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ALMOST-SURE SCATTERING FOR THE RADIAL ENERGY-CRITICAL
NONLINEAR WAVE EQUATION IN THREE DIMENSIONS

BJOERN BRINGMANN

We study the Cauchy problem for the radial energy-critical nonlinear wave equation in three dimensions.
Our main result proves almost-sure scattering for radial initial data below the energy space. In order
to preserve the spherical symmetry of the initial data, we construct a radial randomization that is based
on annular Fourier multipliers. We then use a refined radial Strichartz estimate to prove probabilistic
Strichartz estimates for the random linear evolution. The main new ingredient in the analysis of the
nonlinear evolution is an interaction flux estimate between the linear and nonlinear components of the
solution. We then control the energy of the nonlinear component by a triple bootstrap argument involving

the energy, the Morawetz term, and the interaction flux estimate.
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1. Introduction

We consider the defocusing nonlinear wave equation (NLW) in three dimensions

{—8t,u +Au=u’, (t,x)eRxR3,

u(0,x) = f(x) € HER?), 9,u(0,x) = g(x) € HSL(R?).

The flow of nonlinear wave equation (1) conserves the energy

EQu] () := /3 LiVu(e, )% + L. 02 + Lu(r, x)° dx.
R
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Since the scaling-symmetry u(z, x) — ;. (¢, x) = A~Y2u(t /A, x /1) of (1) leaves the energy invariant,
we call (1) energy critical. Using Sobolev embedding, it follows that the energy of the initial data is finite
if and only if (£, g) € H)g (R3) x Li([RP). Therefore, we refer to H; (R3) x L%([Ri3) as the energy space.

If the initial data has finite energy, the nonlinear wave equation (1) is now well-understood. In a series
of seminal papers by several authors [Bahouri and Gérard 1999; Grillakis 1990; 1992; Rauch 1981; Shatah
and Struwe 1993; 1994; Strauss 1968; Struwe 1988; Tao 2006b], it was proven that solutions to (1) exist
globally, obey global space-time bounds, and scatter as ¢ — £ 00. In contrast, the equation is ill-posed
if the initial data only lies in H3(R3) x HS~!(R?) for some 0 < s < 1. For instance, it has been shown
in [Christ et al. 2003] that solutions to (1) exhibit norm-inflation with respect to the H; x H ﬁ_l-norm.
Consequently, this shows that we cannot construct local solutions of (1) with initial data in HS x H3™!
by a contraction mapping argument.

In recent years, there has been much interest in determining whether bad behavior such as norm
inflation is generic or only occurs for exceptional initial data. To answer this question, multiple authors
have studied solutions to dispersive equations with randomized initial data. In the following discussion,
we will focus on the Wiener randomization, and we refer the reader to the introduction of [Pocovnicu
2017], as well as [Bourgain 1994; 1996; Burq and Tzvetkov 2008a; 2008b; Nahmod et al. 2012; Thomann
and Tzvetkov 2010].

Let us first recall the definition of the Wiener randomization from [Bényi et al. 2015b; Lithrmann
and Mendelson 2014]. We denote by Q = [—% %)d the unit cube centered at the origin. The family of
translates {Q — k }; <z« forms a partition of R? (see Figure 1). By convolving the indicator function X0
with a smooth and compactly supported kernel, we can construct a function ¢ € C>° (R?) such that

VI e =1 Ve =0, and ) yE—k)=1.

kezd

Then, any function f € LJZC([R{‘Z) can be decomposed in frequency space as

f®O =) vE-kf@.
kezd
If {gk }xeza is a family of independent standard complex-valued Gaussians, the Wiener randomization fj;
of f defined as
2@ =" g@yE—k f&).
kezd

Thus, fy is a random linear combination of functions whose Fourier transform is supported in unit-scale
cubes. The Wiener randomization has been used to prove almost-sure local and global well-posedness of
nonlinear wave equations below the scaling-critical regularity. Lithrmann and Mendelson [2014; 2016]
proved the almost-sure global well-posedness of energy-subcritical nonlinear wave equations in R>. The
first probabilistic result on the energy-critical NLW was obtained in [Pocovnicu 2017], which treated the
dimensions d = 4, 5. This method was extended in [Oh and Pocovnicu 2016] to the three-dimensional
case. In addition to nonlinear wave equations, the Wiener randomization has also been applied to nonlinear
Schrodinger equations (NLS). Bényi, Oh, and Pocovnicu [Bényi et al. 2015a; 2015b; 2019] proved the
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Figure 1. In the left image, we display a partition of R4 into unit-scale cubes, which
forms the basis of the Wiener randomization. In the right image, we display a partition
of R? into annuli, which forms the basis of the radial randomization.

almost-sure local well-posedness of the cubic NLS in R4. This method was then extended in [Brereton
2019] to the quintic NLS in R, In [Oh et al. 2017], the authors proved the almost-sure global well-
posedness of the energy-critical NLS in dimensions d = 5, 6. However, the global well-posedness results
above do not give any information on the asymptotic behavior of the solutions.

In contrast, Dodson, Lithrmann, and Mendelson [Dodson et al. 2017; 2019] proved almost-sure
scattering for the energy-critical NLW. Their result holds in dimension d = 4 and requires that the
original initial data (before the randomization) is spherically symmetric. The main idea is to control the
energy-increment of the nonlinear component of u by a bootstrap argument involving both the energy and
a Morawetz term. The spherical symmetry is needed since the Morawetz estimate is centered around the
origin. However, the Wiener randomization breaks the spherical symmetry, so that f}3; is no longer radial.
This method was subsequently extended to the energy-critical NLS in dimension d = 4 in [Dodson et al.
2019; Killip et al. 2019].

In this work, we introduce a radial randomization that preserves the spherical symmetry of the initial
data. To this end, let us first define a family of annular Fourier multipliers.

Definition 1.1 (annular multiplier). Let f € LJZC(IRd), a>0,and § € (0, 1). Then, we define the operator
Agq s by setting
Aas [ (€)= Xia,a+85)a)(1§12) 1 (§). 3)

In addition, for any 0 < a; < az =< 0o, we also define the operator Ay, 4,) by setting

Ataran T €)= tiar.an (I]12) £ ).

Instead of partitioning R4 into unit-scale cubes, the idea of the radial randomization is to decompose
R4 into thin annuli (see Figure 1).

Definition 1.2 (radial randomization). Fix a parameter y >0 and let {gx }2°_, be a sequence of independent

2

d R%), we define its radial symmetrization by

standard real-valued Gaussians. For any f € L

SO = gt Aper s 1yr) £ (). )

k=0
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There exist two natural choices of y: choosing y = 1 leads to annuli of unit width, whereas choosing
y = 1/d leads to annuli of approximately unit volume.

We now make a few remarks on the properties of f®. First, since the Fourier transform of f® is
radial, it follows that ¢ is radial. Using the same argument as for the Wiener randomization [Oh
2017, Lemma 43], it is easy to see that the radial randomization does not improve the regularity of f.
More precisely, if s € R is such that f & H;(Rd), then f¢ ¢ H;([Rid) almost surely. In light of
the unboundedness of the ball-multiplier, see [Chanillo 1984; Fefferman 1971], it is much harder to
prove L?-improving properties for the radial randomization than for the Wiener randomization. The
probabilistic Strichartz estimates for the random linear evolution exp(%i¢|V|) f¢ will be derived from
a refined (deterministic) radial Strichartz estimate. In contrast to the Wiener randomization, the radial
randomization does not lead to a probabilistic gain of integrability in every nonsharp admissible Strichartz
space. Thus, we see a relationship between the geometric structure of the linear evolution and the effects
of the randomization, which was also discussed in [Chanillo et al. 2017].

Let us now formulate the main result of this work. In the following, we restrict the discussion to
the dimension d = 3. Let (f,g) € H rsad([R3) x H r“;gl (R3) be the given (deterministic) initial data. For
technical reasons, we split the randomized initial data ( /¢, g) into low- and high-frequency components.
For the high-frequency component, we let
sin(t|V])

VI

be the random and rough linear evolution. Next, we decompose the solution u of the energy-critical

F®(t,x) = cos(t|V]) P~a6 f“(x) + P.568%(x) &)

NLW into the linear component F'¢ and a nonlinear component v; i.e., ¥ = F® 4 v. Then, the nonlinear
component solves the initial value problem
—8”1) + Av = (U + Fw)s,

6
U(O,X):P526fw, atv(()’x):PSZégw' ( )

Note that the initial data in (6) almost surely lies in the energy-space H 1(R3) x L2(R3). The above
decomposition into a linear and nonlinear part is often called the Da Prato—Debussche trick [2002]. In the
following, we analyze the solution v of the forced equation (6). Since u = F® + v, any statement about
v can easily be translated into a statement about u.

Theorem 1.3 (almost-sure scattering). Let (f, g) € Hrsad([R{3) X Hrsagl(l]@), let 0 <y <1, and let
rnax(l - % 0) < 8 < 1. Then, almost surely there exists a global solution v of (6) such that

ve COHIRXRHNLILIYRxR3), 9,ve COLAZ(RxR?).

Furthermore, there exist scattering states (voi, vit) € H)% (R3) x L2(R3) such that, if wE (1) are the
solutions to the linear wave equation with initial data (vgt, vft), we have

(@) = w* (1), 8:v(t) = 3w ()| g1 @3yxr2 sy = 0 ast — Foo.

We remark that the restriction on s and the range for y are not optimal; see, e.g., Lemma 7.3 and
Remark 8.5. For any (uo,u1) € H1,(R?) x L2 (R3), we can also replace the initial data in (6) by
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(o + P f®, u1 + P_56¢®). This implies the stability of the scattering mechanism of (1) under
random radial perturbations.

By using the deterministic theory and a perturbation theorem, the proof of Theorem 1.3 reduces to
an a priori energy bound on v; see [Bényi et al. 2015a; Dodson et al. 2017; Pocovnicu 2017]. We will
discuss this reduction in Section 5. For now, let us simply state the a priori energy bound as a separate
theorem.

