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CONVEX PROJECTIVE SURFACES
WITH COMPATIBLE WEYL CONNECTION ARE HYPERBOLIC

THOMAS METTLER AND GABRIEL P. PATERNAIN

We show that a properly convex projective structure p on a closed oriented surface of negative Euler
characteristic arises from a Weyl connection if and only if p is hyperbolic. We phrase the problem as a
nonlinear PDE for a Beltrami differential by using that p admits a compatible Weyl connection if and only
if a certain holomorphic curve exists. Turning this nonlinear PDE into a transport equation, we obtain
our result by applying methods from geometric inverse problems. In particular, we use an extension of a
remarkable L2-energy identity known as Pestov’s identity to prove a vanishing theorem for the relevant
transport equation.

1. Introduction

A projective structure on a smooth manifold M is an equivalence class p of torsion-free connections on its
tangent bundle 7'M, where two such connections are declared to be projectively equivalent if they share the
same unparametrised geodesics. The set of torsion-free connections on 7'M is an affine space modelled
on the sections of S2(T*M) @ TM. By a classical result of Cartan, Eisenhart, Weyl (see [Spivak 1999]
for a modern reference), two connections are projectively equivalent if and only if their difference is pure
trace. In particular, it follows from the representation theory of GL(2, R) that a projective structure on a
surface M is a section of a natural affine bundle of rank 4 whose associated vector bundle is canonically
isomorphic to V = S*(T*M) ® A*>(TM). Choosing an orientation and Riemannian metric g on M, the
bundle V decomposes into irreducible SO(2)-bundles V >~ T*M & Sg (T*M), where the latter summand
denotes the totally symmetric (0,3)-tensors on M that are trace-free with respect to g, or equivalently,
the cubic differentials with respect to the complex structure J induced by g and the orientation. In other
words, fixing an orientation and Riemannian metric g on M, a projective structure p may be encoded in
terms of a unique triple (g, A, ), where A is a cubic differential —and 6 a 1-form on M. A conformal
change of the metric g — e?*g corresponds to a change

(g, A, 0) — (e®g,e®A, 0 +du).

Consequently, the section ® = A/do of K?® K* does only depend on the complex structure J. Here do
denotes the area form of g and K the canonical bundle of M. In addition, we obtain a connection D on
the anticanonical bundle K* inducing the complex structure by taking the Chern connection with respect
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to g and by subtracting twice the (1,0)-part of 6. Again, the connection D does only depend on J. Fixing
a complex structure J on M thus encodes a given projective structure p in terms of a unique pair (D, ).

There are two special cases of particular interest. Firstly, we can find a complex structure J so
that D is the Chern connection of a metric in the conformal class determined by J. This amounts to
finding a complex structure for which 6 is exact. Secondly, we can find a complex structure J so that ¢
vanishes identically. This turns out to be equivalent to p containing a Weyl connection for the conformal
structure [g] determined by J, that is, a torsion-free connection on TM whose parallel transport maps are
angle-preserving with respect to [g].

In [Mettler 2014], it is shown that a two-dimensional projective structure p does locally always contain
a Weyl connection and moreover, finding the Weyl connection turns out to be equivalent to finding a
holomorphic curve into a certain complex surface Z fibering over M. Here we use this observation to
rephrase the problem in terms of a nonlinear PDE for a Beltrami differential. More precisely, we think of
p as being given on a Riemann surface (M, J) in terms of (D, ®). We show (see Proposition 4.4) that p
contains a Weyl connection with respect to the complex structure defined by the Beltrami differential
on (M, J) if and only if

D'y —uD'p=ou + o, (1-1)

where D’ and D” denote the (1,0)- and (0, 1)-part of D. Since every two-dimensional projective structure
locally contains a Weyl connection, the above PDE for the Beltrami differential o can locally always be
solved. Moreover, on the 2-sphere every solution p lies in a complex 5-manifold of solutions, whereas on
a closed surface of negative Euler characteristic the solution is unique, provided it exists; see [Mettler
2015b] (and Corollary 4.6 below).

Here we address the problem of finding a projective structure p for which the above PDE has no global
solution. Naturally, one might start by looking at projective structures p at “the other end”, that is, those
that arise from pairs (D, ®) where D is the Chern connection of a conformal metric, or equivalently,
those for which there exists a metric g so that p is encoded in terms of the triple (g, A, 0). This class of
projective structures includes the so-called properly convex projective structures. A projective surface
(M, p) is called properly convex if it arises as a quotient of a properly convex open set @ C RP? by a
free and cocompact action of a group I' C SL(3, R) of projective transformations. In particular, using the
Beltrami—Klein model of two-dimensional hyperbolic geometry, it follows that every closed hyperbolic
Riemann surface is a properly convex projective surface. Motivated by Hitchin’s generalisation of
Teichmiiller space [1992], Labourie [2007] and Loftin [2001] have shown independently that on a closed
oriented surface M of negative Euler characteristic every properly convex projective structure arises from
a unique pair (g, A, 0), where g and A are subject to the equations

K, =—1+2|A]; and 9A=0.

Using quasilinear elliptic PDE techniques, C. P. Wang [1991] previously showed (see also [Dumas and
Wolf 2015]) that the metric g is uniquely determined in terms of ([g], A) by the equation for the Gauss
curvature K, of g. Consequently, Labourie and Loftin concluded that on M the properly convex projective
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structures are in bijective correspondence with pairs ([g], A) consisting of a conformal structure and a
cubic holomorphic differential.

Naturally one might speculate that (1-1) does not admit a global solution for a properly convex
projective structure p unless A vanishes identically, in which case p is hyperbolic. This is indeed the case:

Corollary 6.2. Let (M, p) be a closed oriented properly convex projective surface with x (M) < 0 and
with p containing a Weyl connection D. Then p is hyperbolic and moreover D is the Levi-Civita connection
of the hyperbolic metric.

This corollary is an application of the more general vanishing theorem, Theorem 6.1 (see below), whose
proof makes use of a remarkable L?-energy identity. This energy identity — known for geodesic flows
as Pestov’s identity — is ubiquitous when solving uniqueness problems for X-ray transforms, including
tensor tomography. To make the bridge between (1-1) and this circle of ideas, it is necessary to recast the
nonlinear PDE in dynamical terms as a transport problem. Given a projective structure p captured by
the triple (g, A, 6) we associate a dynamical system on the unit tangent bundle 7 : SM — M of g as
follows. We consider a vector field of the form F = X 4 (a — V0)V, where X, V denote the geodesic and
vertical vector fields of SM, a € C*°(SM, R) represents the cubic differential A (essentially its imaginary
part) and where we think of 6 as a function on SM. The flow of the vector field F is a thermostat (see
Section 3 below for more details) and it has the property that its orbits project to M as unparametrised
geodesics of p. We show that (1-1) is equivalent to the transport equation (see Corollary 5.6)

Fu=Va+§8 (1-2)

on SM, where the real-valued function u encodes a conformal metric of the sought-after complex
structure J and B is a 1-form on M, again thought of as a function on SM. Explicitly

uw=>log(—L
2%\ (g -7 )

where p, g, r are given in terms of a J-conformal metric g and the complex structure J of (M, g) by
px,v)=¢gw,v), rkx,v)=¢gw,Jv) and g(x,v)=_g(Jv, Jv).

