 2 is the following:

Proposition 6 (generalized von Neumann). Let 0< ε, λ� 1. For any L ≤ ε6λ, 0≤m ≤ n, and functions

f0, f1, . . . , fm : [0, 1]d → [−1, 1],

we have
|T0,δ( f0, f1, . . . , fm, 1, . . . , 1)(λ)| ≤ ‖ fm‖U 1(L)+ O0(ε).

Here 1 stands for the indicator function of the unit cube [0, 1]d and O0(ε) means a quantity bounded
by C0 ε with C0 a constant depending only on 0. We will also use the notation f �0,δ g to indicate
that | f | ≤ c0,δ g with a constant c0,δ > 0, depending on only 0 and δ, that is sufficiently small for our
purposes.
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The above proposition immediately implies the following result for uniformly distributed sets from
which we will deduce both parts of Theorem 2 in Section 3 below.

Corollary 7. Let δ > 0 and 0 be a proper k-degenerate distance graph on n + 1 vertices in Rd with
d ≥ k+ 1.

Let α ∈ (0, 1) and 0< λ≤ ε�0,δ α
n+1. If A ⊆ [0, 1]d with |A| = α satisfies ‖ f A‖U 1(ε6λ)� ε, then

T0,δ(1A, 1A, . . . , 1A)(λ)≥
1
2 c0α

n+1,

where
c0 = c0(0, δ)=

∫∫
· · ·

∫
dµn(xn) · · · dµ1(x1) dx .

Note that in light of the assumptions that we have placed on the measures µj (via the functions ηj ),
the quantity c0(0, δ) above clearly tends to zero as δ→ 0+.

Proof of Corollary 7. The result follows immediately from Proposition 6 since

T0,δ(1A, . . . , 1A)(λ)= c0α
n+1
+

n∑
m=0

αn−m T0,δ(1A, . . . , 1A︸ ︷︷ ︸
m copies

, f A, 1, . . . , 1)(λ),

where f A = 1A−α1[0,1]d . �

We conclude this section with the proof of Proposition 6.

Proof of Proposition 6. Fix 0≤ m ≤ n. We have

|T0,δ( f0, f1, . . . , fm, 1, . . . , 1)(λ)|

≤

∫
· · ·

∫ (∫ ∣∣∣∣∫ fm(x − λxm)cm+1(x1, . . . , xm) dµm(xm)

∣∣∣∣ dx
)

dµm−1(xm−1) · · · dµ1(x1),

where
cm+1(0, δ; x1, . . . , xm)=

∫
· · ·

∫
dµn(xn) · · · dµm+1(xm+1) (10)

if 0≤ m ≤ n− 1 and cn+1 = 1. It follows from an application of Cauchy–Schwarz and Plancherel that

|T0,δ( f0, f1, . . . , fm, 1, . . . , 1)(λ)|2 ≤
∫
| f̂m(ξ)|

2 Im(λξ) dξ, (11)

where
Im(ξ)=

∫
· · ·

∫ ∣∣ ̂cm+1µm(ξ)
∣∣2 dµm−1(xm−1) · · · dµ1(x1), (12)

with
̂cm+1µm(ξ)=

∫
cm+1(x1, . . . , xm)ηm(xm) e−2π i xm ·ξ dσm(xm)

if 2≤ m ≤ n and I1 = |ĉ2µ1|
2. In light of the trivial uniform bound 0≤ Im(ξ)≤ 1 and the fact that

‖ fm‖
2
U 1(L) =

∫
| f̂m(ξ)|

2
|ϕ̂(Lξ)|2 dξ,

it suffices to establish that
Im(λξ)(1− ϕ̂(Lξ)2)= O0(ε

2). (13)
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Since 0 ≤ ϕ̂(ξ)2 ≤ 1 for all ξ ∈ Rd and ϕ̂(0) = 1 it follows that 0 ≤ 1− ϕ̂(Lξ)2 ≤ min{1, 4πL|ξ |}.
The uniform bound (13) thus reduces to establishing the decay estimate

Im(ξ)≤min{1,C0 |ξ |−1/2
} (14)

since this would in turn imply that

Im(λξ)(1− ϕ̂(Lξ)2)≤ C0 min{(λ|ξ |)−1/2, ε6λ|ξ |} ≤ C0 ε2

whenever L ≤ ε6λ.
To establish (14) we will use the fact that in addition to being trivially bounded by 1, the Fourier

transform of cm+1µm also decays for large ξ in certain directions, specifically

| ̂cm+1µm(ξ)| ≤min{1, (r0 · (dist(ξ, span Xm))
−1/2
} (15)

uniformly over all x1, . . . , xm−1 with x j ∈ supp ηj . This estimate is an easy consequence of the well-known
asymptotic behavior of the Fourier transform of the measure on the unit sphere Sd−|Xm | ⊆ Rd−|Xm |+1

induced by Lebesgue measure; see for example [Stein 1993].
Using the fact that the measure dσm−1(xm−1) · · · dσ1(x1) is invariant under the rotation

(x1, . . . , xm)→ (U x1, . . . ,U xm),

for any U ∈ SO(d), together with (15) and the fact that 0≤ ηj ≤ 1 for 1≤ j ≤ m, then gives

Im(ξ)≤ C
∫
· · ·

∫
(1+ r0 · dist(ξ, span Xm))

−1 dσm−1(xm−1) · · · dσ1(x1)

= C
∫
· · ·

∫∫
SO(d)

(1+ r0 · dist(ξ, span U Xm))
−1 dµ(U ) dσm−1(xm−1) · · · dσ1(x1)

= C
∫
· · ·

∫∫
Sd−1

(1+ r0|ξ | · dist(y, span Xm))
−1 dσ(y) dσm−1(xm−1) · · · dσ1(x1), (16)

where σ denotes normalized measure on the unit sphere Sd−1 in Rd induced by Lebesgue measure.
Estimate (14) then follows from the easy observation that the inner integral above satisfies the uniform
estimate ∫

Sd−1
(1+ r0|ξ | · dist(y, span Xm))

−1 dσ(y)= O((1+ r0|ξ |)−1/2). �

3. Proof of Theorem 2

We will deduce Theorem 2 from Corollary 7 by localizing to cubes on which our set is suitably uniformly
distributed. In the case of Part (i) this is achieved as a direct consequence of the definition of upper
Banach density, while for Part (ii) this is achieved via an energy increment argument.

3.1. Direct proof of Part (i) of Theorem 2. Let ε > 0 and A ⊆ Rd with δ∗(A) > 0.

The following two facts follow immediately from the definition of upper Banach density, see (1):
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(i) There exist M0 = M0(A, ε) such that for all M ≥ M0 and all t ∈ Rd

|A∩ (t + QM)|

|QM |
≤
(
1+ 1

3ε
4)δ∗(A).

(ii) There exist arbitrarily large N ∈ R such that

|A∩ (t0+ QN )|

|QN |
≥
(
1− 1

3ε
4)δ∗(A)

for some t0 ∈ Rd.

Combining (i) and (ii) above we see that for any λ≥ λ0 := ε
−6 M0, there exist N ≥ ε−6λ and t0 ∈ Rd

such that
|A∩ (t + Qε6λ)|

|Qε6λ|
≤ (1+ ε4)

|A∩ (t0+ QN )|

|QN |

for all t ∈ Rd. Consequently, Theorem 2 reduces, via a rescaling of A∩ (t0+ QN ) to a subset of [0, 1]d,
to establishing that if 0 is a proper k-degenerate distance graph, 0 < λ ≤ ε � 1, and A ⊆ [0, 1]d is
measurable with |A|> 0 and the property that

|A∩ (t + Qε6λ)|

|Qε6λ|
≤ (1+ ε4)|A|

for all t ∈ Rd, then A contains an isometric copy of λ ·0.
Now since A∩ (t + Qε6λ) is only supported in [−ε6λ, 1+ ε6λ]d and

|A| =
∫

Rd

|A∩ (t + Qε6λ)|

|Qε6λ|
dt

it easily follows that ∣∣∣∣{t ∈ Rd
: 0<

|A∩ (t + Qε6λ)|

|Qε6λ|
≤ (1− ε2)|A|

}∣∣∣∣= O(ε2)

and hence that

‖ f A‖
2
U 1(ε6λ)

=

∫
Rd

∣∣∣∣ |A∩ (t + Qε6λ)|

|Qε6λ|
− |A|

∣∣∣∣2 dt = O(ε2).

The result thus follows from Corollary 7 above provided ε�0,δ δ
∗(A)n+1. �

3.2. Proof of Part (ii) of Theorem 2.

Lemma 8 (localization principle). Let A ⊆ [0, 1]d with d ≥ k+ 1 and |A| = α > 0.
Let ε > 0 and ε7

� L1� L2� · · · be any decreasing sequence with L−1
1 ∈N and L j+1 ≤ cε7L j with

L j+1 | L j for all j ≥ 1. If we let Gj denote the partition of [0, 1]d into cubes of side length L j , then there
exists 1≤ j ≤ Cε−2 such that for all but at most εL−d

j of the cubes Q in Gj the set A will be uniformly
distributed on the smaller scale L j+1 inside Q in the sense that

1
|Q|

∫
Q

∣∣∣∣ |A∩ Q ∩ (t + QL j+1)|

|QL j+1 |
−
|A∩ Q|
|Q|

∣∣∣∣2 dt ≤ ε. (17)
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Before proving Lemma 8 we first show that it, together with Corollary 7 (after rescaling), is sufficient
to establish Part (ii) of Theorem 2. Let ε�0,δ α

n+1 and {Qi } denote the cubes of side length L j in the
partition Gj of [0, 1]d that we obtain from Lemma 8. If we then let Ai = A∩Qi and set αi =|A∩Qi |/|Qi |, it
follows from Corollary 7 (after rescaling) and Hölder’s inequality that for any λ∈ (ε−6L j+1, εL j ) we have

T0,δ(1A, . . . ,1A)(λ)≥

L−d
j∑

i=1

T0,δ(1Ai , . . . ,1Ai )(λ)≥
1
4 c0Ld

j

L−d
j∑

i=1

αn+1
i ≥

1
4 c0

(
Ld

j

L−d
j∑

i=1

αi

)n+1

=
1
4 c0|A|n+1. (18)

Proof of Lemma 8. Let {Qi } denote the cubes of side length L j in the partition Gj of [0, 1]d and

gj = 1A− E(1A |Gj ),

where

E(1A |Gj )(x)=
|A∩ Qi |

|Qi |

for each x ∈ Qi . If ‖gj‖U 1(L j+1) ≥ ε, then by definition∫ ∣∣∣∣ 1
|QL j+1 |

∫
x+QL j+1

gj (y) dy
∣∣∣∣2 dx ≥ cε2.

It follows that there must exist a x0 ∈ [0, 1]d for which the shifted grid x0+Gj+1 satisfies∫
|E(gj | x0+Gj+1)|

2 dx ≥ cε2,

from which one can easily conclude that the (unshifted) refined grid Gj+2 satisfies∫
|E(gj |Gj+2)|

2 dx ≥ cε2 (19)

provided L j+2� ε2L j+1. By orthogonality, it follows immediately from (19) and the definition of gj

that
‖E(1A |Gj+2)‖

2
2 ≥ ‖E(1A |Gj )‖

2
2+ cε2 (20)

and hence that there must exist 1≤ j ≤ Cε−2 such that ‖gj‖U 1(L j+1) ≤ ε. From this it follows that

L−d
j∑

i=1

∫ ∣∣∣∣ 1
|QL j+1 |

∫
x+QL j+1

(1Ai −αi 1Qi )(y) dy
∣∣∣∣2 dx ≤ Cε2

provided L j+1� ε2L j . �

4. A second proof of Theorem 2

Let δ > 0 and 0 be a proper k-degenerate distance graph in [0, 1]d with d ≥ k+ 1. We shall make use of
the same notation as in Section 2, specifically for the counting function T0,δ as defined in (8), and make
the same assumptions on the measures µj (via the functions ηj ).
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4.1. Reducing Theorem 2 to a dichotomy between randomness and structure. As we shall see, Theorem 2
is an immediate consequence of the following proposition which reveals that if A ⊆ [0, 1]d has positive
measure but does not contain an isometric copy of λ ·0 for all λ in a given interval, then this “nonrandom”
behavior is detected by the Fourier transform of the characteristic function of A and results in “structural
information”, specifically a concentration of its L2-mass on appropriate annuli.

Proposition 9 (dichotomy). Let δ > 0 and 0 be a proper k-degenerate distance graph in [0, 1]d with
d ≥ k+ 1.

If A ⊆ [0, 1]d with |A|> 0, 0< a ≤ b� ε4 with 0< ε�0,δ |A|n+1, and A does not contain a δ-close
isometric copy of λ ·0 for some λ in [a, b], then∫

ε2/b≤|ξ |≤1/ε2a
|1̂A(ξ)|

2 dξ � c2
1|A|

2n+2, (21)

with the implied constant above independent of a, b, and ε, and

c1 = c1(0, δ)=

∫
· · ·

∫
dµn(xn) · · · dµ1(x1).

Proof that Proposition 9 implies Theorem 2. We shall first establish Part (ii) of Theorem 2, so we start
by letting A ⊆ [0, 1]d with |A|> 0. For any fixed 0< ε�0,δ |A|n+1, let {Ij }

J (ε)
j=1 denote a sequence of

intervals with Ij := [aj , bj ] satisfying
bj+1� ε4aj (22)

and b1� ε4 with the property that for each 1≤ j ≤ J (ε) there exists a λ ∈ Ij such that

x + λ ·U (1)* A (23)

for all x ∈ A and U ∈ SO(d). Proposition 9, together with (22), would then imply

J (ε)ε2
≤

J (ε)∑
j=1

∫
ε2/bj≤|ξ |≤1/ε2aj

|1̂A(ξ)|
2 dξ ≤

∫
|1̂A(ξ)|

2 dξ, (24)

a contradiction if J (ε)� ε−2 since by Plancherel we know that
∫
|1̂A(ξ)|

2 dξ = |A| ≤ 1.

To establish Part (i) of Theorem 2 with this approach we will argue indirectly and thus suppose that
A ⊆ Rd is a set with δ∗(A) > 0 for which the conclusion of Part (i) of Theorem 2 fails to hold, namely
that there exist arbitrarily large λ ∈ R for which A does not contain an isometric copy of λ ·0.

We now let 0< α < δ∗(A), 0< ε�0,δ α
n+1, and fix J � ε−2 as above. By our indirect assumption

we can choose a sequence {λj }
J
j=1 with the property that λj+1� ε4λj for all 1≤ j ≤ J − 1 and A does

not contain an isometric copy of λj ·0 for each 1≤ j ≤ J. It follows from the definition of upper Banach
density that there exist N ∈ R with N � λ1 and t0 ∈ Rd for which

|A∩ (t0+ QN )|

|QN |
≥ α.

Rescaling A∩ (t0+ QN ) to a subset of [0, 1]d and arguing as in the proof of Part (ii) above but this time
with bj = λj/N again leads to a contradiction. �
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4.2. Proof of Proposition 9. Let f = 1A. We will utilize the existence of a suitably smoothed version
of f with the certain properties, specifically:

Lemma 10. For any ε > 0 there exists a function g :Rd
→ (0, 1], an appropriate smoothing of f , such that

|g(x − λz)− g(x)| � ε (25)

uniformly in x ∈ [0, 1]d and |z| ≤ 1. Moreover, if ε� |A|n+1, then∫
f (x)g(x)n dx � |A|n+1. (26)

The proof of Lemma 10 is straightforward and presented in Section 4.3 below. Assuming for now the
existence of a function g with property (25) it follows that

T0,δ( f, f, . . . , f )(λ)

= c1

∫
f (x)g(x)n dx +

n∑
m=1

T0,δ( f gn−m, f, . . . , f, f − g, 1, . . . , 1︸ ︷︷ ︸
n−m copies

)(λ)+ O(nε). (27)

If A does not contain a δ-close isometric copy of λ ·0 for some λ in [a, b], then it clearly follows that

T0,δ( f, f, . . . , f )(λ)= 0.

In light of (26) and (27) it follows that if ε� c1|A|n+1/n then there must exist 1≤ m ≤ n such that∫
· · ·

∫ (∫ ∣∣∣∣∫ [ f − g](x − λxm)cm+1(x1, . . . , xm) dµm(xm)

∣∣∣∣ dx
)

dµm−1(xm−1) · · · dµ1(x1)

� c1|A|n+1, (28)

with cm+1 defined as before in (10) above. It then follows from an application of Cauchy–Schwarz and
Plancherel that ∫

| f̂ (ξ)− ĝ(ξ)|2 Im(λξ) dξ � c2
1|A|

2n+2, (29)

with Im again defined as before in (12) above. The fact that g will be taken to be a sufficient smoothing
of f ensures that its Fourier transform satisfies

| f̂ (ξ)− ĝ(ξ)| ≤ ε | f̂ (ξ)| (30)

provided |ξ | ≤ ε2b−1; see Section 4.3 below. This, together with the fact that Im(ξ) is bounded by 1
uniformly in ξ , and Plancherel, ensures that (29) implies∫

ε2/b≤|ξ |
| f̂ (ξ)|2 Im(λξ) dξ � c2

1|A|
2n+2 (31)

provided ε�0,δ |A|n+1. Estimate (21), and hence Proposition 9, then follows easily from estimate (31)
and our previously established estimates for Im , namely (14).
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4.3. A smooth cutoff function and proof of Lemma 10.

4.3.1. A smooth cutoff function. Let ψ : Rd
→ (0,∞) be a Schwartz function that satisfies

1= ψ̂(0)≥ ψ̂(ξ)≥ 0 and ψ̂(ξ)= 0 for |ξ |> 1.

As usual, for any given t > 0, we define

ψt(x)= t−dψ(t−1x). (32)

First we record the trivial observation that∫
ψt(x) dx =

∫
ψ(x) dx = ψ̂(0)= 1, (33)

as well as the simple, but important, observation that ψ may be chosen so that

|1− ψ̂t(ξ)| = |1− ψ̂(tξ)| �min{1, t |ξ |}. (34)

Finally we record a formulation, appropriate to our needs, of the fact that for any given small parameter ε,
our cutoff function ψt(x) will be essentially supported where |x | ≤ ε−1t and is approximately constant
on smaller scales. More precisely:

Lemma 11. Let ε > 0 and t > 0; then ∫
|y|≥ε−1t

ψt(y) dy� ε, (35)∫ ∣∣ψt(y− λz)−ψt(y)
∣∣ dy� ε (36)

uniformly for |z| ≤ 1, provided t � ε−1λ.

Proof of Lemma 11. Estimate (35) is easily verified using the fact that ψ is a Schwartz function on Rd as∫
|y|≥ε−1t

ψt(y) dy =
∫
|y|≥ε−1

ψ(y) dy�
∫
|y|≥ε−1

(1+ |y|)−d−1 dy� ε.

To verify estimate (36) we make use of the fact that both ψ and its derivative are rapidly decreasing,
specifically ∫ ∣∣ψt(y− λz)−ψt(x)

∣∣ dy ≤
∫ ∣∣ψ(y− λz/t)−ψ(y)

∣∣ dy

�
λ

t

∫
(1+ |y|)−d−1 dy�

λ

t
. �

4.3.2. Proof of Lemma 10. Let g = f ∗ψε−1b.
We first note that estimates (30) and (25) follow immediately from (34) and (36) respectively. In order

to establish the remaining “main term” estimate (26), we need only establish that if ε� |A|n+1, then∫
f (x)g(x) dx ≥ (1−Cε)|A|2 (37)
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for some constant C > 0, since by Hölder we would then obtain

(1−Cε)n |A|2n
≤

(∫
f (x)g(x) dx

)n

≤ |A|n−1
∫

f (x)g(x)n dx,

from which (26) clearly follows for sufficiently small ε > 0.
To establish (37) we first note that Parseval, the fact that 0 ≤ ψ̂ ≤ 1, and a final application of

Cauchy–Schwarz give∫
f (x)g(x) dx =

∫
| f̂ (ξ)|2ψ̂(ε−1bξ) dξ

≥

∫
| f̂ (ξ)|2|ψ̂(ε−1bξ)|2 dξ =

∫
g(x)2 dx ≥

(∫
[0,1]d

g(x) dx
)2

. (38)

Establishing (37) therefore reduces to showing that if ε� |A|3, then∫
[0,1]d

g(x) dx ≥ (1−Cε)|A| (39)

for some constant C > 0. To establish (39) we use (33) and write

|A| =
∫

Rd
g(x) dx

=

∫
[0,1]d

g(x) dx +
∫
{x∈Rd :dist(x,[0,1]d )≥ε−2b}

g(x) dx +
∫
{x∈Rd :0<dist(x,[0,1]d )<ε−2b}

g(x) dx . (40)

The fact that b ≤ ε4 ensures that

|{x ∈ Rd
: 0< dist(x, [0, 1]d) < ε−2b}| � ε2 (41)

and hence, since ε� |A| and 0≤ g ≤ 1, that∫
{x∈Rd :0<dist(x,[0,1]d )<ε−2b}

g(x) dx � ε2
≤ ε|A|,

while (35) ensures that∫
{x∈Rd :dist(x,[0,1]d )≥ε−2b}

g(x) dx ≤ |A|
∫
|y|�ε−2b

ψε−1b(y) dy� ε|A|, (42)

which completes the proof. �
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We study the system ��u D juj˛�1u with 1 < ˛ � nC2
n�2

, where u D .u1; : : : ; um/, m � 1, is a
C 2 nonnegative function that develops an isolated singularity in a domain of Rn, n � 3. Due to the
multiplicity of the components of u, we observe a new Pohozaev invariant different than the usual one in
the scalar case. Aligned with the classical theory of the scalar equation, we classify the solutions on the
whole space as well as the punctured space, and analyze the exact asymptotic behavior of local solutions
around the isolated singularity. On a technical level, we adopt the method of moving spheres and the
balanced-energy-type monotonicity functionals.
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1. Introduction

1A. Background. This paper concerns the analysis of singular solutions to semilinear elliptic systems
with power-law nonlinearity of type

��uD juj˛�1u; (1-1)

where 1 < ˛ � nC2
n�2

, and uD .u1; : : : ; um/, m� 1, is a C 2 vector-valued function defined on a domain
in Rn, n � 3. Our primary interest is in the case when each component of u is nonnegative and the
domain is of the form BR n f0g, with BR being the ball of radius R centered at the origin. It is by now
well known that in cylindrical coordinates t D� log jxj 2 R and � D x=jxj 2 Sn�1, the transformation

u.x/D jxj�
2
˛�1v

�
� log jxj;

x

jxj

�
(1-2)
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yields the system

@t tvC�@tvC��v��vCjvj
˛�1vD 0 (1-3)

in .� logR;1/�Sn�1, and vice versa, where �� is the Laplace–Beltrami operator on Sn�1 and � and
� are the constants fixed throughout this paper by

�D
2

˛�1

�
n� 2�

2

˛�1

�
; �D

4

˛�1
�nC 2: (1-4)

The scalar case of this system was introduced in [Lane 1870] and later studied in [Emden 1907] to
describe distribution of mass densities in spherical polytropic star in hydrostatic equilibrium. Since its
birth, this equation has been used in many applications such as astrophysics, kinetic theory, and quantum
mechanics; see [Goenner and Havas 2000]. The Lane–Emden equation has thus been subject to intensive
studies in the last few decades and nowadays there is a vast amount of literature treating many aspects of
the solutions to this equation and its diverse varieties.

One of the central questions1 and a technically difficult problem for differential equations and systems
is the study of the singular solutions, that is, solutions that develop singularities. In the scalar case, the
classical and subsequent works have considered the asymptotic behavior of the solutions close to isolated
singularities, with an accurate description of the asymptotic behavior of solutions around such singular
points; see, e.g., [Aviles 1983; 1987; Bidaut-Véron and Véron 1991; Chen and Li 1991; Caffarelli et al.
1989; Gidas and Spruck 1981a; 1981b; Korevaar et al. 1999; Véron 1981; 1996].

The system (1-1) can be considered as a generalization of the Lane–Emden equation, and can also be
viewed as a strongly coupled system of nonlinear Schrödinger equations (or more precisely the limiting
system of the associated blowup solutions). In the latter point of view, there has been some development
regarding classification of the global solutions, and compactness of the blowup sequence; see for instance
[Chen and Lin 2015; Druet et al. 2010]. In the former point of view, there are many other types of
generalizations, among which the Lane–Emden–Fowler systems have received considerable attention.
Among possible references, we refer to [Bidaut-Véron and Raoux 1996; Bidaut-Véron and Grillot 1999;
Bidaut-Véron and Giacomini 2010; Busca and Manásevich 2002; de Figueiredo and Felmer 1994; Poláčik
et al. 2007; Serrin and Zou 1996] for the classification of global solutions, nonexistence theory of singular,
positive solutions and local estimates of solutions to the Lane–Emden–Fowler systems. We refer to
[Reichel and Zou 2000; Zou 2006] for more general cooperative elliptic systems. One may also consult
to [de Figueiredo 2008] for a general theory regarding semilinear elliptic systems. To the best of the
authors’ knowledge, this is the first paper that conducts a thorough analysis on the qualitative behavior of
the system (1-1), particularly regarding the classification of the solutions on the punctured space Rn n f0g

with respect to the balanced-energy-type functionals
�
subcritical case 1 < ˛ < nC2

n�2

�
and the Pohozaev

identities
�
critical case ˛D nC2

n�2

�
, as well as the asymptotic behavior of local solutions around the isolated

singularities.

1To the best of our knowledge there are three central questions in this area. The other two questions refer to the structure of
singular sets, see [Pacard 1993], and nonexistence theory, see [Grigor’yan and Sun 2014; Souplet 2009].
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The key difference between the system (1-1) and its scalar version is, of course, the multiplicity of the
components. The major observation in this paper is that the system (1-1) turns out to be very sensitive to
the setting of multiple components in the case of the upper critical exponent

�
that is, ˛D nC2

n�2

�
and lower

critical exponent
�
that is, ˛ D n

n�2

�
. Specifically, in the upper critical case ˛ D nC2

n�2
, we discover a new

Pohozaev invariant different than the usual one. The lower critical case is rather technical and we shall
present the discussion on this issue in Section 7D.

Let us briefly illustrate how the new Pohozaev invariant comes into play in the analysis of the system
(1-1) in the upper critical case. For the sake of clarity, let us assume that the solution u is rotationally
symmetric, so that the cylindrical transformation v is a function of t only. After some manipulation, one
can obtain the usual Pohozaev identity,ˇ̌̌̌

dv

dt

ˇ̌̌̌2
D
.n� 2/2

4
jvj2�

n� 2

n
jvj

2n
n�2 C � (1-5)

for the system (1-3), with a constant �, also known as the usual Pohozaev invariant. Due to the presence
of the multiple components, we haveˇ̌̌̌

dv

dt

ˇ̌̌̌2
�

�
d jvj

dt

�2
D

1

jvj2

X
1�i<j�m

�
vi
dvj

dt
� vj

dvi

dt

�2
� 0; (1-6)

and the equality on the rightmost side does not hold in general. This shows that � alone is not enough to
analyze the behavior of jvj, due to the discrepancy (1-6) between jdv=dt j and jd jvj=dt j. In this paper,
we find that there is another constant �� such that�

d jvj

dt

�2
D
.n� 2/2

4
jvj2�

n� 2

n
jvj

2n
n�2 C �C

��

jvj2
; (1-7)

and we shall call this constant the new Pohozaev invariant.2

Thanks to an anonymous referee, we also observe a more precise characterization of the new invariant.
Multiplying by vi and �vj in the j -th and respectively in the i -th component of the system (1-3)

�
with

˛ D nC2
n�2

�
, and then adding the resulting equations together side by side, we deduce that

d

dt

�
vi
dvj

dt
� vj

dvi

dt

�
D 0; 1� i; j �m:

Thus for each 1� i; j �m there exists a constant kij such that we have

vi
dvj

dt
� vj

dvi

dt
D kij : (1-8)

2After this paper was accepted, we discovered a very recent work [Caju et al. 2019], from which we can actually prove that
the new Pohozaev invariant in our paper is always zero for nonnegative solutions to the system (1-1). Having said that, some
arguments here can be made more direct, without invoking the new Pohozaev invariant. Even so, we believe that our method
gives some valuable insight, in particular, on the no-sign solution, where the new Pohozaev invariant becomes nontrivial for
systems, while the method in [Caju et al. 2019] only works for nonnegative solutions.
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Inserting (1-8) into (1-6) and comparing it with (1-7), we find that

�� D�
X

1�i<j�m

k2ij : (1-9)

Without the radial symmetry, we obtain a more general formula (2-17) for the new Pohozaev invariant.
We point out that the analysis of the behavior of solutions to system (1-1) involves both � and ��. This

is a significant difference from the case of scalar equations, where � fully determines the behavior of the
solution around the isolated singularity, and especially � D 0 is a sufficient and necessary condition to
have removable singularity.

On the technical level, the system (1-1) exhibits some subtleties compared to the scalar case. One
of the main tools we employ in the study of (1-1) is the method of moving spheres, which has been
considered in [Jin et al. 2008; Li and Zhang 2003] and then continuously developed especially in the
frame of the fractional Laplace operator; see, e.g., [Jin et al. 2014; Caffarelli et al. 2014]. The use of such
a method in the case of systems requires particular attention, since the procedure can be continued in
some components but should stop in others.

Another technical tool is the balanced-energy-type monotonicity functional (see, e.g., (2-1) below),
which yields the Pohozaev identity in the upper critical case ˛D nC2

n�2
, combined with the blowup analysis.

This energy functional has been a classical tool for the study of scalar case; see, e.g., [Bidaut-Véron and
Véron 1991; Aviles 1987; Korevaar et al. 1999] and many others. We believe that the argument presented
in this paper regarding the energy functional is more effective, due to an easy observation on the scaling
relation (2-3) that is standard in the framework of free boundary problems.

1B. Main results. The main results are as follows. First we classify the solutions on the entire space,
via the method of moving spheres.

Theorem 1.1. Let u be a nonnegative solution of (1-1) in Rn with 1 < ˛ � nC2
n�2

:

(i) If 1 < ˛ < nC2
n�2

, then u is trivial.

(ii) If ˛ D nC2
n�2

, then u is of the form

u.x/D

�
.n.n� 2//

n�2
4

�
r

r2Cjx� zj2

�n�2
2
�
e (1-10)

for some z 2 Rn, r � 0, and a unit nonnegative vector e 2 Rm.

Remark 1.2. Theorem 1.1(ii) was proved by O. Druet, E. Hebey and J. Vétois [Druet et al. 2010,
Proposition 1.1] via the method of moving spheres. Here we include the result and the proof for the
reader’s convenience.

Next we classify the solutions in the punctured space, through the limiting energy levels or the Pohozaev
invariants of the associated energy functional and the blowup analysis, which is standard in the framework
of free boundary problems. For the upper critical case ˛ D nC2

n�2
, we introduce a new Pohozaev invariant,

which will play the central role.
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Theorem 1.3. Let u be a nonnegative solution of (1-1) in Rn n f0g with 1 < ˛ � nC2
n�2

, and let ˆ.r;u/ be
as in (2-1) for all r > 0:

(i) If 1 < ˛ � n
n�2

, then u is trivial.

(ii) If n
n�2

< ˛ < nC2
n�2

, then ˆ.r;u/ converges as r! 0 and r!1, and

fˆ.0C;u/; ˆ.C1;u/g �

�
�
˛� 1

˛C 1
�
˛C1
˛�1 ; 0

�
W (1-11)

(a) ˆ.0C;u/D 0 if and only if u is trivial.

(b) ˆ.C1;u/D� ˛�1
˛C1

�.˛C1/=.˛�1/ if and only if u is homogeneous of degree � 2
˛�1

, and hence of the
form

u.x/D �
1
˛�1 jxj�

2
˛�1 e; (1-12)

where � is given by (1-4) and e 2 Rm is a unit nonnegative vector.

(iii) If ˛ D nC2
n�2

, then ˆ�.r;u/ as in (2-10) is well-defined for all r > 0, and there are constants �.u/ and
��.u/ such that �.u/Dˆ.r;u/ and ��.u/Dˆ�.r;u/ for all r > 0. Moreover,

�.u/� �
2

n

�
n� 2

2

�n
; (1-13)

and

�

�
2

n

�
n� 2

2

�n
C �.u/

��
n� 2

2

�n�2
� ��.u/� 0; (1-14)

where the equalities of the lower bounds of both �.u/ and ��.u/ hold only simultaneously:

(a) �.u/D ��.u/D 0 if and only if u has removable singularity at the origin, hence of the form (1-10).

(b) If �.u/2 C ��.u/2 > 0, then u has nonremovable singularity at the origin, and is rotationally
symmetric. Moreover, the cylindrical transformation v as in (1-2) satisfies (1-7).

(c) �.u/D�2
n

�
n�2
2

�n and ��.u/D 0 if and only if u is homogeneous of degree �n�2
2

, and hence is of
the form

u.x/D

��
n� 2

2

�n�2
2

jxj�
n�2
2

�
e; (1-15)

where e is a unit nonnegative vector.

The subsequent theorems are concerned with the local solutions in the punctured unit ball. First we
deduce the asymptotic radial symmetry by combining the methods of moving spheres and moving planes;
a similar argument appears in [Caffarelli et al. 2014, Theorem 1.2]. This result is particularly important
to define the second Pohozaev invariant for local solutions.

Theorem 1.4. Let u be a nonnegative solution of (1-1) in B1 n f0g with 1 < ˛ � nC2
n�2

. Then

u.x/D .1CO.jxj// Nu.jxj/ as x! 0; (1-16)

where Nu.r/ is the average of u over @Br .

Utilizing the classification of solutions in the punctured space and the asymptotic radial symmetry, we
obtain the exact asymptotic behavior of local solutions around the singularity.
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Theorem 1.5. Let u be a nonnegative solution of (1-1) in B1 n f0g with 1 < ˛ � nC2
n�2

. Then either u has
a removable singularity at the origin, or the following alternatives hold:

(i) If n
n�2

< ˛ < nC2
n�2

, then

ju.x/j D .1C o.1//�
1
˛�1 jxj�

2
˛�1 as x! 0; (1-17)

where � is given as in (1-4).

(ii) If ˛ D nC2
n�2

, then there are c; C > 0 such that

cjxj�
n�2
2 � ju.x/j � C jxj�

n�2
2 as x! 0; (1-18)

where c depends on u, while C is determined by n and m only.

(iii) If 1 < ˛ < n
n�2

, then there are c; C > 0 such that

cjxj2�n � ju.x/j � C jxj2�n as x! 0; (1-19)

where both c and C depend on u.

(iv) If ˛ D n
n�2

, then

ju.x/j D .1C o.1//

�
.n� 2/2

2jxj2.� log jxj/

�n�2
2

as x! 0: (1-20)

The paper is organized as follows. In the next section, we present the balanced-energy-type monotonicity
formula and introduce the second Pohozaev invariants for the upper critical case. In Section 3, we classify
the solutions of (1-1) on the whole space, proving Theorem 1.1. In Section 4, we investigate the properties
of the solutions on the punctured space, and present the proof of Theorem 1.3. Section 5 is devoted
to the a priori estimates for the local solutions, which will play one of the key roles in the subsequent
analysis, while we prove the asymptotic radial symmetry, Theorem 1.4, in Section 6. Finally, we derive
the exact asymptotic behavior of the local solutions of (1-1) for all 1 < ˛ � nC2

n�2
in Section 7. The proofs

of parts (i)–(iv) in Theorem 1.5 are presented in the ends of Sections 7A–7D, respectively.

1C. Notation and terminology. If juj is bounded in any neighborhood of the origin, we say juj has a
removable singularity. Otherwise, we say that it has a nonremovable singularity.

By Br.z/� Rn (n� 3) we denote the ball of radius r centered at z, and Br D Br.0/. In addition, !n
is the volume of the unit ball B1 �Rn. Given an open set ��Rn, we shall denote by @� the topological
boundary of �. Moreover, when @� is C 1, � denotes the unit normal on @� pointing towards the origin.
r� will denote the tangential derivative on @�.

Sn�1 is the unit sphere in Rn, and is also identified with @B1. Note that n!n is the area of Sn�1. By
r� and �� we shall write the derivative and, respectively, the Laplace–Beltrami operator on Sn�1.

Any vector in the target space Rm (m� 1) is written in bold. Given a vector a 2 Rm, we denote by ai
the i -th component of a. By jaj we denote its l2-norm; i.e., jaj D

�Pm
iD1 a

2
i

�1=2. By a� 0 (resp., a� 0)
or by saying that a is nonnegative (resp., nonpositive) we indicate that ai � 0 (resp., ai � 0) for each
1� i �m. For two vectors a and b, we define a �bD

Pm
iD1 aibi . Also given two vectorial C 1-functions

f and g, we define rf W rg D
Pm
iD1.rfi / � .rgi /.
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The constants C , C0, C1, C2, : : : will always be positive, generic, determined by n, m and ˛ only,
unless otherwise stated. We shall also call these constants universal. In addition, we shall fix �, �, and N�
throughout the paper as in (1-4) and

N�D
˛� 1

˛C 1
�
˛C1
˛�1 : (1-21)

2. Monotonicity formula and Pohozaev invariant

We consider the balanced-energy-type functional

ˆ.r;u/D
r�C1

n!n

Z
@Br

�ˇ̌̌̌
@u

@�
�

2

.˛� 1/r
u

ˇ̌̌̌2
� jr�uj

2

�
d�

C
2r�C1

.˛C 1/n!n

Z
@Br

juj˛C1 d� �
�r��1

n!n

Z
@Br

juj2 d�; (2-1)

where � and � are given as in (1-4). Note that � � 0 if and only if ˛ � n
n�2

, and � � 0 if and only if
1 < ˛ � nC2

n�2
.

Let us introduce the scaling function

ur.x/D r
2
˛�1u.rx/: (2-2)

Note that the problem (1-1) is preserved under this scaling. That is, if u solves (1-1) in BR n f0g then ur
solves (1-1) in BR=r n f0g. In terms of ur , one may easily observe that ˆ satisfies the scaling relation

ˆ.rs;u/Dˆ.s;ur/ (2-3)

for any r; s > 0.
Recall from (1-2) the cylindrical transformation v, in terms of which ˆ can be represented as

ˆ.r;u/D‰.� log r; v/; (2-4)

where ‰.t; v/ is given by

‰.t; v/D
1

n!n

Z
Sn�1

�
j@tvj

2
� jr�vj

2
��jvj2C

2

˛C 1
jvj˛C1

�
d�: (2-5)

Proposition 2.1. Let u be a nonnegative solution of (1-1) in BR n f0g with 1 < ˛ � nC2
n�2

, and let ˆ.r;u/
be as in (2-1). One has

d

dr
ˆ.r;u/D

2�r�

n!n

Z
@Br

ˇ̌̌̌
@u

@�
�

2

.˛� 1/r
u

ˇ̌̌̌2
d�; (2-6)

where � is given as in (1-4). In particular, the following are true:

(i) If 1 < ˛ < nC2
n�2

, then ˆ.r;u/ is nondecreasing for 0 < r < R. Moreover, ˆ.r;u/ is constant for
r1 < r < r2 if and only if u is homogeneous of degree � 2

˛�1
in Br2 nBr1 , i.e.,

u.x/D jxj�
2
˛�1u

�
x

jxj

�
in Br2 nBr1 : (2-7)

(ii) If ˛ D nC2
n�2

, then ˆ.r;u/ is constant for 0 < r < R.
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Proof. The computation is easy if one chooses cylindrical coordinates. Since (2-4) holds with t D� log r ,

r P̂ .r;u/D�‰0.t; v/D�
2

n!n

Z
Sn�1

..@t tv��vCjvj
˛�1v/ � @tv�r�v W r�@tv/ d�

D�
2

n!n

Z
Sn�1

.@t tvC��v��vCjvj
˛�1v/ � @tv d�

D
2�

n!n

Z
Sn�1
j@tvj

2 d�;

where P̂ and ‰0 denote dˆ=dr and d‰=dt respectively, and the right side is evaluated at t D� log r . In
addition, when deriving the last equality we used (1-3). Rephrasing the rightmost side in terms of u, we
arrive at (2-6).

The assertion on the monotonicity of ˆ is now clear from (2-6). On the other hand, the assertion on
the homogeneity can be shown as follows. We see that if ˛ ¤ nC2

n�2
, then one has � ¤ 0. Hence, the

assumption that ˆ.r;u/ is constant for r1 < r < r2 along with (2-6) yields that for any r1 < r < r2
@u

@�
D

2

.˛� 1/r
u on @Br ;

where � is the unit normal pointing towards the origin. Thus, u is homogeneous of degree � 2
˛�1

in
Br2 nBr1 . �

Remark 2.2. As a matter of fact, (2-6) holds for ˛ > nC2
n�2

, and hence ˆ.r;u/ is nonincreasing in this
case, since � < 0 for ˛ > nC2

n�2
.

Remark 2.3. For the case ˛ D nC2
n�2

, we obtain from Proposition 2.1(ii) a constant �.u/ such that

�.u/Dˆ.r;u/ (2-8)

for any 0 < r < R. Since there is a one-to-one correspondence between the nonnegative solutions u of
(1-1) and v of (1-3) via the cylindrical transform (1-2), we shall write �.u/ by �.v/ as well. In view of
(2-4), it is clear that

�.v/D‰.t; v/ (2-9)

for any t > � logR. We shall call � the first Pohozaev invariant.

Let us construct the second Pohozaev invariant in a general setting, that is without rotational symmetry.3

For ˛ D nC2
n�2

, let us define, formally for the moment, the quantity

ˆ�.r;u/D
1
4
.r Pf .r;u//2� 1

4
..n� 2/2/f .r;u/2� �.u/f .r;u/

C
n� 2

n
f .r;u/

2n�2
n�2 � 2

Z r

0

�
�

n!n

Z
@B�

jr�uj
2 d�

�
Pf .�;u/ d�

C
2n� 2

n

Z r

0

�
�

n!n

Z
@B�

juj
2n
n�2 d� �f .�;u/

n
n�2

�
Pf .�;u/ d�; (2-10)

3As noted in an earlier footnote, we discovered that the second Pohozaev invariant always becomes trivial for nonnegative
singular solutions on the punctured space, Rn n f0g, after this paper was accepted. However, this is by no means straightforward
for local solutions in a punctured ball, without asymptotic radial symmetry (Theorem 1.4). Moreover, this invariant becomes
nontrivial for no-sign solutions. For these reasons, we shall present a general formulation of the second Pohozaev invariant.
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where Pf denotes df=dr , and

f .r;u/D
1

n!nr

Z
@Br

juj2 d�: (2-11)

Notice that ˆ�.r;u/ is well-defined only if the last two double integrals on the right side are finite.
Moreover, once ˆ�.r;u/ becomes well-defined, we may also deduce from

r Pf .r;u/D�
2

n!n

Z
@Br

u �

�
@u

@�
�
n� 2

2r
u

�
d� (2-12)

a scaling relation of ˆ�,
ˆ�.rs;u/Dˆ�.s;ur/; (2-13)

which holds for any r; s > 0. On the other hand, in terms of the cylindrical transformation v, one has

ˆ�.r;u/D‰�.� log r; v/; (2-14)
where ‰�.t; v/ is given by

‰�.t; v/D
1
4
.g0.t; v//2� 1

4
..n� 2/2/g.t; v/2� �.v/g.t; v/

C
n� 2

n
g.t; v/

2n�2
n�2 C 2

Z 1
t

�
1

n!n

Z
Sn�1
jr�vj

2 d�

�
g0.�; v/ d�

�
2n� 2

n

Z 1
t

�
1

n!n

Z
Sn�1
jvj

2n
n�2 d� �g.�; v/

n
n�2

�
g0.�; v/ d�; (2-15)

with g0 being dg=dt and

g.t; v/D
1

n!n

Z
Sn�1
jvj2 d�: (2-16)

Proposition 2.4. Let u be a nonnegative solution of (1-1) in BR n f0g with ˛ D nC2
n�2

, and let ˆ�.r;u/ be
as in (2-10). Then ˆ�.r;u/ is well-defined and is constant for 0 < r < R.

We shall postpone the proof to Section 6, since proving the well-definedness of ˆ�.r;u/ essentially
relies on the asymptotic radial symmetry of local solutions to (1-1) (see Theorem 1.4).

Remark 2.5. Knowing that ˆ�.r;u/ is constant, we obtain a constant ��.u/ such that

��.u/Dˆ�.r;u/ (2-17)

for any 0 < r < R. We shall call this constant the second Pohozaev invariant. As with the first Pohozaev
invariant, we will also write it by ��.v/ whenever v is the cylindrical transformation. Clearly,

��.v/D‰�.t; v/ (2-18)

for any t > � logR. In Sections 4 and 7A we will observe that ��.v/ D 0 if and only if v.t; �/ D
.1C o.1//jv.t; �/je uniformly for � 2 Sn�1 as t !1, with some nonnegative unit vector e 2 Rm.

3. Solutions on the whole space

In this section we classify the smooth solutions of (1-1) on the whole space Rn. The analysis is based on
the method of moving spheres along with the Kelvin transform, and we follow essentially the argument
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proposed in [Li and Zhang 2003, Section 2], with only a minor modification. Nevertheless, we shall
include the full argument here for the reader’s convenience.

Given z 2 Rn and r > 0, we shall write u�z;r for the Kelvin transform of u with respect to the sphere
Br.z/; that is,

u�z;r.y/D

�
r

jy � zj

�n�2
u

�
zC

r2

jy � zj2
.y � z/

�
: (3-1)

Let us remark that if u is a solution of (1-1) in Rn, then

��u�z;r D

�
r

jy � zj

�.˛�1/�
ju�z;r j

˛�1u�z;r in Rn n fzg; (3-2)

where � is given by (1-4). Note that �� 0 if and only if 1 < ˛ � nC2
n�2

. The nonnegativity of � will play
a key role when comparing u and u�z;r .

We begin with a basic lemma that holds for any nonnegative, superharmonic function, as a starting
point of the method of moving spheres.

Lemma 3.1 [Li and Zhang 2003, Lemma 2.1]. Let v 2 C 2.Rn/ be a superharmonic and nonnegative
function on Rn. Then for each z 2 Rn, there exists r0 > 0, which may depend on v and z, such that for all
0 < r < r0

v�z;r � v in Rn nBr.z/: (3-3)

The next lemma is an analogue of [Caffarelli et al. 1989, Lemma 2.4], which claims that either the
inequality (3-3) must hold until the solution becomes symmetric (with respect to a sphere) or it must fail
on a compact subset of Rn. The proof is given in that of [Li and Zhang 2003, Lemma 2.2], and we shall
not repeat it here.

Lemma 3.2. Let v 2 C 2.Rn/, z 2 Rn, and r0 > 0 be such that

��.v� v�z;r0/� 0 in Rn nBr0.z/; (3-4)

v�z;r0 < v in Rn nBr0.z/: (3-5)

Then there is a small � > 0 such that for any r0 < r < r0C �

v�z;r < v in Rn nBr.z/: (3-6)

Now let us turn our interest to the nonnegative, smooth global solutions u of (1-1). Given z 2 Rn, let
us define, for each 1� i �m,

ri .z/D supfr > 0 W .ui /�� � ui in Rn nB�.z/ for any 0 < � < rg: (3-7)

Since each component ui of u is nonnegative and superharmonic, Lemma 3.1 applies to ui , from which
we know that ri .z/ > 0 for each 1� i �m. Thus, we have

Nr.z/D inf
1�i�m

ri .z/ > 0: (3-8)
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Let us remark that we have defined Nr.z/ by the infimum, instead of minimum, over a finite set of indices
f1; 2; : : : ; mg, since ri .z/ as a supremum could be infinite. Moreover, if ri .z/D1 for all 1� i �m, we
shall say that Nr.z/D1.

The following lemma takes care of the case when Nr.z/ is either finite or infinite. The proof is essentially
the same as those of [Druet et al. 2010, Lemmas 1.2 and 1.3], which deal with the upper critical case
˛ D nC2

n�2
only, whence we shall skip the details.

Lemma 3.3. Let u be a nonnegative solution of (1-1) in Rn with 1 < ˛ � nC2
n�2

, z 2 Rn be arbitrary, and
Nr.z/ be as in (3-8). If Nr.z/ is finite, then

u�z; Nr.z/ D u in Rn n fzg: (3-9)

If Nr.z0/D1 for some z0 2 Rn, then Nr.z/D1 for all z 2 Rn.

We are now ready to classify the smooth global solutions.

Proof of Theorem 1.1. In view of Lemma 3.3, we observe that Nr.z/ defined in (3-8) is either finite or
infinite for all z 2Rn. If Nr.z/ is finite for all z 2Rn, then we have (3-9) at every point z 2Rn. In this case,
we may apply [Li and Zhang 2003, Lemma 11.1]: there are ai � 0, ri > 0, and zi 2 Rm for 1� i �m
such that

ui .x/D air
�n�2

2

i

�
ri

r2i Cjx� zi j
2

�n�2
2

: (3-10)

On the other hand, if Nr.z/ is infinite for all z 2 Rn, we have (3-7) for all r > 0 at any z 2 Rn. Due to [Li
and Zhang 2003, Lemma 11.2], there are bi � 0 for 1� i �m such that

ui .x/D bi : (3-11)

Suppose that u satisfies (3-11), that is, u is constant everywhere on Rn. As u is a nonnegative solution
of (1-1) in Rn, u must be zero everywhere. Hence, parts (i) and (ii) of Theorem 1.1 are satisfied under
this assumption.

Next, let us consider the case that ui satisfies (3-10) for all 1 � i �m. This part is the same as the
proof of [Druet et al. 2010, Proposition 1.1], so we omit the details. �

4. Solutions in punctured space

4A. Radial symmetry of singular solutions. This section is devoted to the radial symmetry of nonnega-
tive, singular solutions of (1-1). To be more precise, u is a nonnegative solution of (1-1) in the punctured
space Rn n f0g that has a nonremovable singularity at the origin, i.e.,

lim sup
x!0

ju.x/j D1: (4-1)

The proof relies again on the method of moving spheres used in the previous section. The proof for the
case of a single equation has already been established in [Jin et al. 2008, Proposition 2.1]. Nevertheless,
the multiplicity in the components here makes the comparison argument more subtle, as observed in the



712 MARIUS GHERGU, SUNGHAN KIM AND HENRIK SHAHGHOLIAN

previous section. Let us also address that the method of moving planes also works, see [Caffarelli et al.
1989, Theorem 8.1], after a suitable modification.

Lemma 4.1. Let u be a nonnegative solution of (1-1) in Rn n f0g with 1 < ˛ � nC2
n�2

. If u satisfies (4-1),
then u is radially symmetric.

Proof. Let z 2 Rn n f0g be arbitrary. Arguing similarly to Lemma 3.1, whose proof can be found in [Li
and Zhang 2003, Lemma 2.1], there exists some 0 < r0 < jzj such that for any 0 < r � r0

.ui /
�
z;r � ui in Rn n .Br.z/[f0g/ for each 1� i �m:

Hence, one can define, as with (3-7) and (3-8),

ri .z/D supfr > 0 W .ui /�z;� � ui in Rn n .B�.z/[f0g/ for any 0 < � < rg
and

Nr.z/D inf
1�i�m

ri .z/:

We first claim that
0 < Nr.z/� jzj: (4-2)

The positivity of Nr.z/ is clear.To prove the second inequality in (4-2), let us first observe that by (4-1),
there exist some sequence xj ! 0 and a component ui such that ui .xj /!1. If Nr.z/ > jzj, then by its
definition, there should exist � > jzj such that

.ui /
�
z;� � ui in Rn nB�.z/: (4-3)

Now let yj be the reflection of xj with respect to @B�.z/; i.e.,

yj D zC

�
�

jxj � zj

�2
.xj � z/:

Since xj ! 0, we have yj 2 Rn nB�.z/ for all sufficiently large j , and moreover,

yj ! y0 D

�
1�

�
�

jzj

�2 �
z:

Thus, if we take � close enough to jzj, we have y0 ¤ 0, whence ui is smooth at y0. However, (4-3)
implies

ui .y0/D lim
j!1

ui .yj /� lim
j!1

..ui /
�
z;�.yj //�

�
jzj

�

�n�2
lim
j!1

ui .xj /D1;

a contradiction.
From (4-2), we can also claim that

Nr.z/D jzj:

The argument is based on the proof of [Jin et al. 2008, Proposition 2.1] with the corresponding modification
shown in Lemma 3.3, which amounts to the number of nontrivial components. The main idea is that if
Nr.z/ < jzj, then (4-1) together with the maximum principle implies

ui > .ui /
�
z; Nr.z/ in Rn n .B Nr.z/.z/[f0g/; (4-4)
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at least for one 1 � i �m. Then we must have juj > ju�
z; Nr.z/

j in Rn n .B Nr.z/.z/[ f0g/, and the strong
maximum principle yields that the strict inequality in (4-4) must hold for all nontrivial components.
Hence, as with Lemma 3.2, we obtain some � > 0 such that (4-4) holds for all 1 � i � m with Nr.z/
replaced by some Nr.z/ < r < Nr.z/C �, a contradiction to (4-3). The details are omitted.

To this end, we have proved that for each z 2 Rn n f0g and for any 0 < r < jzj

.ui /
�
z;r � ui in Rn n .Br.z/[f0g/ for each 1� i �m:

Thus, one may deduce from [Jin et al. 2008, Lemma 2.1] that ui is radially symmetric for each 1� i�m. �

4B. Limiting energy levels and Pohozaev invariants. Knowing the radial symmetry of singular solutions,
we may classify the nonnegative solutions on the punctured space, using the balanced-energy limit. The
idea is to consider both blowups and shrink-downs of u under the scaling (2-2). Here by saying a blowup or
a shrink-down under the scaling ur we indicate a limit of ur as r D rj ! 0C, or respectively r D rj !1
in C 2loc.R

n n f0gIRm/. The following lemma provides the compactness of the sequence ur in order to
have both the blowups and the shrink-downs.

Lemma 4.2. Let u be a nonnegative solution of (1-1) in Rn n f0g with 1 < ˛ � nC2
n�2

. If u satisfies (4-1),
then for each 1� i �m

ui .x/�

�
˛� 1

2n

�� 1
˛�1

jxj�
2
˛�1 in Rn n f0g: (4-5)

Proof. Let ui be a positive component of u. Then, since ui is superharmonic in Rn n f0g, it follows from
the extended maximum principle [Gilbarg and Serrin 1956, Theorem 1] that

lim inf
x!0

ui .x/ > 0: (4-6)

Now let v D u1�˛i . Then v satisfies, in Rn n f0g,

�v �
˛

˛� 1

jrvj2

v
C˛� 1:

Hence, for each r > 0, the auxiliary function

w.x/D v.x/�
˛� 1

2n
jxj2

becomes subharmonic in Br n f0g. Then by (4-6), w is bounded around the origin, and thus, it follows
from the extended maximum principle [Gilbarg and Serrin 1956, Theorem 1] that

0� lim sup
x!0

w.x/� sup
@Br

w D sup
@Br

v�
˛� 1

2n
r2:

In terms of ui , we obtain

inf
@Br

ui �

�
˛� 1

2n

�� 1
˛�1

r�
2
˛�1 :

Now the radial symmetry obtained in Lemma 4.1 yields (4-5). �
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The next lemma gives the compactness of the sequence ur , and hence the existence of both a blowup
and a shrink-down of u.

Lemma 4.3. Let u be a nonnegative solution of (1-1) in Rn n f0g with 1 < ˛ � nC2
n�2

. Then there is some
0 < 
 < 1 such that ur is uniformly bounded in C 2;
 .KIRm/ on each compact set K � Rn n f0g.

Proof. If u does not satisfy (4-1), then u is bounded around the origin, and the origin becomes a removable
singularity. According to Theorem 1.1, if 1 < ˛ < nC2

n�2
, u is trivial, while if ˛ D nC2

n�2
, u is globally

bounded and satisfies ju.x/j DO.jxj2�n/ as jxj !1. Hence, in any case, ur is bounded uniformly for
all r > 0 on a fixed compact subset of Rn n f0g.

On the other hand, if u satisfies (4-1), Lemma 4.2 implies that ur is globally bounded in Rn n f0g.
Thus, regardless of the removability of the singularity at the origin, we know that ur is uniformly bounded
in each compact subset of Rn n f0g.

Now since ur also solves (1-1) in Rn n f0g, it follows from the interior regularity theory [Gilbarg and
Trudinger 1983, Theorems 6.2 and 6.19] that ur is uniformly bounded in C 2;
 .KIRm/ on each compact
set K � Rn n f0g for some 0 < 
 < 1. �

Let ˆ.r;u/ be the balanced-energy-type functional defined by (2-1). Recall from Proposition 2.1 that
ˆ.r;u/ is monotone increasing in r > 0 for 1 < ˛ < nC2

n�2
, while it is constant for ˛ D nC2

n�2
.

Lemma 4.4. Let u be a nonnegative solution of (1-1) in Rn n f0g with 1 < ˛ � nC2
n�2

, and let u0 and
u1 be respectively a blowup and shrink-down under the scaling ur . Then ˆ.r;u0/ D ˆ.0C;u/ and
ˆ.r;u1/ D ˆ.1;u/ for all r > 0. In particular, both u0 and u1 are homogeneous of degree � 2

˛�1
,

provided that 1 < ˛ < nC2
n�2

.

Proof. Since the argument for shrink-downs is the same, we shall only present it for blowups. Let u0 be a
blowup with a sequence rj ! 0C. Then due to the scaling relation (2-3), we have, for any r > 0,

ˆ.r;u0/D lim
j!1

ˆ.r;urj /D lim
j!1

ˆ.rrj ;u/Dˆ.0C;u/;

where the existence of ˆ.0C;u/ follows from the compactness of ur (Lemma 4.3) and the monotonicity
of ˆ.r;u/ (Proposition 2.1(i)). This proves the first assertion of Lemma 4.4. The second assertion on the
homogeneity follows again from Proposition 2.1(i). �

Lemma 4.5. Let u be a nonnegative solution of (1-1) in Rn n f0g with 1 < ˛ � nC2
n�2

. Suppose further that
u is homogeneous of degree � 2

˛�1
:

(i) If 1 < ˛ � n
n�2

, then u is trivial.

(ii) If n
n�2

< ˛ � nC2
n�2

, then either u is trivial, or u is of the form (1-12).

Proof. Since u is homogeneous of degree � 2
˛�1

, the cylindrical transform v introduced in (1-2) satisfies

��v��vCjvj
˛�1vD 0 on Sn�1; (4-7)

where �� is the Laplace–Beltrami operator, and � is given by (1-4).
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Case 1: 1 < ˛ � n
n�2

. In view of (1-4), we have � � 0. As a nonnegative solution of (4-7), we see
that each component vi satisfies ��vi � 0 on Sn�1. This implies that vi does not attain any strict local
minimum on Sn�1. As Sn�1 is a compact manifold, vi must be a constant. This argument holds for all
1 � i � m, which makes v a nonnegative, constant vector on Sn�1. However, a nonnegative constant
solution of (4-7) must be trivial because �� 0. Returning to u, it indicates that u is trivial on @B1. As
each of its components is nonnegative and superharmonic, u must be trivial in the whole domain, which
proves Lemma 4.5(i).

Case 2: n
n�2

< ˛ < nC2
n�2

. Suppose that u is a nontrivial solution in the punctured space. Then by the
nonnegativity and the superharmonicity of each component of u, we know juj is positive everywhere.
As it is homogeneous of degree � 2

˛�1
, u must have a nonremovable singularity at the origin, i.e., (4-1)

holds. By Lemma 4.1, u is radially symmetric, whence u is a positive constant vector, a, on @B1.
By (4-7) we have jajD�1=.˛�1/. By the homogeneity, we see that u is of the form �1=.˛�1/jxj�2=.˛�1/e

with some nonnegative unit vector e 2 Rm, proving Lemma 4.5(ii). �

We are in a position to prove Theorem 1.3(i) and (ii).

Proof of Theorem 1.3.i/ and .ii/. Let u0 and u1 be a blowup and, respectively, a shrink-down of u.
According to Lemma 4.4, both u0 and u1 are homogeneous of degree � 2

˛�1
. Hence, it follows from

Lemma 4.5(i) that if 1 < ˛ � n
n�2

, both u0 and u1 are trivial. This in turn yields by Lemma 4.4 that
ˆ.0C;u/ D ˆ.1;u/ D 0. Due to the monotonicity of ˆ.r;u/, we have ˆ.r;u/ D 0 for all r > 0.
Thus, by Proposition 2.1(i), u is homogeneous of degree � 2

˛�1
. Theorem 1.3(i) is now an immediate

consequence of Lemma 4.5(i).
Now let us consider the case n

n�2
<˛< nC2

n�2
. By Lemmas 4.4 and 4.5(ii), any blowup u0 is either trivial

or of the form (1-12). If u0 is trivial, then clearly ˆ.r;u0/D 0 for all r > 0, which along with Lemma 4.4
implies that ˆ.0C;u/D 0. On the other hand, if u0 is of the form (1-12), then a simple computation
shows that ˆ.r;u0/ D �N� for all r > 0, with N� given as in (1-21). Thus, again from Lemma 4.4 it
follows that ˆ.0C;u/ D �N�. The converse statement is obviously true, whence we have proved that
ˆ.0C;u/ 2 f�N�; 0g, and ˆ.0C;u/D 0 if and only if all the blowups are trivial, while ˆ.0C;u/D�N�
if and only if all the blowups are of the form (1-12).

Further, the same assertion holds for any shrink-down u1, proving that ˆ.1;u/ 2 f�N�; 0g, and
ˆ.1;u/D 0 if and only if all the shrink-downs are trivial, while ˆ.1;u/D�N� if and only if all the
shrink-downs are of the form (1-12).

Now if ˆ.0C;u/D 0, then since ˆ.r;u/ is nondecreasing in r and ˆ.1;u/ 2 f�N�; 0g, we must have
ˆ.r;u/ D 0 for all r > 0. Hence, by Lemmas 4.4 and 4.5(ii), u is either trivial or of the form (1-12).
However, the latter yields that ˆ.0C;u/D�N�, a contradiction. Thus, u must be trivial. Of course, the
converse is also true.

Similarly, ˆ.1;u/D�N� implies u is of the form (1-12). This finishes the proof of Theorem 1.3(ii). �

The analysis on the case ˛ D nC2
n�2

is more subtle. Our approach relies on the Pohozaev invariants
of which the first one �.u/ was introduced in (2-8). In the following we focus on the second Pohozaev
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invariant ��.u/, which was briefly introduced in Remark 2.5. More importantly, we shall observe that
this second invariant appears solely due to the multiplicity of the components of (1-1).

Lemma 4.6. Let u be a nonnegative solution of (1-1) in Rn n f0g with ˛ D nC2
n�2

. Then ˆ.r;u/ and
ˆ�.r;u/ in (2-1) and (2-10) are well-defined, and there are constants �.u/ and ��.u/ satisfying (2-8)
and (2-17) respectively. Moreover, the inequalities (1-13) and (1-14) hold and the equalities of the lower
bounds only occur simultaneously.

Proof. The proof can be divided into two cases; first we consider the case where u is not rotationally
symmetric, and then we treat the other case. We shall prove the equivalent statements for the cylindrical
transformation v. Since v will be fixed throughout the proof, we shall omit the dependence of ‰, ‰�, �
and �� on v here.

Suppose that u is not rotationally symmetric. Due to Lemma 4.1, u has a removable singularity at the
origin. Thus, its cylindrical transformation v, given as in (1-2), satisfies

jv.t; �/jC j@tv.t; �/j � Ce
�n�2

2
t on Sn�1 (4-8)

as t !1, with some constant C > 0 independent of t . This combined with (2-9) implies

� D lim
t!1

‰.t/D 0: (4-9)

On the other hand, the estimate (4-8) also ensures the well-definedness of ‰�.t/ given by (2-15) for
all t 2 R. To prove that ‰�.t/ is constant for any t 2 R, we need to compute the derivatives of g, given
by (2-16). Utilizing (1-3), (2-9) and (4-9) one can verify that

g00 D
2

n!n

Z
Sn�1

�
.n� 2/2

2
jvj2C 2jr�vj

2
�
2n� 2

n
jvj

2n
n�2

�
d�;

from which it follows that

‰0�.t/D g
0

�
g00

2
�
.n� 2/2

2
g�

2

n!n

Z
Sn�1

�
jr�vj

2
�
n� 1

n
jvj

2n
n�2

�
d�

�
D

g0

n!n

Z
Sn�1

�
j@tvj

2
�
.n� 2/2

4
jvj2� jr�vj

2
C
n� 2

n
jvj

2n
n�2

�
d� D 0: (4-10)

Thus, ‰�.t/ is constant for any t 2 R, and there must exist a constant ��.v/ such that (2-18) holds for
all t . Moreover, one can also verify from (4-8) that

�� D lim
t!1

‰�.t/D 0:

This proves the lemma for the case where u is not rotationally symmetric.
Next we consider the case where u is rotationally symmetric, so that the cylindrical transformation v

becomes a function of t only. In this case, we have already observed that (1-7) holds with �� given by
(1-9). Note that under the rotational symmetry of v, g as in (2-16) is identical to jvj2. Hence, one can
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easily observe from (2-15) and (1-7) that

‰�.t/D
.g0/2

4
�
.n� 2/2

4
g2� �gC

n� 2

n
g
2n�2
n�2 D ��; (4-11)

as desired.
Let us now prove the bounds in (1-13) and (1-14). Since we have already verified above that �D ��D 0

if v is not rotationally symmetric, it suffices to consider the situation where v is rotationally symmetric.
Then one can follow the derivation of (1-9) and verify that �� � 0. Hence, we are only left with proving
the lower bounds of � and ��.

Set

f .s/D
.n� 2/2

4
s2�

n� 2

n
s
2n�2
n�2 C �s;

and let us rephrase the second identity in (4-11) as

.g0/2

4
D f .g/C ��: (4-12)

Utilizing �� � 0 in the identity above, we see that f .g/� 0. Since either g.t/D 0 and g.t/ > 0 for all t ,
and g.t/D 0 yields � D 0, we can focus on the case g.t/ > 0 for all t . Then 1

g
f .g/� 0 as well, from

which it follows that

� � �
.n� 2/2

4
gC

n� 2

n
g

n
n�2 � �

2

n

�
n� 2

2

�n
:

This verifies the lower bound (1-13) of �.
To verify the lower bound (1-14) of ��, let us remark that�

2

n

�
n� 2

2

�n
C �

��
n� 2

2

�n�2
D f

��
n� 2

2

�n�2 �
:

Now suppose towards a contradiction that there is a solution v having �� < �f
��
n�2
2

�n�2�. Then it
follows from (4-12) that minfg.t/ W t 2Rg>

�
n�2
2

�n�2, or equivalently, minfjv.t/j W t 2Rg>
�
n�2
2

�.n�2/=2.
In view of (1-3), this implies

v00i D
.n� 2/2

4
vi � jvj

4
n�2 vi � �ıvi (4-13)

for each 1� i �m, where ı Dminfjv.t/j W t 2 Rg�
�
n�2
2

�.n�2/=2
> 0. Hence, vi is a concave function.

However, (4-5) shows that vi is uniformly bounded for all t , which indicates that vi .t/!ai and v00i .t/!0

as t!1 for some ai > 0. However, this is a contradiction against (4-13), which proves the lower bound
(1-14) of ��.

Finally, let us investigate the scenario when the equalities of the lower bounds in (1-13) and (1-14)
hold. Suppose that the equality of the lower bound in (1-14) occurs. That is,

�C

�
n� 2

2

�2�n
�� D�

2

n

�
n� 2

2

�n
: (4-14)
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Arguing much as above, one can deduce that minfjv.t/j W t 2Rg �
�
n�2
2

�.n�2/=2 and v00i � 0 in R for each
1� i �m. Again vi is a concave function that is uniformly bounded in R, so vi .t/! ai for some ai 2R,
and v00i .t/! 0 as t !1. Thus, jv.t/j ! jaj with aD .a1; : : : ; am/, and it follows from v00i .t/! 0 and
the first equality in (4-13) that jaj D

�
n�2
2

�.n�2/=2. On the other hand, we also have v0i .t/! 0 as t!1,
so sending t !1 in the second equality of (2-9) yields that

� D lim
t!1

�
jv0.t/j2�

.n� 2/2

4
jv.t/j2C

n� 2

n
jv.t/j

2n
n�2

�
D�

2

n

�
n� 2

2

�n
:

Thus, (4-14) forces �� D 0, and the final assertion of the lemma is proved. �

Let us finish this section by proving Theorem 1.3(iii).

Proof of Theorem 1.3.iii/. The well-definedness and the bounds of � and �� are proved in Lemma 4.6.
The other assertions can be proved as follows.

First consider the assertion (iii)-(a). If u is not radially symmetric, then by Lemma 4.1, u has a
removable singularity at the origin, as desired. On the other hand, if u is radially symmetric, one can
deduce from (1-7) that the cylindrical transformation v, which is now a function of t only, satisfies�

d jvj

dt

�2
D
.n� 2/2

4
jvj2�

n� 2

n
jvj

2n
n�2 : (4-15)

Hence, classical work such as [Fowler 1931; Caffarelli et al. 1989] applies to jvj, proving the “only if”
part of the assertion (iii)-(a). The “if” part can be verified through a direct computation.

Let us move on to the case �2 C �2� > 0. From the assertion (iii)-(a), we see that u must have a
nonremovable singularity at the origin. According to Lemma 4.1, u is radially symmetric, so one can
follow the computation in Section 1 and deduce (1-7).

Finally, assume that � D�2
n

�
n�2
2

�n and �� D 0. It follows from (1-7) that�
d jvj

dt

�2
�
.n� 2/2

4
jvj2C

n� 2

n
jvj

2n
n�2 C

2

n

�
n� 2

2

�n
D 0;

whence jvj has to be constant in R, and the constant has to be
�
n�2
2

�.n�2/=2. In terms of u this implies
that u is homogeneous of degree �n�2

2
and is of the form (1-15). This constitutes the “only if” part of

the assertion (iii)-(c). The “if” part follows easily from a direct computation. �

5. A priori estimate and Harnack-type inequality for local solutions

In this section, we prove a priori upper bounds for local solutions of (1-1) in B1 n f0g with 1 < ˛ � nC2
n�2

,
which further allows us to derive related Harnack inequalities, interior gradient estimates and the com-
pactness of scaling functions. Our analysis is divided into two cases, according to the subcritical range
1 < ˛ < nC2

n�2
and the critical range ˛ D nC2

n�2
. The former is based on the nonexistence of the smooth,

positive, global solution in Theorem 1.1(i) along with a blowup argument. The latter uses the method of
moving spheres presented in the previous section, essentially following [Li and Zhang 2003].
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5A. A priori bound for 1 < ˛ < nC2
n�2

. We begin with the upper bound for the subcritical case, which is
(much) simpler than the critical case.

Proposition 5.1. Let 1 < ˛ < nC2
n�2

and suppose that v 2 C 2.B1IRm/\ C.B1IRm/ is a nonnegative
solution of

��vD jvj˛�1v in B1: (5-1)

Then there exists C > 0, depending only on n, m and ˛, such that

jv.x/j � C.1� jxj/�
2
˛�1 in B1: (5-2)

Proof. Note that w D v1C � � �C vm satisfies

1

c
w˛ � ��w � cw˛

for some c > 1, depending only on m and ˛. Thus, we can follow the proof of [Poláčik et al. 2007,
Theorem 2.1] and obtain the desired inequality. We omit the details. �

5B. A Harnack-type inequality for ˛D nC2
n�2

. Our approach to achieve the Harnack-type inequality for
˛ D nC2

n�2
follows the line of the scalar case in [Li and Zhang 2003, Lemma 5.1]. In our system setting,

the problem becomes very sensitive to the number of nonzero components, and we modify the proof of
[Li and Zhang 2003, Lemma 5.1] in this direction.

Proposition 5.2. Let v 2 C 2.B2IRm/\C.B2IRm/ be a nonnegative solution of

��vD jvj
4
n�2v in B2: (5-3)

Then, there exists C > 0 depending only on n and m, such that�
min
i2Im

inf
@B2

vi
�
jv.x/j � C.1� jxj/�

n�2
2 in B1; (5-4)

where Im is the set of indices 1� i �m such that vi is nontrivial.

Proof. If v is trivial, then Im D∅, whence there is nothing to prove. Thus, we shall assume that v is not
trivial, so that Im ¤∅. Then for each i 2 Im, we know from the superharmonicity and the nonnegativity
of vi that inf@B2 vi > 0, whence .mini2Im inf@B2 vi /

�1 is a positive, finite number.
If jv.x/j � C1.1� jxj/�.n�2/=2 in B1 for some C1 > 0 depending only on n and m, then the claim

(5-4) is true, since the maximum principle and the superharmonicity of each component of v implies that
inf@B2 vi � vi .0/. Thus, let us assume that for all j � 1 there are nonnegative solutions vj of (5-3) and
points xj 2 B1 such that

Mj WD sup
jxj�1

..1� jxj/
n�2
2 jvj .x/j/D .1� jxj j/

n�2
2 jvj .xj /j !1: (5-5)
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We know that xj 2 B1 (instead of @B1) since vj is continuous on B1. Moreover, we shall set

rj D
1
2
.1� jxj j/ > 0; (5-6)

ıj D jvj .xj /j
�˛�1

2 D 2rjM
� 2
n�2

j ! 0; (5-7)

Rj D
rj

ıj
D

1
2
M

2
n�2

j !1: (5-8)

It should be noted that due to (5-5), we have

jvj .x/j �

�
1� jxj j

1� jxj

� 2
˛�1

jvj .xj /j � 2
2
˛�1 jvj .xj /j in Brj .xj /: (5-9)

In addition, inserting (5-6) into (5-5), we obtain

jvj .xj /j D .2rj /
� 2
˛�1Mj : (5-10)

With (5-9) and (5-10) at hand, one can follow the proof of [Li and Zhang 2003, Lemma 5.1] to deduce
that the sequence of the scaled function

wj .x/D ı
n�2
2

j vj .ıjxC xj / in BRj

converges to w0 in C 2loc.R
nIRm/ for certain w0 2 C 2.RnIRm/, which is a nonnegative solution of

��w0 D jw0j
4
n�2w0 in Rn (5-11)

satisfying
jw0.x/j � 2

2
˛�1 in Rn; (5-12)

as well as
jw0.0/j D 1: (5-13)

We omit the details here.
With only a minor modification, one may apply Lemma 3.1 to each component wi;j of wj , with i 2 Im,

and obtain a number si;j .z/ > 0, corresponding to each z 2 Rn, such that for all 0 < r < si;j .z/

.wi;j /
�
z;r � wi;j in B1=.2ıj /.z/ nBr.z/: (5-14)

Here we choose j large enough so that B1=.2ıj /.z/� B1=ıj , which is possible due to (5-7). One may
refer to the proof of [Li and Zhang 2003, Theorem 1.5] for the details.

Let us now replace si;j .z/ by the supremum value of r such that (5-14) holds; that is,

si;j .z/D supfr W .wi;j /�z;� � wi;j in B1=.2ıj /.z/ nBr.z/ for any 0 < � < rg: (5-15)

Now with si;j .z/ defined as in (5-15), we shall set, analogously to (3-8),

Nsj .z/D inf
i2Im

si;j .z/: (5-16)

Then we have

.wi;j /
�
z;Nsj .z/

� wi;j in B1=.2ıj /.z/ nBNsj .z/.z/ for each i 2 Im; (5-17)
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and respectively,
��.wi;j � .wi;j /

�
z;Nsj .z/

/� 0 in B1=.2ıj /.z/ nB Nsj .z/.z/: (5-18)

Now let us assume towards a contradiction that

min
i2Im

inf
@B2

vi;j � j
�

sup
jxj�1

.1� jxj/
n�2
2 jvj .x/j

��1
D

j

Mj
: (5-19)

In terms of wi;j , one may rewrite (5-19) as

min
i2Im

inf
@B1=ıj

wi;j D ı
n�2
2

j min
i2Im

inf
@B1.xj /

vi;j � ı
n�2
2

j min
i2Im

inf
@B2

vi;j � jı
n�2
j ; (5-20)

where in the derivation of the first inequality we used the superharmonicity of vi;j , the maximum principle
and the fact that B1.xj /� B2, while the second inequality follows from (5-19), (5-7) and the fact that
2rj D 1� jxj j � 1.

In view of (5-20), one may easily deduce that for any z 2 Rn

lim
j!1

Nsj .z/D1: (5-21)

Suppose that (5-21) is false, and there exists some L> 0, independent of j , such that

Nsj .z/� L: (5-22)

Then by the definition of the Kelvin transform (see (3-1)), we have, for any i 2 Im,

sup
@B1=.4ıj /.z/

.wi;j /
�
z;Nsj .z/

D .4ıj Nsj .z//
n�2 sup

@B
4ıj Ns

2
j
.z/

wi;j

� .4ıjL/
n�2ı

n�2
2

j sup
B
4ı2
j
L2

vi;j � .8L/
n�2ın�2j ; (5-23)

where in deriving the first and the second inequalities we used (5-22) and, respectively, (5-9) with (5-10).
According to (5-20) and (5-23), for each i 2 Im,

inf
@B1=.4ıj /.z/

.wi;j � .wi;j /
�
z;Nsj .z/

/� .j � .8L/n�2/ın�2j > 0 (5-24)

for all sufficiently large j , where in the first inequality we used wi;j � inf@B1=ıj wi;j on @B1=.4ıj /.z/,
which follows from the maximum principle, the superharmonicity of wi;j in B1=ıj and the fact that
B1=.4ıj /.z/ � B1=ıj . With (5-24) at hand, we may apply the maximum principle to (5-18) and observe
that for any i 2 Im

.wi;j /
�
z;Nsj .z/

<wi;j in B1=.2ıj /.z/ nB Nsj .z/.z/: (5-25)

Now that wi;j satisfies (5-18) and (5-25) for each i 2 Im, we can follow a similar argument to
that in the proof of [Li and Zhang 2003, Lemma 5.2] and deduce that there exist Nsi;j .z/ > Nsj .z/ and
0 < �i;j < Nsi;j .z/� Nsj .z/ such that for any Nsj .z/ < r < Nsj .z/C �i;j

.wi;j /
�
z;Nsj .z/

<wi;j in B1=.2ıj /.z/ nBr.z/ for each i 2 Im: (5-26)
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Clearly, (5-26) violates the definition of Nsj .z/ in (5-16). Hence, the claim (5-21) should be true, under
the assumption (5-19).

Knowing that (5-20) is true for all z 2 Rn (under the assumption (5-19)), we have for any z 2 Rn and
r > 0 that

.wi;j /
�
z;r � wi;j in B1=.2ıj /.z/ nBr.z/ for any i 2 Im (5-27)

for all sufficiently large j such that Nsj .z/ > r . On the other hand, recall from the beginning of this proof
that wj ! w0 in C 2loc.R

nIRm/ with some w0 2 C 2.RnIRm/ satisfying (5-11), (5-12) and (5-13) with
˛ D nC2

n�2
. This implies .wj /�z;r ! .w0/

�
z;r in C 2loc.R

n n fzgIRm/ for each z 2 Rn and any r > 0. Thus,
we may pass to the limit with j !1 (possibly along a subsequence) in (5-27) in any compact domain
of type BR.z/ nBr.z/� Rn n fzg, which gives

.wi;0/
�
z;r � wi;0 in Rn nBr.z/ for any i 2 Im: (5-28)

As z 2 Rn and r > 0 in (5-28) are arbitrary, we conclude from [Li and Zhang 2003, Lemma 11.2] that
wi;0 is constant for each i 2 Im. Then as wi;0 is a nonnegative (global) solution of (5-11), wi;0 must be
trivial for each i 2 Im. On the other hand, for any i 62 Im, vi is already trivial and so is the limit wi;0.
Consequently, w0 is a trivial solution, a contradiction with (5-13). Therefore, the assumption (5-19) must
fail, which implies (5-4) with some constant C > 0, depending only on n and m. �

5C. Universal upper bounds for 1 < ˛� nC2
n�2

. With Proposition 5.1, we obtain a universal upper esti-
mate for (local) singular solutions in the subcritical case. Let us remark that this bound is not sharp for
1 < ˛ � n

n�2
, although we obtain a universal constant as well as a universal neighborhood in the estimate.

