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ESTIMATES FOR THE NAVIER-STOKES EQUATIONS
IN THE HALF-SPACE FOR NONLOCALIZED DATA

YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE

This paper is devoted to the study of the Stokes and Navier—Stokes equations, in a half-space, for initial
data in a class of locally uniform Lebesgue integrable functions, namely LZIOC_J(IRi). We prove the
analyticity of the Stokes semigroup ¢4 in LY, . (R%) for I < ¢ < oo. This follows from the analysis of
the Stokes resolvent problem for data in LZIOC,U ([R‘fr), 1 < g < oo. We then prove bilinear estimates for the
Oseen kernel, which enables us to prove the existence of mild solutions. The three main original aspects
of our contribution are: the proof of Liouville theorems for the resolvent problem and the time-dependent
Stokes system under weak integrability conditions, the proof of pressure estimates in the half-space,
and the proof of a concentration result for blow-up solutions of the Navier—Stokes equations. This

concentration result improves a recent result by Li, Ozawa and Wang and provides a new proof.

1. Introduction

This paper is devoted to the study of fluid equations in the half-space Ri. Our goal is two-fold. First

we show the analyticity of the Stokes semigroup for data belonging to the locally uniform Lebesgue

q
uloc,o

on the boundary; a precise definition is given below in Section 2B). Second we prove optimal bounds

space L ([R{‘i) for 1 < g < oo (uniformly locally in L?, divergence-free and normal component zero
for the Oseen kernel e APV - and get as a by-product the short-time existence of mild solutions to the
Navier—Stokes system with no-slip boundary conditions

Ju—Au+Vp=—-V-u®u), V-u=0 in(0,T)xRZ,
u=0 on(0,T)x IR, ulimo =uo in IRL

-1

q
uloc,o

scale-critical L¢ norm for blow-up solutions of the Navier—Stokes equations.

for nonlocalized initial data ug € L (Ri), g > d. Our results directly yield the concentration of the

1A. Outline of our results. Our analysis relies on the study of the Stokes resolvent problem. The first

subsection below contains our main result in this direction. This enables (see second subsection) to prove

q
uloc,o

the bilinear estimates for the Oseen kernel, which allow the study of mild solutions in a way that is

the analyticity of the Stokes semigroup in L for g € (1, co]. We then (third subsection below) state

standard since [Fujita and Kato 1964]. We state the concentration result. The fourth subsection is devoted
to the Liouville theorems proved in Appendices A and B.
MSC2010: primary 35A01, 35A02, 35B44, 35B53, 35Q30; secondary 35C99, 76D03, 76D05.

Keywords: Navier—Stokes equations, resolvent estimates, analyticity, Stokes semigroup, local uniform Lebesgue spaces, mild
solutions, concentration, Liouville theorems, pressure, half-space.
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946 YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE

Let us emphasize three aspects of our results, which we believe are the most original. First, our
Liouville theorems for the resolvent problem and the time-dependent Stokes system hold under weak
integrability conditions. Second, we prove pressure estimates in the half-space, which are key to our
analysis of local energy weak solutions in [Maekawa et al. 2019]. Third, we show a concentration
phenomenon for blow-up solutions of the Navier—Stokes equations. Our result improves a recent result
by Li, Ozawa and Wang [Li et al. 2018] and provides a new proof. These aspects are discussed more
extensively in [Prange 2018].

Stokes resolvent problem. The following statements are the main tools of the rest of the paper. A
considerable part of our work is concerned with estimates for the resolvent problem for the (stationary)
Stokes system

{Au—Au+Vp:f, V-u=0 ian{i, (1-2)

u=0 ona[R{fl|r

for nonlocalized data f in the class Lzloc’ U(Ri) for 1 < g < oo.

Theorem 1. Let 1 < g < oo, ¢ > 0. Let A be a complex number in the sector Sy _¢. Let f € Lzloc’g (Ri).

Then there exist C(d, €, q) < oo (independent of A) and a unique solution (u,Vp) € LI (Ri)d X

uloc

Lllﬂoc([Ri)d to (1-2) in the sense of distributions. Moreover, this unique solution is such that u €

Wyd (RL) and

0,uloc
Mlullzs 12 1Vulls < Clfllgg, s (1-3)
IV2%ulls + 1Pl < CA+e ™ log A flls  forq # oo, (1-4)
and
Rli_)ﬁéo IV' Pl Lt ei<1, R<xg<r41) = O (1-5)

Moreover, for1l <qg=p <oocorl <q < p <oo satisfying 1/qg —1/p < 1/d, there exists a constant
C(, e, q, p) < oo (independent of A) such that

lullp < CIAIT A+ A @A £ (1-6)

uloc

IVullr < CIAITY2A 4 @Dy ) (1-7)

uloc

Theorem 1 is proved in Section 4.

Uniqueness comes from the condition (1-5) which eliminates the parasitic solutions of our Liouville-
type result, Theorem 4, which is proved in Appendix A. Condition (1-5) is easily verified for the pressure
represented via the integral formulas of Section 2C. With Theorem 1, one can define the resolvent operator
R(A) = (A+ A)~! on the sector S,_, for given ¢ > 0. As is classical, the bounds on the solution to the
resolvent problem are crucial to estimate the semigroup. The mixed p, g bounds (1-6) and (1-7) are
particularly important in view of the study of the nonlinear term in the Navier—Stokes equations. Let us
comment on two points. First, we are not able to remove the |log(})| loss for small A in (1-4). We are
ignorant as to whether there is a real obstruction or if this is just a technical issue. Second, the estimate
(1-3) fails for g = 1. This is a fundamental point, which was already observed in the case of L! (Ri)
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by Desch, Hieber and Priiss [Desch et al. 2001]. It is specific to the case of [Ri‘_j|r as opposed to RY. We
comment more on this below.

Stokes semigroup. Let A be the Stokes operator realized in LI i) (for precise definitions, see

uloc, a
Section 5). Time-dependent estimates for the semigroup are derived from the resolvent bounds using

classical techniques from complex analysis.
Theorem 2. Let 1 < g < 0o. Then —A generates a bounded analytic semigroup in Lu]Oc U([R{ ).

More precise statements (and their proofs) along with global-in-time estimates for the linear Stokes
dynamic are given in Section 5; see in particular Propositions 5.2 and 5.3. Again, because of the failure of

(1-3) when g = 1, —A fails to generate an analytic semigroup in L! ([R ). This is due to the presence

uloc,o

of the boundary.

Bilinear estimates, mild solutions and concentration for blow-up solutions. Our main result is the follow-
ing bilinear estimate, from which the short-time existence of mild solutions follows as a corollary.

Theorem B.letl <g<p<ooorl<g< p<ooandlet A be the Stokes operator realized in
(R ). Then fora =0,1andt >0

uloc o
IVee PV - @)l p < Ct= TR @DWaYD L1 lu@ul e (1-8)
Ve PV - @@l g, < Crm 2wVl + vVulg, ). (1-9)

Estimates (1-8) and (1-9) are valid also for g = 1.

The proof of Theorem 3 is given in Section 6. The function e APV - (u ® v) is expressed in terms of
the integral over [Ri with some kernels satisfying suitable pointwise estimates, and such a representation
itself is well-defined and satisfies (1-8) and (1-9) even for the case ¢ = 1, though we do not have the
analyticity of the semigroup {e~/4};>¢ in Luloc - ([R ).

There is quite some work to go from the semigroup bounds on e~*4 to the bounds on e APV - of
Theorem 3, which are needed to solve the Navier—Stokes equations. Two of the key difficulties are making

sense of the action of e 74PV . on L functions, since the Helmholtz—Leray projection does not

uloc,o

act as a bounded operator on L/ : and the noncommutativity of vertical derivatives and the symbol (in

uloc?
tangential Fourier) for the projection P.

The existence of mild solutions for initial data ug € quoc »» 4 >d, is stated in Propositions 7.1 and 7.2
in Section 7. Once the bilinear estimate of Theorem 3 is established, the local-in-time existence of mild
solutions can be shown by the standard arguments. It is not our objective to include a deeper discussion
of the mild solutions here. We only note that the pressure p associated to the mild solution u can be
constructed so that the pair (u, p) satisfies (1-1) in the sense of distributions; see [Maekawa et al. 2019] for
the details. Many other issues, such as the convergence to the initial data, are similar in the half-space and
the whole space. Hence we simply refer to [Maekawa and Terasawa 2006] where a thorough discussion
is carried out.

As an application of the well-posedness in LY o+ 4 > d, we study the behavior of the blow-up

uloc,

solution. Here a solution u# € C((0, Ty); Lgo([R{Jr)) blows up at t = T if lim SUps47, |l (t)|| Lo = 00. Leray
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[1934] proved a lower bound for the blow-up solutions in R? of the form

() 1 > \/% for t <T,. (1-10)
More recently lower bounds for scale-critical norms of the blow-up solution have been also studied
extensively. It was shown in [Barker and Seregin 2015] that lim,_, 7, ||u(?)|| L®) = . On the other
hand, in [Li et al. 2018] a lower bound for the local L¢ norm along the parabolic cone for the blow-up
solutions is shown. More precisely, it is proved that there exists a sequence (x,, f,) € R3 x (0, T) such
that [[u(tn) | La(x, +0.coTi=5;)?) = €- This can be seen as a concentration phenomenon of the critical norm
at the blow-up time. In the same work, concentration results along the parabolic cone are also proved
for L9 norms, g > d, along a discrete sequence of times. To the best of our knowledge, this type of
concentration result is new for the Navier—Stokes equations, even in the whole space R4, While in [Li
et al. 2018] the concentration results are proved via a clever use of frequency decomposition techniques,
it occurred to us that they are simple consequences of the existence of mild solutions in Lﬁloc. As a direct
consequence of the well-posedness result, we thus have the following corollary.

Corollary 1.1. For all g > d, there exists a positive constant y < oo such that for all 0 < T, < o0, for
allu e C((0, Ty); L(‘;O(Ri)) mild solutions to (1-1), if u blows up at t = T, then for all t € (0, Ty), there
exists x(t) € [F\R‘_i|r with the estimate

14
W Lo xry- 12— = (T, — 1)1/2(=d/q)°

This corollary is proved in Section 7C. Our result also holds for R instead of Ri and seems to be
new even in that case. It obviously includes the concentration of the scale-critical norm L?. It improves
Theorem 1.2 in [Li et al. 2018] in the sense that the concentration holds not only along a sequence of
times t, — T, but for all times ¢ € (0, T,). Moreover, our method gives a new and simple proof of this
type of result, which appears to be a nice application of the existence of mild solutions in the LZIOC setting.

Liouville theorems. Here we give a uniqueness result to (1-2) in our functional framework. This Liouville
theorem is the counterpart for the resolvent system to the Liouville theorem for the unsteady Stokes
system in the half-space proved in [Jia et al. 2012] and crucial for the uniqueness part of Theorem 1.

Theorem 4. (i) Let A € Sy_. withe € (0, ). Let (u, Vp)e Ll (RD)I x L]

uloc uloc

(R with p e L . (RL)

loc

be a solution to (1-2) with f = 0 in the sense of distributions. Then (u, V p) is a parasitic solution;
ie,u=(a'(xg),0) and p=D-x"+c. Hered (xq) = (ai(xq),...,aq—1(xq))" is smooth and
bounded and its trace at x; = 0 is zero, while D € C1 is a constant vector and ¢ € C is a constant.
If either img 00 V' Pl L1(1x/)<1, R<xy<r+1) = 0 0r limyy oo [[te]] 1=y <1, 1<xy <2) = O in addition,
then p is a constant and u = 0.

(ii) Let (u,Vp) € L} (R x L}

uloc uloc

(RL)? with p € Ly, (RL) be a solution to (1-2) with . = 0 and

loc
f =0 in the sense of distributions. Then u =0 and p is a constant.
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The proof of this theorem is given in Appendix A. By using a similar argument we shall show a
uniqueness result for the time-dependent Stokes problem

du—Au+Vp=f V-u=0 in(0,T)xRZ, (L-11)
u=0 on(0,T) xR, uli—o =uo in IRL.
Compared with the known Liouville theorem by [Jia et al. 2012] for bounded solutions, our result imposes
the condition on the pressure, while the regularity condition on the velocity is weaker than in [Jia et al.

2012]. This framework will be useful in the study of the local energy weak solutions.

Theorem 5. Let (u, Vp) be a solution to (1-11) in the sense of distributions with uy = f = 0. Then
(u, Vp) is a parasitic solution; i.e., u(t,x) = (a'(t,x4),0)" and p(t,x) = D(t) - x' + c(t). Here
d'(t,xg) = (@(t,xa), ..., a4-1(t, x2)) " with a; € L}, (10, T) x RL), while D € L (0, T)!~" and

loc loc

c € L} (0, T). If either
T
lim f IV PO <1 Rergeriny dE =0 for all § € (0,T)
- S
or

T
/111‘1’1 f ”u(t)”Ll(\x’fy’kl,l<xd<2) dr=0
[y'[—=o0 Jo

in addition, then p is a constant and u = Q.

This theorem is proved in Appendix B. There we state precisely the notion of solutions to (1-11). To
our knowledge, these two Liouville-type results, Theorems 4 and 5, are new under these assumptions.

1B. Comparison to other works. We give an overview of some works related to our result. Although
we try to give a faithful account of the state of the art of the study of fluid equations (mainly Stokes and
Navier—Stokes systems) with infinite energy or nonlocalized data, we are very far from being exhaustive
in our description. We divide the description into three parts: first we deal with the class of bounded
functions, second we handle the class of locally uniform Lebesgue spaces and finally we describe some
differences between the whole space and the half-space.

A common feature of the analysis in LS° and L/

uloc,o
on Stokes and Navier—Stokes equations. This appears at several levels. Firstly, there is of course no global

is the failure of classical techniques used in works

energy inequality. The substitute is a local energy inequality, which involves the pressure. Hence one
has to obtain precise information on the pressure. Secondly, there is obviously no uniqueness for flows
with infinite energy. This is due to flows driven by the pressure (solving the Stokes and Navier—Stokes
equations), such as in the whole space RY

u(x,t):=f@) and p(x,1):=—f"(t)-x,
or in the half-space Ri

u(x,t) = Wi(xq,1),...,v4-1(xq,1),0) and p(x,1):=—f()-x',

where f € C3°((0, 00); RY~1) and v(xy, 1) solves the heat equation 0,v — 8§v = f with v(0,¢) = 0.
Hence, one has to handle or eliminate these parasitic solutions. Thirdly, even in the instance where flows
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driven by the pressure are ruled out, one needs to make sense of a representation formula for the pressure.
Indeed the source term in the elliptic equation for the pressure,

—Ap=V-(V-(u®u)),

is nonlocalized, and thus a priori nondecaying at infinity. Fourthly, the Helmholtz—Leray projection

is not bounded on L or on Lgloc,

This makes the study of the mapping properties of the Stokes operator A, which is usually defined as

basically because the Riesz transform does not map L*° into itself.

A = —PAp, where P is the Helmholtz—Leray projection and A p the Dirichlet Laplacian, particularly
delicate.

Bounded functions. From the point of view of both the results and the techniques, the main source of
inspiration of the linear Stokes estimates is the paper by Desch, Hieber and Priiss [Desch et al. 2001].
This paper is concerned with the study of the Stokes semigroup in the half-space, in particular in the
class of bounded functions. The authors prove the analyticity of the Stokes semigroup in LZ(Ri) for
1 < g < oo. The case of 1 < g < oo was previously known. Their approach is based on the study of the
Stokes resolvent problem (1-2). In order to circumvent the use of the Helmholtz—Leray projection, one of
the key ideas is to decompose the resolvent operator into a part corresponding to the Dirichlet-Laplace
part and another part associated with the nonlocal pressure term

(A+A) " =Rpr (W) + Ry (V).

Our work uses the same idea, but we need more precise estimates on the kernels than the mere L! bounds
proved in [Desch et al. 2001, Section 3], which are not enough for our purposes.

The L theory for the Stokes equations has recently been advanced thanks to a series of works by Abe,
Giga and Hieber. In [Abe and Giga 2013], the Stokes semigroup is proved to be analytic via an original (in
this context) compactness (or blow-up) method in admissible domains, which include bounded domains
and the half-space. In these domains a bound on the pressure holds, which excludes the parasitic solutions
previously mentioned. However, an intrinsic drawback of the compactness argument is that it only gives
an L* bound on the solution for times 0 < ¢t < Ty, with Ty depending only on the domain. The papers
[Abe 2016; Abe and Giga 2014] build on the same method. Concerning the resolvent problem, it was
considered in [Abe et al. 2015a] by a localization argument, which boils down to applying locally the L?
theory and interpolating to get a control in L*°. These developments enabled the investigation of blow-up
rates (1-10) in L*° for potential singularities in the solutions of the Navier—Stokes equations [Abe 2015].

Locally uniform Lebesgue spaces. The locally uniform Lebesgue spaces LZloc form a wider class of
functions than L. They include a richer spectrum of behaviors, obviously allowing for some singular
behavior (homogeneous functions slowly decaying at co) or nondecaying functions such as locally L?
periodic or almost-periodic functions. The main advantage of this class is that it is easy to define and
visualize, while it includes various class of functions as mentioned above. In the operator-theoretical point
of view, another advantage is that we can characterize the domain of the Stokes operator in the Lﬁloc spaces
if 1 < g < oo (see Section 5), which is hard to expect in the L> framework even for the Laplace operator.
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q
uloc

context of pseudodifferential calculus. Indeed, there is no obvious characterization in Fourier space, which

On the other hand, the main and major drawback is that the L, . functions are difficult to handle in the
makes it difficult to straightly analyze the action of Fourier symbols. Most of the time, one has to first derive
kernel bounds for the symbols in physical space, before estimating the Lzloc norms. Many equations have
been studied in the framework of loc-uniform spaces. Without aiming at exhaustivity, let us mention some
works parabolic-type equations: on linear parabolic equations [Arrieta et al. 2004], on Ginzburg—Landau
equations [Mielke and Schneider 1995; Ginibre and Velo 1997] and on reaction-diffusion equations
[Cholewa and Dlotko 2004]. We refer to these works for basic properties of the space LZIQC'

The study of the Stokes semigroup and the application to the existence of mild solutions to the Navier—
Zloc,a(Rd ), q > d, was carried out in [Maekawa and Terasawa
2006]. Regarding the existence of weak solutions for initial data in Lﬁloc, o
inequality, the so-called suitable weak solutions it was handled in [Lemarié-Rieusset 2002, Chapter 32
and 33]. This result was also worked out in [Kikuchi and Seregin 2007]. Existence of these local energy
solutions is the key to the blow-up of the L norm criteria at the blow-up time proved in [Seregin 2012]

Stokes equations with initial data ug € L
(R?) satisfying the local energy

for the three-dimensional Navier—Stokes equations and also to the construction of the forward self-similar
solutions in [Jia and Sverdk 2014].

Whole space vs. half-space. Fewer results are proved for the half-space and more generally for unbounded
domains with (unbounded) boundaries. Let us emphasize some phenomena related to the presence of
boundaries.

A striking feature of the half-space case is the failure of L' ([R{i) estimates, for the resolvent problem
as well as the semigroup. This fact was proved in [Desch et al. 2001, Section 5]. In the whole space,
the Stokes semigroup is known to be analytic even for ¢ = 1; see [Maekawa and Terasawa 2006]. As
underlined in [Desch et al. 2001], one should relate this lack of analyticity in L' to the nonexistence
of local mild solutions to the Navier—Stokes equations in L' for an exterior domain [Kozono 1998].
Existence of such solutions would imply that the total force acting on the boundary is zero.

On a different note, the Helmholtz decomposition may fail even in L? for some 1 < g < oo for smooth
sector-like domains with sufficiently large opening; see [Galdi 2011, Remark III.1.3]. On the contrary, the
decomposition is known to hold for any 1 < g < 0o, for any smooth domain with compact boundary, for the
half-space and the whole space; see [Galdi 2011, Theorem III.1.2]. The definition of the Stokes semigroup
in L4 spaces for finite ¢ in non-Helmholtz sector-like domains was recently addressed in [Abe et al. 2015b].

The works of Abe and Giga, notably [Abe and Giga 2013], aim at extending results known for the
Stokes semigroup in L?(Ri) to more general domains with boundaries. They introduce a class of
admissible domains (which includes smooth bounded domains and [R{i) in which the analyticity of the
Stokes semigroup holds in L3°. This work however says nothing in general about the long-time behavior
of the linear Stokes dynamics. Indeed the L°° bound for the Stokes dynamics is true only on a time
interval (0, 7p), with Ty depending only on the domain. Notice that 7o = oo for smooth bounded domains
and for the half-space. Regarding the existence of mild solutions to the Navier—Stokes equations in the
half-space for bounded data, let us mention [Solonnikov 2003] (initial data bounded and continuous) and
[Bae and Jin 2012] (initial data in just bounded). These works are based on direct estimates on the kernels
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of the nonstationary Stokes system. Our approach for the solvability of the Navier—Stokes equations in

the nonlocalized class L! (Rﬁ) is based on the analysis of the bilinear operator

uloc,o
U, v) ~> A+ A)"'PV- ), (1-12)

from which we derive bounds for the unsteady problem. A key issue of the half-space as opposed to the
whole space is the noncommutativity of [P and vertical derivatives d; (the commutation with tangential
derivatives does work). This prompts the need to integrate by parts in the vertical direction so as to
analyze (1-12) (see Section 6B below).

To finish this overview, let us mention that stationary Stokes, Stokes—Coriolis and Navier—Stokes—
Coriolis systems with infinite-energy Dirichlet boundary condition were also considered in the context of
boundary layer theory. The domain is usually a perturbed half-space with a highly oscillating boundary
xq4 > (x"). The results of [Dalibard and Prange 2014; Dalibard and Gérard-Varet 2017] are well-posedness
results in the class of Sobolev functions with locally uniform L? integrability in the tangential variable and
L? integrability in the vertical variable. The main challenges are first the bumpiness of the boundary, which
prevents from using the Fourier transform close to the boundary and second the lack of a priori bounds
on the function itself, which requires reliance on Poincaré-type inequalities. The reader is also referred
to [Geissert and Giga 2008], where the Stokes resolvent equations in the exterior domain are analyzed
in the Lﬁloc space. In [Geissert and Giga 2008] the compactness of the boundary is essentially used.

1C. Overview of the paper. In Section 2, the reader can find standard notations used throughout the
paper, the definitions of the functional spaces as well as the computation of the Fourier symbols for the
resolvent problem. As stated above, we rely on the decomposition of the solution to the resolvent problem
into a part corresponding to the solution of the Dirichlet-Laplace problem and a part associated with
the nonlocal pressure. Section 3 is devoted to getting pointwise bounds on the kernels for the resolvent
problem defined in the physical space. In this regard, Lemma 3.1 is the basic tool so as to get the optimal
pointwise estimates. These bounds on the kernels stated in Proposition 3.2 (local Dirichlet-Laplace part),
Proposition 3.5 (nonlocal pressure part) and Proposition 3.7 (pressure) form an essential part of our work.
They are indispensable for the estimates in Lzloc obtained in Section 4. In this section, Theorem 1 is
proved. The next section, Section 5 establishes the analyticity of the Stokes semigroup (Theorem 2) along
with the bounds on the longtime dynamic of the linear Stokes equation stated in Proposition 5.3. Section 6
contains the crucial bilinear estimates (Proposition 6.4 and Theorem 3) needed to prove the existence of
mild solutions to the Navier—Stokes equations (1-1). The proofs of Proposition 7.1, Proposition 7.2 and
Corollary 1.1 are given in Section 7. Appendix A is concerned with the proof of the Liouville-type result
of Theorem 4 for the resolvent problem (1-2). The Liouville theorem for the nonsteady Stokes system,
Theorem 5, is proved in Appendix B.

2. Preliminaries

2A. Notation. Throughout the paper (unless stated otherwise), the small Greek letters «, 8, y, ¢, 1
usually denote integers or multi-indices, and ¢, 8, ¥ > 0 denote small positive real numbers. When it is
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clear from the context, we also sometimes use Einstein’s summation convention for repeated indices. For
(x, x4) € RZ, x" € R?~! is the tangential component, while x, is the vertical one. The complex scalar
number A € C belongs to the sector

Se_e:={pe®  p>0,0ec[—7+e,7—¢]} CC,
with ¢ fixed in (0, 7). For £ € RY~!, we define
() ==V A+ 5% (2-1)

The following inequality is used repeatedly in the paper: there exists a constant C(g) < oo such that, for
all A € Sy_, for all £ e R4,

|wp(€)] = Re(wx(§)) = C(A|'* + [£]).
Finally, let us fix our convention for the Fourier transform: for & € R4-1

() :=/ e EY () dx’
Rd—1

for u € S(RY~1). The inverse Fourier transform is defined by

1
/ V() dE
Rd—1

(Zn)d—l
for i € S(R?~"). Both the Fourier transform and its inverse are naturally extended to S’ (R?~!) by duality.
The definitions of the functional spaces are given in the next paragraph.

u(x') =

2B. Functional setting and notion of solutions. The results of the paper take place in the class LulOC(IR )
of uniformly locally L? functions. More precisely,

Lioe(®) = {1 € L (®))

sup (L fllLrp+0,1y4) < OO}'
neZd*' X2 >0

Let us define the space L” ([R ) of solenoidal vector fields in L?,

uloc,o uloc @

LYo (RD) {f eLl (R /Rd f-Vedx =0 forany ¢ € C§° (R+)} (2-2)
+

Notice that this definition encodes both the fact that f is divergence-free in the sense of distributions (take
test functions ¢ € C, OO(IR )) and the fact that f; vanishes on B[Rd As usual, WLp ([R{ Yforl<p' <00

uloc

(Ri), where p’ is the Holder conjugate of 1 < p <oo, 1=1/p+1/p'. It

D gy < Oo}'

?7€de1 XZZ()

denotes the dual space of L/ _

is defined as
WLSIOC(R ) = {g € Lloc(R )

As is usual BUC([R?i) denotes the space of bounded uniformly continuous functions, and

BUC, (R%) = {f e BUCRY)? | div f =0, f]y,—0 =O}.
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Note that any function in BUC([R{i) is uniquely extended as a bounded uniformly continuous function
on I@d and thus the trace is defined as a restriction on B[RRd of this extended continuous function on H_Qd .
Let us also fix the notion of solutions to (1-2). Let f € L} ([R )¢. We say that (u, Vp) € L! ([R ) x

([R )¢ with pE L (R +) is a solution to (1-2) in the sense of distributions if

uloc uloc

uloc loc

/d u-()\go—Ago)—i-Vp‘(pdx:/d f-edx, goecgo([@i)d with ¢|y,=0 =0, (2-3)
R R

4
and

/ u-Vodx =0, ¢eCRL). (2-4)
RY

Let us notice that the notion of solutions defined by (2-3) and (2-4) is enough to apply our uniqueness
result, Theorem 4. Moreover, we emphasize that the solution u of the resolvent problem (1-2) given by
Theorem 1 is a strong solution, thanks to the estimates (1-3) and (1-4). Hence the trace of u is well-defined
in the sense of the trace of WloC (R ) functions and must be zero; roughly speaking, the trace of the
normal component is zero due to (2-4), and the trace of the tangential component is shown to be zero due
to (2-3).

Remark 2.1. In the definition of the solution in the sense of distributions, since (u#, Vp) € LulOC(IR )4 x
ulOC([RR )¢, the class of test functions is easily relaxed as follows: ¢ € C2(R )¢ with ¢l ,=0 =0 and

¢ € C'(R%) such that, fora =0, 1,2 and 8 =0, 1,

Vi%(x), VP ~O(x|™), |xI>1,

for some « > 0.

2C. Integral representation formulas for the resolvent system. The solution to the resolvent problem
(1-2) can be computed in Fourier space. We build on the formulas for the symbols, which were derived
in [Desch et al. 2001]. In particular in that paper, the authors showed that the symbol associated with the
Dirichlet—Stokes resolvent problem can be decomposed into one part corresponding to the symbol of the
Dirichlet-Laplace resolvent problem and a remainder term due to the pressure. Hence, the solution in the
Fourier side about the tangential variables can be decomposed into & = 0+, with, for all £ e R?~!, y; >0,

v, ya) = 2a)j(§) /Ooo(e—wx(E)lyd—Zd _ e_wk(é)(yd‘f‘Zd))f(%" z4) dza, (2-5a)
N [T & e &1ya _ p=wi(E)ya e p 55
i _/0 Elom®e—jg . oG (330
A [ b g
wq(§, ya) =l/0 01 &) @r (E) = |S|)€ §-f(§,za)dza (2-5¢)

The solution of the form # = v + w is then obtained by taking the inverse Fourier transform. Notice that
v is the solution to the Dirichlet-Laplace resolvent problem, while the remainder term w comes from the
contribution of the nonlocal pressure term. The above formulas are derived for f € C§° (Ri)d satisfying
V-f=0in [R{i and f; =0o0n 3[R§fi. But as is seen below, these formulas are also well-defined for any
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Lfl oc function f. If moreover f is solenoidal, i.e., V- f =0 in the sense of distributions and f; =0 on
E)[RR{’F in the sense of the generalized trace, see [Galdi 2011, (II1.2.14) p. 159], the velocity u, together
with the pressure p defined below, is a solution to (1-2).

The formula for the pressure in the Fourier variables is written as follows: for all £ € R4-1 va >0,

ﬁ(§,yd)=—/ e—lél)’de—wx(f)zd%fd(g’Zd)dzd
0

o 1 1 N
— —&1ya =2 E)za [ . (&, dzi. 2-5d
/0 e e (|§|+M@))l§ f& za)dza (2-5d)

Another useful representation of p is

B va) = —Z ol (e, 0),

€]
which in particular leads to
e 5 §i8 ~eva 5
i§;p&,ya) = |§—|e - 0y,u'(§,0), (2-6a)
Oy, P(E, ya) = i&e™ D00y, (, 0) (2-6b)

for all y; > 0. Formula (2-6) is important when one deals with the nondecaying solutions. Indeed, it
excludes the flow driven by the pressure; that is, the pressure is completely determined by the velocity.
Notice that such a formula rules out the parasitic linearly growing solutions to the pressure equation (see
the Liouville theorem, Theorem 4, proved in Appendix A). By using integration by parts the formula
(2-6a) is also written as

isjﬁ@,yd):ﬁ' i e ¥l = O (0, (8)0,, ' (8, za) — 2,0/ (5, 24)) dza

H
= Z—T 7 e (. ()0 (5. 2a) — 92,0/ (€. 20)) dza. (2-7a)
0
dy P&, ya) = £ - f e~ 8T @ (o, ()20 (£, 0) — 02,0 (€. 24)) dza. (2-7b)
0

The expression (2-7a) is useful in obtaining the characterization of the domain of the Stokes operator
in Lzloc spaces; see Proposition 5.1.
We now define the kernels k1 ;: RY — C and ko RY x Ry — C associated with the Dirichlet-Laplace

part by, for all y’ € R‘~! and y; € R,

e 1
k a = iy'§ —oEyal gg 2-8
120, ya) fR 2 § (2-8a)

and, for all y' € R¥~! and yy, z4 > 0,

. 1
koo (Y's Yas za) 32/ et ———

e~ @) atza) dE. (2-8b)
Rd-1 2w,(8)
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We also define the kernels [Rii xRy — C¥ 1 and ry;: [R{i x Ry — C associated with the nonlocal
part by, for all y/ € R~ and yy, zg > 0,

—1&1ya _ p—or(§)ya
c e € e _ ®
ri(y’, Vd, 2d) :=/ P e wk(f)Zdu dé, (2-8¢)

R~ wy.(§)(wr(§) — I§]) 1€

—I&lya _ o=@ (§)Ya
e e d _ o= ®.(§)ya

rar (s va 2a) = f O g, (2-84)

ie
Rd-1 w3 (§)(wr(§) — I§])

Moreover, the kernel associated with the pressure is defined by, for all y’ € R¢~! and y,, z4 > 0,

eV o1V p— 1 (€)za <i + § ) dg. (2-8e)

0.(¥'s Ya- za) 1=l/ &l wn(§)

Rd—l
Notice that, for all y’ € R¢~!, for all y; > 0,

v(y', yd):/ / ki =2 ya—za) f(Z s za) dza d7
ri-1 Jo o
+ / . / kon(y — 2+ yar 2a) f (2 za) dza dZ, (2-9a)
Ra— 0

o0

w0 = [ [ e =z f @z dzaaz, (2-9b)
o0

wa(y', )’d)Z/Rd]/(; rax(y =z ya, za) - f1(&, za) dza d7/, (2-9¢)
o0

p(y, yd)sz_l/o (' =2 ya, za) - f(Z za) dza d7. (2-9d)

These integral representation formulas, together with pointwise estimates on the kernels, are the basis for
. . p

estimates in L . spaces.
Note that, in view of (2-6), the pressure V p is also written as

V(- ya) ==V (=AY P(ya)ydyu', ya>0, (2-10a)
8}’dp('ayd) :v,'P(J’d)Vaydu/» )’d >0 (2_10b)

Here y is the trace operator on au;ei and P(t) is the Poisson semigroup whose kernel is the Poisson kernel
defined by F~ e 1], We note that, when y dy,u’ belongs to LY (RT=14=1 for some q €[1, 0o], the

uloc

function P (yq)y dy,u’ is smooth and bounded including its derivatives in [R{f’h s=10/",va) € R? | yg > 8} for

each § > 0. This can be proved from the pointwise estimate of the Poisson kernel (and its derivatives) and
we omit the details here. Then, the action of V'V/(—=A")~1/2 or V' on P(yq)y dy,u’ makes sense for each

ya >0, when ydy,u’ € LI (R?~1)?~1 Indeed, one natural way to realize the action of V'V'(—A’)~1/2

uloc
is to define it as

v/v/(_A/)fl/Zf — foo V/V,P(l‘)f dr,
0

which is well-defined for any bounded C? function f (or more sharply, for any bounded C'*¢ function f
with & > 0). The formula (2-10) will be used in Section 5.
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We end this section with the following scaling properties of the kernels, which will be used to work
with [A| = 1: forall y e R~ y; e R,

ki (s ya) = I e (A2 I ya) (2-11a)

and, for all y' € R~L vy, zg € Ry,

ko (¥, va. 2a) = Y kg A2 I 2 g, 1M P20), (2-11b)
(' yas za) = NPT (2 I 2y, 10 2a), (2-11c)
ra (v Yar za) = I g (Y2 I 2 ya, I Pza), (2-11d)
0.5 Yar za) = Mg QA2Y L I P ya, 1A P 2g). (2-11e)

There is no evident characterization of Lgloc spaces in Fourier space. These spaces are easily defined in
physical space. Therefore, a prominent task is to derive pointwise estimates on the kernels. The goal of
the next section is to address this task.

3. Pointwise kernel estimates

Deriving pointwise bounds for the Dirichlet-Laplace part is rather classical. The nonlocal part requires a
more refined analysis.

3A. General ideas for the estimates. Before starting the estimates of the kernels derived in Section 2,
we give some general remarks, which serve as guidelines for this section. First, we always start by
using the formulas (2-11) in order to make |1| = 1. Second, integrability of derivatives of the Fourier
multipliers are traded in decay of the kernels in physical space in the tangential direction. This is the
role of Lemma 3.1 below, which is central in our approach. Third, the analysis of the integrability of
derivatives of the Fourier multipliers sometimes requires us to analyze separately the low frequencies and
the high frequencies, or small y; and large y;. More heuristic explanations are given in [Prange 2018].
The following lemma is standard. Since we use it repeatedly, we state and prove it here.

Lemma 3.1. Let m € C®(RY~1\ {0}) be a smooth Fourier multiplier. Let K be the kernel associated
with m. For all y’ € R4,

KO)i= [ e mede,

Assume that there exists n > —d + 1, and positive constants co(d, n, m), Co(d, n, m) < oo such that, for
alla eN, 0<a <n+d, forall € e R¥1\ {0},

IVEm(&)| < Colg|" “e 8! ifn>1-d. (3-1)

Then, there exists a constant C(d, n, ¢, Co) < 00 such that for all y' € RA-1 \ {0}

c
K| =< W- (3-2)
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In the definition of K the integral is, as usual, considered as the oscillatory integral. Note that n does
not need to be an integer. The lemma will be typically used to get bounds on the kernel when y’ is large,
say |y’'| > 1. Let us now give the proof of the lemma.

Proof. The proof is by integration by parts. There are two steps. For the first step, due to the singularity
of the multiplier m at 0, we can integrate by parts [n + d — 2] times, which yields the decay |K (y)| <
C/|y’|”+d—2. Here [a] denotes the Gauss symbol; i.e., [a] is the integer such that a = [a] 4+ § with
5 €10, 1). In the second step, we cut off the singularity around O at an ad hoc frequency R, and integrate
by parts two more times in high frequencies. This makes it possible to get the optimal decay stated in
(3-2). Let y’ € R¥~1\ {0} be fixed.

Step 1: Thereis j € {1,...,d — 1} such that |y;| > [y’|/(d — 1). For such j we have from integration by
parts

iy RGN = [ e ol e

= | xre” T m@E ds+ | (A= xr)e? 9 ImE) dg
Rd—1 J Rd-1 J
=:Igr + 1.

Here R € (0, 00) is fixed (and will be chosen below) and xz € Cgo([R{d_l) is a smooth radial cut-off
function such that xg =1 for |§| < R and xg = 0 for |£€| > 2R. Notice that using the bound (3-1) we get

[(—iy)" 2K (y)] < Co / |g |~ lntd=2lgmeoldl gg < C,
Rd—l

which is not optimal.
Step 2: We have
Igl < Co/ £ g < R, ntd —2=[ntd—2] 49,
|E]<2R
while
|(—iyj)*1Ig| = ‘ /R R (1= o () de

< Cof |§-|n—[n+d—2]—ze—co|§|dé < C()R_I—HS.
[EI=R

Now we take R = |y/|71’ which y1€1dS from |y]| > Iy/|/(d _ 1)’
IK ()] < 1y |72 Ig) + | Hg]) < Cly/ |74 O

3B. Kernel estimates for the Dirichlet-Laplace part. The Dirichlet-Laplace part of the operator is
nothing but the part corresponding to the resolvent problem for the scalar Laplace equation in [R{i with
Dirichlet boundary conditions. The kernels k; ; and kj ) are given by the expressions (2-8a) and (2-8b)
respectively. We recall and prove the following classical pointwise bounds.
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Proposition 3.2. Let & € S, _.. There exist constants c(d, ¢), C(d, &) < 0o such that, for y' € R4-1

ya € R,
12 . 1 1
Ce c|A| |yd|mln log e+ 7 ; s (e d:2,
IAMY2(yal +1y'D )7 I (yal + 1)

/
k120, ya)l < el (3-3)
) d >3,
(yal + 1Y D42A + A2 (Lyal + 1y'1)?
and, fora e N,
Vi . ) < Ce—CMIl/z\ydl (3-4)
1A y ’)’d = 9 -
Y1+ 1ya D=1 A+ A2yl + 1y'D)?
Ce—cM"1yal
Ve, (Y, ya)l < . (3-5)
(Iyal + 1y D=2+« + |12 (lyal + 1Y)
Moreover we have, for y' € R4-1 Va,Z2d € Ry, a €N,
|k2,)\(y/’ Yd, Zd)l
1 1
Ce=cM'0utza) min{log(e+ s p ), - 2}, d=2,
- IM2(va+za+1y'D )" IM(ya+za+ 1Y) 36
- Ce—cM"a+za) (3-6)
, d=>3,
Ya+za+1YDI2A+ A2 (ya +za +1y'D)?
and, for o € N,
|Vk ( / )| < Ce7‘3|}\|1/2(y61+2d) (3 7)
2, A y ) Yd, 2d = ) -
(Va +za + 1y DA+ M2 (va 4 za +1y']))?
|v0{k ( / )| < Ce_cl)“]/z(yd‘i‘Zd) (3 8)
b ?Z —_— . -
PR IS A DT (4 P (g + 2a + 15 D)
Remark 3.3. From (3-6), it is clear that
k2,2 (Y, ya» 2a)|
1 1
Ce=cIM"1ya=zdl min{log<e+ 5 - ), ,2 }, d=12,
- IMY2(ya = zal +1'D )7 1M (Aya = zal + 1Y) (3-9)

Ce—CIM'"?1ya—zal

(Iya = zal +1y'DI2A + A2 (lya — zal + 1y 1)*

and similar estimates hold for the derivatives. Hence the integral operator associated with &, , can be

estimated as a convolution kernel in R? as ky .

Proof. Since these bounds can be estimated in a similar way, we only deal with (3-3). The scaling property
(2-11) allows us to assume |A| = 1 in the following argument.
We begin with the case d > 3. First observe that

/ o—c(+EDa
ks (s ya)l <€ /

< CoViy=d=D) 1
- ] dé <Ce My, (3-10)
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Secondly, for all @ € N we have the pointwise bound

‘Va< ! e—ms)m)‘ _ CerMem i 3-11)
o) RN
Therefore, applying Lemma 3.1 with
m(E) = — el
. (§)
n=—1and Cy := Ce™““ (remember that in this computation y; is a parameter), we get

k1a (Y, ya)l < Cem|y'| 7@,
Combining the previous estimate with (3-10) yields
kix (3, ya)l < Ce™ (1 |+ ya) =72 (3-12)

In the same way as above, integration by parts and (3-11) give

. v 1 Y
|(_ZYj)dkl,x(y/, ya)| = }/ e 53?}_ (—e A(E)Iydl) dé‘

Rd-1 2w, ()
1
<Ce / ————————d& < Ce™ 9,
- ra-1 (1+[&)9H! 5=
which together with (3-10) implies
ks (s ya)l < Ce™ (1Y [+ ya) ™. (3-13)

Combining this with (3-12), we obtain the desired estimate (3-3) for d > 3.
For the case d = 2, it suffices to show

_ 1/2 _ _
k13 (Y, ya)| < Ce 1 Daltog (e +e| A7 2 (Y| + lya) ™), (3-14)

since the other case in (3-3) for d =2 can be shown in the same manner as in (3-13). Splitting the integral
as in the proof of Lemma 3.1, we have

1
SR }’d)=/ e ®lul gg
' & 20,(6)

o e
Y —n(®)lydl J / e L —o@ll g — J
/Re 2wk(§)e xr(€)dE + Re ZwA(S)e (I —xr(&))dE

=I1+1I

On the one hand (3-11) with o = 0 gives

1| < C/ L~y g
ierj<2r 1+ 1&|
1
<Ce f ——d& < Ce Ylog(l1+ R),
ier1<2r 1+ 18|
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and on the other hand, using the identity iy jeiy/-é = agjeiy“é , integration by parts and (3-11) we obtain

/ eiy/'fa§,< 1 e—wx(é)b’dl(l _ XR(S))) d
R

C
1| < —
2w, (8)

Y

from which we have

< Ce ™ ™(R|y')!,

lk1,,.(y', ya)l < CeY(log(1+ R)+ (Iy'|R)™ ).
Hence taking R = |y’|~! we obtain

k1Y, ya)| < Ce™ ¢ (log(1 + |y'| ™) 4+ 1).

Moreover, we have

—1

Ya . 1 o0 ., 1
|k1,k(y/»)’d)|§/ e‘y'f—e—w“f)'ydldg‘Jr/ eVE L gmen@lval gg
0 y

20;.(§) 1 2w,.(8)

‘ i 00 o—l€lya
<ceo( dg + a)
o 1+18] vt &l

< Ce % (log(1+y; ) +1).

Combining both cases, we obtain
k1.1 (Y's ya)l < Ce @ (log(1+ (1Y |+ ya) ™) + 1), (3-15)
which immediately implies the desired estimate (3-14). This completes the proof of (3-3). ([

Remark 3.4 (on the estimate of the tangential derivatives). The tangential derivatives of k; or k, should
a priori be better behaved than the vertical derivatives in y; or z,4, since differentiating in y’ brings a & in
the symbol. We were however unable to get an estimate of the type

Cygleci"lyal

(Iyal +y'De+t”

contrary to Vf,r/{ for which this is true (see (3-18)). A pointwise bound such as (3-18) makes it possible
to prove uniform bounds in A on second-order tangential derivatives in Lzloc, without loss of a factor

IV3kia (Y, ya)l <

log |A| for small |A] (compare (4-32) to (4-30)). On a different note, the argument above also provides
the estimate for the fractional derivative in the tangential variables. Indeed, if my(D’) is any Fourier
multiplier, homogeneous of order o > 0, then we have, for 8 =0, 1,
Ce—clH"21yal
Ima(D)YVPki (', ya)l < :
¢ (Iyal + 1y D=2 B A+ (A2 yal + 1)
p , Ce—c‘l)»ll/z(yd+z[1)
VFPk s Vd, Zd)| < .
) S IV R P (1 AP + 24 + YD)

(3-16)

|mot(D/)

3C. Kernel estimates for the nonlocal part. We now consider the nonlocal part w. We estimate the
kernels r{ and ry ; defined by (2-8c) and (2-8d) respectively. The nonlocal effects are due to the pressure
of the Stokes equations. This part is the most difficult one. As above, our aim is to get pointwise estimates
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on the kernels following the general guidelines of Section 3A. We summarize our results in the following
proposition.

Proposition 3.5. Let A € S;,_.. There exist positive constants c(d, €), C(d, &) < oo such that, for all
y eRITL y4, 24 >0,

(s Ya, z) |+ ra (Y, ya, za)|

_C‘}‘ll/zzd
= € yd—1 1/2 : / 1/2 - (B-17)
Va+za + 1Y DT A+ A2 (va +za + 1y D) A+ A2 (va +20))
Moreover, fora =1, 2,
IV O yas z2a) | + IVyra (s ya, za)|
—c|A?zy
= Cyd/ d—1 1/2 . / 1/2 , (3-18)
(a+za+ YD1 L+ A2 (g +za + 1Y D) A 4 [AY2(ya + 2a))
and, for  =0,1,
V583,75 Vs 2) | + 1V 503,70 5. Vs 2a)
C e—cl)»ll/zzd
= /1yd—1 1/2 / 1/2 , (3-19)
Ya+za+ YD A+ A2 (ya +za + 1Y D)A + MV2(ya + za))
and
2 2 / Ce_CmmZd
a9, 1, (¥, ya, za)| + 19 . s Vd, Za)| < . 3-20
| Yd A(y )’d d)| | Yd d,)»(y )’d d)l (yd+Zd+|y/|)d(1+|)\,|1/2(yd+Zd)) ( )
Finally, for 8 =0, 1,
|2z,
B I B ’ Cyd e ¢
V50, r s Vd, Zd)| + 1V, 0,7 , Vd, Za)| < , 3-21
IV 302,750 Yas 2a)| 4 1V 02, 7a 0 (V' Yas 2a) ] it 20 L DT AL P00 T 20) (3-21)
and
Ce_cl)"ll/zzd
10y,02,75 (¥, Ya, za)| +10y,02,7a 1 (Vs Ya, za)| < . (3-22)
e Y (va +2a+ YDA+ A2 (ya + 24))

Remark 3.6. Related to (3-18), as in case of the Dirichlet-Laplace kernel, we also have the estimate for
the fractional derivative in the tangential variables. Let m,(D’) be any Fourier multiplier, homogeneous
of order @ > 0. Then we have

Ima (DY (Y, Yas za)| + |ma(DVra (v, ya, za)l
Cyq
ya+za + 1Y D A+ AV (a4 za + 1Y D)A+ MY (ya + z2a)

e_cl)"ll/zzd

<
—(
(3-23)

Ima(DYVFE(Y, ya, za)| + 1ma(D)Vra (¥, Ya, 2a)l
C e—cllll/zzfz

< .
T atza + YD A A2 (a +za +1Y'D)
Estimate (3-23) is proved similarly to (3-18), and thus the proof of (3-23) is omitted in this paper.
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Proof of Proposition 3.5. Using the scaling (2-11), we assume |A| = 1 for the remainder of this section.
We give the proof only for ;. Indeed from the representations (2-8c) and (2-8d) it is clear that the estimate
of rg, is obtained in the similar manner. By using the identity

L o© -+l
(&) — €] o

we rewrite r; as

1 g _ _ ®
r (Y a, za) = : /Rdl P 5(6 Elya _ , w»\(é)yd) e~ &)z €_|§‘|€ d&

" l/ o€ (b _ gmn®ay g2 5B (3-24)
A Jpa- ;. (§)

=11V ya 20) + 1500 Yas 2a)-
Since A € S;_, and |A| = 1, the factor 1/w; (§) is more regular than 1/|£|. Therefore we focus on the

pointwise estimate of r; |, which is automatically satisfied by r; , as well. Again from |A| = 1 it suffices
to consider the estimate of

2.0 vas za) = /d 1 o€ (e—\élyd _ e—wx(S)yd) A —S SIS dE. (3-25)
Rd—

Step 1: Case y; > 1. In this case, by virtue of the factors e 18 and e=»(&)¥a | the kernel s, becomes
smooth. Moreover, the factor e~“*¢)% gives exponential decay like e~ “% since A € S;_, and |A| = 1.
Thus the main issue is the decay in y” and y,. By the change of the variables n = £y, we see

520, var za) = v, ° /d | iV N (eIl — o= MRy pmen(n/ya)za ”_lfj'n dn
R~
_oydz o
=Yg 51V, Y, 2a),
where ¥’ = y'/y,. We will show that

Ce™ ¢
S: ~/7 y % < T i~ 3_26
15203, Ya, za)| < TENEIG (3-26)

from which we can derive the desired bound of s, for y; > 1, since
Ce ¢4 Cyge
)] < — < e
Ya+1y'DE ™ T +ya+za+ 1D+ ya + za)
by changing the constants C and c suitably. To show (3-26) we first observe that

1.(y", ya. (3-27)

15,3, Ya» za)| < (e7M eclMhe=c% || dy < Ce %,
Y,y n
Rdfl

which gives the estimate (3-26) for the case |y’| < 1. Next we consider the case |y’| > 1. In this case, we
notice that, for y; > landa e N, 0 <a <d+1,forall n € R4-1 \ {0},

va:(e—lnl _ e—«/Ay§+|n|2)e—wx(n/yd)2d nen H < Ce~ U g0l o+l
1 Inl 1~ '
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Therefore, we apply Lemma 3.1 with

mn) = (e~ — o= V/ITHIP ) pwr(n/y0)2a 1B
Il

forall n € RY~1\{0} and K (3) :=5, (¥, ya4, za), Where A, y, and z, are parameters, n = 1 and Co:= Ce ™%,
This gives the bound

5., ya, za)| < C|F/| e,

Hence, estimate (3-26) holds also for |y'| > 1.

Step 2: Case 0 < y; < 1. In this case we have to be careful about both the decay in y” and the singularity
in y’ near y’ = 0. Set Ry = 2 and we decompose s, by using the cut-off xg, as

o= [ an@de [ = k) dE =5t s

As for the term s, jow, We have from |e~Pd — =@ ()¥a| < Cy, for |£] < 3,

shion ' a2 £ C [ eS| de = Cygee = 2
RO = Jjgl<s - T (14 yg +zg)dH!
Here the condition 0 < y; < 1 is used. This estimate gives the desired bound of s, jow for the case
|y’'| < 1. Next we consider the case |y’| > 1. A direct computation implies that, for0 < y; <1, @ € N,
0<a<d+1,forall £ e R\ {0},
§Q¢&

‘Vg {XRo (;’_-)(e—lélyd _e—wx(é)yd) e—wx(%’)Zd > <5 }

el (1= Cyge™ 0 |E|7 Ty, (&) < Cyge™ e 0Bl |g =+l

Hence, we can apply Lemma 3.1 with

=13
€]

for all n € R4~! \ {0} and K (y') :=s2 1ow()', Ya, za), where A, y; and z; are parameters, and n = 1. This

m(g) := XRo (g)(e—lélyd _ e—wx(é)yd)e—wx(é)zli

yields
|7, 10w| < Cyaly'| e
for |y’| > 1. Combining this with the estimate in the case |y’| < 1, we have

)| < Cyae ™
T (U4 yatza+ 1y DI+ ya+za)

|s)\.,10W(y/7 yd’ (3_28)

for0<ys <1, z;g>0,and y' e R,
Finally, let us estimate sy nigh. Since the associated symbol is smooth, the singularity around y =0is
the main issue. The key point is to use the smoothing effect from the symbol

e gm o ®va — (] (gl @)y lElya



ESTIMATES FOR THE NAVIER-STOKES EQUATIONS IN THE HALF-SPACE FOR NONLOCALIZED DATA 965

Indeed,

s A2
_ =gll1= ) = ol O(_>
&1 — i (§) |§|( VIt HE 2|5|f 1+A/|f§|2t 2|g|+ §1°

for |£] > 2 and |A| = 1. Hence, we have for || > 2, O <y; <1l,andforalle e N, 0 <o <d +1,

‘Vg ((e—swd ), —w(é)wi?f)‘ < Cyge—cit g=clélatan) g =, (3-29)

If|y'|> then (3-29) implies, for j=1,...,d — 1,

. . _ _ _ E§®E&
|(_lyj)d+lsk,high(y/a Vi, 2d)| = ‘/d 1 ey Eagdj+l ((1 . XRo)(e 1&lya _ a)x(g)yd) w3 (§)za > 25 £ dé
R~

< Cyge / |£|77 dE < Cyge™,
|€]>Ro

which gives

Cyqe
|53 high (Y, Y 20)] < Cyge™ |y 77! < :
ighly Y Y y (1+yd+zd+|y/|)d+1

since 0 < y; < 1 and |y’| > 7. It remains to consider the case |y'| < 7. If |y| < ys + z4 and |y’| < le’
then estimate (3-29) with o = O yields

2 high (V' Yd, 2a)| < C/ yge e cllbatza) gg
[&1=Ro

<Cyge e—¢ atza)
Cyqe
(yd+Zd+ Iy DI+ ya+za+ 1y D

On the other hand, if 0 < y; +z4 < |y'| < % then we take R > 4 and the cut-off x g, and decompose s;. high
into

$5. high Z/Rm XR(E)(1 — xR, () -+~ d$+/ﬂ%d1(1 —Xr()) - d§ = Ig + 1.

The term I, on the one hand, is estimated from (3-29) with « = 0 as
Izl <C / yae ! d§ < Cyge “R'"",
Ro<|§|<2R

and the term I/g, on the other hand, is estimated by integration by parts,

=iyl = ‘ / e (1= xg) - )d$‘<c yae “|&|7 d& < Cyqe ““R™
€|>R

foreach j =1, ...,d — 1. Therefore, by taking R = |y’|_] we have

Suign 0 ya z)] < 244 o A
Jhig s Vd —= |y/|d—1 — (yd+Zd—|-|y/|)d_1(1+yd+Zd+|y/|)2
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forO<ys+zg <y =< %. Thus, we have arrived at the following estimate for s, when 0 < y; < 1:

120", ya» z)| < 15510w (Vs Ya, 2a) |+ 15x,0igh (V' Ya» za)|
- Cyqe
T Gatzat YDA+ yatza+ YDA+ ya+za)
From (3-27) for y; > 1 and (3-30) for 0 < y; < 1 we conclude that (3-30) holds for all y; > 0. The same

bound is also valid for r{ by the identity (3-24) and |A| = 1. By scaling back to general A, we complete
the proof of (3-17).

(3-30)

Step 3: Next we consider the estimates for derivatives of the kernel. Again we assume that A € S;_. and
|A] = 1, and it suffices to focus on the estimate of s, in view of (3-24) and (3-25). The estimate for the
derivative in y’ is obtained from the same argument as above for s, itself, for the symbol of 8;‘,s,\ is just
the multiplication by (i£)* of the symbol of s,. Hence, the argument for the proof of (3-17) gives the
bound

) Cyd e~ ¢
Vs e 2l = G eyt za + D Fva e )
for |A| =1 and @ = 1, 2. Thus, estimate (3-18) holds.
As for the derivative in y;, we observe the identity
3yy50.(Y's Ya» 2d) = — f eV E g (e 1Ee — e—wx(é)yd)e—wx(é)za’@ dE
Rd—1 3
+/ e IV'E (s (§) — |$|)e_wk($)()’d+Zd)% dE.
Rd—1

Then the first term of this right-hand side satisfies the estimate (3-31) with « = 1. As for the second term,
we see that the symbol (w; (§) —1£])(§ ® §)/|&| behaves like

$®€N{O(I€I) for 5] < 1,
€] o)  for &[> 1.

Thus, we decompose the integral into the low-frequency part || < 1 and the high-frequency part |£] > 1

(@1(8) — 1&]) (3-32)

using the cut-off xg, as in the proof for s,. We can show that the contribution from the low-frequency
part is bounded by

Ce¢Watza) Ce¢Watza)
< ’
(I +ya+za+ 1D~ Ga+za+ 1D A+ ya+za + 1Y DA +ya +24)
while the contribution from the high-frequency part is bounded by

Ce€Watza) Ce—¢Watza)

< .
Va+za+ 1D A +ya+za+ 1Y)~ Gat+za+ 1Y D4 A+ ya+za+ 1y DA+ ya+za)

Here we have replaced the constant ¢ > 0O suitably. Collecting these bounds, we conclude that

Ce ¢

Za)| <
Ya+za+ 1Y DA+ ya+za + 1Y DA+ ya + za)

18y,8,.(Y', ya, (3-33)
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for |A| = 1, which implies (3-19) with 8 = 0. A similar observation yields the estimate (3-19) with g =1
and also (3-20). The details are omitted here. Finally we consider the estimate for the derivative in z4.
Again it suffices to consider the estimate of s, with [A| = 1. We observe from (3-25) that

3ey$1 (¥, Ya» 2a) = _f " (oI _ gmn©) o= @0, )2 D5 g

Rd-1 €]
= —/ ei)’/'f (e—|§|yd _ e—wx(f))’d) e—wA(f)ZdElS ®§& d
Rd-! &1
_|_/ eiy"éf (e—|§|yd _ e—wx(é')yd) e—a)x(S)ZdUSI _ wk(é))i?lg dE.
Rdfl

Then the first term of the right-hand side has a pointwise estimate similar to that of Vys;, which was
already obtained, while the symbol of the second term has behavior to that of s, for |§| <« 1 and also
decays faster for |£] >> 1. Hence the second term satisfies at least the same estimate as s,. From these
observations we conclude that

)l < Cyae
T atza+1YDIA+ya+za)

192455.(Y', Yas Al =1.
This proves (3-21) with 8 = 0. Estimate (3-21) with § = 1 and estimate (3-22) are proved in the same
manner, and the details are omitted here. The proof of estimates (3-17)—(3-22) is complete. O

3D. Kernel bounds for the pressure. The goal of this section is to prove the following bounds on the
pressure kernel g, defined by (2-8e). These bounds are crucial to the estimate of the pressure in [Maekawa
et al. 2019, Sections 2-5].

Proposition 3.7. Let A € S;;_.. There exist positive constants c(d, €), C(d, &) < 0o such that, for all
y eRT y4, 24> 0,

12
00 v )] < — S (3-34)
BRI = G DT
Moreover, fora =1, ..., 3,
—cl)»ll/zzd
V%25 Y 2a) |+ 102 a5 v 2a)] < ——= , (3-35)
Y Y (ya +za + |y'|)d-1+e
V95 () )| < Cem (3-36)
10y, Y > Vd, 2d)| = s -
yo (Ya + za + |y'])4+!
and, for B =0, 1,2,
_ |)\|1/2
IVE0,q3 (¥, yas za)l < Ce ¢ /Zr; : <|x|1/2+—,). (3-37)
(Ya +za + [y')i-1+8 ya+za+ 1yl

The general scheme of the proof is the same as for the kernels corresponding to the nonlocal part (see
Section 3C). Again, using the scaling (2-11), we assume without loss of generality that |A| = 1.
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Proof. Step 1: We assume y; > 1. By the change of variable n = £y,, we get

i i ~Inl — n U [
&Y, Va,s 2d) = ﬂ/ !V =l g=wr(n/ya)za (_ + )dﬂ _ qu(y/’ Vs Zd),

Ya = IR Inl— @;,2(0) g
with ' = y’/y,. We aim at proving
Ce™ ¢
1.5, ya, za)| < RN (3-38)
from which we can derive the desired bound of ¢, for y; > 1,
Ce ¢4 Ce ¢4 (3-39)

g2 (', ya, za)| < < :
Ya+ 1D T (ya+za+ 1yt

by changing the constants C and ¢ suitably. For |y| < 1, we simply bound the integrand by its modulus
and get

132G Vas za)| < e~ / L Ay e,
"

hence (3-38). For |y| > 1, we rely on Lemma 3.1. It follows from the bound

‘Vg{e—me—m(n/ydm(iJr n )}
|77| wkyﬁ(n)

valid for all n € R4\ {0}, and the lemma that there exists C > 0 such that for all ' € R, y;, z4 > 0,

< Ce_cz"e_C°|'7||n|_“,

—CZd

132.(7, ya» za)| < W
This implies (3-38).
Step 2: We now deal with the case y; < 1. We split the kernel between low and high frequencies:

q = /Rdl XRo(§) -+ - d§ +,/Rd1(1 — XRo()) -+ d§ =: g5 1ow + G5 high-

We first deal with g, jow. Our goal is to show that

—CZd
1@ 10w (Y, Ya, 2a)| < Ce Nd—1°
Ya+za+1yY'D

(3-40)
If |y’'| <1, we bound straightforwardly and get

| ( ’ )l <C —czg < Ce_CZd
G low(y , Yd,2a)| =Ce ™0 < ————r—,
o (ya+1y'D4!
from which (3-40) follows up to changing the constants ¢ and C. If |y’| > 1, we apply Lemma 3.1 and get

e—czd Ce—czd

d» 2d)| < < ,
ly'1971 = (ya + 1y'D4!

g3 10w (Y, Y
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from which (3-40) follows up to changing the constants ¢ and C. We now handle g; nigh. We aim at

proving that
Ce

Za)| < .
(ya +za + y'H!

g2 high(Y's Ya, (3-41)

If |y'| > %, we integrate by parts d times and obtain for j =1,...,d — 1,

ivgd (1 — —[£1a —wx(é)zc/(i i))d)
i © 5/(( Kro)e Te ERIGY A

< Ce ¢ / 1E179 dE < Ce %,
1> Ro

|(=iy))? @ nigh(Y's Ya, za)| = )/

which gives
Ce ¢ (Ce

Y Sy

1@ high (Vs Ya, 2a)| <

from which (3-41) follows. If |y’| < Alf, we directly bound the kernel by

|G migh (V' Ya, za)| < Ce Otz
which implies (3-41) in the case when y; +z4 > |y'|. If |y'| < % and yg +zq4 < ||, then we take R > 4

and the cut-off xg, and decompose g;. high into

q3.high = /Rdl XR(E)(L = xRy (8)) - - - dE +/Rdl(1 — XR(§)) -+ d§ =1 Ip + IIg.