The right-hand side in (1-2) has degree 3 in the velocities and the dynamics of F is Anosov when
p is a properly convex projective structure [Mettler and Paternain 2019]; hence it is natural to think
that techniques from tensor tomography might work. Regular tensor tomography involves the geodesic
vector field X and the typical question at the level of the transport equation is the following: if Xu = f
where f has degree m in the velocities, is it true that u has degree m — 1 in the velocities? The case
m = 2 is perhaps the most important and it is at the core of spectral rigidity of negatively curved
manifolds and Anosov surfaces [Croke and Sharafutdinov 1998; Guillemin and Kazhdan 1980; Paternain
et al. 2014]. Thermostats introduce new challenges; however we are able to successfully use a general
L? energy identity developed in [Jane and Paternain 2009] (following earlier results for geodesic flows in
[Sharafutdinov and Uhlmann 2000]) together with ideas in [Mettler and Paternain 2019] to show that if
(1-2) holds then a = 0 and B is exact. Our vanishing theorem, Theorem 6.1, is actually rather general and
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it applies to a class of projective structures considerably larger than properly convex projective structures;
see Corollary 6.4 below.

For the case of surfaces with boundary, a full solution to the tensor tomography problem was given in
[Paternain et al. 2013]; the solution was inspired by the proof of the Kodaira vanishing theorem in complex
geometry. In the present paper, we go in the opposite direction; we import ideas from geometric inverse
problems to solve an existence question for a nonlinear PDE in complex geometry. These connections
were not anticipated, and it is natural to wonder if they are manifestations of something deeper.

2. Preliminaries

Here we collect some standard facts about Riemann surfaces and the unit tangent bundle that will be
needed throughout the paper.

2A. The frame bundle. Throughout the article M will denote a connected oriented smooth surface with
empty boundary. Unless stated otherwise, all maps are assumed to be smooth, i.e., C*. Let7 : P - M
denote the oriented frame bundle of M whose fibre at a point x € M consists of the linear isomorphisms
f :R* — T M that are orientation-preserving, where we equip R? with its standard orientation. The Lie
group GL™ (2, R) acts transitively from the right on each fibre by the rule R, (f) = f o h and this action
turns 7 : P — M into a principal right GL* (2, R)-bundle. The bundle P is equipped with a tautological
R2-valued 1-form o = (') defined by @ r=1r “lodn ¢ and which satisfies the equivariance property
Rjw= h~'w. The components of w are a basis for the 1-forms on P that are semibasic for the projection
m: P — M,i.e., those 1-forms that vanish when evaluated on a vector field that is tangent to the fibres
of m : P — M. Therefore, if g is a Riemannian metric on M, there exist unique real-valued functions
gij=gjion Psothatm*g =g; ja)i ® w’. The Levi-Civita connection ¢V of g corresponds to the unique
connection form i = (w; ye Ql(p, gl(2, R)) satisfying the structure equations

do' = —w; A,
dgij = gV} + gk
The curvature ¥ = (\D;) of ¥ is the 2-form

(2-1)

V) =dy] + i A = Kgira' Ao,
where K, denotes (the pullback to P of) the Gauss curvature of g.

2B. Conformal connections. The conformal frame bundle of the conformal equivalence class [g] of g
is the principal right CO(2)-subbundle 7 : Pjy) — M defined by

P ={f € P:gu(f)=gn(f)and gin(f) =0}.

Here CO(2) = R™ x SO(2) denotes the linear conformal group whose Lie algebra co(2) is spanned by

(1) = ()

the matrices
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A conformal connection for [g] is principal CO(2) connection

K1 —K»2
K = ( ) , Ki€ Ql(P[gJ),
K> K1

on Ppg) which is torsion-free, that is, satisfies

1 1
() D)
K] w

The standard identification R? ~ C gives an identification CO(2) >~ GL(1, C) and consequently, co(2) >~ C.
In particular, (2-2) takes the form dw = —k A w, where we think of ¥ and w as being complex-valued.
Writing re’? for the elements of CO(2), the equivariance property for w implies (R,i¢)*® = e 0. In
particular, we see that the w-semibasic complex-valued 1-form w is well-defined on M up to complex
scale. It follows that there exists a unique complex-structure J on M whose (1,0)-forms are represented
by smooth complex-valued functions u on Py satisfying the equivariance property (R,is)*u = rei%u, that
is, so that uw is invariant under the CO(2)-right action. Of course, this is the standard complex structure
on M obtained by rotation of a tangent vector v counterclockwise by 7 with respect to [g]. Denoting
the canonical bundle of M with respect to J by K, it follows that the sections of L, ¢ := K™ ® K¢
are in one-to-one correspondence with the smooth complex-valued functions u on Py, satisfying the

m+L

equivariance property (R, .i¢)*u = r"+te! =%y Infinitesimally, this translates to the existence of unique

smooth complex-valued functions " and u” on Pjg) so that
du=u'w+u"®+muk + luk. (2-3)

Recall, if « is a 1-form on M taking values in some complex vector bundle over M, the decomposition

a =o' +a” of « into its (1,0)-part &’ and (0, 1)-part «” is given by

o = %(oz —iJa) and o = %(a +iJa),
where we define (Ja)(v) := a(Jv) for all tangent vectors v € TM. The principal CO(2)-connection x
induces a connection on all (real or complex) vector bundles associated to P[g; and — by standard abuse
of notation — we use the same letter D to denote the induced connection on the various bundles. If s is
the section of L,, ; represented by the function u satisfying (2-3), then D’s := (Ds)’ is represented by u’
and D”s := (Ds)” is represented by u”.

Since dg11 = dg»» and dgi» = 0 on Pg, it follows from (2-1) that the pullback of the Levi-Civita
connection ¥ of g to P, is a conformal connection. The difference of any two principal CO(2)-
connections is -semibasic. Therefore, any other torsion-free principal CO(2)-connection « on Pjg) is
of the form k = vy — 20w for a unique complex-valued function 8; on P,. Since « is a connection,
it satisfies the equivariance property (R,qis)*x = %e_i"’/crei"’ = k and so does . Therefore, 26w is
invariant under the CO(2)-right action as well and hence twice the pullback of a (1,0)-form on M, which
we denote by 6’. From (2-3) we see that we may think of x as being the connection form of the induced
connection on the anticanonical bundle K*. In particular, ¥ may be thought of as being the connection
form of the Chern connection induced by g on K*. By the definition of the Chern connection, it induces
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the complex structure of K*. Since ¥ and « differ by a (1,0)-form, « also induces the complex structure
of K* Consequently, the conformal connections on Pp,) are in one-to-one correspondence with the
connections D on K* inducing the complex structure, that is, D” = 9.

