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ALMOST-SURE SCATTERING FOR THE RADIAL ENERGY-CRITICAL
NONLINEAR WAVE EQUATION IN THREE DIMENSIONS

BJOERN BRINGMANN

We study the Cauchy problem for the radial energy-critical nonlinear wave equation in three dimensions.
Our main result proves almost-sure scattering for radial initial data below the energy space. In order
to preserve the spherical symmetry of the initial data, we construct a radial randomization that is based
on annular Fourier multipliers. We then use a refined radial Strichartz estimate to prove probabilistic
Strichartz estimates for the random linear evolution. The main new ingredient in the analysis of the
nonlinear evolution is an interaction flux estimate between the linear and nonlinear components of the
solution. We then control the energy of the nonlinear component by a triple bootstrap argument involving
the energy, the Morawetz term, and the interaction flux estimate.
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1. Introduction

We consider the defocusing nonlinear wave equation (NLW) in three dimensions�
�@t tuC�uD u

5; .t; x/ 2 R�R3;

u.0; x/D f .x/ 2 PH s
x.R

3/; @tu.0; x/D g.x/ 2 PH
s�1
x .R3/:

(1)

The flow of nonlinear wave equation (1) conserves the energy

EŒu�.t/ WD

Z
R3

1
2
jru.t; x/j2C 1

2
j@tu.t; x/j

2
C
1
6
u.t; x/6 dx: (2)
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Since the scaling-symmetry u.t; x/ 7! u�.t; x/D �
�1=2u.t=�; x=�/ of (1) leaves the energy invariant,

we call (1) energy critical. Using Sobolev embedding, it follows that the energy of the initial data is finite
if and only if .f; g/ 2 PH 1

x .R
3/�L2x.R

3/. Therefore, we refer to PH 1
x .R

3/�L2x.R
3/ as the energy space.

If the initial data has finite energy, the nonlinear wave equation (1) is now well-understood. In a series
of seminal papers by several authors [Bahouri and Gérard 1999; Grillakis 1990; 1992; Rauch 1981; Shatah
and Struwe 1993; 1994; Strauss 1968; Struwe 1988; Tao 2006b], it was proven that solutions to (1) exist
globally, obey global space-time bounds, and scatter as t 7! ˙1. In contrast, the equation is ill-posed
if the initial data only lies in H s

x.R
3/�H s�1

x .R3/ for some 0 < s < 1. For instance, it has been shown
in [Christ et al. 2003] that solutions to (1) exhibit norm-inflation with respect to the H s

x �H
s�1
x -norm.

Consequently, this shows that we cannot construct local solutions of (1) with initial data in H s
x �H

s�1
x

by a contraction mapping argument.
In recent years, there has been much interest in determining whether bad behavior such as norm

inflation is generic or only occurs for exceptional initial data. To answer this question, multiple authors
have studied solutions to dispersive equations with randomized initial data. In the following discussion,
we will focus on the Wiener randomization, and we refer the reader to the introduction of [Pocovnicu
2017], as well as [Bourgain 1994; 1996; Burq and Tzvetkov 2008a; 2008b; Nahmod et al. 2012; Thomann
and Tzvetkov 2010].

Let us first recall the definition of the Wiener randomization from [Bényi et al. 2015b; Lührmann
and Mendelson 2014]. We denote by QD

�
�
1
2
; 1
2

�d the unit cube centered at the origin. The family of
translates fQ� kgk2Zd forms a partition of Rd (see Figure 1). By convolving the indicator function �Q
with a smooth and compactly supported kernel, we can construct a function  2 C1c .R

d / such that

 j
Œ� 1
4
; 1
4
/
d � 1;  jRdnŒ�1;1/d � 0; and

X
k2Zd

 .� � k/D 1:

Then, any function f 2 L2x.R
d / can be decomposed in frequency space as

Of .�/D
X
k2Zd

 .� � k/ Of .�/:

If fgkgk2Zd is a family of independent standard complex-valued Gaussians, the Wiener randomization f !W
of f defined as

Of !W .�/ WD
X
k2Zd

gk.!/ .� � k/ Of .�/:

Thus, f !W is a random linear combination of functions whose Fourier transform is supported in unit-scale
cubes. The Wiener randomization has been used to prove almost-sure local and global well-posedness of
nonlinear wave equations below the scaling-critical regularity. Lührmann and Mendelson [2014; 2016]
proved the almost-sure global well-posedness of energy-subcritical nonlinear wave equations in R3. The
first probabilistic result on the energy-critical NLW was obtained in [Pocovnicu 2017], which treated the
dimensions d D 4; 5. This method was extended in [Oh and Pocovnicu 2016] to the three-dimensional
case. In addition to nonlinear wave equations, the Wiener randomization has also been applied to nonlinear
Schrödinger equations (NLS). Bényi, Oh, and Pocovnicu [Bényi et al. 2015a; 2015b; 2019] proved the
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� 2 Rd � 2 Rd

Figure 1. In the left image, we display a partition of Rd into unit-scale cubes, which
forms the basis of the Wiener randomization. In the right image, we display a partition
of Rd into annuli, which forms the basis of the radial randomization.

almost-sure local well-posedness of the cubic NLS in Rd. This method was then extended in [Brereton
2019] to the quintic NLS in Rd. In [Oh et al. 2017], the authors proved the almost-sure global well-
posedness of the energy-critical NLS in dimensions d D 5; 6. However, the global well-posedness results
above do not give any information on the asymptotic behavior of the solutions.

In contrast, Dodson, Lührmann, and Mendelson [Dodson et al. 2017; 2019] proved almost-sure
scattering for the energy-critical NLW. Their result holds in dimension d D 4 and requires that the
original initial data (before the randomization) is spherically symmetric. The main idea is to control the
energy-increment of the nonlinear component of u by a bootstrap argument involving both the energy and
a Morawetz term. The spherical symmetry is needed since the Morawetz estimate is centered around the
origin. However, the Wiener randomization breaks the spherical symmetry, so that f !W is no longer radial.
This method was subsequently extended to the energy-critical NLS in dimension d D 4 in [Dodson et al.
2019; Killip et al. 2019].

In this work, we introduce a radial randomization that preserves the spherical symmetry of the initial
data. To this end, let us first define a family of annular Fourier multipliers.

Definition 1.1 (annular multiplier). Let f 2L2x.R
d /, a > 0, and ı 2 .0; 1/. Then, we define the operator

Aa;ı by setting
2Aa;ıf .�/ WD �Œa;.1Cı/a/.k�k2/ Of .�/: (3)

In addition, for any 0 < a1 < a2 �1, we also define the operator AŒa1;a2/ by setting

4AŒa1;a2/f .�/ WD �Œa1;a2/.k�k2/ Of .�/:
Instead of partitioning Rd into unit-scale cubes, the idea of the radial randomization is to decompose

Rd into thin annuli (see Figure 1).

Definition 1.2 (radial randomization). Fix a parameter 
 >0 and let fgkg1kD0 be a sequence of independent
standard real-valued Gaussians. For any f 2 L2rad.R

d /, we define its radial symmetrization by

f !.x/ WD

1X
kD0

gk.w/AŒk
 ;.kC1/
 /f .x/: (4)
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There exist two natural choices of 
 : choosing 
 D 1 leads to annuli of unit width, whereas choosing

 D 1=d leads to annuli of approximately unit volume.

We now make a few remarks on the properties of f !. First, since the Fourier transform of f ! is
radial, it follows that f ! is radial. Using the same argument as for the Wiener randomization [Oh
2017, Lemma 43], it is easy to see that the radial randomization does not improve the regularity of f .
More precisely, if s 2 R is such that f 62 H s

x.R
d /, then f ! 62 H s

x.R
d / almost surely. In light of

the unboundedness of the ball-multiplier, see [Chanillo 1984; Fefferman 1971], it is much harder to
prove Lp-improving properties for the radial randomization than for the Wiener randomization. The
probabilistic Strichartz estimates for the random linear evolution exp.˙i t jrj/f ! will be derived from
a refined (deterministic) radial Strichartz estimate. In contrast to the Wiener randomization, the radial
randomization does not lead to a probabilistic gain of integrability in every nonsharp admissible Strichartz
space. Thus, we see a relationship between the geometric structure of the linear evolution and the effects
of the randomization, which was also discussed in [Chanillo et al. 2017].

Let us now formulate the main result of this work. In the following, we restrict the discussion to
the dimension d D 3. Let .f; g/ 2H s

rad.R
3/�H s�1

rad .R3/ be the given (deterministic) initial data. For
technical reasons, we split the randomized initial data .f ! ; g!/ into low- and high-frequency components.
For the high-frequency component, we let

F !.t; x/D cos.t jrj/P>26f
!.x/C

sin.t jrj/
jrj

P>26g
!.x/ (5)

be the random and rough linear evolution. Next, we decompose the solution u of the energy-critical
NLW into the linear component F ! and a nonlinear component v; i.e., uD F ! C v. Then, the nonlinear
component solves the initial value problem�

�@t tvC�v D .vCF
!/5;

v.0; x/D P�26f
! ; @tv.0; x/D P�26g

! :
(6)

Note that the initial data in (6) almost surely lies in the energy-space PH 1
x .R

3/�L2x.R
3/. The above

decomposition into a linear and nonlinear part is often called the Da Prato–Debussche trick [2002]. In the
following, we analyze the solution v of the forced equation (6). Since uD F ! C v, any statement about
v can easily be translated into a statement about u.

Theorem 1.3 (almost-sure scattering). Let .f; g/ 2 H s
rad.R

3/ � H s�1
rad .R3/, let 0 < 
 � 1, and let

max
�
1� 1

12

; 0
�
< s < 1. Then, almost surely there exists a global solution v of (6) such that

v 2 C 0t
PH 1
x .R�R3/\L5tL

10
x .R�R3/; @tv 2 C

0
t L

2
x.R�R3/:

Furthermore, there exist scattering states .v˙0 ; v
˙
1 / 2

PH 1
x .R

3/�L2x.R
3/ such that, if w˙.t/ are the

solutions to the linear wave equation with initial data .v˙0 ; v
˙
1 /, we have

k.v.t/�w˙.t/; @tv.t/� @tw
˙.t//k PH1

x .R3/�L
2
x.R3/

! 0 as t !˙1:

We remark that the restriction on s and the range for 
 are not optimal; see, e.g., Lemma 7.3 and
Remark 8.5. For any .u0; u1/ 2 PH 1

rad.R
3/ � L2rad.R

3/, we can also replace the initial data in (6) by
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.u0 C P�26f
! ; u1 C P�26g

!/. This implies the stability of the scattering mechanism of (1) under
random radial perturbations.

By using the deterministic theory and a perturbation theorem, the proof of Theorem 1.3 reduces to
an a priori energy bound on v; see [Bényi et al. 2015a; Dodson et al. 2017; Pocovnicu 2017]. We will
discuss this reduction in Section 5. For now, let us simply state the a priori energy bound as a separate
theorem.

Theorem 1.4 (a priori energy bound). Let .f; g/ 2 H s
rad.R

3/ � H s�1
rad .R3/, let 0 < 
 � 1, and let

max
�
1� 1

12

; 0
�
< s < 1. Assume that almost surely there exists a solution v of (6) with some maximal

time interval of existence I. Then, we have that almost surely

sup
t2I

EŒv�.t/ <1: (7)

We now sketch the idea behind the proof of the a priori energy bound, which relies on a bootstrap argu-
ment. Let us fix a time interval I D Œa; b��R. We want to bound the energy increment EŒv�.b/�EŒv�.a/
by the maximal energy E of v on I. We will see that the main error term in the energy increment is given byZ

I

Z
R3
F !v4 @tv dx dt: (8)

In the following discussion, we argue heuristically and ignore all other error terms. Using a Littlewood–
Paley decomposition, we may assume that the linear evolution F ! is localized to frequency � N. In
dimension d D 4, Dodson, Lührmann and Mendelson [Dodson et al. 2017] used the Morawetz estimate
to control the energy increment. Following their idea, we may assume under a bootstrap hypothesis that

kjxj�
1
6 vk6

L6t;x.I�R3/
. E :

After directly applying the Morawetz estimate to (8), the best possible bound is � .E1=6/4E1=2 �E7=6.
However, this cannot prevent the finite-time blowup of the energy. Following [Oh and Pocovnicu 2016],
we move the time derivative onto the linear evolution F !N . First, we write @tF !N D jrj zF

!
N , where zF !N is

a different solution to the linear wave equation. After neglecting boundary terms, we heuristically rewrite
the main error term asZ

I

Z
R3
.@tF

!
N /v

5 dx dt D
Z
I

Z
R3
.jrj zF !N /v

5 dx dt �
Z
I

Z
R3
.jrj

1
2 zF !N /v

4.jrj
1
2 v/ dx dt: (9)

By using the Morawetz term and the energy, we estimateˇ̌̌̌Z
I

Z
R3
.jrj

1
2 zF !N /v

4.jrj
1
2 v/dx dt

ˇ̌̌̌
. kjxj

3
4 jrj

1
2 zF !N kL4tL

1
x .I�R3/kjxj

� 1
6 vk

9
2

L6t;x.I�R3/
krvk

1
2

L1t L
2
x.I�R3/

. kjxj
3
4 jrj

1
2 zF !N kL4tL

1
x .I�R3/E :

In this bound, the power of E allows us to use a Gronwall-type argument. However, even for smooth and
localized initial data, the linear evolution jrj1=2 zF !N only decays like .1Cjt j/�1 and is morally supported
near the light cone jxj D jt j. Thus, the norm kjxj3=4jrj1=2 zF !N kL4tL1x .I�R3/ diverges logarithmically as
the time interval I increases. Since the energy yields better decay for rv than for v itself, the logarithmic
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divergence cannot be avoided by placing fewer derivatives on v. Consequently, this argument does not
yield global bounds on the energy of v.