The term /g, on the one hand, is estimated directly,
e[ etagsce Rt
Ro=<|§|<2R
and the term I/, on the other hand, is estimated by integration by parts,
(—iy)* gl =< Ce™% | |g|7dE < Ce R
| Yj
|§1=R

for each j =1, ...,d — 1. Therefore, by taking R = |y’|~' we have

—CZd
|3 high(Y's Ya, za)| < T

forO<ys+za <|y|=< le’ which yields (3-41). Consequently, we have proved (3-34).
The bounds for the derivatives (3-35)—(3-37) are obtained in a rigorously similar way. Therefore, we
do not repeat the argument. (I

4. Resolvent estimates

This section is devoted to the proof of Theorem 1. In particular, the resolvent estimates (1-3)—(1-7) for
the Dirichlet—Laplace part and the nonlocal part are shown in Sections 4A and 4B, respectively. Note
that since we work on the space including the nondecaying functions, an assumption on the behavior of



970 YASUNORI MAEKAWA, HIDEYUKI MIURA AND CHRISTOPHE PRANGE

the pressure p itself, rather than V p, is needed to ensure the uniqueness; see Theorem 4. Indeed, if one
allows the linear growth for p, the uniqueness is proved only “modulo shear flows” in general. The proof
of Theorem 1 including the uniqueness part is completed in the end of this section.

The general principles to estimate the integral formulas (2-9) are to localize the integrals on small
cubes and to use convolution estimates in the tangential direction. Integrals in the vertical direction on
z4 € (0, 1) may require relying on singular integral estimates. Further insights are given in [Prange 2018].

4A. Estimates for the Dirichlet—Laplace part. In this subsection, we prove the LflOC—LleC estimate for

the resolvent problem for the Laplacian. The following lemma plays a crucial role for our purpose.

Lemma 4.1. Assume that

1 1 1
l<g<p<oo, 0<—-———<-. 4-1)
q9=p g p - d
Define the functions K = K, (y', yq) and K' = K; (y', yq) by
1 1
Ce—c|)u|1/2|yd| min{10g<g + 3 p >’ p 5 }, d= 2,
P Y20y T+ 1yaD )" IR+ 1yaD 4o
)L(y ayd) - Ce—C|)»|l/2\yd| ( B )
; d >3,
("1 + 1ya D2 A+ A2 T+ |yal))?
C =M1yl
K, (Y, ya) = (4-3)
’ (/1 1yaD= 1+ A2+ yaD)?
for A € Sy _.. Then there exists a constant C = C(d, €, q, p) > 0 (independent of 1) such that
C _
1Kiy Fllig,, < 570+ A RPN Fll g (4-4)
C _
||K)/L *y f||L5loc < W(l + |A|(d/2)(l/q l/p))”f”LZk,c’ (4-5)

where x, denotes the convolution in R4,

Proof. Since both estimates can be proved in the same way, we will only deal with (4-4). For n =
(', na) € 7971 x 7~ we estimate the L” norm of K, %, f in the cube of the form B, = B;, X [na, na +11,
where B);, =n'+[0, 11971, We first consider the case when d > 3. Without loss of generality we may
assume that 7 = 0. Let x, be the characteristic function on the cube B,, for « € Z¢. Then we have

(K) #y f = (Z x,sKA> %y (Z Xaf> = Y (xpK)xy (ta ).

ﬂEZ‘[ aecZd a,ﬂEZd
max |o; +;|<2

due to the support of x4 and x,. Thus, the Young inequality for convolution yields, for 1/p=1/s+1/g—1,

1Ky fllrsy < D IxpKall ooy | X f llLowe)
a,Be7?
max |o;+p;| <2

= Z 8 Ko ll s ety | Xoo f | Lo ety + Z 1% Kol s ey | Xoo S | Lo ety =2 T+ 12

max |B;|<2 max |f;|>3
max |o; +B; | <2 max |e; +B;| <2
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For the estimate of /; we have
R

:C/ |)\-|(d_2)s/2|Z|_(d_2)s(1+ |Z|)—2S dZ|)»|_d/2
Rd

< C|)L|(d2)s/2d/2<f ||~ dz—l—[ RS dz)
lz<1 |z>1
< C|)\|((d—2)s)/2—d/2,

where we have used the assumption (4-1) in the last line. Therefore

h=C Y lxpKallw@nlfllzs g

max |B;|<2
< C|)\|(d 2)/2— d/(ZS)”f”Lq (Rd) < C|}\|—1+(d/2)(1/‘1 1/P)||f”qu (R‘/)
In order to estimate I, we further decompose the sum in g as
L= Y K@yl il @+ Y IxpKallpeolflls g

max |8]|>3 max |]<3
Bacl 1Bal=3

Using (4-2), we have

Ba+1 12 ' 1/s
Z ||X,3K}»||LS([R4) <C Z </ e CSIA |ydf |)\|—3s/4(|yl|+|yd|)—(d—2)s—35/2dy/dyd>
IB !

max| 8>3 BacZ d By
BacZ max |8]|>3
< CIATA N MR N (| gy T2
Bacl max |B/[>3
<CI YT e M G gy ) 712
Bac?

< C|A|3/4/ efc|}\|1/2tt71/2dt < Cmfl
R

On the other hand, from (4-2) we also have

Ba+1 J 1/s
Yo IxpKallpmn < Y. Y, (f / |yal =17 dy’ dyd)

|Bal=3 |Ba1>=3 max |B!|<3
max |B/|<3
<Ci™t Y] Bl =c
|Ba|=3

Therefore we obtain
L < CIM S lls

Thus we obtain (4-4) for d > 3.
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For the case when d = 2, from (4-2) we easily see that
KL (s ya)l < IMAAY T 1vaD ™2 A+ A2 AY T+ Tya)) ™

By using this bound, the same argument as for the case d > 3 applies to prove (4-4) for d = 2. So we
omit the details. ]

Proposition 4.2. Let A € S;_, and let my(D') be any Fourier multiplier (in the tangential variables),
homogeneous of order oo > 0. Assume that p, q € [1, oo] fulfill the condition (4-1). Then for the function v
defined in (2-9), i.e.,

o0 o0
U(y/’yd)=/d1/(; kl,x()’/—zl,yd—Zd)f(Z/,Zd)ddeZ’-F/d1/0 ko (Y =2, va.za) f(Z', za) dza dZ,

with the kernels ki ; and k. given in (2-8a) and (2-8b) respectively, the following estimates hold: there
exist positive constants C(d, ¢, q, p) < 0o and Cy = C(a, my, d, €, q) < 00 (independent of \) such that

C
iz, < 570+ O VA T (4-6)
¢ @/2)(1/g=1/p)
IVl < Ikl—l/z(l + Al WAL, (4-7)
/ CO{
Ima(D)vllpe < W——aw|lf||LZIoc’ ae(0,2),
(4-8)
/ o
lmo (D) Vvl < W—_amllfllqm, a €0, 1).
Moreover we have, for 1 < q < 00,
_ 172
IV2ulle < C+e P log [ADIflle - (4-9)

Proof. We extend f by zero in R and still denote the extension by f. By Proposition 3.2 we have
k1.2, ya)l < CKo(y', ya) for y' € RY™! and ys € R, and ka1 (Y, ya, za)| < CKo (Y, ya — za) for
vy e R4—1 and va, 2 = 0, where K > 0 is the function defined in (4-2). This shows that

g = <
loligr @iy =CIK*|fllr @) <CIK*|fllLr @,

C _ C
< —(+ |)L|(d/2)(l/q 1/P))||f||L —_

— (d/2)(1/q—=1/p)
< ) = 35 (L H 1A ML @)

which yields the desired estimate (4-6). Since the estimates (4-7) and (4-8) can be proved in the same
way (for (4-8) with o € (0, 2) we use the pointwise bound (3-16) and then apply the calculation as in
Lemma 4.1), the details will be omitted.

In order to prove (4-9), we focus on the estimate for (VZ%ky) *y, f, since the term associated with the
kernel k, is easier to handle. As in the proof of Lemma 4.1, it suffices to consider the L? norm in By. We
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take the decomposition

1(V2kr )%y f Nl LBy = H ( > xﬂvzkl,x) % ( > xaf)

pezd aczd

L9 (RY)

< D VR Ot )l o ey

a,pez?
max |o; 45| <2
= > N0Vt + Y, 106V k)% Xa )l Loge)
max |B;|<2 max|B;[>3
max |e; +B;| <2 max |o; +5;| <2
=:L+D.

By (3-5), the Hormander—Mihlin theorem applies for V2k; ; and therefore

L<C Y lxefllo@y < Clflls md)

max |o; | <4

We further decompose the sum in 8 as

L< Y lVkialpeylfle e+ Y, IxeVikioloeslflls g = Thi+ha.
max |8/|>3 max |8/|<3
BacZ |Bal=3

Using (3-5), we have

Ba+1 12
Y kg Vihiallney <C Y Y / e 'W'/ (Y1 +ya) ™" dy' dyq
I3d B‘;/

max |8/|>3 Ba€Z max |B]|=3
ﬁdel
<C Y e ML N (8 B
BacZ max |B/|>3
<C Y eI 4 |y
BacZ

< c/ M T ar < O+ e Tog ).
R

On the other hand, from (4-2) we also have

Ba+1
Y s Vkillpey < D> > f / ya'dy' dya
|Bal>3 1Bal=3 max|pl|<3”Pt 7By
max | B/ <3
<C ) B;'=c
|Bal=3

Therefore we obtain
L= C+e M log Il il - O
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4B. Estimates for the nonlocal part. In this subsection we give the L” -L? estimates of

74
uloc “uloc

o0
w' (Y, ya) =T'L10, ya) = / f r (' =2 ya. za) f (@, za) dza dZ,
RE=1JO (4-10)

(e8]
wa(y', ya) = Ll f10, ya) = /d 1 / rar(y =2\ ya, za) - f1(Zs za) dza d7
Ré-1 Jo
where the kernels are defined by (2-8c) and (2-8d).

Proposition 4.3. Let A € S,_, and let my(D') be any Fourier multiplier, homogeneous of order o > 0.

Assume that
l<g=p=<oo or 1<g<p=<o0 with051—1<l. 4-11)
g p d
Then for the function w defined in (4-10) the following estimates hold: there exist positive constants

Cd,e,q,p)and Cy = C(a, mqy, d, €, q) (independent of L) such that

C

hwilzg, < o+ O VA T (4-12)
IVwlyy, < im0+ A @YYy f g (4-13)

||ma(D/)w||L3]0C = |)L|(2——aa)/2”f||Lgloc’ a € (0,2),
(4-14)

||mol(D/)Vw||Lzloc = W||f||Lgloc, a e (0,1).

Moreover we have, for 1 < g < oo,
_ 1/2

IVwlie < C+e ™ log ADIfll e - (4-15)

Remark 4.4. Estimate (4-13) holds even for the case p = ¢ = 1. Similarly, if & € (0, 2) then (4-14) holds
also for the case p = ¢ = 1. It is not difficult to check these facts from the proof below, and we do not
give the details here.

Proof of Proposition 4.3. We focus on the estimate of w’ = I'[ f], for the estimate of wy; = I;[ f] is
obtained in the same manner.

Step 1: We first focus on the estimate of I'[ /'] itself. The next steps will be devoted to derivative estimates.
Our estimate is based on the pointwise estimate (3-17) of the kernel r,. In particular, we often use the
estimate

—clA|2z4

Cyge
IMY2(ya + za + 1y DA+ A2 (va + 2a)

I (Ys ya» za)| < (4-16)
which easily follows from (3-17). Notice that the variables y,; and z; are not interchangeable with each
other. In particular, we do not have exponential decay in y;. Hence the trick used in the previous section,
which transforms the action of the kernel into a convolution, does not work here.
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Let n = (', ng) € 797! x Z~¢. Let us estimate the L? norm of I’ in the cube of the form B, =
B;, X [n4, na + 1], where B;/ =’ +[0, 111, Without loss of generality we may assume that ” = 0. Let
X be the characteristic function on the cube B;/. Then we have for y = (y', ya) € By x [14, na + 11,

ri (o Vd, 2a) *y f/(-,Zd)=< Z Xa/r,{(-,yd,Zd)) *y( Z Xﬁ’f/(',Zd)>

o'ezd-! B/ezd-
= D Gwri(oyaza) xy (e (L 2a)),s
(X,,,B,EZd71
max \a;+ﬂ;|§2

due to the support of x, and xg. Thus, the Young inequality for convolution yields, for 1/p =
1/s+1/q—1,

[e.¢]
||I/[f/](',)7d)”LP(B(’),) = Z /0 I xar?5 (- s Vs Za) s a1y 1 xg fC- 5 2a) |l o -1y dza
a/,ﬁ,EZaLl
max \oz;-i-,B[/ |<2

o0
= Z / ||Xa’ri('»yd,Zd)||LS(Rd*1)||Xﬂ’f/(',Zd)”Lq(Rdfl)dZd
max |o}|<2
max\a;+ﬁ;|§2 -~
+ Z f ||Xa"’,/\('sydaZd)||LS(Rd4)||X/3’f/('»Zd)||Lq(Rd4)dZd
max |o]|>3 0
max |, +6; |<2
=1+ Db.

For the term I the data is localized and max |8’| < 4 holds, and therefore,

o n+1
L =C Z/ I75.C s Yas z) | s @a-n) L Gy za) lLa g1 <8 dza
n=0"*"

1
SC/ 73 (o yas za) s a1 L C- 5 za) Loz <8y dza
0
1/q

S n+1 ,
+C Z( / 175 s vy 2N i, dZd) [T
n=1

=D+ Lo
From 1/p=1/s+1/q — 1 the pointwise estimate (4-16) implies
) Cyg e
7 Coo yas za) llps qa-1y < 20 20 + 20)) g T 20) F@= D072 =179)
C e~z

4-17)

< .
T AMY2A F V2 (va 4 2a) (Ya + zg) @ DAa=1P)
To estimate /1 ; for the case p = g we introduce the operator 77 ; given by

e_cl)"ll/zzd

h(zy)dz,.
A (g 1 2g)) ) 42

1
(Toah)(va) = /0
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It is straightforward to see

C
Ty 1h x < —|h|lr= .
71,1kl |A||| L2 0.1)

Moreover, we have

1
1T, 1h(ya) < WHhHL;d(o,n,

which implies

7, 1h||Lloo < mllhllL 0.1)-

Thus, 77 ; is bounded from L'(0,1) to L1’°°([R§+), where L1’°°([R§+) is the weak L! space on R . By the
Marcinkiewicz interpolation theorem, 77 1 is bounded from L%(0, 1) to L4(R) for any 1 < g < oo, and
we have

IM11llLewy) < ||f g » 1 <g=oo. (4-18)

A
Next we estimate /7 for the case g < p. Note that (4-17) implies, for y4, z4 > 0,

C
AT+ M ]yg = 2aDlya — 2al @ DT 170"

Then, recall that0 <1/g—1/p < 1/d, which implies 0 <s(d—1)(1/g—1/p) <1forl/p=1/s+1/q—1.
By the Young inequality for convolution, the term /; ; is estimated as

7. Yas 2a) L ps -1y <

1 1/s )
I illy, < IE (/R A+ [272ya D)’ [yal @D /a=1/p) dyd) If e

/
= |A[1=@/2)(1/q=1/p) 1 g (4-19)

(RI=1)
(IR ) for g € [1, oo] (e.g., it is shown from the expression of 77 1), and the details are

Here we have used the fact s > 1 since g < p. It is also not difficult to see I; | € Llloc([RJr;
when f' e L
omitted here. To estimate /; , we observe from (4-16),

uloc

uloc

o0

o , . S
r/ ) » < s — dZ
Z(f oo 2l sy 42 |A|1/2Z(1+|x|1/2(yd+n>>(yd+n><d D7a=17p)

n=1

C 00 —c|A| V224
= 12/ 172 O 42
A2 )y (A2 (ya+za)) (Yatzq) @ DA/a=1/p)

C
S A
x|
which shows
x < — X
11213 mllf Iz
Hence we have
a3 <—(1+|x|<f’/2>“/q YV llgg . p. g satisty (4-11). (4-20)

|A]
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Next we estimate I,. First we observe that, when max |alf| >3,

—cA[V2z4

Cyge
d—
®D = T gt zat 1o DI A+ 20+ ya +za e DY A+ A2 (g +2a))

—cAV2zy

| Xe73 (s Yas za) ll s

Cyge
|)\|1/2(1+)’d+2d+|a D4 A+[A1Y2 (ya+24))

Thus we have
12,

00 n+1 Cyg —cq'|A| 1/q
I < ; - dz !
2= ) Z(f T T e A BT Gn T o) d) 1N

'ezd~1 n=0

Cyq e—Cl'?n /
,EXZ;IZ 21+ ya +1 + 12/ DAL+ M2 (va + 1)) 1 W,
=2 f Coue dzall f'll o
S o A+ ya o za DT+ M (va + 2a)) Ll

Then

Cyq f —clal?z4 /
L= 2: dz
’ M2 Sy (U vatza 1D 200+ zap el e,

a'ezd-1

Cya 00 e—c\kl'/zzd
SR % dzal £l

|A] o (+ya+za)A+IAY(ya+ za)) uloc

C [ e
< d ! , 4-21
— |)\‘|1/2‘/(; (1+|}\,|1/2Zd) Zd”f ||LZloc ( )
which implies
2]l <—IIf e (4-22)

|A]
Combining (4-20) with (4-22), we obtain, for p, g satisfying (4-11),

[REWAR | P~ m“ + ARy |
Note that the above proof also shows that I'[ '] € Ll (Ry; LL (R?™Y)if ' e LT (R9) for some
q €[1, oo].
Step 2: Next we consider the estimate for the derivatives. We will use
Ce—¢M"?za
0 S I T (1 oa (v 2a + D)

for o =0, 1, which follows from (3-18), (3-19), and (3-20). Here &, is the Kronecker delta. From (4-23)
we observe that, for § € (0, 1),

|Vt (4-23)

Ce—CW]/ZZd
IMS2(ya 4 za + 1Y DA+ A V2 (ya +za)) '

VO, ya, za)l < (4-24)
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By arguing as above, we see

1
”VI/[f/](‘,yd)”LP(B(’)/)Scf IVEL G a2 s L G za) oz <sy dza
0

1/q'

e n+1 ,
+C Z( f 1975, (-, yas 20N gy dzd) .
n=1

o0
+ Y /0 e V75 Y Za) i X £/ (- 2a) | o a1y dza

max |a}|>3
’ ’
max |e; +8; | <2

=11+ 1+ 115

The last term /1, is computed as in the derivation of (4-21) and (4-22), and one can show

cC [ oMz
I < dzqll f’'
2= Z |)\|1/4‘/0 (1+yd+zd+|y/|)d—1/2(1+Mll/z(yd_i_zd))l/z allf ||LZ10C

o' ez7d-1

C 00 p—clalz C
/ ’
: I)»Il/“/o (1+24)1/2 dzall fllg,, = e 1 g, (4-25)

As for 111 1 and 11 », it follows from estimate (4-24) that
Ce—c"za
IAS2(1 + [MY2(ya 4+ za) 1 78 (ya 4 zg) @D /a=1/p)

Take § € (0, 1) small so that s(6+(d —1)(1/g—1/p)) < 1. Then, the Young inequality as in the derivation
of (4-19) implies

IVr (s Yas za)ll s a1y < (4-26)

1 I/S
11 < d /
My, = |A]5/2 (/R (L4 M2 yg s T8 [yg [sG+@=D)(T/g=1/p)) yd) ALVE

/
= m=ana—im 1 g, (4-27)

On the other hand, the term II; , is estimated as in the proof for I; » by using (4-26), and we have

o0 e—ClM
1111 2]|L < sup /
a2 e (LAY (va 4 2a) 8 (va + z2)P T DA/a=1p)

dzall £l

C 00 e—cM'?za
<su dzall f'll e
ydp |A5/2 /; A+ [AV2(ya + za))' 2 (Ya + za)° Lutoe

C
=< M'—l/z”f/”ﬁ . (4-28)

uloc

Thus, we have from (4-25), (4-27), and (4-28),

C _
||V1/[f/]||LgIOCSW(l—i‘lM(d/z)(l/q YIS g o O (4-29)

Q=
S| =
INHEE
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Note that the case p = ¢ =1 is allowed in (4-29). The proof of (4-14) is the same as above (it suffices to
use the bound (3-23)), and we omit the details.
Step 3: Finally we give the estimate for V2I'[ f']. Our aim is to show

V21U Mg, < CA+e M log ap i fllys . 1<q < oo, (4-30)

The key pointwise estimate reads

Ce*C|}\|1/21d

V25 (Y, Ya, za)| < ,
» (va+za+1y'D?

which follows from (4-23). This bound implies
Ce—<M"za
IV2r. (- v 2a) ety < R (4-31)

As in the proof for I'[ f'] and VI'[ f'] above, we start from

1
IVAI'LFNC L ya)llLagsy,) < © / V275 -y yas z) L el G- za) Loz <sy) dza
0

1/q

S n+1 ) ,
+CZ< / IV2ri (- yd,zd)||§l(wl)dz[1) 1/ g,
n=1

o0
+ > /0 e V275, (-2 Yas 2) | ey s £ (o 2a) | Lagra-1) dza

max |a/|>3
’ ’
max |a; +8; | <2

=: 111 1 + 1111 5 + II]5.
To estimate /11;; we introduce the operator 7' given by
—c|Azq

1
(Th)(ya) = f ¢ o dza.
0 Ydtza

It is straightforward to see
C C
ITH )l = —lhlle: o (TG < —7- 1l g
Yd “d V4 d

for any 1 < g < co. Thus, T is bounded from L?(R5) to L9*°(Ry) for any 1 < g < oo, where L7 (R,)
is the weak L7 space on R;. By the Marcinkiewicz interpolation theorem, T is bounded from L9 (R;) to
L9(R4) for any 1 < g < co. This implies

M1 e,y < C”f,”LZ]DC’ l <g <oo.

The terms 111} , and 111, are estimated much as /] » and I; above and we see
—cA'?zq
———dzqll 'l
1 4+ Zd Luloc

< C+e ™ log AN £/l O

0o ,—c|A|2zy 00
I 2l + Tl < C/ —dz[zllf/llyfl +C/
a 1 Zd uloc 0
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To conclude, let us notice that it is easy to get the uniform estimate
2 2
VAL Mg < CIf' s o andthus [ V2wl <Clflle , 1<g<oo.  (4-32)

Indeed, for these tangential derivatives, we can rely on the kernel bound (3-18), which yields

d
R = = 3
(ya +2za)

instead of (4-31). This enables us to get estimates uniform in A following the same strategy as above. We

2
||Vy’r)/\( *y Yd» Zd)“Ll

do not know whether the difficulty we encounter here to show a similar uniform estimate on 83 '[f'] or
agdl '[f']is a technical one or reveals an essential obstruction.

Remark 4.5 (estimates for the pressure). We are only concerned with gradient estimates on the pressure.

q

I e (RL) in the exact same way

From the pointwise estimate (3-35), it is clear that V p is estimated in L
as we estimated V21'[ ] stated in (4-30); i.e.,

—clal\/2
VPl <CA+e ™ log ANl . 1<q<oo. (4-33)
On the other hand, recalling the identity w, (¢ )2 = A+ |£]?, we also have from the formula (2-7a)
_ 1/2
IVplig < CA+e ™ logAD (A= Au'lle ,  1<g <oo. (4-34)

The estimate (4-34) is crucial in obtaining the characterization of the domain of the Stokes operator in the
Lq

uloc SPaces with 1 < g < oo.

Proof of Theorem 1. The estimates (1-3), (1-4), (1-6) and (1-7) are proved in Propositions 4.2 and 4.3 and
(4-33). Hence taking into account Theorem 4, proved in Appendix A, it suffices to show the pressure
gradient given by the formula (2-6) satisfies (1-5). Consider only the tangential gradient V’p, for the
normal gradient can be estimated in the same manner. By the formula (2-6a), the tangential gradient is

written

V'p(ya) = R'V'P(ya) - 8,,u’(0),
where R’ = (R}, Ra, ..., Ry_}) is the vector-valued Riesz transform in R¢~! and dy,u’(0) makes sense
in LZIOC(R"_I) by the trace theorem and the regularity V¥u' € LZIOC(Rﬁ) forae =0,1,2and 1 < g < oo.

By the property of the Poisson kernel Py, (y’), it is easy to see that V' Py, belongs to the Hardy space
HY (R for ya > 0. Therefore from the boundedness of the Riesz transform from ! (R4 to LT (R4
we have

IV PGy, @ty = IRV P(ya) % By, Ol 1 sty
< ||R/V/Pyd||L1(Rd—1)||3ydu/(0)||Lllm(Rd71)
< ||V/Pyd||7-l‘(Rd—1)||aydu/(0)||Lllﬂoc([Rd*1)
< Cyg 'y Oy w1

which proves the desired bound (1-5). [l
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5. The Stokes semigroup in L”, spaces

uloc

In this section we construct the Stokes operator in the L, spaces and the associated semigroup. Usually

uloc
the Stokes operator A is written as A = —PAp, where P is the Helmholtz—Leray projection and Ap is
the realization of the Laplace operator under the Dirichlet boundary condition. However, the action of
P does not make sense in general for nondecaying data, so we need to define the Stokes operator in a
different way. In principle, we follow the argument of [Desch et al. 2001] to define the Stokes operator
but with a slight change of some technical details.

Notice that [Ukai 1987; Cannone et al. 2000; Danchin and Zhang 2014] provide representation
formulas for the solution of the unsteady Stokes problem. However, these formulas involve singular
integral operators, which are unbounded on spaces of nonintegrable functions. Our approach which relies
on the Dunford formula and the Stokes resolvent problem takes advantage of the fundamental insight of
Desch, Hieber and Priiss, which circumvents the unboundedness of the Helmholtz—Leray transform.

Let A € S;,_, withe € (0,7). Let ] <g <ooand f e LY
solution (u, V p) to (1-2) in the class stated in Theorem 1. We denote this linear map from LulOC U(IR )
to L?

uloc,o

T oc, ,(R%). Then there exists a unique
([R{ ) as R(A). For convenience we also write the associated pressure Vp as V p, to emphasize
that V p,, is determined from u by the formula (2-10). Note that y d,,u" makes sense in LﬁlOC(Rd 1) as is
stated in the proof of Theorem 1. What we need to show is that

(i) the null space of R(A) is trivial, and
(ii) the resolvent identity R(A) — R(u) = —(A — ) R(A)R(w) holds for any A, i € S;_,.

Note that (ii) implies in particular that R(A) commutes with R(u). To prove (i), we assume that
u:=RO)f =0 for some f e LI
(2-10). Hence, we must have f = 0 since (4, Vp,) solves (1-2). Thus, R(}) is injective. Next we
toc.o (RY) and set u = R(A)f and v = R(u)f. Then
(u —v, Vp, — Vp,) solves (1-2) with f = —(A — w)v. By Theorem 1 there exists a solution (w, V py,)
to (1-2) with f = — (X — w)v, which is unique in the class stated in Theorem 1, and w = R(A)(u —A)v =
—(A — w)R(A)v by the definition of R(A). Since (w, Vpy) and (u — v, Vp, — Vp,) belong to the
same class as stated in Theorem 1 (in particular, both satisfy the decay condition on the derivative of

aloc. U(Ri). Then the associated pressure V p,, is zero by the formula

prove the resolvent identity. Fix any f € L

the pressure as y; — 00), by the uniqueness result of Theorem 1, we have w = u — v. This implies
RAMf—R(Wf=—A—-—pn)RMA)R()f forany f € LulOC U(IR ), and hence the resolvent identity is
proved.
From (1) and (ii) we conclude that there exists a closed linear operator A : D(A) C Lul oc, U([RR ) —
uloc U(R ) such that the domain D(A) of A is the range of R(A) which is independent of A, and the
resolvent set of —A includes S, _. for any ¢ € (0, w), and (A + A)™ I'=R() for any A € Sy_.. We say

that A is the Stokes operator realized in Lu]OC U(R ).

Proposition 5.1. Let 1 < g < 0o and let A be the Stokes operator realized in L! ([F\Ri). Then

uloc,o

DA)=fuell @R |V'uelL!

uloc

(Ri)s a=0,1,2, u=0 on B[Ri}. (5-1)

uloc,o
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Proof. Theorem 1 implies that for any f € Luloc U([R ), the function R(A) f belongs to LulOC o([RR ),
VRN f € Luloc([R{ )fora=0,1,2,and R(A)f =0 on S[Rd Thus, the domain D(A), which is the
range of R(A), belongs to the set defined in the right-hand side of (5-1). Conversely, let u be any function
belonging to the right-hand side of (5-1). Then the pair (u, V p,) with V p, defined by (2-10) solves (1-2)
with f = Au — Au+Vp,, and f belongs to LulOC o ([RE ) by the definition of V p,, and the estimate (4-34).
This implies that u belongs to the range of R()), and thus to D(A). O

Note that we do not have the characterization of the domain of A in the space Lg° (Ri). Theorem 1
and the definition of R()\) immediately yield the following:

Proposition 5.2. Let 1 < g < oo and let A be the Stokes operator realized in L! (R ). Then for any

e € (0, ) the sector Sy _. belongs to the resolvent of —A and

uloc,o

G+ A Flls < Cell fllps . A€ Saer f € L, (R,
Therefore, — A generates a bounded analytic semigroup in Luloc - (R ).

Notice that A is not known to be strongly continuous, because D(A) is not dense in Lu] oc.o (thisis

seen easily, see for instance [Mielke and Schneider 1995, Lemma 3.1(d)]). Applying Theorem 1, we also
have the L?, -LY 1A

dloc as follows.

dloc estimates for e

Proposition 5.3. Let 1 < g < oo and let A be the Stokes operator realized in L! ([R{ ). Then there

uloc,o
exists a constant C(d, q) < oo, fora =0, 1,

_ d _

, SClIflgs o >0, feLll R, (52
uloc

and when 1 < g < oo,

t

ogesn Vel SCIF g, 1> 0, f € Ljge B (5-3)

Moreover, for 1 <qg <p <oocorl <qg < p <00, there exists a constant C(d, p, q) < oo such that

le™ A fllpp < CE PP L1y fll e >0, f €Ll ,RD, (54

||Ve*’Af||LgmsCr*“2<r WRNUD L 1)) fllpe o >0, f el ,RD. (55

uloc,o

Remark 5.4. In (5-4) and (5-5) the estimates are stated, in particular, for the exponents 1 =g < p < oo,

while the generation of the analytic semigroup in L! (IR% ) seems to fail, by a reason similar to the

uloc,o
case of L' observed in [Desch et al. 2001]. The estimate for the case p =g = oo is also well known. In
(5-3) the logarithmic growth factor appears due to the logarithmic factor in the resolvent estimate (1-4).
This additional growth does not seem to be optimal at least for the semigroup bound, and it is possible to

remove it if one obtains the resolvent estimate such as

IV fllgg < CASfNga +17 2V Il ), (5-6)
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for one can then use the identity

_iA 1 7y —1 1 tA -2
= — A+ A A= —— A+ A A
¢ fzm'/re(+)fd 2;m/re(+)fd
in estimating V2e~'4 f, where the integration by parts is used. Estimate (5-6) seems to be valid, though
we do not give the detailed proof in this paper. We also note that the estimates for the higher-order

derivatives can be shown by our method, but we do not go into the details here.

Proof. The estimate ||e*’Af||qu < C||f||Lq] for ¢ > 0 was already shown in Proposition 5.2, and we

tA

focus on the other estimates. Let us recall the standard representation formula of e™'# in terms of the

Dunford integral
1

—tA
e mf=——
/ 2mi

/e“(/\+A)—1fdx. (5-7)
r

Here I' =T, withx € (0, 1) isthe curve {L € C | |argr| =71, M| = «}U{A € C||argA| <n, |A| =k}
for some n € (% 77,'). Then, estimate (1-3) with ¢ = 1 yields

—tA R(r —-1/2
Ve flig <€ [ ORI a1 g,
r
Since x € (0, 1) is arbitrary, we may take the limit « — 0 and obtain
A OO 1/2 1/2
Ve fllpe < C/ e 2 dr| fllpg < Ce VP fllg o 1>0.
uloc 0 uloc uloc

The estimates of (d/dt)e "4 f and V?e~'4 f are obtained in the same manner. Note that, as for the
estimate of V2e~'4 f, we have for t > 0

oo
IV2e ™ flle SC/ e e~ P logrdr| fll s < Clogle+ D)l flla .
uloc 0 uloc uloc

Let 1 < g < p < o0. To prove (5-4) we first observe that the following the formula holds for each m € N
by virtue of the integration by parts in (5-7):

!
ey T / e+ AL d (5-8)
2wit™ Jr
By taking m large enough, we can choose {qj}’;’zo suchthatgo=q, qj<qj+1, gn=p,and 1/q;—1/q;41 <
1/d. Then, estimate (1-6) is applied for each pair (g, g;+1), and we obtain
e 4 g, <€ [ D10 A) " fl g 1
uloc F uloc

<crm / Y e B Y PR B P e A YA 2N
r

<ci™ / e MO T A @A PO | an | (5-9)
r
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Thus, again by taking the limit k — 0, we have

[o¢]
||e—tAf||Lp S Ct_m/ e—trCOS nr—m—l(l +r(d/2)(1/p—1/q)) dr”f”LZloc
0

uloc

< C(1 4~ @WPWaP| £ g . (5-10)

This proves (5-4). Estimate (5-5) is shown in the same manner by using the formula (5-8) and the resolvent
estimate (1-7), we omit the details. O

6. Bilinear estimates for the Navier—Stokes equations

6A. The symbol of the Helmholtz—Leray projector. The formulas derived for the resolvent problem in
Section 2C are valid for a right-hand side f in the class L”

uloc,o?
vanishes on BRi. When dealing with the Navier—Stokes system, the nonlinear term

i.e., solenoidal vector fields such that f;

u-Vu=V-(uQu)
is such that for any 7’ € R?~!
(- Vu)y(z',0) =u(z',0)- Vua(z',0) =0

by the no-slip boundary condition, but it is not divergence-free. Hence, for f € C OO([F\R‘j’r) and f; =0
on B[Rii, we have to compute the symbol of the Helmholtz—Leray projector P on the divergence-free fields.
In order to compute the Helmholtz—Leray projection we look for a formal decomposition of f into

f=Pf+Vg,
with
V-Pf=0, (Pf)a(z',0)=0 foranyz e R

For the moment f is assumed to be smooth and decay fast enough at spatial infinity. We have to solve
the problem elliptic problem for g with Neumann boundary condition

g=v g b (6-1a)
Vg-eq= fg ondRY,
and such that
Vg(z',z4) = 0, whenzg — o0. (6-1b)

The solution g to (6-1) is expressed in Fourier space by, for all & € R¥~!\ {0}, for all z; > 0,

~2al§| 00 g f ;
8¢, zq) = e fa(&,0) —/ i§-f(€.5)+0afa8. ) [e*|1d*5||$‘ _|_e*(z,1+3)\§|]ds
11 0 20|
_ _foo i& .ff(s,s)[e—ud—sna +e—(z,/+s)|5]ds+1/1d FuE, s)e— @l gg
0 2| 2 Jo

B % /°° fa(E. s)e” 08l gg — % foo fa(&, 5)e” GOkl gg,
2d 0
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Here we have used integration by parts. As a consequence, we obtain the formulas for the Helmholtz—Leray
projection: for all & € R?~1\ {0}, for all z4 > 0,

o0

@'(&m)#’(&mﬁ% i§f' (&, 5)e” Bl e Gt g
0

_E/Zd fu(E, s)e~ @l gg
2 Jo
+% f " fate et g

+%/oofd(é’s)e(z4+s)§|dé: (6-22)
0
and

([I:D/?)d(é:» zd) = —% /OZd ig - fI(&, s)[e” @l 4 o=@t g

o0
+ %/ £ (e, 5)[eCEl =Gl g
lzd ~ A
+ 3 / fa(g, S)[e—\zd—sl\EI _ e—(ZzH-S)I%'I] dE. (6-2b)
0

6B. The Helmholtz—Leray projector and the divergence. In view of the application to the Navier—Stokes
system, we need to analyze the operator

Fell

uloc

— [FDV . F = (Pﬁy(aaFay))ﬂZI ,,,,, d’

rather than the Helmholtz—Leray projector P itself. Here we develop an approach similar to the one of
[Lemarié-Rieusset 2002, Chapter 11]. An analogous method has also been used in other works concerned
with nonlocalized solutions of fluid equations, such as for instance [Taniuchi et al. 2010; Ambrose et al.
2015], reminiscent of [Serfati 1995]. In the setting of the whole space R, let x € C 0 (R%) be a cut-off in
physical space which is supported in B(0, 2) and equal to 1 on B(0, 1). The operator PV - is equal to
V- +D® DV - /—A. The kernel T,g, of the operator D, DgD, /—A is decomposed into

Ta/gy = 8aaﬂ((1 — X)Ty) + 3aaﬂ(X TV) = Aaﬂy + aaaﬂBy,
where T, is the kernel associated with the operator D, /—A. We have Ayg, € WL®(R?); i.e.,

sup [|Agpy| <00
nezd—l x7=0 77+(0y1)d

and B, € Lcl,([R{d). Hence, for any 1 < p < oo, for all f € Lgloc([REd), Aggy * f € LSIOC(R") and
B, x felLl (RY). o
We now return to the case of Ri. We first compute the action of PV - on F € C?O(R‘fr)d . Assume

that, for all o, y € {1, ..., d}, forall 7 € R~1,

Foi(Z',0) = F4,(z',0) = 84 F44(2', 0) = 0. (6-3)
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Notice that we will later take F in product form, i.e., F = u ® u, but for now we stick to the general F just
described. For the tangential component, we have for all £ e R?~!, forall z; > 0, forall B {1, ...,d —1},

(P@u(Fa)}p(E 20) = Py (B (Fay)) (€ 2a)
= it Fup(€, za) + a(Fap) (£, 2a)

7 oo
+ %’3' / (=&ybaFay + 18 0aFay) &, )™l 4 o= Gl g
0

. 2 R ~
_ % / (igaFad + adFdd)(S, S)e_(Zd—S)k-‘\ ds
0
] (o]
+ %/ (l.é‘_aFad + adFdd)(g’ S)e—(s—zd)m d%’
d

. o0
+% / (160 Foa + 84 Faa) (€, s)e” Gl gg
0

Hence, integrating by parts we get

(PP (Fa) (€. 24) = 180 Fup (&, 20) + 0 Fyp (€. 24) — 16 Fga (€. 24)

| ikbpt
20E]

; oo
n 15/32|5|/ Fra(E. s)[e—la=sIEl 4 o=Gatlel] g
0

o0
/ Fay(g,s)[e—\Zd—SIIE\+e—(Zd+s)\g|]ds
0

. 2 R ~
_%f (iSVFdV-i_isaFad)(s, S)e_(zd_s)|f|ds
0
+%/ (igyi;dV—i_isafad)(s, S)e_(s_zd”flds
2d

. o0
+% /O (&, Fy, + it Fua) (5, )eCorEl gs (64

As for the vertical component, we have for all £ € R4-! for all zq > 0,
{P0u(Fu))}a(§, za) = Pay (0o (Fay)) (&, za)

2d — PR
=3 [ B o) i a6 e R g
0
1 [~ = =
+3 / (—€yuFay (€. 5) + 18 0aFay) (§, 5)le™ 7 — o=tk g
2d

(0]
+% f (i8a Fad + 84 Faa) (€, )[e™ 7! — =Gl g,
0
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Thus, again integrating by parts we have

(P (Fu )&, 2) = i Fay (. 20) + 3 /O (Gaty Fay = 1EP Faa) (&, )[e™ ] 4 oGt ¥l g

1

(o.¢]
=5 | (Gaby Fay — 1 Faa) €. 5)le™ 07308 — =Gt ds
2d

|§|f (zgdey+lga ad)(g s)[e~ Gl _ g= a9l gg

|§|f (lf‘;:dey+l§a ad)(s s)[e —(s— Zd)\El_e—(Zd-i-S)IEI]dS (6-5)

Notice that the integrations by parts carried out above are in the same vein as the decomposition of the

multiplier R(A) of the resolvent problem (1-2) into a local part associated with the Dirichlet-Laplace

operator and a nonlocal part coming from the pressure. This technique was introduced in [Desch et al.

2001]. In both situations, the goal is to get around the direct use of the Helmholtz—Leray projector P.
We have to deal with several types of multipliers: for «, 8, y,6,t € {l,...,d — 1}, for & R4-1

g"fgfy ~CmIEIE | gpe” @R s g |ElemCaIBIE, forall E R, 24>, (type A)

é"’fgfy KR, gkpe DRI, g lele IR, forall R s>z, (type B)

Eabpby _ - ~ . ~ _
“|;| Lo 0HOlIEy, g,gpe” CTHORIE,; g, |Ele”CT0EIFy, forall § eR'™, 5,24 > 0. (type C)

All the terms associated with the multipliers (type A), (type B) and (type C) can be handled via Lemma 6.1
below, which will allow us in Section 6C to combine the operator PV - with the operator (A + A) ™.

We develop an idea similar to the one of Lemarié-Rieusset explained above, except that rather than
cutting-off in physical space, we cut-off on the Fourier side. This appears to be more convenient for
us, since we will have a decomposition based on the nonlocal operator (—A’)?~/2 instead of the local
derivatives d,0g.

Lemma 6.1. Let x € C(‘)’O(Rd”) be such that x = 1 for |&]| < 2 and x = 0 for || = 3. Let mp €
C®(R4=1\ {0}) a multiplier in Fourier space homogeneous of order 2, i.e., such that, for all t > 0,
n € R we have ma(tn) = t>my(n), and such that for all € € R~ for all o € N9~

|0'ma(€)] < €177,
Let 6 € [0,2] and let K, € C®(R? \ {0}) (resp. Kg € C® (R4 \ {0})) be the kernel associated with
mo(&)e &l (resp. (ma2(£)/1€17%)e ") ie., forall y e R andt > 0,

K0, 1) :=/ eV EmyE)e 1 de  and  Ko(y', 1) ;:/ o EM2E) iy e
Rd-1

Rd-1 1&12-¢

Then, for each ) € C\ {0} we can decompose K, into

Ky =(—ANCD2Ky e+ Ky <ppres (6-6)
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where the symbol of Kg - 1/2 is

2(5) _;|g|
e

while the symbol of Ky <112 is x (M 7V28)mo(&)e™"El. Moreover, there exists C = C(d) > 0 such that,
forally e RV andt >0,

(1= x (A" 2en 2252

_,|)\|1/2
/
Ko 20, 0D < W, (6-7)
C
K < : 6-8
| 2,§|M1/2(y )l = (|A|—1/2+|y’|+t)d+l ( )

Proof. The decomposition (6-6) simply follows from

L= (1= x (726 + x (117 1%8)

and
ma(§)
mo(E) = P
3
for the “high”-frequency part, and thus, we focus on the proof of (6-7) and (6-8). Set
- my(§) _
my spp2(§, 1) = (1 — x(|A] 1/25)) s Ze o 'El

My, <2 (€, 1) i= x (A28 ma(&)e "5

Then it is straightforward to show

188mg =2 (€, )] < Clg|° e W/DIEl T,
0gmy (&, 1] < ClEP e WL
Hence, as for (6-7), if |y’| > t, then the argument in Lemma 3.1 (i.e., introduce the cut-off in the Fourier
side with the radius R and optimize R later as R = |y’|~!) gives the bound
—t[A]1/2
/
Ko >p2(Y, D < WTJF@’
while if ¢ > |y’|, we simply estimate
Ko ppn(y, Dl < C / §1%e "l dg < CrmatI=OemHE (6-9)
- I§1>212]'/2

by changing the variables t& = . Thus, estimate (6-7) holds. As for (6-8), let us first consider the case
ly'| +¢ > |x|~Y2. If t > |y’| in addition, then the simple calculation as in (6-9) gives the bound

|Ky <2y, )] < ct-1,
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While if |y’| > ¢, then the argument as in Lemma 3.1 yields
, C
Ky <2 (y, D < |y/|—d+1'
Finally, if |A|~'/2 > |y’| + ¢, then we have
Koppat0I=C [ lePde < Cl e

|&<3|A]1/2

Collecting these, we obtain (6-8). U

We now estimate the action of Ky ;12 and K, ;172 on functions in LﬁloC(Rﬁ)-

Lemma 6.2. Let p, g € [1, 0o] satisfy

l<g=p=oo, Osl—l<

q p
Then there exist 0 € (0, 1) and C = C(d, p, q,0) > 0 such that, for all . € C\ {0}, f € L? (Ri), and

uloc

S

vq > 0, we have

< CIA= O A A @D ) g

Ya
/ / Ko sppn (V' =2, yatza) £ (7 za) d2' dzg
0 Rd-1 Lp

uloc

1/2
<CIM21f g, .
Lq uloc

uloc

Yd
/ / Ky <ppn(Y' =2, yatza) f (2 z0) dZ' dza
0 Rd—1

and

Proof. Lets € [1,00] such that 1/p =1/q +1/s — 1. By the condition 1/g — 1/p < 1/d we can take
6 €(0,1)sothat (d —1+6)s <d. We fix such a 6 € (0, 1) below. To show the estimates stated in the
lemma it suffices to consider the case with the variable y; — z4. Then, by virtue of the bounds (6-7) and
(6-8) all terms are reduced to the estimate for the convolution K * f in RY with K, either

< CIA R A @YU g

uloc

o0
/ / Ky o2 (¥ =2, yaEza) f (2, z0)d7 dzg
va -1 L

uloc

0
/ /4 1Kz,g\xpﬂ(yl—z/,ydﬂ:Zd)f(Z’,Zd)dz/dZd
Yd -

<CIM"1 £l -
Lq uloc

uloc

Ce—lvallI'?
Ky(y', ya) = Wl j_ T (for the terms involving Ky -5 1/2) (6-10)
or
C
K, (', ya) = (for the terms involving K, |, 1/2). (6-11)

A2+ 1y + ya D

Note that f is extended by zero to R?. Then, the proof is parallel to that of Lemma 4.1. Without loss of
generality it suffices to estimate the L” norm on the cube By = (0, 1)¢. The case when K, is given by
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(6-11) is easily estimated. Indeed,

1
UL

q 1/q
dy’' dyd)

< S ([ Lo [

nezd I?»I‘l/2+|-|)

Zd
/ K, (y =2, ya—z0) f(Z, za) dZ' dzq
Rd—l

q 1/q
dy' dyd)

a1 ¥y Xnf

<C
) ,721: (A7 |n B

00 pd—1 12
= C/O Wdi’ = ClA| ”f”l‘gloc

Next we consider the case when K, is given by (6-10). Let 1/p =1/s+1/q — 1. Then, arguing as in the
proof of Lemma 4.1, we have from the Young inequality for convolution

||1<x*yf||m30>sC(||Kx||Ls+ > Kl + Y] ||xﬂKA||Lx)||f||Lgm.
max |8/|>3 max |B/|<3
BacZ |Bal=3

Here yxp is the characteristic function on the cube Bg (see the proof of Lemma 4.1). By virtue of the
choice of 6 € (0, 1) above, we see that K; € L*(RY) and

Kol < C|k|_(]_9)/2+(d/2)(]/q_l/p).
Similarly, the direct computation yields

[o,0)
> gkl =€ [ e dr < Cla 00
max |6|>3 0
BacZ

Z xpKallLs < Ce M < ca=0-972, .

max | 8] <3
|Bal=3

6C. The bilinear operator. The goal of this section is to study the bilinear operator
u, v) > A+ A)'PV-u®v). (6-12)

The idea is to combine the results on the operator (A4 A)~! obtained in Section 4 with the decomposition
and estimates for PV - obtained in Section 6B.

Let F:=u®uv withu, v e LUIOCU
Lemmas 6.1, 6.2 is the following proposition.

(R ). The outcome of the computations (6-4) and (6-5) as well as

Proposition 6.3. Let A € S,_, and letu, v € L”, ([R ). Assume that p, q € [1, oo] satisfy

uloc,o

1 1 1
l<g<p<oo or 1<g<p<oo, 0<———<-—.
g p d
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Then there exist 0 € (0, 1) and Gy > pr2(u @ v), G2 V) € Llloc([R{d : RY) such that, for all
gell,...,d—1},

(P (g )} = By (uy Vp) +04 (g vp) = p (wava)+(= AV OGP p@@VHGE @), (6-13a)

0,>2|
(P (av)}d = =y (avy) ) (= AV TGy 1 @) +GL 1 (@), (6-13b)
where Einstein’s convention is used (the sums run over o € {1,...,d}and y € {1,...,d — 1}), and
such that
1Go 2 @@ v)l < CIAIT 24 2 WPy @] g (6-14)
IG <@ ®v)lps < CIMlu@vllye . (6-15)

Here C =C(d, ¢, p,q) > 0is independent of A € Sy _e.

The only thing which remains to be done so as to estimate the bilinear operator (6-12) is to combine
the result of Proposition 6.3 with the kernel bounds of Section 3 and the estimates of Section 4. Doing so
we obtain the important result stated below.

Proposition 6.4. Let A € S;,_.. Forall p, q € [1, 00] satisfying

1 1 1
l<g<p<oo or 1<g<p<oo, 0<———<-—,
q=p q<p g p_d

there exists C = C(d, ¢, p, q) > 0 (independent of A) such that, for all u, v € L? (Rd : RY),

uloc,o

10+ TPV @)l < CIAT A+ WPV u@ vl g (6-16)

Moreover, if Vu, Vv € LY ([R{d) in addition, then

uloc
IVO+A)'PY-@@v)lle < CIal™2(luVolle + vVl ). (6-17)
Remark 6.5. As for (6-17), we can also show
IVOA APV @@ o)l < CIT2A+ @YU (uvolls +vVullp ) (6-18)

forl<g<p<ooorl=<g < p<oosatisfying in addition 0 <1/g —1/p < 1/d. The proof is the same
as in the case p = ¢, but we state the proof only for the simplest case (6-17) in this paper.

Proof of Proposition 6.4. Proof of (6-16): All the ingredients are already proved, we just have to indicate
how they fit together. The key point is the formulas (6-13). The idea is that we integrate by parts in the
formulas (2-9) and then we use the estimates of Propositions 3.2, 3.5, 4.2, 4.3 and 6.3. The estimates
of the nonlocalized Lebesgue norms follow exactly from the bounds in Section 4. In particular, we
recall the resolvent (A + A)~! consists of the Dirichlet—Laplace part (Section 4A), and the nonlocal part
(Section 4B), that is,

(A+A) "' =Rpr (W) + Ryy (M)
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The operators Rp 1 (A) and R, (A) respectively satisfy the estimates in Propositions 4.2 and 4.3, that is,
fora =0,1,

IV*RoL. (W) fllr + IV Rat. (W) fllpr < CIA= 02 7PNV e
and
Ima(DYRo.L. (W) f s+ lIma(D)Rat. () fllps, < CIA™ 2 flle , a€(0,2),
lma(DYVRoL. (W) fllpg + Ime(DYVRa1G) flls < CIMN™" 2| fllpe e (0,1).

Here my (D’) is any Fourier multiplier, homogeneous of order a. Moreover, we also have

IRo.L. (W3 f i+ RatG)3af Nl < CIAIT 24 A @PY=UD) | f) (6-19)

and
Ima(DYRp.L. (M da fllzs, 4 Ima(DY Rt (da flls < CIA™ 2| flle . ae @, 1),

if feCg® (R4 ; R%), by the integration by parts in (2-9) and applying the derivative estimates of the
associated kernels. Thus, Rp 1. (A)d; and R, 1 (A)d, are extended to bounded operators from LZIOC([R{d : RY)
to Lffloc([Rd : R?) with p, g satisfying 0 < 1/q — 1/p < 1/d together with the bound (6-19). Indeed any
([R{i) is approximated by a sequence of functions in C§° ([R{‘i) in the topology of Lfoc([Rii)
with a uniform bound in the norm of Lgl OC(Ri). This extension with the estimate (6-19) is applied to the

term 9d,4(u4vg) in the formula (6-13). This concludes the proof of (6-16).

Proof of (6-17): We first observe that the proof of (6-16) in fact ensures the existence of the number
8o € (0, 1) such that, for any é € (0, §o],

. . q
function in Lo

Ims (D)4 A)T'PY - (@)l g < CIA™ " lu@ vl (6-20)

where ms(D’) is any Fourier multiplier, homogeneous of order §. Indeed, for 6 € (0, 1) in Proposition 6.3
we can take §y such that §y € (0, ). We will use (6-20) later.
Since the tangential derivatives commute with (A + A)~! and P, estimate (6-16) implies

IV'O+A)PY-@v)lle < ClA™ V@@l
and thus, combining with (6-20), we also have
lms(DHV' G+ )PV - @@ v)lle < CIA™ 2V @@ vl (6-21)

for 8 € (0, 8o]. Next we consider the estimate of 9;(A+A) " 'PV-(u®v). Set U = (A +A)"'PV-(u®v).
Then the divergence-free condition implies d;U; = —V’ - U’, and hence, the estimate of d,U,; follows
from the estimate for the tangential derivatives which are already shown. It remains to estimate d,U’. To
this end, we note that, by regarding the associated pressure V'p as the source term, the vector U’ is also
written as

Ug =+ Ap) ' (dpp+ V- (uvp))
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for B €{1,...,d—1}. Here (A + Ap)~" denotes the resolvent for the Dirichlet-Laplace operator (hence,
Rp 1. (1) in the proof of (6-16) above), for which we have already established the estimates in L?,

Uloc Spaces
in Section 4A. In particular, we have

C
—1 N
104+ Ap) =V - @wvplllpg, = IV - (o)l

As for the term d;(A 4+ Ap)~! dg p we have from the integration by parts in the kernel representation,
0+ Ap) ' 9pp = (L4 AN) ' 0p0ap = 0pOh+ AN) T (AU + AUG+V - (wvg)).  (6-22)

Here (A + Ay)~! denotes the resolvent of the Neumann—Laplace operator, for which we have clearly the
same estimates as for the resolvent of the Dirichlet-Laplace operator, since the argument in Section 4A is
based only on the pointwise estimates of the kernel function. Hence the first term of the right-hand side
of (6-22) is estimated as

1295+ AN) "' Uallps < ClldgUallys < CIAIT 2105 @ )l o,
and the third term is estimated as
19 G-+ AN 'V - o)l < CIATV2IV - o)l
Finally, we note that AU; = A'U; — 3,V’ - U'. Then
19p(h+ AN T A Ugllps = I(=A) 220+ Ay (=AUl
< CIAT2I(=A)285Uall s,
< CIM~P9p@ @)l e,

and similarly,
19 -+ AN) 184V U'lla = I(=AY D29, + Ap) g (=AY IRV U 0
< CIM2119(=AN =22V - U o
< CIAT2IV @o)lls
Here we have regarded dg(—A’ )~(1=9)/2 a5 the Fourier multiplier, homogeneous of order § and applied

the estimate (6-21). The proof of (6-17) is complete. ]

It remains to transfer the stationary bounds of Proposition 6.4 to the nonstationary operator e APV - .
These bounds are stated in Theorem 3 in the Introduction. We now prove this theorem.

Proof of Theorem 3. Proof of (1-8): By the semigroup property e /4 = ¢~(1/24=(/24 apd
IVe™ D4 flly = Cr 2 f g,

tA

it suffices to consider the case @ = 0. As in the estimate of ¢~'“, we use the formula

efAPv-(u@gv):L_/e“(/\JrA)1Pv-(u®v)dx.
2mi Jp
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Here the curve I is taken as in the proof of Proposition 5.3. Assume that p, g € [1, oo] satisfy 0 <
1/g —1/p < 1/d. Then we have from (6-16),

le PV - @®v)|,» <C / e A7 2L [ PV di u @ vl g,
r

< Ct_]/2(1 + t—(d/z)(l/q—l/l?))”u ® v”l‘zloc,

as in the computation of (5-10). For general p, g we use the same trick as in (5-10), and then combine the
estimate of (A + A)~! and (A + A)"'PV .. The details are omitted here. The proof of (1-8) is complete.

Proof of (1-9): In this case it suffices to use (6-17) instead of (6-16). Thus we omit the details. O

7. Mild solutions in Ly, ., g > d

In this section we consider the Navier—Stokes equations in Ri

u—Au+Vp=—-V-u®u), V-u=0 in(0,T) xR, -1
u=0 on(0,7T) x dRZ, uli=o =uo in IR,
The corresponding integral equation is
t
ut) =e uy— / e IAPY . (u@u)ds, >0, (7-2)
0

and the solution to this integral equation is called the mild solution. The existence of such solutions was
pioneered in [Fujita and Kato 1964]. Our objective is to prove the short-time existence of the mild solution
R$)
with ¢ > d. In principle, one can prove the existence in a short time for initial data of arbitrary size if ¢ > d,

for nondecaying data. In view of the scaling of the equation, a natural class for the initial data is Lul oc.o

and locally in time for small data if ¢ = d. We note that, contrary to the L? space, the global existence

for small data in L is not expected in this functional framework since L¢, . contains nondecaying

uloc
spaces is the meaning of the initial condition, for the

uloc

functions. Another issue in the framework of Lﬁloc

domain of A is not dense in Lzloc U(IR ). The convergence to the initial data as + — 0 in the topology
of Lgloc([RR ) is achieved if and only if the initial data is taken from D(A)Luloc where D(A) denotes the
domain of the Stokes operator in Lul oc.o ([R{ ). Thanks to the result of [Desch et al. 2001, Theorem 4.3] on

the L°° theory of the Stokes operator in the half-space, the embedding LOO(R ycL? (IR ) implies that

uloc
BUCO(Ri)Lzlm C D(A)Li, ce (RL Co (R4 )Lioe € D(A)Luoc,

If the initial data is taken from these spaces with ¢ > d (the case ¢ = d is allowed), then by using the
density argument one can show the short-time existence of the mild solution which satisfies the initial

condition in the topology of LI (IR ). These facts are now quite standard. In this paper we state the

uloc
local existence results for (7-2) without going into the details on the meaning of the initial condition.

7A. Existence of mild solutions for initial data in Luloc o ([F\R ), g >d.

Proposition 7.1. For any g > d and ug € L ([R ) there exists a unique mild solution

uloc,o

ueL®(0,T; L]

uloc,o

®RD) N C(©, T); WlocO(Ri)deUCU(Ri))
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such that

sup (lu@llgs + 1Y Nu@ o + 12 Vu@)l g ) < Calluolyg
O0<t<T

Moreover there exists a constant y > 0 depending only on d and q such that T can taken be as

TV L 1 2d)Cg) s Y
~ lluollpe,

Proof. The proof is based on the standard Banach fixed-point theorem. Set || fllT as

Ifllr =OsupT<||f(t)||Lq +1YCOY f @Ol + 12NV F Ol )

Let Cy > 0 be a constant such that

RD),

uloc,o

le™ A flir < Co+ T fllye . feLy
which is well-defined by virtue of Proposition 5.3. Then let us introduce the set

Xr={feL®0,T;L]

uloc,o

®RD) N C((0, T): Wyl ((RL; RY) NBUC, (RY))
[Ifllr < 2Co(1+ T D) gl 0},

For each f € X7 we define the map ®[ f](¢) = e "y + B[ f, f1(t), where

B[f,gkr):—/ e VAPY . (f@g)ds, >0, f.geXr.
0

We will show that if T is sufficiently small, then ® defines a contraction map in X7. Theorem 3 yields
for f, g € X7,

1
IBLf. 1)l =C /0 (=) I f @ gl ds

t
<C f (t —5)" 125D ds sup sV f(s)]L sup llg(s)lpe -
0

O<s<t O<s<t

Similarly, we have, for f, g € X7,

IBLf, g1(®)|lL~ < C / (=)~ (=)~ VLD fRg(s)l 9 ds

< C@" P PoICDY qup sYCO| f ()l sup (Ig®)lgs +sCPNg(s)l),
O<s<t O<s<t
and

IVBLE 810

t/2 t
<C f (=)' f®g(s)ll g, _ds+C f (t=)"2 Ve s gV f($)lgg )ds

12

< Ct= 4D (sup sYCO| f(s) |~ sup g)ps + sup VY f ()l sup s [VE)llze

O<s<t O<s<t O<s<t O<s<t

+ sup sV F(©)llge  sup sYCOYg(s)]| L)

O<s<t 0<s<t
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Thus we obtain

IBLS, glllr < C(TY*4CD TV flirlglr, f g e Xr.

