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ESTIMATES FOR THE NAVIER-STOKES EQUATIONS
IN THE HALF-SPACE FOR NONLOCALIZED DATA

YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE

This paper is devoted to the study of the Stokes and Navier—Stokes equations, in a half-space, for initial
data in a class of locally uniform Lebesgue integrable functions, namely LZIOC_J(IRi). We prove the
analyticity of the Stokes semigroup ¢4 in LY, . (R%) for I < ¢ < oo. This follows from the analysis of
the Stokes resolvent problem for data in LZIOC,U ([R‘fr), 1 < g < oo. We then prove bilinear estimates for the
Oseen kernel, which enables us to prove the existence of mild solutions. The three main original aspects
of our contribution are: the proof of Liouville theorems for the resolvent problem and the time-dependent
Stokes system under weak integrability conditions, the proof of pressure estimates in the half-space,
and the proof of a concentration result for blow-up solutions of the Navier—Stokes equations. This

concentration result improves a recent result by Li, Ozawa and Wang and provides a new proof.

1. Introduction

This paper is devoted to the study of fluid equations in the half-space Ri. Our goal is two-fold. First

we show the analyticity of the Stokes semigroup for data belonging to the locally uniform Lebesgue

q
uloc,o

on the boundary; a precise definition is given below in Section 2B). Second we prove optimal bounds

space L ([R{‘i) for 1 < g < oo (uniformly locally in L?, divergence-free and normal component zero
for the Oseen kernel e APV - and get as a by-product the short-time existence of mild solutions to the
Navier—Stokes system with no-slip boundary conditions

Ju—Au+Vp=—-V-u®u), V-u=0 in(0,T)xRZ,
u=0 on(0,T)x IR, ulimo =uo in IRL

-1

q
uloc,o

scale-critical L¢ norm for blow-up solutions of the Navier—Stokes equations.

for nonlocalized initial data ug € L (Ri), g > d. Our results directly yield the concentration of the

1A. Outline of our results. Our analysis relies on the study of the Stokes resolvent problem. The first

subsection below contains our main result in this direction. This enables (see second subsection) to prove

q
uloc,o

the bilinear estimates for the Oseen kernel, which allow the study of mild solutions in a way that is

the analyticity of the Stokes semigroup in L for g € (1, co]. We then (third subsection below) state

standard since [Fujita and Kato 1964]. We state the concentration result. The fourth subsection is devoted
to the Liouville theorems proved in Appendices A and B.
MSC2010: primary 35A01, 35A02, 35B44, 35B53, 35Q30; secondary 35C99, 76D03, 76D05.
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Let us emphasize three aspects of our results, which we believe are the most original. First, our
Liouville theorems for the resolvent problem and the time-dependent Stokes system hold under weak
integrability conditions. Second, we prove pressure estimates in the half-space, which are key to our
analysis of local energy weak solutions in [Maekawa et al. 2019]. Third, we show a concentration
phenomenon for blow-up solutions of the Navier—Stokes equations. Our result improves a recent result
by Li, Ozawa and Wang [Li et al. 2018] and provides a new proof. These aspects are discussed more
extensively in [Prange 2018].

Stokes resolvent problem. The following statements are the main tools of the rest of the paper. A
considerable part of our work is concerned with estimates for the resolvent problem for the (stationary)
Stokes system

{Au—Au+Vp:f, V-u=0 ian{i, (1-2)

u=0 ona[R{fl|r

for nonlocalized data f in the class Lzloc’ U(Ri) for 1 < g < oo.

Theorem 1. Let 1 < g < oo, ¢ > 0. Let A be a complex number in the sector Sy _¢. Let f € Lzloc’g (Ri).

Then there exist C(d, €, q) < oo (independent of A) and a unique solution (u,Vp) € LI (Ri)d X

uloc

Lllﬂoc([Ri)d to (1-2) in the sense of distributions. Moreover, this unique solution is such that u €

Wyd (RL) and

0,uloc
Mlullzs 12 1Vulls < Clfllgg, s (1-3)
IV2%ulls + 1Pl < CA+e ™ log A flls  forq # oo, (1-4)
and
Rli_)ﬁéo IV' Pl Lt ei<1, R<xg<r41) = O (1-5)

Moreover, for1l <qg=p <oocorl <q < p <oo satisfying 1/qg —1/p < 1/d, there exists a constant
C(, e, q, p) < oo (independent of A) such that

lullp < CIAIT A+ A @A £ (1-6)

uloc

IVullr < CIAITY2A 4 @Dy ) (1-7)

uloc

Theorem 1 is proved in Section 4.

Uniqueness comes from the condition (1-5) which eliminates the parasitic solutions of our Liouville-
type result, Theorem 4, which is proved in Appendix A. Condition (1-5) is easily verified for the pressure
represented via the integral formulas of Section 2C. With Theorem 1, one can define the resolvent operator
R(A) = (A+ A)~! on the sector S,_, for given ¢ > 0. As is classical, the bounds on the solution to the
resolvent problem are crucial to estimate the semigroup. The mixed p, g bounds (1-6) and (1-7) are
particularly important in view of the study of the nonlinear term in the Navier—Stokes equations. Let us
comment on two points. First, we are not able to remove the |log(})| loss for small A in (1-4). We are
ignorant as to whether there is a real obstruction or if this is just a technical issue. Second, the estimate
(1-3) fails for g = 1. This is a fundamental point, which was already observed in the case of L! (Ri)
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by Desch, Hieber and Priiss [Desch et al. 2001]. It is specific to the case of [Ri‘_j|r as opposed to RY. We
comment more on this below.

Stokes semigroup. Let A be the Stokes operator realized in LI i) (for precise definitions, see

uloc, a
Section 5). Time-dependent estimates for the semigroup are derived from the resolvent bounds using

classical techniques from complex analysis.
Theorem 2. Let 1 < g < 0o. Then —A generates a bounded analytic semigroup in Lu]Oc U([R{ ).

More precise statements (and their proofs) along with global-in-time estimates for the linear Stokes
dynamic are given in Section 5; see in particular Propositions 5.2 and 5.3. Again, because of the failure of

(1-3) when g = 1, —A fails to generate an analytic semigroup in L! ([R ). This is due to the presence

uloc,o

of the boundary.

Bilinear estimates, mild solutions and concentration for blow-up solutions. Our main result is the follow-
ing bilinear estimate, from which the short-time existence of mild solutions follows as a corollary.

Theorem B.letl <g<p<ooorl<g< p<ooandlet A be the Stokes operator realized in
(R ). Then fora =0,1andt >0

uloc o
IVee PV - @)l p < Ct= TR @DWaYD L1 lu@ul e (1-8)
Ve PV - @@l g, < Crm 2wVl + vVulg, ). (1-9)

Estimates (1-8) and (1-9) are valid also for g = 1.

The proof of Theorem 3 is given in Section 6. The function e APV - (u ® v) is expressed in terms of
the integral over [Ri with some kernels satisfying suitable pointwise estimates, and such a representation
itself is well-defined and satisfies (1-8) and (1-9) even for the case ¢ = 1, though we do not have the
analyticity of the semigroup {e~/4};>¢ in Luloc - ([R ).

There is quite some work to go from the semigroup bounds on e~*4 to the bounds on e APV - of
Theorem 3, which are needed to solve the Navier—Stokes equations. Two of the key difficulties are making

sense of the action of e 74PV . on L functions, since the Helmholtz—Leray projection does not

uloc,o

act as a bounded operator on L/ : and the noncommutativity of vertical derivatives and the symbol (in

uloc?
tangential Fourier) for the projection P.

The existence of mild solutions for initial data ug € quoc »» 4 >d, is stated in Propositions 7.1 and 7.2
in Section 7. Once the bilinear estimate of Theorem 3 is established, the local-in-time existence of mild
solutions can be shown by the standard arguments. It is not our objective to include a deeper discussion
of the mild solutions here. We only note that the pressure p associated to the mild solution u can be
constructed so that the pair (u, p) satisfies (1-1) in the sense of distributions; see [Maekawa et al. 2019] for
the details. Many other issues, such as the convergence to the initial data, are similar in the half-space and
the whole space. Hence we simply refer to [Maekawa and Terasawa 2006] where a thorough discussion
is carried out.

As an application of the well-posedness in LY o+ 4 > d, we study the behavior of the blow-up

uloc,

solution. Here a solution u# € C((0, Ty); Lgo([R{Jr)) blows up at t = T if lim SUps47, |l (t)|| Lo = 00. Leray
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[1934] proved a lower bound for the blow-up solutions in R? of the form

() 1 > \/% for t <T,. (1-10)
More recently lower bounds for scale-critical norms of the blow-up solution have been also studied
extensively. It was shown in [Barker and Seregin 2015] that lim,_, 7, ||u(?)|| L®) = . On the other
hand, in [Li et al. 2018] a lower bound for the local L¢ norm along the parabolic cone for the blow-up
solutions is shown. More precisely, it is proved that there exists a sequence (x,, f,) € R3 x (0, T) such
that [[u(tn) | La(x, +0.coTi=5;)?) = €- This can be seen as a concentration phenomenon of the critical norm
at the blow-up time. In the same work, concentration results along the parabolic cone are also proved
for L9 norms, g > d, along a discrete sequence of times. To the best of our knowledge, this type of
concentration result is new for the Navier—Stokes equations, even in the whole space R4, While in [Li
et al. 2018] the concentration results are proved via a clever use of frequency decomposition techniques,
it occurred to us that they are simple consequences of the existence of mild solutions in Lﬁloc. As a direct
consequence of the well-posedness result, we thus have the following corollary.

Corollary 1.1. For all g > d, there exists a positive constant y < oo such that for all 0 < T, < o0, for
allu e C((0, Ty); L(‘;O(Ri)) mild solutions to (1-1), if u blows up at t = T, then for all t € (0, Ty), there
exists x(t) € [F\R‘_i|r with the estimate

14
W Lo xry- 12— = (T, — 1)1/2(=d/q)°

This corollary is proved in Section 7C. Our result also holds for R instead of Ri and seems to be
new even in that case. It obviously includes the concentration of the scale-critical norm L?. It improves
Theorem 1.2 in [Li et al. 2018] in the sense that the concentration holds not only along a sequence of
times t, — T, but for all times ¢ € (0, T,). Moreover, our method gives a new and simple proof of this
type of result, which appears to be a nice application of the existence of mild solutions in the LZIOC setting.

Liouville theorems. Here we give a uniqueness result to (1-2) in our functional framework. This Liouville
theorem is the counterpart for the resolvent system to the Liouville theorem for the unsteady Stokes
system in the half-space proved in [Jia et al. 2012] and crucial for the uniqueness part of Theorem 1.

Theorem 4. (i) Let A € Sy_. withe € (0, ). Let (u, Vp)e Ll (RD)I x L]

uloc uloc

(R with p e L . (RL)

loc

be a solution to (1-2) with f = 0 in the sense of distributions. Then (u, V p) is a parasitic solution;
ie,u=(a'(xg),0) and p=D-x"+c. Hered (xq) = (ai(xq),...,aq—1(xq))" is smooth and
bounded and its trace at x; = 0 is zero, while D € C1 is a constant vector and ¢ € C is a constant.
If either img 00 V' Pl L1(1x/)<1, R<xy<r+1) = 0 0r limyy oo [[te]] 1=y <1, 1<xy <2) = O in addition,
then p is a constant and u = 0.

(ii) Let (u,Vp) € L} (R x L}

uloc uloc

(RL)? with p € Ly, (RL) be a solution to (1-2) with . = 0 and

loc
f =0 in the sense of distributions. Then u =0 and p is a constant.
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The proof of this theorem is given in Appendix A. By using a similar argument we shall show a
uniqueness result for the time-dependent Stokes problem

du—Au+Vp=f V-u=0 in(0,T)xRZ, (L-11)
u=0 on(0,T) xR, uli—o =uo in IRL.
Compared with the known Liouville theorem by [Jia et al. 2012] for bounded solutions, our result imposes
the condition on the pressure, while the regularity condition on the velocity is weaker than in [Jia et al.

2012]. This framework will be useful in the study of the local energy weak solutions.

Theorem 5. Let (u, Vp) be a solution to (1-11) in the sense of distributions with uy = f = 0. Then
(u, Vp) is a parasitic solution; i.e., u(t,x) = (a'(t,x4),0)" and p(t,x) = D(t) - x' + c(t). Here
d'(t,xg) = (@(t,xa), ..., a4-1(t, x2)) " with a; € L}, (10, T) x RL), while D € L (0, T)!~" and

loc loc

c € L} (0, T). If either
T
lim f IV PO <1 Rergeriny dE =0 for all § € (0,T)
- S
or

T
/111‘1’1 f ”u(t)”Ll(\x’fy’kl,l<xd<2) dr=0
[y'[—=o0 Jo

in addition, then p is a constant and u = Q.

This theorem is proved in Appendix B. There we state precisely the notion of solutions to (1-11). To
our knowledge, these two Liouville-type results, Theorems 4 and 5, are new under these assumptions.

1B. Comparison to other works. We give an overview of some works related to our result. Although
we try to give a faithful account of the state of the art of the study of fluid equations (mainly Stokes and
Navier—Stokes systems) with infinite energy or nonlocalized data, we are very far from being exhaustive
in our description. We divide the description into three parts: first we deal with the class of bounded
functions, second we handle the class of locally uniform Lebesgue spaces and finally we describe some
differences between the whole space and the half-space.

A common feature of the analysis in LS° and L/

uloc,o
on Stokes and Navier—Stokes equations. This appears at several levels. Firstly, there is of course no global

is the failure of classical techniques used in works

energy inequality. The substitute is a local energy inequality, which involves the pressure. Hence one
has to obtain precise information on the pressure. Secondly, there is obviously no uniqueness for flows
with infinite energy. This is due to flows driven by the pressure (solving the Stokes and Navier—Stokes
equations), such as in the whole space RY

u(x,t):=f@) and p(x,1):=—f"(t)-x,
or in the half-space Ri

u(x,t) = Wi(xq,1),...,v4-1(xq,1),0) and p(x,1):=—f()-x',

where f € C3°((0, 00); RY~1) and v(xy, 1) solves the heat equation 0,v — 8§v = f with v(0,¢) = 0.
Hence, one has to handle or eliminate these parasitic solutions. Thirdly, even in the instance where flows
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driven by the pressure are ruled out, one needs to make sense of a representation formula for the pressure.
Indeed the source term in the elliptic equation for the pressure,

—Ap=V-(V-(u®u)),

is nonlocalized, and thus a priori nondecaying at infinity. Fourthly, the Helmholtz—Leray projection

is not bounded on L or on Lgloc,

This makes the study of the mapping properties of the Stokes operator A, which is usually defined as

basically because the Riesz transform does not map L*° into itself.

A = —PAp, where P is the Helmholtz—Leray projection and A p the Dirichlet Laplacian, particularly
delicate.

Bounded functions. From the point of view of both the results and the techniques, the main source of
inspiration of the linear Stokes estimates is the paper by Desch, Hieber and Priiss [Desch et al. 2001].
This paper is concerned with the study of the Stokes semigroup in the half-space, in particular in the
class of bounded functions. The authors prove the analyticity of the Stokes semigroup in LZ(Ri) for
1 < g < oo. The case of 1 < g < oo was previously known. Their approach is based on the study of the
Stokes resolvent problem (1-2). In order to circumvent the use of the Helmholtz—Leray projection, one of
the key ideas is to decompose the resolvent operator into a part corresponding to the Dirichlet-Laplace
part and another part associated with the nonlocal pressure term

(A+A) " =Rpr (W) + Ry (V).

Our work uses the same idea, but we need more precise estimates on the kernels than the mere L! bounds
proved in [Desch et al. 2001, Section 3], which are not enough for our purposes.

The L theory for the Stokes equations has recently been advanced thanks to a series of works by Abe,
Giga and Hieber. In [Abe and Giga 2013], the Stokes semigroup is proved to be analytic via an original (in
this context) compactness (or blow-up) method in admissible domains, which include bounded domains
and the half-space. In these domains a bound on the pressure holds, which excludes the parasitic solutions
previously mentioned. However, an intrinsic drawback of the compactness argument is that it only gives
an L* bound on the solution for times 0 < ¢t < Ty, with Ty depending only on the domain. The papers
[Abe 2016; Abe and Giga 2014] build on the same method. Concerning the resolvent problem, it was
considered in [Abe et al. 2015a] by a localization argument, which boils down to applying locally the L?
theory and interpolating to get a control in L*°. These developments enabled the investigation of blow-up
rates (1-10) in L*° for potential singularities in the solutions of the Navier—Stokes equations [Abe 2015].

Locally uniform Lebesgue spaces. The locally uniform Lebesgue spaces LZloc form a wider class of
functions than L. They include a richer spectrum of behaviors, obviously allowing for some singular
behavior (homogeneous functions slowly decaying at co) or nondecaying functions such as locally L?
periodic or almost-periodic functions. The main advantage of this class is that it is easy to define and
visualize, while it includes various class of functions as mentioned above. In the operator-theoretical point
of view, another advantage is that we can characterize the domain of the Stokes operator in the Lﬁloc spaces
if 1 < g < oo (see Section 5), which is hard to expect in the L> framework even for the Laplace operator.
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q
uloc

context of pseudodifferential calculus. Indeed, there is no obvious characterization in Fourier space, which

On the other hand, the main and major drawback is that the L, . functions are difficult to handle in the
makes it difficult to straightly analyze the action of Fourier symbols. Most of the time, one has to first derive
kernel bounds for the symbols in physical space, before estimating the Lzloc norms. Many equations have
been studied in the framework of loc-uniform spaces. Without aiming at exhaustivity, let us mention some
works parabolic-type equations: on linear parabolic equations [Arrieta et al. 2004], on Ginzburg—Landau
equations [Mielke and Schneider 1995; Ginibre and Velo 1997] and on reaction-diffusion equations
[Cholewa and Dlotko 2004]. We refer to these works for basic properties of the space LZIQC'

The study of the Stokes semigroup and the application to the existence of mild solutions to the Navier—
Zloc,a(Rd ), q > d, was carried out in [Maekawa and Terasawa
2006]. Regarding the existence of weak solutions for initial data in Lﬁloc, o
inequality, the so-called suitable weak solutions it was handled in [Lemarié-Rieusset 2002, Chapter 32
and 33]. This result was also worked out in [Kikuchi and Seregin 2007]. Existence of these local energy
solutions is the key to the blow-up of the L norm criteria at the blow-up time proved in [Seregin 2012]

Stokes equations with initial data ug € L
(R?) satisfying the local energy

for the three-dimensional Navier—Stokes equations and also to the construction of the forward self-similar
solutions in [Jia and Sverdk 2014].

Whole space vs. half-space. Fewer results are proved for the half-space and more generally for unbounded
domains with (unbounded) boundaries. Let us emphasize some phenomena related to the presence of
boundaries.

A striking feature of the half-space case is the failure of L' ([R{i) estimates, for the resolvent problem
as well as the semigroup. This fact was proved in [Desch et al. 2001, Section 5]. In the whole space,
the Stokes semigroup is known to be analytic even for ¢ = 1; see [Maekawa and Terasawa 2006]. As
underlined in [Desch et al. 2001], one should relate this lack of analyticity in L' to the nonexistence
of local mild solutions to the Navier—Stokes equations in L' for an exterior domain [Kozono 1998].
Existence of such solutions would imply that the total force acting on the boundary is zero.

On a different note, the Helmholtz decomposition may fail even in L? for some 1 < g < oo for smooth
sector-like domains with sufficiently large opening; see [Galdi 2011, Remark III.1.3]. On the contrary, the
decomposition is known to hold for any 1 < g < 0o, for any smooth domain with compact boundary, for the
half-space and the whole space; see [Galdi 2011, Theorem III.1.2]. The definition of the Stokes semigroup
in L4 spaces for finite ¢ in non-Helmholtz sector-like domains was recently addressed in [Abe et al. 2015b].

The works of Abe and Giga, notably [Abe and Giga 2013], aim at extending results known for the
Stokes semigroup in L?(Ri) to more general domains with boundaries. They introduce a class of
admissible domains (which includes smooth bounded domains and [R{i) in which the analyticity of the
Stokes semigroup holds in L3°. This work however says nothing in general about the long-time behavior
of the linear Stokes dynamics. Indeed the L°° bound for the Stokes dynamics is true only on a time
interval (0, 7p), with Ty depending only on the domain. Notice that 7o = oo for smooth bounded domains
and for the half-space. Regarding the existence of mild solutions to the Navier—Stokes equations in the
half-space for bounded data, let us mention [Solonnikov 2003] (initial data bounded and continuous) and
[Bae and Jin 2012] (initial data in just bounded). These works are based on direct estimates on the kernels
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of the nonstationary Stokes system. Our approach for the solvability of the Navier—Stokes equations in

the nonlocalized class L! (Rﬁ) is based on the analysis of the bilinear operator

uloc,o
U, v) ~> A+ A)"'PV- ), (1-12)

from which we derive bounds for the unsteady problem. A key issue of the half-space as opposed to the
whole space is the noncommutativity of [P and vertical derivatives d; (the commutation with tangential
derivatives does work). This prompts the need to integrate by parts in the vertical direction so as to
analyze (1-12) (see Section 6B below).

To finish this overview, let us mention that stationary Stokes, Stokes—Coriolis and Navier—Stokes—
Coriolis systems with infinite-energy Dirichlet boundary condition were also considered in the context of
boundary layer theory. The domain is usually a perturbed half-space with a highly oscillating boundary
xq4 > (x"). The results of [Dalibard and Prange 2014; Dalibard and Gérard-Varet 2017] are well-posedness
results in the class of Sobolev functions with locally uniform L? integrability in the tangential variable and
L? integrability in the vertical variable. The main challenges are first the bumpiness of the boundary, which
prevents from using the Fourier transform close to the boundary and second the lack of a priori bounds
on the function itself, which requires reliance on Poincaré-type inequalities. The reader is also referred
to [Geissert and Giga 2008], where the Stokes resolvent equations in the exterior domain are analyzed
in the Lﬁloc space. In [Geissert and Giga 2008] the compactness of the boundary is essentially used.

