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ON THE EXISTENCE OF TRANSLATING SOLUTIONS OF
MEAN CURVATURE FLOW IN SLAB REGIONS

THEODORA BOURNI, MAT LANGFORD AND GIUSEPPE TINAGLIA

We prove, in all dimensions n > 2, that there exists a convex translator lying in a slab of width  sec
in R"*! (and in no smaller slab) if and only if 6 € [0, %] We also obtain convexity and regularity results
for translators which admit appropriate symmetries and study the asymptotics and reflection symmetry of
translators lying in slab regions.

1. Introduction

A solution of mean curvature flow is a smooth one-parameter family {X,;},cr of hypersurfaces X, in Rr+1
with normal velocity equal to the mean curvature vector. A translating solution of mean curvature flow is
one which evolves purely by translation: ¥, ; = X, +se for some e € Re+1 \ {0} and each s, t € (—00, 00).
In that case, the time slices are all congruent and satisfy

H=—(v,e), @))

where v is a choice of unit normal field and H = div v is the corresponding mean curvature. Conversely,
if a hypersurface satisfies (1) then the one-parameter family of translated hypersurfaces X, := ¥ 4 te
satisfies mean curvature flow. We shall eliminate the scaling invariance and isotropy of (1) by restricting
attention to translating solutions which move with unit speed in the “upwards” direction. That is, we
henceforth assume that e = ¢,,,.;. We will refer to a hypersurface X C R"*! satisfying (1) with e = e,
as a translator.

The most prominent example of a translator is the Grim Reaper curve, I'' ¢ R?, defined by

rt.= {(x, —logcosx) : |x| < %}
Taking products with lines then yields the Grim hyperplanes
.= {(xl, ey Xp, —logcosxy) @ x| < %}

The Grim hyperplane I'” lies in the slab {(xl, o X)) x] < %} (and in no smaller slab). More generally,
if X"~ is a translator in R"**! then £"% x R is a translator in R*~**+! x R¥ = R+,

There is also a family of “oblique” Grim planes I'y , parametrized by (6, ¢) € [O, %) x §"~2, These are
obtained by rotating the “standard” Grim plane I'” through the angle 6 [0, %) in the plane span{¢, e,+1}

MSC2010: 53A10.
Keywords: mean curvature flow, translators, ancient solutions.

1051


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2020.13-4
http://dx.doi.org/10.2140/apde.2020.13.1051
http://msp.org

1052 THEODORA BOURNI, MAT LANGFORD AND GIUSEPPE TINAGLIA

for some unit vector ¢ € span{ey, ..., e,} and then scaling by the factor sec 8. To see that the result is
indeed a translator, we need only check that

—Hp=—cosOH =cosO (v, e;r1) = (cosOv +sinO¢, e,11) = (Vg, €n+1),

where Hy and vy are the mean curvature and outward unit normal of I'y , respectively. The oblique Grim
hyperplane F3,¢ lies in the slab S{)‘H = {(xl, o X)X < % sec@} (and in no smaller slab). More
generally, if X" % is a translator in R"“¥*! then the hypersurface g » obtained by rotating Tk RK
counterclockwise through angle @ in the plane ¢ A e, and then scaling by sec @ is a translator in R"*!,
so long as ¢ is a nonzero vector in span{e;—_+1, ..., e¢,}. The oblique Grim hyperplanes will play an
important role in our analysis.

A convex entire translator asymptotic to a paraboloid was constructed in [Altschuler and Wu 1994];
see also [Clutterbuck et al. 2007]. White conjectured [2003, Conjecture 2] that the bowl is the only
strictly convex translator of dimension n > 2. X.-J. Wang [2011] proved that it is the only convex entire
translator in R® and constructed further convex entire examples in higher dimensions. This disproves
White’s conjecture; however, White [2003, unnumbered remark on page 133] also stated that, even if the
conjecture is false, it may be true for translating limit flows to an embedded mean-convex flow. Since limit
flows to mean convex, embedded flows are noncollapsing (and hence entire) [Andrews 2012; Sheng and
Wang 2009; White 2003], Wang’s result proves the modified conjecture when the dimension is 2. More
recently, Haslhofer [2015] proved that the bowl is the only noncollapsing translator of dimension n > 2
which is uniformly two-convex, confirming White’s modified conjecture for two-convex, embedded mean
curvature flows. The first two authors removed the embeddedness requirement when n > 3 [Bourni and
Langford 2016].

Wang also proved the existence of strictly convex translating solutions which lie in slab regions in
R"*! for all n > 2. Since convexity of solutions of the Dirichlet problem for the graphical translator
equation remains open,! this was achieved by exploiting the Legendre transform and the existence of
convex solutions of certain fully nonlinear equations [Wang 2011]. Unfortunately, this method loses track
of the precise geometry of the domain on which the solution is defined and so it remained unclear exactly
which slabs admit translators; see [Spruck and Xiao 2017, Remark 1.6]. Our main result resolves this
problem.

Recall that the slab region SgH C R+ is defined by

Sg“ = {(x, y,2) ERX R xR:|x| < %secé} c R

Theorem 1 (existence of convex translators in slab regions). For every n > 2 and every 6 € (0, %) there
exists a strictly convex translator X5 which lies in Sg“ and in no smaller slab.

The solutions we construct are reflection symmetric across the midplane of the slab, rotationally sym-
metric with respect to the subspace " ~! :=span{es, . .., e,} and asymptotic to the “correct” oblique Grim

1Recently, Spruck and Xiao [2017] proved that complete mean convex translators in R3 are necessarily convex. We extend
their result to higher dimensions in Section 3, assuming the translator has at most two distinct principal curvatures.