Theorem 1.4 (a priori energy bound). Let (f,g) € HS (R3) x H571(R3?), let 0 < y < 1, and let

rad

max(l 0) < 8§ < 1. Assume that almost surely there exists a solution v of (6) with some maximal

1
12y°
time interval of existence 1. Then, we have that almost surely

sup E[v](?) < oo. (7)
tel

We now sketch the idea behind the proof of the a priori energy bound, which relies on a bootstrap argu-
ment. Let us fix a time interval / = [a, b] € R. We want to bound the energy increment E [v](b)— E[v](a)
by the maximal energy £ of v on /. We will see that the main error term in the energy increment is given by

/IfRs F®v*9,vdxdr. (8)

In the following discussion, we argue heuristically and ignore all other error terms. Using a Littlewood—
Paley decomposition, we may assume that the linear evolution F® is localized to frequency ~ N. In
dimension d = 4, Dodson, Lithrmann and Mendelson [Dodson et al. 2017] used the Morawetz estimate
to control the energy increment. Following their idea, we may assume under a bootstrap hypothesis that

NEE

1
-1 6
XI5 01Se gy S

After directly applying the Morawetz estimate to (8), the best possible bound is ~ (£ 1/6y4p1/2 L ET7/6,
However, this cannot prevent the finite-time blowup of the energy. Following [Oh and Pocovnicu 2016],
we move the time derivative onto the linear evolution F§;. First, we write d; Fy = |V|F®, where F v is
a different solution to the linear wave equation. After neglecting boundary terms, we heuristically rewrite
the main error term as

/I/%(GIF]‘(,’)vsdxdt=/I/2(|V|ﬁ]‘(,’)v5dxdt~/l/3(|V|5ﬁ]‘v")v4(|V|5v)dxdt. 9)
R- R- R

By using the Morawetz term and the energy, we estimate
[
2

1
2
L8 (xey I VVI

L®L%(IxR3)

‘/I/R%(|V|5I3']‘\‘,’)v4(|V|5v)dxdt

3 1 ~ _1
SN l3IVIE Lt ooy X150

SNxI3IVIZ PR L oo (1 mn -
In this bound, the power of £ allows us to use a Gronwall-type argument. However, even for smooth and
localized initial data, the linear evolution |V|Y/2 F v only decays like (1 + | [)~! and is morally supported
near the light cone |x| = |¢|. Thus, the norm |||x|3/4|V| 1/21}';\(; ||L?L§O(IxR3) diverges logarithmically as
the time interval I increases. Since the energy yields better decay for Vv than for v itself, the logarithmic
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divergence cannot be avoided by placing fewer derivatives on v. Consequently, this argument does not
yield global bounds on the energy of v.

To overcome the logarithmic divergence, we introduce two additional ingredients. First, since the
radial randomization preserves the spherical symmetry of the initial data, the linear evolution | V| 12 v is
spherically symmetric. Using this, we can decompose the linear evolution into an incoming and outgoing
wave; i.e.,

1 1 1~ 1~
IVI2Fy = m(Win[IVIZF,?](I + |x]) + Woull V|2 21t — |x1)).

Second, we use a flux estimate to control the integral of the potential v® on shifted light cones by
the energy. We now combine both of these tools by integrating the profiles |Wi,[|V|'/ 2Fw,j"]|2(r) and
| Woul| V|12 ﬁ,ﬁ" 1|?(t) against the flux estimate on ¢ + |x| = 7. Under a bootstrap hypothesis, we obtain
the interaction flux estimate

1 ~ 1 ~
[ [PV PP axar < (V1 YOI ) + IWaull VI FLNOI )8

2
< ||(f1(</), gaz\)r)HH;/szx—l/zg-

We have not seen this estimate in the previous literature. It is reminiscent of the interaction Morawetz
estimate for the NLS [Colliander et al. 2004], but it controls an interaction between the linear and
nonlinear evolution rather than the interaction of the nonlinear evolution with itself. We believe that
similar interaction estimates may be of interest beyond this work. Using the interaction flux estimate, we
bound

‘// (IV|2 Fy)v*(|V|2v) dx d
3
1 1 ~ 1 _,
<|||x|s|V|2FN||L8/gLOO(, R3)|||x|3(|V|zFﬁ)svuLg(,stﬂuﬂ S0l 10 e 2ty

S ||IXI8|V|2FN|| IC/w - gN)II

L33 L% (I1xRr3) HY?x H_l/zg

From the probabilistic Strichartz estimates, we will see that the seminorm of F© scales like H; Jadvy: )}/ 4

and has a probabilistic gain of W—derlvatlves. Thus, we expect the regularity restriction

2 (5 1 1.1 _ 1 1
s>3(G-g)tii=1-1m

Outline. In Section 2, we review basic facts from harmonic analysis. In Sections 3 and 4, we study
solutions to the radial linear wave equation. First, we prove a refined radial Strichartz estimate which is
based on [Sterbenz 2005]. As a consequence, we obtain probabilistic Strichartz estimates for the radial
randomization. Then, we discuss the in/out decomposition mentioned above in detail. In Sections 5 and 6,
we study solutions to the forced nonlinear wave equation (6). We prove an almost energy conservation
law and an approximate Morawetz estimate. Here, we also introduce the novel interaction flux estimate
between the linear and nonlinear evolution. In Sections 7 and 8, we set up a bootstrap argument to bound
the energy and estimate the error terms. Finally, we prove the main theorem in Section 9.
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2. Notation and preliminaries

In this section, we introduce the notation that will be used throughout the rest of this paper. We also recall
some basic results from harmonic analysis and prove certain auxiliary lemmas.

If A and B are two nonnegative quantities, we write A < B if there exists an absolute constant
C >0 suchthat A < CB. We write A ~ Bif A < B and B < A. For a vector x € RY, we write
|x|:= (Zd xz)l/ % We define the Fourier transform of a Schwartz function f by setting

i=1"

F@=— [ ewixe s,
R4

We denote by J,(x) the Bessel functions of the first kind. Recall that for a spherically symmetric
function f we have

f© =7 [0 Juza (1) £ )18

With a slight abuse of notation, we identify a spherically symmetric function f : R? — R with a function

2A. Littlewood—Paley theory and Sobolev embeddings. We start this section by defining the Littlewood—
Paley operators Pr,. Let ¢ € C2° (R?) be a nonnegative radial bump function such that ¢| B(0,1) =1 and
Pra\B(0,2) = 0. We set W1(§) = ¢(§) and, for a dyadic L > 1, we set

_ (& §
V() = ¢(Z) —¢(Z)-
Then, we define the Littlewood—Paley operators Py, by
PLT®) =WL®(®).

To simplify the notation, we also write f7, := P, f.

Lemma 2.1 (Bernstein estimate). Forany 1 < p1 < pa < oo and s > 0, we have the Bernstein inequalities

da _d
fora”LZL ||fL||L£2(Rd)§LP1 V29 HfL”szl(Rd)’
forall L >1, |||V|ist||L§1(Rd) ~ LiS”fL”Lfl(Rd)’
forall L > 1, ||VfL||LfC’1 (R) ™ L”fL“Lﬁ‘(Rd)‘

Lemma 2.2 (square-function estimate, see [Muscalu and Schlag 2013, Theorem 8.3]). Let 1 < p < .
Then, we have for all f € LE(R?) that

||f||L§g(|Rgd) ~d,p ||fL||L§e%(Rd><2N)- (10)

For notational convenience, we use a different function to define a dyadic decomposition in physical
space. As before, we let y € Cfo([R{d ) be a nonnegative, radial bump function such that x|p(,;) = 1 and
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X|ra\B(0,2) = 0. We also assume that y is radially nonincreasing. We set y1 := y, and for any dyadic

X7 (x) = x(%) - x(z%)

Thus, the family { s} s>1defines a partition of unity adapted to dyadic annuli. Furthermore, we let x; be

J > 1, we set

a slightly fattened version of y.

Lemma 2.3 (mismatch estimate). Let L, J, K € 2No  Fyrthermore, we assume that the separation
condition J/K + K/J > 23 holds. Then, we have for all 1 <r < oo that

s PLxx e ey Lr@ey Sm (LIK)™  forall M > 0. (11)
We follow the argument in [Dodson et al. 2019, Lemma 5.10], which treats the case L = 1.

Proof. Let f € L, (R%) be arbitrary. Let ¢ be a suitable bump function on the annulus |x| ~ 1. Using the
separation condition, it holds that

1o PLx f(6) =ty ()L /R L=y () f () dy

= xs ()L /R (L= y)pmax(] KT =y () f () dy.
From Young’s inequality, it follows that

Ixts Pk f g ey < 1LY @(Lx)g(max(J. K) ™) L1y | £ 2z a)-

Next, we estimate

IL4 W (Lx)p(max(J. K) " x)|| 1 = LY / |U(Lx)|¢(max(J, K) " x)dx
Rd
= f |0 (x)|(L" max(J, K) " x) dx
R4
_ / () dx <y (Lmax(J,K)"™M. O
|x|~L max(J,K)

Lemma 2.4 (Bernstein-type estimate). Let L € 2N, 1 < p < oo, and a > 0. Then, we have

)™ P fllpgay S L7H) TV fllppgay + L7 fllLe ey (12)
By iterating this inequality, we could further decrease the weight in the term || (x) ™1 7| L2

Proof. The proof is based on a dyadic decomposition, the localized kernel estimate (11), and the standard
Bernstein estimate. We have

o0
1) ™ PL N p uay S D TP It P17 e
J>1

o0 > i
5Zaf_ap||XJPL)?Jf”i§(Rd)+ZJ_ap( Z ||XJPLXKf||L§(R")) - (13)
=1 J>1 K:KAJ
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We now estimate the first summand in (13). Using the Bernstein estimate, we have

o0 o0
DTN PLis S gy < D I TP NPLE 1] 0 gy
J=1 J>1

o0
S TPV G O )
J>1

00 oo

S ITPLTPNIN S pgay + 20 I TP LTPINGD SN o
J>1 J>1
00 [e.°]

< Z J_apL_p||Vf”i§(|x|~J) + Z J_(aH)pL_p“f||ifg(|x\~1)
J>1 J=1

LIV UL gy + L2 A1 0 -

Thus, it remains to estimate the second summand in (13). Using (11) and choosing M > 0 large, we have

S P
ZJ—“P( 3 ||xJPLXKf||L§(Rd))

J>1 K:KAT

o0 p
<3 J_“p( > (JKL)—W*“*”nsz||L;;(Rd))

J=1 K:KAJT
00 D
< L—(M+a+1)p Z J—(M+2a+1)p(2 K—M) ”(x)_a_lf”z;”(u;ed)
J>1 K>1 ’
S L) 12 O

In Section 8B, we will use a Littlewood—Paley decomposition in an error term coming from the Morawetz
estimate. To control this error, we will need the following estimate for the Morawetz weight x /|x|.