1C. Overview of the paper. In Section 2, the reader can find standard notations used throughout the
paper, the definitions of the functional spaces as well as the computation of the Fourier symbols for the
resolvent problem. As stated above, we rely on the decomposition of the solution to the resolvent problem
into a part corresponding to the solution of the Dirichlet-Laplace problem and a part associated with
the nonlocal pressure. Section 3 is devoted to getting pointwise bounds on the kernels for the resolvent
problem defined in the physical space. In this regard, Lemma 3.1 is the basic tool so as to get the optimal
pointwise estimates. These bounds on the kernels stated in Proposition 3.2 (local Dirichlet-Laplace part),
Proposition 3.5 (nonlocal pressure part) and Proposition 3.7 (pressure) form an essential part of our work.
They are indispensable for the estimates in Lzloc obtained in Section 4. In this section, Theorem 1 is
proved. The next section, Section 5 establishes the analyticity of the Stokes semigroup (Theorem 2) along
with the bounds on the longtime dynamic of the linear Stokes equation stated in Proposition 5.3. Section 6
contains the crucial bilinear estimates (Proposition 6.4 and Theorem 3) needed to prove the existence of
mild solutions to the Navier—Stokes equations (1-1). The proofs of Proposition 7.1, Proposition 7.2 and
Corollary 1.1 are given in Section 7. Appendix A is concerned with the proof of the Liouville-type result
of Theorem 4 for the resolvent problem (1-2). The Liouville theorem for the nonsteady Stokes system,
Theorem 5, is proved in Appendix B.

2. Preliminaries

2A. Notation. Throughout the paper (unless stated otherwise), the small Greek letters «, 8, y, ¢, 1
usually denote integers or multi-indices, and ¢, 8, ¥ > 0 denote small positive real numbers. When it is
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clear from the context, we also sometimes use Einstein’s summation convention for repeated indices. For
(x, x4) € RZ, x" € R?~! is the tangential component, while x, is the vertical one. The complex scalar
number A € C belongs to the sector

Se_e:={pe®  p>0,0ec[—7+e,7—¢]} CC,
with ¢ fixed in (0, 7). For £ € RY~!, we define
() ==V A+ 5% (2-1)

The following inequality is used repeatedly in the paper: there exists a constant C(g) < oo such that, for
all A € Sy_, for all £ e R4,

|wp(€)] = Re(wx(§)) = C(A|'* + [£]).
Finally, let us fix our convention for the Fourier transform: for & € R4-1

() :=/ e EY () dx’
Rd—1

for u € S(RY~1). The inverse Fourier transform is defined by

1
/ V() dE
Rd—1

(Zn)d—l
for i € S(R?~"). Both the Fourier transform and its inverse are naturally extended to S’ (R?~!) by duality.
The definitions of the functional spaces are given in the next paragraph.

u(x') =

2B. Functional setting and notion of solutions. The results of the paper take place in the class LulOC(IR )
of uniformly locally L? functions. More precisely,

Lioe(®) = {1 € L (®))

sup (L fllLrp+0,1y4) < OO}'
neZd*' X2 >0

Let us define the space L” ([R ) of solenoidal vector fields in L?,

uloc,o uloc @

LYo (RD) {f eLl (R /Rd f-Vedx =0 forany ¢ € C§° (R+)} (2-2)
+

Notice that this definition encodes both the fact that f is divergence-free in the sense of distributions (take
test functions ¢ € C, OO(IR )) and the fact that f; vanishes on B[Rd As usual, WLp ([R{ Yforl<p' <00

uloc

(Ri), where p’ is the Holder conjugate of 1 < p <oo, 1=1/p+1/p'. It

D gy < Oo}'

?7€de1 XZZ()

denotes the dual space of L/ _

is defined as
WLSIOC(R ) = {g € Lloc(R )

As is usual BUC([R?i) denotes the space of bounded uniformly continuous functions, and

BUC, (R%) = {f e BUCRY)? | div f =0, f]y,—0 =O}.
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Note that any function in BUC([R{i) is uniquely extended as a bounded uniformly continuous function
on I@d and thus the trace is defined as a restriction on B[RRd of this extended continuous function on H_Qd .
Let us also fix the notion of solutions to (1-2). Let f € L} ([R )¢. We say that (u, Vp) € L! ([R ) x

([R )¢ with pE L (R +) is a solution to (1-2) in the sense of distributions if

uloc uloc

uloc loc

/d u-()\go—Ago)—i-Vp‘(pdx:/d f-edx, goecgo([@i)d with ¢|y,=0 =0, (2-3)
R R

4
and

/ u-Vodx =0, ¢eCRL). (2-4)
RY

Let us notice that the notion of solutions defined by (2-3) and (2-4) is enough to apply our uniqueness
result, Theorem 4. Moreover, we emphasize that the solution u of the resolvent problem (1-2) given by
Theorem 1 is a strong solution, thanks to the estimates (1-3) and (1-4). Hence the trace of u is well-defined
in the sense of the trace of WloC (R ) functions and must be zero; roughly speaking, the trace of the
normal component is zero due to (2-4), and the trace of the tangential component is shown to be zero due
to (2-3).

Remark 2.1. In the definition of the solution in the sense of distributions, since (u#, Vp) € LulOC(IR )4 x
ulOC([RR )¢, the class of test functions is easily relaxed as follows: ¢ € C2(R )¢ with ¢l ,=0 =0 and

¢ € C'(R%) such that, fora =0, 1,2 and 8 =0, 1,

Vi%(x), VP ~O(x|™), |xI>1,

for some « > 0.

2C. Integral representation formulas for the resolvent system. The solution to the resolvent problem
(1-2) can be computed in Fourier space. We build on the formulas for the symbols, which were derived
in [Desch et al. 2001]. In particular in that paper, the authors showed that the symbol associated with the
Dirichlet—Stokes resolvent problem can be decomposed into one part corresponding to the symbol of the
Dirichlet-Laplace resolvent problem and a remainder term due to the pressure. Hence, the solution in the
Fourier side about the tangential variables can be decomposed into & = 0+, with, for all £ e R?~!, y; >0,

v, ya) = 2a)j(§) /Ooo(e—wx(E)lyd—Zd _ e_wk(é)(yd‘f‘Zd))f(%" z4) dza, (2-5a)
N [T & e &1ya _ p=wi(E)ya e p 55
i _/0 Elom®e—jg . oG (330
A [ b g
wq(§, ya) =l/0 01 &) @r (E) = |S|)€ §-f(§,za)dza (2-5¢)

The solution of the form # = v + w is then obtained by taking the inverse Fourier transform. Notice that
v is the solution to the Dirichlet-Laplace resolvent problem, while the remainder term w comes from the
contribution of the nonlocal pressure term. The above formulas are derived for f € C§° (Ri)d satisfying
V-f=0in [R{i and f; =0o0n 3[R§fi. But as is seen below, these formulas are also well-defined for any
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Lfl oc function f. If moreover f is solenoidal, i.e., V- f =0 in the sense of distributions and f; =0 on
E)[RR{’F in the sense of the generalized trace, see [Galdi 2011, (II1.2.14) p. 159], the velocity u, together
with the pressure p defined below, is a solution to (1-2).

The formula for the pressure in the Fourier variables is written as follows: for all £ € R4-1 va >0,

ﬁ(§,yd)=—/ e—lél)’de—wx(f)zd%fd(g’Zd)dzd
0

o 1 1 N
— —&1ya =2 E)za [ . (&, dzi. 2-5d
/0 e e (|§|+M@))l§ f& za)dza (2-5d)

Another useful representation of p is

B va) = —Z ol (e, 0),

€]
which in particular leads to
e 5 §i8 ~eva 5
i§;p&,ya) = |§—|e - 0y,u'(§,0), (2-6a)
Oy, P(E, ya) = i&e™ D00y, (, 0) (2-6b)

for all y; > 0. Formula (2-6) is important when one deals with the nondecaying solutions. Indeed, it
excludes the flow driven by the pressure; that is, the pressure is completely determined by the velocity.
Notice that such a formula rules out the parasitic linearly growing solutions to the pressure equation (see
the Liouville theorem, Theorem 4, proved in Appendix A). By using integration by parts the formula
(2-6a) is also written as

isjﬁ@,yd):ﬁ' i e ¥l = O (0, (8)0,, ' (8, za) — 2,0/ (5, 24)) dza

H
= Z—T 7 e (. ()0 (5. 2a) — 92,0/ (€. 20)) dza. (2-7a)
0
dy P&, ya) = £ - f e~ 8T @ (o, ()20 (£, 0) — 02,0 (€. 24)) dza. (2-7b)
0

The expression (2-7a) is useful in obtaining the characterization of the domain of the Stokes operator
in Lzloc spaces; see Proposition 5.1.
We now define the kernels k1 ;: RY — C and ko RY x Ry — C associated with the Dirichlet-Laplace

part by, for all y’ € R‘~! and y; € R,

e 1
k a = iy'§ —oEyal gg 2-8
120, ya) fR 2 § (2-8a)

and, for all y' € R¥~! and yy, z4 > 0,

. 1
koo (Y's Yas za) 32/ et ———

e~ @) atza) dE. (2-8b)
Rd-1 2w,(8)
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We also define the kernels [Rii xRy — C¥ 1 and ry;: [R{i x Ry — C associated with the nonlocal
part by, for all y/ € R~ and yy, zg > 0,

—1&1ya _ p—or(§)ya
c e € e _ ®
ri(y’, Vd, 2d) :=/ P e wk(f)Zdu dé, (2-8¢)

R~ wy.(§)(wr(§) — I§]) 1€

—I&lya _ o=@ (§)Ya
e e d _ o= ®.(§)ya

rar (s va 2a) = f O g, (2-84)

ie
Rd-1 w3 (§)(wr(§) — I§])

Moreover, the kernel associated with the pressure is defined by, for all y’ € R¢~! and y,, z4 > 0,

eV o1V p— 1 (€)za <i + § ) dg. (2-8e)

0.(¥'s Ya- za) 1=l/ &l wn(§)

Rd—l
Notice that, for all y’ € R¢~!, for all y; > 0,

v(y', yd):/ / ki =2 ya—za) f(Z s za) dza d7
ri-1 Jo o
+ / . / kon(y — 2+ yar 2a) f (2 za) dza dZ, (2-9a)
Ra— 0

o0

w0 = [ [ e =z f @z dzaaz, (2-9b)
o0

wa(y', )’d)Z/Rd]/(; rax(y =z ya, za) - f1(&, za) dza d7/, (2-9¢)
o0

p(y, yd)sz_l/o (' =2 ya, za) - f(Z za) dza d7. (2-9d)

These integral representation formulas, together with pointwise estimates on the kernels, are the basis for
. . p

estimates in L . spaces.
Note that, in view of (2-6), the pressure V p is also written as

V(- ya) ==V (=AY P(ya)ydyu', ya>0, (2-10a)
8}’dp('ayd) :v,'P(J’d)Vaydu/» )’d >0 (2_10b)

Here y is the trace operator on au;ei and P(t) is the Poisson semigroup whose kernel is the Poisson kernel
defined by F~ e 1], We note that, when y dy,u’ belongs to LY (RT=14=1 for some q €[1, 0o], the

uloc

function P (yq)y dy,u’ is smooth and bounded including its derivatives in [R{f’h s=10/",va) € R? | yg > 8} for

each § > 0. This can be proved from the pointwise estimate of the Poisson kernel (and its derivatives) and
we omit the details here. Then, the action of V'V/(—=A")~1/2 or V' on P(yq)y dy,u’ makes sense for each

ya >0, when ydy,u’ € LI (R?~1)?~1 Indeed, one natural way to realize the action of V'V'(—A’)~1/2

uloc
is to define it as

v/v/(_A/)fl/Zf — foo V/V,P(l‘)f dr,
0

which is well-defined for any bounded C? function f (or more sharply, for any bounded C'*¢ function f
with & > 0). The formula (2-10) will be used in Section 5.
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We end this section with the following scaling properties of the kernels, which will be used to work
with [A| = 1: forall y e R~ y; e R,

ki (s ya) = I e (A2 I ya) (2-11a)

and, for all y' € R~L vy, zg € Ry,

ko (¥, va. 2a) = Y kg A2 I 2 g, 1M P20), (2-11b)
(' yas za) = NPT (2 I 2y, 10 2a), (2-11c)
ra (v Yar za) = I g (Y2 I 2 ya, I Pza), (2-11d)
0.5 Yar za) = Mg QA2Y L I P ya, 1A P 2g). (2-11e)

There is no evident characterization of Lgloc spaces in Fourier space. These spaces are easily defined in
physical space. Therefore, a prominent task is to derive pointwise estimates on the kernels. The goal of
the next section is to address this task.

3. Pointwise kernel estimates

Deriving pointwise bounds for the Dirichlet-Laplace part is rather classical. The nonlocal part requires a
more refined analysis.

3A. General ideas for the estimates. Before starting the estimates of the kernels derived in Section 2,
we give some general remarks, which serve as guidelines for this section. First, we always start by
using the formulas (2-11) in order to make |1| = 1. Second, integrability of derivatives of the Fourier
multipliers are traded in decay of the kernels in physical space in the tangential direction. This is the
role of Lemma 3.1 below, which is central in our approach. Third, the analysis of the integrability of
derivatives of the Fourier multipliers sometimes requires us to analyze separately the low frequencies and
the high frequencies, or small y; and large y;. More heuristic explanations are given in [Prange 2018].
The following lemma is standard. Since we use it repeatedly, we state and prove it here.

Lemma 3.1. Let m € C®(RY~1\ {0}) be a smooth Fourier multiplier. Let K be the kernel associated
with m. For all y’ € R4,

KO)i= [ e mede,

Assume that there exists n > —d + 1, and positive constants co(d, n, m), Co(d, n, m) < oo such that, for
alla eN, 0<a <n+d, forall € e R¥1\ {0},

IVEm(&)| < Colg|" “e 8! ifn>1-d. (3-1)

Then, there exists a constant C(d, n, ¢, Co) < 00 such that for all y' € RA-1 \ {0}

c
K| =< W- (3-2)



958 YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE

In the definition of K the integral is, as usual, considered as the oscillatory integral. Note that n does
not need to be an integer. The lemma will be typically used to get bounds on the kernel when y’ is large,
say |y’'| > 1. Let us now give the proof of the lemma.

Proof. The proof is by integration by parts. There are two steps. For the first step, due to the singularity
of the multiplier m at 0, we can integrate by parts [n + d — 2] times, which yields the decay |K (y)| <
C/|y’|”+d—2. Here [a] denotes the Gauss symbol; i.e., [a] is the integer such that a = [a] 4+ § with
5 €10, 1). In the second step, we cut off the singularity around O at an ad hoc frequency R, and integrate
by parts two more times in high frequencies. This makes it possible to get the optimal decay stated in
(3-2). Let y’ € R¥~1\ {0} be fixed.

Step 1: Thereis j € {1,...,d — 1} such that |y;| > [y’|/(d — 1). For such j we have from integration by
parts

iy RGN = [ e ol e

= | xre” T m@E ds+ | (A= xr)e? 9 ImE) dg
Rd—1 J Rd-1 J
=:Igr + 1.

Here R € (0, 00) is fixed (and will be chosen below) and xz € Cgo([R{d_l) is a smooth radial cut-off
function such that xg =1 for |§| < R and xg = 0 for |£€| > 2R. Notice that using the bound (3-1) we get

[(—iy)" 2K (y)] < Co / |g |~ lntd=2lgmeoldl gg < C,
Rd—l

which is not optimal.
Step 2: We have
Igl < Co/ £ g < R, ntd —2=[ntd—2] 49,
|E]<2R
while
|(—iyj)*1Ig| = ‘ /R R (1= o () de

< Cof |§-|n—[n+d—2]—ze—co|§|dé < C()R_I—HS.
[EI=R

Now we take R = |y/|71’ which y1€1dS from |y]| > Iy/|/(d _ 1)’
IK ()] < 1y |72 Ig) + | Hg]) < Cly/ |74 O

3B. Kernel estimates for the Dirichlet-Laplace part. The Dirichlet-Laplace part of the operator is
nothing but the part corresponding to the resolvent problem for the scalar Laplace equation in [R{i with
Dirichlet boundary conditions. The kernels k; ; and kj ) are given by the expressions (2-8a) and (2-8b)
respectively. We recall and prove the following classical pointwise bounds.
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Proposition 3.2. Let & € S, _.. There exist constants c(d, ¢), C(d, &) < 0o such that, for y' € R4-1

ya € R,
12 . 1 1
Ce c|A| |yd|mln log e+ 7 ; s (e d:2,
IAMY2(yal +1y'D )7 I (yal + 1)

/
k120, ya)l < el (3-3)
) d >3,
(yal + 1Y D42A + A2 (Lyal + 1y'1)?
and, fora e N,
Vi . ) < Ce—CMIl/z\ydl (3-4)
1A y ’)’d = 9 -
Y1+ 1ya D=1 A+ A2yl + 1y'D)?
Ce—cM"1yal
Ve, (Y, ya)l < . (3-5)
(Iyal + 1y D=2+« + |12 (lyal + 1Y)
Moreover we have, for y' € R4-1 Va,Z2d € Ry, a €N,
|k2,)\(y/’ Yd, Zd)l
1 1
Ce=cM'0utza) min{log(e+ s p ), - 2}, d=2,
- IM2(va+za+1y'D )" IM(ya+za+ 1Y) 36
- Ce—cM"a+za) (3-6)
, d=>3,
Ya+za+1YDI2A+ A2 (ya +za +1y'D)?
and, for o € N,
|Vk ( / )| < Ce7‘3|}\|1/2(y61+2d) (3 7)
2, A y ) Yd, 2d = ) -
(Va +za + 1y DA+ M2 (va 4 za +1y']))?
|v0{k ( / )| < Ce_cl)“]/z(yd‘i‘Zd) (3 8)
b ?Z —_— . -
PR IS A DT (4 P (g + 2a + 15 D)
Remark 3.3. From (3-6), it is clear that
k2,2 (Y, ya» 2a)|
1 1
Ce=cIM"1ya=zdl min{log<e+ 5 - ), ,2 }, d=12,
- IMY2(ya = zal +1'D )7 1M (Aya = zal + 1Y) (3-9)

Ce—CIM'"?1ya—zal

(Iya = zal +1y'DI2A + A2 (lya — zal + 1y 1)*

and similar estimates hold for the derivatives. Hence the integral operator associated with &, , can be

estimated as a convolution kernel in R? as ky .

Proof. Since these bounds can be estimated in a similar way, we only deal with (3-3). The scaling property
(2-11) allows us to assume |A| = 1 in the following argument.
We begin with the case d > 3. First observe that

/ o—c(+EDa
ks (s ya)l <€ /

< CoViy=d=D) 1
- ] dé <Ce My, (3-10)
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Secondly, for all @ € N we have the pointwise bound

‘Va< ! e—ms)m)‘ _ CerMem i 3-11)
o) RN
Therefore, applying Lemma 3.1 with
m(E) = — el
. (§)
n=—1and Cy := Ce™““ (remember that in this computation y; is a parameter), we get

k1a (Y, ya)l < Cem|y'| 7@,
Combining the previous estimate with (3-10) yields
kix (3, ya)l < Ce™ (1 |+ ya) =72 (3-12)

In the same way as above, integration by parts and (3-11) give

. v 1 Y
|(_ZYj)dkl,x(y/, ya)| = }/ e 53?}_ (—e A(E)Iydl) dé‘

Rd-1 2w, ()
1
<Ce / ————————d& < Ce™ 9,
- ra-1 (1+[&)9H! 5=
which together with (3-10) implies
ks (s ya)l < Ce™ (1Y [+ ya) ™. (3-13)

Combining this with (3-12), we obtain the desired estimate (3-3) for d > 3.
For the case d = 2, it suffices to show

_ 1/2 _ _
k13 (Y, ya)| < Ce 1 Daltog (e +e| A7 2 (Y| + lya) ™), (3-14)

since the other case in (3-3) for d =2 can be shown in the same manner as in (3-13). Splitting the integral
as in the proof of Lemma 3.1, we have

1
SR }’d)=/ e ®lul gg
' & 20,(6)

o e
Y —n(®)lydl J / e L —o@ll g — J
/Re 2wk(§)e xr(€)dE + Re ZwA(S)e (I —xr(&))dE

=I1+1I

On the one hand (3-11) with o = 0 gives

1| < C/ L~y g
ierj<2r 1+ 1&|
1
<Ce f ——d& < Ce Ylog(l1+ R),
ier1<2r 1+ 18|
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and on the other hand, using the identity iy jeiy/-é = agjeiy“é , integration by parts and (3-11) we obtain

/ eiy/'fa§,< 1 e—wx(é)b’dl(l _ XR(S))) d
R

C
1| < —
2w, (8)

Y

from which we have

< Ce ™ ™(R|y')!,

lk1,,.(y', ya)l < CeY(log(1+ R)+ (Iy'|R)™ ).
Hence taking R = |y’|~! we obtain

k1Y, ya)| < Ce™ ¢ (log(1 + |y'| ™) 4+ 1).

Moreover, we have

—1

Ya . 1 o0 ., 1
|k1,k(y/»)’d)|§/ e‘y'f—e—w“f)'ydldg‘Jr/ eVE L gmen@lval gg
0 y

20;.(§) 1 2w,.(8)

‘ i 00 o—l€lya
<ceo( dg + a)
o 1+18] vt &l

< Ce % (log(1+y; ) +1).