ON THE EXISTENCE OF TRANSLATING SOLUTIONS OF MEAN CURVATURE FLOW IN SLAB REGIONS 1053

hyperplanes I'; » in the following sense: if ¢ is any unit vector in E"~! then the curve {sin w¢ —cos we,, 1 :
w € (0, 6)} lies in the normal image of X/ and the translators

) =Xy — P(sinwg — cos we, 1)

converge locally uniformly in the smooth topology to the oblique Grim hyperplane I'; ¢ as w — 6, where
P :§" — ¥ is the inverse of the Gauss map.

Spruck and Xiao [2017, Theorem 1.1] recently proved that every mean convex translator is actually
convex and Wang [2011, Corollary 2.2] proved that any convex translator which is not an entire graph
must lie in a slab region. The bowl translator of Altschuler and Wu and the Grim hyperplane provide

s
' 2
less than v (the Grim hyperplane is a barrier); Theorem 1 provides the existence of a convex translator in

examples in the limiting cases 0 € {0 } and there can exist no convex translator inside a slab of width

all remaining cases, so we obtain the following corollary.

Corollary 2. Let 2 be an open subset of R" for some n > 2. There exists a convex translator in the
cylinder Q x R (and in no smaller cylinder) if and only if Q2 is a slab of width 7 sec 0 for some 6 € [O, %]

A systematic classification of translators lying in slab regions remains an open problem. As a first step
towards addressing it, we show that the asymptotics of the solutions described in Theorem 1 are universal.

Theorem 3 (unique asymptotics modulo translation). Given n =2 and 6 € (0, %) let =} be a convex
translator which lies in Sg“ and in no smaller slab. If n > 3, assume in addition that ¥} is rotationally
symmetric with respect to the subspace E"~' := span{es, ..., e,}. Given any unit vector ¢ € E"~! the
curve {sinw¢ — coswe, 11 : w € [0, 0)} lies in the normal image of X and the translators

) o =Xy — P(sinwg — cos we, 1)

converge locally uniformly in the smooth topology to the oblique Grim hyperplane 'y p as 0 —> 0, where
P : §" — X is the inverse of the Gauss map.

We note that, in the important special case n = 2, this result was already obtained in [Spruck and Xiao
2017] using different methods.

The rotational symmetry hypothesis — which is not required when n = 2 — may be necessary in
higher dimensions: it is conceivable that there exist convex translators in the slab Sg C R for example,
which are asymptotic to an “oblique” 25 x R, where Eg C R3 is the translator from Theorem 1.

Using the Alexandrov reflection principle, we deduce that such solutions are reflection symmetric.

Corollary 4. Given 6 € (0, %), let X be a strictly convex translator which lies in S, 1 and in no smaller
slab. If n > 3 assume in addition that X is rotationally symmetric with respect to E"~'. Then X is reflection
symmetric across the hyperplane {0} x R".

This result was also obtained in [Spruck and Xiao 2017] when n = 2.

Remark. After this work was completed, Hoffman, I[lmanen, Martin and White [Hoffman et al. 2019]
provided a different approach to the problem of existence of graphical translators over strip regions in R?
and moreover proved uniqueness of such translators.
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2. Compactness

Recall that, given a smooth function u over a domain Q2 C R”, the downward-pointing unit normal v and
the mean curvature H[u] of graph u are given by

V= ——  an u|l=dv{ — |,
V14 |Du|? V1 +|Du|?

respectively. So graphu is a translator (possibly with boundary) when

div( bu )— ! )
Vi+1Dul?) N1+ |Dul

We will derive uniform C'¢ estimates for hypersurfaces that are given by the graphs of rotationally

symmetric solutions of the Dirichlet problem

Du 1
diV< >= in £, u=1Y onadQ, 3)
V14 |Dul?) ~1+|Dul?

where Q is a bounded open subset of R**! with C!* boundary and ¥ : 3 — R is a C** function for

some « € (0, 1].

By Allard’s regularity theorems [1972; 1975], see also [Bourni 2016], the desired estimates are a
consequence of the following lemma. We remark that the usual dimension restriction is circumvented
here due to the rotational symmetry of the solutions; see Remark 2.4 below.

Lemma 2.1. Given any ¢, K > 0 there exists Ao = Ag(€, K) with the following property: Let u be a solution
of (3), with 32 and \ being rotationally symmetric with respect to the subspace E"~' := span{es, . .., e,}
and having C"“* norms bounded by K. For any p € graphu and ) < A

A sup dist(y — p, P) <¢ 4)
yegraphunBy ' (p)

for some n-dimensional linear subspace P = P(p, &, A). If B;’H (p) Ngraphyr = & then
w, AT (graphu N BT (p)) < 1 +e. (5)
If p € graph then (4) holds with P replaced by an n-dimensional half-hyperplane Py = P (p, €, A)

such that 0 € 0 Py,

At sup dist(y — p,0P1) < ¢ (6)
graph N B (p)

and (5) holds with the bound 1 + ¢ replaced by % +e.

Proof. We assume that the conclusion is not true. Then there exist ¢g > 0 and Ky > 0, sequences of
rotationally symmetric domains ; and boundary data v; : 9$2; — R bounded in C* by K, corresponding
solutions u; of the Dirichlet problem (3), points p; € graph u; and scales A; | 0 such that either (4) or (5)
(or (6) in the case p; € graph v;), with this ¢g and with u = u;, p = p; and A = A;, fails for all .
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Set SNZ,- = Np;.2: (i), W; := graph y; and fffi = Np;.. (Wi), where 1,5 (y) = A1 (y — p). We define the
current 7~“, = np,; ,#(T;), where T; = [[graphu;]] and note that YN", = [[graph i; ]|, where u; € Cl’“(ﬁi) is
defined by u; (p) = np, 5, (u; (A; p + p;)) with mean curvature satisfying

i—00

Hi(p) = MHi(xi +hip) <hi = IIﬁiHo,?z,- — 0.