The sharp bounds for those cases will be given separately in Sections 7C and 7D.

Lemma 5.3. Let u be a nonnegative solution of (1-1) in B1 n f0g with 1 < ˛ < nC2
n�2

. Then there exists
C > 0, depending only on n, m and ˛, such that

ju.x/j � C jxj�
2
˛�1 in B1=2 n f0g: (5-29)

Proof. Let x0 2 B1=2 n f0g and set r D 1
2
jx0j. Since Br.x0/� B1 n f0g, one can define

v.x/D r
2
˛�1u.rxC x0/ in B1:

As u is a nonnegative solution of (1-1) in B1 n f0g, we see that v is a nonnegative solution of (5-1).
Moreover, v is continuous up to the boundary of B1. Hence, Proposition 5.1 applies to v and taking
x D 0 in (5-2) we obtain

jv.0/j � C;

which in terms of u can be rephrased as

ju.x0/j � Cr
� 2
˛�1 :

Since x0 2 B1=2 n f0g was arbitrary and r D 1
2
jx0j, the proof is finished. �
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Remark 5.4. For 1<˛< nC2
n�2

, one may take an alternative approach as follows. LetwDu1Cu2C�� �Cum.
Thenw� 0 and 1

c1
w�juj� c1w in B1nf0g with c1Dm1=2. Hence, w satisfies 1

c2
w˛ ���w� c2w

˛ in
B1nf0g with c2Dm.˛�1/=2. By [Serrin and Zou 2002, Corollary IV] it follows that w�C jxj�2=.˛�1/ in
B1=2nf0g, where C depends only on n,m and ˛. This together with the inequality juj� c1w yields (5-29).

From the Harnack-type inequality in Proposition 5.2, we obtain an upper estimate for the critical case
˛ D nC2

n�2
.

Lemma 5.5. Let u be a nonnegative solution of (1-1) in B1 n f0g with ˛ D nC2
n�2

. Then there exists C > 0,
depending only on n and m, such that�

min
i2Im

inf
@B3=4

ui
�
ju.x/j � C jxj�

n�2
2 in B1=2 n f0g; (5-30)

where Im consists of all indices 1� i �m such that ui is nontrivial.

Proof. If u has a removable singularity at the origin, then ��uD juj4=.n�2/u in B1 (instead of B1 nf0g),
whence one may apply Proposition 5.2 to u after scaling, and observe that�

min
i2Im

inf
@B3=4

ui
�
ju.x/j � C

�
3
4
� jxj

��n�2
2 � C

�
3
4

��n�2
2 in B1=2 n f0g;

which implies (5-30).
Henceforth, let us assume that u does not have a removable singularity at the origin. Clearly Im ¤∅,

and by the superharmonicity and the nonnegativity of ui with i 2 Im, we have ui > 0 in B1 n f0g for all
i 2 Im.

Now let x0 2 B1=2n f0g and r D 1
8
jx0j. Since B2r.x0/� B1 n f0g, one can define

v.x/D r
n�2
2 u.rxC x0/ in B2:

Obviously, vi is nontrivial if and only if i 2 Im. On the other hand, as u is a nonnegative solution of (1-1)
in B1 n f0g, v becomes a nonnegative solution of (5-3). Hence, it follows from (5-4) that

jv.0/j � C
�

min
i2Im

inf
@B2

vi
��1
D C

�
min
i2Im

inf
B2r .x0/

ui
��1

; (5-31)

where C > 0 depends only on n and m.
Now let Jm � Im consist of all components ui having nonremovable singularity at the origin. Note

that Jm may not be equal to Im. By superharmonicity and positivity, the maximum principle implies that
lim infx!0 ui .x/D1 for each i 2 Jm. On the other hand, if i 2 Im nJm (provided that Im nJm ¤∅),
ui is bounded at the origin, and again by the maximum principle, one has lim infx!0 ui .x/� inf@B3=4 ui .
Hence, one should have inf@B2r .x0/ ui � inf@B3=4 ui for any i 2 Im. This along with (5-31) yields

ju.x0/j � C
�

min
i2Im

inf
B3=4

ui
��1

r�
n�2
2 ;

which proves the lemma. �

Remark 5.6. We shall see in Section 7B that the above estimate can be improved for solutions u with
nonremovable singularity at the origin.
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Due to Lemmas 5.3 and 5.5, we obtain the standard Harnack inequality and interior gradient estimate.

Lemma 5.7. Let u be a nonnegative solution of (1-1) in B1 n f0g with 1 < ˛ � nC2
n�2

. Then there exists
C > 0 such that for each 1� i �m,

sup
BrnBr=2

ui � C inf
BrnBr=2

ui for any 0 < r < 1
2
; (5-32)

and

jrui .x/j � C
ui .x/

jxj
in B1=2 n f0g: (5-33)

Moreover, the constant C in (5-32) depends only on n, m and ˛, provided that 1 < ˛ < nC2
n�2

.

Proof. After a scaling argument we may also say that (5-29) and (5-30) hold in B3=4 n f0g, instead
of B1=2 n f0g. Consider ui , 1 � i � m, as a nonnegative solution of ��ui D a.x/ui in B1 n f0g,
where a.x/D juj˛�1. Due to (5-29) if 1 < ˛ < nC2

n�2
, and to (5-30) if ˛D nC2

n�2
, we know that 0� a.x/�

C jxj�2 in B3=4 n f0g. Thus, (5-32) follows easily from the classical Harnack inequality [Gilbarg and
Trudinger 1983, Corollary 9.25]. With (5-32) at hand, one may also prove (5-33) by the classical gradient
estimate [Gilbarg and Trudinger 1983, Theorem 3.9]. �

6. Asymptotic radial symmetry of local solutions

This section is devoted to the proof of Theorem 1.4. Let us address that a similar argument was also used
in [Caffarelli et al. 2014, Theorem 1.2], which is concerned with fractional Laplacian, scalar equations.

Proof of Theorem 1.4. If the origin is a removable singularity, then the conclusion (1-16) is clear. Hence,
we shall assume that the origin is a nonremovable singularity.

Recall from (3-1) that u�z;r is the Kelvin transform of u with respect to the sphere @Br.z/. Since the
origin is a nonremovable singularity of u, one may prove, with a minor modification of the proof of
Lemma 4.1, that there is some small � > 0 such that for any z 2 B�=2 n f0g and any 0 < r � jzj,

.ui /
�
z;r � ui in B1 n .Br.z/[f0g/ for each 1� i �m: (6-1)

The key observation here is that (6-1) implies, for any a > 1
�

and e 2 @B1,

u�i .y/� u
�
i .ya/ if y � e > a and jyaj> 1 for each 1� i �m; (6-2)

where

u�i .y/D .ui /
�
0;1.y/D jyj

2�nui .jyj
�2y/; ya D yC 2.a�y � e/e;

and Ha.e/ is the half-space fx W x � e > ag. Note that ya is the reflection point of y with respect to the
hyperplane @Ha.e/. To prove the claim (6-2), let us note first that y 2 B1=� if and only if y=jyj2 2 B�.
Now we shall choose some z 2 B�=2 n f0g and some 0 < r < jzj such that

ya

jyaj2
� z D

�
r

jy=jyj2� zj

�2� y

jyj2
� z

�
: (6-3)
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In other words, ya=jyaj2 is the reflection point of y=jyj2 with respect to @Br.z/. We shall ask in addition
that

jyaj

jyj
�
1

r

ˇ̌̌̌
y

jyj2
� z

ˇ̌̌̌
: (6-4)

Before we actually find such z and r , let us verify that along with (6-3) and (6-4), (6-1) implies (6-2) as
follows.

Given y 2 Rn such that y � e > a and jyaj > 1, and 0 < r < jzj < �
2

such that (6-3) and (6-4) hold,
let us write by x and x�z;r the points y=jyj2 and ya=jyaj2 respectively. Then since y � e > a > 1

�
and

jyaj> 1, we have x 2 Br.z/, and x�z;r 2 B1 nBr.z/. Hence, one may proceed, using (6-1), with

u�i .y/D
1

jyjn�2

�
jx�z;r � zj

r

�n�2
.ui /

�
z;r.x

�
z;r/

�
1

jyjn�2

�
jx�z;r � zj

r

�n�2
ui .x

�
z;r/� u

�
i .ya/;

proving (6-2), where in deriving the first equality we used (6-3), while the last inequality follows from
(6-4). Thus, we only need to prove that there actually exist 0 < r < jzj < �

2
satisfying (6-3) and (6-4).

However, it only involves an elementary argument to verify (6-3) and (6-4) as well as 0 < r � jzj< �
2

, by
choosing r D jzj and

z D
1

jyj2
yC

jyaj
2

jyj2� jyaj2

�
1

jyj2
y �

1

jyaj2
ya

�
D

1

jyj2� jyaj2
.y �ya/:

With the claim (6-2) at hand, one may invoke [Caffarelli et al. 1989, Theorem 6.1 and Corollary 6.2]
to finish the proof. That is, from the former one obtains some C > 0, independent of �, such that

u�i .y/� u
�
i .x/ if jxj> 1 and jyj � jxjC C

�
for each 1� i �m:

As u�i is a nonnegative superharmonic function, the latter implies

u�i D

�
1CO

�
1

R

���
inf
@BR

u�i
�

uniformly on @BR as R!1;

which in terms of ui implies the asymptotic radial symmetry claimed as in (1-16). �

With the asymptotic radial symmetry as well as the uniform estimate achieved in the previous section,
we are ready to prove Proposition 2.4, finally showing the existence of the second Pohozaev invariant;
see (2-17).

Proof of Proposition 2.4. Let u be a nonnegative solution of (1-1) in BR n f0g with ˛ D nC2
n�2

, and let
ˆ�.r;u/ be as in (2-10). Let us also assume that u is a nontrivial solution. Let us prove the well-definedness
of ˆ�.r;u/.

In the following, we shall denote by C a positive generic constant independent of r . With f .r;u/
given as in (2-11), it follows immediately from (5-30) and (5-33) that

f .r;u/� C and r j Pf .r;u/j � Cf .r;u/ for any 0 < r < 1
2
R: (6-5)
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On the other hand, by the asymptotic radial symmetry (1-16), we have

j�.u� Nu/j � C jxjj Nuj
nC2
n�2 in B2r nBr ; as r! 0C;

where Nu.r/ is the average of u over the sphere @Br . Hence, it follows from the interior gradient estimate
[Gilbarg and Trudinger 1983, Theorem 3.9] and the Harnack inequality (5-32) that

jr.u� Nu/j � C juj on @Br ;

and in particular,

jr�uj � C juj on @Br ; (6-6)

where r�u is the tangential derivative of u on @Br .
By means of (6-6) and (6-5), we deduce thatˇ̌̌̌Z r

0

�
�

n!n

Z
@B�

jr�uj
2 d�

�
Pf .�;u/ d�

ˇ̌̌̌
� C

Z r

0

�f .�;u/2 d�; (6-7)

provided that r > 0 is sufficiently small. Similarly, one may also prove from (1-16) and (6-5) thatˇ̌̌̌Z r

0

�
�

n!n

Z
@B�

juj
2n
n�2 d��f .�;u/

n
n�2

�
Pf .�;u/ d�

ˇ̌̌̌
� C

Z r

0

�f .�;u/
2n�2
n�2 d�: (6-8)

By the first inequality in (6-5), we see that the right sides of both (6-7) and (6-8) are of order r2, proving
the well-definedness of ˆ�.r;u/.

Proving that ˆ�.r;u/ is indeed constant in 0 < r < R is now easy by considering the cylindrical
version ‰�.t; v/ defined as in (2-15). Since the computation is very similar to that of (4-10), we omit the
details. �

7. Exact asymptotic behavior of local solutions

With the a priori estimates and the classification of the solutions on the punctured space, we are now
ready to investigate exact asymptotic behavior of local solutions near the isolated singularity at the origin.
Before we begin our analysis, let us provide the basic integrability of the solution.

Lemma 7.1. Let u be a nonnegative solution of (1-1) in B1 n f0g with ˛ > 1. One has u 2 L˛.B1IRm/.
In particular, if ˛ � n

n�2
, then u is a distribution solution of (1-1) in B1 n f0g in B1, that is,

�

Z
B1

u ��v dx D

Z
B1

juj˛�1u � v dx for any v 2 C10 .B1IR
m/:

Proof. Recall from the proof of Proposition 5.1 and Remark 5.4 that w D u1 C � � � C um satisfies
1
c
w˛ � ��w � cw˛, with some c > 1 depending only on m and ˛. By [Brézis and Lions 1981],
w 2 L˛.B1/ which implies that u 2 L˛.B1IRm/. The second assertion can be proved much as in
[Caffarelli et al. 1989], and we omit the details. �
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7A. Case n
n�2

< ˛ < nC2
n�2

. The upper bound (5-29) and the classification of solutions on the punctured
space allow us to capture the exact asymptotic behavior of local solutions to (1-1), by means of the blowup
analysis. Let us recall from Section 4 that a blowup u0 is a limit of ur along a sequence r D rj ! 0C in
C 2loc.R

n n f0gIRm/.

Lemma 7.2. Let u be a nonnegative solution of (1-1) in B1 n f0g with n
n�2

< ˛ < nC2
n�2

, and let ˆ.r;u/
be as in (2-1). Then ˆ.0C;u/ 2 f�N�; 0g, where N� is given by (1-21). Moreover, the following are true:

(i) ˆ.0C;u/D 0 if and only if

ju.x/j D o.jxj�
2
˛�1 / as x! 0: (7-1)

(ii) ˆ.0C;u/D�N� if and only if

ju.x/j D .1C o.1//�
1
˛�1 jxj�

2
˛�1 as x! 0; (7-2)

where � is given by (1-4).

Proof. Due to the estimates (5-29) and (5-33), we know that ˆ.r;u/ in (2-1) is uniformly bounded for all
0< r < 1

2
. This combined with the monotonicity (Proposition 2.1(i)) implies that ˆ.0C;u/ exists. Hence,

we may argue analogously to the proof of Lemma 4.4 and observe that any blowup u0 of u satisfies
ˆ.r;u0/Dˆ.0C;u/ for all r > 0. As u0 is a nonnegative solution of (1-1) in Rn n f0g, it follows from
Lemma 4.5(ii) that ˆ.0C;u/D 0 if and only if any blowup u0 of u is trivial, while ˆ.0C;u/D�N� if
and only if any blowup of u0 is of the form �1=.˛�1/jxj�2=.˛�1/e with some nonnegative unit vector
e 2 Rm. In other words, ˆ.0C;u/D 0 if and only if jur j ! 0 uniformly on @B1, while ˆ.0C;u/D�N�
if and only if jur j ! �1=.˛�1/ uniformly on @B1, where ur is the scaling function defined by (2-2). �

The next lemma shows that (7-1) is sufficient for the origin to be a removable singularity.

Lemma 7.3. Let u be a nonnegative solution of (1-1) in B1 n f0g with n
n�2

< ˛ < nC2
n�2

. If u satisfies

ju.x/j D o.jxj�
2
˛�1 / as x! 0; (7-3)

then the origin is a removable singularity.

Proof. Under the assumption (7-3), we claim that

ju.x/j � cjxj�
2
˛�1
Cı in Br0 n f0g (7-4)

for some ı > 0, r0 > 0, and c > 1, where c and r0 may depend on u.
Consider the auxiliary function

'�.x/D .C0r
�ı
0 jxj

ı
C �/jxj�

2
˛�1 in Rn n f0g; (7-5)

where C0 > 0 is the (universal) constant from (5-29), r0 > 0 is a small radius to be determined later, and
� > 0 is an arbitrary small number. By direct computation, we observe that

�'� D�.C0r
�ı
0 .�C�ı� ı2/jxjı C ��/jxj

2˛
1�˛ in Rn n f0g;
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with � and � given by (1-4). Note that for ˛ > n
n�2

, we have � > 0. Thus, taking ı > 0 sufficiently small
depending only on � and j�j, we obtain

�'� � �
�

2jxj2
'� in Rn n f0g: (7-6)

Let us fix 1 � i � m and consider the i-th component ui of u as a solution of �ui D �a.x/ui in
B1 n f0g with a.x/D juj˛�1. Due to (7-3), there exists r0 > 0 such that

0� a.x/�
�

2jxj2

in Br0 n f0g, and hence, it follows from (7-6) that '� is a supersolution of �ui D�a.x/ui in Br0 n f0g.
That is,

�'� � �a.x/'� in Br0 n f0g: (7-7)

On the other hand, choosing C0 > 0 to be the constant for which juj satisfies (5-29), we have
ui � C0r

�2=.˛�1/
0 � '� on @Br0 . Utilizing the assumption (7-3) again, one can find a sufficiently small

0 < r < r0 such that ui � �jxj�2=.˛�1/ � '� in Br n f0g. Therefore,

ui � '� on .@Br0/[ .Br n f0g/: (7-8)

In view of (7-7) and (7-8), we may apply the maximum principle in Br0 nBr and obtain ui � ' in
Br0 nBr . Combining this inequality with (7-8), we arrive at

ui � '� in Br0 n f0g: (7-9)

Since the parameters C0, r0, and ı in the definition (7-5) of '� are independent of �, we can take �! 0

in (7-9) and obtain

ui .x/� C0r
�ı
0 jxj

� 2
˛�1
Cı in Br0 n f0g:

Now that this inequality holds for any 1� i �m, we arrive at (7-4) with c D C0r�ı0
p
m.

Since a.x/D juj˛�1, we have from (7-4) that 0� a.x/� cjxj�2C.˛�1/ı on Br0 n f0g, which certainly
implies a 2 Ln=.2��/.B1/ for some small � > 0. According to Lemma 7.1, ui satisfies ��ui D a.x/ui
in B1 in the distributional sense for each 1� i �m, whence the classical result [Serrin 1964, Theorem 1]
yields that ui has a removable singularity at the origin. �

Remark 7.4. One may have noticed that the proof of Lemma 7.3 works for the upper critical case,
˛ D nC2

n�2
, without any modification.

We are ready to prove Theorem 1.5(i).

Proof of Theorem 1.5. Suppose that u has a nonremovable singularity at the origin. Then by Lemma 7.3,
u does not satisfy (7-3), whence it follows from Lemma 7.2 that u satisfies (7-2), which proves (1-17). �
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7B. Case ˛D nC2
n�2

. The asymptotic behavior for the case ˛ D nC2
n�2

becomes more subtle, due to the
presence of the second Pohozaev invariant �� given by (2-17). The following lemma is the local version
of Theorem 1.3(iii). Let us remark that the proof is similar to the classical argument, see the proof of
[Caffarelli et al. 1989, Theorem 1.2]; however, the key difference is that we apply the radial symmetry to
the second Pohozaev identity (2-17), instead of the first identity (2-8).

Lemma 7.5. Let u be a nonnegative solution of (1-1) in B1 n f0g with ˛ D nC2
n�2

. Also set �.u/ and ��.u/
as in (2-8) and (2-17) respectively. Then �.u/ and ��.u/ satisfy (1-13) and (1-14) respectively. Moreover,
the following are true:

(i) �.u/D ��.u/D 0 if and only if

ju.x/j D o.jxj�
n�2
2 / as x! 0: (7-10)

(ii) �.u/2C ��.u/2 > 0 if and only if there are c; C > 0 such that

cjxj�
n�2
2 � ju.x/j � C jxj�

n�2
2 as x! 0; (7-11)

where c depends on u, while C is determined by n and m only.

(iii) �.u/D�2
n

�
n�2
2

�n and ��.u/D 0 if and only if

ju.x/j D .1C o.1//

�
n� 2

2

�n�2
2

jxj�
n�2
2 as x! 0: (7-12)

Proof. The existence of �.u/ and ��.u/ are proved in Proposition 2.1(ii) and Proposition 2.4 respectively.
Now let u0 be any blowup of u, and write rj ! 0C by the blowup sequence. By the scaling relation
(2-3) of ˆ.r;u/, we see that

�.u0/Dˆ.1;u0/D lim
j!1

ˆ.1;urj /D lim
j!1

ˆ.rj ;u/D �.u/:

However, u0 is a nonnegative solution of (1-1)
�
with ˛ D nC2

n�2

�
in Rn n f0g, whence Lemma 4.6 yields

�.u0/ satisfies (1-13), and so does �.u/. Similarly, one may deduce from the scaling relation (2-13) of
ˆ�.r;u/ that ��.u/D ��.u0/, and by Lemma 4.6, ��.u/ satisfies (1-14).

Suppose that �.u/D ��.u/D 0, and let v be the cylindrical transformation of u as in (1-2). Rephrasing
the estimates (6-7) and (6-8) in terms of v, the second Pohozaev identity (2-18) becomes (as t !1)

.g0/2 D .n� 2/2g2�
4.n� 2/

n
g
2n�2
n�2 CO

�Z 1
t

e�2�g.�/2 d�

�
; (7-13)

where g is given by (2-16) and g0 D dg=dt . Since the term O
�R1
t e�2�g.�/2 d�

�
decays exponentially,

and is comparably smaller than g.t/, the behavior of g0 is determined by the nonnegative roots of

.n� 2/2g2�
4.n� 2/

n
g
2n�2
n�2 D 0;

which are 0 and
�n.n�2/

4

�.n�2/=2 respectively. In particular, g.t/ must be either nonincreasing and
converging to 0, or nondecreasing and converging to .n.n�2/

4
/.n�2/=2.
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If g.t/! 0 as t !1, then by the asymptotic radial symmetry we have jv.t; � /j ! 0 uniformly on
Sn�1 as t !1. After the inverse cylindrical transform via (1-2), we arrive at (7-10), as desired.

Now let us show that the other alternative, i.e., g.t/!
�n.n�2/

4

�.n�2/=2 as t ! 1, cannot occur.
Suppose that this is true. Then again from the asymptotic radial symmetry it follows that jur j !�n.n�2/

4

�.n�2/=2 uniformly on @B1 as r ! 0C. This implies that any blowup u0 of u must be of the
form

�n.n�2/
4

�.n�2/=2
jxj�.n�2/=2e for some nonnegative unit vector e 2 Rm. In particular, u0 has a

nonremovable singularity at the origin, and hence Theorem 1.3(iii) yields that �.u0/ or ��.u0/ is non-
zero, a contradiction to �.u/D �.u0/D 0 or, respectively, ��.u/D ��.u0/D 0. Hence, the assertion (i)
is proved.

Now let us consider the case when �.u/2C ��.u/2 > 0. Let u0 be any blowup of u. Then due to the
asymptotic radial symmetry of u, we know u0 is radially symmetric on the punctured space. Hence,
by Lemma 4.2, we have ju0j � C jxj�.n�2/=2, where C > 0 depends only on n and m. Since u0 is an
arbitrary blowup of u, this proves the upper bound in (7-11).

On the other hand, by Theorem 1.3(iii)-(b), the cylindrical transform v0 of u0 satisfies (1-7). Due to
R. H. Fowler [1931], jv0j has to be bounded uniformly away from zero, with the bound determined solely
on the value of n, �.v0/D �.u0/D �.u/ and ��.v0/D ��.u/. This proves that ju0j � cjxj�.n�2/=2 for
some c > 0 depending only on n, �.u/ and ��.u/. Since c is independent of the blowup u0, the lower
bound in (7-11) is proved. Thus, the assertion (ii) is proved.

The final assertion regarding (7-12) follows immediately from Theorem 1.3(iii)-(c), since the latter
implies that the blowup of u is unique and is of the form (1-15), if and only if �.u/D�2

n

�
n�2
2

�n and
��.u/D 0. �

As with Lemma 7.3, we observe that (7-10) is a sufficient condition to have a removable singularity.

Lemma 7.6. Let u be a nonnegative solution of (1-1) in B1 n f0g with ˛ D nC2
n�2

. If u satisfies

ju.x/j D o.jxj�
n�2
2 / as x! 0;

then the origin is a removable singularity.

Proof. As mentioned in Remark 7.4, the same proof of Lemma 7.3 works here as well, whence we leave
out the details to the reader. �

Proof of Theorem 1.5.ii/. Suppose that the origin is a nonremovable singularity, and let us write by � and
�� the first and respectively the second Pohozaev invariant. As a contraposition to Lemma 7.6, (7-3) fails.
Thus, by Lemma 7.5, one has �2C�2� > 0. Then the asymptotic bound in (1-18) follows from the second
alternative, (7-11), of Lemma 7.5, and the proof is finished. �

7C. Case 1<˛< n
n�2

. The asymptotic analysis for the case 1< ˛ < n
n�2

is very simple. It is noticeable
that the monotonicity formula is not required here. We also mention that one can reduce our study to the
scalar case by considering w D u1Cu2C � � �Cum � 0, and directly apply the results in [Lions 1980].
Nevertheless, we shall give a more direct proof, for the sake of completeness.

We shall begin with the sharp upper estimate.
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Lemma 7.7. Let u be a nonnegative solution of (1-1) in B1 n f0g with 1 < ˛ < n
n�2

. Then there is C > 0,
depending only juj, such that

ju.x/j � C jxj2�n as x! 0: (7-14)

Proof. Lemma 7.1 asserts that u 2 L˛.B1/. Since 1 < ˛ < n
n�2

and u satisfies the Harnack inequality
(5-32), it is easy to verify that

ju.x/j D o.jxj�
2
˛�1 / as x! 0: (7-15)

Utilizing (7-15), and noting that n� 2 < 2
˛�1

, one may argue with a blowup argument to prove that for
any n� 2 < q < 2

˛�1
, there is some 0 < rq < 1, depending only on n, m, ˛, and q, such that

ju.x/j< jxj�q in Brq n f0g: (7-16)

Now let rq be as in (7-16). Due to Lemma 7.1 again, �u D �juj˛�1u 2 L1.B1/, whence one can
decompose u, in Brq n f0g, as

u.x/D jxj2�na�

Z
Brq

jx�yj2�n�u.y/ dyCh.x/; (7-17)

where a is a nonnegative vector in Rm and h is a nonnegative and harmonic, vectorial function on Brq .
However, owing to the estimate (7-16), it is not hard to see from the equation �uD�juj˛�1u that there
is Cq > 0, depending only on n, m, ˛, and q, such thatˇ̌̌̌Z

Brq

jx�yj2�n�u.y/ dy

ˇ̌̌̌
�

Z
Brq

jx�yj2�njyj�˛q dy � Cqjxj
2�n: (7-18)

Thus, choosing n� 2 < q < 2
˛�1

so as to depend only on n and ˛, and selecting rq and Cq in (7-18)
correspondingly, we derive the sharp estimate (7-14) from (7-17). �

Next we consider a sufficient condition to have a removable singularity.

Lemma 7.8. Let u be a nonnegative solution of (1-1) in B1 n f0g with 1 < ˛ < n
n�2

. If u satisfies

ju.x/j D o.jxj2�n/ as x! 0; (7-19)

then the origin is a removable singularity.

Proof. Under the assumption (7-19), one has u 2 Lq.B1IRm/ for any 1� q < n
n�2

. Since 1 < ˛ < n
n�2

and j�uj � juj˛, we have ��u 2 Lq=˛.B1IRm/ for any ˛ < q < n
n�2

. Thus, the Lp theory [Gilbarg
and Trudinger 1983, Theorem 9.9] (applied to each component of u) and a bootstrap argument based
on the Sobolev inequality yields u 2W 2;p.B1IR

m/ for any 1 < p <1. In particular, it follows from
the Sobolev embedding that u 2 C 1;
 .B1IRm/ for any 0 < 
 < 1, and thus u must have a removable
singularity at the origin. �

We are in a position to prove Theorem 1.5(iii).



732 MARIUS GHERGU, SUNGHAN KIM AND HENRIK SHAHGHOLIAN

Proof of Theorem 1.5.iii/. Suppose that u has a nonremovable singularity at the origin. By Lemma 7.8,
we know that u does not satisfy (7-19), or equivalently, there is some ı > 0, a component, say u1, and a
sequence rj ! 0C such that

sup
@Brj

u1 � ır
2�n
j :

By the Harnack inequality (5-32), we know that

inf
@Brj

u1 � c0ır
2�n
j ;

where c0 > 0 depends only on n, m and ˛. Taking ı > 0 smaller, if necessary, such that cı � inf@B1=2 u1,
it follows from the maximum principle that

u1.x/� c0ıjxj
2�n in B1=2 n f0g;

proving the asymptotic lower bound in (1-19). The asymptotic upper bound in (1-19) is established in
Lemma 7.7. Hence, the theorem is proved. �

Remark 7.9. As mentioned in the beginning of this section, the proof of Theorem 1.5(iii) can also be
deduced by considering the functionwDu1Cu2C� � �Cum� 0. Thenw satisfies C1w˛ ���w�C2w˛

in B1 n f0g, where C1; C2 > 0 depend on n, m and ˛ only, and the claim in Theorem 1.5(iii) follows now
from existing results in the literature, such as [Lions 1980, Theorem 2 and Remark 2].

7D. Case ˛D n
n�2

. The analysis of the lower critical exponent, ˛ D n
n�2

, exhibits its own subtlety, due
to the multiplicity of components in (1-1), as with the upper critical case, ˛ D nC2

n�2
. To briefly discuss

this point, let us first give the asymptotic upper bound.

Lemma 7.10 [Aviles 1987, Lemma 1]. Let u be a nonnegative solution of (1-1) with ˛D n
n�2

in B1 nf0g.
Then for each 1� i �m,

Nui .r/�

�
.n� 2/2

2

�n�2
2

r2�n.� log r/
2�n
2 as r! 0; (7-20)

where Nui is the average of ui over the sphere @Br .

Proof. Note that for each 1� i �m, Nui satisfies, for 0 < r < 1,

PNui C
n� 1

r
PNui C Nu

n
n�2

i D 0;

whence the conclusion follows directly from [Aviles 1987, Lemma 1]. �

Let us remark that the constant
�
1
2
.n� 2/2

�.n�2/=2 in (7-20) is exact in view of (1-20). Due to the fact
that u consists of multiple components, there is not an easy way to prove that j Nuj also satisfies (7-20)
with exactly the same constant. This prevents us from applying the argument in [Aviles 1987, Section 2],
which deals with the scalar version of (1-1) with ˛ D n

n�2
. Instead, we mainly follow [Aviles 1987,

Section 3], where a sign-changing problem is considered. The idea is to consider several refinements of
the usual monotonicity formula ‰.t; v/ introduced in (2-5).



ISOLATED SINGULARITIES FOR SEMILINEAR ELLIPTIC SYSTEMS WITH POWER-LAW NONLINEARITY 733

Due to the refined upper bound (7-20), we shall consider a new cylindrical transformation � defined
so as to satisfy

u.x/D jxj2�n.� log jxj/
2�n
2 �

�
� log jxj;

x

jxj

�
: (7-21)

Then the problem (1-1)
�
with ˛ D n

n�2

�
can be reformulated in terms of � as

@t t�C .n� 2/

�
1�

1

t

�
@t�C���D

n� 2

2t

�
n� 2�

n

2t

�
��

1

t
j�j

2
n�2�: (7-22)

Remark 7.11. Due to the asymptotic radial symmetry (1-16) of u, we know � satisfies j�� N�jDO.e�
t /
as t!1, for some 
 > 0, where N�.t/ is the average of �.t; �/ over � 2 Sn�1. In particular, one has (by
arguing much as in the derivation of (6-6))

jr��.t; �/j � Ce
�
t in .t0;1/�Sn�1 (7-23)

for some large t0 and C independent of t . Moreover, it follows from the sharp estimate (7-20) and the
gradient estimate (5-33) that

j�.t; �/jC j@t�.t; �/j � C in .t0;1/�Sn�1: (7-24)

In comparison with (1-3), we obtain the first refinement of the monotonicity formula ‰.t; v/, given as

E.t;�/D
1

n!n

Z
Sn�1

�
t j@t�j

2
�t jr��j

2
C
n�2

n�1
j�j

2n�2
n�2

�
d��

n�2

2n!n

�
n�2�

n

2t

�Z
Sn�1
j�j2d�: (7-25)

Note that E.t;�/ is well-defined for any t whenever �.t; � / is defined on Sn�1, due to the smoothness
of u.

The next lemma is concerned with the monotonicity of E.t;�/.

Lemma 7.12. Let u be a nonnegative solution of (1-1) in B1 nf0g with ˛D n
n�2

, and � be the cylindrical
transformation as in (7-21). Then

E 0.t;�/D�
.2n� 4/t � 2nC 3

n!n

Z
Sn�1
j@t�j

2 d��
1

n!n

Z
Sn�1

�
jr��j

2 d�C
n.n� 2/

4t2
j�j2

�
d�: (7-26)

In particular, E.t;�/ is nonincreasing for t > 2n�3
2n�4

, and E.1;�/ exists.

Proof. The proof of (7-26) follows easily from taking the inner product of (7-22) with t@t� and integrating
the both sides over Sn�1. We omit the details.

With (7-26) at hand, we know that E.t;�/ is nonincreasing for t > 2n�3
2n�4

. Thus, the existence of
E.1;�/ follows immediately from the fact that E.t;�/ is uniformly bounded from below as t !1.
However, (7-23) yields

lim
t!1

Z
Sn�1

t jr��j
2 d� D 0;

which along with (7-24) ensures that

lim inf
t!1

E.t;�/ > �1;

as desired. �
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In order to have the full strength of the existence of E.1;�/, we shall prove the following, which is
the system version of [Aviles 1987, Lemma 3.2]. Although the proof is almost identical, we shall present
the argument for the sake of completeness.

Lemma 7.13 (essentially due to [Aviles 1987]). Let � be as in Lemma 7.12. Then

lim
t!1

Z
Sn�1

t j@t�j
2 d� D 0: (7-27)

Proof. By (7-23) and (7-24), one may integrate the both sides of (7-26) from t0 D
2n�3
2n�4

to1, and use
the existence of E.1; �/ to deduce thatZ 1

t0

Z
Sn�1

� j@��j
2 d� d� <1: (7-28)

Hence, it is sufficient to prove that
R

Sn�1
t j@t�j

2 d� is a Cauchy sequence in t !1.
In order to do so, we differentiate (7-22) in t and find that  D @t� solves

@t t C .n� 2/

�
1�

1

t

�
@t �

n� 2

2t

�
n� 2�

nC 4

2t

�
 C�� 

D�
n� 2

2t2

�
n� 2�

n

t

�
�C

1

t
j�j

2
n�2

�
1

t
��

2

n� 2

� � 

j�j2
�� 

�
: (7-29)

Taking the inner product of (7-29) with t@t and integrating over Sn�1, one may verify after some
computation that the functional

J.t; /D
1

n!n

Z
Sn�1

�
t j@t j

2
� t jr� j

2
�
n� 2

2

�
n� 2�

nC 4

2t

�
j j2

�
d�

�
1

n!n

Z 1
t

Z
Sn�1

n� 2

�

�
n� 2�

n

�

�
� � @� d� d�

C
1

n!n

Z 1
t

Z
Sn�1
j�j

2
n�2

�
1

�
��

2

n� 2

� � 

j�j2
�� 

�
� @� d� d�

(7-30)

satisfies

J 0.t; /D�
.2n� 4/t � 2nC 3

n!n

Z
Sn�1
j@t j

2 d�

�
1

n!n

Z
Sn�1

�
jr� j

2
C
.nC 4/.n� 2/

t2

Z
Sn�1
j j2

�
d�; (7-31)

provided that the last two double integrals in (7-30) are finite, i.e., J.t; / is well-defined for all t large.
Assuming for the moment that J.t;  / is well-defined for all t large, one may proceed as in the proof

of [Aviles 1987, Lemma 3.2]. Note that (7-31) implies the monotonicity of J.t; / for t � t0 D 2n�3
2n�4

.
Analogous to Remark 7.11, the asymptotic radial symmetry (1-16) implies the exponential decay of
jr� j as well as the uniform boundedness of j j and j@t j. Hence, one may deduce as in the proof
of Lemma 7.12 that J.t; / is uniformly bounded from below as t !1. As J.t; / is nonincreasing



ISOLATED SINGULARITIES FOR SEMILINEAR ELLIPTIC SYSTEMS WITH POWER-LAW NONLINEARITY 735

in t � t0, J.1; / exists, and thus, integrating (7-30) from t0 to1 yields thatZ 1
t0

Z
Sn�1

� j@� j
2 d� d� <1: (7-32)

Noting that ˇ̌̌̌
d

dt

�
t

Z
Sn�1
j@t�j

2 d�

�ˇ̌̌̌
�

Z
Sn�1

.j@t�j
2
C t j@t�j

2
C t j@t t�j

2/ d�;

we conclude from (7-28) and (7-32) that t
R

Sn�1
j@t�j

2 d� is a Cauchy sequence in t !1. Thus, (7-27)
follows from (7-28).

To this end, we are only left with verifying the well-definedness of J.t; / for all t � t0 with some t0
large. As noted above, this boils down to proving that the last two double integrals in (7-30) are finite.
Due to the upper estimate (7-20) and (7-28), it suffices to show thatZ 1

t0

1

t

Z
Sn�1

.j�jC j j/j@t j d� dt <1: (7-33)

Owing to (7-23) and (7-24), we have, in (7-22) (recall that  D @t�),

j@t j D .n� 2/j jCO

�
1

t

�
; (7-34)

so multiplying (7-34) by 1
t
j�j yieldsZ 1

t0

1

t

Z
Sn�1
j�jj@t j d� dt � .n� 2/

Z 1
t0

1

t

Z
Sn�1
j�jj j d� dt CO.1/

�
n� 2

2

Z 1
t0

Z
Sn�1
j j2 d� dt CO.1/ <1; (7-35)

where the second inequality follows from

j�jj j �
1

2t
j�j2C

t

2
j j2;

while the last inequality is derived from (7-28). On the other hand, multiplying (7-34) by 1
t
j j, we deduce

from (7-28) that Z 1
t0

1

t

Z
Sn�1
j jj@t j d� dt � .n� 2/

Z 1
t0

1

t

Z
Sn�1
j j2 d� dt <1: (7-36)

The claim (7-33) follows readily from (7-35) and (7-36). �

Finally we have the classification of the blowup limit via the limiting energy levels E.1;�/.

Lemma 7.14. Let u be a nonnegative solution of (1-1) in B1 n f0g with ˛D n
n�2

, and � be its cylindrical
transform as in (7-21). Also let E.t;�/ be as in (7-25). Then

E.1;�/ 2

�
�

1

n� 1

�
.n� 2/2

2

�n�1
; 0

�
:

Moreover, the following are true:
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(i) E.1;�/D 0 if and only if

ju.x/j D o.jxj2�n.� log jxj/
2�n
2 / as x! 0: (7-37)

(ii) E.1;�/D� 1
n�1

� .n�2/2
2

�n�1 if and only if

ju.x/j D .1C o.1//

�
.n� 2/2

2

�n�2
2

jxj2�n.� log jxj/
2�n
2 : (7-38)

Proof. Due to Lemma 7.12, (7-23), and (7-27), we have

E.1;�/D
1

n!n
lim
t!1

Z
Sn�1

�
n� 2

n� 1
j�j

2n�2
n�2 �

.n� 2/2

2
j�j2

�
d�: (7-39)

In fact, (7-23) implies that whenever �.tj ; �/ converges as tj !1, the limit is independent of � 2 Sn�1.
Hence, along a convergent sequence �.tj ; �/! a (uniformly over � 2Sn�1), we obtain from (7-39) that

E.1;�/D
n� 2

n� 1
jaj

2n�2
n�2 �

.n� 2/2

2
jaj2: (7-40)

Since the right-hand side has at most three nonnegative roots, we conclude that the limit value jaj (under
the uniform convergence of j�.t; �/j on Sn�1 as t !1) is unique.

To compute the limit value jaj, let us take the inner product of (7-22) with � and integrate the both
sides over .t0;1/�Sn�1 (with t0 large). Then one may easily deduce from (7-23), (7-24), and (7-28) thatˇ̌̌̌Z 1

t0

1

n!n�

Z
Sn�1

�
.n� 2/2

2
� j�j

2
n�2

�
j�j2 d� dt

ˇ̌̌̌
<1:

Now that j�j converges to jaj as t !1 uniformly on Sn�1, we must have either jaj D 0 or

jaj D

�
.n� 2/2

2

�n�2
2

:

Inserting this into (7-40), we deduce that either E.1;�/D 0 if and only if jaj D 0, or

E.1;�/D�
1

n� 1

�
.n� 2/2

2

�n�1
:

Obviously, the assertions (7-37) and (7-38) follow immediately via inverse cylindrical transform (7-21). �

We are only left with proving that (7-37) yields the removability of the singularity at the origin.

Lemma 7.15. Let u be a nonnegative solution of (1-1) in B1 n f0g with ˛ D n
n�2

. Suppose further that u
satisfies

ju.x/j D o.jxjn�2.� log jxj/
n�2
2 / as x! 0: (7-41)

Then the origin is a removable singularity.
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Proof. Under the assumption (7-41), we claim that

ju.x/j � cjxj2�nCı in Br0 n f0g (7-42)

for some small ı > 0, where c > 1 and r0 > 0 may depend on u.
Consider the auxiliary function

'�.x/D .C r
�ı
0 jxj

ı
C �.� log jxj/

2�n
2 /jxj2�n in Br0 n f0g;

where C0 > 0 is the (universal) constant chosen from (7-15), r0 > 0 is a small radius to be determined
later, and � > 0 is an arbitrary small number. After some computations, one may verify that

�'� �
C1

jxj2 log jxj
'� in Br0 n f0g;

by choosing ı; r0 > 0 small, C1 > 0 large. Here one may choose ı and C1 to depend only on n.
Due to the assumption (7-41), we have a.x/D juj2=.n�2/ D o.�jxj2 log jxj/, whence '� becomes a

supersolution of �ui D�a.x/ui in Br0 n f0g, by choosing r0 > 0 sufficiently small, where ui is the i -th
component of u. The rest of the proof follows the same argument shown in the proof of Lemma 7.3,
which eventually leads us to ui � '� in Br0 n f0g. Passing to the limit with �! 0, we get

ui .x/� C0r
�ı
0 jxj

2�nCı in Br0 n f0g:

Now that this inequality holds for any 1� i �m, we arrive at (7-42) with c D C0r�ı0
p
m.

Thus, it follows from (7-4) that a.x/D juj2=.n�2/ 2 Ln=.2��/.B1/ for some � > 0. We know from
Lemma 7.1 that ui is a distribution solution of ��ui D a.x/ui in B1 for each 1 � i �m. Hence, the
classical result [Serrin 1964, Theorem 1] implies that ui has a removable singularity at the origin, and the
lemma is proved. �

Theorem 1.5(iv) is now merely a combination of Lemmas 7.14 and 7.15.

Proof of Theorem 1.5.iv/. If u has a nonremovable singularity at the origin, then according to Lemma 7.15,
u does not satisfy (7-41). By Lemma 7.14, we have (1-20), proving the theorem. �
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REGULARITY OF THE FREE BOUNDARY FOR
THE VECTORIAL BERNOULLI PROBLEM

DARIO MAZZOLENI, SUSANNA TERRACINI AND BOZHIDAR VELICHKOV

We study the regularity of the free boundary for a vector-valued Bernoulli problem, with no sign
assumptions on the boundary data. More precisely, given an open, smooth set of finite measure D ⊂ Rd,
3> 0, and φi ∈ H 1/2(∂D), we deal with

min
{ k∑

i=1

∫
D
|∇vi |

2
+3

∣∣∣∣ k⋃
i=1

{vi 6= 0}
∣∣∣∣ : vi = φi on ∂D

}
.

We prove that, for any optimal vector U = (u1, . . . , uk), the free boundary ∂
(⋃k

i=1{ui 6= 0}
)
∩ D is made

of a regular part, which is relatively open and locally the graph of a C∞ function, a (one-phase) singular
part, of Hausdorff dimension at most d − d∗, for a d∗ ∈ {5, 6, 7}, and by a set of branching (two-phase)
points, which is relatively closed and of finite Hd−1 measure. For this purpose we shall exploit the NTA
property of the regular part to reduce ourselves to a scalar one-phase Bernoulli problem.

1. Introduction

Dirichlet problems with free boundary arise in several models describing relevant physical phenomena,
such as for example thermal insulation, or flows with two liquids with jets and cavities, and have been
the object of an extensive mathematical study in the last decades, starting from the seminal work [Alt
and Caffarelli 1981]. The wide literature on these topics has provided many new techniques which have
turned out to be extremely useful also in very different fields; see, e.g., [Caffarelli and Salsa 2005]. In two
recent papers [Caffarelli et al. 2018; Mazzoleni et al. 2017] the authors dealt with problems connected
with vector-valued Bernoulli-type problems, under the assumption that at least one of the components has
constant sign, leaving as a main open question the opposite case (we refer to [Spolaor and Velichkov
2019] for the complete analysis in dimension 2). In this paper we give a partial answer to this question,
proving some regularity of the free boundary in any dimension and without any assumption on the sign
of the components. A key step is to show that in a neighborhood of any flat point, that is, a point of
Lebesgue density 1

2 , at least one of the components has in fact a constant sign.

Mazzoleni and Terracini are partially supported by the ERC Advanced Grant 2013 no. 339958 “Complex Patterns for Strongly
Interacting Dynamical Systems - COMPAT”. Velichkov has been partially supported by the LabEx PERSYVAL-Lab (ANR-11-
LABX-0025-01) project GeoSpec and the project ANR CoMeDiC.
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To start with, given a smooth open set D ⊂ Rd, 3> 0, and 8= (φ1, . . . , φk) ∈ H 1/2(∂D;Rk), that is,
φi ∈ H 1/2(∂D) for i = 1, . . . , k, we consider the vectorial free boundary problem

min
{∫

D
|∇U |2 dx +3|�U | :U ∈ H 1(D;Rk), U =8 on ∂D

}
, (1-1)

where, for a vector-valued function U = (u1, . . . , uk) : D→ Rk, we use the notation

|U | :=
√

u2
1+ · · ·+ u2

k, |∇U |2 :=
k∑

i=1

|∇ui |
2, and �U := {|U |> 0} =

k⋃
i=1

{ui 6= 0} ⊂ D.

We will refer to the set ∂�U ∩ D as the free boundary given by U. More precisely, for any minimizer U
we shall prove that �U is open and that any boundary point has a definite density. We denote by �(γ )U the
set of all points having density γ ∈ [0, 1]. Hence we can divide the topological boundary into three parts:

Reg(∂�U ) :=�
(1/2)
U ∩ D, Sing2(∂�U ) :=�

(1)
U ∩ ∂�U ∩ D,

Sing1(∂�U ) := (∂�U ∩ D) \ (Sing2(∂�U )∪Reg(∂�U )).

The main result of this paper is the following:

Theorem 1.1. There exists a solution to problem (1-1). Any solution U ∈ H 1(D;Rk) is Lipschitz
continuous in D ⊂ Rd and the set �U has a locally finite perimeter in D. The free boundary ∂�U ∩ D is
the union of three disjoint sets: a regular part Reg(∂�U ), a (one-phase) singular set Sing1(∂�U ) and a
set of branching points Sing2(∂�U ). Moreover, we have:

(1) The regular part Reg(∂�U ) is an open subset of ∂�U and is locally the graph of a C∞ function.

(2) The one-phase singular set Sing1(∂�U ) consists only of points in which the Lebesgue density of �U

is strictly between 1
2 and 1. Moreover, there is a d∗ ∈ {5, 6, 7} such that

• if d < d∗, then Sing1(∂�U ) is empty;
• if d = d∗, then the singular set Sing1(∂�U ) contains at most a finite number of isolated points;
• if d > d∗, then the (d−d∗)-dimensional Hausdorff measure of Sing1(∂�U ) is locally finite in D.

(3) The set of branching points Sing2(∂�U ) is a closed set of locally finite (d−1)-Hausdorff measure
in D and consists only of points in which the Lebesgue density of �U is 1 and the blow-up limits are
linear functions.

Our main improvement with respect to the results of the quoted papers [Caffarelli et al. 2018; Kriventsov
and Lin 2018; Mazzoleni et al. 2017] is the smoothness of Reg(∂�U ) regardless of the sign of the boundary
data. The dimension estimates of the singular set Sing1(∂�U ) from claim (2) are already known (see
Section 1B below) as they do not depend on the constant-sign assumption on the solution. The analysis
of the blow-up limits and the dimension of Sing2(∂�U ) from point (3) are, to our knowledge, new for
the vectorial problem, as is the stratification result Theorem 4.3 that we prove in Section 4.
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1A. Further results on the set of branching points Sing2(∂�U ). Under the assumption that one of the
components of the optimal vector has constant sign [Caffarelli et al. 2018; Mazzoleni et al. 2017], all
1-homogeneous singular solutions are multiples of the same global solution for the one-phase scalar
problem. In this case, the singular set of ∂�U is given precisely by Sing1(∂�U ). Without the constant-sign
assumption, the structure of the singular set changes drastically. A set Sing2(∂�U ) of branching points,
in which the free boundary may form cusps pointing inwards, might appear. This is natural since the
scalar case corresponds to the two-phase Bernoulli problem, for which this is a well-known, though not
completely understood, phenomenon. In particular, the dimension of this set of branching points can be
as large as the dimension of the regular free boundary.1 This is somehow natural since for the two-phase
case the branching points are contact points of the two level sets {u > 0} and {u < 0}.

The free boundaries around branching points for the vectorial problem have more complex structure.
Indeed, even in dimension 2, true cusps may appear on the free boundary, that is, around a branching
point x0, the set Br (x0)∩�U might stay connected, while the Lebesgue density |Br \�U |/|Br |might decay
as r goes to zero (see [Spolaor and Velichkov 2019] for an example of such a free boundary). On the other
hand, the nodal set may also degenerate into linear subspace of codimension higher than 1 (see Lemma 2.7
for an example of homogeneous solution with a thin nodal set). In Section 2D we classify the blow-up
limits. In Section 4, using a Federer reduction principle, we prove a stratification result, Theorem 4.3, for
the branching points, which in particular shows that the only significant (in terms of Hausdorff measure)
set of branching points is the one for which the nodal set degenerates into a (d−1)-dimensional plane.

1B. Remarks on the one-phase singular set Sing1(∂�U ). The critical dimension d∗ is the lowest dimen-
sion at which the free boundaries of the one-phase scalar Alt–Caffarelli problem [1981] admit singularities.
Caffarelli, Jerison and Kenig proved in [Caffarelli et al. 2004] that d∗ ≥ 4, Jerison and Savin [2015]
showed that d∗ ≥ 5, while De Silva and Jerison [2009] gave an example of a singular minimal cone in
dimension 7, so d∗ ∈ {5, 6, 7}. The first claim of Theorem 1.1(2) follows by the fact that at points of
the one-phase singular set Sing1(∂�U ) the blow-up limits of the minimizers of (1-1) are multiples of a
solution of the one-phase scalar Alt–Caffarelli problem (Section 2D). The second claim of Theorem 1.1(2)
was proved in [Mazzoleni et al. 2017, Section 5.5] together with the Hausdorff dimension bound

dimH(Sing1(∂�U ))≤ d − d∗ for d > d∗,

which follows by a dimension-reduction argument based on the Weiss’ monotonicity formula [1999].
The last claim of Theorem 1.1(2) was proved in [Edelen and Engelstein 2019, Theorem 1.15] by a finer
argument based on the quantitative dimension reduction of [Naber and Valtorta 2017; 2018]. We notice
that [Edelen and Engelstein 2019] contains also a stratification result on Sing1(∂�U ).

1C. Connection with shape optimization problems for the eigenvalues of the Dirichlet Laplacian. The
vectorial Bernoulli problem is strictly related to a whole class of shape optimization problems involving the
eigenvalues of the Dirichlet Laplacian. In particular, suppose that U∗ = (u∗1, . . . , u∗k) is the vector whose

1After this paper was accepted, the preprint [De Philippis et al. 2019] appeared, and in it a complete characterization of the
two-phase free boundaries is achieved.



744 DARIO MAZZOLENI, SUSANNA TERRACINI AND BOZHIDAR VELICHKOV

components are the Dirichlet eigenfunctions on the set �∗, a solution of the shape optimization problem

min
{ k∑

j=1

λj (�) :�⊂ Rd , � open, |�| = 1
}
.

It was proved in [Mazzoleni et al. 2017] that U∗ is a quasiminimizer of (1-1). Thus, the regularity of the
optimal set �∗ is strongly related to (not to say a consequence of) the regularity of the free boundaries
of the solutions of (1-1). A result for more general functionals was proved in [Kriventsov and Lin 2018],
still under some structural assumption on the free boundary. We highlight that, having the results of
Sections 3A and 3B of the present paper in our hands, a possible way to obtain the C1,α regularity of
Reg(∂�U ) is to apply [Kriventsov and Lin 2018, Theorem 1.4]. Our approach is different and relies on
the application of [Mazzoleni et al. 2017, Theorem 1.4] after having proved that there is locally always a
constant-sign component. The result of [Kriventsov and Lin 2018] was then extended by the same authors
to general spectral functionals in [Kriventsov and Lin 2019]. The shape optimization problem considered
in the latter paper corresponds to (1-1) with sign-changing components. On the other hand the nature
of the spectral functionals forces the authors to take a very different road and use an approximation with
functionals for which the constant-sign assumption is automatically satisfied. A delicate point concerns
the selection of a special representative of the optimal set, which, roughly speaking, corresponds to the
largest quasiopen set which solves the problem. The problem (1-1) allows a more direct approach and
in particular our regularity result holds for the free boundary of any optimal vector and allows for a finer
classification of the branching points.

1D. Plan of the paper and sketch of the proof of Theorem 1.1. Since the existence of an optimal vector
is nowadays standard, we start Section 2A by proving the Lipschitz continuity of U, which follows by the
fact that each component is quasiminimizer for the scalar Alt–Caffarelli functional and so, by [Bucur et al.
2015], is Lipschitz continuous. In Section 2B we prove that the positivity set �U has finite perimeter
in D and that the (d−1)-Hausdorff measure of ∂�U is finite. Our argument is different from the classical
approach of Alt and Caffarelli and is based on a comparison of the energy of the different level sets of |U |.

In Section 2C we summarize the convergence results on the blow-up sequences and Section 2D is
dedicated to the classification of the blow-up limits, which are 1-homogeneous global minimizers (that
is, globally defined local minimizers) of (1-1) (see Remark 2.9). In Lemma 2.7 we show that a new
class of global minimizers appears with respect to the problem considered in [Caffarelli et al. 2018;
Mazzoleni et al. 2017]. In Lemma 2.11 we classify the possible blow-up limits according to the Lebesgue
density; this is the main result of the section. Finally, in Definition 2.12, we define the sets Reg(∂�U ),
Sing1(∂�U ), and Sing2(∂�U ).

In Section 3 we prove the smoothness of Reg(∂�U ). In Section 3A we prove that on the one-phase free
boundary Reg(∂�U )∪ Sing1(∂�U ), U satisfies the extremality condition |∇|U || =

√
3 in a viscosity

sense. In Section 3B we prove that Reg(∂�U ) is Reifenberg flat and NTA domain.
Section 3C deals with the proof that in a neighborhood of a point x0 ∈ Reg(∂�U ) at least one of

the components of U remains strictly positive and (up to a multiplicative constant) controls |U | (see
Lemma 3.10). This is the main result of this section and the proof is based on the geometric properties of
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NTA domains and on the boundary Harnack principle. In Sections 3D and 3E we prove that Reg(∂�U )

is, respectively, C1,α and C∞. The result of Lemma 3.10 allows us to apply the results from [Mazzoleni
et al. 2017]. We give the main steps of the proof for the sake of completeness.

Section 4 is dedicated to the study of the set Sing2(∂�U ) of points x0 ∈ ∂�U in which all the blow-up
limits U0 ∈ BUU (x0) are linear functions of the form U0(x)= Ax . In Section 4A we prove that the rank
of the linear map U0 depends only on the point x0 and we define the j-th stratum Sj as the set of points
for which this rank is precisely j . In Section 4B we use a dimension-reduction argument in the spirit of
Federer to prove that the Hausdorff dimension of each stratum Sj is d− j . Finally, in Section 4C we give
a criterion for the uniqueness of the blow-up limits in terms of the Lebesgue density of �U .

2. Boundary behavior of the solutions

The existence of an optimal vector U = (u1, . . . , uk) is standard and follows by the direct method of the
calculus of variations; for more details we refer to [Alt and Caffarelli 1981].

2A. Lipschitz continuity and nondegeneracy. Any minimizer U has the following properties:

(i) The vector-valued function U : D→ Rk is locally Lipschitz continuous in D.

(ii) The real-valued function |U | is nondegenerate; i.e., there are constants c0 > 0 and r0 > 0 such that
for every x0 ∈ ∂�U ∩ D and r ∈ (0, r0] we have

−

∫
Br (x0)

|U | dx < c0r =⇒ U ≡ 0 in Br/2(x0). (2-1)

(iii) There are constants ε0, r0 such that the lower density estimate holds:

ε0|Br | ≤ |�U ∩ Br (x0)| for every x0 ∈ ∂�U ∩ D and r ≤ r0. (2-2)

Remark 2.1. Claim (i) in particular implies that, for every minimizer U of (1-1), the set �U is open.

Remark 2.2. It is important to highlight that, unlike the case treated in [Mazzoleni et al. 2017; Caffarelli
et al. 2018] where it was assumed at least one component ui was positive, we cannot hope to have a
density estimate from above on ∂�U ∩D. Actually, we expect a set of branching points (cusps) will come
out. Indeed, the case k = 1 corresponds to a scalar two-phase problem for which (at least in dimension 2)
the set �U is composed of two C1,α sets; see [Spolaor and Velichkov 2019]. At the points of the common
boundary of these two sets, the Lebesgue density of �U is 1.

Proof of (i). The Lipschitz continuity of each component ui , i=1, . . . , k, descends from a quasiminimality
property. Indeed, reasoning as in [Mazzoleni et al. 2017, Section 6.2], for every ũi : D→ R such that
ũi − ui ∈ H 1

0 (D) we consider the competitor Ũ := (u1, . . . , ũi , . . . , uk). By the optimality of U we have∫
D
|∇ui |

2 dx +3|{|U |> 0}| ≤
∫

D
|∇ũi |

2 dx +3|{|Ũ |> 0}|,

which implies that each component ui is a quasiminimizer of the Dirichlet energy; that is,∫
|∇ui |

2 dx ≤
∫
|∇ũi |

2 dx +3|Br | for every ũi such that ũi − ui ∈ H 1
0 (Br ). (2-3)



746 DARIO MAZZOLENI, SUSANNA TERRACINI AND BOZHIDAR VELICHKOV

Applying [Bucur et al. 2015, Theorem 3.3] we get that ui is Lipschitz continuous in D, and since
i = 1, . . . , k is arbitrary, so is U. �

Proof of (ii) and (iii). The nondegeneracy of |U | follows by [Mazzoleni et al. 2017, Lemma 2.6], which
can be applied since U satisfies the condition (2.9) therein with K = 0 and ε > 0. Finally, we notice that
the density estimate from below (2-2) holds for every Lipschitz function satisfying the nondegeneracy
condition (2-1); see for example [Mazzoleni et al. 2017, Lemma 2.11; Alt and Caffarelli 1981]. �

2B. Finiteness of the perimeter. For any U ∈ H 1(D;Rk) solution of (1-1), the set �U has locally finite
perimeter in D and, moreover,

Hd−1(∂�U ∩ K ) <∞ for every compact set K ⊂ D. (2-4)

Remark 2.3. We notice that the condition (2-4) is more general than the finiteness of the perimeter since
∂�U may contain points x0 which are in the measure-theoretic interior of �U , that is, |Br (x0) \�U | = 0.

In order to prove the claim of this subsection, we will use the following lemma, which holds in general.

Lemma 2.4. Suppose that D ⊂ Rd is an open set and that φ : D→ [0,+∞] is a function in H 1(D) for
which there exist ε̄ > 0 and C > 0 such that∫

{0<φ≤ε}∩D
|∇φ|2 dx +3|{0< φ ≤ ε} ∩ D| ≤ Cε for every 0< ε ≤ ε̄. (2-5)

Then P({φ > 0}; D)≤ C
√
3.

Proof. By the coarea formula, the Cauchy–Schwarz inequality and (2-5), we have that, for every ε ≤ ε̄,∫ ε

0
Hd−1({φ = t} ∩ D) dt =

∫
{0<φ≤ε}

|∇φ| dx ≤
(∫
{0<φ≤ε}

|∇φ|2 dx
)1/2

|{0< φ ≤ ε}|1/2 ≤ εC
√
3.

Taking ε = 1/n, we get that there is δn ∈ [0, 1/n] such that

Hd−1(∂∗{φ > δn} ∩ D)≤ n
∫ 1/n

0
Hd−1({φ = t} ∩ D) dt ≤ C

√
3.

Passing to the limit as n→∞, we obtain Hd−1(∂∗{φ > 0} ∩ D)≤ C
√
3, which concludes the proof of

the lemma. �

Lemma 2.5. Let D ⊂ Rd be an open set and φ : D→ [0,+∞) be a Lipschitz function such that:

(a) φ is nondegenerate, that is, there is a constant c > 0 such that

sup
Br (x0)

φ ≥ cr for every x0 ∈ ∂�φ ∩ D and every 0< r < dist(x0, ∂D),

where we have set �φ = {φ > 0}.

(b) There is a constant C > 0 such that φ satisfies the estimate

|{0< φ ≤ ε} ∩ D| ≤ Cε for every ε > 0.

Then, for every compact set K ⊂�, we have Hd−1(K ∩ ∂�φ) <∞.
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Proof. Let us first recall that the (d−1)-dimensional Hausdorff measure Hd−1(A) of a set A ⊂ Rd is
given by Hd−1(A)= limδ→0 Hd−1

δ (A), where, for every δ > 0, we set

Hd−1
δ (A)= ωd−1 inf

{ ∞∑
j=1

rd−1
j : for every Brj (x j ) such that

∞⋃
j=1

Brj (x j )⊃ A and rj ≤ δ

}
.

Let δ > 0 be fixed. By the Vitali covering lemma, there is a family of balls {Bδ(x j )}
N
j=1 which is a covering

of K ∩ ∂�φ , x j ∈ ∂�φ for every j = 1, . . . , N, and the balls Bδ/5(x j ) are disjoint. The nondegeneracy of
φ implies that in every ball Bδ/10(x j ) there is a point yj such that φ(yj )≥ cδ/10. The Lipschitz continuity
of u implies that Bcδ/10L(yj ) ⊂ �φ , where L = max{1, ‖∇φ‖L∞}. On the other hand, since φ(x j ) = 0,
we have

φ < L
(

cδ
10L
+

cδ
10

)
= (L + 1)

cδ
10

on Bcδ/10L(yj ).

This implies that the balls Bcδ/10L(yj ), j = 1, . . . , N, are pairwise disjoint and contained in the set{
0< φ < (L + 1)

cδ
10

}
.

Now, the estimate from point (b) implies

C(L + 1)
cδ
10
≥

N∑
j=1

|Bcδ/10L(yj )| ≥ Nωd
cdδd

Ld10d ,

which implies

N dωdδ
d−1
≤ dC

10d−1

cd−1 Ld(L + 1).

Since, the right-hand side does not depend on δ, we get

Hd−1(K ∩ ∂�φ)≤ dC
10d−1

cd−1 Ld(L + 1). �

Proof of the claim (2-4) of Section 2B. We aim to prove an estimate of the form (2-5) for φ = |U | by
constructing a suitable competitor, which is inspired by the approach of Dorin Bucur [2012]. Since we
aim to prove a local result, we take x0 ∈ ∂�∩ D and Br (x0)⊂ D; moreover, we can assume without loss
of generality that x0 = 0 and r = 1. Setting ρ := |U |, for every ε > 0, we define

Ũ = (ũ1, . . . , ũk) :=
(ρ− ε)+

ρ
U, where ũi =

(
1−

ε

ρ

)
+

ui for every i = 1, . . . , k,

and, for a smooth function φ ∈ C∞(D) such that 0≤ φ ≤ 1 in D, φ = 1 in B1/2, and φ = 0 on D \ B1,

V = (v1, . . . , vk) := (1−φ)U +φŨ =
{
(1−φ)U if |U | = ρ < ε,
(1− εφ/ρ)U if |U | = ρ ≥ ε.

Thus, clearly V is an admissible competitor in problem (1-1).
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We observe that the following relations, which we will use in the rest of the proof, hold true:

|∇ρ| ≤ |∇U | and
k∑

i=1

ui∇ui = ρ∇ρ in D,

εφ

ρ
≤ 1 in {|U | ≥ ε}.

We can now compute on {|U | ≥ ε}

|∇V |2−|∇U |2 =
∑

i

∣∣∣∣∇(1−
εφ

ρ

)
ui

∣∣∣∣2−|∇ui |
2

=

(
−

2εφ
ρ
+
ε2φ2

ρ2

)
|∇U |2+ρ2

∣∣∣∣∇ εφρ
∣∣∣∣2−2(ρ−εφ)∇ρ·∇

εφ

ρ

= ε2
|∇φ|2−2ε∇φ·∇ρ+(|∇ρ|2−|∇U |2)

(
2ε
φ

ρ
−ε2φ

2

ρ2

)
≤ ε2
|∇φ|2−2ε∇φ·∇ρ ≤ C1ε,

where C1 depends only on ‖∇φ‖L∞ and ‖∇U‖L∞ . Next, on the set {|U |< ε}, we compute

|∇U |2− |∇V |2 = |∇U |2− |∇(1−φ)U |2

= (2φ−φ2)|∇U |2+ 2(1−φ)U∇φ · ∇U + |U |2|∇φ|2 ≥ |∇U |21B1/2 −C2ε,

where again C2 depends only on ‖∇φ‖L∞ and ‖∇U‖L∞ . By testing the optimality of U with V we get∫
B1

|∇U |2+3|{0< |U | ≤ ε} ∩ B1| ≤

∫
B1

|∇V |2+3|{|V |> 0} ∩ B1|,

so we deduce∫
{0<|U |≤ε}

(|∇U |2− |∇V |2)+3|{0< |U | ≤ ε} ∩ B1/2| ≤

∫
{|U |≥ε}

(|∇V |2− |∇U |2)≤ C1ε,

and finally, since V = 0 on the set {0< |U | ≤ ε} ∩ {φ = 1}, we get∫
{0<|U |≤ε}∩B1/2

|∇U |2+3|{0< |U | ≤ ε} ∩ B1/2| ≤ (C1+C2)ε,

and, since |∇ρ| ≤ |∇U | we obtain the estimate (2-5) for ρ = |U | in the ball B1/2. By Lemmas 2.4 and 2.5,
we get that �U has locally finite perimeter in D and that (2-4) holds. �

2C. Compactness and convergence of the blow-up sequences. Let U : D→ Rk be a solution of (1-1)
or, more generally, a Lipschitz function. For r ∈ (0, 1) and x ∈ Rd such that U (x)= 0, we define

Ur,x(y) :=
1
r

U (x + r y).

When x = 0 we will use the notation Ur :=Ur,0.
Suppose now that (rn)n≥0 ⊂ R+ and (xn)n≥0 ⊂ D are two sequences such that

lim
n→∞

rn = 0, lim
n→∞

xn = x0 ∈ D, Brn (xn)⊂ D and xn ∈ ∂{|U |> 0} for every n ≥ 0. (2-6)
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Then the sequence {Urn,xn }n∈N is uniformly Lipschitz and locally uniformly bounded in Rd. Thus, up
to a subsequence, Urn,xn converges, as n→∞, locally uniformly to a Lipschitz continuous function
U0 :R

d
→Rk. Moreover, if U is a minimizer of (1-1), then for every R > 0 the following properties hold;

see [Mazzoleni et al. 2017, Proposition 4.5]:

(i) Urn,xn converges to U0 strongly in H 1(BR;R
k).

(ii) The sequence of characteristic functions 1�n converges in L1(BR) to 1�0 , where

�n := {|Urn |> 0} and �0 := {|U0|> 0}.

(iii) The sequences of closed sets �n and �c
n Hausdorff converge in BR respectively to �0 and �c

0.

(iv) U0 is nondegenerate at zero; that is, there is a dimensional constant cd > 0 such that

‖U0‖L∞(Br ) ≥ cdr for every r > 0.

Definition 2.6. Let U : Rd
→ Rk be a Lipschitz function, and rn and xn be two sequences satisfying

(2-6). We say that the sequence Urn,xn is a blow-up sequence with variable center (or a pseudo-blow-up).
If the sequence xn is constant, xn = x0 for every n ≥ 0, we say that Urn,x0 is a blow-up sequence with
fixed center. We denote by BUU (x0) the space of all the limits of blow-up sequences with fixed center x0.

2D. Classification of the blow-up limits. In this section we prove that for any x0 ∈ ∂�U ∩D the blow-up
limits U0 ∈ BUU (x0) have one of the following forms:

• Multiples of a scalar solution of the one-phase problem, that is, there is a 1-homogeneous nonnegative
global minimizer u : Rd

→ R+ of the one-phase Alt–Caffarelli functional

F(u)=
∫
|∇u|2 dx +3|{u > 0}|

such that

U0(x)= ξu(x), where ξ ∈ Rk and |ξ | = 1. (2-7)

• Linear functions, that is, there is a matrix A = (ai j )i j ∈Md×k(R) such that

U0(x)= Ax . (2-8)

It was shown in [Mazzoleni et al. 2017] that every function of the form (2-7) is a global solution of (1-1).
In the following lemma we classify the linear solutions.

Lemma 2.7. Let U : Rd
→ Rk be a linear function, U (x)= Ax with A = (ai j )i j ∈ Md×k(R). If

‖A‖2 :=
k∑

i=1

d∑
j=1

a2
i j ≥3,

then U is a solution of (1-1) in the unit ball B1. Moreover, if rank A = 1, then the condition ‖A‖2 ≥3 is
also necessary.
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Proof. We first prove that if ‖A‖2 ≥ 3, then U (x) = Ax is a solution of (1-1). Let U =: (u1, . . . , uk)

and let the vector-valued function Ũ = (ũ1, . . . , ũk) : B1→ Rd be such that Ũ = U on ∂B1. We will
show that Ũ has a higher energy than U. Notice that each component u j , j = 1, . . . , k, can be written as
u j (x)= αjvj (x), where αj ∈ R and vj (x)= x · νj for some νj ∈ ∂B1. We will also write ũ j (x)= αj ṽj (x)
and we notice that ṽj = vj on ∂B1. Now since (vj )+ and (vj )− are solutions of the one-phase scalar
Alt–Caffarelli problem we have∫

B1

|∇vj |
2 dx + |B1| =

∫
B1

|∇(vj )+|
2 dx + |{vj > 0} ∩ B1| +

∫
B1

|∇(vj )−|
2 dx + |{vj < 0} ∩ B1|

≤

∫
B1

|∇(ṽj )+|
2 dx + |{ṽj > 0} ∩ B1| +

∫
B1

|∇(ṽj )−|
2 dx + |{ṽj < 0} ∩ B1|

≤

∫
B1

|∇ṽj |
2 dx + |�ũ ∩ B1|.

Multiplying by α2
j , taking the sum over j , and using that ‖A‖2 =

∑k
j=1 α

2
j , we obtain∫

B1

|∇U |2 dx +‖A‖2 |B1| =

k∑
j=1

α2
j

(∫
B1

|∇vj |
2 dx + |B1|

)

≤

k∑
j=1

α2
j

(∫
B1

|∇ṽj |
2 dx + |�Ũ ∩ B1|

)
=

∫
B1

|∇Ũ |2 dx +‖A‖2 |�Ũ ∩ B1|.

Now since 3≤ ‖A‖2, we have∫
B1

|∇U |2 dx +3|B1| ≤

∫
B1

|∇Ũ |2 dx +3|�Ũ ∩ B1|.

We will now prove that if rank A= 1 and U (x)= Ax is a solution to (1-1), then ‖A‖2 ≥3. Indeed, let
U = (u1, . . . , uk). The rank-1 condition implies that there is a vector ν ∈ ∂B1 such that u j (x)= αj x · νj

for some νj ∈ ∂B1. Let

uεj := u j ◦8
−1
ε , where 8ε(x)= x − εφ(x)ν,

φ ∈ C∞(B1) being a nonnegative function with compact support in B1. Setting Uε = (uε1, . . . , uεk), the
optimality of U gives∫

B1

|∇Uε|
2 dx + |{|Uε|> 0} ∩ B1| ≥

∫
B1

|∇U |2 dx + |{|U |> 0} ∩ B1|.

Taking the derivative in ε = 0, see [Alt and Caffarelli 1981, Section 2], we get

k∑
j=1

∫
B1∩∂�U

|∇u j |
2φ dHd−1

−3

∫
B1∩∂�U

φ dHd−1
≥ 0.

Since |∇u j |
2
= α2

j , we obtain
∑k

j=1 α
2
j ≥3, which proves the claim. �
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The classification of the blow-up limits strongly relies on the monotonicity of the vectorial Weiss’
boundary-adjusted energy introduced in [Mazzoleni et al. 2017]

W (U, x0, r) :=
1
rd

(∫
Br (x0)

|∇U |2 dx +3|{|U |> 0} ∩ Br (x0)|

)
−

1
rd+1

∫
∂Br (x0)

|U |2 dHd−1, (2-9)

which turns out to be monotone in r . Precisely, by Proposition 3.1 of that paper we have the following
estimate.

Lemma 2.8 (Weiss monotonicity formula). Let U = (u1, . . . , uk) be a minimizer for problem (1-1) and
x0 ∈ ∂�U ∩ D. Then, the function r 7→W (U, x0, r) is nondecreasing and

d
dr

W (U, x0, r)≥
1

rd+2

k∑
i=1

∫
∂Br (x0)

|(x − x0) · ∇ui − ui |
2 dHd−1(x); (2-10)

in particular, the limit limr→0+ W (U, x0, r) exists and is finite.

Remark 2.9 (homogeneity and minimality of the blow-up limits). As a consequence of the monotonicity
formula, we obtain that if U is a solution of (1-1), x0 ∈ ∂�U ∩ D, and U0 ∈ BUU (x0), then U0 is a
1-homogeneous global solution of the vectorial Bernoulli problem. Precisely, the fact that U0 is a global
solution follows by [Mazzoleni et al. 2017, Proposition 4.2], while for the homogeneity of U0 we use the
fact that U0 is a blow-up limit, U0 = limn→∞Urn,x0 , and the scaling property of the Weiss energy

W (U, x0, rs)=W (Ur,x0, s, 0) for every r, s > 0,

which gives that the function s 7→W (U0, s, 0) is constant. In fact, for every s > 0, we have

W (U0, s, 0)= lim
n→∞

W (Urn,x0, s, 0)= lim
n→∞

W (U, rns, x0)= lim
r→0

W (U, r, x0).

Now, the homogeneity of U0 follows by (2-10) applied to U0 and its components.

Remark 2.10 (Lebesgue and energy density). Keeping the notation from Remark 2.9, we notice that the
homogeneity of the blow-up limits and the strong convergence of the blow-up sequences give

W (U0, 1, 0)=3|{|U0|> 0} ∩ B1| = lim
r→0

W (U, r, x0)=3ωd lim
r→0

|�U ∩ Br (x0)|

|Br |

for every U0 ∈ BUU (x0). That is, the energy density limr→0 W (U, r, x0) coincides, up to a multiplicative
constant, with the Lebesgue density, which (as a consequence) exists in every point x0 of the free boundary.
In particular, we get

�
(γ )

U =

{
x ∈ ∂�U : lim

r→0

|�U ∩ Br (x)|
|Br |

= γ

}
=
{

x0 ∈ ∂�U : lim
r→0

W (U, x0, r)=3ωdγ
}
.

Lemma 2.11 (structure of the blow-up limits). Let U be a solution of (1-1), x0 ∈ ∂�U ∩ D. Then, there
is a dimensional constant 0< δ < 1

2 such that precisely one of the following holds:

(i) The Lebesgue density of �U at x0 is 1
2 and every blow-up U0 ∈ BUU (x0) is of the form

U0(x)= ξ(x · ν)+, where ξ ∈ Rk, |ξ | =
√
3, ν ∈ Rd , |ν| = 1. (2-11)
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(ii) The Lebesgue density of �U at x0 satisfies

1
2 + δ ≤ lim

r→0

|�U ∩ Br (x0)|

|Br |
≤ 1− δ,

and every blow-up in BUU (x0) is a one-phase blow-up of the form (2-7) with singularity in zero.

(iii) The Lebesgue density of �U at x0 is 1 and every blow-up in BUU (x0) is of the form (2-8).

Proof. Let x0 ∈ ∂�U ∩ D.

Step 1: The following claim holds true:

x0 ∈�
(1/2)
U ⇐⇒ there is U0 ∈ BUU (x0) of the form (2-11)

⇐⇒ every U0 ∈ BUU (x0) is of the form (2-11).

Indeed, if one blow-up is of the form (2-11), then by Remark 2.10 x0 ∈ �
(1/2). On the other, hand, if

x0 ∈�
(1/2) and U0 ∈ BUU (x0), then again by Remark 2.10 |�U0 ∩ B1| =

1
2 |B1|. The homogeneity of U0

and the fact that 1U0 = 0 on �U0 imply that each component of U0 is an eigenfunction on the sphere
corresponding to the eigenvalue d − 1. By the Faber–Krahn inequality on the sphere we get that, up to
a rotation, �U0 = {xd > 0} and all the components of U0 are multiples of x+d , that is, U0(x)= ξ x+d for
some ξ ∈ Rk. Let φ be a compactly supported function and let Ũ0 = ξ(x+d +φ). Testing the optimality of
U0 against Ũ0, it is immediate to check, see [Mazzoleni et al. 2017], that |ξ |x+d is a global minimizer
of the one-phase Alt–Caffarelli functional. Thus, an internal perturbation, see [Alt and Caffarelli 1981],
gives |ξ | =

√
3 and concludes Step 1.

Step 2: The following claim holds true:

x0 ∈�
(1)
U ⇐⇒ there is U0 ∈ BUU (x0) of the form (2-8)

⇐⇒ every U0 ∈ BUU (x0) is of the form (2-8).

Indeed, if one blow-up U0 ∈ BUU (x0) is of the form (2-8), then by Remark 2.10 x0 ∈�
(1)
U . On the other

hand, if x0 ∈�
(1)
U , then still by Remark 2.10 |U0 ∩ B1| = |B1| and so, the minimality of U0 implies that

U0 is harmonic in B1. Now the homogeneity of U0 implies that it is a linear function, U0(x)= Ax , for
some matrix A = (ai j )i j .

Step 3: Finally, suppose that x0 ∈ (∂�U∩D)\(�(1/2)U ∪�
(1)
U ) and let x0 ∈�

(γ )

U for some γ ∈
(
0, 1

2

)
∪
( 1

2 , 1
)
.