Combining both cases, we obtain
k1.1 (Y's ya)l < Ce @ (log(1+ (1Y |+ ya) ™) + 1), (3-15)
which immediately implies the desired estimate (3-14). This completes the proof of (3-3). ([

Remark 3.4 (on the estimate of the tangential derivatives). The tangential derivatives of k; or k, should
a priori be better behaved than the vertical derivatives in y; or z,4, since differentiating in y’ brings a & in
the symbol. We were however unable to get an estimate of the type

Cygleci"lyal

(Iyal +y'De+t”

contrary to Vf,r/{ for which this is true (see (3-18)). A pointwise bound such as (3-18) makes it possible
to prove uniform bounds in A on second-order tangential derivatives in Lzloc, without loss of a factor

IV3kia (Y, ya)l <

log |A| for small |A] (compare (4-32) to (4-30)). On a different note, the argument above also provides
the estimate for the fractional derivative in the tangential variables. Indeed, if my(D’) is any Fourier
multiplier, homogeneous of order o > 0, then we have, for 8 =0, 1,
Ce—clH"21yal
Ima(D)YVPki (', ya)l < :
¢ (Iyal + 1y D=2 B A+ (A2 yal + 1)
p , Ce—c‘l)»ll/z(yd+z[1)
VFPk s Vd, Zd)| < .
) S IV R P (1 AP + 24 + YD)

(3-16)

|mot(D/)

3C. Kernel estimates for the nonlocal part. We now consider the nonlocal part w. We estimate the
kernels r{ and ry ; defined by (2-8c) and (2-8d) respectively. The nonlocal effects are due to the pressure
of the Stokes equations. This part is the most difficult one. As above, our aim is to get pointwise estimates



962 YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE
on the kernels following the general guidelines of Section 3A. We summarize our results in the following
proposition.

Proposition 3.5. Let A € S;,_.. There exist positive constants c(d, €), C(d, &) < oo such that, for all
y eRITL y4, 24 >0,

(s Ya, z) |+ ra (Y, ya, za)|

_C‘}‘ll/zzd
= € yd—1 1/2 : / 1/2 - (B-17)
Va+za + 1Y DT A+ A2 (va +za + 1y D) A+ A2 (va +20))
Moreover, fora =1, 2,
IV O yas z2a) | + IVyra (s ya, za)|
—c|A?zy
= Cyd/ d—1 1/2 . / 1/2 , (3-18)
(a+za+ YD1 L+ A2 (g +za + 1Y D) A 4 [AY2(ya + 2a))
and, for  =0,1,
V583,75 Vs 2) | + 1V 503,70 5. Vs 2a)
C e—cl)»ll/zzd
= /1yd—1 1/2 / 1/2 , (3-19)
Ya+za+ YD A+ A2 (ya +za + 1Y D)A + MV2(ya + za))
and
2 2 / Ce_CmmZd
a9, 1, (¥, ya, za)| + 19 . s Vd, Za)| < . 3-20
| Yd A(y )’d d)| | Yd d,)»(y )’d d)l (yd+Zd+|y/|)d(1+|)\,|1/2(yd+Zd)) ( )
Finally, for 8 =0, 1,
|2z,
B I B ’ Cyd e ¢
V50, r s Vd, Zd)| + 1V, 0,7 , Vd, Za)| < , 3-21
IV 302,750 Yas 2a)| 4 1V 02, 7a 0 (V' Yas 2a) ] it 20 L DT AL P00 T 20) (3-21)
and
Ce_cl)"ll/zzd
10y,02,75 (¥, Ya, za)| +10y,02,7a 1 (Vs Ya, za)| < . (3-22)
e Y (va +2a+ YDA+ A2 (ya + 24))

Remark 3.6. Related to (3-18), as in case of the Dirichlet-Laplace kernel, we also have the estimate for
the fractional derivative in the tangential variables. Let m,(D’) be any Fourier multiplier, homogeneous
of order @ > 0. Then we have

Ima (DY (Y, Yas za)| + |ma(DVra (v, ya, za)l
Cyq
ya+za + 1Y D A+ AV (a4 za + 1Y D)A+ MY (ya + z2a)

e_cl)"ll/zzd

<
—(
(3-23)

Ima(DYVFE(Y, ya, za)| + 1ma(D)Vra (¥, Ya, 2a)l
C e—cllll/zzfz

< .
T atza + YD A A2 (a +za +1Y'D)
Estimate (3-23) is proved similarly to (3-18), and thus the proof of (3-23) is omitted in this paper.
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Proof of Proposition 3.5. Using the scaling (2-11), we assume |A| = 1 for the remainder of this section.
We give the proof only for ;. Indeed from the representations (2-8c) and (2-8d) it is clear that the estimate
of rg, is obtained in the similar manner. By using the identity

L o© -+l
(&) — €] o

we rewrite r; as

1 g _ _ ®
r (Y a, za) = : /Rdl P 5(6 Elya _ , w»\(é)yd) e~ &)z €_|§‘|€ d&

" l/ o€ (b _ gmn®ay g2 5B (3-24)
A Jpa- ;. (§)

=11V ya 20) + 1500 Yas 2a)-
Since A € S;_, and |A| = 1, the factor 1/w; (§) is more regular than 1/|£|. Therefore we focus on the

pointwise estimate of r; |, which is automatically satisfied by r; , as well. Again from |A| = 1 it suffices
to consider the estimate of

2.0 vas za) = /d 1 o€ (e—\élyd _ e—wx(S)yd) A —S SIS dE. (3-25)
Rd—

Step 1: Case y; > 1. In this case, by virtue of the factors e 18 and e=»(&)¥a | the kernel s, becomes
smooth. Moreover, the factor e~“*¢)% gives exponential decay like e~ “% since A € S;_, and |A| = 1.
Thus the main issue is the decay in y” and y,. By the change of the variables n = £y, we see

520, var za) = v, ° /d | iV N (eIl — o= MRy pmen(n/ya)za ”_lfj'n dn
R~
_oydz o
=Yg 51V, Y, 2a),
where ¥’ = y'/y,. We will show that

Ce™ ¢
S: ~/7 y % < T i~ 3_26
15203, Ya, za)| < TENEIG (3-26)

from which we can derive the desired bound of s, for y; > 1, since
Ce ¢4 Cyge
)] < — < e
Ya+1y'DE ™ T +ya+za+ 1D+ ya + za)
by changing the constants C and c suitably. To show (3-26) we first observe that

1.(y", ya. (3-27)

15,3, Ya» za)| < (e7M eclMhe=c% || dy < Ce %,
Y,y n
Rdfl

which gives the estimate (3-26) for the case |y’| < 1. Next we consider the case |y’| > 1. In this case, we
notice that, for y; > landa e N, 0 <a <d+1,forall n € R4-1 \ {0},

va:(e—lnl _ e—«/Ay§+|n|2)e—wx(n/yd)2d nen H < Ce~ U g0l o+l
1 Inl 1~ '
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Therefore, we apply Lemma 3.1 with

mn) = (e~ — o= V/ITHIP ) pwr(n/y0)2a 1B
Il

forall n € RY~1\{0} and K (3) :=5, (¥, ya4, za), Where A, y, and z, are parameters, n = 1 and Co:= Ce ™%,
This gives the bound

5., ya, za)| < C|F/| e,

Hence, estimate (3-26) holds also for |y'| > 1.

Step 2: Case 0 < y; < 1. In this case we have to be careful about both the decay in y” and the singularity
in y’ near y’ = 0. Set Ry = 2 and we decompose s, by using the cut-off xg, as

o= [ an@de [ = k) dE =5t s

As for the term s, jow, We have from |e~Pd — =@ ()¥a| < Cy, for |£] < 3,

shion ' a2 £ C [ eS| de = Cygee = 2
RO = Jjgl<s - T (14 yg +zg)dH!
Here the condition 0 < y; < 1 is used. This estimate gives the desired bound of s, jow for the case
|y’'| < 1. Next we consider the case |y’| > 1. A direct computation implies that, for0 < y; <1, @ € N,
0<a<d+1,forall £ e R\ {0},
§Q¢&

‘Vg {XRo (;’_-)(e—lélyd _e—wx(é)yd) e—wx(%’)Zd > <5 }

el (1= Cyge™ 0 |E|7 Ty, (&) < Cyge™ e 0Bl |g =+l

Hence, we can apply Lemma 3.1 with

=13
€]

for all n € R4~! \ {0} and K (y') :=s2 1ow()', Ya, za), where A, y; and z; are parameters, and n = 1. This

m(g) := XRo (g)(e—lélyd _ e—wx(é)yd)e—wx(é)zli

yields
|7, 10w| < Cyaly'| e
for |y’| > 1. Combining this with the estimate in the case |y’| < 1, we have

)| < Cyae ™
T (U4 yatza+ 1y DI+ ya+za)

|s)\.,10W(y/7 yd’ (3_28)

for0<ys <1, z;g>0,and y' e R,
Finally, let us estimate sy nigh. Since the associated symbol is smooth, the singularity around y =0is
the main issue. The key point is to use the smoothing effect from the symbol

e gm o ®va — (] (gl @)y lElya
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Indeed,

s A2
_ =gll1= ) = ol O(_>
&1 — i (§) |§|( VIt HE 2|5|f 1+A/|f§|2t 2|g|+ §1°

for |£] > 2 and |A| = 1. Hence, we have for || > 2, O <y; <1l,andforalle e N, 0 <o <d +1,

‘Vg ((e—swd ), —w(é)wi?f)‘ < Cyge—cit g=clélatan) g =, (3-29)

If|y'|> then (3-29) implies, for j=1,...,d — 1,

. . _ _ _ E§®E&
|(_lyj)d+lsk,high(y/a Vi, 2d)| = ‘/d 1 ey Eagdj+l ((1 . XRo)(e 1&lya _ a)x(g)yd) w3 (§)za > 25 £ dé
R~

< Cyge / |£|77 dE < Cyge™,
|€]>Ro

which gives

Cyqe
|53 high (Y, Y 20)] < Cyge™ |y 77! < :
ighly Y Y y (1+yd+zd+|y/|)d+1

since 0 < y; < 1 and |y’| > 7. It remains to consider the case |y'| < 7. If |y| < ys + z4 and |y’| < le’
then estimate (3-29) with o = O yields

2 high (V' Yd, 2a)| < C/ yge e cllbatza) gg
[&1=Ro

<Cyge e—¢ atza)
Cyqe
(yd+Zd+ Iy DI+ ya+za+ 1y D

On the other hand, if 0 < y; +z4 < |y'| < % then we take R > 4 and the cut-off x g, and decompose s;. high
into

$5. high Z/Rm XR(E)(1 — xR, () -+~ d$+/ﬂ%d1(1 —Xr()) - d§ = Ig + 1.

The term I, on the one hand, is estimated from (3-29) with « = 0 as
Izl <C / yae ! d§ < Cyge “R'"",
Ro<|§|<2R

and the term I/g, on the other hand, is estimated by integration by parts,

=iyl = ‘ / e (1= xg) - )d$‘<c yae “|&|7 d& < Cyqe ““R™
€|>R

foreach j =1, ...,d — 1. Therefore, by taking R = |y’|_] we have

Suign 0 ya z)] < 244 o A
Jhig s Vd —= |y/|d—1 — (yd+Zd—|-|y/|)d_1(1+yd+Zd+|y/|)2
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forO<ys+zg <y =< %. Thus, we have arrived at the following estimate for s, when 0 < y; < 1:

120", ya» z)| < 15510w (Vs Ya, 2a) |+ 15x,0igh (V' Ya» za)|
- Cyqe
T Gatzat YDA+ yatza+ YDA+ ya+za)
From (3-27) for y; > 1 and (3-30) for 0 < y; < 1 we conclude that (3-30) holds for all y; > 0. The same

bound is also valid for r{ by the identity (3-24) and |A| = 1. By scaling back to general A, we complete
the proof of (3-17).

(3-30)

Step 3: Next we consider the estimates for derivatives of the kernel. Again we assume that A € S;_. and
|A] = 1, and it suffices to focus on the estimate of s, in view of (3-24) and (3-25). The estimate for the
derivative in y’ is obtained from the same argument as above for s, itself, for the symbol of 8;‘,s,\ is just
the multiplication by (i£)* of the symbol of s,. Hence, the argument for the proof of (3-17) gives the
bound

) Cyd e~ ¢
Vs e 2l = G eyt za + D Fva e )
for |A| =1 and @ = 1, 2. Thus, estimate (3-18) holds.
As for the derivative in y;, we observe the identity
3yy50.(Y's Ya» 2d) = — f eV E g (e 1Ee — e—wx(é)yd)e—wx(é)za’@ dE
Rd—1 3
+/ e IV'E (s (§) — |$|)e_wk($)()’d+Zd)% dE.
Rd—1

Then the first term of this right-hand side satisfies the estimate (3-31) with « = 1. As for the second term,
we see that the symbol (w; (§) —1£])(§ ® §)/|&| behaves like

$®€N{O(I€I) for 5] < 1,
€] o)  for &[> 1.

Thus, we decompose the integral into the low-frequency part || < 1 and the high-frequency part |£] > 1

(@1(8) — 1&]) (3-32)

using the cut-off xg, as in the proof for s,. We can show that the contribution from the low-frequency
part is bounded by

Ce¢Watza) Ce¢Watza)
< ’
(I +ya+za+ 1D~ Ga+za+ 1D A+ ya+za + 1Y DA +ya +24)
while the contribution from the high-frequency part is bounded by

Ce€Watza) Ce—¢Watza)

< .
Va+za+ 1D A +ya+za+ 1Y)~ Gat+za+ 1Y D4 A+ ya+za+ 1y DA+ ya+za)

Here we have replaced the constant ¢ > 0O suitably. Collecting these bounds, we conclude that

Ce ¢

Za)| <
Ya+za+ 1Y DA+ ya+za + 1Y DA+ ya + za)

18y,8,.(Y', ya, (3-33)
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for |A| = 1, which implies (3-19) with 8 = 0. A similar observation yields the estimate (3-19) with g =1
and also (3-20). The details are omitted here. Finally we consider the estimate for the derivative in z4.
Again it suffices to consider the estimate of s, with [A| = 1. We observe from (3-25) that

3ey$1 (¥, Ya» 2a) = _f " (oI _ gmn©) o= @0, )2 D5 g

Rd-1 €]
= —/ ei)’/'f (e—|§|yd _ e—wx(f))’d) e—wA(f)ZdElS ®§& d
Rd-! &1
_|_/ eiy"éf (e—|§|yd _ e—wx(é')yd) e—a)x(S)ZdUSI _ wk(é))i?lg dE.
Rdfl

Then the first term of the right-hand side has a pointwise estimate similar to that of Vys;, which was
already obtained, while the symbol of the second term has behavior to that of s, for |§| <« 1 and also
decays faster for |£] >> 1. Hence the second term satisfies at least the same estimate as s,. From these
observations we conclude that

)l < Cyae
T atza+1YDIA+ya+za)

192455.(Y', Yas Al =1.
This proves (3-21) with 8 = 0. Estimate (3-21) with § = 1 and estimate (3-22) are proved in the same
manner, and the details are omitted here. The proof of estimates (3-17)—(3-22) is complete. O

3D. Kernel bounds for the pressure. The goal of this section is to prove the following bounds on the
pressure kernel g, defined by (2-8e). These bounds are crucial to the estimate of the pressure in [Maekawa
et al. 2019, Sections 2-5].

Proposition 3.7. Let A € S;;_.. There exist positive constants c(d, €), C(d, &) < 0o such that, for all
y eRT y4, 24> 0,

12
00 v )] < — S (3-34)
BRI = G DT
Moreover, fora =1, ..., 3,
—cl)»ll/zzd
V%25 Y 2a) |+ 102 a5 v 2a)] < ——= , (3-35)
Y Y (ya +za + |y'|)d-1+e
V95 () )| < Cem (3-36)
10y, Y > Vd, 2d)| = s -
yo (Ya + za + |y'])4+!
and, for B =0, 1,2,
_ |)\|1/2
IVE0,q3 (¥, yas za)l < Ce ¢ /Zr; : <|x|1/2+—,). (3-37)
(Ya +za + [y')i-1+8 ya+za+ 1yl

The general scheme of the proof is the same as for the kernels corresponding to the nonlocal part (see
Section 3C). Again, using the scaling (2-11), we assume without loss of generality that |A| = 1.
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Proof. Step 1: We assume y; > 1. By the change of variable n = £y,, we get

i i ~Inl — n U [
&Y, Va,s 2d) = ﬂ/ !V =l g=wr(n/ya)za (_ + )dﬂ _ qu(y/’ Vs Zd),

Ya = IR Inl— @;,2(0) g
with ' = y’/y,. We aim at proving
Ce™ ¢
1.5, ya, za)| < RN (3-38)
from which we can derive the desired bound of ¢, for y; > 1,
Ce ¢4 Ce ¢4 (3-39)

g2 (', ya, za)| < < :
Ya+ 1D T (ya+za+ 1yt

by changing the constants C and ¢ suitably. For |y| < 1, we simply bound the integrand by its modulus
and get

132G Vas za)| < e~ / L Ay e,
"

hence (3-38). For |y| > 1, we rely on Lemma 3.1. It follows from the bound

‘Vg{e—me—m(n/ydm(iJr n )}
|77| wkyﬁ(n)

valid for all n € R4\ {0}, and the lemma that there exists C > 0 such that for all ' € R, y;, z4 > 0,

< Ce_cz"e_C°|'7||n|_“,

—CZd

132.(7, ya» za)| < W
This implies (3-38).
Step 2: We now deal with the case y; < 1. We split the kernel between low and high frequencies:

q = /Rdl XRo(§) -+ - d§ +,/Rd1(1 — XRo()) -+ d§ =: g5 1ow + G5 high-

We first deal with g, jow. Our goal is to show that

—CZd
1@ 10w (Y, Ya, 2a)| < Ce Nd—1°
Ya+za+1yY'D

(3-40)
If |y’'| <1, we bound straightforwardly and get

| ( ’ )l <C —czg < Ce_CZd
G low(y , Yd,2a)| =Ce ™0 < ————r—,
o (ya+1y'D4!
from which (3-40) follows up to changing the constants ¢ and C. If |y’| > 1, we apply Lemma 3.1 and get

e—czd Ce—czd

d» 2d)| < < ,
ly'1971 = (ya + 1y'D4!

g3 10w (Y, Y
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from which (3-40) follows up to changing the constants ¢ and C. We now handle g; nigh. We aim at

proving that
Ce

Za)| < .
(ya +za + y'H!

g2 high(Y's Ya, (3-41)

If |y'| > %, we integrate by parts d times and obtain for j =1,...,d — 1,

ivgd (1 — —[£1a —wx(é)zc/(i i))d)
i © 5/(( Kro)e Te ERIGY A

< Ce ¢ / 1E179 dE < Ce %,
1> Ro

|(=iy))? @ nigh(Y's Ya, za)| = )/

which gives
Ce ¢ (Ce

Y Sy

1@ high (Vs Ya, 2a)| <

from which (3-41) follows. If |y’| < Alf, we directly bound the kernel by

|G migh (V' Ya, za)| < Ce Otz
which implies (3-41) in the case when y; +z4 > |y'|. If |y'| < % and yg +zq4 < ||, then we take R > 4

and the cut-off xg, and decompose g;. high into

q3.high = /Rdl XR(E)(L = xRy (8)) - - - dE +/Rdl(1 — XR(§)) -+ d§ =1 Ip + IIg.

The term /g, on the one hand, is estimated directly,
e[ etagsce Rt
Ro=<|§|<2R
and the term I/, on the other hand, is estimated by integration by parts,
(—iy)* gl =< Ce™% | |g|7dE < Ce R
| Yj
|§1=R

for each j =1, ...,d — 1. Therefore, by taking R = |y’|~' we have

—CZd
|3 high(Y's Ya, za)| < T

forO<ys+za <|y|=< le’ which yields (3-41). Consequently, we have proved (3-34).
The bounds for the derivatives (3-35)—(3-37) are obtained in a rigorously similar way. Therefore, we
do not repeat the argument. (I

4. Resolvent estimates

This section is devoted to the proof of Theorem 1. In particular, the resolvent estimates (1-3)—(1-7) for
the Dirichlet—Laplace part and the nonlocal part are shown in Sections 4A and 4B, respectively. Note
that since we work on the space including the nondecaying functions, an assumption on the behavior of
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the pressure p itself, rather than V p, is needed to ensure the uniqueness; see Theorem 4. Indeed, if one
allows the linear growth for p, the uniqueness is proved only “modulo shear flows” in general. The proof
of Theorem 1 including the uniqueness part is completed in the end of this section.

The general principles to estimate the integral formulas (2-9) are to localize the integrals on small
cubes and to use convolution estimates in the tangential direction. Integrals in the vertical direction on
z4 € (0, 1) may require relying on singular integral estimates. Further insights are given in [Prange 2018].

4A. Estimates for the Dirichlet—Laplace part. In this subsection, we prove the LflOC—LleC estimate for

the resolvent problem for the Laplacian. The following lemma plays a crucial role for our purpose.

Lemma 4.1. Assume that

1 1 1
l<g<p<oo, 0<—-———<-. 4-1)
q9=p g p - d
Define the functions K = K, (y', yq) and K' = K; (y', yq) by
1 1
Ce—c|)u|1/2|yd| min{10g<g + 3 p >’ p 5 }, d= 2,
P Y20y T+ 1yaD )" IR+ 1yaD 4o
)L(y ayd) - Ce—C|)»|l/2\yd| ( B )
; d >3,
("1 + 1ya D2 A+ A2 T+ |yal))?
C =M1yl
K, (Y, ya) = (4-3)
’ (/1 1yaD= 1+ A2+ yaD)?
for A € Sy _.. Then there exists a constant C = C(d, €, q, p) > 0 (independent of 1) such that
C _
1Kiy Fllig,, < 570+ A RPN Fll g (4-4)
C _
||K)/L *y f||L5loc < W(l + |A|(d/2)(l/q l/p))”f”LZk,c’ (4-5)

where x, denotes the convolution in R4,

Proof. Since both estimates can be proved in the same way, we will only deal with (4-4). For n =
(', na) € 7971 x 7~ we estimate the L” norm of K, %, f in the cube of the form B, = B;, X [na, na +11,
where B);, =n'+[0, 11971, We first consider the case when d > 3. Without loss of generality we may
assume that 7 = 0. Let x, be the characteristic function on the cube B,, for « € Z¢. Then we have

(K) #y f = (Z x,sKA> %y (Z Xaf> = Y (xpK)xy (ta ).