The continuity in time for ¢ € (0, T') also follows from that of f, g in (0, T'), and we skip the details here.
If T is small so that

C(TV274CD 1 T3¢ (1 + TV D) ug| 1o (7-3)

1
< 1
loe — 47

then (7-3) and the definition of Cy imply that ® defines a contraction map from Xr into X7. Hence,
there exists a unique fixed point # of ® in X7, which is the unique mild solution to (7-1) in X7. U

7B. Existence of mild solutions for initial data in L¢
d > 2. Below we define wld O(IR ) as

uloc,

uloc,o ([R ). The first result is stated in any dimension

uloc O(Rd) = {f € Luloc ) | Vf € Luloc i)’ f|xd=0 = 0}-

Proposition 7.2. For any T > 0 there exist ¢, C, > 0 such that the following statement holds. For any
ugy € Luloc U([R ) satisfying ||M()||Ld < ¢ there exists a unique mild solution

ueL™(0,T; LY. . (RD)NC(O, T); Wloco([R ) NBUC, (RY))
such that

sup (u@llpa +t"Plu@ =+t IVu@llpa ) < Calluoll o
O<t<T

Ifug € D(A)Luloc in addition, then lim,_,o u(t) = uq in L¢ ([R{ )4,

uloc

Remark 7.3. As usual, by using the density argument, we do not need to assume the smallness of
[[uoll L to show the short-time existence of the mild solution if #g belongs of D(A)L‘uiloc.

Proof. The proof is based on the standard Banach fixed-point theorem. We fix 7 > 0. Set || f||1 as

||f||T:—0supT<||f<z>||Ld HE 2N Ol + 1PV Ol ).

Let Cy > 0 be a constant such that
le™ A fllr < Co+ TV flla »  f € Lijoes R,
which is well-defined by virtue of Proposition 5.3. Then let us introduce the set

Xr={feL®(0,T; LY

uloc,o

RD)NC(0, T); Wil ((RL: RY) NBUC, (RY))
[ fllr <2Co(1+ T luollza_}-

For each f € X7 we define the map ®[ f](¢) = e "uy+ B[ f, f1(t), where

B[f,g]<r>=—/ e IAPY . (f@g)ds, 150, f.geXr.
0
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We will show that if ||ug|| L <€ and ¢ > 0 is sufficiently small then ® defines a contraction map in X7.
Theorem 3 yields for f, g € X7,

t
IBLE 10y, = C [ =7 P15 @il ds

/ (1 =) 2ds sup ')~ sup le@le . (4)
0

O<s<t O<s<t

Similarly, we have for f, g € Xr,

t/2 '
IBL, 81D~ < C / (t=)" 2 (=) P+ DI f@g(5)ll 4 _ds+C f (1=9)" 2 f@g(s)l|L~ds
0

<Ca™ 241 sup "2 f©)llz sup (1g)llza +s'?lg()llz),

O<s<t O<s<t

and

IVBLS, &1 o

/2 t
§C/ (t_s)—l||f®g(s)||Lﬁlocds+C/ (z_s)—l/z(Hng(s)IILglochIIgi(s)Ing]m)ds

<Ca"P+D(sup 21 F ) sup Ig®)llza + sup s 2 f()lw sup sV (s)la

O<s<t O<s<t O<s<t O<s<t
+ sup sV f(s)lla  sup s”2||g<s>||Loc). (7-5)
O<s<t C0<s<t

Thus we obtain
IBLf, gllr < CiA+TYH | fllrlglr, f g€ Xr.

The continuity in time for ¢ € (0, T') also follows from that of f, g in (0, T'), and we skip the details here.
If ¢ is small so that

Ci(1+TV2Co(1+T"e < 1, (7-6)

then (7-6) and the definition of Cy imply that & defines a contraction map from X7 into Xr. Hence,
there exists a unique fixed point u of ® in X, which is the unique mild solution to (7-2) in X7. If
ug € D(A)Eie then we just modify the set X7 as

uloc,o

Xr={f € C([0. T): L&, (RD) N C((0, T); Wyt o (R%; RY) NBUC, (RY))

[ 1£ 1l = 2Co(t+T")uoll g, . lim e 2L £ ()] = 0.
Then the estimates (7-4)—(7-5) yield
lim (2| BLf, g1(0) | = lim | BLS, g1l =0,

when f, g € X7, and we can construct the unique mild solution in X 7. The details are omitted here. [J

For the next result, we specialize to d = 3.
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Proposition 7.4. For any ug € 3 (Ri) there exist T > 0 and a unique mild solution

uloc,o

e C([0, T); L3, (R1) N C((0, T): W o(RY) NBUC, (R3))
such that

sup (lu@lz +tPllu@ s +1"1Vu@l s ) < Culluoll s
O<t<T

Proof. The proof is based on the argument in [Kato 1984]. Set || f| as
I£ll7 = sup @' PIFONs +1"PUV @Ol ).

O<t<T
For any ¢ > 0 there exists i € C ([R{ ) such that |lug — u0||Ls < ¢. Therefore

VR —tA

—tA 1/5 —tA ~ ~
< —
lle™ Auolls <t (lle™" o — o)l s+ lle™ Aioll,s )

1/5 ~ 1/5~
< CUA+1P)luo—doll 3+t ol
Similarly
7/10 —tA 1/5 ~ 1/5~
tOVe  Augll s < CU+"P)|lug—doll s+t liioll .5
uloc uloc uloc

Therefore there exist Cy and T > 0 such that for 7T < Tj

—_.A
lle™ “uollr < Cos.

Let us introduce the set
Yr ={f € L®(0, T; L., (R1) N C((0, T); Wyioh o(RL; R NBUC, (R))) | Il fll7 < 2Coe}.
A similar argument to that in the proof of Proposition 7.1 shows

IBLf, gllr < CiA+TY )| fllrlglr, f geXr. (7-7)

Therefore if T and & are small so that

Ci(1+T'°)2Cpe < 3,
® defines a contraction map from Y7 into itself. Hence, there exists a unique fixed point # of ® in Y7,

which is the unique mild solution to (7-1) in Yr. We also easily see u € L*°(0, T}; L3, ) as follows:

uloc
(@l < lluoll 3+ I1Blu, ul@llys,
< lluolly3 +CA+TY)ull7.

We will show that u belongs to C ([0, T); Euloc . ([RR )). It is enough to show u is strongly continuous on

[0, T) in L13110c- Since the continuity away from ¢ = 0 can be shown as stated in the proof of Proposition 7.1,
we focus on the case when t = 0. We have

tA

(@) —uollpz =< lle”“uo—uolls + ClBlu, ul(®),3
uloc uloc uloc

—tA 2
< lle™4ug — upll 2+ Cllull3.
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The standard density argument yields that the first term converges to 0 as t — 0, while in the second term,
(7-7) implies limy_.q ||u||7 = O. O

7C. Concentration of L! norm, q > d, near the blow up time. This subsection is devoted to the proof
of Corollary 1.1. We introduce the space Lzlm( p)(Ri) for p > 0 which is defined as

Lioe.iy @D 1= [ £ € LG®D | sup 1 Fllagoni0,) < 00

nEZd_I XZZ()
The following variant of Proposition 7.1 and 7.2 plays a crucial role in the proof.

Proposition 7.5. Let g > d. There exist constants y, C, > 0 such that the following statement holds. For

any ug € Lzloc’(p)’a(lRi) satisfying ”u0||Lch,<p> <yp?/1=1 for some p > 0, there exist T > p* and a unique

mild solution u € L>°(0, T L (RL)) such that

uloc, (p),0

sup (lu@)llpe 419D u(t)|| 1<) < Culluol 1o (7-8)

0<t<T uloc, (p) uloc, (p) :
This can be proved by a simple rescaling argument from Propositions 7.1 and 7.2, and so we omit the
details here. This results enables to control the existence time in terms of the smallness of the initial data

]
in Luloc’(p).

Proof of Corollary 1.1. Let ¢ > d and y = y(q) > 0 be given by Proposition 7.5. We define p, = p.(¢)
for t € (0, Ty) by

pet) =inf{p > O | @), o'~ >y},

Note that p, is finite since u # 0, and p, > 0 since u(¢) is bounded for all ¢ € (0, T,). For t € (0, T,) fixed
(our new initial time) let p > 0 be a constant such that p < p,(¢). It suffices to show that p < /T, —¢.
Since (by the definition of p) ||u(z)]|| Lo
in [z, t 4+ T such that at initial time v(¢) = u(¢) and T > p>. Assume for a moment that u agrees with
vin [t, T'] for T" = min(¢ + T, Ty, — ¢) for small ¢ > 0. Then by the definition of T, we must have

t+ T < T, —e. Since ¢ is arbitrary, this yields the desired estimate for p. As for the uniqueness, we see

< ypd/ q-1 Proposition 7.5 shows existence of the solution v

from the continuity of u# on (0, T) that there exists a constant § > 0 such that

sup  (flu(s)]l 9

q
t<s<t+48 uloc, (p

YD) L) < Collu @l e

uloc, (p) :

Hence the uniqueness in [z, t + §] follows from Proposition 7.5. To show the uniqueness up to time 77,
notice that # and v are both bounded in [R?i x [t + 8, T']. Then the bilinear estimate shows that the
difference w := u — v satisfies
172
lwllzoo gm0y < C(t2 — 1) 21l Lo ay.10: 100y + 101|220 (1101 o)) NWI Loty 102 100
172
< Clta—t)" 2Nl Loorrs 775000 + 10l Lo r8, 77 o) NWI L0 o1 10: 19

fort+8 <t; <ty <T' Thus taking t, — ; sufficiently small shows w = 0 on [#1, #,]. Using this argument
a finite number of times, we have the uniqueness in [7, T’]. |
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1

Appendix A: A Liouville theorem for the resolvent problemin L

spaces

This appendix is devoted to the proof of the Liouville theorem, Theorem 4 for the Stokes resolvent
problem.

Proof of Theorem 4. (i) First we introduce the regularization of (u, p) in x’ as follows:

K¢t _ —(d-1) x' = y/ ’ /
u (x', xg) = K nl —— Ju(y', xg)dy’,
Rd—1 K
e x/ _ y/
P xq) =f k= ”n(—)p(y’, xa)dy'.
Rd—1 K

Here k € (0, 1) and n € C°(R?™") satisfies [, n(x")dx’ = 1 and suppn C B;(0). Then, by the

symmetry of RZ, (u*, p¥) is also a solution to (1-2) with f = 0 in the sense of distributions. Moreover,
W (-, xqg), Vp*(-,x4)) is smooth in x” and satisfies the estimate

IV s oy, ey < Ck~ Tl

IVV P @iy < O VP,

1
loc

for any multi-index «. We can also check that p“ € L (Rﬁ) without difficulty. The divergence-free

condition on u* then implies

gty = —V'- () € LRI L (Ry))

uloc

in the sense of distributions, which implies that uf; is continuous up to the boundary. Then, again from
the divergence-free condition, fR‘i u“-Ve¢dx =0 forall ¢ € Cg® ([ﬁii), we have lim,, o ul(x’, x4) =0
for all x’ € R¢~!. Next we take an arbitrary g € Cy° (R‘i)d, and let (v, Vg) be the smooth and decaying
solution to (1-2) with f = A’g. By virtue of the presence of A’ one can show that (v, Vq) is constructed

so that
Vu(x), VEA v (x) = O(x|~4712),  VEAq(x) = O(x|79712), x> 1, (A-1)

for any multi-indexes « and & with || <2 and |&| < 1; see Proposition A.1 below. Then, by Theorem 4
we see

/ u* - (A’ gdx = / u“ - A'(Av—Av+Vg)dx
d Rd

+ +

_ K A7 K l
= /Rin Avdx—i—/ u*-VA'qdx (A-2)

R
d—1 d—1
=Z/ vajpk-ajvdx:—Zf 9;p“9;divvdx =0
j=1 Ri j=1 Ri

from the definition of the solution in the sense of distributions. Note that the above integration by
parts is justified from (A-1) and from the fact that Vp* and 9;Vp* with j =1,...,d — 1 belong to
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LY@ L (Ry)). Since g € C5°(RL)? is arbitrary, this identity implies that

uloc
(AYu* =0 ae.xeR}.

Set U*(x', xg) = [o* u¥(x", yq) dya. Recall that V'*u*(-, x;) € LY (R L) (R})), which shows
that for each fixed x; > 0, U*(x’, x4) is smooth and bounded including its derivatives in x’, while
it is absolutely continuous in x, for each fixed x’. Moreover, for each x; > 0, U*(-, x4) satisfies
(A)2U*(-, x4) = 0. By the Liouville theorem of the bi-Laplace equation in R‘~!, we conclude that
U* (-, x4) is constant in x’ for each x; > 0, that is, U*(x’, x4) = A(x4). Since the left-hand side is

absolutely continuous in x4, so is A, and we have
W, xq) = 5, U (5 xq) = 85, Axg) =2 @ (xg) € LY R, a e CRY).  (A3)
Then, the divergence-free condition implies that d,,a); = 0, and thus, together with the fact

lim u(x’, x4) =0,
xd—>0
we have a’ = 0. Next we take ¢ € C°(RL) and set ¢ = (0,...,0,¢)" € CC(RL)¢ in (2-3), which
yields from u}; = 0,
/ Ay, P pdx =0.
Rd
4
Thus, p* does not depend on x;. On the other hand, by taking ¢ = V¢ with ¢ € Cgo([R{i) in (2-3), it
follows that
/ Vp“ -Vedx =0, ¢eCPRL).
R
Hence, p” is harmonic in R4 | and moreover, since p¥ is independent of x4, we have A’ p*(x") = 0 for all

x" € R%~!, The Liouville theorem implies that p* is a harmonic polynomial. Then, going back to (2-3)
and using (A-3), we have, foreach j =1,...,d — 1,

/R aj (xa) (A — 83,,¢)(x[z)dxd . Y (x')dx'

=— ¢(xd)dxdf 3 p (Y (x)dx forall y € CPRITY), ¢ € CPRy). (A-4)
R, Rd—1
We first fix ¢ such that fR+ ¢ dxy #0. Since ¥ € C° (R~ is arbitrary, 9 ;P (x') is constant for all
j=1,...,n—1. Hence, p*(x) is polynomial at most first order about x’. Thus, (u*, p*) is a parasitic
solution. Since (u*, p*) converges to (u, p) in Llloc(lR{i), the limit (#, p) must be a parasitic solution.

Note that the limit (u, p) with u = (a’(x4),0)" and p = D - x’ + ¢ satisfies the reduced version of (A-4):

/ aj(xq) (A — de@(xd) dxqg =—D; / ¢dx,; forall ¢ € C§°([ﬁi+) with ¢|,,=0 = 0. (A-5)
R, R
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In particular, each a; is smooth and bounded and has a zero boundary trace, for A which belongs to the
resolvent set of the Dirichlet Laplacian in L' (R,.). Moreover, if

. , _
ngréo IV Pl <1, Rexg<r+1) =0

then the vector D must be 0, and thus the pressure p is a constant. Then (A-5) is reduced to
/ aj(xqg)(Ap — Bfl,¢)(xd) dxg =0 forall ¢ € C°(R,) with ¢|,,—0 = 0. (A-6)
Ry

The uniqueness of this very weak solution is standard and also follows from the fact that A belongs
to the resolvent set of the Dirichlet Laplacian in LI(R+). Thus we have arrived at a; = 0 for each
J=1,...,d—1; thatis, u = 0. On the other hand, if limyy/|— oo 4l 1 (x'—y|<1,1<x,<2) = O then u =0
in 1 <x; <2 since u = (a’(x4),0)" is independent of x’, which also gives D = 0 by (A-5). Thus p is
a constant. Hence a; satisfies (A-6) also in this case, which gives u = 0 for x4 > 0. The proof of (i) is
complete.

(i1) The proof is similar to that of (i). Again it suffices to consider the mollified solution (&*, p*) as in (i).
Fix an arbitrary u € (0, 1) and let (v,, Vg,) be the smooth and decaying solution to (1-2) with A = u
and f = A'g, where g € CJ°(R%)? is arbitrarily taken. Then (A-2) is replaced by

J

We observe from Proposition A.1 that |[A'v, (x)| < Clu| 341 + |x])~¢~1/2 with C independent of
w € (0, 1), and thus, we can take the limit x | 0, which leads to (A’)?u* = 0. Then the same argument
as in (i) shows that u* = (a’(x4), 0) " and p* = p*(x’) satisfy (A-4) with A = 0, which implies that p*
is a first-order polynomial, and we have (A-5) with A = 0. Then each a;(x4) is smooth and satisfies
83 aj=2D; with the Dirichlet boundary condition a;(0) = 0. Since u € LlllloC
zero, and thus u = 0 and then we also see from the equation that p is a constant. The proof of (ii) is

u“ - (AYgdx=p /,1 u - A'v, dx. (A-7)

d
+ RS

([R{‘i)d such an a; must be

complete. ([l

Proposition A.1. Let A € Sy withe € (0, 7). Let g € C° (Ri)d. Then there exists a unique solution
w, Vp) e (W2RDHIN Wy * RO NLERD)) x L2RL)

to (1-2) with f = A'g such that u and p are smooth and satisfy

VU IV )] < G T
- [AV4 AP ) (14 | x)d+l/2 (A-8)
N Ce
VYRR + VOV p ) =

for any multi-indices a and & with |a| < 2 and || < 1. Here the constant C, is taken uniformly in
A € Sq_g, while Cg ) depends on € and A € Sy _;.

Notice that the uniform estimates in |A| is used in the proof of (ii) of Theorem 4.
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Proof. The uniqueness is well known and we focus on the estimate (A-8). The Helmholtz decomposition
implies g = i+ V p,, where h € L2 (R%) and V p, € L*(R%)? with p, € L] (R%). Since g € C°*(R1)“,
Vpg and h = g — Vp, are also smooth and bounded in Ri including their derivatives. Then the pressure
Vp is constructed in the form Vp = A’V p, + V p,, where (u, V p,) is the unique solution to (1-2) with
f = A’h. We first show that

VAV'Vpe(x), VPVh(x)=0(x|7", |xI>1, (A-9)

for any multi-index B. The estimate of 4 follows from the one of V p, by the relation h = g — V p,. To
show (A-9) for V p,, we recall that p, is constructed as the solution to the Neumann problem Ap, =div g
in IRE‘L and 0y, pg = ga =0o0n au;ei, which is given by the formula

P == [ (Bx= )+ B =y dive() dy.

+

where y* = (y/, —y,), and E(x) is the Newton potential in R?. Then, the integration by parts and the
condition g € CJ°(R4)? yield

pe(x)==V'- [ (E(x—=y)+Ex—y")g'(y)dy—dy, /Rd (E(x—y)—E(x—y")ga(y)dy.

d
R

Hence, we obtain the formula
V) ==V [ (G +EG-y g 0 dy=VVa, [ (EG—y) - EG=y g dy.
+ +

Since |[VAV3E (x)| < Clx|747'7IPI, we verify the estimate (A-9) for |x| > 1 when g € C{°(R%)% Next
we consider the estimate of (#, V p,). We can now apply the results of Section 3, in particular the integral
representation formulas and the kernel estimates given there. That is, u is written as

u(x) = /d K (x" =y, xq, yo) N h(y) dy,
R

4
with the kernel K; whose pointwise estimates are given in Proposition 3.2 for k; ; withi =1, 2 and in
Proposition 3.5 for r,. Since d; with j =1,...,d — 1 commutes with the Stokes operator in Ri, we
verify the bound

c 1
()l = 1/4[ d—1 12
A Jrd Jx =y |7 A+ A X = y])

with C independent of A € S;_,. Indeed, by virtue of (3-18), the kernel |V'r; (v, z4)| is bounded from
above by

IV'h(y)|dy (A-10)

C
IMY4 (a4 za + 1y DIV2A + M2 (va + za + 1y D) A + M2 (va + za) V2

A similar bound is valid also for the kernel V'k; 5, i = 1, 2, by Proposition 3.2. Estimate (A-10) implies
from (A-9) that

1 1 1
ol = C(W“ + |A|3/4)<1+|x|)d+1/2' (A-1h)
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Since the tangential derivatives commute with the kernel, we have the same estimate for |V/“u(x)| as
in (A-11). The estimate for the x; derivative is a bit more complicated. We decompose the kernel K as

Ki(¥',ya, za) = x OV KL (Y5 Yas za) + (1= x () K (Y, Ya, za), where x (¥') is a smooth cut-off such
that x(y') =1 for |y'| < 1 and x(y’) =2 for |y’| > 2. Then we compute

Dyt (x) = /d X0, Kp (X" =y, xa, yd)A’h(y)dy-i-/d V(1= )0y, Ki(x" =y, xa, ya)) - V'h(y) dy,
R RY

and then the former term is estimated from above by

¢ 1
A'h(y)|dy,
I)\‘|1/4 /Ix/y/|<l |x—)’|d_1/2(1+|)»|1/2|Xd—yd|)3/2| Mldy

and the latter is bounded by

1
C/ IV'h(y)| dy.
wreyist A+ 1 —yDAA+ AP0 +ya+ 1 —y ) 2

These bounds follow again from Propositions 3.2 and 3.5. Then it is straightforward to see

1 1 1
Vutol = C(W‘* * W“) (L + e )ar172’ (&-12)

with C depending on h. The same bound holds also for |V'*Vu(x)|. Since
Oy Pu= —Ag+ Aug+ ANhg=—tug+ Nug— 9.,V -u' + A'hy, (A-13)

we obtain |3y, p, (x)| < Ce.5 (14 |x|)~9~1/2 from the above results. Thus, the similar bound is valid also
for V'8, pu(x)| since V' commutes with the kernel. Next we consider the estimate of V' p. We apply
the argument as in the estimate of Vu; that is, with the cut-off x, we write V'p, as

V' pu(x) = /Rd X (" =y, xa, ya))Vy, A'h(y) dy+/Rd V(1= 0q & =y xa. y0) - Vh(y) dy.
+ +

Then Proposition 3.7 yields

e—cIM'ya
IV pul)] < C/ |A'h(y)] dy
! [x"—y’|<1 (lxl_y/|+xd+yd)d71
AR
i, / IV'h(y)| dy.
woyizt A+ — Y+ 2y A+ —ypz -
From this bound it is not difficult to derive the estimate

\vad <C ! ! ! A-14

The details are omitted. Then we also obtain the same estimate for |[V'*V’ p(x)|. It remains to estimate 8% U,
but from the divergence-free condition we have already obtained the estimate for 8fdud, and thus, it
suffices to consider afdu’. But the decay estimate immediately follows from the equation 8fdu/ =
al —ANu +Vip,— NN, O
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Remark A.2. Let (1, Vp,) be the solution to the resolvent problem (1-2) with f = A’h as in the proof
of Proposition A.1. From (A-14) we have shown that

1 1 1
A
IVEVipu ()] < C(IAIW + |x\|3/4) TG (A-15)

for any A € S;_¢ and || < 2, where C depends only on ¢ and /. On the other hand, from (A-12) and
(A-8), we have

V%D, pu(@)] < ClIA1P7* + | + ! ! (A-16)
Xd i — |)L|1/4 |A|3/4 (1+|x|)d+1/2

for any A € S;_¢ and |¢| < 2, where C depends only on ¢ and #.

Appendix B: A Liouville theorem for the nonstationary problem in Lfﬂ oc SPaces

B
The class of weak solutions for the nonsteady Stokes system (1-11) is stated as follows. Let ug €
uloc J(R yand f € L\ ((0,T) x [@i))d. We say that (4, Vp) is a solution to (1-11) in the sense of
distributions if

loc

(i) ueL>®0,T; LuloC U(R ), Vpe LIOC((O, T) x R4 )d with p € LIOC((O T) x R4 ¢),and
T
sup / ||Vp(t)||L.(B(mei) dt <oo foranyO0<dé<T. (B-1)
xelRi s

Here B(x) is the ball of radius 1 centered at x.

(ii) The map ¢ fRi u(t, x) - ¢(x) dx belongs to C([0, T)) for any ¢ € C°(R%)“. In particular, the
initial condition is satisfied in this sense.

(iii) For all ¢/, € (0, T) with ¢ > " and for all ¢ € C§°((0, T) x R%)? with @]x,=0 =0,

/ u(t,x)-go(t,x)dx—// u(t,x) - (0s¢ + Ap)(,x) —Vp(t,x) o, x)dxds
Ry
=/ u(t', x)-o(t, x)dx—i—/ ft,x) o, x)dxds. (B-2)
RY

Proof of Theorem 5. By considering the mollification (u*, V p*) instead of (u, V p) as in the proof of
Theorem 4, we may assume in addition that (u, V p) is smooth in x" and Vu, is bounded. We denote by
(-, -) the usual inner product of Lz(Ri)d. Take arbitrary 7,1 € (0, T) with ¢t > ¢' and g € Cgo([R{ﬁ). We
introduce a mollification in time, and set u” = j, xu and p” = j, * p, where * here is the convolution in
time and j, (1) € C{°((—p, p)) is the mollifier with a small parameter p > 0. The parameter p > 0 is taken
small enough so that #' > 2p and t < T —2p. Then, we have the bound such as V p” € L*(¢', t; Luloc(Ri)).
Note also that (u”, V p”) satisfies (B-2) for ¢, t'. Fix arbitrary ¢ € (0, 1). Let R > 1 and x be a smooth
cut-off such that xg = 1 for |[x] < R and xg = O for |x| > 2R. Let P = I — Q@ be the Helmholtz
projection in Lz(Ri), where Qg = Vp, is defined as in the proof of Proposition A.1. Note that A’ 2 Dg
and A/ZVpg are smooth and decay fast enough so that O(|x|~%?) as |x| — oo. Then one can verify
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that (u” (1), A”*Qg) =0, and thus, (u” (1), xg A*Qg) = —(u” (1), (1 — xg) A”*Qg). Hence, we can take
R = R, large enough so that [(u”(z), XRSA/Z@g)l < e&. We may also assume that supp g < {|x| < R.}.
Next, since u”(t)xg, € L ([Ri), there exists u®¢(t) € C(‘)’O([R{fi)d such that ||u”(¢) xg, —u”*(t) ”LI(R‘Q <e.
We take 7 > t which will be chosen later. Let v be the velocity field defined by

U(S) :e_(f—S)AA/[p)g — L/‘ e(f—s))»()\‘+A)—]A/|pg d)\.
2mi Jr

for 0 < s <, where I is the curve as in the proof of Proposition 5.3. Then v satisfies d;v + Av— Vg =0
for 0 < s < 7, where the associated pressure Vq(s) is given by the formula

1 P
Vq(s):ﬁ/re(’ Vg di.

Here Vg, is the pressure for each resolvent problem. Note that for Vg, we can apply the pointwise
estimate stated in Remark A.2, which gives the bounds

(j~ ’
V/(Xv/ , < — t—t , B—3
| q(s, x)| < T— )41+ |x P12 (B-3)
(:~ ’
t—t1 (B_4)

V9, q(s, x)| < —
| XdQ( )| =< (F— S)7/4(1 + |x|)d+1/2

fort' <s <fand |a| <2. We see
W’ (1), A*g) = (u” (1), xp,Ag)
= W (1), xr, A1) — (WP (1), xr, (e~ TDANPg — APPg)) + (u” (1), xz, A'QA'g).
Then, from the identity
W’ (1), xr,(e"AAPg — APg))
= (WP () xr, —u"E (1), (" TNAN Pg — APPg)) + (1), ("IN Pg — A”Pg)),
we have
—(F— 2 2
(U’ (1), xr, (" "AA"Pg — A" Pg))|
<elleTDAAPg — APPg|l e + [u”F )]l 2lle” TN Pg — APPg|l 12
2 —(f— 2 2
< Ce|A"Pgllr~+ [u (@)l 2 le” TIAN Pg — A Pgll 2.

Here we have used the fact that the Stokes semigroup is a bounded semigroup in L° ([R{i). Note that
||A/2|]3’g||Loc is finite since g € C° (Ri)d, and there exists 7, > ¢ such that

P ()| 2 e AN Pg — APPg| 2 <
for any 7 € (¢, f,). Hence we have

|(? (1), g, ("IN Pg — A”Pg))| < Ce.
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The term (u” (1), xg, A'v(t)) is estimated by using the definition of the solution in the sense of distributions,
for xg, A'v is admissible as a test function on the time interval [/, ]. Then we observe that
t
(W’ (1), xr, A'v(1)) =/ (W, 35+ A) xr, A'v(s)) = (Vp?, xr,A'v(s)) ds + (u” ('), xg, A'v(t))
t/

t
:/ (", (AXR +2V xR, - VIA'v(s) — xr, A'Vq(s)) ds
t/

—// (VP (xr. — DA(s)) ds + (u (1), xr A'v("))

t
_ / W, (Axr, +2V 5z, - V)Av(s)) ds
t/

+ f W, (Vxr)Aq(s)) ds — / (VP?. (xr, — DA'(s)) ds
W), G, — DAY + WP (@), Av(r)).

Here we have used the fact (u”(s), V(xg,A'q(s))) =0 and (VpP(s), A'v(s)) =0 for each s € (¢, 1),

where the latter is verified from V'“V p”(s) € Llllloc([Rii) with || <2 and the pointwise estimate such as

IV *u(s, X)| 4+ [V *Vu(s, )| < Cr_p (T — ) /(1 + |x) 412, (B-5)

which are obtained from Proposition A.1 for the resolvent problem and the representation
v(s) = —— / e+ A A'Pg da.
2mi Jp
From (B-3) and (B-5), we also observe that

t 13
-1 - —3/4 -1
[ 29 0, )80 ds| = R g gy [ =) s < R,

t t
-1 ~ —3/4 -1
/ﬂ W (Vxr)A'q(s)) ds| < CRI N e pnt / (F—s5)"*ds <CR;,

uloc

t t
‘ / (Vp’, (xr. — DA ds| < CRIVHIV PPl oo int iy / (Ff—s)/*ds < CR;'*,
t t

and similarly,
| (), (xg, — DA V(")) < CE—1) /4R,

Therefore, we can take the limit ¢ — 0, which leads to R, — 0o and 7 — ¢, resulting in the identity
Wl (), A%g) = (P (t), Ne ""ANPg).
Then we take the limit p — 0, which gives
(W), Ag) = ('), Ale "4 A'Pg). (B-6)

Finally, we take the limit # — 0 in (B-6). Then the time continuity in the weak sense, which is assumed
in the definition of solutions, together with the pointwise estimate for e~ ~)AA'Pg similar to (B-5)
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implies that
(u(r), A*g) =0. (B-7)

Since g € C(‘)’O(Ri)d is arbitrary, we conclude that for a.e. t € (0, T), x; > 0, we have u(t, x’, x;) =
(a'(t, x4),0) " by arguing as in the proof of Theorem 4. Once this is shown, the argument is parallel to
the proof of Theorem 4; we can show from (B-2) that p is independent of x; and also A’p =0 for a.e.
t € (0, T), which implies p(t, x) = D(t) - x’ + c(¢) for some D € L} (0, T)? ' and c € L}, (0, T). The
last statement for the conclusion u = 0 is proved in the same manner as in Theorem 4, so the details are

omitted. |
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ALMOST-SURE SCATTERING FOR THE RADIAL ENERGY-CRITICAL
NONLINEAR WAVE EQUATION IN THREE DIMENSIONS

BJOERN BRINGMANN

We study the Cauchy problem for the radial energy-critical nonlinear wave equation in three dimensions.
Our main result proves almost-sure scattering for radial initial data below the energy space. In order
to preserve the spherical symmetry of the initial data, we construct a radial randomization that is based
on annular Fourier multipliers. We then use a refined radial Strichartz estimate to prove probabilistic
Strichartz estimates for the random linear evolution. The main new ingredient in the analysis of the
nonlinear evolution is an interaction flux estimate between the linear and nonlinear components of the
solution. We then control the energy of the nonlinear component by a triple bootstrap argument involving

the energy, the Morawetz term, and the interaction flux estimate.

1. Introduction

2. Notation and preliminaries

3. Probabilistic Strichartz estimates

4. An in/out decomposition

5. Local well-posedness and conditional scattering
6. Almost energy conservation and decay estimates
7. Bootstrap argument

8. Control of error terms

9. Proof of the main theorem
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1. Introduction

We consider the defocusing nonlinear wave equation (NLW) in three dimensions

{—8;tu+Au =u’, (t,x) e RxR3,

u(0,x) = f(x) € HE(R?), 9,u(0,x) = g(x) € HE1(R?).

The flow of nonlinear wave equation (1) conserves the energy

EQu] () := /R3 LV, )2 + Lot x)2 + Lu(r x)® dx.
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Since the scaling-symmetry u(z, x) — 1. (¢, x) = A=Y 2u(t /A, x /) of (1) leaves the energy invariant,
we call (1) energy critical. Using Sobolev embedding, it follows that the energy of the initial data is finite
if and only if (f, g) € H; (R3) x L2(R3). Therefore, we refer to H; (R3) x L2(R3) as the energy space.

If the initial data has finite energy, the nonlinear wave equation (1) is now well-understood. In a series
of seminal papers by several authors [Bahouri and Gérard 1999; Grillakis 1990; 1992; Rauch 1981; Shatah
and Struwe 1993; 1994; Strauss 1968; Struwe 1988; Tao 2006b], it was proven that solutions to (1) exist
globally, obey global space-time bounds, and scatter as ¢t — +00. In contrast, the equation is ill-posed
if the initial data only lies in H3(R3) x HS~!1(R?) for some 0 < s < 1. For instance, it has been shown
in [Christ et al. 2003] that solutions to (1) exhibit norm-inflation with respect to the H} x H ﬁ_l—norm.
Consequently, this shows that we cannot construct local solutions of (1) with initial data in HS x H3™!
by a contraction mapping argument.

In recent years, there has been much interest in determining whether bad behavior such as norm
inflation is generic or only occurs for exceptional initial data. To answer this question, multiple authors
have studied solutions to dispersive equations with randomized initial data. In the following discussion,
we will focus on the Wiener randomization, and we refer the reader to the introduction of [Pocovnicu
2017], as well as [Bourgain 1994; 1996; Burq and Tzvetkov 2008a; 2008b; Nahmod et al. 2012; Thomann
and Tzvetkov 2010].

Let us first recall the definition of the Wiener randomization from [Bényi et al. 2015b; Lithrmann
and Mendelson 2014]. We denote by Q = [—% %)d the unit cube centered at the origin. The family of
translates {Q — k }; <z« forms a partition of R? (see Figure 1). By convolving the indicator function X0
with a smooth and compactly supported kernel, we can construct a function ¢ € C° (R%) such that

Iy =1 Vlparne =0, and - )0 yE—k) =1,
He kezd
Then, any function f € L2 (R%) can be decomposed in frequency space as

fE& =Y vE-kfE.
kezd
If {gk }xeza 1s a family of independent standard complex-valued Gaussians, the Wiener randomization fp;
of f defined as
M© =) a@yE =k [ ©.
kezd

Thus, fy is a random linear combination of functions whose Fourier transform is supported in unit-scale
cubes. The Wiener randomization has been used to prove almost-sure local and global well-posedness of
nonlinear wave equations below the scaling-critical regularity. Lithrmann and Mendelson [2014; 2016]
proved the almost-sure global well-posedness of energy-subcritical nonlinear wave equations in R3. The
first probabilistic result on the energy-critical NLW was obtained in [Pocovnicu 2017], which treated the
dimensions d = 4, 5. This method was extended in [Oh and Pocovnicu 2016] to the three-dimensional
case. In addition to nonlinear wave equations, the Wiener randomization has also been applied to nonlinear
Schrodinger equations (NLS). Bényi, Oh, and Pocovnicu [Bényi et al. 2015a; 2015b; 2019] proved the
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Figure 1. In the left image, we display a partition of R4 into unit-scale cubes, which
forms the basis of the Wiener randomization. In the right image, we display a partition
of R¥ into annuli, which forms the basis of the radial randomization.

almost-sure local well-posedness of the cubic NLS in R?. This method was then extended in [Brereton
2019] to the quintic NLS in RY. In [Oh et al. 2017], the authors proved the almost-sure global well-
posedness of the energy-critical NLS in dimensions d = 5, 6. However, the global well-posedness results
above do not give any information on the asymptotic behavior of the solutions.

In contrast, Dodson, Lithrmann, and Mendelson [Dodson et al. 2017; 2019] proved almost-sure
scattering for the energy-critical NLW. Their result holds in dimension d = 4 and requires that the
original initial data (before the randomization) is spherically symmetric. The main idea is to control the
energy-increment of the nonlinear component of u by a bootstrap argument involving both the energy and
a Morawetz term. The spherical symmetry is needed since the Morawetz estimate is centered around the
origin. However, the Wiener randomization breaks the spherical symmetry, so that f}; is no longer radial.
This method was subsequently extended to the energy-critical NLS in dimension d = 4 in [Dodson et al.
2019; Killip et al. 2019].

In this work, we introduce a radial randomization that preserves the spherical symmetry of the initial
data. To this end, let us first define a family of annular Fourier multipliers.

Definition 1.1 (annular multiplier). Let f € L2 (R%), a >0, and § € (0, 1). Then, we define the operator
Ag 5 by setting
Aas (€)= Xia,(+8)a) ([§]12) 1 (§). 3)

In addition, for any 0 < a; < az < oo, we also define the operator A[,, 4,) by setting

Alar am /€)= X(ar.an (IEl12) £ (€).

Instead of partitioning R into unit-scale cubes, the idea of the radial randomization is to decompose
R into thin annuli (see Figure 1).

Definition 1.2 (radial randomization). Fix a parameter y >0 and let {gx }7-_, be a sequence of independent

2

“d R%), we define its radial symmetrization by

standard real-valued Gaussians. For any f € L

L) =" W) Ay, et 1yr) f(X). )

k=0
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There exist two natural choices of y: choosing y = 1 leads to annuli of unit width, whereas choosing
y = 1/d leads to annuli of approximately unit volume.

We now make a few remarks on the properties of f“. First, since the Fourier transform of f% is
radial, it follows that ¢ is radial. Using the same argument as for the Wiener randomization [Oh
2017, Lemma 43], it is easy to see that the radial randomization does not improve the regularity of f.
More precisely, if s € R is such that f ¢ HS(R?), then f© ¢ HS(R?) almost surely. In light of
the unboundedness of the ball-multiplier, see [Chanillo 1984; Fefferman 1971], it is much harder to
prove L?-improving properties for the radial randomization than for the Wiener randomization. The
probabilistic Strichartz estimates for the random linear evolution exp(%i¢|V|) f¢ will be derived from
a refined (deterministic) radial Strichartz estimate. In contrast to the Wiener randomization, the radial
randomization does not lead to a probabilistic gain of integrability in every nonsharp admissible Strichartz
space. Thus, we see a relationship between the geometric structure of the linear evolution and the effects
of the randomization, which was also discussed in [Chanillo et al. 2017].

Let us now formulate the main result of this work. In the following, we restrict the discussion to
the dimension d = 3. Let (f, g) € Hrsad(R3) X Hrsagl (R?) be the given (deterministic) initial data. For
technical reasons, we split the randomized initial data ( f¢, g) into low- and high-frequency components.
For the high-frequency component, we let
sin(¢|V])

VI

be the random and rough linear evolution. Next, we decompose the solution u of the energy-critical

FO(t,x) = cos(t|V]) P~gs [ (x) + P68 (x) &)

NLW into the linear component F'¢ and a nonlinear component v; i.e., ¥ = F® 4 v. Then, the nonlinear
component solves the initial value problem

—010 4+ Av = (v + F?)>,

6
v(0,x) = P f®, 0/v(0,x) = P_y68“. ©)

Note that the initial data in (6) almost surely lies in the energy-space H 1(R3) x L2(R3). The above
decomposition into a linear and nonlinear part is often called the Da Prato—Debussche trick [2002]. In the
following, we analyze the solution v of the forced equation (6). Since u = F® + v, any statement about
v can easily be translated into a statement about u.

Theorem 1.3 (almost-sure scattering). Let (f, g) € Hrsad(l]@) X Hrsagl(ﬂ@), let 0 <y <1, and let
1

max(l — 12y

O) < 8 < 1. Then, almost surely there exists a global solution v of (6) such that
ve COHIRXRHNLILIORXR3), 9,0 e COLZ(RxRY).

Furthermore, there exist scattering states (voi, vit) € H; (R3) x L2(R3) such that, if w* (1) are the
solutions to the linear wave equation with initial data (va*L, vft), we have

@) =wF @) 30(0) = 3w O 1 ayx 2y = 0 ast — Foo.

We remark that the restriction on s and the range for y are not optimal; see, e.g., Lemma 7.3 and
Remark 8.5. For any (ug,u1) € Hrgd([R:*) X erad([R3), we can also replace the initial data in (6) by
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(o + Pops f®,u1 + P—p6g®). This implies the stability of the scattering mechanism of (1) under
random radial perturbations.

By using the deterministic theory and a perturbation theorem, the proof of Theorem 1.3 reduces to
an a priori energy bound on v; see [Bényi et al. 2015a; Dodson et al. 2017; Pocovnicu 2017]. We will
discuss this reduction in Section 5. For now, let us simply state the a priori energy bound as a separate
theorem.

Theorem 1.4 (a priori energy bound). Let (f,g) € Hrsad(lR3) X Hrsagl([R3), let 0 <y <1, and let
1

max(l — 12y

time interval of existence I. Then, we have that almost surely

O) < § < 1. Assume that almost surely there exists a solution v of (6) with some maximal

sup E[v](t) < oo. (7
tel

We now sketch the idea behind the proof of the a priori energy bound, which relies on a bootstrap argu-
ment. Let us fix a time interval I = [a, b] C R. We want to bound the energy increment E[v](b)— E[v](a)
by the maximal energy £ of v on /. We will see that the main error term in the energy increment is given by

/I/R3 F®v*3,vdx dr. (8)

In the following discussion, we argue heuristically and ignore all other error terms. Using a Littlewood—
Paley decomposition, we may assume that the linear evolution F® is localized to frequency ~ N. In
dimension d = 4, Dodson, Lithrmann and Mendelson [Dodson et al. 2017] used the Morawetz estimate
to control the energy increment. Following their idea, we may assume under a bootstrap hypothesis that

NE

1
-1 6
15174000 upny S

After directly applying the Morawetz estimate to (8), the best possible bound is ~ (E 1/ S4E 12 L E7/S,
However, this cannot prevent the finite-time blowup of the energy. Following [Oh and Pocovnicu 2016],
we move the time derivative onto the linear evolution F§;. First, we write d; F§; = |V|F®, where F v is
a different solution to the linear wave equation. After neglecting boundary terms, we heuristically rewrite
the main error term as

/I/R%(a,Fﬁ)Udedz=/I/R%(|V|F’;;)v5dxdz~[IA%(|V|iﬁﬁ)v4(|V|iv)dxdt. 9)

By using the Morawetz term and the energy, we estimate

9 1
2 2
z¢ (xan IVl

3 1 ~ _1
SIxIFIVIZFylla poo sy X To 0]l L®L2(IxR3)

‘/[ (VIR F (v 3oy dxar
1 JR3

SUXIFIVIE FE N L3 poo g xmn-
In this bound, the power of £ allows us to use a Gronwall-type argument. However, even for smooth and
localized initial data, the linear evolution |V['/2 F& only decays like (1+]¢[)~" and is morally supported
near the light cone |x| = |¢|. Thus, the norm || |x|3/4|V|1/2ﬁ1‘\}) ||L;1L5.CO(I><R3) diverges logarithmically as
the time interval / increases. Since the energy yields better decay for Vv than for v itself, the logarithmic
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divergence cannot be avoided by placing fewer derivatives on v. Consequently, this argument does not
yield global bounds on the energy of v.

To overcome the logarithmic divergence, we introduce two additional ingredients. First, since the
radial randomization preserves the spherical symmetry of the initial data, the linear evolution |V| 12F v is
spherically symmetric. Using this, we can decompose the linear evolution into an incoming and outgoing
wave; i.e.,

1 1 1~ 1~
IVI2Fy = M(Wm[IVIZF,?’](t + XD+ Woull VIZ E21( — |x))).

Second, we use a flux estimate to control the integral of the potential v® on shifted light cones by
the energy. We now combine both of these tools by integrating the profiles |Wi,[|V|'/ 2F~,§"]|2(r) and
|Woul| VY 2ﬁ,§”] |2() against the flux estimate on ¢ % |x| = . Under a bootstrap hypothesis, we obtain
the interaction flux estimate

1l ~ 1 ~
[ [PV PP axdr 5 (WY1 FRYOIZ g + IWaull VI FLNON )6
=< ||(f;\})’g%)“i'l)l/2xl-'1;l/2g'

We have not seen this estimate in the previous literature. It is reminiscent of the interaction Morawetz
estimate for the NLS [Colliander et al. 2004], but it controls an interaction between the linear and
nonlinear evolution rather than the interaction of the nonlinear evolution with itself. We believe that
similar interaction estimates may be of interest beyond this work. Using the interaction flux estimate, we
bound

|V|%F'N)v4(|V|%u) dx dr

JEEE FN||L8/3LOO(, o 11 <|V|2FN>w||L6 s T80 o 19002

S IIIXISIVIZFNII [0)2 gN)II £.

L33 L% (1 xR3) HY?xHV?

From the probabilistic Strichartz estimates, we will see that the seminorm of F scales like H; 34 H ; /4

and has a probabilistic gain of W—derlvatlves. Thus, we expect the regularity restriction

2 (5 1 1.1 _q_ 1
s>3(3-g)t32=1-1p

Outline. In Section 2, we review basic facts from harmonic analysis. In Sections 3 and 4, we study
solutions to the radial linear wave equation. First, we prove a refined radial Strichartz estimate which is
based on [Sterbenz 2005]. As a consequence, we obtain probabilistic Strichartz estimates for the radial
randomization. Then, we discuss the in/out decomposition mentioned above in detail. In Sections 5 and 6,
we study solutions to the forced nonlinear wave equation (6). We prove an almost energy conservation
law and an approximate Morawetz estimate. Here, we also introduce the novel interaction flux estimate
between the linear and nonlinear evolution. In Sections 7 and 8, we set up a bootstrap argument to bound
the energy and estimate the error terms. Finally, we prove the main theorem in Section 9.
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2. Notation and preliminaries

In this section, we introduce the notation that will be used throughout the rest of this paper. We also recall
some basic results from harmonic analysis and prove certain auxiliary lemmas.

If A and B are two nonnegative quantities, we write A < B if there exists an absolute constant
C >0suchthat A < CB. We write A~ Bif A < B and B < A. For a vector x € R4, we write

x| := (Zf‘;l x?) 12 We define the Fourier transform of a Schwartz function f by setting

f@):= 14 / exp(—ix§) f(x)dx.
2m)2 /R4

We denote by J,(x) the Bessel functions of the first kind. Recall that for a spherically symmetric
function f we have

FO =167 [ ua(eln ot o

With a slight abuse of notation, we identify a spherically symmetric function f : R4 — R with a function

2A. Littlewood—Paley theory and Sobolev embeddings. We start this section by defining the Littlewood-
Paley operators Py,. Let ¢ € C° (R%) be a nonnegative radial bump function such that ¢| B(0,1) =1 and
Pra\B(o,2) = 0. We set W1 (§) = ¢ () and, for a dyadic L > 1, we set

_ (& §
w6 =0(;)-o(5; )
Then, we define the Littlewood—Paley operators Py, by
PLTE) = VL@ (®).

To simplify the notation, we also write f7 := P, f.

Lemma 2.1 (Bernstein estimate). For any 1 < py < p, < oo and s > 0, we have the Bernstein inequalities

d _d
forall L> 1, 1L 22 ay S L7 P2 1Ll 21 ays
forall L>1, [[IVI** fLll 21 gay ~ LN Ll 21 gy
forall L > 1, IV fLllp 21 gay ~ LISLl 21 (gay-

Lemma 2.2 (square-function estimate, see [Muscalu and Schlag 2013, Theorem 8.3]). Let 1 < p < oo.
Then, we have for all f € LE(R?) that

1y ~dp 12262 @y (10)

For notational convenience, we use a different function to define a dyadic decomposition in physical
space. As before, we let y € C° (R%) be a nonnegative, radial bump function such that y|p,1) = 1 and
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X|ra\ B(0,2) = 0. We also assume that y is radially nonincreasing. We set y1 := y, and for any dyadic

o (x) = x(?) —x(27x)-

Thus, the family { s} s>1defines a partition of unity adapted to dyadic annuli. Furthermore, we let y; be

J > 1, we set

a slightly fattened version of y;.

Lemma 2.3 (mismatch estimate). Let L, J, K € 2No_ Fyrthermore, we assume that the separation
condition J /K + K/J > 23 holds. Then, we have for all 1 <r < oo that

X7 PLxx |l @ey—Lr@ey S (LIK)™  forall M > 0. (11)
We follow the argument in [Dodson et al. 2019, Lemma 5.10], which treats the case L = 1.

Proof. Let f € L;(Rd) be arbitrary. Let ¢ be a suitable bump function on the annulus |x| ~ 1. Using the
separation condition, it holds that

1o Pt f ) = 1L [ LG =) f ) dy

=LY [ L= a7 KO =)k () S0 dy.
From Young’s inequality, it follows that

s PLxk f g ey < ILYB(Lx)(max(J. K) ') L1 ey | |z we)-

Next, we estimate

1LY W(Lx)p (max(J. K) " x)[| 1 = LY / |0 (Lx)|¢(max(J, K) 'x)dx
Rd

=/ |0 (x)|p(L" max(J, K) " x) dx
R4

f |0 (x)| dx <pr (L max(J, K))™. O
|x|~L max(J,K)

Lemma 2.4 (Bernstein-type estimate). Let L € 2N, 1 < p < 0o, and a > 0. Then, we have

1)~ Prf Nl e@ay S L7HI) TV fllpegay + LD ™7 fllLe @y (12)
By iterating this inequality, we could further decrease the weight in the term || (x)™*~! f|| L2

Proof. The proof is based on a dyadic decomposition, the localized kernel estimate (11), and the standard
Bernstein estimate. We have

o0
—«a p —ap D
) PLfnLg(Rd)sJ} I;J %7 PLI N p )
>

o0 i ?
5ZaJ_“”II)(JPL)?Jf”Z;(Rd)"‘ZJ_ap( > ||XJPLXKf||L§(Rd)) - (3
= J>1 K:KAJ
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We now estimate the first summand in (13). Using the Bernstein estimate, we have

oo oo
DI PN PLAr SN pay < D T PIPLIS SN p gy
J>1 J>1 ’

o0
S TPV O
J>1

00 o0
< Z J_apL_p”)?JVf”ifg(Rd) + Z J—OtPL—P”V()?J)f”Zg(Rd)
J>1 Jz1

00 o0
S 2T W gy + 22T TP W gy
LTIV SN gy + LT SN -

Thus, it remains to estimate the second summand in (13). Using (11) and choosing M > 0 large, we have

0 V4
ZJ—“P( ) ||xJPLXKf||L;;(Rd))

J>1 K:KAJ

00 p
<y J_“p( > (JKL>—(M+°‘+“||sz||L§(Rd>)

J>1 K:KAJ
o] p

< L~ (MtetDp §° J—(M+2a+1)l7(z K—M) ||(x)_"‘_1f||i§(Rd)
J>1 k=1

<L S 12 .

In Section 8B, we will use a Littlewood—Paley decomposition in an error term coming from the Morawetz
estimate. To control this error, we will need the following estimate for the Morawetz weight x /|x|.

Lemma 2.5. Let L > 1 and let d > 2. Then, we have

)1 Lixl

Proof. Let j =1,...,d. It holds that
PL(ﬁ)‘:Ld/ B(Ly) LY dy‘
|x| R

[x =l
=1 [ B (P8 -]
" =l Il

(= fx =y ) = vy ]
< Ld/ B(Ly)) |2 J
y x—ylix]

dy

~ Iyl
dy 5[ W(y)|m———dy
| Rd |Lx —y]

|yl
|x —y

<14 / B(Ly)|
IRd
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Using the rapid decay of U, the estimate then follows by splitting the integral into the regions |y| < %L |x],
[y[~ L|x], and |y = 2L|x|. O

In addition to the standard Sobolev embedding, we will also rely on the following weighted Sobolev
embedding for radial functions.

Proposition 2.6 (radial Sobolev embedding, see [De Népoli and Drelichman 2016, Remark 2.1] and
[De Napoli et al. 2011]). Letd > 1, 0<s <d, 1 < p < 00,

d d 1 1 11 —B—
a<—, B>-——, oz—,Bz(d—l)(———), and —=—+m.
b4 q q p q P d
If p < q < 00, then the inequality
x1? flle < NxI®IVE£liLe (15)

holds for all radially symmetric f. If ¢ = 00, the result holds provided that

a—ﬂ>(d—1)(l—l).
q p

2B. Calderon—Zygmund theory. In order to use weighted estimates, we introduce some basic Calder6n—
Zygmund theory.

Definition 2.7 [Stein 1993, Section V]. Let w € L! (R%) be nonnegative. For 1 < p < oo, we say that

loc
w satisfies the A,-condition if

(i [wa) (i[5 < 16
sup | — [ wdy)|— [ w y 00.
B=B,(x)\|B| /B |B| JB

The following well-known criterion for power weights can be proven by a simple computation.

Lemma 2.8 [Stein 1993, Section V.6]. Let w = |x|* and let 1 < p < co. Then w satisfies the Ap-condition
if and only if
—d<a<d(p-1).

The following proposition is a consequence of Theorem 7.21 and the proof of Theorem 8.2 in [Muscalu
and Schlag 2013]. We also refer the reader to [Stein 1993, p. 205].

Proposition 2.9 (Mikhlin-multiplier theorem). Let m : R4 \{0} — C be a smooth function. Assume that
m satisfies for any multi-index y of length |y| < d + 2

10”m(£)] < Blg| V.

Let m(V /i) be the associated Fourier multiplier and let 1 < p < oo. For any Ap-weight w, there exists a
constant C, depending only on d, p, and the supremum in (16), such that

Im(V/ i) fllLr@wary < CBIf ILrwaxy forall f € SRY).

Remark 2.10. We will apply Proposition 2.9 to the Riesz multipliers m; (§) =§&; /|£| and to the Littlewood—
Paley multipliers Wy (§).
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3. Probabilistic Strichartz estimates

In this section, we derive probabilistic Strichartz estimates for the radial randomization. For the Wiener
randomization, there exist two different methods for proving probabilistic Strichartz estimates.

The first method relies on Bernstein-type inequalities for the multipliers f — (V/i —k) f. After
using Khintchine’s inequality to decouple the individual atoms of the randomization, the LZ-improving
properties of the multiplier are used to move from a space LY LE" into a space LZ LE". Then, one applies
the usual Strichartz estimate to control the evolution in L? L2*, which depends more favorably on the
regularity of the initial data. For example, this method has been used in [Bényi et al. 2015a; 2015b; 2019;
Oh et al. 2017; Killip et al. 2019; Lithrmann and Mendelson 2014].

The second method relies on refined Strichartz inequalities. Here, the frequency localization is used
explicitly to derive improved Strichartz estimates. To mention one example, the refined Strichartz
estimate in [Klainerman and Tataru 1999] is based on a new L }C — L{°-dispersive decay estimate. In the
probabilistic context, this approach was first used in [Dodson et al. 2017].

For the radial randomization, the multipliers are of the form f + A, s f. In a celebrated paper,
Fefferman [1971] proved that the annular Fourier multipliers in dimension d > 2 are bounded on L7 if
and only if p = 2. However, if we restrict to radial functions, then the annular Fourier multipliers are
bounded on L? for all 2d/(d + 1) < p <2d/(d — 1); see [Chanillo 1984]. Using Young’s inequality,
it is also possible to prove L1 — L% bounds for p > 2d/(d + 1). From interpolation and duality, one
can then obtain the strong-type diagram for the annular Fourier-multipliers on radial functions. However,
the dependence of the operator norm on the normalized width § is rather complicated, and the resulting
Strichartz estimates are nonoptimal. Instead of using the Bernstein-based method, we therefore prove a
new refined Strichartz estimate for radial initial data. As in previous works, we can then use Khintchine’s
inequality to obtain probabilistic Strichartz estimates.

Proposition 3.1 (refined radial Strichartz estimate). Let f € erad R%). Let 0 < § < 1 and assume that

there exists an interval 1 C [%, 2] such that |I| < § and supp f CH{&:||&ll2 € I}. Then, we have

. 1__ 1
|||X|a exp(:l:l”vl)f”L?Lfg(Rx[Rd) 5a,q,p52 min(p.q) ”f”L%(Rd) (17)
as long as
d 1 1 1 .
4 g <(d—1 ———)—— if2<q,p < oo, (18)
» ( )(2 2) "4 if2<q.p
1 1 .
——<a<(d—1)———) if g =00, 2< p <o, (19)
(2 )/
d—1 1 .
O§a<——a if2<q<o00, p=o00, (20)
OSaS% if g=p=oo. 2D

The estimates of Proposition 3.1 can be visualized using a “Strichartz game room”; see Figure 2.
Proposition 3.1 is a refinement of [Jiang et al. 2012, Theorem 1.5] and [Sterbenz 2005, Proposition 1.2],
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-1

Figure 2. We display the weighted radial Strichartz estimate from Proposition 3.1 in
d = 3. The true endpoint estimates correspond to either green spheres or black lines,
whereas the false endpoint estimates correspond to either red spheres or red lines. The

black sphere at (%, %, O) serves as a visual aid.

and we follow their argument closely. We remark that the corresponding Strichartz estimate for non-
frequency-localized functions [Jiang et al. 2012, Theorem 1.5] may fail for some of the endpoints
above.

Proof. By time-reflection symmetry, it suffices to treat the operator exp(i¢|V|). Recall that we denote
by J, the Bessel functions of the first kind. For any radial function f € erad([Rd), we identify f with a
function f :Rso — R. Then, it holds that

exp(it|V]) f(r) = r_d2_2[0 eXp(itp)J%(rp)fA(p)p% dp. (22)

Inserting the known asymptotics for Bessel functions, see [Jiang et al. 2012], we may estimate

de1 2w n
(14075 [ expli £ o) 4y (007 (0) 8. @3)

Here, ¢(1/4,4) 1s a smooth cutoff-function that equals 1 on [% 2] and is supported on [% 4], and m(r; p)

is a smooth function that satisfies |8{,m(r; p)| <; 1forall j > 0. Since supp f € [% 2], we may write

2 R
f(p)= I;Ck exp(ikp), where ¢ = % /0 exp(—ikp) f (p) dp. (24)

Inserting (24) into (23), we have to bound

d—1 2r
S0 e [ explitr K)om0y g (0) . 2s)

kez 0

Integrating by parts 2M times, we have

2n
| explite £ ks 009y 4y (0)dp| Sar (141t 4 k)M,
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Therefore, we obtain
[1x|% exp@t|VD fllLe@ay S 11 +7)" G T A k)M kllLrel maox2)
SHA+0" T T A+ i+ k)™ kllLper @aoxzy:  (20)

where we have used Holder’s inequality in the k-variable. Since

+M>—l if 2 <p<oo,
p p

and o« > 0 if p = oo, we obtain for sufficiently large M that

A+ T e T A e+ k)™Ml p@egy S A+ KD T |+ k2T

min(p.q)

From the embedding £, E and Minkowski’s integral inequality, we obtain

1% exp(i V1) S Nl o Lo oy S 1L+ 1+ DT + k[T Ck”L"Z”(RxZ)
R S—— a_i_i
SNA+ e+ kDT e+ k[T Chellgminer.> L4 7)

5 ”Ck”e?iﬂ(l’-‘l)(z)- (27)

From Plancherel’s theorem and the support condition on f , we have

2w
2 _ 1 202 d o 2
el ) = 3 [ 17O a0~ 17123 gy

Furthermore, since supp f is contained in an interval of size < §, we have

el = 5t [ 1F@1dp 58417 1136y

Then (17) follows from (27) and Holder’s inequality. O

Remark 3.2. We note that there is no §-gain for ¢ = 2. For instance, this follows from a nonstationary
phase argument by choosing f as the inverse Fourier transform of x[; 145](|§]). As a consequence, we
obtain no probabilistic gain for Strichartz estimates with parameter ¢ = 2; see Lemma 3.4. This indicates
that the spherical symmetry imposes restrictions on the randomized linear evolutions. We therefore view
the radial randomization as a modest step towards probabilistic treatments of the geometric equations
discussed in [Chanillo et al. 2017].

Corollary 3.3. Let f € de(le) and Ay s as in (3) witha ~ N. If a, p, and q satisfy (18)—(21), then

d 1

d_o1_d 1_
x1% exp(£it|V)Ag,s fllpapp S N2"5a7r§2 e Aas.f 2 (28)

Proof. For any g € er d(R”l) we have

Aasg) = (44 5(2(5))) V).
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From scaling and (17), it then follows that
o +it|VNA < N%—a_é_%g%—m
[x[® exp(£it|V) Aas fllLapr < DN fllgz2-
Finally, replacing f by A, s f above, we arrive at (28). d
Lemma 3.4 (probabilistic Strichartz estimates). Let f € Hrsad([R{d ) with

d 1 d 1/1 1
2770y 2 mmn) (29)

where y is as in Definition 1.1. Let @ and 2 < p,q < oo satisfy (18). Then, we have forall 1 <o < 00
that

Ix]* exp(£it| VD) fll g 1910 Spaas VoIl @s- (30)

Proof. We prove (30) only for 0 > max(p, ¢q). The general case then follows by Holder in the w-variable.
From the square-function estimate (Lemma 2.2), Minkowski’s integral inequality, Khintchine’s inequality,
and Corollary 3.3, it follows that

11 exp(Eit191) £l g 1910 < NxI® expCEIVD £2 g 107
< llxl* eXp(iiﬂva]iID”e%VL;?L;’Lg,
<V lxl* expCEit VDA Sz 110
< Vel exp(Eit[ V) Ax Sz, 21910

=VolN*fyllgz 2
= Vol f s

We remark that f7 is only localized to frequencies < 1, so that the inhomogeneous Sobolev norm above
is necessary. O

Lemma 3.5 (probabilistic L$°-Strichartz estimates). Let fy € erad(lR3) and let f§; be its radial random-

ization. Then, we have
3 . 3.1
113 exp(Eit V1) £ 573 00 S VN fivl 2.