2C. The unit tangent bundle. For what follows it will be necessary to further reduce Ppg). The unit
tangent bundle
SM ={(x,v) e TM : g(v,v) =1}

of g may be interpreted as the principal right SO(2)-subbundle of P defined by
SM ={f € P:gj(f) =23}

On SM the identities dg;; = 0 imply the identities ¥ =7 =0 and ) = —y7, so that ¥ is purely
imaginary.
Abusing notation by henceforth writing i instead of wlz, the structure equations thus take the form

w1 _ 0 —lﬁ w1 _ _
d(a)z)_ <1// O)A(w2> and dy =—Kz w1 Awa, 2-4)
where we write w; = §;; w’/. Note that on SM the 1-forms w, w, take the explicit form
w1(§) =g, dn(§)) and wy(§) =g(Jv,dn(§)), & €T nSM. (2-5)

Furthermore, the 1-form i becomes

V(&) =g(y"(0), Jv), (2-6)

where & € T(x,,)SM and y : (—¢, &) — SM is any curve with y(0) = (x, v), y(0) =& and y” denotes
the covariant derivative of y along 7 o y.

The three 1-forms (w;, wy, ¥) trivialise the cotangent bundle of SM and we denote by (X, H, V) the
corresponding dual vector fields. The vector field X is the geodesic vector field of g, V is the infinitesimal
generator of the SO(2)-action and H is the horizontal vector field satisfying H = [V, X]. The structure
equations (2-4) imply the additional commutation relations

[V,H]=—-X and [X,H]=K,V.

Following [Guillemin and Kazhdan 1980], we use the volume form ® = w; A wy A on SM to define

(u, v) :/ uv ®
SM

for complex-valued functions u, v on SM and we denote by L2(SM) the corresponding space of square

an inner product

integrable complex-valued functions on SM. The structure equations (2-4) and Cartan’s formula imply
that all vector fields X, H, V preserve ©. In particular, —iV is densely defined and self-adjoint with
respect to { -, - ). Consequently, we have an orthogonal direct sum decomposition into the kernels H,, of
the operators mId +iV

L*(SM) = D Hun. (2-7)

mezZ
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2D. Weyl connections. If 6 is a 1-form on M, we may write 70 = 6w; + V(0)w,, where on the
right-hand side we think of 6 as being a real-valued function on SM. Therefore, 7*6’ = 6w, where
61 = 3(0 —iV0) and likewise 7*0” = 6_@, where 6_; = 3 (6 +iV6). On SM the connection form « of
a conformal connection thus becomes x = i{y — 20w, or in matrix notation

. 0 —lﬂ + —le—V(Q)a)z —V(Q)w1+9w2
““\v o V@) w—0wr —bw—V (@)

Finally, without the identification R? ~ C, we may equivalently think of the connection form « as the

(2-8)

connection form of a torsion-free connection on 7M. Writing « as

. 0 —y n Ow Ows . 20w1+V (0)wy V(O)w;
= v 0 V(@)w; V(O)w; 0wy 0w +2V (@) wy )’

the reader may easily check that « is the connection form of
D =%V +g®6" —Sym(d), (2-9)
where the section Sym(8) of S>(T*M) ® TM is defined by the rule
Sym(0) (v, v2) =60 (v1)v2 +6(v2)vy

for all tangent vectors vy, vo € T, M and all x € M. Connections of the form (2-9) for g € [g] and
6 € Q' (M) are known as Weyl connections for the conformal structure [g]. By construction, they preserve
[g]; that is, the parallel transport maps are angle-preserving with respect to [g]. Conversely, every torsion-
free connection on TM preserving [g] is of the form (2-9) for some g € [g] and 1-form . Summarising,
we have the following folklore result:

Proposition 2.1. On a Riemann surface M with conformal structure [g] the following sets are in one-to-
one correspondence:

() the conformal connections on Pig),
(ii) the connections on K* inducing the complex structure,

(iii) the Weyl connections for [g].

3. Projective thermostats

In this section we show how to associate the triple (g, A, 6) to a given projective structure p. As mentioned
in the Introduction, the existence of such a triple is a consequence of some elementary facts about SO(2)-
representation theory and a description of projective structures as sections of a certain affine bundle
over M (see [Mettler 2015a] for a construction of (g, A, 6) in that spirit); here instead we obtain the
triple as a by-product of a characterisation of projective thermostats.

A (generalised) thermostat is a flow ¢ on SM which is generated by a vector field of the form
F =X+ AV, where A is a smooth real-valued function on SM. In this article we are mainly interested in
the case where the generalised thermostat is projective. By this we mean that there exists a torsion-free
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connection V on 7'M having the property that for every ¢-orbit y : I — SM there exists a reparametrisation
@:1I" > Isothatmoyogp:I'— M is a geodesic of V.

Phrased more loosely, the orbit projections to M agree with the geodesics of a projective structure p
on M. By a classical result of Cartan, Eisenhart, Weyl (see for instance [Spivak 1999, Chapter 6,
Addendum 1, Proposition 17] for a modern reference), two torsion-free connections V and V' on TM are
projectively equivalent if and only if there exists a 1-form « on M so that

V' —V = Sym(x).

3A. A characterisation of projective thermostats. It turns out that projective thermostats admit a simple
characterisation in terms of the vertical Fourier decomposition (2-7) of A. Towards this end we first show:

Lemma 3.1. Let V be a torsion-free connection on the tangent bundle TM and ¢ = (goj’:) eQl(SM, gl(2,R))
its connection form. Then, up to reparametrisation, the leaves of the foliation F defined by (p% =wy=0
project to M to become the geodesics of V. Conversely, every geodesic of V, parametrised with respect
to g-arc length, lifts to become a leaf of F.

Proof. Recall that the set of torsion-free connections on TM is an affine space modelled on the sections of
S2(T*M) ® TM. It follows that there exists a 1-form B on M with values in the endomorphisms of TM
so that V.= $V + B. As we have seen, the connection form of the Levi-Civita connection of gonTM is

)

Hence there exist unique real-valued function bj’: 0= bfC ;j on SM so that
(0 _¢> bi,w1+bl,wy by w14blyw,
Y= .
¥ 0 b%la)l—i-b%za)z b§1w1+b§2w2

Explicitly, bj.k(v) = g(E(ej)ek, e;), where we write e; = v and e = Jv for v € SM.
Let § : I — SM be aleaf of F, so that §*wy = 0. Writing y := 7 o § and evaluating §*w;, on the
standard vector field 9, of R, we obtain

0=20,8"w,=_g(d(m08)(9), Jo(t)) =g(y (1), J&(1)),

so that § = fy for some unique f € C*°(I). Hence without losing generality, we may assume that the
leaves of F are of the form y for some smooth curve y : [ — M having unit-length velocity vector with
respect to g.
By the construction of i, see (2-6), the pullback 1-form y*yr evaluated on 9; gives the function
g(8V;y, Jy); hence y*¢7 = 0 if and only if
0=g(Vyy. JP) +b7,(7) = (V7 + BGY. 7).
It follows that there exists a function f € C*°(I) so that