Let U0 = (u1, . . . , uk) ∈ BUU (x0). Then each component ui is 1-homogeneous and the functions u+i
and u−i are eigenfunctions corresponding to the eigenvalue d − 1 on the spherical sets {ui > 0} ∩ ∂B1

and {ui < 0} ∩ ∂B1. Now since the density γ is at most 1, we get that at least one of the sets is empty.
Thus, none of the components ui change sign and they are all multiples of the first eigenfunction on
the set �U0 ∩ ∂B1; that is, U0 = ξ |U0| for some ξ ∈ Rk. Now, reasoning as in [Mazzoleni et al. 2017,
Section 5.2], we get that |ξ | = 3 and that |U0| is a global solution of the one-phase scalar functional
u 7→

∫
|∇u|2 dx+|{u > 0}|. In particular, the density estimate for the one-phase Alt–Caffarelli functional

implies that γ < 1− δ for some dimensional constant δ > 0. Now, the fact that the first eigenvalue on
�U0 ∩∂B1 is d−1 implies γ ≥ 1

2 . As in [Mazzoleni et al. 2017, Section 5.2], the improvement of flatness
for the scalar problem now implies γ > 1

2 + δ, which concludes the proof. �
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Definition 2.12. Let x0 ∈ ∂�U . We say that:

• x0 is a regular point, x0 ∈ Reg(∂�U ), if Lemma 2.11(i) holds.

• x0 is a (one-phase) singular point, x0 ∈ Sing1(∂�U ), if Lemma 2.11(ii) holds.

• x0 is a branching point, x0 ∈ Sing2(∂�U ), if Lemma 2.11(iii) holds.

In view of Lemma 2.11 we have

Reg(∂�U )=�
(1/2)
U ∩ D, Sing2(∂�U )=�

(1)
U ∩ ∂�U ∩ D,

Sing1(∂�U )= (∂�U ∩ D) \ (Sing2(∂�U )∪Reg(∂�U )).

Lemma 2.13. Sing2(∂�U ) is a closed set and Reg(∂�U ) is an open subset of ∂�U .

Proof. We first notice that the function W (U, x0, 0) := limr→0+ W (U, x0, r) is upper semicontinuous
in x0. This follows by the fact that (x0, r) 7→ W (U, x0, r) is increasing in r > 0 and continuous in x0.
Thus, the first part of the claim follows since in the points x0 ∈ Sing2(∂�U ) the density W (U, x0, 0) is
maximal. The second part of the claim follows by the lower density gap from Lemma 2.11(ii) and the
argument of [Mazzoleni et al. 2017, Proposition 5.6]. �

3. Regularity of the one-phase free boundary

Following the argument from [Mazzoleni et al. 2017], we first deduce the optimality condition on the
free boundary in a viscosity sense; then we notice that Reg(∂�U ) is open and Reifenberg flat. Next we
show that around every point of Reg(∂�U ) at least one of the components of the optimal vector U has
a constant sign. Thus we fall into the framework of [loc. cit.] and can conclude the proof by using the
boundary Harnack principle in NTA domains and the regularity of the one-phase free boundaries for the
scalar problem. Finally, thanks to Lemma 3.10, we can apply the arguments of [loc. cit., Section 5] in
order to obtain the C∞ regularity of Reg(∂�U ), using the component of locally constant sign provided
by Lemma 3.10 instead of u1 in the boundary Harnack principle [loc. cit., Lemma 5.12]. We recall here
the updated statements for the reader’s sake.

3A. The stationarity condition on the free boundary. It is well known, see for example [Alt and Caf-
farelli 1981], that if u is a local minimizer of the Alt–Caffarelli functional

H 1
loc(R

d) 3 u 7→ F(u)=
∫
|∇u|2 dx +3|{u > 0}|

and the boundary ∂{u > 0} is smooth, then |∇u| =
√
3 on ∂{u > 0}. There are various ways to state

this optimality for free boundaries that are not a priori smooth; see for example [Alt and Caffarelli 1981;
De Silva 2011]. In the case of vector-valued functionals, we use the notion of viscosity solution from
[Mazzoleni et al. 2017].

Definition 3.1. Let�⊂Rd be an open set. We say that the continuous function U = (u1, . . . , uk) :�→Rk

is a viscosity solution of the problem

−1U = 0 in �, U = 0 on ∂�∩ D, |∇|U || =
√
3 on ∂�∩ D
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if for every i = 1, . . . , k the component ui is a solution of the PDE

−1ui = 0 in �, ui = 0 on ∂�∩ D,

and the boundary condition |∇|U || =
√
3 on ∂�∩ D holds in viscosity sense, that is:

• For every continuous φ : Rd
→ R, differentiable in x0 ∈ ∂�∩ D and such that “φ touches |U | from

below in x0” (that is, |U |−φ :�→R has a local minimum equal to zero in x0), we have |∇φ|(x0)≤
√
3.

• For every function φ : Rd
→ R, differentiable in x0 ∈ ∂�∩ D and such that “φ touches |U | from above

in x0” (that is |U | −φ :�→ R has a local maximum equal to zero in x0), we have |∇φ|(x0)≥
√
3.

Lemma 3.2. Let U be a minimizer for (1-1) and x0 ∈Reg(∂�U )∪Sing1(∂�U ). Then, there is r > 0 such
that U is a viscosity solution of

−1U=0 in �U∩Br (x0), U=0 on ∂�U∩Br (x0), |∇|U ||=
√
3 on ∂�U∩Br (x0). (3-1)

Proof. Suppose that φ touches |U | from above in y0∈ Br (x0). Then |φ(y0)|≥3 precisely as in [Mazzoleni
et al. 2017, Lemma 5.2]. If φ touches |U | from below in y0, then every blow-up U0 ∈ BUU (y0) is a
1-homogeneous global minimizer of (1-1) such that �U0 contains the half-space {x : ∇φ(y0) ·x < 0}. Now
since the Lebesgue density of �U0 is strictly smaller than 1, the argument of [loc. cit., Lemma 5.2] gives
that all the components of U0 must be multiples of the same global minimizer of the scalar one-phase
Alt–Caffarelli problem. Thus �U0 = {x : ∇φ(y0) · x < 0} and the conclusion follows as in [loc. cit.,
Lemma 5.2]. �

3B. Reifenberg flat and NTA domains. In this section we briefly recall the basic geometric properties
of the Reifenberg flat and NTA domains. The Reifenberg flatness of Reg(∂�U ) follows precisely as in
[Mazzoleni et al. 2017]. Then a result of [Kenig and Toro 1997] shows that it is also NTA. In the next
section we will use the NTA property to prove regularity. For more details on the properties and the
structure of the Reifenberg flat domains we refer to [Kenig and Toro 1997], while NTA domains were
studied in [Kenig and Toro 1997; Jerison and Kenig 1982].

Definition 3.3 (Reifenberg flat domains). Let �⊂ Rd be an open set and let 0< δ < 1
2 , R > 0. We say

that � is a (δ, R)-Reifenberg flat domain if:

(1) For every x ∈ ∂� and every 0< r ≤ R there is a hyperplane H = Hx,r containing x such that

distH(Br (x)∩ H, Br (x)∩ ∂�) < rδ.

(2) For every x ∈ ∂�, one of the connected components of the open set BR(x)∩{x : dist(x, Hx,R)> 2δR}
is contained in �, while the other one is contained in Rd

\�.

Theorem 3.4 (Reifenberg flat implies NTA, [Kenig and Toro 1997, Theorem 3.1]). There exists a δ0 > 0
such that if � ⊂ Rd is a (δ, R)-Reifenberg flat domain for δ < δ0, then it is NTA; that is, there exist
constants M > 0 and r0 > 0 (called NTA constants) such that:
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(1) � satisfies the corkscrew condition; that is, given x ∈ ∂� and r ∈ (0, r0), there exists x0 ∈� such
that

M−1r < dist(x0, ∂�) < |x − x0|< r.

(2) Rd
\� satisfies the corkscrew condition.

(3) If w ∈ ∂� and w1, w2 ∈ B(w, r0)∩�, then there is a rectifiable curve γ : [0, 1]→� with γ (0)=w1

and γ (1)= w2 such that H1(γ ([0, 1]))≤ M |w1−w2| and

min {H1(γ ([0, t])),H1(γ ([t, 1]))} ≤ M dist(γ (t), ∂�) for every t ∈ [0, 1].

Remark 3.5. We note that an NTA domain �⊂ Rd is obviously connected, while its intersection with a
ball is not necessarily so. This is due to the fact that an arc, contained in � and connecting two points
inside the ball, may go out and then back in. On the other hand the NTA condition implies that the two
points can be connected with an arc of length comparable to the length of the radius of the ball. Precisely,
there exists a constant M > 0 such that the following property holds:

For every x ∈ ∂� and every r > 0, there is exactly
one connected component of Br (x)∩� that intersects Br/M(x)∩�.

Lemma 3.6. Let U be a solution of (1-1) and x0 ∈ Reg(∂�U ). Then �U is Reifenberg flat and NTA in a
neighborhood of x0.

Proof. The proof follows by the same contradiction argument as in [Mazzoleni et al. 2017, Proposition 5.9].
Indeed, suppose that Reg(∂�U )3 xn→ x0 and let rn→0 be such that ∂�U is not (δ, rn) flat in Brn (xn). Let
Un :=U2rn,xn . Up to a subsequence Un converges to U0 ∈ H 1(B1;R

k), which is a solution of (1-1) in B1.
We will prove that U0 is of the form (2-7); then the conclusion will follow by the Hausdorff convergence of
∂�Un to ∂�U0 . Now, for fixed 0< r < 1 we have W (Un, 0, r)=W (U, xn, rrn)→W (U0, x, r) as n→∞.
Let now ε > 0 be fixed. Since x0 ∈Reg(∂�U ), there is some R> 0 such that W (U, x0, R)−3ωd/2≤ ε/2.
By the continuity of W in x we get that for n large enough, W (U, xn, R) − 3ωd/2 ≤ ε and, by
the monotonicity of W, we have W (U, xn, rrn) − 3ωd/2 ≤ ε. Passing to the limit in n we obtain
W (U0, x, r)−3ωd/2≤ ε. Since ε is arbitrary, we get W (U0, x, r)=3ωd/2. Finally, Lemma 2.8 implies
that U0 is 1-homogeneous and |B1 ∩�U0 | = ωd/2. Thus, U0 is necessarily of the form (2-7), which
concludes the proof. �

3C. Existence of a constant sign component. After showing in the previous section that the regular part
of the free boundary is an NTA domain, we aim now to apply a boundary Harnack principle on it. It was
proved in [Jerison and Kenig 1982] that in any NTA domain �⊂Rd the boundary Harnack principle does
hold; that is, if u and v are positive harmonic functions in �, vanishing on the boundary ∂�∩ Br , then

v

u
is Hölder continuous on �∩ Br .

The precise statement of the boundary Harnack property for harmonic functions which we will use in
Lemma 3.10 is the following [Jerison and Kenig 1982, Theorems 5.1 and 7.9].
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Theorem 3.7 (boundary Harnack Principle for NTA Domains). Let � ⊂ Rd be an NTA domain and
A ⊂ Rd an open set. For any compact K ⊂ A there exists a constant C > 0 such that for all positive
harmonic functions u, v vanishing continuously on ∂�∩ A we have

C−1 v(y)
u(y)
≤
v(x)
u(x)
≤ C

v(y)
u(y)

for all x, y ∈ K ∩�.

Moreover, there exists β > 0, depending only on the NTA constants, such that the function v/u is Hölder
continuous of order β in K ∩�. In particular, for any y ∈ ∂� ∩ K , the limit limx→y, x∈� v(x)/u(x)
exists.

Remark 3.8 (boundary Harnack principle for sign-changing v). Theorem 3.7 still holds in the case
when u > 0 on the NTA domain � and v is a harmonic function on � that may change sign. Indeed, if
v : B1 ∩�→ R is a harmonic function that changes sign in B1 ∩� and vanishes on ∂�∩ B1, then we
consider the harmonic extensions h+ and h− solutions of the positive and negative parts of v:

1h± = 0 in �∩ B1, h± = 0 on ∂�∩ B1, h± = v± on ∂B1 ∩�.

Now, by Remark 3.5, each of the functions h± is strictly positive or vanishes identically in �∩ B1/M .
Thus, the claim follows by the boundary Harnack principle for positive functions applied to h+ and u
(and h− and u), the fact that v = h+− h−, and a standard covering argument.

Remark 3.9. The constants C and β in the boundary Harnack principle do not change under blow-up.
That is, given x0 = 0 ∈ ∂�, there is r0 > 0 such that for all harmonic functions u, v, solutions of

1u =1v = 0 in �r ∩ B1, u = v = 0 on ∂�r ∩ B1, �r :=
1
r
�, 0< r < r0,

we have
C−1 v(y)

u(y)
≤
v(x)
u(x)
≤ C

v(y)
u(y)

for all x, y ∈ B1/2 ∩�r . (3-2)

Following [Mazzoleni et al. 2017] we aim to apply the boundary Harnack principle to the components
of the vector U in order to obtain that, for some i ∈ {1, . . . , k}, |∇ui | is Hölder continuous on ∂�U and
to apply the known regularity results for the one-phase Bernoulli problem to deduce that ∂�U is C1,α. In
our setting the functions ui , i = 1, . . . , k, may change sign, which is a major obstruction since (3-2) can
be applied only in the case when the denominator u is strictly positive. In order to overcome this issue,
we first show that, at every point x0 of the regular free boundary Reg(∂�U ), there is a neighborhood
of x0 and a component ui which has constant sign in it.

Lemma 3.10. Let U = (u1, . . . , uk) be a solution for (1-1). For all x0 ∈ Reg(∂�U ), there is r > 0 and
i ∈ {1, . . . , k} such that the component ui has constant sign in Br (x0)∩�U . Moreover, there is a constant
Csign > 0 such that Csignui ≥ |U | in Br (x0)∩�U .

Proof. Without loss of generality x0 = 0. Let U0 ∈ BUU (x0) and Un := Urn be a blow-up sequence
converging to U0. By Lemma 2.11 there is a vector ξ = (ξ1, . . . , ξk) ∈ Rk such that |ξ | =

√
3 and

U0(x)= ξ x+d up to a rotation of Rd. Now since |ξ | =
√
3, there is at least one component ξi such that

|ξi | ≥
√
3/k. Without loss of generality we can assume that i = 1 and ξ1 ≥

√
3/k.
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Let�n =�Un and Un = (un1, . . . , unk) :�n∩B1→Rk , let u+n1 and u−n1 be the positive and the negative
parts of un1, and let ũ+n and ũ−n be the solutions of

1ũ±n = 0 in �n ∩ B1, ũ±n1 = 0 on ∂�n ∩ B1, ũ±n = u±n1 on �n ∩ ∂B1.

Now, notice that both u+n1 and u−n1 are subharmonic on �n ∩ B1. Thus,

ũ+n − ũ−n = u+n1− u−n1 = un1, ũ+n ≥ u+n1 and ũ−n ≥ u−n1 in �n ∩ B1.

Let M be the constant from Remark 3.5. By the fact that the blow-up limit U0 has a positive first
component, for a fixed n, in the ball B1/M exactly one of the following situations can happen:

(i) ũ+n > 0 and ũ−n > 0 in �n ∩ B1/M .

(ii) ũ+n > 0 and ũ−n = 0 in �n ∩ B1/M .

Moreover, again by Remark 3.5 we obtain that in both cases we have �n ∩ B1/M = {ũ+n > 0} ∩ B1/M ,
while if (i) holds, then also �n ∩ B1/M = {ũ−n > 0} ∩ B1/M . Now, notice that in the case (ii) the first part
of the claim of the lemma is trivial, so we concentrate our attention on the case (i). Let xM := ed/(2M)
and rM := 1/(4M). Recall that Un converges uniformly to U0 and ∂�n converges to ∂�U0 = {xd = 0} in
the Hausdorff distance. Then, for every ε > 0, there is n0 > 0 such that for every n ≥ n0 we have

BrM (xM)⊂�n, u+n1(xM)≥

√
3

k
rM

2
, and |u−n1| ≤ ε in B1.

Now, by the definition of ũ+n and ũ−n and the maximum principle (applied to ũ−n ), we have

ũ+n (xM)≥

√
3

k
rM

2
and ũ−n (xM)≤ ε.

Finally, by (3-2), we obtain

ũ−n (x)
ũ+n (x)

≤ C
ũ−n (xM)

ũ+n (xM)
≤ εC

√
3

k
rM

2
for every x ∈�n ∩ B1/2.

Choosing ε such that the right-hand side is smaller than 1, we get

un1(x)= ũ+n (x)− ũ−n (x) > 0 for every x ∈�n ∩ B1/2,

which proves the first claim. The second part of the statement follows by the boundary Harnack principle
applied to un1 and every component uni for i = 2, . . . , k. �

3D. The regular part of the free boundary is C1,α. In the following lemma we show that the positive
optimal component is locally a solution of a one-phase scalar free boundary problem with Hölder condition
on the free boundary. The C1,α regularity of Reg(∂�U ) then follows by known results on the regularity
of the one-phase free boundaries; see [De Silva 2011, Theorem 1.1].

Lemma 3.11. Let U = (u1, . . . , uk) be a minimizer for (1-1) and 0∈Reg(∂�U ) and let the first component
be of constant sign in a neighborhood of 0; that is, u1> 0 in Br0∩�U . Then there is a constant 0< c0≤ 1,
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0< r ≤ r0, and a Hölder continuous function g : Br ∩ ∂�U → [c0, 1] such that u1 is a viscosity solution
to the problem

−1u1 = 0 in �U ∩ Br , u1 = 0 on ∂�U ∩ Br , |∇u1| = g
√
3 on ∂�U ∩ Br .

Proof. First notice that, by Lemma 3.6,�U is an NTA domain in a neighborhood of 0 and there exists β >0,
depending only on the NTA constants, such that for i = 2, . . . , k, ui/u1 is Hölder continuous of order β on
�U∩Br for some r≤r0. In particular, for every x0∈�

(1/2)
∩Br , the limit gi (x0) := lim�3x→x0 ui (x)/u1(x),

exists and gi : Br ∩ ∂�→ R is an β-Hölder continuous function. Then we have

ui = gi u1 on Br ∩� and u1 = g|U | on Br ∩�, where g := (1+ g2
2 + · · ·+ g2

k )
−1/2.

We notice that g is a β-Hölder continuous function on �∩ Br for some β > 0 and is such that c0 ≤ g ≤ 1,
where c0= 1/Csign and Csign is the constant from Lemma 3.10. Suppose now that the function φ ∈C1(Rd)

is touching u1 from below (see Definition 3.1, note that it is local) in a point x0 ∈ ∂�∩ Br . For ρ small
enough, there is a constant C > 0 such that

1
g(x)
≥

1
g(x0)

−C |x − x0|
γ
≥ 0 for every x ∈�∩ Bρ(x0),

and so, setting ψ(x)= φ(x)(1/g(x0)−C |x − x0|
γ ), we get that ψ(x0)= |U |(x0) and

ψ(x)≤ u1(x)
(

1
g(x0)

−C |x − x0|
γ

)
≤ |U |(x) for every x ∈�∩ Bρ(x0);

that is, in the ball Bρ(x0) we have that ψ touches |U | from below in x0. On the other hand, ψ is
differentiable in x0 and

|∇ψ(x0)| =
1

g(x0)
|∇φ(x0)|.

Since U is a viscosity solution of (3-1) we obtain
√
3≥ |∇ψ(x0)| =

1
g(x0)

|∇φ(x0)|,

which gives the claim, the case when φ touches u1 from below being analogous. �

3E. Higher regularity: the regular part of the free boundary is C∞. Thanks to Lemma 3.10, we can
apply the arguments of [Mazzoleni et al. 2017, Section 5] in order to obtain the C∞ regularity of
Reg(∂�U ), using the component of locally constant sign provided by Lemma 3.10 instead of u1 in the
boundary Harnack principle [loc. cit., Lemma 5.12]. We recall here the updated statements for the reader’s
sake.

In order to pass from C1,α to C∞ we need an improved boundary Harnack principle, as was proved in
[De Silva and Savin 2015] for harmonic functions.

Theorem 3.12 (improved boundary Harnack principle). Let U = (u1, . . . , uk) be a minimizer for (1-1),
0 ∈ Reg(∂�U ), and let the first component be of constant sign in a neighborhood of 0, that is, u1 > 0 in
Br0 ∩�U . There exists R0 <

1
2 such that, if for r <min {R0, r0} we have Reg(∂�U )∩ Br is of class Ck,α
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for k ≥ 1, then for all i = 2, . . . , k we have
ui

u1
is of class Ck,α on �U ∩ Br .

In particular, for every x0 ∈ Reg(∂�U ) ∩ Br , the limit gi (x0) := lim�U3x→x0 ui (x)/u1(x), exists and
gi : Br ∩ ∂�U → R is a Ck,α function.

Proof. In order to show the claim, it is enough to apply [De Silva and Savin 2015, Theorem 2.4] for the
case k = 1 and Theorem 3.1 of the same work for the case k ≥ 2. �

At this point we are in position to prove the full regularity of Reg(∂�U ).

Lemma 3.13. Let U = (u1, . . . , uk) be a minimizer for (1-1), 0 ∈ Reg(∂�U ), and let the first component
be of constant sign in a neighborhood of 0, that is, u1 > 0 in Br0 ∩�U . Then Reg(∂�U ) is locally a graph
of a C∞ function.

Proof. The smoothness of the free boundary follows by a bootstrap argument as in [Kinderlehrer and
Nirenberg 1977]. Let us assume that Reg(∂�U ) is locally Ck,α regular for some k ≥ 1, the case k = 1
being true thanks to Section 3D. We will prove that Reg(∂�U ) is locally Ck+1,α. By Lemma 3.11 the
first component u1 is locally a (classical) solution to the problem

1u1 = 0 in �U , u1 = 0 on Reg(∂�U ), |∇u1| = g
√
3 on Reg(∂�U ).

Now thanks to Theorem 3.12 and the definition of g we have that g is a Ck,α function. Now by
[Kinderlehrer and Nirenberg 1977, Theorem 2] we have that Reg(∂�U ) is locally a graph of a Ck+1,α

function, and this concludes the proof. �

4. Structure of the branching free boundary

In this section we study in more detail the set of branching points Sing2(∂�U ). By the results of Section 2D
we know that for x0 ∈ ∂�U we have

x0 ∈ Sing2(∂�U ) ⇐⇒ x0 ∈�
(1)
U ⇐⇒ Every blow-up U0 ∈ BUU (x0) is a linear function.

In Section 4A we prove that the rank of U0 depends only on x0. Then, in Section 4B we stratify the singular
set according to the rank at each point and finally, in the last subsection, we give some measure-theoretical
criterion for the uniqueness of the blow-up.

4A. Definition of the strata and decomposition of Sing2(∂�U ).

Lemma 4.1. Let U = (u1, . . . , uk) be a solution of (1-1) and Q ∈O(k) be an orthogonal matrix. Then
V := QU is also a solution of (1-1) corresponding to the boundary datum Q8.

Proof. It is sufficient to notice that for every U : D→Rk we have |QU | = |U | and |∇(QU )|2= |∇U |2. �

Lemma 4.2. Let U = (u1, . . . , uk) be a solution of (1-1) and x0 ∈ �
(1)
U ∩ ∂�U . Then every blow-up

U0 ∈ BUU (x0) is a linear function given by a matrix A ∈ Md×k(R), whose rank does not depend on U0

but only on x0 and U.



760 DARIO MAZZOLENI, SUSANNA TERRACINI AND BOZHIDAR VELICHKOV

Proof. Without loss of generality we may assume that x0 = 0. Let U0 ∈ BUU (0), U0(x) = Ax , be a
blow-up such that rank A = j for some j ∈ {1, . . . , k}. We claim that all the blow-ups in BUU (x0) are of
rank j .

We first prove the claim in the case j = 1. Indeed, consider a matrix Q ∈ O(k) such that Q Ax =
(ν · x, 0, . . . , 0) for some ν ∈Rd and consider the vector-valued function V = (v1, . . . , vk) := QU, which
is also a solution of (1-1) by Lemma 4.1. Now, since each of the components vi is a harmonic function
on the set {vi 6= 0}, the Alt–Caffarelli–Friedman monotonicity formula (see [Alt et al. 1984]) gives that
the function

r 7→8(r, vi ) :=

(
1
r2

∫
Br

|∇v+i |
2

|x |d−2 dx
)(

1
r2

∫
Br

|∇v−i |
2

|x |d−2 dx
)
=

∫
B1

|∇(vi )
+
r |

2

|x |d−2 dx
∫

B1

|∇(vi )
−
r |

2

|x |d−2 dx, (4-1)

is increasing in r , where as usual (vi )r (x) := (1/r)vi (r x). Now, since for i ∈{2, . . . , k} the i-th component
of the blow-up Q A ∈BUV (0) constantly vanishes, we have 8(0, vi ) := limr→08(r, vi )= 0. In particular,
the i-th component of any blow-up V0 ∈ BUV (0) should vanish and so, the only nonvanishing component
of V0 is the first one (recall that the blow-ups are nontrivial by the nondegeneracy of the solutions of
(1-1)). Now since BUV (0)= Q(BUU (0)) we obtain that the rank of any blow-up BUU (0) is precisely 1,
which proves our claim.

Let us now suppose that 2 ≤ j ≤ k and that the claim holds for all i ∈ {1, . . . , j − 1}. We will
now prove the claim for j . Reasoning as above, we first find a matrix Q ∈ O(k) such that the last
k − j components of Q A vanish; that is, (Q A)j+1 = · · · = (Q A)k = 0 ∈ Rk. Then, we consider
the vector-valued function V = (v1, . . . , vk) := QU and notice that, for all i = 1, . . . , k, the function
r 7→8(r, vi ) is increasing in r . As above, the strong H 1 convergence of the blow-up sequences implies
that 8(0, vj+1)= · · · =8(0, vk)= 0 and that the components j + 1, . . . , k of any blow-up V0 ∈ BUV (0)
do vanish identically. Thus, the rank of V0 is at most j . On the other hand, since the claim does hold for
every i ∈ {1, . . . , j − 1}, the rank of V0 is precisely j , which concludes the proof. �

Lemma 4.2 allows us to define, for every j ∈ {1, . . . , d}, the stratum

Sj := {x0 ∈�
(1)
U ∩ ∂�U : every blow-up U0 ∈ BUU (x0) has rank j}. (4-2)

Again, by Lemma 4.2, the singular set ∂�U ∩�
(1)
U can be decomposed as a disjoint union

�
(1)
U ∩ ∂�U =

d⋃
j=1

Sj . (4-3)

4B. Dimension of the strata. In this subsection we give an estimate on the Hausdorff dimension, dimH

of the stratum Sj . The proof is based on a well-known technique in geometric measure theory known as
the Federer reduction principle.

Given A ∈ Rd, 0≤ s <∞, and 0< δ ≤∞, we recall the notation

Hs
δ(A)=

ωs

2s inf
{ ∞∑

i=1

(diam Ci )
s
: A ⊂

∞⋃
i=1

Ci , diam Ci < δ

}
, Hs(A)= sup

δ≥0
Hs
δ(A),

dimH A = inf{s ≥ 0 :Hs(A)= 0}.

(4-4)
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It is well known that Hs(A)= 0 if and only if Hs
∞
(A)= 0. The other fact (for a proof we refer to [Giusti

1984, Proposition 11.3]) that we will use is

lim sup
r→0

Hs
∞
(A∩ Br (x))
2−sωsr s ≥ 1 for Hs-almost every x ∈ A. (4-5)

Theorem 4.3. Let U : Rd
⊃ D→ Rk be a solution of (1-1) and Sj be as in (4-2). If j = d, then Sj is a

discrete subset of D. More precisely each point of Sd is isolated in ∂�U . If 1≤ j < d , then Sj is a set of
Hausdorff dimension dimH Sj ≤ d − j .

Proof. We start with the first claim. Suppose that x0 ∈ Sd and there is a sequence ∂�U 3 xn → x0.
Taking rn = |xn − x0|, ξn := (xn − x0)/rn , ξ0 = limn→∞ ξn , and a blow-up limit U0 ∈ BUU (x0) of the
sequence Urn,x0 we obtain that ξ0 ∈ ∂B1, U0(ξ0)= 0 and so dim ker U0 ≥ 1, which is a contradiction with
the definition of Sd .

Let now j < d. Suppose by contradiction that there is ε > 0 and a solution U of (1-1) such that
Hd− j+ε(Sj ) > 0. Then, by (4-5), we get that there is a point x0 ∈ Sj such that

lim sup
r→0

Hd− j+ε
∞ (∂�U ∩ Br (x0))

rd− j+ε ≥ lim sup
r→0

Hd− j+ε
∞ (Sj ∩ Br (x0))

rd− j+ε ≥ 2−(d− j+ε)ωd− j+ε. (4-6)

Now let rn→ 0 be a sequence realizing the first limsup above and Un =Urn,x0 be a blow-up sequence
converging to some U0 ∈ BUU (x0). In particular, ∂�Un converges in the Hausdorff distance to ∂�U0 .
Now, since Hs

∞
is upper semicontinuous with respect to the Hausdorff convergence of sets, (4-6) gives

Hd− j+ε
∞

(∂�U0 ∩ B1)≥ lim
n→∞

Hd− j+ε
∞

(∂�Un ∩ B1)≥ 2−(d− j+ε)ωd− j+ε,

which is in contradiction with the fact that Hd− j+ε(∂�U0 ∩ B1)= 0. �

Remark 4.4. A more refined argument in the spirit of Naber and Valtorta, essentially based on the Weiss
monotonicity formula and the structure of the blow-up limits, can be used to deduce that the set Sj has
finite (d− j)-dimensional Hausdorff measure. For more details on this technique in the context of the
free-boundary problems considered in this paper we refer the reader to [Edelen and Engelstein 2019].

4C. A density criterion for the uniqueness of the blow-up limit. The uniqueness of the blow-up limit is
a central question in free boundary problems and is strictly related to the C1-rectifiability of the singular
set. It remains a major open question even in the case of the two-phase problem corresponding to the case
k = 1. In this last subsection we give a general criterion for the uniqueness of the blow-up at the singular
points, which depends only on the Lebesgue density of the positivity set �U (see Proposition 4.5). Now,
even if at this point this criterion by itself is not sufficient for the conclusion, it provides a proof of the
fact that the regularity of the singular set only reduces to a control over the measure of the nodal set
Br \�U . We prove the lemma by choosing a power rate of convergence, but the argument can be carried
out under more general assumptions. For example, a logarithmic decay of the density still translates
into a decay of the Weiss energy. This, again implies a blow-up uniqueness and a logarithmic rate of
convergence; see [Engelstein et al. 2018]. In this subsection we use the notation W (U, r) :=W (U, 0, r)
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and W0(U, r) :=W0(U, 0, r), where

W0(U, x0, r)=
1
rd

∫
Br (x0)

|∇U |2 dx −
1

rd+1

∫
∂Br (x0)

|U |2 dHd−1.

Proposition 4.5. Suppose that U is a solution of (1-1) and x0 ∈ ∂�U . If there are constants C > 0 and
α > 0 such that

|Br (x0) \�U |

rd ≤ Crα for every 0< r < dist(x0, ∂D),

then there is a unique blow-up U0 ∈ BUU (x0) and we have the estimate ‖Ur,x0 −U0‖L2(∂B1) ≤ Crβ for
some β = β(α, d).

Proof. Let x0 = 0 and r > 0 be fixed. Let H : Br → Rk be the harmonic extension of U in the ball Br . A
classical estimate for harmonic functions, see [Spolaor and Velichkov 2019, Lemma 2.5], states that there
is a dimensional constant ε̄ > 0 such that

(1+ ε)W0(H, r)≤W0(Z , r) for every ε ∈ [0, ε̄], (4-7)

where Z is the 1-homogeneous extension of U in the ball Br (x0). On the other hand, |Br \�H | = 0 and
so, the optimality of U gives

W0(U, r)≤W0(H, r)+ r−d3|Br \�U |. (4-8)

Finally, we notice that for every function U we have the formula

∂

∂r
W0(U, r)=

d
r
(W0(Z , r)−W0(U, r))+

1
rd+2

k∑
i=1

∫
∂Br

|x · ∇ui − ui |
2 dHd−1. (4-9)

Now, using (4-9), (4-7) and (4-8), we have

∂

∂r
W0(U, r)≥

d
r
(W0(Z , r)−W0(U, r))≥

d
r
(W0(Z , r)−W0(H, r)− r−d3|Br \�U |)

≥
d
r
(εW0(H, r)− r−d3|Br \�U |)≥

d
r
(εW0(U, r)− (1+ ε)r−d3|Br \�U |)

≥
dε
r

W0(U, r)− 2d3Crα−1.

In particular, this implies that the function

r 7→
W0(U, r)

r εd
+

2d3C
α− dε

rα−dε

is increasing in r and so, choosing ε = α/(2d), we get that there is a constant CU,x0 depending on U and
the point x0 = 0 ∈ D such that

W0(U, r)≤ CU,x0r
α/2 and W (U, r)−3ωd =W0(U, r)−3

|Br \�U |

rd ≤W0(U, r)≤ CU,x0r
α/2.

Now, the uniqueness of the blow-up and the convergence rate follow by a standard argument; see [Spolaor
and Velichkov 2019]. �
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ON THE DISCRETE FUGLEDE AND POMPEIU PROBLEMS

GERGELY KISS, ROMANOS DIOGENES MALIKIOSIS, GÁBOR SOMLAI AND MÁTÉ VIZER

We investigate the discrete Fuglede conjecture and the Pompeiu problem on finite abelian groups and
develop a strong connection between the two problems. We give a geometric condition under which
a multiset of a finite abelian group has the discrete Pompeiu property. Using this description and the
revealed connection we prove that Fuglede’s conjecture holds for Zpnq2 , where p and q are different
primes. In particular, we show that every spectral subset of Zpnq2 tiles the group. Further, using our
combinatorial methods we give a simple proof for the statement that Fuglede’s conjecture holds for Z2

p.

1. Introduction

In this article we deal with the discrete version of Fuglede’s conjecture and the Pompeiu problem; both
originated in analysis. We build a relationship between them that helps us to provide new results for
Fuglede’s conjecture in the discrete setting.

The following question was asked by Pompeiu [1929]. Take a continuous function f on the plane
whose integral is zero on every unit disc. Does it follow that f is constantly zero? The answer to this
question is no, but it initiated several different types of investigations in various settings, and in some
cases the answer is affirmative for an analogous question. We give an implicit characterization of the
non-Pompeiu sets for finite abelian groups.

Fuglede [1974] conjectured that a bounded domain S ⊂ Rd tiles the d-dimensional Euclidean space if
and only if the set of L2(S) functions admits an orthogonal basis of exponential functions. This conjecture
was disproved by Tao [2004].

A discrete version of Fuglede’s conjecture might be formulated in the following way. A subset S of a
finite abelian group G tiles G if and only if the character table of G has a submatrix, whose rows are
indexed by the elements of S, which is a complex Hadamard matrix. This version of Fuglede’s conjecture
is not only interesting on its own but also plays a crucial role in the above-mentioned counterexample of
Tao. Actually his counterexample (in R5) is based on a counterexample for elementary abelian p-groups
of finite rank.

Fuglede’s conjecture is especially interesting for finite cyclic groups, since, e.g., every tiling of Z is
periodic, so it goes back to a tiling of a finite cyclic group. However, not much is known for cyclic groups.
A recent paper of the second author and Kolountzakis [Malikiosis and Kolountzakis 2017] shows that
Fuglede’s conjecture holds for any cyclic group of order pnq , where p and q are different primes.

MSC2010: primary 39B32, 43A46; secondary 13F20, 20K01.
Keywords: Pompeiu problem, spectral set conjecture, tiling, vanishing sums of roots of unity.
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Our main contribution towards Fuglede’s conjecture for cyclic groups is to connect this problem with
the Pompeiu problem, introduce more combinatorial ideas and verify it for yet unknown cases: cyclic
groups of order pnq2, n ≥ 1 (see Theorem 2.5).

Further using our techniques we give a neat and combinatorial proof for the previously known fact,
proved by Iosevich, Mayeli and Pakianathan [Iosevich et al. 2017], that Fuglede’s conjecture holds for Z2

p

(see also Theorem A.1).

Structure of the paper. Section 2 is devoted to a detailed introduction to Fuglede’s conjecture and the
Pompeiu problem, introducing also the discrete versions of them. Further we establish a connection
between the two problems. In Section 3 we give some sort of solution for the Pompeiu problem for abelian
groups that we apply later in Section 6. Sections 4 and 5 are preparations for the proof of Theorem 2.5.
In Section 4 we reduce the cases to a special one partly based on our results concerning the Pompeiu
problem. In Section 5 we prove some technical lemmas, which we use later. Section 6 is devoted to the
proof of Theorem 2.5. Finally, in the Appendix we give an alternative proof of Theorem A.1.

2. Fuglede and Pompeiu problems

Fuglede’s spectral set conjecture. The original conjecture of Fuglede [1974] was formulated as follows.
Let � be a measurable subset of Rn of positive Lebesgue measure. A set � ⊆ Rn is called spectral if
there is a set 3⊂ Rn such that {eiλ·x

: λ ∈3, x ∈�} is an orthogonal basis of L2(�). Then 3⊆ Rn is
called the spectrum of �.

We say that S is a tile of Rn if there is a set T ⊂Rn such that almost every point of Rn can be uniquely
written as s+ t , where s ∈ S and t ∈ T. In this case, we say that T is the tiling complement of S.

Fuglede’s spectral set conjecture [1974] (which we just call Fuglede’s conjecture) states the following:

Conjecture 1. � is spectral if and only if � is a tile.

The conjecture was proved by Fuglede [1974] in the special case when the tiling complement or the
spectrum is a lattice in Rn. Also it has been verified by Fuglede that the L2-space over a triangle or a disc
does not admit an orthogonal basis of exponentials. (The proof for the disc was corrected by Iosevich,
Katz and Pedersen [Iosevich et al. 1999].) The conjecture was further verified in some other cases; see,
e.g., [Iosevich et al. 2003; Łaba 2001].

Tao [2004] disproved the Spectral =⇒ Tiling direction of the conjecture by constructing a spectral
set in R5 that does not tile the 5-dimensional space. As an extension of Tao’s work, Matolcsi [2005]
proved that (the same direction of) the conjecture fails in dimension 4 as well. Further, Kolountzakis and
Matolcsi [2006a; 2006b] and Farkas, Matolcsi and Móra [Farkas et al. 2006] provided counterexamples
in dimension 3 for each direction of the conjecture.

Discrete abelian groups. Fuglede’s conjecture can be naturally stated for other groups, for example Z.
These cases are not only interesting on their own, but they also have connection with the original case,
since, e.g., in his disproof of the 5-dimensional case, Tao constructed a spectral set in Z5

3 (containing six
elements, hence not a tile, as the cardinality of any tile of a finite abelian group divides the order of the



ON THE DISCRETE FUGLEDE AND POMPEIU PROBLEMS 767

group), then he lifted this counterexample to R5. A similar strategy was carried out by Kolountzakis and
Matolcsi [2006b] in the disproof of the other direction of the original conjecture. We also mention some
examples where Fuglede’s conjecture holds. These include finite cyclic p-groups [Łaba 2002], Zp×Zp

[Iosevich et al. 2017], and Qp [Fan et al. 2019], the field of p-adic numbers.
Borrowing the notation from [Dutkay and Lai 2014; Malikiosis and Kolountzakis 2017], we write

S− T (G) (resp. T − S(G)), if the Spectral=⇒ Tiling (resp. Tiling=⇒ Spectral) direction of Fuglede’s
conjecture holds in G for every bounded subset. The above-mentioned connection between the conjecture
on R, on Z and on finite cyclic groups is summarized below [Dutkay and Lai 2014], where T − S(ZN)

means that T − S(Zn) holds for every n ∈ N:

T − S(R) ⇐⇒ T − S(Z) ⇐⇒ T − S(ZN),

S− T (R) =⇒ S− T (Z) =⇒ S− T (ZN).

According to this, a counterexample to the Spectral=⇒ Tiling direction in a finite cyclic group can be
lifted to a counterexample in R; on the other hand, if the same direction of the conjecture were true for
every cyclic group or even in Z, this would hold no meaning for the original conjecture in R.

Concerning tiles in discrete groups it was proved in [Newman 1977] that if S is a finite set, which
tiles Z with tiling complement T, then T is periodic; i.e., T + N = T for some N ∈ Z. This shows that
every tiling of the integers reduces to a tiling of a cyclic group ZN for some N ∈ N.

We also mention a related result of [Rédei 1965]. We say that A1+ · · ·+ Ak is a factorization of the
abelian group G if every element of G can uniquely be written as the sum of one element from each Ai .

Theorem 2.1 [Rédei 1965]. Let G = A1+ A2+· · ·+ An be a factorization of an abelian group G, where
each Ai contains 0 and is of prime cardinality. Then at least one of the sets Ai is a subgroup of G.

Cyclic groups. Surprisingly, despite their previously described role in the discrete version of Fuglede’s
conjecture, not much is known for cyclic groups. A recent result of [Malikiosis and Kolountzakis 2017]
proved Conjecture 2 (see later) for Zpnq . They also wrote that most likely, their result might be extended
to cyclic groups of order having two different prime divisors but they haven’t succeeded yet.

As we will mainly deal with cyclic groups, let us state the conjecture again in this setting. First let us
define spectral sets and tiles in cyclic groups also.

Definition 2.2. For a set S⊂ZN , we say that S is spectral if L2(S) has an orthogonal basis of exponentials
(indexed by 3). This is equivalent to the following two conditions holding:

(1) There is 3⊂ ZN such that any f : S→C can be written as the C-linear combination of exponentials
of the form

ξλ·xN , λ ∈3,

where the product λ · x is taken modulo N and ξN = e2π i/N.

(2) For any two different λ, λ′ ∈3 we have∑
x∈S

ξ
(λ−λ′)·x
N = 0

(i.e., the representations χλ(x)= ξλ·xN and χλ′(x)= ξλ
′
·x

N are orthogonal).
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We denote {χλ : λ ∈3} by χ3.

Remark 2.3. We note that if S is a spectral set, then |S| = |3| follows from Definition 2.2. Condition (2)
further implies

3−3⊆ {0} ∪ {x ∈ ZN : 1̂S(x)= 0}, (1)

where 1S is the characteristic function of S, and f̂ (x)=
∑

y∈ZN
f (y)ξ−x ·y

N is the discrete Fourier transform
of f : G 7→ C, as usual.

Definition 2.4. Let G be a discrete abelian group. We say that S ⊂ G tiles G if there exists T ⊂ G such
that S+ T = G, where S+ T is the set of elements of G of the form s+ t , s ∈ S, t ∈ T, counted with
multiplicity, so we have each g ∈ G exactly once. In this case we say that T is a tiling complement of S
in G.

For cyclic groups Fuglede’s conjecture can be stated as follows.

Conjecture 2. For any N and S ⊂ ZN we have that S is spectral if and only if S tiles ZN .

There has been some recent progress on this conjecture over the last few years. The known results
for the Tiling=⇒ Spectral direction follow from [Coven and Meyerowitz 1999; Łaba 2002]. Coven and
Meyerowitz proved that if a finite subset A of the integers satisfies two conditions (T1) and (T2) (to be
defined below) then it tiles Z by translations. The inverse holds when the cardinality of A is divisible
by at most two primes (corollary to [Coven and Meyerowitz 1999, Theorem B2]). Łaba then connected
these properties with Fuglede’s conjecture on Z, proving that if A satisfies (T1) and (T2), then it has
a spectrum [Łaba 2002, Theorem 1.5(i)]; therefore, if A tiles Z and its cardinality is divisible by at
most two distinct primes, then it must be spectral [Łaba 2002, Corollary 1.6(i)]. The passage to cyclic
groups of order pnqm is easily done through [Coven and Meyerowitz 1999, Lemma 2.3], which implies
that if A tiles Z and |A| = paqb, then there is a (possibly different) tiling of Z by translates of A with
period N = pnqm for some m, n ∈ N. In other words, A could be considered as a subset of ZN , and
the Tiling=⇒ Spectral direction in ZN follows verbatim using the above results. For a proof containing
all the above arguments strictly in the setting of cyclic groups, we refer the reader to [Malikiosis and
Kolountzakis 2017, Section 3].

Concerning the case for N square-free, the Tiling =⇒ Spectral direction in ZN follows easily from
the fact that any tile of ZN is a set of coset representatives of a subgroup of ZN , again from combined
arguments from [Coven and Meyerowitz 1999; Łaba 2002]. This fact was posed as a problem in Tao’s
blog,1 which was subsequently solved by Łaba and Meyerowitz (see the comments of that post). Their
arguments were based on [Coven and Meyerowitz 1999, Lemma 2.3], which implies that a tile A in ZN

with N square-free, accepts the subgroup MZN as a tiling complement, where M = |A|. This is one
instance where the properties (T1) and (T2) hold trivially; thus A is also spectral due to [Łaba 2002,
Theorem 1.5(i)]. For a self-contained proof of the Tiling =⇒ Spectral direction in the setting of cyclic
groups of square-free order, which is along the same lines, we refer the reader to [Shi 2019].

1https://terrytao.wordpress.com/2011/11/19/some-notes-on-the-coven-meyerowitz-conjecture/

https://terrytao.wordpress.com/2011/11/19/some-notes-on-the-coven-meyerowitz-conjecture/
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The reverse direction, Spectral=⇒ Tiling, is considerably harder, and the best results to this date are
the proofs for N = pnq [Malikiosis and Kolountzakis 2017] and N = pqr [Shi 2019], where p, q , r are
distinct primes. The main tool that is introduced in the Spectral=⇒ Tiling direction is the structure of the
vanishing sums of roots of unity [Lam and Leung 2000].

In this paper we verify Conjecture 2 for cyclic groups of order pnq2 by proving the following.

Theorem 2.5. Let p and q be two different primes. Then we have S− T (Zpnq2) for every n ≥ 1.

As stated above, T − S (Zpnqm ) has already been proven [Coven and Meyerowitz 1999; Łaba 2002].
Combining this result and Theorem 2.5 we obtain:

Theorem 2.6. Let p and q be two different primes. Then Fuglede’s conjecture holds for Zpnq2 , n ≥ 1.

Furthermore, using our method, we give in the Appendix a simple proof of the theorem of Iosevich,
Mayeli and Pakianathan [Iosevich et al. 2017], stating that Fuglede’s conjecture holds for Z2

p.

Pompeiu problem. The problem goes back to the seminal paper [Pompeiu 1929], where he asked the
following question of integral geometry:

Question 1. Let K be a compact set of positive Lebesgue measure. Is it true that if f : R2
→ C is a

continuous function that satisfies ∫
σ(K )

f (x, y) dλx dλy = 0 (2)

for every rigid motion σ (here λ denotes the Lebesgue measure), then f is identically zero (i.e, f ≡ 0)?

If K is the closed disc of radius r > 0, then the answer is negative. It was shown in [Chakalov 1944],
see also [Garofalo 1989], that (2) holds if f (x, y)= sin(a(x + iy)), where a > 0, and J1(ra)= 0, where
Jλ denotes the Bessel function of order λ. On the other hand, for every nonempty polygon (moreover, for
any convex domain with at least one corner) the answer for Question 1 is affirmative by a result of Brown,
Schreiber, and Taylor [Brown et al. 1973]. Recently, Ramm [2017] showed that there exists a function
f 6≡ 0 that satisfies the 3-dimensional analogue of (2) for a bounded domain K ⊆ R3 with C1-smooth
boundary if and only if K is a closed ball. Extensive literature is concerned with the Pompeiu problem.
For the history of the problem see [Ramm 1997] and the bibliographical survey [Zalcman 1992].

Here we investigate the discrete version of the Pompeiu problem on finite abelian groups. We note that
it was studied on infinite abelian groups in [Kiss et al. 2018; Puls 2013; Zeilberger 1978].

The discrete version of Pompeiu problem for an abelian group G. In the sequel we denote the binary
operation acting on an abelian group G by + (as the usual addition).

Definition 2.7. Let G be an abelian group:

• Let S be a nonempty finite subset of G. We say that S has the discrete Pompeiu property (or S is
Pompeiu) if whenever f : G→ C satisfies∑

s∈S

f (s+ x)= 0 for every x ∈ G, (3)

then f ≡ 0.
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We say that S is a non-Pompeiu set with respect to f if f 6≡ 0 and satisfies (3).
One can define the discrete Pompeiu property for multisets similarly.

• We call w : G→Q a weight function2 defined on G. We say that w is a Pompeiu weight function if
for any f : G→ C ∑

g∈G

w(g) f (g+ x)= 0 for every x ∈ G (4)

implies that f ≡ 0.
We say that w is a non-Pompeiu weight function with respect to f if f 6≡ 0 and satisfies (4).

Note that S is a Pompeiu set if and only if its characteristic function is a Pompeiu weight function.

Remark 2.8. We can extend the previous definition for arbitrary finite group (G, · ) and weight functionw
as follows.

Let w : G→Q. We denote by Cay(G, w) the Cayley graph of G with respect to w. The vertex set of
Cay(G, w) is G and g is connected to h by an edge with weight w(g−1h) for every g, h ∈ G. We denote
by Aw the adjacency matrix of Cay(G, w). Using the adjacency matrix Aw of Cay(G, w) we may also
say w is a Pompeiu weight function if and only if Aw f = 0 implies f ≡ 0. The equation Aw f = 0 implies
that if f 6≡ 0, then f is an eigenvector of Aw with eigenvalue 0. So w is a Pompeiu weight function if
and only if 0 is not an eigenvalue of Aw. In the finite case this is equivalent to Aw being invertible.

We note that if G is a cyclic group, then Aw is a circulant matrix.

The set of irreducible representations of a finite abelian group G will be denoted by G̃. Every irreducible
representation of an abelian group is 1-dimensional (a character). Thus G̃ is a group which is isomorphic
to G. Note that G̃ is usually called the dual group of G.

It is well known [Steinberg 2012] that the set of irreducible representations forms an orthogonal basis
of L2(G) with respect to the natural scalar product

[ψ, χ] :=
∑
g∈G

ψ(g)χ(g)

for ψ, χ ∈ G̃. Thus every function f : G→ C can be uniquely written as

f (x)=
∑
χ∈G̃

cχχ(x) for all x ∈ G, (5)

for some cχ ∈ C.
The following proposition can be deduced from [Székelyhidi 2001]. In order to make our paper

self-contained, we provide the proof.

Proposition 2.9. If w is a non-Pompeiu weight function with respect to a function f , then w is a non-
Pompeiu weight function with respect to all irreducible representations χ which have nonzero coefficient cχ
in (5).

2Every weight function is a rational constant multiple of a weight function with integer coefficients. The Pompeiu property is
invariant under scalar multiplication, and thus we may restrict our attention to those weight functions which take their values
in Z.



ON THE DISCRETE FUGLEDE AND POMPEIU PROBLEMS 771

Proof. Let w be non-Pompeiu with respect to a function f ; then
∑

s∈G w(s) f (s+ x)= 0 for every x ∈G.
Using (5) we get

0=
∑
s∈S

w(s)
∑
χ∈G̃

cχχ(s+ x)=
∑
χ∈G̃

cχ
∑
s∈S

w(s)χ(s+ x)=
∑
χ∈G̃

(
cχ
∑
s∈S

w(s)χ(s)
)
χ(x),

since χ is a character. This statement holds for every x ∈ G so we can formulate it as∑
χ∈G̃

(
cχ
∑
s∈S

w(s)χ(s)
)
χ = 0.

Since the irreducible representations are linearly independent over C, the previous equation holds
if and only if

∑
s∈S w(s)χ(s) = 0 for all χ such that cχ 6= 0. Multiplying with χ(x) we obtain∑

s∈S w(s)χ(x + s) = 0. Since this holds for every x ∈ G, this means that w is non-Pompeiu with
respect to such χ . �

We note that a stronger result was proved by Babai [1979], who determined the spectrum of Cayley
graphs of abelian groups. The set of the eigenvalues of Cay(G, S) is

{∑
s∈S χ(s) : χ ∈ G̃

}
.

Corollary 2.10. If S is a non-Pompeiu set in a finite abelian group, then S is non-Pompeiu with respect to
some irreducible representation of G.

Remark 2.11. Since the characters (irreducible representations) play the role of exponential functions
over the abelian group G, it seems reasonable that the function sin(ax) can provide an example on the
disk for the original Pompieu problem. On the other hand, it is surprising that exponential solutions were
not found in the literature.

Connection of the problems.

Proposition 2.12. Let G be a finite abelian group. If S ⊂ G is a spectral set with |S| ≥ 2, then S is a
non-Pompeiu set.

Proof. The spectral property of S requires a set of irreducible representations, of the same cardinality of S,
whose restrictions to S are pairwise orthogonal. Assume χ and ψ are different irreducible representations
of G, whose restrictions to S are orthogonal. Since [χ|S, ψ|S] = [(χψ̄)|S, id|S] we obtain a representation
ρ = χψ̄ such that

∑
s∈S ρ(s)= 0, which leads us back to the Pompeiu problem. Thus we get that S is a

non-Pompeiu set with respect to the irreducible representation ρ. �

3. Pompeiu problem for cyclic groups

In this section we consider the non-Pompeiu sets for abelian groups.
Every representation of a finite abelian group is linear, so it factorizes through a faithful representation

of a cyclic group since the finite subgroups of C \ {0} are cyclic. This shows that some sort of description
for non-Pompeiu sets of finite abelian groups is given by understanding the non-Pompeiu weight functions
of cyclic groups with respect to faithful representations.
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Let (ZN ,+) be the cyclic group of order N. Note that for all k | N there is a unique normal subgroup
Zk ≤ ZN of order k. The group generated this way contains exactly the elements of ZN divisible by N/k
so this subgroup of (ZN ,+) will also be denoted by HN/k .

We use the following isomorphism between ZN and Z̃N : Fix a primitive N -th root of unity α and a
generator g of ZN . Then for any j ∈ ZN the function ψ j (gi ) = α j i gives a homomorphism from ZN

to C∗; hence it is an irreducible representation. Now j → ψ j gives the isomorphism from ZN to Z̃N ;
throughout the text, we will use the isomorphism that arises from α = ξN . From now on the subgroup of
Z̃N isomorphic to H ≤ ZN will be denoted by H̃.

Hereinafter we use the notion of mask polynomial.

Definition 3.1. Let G be a cyclic group and w : G→Q be a weight function. We call

mw(x)=
∑
h∈G

w(h)xh

the mask polynomial of w, where w(h) denotes the weight of h ∈ G. This might be considered as an
element of Q[x]/(xn

− 1). For a (multi-)set S of G we define the mask polynomial of S by

S(x)=
∑
s∈S

cs x s,

where cs denotes the cardinality of s ∈ S.

Let 8k(x) denote the k-th cyclotomic polynomial, which is of degree ϕ(k), where ϕ denotes the Euler
totient function. Note that for fixed N and prime p | N the mask polynomial of Zp≤ZN is8p(x N/p). The
following is one of the key preliminary observations. Basically, this can be considered as a statement on
roots of unity. There is a vast literature on vanishing sums of roots of unity. This particular statement gives
a generalization of Theorem 3.3 of [Lam and Leung 2000]. Similar results might appear in other papers.

Proposition 3.2. Let G be a cyclic group of order N and let α be a primitive N-th root of unity. We
denote by PN the set of prime divisors of N. Further let w be a weighted function. Then w is non-Pompeiu
with respect to the faithful representation ψα if and only if

w =
∑
g∈G

∑
p∈PN

wp,g1Zp+g

for some wp,g ∈Q, where 1Zp+g denotes the characteristic function of the coset Zp + g.

Proof. The fact that w is a non-Pompeiu weight function with respect to the faithful representation ψα
means that α is the root of the mask polynomial mw of w, since mw(α) =

∑N−1
i=0 w(i)αi

= 0. On the
other hand, for a given N ∈ N, for every p ∈ PN we have that α is the root of the mask polynomial
of Zp ≤ ZN , that is, 8p(x N/p). Indeed, α is a primitive N -th root of unity so αN/p

6= 1. Clearly,
αN/p8p(α

N/p)=8p(α
N/p), so it implies 8p(α

N/p)= 0.
Then α is also a root of the polynomial mw(x)+

∑
p∈PN

ap(x)8p(x N/p), where ap(x) ∈ Q[x]. By
using Euclidean division there are polynomial q(x), r(x) ∈Q[x] such that

mw(x)= q(x)8N (x)+ r(x),

with either r(x) the constant zero function or deg(r(x)) < ϕ(N ).
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The common roots of the polynomials 8p(x N/p) (p ∈ PN ) are exactly the primitive N -th roots of
unity. The multiplicity of these roots in all of these polynomials is 1. These polynomials are all in Q[x]
so the greatest common divisor in the ring Q[x] of the polynomials 8p(x N/p), p ∈ PN , is 8N (x). Thus

8N (x)=
∑
p∈PN

ap(x)8p(x N/p)

for some ap(x) ∈Q[x]. Substituting this into the previous equation we obtain that

mw(x)−
∑
p∈PN

q(x)ap(x)8p(x N/p)

is of degree less than ϕ(N ) or is the constant zero function. Since 8N (x) is the minimal polynomial of α
over Q, we have mw(x)−

∑
p∈PN

q(x)ap(x)8p(x N/p)= 0. Thus

mw(x)=
∑
p∈PN

q(x)ap(x)8p(x N/p).

It is clear that xk8p(x N/p) is the mask polynomial of a coset of Zp for every 0≤ k < N. Hence we have

w(x)=
∑
g∈G

∑
p∈PN

wp,g1Zp+g(x)

for some wp,g ∈Q.
The other direction follows from the fact that 8p(α

N/p)= 0 for every p ∈ PN . �

We note that using Proposition 3.2 one can simply construct the asymmetric minimal sums of roots of
unity appearing in [Lam and Leung 2000].

In terms of mask polynomials the previous proposition can be stated as follows.

Corollary 3.3. Let S(x) ∈ Z≥0[x] with S(ξN ) = 0, where N = pm1
1 · · · p

mn
n and p1, . . . , pn are primes.

Then,
S(x)≡ P1(x)8p1(x

N/p1)+ · · ·+ Pn(x)8pn (x
N/pn ) mod (x N

− 1)

for some P1(x), . . . , Pn(x) ∈Q[x].

The following is an easy consequence of Proposition 3.2.

Corollary 3.4. Let G be a cyclic group of order N and 9 be a faithful representation of G. Assume w is
a non-Pompeiu weight function with respect to 9. Then the restriction of w to each ZRad(N )-coset is the
weighted sum of characteristic functions of Zpi -cosets, where Rad(N ) denotes the square-free radical
of N.

We will consider

Z∏d
i=1 pi
∼=

d∏
i=1

Zpi

as a grid in Rd , whose points have integer coordinates. More precisely for Z∏d
i=1 pi

we assign

G = {x ∈ Zd
: 0≤ xi ≤ pi − 1 for 1≤ i ≤ d},
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where xi denotes the i-th coordinate of x . The cosets of Zpi coincide with collections of parallel line
segments (containing pi grid points of G). A d-dimensional grid-cuboid will be a collection of 2d grid
points that resembles a d-dimensional cuboid in Rd. Let P ⊂ G be a d-dimensional grid-cuboid and fix a
point y ∈ P. For a point of z ∈ P let π(z) denote the Hamming distance between z and y. Note that w
can also be considered as a function from G to Q.

The following statement makes the Pompeiu property for weight functions easily recognizable.

Proposition 3.5. Let w be a non-Pompeiu weight function on the set Z∏d
i=1 pi

, where pi are mutually
different primes. If w is the weighted sum of characteristic functions of Zpi -cosets, then for every
d-dimensional grid-cuboid P we have ∑

c∈P

(−1)π(c)w(c)= 0. (6)

Proof. It is easy to see that each coset of Zpi for any pi | n contains either 2 or 0 elements of the cuboid P.
Substituting the characteristic function of any coset of Zpi as a weight function into the left-hand side
of (6), it is clearly reduced to a sum of at most two elements with different signs; thus (6) holds. �

Remark 3.6. The converse of the previous statement also holds. We leave it to the reader to work out
the details of the proof.

Now we describe a few special cases which will be later used for the proof of Theorem 2.5. In the
proof of the next proposition we use the following definition.

Definition 3.7. Let S ⊆ ZN . For every j ∈ Z and d | N, we define the subsets

S j mod d = {s ∈ S : s ≡ j mod d}.

Proposition 3.8. (a) Every non-Pompeiu set in Zpq with respect to a faithful representation is either the
union of cosets of Zp or those of Zq .

(b) Let N = pmqn and let S be a non-Pompeiu multiset in ZN with respect to a faithful representation.
Then there are polynomials P(x), Q(x) ∈ Z≥0[x] such that

S(x)≡ P(x)8p(x N/p)+ Q(x)8q(x N/q) mod (x N
− 1).

Proof. (a) Let S be a non-Pompeiu set in Zpq with respect to a faithful representation and let w be the
characteristic function of S. Using Proposition 3.2 we can write w =

∑q−1
i=0 ai 1Zp+i +

∑p−1
j=0 b j 1Zq+ j ,

where ai , b j ∈Q. Then the range of w is Ran(w)= {ai + b j : 0≤ i ≤ p− 1, 0≤ j ≤ q − 1}. We have
Ran(w)= {0, 1}. Thus there are at most two different ai and two different b j .

One can treat the case when ai and b j are constants as functions of i or j , respectively. Thus we may
assume that ak < al for some 0 ≤ k, l ≤ p− 1. Then clearly ak + b j = 0 and al + b j = 1 for all b j ; in
particular all b j are the same. Therefore, we may write

w = b+
p−1∑
i=0

ai 1Zp+i =

p−1∑
i=0

(b+ ai )1Zp+i ,

finishing the proof of the statement.
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(b) By Corollary 3.3, it is clear that

S(x)≡ P(x)8p(x N/p)+ Q(x)8q(x N/q) mod (x N
− 1)

for some P(x), Q(x)∈Q[x]. Now we show that P and Q can be chosen such that P(X), Q(x)∈Z≥0[x].
The subgroups Zp and Zq generate Zpq . Thus S can be written as the disjoint union

S =
⋃
k∈C

Sk mod N/(pq)

for k = 0, . . . , N/(pq)− 1, where k runs through a set of representatives C of the cosets of Zpq . Thus
we are given

Sk mod N/(pq) =
∑
a∈A

ca(Zp + a)+
∑
b∈B

db(Zq + b),

where ca+ db ∈ Z≥0 and A and B are sets of coset representatives of Zp and Zq , respectively, in Zpq + k.
We want to modify the coefficients ca and db such that they produce the same multiset and all of them
remain nonnegative.

Let e = ca + db be one of the minimal weights of the multiset S. Then the values d ′x = (ca + dx)− e
are nonnegative for every x ∈ B, and let c′y = cy + db, which are nonnegative since these values are given
by the multiset S only.

Now c′y + d ′x = ((ca + dx)− e)+ cy + db = cy + dx for every x ∈ B and y ∈ A, finishing the proof of
the lemma. �

4. Reduction (of Fuglede’s conjecture)

Before we proceed to the proof of Theorem 2.5 we make a few general observations.

Lemma 4.1. Let G be a finite abelian group. Assume that S ⊂G is a spectral set having3 as a spectrum:

(a) S+ t is spectral with the same spectrum 3 for every t ∈ G.

(b) 3+ω is a spectrum for S for every ω ∈ G.

(c) S is a spectrum for 3.

Proof. (a) If
∑

s∈S χδ(s)= 0 for some δ ∈3−3, then since χδ is a homomorphism, we have∑
u∈(S+t)

χδ(u)= χδ(t)
∑
s∈S

χδ(s)= 0.

Thus the orthogonality of the representations corresponding to the spectrum is preserved under translation.

(b) Similarly, the orthogonality of the representations corresponding to 3+ω follows from the fact that
3−3= (3+ω)− (3+ω).

(c) This follows from the fact that a finite abelian group is canonically isomorphic to its double dual. �

Corollary 4.2. It is enough to prove Theorem 2.5 for spectral sets S with 0 ∈ S and with spectrum 3 that
contains 0.

From now on we assume 0 ∈ S and 0 ∈3.
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Lemma 4.3. Let G be a finite abelian group and let S be spectral in G and such that it does not generate G.
Assume that for every proper subgroup H of G we have S− T (H). Then S tiles G.

Proof. Let S be a spectral set with orthogonal basis {χλ : λ ∈3} = χ3 ⊂ G̃ and let 〈S〉 = H < G. Since
every χλ is 1-dimensional, we have {χλ|H : λ ∈3} ⊆ H̃ and clearly these are still orthogonal on S, since
S ⊂ H. Then using that S− T (H) holds, there is a set T ⊂ H with S+ T = H. Now let U be a complete
set of coset representatives of G/H. Then we have S+ (T +U )= G. �

Now we prove a similar lemma reducing the possible structure of 3.

Lemma 4.4. Let G by a cyclic group of order N and let us suppose that S− T (G/H) holds on every
proper factor G/H. Let S be a spectral set of G and 3 be the corresponding spectrum. Assume that the
intersection of the kernels of the elements of χ3 contains HN/` 6= 1 for some 1< ` | N. Then S tiles G.

Proof. By our assumptions the elements of χ3 can be considered as irreducible representations of G/HN/`

since their kernel is contained in HN/`.
Let S` denote the multiset obtained as the image of S by the canonical projection π` of G to

G/HN/` ∼= H`. We claim that the multiset S` is a set in H`. Indeed there cannot be two elements
of S in the same coset of HN/` since otherwise each element of χ3 would have the same value on them,
contradicting the fact that these representations form a basis of the set of complex-valued functions on S.
Thus S` is a set. Now it is easy to derive that 3/HN/` is a spectrum with respect to S` in G/HN/` since
χλ(π`(s))= χλ(s) for every s ∈ S and λ ∈3.

We know S − T (G/HN/`) holds. As S` is a spectral set in G/HN/` there is T` ⊂ G/HN/` with
S`+ T` = G/HN/`. Then if T is the preimage of Tl under the canonical projection from G to G/HN/`,
then we have S+ T = G. �

Observation 4.5. Let us recall that S(x) is the mask polynomial of the spectral set S. Note that for
χ ∈ G̃ of order k, we have

∑
s∈S χ(s)= 0 is equivalent to the fact that a primitive k-th root of unity ξk

is a root of S(x). Since 8k(x) is irreducible over Q we have 8k(x) | S(x); hence every primitive k-th
root of unity is the root of S(x) and

∑
s∈S χ

′(s)= 0 for every χ ′ ∈ G̃ of the same order. If 3⊆ G is a
spectrum of S, the above can be summarized to

S(ξord(λ−λ′))= 0 (7)

for every λ 6= λ′ in a spectrum 3, using (1).

The question whether our techniques can be generalized naturally arises. We point out here that in the
next proposition we heavily use the assumption that the order of cyclic groups is divisible by at most two
different primes.

Proposition 4.6. Let G be a cyclic group of order pkq` and let |S| ≥ 2 be a spectral set. Assume further
that 3 is a spectrum for S such that the elements of χ3 do not have a nontrivial common kernel. Then for
every faithful representation ψ of G we have

∑
s∈S ψ(s)= 0.

Proof. Note that by Observation 4.5, it is enough to prove the statement for one faithful representation.
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Since the elements of χ3 do not have a common kernel we have a λ1 ∈3 with p -λ1. If q -λ1, then we
are done so we assume q | λ1. Similarly, we might assume that there exists λ2 ∈3 with q -λ2 and p | λ2.
In this case χλ1−λ2 generates G̃ so we have

∑
s∈S χλ1−λ2(s)= 0. �

This has the following interpretation in terms of mask polynomials.

Corollary 4.7. Let (S,3) be a spectral pair in ZN , where N = pkq`, such that 0 ∈ S, 0 ∈3, and each of
S, 3 generates ZN . Then

S(ξN )=3(ξN )= 0.

Proposition 4.8. Let S be a spectral set in ZN and let p be a prime divisor of N. Assume that for every
proper factor group ZN/H of ZN we have S− T (ZN/H). Assume further that S is the disjoint union of
cosets of Zp. Then S tiles ZN .

Proof. By our assumptions |S| = pr = |3| for some r ∈ N and 3 is a spectrum for S. Thus at least
one of the cosets of Hp contains at least r elements of 3. By Lemma 4.1(b)enumi we may assume that
|Hp ∩3| ≥ r . The elements χ3 ⊆ H̃p are representations having a common kernel Zp = HN/p. By our
assumption S is the disjoint union of Zp-cosets, so it can be written as Zp + B for some B ⊆ ZN/Zp.
The representations in H̃p ∩χ3 are constant on every coset of Zp. Hence for every χ1 6= χ2 ∈ H̃p ∩χ3

we have
0=

∑
s∈S

χ1(s)χ̄2(s)=
∑

s∈Zp+B

χ1(s)χ̄2(s)=
∑
t∈B

∑
x∈Zp

χ1(t + x)χ̄2(t + x)

=

∑
t∈B

∑
x∈Zp

χ1(t)χ1(x)χ̄2(t)χ̄2(x)=
∑
t∈B

pχ1(t)χ̄2(t)= p
∑
t∈B

χ1(t)χ̄2(t),

since the kernel of χ1 and χ2 contains Zp. Thus we obtain a set of r = |B| representations of ZN/Zp,
which are mutually orthogonal, hence forming a basis of L2(B). Thus B is a spectral set in ZN/Zp

and using our assumption we obtain that there exists T with B + T = ZN/Zp. So finally we get
S+ T = (Zp + B)+ T = Zp + (B+ T )= Zp +ZN/Zp = ZN . �

Before we start to detail the proof of Theorem 2.5 we summarize what we have already proved in the
previous sections about the structure of a spectral set S in Zpnq2 . Note that we may assume by induction
on n that S− T (H) holds for every proper subgroup or factor H of Zpnq2 . Indeed, Fuglede’s conjecture
holds for Zpq2 and for Zpnq by [Malikiosis and Kolountzakis 2017], which corresponds to the base case
of our induction.

If |S| = 1, then S is clearly a spectral set and also a tile. By Lemma 4.4 we might assume that the
elements of χ3 do not have a common kernel so by Proposition 4.6 we might assume that |S| ≥ 2 is a
non-Pompeiu set with respect to a faithful representation of Zpnq2 . Hence by Proposition 3.2 we have

S =
∑
g∈A

ug(Zp + g)+
∑
h∈B

vh(Zq + h),

where ug, vh ∈Q and A and B are sets of coset representatives of Zp and Zq , respectively. Thus S is the
weighted sum of cosets of Zp and Zq . Until now we have only seen that the weights are rational numbers.
Now we prove that all weights are 0 or 1.
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The subgroups Zp and Zq generate Zpq , so we write S as the disjoint union

S =
⋃
k∈C

Sk mod N/(pq),

where k runs through a set of representatives C of the cosets of Zpq for k = 0, . . . , N/(pq)− 1. Now

Sk mod N/(pq) =
∑
g∈A

g+Zp⊂k+Zpq

ug(Zp + g)+
∑
h∈B

h+Zq⊂k+Zpq

vh(Zq + h) (8)

for every k ∈ C , so Sk mod N/(pq) inherits its weights from S. Now it follows from Proposition 3.8 that
in (8) ug = 0 for every g ∈ A, g+Zp ⊂ k +Zpq or vh = 0 for every h ∈ B, h+Zq ⊂ k +Zpq . Since
Sk mod N/(pq) is a set, the remaining coefficients are 0 or 1. Then Sk mod N/(pq) is the disjoint nontrivial
union of Zp-cosets or Zq -cosets. Only one type appears for every fixed k = 0, . . . , N/(pq)− 1 except in
the obvious case as follows:

It can happen that S contains a whole Zpq-coset, in which case it can be considered as the union of
only Zp-cosets and only Zq -cosets as well. Thus S is the disjoint union of Zp-cosets and Zq -cosets.

Beside the case when S contains both Zp-cosets and Zq -cosets, by Proposition 4.8 we are done. Thus,
we may assume S contains both Zp-cosets and Zq -cosets; we shall call such sets nontrivial unions of Zp-
and Zq-cosets, to emphasize that they cannot be expressed as unions consisting solely of Zp-cosets, or
Zq -cosets.

The above also follows from Corollary 4.7 and the structure of vanishing sums of roots of unity of order
N, where N has at most two distinct prime factors [Lam and Leung 2000]. We added also a condition
that shows when such a vanishing sum corresponds to a nontrivial union of Zp- and Zq-cosets, which
is a consequence of Corollary 3.3 and Proposition 3.8(b)enumi or alternatively of Proposition 2.6 in
[Malikiosis and Kolountzakis 2017].

Theorem 4.9. Let F(x) ∈ Z≥0[x] and N = pmqn, where p, q are different primes. Then, F(ξN ) = 0 if
and only if

F(x)≡ P(x)8p(x N/p)+ Q(x)8q(x N/q) mod (x N
− 1)

for some P(x),Q(x)∈Z≥0[x]. If F(ξ pk

N ) 6=0 for some1≤k≤m, then we cannot have P(x)≡0 mod (x N
−1),

and if F(ξq`
N ) 6= 0 for some 1≤ `≤ n, then we cannot have Q(x)≡ 0 mod (x N

− 1).

We will repeatedly use the above in Section 6 in order to obtain information about the structure of S
and 3 from the vanishing of their mask polynomials on various N -th roots of unity. Regarding the case
when S is a union of Zp-cosets (or Zq -cosets), there is a characterization in terms of the mask polynomial.
This follows from a special case of Ma’s lemma [1985], see also [Schmidt 2002, Lemma 1.5.1] or [Pott
1995, Corollary 1.2.14], adapted to the cyclic case, using the polynomial notation.

Lemma 4.10. Suppose that S(x) ∈ Z[x], and let ZN be a cyclic group such that pm
| N, but pm+1 -N. If

S(ξd)= 0 for every pm
| d | N, then

S(x)≡ P(x)8p(x N/p) mod (x N
− 1).
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If the coefficients of S are nonnegative, then P can be taken with nonnegative coefficients as well. In
particular, if S ⊆ ZN satisfies S(ξd)= 0 for every pm

| d | N, then S is a union of Zp-cosets.

We summarize the reductions made so far in the following list.

Reduction 1. We may assume that a spectral set S ⊂ Zpnq2 , along with a spectrum 3, has the following
structure:

(a) 0 ∈ S, 0 ∈3 and each of S and 3 generates Zpnq2 .

(b) Both S and 3 can be written as the disjoint nontrivial union of Zp-cosets and Zq-cosets and this
holds for S ∩ (Zpq + g) and 3∩ (Zpq + h) for every g, h ∈ Zpnq2 as well.

(c) There is a Zpq -coset which intersects S and its complement. Further the intersection is the union of
Zp-cosets. The same holds for another Zpq -coset with Zq -cosets as well.

(d) Fuglede’s conjecture holds for all ZM , with M | pnq2, M < pnq2 (induction assumption).

Proof. (a) This follows from Lemmas 4.1 and 4.3.

(b) This is an immediate consequence of part (a), Propositions 3.2 and 3.8 and Corollary 4.7.

(c) This follows from Proposition 4.8.

(d) It was proved in [Malikiosis and Kolountzakis 2017] that Fuglede’s conjecture holds for N = pnq,
and also for N = pq2, so the given statement certainly holds for p2q2, which is the base case for the
inductive argument. �

Now we turn to the main tool already used in [Malikiosis and Kolountzakis 2017] to prove that a
spectral set tiles Zpnq2 . Clearly, sets coincide with mask polynomials having only coefficients 0 and 1. The
following theorem was proved in [Coven and Meyerowitz 1999]. Let HS be the set of prime powers ra

dividing N such that 8ra (x) | S(x).

Theorem 4.11. If S ⊂ ZN satisfies the following two conditions (T1) and (T2), then S tiles ZN .

(T1) S(1)=
∏

d∈HS
8d(1).

(T2) For pairwise relative prime elements si of HS , we have 8∏ si | S(x).

Note that 8pa (1)= p for a prime p and 8k(1)= 1 if k has at least two different prime divisors.

5. Preliminary lemmas

We introduce extra notation for divisibility. Fix N ∈N. For a natural number k we write ` ‖N k if ` is the
largest divisor of N, which divides k. In our case N will be pnq2 so we simply write ` ‖ k.

We review first (1) and (7) for a spectral pair (S,3) in ZN . First, we define as usual

Z?N = {g ∈ ZN : gcd(g, N )= 1},

the group of reduced residues mod N. It is precisely the subset of elements of N of order exactly N.
Similarly, the subset of ZN of elements of order N/d , where d | N, is

dZ?N = {g ∈ ZN : gcd(g, N )= d}.
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The zero set

Z(S)= {d ∈ ZN : S(ξ d
N )= 0}

is then a union of subsets of the form dZ?N for some d | N, and (1) and (7) can be rewritten as

3−3⊆ {0} ∪
⋃

d | N, S(ξd
N )=0

dZ?N . (9)

Of course, by Lemma 4.1(c)enumi, the roles of S and 3 can be reversed.

Definition 5.1. Let S ⊆ ZN . Recall that for every j ∈ Z and d | N, we define the subsets

S j mod d = {s ∈ S : s ≡ j mod d}.

We say that S is equidistributed mod d if

|S j mod d | =
1
d
|S|

for every j . Equivalently, every ZN/d -coset of ZN contains the same number of elements of S.

Lemma 5.2. (a) Assume 8p(x) | S(x). Then every ZN/p-coset of ZN contains the same number of
elements of S.

(b) Assume 8k(x) | S(x) for every 1< k | d. Then every ZN/d -coset of ZN contains the same number of
elements of S.

Proof. (a) 8p(x) | S(x) is equivalent to the fact that S is a non-Pompeiu set with respect to an irreducible
representation of order p, whose kernel is ZN/p. It is easy to see that a non-Pompeiu multiset on Zp has
to be constant, and we obtain the result.

(b) Consider the formula

S(x)≡
d−1∑
j=0

|S j mod d |x j mod (xd
− 1), (10)

which holds for every S ⊆ ZN . It holds that S(ξk)= 0 for every 1< k | d if and only if

1+ x + · · ·+ xd−1
=

∏
1<k | d

8k(x) | S(x),

or equivalently S(x)= (1+ x + · · ·+ xd−1)G(x), where G(x) ∈ Z[x]. The latter implies

S(x)≡ (1+ x + · · ·+ xd−1)G(1) mod (xd
− 1),

so by (10) we get |S j mod d | = G(1) for all j . Conversely, if |S j mod d | = c for all j , then

S(x)≡ c(1+ x + · · ·+ xd−1) mod (xd
− 1),

due to (10), which easily gives S(ξk)= 0 for every 1< k | d , as desired. �
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Let (S,3) be a spectral pair in ZN satisfying the conditions of Reduction 1, where N = pnq2. An
immediate consequence of Reduction 1(c) is that S− S contains the difference set of both a Zp-coset and
a Zq -coset; thus

N
p

ZN ∪
N
q

ZN ⊆ S− S,

whence
3(ξp)=3(ξq)= 0, (11)

by (7), and we obtain in particular,

|3i mod p| =
1
p
|3|, |3 j mod q | =

1
q
|3| (12)

for all i, j , by Lemma 5.2. This shows that pq divides |S| = |3|.

6. Proof of Theorem 2.5

A significant special case will be shown first.

Lemma 6.1. Let S ⊆ ZN be spectral. If q2
| |S|, then S tiles ZN .

Proof. Let HS(p)= {pm
: S(ξpm )= 0, 1≤ m ≤ n}, and similarly define H3(p) for a spectrum 3⊆ ZN .

Suppose that
H3(p)= {pm1, . . . , pmk },

where 1≤ m1 < m2 < · · ·< mk ≤ n. For every j ,

S j mod q2 − S j mod q2 ⊆ (S− S)∩ q2ZN ⊆ {0} ∪
k⋃

i=0

N
pmi

Z?N , (13)

by (9). Consider the p-adic expansion of every s ∈ S taken mod pn, as follows:

s ≡ s0+ s1 p+ · · ·+ sn−1 pn−1 mod pn, 0≤ si ≤ p− 1, 0≤ i ≤ n− 1.