To overcome the logarithmic divergence, we introduce two additional ingredients. First, since the
radial randomization preserves the spherical symmetry of the initial data, the linear evolution jrj1=2 zF !N is
spherically symmetric. Using this, we can decompose the linear evolution into an incoming and outgoing
wave; i.e.,

jrj
1
2 zF !N D

1

jxj

�
WinŒjrj

1
2 zF !n �.t Cjxj/CWoutŒjrj

1
2 zF !n �.t � jxj/

�
:

Second, we use a flux estimate to control the integral of the potential v6 on shifted light cones by
the energy. We now combine both of these tools by integrating the profiles jWinŒjrj

1=2 zF !n �j
2.�/ and

jWoutŒjrj
1=2 zF !n �j

2.�/ against the flux estimate on t ˙jxj D � . Under a bootstrap hypothesis, we obtain
the interaction flux estimateZ

I

Z
R3
jxj2 jjrj

1
2 zF !N j

2v6 dx dt .
�
kWinŒjrj

1
2 zF !n �.�/k

2
L2� .R/

CkWoutŒjrj
1
2 zF !n �.�/k

2
L2� .R/

�
E

. k.f !N ; g
!
N /k

2
PH
1=2
x � PH

�1=2
x

E :

We have not seen this estimate in the previous literature. It is reminiscent of the interaction Morawetz
estimate for the NLS [Colliander et al. 2004], but it controls an interaction between the linear and
nonlinear evolution rather than the interaction of the nonlinear evolution with itself. We believe that
similar interaction estimates may be of interest beyond this work. Using the interaction flux estimate, we
boundˇ̌̌̌Z
I

Z
R3
.jrj

1
2 zFN /v

4.jrj
1
2 v/ dx dt

ˇ̌̌̌
. kjxj

3
8 jrj

1
2 zF !N k

2
3

L
8=3
t L1x .I�R3/

kjxj
1
3 .jrj

1
2 zF !N /

1
3 vkL6t;x.I�R3/kjxj

� 1
6 vk

7
2

L6t;x.I�R3/
krvk

1
2

L1t L
2
x.I�R3/

. kjxj
3
8 jrj

1
2 zF !N k

2
3

L
8=3
t L1x .I�R3/

k.f !N ; g
!
N /k

1
3

PH
1=2
x � PH

�1=2
x

E :

From the probabilistic Strichartz estimates, we will see that the seminorm of zF ! scales like PH 5=4
x � PH

1=4
x

and has a probabilistic gain of 1
8


-derivatives. Thus, we expect the regularity restriction

s > 2
3
�
�
5
4
�

1
8


�
C
1
3
�
1
2
D 1� 1

12

:

Outline. In Section 2, we review basic facts from harmonic analysis. In Sections 3 and 4, we study
solutions to the radial linear wave equation. First, we prove a refined radial Strichartz estimate which is
based on [Sterbenz 2005]. As a consequence, we obtain probabilistic Strichartz estimates for the radial
randomization. Then, we discuss the in/out decomposition mentioned above in detail. In Sections 5 and 6,
we study solutions to the forced nonlinear wave equation (6). We prove an almost energy conservation
law and an approximate Morawetz estimate. Here, we also introduce the novel interaction flux estimate
between the linear and nonlinear evolution. In Sections 7 and 8, we set up a bootstrap argument to bound
the energy and estimate the error terms. Finally, we prove the main theorem in Section 9.
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2. Notation and preliminaries

In this section, we introduce the notation that will be used throughout the rest of this paper. We also recall
some basic results from harmonic analysis and prove certain auxiliary lemmas.

If A and B are two nonnegative quantities, we write A . B if there exists an absolute constant
C > 0 such that A � CB . We write A � B if A . B and B . A. For a vector x 2 Rd, we write
jxj WD

�Pd
iD1 x

2
i

�1=2. We define the Fourier transform of a Schwartz function f by setting

Of .�/ WD
1

.2�/
d
2

Z
Rd

exp.�ix�/f .x/ dx:

We denote by J�.x/ the Bessel functions of the first kind. Recall that for a spherically symmetric
function f we have

Of .�/D j�j�
d�2
2

Z 1
0

Jd�2
2
.j�jr/f .r/r

d
2 dr:

With a slight abuse of notation, we identify a spherically symmetric function f W Rd ! R with a function
f W R>0! R.

2A. Littlewood–Paley theory and Sobolev embeddings. We start this section by defining the Littlewood–
Paley operators PL. Let � 2 C1c .R

d / be a nonnegative radial bump function such that �jB.0;1/ � 1 and
�RdnB.0;2/ � 0. We set ‰1.�/D �.�/ and, for a dyadic L> 1, we set

‰L.�/D �

�
�

L

�
��

�
�

2L

�
:

Then, we define the Littlewood–Paley operators PL by

1PLf .�/D‰L.�/ Of .�/:
To simplify the notation, we also write fL WD PLf .

Lemma 2.1 (Bernstein estimate). For any 1<p1�p2<1 and s� 0, we have the Bernstein inequalities

for all L� 1; kfLkLp2x .Rd /
. L

d
p1
� d
p2 kfLkLp1x .Rd /

;

for all L> 1; kjrj˙sfLkLp1x .Rd /
� L˙skfLkLp1x .Rd /

;

for all L> 1; krfLkLp1x .Rd /
� LkfLkLp1x .Rd /

:

Lemma 2.2 (square-function estimate, see [Muscalu and Schlag 2013, Theorem 8.3]). Let 1 < p <1.
Then, we have for all f 2 Lpx .Rd / that

kf kLpx .Rd / �d;p kfLkL
p
x `
2
L.R

d�2N/: (10)

For notational convenience, we use a different function to define a dyadic decomposition in physical
space. As before, we let � 2 C1c .R

d / be a nonnegative, radial bump function such that �jB.0;1/ � 1 and
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�jRdnB.0;2/ � 0. We also assume that � is radially nonincreasing. We set �1 WD �, and for any dyadic
J > 1, we set

�J .x/ WD �

�
x

J

�
��

�
2x

J

�
:

Thus, the family f�J gJ�1defines a partition of unity adapted to dyadic annuli. Furthermore, we let Q�J be
a slightly fattened version of �J .

Lemma 2.3 (mismatch estimate). Let L; J;K 2 2N0. Furthermore, we assume that the separation
condition J=KCK=J � 25 holds. Then, we have for all 1� r �1 that

k�JPL�KkLrx.Rd /!Lrx.Rd / .M .LJK/�M for all M > 0: (11)

We follow the argument in [Dodson et al. 2019, Lemma 5.10], which treats the case LD 1.

Proof. Let f 2Lrx.R
d / be arbitrary. Let � be a suitable bump function on the annulus jxj � 1. Using the

separation condition, it holds that

�JPL�Kf .x/D �J .x/L
d

Z
Rd

L‰.L.x�y//�K.y/f .y/ dy

D �J .x/L
d

Z
Rd

L‰.L.x�y//�.max.J;K/�1.x�y//�K.y/f .y/ dy:

From Young’s inequality, it follows that

k�JPL�Kf kLrx.Rd / � kL
d L‰.Lx/�.max.J;K/�1x/kL1x.Rd /kf kLrx.Rd /:

Next, we estimate

kLd L‰.Lx/�.max.J;K/�1x/kL1x D L
d

Z
Rd
j {‰.Lx/j�.max.J;K/�1x/ dx

D

Z
Rd
j {‰.x/j�.L�1 max.J;K/�1x/ dx

D

Z
jxj�Lmax.J;K/

j {‰.x/j dx .M .Lmax.J;K//�M : �

Lemma 2.4 (Bernstein-type estimate). Let L 2 2N0, 1 < p <1, and ˛ > 0. Then, we have

khxi�˛PLf kLpx .Rd / . L
�1
khxi�˛rf kLpx .Rd /CL

�1
khxi�˛�1f kLpx .Rd /: (12)

By iterating this inequality, we could further decrease the weight in the term khxi�˛�1f kLpx .

Proof. The proof is based on a dyadic decomposition, the localized kernel estimate (11), and the standard
Bernstein estimate. We have

khxi�˛PLf k
p

L
p
x .Rd /

.
1X
J�1

J�˛pk�JPLf k
p

L
p
x .Rd /

.
1X
J�1

aJ�˛pk�JPL Q�Jf k
p

L
p
x .Rd /

C

1X
J�1

J�˛p
� X
KWK 6�J

k�JPL�Kf kLpx .Rd /

�p
: (13)
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We now estimate the first summand in (13). Using the Bernstein estimate, we have
1X
J�1

J�˛pk�JPL Q�Jf k
p

L
p
x .Rd /

�

1X
J�1

J�˛pkPL Q�Jf k
p

L
p
x .Rd /

.
1X
J�1

J�˛pL�pkr. Q�Jf /k
p

L
p
x .Rd /

.
1X
J�1

J�˛pL�pk Q�Jrf k
p

L
p
x .Rd /

C

1X
J�1

J�˛pL�pkr. Q�J /f k
p

L
p
x .Rd /

.
1X
J�1

J�˛pL�pkrf k
p

L
p
x .jxj�J/

C

1X
J�1

J�.˛C1/pL�pkf k
p

L
p
x .jxj�J/

. L�pkhxi�˛rf kp
L
p
x .Rd /

CL�pkhxi�˛�1f k
p

L
p
x .Rd /

:

Thus, it remains to estimate the second summand in (13). Using (11) and choosing M > 0 large, we have
1X
J�1

J�˛p
� X
KWK 6�J

k�JPL�Kf kLpx .Rd /

�p

.
1X
J�1

J�˛p
� X
KWK 6�J

.JKL/�.MC˛C1/k Q�Kf kLpx .Rd /

�p

. L�.MC˛C1/p
1X
J�1

J�.MC2˛C1/p
�X
K�1

K�M
�p
khxi�˛�1f k

p

L
p
x .Rd /

. L�pkhxi�˛�1f kp
L
p
x .Rd /

: �

In Section 8B, we will use a Littlewood–Paley decomposition in an error term coming from the Morawetz
estimate. To control this error, we will need the following estimate for the Morawetz weight x=jxj.

Lemma 2.5. Let L> 1 and let d � 2. Then, we haveˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
.

1

Ljxj
: (14)

Proof. Let j D 1; : : : ; d . It holds thatˇ̌̌̌
PL

�
xj

jxj

�ˇ̌̌̌
D Ld

ˇ̌̌̌Z
Rd

{‰.Ly/
xj �yj

jx�yj
dy
ˇ̌̌̌

D Ld
ˇ̌̌̌Z

Rd

{‰.Ly/

�
xj �yj

jx�yj
�
xj

jxj

�
dy
ˇ̌̌̌

� Ld
Z

Rd
j {‰.Ly/j

ˇ̌̌̌
xj .jxj � jx�yj/�yj jxj

jx�yjjxj

ˇ̌̌̌
dy

� Ld
Z

Rd
j {‰.Ly/j

jyj

jx�yj
dy �

Z
Rd
j {‰.y/j

jyj

jLx�yj
dy:
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Using the rapid decay of {‰, the estimate then follows by splitting the integral into the regions jyj � 1
2
Ljxj,

jyj � Ljxj; and jyj � 2Ljxj. �

In addition to the standard Sobolev embedding, we will also rely on the following weighted Sobolev
embedding for radial functions.

Proposition 2.6 (radial Sobolev embedding, see [De Nápoli and Drelichman 2016, Remark 2.1] and
[De Nápoli et al. 2011]). Let d � 1, 0 < s < d , 1 < p <1,

˛ <
d

p0
; ˇ > �

d

q
; ˛�ˇ � .d � 1/

�
1

q
�
1

p

�
; and

1

q
D
1

p
C
˛�ˇ� s

d
:

If p � q <1, then the inequality

kjxjˇf kLqx . kjxj
˛
jrj

sf kLpx (15)

holds for all radially symmetric f . If q D1, the result holds provided that

˛�ˇ > .d � 1/

�
1

q
�
1

p

�
:

2B. Calderón–Zygmund theory. In order to use weighted estimates, we introduce some basic Calderón–
Zygmund theory.

Definition 2.7 [Stein 1993, Section V]. Let w 2 L1loc.R
d / be nonnegative. For 1 < p <1, we say that

w satisfies the Ap-condition if

sup
BDBr .x/

�
1

jBj

Z
B

w dy
��

1

jBj

Z
B

w�
p0

p dy
�p
p0

<1: (16)

The following well-known criterion for power weights can be proven by a simple computation.