It follows, after passing to a subsequence, that [Bourni 2011, Lemma 2.15], see also [Simon 1983,
Theorem 34.5]:

(i) T; — T in the weak sense of currents, where T is area-minimizing.

(i) w7 — pr as Radon measures, where u7 and w7 denote the total variation measures of i and T
respectively.

(iii) For any & > 0 and any compact subset W C R"*! such that W Nspt T # @ there exists i such that,
for all i > iy,
spt T; N W C e-neighborhood of sptT'.

By the measure convergence (ii), for every € > 0 there exists ip such that, for all i > i,
A g (BY (pi) = ug (BYTH0)) < [spt T N B+ (0)] +&.

By the Hausdorff convergence (3), for any ¢ > 0 there exists ig such that, for all i > iy,

1
— sup dist(y — x;, sptT) = sup dist(y, sptT) < ¢.
hi yeBIH (p)Nspt Ti yeBIH O)nspt T;

So it remains to prove that spt 7" is either a hyperplane or a half-hyperplane.

It suffices to consider the following three cases for the sequence of points p;:
Case 1: p; € W; = 0 graph u;.
Case 2a: p; = (x;, yi, u(x;, y;)) € Vi, y; € R~ with |y;| = 0 for all i and liminf; dist(p;, ¥;) % 0.
Case 2b: p; = (x;, yi, u(x;i, yi)) ¢ Vi, y; € R"~! with liminf; |y;| # 0 and lim inf; dist(p;, ¥;) # 0.

We will show that in Case 1 spt T is half-hyperplane and in Cases 2a and 2b it is a hyperplane.

We need the following fact, which is a consequence of the divergence theorem applied to the normals
of the graphs (extended to be independent of the e, -direction) in two appropriately chosen domains.
For a proof see [Bourni 2011, Lemmas 2.10, 2.12].

Claim 2.1.1. There exists a constant ¢ such that for any i, p € Q; x R and p > 0 the following hold:
(i) Let H; denote the mean curvature of graphu;; then
H"(graphu; N By (p)) < c(1+ pl| Hillo)wnp".

(i1) Leto € (0, p), Qpo =[—0p,0p] X B[’)‘(O) and q be an orthogonal transformation of R"™! such
that q(0) = p. Then

H"(graphu; Ng(Qp,0)) < wnp” (1 +co(n+ pllHillo)).
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In Case 1, by [Bourm 2011, Lemma 2.15], spt T is an n-dimensional half-space and 7 = [W] with
W being the limit of W; and where the convergence U; — W is with respect to the C1-# topology for any
B < «, which implies that

l sup  dist(y —x;, sptoT) = sup  dist(y, V) < e.
i yeB;j’(x,-)mwi yeB! 0Ny,
Hence taking P, =sptT we get a contradiction for Case 1.

Having proven the boundary case, we will now proceed with the interior. We will first consider Case 2a,
that is when p; = (x;, yi, u(x;, vi)) ¢ ¥; with y; = 0 € R"~! and liminf; dist(p;, ¥;) # 0. In this case
the support of the area-minimizing current 7 is rotationally symmetric in the y-space. Using the uniform
area ratio bounds, Claim 2.1.1 and the interior monotonicity formula [Allard 1972], see also [Simon 1983,
Section 17], we have

Lo, '™ ur (B (p)) = " lim g (B ()
—w—l(x )" lim s, (B (p) <c (7)

for all p € sptT and any r > 0, where c is a constant which is independent of i. Thus, for a sequence
{Ax} 1 oo, we can apply the Federer—Fleming compactness theorem [1960], see also [Simon 1983,
Theorem 32.2], to the sequence Ty o, = no.a,#1 ; after passing to a subsequence, this yields Ty 5, — C
in the weak sense of currents, where C is an area-minimizing cone, and KT, n, —> KC S radon measures.
Note that C is rotationally symmetric in the y-space, E"~!. Since spt C N §” is an embedded minimal
surface in $" which is rotationally symmetric with respect to [F"~!, it must be congruent to either the

equator "= or the Clifford torus S\l/l/(T S?/(nzz)w [Brito and Leite 1990; Otsuki 1970; 1972].

Since the cone over the Clifford torus cannot arise as a limit of graphs, we conclude that C =m[[R" x {0}]].
We claim that in fact m = 1.

For o € (0, 1), let Q1 = B (0) x [~0,0]. Then uc(Q1,,) = mw,. By the measure convergence
KTy, = HC and uz — pr, we have that for any oy € (0, 1) and any § > 0O there exists some A > 0
and kg such that for all k > kg and o < o

1
—_5< ~ A .
m—4 < Anwn:U“T,»(p+ Q1,0)

Using Claim 2.1.1, the right-hand side of the above inequality is less than 1 4 co A and hence taking o
small enough we conclude that m has to be 1. Hence, recalling (7), we obtain

o, r " ur (BT 0) =1 forall r > 0,

n

which implies that spt T itself is a hyperplane and the multiplicity is 1. This provides a contradiction for

Case 2a.
We are left with Case 2b. So suppose that liminf; |y;| # 0 and lim inf; dist(p;, ;) # 0. After passing
to a subsequence we can assume that lim | y;| = |yeo| exists, with |y| € (0, oo]. Rotational symmetry of

graph u; in the y-space then implies that T = [R"~2]| x Ty, where Ty is an area-minimizing 2-current in R>,
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Since any such current is regular, Tp, and hence also 7, is regular. We conclude that spt T must be a plane
[do Carmo and Peng 1979; Pogorelov 1981; Schoen 1983] with (arguing as in Case 2a) multiplicity 1.
This provides a contradiction for Case 2b. ]

Lemma 2.1 allows us to apply Allard’s interior and boundary regularity theorems [1972; 1975] to
obtain uniform C! estimates for the graphs of solutions « to (3) with boundary data that satisfy the
hypotheses of Lemma 2.1. Assuming higher-regularity of the boundary data we can apply Schauder
theory to obtain higher-regularity estimates for these graphs.