Due to (13), the elements of each S j mod q2 cannot have the same p-adic digits corresponding to pn−mi,
1≤ i ≤ k, yielding

|S j mod q2 | ≤ pk, 0≤ j < q2
;

thus, |S| ≤ pkq2. On the other hand, we have
k∏

i=1

8pmi (x) |3(x),

and putting x = 1 we obtain pk
| |3|; we then get by hypothesis pkq2

| |S|, whence |S| = pkq2, and

|S j mod q2 | = pk, 0≤ j < q2.

Since S is equidistributed mod q2, we must also have S(ξq)= S(ξq2)= 0 by Lemma 5.2. We note that
each element of S j mod q2 is unique mod pn, so the reduction mod pn map

π : ZN 7→ Zpn
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is injective on each S j mod pn ; fix some j , and let π(S j mod pn )= S′. Since q2
| s−s ′ for every s, s ′∈ S j mod q2 ,

we conclude that the order of s− s ′ in ZN is the same as the order of π(s− s ′) in Zpn , which gives

S′− S′ ⊆ {0} ∪
k⋃

i=0

pn−mi Z?pn .

Consider now the set 3′ ⊆ Zpn whose mask polynomial is given by

3′(x)≡
k∏

i=1

8pmi (x) mod (x pn
− 1).

We have |S′| = |3′| = pk and

S′− S′ ⊆ {0} ∪ {d ∈ Zpn :3′(ξ d
pn )= 0};

therefore, (S′,3′) is a spectral pair in Zpn by (9). Since

8pmi (x)= 1+ x pmi−1
+ x2pmi−1

+ · · ·+ x (p−1)pmi−1
,

we obtain

(3′−3′)∩ pn−mi+1Z?pn 6=∅, 1≤ i ≤ k;

therefore,
k⋃

i=0

pn−mi+1Z?pn ⊆ {d ∈ Zpn : S′(ξ d
pn )= 0},

by (9), or equivalently
k∏

i=0

8pn−mi+1(x) | S j mod q2(x),

since

S j mod q2(x)≡ S′(x) mod (x pn
− 1).

Moreover, by S(x)=
∑q2

−1
j=0 S j mod q2(x) and |S| = pkq2, we conclude that

HS = {pn−mk+1, . . . , pn−m1+1, q, q2
};

hence S satisfies (T1).
Consider next the polynomial F(X) satisfying

S j mod q2(x)≡ x j F(xq2
) mod (x N

− 1)

for a fixed j . Since 8pn−mi+1(x) | F(xq2
) for all 1 ≤ i ≤ k and q2 is prime to pn−mi+1, we also get that

8pn−mi+1(x) | F(x). Therefore, for `= 1 or 2 we get

S j mod q2(ξpn−mi+1q`)= ξ
j
pn−mi+1q`

F(ξq2

pn−mi+1q`
)= ξ

j
pn−mi+1q`

F(ξq2−`

pn−mi+1)= 0

for all j , which shows that S satisfies (T2). �
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We distinguish now the following cases:

Case 1: S(ξq
N )= S(ξq2

N )= 0. Since S(ξN )= 0 by Corollary 4.7, S is a union of Zp-cosets by Lemma 4.10
and S tiles due to Reduction 1(c).

Case 2: S(ξq
N )S(ξ

q2

N ) 6= 0. Consider the difference sets 3 j mod q −3 j mod q . They are always subsets of
(3−3)∩ qZN , but since they avoid qZ?N ∪ q2Z?N in this case by (9), we get

3 j mod q −3 j mod q ⊆ pqZN

for all j . This shows that every element of 3 j mod q has the same remainder mod p, or equivalently, for
every j there is an i = i( j) such that

3 j mod q ⊆3i( j) mod p.

This, in particular, shows that p < q, and that every 3i mod p is the disjoint union of sets of the form
3 j mod q , namely

3i mod p =
⋃

i( j)=i

3 j mod q .

Suppose that the number of sets appearing in the union are `. Then, the above equation along with (12)
implies 1/p = `/q , which leads to a contradiction (no such spectrum can exist).

Case 3: S(ξq
N )= 0 6= S(ξq2

N ). We apply Theorem 4.9 to S(x) mod (x N/q
− 1). We obtain

S(x)≡ P(x)8p(x N/(pq))+ Q(x)8q(x N/q2
) mod (x N/q

− 1),

since S(ξN/q)= 0, where P(x) and Q(x) have nonnegative coefficients. Furthermore, since S(ξq2

N ) 6= 0,
we cannot have Q ≡ 0. Due to the nonnegativity of P and Q, we obtain the existence of s, s ′ ∈ S such that

s− s ′ ≡
N
q2 mod

N
q
;

hence pn
| s− s ′ but q -s− s ′, yielding s− s ′ ∈ pnZ?N and

3(ξq2)= 0,

which further gives q2
| |3|, so by Lemma 6.1, S tiles ZN .

Case 4: S(ξq
N ) 6= 0= S(ξq2

N ). We will prove the following:

Claim 1. (S− S)∩
N

pq2 Z?N 6=∅.

Proof of Claim. By Theorem 4.9, the multiset3 q2S is a union of Zp-cosets, or equivalently

|Si mod pn | = |Si+kpn−1 mod pn | (14)

3Here, we consider the elements q2s mod N, s ∈ S, counting multiplicities. For example, if N = 4 and S = {0, 2}, then 2S is
the multiset whose only element is 0, appearing with multiplicity 2.
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for every i, k. We partition the above sets mod pnq:

Si mod pn =

q−1⋃
`=0

Si+`pn mod pnq and Si+kpn−1q mod pn =

q−1⋃
`=0

Si+kpn−1q+`pn mod pnq .

If for every i there existed some ` such that

Si+kpn−1q mod pn = Si+kpn−1q+`pn mod pnq

for every k, then q S would also be a union of Zp-cosets. Indeed, as for every i there is at most one
value of 0 ≤ ` ≤ q − 1 such that Si+`pn mod pnq 6= ∅, and by the above condition the cardinalities of
Si+kpn−1q+`pn mod pnq are the same for 0 ≤ k ≤ p − 1. Therefore, S(ξpnq) = 0 by Theorem 4.9 (or
equivalently by Proposition 3.2), contradicting the hypothesis. Thus, there exists i such that there are
nonempty Si+`pn mod pnq and Si+`′ pn mod pnq , with 0≤ ` < `′ ≤ q − 1. Clearly, Si+`pn mod pnq ⊆ Si mod pn ,
so Si mod pn is nonempty. Using (14) we have Si+pn−1 mod pn is nonempty.

Now let s ∈ Si+pn−1 mod pn , s ′ ∈ Si+`pn mod pnq and s ′′ ∈ Si+`′ pn mod pnq , so that pn−1
‖ s − s ′ and

pn−1
‖ s− s ′′. Since s ′′− s ′ ≡ (`′−`)pn mod pnq , we get q -s ′′− s ′, so either q -s− s ′ or q -s− s ′′ would

hold, yielding (S− S)∩ pn−1Z?N 6=∅, as desired. �

This implies
3(ξpq2)= 0, (15)

by (7). If 3(ξq2)= 0 then we would have q2
| |S| and S would tile ZN by virtue of Lemma 6.1. So, we

may assume 3(ξq2) 6= 0.
By (15) and Theorem 4.9 we get

3(x)≡
pq2
−1∑

j=0

|3 j mod pq2 |x j
≡ P(x)8p(x N/p)+ Q(x)8q(x N/q) mod (x pq2

− 1)

for some P(x), Q(x)∈Z≥0[x] and P(x) 6≡0 by3(ξq2) 6=0. We note that the function f ( j)=|3 j mod pq2 |

restricted on a Zpq -coset of Zpq2 is supported either on a Zp-coset or a Zq -coset; otherwise, there would
exist λ ∈3 j mod pq2 and λ′ ∈3 j ′ mod pq2 , where j, j ′ satisfy

j − j ′ ∈ qZ?pq2 .

This shows that q ‖ λ− λ′ and p -λ− λ′; thus λ− λ′ ∈ qZ?N and S(ξq
N ) = 0 by (9), contradicting the

hypothesis.
Next, we consider a nonempty subset 3 j mod pq2 ; the polynomials with nonnegative coefficients

P(x)8p(x N/p) and Q(x)8q(x N/q) contribute to the coefficient of x j of 3(x) mod (x pq2
− 1). If both

contributions are positive, then all subsets 3 j+kq2 mod pq2 and 3 j+`pq mod pq2 are nonempty for 0< k < p
and 0<`< q . Then, for λ∈3 j+q2 mod pq2 and λ′ ∈3 j+pq mod pq2 , we have q ‖λ−λ′; hence λ−λ′ ∈ qZ?N ,
which contradicts S(ξq

N ) 6= 0, due to (7).
Let 0(x) be 3(x) mod (x pq2

− 1). The previous argument shows that the coefficient of x j of 0(x)
is determined completely either from P(x)8p(x N/p) or Q(x)8q(x N/q). Moreover, if q ‖ j − j ′, then
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we cannot have that both the coefficients of x j and x j ′ in 0(x) are nonzero by the same argument. This
means that f ( j)= |3 j mod pq2 | restricted on a Zpq-coset of Zpq2 is supported either on a Zp-coset or a
Zq -coset and constant restricted to this coset.

This shows that for each j such that 3 j mod pq2 6=∅, either

|3 j+kq2 mod pq2 | =
1
p
|3 j mod q2 | =

1
p
|3 j mod q |, 0≤ k < p, (16)

or
|3 j+`pq mod pq2 | = |3 j+`pq mod q2 | =

1
q
|3 j mod q |, 0≤ ` < q, (17)

holds. If (17) holds for some j , then q2
| |3|, so by Lemma 6.1 we get that S tiles ZN . Therefore, we

may assume that (16) holds for all j with 3 j mod pq2 6=∅. For such j , we have

3 j mod q −3 j mod q =3 j mod q2 −3 j mod q2 ⊆ (3−3)∩ q2ZN ;

hence 3−3 completely avoids qZN \ q2ZN . On the other hand, (S− S)∩ pnZ?N = ∅ by (9) and the
assumption 3(ξq2) 6= 0; hence the polynomials

S(x)≡ S(x)8q(x pn
) mod (x N

− 1),

3(x)≡3(x)8q(x N/q) mod (x N
− 1)

are mask polynomials of subsets of ZN , say S and 3, i.e., their coefficients are 0 or 1. We claim that
(S,3) is a spectral pair. They obviously have the same cardinality as q|S|, and an element of 3−3 can
be expressed as λ− λ′+ l N/q , where λ, λ′ ∈3, |l|< q .

If λ−λ′∈ pkZ?N , then q -λ−λ′+l N/q; hence λ−λ′+l N/q ∈ pkZ?N as well, yielding S(ξλ−λ
′
+l N/q

N )=0,
since N/q = pnq.

The remaining case is λ− λ′ ∈ pkq2Z?N , where 0≤ k ≤ n− 1, as 3−3 avoids qZN \ q2ZN . In this
case, λ− λ′+ l N/p ∈ pkqZ?N if 1≤ l ≤ q − 1, and 8q(ξ

pn

pkq)=8q(ξ
pn−k

q )= 0, so

S(ξλ−λ
′
+l N/p

N )= 0.

If l = 0, then clearly λ−λ′ ∈3−3. Considering all of these cases we have 3−3⊆ {0}∪ Z(S), proving
that the pair (S,3) is spectral by virtue of (9). Since q2

| S we have S tiles ZN by Lemma 6.1; thus there
is T ⊆ ZN such that

S(x)8q(x pn
)T (x)≡ S(x)T (x)≡ 1+ x + · · ·+ x N−1 mod (x N

− 1),

so 8q(x pn
)T (x) is the mask polynomial of a tiling complement of S using Lemma 1.3 in [Coven and

Meyerowitz 1999], completing the proof. �

Appendix

Theorem A.1. Let S be a subset of Z2
p. Then S tiles Z2

p if and only if S is spectral.

Iosevich et al. [Iosevich et al. 2017] has already proved this theorem, but we provide an easy combina-
torial proof for one of the two directions and a short one for the other direction using Theorem 2.1.
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Proposition A.2. Let S be a spectral set of Z2
p. Then S tiles Z2

p.

Proof. Let S be a spectral set. We may assume |S|> 1, since one-element sets clearly tile every group. The
corresponding spectrum 3 is also of size at least 2. Then there is a nontrivial irreducible representation ψ
of Z2

p such that
∑

s∈S ψ(s)= 0. We may also assume |S| = |3|< p2.
Representations of Z2

p can be parametrized by the elements of Z2
p. For u ∈ Z2

p let χu(v)= e2π i〈u,v〉/p,
where the scalar product of 〈u, v〉 is taken modulo p. This can be written as

∑p−1
j=0 a j e(2π i/p) j , where the

a j are integers which are determined in the following way.
From now on we may also think of Z2

p as a 2-dimensional vector space over Zp. Cosets of 1-dimensional
subspaces are called lines. Let u′ be a nonzero vector orthogonal to u. Then 〈u, v〉 is constant on every
coset of the subgroup generated by u′. Basically, we count the intersection of S with the elements the set
of lines parallel with 〈u′〉. We have

∑p−1
j=0 a j e(2π i/p) j

= 0 if and only if a j is a constant sequence so every
element of this class of parallel lines contains the same number of elements of S (i.e., S is equidistributed
on these set of parallel lines). As a consequence we get that p | |S|.

If |S| = p, then by the previous argument we have that S intersects each element of a class of parallel
lines once. Then S clearly tiles Z2

p.
Thus we may assume p+ 1< 2p ≤ |3| = |S|< p2. It is enough to show that such spectral set does

not exist. Each class of parallel lines consists of p lines. Thus we have that for every class of parallel
lines, at least one line contains at least two elements of 3. Thus using the argument above we have that
every element of every class of parallel lines contains the same amount of elements of S. This means that
every line contains k elements of S for some fixed number p > k ≥ 2.

Let x ∈ Z2
p \ S. Take every line containing x . These lines give a disjoint cover of Z2

p \ {x}. Since each
of them contains k ≥ 2 elements we have |S| = (p+ 1)k, which is not divisible by p, a contradiction. �

Proposition A.3. Let S be a set in Z2
p, which tiles. Then S is spectral.

Proof. We may assume that 1< |S|< p2. Then S and its tiling complements are of cardinality p. Using
Theorem 2.1 we obtain that either S or T is a subgroup of Z2

p.
Subgroups are clearly spectral sets. If T is a subgroup, then S is a complete set of coset representatives

of T. Let U denote the subgroup of Z2
p consisting of vectors orthogonal to T. Then clearly S is

equidistributed on the orthogonal lines for u ∈U so U is a spectrum for S. �
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ENERGY CONSERVATION FOR THE COMPRESSIBLE EULER AND
NAVIER–STOKES EQUATIONS WITH VACUUM

IBROKHIMBEK AKRAMOV, TOMASZ DĘBIEC, JACK SKIPPER AND EMIL WIEDEMANN

We consider the compressible isentropic Euler equations on [0, T ]×Td with a pressure law p ∈ C1,γ−1,
where 1≤ γ < 2. This includes all physically relevant cases, e.g., the monoatomic gas. We investigate
under what conditions on its regularity a weak solution conserves the energy. Previous results have
crucially assumed that p ∈ C2 in the range of the density; however, for realistic pressure laws this
means that we must exclude the vacuum case. Here we improve these results by giving a number of
sufficient conditions for the conservation of energy, even for solutions that may exhibit vacuum: firstly, by
assuming the velocity to be a divergence-measure field; secondly, imposing extra integrability on 1/ρ near
a vacuum; thirdly, assuming ρ to be quasinearly subharmonic near a vacuum; and finally, by assuming
that u and ρ are Hölder continuous. We then extend these results to show global energy conservation for
the domain [0, T ]×� where � is bounded with a C2 boundary. We show that we can extend these results
to the compressible Navier–Stokes equations, even with degenerate viscosity.

1. Introduction

In recent years some substantial effort has been directed towards investigating the relation between energy
(or, more generally, entropy) conservation and regularity of weak solutions to a given physical system of
equations.

Onsager’s conjecture states that a weak solution of the (three-dimensional) incompressible Euler system
will conserve energy if it is Hölder regular with exponent greater than 1

3 . Otherwise it is possible for
solutions to exist where anomalous dissipation of energy occurs. First results towards energy conservation
for weak solutions are due to Eyink [1994] and Constantin, E, and Titi [Constantin et al. 1994]; see
also [Duchon and Robert 2000]. The sharpest results in optimal Besov spaces are due to Cheskidov
et al. [2008] and Fjordholm and Wiedemann [2018]. Further, Bardos and Titi [2018], Bardos, Titi, and
Wiedemann [Bardos et al. 2018], and Drivas and Nguyen [2018] have extended these results to consider
solutions on a bounded domain.

Investigating the possibility of analogous statements for other systems has become another lively direc-
tion of research. Sufficient regularity conditions for the energy to be conserved were studied for a number
of models: inhomogeneous incompressible Euler [Chen and Yu 2019] and Navier–Stokes [Leslie and Shvy-
dkoy 2016], compressible Euler [Feireisl et al. 2017], the full Euler system [Drivas and Eyink 2018], com-
pressible Navier–Stokes [Yu 2017], and Euler–Korteweg [Dębiec et al. 2018]. A general class of first-order
conservation laws was considered in [Gwiazda et al. 2018], and in [Bardos et al. 2019] on bounded domains.

MSC2010: primary 35Q31; secondary 35Q30, 35L65, 76N10.
Keywords: compressible Euler equations, compressible Navier–Stokes equations, vacuum, Onsager’s conjecture, energy

conservation.
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Another direction of research was aimed towards the construction of
( 1

3−ε
)
-Hölder continuous solutions

to the incompressible Euler system that do not conserve energy. With the application, and further
refinements, of the method of convex integration this was achieved recently in [Isett 2018; Buckmaster
et al. 2019]. Thus the famous conjecture of Lars Onsager for the incompressible Euler equations is fully
resolved.

One of the major differences between incompressible and compressible fluid dynamics is the possible
formation of vacuum in the latter case. This means that the density of the fluid may become zero in some
region. More precisely, consider the isentropic compressible Euler system

∂t(ρu)+ div(ρu⊗ u)+∇ p(ρ)= 0,

∂tρ+ div(ρu)= 0,
(1-1)

where u denotes the velocity and ρ the density of the fluid. We will specify the constitutive pressure law
p= p(ρ) later. It is classically known that conservation laws like (1-1) may develop singularities (shocks)
in finite time, which prohibits the use of a smooth notion of solution. Rather, one works with solutions in
the sense of distributions, which may be very rough. Suppose now the density were initially bounded away
from zero, ρ0

≥ c > 0. If the solution were smooth, then from the continuity equation ∂tρ+ div(ρu)= 0
it would easily follow (see equation (7) in [DiPerna and Lions 1989]) that ρ remains bounded away from
zero for all times. More precisely, this requires u to have bounded divergence. However, there seems to be
no way to guarantee that the velocity component of a weak solution of (1-1) has bounded divergence, and
thus it cannot be excluded that the solution spontaneously develops vacuum in finite time. In fact, to our
knowledge it remains an outstanding open question whether this can actually occur for the compressible
Euler or even Navier–Stokes equations.

The formation of vacuum constitutes a degeneracy that, in many situations, vastly complicates the
mathematical analysis of compressible models. For instance, the compressible Euler equations cease to
be strictly hyperbolic in vacuum regions. In the context of the current contribution, densities close to zero
invalidate the methods and results from previous works like [Feireisl et al. 2017; Gwiazda et al. 2018;
Bardos et al. 2019]: There, it is a crucial assumption that the nonlinearities depend on the dependent
variables in a twice continuously differentiable fashion, in order to treat them like a quadratic expression
in the commutator estimates. For the system (1-1), a typical and physically reasonable pressure law would
be the polytropic one, i.e., p(ρ) = ργ with γ > 1. The second derivative, however, is of order ργ−2

and thus blows up at zero, at least if γ < 2. But the regime 1< γ < 2 is precisely the relevant one
(
for

instance, a monoatomic gas has γ = 5
3

)
.

The starting point of our current work is the result of Feireisl, Gwiazda, Świerczewska-Gwiazda, and
Wiedemann [Feireisl et al. 2017] for the compressible Euler system, which we quote below. It gives
sufficient conditions, in terms of Besov regularity of a weak solution, for energy conservation, but only as
long as vacuum is excluded. In the presence of vacuum, the relevant commutator estimate involving the
pressure completely breaks down, and it turns out that substantially new techniques are required to fix
this. To our knowledge, the only other result on energy conservation for non-C2 nonlinearities is the one
on active scalar equations [Akramov and Wiedemann 2019], using however different techniques.
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In the current article, we give a number of sufficient conditions to ensure energy conservation even
after possible formation of vacuum.

First (Section 3), we consider the condition that the velocity be a so-called divergence-measure field;
this notion is well known in geometric measure theory and hyperbolic conservation laws, but it may
seem a bit unmotivated to consider in the present situation. However, justification comes from the
compressible Navier–Stokes system, whose a priori estimates ensure this condition. We extensively
discuss the ramifications of our result with respect to the Navier–Stokes equations in Section 3A, where
we also compare it to recent work of Cheng Yu [2017].

In Section 4, we identify as a sufficient condition for energy conservation an estimate for the quotient
between the density and its mollification; see (4-1). This, in itself, may seem rather artificial, and we
go on to identify more natural conditions that will ensure (4-1) holds. Arguably, our strongest result is
Corollary 4.4: under the slightly stronger assumption of Hölder (instead of Besov) regularity, but with the
expected exponents, we can show energy conservation no matter how the density behaves near vacuum.
It is surprising that this result is completely agnostic to the way that ρ approaches zero. It crucially relies
on a new measure-theoretic observation (Lemma 4.3) that may be of independent interest.

If one does want to assume only Besov regularity, then one needs to make further assumptions on
the density near vacuum; we show that energy is conserved provided the density descends into vacuum
sufficiently fast (Corollary 4.7) or sufficiently slowly (Corollary 4.11).

Finally, in Section 5 we demonstrate how to extend our results, so far shown only under periodic
boundary conditions, to the case of a bounded domain.

1A. The result of Feireisl et al. To formulate the local or global energy equality for (1-1) it is useful to
define the so-called pressure potential by

P(ρ)= ρ
∫ ρ

1

p(r)
r2 dr.

The following theorem was proven in [Feireisl et al. 2017, Theorem 4.1].

Theorem 1.1. Let ρ, u be a solution of (1-1) in the sense of distributions. Assume

u ∈ Bα,∞3 ((0, T )×Td), ρ, ρu ∈ Bβ,∞3 ((0, T )×Td), 0≤ ρ ≤ ρ ≤ ρ a.e. in (0, T )×Td

for some constants ρ, ρ, and 0≤ α, β ≤ 1 such that

β >max
{
1− 2α, 1

2(1−α)
}
.

Assume further that p ∈ C2
[ρ, ρ], and in addition

p′(0)= 0 as soon as ρ = 0.

Then the energy is locally conserved; i.e.,

∂t
( 1

2ρ|u|
2
+ P(ρ)

)
+ div

[(1
2ρ|u|

2
+ p(ρ)+ P(ρ)

)
u
]
= 0 (1-2)

in the sense of distributions on (0, T )×Td.
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Our aim in the current paper is to improve the above theorem by relaxing the C2 assumption on the
pressure. This will allow one, for instance, to apply the theorem in the physically relevant case of the
isentropic pressure law p(ρ)= κργ with the adiabatic coefficient γ ∈ (1, 2), without excluding vacuum.

2. Preliminaries

2A. Function spaces. For � := (0, T )×Td we recall the Besov space Bα,∞p (�), which is the space of
tempered distributions w for which the norm

‖w‖Bα,∞p (�) := ‖w‖L p(�)+ sup
ξ∈�

‖w( · + ξ)−w‖L p(�∩(�−ξ))

|ξ |α
(2-1)

is finite. The above norm provides a control over shifts of the distribution w, making Besov spaces a
convenient environment for our analysis, as it relies on convolutions with a mollifying kernel.

Let η ∈ C∞c (R
N ) be a positive, radial function of integral 1 with

η(x)=
{

1 for |x | ≤ 1
3 ,

0 for |x | ≥ 1,
and for N = 1+ d set

ηε(x)=
1
εN η

(
x
ε

)
.

We define the notationwε :=ηε∗w. For any functionw, wε is well-defined on�ε={x ∈� :d(x, ∂�)>ε}.
It is then easy to check that the definition of the Besov spaces implies

‖wε −w‖L p(�ε) ≤ Cεα‖w‖Bα,∞p (�)

and
‖∇wε‖L p(�ε) ≤ Cεα−1

‖w‖Bα,∞p (�).

By M (�) we denote the space of signed Radon measures equipped with the total variation norm

‖µ‖T V :=

∫
�

d|µ|.

2B. Derivation of the local energy equality. The starting point in the proof of Theorem 1.1, as well as
all our results, is to mollify the Euler equations, then derive the local energy equality for the regularized
quantities, and finally estimate commutator errors generated by nonlinear terms. As this strategy is a
common part in the proofs of our theorems, we devote this section to the said derivation, omitting the
details of passing to the limit under the assumptions of Theorem 1.1.

We begin by mollifying the momentum equation in time and space to obtain

∂t(ρu)ε + div(ρu⊗ u)ε +∇ pε(ρ)= 0, (2-2)

or, in terms of commutators

∂t(ρ
εuε)+ div((ρu)ε⊗ uε)+∇ p(ρε)

= ∂t(ρ
εuε − (ρu)ε)+ div((ρu)ε⊗ uε − (ρu⊗ u)ε)+∇(p(ρε)− pε(ρ)). (2-3)
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Making use of the identity

div((ρu)ε⊗ uε)= uε div (ρu)ε + ((ρu)ε · ∇)uε,

we can see that multiplying (2-3) by uε yields

ρε∂t
(1

2 |u
ε
|
2)
+ ((ρu)ε · ∇)1

2 |u
ε
|
2
+ ρεuε ∇(P ′(ρε))= r ε1 + r ε2 + r ε3 , (2-4)

where
r ε1 = ∂t(ρ

εuε − (ρu)ε) · uε,

r ε2 = div((ρu)ε⊗ uε − (ρu⊗ u)ε) · uε,

r ε3 =∇(p(ρ
ε)− pε(ρ)) · uε.

Using the mollified continuity equation

∂tρ
ε
+ div(ρu)ε = 0 (2-5)

multiplied by 1
2 |u

ε
|
2, we can rewrite (2-4) as

∂t
( 1

2ρ
ε
|uε|2

)
+ div

(
(ρu)ε 1

2 |u
ε
|
2)
+ ρεuε ∇(P ′(ρε))= r ε1 + r ε2 + r ε3 . (2-6)

On the other hand writing (2-5) in the form

∂tρ
ε
+ div(ρεuε)= div(ρεuε − (ρu)ε)

and multiplying by P ′(ρε) we get

∂t(P(ρε))+ div(ρεuε)P ′(ρε)= div(ρεuε − (ρu)ε) P ′(ρε). (2-7)

Combining (2-6) and (2-7) we obtain

∂t
( 1

2ρ
ε
|uε|2+ P(ρε)

)
+ div

(
(ρu)ε 1

2 |u
ε
|
2
+ ρεuεP ′(ρε)

)
= r ε1 + r ε2 + r ε3 + sε, (2-8)

where we set

sε := div(ρεuε − (ρu)ε) P ′(ρε).

The proof of Theorem 4.1 in [Feireisl et al. 2017] shows that when ρ, u are Besov regular and p is
of class C2, the left-hand side of (2-8) converges to the left-hand side of (1-2) and each term on the
right-hand side of (2-8) converges to zero, where each convergence is in the sense of distributions.

3. Energy conservation assuming the divergence of velocity is a bounded measure

Our first result establishes local energy conservation for weak solutions of (1-1) under the additional
assumption that the velocity field u is a divergence-measure field.

Remark 3.1. See [Chen and Torres 2005] for details on the role of divergence-measure fields in the
theory of hyperbolic conservation laws.
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Theorem 3.2. Let ρ, u be a solution of (1-1) in the sense of distributions. Assume

u ∈ Bα,∞3 ((0, T )×Td), ρ, ρu ∈ Bβ,∞3 ((0, T )×Td), 0≤ ρ ≤ ρ ≤ ρ a.e. in (0, T )×Td

for some constants ρ, ρ, and 0≤ α, β ≤ 1 such that

β >max
{
1− 2α, 1

2(1−α)
}
.

Assume further that
div u ∈M ((0, T )×Td) and p ∈ C[ρ, ρ].

Then the energy is locally conserved; i.e.,

∂t
( 1

2ρ|u|
2
+ P(ρ)

)
+ div

[(1
2ρ|u|

2
+ p(ρ)+ P(ρ)

)
u
]
= 0

in the sense of distributions on (0, T )×Td.

Proof. Take a sequence pδ ∈ C2
[ρ, ρ] that converges uniformly to p ∈ C[ρ, ρ]; that is, for each δ > 0,

‖p− pδ‖L∞ ≤ δ.

Then using pδ in (2-2) we have

∂t(ρu)ε + div(ρu⊗ u)ε +∇(pδ(ρ))ε =∇[(pδ(ρ))ε − pε(ρ)]. (3-1)

Now the left-hand side of the last equality satisfies all the conditions of Theorem 1.1, so for each fixed
δ > 0 we have, in the limit as ε→ 0,

∂t
( 1

2ρ|u|
2
+ Pδ(ρ)

)
+ div

[(1
2ρ|u|

2
+ pδ(ρ)+ Pδ(ρ)

)
u
]
, (3-2)

where

Pδ(ρ) := ρ
∫ ρ

1

pδ(r)
r2 dr.

We will now show that (3-2) converges as δ→ 0 in the sense of distributions on (0, T )×Td to

∂t
( 1

2ρ|u|
2
+ P(ρ)

)
+ div

[(1
2ρ|u|

2
+ p(ρ)+ P(ρ)

)
u
]
.

Let ϕ ∈ C∞c ((0, T )×Td). From the choice of pδ we have∣∣∣∣∫ T

0

∫
Td
∇ϕ · (pδ(ρ)− p(ρ))u dx dt

∣∣∣∣≤ C‖ϕ‖C 1‖pδ − p‖L∞‖u‖L3 ≤ C(ϕ, u)δ.

For the terms containing Pδ(ρ) notice that

|Pδ(ρ)− P(ρ)| ≤ ρ
∫ ρ

1

|pδ(r)− p(r)|
r2 dr ≤ ‖pδ − p‖L∞ ρ

∣∣∣∣∫ ρ

1

1
r2 dr

∣∣∣∣≤ (1+ ρ)‖pδ − p‖L∞ .

Hence we can estimate∣∣∣∣∫ T

0

∫
Td
∂tϕ (Pδ(ρ)− P(ρ)) dx dt

∣∣∣∣≤ C‖ϕ‖C 1(1+‖ρ‖L1)δ ≤ C(ϕ)δ,
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and similarly for the divergence term. It follows that both terms of (3-2) containing Pδ converge as δ→ 0
to the corresponding terms for P.

The final step of the proof is to consider the term coming into (2-8) from the right-hand side of (3-1).
We need to show that

∇[(pδ(ρ))ε − pε(ρ)] · uε

converges to zero in the sense of distributions on (0, T )×Td as first ε and then δ tend to zero. Multiplying
by ϕ ∈ C∞c ((0, T )×Td), integrating over time and space, and integrating by parts we obtain∫ T

0

∫
Td
∇[(pδ(ρ))ε − pε(ρ)]ϕuε dx dt

=−

∫ T

0

∫
Td
[(pδ(ρ))ε − pε(ρ)]ϕ div uε dx dt −

∫ T

0

∫
Td
[(pδ(ρ))ε − pε(ρ)]∇ϕ · uε dx dt. (3-3)

For the second term on the right-hand side of the last equality we see that∣∣∣∣∫ T

0

∫
Td
[(pδ(ρ))ε − pε(ρ)]∇ϕ · uε dx dt

∣∣∣∣= ∣∣∣∣∫ T

0

∫
Td
[pδ(ρ)− p(ρ)]ε∇ϕ · uε dx dt

∣∣∣∣
≤ C‖ϕ‖C1‖(pδ − p)ε‖L∞‖u‖L3

≤ C‖ϕ‖C1‖pδ − p‖L∞‖u‖L3 ≤ Cδ.

Finally, for the first term on the right-hand side of (3-3) we invoke the assumption that div u is a bounded
Radon measure to see that∣∣∣∣∫ T

0

∫
Td
ϕ[(pδ(ρ))ε − pε(ρ)] div uε dx dt

∣∣∣∣= ∣∣∣∣∫ T

0

∫
Td
ϕ[pδ(ρ)− p(ρ)]ε(div u)ε dx dt

∣∣∣∣
≤ ‖ϕ‖C0‖(pδ − p)ε‖L∞‖(div u)ε‖L1

≤ ‖ϕ‖C0‖pδ − p‖L∞‖ div u‖T V ≤ Cδ

and so we are done. �

3A. Application to the compressible Navier–Stokes equations. When studying the result of Theorem 3.2
we see that the condition div u ∈ M ((0, T ) × Td) is quite a strong assumption for solutions to the
compressible Euler equations; however, it is given for the compressible Navier–Stokes equations where
one obtains a priori from the diffusion term that u ∈ L2(0, T ; H 1). Therefore a natural question to ask is
what happens when we consider the solutions to the compressible Navier–Stokes equations with vacuum,
and how these results relate to the current results in [Yu 2017].

The compressible Navier–Stokes equations are given by

∂t(ρu)+ div(ρu⊗ u)+∇ p(ρ)= div S(∇u),

∂tρ+ div(ρu)= 0,

S(∇u) := µ
(
∇u+ (∇u)T − 2

3 div uI
)
+ ν div uI,

(3-4)
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where we have the constants µ > 0 and ν ≥ 0. Here we will use the main properties that S(∇u) is
symmetric and positive definite. For degenerate viscosity, the momentum equation becomes, instead,

∂t(ρu)+ div(ρu⊗ u)+∇ p(ρ)= div(ρS(∇u)). (3-5)

Corollary 3.3. Let ρ, u be a solution of (3-4) or (3-5) in the sense of distributions. Assume

u ∈ Bα,∞3 ((0, T )×Td), u ∈ L2(0, T ; H 1(Td)), ρ, ρu ∈ Bβ,∞3 ((0, T )×Td),

0≤ ρ ≤ ρ ≤ ρ a.e. in (0, T )×Td

for some constants ρ, ρ, and 0≤ α, β ≤ 1 such that

β >max
{
1− 2α, 1

2(1−α)
}
. (3-6)

Assume further that p ∈ C[ρ, ρ]. Then the energy is locally conserved; i.e.,

∂t
( 1

2ρ|u|
2
+ P(ρ)

)
+S(∇u) : ∇u+div

[(1
2ρ|u|

2
+ p(ρ)+ P(ρ)+S(∇u)

)
u
]
= 0 (3-7)

for (3-4) and

∂t
( 1

2ρ|u|
2
+ P(ρ)

)
+ ρS(∇u) : ∇u+ div

[(1
2ρ|u|

2
+ p(ρ)+ P(ρ)+ ρS(∇u)

)
u
]
= 0 (3-8)

for (3-5), in the sense of distributions on (0, T )×Td.

Remark 3.4. The condition div u ∈M is trivially satisfied if we assume that u ∈ L2(0, T ; H 1) and so
does not appear in the statement of Corollary 3.3.

Remark 3.5. For d ≤ 3 we can use Besov embedding theorems, see [Bahouri et al. 2011], to observe that
H 1 ↪→ B1,∞

2 ↪→ B2/3,∞
3 and so assuming that u ∈ Bα1,∞

3 (0, T ; Bα2,∞
3 ) and ρ, ρu ∈ Bβ1,∞

3 (0, T ; Bβ2,∞

3 )

we have the same assumptions on the pairs (α1, β1) and (α2, β2) as (3-6) but can assume that α2 ≥
2
3 and

remove the assumption that u ∈ L2(0, T ; H 1).

Remark 3.6. We have assumed that the density ρ is bounded above to simplify the proof, though this is
not necessary. Indeed, we can assume that for some C > 0, pδ(r)= p(r) for r ≥ C and so still obtain
uniform convergence of pδ to p for unbounded density.

Proof. We only have to consider the extra term div S(∇u) in the derivation of the local energy equality
that we performed previously. We see that

−

∫ T

0

∫
Td

div S(∇uε) · uεϕ dx dt =
∫ T

0

∫
Td

S(∇uε) : ∇uεϕ dx dt +
∫ T

0

∫
Td
(S(∇uε)uε) · ∇ϕ dx dt

and so obtain (3-7). For (3-8) we perform the same calculation as above; however, with an extra ρ in the
equation, the diffusion term is no longer linear and thus we pick up an extra commutator estimate

r εd :=
∫ T

0

∫
Td

div(ρεS(∇uε)− (ρS(∇u))ε) ·ϕuε dx dt.
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We can perform an integration by parts to obtain

|r εd | ≤
∣∣∣∣∫ T

0

∫
Td
[(ρεS(∇uε)− (ρS(∇u))ε)uε] · ∇ϕ dx dt

∣∣∣∣
+

∣∣∣∣∫ T

0

∫
Td
(ρεS(∇uε)− (ρS(∇u))ε) : ∇uεϕ dx dt

∣∣∣∣. (3-9)

Note the pointwise identity where for any two functions f, g we have

f εgε − ( f g)ε = ( f ε − f )(gε − g)

−

∫ ε

−ε

∫
Td
ηε(τ, ξ)( f (t − τ, x − ξ)− f (t, x))(g(t − τ, x − ξ)− g(t, x)) dξ dτ. (3-10)

Applying this allows us to split the two terms on the right-hand side of (3-9) into four more terms which
we can estimate. We focus on the first of these terms only, as the other terms produce the same estimates,
after applying Fubini’s theorem, as seen in [Feireisl et al. 2017]. We see that

|r εd | ≤
∣∣∣∣∫ T

0

∫
Td
[(ρε−ρ)(S(∇uε)−S(∇u))uε]·∇ϕ dx dt

∣∣∣∣+∣∣∣∣∫ T

0

∫
Td
(ρε−ρ)(S(∇uε)−S(∇u)) :∇uεϕ dx dt

∣∣∣∣
≤‖ϕ‖C1‖ρ‖L∞‖u‖L2‖S(∇uε)−S(∇u)‖L2+‖ϕ‖C0‖ρ‖L∞‖∇u‖L2‖S(∇uε)−S(∇u)‖L2 .

Using the a priori estimate that u ∈ L2(0, T ; H 1) we see that ‖S(∇uε)−S(∇u)‖L2 → 0 as ε→ 0 and
thus r εd → 0 as ε→ 0. �

The work of Cheng Yu [2017] also studies energy conservation for the compressible Navier–Stokes
systems where a vacuum could occur. The result in [Yu 2017] treats the case where p(ρ)= ργ for γ > 1
and thus where p ∈ C1,γ−1, with strong assumptions of spacial regularity where

√
ρ∇u ∈ L2(0, T ; L2(�)) and

∇ρ
√
ρ
∈ L∞(0, T ; L2(�)),

among other assumptions. However, [Yu 2017] only assumes integrability in time. The condition
∇ρ/
√
ρ ∈ L∞(0, T ; L2(�)) restricts the allowable vacuum cases and will only allow vacuum on measure-

zero sets with a nice approach to this set. The result presented here complements the result in [Yu 2017]
as we show that by assuming some differential regularity in time for both ρ and u then we can weaken
the spacial regularity assumptions and only need continuity of the pressure p. Specifically, we can have
vacuum on measurable subsets of the domain where the approach to this set can be quite generic.

4. Energy conservation assuming Hölder continuity of the pressure

For the next result we fix 1 < γ < 2 and we will assume that the pressure p is of class C1,(γ−1), thus
relaxing the regularity assumption of Theorem 1.1. The expense of this relaxation is that we require
α+ γβ > 1 where before we only needed α+ 2β > 1.

Theorem 4.1. Let ρ, u be a solution of (1-1) in the sense of distributions. Assume

u ∈ Bα,∞p ((0, T )×Td), ρ, ρu ∈ Bβ,∞q ((0, T )×Td), 0≤ ρ ≤ ρ ≤ ρ a.e. in (0, T )×Td
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for some constants ρ, ρ and 0≤ α, β ≤ 1 such that

1
p
+

2
q
≤ 1, 2

p
+

1
q
≤ 1, p, q ≥ 2, α+ γβ > 1, and 2α+β > 1.

Define Bεβ := {x : 0< ρε(x) < εβ and ρ 6= 0} and assume that∥∥∥∥ρε − ρρε

∥∥∥∥
Lq (B

εβ
)

≤ C(ρ), (4-1)

where C does not depend on ε. Assume further that p ∈ C1,(γ−1)([ρ, ρ]), and, in addition

p′(0)= 0 as soon as ρ = 0.

Then the energy is locally conserved; i.e., (1-2) holds in the sense of distributions on (0, T )×Td.

A large part of the proof of this theorem is identical to the proof of Theorem 1.1. In particular we
regularize the balance equations to derive an energy balance for the smooth functions ρε and uε. Then we
need to show that the corresponding commutator errors vanish in the limit ε→ 0. This is done in the
same way as in [Feireisl et al. 2017], the only difference being in the terms involving the pressure. In
particular, we will have to estimate an appropriate norm of the difference p(ρ)ε − p(ρε). This will be
done by means of the following lemma, which is an adaptation to our present case of the argument in
[Feireisl et al. 2017, p. 10]; see also [Gwiazda et al. 2018, Lemma 3.1].

Lemma 4.2. Let γ ∈ (1, 2) and p ∈ C1,γ−1([a, b]). If ρ ∈ Bβ,∞γ q (�; [a, b]), then

‖pε(ρ)− p(ρε)‖Lq ≤ Cεγβ‖ρ‖γ
Bβ,∞γ q

.

Proof. First we note that by the fundamental theorem of calculus

p(s)− p(s0)=

∫ s

s0

p′(t) dt =
∫ s

s0

p′(s0) dt +
∫ s

s0

p′(t)− p′(s0) dt

= p′(s0)(s− s0)+

∫ s

s0

p′(t)− p′(s0) dt.

Since p′ ∈ C0,γ−1, we have∣∣∣∣∫ s

s0

p′(t)− p′(s0) dt
∣∣∣∣≤ ∫ s

s0

|p′(t)− p′(s0)| dt ≤ C
∫ s

s0

dt sup
t∈[s0,s]

|t − s0|
γ−1
≤ C |s− s0|

γ .

Thus,
|p(s)− p(s0)− p′(s0)(s− s0)| ≤ C |s− s0|

γ .

As the constant C is independent of s, s0 we see that

|p(ρε)− p(ρ)− p′(ρ)(ρε − ρ)| ≤ C |ρ− ρε|γ , (4-2)
and similarly,

|p(ρ(y))− p(ρ(x))− p′(ρ(x))(ρ(y)− ρ(x))| ≤ C |ρ(x)− ρ(y)|γ . (4-3)

Applying convolution against the function ηε with respect to y in (4-3) and using Jensen’s inequality we
obtain

|pε(ρ)− p(ρ)− p′(ρ)(ρε − ρ)| ≤ C |ρ− ρ( · )|γ ∗y η
ε. (4-4)
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Combining (4-2) and (4-4) we get

|pε(ρ)− p(ρε)| ≤ C |ρ− ρε|γ +C |ρ− ρ( · )|γ ∗y η
ε. (4-5)

Taking the Lq norm of both sides of (4-5) for the first term on the right-hand side we see that

C‖|ρ− ρε|γ ‖Lq = C‖ρ− ρε‖γLγ q .

Finally, for the Lq norm of (4-5) for the second term on the right-hand side by Jensen’s inequality and
Fubini’s theorem we have

C‖|ρ− ρ( · )|γ ∗y η
ε
‖Lq ≤ C

(∫∫
|ρ(x)− ρ(x − y)|γ q dxηε(y) dy

)1/q

= C
(∫
‖ρ( · )− ρ( · − y)‖γ q

Lγ qηε(y) dy
)1/q

≤ C sup
y
|ηε(y)|1/q

(∫
supp ηε

‖ρ( · )− ρ( · − y)‖γ q
Lγ q dy

)1/q

≤ C sup
y∈supp ηε

‖ρ( · )− ρ( · − y)‖γLγ q .

Finally, we use the definition of the Besov norm and (2-1) to write

‖pε(ρ)− p(ρε)‖Lq ≤ C
(
‖ρε − ρ‖

γ

Lγ q + sup
s∈supp ηε

‖ρ( · )− ρ( · − s)‖γLγ q

)
≤ Cεγβ‖ρ‖γ

Bβ,∞γ q
+ sup

s∈supp ηε
|s|γβ‖ρ‖γ

Bβ,∞γ q
≤ Cεγβ‖ρ‖γ

Bβ,∞γ q
. �

Proof of Theorem 4.1. As remarked above the only novelty needed to establish the desired result is to
estimate commutator errors due to nonlinearity of the pressure. Precisely, we need to show that the local
versions of r ε3 and sε, which we will denote by Rε and Sε, of (2-8) converge to zero as ε→ 0. For a test
function ϕ ∈ C∞c ((0, T )×Td) we define

Rε :=
∫ T

0

∫
Td
∇(p(ρε)− p(ρ)ε) ·ϕuε dx dt,

Sε :=
∫ T

0

∫
Td
ϕ div[ρεuε − (ρu)ε] P ′(ρε) dx dt.

(4-6)

Integrating (4-6) by parts and using Lemma 4.2 we obtain the estimate

|Rε| ≤ ‖ϕ‖C 1

∫ T

0

∫
Td
|p(ρ)ε − p(ρ)ε|(|∇uε| + |uε|) dx dt

≤ C‖ϕ‖C 1‖p(ρε)− p(ρ)ε‖Lq/2(‖∇uε‖L p +‖uε‖L p)

≤ C(εγβ+(α−1)
+ εγβ+α)‖ρ‖

γ

Bβ,∞γ q/2
‖u‖Bα,∞p

≤ C(εγβ+(α−1)
+ εγβ+α)‖ρ‖

γ

Bβ,∞q
‖u‖Bα,∞p

,

where for the last inequality we used that 1
2γ q < q , so we can embed Bβ,∞q into Bβ,∞γ q/2.
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We now investigate the term Sε and see that we can integrate by parts to obtain

|Sε| =
∣∣∣∣∫ T

0

∫
Td
ϕ div[ρεuε − (ρu)ε] P ′(ρε) dx dt

∣∣∣∣
≤

∫ T

0

∫
Td
|∇ϕ · [ρεuε − (ρu)ε] P ′(ρε)| dx dt +

∫ T

0

∫
Td
|ϕ[ρεuε − (ρu)ε] · ∇P ′(ρε)| dx dt. (4-7)

We make note of the pointwise identity (3-10) but with f and g replaced by ρ and u respectively, that is,

ρεuε − (ρu)ε = (ρε − ρ)(uε − u)

−

∫ ε

−ε

∫
Td
ηε(τ, ξ)(ρ(t − τ, x − ξ)− ρ(t, x))(u(t − τ, x − ξ)− u(t, x)) dξ dτ,

and using (3-10) allows us to split first term on the right-hand side of (4-7) into two terms. Here again
we focus on the first of these terms only, as the other one produces the same estimates, after applying
Fubini’s theorem, as seen in [Feireisl et al. 2017]. We see that∫ T

0

∫
Td
|∇ϕ · (ρε − ρ)(uε − u)P ′(ρε)| dx dt ≤ ‖ϕ‖C1εβ‖ρ‖Bβ,∞q

εα‖u‖Bα,∞p
‖P ′(ρε)‖L∞ .

We will now focus on the second term on the right-hand side of (4-7), namely,∫ T

0

∫
Td
|ϕ[ρεuε − (ρu)ε] · ∇P ′(ρε)| dx dt,

and by letting y = (t, x) we split (0, T )×Td into two disjoint domains A := {y : ρε(y) = 0} and A c

and see that trivially on A we have ρ(y) = 0 a.e. For the integral over A we note that ∇P ′(ρε) is a
distribution that may have a singular part but we see that ϕ[ρεuε − (ρu)ε] is smooth and equals zero
on A and so any singular part vanishes. Thus we are left with∫

A c
|ϕ[ρεuε − (ρu)ε]∇P ′(ρε)| dx dt,

and using again the identity (3-10) we obtain∫
A c
|ϕ[(ρε − ρ)(uε − u)]∇P ′(ρε)| dx dt.

For the integral over A c we see that∫
A c
|ϕ(ρε − ρ)(uε − u)∇P ′(ρε)| dx dt =

∫
A c
|ϕ(ρε − ρ)(uε − u)P ′′(ρε) · ∇ρε| dx dt

and we observe that by the definition of P we have ρεP ′′(ρε)= p′(ρε), and by assumption p′ is bounded.
Therefore we have the bound∫

A c
|ϕ(ρε − ρ)(uε − u)P ′′(ρε)∇ρε| dx dt ≤

∫
A c

∣∣∣∣ϕ(ρε − ρ)(uε − u)p′(ρε)
∇ρε

ρε

∣∣∣∣ dx dt.
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We have assumed that p′(0) = 0 and p′ ∈ C0,γ−1 and so take any ρ1, ρ2 such that p′(ρ2) = 0 and we
obtain

|p′(ρ1)| = |p′(ρ1)− p′(ρ2)| ≤ C |ρ1− ρ2|
γ−1
≤ C |ρ1|

γ−1

using the definition of Hölder continuity. Thus letting ρ1 = ρ
ε(x) for each x we see that |p′(ρε)(x)| ≤

C |ρε|γ−1(x) and so we obtain∫
A c

∣∣∣∣ϕ(ρε − ρ)(uε − u)p′(ρε)
∇ρε

ρε

∣∣∣∣ dx dt ≤ C
∫

A c

∣∣∣∣ϕ(ρε − ρ)(uε − u)(ρε)γ−1∇ρ
ε

ρε

∣∣∣∣ dx dt.

We will split the integral over A c further into different disjoint domains, Bεβ := {y : 0 < ρε(y) < εβ}
and Cεβ := {y : ρε(y)≥ εβ}. For the integral over Bεβ we see that∣∣∣∣∫

B
εβ

ϕ(ρε − ρ)(uε − u)(ρε)γ−1∇ρ
ε

ρε
dx dt

∣∣∣∣
≤ C‖ϕ‖C0εβ−1+α

‖ρ‖Bβ,∞q
‖u‖Bα,∞p

‖(ρε)γ−1
‖L∞(B

εβ
)

∥∥∥∥ρε − ρρε

∥∥∥∥
Lq (B

εβ
)

≤ C‖ϕ‖C0εγβ−1+α
‖ρ‖Bβ,∞q

‖u‖Bα,∞p

∥∥∥∥ρε − ρρε

∥∥∥∥
Lq (B

εβ
)

,

where for the last line, as ρε(y) ≤ εβ, we have (ρε(y))γ−1
≤ εβ(γ−1) as γ − 1 > 0. We also have the

assumption that ‖(ρε− ρ)/ρε‖Lq (B
εβ
) ≤ C and so we have the bound Cεγβ−1+α as wanted. We are left

with the integral over Cεβ and see that∣∣∣∣∫
C
εβ

ϕ(ρε − ρ)(uε − u)(ρε)γ−1∇ρ
ε

ρε
dx dt

∣∣∣∣≤ C‖ϕ‖C0εβ−1+α
‖ρ‖Bβ,∞q

‖u‖Bα,∞p

∥∥∥∥ ρε − ρ(ρε)2−γ

∥∥∥∥
Lq (C

εβ
)

.

As ρε ≥ εβ, we have (ρε)−1
≤ ε−β, and so (ρε)γ−2

≤ εβ(γ−2), and we obtain∥∥∥∥ ρε − ρ(ρε)2−γ

∥∥∥∥
Lq (C

εβ
)

≤ ‖ρε − ρ‖Lq (C
εβ
)ε
β(γ−2)

≤ Cεβ‖ρ‖Bβ,∞q
εβ(γ−2)

≤ Cεβ(γ−1).

We are thus done as we have obtained convergence to zero as long as γβ +α > 1.
We have thus shown that, under the assumptions of the theorem, we have Rε, Sε → 0. The result

follows. �

We have written Theorem 4.1 in the most general from but observe that the condition∥∥∥∥ρε − ρρε

∥∥∥∥
Lq (B

εβ
)

≤ C

feels rather artificial and is not in the p ∈ C2 result from [Feireisl et al. 2017]. We will now focus on
finding conditions on ρ for different Lq norms that will control this term.

Our first result will show that when we assume that q = 1 and so u, ρ are Hölder continuous, not just
Besov functions, we can control this term directly as expected and do not have to ask for any special
extra conditions.
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Lemma 4.3. Let w ∈ L1(�) be nonnegative, where � ⊂ (0, T )× Td satisfies |�| 6= 0 and wε|� > 0.
Then ‖(wε −w)/wε‖L1(�) ≤ C , where C does not depend on ε but may depend on w and �.

Proof. It suffices to show that ‖w/wε‖L1(�) ≤ C . Indeed, since |�| ≤ C ,∥∥∥∥wε −wwε

∥∥∥∥
L1(�)

≤ ‖1‖L1(�)+

∥∥∥∥ wwε
∥∥∥∥

L1(�)

= C +
∥∥∥∥ wwε

∥∥∥∥
L1(�)

.

Fix ε > 0, N = d + 1, and let {Q j }
n
j=1 be a partition of (0, T )× Td into disjoint cubes with side

length ε/CN , where CN is a constant depending only on the dimension, and select the cubes such that
|�∩ Q j | 6= 0. Decomposing w as w =

∑n
j=1wχQ j , we see that∥∥∥∥ wwε

∥∥∥∥
L1(�)

=

∥∥∥∥
∑n

j=1wχQ j∑n
k=1(wχQk )

ε

∥∥∥∥
L1(�)

≤

n∑
j=1

∥∥∥∥ wχQ j

(wχQ j )
ε

∥∥∥∥
L1(�)

.

We now want to bound (wχQ j )
ε from below. Recalling from Section 2 that η = 1 for |x |< 1

3 , we have,
for x ∈ Q j , that

(wχQ j )
ε(x)≥

1
εN

∫
{|(x−y)/ε|≤1/3}

η

(
x − y
ε

)
(wχQ j )(y) dy =

1
εN

∫
Bε/3(x)

(wχQ j )(y) dy

=
ωN

|Bε|

∫
Bε/3(x)

(wχQ j )(y) dy ≥
ωN

|Bε|

∫
Q j

w(y) dy,

where we obtain the last inequality provided CN is large enough so that Bε/3(x) ⊃ Q j for all x ∈ Q j .
Thus we obtain∥∥∥∥ wwε

∥∥∥∥
L1(�)

≤

n∑
j=1

∥∥∥∥ wχQ j

(wχQ j )
ε

∥∥∥∥
L1(�)

≤

n∑
j=1

|Bε|
ωN

∫
Q j
w dx∫

Q j
w dx

≤ C
n∑

j=1

|Q j | ≤ C, (4-8)

where we have used a dimensional constant to relate the measure of the balls to the associated cubes. �

As a consequence we obtain the following corollary, where by assuming Hölder continuity of u and ρ
we obtain a natural extension of Theorem 1.1 to the case where p ∈ C1,γ−1.

Corollary 4.4. Let ρ, u be a solution of (1-1) in the sense of distributions. Assume

u ∈ Cα((0, T )×Td), ρ, ρu ∈ Cβ((0, T )×Td), 0≤ ρ ≤ ρ ≤ ρ a.e. in (0, T )×Td

for some constants ρ, ρ and 0≤ α, β ≤ 1 such that

α+ γβ > 1 and 2α+β > 1.

Assume further that p ∈ C1,(γ−1)([ρ, ρ]), and, in addition

p′(0)= 0 as soon as ρ = 0.

Then the energy is locally conserved; i.e., (1-2) holds in the sense of distributions on (0, T )×Td.
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Proof. For the integral over Bεβ , in the proof of Theorem 4.1, we see that∣∣∣∣∫
B
εβ

ϕ(ρε − ρ)(uε − u)(ρε)γ−1∇ρ
ε

ρε
dx dt

∣∣∣∣
≤ C‖ϕ‖C0εβ−1+α

‖ρ‖C β‖u‖C α‖(ρε)γ−1
‖L∞(B

εβ
)

∥∥∥∥ρε − ρρε

∥∥∥∥
L1(B

εβ
)

≤ C‖ϕ‖C0εγβ−1+α
‖ρ‖C β‖u‖C α .

For the other bounds, as we are on a domain with finite measure, we can bound the Besov norms by the
Hölder norms. �

Remark 4.5. Notice that the conditions u ∈ Cα((0, T )×Td) and ρ ∈ Cβ((0, T )×Td) imply that ρu ∈
Cmin(α,β)((0, T )×Td). Therefore, if one has α ≥ β, then the requirement that ρu be in Cβ((0, T )×Td)

can be dropped. See also Remark 3.2(2) in [Feireisl et al. 2017].

When we still want to consider Besov spaces for ρ and u we have to consider extra conditions on ρ
in order to control the term ‖(ρε − ρ)/ρε‖Lq (B

εβ
). Our first method will be to ask for an integrability

condition on 1/ρ.

Lemma 4.6. Assume that 1/w ∈ L p and w ∈ Lq. Then∥∥∥∥wε −wwε

∥∥∥∥
Lr
≤ C for 1

p
+

1
q
≤

1
r
,

and in fact if r <∞,

lim
ε→0

∥∥∥∥wε −wwε

∥∥∥∥
Lr
= 0 for 1

p
+

1
q
≤

1
r
.

Proof. Using Hölder’s inequality and then Jensen’s inequality, as the integral of the mollifier is 1 and 1/x
is a convex function, we get that ‖1/wε‖ ≤ ‖(1/w)ε‖ ≤ ‖1/w‖ and so∥∥∥∥wε −wwε

∥∥∥∥
Lr
≤ ‖wε −w‖Lq

∥∥∥∥ 1
wε

∥∥∥∥
L p
≤ ‖wε −w‖Lq

∥∥∥∥ 1
w

∥∥∥∥
L p
≤ C.

As long as q <∞ we see that this, in fact, converges to zero. �

We now obtain the following corollary adding this condition into Theorem 4.1. We note that when
p = q = 3, we obtain the best result with the weakest integrability assumption in the Besov norms.

Corollary 4.7. Let ρ, u be a solution of (1-1) in the sense of distributions. Assume

u ∈ Bα,∞p ((0, T )×Td), ρ, ρu ∈ Bβ,∞q ((0, T )×Td), 0≤ ρ ≤ ρ ≤ ρ a.e. in (0, T )×Td

for some constants ρ, ρ and 0≤ α, β ≤ 1 such that

1
p
+

2
q
≤ 1, 2

p
+

1
q
≤ 1, p, q ≥ 2, α+ γβ > 1, and 2α+β > 1.

Define E := {x : ρ 6= 0} and assume that
1
ρ
∈ Lq(E ).
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Assume further that p ∈ C1,(γ−1)([ρ, ρ]), and, in addition

p′(0)= 0 as soon as ρ = 0.

Then the energy is locally conserved; i.e., (1-2) holds in the sense of distributions on (0, T )×Td.

Proof. For the integral over Bεβ , in the proof of Theorem 4.1, we see that as ρ ∈ L∞ and εβ ≥ ρε then∣∣∣∣∫ T

0

∫
B
εβ

ϕ(ρε − ρ)(uε − u)(ρε)γ−1∇ρ
ε

ρε
dx dt

∣∣∣∣
≤ C‖ϕ‖C0εβ−1+α

‖ρ‖Bβ,∞q
‖u‖Bα,∞p

‖(ρε)γ−1
‖L∞(B

εβ
)

∥∥∥∥ρε − ρρε

∥∥∥∥
Lq (B

εβ
)

≤ C‖ϕ‖C0εγβ−1+α
‖ρ‖Bβ,∞q

‖u‖Bα,∞p

∥∥∥∥ 1
ρ

∥∥∥∥
Lq (E )

,

and so we are done, using Lemma 4.6 for the final step. �

Remark 4.8. Even though we have written 1/ρ ∈ Lq(E ), we can fix some δ > 0 and only need this
condition on some Bδ, as for ε1 > ε2 we have Bε2 ⊂Bε1 , and so when εβ < δ we have Bεβ ⊂Bδ.

One can see that the condition 1/ρ ∈ Lq(Bδ) is quite a strong assumption and requires a quick approach
of the function to the null set. Above we used conventional bounds to obtain a general integral result but
do not consider the local structure of the function. We notice that a pointwise estimate ρ ≤ Cρε would
allow us to control the Lq norm of (ρε − ρ)/ρε and, though convexity of ρ would do, we will now show
a nice link between this and quasinearly subharmonic functions which are much more general functions
than subharmonic, quasisubharmonic and nearly subharmonic functions [Pavlović and Riihentaus 2011].
The main motivation for the study of this notion in this paper is that it happens, as will be shown below,
to be equivalent to the L∞-boundedness of our problem term (ρε − ρ)/ρε.

Definition 4.9. Let X ⊂ Rd be a set and u : X→ [0,+∞) be Borel measurable. Then u is quasinearly
subharmonic on X , that is u ∈ QNS(X), if there is a constant ε0 = ε0(u), 0< ε0 < 1, such that for each
open set O ⊂ X , O 6= X , for each x ∈ O and each r , 0< r ≤ ε0δ

O(x), one has u ∈ L1(Br (x)) and

u(x)≤
C
|Br (x)|

∫
Br (x)

u(y) dy for some constant C ≥ 1, (4-9)

where C is independent of r , |Br (x)| = ωdrd is the volume of the ball and

δO(x)= dist(x, Oc) for the complement Oc of O in X.

Lemma 4.10. Let u : X→ [0,+∞) be a Borel measurable function. Then u is quasinearly subharmonic
if and only if for every O b X there exist M, ε0 such that for any 0< ε < ε0

u(x)≤ Muε(x) for any x ∈ O.

Proof. Let u : X→[0,+∞) be a quasinearly subharmonic function. Then for any ε < dist(O, ∂X), uε is
a well-defined smooth function on O. Suppose that O b X is a precompact set. Then δ0 = dist(O, ∂X)
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is a positive number and for ε < δ0

O ⊂ {x : dist(x, ∂X) > ε}

and uε is well-defined on O. We prove that there exist M and ε0 such that

u(x)≤ Muε(x) for any x ∈ O, 0< ε < ε0.

Indeed, we have

uε(x)=
1
εd

∫
X
η

(
x − y
ε

)
u(y) dy.

Note that y ∈ X for x ∈ O and |x − y|< ε. Since u ≥ 0 and recalling that from the definition of η we
know that η = 1 for |x |< 1

3 , we have

uε(x)≥
1
εd

∫
{|(x−y)/ε|≤1/3}

η

(
x − y
ε

)
u(y) dy

=
1
εd

∫
{|(x−y)/ε|≤1/3}

u(y) dy =
ωd

3d |Bε/3(x)|

∫
Bε/3(x)

u(y) dy ≥
ωdu(x)

3dC

for sufficiently small ε. Therefore, we obtain

u(x)≤
3dCuε(x)

ωd
for sufficiently small ε ≤ ε0δ

O(x).

On the other hand, if u(x)≤ Muε(x), then we have

u(x)≤
M
εd

∫
X
η

(
x − y
ε

)
u(y) dy =

Mωd

ωdεd

∫
|x−y|≤ε

η

(
x − y
ε

)
u(y) dy ≤

Mωd

|Bε(x)|

∫
Bε(x)

u(y) dy. (4-10)

Hence we deduce

u(x)≤
C
|Bε(x)|

∫
Bε(x)

u(y) dy. �

From this pointwise control showing that ρ(x) ≤ Mρε(x) we obtain another corollary to our main
result.

Corollary 4.11. Let ρ, u be a solution of (1-1) in the sense of distributions. Assume

u ∈ Bα,∞p ((0, T )×Td), ρ, ρu ∈ Bβ,∞q ((0, T )×Td), 0≤ ρ ≤ ρ ≤ ρ a.e. in (0, T )×Td

for some constants ρ, ρ and 0≤ α, β ≤ 1 such that

1
p
+

2
q
≤ 1, 2

p
+

1
q
≤ 1, p, q ≥ 2, α+ γβ > 1, and 2α+β > 1.

Assume that ρ ∈ QNS(Bδ) for some δ > 0 and p ∈ C 1,(γ−1)([ρ, ρ]) with

p′(0)= 0 as soon as ρ = 0.

Then the energy is locally conserved; i.e., (1-2) holds in the sense of distributions on (0, T )×Td.
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Proof. For the integral over Bεβ , in the proof of Theorem 4.1, we see that∥∥∥∥ρε − ρρε

∥∥∥∥
Lq (B

εβ
)

≤

∥∥∥∥ρε +Cρε

ρε

∥∥∥∥
Lq (B

εβ
)

≤ C for εβ < δ

and so we are done. �

Remark 4.12. (1) The condition ρ ∈ QNS(Bδ) deals with ρ, ρε = 0 without splitting into cases and so
using this condition the proof is simplified.

(2) We note that this condition is weaker than local convexity of ρ on Bδ, which would also give the
same result.

(3) In view of Lemma 4.10, it is essentially a matter of taste if one prefers to formulate Corollary 4.11
in terms of quasinearly subharmonicity or directly under the assumption ρ ≤ Cρε.

4A. Counterexample for the L p case. We indicate in this subsection why Lemma 4.3 is no longer true
when the L1-norm is replaced with the L p-norm for p > 1. This shows that the Hölder assumption of
Corollary 4.4 cannot easily be relaxed.

We can see ρε(x) is like a weighted average of ρ over the ball Bε(x) and so heuristically we can see

ρ− ρε

ρε
'
ρ(x)− (1/|Bε|)

∫
Bε(x)

ρ(y) dy

(1/|Bε|)
∫

Bε(x)
ρ(y) dy

(which is rigorous for ηε= (1/|Bε|)χBε(0)(x)), and assuming the right-hand side is bounded and rearranging
gives the condition (4-9). We see that a condition of the form∥∥∥∥ρ( · )− (1/|Bε|)

∫
Bε( · )

ρ(y) dy

(1/|Bε|)
∫

Bε( · )
ρ(y) dy

∥∥∥∥
L p
< C,

in a sense a “relatively weighted L p mean oscillation condition”, could potentially be the weakest condition
to control (4-1).

We notice that for the L1 norm we obtain perfect cancellation in the fraction when calculating (4-8),
as a mollifier acts like a local weighted average. However, when we perform the calculation in (4-8), but
in L p, then instead we obtain

n∑
j=1

|Bε|
ωN

‖wχQ j‖L p∫
Q j
w dx

=

n∑
j=1

|Bε|
ωN

(∫
Q j
w p dx

)1/p∫
Q j
w dx

and if we assume that w= 1 then we get
∑n

j=1(|Bε|/ωN )|Q j |
1/p−1. As 1/p−1< 0, for certain functions

this term could blow up.
In fact if one chooses a function made of separated spikes where the supports get smaller and smaller

then we can show this blow-up. We will formulate a simple counterexample so that it is in one dimension,
discontinuous and nonnegative, though more regular counterexamples can be constructed in higher
dimensions that are, for instance, even smooth and strictly positive.
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Firstly, note that if we show that ‖ f/ f ε‖L p blows up as ε→ 0 then ‖ f/ f ε− f ε/ f ε‖L p will also blow
up. We can take x ∈ T and define our counterexample

f (x) :=
∞∑

i=1

χ[1/ i, 1/ i+1/2i ](x).

It is easy to see that f ∈ Bα,∞p (T) for p>1 and any 0<α<1−1/p by regularizing and using Lemma 2.49
from [Bahouri et al. 2011]. Thus we have the sum of separated spikes so they are further than 1/i2 apart
yet have supports of size 1/2i. Let ε = 1/(2i2) and see that as f is nonnegative we can bound the sum
below by just the i-th spike and see that as mollification only acts locally, the value on the denominator is
only dependent on the i-th spike; thus we obtain∥∥∥∥ f

f ε

∥∥∥∥
L p(T)

≥

∥∥∥∥ 1
f ε

∥∥∥∥
L p(1/ i, 1/ i+1/2i )

= ‖((χ[1/ i, 1/ i+1/2i ])
1/(2i2))−1

‖L p(1/ i, 1/ i+1/2i ). (4-11)

We can then the bound mollification of χ[1/ i, 1/ i+1/2i ] in a similar method to (4-10) but in one dimension
and so we can bound (4-11) below by∥∥∥∥ f

f ε

∥∥∥∥
L p(T)

≥ C
2i

2i2 ‖1‖L p(1/ i, 1/ i+1/2i ) = C
2i

2i2 2−i/p
= C

2i(1−1/p)

2i2 .

As f is the sum of infinitely many spikes there will exist an appropriate spike for any εi and thus we can
send i→∞ and, as 1− 1/p > 0, we have C2i(1−1/p)/(2i2)→∞, which implies ‖ f/ f ε‖L p(T)→∞.

5. Energy conservation on domains with boundary

We have derived the local energy conservation equations on (0, T )×Td and so for an ϕ ∈C∞c ((0, T )×Td)

we have ∫ T

0

∫
Td
∂tϕ ·

( 1
2ρ|u|

2
+ P(ρ)

)
+∇ϕ ·

[(1
2ρ|u|

2
+ p(ρ)+ P(ρ)

)
u
]

dt dx = 0. (5-1)

The local energy equation is derived by taking momentum balance equations and testing with (ϕuε)ε and
using that mollification is symmetric to regularize the equation. For the continuity equation we just use
ϕε to test the equation and again move the mollification onto the equation. Once this is done, all the
calculations are done locally on supp(ϕ).

When studying the isentropic Euler equations on a bounded domain with Lipschitz boundary � we
have

∂t(ρu)+ div(ρu⊗ u)+∇ p(ρ)= 0 in [0, T ]×�,

∂tρ+ div(ρu)= 0 in [0, T ]×�,

u · n = 0 on [0, T ]× ∂�,

(5-2)

where n denotes the outward normal vector field for ∂�. For any ϕ ∈ C∞c ((0, T )×�) we can find an
ε0 > 0 such that for all 0< ε < ε0 we have ϕε, (ϕuε)ε ∈ C∞c ((0, T )×�), and so we can apply the same
method as above to obtain a local energy equation on (0, T )×� of the form (5-1). Here we are assuming
the same conditions on u, ρ and p as in the previous theorems and in the corollaries in Sections 3 and 4,
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yet making the appropriate changes so that u and ρ are defined on the domain (0, T )×� rather than
(0, T )×Td.

The following theorem and its proof follow ideas from [Bardos et al. 2018]:

Theorem 5.1. Let ρ, u be a solution of (5-2) in the sense of distributions. Assume that ρ, u, and p
satisfy the conditions necessary to derive the local energy equality (5-1). Assume further that ρ ∈
L∞((0, T )× ∂�), ∂� is C2, and u · n is continuous at the boundary. Then we have energy conservation
on �; that is, for 2(t) ∈ C∞c (0, T )∫ T

0

∫
�

∂t2(t) ·
( 1

2ρ|u|
2
+ P(ρ)

)
dt dx = 0 (5-3)

and further if u, ρ are weakly continuous in time then∫
�

1
2ρ|u|

2(t1, x)+ P(ρ)(t1, x) dx =
∫
�

1
2ρ|u|

2(t2, x)+ P(ρ)(t2, x) dx (5-4)

for any t1, t2 ∈ [0, T ].

Proof. For any ϕ ∈ C∞c ((0, T ) × �) we can find an ε0 > 0 such that for all 0 < ε < ε0 we have
ϕε, (ϕuε)ε ∈ C∞c ((0, T )×�) and so assuming sufficient regularity of ρ, u and p we obtain∫ T

0

∫
�

∂tϕ ·
( 1

2ρ|u|
2
+ P(ρ)

)
+∇ϕ ·

[( 1
2ρ|u|

2
+ p(ρ)+ P(ρ)

)
u
]

dt dx = 0. (5-5)

Let χ : R+→ R be a nonnegative, smooth function such that

χ(s) :=
{

0 if s < 1,
1 if s > 2,

and define for x ∈ � the function d∂�(x) as the euclidean distance from x to the closest point on the
boundary. We can then define for any δ > 0 the composition χ(d∂�(x)/δ) and see that as δ→ 0 so does
χ(d∂�(x)/δ)→ I�. Further, let 2(t) ∈ C∞c (0, T ).

We can for any δ > 0 let ϕ(x, t)= χ(d∂�(x)/δ)2(t) in (5-5) and we obtain∫
�

χ

(
d∂�(x)
δ

)∫ T

0
∂t2(t) ·

( 1
2ρ|u|

2
+ P(ρ)

)
dx dt

+

∫ T

0
2(t)

∫
�

∇χ

(
d∂�(x)
δ

)
·
[( 1

2ρ|u|
2
+ p(ρ)+ P(ρ)

)
u
]

dt dx = 0,

and by the chain rule we see that

∇χ

(
d∂�(x)
δ

)
=

1
δ
χ ′
(

d∂�(x)
δ

)
∇d∂�(x),

and so

0=
∫
�

χ

(
d∂�(x)
δ

)∫ T

0
∂t2(t) ·

( 1
2ρ|u|

2
+ P(ρ)

)
dx dt

+

∫ T

0
2(t)

∫
�

1
δ
χ ′
(

d∂�(x)
δ

)
∇d∂�(x) ·

[(1
2ρ|u|

2
+ p(ρ)+ P(ρ)

)
u
]

dt dx . (5-6)
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As χ(d∂�(x)/δ)→ I� strongly, the first integral on the right-hand side of (5-6) will converge to∫ T

0

∫
�

∂t2(t) ·
( 1

2ρ|u|
2
+ P(ρ)

)
dx dt

as we wanted. All that is left is to show that the other term on the right-hand side of (5-6) vanishes in the
limit.

As ∂� is C2 we can use [Gilbarg and Trudinger 1977], specifically Lemma 14.16, to see that there
exists an a > 0 such that d∂�(x) ∈ C2(0a), where 0a := {x ∈ � : d∂�(x) < a}. Further, in a similar
argument to [Bardos et al. 2014, Section 7], when x ∈� is sufficiently close to ∂�, there exists a unique
point x̂ ∈ ∂� such that x = x̂ + n(x̂) d∂�(x), where n(x̂) is the unit outward normal to the boundary at x .
We see that we can bound the modulus for the second term on the right-hand side of (5-6) by∥∥∥∥χ ′(d∂�

δ

)∥∥∥∥
L∞

∫ T

0
2(t)

1
δ

∫
02δ

|∇d∂�(x) · u|
∣∣( 1

2ρ|u|
2
+ p(ρ)+ P(ρ)

)∣∣ dt dx

≤ C
∫ T

0
2(t)

1
δ

∫
02δ

|∇d∂�(x) · u| dt dx (5-7)

as we know that ‖χ ′(d∂�/δ)‖L∞ ≤ C and by our assumptions
∥∥( 1

2ρ|u|
2
+ p(ρ) + P(ρ)

)∥∥
L∞ ≤ C

as well. For 2δ < a we know that d∂� ∈ C2 and furthermore as ∇d∂� ∈ C1, in the region 02δ,
|∇d∂�(x) · u| → C |n(x̂) · u(x̂)| as long as u(x)→ u(x̂) as x → x̂ , and for this the assumption that
u ·n is continuous at the boundary will suffice. Thus as ∂� is at least Lipschitz so |02δ| ≤ Cδ|∂�| and so
we can apply the Lebesgue differentiation theorem to (5-7) and see that as δ→ 0,

C
∫ T

0
2(t)

1
δ

∫
02δ

|∇d∂�(x) · u| dt dx→ C
∫ T

0
2(t)

∫
∂�

|n(x̂) · u(x̂)| dt dx̂ = 0

as n(x̂) · u(x̂)= 0 and so we have shown (5-3).
We now want to show (5-4) with the extra assumptions of weak continuity in time of both u and ρ. To

do this we define the sequence of functions 2ν : [0, T ] → R which are nonnegative and smooth, where
for any point t1, t2 ∈ [0, T ] with t1 < t2 we have

2ν(τ ) :=

{
0 if τ < t1+ ν or τ > t2− ν,
1 if τ > t1+ 2ν or τ < t2− 2ν,

and see similarly that as ν→ 0 we have 2ν(t)→ I[t1,t2]. We see that 2ν ∈ C∞c (0, T ) for every ν > 0 and
so substituting this function into (5-6) we obtain∫ T

0

∫
�

∂t2ν(t) ·
( 1

2ρ|u|
2
+ P(ρ)

)
dt dx = 0

for every ν. From our choice of 2ν we see that∫ T

0

∫
Td
∂t2ν(t) ·

(1
2ρ|u|

2
+ P(ρ)

)
dt dx =

∫ t1+2ν

t1
∂t2ν(t) ·

∫
�

(1
2ρ|u|

2
+ P(ρ)

)
dt dx

+

∫ t2

t2−2ν
∂t2ν(t) ·

∫
�

( 1
2ρ|u|

2
+ P(ρ)

)
dt dx .
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We know that
∫ t1+2ν

t1
∂t2ν(t) dt = 1 and

∫ t2
t2−2ν ∂t2ν(t) dt =−1 by the fundamental theorem of calculus

and as ν→ 0 these terms approximate the identity at t1 and t2, and thus these terms converge to∫
�

1
2ρ|u|

2(t1, x)+ P(ρ)(t1, x) dx and −

∫
�

1
2ρ|u|

2(t2, x)+ P(ρ)(t2, x) dx

respectively, assuming weak continuity of ρ and u in time. Thus we are done. �
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Dębiec acknowledges support from the National Science Centre (Poland), 2012/05/E/ST1/02218. The
research funding for Skipper is graciously given by German research foundation (DFG) grant no. WI
4840/1-1.

References

[Akramov and Wiedemann 2019] I. Akramov and E. Wiedemann, “Renormalization of active scalar equations”, Nonlinear Anal.
179 (2019), 254–269. MR Zbl

[Bahouri et al. 2011] H. Bahouri, J.-Y. Chemin, and R. Danchin, Fourier analysis and nonlinear partial differential equations,
Grundlehren der Math. Wissenschaften 343, Springer, 2011. MR Zbl

[Bardos and Titi 2018] C. Bardos and E. S. Titi, “Onsager’s conjecture for the incompressible Euler equations in bounded
domains”, Arch. Ration. Mech. Anal. 228:1 (2018), 197–207. MR Zbl

[Bardos et al. 2014] C. Bardos, L. Székelyhidi, Jr., and E. Wiedemann, “Non-uniqueness for the Euler equations: the effect of
the boundary”, Uspekhi Mat. Nauk 69:2(416) (2014), 3–22. In Russian; translated in Russian Math. Surv. 69:2 (2014), 189–207.
MR Zbl

[Bardos et al. 2018] C. Bardos, E. Titi, and E. Wiedemann, “Onsager’s conjecture with physical boundaries and an application to
the vanishing viscosity limit”, preprint, 2018. arXiv
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A HIGHER-DIMENSIONAL BOURGAIN–DYATLOV
FRACTAL UNCERTAINTY PRINCIPLE

RUI HAN AND WILHELM SCHLAG

We establish a version of the fractal uncertainty principle, obtained by Bourgain and Dyatlov in 2016, in
higher dimensions. The Fourier support is limited to sets Y � Rd which can be covered by finitely many
products of ı-regular sets in one dimension, but relative to arbitrary axes. Our results remain true if Y is
distorted by diffeomorphisms. Our method combines the original approach by Bourgain and Dyatlov, in
the more quantitative 2017 rendition by Jin and Zhang, with Cartan set techniques.

1. Introduction

Bourgain and Dyatlov [2018] proved the following result.

Theorem 1.1. Let X; Y � R and N � 1 be such that X � Œ�1; 1� is ı-regular with constant CR on
scales N�1 to 1 and Y � Œ�N;N � is ı-regular with constant CR on scales 1 to N. Then there exist
constants ˇ > 0 and C depending on ı; CR so that

kf kL2.X/ � CN
�ˇ
kf kL2.R/

for all f 2 L2.R/ with supp. Of /� Y .