Lemma 2.8 [Stein 1993, Section V.6]. LetwDjxj˛ and let 1<p<1. Thenw satisfies theAp-condition
if and only if

�d < ˛ < d.p� 1/:

The following proposition is a consequence of Theorem 7.21 and the proof of Theorem 8.2 in [Muscalu
and Schlag 2013]. We also refer the reader to [Stein 1993, p. 205].

Proposition 2.9 (Mikhlin-multiplier theorem). Let m W Rdnf0g ! C be a smooth function. Assume that
m satisfies for any multi-index 
 of length j
 j � d C 2

j@
m.�/j � Bj�j�j
 j:

Let m.r=i/ be the associated Fourier multiplier and let 1 < p <1. For any Ap-weight w, there exists a
constant C , depending only on d; p, and the supremum in (16), such that

km.r=i/f kLp.wdx/ � CBkf kLp.wdx/ for all f 2 S.Rd /:

Remark 2.10. We will apply Proposition 2.9 to the Riesz multipliersmj .�/D�j =j�j and to the Littlewood–
Paley multipliers ‰L.�/.
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3. Probabilistic Strichartz estimates

In this section, we derive probabilistic Strichartz estimates for the radial randomization. For the Wiener
randomization, there exist two different methods for proving probabilistic Strichartz estimates.

The first method relies on Bernstein-type inequalities for the multipliers f 7!  .r=i � k/f . After
using Khintchine’s inequality to decouple the individual atoms of the randomization, the Lpx -improving
properties of the multiplier are used to move from a space LqtL

phi
x into a space LqtL

plo
x . Then, one applies

the usual Strichartz estimate to control the evolution in LqtL
plo
x , which depends more favorably on the

regularity of the initial data. For example, this method has been used in [Bényi et al. 2015a; 2015b; 2019;
Oh et al. 2017; Killip et al. 2019; Lührmann and Mendelson 2014].

The second method relies on refined Strichartz inequalities. Here, the frequency localization is used
explicitly to derive improved Strichartz estimates. To mention one example, the refined Strichartz
estimate in [Klainerman and Tataru 1999] is based on a new L1x! L1x -dispersive decay estimate. In the
probabilistic context, this approach was first used in [Dodson et al. 2017].

For the radial randomization, the multipliers are of the form f 7! Aa;ıf . In a celebrated paper,
Fefferman [1971] proved that the annular Fourier multipliers in dimension d � 2 are bounded on Lp if
and only if p D 2. However, if we restrict to radial functions, then the annular Fourier multipliers are
bounded on Lp for all 2d=.d C 1/ < p < 2d=.d � 1/; see [Chanillo 1984]. Using Young’s inequality,
it is also possible to prove L1x! L

p
x bounds for p > 2d=.d C 1/. From interpolation and duality, one

can then obtain the strong-type diagram for the annular Fourier-multipliers on radial functions. However,
the dependence of the operator norm on the normalized width ı is rather complicated, and the resulting
Strichartz estimates are nonoptimal. Instead of using the Bernstein-based method, we therefore prove a
new refined Strichartz estimate for radial initial data. As in previous works, we can then use Khintchine’s
inequality to obtain probabilistic Strichartz estimates.

Proposition 3.1 (refined radial Strichartz estimate). Let f 2 L2rad.R
d /. Let 0 < ı � 1 and assume that

there exists an interval I �
�
1
2
; 2
�

such that jI j � ı and supp Of � f� W k�k2 2 I g. Then, we have

kjxj˛ exp.˙i t jrj/f kLqt Lpx .R�Rd / .˛;q;p ı
1
2
� 1

min.p;q/ kf kL2x.Rd / (17)

as long as

�
d

p
< ˛ < .d � 1/

�
1

2
�
1

p

�
�
1

q
if 2� q; p <1; (18)

�
d

p
< ˛ � .d � 1/

�
1

2
�
1

p

�
if q D1; 2� p <1; (19)

0� ˛ <
d�1

2
�
1

q
if 2� q <1; p D1; (20)

0� ˛ �
d�1

2
if q D p D1: (21)

The estimates of Proposition 3.1 can be visualized using a “Strichartz game room”; see Figure 2.
Proposition 3.1 is a refinement of [Jiang et al. 2012, Theorem 1.5] and [Sterbenz 2005, Proposition 1.2],
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1
q

˛

1
p �

1
2
; 1
2
; 0
�

1
2

1

�1

1
2

Figure 2. We display the weighted radial Strichartz estimate from Proposition 3.1 in
d D 3. The true endpoint estimates correspond to either green spheres or black lines,
whereas the false endpoint estimates correspond to either red spheres or red lines. The
black sphere at

�
1
2
; 1
2
; 0
�

serves as a visual aid.

and we follow their argument closely. We remark that the corresponding Strichartz estimate for non-
frequency-localized functions [Jiang et al. 2012, Theorem 1.5] may fail for some of the endpoints
above.

Proof. By time-reflection symmetry, it suffices to treat the operator exp.i t jrj/. Recall that we denote
by J� the Bessel functions of the first kind. For any radial function f 2 L2rad.R

d /, we identify Of with a
function Of W R>0! R. Then, it holds that

exp.i t jrj/f .r/D r�
d�2
2

Z 1
0

exp.i t�/Jd�2
2
.r�/ Of .�/�

d
2 d�: (22)

Inserting the known asymptotics for Bessel functions, see [Jiang et al. 2012], we may estimate

.1C r/�
d�1
2

Z 2�

0

exp.i.t ˙ r/�/m.r I �/�. 1
4
;4/.�/

Of .�/ d�: (23)

Here, �.1=4;4/ is a smooth cutoff-function that equals 1 on
�
1
2
; 2
�

and is supported on
�
1
4
; 4
�
, and m.r I �/

is a smooth function that satisfies j@j�m.r I �/j.j 1 for all j � 0. Since supp Of �
�
1
2
; 2
�
, we may write

Of .�/D
X
k2Z

ck exp.ik�/; where ck D
1

2�

Z 2�

0

exp.�ik�/ Of .�/ d�: (24)

Inserting (24) into (23), we have to boundX
k2Z

.1C r/�
d�1
2 ck

Z 2�

0

exp.i.t ˙ r C k/�/m.r I �/�. 1
4
;4/.�/ d�: (25)

Integrating by parts 2M times, we haveˇ̌̌̌Z 2�

0

exp.i.t ˙ r C k//m.r I �/�. 1
4
;4/.�/ d�

ˇ̌̌̌
.M .1Cjt ˙ r C kj/�2M :
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Therefore, we obtain

kjxj˛ exp.i t jrj/f kLpx .Rd / . k.1C r/
�d�1

2 r˛r
d�1
p .1Cjt C k˙ r j/�2M ckkLpr `1k.R>0�Z/

. k.1C r/�
d�1
2 r˛C

d�1
p .1Cjt C k˙ r j/�M ckkLpr `

p

k
.R>0�Z/; (26)

where we have used Hölder’s inequality in the k-variable. Since

˛C
d�1

p
> �

1

p
if 2� p <1;

and ˛ � 0 if p D1, we obtain for sufficiently large M that

k.1C r/�
d�1
2 r˛C

d�1
p .1Cjt C k˙ r j/�MkLpr .R>0/ . .1Cjt C kj/

�d�1
2 jt C kj˛C

d�1
p :

From the embedding `min.p;q/
k

,! `
p

k
and Minkowski’s integral inequality, we obtain

kjxj˛ exp.i t jrj/f kLqt Lpx .R�Rd / . k.1Cjt C kj/
�d�1

2 jt C kj˛C
d�1
p ckkLqt `

p

k
.R�Z/

. k.1Cjt C kj/�
d�1
2 jt C kj˛C

d�1
p ckk`min.p;q/

k
L
q
t .Z�R/

. kckk`min.p;q/
k

.Z/
: (27)

From Plancherel’s theorem and the support condition on Of , we have

kckk
2

`2
k
.Z/
D

1

2�

Z 2�

0

j Of .�/j2 d� � kf k2
L2x.Rd /

:

Furthermore, since supp Of is contained in an interval of size � ı, we have

kckk`1
k
.Z/ �

1

2�

Z
I

j Of .�/j d� . ı
1
2 kf kL2x.Rd /:

Then (17) follows from (27) and Hölder’s inequality. �

Remark 3.2. We note that there is no ı-gain for q D 2. For instance, this follows from a nonstationary
phase argument by choosing f as the inverse Fourier transform of �Œ1;1Cı�.j�j/. As a consequence, we
obtain no probabilistic gain for Strichartz estimates with parameter q D 2; see Lemma 3.4. This indicates
that the spherical symmetry imposes restrictions on the randomized linear evolutions. We therefore view
the radial randomization as a modest step towards probabilistic treatments of the geometric equations
discussed in [Chanillo et al. 2017].

Corollary 3.3. Let f 2 L2rad.R
d / and Aa;ı as in (3) with a �N. If ˛; p, and q satisfy (18)–(21), then

kjxj˛ exp.˙i t jrj/Aa;ıf kLqt Lpx .N
d
2
�˛� 1

q
�d
p ı

1
2
� 1

min.p;q/ kAa;ıf kL2x : (28)

Proof. For any g 2 L2rad.R
d /, we have

Aa;ıg.x/D
�
A a
N
;ı

�
g
�
�

N

���
.Nx/:



1024 BJOERN BRINGMANN

From scaling and (17), it then follows that

kjxj˛ exp.˙i t jrj/Aa;ıf kLqt Lpx .N
d
2
�˛� 1

q
�d
p ı

1
2
� 1

min.p;q/ kf kL2x :

Finally, replacing f by Aa;ıf above, we arrive at (28). �

Lemma 3.4 (probabilistic Strichartz estimates). Let f 2H s
rad.R

d / with

s �
d

2
�
1

q
�
d

p
�˛�

1




�
1

2
�

1

min.p; q/

�
; (29)

where 
 is as in Definition 1.1. Let ˛ and 2 � p; q <1 satisfy (18). Then, we have for all 1 � � <1
that

kjxj˛ exp.˙i t jrj/f !kL�!Lqt Lpx .p;q;˛;s
p
�kf kH s

x.R4/
: (30)

Proof. We prove (30) only for � �max.p; q/. The general case then follows by Hölder in the !-variable.
From the square-function estimate (Lemma 2.2), Minkowski’s integral inequality, Khintchine’s inequality,
and Corollary 3.3, it follows that

kjxj˛ exp.˙i t jrj/f !kL�!Lqt Lpx � kjxj
˛ exp.˙i t jrj/f !N kL�!Lqt Lpx `2N

� kjxj˛ exp.˙i t jrj/f !N k`2NL
q
t L

p
xL

�
!

.
p
�kjxj˛ exp.˙i t jrj/AkfN k`2NL

q
t L

p
x `
2
k

�
p
�kjxj˛ exp.˙i t jrj/AkfN k`2N `2kL

q
t L

p
x

�
p
�kN

d
2
�˛� 1

q
�d
p .N�

1

 /

1
2
� 1

min.p;q/AkfN k`2N `
2
k
L2x

�
p
�kN sfN k`2NL

2
x

�
p
�kf kH s

x
:

We remark that f1 is only localized to frequencies . 1, so that the inhomogeneous Sobolev norm above
is necessary. �

Lemma 3.5 (probabilistic L1x -Strichartz estimates). Let fN 2L2rad.R
3/ and let f !N be its radial random-

ization. Then, we have

kjxj
3
8 exp.˙i t jrj/f !N kL�!L8=3t L1x

.
p
�N

3
4
� 1
8
 kfN kL2x ;

kjxj
1
4 exp.˙i t jrj/f !N kL�!L4tL1x .

p
�N 1� 1

4
 kfN kL2x :

Remark 3.6. Since p D 1, we can no longer use the usual combination of Minkowski’s integral
inequality and Khintchine’s inequality. We resolve this by using a radial Sobolev embedding.

Proof. Let 1� p <1 be a sufficiently large exponent. Using Proposition 2.6 and Lemma 3.4, we have
for all p � � <1 that

kjxj
3
8 exp.˙i t jrj/f !N kL�!L8=3t L1x

. kjxj
3
8 exp.˙i t jrj/jrj

3
p f !N kL�!L

8=3
t L

p
x
.
p
�N

3
4
� 1
8
 kfN kL2x :
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Note that, due to scaling, the parameter p does not appear in the final estimate. Similarly, we have

kjxj
1
4 exp.˙i t jrj/f !N kL�!L4tL1x . kjxj

1
4 exp.˙i t jrj/jrj

3
p f !N kL�!L4tL

p
x
.
p
�N 1� 1

4
 kfN kL2x : �

Lemma 3.7 (probabilistic L1t -Strichartz estimates). Let f 2 L2rad.R
3/ and let ı > 0. Then, we have for

all 1� � <1 and all N 2 2Z that

k exp.˙i t jrj/f !N kL�!L1t L6x .
p
�N 1� 1

3
 kfN kL2x ; (31)

kjxj
1
2 exp.˙i t jrj/f !N kL�!L1t L1x .ı

p
�N 1� 1�ı

2
 kfN kL2x : (32)

Remark 3.8. Since qD1, we can no longer use the same combination of Minkowski’s integral inequality
and Khintchine’s inequality as in the proof of Lemma 3.4. The same problem was encountered in previous
works using the Wiener randomization. In [Oh and Pocovnicu 2016, Proposition 3.3], a chaining-type
method was used to bound L1t -norms on compact time intervals. In [Killip et al. 2019, Proposition 2.10],
the authors obtain global control on an L1t -norm via the fundamental theorem of calculus. Here we
present a slight modification of their argument. An alternative approach consists of using a fractional
Sobolev embedding in time [Dodson et al. 2019].