Lemma 2.5. Let L > 1 and let d > 2. Then, we have

(2]
L T ~ T
|x] Lx|
Proof. Let j =1,...,d. It holds that
‘PL(E)‘:M/ B(Ly) LY dy'
|x| R4 |x — |

—14

Lol
Rd lx—=yl ||

o x(xl ==y — ]
< Ld/ B(Ly)l| Y J
y x Il

~ [yl
dy < / W(y)|-—————dy
R4 |Lx —y|

|yl
|x =y

<14 / B(Ly)|
Rd
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Using the rapid decay of 0, the estimate then follows by splitting the integral into the regions |y| < %L |x],
|yl ~ L|x|, and |y[ = 2L]x]. 0

In addition to the standard Sobolev embedding, we will also rely on the following weighted Sobolev
embedding for radial functions.

Proposition 2.6 (radial Sobolev embedding, see [De Népoli and Drelichman 2016, Remark 2.1] and
[De Népoli et al. 2011]). Letd > 1, 0<s <d, 1 < p < o0,
d d

11 11
a<=, B>-%, a—ﬁz(d—l)(———), and - = —+
P q q p q

a—pB—s
P d =~

If p < q < oo, then the inequality

12 £llLe S WV £l (15)

holds for all radially symmetric f. If ¢ = o0, the result holds provided that

a—ﬁ>(d—1)(l—l).
q p

2B. Calderon-Zygmund theory. In order to use weighted estimates, we introduce some basic Calderén—
Zygmund theory.

Definition 2.7 [Stein 1993, Section V]. Let w € Llloc(Rd ) be nonnegative. For 1 < p < oo, we say that
w satisfies the A,-condition if

(3 ) (i o o) a0
sup [— [ wdy)[— | w 7dy|] <oo.
B=8B.(x)\|B| /B |B| JB

The following well-known criterion for power weights can be proven by a simple computation.

Lemma 2.8 [Stein 1993, Section V.6]. Let w = |x|* and let 1 < p < co. Then w satisfies the Ap-condition
if and only if
—d<a<d(p-1).

The following proposition is a consequence of Theorem 7.21 and the proof of Theorem 8.2 in [Muscalu
and Schlag 2013]. We also refer the reader to [Stein 1993, p. 205].

Proposition 2.9 (Mikhlin-multiplier theorem). Let m : R4\ {0} — C be a smooth function. Assume that
m satisfies for any multi-index y of length |y| <d +2

107 m(£)] < Blg|.

Let m(V /i) be the associated Fourier multiplier and let 1 < p < oo. For any Ap-weight w, there exists a
constant C, depending only on d, p, and the supremum in (16), such that

Im(V/i) fllLr@wax) < CBI flLrwaxy forall f € SRY).

Remark 2.10. We will apply Proposition 2.9 to the Riesz multipliers m; (§) = §&; /|£| and to the Littlewood—
Paley multipliers Wy, (§).
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3. Probabilistic Strichartz estimates

In this section, we derive probabilistic Strichartz estimates for the radial randomization. For the Wiener
randomization, there exist two different methods for proving probabilistic Strichartz estimates.

The first method relies on Bernstein-type inequalities for the multipliers f +— ¥ (V/i —k) f. After
using Khintchine’s inequality to decouple the individual atoms of the randomization, the LZ%-improving
properties of the multiplier are used to move from a space L?th‘ into a space L?Lf"’. Then, one applies
the usual Strichartz estimate to control the evolution in L7 L2", which depends more favorably on the
regularity of the initial data. For example, this method has been used in [Bényi et al. 2015a; 2015b; 2019;
Oh et al. 2017; Killip et al. 2019; Lithrmann and Mendelson 2014].

The second method relies on refined Strichartz inequalities. Here, the frequency localization is used
explicitly to derive improved Strichartz estimates. To mention one example, the refined Strichartz
estimate in [Klainerman and Tataru 1999] is based on a new L1 — L%°-dispersive decay estimate. In the
probabilistic context, this approach was first used in [Dodson et al. 2017].

For the radial randomization, the multipliers are of the form f +— A, s f. In a celebrated paper,
Fefferman [1971] proved that the annular Fourier multipliers in dimension d > 2 are bounded on L7 if
and only if p = 2. However, if we restrict to radial functions, then the annular Fourier multipliers are
bounded on L? for all 2d/(d + 1) < p <2d/(d — 1); see [Chanillo 1984]. Using Young’s inequality,
it is also possible to prove L1 — L% bounds for p > 2d/(d + 1). From interpolation and duality, one
can then obtain the strong-type diagram for the annular Fourier-multipliers on radial functions. However,
the dependence of the operator norm on the normalized width § is rather complicated, and the resulting
Strichartz estimates are nonoptimal. Instead of using the Bernstein-based method, we therefore prove a
new refined Strichartz estimate for radial initial data. As in previous works, we can then use Khintchine’s
inequality to obtain probabilistic Strichartz estimates.

Proposition 3.1 (refined radial Strichartz estimate). Let f € erad(le). Let 0 < § < 1 and assume that
there exists an interval I C [%, 2] such that |1| <8 and supp f C{&:||&||2 € I}. Then, we have

. 1__ 1
Ix1* exp(£it|V]) fll L9 12 (mxre) Seg.p 82 ™D || f 2 e a7
as long as
d 1 1 1 .
——<a< d—l(———)—— if 2<gq, p < oo, (18)
» (d—Dl3 2) g if2=<q.,p
—£<oe<(d—1)(l—l) if q=o00,2<p<o0, (19)
T 2.p -
d—1 1 .
0§a<T—6—] if2<qg<o00, p=o00, (20)
d—1 :
Ofosz if g=p = oc. 2D

The estimates of Proposition 3.1 can be visualized using a “Strichartz game room”; see Figure 2.
Proposition 3.1 is a refinement of [Jiang et al. 2012, Theorem 1.5] and [Sterbenz 2005, Proposition 1.2],
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Q=

—1

Figure 2. We display the weighted radial Strichartz estimate from Proposition 3.1 in
d = 3. The true endpoint estimates correspond to either green spheres or black lines,
whereas the false endpoint estimates correspond to either red spheres or red lines. The

black sphere at (3, 1,0) serves as a visual aid.

and we follow their argument closely. We remark that the corresponding Strichartz estimate for non-
frequency-localized functions [Jiang et al. 2012, Theorem 1.5] may fail for some of the endpoints
above.

Proof. By time-reflection symmetry, it suffices to treat the operator exp(i¢|V]). Recall that we denote
by J, the Bessel functions of the first kind. For any radial function f € erad([Rd ), we identify f with a
function f : R~¢ — R. Then, it holds that

exp(i]9) /1) =7 [ explitp) Tz () p1o% dp. 22)

Inserting the known asymptotics for Bessel functions, see [Jiang et al. 2012], we may estimate

de1 2w R
(14073 [ explitc £ r)pm(r: 0, 4y 0. () dp. 3)

Here, ¢(1/4,4) is a smooth cutoff-function that equals 1 on [% 2] and is supported on [% 4], and m(r; p)
is a smooth function that satisfies |8{,m(r; p)| <j 1forall j > 0. Since supp f < [%, 2], we may write

2r R
7o) =Y cxexplikp). where e = 5 [ exp(-ikp) £ (o) dp. 4
kez 0

Inserting (24) into (23), we have to bound

de1 2n
S T e [ explitc £+ bpm(ri )by g (0) b @s)

kez

Integrating by parts 2M times, we have

2
| expite £ ke 009y 4y (0)dp| ar (11t 4 k)M,
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Therefore, we obtain
. _d—1 d—1 _
I1x|% exp(@t|V) fllppway SNA+r)" 2 r%r 7 (1+ [t +k£r)) ZMck”Lf(}C(RN)xz)
_d=1 d—1 _
<NA+r)"Zr 5 A+t +k£r) Mck||L%£(R>0XZ), (26)

where we have used Holder’s inequality in the k-variable. Since

and @ > 0 if p = oo, we obtain for sufficiently large M that
d— d—1 — _d—1 d—1
1A +r" 2 r 5 A k)™Ml S A+l KD e+ k557

min(p,q) Ny

From the embedding £, i and Minkowski’s integral inequality, we obtain

* explit|V < k)™ e+ k2T
[x® exp(t[V]) fllLa L2 @xmay S 11+ 12 +k]) L+ k7T 7 crellLaer mxa)

_d—1 d—1
S+t +k) 2 e +k|a+ 4 Ck”elr?in(p,q)L?

(ZxR)
< llewll gnco.o g 27
From Plancherel’s theorem and the support condition on f , we have
2 L [P 2 2

el o) = 57 /0 £ )2 dp~ 11 £ 1122 a
Furthermore, since supp f is contained in an interval of size < §, we have

el = 5t [ 1F@1dp 58811260y
Then (17) follows from (27) and Holder’s inequality. O

Remark 3.2. We note that there is no §-gain for ¢ = 2. For instance, this follows from a nonstationary
phase argument by choosing f as the inverse Fourier transform of x[; 145](|§]). As a consequence, we
obtain no probabilistic gain for Strichartz estimates with parameter ¢ = 2; see Lemma 3.4. This indicates
that the spherical symmetry imposes restrictions on the randomized linear evolutions. We therefore view
the radial randomization as a modest step towards probabilistic treatments of the geometric equations
discussed in [Chanillo et al. 2017].

Corollary 3.3. Let f € erad([R{d) and Ay 5 as in (3) witha ~ N. If a, p, and q satisfy (18)—(21), then
o , d_g_ 1l_d 1___1 __
x[® exp(£it|[V) Aas fllpapp SN2 @ »82 mntrad [Ags fllp2- (28)

Proof. For any g € erad([Rd ), we have

Aasg(0) = (44 .5(2(57))) V).
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From scaling and (17), it then follows that
o Z*:t V A < N%_a_é_%S%_min(lp q)
[x® exp(£it|V)Aas fllLapr < DN fllgz-
Finally, replacing f by A, s f above, we arrive at (28). |
Lemma 3.4 (probabilistic Strichartz estimates). Let f € Hrsad(IRd) with

d 1 d 1(1 1 )’ (29)

o AT T
—2 q p y\2  min(p,q)

where y is as in Definition 1.1. Let o and 2 < p,q < oo satisfy (18). Then, we have for all 1 <o < oo
that

[ exp(£it V) [N 1o 1912 Sp.aas VOIf | Hs@e)- (30)

Proof. We prove (30) only for 0 > max(p, ¢q). The general case then follows by Holder in the w-variable.
From the square-function estimate (Lemma 2.2), Minkowski’s integral inequality, Khintchine’s inequality,
and Corollary 3.3, it follows that

I1x[* exp(i1| VD) £l g po e < I1xI% exp(@it|V) £l g 1262
.o
< x| exp(Eit| V) 2l 2, Lo 121
< Vo llx|* exp(Eit| V) A fiv 3, 1o 262
< Vollx|* exp(Eit| V) A fiv 2, 2 1 1.2

< VoN“fulgz 2
= Vol fllm;.