ﬂEZ‘[ aecZd a,ﬂEZd
max |o; +;|<2

due to the support of x4 and x,. Thus, the Young inequality for convolution yields, for 1/p=1/s+1/g—1,

1Ky fllrsy < D IxpKall ooy | X f llLowe)
a,Be7?
max |o;+p;| <2

= Z 8 Ko ll s ety | Xoo f | Lo ety + Z 1% Kol s ey | Xoo S | Lo ety =2 T+ 12

max |B;|<2 max |f;|>3
max |o; +B; | <2 max |e; +B;| <2
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For the estimate of /; we have
R

:C/ |)\-|(d_2)s/2|Z|_(d_2)s(1+ |Z|)—2S dZ|)»|_d/2
Rd

< C|)L|(d2)s/2d/2<f ||~ dz—l—[ RS dz)
lz<1 |z>1
< C|)\|((d—2)s)/2—d/2,

where we have used the assumption (4-1) in the last line. Therefore

h=C Y lxpKallw@nlfllzs g

max |B;|<2
< C|)\|(d 2)/2— d/(ZS)”f”Lq (Rd) < C|}\|—1+(d/2)(1/‘1 1/P)||f”qu (R‘/)
In order to estimate I, we further decompose the sum in g as
L= Y K@yl il @+ Y IxpKallpeolflls g

max |8]|>3 max |]<3
Bacl 1Bal=3

Using (4-2), we have

Ba+1 12 ' 1/s
Z ||X,3K}»||LS([R4) <C Z </ e CSIA |ydf |)\|—3s/4(|yl|+|yd|)—(d—2)s—35/2dy/dyd>
IB !

max| 8>3 BacZ d By
BacZ max |8]|>3
< CIATA N MR N (| gy T2
Bacl max |B/[>3
<CI YT e M G gy ) 712
Bac?

< C|A|3/4/ efc|}\|1/2tt71/2dt < Cmfl
R

On the other hand, from (4-2) we also have

Ba+1 J 1/s
Yo IxpKallpmn < Y. Y, (f / |yal =17 dy’ dyd)

|Bal=3 |Ba1>=3 max |B!|<3
max |B/|<3
<Ci™t Y] Bl =c
|Ba|=3

Therefore we obtain
L < CIM S lls

Thus we obtain (4-4) for d > 3.
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For the case when d = 2, from (4-2) we easily see that
KL (s ya)l < IMAAY T 1vaD ™2 A+ A2 AY T+ Tya)) ™

By using this bound, the same argument as for the case d > 3 applies to prove (4-4) for d = 2. So we
omit the details. ]

Proposition 4.2. Let A € S;_, and let my(D') be any Fourier multiplier (in the tangential variables),
homogeneous of order oo > 0. Assume that p, q € [1, oo] fulfill the condition (4-1). Then for the function v
defined in (2-9), i.e.,

o0 o0
U(y/’yd)=/d1/(; kl,x()’/—zl,yd—Zd)f(Z/,Zd)ddeZ’-F/d1/0 ko (Y =2, va.za) f(Z', za) dza dZ,

with the kernels ki ; and k. given in (2-8a) and (2-8b) respectively, the following estimates hold: there
exist positive constants C(d, ¢, q, p) < 0o and Cy = C(a, my, d, €, q) < 00 (independent of \) such that

C
iz, < 570+ O VA T (4-6)
¢ @/2)(1/g=1/p)
IVl < Ikl—l/z(l + Al WAL, (4-7)
/ CO{
Ima(D)vllpe < W——aw|lf||LZIoc’ ae(0,2),
(4-8)
/ o
lmo (D) Vvl < W—_amllfllqm, a €0, 1).
Moreover we have, for 1 < q < 00,
_ 172
IV2ulle < C+e P log [ADIflle - (4-9)

Proof. We extend f by zero in R and still denote the extension by f. By Proposition 3.2 we have
k1.2, ya)l < CKo(y', ya) for y' € RY™! and ys € R, and ka1 (Y, ya, za)| < CKo (Y, ya — za) for
vy e R4—1 and va, 2 = 0, where K > 0 is the function defined in (4-2). This shows that

g = <
loligr @iy =CIK*|fllr @) <CIK*|fllLr @,

C _ C
< —(+ |)L|(d/2)(l/q 1/P))||f||L —_

— (d/2)(1/q—=1/p)
< ) = 35 (L H 1A ML @)

which yields the desired estimate (4-6). Since the estimates (4-7) and (4-8) can be proved in the same
way (for (4-8) with o € (0, 2) we use the pointwise bound (3-16) and then apply the calculation as in
Lemma 4.1), the details will be omitted.

In order to prove (4-9), we focus on the estimate for (VZ%ky) *y, f, since the term associated with the
kernel k, is easier to handle. As in the proof of Lemma 4.1, it suffices to consider the L? norm in By. We
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take the decomposition

1(V2kr )%y f Nl LBy = H ( > xﬂvzkl,x) % ( > xaf)

pezd aczd

L9 (RY)

< D VR Ot )l o ey

a,pez?
max |o; 45| <2
= > N0Vt + Y, 106V k)% Xa )l Loge)
max |B;|<2 max|B;[>3
max |e; +B;| <2 max |o; +5;| <2
=:L+D.

By (3-5), the Hormander—Mihlin theorem applies for V2k; ; and therefore

L<C Y lxefllo@y < Clflls md)

max |o; | <4

We further decompose the sum in 8 as

L< Y lVkialpeylfle e+ Y, IxeVikioloeslflls g = Thi+ha.
max |8/|>3 max |8/|<3
BacZ |Bal=3

Using (3-5), we have

Ba+1 12
Y kg Vihiallney <C Y Y / e 'W'/ (Y1 +ya) ™" dy' dyq
I3d B‘;/

max |8/|>3 Ba€Z max |B]|=3
ﬁdel
<C Y e ML N (8 B
BacZ max |B/|>3
<C Y eI 4 |y
BacZ

< c/ M T ar < O+ e Tog ).
R

On the other hand, from (4-2) we also have

Ba+1
Y s Vkillpey < D> > f / ya'dy' dya
|Bal>3 1Bal=3 max|pl|<3”Pt 7By
max | B/ <3
<C ) B;'=c
|Bal=3

Therefore we obtain
L= C+e M log Il il - O
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4B. Estimates for the nonlocal part. In this subsection we give the L” -L? estimates of

74
uloc “uloc

o0
w' (Y, ya) =T'L10, ya) = / f r (' =2 ya. za) f (@, za) dza dZ,
RE=1JO (4-10)

(e8]
wa(y', ya) = Ll f10, ya) = /d 1 / rar(y =2\ ya, za) - f1(Zs za) dza d7
Ré-1 Jo
where the kernels are defined by (2-8c) and (2-8d).

Proposition 4.3. Let A € S,_, and let my(D') be any Fourier multiplier, homogeneous of order o > 0.

Assume that
l<g=p=<oo or 1<g<p=<o0 with051—1<l. 4-11)
g p d
Then for the function w defined in (4-10) the following estimates hold: there exist positive constants

Cd,e,q,p)and Cy = C(a, mqy, d, €, q) (independent of L) such that

C

hwilzg, < o+ O VA T (4-12)
IVwlyy, < im0+ A @YYy f g (4-13)

||ma(D/)w||L3]0C = |)L|(2——aa)/2”f||Lgloc’ a € (0,2),
(4-14)

||mol(D/)Vw||Lzloc = W||f||Lgloc, a e (0,1).

Moreover we have, for 1 < g < oo,
_ 1/2

IVwlie < C+e ™ log ADIfll e - (4-15)

Remark 4.4. Estimate (4-13) holds even for the case p = ¢ = 1. Similarly, if & € (0, 2) then (4-14) holds
also for the case p = ¢ = 1. It is not difficult to check these facts from the proof below, and we do not
give the details here.

Proof of Proposition 4.3. We focus on the estimate of w’ = I'[ f], for the estimate of wy; = I;[ f] is
obtained in the same manner.

Step 1: We first focus on the estimate of I'[ /'] itself. The next steps will be devoted to derivative estimates.
Our estimate is based on the pointwise estimate (3-17) of the kernel r,. In particular, we often use the
estimate

—clA|2z4

Cyge
IMY2(ya + za + 1y DA+ A2 (va + 2a)

I (Ys ya» za)| < (4-16)
which easily follows from (3-17). Notice that the variables y,; and z; are not interchangeable with each
other. In particular, we do not have exponential decay in y;. Hence the trick used in the previous section,
which transforms the action of the kernel into a convolution, does not work here.
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Let n = (', ng) € 797! x Z~¢. Let us estimate the L? norm of I’ in the cube of the form B, =
B;, X [n4, na + 1], where B;/ =’ +[0, 111, Without loss of generality we may assume that ” = 0. Let
X be the characteristic function on the cube B;/. Then we have for y = (y', ya) € By x [14, na + 11,

ri (o Vd, 2a) *y f/(-,Zd)=< Z Xa/r,{(-,yd,Zd)) *y( Z Xﬁ’f/(',Zd)>

o'ezd-! B/ezd-
= D Gwri(oyaza) xy (e (L 2a)),s
(X,,,B,EZd71
max \a;+ﬂ;|§2

due to the support of x, and xg. Thus, the Young inequality for convolution yields, for 1/p =
1/s+1/q—1,

[e.¢]
||I/[f/](',)7d)”LP(B(’),) = Z /0 I xar?5 (- s Vs Za) s a1y 1 xg fC- 5 2a) |l o -1y dza
a/,ﬁ,EZaLl
max \oz;-i-,B[/ |<2

o0
= Z / ||Xa’ri('»yd,Zd)||LS(Rd*1)||Xﬂ’f/(',Zd)”Lq(Rdfl)dZd
max |o}|<2
max\a;+ﬁ;|§2 -~
+ Z f ||Xa"’,/\('sydaZd)||LS(Rd4)||X/3’f/('»Zd)||Lq(Rd4)dZd
max |o]|>3 0
max |, +6; |<2
=1+ Db.

For the term I the data is localized and max |8’| < 4 holds, and therefore,

o n+1
L =C Z/ I75.C s Yas z) | s @a-n) L Gy za) lLa g1 <8 dza
n=0"*"

1
SC/ 73 (o yas za) s a1 L C- 5 za) Loz <8y dza
0
1/q

S n+1 ,
+C Z( / 175 s vy 2N i, dZd) [T
n=1

=D+ Lo
From 1/p=1/s+1/q — 1 the pointwise estimate (4-16) implies
) Cyg e
7 Coo yas za) llps qa-1y < 20 20 + 20)) g T 20) F@= D072 =179)
C e~z

4-17)

< .
T AMY2A F V2 (va 4 2a) (Ya + zg) @ DAa=1P)
To estimate /1 ; for the case p = g we introduce the operator 77 ; given by

e_cl)"ll/zzd

h(zy)dz,.
A (g 1 2g)) ) 42

1
(Toah)(va) = /0
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It is straightforward to see

C
Ty 1h x < —|h|lr= .
71,1kl |A||| L2 0.1)

Moreover, we have

1
1T, 1h(ya) < WHhHL;d(o,n,

which implies

7, 1h||Lloo < mllhllL 0.1)-

Thus, 77 ; is bounded from L'(0,1) to L1’°°([R§+), where L1’°°([R§+) is the weak L! space on R . By the
Marcinkiewicz interpolation theorem, 77 1 is bounded from L%(0, 1) to L4(R) for any 1 < g < oo, and
we have

IM11llLewy) < ||f g » 1 <g=oo. (4-18)

A
Next we estimate /7 for the case g < p. Note that (4-17) implies, for y4, z4 > 0,

C
AT+ M ]yg = 2aDlya — 2al @ DT 170"

Then, recall that0 <1/g—1/p < 1/d, which implies 0 <s(d—1)(1/g—1/p) <1forl/p=1/s+1/q—1.
By the Young inequality for convolution, the term /; ; is estimated as

7. Yas 2a) L ps -1y <

1 1/s )
I illy, < IE (/R A+ [272ya D)’ [yal @D /a=1/p) dyd) If e

/
= |A[1=@/2)(1/q=1/p) 1 g (4-19)

(RI=1)
(IR ) for g € [1, oo] (e.g., it is shown from the expression of 77 1), and the details are

Here we have used the fact s > 1 since g < p. It is also not difficult to see I; | € Llloc([RJr;
when f' e L
omitted here. To estimate /; , we observe from (4-16),

uloc

uloc

o0

o , . S
r/ ) » < s — dZ
Z(f oo 2l sy 42 |A|1/2Z(1+|x|1/2(yd+n>>(yd+n><d D7a=17p)

n=1

C 00 —c|A| V224
= 12/ 172 O 42
A2 )y (A2 (ya+za)) (Yatzq) @ DA/a=1/p)

C
S A
x|
which shows
x < — X
11213 mllf Iz
Hence we have
a3 <—(1+|x|<f’/2>“/q YV llgg . p. g satisty (4-11). (4-20)

|A]
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Next we estimate I,. First we observe that, when max |alf| >3,

—cA[V2z4

Cyge
d—
®D = T gt zat 1o DI A+ 20+ ya +za e DY A+ A2 (g +2a))

—cAV2zy

| Xe73 (s Yas za) ll s

Cyge
|)\|1/2(1+)’d+2d+|a D4 A+[A1Y2 (ya+24))

Thus we have
12,

00 n+1 Cyg —cq'|A| 1/q
I < ; - dz !
2= ) Z(f T T e A BT Gn T o) d) 1N

'ezd~1 n=0

Cyq e—Cl'?n /
,EXZ;IZ 21+ ya +1 + 12/ DAL+ M2 (va + 1)) 1 W,
=2 f Coue dzall f'll o
S o A+ ya o za DT+ M (va + 2a)) Ll

Then

Cyq f —clal?z4 /
L= 2: dz
’ M2 Sy (U vatza 1D 200+ zap el e,

a'ezd-1

Cya 00 e—c\kl'/zzd
SR % dzal £l

|A] o (+ya+za)A+IAY(ya+ za)) uloc

C [ e
< d ! , 4-21
— |)\‘|1/2‘/(; (1+|}\,|1/2Zd) Zd”f ||LZloc ( )
which implies
2]l <—IIf e (4-22)

|A]
Combining (4-20) with (4-22), we obtain, for p, g satisfying (4-11),

[REWAR | P~ m“ + ARy |
Note that the above proof also shows that I'[ '] € Ll (Ry; LL (R?™Y)if ' e LT (R9) for some
q €[1, oo].
Step 2: Next we consider the estimate for the derivatives. We will use
Ce—¢M"?za
0 S I T (1 oa (v 2a + D)

for o =0, 1, which follows from (3-18), (3-19), and (3-20). Here &, is the Kronecker delta. From (4-23)
we observe that, for § € (0, 1),

|Vt (4-23)

Ce—CW]/ZZd
IMS2(ya 4 za + 1Y DA+ A V2 (ya +za)) '

VO, ya, za)l < (4-24)
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By arguing as above, we see

1
”VI/[f/](‘,yd)”LP(B(’)/)Scf IVEL G a2 s L G za) oz <sy dza
0

1/q'

e n+1 ,
+C Z( f 1975, (-, yas 20N gy dzd) .
n=1

o0
+ Y /0 e V75 Y Za) i X £/ (- 2a) | o a1y dza

max |a}|>3
’ ’
max |e; +8; | <2

=11+ 1+ 115

The last term /1, is computed as in the derivation of (4-21) and (4-22), and one can show

cC [ oMz
I < dzqll f’'
2= Z |)\|1/4‘/0 (1+yd+zd+|y/|)d—1/2(1+Mll/z(yd_i_zd))l/z allf ||LZ10C

o' ez7d-1

C 00 p—clalz C
/ ’
: I)»Il/“/o (1+24)1/2 dzall fllg,, = e 1 g, (4-25)

As for 111 1 and 11 », it follows from estimate (4-24) that
Ce—c"za
IAS2(1 + [MY2(ya 4+ za) 1 78 (ya 4 zg) @D /a=1/p)

Take § € (0, 1) small so that s(6+(d —1)(1/g—1/p)) < 1. Then, the Young inequality as in the derivation
of (4-19) implies

IVr (s Yas za)ll s a1y < (4-26)

1 I/S
11 < d /
My, = |A]5/2 (/R (L4 M2 yg s T8 [yg [sG+@=D)(T/g=1/p)) yd) ALVE

/
= m=ana—im 1 g, (4-27)

On the other hand, the term II; , is estimated as in the proof for I; » by using (4-26), and we have

o0 e—ClM
1111 2]|L < sup /
a2 e (LAY (va 4 2a) 8 (va + z2)P T DA/a=1p)

dzall £l

C 00 e—cM'?za
<su dzall f'll e
ydp |A5/2 /; A+ [AV2(ya + za))' 2 (Ya + za)° Lutoe

C
=< M'—l/z”f/”ﬁ . (4-28)

uloc

Thus, we have from (4-25), (4-27), and (4-28),

C _
||V1/[f/]||LgIOCSW(l—i‘lM(d/z)(l/q YIS g o O (4-29)

Q=
S| =
INHEE
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Note that the case p = ¢ =1 is allowed in (4-29). The proof of (4-14) is the same as above (it suffices to
use the bound (3-23)), and we omit the details.
Step 3: Finally we give the estimate for V2I'[ f']. Our aim is to show

V21U Mg, < CA+e M log ap i fllys . 1<q < oo, (4-30)

The key pointwise estimate reads

Ce*C|}\|1/21d

V25 (Y, Ya, za)| < ,
» (va+za+1y'D?

which follows from (4-23). This bound implies
Ce—<M"za
IV2r. (- v 2a) ety < R (4-31)

As in the proof for I'[ f'] and VI'[ f'] above, we start from

1
IVAI'LFNC L ya)llLagsy,) < © / V275 -y yas z) L el G- za) Loz <sy) dza
0

1/q

S n+1 ) ,
+CZ< / IV2ri (- yd,zd)||§l(wl)dz[1) 1/ g,
n=1

o0
+ > /0 e V275, (-2 Yas 2) | ey s £ (o 2a) | Lagra-1) dza

max |a/|>3
’ ’
max |a; +8; | <2

=: 111 1 + 1111 5 + II]5.
To estimate /11;; we introduce the operator 7' given by
—c|Azq

1
(Th)(ya) = f ¢ o dza.
0 Ydtza

It is straightforward to see
C C
ITH )l = —lhlle: o (TG < —7- 1l g
Yd “d V4 d

for any 1 < g < co. Thus, T is bounded from L?(R5) to L9*°(Ry) for any 1 < g < oo, where L7 (R,)
is the weak L7 space on R;. By the Marcinkiewicz interpolation theorem, T is bounded from L9 (R;) to
L9(R4) for any 1 < g < co. This implies

M1 e,y < C”f,”LZ]DC’ l <g <oo.

The terms 111} , and 111, are estimated much as /] » and I; above and we see
—cA'?zq
———dzqll 'l
1 4+ Zd Luloc

< C+e ™ log AN £/l O

0o ,—c|A|2zy 00
I 2l + Tl < C/ —dz[zllf/llyfl +C/
a 1 Zd uloc 0



980 YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE

To conclude, let us notice that it is easy to get the uniform estimate
2 2
VAL Mg < CIf' s o andthus [ V2wl <Clflle , 1<g<oo.  (4-32)

Indeed, for these tangential derivatives, we can rely on the kernel bound (3-18), which yields

d
R = = 3
(ya +2za)

instead of (4-31). This enables us to get estimates uniform in A following the same strategy as above. We

2
||Vy’r)/\( *y Yd» Zd)“Ll

do not know whether the difficulty we encounter here to show a similar uniform estimate on 83 '[f'] or
agdl '[f']is a technical one or reveals an essential obstruction.

Remark 4.5 (estimates for the pressure). We are only concerned with gradient estimates on the pressure.

q

I e (RL) in the exact same way

From the pointwise estimate (3-35), it is clear that V p is estimated in L
as we estimated V21'[ ] stated in (4-30); i.e.,

—clal\/2
VPl <CA+e ™ log ANl . 1<q<oo. (4-33)
On the other hand, recalling the identity w, (¢ )2 = A+ |£]?, we also have from the formula (2-7a)
_ 1/2
IVplig < CA+e ™ logAD (A= Au'lle ,  1<g <oo. (4-34)

The estimate (4-34) is crucial in obtaining the characterization of the domain of the Stokes operator in the
Lq

uloc SPaces with 1 < g < oo.

Proof of Theorem 1. The estimates (1-3), (1-4), (1-6) and (1-7) are proved in Propositions 4.2 and 4.3 and
(4-33). Hence taking into account Theorem 4, proved in Appendix A, it suffices to show the pressure
gradient given by the formula (2-6) satisfies (1-5). Consider only the tangential gradient V’p, for the
normal gradient can be estimated in the same manner. By the formula (2-6a), the tangential gradient is

written

V'p(ya) = R'V'P(ya) - 8,,u’(0),
where R’ = (R}, Ra, ..., Ry_}) is the vector-valued Riesz transform in R¢~! and dy,u’(0) makes sense
in LZIOC(R"_I) by the trace theorem and the regularity V¥u' € LZIOC(Rﬁ) forae =0,1,2and 1 < g < oo.