Proof. Let 1 < q <1 be sufficiently large and assume that � � q. We fix t0; t1 2 R. By the fundamental
theorem of calculus, it holds that

k exp.i t1jrj/f !N kL6x � k exp.i t0jrj/f !N kL6x C
Z
Œt0;t1�

k@t .exp.i t jrj/f !N /kL6x dt

. k exp.i t0jrj/f !N kL6x CN
Z
Œt0;t1�

k exp.i t jrj/f !N kL6x dt

. k exp.i t0jrj/f !N kL6x CN.t1� t0/
1
q0 k exp.i t jrj/f !N kLqt L6x.R�R3/:

By taking the q-th power of this inequality and integrating over t0 2 Œt1�N�1; t1CN�1�, we obtain

k exp.i t1jrj/f !N k
q

L6x
.N k exp.i t jrj/f !N k

q

L
q
t L
6
x.R�R3/

:

Taking the supremum in t1 and using Lemma 3.4, it follows that

k exp.˙i t jrj/f !N kL�!L1t L6x .N
1
q k exp.i t jrj/f !N kL�!Lqt L6x.R�R3/ .

p
�N 1� 1

3
 kfN kL2x :

Using the radial Sobolev embedding (Proposition 2.6), Proposition 2.9, and the same argument as before,
we obtain

kjxj
1
2 exp.˙i t jrj/f !N kL�!L1t L1x . kjxj

1
2 exp.˙i t jrj/jrj

3
q f !N kL�!L1t L

q
x

.N
1
q
C 3
q kjxj

1
2 exp.˙i t jrj/f !N kL�!Lqt Lqx

.
p
�N 1� 1



. 1
2
� 1
q
/
kfN kL2x :

This completes the proof of the second estimate. �
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r

t
t D r

inin in

out

out out

Figure 3. We display the in/out-decomposition for radial solutions of the linear wave
equation in d D 3. The blue lines correspond to incoming waves and the red lines
correspond to outgoing waves. The incoming wave will be reflected at the origin and
transformed into an outgoing wave.

4. An in/out decomposition

In this section, we describe a decomposition of solutions to the linear wave equation into incoming and
outgoing components (see Figure 3). This decomposition relies heavily on the spherical symmetry of
the initial data. The in/out-decomposition can be derived in physical space by using spherical means;
see, e.g., [Sogge 1995]. However, for our purposes it is more convenient to derive the decomposition in
frequency space. A similar method has been used for the mass-critical NLS in [Killip et al. 2009].

Let f 2 L2rad.R
3/ be spherically symmetric. Using the explicit expression

J 1
2
.x/D

r
2

�x
sin.x/;

see [Bell 1968], it follows that

cos.t jrj/f .r/D r�
1
2

Z 1
0

cos.t�/J 1
2
.r�/ Of .�/�

3
2 d�

D

q
2

�

1

r

Z 1
0

cos.t�/ sin.r�/ Of .�/� d�

D
1
p
2�

1

r

Z 1
0

.sin..t C r/�/� sin..t � r/�// Of .�/� d�:

By defining

WsŒh�.�/D
1
p
2�

Z 1
0

sin.��/h.�/� d�; (33)

it follows that

cos.t jrj/f D 1

r
.WsŒ Of �.t C r/�WsŒ Of �.t � r//:
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Next, let us derive the corresponding decomposition for the operator sin.t jrj/=jrj. Let g 2 PH�1x .R3/ be
spherically symmetric. Then,

sin.t jrj/
jrj

g.r/D r�
1
2

Z 1
0

sin.t�/J 1
2
.r�/ Og.�/�

1
2 d�

D

q
2

�

1

r

Z 1
0

sin.t�/ sin.r�/ Og.�/ d�

D
1
p
2�

1

r

Z 1
0

.cos..t � r/�/� cos..t C r/�// Og.�/ d�:

By defining

WcŒh�.�/D
1
p
2�

Z 1
0

cos.��/h.�/� d�;

it follows that
sin.t jrj/
jrj

g D r�1
�
�WcŒ�

�1
Og�.t C r/CWcŒ�

�1
Og�.t � r/

�
:

Thus, the solution F of the linear wave equation with initial data .f; g/ 2 L2rad.R
3/� PH�1rad .R

3/ is given
by

F.t; x/D
1

r

�
WsŒ Of �.t C r/�WcŒ�

�1
Og�.t C r/�WsŒ Of �.t � r/CWcŒ�

�1
Og�.t � r/

�
:

Definition 4.1 (in/out-decomposition). Let .f; g/ 2L2rad.R
3/� PH�1rad .R

3/ and let F be the corresponding
solution to the linear wave equation. Then, we define

WinŒF �.�/DWsŒ Of �.�/�WcŒ�
�1
Og�.�/;

WoutŒF �.�/D�WsŒ Of �.�/CWcŒ�
�1
Og�.�/:

As a consequence, we have

F.t; x/D
1

r

�
WinŒF �.t C r/CWoutŒF �.t � r/

�
: (34)

Even though WinŒF � equals �WoutŒF � we introduced two different notations to serve as a visual aid.
This also allows us to safely leave out the arguments t C r and t � r in subsequent computations.

From Plancherel’s theorem, it follows that

kWsŒh�.�/kL2� .R/CkWcŒh�kL2� .R/ . k�hkL2�.R>0/: (35)

As a consequence, we have

kWinŒF �.�/kL2� .R/CkWoutŒF �.�/kL2� .R/ . kf kL2x.R3/Ckgk PH�1x .R3/
: (36)

In the analysis of the Morawetz error term (see Section 8B), we will need to control an interaction
between rF and the nonlinear part v. However, the individual components of rF are not radial. To
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overcome this technical problem, we write

@xjF.t; x/D
xj

r
@rF.t; r/

D�
xj

r3

�
WoutŒF �.t � r/CWinŒF �.t C r/

�
C
xj

r2

�
�.@�WoutŒF �/.t � r/C .@�WinŒF �/.t C r/

�
:

After a short calculation, we see that

@�WsŒ Of �.�/DWcŒ� Of �.�/ and @�WcŒ�
�1
Og�.�/D�WsŒ Og�.�/:

Then, we define

Win;r ŒF �.�/ WDWcŒ� Of �.�/CWsŒ Og�.�/; (37)

Wout;r ŒF �.�/ WDWcŒ� Of �.�/CWsŒ Og�.�/: (38)

Using these definitions, it follows that

@xjF.t; x/D�
xj

r2
F.t; x/C

xj

r2

�
Wout;r ŒF �.t � r/CWin;r ŒF �.t C r/

�
: (39)

Using the same argument as above, we have

kWout;r ŒF �.�/kL2� .R/CkWin;r ŒF �.�/kL2� .R/ . kf k PH1
x .R3/

CkgkL2x.R3/:

Lemma 4.2. Let f 2 L2rad.R
3/ be such that

supp. Of /� f� W j�j 2 Œa; .1C ı/a�g:

Then, we have for all 2� q �1 that

kWsŒf �.�/kLq� .R/CkWcŒf �.�/kL
q
� .R/
. .aı/

1
2
� 1
q kf kL2x.R3/: (40)

Proof. Using Hölder’s inequality, we have

jWsŒf �.�/jC jWcŒf �.�/j.
Z .1Cı/a

a

j Of .�/j� d� � .aı/
1
2

�Z 1
0

j Of .�/j2�2 d�
�1
2

D .aı/
1
2 kf kL2x.R3/:

This proves (40) for q D1. Together with (35), the general case follows by interpolation. �

Lemma 4.2 is the analog of the square-function estimate [Dodson et al. 2017, Lemma 2.2] for the
Wiener randomization. However, since f is radial, it is much easier to prove.

Corollary 4.3 (improved integrability for the in/out decomposition). Let f 2 L2rad.R
3/. Then, we have

for all 2� q <1 that

kWsŒf
!
N �.�/kL�!L

q
�
CkWcŒf

!
N �.�/kL�!L

q
�
.N.1�

1


/. 1
2
� 1
q
/
kfN kL2x.R3/:
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Proof. As in Section 3, we restrict to the case q � � <1. Using a combination of Khintchine’s inequality,
Minkowski’s integral inequality, and Lemma 4.2, we have

kWsŒf
!
N �.�/kL�!L

q
�
� kWsŒf

!
N �.�/kLq�L�!

.
p
�kWsŒAkfN �.�/kLq�`2k

�
p
�kWsŒAkfN �.�/k`2

k
L
q
�

.N.1�
1


/. 1
2
� 1
q
/
kAkfN k`2

k
L2x

.N.1�
1


/. 1
2
� 1
q
/
kfN kL2x :

The same argument also works for WcŒf !N �.�/. �

Remark 4.4. For 
 D 1, Corollary 4.3 shows that WsŒf !N �.�/ 2
T
2�q<1L

q
� .R/ almost surely for all

f 2H 0C
rad .R

3/. This holds because the radial randomization is similar to a Wiener randomization of the
function f .r/r .

5. Local well-posedness and conditional scattering

Recall that the forced nonlinear wave equation is given by�
�@t tvC�v D .vCF /

5; .t; x/ 2 R�R3;

v.t0; x/D v0 2 PH
1
x .R

3/; @tv.t0; x/D v1 2 L
2
x.R

3/:
(41)

In this section, it is not important that F solves a linear wave equation. However, this will be essential in
Sections 6–9.

Lemma 5.1 (local well-posedness). Let .v0; v1/2 PH 1
x .R

3/�L2x.R
3/ and assume thatF 2L5tL

10
x .R�R3/.

Then, there exists a maximal time interval of existence I and a corresponding unique solution v of (41)
satisfying

.v; @tv/ 2
�
C 0t
PH 1
x .I �R3/\L5t;locL

10
x .I �R3/

�
�C 0t L

2
x.I �R3/:

Moreover, if both the initial data .v0; v1/ and the forcing term F are radial, then v is also radial.

The proof consists of a standard application of Strichartz estimates, and we omit the details. We refer
the reader to [Dodson et al. 2017, Lemma 3.1] and [Pocovnicu 2017, Theorem 1.1] for related results. In
[Pocovnicu 2017] the stability theory for energy-critical equations was used to reduce to the proof of
almost-sure global well-posedness to an a priori energy bound. Similar methods have also been used in
[Bényi et al. 2015a; Dodson et al. 2017; 2019; Killip et al. 2019; Oh and Pocovnicu 2016].

Proposition 5.2 [Dodson et al. 2017, Theorem 1.3]. Suppose .v0; v1/ 2 PH 1
x .R

3/ �L2x.R
3/ and F 2

L5tL
10
x .R�R3/. Let v.t/ be a solution (41) and let I be its maximal time interval of existence. Further-

more, we assume that v satisfies the a priori bound

M WD sup
t2I

EŒv�.t/ <1: (42)
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Then v is a global solution, it obeys the global space-time bound

kvkL5tL
10
x .R�R3/ � C.M; kF kL5tL

10
x .R�R3// <1;

and it scatters as t !˙1.

Theorem 1.3 in [Dodson et al. 2017] is stated for the energy-critical NLW in d D 4. However, the same
argument also yields Proposition 5.2. We point out that the proof crucially relies on the deterministic
theory for the energy-critical NLW [Bahouri and Gérard 1999; Tao 2006b].