We remark that f; is only localized to frequencies < 1, so that the inhomogeneous Sobolev norm above
is necessary. u

Lemma 3.5 (probabilistic L°-Strichartz estimates). Let fy € er d([F\€3’) and let f be its radial random-

a
ization. Then, we have

3 . 3.1
I1x[® exp(it VDSl g 1330 S VONT5 [ N2,

1 . 1—-L
I1x1¥ exp(£it[V]) f2ll g 1310 S VON " | fivll 2

Remark 3.6. Since p = oo, we can no longer use the usual combination of Minkowski’s integral
inequality and Khintchine’s inequality. We resolve this by using a radial Sobolev embedding.

Proof. Let 1 < p < oo be a sufficiently large exponent. Using Proposition 2.6 and Lemma 3.4, we have
for all p <o < oo that

3 exp(Li1[V]) /2 < 113 exp(i 3 o < JoNi®
1518 exp(it| VD) £21l g 157300 S NxI3 exp(EitVDIVIZ £, 53,0 S VONTH | fivll 2.
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Note that, due to scaling, the parameter p does not appear in the final estimate. Similarly, we have
1 . 1 . 3 1—-L
x4 exp(it[VD)f2 g 14100 < X1 exp(EitVDIVIZ [l g par0 < VON'"% | Syl 2. O

Lemma 3.7 (probabilistic L¢°-Strichartz estimates). Let f € L2 (R?) and let § > 0. Then, we have for
all1 <o <ooandall N €27 that

1
lexp(&it|VD) f§ll g roors < VONTT | full2, €1V
1 . _1=5
I1x12 exp(£it|V) f§ g LooLse S5 VON' =2 || fvll - (32)

Remark 3.8. Since ¢ = 0o, we can no longer use the same combination of Minkowski’s integral inequality
and Khintchine’s inequality as in the proof of Lemma 3.4. The same problem was encountered in previous
works using the Wiener randomization. In [Oh and Pocovnicu 2016, Proposition 3.3], a chaining-type
method was used to bound L$°-norms on compact time intervals. In [Killip et al. 2019, Proposition 2.10],
the authors obtain global control on an L?°-norm via the fundamental theorem of calculus. Here we
present a slight modification of their argument. An alternative approach consists of using a fractional
Sobolev embedding in time [Dodson et al. 2019].

Proof. Let 1 < g < oo be sufficiently large and assume that o > g. We fix ¢, 11 € R. By the fundamental
theorem of calculus, it holds that

lexp(ita| V1) 21l g < llexp(tolVI) £i21l ¢ + / 10 (exp(it]V]) £2)]] ¢

[t():tl]
<l explitol VD) [l ¢ + N /[ exp(ir| V1) £ g o
10,11
1 .

S lexp(itol V) SN s + Nt —10) @ [ exp(it|VI) SN | L9 16 mxr3)-

By taking the g-th power of this inequality and integrating over tg € [t; — N~!,#; + N~1], we obtain
lexp(ea V1) /3718 g < NI exprIVD 120 o oy’
Taking the supremum in #; and using Lemma 3.4, it follows that
. 1 . —L
| exp(Eit|V) Sl o poore < N1 exptVI) Sl g 1o 16 @iy < VON 7 | fwll 2.

Using the radial Sobolev embedding (Proposition 2.6), Proposition 2.9, and the same argument as before,
we obtain

1 . 1 : 3
x12 exp(£it|V]) 3 lLg Loorge S Nlx|Z exp(Fit VDIV f§ |l g poo e

1,3 1 .
SNaTa||x|2 exp(£it|V]) 5l Lg o9

This completes the proof of the second estimate. O
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out

in out in ]{u\t
L4

Figure 3. We display the in/out-decomposition for radial solutions of the linear wave
equation in d = 3. The blue lines correspond to incoming waves and the red lines
correspond to outgoing waves. The incoming wave will be reflected at the origin and
transformed into an outgoing wave.

r

4. An in/out decomposition

In this section, we describe a decomposition of solutions to the linear wave equation into incoming and
outgoing components (see Figure 3). This decomposition relies heavily on the spherical symmetry of
the initial data. The in/out-decomposition can be derived in physical space by using spherical means;
see, e.g., [Sogge 1995]. However, for our purposes it is more convenient to derive the decomposition in
frequency space. A similar method has been used for the mass-critical NLS in [Killip et al. 2009].

Let f € L2 (R3) be spherically symmetric. Using the explicit expression

rad
2
J1(x) =y —sin(x),
2 X

cost [V 1) =4 [ costen)a o) f o2 dp

see [Bell 1968], it follows that

— \/g% [0 cos(tp) sin(rp) £ (p)p dp

- f—n% /0 (sin((z + r)p) — sin((t — r)p)) £ (0)p dp.

By defining
Wilh(r) = /O sin(xp)(p)p dp. (33)

it follows that

cos(t|VI) f = WL £t + 1) = Wsl Fe = r).
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Next, let us derive the corresponding decomposition for the operator sin(z|V|)/|V|. Let g € H TL(R3) be
spherically symmetric. Then,

Sml(tvl|v') (n=r== / ) sin(p)J 1 (r0)2(p)p? dp
\/; / sin(zp) sin(rp)g(p) dp
= L_ / (cos((t —r)p) —cos((t +r)p))g(p) dp.
By defining
1 o0
Weltle) = = [~ eosemiorp dp
it follows that
sin(z|V|)

= Wl 1 )+ Welp T 81— ).

Thus, the solution F' of the linear wave equation with initial data (f, g) € Lrad([R{3) X H ([R{3) is given
by

F(t,x) = (Ws[f](t+r) Welo™" 81t + 1) = Wl £1( —r) + Welp™ ' 81 — 1))

Definition 4.1 (in/out-decomposition). Let ( f, g) € erd R3) x H ([R{3) and let F be the corresponding

solution to the linear wave equation. Then, we define
Wil F1(x) = Wy f1(2) = Welp ™' £1(2),
Woul F1(z) = =Ws[/1(x) + Wel[o™' £1(2).
As a consequence, we have

F(t,x) = (Wm[F](r + 1) + WoulF1(t —1)). (34)

Even though W;,[F] equals —W,y[F] we introduced two different notations to serve as a visual aid.
This also allows us to safely leave out the arguments ¢ 4+ r and ¢ — r in subsequent computations.
From Plancherel’s theorem, it follows that

IWsR1 (Ol L2 @y + IWelP]liL2 @) < 107 2R (35)
As a consequence, we have
IWal FIO 2y + 1 Woul FYO 28 < 17 12y + 181 goy- (36)

In the analysis of the Morawetz error term (see Section 8B), we will need to control an interaction
between V F and the nonlinear part v. However, the individual components of V F are not radial. To
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overcome this technical problem, we write

0x, F(t.x) =L 0, F(t.r)
: r

= _%(Wout[F](t —7) + Wl F](t +1)) + %(—(3rWout[F])(f = 1)+ (Wl FD( +1)).

After a short calculation, we see that
0 Wil f1(r) = Welpf1(r) and 3. W[o~'8](x) = —W;[g](v).
Then, we define

Wi v[F1(7) := Welp f1(2) + Ws[g](2), 37)
Wou, v [F1(7) := Welp f1(2) + Ws[g](2). (38)

Using these definitions, it follows that
Xj Xj
O F(t,x) = =5 F(t,x) + 5 (Wou v [F1( =) + Wi, 9 [F](t + 7). (39)
Using the same argument as above, we have

I Wour 9 LFI 2y + W9 FIO 2y < 1 gy + 181122 -

Lemma 4.2. Let [ € L2 (R?) be such that

supp(f) C (£ : |£] € [a, (1 + 8)al}.

Then, we have for all 2 < g < oo that

1_1
IWs[F1Oze @y + IWelf 1@ Lem < @82 4| fll 2R3 (40)
Proof. Using Holder’s inequality, we have

(1+4+68)a %

WL+ W01 [ |f(p)|pdp§(a5)é(/o |f<p)|2p2dp) = @)A1 f 2.

a

This proves (40) for ¢ = co. Together with (35), the general case follows by interpolation. O

Lemma 4.2 is the analog of the square-function estimate [Dodson et al. 2017, Lemma 2.2] for the
Wiener randomization. However, since f is radial, it is much easier to prove.

Corollary 4.3 (improved integrability for the in/out decomposition). Let f € erad (R3). Then, we have
forall 2 < g < oo that

WL/ g Lo+ IWel F21O 2 20 < NOTICD) fy 2 gay-
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Proof. As in Section 3, we restrict to the case ¢ < o < 0o. Using a combination of Khintchine’s inequality,
Minkowski’s integral inequality, and Lemma 4.2, we have

IWs[/¥1O g e < IWs[/N1O ez
S Vo IWs[Ak NI Lag2
= Vo [ Ws[Ak [Nl g2 Lo
sNOG=D 4 fylg 2
s NG py .
The same argument also works for W[ f3](7). |

Remark 4.4. For y = 1, Corollary 4.3 shows that Ws[/¥](7) € (2<j<c0 L% (R) almost surely for all
fe Hr?lgr (R3). This holds because the radial randomization is similar to a Wiener randomization of the

function f(r)r.

5. Local well-posedness and conditional scattering

Recall that the forced nonlinear wave equation is given by

—gv+Av=W+F), (t,x)¢€ R x R3,

i 41
v(to, x) =vo € HLX(R3), 9,v(to, x) = v1 € L2(R?). “D

In this section, it is not important that F' solves a linear wave equation. However, this will be essential in
Sections 6-9.

Lemma 5.1 (local well-posedness). Let (v, v1) € H}(R*)x L2 (R?) and assume that F € L L1°(RxR3).
Then, there exists a maximal time interval of existence I and a corresponding unique solution v of (41)
satisfying

(v,0v) € (COHL(I xR N L3, L30T x R?)) x CPL2(I x R?).

t,Jloc™x
Moreover, if both the initial data (vg, v1) and the forcing term F are radial, then v is also radial.

The proof consists of a standard application of Strichartz estimates, and we omit the details. We refer
the reader to [Dodson et al. 2017, Lemma 3.1] and [Pocovnicu 2017, Theorem 1.1] for related results. In
[Pocovnicu 2017] the stability theory for energy-critical equations was used to reduce to the proof of
almost-sure global well-posedness to an a priori energy bound. Similar methods have also been used in
[Bényi et al. 2015a; Dodson et al. 2017; 2019; Killip et al. 2019; Oh and Pocovnicu 2016].