By the property of the Poisson kernel Py, (y’), it is easy to see that V' Py, belongs to the Hardy space
HY (R for ya > 0. Therefore from the boundedness of the Riesz transform from ! (R4 to LT (R4
we have

IV PGy, @ty = IRV P(ya) % By, Ol 1 sty
< ||R/V/Pyd||L1(Rd—1)||3ydu/(0)||Lllm(Rd71)
< ||V/Pyd||7-l‘(Rd—1)||aydu/(0)||Lllﬂoc([Rd*1)
< Cyg 'y Oy w1

which proves the desired bound (1-5). [l
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5. The Stokes semigroup in L”, spaces

uloc

In this section we construct the Stokes operator in the L, spaces and the associated semigroup. Usually

uloc
the Stokes operator A is written as A = —PAp, where P is the Helmholtz—Leray projection and Ap is
the realization of the Laplace operator under the Dirichlet boundary condition. However, the action of
P does not make sense in general for nondecaying data, so we need to define the Stokes operator in a
different way. In principle, we follow the argument of [Desch et al. 2001] to define the Stokes operator
but with a slight change of some technical details.

Notice that [Ukai 1987; Cannone et al. 2000; Danchin and Zhang 2014] provide representation
formulas for the solution of the unsteady Stokes problem. However, these formulas involve singular
integral operators, which are unbounded on spaces of nonintegrable functions. Our approach which relies
on the Dunford formula and the Stokes resolvent problem takes advantage of the fundamental insight of
Desch, Hieber and Priiss, which circumvents the unboundedness of the Helmholtz—Leray transform.

Let A € S;,_, withe € (0,7). Let ] <g <ooand f e LY
solution (u, V p) to (1-2) in the class stated in Theorem 1. We denote this linear map from LulOC U(IR )
to L?

uloc,o

T oc, ,(R%). Then there exists a unique
([R{ ) as R(A). For convenience we also write the associated pressure Vp as V p, to emphasize
that V p,, is determined from u by the formula (2-10). Note that y d,,u" makes sense in LﬁlOC(Rd 1) as is
stated in the proof of Theorem 1. What we need to show is that

(i) the null space of R(A) is trivial, and
(ii) the resolvent identity R(A) — R(u) = —(A — ) R(A)R(w) holds for any A, i € S;_,.

Note that (ii) implies in particular that R(A) commutes with R(u). To prove (i), we assume that
u:=RO)f =0 for some f e LI
(2-10). Hence, we must have f = 0 since (4, Vp,) solves (1-2). Thus, R(}) is injective. Next we
toc.o (RY) and set u = R(A)f and v = R(u)f. Then
(u —v, Vp, — Vp,) solves (1-2) with f = —(A — w)v. By Theorem 1 there exists a solution (w, V py,)
to (1-2) with f = — (X — w)v, which is unique in the class stated in Theorem 1, and w = R(A)(u —A)v =
—(A — w)R(A)v by the definition of R(A). Since (w, Vpy) and (u — v, Vp, — Vp,) belong to the
same class as stated in Theorem 1 (in particular, both satisfy the decay condition on the derivative of

aloc. U(Ri). Then the associated pressure V p,, is zero by the formula

prove the resolvent identity. Fix any f € L

the pressure as y; — 00), by the uniqueness result of Theorem 1, we have w = u — v. This implies
RAMf—R(Wf=—A—-—pn)RMA)R()f forany f € LulOC U(IR ), and hence the resolvent identity is
proved.
From (1) and (ii) we conclude that there exists a closed linear operator A : D(A) C Lul oc, U([RR ) —
uloc U(R ) such that the domain D(A) of A is the range of R(A) which is independent of A, and the
resolvent set of —A includes S, _. for any ¢ € (0, w), and (A + A)™ I'=R() for any A € Sy_.. We say

that A is the Stokes operator realized in Lu]OC U(R ).

Proposition 5.1. Let 1 < g < 0o and let A be the Stokes operator realized in L! ([F\Ri). Then

uloc,o

DA)=fuell @R |V'uelL!

uloc

(Ri)s a=0,1,2, u=0 on B[Ri}. (5-1)

uloc,o
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Proof. Theorem 1 implies that for any f € Luloc U([R ), the function R(A) f belongs to LulOC o([RR ),
VRN f € Luloc([R{ )fora=0,1,2,and R(A)f =0 on S[Rd Thus, the domain D(A), which is the
range of R(A), belongs to the set defined in the right-hand side of (5-1). Conversely, let u be any function
belonging to the right-hand side of (5-1). Then the pair (u, V p,) with V p, defined by (2-10) solves (1-2)
with f = Au — Au+Vp,, and f belongs to LulOC o ([RE ) by the definition of V p,, and the estimate (4-34).
This implies that u belongs to the range of R()), and thus to D(A). O

Note that we do not have the characterization of the domain of A in the space Lg° (Ri). Theorem 1
and the definition of R()\) immediately yield the following:

Proposition 5.2. Let 1 < g < oo and let A be the Stokes operator realized in L! (R ). Then for any

e € (0, ) the sector Sy _. belongs to the resolvent of —A and

uloc,o

G+ A Flls < Cell fllps . A€ Saer f € L, (R,
Therefore, — A generates a bounded analytic semigroup in Luloc - (R ).

Notice that A is not known to be strongly continuous, because D(A) is not dense in Lu] oc.o (thisis

seen easily, see for instance [Mielke and Schneider 1995, Lemma 3.1(d)]). Applying Theorem 1, we also
have the L?, -LY 1A

dloc as follows.

dloc estimates for e

Proposition 5.3. Let 1 < g < oo and let A be the Stokes operator realized in L! ([R{ ). Then there

uloc,o
exists a constant C(d, q) < oo, fora =0, 1,

_ d _

, SClIflgs o >0, feLll R, (52
uloc

and when 1 < g < oo,

t

ogesn Vel SCIF g, 1> 0, f € Ljge B (5-3)

Moreover, for 1 <qg <p <oocorl <qg < p <00, there exists a constant C(d, p, q) < oo such that

le™ A fllpp < CE PP L1y fll e >0, f €Ll ,RD, (54

||Ve*’Af||LgmsCr*“2<r WRNUD L 1)) fllpe o >0, f el ,RD. (55

uloc,o

Remark 5.4. In (5-4) and (5-5) the estimates are stated, in particular, for the exponents 1 =g < p < oo,

while the generation of the analytic semigroup in L! (IR% ) seems to fail, by a reason similar to the

uloc,o
case of L' observed in [Desch et al. 2001]. The estimate for the case p =g = oo is also well known. In
(5-3) the logarithmic growth factor appears due to the logarithmic factor in the resolvent estimate (1-4).
This additional growth does not seem to be optimal at least for the semigroup bound, and it is possible to

remove it if one obtains the resolvent estimate such as

IV fllgg < CASfNga +17 2V Il ), (5-6)
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for one can then use the identity

_iA 1 7y —1 1 tA -2
= — A+ A A= —— A+ A A
¢ fzm'/re(+)fd 2;m/re(+)fd
in estimating V2e~'4 f, where the integration by parts is used. Estimate (5-6) seems to be valid, though
we do not give the detailed proof in this paper. We also note that the estimates for the higher-order

derivatives can be shown by our method, but we do not go into the details here.

Proof. The estimate ||e*’Af||qu < C||f||Lq] for ¢ > 0 was already shown in Proposition 5.2, and we

tA

focus on the other estimates. Let us recall the standard representation formula of e™'# in terms of the

Dunford integral
1

—tA
e mf=——
/ 2mi

/e“(/\+A)—1fdx. (5-7)
r

Here I' =T, withx € (0, 1) isthe curve {L € C | |argr| =71, M| = «}U{A € C||argA| <n, |A| =k}
for some n € (% 77,'). Then, estimate (1-3) with ¢ = 1 yields

—tA R(r —-1/2
Ve flig <€ [ ORI a1 g,
r
Since x € (0, 1) is arbitrary, we may take the limit « — 0 and obtain
A OO 1/2 1/2
Ve fllpe < C/ e 2 dr| fllpg < Ce VP fllg o 1>0.
uloc 0 uloc uloc

The estimates of (d/dt)e "4 f and V?e~'4 f are obtained in the same manner. Note that, as for the
estimate of V2e~'4 f, we have for t > 0

oo
IV2e ™ flle SC/ e e~ P logrdr| fll s < Clogle+ D)l flla .
uloc 0 uloc uloc

Let 1 < g < p < o0. To prove (5-4) we first observe that the following the formula holds for each m € N
by virtue of the integration by parts in (5-7):

!
ey T / e+ AL d (5-8)
2wit™ Jr
By taking m large enough, we can choose {qj}’;’zo suchthatgo=q, qj<qj+1, gn=p,and 1/q;—1/q;41 <
1/d. Then, estimate (1-6) is applied for each pair (g, g;+1), and we obtain
e 4 g, <€ [ D10 A) " fl g 1
uloc F uloc

<crm / Y e B Y PR B P e A YA 2N
r

<ci™ / e MO T A @A PO | an | (5-9)
r
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Thus, again by taking the limit k — 0, we have

[o¢]
||e—tAf||Lp S Ct_m/ e—trCOS nr—m—l(l +r(d/2)(1/p—1/q)) dr”f”LZloc
0

uloc

< C(1 4~ @WPWaP| £ g . (5-10)

This proves (5-4). Estimate (5-5) is shown in the same manner by using the formula (5-8) and the resolvent
estimate (1-7), we omit the details. O

6. Bilinear estimates for the Navier—Stokes equations

6A. The symbol of the Helmholtz—Leray projector. The formulas derived for the resolvent problem in
Section 2C are valid for a right-hand side f in the class L”

uloc,o?
vanishes on BRi. When dealing with the Navier—Stokes system, the nonlinear term

i.e., solenoidal vector fields such that f;

u-Vu=V-(uQu)
is such that for any 7’ € R?~!
(- Vu)y(z',0) =u(z',0)- Vua(z',0) =0

by the no-slip boundary condition, but it is not divergence-free. Hence, for f € C OO([F\R‘j’r) and f; =0
on B[Rii, we have to compute the symbol of the Helmholtz—Leray projector P on the divergence-free fields.
In order to compute the Helmholtz—Leray projection we look for a formal decomposition of f into

f=Pf+Vg,
with
V-Pf=0, (Pf)a(z',0)=0 foranyz e R

For the moment f is assumed to be smooth and decay fast enough at spatial infinity. We have to solve
the problem elliptic problem for g with Neumann boundary condition

g=v g b (6-1a)
Vg-eq= fg ondRY,
and such that
Vg(z',z4) = 0, whenzg — o0. (6-1b)

The solution g to (6-1) is expressed in Fourier space by, for all & € R¥~!\ {0}, for all z; > 0,

~2al§| 00 g f ;
8¢, zq) = e fa(&,0) —/ i§-f(€.5)+0afa8. ) [e*|1d*5||$‘ _|_e*(z,1+3)\§|]ds
11 0 20|
_ _foo i& .ff(s,s)[e—ud—sna +e—(z,/+s)|5]ds+1/1d FuE, s)e— @l gg
0 2| 2 Jo

B % /°° fa(E. s)e” 08l gg — % foo fa(&, 5)e” GOkl gg,
2d 0
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Here we have used integration by parts. As a consequence, we obtain the formulas for the Helmholtz—Leray
projection: for all & € R?~1\ {0}, for all z4 > 0,

o0

@'(&m)#’(&mﬁ% i§f' (&, 5)e” Bl e Gt g
0

_E/Zd fu(E, s)e~ @l gg
2 Jo
+% f " fate et g

+%/oofd(é’s)e(z4+s)§|dé: (6-22)
0
and

([I:D/?)d(é:» zd) = —% /OZd ig - fI(&, s)[e” @l 4 o=@t g

o0
+ %/ £ (e, 5)[eCEl =Gl g
lzd ~ A
+ 3 / fa(g, S)[e—\zd—sl\EI _ e—(ZzH-S)I%'I] dE. (6-2b)
0

6B. The Helmholtz—Leray projector and the divergence. In view of the application to the Navier—Stokes
system, we need to analyze the operator

Fell

uloc

— [FDV . F = (Pﬁy(aaFay))ﬂZI ,,,,, d’

rather than the Helmholtz—Leray projector P itself. Here we develop an approach similar to the one of
[Lemarié-Rieusset 2002, Chapter 11]. An analogous method has also been used in other works concerned
with nonlocalized solutions of fluid equations, such as for instance [Taniuchi et al. 2010; Ambrose et al.
2015], reminiscent of [Serfati 1995]. In the setting of the whole space R, let x € C 0 (R%) be a cut-off in
physical space which is supported in B(0, 2) and equal to 1 on B(0, 1). The operator PV - is equal to
V- +D® DV - /—A. The kernel T,g, of the operator D, DgD, /—A is decomposed into

Ta/gy = 8aaﬂ((1 — X)Ty) + 3aaﬂ(X TV) = Aaﬂy + aaaﬂBy,
where T, is the kernel associated with the operator D, /—A. We have Ayg, € WL®(R?); i.e.,

sup [|Agpy| <00
nezd—l x7=0 77+(0y1)d

and B, € Lcl,([R{d). Hence, for any 1 < p < oo, for all f € Lgloc([REd), Aggy * f € LSIOC(R") and
B, x felLl (RY). o
We now return to the case of Ri. We first compute the action of PV - on F € C?O(R‘fr)d . Assume

that, for all o, y € {1, ..., d}, forall 7 € R~1,

Foi(Z',0) = F4,(z',0) = 84 F44(2', 0) = 0. (6-3)
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Notice that we will later take F in product form, i.e., F = u ® u, but for now we stick to the general F just
described. For the tangential component, we have for all £ e R?~!, forall z; > 0, forall B {1, ...,d —1},

(P@u(Fa)}p(E 20) = Py (B (Fay)) (€ 2a)
= it Fup(€, za) + a(Fap) (£, 2a)

7 oo
+ %’3' / (=&ybaFay + 18 0aFay) &, )™l 4 o= Gl g
0

. 2 R ~
_ % / (igaFad + adFdd)(S, S)e_(Zd—S)k-‘\ ds
0
] (o]
+ %/ (l.é‘_aFad + adFdd)(g’ S)e—(s—zd)m d%’
d

. o0
+% / (160 Foa + 84 Faa) (€, s)e” Gl gg
0

Hence, integrating by parts we get

(PP (Fa) (€. 24) = 180 Fup (&, 20) + 0 Fyp (€. 24) — 16 Fga (€. 24)

| ikbpt
20E]

; oo
n 15/32|5|/ Fra(E. s)[e—la=sIEl 4 o=Gatlel] g
0

o0
/ Fay(g,s)[e—\Zd—SIIE\+e—(Zd+s)\g|]ds
0

. 2 R ~
_%f (iSVFdV-i_isaFad)(s, S)e_(zd_s)|f|ds
0
+%/ (igyi;dV—i_isafad)(s, S)e_(s_zd”flds
2d

. o0
+% /O (&, Fy, + it Fua) (5, )eCorEl gs (64

As for the vertical component, we have for all £ € R4-! for all zq > 0,
{P0u(Fu))}a(§, za) = Pay (0o (Fay)) (&, za)

2d — PR
=3 [ B o) i a6 e R g
0
1 [~ = =
+3 / (—€yuFay (€. 5) + 18 0aFay) (§, 5)le™ 7 — o=tk g
2d

(0]
+% f (i8a Fad + 84 Faa) (€, )[e™ 7! — =Gl g,
0
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Thus, again integrating by parts we have

(P (Fu )&, 2) = i Fay (. 20) + 3 /O (Gaty Fay = 1EP Faa) (&, )[e™ ] 4 oGt ¥l g

1

(o.¢]
=5 | (Gaby Fay — 1 Faa) €. 5)le™ 07308 — =Gt ds
2d

|§|f (zgdey+lga ad)(g s)[e~ Gl _ g= a9l gg

|§|f (lf‘;:dey+l§a ad)(s s)[e —(s— Zd)\El_e—(Zd-i-S)IEI]dS (6-5)

Notice that the integrations by parts carried out above are in the same vein as the decomposition of the

multiplier R(A) of the resolvent problem (1-2) into a local part associated with the Dirichlet-Laplace

operator and a nonlocal part coming from the pressure. This technique was introduced in [Desch et al.

2001]. In both situations, the goal is to get around the direct use of the Helmholtz—Leray projector P.
We have to deal with several types of multipliers: for «, 8, y,6,t € {l,...,d — 1}, for & R4-1

g"fgfy ~CmIEIE | gpe” @R s g |ElemCaIBIE, forall E R, 24>, (type A)

é"’fgfy KR, gkpe DRI, g lele IR, forall R s>z, (type B)

Eabpby _ - ~ . ~ _
“|;| Lo 0HOlIEy, g,gpe” CTHORIE,; g, |Ele”CT0EIFy, forall § eR'™, 5,24 > 0. (type C)

All the terms associated with the multipliers (type A), (type B) and (type C) can be handled via Lemma 6.1
below, which will allow us in Section 6C to combine the operator PV - with the operator (A + A) ™.

We develop an idea similar to the one of Lemarié-Rieusset explained above, except that rather than
cutting-off in physical space, we cut-off on the Fourier side. This appears to be more convenient for
us, since we will have a decomposition based on the nonlocal operator (—A’)?~/2 instead of the local
derivatives d,0g.

Lemma 6.1. Let x € C(‘)’O(Rd”) be such that x = 1 for |&]| < 2 and x = 0 for || = 3. Let mp €
C®(R4=1\ {0}) a multiplier in Fourier space homogeneous of order 2, i.e., such that, for all t > 0,
n € R we have ma(tn) = t>my(n), and such that for all € € R~ for all o € N9~

|0'ma(€)] < €177,
Let 6 € [0,2] and let K, € C®(R? \ {0}) (resp. Kg € C® (R4 \ {0})) be the kernel associated with
mo(&)e &l (resp. (ma2(£)/1€17%)e ") ie., forall y e R andt > 0,

K0, 1) :=/ eV EmyE)e 1 de  and  Ko(y', 1) ;:/ o EM2E) iy e
Rd-1

Rd-1 1&12-¢

Then, for each ) € C\ {0} we can decompose K, into

Ky =(—ANCD2Ky e+ Ky <ppres (6-6)
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where the symbol of Kg - 1/2 is

2(5) _;|g|
e

while the symbol of Ky <112 is x (M 7V28)mo(&)e™"El. Moreover, there exists C = C(d) > 0 such that,
forally e RV andt >0,

(1= x (A" 2en 2252

_,|)\|1/2
/
Ko 20, 0D < W, (6-7)
C
K < : 6-8
| 2,§|M1/2(y )l = (|A|—1/2+|y’|+t)d+l ( )

Proof. The decomposition (6-6) simply follows from

L= (1= x (726 + x (117 1%8)

and
ma(§)
mo(E) = P
3
for the “high”-frequency part, and thus, we focus on the proof of (6-7) and (6-8). Set
- my(§) _
my spp2(§, 1) = (1 — x(|A] 1/25)) s Ze o 'El

My, <2 (€, 1) i= x (A28 ma(&)e "5

Then it is straightforward to show

188mg =2 (€, )] < Clg|° e W/DIEl T,
0gmy (&, 1] < ClEP e WL
Hence, as for (6-7), if |y’| > t, then the argument in Lemma 3.1 (i.e., introduce the cut-off in the Fourier
side with the radius R and optimize R later as R = |y’|~!) gives the bound
—t[A]1/2
/
Ko >p2(Y, D < WTJF@’
while if ¢ > |y’|, we simply estimate
Ko ppn(y, Dl < C / §1%e "l dg < CrmatI=OemHE (6-9)
- I§1>212]'/2

by changing the variables t& = . Thus, estimate (6-7) holds. As for (6-8), let us first consider the case
ly'| +¢ > |x|~Y2. If t > |y’| in addition, then the simple calculation as in (6-9) gives the bound

|Ky <2y, )] < ct-1,
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While if |y’| > ¢, then the argument as in Lemma 3.1 yields
, C
Ky <2 (y, D < |y/|—d+1'
Finally, if |A|~'/2 > |y’| + ¢, then we have
Koppat0I=C [ lePde < Cl e

|&<3|A]1/2

Collecting these, we obtain (6-8). U

We now estimate the action of Ky ;12 and K, ;172 on functions in LﬁloC(Rﬁ)-

Lemma 6.2. Let p, g € [1, 0o] satisfy

l<g=p=oo, Osl—l<

q p
Then there exist 0 € (0, 1) and C = C(d, p, q,0) > 0 such that, for all . € C\ {0}, f € L? (Ri), and

uloc

S

vq > 0, we have

< CIA= O A A @D ) g

Ya
/ / Ko sppn (V' =2, yatza) £ (7 za) d2' dzg
0 Rd-1 Lp

uloc

1/2
<CIM21f g, .
Lq uloc

uloc

Yd
/ / Ky <ppn(Y' =2, yatza) f (2 z0) dZ' dza
0 Rd—1

and

Proof. Lets € [1,00] such that 1/p =1/q +1/s — 1. By the condition 1/g — 1/p < 1/d we can take
6 €(0,1)sothat (d —1+6)s <d. We fix such a 6 € (0, 1) below. To show the estimates stated in the
lemma it suffices to consider the case with the variable y; — z4. Then, by virtue of the bounds (6-7) and
(6-8) all terms are reduced to the estimate for the convolution K * f in RY with K, either

< CIA R A @YU g

uloc

o0
/ / Ky o2 (¥ =2, yaEza) f (2, z0)d7 dzg
va -1 L

uloc

0
/ /4 1Kz,g\xpﬂ(yl—z/,ydﬂ:Zd)f(Z’,Zd)dz/dZd
Yd -

<CIM"1 £l -
Lq uloc

uloc

Ce—lvallI'?
Ky(y', ya) = Wl j_ T (for the terms involving Ky -5 1/2) (6-10)
or
C
K, (', ya) = (for the terms involving K, |, 1/2). (6-11)

A2+ 1y + ya D

Note that f is extended by zero to R?. Then, the proof is parallel to that of Lemma 4.1. Without loss of
generality it suffices to estimate the L” norm on the cube By = (0, 1)¢. The case when K, is given by
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(6-11) is easily estimated. Indeed,

1
UL

q 1/q
dy’' dyd)

< S ([ Lo [

nezd I?»I‘l/2+|-|)

Zd
/ K, (y =2, ya—z0) f(Z, za) dZ' dzq
Rd—l

q 1/q
dy' dyd)

a1 ¥y Xnf

<C
) ,721: (A7 |n B

00 pd—1 12
= C/O Wdi’ = ClA| ”f”l‘gloc

Next we consider the case when K, is given by (6-10). Let 1/p =1/s+1/q — 1. Then, arguing as in the
proof of Lemma 4.1, we have from the Young inequality for convolution

||1<x*yf||m30>sC(||Kx||Ls+ > Kl + Y] ||xﬂKA||Lx)||f||Lgm.
max |8/|>3 max |B/|<3
BacZ |Bal=3

Here yxp is the characteristic function on the cube Bg (see the proof of Lemma 4.1). By virtue of the
choice of 6 € (0, 1) above, we see that K; € L*(RY) and

Kol < C|k|_(]_9)/2+(d/2)(]/q_l/p).
Similarly, the direct computation yields

[o,0)
> gkl =€ [ e dr < Cla 00
max |6|>3 0
BacZ

Z xpKallLs < Ce M < ca=0-972, .

max | 8] <3
|Bal=3

6C. The bilinear operator. The goal of this section is to study the bilinear operator
u, v) > A+ A)'PV-u®v). (6-12)

The idea is to combine the results on the operator (A4 A)~! obtained in Section 4 with the decomposition
and estimates for PV - obtained in Section 6B.