6. Almost energy conservation and decay estimates

In this section, we prove new estimates for the solution to the forced NLW�
�@t tvC�v D .vCF /

5; .t; x/ 2 R�R3;

v.t0; x/D v0 2 PH
1
x .R

3/; @tv.t0; x/D v1 2 L
2
x.R

3/:
(43)

In contrast to Section 5, we now assume that F is a solution to the linear wave equation. Recall that the
stress-energy tensor of the energy-critical NLW is given by

T 00 WD 1
2
..@tv/

2
Cjrvj2/C 1

6
v6;

T j0 WD �@tv @xj v;

T jk WD @xj v @xkv�
1
4
ıjk.�@t t C�/.v

2/C 1
3
ıjkv

6:

In the above tensor, we have j; k D 1; 2; 3. If v solves the energy-critical NLW (1), then the stress-energy
tensor is divergence-free. This leads to energy conservation, momentum conservation, and several decay
estimates, such as Morawetz estimates, flux estimates, or potential energy decay; see [Sogge 1995; Tao
2006a]. If v solves the forced nonlinear wave equation (43), then the stress-energy tensor is no longer
divergence-free. However, the error terms in the divergence are of lower order, so we can still hope for
almost conservation laws and some decay estimates. More precisely, with N WD .vCF /5�v5, it follows
from a standard computation that

@tT
00
C @xkT

0k
D�N @tv; (44)

@tT
j0
C @xkT

jk
DN @xj v�

1
2
@xj .Nv/: (45)

For our purposes, the most important quantity measuring the size and regularity of v is its energy

EŒv�.t/D

Z
1
2
jrvj2C 1

2
j@tvj

2
C
1
6
jvj6 dx:

For future use, we also define the local energy as

eŒv�.t/ WD

Z
jxj�jt j

1
2
jrvj2C 1

2
j@tvj

2
C
1
6
jvj6 dx:

Next, we determine the error terms in the almost energy conservation law.
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Proposition 6.1 (energy increment). Let I D Œa; b� be a time interval and v W I �R3! R be a solution
to the forced nonlinear wave equation (43). Then, we have

jEŒv�.b/�EŒv�.a/j

. kF kL1t L6x.I�R3/ sup
t2I

EŒv�.t/
5
6 C

ˇ̌̌̌Z
I

Z
R3
.@tF /v

5 dx dt
ˇ̌̌̌
C

Z
I

Z
R3
jF j2.jF jC jvj/3j@tvj dx dt: (46)

The first summand on the right-hand side of (46) has a lower power in the energy. After placing the
random linear evolution in L1t L

6
x.R�R3/, it can easily be controlled via a bootstrap argument. The

second summand is the main error term in this almost energy conservation law, and we will control it
in Section 8A. Finally, the third summand in (46) only includes lower-order error terms, and they are
controlled in Section 8D.

The idea to integrate by parts in the energy increment has previously been used in [Dodson et al. 2019;
Killip et al. 2019; Oh and Pocovnicu 2016].

Proof. From the divergence formula (44), it follows that

d
dt
EŒv�.t/D

d
dt

Z
R3
T 00.t;x/dx

D�

Z
R3

N @tv dx

D�5

Z
R3
Fv4 @tv dx�

Z
R3
.10F 2v3C10F 3v2C5F 4vCF 5/@tv dx:

Integrating in time, we obtain

jEŒv�.b/�EŒv�.a/j.
ˇ̌̌̌Z
I

Z 3

R

Fv4 @tv dx dt
ˇ̌̌̌
C

Z
I

Z
R3
jF j2.jF jC jvj/3j@tvj dx dt: (47)

The second summand in (47) is already acceptable; thus, we now turn to the first summand. Using
integration by parts, we have

5

ˇ̌̌̌Z
I

Z
R3
Fv4 @tv dx dt

ˇ̌̌̌
D

ˇ̌̌̌Z
I

Z
R3
F @t .v

5/dx dt
ˇ̌̌̌

�

ˇ̌̌̌Z
I

Z
R3
@t .F /v

5 dx dt
ˇ̌̌̌
C

Z
R3
jF j.b;x/jvj5.b;x/dxC

Z
R3
jF j.a;x/jvj5.a;x/dx

.
ˇ̌̌̌Z
I

Z
R3
@t .F /v

5 dx dt
ˇ̌̌̌
CkF kL1t L

6
x.I�R3/ sup

t2I

EŒv�.t/
5
6 :

Thus, the contribution of the first summand in (47) is also acceptable. �

By contracting the stress-energy tensor against different vector fields, one sees that solutions to the
energy-critical NLW obey a range of decay estimates. One of the most important decay estimates in
the study of dispersive equations is the Morawetz estimate, and it has been used to prove almost-sure
scattering in [Dodson et al. 2017; 2019; Killip et al. 2019]. For the reader’s convenience, we recall a
classical Morawetz identity.
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Lemma 6.2 (Morawetz identity). Let I D Œa; b� be a given time interval, and let v W I �R3! R be a
solution of (43). Then, we have the Morawetz identity

2

3

Z
I

Z
R3

v6

jxj
dx dt C�

Z
I

jvj2.t; 0/ dt C
Z
I

Z
R3
jrangvj

2 dx dt

D

Z
R3
@tv

x

jxj
� rv� 4

v

jxj
@tv dx

ˇ̌̌̌b
tDa

�

Z
I

Z
R3

N
x

jxj
� rv dx dt �

Z
I

Z
R3

1

jxj
Nv dx dt: (48)

Here, rangv WD rv� .x=jxj/ � rv denotes the angular component of the gradient of v.

The lemma follows along a line of standard computations using (44) and (45); see, e.g., [Tao 2006a].
We now rewrite the error terms in (48) more explicitly in terms of F, and group similar terms together.

Proposition 6.3 (Morawetz estimate). Let I D Œa; b� be a given time interval, and let v W I �R3! R be
a solution of (43). Then, we have the Morawetz estimateZ
I

Z
R3

v6

jxj
dx dt . sup

t2I

EŒv�.t/C

ˇ̌̌̌Z
I

Z
R3

x

jxj
�rx.F /v

5 dx dt
ˇ̌̌̌

(49)

C

Z
I

Z
R3

1

jxj
jF j.jvj5CjF j5/dx dtC

Z
I

Z
R3
jF j2.jF jCjvj/3

�
jvj

jxj
Cjrvj

�
dx dt: (50)

The second summand in (49) is the main error term in this estimate, and we will control it in Section 8B.
In contrast, the error terms in (50) are easier to control, and they will be handled in Section 8D.

Proof. To prove the proposition, we have to control the terms on the right-hand side of (48). First, using
Hardy’s inequality, we haveˇ̌̌̌Z

R3
@tv

x

jxj
� rv� 4

v

jxj
@tv dx

ˇ̌̌̌b
tDa

ˇ̌̌̌
. k@tv.t/kL1t L2x.I�R3/krvkL1t L

2
x.I�R3/Ck@tv.t/kL1t L

2
x.I�R3/





 vjxj





L1t L

2
x.I�R3/

. sup
t2I

EŒv�.t/:

Thus, the contribution is acceptable. Second, we haveˇ̌̌̌Z
I

Z
R3

N
x

jxj
� rv dx dt

ˇ̌̌̌
.
ˇ̌̌̌Z
I

Z
R3
Fv4

x

jxj
� rv dx dt

ˇ̌̌̌
C

Z
I

Z
R3
jF j2.jF jC jvj/3jrvj dx dt

.
ˇ̌̌̌Z
I

Z
R3
F
x

jxj
� r.v5/ dx dt

ˇ̌̌̌
C

Z
I

Z
R3
jF j2.jF jC jvj/3jrvj dx dt

.
ˇ̌̌̌Z
I

Z
R3
r �

�
F
x

jxj

�
v5 dx dt

ˇ̌̌̌
C

Z
I

Z
R3
jF j2.jF jC jvj/3jrvj dx dt

.
ˇ̌̌̌Z
I

Z
R3

x

jxj
� r.F /v5 dx dt

ˇ̌̌̌
C

Z
I

Z
R3

jF j

jxj
jvj5dxdt C

Z
I

Z
R3
jF j2.jF jC jvj/3jrvj dx dt:
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x

t

 flux

tDjxj

a

e.a/
#

b
"
e.b/

I

Figure 4. This figure displays the quantities involved in the forward flux estimate. The
local energy at times t D a; b is the integral of the energy density over the red regions.
The flux is the integral of v6 over the blue region in space-time. Using the stress-energy
tensor, we can control the flux by the increment of the local energy.

Thus, the contribution is acceptable. Finally, we haveˇ̌̌̌Z
I

Z
R3

1

jxj
Nv dx dt

ˇ̌̌̌
.
Z
I

Z
R3

1

jxj
jF j.jF jC jvj/4jvj dx dt .

Z
I

Z
R3

1

jxj
jF j.jF jC jvj/5 dx dt: �

In contrast to the case d D 4 as in [Dodson et al. 2017; 2019], the energy and the Morawetz term
are not strong enough to control the main error terms. In addition, we will rely on the following flux
estimates on light cones.

Lemma 6.4 (forward flux estimate). Let v be a solution of (43) on a compact time interval I D Œa; b��
Œ0;1/. Then, we have

1

6

Z
jxjDt; t2I

v6.t; x/ d�.t; x/� eŒv�.b/� eŒv�.a/C
Z
jxj�t; t2I

@tv..vCF /
5
� v5/ dx dt: (51)

Remark 6.5. The flux estimate is a monotonicity formula based on the increment of the local energy.
See Figure 4. The term on the left-hand side of (51) describes the inflow of potential energy through the
light cone.

Proof. We have

d
dt
eŒv�.t/D

Z
jxjDt

1
2
jrvj2C 1

2
j@tvj

2
C
1
6
jvj6 d�.t; x/C

Z
jxj�t

@trvrvC @t tv @tvC v
5 @tv dx

D

Z
jxjDt

1
2
jrvj2C 1

2
j@tvj

2
� @tvrv � EnC

1
6
jvj6 d�.t; x/C

Z
jxj�t

@tv.@t tv��vC v
5/ dx

�

Z
jxjDt

1
6
jvj6 d�.t; x/C

Z
jxj�t

@tv.�.vCF /
5
C v5/ dx:

Integrating over t 2 I, we arrive at (51). �

The estimate (51) by itself is not useful. Indeed, it only controls the size of v on a lower-dimensional
surface in space-time. We will now use time-translation invariance to integrate it against a weight
w 2 L1� .R/.
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x

t

I

WoutŒjrj zFN �

�

Figure 5. We display the idea behind the interaction flux estimate. By using the time-
translation invariance of the equation, we can control v6 on the blue region of each shifted
light cone. Then, we integrate the forward flux estimate against a weight w depending
only on the shift � . Since the outgoing component WoutŒjrj zFN �.t � jxj/ is constant on
forward light cones, we choose w D jWoutŒjrj zFN �j

2.

Proposition 6.6 (forward interaction flux estimate). Let v be a solution to the forced NLW (43) on a
compact time interval I D Œa; b�� Œ0;1/. Also, let w 2 L1� .R/ be nonnegative. Then, we haveZ
I

Z
R3
w.t � jxj/jvj6.t; x/ dx dt

. kwkL1� .R/ sup
t2I

EŒv�.t/CkwkL1� .R/kF kL1t L
6
x.I�R3/ sup

t2I

EŒv�.t/
5
6 (52)

C

ˇ̌̌̌Z
I

Z
R3

�Z t�jxj

�1

w.�/ d�
�
@t .F /v

5 dx dt
ˇ̌̌̌
C

ˇ̌̌̌Z
I

Z
R3
w.t � jxj/F v5 dx dt

ˇ̌̌̌
(53)

CkwkL1� .R/

Z
I

Z
R3
jF j2.jF jC jvj/3j@tvj dx dt: (54)

In order to control the energy, we essentially choose w as the outgoing component of the linear wave F
(see Section 7 and Figure 5).

The terms in (52) correspond to boundary terms, and they can easily be controlled by a bootstrap
argument. The main error terms are in (53), and they will be controlled in Section 8C. In contrast, the
errors in (54) are of lower order, and they will be controlled in Section 8D.

To remember that the weightw in (53) should be integrated over .�1; t � jxj�, note that the contribution
of the error @t .F /v5 should be weighted less as t !�1 and jxj !1.

Proof. By time-translation invariance and Lemma 6.4, we obtain for any � 2 R thatZ
jxjDt��; t2I

1
6
jvj6.t; x/ d�.t; x/

�

Z
jxj�b��

1
2
jrvj2C 1

2
j@tvj

2
C
1
6
jvj6 dx

ˇ̌̌̌
tDb

�

Z
jxj�a��

1
2
jrvj2C 1

2
j@tvj

2
C
1
6
jvj6 dx

ˇ̌̌̌
tDa

C

Z
jxj�t��; t2I

@tv..vCF /
5
� v5/dx dt

� 2 sup
t2I

EŒv�.t/C

Z
jxj�t��; t2I

@tv..vCF /
5
� v5/ dx dt: (55)
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Integrating (55) against the function w.�/, we obtain

1

6

Z
I

Z
R3
w.t � jxj/jv.t; x/j6 dx dt

D
1

6

“
jxjDt��

w.�/jvj6.t; x/ d�.t; x/ d�

� 2kwkL1� .R/ sup
t2I

EŒv�.t/C

“
jxj�t��; t2I

w.�/ @tv.t/..vCF /
5
� v5/ dx dt d�

. kwkL1� .R/ sup
t2I

EŒv�.t/C

ˇ̌̌̌Z
R

Z
jxj�t��; t2I

w.�/F v4 @tv dx dt d�
ˇ̌̌̌

CkwkL1� .R/

Z
I

Z
R3
jF j2.jF jC jvj/3j@tvj dx dt: (56)

The first and third summand in the last line of (56) are acceptable contributions. Thus, we turn to the
second summand in the last line of (56). Using integration by parts, we have

5

ˇ̌̌̌Z
I

Z
jxj�t��; t2I

w.�/F v4 @tv dx dt d�
ˇ̌̌̌

D

ˇ̌̌̌Z
I

Z
R3

�Z t�jxj

�1

w.�/ d�
�
F @t .v

5/ dx dt
ˇ̌̌̌

D

ˇ̌̌̌Z
R3

�Z t�jxj

�1

w.�/ d�
�
Fv5 dx

ˇ̌̌̌
tDb

ˇ̌̌̌
C

ˇ̌̌̌Z
R3

�Z t�jxj

�1

w.�/ d�
�
Fv5 dx

ˇ̌̌̌
tDa

ˇ̌̌̌
C

ˇ̌̌̌Z
I

Z
R3

�Z t�jxj

�1

w.�/ d�
�
@t .F /v

5 dx dt
ˇ̌̌̌
C

ˇ̌̌̌Z
I

Z
R3
w.t � jxj/F v5 dx dt

ˇ̌̌̌
. kwkL1� .R/kF kL1t L6x.I�R3/ sup

t2I

EŒv�.t/
5
6 C

ˇ̌̌̌Z
I

Z
R3

�Z t�jxj

�1

w.�/ d�
�
@t .F /v

5 dx dt
ˇ̌̌̌

C

ˇ̌̌̌Z
I

Z
R3
w.t � jxj/F v5 dx dt

ˇ̌̌̌
: �

By replacing the forward light-cones in the derivation of Proposition 6.6 by backward light-cones, one
easily derives the following proposition.