Proposition 5.2 [Dodson et al. 2017, Theorem 1.3]. Suppose (vo,v1) € HY(R?) x L2(R?) and F €
L2 LI%(R x R3). Let v(t) be a solution (41) and let I be its maximal time interval of existence. Further-
more, we assume that v satisfies the a priori bound

M = sup E[v](t) < oo. (42)
tel
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Then v is a global solution, it obeys the global space-time bound

Illzszro@xm < CNE L5110 @xma) <00
and it scatters as t — Fo0.

Theorem 1.3 in [Dodson et al. 2017] is stated for the energy-critical NLW in d = 4. However, the same
argument also yields Proposition 5.2. We point out that the proof crucially relies on the deterministic
theory for the energy-critical NLW [Bahouri and Gérard 1999; Tao 2006b].

6. Almost energy conservation and decay estimates

In this section, we prove new estimates for the solution to the forced NLW

—0v+Av=@w+F), (t.x)eRxR3,

i 43
v(to, x) = vo € HY(R?), d,v(to, x) = vy € L2(R3). )

In contrast to Section 5, we now assume that F is a solution to the linear wave equation. Recall that the
stress-energy tensor of the energy-critical NLW is given by

00._ 1 2 2y, 1.6
T = 5((817)) +|VU| )—|—8U )
770 .= —9,v Ox; U,
ik . 2
T7% =0y vy, v — 18k (=010 + A)(V?) + 184 0°.
In the above tensor, we have j, k = 1,2, 3. If v solves the energy-critical NLW (1), then the stress-energy
tensor is divergence-free. This leads to energy conservation, momentum conservation, and several decay
estimates, such as Morawetz estimates, flux estimates, or potential energy decay; see [Sogge 1995; Tao
2006a]. If v solves the forced nonlinear wave equation (43), then the stress-energy tensor is no longer
divergence-free. However, the error terms in the divergence are of lower order, so we can still hope for

almost conservation laws and some decay estimates. More precisely, with A := (v + F)> —v°, it follows
from a standard computation that

9 T% + 3y, T = —N 9,0, “4)
8,TJ0+8xk TJk :Naxlv_%ax, (NU) (45)

For our purposes, the most important quantity measuring the size and regularity of v is its energy
ER)0) = [ 41V0P + 4o + Lol d.
For future use, we also define the local energy as
e[v](r) == / 1IVol2 + 10,0 + £[v|® dx.
x| <le|

Next, we determine the error terms in the almost energy conservation law.



ALMOST-SURE SCATTERING FOR THE RADIAL ENERGY-CRITICAL NONLINEAR WAVE EQUATION 1031

Proposition 6.1 (energy increment). Let I = [a, b] be a time interval and v : I x R3 — R be a solution
to the forced nonlinear wave equation (43). Then, we have

|E[v](b) — E[v](a)]

5
S I Fl oo 6 1y S0P E1(0)F + ‘ [ [ @rtaxa
: tel 1 JR3

+// |FI2(|F| + [v])3|9;v| dx dr.  (46)
I JR3

The first summand on the right-hand side of (46) has a lower power in the energy. After placing the
random linear evolution in L LS (R x R3), it can easily be controlled via a bootstrap argument. The
second summand is the main error term in this almost energy conservation law, and we will control it
in Section 8A. Finally, the third summand in (46) only includes lower-order error terms, and they are
controlled in Section 8D.

The idea to integrate by parts in the energy increment has previously been used in [Dodson et al. 2019;
Killip et al. 2019; Oh and Pocovnicu 2016].

Proof. From the divergence formula (44), it follows that
d _d 00
dtE[v](t) = /R3 T (t,x)dx
=— | Nod;vdx
R3

=—5/ Fv*d,vdx— [ (10F2v34+10F3v2+5F*%v+F>) ;v dx.
R3 R3

Integrating in time, we obtain

|E[v](b) — E[v](a)| < ‘/1 /ﬂ: Fv*9;vdxdr

+// |F12(|F| + |v])3|9;v]| dx dt. (47)
1 JR3

The second summand in (47) is already acceptable; thus, we now turn to the first summand. Using
integration by parts, we have

// Fv*d;vdxdr // F9;(v°)dxdt
I1JR3 I1JR3

/ 3;(F)v>dxdr
I JR3

5

=

+/ |F|(b,x)|v|5(b,x)dx+/ |F|(a,x)|v]’(a,x)dx
R3 R3

<
~

3
1JR3 ! tel

Thus, the contribution of the first summand in (47) is also acceptable. O

By contracting the stress-energy tensor against different vector fields, one sees that solutions to the
energy-critical NLW obey a range of decay estimates. One of the most important decay estimates in
the study of dispersive equations is the Morawetz estimate, and it has been used to prove almost-sure
scattering in [Dodson et al. 2017; 2019; Killip et al. 2019]. For the reader’s convenience, we recall a
classical Morawetz identity.
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Lemma 6.2 (Morawetz identity). Let I = [a, b] be a given time interval, and let v : I x R> — R be a
solution of (43). Then, we have the Morawetz identity

// —dxdt+n/|v|2(t,0)dt+// |Vangv|? dx dt
R3 |x| I JR3
= Btv— Vv—4—8,vdx

—/ N Vo dxdr — // —Nvdxdt (48)
|x]| |x| t=a JI |x| R3 |

Here, Vangv := Vv — (x/|x|) - Vv denotes the angular component of the gradient of v.

The lemma follows along a line of standard computations using (44) and (45); see, e.g., [Tao 2006a].
We now rewrite the error terms in (48) more explicitly in terms of F, and group similar terms together.

Proposition 6.3 (Morawetz estimate). Let I = [a, b] be a given time interval, and let v : I x R3 — R be
a solution of (43). Then, we have the Morawetz estimate

//[R3mdxdt<§1€ql)E v](t)+‘//R x |V (F)v® dx dr

/[ LRIl Feaxar [ [ FEGRHD (' '+|Vv|)dxdz (50)
. ]

The second summand in (49) is the main error term in this estimate, and we will control it in Section 8B.

(49)

In contrast, the error terms in (50) are easier to control, and they will be handled in Section 8D.

Proof. To prove the proposition, we have to control the terms on the right-hand side of (48). First, using
Hardy’s inequality, we have

b
X v
/ ;v —-Vv—4— 0,vdx
R3 |X| |)C| t=a
v
SN0 Oz L2 xm IVl Lo L2 xmy T 100D oo 121y | 717
Ly (IxR3) 7° L% (I xR3) 7°Lx (I xR3) |x| L?OL%(IXH@)

< sup E[v](1).
tel

Thus, the contribution is acceptable. Second, we have

N— Vv dx dt

< // Fv*— Vvdxdt‘ // |FI2(|F| + |v])?|Vv|dx dt
1Jr3 | x| 1Jr3
// Fr. V(v°)dxdt| + // |FI2(|F| + |v])| V| dx dt
1Jrs x| 1Jr3
X 5
VA F— v’ dxdt
R3 |x]
// —.V(F)v°dxdt|+
r3 |X|

R3

A

A

+// |F|2(|F| + [v])3| V| dx dr

ff —|v|5dxdt+// |FI2(|F| + |v])?|Vv|dx dr.
R3 X| R3

A
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r=|x|

t/\

=V

Figure 4. This figure displays the quantities involved in the forward flux estimate. The
local energy at times ¢ = a, b is the integral of the energy density over the red regions.
The flux is the integral of v® over the blue region in space-time. Using the stress-energy
tensor, we can control the flux by the increment of the local energy.

Thus, the contribution is acceptable. Finally, we have

1 1 1
//—%MM&S//—AHMHMNMM&S//—AHWMMWMm.D
1 Jr3 |x] 1 Jr3 |x] 1 Jr3 x|

In contrast to the case d = 4 as in [Dodson et al. 2017; 2019], the energy and the Morawetz term
are not strong enough to control the main error terms. In addition, we will rely on the following flux

estimates on light cones.

Lemma 6.4 (forward flux estimate). Let v be a solution of (43) on a compact time interval I = [a, b] C
[0, 00). Then, we have

1/‘ v%amdo@x)gdﬂw)—qwmy+/ dv((v+ F)°> —v )dxdr. (51
6 |x|=t,tel |x|<t,tel
Remark 6.5. The flux estimate is a monotonicity formula based on the increment of the local energy.

See Figure 4. The term on the left-hand side of (51) describes the inflow of potential energy through the
light cone.

Proof. We have

%e[v](z):/ %|Vv|2+%|8,v|2+é|v|6da(t,x)+/ 3: VoV + 3,50 9,0 4 v° d;v dx
|x|=t

|x|<t

:/ %|Vv|2+%IBtUIZ—athv-ﬁ+%|v|6da(t,x)+/ ;000 — Av +0°) dx
|x|=t

|x|<t
3/1 %WP®UJ3+/ d;v(—(v + F)° +v°) dx.
|x|=¢ |x|<t
Integrating over ¢ € I, we arrive at (51). O
The estimate (51) by itself is not useful. Indeed, it only controls the size of v on a lower-dimensional

surface in space-time. We will now use time-translation invariance to integrate it against a weight
w e LL(R).
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I/Vout”V‘FN]
X
T

Figure 5. We display the idea behind the interaction flux estimate. By using the time-
translation invariance of the equation, we can control v® on the blue region of each shifted
light cone. Then, we integrate the forward flux estimate against a weight w depending
only on the shift 7. Since the outgoing component W [|V|Fx]( — |x|) is constant on
forward light cones, we choose w = |Wou[|V|Fn]|2.

Proposition 6.6 (forward interaction flux estimate). Ler v be a solution to the forced NLW (43) on a
compact time interval I = [a, b] C [0, c0). Also, let w € L%(R) be nonnegative. Then, we have

_ 6
/,/W w(t —|x])|v|°(, x) dx dr

5
S w1y sup E]@) + lwlip 1@l £l Loo 16 (7 xr3y sup E[v](2) 6 (52)
tel tel
t—|x|
+ // (/ w(r)d‘c) 3 (F)v° dx dr| + // w(t — |x|)Fv> dx dt| (53)
I JR3\J—00 I JR3

In order to control the energy, we essentially choose w as the outgoing component of the linear wave F
(see Section 7 and Figure 5).