Let F:=u®uv withu, v e LUIOCU
Lemmas 6.1, 6.2 is the following proposition.

(R ). The outcome of the computations (6-4) and (6-5) as well as

Proposition 6.3. Let A € S,_, and letu, v € L”, ([R ). Assume that p, q € [1, oo] satisfy

uloc,o

1 1 1
l<g<p<oo or 1<g<p<oo, 0<———<-—.
g p d
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Then there exist 0 € (0, 1) and Gy > pr2(u @ v), G2 V) € Llloc([R{d : RY) such that, for all
gell,...,d—1},

(P (g )} = By (uy Vp) +04 (g vp) = p (wava)+(= AV OGP p@@VHGE @), (6-13a)

0,>2|
(P (av)}d = =y (avy) ) (= AV TGy 1 @) +GL 1 (@), (6-13b)
where Einstein’s convention is used (the sums run over o € {1,...,d}and y € {1,...,d — 1}), and
such that
1Go 2 @@ v)l < CIAIT 24 2 WPy @] g (6-14)
IG <@ ®v)lps < CIMlu@vllye . (6-15)

Here C =C(d, ¢, p,q) > 0is independent of A € Sy _e.

The only thing which remains to be done so as to estimate the bilinear operator (6-12) is to combine
the result of Proposition 6.3 with the kernel bounds of Section 3 and the estimates of Section 4. Doing so
we obtain the important result stated below.

Proposition 6.4. Let A € S;,_.. Forall p, q € [1, 00] satisfying

1 1 1
l<g<p<oo or 1<g<p<oo, 0<———<-—,
q=p q<p g p_d

there exists C = C(d, ¢, p, q) > 0 (independent of A) such that, for all u, v € L? (Rd : RY),

uloc,o

10+ TPV @)l < CIAT A+ WPV u@ vl g (6-16)

Moreover, if Vu, Vv € LY ([R{d) in addition, then

uloc
IVO+A)'PY-@@v)lle < CIal™2(luVolle + vVl ). (6-17)
Remark 6.5. As for (6-17), we can also show
IVOA APV @@ o)l < CIT2A+ @YU (uvolls +vVullp ) (6-18)

forl<g<p<ooorl=<g < p<oosatisfying in addition 0 <1/g —1/p < 1/d. The proof is the same
as in the case p = ¢, but we state the proof only for the simplest case (6-17) in this paper.

Proof of Proposition 6.4. Proof of (6-16): All the ingredients are already proved, we just have to indicate
how they fit together. The key point is the formulas (6-13). The idea is that we integrate by parts in the
formulas (2-9) and then we use the estimates of Propositions 3.2, 3.5, 4.2, 4.3 and 6.3. The estimates
of the nonlocalized Lebesgue norms follow exactly from the bounds in Section 4. In particular, we
recall the resolvent (A + A)~! consists of the Dirichlet—Laplace part (Section 4A), and the nonlocal part
(Section 4B), that is,

(A+A) "' =Rpr (W) + Ryy (M)
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The operators Rp 1 (A) and R, (A) respectively satisfy the estimates in Propositions 4.2 and 4.3, that is,
fora =0,1,

IV*RoL. (W) fllr + IV Rat. (W) fllpr < CIA= 02 7PNV e
and
Ima(DYRo.L. (W) f s+ lIma(D)Rat. () fllps, < CIA™ 2 flle , a€(0,2),
lma(DYVRoL. (W) fllpg + Ime(DYVRa1G) flls < CIMN™" 2| fllpe e (0,1).

Here my (D’) is any Fourier multiplier, homogeneous of order a. Moreover, we also have

IRo.L. (W3 f i+ RatG)3af Nl < CIAIT 24 A @PY=UD) | f) (6-19)

and
Ima(DYRp.L. (M da fllzs, 4 Ima(DY Rt (da flls < CIA™ 2| flle . ae @, 1),

if feCg® (R4 ; R%), by the integration by parts in (2-9) and applying the derivative estimates of the
associated kernels. Thus, Rp 1. (A)d; and R, 1 (A)d, are extended to bounded operators from LZIOC([R{d : RY)
to Lffloc([Rd : R?) with p, g satisfying 0 < 1/q — 1/p < 1/d together with the bound (6-19). Indeed any
([R{i) is approximated by a sequence of functions in C§° ([R{‘i) in the topology of Lfoc([Rii)
with a uniform bound in the norm of Lgl OC(Ri). This extension with the estimate (6-19) is applied to the

term 9d,4(u4vg) in the formula (6-13). This concludes the proof of (6-16).

Proof of (6-17): We first observe that the proof of (6-16) in fact ensures the existence of the number
8o € (0, 1) such that, for any é € (0, §o],

. . q
function in Lo

Ims (D)4 A)T'PY - (@)l g < CIA™ " lu@ vl (6-20)

where ms(D’) is any Fourier multiplier, homogeneous of order §. Indeed, for 6 € (0, 1) in Proposition 6.3
we can take §y such that §y € (0, ). We will use (6-20) later.
Since the tangential derivatives commute with (A + A)~! and P, estimate (6-16) implies

IV'O+A)PY-@v)lle < ClA™ V@@l
and thus, combining with (6-20), we also have
lms(DHV' G+ )PV - @@ v)lle < CIA™ 2V @@ vl (6-21)

for 8 € (0, 8o]. Next we consider the estimate of 9;(A+A) " 'PV-(u®v). Set U = (A +A)"'PV-(u®v).
Then the divergence-free condition implies d;U; = —V’ - U’, and hence, the estimate of d,U,; follows
from the estimate for the tangential derivatives which are already shown. It remains to estimate d,U’. To
this end, we note that, by regarding the associated pressure V'p as the source term, the vector U’ is also
written as

Ug =+ Ap) ' (dpp+ V- (uvp))
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for B €{1,...,d—1}. Here (A + Ap)~" denotes the resolvent for the Dirichlet-Laplace operator (hence,
Rp 1. (1) in the proof of (6-16) above), for which we have already established the estimates in L?,

Uloc Spaces
in Section 4A. In particular, we have

C
—1 N
104+ Ap) =V - @wvplllpg, = IV - (o)l

As for the term d;(A 4+ Ap)~! dg p we have from the integration by parts in the kernel representation,
0+ Ap) ' 9pp = (L4 AN) ' 0p0ap = 0pOh+ AN) T (AU + AUG+V - (wvg)).  (6-22)

Here (A + Ay)~! denotes the resolvent of the Neumann—Laplace operator, for which we have clearly the
same estimates as for the resolvent of the Dirichlet-Laplace operator, since the argument in Section 4A is
based only on the pointwise estimates of the kernel function. Hence the first term of the right-hand side
of (6-22) is estimated as

1295+ AN) "' Uallps < ClldgUallys < CIAIT 2105 @ )l o,
and the third term is estimated as
19 G-+ AN 'V - o)l < CIATV2IV - o)l
Finally, we note that AU; = A'U; — 3,V’ - U'. Then
19p(h+ AN T A Ugllps = I(=A) 220+ Ay (=AUl
< CIAT2I(=A)285Uall s,
< CIM~P9p@ @)l e,

and similarly,
19 -+ AN) 184V U'lla = I(=AY D29, + Ap) g (=AY IRV U 0
< CIM2119(=AN =22V - U o
< CIAT2IV @o)lls
Here we have regarded dg(—A’ )~(1=9)/2 a5 the Fourier multiplier, homogeneous of order § and applied

the estimate (6-21). The proof of (6-17) is complete. ]

It remains to transfer the stationary bounds of Proposition 6.4 to the nonstationary operator e APV - .
These bounds are stated in Theorem 3 in the Introduction. We now prove this theorem.

Proof of Theorem 3. Proof of (1-8): By the semigroup property e /4 = ¢~(1/24=(/24 apd
IVe™ D4 flly = Cr 2 f g,

tA

it suffices to consider the case @ = 0. As in the estimate of ¢~'“, we use the formula

efAPv-(u@gv):L_/e“(/\JrA)1Pv-(u®v)dx.
2mi Jp
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Here the curve I is taken as in the proof of Proposition 5.3. Assume that p, g € [1, oo] satisfy 0 <
1/g —1/p < 1/d. Then we have from (6-16),

le PV - @®v)|,» <C / e A7 2L [ PV di u @ vl g,
r

< Ct_]/2(1 + t—(d/z)(l/q—l/l?))”u ® v”l‘zloc,

as in the computation of (5-10). For general p, g we use the same trick as in (5-10), and then combine the
estimate of (A + A)~! and (A + A)"'PV .. The details are omitted here. The proof of (1-8) is complete.

Proof of (1-9): In this case it suffices to use (6-17) instead of (6-16). Thus we omit the details. O

7. Mild solutions in Ly, ., g > d

In this section we consider the Navier—Stokes equations in Ri

u—Au+Vp=—-V-u®u), V-u=0 in(0,T) xR, -1
u=0 on(0,7T) x dRZ, uli=o =uo in IR,
The corresponding integral equation is
t
ut) =e uy— / e IAPY . (u@u)ds, >0, (7-2)
0

and the solution to this integral equation is called the mild solution. The existence of such solutions was
pioneered in [Fujita and Kato 1964]. Our objective is to prove the short-time existence of the mild solution
R$)
with ¢ > d. In principle, one can prove the existence in a short time for initial data of arbitrary size if ¢ > d,

for nondecaying data. In view of the scaling of the equation, a natural class for the initial data is Lul oc.o

and locally in time for small data if ¢ = d. We note that, contrary to the L? space, the global existence

for small data in L is not expected in this functional framework since L¢, . contains nondecaying

uloc
spaces is the meaning of the initial condition, for the

uloc

functions. Another issue in the framework of Lﬁloc

domain of A is not dense in Lzloc U(IR ). The convergence to the initial data as + — 0 in the topology
of Lgloc([RR ) is achieved if and only if the initial data is taken from D(A)Luloc where D(A) denotes the
domain of the Stokes operator in Lul oc.o ([R{ ). Thanks to the result of [Desch et al. 2001, Theorem 4.3] on

the L°° theory of the Stokes operator in the half-space, the embedding LOO(R ycL? (IR ) implies that

uloc
BUCO(Ri)Lzlm C D(A)Li, ce (RL Co (R4 )Lioe € D(A)Luoc,

If the initial data is taken from these spaces with ¢ > d (the case ¢ = d is allowed), then by using the
density argument one can show the short-time existence of the mild solution which satisfies the initial

condition in the topology of LI (IR ). These facts are now quite standard. In this paper we state the

uloc
local existence results for (7-2) without going into the details on the meaning of the initial condition.

7A. Existence of mild solutions for initial data in Luloc o ([F\R ), g >d.

Proposition 7.1. For any g > d and ug € L ([R ) there exists a unique mild solution

uloc,o

ueL®(0,T; L]

uloc,o

®RD) N C(©, T); WlocO(Ri)deUCU(Ri))
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such that

sup (lu@llgs + 1Y Nu@ o + 12 Vu@)l g ) < Calluolyg
O0<t<T

Moreover there exists a constant y > 0 depending only on d and q such that T can taken be as

TV L 1 2d)Cg) s Y
~ lluollpe,

Proof. The proof is based on the standard Banach fixed-point theorem. Set || fllT as

Ifllr =OsupT<||f(t)||Lq +1YCOY f @Ol + 12NV F Ol )

Let Cy > 0 be a constant such that

RD),

uloc,o

le™ A flir < Co+ T fllye . feLy
which is well-defined by virtue of Proposition 5.3. Then let us introduce the set

Xr={feL®0,T;L]

uloc,o

®RD) N C((0, T): Wyl ((RL; RY) NBUC, (RY))
[Ifllr < 2Co(1+ T D) gl 0},

For each f € X7 we define the map ®[ f](¢) = e "y + B[ f, f1(t), where

B[f,gkr):—/ e VAPY . (f@g)ds, >0, f.geXr.
0

We will show that if T is sufficiently small, then ® defines a contraction map in X7. Theorem 3 yields
for f, g € X7,

1
IBLf. 1)l =C /0 (=) I f @ gl ds

t
<C f (t —5)" 125D ds sup sV f(s)]L sup llg(s)lpe -
0

O<s<t O<s<t

Similarly, we have, for f, g € X7,

IBLf, g1(®)|lL~ < C / (=)~ (=)~ VLD fRg(s)l 9 ds

< C@" P PoICDY qup sYCO| f ()l sup (Ig®)lgs +sCPNg(s)l),
O<s<t O<s<t
and

IVBLE 810

t/2 t
<C f (=)' f®g(s)ll g, _ds+C f (t=)"2 Ve s gV f($)lgg )ds

12

< Ct= 4D (sup sYCO| f(s) |~ sup g)ps + sup VY f ()l sup s [VE)llze

O<s<t O<s<t O<s<t O<s<t

+ sup sV F(©)llge  sup sYCOYg(s)]| L)

O<s<t 0<s<t
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Thus we obtain

IBLS, glllr < C(TY*4CD TV flirlglr, f g e Xr.

The continuity in time for ¢ € (0, T') also follows from that of f, g in (0, T'), and we skip the details here.
If T is small so that

C(TV274CD 1 T3¢ (1 + TV D) ug| 1o (7-3)

1
< 1
loe — 47

then (7-3) and the definition of Cy imply that ® defines a contraction map from Xr into X7. Hence,
there exists a unique fixed point # of ® in X7, which is the unique mild solution to (7-1) in X7. U

7B. Existence of mild solutions for initial data in L¢
d > 2. Below we define wld O(IR ) as

uloc,

uloc,o ([R ). The first result is stated in any dimension

uloc O(Rd) = {f € Luloc ) | Vf € Luloc i)’ f|xd=0 = 0}-

Proposition 7.2. For any T > 0 there exist ¢, C, > 0 such that the following statement holds. For any
ugy € Luloc U([R ) satisfying ||M()||Ld < ¢ there exists a unique mild solution

ueL™(0,T; LY. . (RD)NC(O, T); Wloco([R ) NBUC, (RY))
such that

sup (u@llpa +t"Plu@ =+t IVu@llpa ) < Calluoll o
O<t<T

Ifug € D(A)Luloc in addition, then lim,_,o u(t) = uq in L¢ ([R{ )4,

uloc

Remark 7.3. As usual, by using the density argument, we do not need to assume the smallness of
[[uoll L to show the short-time existence of the mild solution if #g belongs of D(A)L‘uiloc.

Proof. The proof is based on the standard Banach fixed-point theorem. We fix 7 > 0. Set || f||1 as

||f||T:—0supT<||f<z>||Ld HE 2N Ol + 1PV Ol ).

Let Cy > 0 be a constant such that
le™ A fllr < Co+ TV flla »  f € Lijoes R,
which is well-defined by virtue of Proposition 5.3. Then let us introduce the set

Xr={feL®(0,T; LY

uloc,o

RD)NC(0, T); Wil ((RL: RY) NBUC, (RY))
[ fllr <2Co(1+ T luollza_}-

For each f € X7 we define the map ®[ f](¢) = e "uy+ B[ f, f1(t), where

B[f,g]<r>=—/ e IAPY . (f@g)ds, 150, f.geXr.
0
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We will show that if ||ug|| L <€ and ¢ > 0 is sufficiently small then ® defines a contraction map in X7.
Theorem 3 yields for f, g € X7,

t
IBLE 10y, = C [ =7 P15 @il ds

/ (1 =) 2ds sup ')~ sup le@le . (4)
0

O<s<t O<s<t

Similarly, we have for f, g € Xr,

t/2 '
IBL, 81D~ < C / (t=)" 2 (=) P+ DI f@g(5)ll 4 _ds+C f (1=9)" 2 f@g(s)l|L~ds
0

<Ca™ 241 sup "2 f©)llz sup (1g)llza +s'?lg()llz),

O<s<t O<s<t

and

IVBLS, &1 o

/2 t
§C/ (t_s)—l||f®g(s)||Lﬁlocds+C/ (z_s)—l/z(Hng(s)IILglochIIgi(s)Ing]m)ds

<Ca"P+D(sup 21 F ) sup Ig®)llza + sup s 2 f()lw sup sV (s)la

O<s<t O<s<t O<s<t O<s<t
+ sup sV f(s)lla  sup s”2||g<s>||Loc). (7-5)
O<s<t C0<s<t

Thus we obtain
IBLf, gllr < CiA+TYH | fllrlglr, f g€ Xr.

The continuity in time for ¢ € (0, T') also follows from that of f, g in (0, T'), and we skip the details here.
If ¢ is small so that

Ci(1+TV2Co(1+T"e < 1, (7-6)

then (7-6) and the definition of Cy imply that & defines a contraction map from X7 into Xr. Hence,
there exists a unique fixed point u of ® in X, which is the unique mild solution to (7-2) in X7. If
ug € D(A)Eie then we just modify the set X7 as

uloc,o

Xr={f € C([0. T): L&, (RD) N C((0, T); Wyt o (R%; RY) NBUC, (RY))

[ 1£ 1l = 2Co(t+T")uoll g, . lim e 2L £ ()] = 0.
Then the estimates (7-4)—(7-5) yield
lim (2| BLf, g1(0) | = lim | BLS, g1l =0,

when f, g € X7, and we can construct the unique mild solution in X 7. The details are omitted here. [J

For the next result, we specialize to d = 3.
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Proposition 7.4. For any ug € 3 (Ri) there exist T > 0 and a unique mild solution

uloc,o

e C([0, T); L3, (R1) N C((0, T): W o(RY) NBUC, (R3))
such that

sup (lu@lz +tPllu@ s +1"1Vu@l s ) < Culluoll s
O<t<T

Proof. The proof is based on the argument in [Kato 1984]. Set || f| as
I£ll7 = sup @' PIFONs +1"PUV @Ol ).

O<t<T
For any ¢ > 0 there exists i € C ([R{ ) such that |lug — u0||Ls < ¢. Therefore

VR —tA

—tA 1/5 —tA ~ ~
< —
lle™ Auolls <t (lle™" o — o)l s+ lle™ Aioll,s )

1/5 ~ 1/5~
< CUA+1P)luo—doll 3+t ol
Similarly
7/10 —tA 1/5 ~ 1/5~
tOVe  Augll s < CU+"P)|lug—doll s+t liioll .5
uloc uloc uloc

Therefore there exist Cy and T > 0 such that for 7T < Tj

—_.A
lle™ “uollr < Cos.

Let us introduce the set
Yr ={f € L®(0, T; L., (R1) N C((0, T); Wyioh o(RL; R NBUC, (R))) | Il fll7 < 2Coe}.
A similar argument to that in the proof of Proposition 7.1 shows

IBLf, gllr < CiA+TY )| fllrlglr, f geXr. (7-7)

Therefore if T and & are small so that

Ci(1+T'°)2Cpe < 3,
® defines a contraction map from Y7 into itself. Hence, there exists a unique fixed point # of ® in Y7,

which is the unique mild solution to (7-1) in Yr. We also easily see u € L*°(0, T}; L3, ) as follows:

uloc
(@l < lluoll 3+ I1Blu, ul@llys,
< lluolly3 +CA+TY)ull7.

We will show that u belongs to C ([0, T); Euloc . ([RR )). It is enough to show u is strongly continuous on

[0, T) in L13110c- Since the continuity away from ¢ = 0 can be shown as stated in the proof of Proposition 7.1,
we focus on the case when t = 0. We have

tA

(@) —uollpz =< lle”“uo—uolls + ClBlu, ul(®),3
uloc uloc uloc

—tA 2
< lle™4ug — upll 2+ Cllull3.
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The standard density argument yields that the first term converges to 0 as t — 0, while in the second term,
(7-7) implies limy_.q ||u||7 = O. O

7C. Concentration of L! norm, q > d, near the blow up time. This subsection is devoted to the proof
of Corollary 1.1. We introduce the space Lzlm( p)(Ri) for p > 0 which is defined as

Lioe.iy @D 1= [ £ € LG®D | sup 1 Fllagoni0,) < 00

nEZd_I XZZ()
The following variant of Proposition 7.1 and 7.2 plays a crucial role in the proof.