Proposition 6.7 (backward interaction flux estimate). Let v be a solution of (43) on a compact time
interval I D Œa; b�� Œ0;1/. Also, let w 2 L1� .R/ be nonnegative. Then, we haveZ
I

Z
R3
w.t Cjxj/jvj6.t; x/ dx dt (57)

. kwkL1� .R/ sup
t2I

EŒv�.t/CkwkL1� .R/kF kL1t L
6
x.I�R3/ sup

t2I

EŒv�.t/
5
6

C

ˇ̌̌̌Z
I

Z
R3

�Z 1
tCjxj

w.�/ d�
�
@t .F /v

5 dx dt
ˇ̌̌̌
C

ˇ̌̌̌Z
I

Z
R3
w.t Cjxj/F v5 dx dt

ˇ̌̌̌
(58)

CkwkL1� .R/

Z
I

Z
R3
jF j2.jF jC jvj/3j@tvj dx dt:
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To remember that the weight w in (58) should be integrated over Œt Cjxj;1/, note that the contribution
of the error @t .F /v5 should be weighted less as t; jxj !1.

7. Bootstrap argument

In this section, we introduce the quantities in the bootstrap argument to control the energy. For a given
time interval I � R, we define the energy

EI WD sup
t2I

EŒv�.t/D sup
t2I

Z
R3

1
2
.@tv.t; x//

2
C
1
2
jrv.t; x/j2C 1

6
jv.t; x/j6 dx (59)

and the Morawetz term

AI WD kjxj�
1
6 vk6

L6t;x.I�R3/
: (60)

Before we can define the interaction flux term, we need to introduce some further notation. Let F be a
solution to the linear wave equation with initial dataF jtD0Df02L2rad.R

3/ and @tF jtD0Dg02 PH�1rad .R
3/.

As in the definition of F ! in (5) , we assume that P�25f0 D P�25g0 D 0. We recall from (6) that the
low-frequency component of .f ! ; g!/ will be treated as the initial data of the nonlinear component v.
In order to use Littlewood–Paley theory in the spatial variables, it is convenient to introduce a second
solution zF to the linear wave equation. A short computation shows that

@tF D jrj

�
cos.t jrj/jrj�1gC

sin.t jrj/
jrj

.�jrjf /

�
:

Then,

zF WD cos.t jrj/jrj�1gC
sin.t jrj/
jrj

.�jrjf / (61)

satisfies @tF Djrj zF and has initial data zF jtD0Djrj�1g2L2rad.R
3/ and @t zF jtD0D�jrjf 2 PH�1rad .R

3/.
After localizing in frequency space, we write

jrj zFN .t; x/D
1

jxj

�
WoutŒjrj zFN �.t � r/CWinŒjrj zFN �.t C r/

�
: (62)

In the bootstrap argument, we want to apply the interaction flux estimate to the Littlewood–Paley pieces
PKv of v. In order to deal with the operators PK , we need to slightly modify the weights. Unfortunately,
we cannot use the Hardy–Littlewood maximal function, since it is unbounded in L1. Instead, we define
for each K 2 2N the operator

SKw DKhK�i
�2
�w: (63)

Definition 7.1 (interaction flux term). Let .f0; g0/ 2 L2rad.R
3/� PH�1rad .R

3/ and assume that P�25f0 D
P�25g0 D 0. Let F be the solution of the linear wave equation with data .f0; g0/, let zF be as in (61), let
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v be a solution to (43), and let I � R. For � 2 fout; ing, we define

FI;� WD
X
N�1

.N�
1
6

C2ı
CN�2C2ı/ sup

K22Z

kw�;K;N .t � jxj/
1
6 v.t; x/k6

L6t;x.I�R3/
(64)

C

X
N�1

.N�
1
6

C2ı
CN�2C2ı/ sup

K22Z

kw�;r;K;N .t � jxj/
1
6 v.t; x/k6

L6t;x.I�R3/
(65)

CkW�ŒF �.t � jxj/
1
3 vk6

L6t;x.I�R3/
; (66)

where w�;K;N D SK.jW�Œjrj zFN �j2/ and w�;r;K;N D SK.jW�;r ŒFN �j2/; see Section 4. For notational
convenience, we also set

FI WD FI;outCFI;in:

In the following definition, we introduce two auxiliary norms on F that will be used in the rest of this
paper.

Definition 7.2 (YI and Z-norms). Let .f0; g0/ 2 L2rad.R
3/ � PH�1rad .R

3/ and assume that P�25f0 D
P�25g0 D 0. Let F be the solution of the linear wave equation with data .f0; g0/, let zF be as in (61),
and let I � R. Then, we define

kF kY.I/ WD kN
� 3
4
C 1
24

Cı
jxj

3
8 jrj zFN k`8=3N L

8=3
t L1x .2N�I�R3/

CkN�
3
4
C 1
24

C 5ı
2 jxj

3C2ı
8 jrjFN k`8=.3�2ı/N L

8=.3�2ı/
t L

2=ı
x .2N�I�R3/

CkN�1Cı jxj�
1
6 jrjFN k`6NL

6
tL
6
x.2N�I�R3/CkN

�1Cı
jxj

2
3 jrj zFN k`12N L

12
t L

12
x .2N�I�R3/

Ckjxj
1
4F kL4tL

1
x .I�R3/CkF kL5tL

10
x .I�R3/Ckjxj

� 1
6F kL6t;x.I�R3/Ckjxj

2
3F kL12t;x.I�R3/:

Furthermore, we also define

kF kZ WD
X

�2fout;ing

X
p2f2;4;24g

k.N�
1
12

C2ı
CN�1Cı/W�Œjrj zFN �k`1NL

p
� .2N�R/

C

X
�2fout;ing

X
p2f2;4;24g

k.N�
1
12

C2ı
CN�1Cı/W�;r ŒFN �k`1NL

p
� .2N�R/

C

X
�2fout;ing

X
p2f2;4;24g

kW�ŒF �kLp� .R/CkN
ı
jxj

1
2FN k`1NL

1
t L
1
x .2N�R�R3/CkF kL1t L

6
x.R�R3/:

We remark that kF kYI is divisible in space-time. More precisely, let � > 0 be given and assume that
kF kY.R/ <1. Then, there exists a finite number J D J.�; kF kY.R// and a partition of R into finitely
many intervals I1; : : : ; IJ such that kF kIj < � for all j D 1; : : : ; J.

Lemma 7.3 (almost-sure finiteness of Y and Z-norms). Let .f; g/2H s
rad.R

3/�H s�1
rad .R3/, let 0< 
 � 1,

let s >max
�
0; 1� 1

12


�
, and let F ! be as in (5). If ı D ı.s; 
/ > 0 is chosen sufficiently small, we have

kF !kY.R/ <1 and kF !kZ <1 a.s.
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Proof. In the following, we assume that ı D ı.
; s/ > 0 is sufficiently small. In the computations below,
we have N � 26 and .t; x/ 2 R�R3. For � � 8

3
, it follows from Minkowski’s integral inequality and

Lemma 3.5 that

kN�
3
4
C 1
24

Cı
jxj

3
8 jrj zF !N kL�!`

8=3
N L

8=3
t L1x

� kN�
3
4
C 1
24

Cı
jxj

3
8 jrj zF !N k`8=3N L�!L

8=3
t L1x

.
p
�kN 1� 1

12

Cı.fN ; gN /k`8=3N .L2x� PH

�1
x /

.
p
�k.f; g/kH s

x�H
s�1
x
:

In particular, we have

kN�
3
4
C 1
24

Cı
jxj

3
8 jrj zF !N k`8=3N L

8=3
t L1x

<1

almost surely. A similar argument for the remaining terms in the YR-norm leads to the regularity restrictions

s >max
�
1� 1

12

; 1� 1

3

; 1
2
�

5
12


; 1� 1
4

; 1� 3

10

; 1� 1

3

; 1
2
�

5
12


�
;

which have been listed in the same order as the terms in the definition of kF !kYR
. Next, we estimate

kF !kZ . Using Corollary 4.3, the terms involving kW�Œjrj zFN �kLp� lead to the restriction

s >max
��
1� 1




��
1
2
�

1
24

�
; 0
�
Cmax

�
1� 1

12

; 0
�
:

Since 0 < 
 � 1, this leads to s >max
�
1� 1

12

; 0
�
. Using Lemma 3.7, the fourth and fifth summand in

the Z-norm lead to the restriction

s >max
�
1� 1

3

; 1� 1

2


�
: �

In this paper, the condition 
 � 1 is only used in the proof of Lemma 7.3. By changing the restriction
on s, we could also treat a slightly larger range of parameters 
 .

8. Control of error terms

In this section, we estimate the error terms in Propositions 6.1, 6.3, and 6.6. Before we begin with our
main estimates we prove an auxiliary lemma.

Lemma 8.1. Let w 2 L1� .R/ be nonnegative. Let K 2 2N be arbitrary, and let SK be defined by

SKw DKhK�i
�2
�w:

Then, we have for all v 2 L1loc.R
3/ thatZ

R3
jPKv.x/j

6w.t � jxj/ dx .
Z

R3
jv.x/j6..SKw/.t � jxj/Cjxj

�1
kwkL1� / dx: (67)

Proof. We prove (67) by interpolation. The L1! L1 estimate is trivial. Thus, it suffices to prove the
L1! L1 estimateZ

R3
jPKv.x/jw.t � jxj/ dx .

Z
R3
jv.x/j..SKw/.t � jxj/Cjxj

�1
kwkL1� / dx: (68)
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Let ‰ 2 f�; g be as in the definition of the Littlewood–Paley projection. Then,Z
R3
jPKv.x/jw.t � jxj/ dx �

Z
R3

Z
R3
jv.y/jK3j {‰.K.x�y//jw.t � jxj/ dy dx

D

Z
R3
jv.y/j

�
K3

Z
R3
j {‰.K.y � x//jw.t � jxj/ dx

�
dy:

Hence, it remains to establish the pointwise bound

K3
Z

R3
j {‰.K.y � x//jw.t � jxj/ dx . .SK �w/.t � jyj/Cjyj�1kwkL1� :

Now, the main task consists of converting the left-hand side into a one-dimensional integral. Using an
integral formula from [Sogge 1995, p. 8], we have

K3
Z

R3
j {‰.K.y � x//jw.t � jxj/ dx DK3

Z
R3
j {‰.Kx/jw.t � jy � xj/ dx

.K3
Z 1
0

j {‰.Kr/j

�Z
jxjDr

w.t � jy � xj/ d�.t; x/
�

dr

DK3
Z 1
0

j {‰.Kr/j

�Z
jy�xjDr

w.t � jxj/ d�.t; x/
�

dr

DK3
Z 1
0

j {‰.Kr/j
2�r

jyj

Z jyjCr
jjyj�rj

w.t � �/� d� dr

.
K3

jyj

Z 4jyj

0

Z jyjCr
jyj�r

r j {‰.Kr/jw.t � �/j�j d� dr

C
K3

jyj

Z 1
4jyj

Z rCjyj

r�jyj

r j {‰.Kr/jw.t � �/� d� dr: (69)

Let us now estimate the first summand in the last line of (69). We have

K3

jyj

Z 4jyj

0

Z jyjCr
jyj�r

r j {‰.Kr/jw.t � �/j�j d� dr D
K3

jyj

Z 4jyj

0

Z r

�r

r j {‰.Kr/w.t � jyj � �/j.jyjC �/j d� dr

.K3
Z 4jyj

0

Z r

�r

r j {‰.Kr/jw.t � jyj � �/ d� dr

�K3
Z 1
�1

�Z 1
j�j

j {‰.Kr/jr dr
�
w.t � jyj � �/ d�

�K

Z 1
�1

�Z 1
Kj�j

j {‰.r/jr dr
�
w.t � jyj � �/ d�

.K
Z 1
�1

hKj�ji�2w.t � jyj � �/ d�

D .SKw/.t � jyj/:
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Thus, it remains to estimate the second integral in the last line of (69). We have

K3

jyj

Z 1
4jyj

Z rCjyj

r�jyj

r j {‰.Kr/jw.t � �/� d� dr .
K3

jyj

Z 1
4jyj

Z rCjyj

r�jyj

r2j {‰.Kr/jw.t � �/ d� dr

�
K3

jyj
kwkL1� .R/

Z 1
0

j {‰.Kr/jr2 dr

�
1

jyj
kwkL1� .R/

Z 1
0

j {‰.r/jr2 dr

.
1

jyj
kwkL1� .R/: �

Corollary 8.2 (frequency-localized interaction flux estimate). Let F be as in Definition 7.2 and let
v W I �R3! R be a solution of (43). Then, we have

sup
K22N

kjxj
1
3 .jrj zFN /

1
3PKvk

6

L6t;x.I�R3/
.min.N

1
6

�2ı ; N 2�2ı/.FI CkF k2ZAI /: (70)

Remark 8.3. The flux estimate yields much better integrability in the spatial variable x than the Morawetz
estimate. To see this, note that (70) cannot be controlled by the Morawetz term. For instance, one might
try to estimate

kjxjjrj zFN v
3
kL2t;x.I�R3/ . kjxj

3
2 jrj zFN kL1t;x.I�R3/kjxj

� 1
6 vk3

L6t;x.I�R3/
:

Even for smooth and compactly supported initial data, jrj zFN only decays like � .1C jt j/�1 and is
morally supported around the light cone jxj D jt j. Thus, the term kjxj

3
2 jrj zFN kL1t;x.I�R3/ grows like

� .1Cjt j/1=2 as I increases.