The terms in (52) correspond to boundary terms, and they can easily be controlled by a bootstrap
argument. The main error terms are in (53), and they will be controlled in Section 8C. In contrast, the
errors in (54) are of lower order, and they will be controlled in Section 8D.

To remember that the weight w in (53) should be integrated over (—oo, ¢ — | x|], note that the contribution
of the error d,(F)v> should be weighted less as  — —oo and |x| — oo.

Proof. By time-translation invariance and Lemma 6.4, we obtain for any 7 € R that
11,6
/ g, x)do(z, x)
|x|=t—1,tel

5/ 1IVol2 + 118,012 + £v|® dx
|x|<b—t

t=b

+ / d;v((v + F)° —v°)dx dt
t=a |x|<t—t,tel

—f| 1IVo2 + 110,02 + £v[® dx
x|<a—rt

<2sup E[v](z)+/|| ) 3:v((v+ F)’ —v°)dxdr. (55)
xX|<t—1,1€

tel
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Integrating (55) against the function w(t), we obtain

é/]/ﬂ@ w(t — |x])|v(r, x)|® dx dr

- é/‘/|x|=t—1- w(T)|U|6(l,x) do(t,x)dr

§2||w||L%(R) supE[v](t)+//|| Iw(r) A v()((v+ F)° —v°)dxdrdr
x|<t—t,t€

w(r)Fv* d,vdx dr de

S Il g ey Sup El0)0) +

|x|<t—t,tel

The first and third summand in the last line of (56) are acceptable contributions. Thus, we turn to the
second summand in the last line of (56). Using integration by parts, we have

w(t)Fv* 8;vdx dr dt

x|<t—t,tel

= /I/R3 (/_:xl w(7) dt)Fat(vs) dxdt'
/R3 (/t—lxl w(7) dr)Fv dx (/t . w(7) dr)Fvs dic

|x]
( t w(f)dr) 3; (F)v° dx dt| +

t=a

u)(t —|x|)Fv® dx dr

R

5 t—|x|
< Wl Fliessanan s E0I0F+ | [ [ ([ dr) bu(Fyos axar
tel I JR3\J—00

+‘/f w(t —|x|)Fv’ dx dt|.
I JR3

By replacing the forward light-cones in the derivation of Proposition 6.6 by backward light-cones, one

O

easily derives the following proposition.

Proposition 6.7 (backward interaction flux estimate). Let v be a solution of (43) on a compact time
interval 1 = [a,b] C [0, 00). Also, let w € L1(R) be nonnegative. Then, we have

// w(t + |x])|v]®(, x) dx dr (57)
I JR3

5
S 10l oy 90 ETIO) + 10l oy 1 o1y S0P BRI
te te

(/00 w(T) dr) 9;(F)v° dx dt| +
R3 \Jt+|x|

+”w”L%(R)/I./[R{* |F|2(|F| + |v])3|9;v]| dx dt.

w(t + |x|)Fv> dx de| (58)
R3
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To remember that the weight w in (58) should be integrated over [t + |x|, 00), note that the contribution
of the error 9, (F)v> should be weighted less as ¢, |x| — oo.

7. Bootstrap argument

In this section, we introduce the quantities in the bootstrap argument to control the energy. For a given
time interval I C R, we define the energy

& =sup E[v](t) = Sup/ 2@t x))* + V(. x) > + §lv(t. x)[® dx (59)
tel tel JR3

and the Morawetz term

_1
A = llx|" o] (60)

6

LS (IXR3)
Before we can define the interaction flux term, we need to introduce some further notation. Let F' be a
solution to the linear wave equation with initial data F |;—o = fo € L2,(R>) and 8, F |;=0 = g0 € H_1 (R?).
As in the definition of F? in (5) , we assume that P_»s fo= P_»5g0 = 0. We recall from (6) that the
low-frequency component of ( f¢, g%) will be treated as the initial data of the nonlinear component v.
In order to use Littlewood—Paley theory in the spatial variables, it is convenient to introduce a second

solution F to the linear wave equation. A short computation shows that

9 F = |V|(cos(r|V|>|V|—1g+ %(—WW).
Then,
f:=COS(IIV|)|VI‘1g+%(—IVU) 61)

satisfies 8; F = |V|F and has initial data F |,—o =|V| g€ L2 (R?®) and 3, F|;—o = —|V| f € I-.Ir;d1 (R3).

rad
After localizing in frequency space, we write

~ 1 ~ ~
IVIFN (1. x) = m(Wout[|v|FN](t — 1)+ WallVIFN]( +1)). (62)
In the bootstrap argument, we want to apply the interaction flux estimate to the Littlewood—Paley pieces
Pgv of v. In order to deal with the operators Pk, we need to slightly modify the weights. Unfortunately,
we cannot use the Hardy-Littlewood maximal function, since it is unbounded in L1 Instead, we define
for each K € 2V the operator

Sxw = K(Kt)™?*w. (63)

Definition 7.1 (interaction flux term). Let (fo, go) € Lr2ad R3)x H r;dl (R3) and assume that P_ys fo=

P_,5g0 = 0. Let F be the solution of the linear wave equation with data ( fo, go), let F be as in (61), let
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v be a solution to (43), and let / € R. For * € {out, in}, we define

Frai= Y (N” 28 4 N2 qup flwekon (= X)) S0 (e, x)||L6 Ux) (64)
N>1 KEZZ Lx
+ Yo 28 4 N2 qup flwa gk v (= xSV (E, x)||L6 xR (65)
NZI Ke2Z Lx
1
+ [[Wal F1(z = |x])3v][® (66)

L?’X(IXR?’)’

where ws kv = Sk (|Wa[|V|Fn1?) and wsv. k. v = Sk (|Wi v[Fn]|?); see Section 4. For notational
convenience, we also set

F1 = Flout + FLin-
In the following definition, we introduce two auxiliary norms on F' that will be used in the rest of this
paper.

Definition 7.2 (Y; and Z-norms). Let ( fo, go) € Lmld R3) x H ([R{3) and assume that P_,s fo =
P_»580 = 0. Let F be the solution of the linear wave equation w1th data ( fo, go), let F be as in (61),
and let / C R. Then, we define

| Fllyar = ||N‘%+ﬁ”|x|%|V|F'N||essts/sLoo<2Nx1st)
+IIN™ AR AR |x| |V|FN”€8/(3 —28) 1 8/G=28) [ 2/8 iy [ xj3)
HINTHE TSIV EN Dl 108 ey HIN T T2 VI 2121200 ey
13 F s Lo ) HIF s 1100 HIX T8 Flle sy HIX B Flliz (s,
Furthermore, we also define

]
IFllz= D> Y IV T2 NTEYWVIENIl 12 oo
x€{out,in} pe{2,4,24}

+ Y > W EANTH W OIFNTl o e v
x€{out,in} pe{2,4,24}

+ Z Z Wil F]||L”([RE)+||N |?C|2FN||51 L°°L°°(2NXRX[R3)+”F||L°°L6([RE><[R3)
xe€{out,in} pe{2,4,24}

We remark that || F'||y, is divisible in space-time. More precisely, let n > 0 be given and assume that
| Flly@®) < oo. Then, there exists a finite number J = J(n, || F||y(®)) and a partition of R into finitely
many intervals Iy, ..., Iy such that [|[F|;, <npforall j =1,...,J.

Lemma 7.3 (almost-sure finiteness of ¥ and Z-norms). Let (f,g) € H (R¥)x H371(R?), let0 <y <1,
let s > max(O 1— ) and let F® be as in (5). If § = (s, y) > 0 is chosen sufficiently small, we have

[Flymy <oco and ||F®|z <oo a.s.
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Proof. In the following, we assume that § = §(y, s) > 0 is sufficiently small. In the computations below,
we have N > 2% and (¢, x) € R x R3. For o > %, it follows from Minkowski’s integral inequality and
Lemma 3.5 that

341 45 3 ~ 341 45 3 ~
INTET27 T[S |VIER || g g8/ 87300 < INTHT 27X BIVIER | 3/3 10 1 8/3 00
1
< 1—135+8 .
N\/EHN 4 (fNagN)”g?\{%L%xH;l)

SVol(f ) gsxms-

In particular, we have

3 1 3 ~
N T I ®
[N~ 3+ 2 |X|8|V|FN”6?\{3L§/3L§O <00
almost surely. A similar argument for the remaining terms in the Yg-norm leads to the regularity restrictions

1 11 5 1
_12;/’1 3y’ 2 12;/’1_4;/*1

s > max(1

o
—
—_

—_
o
N—

T 10y° 3y° 2 12y

which have been listed in the same order as the terms in the definition of || F“||y,. Next, we estimate
| F|lz. Using Corollary 4.3, the terms involving ||Wx[|V|Fn]||» lead to the restriction

s > max((l — %)(% — ﬁ),O) +max(1 — ﬁ,O).

Since 0 < y <1, this leads to s > max(l — %, 0). Using Lemma 3.7, the fourth and fifth summand in
the Z-norm lead to the restriction

s>max(1—%,1—%). O

In this paper, the condition y <1 is only used in the proof of Lemma 7.3. By changing the restriction
on s, we could also treat a slightly larger range of parameters ).

8. Control of error terms

In this section, we estimate the error terms in Propositions 6.1, 6.3, and 6.6. Before we begin with our
main estimates we prove an auxiliary lemma.

Lemma 8.1. Let w € LL(R) be nonnegative. Let K € 2N be arbitrary, and let Sk be defined by
Sgw = K(Kp)™2 % w.