Proposition 7.5. Let g > d. There exist constants y, C, > 0 such that the following statement holds. For

any ug € Lzloc’(p)’a(lRi) satisfying ”u0||Lch,<p> <yp?/1=1 for some p > 0, there exist T > p* and a unique

mild solution u € L>°(0, T L (RL)) such that

uloc, (p),0

sup (lu@)llpe 419D u(t)|| 1<) < Culluol 1o (7-8)

0<t<T uloc, (p) uloc, (p) :
This can be proved by a simple rescaling argument from Propositions 7.1 and 7.2, and so we omit the
details here. This results enables to control the existence time in terms of the smallness of the initial data

]
in Luloc’(p).

Proof of Corollary 1.1. Let ¢ > d and y = y(q) > 0 be given by Proposition 7.5. We define p, = p.(¢)
for t € (0, Ty) by

pet) =inf{p > O | @), o'~ >y},

Note that p, is finite since u # 0, and p, > 0 since u(¢) is bounded for all ¢ € (0, T,). For t € (0, T,) fixed
(our new initial time) let p > 0 be a constant such that p < p,(¢). It suffices to show that p < /T, —¢.
Since (by the definition of p) ||u(z)]|| Lo
in [z, t 4+ T such that at initial time v(¢) = u(¢) and T > p>. Assume for a moment that u agrees with
vin [t, T'] for T" = min(¢ + T, Ty, — ¢) for small ¢ > 0. Then by the definition of T, we must have

t+ T < T, —e. Since ¢ is arbitrary, this yields the desired estimate for p. As for the uniqueness, we see

< ypd/ q-1 Proposition 7.5 shows existence of the solution v

from the continuity of u# on (0, T) that there exists a constant § > 0 such that

sup  (flu(s)]l 9

q
t<s<t+48 uloc, (p

YD) L) < Collu @l e

uloc, (p) :

Hence the uniqueness in [z, t + §] follows from Proposition 7.5. To show the uniqueness up to time 77,
notice that # and v are both bounded in [R?i x [t + 8, T']. Then the bilinear estimate shows that the
difference w := u — v satisfies
172
lwllzoo gm0y < C(t2 — 1) 21l Lo ay.10: 100y + 101|220 (1101 o)) NWI Loty 102 100
172
< Clta—t)" 2Nl Loorrs 775000 + 10l Lo r8, 77 o) NWI L0 o1 10: 19

fort+8 <t; <ty <T' Thus taking t, — ; sufficiently small shows w = 0 on [#1, #,]. Using this argument
a finite number of times, we have the uniqueness in [7, T’]. |
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1

Appendix A: A Liouville theorem for the resolvent problemin L

spaces

This appendix is devoted to the proof of the Liouville theorem, Theorem 4 for the Stokes resolvent
problem.

Proof of Theorem 4. (i) First we introduce the regularization of (u, p) in x’ as follows:

K¢t _ —(d-1) x' = y/ ’ /
u (x', xg) = K nl —— Ju(y', xg)dy’,
Rd—1 K
e x/ _ y/
P xq) =f k= ”n(—)p(y’, xa)dy'.
Rd—1 K

Here k € (0, 1) and n € C°(R?™") satisfies [, n(x")dx’ = 1 and suppn C B;(0). Then, by the

symmetry of RZ, (u*, p¥) is also a solution to (1-2) with f = 0 in the sense of distributions. Moreover,
W (-, xqg), Vp*(-,x4)) is smooth in x” and satisfies the estimate

IV s oy, ey < Ck~ Tl

IVV P @iy < O VP,

1
loc

for any multi-index «. We can also check that p“ € L (Rﬁ) without difficulty. The divergence-free

condition on u* then implies

gty = —V'- () € LRI L (Ry))

uloc

in the sense of distributions, which implies that uf; is continuous up to the boundary. Then, again from
the divergence-free condition, fR‘i u“-Ve¢dx =0 forall ¢ € Cg® ([ﬁii), we have lim,, o ul(x’, x4) =0
for all x’ € R¢~!. Next we take an arbitrary g € Cy° (R‘i)d, and let (v, Vg) be the smooth and decaying
solution to (1-2) with f = A’g. By virtue of the presence of A’ one can show that (v, Vq) is constructed

so that
Vu(x), VEA v (x) = O(x|~4712),  VEAq(x) = O(x|79712), x> 1, (A-1)

for any multi-indexes « and & with || <2 and |&| < 1; see Proposition A.1 below. Then, by Theorem 4
we see

/ u* - (A’ gdx = / u“ - A'(Av—Av+Vg)dx
d Rd

+ +

_ K A7 K l
= /Rin Avdx—i—/ u*-VA'qdx (A-2)

R
d—1 d—1
=Z/ vajpk-ajvdx:—Zf 9;p“9;divvdx =0
j=1 Ri j=1 Ri

from the definition of the solution in the sense of distributions. Note that the above integration by
parts is justified from (A-1) and from the fact that Vp* and 9;Vp* with j =1,...,d — 1 belong to
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LY@ L (Ry)). Since g € C5°(RL)? is arbitrary, this identity implies that

uloc
(AYu* =0 ae.xeR}.

Set U*(x', xg) = [o* u¥(x", yq) dya. Recall that V'*u*(-, x;) € LY (R L) (R})), which shows
that for each fixed x; > 0, U*(x’, x4) is smooth and bounded including its derivatives in x’, while
it is absolutely continuous in x, for each fixed x’. Moreover, for each x; > 0, U*(-, x4) satisfies
(A)2U*(-, x4) = 0. By the Liouville theorem of the bi-Laplace equation in R‘~!, we conclude that
U* (-, x4) is constant in x’ for each x; > 0, that is, U*(x’, x4) = A(x4). Since the left-hand side is

absolutely continuous in x4, so is A, and we have
W, xq) = 5, U (5 xq) = 85, Axg) =2 @ (xg) € LY R, a e CRY).  (A3)
Then, the divergence-free condition implies that d,,a); = 0, and thus, together with the fact

lim u(x’, x4) =0,
xd—>0
we have a’ = 0. Next we take ¢ € C°(RL) and set ¢ = (0,...,0,¢)" € CC(RL)¢ in (2-3), which
yields from u}; = 0,
/ Ay, P pdx =0.
Rd
4
Thus, p* does not depend on x;. On the other hand, by taking ¢ = V¢ with ¢ € Cgo([R{i) in (2-3), it
follows that
/ Vp“ -Vedx =0, ¢eCPRL).
R
Hence, p” is harmonic in R4 | and moreover, since p¥ is independent of x4, we have A’ p*(x") = 0 for all

x" € R%~!, The Liouville theorem implies that p* is a harmonic polynomial. Then, going back to (2-3)
and using (A-3), we have, foreach j =1,...,d — 1,

/R aj (xa) (A — 83,,¢)(x[z)dxd . Y (x')dx'

=— ¢(xd)dxdf 3 p (Y (x)dx forall y € CPRITY), ¢ € CPRy). (A-4)
R, Rd—1
We first fix ¢ such that fR+ ¢ dxy #0. Since ¥ € C° (R~ is arbitrary, 9 ;P (x') is constant for all
j=1,...,n—1. Hence, p*(x) is polynomial at most first order about x’. Thus, (u*, p*) is a parasitic
solution. Since (u*, p*) converges to (u, p) in Llloc(lR{i), the limit (#, p) must be a parasitic solution.

Note that the limit (u, p) with u = (a’(x4),0)" and p = D - x’ + ¢ satisfies the reduced version of (A-4):

/ aj(xq) (A — de@(xd) dxqg =—D; / ¢dx,; forall ¢ € C§°([ﬁi+) with ¢|,,=0 = 0. (A-5)
R, R
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In particular, each a; is smooth and bounded and has a zero boundary trace, for A which belongs to the
resolvent set of the Dirichlet Laplacian in L' (R,.). Moreover, if

. , _
ngréo IV Pl <1, Rexg<r+1) =0

then the vector D must be 0, and thus the pressure p is a constant. Then (A-5) is reduced to
/ aj(xqg)(Ap — Bfl,¢)(xd) dxg =0 forall ¢ € C°(R,) with ¢|,,—0 = 0. (A-6)
Ry

The uniqueness of this very weak solution is standard and also follows from the fact that A belongs
to the resolvent set of the Dirichlet Laplacian in LI(R+). Thus we have arrived at a; = 0 for each
J=1,...,d—1; thatis, u = 0. On the other hand, if limyy/|— oo 4l 1 (x'—y|<1,1<x,<2) = O then u =0
in 1 <x; <2 since u = (a’(x4),0)" is independent of x’, which also gives D = 0 by (A-5). Thus p is
a constant. Hence a; satisfies (A-6) also in this case, which gives u = 0 for x4 > 0. The proof of (i) is
complete.

(i1) The proof is similar to that of (i). Again it suffices to consider the mollified solution (&*, p*) as in (i).
Fix an arbitrary u € (0, 1) and let (v,, Vg,) be the smooth and decaying solution to (1-2) with A = u
and f = A'g, where g € CJ°(R%)? is arbitrarily taken. Then (A-2) is replaced by

J

We observe from Proposition A.1 that |[A'v, (x)| < Clu| 341 + |x])~¢~1/2 with C independent of
w € (0, 1), and thus, we can take the limit x | 0, which leads to (A’)?u* = 0. Then the same argument
as in (i) shows that u* = (a’(x4), 0) " and p* = p*(x’) satisfy (A-4) with A = 0, which implies that p*
is a first-order polynomial, and we have (A-5) with A = 0. Then each a;(x4) is smooth and satisfies
83 aj=2D; with the Dirichlet boundary condition a;(0) = 0. Since u € LlllloC
zero, and thus u = 0 and then we also see from the equation that p is a constant. The proof of (ii) is

u“ - (AYgdx=p /,1 u - A'v, dx. (A-7)

d
+ RS

([R{‘i)d such an a; must be

complete. ([l

Proposition A.1. Let A € Sy withe € (0, 7). Let g € C° (Ri)d. Then there exists a unique solution
w, Vp) e (W2RDHIN Wy * RO NLERD)) x L2RL)

to (1-2) with f = A'g such that u and p are smooth and satisfy

VU IV )] < G T
- [AV4 AP ) (14 | x)d+l/2 (A-8)
N Ce
VYRR + VOV p ) =

for any multi-indices a and & with |a| < 2 and || < 1. Here the constant C, is taken uniformly in
A € Sq_g, while Cg ) depends on € and A € Sy _;.

Notice that the uniform estimates in |A| is used in the proof of (ii) of Theorem 4.
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Proof. The uniqueness is well known and we focus on the estimate (A-8). The Helmholtz decomposition
implies g = i+ V p,, where h € L2 (R%) and V p, € L*(R%)? with p, € L] (R%). Since g € C°*(R1)“,
Vpg and h = g — Vp, are also smooth and bounded in Ri including their derivatives. Then the pressure
Vp is constructed in the form Vp = A’V p, + V p,, where (u, V p,) is the unique solution to (1-2) with
f = A’h. We first show that

VAV'Vpe(x), VPVh(x)=0(x|7", |xI>1, (A-9)

for any multi-index B. The estimate of 4 follows from the one of V p, by the relation h = g — V p,. To
show (A-9) for V p,, we recall that p, is constructed as the solution to the Neumann problem Ap, =div g
in IRE‘L and 0y, pg = ga =0o0n au;ei, which is given by the formula

P == [ (Bx= )+ B =y dive() dy.

+

where y* = (y/, —y,), and E(x) is the Newton potential in R?. Then, the integration by parts and the
condition g € CJ°(R4)? yield

pe(x)==V'- [ (E(x—=y)+Ex—y")g'(y)dy—dy, /Rd (E(x—y)—E(x—y")ga(y)dy.

d
R

Hence, we obtain the formula
V) ==V [ (G +EG-y g 0 dy=VVa, [ (EG—y) - EG=y g dy.
+ +

Since |[VAV3E (x)| < Clx|747'7IPI, we verify the estimate (A-9) for |x| > 1 when g € C{°(R%)% Next
we consider the estimate of (#, V p,). We can now apply the results of Section 3, in particular the integral
representation formulas and the kernel estimates given there. That is, u is written as

u(x) = /d K (x" =y, xq, yo) N h(y) dy,
R

4
with the kernel K; whose pointwise estimates are given in Proposition 3.2 for k; ; withi =1, 2 and in
Proposition 3.5 for r,. Since d; with j =1,...,d — 1 commutes with the Stokes operator in Ri, we
verify the bound

c 1
()l = 1/4[ d—1 12
A Jrd Jx =y |7 A+ A X = y])

with C independent of A € S;_,. Indeed, by virtue of (3-18), the kernel |V'r; (v, z4)| is bounded from
above by

IV'h(y)|dy (A-10)

C
IMY4 (a4 za + 1y DIV2A + M2 (va + za + 1y D) A + M2 (va + za) V2

A similar bound is valid also for the kernel V'k; 5, i = 1, 2, by Proposition 3.2. Estimate (A-10) implies
from (A-9) that

1 1 1
ol = C(W“ + |A|3/4)<1+|x|)d+1/2' (A-1h)
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Since the tangential derivatives commute with the kernel, we have the same estimate for |V/“u(x)| as
in (A-11). The estimate for the x; derivative is a bit more complicated. We decompose the kernel K as

Ki(¥',ya, za) = x OV KL (Y5 Yas za) + (1= x () K (Y, Ya, za), where x (¥') is a smooth cut-off such
that x(y') =1 for |y'| < 1 and x(y’) =2 for |y’| > 2. Then we compute

Dyt (x) = /d X0, Kp (X" =y, xa, yd)A’h(y)dy-i-/d V(1= )0y, Ki(x" =y, xa, ya)) - V'h(y) dy,
R RY

and then the former term is estimated from above by

¢ 1
A'h(y)|dy,
I)\‘|1/4 /Ix/y/|<l |x—)’|d_1/2(1+|)»|1/2|Xd—yd|)3/2| Mldy

and the latter is bounded by

1
C/ IV'h(y)| dy.
wreyist A+ 1 —yDAA+ AP0 +ya+ 1 —y ) 2

These bounds follow again from Propositions 3.2 and 3.5. Then it is straightforward to see

1 1 1
Vutol = C(W‘* * W“) (L + e )ar172’ (&-12)

with C depending on h. The same bound holds also for |V'*Vu(x)|. Since
Oy Pu= —Ag+ Aug+ ANhg=—tug+ Nug— 9.,V -u' + A'hy, (A-13)

we obtain |3y, p, (x)| < Ce.5 (14 |x|)~9~1/2 from the above results. Thus, the similar bound is valid also
for V'8, pu(x)| since V' commutes with the kernel. Next we consider the estimate of V' p. We apply
the argument as in the estimate of Vu; that is, with the cut-off x, we write V'p, as

V' pu(x) = /Rd X (" =y, xa, ya))Vy, A'h(y) dy+/Rd V(1= 0q & =y xa. y0) - Vh(y) dy.
+ +

Then Proposition 3.7 yields

e—cIM'ya
IV pul)] < C/ |A'h(y)] dy
! [x"—y’|<1 (lxl_y/|+xd+yd)d71
AR
i, / IV'h(y)| dy.
woyizt A+ — Y+ 2y A+ —ypz -
From this bound it is not difficult to derive the estimate

\vad <C ! ! ! A-14

The details are omitted. Then we also obtain the same estimate for |[V'*V’ p(x)|. It remains to estimate 8% U,
but from the divergence-free condition we have already obtained the estimate for 8fdud, and thus, it
suffices to consider afdu’. But the decay estimate immediately follows from the equation 8fdu/ =
al —ANu +Vip,— NN, O
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Remark A.2. Let (1, Vp,) be the solution to the resolvent problem (1-2) with f = A’h as in the proof
of Proposition A.1. From (A-14) we have shown that

1 1 1
A
IVEVipu ()] < C(IAIW + |x\|3/4) TG (A-15)

for any A € S;_¢ and || < 2, where C depends only on ¢ and /. On the other hand, from (A-12) and
(A-8), we have

V%D, pu(@)] < ClIA1P7* + | + ! ! (A-16)
Xd i — |)L|1/4 |A|3/4 (1+|x|)d+1/2

for any A € S;_¢ and |¢| < 2, where C depends only on ¢ and #.

Appendix B: A Liouville theorem for the nonstationary problem in Lfﬂ oc SPaces

B
The class of weak solutions for the nonsteady Stokes system (1-11) is stated as follows. Let ug €
uloc J(R yand f € L\ ((0,T) x [@i))d. We say that (4, Vp) is a solution to (1-11) in the sense of
distributions if

loc

(i) ueL>®0,T; LuloC U(R ), Vpe LIOC((O, T) x R4 )d with p € LIOC((O T) x R4 ¢),and
T
sup / ||Vp(t)||L.(B(mei) dt <oo foranyO0<dé<T. (B-1)
xelRi s

Here B(x) is the ball of radius 1 centered at x.

(ii) The map ¢ fRi u(t, x) - ¢(x) dx belongs to C([0, T)) for any ¢ € C°(R%)“. In particular, the
initial condition is satisfied in this sense.

(iii) For all ¢/, € (0, T) with ¢ > " and for all ¢ € C§°((0, T) x R%)? with @]x,=0 =0,

/ u(t,x)-go(t,x)dx—// u(t,x) - (0s¢ + Ap)(,x) —Vp(t,x) o, x)dxds
Ry
=/ u(t', x)-o(t, x)dx—i—/ ft,x) o, x)dxds. (B-2)
RY

Proof of Theorem 5. By considering the mollification (u*, V p*) instead of (u, V p) as in the proof of
Theorem 4, we may assume in addition that (u, V p) is smooth in x" and Vu, is bounded. We denote by
(-, -) the usual inner product of Lz(Ri)d. Take arbitrary 7,1 € (0, T) with ¢t > ¢' and g € Cgo([R{ﬁ). We
introduce a mollification in time, and set u” = j, xu and p” = j, * p, where * here is the convolution in
time and j, (1) € C{°((—p, p)) is the mollifier with a small parameter p > 0. The parameter p > 0 is taken
small enough so that #' > 2p and t < T —2p. Then, we have the bound such as V p” € L*(¢', t; Luloc(Ri)).
Note also that (u”, V p”) satisfies (B-2) for ¢, t'. Fix arbitrary ¢ € (0, 1). Let R > 1 and x be a smooth
cut-off such that xg = 1 for |[x] < R and xg = O for |x| > 2R. Let P = I — Q@ be the Helmholtz
projection in Lz(Ri), where Qg = Vp, is defined as in the proof of Proposition A.1. Note that A’ 2 Dg
and A/ZVpg are smooth and decay fast enough so that O(|x|~%?) as |x| — oo. Then one can verify
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that (u” (1), A”*Qg) =0, and thus, (u” (1), xg A*Qg) = —(u” (1), (1 — xg) A”*Qg). Hence, we can take
R = R, large enough so that [(u”(z), XRSA/Z@g)l < e&. We may also assume that supp g < {|x| < R.}.
Next, since u”(t)xg, € L ([Ri), there exists u®¢(t) € C(‘)’O([R{fi)d such that ||u”(¢) xg, —u”*(t) ”LI(R‘Q <e.
We take 7 > t which will be chosen later. Let v be the velocity field defined by

U(S) :e_(f—S)AA/[p)g — L/‘ e(f—s))»()\‘+A)—]A/|pg d)\.
2mi Jr

for 0 < s <, where I is the curve as in the proof of Proposition 5.3. Then v satisfies d;v + Av— Vg =0
for 0 < s < 7, where the associated pressure Vq(s) is given by the formula

1 P
Vq(s):ﬁ/re(’ Vg di.

Here Vg, is the pressure for each resolvent problem. Note that for Vg, we can apply the pointwise
estimate stated in Remark A.2, which gives the bounds

(j~ ’
V/(Xv/ , < — t—t , B—3
| q(s, x)| < T— )41+ |x P12 (B-3)
(:~ ’
t—t1 (B_4)

V9, q(s, x)| < —
| XdQ( )| =< (F— S)7/4(1 + |x|)d+1/2

fort' <s <fand |a| <2. We see
W’ (1), A*g) = (u” (1), xp,Ag)
= W (1), xr, A1) — (WP (1), xr, (e~ TDANPg — APPg)) + (u” (1), xz, A'QA'g).
Then, from the identity
W’ (1), xr,(e"AAPg — APg))
= (WP () xr, —u"E (1), (" TNAN Pg — APPg)) + (1), ("IN Pg — A”Pg)),
we have
—(F— 2 2
(U’ (1), xr, (" "AA"Pg — A" Pg))|
<elleTDAAPg — APPg|l e + [u”F )]l 2lle” TN Pg — APPg|l 12
2 —(f— 2 2
< Ce|A"Pgllr~+ [u (@)l 2 le” TIAN Pg — A Pgll 2.

Here we have used the fact that the Stokes semigroup is a bounded semigroup in L° ([R{i). Note that
||A/2|]3’g||Loc is finite since g € C° (Ri)d, and there exists 7, > ¢ such that

P ()| 2 e AN Pg — APPg| 2 <
for any 7 € (¢, f,). Hence we have

|(? (1), g, ("IN Pg — A”Pg))| < Ce.
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The term (u” (1), xg, A'v(t)) is estimated by using the definition of the solution in the sense of distributions,
for xg, A'v is admissible as a test function on the time interval [/, ]. Then we observe that
t
(W’ (1), xr, A'v(1)) =/ (W, 35+ A) xr, A'v(s)) = (Vp?, xr,A'v(s)) ds + (u” ('), xg, A'v(t))
t/

t
:/ (", (AXR +2V xR, - VIA'v(s) — xr, A'Vq(s)) ds
t/

—// (VP (xr. — DA(s)) ds + (u (1), xr A'v("))

t
_ / W, (Axr, +2V 5z, - V)Av(s)) ds
t/

+ f W, (Vxr)Aq(s)) ds — / (VP?. (xr, — DA'(s)) ds
W), G, — DAY + WP (@), Av(r)).