The ı-regularity condition is akin to asking for a Frostman measure at dimension ı; see Definition 6.1
below for the precise statement. Theorem 1.1 is most interesting for ı close to 1. For ı < 1

2
, Cauchy–

Schwarz and measure estimates in phase space suffice. The ˇ was made effective later by Jin and
Zhang [2017]. Combining this fractal uncertainty principle with earlier results by Dyatlov and Zahl [2016]
led to a breakthrough on the existence for an essential spectral gap for convex cocompact hyperbolic
surfaces. This refers to a strip to the left of the 1

2
line in the complex plane in which the Selberg zeta

function has only finitely many zeros. This result can be reformulated in terms of strips below the real
axis in which the meromorphic continuation of the resolvent of the Laplacian of the hyperbolic surface
exhibits only finitely many resonances. This in turn can be rephrased as a decay rate of the resolvent for
large energies within such a strip.

For other applications see [Bourgain and Dyatlov 2017; Dyatlov and Jin 2017; 2018], and for a survey
[Dyatlov 2017].

It remained an open problem to establish an analogue of Theorem 1.1 in higher dimensions. This is
the main goal of this paper.

MSC2010: 32U15, 42B30.
Keywords: uncertainty principle, fractal sets, subharmonic functions, Cartan estimates, Beurling–Malliavin theorem.
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We now present our main results. Let X � Œ�1; 1�d be a ı-regular set in the sense of Bourgain and
Dyatlov with ı 2 .0; d/ and constant CR, on scales N�1 to 1. In [Bourgain and Dyatlov 2018] this
concept is defined only on the line, but the definition, together with its main properties, carries over to
higher dimensions. Strictly speaking, we do not need the regularity condition per se, but rather the porosity
property of such sets as stated precisely in Definition 5.1 below. Second, let Y � Œ�N;N �d be of the form

Y D

� dX
iD1

�i Eei W �i 2 Yi

�
; (1-1)

where Eei are unit vectors with jdet.Ee1; : : : ; Eed /j � "0, a positive constant (possibly small), and Yi �
Œ�2N; 2N � is a ı1-regular set with ı1 2 .0; 1/ and constant CR, on scales 1 to N.

Theorem 1.2. Let X; Y be as in the previous paragraph in dimension d � 2. Then there exists a constant
C D C.d; "0; ı; ı1; CR/ > 0 such that for

ˇ D exp
�
� exp

��
.C 2R=�/

2d�2ıC2
d�ı

ı1.1� ı1/

� 2
1�ı1

��
;

where � > 0 is a small constant depending on d and "0, and for any f 2 L2.Rd / with supp. yf / � Y
one has

kf kL2.X/ � CN
�ˇ
kf kL2.Rd / (1-2)

for sufficiently large N �N0.d; "0; ı; ı1; CR/.

As a corollary of our main theorem, we allow Y to be covered by the union of a finite number of Yj ’s,
each satisfying (1-1) but with a uniform "0:

Y �

m[
jD1

Yj ; where Yj D
� dX
iD1

�j;i Eej;i W �j;i 2 Yj;i

�
: (1-3)

Furthermore, the number m of covers can grow in N. To be specific, we prove:

Corollary 1.3. Let X be as above and Y be as in (1-3). Suppose m grows with N as follows:

mD bN 

c;

in which 0 � 
 < ˇ. Then for any f 2 L2.Rd / with supp. yf / � Y , and constants C; ˇ in Theorem 1.2,
one has

kf kL2.X/ � CN

�ˇ
kf k2 (1-4)

for sufficiently large N �N0.d; "0; ı; ı1; CR/.

Theorem 1.2 and Corollary 1.3 require that the Fourier support Y may be covered by products of
regular sets in one dimension along lines; see (1-3). Our third result asserts that one may distort these
lines by means of diffeomorphisms which are obtained as follows. Let ‰N W Œ�N;N �d ! Œ�N;N �d be a
diffeomorphism such that

kDˆN k1CkDˆ
�1
N k1CN kD

2ˆN k1 � C.d;D0/; (1-5)
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where the supremum norm is taken over the cube Œ�N;N �d. One example of a diffeomorphism satisfying
(1-5) is ‰N .x/DN‰0.x=N /, where ‰0 is a diffeomorphism from Œ�1; 1�d to Œ�1; 1�d such that

kD‰0k1CkD‰
�1
0 k1CkD

2‰0k1 �D0; (1-6)

where the supremum norm is taken over the cube.

Theorem 1.4. Theorem 1.2 remains correct with ˆN .Y / in place of Y . Constants depend on D0, but not
on ‰0.

In the following section we demonstrate the Cartan techniques by reproving a certain step in [Bourgain
and Dyatlov 2018] which was proved there by means of harmonic measure of the strip with a real
line-segment removed. In Section 3 we go beyond the one-dimensional setting via these Cartan methods.
The subsequent sections implement the argument in analogy with [Bourgain and Dyatlov 2018] albeit in
dimensions and higher. We haven striven to present the argument in a modular fashion. In particular, the
delicate Beurling–Malliavin step appears only in Section 6 in order to prove the existence of damping
functions. We do not use a higher-dimensional version of the Beurling–Malliavin theorem, which appears
to be unknown. Rather, we reduce ourselves in that step to the aforementioned product structure of Y
(or covers of finitely many of such products) precisely so as to be able to still use the one-dimensional
construction of such damping functions. Moreover, as in [Jin and Zhang 2017] it is important for us to
use the weaker form of the Beurling–Malliavin theorem obtained via outer functions; see [Mashregi et al.
2005]. Any other construction of damping functions in Section 6 would lead to different formulations
of our main theorems in terms of the conditions on Y without needing to change anything in the other
sections. Theorem 1.4 is proved in Section 6D. An FUP for Fourier integral operators is presented in
Section 6E.

2. L2 localization in one dimension

Let us first introduce notation. For � D .�1; �2; : : : ; �d / 2 Rd, let

j�j1 WD

dX
jD1

j�kj; j�j2 WD

dX
jD1

j�kj
2; and h�i WD .1Cj�j22/

1
2 :

Let e.�/ WD e2�i�. For x 2 R, let dxe WDminfn 2 N W n� xg, and bxc WDmaxfn 2 N W n� xg.
Throughout, we let R.q/ be the rectangle with vertices˙iq, 1˙iq. We begin with quantitative bounds

on the Schwarz–Christoffel map from the disk onto a rectangle. The goal is to control this conformal
mapping as the eccentricity of R.q/ tends to 0.

Lemma 2.1. Let 0< q � 1 and defineˆq to be the unique conformal map, continuous up to the boundary,
which takes the unit disk D onto the rectangle R.q/ and so that ˆq.�1/D 0 and ˆq.˙i/D˙iq; see
Figure 1. Then ˆq.1/D 1 and ˆq.e˙i�.q//D 1˙ iq, where

�.q/D 8 exp
�
�
�

2q

�
.1CO.q//; q! 0:
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ˆq
ˆq.i/D iq

ˆq.�1/D 0

ˆq.�i/D�iq ˆq.e
�i�.q//D 1� iq

ˆq.1/D 1

ˆq.e
i�.q//D 1C iqei�.q/

e�i�.q/

a1 a2
1
4

3
4

D

R.q/

Figure 1. Conformal map ˆq .

Moreover,
ˆq.Œa1.q/; a2.q/�/D

�
1
4
; 3
4

�
; aj .q/D 1� ıj .q/;

with
ı1.q/D 4 exp

�
�
�

8q

�
.1CO.q//; ı2.q/D 4 exp

�
�
3�

8q

�
.1CO.q//

as q! 0. Let E � Œa1.q/; a2.q/� be a measurable set. Then for sufficiently small q one has jˆq.E/j �
2ı2.q/

�2jEj, where j � j denotes Lebesgue measure.

Proof. Let 0 < k < 1 and consider the elliptic integral of the first kind

arcsn.z; k/D
Z z

0

dtp
.1� t2/.1� k2t2/

; Im z > 0;

which maps the upper half-plane onto the rectangle with vertices ˙L.k/, ˙L.k/CiH.k/; see Figure 2.
Here 2L.k/ and iH.k/ are the periods of the elliptic function sn.z; k/ and satisfy, as k! 0,

L.k/D

Z 1

0

dtp
.1� t2/.1� k2t2/

D
�
2
CO.k2/;

H.k/D

Z k�1

1

dtp
.t2� 1/.1� k2t2/

D

Z 1
0

dsp
.1C s2/.1C k2s2/

D log 4� log kCO.k/:

The latter expansion is a standard fact; see for example [Abramowitz and Stegun 1966, Section 17.3.26].
Let q WD L.k/=H.k/ and set

Fq.z/D�
i

H.k/
arcsn.z; k/; (2-1)

which maps the upper half-plane onto the rectangle with vertices ˙iq; 1˙ iq. With k D e�.�=2/`,

q D

�
2
CO.k2/

log 4C �
2
`CO.k/

D `�1
�
1�

log 16
�`
CO.k/

�
;

and thus

`D q�1
�
1�

2 log 4
�

qCO.q2/

�
; k D 4 exp

�
�
�

2q

�
.1CO.q//:
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gk. � / WD arcsn. � ; k/

upper half-plane
gk.�1/D�L.k/

gk.0/D 0

gk.1/D L.k/

gk.�k
�1/D
�L.k/C iH.k/

gk.k
�1/D
L.k/C iH.k/

gk.1/

�k�1 �1 0 1 k�1

iA.q/

iB.q/

iH.k/
4

3iH.k/
4

Figure 2. Elliptic integral arcsn.z; k/.

Define A.q/; B.q/ by Fq.iA.q//D 1
4

and Fq.iB.q//D 3
4

. Thus,Z A.q/

0

dsp
.1C s2/.1C k2s2/

D
1
4
H.k/;Z B.q/

0

dsp
.1C s2/.1C k2s2/

D
3
4
H.k/:

We make the ansatz A.q/D ck�1=4.1C ".q//. ThenZ A.q/

0

dsp
.1C s2/.1C k2s2/

D .1CO.k
3
2 //

Z A.q/

0

ds
p
1C s2

D arcsinh.ck�
1
4 .1C ".q///.1CO.k

3
2 //

D log.2ck�
1
4 .1C ".q///.1CO.k

3
2 //

D
1
4
.log 4� log kCO.k//:

Hence,

log.2c/� 1
4

log kC log.1C ".q//D 1
4
.log 4� log kCO.k//;

c D 1
2

p
2; ".q/DO.k/;

A.q/D 1
2

p
2 k�

1
4 .1CO.k//:

Similarly, with B.q/D Qck�3=4.1C Q".q//,

log.2 Qc/� 3
4

log kC log.1C Q".q//D 3
4
.log 4� log kCO.k//.1CO.k

1
2 //;

Qc D
p
2; Q".q/DO.k

1
2 log k/;

and so
B.q/D

p
2 k�

3
4 .1CO.k

1
2 log k//:

Expressing k in terms of q we obtain

A.q/D 1
2

exp
�
�

8q

�
.1CO.q//; B.q/D 1

2
exp

�
3�

8q

�
.1CO.q//:



818 RUI HAN AND WILHELM SCHLAG

Next, we conformally map the upper half-plane Im z > 0 onto the unit disk jwj< 1 via

z D '.w/D i
wC 1

1�w
; w D

z� i

zC i
:

One has '.�1/D0, '.˙i/D�1, '.ei� /D�k�1 with �D2kCO.k3/. Furthermore, '.Œa1.q/; a2.q/�/D
i ŒA.q/; B.q/�, where

a1.q/D
A.q/� 1

A.q/C 1
D 1� 2A.q/�1CO.A.q/�2/;

a2.q/D
B.q/� 1

B.q/C 1
D 1� 2B.q/�1CO.B.q/�2/:

Setting aj .q/D 1� ıj .q/ we have

ı1.q/D 4 exp
�
�
�

8q

�
.1CO.q//; ı2.q/D 4 exp

�
�
3�

8q

�
.1CO.q//;

as claimed. The final claim of the lemma follows from

j.Fq ı'/
0.w/j � jF 0q.z/jj'

0.w/j � 2.1� jwj/�2;

where '.w/D z, w 2 .0; 1/. We used here that for z D is, s > 0,

jF 0q.z/j DH.k/
�1.1Cjzj2/�

1
2 .1C k2jzj2/�

1
2 �H.k/�1.1Cjzj2/�

1
2 � 1

for small q. �

By a subharmonic function v on a domain �� C we mean a function v W�! Œ�1;1/, which is
upper semicontinuous and satisfies the submean-value property. We recall the basic Riesz representation
of a subharmonic function on the disk, albeit with precise quantitative control on the Riesz mass and
the harmonic part. In view of Lemma 2.1 we need to consider the case where the lower bound on the
subharmonic function is attained arbitrarily close to the boundary of the unit disk.

Lemma 2.2. Let v be subharmonic on a neighborhood of D, with v �M on D, and assume sup�D v �m

for some 0 < � < 1. Let � < r1 < r < 1. Then there exists a nonnegative measure � on D, called the Riesz
measure, with the property that for all w 2 rD

v.w/D

Z
rD

log jz�wj�.dz/C h.w/; (2-2)

with h harmonic on rD. We have the quantitative bounds on the Riesz mass

�.rD/�
M �m

log..1C �r/=.�C r//
(2-3)

and on the deviations of the harmonic function

min
c2R

max
jwj�r1

jh.w/� cj � 1
2
.M �m/

r C r1

r � r1

log..1C �r/=.1� r2//
log..1C �r/=.�C r//

DW ": (2-4)
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The constant c which minimizes the left-hand side satisfies

c �m� "� log.r C �/�.rD/: (2-5)

Proof. We will assume that v is smooth, the general case following by approximation. The Green’s
function G W D�D! R given by

G.z;w/ WD
1

2�
log
ˇ̌̌̌
z�w

1� z Nw

ˇ̌̌̌
satisfies �zG.z;w/D ıw and G.z;w/D 0 when jzj D 1.

Let w 2 D. By Green’s second identity for the domain D, we have

v.w/�

Z
D

G.z;w/�v.z/ Vol.dz/D
Z
@D

v.z/
@G

@nz
.z; w/ �.dz/;

where Vol is the standard volume measure and � is the (unnormalized) arc-length measure on the circle @D.
Since v is smooth and subharmonic, �v is a nonnegative, continuous function, call it 2��. Therefore

v.w/D

Z
D

2�G.z;w/�.dz/C h0.w/; (2-6)

where
h0.w/ WD

Z
@D

v.z/
@G

@nz
.z; w/ �.dz/: (2-7)

Let 0 < r < 1. On the disk rD we have the Riesz representation

v.w/D

Z
rD

log jz�wj�.dz/C h.w/; (2-8)

where

h.w/ WD

Z
DnrD

log
ˇ̌̌̌
z�w

1� z Nw

ˇ̌̌̌
�.dz/�

Z
rD

log j1� z Nwj�.dz/C h0.w/ (2-9)

is harmonic in rD. Note that .@G=@nz/.z; w/ is the Poisson kernel, whence

h0.w/D

Z 1

0

v.e.�//Pjwj.' � �/ d�; w D jwje.'/: (2-10)

We now set out to bound the Riesz measure �. Without loss of generality, assume mD v.�/. Then setting
w D � in (2-6) yields Z

D

log
j1� �zj

jz� �j
�.dz/D h0.�/� v.�/�M �m; (2-11)

in which we used
h0.�/�M: (2-12)

This follows from the maximum principle and the fact that h0 is the harmonic function on D with boundary
values v by (2-10). By an elementary calculation,

min
jzj�r

j1� �zj

jz� �j
D
1C �r

�C r
> 1
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for all 0 < �; r < 1. Inserting this bound into (2-11) implies

�.r D/�
M �m

log..1C �r/=.�C r//
: (2-13)

Let � < r1 < r < 1. For all w 2 rD we have

h.w/D

Z
DnrD

2�G.w; z/ �.dz/�

Z
rD

log j1� z Nwj�.dz/C h0.w/

� � log.1� r2/�.rD/CM DW h�:

(2-14)

By Harnack’s inequality on r1D we conclude from this that for any w 2 r1D

.h�� h.w//�
r C r1

r � r1
.h�� h.�//;

whence

h.w/�
r C r1

r � r1
h.�/�

2r1

r � r1
h�:

By (2-8),

h.�/D v.�/�

Z
rD

log jz� �j�.dz/�m� log.r C �/�.rD/ (2-15)

and thus

h.w/�
r C r1

r � r1
.m� log.r C �/�.rD//�

2r1

r � r1
h� DW h�:

In summary,

min
c2R

max
jwj�r1

jh.w/� cj �
1

2
.h�� h�/

D
1

2

r C r1

r � r1
.h��mC log.r C �/�.rD//

D
1

2

r C r1

r � r1

�
M �mC log

�
r C �

1� r2

�
�.rD/

�
: (2-16)

Finally, bounding the �-mass by (2-13) finally implies

min
c2R

max
jwj�r1

jh.w/� cj � 1
2
.M �m/

r C r1

r � r1

log..1C �r/=.1� r2//
log..1C �r/=.�C r//

DW ";

as claimed. Finally, to establish (2-5), we return to (2-15) and note that the left-hand side is at most cC "
for c the minimizer in the previous line. Then

c �m� log.r C �/�.rD/� ":

Note that one may insert (2-13) on the right-hand side to control the mass. �

We now apply the Cartan estimate for logarithmic potentials to the Riesz representation (2-2) in order
to derive lower bounds on v up to a small measure of exceptions.



A HIGHER-DIMENSIONAL BOURGAIN–DYATLOV FRACTAL UNCERTAINTY PRINCIPLE 821

Corollary 2.3. Let v be as in Lemma 2.2 with �D 1� 3ı, 0 < ı < 1
3

. Then for all 0 < H � 1 there exist
disks D.zj ; sj / so that

v.z/�m� .M �m/
h
2ı�3 log

�
2

ı

�
C ı�2 log

�
2e

H

�i
for all z 2 r1D n

S
j D.zj ; sj / with

P
j sj � 5H and r1 D 1� 2ı.

Proof. By Cartan’s estimate, for any H > 0 there exist disks D.zj ; sj / such that
P
j sj � 5H andZ

rD

log jw� zj�.dw/� �.rD/ log
�
H

e

�
for all z 2 r1D n

[
j

D.zj ; sj /: (2-17)

See [Levin 1996, Theorem 3, Section 11.2]. To invoke the measure bound (2-3) we estimate

log
�
1C �r

�C r

�
D log

�
2� 4ıC 3ı2

2� 4ı

�
D log

�
1C

3ı2

2� 4ı

�
� log

�
1C

3ı2

2

�
� ı2

since ı2 � 1
2

and log
�
1C 3

2
x
�
� x for 0� x � 1

2
. Consequently,

�.rD/� ı�2.M �m/:

Next,
1C �r

1� r2
�

2

2ı� ı2
� ı�1.1C ı/;

as well as
r C r1

r � r1
D
2� 3ı

ı
� 2ı�1;

whence (2-4) implies

min
c2R

max
jwj�r1

jh.w/� cj � "� .M �m/ı�3 log
�
2

ı

�
DW Q":

Finally, by (2-5), one has

c �m� "� log.r C �/�.rD/�m� "� log.2/�.rD/:

In view of (2-2) and the preceding estimates we obtain

v.z/� cC�.rD/ log
�
H

e

�
� "�m� 2"C log

�
H

2e

�
�.rD/

�m� .M �m/
h
2ı�3 log

�
2

ı

�
� ı�2 log

�
H

2e

�i
(2-18)

for all z as in (2-17). �

By means of the conformal transformation ˆq from Lemma 2.1 we can obtain a version of the Riesz
representation theorem on thin rectangles R.q/.



822 RUI HAN AND WILHELM SCHLAG

Corollary 2.4. There exists q� 2 .0; 1� with the following property: Let u be subharmonic on R.q/ for
some 0 < q � q�, continuous up to the boundary. Assume that u�M on R.q/ and max

x2Œ 1
4
; 3
4
�u.x/�m.

Then
u.x/�m� .M �m/ exp

�
9�

8q

�h
log.4/C 9�

4q
C exp

�
�
3�

8q

�
log
�
2e

H

�i
(2-19)

for all x 2
�
1
4
; 3
4

�
n
S
j Ij , where

P
j jIj j � 3H exp

�
3�
4q

�
.

Proof. Let v D u ıˆq , with ˆq as in Lemma 2.1. Then v satisfies the assumptions of Corollary 2.3 with
� � 1� ı2.q/, and

ı2.q/D 4 exp
�
�
3�

8q

�
.1CO.q//� 3ı;

ı WD exp
�
�
3�

8q

�
<
1

3
;

(2-20)

provided q� is small enough. By Corollary 2.3 we have

v.z/�m� .M �m/ exp
�
9�

8q

�h
2 log

�
2

ı

�
C ı log

�
2e

H

�i
Dm� .M �m/ exp

�
9�

8q

�h
log.4/C 9�

4q
C exp

�
�
3�

8q

�
log
�
2e

H

�i
for all z 2 r1D n

S
j D.zj ; sj /,

P
j sj � 5H, where r1 D 1� 2ı. The inverse image of

�
1
4
; 3
4

�
under ˆq

is Œa1.q/; a2.q/�. Define QIj WD R\D.zj ; sj /, Ij Dˆq. QIj /, and E WD
S
j
QIj so that

P
j j
QIj j � 10H. By

Lemma 2.1 we have
jˆq.E/j � 20Hı2.q/

�2< 3H exp
�
3�

4q

�
;

as claimed. �

Next, we apply the previous results on subharmonic functions to log jF j, where F is analytic.

Corollary 2.5. Let F be an analytic function on a neighborhood of R.q/ with 0 < q � q�, and F not
identically equal to zero. Define

B1 WD kF kL2.Œ 1
4
; 3
4
�/; B2 WD kF kL2.@R.q//:

Then for some absolute constant C0, and all H > 0,

BKC11 � e
C0K

q BK2 jF.x/j

holds for any K � exp
�
9�

8q

�h
log.4/C 9�

4q
C exp

�
�
3�

8q

�
log
�
2e

H

�i
(2-21)

for all x 2
�
1
4
; 3
4

�
n
S
j Ij , where

P
j jIj j � 3H exp

�
3�
4q

�
.

Proof. We apply our previous results to u.z/ WD log jF.z/j, which is subharmonic on a neighborhood of
R.q/. However, Corollary 2.4 does not apply directly since we do not have a pointwise upper bound
on u. Returning to the subharmonic function v D u ıˆq on the unit disk D, we note that the pointwise
upper bound M on v only entered through the estimate h0 �M ; see (2-12), (2-14). The analytic function
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zF D F ıˆq satisfies log j zF j D v. Denoting by

Pw.d�/D Pjwj.d.� �'//D
1� jwj2

1� 2jwj cos .2�.� �'//Cjwj2

the Poisson kernel centered at w D jwje.'/, we estimate h0 from (2-11) as follows:

h0.w/D

Z 1

0

v.e.�// Pw.d�/D

Z 1

0

log j zF .e.�//jPw.d�/

� log
�Z 1

0

j zF .e.�//jPw.d�/

�
� log

�Z 1

0

j zF .e.�//j d�





Pw.d�/d�






1

�
� log.B2/C log

�



d�d�





L2.@R.q//

�
C log





Pw.d�/d�






1

; (2-22)

where d� denotes arc-length measure on @R.q/, and the correspondence between @D and @R.q/ is given
by � 7!ˆq.e.�//. On the one hand, 



Pw.d�/d�






1

� 2.1� jwj/�1;

and on the other hand, 



d�d�




2
L2.@R.q//

D

Z
@R.q/

ˇ̌̌̌
d�

d�

ˇ̌̌̌2
d� D

Z 1

0

ˇ̌̌̌
d�

d�
.�/

ˇ̌̌̌�1
d�: (2-23)

Using the notation of Lemma 2.1, the boundary map @D! @R.q/ induced by ˆq is

� 7! �.�/ WD iH.k/�1 arcsn.x.�/; k/;

x.�/ WD '.e.�//D� cot.��/; x0.�/D �.1C x.�/2/

where '.w/ D i.w C 1/=.1 � w/ takes the disk to the upper half-plane. If 0 < 2�� < �.q/, then
�.�/D 1C iy.�/, where

dy

d�
D

�

H.k/

1C x2p
.x2� 1/.k2x2� 1/

�
�

kH.k/
; x.�/ < �k�1:

Therefore, this region contributes at most

1
2
kH.k/�.q/. 1 uniformly in q

to the integral in (2-23). Next, if �.q/ < 2�� < �
2

, then � D uC iq, withˇ̌̌̌
du

d�

ˇ̌̌̌
D

�

H.k/

1C x2p
.x2� 1/.1� k2x2/

�
�

H.k/
; �k�1 < x.�/ < �1;
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and so this case contributes .H.k/ to (2-23). Finally, the region �
2
< 2�� < 2� similarly adds .H.k/

to (2-23).
Combining these estimates with (2-22) yields

h0.w/� log.B2/C log.CH.k//C log
�

2

�.1� r/

�
� log.B2/CC0q�1 DWM (2-24)

for all jwj< r D 1� ı with some absolute constant C0; see (2-20). This bound replaces (2-12) and (2-14)
above.

As for the lower bound m on u, one has m� log.B1/ and thus (2-19) holds with

M �m� log
�
B2

B1

�
CC0q

�1:

Finally, (2-21) follows from (2-19) by exponentiating. �

Integrating the previous result over a small set of x yields the following localization estimate for the
L2 norm of F.

Proposition 2.6. There exists an absolute constant C1 > 0 with the following property: Let F be an
analytic function on a neighborhood of R.q/ with 0 < q � q�, and F not identically equal to zero. Define

B1 WD kF kL2.Œ 1
4
; 3
4
�/; B2 WD kF kL2.@R.q//:

For any J �
�
1
4
; 3
4

�
some Borel set of positive measure,

B1 � e
C1
q B1��2 kF k�

L2.J /
;

with 0 < � � e�C1=q.log.1=jJ j//�1.

Proof. We apply Corollary 2.5 with 3H exp
�
3�
4q

�
D jJ j=2. Thus,

BKC11

�
jJ j

2

�1
2
� e

C0K

q BK2 kF kL2.J /;

K WD exp
�
9�

8q

�h
log.4/C 9�

4q
C exp

�
�
3�

8q

��
log
�
12e

jJ j

�
C
3�

4q

�i (2-25)

or

B1 � e
C0
q

�
jJ j

2

���
2
B1��2 kF k�

L2.J /
; � � .1CK/�1: (2-26)

We write � � .1CK/�1 instead of � D .1CK/�1, since we may increase the value of K. One checks
that

log
��
jJ j

2

���
2
�
�

log.2=jJ j/

exp
�
9�
8q

��
log.4/C9�

4q
Cexp

�
�
3�
8q

��
log.12e=jJ j/C3�

4q

�� � exp
�
�
3�

4

�
<0:1; (2-27)
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uniformly in 0 < q < 1 and in jJ j. Note that

K �

(
exp

�
9�
8q

��
log.4/C 9�

4q
C exp

�
�
3�
8q

��
log .12e/C 3�

2q

��
if log 2� log.1=jJ j/ < 3�

4q
;

8 exp
�
9�
8q

��
1C exp

�
�
3�
8q

��
log.1=jJ j/ if max

�
log 2; 3�

4q

�
� log.1=jJ j/

� e
C2
q log.1=jJ j/� 1

for some absolute constant C2 > 0. Taking C1 WDmax .2C0; C2/ and

K0 WD e
C1
q log

�
1

jJ j

�
;

we conclude from (2-25), (2-26) and (2-27) with the estimate K �K0� 1 that

B1 � e
C0
q
C0:1B1��2 kF k�

L2.J /
� e

C1
q B1��2 kF k�

L2.J /
; � �K�10 ;

as claimed. �

We next apply Proposition 2.6 to a band-limited L2 function in order to obtain the main result of this
section.

Proposition 2.7. Fix � 2
�
0; 1
2

�
and for each integer n let In � Œn; nC1� be some Borel set with jInj D �.

Let f 2 L2.R/ be band-limited; i.e., Of is of compact support. Then for each 0 < q � q�

kf k2
L2.R/

� 12e
10C1
q

�X
n

kf k2
L2.In/

��
ke2�qj�j Of .�/k

2.1��/

L2.R/
; (2-28)

with 0 < � � e�5C1=q.� log�/�1, and C1; q� are as in Proposition 2.6.

Proof. Let F be the entire function with F D f on the real line. Fix 0� t � 1 and define Rn;t .q/ to be
the rectangle with vertices n� 1� t ˙ iq, nC 2C t ˙ iq. We claim that by Proposition 2.6 we have

kf kL2.Œn;nC1�/ � e
5C1
q kF k1��

L2.@Rn;t .q//
kf k�

L2.In/
; (2-29)

with � � e�5C1=q
�
log..3C 2t/=jInj/

��1. To see this, we set nD 0 without loss of generality, translate
Rn;t .q/!Rn;t .q/C1C t , and dilate z 7! z=.3C2t/. After these operations, the transformed interval I0
lies in h

1Ct

3C2t
;
2Ct

3C2t

i
�

h
1

4
;
3

4

i
;

and the height q becomes q=.3C 2t/� q=5, whence the claim.
Squaring, summing, and applying Hölder’s inequality yields

kf k2
L2.R/

� e
10C1
q

�X
n

kF k2
L2.@Rn;t .q//

�1���X
n

kf k2
L2.In/

��
:

Let E denote the expected value with respect to 0� t � 1, uniformly distributed. On the one hand, taking
expectations of the previous line yields

kf k2
L2.R/

� e
10C1
q

�X
n

EkF k2
L2.@Rn;t .q//

�1���X
n

kf k2
L2.In/

��
: (2-30)
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On the other hand, since
sup
0�t�1

X
n

1Œn�1�t;nC2Ct/ � 5; (2-31)

we haveX
n

EkF k2
L2.@Rn;t .q//

� 5kF. � C iq/k2
L2.R/

C 5kF. � � iq/k2
L2.R/

C 2
X
n

Z 1

0

Z q

�q

jF.n� t C is/j2 ds dt: (2-32)

Since kF. � ˙ iq/kL2.R/ D ke
˙2�q� Of .�/kL2.R/ and

X
n

Z 1

0

Z q

�q

jF.n� t C is/j2 ds dt D

Z
R

Z q

�q

jF.xC is/j2 ds dx

D

Z q

�q

Z
R

e4�s� j Of .�/j2 d� ds � 2qke2�qj�j Of .�/k2
L2.R/

;

assuming as we may that q� � 1
2

, we infer from (2-32) thatX
n

EkF k2
L2.@Rn;t .q//

� 12ke2�qj�j Of .�/k2
L2.R/

:

Inserting this into (2-30) concludes the proof. �

3. L2 localization in higher dimensions

Our goal is to prove a version of Proposition 2.7 for band-limited functions f 2 L2.Rd /, d � 2. For the
sake of simplicity, we first limit ourselves to d D 2 and begin with a Cartan-type estimate for functions
on D�D which are subharmonic relative to each variable.

We begin with the definition of a Cartan-2 set; see [Goldstein and Schlag 2001, Definition 8.1; 2008,
Definition 2.12].

Definition 3.1. We say that B � C2 is a Cartan-2 set with parameter H > 0 if for all .z1; z2/ 2 B one
has either

� z1 2
S
j D.�j ; sj / with

P
j sj � 5H,

� or for all other z1, one has z2 2
S
kD.wk; tk/ with

P
k tk � 5H and .wk; tk/ depend on z1.

Of particular relevance to us with be the fact that a Cartan-2 set has a real “trace” of small measure.

Lemma 3.1. Let B �
Q2
jD1D.zj;0; 1/ be a Cartan-2 set with parameter H > 0. Then

jB\R2j � 40H:

Proof. This follows from Fubini and jD.�; s/\Rj � 2s for all � 2 C. �

We can now formulate a Cartan-type bound for plurisubharmonic functions.
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Lemma 3.2. Let v W D�D! Œ�1;1/ be continuous so that v D v.z1; z2/ is separately subharmonic
in each variable. Suppose for 0 < � < r < 1

max
jz1j�r;jz2j�r

Z
S1�S1

v.e.�1/; e.�2// Pz1.d�1/ Pz2.d�2/�M (3-1)

and
max

jz1j��;jz2j��
v.z1; z2/�m: (3-2)

Let �D r.1� 3ı/ with 0 < ı < 1
3

. Then for any 0 < H � 1 one has

v.z1; z2/�m� .M �m/.LC 1/
2; where L WD 2ı�3 log

�
2

ı

�
C ı�2 log

�
2e

H

�
; (3-3)

for all .z1; z2/ 2 r1D� r1D nB where B is a Cartan-2 set with parameter rH, and r1 D r.1� 2ı/.

Proof. The function

h.z1; z2/ WD

Z
S1�S1

v.e.�1/; e.�2// Pz1.d�1/ Pz2.d�2/ (3-4)

is separately harmonic in each variable, is continuous up to @.D�D/, and satisfies v � h pointwise. The
latter property follows from the pointwise inequalities

v.z1; z2/�

Z
S1
v.z1; e.�2// Pz2.d�2/;

which hold due to harmonicity of the right-hand side in z2, whence

v.z1; z2/�

Z
S1
v.e.�1/; z2/ Pz1.d�1/�

Z
S1�S1

v.e.�1/; e.�2// Pz1.d�1/ Pz2.d�2/D h.z1; z2/ (3-5)

as claimed. Define
Qv.z1/ WD max

jz2j��
v.z1; z2/: (3-6)

Then Qv is continuous (by uniform continuity) and subharmonic (as the supremum of a family of subhar-
monic functions). It satisfies Qv.z1/ �M for all jz1j � r by (3-1) and (3-5), and maxjz1j�� Qv.z1/ � m.
The latter follows from

v.z1; z2/� Qv.z1/ for all jz1j � r; jz2j � �;

and (3-2).
We apply Corollary 2.3 to Qv, which requires rescaling from D to rD. Thus, with �D r.1� 3ı/, and

r1 D r.1� 2ı/,
Qv.z1/�m� .M �m/LDWm

� (3-7)

for all z1 2 r1D n
S
j D.�j ; sj / with

P
j sj � 5rH . Fix such a good z1. By definition, there exists z�2

with jz�2 j � � and v.z1; z�2 /�m
�. On the other hand, v.z1; z2/�M for all jz2j � r .

Once again, by Corollary 2.3 rescaled from D to rD, it follows that

v.z1; z2/�m
�
� .M �m�/L�m� .M �m/L.2CL/ (3-8)

for all z2 2 r1D n
S
j D.wj ; tj / with

P
j tj � 5rH . These disks depend on z1. �
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By means of Lemma 3.2 we establish a two-dimensional analogue of Proposition 2.6.

Proposition 3.3. Let F be an analytic function of two variables on a neighborhood of R.q/�R.q/ with
0 < q � q�, and F not identically equal to zero. Define

B1 WD kF kL2.Œ 1
4
; 3
4
��Œ 1

4
; 3
4
�/; B2 WD kF kL2.@R.q/�@R.q//:

For any J �
�
1
4
; 3
4

�
�
�
1
4
; 3
4

�
some Borel set of positive measure,

B1 � e
C
q B1��2 kF k�

L2.J /
;

with 0 < � � e�C=q.log.1=jJ j//�2 with some absolute constant C .

Proof. Set u.z1; z2/ WD log jF.z1; z2/j, which is plurisubharmonic on a neighborhood of R.q/�R.q/.
We pull u back to the polydisk D�D, and define

v.z1; z2/D u.ˆq.z1/; ˆq.z2//D log j zF .z1; z2/j; zF .z1; z2/D F.ˆq.z1/; ˆq.z2//:

With h defined as in (3-4), for all jz1j; jz2j � r ,

h.z1; z2/D

Z 1

0

Z 1

0

v.e.�1/; e.�2// Pz1.d�1/ Pz2.d�2/

D

Z 1

0

Z 1

0

log j zF .e.�1/; e.�2//jPz1.d�1/ Pz2.d�2/

� log
�Z 1

0

Z 1

0

j zF .e.�1/; e.�2//jPz1.d�1/ Pz2.d�2/

�
� log

�Z 1

0

Z 1

0

j zF .e.�1/; e.�2//j d�1 d�2





Pz1.d�/d�






1





Pz2.d�/d�






1

�
� log.B2/C 2 log

�



d�d�





L2.@R.q//

�
C 2 sup
jwj�r

log




Pw.d�/d�






1

� log.B2/C log.Cq�1/C 2 log
�

2

1� r

�
; (3-9)

where d� denotes arc-length measure on @R.q/; see (2-24). By Lemma 2.1, we can apply Lemma 3.2 to
v with �D 1� exp.�A=q/ with some absolute constant A,

mD logB1; M D log.B2/C 3Aq�1; ı D exp
�
�
2A

q

�
; r D �.1� 3ı/�1;

and 0 < q � q�� 1. Thus, for any H > 0 there exists a Cartan-2 set B with parameter H such that for

r1 D 1� exp
�
�
A

q

�
< r.1� 2ı/;

and any .z1; z2/ 2 r1D� r1D nB, we have

v.z1; z2/�m� .M �m/.LC 1/
2;
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where

LD 2e
6A
q log.2e

2A
q /C e

4A
q log

�
2e

H

�
< e

8A
q C e

4A
q log

�
2e

H

�
� 1:

Returning to the original geometry, and analytic function F, we conclude the following via Lemmas 2.1
and 3.1: with K WD .e8A=qC e4A=q log.2e=H//2,

BKC11 � e
3AK
q jF.x1; x2/jB

K
2

for all .x1; x2/ 2
�
1
4
; 3
4

�
�
�
1
4
; 3
4

�
n E , where E � R2 and jEj � e5A=qH.

We now pick H so that e5A=qH D jJ j=2, and integrate over J, and we obtain

BKC11

�
jJ j

2

� 1
2
� e

3AK
q BK2 kF kL2.J /

or

B1 � e
3A
q

�
jJ j

2

���
2
B1��2 kF k�

L2.J /
; � � .1CK/�1: (3-10)

We write � � .1CK/�1 instead of � D .1CK/�1 since we could increase K. One easily checks that
.jJ j=2/��=2 . 1, and

K � e
C1
q

�
log
�
1

jJ j

��2
� 1;

with some absolute constant C1. Taking C WDmax .4A; C1/, and

K0 WD e
C
q

�
log
�
1

jJ j

��2
:

We conclude from (3-10) with the estimate K �K0� 1 that

B1 � e
C
q B1��2 kF k�

L2.J /
; � �K�10 ;

as claimed. �

In analogy with the one-dimensional case in Proposition 2.7, we can deduce the following L2 localiza-
tion result.

Proposition 3.4. Fix � 2
�
0; 1
2

�
and for each integers n1; n2 let

In1;n2 � Œn1; n1C 1�� Œn2; n2C 1�

be some Borel set with jIn1;n2 j D �. Let f 2L2.R2/ be band-limited; i.e., Of is of compact support. Then
for each 0 < q � q�

kf k2
L2.R2/

� e
2C
q

� X
.n1;n2/2Z2

kf k2
L2.In1;n2 /

��
ke2�q.j�1jCj�2j/ Of .�/k

2.1��/

L2.R2/
; (3-11)

with 0 < � � e�C=q.� log�/�2, and C some absolute constant.
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Proof. Let F be the entire function with F D f on R2. Fix 0� t1; t2 � 1 and for j D 1; 2 define Rn;tj .q/
to be the rectangle with vertices n�1� tj ˙ iq, nC2C tj ˙ iq. We obtain from Proposition 3.3 that for
any n1; n2 2 Z

kf kL2.Œn1;n1C1��Œn2;n2C1�/ � e
5C
q kF k1��

L2.@Rn1;t1 .q/�@Rn2;t2 .q//
kf k�

L2.In1;n2 /
;

with

� � e�
5C
q

�
log
�
.3C 2t1/.3C 2t2/

jIn1;n2 j

���2
;

and C being the absolute constant in Proposition 3.3. Squaring, summing, and applying Hölder’s
inequality, we have

kf k2
L2.R2/

� e
10C
q

� X
.n1;n2/2Z2

kF k2
L2.@Rn1;t1 .q/�@Rn2;t2 .q//

�1��� X
.n1;n2/2Z2

kf k2
L2.In1;n2 /

��
:

Taking expectation of the previous line with respect to 0� t1; t2 � 1, we obtain

kf k2
L2.R2/

� e
10C
q

� X
.n1;n2/2Z2

Et1Et2kF k
2
L2.@Rn1;t1 .q/�@Rn2;t2 .q//

�1��� X
.n1;n2/2Z2

kf k2
L2.In1;n2 /

��
:

(3-12)
By decomposing each @Rn;t .q/ into its four sides, we decomposeX

.n1;n2/2Z2

Et1Et2kF k
2
L2.@Rn1;t1 .q/�@Rn2;t2 .q//

(3-13)

into the following three parts:

Part 1W vertical and horizontal mixed terms. This part contains eight terms; each can be bounded in the
same way. Taking the left vertical side of Rn1;t1.q/ and upper horizontal side of Rn2;t2.q/ for example,
we haveX
.n1;n2/2Z2

Et2

Z
R

1Œn2�1�t2;n2C2Ct2/Et1

Z q

�q

jF.n1� 1� t1C is; x2C iq/j
2 ds dx2

� 5
X
n12Z

Et1

Z
R

Z q

�q

jF.n1� 1� t1C is; x2C iq/j
2 ds dx2

D 5

Z q

�q

Z
R2
jF.x1C is; x2C iq/j

2 dx1 dx2 ds

� 5

Z q

�q

Z
R2
e4�.s�1Cq�2/j Of .�1; �2/j

2 d�1 d�2 ds

� 10qke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

;

in which we used (2-31) in the first step. Hence, Part 1 contributes in total at most

80qke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

: (3-14)
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Part 2W verticalCvertical sides. This part contains four terms. Taking the left vertical sides of Rn1;t1.q/
and Rn2;t2.q/ for example, we haveX
.n1;n2/2Z2

Et1Et2

Z q

�q

Z q

�q

jF.n1� 1� t1C is1; n2� 1� t2C is2/j
2 ds1 ds2

D

Z q

�q

Z q

�q

Z
R2
jF.x1C is1; x2C is2/j

2 dx1 dx2 ds1 ds2

� 4q2ke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

:

Hence, Part 2 contributes in total at most

16q2ke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

: (3-15)

Part 3W horizontalChorizontal sides. This part also contains four terms. Taking the upper horizontal sides
of Rn1;t1.q/ and Rn2;t2.q/ for example, we haveX
.n1;n2/2Z2

Et1Et2

Z
R2

1Œn1�1�t1;n1C2Ct1/1Œn2�1�t2;n2C2Ct2/jF.x1C iq; x2C iq/j
2 dx1 dx2

�25

Z
R2
jF.x1C iq; x2C iq/j

2 dx1 dx2

�25ke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

;

in which we used (2-31) in the first step. Hence, the contribution of Part 3 is at most

100ke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

: (3-16)

Plugging the estimates in (3-14), (3-15) and (3-16) into (3-13), we obtainX
.n1;n2/2Z2

Et1Et2kF k
2
L2.@Rn1;t1 .q/�@Rn2;t2 .q//

� .4qC 10/2ke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

� 144ke2�q.j�1jCj�2j/ Of .�/k2
L2.R2/

(3-17)

for q � 1
2

. Plugging (3-17) into (3-12) yields

kf k2
L2.R2/

� 144e
10C
q

� X
.n1;n2/2Z2

kf k2
L2.In1;n2 /

��
ke2�q.j�1jCj�2j/ Of .�/k

2.1��/

L2.R2/
;

as claimed. �

In general dimensions, one can proceed similarly. First, we inductively define Cartan sets in higher
dimensions.

Definition 3.2. We say that B�C2 is a Cartan-d set with parameter H >0 if for all .z1; z2; : : : ; zd /2 B
one has either

� z1 2
S
j D.�j ; sj / with

P
j sj � 5H or for all other z1 one has

� .z2; : : : ; zd / belongs to a Cartan-.d�1/ set with parameter H > 0 depending on z1.
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By arguments analogous to those used above for d D 2, one can exploit these Cartan sets in higher
dimensions to obtain the following result. We leave the details to the reader. Throughout, we let C.d/� 1
be a constant depending only on the dimension d . It is allowed to change its values from line to line.

Proposition 3.5. Fix � 2
�
0; 1
2

�
and for each integer vector nD .n1; : : : ; nd / 2 Zd, d � 2, let

In �

dY
jD1

Œnj ; nj C 1/

be some Borel set with jInj D �. Let f 2L2.Rd / be band-limited; i.e., Of is of compact support. Then for
each 0 < q � q� D q�.d/� 1

kf k2
L2.Rd /

� e
2C.d/
q

�X
n2Zd

kf k2
L2.In/

��
ke2�qj�j1 Of .�/k

2.1��/

L2.Rd /
; (3-18)

with 0 < � � e�C.d/=q.� log�/�d, C.d/� 1 some absolute constant depending on d .

As a precursor to the results of the next section, which involve L2 functions with Fourier support
in thin sets, we now establish an uncertainty principle for L2.Rd / functions under a quantitative decay
assumption on their Fourier transforms.

Corollary 3.6. Let ‚.�/ D ‚.j�j1/ D .log.2 C j�j1//�˛, 0 < ˛ < 1. Let S WD
S
n2Zd In be as in

Proposition 3.5. Then
kf k2 � C.d; ˛;A; �/kf kL2.S/ (3-19)

for all f 2 L2.Rd / with ke‚.�/j�j1 Of kL2.Rd / � Akf kL2.Rd /.

Proof. With 0 < q small to be determined, we fix R � 1 so that 2�q D ‚.R/. Split f D f1 C f2,
Of1.�/D Of .�/1Œj�j1�R�. Then by (3-18), and since 2�q �‚.�/ for j�j1 �R,

kf1k
2
2 � e

2C.d/
q kf1k

2�
L2.S/ke

‚.�/j�j1 Of1k
2.1��/
2 � e

2C.d/
q kf1k

2�
L2.S/.Akf k2/

2.1��/;

with
� D e�

C.d/
q .� log�/�d D e�

2�C.d/
‚.R/ .� log�/�d :

Moreover, since

kf k22 D kf1k
2
2Ckf2k

2
2 � e

2C.d/
q .kf kL2.S/Ckf2k2/

2�.Akf k2/
2.1��/

Ckf2k
2
2

and
kf2k2 � e

�‚.R/R
ke‚.�/j�j1 Of k2 � Ae

�‚.R/R
kf k2 �

1
2
kf k2;

where we chose R large enough depending on A� 1, it follows that

kf k22 � 2e
2C.d/
q .kf kL2.S/CAe

�‚.R/R
kf k2/

2�.Akf k2/
2.1��/;

whence
kf k2 � 2

1
2�A

1��
� e

C.d/
�q .kf kL2.S/CAe

�‚.R/R
kf k2/

D 2
1
2�A

1��
� e

C.d/
�q kf kL2.S/C exp

�
�T .R/

�
kf k2;
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with

T .R/D‚.R/R�
C.d/

�q
� ��1 log.

p
2A/

D‚.R/R�

�
2�C.d/

‚.R/
C log.

p
2A/

�
e
2�C.d/
‚.R/ .� log�/d :

In addition to 2A� e‚.R/R we require that T .R/� 1. These conditions hold for sufficiently large R. �

The proof of the corollary gives an explicit and effective dependence of the constant C.d; ˛;A; �/
on A; �, but we have no need for it. Corollary 3.6 follows (perhaps with a different dependence on the
constants) from a quantitative version of the Logvinenko–Sereda theorem; see, e.g., [Kovrijkine 2001;
Muscalu and Schlag 2013]. The results in the next section, however, do not.

4. Uncertainty principle with thin Fourier support

We begin with the concept of a damping function.

Definition 4.1. Let ‚ be as in Corollary 3.6, with ˛ 2 .0; 1/ fixed. Let Y � Rd. We say that Y admits a
damping function with parameters c1; c2; c3, all falling into the interval .0; 1/, if there exists a function
 2 L2.Rd / satisfying

� supp. /� Œ�c1; c1�d,

� k y kL2.Œ�1;1�d / � c2,

� j y .�/j � h�i�d for all � 2 Rd,

� j y .�/j � exp
�
�c3‚.j�j1/j�j1/ for all � 2 Y .

Lemma 4.1. Fix c1 2
�
0; 1
2

�
and for each integer vector nD .n1; : : : ; nd / 2 Zd, d � 2, let

In �

dY
jD1

Œnj ; nj C 1/

be a square with side length 2c1. Define S WD
S
n2Zd In. Suppose Y �Rd is such that YCŒ�2; 2�d admits

a damping function with parameters c1, and c2; c3 2 .0; 1/. Then every f 2 L2.Rd / with supp. Of /� Y
satisfies

k Of k2
L2.Œ�1;1�d /

� C.d/c�22 hRi
2d e

4�C.d/
c3‚.R/

�
k1Sf k

2�
H�d
kf k

2.1��/

H�d
C exp.�2c3�‚.R/R/ kf k2H�d

�
(4-1)

and � D e�2�C.d/=.c3‚.R//.�d log c1/�d, provided R � .2d=c3/2 and 0 < c3 � c�3 .d/ WD2�q�, where
q� is as in Proposition 3.5.

Proof. Let � 2 Œ�2; 2�d. Set f�.x/ WD e2�ix��f .x/, and g� WD f� � , where  is the damping function
as in Definition 4.1 associated with Y C Œ�2; 2�d . Split g� into

g� D g1Cg2;

supp. yg1/� f� 2 Rd W j�j1 �Rg; supp. yg2/� f� 2 Rd W j�j1 >Rg;
(4-2)
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where 2�q D c3‚.R/. Note that our assumption c3 � 2�q� guarantees that q � q� holds for any R � 1.
Note also that since supp. / � Œ�c1; c1�d, we have 1S0g� D 1S0.1Sf� � /, where S 0 WD

S
n2Zd I

0
n,

with I 0n a square with the same center as In, but half the side length. By Proposition 3.5 with �D cd1 one
has

kg�k
2
2 D kg1k

2
2Ckg2k

2
2 � e

2C.d/
q
�
kg�kL2.S0/Ckg2k2

�2�
ke2�qj�j1 yg1k

2.1��/
2 Ckg2k

2
2; (4-3)

with
0 < � � e�

C.d/
q .�d log c1/�d D e

�
2�C.d/
c3‚.R/ .�d log c1/�d ;

C.d/ some absolute constant. By construction, supp. yf�/� Y C �� Y C Œ�2; 2�d ; hence

j yg�.�/j � j yf�.�/j exp
�
�c3‚.j�j1/j�j1/ for all � 2 Rd ;

whence

ke2�qj�j1 yg1k2 D ke
c3‚.R/j�j1 yg1k2 � sup

j�j1�R

h�idkf�kH�d � hRi
d
kf�kH�d ;

kg2k2 � sup
j�j1�R

exp.�c3‚.j�j1/j�j1/h�id kf�kH�d � exp.�c3‚.R/R/hRid kf�kH�d ;

where we used that j�j2 � j�j1, and that r 7! exp.�c3‚.r/r/hrid is decreasing for large r . To be specific,

exp.�c3‚.r/r/hrid D exp.�h.r//; h.r/D c3.log.2C r//�˛ r � d
2

log.1C r2/:

Differentiating, we obtain

h0.r/D c3.log.2C r//�˛
�
1�

˛r

2C r
.log.2C r//�1

�
�

dr

1C r2

�
c3

2
.log.2C r//�˛ � dr�1 �

c3

2
.log.2C r//�1� dr�1;

where we used that
˛r

2C r
.log.2C r//�1 �

1

2

for all r � 0. One has u > log.2Cu2/ for u� 2, say. Hence, if r � .2d=c3/2, then
c3

2
.log.2C r//�1� dr�1 > 0

and thus h0.r/ > 0. So it suffices to assume that R � .2d=c3/2.
Inserting these bounds into (4-3) yields

kg�k
2
2 � e

2C.d/
q
�
k1Sf�kH�d C exp.�c3‚.R/R/hRid kf�kH�d

�2�
.hRid kf�kH�d /

2.1��/

C exp.�2c3‚.R/R/hRi2d kf�k2H�d :

Since sup
�2Œ�2;2�d

kf�kH�d � C.d/kf kH�d , we can simplify this further:

kg�k
2
2 � C.d/hRi

2d e
4�C.d/
c3‚.R/

�
k1Sf k

2�
H�d
kf k

2.1��/

H�d
C exp.�2c3�‚.R/R/ kf k2H�d

�
: (4-4)
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Finally,

k yf k2
L2.Œ�1;1�d /

� c�22

Z
Œ�1;1�d

j yf .�/j2 d�

Z
Œ�1;1�d

j y .�/j2 d�

� c�22

Z
Œ�1;1�d

Z
Œ�2;2�d

j yf .� � �/j2j y .�/j2 d� d�

� c�22

Z
Œ�2;2�d

Z
Rd
j yf .� � �/j2j y .�/j2 d� d�D c�22

Z
Œ�2;2�d

kg�k
2
2 d�;

and we are done. �

We now remove the localization in Fourier space on the left-hand side of (4-1) in order to obtain the
main result of this section.

Corollary 4.2. Fix c1 2
�
0; 1
2

�
and for each integer vector nD .n1; : : : ; nd / 2 Zd, d � 2, let

In �

dY
jD1

Œnj ; nj C 1/

be a square with side length 2c1. Define S WD
S
n2Zd In. Suppose Y � Œ�˛1; ˛1�d � Rd with ˛1 � 1 is

such that Y C Œ�2; 2�d C � admits a damping function with parameters c1, and c2; c3 2 .0; 1/ for each
� 2 Œ�˛1� 1; ˛1C 1�

d. Assume further that 0 < c3 < c�3 .d/� 1, with c�3 .d/ as in Lemma 4.1. Then
every f 2 L2.Rd / with supp. Of /� Y satisfies

kf k2 � C�kf kL2.S/; (4-5)

with constant C� depending only on d; c1; c2; c3; ˛ explicitly as in (4-15).

Proof. Let ` 2 .2Z/d be such that `C Œ�1; 1�d \ Œ�˛1; ˛1�d ¤ ∅ and define f`.x/ WD e2�ix�`f .x/ so
that yf`.�/D yf .� � `/ and supp. yf`/� Y C `. In order to apply Lemma 4.1, we also need to ensure that
Y C Œ�2; 2�d C ` admits a damping function. This, however, follows from our assumptions. Hence, for
each such `,

k Of k2
L2.Œ�1;1�dC`/

� C.d/c�22 hRi
2d e

4�C.d/
c3‚.R/

�
k1Sf`k

2�
H�d
kf`k

2.1��/

H�d
C exp.�2c3�‚.R/R/ kf`k

2
H�d

�
(4-6)

and � D e�2�C.d/=.c3‚.R//.�d log c1/�d , provided R � .2d=c3/2. Summing over ` 2 .2Z/d, and using
Hölder’s inequality yields

kf k22�C.d/c
�2
2 hRi

2d e
4�C.d/
c3‚.R/

�
k1Sf k

2�
2 kf k

2.1��/
2 Cexp.�2c3�‚.R/R/kf k22

�
DC.d/c�22 hRi

2d e
4�C.d/
c3‚.R/ k1Sf k

2�
2 kf k

2.1��/
2 CC.d/c�22 hRi

2de
4�C.d/
c3‚.R/ e�2c3�‚.R/Rkf k22:

(4-7)
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Suppose further that R satisfies

R �R0.d; c1; c2; c3; ˛/ WDmax

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

.i/ exp
h�
16�C.d/

c3

� 1
1�˛

i
;

.ii/ exp .4
1
1�˛ /;

.iii/
�
.�d log c1/d

c3

�8
;

.iv/
�
4 log 2C.d/

c22

�2
;

.v/ .8d/4:

(4-8)

Note that (i), (ii), (iii) of (4-8) imply

e
�
2�C.d/
c3‚.R/ .RC 2/

1
4 � 1; ‚.R/.RC 2/

1
8 � 1; and

c3

.�d log c1/d
.RC 2/

1
8 � 1; (4-9)

respectively. Hence multiplying the three inequalities of (4-9) yields

c3�‚.R/.RC 2/�
p
RC 2 or � � .c3‚.R/

p
RC 2/�1; (4-10)

and thus
e2c3��.R/R � ec3��.R/.RC2/ � e

p
RC2: (4-11)

One also derives from (iv), (v) and (i) that

1
4

p
RC2� log

2C.d/

c22
; 1

2

p
RC2� 2d log.RC2/� loghRi2d ; and 1

4

p
RC2�

4�C.d/

c3‚.R/
; (4-12)

respectively. Hence by summing up the three inequalities of (4-12), and exponentiating, we obtain

e
p
RC2
� 2C.d/c�22 hRi

2d e
4�C.d/
c3‚.R/ : (4-13)

Combining (4-11) with (4-13), we arrive at

C.d/c�22 hRi
2d e

4�C.d/
c3‚.R/ e�2c3�‚.R/R � 1

2
:

Thus (4-7) yields

kf k2 �
�
2C.d/c�22 hRi

2d e
4�C.d/
c3‚.R/

� 1
2� k1Sf k2:

Combining the estimate of � in (4-10) with (4-13), we obtain�
2C.d/c�22 hRi

2d e
4�C.d/
c3‚.R/

� 1
2� � e

c3‚.R/.RC2/

2 :

Now we take R0 as in (4-8) and define R1 as

R1.d; c1; c2; c3; ˛/ WDmax
��
2d

c3

�2
; R0.d; c1; c2; c3; ˛/

�
: (4-14)

Then
kf k2 � C�.d; c1; c2; c3; ˛/k1Sf k2;

with
C�.d; c1; c2; c3; ˛/D e

c3‚.R1/.R1C2/

2 ; (4-15)

as claimed. �
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5. FUP assuming damping functions on Y

In this section we prove, by the same iteration as in [Bourgain and Dyatlov 2018], the fractal uncertainty
principle for sets X � Œ�1; 1�d and Y � Œ�N;N �d. On Y we do not impose a geometric condition. Rather,
in this section we still restrict ourselves to assuming the existence of damping functions living on Y , as
well as on sets derived from Y through translations and dilations; see Definition 4.1. On X we impose a
certain tree structure “with gaps”; see [Bourgain and Dyatlov 2018, Lemma 2.10].

Definition 5.1. We say that X � Œ�1; 1�d � Rd is porous at scale L � 3 with depth n, where L is an
integer, if the following holds: denote by Cn the cubes obtained from Œ�1; 1�d by partitioning it into
congruent cubes of side length L�n. Thus, # CnD 2dLnd. The condition on X is that for all Q 2 Cn with
Q\X ¤∅, there exists Q0 2 CnC1 so that Q0 �Q and Q0\X D∅.

It is shown in [Bourgain and Dyatlov 2018] that sets X � R obeying the ı-regularity condition on
scales N�1 to 1 (see Definition 6.1) satisfy this porosity property at depth n for all n� 0 with LnC1 �N.
We include a d -dimensional analogy in Appendix A; see Lemma A.7. We can now formulate the fractal
uncertainty principle, conditionally on the existence of damping functions in Y . As in [Bourgain and
Dyatlov 2018] the argument is based on an induction on scales, where at each step a small gain is achieved
by means of Corollary 4.2. Recall that ˛ 2 .0; 1/ is the parameter from the damping function.

Theorem 5.1. LetX � Œ�1; 1�d �Rd be porous at scale L� 3 with depth n for all n� 0 with LnC1�N .
Suppose Y � Œ�N;N �d is such that for all n� 0 with LnC1 �N one has that for all

� 2 Œ�NL�n� 3;NL�nC 3�d

the set
L�nY C Œ�4; 4�d C � (5-1)

admits a damping function with parameters c1D.2L/�12
�
0; 1
2

�
, and c2; c32.0;1/. Assume 0<c3<c�3 .d/

as in Corollary 4.2. Then there exists ˇ D ˇ.L; c2; c3; d; ˛/ > 0 and zC D zC.L; c2; c3; d; ˛/ > 0 so that
any f 2 L2.Rd / with supp. yf /� Y satisfies

kf kL2.X/ � zCN
�ˇ
kf kL2.Rd / (5-2)

for all N �N0.L; c2; c3; d; ˛/.

Proof. We pick a nonnegative Schwartz function ' in Rd with supp.y'/� Œ�1; 1�d and y'.0/D 1. With
T 2 N to be determined, we set  .x/ WD LTd'.LT x/ so that supp. y /� Œ�LT ; LT �d. Let

Sn WD
[
Q2Cn
Q\X¤∅

Q and S�n WD SnC
�
�
L�n

10
;
L�n

10

�d
; (5-3)

and define ‰n WD  n �1S�
nC1

, where  k.x/ WD Lkd .Lkx/. There exists a constant C' depending only
on ' such that for any n� 0

‰n �

�
1�

C'

LT�1

�
1X :
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Thus, for all m� 1,
m�1Y
nD0

‰n �

�
1�

C'

LT�1

�m
1X : (5-4)

Moreover, if Q 2 CnC1 with n � 0 satisfies Q\X D ∅, denote by Q� the cube with the same center
as Q, but half the side length, i.e., of side length L�.nC1/=2. Denote the collection of all such cubes Q�

by UnC1. By the definitions of S�nC1 and Q�, we clearly have

S�nC1\
�
UnC1C

�
�
1
10
L�.nC1/; 1

10
L�.nC1/

�d �
D∅:

Then for x 2 UnC1, and a constant c' that depends on ' only, we have

‰n.x/D

Z
Rd
'nCT .x/1S�

nC1
.x�y/ dy

D

Z
Rd
'.y/1S�

nC1
.x�L�.nCT /y/ dy

�

Z
RdnŒ� 1

10
LT�1; 1

10
LT�1�

d
'.y/ dy �

c'

LT�1
; (5-5)

uniformly in n.
Let f 2 L2.Rd / with supp. yf /� Y . Then for m� 1,

fm WD

m�1Y
nD0

‰nT �f

satisfies

supp. yfm/� Y C
m�1X
nD0

supp. y nT /

� Y C

m�1X
nD0

Œ�L.nC1/T ; L.nC1/T �d D Y C `mŒ�1; 1�
d ; (5-6)

where

`m WD L
T L

mT � 1

LT � 1
:

One has fmC1D‰mT fm for allm� 0 with f0Df . We claim that there exists 
0D 
0.L; d; c1; c2; c3/2
.0; 1/ with

kfmC1kL2.Œ�1;1�d / � .1� 
0/kfmkL2.Œ�1;1�d /: (5-7)

Define gm.x/ WD fm.LmT x/. Then

supp. ygm/� L�mT Y C `mL�mT Œ�1; 1�d � L�mT Y C Œ�2; 2�d ; (5-8)

where we used

`mL
�mT

�
LT

LT � 1
� 2:
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In particular, assuming also that LmT �N,

supp. ygm/� Œ�NL�mT ; NL�mT �d C Œ�2; 2�d D Œ�NL�mT � 2;NL�mT C 2�d ;

where NL�mT C 2 will be our parameter ˛1 in Corollary 4.2.
Under this rescaling, the cubes in CmT turn into unit cubes. Assuming further LmTC1�N, the porosity

condition at scale L with depth mT ensures that we always have a “missing cube” of side length L�1

inside. In view of our definition of Q�, we only use the concentric cube of half that side length. In view
of the conditions on Y in the theorem we can apply Corollary 4.2 to gm to obtain the following: with all
norms being taken locally on Œ�1; 1�d, and with UmTC1 the missing cubes of the next generation as above,

k‰mT fmk
2
2 � k‰mT k

2
1kfmk

2
L2.Œ�1;1�dnUmTC1/

Ck‰mT k
2
L1.UmTC1/

kfmk
2
L2.UmTC1/

� kfmk
2
L2.Œ�1;1�dnUmTC1/

Ck‰mT k
2
L1.UmTC1/

kfmk
2
L2.UmTC1/

D kfmk
2
L2.Œ�1;1�d /

� .1�k‰mT k
2
L1.UmTC1/

/kfmk
2
L2.UmTC1/

�

�
1�C�2�

�
1�

c2'

L2.T�1/

��
kfmk

2
2: (5-9)

To obtain this estimate, we used that

k‰mT k1 � 1; k‰mT kL1.UmTC1/ �
c'

LT�1
;

and
kfmkL2.UmTC1/ � C

�1
� kfmk

2
2;

with C� D C�.d; L; c2; c3; ˛/ by Corollary 4.2. Choosing


0.T / WD
1� c2'=L

2.T�1/

2C 2�
; (5-10)

and using .1� x/1=2 � 1� x=2 for 0� x � 1, we have�
1�C�2�

�
1�

c2'

L2.T�1/

��1
2

� 1� 
0.T /:

This establishes the claim (5-7).
Applying (5-7) iteratively and using (5-4), we obtain

kf kL2.X/ �

�
1�

C'

LT�1

��.mC1/



 mY
nD0

‰nf






L2.X/

�

��
1�

C'

LT�1

��1
.1� 
0.T //

�mC1
kf k2 �

�
1�


0.T /

2

�mC1
kf k2: (5-11)

In the last inequality we used

1� 
0.T /� 1�

0.T /

2
�

C'

LT�1
�

�
1�


0.T /

2

��
1�

C'

LT�1

�
;
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which requires

LT�1�
c2'

LT�1
� 4C'C

2
� or T � T0.d; L; c2; c3; ˛/ WD

�
log.2C'C 2� C

p
4C 2'C

4
� C c

2
'/

logL

�
: (5-12)

Finally, for any T � T0, taking m 2N be such that LmTC1 �N <L.mC1/TC1, (5-11) yields (5-2) with

ˇ D�
log .1� 
0.T /=2/

T logL
; (5-13)

and

zC D

�
1�


0.T /

2

�� 1
T

; (5-14)

as claimed. In the current theorem, we could simply choose T D T0. The flexibility of choosing T will
simplify our computations in our proof of Theorem 1.2. �

6. Geometry of Y and damping functions

6A. Regular sets. We will call a set I D Œa1; b1� � Œa2; b2� � � � � � Œad ; bd � of equal side lengths a
d -dimensional cube in Rd ; we denote its side length by rI .

Recall the notion of ı-regularity from [Bourgain and Dyatlov 2018, Definition 1.1]; below is a
d -dimensional analogy.

Definition 6.1. Suppose X �Rd, X ¤∅ is closed, and 0 < ı < d , CR � 1, 0� ˛0 � ˛1 �1. Then X
is ı-regular on scales ˛0 to ˛1, with constant CR, if there exists a Borel measure �X with the following
properties:

� �X is supported on X.

� �X .I /� CRr
ı
I for each d -dimensional cube I of side length ˛0 � rI � ˛1.

� �X .I /� C
�1
R rıI for each d -dimensional cube I � Rd, centered at a point in X and of side length

˛0 � rI � ˛1.

See [Bourgain and Dyatlov 2018, Section 2.2] for the geometry of such sets in R. Loosely speaking,
they behave like ı-dimensional fractal sets. The properties of ı-regular sets carry over to higher dimensions.
We include some properties in Appendix A.

6B. Geometry of Y and damping functions. Bourgain and Dyatlov observed that ı-regular sets on R

admit damping functions as in Definition 4.1 above with ˛ D .1C ı/=2. They obtained these functions
as a consequence of the Beurling–Malliavin theorem [1962]. However, one does not need the full
strength of this theorem. To be more precise, in place of the original Beurling–Malliavin condition
k.log!/0k1 <1, with ! the weight, a much easier proof is possible (via outer functions) if we assume
instead that k.H log!/0k1 � 1 where H is the Hilbert transform on R; see [Mashregi et al. 2005,
Section 1.14, Theorem 1]. By means of this technique, Jin and Zhang [2017, Lemma 4.1] proved the
following quantitative result on damping functions.
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Lemma 6.1. Let S � 1 be a constant. Let Y � Œ�SN; SN � be ı1-regular on scales 2 to N, with
constant CR, 0 < ı1 < 1. For any 0 < c1 < 1, Y admits a damping function with ˛ D .1C ı1/=2 and
parameters c1,

c2 D �c
6
1 ; c3 D �c1C

�2
R ı1.1� ı1/; (6-1)

where � > 0 is some small constant that depends on S . Instead of the pointwise global decay of h�i�1 in
Definition 4.1, we have

j y .�/j � exp.�c3h�i
1
2 / for all � 2 R: (6-2)

In this paper we need a slightly different version, where we have pointwise lower bound of j y .�/j
on
�
�
3
4
; 3
4

�
. The advantage of a pointwise lower bound over an L2 bound is that it leads to a lower bound

of the product of several y ’s. Let us also note that in Lemma 4.1 of [Jin and Zhang 2017], S D 1. But it
is clear from their proof that it works for any S � 1. We will briefly discuss the changes of constants
caused by S in Appendix B. We need the extra factor S in our proof of Lemma 6.3.

Lemma 6.2. Let S � 1 be a constant. Assume that Y � Œ�SN; SN � is a ı1-regular set with constant CR
on scales 2 to N and ı1 2 .0; 1/. Fix 0 < c1 < 1; then there exists a function  2 L2.R/ such that

supp �
�
�
1
10
c1;

1
10
c1
�
;

j y .�/j � exp.�c3h�i
1
2 / for all � 2 R;

j y .�/j � exp.�c3‚.j�j/j�j/ for all � 2 Y; j�j � 10;

and

j y .�/j � c2 for all � 2
�
�
3
4
; 3
4

�
; (6-3)

with

˛ D
1C ı1

2
; c2 D �c

10
1 ; c3 D �c1C

�2
R ı1.1� ı1/;

where � > 0 is some small constant that depends on S .

We include the proof of Lemma 6.2 in Appendix B.
In higher dimensions, we reduce ourselves to this one-dimensional setting by taking finite unions of

products. For simplicity, we restrict ourselves to two dimensions, although the exact analogue can be
done in any finite dimension.

Definition 6.2. Pick some "0 2 .0; 1/ and let Y � R2 be of the form

Y �

m[
jD1

Yj ; where Yj D f�1Eej;1C �2Eej;2 W �i 2 Yj;i ; i D 1; 2g: (6-4)

Here Eej;i 2S1 with jEej;1 � Eej;2j<1�"0 for all 1�j �m, and Yj;i are ı1-regular on scales ˛0 to ˛1 with con-
stant CR, where 0< ı1 <1. In that case Y is called admissible on scales ˛0 to ˛1 with parameters ı1, CR,
"0, m. In general dimensions, we require that Eej;i are unit vectors with jdet.Eej;1; : : : ; Eej;d /j � "0; see (1-3).
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Throughout, we will freeze "0 and constants are allowed to depend on it. The admissible sets on scale 2
to N that are contained in Œ�N;N �d carry damping functions.

We note that for our proof of Theorem 1.2, we only need mD 1. We give a construction with arbitrary
m� 1 here, since the construction itself may be of independent interest.

Lemma 6.3. Let Y � Œ�N;N �2 be admissible on scales 2 to N as in Definition 6.2. Then Y admits a
damping function with parameters c1,

c2 D �
2mC4c20mC41 m�20m C�8R .ı1.1� ı1//

4;

c3 D �c1m
�1C�2R ı1.1� ı1/;

where � > 0 is a small constant that depends on "0.

Remark 6.4. For general dimension d , we can take

c2 D �
mc

.10mC2/d
1 m�10mdC�4dR .ı1.1� ı1//

2d ;

c3 D �c1m
�1C�2R ı1.1� ı1/;

where � > 0 is a small constant that depends on "0 and d .

Proof. Let  j;i be the damping function associated with Yj;i � Œ�SN; SN �, with S D S."0/ � 1, via
Lemma 6.2 with parameters Qc1 WD "1c1m�1, where "1 is a small parameter depending on "0, and c2; c3
are as given by Lemma 6.2, but in terms of Qc1; i.e.,

c2 D �"
10
1 c101 m

�10;

c3 D c1m
�1�"1 C

�2
R ı1.1� ı1/;

where � depends "0. We will absorb the constant "1 into �. In the following we will also allow � to change
its value from line to line, as long as it only depends on "0.

Denote the coordinates associated with the basis Eej;1; Eej;2 by .�j;1; �j;2/. We set, with � 2 R2,

y .�/ WD

mY
jD1

y j .�/; y j .�/ WDb j;1.�j;1/b j;2.�j;2/:

Then

j y j .�/j � exp.�c3h�j;1i
1
2 / exp.�c3h�j;2i

1
2 /� exp.�c3h�i

1
2 /; (6-5)

where c3, more precisely, �, can change its value in the last line depending on "0. Taking products gives

j y .�/j � exp.�mc3h�i
1
2 /D exp.�c1�h�i

1
2 /; � D �C�2R ı1.1� ı1/: (6-6)

In particular,  2 L2.R2/ as well as  j 2 L2.R2/. Since  j are also compactly supported functions,
 j 2 L

1.R2/. Hence in the sense of L1 functions,

 D
m©
jD1

 j ;
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whence

supp. /�
mX
jD1

supp. j /�
mX
jD1

Œ�c1m
�1; c1m

�1�2 � Œ�c1; c1�
2;

where we used that each  j;i is a damping function with Qc1 D "1c1m�1. Next, if � 2 Yj , then

j y j .�/j � exp.�c3‚.j�j;1j/j�j;1j/ exp.�c3‚.j�j;2j/j�j;2j/� exp.�c3‚.j�j1/j�j1/;

where again � is allowed to change in the second line. Since Y is covered by the union of Yj , we have

j y .�/j � exp.�c3‚.j�j1/j�j1/ for all � 2 Y: (6-7)

Finally, from (6-3), for each 1� j �m,

j y j .�/j � c
2
2 for all �j;1; �j;2 2

�
�
3
4
; 3
4

�
:

Hence,
k y kL2.Œ�1;1�2/ � c

2m
2 jEj

1
2 ;

where E is the subset of Œ�1; 1�2 where all conditions �j;i 2
�
�
3
4
; 3
4

�
, i D 1; 2, 1 � j � m, are met.

Clearly, jEj1=2 is some number depending on "0. It follows that

k y kL2.Œ�1;1�2/ � �
2m c20m1 m�20m; (6-8)

where � depends on "0.
We required j y .�/j � h�i�2 in our definition of damping function; see Definition 4.1. Since for any

0 < � < 1

exp.�� h�i
1
2 /� 5��4h�i�2;

it follows from (6-6) that Q WD 1
5
.c1�/

4 is a damping function in the sense of the definition. Since
1
5
.c1�/

4 � 1, the decay (6-7) remains intact, as does the support condition. However, (6-8) needs to be
modified:

k
yQ kL2.Œ�1;1�2/ �

1
5
.c1�/

4�2m c20m1 m�20m D 1
5
�2mC4c20mC41 m�20mC�8R .ı1.1� ı1//

4:

Absorbing the 1
5

into �, the lemma is proved. �

Finally, we need to check that Y remains admissible if it is transformed by the similarities in (5-1).

Lemma 6.5. Let Y � Œ�N;N �d with N � 10 be admissible on scales 2 to N with parameters ı1,
CR,"0; m. Let L� 4 be an integer. Then for all integers n� 0 with LnC1 �N and for all

� 2 Œ�NL�n� 3;NL�nC 3�d ;

the set
L�nY C Œ�4; 4�d C �� Œ�.2NL�nC 7/; 2NL�nC 7�d

is admissible at scale S.2NL�nC 7/ with parameters ı1, 576S2CR, "0, m, where S D S."0; d /� 1.
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Proof. First,
L�nY C Œ�4; 4�d C �� Œ�2NL�n� 7; 2NL�nC 7�d

for all � as above. Second, by (6-4),

L�nY C Œ�4; 4�d C ��

m[
jD1

.L�nYj C Œ�4; 4�
d
C �/;

where

L�nYj D

� dX
kD1

�k Eej;k W �k 2 L
�nYj;k; k D 1; 2; : : : ; d

�
;

and

L�nYj C Œ�4; 4�
d
C ��

� dX
kD1

�k Eej;k W �k 2 L
�nYj;kC Œ�4S; 4S�C �j;k; k D 1; 2; : : : ; d

�
;

where S D S."0; d / � 1 and j�j;kj � S.NL�nC 3/. By Lemmas 2.1, 2.2, and 2.3 in [Bourgain and
Dyatlov 2018], see also Lemmas A.2, A.3, and A.4 with d D 1, the sets

L�nYj;kC Œ�4S; 4S�C �j;k � Œ�S.2NL
�n
C 7/; S.2NL�nC 7/�

are ı1-regular with constant 576S2CR on scales 2 to S.2NL�nC 7/. Indeed, for n � 1, Lemma A.2
implies that L�nYj;k is ı1-regular on scales 2L�n � 1

2
to L�nN with constant CR. Lemma A.4 implies

that
L�nYj;kC Œ�4S; 4S�D L

�nYj;kC 8S
�
�
1
2
; 1
2

�
is ı1-regular on scales 1 to L�nN with constant 32SCR. Lemma A.3 allows us to increase the upper
scale from L�nN to 9SL�nN � S.2L�nN C7/, with changing the constant from 32SCR to 576S2CR.
Note that shifting a set does not change its ı1-regularity; hence L�nYj;kC Œ�4S; 4S�C�j;k is ı1-regular
with constant 576S2CR. The proof for nD 0 is similar.

The lemma now follows from Definition 6.2. �

6C. Proof of Theorem 1.2.

Proof. The proof of Theorem 1.2 is now a corollary to Theorem 5.1 and the considerations in this section,
with mD 1. We will keep track of various constants in order to obtain the effective exponent ˇ.

First, let
L WD d.2

d
2

p
2d C 1CR/

2
d�ı e� 4

be as in (A-3). Lemma A.7 implies that for all n� 0 with LnC1�N, X is porous at scale L with depth n.
This verifies the porosity condition on X in Theorem 5.1.

Combining Lemma 6.3, more specifically Remark 6.4, with Lemma 6.5, we obtain that for any n 2N

such that LnC1 �N, and for all � 2 Œ�L�nN � 3;L�nN C 3�d, the set

L�nY C Œ�4; 4�d C �
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admits a damping function with parameters c1,

c2 D �c
12d
1 .576S2CR/

�4d .ı1.1� ı1//
2d ;

c3 D �c1.576S
2CR/

�2ı1.1� ı1/;

where � and S are constants depending on "0. We absorb the constant S into �, and allow � to depend on
d as well. Hence we can simply write

c2 D �c
12d
1 C�4dR .ı1.1� ı1//

2d ;

c3 D �c1C
�2
R ı1.1� ı1/:

Note that this verifies the condition on Y in Theorem 5.1.
Before applying Theorem 5.1, let us first determine the constant C� in Corollary 4.2 with c1; c2; c3

defined above. Recall that
C� D e

c3‚.R1/.R1C2/

2 ;

with ˛ D .1C ı1/=2 and let

R1 Dmax

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:

exp
h� C 2R
�c1ı1.1�ı1/

� 2
1�ı1

i
exp.4

2
1�ı1 /�C 2R.� log c1/d

�c1ı1.1�ı1/

�8
h
4 log

� C 8dR
�c24d1 .ı1.1�ı1//4d

�i2
.8d/4

C 4R
�c21.ı1.1�ı1//

2

(6-9)

be as in (4-14), in which we absorb all the d -dependent constants into �.
Now we can apply Theorem 5.1 with

c1 D .2L/
�1
D .2d.2

d
2

p
2d C 1CR/

2
d�ı e/�1:

We need to trace out the constant ˇ.
Plugging c1 into (6-9), and making � smaller if necessary (depending only on d and "0), we have

R1 � exp
��
.C 2R=�/

2d�2ıC2
d�ı

ı1.1� ı1/

� 2
1�ı1

�
DWR2:

This implies
C� D exp

�
c1C

�2
R ı1.1� ı1/‚.R1/.R1C 2/

�
� exp.R2/:

Recall T0 as in (5-12) and 
0 as in (5-10). We compute that

T0 D

�
log.2C'C 2� C

p
4C 2'C

4
� C c

2
'/

logL

�
�
2 logC�C log .5C'/

logL
�
2R2C log .5C'/

logL
DW T1; (6-10)
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and


0.T1/D
1� c2'=L

2.T1�1/

2C 2�
�

1

4C 2�
�
1

4
exp.�2R2/: (6-11)

In both inequalities above, we used C� � exp.R2/.
Recall ˇ as in (5-13). Using that � log.1� x/� x for x < 1, we have

ˇ D�
log.1� 
0.T1/=2/

T1 logL
�


0.T1/

2T1 logL
:

Combining this with the estimates of T1 and 
0.T1/ as in (6-10) and (6-11), we have

ˇ � exp
�
� exp

��
.C 2R=�/

2d�2ıC2
d�ı

ı1.1� ı1/

� 2
1�ı1

��
;

with � being a small constant depending on "0 and d . �

Corollary 1.3 follows from Theorem 1.2 by the triangle inequality.