1 . 1—-L
I1x]¥ exp(Eit|V]) £l g 1310 S VON' " | fivll 2

Remark 3.6. Since p = oo, we can no longer use the usual combination of Minkowski’s integral
inequality and Khintchine’s inequality. We resolve this by using a radial Sobolev embedding.

Proof. Let 1 < p < oo be a sufficiently large exponent. Using Proposition 2.6 and Lemma 3.4, we have
for all p <o < oo that

3 ) 3 ) 3 3_1
HxI® exp(£it|VD SN NI g 1573 0 S l1xI3 exp(Eit|VDIVIZ [l g 1530 S VONITE | a2
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Note that, due to scaling, the parameter p does not appear in the final estimate. Similarly, we have
1 . 1 . 3 1—-L
lxl¥ exp(it V) £l 14100 < X% exp(itVDIVIZ f@ll0 1410 < VN || fivll 2. O

Lemma 3.7 (probabilistic L°-Strichartz estimates). Let f € L2 (R?) and let § > 0. Then, we have for
all1 <o <ocoandall N € 2% that

_ 1
lexp(£it|VI) /il g roors S VON'"3 | fwll g2, (31)
1 . _1=5
I1x12 exp(it|V]) [ g Loorse S5 VON' =2 || full 2. (32)

Remark 3.8. Since ¢ = oo, we can no longer use the same combination of Minkowski’s integral inequality
and Khintchine’s inequality as in the proof of Lemma 3.4. The same problem was encountered in previous
works using the Wiener randomization. In [Oh and Pocovnicu 2016, Proposition 3.3], a chaining-type
method was used to bound L$°-norms on compact time intervals. In [Killip et al. 2019, Proposition 2.10],
the authors obtain global control on an L{°-norm via the fundamental theorem of calculus. Here we
present a slight modification of their argument. An alternative approach consists of using a fractional
Sobolev embedding in time [Dodson et al. 2019].

Proof. Let 1 < g < oo be sufficiently large and assume that o > g. We fix 1o, 11 € R. By the fundamental
theorem of calculus, it holds that

lexp(it1| V) f¥ll s < [lexp(ito|V]) /¥ ll L6 +/ 10: (exp(i|V]) S s dt

[to’tl]

< llexp(ito| V) f§ e + N : ]||CXP(il|V|)fzf7||Lgdl
10,11

1
7

< Nexplito] VD) £l s + NGt —10)7 | exp(elV1)f21 19 16 )

By taking the ¢-th power of this inequality and integrating over g € [t; — N1, #; + N 1], we obtain
| expra V)£ 19 S N1 expIVD 120 6 oy
Taking the supremum in #; and using Lemma 3.4, it follows that
. 1 . _L
lexp(it[V1) /2l g poors < N7l expltIVD £l 10 1918 Gy < VON' " fvll2-

Using the radial Sobolev embedding (Proposition 2.6), Proposition 2.9, and the same argument as before,
we obtain

1 . 1 . 3
I1x12 exp(£it|V]) /5 | g Loorse S IIx12 exp(£it|VI)IVI7 [ g poora

1.3 01 :
< Nata||x]|2 exp(it|V) f§ llLg rare

This completes the proof of the second estimate. O
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out

in out in /{ut
\

?

7

Figure 3. We display the in/out-decomposition for radial solutions of the linear wave
equation in d = 3. The blue lines correspond to incoming waves and the red lines
correspond to outgoing waves. The incoming wave will be reflected at the origin and
transformed into an outgoing wave.

4. An in/out decomposition

In this section, we describe a decomposition of solutions to the linear wave equation into incoming and
outgoing components (see Figure 3). This decomposition relies heavily on the spherical symmetry of
the initial data. The in/out-decomposition can be derived in physical space by using spherical means;
see, e.g., [Sogge 1995]. However, for our purposes it is more convenient to derive the decomposition in
frequency space. A similar method has been used for the mass-critical NLS in [Killip et al. 2009].

Let f € Lfad([R3) be spherically symmetric. Using the explicit expression

J%(x) =4/ % sin(x),

cos(t|V]) f(r) = r— /0 cos((p)Jy (ro) f (0)o? dp

see [Bell 1968], it follows that

V21 [ costm sintrp) f o1 ap
-1 /0 (sin((¢ + r)p) —sin((t — r)p) £ (0)p d.
By defining
Wilhl(e) = = fo sin(xp)(p)p do. (33)

it follows that

cos(t|V]) £ = T (WLF1(t +7) = Wl £l = 7).
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Next, let us derive the corresponding decomposition for the operator sin(¢|V|)/|V|. Let g € H “L(R3) be
spherically symmetric. Then,

ey = [T sintepr sy oot ap
= /2! / sin(tp) sin(r)(p) dp
=L / (cos((t = r)p) — cos((t + 1)p)(p) dp.
By defining
W.[h](x) = \/Lz_n /0 ” cos(zp)h(p)pdp,
it follows that
% TH=Welp 18t + 1) + Welp ™8t - 1)).

Thus, the solution F of the linear wave equation with initial data (£, g) € L? d R3)x H- rad 1(R3) is given
by

Fit,x) = 1 (WL +7) = Welp™ 81 + 1) = WAL F1 =) + Welp™ 21 = 7).

Definition 4.1 (in/out-decomposition). Let ( f, g) € Lml R3) x H rad 1(R3) and let F be the corresponding

solution to the linear wave equation. Then, we define

Wil F1(z) = Wi [f1(x) = Welp ™' 8)(),
WoulF1(r) = =W;[F1(x) + We[p™" ] (x).
As a consequence, we have

F(t,x) = ( Wil F1(t + 1) 4+ WoulF1(t —1)). (34)

Even though W,[F] equals —W,y[F] we introduced two different notations to serve as a visual aid.
This also allows us to safely leave out the arguments 7 + r and ¢ — r in subsequent computations.
From Plancherel’s theorem, it follows that

IWshl (D)l L2 @) + IWelAlll2 @) < 10711 22 R-)- (35)
As a consequence, we have
Wl IO 2.y + 1 Woudl FYO 2 < 1 12 ooy + 181 o1 oy (36)

In the analysis of the Morawetz error term (see Section 8B), we will need to control an interaction
between V F and the nonlinear part v. However, the individual components of V F are not radial. To
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overcome this technical problem, we write
Xj
Ox, F(t,x)=—=0,F(t,r)
: r
Xj Xj
= — L (Woul 1t = 1)+ Wl F1(t 4 1) + 5 (~@cWoul FI)( = 1) + @ Wl F(E +1).
After a short calculation, we see that
W[ f1(t) = Welpf1(x) and 8 We[p™'&l(x) = —W;[g](x).
Then, we define
Win[F1(0) := Welo.f1(0) + W5 [€1(0). (37)
Wou v [F1(x) = Welp f1(0) + W8] (0). (38)
Using these definitions, it follows that
Xj Xj
axj F(tvx) = _r_ZF(Z’ x) + r_z(Wout,V[F](l —}’) + I/Vin,V[F](t + 7‘)) (39)
Using the same argument as above, we have
| Wour [FI 2 gy + W0 [FIO N 2 @y < 17 171 sy + 182 oy

Lemma 4.2. Let f € L2 (R3) be such that

rad
supp(f) C (€ : |£] € [a, (1 + &)al}.

Then, we have for all 2 < g < oo that

11
IWs[ 1O Le @y + IWelf 1@ Le @ < @) | fll 2 w3y (40)
Proof. Using Holder’s inequality, we have

(1+8)a

IWs[f 1@ + [We [ f1(0)] S/ IfA(p)IpdpS(aS)é(/o IfA(p)Izpzd,O)2 =(a5)%||f||L%(R3)'

a

This proves (40) for ¢ = co. Together with (35), the general case follows by interpolation. O

Lemma 4.2 is the analog of the square-function estimate [Dodson et al. 2017, Lemma 2.2] for the
Wiener randomization. However, since f is radial, it is much easier to prove.

Corollary 4.3 (improved integrability for the in/out decomposition). Let f € erad([R3). Then, we have
forall 2 < q < oo that

WL e Lo+ IWel f21@ g 2o < NG| ]2 -
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Proof. As in Section 3, we restrict to the case ¢ <o < co. Using a combination of Khintchine’s inequality,
Minkowski’s integral inequality, and Lemma 4.2, we have

IWs /N1 g e < IWs[fF1©@Le g
S Vol Ws[Ak N1 a2
= Vol Ws[Ak fN1(D) g2 Lo
SNG4 fylig 2
NGy

The same argument also works for W[ /2](). i

Remark 4.4. For y = 1, Corollary 4.3 shows that Ws[/¥](7) € [ 2<j<c0 L%(R) almost surely for all
f e Hrgj' (R3). This holds because the radial randomization is similar to a Wiener randomization of the

function f(r)r.

5. Local well-posedness and conditional scattering

Recall that the forced nonlinear wave equation is given by

—0v+Av=(@w+F)°, (t.x)eRxR3,

i 41
v(to,x)zvoeH)%([l@), Btv(to,x)zvleLi(R3). “h

In this section, it is not important that F' solves a linear wave equation. However, this will be essential in
Sections 6-9.

Lemma 5.1 (local well-posedness). Let (vg, v1) € H}(R*)x L2(R3) and assume that F € L? L10(RxR3).
Then, there exists a maximal time interval of existence I and a corresponding unique solution v of (41)
satisfying

(v,0v) € (COHLI xR N LT LT xR)) x CPL2(I x R?).

t,loc
Moreover, if both the initial data (vg, v1) and the forcing term F are radial, then v is also radial.

The proof consists of a standard application of Strichartz estimates, and we omit the details. We refer
the reader to [Dodson et al. 2017, Lemma 3.1] and [Pocovnicu 2017, Theorem 1.1] for related results. In
[Pocovnicu 2017] the stability theory for energy-critical equations was used to reduce to the proof of
almost-sure global well-posedness to an a priori energy bound. Similar methods have also been used in
[Bényi et al. 2015a; Dodson et al. 2017; 2019; Killip et al. 2019; Oh and Pocovnicu 2016].

Proposition 5.2 [Dodson et al. 2017, Theorem 1.3]. Suppose (vo,v1) € H}(R?) x L2(R?) and F €
L? L}CO (RxR3). Let v(t) be a solution (41) and let I be its maximal time interval of existence. Further-
more, we assume that v satisfies the a priori bound

M :=sup E[v](t) < oc. (42)
tel
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Then v is a global solution, it obeys the global space-time bound

”v”LfL}CO(RxW) <C(M, ”F”L?L}(O(quqp)) < 09,
and it scatters as t — +oo.

Theorem 1.3 in [Dodson et al. 2017] is stated for the energy-critical NLW in d = 4. However, the same
argument also yields Proposition 5.2. We point out that the proof crucially relies on the deterministic
theory for the energy-critical NLW [Bahouri and Gérard 1999; Tao 2006b].

6. Almost energy conservation and decay estimates

In this section, we prove new estimates for the solution to the forced NLW

—0v+Av=(@+F)°, (t.x)eRxR3,

i 43
v(to, x) = vo € HL(R3), 9,v(to, x) = v1 € L2(R3). )

In contrast to Section 5, we now assume that F is a solution to the linear wave equation. Recall that the
stress-energy tensor of the energy-critical NLW is given by

00._ 1 2 2y, 1.6
T = 5((8[1)) +|VU| )+€U s
T/0:=—9,v dx;, v,
ik . 1 2y, 1 6
T/% = 8ij 8ka - Zgjk(—a” + A)(U ) + §8ka .
In the above tensor, we have j, k = 1,2, 3. If v solves the energy-critical NLW (1), then the stress-energy
tensor is divergence-free. This leads to energy conservation, momentum conservation, and several decay
estimates, such as Morawetz estimates, flux estimates, or potential energy decay; see [Sogge 1995; Tao
2006a]. If v solves the forced nonlinear wave equation (43), then the stress-energy tensor is no longer
divergence-free. However, the error terms in the divergence are of lower order, so we can still hope for

almost conservation laws and some decay estimates. More precisely, with A" := (v + F)> — v, it follows
from a standard computation that

8:T% + 85, T = —\ 9,v, )
0 T70 405, T/H = N ;0 = 30, (M), )

For our purposes, the most important quantity measuring the size and regularity of v is its energy
E[](t) = / Vo2 + 118,02 + Lv|® dx.
For future use, we also define the local energy as
e[v](?) ::/ %|Vv|2+%|8tv|2+%|v|6dx.
Ix|<l¢

Next, we determine the error terms in the almost energy conservation law.
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Proposition 6.1 (energy increment). Let I = [a, b] be a time interval and v : I x R3> — R be a solution
to the forced nonlinear wave equation (43). Then, we have

|E[v](b) — E[v](a)]

<P lasny w0 B0+ [ [ @ernsaral+ [ [ FRGE+ R ol axar. do
! tel 1 JRr3 1JR3

The first summand on the right-hand side of (46) has a lower power in the energy. After placing the
random linear evolution in L?OL)GC (R x R3), it can easily be controlled via a bootstrap argument. The
second summand is the main error term in this almost energy conservation law, and we will control it
in Section 8A. Finally, the third summand in (46) only includes lower-order error terms, and they are
controlled in Section 8D.

The idea to integrate by parts in the energy increment has previously been used in [Dodson et al. 2019;
Killip et al. 2019; Oh and Pocovnicu 2016].

Proof. From the divergence formula (44), it follows that
d _d [ oo
th[v](t)—d[ /RST (t,x)dx

=— Natvdx
R3

=—5/ Fv*d;vdx— | (10F?v3+10F3v2+5F*v+F>)d;vdx.
R3 R3

3
// Fv*9,vdxdr
I1JR

The second summand in (47) is already acceptable; thus, we now turn to the first summand. Using
integration by parts, we have

// Fv*d;vdxdt| = // Fd;(v’)dxdr
1JR3 1JR3

5 s X
< /I/R33z(F)v dx dt +/R3|F|(b,x)|v| (b,x)dx—i-/R3|F|(a,x)|v| (a,x)dx

Integrating in time, we obtain

|E[v](0) = E[v](@)] S

+ [ [IFPAFI+ Dol axarn @
I JR-

5

5
< / 3 (F)v>dxdt FIF Nl oo 16 (1 xm3y sup E[v] (1) 6.
1JR3 ! tel

Thus, the contribution of the first summand in (47) is also acceptable. O

By contracting the stress-energy tensor against different vector fields, one sees that solutions to the
energy-critical NLW obey a range of decay estimates. One of the most important decay estimates in
the study of dispersive equations is the Morawetz estimate, and it has been used to prove almost-sure
scattering in [Dodson et al. 2017; 2019; Killip et al. 2019]. For the reader’s convenience, we recall a
classical Morawetz identity.
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Lemma 6.2 (Morawetz identity). Let I = [a, b] be a given time interval, and let v : I x R> — R be a
solution of (43). Then, we have the Morawetz identity

// —dxdr+n/|v|2(z,0)dz+// |Vangv|? dx dt
R3 |X| I JR3

b
—/ N— Vvdxdr — // —Nvdxdl (48)
t=a I |x RS |x|

Here, Vanov := Vv — (x/|x|) - Vv denotes the angular component of the gradient of v.

= ;v — ol Vv—413,vdx
R x| |x|

The lemma follows along a line of standard computations using (44) and (45); see, e.g., [Tao 2006a].
We now rewrite the error terms in (48) more explicitly in terms of F, and group similar terms together.

Proposition 6.3 (Morawetz estimate). Let I = [a, b] be a given time interval, and let v : I x R3 > R be
a solution of (43). Then, we have the Morawetz estimate

/ —dxdt<supE[v (t)—l—‘// —V (F)v° dx dt (49)
R3 | R3

tel

// —|F|(|v|5+|F| )dxdt+// |F|2(|F|—i-|v|)3(|| ||+|Vv|)dxdt (50)
R3 R3

The second summand in (49) is the main error term in this estimate, and we will control it in Section 8B.

In contrast, the error terms in (50) are easier to control, and they will be handled in Section 8D.

Proof. To prove the proposition, we have to control the terms on the right-hand side of (48). First, using
Hardy’s inequality, we have

b
X v
/ ;v —-Vv—4—0d;vdx
RS x| x| t=a
v
< ||3tv(t)||L0°L2 IxR3 ||Vv||LooL2 IxR3 +||atv(t)||L°°L2 IxR3) || 77
1 (I xXR3) 1 (I xXR3) 1 (I xXR3) |x| LIOOL%C(IXR3)

< sup E[v](1).
tel

Thus, the contribution is acceptable. Second, we have

/ /\/— Vv dx dt
I

|x5 //R3 v m Vo dx dr| +
//RsFm V(v°)dx dt| +
[ [ ( ) dxdr| +
//Wm V(F)v® dxdr| +

/[ [FI2(F| + o) Vo] dx dr
I JR3

A

f/ |FIP(F| + o) Vo] dx dr

A

// [FR(F|+ [v)*| Vo] dx dr

// —|v|5d dt+//3|F|2(|F|+|v|)3|Vv|dxdt.
R

A
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4 t=|x|

9 4

Figure 4. This figure displays the quantities involved in the forward flux estimate. The
local energy at times ¢t = a, b is the integral of the energy density over the red regions.
The flux is the integral of v® over the blue region in space-time. Using the stress-energy
tensor, we can control the flux by the increment of the local energy.

Thus, the contribution is acceptable. Finally, we have

// —|F|(|F|+|v|) |v|dxdr<// —|F|(|F|+|v|>5dxdz 0

In contrast to the case d = 4 as in [Dodson et al. 2017; 2019], the energy and the Morawetz term
are not strong enough to control the main error terms. In addition, we will rely on the following flux

—/\/v dx dr
R3 | x|

estimates on light cones.

Lemma 6.4 (forward flux estimate). Let v be a solution of (43) on a compact time interval I = [a,b] C
[0, 00). Then, we have

%/ vo(t,x)do(t, x) §e[v](b)—e[v](a)+/ d;v((v+ F)’ —v°)dxdr. (5D
|x|=t,tel |x|<t,tel

Remark 6.5. The flux estimate is a monotonicity formula based on the increment of the local energy.
See Figure 4. The term on the left-hand side of (51) describes the inflow of potential energy through the
light cone.

Proof. We have

%e[v](r):/|| %|Vv|2+%|8,v|2+%|v|6d0(t,x)+/| 3, VoVv + 3,0 d,v + v° 9;v dx
x|=t

x|<t

=/ gvm?+gmvﬁ—mvaﬁ+%menJ0+/ ;0000 — Av +v°)dx
|x|=t

|x|<t
2/ é|v|6da(t,x)+/ dv(—(v + F)° +v°) dx.
Ix|=t |x|<t
Integrating over ¢ € I, we arrive at (51). (|
The estimate (51) by itself is not useful. Indeed, it only controls the size of v on a lower-dimensional

surface in space-time. We will now use time-translation invariance to integrate it against a weight
w € LL(R).
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Figure 5. We display the idea behind the interaction flux estimate. By using the time-
translation invariance of the equation, we can control v® on the blue region of each shifted
light cone. Then, we integrate the forward flux estimate against a weight w depending
only on the shift 7. Since the outgoing component Wy [|V|Fx]( — |x|) is constant on
forward light cones, we choose w = |Wou[| V| Fn]|2.

Proposition 6.6 (forward interaction flux estimate). Let v be a solution to the forced NLW (43) on a
compact time interval I = [a, b] C [0, 00). Also, let w € LL(R) be nonnegative. Then, we have

— 6
/I/R3w(t |x)|v]®(#, x) dx dt

5
S lwlipr @y sup E[]@) + llwll L1 @1 Fll oo 6 (7 xm3) suE;E[v](t)6 (52)
te te
t—|x|
+ // (/ w(r)dr) 9; (F)v° dx dt| + f/ w(t — |x|)Fv> dx dt| (53)
I JR3\J—-00 1 JR3
+||w||L%(R)/I/RS|F|2(|F|+|v|)3|8,v|dxdt. (54)

In order to control the energy, we essentially choose w as the outgoing component of the linear wave F'
(see Section 7 and Figure 5).

The terms in (52) correspond to boundary terms, and they can easily be controlled by a bootstrap
argument. The main error terms are in (53), and they will be controlled in Section 8C. In contrast, the
errors in (54) are of lower order, and they will be controlled in Section 8D.

To remember that the weight w in (53) should be integrated over (—oo, ¢ — | x|], note that the contribution
of the error d,(F)v°> should be weighted less as t — —oo and |x| — oo.

Proof. By time-translation invariance and Lemma 6.4, we obtain for any 7 € R that
11,6
/ glv°(, x)do(z, x)
|x|=t—1,tel

5/ Vo2 + 110,01 + £ v|®dx
|x|<b—t

t=b

—/ 1IVo2 + 10,0 + £[v|®dx +f 3:v((v + F)® —v%)dx dt
|x|<a—t t=a |x|<t—t1,tel

< 2sup E[v](t)+/|| . d:v((v+ F)° —v°)dx dr. (55)
x|<t—t,t€

tel
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Integrating (55) against the function w(t), we obtain

l// w(t — |x])|v(t, x)|® dx dr
6 I JR3
1

_ 1 6
_ 6//|x|=t_rw(r)|v| (t,x)do(t, x) dt

< 2||w||L%(R) sup E[v](?) + [/ w(z) 3, v(t)((v+ F)> —v°)dx dt de
tel

|x|<t—t,tel

// w(r)Fv* 9;vdx dr de
R J|x|<t—rt,tel

< wll 1 gy sup E[](0) +
tel

The first and third summand in the last line of (56) are acceptable contributions. Thus, we turn to the
second summand in the last line of (56). Using integration by parts, we have

/I /|x|§t—r,tel w(®)Fv* d;vdx dr dv
/1 /uw (/_:"" w(z) df)F 3;(v°) dx dt
/R3 (/_Hxl w(7) dr)FUS dx _ [W ([_:xl (%) dr)FUS dic _
t—|x| w(t)dr ) d;(F)v° dx dt | + w(t — |x|)Fv® dx dr

L oy |
[I /R3 (/—:x| w(®) df) 3 (F)v° dx dt

+‘// w(t—|x|)Fv5dxdt‘. O
1 JR3

By replacing the forward light-cones in the derivation of Proposition 6.6 by backward light-cones, one
easily derives the following proposition.

5

_|_

oo
_|_

5
< “w”L.l[(IR)”F”L?OL?((IXR?’) SUII)E[U]U)G +
te

Proposition 6.7 (backward interaction flux estimate). Let v be a solution of (43) on a compact time
interval 1 = [a,b] C [0, 00). Also, let w € L1(R) be nonnegative. Then, we have

// w(t + |x])|v|®(z, x) dx dr (57)
1 JR3

5
S 1l oy 90 ETIO) + 0l 3y 1 o1y S0P EDICO)E
te te

/1 /R% (/t:x| w(®) df) 3:(F)v® dx di

+ ”w”L%(R)/I[W |F|2(|F| + |v])?|9;v]| dx dt.

+ +

// w(t + |x|)Fv® dx de| (58)
1 JR3
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To remember that the weight w in (58) should be integrated over [t + | x|, 00), note that the contribution
of the error 9, (F)v> should be weighted less as ¢, |x| — oco.

7. Bootstrap argument

In this section, we introduce the quantities in the bootstrap argument to control the energy. For a given
time interval I C R, we define the energy

Er :=sup E[v](t) = sup/R

1 1 ;%(3tv(t,x))2+%|Vv(l,x)|2+%lv(f,x)|6dx (59)
te te

and the Morawetz term

_1
Ap = llx|"sv]| (60)

6

L8 (IxR3)’
Before we can define the interaction flux term, we need to introduce some further notation. Let F be a
solution to the linear wave equation with initial data F|;=o = fo € L2 ,(R®) and 0, F|,=0 = go € H_} (R).
As in the definition of F® in (5) , we assume that P_,s fo = P-;5g0 = 0. We recall from (6) that the
low-frequency component of ( /¢, g%) will be treated as the initial data of the nonlinear component v.
In order to use Littlewood—Paley theory in the spatial variables, it is convenient to introduce a second

solution F to the linear wave equation. A short computation shows that

i \Y4
9 F = |V|(cos<r|V|>|V|—1g+ %(—Mﬂ).
Then,
- 1 \VJ
F :=cos<z|V|>|V|—1g+%(—Wm 61)

satisfies d; F = |V|F and has initial data F|;—o = |V|"'g € L2 (R?) and 8, F |;=o = —|V| f € H_} (R?).

rad
After localizing in frequency space, we write

- 1 ~ ~
IVIFn (. x) = M(Wout[lvlFN](t — 1)+ WallVIFN]( +1)). (62)

In the bootstrap argument, we want to apply the interaction flux estimate to the Littlewood—Paley pieces
Pgv of v. In order to deal with the operators Pk, we need to slightly modify the weights. Unfortunately,
we cannot use the Hardy—Littlewood maximal function, since it is unbounded in L. Instead, we define
for each K € 2V the operator

Sgw = K(Kt) 2% w. (63)

Definition 7.1 (interaction flux term). Let ( fo, go) € L2 ,(R3?) x Hr;dl (R3) and assume that P_ys fo =

rad

P_5sg0 = 0. Let F be the solution of the linear wave equation with data ( fo, go), let F be as in (61), let
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v be a solution to (43), and let / € R. For * € {out, in}, we define

—_L _ 1
Froo= ) (N7 4 N7242) sup Jlws kv (= xS0t 056 /) (64)
NZI Ke2Z t.x
—_L _ 1
+ D (NTEFE L N sup wev k@ IXDSOE D gy (69)
NZI Ke2Z t.x
1
=+ ”W*[F](t - |x|)3v”164?x(1XR3)’ (66)

where wx gk, N = SK(|W*[|V|fN]|2) and wx v, k. N = Sk (|Wx v[Fn]|?); see Section 4. For notational
convenience, we also set
Fr = -FI,out +F1,in-

In the following definition, we introduce two auxiliary norms on F' that will be used in the rest of this
paper.
Definition 7.2 (Y; and Z-norms). Let (fo,go) € L% ,(R3) x Hr;d1 (R3) and assume that P_ys fo =

rad

P_5sg0 = 0. Let F be the solution of the linear wave equation with data ( fo. go)., let F be as in (61),
and let / C R. Then, we define

. 34 l4s 3~
IElyry = IN— 2728 xS IVIEN | 8/3 873 1 oo g xm3)

~it okt 2 22 |
+||N v | x| V| N||e§v/(3—25)L§/(3_25>L§/5(2Nx1xR3)

—148 _1 —148 2 ~
+[|N 719 x| IVIFN g, 518 @vxrxryy TN * IXPBIVIEN 12012012 vxr xm3y
1 _1 2
FxI* Fllpapoorxmny T E s L1oaxmsy T Flips rxms)y X1 Flizz (rxms)-
Furthermore, we also define

—1 195 — ~
IFllz:= > Y I T2 NTEYWLVIENIl 12 oixe
«€{out,in} pe{2,4,24}

_1 _
+ ) Yo NN IRLN T W GEN]ll e iy
x€f{out,in} pe{2,4,24}

5 1
+ 2 > AIWlFllle @ +IN [X12 FN Qg1 Loo Lo @vxmxr®y T I (| oo L6 mxm3)-
xef{out,in} pe{2,4,24}

We remark that || F'||y, is divisible in space-time. More precisely, let n > 0 be given and assume that
| Flly@w) < oc. Then, there exists a finite number J = J(n, || F||y(®)) and a partition of R into finitely

many intervals /1, ..., Iy suchthat [|[F|;, <npforall j =1,...,J.
Lemma 7.3 (almost-sure finiteness of ¥ and Z-norms). Let (f, g) € H (R*)x H37'(R3), let0 <y <1,
let s > max(O, 1— ﬁ) and let F® be as in (5). If § = 48(s, y) > 0 is chosen sufficiently small, we have

[Flyw) <oo and |[F®|z <oo a.s.
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Proof. In the following, we assume that § = §(y, s) > 0 is sufficiently small. In the computations below,
we have N > 2° and (¢, x) € R x R3. For o > %, it follows from Minkowski’s integral inequality and
Lemma 3.5 that

o ok o IR R 345 +8 2 vl
INT3F 28IV FRll g gy oo < IN T2 P 18191 PR 30 500

-1 +$
SN/E”N 2yt (fN’gN)HK%‘%(L%XHX_I)
SVl ) pgxms-
In particular, we have

3 1 3 ~
—345 48, 3
|N~3t 23y |x|8|V|FI(<’)”£§\{3L§/3L§° <00
almost surely. A similar argument for the remaining terms in the ¥g-norm leads to the regularity restrictions

1 11 5 1 3 11 5
_12}/’1 3y’ 2 12;/’1_5’1_10;/’1 3y’ 2 12)/)’

s > max(1

which have been listed in the same order as the terms in the definition of || F“||y,. Next, we estimate
| F*||z. Using Corollary 4.3, the terms involving || Wx[|V|Fn]| ;> lead to the restriction

s > max((l — %)(% — ﬁ), O) +max(1 — ﬁ, O).

Since 0 < y <1, this leads to s > max(l — ﬁ, 0). Using Lemma 3.7, the fourth and fifth summand in

the Z-norm lead to the restriction

s> max (1 —5;,1—55). O

In this paper, the condition y < 1 is only used in the proof of Lemma 7.3. By changing the restriction
on s, we could also treat a slightly larger range of parameters y.

8. Control of error terms

In this section, we estimate the error terms in Propositions 6.1, 6.3, and 6.6. Before we begin with our
main estimates we prove an auxiliary lemma.

Lemma 8.1. Let w € LL(R) be nonnegative. Let K € 2N be arbitrary, and let Sk be defined by
Sgw = K(Kp) ™2 % w.

Then, we have for allv € L} (R3) that

loc
[R PR ()i — |+l dx 5 fR @ISk~ Ixl) el de 67

Proof. We prove (67) by interpolation. The L.°° — L°° estimate is trivial. Thus, it suffices to prove the
L' — L! estimate

[ 1rvetue—lhas < [ o@iSxwe -l + 1wl @)
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Let W € {¢, ¥} be as in the definition of the Littlewood—Paley projection. Then,
[ Peveotoe—thax < [ [ wOIKIBEE = )t - sy dx
R3 rR3 JR3
= [ ol(x* [ 1Kt =yt =1x) as) ay.
R3 R3
Hence, it remains to establish the pointwise bound
K3 [ 1B G =)ot = 1xDdx 5 (Sicxw)e = )+l

Now, the main task consists of converting the left-hand side into a one-dimensional integral. Using an
integral formula from [Sogge 1995, p. 8], we have

K3/ |¢(K<y—x))|w(r—|x|>dx=K3/ B (K w(r — |y —x) d
[R3 R3

§K3/()w|li(Kr)|([ = w(t_|y_x|)d0'(t,x)) dr
=K3 /O°°|\f'(Kr)|(/y_x|=r w(t—|x|)d0(t,x)) dr

3 [y|+r
=K[O B (Kr )'W Wl ppdpar

Ayl plyl+r
|y|[ f PIBK P w(t — p)lpl dodr

r+lyl
/ / riW(Kr)w(t —p)pdpdr. (69)
T a e

Let us now estimate the first summand in the last line of (69). We have
aly| plyl+r  _ K3 péylper
|y|/ / ABKP (= plpldpdr = [ [ BEDwE=1y1=ply1+ Pl dpdr
—r

alyl pr
sK3/O /r|\v(1<r>|w<z—|y|—p)dpdr
—r

<1<3/ ([| |¢<Kr>|rdr)w<r—|y|—p)dp

sK/ (/Klp|w(r)|rdr)w(z—|y|—p)dp

SK/_ (Klpl) 2w —|y| - p)dp

= (Sxw)(r—|yD.
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Thus, it remains to estimate the second integral in the last line of (69). We have

r+lyl ryl
/ / r|\I/(Kr)|w(t—p)pdpdr<—/ / P2 (Kr)|w(t —p)dpdr
Il Jai Sy Iyl 4yl Jr—1y|

|y| LSRR / B (Kl dr

1 -
< L Jwl / 5 (r)|r2 dr
Pt f)

<Ly O
S ||Wrt .
y| L;(R)

Corollary 8.2 (frequency-localized interaction flux estimate). Let F be as in Definition 7.2 and let
v: I x R?® = R be a solution of (43). Then, we have

1 ~ 1
sup [||x[3(|V|Fn)3 Pl
Ke2N

%o gy STV TN GF L FIZ AN (70)

Remark 8.3. The flux estimate yields much better integrability in the spatial variable x than the Morawetz
estimate. To see this, note that (70) cannot be controlled by the Morawetz term. For instance, one might
try to estimate

IXIV1EN 02 sy S X3 IVIEN los, ey 18002 e

Even for smooth and compactly supported initial data, |V|Fy only decays like ~ (1 + |¢])~! and is
morally supported around the light cone |x| = |z|. Thus, the term |||x| 3 |V|Fy ”Loo (IxRr3) grows like
~ (1 +1¢])Y/2 as I increases.

Proof. Using the in/out-decomposition and Lemma 8.1, it follows that

1 ~ 1
I3 (VI Fn)3 Proll?

LS (IxR3)
<N Wl VIENDS PRV (f sy + IWll VWD S Pl g
ISk (Woull VIENIP) 0I5 gy + N Woul I VIENIP L IXIT00NSe 7
ISk AWallVIENIPI S (e + IWllVIENI 1L X006 7
< min(N &~ 2 N22)(Fp + | F|ZAD).
By taking the supremum over K € 2V, we arrive at (70). O

8A. Energy increment. In this section, we control the main error term in the energy increment.

Proposition 8.4 (main error term in energy increment). Let F be as in Definition 7.2 and let v: I xR3 — R
be a solution of (43). Then, it holds that

'/1 /Rquﬁ)dexdz

1 L1 2
S(F1+FIZADCAPEMFI, . (71)
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Remark 8.5. Instead of using F 11 /6

Then, |||X|3/8|V|FN||L8/3Loo(lsz) changes into a (nonendpomt) term ||]x|'/4~ |V|FN||L4 L (I xR3)-

The probabilistic gain should then increase from % v 07 derlvatlves which should lead to the
%, 0). For expository purposes, we do not present this argument here.

to overcome the logarithmic divergence, we could also just use F7j.

restriction s > max (1 —

Proof. Using a Littlewood—Paley decomposition, we write

U:ZPKU and F = Z I*:N.

K>1 N>26
'f/ (|V|F)v> dxdr| <
IJR3

> > // (|V|FN)1_[PK vdx dt
N>26 K1=K>>+>Ks5>1 Jj=1
N>26 K1>K>>->K5>1

/1 /[R3(|V|FN)JU1 Pk, vdxdt|.
K12274N

Thus,

Note that, for all summands above, we have K1 > 1. Using Proposition 2.9 and Corollary 8.2, it follows that

'// (|V|FN)1_[PK v dx dr

j=1
4
- 1 ~ 1 1
< N3 |V|FN||L§/3L§O(,XR3)|||x|3(|V|FN)3PstuLgx(,XRe) [T GPK,angxms)
j= 2
3_g_ 1 2 18 1 2 11
N3G PG NS T (F + IFIZADS AP K, 2
1-s
N \2 _ 2 1 L1
:(E) KTPNFI, (Fr + | FIZADC AP E} .
Using that K; 2 N and K7, ..., K5 > 1, we obtain (71) after summing. O

8B. Morawetz estimate. In this section, we control the main error term in the Morawetz estimate. The
main new difficulty is the weight x /|x|.

Proposition 8.6 (main error term in Morawetz estimate). Let F' be as in Definition 7.2 and let v be a
solution of (43). Then,

s 1

1_4
<(f1+||F||zA1)6A Togp 2IIFIIY +||F||Y1-A6

00

Vi (F)v® dx dt

R3 |x|

Proof. As before, we use a Littlewood—Paley decomposition and write

5
P ( )-Vx(F ) Pg;vdxdt|.
Z [/R3 L N jl:[l K

N>25 L>1,K1>- >K >1
max(L,K1)>2" 4N

LV (F)Sdxde] <
Rr3 |X]
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Case 1: Ky > L. From the conditions K; > 274N and N > 22, it follows that K; > 1. Thus, we can
place Pk, v in L°L2(I x R?). Using (39), we estimate

5
P (ﬁ) Va(Fn) [] Prvdxde
3 X :
j=1

R
5
1 2
=[[|r ( ) (W [Fw]l + Wany [F ]|)3|vxFN|31'[|PK.v|dxdr
R3 |x| |x|3 i=1
[ ] ( ) |FN|*|vxFN|31'[|PKv|dxdz )
R3 |x] x|3 e
To control the first term in the right-hand side above, we estimate
5
1 2
[ |7 (|x|) |1<|Womv[FN]|+|Wmv[ 10419 Fwl3 [T 1Pk, vl dx de
R ,
J=1

1 1
(1Wou, 9 TN PRVl Lo 1y + 1 Win 9 [FI Prsvllze (gmsy)

()

LS. (IxR3)
4
T =6 Pr, vl
K;VIILS (IxRr3)
J=2
%
M Pl N N [ N 28639 23y
The first factor is estimated by
X X
‘ PL( ) < |— <.
X1/ es, (rxm3y ~ IHX T Loo mxm3)

Using Lemma 8.1 and arguing as in the proof of Corollary 8.2, we estimate the second factor by
1 1
| Wou VLN Prsvllzs (rmy + I1Wn v [FIS Prsvllo )

1 1
S 1Sk (Wou g IFNIP 01 g iy + ISk (Win 9 FIP 0l 1y
_1
I Wow NI gy + I LF I ) I 0y
1 8
SN S (F + | FIGADS,

From Proposition 2.9, we have

_1 1 1
I|x] 6PK,~U||L?’X(1XR3) < llx] GUHL?X(IX[}@) = AIG.

Furthermore, since K; > 1, we have

1
—1 5
||PK1U||L<;°L§(1><R3) SKyEr



ALMOST-SURE SCATTERING FOR THE RADIAL ENERGY-CRITICAL NONLINEAR WAVE EQUATION 1043

Finally, applying Proposition 2.9 to the Riesz multipliers, we have

Il1x

F _ 3
N||L§/(3 28)(I <R )Li/‘s(lxﬂ@)

3428 3 3__1 58
S x5 OOl 520,28 gy SN2 2 | Flly,.

Putting everything together, it follows that

J ol

5
1 2
|1<|Woutv[FN]|+|Wmv[ 1)3|VeFn|3 [ P, vl dxde

j=1
N\ B+3 43
< K, Kl (Fr+IFI1ZADs AP g ”F”YI'

8

Using the decay K 1_8 in the highest frequency, we may sum N, L, K1, ..., Ks.
Next, we estimate the second term in the right-hand side of (72). We have

S G

|1 |FN|7|VxFN|3 l_[ | Pk ; v|dx dt
j=

X 1 l15
PL(M) (IXR3)1‘[|||x| il I Pl PRI
j=2
|||X|2FN||Loo (IxR3)|||x| VxFN||L8/(3 28)L2/5(I><R3)

_ _lys 348 1_ 2 1
|1|FN|*|V FN|%1"[|PK vldrdr S NP3 2T 4it o) IFI3IFI

Arguing as above, together with || |x|(1+8)/2FN lLes, (rxmsy = N™ TS| Flz, we get
1
N2 3.5 1.5 2 1
s(x) kA ir i,

//R% (IXI)

Summing over the appropriate range, this contribution is acceptable.

Case 2: L > K;. Consequently, we have L > 274N > 1. Using Lemma 2.5, it follows that

(| |)‘<(L'x') 1
5

<L~ // —|v (Fn)| [ P&, vldx dt

Jj=1

5
-1 —1 —1
< L7l 9 Ewlls . [T M6 Pr,vlo
j=1

<(T) LA

Using the decay L~% in the highest frequency, we may sum N, L, K1, ..., Ks. O

This yields

3PL(| I) Vs (FN)l_[PK v dx dt

R
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8C. Interaction flux estimate. In this section, we control the main error terms in the interaction flux
estimate. The main difficulty is the weight f el w(t)dz. First, we recall a radial Sobolev embedding.

Lemma 8.7. Foranyv € LY°H ad([ X [R{3), we have

1
sup |12 Pxvllzoe rxa ~||v|| IV v|| < sup Efv]()*.
KeaN L% (IXR7) LPL(IXR3) LPLR3UXRY) ~ 7]

Proof. Let r € R~¢o. Then, we have
o0
(Pgv)*(t,r) :4/ (Pgv)3(t, p) (3, Pgv)(t, p)dp
r

o0
<d4r2 f |(Pxv)*(2, )| 13, Pro(t, p)lo* dp
r
< 4r I Pro(t ) g oy IV PrV(E D)2 o)
<4 Dl ) IVVE D) 2 @o):

The first inequality then follows by taking the supremum in r and ¢. The second inequality follows from
the definition of E[v]. O

Proposition 8.8 (first main error term in interaction flux estimate). Let w € L1(R) N L13(R) be a
nonnegative weight. Let F be as in Definition 7.2 and let v : I x R*> — R be a solution of (43). Then, it
holds that

t—|x|
R%(/ wdr)(|V|F)v dx dt

The same argument also controls the main error term in the backward interaction flux estimate.

S llwlip (R)”F”Y](]:I+||F||Z~A1)6‘A11264

Nl g2y (7 + I FIZADSER + w2y I F v, Af

Proof. As before, we use Littlewood—Paley theory to decompose into frequency-localized functions. Then,

//R% PL(/tool IWdT)(|V|FN) 1_[ Pk, vdxde|.

it remains to control

2

N>26 L>1 K1> >Ks5>1
max(L,K1)>2"4N

We distinguish several different cases.

Case 1: K1 > L. We have

t—|x| _ 5
2PL(/ wdr)(lVlFN)l_[lPKivdxdt
]:

R- —00
4

t—|x|
PL(/ wdt)
—00
T8 PR vlag il 5P 1P 2y
j=2

I1xI31VIFy 12

1 ~ 1
IX13AVIFN)3 Prsvlize rxes)
L%, (IXR3) '

L33 L% (I1xRr3)
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The first factor is controlled by

t—|x| t—|x|
H P (/ w dr) / wdrt
—Oo0 —Oo0

Arguing as in the proof of Proposition 8.4, this leads to the total contribution

<

N < w1 -
LS. (IXR3) «®

L9, (RxR3

2 1 L1
<l IF L (Fr o+ IFIZADS AP

Case 2: L > K. In this case, the most severe term is the low-frequency scenario K; =--- = K5 = 1.
Then, we can no longer place Pk, v in LS L2 (1 x R®) and therefore lack space-integrability. To resolve
this, we make use of the integrability of w(z — |x|) in time.

Subcase 2(a): L > K1, |x| > 1. Using Proposition 2.9, Corollary 8.2 and Lemma 8.7, we obtain

t—|x| _ 5
// PL(/ LUd‘E)(|V|FN)1_[PKjdedt‘
IJ|x|>1 —00 i=1

t—Ix| 5 L 2
< <x>—2PL( / wdr) [T AVIE) i vl ooy [T Prsvllzss s
—o0 L2 (Ix®3) j_3 ' j=1 ’
s t—|x| 1 1
sv=lwn ([ e (FrHIFIGAn*e;.
—oc0 L? (IxR3)

It remains to control the weighted L%’x—norm. We recall that the kernel of P;, has zero mean. Using
Lemma 2.4 and the boundedness of the Hardy-Littlewood maximal function M, we obtain

t—|x|
(x)_zPL([ wdt)
—o0 L? (IxR3)

t
— 22 | |wolr) 2 ax
r—|x ’

t
S L) 2w = 6Dl 2 gy + L7673 / WICLUIZRIREY
! t—|x ’“

< L) Pw(e — XDz | (rxmey + L) 2 x| (Mw)( — IXDIlz2 | (rxr3)
< L_l||(X)_zIIL;(Rs)(IIw(f)IILg(R) +IMw )| 2g)
< L ||w||L%([R)-

Putting everything together, it follows that

t—|x| _ 5
f/ PL(/ wdr)(IVIFN)l_[PKjvdxdt
I J|x|>1 —00

N -8 2 Lo3
s(f) L8 wll 2y (Fr + I FIZ AN SEF
Jj=1

Using the decay L~% in the highest frequency, we may sum N, L, K1, ..., Ks.
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Subcase 2(b): L> K7, |x|<1. Near the origin, our strongest tool is the Morawetz estimate. Thus, we write

t—|x| ~ 5
// PL(/ wdr)(|V|FN)1_[PKjvdxdt
I Jix|<1 —00 =1

. t—|x|
|x|e Pr, (/ wdt)
—0o0

t—|x| - 5
le“gll(x)‘lPL(/ Wdr) 212 sy 1 Flly, A -

—0o0

5

2 ~ _1
113191 EN 2 rxmay [ ]2 Prvllig sy
j=1

<

LI2.(Ix{|x|<1})

Using Lemma 2.4, we have

—lx|
(x)_lPL(/_t wdt)

L2 (IxR3)

(x)"tpp (/tt_m wdr)

S L7 T 0 = 6Dl 12 gy + L7

=

L}%C(RXR3)

t
(x)™2 ([ w dr)
t—I|x| L1Z (RxR3)

< L) w0 = 1) 12 sy + L) T M) = 1D 12 ey

= L7 g (vl + IMwl e g)

-1
SL ||w||L%z(R).

Putting everything together, it follows that

t—|x| _ 5
f/ PL(/ wdt)(IVIFN)l_[PKjvdxdt
I Jix|<1 —00 =1

Using the decay L% in the highest frequency, we may sum N, L, Ky, ..., Ks. O

N s
< (Z) L8 wll 2 | Flly, AF.

Proposition 8.9 (second main error term in interaction flux estimate). Let w € L%([RE) N L%Z(R) be a
nonnegative weight. Let F be as in Definition 7.2 and let v : I x R> — R be a solution of (43). Then, it

holds that
'// w(t — |x|) Fv° dx dt
1 JR3

Proof. We follow an easier version of the arguments in the proof of Proposition 8.8. As before, we

1 1 El
Slwlp2@Fréf + IwlpzgllFlly, A7

distinguish the two cases |x| > 1 and |x| < 1. First, we have

// w(t —|x|)Fv® dx dr
I J|x|>1

_ 1 1 1
< Mx72w( = 13D 2 oy IWoul F13 0l s rxmzy + 1 WnlF13 0l s rugay) 112017

1 1
< ”w”L%]:[zg]z-
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Second, we have

5 1 -1 5 2
=P drdr] < D = 1Dl ez 08 11 Pl s

x|<1

5
< Jwll il Flly, Af. O

8D. Lower-order error terms.

Lemma 8.10 (control of lower-order error terms). Let F be as in Definition 7.2 and let v be a solution
of (43). Then, it holds that

1
// |F|5(|8tv|+|| ||+|Vv|)dxdz§||F||§,5,2,
1 1
// |F| |v|3(|a,v|+|| 'l+|Vv|)dxdzs||F||§,A,25,2,
5
s —|F||v|5dxdzs||F||Y,A;,

// LFPdxdr < |FIS,.

Proof. Using Hardy’s inequality, the first inequality follows from

// |F|5(|a,v|+u+|W|)dxdz
1 Jr3 | x|

5 v
- ||F||L§L;0(1xw3) 190 oo r2 (rxms) +

m Lo L2 XH) + ||VU||L§>°L§(I><R3))
1 X

1
SIFIly, & -
A similar argument yields that

)
/I/R3|F|2|v|3(|atv|+ﬁ+|w| e S It FIZy e gy 114011y S0P £

Finally, the third and fourth inequality follow from Holder’s inequality and

_1
1178 Fll s (rony < IF 1y, O
9. Proof of the main theorem

In this section, we collect all previous estimates to prove the a priori energy bound (Theorem 1.4). Using
the conditional scattering result of [Dodson et al. 2017], we finish the proof of Theorem 1.3.

Proof of Theorem 1.4. By time-reversal symmetry, it suffices to prove that sup;¢[g o) E£[v](#) < 0o. Let
% > no > 0 be a sufficiently small absolute constant, and let % > n > 0 be sufficiently small depending
on 1. In the following, C = C(|| F||z) > 0 denotes a large positive constant that depends only on || F||z.
By Lemma 7.3 and space-time divisibility, we can choose a finite partition /1, ..., Iy of [0, 00) such that
||F||Y, <nforall j =1,...,J. With a slight abuse of notation, we write &; := &y, Aj := Aj; and
Fj = ]—"1 We also set &y := E[v](O).
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First, we estimate the energy increment. Combining Propositions 6.1 and 8.4, and Lemma 8.10, we have

1

2 e 1 1 1 1
&1 SEHCIFN, | (Froit Ainil FIBSAT &8 4CIFIG, AL, 0 +CIFIS, €.,
<CEi+D)+no€j+1+no(Fj+1+Aj41). (73)

Next, we estimate the Morawetz term. By combining Propositions 6.3 and 8.6, and Lemma 8.10, we have

2 L 248 1.8 5
Aj+1=CE+1+CIFlly, (‘Fj+1+v4j+1”FHZZ)GAJI'il6814+12+C||F||Y1j+1Aj6'+1+C”F”?’IjJrl

<SCEr+D+5(Fjr1+A;11). (74)

Finally, we control the interaction flux term. First, recall that from the definition of || F ||z and the
embedding £; — £,, we have

_Log —
DS ( S (NE LN 2+25)(||W*[lvlFN]||ig+||W*,v[FN]||ig)+||W*[Flllig)
«€{out,in} pe{2,4,24} "N>25
SIFIZ.

We now apply our estimates to each of the terms in (64), (65), and (66) separately. By Young’s inequality,
the estimate ||Skw| ;> <p [[w]|z» holds uniformly in K. Using the control on the main and lower-order
error terms, i.e., Propositions 6.6, 6.7, 8.8, and 8.9 and Lemma 8.10, we obtain

1

2 7 1
Fi+1 < CIF%E+1+ C||F||ZZ||F||§[j+1 (Fj+1 +IFIZA+1) AR €]y
1 L
+CFIZ(Fjr + IFIZAj+1)2€7 4

5 1 1
+CIFIZIF Ny, Ay + CIFIZF; €74

1 1
2 2 3 2 2
+CIFIBIFIG, | (IFI3, ,, +AF )6

<CEjr1+ D+ 3(Fjr1+ Ajt1). (75)

We briefly note that, as long as C > 0 remains independent of 19 and 7, terms such as C || F ||2Z]-"}f1 5} 121

prevent us from placing an 7o in front of 71 + A; 1. Combining (73), (74), and (75), we arrive at
Ej+1 =CE + D) +no€j+1+no(Aj+1 + Fjt1),
Ajr1 +Fjp1 SCEj41+ D)+ 2(Aj11 + Fjt1).
Finally, choosing 7o > 0 sufficiently small depending on C = C(|| F||z), we obtain
Eir1+1=C(E+1D). (76)
By iterating this inequality finitely many times, we obtain

sup Efv](r) = max & <oo. O

t€[0,00) J =15
Proof of Theorem 1.3. Using Lemmas 5.1 and 7.3, it follows that the forced nonlinear wave equation (6) is
almost surely locally well-posed. Then, Theorem 1.3 follows from Theorem 1.4 and Proposition 5.2. [J
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ON THE EXISTENCE OF TRANSLATING SOLUTIONS OF
MEAN CURVATURE FLOW IN SLAB REGIONS

THEODORA BOURNI, MAT LANGFORD AND GIUSEPPE TINAGLIA

We prove, in all dimensions n > 2, that there exists a convex translator lying in a slab of width  sec
in R"*! (and in no smaller slab) if and only if 6 € [0, %] We also obtain convexity and regularity results
for translators which admit appropriate symmetries and study the asymptotics and reflection symmetry of
translators lying in slab regions.

1. Introduction

A solution of mean curvature flow is a smooth one-parameter family {X,;},cr of hypersurfaces X, in Rr+1
with normal velocity equal to the mean curvature vector. A translating solution of mean curvature flow is
one which evolves purely by translation: ¥, ; = X, +se for some e € Re+1 \ {0} and each s, t € (—00, 00).
In that case, the time slices are all congruent and satisfy

H=—(v,e), @))

where v is a choice of unit normal field and H = div v is the corresponding mean curvature. Conversely,
if a hypersurface satisfies (1) then the one-parameter family of translated hypersurfaces X, := ¥ 4 te
satisfies mean curvature flow. We shall eliminate the scaling invariance and isotropy of (1) by restricting
attention to translating solutions which move with unit speed in the “upwards” direction. That is, we
henceforth assume that e = ¢,,,.;. We will refer to a hypersurface X C R"*! satisfying (1) with e = e,
as a translator.

The most prominent example of a translator is the Grim Reaper curve, I'' ¢ R?, defined by

rt.= {(x, —logcosx) : |x| < %}
Taking products with lines then yields the Grim hyperplanes
.= {(xl, ey Xp, —logcosxy) @ x| < %}

The Grim hyperplane I'” lies in the slab {(xl, o X)) x] < %} (and in no smaller slab). More generally,
if X"~ is a translator in R"**! then £"% x R is a translator in R*~**+! x R¥ = R+,

There is also a family of “oblique” Grim planes I'y , parametrized by (6, ¢) € [O, %) x §"~2, These are
obtained by rotating the “standard” Grim plane I'” through the angle 6 [0, %) in the plane span{¢, e,+1}

MSC2010: 53A10.
Keywords: mean curvature flow, translators, ancient solutions.
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for some unit vector ¢ € span{ey, ..., e,} and then scaling by the factor sec 8. To see that the result is
indeed a translator, we need only check that

—Hp=—cosOH =cosO (v, e;r1) = (cosOv +sinO¢, e,11) = (Vg, €n+1),

where Hy and vy are the mean curvature and outward unit normal of I'y , respectively. The oblique Grim
hyperplane F3,¢ lies in the slab S{)‘H = {(xl, o X)X < % sec@} (and in no smaller slab). More
generally, if X" % is a translator in R"“¥*! then the hypersurface g » obtained by rotating Tk RK
counterclockwise through angle @ in the plane ¢ A e, and then scaling by sec @ is a translator in R"*!,
so long as ¢ is a nonzero vector in span{e;—_+1, ..., e¢,}. The oblique Grim hyperplanes will play an
important role in our analysis.

A convex entire translator asymptotic to a paraboloid was constructed in [Altschuler and Wu 1994];
see also [Clutterbuck et al. 2007]. White conjectured [2003, Conjecture 2] that the bowl is the only
strictly convex translator of dimension n > 2. X.-J. Wang [2011] proved that it is the only convex entire
translator in R® and constructed further convex entire examples in higher dimensions. This disproves
White’s conjecture; however, White [2003, unnumbered remark on page 133] also stated that, even if the
conjecture is false, it may be true for translating limit flows to an embedded mean-convex flow. Since limit
flows to mean convex, embedded flows are noncollapsing (and hence entire) [Andrews 2012; Sheng and
Wang 2009; White 2003], Wang’s result proves the modified conjecture when the dimension is 2. More
recently, Haslhofer [2015] proved that the bowl is the only noncollapsing translator of dimension n > 2
which is uniformly two-convex, confirming White’s modified conjecture for two-convex, embedded mean
curvature flows. The first two authors removed the embeddedness requirement when n > 3 [Bourni and
Langford 2016].

Wang also proved the existence of strictly convex translating solutions which lie in slab regions in
R"*! for all n > 2. Since convexity of solutions of the Dirichlet problem for the graphical translator
equation remains open,! this was achieved by exploiting the Legendre transform and the existence of
convex solutions of certain fully nonlinear equations [Wang 2011]. Unfortunately, this method loses track
of the precise geometry of the domain on which the solution is defined and so it remained unclear exactly
which slabs admit translators; see [Spruck and Xiao 2017, Remark 1.6]. Our main result resolves this
problem.

Recall that the slab region SgH C R+ is defined by

Sg“ = {(x, y,2) ERX R xR:|x| < %secé} c R

Theorem 1 (existence of convex translators in slab regions). For every n > 2 and every 6 € (0, %) there
exists a strictly convex translator X5 which lies in Sg“ and in no smaller slab.

The solutions we construct are reflection symmetric across the midplane of the slab, rotationally sym-
metric with respect to the subspace " ~! :=span{es, . .., e,} and asymptotic to the “correct” oblique Grim

1Recently, Spruck and Xiao [2017] proved that complete mean convex translators in R3 are necessarily convex. We extend
their result to higher dimensions in Section 3, assuming the translator has at most two distinct principal curvatures.
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hyperplanes I'; » in the following sense: if ¢ is any unit vector in E"~! then the curve {sin w¢ —cos we,, 1 :
w € (0, 6)} lies in the normal image of X/ and the translators

) =Xy — P(sinwg — cos we, 1)

converge locally uniformly in the smooth topology to the oblique Grim hyperplane I'; ¢ as w — 6, where
P :§" — ¥ is the inverse of the Gauss map.

Spruck and Xiao [2017, Theorem 1.1] recently proved that every mean convex translator is actually
convex and Wang [2011, Corollary 2.2] proved that any convex translator which is not an entire graph
must lie in a slab region. The bowl translator of Altschuler and Wu and the Grim hyperplane provide

s
' 2
less than v (the Grim hyperplane is a barrier); Theorem 1 provides the existence of a convex translator in

examples in the limiting cases 0 € {0 } and there can exist no convex translator inside a slab of width

all remaining cases, so we obtain the following corollary.

Corollary 2. Let 2 be an open subset of R" for some n > 2. There exists a convex translator in the
cylinder Q x R (and in no smaller cylinder) if and only if Q2 is a slab of width 7 sec 0 for some 6 € [O, %]

A systematic classification of translators lying in slab regions remains an open problem. As a first step
towards addressing it, we show that the asymptotics of the solutions described in Theorem 1 are universal.

Theorem 3 (unique asymptotics modulo translation). Given n =2 and 6 € (0, %) let =} be a convex
translator which lies in Sg“ and in no smaller slab. If n > 3, assume in addition that ¥} is rotationally
symmetric with respect to the subspace E"~' := span{es, ..., e,}. Given any unit vector ¢ € E"~! the
curve {sinw¢ — coswe, 11 : w € [0, 0)} lies in the normal image of X and the translators

) o =Xy — P(sinwg — cos we, 1)

converge locally uniformly in the smooth topology to the oblique Grim hyperplane 'y p as 0 —> 0, where
P : §" — X is the inverse of the Gauss map.

We note that, in the important special case n = 2, this result was already obtained in [Spruck and Xiao
2017] using different methods.

The rotational symmetry hypothesis — which is not required when n = 2 — may be necessary in
higher dimensions: it is conceivable that there exist convex translators in the slab Sg C R for example,
which are asymptotic to an “oblique” 25 x R, where Eg C R3 is the translator from Theorem 1.

Using the Alexandrov reflection principle, we deduce that such solutions are reflection symmetric.

Corollary 4. Given 6 € (0, %), let X be a strictly convex translator which lies in S, 1 and in no smaller
slab. If n > 3 assume in addition that X is rotationally symmetric with respect to E"~'. Then X is reflection
symmetric across the hyperplane {0} x R".

This result was also obtained in [Spruck and Xiao 2017] when n = 2.

Remark. After this work was completed, Hoffman, I[lmanen, Martin and White [Hoffman et al. 2019]
provided a different approach to the problem of existence of graphical translators over strip regions in R?
and moreover proved uniqueness of such translators.
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2. Compactness

Recall that, given a smooth function u over a domain Q2 C R”, the downward-pointing unit normal v and
the mean curvature H[u] of graph u are given by

V= ——  an u|l=dv{ — |,
V14 |Du|? V1 +|Du|?

respectively. So graphu is a translator (possibly with boundary) when

div( bu )— ! )
Vi+1Dul?) N1+ |Dul

We will derive uniform C'¢ estimates for hypersurfaces that are given by the graphs of rotationally

symmetric solutions of the Dirichlet problem

Du 1
diV< >= in £, u=1Y onadQ, 3)
V14 |Dul?) ~1+|Dul?

where Q is a bounded open subset of R**! with C!* boundary and ¥ : 3 — R is a C** function for

some « € (0, 1].

By Allard’s regularity theorems [1972; 1975], see also [Bourni 2016], the desired estimates are a
consequence of the following lemma. We remark that the usual dimension restriction is circumvented
here due to the rotational symmetry of the solutions; see Remark 2.4 below.

Lemma 2.1. Given any ¢, K > 0 there exists Ao = Ag(€, K) with the following property: Let u be a solution
of (3), with 32 and \ being rotationally symmetric with respect to the subspace E"~' := span{es, . .., e,}
and having C"“* norms bounded by K. For any p € graphu and ) < A

A sup dist(y — p, P) <¢ 4)
yegraphunBy ' (p)

for some n-dimensional linear subspace P = P(p, &, A). If B;’H (p) Ngraphyr = & then
w, AT (graphu N BT (p)) < 1 +e. (5)
If p € graph then (4) holds with P replaced by an n-dimensional half-hyperplane Py = P (p, €, A)

such that 0 € 0 Py,

At sup dist(y — p,0P1) < ¢ (6)
graph N B (p)

and (5) holds with the bound 1 + ¢ replaced by % +e.