Here we have used the fact (u”(s), V(xg,A'q(s))) =0 and (VpP(s), A'v(s)) =0 for each s € (¢, 1),

where the latter is verified from V'“V p”(s) € Llllloc([Rii) with || <2 and the pointwise estimate such as

IV *u(s, X)| 4+ [V *Vu(s, )| < Cr_p (T — ) /(1 + |x) 412, (B-5)

which are obtained from Proposition A.1 for the resolvent problem and the representation
v(s) = —— / e+ A A'Pg da.
2mi Jp
From (B-3) and (B-5), we also observe that

t 13
-1 - —3/4 -1
[ 29 0, )80 ds| = R g gy [ =) s < R,

t t
-1 ~ —3/4 -1
/ﬂ W (Vxr)A'q(s)) ds| < CRI N e pnt / (F—s5)"*ds <CR;,

uloc

t t
‘ / (Vp’, (xr. — DA ds| < CRIVHIV PPl oo int iy / (Ff—s)/*ds < CR;'*,
t t

and similarly,
| (), (xg, — DA V(")) < CE—1) /4R,

Therefore, we can take the limit ¢ — 0, which leads to R, — 0o and 7 — ¢, resulting in the identity
Wl (), A%g) = (P (t), Ne ""ANPg).
Then we take the limit p — 0, which gives
(W), Ag) = ('), Ale "4 A'Pg). (B-6)

Finally, we take the limit # — 0 in (B-6). Then the time continuity in the weak sense, which is assumed
in the definition of solutions, together with the pointwise estimate for e~ ~)AA'Pg similar to (B-5)
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implies that
(u(r), A*g) =0. (B-7)

Since g € C(‘)’O(Ri)d is arbitrary, we conclude that for a.e. t € (0, T), x; > 0, we have u(t, x’, x;) =
(a'(t, x4),0) " by arguing as in the proof of Theorem 4. Once this is shown, the argument is parallel to
the proof of Theorem 4; we can show from (B-2) that p is independent of x; and also A’p =0 for a.e.
t € (0, T), which implies p(t, x) = D(t) - x’ + c(¢) for some D € L} (0, T)? ' and c € L}, (0, T). The
last statement for the conclusion u = 0 is proved in the same manner as in Theorem 4, so the details are

omitted. |

Acknowledgements

Maekawa was partially supported by JSPS Program for Advancing Strategic International Networks to
Accelerate the Circulation of Talented Researchers, “Development of Concentrated Mathematical Center
Linking to Wisdom of the Next Generation”, which is organized by Mathematical Institute of Tohoku
University. Miura was partially supported by JSPS grant 25707005. Prange acknowledges financial
support from the French Agence Nationale de la Recherche under grant ANR-16-CE40-0027-01, as well
as from the IDEX of the University of Bordeaux for the BOLIDE project.

References

[Abe 2015] K. Abe, “The Navier-Stokes equations in a space of bounded functions”, Comm. Math. Phys. 338:2 (2015), 849-865.
MR Zbl

[Abe 2016] K. Abe, “On estimates for the Stokes flow in a space of bounded functions”, J. Differential Equations 261:3 (2016),
1756-1795. MR Zbl

[Abe and Giga 2013] K. Abe and Y. Giga, “Analyticity of the Stokes semigroup in spaces of bounded functions”, Acta Math.
211:1 (2013), 1-46. MR Zbl

[Abe and Giga 2014] K. Abe and Y. Giga, “The L°°-Stokes semigroup in exterior domains”, J. Evol. Equ. 14:1 (2014), 1-28.
MR Zbl

[Abe et al. 2015a] K. Abe, Y. Giga, and M. Hieber, “Stokes resolvent estimates in spaces of bounded functions”, Ann. Sci. Ec.
Norm. Supér. (4) 48:3 (2015), 537-559. MR Zbl

[Abe et al. 2015b] K. Abe, Y. Giga, K. Schade, and T. Suzuki, “On the Stokes semigroup in some non-Helmholtz domains”,
Arch. Math. (Basel) 104:2 (2015), 177-187. MR Zbl

[Ambrose et al. 2015] D. M. Ambrose, J. P. Kelliher, M. C. Lopes Filho, and H. J. Nussenzveig Lopes, “Serfati solutions to the
2D Euler equations on exterior domains”, J. Differential Equations 259:9 (2015), 4509-4560. MR Zbl

[Arrieta et al. 2004] J. M. Arrieta, A. Rodriguez-Bernal, J. W. Cholewa, and T. Dlotko, “Linear parabolic equations in locally
uniform spaces”, Math. Models Methods Appl. Sci. 14:2 (2004), 253-293. MR Zbl

[Bae and Jin 2012] H.-O. Bae and B. J. Jin, “Existence of strong mild solution of the Navier—Stokes equations in the half space
with nondecaying initial data”, J. Korean Math. Soc. 49:1 (2012), 113-138. MR Zbl

[Barker and Seregin 2015] T. Barker and G. Seregin, “A necessary condition of possible blowup for the Navier—Stokes system in
half-space”, preprint, 2015. arXiv

[Cannone et al. 2000] M. Cannone, F. Planchon, and M. Schonbek, “Strong solutions to the incompressible Navier—Stokes
equations in the half-space”, Comm. Partial Differential Equations 25:5-6 (2000), 903-924. MR Zbl

[Cholewa and Dlotko 2004] J. W. Cholewa and T. Dlotko, “Cauchy problems in weighted Lebesgue spaces”, Czechoslovak
Math. J. 54:4 (2004), 991-1013. MR Zbl


http://dx.doi.org/10.1007/s00220-015-2349-1
http://msp.org/idx/mr/3351060
http://msp.org/idx/zbl/1326.35230
http://dx.doi.org/10.1016/j.jde.2016.04.013
http://msp.org/idx/mr/3501832
http://msp.org/idx/zbl/1343.35191
http://dx.doi.org/10.1007/s11511-013-0098-6
http://msp.org/idx/mr/3118304
http://msp.org/idx/zbl/1288.35383
http://dx.doi.org/10.1007/s00028-013-0197-z
http://msp.org/idx/mr/3169029
http://msp.org/idx/zbl/1293.35231
http://dx.doi.org/10.24033/asens.2251
http://msp.org/idx/mr/3377052
http://msp.org/idx/zbl/1328.35145
http://dx.doi.org/10.1007/s00013-015-0729-6
http://msp.org/idx/mr/3306046
http://msp.org/idx/zbl/1321.35009
http://dx.doi.org/10.1016/j.jde.2015.06.001
http://dx.doi.org/10.1016/j.jde.2015.06.001
http://msp.org/idx/mr/3373413
http://msp.org/idx/zbl/1321.35144
http://dx.doi.org/10.1142/S0218202504003234
http://dx.doi.org/10.1142/S0218202504003234
http://msp.org/idx/mr/2040897
http://msp.org/idx/zbl/1058.35076
http://dx.doi.org/10.4134/JKMS.2012.49.1.113
http://dx.doi.org/10.4134/JKMS.2012.49.1.113
http://msp.org/idx/mr/2907545
http://msp.org/idx/zbl/1234.35176
http://msp.org/idx/arx/1508.05313
http://dx.doi.org/10.1080/03605300008821536
http://dx.doi.org/10.1080/03605300008821536
http://msp.org/idx/mr/1759797
http://msp.org/idx/zbl/0965.35112
http://dx.doi.org/10.1007/s10587-004-6447-z
http://msp.org/idx/mr/2099352
http://msp.org/idx/zbl/1080.35033

ESTIMATES FOR THE NAVIER-STOKES EQUATIONS IN THE HALF-SPACE FOR NONLOCALIZED DATA 1009

[Dalibard and Gérard-Varet 2017] A.-L. Dalibard and D. Gérard-Varet, “Nonlinear boundary layers for rotating fluids”, Anal.
PDE 10:1 (2017), 1-42. MR Zbl

[Dalibard and Prange 2014] A.-L. Dalibard and C. Prange, “Well-posedness of the Stokes—Coriolis system in the half-space over
a rough surface”, Anal. PDE 7:6 (2014), 1253-1315. MR Zbl

[Danchin and Zhang 2014] R. Danchin and P. Zhang, “Inhomogeneous Navier—Stokes equations in the half-space, with only
bounded density”, J. Funct. Anal. 267:7 (2014), 2371-2436. MR Zbl

[Desch et al. 2001] W. Desch, M. Hieber, and J. Priiss, “L?”-theory of the Stokes equation in a half space”, J. Evol. Equ. 1:1
(2001), 115-142. MR Zbl

[Fujita and Kato 1964] H. Fujita and T. Kato, “On the Navier—Stokes initial value problem, I, Arch. Ration. Mech. Anal. 16
(1964), 269-315. MR Zbl

[Galdi 2011] G. P. Galdi, An introduction to the mathematical theory of the Navier—Stokes equations: steady-state problems,
2nd ed., Springer, 2011. MR Zbl

[Geissert and Giga 2008] M. Geissert and Y. Giga, “On the Stokes resolvent equations in locally uniform L? spaces in exterior
domains”, pp. 307-314 in Functional analysis and evolution equations, edited by H. Amann et al., Birkhduser, Basel, 2008.
MR Zbl

[Ginibre and Velo 1997] J. Ginibre and G. Velo, “The Cauchy problem in local spaces for the complex Ginzburg-Landau
equation, II: Contraction methods”, Comm. Math. Phys. 187:1 (1997), 45-79. MR Zbl

[Jia and Sverdk 2014] H. Jia and V. Sverék, “Local-in-space estimates near initial time for weak solutions of the Navier—Stokes
equations and forward self-similar solutions”, Invent. Math. 196:1 (2014), 233-265. MR Zbl

[Jia et al. 2012] H. Jia, G. Seregin, and V. Sverdk, “Liouville theorems in unbounded domains for the time-dependent Stokes
system”, J. Math. Phys. 53:11 (2012), art. id. 115604. MR Zbl

[Kato 1984] T. Kato, “Strong L?-solutions of the Navier-Stokes equation in R, with applications to weak solutions”, Math. Z.
187:4 (1984), 471-480. MR Zbl

[Kikuchi and Seregin 2007] N. Kikuchi and G. Seregin, “Weak solutions to the Cauchy problem for the Navier—Stokes equations
satisfying the local energy inequality”, pp. 141-164 in Nonlinear equations and spectral theory, edited by M. S. Birman and
N. N. Uraltseva, Amer. Math. Soc. Transl. Ser. 2 220, Amer. Math. Soc., Providence, RI, 2007. MR Zbl

[Kozono 1998] H. Kozono, “L! solutions of the Navier—Stokes equations in exterior domains”, Math. Ann. 312:2 (1998),
319-340. MR Zbl

[Lemarié-Rieusset 2002] P. G. Lemarié-Rieusset, Recent developments in the Navier—Stokes problem, Chapman & Hall/CRC
Res. Notes in Math. 431, Chapman & Hall/CRC, Boca Raton, FL, 2002. MR Zbl

[Leray 1934] J. Leray, “Sur le mouvement d’un liquide visqueux emplissant I’espace”, Acta Math. 63:1 (1934), 193-248. MR
Zbl

[Lietal. 2018] K. Li, T. Ozawa, and B. Wang, “Dynamical behavior for the solutions of the Navier—Stokes equation”, Commun.
Pure Appl. Anal. 17:4 (2018), 1511-1560. MR Zbl

[Maekawa and Terasawa 2006] Y. Maekawa and Y. Terasawa, “The Navier—Stokes equations with initial data in uniformly local
LP? spaces”, Differential Integral Equations 19:4 (2006), 369—400. MR Zbl

[Maekawa et al. 2019] Y. Maekawa, H. Miura, and C. Prange, “Local energy weak solutions for the Navier—Stokes equations in
the half-space”, Comm. Math. Phys. 367:2 (2019), 517-580. MR Zbl

[Mielke and Schneider 1995] A. Mielke and G. Schneider, “Attractors for modulation equations on unbounded domains:
existence and comparison”, Nonlinearity 8:5 (1995), 743-768. MR Zbl

[Prange 2018] C. Prange, “Infinite energy solutions to the Navier—Stokes equations in the half-space and applications”, exposé 11
in Séminaire Laurent Schwartz: EDP et applications (Bures-sur-Y vette, France, 2017-2018), CEDRAM, Grenoble, 2018.

[Seregin 2012] G. Seregin, “A certain necessary condition of potential blow up for Navier—Stokes equations”, Comm. Math.
Phys. 312:3 (2012), 833-845. MR Zbl

[Serfati 1995] P. Serfati, “Structures holomorphes a faible régularité spatiale en mécanique des fluides”, J. Math. Pures Appl. (9)
74:2 (1995), 95-104. MR Zbl


http://dx.doi.org/10.2140/apde.2017.10.1
http://msp.org/idx/mr/3611012
http://msp.org/idx/zbl/1360.35140
http://dx.doi.org/10.2140/apde.2014.7.1253
http://dx.doi.org/10.2140/apde.2014.7.1253
http://msp.org/idx/mr/3270164
http://msp.org/idx/zbl/1304.35535
http://dx.doi.org/10.1016/j.jfa.2014.07.017
http://dx.doi.org/10.1016/j.jfa.2014.07.017
http://msp.org/idx/mr/3250369
http://msp.org/idx/zbl/1297.35167
http://dx.doi.org/10.1007/PL00001362
http://msp.org/idx/mr/1838323
http://msp.org/idx/zbl/0983.35102
http://dx.doi.org/10.1007/BF00276188
http://msp.org/idx/mr/0166499
http://msp.org/idx/zbl/0126.42301
http://dx.doi.org/10.1007/978-0-387-09620-9
http://msp.org/idx/mr/2808162
http://msp.org/idx/zbl/1245.35002
http://dx.doi.org/10.1007/978-3-7643-7794-6_20
http://dx.doi.org/10.1007/978-3-7643-7794-6_20
http://msp.org/idx/mr/2402736
http://msp.org/idx/zbl/1157.35457
http://dx.doi.org/10.1007/s002200050129
http://dx.doi.org/10.1007/s002200050129
http://msp.org/idx/mr/1463822
http://msp.org/idx/zbl/0889.35046
http://dx.doi.org/10.1007/s00222-013-0468-x
http://dx.doi.org/10.1007/s00222-013-0468-x
http://msp.org/idx/mr/3179576
http://msp.org/idx/zbl/1301.35089
http://dx.doi.org/10.1063/1.4738636
http://dx.doi.org/10.1063/1.4738636
http://msp.org/idx/mr/3026549
http://msp.org/idx/zbl/1278.35177
http://dx.doi.org/10.1007/BF01174182
http://msp.org/idx/mr/760047
http://msp.org/idx/zbl/0545.35073
http://dx.doi.org/10.1090/trans2/220/07
http://dx.doi.org/10.1090/trans2/220/07
http://msp.org/idx/mr/2343610
http://msp.org/idx/zbl/1361.35130
http://dx.doi.org/10.1007/s002080050224
http://msp.org/idx/mr/1671800
http://msp.org/idx/zbl/0920.35108
http://dx.doi.org/10.1201/9781420035674
http://msp.org/idx/mr/1938147
http://msp.org/idx/zbl/1034.35093
http://dx.doi.org/10.1007/BF02547354
http://msp.org/idx/mr/1555394
http://msp.org/idx/zbl/60.0726.05
http://dx.doi.org/10.3934/cpaa.2018073
http://msp.org/idx/mr/3842872
http://msp.org/idx/zbl/1397.35173
https://projecteuclid.org/euclid.die/1356050505
https://projecteuclid.org/euclid.die/1356050505
http://msp.org/idx/mr/2215625
http://msp.org/idx/zbl/1212.35350
http://dx.doi.org/10.1007/s00220-019-03344-4
http://dx.doi.org/10.1007/s00220-019-03344-4
http://msp.org/idx/mr/3936125
http://msp.org/idx/zbl/07051157
http://dx.doi.org/10.1088/0951-7715/8/5/006
http://dx.doi.org/10.1088/0951-7715/8/5/006
http://msp.org/idx/mr/1355041
http://msp.org/idx/zbl/0833.35016
http://dx.doi.org/10.5802/slsedp.114
http://dx.doi.org/10.1007/s00220-011-1391-x
http://msp.org/idx/mr/2925135
http://msp.org/idx/zbl/1253.35105
http://msp.org/idx/mr/1325824
http://msp.org/idx/zbl/0849.35111

1010 YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE

[Solonnikov 2003] V. A. Solonnikov, “On nonstationary Stokes problem and Navier—Stokes problem in a half-space with initial
data nondecreasing at infinity”, J. Math. Sci. (N. Y.) 114:5 (2003), 1726-1740. MR Zbl

[Taniuchi et al. 2010] Y. Taniuchi, T. Tashiro, and T. Yoneda, “On the two-dimensional Euler equations with spatially almost
periodic initial data”, J. Math. Fluid Mech. 12:4 (2010), 594-612. MR Zbl

[Ukai 1987] S. Ukai, “A solution formula for the Stokes equation in IR’_i_”, Comm. Pure Appl. Math. 40:5 (1987), 611-621. MR
Zbl

Received 16 Nov 2017. Revised 4 Mar 2019. Accepted 18 Apr 2019.

YASUNORI MAEKAWA: maekawa@math.kyoto-u.ac. jp
Department of Mathematics, Kyoto University, Kyoto, Japan

HIDEYUKI MIURA: miura@is.titech.ac.jp
Department of Mathematical and Computing Sciences, Tokyo Institute of Technology, Tokyo, Japan

CHRISTOPHE PRANGE: christophe.prange@math.u-bordeaux.fr
CNRS, UMR 5251, IMB, Université de Bordeaux, Bordeaux, France

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1023/A:1022317029111
http://dx.doi.org/10.1023/A:1022317029111
http://msp.org/idx/mr/1981302
http://msp.org/idx/zbl/1054.35059
http://dx.doi.org/10.1007/s00021-009-0304-7
http://dx.doi.org/10.1007/s00021-009-0304-7
http://msp.org/idx/mr/2749445
http://msp.org/idx/zbl/1270.35357
http://dx.doi.org/10.1002/cpa.3160400506
http://msp.org/idx/mr/896770
http://msp.org/idx/zbl/0638.76040
mailto:maekawa@math.kyoto-u.ac.jp
mailto:miura@is.titech.ac.jp
mailto:christophe.prange@math.u-bordeaux.fr
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF
Patrick Gérard
patrick.gerard @math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Gilles Pisier  Texas A&M University, and Paris 6

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vadim Kaloshin

Herbert Koch

Izabella Laba

Richard B. Melrose

Frank Merle

William Minicozzi IT

Clément Mouhot

‘Werner Miiller

berti @sissa.it

University of California, Berkeley, USA
mchrist@math.berkeley.edu
Princeton University, USA
cf@math.princeton.edu

Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com
Universitit Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk
Universitit Bonn, Germany

mueller @math.uni-bonn.de

Tristan Riviere

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao @math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski @math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 13 No.4 2020

Estimates for the Navier—Stokes equations in the half-space for nonlocalized data 945
YASUNORI MAEKAWA, HIDEYUKI MIURA and CHRISTOPHE PRANGE
Almost-sure scattering for the radial energy-critical nonlinear wave equation in three dimen- 1011
sions
BJOERN BRINGMANN

On the existence of translating solutions of mean curvature flow in slab regions 1051
THEODORA BOURNI, MAT LANGFORD and GIUSEPPE TINAGLIA

Convex projective surfaces with compatible Weyl connection are hyperbolic 1073
THOMAS METTLER and GABRIEL P. PATERNAIN

Stability of small solitary waves for the one-dimensional NLS with an attractive delta potential 1099
SATOSHI MASAKI, JASON MURPHY and JUN-ICHI SEGATA

Geometric regularity for elliptic equations in double-divergence form 1129
RAIMUNDO LEITAO, EDGARD A. PIMENTEL and MAKSON S. SANTOS

Nonexistence of global characteristics for viscosity solutions 1145
VALENTINE ROOS

Strichartz estimates for the Schrodinger flow on compact Lie groups 1173
YUNFENG ZHANG

Parabolic L? Dirichlet boundary value problem and VMO-type time-varying domains 1221
MARTIN DINDOS, LUKE DYER and SUKJUNG HWANG



	1. Introduction
	1A. Outline of our results
	1B. Comparison to other works
	1C. Overview of the paper

	2. Preliminaries
	2A. Notation
	2B. Functional setting and notion of solutions
	2C. Integral representation formulas for the resolvent system

	3. Pointwise kernel estimates
	3A. General ideas for the estimates
	3B. Kernel estimates for the Dirichlet–Laplace part
	3C. Kernel estimates for the nonlocal part
	3D. Kernel bounds for the pressure

	4. Resolvent estimates
	4A. Estimates for the Dirichlet–Laplace part
	4B. Estimates for the nonlocal part

	5. The Stokes semigroup in L^p_uloc spaces
	6. Bilinear estimates for the Navier–Stokes equations
	6A. The symbol of the Helmholtz–Leray projector
	6B. The Helmholtz–Leray projector and the divergence
	6C. The bilinear operator

	7. Mild solutions in L^q_{uloc,sigma}, q>=d
	7A. Existence of mild solutions for initial data in L^q_{uloc, sigma}(R^d_+), q>=d
	7B. Existence of mild solutions for initial data in L^d_{uloc, sigma}(R^d_+)
	7C. Concentration of L^q norm, q>=d, near the blow up time

	Appendix A. A Liouville theorem for the resolvent problem in L^1_uloc spaces
	Appendix B. A Liouville theorem for the nonstationary problem in L^1_uloc spaces
	Acknowledgements
	References
	
	