SV, v+ By =Vpy = f.
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By a standard lemma in projective differential geometry [Spivak 1999, Chapter 6, Addendum 1, Propo-
sition 17] a smooth immersed curve y : I — M can be reparametrised to become a geodesic of the
torsion-free connection V on T'M if and only if there exists a smooth function f : I — Rso that V,y = fy.
The claim follows by applying this lemma. O

Lemma 3.2. Suppose the thermostat F = X + AV is projective. Then
0=3A+3VVA+{VVVVA

Proof. Using notation as in the proof of Lemma 3.1, we must have F _ gof =0and F 2wy =0. The
latter condition is trivially satisfied, but the former gives

Fogl=(X+AV)a ( +b} o +blhw) = A+ b} =0,
so that A = —b%l. Since the functions b; , represent a section of § 2(T*M) ® TM, they satisfy the structure
equations
db;k = b;,/c,i + bfk/c; — bj»k/cli, mod w;.
In particular, from this we compute
Vb, =V adbl =V 1 (2b3, — bl =2b3, —bl,.
Applying V again we obtain
VVbi, = 2b3, —3bj, —4bi,,
and likewise
VVV Vb, = 40bi, +21b7, — 20b3,,

so that the claim follows from an elementary calculation. ([
Lemma 3.3. For A € C®°(SM) the following statements are equivalent:

i) 0=3A+3VVrA+ivVVVa

) AeH_ 1 OHIDH_3DHs.

Proof. Let L € H_3® H_1 D H D Hj3 so that we may write L = A_3+ A_1 + A; + A3 with A, € Hyp.
Since A is real-valued we have A_; = A; and A_3 = A3. Hence setting v} = A_1+ A and v3 = A_3 + A3,
we obtain VVv; = —v; and V V3 = —9v;3 so that

I+ IVVA+LIVVVVA =33+ 1) + (=93 — 1) + £ (81lvs3 + 1) = 0.

Conversely, suppose A € C*°(SM) satisfies 0 = %A + %VVA + %VVVVA and write A = ), A,,, with
Am € H,,. Hence we obtain

3 5 1 3 5. 2,1 4
0=3A+3VVA+iVVVVA=) (3 —Im* + im*) .,
m
so that A,,, = 0 unless

0=32—3m*+1im*=1m—3)(m—D)(m+1)(m+3).
The claim follows. ]

[\S]I8}
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Finally, we obtain:
Proposition 3.4. A thermostat F = X + AV is projective if and only if . € H_1 ® H1 D H_3 D Has.

Proof. It remains to show that if A € H_; & H| & H_3 D H3, then there exists a torsion-free connection
V on TM so that F _ (p12 vanishes identically, where ¢ = ((p;) denotes the connection form of V. We may
write

A=a—-V0,

where a € C*°(SM) satisfies 9a + VVa =0 and 6 is a smooth 1-form on M, thought of as a real-valued
function on SM. Since 9a + V Va = 0, there exists a unique cubic differential A on M so that
7*A = (%Va + ia)a)3.
Hence simple computations show that
a(v)=Re A(Jv, Jv, Jv) = —Re A(Jv, v, v), 3-1)
iVa(@)=Re A(v,v,v) = —Re A(v, Jv, Jv)

for all v € SM. Let B be the unique 1-form on M with values in the endomorphisms of TM satisfying
8(B(v1)vz, v3) =Re A(v, v2, v3) (3-2)

for all tangent vectors vy, v2, v3 € Ty M and all x € M. On TM consider the torsion-free connection
V =D+ B, where D is the Weyl connection

D=4V +g®6" — Sym(b).
Using (2-8) and (3-1), we compute that the connection form of V is

| 01—V (O)wr —V(O)wi+0wr—Y %V(a)a)l—aa)z —aa)l—%V(a)a)z (3-3)
YT\ Hv@oi—b0r  —60-V(O)wn —aw—3V(@w; —3V(@)wit+awy) )

In particular, we have
o =¥+ (V(O) — o — (0 + 3V (@),
so that F i gaf:O. U

3B. The effect of a conformal change. Summarising the previous subsection, we have seen that if V is
a torsion-free connection on 7M and we fix a Riemannian metric g on M, then we may write V=8V + B
for some endomorphism-valued 1-form B on M. The thermostat on SM defined by A = —b%l has the
property that its orbits project to M to become the geodesics of V up to parametrisation. Moreover, we
obtain a 1-form 6 € Q!(M) as well as a cubic differential A € I'(K?), so that the connection V shares its
geodesics — up to parametrisation — with the projections to M of the orbits of the projective thermostat
defined by A = a — V6, where a represents the imaginary part of A.

Next we compute how 6 and A transform under conformal change of the metric. As a consequence,
we obtain:
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Proposition 3.5. Let V be a torsion-free connection on TM. Then the choice of a conformal structure
[g] on M determines a unique Weyl connection D for [g] and a unique section ® of K*> @ K* so that
D + Re @ is projectively equivalent to V.

Proof. Let g — ¢ = e”*g be a conformal change of the metric, where u € C*®°(M). For the new metric
¢ there exists a 1-form 6 and a cubic differential A on M so that D+ B and D + B are projectively
equivalent. Here B denotes the 1-form constructed from A by using the metric g. Projective equivalence
corresponds to the existence of a 1-form o on M so that

D+ B =D+ B + Sym(a).
Using (2-9) as well as (see [Besse 1987, Theorem 1.159])

XPRSY = 8V — ¢ @ $Vu + Sym(du), (3-4)

this is equivalent to

8V 4+ g ®6° — Sym(0) + B = £V — g ® ¢ Vu + Sym(du) + e*' g ® 6° — Sym(d) + B + Sym(a)
or
g® (0" +¢Vu — 6% + B— B = Sym(B),

where B =a 40 +du — 6. Evaluating this equation on the pair (v, Jv) with v a unit tangent vector with
respect to g gives
B(v)Jv — B(v)Jv = Sym(B) (v, Jv).

Computing the inner product with the tangent vector v yields
Re A(v, Jv,v) —e 2 Re A(v, Jv, v) = B(Jv).

Thought of as an identity for functions on SM, the left-hand side lies in #_3 & H3, whereas the right-hand
side lies in H_; @ H1, and hence they can only be equal if both sides vanish identically. Consequently, it
follows that 8 = 0 and that
A=e"A.
Therefore, B = B and
0 =0+du, (3-5)

so that & = 0 as well as D = D.

In particular, we see that both D and B do only depend on the conformal equivalence class of g. We
may define a section ® of K2 ® K* by ®do = A, where do denotes the area form of g. Comparing
with (3-2), we see that B is the real part of ®. O

4. Holomorphic curves

It is natural to ask whether for a given torsion-free connection V on TM one can always (at least locally)
choose a conformal structure [g] on M so that & vanishes identically, or equivalently, whether every
torsion-free connection V on TM is locally projectively equivalent to a Weyl connection D. This question
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was answered in the affirmative in [Mettler 2014], where it is also observed that the problem is equivalent
to finding a suitable holomorphic curve into a complex surface fibering over M. Here we will briefly
review this observation and use it to derive a nonlinear PDE for the Beltrami differential of the sought-after
conformal structure.