Corollary 2.2. Given any K > 0 and £y € N, there exists a constant C with the following property: Let
u be a solution of (3) with 3 and  bounded in C**t>* by K for some o € (0, 1] and rotationally
symmetric with respect to the subspace E"~! := span{es, ..., e,}. Then

sup |VYA(p)| <C forallt €{0,. .., L),
pegraphu

where A is the second fundamental form of graphu and VP A := A.

Remark 2.3. If we allow £y = —1 in the hypotheses of Corollary 2.2 then we obtain uniform C'-*
estimates for the graphs of solutions u to (3) with boundary data that satisfy the hypotheses of Lemma 2.1
using the results of [Bourni 2016].

Remark 2.4. If n <6 then Lemma 2.1, and hence Corollary 2.2 and Remark 2.3, still hold without the
rotational symmetry hypothesis on the boundary data. To see this, note that the proof of the boundary case
(Case 1) of Lemma 2.1 does not make use of the rotational symmetry hypothesis and hence holds in all
dimensions without this restriction. To show interior regularity in the case n+1 <7 we can refer to known
results on regularity of almost-minimizing surfaces; see for example [Duzaar and Steffen 1993; Massari
and Miranda 1984]. One can alternatively see this from Cases 2a and 2b in the proof of Lemma 2.1, since
there are no stable nonplanar minimal cones in low dimensions [Simons 1968]; see also [Schoen et al.
1975] or [Simon 1983, Appendix B].

3. Convexity

We need to extend the convexity result [Spruck and Xiao 2017, Theorem 1.1] to higher dimensions. Our
proof is a straightforward modification of theirs.
We make use of the following lemma.

Lemma 3.1. Let X" be a connected translator in R Suppose that ©" has constant mean curvature Hy.
Then Hy = 0 and X" lies in a vertical minimal cylinder. In particular, if n =2 or, more generally, if "
has at most two principal curvatures at each point, then " lies in a vertical hyperplane.

Proof. The mean curvature of X" satisfies
~(A+Vy)H = |APH,

where V := eLl. Thus,
<U7 en+l> =—-H=0,
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SO e,41 is tangential and hence V = e, . It follows that the integral curves of V are vertical lines, which
completes the proof. (I

Theorem 3.2. Let ¥ C R™! be a strictly mean convex translator with at most two distinct principal
curvatures at each point and bounded second fundamental form. Then ¥ is convex.

Proof. Denote the principal curvatures of ¥ by « < . Note that « is smooth and has constant multiplicity
me{l,...,n—1}in the open set U :={X € X : k(X) < 0}. Recall that

—(Vy +A)A = |A*A,

where V := eLl is the tangential part of e,;. Computing locally in a principal frame {7y, ..., 7,,} with
ki = Ajj =k wheni <m and x; = A;; = u when i > m + 1, we obtain

(VIZAlp)2

—(Vy+ Mk = AP +2) e

£=1 p=m+1

Since the mean curvature satisfies
—(Vy + A)H = |A]’H,

straightforward manipulations then yield

K (n—m)k (VgAlp) < K V,u>
—(Vy+A)—=—(Vy+A = V—, —). 8
(Vy >M (Vv +8) n—m;ﬂ;p;ﬂ T (8)

Suppose that

LK
—go :=inf — < 0.
DI,

If the infimum is attained at some point X € X then x(X() < 0 and the strong maximum principle yields

k/u = —gy < 0. In particular,
0= v, _ VoA _k Vedy,
W K 7R
when p <m < g. It is a general observation that
0=10A;j = VAjj + (kj — ki) pij = Ve Ajj &)

for each ¢ whenever k; =«; and i # j, where I'y;; := (V,7;, 7;). Thus,?
0=V,A;; whent{=2,...,m,
0=V/A,, whenf=m+1,...,n—1.
Recalling (8), we also find that

0=)" > (VeAp)™

t=1 p=m+1

2Here, and elsewhere, we freely make use of the Codazzi identity.
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It follows that the components Vi A,,, ViA11, V, A1 and V, A, are all identically zero and hence, by
the translator equation (1),

0=mVe A i+ —m)VeA,,, =V H
foreach £ =1, ..., n. Lemma 3.1 now implies that X" is a vertical hyperplane, contradicting strict mean

convexity.
Suppose then that the infimum is not attained. Since

n—m

K
>
n - m
and the sectional curvatures of ¥ are bounded, the Omori—Yau maximum principle may be applied. This
yields a sequence of points X; — oco such that

1 K 1
<- and —-A—(X))=<-. (10)
i I

K K
—(Xi) > —e0, |V—(X))
0 5 i

Consider the sequence of translators ¥; := ¥ — X;. By Corollary 2.2, the translators ¥; converge locally
uniformly in C*°, after passing to a subsequence, to a limit translator X,. Note that, whenever « < 0 < u,

mk  mVyA;1  mk ViH n—m k\ ViAu
Vi— =———-—ViA, = —m + — . 11
w w 0 w m w) u
We claim that
n—m Kk ViAnun i
+ —(Xi) (X;)—>0 asi— o0 (12)
m w W
foreach £ =1, ..., n. Suppose that this is not the case. Then there exists ip € N and dp > 0 such that
n—m K Vi A
( +—<X,->>' Al (x> 5, (13)
m w W
for all i > iy and some k € {1, ..., n}. By (10),
VA VA
< 14 11_£ 1/ nn)(X,)—)O
0 noop
foreach £ =1,...,n asi — oo so that, replacing §y and iy if necessary,
n—m K | VA1l
( + —(Xi)) (Xi) > 8o (14)
m 5 5

for all i > iy. Moreover, by (9),
VZAnn

(Xi) =0
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asi »>ooforall £ =2,...,n—1. So (13) (and hence also (14)) holds with k € {1, n}. Combining (10)
and (8) we obtain, at the point X;,