Proof. We assume that the conclusion is not true. Then there exist ¢g > 0 and Ky > 0, sequences of
rotationally symmetric domains ; and boundary data v; : 9$2; — R bounded in C* by K, corresponding
solutions u; of the Dirichlet problem (3), points p; € graph u; and scales A; | 0 such that either (4) or (5)
(or (6) in the case p; € graph v;), with this ¢g and with u = u;, p = p; and A = A;, fails for all .
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Set SNZ,- = Np;.2: (i), W; := graph y; and fffi = Np;.. (Wi), where 1,5 (y) = A1 (y — p). We define the
current 7~“, = np,; ,#(T;), where T; = [[graphu;]] and note that YN", = [[graph i; ]|, where u; € Cl’“(ﬁi) is
defined by u; (p) = np, 5, (u; (A; p + p;)) with mean curvature satisfying

i—00

Hi(p) = MHi(xi +hip) <hi = IIﬁiHo,?z,- — 0.

It follows, after passing to a subsequence, that [Bourni 2011, Lemma 2.15], see also [Simon 1983,
Theorem 34.5]:

(i) T; — T in the weak sense of currents, where T is area-minimizing.

(i) w7 — pr as Radon measures, where u7 and w7 denote the total variation measures of i and T
respectively.

(iii) For any & > 0 and any compact subset W C R"*! such that W Nspt T # @ there exists i such that,
for all i > iy,
spt T; N W C e-neighborhood of sptT'.

By the measure convergence (ii), for every € > 0 there exists ip such that, for all i > i,
A g (BY (pi) = ug (BYTH0)) < [spt T N B+ (0)] +&.

By the Hausdorff convergence (3), for any ¢ > 0 there exists ig such that, for all i > iy,

1
— sup dist(y — x;, sptT) = sup dist(y, sptT) < ¢.
hi yeBIH (p)Nspt Ti yeBIH O)nspt T;

So it remains to prove that spt 7" is either a hyperplane or a half-hyperplane.

It suffices to consider the following three cases for the sequence of points p;:
Case 1: p; € W; = 0 graph u;.
Case 2a: p; = (x;, yi, u(x;, y;)) € Vi, y; € R~ with |y;| = 0 for all i and liminf; dist(p;, ¥;) % 0.
Case 2b: p; = (x;, yi, u(x;i, yi)) ¢ Vi, y; € R"~! with liminf; |y;| # 0 and lim inf; dist(p;, ¥;) # 0.

We will show that in Case 1 spt T is half-hyperplane and in Cases 2a and 2b it is a hyperplane.

We need the following fact, which is a consequence of the divergence theorem applied to the normals
of the graphs (extended to be independent of the e, -direction) in two appropriately chosen domains.
For a proof see [Bourni 2011, Lemmas 2.10, 2.12].

Claim 2.1.1. There exists a constant ¢ such that for any i, p € Q; x R and p > 0 the following hold:
(i) Let H; denote the mean curvature of graphu;; then
H"(graphu; N By (p)) < c(1+ pl| Hillo)wnp".

(i1) Leto € (0, p), Qpo =[—0p,0p] X B[’)‘(O) and q be an orthogonal transformation of R"™! such
that q(0) = p. Then

H"(graphu; Ng(Qp,0)) < wnp” (1 +co(n+ pllHillo)).
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In Case 1, by [Bourm 2011, Lemma 2.15], spt T is an n-dimensional half-space and 7 = [W] with
W being the limit of W; and where the convergence U; — W is with respect to the C1-# topology for any
B < «, which implies that

l sup  dist(y —x;, sptoT) = sup  dist(y, V) < e.
i yeB;j’(x,-)mwi yeB! 0Ny,
Hence taking P, =sptT we get a contradiction for Case 1.

Having proven the boundary case, we will now proceed with the interior. We will first consider Case 2a,
that is when p; = (x;, yi, u(x;, vi)) ¢ ¥; with y; = 0 € R"~! and liminf; dist(p;, ¥;) # 0. In this case
the support of the area-minimizing current 7 is rotationally symmetric in the y-space. Using the uniform
area ratio bounds, Claim 2.1.1 and the interior monotonicity formula [Allard 1972], see also [Simon 1983,
Section 17], we have

Lo, '™ ur (B (p)) = " lim g (B ()
—w—l(x )" lim s, (B (p) <c (7)

for all p € sptT and any r > 0, where c is a constant which is independent of i. Thus, for a sequence
{Ax} 1 oo, we can apply the Federer—Fleming compactness theorem [1960], see also [Simon 1983,
Theorem 32.2], to the sequence Ty o, = no.a,#1 ; after passing to a subsequence, this yields Ty 5, — C
in the weak sense of currents, where C is an area-minimizing cone, and KT, n, —> KC S radon measures.
Note that C is rotationally symmetric in the y-space, E"~!. Since spt C N §” is an embedded minimal
surface in $" which is rotationally symmetric with respect to [F"~!, it must be congruent to either the

equator "= or the Clifford torus S\l/l/(T S?/(nzz)w [Brito and Leite 1990; Otsuki 1970; 1972].

Since the cone over the Clifford torus cannot arise as a limit of graphs, we conclude that C =m[[R" x {0}]].
We claim that in fact m = 1.

For o € (0, 1), let Q1 = B (0) x [~0,0]. Then uc(Q1,,) = mw,. By the measure convergence
KTy, = HC and uz — pr, we have that for any oy € (0, 1) and any § > 0O there exists some A > 0
and kg such that for all k > kg and o < o

1
—_5< ~ A .
m—4 < Anwn:U“T,»(p+ Q1,0)

Using Claim 2.1.1, the right-hand side of the above inequality is less than 1 4 co A and hence taking o
small enough we conclude that m has to be 1. Hence, recalling (7), we obtain

o, r " ur (BT 0) =1 forall r > 0,

n

which implies that spt T itself is a hyperplane and the multiplicity is 1. This provides a contradiction for

Case 2a.
We are left with Case 2b. So suppose that liminf; |y;| # 0 and lim inf; dist(p;, ;) # 0. After passing
to a subsequence we can assume that lim | y;| = |yeo| exists, with |y| € (0, oo]. Rotational symmetry of

graph u; in the y-space then implies that T = [R"~2]| x Ty, where Ty is an area-minimizing 2-current in R>,
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Since any such current is regular, Tp, and hence also 7, is regular. We conclude that spt T must be a plane
[do Carmo and Peng 1979; Pogorelov 1981; Schoen 1983] with (arguing as in Case 2a) multiplicity 1.
This provides a contradiction for Case 2b. ]

Lemma 2.1 allows us to apply Allard’s interior and boundary regularity theorems [1972; 1975] to
obtain uniform C! estimates for the graphs of solutions « to (3) with boundary data that satisfy the
hypotheses of Lemma 2.1. Assuming higher-regularity of the boundary data we can apply Schauder
theory to obtain higher-regularity estimates for these graphs.

Corollary 2.2. Given any K > 0 and £y € N, there exists a constant C with the following property: Let
u be a solution of (3) with 3 and  bounded in C**t>* by K for some o € (0, 1] and rotationally
symmetric with respect to the subspace E"~! := span{es, ..., e,}. Then

sup |VYA(p)| <C forallt €{0,. .., L),
pegraphu

where A is the second fundamental form of graphu and VP A := A.

Remark 2.3. If we allow £y = —1 in the hypotheses of Corollary 2.2 then we obtain uniform C'-*
estimates for the graphs of solutions u to (3) with boundary data that satisfy the hypotheses of Lemma 2.1
using the results of [Bourni 2016].

Remark 2.4. If n <6 then Lemma 2.1, and hence Corollary 2.2 and Remark 2.3, still hold without the
rotational symmetry hypothesis on the boundary data. To see this, note that the proof of the boundary case
(Case 1) of Lemma 2.1 does not make use of the rotational symmetry hypothesis and hence holds in all
dimensions without this restriction. To show interior regularity in the case n+1 <7 we can refer to known
results on regularity of almost-minimizing surfaces; see for example [Duzaar and Steffen 1993; Massari
and Miranda 1984]. One can alternatively see this from Cases 2a and 2b in the proof of Lemma 2.1, since
there are no stable nonplanar minimal cones in low dimensions [Simons 1968]; see also [Schoen et al.
1975] or [Simon 1983, Appendix B].

3. Convexity

We need to extend the convexity result [Spruck and Xiao 2017, Theorem 1.1] to higher dimensions. Our
proof is a straightforward modification of theirs.
We make use of the following lemma.

Lemma 3.1. Let X" be a connected translator in R Suppose that ©" has constant mean curvature Hy.
Then Hy = 0 and X" lies in a vertical minimal cylinder. In particular, if n =2 or, more generally, if "
has at most two principal curvatures at each point, then " lies in a vertical hyperplane.

Proof. The mean curvature of X" satisfies
~(A+Vy)H = |APH,

where V := eLl. Thus,
<U7 en+l> =—-H=0,
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SO e,41 is tangential and hence V = e, . It follows that the integral curves of V are vertical lines, which
completes the proof. (I

Theorem 3.2. Let ¥ C R™! be a strictly mean convex translator with at most two distinct principal
curvatures at each point and bounded second fundamental form. Then ¥ is convex.

Proof. Denote the principal curvatures of ¥ by « < . Note that « is smooth and has constant multiplicity
me{l,...,n—1}in the open set U :={X € X : k(X) < 0}. Recall that

—(Vy +A)A = |A*A,

where V := eLl is the tangential part of e,;. Computing locally in a principal frame {7y, ..., 7,,} with
ki = Ajj =k wheni <m and x; = A;; = u when i > m + 1, we obtain

(VIZAlp)2

—(Vy+ Mk = AP +2) e

£=1 p=m+1

Since the mean curvature satisfies
—(Vy + A)H = |A]’H,

straightforward manipulations then yield

K (n—m)k (VgAlp) < K V,u>
—(Vy+A)—=—(Vy+A = V—, —). 8
(Vy >M (Vv +8) n—m;ﬂ;p;ﬂ T (8)

Suppose that

LK
—go :=inf — < 0.
DI,

If the infimum is attained at some point X € X then x(X() < 0 and the strong maximum principle yields

k/u = —gy < 0. In particular,
0= v, _ VoA _k Vedy,
W K 7R
when p <m < g. It is a general observation that
0=10A;j = VAjj + (kj — ki) pij = Ve Ajj &)

for each ¢ whenever k; =«; and i # j, where I'y;; := (V,7;, 7;). Thus,?
0=V,A;; whent{=2,...,m,
0=V/A,, whenf=m+1,...,n—1.
Recalling (8), we also find that

0=)" > (VeAp)™

t=1 p=m+1

2Here, and elsewhere, we freely make use of the Codazzi identity.
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It follows that the components Vi A,,, ViA11, V, A1 and V, A, are all identically zero and hence, by
the translator equation (1),

0=mVe A i+ —m)VeA,,, =V H
foreach £ =1, ..., n. Lemma 3.1 now implies that X" is a vertical hyperplane, contradicting strict mean

convexity.
Suppose then that the infimum is not attained. Since

n—m

K
>
n - m
and the sectional curvatures of ¥ are bounded, the Omori—Yau maximum principle may be applied. This
yields a sequence of points X; — oco such that

1 K 1
<- and —-A—(X))=<-. (10)
i I

K K
—(Xi) > —e0, |V—(X))
0 5 i

Consider the sequence of translators ¥; := ¥ — X;. By Corollary 2.2, the translators ¥; converge locally
uniformly in C*°, after passing to a subsequence, to a limit translator X,. Note that, whenever « < 0 < u,

mk  mVyA;1  mk ViH n—m k\ ViAu
Vi— =———-—ViA, = —m + — . 11
w w 0 w m w) u
We claim that
n—m Kk ViAnun i
+ —(Xi) (X;)—>0 asi— o0 (12)
m w W
foreach £ =1, ..., n. Suppose that this is not the case. Then there exists ip € N and dp > 0 such that
n—m K Vi A
( +—<X,->>' Al (x> 5, (13)
m w W
for all i > iy and some k € {1, ..., n}. By (10),
VA VA
< 14 11_£ 1/ nn)(X,)—)O
0 noop
foreach £ =1,...,n asi — oo so that, replacing §y and iy if necessary,
n—m K | VA1l
( + —(Xi)) (Xi) > 8o (14)
m 5 5

for all i > iy. Moreover, by (9),
VZAnn

(Xi) =0
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asi »>ooforall £ =2,...,n—1. So (13) (and hence also (14)) holds with k € {1, n}. Combining (10)
and (8) we obtain, at the point X;,

L Vi A v
T r® DD DL AR LRy
i n—m,u— t=1 p=m+1 moR
1 H V,k)? Vi)? v
_ (Z ( pz) +(n_m)( 1/;) >+V1£ 1
nomp—k\ 2 T
Vgl(
+ V—— Vi— ———V
Siv S Y w (Yt
{=m+1
n 2 m 2
K Kk Vel kV H (V
__M Z (Vé—> +ZVL’_ +v, & 1M+ ( I/ZL)
o\ = Kon PO pmkp
wa 1 H < (Vik)?
+—ZW >
l=m+1 n_mM_KZ:m—H K
n
w KWM (n—m)/m+r/uw|Vip| K [\ Vil
> 2 z(w—)+zw +(m - ]y
A — =2 w/ 1 H K H
n
m (m—m)/m+k Vik K Vik
+Z( ( )/ /IL|€|+EV€_>|Z|.
(o \n—m l—«/p I K| n Iz

Suppose that k =1 in (13). If

n—m K V|
+—X))—X) A0 asi— o0
m W 0

then, taking i — oo, we find (|Viu|/w)(X;) — 0 as i — oo, contradicting (13). Else,

\ v
I ”Kl(X,-)sl 14|

(Xi)
for i sufficiently large and we again obtain (|Viu|/w)(X;) — 0 as i — oo, contradicting (13). If k =n
in (13) we may argue similarly, using (14).

So (12) does indeed hold. Applying (10) and (12) to (11) yields

V. H
—(X;)—>0
m

for each £ =1, ..., n. On the other hand, by the translator equation,

5 w

ViH ke(Te, ent1)

Since (k/)(X;) = —eo %0, we conclude that v(X;) - —e,+1 and hence H (X;) — 1. Since the infimum
of K/ is attained at the origin on ¥, we deduce as before that ¥, has constant mean curvature, which
must be 1 since H(X;) — 1. But this contradicts Lemma 3.1. [l
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4. Barriers

Next, we introduce appropriate barriers. When n = 2, the outer barrier is obtained by (nonisotropically)
“stretching” the level set function corresponding to the Angenent oval so that it lies in the correct slab
and is asymptotic to the correct oblique Grim planes. The higher-dimensional barrier is then obtained by
rotating in the (n—1)-dimensional complimentary subspace.

Lemma 4.1. The function u : {(x, yVeRxR: x| < 7 sec&} — R defined by

u(x, y) := —sec 0 log cos a + tan” 0 log cosh i
sec tan 6

is a subsolution of the graphical translator equation (2).
In particular, given any R > 0, the surface

2 g :=graphug

is a subsolution of the translator equation (1), where

2 R
up = u —tan” 6 log cosh .
tan 6

Proof. The relevant derivatives of u are given by

Du = (| sec6 tan al , tan 6 tanh hl Ba
- sec tanf / |y|

and
secz( a ) 0
sec @
D*u = :
= ' v S Y
0 sech? L i + tan 6 tanh ] G p
) tan6 ) |y|? tand )\ [y| |yl?
So
1+ IDgI2 =1+ sec? 6 tan’ x + tan” 6 tanh? i
sec O tan 6
= sec? 0 sec? L, tan® @ sech? i .
sec O tan 6
Estimating
Au > sec? = + sech? ﬂ ,
- sec O tan 6
we find

(1+|Du|**?Hlul = (1 + |Du|*) Au — D*u(Du, Du)

> 1+ |Du|? + sec? * sech? l > 1+ |Dul’. (I
secH tan 6
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Figure 1. Given any ¢ € (0, g9(n, 0)), the portion of [T (the rotated time-T -slice of
the Angenent oval of width 7 sec 6, where T = sec? # cosh(R/tan 6)) lying below height
7= —Rcos(f —¢)/sin6 is a supersolution of the translator equation when R > R, :=
2(n — 1)/e. The surface X, is obtained by translating this piece upward so that its
boundary lies in R" x {0}.

Consider the “outer” domain

. netl . _ netl . x cosh(|y|/tan @) sin”
Qp:={x,y)€S) :urlkx,y) <0} = {(x, y) €S, .COS<SGC(9> < [—cosh(R/tanG) ] },

where S} := (=% sec6, J sec) x R"~!. Note that
dQ2g = d(Zr NR" x (=00, 0]).
The inner barrier is obtained by rotating the Angenent oval of width & secf and cutting off at an
appropriate height (see Figure 1).

Lemma 4.2. Given R > 0, let TIg C R"™! be the surface formed by rotating about the x-axis the
time-T -slice of the Angenent oval of width  sec 0, where

R
T := —sec’0 cosh(—).
tan 6

That is,
Mg:={(x,y,2) eERxR"'xR:v(x,y,2) =T},

/TvI2 + 2
v :=sec? A log|cosh M — log|( cos . .
secH secd

There exists g = go(n, 0) > 0 such that the sublevel set

cos(.9 —¢) } N Rcos(9 —g)
sin 6

where

TRe:=IgN {Z <-—R en+1

sin &

is a supersolution of the translator equation (1) whenever ¢ < ey and R > R, :=2(n—1)/e.
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Proof. Set w = (y, z). Then

X lw| \ w
Dv =sec@|tan , tanh —
secd sec ) |w|

and

: W S W
0 sech? wl § wiw; + sec 0 tanh AWl (o _ wiw;
) sect ) |wl|? secO J\ |lw| |w]?
Tedious computations then yield, on the one hand,

Dv tanh(y/]y|? + 22 /sec ) Izl /v/ 1y 1> + 22)
—(v, enp1) =(—=— ent1) =

\/tanz(x/sec 0) + tanh®(y/|y|? + z2/sec 0)

and, on the other hand,

H—div( Dv ) _ 1/secO + ((n —1)/|w|) tanh(Jw|/sec 0)
B |Dv|) «/tanz(x/secé)+tanh2(|w|/secé) ‘

It follows that I1g is a supersolution in the region where

—(n—1 /IvZ &+ 72
M tanh(M) Z CcOS 9'

/ly|2 + 22 secH
Note that )
sin(f — &)
ly| < ——R
sin @
wherever
cos(f —¢)
|z]| > ——R.
sin @
Thus, whenever
2(n—1) cos(f —e)
R >R, = and z<———R
£ sin @

we have

—(n—1 /1v12 2 —1 0 —
2l = (n ) tanh( I +2 ) > (cos(@ —g)— (n ) sin@) tanh(—cos( £) R)
/Iy|? + 22 sec 6 R tan 6

> cos9(1 + %e tan 6 +0(8))\/1 — 4e—2(—1)cos? O sinf /s

This is no less than cos & when ¢ < gy(n, 0).

Consider the “inner” domain

Gr. =y e S1 -+ cos x - cosh(v/|y|?sin® 6 + R2 cos2(0 — ) /tan 6) .
' sec cosh(R /tan 9)

Note that BK_ZR,g = BER,E.

1063
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The following lemma implies that the inner barrier which touches the outer barrier at Re, lies above it,
so long as R is sufficiently large.

Lemma 4.3. Given any R > 0, we have Qpaﬁg C Qg, where
__ sin®
Pe = sin(f — ¢)

Proof. 1t suffices to show that the function f : Ry — R defined by

F@) = cosh(\/i2 sin 0 + sz cos?(f — &) /tan ) B |:COSh(§/tan9) :|sin26

cosh(p. /tan 9) cosh(R/tan 6)
is nonpositive. This follows from log-concavity of the function
g(w) := cosh(ﬂ)
tan 6
Indeed, given any s € (0, 1) and w > 0, log-concavity of g implies that the function

_ 86zt A —s)w)

G(z):
g(2)*
is monotone nondecreasing for z < w. Since
tan 6 cos(@ —¢e)
; <R < - €
tan(0 — ¢) cos6

this implies

g(£%sin® 0 4 p2 cos*(6 — ¢)) _ g(R%sin® 0 + p2cos*(0 —e)) _ g(p?)
g(é-Z)sinzG - g(RZ)sin29 - g(RZ)sinze'

The claim follows. (]

Corollary 4.4. Setep:=2(n—1)/R, Sri= EPSR,SR and Qg = K_ZpgR,SR. Then, for R > Ry:=2(n—1)/¢o,
X ¢ is a supersolution of the translator equation with boundary 9% g = 9.

5. Existence

We are ready to prove the existence theorem, which we now recall.

Theorem (existence of convex translators in slab regions). For every n > 2 and every 0 € (O, %) there

exists a strictly convex translator Xj; which lies in S, 1 and in no smaller slab.

Proof. Given R > 0, let u be the solution of
1
V1+|Dug|?

where Qp := Q. Since the equation admits upper and lower barriers (0 and ug, respectively), existence

H[uR]Z n QR, MRZO on 8QR,

and uniqueness of a smooth solution follows from well-known methods; see, for example, [Gilbarg and
Trudinger 1983, Chapter 15]. Uniqueness implies that u is rotationally symmetric with respect to the
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subspace E"~! = span{es, ..., e,}. Since uy is a subsolution, its graph lies below graphug. Since the
two surfaces coincide on the boundary 92,

Hlugr] = —(vg, ent+1) = —(VR, €nt1) Zcos@cosoccos@)zcos@(l— —~ i 9) (15)
ESCC

on 02g, where vg is the downward-pointing unit normal to graph u . By Corollary 4.4, we also find, for

R > Ry, that

1—cos6
—ur(0)> — R —> o0 as R — 0. (16)
sin @

Let R; — oo be a diverging sequence and consider the translators-with-boundary
Y :=graphup, —upg;(0)e,41.

By Corollary 2.2 and the height estimate (16) some subsequence converges locally uniformly in the
smooth topology to some limiting translator, X, with bounded second fundamental form. By Theorem 3.2,
3 is convex.

Certainly X lies in the slab Sy, so it remains only to prove that it lies in no smaller slab (strict convexity
will then follow from the splitting theorem and uniqueness of the Grim Reaper). Set

) X
vi=1— ——,
7 sec
where x(X) := (X, e1). We claim that
inf .o (17)
N{x>0} vV

Since infy H = 0, we conclude that supy x = 7 sec as desired. To prove (17), first observe that

—(A+Vy)v=0
and hence

H H H V
—(A+ V) = AP +2(v 2, T2,
v v v v

where V is the tangential projection of e,4;. The maximum principle then yields

min H > min{‘ min E, min E} = min{cos 6, min H}
ZiN{x>0} v ax;N{x>0} v X;N{x=0} v X;N{x=0}
If liminf; _, o, miny;nx=0; H > 0 then we are done. So suppose that liminf;_, , H(X;) =0 along some
sequence of points X; € X; N {x = 0}. Then, by Corollary 2.2, after passing to a subsequence, the
translators-with-boundary
i,’ = E,’ — Xl'

converge locally uniformly in C* to a translator (possibly with boundary) S which lies in Sy and satisfies
H > 0 with equality at the origin. By Corollary 2.2 the origin must be an interior point since, recalling (15),
H > cos8 on 0%; N{x =0} for all i. The strong maximum principle then implies that H = 0 on S and
we conclude that ¥ is either a hyperplane or half-hyperplane. Since, by the reflection symmetry, the limit
cannot be parallel to {0} x R"~! x R, neither option can be reconciled with the fact that T lies in Sp. O
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6. Asymptotics and reflection symmetry

We next prove that, after translation, our translators have the correct asymptotics (Theorem 3).

Theorem (unique asymptotics modulo translation). Given n > 2 and 6 € (0, ) let £} be a convex
translator which lies in Sg“ and in no smaller slab. If n > 3, assume in addition that 3} is rotationally
symmetric with respect to the subspace E"~' := span{ey, ..., e,}. Given any unit vector ¢ € E"! the
curve {sinwg — coswey 11 : w € [0, 0)} lies in the normal image of ¥ and the translators

) = Xy — P(sinwg — cos we, 1)

converge locally uniformly in the smooth topology to the oblique Grim hyperplane Ty p as 0 —> 0, where
P : §" — X is the inverse of the Gauss map.

Fix a unit vector ¢ € span{ey, ..., e,} and define
o :=sup{w € [0, 00) : sinwep —coswe,+1 € V(X)}.
Let w; be a sequence of points converging to @. Then the translators
Yig =2 — Py(w;)

have uniformly bounded curvature and pass through the origin. After passing to a subsequence, they must
therefore converge locally uniformly to a limit translator. The limit must be the oblique Grim hyperplane
FC’-(’)’ é since it contains the ray {r(cos w¢ + sin we, ;1) : r > 0} and lies in a slab parallel to Sy (and, when
n > 3, splits off an additional n — 2 lines due to the rotational symmetry). In fact, since the components
of the normal are monotone along the curve y (w) := P (sin w¢ — cos wey+1), the normal must actually
converge (to sin w¢ — cos we,, 1 1) along y. It follows that the limit is independent of the subsequence and
we conclude that the translators
Yo i=2X— Py(w)

converge locally uniformly in C* to I'; , as @ — @. Note that @ < 6 since the limit I'; , must lie in Sp.
It remains to show that o > 6.

Suppose, to the contrary, that ® < 6. Given w € [0, %) let TT = sec wll o, be the rotationally
symmetric ancient pancake which lies in the slab €2, (and no smaller slab) and becomes extinct at the
origin at time zero. The “radius” £,(¢) of the pancake satisfies [Bourni et al. 2017]

L,(t) := manx (p, e2) =secw Eo(cos2 wt) =—tcosw+ (n — 1) secwlog(—t) +c+o(1) (18)
pelly
as t — —oo, where the constant ¢ and the remainder term depend on w and n. Observe that the ray

L, ={r(cosw¢+sinwe, 1) : r > 0} is tangent to the circle in the plane span{¢, e,} of radius — cos wt
centered at —ze,, 4. Indeed, a point r(cos w¢ + sin we,,+1) lies on this circle if and only if

|r coswg + (rsinw + t)e,+1 |2 =cos’wt’ (r— sina)(—t))2 =0.

So there exists a unique point with this property, as claimed. Since, by hypothesis, 8 < », we conclude
from (18) that the circle of radius £4(—¢) lies above the line L; for —¢ sufficiently large (see Figure 2).
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€n+1

Lo(t) ~—tcosw

¢

Ly (t)sing
peTN(f—re,11)
Lo (t)cosg

Figure 2. If ® < 60 then the pancake lies above the translator for —¢ sufficiently large.

We will show that, in fact, TT? — te, 1| lies above ¥ for —¢ sufficiently large (and hence I1¢ lies above
Y, := ¥ +te,4 for —t sufficiently large). But 1Y and ¥, both reach the origin at time zero, so this
contradicts the avoidance principle.

We will need an estimate for the “width” of ¥. Given p € X set

x(p):=(p,e1), y(p):=(p,¢) and z(p):=(p,ent+1)
and, given h > 0, set
L(h) := max y(p),

where X, is the level set X, :={p € X : z(p) = h}. We know that, near its “edge region”, X looks like
a Grim hyperplane of width sec @, whereas, in its “middle region”, it looks like two parallel planes of
width sec 6. By convexity, it must lie outside the linearly interpolating region in between (see Figure 3).
The following estimate quantifies this elementary observation.

Lemma 6.1 (width estimate). Ser
B:=sect —secw >0 and xo:= lim x(Py(w)).
w—>w

For any & > 0 there exist K. < 0o and h, < oo with the following property: Given h > h,, p € X and
s € [0, 1], suppose that
0=<y(p) =sll(h) —K,).
Then
lx(p) —x0l = Z(sec @+ (1 —s)(B — Zx0) — &).
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__________________________ P1

-
Ot ~msecH ~ T seC @

Figure 3. Linearly interpolating between the “middle” and “edge” regions in the level
set 2. The horizontal axis is compressed.

Proof of Lemma 6.1. Choose ¢ > 0. Because X converges to the oblique Grim hyperplane I'; 4 after
translating the “tips”, Pg(w), we can find some h, and K, such that

|x(p) —xo|l = 5 secw—e¢
for all p € Xy, satisfying
0=<y(p) <th) - K.

so long as h > h.. Choose some h > h, and consider the point p; € X, N {ey, ¢, e,41} satisfying
x(p1) = xp and 0 < y(p;) = £(h) — K.. (If there is no such point then the claim is vacuously true, else
p1 is uniquely determined.) Then

x(p1) —xo > 7 secw —e.

On the other hand, because X converges to the boundary of Sy after translating vertically, we can assume
that A, is so large that
s
x(po) > 5sech —¢

at the point pg € X, Nspan{e, ¢, e,+1} satisfying y(pg) = 0 and x(po) > x¢. Since Xj is convex, we
conclude that any point p € ¥, Nspan{ey, ¢, e,11} satisfying 0 < y(p) < £(h) — K, and x(p) > xg lies
beyond the segment joining pg and p;. In particular, if y(p) < s(£(h) — K.) then
x(p) = sx(p1) + 1 —s)x(po)

> s(xo+ Z seca_)—e) +(1 —s)(% sec —s)

=x0+ Z(secd+ (1 —s5)(B — Zx0)) —e.
The other inequality is proved in much the same way (simply choose the points pg and p; on the other
side of the {x = x¢}-plane). [l

Reflecting X" through the {x = 0}-hyperplane if necessary, we may assume in what follows that xo > 0.
Given ¢ > 0, choose /. and K, as in Lemma 6.1 and consider & > h,. Then, given any p € ¥ satisfying
0 < y(p) < (£(h) — K,) and x(p) > xo, we can choose

_ (I
$=50) = kL

x(p) > %(sec@ —ﬂ% —e).

e [0, 1]

and hence estimate
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Choosing 5. larger if necessary, we may assume that £(h.) > 2K, and hence

m ly(p)| 2K
> — 0 — 1 —¢]. 19
x(p) = > <sec B ) + 0 e (19)
Note also that, by convexity,
tanw > —— —tanw as h — oo.
£(h)

Assume now that, given r <0 and w € (@, 6), there is some point p € (TT¥ —te,11)NZN{X : (X, ¢) > 0}.
Then there is some ¢ € [O, %] such that

h:=z(p)=—t —L,(t)sing, [y(p)| <Lu(t)cos¢ and |x(p)| <7 secw,

where ¢, is defined by (18) (see Figure 2). Suppose further that 7 > h.. Recalling (19), we find

Yo b (2K h
i ah)(H i am)‘g

L,(t 2K
> sec@—ﬁ%tand)(l—i— hs tanc?)) —e.

secw > secH — B

That is,

secd —secw  £,(t)cos¢ _ 2K, _ £
— < tanw( 1+ tanw | + —
secH —secw h h B

_ £,(t)cos ¢ tan @ 1 2K, tan w e
 —t—4,(t)sing —t —L£,(t)sin¢

+—.
B
Since the right-hand side is nonincreasing with respect to ¢ for ¢ € [O, %] we may estimate

secH —secw - L, (1)

_ 2K, _ €
tanow( 1+ tan —i—E.

secl —secw ~ —t
But ¢,(t)/—t — cosw as t — —o0, so we conclude, for —t > —t, sufficiently large, that

secH —secw _ 2¢ . 2e
—— <coswtanw+ — <sinw+ —.
secH —secw B B

Choosing o sufficiently close to @ and ¢ sufficiently small results in a contradiction. This completes the
proof of Theorem 3 in the case n > 3. It remains to consider the case that n =2 and X is asymptotic to
the correct oblique Grim plane in one direction, say —e», but not the other, e,. This can be achieved with
a similar argument by centering the ancient pancake not on the z-axis but rather on the axis bisecting the
two asymptotic lines, i.e., the ray

0—a . 0—w
{r(cos zwe3+s1n 2wez>:r>0}.

We omit the details since the result in this case was already proved in [Spruck and Xiao 2017].
Combining the unique asymptotics with the Alexandrov reflection principle, we may now prove
Corollary 4.
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Corollary. Given 6 € (0, %), let ¥ be a strictly convex translator which lies in Sg“ and in no smaller
slab. If n > 3, assume in addition that ¥ is rotationally symmetric with respect to E"~'. Then X is

reflection symmetric across the hyperplane {0} x R".

We proceed much as in [Bourni et al. 2017, Theorem 6.2]. Let us begin by introducing some notation.
Given a unit vector e € S" and some « € R, denote by H, ,, the half-space {p € R"*! : (p, e) < «} and by
Reo - Z:={p—2(p,e) —a)e: p € L} the reflection of ¥ across the hyperplane dH, ,. We say that ¥
can be reflected strictly about H, o if (Roo - £) NHe o CQ2NH, 4.

Lemma 6.2 (Alexandrov reflection principle). Let ¥ be a convex translator. If
Th=YN{(x,y,2) eERxR" ' xR:z>h)
can be reflected strictly about H, o for some e € {en+1}J_ then X can be reflected strictly about H, 4.

Proof. This is a consequence of the strong maximum principle and the boundary point lemma; see [Gilbarg
and Trudinger 1983, Chapter 10]. (Il

Claim 6.2.1. For every a € (O, %) there exists hy, < 00 such that
Th = 20{(x,y,2) eRxR"' xR:z > h,)

can be reflected strictly about Hy := H,, 4.

Proof. Suppose that the claim does not hold. Then there must be some « € (0, %) and a sequence of

heights h; — oo such that (R, - Xj5,) "Hy N Xy, # &. Choose a sequence of points p; = x;e1 + y;e2 € Xy,
whose reflection about the hyperplane H,, satisfies

Qo — x;)er + yiez € (Ry - Xp;) N X, NHy

and set p; = xle; + y/e; := (2o — x;)e; + yje;. Without loss of generality, we may assume that
y; =y = 0. Since @ < x; < 7, the point p; satisfies & > x; > —7% + 2« so that, after passing to a
subsequence, lim;_, o X! € [—% + 2« oz]. But since ¥ is convex and converges, after translating in the
plane span{e,, e,1}, to the Grim hyperplane I',, g, we conclude that

0= lim (x; + x;) = 2c.
1—> 00
So a =0, a contradiction. O

It now follows from Lemma 6.2 that X can be reflected across H,, for all o € (0, %) The same
argument applies when the half-space H, is replaced by —H, = {(x, y,2) e Rx Rx R" 1 : x > —a}.
Now take o — 0.
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CONVEX PROJECTIVE SURFACES
WITH COMPATIBLE WEYL CONNECTION ARE HYPERBOLIC

THOMAS METTLER AND GABRIEL P. PATERNAIN

We show that a properly convex projective structure p on a closed oriented surface of negative Euler
characteristic arises from a Weyl connection if and only if p is hyperbolic. We phrase the problem as a
nonlinear PDE for a Beltrami differential by using that p admits a compatible Weyl connection if and only
if a certain holomorphic curve exists. Turning this nonlinear PDE into a transport equation, we obtain
our result by applying methods from geometric inverse problems. In particular, we use an extension of a
remarkable L2-energy identity known as Pestov’s identity to prove a vanishing theorem for the relevant
transport equation.

1. Introduction

A projective structure on a smooth manifold M is an equivalence class p of torsion-free connections on its
tangent bundle 7'M, where two such connections are declared to be projectively equivalent if they share the
same unparametrised geodesics. The set of torsion-free connections on 7'M is an affine space modelled
on the sections of S2(T*M) @ TM. By a classical result of Cartan, Eisenhart, Weyl (see [Spivak 1999]
for a modern reference), two connections are projectively equivalent if and only if their difference is pure
trace. In particular, it follows from the representation theory of GL(2, R) that a projective structure on a
surface M is a section of a natural affine bundle of rank 4 whose associated vector bundle is canonically
isomorphic to V = S*(T*M) ® A*>(TM). Choosing an orientation and Riemannian metric g on M, the
bundle V decomposes into irreducible SO(2)-bundles V >~ T*M & Sg (T*M), where the latter summand
denotes the totally symmetric (0,3)-tensors on M that are trace-free with respect to g, or equivalently,
the cubic differentials with respect to the complex structure J induced by g and the orientation. In other
words, fixing an orientation and Riemannian metric g on M, a projective structure p may be encoded in
terms of a unique triple (g, A, ), where A is a cubic differential —and 6 a 1-form on M. A conformal
change of the metric g — e?*g corresponds to a change

(g, A, 0) — (e®g,e®A, 0 +du).

Consequently, the section ® = A/do of K?® K* does only depend on the complex structure J. Here do
denotes the area form of g and K the canonical bundle of M. In addition, we obtain a connection D on
the anticanonical bundle K* inducing the complex structure by taking the Chern connection with respect

MSC2010: primary 32W50, 53A20; secondary 30F30, 37D40.
Keywords: convex projective structures, Weyl connections, transport equations, energy identity.
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to g and by subtracting twice the (1,0)-part of 6. Again, the connection D does only depend on J. Fixing
a complex structure J on M thus encodes a given projective structure p in terms of a unique pair (D, ).

There are two special cases of particular interest. Firstly, we can find a complex structure J so
that D is the Chern connection of a metric in the conformal class determined by J. This amounts to
finding a complex structure for which 6 is exact. Secondly, we can find a complex structure J so that ¢
vanishes identically. This turns out to be equivalent to p containing a Weyl connection for the conformal
structure [g] determined by J, that is, a torsion-free connection on TM whose parallel transport maps are
angle-preserving with respect to [g].

In [Mettler 2014], it is shown that a two-dimensional projective structure p does locally always contain
a Weyl connection and moreover, finding the Weyl connection turns out to be equivalent to finding a
holomorphic curve into a certain complex surface Z fibering over M. Here we use this observation to
rephrase the problem in terms of a nonlinear PDE for a Beltrami differential. More precisely, we think of
p as being given on a Riemann surface (M, J) in terms of (D, ®). We show (see Proposition 4.4) that p
contains a Weyl connection with respect to the complex structure defined by the Beltrami differential
on (M, J) if and only if

D'y —uD'p=ou + o, (1-1)

where D’ and D” denote the (1,0)- and (0, 1)-part of D. Since every two-dimensional projective structure
locally contains a Weyl connection, the above PDE for the Beltrami differential o can locally always be
solved. Moreover, on the 2-sphere every solution p lies in a complex 5-manifold of solutions, whereas on
a closed surface of negative Euler characteristic the solution is unique, provided it exists; see [Mettler
2015b] (and Corollary 4.6 below).

Here we address the problem of finding a projective structure p for which the above PDE has no global
solution. Naturally, one might start by looking at projective structures p at “the other end”, that is, those
that arise from pairs (D, ®) where D is the Chern connection of a conformal metric, or equivalently,
those for which there exists a metric g so that p is encoded in terms of the triple (g, A, 0). This class of
projective structures includes the so-called properly convex projective structures. A projective surface
(M, p) is called properly convex if it arises as a quotient of a properly convex open set @ C RP? by a
free and cocompact action of a group I' C SL(3, R) of projective transformations. In particular, using the
Beltrami—Klein model of two-dimensional hyperbolic geometry, it follows that every closed hyperbolic
Riemann surface is a properly convex projective surface. Motivated by Hitchin’s generalisation of
Teichmiiller space [1992], Labourie [2007] and Loftin [2001] have shown independently that on a closed
oriented surface M of negative Euler characteristic every properly convex projective structure arises from
a unique pair (g, A, 0), where g and A are subject to the equations

K, =—1+2|A]; and 9A=0.

Using quasilinear elliptic PDE techniques, C. P. Wang [1991] previously showed (see also [Dumas and
Wolf 2015]) that the metric g is uniquely determined in terms of ([g], A) by the equation for the Gauss
curvature K, of g. Consequently, Labourie and Loftin concluded that on M the properly convex projective



CONVEX PROJECTIVE SURFACES WITH COMPATIBLE WEYL CONNECTION ARE HYPERBOLIC 1075

structures are in bijective correspondence with pairs ([g], A) consisting of a conformal structure and a
cubic holomorphic differential.

Naturally one might speculate that (1-1) does not admit a global solution for a properly convex
projective structure p unless A vanishes identically, in which case p is hyperbolic. This is indeed the case:

Corollary 6.2. Let (M, p) be a closed oriented properly convex projective surface with x (M) < 0 and
with p containing a Weyl connection D. Then p is hyperbolic and moreover D is the Levi-Civita connection
of the hyperbolic metric.

This corollary is an application of the more general vanishing theorem, Theorem 6.1 (see below), whose
proof makes use of a remarkable L?-energy identity. This energy identity — known for geodesic flows
as Pestov’s identity — is ubiquitous when solving uniqueness problems for X-ray transforms, including
tensor tomography. To make the bridge between (1-1) and this circle of ideas, it is necessary to recast the
nonlinear PDE in dynamical terms as a transport problem. Given a projective structure p captured by
the triple (g, A, 6) we associate a dynamical system on the unit tangent bundle 7 : SM — M of g as
follows. We consider a vector field of the form F = X 4 (a — V0)V, where X, V denote the geodesic and
vertical vector fields of SM, a € C*°(SM, R) represents the cubic differential A (essentially its imaginary
part) and where we think of 6 as a function on SM. The flow of the vector field F is a thermostat (see
Section 3 below for more details) and it has the property that its orbits project to M as unparametrised
geodesics of p. We show that (1-1) is equivalent to the transport equation (see Corollary 5.6)

Fu=Va+§8 (1-2)

on SM, where the real-valued function u encodes a conformal metric of the sought-after complex
structure J and B is a 1-form on M, again thought of as a function on SM. Explicitly

uw=>log(—L
2%\ (g -7 )

where p, g, r are given in terms of a J-conformal metric g and the complex structure J of (M, g) by
px,v)=¢gw,v), rkx,v)=¢gw,Jv) and g(x,v)=_g(Jv, Jv).

The right-hand side in (1-2) has degree 3 in the velocities and the dynamics of F is Anosov when
p is a properly convex projective structure [Mettler and Paternain 2019]; hence it is natural to think
that techniques from tensor tomography might work. Regular tensor tomography involves the geodesic
vector field X and the typical question at the level of the transport equation is the following: if Xu = f
where f has degree m in the velocities, is it true that u has degree m — 1 in the velocities? The case
m = 2 is perhaps the most important and it is at the core of spectral rigidity of negatively curved
manifolds and Anosov surfaces [Croke and Sharafutdinov 1998; Guillemin and Kazhdan 1980; Paternain
et al. 2014]. Thermostats introduce new challenges; however we are able to successfully use a general
L? energy identity developed in [Jane and Paternain 2009] (following earlier results for geodesic flows in
[Sharafutdinov and Uhlmann 2000]) together with ideas in [Mettler and Paternain 2019] to show that if
(1-2) holds then a = 0 and B is exact. Our vanishing theorem, Theorem 6.1, is actually rather general and
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it applies to a class of projective structures considerably larger than properly convex projective structures;
see Corollary 6.4 below.

For the case of surfaces with boundary, a full solution to the tensor tomography problem was given in
[Paternain et al. 2013]; the solution was inspired by the proof of the Kodaira vanishing theorem in complex
geometry. In the present paper, we go in the opposite direction; we import ideas from geometric inverse
problems to solve an existence question for a nonlinear PDE in complex geometry. These connections
were not anticipated, and it is natural to wonder if they are manifestations of something deeper.

2. Preliminaries

Here we collect some standard facts about Riemann surfaces and the unit tangent bundle that will be
needed throughout the paper.

2A. The frame bundle. Throughout the article M will denote a connected oriented smooth surface with
empty boundary. Unless stated otherwise, all maps are assumed to be smooth, i.e., C*. Let7 : P - M
denote the oriented frame bundle of M whose fibre at a point x € M consists of the linear isomorphisms
f :R* — T M that are orientation-preserving, where we equip R? with its standard orientation. The Lie
group GL™ (2, R) acts transitively from the right on each fibre by the rule R, (f) = f o h and this action
turns 7 : P — M into a principal right GL* (2, R)-bundle. The bundle P is equipped with a tautological
R2-valued 1-form o = (') defined by @ r=1r “lodn ¢ and which satisfies the equivariance property
Rjw= h~'w. The components of w are a basis for the 1-forms on P that are semibasic for the projection
m: P — M,i.e., those 1-forms that vanish when evaluated on a vector field that is tangent to the fibres
of m : P — M. Therefore, if g is a Riemannian metric on M, there exist unique real-valued functions
gij=gjion Psothatm*g =g; ja)i ® w’. The Levi-Civita connection ¢V of g corresponds to the unique
connection form i = (w; ye Ql(p, gl(2, R)) satisfying the structure equations

do' = —w; A,
dgij = gV} + gk
The curvature ¥ = (\D;) of ¥ is the 2-form

(2-1)

V) =dy] + i A = Kgira' Ao,
where K, denotes (the pullback to P of) the Gauss curvature of g.

2B. Conformal connections. The conformal frame bundle of the conformal equivalence class [g] of g
is the principal right CO(2)-subbundle 7 : Pjy) — M defined by

P ={f € P:gu(f)=gn(f)and gin(f) =0}.

Here CO(2) = R™ x SO(2) denotes the linear conformal group whose Lie algebra co(2) is spanned by

(1) = ()

the matrices
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A conformal connection for [g] is principal CO(2) connection

K1 —K»2
K = ( ) , Ki€ Ql(P[gJ),
K> K1

on Ppg) which is torsion-free, that is, satisfies

1 1
() D)
K] w

The standard identification R? ~ C gives an identification CO(2) >~ GL(1, C) and consequently, co(2) >~ C.
In particular, (2-2) takes the form dw = —k A w, where we think of ¥ and w as being complex-valued.
Writing re’? for the elements of CO(2), the equivariance property for w implies (R,i¢)*® = e 0. In
particular, we see that the w-semibasic complex-valued 1-form w is well-defined on M up to complex
scale. It follows that there exists a unique complex-structure J on M whose (1,0)-forms are represented
by smooth complex-valued functions u on Py satisfying the equivariance property (R,is)*u = rei%u, that
is, so that uw is invariant under the CO(2)-right action. Of course, this is the standard complex structure
on M obtained by rotation of a tangent vector v counterclockwise by 7 with respect to [g]. Denoting
the canonical bundle of M with respect to J by K, it follows that the sections of L, ¢ := K™ ® K¢
are in one-to-one correspondence with the smooth complex-valued functions u on Py, satisfying the

m+L

equivariance property (R, .i¢)*u = r"+te! =%y Infinitesimally, this translates to the existence of unique

smooth complex-valued functions " and u” on Pjg) so that
du=u'w+u"®+muk + luk. (2-3)

Recall, if « is a 1-form on M taking values in some complex vector bundle over M, the decomposition

a =o' +a” of « into its (1,0)-part &’ and (0, 1)-part «” is given by

o = %(oz —iJa) and o = %(a +iJa),
where we define (Ja)(v) := a(Jv) for all tangent vectors v € TM. The principal CO(2)-connection x
induces a connection on all (real or complex) vector bundles associated to P[g; and — by standard abuse
of notation — we use the same letter D to denote the induced connection on the various bundles. If s is
the section of L,, ; represented by the function u satisfying (2-3), then D’s := (Ds)’ is represented by u’
and D”s := (Ds)” is represented by u”.

Since dg11 = dg»» and dgi» = 0 on Pg, it follows from (2-1) that the pullback of the Levi-Civita
connection ¥ of g to P, is a conformal connection. The difference of any two principal CO(2)-
connections is -semibasic. Therefore, any other torsion-free principal CO(2)-connection « on Pjg) is
of the form k = vy — 20w for a unique complex-valued function 8; on P,. Since « is a connection,
it satisfies the equivariance property (R,qis)*x = %e_i"’/crei"’ = k and so does . Therefore, 26w is
invariant under the CO(2)-right action as well and hence twice the pullback of a (1,0)-form on M, which
we denote by 6’. From (2-3) we see that we may think of x as being the connection form of the induced
connection on the anticanonical bundle K*. In particular, ¥ may be thought of as being the connection
form of the Chern connection induced by g on K*. By the definition of the Chern connection, it induces
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the complex structure of K*. Since ¥ and « differ by a (1,0)-form, « also induces the complex structure
of K* Consequently, the conformal connections on Pp,) are in one-to-one correspondence with the
connections D on K* inducing the complex structure, that is, D” = 9.

2C. The unit tangent bundle. For what follows it will be necessary to further reduce Ppg). The unit
tangent bundle
SM ={(x,v) e TM : g(v,v) =1}

of g may be interpreted as the principal right SO(2)-subbundle of P defined by
SM ={f € P:gj(f) =23}

On SM the identities dg;; = 0 imply the identities ¥ =7 =0 and ) = —y7, so that ¥ is purely
imaginary.
Abusing notation by henceforth writing i instead of wlz, the structure equations thus take the form

w1 _ 0 —lﬁ w1 _ _
d(a)z)_ <1// O)A(w2> and dy =—Kz w1 Awa, 2-4)
where we write w; = §;; w’/. Note that on SM the 1-forms w, w, take the explicit form
w1(§) =g, dn(§)) and wy(§) =g(Jv,dn(§)), & €T nSM. (2-5)

Furthermore, the 1-form i becomes

V(&) =g(y"(0), Jv), (2-6)

where & € T(x,,)SM and y : (—¢, &) — SM is any curve with y(0) = (x, v), y(0) =& and y” denotes
the covariant derivative of y along 7 o y.

The three 1-forms (w;, wy, ¥) trivialise the cotangent bundle of SM and we denote by (X, H, V) the
corresponding dual vector fields. The vector field X is the geodesic vector field of g, V is the infinitesimal
generator of the SO(2)-action and H is the horizontal vector field satisfying H = [V, X]. The structure
equations (2-4) imply the additional commutation relations

[V,H]=—-X and [X,H]=K,V.

Following [Guillemin and Kazhdan 1980], we use the volume form ® = w; A wy A on SM to define

(u, v) :/ uv ®
SM

for complex-valued functions u, v on SM and we denote by L2(SM) the corresponding space of square

an inner product

integrable complex-valued functions on SM. The structure equations (2-4) and Cartan’s formula imply
that all vector fields X, H, V preserve ©. In particular, —iV is densely defined and self-adjoint with
respect to { -, - ). Consequently, we have an orthogonal direct sum decomposition into the kernels H,, of
the operators mId +iV

L*(SM) = D Hun. (2-7)

mezZ
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2D. Weyl connections. If 6 is a 1-form on M, we may write 70 = 6w; + V(0)w,, where on the
right-hand side we think of 6 as being a real-valued function on SM. Therefore, 7*6’ = 6w, where
61 = 3(0 —iV0) and likewise 7*0” = 6_@, where 6_; = 3 (6 +iV6). On SM the connection form « of
a conformal connection thus becomes x = i{y — 20w, or in matrix notation

. 0 —lﬂ + —le—V(Q)a)z —V(Q)w1+9w2
““\v o V@) w—0wr —bw—V (@)

Finally, without the identification R? ~ C, we may equivalently think of the connection form « as the

(2-8)

connection form of a torsion-free connection on 7M. Writing « as

. 0 —y n Ow Ows . 20w1+V (0)wy V(O)w;
= v 0 V(@)w; V(O)w; 0wy 0w +2V (@) wy )’

the reader may easily check that « is the connection form of
D =%V +g®6" —Sym(d), (2-9)
where the section Sym(8) of S>(T*M) ® TM is defined by the rule
Sym(0) (v, v2) =60 (v1)v2 +6(v2)vy

for all tangent vectors vy, vo € T, M and all x € M. Connections of the form (2-9) for g € [g] and
6 € Q' (M) are known as Weyl connections for the conformal structure [g]. By construction, they preserve
[g]; that is, the parallel transport maps are angle-preserving with respect to [g]. Conversely, every torsion-
free connection on TM preserving [g] is of the form (2-9) for some g € [g] and 1-form . Summarising,
we have the following folklore result:

Proposition 2.1. On a Riemann surface M with conformal structure [g] the following sets are in one-to-
one correspondence:

() the conformal connections on Pig),
(ii) the connections on K* inducing the complex structure,

(iii) the Weyl connections for [g].

3. Projective thermostats

In this section we show how to associate the triple (g, A, 6) to a given projective structure p. As mentioned
in the Introduction, the existence of such a triple is a consequence of some elementary facts about SO(2)-
representation theory and a description of projective structures as sections of a certain affine bundle
over M (see [Mettler 2015a] for a construction of (g, A, 6) in that spirit); here instead we obtain the
triple as a by-product of a characterisation of projective thermostats.

A (generalised) thermostat is a flow ¢ on SM which is generated by a vector field of the form
F =X+ AV, where A is a smooth real-valued function on SM. In this article we are mainly interested in
the case where the generalised thermostat is projective. By this we mean that there exists a torsion-free
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connection V on 7'M having the property that for every ¢-orbit y : I — SM there exists a reparametrisation
@:1I" > Isothatmoyogp:I'— M is a geodesic of V.

Phrased more loosely, the orbit projections to M agree with the geodesics of a projective structure p
on M. By a classical result of Cartan, Eisenhart, Weyl (see for instance [Spivak 1999, Chapter 6,
Addendum 1, Proposition 17] for a modern reference), two torsion-free connections V and V' on TM are
projectively equivalent if and only if there exists a 1-form « on M so that

V' —V = Sym(x).

3A. A characterisation of projective thermostats. It turns out that projective thermostats admit a simple
characterisation in terms of the vertical Fourier decomposition (2-7) of A. Towards this end we first show:

Lemma 3.1. Let V be a torsion-free connection on the tangent bundle TM and ¢ = (goj’:) eQl(SM, gl(2,R))
its connection form. Then, up to reparametrisation, the leaves of the foliation F defined by (p% =wy=0
project to M to become the geodesics of V. Conversely, every geodesic of V, parametrised with respect
to g-arc length, lifts to become a leaf of F.

Proof. Recall that the set of torsion-free connections on TM is an affine space modelled on the sections of
S2(T*M) ® TM. It follows that there exists a 1-form B on M with values in the endomorphisms of TM
so that V.= $V + B. As we have seen, the connection form of the Levi-Civita connection of gonTM is

)

Hence there exist unique real-valued function bj’: 0= bfC ;j on SM so that
(0 _¢> bi,w1+bl,wy by w14blyw,
Y= .
¥ 0 b%la)l—i-b%za)z b§1w1+b§2w2

Explicitly, bj.k(v) = g(E(ej)ek, e;), where we write e; = v and e = Jv for v € SM.
Let § : I — SM be aleaf of F, so that §*wy = 0. Writing y := 7 o § and evaluating §*w;, on the
standard vector field 9, of R, we obtain

0=20,8"w,=_g(d(m08)(9), Jo(t)) =g(y (1), J&(1)),

so that § = fy for some unique f € C*°(I). Hence without losing generality, we may assume that the
leaves of F are of the form y for some smooth curve y : [ — M having unit-length velocity vector with
respect to g.
By the construction of i, see (2-6), the pullback 1-form y*yr evaluated on 9; gives the function
g(8V;y, Jy); hence y*¢7 = 0 if and only if
0=g(Vyy. JP) +b7,(7) = (V7 + BGY. 7).
It follows that there exists a function f € C*°(I) so that

SV, v+ By =Vpy = f.
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By a standard lemma in projective differential geometry [Spivak 1999, Chapter 6, Addendum 1, Propo-
sition 17] a smooth immersed curve y : I — M can be reparametrised to become a geodesic of the
torsion-free connection V on T'M if and only if there exists a smooth function f : I — Rso that V,y = fy.
The claim follows by applying this lemma. O

Lemma 3.2. Suppose the thermostat F = X + AV is projective. Then
0=3A+3VVA+{VVVVA

Proof. Using notation as in the proof of Lemma 3.1, we must have F _ gof =0and F 2wy =0. The
latter condition is trivially satisfied, but the former gives

Fogl=(X+AV)a ( +b} o +blhw) = A+ b} =0,
so that A = —b%l. Since the functions b; , represent a section of § 2(T*M) ® TM, they satisfy the structure
equations
db;k = b;,/c,i + bfk/c; — bj»k/cli, mod w;.
In particular, from this we compute
Vb, =V adbl =V 1 (2b3, — bl =2b3, —bl,.
Applying V again we obtain
VVbi, = 2b3, —3bj, —4bi,,
and likewise
VVV Vb, = 40bi, +21b7, — 20b3,,

so that the claim follows from an elementary calculation. ([
Lemma 3.3. For A € C®°(SM) the following statements are equivalent:

i) 0=3A+3VVrA+ivVVVa

) AeH_ 1 OHIDH_3DHs.

Proof. Let L € H_3® H_1 D H D Hj3 so that we may write L = A_3+ A_1 + A; + A3 with A, € Hyp.
Since A is real-valued we have A_; = A; and A_3 = A3. Hence setting v} = A_1+ A and v3 = A_3 + A3,
we obtain VVv; = —v; and V V3 = —9v;3 so that

I+ IVVA+LIVVVVA =33+ 1) + (=93 — 1) + £ (81lvs3 + 1) = 0.

Conversely, suppose A € C*°(SM) satisfies 0 = %A + %VVA + %VVVVA and write A = ), A,,, with
Am € H,,. Hence we obtain

3 5 1 3 5. 2,1 4
0=3A+3VVA+iVVVVA=) (3 —Im* + im*) .,
m
so that A,,, = 0 unless

0=32—3m*+1im*=1m—3)(m—D)(m+1)(m+3).
The claim follows. ]

[\S]I8}
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Finally, we obtain:
Proposition 3.4. A thermostat F = X + AV is projective if and only if . € H_1 ® H1 D H_3 D Has.

Proof. It remains to show that if A € H_; & H| & H_3 D H3, then there exists a torsion-free connection
V on TM so that F _ (p12 vanishes identically, where ¢ = ((p;) denotes the connection form of V. We may
write

A=a—-V0,

where a € C*°(SM) satisfies 9a + VVa =0 and 6 is a smooth 1-form on M, thought of as a real-valued
function on SM. Since 9a + V Va = 0, there exists a unique cubic differential A on M so that
7*A = (%Va + ia)a)3.
Hence simple computations show that
a(v)=Re A(Jv, Jv, Jv) = —Re A(Jv, v, v), 3-1)
iVa(@)=Re A(v,v,v) = —Re A(v, Jv, Jv)

for all v € SM. Let B be the unique 1-form on M with values in the endomorphisms of TM satisfying
8(B(v1)vz, v3) =Re A(v, v2, v3) (3-2)

for all tangent vectors vy, v2, v3 € Ty M and all x € M. On TM consider the torsion-free connection
V =D+ B, where D is the Weyl connection

D=4V +g®6" — Sym(b).
Using (2-8) and (3-1), we compute that the connection form of V is

| 01—V (O)wr —V(O)wi+0wr—Y %V(a)a)l—aa)z —aa)l—%V(a)a)z (3-3)
YT\ Hv@oi—b0r  —60-V(O)wn —aw—3V(@w; —3V(@)wit+awy) )

In particular, we have
o =¥+ (V(O) — o — (0 + 3V (@),
so that F i gaf:O. U

3B. The effect of a conformal change. Summarising the previous subsection, we have seen that if V is
a torsion-free connection on 7M and we fix a Riemannian metric g on M, then we may write V=8V + B
for some endomorphism-valued 1-form B on M. The thermostat on SM defined by A = —b%l has the
property that its orbits project to M to become the geodesics of V up to parametrisation. Moreover, we
obtain a 1-form 6 € Q!(M) as well as a cubic differential A € I'(K?), so that the connection V shares its
geodesics — up to parametrisation — with the projections to M of the orbits of the projective thermostat
defined by A = a — V6, where a represents the imaginary part of A.

Next we compute how 6 and A transform under conformal change of the metric. As a consequence,
we obtain:
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Proposition 3.5. Let V be a torsion-free connection on TM. Then the choice of a conformal structure
[g] on M determines a unique Weyl connection D for [g] and a unique section ® of K*> @ K* so that
D + Re @ is projectively equivalent to V.

Proof. Let g — ¢ = e”*g be a conformal change of the metric, where u € C*®°(M). For the new metric
¢ there exists a 1-form 6 and a cubic differential A on M so that D+ B and D + B are projectively
equivalent. Here B denotes the 1-form constructed from A by using the metric g. Projective equivalence
corresponds to the existence of a 1-form o on M so that

D+ B =D+ B + Sym(a).
Using (2-9) as well as (see [Besse 1987, Theorem 1.159])

XPRSY = 8V — ¢ @ $Vu + Sym(du), (3-4)

this is equivalent to

8V 4+ g ®6° — Sym(0) + B = £V — g ® ¢ Vu + Sym(du) + e*' g ® 6° — Sym(d) + B + Sym(a)
or
g® (0" +¢Vu — 6% + B— B = Sym(B),

where B =a 40 +du — 6. Evaluating this equation on the pair (v, Jv) with v a unit tangent vector with
respect to g gives
B(v)Jv — B(v)Jv = Sym(B) (v, Jv).

Computing the inner product with the tangent vector v yields
Re A(v, Jv,v) —e 2 Re A(v, Jv, v) = B(Jv).

Thought of as an identity for functions on SM, the left-hand side lies in #_3 & H3, whereas the right-hand
side lies in H_; @ H1, and hence they can only be equal if both sides vanish identically. Consequently, it
follows that 8 = 0 and that
A=e"A.
Therefore, B = B and
0 =0+du, (3-5)

so that & = 0 as well as D = D.