Remark 4.1. Given that one can locally always find a conformal structure so that ® vanishes identically,
one might wonder whether it is possible to simultaneously pick a conformal metric so that the 1-form 6
is closed. Indeed, (3-4) and (3-5) imply that the additional closedness condition corresponds to V being
locally projectively equivalent to a Levi-Civita connection of some metric. However, this is not always
possible; see [Bryant et al. 2009].

4A. A complex surface. Inspired by the twistorial construction of holomorphic projective structures in
[Hitchin 1982], it was shown in [Dubois-Violette 1983; O’Brian and Rawnsley 1985] how to construct
a “twistor space” for smooth projective structures. Let V be a torsion-free connection on TM and
@ = ((pj’:) e Ql(pP, gl(2, R)) its connection form on the frame bundle P. We can use ¢ to construct a
complex structure on the quotient P/ CO(2). By definition, an element of P/CO(2) gives a frame in
some tangent space of M, well defined up to rotation and scaling. Therefore, the conformal structures on
M are in one-to-one correspondence with the sections of the fibre bundle P/ CO(2) — M whose fibre is
GL™' (2, R)/ CO(2), that is, the open disk. We will construct a complex structure on P/ CO(2) in terms
of its (1,0)-forms, or more precisely, the pullbacks of the (1,0)-forms to P. Recall that the Lie algebra
c0(2) of CO(2) is spanned by the matrices

(1) = ()

Consequently, the complex-valued 1-forms on P that are semibasic for the quotient projection P —
P/ CO(2) are spanned by the form w and

¢ = () — D) +i(ph+¢?),

as well as their complex conjugates. Recall that we have (R,.is)*w = %e_i‘ﬁ and using that ¢ satisfies the
equivariance property Ri¢ = h~'¢h for all h € GLT (2, R), we compute (R,.i»)*¢ = e 29¢. It follows
that there exists a unique almost-complex structure J on P/ CO(2) whose (1,0)-forms pull back to P to
become linear combinations of the forms w, ¢. The almost-complex structure J can be shown to only
depend on the projective equivalence class of V, and moreover, an application of the Newlander—Nirenberg
theorem shows that J is always integrable; see [Mettler 2014] for details.

4B. Mobius action. In our setting it is convenient to reduce the frame bundle P to the unit tangent
bundle SM of some fixed metric g. In order to get a handle on the complex surface P/ CO(2) after
having carried out this reduction, we interpret the disk bundle P/ CO(2) — M as an associated bundle to
the frame bundle P. This requires an action of the structure group GL™ (2, R) on the open disk and this is
what we compute next.
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The group GL™ (2, R) acts from the left on the lower half plane
—H:={weC:3(w) <0}

by Mobius transformations, where w denotes the standard coordinate on C. We let D C C denote the
open unit disk. Identifying —H with D via the Mobius transformation

—H — D, wl—)—(w+l>,

w—1i

we obtain an induced action of GL™ (2, R) on D making this transformation equivariant:

(4-1)

(“ b). _izlat+d)+zb—c)—ila—d)+(b+c)
cd) " Ziza—d)—zb+o)+ila+d) —(b—c)

The stabiliser subgroup of the point z = 0 consists of elements in GL™ (2, R) satisfying a =d and b+c =0,
i.e., the linear conformal group CO(2). Consequently, we have

D~ GL"(2,R)/ CO(2)

and we obtain a projection

o m, (28 (¢ ) 0n Temd 00

cd cd ila+d)—(b—c)
In particular, a mapping z : N — D from a smooth manifold N into D is covered by a map

1—|zf? i(z—3)
z= | +20+D) d+2(1+2)
0 1

into GL™ (2, R). Equivalently, we have 7 -0 = z or z - Z = 0, where as usual we turn the left action into a
right action by the definition z-7 :=Z7 7' . z.

Let p : Z — M denote the disk-bundle associated to the above GL* (2, R) action on [). Suppose
z: P — D represents a section of Z — M so that z is a GL" (2, R)-equivariant map. For every coframe

u € P the pair (u, z(u)) € P x D lies in the same GL™ (2, R) orbit as
(u-Z(u), z(u) - Z(u)) = (u-Z(u), 0). 4-2)

Therefore, the map z gives for every point p € M a coframe u - Z(x) which is unique up to the action of
CO(2). It follows that the bundle Z — M is isomorphic to P/ CO(2) — M, as desired.

Let Y : P x D — P be the map defined by (4-2). We will next compute the pullback of w, ¢ under Y.
Note that we may write Y = R o (Idp x 7), where R : P x GL™(2, R) — P denotes the GL™ (2, R) right
action of P. Recall the standard identities

R'o=h"'oh+h~'dh and R'w=h"'w,
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where i1 : P x GL* (2, R) = GL™" (2, R) denotes the projection onto the latter factor. From this we compute

s
wr =Y 'wo=7"'o= Lk (0 +zw), (4-3)
1—z]?

or i =TYro=7"lpz+771dz. (4-4)
We also obtain {y = Y*¢ = (pv)] — (¢1)3 +i((9v)) + (¢r)}). Writing
x =301 +92) +ief —92)),
and using (4-4), a tedious but straightforward calculation gives

2(1+72)

TP D+ 1)(dz— 3C+37 0+ —2X). (4-5)

o'

Remark 4.2. The complex-valued 1-form x is chosen so that x, x, w, ®, ¢, g: span the complex-valued
1-forms on P. Clearly, this condition does not pin down x uniquely. The particular choice is so that in
the absence of 6 the form x becomes the connection form of the Chern connection on K* upon reducing
to SM; see (4-6) below.

The complex structure on Z only depends on the projective equivalence class of V. Thus, after possibly
replacing ¢ with a projectively equivalent connection, we can assume that the torsion-free connection on
TM corresponding to ¢ is of the form D 4 B for some 1-form 6 and some cubic differential A on M. On
the unit tangent bundle SM of g the connection form of D + B takes the form (3-3). Using this equation
and reducing to SM C P yields the following identities on SM:

¢ =2a_30,
X =i — 400 —20_,6.

(4-6)
Recall, we write a3 = %Va +ia and a_3 = a3 as well as 0; = %(9 —iV0) and _; = 6,. Also, the
connection form x of the induced Weyl connection is k = i — 20, w; see (2-8). Therefore, we have
X =2k +k.