L Vi A v
T r® DD DL AR LRy
i n—m,u— t=1 p=m+1 moR
1 H V,k)? Vi)? v
_ (Z ( pz) +(n_m)( 1/;) >+V1£ 1
nomp—k\ 2 T
Vgl(
+ V—— Vi— ———V
Siv S Y w (Yt
{=m+1
n 2 m 2
K Kk Vel kV H (V
__M Z (Vé—> +ZVL’_ +v, & 1M+ ( I/ZL)
o\ = Kon PO pmkp
wa 1 H < (Vik)?
+—ZW >
l=m+1 n_mM_KZ:m—H K
n
w KWM (n—m)/m+r/uw|Vip| K [\ Vil
> 2 z(w—)+zw +(m - ]y
A — =2 w/ 1 H K H
n
m (m—m)/m+k Vik K Vik
+Z( ( )/ /IL|€|+EV€_>|Z|.
(o \n—m l—«/p I K| n Iz

Suppose that k =1 in (13). If

n—m K V|
+—X))—X) A0 asi— o0
m W 0

then, taking i — oo, we find (|Viu|/w)(X;) — 0 as i — oo, contradicting (13). Else,

\ v
I ”Kl(X,-)sl 14|

(Xi)
for i sufficiently large and we again obtain (|Viu|/w)(X;) — 0 as i — oo, contradicting (13). If k =n
in (13) we may argue similarly, using (14).

So (12) does indeed hold. Applying (10) and (12) to (11) yields

V. H
—(X;)—>0
m

for each £ =1, ..., n. On the other hand, by the translator equation,

5 w

ViH ke(Te, ent1)

Since (k/)(X;) = —eo %0, we conclude that v(X;) - —e,+1 and hence H (X;) — 1. Since the infimum
of K/ is attained at the origin on ¥, we deduce as before that ¥, has constant mean curvature, which
must be 1 since H(X;) — 1. But this contradicts Lemma 3.1. [l



ON THE EXISTENCE OF TRANSLATING SOLUTIONS OF MEAN CURVATURE FLOW IN SLAB REGIONS 1061

4. Barriers

Next, we introduce appropriate barriers. When n = 2, the outer barrier is obtained by (nonisotropically)
“stretching” the level set function corresponding to the Angenent oval so that it lies in the correct slab
and is asymptotic to the correct oblique Grim planes. The higher-dimensional barrier is then obtained by
rotating in the (n—1)-dimensional complimentary subspace.

Lemma 4.1. The function u : {(x, yVeRxR: x| < 7 sec&} — R defined by

u(x, y) := —sec 0 log cos a + tan” 0 log cosh i
sec tan 6

is a subsolution of the graphical translator equation (2).
In particular, given any R > 0, the surface

2 g :=graphug

is a subsolution of the translator equation (1), where

2 R
up = u —tan” 6 log cosh .
tan 6

Proof. The relevant derivatives of u are given by

Du = (| sec6 tan al , tan 6 tanh hl Ba
- sec tanf / |y|

and
secz( a ) 0
sec @
D*u = :
= ' v S Y
0 sech? L i + tan 6 tanh ] G p
) tan6 ) |y|? tand )\ [y| |yl?
So
1+ IDgI2 =1+ sec? 6 tan’ x + tan” 6 tanh? i
sec O tan 6
= sec? 0 sec? L, tan® @ sech? i .
sec O tan 6
Estimating
Au > sec? = + sech? ﬂ ,
- sec O tan 6
we find

(1+|Du|**?Hlul = (1 + |Du|*) Au — D*u(Du, Du)

> 1+ |Du|? + sec? * sech? l > 1+ |Dul’. (I
secH tan 6
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Figure 1. Given any ¢ € (0, g9(n, 0)), the portion of [T (the rotated time-T -slice of
the Angenent oval of width 7 sec 6, where T = sec? # cosh(R/tan 6)) lying below height
7= —Rcos(f —¢)/sin6 is a supersolution of the translator equation when R > R, :=
2(n — 1)/e. The surface X, is obtained by translating this piece upward so that its
boundary lies in R" x {0}.

Consider the “outer” domain

. netl . _ netl . x cosh(|y|/tan @) sin”
Qp:={x,y)€S) :urlkx,y) <0} = {(x, y) €S, .COS<SGC(9> < [—cosh(R/tanG) ] },

where S} := (=% sec6, J sec) x R"~!. Note that
dQ2g = d(Zr NR" x (=00, 0]).
The inner barrier is obtained by rotating the Angenent oval of width & secf and cutting off at an
appropriate height (see Figure 1).

Lemma 4.2. Given R > 0, let TIg C R"™! be the surface formed by rotating about the x-axis the
time-T -slice of the Angenent oval of width  sec 0, where

R
T := —sec’0 cosh(—).
tan 6

That is,
Mg:={(x,y,2) eERxR"'xR:v(x,y,2) =T},

/TvI2 + 2
v :=sec? A log|cosh M — log|( cos . .
secH secd

There exists g = go(n, 0) > 0 such that the sublevel set

cos(.9 —¢) } N Rcos(9 —g)
sin 6

where

TRe:=IgN {Z <-—R en+1

sin &

is a supersolution of the translator equation (1) whenever ¢ < ey and R > R, :=2(n—1)/e.
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Proof. Set w = (y, z). Then

X lw| \ w
Dv =sec@|tan , tanh —
secd sec ) |w|

and

: W S W
0 sech? wl § wiw; + sec 0 tanh AWl (o _ wiw;
) sect ) |wl|? secO J\ |lw| |w]?
Tedious computations then yield, on the one hand,