Then, we have for all v € LllOC (R3) that

/R3 | Prv(x)[®w(r —|x])dx < /R3 0| (Skw) (2 = |x]) + x| wl| 1) dx. (67)

Proof. We prove (67) by interpolation. The L.°° — L °° estimate is trivial. Thus, it suffices to prove the
L' — L! estimate

/W |Pro(0)|w(r —[x])dx S /R3 [0EO)I((Sxw)( = [x]) + |x[THlwl 1) dx. (68)
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Let W € {¢, ¥} be as in the definition of the Littlewood-Paley projection. Then,
[ peveotoe—thax < [ [ woIKIBEE =)l - xDdy dx
R3 rR3 JR3
= [ boI(K® [ 8o =50l - e a) oy
R3 R3
Hence, it remains to establish the pointwise bound
K3 [ 9K =Dt = s dr 5 (Sicx w)e = )+ 1yl

Now, the main task consists of converting the left-hand side into a one-dimensional integral. Using an
integral formula from [Sogge 1995, p. 8], we have

K3/ |®(K(y—x>)|w(r—|x|)dx=K3/ (K| w(t — |y —x]) dx
R3 R3

<K3 /000 |\T1(Kr)|(/|x|=r w(t—|y—x|) da(t,x)) dr

=K3 /00" |\3(Kr)|(/|y_x|=r w(t — |x])do(z, x)) dr

3 [y[+r
=K / |\D(Kr)|m | | w(t —p)pdpdr
y—r

Ayl plyl+r
M/ / PN w(t — p)lpl dpdr
r+lyl
/ / r|U(Kr)|w(t—p)pdpdr. (69)
|y| alyl Jr—ly|

Let us now estimate the first summand in the last line of (69). We have

alylelyl+r K3 avlier o
|y| /| r|\Il(Kr)|w(l—,0)|P|d,0dr=m/O /rI\I/(Kr)w(t—lyl—p)l(lyl+p)|dpdr
-r

Ayl pr
5K3/0 [_r|\v(1<r)|w(r—|y|—p>dpdr
<1<3/ (/H |\Tf(1<r)|rdr)w(r—|y|—p>dp

sK/ (/KW|@(r>|rdr)w<t_|y|_p)dp

sK/_ (K|pl)2w(t —|y| - p) dp

= (Sxw)(r —|y].
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Thus, it remains to estimate the second integral in the last line of (69). We have

r+|y| r+lyl
f / r|\IJ(Kr)|w(l—p)pdpdr<—/ / r2|U(Kr)|w(t —p)dpdr
1 Jagp Jrey |y| 41yl Jr-1y|

< —|||w||L (R)/ Bkl dr

1 -
< L wl f B ()2 dr
ke |

1
S —lwlipr - O
y|" e ®

Corollary 8.2 (frequency-localized interaction flux estimate). Let F' be as in Definition 7.2 and let
v : I x R® = R be a solution of (43). Then, we have

1 ~ 1 . 1 _ _
sup [||x|3(|V|Fn)3 Pkl <min(N &2 N2725) (71 4+ ||F|1 % Ap). (70)

6
KN LY . (IxR3)

Remark 8.3. The flux estimate yields much better integrability in the spatial variable x than the Morawetz
estimate. To see this, note that (70) cannot be controlled by the Morawetz term. For instance, one might
try to estimate

IV Iz sy S IR IVIFN o ey 18013 -

Even for smooth and compactly supported initial data, |V|Fy only decays like ~ (1 + |¢])~! and is
morally supported around the light cone |x| = |¢|. Thus, the term ||| x| 3 |V|Fy ||Loo (I xr3) grows like
~ (1+1¢])Y/2 as I increases.

Proof. Using the in/out-decomposition and Lemma 8.1, it follows that

1 ~ (1
I1x13 (VI Fn)3 Pyl

LS (IxR3)
SN Wl VIENDS PRVISs 1y + Wl VIFWD S Preol g L
SISK(WoullVIFENIPY$01E 0 gy + I Woul VI FNIR L N80
ISk AWl VIVl gny + IWaallVIFNIIL N800 )
< min(N 7 N22)(Fp + | F I Ap).
By taking the supremum over K € 2V, we arrive at (70). O

8A. Energy increment. In this section, we control the main error term in the energy increment.

Proposition 8.4 (main error term in energy increment). Let F be as in Definition 7.2 and let v: I xR3 — R
be a solution of (43). Then, it holds that

'/I/Rsuwﬁ)#dxdz

1 71 2
S(Fr+IIFIZADCAPEFIS,- (71)
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Remark 8.5. Instead of using F 11/ 6

Then, ” |x|3/8|v|ﬁN ”L§/3L§°(1XR3)
The probabilistic gain should then increase from

to overcome the logarithmic divergence, we could also just use F7j.

changes into a (nonendpoint) term |||x|'/4~|V|Fy ||Lt4_L5.CO(IX[R3).
2
3°8y

to % derivatives, which should lead to the
restriction § > max(l — ﬁ, O). For expository purposes, we do not present this argument here.

Proof. Using a Littlewood—Paley decomposition, we write

v:ZPKv and F = Z fN.

K>1 N>26
‘// (IV|F)v® dxdt| <
I1JR3

5
> x| [aviFn ] P varar
N>26 Ki2K>>->Ks>1"1 /R j=1
N>26 K1>Kr>->Ks5>1
K122_4N

Thus,

5
/I/R3(|V|FN)][[1 Pk, vdxdt|.

Note that, for all summands above, we have K > 1. Using Proposition 2.9 and Corollary 8.2, it follows that

5
V|F, Pr vdxd
‘/I/Rﬂ |N)1:[ v t‘

< 1xI¥ V| Fyl

4

1 ~ 1 _1
1xI3(V1Fw)% Prsvllzs sy [ L1378 Py vllzs )

L¥3 LR (IxR3) J
Jj= 2

Al 6PK1U”L6 LI R%)||PKIU||L°°L2(IXR3)

7 11
< N3G-s- 24y>||F||3 N33 (Fp + | FIZANS AP K, 2 &}

N\ 5 i
v K1 ||F||y,(f1+||F||zA1)6AI 7

Using that K1 2 N and K7, ..., K5 > 1, we obtain (71) after summing. O

8B. Morawetz estimate. In this section, we control the main error term in the Morawetz estimate. The
main new difficulty is the weight x /|x|.

Proposition 8.6 (main error term in Morawetz estimate). Let F' be as in Definition 7.2 and let v be a
solution of (43). Then,

X 1 148 1.8
3—|x|-Vx(F)v5dxdl S(Fr+IFIZADCAP o€} 2||F||y,+||F||Y1«46
R\

Proof. As before, we use a Littlewood—Paley decomposition and write

Z //R3 PL( ).Vx(FN)jli[lPKjvdxdt‘.

N>25 L>1,K|>- >K >1
max(L,K1)>2" 4N

XV (FwSdxde| <
R3 |X|
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Case 1: Ky > L. From the conditions K1 > 27*N and N > 22, it follows that K; > 1. Thus, we can
place P, v in L®L2(I x R3). Using (39), we estimate

5
X
P (m) Vi (Fn) ]:[ Pg,vdxdt

<SGl

R

L — (|Wou VIEN | + Wi v [F1)3 Vi Fy |3 1‘[ | Pk, v| dx dt

AL A

To control the first term in the right-hand side above, we estimate

J Ll Gl
| )

4
_1

T8 P vllze sy

j=2

1

|Fn|3 Ve Fy |3 H | Pk, v|dxdr. (72)
j=

5
NE —— (W, v [FNI + War v [F1D3 |V Fy |3 [ 1Pk, vl dx de
j=1

1 1
(1Wour SN Pty vl ey + 11 Wan 9 F1H Prsvll s (rogesy)

L3° (IxR?)

llx [ *PKlvll IIPKIUII x5 Vi Fy

L6 L(IXR3) L°°L2(1><R3) LY/ C2I L (Ixr3)

The first factor is estimated by

()

Using Lemma 8.1 and arguing as in the proof of Corollary 8.2, we estimate the second factor by

X

|x|

<

= <1.
LS, (IxR3)

LS, (RxR3)

1 1
1 Wou 0 LEN)1E Prsvllzs sy + IWin 9 IFI1 Prsvll s oros

< 1Sks (Wou v [FN]I? )6v||Ls Laxey) T IISKS(IWm V[F]|2)6U||L6 Cx)
_1
W 9N )+ 1Win LN ) 0l
)
<N 3 (F + | FIZADS.
From Proposition 2.9, we have

_1 1
118 Pyl s sy S MK 0lsrmsy S AF -

Furthermore, since K; > 1, we have

—1¢2
”PKIUHL?OL}C([XW) < K &
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Finally, applying Proposition 2.9 to the Riesz multipliers, we have

(IxR3)

3+28 3 3__1 _58
< Ml 75 IO Ewll /620 208 sy S N T2 72 || Fly,

b
[[x|8 ViFn ||L§/<3—zs>(1xw3)L§/s

Putting everything together, it follows that

J )l

—— (Wou v [FN]l + Wi v [F1D3 [V Fy |3 1‘[|PK v| dx dt
| j=1
3

N 372 _s 748 1.8
s(z) KT 1+ I FIZADS AR ot 3 p )3

Using the decay Kl_‘s in the highest frequency, we may sum N, L, Ky, ..., Ks.
Next, we estimate the second term in the right-hand side of (72). We have

J Ll Gl
<|e()

1 2
el? Fy 3o x| "5 Ve Fy |3
LY, (IxR3) LY/3=28)2/8

I FN |3 [Ve Pyl H | Px; v| dx dr
| Jj=
1+8

_1 —6
Lo ) 1_[ x|~ 6PKJU||L?,X(IXIR3) “|1x] 6PK1U”L?,X(1><R3)” K1v||L°°L2(I><[R3)
j=2

(IxR3)"

3+6 2+4 3
| |1|FN|%|V CFy|3 l ||PKv|dxdt<N2 3 2"”1( 2047 654 ||F||Y,||F||g
X3

Jj=

Arguing as above, together with || |x|(1+5)/2FN se, (1xm3) < N8| F|lz, we get
N2 als 2 1
s(—) ke e

J e )l

Summing over the appropriate range, this contribution is acceptable.

Case 2: L > K;. Consequently, we have L > 274N > 1. Using Lemma 2.5, it follows that

x
(| |) S (Lixp~h

This yields

5

PL(| |) Va (FN)HPK“dXdZ SLT // v (FN)I [T 1P, vl dx ds

R3

Jj=1

1 5 1
S L—1|||x|_6|V|FN||L?’x 1_[ llx17% Px, vl 6
j=1

<(T) riEmA

Using the decay L% in the highest frequency, we may sum N, L, Ky, ..., Ks. O
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8C. Interaction flux estimate. In this section, we control the main error terms in the interaction flux
estimate. The main difficulty is the weight f 1—Ix| w(t) dt. First, we recall a radial Sobolev embedding.

Lemma 8.7. Forany v € L°°Hrdd(l x R3), we have

1
2 oo 4,
s [l Peoll; c 8 S I e 170 o2y S < sup E[L](0)

Proof. Let r € R~¢. Then, we have
o0
(Pxv)*r) =4 [ (Pxoye.p) @r Pro)(t. ) dp
r

o0
<4r2 / (Pv)2(t. )3y Prcv(t, p)]p do
:
< 42| PRo(t. )l o IV P () 2
< 420 0) B g oy | VO )l 2 o

The first inequality then follows by taking the supremum in » and ¢. The second inequality follows from
the definition of E[v]. |

Proposition 8.8 (first main error term in interaction flux estimate). Let w € L1(R) N L1%(R) be a
nonnegative weight. Let F be as in Definition 7.2 and let v : [ x R3 — R be a solution of (43). Then, it
holds that

|x|
o (/t wdr)(|V|F)v dx dt

The same argument also controls the main error term in the backward interaction flux estimate.