The SO(2)-action induced by (4-1) is

<,

cos¢ —sing Z_2iZCOS¢_ZZSin¢_ezi¢
sing cos¢) © 2icos¢p+2sing

and hence the equivariance property of a function z : SM — [ representing a section of Z — M becomes
(Reis)*z =e %®z; that is, 7 represents a section of K 2. Since we have a metric, we have an identification
K*~ K and hence K 2 ~ K* ® K. In particular, we may write

dz=7w+7"0o+kz—«kz 4-7)
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for unique complex-valued functions z" and z” on SM. Consequently, using (4-5), (4-6) and (4-7) we
obtain

((IZIz—l)(z-I—l)
2(1+2)

)CT =7o+7'0o+kz—Kkz—a_30+ zza3a) + 7202k +k) —zQ2Kk +«)
=+ 2o+ " —a_3)d. (4-8)

In order to connect the expressions for wy and ¢y to the condition of z representing a conformal structure
[¢] that defines a holomorphic curve into Z, we use the following elementary lemma:

Lemma 4.3. Let Z be a complex surface and w, { € Q'(Z, C) a basis for the (1,0)-forms of Z. Suppose
M C Z is a smooth surface on which w A @ is nonvanishing. Then M admits the structure of a holomorphic
curve — that is, a complex one-dimensional submanifold of Z — if and only if w A ¢ vanishes identically
on M.

Proof. Since w A @ is nonvanishing on M, the forms w and @ span the complex-valued 1-forms on M.
Since M is a complex submanifold of Z if and only if the pullback of a (1,0)-form on Z is a (1,0)-form
on M, the claim follows. 0

The reduction of P to SM identifies Z with SM xgo) D. Now suppose the conformal structure
[8]: M — Z is represented by the map z : SM — D. If v: U — SM is a local section of 7 : SM — M,
then [¢]|y : U — Z is covered by the map (Idsy x z)ov: U — SM x D. Recall that the complex structure
on Z has the property that its (1,0)-forms pull-back to become linear combinations of wy and {y. Using
the expressions (4-3) and (4-8) for the pullbacks of wy and ¢y to SM we obtain

20142
(IzP =D+ 1)

In particular, since v : U — SM is a w-section and w and @ are 7-semibasic, the pullback v*(wy A {y)

wy ANy = "=z — a3 —a_3)wnd.

vanishes if and only if wy A ¢y vanishes on 7! (U). Thus, Lemma 4.3 implies that z represents a
holomorphic curve if and only if

=z =Paz+as. (4-9)

4C. The Beltrami differential. So far we have not explicitly tied the conformal structure [g] to the
function z : SM — D representing it. In order to do this we first recall the Beltrami differential. The
choice of a metric g on M allows us to define the functions

px,v)=gw,v), r(x,v)=¢gw, Jv) and ¢g(x,v)=2g(Jv, Jv)

on SM. The orientation-compatible complex structure J on M induced by the conformal equivalence
class of ¢ has matrix representation
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In particular, we compute that the (1,0)-forms with respect to J pull-back to SM to become complex

p+q+2ypg—r?
4y pg —r?

_ (p—q)+2ir

M_
p+aq+2ypq—r?

is the Beltrami coefficient of J. Clearly, u does only depend on the conformal equivalence class [¢] of g.
Moreover, the function u represents a (0,1)-form on M with values in K* called the Beltrami differential

multiples of

w; ::%(w—ifw):( )(w—i—,uc?)), (4-10)

where

of [g], which— by abuse of language — we denote by u as well.

The reduction of P to the unit tangent bundle SM of g turns w into a basis for the (1,0)-forms
with respect to the complex structure induced by g and the orientation. The mapping z represents a
conformal structure [¢] and consequently, induces an orientation-compatible complex structure J whose
(1,0)-forms we computed in (4-3). Comparing this expression with the formula (4-10) for the Beltrami
coefficient shows that we obtain the same (1,0)-forms if and only if z = . Remember, 7’ and z” represent
the (1,0)- and (0,1)-part of the derivative of z with respect to the connection D induced by the Weyl
connection D. Furthermore, the function a3 represents the cubic differential A or equivalently, the form @,
since ®do = A and do is represented by the constant function 1 on SM. Using (4-9) and the fact that p
contains a Weyl connection with respect to [¢] if and only if [g] : M — Z is a holomorphic curve [Mettler
2014, Theorem 3], we have thus shown:

Proposition 4.4. Let (M, [g]) be a Riemann surface equipped with a projective structure p given in terms
of (D, ®). Then p contains a Weyl connection with respect to the conformal structure defined by the
Beltrami differential w if and only if

D'p—puDp=du’+o. (4-11)

Remark 4.5. In the special case where p is a properly convex projective structure, an equation equivalent
to (4-11) was previously obtained by N. Hitchin using the Higgs bundle description of p.!

As a corollary, we obtain:

Corollary 4.6. Let M be a closed oriented surface with x (M) < 0. Suppose the Weyl connections D and
D on TM are projectively equivalent. Then D = D and they preserve the same conformal structure.

Proof. Equip M with the Riemann surface structure defined by [g] and the orientation. Let p be the
projective structure defined by D (or ﬁ). The projective structure p is encoded in terms of the pair (D, 0).
Moreover, the Beltrami differential u defined by [¢] solves (4-11); that is,

D"y —puD'p=0.

IPrivate communication, August 2014.
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Now observe that 5# = D" — D’ defines a del-bar operator on K ® K* and hence (4-11) can be written
as Z_M u = 0. Therefore, u is holomorphic with respect to the holomorphic line bundle structure defined
by 9, on K ® K*. However, since x (M) < 0, the line bundle K ® K* has negative degree, so that its
only holomorphic section is the zero-section. It follows that ;« = 0 and hence [g] = [¢]. Since D and D
are projectively equivalent and preserve the same conformal structure [g], we conclude exactly as in the
proof of Proposition 3.5 that D = D. ]

Remark 4.7. The above corollary was first proved in [Mettler 2015b]. In particular, as a special case,
it also shows that on a closed surface with x (M) < 0, the unparametrised geodesics of a Riemannian
metric determine the metric up to rescaling by a positive constant. This was first observed in [Matveev
and Topalov 2000].

5. The transport equation

While the PDE (4-11) for the Beltrami differential u is natural from a complex geometry point of view, it
turns out to be advantageous to rephrase it as a transport equation on SM. The relevant transport equation
on SM can be derived using (4-11)—see the Appendix — but here we will instead take a different
approach, as it leads to a more general result about thermostats having the same unparametrised geodesics;
see Proposition 5.2.

Let g, ¢ be Riemannian metrics on M. In what follows all objects defined in terms of the metric g will
be decorated with a hat symbol. There is an obvious scaling map

Z:SM—)W, (x,v) — <x¢)

V&, v)

which is a fibre-bundle isomorphism covering the identity on M. As before we define
px,v)=8gw,v), rx,v)=8w, Jv) and g¢(x,v)=g(v, Jv).