Dv tanh(y/]y|? + 22 /sec ) Izl /v/ 1y 1> + 22)
—(v, enp1) =(—=— ent1) =

\/tanz(x/sec 0) + tanh®(y/|y|? + z2/sec 0)

and, on the other hand,

H—div( Dv ) _ 1/secO + ((n —1)/|w|) tanh(Jw|/sec 0)
B |Dv|) «/tanz(x/secé)+tanh2(|w|/secé) ‘

It follows that I1g is a supersolution in the region where

—(n—1 /IvZ &+ 72
M tanh(M) Z CcOS 9'

/ly|2 + 22 secH
Note that )
sin(f — &)
ly| < ——R
sin @
wherever
cos(f —¢)
|z]| > ——R.
sin @
Thus, whenever
2(n—1) cos(f —e)
R >R, = and z<———R
£ sin @

we have

—(n—1 /1v12 2 —1 0 —
2l = (n ) tanh( I +2 ) > (cos(@ —g)— (n ) sin@) tanh(—cos( £) R)
/Iy|? + 22 sec 6 R tan 6

> cos9(1 + %e tan 6 +0(8))\/1 — 4e—2(—1)cos? O sinf /s

This is no less than cos & when ¢ < gy(n, 0).

Consider the “inner” domain

Gr. =y e S1 -+ cos x - cosh(v/|y|?sin® 6 + R2 cos2(0 — ) /tan 6) .
' sec cosh(R /tan 9)

Note that BK_ZR,g = BER,E.

1063
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The following lemma implies that the inner barrier which touches the outer barrier at Re, lies above it,
so long as R is sufficiently large.

Lemma 4.3. Given any R > 0, we have Qpaﬁg C Qg, where
__ sin®
Pe = sin(f — ¢)

Proof. 1t suffices to show that the function f : Ry — R defined by

F@) = cosh(\/i2 sin 0 + sz cos?(f — &) /tan ) B |:COSh(§/tan9) :|sin26

cosh(p. /tan 9) cosh(R/tan 6)
is nonpositive. This follows from log-concavity of the function
g(w) := cosh(ﬂ)
tan 6
Indeed, given any s € (0, 1) and w > 0, log-concavity of g implies that the function

_ 86zt A —s)w)

G(z):
g(2)*
is monotone nondecreasing for z < w. Since
tan 6 cos(@ —¢e)
; <R < - €
tan(0 — ¢) cos6

this implies

g(£%sin® 0 4 p2 cos*(6 — ¢)) _ g(R%sin® 0 + p2cos*(0 —e)) _ g(p?)
g(é-Z)sinzG - g(RZ)sin29 - g(RZ)sinze'

The claim follows. (]

Corollary 4.4. Setep:=2(n—1)/R, Sri= EPSR,SR and Qg = K_ZpgR,SR. Then, for R > Ry:=2(n—1)/¢o,
X ¢ is a supersolution of the translator equation with boundary 9% g = 9.

5. Existence

We are ready to prove the existence theorem, which we now recall.

Theorem (existence of convex translators in slab regions). For every n > 2 and every 0 € (O, %) there

exists a strictly convex translator Xj; which lies in S, 1 and in no smaller slab.

Proof. Given R > 0, let u be the solution of
1
V1+|Dug|?

where Qp := Q. Since the equation admits upper and lower barriers (0 and ug, respectively), existence

H[uR]Z n QR, MRZO on 8QR,

and uniqueness of a smooth solution follows from well-known methods; see, for example, [Gilbarg and
Trudinger 1983, Chapter 15]. Uniqueness implies that u is rotationally symmetric with respect to the
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subspace E"~! = span{es, ..., e,}. Since uy is a subsolution, its graph lies below graphug. Since the
two surfaces coincide on the boundary 92,

Hlugr] = —(vg, ent+1) = —(VR, €nt1) Zcos@cosoccos@)zcos@(l— —~ i 9) (15)
ESCC

on 02g, where vg is the downward-pointing unit normal to graph u . By Corollary 4.4, we also find, for

R > Ry, that

1—cos6
—ur(0)> — R —> o0 as R — 0. (16)
sin @

Let R; — oo be a diverging sequence and consider the translators-with-boundary
Y :=graphup, —upg;(0)e,41.

By Corollary 2.2 and the height estimate (16) some subsequence converges locally uniformly in the
smooth topology to some limiting translator, X, with bounded second fundamental form. By Theorem 3.2,
3 is convex.

Certainly X lies in the slab Sy, so it remains only to prove that it lies in no smaller slab (strict convexity
will then follow from the splitting theorem and uniqueness of the Grim Reaper). Set

) X
vi=1— ——,
7 sec
where x(X) := (X, e1). We claim that
inf .o (17)
N{x>0} vV

Since infy H = 0, we conclude that supy x = 7 sec as desired. To prove (17), first observe that

—(A+Vy)v=0
and hence

H H H V
—(A+ V) = AP +2(v 2, T2,
v v v v

where V is the tangential projection of e,4;. The maximum principle then yields

min H > min{‘ min E, min E} = min{cos 6, min H}
ZiN{x>0} v ax;N{x>0} v X;N{x=0} v X;N{x=0}
If liminf; _, o, miny;nx=0; H > 0 then we are done. So suppose that liminf;_, , H(X;) =0 along some
sequence of points X; € X; N {x = 0}. Then, by Corollary 2.2, after passing to a subsequence, the
translators-with-boundary
i,’ = E,’ — Xl'

converge locally uniformly in C* to a translator (possibly with boundary) S which lies in Sy and satisfies
H > 0 with equality at the origin. By Corollary 2.2 the origin must be an interior point since, recalling (15),
H > cos8 on 0%; N{x =0} for all i. The strong maximum principle then implies that H = 0 on S and
we conclude that ¥ is either a hyperplane or half-hyperplane. Since, by the reflection symmetry, the limit
cannot be parallel to {0} x R"~! x R, neither option can be reconciled with the fact that T lies in Sp. O
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6. Asymptotics and reflection symmetry

We next prove that, after translation, our translators have the correct asymptotics (Theorem 3).