S iz (R)IIFlly,(J’I + IIFlleI)6A11251

+ w2 g (F1 + ||F||ZA,)252 + ||w||L12(R)||F||Y1«41

Proof. As before, we use Littlewood—Paley theory to decompose into frequency-localized functions. Then,

//R% PL(/;M Wdf)(|V|FN) l_[ Pk;vdxdt|.

it remains to control

2

N>26 L>1 K1> ->Ks5>1
max(L,K1)>2" 4N

We distinguish several different cases.

Case 1: K1 > L. We have

t—|x| _ 5
3PL(/ wdr)(|V|FN)1_[1PKjvdxdt
j:

R —00

t—|x|
< ‘PL(/ wdr)
—0o0
j=2

I1xI¥ V| Fy

1 ~ 1
1213 (VI Ex)® Prsvllgs s
I xR3) '

L¥BLR(IxR3)
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The first factor is controlled by

t—|x| t—|x|
PL(/ wdr) SH/ wdrt
—00 L9, (IxR3) —00

Arguing as in the proof of Proposition 8.4, this leads to the total contribution

< ||lw]y1 .
L9, (RxR3 : ”LI(R)

A

2 1 1
SlwlpIF Ny, (Fr + | FIZADSAPES

Case 2: L > K. In this case, the most severe term is the low-frequency scenario K; =--- = K5 = 1.
Then, we can no longer place Pk, v in L L2 (1 x R?) and therefore lack space-integrability. To resolve
this, we make use of the integrability of w(¢ — |x|) in time.

Subcase 2(a): L > K, |x| > 1. Using Proposition 2.9, Corollary 8.2 and Lemma 8.7, we obtain
1—|x| 2
// PL(/ wdr)(|V|FN) [] Px,vdxdr
IJ|x|>1 —00 1
> 1 1 2 1
[T AV IEN)* Prvllzs s [T Pr, ol e

j=
t—|x|
(x)_ZPL(/ wdr)
—00 L%!X(IXR3)j=3

—|x]
(x)72Pp (/_t U)d‘C)

It remains to control the weighted L%’ »-norm. We recall that the kernel of Py, has zero mean. Using

=

J=1

1 1
(Fi+IFIZA2E7.
L? (IXR3)

Lemma 2.4 and the boundedness of the Hardy-Littlewood maximal function M, we obtain

t—|x|
(x)72Pp (/ wdr)
—o0 L2 [(IXR3)

t
— ) 2Py ( [ dr) -
t—|x| X ;
| . ,

< L) 0~ 5Dl gy + L7 0 I Mw) @~ D2y
< L7002 ey 1) 2y + 1M 0O 260y)
s L_1||w||L%(R)~

Putting everything together, it follows that

t—|x| _ 5
// PL(/ wdf)(lVlFN)l_[PKjvdxdt
I J|x|>1 —00 =1

Using the decay L% in the highest frequency, we may sum N, L, K, ..., Ks.

N .
S (f) L™ wll 2 @y (F1 + 1 FliZADZEf -
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Subcase 2(b): L> K7, |x|<1. Near the origin, our strongest tool is the Morawetz estimate. Thus, we write

t—|x| _ 5
f/ PL(/ wdr)(lVlFN)l_[PKjvdxdt
I J|x|<1 —00 =1

. t—|x|
|x|e Pr, (/ wdr)
—o0

t—|x| ~ 2
< N1—8“<x>—1PL (/ wdf)||L}%C(IXR3)||F||Y1AI6‘

—00

5
2 ~ _1
< IXIFIVIEN L2 (reay [ ] 116178 Pr, vllzs crxmay

Jj=1

LIZ.(Ix{|x|<1})

Using Lemma 2.4, we have

t—|x|
(x)_lPL(/_ wdr)

L1Z.(IXR3)

(x)"1Pp (/;t_l | wdr)

< L) T e = XDl 12 sy + L7

=

L}?X(Rxﬂ@)

t
(x)~2 (/ w d‘L’)
t—|x| L2 (RXR3)

S L) T w (e - IXDllLiz @xrsy + L7~ (M w) (e — IXDIlL12 (mxr3)

=L ||<)C>_1 ||L)1€2(R3)(”w”L}2(R) + ||Mw||L%2(R))
< Lt ||w||L%2(R).

Putting everything together, it follows that

t—|x| _ 5
// PL(/ wdr)(IVIFN)l_[PKjvdxdt
I Jix|<1 —00 =1

Using the decay L% in the highest frequency, we may sum N, L, K1, ..., Ks. O

< (f) L7 wll g2 | Flly, AF

Proposition 8.9 (second main error term in interaction flux estimate). Let w € LL(R) N L12(R) be a
nonnegative weight. Let F be as in Definition 7.2 and let v : I x R3 — R be a solution of (43). Then, it

holds that
‘/ / w(t — |)c|)Fv5 dx dt
I JR3

Proof. We follow an easier version of the arguments in the proof of Proposition 8.8. As before, we

1 1 E
< ”w”L%(R)‘F[zg]z + ”w”L}Z(R)”F”hA?'

distinguish the two cases |x| > 1 and |x| < 1. First, we have

// w(t — |x|)Fv® dx dr
I J|x|>1

_ 1 1 1
<1200 = 13Dl oy IWoul F1H 0l iy + Wl F130ll 16 (gps)?Nx1 0] 3

1 1
S ||w||L%-7:12512-
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Second, we have

5 1 -1 5 2
I T e T O [ PR [T s

x|<1

5
Sllwll 2 Flly, A7 O
8D. Lower-order error terms.

Lemma 8.10 (control of lower-order error terms). Let F be as in Definition 7.2 and let v be a solution
of (43). Then, it holds that

oo
[ [ ek (ool +

5
// L Pl dedr < || Flly, AF.

3 |x]

—|F|®dxdr < |F|$,.
| [ irearacsieg,

Proof. Using Hardy’s inequality, the first inequality follows from

f/ |F|5(|8tv|+u+|Vv|)dxdt
1 JR3 | x|

5
= IFIZs 1o sy (”a’””L?L%uXR% +

1
ol + |Vv|) dxdr S| Fly, &7
[x]

1 1
|| + |Vv|) dxdr S||F|g, AFEF.

- 190l 1)
1 X[l Lo L2 (1 xR3) £ Lx(IxR)
o
SIFNy, &7 -

A similar argument yields that

|v] 1 _1
| [F |v|3(|a,v|+| o 1V01) S I FIZ i 1180 sy s00 E IO,
Finally, the third and fourth inequality follow from Holder’s inequality and

_1
IXI78 Flls g < I Flly;. O
9. Proof of the main theorem

In this section, we collect all previous estimates to prove the a priori energy bound (Theorem 1.4). Using
the conditional scattering result of [Dodson et al. 2017], we finish the proof of Theorem 1.3.

Proof of Theorem 1.4. By time-reversal symmetry, it suffices to prove that sup,¢[g o0) E[v](#) < co. Let
% > 1o > 0 be a sufficiently small absolute constant, and let % > n > 0 be sufficiently small depending
on 1g. In the following, C = C(||F||z) > 0 denotes a large positive constant that depends only on || F|| z.
By Lemma 7.3 and space-time divisibility, we can choose a finite partition /1, ..., Iy of [0, c0) such that
||F||Y, <nforall j =1,...,J. With a slight abuse of notation, we write &; := &r,, A; 1= Ay; and
Fj = ]-'1 We also set &y := E[v](O).
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First, we estimate the energy increment. Combining Propositions 6.1 and 8.4, and Lemma 8.10, we have

2 7 1 1 1 1
3 2\ 33 o3 2 2 2 5 2
Ei+1 =& +C||F||;,1j+l(fj+1+Aj+1 ||F||Z)6A}%|-15]4+1+C”F||Y1H1“412'+1‘9j2+1+C”F“Y1j+15j2+1
<C(E+D+n0Ej+1+n0(Fj+1+Aj+1). (73)
Next, we estimate the Morawetz term. By combining Propositions 6.3 and 8.6, and Lemma 8.10, we have
2 7 § 1_§6 5
3 2 L 3t ea—3 s 6
Aj1 = ng“_'_C”F”;’le (Frar+ At FIDS AT S 2 +CIFly,,, AS +CIFI,
<C(Ejr1+D)+E(Fjp1+Aj41). (74)

Finally, we control the interaction flux term. First, recall that from the definition of || F||z and the
embedding 1 < {,, we have

— Lo —
DS (Z (N=H+2 4N 2+23)(||W*[|V|FN]||if+||W*,V[FN]MQHHW*[F]uig)
x€{out,in} pe{2,4,24} "N>25
SIFI%.

We now apply our estimates to each of the terms in (64), (65), and (66) separately. By Young’s inequality,
the estimate || Sxw||» <p [[w]|y» holds uniformly in K. Using the control on the main and lower-order
error terms, i.e., Propositions 6.6, 6.7, 8.8, and 8.9 and Lemma 8.10, we obtain
2 1 L 1
Fie1 SCIFIZE 1+ CIFIZIFI, | (Fran+IFIBA 08 AR EF,
1 1
+C|FIZ(Fjrr + IFlZAj+1)2E7

35 1 1
+CIFILIFIly, , AS, +CIFIZF} €2,

J
<CEjr1+ D+ 3(Fjr1+ Ajr1). (75)

1 1
2 2 3 2 2
FCIFIZIFIE,  (FI3, | + AT )E,

We briefly note that, as long as C > 0 remains independent of ¢ and 7, terms such as C || F ”22]_—}421 5}421

prevent us from placing an 7o in front of 71 + A; 1. Combining (73), (74), and (75), we arrive at
Ejr1 =CE + D) +n0€j+1+n0(Aj+1+ Fjt+1),
Ajp1 +Fjp1 <CE 41+ D)+ 2(Aj41 + Fjg1).
Finally, choosing 1o > 0 sufficiently small depending on C = C(|| F|z), we obtain
Eir1+1<C(E +1). (76)
By iterating this inequality finitely many times, we obtain

sup E[v](r) = max & <oo. O
t€[0,00) j=1,..., J

Proof of Theorem 1.3. Using Lemmas 5.1 and 7.3, it follows that the forced nonlinear wave equation (6) is
almost surely locally well-posed. Then, Theorem 1.3 follows from Theorem 1.4 and Proposition 5.2. [
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