Lemma 5.1. The pullback of the volume form © on SM is

.2
z*@:(pq r )@.
p

Proof. Since
dn(X(x,v))=v and dn(H(x,v)) =Jv,
we obtain
n*g = pw Q@wi +2rwjowy +quwr Q wy,
where we write wj o wy 1= %(a)l ® wy + wy ® wy). We first compute

(X @) (x, v) = d1(d(X (x,v) = §(L(x, v), (dF 0dO)(X(x, V)))

1
= mé(v,dn(X(x, V) =v&W,v) =./p,
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where we have used that 7 o £ = r. Likewise, we obtain

(H %) (x,v) = @1 (d0(H (x, ) = §(£(x, v), (d7F 0d)(H (x, )))

- ;é(v,dﬂ(H(x,U))): g, Jv) r

NACD) Jew.v) VP

Since @; is semibasic for the projection 77, the pullback £*®; is semibasic for the projection 7; hence
V 2 £*®, =0, so that we have
R r
£ = ﬁwl + —w». (5-1)

VP

The pullback £*®, must be a multiple of w,. Indeed, £*@, is 7-semibasic and we obtain

(X 21 €% ) (x, v) = D (dL(X (x, V) = §(JL(x, v), (dF 0d)(X (x, v)))

= ;é’(fv, dmn (X (x,v))) = sUv Y _

V&, v) V&, v)

Recall that the area form do of g satisfies 7*d6 = @1 A @7; hence

(D1 Adn) =¥ dé =V pg —r? w1 Aw,.

0.

Thus we must have

2
—qu\/ﬁra)z. (5-2)

Since the Lie derivative of 7*g with respect to V vanishes identically, we compute that V./p =r/./p.
Moreover, since v/ pg — r? is the -pullback of a function on M, we obtain

Vrg—r*\ _ rypg—r?
|74 P vyt -
NV L

Pulling back the structure equation d@w,; = —r A Gy whilst using (5-1) and (5-2) gives

vpg—r* N _ (. rypg—r? Vg —r?
—wm | =lav) — ———V | A0y — ——
Jp PP

~ ~ r
= —Z*lﬁ /\Z*é)l = —E*W A ( pw + —0)2)
VP NG

for some unique real-valued function a on SM. Comparing the coefficients in the above equations, it
follows that

Cén =

' (dwn) =d(l*an) = d(

, pg—r?

Y = awy + bwn + ¥ (5-3)

for some unique real-valued functions a, b on SM. In particular, we obtain

pg—r?

K*@:E*(é\)l/\d)z/\l}):< )a)l/\w2/\w,

as claimed. |
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We use this lemma to derive the following observation about general thermostats:

Proposition 5.2. If two thermostats determined by pairs (g, 1) and (g, ):) have the same unparametrised
geodesics, then

2
S0 pq—r

As an immediate application we obtain the following classical fact:

Corollary 5.3. Let g and g be two Riemannian metrics on M having the same unparametrised geodesics.
Then p/(pq —r*)?/3 is an integral for the geodesic flow of g.

Proof. This special case corresponds to A = A =0 and hence Proposition 5.2 implies

2 _22\2/3

pqg—r 3 P 3(pg—r°) p

0=X1 = 2Xlog| —F—_)=-2 X . O
Og( p3/? ) 2 Og((pq—r2)2/3) 2 p ((pq—r2)2/3>

In order to prove Proposition 5.2 we also recall a general lemma whose proof is elementary and thus

omitted.
Lemma 5.4. Let X be a vector field on a manifold M with volume form Q. Let f and s > 0 be smooth
functions. Then

Divo(fX)=Xf+ fDivg X and Divsq(X)= Xlogs+ Divg X.

Proof of Proposition 5.2. This follows from Lemmas 5.1 and 5.4 and the key fact that if the thermostats
have the same unparametrised geodesics then
¢F= L F (5-4)
VP

To see the last equality, note that we can rephrase the hypothesis as follows. There is a smooth function
7:SM x R — R implementing the time change so that

€0 Pexun (¥, v) = § 0 L(x, V).
Differentiating this with respect to ¢ and setting ¢ = 0 gives
de(fF)=Fol,
where J
[ v) = —pr e v, Dli=o.
To check that f has the desired form, apply d7 to the last equation to get fv =1v/\/g(v, v).
Writing s := (pg — r?)/p and taking the divergence of (5-4) with respect to "0 = 5O gives
Divye (y/p £*F) = ((*F)/p + /P Divse (L*F)

= (1//P)F /P + /P Divpg(t*F)

= F(log \/p) 4+ /p(Divg F) o ¢

= Divgg F = F logs + Divg F,
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where we have used Lemma 5.4. Since Divg F = VA and Divg F = V2, this last equation is equivalent to

~A S
Viot)=F1 — |+ VA,
Vp( ) Og(ﬁ)

which proves the claim. U

Remark 5.5. Note that the crucial identity (5-4) also follows from a different argument. Since the orbits
of Fand F project onto the same unparametrised curves, there must exist a smooth function w on SM,
so that £*F = wF. From (5-1), (5-2) and (5-3), we compute

—~ 1 a ~
e Lx WPy oad e P

VP \pg—r? Vpg—r’

from which one immediately obtains w = 1/,/p.

Va

A special case of Proposition 5.2 is the following:

Corollary 5.6. Suppose the projective thermostat associated to the pair (g, A) = (g,a — V0) has the
same unparametrised geodesics as the Weyl connection D defined by (g, o). Then

—2 %\ (pg =273
satisfies the transport equation
Fu=Va+p, (5-5)

where B =60 — a.
Proof. Applying Proposition 5.2 in the special case A =a — V6 and A=—Va gives

2
~ pq—r
—ﬁ(VVaoE):ﬁ(aof):Flog( PEE >+V(a—V9),

the left-hand side of which is simply «, thought of as a function on SM. Hence we obtain

2
pqg—r
-%Va+9—a>=Fﬁ%(j;ﬁ—)=I%—amgp—%mﬂpq—ﬂn)=—Fm

as claimed. |

6. The tensor tomography result

In this final section we prove a vanishing theorem for the transport equation Fu = Va + f, provided
the triple (g, A, 0) defining F satisfies certain conditions. Recall that every properly convex projective
structure p arises from a triple (g, A, 0) satisfying

K,=—1+2|A]; and 9A=0.

In particular, we would like to conclude that if such a p contains a Weyl connection, then A must vanish
identically and hence p is hyperbolic. It turns out that one can prove a more general vanishing theorem
for a class of thermostats arising from a triple (g, A, ) where A is a differential of degree m > 3 on M,
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that is, a section of K™. Suppose A € I'(K™). Like in the case m = 3 there exists a unique smooth
real-valued function a on SM lying in H_,,, ® H,,, so that 7*A = (V(a)/m +ia)w™. In particular, to a
triple (g, A, ) we may associate the thermostat F = X 4+ (a — V) V. We now have:

Theorem 6.1. Let M be a closed oriented surface and (g, A, 0) be a triple satisfying
0A=(5m—1)O0—i*0)®A and K,—38,0+2—m)|Al}<O.

Let F denote the vector field of the thermostat determined by (g, A, 0). Suppose there is a 1-form
B € QY (M) and a function u € C*°(SM) such that

Fu=Va+8.
Then A =0 and B is exact.

Let us first verify that this gives the desired statement.

Corollary 6.2. Let (M, p) be a closed oriented properly convex projective surface with x (M) < 0 and
with p containing a Weyl connection D. Then p is hyperbolic and moreover D is the Levi-Civita connection
of the hyperbolic metric.