Remark 6.6. If we try to combine the construction of a damping function for m covers as in Lemma 6.3,
with Theorem 5.1, we could allow m to grow in N like log log logN. This is worse than the power-law
growth obtained via the triangle inequality.

6D. Distortion of Y by diffeomorphisms. Let F„ be the unitary semiclassical Fourier transform on
L2.Rd / defined by

F„f .�/D „�
d
2

Z
Rd
e�

2�ix��
„ f .x/ dx D „�

d
2 Of

�
�

„

�
:

We will use the following proposition which roughly says that the intersection of an admissible set
with a cube is still admissible. We only work with admissible sets with mD 1 throughout this section.

Proposition 6.7. Let Y � Rd be an admissible set on scales N�1 to 1 with parameters ı1, CR, "0. Let
Q � Rd be a cube of side length rQ � r0. Then

Y \Q �

C."0;d;r0/[
jD1

Wj ;

where each Wj is contained in a cube of side length C."0; d /, and is admissible on scales N�1 to 1 with
parameters ı1, .4CR/2=.1�ı1/CR; "0.

Proof. Let Y D
˚Pd

kD1 �k Eek W �k 2 Yk
	
, where Eek 2 S1 and jdet.Ee1; : : : ; Eed /j � "0. We cover Q by the

smallest parallelepiped zQ, whose edges are determined by Ee1; : : : ; Eed , that contains Q. We can write
zQD

˚Pd
kD1 �k Eek W �k 2

zQk
	
.

By Lemma A.1, there exist disjoint intervals Jk such that

Yk D
[

Jk;`2Jk

.Yk \Jk;`/; with .4CR/
� 2
1�ı1 � jJk;`j � 1 for all Jk;` 2 Jk;



A HIGHER-DIMENSIONAL BOURGAIN–DYATLOV FRACTAL UNCERTAINTY PRINCIPLE 847

where the .Yk \ Jk;`/’s are ı1-regular sets with constant zCR D .4CR/2=.1�ı1/ CR on scales N�1 to 1.
For any ` 2 Nd, let Y` WD

˚Pd
kD1 �k Eek W �k 2 Yk \ Jk;`k

	
. Hence Y` is admissible on scales N�1 to 1

with parameters ı1; zCR; "0. Furthermore, Y` is contained in a cube of side length C."0; d /. Finally note
that zQk intersects at most finitely many Jk;`’s, and this number depends only on "0; d and r0. �

In this section we prove Theorem 1.4. We need to show that Theorem 1.2 remains valid if an admissible
set Y is distorted by a diffeomorphism ˆN .x/ from the cube Œ�N;N �d ! Œ�N;N �d ; see (1-5). The
argument is related to Section 4 of [Bourgain and Dyatlov 2018]. Thus, let Y D ˆN . zY /, where
zY � Œ�N;N �d is an admissible set with constants CR, "0 on scales 1 to N. Suppose f 2 L2.Rd / with
supp. yf /� Y and set yg WD yf ıˆN so that supp.yg/� zY . Furthermore,

f .x/D

Z
Œ�N;N�d

e2�ix�� yf .�/ d� D

Z
Œ�N;N�d

e2�ix�� yg.ˆ�1N .�// d�

D

Z
Œ�N;N�d

e2�ix�ˆN .�/ yg.�/ jdet.DˆN .�//j d�: (6-12)

We claim that for some ˇ > 0 and C > 0 depending on all the same parameters in Theorem 1.2 as well as
on D0 



Z

Œ�N;N�d
e2�ix�ˆN .�/ yh.�/ d�






L2.X/

� CN�ˇkhk2 (6-13)

for all h 2 L2 with supp.yh/� zY , in which zY � Œ�N;N �d is an admissible set with constants CR; "0 on
scales 1 to N. Setting yh.�/ WD yg.�/ jdet.DˆN .�//j, we conclude from (6-13) that

kf kL2.X/ � CN
�ˇ
kyhk2 � CN

�ˇ
k yf k2 D CN

�ˇ
kf k2;

with possibly a different constant. So it remains to prove the claim (6-13). We will prove it from another
statement, namely 



Z

Œ�N;N�d
e2�ix�ˆN .�/ 1 zY .�/ h.�/ d�






L2.X/

� CN�ˇkhk2 (6-14)

for all h 2 L2. Notice that by Plancherel we could remove the Fourier transform from h.

To prove (6-14), divide Œ�N;N �d D
S
kQk into congruent cubes of side length LN with 1

2

p
N �

LN �
p
N . Let f�kgk be a partition of unity adapted to these cubes. With �k being the center of Qk ,Z

Œ�N;N�d
e2�ix�ˆN .�/1 zY .�/h.�/d�D

X
k

Z
Rd
e2�ix�ˆN .�/�k.�/1 zY .�/h.�/d�

D

X
k

Z
Rd
e2�ix�.ˆN .�k/CDˆN .�k/.���k//ak.x;�/1 zY .�/h.�/d�

DW

X
k

.Tkh/.x/; (6-15)
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where
ak.x; �/ WD e

2�ix�Rk.�/ �k.�/;

Rk.�/ WD

Z 1

0

.1� t /hD2ˆN .�kC t .�� �k//.�� �k/; �� �ki dt;
(6-16)

the latter being the error in the second-order Taylor expansion (we are suppressing the parameter N here).
Then

kRkkL1.supp�k/ � C D C.d;D0/;

k@˛x ak.x; �/kL1.Œ�1;1�d�supp�k/ � C.d;D0; ˛/; diam supp�k � C
p
N;

(6-17)

for every multi-index ˛. By Hörmander’s variable-coefficient Plancherel theorem,

max
k
kTkk2!2 � C.d;D0/: (6-18)

This follows by the usual T �T argument:

kTkhk
2
2 D hT

�
k Tkh; hi;

.T �k Tkh/.�
0/D

Z
Rd
Kk.�

0; �/ h.�/ d�;

Kk.�
0; �/D

Z
Rd
e2�ix�.ˆN .�/�ˆN .�

0// 1 zY .�/1 zY .�
0/ �k.�/�k.�

0/ dx:

(6-19)

Since kˆN .�/�ˆN .�0/k � D�10 k�� �
0k in the sense of Euclidean lengths, repeated integrations by

parts yield the decay
jKk.�

0; �/j � C.d;D0/h�� �
0
i
�d�1;

whence (6-18) follows by Schur’s test. In particular, k1XTkk2!2 �C with the same constant as in (6-18).
Next, we would like to show that 1XTk and 1XT` do not interact much for all cubes Qk;Q` which

are not nearest neighbors. In order to integrate by parts in x, see (6-19), we need to smooth out 1X at the
correct scale. Define

X.N�
1
2 / WDX C Œ�N�

1
2 ; N�

1
2 �d :

By [Dyatlov and Zahl 2016, Lemma 3.3] there exists a smooth  taking values in Œ0; 1� with  D 1 on X
and with supp. /�X.N�1=2/, as well as so that

k@˛x k1 � C.˛/N
j˛j
2 (6-20)

for all multi-indices. Define Sk WD  Tk . On the one hand, Sk still obeys (6-18). On the other hand, for
any cubes Qk;Q` which are not nearest neighbors one has

kS�kS`k2!2 � C.d;D0; p/N
p
2 dist.Qk;Q`/

�p (6-21)

for every positive integer p. This follows from the fact that the kernel of S�
k
S` equals

Kk;`.�
0; �/D

Z
Rd
e2�ix�.ˆN .�/�ˆN .�

0// 1 zY .�/1 zY .�
0/ �k.�/�`.�

0/  .x/2 dx:
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Using the differential operator

LD
1

2�i

ˆN .�/�ˆN .�
0/

kˆN .�/�ˆN .�0/k2
� rx;

which obeys
L e2�ix�.ˆN .�/�ˆN .�

0//
D e2�ix�.ˆN .�/�ˆN .�

0//;

repeated integration by parts now yields (6-21). Finally, given any k, only a uniformly bounded number
of choices of ` will satisfy

SkS
�
` D  TkT

�
`  ¤ 0:

This is due to the fact that �k.�/�`.�/D 0 up to a bounded number of choices of ` given k. If we label
the cubes by lattice points k 2 Zd, then �k D LNk, whence

N
p
2 dist.Qk;Q`/

�p .N
p
2 .LN jk� `j/

�p . jk� `j�p;

which is summable over Zd provided p > d . On the other hand, we also have

kS�kS`k2!2 � kSkk2!2kS`k2!2 � B
2; B WD sup

j

kSj k2!2:

Combining these two estimates we infer that for any 0 < " < 1

kSkS
�
` k2!2CkS

�
kS`k2!2 � C.d;D0; "/ B

2.1�"/
hk� `i�2.dC1/

for all k; ` 2 Zd. Note that B � C.d;D0/ by Hörmander’s bound (6-18). Hence by Cotlar’s lemma,



Z
Œ�N;N�d

e2�ix�ˆN .�/ 1 zY .�/ h.�/ d�






L2.X/

� C."; d;D0/ max
k
kSkk

1�"
2!2: (6-22)

The claim (6-14) will now follow from (6-22) by applying the fractal uncertainty principle of
Theorem 1.2 to each Sk . For this we need to linearize the phase as in (6-15), which in turn makes
the localization to scales

p
N necessary.

To be specific, we reduce (6-14) to the following estimate. Let  0 be compactly supported functions
satisfying the bounds

k@˛x 0k1 � CsN
s for all j˛j D s � 0; (6-23)

where N � 1 is arbitrary and all constant are independent of N. We assume that  0 is supported in a
ı-regular set in Œ�1; 1�d on scales 1=N to 1, and with 0 < ı < d . Let

Z DN�1Y1

be a rescaled version of an admissible set Y1 with constants CR, ı1, "0 on scales 1 to N. The point is
Y1 is not assumed to be contained in Œ�N;N �d ; hence Theorem 1.2 does not apply directly. Hence we
need to use Proposition 6.7 instead, for which we need to make assumptions on supp a. Suppose that the
symbol a is smooth and compactly supported with the bounds

k@˛xa.x; �/k1 � C.˛/ for all ˛; and supp a.x; � /�Q; (6-24)
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where Q is a cube in Rd that is independent of x, and is of side length rQ � r0. Then for some ˇ > 0
and C as above,

k 0A 1Z hk2 � CN
�ˇ
khk2; (6-25)

where
.Ah/.x/ WDN

d
2

Z
Rd
e2�iNx�� a.x; �/h.�/ d�:

Indeed,



Z
Rd
e2�ix�.ˆN .�k/CDˆN .�k/.���k//  .x/ ak.x; �/1 zY .�/ h.�/ d�






2

.




Z

Rd
e2�ix��  .x/ ak.x;DˆN .�k/

�1�C �k/1 zY��k .DˆN .�k/
�1�/h.DˆN .�k/

�1�C �k/ d�






2

DN
d
4





Z
Rd
e2�iN

1=2x��  .x/ Qak.x;N
1
2 �/N

d
4 1Y1.N

1
2 �/ Qh.N

1
2 �/ d�






2

:

Here Qa, Qh signify the functions on the second line but with the linear isomorphism DˆN .�k/
�1 and the

shift �k included, and Y1 DDˆN .�k/. zY � �k/ is an admissible set on scales 1 to N with constants that
depend on D0. Note that 1Y1.N

1=2�/D 1Z.�/, with ZDN�1=2Y1, which is an admissible set on scales
N�1=2 to 1. By (6-20),  0.x/ WD  .x/ satisfies the required bound, and furthermore  0 is supported
on X.N�1=2/, which is a ı-regular set on scales N�1=2 to 1; see Lemma A.4. As for the amplitude,
ignoring the distinction between Qak and ak ,

ak.x;N
1
2 �/ WD e2�ix�Rk.N

1=2�/ �k.N
1
2 �/;

Rk.N
1
2 �/ WDN

Z 1

0

.1� t /hD2ˆN .�kC t .N
1
2 � � �k//.� � �

0
k/; � � �

0
ki dt;

where �0
k
DN�1=2�k . Setting a.x; �/D ak.x;N 1=2�/, we conclude from (6-17) that a satisfies (6-24)

with constant r0 D C , which is an absolute constant. Finally,

kN
d
4 Qh.N

1
2 �/k2 ' khk2:

Thus, we can apply (6-25) with N replaced by N 1=2 to obtain a gain of N�ˇ=2, and we are done.
It remains to prove (6-25). Note that this is equivalent to proving

k 0A 1Z\Q hk2 � CN
�ˇ
khk2: (6-26)

By Proposition 6.7, we can cover Z \Q by C."0; d; r0/ many admissible sets Wj with constants ı1,
zCR WD .4CR/

2=.1�ı1/CR, Q"0 D Q"0."0;D0/. Hence, via triangle inequality, it suffices to prove (6-26)
with Z \Q replaced by Wj .

If aD 1 on the supp. 0/�Wj , then this follows immediately from Theorem 1.2 by a rescaling. Indeed,
one has by that theorem



N d

2

Z
Rd
e2�iNx��  0.x/1Wj .�/ h.�/ d�






2

D





Z
Rd
e2�ix��  0.x/1Wj

�
�

N

�
N�

d
2 h

�
�

N

�
d�






2

.N�ˇ




N�d2 h� �N

�




2

DN�ˇkhk2:
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Let us now consider general a satisfying (6-24). Let � 2 .0; 1/ with its value determined later.
Let us note that by the usual A�A argument, we have Hörmander’s bound,

kAk2!2 � C: (6-27)

Next we decompose  0A1Wj into

 0A 1Wj D  0 F
�1
„
A1CA2F„A1Wj ;

A1 WD 1RdnWj .N��/
F„A1Wj ; A2 WD  0F�1„ 1Wj .N��/;

where „ DN�1. Clearly, by (6-27), we have

k 0A1Wj k2!2 . kA1k2!2CkA2k2!2: (6-28)

Thus it suffices to bound kA1k2!2 and kA2k2!2.
We compute the integral kernel of A1:

KA1.�; �/D 1RdnWj .N��/
.�/ 1Wj .�/ N

d

Z
Rd
e2�iNx�.���/a.x; �/ dx:

Note that the Euclidean distance satisfies k�� �k � N�� on the support of KA1 . Hence by repeated
integration by parts in x, we obtain that

jKA1.�; �/j � Cd;�N
d�ddC10

1��
e
h�� �i�d

dC10
1��
e
� Cd;�N

�10:

By Schur’s test, we arrive at
kA1k2!2 � CN

�10: (6-29)

In view of A2. Note that

Wj .N
��/�

[
kkk1�N

1��

k2Zd

.Wj .N
�1/C k/;

and

Wj .N
�1/� bW j WD

� dX
`D1

�`Ee` W �` 2N
�1
�Wj;`.2/

�
;

which is an admissible set on scales 2N�1 to 1. Thus by Theorem 1.2 and triangle inequality, we have
for f 2 L2.Rd /

kA2f k �
X

kkk�N 1��

k 0 F�1„ 1bWjCk
f k2

.
X

kkk�N 1��

k1supp  0 F�1
„

1bWjCk
f k2 � CN

�ˇCd.1��/
kf k2;

where „ DN�1. Hence for �D 1�ˇ=2d ,

kA2k2!2 � CN
�
ˇ
2 : (6-30)

Combining (6-28), (6-29) with (6-30), we obtain (6-25). This concludes the proof of Theorem 1.4.
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6E. Fourier integral operator. In this section, we prove a fractal uncertainty principle for Fourier integral
operators on Rd. The proof follows that of the one-dimensional case in [Bourgain and Dyatlov 2018,
Section 4]; thus we shall be very brief.

Let

.B.„/f /.x/ WD „�
d
2

Z
Rd
e�

2�iˆ.x;y/
„ b.x; y/f .y/ dy; (6-31)

where for some open set U � R2d

ˆ 2 C1.U IR/; b 2 C10 .U /; det
�

@2ˆ

@xj @yk

�
¤ 0 on U;�

sup
U





� @2ˆ

@xj @yk

�



� ��sup
U





� @2ˆ

@xj @yk

��1



�� Cˆ
(6-32)

for some constant Cˆ � 1, in which k � k is the matrix norm.

Proposition 6.8. Let X; Y � Œ�1; 1�d. Assume that X is a ı-regular set on scales 0 to 1 with constant CR,
and Y is an admissible set on scales 0 to 1 with parameters ı1, CR, "0. Assume (6-32) holds. Then there
exist ˇ > 0, � 2 .0; 1/ depending only on ı, ı1, CR, "0, d , Cˆ, and C > 0 depending only on ı, ı1, CR,
"0, d , ˆ; b such that for 0 < „< h0.ˆ/ < 1,

k1X.„�=2/B.„/1Y.„�/kL2.Rd /!L2.Rd / � C„
ˇ :

Proof. As was pointed out in [Bourgain and Dyatlov 2018], it is enough to prove Proposition 6.8 under
the assumption that

1 <

ˇ̌̌̌
det
�

@2ˆ

@xj @yk

�ˇ̌̌̌
< 2 on U: (6-33)

Let Qh WD „1=2. Divide Œ�2; 2�d D
S
kQk into congruent cubes of side length L with Qh=2� L< Qh. Let

f�kgk be a partition of unity adapted to these cubes. With yk being the center of Qk , we have

„
�d
2

Z
Rd
e�

2�iˆ.x;y/
„ b.x; y/1Y.„�/.y/f .y/ dy

D

X
k

„
�d
2

Z
Rd
e�

2�iˆ.x;y/
„ b.x; y/�k.y/1Y.„�/.y/f .y/ dy

D

X
k

e�
2�iˆ.x;yk/

„ „
�d
2

Z
Rd
e�

2�iryˆ.x;yk/�.y�yk/

„ Qbk.x; y/1Y.„�/.y/f .y/ dy

DW

X
k

.Tkf /.x/;

where
Qbk.x; y/D e

�
2�i‰k.x;y/

„ �k.y/b.x; y/;

‰k.x; y/D

Z 1

0

.1� t /h.y �yk/;Hˆ.x; ykC t .y �yk//.y �yk/i dt;
(6-34)

in which Hˆ.x; � / is the Hessian of ˆ.x; � / in the y-variable.
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We will prove

k1
X. Qh�/

TkkL2!L2 � C
Qhˇ ; (6-35)

and the estimate for
P
k 1

X. Qh�/
Tk follows from almost orthogonality and Cotlar’s lemma; see the proof

of Proposition 4.3 in [Bourgain and Dyatlov 2018].
Let

'.x/ WD ryˆ.x; yk/:

By (6-33), the Jacobian matrix J' satisfies 1 < jdet.J'.x//j< 2; hence ' admits an inverse function.
We have, by a change variable x! '�1.x/,

k1
X. Qh�/

.x/.Tkf /.x/kL2

Dk1
'.X. Qh�//

.x/jdet.J'�1.x//j
1
2„
�d
2

Z
Rd
e�

2�ix�y
„ Qbk.'

�1.x/;yCyk/1Y.„�/�yk .y/f .yCyk/dykL2

Dk1
'.X. Qh�//

.x/jdet.J'�1.x//j
1
2

Z
Rd
e
�
2�ix�y
Qh Qbk.'

�1.x/; QhyCyk/1Y.„�/�yk .
Qhy/f . QhyCyk/dykL2

�k1
'.X. Qh�//

A.„/1 Qh�1.Y. Qh2�/�yk/kL2!L2 �k
Qh
d
2 f . QhyCyk/kL2

Dk1
'.X. Qh�//

A.„/1
Y. Qh2��1/�Qh�1yk

kL2!L2 �kf kL2 ;

where

.A.„/f /.x/D Qh�
d
2

Z
Rd
e
�
2�ix�y
Qh Obk.x; y/f .y/ dy;

Qb.x; y/D jdet.J'�1.x//j
1
2 Qbk.'

�1.x/; QhyCyk/:

(6-36)

Now it suffices to bound

k1
'.X. Qh�//

A.„/1
Y. Qh2��1/�Qh�1yk

kL2!L2 : (6-37)

Let zX WD '.X/. By (6-32),

.sup kJ'k/ � .sup k.J'/�1k/� Cˆ:

Note (6-33) implies C1 WD sup kJ'k � 1 and hence C2 WD sup k.J'/�1k � Cˆ. By Lemma A.5, zX is
ı-regular with constant CR.d Cˆ/ı=2 on scales 0 to d�1=2C�12 .

If d�1=2C�12 < 1, Lemma A.3 implies zX is ı-regular with constant

2.d
1
2C2/

dCR.d Cˆ/
ı
2 � 2d

dCı
2 CRC

dC ı
2

ˆ DW zCR

on scales 0 to 1. If d�1=2C�12 �1, let zCR WDCR.d Cˆ/ı=2. Hence zX is always ı-regular with constant zCR
on scales 0 to 1.

It is also easy to see that '.X. Qh�// � zX.C.ˆ/ Qh�/, where C.ˆ/ is a constant depending on ˆ. For
0 < „< h0.ˆ/, we have C.ˆ/ Qh� < Qh2��1; hence

k1
'.X. Qh�//

A.„/1
.Y. Qh2��1/�Qh�1yk/

kL2!L2 � k1 zX. Qh2��1/A.„/1.Y. Qh2��1/�Qh�1yk/kL2!L2 :
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Next note that

zX. Qh2��1/�
[
j2Z

kjk� Qh2��2

. zX. Qh/C Qhj /DW
[
j2Z

kjk� Qh2��2

zXj ;

Y. Qh2��1/� Qh�1y �
[
k2Z

kpk� Qh2��2

.Y. Qh/� Qh�1yC Qhp/DW
[
k2Z

kpk� Qh2��2

Yp:
(6-38)

Hence, it is eventually reduced to estimating each k1 zXjA.„/1YpkL2!L2 .
It is easy to check that Obk.x; y/ satisfy (6-24); hence by (6-25), we have

k1 zXjA.„/1YpkL2!L2 � C
Qhˇ

for some ˇ > 0. Choosing 2d.�� 1/ < ˇ=2, we conclude that

k1 zX. Qh2��1/A.„/1.Y. Qh2��1/�Qh�1yk/kL2!L2 � C
Qh
ˇ
2

by the triangle inequality. �

Appendix A: Regular sets

We show that certain operations preserve the class of ı-regular sets if we allow one to increase the
regularity constant and shrink the scales.

The first lemma is from [Bourgain and Dyatlov 2018]. It shows a ı-regular set in R1, 0 < ı < 1, can be
split into smaller ı-regular sets.

Lemma A.1. Let X � R1 be a ı-regular set with constant CR on scales ˛0 to ˛1, and assume that
0 < ı < 1 and .4CR/2=.1�ı/˛0 � � � ˛1. Then there exists a collection of disjoint intervals J such that

X D
[
J2J

.X \J /; .4CR/
� 2
1�ı � � jJ j � � for all J 2 J ;

and each X \J is ı-regular with constant zCR WD .4CR/2=.1�ı/CR on scales ˛0 to �.

The rest of this section concerns ı-regular sets in Rd. We show that certain operations preserve the
class of ı-regular sets if we allow one to increase the regularity constant and shrink the scales.

Lemma A.2. Let X be a ı-regular set with ı 2 .0; d/ and constant CR on scales ˛0 to ˛1. Fix � > 0 and
y 2 Rd. Then the set zX WD yC�X is a ı-regular set with constant CR on scales �˛0 to �˛1.

Proof. Taking the measure

� zX .A/ WD �
ı�X .�

�1.A�y//;

it is easy to verify. �

Lemma A.3. Let X be a ı-regular set with constant CR on scales ˛0 to ˛1. Fix T > 1. Then X is
ı-regular with constant zCR WD 2T dCR on scales ˛0 to T˛1.



A HIGHER-DIMENSIONAL BOURGAIN–DYATLOV FRACTAL UNCERTAINTY PRINCIPLE 855

Proof. Let I be a cube such that ˛0 � rI � T˛1. For ˛0 � rI � ˛1, the upper bound is immediate. For
˛1 < rI � T˛1, I can be covered by dT ed � 2T d cubes of side length ˛1 each; therefore

�X .I /� 2T
dCR˛

ı
1 �
zCRr

ı
I :

In view of the lower bound estimate, we assume I is centered at a point in X. As before, we may
assume ˛1 < rI � T˛1. Let I 0 � I be the cube with the same center and rI 0 D ˛1. Then

�X .I /� �X .I
0/� C�1R ˛ı1 �

zC�1R rıI ;

as claimed. �

Lemma A.4. Let X be a ı-regular set with constant CR on scales ˛0 to ˛1. Fix T � 1:

(1) Suppose ˛1 � 2˛0. Then the neighborhood X C Œ�T˛0; T ˛0�d is ı-regular with constant zCR WD
4dT dCR on scales 2˛0 to ˛1.

(2) Suppose that ˛1 � T˛0. Then X C Œ�T˛0; T ˛0�d is ı-regular with constant C 0R D 4
dCR on scales

T˛0 to ˛1.

Proof. Let zX WDX C Œ�T˛0; T ˛0�d and define � zX supported on zX by convolution

� zX .A/ WD
1

.T ˛0/d

Z
Œ�T˛0;T˛0�d

�X .ACy/ dy:

Let I be a cube such that M˛0 � rI � ˛1 with M � 1. Then

� zX .I /� 2
dCRr

ı
I ;

which proves the upper bound estimates for both cases.
Now assume that I is centered at a point x1 2 zX. Take x0 2 X such that x0 2 x1C Œ�T˛0; T ˛0�d,

and let I 0 be the cube centered at x0 with side length rI 0 D rI=2. Then

�X .I
0/� C�1R

�
rI

2

�ı
� 2�dC�1R rıI :

Let J D x0 � x1 C Œ�˛0=2; ˛0=2�
d ; then J \ Œ�T˛0; T ˛0�d contains a cube with side length at

least ˛0=2. Clearly, I 0 � I Cy for any y 2 J. Hence

� zX .I /�
1

.2T /d
�X .I

0/� zC�1R rıI ;

which proves the lower bound estimate for (1).
Let J D x0� x1C Œ�T˛0=2; T ˛0=2�d ; then J \ Œ�T˛0; T ˛0�d contains a cube with side length at

least T˛0=2. Clearly, I 0 � I Cy for any y 2 J. Hence

� zX .I /�
1

2d
�X .I

0/� .C 0R/
�1rıI ;

which proves the lower bound estimate for (2). �
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Lemma A.5. Assume F W Rd ! Rd is C 1 diffeomorphism. Let C1 WD supx2Rd kJF.x/k and C2 WD
supx2Rd kJF

�1.x/k, where JF is the Jacobian matrix and k � k is the matrix norm. Assume that for some
constant CF � 1, we have

C1C2 � CF : (A-1)

Let X be a ı-regular set with constant CR on scales ˛0 to ˛1 � C 2F ˛0. Then F.X/ is a ı-regular set with
constant zCR WD CR.d CF /ı=2 on scales d1=2C1˛0 to d�1=2C�12 ˛1.

Proof. Let zX WD F.X/ and define the measure � zX supported on zX as

� zX .A/ WD C
� ı
2

F C ı1 �X .F
�1.A//:

Let QI be a cube with side length r QI with

d
1
2C1˛0 � r QI � d

� 1
2C�12 ˛1: (A-2)

Clearly, F�1 QI is contained in a cube of side length r , where r �
p
d C2r QI . Indeed, let y be the center

of QI . Then for any x 2 QI , we have

kF�1.x/�F�1.y/k � C2kx�yk �

p
d

2
C2r QI :

Let I be the cube centered at F�1y of side length
p
d C2r QI � ˛1. Then

� zX .
QI /� �X .I /� C

� ı
2

F C ı1CR.
p
d C2r QI /

ı
D CR.d CF /

ı
2 rı
QI
:

If, in addition, y 2 zX , let y D F.z/, where z 2 X. Then the cube Q centered at z of side length
r D d�1=2C�11 r QI � ˛0 is contained in F�1. QI /. Indeed, for any x 2Q, we have

kF.x/�F.z/k �

p
d

2
C1r D

r QI
2
:

Hence

� zX .
QI /D C

� ı
2

F C ı1�X .F
�1. QI //� C

� ı
2

F C ı1C
�1
R .d�

1
2C�11 r QI /

ı
D C�1R .d CF /

� ı
2 rı
QI
:

This proves the claim. �

Lemma A.6. Let X be a ı-regular set with constant CR on scales ˛0 to ˛1, and 0 < ı < d . Fix an integer

L� .2
d
2

p
2d C 1CR/

2
d�ı : (A-3)

Assume that I is a cube with ˛0 � rI=L� rI � ˛1 and I1; : : : ; ILd is the partition of I into cubes of side
length rI=L. Then there exists ` such that X \ I` D∅.

Proof. Using Lemma A.2, it suffices to consider I D Œ0; L�d, ˛0� 1�L�˛1. We argue by contradiction.
Assume that each I` intersects X. Then I 0

`
WD I`C

�
�
1
2
; 1
2

�d contains a unit cube centered at a point
in X and thus

�X .I
0
`/� C

�1
R for all 1� `� Ld :
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On the other hand,
Ld[
`D1

I 0` D
�
�
1
2
; LC 1

2

�d
;

and each point in
�
�
1
2
; LC 1

2

�d can be covered by at most 2dC1 of the cubes I 0
`
. Therefore
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�X .I
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�
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2
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�d �
� .2d C 1/CR.LC 1/

ı ;

which contradicts (A-3). �

Recall our definition of Cn and porosity in Definition 5.1.

Lemma A.7. Let X � Œ�1; 1�d be a ı-regular set with constant CR on scales ˛0 to ˛1. Let L satisfy
(A-3), and take n 2 Z such that ˛0 � L�n�1 � L�n � ˛1. Then X is porous at scale L with depth n.

Lemma A.8. Let X be a ı-regular set with constant CR on scales ˛0 to ˛1. Let C � 1 be a constant. Let
I be a cube of side length rI satisfying ˛0 � rI � C˛1. Let � > 0 satisfy ˛0 � � � min.rI ; ˛1/. Then
there exists a nonoverlapping1collection J of NJ cubes of side length � each such that

X \ I �
[
J2J

J; NJ �

�
6

�
3CC

2

��d
C 2R

�
rI

�

�ı
:

We will only use this lemma in dimension 1. Note that in [Bourgain and Dyatlov 2018], this is
formulated with C D 1. We use this form with a constant C in the proof of Lemma 6.2.

Proof. Let J consist of all cubes of the form
Śd
kD1 �Œjk; jkC 1�, .j1; j2; : : : ; jd / 2 Zd, which intersect

X \ I . Then X \ I �
S
J2J J. Next, we will prove the upper bound on NJ .

For each J 2 J , let J 0 � J be the cube with the same center and with side length 2�. Since J
intersects X, J 0 contains a cube of side length � centered at a point in X. Therefore

�X .J
0/� C�1R �ı :

It is also clear that
S
J2J J

0 � I
�
3
2
�
�
, and each point lies in at most 3d of the cubes J 0.

If rI � ˛1, I
�
3
2
�
�

can be covered by 4d cubes of side length rI . If ˛1 < rI � C˛1, I
�
3
2
�
�

can be
covered by 2d d.3CC/=2ed cubes of side length ˛1. Therefore, we always have

NJ �C
�1
R �ı �

X
J2J

�X .J
0/� 3d�X

�[
J2J

J 0
�
�

�
6

�
3CC

2

��d
CRr

ı
I ;

and this proves the upper bound on NJ . �

Appendix B: Proof of Lemma 6.2

We follow the proofs of Theorem 3.2 and Lemma 4.1 in [Jin and Zhang 2017]. Let us start with introducing
some notation.

1A collection of cubes is nonoverlapping if the intersection of every two distinct cubes has empty interior.
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Hilbert transform. Let H0 be the standard Hilbert transform defined as convolution with p.v. 1
�x

: for
f 2 C10 .R/ (or more generally, f 2 L1.R; hxi�1 dx)

H0.f /.x/ WD
1

�
lim
"!0C

Z
jx�t j�"

f .t/

x� t
dt:

Let H be the modified Hilbert transform with integral kernel that decays like jxj�2 as jxj !1:

H.f /.x/ WD 1

�
lim
"!0C

Z
jx�t j�"

f .t/
� 1

x� t
C

t

t2C 1

�
dt; f 2 L1.R; hxi�2 dx/:

The advantage of H is that it applies to a larger space that contains L1.R/ as well as functions that grow
like jxj1�" as jxj !1.

If f 2L1.R; hxi�1 dx/, then H.f / differs from H0.f / by a constant. Moreover, we have the inversion
formula for all f 2 L1.R; hxi�2 dx/ with H.f / 2 L1.R; hxi�2 dx/:

H.H.f //D�f C c.f /; (B-1)

where c.f / is a real constant depending on f .
We will use the following example later in the proof.

Example B.1 [Jin and Zhang 2017, Example 2.3]. Let f .x/D log.x2C 1/, then we can compute

H.f /0.x/DH0.f 0/.x/D�
2

x2C 1
: (B-2)

Hardy space and outer functions. We recall the definition of Hardy space on the real line

H 2
DH 2.R/D ff 2 L2.R/ W supp Of � Œ0;1/g:

If f 2 L2.R/, then f C iH0.f / 2H 2.R/.
The space of modulus of functions in H 2 can be characterized by the logarithmic integral: for ! 2L2,

! � 0, we define

L.!/ WD
Z

R

log!.x/
1C x2

dx:

Theorem B.2 [Havin and Jöricke 1994, Section 1.5]. If f 2H 2 and L.jf j/D�1, then f � 0. On the
other hand, if ! 2L2 and L.!/ >�1, then there exists a function f 2H 2 with jf j D !, unique up to a
multiplication by a complex constant with unit modulus.

If L.!/ > �1. Let � D � log!, then � 2 L1.R; hxi�2 dx/. Therefore we can define z� D H.�/
and take

f D ae�.�Ci
z�/; jaj D 1: (B-3)

We call functions of the form (B-3) for general � 2 L1.R; hxi�2 dx/ outer functions. The class of outer
functions is closed under multiplications. Moreover if two outer functions have the same modulus, then
they differ by a complex constant with unit modulus.
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The following lemma gives a sufficient condition of a function to be the modulus of the Fourier
transform of a function supported in Œ0; ��.

Lemma B.3 [Mashregi et al. 2005, Theorem 1]. Assume that ! D e�� 2 L2 and L.!/ > �1. In
addition, we assume that !2e2�i�x is an outer function. Then there exists  2 L2 with supp � Œ0; ��
and j y j D !.

An effective multiplier theorem. We prove an effective multiplier theorem. This proof is essentially in
[Jin and Zhang 2017, Section 3], the only change we make lies in the definition of k.x/ below. Our
modified definition makes sure that k.x/ is a constant function in a neighborhood of 0, which leads to a
pointwise lower bound of y .x/ on the whole interval

�
�
3
4
; 3
4

�
.

Theorem B.4. Assume that 0 < ! � 1 satisfies L.!/ > �1, and

kH.�/0kL1 � �
2
�;

where 0 < � < 1
10

, �D� log!. Then there exists  2 L2.R/ with

supp � Œ0; ��; j y j � !;

and

j y j �
�10

4� 1011
! on

�
�
3
4
; 3
4

�
:

Proof. We first set

!0.x/D
!.x/

.x2CT 2/5
; �0.x/D� log .!0.x//;

with constant T that will be specified later. We then have

�0 D�C 5 log .x2CT 2/:

We compute

H.log .x2CT 2//.0/D lim
"!0C

Z
jt j�"

log.t2CT 2/
�
1

�t
�

t

t2C 1

�
dt;

in which the integrand is an odd function. Hence the integration is zero. Therefore we have

H.�0/.0/DH.�/.0/C 5H.log .x2CT 2//DH.�/.0/: (B-4)

By (B-2), we compute

H.log.x2CT 2//0 D T �1H.log.x2C 1//0
�
�

T

�
D�

2T

x2CT 2
:

Thus if we choose T D 20
��
�
200
�
� 60, we have

kH.�0/0kL1 � kH.�/0kL1 C 5kH.log.x2CT 2//0kL1 � ��: (B-5)

Let us define
s0.x/D ��xCH.�0/.x/:
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Hence by (B-4),
s0.0/DH.�/.0/;

depending only on !.
Let s.x/ be defined as

s.x/D s0.x/��k.x/�
�
2
;

in which

k.x/D

(�
1
�
s0.x/

˘
if 1
�
s0.0/ 2

�
1
4
; 3
4

�
mod 1;�

1
�
s0.x/�

1
2

˘
if 1
�
s0.0/ 2

�
0; 1
4

�S�3
4
; 1
�

mod 1:
(B-6)

Note that our definition of k.x/ is different from that in [Jin and Zhang 2017]. We modify the definition
in order to make sure k.x/ is a constant near x D 0. This will be explained and used later in the proof.

By (B-5), s0.x/ is a nondecreasing function and so is k. Note also that by our definition of s.x/, we have

kskL1 � �: (B-7)

Let mD e�M, where M DH.s/. Next, we will estimate M.x/DH.s/.x/. We split the integral into
three parts M.x/D J1.x/CJ2.x/CJ3.x/, where

J1.x/D
1

�

Z
jx�t j< 1

2

s.t/� s.x/

x� t
dt;

J2.x/D
1

�

Z
jx�t j< 1

2

s.t/
t

t2C 1
dt;

J3.x/D
1

�

Z
jx�t j� 1

2

s.t/

�
1

x� t
C

t

t2C 1

�
dt:

We estimate J2 and J3 in the same way as in [Jin and Zhang 2017]. By (B-7), we have

jJ2.x/j �
1
�
� kskL1 �

1
2
�
1
2
: (B-8)

Also, we have

jJ3.x/j �
1
�
� kskL1

Z
jx�t j� 1

2

ˇ̌̌̌
1

x� t
C

t

t2C 1

ˇ̌̌̌
dt � 6 log .jxjC 2/: (B-9)

Finally, we need to bound jJ1j. By (B-5), we know s0.x/D ��xCH.�0/.x/ is nondecreasing with
ks00kL1 � 2�� . Since we assume 0 < � < 1

10
, we have

k��1s00kL1 <
1
5
:

This leads to the following:

� If ��1s0.0/ 2
�
1
4
; 3
4

�
mod 1,

1
�
s0.x/ 2 .0; 1/ mod 1 for all x 2

�
�
5
4
; 5
4

�
:

� If ��1s0.0/ 2
�
0; 1
4

�S�3
4
; 1
�

mod 1,

1
�
s0.x/�

1
2
2 .0; 1/ mod 1 for all x 2

�
�
5
4
; 5
4

�
:
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Recalling our definition of k.x/ in (B-6), we know in each case k.x/ is a constant function on the interval�
�
5
4
; 5
4

�
.

Thus for x 2
�
�
3
4
; 3
4

�
, we have

jJ1.x/j �
1

�

Z
jx�t j< 1

2

ˇ̌̌̌
s0.t/� s0.x/

x� t

ˇ̌̌̌
dt �

1

�
ks00kL1 � 2�: (B-10)

For all x, we only have a lower bound of J1. Since k is nondecreasing, we have

J1.x/�
1

�

Z
jx�t j< 1

2

s0.t/� s0.x/

x� t
dt � �2�: (B-11)

Now combining (B-8), (B-9) with (B-10), we have the following estimate of M on
�
�
3
4
; 3
4

�
:

jM.x/j � 2� C 1
2
C 6 log 11

4
< 7: (B-12)

Using (B-11) instead of (B-10), we obtain that for all x,

M.x/� �2� � 1
2
� 6 log .jxjC 2/ > �1� 6 log.jxjC 2/: (B-13)

Next we will apply Lemma B.3 to Q! D 1
3
m!0. We check that Q! satisfies all the assumptions. First,

by (B-13), we have

0� Q! � 1
3
e.jxjC 2/6!0 �

!

x2CT 2
:

Hence 0� Q! � ! and Q! 2 L2. Moreover

L. Q!/D L
�
1
3
m
�
CL.!0/ > �1:

By the construction M DH.s/ and the inversion formula (B-1), we have

H.�2M � 2�0/D 2s� 2H.�0/� 2c.M/D 2��x� 2�k.x/�� � 2c.M/;

where k.x/ 2 Z and c.M/ is a real constant. Therefore for some constant a with jaj D 1, we have

Q!2e2�i�x D 1
9
e�2M�2�0C2�i�x D 1

9
ae�2M�2�0CiH.�2M�2�0/;

which shows Q!2e2�i�x is an outer function.
By Lemma B.3, there exists  2L2 with supp. /� Œ0; �� and j y j � Q! �!. Furthermore, on

�
�
3
4
; 3
4

�
,

by (B-12), and since T D 20
��

, we have

j y .x/j D Q!.x/� 1
3
.1CT 2/�5e�7!.x/�

�10

4� 1011
!.x/;

as claimed. �

Multiplier adapted to the regular sets. Now we are in the place to finish the proof of Lemma 6.2.

Proof. The proof is the essentially same as that of Lemma 4.1 of [Jin and Zhang 2017]. We briefly go
through the various constants below.
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We define n1 2N by 2n1 <S˛1 � 2n1C1. For 1� n� n1, let An WD Œ�2nC1;�2n�
S
Œ2n; 2nC1�. Then

by Lemma A.8, we have a collection Jn of Nn intervals of size �n WD n�.1Cı/=22n such that each element
is of the form Œj; j C 1�, j 2 Z, intersects An, and

Y \An �
[
J2Jn

J:

Moreover, the number Nn satisfies

Nn � 6

�
3CS

2

�
C 2R

�
2n

�n

�ı
D 6

�
3CS

2

�
C 2Rn

ı.1Cı/
2 : (B-14)

Following the proof of [Jin and Zhang 2017], we define a weight function ! such that

!.�/D exp.�h�i
1
2 /� 0:3 for all � 2 Œ�1; 1�;

!.�/� exp.�h�i
1
2 / for all � 2 R;

!.�/� exp.�‚.j�j/j�j/ for all � 2 Y; j�j � 10;

kH.!/0kL1 �
��1C 2R
ı1.1� ı1/

;

where 0 < � < 1 is a constant depending only on S . The dependence comes from the upper bound of Nn
in (B-14).

Applying Theorem B.4 to !c3 with

� D 1
5
c1; c3 D

�
10
�c1C

�2
R ı1.1� ı1/ < 1:

We obtain  with

supp �
�
0; 1
5
c1
�
;

j y .�/j �
c101

4� 1018
!.�/c3 �

3

4� 1019
c101 for all � 2

�
�
3
4
; 3
4

�
;

j y .�/j � exp.�c3h�i
1
2 / for all � 2 R;

j y .�/j � exp.�c3‚.j�j/j�j/ for all � 2 Y; j�j � 10:

Finally, shifting  by 1
10
c1 yields the desired function. �
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LOCAL MINIMALITY RESULTS FOR
THE MUMFORD–SHAH FUNCTIONAL VIA MONOTONICITY
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Let �⊆ R2 be a bounded piecewise C1,1 open set with convex corners, and let

MS(u) :=
∫
�

|∇u|2 dx +αH1(Ju)+β

∫
�

|u− g|2 dx

be the Mumford–Shah functional on the space SBV(�), where g ∈ L∞(�) and α, β > 0. We prove that
the function u ∈ H 1(�) such that {

−1u+βu = βg in �,

∂u/∂ν = 0 on ∂�

is a local minimizer of MS with respect to the L1-topology. This is obtained as an application of interior
and boundary monotonicity formulas for a weak notion of quasiminimizers of the Mumford–Shah energy.
The local minimality result is then extended to more general free discontinuity problems taking into
account also boundary conditions.
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1. Introduction

The Mumford–Shah functional was introduced in [Mumford and Shah 1985; 1989] in the context of image
segmentation and has found important applications in several other fields, including variational theories in
fracture mechanics; see [Francfort and Marigo 1998; Bourdin et al. 2008]. It can be considered the typical
example of a free discontinuity functional, characterized by the coupling of bulk and surface energies.

The weak formulation of the functional due to De Giorgi and Ambrosio [1988] takes the form

MS(u) :=
∫
�

|∇u|2 dx +αH1(Ju)+β

∫
�

|u− g|2 dx, (1-1)
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where �⊂ R2 is an open bounded set, α, β > 0 and g ∈ L∞(�). Here H1 denotes the one-dimensional
Hausdorff measure, u belongs to the class of special functions of bounded variation SBV(�) (see
Section 2), and Ju is the jump set of u. The last term involving g is usually called the fidelity term: in
image segmentation, g is the level of gray of the picture, which has to be approximated by choosing
conveniently the jump set Ju (the edges) and the function u outside it (regularized image). When β = 0,
we speak of the homogeneous version of MS.

Within this framework, and in general dimension N, existence of minimizers can be proved easily
through the direct method of the calculus of variations, as a direct application of Ambrosio’s compactness
and lower semicontinuity theorem. Moreover, thanks to the regularity result of De Giorgi, Carriero and
Leaci [De Giorgi et al. 1989], minimizers have a topologically closed jump set and are regular outside,
yielding an admissible configuration of the original formulation of [Mumford and Shah 1985; 1989], in
which the discontinuity set was considered as an independent variable. The regularity of the discontinuity
set was then improved by Ambrosio, Fusco and Pallara, who proved that up to an HN−1-negligible set, Ju

is a manifold of class C1,δ for any δ < 1 and of class C1,1 if N = 2; see also [Bonnet 1996; David 1996].
The issue of detecting minimizers, or more generally local minimizers of the Mumford–Shah functional

is very delicate. Since MS is only lower semicontinuous (with respect to the natural L1-topology),
necessary conditions for minimality cannot be obtained by “standard” differentiation.

First-order necessary conditions are established for jump sets 0= Ju sufficiently regular by considering
inner variations (see [Ambrosio et al. 2000, Chapter 7]): they yield that u satisfies an elliptic PDE
outside 0, while its (mean) curvature H0 is involved in a transmission condition coupling the values of u
and ∇u on both sides of 0.

For the homogeneous version of MS, a second-order necessary condition for minimality has been
proposed by Cagnetti, Mora and Morini [Cagnetti et al. 2008], involving the positive semidefiniteness of
a suitable quadratic form defined on H 1

0 (0). Under strict positivity, the authors prove that u is a “local”
minimizer among those functions v ∈ SBV(�) such that Jv ⊆8(0) and v = u on ∂�, where 8 is any
diffeomorphism of RN which is sufficiently C2-close to the identity and such that Id−8 is compactly
supported in �. This local minimality was then extended to a full local minimality in the L1 topology
in dimension N = 2 by Bonacini and Morini [2015], employing a penalization/regularization technique
together with results from the regularity theory of the area and the Mumford–Shah functional.

The aim of this paper is to show that, in dimension N = 2 and under mild regularity assumptions on
the geometry of �, the Mumford–Shah functional (1-1) admits a natural local minimizer with no jumps.
More precisely, the main result of the paper is the following.

Theorem 1.1. Let �⊆ R2 be an open, bounded, piecewise C1,1-domain with convex corners. Then the
function u ∈ H 1(�) such that {

−1u+βu = βg in �,
∂u/∂ν = 0 on ∂�

(1-2)

is a local minimizer of MS with respect to the L1-topology.
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In other words, the minimizer of MS within the class of Sobolev functions (which satisfies (1-2)) turns
out to be a local minimizer for the natural L1-topology in the full class of SBV competitors.

A similar result has been obtained by Chambolle, Ponsiglione and the third author [Chambolle et al.
2008] for a generalization of the homogeneous version of the Mumford–Shah functional under boundary
conditions, motivated by the study of the issue of crack initiation in brittle materials within variational
theories of crack propagation; see [Francfort and Marigo 1998; Bourdin et al. 2008]. The technique of
[Chambolle et al. 2008] is based essentially on the maximum principle through a truncation argument,
and can be used to deal with nonlinear energies for the gradient (with p-growth for example) and more
general geometries for �, but does not apply to the Mumford–Shah functional since it fails when the
fidelity term is present.

Our proof of Theorem 1.1 is based on the use of the monotonicity formula introduced by Luckhaus
and the first author [Bucur and Luckhaus 2014] for quasiminimizers of MS, which, in dimension 2, we
extend up to boundary points and establish for a quite weak notion of quasiminimizers.

Namely we consider functions u ∈ SBV(�) which are weak local almost-quasiminimizers of the
Mumford–Shah energy with respect to their own jump sets, i.e., such that∫

Bρ(x)∩�
|∇u|2 dx +H1(Ju ∩ Bρ(x))≤

∫
Bρ(x)∩�

|∇v|2 dx +3H1(Jv ∩ Bρ(x))+ cγρ1+γ (1-3)

for every v ∈ SBV(�) with {v 6= u} ⊆ Bρ(x) and Jv ⊆ Ju , where x ∈�, ρ < ρ0 are such that∫
Bρ(x)∩�

|∇u|2 dx +H1(Ju ∩ Bρ(x))≤ ρ,

while 3≥ 1 and γ, cγ > 0. We then prove that if x ∈�, then the quantity

Ex(ρ) :=
Ex(ρ)

ρ
∧ 1+

cγ
γ
ργ (1-4)

is nondecreasing on (0, ρ0 ∧ dist(x, ∂�)), where

Ex(ρ) :=

∫
�∩Bρ(x)

|∇u|2 dx +H1(Ju ∩ Bρ(x)),

while if x ∈ ∂�, monotonicity holds true for the modification

Ẽx(ρ) :=
Ex(ρ)

ρ
∧ 1+

cγ
γ
ργ + k�

∫ ρ

0

(
Ex(r)

r
∧ 1
)

dr (1-5)

on the interval (0, ρ0 ∧ r� ∧ dist(x, S \ {x})), where S denotes the set of corners of ∂� and r�, k� > 0.
The proof of these monotonicities follows that of [Bucur and Luckhaus 2014], which is based on a

precise harmonic extension estimate on a ball (see Proposition 3.1). The dimension N = 2 gives drastic
simplifications in the arguments, and this is the main reason for which we can deal with a weaker class of
quasiminimizers (with respect to their own jump set, see also Remark 4.2). The extension of the monotonic-
ity to the boundary requires a generalization of the key harmonic extension estimate to domains of the form
�∩ Bρ(x) (see Proposition 3.7): this motivates the piecewise C1,1-regularity assumption for ∂� and the
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restriction to convex angles. We also refer the reader to [Chambolle et al. ≥ 2020] by Chambolle, Séré and
Zanini, where a boundary monotonicity formula is proved on flat boundaries, under Neumann conditions.

The use of monotonicity in the proof of Theorem 1.1 is roughly as follows. Assuming by contradiction
that there exists un → u strongly in L1(�) such that MS(un) < MS(u), it is easily seen (through
Ambrosio’s theorem) that H1(Jun )= εn→ 0. We then consider the constrained minimization problem

min
w∈SBV(�)
H1(Jw)≤εn

MS(w)

whose minimizers wn are such that

MS(wn)≤MS(un) <MS(u). (1-6)

Writing wn = u+vn , we can show that vn satisfy the weak minimality property (1-3), so that monotonicity
is available, and that ∫

�

|∇vn|
2 dx +H1(Jvn )→ 0. (1-7)

Since Jwn = Jvn , inequality (1-6) can hold only for Jvn 6= ∅. If xn ∈ Jvn is a point of density 1 with
xn→ x ∈�, monotonicity gives a strictly positive uniform lower bound for Exn (ρ) defined in (1-4). But
(1-7) yields the existence of ρn such that Exn (ρn)→ 0, a contradiction. If xn approaches ∂�, boundary
monotonicity for (1-5) can be employed to get the same conclusion.

In Section 6 we extend the minimality result to a free discontinuity functional of the type

F(u) :=
∫
�

A(x)∇u · ∇u dx +
∫

Ju

b(x, u+, u−, νu) dH1
+β

∫
�

|u− g|2 dx (1-8)

under suitable assumptions on the coefficient A and b (here νu denotes the normal vector to Ju , u± are the
two traces of u on the jump set, see Section 2) and considering also boundary condition of Dirichlet type
on a part 0D of the boundary (here β = 0 is allowed). Again, provided that � satisfies some geometric
assumptions (see Theorem 6.7), the minimizer of F within the class H 1(�) under boundary conditions is
a local minimizer with respect to the L1 topology in SBV(�). We thus recover for β = 0 a particular
case of the local minimality result of [Chambolle et al. 2008], and extend it to the case β > 0, i.e., in the
presence of a fidelity term: by employing monotonicity instead of a maximum principle argument, we
need to restrict to quadratic gradient energies and require additional geometric assumptions on 0D (see
also Remark 6.6). Finally, as a numerical consequence of our result, it is worth observing that for any
iterative local descent method the regularized image given by (1-2) cannot be used as initial point. In
particular, the topological derivative of the Mumford–Shah functional will be nonnegative at any point;
hence no jump can be naturally detected in this way.

The paper is organized as follows. In Section 2 we fix the notation and recall some basic facts of the
space SBV used in the main proofs. In Section 3 we prove some preliminary results concerning harmonic
extensions in corner domains which are pivotal to extend the monotonicity formula up to boundary points
in Section 4. Section 5 is devoted to the proof of the main local minimality result, while the extension to
the case with boundary conditions with the general form (1-8) is contained in Section 6.
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2. Notation and preliminaries

In this section we fix the notation and recall some basic facts concerning the space SBV.

General notation. Throughout the paper Bρ(x) will denote the open ball of center x ∈ R2 and radius
ρ > 0. We will write B1 for the ball of center 0 and radius 1, and set S1

:= ∂B1. If E ⊆ R2 and x ∈ R2,
dist(x, E) will stand for the distance between x and E . By H1 we will denote the one-dimensional
Hausdorff measure, which coincides with the usual length measure on sufficiently regular curves.

If �⊆ R2 is open, L p(�) will denote the usual Lebesgue space of measurable functions which are
p-summable, while H 1(�) will stand for the Sobolev space of functions in L2(�) with square integrable
gradient.

A function f : R→ R is of class C1,1 if it belongs to C1(R) and f ′ is Lipschitz continuous. We say
that f is piecewise C1,1 if it is continuous and there exists a (locally finite) subdivision of R such that on
every associated open subinterval f is of class C1,1. An open bounded domain �⊆ R2 has a piecewise
C1,1-boundary if for every x ∈ ∂� there exists a neighborhood U and a piecewise C1,1 function f on R

such that, up to a rotation, �∩U = {(x1, x2) ∈ R2
: x2 > f (x1)} ∩U.

Finally, for a, b ∈ R we set

a ∧ b :=min{a, b} and a ∨ b :=max{a, b}.

Special functions of bounded variation. Let � ⊆ RN be an open set. The space SBV(�) of special
functions of bounded variation is given by all functions u∈ L1(�) such that the distributional derivative Du
of u can be represented as a vector-valued bounded Radon measure of the form

Du =∇uLN
+ (u+− u−)νuHN−1 Ju .

Here LN is the Lebesgue measure, ∇u ∈ L1(�;RN ) is the approximate gradient of u, and Ju is the
jump set of u. The set Ju turns out to be countably HN−1-rectifiable; i.e., it is contained up to a set of
HN−1-measure zero in the union of C1-submanifolds of RN. It is possible to define HN−1-a.e. on Ju an
approximate normal denoted by νu , as well as traces u±. We refer to [Ambrosio et al. 2000] for a detailed
account of this topic.

The following result is fundamental when dealing with the analysis of the Mumford–Shah functional.

Theorem 2.1 (Ambrosio’s theorem). Let �⊆ RN be open and bounded, and let (un)n∈N be a sequence
in SBV(�) such that

‖∇un‖p +HN−1(Jun )+‖un‖∞ ≤ C,

where p > 1 and C ≥ 0. Then, there exist a subsequence (unk )k∈N and a function u ∈ SBV(�) such that

∇unk ⇀ ∇u weakly in L p(�;RN ),

HN−1(Ju)≤ lim inf
k→+∞

HN−1(Junk
),

unk → u strongly in L1(�).
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3. Harmonic extension results

In this section we collect some harmonic extension estimates on different kinds of domains.
We start by recalling the interior harmonic extension estimate for a disk, which was already exploited

in [Bucur and Luckhaus 2014] to obtain the monotonicity formula. As a straightforward extension, we
generalize the estimate to the case of circular sectors. Then, through a careful deformation procedure, we
handle the case of what we call “corner domains”, namely the epigraphs of functions with a corner-type
singularity which obey suitable estimates. Finally, via a localization argument, we cover the case of
admissible C1,1 domains, which will be a crucial tool to extend the monotonicity formula up to the
boundary. Below and throughout this section, we denote by ∇τ the tangential gradient.

Let us start with the simple case of the unit disk B1.

Proposition 3.1 (harmonic extension estimate in a disk). Let w ∈ H 1(∂B1), and let hw ∈ H 1(B1) be its
harmonic extension. Then ∫

B1

|∇hw|2 dx ≤
∫
∂B1

|∇τw|
2 dH1. (3-1)

Proof. Several proofs of this inequality are available in the literature; see for instance [Bucur and Luckhaus
2014] for a proof in N dimensions. For further needs, we give below a short two-dimensional proof
employing Fourier expansions. Let us write

w(ϑ)=
∑

n

[an cos(nϑ)+ bn sin(nϑ)].

The harmonic extension on B1 is given in polar coordinates by

hw(r, ϑ)=
∑

n

rn
[an cos(nϑ)+ bn sin(nϑ)].

A direct computation shows that∫
B1

|∇hw|2 dx = π
∑

n

n(a2
n + b2

n) and
∫
∂B1

|∇τw|
2 dH1

= π
∑

n

n2(a2
n + b2

n),

so that the estimate easily follows. �

Let us generalize the estimate (3-1) to the case of circular sectors. Given ϑ0 ∈ [0, 2π ], we consider the
circular unit sector and associated arc given in polar coordinates by

Sϑ0 :=

{
(r, ϑ) : r ∈ [0, 1], ϑ ∈

[
−
ϑ0

2
,
ϑ0

2

]}
and 0ϑ0 :=

{
(r, ϑ) : r = 1, ϑ ∈

[
−
ϑ0

2
,
ϑ0

2

]}
.

The following extension of Proposition 3.1 holds true.

Proposition 3.2 (harmonic extension estimate in a sector). Let w ∈ H 1(0ϑ0), and let hw ∈ H 1(Sϑ0)

denote a harmonic extension of w. Then the inequality∫
Sϑ0

|∇hw|2 dx ≤
∫
0ϑ0

|∇τw|
2 dH1

holds true provided that one of the following assumptions is fulfilled:
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(a) ϑ0 ∈ ]0, π] and hw satisfies Neumann conditions or Dirichlet homogeneous conditions on ∂Sϑ0 \0ϑ0 .

(b) ϑ0 ∈ ]0, π/2] and hw satisfies homogeneous Dirichlet conditions for ϑ = −ϑ0/2 and Neumann
conditions for ϑ = ϑ0/2.

Above, a harmonic function h ∈ H 1(Sϑ0) is said to satisfy Neumann conditions on a portion of the
boundary 0N ⊂ ∂Sϑ0 and Dirichlet conditions g on the complement 0D = ∂Sϑ0 \0N for some function
g ∈ H 1(Sϑ0) if h is a minimizer of

min
{∫

Sϑ0

|∇v|2 dx : v ∈ H 1(Sϑ0), v = g on 0D

}
.

Proof. Let us consider the case of homogeneous Dirichlet conditions. We may develop w as

w =

∞∑
j=1

c j sin
[

j
π

ϑ0

(
ϑ +

ϑ0

2

)]
so that the associated harmonic extension takes the form

hw =
∞∑
j=1

c jr jπ/ϑ0 sin
[

j
π

ϑ0

(
ϑ +

ϑ0

2

)]
.

A straightforward computation for the energies of the gradients in polar coordinates shows that

π

ϑ0

∫
Sϑ0

|∇hw|2 dx ≤
∫
0ϑ0

|∇τw|
2 dH1,

so that the result follows.
Let us come to the case of Neumann conditions. The case of the semicircle, i.e., ϑ0 = π , is easily

obtained through an even extension of w to ∂B1 and employing Proposition 3.1. If ϑ0 ∈ ]0, π[, we pass
from w to a function w̃ by prolonging the constant values of the extremes. Applying the inequality on the
semicircle we may write∫

Sϑ0

|∇hw|2 dx ≤
∫

Sϑ0

|∇hw̃|2 dx ≤
∫

Sπ
|∇hw̃|2 dx ≤

∫
0π

|∇τ w̃|
2 dH1

=

∫
0ϑ0

|∇τw|
2 dH1,

so that the result follows, and point (a) is proved.
Let us come finally to point (b) which follows by combing the idea used above. If ϑ0 = π/2, we can

perform an even extension to a semicircle and employ the harmonic estimate with Dirichlet conditions of
point (a), and then restrict to 0π/2 to get the result. If ϑ0 ∈ ]0, π/2[, we can proceed by extension to 0π/2
and using the associated inequality. �

We are now going to consider the case of corner domains. By corner domain, we mean the epigraph
(see Figure 1)

� f := {(x1, x2) ∈ R2
: x1 > f (x2)} (3-2)

of a given function f of the form

f (x) :=
{

f1(x) if x < 0,
f2(x) if x ≥ 0,

(3-3)
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x1 = f2(x2)

� f

x1 = f1(x2)

x1

x2

ϑ0

Figure 1. The domain � f .

with f1 ∈ C1(]−∞, 0]) and f2 ∈ C1([0,+∞[) nonnegative functions satisfying

f1(0)= f2(0)= 0, f ′2(0)=− f ′1(0). (3-4)

We define
ϑ0(� f ) := angle of � f at the origin, (3-5)

meant as the angle at the origin of the sector {x1 ≥ f ′1(0)x2} ∩ {x1 ≥ f ′2(0)x2}. In particular, ϑ0(� f )= π

in the case ∂� f is smooth ( f ′1(0)= f ′2(0)= 0). We also set

∂1� f := {( f1(x), x) : x < 0} ∩ B1(0) and ∂2� f := {( f2(x), x) : x ≥ 0} ∩ B1(0). (3-6)

The following result holds true.

Proposition 3.3 (harmonic extension estimate in corner domains). For ρ > 0, let � fρ be a family of
corner domains as in (3-2), where each function fρ is of the kind (3-3)–(3-4). Assume further that:

• The left and right derivatives of fρ at the origin are independent of ρ; i.e.,

f ′ρ,2(0)=− f ′ρ,1(0)=: λ≥ 0. (3-7)

• f ′ρ,1, f ′ρ,2 satisfy the following Lipschitz-type estimates for some constant c > 0:

for all x ∈ [−1, 0], | f ′ρ,1(x)+ λ| ≤ cρ|x |,

for all x ∈ [0, 1], | f ′ρ,2(x)− λ| ≤ cρx .
(3-8)

Then there exist ρ0 > 0 and c0 > 0 such that, for every ρ ∈ (0, ρ0] and w ∈ H 1(� fρ ∩ ∂B1(0)), denoting
by hw a harmonic extension of w to � fρ ∩ B1(0), it holds that

(1− c0ρ)

∫
� fρ∩B1(0)

|∇hw|2 dx ≤
∫
� fρ∩∂B1(0)

|∇τw|
2 dH1, (3-9)

provided that ϑ0 := ϑ0(� fρ ) (the inner angle at the origin of � fρ ) and hw fulfill one of the following
assumptions:
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(a) ϑ0∈]0,π ] and hw satisfies Neumann conditions or Dirichlet homogeneous conditions on ∂1� fρ∪∂2� fρ.

(b) ϑ0 ∈ ]0, π/2] and hw satisfies homogeneous Dirichlet conditions on ∂1� fρ and Neumann conditions
on ∂2� fρ .

In order to prove the previous proposition, we need some preliminary work. Let us consider the planar
domain given in polar coordinates (r, ϑ) by

Cϑ0,g :=

{
(r, ϑ) : r ∈ [0, 1], ϑ ∈

[
0,
ϑ0

2
+ g(r)

]}
, (3-10)

where

ϑ0 ∈ ]0, π] and g ∈ C1([0, 1]), g(0)= 0, g(r) ∈
[
−
ϑ0

2
,−
ϑ0

2
+
π

2

]
. (3-11)

The domain Cϑ0,g can be mapped to the unit sector

S+ϑ0
:=

{
(r, ϑ) : r ∈ [0, 1], ϑ ∈

[
0,
ϑ0

2

]}
by means of the transformation defined by

T : Cϑ0,g→ S+ϑ0
, T (r, ϑ) :=

(
r,
ϑ0

2
ϑ

ϑ0/2+ g(r)

)
, (3-12)

with inverse

T−1(r ′, ϑ ′) :=
(

r ′,
2
ϑ0

(
ϑ0

2
+ g(r ′)

)
ϑ ′
)
.

Notice that T maps Cϑ0,g ∩ ∂B1(0) onto 0+ϑ0
:= {(r, ϑ) : r = 1, ϑ ∈ [0, ϑ0/2]}. Accordingly, with a given

function v defined on Cϑ0,g (resp. on Cϑ0,g ∩ ∂B1(0)), we can associate the function v] defined on S+ϑ0

(resp. 0+ϑ0
) by

v] := v ◦ T−1. (3-13)

Lemma 3.4. For ρ > 0, let Cϑ0,gρ be a family of domains as in (3-10), with ϑ0 (independent of ρ) and gρ
as in (3-11). Assume further that g′ρ satisfy the following L∞ estimate for some constant c > 0:

|g′ρ(r)| ≤ cρ for every r ∈ [0, 1]. (3-14)

Let T : Cϑ0,gρ → S+ϑ0
be defined as in (3-12). There exist ρ0 > 0 and c0 > 0 such that for every ρ ∈ (0, ρ0]

the following items hold true:

(a) If v] ∈ H 1(S+ϑ0
) is associated with v ∈ H 1(Cϑ0,gρ ) as in (3-13), then∫

S+ϑ0

|∇v]|2 dx ′ ≥ (1− c0ρ)

∫
Cϑ0,gρ

|∇v|2 dx .

(b) If w] ∈ H 1(0+ϑ0
) is associated with w ∈ H 1(Cϑ0,g ∩ ∂B1(0)) as in (3-13), then∫

0+ϑ0

|∇τw
]
|
2 dH1

≤ (1+ c0ρ)

∫
Cϑ0,gρ∩∂B1(0)

|∇τw|
2 dH1.
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Proof. Let us prove item (a). We write for simplicity g in place of gρ . By (3-13), we have

v(r, ϑ)= v](T (r, ϑ))= v]
(

r,
ϑ0

2
ϑ

ϑ0/2+ g(r)

)
.

Computing the partial derivatives of the function v, we obtain

∂rv(r, ϑ)= ∂r ′v
](T (r, ϑ))+ ∂ϑ ′v](T (r, ϑ))

ϑ0

2
−ϑg′(r)

(ϑ0/2+ g(r))2
,

∂ϑv(r, ϑ)= ∂ϑ ′v](T (r, ϑ))
ϑ0

2
1

ϑ0/2+ g(r)
,

so that

∂r ′v
](T (r, ϑ))= ∂rv(r, ϑ)+

ϑg′(r)
ϑ0/2+ g(r)

∂ϑv(r, ϑ),

∂ϑ ′v
](T (r, ϑ))=

2
ϑ0

(
ϑ0

2
+ g(r)

)
∂ϑv(r, ϑ).

(3-15)

Since the jacobian of T is given by

JT (r, ϑ)=
ϑ0

2
1

ϑ0/2+ g(r)
,

the change of variable formula together with (3-15) yields∫
S+ϑ0

[
(∂r ′v

])2+

(
∂ϑ ′v

]

r ′

)2]
r ′ dr ′ dϑ ′=

∫
Cϑ0,g

[
(∂rv)

2
+

(
∂ϑv

r

)2

+e(ρ)
]
ϑ0

2
1

ϑ0/2+ g(r)
r dr dϑ, (3-16)

where

e(ρ) := 2
ϑg′(r)

ϑ0/2+ g(r)
∂rv∂ϑv+

(
ϑg′(r)

ϑ0/2+ g(r)

)2

(∂ϑv)
2
+

[(
2
ϑ0

(
ϑ0

2
+ g(r)

))2

− 1
](
∂ϑv

r

)2

. (3-17)

It is easy to check that there exist ρ0, c̃ > 0 (depending only on the constant c in (3-14) and on ϑ0) such
that for every ρ ∈ (0, ρ0]

−c̃ρ
[
(∂rv)

2
+

(
∂ϑv

r

)2]
≤ e(ρ)≤ c̃ρ

[
(∂rv)

2
+

(
∂ϑv

r

)2]
. (3-18)

Indeed, let us show for instance how the first term on the right-hand side of (3-17) can be handled
(the other terms being similar). Notice first that the assumption (3-14) gives also |g(r)| ≤ cρ for every
r ∈ [0, 1]. Then, taking ρ sufficiently small we obtain, for a suitable constant c̃ > 0,∣∣∣∣2 ϑg′(r)

ϑ0/2+ g(r)
∂rv∂ϑv

∣∣∣∣≤ ∣∣∣∣ ϑg′(r)
ϑ0/2+ g(r)

∣∣∣∣[r2(∂rv)
2
+

(
∂ϑv

r

)2]
≤
(ϑ0/2+ cρ)cρ
ϑ0/2− cρ

[
(∂rv)

2
+

(
∂ϑv

r

)2]
≤ c̃ρ

(
(∂rv)

2
+

(
∂ϑv

r

)2)
.
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In view of (3-18), coming back to (3-16) we get∫
S+ϑ0

[
(∂r ′v

])2+

(
∂ϑ ′v

]

r ′

)2]
r ′ dr ′ dϑ ′ ≥ (1− c̃ρ)

∫
Cϑ0

[
(∂rv)

2
+

(
∂ϑv

r

)2]
ϑ0

2
1

ϑ0/2+ g(r)
r dr dϑ

≥
1− c̃ρ

1− (2/ϑ0)cρ

∫
Cϑ0,g

[
(∂rv)

2
+

(
∂ϑv

r

)2]
r dr dϑ,

from which part (a) of the statement follows.
The proof of part (b) is analogous, by using the lower bound inequality in (3-18) in place of the upper

bound one. �

We are now in a position to prove Proposition 3.3.

Proof of Proposition 3.3.. Throughout the proof we write for simplicity f in place of fρ and g in place
of gρ . We claim that

�+f :=� f ∩ B1(0)∩ {x2 > 0}

corresponds to the domain Cϑ0,g defined in (3-10), with ϑ0 and g satisfying (3-11) and (3-14), if we take

ϑ0 = ϑ0(� f ), g(r) := arccos
(

f2(x2)
√

x2
2 + f2(x2)

2

)
−
ϑ0

2
, (3-19)

where ϑ0(� f ) is the angle of � f at the origin defined according to (3-5), and x2 = x2(r) is obtained by
inverting the relation

r =
√

x2
2 + f2(x2)

2. (3-20)

To prove the claim notice firstly that x2(r) is well-defined because (3-20) defines a bijection if ρ
is sufficiently small: if f ′2(0) 6= 0, this follows immediately from (3-8); if f ′2(0) = 0, setting h(x2) :=

x2
2 + f2(x2)

2 and using again (3-8), we get

h′(x2)= 2x2+ 2 f2(x1) f ′2(x2)≥ 2x2(1− c2
2ρ

2) > 0 for x2 > 0 and ρ� 1.

Next observe that, since by assumption f2 is nonnegative, the domain �+f can be written in polar
coordinates (r, ϑ) as

0≤ r ≤ 1, 0≤ ϑ ≤ ϕ(r) := arccos
(

f2(x2)
√

x2
2 + f2(x2)

2

)
(3-21)

(with x2 = x2(r) as above). In view of (3-21), and noticing that the function ϕ satisfies

ϕ(0+)= arccos
(

f ′2(0)
√

1+ f ′2(0)
2

)
=
ϑ0(� f )

2
,

we see that �+f corresponds to Cϑ0,g with ϑ0 and g as in (3-19). To achieve the proof of the claim,
it remains to check that ϑ0 and g satisfy (3-11) and (3-14). Since ϑ0 is the angle of � f at the origin,
recalling that f1 and f2 are nonnegative by assumption, it is clear that ϑ0 ∈ [0, π[. It is also immediate
from the above definition of g that g ∈ C1([0, 1]) and that g(0) = ϕ(0)− ϑ0/2 = 0. Moreover, since
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the function ϕ in (3-21) takes values into [0, π/2], g satisfies the bounds in (3-11). Finally, taking into
account (3-8), a straightforward computation shows that there exists c > 0 such that (3-14) is fulfilled.

A similar change of variable can be operated on the set �−f :=� f ∩B1(0)∩{x2 < 0}. We conclude that
we can map � f ∩ B1(0) onto the sector Sϑ0 , with an estimate on the L2-norm of the gradients according
to Lemma 3.4.

We are now ready to prove the estimate (3-9). Let us consider firstly the case of Neumann conditions.
Given w ∈ H 1(� f ∩ ∂B1(0)), let w] ∈ H 1(0ϑ0) be associated with w according to (3-13). If hw] is the
harmonic extension of w] to Sϑ0 with Neumann conditions on ∂Sϑ0 \0ϑ0 , thanks to Proposition 3.2(a) we
have ∫

Sϑ0

|∇hw] |
2 dx ≤

∫
0ϑ0

|∇τw
]
|
2 dH1. (3-22)

Coming back to the original domain, if we consider the function h ∈ H 1(� f ∩ B1(0)) defined by
h := hw] ◦ T (so that h] = hw]), by using in the order Lemma 3.4(a), (3-22), and Lemma 3.4(b), we infer

(1− c0ρ)

∫
� f ∩B1(0)

|∇h|2 dx ≤
∫

Sϑ0

|∇hw] |
2 dx

≤

∫
0ϑ0

|∇τw
]
|
2 dH1

≤ (1+ c0ρ)

∫
� f ∩∂B1(0)

|∇τw|
2 dH1.

Since the harmonic extension hw of w which satisfies Neumann conditions on ∂1� f ∪ ∂2� f satisfies the
inequality ∫

� f ∩B1(0)
|∇hw|2 dx ≤

∫
� f ∩B1(0)

|∇h|2 dx,

the result follows.
The case of Dirichlet homogeneous conditions or mixed Dirichlet/Neumann conditions can be handled

in a similar way, by employing the corresponding inequalities on sectors established in Proposition 3.2. �

In order to handle more general geometries and also boundary conditions, the following definition will
be useful.

Definition 3.5 (admissible domains). Let�⊂R2 be an open bounded set with a piecewise C1,1-boundary.
Let S denote the set of corners of ∂�, and let γ1, . . . , γk be the open arcs (connected components) of
∂� \ S. We will say that � is admissible if ∂� can be decomposed as

∂�= 0D ∪0N ∪ S, (3-23)

where 0D ∪0N is a partition of {γ1, . . . , γk} and satisfies the following conditions:

(i) The angle formed (on the side of �) by any pair of consecutive arcs in 0D or in 0N is less than or
equal to π .

(ii) The angle formed (on the side of �) by any arc of 0D adjacent to an arc of 0N is less than or equal
to π/2.
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Remark 3.6. In our further considerations 0D and 0N stand for the arcs with Dirichlet and Neumann
boundary conditions respectively For 0D= ∂� or 0N = ∂�, admissibility according to the above definition
reduces to the assumption that � has convex corners. In particular, smooth C1,1 domains are admissible.

Proposition 3.7 (harmonic extension estimate in admissible domains). Let�⊂R2 be an open bounded set
with a piecewise C1,1-boundary, which is admissible according to Definition 3.5. Let ∂� be decomposed
as in (3-23). There exist ρ�> 0 and c�> 0 such that, for every x ∈ ∂� and every ρ <ρ�∧dist(x, S\{x}),
if w ∈ H 1(�∩ ∂Bρ(x)) and hw denotes a harmonic extension of w to �∩ Bρ(x), it holds that

(1− c�ρ)
ρ

∫
�∩Bρ(x)

|∇hw|2 dx ≤
∫
�∩∂Bρ(x)

|∇τw|
2 dH1, (3-24)

provided one of the following assumptions is fulfilled:

(a) hw satisfies Neumann conditions or homogeneous Dirichlet conditions on ∂�∩ Bρ(x).

(b) hw satisfies homogeneous Dirichlet conditions on 0D∩Bρ(x) and Neumann conditions on 0N∩Bρ(x).

Proof. Let us first consider the case when hw satisfies Neumann conditions on ∂�∩ Bρ(x). Since � is
compact and with a piecewise C1,1-boundary, there exists ρ� > 0 such that, for every x ∈ ∂� and ρ < ρ�,
we have that �∩ Bρ(x) is given in a suitable coordinate system with center in x by the intersection with
Bρ(x) of the epigraph of a piecewise C1,1-function fx : R→ R. In view of the compactness of ∂�, it is
not restrictive to assume

sup
x∈∂�
‖ fx‖C1,1

pw
= C <+∞. (3-25)

Let x ∈ ∂� be a smooth point, and let

ρ < ρ� ∧ dist(x, S).

Up to a translation and a rotation, we may assume that x = 0 and that �∩ Bρ(x) is given by

� f ∩ Bρ(0),

where
� f := {(x1, x2) ∈ R2

: x1 > f (x2)}

for a suitable f ∈ C1,1(R) with f (0) = f ′(0) = 0 and ‖ f ‖C1,1 ≤ C . If we rescale to unit size, i.e., we
consider the map

x 7→ x/ρ,

then � f ∩ Bρ(0) is transformed into the set � fρ ∩ B1(0), where

fρ(s) :=
1
ρ

f (ρs).

Since f ′ρ(s)= f ′(ρs) and f (0)= f ′(0)= 0, in view of (3-25) we deduce that for every s ∈ [−1, 1]

| f ′ρ(s)| ≤ cρ|s|.
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Hence, the family of functions fρ satisfies conditions (3-7) and (3-8). Therefore, up to reducing ρ�, we
can apply Proposition 3.3 (under assumption (a), the case of Neumann conditions) to the function

w̃(y) := w(ρy) ∈ H 1(� fρ ∩ ∂B1(0)).

Rescaling back to size ρ, we obtain easily the result.
If x is a convex corner for ∂�, the proof is similar, using again Proposition 3.3 (under assumption (a),

the case of Neumann conditions).
The cases when hw satisfies homogeneous Dirichlet conditions on ∂� ∩ Bρ(x), or homogeneous

Dirichlet conditions on 0D ∩ Bρ(x) and Neumann conditions on 0N ∩ Bρ(x), can be settled in the
analogous way, by using the parts of Proposition 3.3 in which the corresponding boundary conditions are
considered. �

Remark 3.8. An inspection in the proof of Proposition 3.7 shows that the constants c�, ρ� remain bounded
if � is replaced by the domain L(�) where L : R2

→ R2 varies in a family of linear transformations with
bounded norm. This observation will be useful in Section 6.

4. The monotonicity formula up to the boundary

In this section we prove a monotonicity formula up to boundary points for a suitable notion of quasimini-
mizers of the Mumford–Shah functional in dimension 2. We point out that this notion is much weaker
than the classical one employed in [Bucur and Luckhaus 2014], since the family of test functions is much
smaller. The results of this section are typically two-dimensional and cannot, a priori, be extended in
N dimensions.