In particular, we see that both D and B do only depend on the conformal equivalence class of g. We
may define a section ® of K2 ® K* by ®do = A, where do denotes the area form of g. Comparing
with (3-2), we see that B is the real part of ®. O

4. Holomorphic curves

It is natural to ask whether for a given torsion-free connection V on TM one can always (at least locally)
choose a conformal structure [g] on M so that & vanishes identically, or equivalently, whether every
torsion-free connection V on TM is locally projectively equivalent to a Weyl connection D. This question
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was answered in the affirmative in [Mettler 2014], where it is also observed that the problem is equivalent
to finding a suitable holomorphic curve into a complex surface fibering over M. Here we will briefly
review this observation and use it to derive a nonlinear PDE for the Beltrami differential of the sought-after
conformal structure.

Remark 4.1. Given that one can locally always find a conformal structure so that ® vanishes identically,
one might wonder whether it is possible to simultaneously pick a conformal metric so that the 1-form 6
is closed. Indeed, (3-4) and (3-5) imply that the additional closedness condition corresponds to V being
locally projectively equivalent to a Levi-Civita connection of some metric. However, this is not always
possible; see [Bryant et al. 2009].

4A. A complex surface. Inspired by the twistorial construction of holomorphic projective structures in
[Hitchin 1982], it was shown in [Dubois-Violette 1983; O’Brian and Rawnsley 1985] how to construct
a “twistor space” for smooth projective structures. Let V be a torsion-free connection on TM and
@ = ((pj’:) e Ql(pP, gl(2, R)) its connection form on the frame bundle P. We can use ¢ to construct a
complex structure on the quotient P/ CO(2). By definition, an element of P/CO(2) gives a frame in
some tangent space of M, well defined up to rotation and scaling. Therefore, the conformal structures on
M are in one-to-one correspondence with the sections of the fibre bundle P/ CO(2) — M whose fibre is
GL™' (2, R)/ CO(2), that is, the open disk. We will construct a complex structure on P/ CO(2) in terms
of its (1,0)-forms, or more precisely, the pullbacks of the (1,0)-forms to P. Recall that the Lie algebra
c0(2) of CO(2) is spanned by the matrices

(1) = ()

Consequently, the complex-valued 1-forms on P that are semibasic for the quotient projection P —
P/ CO(2) are spanned by the form w and

¢ = () — D) +i(ph+¢?),

as well as their complex conjugates. Recall that we have (R,.is)*w = %e_i‘ﬁ and using that ¢ satisfies the
equivariance property Ri¢ = h~'¢h for all h € GLT (2, R), we compute (R,.i»)*¢ = e 29¢. It follows
that there exists a unique almost-complex structure J on P/ CO(2) whose (1,0)-forms pull back to P to
become linear combinations of the forms w, ¢. The almost-complex structure J can be shown to only
depend on the projective equivalence class of V, and moreover, an application of the Newlander—Nirenberg
theorem shows that J is always integrable; see [Mettler 2014] for details.

4B. Mobius action. In our setting it is convenient to reduce the frame bundle P to the unit tangent
bundle SM of some fixed metric g. In order to get a handle on the complex surface P/ CO(2) after
having carried out this reduction, we interpret the disk bundle P/ CO(2) — M as an associated bundle to
the frame bundle P. This requires an action of the structure group GL™ (2, R) on the open disk and this is
what we compute next.
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The group GL™ (2, R) acts from the left on the lower half plane
—H:={weC:3(w) <0}

by Mobius transformations, where w denotes the standard coordinate on C. We let D C C denote the
open unit disk. Identifying —H with D via the Mobius transformation

—H — D, wl—)—(w+l>,

w—1i

we obtain an induced action of GL™ (2, R) on D making this transformation equivariant:

(4-1)

(“ b). _izlat+d)+zb—c)—ila—d)+(b+c)
cd) " Ziza—d)—zb+o)+ila+d) —(b—c)

The stabiliser subgroup of the point z = 0 consists of elements in GL™ (2, R) satisfying a =d and b+c =0,
i.e., the linear conformal group CO(2). Consequently, we have

D~ GL"(2,R)/ CO(2)

and we obtain a projection

o m, (28 (¢ ) 0n Temd 00

cd cd ila+d)—(b—c)
In particular, a mapping z : N — D from a smooth manifold N into D is covered by a map

1—|zf? i(z—3)
z= | +20+D) d+2(1+2)
0 1

into GL™ (2, R). Equivalently, we have 7 -0 = z or z - Z = 0, where as usual we turn the left action into a
right action by the definition z-7 :=Z7 7' . z.

Let p : Z — M denote the disk-bundle associated to the above GL* (2, R) action on [). Suppose
z: P — D represents a section of Z — M so that z is a GL" (2, R)-equivariant map. For every coframe

u € P the pair (u, z(u)) € P x D lies in the same GL™ (2, R) orbit as
(u-Z(u), z(u) - Z(u)) = (u-Z(u), 0). 4-2)

Therefore, the map z gives for every point p € M a coframe u - Z(x) which is unique up to the action of
CO(2). It follows that the bundle Z — M is isomorphic to P/ CO(2) — M, as desired.

Let Y : P x D — P be the map defined by (4-2). We will next compute the pullback of w, ¢ under Y.
Note that we may write Y = R o (Idp x 7), where R : P x GL™(2, R) — P denotes the GL™ (2, R) right
action of P. Recall the standard identities

R'o=h"'oh+h~'dh and R'w=h"'w,
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where i1 : P x GL* (2, R) = GL™" (2, R) denotes the projection onto the latter factor. From this we compute

s
wr =Y 'wo=7"'o= Lk (0 +zw), (4-3)
1—z]?

or i =TYro=7"lpz+771dz. (4-4)
We also obtain {y = Y*¢ = (pv)] — (¢1)3 +i((9v)) + (¢r)}). Writing
x =301 +92) +ief —92)),
and using (4-4), a tedious but straightforward calculation gives

2(1+72)

TP D+ 1)(dz— 3C+37 0+ —2X). (4-5)

o'

Remark 4.2. The complex-valued 1-form x is chosen so that x, x, w, ®, ¢, g: span the complex-valued
1-forms on P. Clearly, this condition does not pin down x uniquely. The particular choice is so that in
the absence of 6 the form x becomes the connection form of the Chern connection on K* upon reducing
to SM; see (4-6) below.

The complex structure on Z only depends on the projective equivalence class of V. Thus, after possibly
replacing ¢ with a projectively equivalent connection, we can assume that the torsion-free connection on
TM corresponding to ¢ is of the form D 4 B for some 1-form 6 and some cubic differential A on M. On
the unit tangent bundle SM of g the connection form of D + B takes the form (3-3). Using this equation
and reducing to SM C P yields the following identities on SM:

¢ =2a_30,
X =i — 400 —20_,6.

(4-6)
Recall, we write a3 = %Va +ia and a_3 = a3 as well as 0; = %(9 —iV0) and _; = 6,. Also, the
connection form x of the induced Weyl connection is k = i — 20, w; see (2-8). Therefore, we have
X =2k +k.

The SO(2)-action induced by (4-1) is

<,

cos¢ —sing Z_2iZCOS¢_ZZSin¢_ezi¢
sing cos¢) © 2icos¢p+2sing

and hence the equivariance property of a function z : SM — [ representing a section of Z — M becomes
(Reis)*z =e %®z; that is, 7 represents a section of K 2. Since we have a metric, we have an identification
K*~ K and hence K 2 ~ K* ® K. In particular, we may write

dz=7w+7"0o+kz—«kz 4-7)
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for unique complex-valued functions z" and z” on SM. Consequently, using (4-5), (4-6) and (4-7) we
obtain

((IZIz—l)(z-I—l)
2(1+2)

)CT =7o+7'0o+kz—Kkz—a_30+ zza3a) + 7202k +k) —zQ2Kk +«)
=+ 2o+ " —a_3)d. (4-8)

In order to connect the expressions for wy and ¢y to the condition of z representing a conformal structure
[¢] that defines a holomorphic curve into Z, we use the following elementary lemma:

Lemma 4.3. Let Z be a complex surface and w, { € Q'(Z, C) a basis for the (1,0)-forms of Z. Suppose
M C Z is a smooth surface on which w A @ is nonvanishing. Then M admits the structure of a holomorphic
curve — that is, a complex one-dimensional submanifold of Z — if and only if w A ¢ vanishes identically
on M.

Proof. Since w A @ is nonvanishing on M, the forms w and @ span the complex-valued 1-forms on M.
Since M is a complex submanifold of Z if and only if the pullback of a (1,0)-form on Z is a (1,0)-form
on M, the claim follows. 0

The reduction of P to SM identifies Z with SM xgo) D. Now suppose the conformal structure
[8]: M — Z is represented by the map z : SM — D. If v: U — SM is a local section of 7 : SM — M,
then [¢]|y : U — Z is covered by the map (Idsy x z)ov: U — SM x D. Recall that the complex structure
on Z has the property that its (1,0)-forms pull-back to become linear combinations of wy and {y. Using
the expressions (4-3) and (4-8) for the pullbacks of wy and ¢y to SM we obtain

20142
(IzP =D+ 1)

In particular, since v : U — SM is a w-section and w and @ are 7-semibasic, the pullback v*(wy A {y)

wy ANy = "=z — a3 —a_3)wnd.

vanishes if and only if wy A ¢y vanishes on 7! (U). Thus, Lemma 4.3 implies that z represents a
holomorphic curve if and only if

=z =Paz+as. (4-9)

4C. The Beltrami differential. So far we have not explicitly tied the conformal structure [g] to the
function z : SM — D representing it. In order to do this we first recall the Beltrami differential. The
choice of a metric g on M allows us to define the functions

px,v)=gw,v), r(x,v)=¢gw, Jv) and ¢g(x,v)=2g(Jv, Jv)

on SM. The orientation-compatible complex structure J on M induced by the conformal equivalence
class of ¢ has matrix representation
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In particular, we compute that the (1,0)-forms with respect to J pull-back to SM to become complex

p+q+2ypg—r?
4y pg —r?

_ (p—q)+2ir

M_
p+aq+2ypq—r?

is the Beltrami coefficient of J. Clearly, u does only depend on the conformal equivalence class [¢] of g.
Moreover, the function u represents a (0,1)-form on M with values in K* called the Beltrami differential

multiples of

w; ::%(w—ifw):( )(w—i—,uc?)), (4-10)

where

of [g], which— by abuse of language — we denote by u as well.

The reduction of P to the unit tangent bundle SM of g turns w into a basis for the (1,0)-forms
with respect to the complex structure induced by g and the orientation. The mapping z represents a
conformal structure [¢] and consequently, induces an orientation-compatible complex structure J whose
(1,0)-forms we computed in (4-3). Comparing this expression with the formula (4-10) for the Beltrami
coefficient shows that we obtain the same (1,0)-forms if and only if z = . Remember, 7’ and z” represent
the (1,0)- and (0,1)-part of the derivative of z with respect to the connection D induced by the Weyl
connection D. Furthermore, the function a3 represents the cubic differential A or equivalently, the form @,
since ®do = A and do is represented by the constant function 1 on SM. Using (4-9) and the fact that p
contains a Weyl connection with respect to [¢] if and only if [g] : M — Z is a holomorphic curve [Mettler
2014, Theorem 3], we have thus shown:

Proposition 4.4. Let (M, [g]) be a Riemann surface equipped with a projective structure p given in terms
of (D, ®). Then p contains a Weyl connection with respect to the conformal structure defined by the
Beltrami differential w if and only if

D'p—puDp=du’+o. (4-11)

Remark 4.5. In the special case where p is a properly convex projective structure, an equation equivalent
to (4-11) was previously obtained by N. Hitchin using the Higgs bundle description of p.!

As a corollary, we obtain:

Corollary 4.6. Let M be a closed oriented surface with x (M) < 0. Suppose the Weyl connections D and
D on TM are projectively equivalent. Then D = D and they preserve the same conformal structure.

Proof. Equip M with the Riemann surface structure defined by [g] and the orientation. Let p be the
projective structure defined by D (or ﬁ). The projective structure p is encoded in terms of the pair (D, 0).
Moreover, the Beltrami differential u defined by [¢] solves (4-11); that is,

D"y —puD'p=0.

IPrivate communication, August 2014.
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Now observe that 5# = D" — D’ defines a del-bar operator on K ® K* and hence (4-11) can be written
as Z_M u = 0. Therefore, u is holomorphic with respect to the holomorphic line bundle structure defined
by 9, on K ® K*. However, since x (M) < 0, the line bundle K ® K* has negative degree, so that its
only holomorphic section is the zero-section. It follows that ;« = 0 and hence [g] = [¢]. Since D and D
are projectively equivalent and preserve the same conformal structure [g], we conclude exactly as in the
proof of Proposition 3.5 that D = D. ]

Remark 4.7. The above corollary was first proved in [Mettler 2015b]. In particular, as a special case,
it also shows that on a closed surface with x (M) < 0, the unparametrised geodesics of a Riemannian
metric determine the metric up to rescaling by a positive constant. This was first observed in [Matveev
and Topalov 2000].

5. The transport equation

While the PDE (4-11) for the Beltrami differential u is natural from a complex geometry point of view, it
turns out to be advantageous to rephrase it as a transport equation on SM. The relevant transport equation
on SM can be derived using (4-11)—see the Appendix — but here we will instead take a different
approach, as it leads to a more general result about thermostats having the same unparametrised geodesics;
see Proposition 5.2.

Let g, ¢ be Riemannian metrics on M. In what follows all objects defined in terms of the metric g will
be decorated with a hat symbol. There is an obvious scaling map

Z:SM—)W, (x,v) — <x¢)

V&, v)

which is a fibre-bundle isomorphism covering the identity on M. As before we define
px,v)=8gw,v), rx,v)=8w, Jv) and g¢(x,v)=g(v, Jv).

Lemma 5.1. The pullback of the volume form © on SM is

.2
z*@:(pq r )@.
p

Proof. Since
dn(X(x,v))=v and dn(H(x,v)) =Jv,
we obtain
n*g = pw Q@wi +2rwjowy +quwr Q wy,
where we write wj o wy 1= %(a)l ® wy + wy ® wy). We first compute

(X @) (x, v) = d1(d(X (x,v) = §(L(x, v), (dF 0dO)(X(x, V)))

1
= mé(v,dn(X(x, V) =v&W,v) =./p,
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where we have used that 7 o £ = r. Likewise, we obtain

(H %) (x,v) = @1 (d0(H (x, ) = §(£(x, v), (d7F 0d)(H (x, )))

- ;é(v,dﬂ(H(x,U))): g, Jv) r

NACD) Jew.v) VP

Since @; is semibasic for the projection 77, the pullback £*®; is semibasic for the projection 7; hence
V 2 £*®, =0, so that we have
R r
£ = ﬁwl + —w». (5-1)

VP

The pullback £*®, must be a multiple of w,. Indeed, £*@, is 7-semibasic and we obtain

(X 21 €% ) (x, v) = D (dL(X (x, V) = §(JL(x, v), (dF 0d)(X (x, v)))

= ;é’(fv, dmn (X (x,v))) = sUv Y _

V&, v) V&, v)

Recall that the area form do of g satisfies 7*d6 = @1 A @7; hence

(D1 Adn) =¥ dé =V pg —r? w1 Aw,.

0.

Thus we must have

2
—qu\/ﬁra)z. (5-2)

Since the Lie derivative of 7*g with respect to V vanishes identically, we compute that V./p =r/./p.
Moreover, since v/ pg — r? is the -pullback of a function on M, we obtain

Vrg—r*\ _ rypg—r?
|74 P vyt -
NV L

Pulling back the structure equation d@w,; = —r A Gy whilst using (5-1) and (5-2) gives

vpg—r* N _ (. rypg—r? Vg —r?
—wm | =lav) — ———V | A0y — ——
Jp PP

~ ~ r
= —Z*lﬁ /\Z*é)l = —E*W A ( pw + —0)2)
VP NG

for some unique real-valued function a on SM. Comparing the coefficients in the above equations, it
follows that

Cén =

' (dwn) =d(l*an) = d(

, pg—r?

Y = awy + bwn + ¥ (5-3)

for some unique real-valued functions a, b on SM. In particular, we obtain

pg—r?

K*@:E*(é\)l/\d)z/\l}):< )a)l/\w2/\w,

as claimed. |
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We use this lemma to derive the following observation about general thermostats:

Proposition 5.2. If two thermostats determined by pairs (g, 1) and (g, ):) have the same unparametrised
geodesics, then

2
S0 pq—r

As an immediate application we obtain the following classical fact:

Corollary 5.3. Let g and g be two Riemannian metrics on M having the same unparametrised geodesics.
Then p/(pq —r*)?/3 is an integral for the geodesic flow of g.

Proof. This special case corresponds to A = A =0 and hence Proposition 5.2 implies

2 _22\2/3

pqg—r 3 P 3(pg—r°) p

0=X1 = 2Xlog| —F—_)=-2 X . O
Og( p3/? ) 2 Og((pq—r2)2/3) 2 p ((pq—r2)2/3>

In order to prove Proposition 5.2 we also recall a general lemma whose proof is elementary and thus

omitted.
Lemma 5.4. Let X be a vector field on a manifold M with volume form Q. Let f and s > 0 be smooth
functions. Then

Divo(fX)=Xf+ fDivg X and Divsq(X)= Xlogs+ Divg X.

Proof of Proposition 5.2. This follows from Lemmas 5.1 and 5.4 and the key fact that if the thermostats
have the same unparametrised geodesics then
¢F= L F (5-4)
VP

To see the last equality, note that we can rephrase the hypothesis as follows. There is a smooth function
7:SM x R — R implementing the time change so that

€0 Pexun (¥, v) = § 0 L(x, V).
Differentiating this with respect to ¢ and setting ¢ = 0 gives
de(fF)=Fol,
where J
[ v) = —pr e v, Dli=o.
To check that f has the desired form, apply d7 to the last equation to get fv =1v/\/g(v, v).
Writing s := (pg — r?)/p and taking the divergence of (5-4) with respect to "0 = 5O gives
Divye (y/p £*F) = ((*F)/p + /P Divse (L*F)

= (1//P)F /P + /P Divpg(t*F)

= F(log \/p) 4+ /p(Divg F) o ¢

= Divgg F = F logs + Divg F,
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where we have used Lemma 5.4. Since Divg F = VA and Divg F = V2, this last equation is equivalent to

~A S
Viot)=F1 — |+ VA,
Vp( ) Og(ﬁ)

which proves the claim. U

Remark 5.5. Note that the crucial identity (5-4) also follows from a different argument. Since the orbits
of Fand F project onto the same unparametrised curves, there must exist a smooth function w on SM,
so that £*F = wF. From (5-1), (5-2) and (5-3), we compute

—~ 1 a ~
e Lx WPy oad e P

VP \pg—r? Vpg—r’

from which one immediately obtains w = 1/,/p.

Va

A special case of Proposition 5.2 is the following:

Corollary 5.6. Suppose the projective thermostat associated to the pair (g, A) = (g,a — V0) has the
same unparametrised geodesics as the Weyl connection D defined by (g, o). Then

—2 %\ (pg =273
satisfies the transport equation
Fu=Va+p, (5-5)

where B =60 — a.
Proof. Applying Proposition 5.2 in the special case A =a — V6 and A=—Va gives

2
~ pq—r
—ﬁ(VVaoE):ﬁ(aof):Flog( PEE >+V(a—V9),

the left-hand side of which is simply «, thought of as a function on SM. Hence we obtain

2
pqg—r
-%Va+9—a>=Fﬁ%(j;ﬁ—)=I%—amgp—%mﬂpq—ﬂn)=—Fm

as claimed. |

6. The tensor tomography result

In this final section we prove a vanishing theorem for the transport equation Fu = Va + f, provided
the triple (g, A, 0) defining F satisfies certain conditions. Recall that every properly convex projective
structure p arises from a triple (g, A, 0) satisfying

K,=—1+2|A]; and 9A=0.

In particular, we would like to conclude that if such a p contains a Weyl connection, then A must vanish
identically and hence p is hyperbolic. It turns out that one can prove a more general vanishing theorem
for a class of thermostats arising from a triple (g, A, ) where A is a differential of degree m > 3 on M,
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that is, a section of K™. Suppose A € I'(K™). Like in the case m = 3 there exists a unique smooth
real-valued function a on SM lying in H_,,, ® H,,, so that 7*A = (V(a)/m +ia)w™. In particular, to a
triple (g, A, ) we may associate the thermostat F = X 4+ (a — V) V. We now have:

Theorem 6.1. Let M be a closed oriented surface and (g, A, 0) be a triple satisfying
0A=(5m—1)O0—i*0)®A and K,—38,0+2—m)|Al}<O.

Let F denote the vector field of the thermostat determined by (g, A, 0). Suppose there is a 1-form
B € QY (M) and a function u € C*°(SM) such that

Fu=Va+8.
Then A =0 and B is exact.

Let us first verify that this gives the desired statement.

Corollary 6.2. Let (M, p) be a closed oriented properly convex projective surface with x (M) < 0 and
with p containing a Weyl connection D. Then p is hyperbolic and moreover D is the Levi-Civita connection
of the hyperbolic metric.

Proof. By a result of [Calabi 1972], if m = 3 and (g, A) satisfy
K, =—142|A]; and 0A=0,

then K, < 0. In particular, the triple (g, A, 0) satisfies the assumptions of Theorem 6.1, and Corollary 5.6
implies that we have a solution u to the transport equation Fu = Va + B. Hence the theorem gives right
away that A vanishes identically and hence p is hyperbolic. In particular, the Levi-Civita connection 8V
of the hyperbolic metric and the connection D both lie in p and hence are projectively equivalent, but this
can happen if and only if ¢V =D, by Corollary 4.6. ]

Remark 6.3. In [Mettler 2019] the notion of a minimal Lagrangian connection is introduced. These are
torsion-free connections on TM of the form V =D + B, where (g, A, 6) defining D and B are subject to
the equations

Kg—8,0=—1+2|A}, 0A=(0—ix0)®A, db=0.

In particular, on a closed oriented surface of negative Euler characteristic every properly convex projective
structure arises from a minimal Lagrangian connection. Another immediate consequence of Theorem 6.1
and Corollary 4.6 thus is:

Corollary 6.4. Let M be a closed oriented surface of negative Euler characteristic and V a minimal
Lagrangian connection arising from the triple (g, A, 0). Suppose |A|§, < 1 and that V is projectively
equivalent to a Weyl connection D. Then A vanishes identically and hence V = D.

In order to show the theorem we use the following L? identity proved in [Jane and Paternain 2009,
equation (5)], which is in turn an extension of an identity in [Sharafutdinov and Uhlmann 2000] for
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geodesic flows. The identity holds for arbitrary thermostats F = X +AV. If we let H, := H 4 cV, where
¢ : SM — R is any smooth function, then

2(Heu, VFu) = |Ful® + || Heu|* — (Fc+c* + Ky — HoA+ 22, (Vu)?), (6-1)

where u is any smooth function. All norms and inner products are L> with respect to the volume form ©.
We also need the following lemma whose proof is a straightforward calculation (see [Mettler and
Paternain 2019, Lemma 4.1] for a proof).

Lemma 6.5. We have
IA=(3m—1)O —ix0)®A
if and only if
XVa—mHa— (m—1)0Va—maVO)=0.
Proof of Theorem 6.1. Without loss of generality we may assume that 8 has zero divergence. Indeed if not,
a standard application of scalar elliptic PDE theory shows that we can always find a smooth function &
on M such that 8 + dh has zero divergence. Now note that F(u +h) = Va+ B8 +dh.
A calculation shows that if we pick ¢ =6 + V (a)/m, then
Fe+c®+Kg— Hh+27 =Ky — 8,0+ (1 —m)|A[Z,
where we use that
T A[ = (Va)’/m* +a*> and 7*8,0 = —(X0 + HV0);
hence for this choice of ¢, (6-1) simplifies to
2(Heu, VFu) = ||AlyVul? = | Full® + | Hou||* — (Kg — 8,6 + (2 — m)|A[3, (Vu)?). (6-2)
If Fu=Va+p, then VFu = —m?a+ VB. Using that X and H preserve ® and that XVa —mHa —
(m—1)(Va—maVe)=0 we compute
2(Hou, —m*a) = —2m*(Hu, a) — 2m*(cVu, a)

= 2m2(u, Ha) — 2m2(cVu, a)

= —2m*(Xu, V(a)/m) —2m(m — 1) {(u,0Va —maV ) —2m*(cVu, a)

= —2m||Val?® = —2m*|al?,
where the last equation is obtained using that Xu =8+Va—(a—V60)Vu, (B, Va)=0andc=60+V (a)/m.

Using that X and H preserve ® and that X8 + HV B = 0 (B is assumed to have zero divergence) we

compute
2(H.u,VB) =2(Hu, VB)+2(cVu, VB)

=—2(u, HVB) +2(cVu, VB)
= —2(Xu, B)+2{(cVu, VB)

= =2|IBII> +2((@a = VO)Vu, B) +2(cVu, VB)
= —2||BII* +2(aVu, B) +2{(VaVu)/m, VB),
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where the penultimate equation is obtained using that Xu = 8+ Va — (a—V60)Vu and (B, Va) =0. The
last equation uses that c =0 4 V (a)/m and

V@V —Vep) =0.
Inserting these calculations back into (6-2), we derive
—2m’ |la|)* = 2[|BII* + 2(aVu, B) +2{(VaVu)/m, VB) — ||| Al Vul|?
= | Full®> + | Heul* — (Kg — 8,6 + (2 — m)|A[}, (Vu)?).
Since |A|§ = a’ + (Va)*/m? this can be rewritten as
—2m’|la* =B —aVul> = |VB—VaVu/m|* = ||Ful*+ || Heu|* — (Ky — 8,60 + 2 —m)|A[}, (Vu)?),

where we have used that || 8> = || VB> By hypothesis the right-hand side is > 0, which gives right
away thata = 8 =0. (Il

Appendix: Deriving the transport equation

Here we sketch how to derive the transport equation for the function u starting from the PDE
D'p—puDp=ou’+o

for the Beltrami differential . Let (g, A, 6) be the triple encoding p so that the connection form of D on
SM is (see (2-8)) k =iy — 20w, where we write 6] = %(0 —iV8). Moreover, on SM the section ® of
K?® K* is represented by a3 = %Va +ia, where a(v) =Re A(Jv, Jv, Jv), v e SM. Writing u_, for
the complex-valued function on SM representing the Beltrami differential « and w, = i—», the PDE for
W is equivalent to

dp—r=p 0+ (uoop s +asp’, +a3)o +ikp_o —kp_a,

where ', is a complex-valued function on SM. Since j_, represents a section of K®K*~K™2,
writing ny = %(X FiH) we also have

dp— =n1(H-2)w+n-—(u—2)d —2ipn_2y.

Thus the PDE is equivalent to the system

N_—d — Koot fhop = a3 5 — 207501 — 2 _20) + a3 (A-1)
and Vu_p = —2iu_,. The Beltrami differential only defines a conformal equivalence class [¢]. We may
fix a metric g € [¢] by requiring

Lp+q) =12l al
: (1 =2
where again we specify the metric ¢ in terms of the functions p, ¢, r. Explicitly, we have
Lp—gq) = Patpr g =)
: (1= lpa®* (1= lpa®*
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In particular, this yields

= (pq—+)2/3 =(u-—2+ D(u2+1).

Writing F = X + (a — V6)V and using (A-1), a lengthy but straightforward calculation shows that
Fh = %h Va+2h Re(a3u%2 — U2a_3 — 22601+ Ny L_2).
Hence if we define u = % log h, then we obtain
Fu—Va=3Re(asu’, — poa—3 — 2p20_1 + 04 p—2).

Note that the right-hand side of the last equation lies in #_; @ #i; hence there exists a 1-form 8 on M
so that

Fu=Va+8,

which is the transport equation (5-5).
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STABILITY OF SMALL SOLITARY WAVES
FOR THE ONE-DIMENSIONAL NLS
WITH AN ATTRACTIVE DELTA POTENTIAL

SATOSHI MASAKI, JASON MURPHY AND JUN-ICHI SEGATA

We consider the initial-value problem for the one-dimensional nonlinear Schrodinger equation in the
presence of an attractive delta potential. We show that for sufficiently small initial data, the corresponding
global solution decomposes into a small solitary wave plus a radiation term that decays and scatters as
t — oo. In particular, we establish the asymptotic stability of the family of small solitary waves.

1. Introduction

We study the one-dimensional nonlinear Schrodinger equation (NLS) with an attractive delta potential.
This equation takes the form
{i8,u=Hu+u|u|pu, (1-1)

u(0) = uyg.
Here we take u : R, x R, — C, u € R\{0}, and H is the Schrodinger operator

where g < 0 (the attractive case) and ¢ is the Dirac delta distribution. Equation (1-1) provides a simple
model describing the resonant nonlinear propagation of light through optical wave guides with localized
defects [Goodman et al. 2004]. For reasons to be detailed below, we consider the L2—supercritica1 case,
namely, p > 4. For technical simplicity we also assume p is an even integer.

In the repulsive case (¢ > 0), (1-1) is studied from the point of view of scattering. Banica and
Visciglia [2016] proved global well-posedness and scattering in the energy space for the defocusing
mass-supercritical case. Ikeda and Inui [2017] considered the focusing mass-supercritical regime and
proved scattering below the ground-state threshold. In our previous work [Masaki et al. 2019], we
considered (1-1) with a cubic nonlinearity and proved decay and (modified) scattering for small initial
data in a weighted space; see also [Segata 2015].

Such results are not expected in the attractive case. Indeed, in the attractive case the operator H has a
single eigenvalue — %qz, with a one-dimensional eigenspace spanned by the L?-normalized eigenfunction

do(x) := |q|"/%et.

MSC2010: 35Q55.
Keywords: NLS, solitary waves, asymptotic stability, delta potential.
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One can then prove that there exists a family of small nonlinear bound states Q, parametrized by small
z € C, which satisfy

HQ+ulQI"PQ=EQ, (1-2)

with @ = Q[z] = z¢p + O(z?) and E = E[|z|]] = —3¢* + O(z). The functions u(t) = e ~"£'Q are then
small solitary wave solutions to (1-1). In particular, one does not expect small solutions simply to decay
and scatter in general. Instead, we will show that for small initial data, the corresponding solution
decouples into a small solitary wave plus radiation. The existence and properties of Q[z] are discussed
in Section 2C. In fact, in the special case of the delta potential, one can find explicit formulas for the
nonlinear ground states.

Our main result is the following theorem. We write P, for the projection onto the continuous spectral
subspace of H. The notation D; denotes the derivative with respect to z;, where we identify z € C with
the real vector (z1, z2). Finally, (-, -) denotes the standard L? inner product.

Theorem 1.1. Let ||ug||g1 =68, g <0, and let p > 4 be an even integer. For § sufficiently small, there
exists a unique global solution u to (1-1) and z(t) € C such that writing

u(r) = Qlz(®)]+v(), (1-3)
where Q[z(t)] is the solution to (1-2), we have the following:

v satisfies the orthogonality conditions
Im(v(r), D; Qlz()]) =0 for j €{l,2}. (1-4)

e v obeys the global space-time bounds

-3,

||U||L;>°HXIQL;‘L§0+||<X> U||L§OL§+||3xU||L;oL$§5,

and there exists unique v, € P.H" such that

—itH

lim Ju(t) —e " o,y =0.
r— o0

e |zl < 8 and there exists zy € C satisfying ||z+| — |2(0)|| < 8% and

lim z(t) exp{i/ E[z(s)]ds} =Z4. (1-5)
—00 0

Theorem 1.1 shows that any small solution decomposes into a nonlinear bound state plus a radiation
term. In particular, we have the asymptotic stability of the family of small solitary waves. The condition
(1-4) makes v(¢) orthogonal to the nondecaying solutions of the linearization of (1-1) about the solitary
wave at z(¢); this is an essential ingredient for establishing decay and scattering for v (see Section 3 for
further discussion).

Theorem 1.1 fits in the context of the stability of small solitary waves for nonlinear Schrodinger
equations with potential, for which there are many results available. An even more extensive literature
exists concerning other notions of stability, stability of large solitary waves, and so on. We refer the
interested reader to [Buslaev and Perelman 1992; Gustafson et al. 2004; Mizumachi 2008; Kirr and
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Mizrak 2009; Kirr and Zarnescu 2009; Soffer and Weinstein 1990; 1992; 2004; Weder 2000; Tsai and
Yau 2002a; 2002b; 2002c; 2002d; Cuccagna 2011; 2014; Cuccagna and Pelinovsky 2014] for a sample
of the many relevant results that are available. See in particular [Datchev and Holmer 2009; Deift and
Park 2011; Holmer et al. 2007a; 2007b; Holmer and Zworski 2007; 2009; Kaminaga and Ohta 2009;
Fukuizumi et al. 2008] for related results in the setting of NLS with a delta potential. We will keep our
focus on the discussion of small solitary waves.

Our result is closely related to those appearing in [Gustafson et al. 2004; Mizumachi 2008], both of
which prove asymptotic stability of small solitary waves for NLS with a potential that supports a single
negative eigenvalue, with data in H' and mass-supercritical nonlinearities. In [Gustafson et al. 2004],
the authors relied crucially on the endpoint Strichartz estimate in three dimensions. Mizumachi [2008]
addressed the one-dimensional case, in which case the usual endpoint Strichartz estimate is unavailable.
His approach was to establish suitable linear estimates in “reversed” Strichartz spaces, in which case the
Lt2 endpoint comes back into play.

Theorem 1.1 is an analogue of the main result appearing in [Mizumachi 2008], which treats a class of
potentials that does not include the attractive delta potential. The key to extending this type of result to
the delta potential is to observe that by relying on exact identities related to the Schrodinger operator with
a delta potential, one can recover the full range of linear estimates that played such an essential role in
[Mizumachi 2008]. We carry this out in Section 2B. Once the requisite linear estimates are in place, one
could then follow many of the remaining arguments in [Mizumachi 2008] rather directly, although this
is not the route that we take. Instead, we set up the problem and prove the main result in a way that is
inspired by the presentation in [Gustafson et al. 2004], which we found to be rather conceptually clear.

Our result is also closely tied to the work of Fukuizumi, Ohta, and Ozawa [Fukuizumi et al. 2008] and
Kaminaga and Ohta [2009]; see also [Goodman et al. 2004]. These authors considered the problem of
stability and instability of nonlinear bound states for NLS with an attractive delta potential, relying in
particular on explicit formulas that they derived for the nonlinear bound states (see Section 2C below).
For focusing nonlinearities, one finds that in the mass-subcritical and mass-critical cases, nonlinear bound
states are all orbitally stable. In the mass-supercritical case, that there exists £ < —%qz such that ground
states corresponding to E € (E 1 —%qz) are orbitally stable, while those corresponding to E € (—oo, Ey)
are unstable. For defocusing nonlinearities, all nonlinear ground states are orbitally stable. Thus our
main result, Theorem 1.1, extends the results of [Fukuizumi et al. 2008; Kaminaga and Ohta 2009] in the
mass-supercritical case to asymptotic stability for E in a neighborhood of —%qz.

Finally, we would also like to mention the result of [Deift and Park 2011], which establishes the
asymptotic stability of solitons for the focusing cubic NLS with a delta potential and even initial data
by making use of complete integrability and the method of nonlinear steepest descent. This result in
particular extended the results appearing [Datchev and Holmer 2009; Holmer et al. 2007a; 2007b; Holmer
and Zworski 2007].

As mentioned above, our previous work on the one-dimensional NLS with a repulsive delta potential
[Masaki et al. 2019] considered the case of a cubic nonlinearity. It is an interesting question whether one
also has asymptotic stability in the setting of an attractive potential and L2-subcritical nonlinearities; recall
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that orbital stability was proven by [Fukuizumi et al. 2008; Kaminaga and Ohta 2009; Goodman et al.
2004]. Proving asymptotic stability would most likely require the introduction of stronger integrability
conditions on the initial data; for example, this is the case in [Kirr and Mizrak 2009; Kirr and Zarnescu
2009], which proved stability of small solitary waves for NLS with potential for some mass-subcritical
nonlinearities in dimensions d € {2, 3}. In our case, we start only with H ! data and are therefore restricted
to p > 4; this is completely analogous to the situation of trying to prove small-data scattering for the
standard power-type NLS. To see specific the technical points that lead to this restriction, see the estimates
of the |v|”v term in the proofs of Lemmas 4.6, 4.7, and 4.8 (as well as the O(v” Q)-term in Lemma 4.7).

Briefly, the proof of Theorem 1.1 goes as follows. One shows that as long as the # remains small
in H', there exists a unique decomposition (1-3) such that (1-4) holds. Using (1-1) and differentiating
(1-4) leads to a coupled system of equations for v(#) and z(¢). Relying largely on estimates for the linear
propagator e~''f and estimates on the bound states Q[z] for small z, one can use these equations to
close a bootstrap argument, proving that the smallness of u in H' (as well as the smallness of v and z in
various norms) persists. Thus, one can extend the decomposition for all times; furthermore, the bounds
proved on v and z suffice to establish the asymptotics claimed in Theorem 1.1. The particular choice of
the orthogonality condition (1-4) guarantees that the ODE involving z[¢] is at least quadratic in v, which
is essential for proving the necessary bootstrap estimates; see Remark 3.2 for further discussion of this

point.

Outline of the paper. In Section 2 we introduce notation and gather some preliminary results. We
introduce the linear operator H in Section 2A. In Section 2B, we prove a range of Strichartz and local
smoothing estimates for e "M P These match the form of the estimates of [Mizumachi 2008], who
considered a class of potentials that did not include the delta potential. We are able to give rather
direct proofs using the explicit formula for the resolvent. We also prove a technical result related to
the comparison of the H' inner product to the bilinear form given by H P.. In Section 2C we discuss
the existence and properties of small nonlinear bound states, and in Section 2D we record a local well-
posedness result for (1-1). In Section 3 we set up the problem, describing in detail how to find the
decomposition (1-3) satisfying (1-4). Finally, in Section 4 we carry out the main bootstrap argument and
complete the proof of Theorem 1.1.

2. Preliminaries

We begin by recording some notation. We write
(f.g) = / fgdx

for the usual L? inner product. Throughout the paper we will write F (1) = j¢|u|”u for the nonlinearity.
We write F f or f for the Fourier transform. We write A < B to denote A < CB for some A, B, C > 0.

Constants below may depend on the parameter ¢ (the strength of the potential), but we will not make
explicit reference to this dependence. We would like to point out that some of the implicit constants in
the estimates for e~/"// P, below would blow up as |g| — 0 (for example, when the proof relies on the
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fact that |¢g — iu| 2 |g| for u € R). In particular, the small parameter § appearing in the statement of the
main result (Theorem 1.1) depends on ¢ and would degenerate to zero as |g| — O.

2A. Linear theory. The linear Schrodinger equation with a delta potential is a classical model in quantum
mechanics that is covered extensively in [Albeverio et al. 1988]. We consider in this paper the case of an
attractive delta potential of the form

H= —%Bf +gé(x), ¢q<0O.
More precisely, the operator H is defined by —%8)% on its domain
D(H) = {u € H'(R) N H*R\{0}) : 8,u(0+) — 8,u(0—) = 2qu(0)}

and extends to a self-adjoint operator on L? with purely absolutely continuous essential spectrum equal
to [0, 00). If ¢ > O (the repulsive case), then H has no eigenvalues. In g < O (the attractive case), H has
a single negative eigenvalue —%qz with a one-dimensional eigenspace spanned by the L?-normalized
eigenfunction

Po(x) = Ig|'/ eI,

In this paper we restrict attention to the attractive case.

2B. Local smoothing and Strichartz estimates. In this section we prove several local smoothing and
Strichartz estimates for e /. We write P, to denote the projection onto the absolutely continuous
spectrum.

The starting point for the estimates we will prove is the following spectral resolution of the free
propagator:

[o.¢]
e p. = /0 e EMdr, EQ):= #[R(k +i0) — R(x —i0)]. (2-1)

Here R(z) = (H —z)~! is the resolvent, and R(x £i0) denotes the analytic continuation onto the real
line from the upper/lower half plane. In fact, working with the resolvent is not the only way to carry
out the requisite linear analysis for this problem. As an alternative, one could also proceed through the
development of the distorted Fourier transform; e.g., this is how we proceeded in our previous work
involving the delta potential [Masaki et al. 2019].

For the case of the delta potential, we have explicit formulas for the integral kernel of the resolvent,
namely

. i P s
R(A+i0;x,y) = |:e’x sWE_ 4 ilelyD :|,
YT g —ivA

. LA [T/ 9 —i(xl+yDVE
R(A—i0;x,y)= |:e e
Ty q+iva

for A > 0. We similarly write E(}; x, y) for the kernel of E(X). These identities can be found, for
example, in [Albeverio et al. 1988, Chapter 1.3], but they are also readily derived by hand. In particular,
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one can recognize the first term as the free resolvent, while the second term (representing the contribution
of the potential) simply fixes the boundary condition.

Typically we will focus on estimating R(A + i0), as the other term is similar. We write the kernel in
two pieces, namely

RA+i0;x,y) =Ri(A;x,y)+ Ra(A; x, y),

where
Ri(hx, y) = 217[6”_%/2 _ iV (2-2)
1 .
Ry(h: x,y) = —el(|X|+|y\)~/X' (2-3)
B =iV

‘We note that
) [e—i)C\/X . eixﬁ]ei)fﬁ, y > x > 0
l p— p— 9
Ri(A;x,y)=—=30, y=>0>x, (2-4)
2«/X e—ixﬁ[eiy«/x _ e—iy«/x]’ 0 >y >x.

There are analogous formulas in the cases x >y >0, x > 0>y, and 0 > x > y. We will focus on treating
the three cases appearing in (2-4).

To simplify the presentation below, we will use F f to denote quantities that are similar (but not
identical) to the Fourier transform of f; in particular, we use this notation for quantities that obey the
bounds

IF e SUfll: and N F fllze SUFllL (2-5)

As a typical example, we could apply this notation to a term like

/ e F(y) dy = Q)2 Flx.oo) fF1(—E).

X

Indeed, for this example the two bounds in (2-5) can be easily checked (and are uniform in x).
We begin with the standard one-dimensional Strichartz estimates.

Proposition 2.1 (Strichartz estimates). The following estimates hold on any space-time slab I x R with
Oel: 4
le™ 7 Pe fll s roempzer2yaxwy S N2
t
| et as SIFI,
0 t

.y - LE(IxR)
(LAL®NLEL2)(I xR)

forany (a, B) € [1, 3] x [1, 2] satisfying % + 4 = 3.
As is well known, the proof boils down to the following dispersive estimates.

Lemma 2.2 (dispersive estimates). The following estimates hold:

—itH —itH —1/2
le ™ P flle SUfe and Nle ™ Pefllpe S1e1 ™ 21 fllp.
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Proof of Lemma 2.2. Tt is clear that e *# P, maps L? to L? boundedly. For the L! — L estimate, we
start from (2-1). The desired estimate is well known for the case of the free Schrodinger equation, and
hence we consider only the contribution of the potential. After a change of variables, we are left to prove

_ita2/—i q _
/f(y)/e R ’“’"*‘y‘“q_—mdwy <1721l

We apply Plancherel in the dX integral and observe (by explicit computation) that

sup
X

—itA2 /240N —1/2
sup || F(e AN | 1o S |72
0eR

Therefore the proof boils down to showing that F((¢ —i1)~") € L. In fact, by Cauchy—Schwarz and
Plancherel,

I7((q =i Dl S 1A =) =i ez S 1. (2-6)
The result follows. U
We turn to the following weighted estimates for the linear propagator.
Proposition 2.3 (local smoothing estimates). The following estimates hold:
1) =2 P fllpserz SN2, (2-7)
19xe ™ P flloerz SIS et (2-8)

Remark 2.4. The H'-norm in (2-8) may be replaced by the H'!/?>-norm by utilizing the analogous
estimate for the free propagator, see, e.g., [Kenig et al. 1991, Lemma 2.1], and estimating the contribution
of the potential separately. We proceed with (2-8), as it admits a simple self-contained proof and is
sufficient for our applications.

Proof of Proposition 2.3. We begin by reducing each estimate to one given purely in terms of the resolvent.
Let
m=m(x, d) € {{x) ", 8,)

and X = L?or H'. We will show
lme™ " Pelly_, oop2 S ImEM) Iy poo- (2-9)

To see this, we let G € L1 L? and use Plancherel to estimate

(me™ " P f. G) 2 | = ‘ / e Gt x)m(x, 0 E (s x, y) f(v) drdy dx di

- ’/ (7 1G16w 0ImEG) f1(x) dx dA’
SIF Gl lmEG) fllpop2

5 ”G”L}CL%”mEO‘)Hx_)LgOLi||f||X-
Thus (2-9) follows.
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Using (2-9), we see that (2-7) will follow from
1) 2RO EI0) fll e pz S SN2 (2-10)

We focus on R(A+i0) and write R = R| 4+ R; as in (2-2) and (2-3). The contribution of (2-3) is easily
handled. In fact, by a change of variables,

1 / iyIVA 2
e fO)dy
Hq —ivA L

="

L]
§fq2+uzlff(u)|2duiIIfIIiz.

To estimate the contribution of (2-2), we split into low and high energies. We let x (1) denote a smooth
cutoff to |[A| <1 and write x =1 — x. On the support of x ¢, we can argue as we did for (2-3), changing
variables and estimating the contribution via

/ —I}'f(M)I dp S1£172,
;,L|>1| |

which is acceptable.
We turn to the low-energy contribution of (2-2). Here we use (2-4); in particular, we will consider the
cases y > x > 0 and 0 > y > x. In the first case, we use the bound

|eixﬁ_e—ixﬁ| S |X|\/x

and estimate

SIXWFfF WDl

LPL;

1 . . SO
)0 eV e / VI () dy
SIVEFF GOl qu<n S 11122,

which is acceptable. In the remaining case, we use Cauchy—Schwarz to estimate

1 0 .
R f (V5 _ o=V £(y) dy

< ||<x>—3/2x(x>/0 IYHLFO)Idy

L>L? L®L2

S @220 e ez S 1Nz

which is acceptable. This completes the proof of (2-7).
We turn to (2-8). Using (2-9), it suffices to prove

10x R(A£i0) fll o2 SIS Nl (2-11)

Let us again focus on the contribution of R(A 4-i0). This time we go back to the original form of the
resolvent and estimate the two pieces separately. Let us first establish

“Al/z i f I F(v) dy

. SN llg
LeL?
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To see this, we firstly observe that
8xei|X—)’\x/X: _ayel'llf—ylx/X — :I:i\/xeil)C—}W/X (2-12)

almost everywhere, where the sign depends on the ordering of x and y. Using the final equality in (2-12)
and writing x for a cutoff to A < 1, we can change variables and use (2-5) to estimate

‘ A2y 0, / eIV £ (y) dy <||xff(«/_ M2

< NEI2F f 2 er<iy S 1Nz,

which is acceptable. Writing x“ = 1 — x, we can use the second equality in (2-12), integrate by parts,

LC)O

X

change variables, and use (2-5) to estimate

H R /e”x—yﬁf(wdy SIATXCFL I

< IEel~V2FLf Wezgersy S 1 Nz

OC
X

which is also acceptable.
It remains to consider the piece coming from the potential. We need to show

1 . _
. z|x|ﬁ/ iDIVE £(y) 4
H«/X[q—iﬁ] T e dy

In fact, by a change of variables and (2-5), we can control this term by

12
§‘|5|> Ff

. Sl
LeL

S f e,

=

Lg
which is acceptable.

This completes the proof of (2-11) and hence the proof of Proposition 2.3. ]

Combining the usual Strichartz estimates (Proposition 2.1) with the weighted local smoothing estimate
in Proposition 2.3 yields the following corollary:

Corollary 2.5. The following estimate holds:

t
[ et as S I
0

~

LIL®NLPL2

Proof. Using the Strichartz estimate Proposition 2.1, the dual estimate to (2-7), and Cauchy—Schwarz, we

have
/ e {=9H p F(s)ds < ‘ / " P.F(s)ds
R LiLeNLXL2 R 12
SUE2PF e S PFll -
The desired estimate now follows from the Christ—Kiselev lemma [2001]. U

We will also need the following inhomogeneous local smoothing estimates.
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Proposition 2.6. For any t > 0, we have

t
(x)lf e {=IH p F(s)ds
0

S ”(x)F”LLL[Z,
LeL? ’

t
/ d,e IR P F(s)ds
0

S || F”L}CL%‘
LyL;

Proof of Proposition 2.6. We begin with the identity

t
2f e H=IH p F(s)ds
0 0

o0
:/e_’(’_S)HPCF(s) ds—l—/ e HU=9H p () ds—/ e {U=9H p F(s)ds.
R

0 -0

In fact, this is a consequence of

t (0.¢]
f e—l([—S)HPCF(s) ds =/ e—l(l—S)HPCF(s) ds _/ e—l(l‘—S)HPCF(S) dS,
R t

—0o0
which follows from the fact that both sides solve
idu=Hu, withu(0)= / M P.F(s)ds.
R

In light of (2-15), it therefore suffices to estimate

/ e P () F(s) ds,
R

where x € {1, x(0,00)> X(—=00,0)}-

(2-13)

(2-14)

(2-15)

Similar to the proof of Proposition 2.3, we will use (2-1) and Plancherel to reduce the desired bounds

to an estimate given in terms of the resolvent. In particular, we write

/e—i(t—.Y)HPCXF(S) ds :'/ve_it)LE()\,)\/ eiS)‘X(S)F(S) ds dx

= FIEQF ' (x F)1@),

where we use subscripts to denote the variable of integration in the definition of the Fourier transform.
Thus, writing m =m (x, d,) € {(x)~!, 8;} and X = (x) "' L' or X = L', we use Plancherel and Minkowski’s

inequality to estimate

Hm/ e =R P Y F(s)ds

L®L?
S [ImEM Ix- el 7 P M x| 2

S [sup lmEQ)lIx— e ]I Fll 12k
A

S [sup ImEG) lx— 1 ]I F llx 2
A

SImEMF Pl S ImEQFT )2



STABILITY OF SMALL SOLITARY WAVES FOR THE ONE-DIMENSIONAL NLS 1109

The proof of (2-13) and (2-14) therefore reduces to the two estimates
sup [[(x) "' R £i0) f e S I1(x) fll 11 (2-16)
x ;
sup 19 R £i0) fll 0 S N1 1 (2-17)
)

We consider R(A + i0), the other case being similar. We decompose the kernel as R; + R», as in (2-2)
and (2-3). The contribution of R; to both (2-16) and (2-17) is handled easily. In fact, since |qg —i VA | >1q1,
we have

R2(A) fllree + 10 Ro () flle SNF Fllee SIS NIz

uniformly in A.
We turn to the contribution of R;. The contribution to (2-17) is straightforward, as we can estimate

13 R1(A) Fllzee SIFFWMDIS L

uniformly in A. For the contribution to (2-16), we recall (2-4). In particular, we need only consider the
cases y > x > 0 and 0 > y > x. In the first case, we estimate

1 ; ; .
‘ﬁ(el)(\/x _ elX\/X)/ el\/XYf(y) dy

and hence the desired bound holds in this regime (see (2-5)). Finally, if 0 > y > x, we estimate

< x| Ff(V/R),

L (" iy _ -idi
—= [ [V =YV () d ‘gu Ol
‘ 7 /x JOdy| S HyfOlle
uniformly in x and A. Thus the desired bound holds in this regime as well. This completes the proof of
Proposition 2.6. (I
Finally, let us record one additional corollary of Proposition 2.3.

Corollary 2.7. The following estimates hold:

t
(x)~3/? / e HU=9H p F(s)ds
0

S ”F”L,‘Lg([O,TJx[R{)v
L®L2(Rx[0,T])

S ”F”L}HX]([O,T]XR)'

t
“ax/ e =IH P F(s)ds
LRL2(Rx[0,T])

0

Proof. Torid ourselves of the integral over [0, #] we again use the decomposition (2-15) as in Proposition 2.6
and endeavor to estimate x F, with

X €11, X0,00)> X(=00,0)}

Let m =m(x, d) € {(x)~32,8,} and write X = L? if m = (x)~%/?> and X = H' if m = d,. Then using

Proposition 2.3, the boundedness of ¢/*# on X, and Minkowski’s inequality, we may estimate

Hm/ e {U=IH p 5 (s)F(s)ds
R

i < H/ e SHy (s)F(s)ds
LoL? R

SIFIx-
X

The result follows. |
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We close this section with a technical result relating the usual Sobolev spaces with those defined in
terms of H. We state the result we need as follows. In the following, we let m(9d,) denote the Fourier
multiplier operator with symbol m ().

Lemma 2.8. We have
(f. HP.g) = (f. —382¢)+ B(f. 9). (2-18)

where B(f, g) is a linear combination of terms of the form
(m(@:)d, f. 0cg),  where m(u) = (g —ipw) ™",
Consequently, for f = P, f,
IWH 2 Sl and [ f g SIVHF 2+ 151 e (2-19)

Although (2-19) has already been shown in [Duchéne et al. 2011, Section VIII D] via the wlp
boundedness of wave operators for H, we give a simpler proof of (2-19) by using the explicit representation

of«/ﬁ.

Proof of Lemma 2.8. By the spectral theorem and the explicit form of the resolvent, we have the identity

(f.HP.g) =(f. —%928)+ B(f. &),

where B(f, g) is a linear combination of terms like
2

M ivE dxd d/\:/ W om0
//f ﬁ(q—iﬁ)e f(x)g(y)dxdy 24— FwFg(u)du.

Here we use the notation

Ffw = / eIk f (x)dx.

This is consistent with the usage above, and in fact in this case F f can be written exactly as the sum of
Fourier transforms of f and its reflection. Thus (2-18) follows from Plancherel.

We turn to (2-19). For the first estimate we simply observe that m (d,) maps L?>— L? boundedly. For
the second estimate, we observe in fact that m(d,)d, maps L> — L? boundedly, and hence by Young’s

inequality
18x F1I72 S IVHFIZ2 4 1£ 1122105 f 1l .2
SIVHFIG +eldeflI7:+e 117
for any & > 0. Choosing ¢ <« 1 implies the desired bound. (]

Remark 2.9. The multiplier m(d,) appearing in (2-18) actually maps L” — L”" boundedly for any
1 <r < oo. Indeed, it was already proven in (2-6) that F ~'m e L', and hence this is a consequence of
Young’s inequality. In particular, we are not using any multiplier theorems and are able to access the
L L>® endpoints. In a similar way, we see that m(d,) is bounded on L? L? for all 1 < p, g < oo. These
will be useful in the proof of Lemma 4.7 below.
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2C. Existence of small solitary waves. In this section we discuss the existence and properties of solutions
to (1-2).

In [Fukuizumi et al. 2008], the authors considered (1-1) with a focusing nonlinearity and provided an
explicit formula for the family of nonlinear bound states. Using our notation, these solutions are given by

_((p+IEN? _2/,,< [IE| < g1 ))
Q(X)_(W) cosh p 7|x|—|—arctanh 751

where E < —%qz and u < 0. This formula is obtained by solving the relevant ODE on each side of x =0
and then gluing them together at x = 0 to impose the jump condition Q'(0+) — Q' (0—) = 2¢ Q(0). This
approach also works in the defocusing case ¢ > 0 (see [Kaminaga and Ohta 2009]); the resulting formula is

1/p
Q@):(M) Sinh2/p<p IEl,, +‘,manh(x/—zuﬂ))

21 g1

for —1¢? < E < 0. When E = 0, one has the solution
0(x) = ( (P+2)lgl? )””
nw(plgllx|+2)2/)

which belongs to L? provided p < 4.

From the explicit formulas for Q, one can observe that as E approaches —%qz, the functions Q
behave like a small multiple of the linear eigenfunction. It will be convenient to describe this behavior in
Proposition 2.10 below. In particular, we find it convenient to follow the approach of [Gustafson et al.
2004] and parametrize the family of ground states by small z € C.

In the following, we write

0
D, =2
j0le] = 5 I,
where we identify z € C with the real vector (z1, z2). We write D Q[z] for the Jacobian DQ[z] : C — C
with
DO[zlw=DQ[z]Rew + D, Q[z]Imw for w € C.

We will prove the following.

Proposition 2.10. There exists small enough § > 0 such that for z € C with |z| < §, we have the following.
o There exists a unique solution Q = Qlz] to (1-2) with E = E[|z]] € R.
o We may write Q[z] = z¢o + h, where

1Al r@ynm2 @y op S 2, IDhllgi« Slzl, and  ||D*hljp2 S 1
for any k > 0.
« Ellzll = —3¢> + 0@2).
e 0[z¢"1= 0lz1€"? and Q[|z|] is real-valued.
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Remark 2.11. In fact, the proof will show that & = O(zP*t!) and E[|z|]] = —%qz + O(z?), but we will
not need this refinement in what follows. Similarly, we can control Dh and D?h in the same norms as 7,
but we will not need this.

Remark 2.12. Using gauge invariance (i.e., differentiating the identity Q[ze'®] = Q[z]e'?) leads to the
useful identity
Qlz] =—-iDQlz]iz. (2-20)

Results similar to Proposition 2.10 are proved in [Soffer and Weinstein 1990; 1992]; we will sketch a
proof that follows the presentation given in the appendix of [Gustafson et al. 2004]. The key ingredient is
the following estimate for the resolvent at the linear eigenvalue.

Lemma 2.13. For any integer k > 0, (H + %qz)_l P, is bounded from L? to H>(R\{0}) and from H%*
to HYK,

Proof. Evaluating the resolvent at —%qz, we see that the integral kernel of (H + %qz)_l P. is a linear

combination of terms of the form
Ve and  eqUrIHYD

Terms of the second type are straightforward to handle; one needs only observe that
‘/ e‘”’"f(y)dy' Sl

and that 4! € H*(R\{0}) N H"* for any k. It remains to verify that convolution with ¢?*! sends L? to
H?(R\{0}) and H%F to H'* for any k. Mapping to H>(R\{0}) is clear, so let us consider a weighted
norm. As the derivative of ¢?*! still decays exponentially, it is enough to work with H%* The desired
estimate therefore reduces to the fact that the operator with kernel (x ) e?*=¥I(y) =% maps L? — L? for
any k (a consequence of Schur’s test, for example). (I

With Lemma 2.13 in place, we turn to the proof of Proposition 2.10.
Proof of Proposition 2.10. We wish to solve

(H—E)Q+F(Q)=0, with Q=z¢o+h and E=-1g+e

for small enough (nonzero) z, where h = O3 is orthogonal to ¢¢ and e = O(z) is real. Expanding the
equation and projecting onto and away from ¢y leads to the following system for (e, h):

e=2"{¢o, F(zdo+h)), (2-21)
h=(H+1¢>) (= P.Fdo+h) +eh), (2-22)
where z is to be small. To solve this system, let us construct (e, /) as a fixed point of the operator
®(e, h) = (RHS (2-21), RHS (2-22)).
Let us prove that @ is a contraction on the set

A={(e,h) eRx P.H":le| <z, Ikl g < lzI*},
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where z will be chosen sufficiently small. We will then prove the desired estimates for /# and e as a priori
estimates using (2-21) and (2-22).
It is straightforward to show that ® : A — A; indeed, writing (e, h1) = P (e, hp) for some (eg, hg) € A,

we can use Lemma 2.13 to estimate

el S 1zl 12 g+ hh T e S1alP < 2l
and

1 1
il S0P 8 + 10 2+ lleoholl 2 S 1217 + 12 < Iz,

Similarly, writing (e, k1) = ®(eg, ho) and (e, le) = d (e, ho), we can estimate

ey — &1 < 1217 11 (ho — ho) (2P ¢ + hf) + =) .2

S 1217~ o — holl g < llho = holl g

and
Iy —hillgr S 1z llho — holl gt + 1212 eo — &0l + Izl 1o — Aol g

< lho = holl g1 + leo — ol

Thus @ defines a contraction on A (for z small enough) and hence has a unique fixed point.

Using uniqueness and gauge invariance of the nonlinearity, we can deduce that Q[ze'?] = ¢ Q[z] and
E = E[|z|]. Similarly, by uniqueness we can guarantee that Q[|z|] is real-valued.

Next, let us estimate 4 in H*(R\{0}) and H "X, Using (2-22), Lemma 2.13, and Sobolev embedding,

we first estimate
121l 2 qvjop S ITF (2o + 1) + ehll 2

1, p+1 1
S 2P o™ +RP 2 + 1zl Al 2

S1zP 4+ {1222 + Izl IR 2,
which (for small z) implies ||| g2\ (o)) S |z|%. Similarly,
2l e S 1212 4 (12122 + 1z IR o,

which again implies ||| i < |z)?.
To prove bounds for Dh, we differentiate (2-21) and (2-22). This leads to

De = —z"*Dz{¢o, F(z¢o+h)) +2z""{¢o, DLF (zp + h)1), (2-23)
Dh = (H +14%) "' {= P.DIF (z¢0 + h)] + [Delh + e[ Dh1}. (2-24)

Using (2-23), we can readily deduce that |De| < 1. Feeding this into (2-24) and estimating as above
using Lemma 2.13, we find

IDR] e S 1zlP + |2l 1- ] gox + |2l DRl gos S 121P + 121 + |zl DAl o,

which implies
IDhllgix < Izl
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as desired. Differentiating (2-23) and (2-24) once more and arguing similarly yields the final estimate,

namely,
ID?h|l2 S 1. O

2D. Local well-posedness. In this section we record a local well-posedness result for (1-1). Such results
have appeared previously in the literature (e.g., in [Fukuizumi et al. 2008, Proposition 1]); we provide a
proof here for the sake of completeness.

Proposition 2.14 (local well-posedness). For any ug € H', there exists a local-in-time solution to (1-1).
The solution may be extended as long as the H'-norm does not blow up.