Proof. Using the in/out-decomposition and Lemma 8.1, it follows that

kjxj
1
3 .jrj zFN /

1
3PKvk

6

L6t;x.I�R3/

. k.WoutŒjrj zFN �/
1
3PKvk

6

L6t;x.I�R3/
Ck.WinŒjrj zFN �/

1
3PKvk

6

L6t;x.I�R3/

. kSK.jWoutŒjrj zFN �j
2/
1
6 vk6

L6t;x.I�R3/
CkjWoutŒjrj zFN �j

2
kL1�
kjxj�

1
6 vk6

L6t;x.I�R3/

CkSK.jWinŒjrj zFN �j
2/
1
6 vk6

L6t;x.I�R3/
CkjWinŒjrj zFN �j

2
kL1�
kjxj�

1
6 vk6

L6t;x.I�R3/

.min.N
1
6

�2ı ; N 2�2ı/.FI CkF k2ZAI /:

By taking the supremum over K 2 2N, we arrive at (70). �

8A. Energy increment. In this section, we control the main error term in the energy increment.

Proposition 8.4 (main error term in energy increment). Let F be as in Definition 7.2 and let v WI�R3!R

be a solution of (43). Then, it holds thatˇ̌̌̌Z
I

Z
R3
.jrj zF /v5 dx dt

ˇ̌̌̌
. .FI CkF k2ZAI /

1
6A

7
12

I E
1
4

I kF k
2
3

YI
: (71)
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Remark 8.5. Instead of using F1=6I to overcome the logarithmic divergence, we could also just use F�I .
Then, kjxj3=8jrj zFN kL8=3t L1x .I�R3/

changes into a (nonendpoint) term kjxj1=4�jrj zFN kL4�t L1x .I�R3/.
The probabilistic gain should then increase from 2

3
�
1
8


to 1
4


derivatives, which should lead to the
restriction s >max

�
1� 1

4

; 0
�
. For expository purposes, we do not present this argument here.

Proof. Using a Littlewood–Paley decomposition, we write

v D
X
K�1

PKv and zF D
X
N�26

zFN :

Thus, ˇ̌̌̌Z
I

Z
R3
.jrj zF /v5 dx dt

ˇ̌̌̌
.
X
N�26

X
K1�K2�����K5�1

ˇ̌̌̌Z
I

Z
R3
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌

D

X
N�26

X
K1�K2�����K5�1

K1�2
�4N

ˇ̌̌̌Z
I

Z
R3
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌
:

Note that, for all summands above, we haveK1>1. Using Proposition 2.9 and Corollary 8.2, it follows thatˇ̌̌̌Z
I

Z
R3
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌

� kjxj
3
8 jrj zFN k

2
3

L
8=3
t L1x .I�R3/

kjxj
1
3 .jrj zFN /

1
3PK5vkL6t;x.I�R3/

4Y
jD2

kjxj�
1
6PKj vkL6t;x.I�R3/

� kjxj�
1
6PK1vk

1
2

L6t;x.I�R3/
kPK1vk

1
2

L1t L
2
x.I�R3/

.N
2
3
. 3
4
�ı� 1

24

/
kF k

2
3

YI
N

1
36

� ı
3 .FI CkF k2ZAI /

1
6A

7
12

I K
� 1
2

1 E
1
4

I

D

�
N

K1

�1
2
�ı

K�ı1 kF k
2
3

YI
.FI CkF k2ZAI /

1
6A

7
12

I E
1
4

I :

Using that K1 &N and K1; : : : ; K5 � 1, we obtain (71) after summing. �

8B. Morawetz estimate. In this section, we control the main error term in the Morawetz estimate. The
main new difficulty is the weight x=jxj.

Proposition 8.6 (main error term in Morawetz estimate). Let F be as in Definition 7.2 and let v be a
solution of (43). Then,ˇ̌̌̌Z

I

Z
R3

x

jxj
� rx.F /v

5 dx dt
ˇ̌̌̌
. .FI CkF k2ZAI /

1
6A

7
12
C ı
6

I E
1
4
� ı
2

I kF k
2
3

YI
CkF kYIA

5
6

I :

Proof. As before, we use a Littlewood–Paley decomposition and writeˇ̌̌̌Z
I

Z
R3

x

jxj
� rx.F /v

5 dx dt
ˇ̌̌̌
.
X
N�25

X
L�1;K1�����K5�1

max.L;K1/�2�4N

ˇ̌̌̌Z
I

Z
R3
PL

�
x

jxj

�
� rx.FN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌
:
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Case 1: K1 � L. From the conditions K1 � 2�4N and N � 25, it follows that K1 > 1. Thus, we can
place PK1v in L1t L

2
x.I �R3/. Using (39), we estimateˇ̌̌̌Z

I

Z
R3
PL

�
x

jxj

�
� rx.FN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌

�

Z
I

Z
R3

ˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
1

jxj
1
3

.jWout;r ŒFN �jC jWin;r ŒF �j/
1
3 jrxFN j

2
3

5Y
jD1

jPKj vj dx dt

C

Z
I

Z
R3

ˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
1

jxj
1
3

jFN j
1
3 jrxFN j

2
3

5Y
jD1

jPKj vj dx dt: (72)

To control the first term in the right-hand side above, we estimateZ
I

Z
R3

ˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
1

jxj
1
3

.jWout;r ŒFN �jC jWin;r ŒF �j/
1
3 jrxFN j

2
3

5Y
jD1

jPKj vj dx dt

.




PL� x

jxj

�




L1t;x.I�R3/

.kjWout;r ŒFN �j
1
3PK5vkL6t;x.I�R3/CkjWin;r ŒF �j

1
3PK5vkL6t;x.I�R3//

�

4Y
jD2

kjxj�
1
6PKj vkL6t;x.I�R3/

� kjxj�
1
6PK1vk

1
2
Cı

L6t;x.I�R3/
kPK1vk

1
2
�ı

L1t L
2
x.I�R3/

kjxj
3C2ı
8 rxFN k

2
3

L
8=.3�2ı/
t L

2=ı
x .I�R3/

:

The first factor is estimated by



PL� x

jxj

�




L1t;x.I�R3/

.




 xjxj






L1t;x.R�R3/

. 1:

Using Lemma 8.1 and arguing as in the proof of Corollary 8.2, we estimate the second factor by

kjWout;r ŒFN �j
1
3PK5vkL6t;x.I�R3/CkjWin;r ŒF �j

1
3PK5vkL6t;x.I�R3/

. kSK5.jWout;r ŒFN �j
2/
1
6 vkL6t;x.I�R3/CkSK5.jWin;r ŒF �j

2/
1
6 vkL6t;x.I�R3/

C .kWout;r ŒFN �k
1
3

L2� .R/
CkWin;r ŒF �k

1
3

L2� .R/
/kjxj�

1
6 vkL6t;x.I�R3/

.N
1
36

� ı
3 .FI CkF k2ZAI /

1
6 :

From Proposition 2.9, we have

kjxj�
1
6PKj vkL6t;x.I�R3/ . kjxj

� 1
6 vkL6t;x.I�R3/ .A

1
6

I :

Furthermore, since K1 > 1, we have

kPK1vkL1t L
2
x.I�R3/ .K

�1
1 E

1
2

I :
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Finally, applying Proposition 2.9 to the Riesz multipliers, we have

kjxj
3C2ı
8 rxFN k

L
8=.3�2ı/.I�R3/
t L

2=ı
x .I�R3/

. kjxj
3C2ı
8
.I�R3/

jrjFN kL8=.3�2ı/t L
2=ı
x .I�R3/

.N
3
4
� 1
24

� 5ı
2 kF kYI :

Putting everything together, it follows thatZ
I

Z
R3

ˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
1

jxj
1
3

.jWout;r ŒFN �jC jWin;r ŒF �j/
1
3 jrxFN j

2
3

5Y
jD1

jPKj vj dx dt

.
�
N

K1

�1
2
�2ı

K�ı1 .FI CkF k2ZAI /
1
6A

7
12
C ı
6

I E
1
2
� ı
2

I kF k
2
3

YI
:

Using the decay K�ı1 in the highest frequency, we may sum N;L;K1; : : : ; K5.
Next, we estimate the second term in the right-hand side of (72). We haveZ

I

Z
R3

ˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
1

jxj
1
3

jFN j
1
3 jrxFN j

2
3

5Y
jD1

jPKj vj dx dt

.




PL� x

jxj

�




L1t;x.I�R3/

5Y
jD2

kjxj�
1
6PKj vkL6t;x.I�R3/ � kjxj

� 1
6PK1vk

1
2
Cı

L6t;x.I�R3/
kPK1vk

1
2
�ı

L1t L
2
x.I�R3/

� kjxj
1
2FN k

1
3

L1t;x.I�R3/
kjxj

3C2ı
8 rxFN k

2
3

L
8=.3�2ı/
t L

2=ı
x .I�R3/

:

Arguing as above, together with kjxj.1Cı/=2FN kL1t;x.I�R3/ �N
�ıkF kZ , we getZ

I

Z
R3

ˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
1

jxj
1
3

jFN j
1
3 jrxFN j

2
3

5Y
jD1

jPKj vjdx dt .N
1
2
� 1
36

�2ıK

� 1
2
Cı

1 A
3
4
C ı
6

I E
1
4
�ı

I kF k
2
3

YI
kF k

1
3

Z

.
�
N

K1

�1
2
�2ı

K�ı1 A
3
4
C ı
6

I E
1
4
� ı
2

I kF k
2
3

YI
kF k

1
3

Z :

Summing over the appropriate range, this contribution is acceptable.

Case 2: L�K1. Consequently, we have L� 2�4N > 1. Using Lemma 2.5, it follows thatˇ̌̌̌
PL

�
x

jxj

�ˇ̌̌̌
. .Ljxj/�1:

This yieldsˇ̌̌̌Z
I

Z
R3
PL

�
x

jxj

�
� rx.FN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌
. L�1

Z
I

Z
R3

1

jxj
jrx.FN /j

5Y
jD1

jPKj vj dx dt

. L�1kjxj�
1
6 jrjFN kL6t;x

5Y
jD1

kjxj�
1
6PKj vkL6t;x

.
�
N

L

�1�ı
L�ıkF kYIA

5
6

I

Using the decay L�ı in the highest frequency, we may sum N;L;K1; : : : ; K5. �
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8C. Interaction flux estimate. In this section, we control the main error terms in the interaction flux
estimate. The main difficulty is the weight

R t�jxj
�1

w.�/ d� . First, we recall a radial Sobolev embedding.

Lemma 8.7. For any v 2 L1t PH
1
rad.I �R3/, we have

sup
K22N

kjxj
1
2PKvkL1t;x.I�R3/ . kvk

3
4

L1t L
6
x.I�R3/

krvk
1
4

L1t L
2
x.I�R3/

. sup
t2I

EŒv�.t/
1
4 :

Proof. Let r 2 R>0. Then, we have

.PKv/
4.t; r/D 4

Z 1
r

.PKv/
3.t; �/ .@rPKv/.t; �/ d�

� 4r�2
Z 1
r

j.PKv/
3.t; �/jj@rPKv.t; �/j�

2 d�

� 4r�2kPKv.t; x/k
3

L6x.R3/
krPKv.t; x/kL2x.R3/

� 4r�2kv.t; x/k3
L6x.R3/

krv.t; x/kL2x.R3/:

The first inequality then follows by taking the supremum in r and t . The second inequality follows from
the definition of EŒv�. �

Proposition 8.8 (first main error term in interaction flux estimate). Let w 2 L1� .R/ \ L
12
� .R/ be a

nonnegative weight. Let F be as in Definition 7.2 and let v W I �R3! R be a solution of (43). Then, it
holds thatˇ̌̌̌Z
I

Z
R3

�Z t�jxj

�1

w d�
�
.jrj zF /v5 dx dt

ˇ̌̌̌
. kwkL1� .R/kF k

2
3

YI
.FI CkF k2ZAI /

1
6A

7
12

I E
1
4

I

CkwkL2� .R/.FI CkF k
2
ZAI /

1
2 E

1
2

I CkwkL12� .R/kF kYIA
5
6

I :

The same argument also controls the main error term in the backward interaction flux estimate.