Let us start with the following definition.

Definition 4.1 (weak minimizers). Let �⊆R2 be an open set, and u ∈ SBV(�). We say that u is a weak
local almost-quasiminimizer of the Mumford–Shah energy with respect to its own jump set at the point
x ∈� if there exist ρx > 0, γ > 0, cγ > 0 and 3≥ 1 such that for every ρ < ρx with∫

�∩Bρ(x)
|∇u|2 dx +H1(Ju ∩ Bρ(x))≤ ρ (4-1)

and for every v ∈ SBV(�) with {v 6= u} ⊆ Bρ(x) and Jv ⊆ Ju we have∫
�∩Bρ(x)

|∇u|2 dx +H1(Ju ∩ Bρ(x))≤
∫
�∩Bρ(x)

|∇v|2 dx +3H1(Jv ∩ Bρ(x))+ cγρ1+γ . (4-2)

Remark 4.2. Notice that local almost-quasiminimizers of the Mumford–Shah functional considered in
[Bucur and Luckhaus 2014] (in particular absolute minimizers) are weak local almost-quasiminimizers
with respect to their own jump set: indeed they satisfy the minimality property (4-2) on every ball Bρ(x)
(with ρ sufficiently small) not necessarily satisfying the energy bound (4-1), and for every competitor v
such that {v 6= u} ⊆ Bρ(x), without the restriction Jv ⊆ Ju .
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With a given weak local almost-quasiminimizer u according to the previous definition, we associate
for every x ∈� and ρ > 0 the quantity

Ex(ρ) :=

∫
�∩Bρ(x)

|∇u|2 dx +H1(Ju ∩ Bρ(x)). (4-3)

Our monotonicity formula at interior points reads as follows.

Theorem 4.3 (interior monotonicity). Let �⊂ R2 be open, and let u ∈ SBV(�) be a weak local almost-
quasiminimizer for the Mumford–Shah energy with respect to its own jump set at the point x ∈� according
to Definition 4.1. Let Ex(ρ) be associated with u as in (4-3).

Then the quantity

Ex(ρ) :=
Ex(ρ)

ρ
∧ 1+

cγ
γ
ργ (4-4)

is nondecreasing on (0, ρx ∧ dist(x, ∂�)).

This formula appears to have a similar expression to the one in [Bucur and Luckhaus 2014], but applies
to a much weaker notion of minimizer. In particular there is no natural upper bound for Ex(ρ)/ρ as
in [Bucur and Luckhaus 2014] (such a bound is usually obtained by using as a test for minimality the
function u1�\Bρ(x), which is not a priori an admissible competitor for weak local almost-quasiminimizers
with respect to their own jump set).

Coming to boundary points, we are going to state a monotonicity formula for domains which are
admissible according to Definition 3.5. First, let us consider the case of C1,1-domains with convex corners
(see Remark 3.6), with no imposition of Dirichlet boundary condition. In the case of a flat boundary, such
a monotonicity formula has been obtained in [Chambolle et al. ≥ 2020], in which case k� = 0.

Theorem 4.4 (boundary monotonicity). Let �⊂ R2 be an open, bounded, piecewise C1,1-domain with
convex corners, and let u ∈ SBV(�) be a weak local almost-quasiminimizer for the Mumford–Shah energy
with respect to its own jump set at the point x ∈ ∂� according to Definition 4.1. Let Ex(ρ) be associated
with u as in (4-3).

Then there exist r� > 0 and k� ≥ 0 such that the quantity

Ẽx(ρ) :=
Ex(ρ)

ρ
∧ 1+

cγ
γ
ργ + k�

∫ ρ

0

(
Ex(r)

r
∧ 1
)

dr (4-5)

is nondecreasing on (0, ρx ∧ r� ∧ dist(x, S \ {x})), where S denotes the set of corners of ∂�.

To formulate a monotonicity result which takes into account also boundary conditions, we consider the
case when � is an admissible domain according to Definition 3.5, and homogeneous Dirichlet boundary
conditions are imposed on the (nonempty) portion 0D of its boundary. To this aim, let us consider an
open bounded domain �′ such that �b�′ ⊂ R2 and with (see Figure 2)

∂�∩�′ = 0D. (4-6)
Setting

A0 := {u ∈ SBV(�′) : u = 0 on �′ \�}. (4-7)

we adapt the notion of weak local almost-quasiminimizers as follows.
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�

γ D
1

�′

γ D
2

γ D
3

γ N
1

γ N
2

γ N
3

Figure 2. The domain �′.

Definition 4.5 (weak minimizers in A0). We say that u ∈A0 is a weak local almost-quasiminimizer in
A0 of the Mumford–Shah energy with respect to its own jump set at the point x ∈� if there exist ρx > 0,
γ > 0, cγ > 0 and 3≥ 1 such that for every ρ < ρx with∫

�∩Bρ(x)
|∇u|2 dx +H1(Ju ∩ Bρ(x))≤ ρ

and for every v ∈A0 with {v 6= u} ⊆ Bρ(x) and Jv ⊆ Ju we have∫
�∩Bρ(x)

|∇u|2 dx +H1(Ju ∩ Bρ(x))≤
∫
�∩Bρ(x)

|∇v|2 dx +3H1(Jv ∩ Bρ(x))+ cγρ1+γ .

The following variant of Theorem 4.4 holds true.

Theorem 4.6 (boundary monotonicity in A0). Let � ⊂ R2 be an admissible domain according to
Definition 3.5, and let u ∈ A0 be a weak local almost-quasiminimizer in A0 for the Mumford–Shah
energy with respect to its own jump set at the point x ∈ ∂� according to Definition 4.5. Let Ex(ρ) be
associated with u as in (4-3).

Then there exist r� > 0 and k� > 0 such that the quantity

Ẽx(ρ) :=
Ex(ρ)

ρ
∧ 1+

cγ
γ
ργ + k�

∫ ρ

0

(
Ex(r)

r
∧ 1
)

dr (4-8)

is nondecreasing on (0, ρx ∧ r� ∧ dist(x, S \ {x})), where S denotes the set of corners of ∂�.

In order to establish these results, we need to revisit the proof of the monotonicity formula given
in [Bucur and Luckhaus 2014]. The new ingredients here are the jump constraint (for which the two-
dimensional setting is crucial) and the fact that the point x can belong to the boundary. We start with the
boundary case, which contains the relevant modifications with respect to the case treated in [Bucur and
Luckhaus 2014], and then we go back to the (simpler) interior case.

Proof of Theorems 4.4 and 4.6. Let us consider first the case of Theorem 4.4. Following [Bucur and
Luckhaus 2014], to prove the result it is enough to show that there exist r� > 0 and k� > 0 such that, for
ρ ∈ (0, ρx ∧ r� ∧ dist(x, S \ {x})), it holds that Ẽ ′x(ρ)≥ 0 at almost every differentiability point ρ of Ẽx
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such that Ex(ρ) < ρ. Let ρ� and c� be as in Proposition 3.7, and let us choose k� = 2c� and r� < ρ�.
We argue by contradiction. Assume that

Ẽ ′x(ρ)=
E ′x(ρ)
ρ
−

Ex(ρ)

ρ2 + cγργ−1
+ k�

Ex(ρ)

ρ
< 0,

so that
ρ E ′x(ρ)+ cγργ+1

+ k�ρEx(ρ) < Ex(ρ). (4-9)

In particular, we infer E ′x(ρ) < 1 so that from∫
�∩∂Bρ(x)

|∇u|2 dx +H0(Ju ∩ ∂Bρ(x))≤ E ′x(ρ) < 1

we get Ju ∩ ∂Bρ(x) = ∅. This means that the restriction of the SBV function u on ∂Bρ(x) ∩� is a
Sobolev function which we denote by w. Notice that (4-9) gives

ρ

∫
�∩∂Bρ(x)

|∇τw|
2 dH1

+ cγργ+1
+ k�ρEx(ρ) < Ex(ρ). (4-10)

Let hw denote a harmonic extension hw of w to � ∩ Bρ(x) which satisfies Neumann conditions on
∂�∩ Bρ(x). By Proposition 3.7, we have

(1− c�ρ)
ρ

∫
�∩Bρ(x)

|∇hw|2 dx ≤
∫
�∩∂Bρ(x)

|∇τw|
2 dH1.

From (4-10) we deduce that

(1− c�ρ)
∫
�∩Bρ(x)

|∇hw|2 dx + cγργ+1
+ k�ρEx(ρ) < Ex(ρ).

Up to reducing r� if necessary, we infer in particular∫
�∩Bρ(x)

|∇hw|2 dx ≤ 2Ex(ρ)

so that for every ρ < r� ∧ dist(x, S \ {x})∫
�∩Bρ(x)

|∇hw|2 dx + cγργ+1
+ (k�− 2c�)ρEx(ρ) < Ex(ρ). (4-11)

We now consider the admissible competitor for u given by

v(y) :=
{

hw(y) if y ∈�∩ Bρ(x),
u(y) otherwise.

(4-12)

Notice that Jv ⊆ Ju , since v has no jumps inside �∩ Bρ(x) and coincides with u on �∩ ∂Bρ(x). Then,
recalling that we have chosen k� = 2c�, inequality (4-11) for ρ < ρx ∧ r� ∧ dist(x, S \ {x}) contradicts
the weak local almost-quasiminimality property of u according to Definitions 4.1 (recall that Ex(ρ) < ρ).

Coming to Theorem 4.6, we can follow the previous arguments by considering the harmonic extension
hw which satisfies homogeneous Dirichlet conditions on 0D ∩ Bρ(x) and Neumann conditions on 0N ∩

Bρ(x), and using again Proposition 3.7. The contradiction then follows by noting that the competitor v in
(4-12) belongs to A0. �
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Remark 4.7. Notice that the uniformity property of Remark 3.8 holds also for the constants r� and k�.

Proof of Theorem 4.3. The proof reduces essentially to the original case of [Bucur and Luckhaus 2014]
by noting that, since we work in dimension 2, the key competitors involved in the arguments turn out to
have a jump set contained in Ju . More precisely, we can follow the proof of Theorem 4.4, by using the
estimate of Proposition 3.1 in place of that of Proposition 3.7: in this way we can choose k� = 0 and
obtain the monotonicity for the energy in the simpler form (4-4). �

5. The local minimality result

Let �⊆ R2 be a bounded open set, and let

MS(u) :=
∫
�

|∇u|2 dx +αH1(Ju)+β

∫
�

|u− g|2 dx

denote the Mumford–Shah functional on SBV(�), where g ∈ L∞(�) and α, β > 0.
The following result holds true.

Theorem 5.1 (small jump sets are not convenient). Let � ⊆ R2 be an open, bounded, piecewise C1,1-
domain with convex corners and let g ∈ L∞(�). Let U ∈ H 1(�) be the solution to

min
v∈H1(�)

∫
�

|∇v|2 dx +β
∫
�

|v− g|2 dx,

i.e., such that {
−1U +βU = βg in �,
∂U/∂ν = 0 on ∂�.

(5-1)

Then there exists ε > 0 such that for every u ∈ SBV(�) with H1(Ju) < ε we have

MS(U ) <MS(u).

The main result of the paper, already stated in the Introduction as Theorem 1.1, is a simple consequence
of the previous theorem. For convenience, we restate it hereafter:

Theorem 5.2 (local minimality in L1). Under the assumptions of Theorem 5.1, the function U is a local
minimizer for the Mumford–Shah functional in SBV(�) with respect to the L1-topology.

Proof. Assume by contradiction that there exists vn ∈ SBV(�) such that

vn→U strongly in L1(�),

with
MS(vn) <MS(U ). (5-2)

By truncation we may assume that ‖vn‖∞ ≤ ‖g‖∞, so that the convergence holds also in L2(�). By
(5-2), we may apply Ambrosio’s theorem (see Theorem 2.1) and deduce∫

�

|∇U |2 dx ≤ lim inf
n

∫
�

|∇vn|
2 dx,
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so that, since the fidelity terms are converging, we infer limn H1(Jvn )= 0: but then (5-2) is in contradiction
with Theorem 5.1. �

Remark 5.3. Under suitable regularity assumptions on g, it has been proved in [Alberti et al. 2003,
Sections 5.1 and 5.3] by using the calibration method that U is a global minimizer for MS if β is
sufficiently small or if β is sufficiently large.

The proof of Theorem 5.1 rests on a suitable use of the monotonicity formulas up to the boundary
developed in Section 4.

Proof of Theorem 5.1. First of all, by considering the change of variable x 7→
√
αx , it is not restrictive to

assume α = 1.
Let uε ∈ SBV(�) be a minimizer of

min
u∈SBV(�)
H1(Ju)≤ε

MS(u).

We shall prove by a contradiction argument that Juε = ∅ for ε small enough, so that uε = U and the
proof follows.

Let εn be an infinitesimal sequence, and let us denote by un the corresponding functions uεn . By
truncation we may assume that

‖un‖∞ ≤ ‖g‖∞ and ‖U‖∞ ≤ ‖g‖∞. (5-3)

Comparing un with the zero function we get∫
�

|∇un|
2 dx +H1(Jun )+β

∫
�

|un − g|2 dx ≤ β
∫
�

g2 dx . (5-4)

We will concentrate on

vn := un −U.

We divide the proof into several steps.

Step 1: regularity for U. In view of the bound (5-3) and of the regularity of ∂�, we infer from the elliptic
problem (5-1) satisfied by U that U ∈ H 2(�); see [Grisvard 1985, Theorem 3.2.1.3 and Remark 3.2.4.6].
In particular we deduce that ∇U ∈ L p(�) for every p > 1. Then we may write for every x ∈�, ρ > 0
and p > 4 ∫

�∩Bρ(x)
|∇U |2 dx ≤

(∫
�∩Bρ(x)

|∇U |p dx
)2/p

|�∩ Bρ(x)|1−2/p.

As a consequence, for every γ ∈ (0, 1) we get the estimate∫
�∩Bρ(x)

|∇U |2 dx ≤ c1ρ
1+γ (5-5)

for some c1 > 0 (here, c1 depends on γ,�, β, g, but not on ρ).
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Step 2: weak local almost-quasiminimality of vn with respect to its own jump set. Let us show that there
exist δ > 0 and cδ > 0 such that for every x ∈�, for every ρ ≤ 1 with∫

�∩Bρ(x)
|∇vn|

2 dx +H1(Jvn ∩ Bρ(x))≤ ρ, (5-6)

and for every v ∈ SBV(�) with {v 6= vn} ⊆ Bρ(x) and H1(Jv)≤ εn we have∫
�∩Bρ(x)

|∇vn|
2 dx +H1(Jvn ∩ Bρ(x))≤

∫
�∩Bρ(x)

|∇v|2 dx +H1(Jv ∩ Bρ(x))+ cδρ1+δ. (5-7)

In particular we get that vn is a weak local almost-quasiminimizer of the Mumford–Shah energy with
respect to its own jump set at any point x ∈� according to Definition 4.1.

Recalling (5-3) we have ‖vn‖∞ ≤ 2‖g‖∞, so that it is not restrictive to assume that also

‖v‖∞ ≤ 2‖g‖∞. (5-8)
Moreover, we may assume∫

�∩Bρ(x)
|∇v|2 dx <

∫
�∩Bρ(x)

|∇vn|
2 dx +H1(Jvn ∩ Bρ(x)), (5-9)

since otherwise (5-7) is immediately satisfied.
Since

{v+U 6= un} ⊆ Bρ(x)
by the minimality of un we get∫
�∩Bρ(x)

|∇vn +∇U |2 dx +H1(Jvn ∩ Bρ(x))+β
∫
�∩Bρ(x)

|un +U − g|2 dx

≤

∫
�∩Bρ(x)

|∇v+∇U |2 dx +H1(Jv ∩ Bρ(x))+β
∫
�∩Bρ(x)

|v+U − g|2 dx

so that ∫
�∩Bρ(x)

|∇vn|
2 dx +H1(Jvn ∩ Bρ(x))≤

∫
�∩Bρ(x)

|∇v|2 dx +H1(Jv ∩ Bρ(x))+ c(ρ),

where

c(ρ) := 2
∫
�∩Bρ(x)

∇U · (∇v−∇vn) dx +β
∫
�∩Bρ(x)

|v+U − g|2 dx −β
∫
�∩Bρ(x)

|vn +U − g|2 dx .

Recalling (5-3) and (5-8), we have∫
�∩Bρ(x)

|v+U − g|2 dx −
∫
�∩Bρ(x)

|vn +U − g|2 dx ≤ c2ρ
2 (5-10)

for some c2 > 0. Thanks to the estimate (5-5) for ∇U obtained in Step 1, and taking into account (5-9)
and (5-6), we have∣∣∣∣∫

�∩Bρ(x)
∇U · (∇v−∇vn) dx

∣∣∣∣≤ ‖∇U‖L2(�∩Bρ(x);R2)(‖∇v‖L2(�∩Bρ(x);R2)+‖∇vn‖L2(�∩Bρ(x);R2))

≤ c3ρ
(1+γ )/2ρ1/2

= c3ρ
1+γ /2 (5-11)

for some c3 > 0.



LOCAL MINIMALITY RESULTS FOR THE MUMFORD–SHAH FUNCTIONAL VIA MONOTONICITY 885

Collecting (5-10) and (5-11), we get for every ρ ≤ 1

c(ρ)≤ cδρ1+δ

for δ = γ /2 and cδ > 0, so that inequality (5-7) is proved.

Step 3: vanishing energy. We claim that∫
�

|∇vn|
2 dx +H1(Jvn )→ 0. (5-12)

Indeed, in view of (5-4) and of (5-3) we may apply Ambrosio’s theorem (see Theorem 2.1) to the sequence
(un)n∈N: there exists u ∈ SBV(�) such that up to a subsequence

un→ u strongly in L2(�),

∇un ⇀ ∇u weakly in L2(�;R2) (5-13)
and

H1(Ju)≤ lim inf
n

H1(Jun )= 0. (5-14)

In particular, u ∈ H 1(�). Moreover, by the minimality of un , we deduce that in the limit∫
�

|∇u|2 dx +β
∫
�

|u− g|2 dx ≤
∫
�

|∇ϕ|2 dx +β
∫
�

|ϕ− g|2 dx

for every ϕ ∈ H 1(�), which yields u =U. Passing to the limit in the inequality∫
�

|∇un|
2 dx +H1(Jun )+β

∫
�

|un − g|2 dx ≤
∫
�

|∇U |2 dx +β
∫
�

|U − g|2 dx,

we deduce
lim sup

n

∫
�

|∇un|
2 dx ≤

∫
�

|∇U |2 dx,

which together with the weak convergence (5-13) yields

∇un→∇U strongly in L2(�;R2).

Recalling that vn = un −U and that H1(Jvn )=H1(Jun )= εn , claim (5-12) follows.

Step 4: conclusion. We can now conclude the proof via a contradiction argument. Assume that H1(Jun )>0
for every n. Since Jvn = Jun , this implies that for every n

H1(Jvn ) > 0. (5-15)

To derive a contradiction from (5-15) when n is large enough, we consider for every n a point xn ∈ Jvn of
density 1, i.e., such that

lim
ρ→0+

H1(Jvn ∩ Bρ(xn))

2ρ
= 1. (5-16)

Let yn ∈ ∂� be a projection of xn on ∂�; since� has convex corners, yn is a smooth point of ∂�. Let us set

dn := dist(xn, ∂�)= |xn − yn| and d ′n := dist(yn, S),

where S is the set of corners of �.
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xn

yn

ρn = C
√
ηn

∂�

Figure 3. Illustration of Case 2.

For x ∈�, we set

En
x (ρ) :=

∫
�∩Bρ(x)

|∇vn|
2 dx +H1(Jvn ∩ Bρ(x)).

Notice that, in view of Step 3,

ηn :=

∫
�

|∇vn|
2 dx +H1(Jvn )→ 0 (5-17)

and
En

x (ρ)≤ ηn. (5-18)

We distinguish four cases.

Case 1: Assume that

lim sup
n

dn
√
ηn
> 0. (5-19)

Thanks to Step 2 and the interior monotonicity formula of Theorem 4.3 we infer that the map

ρ 7→
En

xn
(ρ)

ρ
∧ 1+ cγργ (5-20)

is nondecreasing on (0, dn ∧ 1). Thanks to (5-19), possibly passing to a subsequence, for n large we may
choose as an admissible radius ρn = C

√
ηn for some C > 0, and write

1≤
En

xn
(ρn)

ρn
∧ 1+ cγργn ≤

En
xn
(ρn)

ρn
+ cγργn ≤

ηn

C
√
ηn
+ cγ (C

√
ηn)

γ ,

where the first inequality comes from monotonicity at xn and (5-16), and the last one by (5-18). In view
of (5-17), the above relation gives a contradiction for n large enough.

Case 2: Assume that

lim
n

dn
√
ηn
= 0 and lim sup

n

d ′n
√
ηn
> 0. (5-21)



LOCAL MINIMALITY RESULTS FOR THE MUMFORD–SHAH FUNCTIONAL VIA MONOTONICITY 887

By Step 2 and the boundary monotonicity formula of Theorem 4.4 we infer that the map

ρ 7→
En

yn
(ρ)

ρ
∧ 1+ cγργ + k�

∫ ρ

0

(En
yn
(r)

r
∧ 1
)

dr (5-22)

is nondecreasing on (0, 1∧r�∧d ′n), where r�, k�>0. Thanks to (5-21), possibly passing to a subsequence,
for n large we may choose as an admissible radius ρn = C

√
ηn , assume that ρn > 2dn , and write

En
yn
(ρn)

ρn
∧ 1+ cγργn + k�

∫ ρn

0

(En
yn
(r)

r
∧ 1
)

dr ≥
En

yn
(2dn)

2dn
∧ 1+ cγ (2dn)

γ
+ k�

∫ 2dn

0

(En
yn
(r)

r
∧ 1
)

dr

≥
En

xn
(dn)

2dn
∧ 1+ cγ dγn ≥

1
2

[En
xn
(dn)

dn
∧ 1+ cγ dγn

]
≥

1
2
,

where we have used in the first inequality monotonicity at yn , then the inclusion Bdn (xn)⊆ B2dn (yn) (see
Figure 3), and finally monotonicity at xn combined with (5-16). We infer

1
2
≤

En
yn
(ρn)

ρn
∧ 1+ cγργn + k�

∫ ρn

0

(En
yn
(r)

r
∧ 1
)

dr ≤
ηn

C
√
ηn
+ cγ (C

√
ηn)

γ
+ k�C

√
ηn, (5-23)

which is a contradiction for n large in view of (5-17).

Case 3: Assume that

lim
n

dn
√
ηn
= 0, lim

n

d ′n
√
ηn
= 0 and lim

n

dn

d ′n
= 0. (5-24)

Then there exists a vertex z ∈ S such that, possibly passing to a subsequence, xn, yn→ z. Set

d ′n = dist(yn, z).

We choose ρn :=
√
ηn . Since for n large we have ρn ≥ 2d ′n , we may write using the monotonicity at z

and the inclusion Bd ′n (yn)⊆ B2d ′n (z) (see Figure 4)

En
z (ρn)

ρn
∧ 1+ cγργn + k�

∫ ρn

0

(
En

z (r)
r
∧ 1
)

dr ≥
En

z (2d ′n)
2d ′n

∧ 1+ cγ (2d ′n)
γ
+ k�

∫ 2d ′n

0

(
En

z (r)
r
∧ 1
)

dr

≥
En

yn
(d ′n)

2d ′n
∧ 1+ cγ (d ′n)

γ .

On the other hand, since for n large we also have d ′n ≥ 2dn , by monotonicity at yn and the inclusion
Bdn (xn)⊆ B2dn (yn) (see again Figure 4), we have

En
yn
(d ′n)

2d ′n
∧1+cγ (d ′n)

γ
+k�

∫ d ′n

0

(En
yn
(r)

r
∧1
)

dr ≥
1
2

[En
yn
(d ′n)

d ′n
∧1+cγ (d ′n)

γ
+k�

∫ d ′n

0

(En
yn
(r)

r
∧1
)

dr
]

≥
1
2

[En
yn
(2dn)

2dn
∧1+cγ (2dn)

γ
+k�

∫ 2dn

0

(En
yn
(r)

r
∧1
)

dr
]

≥
1
2

[En
xn
(dn)

2dn
∧1+cγ dγn

]
≥

1
4

[En
xn
(dn)

dn
∧1+cγ dγn

]
≥

1
4
,

the last inequality coming from monotonicity at xn combined with (5-16).
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z

yn

ρn

∂�

xn

Figure 4. Illustration of Case 3.

Collecting the previous inequalities we obtain

1
4
≤ k�

∫ d ′n

0

(En
yn
(r)

r
∧ 1
)

dr +
En

z (ρn)

ρn
∧ 1+ cγργn + k�

∫ ρn

0

(
En

z (r)
r
∧ 1
)

dr

≤ k�d ′n +
ηn
√
ηn
+ cγ (

√
ηn)

γ
+ k�
√
ηn,

which yields a contradiction for n large.

Case 4: Assume finally that

lim
n

dn
√
ηn
= 0, lim

n

d ′n
√
ηn
= 0 and lim sup

n

dn

d ′n
> 0. (5-25)

Let z ∈ S be a vertex such that, up to a subsequence if necessary, xn, yn→ z, so that d ′n = dist(yn, z). Set
d ′′n := dist(xn, z). Up to a subsequence we may assume that, for n large, d ′n ≤ Cdn with C > 0, so that
from the inequalities

dn = dist(xn, ∂�)≤ d ′′n = dist(xn, z)≤ dist(xn, yn)+ dist(yn, z)= dn + d ′n ≤ (1+C)dn (5-26)

we infer that dn and d ′′n are comparable.
Then, if we choose ρn :=

√
ηn , in view of (5-25) and (5-26), for n large we have ρn ≥ 2d ′′n . By

monotonicity at z and the inclusion Bd ′′n (xn)⊆ B2d ′′n (z) (see Figure 5), we obtain

En
z (ρn)

ρn
∧ 1+ cγργn + k�

∫ ρn

0

(
En

z (r)
r
∧ 1
)

dr ≥
En

z (2d ′′n )
2d ′′n

∧ 1+ cγ (2d ′′n )
γ
+ k�

∫ 2d ′′n

0

(
En

z (r)
r
∧ 1
)

dr

≥
En

xn
(d ′′n )

2d ′′n
∧ 1+ cγ (d ′′n )

γ
≥

En
xn
(dn)

2(1+C)dn
∧ 1+ cγ dγn

≥
1

2(1+C)

[En
xn
(dn)

dn
∧ 1+ cγ dγn

]
≥

1
2(1+C)

,
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z

xn

∂�

ρn =
√
ηn

Figure 5. Illustration of Case 4.

where as above the last inequality comes from monotonicity at xn combined with (5-16). Then,

1
2(1+C)

≤
En

z (ρn)

ρn
∧ 1+ cγργn + k�

∫ ρn

0

(
En

z (r)
r
∧ 1
)

dr ≤
ηn
√
ηn
+ cγ (

√
ηn)

γ
+ k�
√
ηn,

which yields a contradiction for n large. �

Remark 5.4. For later use, let us notice that in order to carry out Step 4 in the previous proof, the
monotonicity properties given by Theorems 4.3 and 4.4 can be replaced respectively by interior and
boundary quasimonotonicity properties of the following type: if u is a weak local almost-quasiminimizer
for the Mumford–Shah energy with respect to its own jump set at every point of �, and Ex and Ẽx are
defined respectively by (4-4) and (4-5), there exist c > 1 and r̃� > 0 such that

Ex(ρ2)≥
1
c

Ex

(
ρ1

c

)
if x ∈� and ρ1 ≤ ρ2 ≤ r̃� ∧ dist(x, ∂�),

Ẽx(ρ2)≥
1
c

Ẽx

(
ρ1

c

)
if x ∈ ∂� and ρ1 ≤ ρ2 ≤ r̃� ∧ dist(x, S \ {x}).

Indeed, considering for example Case 2, we can choose again ρn := C
√
ηn for some C > 0, and use the

boundary quasimonotonicity at yn for the radii ρn ≥ 2cdn to write

En
yn
(ρn)

ρn
∧1+cγργn +k�

∫ ρn

0

(En
yn
(r)

r
∧1
)

dr ≥
1
c

[En
yn
(2dn)

2dn
∧1+cγ (2dn)

γ
+k�

∫ 2dn

0

(En
yn
(r)

r
∧1
)

dr
]

≥
1
2c

[En
xn
(dn)

dn
∧1+cγ dγn

]
. (5-27)

Since xn is a point of density 1 for Jvn , there exists rn such that crn ≤ dn and

H1(Jvn ∩ Brn (xn))

rn
≥

3
2
.
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Then, by using the interior quasimonotonicity at xn for the radii crn ≤ dn , we get

1
2c

[En
xn
(dn)

dn
∧ 1+ cγ dγn

]
≥

1
2c2

[En
xn
(rn)

rn
∧ 1+ cγ rγn

]
≥

1
2c2 .

But this lower bound is incompatible with (5-27) since the first line of (5-27) is going to zero as n→∞
(see (5-23)). The other cases can be treated similarly.

6. The case of general energies with boundary conditions

In this section we deal with the local minimality of the Sobolev minimizer of a generalization of the
Mumford–Shah functional under prescribed boundary conditions.

6A. Setting of the problem and the local minimality result. Given an open bounded set �⊂ R2, which
is admissible according to Definition 3.5, we want to impose Dirichlet boundary conditions on the
(nonempty) portion 0D of its boundary. To this aim, similarly as in Section 4 we consider an open
bounded domain �′ such that � b �′ ⊂ R2 and with ∂� ∩ �′ = 0D (see Figure 2). Then, given
w ∈ H 1(�′)∩ L∞(�′), we set

Aw := {u ∈ SBV(�′) : u = w on �′ \�}. (6-1)

We are interested in the minimization on the class Aw of the Mumford–Shah-type functional

F(u) :=
∫
�′

A(x)∇u · ∇u dx +
∫

Ju

b(x, u+, u−, νu) dH1
+β

∫
�′
|u− g|2 dx . (6-2)

Here νu denotes a normal along Ju , and u± the associated traces of u (see Section 2), while the assumptions
satisfied by the matrix A, the function b, and the datum g are specified below.

Remark 6.1. Notice that working on the set Aw the boundary condition

u = w on 0D

is taken into account in a relaxed sense: indeed, the parts of 0D on which u 6= w are contained in Ju , so
that they turn out to be penalized by the functional F. This is usual in variational problems for functions
of bounded variation (like for example the graph area problem). Finally, observe that the bulk terms
provide a fixed contribution on �′ \�, since u = w on this set, so that for the minimization it suffices
simply to integrate on �.

Assumptions on the functional. Concerning the volume terms in (6-2), we require

A ∈ C0,δ(�′;M2×2
sym ), cA

1 |η|
2
≤ A(x)η · η ≤ cA

2 |η|
2 for every x ∈�′ and η ∈ R2, (6-3)

and
g ∈ L∞(�′), β ≥ 0 (6-4)

for suitable constants cA
1 , cA

2 > 0 and δ ∈ (0, 1).
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Concerning the surface term

9(u) :=
∫

Ju

b(x, u+, u−, νu) dH1,

we require for b :�′×R×R× S1
→ [0,+∞[ to be such that

cb
1 ≤ b(x, s1, s2, ν)≤ cb

2 +8(s1, s2), (6-5)

where cb
1, cb

2 > 0 and 8 : R2
→ [0,+∞[. In addition we ask that

u 7→9(u) is l.s.c with respect to the weak convergence in SBV(�), (6-6)

and the monotonicity under truncation satisfies

9((u ∧ c2)∨ c1)≤9(u) for every c1 ≤ c2. (6-7)

Remark 6.2 (example of admissible surface energies). An admissible surface term could be given for
example by

b(x, s1, s2, ν) := ϕ(x, ν)+ |s1− s2|,

where ϕ :�′×R2
→ ]0,+∞[ is such that

x 7→ ϕ(x, ν) is lower semicontinuous on �′ for every ν ∈ S1,

ν 7→ ϕ(x, ν) is convex, positively one homogeneous on R2 for every x ∈�′,
and

0< cb
1 ≤ ϕ(x, ν)≤ cb

2.

Requirements (6-5) and (6-7) are immediately fulfilled. The lower semicontinuity (6-6) is a consequence
of the Reshetnyak theorem (see [Ambrosio et al. 2000, Theorem 2.38]) and of the lower semicontinuity
result in SBV [Ambrosio et al. 2000, Theorem 5.22].

A-admissible domains. To control the interaction between Neumann and Dirichlet conditions in connec-
tion with monotonicity, we need to introduce the following property concerning the interplay between the
geometry of � and the bulk energy.

Definition 6.3 (A-admissible domains). Let � ⊂ R2 be an open bounded set with a piecewise C1,1-
boundary, decomposed as in (3-23), and let A satisfy (6-3). We say that � is A-admissible if, for every
x ∈�, the domain �x := A(x)−1/2� is admissible according to Definition 3.5.

Remark 6.4. Notice that admissibility according to Definition 3.5 is equivalent to Id-admissibility
according to Definition 6.3. In particular, when 0D = ∂� or 0N = ∂�, A-admissibility reduces to the
assumption of convex corners, and smooth C1,1 domains are always A-admissible.

The local minimality result under boundary conditions. The analogue of Theorem 5.1 under boundary
conditions is the following.
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Theorem 6.5 (small jump sets are not convenient under boundary conditions). Assume the functional F
satisfies assumptions (6-3)–(6-7). Let � ⊆ R2 be A-admissible according to Definition 6.3, and let
w ∈ H 1(�′)∩ L∞(�′). Denoting by Uw ∈ H 1(�′) the solution to

min
v∈Aw∩H1(�′)

F(v),

assume that Uw admits at most uniformly weak singularities in �; i.e., there exist C > 0 and α > 0 such
that for every x ∈� and ρ ≤ 1 ∫

�∩Bρ(x)
|∇Uw|

2 dx ≤ Cρ1+α. (6-8)

Then there exists ε > 0 such that for every u ∈Aw with H1(Ju) < ε we have

F(Uw) < F(u).

Remark 6.6. Assumptions on the kind of singularities which the function Uw can exhibit are essential to
exclude that small jump sets are not convenient. Indeed, assume for example that∫

�∩Bρ(x)
|∇Uw|

2 dx ≈ cργ , (6-9)

with 0< γ < 1 and c > 0 at some point x ∈�: this means that for small ρ, the singularity has an energy
content in �∩ Bρ(x) which is higher than the length of ∂(�∩ Bρ(x)). It turns out that the admissible
competitor

v :=

{
0 in �∩ Bρ(x),
Uw otherwise

is such that F(v) < F(Uw) if ρ is sufficiently small, so that the minimality property of Theorem 6.5
cannot hold.

Theorem 6.5 states that the energy content given by (6-8) is not enough to destroy the minimality
of Uw, which is preserved even if small jump sets are allowed. In the case 0D = ∂�, inequality (6-8)
holds for example if w ∈ H 2(�′) and A is Lipschitz continuous on �′, since elliptic regularity gives
Uw ∈ H 2(�); see, e.g., [Grisvard 1985, 3.2.1.2].

In the language of fracture mechanics, the situation (6-9) is defined as a strong singularity: the “elastic
energy” stored in �∩ Bρ(x) is much higher than the energy required to create a crack along ∂(�∩ Bρ(x))
so that the elastic configuration is not in equilibrium, and the creation of a small crack is energetically
convenient. “Weak singularities” are on the contrary compatible with local equilibrium.

As mentioned in the Introduction, the minimality property of Theorem 6.5 (without fidelity term but
with nonlinear bulk energies and general Lipschitz boundaries) was derived in [Chambolle et al. 2008,
Theorem 1] under the additional assumption that the competitors have a closed jump set with a preset
number of connected components, while the full SBV case was derived under the stronger assumption
Uw ∈ C1(�); see [Chambolle et al. 2008, Theorem 6].
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As in Section 5, we can draw the following local minimality result with respect to the L1 topology
under boundary conditions.

Theorem 6.7 (local minimality in L1 under boundary conditions). Under the assumptions of Theorem 6.5,
the function Uw is a local minimizer for the Mumford–Shah-type energy F on Aw with respect to the
L1-topology.

Proof. Assume by contradiction that there exists vn ∈Aw such that

vn→Uw strongly in L1(�′),

with
F(vn) < F(Uw). (6-10)

It is not restrictive to assume that ‖vn‖∞ ≤ ‖g‖∞+‖w‖∞, so that the convergence holds also in L2(�′)

and is weak in SBV(�′) (thanks to the coercivity assumptions on A and b). By Ambrosio’s theorem we
deduce

lim inf
n

F(vn)≥ F(Uw),

so that from (6-10) we infer limn H1(Jvn )= 0; but then (6-10) is in contrast with Theorem 6.5. �

6B. Proof of Theorem 6.5. Let us start by deriving some properties of a solution v ∈A0 to

min
h∈A0

H1(Jh)≤ε

F(Uw + h). (6-11)

They are stated in two separate lemmas below, and concern respectively a uniform almost-quasiminimality
property, and a crucial quasimonotonicity property. Some preliminary notation and remarks are in order.

Firstly notice that existence of minimizers to (6-11) is guaranteed by the application of Ambrosio’s
theorem in view of the assumptions (6-3)–(6-7) on the terms appearing in F. Notice that we may assume
(thanks in particular to the truncation assumption (6-7) for the surface energy)

‖Uw‖∞ ≤ ‖w‖∞+‖g‖∞ and ‖v‖∞ ≤ 2‖w‖∞+‖g‖∞. (6-12)

For every ξ ∈�, let us consider the matrix

Lξ := A(ξ)1/2

and the sets
�̃ξ := L−1

ξ � and �̃′ξ := L−1
ξ �

′.

To every function u ∈ SBV(�′) let us associate the function ũξ ∈ SBV(�̃′ξ ) given by

ũξ (y) :=

√
2 det Lξ
cb

1

√

cA
1

u(Lξ y), (6-13)

where cA
1 and cb

1 are the constants appearing in (6-3) and (6-5). Let us denote by Ã0 the space of functions
associated to A0 under the previous transformation, and let ξ̃ be the point corresponding to ξ .
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Lemma 6.8 (uniform almost-quasiminimality). Under the assumptions of Theorem 6.5, let v ∈A0 be a
solution to the minimization problem (6-11). There exist ρ0 > 0, 3≥ 1, γ > 0, cγ > 0 such that for every
ξ ∈�, for every ρ < ρ0 with ∫

Bρ(ξ̃ )∩�̃ξ
|∇ṽξ |

2 dx +H1(Jṽξ ∩ Bρ(ξ̃ ))≤ ρ, (6-14)

and for every h̃ ∈ Ã0 with {h̃ 6= ṽξ } ⊆ Bρ(x̃) and Jh̃ ⊆ Jṽξ we have∫
Bρ(ξ̃ )∩�̃ξ

|∇ṽξ |
2 dx +H1(Jṽξ ∩ Bρ(ξ̃ ))≤

∫
Bρ(ξ̃ )∩�̃ξ

|∇h̃|2 dx +3H1(Jh̃ ∩ Bρ(ξ̃ ))+ cγρ1+γ .

In other words, uniformly in ξ ∈�, the function ṽξ is a weak local almost-quasiminimizer in Ã0 of the
Mumford–Shah energy with respect to its own jump set at the point ξ̃ .

Proof. Let us divide the proof in two steps.

Step 1: assume that A(ξ)= Id. Let us show that if h ∈A0 with {h 6= v} ⊆ Bρ(ξ), ρ ≤ 1 and Jh ⊆ Jv , we
have∫
�∩Bρ(ξ)

|∇v|2 dx + cb
1H

1(Jv ∩ Bρ(ξ))

≤

∫
�∩Bρ(ξ)

|∇h|2 dx +C1H1(Jh ∩ Bρ(ξ))+ 2cA(1+ cb
1)ρ

1+δ
+C2ρ

(1+α/2)∧2, (6-15)

where cb
1 is the constant appearing in the estimates (6-5) for the surface energy b, cA is the Holder

constant of A ∈ C0,δ(�′,M2×2
sym ), α is the constant appearing in (6-8), and C1,C2 > 0 are suitable

constants depending only on the data of the problem.
Indeed, recalling (6-12) and using a truncation argument, it is not restrictive to assume that

‖h‖∞ ≤ 2‖w‖∞+‖g‖∞. (6-16)

Moreover, we may assume∫
�∩Bρ(ξ)

|∇h|2 dx <
∫
�∩Bρ(ξ)

|∇v|2 dx + cb
1H

1(Jv ∩ Bρ(ξ)) (6-17)

since otherwise (6-15) is immediately satisfied.
By the minimality of v (since the inclusion Jh ⊆ Jv ensures that H1(Jh)≤ ε), we get∫

�∩Bρ(ξ)
A(x)∇v · ∇v dx + cb

1H
1(Jv ∩ Bρ(ξ))

≤

∫
�∩Bρ(ξ)

A(x)∇h · ∇h dx +C1H1(Jh ∩ Bρ(ξ))+ c(ρ), (6-18)

where

c(ρ) := 2
∫
�∩Bρ(ξ)

A(x)∇Uw · (∇h−∇v) dx +β
∫
�∩Bρ(ξ)

(h− v)(2Uw + h+ v− 2g) dx
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and
C1 := cb

2 +8(2‖w‖∞+‖g‖∞,−(2‖w‖∞+‖g‖∞)),

where cb
2 and 8 appear in (6-5).

In view of the energy bounds (6-8), (6-14), (6-17) and of the L∞-bounds (6-12) and (6-16) we deduce
for every ρ ≤ 1

c(ρ)≤ 2cA
2

∫
�∩Bρ(ξ)

|∇Uw||∇h−∇v| dx + C̃ρ2

≤ 2cA
2 ‖∇Uw‖L2(�∩Bρ(ξ))(‖∇h‖L2(�∩Bρ(ξ))+‖∇v‖L2(�∩Bρ(ξ)))+ C̃ρ2

≤ 2cA
2

√
Cρ(1+α)/2(

√
(1+ cb

1)ρ+
√
ρ)+ C̃ρ2

≤ C2ρ
(1+α/2)∧2

for a suitable C2 > 0.
Since A(ξ)= Id and A ∈ C0,δ(�′;M2×2

sym ), coming back to (6-18) we may write∫
�∩Bρ(ξ)

|∇v|2 dx − cAρ
δ

∫
�∩Bρ(ξ)

|∇v|2 dx + cb
1H

1(Jv ∩ Bρ(x))

≤

∫
�∩Bρ(ξ)

|∇h|2 dx + cAρ
δ

∫
�∩Bρ(ξ)

|∇h|2 dx +C1H1(Jh ∩ Bρ(ξ))+C2ρ
(1+α/2)∧2,

where cA > 0 is the Hölder constant of A, so that taking into account (6-17) and (6-14) we infer∫
�∩Bρ(ξ)

|∇v|2 dx + cb
1H

1(Jv ∩ Bρ(ξ))

≤

∫
�∩Bρ(ξ)

|∇h|2 dx +C1H1(Jh ∩ Bρ(ξ))+ 2cA(1+ cb
1)ρ

1+δ
+C2ρ

(1+α/2)∧2,

so that (6-15) follows.

Step 2: let us come to the general case. Under the transformation (6-13), a direct computation shows that
the functional F is transformed up to a multiplicative constant into the functional on SBV(�̃′ξ ) given by

F̃(ũ) :=
∫
�̃′ξ

Ã(y)∇ũ · ∇ũ dy+
∫

Jũ

b̃(y, ũ+, ũ−, νũ) dH1(y)+β
∫
�̃′ξ

|ũ− g̃ξ |2 dy,

with
Ã(y) := L−1

ξ A(Lξ y)L−1
ξ

and

b̃(y, s1, s2, ν) :=
2

cb
1

√

cA
1

b
(

Lξ y,

√
2 det Lξ

cb
1

s1,

√
2 det Lξ

cb
1

s2, Lξν
)
|Lξν⊥|,

where ν⊥ is a unit vector orthogonal to ν (so that |Lξν⊥ũ | turns out to be the one-dimensional jacobian
of the transformation y 7→ Lξ y involved in the change of variable to pass from an integral on Ju to that
on Jũ , see [Ambrosio et al. 2000, Theorem 2.91]). Notice that by construction

b̃(y, s1, s2, ν)≥ 2. (6-19)
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Clearly the function
ũ := (̃Uw)ξ + ṽξ

is a minimizer of the functional F̃ among the functions in SBV(�̃′ξ ) such that ũ = w̃ξ on �̃′ξ \ �̃ξ and
H1(Lξ Jṽ)≤ ε.

Notice that Ã(ξ̃ )= Id. Therefore, taking into account (6-19), inequality (6-15) of Step 1 gives that,
for every h̃ ∈ Ã0 with {h̃ 6= ṽξ } ⊆ Bρ(ξ̃ ) and Jh̃ ⊆ Jṽξ (which is an admissible competitor for ṽξ since
automatically H1(Lξ Jh̃)≤ ε),∫
�̃ξ∩Bρ(ξ̃ )

|∇ṽξ |
2 dx +H1(Jṽξ ∩ Bρ(ξ̃ ))

≤

∫
�̃ξ∩Bρ(ξ̃ )

|∇ h̃|2 dx + C̃1H1(Jh̃ ∩ Bρ(ξ̃ ))+ 2c Ã(1+ cb̃
1)ρ

1+δ
+ C̃2ρ

(1+α/2)∧2 (6-20)

if ρ is sufficiently small. The statement follows thanks to the uniform estimates on Lξ coming from
(6-3). �

Lemma 6.9 (quasimonotonicity). Under the assumptions of Theorem 6.5, let v ∈A0 be a solution to the
minimization problem (6-11).

There exist c > 1, r̃�, k̃� > 0 such that, if Ex(ρ), Ẽx(ρ) are defined respectively as in (4-4), (4-5),
where γ, cγ are the constants of Lemma 6.8, and

Ex(ρ) :=

∫
�∩Bρ(x)

|∇v|2 dx +H1(Jv ∩ Bρ(x)),

the following properties hold true:

(a) For every x ∈� and for every ρ1 < ρ2 < r̃� ∧ dist(x, ∂�)

Ex(ρ2)≥
1
c

Ex

(
ρ1

c

)
. (6-21)

(b) For every x ∈ ∂� and for every ρ1 < ρ2 < r̃� ∧ dist(x, S \ {x}), where S denotes the set of corners
of ∂�,

Ẽx(ρ2)≥
1
c

Ẽx

(
ρ1

c

)
.

Proof. Let us start with point (a). Thanks to Lemma 6.8, we have that ṽx ∈ Ã0 is a weak local almost-
quasiminimizer (in Ã0) for the Mumford–Shah energy with respect to its own jump set at the point
x̃ = L−1

x x , so that the quantity

ρ 7→

∫
�̃x∩Bρ(x̃)

|∇ṽx |
2 dy+H1(Jṽx ∩ Bρ(x̃))

ρ
∧ 1+

cγ
γ
ργ (6-22)

is nondecreasing on (0,ρ0∧r�̃x
∧dist(x̃,∂�̃x)) in view of the interior monotonicity formula of Theorem 4.4.

Coming back to the domain �, thanks to the bounds on A, we find universal constants ci > 0 such that

c3Ex(c4ρ)≤

∫
�̃x∩Bρ(x̃)

|∇ṽx |
2 dy+H1(Jṽx ∩ Bρ(x̃))≤ c1Ex(c2ρ).
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This estimate, together with the monotonicity of (6-22) and Remarks 3.8 and 4.7, yields easily point (a)
of the statement for a suitable r̃� > 0.

The proof of point (b) is similar: we need to invoke, in place of Theorem 4.4, the boundary monotonicity
formula of since � is A-admissible by hypothesis, together with Remarks 3.8 and 4.7. �

We are now in a position to prove Theorem 6.5.

Proof of Theorem 6.5. It suffices to show that, for ε small enough, a minimizer vε ∈ SBV(�) of

min
v∈A0

H1(Jv)≤ε

F(Uw + v)

is such that Jvε =∅, which gives vε = 0, and the proof follows.
We proceed by contradiction, assuming that there exists εn → 0 such that, for the corresponding

vn := vεn , it holds that H1(Jvn ) > 0. Let us divide the proof in two steps.

Step 1: vanishing energy. We claim that∫
�′
|∇vn|

2 dx +H1(Jvn )→ 0. (6-23)

Notice indeed that

F(Uw + vn)≤ F(Uw)

so that we get easily, taking into account (6-3)–(6-7) and (6-12)∫
�′
|∇vn|

2 dx +H1(Jvn )+‖vn‖∞ ≤ C.

By applying Ambrosio’s theorem to the sequence (vn)n∈N, there exists v ∈A0 such that, up to a subse-
quence,

vn→ v strongly in L2(�′),

∇vn ⇀ ∇v weakly in L2(�′;R2) (6-24)

and

H1(Jv)≤ lim inf
n

H1(Jvn )≤ lim
n
εn = 0. (6-25)

In particular v ∈ H 1(�′). Moreover, by the minimality of vn , in the limit we deduce that

F(Uw + v)≤ F(Uw +ϕ)

for every ϕ ∈ H 1(�′) with ϕ = 0 on �′ \�, which yields v = 0 in view of the definition of Uw. Passing
to the limit in the inequality∫
�′

A(x)[∇Uw +∇vn][∇Uw +∇vn] dx +
∫

Jvn
b(x, v+n , v

−

n , νvn ) dH1
+β

∫
�′
|Uw + vn − g|2

≤

∫
�′

A(x)∇Uw∇Uw dx +β
∫
�′
|Uw − g|2
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and taking into account (6-24), (6-25) and the coercivity of A and b, we deduce that

∇vn→ 0 strongly in L2(�′;R2),

so that the claim follows.

Step 2: conclusion. By Step 1 we have

ηn :=

∫
�′
|∇vn|

2 dx +H1(Jvn )→ 0.

In view of the quasimonotonicity properties enjoyed by v by Lemma 6.9, and taking into account
Remark 5.4, we can repeat the arguments of Step 4 in the proof of Theorem 5.1 and get a contradiction,
so that the conclusion follows. �
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THE GRADIENT FLOW OF THE MÖBIUS ENERGY
ε-REGULARITY AND CONSEQUENCES

SIMON BLATT

We study the gradient flow of the Möbius energy introduced by O’Hara (Topology 30:2 (1991), 241–247).
We will show a fundamental ε-regularity result that allows us to bound the infinity norm of all derivatives
for some time if the energy is small on a certain scale. This result enables us to characterize the formation
of a singularity in terms of concentrations of energy and allows us to construct a blow-up profile at a
possible singularity. This solves one of the open problems listed by Zheng-Xu He (Comm. Pure Appl.
Math. 53:4 (2000), 399–431).

Ruling out blow-ups for planar curves, we will prove that the flow transforms every planar curve into a
round circle.

1. Introduction

In their seminal paper, Freedman, He, and Wang [Freedman et al. 1994] suggested the study of the negative
gradient flow of the Möbius energy introduced by O’Hara [1991]. For a closed curve γ ∈C0,1(R/ lZ,Rn),
l > 0, this energy is given by

E(γ ) :=
∫∫

(R/ lZ)2

(
1

|γ (x)− γ (y)|2
−

1
dγ (x, y)2

)
|γ ′(x)||γ ′(y)| dx dy, (1-1)

where dγ (x, y) denotes the distance of the two points γ (x), γ (y) along γ . Among many other things,
Freedman, He, and Wang showed that curves of finite energy are tame and that the Möbius energy can
be minimized within every prime knot class. Abrams et al. [2003] proved that the circle minimizes the
energy among all closed curves. It is an open problem whether these energies can be minimized within
composite knot classes or not.

The evolution equation is governed by the law

∂tγ =−Hγ, (1-2)

where

Hγ (x) := 2 p.v.
∫ l/2

−l/2

(
2

P⊥γ ′ (γ (x +w)− γ (x))

|γ (x +w)− γ (x)|2
− κγ (x)

)
|γ ′(x +w)| dw
|γ (x +w)− γ (x)|2

and

P⊥γ ′w := w−
〈
w,

γ ′

|γ ′|

〉
γ ′

|γ ′|
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denotes the orthogonal projection onto the normal part along the curve γ [Freedman et al. 1994,
Lemma 6.1]. Here, p.v.

∫ l/2
−l/2 denotes Cauchy’s principal value, i.e., is an abbreviation for limε↓0

∫
Il,ε

,
where Il,ε = [−l/2, l/2] \ (−ε, ε).

If γ is parametrized by arc-length, this further reduces to

Hγ (x) := 2 p.v.
∫ l/2

−l/2

(
2

P⊥γ ′ (γ (x +w)− γ (x))

|γ (x +w)− γ (x)|2
− γ ′′(x)

)
dw

|γ (x +w)− γ (x)|2
. (1-3)

Zheng-Xu He [2000, Theorem 2.1] observed that (1-2) is a quasilinear equation of third order and stated
a short-time existence result for smooth curves using the Nash–Moser implicit function theorem. Using
refined estimates, in [Blatt 2012b] we proved short-time existence for embedded C2+α-curves by Banach’s
fixed-point theorem. Furthermore, we have shown, using a Łojasiewicz–Simon gradient estimate, that
local minimizers of the energy are attractive in the sense that there is a C2+α-neighborhood of initial
data for which the flow exists for all time and converges to a local minimizer. Lin and Schwetlick [2010]
considered the elastic energy plus some positive multiple of the Möbius energy and the length. They
could show long-time existence for the related negative gradient flow and convergence to critical points
by essentially treating the flow as a perturbation of the elastic flow investigated in [Dziuk et al. 2002].

In this paper we derive an ε-regularity result for the evolution equation (1-2) that will be essential in
the analysis of the long-time behavior of the flow. As for the Willmore flow [Kuwert and Schätzle 2002]
or the biharmonic and polyharmonic heat flow in the critical dimension [Lamm 2004; Gastel 2006] a
quantum of the energy has to concentrate whenever a singularity forms.

For any measurable subset A ⊂ Rn we define the localized energy

E A(γ ) :=

∫∫
(γ−1(A))2

(
1

|γ (x)− γ (y)|2
−

1
dγ (x, y)2

)
|γ ′(x)||γ ′(y)| dx dy. (1-4)

Theorem 3.1 (ε-regularity). There are constants ε0 > 0 and Ck <∞, k ∈ N, depending only on n and
E(γ0) such that the following holds: Let γt , t ∈ [0, T ), be a maximal smooth solution of (1-2) and let
t0 ∈ [0, T ), r > 0, be such that

sup
x∈Rn

EBr (x)(γ )≤ ε0.

Then T > t0+ r3 and

‖∂k
s γt0+r3‖L∞ ≤

Ck

(r t)(k−1)/3 for all t ∈ (t0, t0+ r3
].

Though the structure of this result is similar to many well-known ε-regularity results for critical
evolution equations, due to the nonlocality of the equation one has to develop new techniques in order
to prove this theorem. These techniques will certainly be applicable to other nonlocal geometric partial
differential equations. The main strategy is to consider the evolution of localized energies and derive
differential inequalities. Due to the nonlocality of the equation, however, nonlocal terms appear in
these inequalities which make it impossible to apply Gronwall’s lemma. We will see that instead a
“point-picking method” will help us out.
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As a first consequence of this result we prove the following concentration compactness alternative for
the flow.

Theorem 4.1 (characterization of singularities). Let γ ∈ C∞([0, T )×R/Z,Rn) be a maximal smooth
solution of (1-2). There is a constant ε0 > 0 depending only on n and E(γ0) such that if T <∞ there are
times tk ↑ T, points xk ∈ Rn, and radii rk ↓ 0, with

EBrk (xk)(γtk )≥ ε0.

If a singularity occurs, then, by choosing the points x j in the last theorem more carefully, we can
furthermore construct a so-called blow-up profile. It is simpler to formulate this theorem using the
intrinsically defined local energies

E int
Br (x0)

(γ ) :=

∫
dγ (y,x0)≤r

∫
dγ (x,x0)≤r

(
1

|γ (x)− γ (y)|2
−

1
dγ (x, y)2

)
|γ ′(x)||γ ′(y)| dx dy.

Theorem 4.2 (blow-up profile). There is an ε0 > 0 such that the following holds: Assume that γt is a
solution to (1-2) that develops a singularity in finite time, i.e., T <∞ and rj→ 0. Then there are points x j

and times tj → T such that

E int
Brj (x j )

(tj )≥ ε0.

Let us now choose the points x j ∈ R and times tj ∈ [0, T ) such that

sup
τ∈[0,tj ],x∈0τ

E int
Brj (x)

(γtj )≤ E int
Brj (x)

(γtj )= ε0,

and let γ̃j be reparametrizations by arc-length of the rescaled and translated curves

r−1
j (γtj − x j )

such that γ̃j (0) ∈ B2(0). Then these curves subconverge locally in C∞ to an embedded closed or open
curve γ̃∞ : I → Rn, I = R/ lZ or I = R resp., parametrized by arc-length. This curve satisfies

p.v.
∫ l/2

−l/2

(
2

P⊥τ (γ̃ (y)− γ̃ (x))
|γ (y)− γ (x)|2

− κγ (x)
)

dy
|γ (y)− γ (x)|2

= 0 for all x ∈ I, (1-5)

and

E int
B1(0)

(γ̃∞)≥ ε0.

This solves Problem 2 of the open problems list in [He 2000]. In the last part of this paper, we
deduce a geometric interpretation of the Euler–Lagrange equation of the Möbius energy. In the case of
codimension 1, he could show that the only closed critical curves of the Möbius energy are the circles.
We will see that unfortunately the blow-up profiles are noncompact. Therefore we cannot apply this result
of He in this context. Our new interpretation of the Euler–Lagrange equation allows us to show that the
only planar solutions to the Euler–Lagrange equation (1-5) are straight lines and circles. Combining this
result with a careful analysis of the asymptotic behavior of the flow, we can finally show:
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Theorem 4.8 (planar curves). Let γ0 ⊂ R2 be a closed smoothly embedded curve. Then the negative
gradient flow of the Möbius energy exists for all times and converges to a round circle as time goes to
infinity.

Though from the topological point of view the case of planar curves is of no interest, the techniques
that lead to this last result reduce the study of the flow to the study of compact and noncompact smooth
solutions of the Euler–Lagrange equation (1-5) in the very intuitive geometric form (4-3). Surprisingly, in
the classification of planar blow-up profiles this equation is only used in one point, which gives hope that
this geometric version of the equation might help to classify blow-up profiles in other situations.

2. Preliminaries and notation

As for most of our estimates the precise algebraic form of the terms does not matter, we will use the
following notation to describe the essential structure of the terms.

For two Euclidean vectors v,w, we denote by v ∗ w a bilinear operator in v and w into another
Euclidean vector space. For a regular curve γ , let ∂s = ∂x/|γ

′
| denote the derivative with respect to

arc-length. For µ, ν ∈N, a regular curve γ ∈ C∞(R/Z,Rn), and a function f : R/Z→ Rk, let Pµν ( f ) be
a linear combination of terms of the form ∂

j1
s f ∗ · · · ∗ ∂ j,ν

s f , where j1+· · ·+ jν = µ. Furthermore, given
a second function g : R/Z→ Rk, the expression Pµν (g, f ) denotes a linear combination of terms of the
form ∂

j1
s g ∗ ∂ j2

s f ∗ ∂ j3
s f ∗ · · · ∗ ∂ j,ν

s f , where j1+ · · ·+ jν = µ.

2A. Decomposition of the gradient and the operator Q. We will always assume that our curve is
parametrized by arc-length at the fixed time t we currently consider. Whenever we have to estimate H we
will write it as

P⊥γ ′ H̃, (2-1)

where

H̃γ (x)= 2 p.v.
∫ l/2

−l/2

(
2
γ (u+w)− γ (u)−wγ ′(u)
|γ (u+w)− γ (u)|2

− γ ′′(x)
)

dw
|γ (u+w)− γ (u)|2

,

and take the decomposition

H̃γ = Qγ + R1γ + R2γ = Qγ + Rγ, (2-2)

where

Qγ (x)= 2 p.v.
∫ l/2

−l/2

(
2
γ (x +w)− γ (x)−wγ ′(x)

w4 −
κ(x)
|w|2

)
dw

= 4 p.v.
∫ l/2

−l/2

∫ 1

0
(1− s)

κ(x + sw)− κ(x)
|w|2

ds dw = Q̃κ(x),

R1γ (x)= 4
∫ l/2

−l/2
(γ (x +w)− γ (x)−wγ ′(x))

(
1

|γ (x +w)− γ (x)|4
−

1
w4

)
dw,

R2γ (x)=: 2
∫ l/2

−l/2
κ(x)

(
1
w2 −

1
|γ (x +w)− γ (x)|2

)
dw.
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He observed that the operator Q can be written as a multiple of the fractional Laplacian (−1)3/2 plus an
operator of order 2 [He 2000]. Let us state the consequences of his result for the operator Q̃ of order 1:

Lemma 2.1. For every smooth function f ∈ C∞(R/ lZ,Rn) we have

Q̃ f =
1
l

∑
k∈Z

λk

k
f̂ (k),

where f̂ (k) denotes the k-th Fourier coefficient and λk = π/3+ O(1/k). Hence, for l ≥ 1 we have∣∣ 1
9π

2
‖ f ′‖2L2 −‖Q̃ f ‖2L2

∣∣≤ C‖ f ‖2L2 .

Let us add another useful identity for the operator Q to the two identities we already have given above.
For smooth f, g we observe, using first partial integration and then discrete partial integration,∫

R/ lZ
p.v.

∫ l/2

−l/2

∫ 1

0
(1− s)

f ′′(x + sw)− f ′′(x)
|w|2

ds dw g(x) dx

=

∫
R/ lZ

p.v.
∫ l/2

−l/2

∫ 1

0
(1− s)

f ′(x + sw)− f ′(x)
|w|2

g′(x) dw dx

=
1
2

(∫
R/ lZ

p.v.
∫ l/2

−l/2

∫ 1

0
(1− s)

f ′(x + sw)− f ′(x)
|w|2

g′(x) ds dw dx

−

∫
R/ lZ

p.v.
∫ l/2

−l/2

∫ 1

0
(1− s)

f ′(x + sw)− f ′(x)
|w|2

g′(x + sw) dw dx
)

=
1
2

∫
R/ lZ

p.v.
∫ l/2

−l/2

∫ 1

0
(1− s)

( f ′(x + sw)− f ′(x))(g′(x + sw)− g′(x))
w2 ds dw dx .

Hence, as we do not need the principal value to make sense of the last expression we have∫
R/ lZ
〈Q f, g〉 ds = 2

∫
R/ lZ

∫ l/2

−l/2

∫ 1

0
(1− s)

( f ′(x + sw)− f ′(x))(g′(x + sw)− g′(x))
w2 ds dw dx . (2-3)

2B. Coercivity of the Möbius energy and bi-Lipschitz estimates. Of fundamental importance in the
following is the deep connection between the Möbius energy and fractional Sobolev spaces observed
in [Blatt 2012a], which was sharpened in [Blatt 2018, Theorem 3.2]. We showed there that the Möbius
energy of an embedded curve parametrized by arc-length is finite if and only if the curve is of class w3/2,2.
More precisely, we have

Theorem 2.2 (characterization of finite energy curves). Let γ ∈ C1(R/ lZ,Rn) be a curve parametrized
by arc-length. Then the energy E(γ ) is finite if and only if γ ∈W 3/2,2. Moreover there exists a constant
C <∞ not depending on γ such that

‖γ ′‖W 3/2,2 ≤ C(E(γ )). (2-4)

So in particular, for a solution of the gradient flow (1-2), the W 3/2,2-norm of the gradient after
reparametrizing the curve by arc-length is uniformly bounded in time. An essential ingredient of the
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proof of the theorem above and the analysis in this article is the following bi-Lipschitz estimate for curves
of finite energy of [O’Hara 1991]. This bi-Lipschitz constant is also well known under the term Gromov
distortion.

Lemma 2.3 (bi-Lipschitz estimate). For an injective curve γ ∈W 3/2,2(R/ lZ,Rn) we get the following
bound of the Gromov distortion:

β = β(γ )= sup
x 6=y

dγ (x, y)
|γ (x)− γ (y)|

≤ 18eE(γ )/4.

If γ is parametrized by arc-length, we obtain

|w|

|γ (x +w)− γ (x)|
≤ 18eE(γ )/4 for all x, w ∈ R, |w| ≤

l
2
. (2-5)

Let us sketch how this bi-Lipschitz estimate was used in [Blatt 2012a] to prove Theorem 2.2. For a
curve γ ∈W 3/2,2(R/ lZ,Rn) parametrized by arc-length, x ∈ R/ lZ, and 0< |w|< l/2, we deduce using
this bi-Lipschitz estimate the following estimate for the integrand of the energy:

1
|γ (x +w)| − γ (x)|2

−
1
w2 =

w2

|γ (x +w)− γ (x)|2
1− |γ (x +w)− γ (x)|2/w2

|w2|

≤
β

2

∫ 1

0

∫ 1

0

|γ ′(x + s1w)− γ
′(x + s2w)|

2

w2 ds1 ds2

≤ 2β
∫ 1

0

|γ (x + sw)− γ (x)|2

w2 ds. (2-6)

One then derives the statement of Theorem 2.2 by basically integrating this inequality over all x and w.
More generally, for α ≥ 0 and using that the function

x→
1− x2+α

1− x2

is locally bounded on (0,∞) we get

|w|α

|γ (x +w)| − γ (x)|α+2 −
1
w2 =

|w|2+α

|γ (x +w)− γ (x)|2+α
1− |γ (x +w)− γ (x)|2+α/|w|2+α

|w2|

≤ C
1− |γ (x +w)− γ (x)|2/|w|2

|w2|

≤ C
∫ 1

0

∫ 1

0

|γ ′(x + s1w)− γ
′(x + s2w)|

2

w2 ds1 ds2

≤ C
∫ 1

0

|γ (x + sw)− γ (x)|2

w2 ds, (2-7)

where the constant C depends only on an upper bound for β like E(γ ) and α. Furthermore, we have

1
|γ (x +w)− γ (x)|2

−
1
w2 =

w2/|γ (x +w)− γ (x)|2− 1
w2 ≤

182eE(γ )/2
− 1

w2 .
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So we get the rough estimate∫
Br (x)

∫
l/2≥|w|≥3r

(
1

|γ (x +w)− γ (x)|2
−

1
w2

)
dw dx ≤ C(β)

∫
∞

3r

dw
w2 ≤ C(β). (2-8)

2C. Fractional Sobolev spaces and Besov spaces. In our calculation, fractional Sobolev spaces as well
as Besov spaces naturally appear. For an introduction to Besov spaces we refer to [Triebel 1983; 1992].
Let f ∈ L1(R/ lZ). For s ∈ (0, 1) and p, q ∈ [1,∞) and for open subsets � ⊂ R/ lZ we also consider
the Besov-type seminorm

| f |Bs
p,q (BR(x)) :=

(∫
BR(x)

(∫ R/2
−R/2 | f

′(u+w)− f ′(u)|p du
)q/p

|w|1+qs dw
)1/q

. (2-9)

It is shown in the Appendix that

| f |Bs
p,q (BR(x)) ≤ C‖ f ‖Bs

p,q (B2R(x)),

‖ f ‖Bs
p,q (BR(x)) ≤ C(| f |Bs

p,q (B2R(x))+‖ f ‖L p (B2R (x))
).

3. An ε-regularity result

In this section we prove the main result of this article, an ε-regularity result for the flow (1-2):

Theorem 3.1 (ε-regularity). There are constants ε > 0 and Ck <∞, k ∈ N, depending only on n and
E(γ0) such that the following holds: Let γt , t ∈ [0, T ) be a maximal smooth solution of (1-2) and let
t0 ∈ [0, T ), r be such that

sup
x∈Rn

EBr (x)(γt0)≤ ε. (3-1)

Then T > t0+ r3 and

‖∂k
s γt0+r3‖L∞ ≤

Ck

(r t)(k−1)/3 for all t ∈ (t0, t0+ r3
].

Remark 3.2. Note that the assumptions in the theorem are highly nonlocal. It is a very interesting and
challenging question whether one can prove a local version of this regularity theorem.

Clearly, one only has to prove Theorem 3.1 for the special case t0= 0 and r = 1. Scaling and translation
in time then give the full statement.

We will prove Theorem 3.1 in three steps using energy estimates for this special case. First we control
the energy within a ball of radius 1 at later times, before we estimate the elastic energy, i.e., the L2-norm
of the curvature. In a last step we will then bound higher-order energies. The general strategy will
always be to derive evolution equations for the quantities and use the quasilinear structure together with
interpolation estimates in order to derive differential inequalities (see Lemmas 3.10, 3.19, and 3.20).

Due to the nonlocal structure of the inequalities, though we start with local quantities these differential
inequalities are also nonlocal, which makes the usual application of Gronwall’s lemma impossible. A
kind of point-picking method will help us there.
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3A. Estimates for the energy density. Let us fix a radial cutoff function φ(x)= φ(|x |) ∈ C∞c (R
n) such

that
χB1(0) ≤ φ ≤ χB2(0).

For x0 ∈ Rn we set φx0(x) := φ(x − x0) and define the localized energy

Eφx0 (γ ) :=

∫∫
(R/Z)2

(
1

|γ (x)− γ (y)|2
−

1
dγ (x, y)2

)
|γ ′(x)||γ ′(y)|φx0(γ (x)) dx dy. (3-2)

A straightforward calculation leads to the following evolution equation for Eφ. We leave the proof to
the reader.

Lemma 3.3 (evolution equation for local density). Let γt be parametrized by arc-length and (d/dt)γt =V
be orthogonal to γt . Then we have

d
dt

Eφ(γt)= 2 p.v.
∫ l/2

−l/2

∫
Il,ε

〈
2
γ (x +w)− γ (x)
|γ (x +w)− γ (x)|4

−
κγ (x)

|γ (x +w)− γ (x)|2
, V (x)

〉
φ(γ (x)) dw dx

+ 2
∫

R/ lZ

∫ l/2

−l/2

〈
γ (x +w)− γ (x)−wγ ′(x)− 1

2 |γ (x +w)− γ (x)|
2κ(x), V (x)

〉
|γ (x +w)− γ (x)|4

× (φ(γ (x +w))−φ(γ (x))) dw dx

+

∫
R/ lZ

∫ l/2

−l/2

〈κ(x), V (x)〉
|w|2

(
φ(γ (x +w)+φ(γ (x))− 2

∫ 1

0
φ(γ (x + τw))dτ)

)
dw dx

+

∫
R/ lZ

∫ l/2

−l/2

(
1

|γ (x +w)− γ (x)|2
−

1
|w|2

)
〈V (x),∇φ(γ (x))〉 dw dx

=: I1+ I2+ I3+ I4,

where l is the length of γt .

In the rest of this section we estimate these terms for the case

V =Hγ.

To make the calculations and formulas as simple as possible, we always assume that the curve γt is
parametrized by arc-length at the current time t . We will use the intrinsically defined quantities

M3/2 = M3/2(t)= sup
x∈R/ lZ

∫ 1/2

−1/2

∫ l/2

−l/2

|γ ′(x +w)− γ ′(x)|2

w2 dw dx,

S3(x)= S3(x, t)= ‖∂3
s γt‖

2
L2(B3(x))

+

∞∑
j=1

‖∂3
s γt‖

2
L2(B3+ j (x)\B3+( j−1)(x))

(3/2+ j)2
,

S̃3(x)= S̃3(x, t)= ‖Hγt(x)‖2L2(B3(0))
+

∞∑
j=1

‖Hγt‖
2
L2(B3+ j (x))

(3/2+ j)2

for 3= 1000 · 18eE(γ0)/4 <∞. Note, that due to Lemma 2.3 the quantity 18eE(γ0)/4 bounds the Gromov
distortion of the curves γt for all t . Hence, 3 is large compared with the Gromov distortion of γ.
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To prevent complicated terms in the estimates, we will assume throughout this section that

M3/2 ≤ 1.

Furthermore, we will assume that γ (0) ∈ B2(0) to get some preliminary estimates in terms of the
intrinsically defined quantities above. In the final differential inequality we will use the extrinsic quantity

Sext
3 (x, t) := ‖Hγ (x)‖2L2(γ−1(B1(0)))

+

∞∑
j=1

‖Hγ ‖2L2(γ−1(Bj+1(x)\Bj (x))

j2

in place of S3(0).
Let us start with the following easy, but useful lemma that will help us to control the part of the integrals

defining Ii , i = 1, . . . , 4, for the case that |w| is large.

Lemma 3.4. For all s ∈ [0, 1], p ∈ [1,∞), and x ∈ Bβ(0) we have∫
|w|≥3

| f (x + sw)|p

w2 dw ≤ C‖ f ‖p
L p(B3(0))+

∑
j∈N

‖ f ‖p
L p(B3+ j (0)−B3+ j−1(0))

(3+ j)2

Proof. The statement obviously holds for s = 0. For s > 0 we get substituting w̃ = sw∫
|w|≥3

| f (x + sw)|p

w2 dw = s
∫
3/2≥|w̃|≥s3/2

| f (x + w̃)|p

w̃2 dw̃+ s
∫
|w̃|≥3/2

| f (x + w̃)|p

w̃2 dw̃

≤ C‖ f ‖p
L p(B3)+ s

∫
|w̃|≥3/4

| f (w̃)|p

w̃2 dw̃

≤ C‖ f ‖p
L p(B3)+

∑
j∈N

‖ f ‖p
L p(B3+ j (0)\B3+ j−1(0))

(3+ j)2
. �

We start with estimating the term I1, which contains the terms of highest order. The guideline for
estimating the remainder terms will be throughout this section to distinguish between areas where |w|
is small and where |w| is big. Combining this idea with the commutator estimates and interpolation
inequalities in the Appendix (see Lemmas A.3 and A.4) we obtain the desired estimates.

Lemma 3.5 (estimate for I1). Let γ be parametrized by arc-length, M3/2 ≤ 1, and γ (0) ∈ B2(0). Then
there is a constant α > 0

I1 =−

∫
R/ lZ
|Hγ |2φ(γ (x)) dx =−

∫
R/Z

|Qγ (x)|2φ(γ (x)) dx + RI ,

where for all ε > 0

RI ≤ (CεMα
3/2+ ε)S3(0)+Cε

for some Cε <∞.

Proof. We have

Hγ (x)= P⊥γ ′(x)(Qγ (x)+ R1γ (x)+ R2γ (x)),
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where

Qγ (x)= 2 lim
ε↓0

∫
Il,ε

(
2
γ (x +w)− γ (x)−wγ ′(x)

w4 −
κ(x)
|w|2

)
dw

= 4 lim
ε↓0

∫
Il,ε

∫ 1

0
(1− s)

κ(x + sw)− κ(x)
|w|2

dw = Q̃κ(x),

R1γ (x)= 4
∫

Il

(γ (x +w)− γ (x)−wγ ′(x))
(

1
|γ (x +w)− γ (x)|4

−
1
w4

)
dw,

R2γ (x)= 2
∫

Il

κ(x)
(

1
w2 −

1
|γ (x +w)− γ (x)|2

)
dw.

(3-3)

The bi-Lipschitz estimate together with γ (0) ∈ B2(0) tells us φ(γ (x))= 0 for all x /∈ B2β(0). This yields

−

∫
R/ lZ
|P⊥γ (Qγ (x))|

2φ(γ (x)) dx =−
∫

R/ lZ
|Qγ (x)|2φ(γ (x)) dx +

∫
R/ lZ
|〈Qγ (x), γ ′〉|2φ(γ (x)) dx

≤−

∫
R/ lZ
|Qγ (x)|2φ(γ (x)) dx +

∫ 2β

−2β
|〈Qγ (x), γ ′〉|2 dx . (3-4)

Using that 〈κ, γ ′〉 = 0 and that Q̃ is a linear operator, we get

|〈Qγ (x), γ ′〉| = |〈Q̃κ(x), γ ′〉| = |〈Q̃κ(x), γ ′〉− Q̃[〈κ, γ ′〉](x)|

=

∣∣∣∣ n∑
i=1

(Q̃[κi ](x)γ ′i (x)− Q̃[κiγ
′

i ](x))
∣∣∣∣.

Hence, applying first the commutator estimate (Lemma A.4) and then the interpolation estimates
(Lemma A.3) we obtain

‖〈Qγ, γ ′〉‖L2(B2β (0)) ≤ C(‖κ‖B1/2
4,2 (B3(0))

‖γ ′‖B1/2
4,2 (B3(0))

+‖κ‖L2(B3(0))(‖γ
′
‖C0,1(B3(0))+ 1))

≤ C(M1/2
3/2 S1/2

3 (0)+M3/2)≤ C(M1/2
3/2 S1/2

3 (0)+ 1). (3-5)

Using Taylor’s theorem and (2-6), we get

|R1γ (x)| = 4
∣∣∣∣∫ l/2

−l/2

∫ 1

0
(1− s)κ(x + sw)

(
w2

|γ (x +w)− γ (x)|2
−

1
w2

)
ds dw

∣∣∣∣
≤ C

∫
Il

∫∫∫
[0,1]3
|κ(x + s1w)|

|γ ′(x + s2w)− γ
′(x + s3w)|

2

|w|2
ds1 ds2 ds3 dw

≤ C
∫

Il

∫∫
[0,1]2
|κ(x + s1w)|

|γ ′(x + s2w)− γ
′(x)|2

|w|2
ds1 ds2 dw

= C(R11γ (x)+ R12γ (x)),
where

R11γ (x)=
∫
|w|≤3/2

∫∫
[0,1]2

gw,s1,s2(x) ds1 ds2 dw,

R12γ (x)=
∫

l/2≥|w|≥3/2

∫∫
[0,1]2

gw,s1,s2(x) ds1 ds2 dw,
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and

gw,s1,s2(x) := |κ(x + s1w)|
|γ ′(x + s2w)− γ

′(x)|2

|w|2
.

Since ∫
B2β (0)

|gw,s1,s2(x)|
2 dx ≤ ‖κ‖2L4(B3(0))

‖γ ′( · + s2w)− γ
′
‖

4
L8(B2β (0))

|w|2
,

we get

‖R11γ (x)‖L2(B2β (0)) ≤ C‖κ‖L4(B3(0))

∫
|w|≤3/2

∫∫ 1

0

‖γ ′( · + s2w)− γ
′
‖

2
L8(B2β (0))

|w|2
ds dw

≤ C‖κ‖L4(B3(0))‖γ
′
‖

2
B1/2

8,2 (B3(0))
.

Furthermore, since |γ ′| ≡ 1 we get by Cauchy’s inequality and Lemma 3.4

|R12γ (x)| ≤ 4
∫

l/2≥|w|≥3/2

∫ 1

0

|κ(x + sw)|
|w|2

ds dw

≤ C
(∫ 1

0

∫
l/2≥|w|≥3/2

|κ(x + sw)|2

|w|2
dw+ 1

)

≤ C
(
‖κ‖2L2(B3(0))

+

∞∑
j=1

‖κ‖2L2(B3+ j−B3+ j−1)

(3+ j)2
+ 1
)
.

Thus

‖R12γ (x)‖L2(B2β (0)) ≤ C
(
‖κ‖2L2(B3(0))

+

∞∑
j=1

‖κ‖2L2(B3+ j−B3+ j−1)

(3+ j)2
+ 1
)
.