Proof. We will look for u decomposed as
u(t) =v(t) +at)go := Peu(t) + (po, u(1))¢o.
Equation (1-1) then becomes a coupled system for (v(¢), a(t)), namely,

i9,v(t) = Hv+ P.F(v(s) +a(s)¢o),

) - (2-25)
i9;a(t) = —5q"a(t) + (¢o, F(v(t) +a(t)go)).
Using an integrating factor in (2-25), we may rewrite these as
v(t) = e M Py —i / e IR P E(u(s) +a(s)go) ds, (2-26)
0
t
a(t) =e'"?a(0) — i / eI (g0 F(u(s) +als)o)) ds. (2-27)
0

Defining ® (v, a) = (RHS (2-26), RHS (2-27)), we will prove that ® defines a contraction on a suitable
complete metric space. Writing M = ||ug|| g1 and letting 7 > O to be chosen below, we define
Br ={(v,a): ”v”(L;’OH)}ﬁLfLF;O)([O,T]xR) <2CM, “a”L?"([O,T]) <2CMj},

where C encodes constants appearing in Strichartz estimates. In light of (2-19), we can freely exchange
(v H) and (d,) in what follows.
Writing (w, b) = ®(v, a) for some (v, a) € Br, we first use Proposition 2.1 to estimate

”w“(L?"HJ}ﬂLngO)([O,T]xR) S lluoll gy + 1 (v +a¢0)”L}HQ ([0, T1xR)
+1
S M+ T{HUHZ’E([O,T]XR) ”v”L?CH}([O,T]xR) + ”a”i[w([oj])”(ﬁonzio ||¢0”HX'}

<SM+TMPH!,
while
||b||L?°([0,T]) <laO)|+ [ F(v +a(pO)”L}LE([o,T]XR)||¢O||L§ 5 M+ TMPT.

Thus, for T = T (M) sufficiently small, ® maps By to Br. Similar estimates show that ® is a contraction
in the norm
d((v,a), (v,a)) = lv—"llger2¢0,11xR) T la — all Lo,

for T sufficiently small. The result follows. U
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3. Setting up the problem

Suppose u : [0, T] x R — C is a (small) solution to (1-1). We will look for a decomposition of u of the
form

u(t) = Qz(H)]+v(@). (3-1)

We view z(t) as a small unknown to be specified, with Q a solution to (1-2) (see Proposition 2.10) and
v(t) defined through (3-1).

Using (1-1), (1-2), and (2-20), any such decomposition would lead to an evolution equation for v,

namely,
ioov=Hv+ N,

N:=F(Q+v)—F(Q)—iDQ(z+iEz),

where we have written Q = Q[z(¢)], E = E[|z(t)|], and z denotes the time derivative. We wish to choose

(3-2)

z(t) in such a way that the solution to (3-2) is well-behaved (and such that z(¢) remains small).
To choose z(¢) and thereby fix the decomposition (3-1), we will impose the orthogonality conditions

Im(u — Q[z], D;Q[z]) =0 for j € {1, 2}, (3-3)

for all # € [0, T']. This condition makes v = u — Q[z] orthogonal to the nondecaying solutions to the
linearization of (1-1) around e £/ Q[z] and agrees with the condition appearing in [Gustafson et al. 2004].
We discuss the motivation for this choice in Remark 3.2 below.

The following lemma tells us that as long as the solution u(¢) remains small, it is always possible to
choose z(t) such that (3-3) holds; moreover, this choice is unique.

Lemma 3.1. There exists § > 0 small enough such that if ||u|| g1 < 8, then there exists unique z € C such
that (3-3) holds, with |z| + |lu — Q[z]ll g1 < llull -

Proof of Lemma 3.1. The proof is the same as [Gustafson et al. 2004, Lemma 2.3]. The idea is that if we
were to choose v = u — (¢, u)¢o = P.u, then we would not be too far off from satisfying (3-3). We can
therefore use the inverse function theorem to find z exactly satisfying (3-3). This is made precise using
Proposition 2.10. We sketch the details.

Set € = ||u|| 1. Define f : R? — R? via

Ji(@) =1Im(u — Qlz], D; Qlz])

for j =1, 2, and set zg = (¢, u). Note that |zg| < €. A computation using the expansion of Q[z] in
Proposition 2.10 yields
f(z0) = O(?).

Similarly (using Proposition 2.10), the Jacobian of the map z +— f(z) is computed by
Dj fi(z) =Im{u — Qlzl, D; Dy Qlz]) +Im(D; Q, D Q) = j —k + O(e + |z)). (3-4)

Therefore, by the inverse function theorem, for ¢ small enough we may find unique z such that f(z) =0.
The result follows. ]
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Under the (bootstrap) assumption that sup, ¢ 7y [u(?)| g1 < & for § small enough, we can therefore
uniquely decompose u(¢) in the form (3-1) such that (3-3) holds for each ¢ € [0, T].

The evolution equation for v is given by (3-2). To derive the evolution equation for z, we differentiate
the orthogonality conditions (3-3). Recalling (3-1), (3-2), and self-adjointness of H, this firstly leads to

0=TIm[i(v, HD; Q) +i(F(Q+v) = F(Q), D;Q) — (DQ(; +iEz), D; Q) + (v, D;DQ2)].
Differentiating (1-2) and observing that (2-20) and (3-3) imply Imi (v, Q) = 0, we may write
Imi(v, HD; Q) =1Imli(v, ED; Q) —ip(v, D;(1Q1” Q))]
=Im(v, D;DQiEz) —Imiu(v, D;(|Q]” Q)),
where we have used (2-20) again in the final line. Continuing from above, we arrive at the system
Im(v, D;DQ(z+iEz)) +Im(D;Q, DQ(z+iEz))
=—Imi[{(F(Q+v)— F(Q), D; Q) — (v, D;(I1QI" D). (3-5)
The inner product on the right-hand side of (3-5) is of the form (G (v, Q), D; Q), where G is at least
quadratic in v (see Section 4A). Identifying C with R?, we may write this system in the more compact form
A(z+iEz) =D, (3-6)
where A is the 2 x 2 real matrix with entries
Aji =Im{v, D; D¢ Q) +1m(D; Q, D Q)
and b € R? satisfies bj = RHS (3-5). Note that A coincides with the Jacobian matrix appearing in (3-4),

and hence Ajy = j —k+ O + |z]).

3A. Summary. We have set up the problem as follows: assuming that we have a sufficiently small
solution u to (1-1) on a time interval [0, T'], we choose z(¢) uniquely such that (3-3) holds for each ¢
(using Lemma 3.1). Defining v(¢) =u(¢t) — Q[z(¢)] (where Q is the solution to (1-2) as in Proposition 2.10),
we find that v and z solve the coupled system (3-2) and (3-6).

In the next section we will use these equations to prove bounds for v and z. In particular, this will
show that ¥ remains small, which implies that the decomposition for # can be continued for all time.
Furthermore, the bounds we obtain will allow us to complete the proof of the main result, Theorem 1.1.

Remark 3.2. Let us discuss in some more detail the orthogonality condition (3-3). We begin by consid-
ering the linearization of (1-1) around a fixed solitary wave e £/ Q. Identifying v with the real vector
v = (Re v, Imv)’, we can write the linearized equation the form v, = Lv for an explicit real matrix of
operators L. Recalling that Q solves (1-2) and employing the identity (2-20), we can connect the functions
D; Q to this linearized equation. In particular (recalling the identification of C and R?), one can compute

L'iD;Q = —Ez;[2:(iD1Q) — 21(i D> Q)]

where L' denotes the transpose of L and we write D; E[|z|]= Ez ;. One therefore finds that the pair {i D; O}
spans the generalized null space of L’. The orthogonality condition (3-3) is equivalent to the orthogonality
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of v (identified with the real vector (Re v, Imv)") to i D; Q (identified with (—Im D; Q, Re D; Q)")); here
we use the usual inner product for vectors of R-valued functions, i.e.,

(fl,fz)t-(gl,gz)'=/f181+/f2g2-

This condition projects v away from the nondecaying solutions to d,v = Lv, as we now explain. We
let {w;, wy} be a basis for the generalized null space of L’ (denoted by N) satisfying L’w; = 0 and
L'wy = w;. It is not difficult to check that N+ is invariant under the flow 8,v = Lv. Similarly, for
v(0) € N, we can find a solution to d;v = Lv of the form v(¢) = g (t)w; + g2(*)w,. In fact, explicit
computation reveals that ¢ and ¢, are linear functions in ¢. Thus, (3-3) exactly projects v away from the
nondecaying solutions of d,v = Lv, and hence we expect that the component v should decay.

At a technical level, the key benefit of imposing (3-3) arises in the computation of the ODE (3-5) for
z+1i Ez. In particular, imposing (3-3) leads to an ODE for z +i Ez that contains only quadratic and higher
terms in v. This is crucial because to describe the asymptotics of z will require that we estimate z +i Ez
in L!, while we can only hope to estimate v in spaces as low as L? (through reversed Strichartz estimates).

In contrast, suppose that we were to impose the natural condition

(v(1), o) =0, (3-7)

so that v = P.v. This type of condition appears in [Pillet and Wayne 1997; Weder 2000] and has the advan-
tage of allowing for Strichartz estimates for e ="' P, to be applied directly to v. In this case, one would find
that the ODE for z contains a term that is linear in v, and hence we would have no hope of estimating in L,l.

On the other hand, as v # P.v under the assumption (3-3), we cannot apply Strichartz estimates for
e itH directly to v. However, if we recall the decomposition Q[z] = z¢ + O(z?), then we can see that
the condition (3-3) implies (v(¢), ¢o) = O(z?), which suggests that the portion of v parallel to ¢¢ should
be small compared to v. In fact, in Lemma 4.4 we will prove that we can control v by P.v in all relevant
norms, and hence we will be able to utilize the estimates for e~*# P, after all.

4. Proof of the main result
We suppose u is a solution to (1-1) satisfying

sup |lu(@®)|z =6 4-1)
tel0,T]

for & sufficiently small, so that we may take the decomposition
u(t) = Qlz()1+v(r), where Im(v(t), D; Q[z(1)]) =0 for j € {1, 2},
as outlined in the previous section. By Lemma 3.1, we also have

sup {lzO[+ v} S sup Nu@llg < 6.
1€[0,71 1€[0,T]

Our goal is to extend these bounds to [0, oc) and to describe the asymptotics of z(¢) and v(#) as t — oo.
To accomplish this, we will prove a bootstrap estimate using the following norms, which should all be
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taken over [0, T] x R or [0, T']. We first define

. -3/2
1ol = ol e ginpszee + 160 20l ooz + 1000 e 2. (4-2)

lzlly = 12 +iEzll 2. (4-3)
Noting that

lz(t)| =

’

z(1) exp{i/ E[z(s)]ds}
0
we observe that
zllLee < [z(O)| + [Izlly- (4-4)

As the equation for v involves Q[z(#)], it will be convenient to introduce notation for norms of Q as
well. In particular, we define

101z := 1x)?Qllp1 orrzs + 10 Qll ez, (4-5)
IDQllw = 1(x)D Q1>+ 1(x)DQll o2 + 10 DOl 12 (4-6)

where Q = Q[z(¢)]. Using Proposition 2.10, we can control these norms as long as z(¢) remains sufficiently
small.

Lemma 4.1. If ||zl is sufficiently small, then
1Qllz <Nzl and |IDQllw S 1.

Proof. We begin with the estimate

1) Gl S IG I gy forany 1 <r <ocoandk >+ %, 4-7)

which follows from Holder’s inequality and the Sobolev embedding H (R) < L®(R). In particular,

101z S ”Q[Z(t)]”L;’OHXI”(QL,OOHXZ(R\{O}) and ||DQllw 5 ”DQ[Z(Z‘)]”L?OHX“‘

for large enough k. Here we only use H 2(R\{0}) to control 3, Q in L.
The result now follows from Proposition 2.10; indeed, for sup,y 7 |z(#)| small enough, we can write

Qlz(®)] = z(t)¢o + h(z(1)),
where h(z(t)) = O(|z(1)|?) and Dh(z(t)) = O(|z(¢)]) in the norms detailed in Proposition 2.10. U
4A. Estimates for the ODE. We first consider the ODE (3-6) for z, which we recall has the form
A(Z+iEz) =b,
with Ajy = j —k+O(8 + |z|) and
bj =—Imi[{F(Q +v) - F(Q), D; Q) — u{v, D;(| Q1" )]

To get the error bound on Aj;, we use Proposition 2.10 (similar to the proof of Lemma 4.1). In particular,
A is invertible with uniformly bounded inverse.
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Lemma 4.2. The following estimate holds:

1
lzly SIDClwllviiens " + vk,

Proof. We examine the right-hand side of the ODE (3-6) in a more detail. First,

— 2
p;leIre)="2101r20%0;0+ =01 bj0.

while

p+2 : p - 2
F(O+v)— F(Q) = ,uv/ |Q+0v|”d9—|—§,uvf 1040020 +0v)2dh.  (4-8)
0 0

Thus, we may write
bj=—-Imi(G(v, Q), D;Q),

where

2 1 1
Gw, 0) =" uv/O [|Q+9v|f’—|Q|f’]d0+§uﬁ/0 [10+6v/72(Q +6v)> — |02 0% 6.

In particular,
IG(v, Q)] = O QP + Pt (4-9)

Using the above together with Proposition 2.10 and Sobolev embedding, we may now estimate
I1Z+iEzll S [Ivl7= QI +||v||”“HLz||DQ||LwL1
< ||DQ||W{||v||L¢L;o||Q|| e L P oy
SIDQIwlllvIX Iy + vl (4-10)

which is acceptable. We next estimate the L!-norm. Using (4-9), we estimate

i+ iE2ly S [ 147 (G, 0). DO dr

SIGw. QDO

S P02 1P QI DOy + 105 10N I DO ey
1
SIDQlwllvIZIely ™ + v ||P+ :
which is acceptable. O

4B. Estimates for the PDE. We next consider the PDE (3-2) for v.
We will prove the following.

Proposition 4.3. The following estimate holds:

lwlix S 0O llg + Izl IDQlw + lvlix 1215 + lvllg ™.
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The plan is to use Strichartz and local smoothing estimates for e ="', However, we cannot apply these
estimates directly to v because the orthogonality conditions (3-3) do not imply that v belongs to the
continuous spectral subspace of H. Nonetheless, using Proposition 2.10 and (3-3), we can prove that v
can be controlled by P.v.

Lemma 4.4. There exists § > 0 small enough that the following holds: If ||z||L> < § and v € X satisfies

the orthogonality condition
Im(v(r), D; Qlz(0)]) =0 for j € {1, 2} (4-11)
(where Q|z] is as in Proposition 2.10), then
vllx < I1Pevllx.
Here X is as in (4-2) and P, denotes the projection onto the continuous spectral subspace of H.

Proof. Writing v = P.v + (¢, v)¢o, we see that it suffices to prove

{0, v)dollx L llvlx-
To this end, we use Proposition 2.10 to write Q[z(t)] = z(t)¢o + h(z(¢)), with h(z) = O(z*) and
Dh(z) = O(z) in the norms detailed in Proposition 2.10. As (4-11) yields

(@0, v))| S (DR, v(1))],
we can estimate
{0, v)@ollx < (DR, v()) |l 271
We now claim that

I{Dh, vl 2 S N2lizgellvlix, (4-12)

from which the result follows. To see this, first note that by the triangle inequality and Minkowski’s
inequality, we have

DR, v 2 SIDh vl 2 S IDRvlzr2 S 1) 2DRI Ly 1o 16) 70l o2
Using (4-7), we see that this term is acceptable. Next,
(DR, v(®)) Iz S I Dhllper2llvlipeer2,
which is acceptable as well. The result follows. (I
Using Lemma 4.4, we see that it suffices to estimate the X-norm of P.v. Applying P, to (3-2), we have
io; P.v=HP.v+ P. N,
where we recall

N=F(Q+v)—F(Q)—iDQ(z+iEz).

In particular,

t
Pcv(t)=ei’HPcv(O)—i[ e U=IH p Afds. (4-13)
0
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We begin with the linear evolution term.
Lemma 4.5. The following bound holds:
le™  Pev(O)llx < 0(O)l1-

Proof. Recalling the definition of the X -norm in (4-2), we find that the lemma follows from Proposition 2.1,
Proposition 2.3, and (2-19). O

We turn to the Strichartz norms for the inhomogeneous term.

Lemma 4.6. The following bound holds:

t
/ e—i(t—s)HPCNds
0

p p+1
SlzlivIDQ@llw + llvlix 12Nz + vl -
LPLANLILS®

Proof. Using Corollary 2.5 we first estimate

‘
/ e—i(z—s)HpC[DQ(i +iEz)]ds
0

SIx)2DOE+IED |,
SNxYPDQll sz |2+ i Ezll 2
SIDQlwlzly,

LPL2NLILS

which is acceptable.
Next we write nonlinear term in the form

F(Q+v)—F(Q)=F + F,+ F;3,
where
Fi=000"), F=00*0" '+v’Q), and F;=pulv|’v. (4-14)

Such a decomposition is easily achieved under the assumption that F(u) = u|u|”u with p equal to an
even integer greater than or equal to 4.
The linear term is handled as follows. Using Corollary 2.5, we have

t
‘/ e UIH p F ds

S 1x)2 Pl 2
0 ,
which is acceptable.

~

4 p —3/2 p
SHDYPQIY,, )™ vl 2 S HQIG VI,
X t

LPLINLEL

Next, we use Proposition 2.1 to estimate

t
/ e U=IH p B ds
0

2 Hp-1 2
S QP I pes + 0P Q7 ers
L&L2NLILE " i
Using Minkowski’s inequality to control L®L# by L}L%®, we firstly estimate

4/3
LELY

—1

2r-1 -3/2 2/3 2/(p—1 p
10 QM o S )20l o 011 s 12 PR QI G
X X t

LeLf

2 -1
Slvlixlely .
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which (after an application of Young’s inequality) is acceptable. The other term is treated similarly:

p < —3/2. ,4/3 2/3
1070l s < 116r) /2012 L I3, IR0 s

SvlkiQlz.

which is again acceptable after applying Young’s inequality.
Finally, the contribution of the F3 term containing only v is estimated as follows: using Proposition 2.1,

t
’L/,e_““”)HI%(hdpv)ds
0

S vlPoll, 31

LPL2NLILS® "
|I7
b

Sl lol?

L4Loo LOOLP 2N”v||L4Loo||v”LEXJHlN” |
which is acceptable. This completes the proof of Lemma 4.6. (Il

We next consider the L° Hxl norm of v. We treat this term by an energy estimate. We will make use
of Lemma 2.8.

Lemma 4.7. The following estimate holds uniformly over t € [0, T]:

2
HPUOWHI<vamHl+HMHHMHHDQﬂw+ﬂNuﬂQH2+HNW+,
where norms are taken over [0, t] x R.

Proof. By (2-19), we have
IPv®) g S IVHP@)]2, + o) 2.

As the L® L2 norm is controlled via Lemma 4.6, it suffices to estimate v/ H Pv.
To this end, we use the self-adjointness of H and (3-2) to write

wJﬁRwanﬁzszﬁRmmn@f+m{/<Jﬁamoxxﬁ§mAnds
i 0

where
N=DQZ+iEz)+Fi+F+F;

as in (4-14). In fact, we will split the term F> (which collects the terms of orders v2QP-! through v? Q)
further by writing
F,=F, + F3,

where le collects terms that are linear in Q. We do this so that we can group this term with those
appearing in (4-17) below (rather than (4-16)). This is necessary because when the derivative lands on Q
we cannot additionally absorb weights in order to produce a (x)~3/?v term in LO"L2 indeed, we only
control d, Q in LY. Thus we must put the whole term in Lt1 L?; < see (4-18) below.

We first observe that by (2-19), we have

IVH P2, < v (0)]3

HV
which is acceptable.
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We next use Lemma 2.8 to write
t t t
(vHP.v(s)VHPN)ds = f (0, v(s), N ds +f (m(3y)d,v(s), 9, N) ds, (4-15)
0 0 0

where m(u) = (g —i w)~! (up to the addition of similar terms). We claim that both terms in (4-15) may
be controlled by

190l oc 21195 (Fy 4 Fl 112 (4-16)
19,0l e 22 10:[DQG +iE2) + F + Fslll 12 (4-17)

For the first term in (4-15), this follows directly from Holder’s inequality. For the second term in (4-15),
we use Holder’s inequality and the fact that m(d,) maps L°L? — L®L? and L?> — L? boundedly (see
Remark 2.9).

We turn to estimating the terms in (4-16) and (4-17).

We begin with (4-16). First, by the chain rule:

10x Fill 22 S 10x0ll e 21N p oo + 1G0T 200 o 2 1 0) 2P0 Q) 7

Slivlixliely,

which is acceptable.

19x Qllzes

Lh- ‘L°°

We turn to the intermediate terms in F22, which contains terms of the order v2Q?~! through v? 102
Applying the chain and product rule and Young’s inequality, we are led to estimate four types of terms in
LLL? corresponding to these two extreme cases. When the derivative lands on a copy of v, we estimate

1
1@ 000" 12 S 180l ez vl 1Q17, 1 .
LYL
2
1@, v)vP 2 Q? lLiz2 < 110 vIILooLzllvll IIQIILzLoo,
which are acceptable. When the derivative lands on a copy of Q, we instead estimate
2 Ap=2 -3/2 3/Q2(p-2
1020728, Qll 12 S I10x) > ull g2 0l s 1) P~ ”QnL,, 2o l10x Ol
-1 -3/2 3/2
P77 Q0x Q12 S II{x) /vllLooLZIIUII ||< >/Q||L;L;>o||3xQIIL;>3,

which are acceptable.
We turn to (4-17). We first have

10l o2 10x[D Q@+ EDN 12 S 10xvllpper2 10 D Qllpeer2 12+ 1 E2]l 1)
S vlixlzliyIDQliw,

which is acceptable.
Next, we estimate the contribution of le in (4-17), which contains terms that are linear in Q. Dis-
tributing the derivative, we are led to estimate the following terms. First,

WP0x Qll 12 S ||v||L4Loo|IvI| ||3 Ollzzerz S IvlkIIQllz, (4-18)
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which is acceptable. Next,

—1 2 -3
P @xv) Qllzy 2 S VIa 107 @xv) Ol

S ||v||L4LooI|a Vll ez llvll7= ”Q”L2L°° S vl lQllz,

which is acceptable.
It remains to estimate the contribution of F3 in (4-17). The purely nonlinear term F3 = p|v|Pv is
estimated as

—4 p+2
10xvllzer2 9 ((vIP V)12 S IIUIIL4LOOII3 U||LocL2||U||Loo Sl

which is acceptable. O

It remains to estimate the contribution of the inhomogeneous Duhamel term to the L;’QLI2 components
of the X-norm (see (4-2)). The key ingredients will be Proposition 2.6 and Corollary 2.7.

Lemma 4.8. The following estimates hold: For m € {(x)™>/?, 8},

t
i(f— 1
H’"/ e H=IH p_ N ds <IDQlwlzlly + Ivlxl QIS + vll5H.
0

LeL2
Proof. We recall that
N=DQ@EZ+iEz)+ Fi+ F,+ F3,
where Fj are as in (4-14).
We first use Proposition 2.6 to estimate

t
“m/ e {=IHPpIDOG+iEZ)]ds
0

SI@DQE+IED 2
1L L
SID QI Iz +iEzll 2 S IDQlwlizlly,

which is acceptable.
Next, we estimate

t
m/ e UIH p Fds S ||(3C>va”L‘L2
0

S CP QN M) T 0l g2 S HQIZ Ik

L®L?

which is acceptable.
The contribution of F; is estimated by

t
Hm[ e U=IH p B ds
0

S QP Ml + 1) 0P Ol 2
5/Q(p— 1))Q||

LyLy

S 1) 20l o2 0l Il (x) 1) 7 20ll e 20l 7 ~ 1) QI

2 —
Slvlikieny ™" + vikiellz.

which is acceptable (after an application of Young’s inequality).

Lr ‘LOC
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Finally, we use Corollary 2.7 to estimate

t
) R ¥ Y T
0 L?er 4 p—4 < p+1
S0l ap o 0N M0l ey S NI
which is acceptable. This completes the proof of Lemma 4.8. (Il

Finally, using Lemmas 4.4, 4.5, 4.6, 4.7, and 4.8 we complete the proof of Proposition 4.3.

4C. Completing the proof. In this section, we first use the estimates of the previous two sections in
order to close a bootstrap estimate, which allows us to continue the decomposition of u for all time, as
well as to prove the desired properties for z(¢) and v(¢) and hence complete the proof of Theorem 1.1.

We let u(t) be the solution to (1-1) with initial data ug, where |ug|| 71 = é for some small § > 0. By
local well-posedness and Lemma 3.1, we can uniquely decompose u as

u(t) = Qlz(®)]+v(t), with Im(v(¢), D; Q[z(1)]) =0 for j € {1, 2}, (4-19)

at least on some time interval, with |z(#)| + [[lv(O)] g1 < lu(@) || g1 < 8. On such an interval, we can
now collect the estimates from the previous section. Collecting Lemma 4.1, (4-4), Lemma 4.2, and
Proposition 4.3, we have

lzlze <8 = 11Qlz S lizllee and |DQflw S 1, (4-20)
lzllzze < 12(0)] + lizlly,

lzlly SIDQIw vl eny " + vl (4-21)

lllx S 10O + Izl 1D Qllw + vl x 1 QI + vl (4-22)

By a standard bootstrap argument (choosing 6 small), it follows that the bounds
@l S8, Mvllx S8, llzlle S8, and  zlly S 8%

as well as the decomposition (4-19), persist for all time.

We turn to establishing the asymptotics v(¢) and z(z).

First, we prove scattering in H' for v(¢). We claim that it suffices to prove scattering for P.v(t).
Writing v = P.v 4+ (¢o, v) o, the claim reduces to proving

Am ([ {o, v(®))goll i1 = 0. (4-23)

Proof of (4-23). Using the orthogonality conditions in (4-19) and using Proposition 2.10 to write
QOlz(t)] = z(t)po + h(z(2)) (as in the proof of Lemma 4.4), we find

{0, v()@ollg S DA a3V (@) 24

IDAN ooy 25 S llzllze
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it suffices to prove that ||v(¢)|| = 0 as t — oo. To see this, we firstly observe (by interpolation of L;’OL)ZC
and LfLio) that ||v(t)||‘£4é € Lt2. We will now show that 9, ”U(t)”i;‘ is bounded, which implies the desired
result. Using (3-2) for v and Lemma 2.8 (writing Hv = HP.v — q2¢0(¢0, v)), we can firstly estimate

4 2 2 3 2
Illv 7+ S vllzee 18xv 7002 + W75 0l L 2 I B0l g
3 3 . .
Tl e IF(Q+v) = F(DliLerz + 10l o IDQllper2 12 +iEzl e

uniformly in ¢. Using the bounds on v and Q[z], we see the proof boils down to controlling z +iEz
in L{°. For this, we go back to the ODE (3-6) and use the computations at the beginning of Lemma 4.2 to

bound
12+ iEzle S NP7 + 0P DO e

-1 -1
SIDQN 2l s QITS + 0l
This completes the proof of (4-23). (Il

It finally remains to prove scattering for P.v(t). For this we use the Duhamel formula (4-13) to show
that {e!'" P.v(t)} is Cauchy in H'. Indeed, using the estimates from Lemmas 4.6 and 4.7, we can deduce

i i +1
e Pev(r) — e Pov(s) g1 S zly IDQllw + Ilix 1 Q1% + Ivlg T

where now the norms on the right-hand side are restricted to (s, t) (and not all of the components of the
X-norm are L in time). Sending s, t — oo yields the claim.

Finally, we note that ||z +i{ Ez]| L! < 82 yields the desired bounds and asymptotics for z. This completes
the proof of Theorem 1.1.
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GEOMETRIC REGULARITY FOR ELLIPTIC EQUATIONS
IN DOUBLE-DIVERGENCE FORM

RAIMUNDO LEITAO, EDGARD A. PIMENTEL AND MAKSON S. SANTOS

We examine the regularity of the solutions to the double-divergence equation. We establish improved
Holder continuity as solutions approach their zero level-sets. In fact, we prove that «-Holder continuous
coefficients lead to solutions of class C', locally. Under the assumption of Sobolev-differentiable
coefficients, we establish regularity in the class C"*!" . Our results unveil improved continuity along a
nonphysical free boundary, where the weak formulation of the problem vanishes. We argue through
a geometric set of techniques, implemented by approximation methods. Such methods connect our
problem of interest with a target profile. An iteration procedure imports information from this limiting
configuration to the solutions of the double-divergence equation.

1. Introduction

In the present paper we study the regularity theory for solutions to the double-divergence partial differential
equation (PDE)

05, (@7 (Du(x) =0 in By, (1)

where (a'/ )g j=1 € S(d) is uniformly (&, A)-elliptic. We produce new (sharp) regularity results for the
solutions to (1). In particular, we are concerned with gains of regularity as solutions approach their zero
level-sets. We argue through a genuinely geometric class of methods, inspired by the ideas introduced by
L. Caffarelli [1989].

Introduced in [Littman 1959], equations in the double-divergence form have been the object of important
advances. See [Sjogren 1973; Bogachev and Shaposhnikov 2017; Hervé 1962; Littman 1963; Fabes and
Stroock 1984; Bogachev et al. 2015]. The interest in (1) is due to its own mathematical merits, as well as
to its varied set of applications.

The primary motivation for the study of (1) is in the realm of stochastic analysis. In fact, (1) is the
Kolmogorov—Fokker—Planck equation associated with the stochastic process whose infinitesimal generator
is given by

Lv(x):= a'l (x) 8fixjv(x).

Therefore, one can derive information on the stochastic process through the understanding of (1).

MSC2010: 35B65, 35J15.
Keywords: double-divergence equations, geometric regularity, improved regularity at zero level-sets.
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A further instance where double-divergence equations play a role is the fully nonlinear mean-field
games theory. The model-problem here is

{F(D2V) =g(u) in By,

02, (FI(D*V)u(x) =0 in By, @

where F : S(d) — R is a (&, A)-elliptic operator, F"/ (M) stands for the derivative of F with respect
to the entry m; ; of M and g : R — R is a given function. In this case, the first equation in (2) is a
Hamilton—Jacobi, associated with an optimal control problem. Its solution V accounts for the value
function of the game. On the other hand, the population of players, whose density is denoted by u,
solves a double-divergence (Fokker—Planck) equation. The mean-field coupling g encodes the preferences
of the players with respect to the density of the entire population. Therefore, the solution u describes
the equilibrium distribution of a population of rational players facing a scenario of strategic interaction.
Through this framework, double-divergence equations are relevant in the modeling of several phenomena
in the life and social sciences. As regards the mean-field games theory, we refer the reader to [Gomes
et al. 2016].

A further application of equations in double-divergence form occurs in the theory of Hamiltonian
stationary Lagrangian manifolds [Chen and Warren 2019]. Let Q C R? be a domain and consider
u € C*(R2). The gradient graph of u is the set

I, :={(, Du(x)):x € Q},

whereas the volume of I',, is given by

Fo(u) = f Jdet(I + (D2u)T D?u) dx.
Q

Given 2 C R, the study of critical points/minimizers for Fg(u) yields the compactly supported first
variation

/ Vdetg g6 s by dx =0 3)
Q
for all ¢ € C2°(K2), where

g: =1+ (D*w)" D*u

is the induced metric. It is easy to check that (3) is the weak (distributional) formulation of

aﬁjxl (detg g 6Mu,. ) =0 inQ.

Hence, given a domain, the minimizers of the volume of the gradient graph relate to the solutions of a
PDE in the double-divergence form.
As mentioned before, the study of (1) starts in [Littman 1959]. In that paper, the author considers weak
solutions to the inequality
Oy, (@’ (Du(x)) =0 in By,

and establishes a strong maximum principle. In [Hervé 1962], the author develops a potential theory
associated with (1). This theory is shown to satisfy the same axioms as the potential theory for the
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elliptic operator

XiXj*®

Hence, the study of the former provides information on the latter. An improved maximum principle, as
well as a preliminary approximation scheme for (1), are the subject of [Littman 1963].

It was only in [Sjogren 1973] that the regularity for the solutions to (1) was first investigated. In that
paper, the author proves that solutions coincide with a continuous function, except in a set of measure zero.
Together with its converse — and under further conditions — this is called the fundamental equivalence.
In addition, a result on the «-Holder continuity of the solutions is presented. Namely, solutions are proven
to be locally a-Hélder continuous provided the coefficients satisfy a'/ € Creo(B1).

In [Fabes and Stroock 1984], the authors examine properties of the Green’s function associated with
the operator driving (1). One of the results in that paper regards gains of integrability for the solutions. In
fact, it is reported that locally integrable, nonnegative solutions are in Lﬁ)/c(d_l)(Bl).

A distinct approach to (1) regards the study of the densities of solutions, that is, their Radon—Nikodym
derivatives with respect to the Lebesgue measure. In this realm, several developments have been produced;
see [Bogachev et al. 2015]. For example it is widely known that, if (a%/ )f{ =1 is nondegenerate in By,
every solution to (1) has a density; see [loc. cit.].

In [Bogachev et al. 2001] the authors prove that det[(a"/ )g =1 Ju has a density in Lﬁ)/c(d_l) (By1), provided
u > 0. If, in addition, (a%/ );.1’ =1 is Holder continuous and uniformly elliptic, u is proven to have a density
in L4/

(a¥ )?, =1 is in WIL’CP (B;) and det[(a"/ )f{ j= 11 is bounded away from zero, the authors prove that solutions
have a density in WIL’CP (B1). It is worth noticing that [loc. cit.] addresses differential inequalities of the

(By1). Regularity in Sobolev spaces is also studied in [loc. cit.]. Under the assumptions that

form

/ a' () u(x) gy, (x) dx < Cll@llyioe(s,)
B

for some C > 0. The corpus of results reported in [loc. cit.] refines important previous developments; see,
for instance [Bogachev et al. 1997; Krylov 1986].

In the recent paper [Bogachev and Shaposhnikov 2017], the authors consider densities of the solutions
to (1) and investigate their regularity in Holder and Lebesgue spaces. In addition, they prove a Harnack
inequality for nonnegative solutions; see [loc. cit., Corollary 3.6]. Among other things, this result is
relevant as it answers in the positive an open question raised in [Mamedov 1992]. In fact, it is shown that
densities are in sz)c(Bl), for every p > 1, if (a'l )f'l, j=1 € VMO(B;). Moreover, the authors examine the
regularity of densities in Holder spaces, provided the coefficients are in the same class.

A remarkable feature of PDEs in the double-divergence form is the following: the regularity of
(a'l )ﬁ‘j j=1 acts as an upper bound for the regularity of the solutions. It means that gains of regularity are
not (universally) available for the solutions, vis-a-vis the data of the problem. To see this phenomenon in
a (very) simple setting, we detail an example presented in [Bogachev and Shaposhnikov 2017]. Setd =1
and consider the homogeneous problem

(@a@)v(x))xx =0 in]-1, 1. “)
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Take an arbitrary affine function £ : B; — R and let u(x) := £(x)/a(x). Notice that
£(x)
a(x)_¢xx dx=0
B a(x)

for every ¢ € Cé (]—1, 1]). Therefore, u is a solution to (4). It is clear that, if a(x) is discontinuous, then
u is as well.
Although solutions lack gains of regularity in the entire domain, a natural question regards the conditions

under which improvements on the Holder continuity can be established. Let S C B; be a fixed subset of
B

loc
of the solutions along S will be important. Even more relevant in some settings is the regularity of the

the domain and suppose that further, natural conditions are placed on (a'/ )Z =1 € Cloe (B1). The regularity
solutions as they approach S C Bj.
In this paper, we consider the zero level-set of the solutions to (1). That is,

Solu] :={x € By :u(x) =0}.

We prove that, along S, solutions to (1) are of class C* for every « € (0, 1), provided (a*/ )i i=1 is Holder
continuous and satisfies a proximity regime of the form

la” —a" (0L 8,) < 3-
The precise statement of our first main result is the following:

Theorem 1. Letu € LIIOC(B 1) be a weak solution to (1). Suppose assumptions AI-A2, to be set forth in
Section 2.1, are in force. Let xg € So(u). Then u is of class C 1= at xo and there exists a constant C > 0
such that

sup [u(xp) —u(x)| < Cr®
B, (XO)

for every o™ € (0, 1).

The contribution of Theorem 1 is to ensure gains of regularity for the solutions to (1) as they approach the
zero level-set, though estimates in the whole domain are constrained by the regularity of the coefficients a'/.
From a heuristic viewpoint, whichever level of e-Holder continuity is available for the coefficients — with
OD<ek %— suffices to produce C!' regularity for the solutions along So[u]. See Figure 1.

The choice for Sy is two-fold. Indeed, along this set, the weak formulation of (1) vanishes. Hence, at
least intuitively, the weak formulation of the problem fails to provide information on the original equation
along Sp[u]. A remarkable feature of (1) is related to this apparent lack of information across the zero
level-set. As a matter of fact, the structure of the equation is capable of enforcing higher regularity of the
solutions along the set where the weak formulation vanishes.

A second instance of motivation for the choice of Sy falls within the scope of the nonphysical free
boundaries. Introduced as a technology inspired by free boundary problems in the regularity theory of
(nonlinear) partial differential equations, this class of methods has advanced the understanding of fine
properties of solutions to a number of important examples. We refer the reader to [Teixeira 2014].
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( )

u(x)

almost-Lipschitz
decay to zero

- J

Figure 1. Almost-Lipschitz decay to zero: although the graph of the solutions to (1)
admits cusps in the presence of merely Holder continuous coefficients, they approach
their zero level-sets with C¥-regularity for every o € (0, 1). It means that solutions reach
the nonphysical free boundary in an almost-Lipschitz manner.

In addition to the study of (1) in the presence of Holder continuous coefficients, we also consider the
case (a”)d j=1 € W1 P(By) for p > d. In this setting, (1) becomes

Ay, (@ (x) d,u(x) + dy,a” ()u(x)) =0 in By. 5)

Here, two new layers of information are unveiled. First, it is known that solutions to (5) are in
llocl 4/p (B1) —see [Ladyzhenskaya and Uraltseva 1968, Chapter 3, Theorem 15.1]; i.e., the gradient of
the solutions exists in classical sense. Second, the weak formulation of the problem vanishes at a different

subset of the domain, namely

Silu] :={x € By : u(x) =0 and Du(x) = 0}.

loc
to (1) are locally of class C L1~ along Sy[u]. This is the content of our second main result:

Under the assumption (a*/ )fl =1 € WP (B1), and the appropriate proximity regime, we prove that solutions

Theorem 2 (Holder regularity of the gradient). Lef u € L1 oc
and A3, to be introduced in Section 2.1, hold true. Let xo € S1[u]. Then u is of class C LI at xo and there
exists a constant C > 0 such that

(B1) be a weak solution to (1). Suppose Al

sup |Du(x) — Du(xg)| < cre

x€B,(xo)

for every o* € (0, 1).

The regularity of the coefficients in Sobolev spaces is pivotal in establishing Theorem 2. Here, Sobolev-
differentiable coefficients switch the regularity regime of (1) allowing for an alternative weak formulation
of the problem.

We remark that our methods accommodate equations with explicit dependence on lower-order terms; i.e.,

07 1, (@ (0)u(x)) = 3, (b ()u(x)) + c(Du(x) =0 in By,

provided the vector field 5 : B — R and the function ¢ : B; — R are well-prepared. See Remarks 13 and 18.
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Our arguments are intrinsically geometric. We approximate weak solutions to (1) by solutions to a
homogeneous, fixed-coefficient equation of the form

a'’(0)92, v(x) =0 in By. ©)

Among such solutions, we select v such that So[u] C So[v], and Si[v] C Si[u], when appropriate.
An approximation routine builds upon the regularity theory available for the solutions to (6). This is
achieved through a geometric strategy, which produces a preliminary oscillation control. To turn this initial
information into an oscillation control in every scale, an iterative method takes place. This line of reasoning
is inspired by trail-blazing ideas first introduced in [Caffarelli 1989]. See also [Caffarelli and Cabré 1995].

The remainder of this paper is organized as follows: Section 2.1 details our main assumption, whereas
Section 2.2 collects a few elementary facts and notions, together with auxiliary results. In Section 3 we put
forward a zero level-set approximation lemma and present the proof of Theorem 1. A finer approximation
result appears in Section 4, where we conclude the proof of Theorem 2.

2. Preliminary material and main assumptions

In this section we introduce the main elements used in our arguments throughout the paper. Firstly we
discuss our assumptions on the structure of the problem. Then, we collect a few definitions and results.

2.1. Main assumptions. In what follows, we detail the main hypotheses under which we work in the
present paper. We start with an assumption on the uniform ellipticity of the coefficients matrix (a'/ )?‘: =1
A1 (uniform ellipticity). We assume the symmetric matrix (a'/ (x))f =1 satisfies a (A, A)-ellipticity
condition of the form
Ad < (aV ()} ;- <Ald

for some 0 < A < A, uniformly in x € Bj.

The next assumption concerns the regularity requirements on the coefficients to ensure Holder continuity
of the solutions to (1). This fact is central in the proof of Theorem 1.

A2 (a-Holder continuity). The map (a'/ (x))f{ i1 B — S(d) is locally uniformly o-Hdlder continuous.

That is, we have
a'’ € Cy.(By)
foreveryl <i<dandl1<j<d.
We conclude this section with a further set of conditions on the coefficients a’/. Such an assumption

unlocks the study of the gradient-regularity for the solutions to (1), along Sy[u].
A3 (Sobolev differentiability of the coefficients). Let p > d. The map

@i ., : B > 8@
is in Wli’cp (B1). That is, we have
al e W2P(By)
foreveryl <i<dandl1<j<d.
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In the next section we gather elementary notions and basic facts used further in the paper.

2.2. Preliminary notions and results. We start with a result first proven in [Sjogren 1973]. It concerns
the existence of a continuous version to the weak solutions to (1).

Proposition 3 (continuous version of weak solutions). Let u € L]IOC(B 1) be a weak solution to (1). Then,
there exists a null set Q C By and v € C(B)) such that

u=v inB;\Q.

Proof. For the proof of the proposition, we refer the reader to [Sjogren 1973, Lemma 1]; see also [Sjogren
1975]. O

Remark 4. Hereafter, we suppose that every locally integrable function solving (1) in the weak sense is
continuous.

Before proceeding we recall the fundamental solution of the operator

a'(y) a?

XiXj ;
such a function will be denoted by H (x, y). In the case d > 2, H is defined as

a0 i = yi) (g = yp1e= 72

H(x.y) = L
(d — Da(d)y/det[@))] ]

(N

where (a; j)d = [(a )l‘?{ =1 17! and a(d) stands for the volume of the unit ball in dimension d.

ij=1"=
A fundamental result in the context of this paper regards initial levels of compactness for the solutions
to (1). This is the subject of the next proposition, which we recall here for the sake of completeness.

Proposition 5 (compactness of the solutions). Let u € LIIOC(B 1) be a weak solution to (1). Suppose AI-A2

o

are in force. Then, u € C

(B1) and there exists a constant C > 0 such that
||u||C°‘(Bl/2) = C? (8)
with C = C(d, &, A, |la" |lce(sy)s llullLB,))-

Proof. The inclusion u € C7 .(By) is a well-known result; see, for instance [Sjogren 1973, Theorem 2].
As for the estimate in (8), it follows from considerations on the oscillation of the fundamental solution H,
defined in (7), and its derivatives; see the proof of [loc. cit., Theorem 2]. O

We proceed with a proposition on the sequential stability of the solutions to (1). It will be used later to
establish two approximation lemmas.

Proposition 6 (sequential stability of weak solutions). Suppose that

(a1 i—Dnen C Cire(B1; S(d))

is a sequence of matrices such that

lla;] —a" (xo)ll L=,y — 0
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as n — 00. Suppose further that (fy)nen C LP(By) is such that

Il fullr sy — O

asn — o00. Let (uy)pen C Llloc(Bl) satisfy

a,%,'xj (aizj(x)un(x)) == fn in B].

If there exists u~, € C(By) such that

lun — ool = 0
as n — 00, then u, satisfies
/B a'? (x0)oo (X) ¢y, x; () dx = 0
for every ¢ GCE(BI). |

Proof. First, notice that we have ay/ (xo) — a'/ (xo) as n — oo. Now, for every ¢ € C%(By) we have

l /B Prix; a7 (x0) oo (x) dx| < /B |, 1 1@ (x0) — al ()] 1o (x)] dx

+/B |, ay) ()|l (X) — oo (x) | dx +/B P! fn] dx.

Notice that the right-hand side of this inequality converges to zero as n — oo. Therefore,

Py (0)too () dx = 0. O
B ’

In addition to the sequential stability, our arguments require an initial degree of compactness for the
solutions to (1). When it comes to the proof of Theorem 1, uniform compactness comes from Proposition 5.
In the case of Theorem 2, we turn to a well-known result on the regularity of the (weak) solutions to
equations in the divergence form. We start with an observation.

In case A3 is in force, we claim that (1) can be written as

A, (@ (x) dy,u(x) + dy,a"” (X)u(x)) =0 in By. )
Indeed, if a'/ is weakly differentiable, we have
/ a'u Oz dx = — (a" 8xju+8xjaiju) Oy, ¢ dx
B] Bl .

for every ¢ € C?(Bl). Hence, under A3, the homogeneous version of (1) is equivalent to (9). Now we are
in position to state the following:

Proposition 7. Let v € WP (B)) be a weak solution to (9). Suppose Al and A3 are in force. Then,

vE Cﬁ.’f (B1), where

Moreover, there exists a universal constant C > 0 such that

vllcracs, . < CllvliLes)).-
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For the proof of Proposition 7, we refer the reader to [Ladyzhenskaya and Uraltseva 1968, Chapter 3,
Theorem 15.1]. The former proposition is paramount in establishing Theorem 2. Apart from compactness,
it produces gradient-continuity for the solutions to (9). This information plays a critical role in the
treatment of fine regularity properties of the solutions to the homogeneous version of (1) along S;[u]. In
particular, it unlocks a first zero level-set approximation result.

We conclude this section with a comment on the scaling properties of (1). Indeed, we consider weak
solutions satisfying |[u||z~(p,) < 1. Let u € C(B;) be defined as

u(x)

max{1, lul L)}

u(x):=

where u is a weak solution to (1). It is clear that i is a weak solution to
2 i j - .
02,,(@’ (®i(x)) =0 in B,

Notice that |||z (p,) < 1. Then, hereinafter we consider, without loss of generality, normalized solutions
to (1). In the sequel, we set forth the proof of Theorem 1.

3. Improved regularity of the solutions

In this section we detail the proof of Theorem 1. As mentioned before, we reason through an approxima-
tion/geometric method. At the core of our argument lies a zero level-set approximation lemma. It reads
as follows:

Proposition 8 (zero level-set approximation lemma). Let u € Llloc(Bl) be a weak solution to (1),
xo € Solu]l N By,10 and suppose AI-A2 are in force. Given § > 0, there exists ¢ = &(8) > 0 such that, if
sup |a” (x) —a” (0)| < e,
xeB;

there exists h € Cl’l(Bg/lo) satisfying

”I/l - h”Loo(Bg/]()) < 87
with
h(xp) = 0.

Proof. The proof follows from a contradiction argument. We start by supposing that the statement of the
proposition is false. Therefore, there exist 5o > 0 and sequences ([aﬁ,’]gjzl)neN and (u,)nen C L°(By)
such that
sup [af (x) — aif (0)] ~ +.,
x€B; n
xo € Solun] N Byj10,
05y, (@] ()un(x)) =0 in By,
but
[un(x) —h(x)| >3 or h(xp)#0

for every h € chl (By/10) and every n € N.
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Notice that (#,),en is uniformly bounded in C*(B;). Therefore, there exists u, such that
llun — “oo”Cﬁ(Bl) —0

for every 0 < B < «, through a subsequence, if necessary. On the other hand, we have a,ij (0) — @ (0) as
n — 00; hence
)} (0) = a?(0)] < la] () — ;] 0| + |, (0) =@ (O)).
Therefore
llay) —a" ()l z() — 0
as n — oo. Hence, the sequential stability of weak solutions (Proposition 6) leads to

07, @ (O)utoo(x)) =0 in Boyj1g.

The regularity theory for constant-coefficient equations implies that u, € C'*!(Bg /10) and, moreover,
Uso(x0) = 0. Finally, there exists N € N such that

|un (X) — oo (X)] < b0,
provided n > N. By taking & = u,, we produce a contradiction and conclude the proof. (I

Remark 9. The proof of Proposition 8 shows that the approximating function / solves the problem

{afixj (@7 (0)h(x)) =0 in By,

(10)
h=ho on 339/10,

where
A0l oo (@ Boj10) < & + Nl Loo(By)-

Therefore, it follows from standard results in elliptic regularity theory that

IAlleri(py) ) < €L+ llullze(s))),

where C > 0 depends on the dimension d, the ellipticity constants A and A and a'/ (0). We notice the
constant C does not depend on u.

Remark 10. A priori, the parameter ¢ > 0 depends only on § > 0. We notice however that (a universal)
choice of §, made further in the paper, implies that ¢ will depend on the exponent ¢, the dimension d, A,
A and |lu| L~ (B,). Therefore, we have

&= 8(0[, d’ )\" A’ ”u”Loo(Bl))-

Next, we control the oscillation of the solutions to (1) within a ball of radius 0 < p K %, to be
determined later.

Proposition 11. Let u € L' (B)) be a weak solution to (1). Suppose AI-A2 are in force. Then, for every
a € (0, 1), there exists ¢ > 0 such that, if xo € Solul N By/10 and

sup |a” (x) —a (0)| < e,
x€B;



GEOMETRIC REGULARITY FOR ELLIPTIC EQUATIONS IN DOUBLE-DIVERGENCE FORM 1139

we can find 0 < p K %for which

sup Ju(x)| < p%.
B, (x0)

1,1
loc

Proof. We start by taking a function & € C,_, (Bg,10) satisfying

”M - h||L°°(Bg/1()) < 89
with
h(xp) = 0.

The existence of such a function is guaranteed by Proposition 8. We have

sup |h(x) —h(xo)| = Cp

X€B,(x0)

for some constant C > 0; see Remark 9. Therefore,

sup  fu(x) —h(xo)| = sup Ju(x) —h(x)[+ sup |h(x)—h(xo)| =5+ Cp. (11)

X€B,(x0) X€B,(x0) X€B,(x0)

In the sequel, we make universal choices for p and §; in fact, for a given « € (0, 1), we set

p = L v and §:= ﬁ (12)
2C 2
Finally, we combine (11) with (12) to obtain
sup |u(x)| < p®. U
B/)(XO)

Proposition 12. Ler u € Llloc(Bl) be a weak solution to (1). Suppose assumptions AI-A2 are in force.

Then, there exists € > 0 so that, if xo € So[u] N Bg,10 and

sup |a”/ (x) —a” (0)| < ¢,
xeBl

we can find 0 < p K %for which

sup |u(x)] < p™
B n (x0)
for every n e N.

Proof. We resort to an induction argument. First, we make the same choices as in (12); this (universally)
determines the parameter €. The first step of induction — the case n = 1 — follows from Proposition 11.
The induction hypothesis refers to the case n = k; i.e.,

sup |u(x)| < pk*
B x (x0)

for some k£ € N.

In the sequel we address the case n = k+ 1. To that end, we introduce an auxiliary function v : B — R,

defined as

u(xo—i-,okx)
Uk()C) = IOT.



1140 RAIMUNDO LEITAO, EDGARD A. PIMENTEL AND MAKSON S. SANTOS

We observe that v (0) = 0. In addition vy solves

0%, (@ (¥)ve(x)) =0 in By, (13)
where
af (x) := a" (xo + pkx).
Now, notice that

laf (x) — a (O] = |a¥ (x0 + px) — a¥ (0)] <.

Finally, the matrix (a,ij )5{ =1 inherits the Holder continuity and the (X, A)-ellipticity of (a'/ )j{ =1 There-
fore, (13) falls within the scope of Proposition 11. Hence,

sup [vg (X)| < p%;
Bpk
by rescaling back to the unitary setting, we get

sup  [u(x)| < p*+he

B +1(x0)

and complete the proof. (I

Proof of Theorem 1. Let 0 < r < % be fixed and take xo € Sp[u]. We must verify that

sup fu(x) —u(xo)| < Cr®,
By (x0)

where C > 0 is universal. Fix n € N such that p"*! <r < p”. Observe that
sup [u(x) —u(xo)| = sup |u(x) —u(xo)|
By (x0) Bpn (x0)

< p—ap(n—i-l)a < Cr®. 0

We conclude this section with a remark on double divergence equations with explicit dependence on
lower-order terms.

Remark 13. To extend our result to model-problems of the form
07, (@ ()u(x)) + dy, (b (X)u(x)) + c(x)u(x) =0 in By,

it suffices to impose two conditions on b : B; — R? and ¢ : B; — R. Indeed, these maps must be Holder
continuous; such a requirement unlocks the uniform compactness of the solutions. Secondly, a proximity
regime must be in force; that is, there must be 5 € R? and ¢ € R so that

15" = b | Loy + llc = El o)) <K 3

In what follows we focus on the proof of Theorem 2.
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4. Holder continuity of the gradient

This section sets forth the proof of Theorem 2. As before, the main ingredient is a first level-set
approximation lemma.

Proposition 14 (first level-set approximation lemma). Let u € Llloc(B 1) be a weak solution to (1) and
suppose Al and A3 are in force. Given § > 0, there exists ¢ > 0 such that, if xo € Si[u] N By,19 and

sup |a” (x) —a' (xp)| <, &,
XEB)

there exists h € Cl’l(Bg/lo) satisfying

||u - h”Cl-ﬂ(Bg/m) <34
for some B € (0, 1), with
h(xg) =0 and Dh(xy)=0.

Proof. We argue by contradiction. Suppose the statement of the proposition is false, in this case there
exists §p > 0 and sequences ([aﬁ,]]fljzl)neN, (1) nen such that

laii (0) = i () 1<) ~
x0 € St[u,]N By10,
02 (@l ()uy(x) =0 in By,
with
ltn(x) —h(x)| > do,

and either i (xg) 7~ 0 or Dh(xp) # 0 for every h € ch! (Bg/10) and n € N. By Proposition 7 we have that
(4n)nenN is uniformly bounded in C Le(By). Then, through a subsequence, if necessary, there exists a
function u., such that
llun — uoo”Cl-V(B]) -0
for every 0 < y < B. In particular
U, (xg) = Uoo(xg) and Duy(xg9) = Duso(xp).

Then uqo(xg) = 0 and Duyo(xg) = 0. Furthermore, ai,j (x0) — a'/(xp) as n — oo; hence, as before,
ay (x) — a'(xqy) as n — oo.

Here, we evoke once again the sequential stability of the weak solutions, Proposition 6, to conclude

that u, solves
afixj (@’ (xo)uco(x)) =0 in By/1o.

The regularity theory for constant coefficients implies that u, € C'!(Byg /10). By taking h = u, we
produce a contradiction and establish the result. (I

Remark 15. As in Remark 9, we notice that the norm of / in C? depends on the solution « only through
its L°°-norm.
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Proposition 16. Letu € L]

forevery a € (0, 1), there exists ¢ > 0 such that, if xo € S1[u] N By and

(B1) be a weak solution to (1) and suppose Al and A3 are in force. Then,

sup |a” (x) —a" (xp)| < ¢,
X€B

we can find 0 < p K % such that

sup |Du(x) — Du(xo)| < p*.
Bp(xo)

Proof. By Proposition 14, there exists 4 € C'!(By) such that

llu — h”Cl‘ﬂ(Bwlo) <34,
with xp € S1[u]N Bg/10. We have

sup |Du(x)—Du(xo)| < sup |Du(x)—Dh(x)|+ sup |Dh(x)—Dh(xo)|+ sup [Dh(xo)—Du(xo)l

Bp(x()) Bp(xo) Bp(xo) Bp(xo)
<46+Cp.
Now, by choosing
1\ e
p=— and §:=—,
2C 2
we obtain
sup |Du(x) — Du(xo)| < p*
Bp(xO)
and finish the proof. O

1
loc

there exists € > 0 such that, if xo € Si[u] N By,19 and

Proposition 17. Let u € L, (B}) be a weak solution to (1) and suppose Al and A3 are in force. Then,

sup |a”/ (x) —a" (xo)| <&,
xeBl

we can find 0 < p K %for which

sup |Du(x) — Du(xo)| < p"*
B, (x0)

for everyn € N and every o € (0, 1).
Proof. We shall verify the proposition by induction. Notice that Proposition 16 amounts to the first step

in the induction argument. Suppose we have verified the statement for n = k. It remains to verify it in the

case n = k + 1. Define the function

. u(xg+ pkx)
U0 = ey

We start by noting that 0 € S1[vr]. Additionally, v solves

07, (@ (¥)vk(x)) =0 in By, (14)
where
a (x) :=a" (xo+ p*x).
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It is clear that

. 1 .,
ja” (xo + pF )17 dx = — ja'’ ()7 dy < C,
Bi P JB i (x0)

where the inequality follows from Al. Also,

D(@ (x0 4+ pF)) |7 dx = oK) / Daii (I dy < C.

By Bk (x0)
since p > d, by hypothesis. Similarly
D@t ptoplrdr =0 [ ey <.
B Bpk (x0)

Hence, (14) falls within the scope of Proposition 16. Therefore
sup | Dvg(x) — Dug(0)| < p“.
B,

Rescaling back to the unit ball, the former inequality implies

sup  |Du(x) — Du(xp)| < p*+e. O

B +1(x0)
Proof of Theorem 2. The proof follows the general lines of the proof of Theorem 1 and will be omitted. [

Remark 18. As in the previous case, it is possible to extend this result to model-problems of the form
05, (@ () (x)) + 8y, (b (0)u(x)) + c(@)u(x) = f(x) in By.

As before, it suffices to impose two conditions on b : B; — R? and ¢ : B; — R. Indeed, the map b must be
W!-P(By), and the map ¢ must be L?(B;), p > d; such a requirement unlocks the uniform compactness
of the solutions. Secondly, a proximity regime must be in force; that is, there must be b € R? and ¢ € R
so that

16" — B |l w1p (s, + llc — Ell o)) < -
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NONEXISTENCE OF GLOBAL CHARACTERISTICS
FOR VISCOSITY SOLUTIONS

VALENTINE ROOS

Two different types of generalized solutions, namely viscosity and variational solutions, were introduced
to solve the first-order evolutionary Hamilton—Jacobi equation. They coincide if the Hamiltonian is convex
in the momentum variable. We prove that there exists no other class of integrable Hamiltonians sharing
this property. To do so, we build for any nonconvex, nonconcave integrable Hamiltonian a smooth initial
condition such that the graph of the viscosity solution is not contained in the wavefront associated with
the Cauchy problem. The construction is based on a new example for a saddle Hamiltonian and a precise
analysis of the one-dimensional case, coupled with reduction and approximation arguments.

1. Introduction

Let H : R x T*R?Y — R be a C?> Hamiltonian. We study the Cauchy problem associated with the
evolutionary Hamilton—Jacobi equation

ou(t,q)+ H(t, q, 0,u(t,q)) =0, (H))

where u : R x R? — R is the unknown function, with a Lipschitz initial datum «(0, - ) = ug.

The method of characteristics shows that a classical solution of this equation is given by characteristics
(see Section 1A). If the projections of characteristics associated with uq cross, the method gives rise to a
multivalued solution, with a multigraph called a wavefront and denoted by F,, (see (F)). This implies in
particular that for some uy and H, even if if smooth, the evolutionary Hamilton—Jacobi equation does not
admit classical solutions in large time.

A first type of generalized solution, called a viscosity solution (see Section 1B), was introduced by
Lions, Crandall and Evans in the early 80s for Hamilton—Jacobi equations. It possesses multiple assets:
it is well-defined, unique and stable in a large range of assumptions on the Hamiltonian and the initial
condition. It has a local definition avoiding the delicate question of how to choose a solution amongst the
multivalued solution and its associated characteristics. This local definition can be extended effortlessly
to larger classes of elliptic PDEs, which is another major asset of viscosity solutions. Also, the operator
giving the viscosity solution satisfies a convenient semigroup property.

When the Hamiltonian is convex in the fiber (more precisely when it is Tonelli), this viscosity operator
is given by the Lax—Oleinik semigroup, which by definition gives a section of the wavefront. The main

MSC2010: 49L25.

Keywords: Hamilton—Jacobi equation, nonconvex Hamiltonian dynamics, viscosity solution, variational solution, wavefronts,
characteristics.
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result of this article addresses the converse question, in the case of integrable (i.e., depending only on the
fiber variable) Hamiltonians.

Theorem 1. If p — H(p) is a neither convex nor concave, integrable Hamiltonian with bounded second
derivative, there exists a smooth Lipschitz initial condition uq such that the graph of the viscosity solution
associated with ug is not included in the wavefront F,,,.

The term of variational solution (see Section 1C) does not appear in this statement but the idea of
this other generalized solution is essential in the whole article: roughly speaking, they can be defined as
continuous functions whose graph is included in the wavefront. The notion was introduced in the early 90s
by Sikorav and Chaperon, who found a way to choose a continuous section of the wavefront by selecting
the min-max value of the generating family for the Lagrangian geometrical solution. Joukovskaia [1994]
showed that their construction coincides with the Lax—Oleinik semigroup in the fiberwise convex case.
The study of the variational operator given by this Chaperon—Sikorav method gives local estimates on
the variational solutions. These estimates can be used regardless of the construction of the variational
solution thanks to Proposition 1.9, which gives an elementary characterization of the variational solution
for semiconcave initial data. This fact makes the whole article accessible to a reader with no specific
background on symplectic geometry.