Theorem (unique asymptotics modulo translation). Given n > 2 and 6 € (0, ) let £} be a convex
translator which lies in Sg“ and in no smaller slab. If n > 3, assume in addition that 3} is rotationally
symmetric with respect to the subspace E"~' := span{ey, ..., e,}. Given any unit vector ¢ € E"! the
curve {sinwg — coswey 11 : w € [0, 0)} lies in the normal image of ¥ and the translators

) = Xy — P(sinwg — cos we, 1)

converge locally uniformly in the smooth topology to the oblique Grim hyperplane Ty p as 0 —> 0, where
P : §" — X is the inverse of the Gauss map.

Fix a unit vector ¢ € span{ey, ..., e,} and define
o :=sup{w € [0, 00) : sinwep —coswe,+1 € V(X)}.
Let w; be a sequence of points converging to @. Then the translators
Yig =2 — Py(w;)

have uniformly bounded curvature and pass through the origin. After passing to a subsequence, they must
therefore converge locally uniformly to a limit translator. The limit must be the oblique Grim hyperplane
FC’-(’)’ é since it contains the ray {r(cos w¢ + sin we, ;1) : r > 0} and lies in a slab parallel to Sy (and, when
n > 3, splits off an additional n — 2 lines due to the rotational symmetry). In fact, since the components
of the normal are monotone along the curve y (w) := P (sin w¢ — cos wey+1), the normal must actually
converge (to sin w¢ — cos we,, 1 1) along y. It follows that the limit is independent of the subsequence and
we conclude that the translators
Yo i=2X— Py(w)

converge locally uniformly in C* to I'; , as @ — @. Note that @ < 6 since the limit I'; , must lie in Sp.
It remains to show that o > 6.

Suppose, to the contrary, that ® < 6. Given w € [0, %) let TT = sec wll o, be the rotationally
symmetric ancient pancake which lies in the slab €2, (and no smaller slab) and becomes extinct at the
origin at time zero. The “radius” £,(¢) of the pancake satisfies [Bourni et al. 2017]

L,(t) := manx (p, e2) =secw Eo(cos2 wt) =—tcosw+ (n — 1) secwlog(—t) +c+o(1) (18)
pelly
as t — —oo, where the constant ¢ and the remainder term depend on w and n. Observe that the ray

L, ={r(cosw¢+sinwe, 1) : r > 0} is tangent to the circle in the plane span{¢, e,} of radius — cos wt
centered at —ze,, 4. Indeed, a point r(cos w¢ + sin we,,+1) lies on this circle if and only if

|r coswg + (rsinw + t)e,+1 |2 =cos’wt’ (r— sina)(—t))2 =0.

So there exists a unique point with this property, as claimed. Since, by hypothesis, 8 < », we conclude
from (18) that the circle of radius £4(—¢) lies above the line L; for —¢ sufficiently large (see Figure 2).
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€n+1

Lo(t) ~—tcosw

¢

Ly (t)sing
peTN(f—re,11)
Lo (t)cosg

Figure 2. If ® < 60 then the pancake lies above the translator for —¢ sufficiently large.

We will show that, in fact, TT? — te, 1| lies above ¥ for —¢ sufficiently large (and hence I1¢ lies above
Y, := ¥ +te,4 for —t sufficiently large). But 1Y and ¥, both reach the origin at time zero, so this
contradicts the avoidance principle.

We will need an estimate for the “width” of ¥. Given p € X set

x(p):=(p,e1), y(p):=(p,¢) and z(p):=(p,ent+1)
and, given h > 0, set
L(h) := max y(p),

where X, is the level set X, :={p € X : z(p) = h}. We know that, near its “edge region”, X looks like
a Grim hyperplane of width sec @, whereas, in its “middle region”, it looks like two parallel planes of
width sec 6. By convexity, it must lie outside the linearly interpolating region in between (see Figure 3).
The following estimate quantifies this elementary observation.

Lemma 6.1 (width estimate). Ser
B:=sect —secw >0 and xo:= lim x(Py(w)).
w—>w

For any & > 0 there exist K. < 0o and h, < oo with the following property: Given h > h,, p € X and
s € [0, 1], suppose that
0=<y(p) =sll(h) —K,).
Then
lx(p) —x0l = Z(sec @+ (1 —s)(B — Zx0) — &).
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__________________________ P1

-
Ot ~msecH ~ T seC @

Figure 3. Linearly interpolating between the “middle” and “edge” regions in the level
set 2. The horizontal axis is compressed.

Proof of Lemma 6.1. Choose ¢ > 0. Because X converges to the oblique Grim hyperplane I'; 4 after
translating the “tips”, Pg(w), we can find some h, and K, such that

|x(p) —xo|l = 5 secw—e¢
for all p € Xy, satisfying
0=<y(p) <th) - K.

so long as h > h.. Choose some h > h, and consider the point p; € X, N {ey, ¢, e,41} satisfying
x(p1) = xp and 0 < y(p;) = £(h) — K.. (If there is no such point then the claim is vacuously true, else
p1 is uniquely determined.) Then

x(p1) —xo > 7 secw —e.