Together with the interpolation inequalities from Lemma A.3 this leads to

‖R1γ ‖
2
L2(B2β (0))

≤ C
(
‖κ‖2L4(B3(0))

‖γ ′‖4
B1/2

8,2 (B3(0))
+‖κ‖2L2(B3(0))

+

∞∑
j=1

‖κ‖2L2(B3+ j−B3+ j−1)

(3+ j)2
+ 1
)

≤ C
(

M2
3/2S3+‖∂

3
s γ ‖

4/3
L2(B3)

+

∞∑
j=1

‖∂3
s γ ‖

4/3
L2(B3+ j−B3+ j−1)

(3+ j)2
+ 1
)

≤ (C M2
3/2+ ε)S3+Cε,

where we have used the Cauchy inequality in the last step.
In the same way, one deals with the term R2 to get

‖P⊥γ ′ R‖
2
L2(B2β (0))

≤ ‖R‖2B2β (0) ≤ (C M3
3/2+ ε)S3+Cε. (3-6)

From (3-4), (3-5), and (3-6) the assertion follows. �

Lemma 3.6 (estimate for I2). Let M3/2 ≤ 1 and γ (0) ∈ B2(0). For all ε > 0

|I2| ≤ ε(S3+ S̃3)+Cε

for some Cε <∞ depending only on ε and E(γ0).
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Proof. We take the decomposition

I2 = 2
∫

R/ lZ

∫ l/2

−l/2

〈
γ (x +w)− γ (x)−wγ ′(x)− 1

2 |γ (x +w)− γ (x)|
2κ(x), V (x)

〉
|γ (x +w)− γ (x)|4

× (φ(γ (x +w))−φ(γ (x))) dw dx

= 2
∫

R/ lZ

∫ l/2

−l/2

〈
γ (x +w)− γ (x)−wγ ′(x)− 1

2 |w|
2κ(x), V (x)

〉
|γ (x +w)− γ (x)|4

(φ(γ (x +w))−φ(γ (x))) dw dx

−
1
2

∫
R/ lZ

∫ l/2

−l/2

|γ (x +w)− γ (x)|2− |w|2

|γ (x +w)− γ (x)|4
〈κ(x), V (x)〉(φ(γ (x +w))−φ(γ (x))) dw dx

=: I21+ I22.

Using the bi-Lipschitz estimate (2-5) and Taylor’s approximation up to the first order, we get

I21 ≤ C
∫

R/ lZ

∫ l/2

−l/2

∫ 1

0

|κ(x + sw)− κ(x)|
w2 |V (x)||φ(γ (x +w)−φ(γ (x))| ds dw dx .

Observing that

φ(γ (x +w))−φ(γ (x))= 0

if both |x |, |x +w| ≥ 2β, this can be estimated by

I21 ≤ C
∫

B3/2(0)

∫ l/2

−l/2

∫ 1

0

|κ(x + sw)− κ(x)|
|w|

|V (x)||φ(γ (x +w))−φ(γ (x))| ds dw dx

+C
∫

R/ lZ

∫
x+w∈B3/2

∫ 1

0

|κ(x + sw)− κ(x)|
|w|2

|V (x)||φ(γ (x +w))−φ(γ (x))| ds dw dx

≤ C
∫

B3/2(0)

∫ l/2

−l/2

∫ 1

0

|κ(x + sw)− κ(x)|
|w|

|V (x)||φ(γ (x +w))−φ(γ (x))| ds dw dx

+C
∫

R/ lZ

∫
x+w∈B3/2

∫ 1

0

|κ(x + sw)− κ(x +w)|
|w|2

|V (x)||φ(γ (x +w))−φ(γ (x))| ds dw dx

+C
∫

R/ lZ

∫
x+w∈B3/2

∫ 1

0

|κ(x +w)− κ(x)|
|w|2

|V (x)||φ(γ (x +w))−φ(γ (x))| ds dw dx

≤ C
∫

B3/2(0)

∫ l/2

−l/2

∫ 1

0

|κ(x + sw)− κ(x)|
|w|

|V (x)||φ(γ (x +w))−φ(γ (x))| ds dw dx

+C
∫

B3/2

∫ l/2

−l/2

∫ 1

0

|κ(x + sw)− κ(x)|
|w|2

|V (x +w)||φ(γ (x +w))−φ(γ (x))| ds dw dx

+C
∫

B3/2

∫ l/2

−l/2

|κ(x +w)− κ(x)|
|w|2

|V (x +w)||φ(γ (x +w))−φ(γ (x))| dw dx

≤ C sup
s1,s2∈[0,1]

∫
B3/2

∫ l/2

−l/2

|κ(x + s1w)− κ(x)|
|w|2

|V (x + s2w)||φ(γ (x +w))−φ(γ (x))| dw dx .
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To estimate this last supremum we decompose the integral into∫
B3/2

∫ l/2

−l/2

|κ(x + s1w)− κ(x)|
|w|2

|V (x + s2w)||φ(γ (x +w))−φ(γ (x))| dw dx

≤

∫
B3/2

∫ 3/2

−3/2

|κ(x + s1w)− κ(x)|
|w|

|V (x + s2w)| dw dx

+

∫
B3/2

∫
|w|≥3/2

|κ(x + s1w)− κ(x)|
|w|2

|V (x + s2w)| dw dx .

Then we can estimate the first term by

C‖κ‖B1/2
2,2 (B3)

‖V ‖L2(B3/2) ≤ ε S̃3+Cε‖κ‖2B1/2
2,2 (B3)

≤ ε(S̃3+ S3)+Cε,

where we used the interpolation estimates in Lemma A.3 and M3/2 ≤ 1. We estimate the second term
using Lemma 3.4 and then again the interpolation estimates yield

C
∫

x∈B3/2

∫
w≥3/2

|κ(x + s1w)|
2
+ |V (x + s2w)|

2

|w|2
ds

≤ εS3+Cε

(
‖κ‖2L2(B3(0))

+

∞∑
j=1

‖κ‖2L2(B3+ j−B3+ j−1)

(3+ j)2

)

≤ εS3+ ε‖∂
3
s γ ‖

2
B3(0)+ ε

∞∑
j=1

‖∂3
s γ ‖

2
L2(B3+ j−B3+ j−1)

(3+ j)2
+Cε

(
1+

∞∑
j=1

1
(3+ j)2

)
≤ ε(S3+ S̃3)+Cε.

Hence,
I21 ≤ ε(S3+ S̃3)+Cε.

Similarly, we get

I22 ≤ C
∫

R/ lZ

∫ l/2

−l/2

∫
[0,1]2

|γ ′(x + s1w)− γ
′(x + s2w)|

2

|w|2
|κ(x)||V (x)||φ(γ (x +w))−φ(γ (x))| dw dx

≤ C
∫

R/ lZ

∫ l/2

−l/2

∫ 1

0

|γ ′(x + s1w)− γ
′(x)|2

|w|2
|κ(x)||V (x)||φ(γ (x +w))−φ(γ (x))| dw dx

≤ sup
s1,s2∈[0,1]

C
∫

B3/2(0)

∫
|w|≤l/2

∫ 1

0

|γ ′(x + s1w)− γ
′(x)|2

|w|2
|κ(x + s2w)|

× |V (x + s2w)||φ(γ (x +w))−φ(γ (x))| dw dx,

which as above can be estimated by
ε(S3+ S̃3)+Cε. �

Lemma 3.7 (estimate for I3). Let M3/2 ≤ 1 and γ (0) ∈ B2(0). Given ε > 0 we have

|I3| ≤ ε(S3+ S̃3)+Cε
for some Cε <∞.
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Proof. We use that ∣∣∣∣φ(γ (x +w))+φ(γ (x))− 2
∫ 1

0
φ(γ (x + τw)) dτ

∣∣∣∣= C |w|2

and for x /∈ B3/2(0)

∣∣∣∣φ(γ (x +w))+φ(γ (x))− 2
∫ 1

0
φ(γ (x + τw)) dτ

∣∣∣∣≤


0 for |w| ≤ |x | − 2β,
2 for |x | − 2β ≤ |w| ≤ |x | + 2β,
2/|w| for |x | + 2β ≤ |w|

to get ∫ l/2

−l/2

∣∣φ(γ (x +w))+φ(γ (x))− 2
∫ 1

0 φ(γ (x + τw)) dτ
∣∣

w2 dw ≤
C
x2

if |x | ≥3/2 and ∫ l/2

−l/2

∣∣φ(γ (x +w))+φ(γ (x))− 2
∫ 1

0 φ(γ (x + τw)) dτ
∣∣

w2 dw ≤ C

if |x | ≤3/2. These estimates then imply

I3 ≤ C
(∫

B3/2(0)
|κ(x)||V (x)| dx +

∫
R/ lZ−B3/2(0)

|κ(x)||V (x)|
|x |2

dx
)
.

From here again Hölder’s inequality together with Lemma 3.4 and the interpolation inequalities of
Lemma A.3 imply the assertion of the lemma as in the proof of Lemma 3.6. �

Lemma 3.8 (estimate for I4). Let M3/2 ≤ 1 and γ (0) ∈ B2(0). For all ε > 0

|I4| ≤ ε(S3+ S̃3)+Cε

for some Cε <∞.

Proof. To estimate I4 we use (2-6) to get

|I4| =

∣∣∣∣∫
R/ lZ

∫ l/2

−l/2

(
1

|γ (x +w)− γ (x)|2
−

1
|w|2

)
〈V (x),∇φ(γ (x))〉 dw dx

∣∣∣∣
≤ C

∫
R/ lZ

∫ l/2

−l/2

∫∫
[0,1]2

|γ ′(x + s1w)− γ
′(x + s2w)|

2

|w|2
|V (x)||∇φ(γ (x))| ds1 ds2 dw dx

≤ C
∫

B2β (0)

∫ l/2

−l/2

∫ 1

0

|γ ′(x + sw)− γ ′(x)|2

|w|2
|V (x)| ds dw dx

≤ C
∫ l/2

−l/2

∫ 1

0

(∫
x∈B2β (0)

|γ ′(x + s1w)− γ
′(x)|4

|w|2
dx
)1/2

dw ds‖V ‖L2(B2(0)).
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Since∫ l/2

−l/2

∫ 1

0

(∫
x∈B2β (0)

|γ ′(x + s1w)− γ
′(x)|4

|w|2
dx
)1/2

dw ds

≤

∫ 1

0

∫ sl/2

−sl/2

(∫
x∈B2β (0)

|γ ′(x +w)− γ ′(x)|4

|w|2
dx
)1/2

dw ds

≤

∫ 1

0

∫ 3/2

−3/2

(∫
x∈B2(0)

|γ ′(x +w)− γ ′(x)|4

|w|2
dx
)1/2

dw ds+C

≤ C(‖γ ′‖2
B1/2

4,2 (B3(0))
+ 1),

again the interpolation Lemma A.3 gives the assertion. �

The final ingredient shows that the summands in S̃3 and S3 are essentially the same.

Lemma 3.9. Let M3/2 ≤ 1 and γ (0) ∈ B2(0). For all ε > 0 we have∫
B1(0)
|H|2 dx ≤ C

∫
B4β (0)

|∂3
s γ |

2 ds+ (CεMα
3/2+ ε)S3+Cε,

and hence in particular

S̃3 ≤ C(S3+ 1).

Furthermore, we have for all ε > 0∫
B1(0)
|∂3

s γ |
2 dx ≤ C

∫
B4β (0)

|Hγ |2 ds+ (CεMα
3/2+ ε)S3+Cε,

and hence in particular

S3 ≤ C S̃3+ (CεMα
3/2+ ε)S3+Cε

for some Cε <∞ depending ε and the bi-Lipschitz constant of γ . If M3/2 is small enough, we have

S3 ≤ C(S̃3+ 1).

Proof. Lemma 3.5 tells us that∣∣∣∣∫
R/Z

|Hγ |2φ(γ ) dx −
∫

R/Z

|Qγ |2φ(γ ) dx
∣∣∣∣≤ C(Mα

3/2+ ε)S3(x)+Cε,

and hence in particular∣∣∣∣∫
B1(x)
|Hγ |2 dx −

∫
B1(0)
|Qγ |2 dx

∣∣∣∣≤ C(Mα
3/2+ ε)S3(x)+Cε. (3-7)

Let ψ ∈ C∞(R) be such that χB2(0) ≤ φ ≤ χB4(0). We get

‖Q̃(κ)‖L2(B2(0)) = ‖ψ Q̃(κ)‖L2(B2(0))

≤ ‖Q̃[ψκ] −ψ Q̃[κ] − κ Q̃[ψ]‖L2(B2(0))+‖Q̃[ψκ]‖L2(B2(0))+‖κ Q̃[ψ]‖L2(B2(0)).
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The commutator estimate (Lemma A.4) and the interpolation estimate (Lemma A.3) tell us that

‖Q̃[ψκ] −ψ Q̃[κ] − κQ[ψ]‖2L2(B2(0))
≤ C‖κ‖2

B1/2
4,2 (B3(0))

‖ψ‖2
B1/2

4,2 B3(0))
+C

∞∑
j=1

‖κ‖4L4(B3+ j\B3+ j−1)

(3+ j)2

≤ εS3+Cε.
As by Lemma 2.1

‖Q̃[ψκ]‖L2(B2(0)) ≤ C‖ψκ‖W 1,2(R/ lZ) ≤ C(‖∂sψκ‖L2(R/ lZ)+‖ψκ‖L2)

≤ C(‖∂3γ ‖L2(B4(0))+‖κ‖L2(B2(0)))

and
‖κ Q̃[ψ]‖L2(B2(0)) ≤ C‖κ‖L2(B2(0)),

we get using again the interpolation estimates

‖Q(γ )‖2L2(B2(0))
= ‖Q̃(κ)‖2L2(B2(0))

≤ C‖∂k
s γ ‖L2(B4(0)+ εS3+Cε. (3-8)

The estimates (3-7) and (3-8) imply the first inequality. Summing up yields the second.
On the other hand, for a cutoff function ψ ∈ C∞(R) such that χB1/2(0) ≤ ψ ≤ χB1(0) we have

‖Qγ ‖L2(B1(0)) ≥ ‖ψQγ ‖L2(B1(0)),

which implies as above
‖Qγ ‖L2(B1(0)) ≥ ‖Q(ψκ)‖L2 − εS3+Cε.

Using Lemma 2.1 we get

‖∇(ψκ)‖2L2 ≤ ‖Q(ψκ)‖2L2 +‖κ‖
2
L2(B1(0))

+ εS3+Cε

and hence using an interpolation estimate

‖∇κ‖2L2(B1/2(0))
≤ ‖Q(ψκ)‖2L2(B1(0))

+C‖κ‖2L2(B1(0))
+ εS3+Cε

≤ C‖Q(ψκ)‖2L2(B1(0))
+ εS3+Cε.

Using (3-7) we obtain

‖∇κ‖2L2(B1/2(0))
≤ ‖Hγ ‖2L2(B1(0))

+C(Mα
3/2+ ε)S3(x)+Cε,

and covering the ball B1(0) by balls of radius 1
2 we get

‖∇κ‖2L2(B1(0))
≤ ‖Hγ ‖2L2(B2(0))

+C(Mα
3/2+ ε)S3(x)+Cε.

This implies the remaining three inequalities of the lemma. �

Gathering all the estimates above, we can now show:

Lemma 3.10 (differential inequality). For 1> ε > 0 there is a constant Cε <∞ such that

d
dt

Eφ(γt)+

∫
R/ lZ
|Hγt |

2φ ≤ (CεMα
3/2(t)+ ε)S̃

ext
3 (0, t)+Cε

whenever M3/2 is sufficiently small.
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Proof. If γt(R/Z)∩ B2(0)=∅ we have

d
dt

Eφ(γt)=−

∫
R/ lZ
|Hγt |

2φ,

since both sides of the equation are vanishing. Let us now assume that γ (xt , t)∈ B2(0) for some xt ∈R/Z.
Then the Lemmas 3.5, 3.6, 3.7, 3.8, and 3.9 tell us that

d
dt

Eφ(γt)+

∫
R/ lZ
|Hγt |

2φ ≤ (CεMα
3/2(t)+ ε)S̃3(xt , t)+Cε.

It is an easy exercise to show using the bi-Lipschitz estimate that

S̃3(xt , t)≤ C S̃ext
3 (0, t),

where the constant C depends on the bi-Lipschitz constant of γ . Hence,

d
dt

Eφ(γt)+

∫
R/ lZ
|Hγt |

2φ ≤ (CεMα
3/2(t)+ ε)S̃

ext
3 (0, t)+Cε. �

Exploiting this result, we get:

Proposition 3.11. For every δ>0 there are constants ε0>0 and C<∞ such that supx∈Rn EB1(x)(γt0)≤ε0

for some t0 ∈ [0, T ) implies∫ t

t0

∫
γ−1

t (B1(x))
|Hγτ |2 ds dτ ≤ C and EB1(x)(γτ )≤ δ

for all τ ∈ [t0,min{T, t0+ 1}) and x ∈ Rn.

Proof. We assume without loss of generality that t0 = 0. Clearly we only have to show the claim under
the additional assumption that δ > 0 is small. Furthermore, it is enough to show that∫ t

t0

∫
γ−1

t (B1(x))
|∂3

s γτ |
2 ds dτ ≤ C and EB1(x)(γτ )≤ δ

for all τ ∈ [t0,min{T, t0+ ε2}) and x ∈ Rn for a sufficiently small ε2. One then obtains the assertion in
its original form by applying the preliminary result to the rescaled flow

γ̃ (x, t) :=
1

3
√
ε2
γ

(
x

3
√
ε2
,

t
ε2

)
,

which satisfies by a standard covering argument

EB1(0)(γ̃ )≤ Cn
1

(ε2)n/3
ε1.

Lemma 3.10 tells us that

d
dt

Eφ(γt)+

∫
R/ lZ

∫
B1/4(0)

|Hγ |2φ ≤ (CεMα
3/2+ ε)S

ext
3 +Cε. (3-9)
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Let us assume that t1 is the first time such that

sup
x∈Rn

EB1(γt1)≥ δ.

We set

I M3 := sup
x∈Rn

∫ t1

0

∫
γ−1(B1/4(x))

|Hγ |2 ds dτ.

After a translation we can assume that

I M3 =

∫ t1

0

∫
γ−1(B1/4(0))

|Hγ |2 ds dτ.

Due to the definition of S̃3(x) and Lemma 3.9 we know that∫ t1

t0
S̃3 dτ ≤ C

∫ t1

0
S̃3 dτ +C(Mα

3/2+ ε)

∫ t1

0
S̃3 dτ +Ct1 ≤ C I M3+C(t0− t1).

Integrating (3-9) and using χB1(0) ≤ φ ≤ χB2(0) we hence get

Eφ(γt1)+ c0 I M3 ≤ Eφ(γ0)+C(δα + ε)I M3+Cεt1 ≤ ε0+C(δα + ε)I M3+Cεt1. (3-10)

If C(δα + ε)≤ c0/2, this implies
c0

2
I M3 ≤ ε0+Ct.

Plugging this back into the inequality (3-10), we get for all x ∈ Rn

EB1(x)(γt1)≤ Eφx (γt1)≤ ε0+C(δα + ε)(ε0+Ct)+Cεt1 < δ

if we first choose ε0 > 0 and then t small enough. �

3B. Estimating the elastic energy. In this section we derive estimates from the evolution equations of
energies containing higher order terms. The following lemma was proven in [Blatt 2018]:

Lemma 3.12 (evolution of higher-order energies). Let γ be a family of curves moving with normal
speed V. Then

∂t

∫
R/Z

|∂k
s κ|

2φ ds = 2
∫

R/Z

〈∂k+2
s V, ∂k

s κ〉φ ds+ 2
∫
〈Pk

2 (V, κ)τ, ∂
k+1
s κ〉φ ds

+ 2
∫
〈Pk

3 (V, κ), ∂
k
s κ〉φ ds−

∫
|∂k

s κ|
2
〈κ, V 〉φ ds+

∫
R/ lZ
|∂k

s κ|∇Vφ ds. (3-11)

In this section, we will derive estimates for the right-hand side of (3-11) for the case that V = −H.
We use both the evolution equations from Lemma 3.12 and these estimates to bound the so-called elastic
energy of the curve γ , i.e., the L2-norm of its curvature.

Proposition 3.13 (estimate for the elastic energy). Let γ : [0, T )× R/R→ Rn , T > 1, be a smooth
solution of (1-2). There is an ε0 > 0 depending only on n such that

sup
(x,t)∈Rn×(0,1)

EB1(x)(γ ( · , t)) < ε0
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implies

sup
x∈R/Z

∫
B1(x)∩γ1

|κγ1 |
2 ds ≤ C, and inf

t∈[0,1]

∫
B1(x)
|∂sκt |

2 ds ≤ C.

3B1. Preliminary estimates. To estimate the respective integrals appearing on the right-hand side of
(3-11) we have to distinguish as before between |w| big and |w| small. The next lemma helps us to deal
with the part where |w| is big:

Lemma 3.14. Let us assume that p ∈ [1,∞), li ∈ N, li ≥ 2, pi ∈ [1,∞) for i = 1, . . . , r , and let ∈ N

be chosen such that

li ≤ m, li −
1
pi
≤ m− 1

2
, and

n∑
i=1

1
pi
=

1
p
.

For 3= 1000 · 18eE(γ0)/4 we set

g(x) :=
∫

l≥|w|≥3

∫
s∈[0,1]r

∏r
i=1 |∂

liγ (x + siw)|

|w|2
ds dw

and assume that M3/2 ≤ 1. Then there is a constant β1, β2 > 0 such that

‖g‖p
L p(B1(0)) ≤ C(Mβ1

3/2+Mβ2
3/2)

r∑
i=1

(
‖∂mγ ‖

θi
L2(B3(0))

+

∞∑
j=1

‖∂mγ ‖
θi
L2(B3+ j (0)\B3+ j−1(0))

(3+ j)2

)
+C,

where

θi = p
li −

1
pi

m− 1
2

and C <∞ only depends on n and E(γ0).

Proof. Using Jensen’s inequality, we obtain∫
B1(0)
|g(x)|p dx =

∫
B1(0)

(∫
l≥|w|≥3

∫
s∈[0,1]r

∏r
i=1 |∂

liγ (x + siw)|

|w|2
ds dw

)p

dx

≤ C
∫

B1(0)

∫
l≥|w|≥3

∫
s∈[0,1]r

∏r
i=1 |∂

liγ (x + siw)|
p

|w|2
ds dw dx .

As
∑r

i=0 1/pi = 1/p, we get by Cauchy’s inequality∫
B1(0)
|g(x)|p dx ≤

C
3p−1

∫
B1(0)

∫
l≥|w|≥3

∫
s∈[0,1]r

∑r
i=1 |∂

liγ (x + siw)|
pi

|w|2
ds dw dx . (3-12)

We can estimate the summands further substituting w̃ = sw by∫
B1(0)

∫
l≥|w|≥3

∫ 1

0

|∂ liγ (x + siw)|
pi

|w|2
ds dw dx

≤

∫
B1(0)

∫ 1

0
s
∫
3≥|w̃|≥s3

|∂ liγ (x + w̃)|pi

|w̃|2
ds dw̃ dx +

∫
B1(0)

∫ 1

0

∫
l≥|w̃|≥3

|∂ liγ (x + w̃)|pi

|w̃|2
ds dw̃ dx

≤ C‖∂ liγ ‖
pi
L pi (B3(0))+

∫
l≥|y|≥3/2

|∂ liγ (y)|pi

|y|2
dy. (3-13)
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Applying a Gagliardo–Nirenberg-type inequality (Lemma A.3), we obtain for

θi = pi
li − 1− 1

pi

m− 1
2

that
‖∂ liγ ‖

pi
L pi (B1(0)) ≤ C‖∂mγ ‖

θi
L2(B1(0))

M (pi−θi )/2
3/2 +M pi/2

3/2 .

Scaling this inequality, we get

‖∂ liγ ‖
pi
L pi (B3(0)) ≤ C(‖∂mγ ‖

θi
L2(B3(0))

M (pi−θ)/2
3/2 +M pi/2

3/2 ).

Furthermore,∫
l≥|y|≥3/2

|∂ liγ (y)|pi

|y|2
dy ≤

C
32 ‖∂

liγ ‖
pi
L pi (B3(0))+C

∞∑
j=1

‖∂ liγ ‖
pi
L pi (A3+ j (0))

(3+ j)2

≤ C M (pi−θ)/2
3/2

(
‖∂ liγ ‖

θi
L2(B3(0))

+

∞∑
j=1

‖∂ liγ ‖θL2(B3(0))

)
+C M pi/2

3/2 .

From (3-12) and (3-13) the assertion follows. �

The second ingredient is the following lemma, which helps to deal with small |w|.

Lemma 3.15. Let

g(x) :=
∫
|w|≤3

∫
s∈[0,1]r

∫
τ1,τ2∈[0,1]

r∏
i=1

|∂ liγ (x + siw)|

×
|∂ lr+1γ (x + τ1w)− ∂

lr+1γ (x + τ2w)||∂
lr+2γ (x + τ1w)− ∂

lr+2γ (x + τ2w)|

w2 ds dτ1 dτ2 dw.

Let l̃i = li for i = 1, . . . , r and l̃i = li +
1
2 for i = r + 1, r + 2. If l̃i ≤ m and l̃i −

1
pi
< m − 1

2 for all
i = 1, . . . , r + 2, then there is a constant α > 0 such that

‖g‖L p(B3) ≤ (CεMα
3/2+ ε)(‖∂

mγ ‖θL2(B23
+Cε),

where

θ =

∑r+2
i=1 (l̃i − 1)− 1

p

m− 3
2

.

Proof. We write

g(x)=
∫

Il

∫
s∈[0,1]r

∫∫
τ1,τ2∈[0,1]

gx,τ1,τ2(x, w) ds dτ1 dτ2 dw,

where

gs,τ1,τ2(x,w) :=
r∏

i=1

|∂ liγ (x+siw)|
|∂ lr+1γ (x+τ1w)−∂

lr+1γ (x+τ2w)||∂
lr+2γ (x+τ1w)−∂

lr+2γ (x+τ2w)|

w2 .

Using Hölder’s inequality, we get for |w| ≤3

‖gs,τ1,τ2( · , w)‖L p(B3(0)) ≤

r∏
i=1

‖∂ liγ ‖L pi (B23(0))

∏
j=1,2 ‖∂

lr+ jγ ( · + (τ1− τ2)w)− ∂
lr+ jγ ‖L pr+ j (3)

w2 .
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Since∫∫
τ1,τ2∈[0,1]

∫
|w|≤3

∏
j=1,2 ‖∂

lr+ jγ ( · + (τ1− τ2)w)− ∂
lr+ jγ ‖2L pr+ j (3)

w2 dw dτ1 dτ2

≤

∫∫
τ1,τ2∈[0,1]

∏
j=1,2

(∫
|w|≤3

‖∂ lr+ jγ ( · + (τ1− τ2)w)− ∂
lr+ jγ ‖2L pr+ j (3)

w2 dw
)1/2

dτ1 dτ2

≤

∫∫
τ1,τ2∈[0,1]

|τ1− τ2|
1/2

∏
j=1,2

(∫
|w̃|≤3

‖∂ lr+ jγ ( · + w̃)− ∂ lr+ jγ ‖2L pr+ j (3)

w̃2 dw̃
)1/2

dτ1 dτ2

≤

∏
j=1,2

‖∂ lr+ jγ ‖B(B33(p),

we obtain

‖g‖L p(B3(0)) ≤
∏

j=1,2

r∏
i=1

‖∂ liγ ‖L pi (B23(0))‖∂
lr+ jγ ‖

B
pr+ j ,2
1/2 (B43(0))

.

As above, the assertion follows from the Gagliardo–Nirenberg interpolation estimates in Lemma A.3. �

3B2. Estimating the derivatives of H. For k ∈ N0, s ∈ (0, 1), we define

Sk+s(x)=
∫∫

B3(x)

|∂kγ (y)−∂kγ (z)|2

|y−z|1+2s dz dy+
∞∑
j=1

1
(3+ j)2

∫∫
B3+ j (x)\B3+ j−1(x)

|∂kγ (y)−∂kγ (z)|2

|y−z|1+2s dz dy,

Sk(x)= ‖∂k
s γ ‖

2
L2(B3(0)

+

∞∑
j=1

‖∂k
s γ ‖

2
L2(B3+ j (x)\B3+ j−1(x))

(3+ j)2
,

and

M̃k+3/2 = M̃φ

k+3/2(x)=
∫

R/ lZ

∫ 1

−1

|∂k+1γ (y+w)− ∂k+1γ (y)|2

w2 φx(γ (y)) dw dy.

As before, we will assume that γ (0)∈ B2(0) to get some preliminary estimates in terms of the intrinsically
defined quantities above. In the final differential inequality we will use the extrinsic quantity

Sext
k+s(x)=

∫∫
γ−1(B1(x))

|∂kγ (y)− ∂kγ (z)|2

|y− z|1+2s dz dy+
∞∑
j=1

1
j2

∫∫
γ−1(Bj+1(x)\Bj (x))

|∂kγ (y)− ∂kγ (z)|2

|y− z|1+2s dz dy

in place of Sk+s(0).
We start with an estimate for H̃. Again we use the decomposition

H̃γ (x)= Qγ (x)+ R1γ (x)+ R2γ (x)= Qγ (x)+ Rγ (x),

where

Qγ (x)= 2 lim
ε↓0

∫
Il,ε

(
2
γ (x +w)− γ (x)−wγ ′(x)

w4 −
κ(x)
|w|2

)
dw

= 4 lim
ε↓0

∫
Il,ε

∫ 1

0
(1− s)

κ(x + sw)− κ(x)
|w|2

dw = Q̃κ(x),
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R1γ (x)= 4
∫

Il

(γ (x +w)− γ (x)−wγ ′(x))
(

1
|γ (x +w)− γ (x)|4

−
1
w4

)
dw,

R2γ (x)= 2
∫

Il

κ(x)
(

1
w2 −

1
|γ (x +w)− γ (x)|2

)
dw,

and set R = R1+ R2.

Lemma 3.16. Let M3/2 ≤ 1 and γ (0) ∈ B2(0). For all k̃ ≥ k there is a constant α > 0 that for all ε > 0

‖∂k
s P⊥γ ′ (R)‖L2(B1(0))+‖∂

k
s R‖2L2(B1(0))

≤ (CεMα1
3/2+ ε)S

θ

k̃+2
(0)+Cε

for some constant Cε <∞, where θ = (2k+ 3)/(2k̃+ 1). Hence, for every ε > 0 and k1 > k there is a
Cε <∞ such that

‖∂k
s H̃− ∂

k
s Q‖2L2(B1(0))

≤ εSk̃+3+Cε.

Proof. First we will show that the two summands building R can be brought into a common form and can
thus be dealt with simultaneously.

To this end we first use Taylor’s theorem to rewrite

R1γ (x)= 4
∫

Il

∫ 1

0
κ(x + sw)

(
1

|γ (x +w)− γ (x)|4
−

1
w4

)
ds dw.

For β > 0 we observe

1
|γ (u+w)− γ (u)|β

−
1
|w|β
=

|w|β

|γ (u+w)− γ (u)|β
·

1− |γ (u+w)− γ (u)|β/|w|β

|w|β

= G(β)

(
γ (u+w)− γ (u)

w

)
2− 2|γ (u+w)− γ (u)|2/w2

|w|β

=

∫ 1

0

∫ 1

0
G(β)

(
γ (u+w)− γ (u)

w

)
|γ ′(u+ τ1w)− γ

′(u+ τ2w)|
2

|w|β
dτ1 dτ2,

where

G(β)(z) :=
1

2|z|β
·

1− |z|β

1− |z|2

is an analytic function away from the origin. Defining

g(α,β)s1,τ1,τ2
(u, w) := G(β)

(
γ (u+w)− γ (u)

w

)
|γ ′(u+ τ1w)− γ

′(u+ τ2w)|
2

|w|α
κ(u+ s1w)

we thus get

Rγ (x)= 4
∫
w∈Il

∫∫
[0,1]2

∫ 1

0
g4,2

s1,τ1,τ2
(x, w) dτ1 dτ2 ds dw

− 2
∫
w∈Il

∫∫
[0,1]2

g2,2
0,τ1,τ2

(x, w) dτ1 dτ2 dw. (3-14)

We now give the details of the estimate for the first term. The second term can be estimated analogously.
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We differentiate under the integral to get

∂k R1γ (x)= 4
∫
w∈Il

∫∫
[0,1]2

∫ 1

0
∂k

x g4,2
s1,τ1,τ2

(x, w) dτ1 dτ2 ds dw

= 4
∫
|w|≥3

∫∫
[0,1]2

∫ 1

0
∂k

x g4,2
s1,τ1,τ2

(x, w) dτ1 dτ2 ds dw

+

∫
|w|≤3

∫∫
[0,1]2

∫ 1

0
∂k

x g4,2
s1,τ1,τ2

(x, w) dτ1 dτ2 ds dw.

The product rule and Faà di Bruno’s formula tell us that

∂k
x g2,2

s1,τ1,τ2
(x,w)

=

∑
l1+l2+l3+l4=k

( ∑
π∈5l1

(∂ |π |Gβ)

(
γ (x+w)−γ (x)

w2

)∏
B∈π

∂ |B|γ (x+w)−∂ |B|γ (x)
w

)

×
(∂ l2+1γ (x+τ1w)−∂

l2+1γ (x+τ2w))(∂
l3+1γ (x+τ1w)−∂

l3+1γ (x+τ2w))

w2 ∂ l4κ(x+s1w),

where 5l1 denotes the set of all partitions of the set {1, . . . , l1}. Using the fundamental theorem of
calculus this can be brought into the form

∂k
x g2,2

s1,τ1,τ2
(x,w)

=

∑
l1+l2+l3+l4=k

( ∑
π∈5l1

(∂ |π |Gβ)

(
γ (x+w)−γ (x)

w2

)∏
B∈π

∫ 1

0
∂ |B|+1γ (x+sBw)dsB

)

×
(∂ l2+1γ (x+τ1w)−∂

l2+1γ (x+τ2w))(∂
l3+1γ (x+τ1w)−∂

l3+1γ (x+τ2w))

w2 ∂ l4κ(x+s1w).

We choose pB = pi = (#π + 4)p and observe that

|B| + 1− 1
pi
≤ |B| + 1≤ k+ 1≤ k+ 2− 1

2
and

li +
3
2 −

1
2 ≤ li +

3
2 ≤ k+ 3

2 ≤ k+ 2− 1
2 .

Hence, we can apply Lemmas 3.14 and 3.15 to get an estimate as claimed for each of the summands with

θ ≤
(l1+ l2+ l3+ l4+ 5− 3)− 1

2

k̃− 3
2

.

Using the identity
P⊥γ ′ (R)= R−〈R, γ ′〉γ ′

and treating the second term in this difference in the same way as above, we get the second estimate in
the assertion. �

Lemma 3.17. We have

‖∂k
s H− ∂

k
s Q‖2L2(B2β (0))

≤ (CεMα
3/2+ ε)(Sk+3+Cε)

for suitable constants α > 0 and

‖∂k
s H‖L2(B2β (0)) ≤ (CεMα

3/2+ ε)Sk+3+Cε(M
β

2 + 1).
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Proof. We use
Hγ (x)= P⊥γ ′ H̃γ (x)= H̃γ (x)−〈H̃γ (x), γ ′〉γ ′

together with the decomposition
H̃= Q+ R

to write
H= Q− PT

γ ′Q+ P⊥γ ′ R,

where PT
γ ′ denotes the projection onto the tangential part.

Lemma 3.16 tells us that

‖∂k
s P⊥γ ′ R‖

2
L2 ≤ C(Mα

3/2+ ε)Sk+3+Cε.

To deal with the term containing Q we use PT
γ ′Q = 〈Qγ, γ

′
〉γ ′. Leibniz’s rule yields

∂k
s (〈Q, γ

′
〉γ ′)= 〈∂k

s Q, γ ′〉γ ′+ I1,

where I1 is a linear combination of terms

Q[∂k1
s γ ]∂

k2
s γ
′∂k3

s γ
′,

with k1, k2, k3 ∈N0, k1+ k2+ k3 = k, and k2+ k3 ≥ 1. By Hölder’s inequality the L2-norm over B2β(0)
of all these terms can be estimated by

C‖Q∂k1
s γ ‖L2(B2β )‖∂

k
s γ
′
‖L4(B2β )‖∂

k3
s γ
′
‖L4(B2β ).

As in the proof of Lemma 3.9 we see that

‖Q∂k1
s γ ‖L2(B2β (0) ≤ C‖∂3+k1

s γ ‖L2(B4β (0))+ εSk1+3+Cε.

Hence, the interpolation estimates give

I1 ≤ εSk+7/2+Cε.

We now pick up the argument from the proof of Lemma 3.5 to estimate the term

〈∂k
s Qγ, γ ′〉γ ′.

Using the linearity of Q, we can rewrite

〈∂k
s Q, γ ′〉 =

n∑
i=1

〈Q̃[∂k
s κi ]γ

′

i − Q̃[∂k
s κiγ

′

i ].

From Lemma A.4 we then get

‖〈∂k
s Qγ, γ ′〉γ ′‖L2(B2(0))

≤ C
(
‖∂k

s κ‖B1/2
4,2 (B3(0))

‖γ ′‖B1/2
4,2 (B3(0))

+

∑
j∈N

‖∂k
s κ‖

2
L4

(3+ j)2
+ 1
)
+C‖∂k

s κ‖L2(B3(0))(‖γ
′
‖C0,1(B3(0))+ 1)

≤ (CεM1/2
3/2 + ε)S

1/2
k+3+Cε. �
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3B3. Estimate of the highest-order term.

Lemma 3.18. If M3/2 ≤ 1 and γ (0) ∈ B2(0), we have

−

∫
R/ lZ
〈∂k+2

s Hγ, ∂k
s κ〉φ ds ≤−M̃k+7/2(0)+C Mα

3/2Sk+7/2(0).

Proof. The main strategy is to use partial integration to move 1+ 1
2 derivatives from the term ∂k+2

s H to
the term ∂k

s κ . But first we want to get rid of the projection onto the normal part contained in the definition
of H. We have

Hγ (x)= P⊥γ ′(x)(Qγ (x)+ Rγ (x)).

Let us first deal with the terms containing R. Integration by parts gives

−

∫
R/ lZ

∂k+2
s (P⊥γ ′(x)(Rγ (x)))∂

k
s κφ ds

=

∫
R/ lZ

∂k+1
s (P⊥γ ′(x)(Rγ (x)))∂

k+1
s κφ ds+

∫
R/ lZ

∂k+1
s (P⊥γ ′(x)(Rγ (x)))∂

k
s κφ

′ ds,

which we can estimate using the product rule, Hölder’s inequality, and Lemma 3.16 by

(C Mα
3/2+ ε)S

(2(k+1)+3)/(4(k+2))
k+7/2 ‖∂k

s κ‖L2 ≤ (C Mα
3/2+ ε)Sk+7/2+Cε.

So we get

−

∫
R/ lZ

∂k+2
s (P⊥γ ′(x)(Rγ (x)))∂

k
s κφ ds ≤ (C Mα

3/2+ ε)Sk+7/2+Cε. (3-15)

To estimate ∫
R/ lZ
〈∂k+2

s P⊥γ ′Q, ∂
k
s κ〉φ ds

we write

P⊥γ ′(x)Qγ (x)= Qγ (x)−〈Qγ (x), γ ′(x)〉γ ′(x)= Qγ − PT
γ ′Q.

Using

〈Qγ (x), γ ′(x)〉 = 2
∫ l

−l

∫ 1

0
(1− s)

(γ ′(x + sw)− γ ′(x))(κ(x + sw)− κ(x))
w2 ds dw dx

we get from Lemmas 3.14 and 3.15

‖∂k+1
s PT

γ ′(Q)‖
2
L2(B2β (0))

≤ C(Mα
3/2+ ε)S

(2k+3)/(2(2k+4))
k+7/2 .

Hence, Cauchy’s inequality implies

−

∫
R/ lZ

∂k+1
s PT

γ ′Qγ ∂
k+1
s κφ ds ≤ εSk+7/2+Cε. (3-16)

The term ∫
R/ lZ
〈∂k+2

s Q, ∂k
s κ〉 ds
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can be rewritten using (2-3) as∫
R/ lZ
〈∂k+2

s Qγ,∂kκφ〉ds

=

∫
R/ lZ
〈Q∂kκ,∂kκ〉φ ds

= 2
∫

R/ lZ

∫ l

−l

∫ 1

0
(1−s)

|∂k+1
s κ(x+sw)−∂k+1

s κ(x)|2

w2 φ(γ (x))ds dwdx

+2
∫

R/ lZ

∫ l

−l

∫ 1

0
(1−s)

(∂k+1
s κ(x+sw)−∂k+1

s κ(x))(φ(γ (x+sw))−φ(γ (x)))
w2 ∂k+1

x κ(x+sw)ds dwdx .

We observe that∫
R/ lZ

∫ l

−l

∫ 1

0
(1− s)

|∂k+1
s κ(x + sw)− ∂k+1

s κ(x)|2

w2 φ(x) ds dw dx

≥

∫
B1(0)

∫ l

−l

∫ 1

0
(1− s)

|∂k+1
s κ(x + sw)− ∂k+1

s κ(x)|2

w2 ds dw dx

≥

∫
B1(0)

∫ 1

0
(1− s)s

∫ sl

−sl

|∂k+1
s κ(x + w̃)− ∂k+1

s κ(x)|2

w̃2 dw̃ ds dx

≥ c0

∫
B1(0)

∫ l/2

−l/2

|∂k+1
s κ(x + w̃)− ∂k+1

s κ(x)|2

w̃2 dw̃ dx ≥ c0 M̃k+7/2(0).

Furthermore, we take the decomposition∣∣∣∣∫
R/ lZ

∫ l

−l

∫ 1

0
(1− s)

(∂k+1
s κ(x + sw)− ∂k+1

s κ(x))(φ(γ (x + sw))−φ(γ (x)))
w2 ∂k+1

x κ(x+ sw) ds dw dx
∣∣∣∣

≤

∫
B3(0)

∫
|w|≥3

∫ 1

0
(1− s)

|∂k+1
s κ(x + sw)− ∂k+1

s κ(x)|
w2 |∂k+1

s κ(x + sw)| ds dw dx

+

∫
B3(0)

∫
|w|≤3

∫ 1

0
(1− s)

|∂k+1
s κ(x + sw)− ∂k+1

s κ(x)|
|w|

|∂k+1
s κ(x + sw)| ds dw dx .

We use Lemmas 3.14 and 3.15 to estimate the first term and the second term by

Sθk+7/2 M1−θ
3/2 +M3/2,

where

θ =
2k+ 3+ 1

2

2k+ 4
< 1.

Hence, Cauchy’s inequality yields

−

∫
R/ lZ
〈∂k+2

s Qγ, ∂kκφ〉 ds ≤−c0 Mk+7/2(0)+ εSk+7/2+Cε. (3-17)

The inequalities (3-15), (3-16), and (3-17) prove the statement of the lemma. �
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Lemma 3.19 (differential inequality for energies of higher order). For every ε > 0 there is a constant
Cε <∞ depending only on ε, n, and k and ck > 0 such that

∂t

∫
R/Z

|∂k
s κ|

2φ ds+ ck M̃k+7/2 ≤ C(Mα
3/2+ ε)S

ext
k+7/2(0)+Cε.

Proof. From (3-11) we get

∂t

∫
R/Z

|∂k
s κ|

2φ ds = 2
∫

R/Z

〈∂k+2
s V, ∂k

s κ〉φ ds+ 2
∫
〈Pk

2 (V, κ)τ, ∂
k+1
s κ〉φ ds

+ 2
∫
〈Pk

3 (V, κ), ∂
k
s κ〉φ ds−

∫
|∂k

s κ|
2
〈κ, V 〉φ ds+

∫
R/ lZ
|∂k

s κ|∇Vφ ds. (3-18)

Lemma 3.18 gives

2
∫

R/Z

〈∂k+2
s V, ∂k

s κ〉φ ds ≤−M̃k+7/2(0)+ (Mα
3/2+ ε)εSk+3/2+Cε.

Let k1+ k2 = k. Hölder’s inequality, standard interpolation estimates and Lemma 3.17 give∫
R/ lZ

∂k1
s V ∗ ∂k2

s κ ∗ τ ∗ ∂
k+1
s κφ ds ≤ ‖∂k1

s V ‖L2‖∂k2
s κ‖L4‖∂k+1

s κ‖L4

≤ C(Mα
3/2+ ε)Sk+7/2+Cε,

and hence ∫
〈Pk

2 (V, κ)τ, ∂
k+1
s κ〉φ ds ≤ C(Mα

3/2+ ε)Sk+7/2+Cε.

Similarly we get the estimate∫
〈Pk

3 (V, κ), ∂
k
s κ〉φ ds ≤ C(Mα

3/2+ ε)Sk+7/2+Cε,

and ∫
R/ lZ
|∂k

s κ|
2
∇Vφ ds ≤ ‖∂k

s κ‖
2
L4‖V ‖L2 ≤ (CεMα

3/2+ ε)Sk+7/2+Cε.

Hence, we have

2
∫
〈Pk

2 (V, κ)τ, ∂
k+1
s κ〉φ ds+ 2

∫
〈Pk

3 (V, κ), ∂
k
s κ〉φ ds

−

∫
|∂k

s κ|
2
〈κ, V 〉φ ds+

∫
R/ lZ
|∂k

s κ|∇Vφ ds ≤ 5εSk+7/2+Cε(M
β

2 + 1).

Together, these estimates imply

∂t

∫
R/Z

|∂k
s κ|

2φ ds+ M̃k+7/2(0)≤ C(Mα
3/2+ ε)Sk+7/2+Cε.

As Sk+7/2 ≤ C Sext
k+7/2 we get the assertion. �
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3B4. Proof of Proposition 3.13. We get from Lemma 3.19

∂t

∫
R/Z

|κ|2φ ds+ c0 M̃7/2(0)≤ (CεMα
3/2+ ε)(S

ext
7/2(x)+Cε).

Integrating this inequality and using that M3/2 ≤ ε0 < 1 we get∫
R/ lZ
|κγ1 |

2φ ds+c0

∫ 1

τ

M̃7/2(0, t)dt ≤
∫

R/ lZ
|κγτ |

2φ ds+(Cεεα0+ε)
∫ 1

τ

Sext
7/2(x, t)dt+Cε(1−τ)

≤

∫
R/ lZ
|κγτ |

2 ds+(Cεεα0+ε)
∫ 1

τ

Sext
7/2(x, t)dt+Cε(1−τ). (3-19)

Integrating again over τ ∈
[
0, 1

2

]
yields

c0

∫ 1/2

0

∫ 1

τ

M̃7/2(0, t) dt ≤
∫ 1/2

0

∫
R/ lZ
|κγτ |

2φ(γ ) ds+ (Cεεα0 + ε)
∫ 1/2

0

∫ 1

τ

Sext
7/2(x, t) dt dτ +Cε(1− τ)

≤

∫ 1/2

0

∫
R/ lZ
|κγτ |

2φ(γ ) ds+ (Cεεα0 + ε)
∫ 1/2

0

∫ 1

τ

Sext
7/2(x, t) dt +Cε.

We can estimate the first term, using interpolation estimates as in Section 3A, by

C
(∫ 1/2

0
S̃ext

3 dt + 1
)
≤ C(I M3+ 1),

which is bounded by Proposition 3.11. Assuming that

I M7/2 = sup
x∈Rn

∫ 1/2

0

∫ 1

t1
M̃7/2(x, t) dτ dt =

∫ 1/2

0

∫ 1

τ

M̃7/2(0, t) dt,

and using that

sup
x∈R/ lZ

∫ 1/2

0

∫ 1

τ

Sext
7/2(x, t) dτ dt =

∫ 1/2

0

∫ 1

τ

M̃7/2(0, t) dτ dt ≤ C I M7/2,

we deduce
c0 I M7/2 ≤ C + (Cεεα0 + ε)I M7/2+Cε.

Choose first ε > 0 and then ε0 > 0 sufficiently small; then we get

I M7/2 ≤ C.

Plugging this back into (3-19) we get the assertion

3C. Estimates for higher-order energies. It is tempting to just iterate the above argument to get control
of higher-order energies. Unfortunately, one would have to adapt ε1 in each of the steps which would not
yield to the desired result. Instead we improve the differential estimate from the end of the last subsection
assuming that M2 is finite. By literally the same argument as in the proof of the Lemmas in the last
subsection but interpolating in all the arguments between W k+7/2,2 and W 2,2 instead of W k+7/2,2 and
W 3/2,2 we get:
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Lemma 3.20 (differential inequality for energies of higher order). For every ε > 0 there is a constant Cε
depending only on ε, n, and k and a constant ck > 0 such that

∂t

∫
R/Z

|∂k
s κ|

2φ ds+ ck Mk+7/2(0)≤ εSext
k+7/2+CεMβ

2 .

Now we are finally able to conclude the proof of the ε-regularity theorem. We prove inductively the
following statement

Proposition 3.21. There is an ε0 > 0 and constant Ck <∞ such that

sup
x∈Rn

EB1(x)(γ0)≤ ε0

implies

sup
x∈Rn
‖∂k

s κγ (t)‖L2(B1(x)) ≤
C

tk/3−1/2 .

Proof. We prove by induction on k that

‖∂k
s κγ (t)‖L2(B1(x)) ≤

Ck

tk/3−1/2

and

sup
x∈Rn

∫ t

t/2
Mk+7/2(x, t) dt ≤

Ck

tk/3−3/2 .

Again by scaling properties of the solution it is enough to show these inequalities for t = 1. Let us fix
ε0 > 0 such that we can apply Propositions 3.11 and 3.13, i.e., such that the Möbius energies on balls of
radius 1 are small and the elastic energy on unit balls is bounded for times larger than t = 1

4 . Hence, the
statement is true for k = 0.

Let us assume that we have the bound claimed for k−1 and let t = 1
2 . By Lemma 3.20 for every ε > 0

we have
∂t

∫
R/Z

|∂k
s κ|

2φ ds+ ck M̃7/2+k(x)≤ εSext
k+7/2+Cε. (3-20)

Integrating the inequality, we get for all 0< τ < 1 that∫
R/Z

|∂k
s κ1|

2φ ds+ ck

∫ 1

τ

M̃7/2+k(x, t) dt ≤
∫

R/Z

|∂k
s κτ |

2φ ds+ ε
∫ 1

τ

Sext
k+7/2(x, t) dt +Cε(1− t).

We integrate this inequality for τ ∈
[1

4 ,
1
2

]
to get

1
4

∫
R/Z

|∂k
s κ1|

2φ ds+ ck

∫ 1/2

1/4

∫ 1

τ

M̃7/2+k(x, t) dt dτ

≤

∫ 1/2

1/4

∫
R/Z

|∂k
s κτ |

2φ ds dt dτ + ε
∫ 1/2

1/4

∫ 1

τ

Sext
k+7/2(x, t) dt +Cε.

Since interpolation estimates yield∫ 1/2

1/4

∫
R/Z

|∂k
s κτ |

2φ ds dt dτ ≤ C
∫ 1/2

1/4
(Sext

k+3/2+ 1) dt ≤ C sup
x∈Rn

∫ 1/2

1/4
(M(k−1)+7/2(x, t)+ 1) dt ≤ C,
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by the induction hypotheses, we deduce that

1
4

∫
R/Z

|∂k
s κ1|

2φ ds+ ck

∫ 1/2

1/4

∫ 1

τ

M̃7/2+k(x, t) dt dτ ≤ C + ε
∫ 1/2

1/4

∫ 1

τ

Sext
k+7/2(x, t) dt +Cε. (3-21)

Let us now assume that the supremum

I Mk+7/2 = sup
x∈Rn

∫ 1/2

1/4

∫ 1

τ

M̃k+7/2(x, t) dt

is attained in the point x = 0. Since∫ 1/2

1/4

∫ 1

τ

Sext
k+7/2(x, t) dt ≤ C I Mk+7/2,

we deduce from (3-21)
I Mk+7/2 ≤ ε I Mk+7/2+Cε.

Choosing ε > 0 small enough and absorbing, we get

I Mk+7/2 ≤ C.

Hence, in particular ∫ 1

1/2
Sext

k+7/2(x, t) dt ≤ C for all x ∈ Rn.

Plugging this back into (3-21), we derive∫
R/Z

|∂k
s κ(s, 1)|2φx ds ≤ C for all x ∈ Rn. �

Proof of Theorem 3.1. Using scaled Sobolev embeddings we get the claimed estimates from Proposition 3.21
as long as the flow exists. So the only thing left is to show that T > 1. But this follows by standard
methods from the uniform estimates in Proposition 3.21. �

4. Applications

4A. Blow-up profiles. Using Theorem 3.1, we get the following classification of finite time blow-up.

Theorem 4.1 (characterization of singularities). Let γ ∈ C∞([0, T )×R/Z,Rn) be a maximal smooth
solution of (1-2). There is a constant ε0 > 0 depending only on n and E(γ0) such that if T <∞ there are
times tk ↑ T, points xk ∈ Rn, and radii rk ↓ 0 with

EBrk (xk)(γtk )≥ ε0.

Proof. Let us assume that T <∞ and that there is an r > 0 such that for all t ∈ [0, T ) and all x ∈ Rn we
have

EBrj (x j )(γ (t))≤ ε0.

Then Theorem 3.1 would tell us that T > tj + r3
j → T + r3. �
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Picking the concentration times more carefully, we can construct a blow-up profile at a singularity. As
mentioned in the Introduction, we localize the energy intrinsically for this purpose; i.e., we work with
E int

Br (x) instead of EBr (x). We do this for the simple reason that E int
Br (x) is continuous in r and x .

In the rest of this article we will express from time to time the integrals occurring as integrals over the
image

0t := γ (R/ lZ, t).

Theorem 4.2 (blow-up profiles). There is an ε0 > 0 such that the following holds: Assume that γt is a
solution of (1-2) that develops a singularity in finite time, i.e., T <∞ and rj→ 0. Then there are points x j

and times tj → T such that
E int

Brj (x j )
(tj )≥ ε0.

Let us now choose the points x j ∈ R and times tj ∈ [0, T ) such that

sup
τ∈[0,tj ],x∈0τ

E int
Brj (x)

(γtj )≤ E int
Brj (x)

(γtj )= ε0,

and let γ̃j be reparametrizations by arc-length of the rescaled and translated curves

r−1
j (γtj − x j )

such that γ̃j (0) ∈ B2(0). Then these curves subconverge locally in C∞ to an embedded closed or open
curve γ̃∞ : I → Rn, I = R/ lZ or I = R resp., parametrized by arc-length. This curve satisfies

p.v.
∫ l/2

−l/2

(
2

P⊥τ (γ̃ (y)− γ̃ (x))
|γ (y)− γ (x)|2

− κγ (x)
)

dy
|γ (y)− γ (x)|2

= 0 for all x ∈ I, (4-1)

and
E int

B1(0)
(γ̃∞)≥ ε0.

Proof. The first statement is an immediate consequence of Theorem 4.1 and the bi-Lipschitz estimate
(2-5). We consider the rescaled flows

γ̃ ( j)(x, t) := 1
rj
(γ (x, r3

j t + tj )− x j )

for t ∈ (−tj/r3
j , 0] which still solve (1-2). Under the assumptions of the theorem we get

E int
B1(0)(γ̃

( j)
t )≤ ε0 for all t ∈

[
−

tj

r3
j

, 0
]
,

and thus from the bi-Lipschitz estimate

EB
β−1 (0)(γ̃

( j)
t )≤ ε0 for all t ∈

[
−

tj

r3
j

, 0
]
.

Hence we can apply Theorem 3.1 to find

‖∂k
s γ̃t‖Ck ≤ Ck
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for all k ∈ N and t ∈ [−tj/r3
j + 1, 0). As −tj/r3

j →−∞, we can use the Arzelà–Ascoli theorem to get,
after going to a subsequence,

γ̃j → γ̃

locally smoothly in time and space. Since all derivatives of γ∞ are uniformly bounded we furthermore
deduce that

Hγ̃∞(x)= p.v.
∫

I

(
2

P⊥τ (γ̃ (y)− γ̃ (x))
|γ (y)− γ (x)|2

− κγ (x)
)

dy
|γ (y)− γ (x)|2

is well-defined. Furthermore, we have∫ 0

−δ0

∫
R/ lt Z

|H(γ ( j)
t )(x)|2 dx dt = E(γtj−r3

j
)− E(γtj )→ 0 (4-2)

for some subsequence j and hence after going to a subsequence

Hγ̃ ( j)(x)→ 0

pointwise almost everywhere. We now show that

Hγ̃j →Hγ̃∞

pointwise. For this purpose we again use the decomposition

H̃γ = Qγ + R1γ + R2γ.

As
|w|α

|γ (x +w)− γ (x)|2+α
−

1
w2 ≤ C

∫ 1
0

∫ 1
0 |γ

′(x + s1w)− γ
′(x + s2w)|

2 ds1 ds2

|w|2

≤ C min
{
‖κ‖L∞(BR(x),

1
|w|2

}
,

we get that the integrands of both R1(γj ) and R2(γj ) are uniformly bounded. As all the integrands also
converge pointwise to the integrands of R1(γ∞) and R2(γ∞), the dominant convergence theorem yields

R(γj )→ R(γ∞).

For the integrand of Q we use Taylor’s approximation up to order 2 to get

γ (x +w)− γ (x)−wγ ′(x)− 1
2w

2γ ′′(x)
w4 =

∫ 1
0 (1− s)2γ ′′′(x + sw) ds

w
and write

Qγ =
∫

R/ lZ
I dw,

where {
I (x, w) :=

(∫ 1
0 (1− s)2γ ′′′(x + sw)− γ ′′′(x) ds

)
/2w for |w| ≤ 1,

I (x, w) :=
(∫ 1

0 (1− s)γ ′′(x + sw)− γ ′′(x) ds
)
/|w|2 else.



THE GRADIENT FLOW OF THE MÖBIUS ENERGY 933

The mean value theorem tells us that |I (x, w)| ≤C‖γ ′′′′‖L∞(B1(x)) if |w| ≤ 1, and I (x, w)≤w−2
‖γ ′′‖L∞}

else. We get using the dominated convergence theorem Qγj → Qγ∞. This completes the proof of

Hγ̃ ( j)
→Hγ̃∞

pointwise.
We get in view of (4-2)∫ 0

−δ0

∫
0

|Hγ̃∞|2 dH1(x) dt ≤ lim
j→∞

∫ 0

−δ0

∫
R/ lt Z

|H(γ ( j)
t )(x)|2 dx dt = 0.

Since γ̃∞ is smooth, we obtain Hγ̃∞ ≡ 0. Furthermore, the local smooth convergence together with
E int

B1(0)(0̃j )= ε0 implies
E int

B1(0)
(0̃∞)≥ ε0. �

Using the evolutionary attractivity of critical points proven in [Blatt 2012b] we can further show that
the blow-up profile cannot be compact.

Proposition 4.3 (blow-ups profiles are never compact). The blow-up profile constructed in Theorem 4.2
cannot be compact.

Proof. Let us assume that γ̃∞ is compact, i.e., that γ̃∞ ∈C∞(R/ lZ,Rn) for suitable l. Then there would be
a subsequence of γ̃j converging smoothly to the critical point γ̃∞ of E . Since furthermore E(γt)≥ E(γ̃∞),
we get from [Blatt 2012b, Theorem 1.5] for all t ∈ [0, T ), that for j large enough the flow γ̃t exists for
all time and converges to a stationary point of E , which contradicts the assumption T <∞. �

4B. Planar curves. For a regular curve γ the curvature vector κ is given by

κ =
γ ′′

|γ ′|2
−
〈γ ′′, γ ′〉

|γ ′|4
γ ′,

which is equal to γ ′′ if γ is parametrized by arc-length.
Given two points x, y ∈ I there is either a unique circle or a straight line — which we like to think of

as a degenerate circle — going through γ (x) and γ (y) and being tangent to γ at x . See Figure 1. Note
that this is the same circle used to define the integral tangent-point energies. We denote by κ0(x, y) the
curvature vector of this circle in x and set κ0(x, y)= 0 if the tangent on 0 in x is pointing in the direction
of y — which is the curvature of the straight line.

Lemma 4.4. We have

κγ (x, y)= 2
P⊥γ ′(x)(γ (y)− γ (x))

|γ (x)− γ (y)|2
.

Proof. If the vectors γ ′ and γ (x)− γ (y) are colinear, both sides of the identity obviously vanish. So we
can assume that P⊥γ ′(x)(γ (y)− γ (x)) 6= 0. The circle going through γ (x) that is tangential to γ in the
point x with curvature vector κ = a P⊥(γ (y)− γ (x)) is the set of all points z ∈ Rn satisfying∣∣∣∣z− γ (x)− κ

|κ|2

∣∣∣∣2 = 1
|κ|2

.
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κ(x)

κ(y, x)

γ

x

y

Figure 1. This picture shows the two circles playing a role in the geometric interpretation
of the Euler–Lagrange equation of the Möbius energy: the inner circle, with curvature
vector κ(x), is the osculating circle at x , while the outer circle, with curvature vector
κ(x, y), is the circle going through x and y and tangent to 0 at x .

This circle contains γ (y) if and only if

|γ (y)− γ (x)|2 = 2
〈κ, γ (x)− γ (y)〉

κ2 =
2
a
.

Thus, a = 2/|γ (x)− γ (y)|2 which proves the lemma. �

Using Lemma 4.4 we immediately get the following geometric interpretation of (4-1).

Lemma 4.5 (geometric interpretation of the Euler–Lagrange equation). The curve γ parametrized by
arc-length satisfies Hγ ≡ 0 if and only if

lim
ε↓0

∫
0\Bε(x)

κγ (x, y)− κγ (x)
|x − y|2

dH1(y)= 0 (4-3)

for all x ∈ I .

In codimension 1, (4-3) is equivalent to

lim
ε↘0

∫
I/Bε(x)

〈κγ (x, y)− κγ (x), n(x)〉
|x − y|2

dH1(y)= 0, (4-4)

where n is a unit normal along γ We are now looking for a situation that implies that the integrand on the
left-hand side of (4-4) has a sign and thus must vanish identically. For x ∈ I in which the curvature of γ does
not vanish, we denote by OB(x) the open ball whose boundary is the osculating circle along γ in x ; i.e.,

OB(x) := B1/|κ(x)|

(
γ (x)+

κ

|κ|2

)
.

Lemma 4.6. If there is a point x ∈ I such that

OB(x)∩ γ (I )=∅
or

γ (I )⊂ OB(x)
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then
0 = ∂ OB(x),

i.e., 0 is a circle.

Proof. If 0 ∩OB(x)=∅, we get

〈κ0(x, y), n(x)〉 ≤ 〈κ0(x), n(x)〉,

and if 0 ⊂ OB(x)
〈κ0(x, y), n(x)〉 ≥ 〈κ0(x), n(x)〉.

So in both cases
〈κ0(x, y), n(x)〉− 〈κ0(x), n(x)〉

has a sign that is independent of y ∈ 0.
Since Hγ ≡ 0 implies

lim
ε↘0

∫
0/Bε(x)

〈(κγ (x, y)− κγ (x)), n(x)〉
|γ (y)− γ (x)|2

dH1(y)= 0

and the integrand has a sign, we get

〈(κγ (x, y)− κγ (x)), n(x)〉 = 0

for all y ∈ 0. But this implies
κγ (x, y)= κγ (x)

for all y ∈ 0, which by the definition of κ0(x, y) implies

y ∈ ∂ OB(x). �

Theorem 4.7. Let 0 : I→R2 be a properly embedded smooth curve parametrized by arc-length satisfying

p.v.
∫

I

κγ (x, y)− κγ (x)
|γ (y)− γ (x)|2

dy = 0.

Then γ is either a straight line or a circle.

Proof. Let us assume that γ is not a straight line. We will show that then there is a point x ∈ I with
κ(x) 6= 0 and

OB(x)∩ γ (I )=∅,

where OB(x) is the open ball surrounded by the osculating circle on γ at x ; i.e.,

OB(x) :=
{

y ∈ R2
:

∣∣∣∣y−(γ (x)+ κ(x)
|κ(x)|2

)∣∣∣∣≤ 1
|κ(x)|

}
.

Then the statement follows from Lemma 4.6. We construct this point as follows: As 0 = γ (I ) is not a
straight line, we find a point x1 ∈ 0 with κ0(x1) 6= 0. Let n be the continuous unit normal field pointing
in the direction of κ0(x1) at the point x1. Then if OB(x1)∩0 =∅, we set x = x1. If on the other hand
OB(x1)∩0 6= ∅, there is a ball B1 ⊂ OB(x1) touching 0 in x1 and at least one other point. Let x ′1 be
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one of these touching points nearest to x1 and let 01 denote the closed curve consisting of the arc of 0
between x1 and x ′1 and the part of the boundary of B1 that makes this curve C1 and let �1 be the open set
bounded by this curve.

We now start an iterative scheme in order to find the desired point x . So let x2 ∈ 0 be the point on
the part of the curve between x1 and x ′1 which divides this arc into two parts of equal length. Note that
x2 /∈ B1. We choose

r2 := sup
{

r : Br

(
x2+

1
r

n(x2)
)
⊂�1

}
Then either B2= Br2(x2+(1/r2)n2) touches 0 in x up to second order and we set x= x2 and have found our
point x , or we can choose x ′2 ∈01 to be one of the nearest points on 01 touching B2 = Br2(x2+ (1/r2)n2).
But then x ′2 must belong to the arc of 0 between x1 and x ′1 since else B2 touches B1 from within and
hence B2 ⊂ B1, which is not possible, as x2 ∈ B2 but x2 6∈ B1. Hence,

d0(x2, x ′2)≤
1
2 d0(x1, x ′1). (4-5)

Then we repeat the construction above, and either get our point x in a finite number of steps, or get a
sequence of points xi , x ′i and balls Bi ∩0 =∅ such that Bi touches 0 in xi , x ′i , the intervals xi , x ′i are
nested, and the diameter of the balls Bi is bounded by the diameter of 01 and from below by

‖κ0|[x1,x ′1]‖
−1
L∞ > 0.

In the latter case, there is a point x ∈ 0 with

x = lim
i→∞

xi = lim
i→∞

x ′i

and it is well known that

ri →
1
|κ(x)|

.

We get for every r < 1/|κ(x)| that

Br

(
x +

1
r

n(x)
)
⊂ Bn

for n large enough. Hence,

Br ∩0 =∅ for all r <
1
κ(x)

,

which implies

OB(x)∩0 =∅. �

Using the characterization of the solutions to (1-2) we can now show:

Theorem 4.8 (the evolution of planar curves). Let γ0 ⊂ R2 be a closed smoothly embedded curve. Then
the negative gradient flow of the Möbius energy exists for all times and converges to a round circle as time
goes to infinity.

Proof. Let us first prove the long-time existence of the flow. Assume that a singularity occurs after
finite time. Then we construct a blow-up profile γ̃∞ as described in Theorem 3.1. But Theorem 4.7
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implies that this blow-up must be a circle or straight line, which is not possible due to Proposition 4.3
and E int

B1(0)(γ̃∞) 6= 0.
To prove the statement about the asymptotic behavior of the flow, we let, for t ∈ (0,∞) and ε0 > ε > 0

small enough, the radius rt > 0 and xt ∈ γt be such that

EB int
rt (xt )(γt)= sup

x∈γt

EB int
rt (x)

(γt)= ε.

Let us assume that
M := lim inf

t∈[0,∞)

rt+r3
t /2

rt
<∞. (4-6)

Then we can choose a sequence tj →∞ such that

rtj+r3
tj
/2 ≤ 2Mrtj .

As in Theorem 4.2, let γ̃j be reparametrizations of the rescaled curves

1
rj
{γtj+r3

tj
/2− xtj+r3

tj
/2}

by arc-length such that γ̃j (0) = 0. Then these curves γj subconverge locally smoothly to a curve γ∞
satisfying Hγ∞ ≡ 0, which is not a straight line. Hence, due to Theorem 4.7 γ∞ is a circle. Since
γ̃tj → γ∞ smoothly we get that for j large enough, the flow starting with γ̃ j converges smoothly to a
circle as time goes to infinity. Hence, the same is true for γt .

Let us assume that (4-6) was wrong and let L t denote the length of the curve γt . Then for every 3> 0
there is a t0 such that rt+r3

t /2
≥3rt for all t ≥ t0. We iteratively define tj+1 := tj +r3

j /2, where rj := r(tj ),
and get

rj ≥3
jrt0 . (4-7)

Scaling our a priori estimates in Theorem 3.1 we obtain

|Hγt̃ | ≤
C

(t̃ − t)2/3r2
t

for all times t̃ ∈ t + (0, r3
t ) and hence∣∣∣∣ d

dt

∣∣∣
t=t̃

L t

∣∣∣∣≤ 2 sup
∣∣∣∣ d
dt

∣∣∣
t=t̃
γ

∣∣∣∣≤ C
(t̃ − t)2/3r2

t
.

Integrating this inequality we obtain

L t+r3
t /2
≤ C

r3
t

r 2
t
+ L t ≤ C L t .

Hence,
L tj+1 ≤ C L tj

and thus
rj ≤ L tj ≤ C j L t0,

which contradicts (4-7) for 3> C and j large enough. �
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Appendix: Besov spaces, commutator estimates and interpolation inequalities

For the convenience of the reader, let us gather some well-known and not so well-known facts about
Besov spaces in this section. We will stick to the notation used in [Triebel 1983] and will assume that
the reader is familiar with the definition of the Besov spaces Bs

p,q(R
n) on Rn and the respective spaces

Bs
p,q(�) on smooth domains �⊂ Rn as defined in Sections 2.3.1 and 3.2.2 of [Triebel 1983].
Essential for our analysis is the following characterization of these spaces using finite differences. For

an arbitrary function f : Rn
→ R these are inductively defined by

(11
h f )(x) := f (x + h)− f (x), (1l

h f )=11
h1

l−1
h f for l = 2, 3, . . . .

Furthermore, for a set �⊂ Rn we set �h,l =
⋂l

j=0{x ∈� : x + jh ∈�}.

Lemma A.1 (equivalent norms, see [Triebel 1983, Sections 2.5.12, 3.4.2, and 2.5.10]). The following
estimates hold:

(1) For 0< p, q ≤∞, we have s > σ̃p := n(1/min{p, 1}− 1). If M > s and M an integer, then

‖ f |Bs
p,q(R

n)‖
(2)
M := ‖ f ‖L p(Rn)+

(∫
Rn

‖1M
h f |L p(Rn)‖q

|h|n+sq dh
)1/q

is an equivalent quasinorm on Bs
p,q(R

n).

(2) If�⊂Rn is a smooth domain 1< p<∞, . s > 0, and k, l integers with 0≤ k < s and s < l+k, then

‖ f |Bs
p,q(�)‖

(2)
:= ‖ f |L p(�)‖+

∑
|α|≤k

∥∥∥∥(∫
Rn

(∫
�h,l

|1l
h∂
α f (x)|qdx

)q/p dh
|h|n+sq

)1/q ∣∣∣∣ L p(�)

∥∥∥∥
is an equivalent quasinorm on Bs

p,q(�).

As an easy consequence, we get

Lemma A.2. For 1< p, q <∞ and 1> s > 0 we have(∫
B1(0)

‖1M
h |L

p(B1(0))‖q

|h|n+sq dh
)1/q

≤ C‖ f |Bs
p.q(B2(0))‖

and

‖ f |Bs
p.q(B1(0))‖ ≤ C

(∫
B2(0)

‖1M
h |L

p(B2(0))‖q

|h|n+sq dh
)1/q

.

Proof. From the definition of the norm, we deduce that there is an extension f̃ of f |B2(0) such that

‖ f ‖Bs
p,q (B1(0)) ≤ ‖ f̃ ‖Bs

p,q (R
n) ≤ 2‖ f ‖Bs

p,q (B2(0)).

Lemma A.1 gives(∫
B1(0)

‖1M
h |L

p(B1(0))‖q

|h|n+sq dh
)1/q

≤ ‖ f̃ |L p(Rn)‖+

(∫
Rn

‖1M
h f̃ |L p(Rn)‖q

|h|n+sq dh
)1/q

≤ C‖ f̃ |Bs
p,q(R

n)‖ ≤ C‖ f |Bs
p,q(B2(0))‖.
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To get the second estimate, we extend f |B1(0) to a function f̃ such that

‖ f ‖M
Bs

p,q (B1(0)) ≤ ‖ f̃ ‖Bs
p,q (R

n) ≤ 2‖ f ‖M
Bs

p,q (B2(0)).

and argue as above. �

We will now state the following interpolation inequalities in Besov-space. Since it seems to be hard to
find a proof of this result in the literature, we include a proof here for the sake of completeness.

Lemma A.3 (interpolation inequalities). Let �⊂ Rn be a smooth bounded domain. If 0≤ s1 < s2 < s3

and p ∈ [2,∞) satisfy s0− n/2< s1− n/p < sw − n/2 then

‖ f |Bs1
p1,q(�)‖ ≤ C‖ f |Bs0

2,2(�)‖
1−θ
‖ f |Bs2

2,2(�)‖
θ

for all q ∈ [1,∞] with C = C(s, p, q, �) and

θ =
(s1− n/p)− (s0− n/2)

s2− s0
.

Proof. By [Lunardi 1995, Proposition 1.3.2] we have to show that the real interpolation space

(Bs0
2,2(�), Bs0

2,2(�))θ,1

is continuously embedded in Bs1
p,q . But this is indeed the case, as

(Bs0
2,2(�), Bs0

2,2(�))θ,1 = B s̃
2,1(�),

with s̃ = (1− θ)s0+ θs2 = s1+ n/2− n/p > s1 by [Triebel 1992, p. 204] and the Sobolev embedding
for Besov spaces [Triebel 1992, p. 196] tells us that B s̃

2,1(�) is continuously embedded into Bs1
p1,1(�)⊂

Bs1
p1,q(�) for all q ∈ [1,∞]. �

One of the most important tools in this article is the following commutator estimate for our operator Q̃.
This is a very special case of well-known fractional Leibniz rule and known commutator estimates of
Kato and Ponce, which we still decide to prove here in order to make the article as easily accessible as
possible.

Lemma A.4 (commutator estimates). For f, g ∈ C∞([−3,3]) we have

‖Q̃[ f g] − gQ̃[ f ] − f Q̃[g]‖Lr (B1/2(0))

≤ C
(
‖ f ‖B1/4

2p,2(B3(0))
‖g‖B1/4

2p,2(B3(0))
+

∞∑
j=1

‖ f ‖2L2p(B3+ j+1(0)\B3+ j (0))
+‖g‖2L2p(B3+ j+1(0)\B3+ j (0))

(3+ j)2

)
.

Proof. Remember that

Q̃ f (x)
4
:= p.v.

∫ l/2

−l/2

∫ 1

0
(1− s)

κ(x + sw)− κ(x)
|w|2

dw = Q̃κ(x).
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Since

Q̃s
[ f g]−gQ̃s

[ f ]− f Q̃s
[g]

4

= p.v.
∫ l/2

−l/2

∫ 1

0
(1−s)

f (x+sw)g(x+sw)− f (x)g(x)−( f (x+sw)− f (x))g(x)−(g(x+sw)−g(x)) f (x)
|w|2

dw

= p.v.
∫ l/2

−l/2

∫ 1

0
(1−s)

f (x+sw)g(x+sw)− f (x+sw)g(x)− f (x)g(x+sw)+ f (x)g(x)
|w|2

dw

=

∫ l/2

−l/2

∫ 1

0
(1−s)

( f (x+sw)− f (x))(g(x+sw)−g(x))
|w|2

dw,

we get

‖Q̃s
[ f g]−gQ̃s

[ f ]− f Q̃s
[g]‖L p(B1(0)

≤C
∫ l/2

−l/2

∫ 1

0
(1−s)

(∫
B1(0)

(
( f (x+sw)− f (x))(g(x+sw)−g(x))

|w|2

)p

dx
)1/p

dw

≤C
∫ 1

0
s(1−s)

(∫
B1(0)

∫ l/2

−l/2

(
( f (x+w)− f (x))(g(x+w)−g(x))

|w|2

)p

dx
)1/p

dw

≤C
(∫

B1(0)

∫ 3/2

−3/2

(
( f (x+w)− f (x))(g(x+w)−g(x))

|w|2

)p

dx
)1/p

dw

+C
(∫

B1(0)

∫
|w|≥3/2

(
( f (x+w)− f (x))(g(x+w)−g(x))

|w|2

)p

dx
)1/p

dw

≤‖ f ‖B1/2
4,2 (B3(0)

‖g‖B1/2
4,2 (B3(0)

+C
(∫

B1(0)

∫
|w|≥3/2

(
( f (x+w)− f (x))(g(x+w)−g(x))

|w|2

)p

dx
)1/p

dw.

Factoring and using the Cauchy inequality, we can estimate it by

C
∫
|w|≥3

(∫
B1(0)

| f (x)|2p
+ |g(x)|2p

w2 dx
)1/p

dw

+

∫
|w|≥3

(∫
B1(0)

| f (x +w)|2p
+ |g(x +w)|2p

w2 dx
)1/p

dw

≤ C‖ f ‖2L p(B3(0)‖g‖
2
L p(B3(0)+

∑
j∈N

‖ f ‖2L2p(B3+ j\B3+ j−1)
+‖g‖L2p(B3+ j\B3+ j−1)

(3+ j)2
. �
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CORRECTION TO THE ARTICLE
THE HEAT KERNEL ON AN ASYMPTOTICALLY CONIC MANIFOLD

DAVID A. SHER

Volume 6:7 (2013), 1755–1791

We present a minor correction, which leaves the main results unchanged.

In the introduction of [Sher 2013], a theorem of Cheng, Li, and Yau has been misstated. Here is the
correct version:

Theorem 1 [Cheng et al. 1981]. For any T > 0, there exist nonzero constants C1 and C2 such that the
heat kernel on M, denoted by H M(t, z, z′), satisfies, for any z, z′ ∈ M and any t ∈ (0, T ],

H M(t, z, z′)≤
C1

tn/2 e−|z−z′|2/(C2t). (1)

Note in particular that the constants C1 and C2 may depend on T. The incorrect version of Theorem 1
was used later in [Sher 2013], in Section 2.5, in the proof of Theorem 2. Specifically, Theorem 8 does not
give the claimed order-n decay of the heat kernel at the face zf, and the corrected version of Theorem 1 is
not sufficient to do so.

However, Theorem 2 is still true. An alternative approach to this proof is already outlined in [Sher
2013], but we also present another version suggested by Pierre Albin (personal communication, 2016).
Specifically, since we know the heat kernel is polyhomogeneous, it has an expansion at zf. If that
expansion is trivial, the leading order of the heat kernel at zf is ∞ and we are done. Otherwise, the
expansion must be of the form

F(w, z, z′)= ws0(log w) j a0(z, z′)+ (lower order terms)

for some s0 ∈R, j ∈N0, with a0(z, z′) not identically zero. Applying the heat operator to this heat kernel
gives zero by definition, and in these coordinates the heat operator is −w2∂w +1z . Since the kernel has
a polyhomogeneous conormal expansion we may apply this operator term by term. The leading-order
term of the result is

ws0(log w) j1za0(z, z′),

with all other terms lower order. This term must be zero, so 1za0(z, z′) must be zero, and therefore
a0(z, z′) is harmonic for each z′ and nonvanishing for at least some z′. By the maximum principle,
a0(z, z′) cannot decay at infinity. So the leading-order term of F(w, z, z′) at zf is ws0(log w) j times a
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Keywords: heat kernel, geometric microlocal analysis, asymptotically conic manifolds.
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term which does not vanish at the left face lf0. Since ws0(log w) j has index set (s0, j) at lf0, the index set
of F(w, z, z′) at lf0 must contain a term no better than (s0, j) — in particular F(w, z, z′) cannot decay to
any order better than ws0(log w) j at lf0. However, we already know that the leading order of F(w, z, z′)
at lf0 is n. Thus s0 ≥ n, with j = 0 if s0 = n. This shows that the leading order of the heat kernel at zf
must actually be at least n, filling the gap in the proof of Theorem 2.
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