Proof. As before, we use Littlewood–Paley theory to decompose into frequency-localized functions. Then,
it remains to controlX

N�26

X
L�1;K1�����K5�1

max.L;K1/�2�4N

ˇ̌̌̌Z
I

Z
R3
PL

�Z t�jxj

�1

w d�
�
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌
:

We distinguish several different cases.

Case 1: K1 � L. We haveˇ̌̌̌Z
I

Z
R3
PL

�Z t�jxj

�1

w d�
�
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌

.




PL�Z t�jxj

�1

w d�
�





L1t;x.I�R3/

kjxj
3
8 jrj zFN k

2
3

L
8=3
t L1x .I�R3/

kjxj
1
3 .jrj zFN /

1
3PK5vkL6t;x.I�R3/

�

4Y
jD2

kjxj�
1
6PKj vkL6t;x.I�R3/kjxj

� 1
6PK1vk

1
2

L6t;x.I�R3/
kPK1vk

1
2

L1t L
2
x.I�R3/

:
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The first factor is controlled by



PL�Z t�jxj

�1

w d�
�





L1t;x.I�R3/

.




Z t�jxj

�1

w d�





L1t;x.R�R3

� kwkL1� .R/:

Arguing as in the proof of Proposition 8.4, this leads to the total contribution

. kwkL1�kF k
2
3

YI
.FI CkF k2ZAI /

1
6A

7
12

I E
1
4

I :

Case 2: L �K1. In this case, the most severe term is the low-frequency scenario K1 D � � � DK5 D 1.
Then, we can no longer place PK1v in L1t L

2
x.I �R3/ and therefore lack space-integrability. To resolve

this, we make use of the integrability of w.t � jxj/ in time.

Subcase 2(a): L�K1; jxj � 1. Using Proposition 2.9, Corollary 8.2 and Lemma 8.7, we obtainˇ̌̌̌Z
I

Z
jxj�1

PL

�Z t�jxj

�1

w d�
�
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌

�





hxi�2PL�Z t�jxj

�1

w d�
�




L2t;x.I�R3/

5Y
jD3

.kjxj
1
3 .jrj zFN /

1
3PKjvkL6t;x.I�R3//

2Y
jD1

kjxj
1
2PKjvkL1t;x.I�R3/

.N 1�ı





hxi�2PL�Z t�jxj

�1

w d�
�





L2t;x.I�R3/

.FICkF k2ZAI /
1
2 E

1
2

I :

It remains to control the weighted L2t;x-norm. We recall that the kernel of PL has zero mean. Using
Lemma 2.4 and the boundedness of the Hardy–Littlewood maximal function M, we obtain



hxi�2PL�Z t�jxj

�1

w d�
�





L2t;x.I�R3/

D khxi�2PL

�Z t

t�jxj

w d�
�
kL2t;x.I�R3/

. L�1khxi�2w.t � jxj/kL2t;x.I�R3/CL
�1
khxi�3

Z t

t�jxj

w.�/ d�kL2t;x.I�R3/

. L�1khxi�2w.t � jxj/kL2t;x.I�R3/CL
�1
khxi�3jxj.Mw/.t � jxj/kL2t;x.I�R3/

. L�1khxi�2kL2x.R3/.kw.t/kL2t .R/CkMw.t/kL2t .R/
/

. L�1kwkL2t .R/:

Putting everything together, it follows thatˇ̌̌̌Z
I

Z
jxj�1

PL

�Z t�jxj

�1

w d�
�
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌
.
�
N

L

�1�ı
L�ıkwkL2� .R/.FI CkF k

2
ZAI /

1
2 E

1
2

I :

Using the decay L�ı in the highest frequency, we may sum N;L;K1; : : : ; K5.
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Subcase 2(b): L�K1, jxj�1. Near the origin, our strongest tool is the Morawetz estimate. Thus, we writeˇ̌̌̌Z
I

Z
jxj�1

PL

�Z t�jxj

�1

w d�
�
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌

.




jxj 16PL�Z t�jxj

�1

w d�
�





L12t;x.I�fjxj�1g/

kjxj
2
3 jrj zFN kL12t;x.I�R3/

5Y
jD1

kjxj�
1
6PKj vkL6t;x.I�R3/

.N 1�ı
khxi�1PL

�Z t�jxj

�1

w d�
�
kL12t;x.I�R3/k

zF kYIA
5
6

I :

Using Lemma 2.4, we have



hxi�1PL�Z t�jxj

�1

w d�
�





L12t;x.I�R3/

�





hxi�1PL�Z t

t�jxj

w d�
�





L12t;x.R�R3/

. L�1khxi�1w.t � jxj/kL12t;x.R�R3/CL
�1





hxi�2�Z t

t�jxj

w d�
�





L12t;x.R�R3/

. L�1khxi�1w.t � jxj/kL12t;x.R�R3/CL
�1
khxi�1.Mw/.t � jxj/kL12t;x.R�R3/

D L�1khxi�1kL12x .R3/.kwkL12� .R/CkMwkL12� .R//

. L�1kwkL12� .R/:

Putting everything together, it follows thatˇ̌̌̌Z
I

Z
jxj�1

PL

�Z t�jxj

�1

w d�
�
.jrj zFN /

5Y
jD1

PKj v dx dt
ˇ̌̌̌
.
�
N

L

�1�ı
L�ıkwkL12� .R/k

zF kYIA
5
6

I :

Using the decay L�ı in the highest frequency, we may sum N;L;K1; : : : ; K5. �

Proposition 8.9 (second main error term in interaction flux estimate). Let w 2 L1� .R/\L
12
� .R/ be a

nonnegative weight. Let F be as in Definition 7.2 and let v W I �R3! R be a solution of (43). Then, it
holds that ˇ̌̌̌Z

I

Z
R3
w.t � jxj/F v5 dx dt

ˇ̌̌̌
. kwkL2� .R/F

1
2

I E
1
2

I CkwkL12� .R/kF kYIA
5
6

I :

Proof. We follow an easier version of the arguments in the proof of Proposition 8.8. As before, we
distinguish the two cases jxj � 1 and jxj � 1. First, we haveˇ̌̌̌Z
I

Z
jxj�1

w.t � jxj/F v5 dx dt
ˇ̌̌̌

� kjxj�2w.t � jxj/kL2t;x.jxj�1/
.kWoutŒF �

1
3 vkL6t;x.I�R3/CkWinŒF �

1
3 vkL6t;x.I�R3//

3
kjxj

1
2 vk2L1t;x

. kwkL2�F
1
2

I E
1
2

I :
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Second, we haveˇ̌̌̌Z
I

Z
jxj�1

w.t � jxj/F v5 dx dt
ˇ̌̌̌
� kjxj

1
6w.t � jxj/kL12t;x.jxj�1/

kjxj�
1
6 vk5

L6t;x.I�R3/
kjxj

2
3F kL12t;x.I�R3/

. kwkL12� kF kYIA
5
6

I : �

8D. Lower-order error terms.

Lemma 8.10 (control of lower-order error terms). Let F be as in Definition 7.2 and let v be a solution
of (43). Then, it holds thatZ

I

Z
R3
jF j5

�
j@tvjC

jvj

jxj
C jrvj

�
dx dt . kF k5YI E

1
2

I ;Z
I

Z
R3
jF j2jvj3

�
j@tvjC

jvj

jxj
C jrvj

�
dx dt . kF k2YIA

1
2

I E
1
2

I ;Z
I

Z
R3

1

jxj
jF jjvj5 dx dt . kF kYIA

5
6

I ;Z
I

Z
R3

1

jxj
jF j6 dx dt . kF k6YI :

Proof. Using Hardy’s inequality, the first inequality follows fromZ
I

Z
R3
jF j5

�
j@tvjC

jvj

jxj
C jrvj

�
dx dt

� kF k5
L5tL

10
x .I�R3/

�
k@tvkL1t L

2
x.I�R3/C





 vjxj





L1t L

2
x.I�R3/

CkrvkL1t L
2
x.I�R3/

�
. kF k5YI E

1
2

I :

A similar argument yields thatZ
I

Z
R3
jF j2jvj3

�
j@tvjC

jvj

jxj
C jrvj

�
dx dt . kjxj

1
4F k2

L4tL
1
x .I�R3/

kjxj�
1
6 vk3

L6t;x.I�R3/
sup
t2I

EŒv�.t/
1
2 :

Finally, the third and fourth inequality follow from Hölder’s inequality and

kjxj�
1
6F kL6t;x.I�R3/ � kF kYI : �

9. Proof of the main theorem

In this section, we collect all previous estimates to prove the a priori energy bound (Theorem 1.4). Using
the conditional scattering result of [Dodson et al. 2017], we finish the proof of Theorem 1.3.

Proof of Theorem 1.4. By time-reversal symmetry, it suffices to prove that supt2Œ0;1/EŒv�.t/ <1. Let
1
2
� �0 > 0 be a sufficiently small absolute constant, and let 1

2
� � > 0 be sufficiently small depending

on �0. In the following, C DC.kF kZ/ > 0 denotes a large positive constant that depends only on kF kZ .
By Lemma 7.3 and space-time divisibility, we can choose a finite partition I1; : : : ; IJ of Œ0;1/ such that
kF kYIj < � for all j D 1; : : : ; J: With a slight abuse of notation, we write Ej WD EIj ;Aj WD AIj and
Fj WD FIj . We also set E0 WDEŒv�.0/.
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First, we estimate the energy increment. Combining Propositions 6.1 and 8.4, and Lemma 8.10, we have

EjC1� EjCCkF k
2
3

YIjC1
.FjC1CAjC1kF k2Z/

1
6A

7
12

jC1E
1
4

jC1CCkF k
2
YIjC1

A
1
2

jC1E
1
2

jC1CCkF k
5
YIjC1

E
1
2

jC1

�C.EjC1/C�0EjC1C�0.FjC1CAjC1/: (73)

Next, we estimate the Morawetz term. By combining Propositions 6.3 and 8.6, and Lemma 8.10, we have

AjC1�CEjC1CCkF k
2
3

YIjC1
.FjC1CAjC1kF k2Z/

1
6A

7
12
C ı
6

jC1 E
1
4
� ı
2

jC1 CCkF kYIjC1A
5
6

jC1CCkF k
6
YIjC1

�C.EjC1C1/C14.FjC1CAjC1/: (74)

Finally, we control the interaction flux term. First, recall that from the definition of kF kZ and the
embedding `1 ,! `2, we haveX
�2fout;ing

X
p2f2;4;24g

� X
N�25

.N�
1
6

C2ı
CN�2C2ı/.kW�ŒjrjFN �k

2
L
p
�
CkW�;r ŒFN �k

2
L
p
�
/CkW�ŒF �k

2
L
p
�

�
. kF k2Z :

We now apply our estimates to each of the terms in (64), (65), and (66) separately. By Young’s inequality,
the estimate kSKwkLp� .p kwkLp� holds uniformly in K. Using the control on the main and lower-order
error terms, i.e., Propositions 6.6, 6.7, 8.8, and 8.9 and Lemma 8.10, we obtain

FjC1 � CkF k2ZEjC1CCkF k
2
ZkF k

2
3

YIjC1
.FjC1CkF k2ZAjC1/

1
6A

7
12

jC1E
1
4

jC1

CCkF k2Z.FjC1CkF k
2
ZAjC1/

1
2 E

1
2

jC1

CCkF k2ZkF kYIjC1A
5
6

jC1CCkF k
2
ZF

1
2

jC1E
1
2

jC1

CCkF k2ZkF k
2
YIjC1

.kF k3YIjC1
CA

1
2

jC1/E
1
2

jC1

� C.EjC1C 1/C 1
4
.FjC1CAjC1/: (75)

We briefly note that, as long as C > 0 remains independent of �0 and �, terms such as CkF k2ZF
1=2
jC1E

1=2
jC1

prevent us from placing an �0 in front of FjC1CAjC1. Combining (73), (74), and (75), we arrive at

EjC1 � C.Ej C 1/C �0EjC1C �0.AjC1CFjC1/;

AjC1CFjC1 � C.EjC1C 1/C 1
2
.AjC1CFjC1/:

Finally, choosing �0 > 0 sufficiently small depending on C D C.kF kZ/, we obtain

EjC1C 1� zC.Ej C 1/: (76)

By iterating this inequality finitely many times, we obtain

sup
t2Œ0;1/

EŒv�.t/D max
jD1;:::;J

Ej <1: �

Proof of Theorem 1.3. Using Lemmas 5.1 and 7.3, it follows that the forced nonlinear wave equation (6) is
almost surely locally well-posed. Then, Theorem 1.3 follows from Theorem 1.4 and Proposition 5.2. �
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