On the other hand, because X converges to the boundary of Sy after translating vertically, we can assume
that A, is so large that
s
x(po) > 5sech —¢

at the point pg € X, Nspan{e, ¢, e,+1} satisfying y(pg) = 0 and x(po) > x¢. Since Xj is convex, we
conclude that any point p € ¥, Nspan{ey, ¢, e,11} satisfying 0 < y(p) < £(h) — K, and x(p) > xg lies
beyond the segment joining pg and p;. In particular, if y(p) < s(£(h) — K.) then
x(p) = sx(p1) + 1 —s)x(po)

> s(xo+ Z seca_)—e) +(1 —s)(% sec —s)

=x0+ Z(secd+ (1 —s5)(B — Zx0)) —e.
The other inequality is proved in much the same way (simply choose the points pg and p; on the other
side of the {x = x¢}-plane). [l

Reflecting X" through the {x = 0}-hyperplane if necessary, we may assume in what follows that xo > 0.
Given ¢ > 0, choose /. and K, as in Lemma 6.1 and consider & > h,. Then, given any p € ¥ satisfying
0 < y(p) < (£(h) — K,) and x(p) > xo, we can choose

_ (I
$=50) = kL

x(p) > %(sec@ —ﬂ% —e).

e [0, 1]

and hence estimate
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Choosing 5. larger if necessary, we may assume that £(h.) > 2K, and hence

m ly(p)| 2K
> — 0 — 1 —¢]. 19
x(p) = > <sec B ) + 0 e (19)
Note also that, by convexity,
tanw > —— —tanw as h — oo.
£(h)

Assume now that, given r <0 and w € (@, 6), there is some point p € (TT¥ —te,11)NZN{X : (X, ¢) > 0}.
Then there is some ¢ € [O, %] such that

h:=z(p)=—t —L,(t)sing, [y(p)| <Lu(t)cos¢ and |x(p)| <7 secw,

where ¢, is defined by (18) (see Figure 2). Suppose further that 7 > h.. Recalling (19), we find

Yo b (2K h
i ah)(H i am)‘g

L,(t 2K
> sec@—ﬁ%tand)(l—i— hs tanc?)) —e.

secw > secH — B

That is,

secd —secw  £,(t)cos¢ _ 2K, _ £
— < tanw( 1+ tanw | + —
secH —secw h h B

_ £,(t)cos ¢ tan @ 1 2K, tan w e
 —t—4,(t)sing —t —L£,(t)sin¢

+—.
B
Since the right-hand side is nonincreasing with respect to ¢ for ¢ € [O, %] we may estimate

secH —secw - L, (1)

_ 2K, _ €
tanow( 1+ tan —i—E.

secl —secw ~ —t
But ¢,(t)/—t — cosw as t — —o0, so we conclude, for —t > —t, sufficiently large, that

secH —secw _ 2¢ . 2e
—— <coswtanw+ — <sinw+ —.
secH —secw B B

Choosing o sufficiently close to @ and ¢ sufficiently small results in a contradiction. This completes the
proof of Theorem 3 in the case n > 3. It remains to consider the case that n =2 and X is asymptotic to
the correct oblique Grim plane in one direction, say —e», but not the other, e,. This can be achieved with
a similar argument by centering the ancient pancake not on the z-axis but rather on the axis bisecting the
two asymptotic lines, i.e., the ray

0—a . 0—w
{r(cos zwe3+s1n 2wez>:r>0}.

We omit the details since the result in this case was already proved in [Spruck and Xiao 2017].
Combining the unique asymptotics with the Alexandrov reflection principle, we may now prove
Corollary 4.
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Corollary. Given 6 € (0, %), let ¥ be a strictly convex translator which lies in Sg“ and in no smaller
slab. If n > 3, assume in addition that ¥ is rotationally symmetric with respect to E"~'. Then X is

reflection symmetric across the hyperplane {0} x R".

We proceed much as in [Bourni et al. 2017, Theorem 6.2]. Let us begin by introducing some notation.
Given a unit vector e € S" and some « € R, denote by H, ,, the half-space {p € R"*! : (p, e) < «} and by
Reo - Z:={p—2(p,e) —a)e: p € L} the reflection of ¥ across the hyperplane dH, ,. We say that ¥
can be reflected strictly about H, o if (Roo - £) NHe o CQ2NH, 4.

Lemma 6.2 (Alexandrov reflection principle). Let ¥ be a convex translator. If
Th=YN{(x,y,2) eERxR" ' xR:z>h)
can be reflected strictly about H, o for some e € {en+1}J_ then X can be reflected strictly about H, 4.

Proof. This is a consequence of the strong maximum principle and the boundary point lemma; see [Gilbarg
and Trudinger 1983, Chapter 10]. (Il

Claim 6.2.1. For every a € (O, %) there exists hy, < 00 such that
Th = 20{(x,y,2) eRxR"' xR:z > h,)

can be reflected strictly about Hy := H,, 4.

Proof. Suppose that the claim does not hold. Then there must be some « € (0, %) and a sequence of

heights h; — oo such that (R, - Xj5,) "Hy N Xy, # &. Choose a sequence of points p; = x;e1 + y;e2 € Xy,
whose reflection about the hyperplane H,, satisfies

Qo — x;)er + yiez € (Ry - Xp;) N X, NHy

and set p; = xle; + y/e; := (2o — x;)e; + yje;. Without loss of generality, we may assume that
y; =y = 0. Since @ < x; < 7, the point p; satisfies & > x; > —7% + 2« so that, after passing to a
subsequence, lim;_, o X! € [—% + 2« oz]. But since ¥ is convex and converges, after translating in the
plane span{e,, e,1}, to the Grim hyperplane I',, g, we conclude that

0= lim (x; + x;) = 2c.
1—> 00
So a =0, a contradiction. O

It now follows from Lemma 6.2 that X can be reflected across H,, for all o € (0, %) The same
argument applies when the half-space H, is replaced by —H, = {(x, y,2) e Rx Rx R" 1 : x > —a}.
Now take o — 0.
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