Proof. By a result of [Calabi 1972], if m = 3 and (g, A) satisfy
K, =—142|A]; and 0A=0,

then K, < 0. In particular, the triple (g, A, 0) satisfies the assumptions of Theorem 6.1, and Corollary 5.6
implies that we have a solution u to the transport equation Fu = Va + B. Hence the theorem gives right
away that A vanishes identically and hence p is hyperbolic. In particular, the Levi-Civita connection 8V
of the hyperbolic metric and the connection D both lie in p and hence are projectively equivalent, but this
can happen if and only if ¢V =D, by Corollary 4.6. ]

Remark 6.3. In [Mettler 2019] the notion of a minimal Lagrangian connection is introduced. These are
torsion-free connections on TM of the form V =D + B, where (g, A, 6) defining D and B are subject to
the equations

Kg—8,0=—1+2|A}, 0A=(0—ix0)®A, db=0.

In particular, on a closed oriented surface of negative Euler characteristic every properly convex projective
structure arises from a minimal Lagrangian connection. Another immediate consequence of Theorem 6.1
and Corollary 4.6 thus is:

Corollary 6.4. Let M be a closed oriented surface of negative Euler characteristic and V a minimal
Lagrangian connection arising from the triple (g, A, 0). Suppose |A|§, < 1 and that V is projectively
equivalent to a Weyl connection D. Then A vanishes identically and hence V = D.

In order to show the theorem we use the following L? identity proved in [Jane and Paternain 2009,
equation (5)], which is in turn an extension of an identity in [Sharafutdinov and Uhlmann 2000] for
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geodesic flows. The identity holds for arbitrary thermostats F = X +AV. If we let H, := H 4 cV, where
¢ : SM — R is any smooth function, then

2(Heu, VFu) = |Ful® + || Heu|* — (Fc+c* + Ky — HoA+ 22, (Vu)?), (6-1)

where u is any smooth function. All norms and inner products are L> with respect to the volume form ©.
We also need the following lemma whose proof is a straightforward calculation (see [Mettler and
Paternain 2019, Lemma 4.1] for a proof).

Lemma 6.5. We have
IA=(3m—1)O —ix0)®A
if and only if
XVa—mHa— (m—1)0Va—maVO)=0.
Proof of Theorem 6.1. Without loss of generality we may assume that 8 has zero divergence. Indeed if not,
a standard application of scalar elliptic PDE theory shows that we can always find a smooth function &
on M such that 8 + dh has zero divergence. Now note that F(u +h) = Va+ B8 +dh.
A calculation shows that if we pick ¢ =6 + V (a)/m, then
Fe+c®+Kg— Hh+27 =Ky — 8,0+ (1 —m)|A[Z,
where we use that
T A[ = (Va)’/m* +a*> and 7*8,0 = —(X0 + HV0);
hence for this choice of ¢, (6-1) simplifies to
2(Heu, VFu) = ||AlyVul? = | Full® + | Hou||* — (Kg — 8,6 + (2 — m)|A[3, (Vu)?). (6-2)
If Fu=Va+p, then VFu = —m?a+ VB. Using that X and H preserve ® and that XVa —mHa —
(m—1)(Va—maVe)=0 we compute
2(Hou, —m*a) = —2m*(Hu, a) — 2m*(cVu, a)

= 2m2(u, Ha) — 2m2(cVu, a)

= —2m*(Xu, V(a)/m) —2m(m — 1) {(u,0Va —maV ) —2m*(cVu, a)

= —2m||Val?® = —2m*|al?,
where the last equation is obtained using that Xu =8+Va—(a—V60)Vu, (B, Va)=0andc=60+V (a)/m.

Using that X and H preserve ® and that X8 + HV B = 0 (B is assumed to have zero divergence) we

compute
2(H.u,VB) =2(Hu, VB)+2(cVu, VB)

=—2(u, HVB) +2(cVu, VB)
= —2(Xu, B)+2{(cVu, VB)

= =2|IBII> +2((@a = VO)Vu, B) +2(cVu, VB)
= —2||BII* +2(aVu, B) +2{(VaVu)/m, VB),
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where the penultimate equation is obtained using that Xu = 8+ Va — (a—V60)Vu and (B, Va) =0. The
last equation uses that c =0 4 V (a)/m and

V@V —Vep) =0.
Inserting these calculations back into (6-2), we derive
—2m’ |la|)* = 2[|BII* + 2(aVu, B) +2{(VaVu)/m, VB) — ||| Al Vul|?
= | Full®> + | Heul* — (Kg — 8,6 + (2 — m)|A[}, (Vu)?).
Since |A|§ = a’ + (Va)*/m? this can be rewritten as
—2m’|la* =B —aVul> = |VB—VaVu/m|* = ||Ful*+ || Heu|* — (Ky — 8,60 + 2 —m)|A[}, (Vu)?),

where we have used that || 8> = || VB> By hypothesis the right-hand side is > 0, which gives right
away thata = 8 =0. (Il

Appendix: Deriving the transport equation

Here we sketch how to derive the transport equation for the function u starting from the PDE
D'p—puDp=ou’+o

for the Beltrami differential . Let (g, A, 6) be the triple encoding p so that the connection form of D on
SM is (see (2-8)) k =iy — 20w, where we write 6] = %(0 —iV8). Moreover, on SM the section ® of
K?® K* is represented by a3 = %Va +ia, where a(v) =Re A(Jv, Jv, Jv), v e SM. Writing u_, for
the complex-valued function on SM representing the Beltrami differential « and w, = i—», the PDE for
W is equivalent to

dp—r=p 0+ (uoop s +asp’, +a3)o +ikp_o —kp_a,

where ', is a complex-valued function on SM. Since j_, represents a section of K®K*~K™2,
writing ny = %(X FiH) we also have

dp— =n1(H-2)w+n-—(u—2)d —2ipn_2y.

Thus the PDE is equivalent to the system

N_—d — Koot fhop = a3 5 — 207501 — 2 _20) + a3 (A-1)
and Vu_p = —2iu_,. The Beltrami differential only defines a conformal equivalence class [¢]. We may
fix a metric g € [¢] by requiring

Lp+q) =12l al
: (1 =2
where again we specify the metric ¢ in terms of the functions p, ¢, r. Explicitly, we have
Lp—gq) = Patpr g =)
: (1= lpa®* (1= lpa®*
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In particular, this yields

= (pq—+)2/3 =(u-—2+ D(u2+1).

Writing F = X + (a — V6)V and using (A-1), a lengthy but straightforward calculation shows that
Fh = %h Va+2h Re(a3u%2 — U2a_3 — 22601+ Ny L_2).
Hence if we define u = % log h, then we obtain
Fu—Va=3Re(asu’, — poa—3 — 2p20_1 + 04 p—2).

Note that the right-hand side of the last equation lies in #_; @ #i; hence there exists a 1-form 8 on M
so that

Fu=Va+8,

which is the transport equation (5-5).
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