To show Theorem 1, we reduce the problem to the study of two key situations in dimensions 1 and 2;
see Propositions 3.1 and 2.4. The example for the dimension 1 was already well-studied. It appears in
[Chenciner 1975]; see also [Izumiya and Kossioris 1996]. The creation of the example for the saddle
Hamiltonian in dimension 2 is the main contribution of this article. Special care was then taken to state
the reduction and approximation arguments finishing the demonstration.

Recent breakthroughs have been made in the study of the singularities of the viscosity solution of (HJ) for
convex Hamiltonians; see [Cannarsa et al. 2015; 2017; Cannarsa and Cheng 2018] for a survey. A natural
question following from Theorem 1 is to compare these singularities for viscosity and variational solutions
when the Hamiltonian is not convex anymore. On the close topic of multitime Hamilton—Jacobi equations,
let us also highlight a recent discussion about the nonexistence of viscosity solutions when convexity
assumptions are dropped; see [Davini and Zavidovique 2015]. This gives another point of comparison
with variational solutions, which are well-defined for this framework; see [Cardin and Viterbo 2008].

Since Proposition 1.9 holds for nonintegrable Hamiltonians, we present the different objects in the
nonintegrable framework. We will underline how they simplify in the integrable case. In that purpose, we
introduce a second Hypothesis on H, automatically satisfied by integrable Hamiltonians with bounded
second derivative, that provides the existence of both viscosity and variational solutions in the nonintegrable
case.

Hypothesis 1.1. There is a C > 0 such that for each (t, q, p) in R x R? x R¢,

19, H . PIl<C, N0 nHE q, )l < CA+pl),

where 04, ) H and 8(2q p)H denote the first- and second-order spatial derivatives of H.
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1A. Classical solutions: the method of characteristics. In this section we only assume that d>H is
bounded by C. The Hamiltonian system

{q’(t) =0,H(t,q(t), p(1)),
p@t)=—094H(z,q(1), p(1))
hence admits a complete Hamiltonian flow ¢!, meaning that t — ¢!(q, p) is the unique solution of
(HS) with initial conditions (¢(s), p(s)) = (¢, p). We denote by (Q", P!) the coordinates of ¢!. We
call a function ¢ — (g (¢), p(t)) solving the Hamiltonian system (HS) a Hamiltonian trajectory. The
Hamiltonian action of a C! path y(t) = (q(), p(t)) € T*R? is denoted by

(HS)

A(y) = / p(t)-q(r) — H(t,q(7), p(1)) dr.

Note that in the case of an integrable Hamiltonian (that depends only on p), the flow is given
by ¢!(q, p) = (¢ + (t —s)VH(p), p) and the action of a Hamiltonian path is reduced to A’ (y) =
(t—=s)(p-VH(p)—H(p)).

The method of characteristics states that if uq is a C> function with second derivative bounded by B > 0,
there exists 7 depending only on C and B (for example 7 = 1/(BC) for an integrable Hamiltonian) such
that the Cauchy problem (HJ) with initial condition u#( has a unique C? solution on [0, 7] x R? — R.
Furthermore, if u is a C2 solution on [0, T'] x R, for all (¢, q)in [0, T] x R4, there exists a unique go in
R4 such that Qf)(qo, duy(qo)) = q and if y denotes the Hamiltonian trajectory issued from (go, duo(qo)),
the C? solution is given by the Hamiltonian action as

u(t, q) =uo(qo) + Ay(y),

and its derivative satisfies d,u(t, g) = Pé (g0, duo(q)) at the point g = Qf)(qo, duo(go)). As a consequence,
if the image ¢ (graph(dug)) of the graph of dug by the Hamiltonian flow is not a graph for some ¢, there
is no classical solution on [0, 7] x R, whence the necessity to introduce generalized solutions.

1B. Viscosity solutions. The viscosity solutions were introduced in the framework of Hamilton—Jacobi
equations by Lions, Evans and Crandall in the early 80’s; see [Crandall and Lions 1983]. We will use the
following definition.

Definition 1.2. A continuous function u is a subsolution of (HJ) on the set (0, T) x R? if for each C!
function ¢ : (0, T) x RY — R such that u — ¢ admits a (strict) local maximum at a point (¢, g) € (0, T') x R4,
we have

ap(t,q)+ H(t,q, 0,9, q)) <0.

A continuous function u is a supersolution of (HJ) on the set (0, T) x RY — R if for each C! function
¢:(0,T) x R4 such that u — ¢ admits a (strict) local minimum at a point (¢, g) € (0, T') x R<, we have

at(p(tv Q) + H(t’ Q» 8q¢(tv Q)) 2 O

A viscosity solution is both a sub- and supersolution of (HJ).
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The set of assumptions of this paper is well-adapted to the theory of viscosity solutions developed by
Crandall, Lions and Ishii [Crandall et al. 1992], from which one can deduce the following well-posedness

property.

Proposition 1.3. If H satisfies Hypothesis 1.1, the Cauchy problem associated with the (HJ) equation and
a Lipschitz initial condition admits a unique Lipschitz solution. This defines a viscosity operator (V})s<;
on the set of Lipschitz functions C*' (R?) which is monotonic:

Viu<Viv ifu<v.
Furthermore, if u and v are Lipschitz with bounded difference,
||V;u — V;v||oo <|lu—vlleo foralls <t.

In dimension 1, the theory of viscosity solutions of the (HJ) equation is the counterpart of the theory
of entropy solutions for conservation laws: if p(¢, g) = d,u(t, ¢) and u satisfies (HJ),

0 p(t,q)+9,(H(t,q, p(t.q))) =0.

The following entropy condition, first proposed by O. Oleinik [1959] for conservation laws, gives a
geometric criterion to decide if a function solves the (HJ) equation in the viscosity sense at a point of
shock. It is proved for example in [Kossioris 1993, Theorem 2.2] in the modern viscosity terms, as a
direct application of Theorem 1.3 in [Crandall et al. 1984]. We give the statement for H integrable, i.e.,
depending only on p.

Definition 1.4 (Oleinik’s entropy condition). Let H : R — R be a C> Hamiltonian. If (py, p») € R?, we
say that Oleinik’s entropy condition is (strictly) satisfied between p; and p; if

Hupr + (1= wyp2) < wH(py) + (1 — ) H(pa) forall w e (0, 1),

i.e., if and only if the graph of H lies (strictly) under the cord joining (p1, H(p1)) and (p2, H(p2)).
We say that the Lax condition is (strictly) satisfied if

(<) (<)
H'(p1)(p2—p1) < H(p) = H(p1) = H'(p2)(p2— p),
which is implied by the entropy condition.

Proposition 1.5. Let u = min( f1, f>) on an open neighborhood U of (t, q) in Ry x R, with fi and f> C!
solutions on U of the Hamilton—Jacobi equation (H)). Let py and p; denote respectively 9, f1(t, q) and
0y f2(t, q). If f1(t, q) = fa(t, q), then u is a viscosity solution at (t, q) if and only if the entropy condition
is satisfied between p| and p;.

Oleinik’s entropy condition is also valid in higher dimensions (for shock along a smooth hypersurface);
see Theorem 3.1 in [Izumiya and Kossioris 1996], and can be generalized when u is the minimum of
more than two functions: see [Bernard 2013].
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1C. Variational solutions. If ug is a C' initial condition, the wavefront associated with the Cauchy
problem for ug is denoted by F,, and defined by

Fuo = {(t, g, uo(qo) + Ay(»)) |t >0, g € RY, po = duo(qo), Qh(qo, po) = q}- ()

With this definition, the method of characteristics explained in Section 1A states that if u is a C? solution
on [0, T] x R the restrictions on [0, '] x R? of the graph of u and of the wavefront coincide.

If ug is C', we will call a variational solution of the Cauchy problem associated with u( a continuous
function whose graph is included in the wavefront F,,, i.e., a continuous function g : [0, T'] X R such
that for all (z, g) in [0, c0) X R? there exists (qo, po) such that py = dyyu, Qg(qo, po) = ¢ and

g(t, q) = uo(qo) + Ah(y),

where y denotes the Hamiltonian trajectory issued from (gg, po)-
A family of operators (R!);<, mapping C®!(R?) into itself is called a variational operator if it satisfies
the following conditions:

(1) Monotonicity: if # < v are Lipschitz on R4, then Réu < Rﬁ,v on R? for each s < 1.

(2) Additivity: if u is Lipschitz on R? and ¢ € R, then Ri(c+u)=c+ Rlu.

(3) Variational property: for each C! Lipschitz function u,, ¢ in R? and s < t, there exists (g,, ps) such
that py = dg,us, Q5(qs, ps) =q and

Rluy(q) = us(gy) + AL (),

where y denotes the Hamiltonian trajectory issued from (g (s), p(s)) = (¢s, ps)-

In the case of a compactly supported Hamiltonian, the existence of such a variational operator was
introduced by Sikorav to his peers in 1990 and reported in [Chaperon 1991]. The author proceeded to its
construction without compactness assumptions in [Roos 2019]; see Proposition 1.7.

The third property means that the variational operator maps initial data in variational solutions. There
may be more than one variational solution associated with a Cauchy problem, and Proposition 1.9 states
that some of them cannot be given by a variational operator. Example 1.10 presents such a situation with
a nonsmooth initial value.

Remark 1.6. If a family of operators R satisfies (1) and (2), and if # and v are two Lipschitz functions
on R? with bounded difference, then

t t
IRsu — Rvlloo < llut = vleo-
As a consequence, for all s <7, R! is a weak contraction, and it is continuous for the uniform norm.

Existence and local estimates. The existence of such a variational operator is given by the method of
Sikorav and Chaperon; see [Viterbo 1996]. It is possible to obtain localized estimates on this family
of variational operators that are also valid for the viscosity operator (in fact, they are obtained for the
viscosity operator by a limit iterating process, see [Wei 2014]). They are stated explicitly for integrable
Hamiltonians in [Roos 2019, Addendum 2.26].
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Proposition 1.7. There exists a family of variational operators (R;y y) H such that if H(p) and H (p) are
two integrable Hamiltonians with bounded second derivatives, then for 0 < s <t and u L-Lipschitz

o IR} ju—RS yulloo <t =5)IIH—Hlzq)
° ||Vstﬁu =V gulloo <t —=$)I1H — Hll5¢0.1)»
where B(0, L) denotes the closed ball of radius L centered in 0 and || f ||k := supg | f1.

1D. Extension to nonsmooth initial data.

Lipschitz initial data. We will denote by du(q) the Clarke derivative of a function u : R? — R at a point
g € R?. If u is Lipschitz, it is the convex envelope of the set of reachable derivatives:

du(g) = co({nlinolo du(gn) | gn — q as n — o0, g, € dom(du)}).

It is the singleton {du(q)} if u is C'ona neighborhood of ¢. Variational property (3) can be extended to
include a Lipschitz initial condition with the help of this generalized derivative.

Proposition 1.8. If R! is a variational operator, for each Lipschitz function ug, q in R? and s < t, there
exists (qs, ps) such that pg € 85 us, Q%(qs, ps) = q and if y denotes the Hamiltonian trajectory issued
from (q(s), p(s)) = (gs, ps)s

Rluy(q) = uy(gy) + AL(y).

The proof of this proposition can be found in [Roos 2017, Proposition 1.22].
If ug is a Lipschitz initial condition, the generalized wavefront associated with the Cauchy problem for
uy is still denoted by F,, and defined by

Fuo = {(t, g, uo(qo) + Ay(»)) [t >0, g € RY, po € duo(qo), Qh(qo, po) = q}- (F)

Proposition 1.8 implies that a variational operator applied to ug gives a continuous section of the
wavefront F,,. We will still call a variational solution a Lipschitz function whose graph is contained in
the generalized wavefront.

Semiconcave initial data. A function u : R — R is B-semiconcave if q+— u(g)— %Bllq |% is concave.
The function u is semiconcave if there exists B for which u is B-semiconcave.

The following theorem states that every variational operator maps semiconcave initial data onto the
minimal section of the wavefront F,,, at least for [0, T'], where T depends only on the semiconcavity
constant and on the constant C given by Hypothesis 1.1.

Proposition 1.9. If R! is a variational operator and if u is a Lipschitz B-semiconcave initial condition
for some B > 0, then there exists T > 0 depending only on C and B such that, for all (t, q) in [0, T x R%,

R(t)uo(q) =inf{S|(t,q,9) € ]:uo}
= inf{uo(qo) + Ay(¥) | (g0, po) € RY x RY, po € duo(qo), Oh(qo, po) = q}, D

where y denotes the Hamiltonian trajectory issued from (q(0), p(0)) = (qo, po)-
Moreover if H is integrable (i.e., depends only on p), we can choose T = 1/(BC).
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-1 1

Figure 1. Left: graph of H. Right: cross-section of the wavefront F,, at time ¢.

This theorem implies on one hand that for a semiconcave initial condition, the minimal section of the
wavefront is continuous for small times. On the other hand, it yields that the variational operator gives in
that case a variational solution which is pointwise less than or equal to all other variational solutions on
[0, T] x R%

Example 1.10. In dimension 1, if ug(q) = —|q| and if the Hamiltonian is integrable and has the shape of
Figure 1, left, the wavefront at time ¢ has the shape of Figure 1, right, and its minimal section, thickened in
the figure, gives the value of Rju¢ above each point ¢. In this example, there are five different variational
solutions, but only the minimal one is given by a variational operator.

An analogous argument to the one proving Proposition 1.9 gives a first element of comparison between
viscosity and variational solutions in the semiconcave framework. It is originally due to P. Bernard [2013].

Proposition 1.11. Let H be a Hamiltonian satisfying Hypothesis 1.1 with constant C. If R is a variational
operator and ug is a Lipschitz B-semiconcave initial condition for some B > 0, then there exists T > 0
depending only on C and B such that

Vé ug < R(t)uo

for all 0 <t < T. Consequently, the viscosity solution is smaller than any variational solution on
[0, T] x R<
Moreover if H is integrable, we can choose T =1/(BC).

The article is organized as follows: Section 6 is independent from the rest; in it we prove Propositions 1.9
and 1.11 for any Hamiltonian satisfying Hypothesis 1.1. The rest of the article deals with integrable
Hamiltonians: In Section 2 we prove Corollary 2.2, which is a Lipschitz version of Theorem 1. It is
a corollary of Proposition 2.1, stated in terms of semiconcave initial conditions, which is proved by
reduction to one- or two-dimensional considerations, contained in Propositions 2.3 and 2.4. In Section 3
we study the case of dimension 1 and prove Proposition 2.3. In Section 4 we study an example for the
saddle Hamiltonian in dimension 2 in order to prove Proposition 2.4. In Section 5 we deduce Theorem 1
from its Lipschitz counterpart Corollary 2.2 by approximation.

2. Nonsmooth version of Theorem 1

Nonsmooth refers here to the initial condition. In this section we prove the following proposition, from
which we deduce Corollary 2.2, which is the counterpart of Theorem 1 for a nonsmooth initial condition.
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Proposition 2.1. If p — H(p) is a neither convex nor concave, integrable Hamiltonian with second
derivative bounded by C, there exist B > 0 and a Lipschitz B-semiconcave initial condition uq such that
the variational solution given by the minimal section of the wavefront does not solve (HJ) in the viscosity
sense at some point (t, q) of [0, 1/(BC)] x R%

Corollary 2.2. If p — H(p) is a neither convex nor concave, integrable Hamiltonian with bounded
second derivative, there exists a Lipschitz initial condition ug such that the graph of the viscosity solution

associated with u is not included in the wavefront F,,,.

To be more precise, the initial condition can be chosen so that the graph of the viscosity solution is
below the minimal section of the wavefront for small times:

Proof of Corollary 2.2. Take a B-semiconcave initial condition ug as in Proposition 2.1. If C is a bound
on d? H, Proposition 1.9 states on one hand that the minimal section of the wavefront coincides with a
variational solution on [0, 1/(BC)] x R%, and on the other hand Proposition 1.11 gives that on the same
set, the viscosity solution associated with ug is pointwise less than or equal to any variational solution. As
a consequence the graph of the viscosity solution lies below the wavefront, and cannot coincide with the
minimal section by Proposition 2.1. Hence there is a point of [0, 1/(BC)] x R? above which the graph of
the viscosity solution lies strictly below the wavefront. (I

The outline of the proof of Proposition 2.1 is the following: we give the statements in dimension 1
(Proposition 2.3) and for H(p1, p2) = p1p2 (Proposition 2.4), and then reduce the situation to the first
case or to an approximation of the second case. Proposition 2.5 gives for that purpose a characterization
of neither convex nor concave functions, and Proposition 2.7 deals with the effect on the variational and
viscosity operators of an affine transformation or dimensional reduction of the Hamiltonian.

Proposition 2.3 (one-dimensional case). If H : R — R is a neither convex nor concave, integrable
Hamiltonian with bounded second derivative, there exists § > 0 and a semiconcave Lipschitz initial
condition ugy such that

Ry yuo # Vo yuo  forallt <.

Note that § will be small enough so that R(’)’ 1o 1s uniquely defined, by Proposition 1.9. This proposition
is proved in Section 3A, and is really based on the example in dimension 1 known at least since [Chenciner
1975]. In contrast, the following two-dimensional example is the main novelty of this work.

Proposition 2.4 (saddle Hamiltonian). If H(p1, p2) = p1p2, for all L > 0 there exists an L-Lipschitz,
L-semiconcave initial condition ug such that
R(’)’Huo # Vé’Huo forallt < %
Note that R(’), gUo 18 uniquely defined when ¢ < 1/(2L) by Proposition 1.9. This proposition is proved
in Section 4, where we explicitly state a suitable initial condition for which the wavefront has a single
continuous section with a shock denying the entropy condition.
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The following proposition makes precise the idea that a nonconvex, nonconcave function is either a
wave or a saddle. We will proceed further with the reduction of a one-dimensional nonconvex, nonconcave
function in Lemma 3.4.

Proposition 2.5. A C? function f : R* — R is neither convex nor concave if and only if it is neither
convex nor concave along a straight line, or there exists x in R" such that the Hessian H f (x) admits both
positive and negative eigenvalues.

Proof. We denote by S;F(R) and S, (R) respectively the sets of nonnegative and nonpositive symmetric
matrices.

Since a C? function is convex (resp. concave) if and only if its Hessian admits only nonnegative
(resp. nonpositive) eigenvalues, it is enough to prove the following statement: if f is a nonconvex and
nonconcave C> function with A fx)e S,J[ (RYU S, (R) for all x, there exists a straight line along which
f is neither concave nor convex.

Under the assumptions of this statement, the sets Uy = {x e R" | Hf(x) € S, (R) \ {0}} and U, =
{x eR" | Hf(x) €SI (R)\{0}} are open and nonempty: if U; is empty, f is necessarily convex. If x;
is in Uy, then H f (x1) admits a negative eigenvalue. Hence for x close enough to x1, H f (x) admits a
negative eigenvalue and since H f (x) € S (R) U S, (R) by hypothesis, necessarily H f (x) is in U;. We
are going to apply the following lemma to the continuous function A = #H f and the sets U; and U;.

Lemma 2.6. If A : R" — M, (R) is a continuous function and U, and U, are two disjoint open sets on
which A does not vanish, there exists (x1, x2) € Uy x U such that

x1 —xp ¢ Ker A(x;) UKer A(xy).

Now, let us take (x1,x7) in U; x U such that x; — xp ¢ KerH f(x;) U KerH f(x;) and define
g() = f(tx;1+ (1 —t)x;). To show that the C? function g is neither concave nor convex, we evaluate its
second derivative

g =Hftx1+ (1 —)x)(x1 —x2) - (x1 — x2).

If Aisin SF(R)U S, (R), Ax -x =0 if and only if Ax = 0. Since H f(x1) is in S, (R) and H f(x7) is
in ST(R), and x; —x» ¢ Ker H f (x1) UKer H f (x2), we obtain g”(1) = H f (x1)(x1 — x2) - (x1 —x2) <0
since x1 — x; is not in Ker H f (x1), and g”(0) = H f (x2) (x1 — x2) - (x; — x2) > 0 since x; — x, is not in
Ker H f (x2). Thus, g is neither concave nor convex. O

Proof of Lemma 2.6. For each x] € Uy, since A(x7) is a nonzero matrix, there exists x7 in the open set
U, such that A(x7)(x] — x3) # 0. Since (x1, x2) = A(x1)(x; — x2) is continuous, we may assume up to
a reduction of U; and U, that A(x)(x; —xp) % 0 for all (x1, xp) € Uy x Us.

Now let us fix x5 in U. Again, since A(xy) is nonzero, there exists x} in the open set U such that
A(x3)(x} —x3) # 0, and the previous argument gives that A(x7)(x] — x3) # 0, hence the conclusion. []

The next proposition deals with the behavior of the variational and viscosity operators when reducing
or transforming the Hamiltonian. Let us first describe formally the effect of such transformations on the
classical solutions.
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Affine transformations. Let H be a Hamiltonian on RY. Let A be an invertible matrix, b and n be vectors
of R% « a real value and A a nonzero real value, and define H(p) = %H(Ap +b)+p-n+a If
u:RxR!— RisC! and v(t, ¢) = u(rt,’Ag + rtn) + b - ¢ + ait, then for all (¢, g)

dqu(@,§)+ H@qu(, §) =0 < v, q)+H(@,v(t, q) =0,
with (£, g) = (At,'Aq + Atn).
Reduction. Assume that H is defined on R x R, Let us fix p2in R% and define H (p1) = H(p1, p2).

Ifu:RxRY — RisC' and v(t, g1, 2) = u(t, q1) + p> - 2, then for all (¢, g1, ¢2)

dqut, q1) + H@gu(t,q) =0 << dv(t, q1,q2) + H(0yv(t, q1. q2), 34,0(t, q1. g2)) = 0.
Let us translate this in terms of operators.

Proposition 2.7. Let H be a C> Hamiltonian with second derivative bounded by C:

(1) Affine transformations: Let ug be a Lipschitz B-semiconcave initial condition. Ifﬁ(p) = %H(Ap—i—b)-i—
p-n+a and vo(q) = ug("Aq) +b - q, then

Vi,uv0(q) = Vy'uo('Ag + Ain) +b - g + aht
for all (l‘, q) and
RY 00(q) = RA uo('Ag +ham) +b-q +aht

as long ast < 1/(||A|I>BC).

(2) Reduction: Assume that H is defined on RY x R%, fix p, in R and define H(p1) = H(p1, p2). If ug
is a Lipschitz B-semiconcave function on R4, and vy (q1, q2) = uo(qy) + p2 - g2, then

Vo.nvo(q1, 42) = Vg ito(qn) + p2- 4
forall (t,q1,q>) and

Ry, 1vo(q1. 2) = R} guto(qn) + p2- o,
aslongast < 1/(BC).

Proof. The viscosity equality is obtained by applying the formal transformation or reduction on the
test functions (see Definition 1.2), and the variational equality is obtained for small times by applying
Proposition 1.9 with the domain of validity given for integrable Hamiltonians, which is the same for
(H, ug) and (H, vp) in both cases:

Affine transformations: Since vg is B||A|*>-semiconcave, the domain of validity for (H, vg) is at least
[0, 1/(JJA|I*BC)). But ||[d*>H| < C||A||>/x, and hence the domain of validity for (H, ug) is at least
[0, A/(||AI*BC)) and At is in this domain if < 1/(||A||*BC).

Reduction: Since ||d*?H|| < C and vy is B-semiconcave, the domain of validity for both (H, u) and
(H, vg) is at least [0, 1/(BC)]. [l
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Proof of Proposition 2.1. If H is a neither convex nor concave, integrable Hamiltonian, Proposition 2.5
states that there is either a straight line along which H is neither convex nor concave, or a point py such
that the Hessian matrix H H (po) has both a positive and a negative eigenvalue.

In the first case, applying an affine transformation on the vector space we may assume without loss
of generality (see Proposition 2.7(1)) that p e R+— H(p, 0, ..., 0) is neither convex nor concave, and
we denote by H(p) = H(p, 0, ..., 0) the reduced Hamiltonian. Applied to H, Proposition 2.3 gives a
semiconcave initial condition u such that R’ U0 #~ Vt U0 for all + < T. With Proposition 2.7(2), we get
from ug a semiconcave Lipschitz initial condltlon R R X IRd — R for which R(’) gV # VO’ yvoforallr <T.

In the second case, we may assume that the point of interest is a (strict) saddle point at 0: if pg
denotes the point for which H H (pg) has both a positive and a negative eigenvalue, take H (p) =
H(po— p)+ p-VH(py) — H(po) and apply Proposition 2.7(1).

Then, up to another linear transformation on the vector space, the Hamiltonian may even be taken as

H(py, p2, ..., pa) = p1p2+K(p1, p2, ..., pa)s

where K is a C> Hamiltonian with partial derivatives with respect to p; and p; vanishing at the second order:
K@©,...,00=0, 9,K(@O,...,00=0, 09,K(@O,...,00=0, a(zpl’pz)K(O,...,O) =0
We denote by H and K the reduced Hamiltonians such that

H(pi, p2) = H(p1, p2,0,...,0) = pipa+ K (p1. p2).
We still denote by C a bound on the second derivatives of H and H.
Now, we define
— 1 — 1 =
H:(p1, p2) = ;H(F/Pl, ep2) =pi1p2+ 8—2K(8p1, &p2)
and

Ho(p1, p2) = p1p2-

We fix L > 0 and take ug as in Proposition 2.4: for all 0 < ¢t < 1/(2L), there exists a point g, such
that R(t) EOMO(q‘) + Vé ﬁoMO(q’)' Let us now fix 7 in (0, 1/(2L)).
Proposition 1.7 gives

1
IRG, 77, uo(a) — Ry 7 wo(g)| <t sup — K (ep),
Ipl=L &

1
1Vy, 7. 40(a) — Vg 7 uo(gn)|| <t sup —K(ep).
o Ipl=L

Since K is zero until second order at 0, we know that (1/¢%) K (¢p)=o(|| p||*) and supy ;. (1/6*) K (ep)
tends to O when ¢ tends to 0. Thus, there exists € > 0 (depending on ¢) such that

1
sup —K(sp) < —IR0 7, 40(a0) = Vg g uo(qo)l,
Ipl<L €

and for such an ¢, we then have R(’) 7 uo(qr) # Vé 7 10(qy).
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Let us go back to H, using Proposition 2.7(1) with A = &2, A = ¢id and n, b and « equal to zero.
Defining vo(q) = uo(eq), we get

2 q
vl w(;’) =V, 7.40(q),

2 q
Rgfzvo(;t> =Ry 7. 10(q).
as long as
t 1
— < —
g2 &2LC

(which is the case since C > 2and ¢t < 1/(2L)), and as a consequence

t/e? q: t/e? q:
VO,HUO(?) #RO,HUO ; .
Note that since vy is > L-semiconcave, ¢ /&2 belongs to the domain of validity of Proposition 1.9, which

is here (0, 1/ (e2LC)). As in the previous case we get the semiconcave initial condition suiting the
nonreduced Hamiltonian H via Proposition 2.7(2). O

3. One-dimensional integrable Hamiltonian

With the help of Lemma 3.4, stated and proved at the end of this section, we reduce Proposition 2.3,
the one-dimensional counterpart of Proposition 2.1 (see Section 2), to the following statement, giving a
situation where there is only one variational solution, which does not match with the viscosity solution.

Proposition 3.1. Let H be a C*> Hamiltonian with bounded second derivative such that H(—1) = H(1) =
H'(1)=0, H(—1) <0, H'(1) <0,and H <0 on (—1, 1).

Then if f is a C* Lipschitz function with f(0) = f'(0) = 0, with bounded second derivative and strictly
convex on Ry, and ug(q) = —|q|+ f(q), the unique variational solution (t, q) > R(t)uo(q) does not solve
the Hamilton—Jacobi equation (HJ) in the viscosity sense for all t small enough.

With the vocabulary of Definition 1.4, we work here on a specific case where the entropy condition
is strictly satisfied between the derivatives at O of the initial condition, and the Lax condition is strictly
satisfied on one side with equality on the other side; see Figure 2, left.

The proof consists in showing that under the assumptions of Proposition 3.1, when ¢ is small enough,
the wavefront at time ¢ presents a unique continuous section, with a shock that does not satisfy Oleinik’s
entropy condition (see Proposition 1.5).

3A. Proof of Proposition 3.1. Let us fix the notation for the parametrization that follows directly from
the wavefront definition (see (F")). Since uy is differentiable on R\ {0}, its Clarke derivative is reduced
to a point outside zero and is the segment [—1, 1] at zero. The wavefront is hence the union of three
pieces F, F/ and ]_-to respectively issued from the left part, the right part, and the singularity of the
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Figure 2. The variational solution, given by the unique continuous section of the wave-
front, does not solve the (HJ) equation in the viscosity sense at the dot.

initial condition, with the following parametrizations:

q +tH'(uh(q)),

‘FIZ : / ’ / / q < 0’
uo(q) +tuy(q) H' (uy(q)) —tH(uy(q)),
7.4 +1H' (u(q)), =0
" luo(q) + tug (@) H' (uy(q)) — tH (up(q)), ’
7 tHl(p/)’ pel—1,1].
t(pH(p) — H(p)),

The structure of the wavefront for small times is addressed by Lemma 3.2. Figure 2 presents an
example of the situation.

Lemma 3.2. Under the assumptions of Proposition 3.1, there exists § > 0 such that for all 0 <t < §, the
wavefront F; has a unique continuous section, presenting a shock between ]-',0 and F/.

With the previous parametrization, we may easily compute the slopes and convexity of the wavefront.
We still denote by C and B the bounds on the second derivatives of H and ug.

Proposition 3.3. (1) Slopes on the wavefront: If H'(p) # 0 and t > 0, the slope of ]-',0 at the point of

parameter p is p. If t < 1/(BC), the slope of F/" at the point of parameter q is uy(q).
(2) Convexity of the right arm: If ug is convex (resp. concave) on [0, 8], then for t < 1/(BC), the portion

of F/ parametrized by q € (0, 8] is convex (resp. concave).

Proof. (1) If (x(u), y(u)) is the parametrization of a curve, the slope at the point of parameter u is given

by y'(u)/x'(u) when x'(u) is nonzero. For .Fto, we have x'(p) = tH"(p) and y'(p) = px'(p), which

proves the statement. For 7/, if t < 1/(BC), then x'(q) = 1 +tug(q)H" (uy(q)) > 0 since u; and H”

are respectively bounded by B and C, and the statement results from y'(q) = u;(q)x'(q).

(2) The convexity of F, at a point of parameter ¢ is given by the sign of the ratio

x'(q)y"(q) —x"(q)y' (q)
x'(q)3
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Fort < 1/(BC), we have x'(¢q) > 0 and as y'(q) = uy(q)x"(q),
x'(@)y"(q) —x"(q)y'(q) _ x'(ugx’ +upx") —x"upx"  ug(q)
x'(q)? B X3 X’

which proves the statement. O

The fact that .7-",O depends homothetically on # suggests to look for each ¢ > 0 at the homothetic reduction
of the wavefront at time ¢, where both coordinates are divided by 7. We call it reduced wavefront and
denote it by F;. It admits the following parametrizations, where ¢ = tx:
~ {x + H'(ug(1x)),

F, up(tx) +u6(tx)H/(u6(tx)) . H(Mé)(l‘x)), x <0,

t

2 x + H' (uy(tx)), 0
P uo(ttx) +ufy(tx) H' (uy (1)) — H (u}y(x)), e
~0 H/(P)7
: -1, 1].
! {pH/(p)—H(p), peih

The asset of the reduced wavefront is that it admits a nontrivial limit when ¢ tends to 0. The piece issued
from the singularity F° = F to does not depend on ¢, while F ,r and F f converge to straight half-lines
denoted by F” and F*. These half-lines coincide respectively with F ,r and F f at their fixed endpoints; see
tF" and F/ in Figure 2. A consequence of Proposition 3.3 is that ff is a graph as long as t < 1/(BC),
and the same applies to F tr .

Proof of Lemma 3.2. It is enough to prove the result for the reduced wavefront F;, where both coordinates
are divided by ¢. Using the left and right derivatives of u( and the fact that H(1) = H(—1) = H'(1) =0,
we write the parametrization of the limit of the reduced wavefront:

Ft v x <0,
x,
/_
Fr. *+H (=D, x>0,
—x — H'(-1),
H'(p),
Fo. [P pel-1,11.
pH'(p) — H(p),

The left and right arms of the limit front are respectively the graph of —id and id on (—oc, 0) and on
(H'(—1), 00), where H'(—1) < 0. The assumption H < 0 on (—1, 1) implies that for all p in (—1, 1),

pH'(p)— H(p) > —|H'(p)|, (@)

and this inequality is also satisfied for p = —1 since H(—1) =0 and H'(—1) < 0. The unique continuous
section of the limit front is hence the graph of x — —|x|. It presents a shock at (0, 0), which belongs to
F" and FO respectively with parameters x = —H’(—1) > 0 and p = 1. Furthermore, (2) implies that this
shock is not a double point of F°.
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Proposition 3.3 states that since f is strictly convex on Ry, F/ and hence F tr are strictly convex
curves for all # > 0. Looking at the slope for a parameter x — 0 shows that F tr admits the right arm of the
limit front, 7', as a tangent at its endpoint. Since F : is convex, it is hence positioned strictly above F".
Since F f is for all + < 1/(BC) a graph with fixed endpoint at (0, 0), we may focus on what happens on
the half-plane situated over the second diagonal.

As H”(1) < 0, there exists 7 > 0 such that H” < 0 on (1 — 5, 1], and the piece of F° parametrized by
p € (1 —n, 1], denoted by }'(Ol_m 17> is immersed. Since 7 0'is compact, we may assume up to taking a
smaller n that ]-"(01_,7,1] does not contain any double point either. With this choice of 5, the intersection
F'N ]-"(01_,7’1] is exactly the point (0, 0) and is transverse, since the slopes at the shock are —1 and 1.

Let us denote the family of parametrizations of F ﬁ UF" by

(x + H' (u(1x)), uo(tx) /1 + ug(tx) H'(ug(tx)) — H(ug(1x))) if 1 #0,

g (t’X):{(X+H/(—1),—X—H/(_l)) lft:O

The function ¢ — g’ (¢, -) is continuous on [0, co) in the C'-topology since the function

(1. 3) > ug(tx)/t ift >0,
» X .
—X ift=0

is C! on [0, 00) x [0, 00). The transverse intersection hence persists by the implicit function theorem in
an intersection between F : and .7-"(017,]’ L since F ,r is contained in the half-plane situated over the second
diagonal.

There is no other continuous section in F;: for small times 7, F . and F f do not cross and do not
present double points; the existence of a second continuous section would then imply the existence of
an intersection between F° and the part of F tr at the right of the shock, or an intersection between F°
and F f , and neither can exist, by continuity. ]

It is now enough to prove that the obtained shock denies the Lax condition.

Proof of Proposition 3.1. For all t, the graph of a variational solution is included in the wavefront 7.
Lemma 3.2 gives a § > 0 for which every F; has a unique continuous section if # < §, which implies
that the variational solution is given by this section for small . Lemma 3.2 states also that this section
presents a shock between F, and /.

Let us prove that Lax condition is violated at this shock. A fortiori, Oleinik’s entropy condition is
violated, which by Proposition 1.5 will imply that the variational solution is not a viscosity solution. For
all ¢ in (0, §), the shock is given by parameters (¢g;, p;) such that g, > 0, p, € [—1, 1] and

{ q: +tH'(uy(qr)) =tH'(ps),
uo(qy) + tug(q) H' (uy(q0) — tH(ug(q,) =tpH' (p) —tH(py).

Substituting the first equation multiplied by u((¢;) into the second gives, after reorganization,
1(H(py) — H(ug(gn) — (pr —uo(g)H' (p) = qrug(gr) — uo(qr)-

The linear part of u( cancels in the right-hand side, which equals ¢, f'(g;) — f(q;). The strict convexity
of f implies that f'(h) > f(h)/h for all h > 0; hence the right-hand side is positive for r > 0. As a
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Figure 3. Both figures present a graph of H with a dashed tangent at p,. Left: entropy
condition not satisfied between p; and p3. Right: entropy condition satisfied between

pi and p;.

consequence, for ¢ in (0, §),

H(p:) — H(ME)(%)) > (pr — M6(Qt))H/(Pt)~

By Proposition 3.3, the slopes at the shock are u;,(g;) and p;. Comparing with Definition 1.4, this
inequality reads as the opposite of the Lax condition; hence Oleinik’s entropy condition is violated for
the shock presented by the variational solution for ¢ < §, and the conclusion holds. (I

3B. Proof of Proposition 2.3. The idea behind Lemma 3.4 is that for any nonconvex nonconcave Hamil-
tonian in dimension 1, there is a frame of variables over which the Hamiltonian looks like Figure 2, left.

Lemma 3.4. If H : R — R is a C?, neither convex nor concave Hamiltonian, up to a change of function
p+— H(—p), there exist p1 < p, such that H" (p>) < 0, and,

H(p)—H(p1) - H(p2) — H(p1)

forall p € (p1, p2), (3)
P — D1 P2 — P1
H — H

H (py) < TP =HPY _ p . )
D2 — D1

In terms of Definition 1.4, (3) means that the entropy condition is strictly satisfied between p; and p»,
and (4) that the Lax condition is an equality at p, and an inequality at p;. We are now just one affine
step away from the hypotheses of Proposition 3.1.

Proof. If H : R — R is neither convex nor concave, there exist in particular p{ and p5 such that H”(p}) >0
and H"(p3) < 0, and we may assume up to the change of Hamiltonian p — H(—p) that p} < p5.

Sketch of proof. The proof consists in choosing adequate p; and p,, which will be done differently
depending on the entropy condition between p{ and p; being satisfied or not. An impatient reader could
be satisfied by the choice of p; and p; suggested in Figure 3. If the entropy condition is not satisfied,
we take p; = p} and p; such that the slope of the cord joining p; and p; is maximal. We then need to
slightly perturb p; in order to get the condition H”(p;) < 0. If the entropy condition is satisfied, we take
p2 = p; and py is given by the last (before p,) intersection between the tangent at p, and the graph of H.
Again, a perturbation will be done to ensure that H'(p;) < H'(p2).
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o If the entropy condition is not satisfied between p} and p3, we define p; = p} and

H(p) - H(p1) _ sup H(p) — H(p1) }

p2= inf{p € (p1, p3)
pP—Ppi1 pe(pr.psl P— D1
Let us show that these quantities are well-defined, and prove (3) and (4).

The function
H(p)— H(p1)

pP—P

fip—

may be extended continuously at p; by H'(p1); hence it reaches a maximum M on [py, p5]. It cannot be
attained at pi, or else the Taylor expansion of

H(p)— H(p1) < H'(py)
P — D1 o

gives H”(p1) <0, which is excluded. As a consequence M > H'(p;). It cannot be attained at p; because

H(p)—H(p1) - H(p3)— H(p1)
p—ri - P5> — Pi

for all p in [py, p3) if and only if the entropy condition is satisfied between p; and p3, which is
excluded. We hence proved that the supremum is attained on (pi, p5). The infimum thus exists and
belongs to [p1, p;). By the continuity of f, we have f(p2) = M. This implies that p» > p; since
f(p1) = H'(p1) < M; hence the infimum is a minimum. The equality (3) follows directly from the
definition of p,.

Since p; is in (py, p7) and maximizes f, it is a critical point of f, which gives

H(p2) — H(p1) _
P2 — Pi

H'(p2) = M.
Since H'(p1) < M, (4) is proved.

Since p, maximizes f, we have f”(p>) < 0 and as a consequence H”(p;) < 0. In order to get
H"(p>) <0, let us prove that if pJ is fixed, p; = H'(p,) is increasing in a neighborhood of p;.

For ¢ > 0 small enough, p; +¢& < p;, H”(p1 +¢) > 0 and the entropy condition is not satisfied
between p; + ¢ and pj. We denote by p; . the quantity associated with p; + ¢ and p; as before.

On one hand, by the definition of p;, the entropy condition is strictly satisfied between p; and p, and
in particular since p; + ¢ is in (py, p2),

H(py) = H(pi+e) H(py)—H(p) _
p2—(p1+e) p2—p1
On the other hand, the previous work applied to p; . gives

/ H(p)—H(pi1+e¢e) _ H(py)—H(pi+e)
H (p2,£) = max =
pem+epll  p—(p1+e) p2—(p1+e¢)

H'(p2).

and the two inequalities combined give H'(p2.c) > H'(p2).
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Since p; — H'(py) is increasing in a neighborhood of pj, using Sard’s theorem, we may assume
without loss of generality that H’'(p,) is a regular value of H’, up to a perturbation of p; within the open
set {H” > 0}. As a consequence, H”(p;) < 0, and the pair (p1, p») satisfies Lemma 3.4.

« If the entropy condition is satisfied between p{ and p3, we define p, = p; and

H(p2) —H(p)

= H'(Pz)}~ )
p2—p

P =sup{pi’§p§pz‘

As H"(p») is negative, the graph of H is situated strictly under its tangent at p, over a neighborhood of

p2; hence
H(p2) — H(p)

p2—Pp
on this neighborhood. The entropy condition satisfied between p} and p, implies the Lax condition
H(p2) — H(py
p2—py

> H'(p2)

> H'(p2).

By the mean value theorem, the considered set is nonempty and its supremum belongs to [p], p2), and
by continuity of
H(p2) — H(p)
P,
p2—p
H(p2) — H(p1)
pP2— D1

The entropy condition is strictly satisfied between p; and p; by the maximality of p;. The mean value
theorem and the maximality of p; make it clear that H'(p;) < H'(p>) and that if H'(py) = H'(p2),

we have
= H'(p2).

H"(p1) < 0. Let us prove that up to a perturbation we can assume H'(p1) < H'(p»).

Let us hence assume that H'(p;) = H'(p>). First, by Sard’s theorem, up to a perturbation of D3>
we may assume that H'(p5) is not a critical value of H’, which ensures, since H'(p1) = H'(p5), that
H"(p1) is nonzero, and hence negative (note that the sign of H”(p{) had no influence in the previous
paragraph). We set p} = p; and look at the previous construction for this p{ fixed and for a new p
close to p5. Without loss of generality we suppose that H'(pS) = H'(p}) = H(pS) = H(p;) = 0. Since
H"(p}) and H"(p3) are negative, there exists § such that H” is negative on [p$, p{ 4+ 81U [p3 — 8, pS].
By compactness, H admits a maximum on [p] + 6, p5 — 8] which is negative, since the entropy condition
is strictly satisfied between p] and p5.

Since H' is decreasing on [p§ — 8, p5], there exists py € [p5 — 8, p5] such that

1

0<H(p) <———.

Py — Py
For such a p,, the tangent of the graph of H at p; lies strictly below the graph of H over [p] +6, p; — 6]
by definition of m, and also over [p5 — 4§, p7] by the concavity of H. Equation (5) then defines a p; which
is necessarily in (p{, p] +4]: as H(p7) =0 and H(pz) < 0, the point (p7, H(p7)) is situated over the
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tangent of the graph of H at p, which has a positive slope H'(p»). By concavity of H on [p$, p} + 8],
H'(py) < H'(p}) =0, and as a consequence H'(p;) < H'(p3). The previous work proves that all the
conditions of the proposition are then gathered for p; and p;. (I

We may now prove Proposition 2.3, joining Lemma 3.4 and Proposition 3.1.

Proof of Proposition 2.3. Let H be a nonconvex, nonconcave Hamiltonian with bounded second derivative.
Using Proposition 2.7(1) with A =—id, we may apply Lemma 3.4 up to the change of function p — H (—p).
It gives p; < p» such that H” (p;) < 0, and

H(p)—H(p1) o H(p)—H(p1)
————— <H(p)=——
P—pi pP2—Dpi

H'(p1) <
for all p in (py1, p2). We define

H(p)=H(p)— H(p2) — (p— p2)H'(p2),

so that I-NI(pg) = ﬁ/(pg) = H(pl) = 0. Note also that ﬁ’(pl) = H'(p1) — H'(p2) < 0. The second-order
derivatives as well as the entropy condition are preserved by this transformation: H”(p,) = H”(p») <0,
and H <0 on (p1, p2).

At last, we take the affine transformation ¢ : R — R such that ¢ (—1) = p; and ¢ (1) = p, and define

H(p)=H@(p)),

so that H satisfies the assumptions of Proposition 3.1: H(-1)=H({1)=H'(1)=0and H'(—-1) <0
since ¢’ > 0, H"(1) <0 and H < 0 on (—1, 1). Proposition 3.1 then gives a Lipschitz semiconcave
initial condition uq such that the variational solution denies the (HJ) equation associated with H for all
small enough. Proposition 2.7(1) applied to the two successive transformations gives then a Lipschitz
semiconcave initial condition uq, with right and left derivatives at 0 respectively equal to p; and p;, such
that the variational solution denies the (HJ) equation associated with H for all ¢ small enough. O

4. Example for the saddle Hamiltonian: proof of Proposition 2.4

In this section we assume that H(pi, p2) = p1p2, with (p;, p2) € R?, and prove Proposition 2.4 by
presenting a suitable initial condition. For a convex-concave Hamiltonian, [Bernardi and Cardin 2011;
Wei 2013] proved that the variational solution coincides with the viscosity solution for initial conditions
with separated variables; hence the wanted initial condition cannot be elementary.

We choose an initial condition that coincides with the piecewise quadratic function u(q, g¢2) =
min(a (ql2 —q2), b(ql2 — ¢»)) on a large enough subset while being Lipschitz and semiconcave. We make
explicit the value of the variational solution for this initial condition on a large enough subset.

Proposition 4.1. Let f : R — R be a compactly supported C* function coinciding with x + x% on [—1, 1].

Let u(qi, g2) =min(a(f(q1) — q2), b(f(q1) — q2)) withb > a > 0.
Then if —1 < q1 < —321,

Rhu(q1, q2) = min(a((q1 +at)* — q2), b((q1 + bt)* — q2)).
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q2 /
qlzﬁt // ’
. 2 /u‘v:%(q1+\/q12+3q2) //
: ! _ /42 2
0 a=—b+an i a=-@E+5) X (2201 HV G+ 32,0
' /
il 1 ' / Vs
/ /
/ //
/ .
/7 7
/ //
/ '

up =b((q1 +bt)*> — qo)

Figure 4. Value of the variational solution associated with u at time ¢, here fora = 1,
b=2andt= 1—10.

Figure 4 shows the explicit value of the variational solution for small times ¢, which is given by the
unique continuous section in the wavefront. The plain curve represents a shock of the variational solution,
whereas the different expressions coincide C!-continuously along the dotted curves. One can show that
the variational solution does not satisfy the Hamilton—Jacobi equation in the viscosity sense along the
thick portion of the shock, and also that it does satisfy the Hamilton—Jacobi equation in the viscosity sense
everywhere except on this portion. For the purpose of this article, it is enough to show that the variational
solution does not satisfy the Hamilton—Jacobi equation in the viscosity sense along the parabola circled
in Figure 4. This is included in the domain concerned by Proposition 4.1, which can be proved by using
an efficient convexity argument that spares us many computations.

Proof of Proposition 4.1. Using general arguments stated in Section 6, we are first going to prove that

Riu(q1, q2) = min uc(t,q1,q2) forallt =0, (q1,42) € R?,

where u.(t, g1, q2) = c¢(f (q1 +ct) — g2) is the unique C? solution of the Cauchy problem associated with
H(p1, p2) = p1p2 and the initial condition ug 1 (q1, q2) = c(f(q1) — q2).

We want to apply Proposition 6.2, observing that u = min (4.5 #2. To do so, we only need to check
that the family {u?, c € [a, b]} satisfies the conditions of Lemma 6.1, i.e., that for all (¢, p) in the graph
of the Clarke derivative du, there exists ¢ € [a, b] such that ug(q) =u(q) and d ug(q) =p.

Let us compute the Clarke derivative of u. If f(gq1) > ¢», then u(qy, g2) = a(f(q1) — ¢2) on a
f(qv)

-1

neighborhood of (g1, ¢»); hence du(qy, g2) is reduced to the point a( ), which is also the derivative of

ug at (q1, q2). If f(q1) < g2, then du(qy, g2) is reduced to the point b(f /_("1‘)) which is also the derivative
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of u) at (1, ¢2). If £(q1) = g2, then du(q1, g») is the segment {c(f/_(‘{l)) | ¢ € [a, b]}. For all ¢ € [a, b],
c(f;(ql‘)) is the derivative of ug at the point (g1, g2 = f(q1))-

We hence proved that the family {ug, ¢ € |a, b]} satisfies the condition of Lemma 6.1; thus by
Proposition 6.2

Riu(qi, q2) = min uc(t,q1.g2) forall 120, (q1,q2) € R2.

Now, for all —1 < g1 < —bt, we have f(q,+ct) = (q1 + ct)? since flx)= x% for x in [—1, 1], and
c € (0, b]. Hence if —1 < gy < —bt,

Riu(q1, q2) = min c((qi+ ct)? — qo).

The second derivative of g : ¢ — c((q1 + ct)? — q2) is g"(c) = 2t(2q; + 3ct). Hence if ¢ < —%t, then
g is concave on [a, b] and the minimum defining R{u(q1, ¢2) is attained at an endpoint of [a, b].

3b
Thus, we proved that for —1 < ¢ < —51,

Rhu(q1, q2) = min(a((q1 +at)* — q2), b((q1 + bt)* — q2)). O

Proof of Proposition 2.4. Let b > 0, a € (%’, b) and u be defined as in Proposition 4.1: f is a compactly

supported C? function coinciding with x — x? on [—1, 1] and

u(q1, q2) = min(a(f(q1) — q2), b(f(q1) — q2)).

We define uy : (1, g1, g2) — a((q1 +at)* — q2) and uy, : (t, g1, q2) > b((q1 + bt)> — g2) (note that the
notations slightly differ from the previous proof), so that Proposition 4.1 gives that for —1 < g; < —%t

Rbu(q1, q2) = min(u,(t, q1, q2), up(t, q1, q2))-

Let us prove that this variational solution does not satisfy the Hamilton—Jacobi equation at the point

(t, q1, q2) if
g = ¢ +2(a +b)rq) +12(@® +ab + b?),
~1<q <—31,

—(a+Db)t <q.

This corresponds to the piece of parabola circled in Figure 4, which exists only if a > g and t < %. Note
that the first line is just an equation of this parabola, which is obtained by solving u, = uy.

Let us exhibit a test function denying the viscosity equation: we define the mean function ¢ = %(ua +up),
which is C!, larger than min(u,, up) on a neighborhood of (¢, g1, g2) and equal to it at (¢, g1, g2) since
uq(t, q1, q2) = up(t, q1, g2), so that Réu — ¢ attains a local maximum at (¢, g1, ¢2). The derivatives of ¢
are given by

qp(t, q1, q2) = a*(q1 +at) +b*(q1 + bt),
99,9 (t, q1, q2) = a(q1 + at) + b(q1 + b1),

8q2¢(l” qlv 42) = _%(a +b)
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We compute

%, q1,q2) + H@,p(t. q1, 42)) = a*(q1 +at) + b*(q1 +bt) — A(a+b)(alq) +at) +b(qy + bt))
=a—b)*(at+bt+q)) >0

when g; > —(a + b)t, and as a consequence the variational solution is not a viscosity subsolution at the
point (¢, g1, ¢2).

Note that b can be chosen as small as needed, and hence for all L we are able to take the initial
condition u L-Lipschitz and L-semiconcave, with b < L. The previous work shows that for all ¢t < %,
the variational solution does not satisfy the Hamilton—Jacobi solution in the viscosity sense at some point

(t, g). Butsince L > b, we have % < 3% and we hence have proved Proposition 2.4. O

5. Proof of Theorem 1

In this section we will deduce Theorem 1 from Corollary 2.2. To do so, we approach the Lipschitz
initial condition of Corollary 2.2 by a smooth initial condition, keeping the Hausdorff distance between
the (Clarke) derivatives small. We will use elementary properties of the Hausdorff distance, stated in
Lemmas 5.1 and 5.2 and proved for completeness.

The Hausdorff distance dyyys is defined (though not necessarily finite) by

digaus (X, ¥) = sup(supd(x, ¥), supd(y, X))
xeX yeY
for X and Y closed subsets of a metric space (E, d) (d being the euclidean distance on R4 in our context).

The following approximation result is proved in [Czarnecki and Rifford 2006, Theorem 2.2] and its
Corollary 2.1:

Theorem 2. Ifu : R? — R is locally Lipschitz, there exists a sequence of smooth functions u, such that

lim lu, —ulloo =0,
n—>00

lim dyaus(graph(du,), graph(du)) =0,
n—oo
where 0 denotes the Clarke derivative.

Here is a sketch of the proof: for H an integrable nonconvex, nonconcave Hamiltonian with bounded
second derivative, Corollary 2.2 gives a Lipschitz initial condition #; such that the graph of the viscosity
solution is not included in the wavefront F,, for some time ¢ > 0. We are going to approach uz, by a
Lipschitz smooth function u such that both the viscosity solutions at time ¢ are close, and the Hausdorff
distance between the wavefronts at time ¢ is small. The following enhanced triangle inequality will
conclude that the graph of the viscosity solution associated with u is not included in the wavefront F,.

Lemma 5.1 (enhanced triangle inequality). If (E, d) is a metric space and X and Y are subsets of E,
then for all x and y in E

d(x,X)=d(x,y)+d(y,Y) +dpaus(X, V).
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Proof. The triangle inequality for d gives that, for all x, X and y, we have d(x, xX) <d(x, y)+d(y, X),
and taking the infimum for X on X gives

dx,X)<d(x,y)+d(y,X) forallx,ye€kE. (6)
We change the variables in (6): for all y and y,
d(y, X) =d(y,y)+d(y, X).

If y is in Y, by definition of the Hausdorff distance we get

d(y, X) =d(y,y) +duaus(X, Y)
and taking the infimum for y on Y gives

d(y,X) =d(y,Y) + dpaus (X, ¥).
We conclude by injecting this last inequality into (6). U

To bound the Hausdorff distance between the wavefronts, we will describe the wavefront at time ¢ as
the image of the (Clarke) derivative of the initial condition by a suitable function ¥ depending on the
initial condition, which will allow us to apply the following elementary continuity result for the Hausdorff
distance.

Lemma 5.2 (continuity for the Hausdorff distance). Let f, g : (F, c?) — (E, d) be two functions between
two topological spaces, and X and Y be two subsets of F:
(1) Ifd(f(x), g(x)) <aforall x in X, then dyaus(f(X), g(X)) <a.

(2) If f is uniformly continuous on X, i.e., for all « > 0, there exists ¢ > 0 such that for all (x,y) € X
ci(x, y) < ¢ implies d(f (x), f(y)) < «, then

das(X,Y) <& = duas(f(X), f(Y)) <a.
Proof of Lemma 5.2. (1) By the definition of the Hausdorff distance, it is enough to observe that
d(f(x), g(X)) <a forall x in X, since this quantity is smaller than d( f(x), g(x)).

(2) Using the symmetry of the definition of dyays, it is enough to prove that if cZHaus(X ,Y) < &,
d(f(x), f(Y)) <« forall x in X. For all x in X, there exists a sequence y, in Y such that J(x, Vn) —
J(x, Y) as n — oo. Since J(x, Y)< cZHaus(X, Y), this implies that ci(x, yn) < ¢ for n large enough, and the
uniform continuity of f gives that d(f(x), f(y,)) < « for n large enough; hence d(f (x), f(¥)) <a. U

Proof of Theorem 1. Let H be an integrable nonconvex, nonconcave Hamiltonian with bounded second
derivative. Corollary 2.2 gives a Lipschitz initial condition u; for which there exist # > 0 and ¢ such that

d((q, Vour(@)), Fy,) >0,

where ]-',jL denotes the section of F,, at time ¢. We denote by « this positive quantity.
Let us denote by L the Lipschitz constant of u.
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We propose another description of the wavefront at time ¢: if v is a Lipschitz function, we define
Yl T*RY - RY x R,
(q.p) = (g +tVH(p),v(q)+1t(p-VH(p)— H(p))),
in such a way that 7, = v/ (graph(dv)) (see (F') for a comparison).
Note that ! is Lipschitz, and hence uniformly continuous on every R? x {||p]l < R} for R > 0: it is
Lipschitz with respect to g because v is, and its derivative with respect to p, (td>H (p), tp -d>H(p)), is

bounded on this set since d?H is bounded.
The uniform continuity of w;L on RY x {p < L +1} gives an ¢ € (0, 1) such that

{Il(q,p)—(é,ﬁ)ll <e,
Ipl Pl =L +1,

By Theorem 2, there exists a smooth function u such that

= v, (q. p)— ¥, @G P < 3o

e —ulloo < gor. 7
dHaus(graph(du), graph(du)) < e. @)
Note that since ¢ € (0, 1), u is (L+1)-Lipschitz.
On the one hand, Proposition 1.3 gives the comparison between the viscosity solutions:
IVgu — Viurlloo < llu—uplle < 1o
On the other hand, we estimate the Hausdorff distance between the wavefronts, using the definition
of y:
ditaus (Fi. FL,) = diaus (W (graph(du)), !, (graph(duy)))
< dyaus (¥, (graph(du)), ¥, (graph(du))) + duaus (¥, (graph(du)), ¥, (graph(dur))).

The first part of Lemma 5.2 applied with f = , ¢ =V,, X = graph(du) gives that the first term of
the right-hand side is bounded by ||/, — ¥} llo = lu —ur oo < JTa.

The second part of Lemma 5.2 applied with f =/, , X = graph(du) and Y = graph(du) gives that
the second term of the right-hand side is smaller than ‘—l‘a, by uniform continuity of W;L, since graph(du)
and graph(du; ) are both contained in RY x { p < L+ 1} and are e-close for the Hausdorff distance; see (8).
We hence proved that

drtaus (Fp, Fi ) < 30
Let us now apply Lemma 5.1 with x = (¢, Vjur(q)), y = (¢, Vyur(q)), X = F;, and Y = F:

a=d((q, Vour(@), F,,)

<d((q, Vour(q)), (g, Vou(@))) +d((q, Vou(q)), F;) + ditaus (Fy, » F) -
—_————
<IVguL—Viuloo< e <la

As a consequence, d((q, Vju(q)), F)) = JTa > 0 and the graph of the viscosity solution associated with
the smooth initial condition u is not contained in the wavefront F,,. U
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6. Semiconcavity arguments

This section contains the proofs of Propositions 1.9 and 1.11, as well as an additional Proposition 6.2
used in the proof of the two-dimensional case (see Section 4). The three proofs rely on the following
lemma, proved in [Bernard 2013, Lemma 6]:

Lemma 6.1. If u is a Lipschitz and B-semiconcave function on R%, there exists a family F of C* equi-
Lipschitz functions with second derivatives bounded by B such that

* u(g) =minger f(q) for anyq,
e for each q in R? and p in du(q), there exists f in F such that

{ f(@) =ulg),
df(q) = p.

Proof of Proposition 1.9. Proposition 1.8 states that the variational solution gives a section of the
generalized wavefront. As a consequence

Riuo(q) = inf{uo(qo) +AL(») | (g0, po) € RY x R?, po € duo(qo), Qh(qo, o) = q}.

If ug is L-Lipschitz and B-semiconcave, take T such that the method of characteristics is valid (T =
1/(BC) if H is integrable). Let us fix definitively g, qo, po € duog(qo) and O < t < T such that
04(qo, po) = q and show that Rjjuo(q) < uo(qo) + Aj(y), where y is the Hamiltonian trajectory issued
from (qo, po)-

Lemma 6.1 gives a C? function fo of F such that fo(qo) = uo(qo) and dfo(go) = po. Since this
function is C? with second derivative bounded by B, the method of characteristics gives that gq is the
only point such that Qf (g0, dfo(q0)) = ¢, and the variational operator applied to the initial condition f
gives necessarily the C2 solution:

R fo(t. q) = fo(qo) + Aj(y).

But by the definition of F, f; is larger than uo on R¢, and the monotonicity of the variational operator
brings the conclusion

Rhuo(q) < RE fo(q) = fo(qo) + AL(y) = uo(qo) + As(y). O

Proof of Proposition 1.11. Take T such that the method of characteristics is valid (for example T =1/(BC)
if H is integrable).
If ¢ and ¢q are fixed, Proposition 1.8 gives the existence of (gg, po) in gr (dug) such that Qg(qo, Po)=¢q
and that Rf)uo(q) = uo(qo) + Af)(y), where y is the Hamiltonian trajectory issued from (g, po).
Lemma 6.1 gives a C? function fo of F such that fy(qo) = uo(qo) and dfy(qo) = po. The method of
characteristics states that there exists on [0, 7] x R? a unique C? solution of the (HJ) equation with initial
condition fp, which satisfies in particular

Ft, @) = folqo) + Ay ().
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Since a C! solution is a viscosity solution, the uniqueness of viscosity solutions hence gives that Vo f =
f(t,-) forall ¢ in (0, T), and in particular

Vi fo(q@) = f(t, @) = folqo) + Ay ().

But by the definition of F, f; is larger than uo on R¢, and the monotonicity of the viscosity operator
V; brings the conclusion

Viuo(q) < Vg folt, @) = folqo) + A (¥) = Ryuo(q).

Since (¢, q) — R{uo(q) is pointwise less than or equal to any variational solution as long as t < T
(Proposition 1.9), this implies that for all variational solutions g, Vé uo(q) <g(t,q)on[0, T]x RY. O

We end this section with another result of the same flavor, used in the proof of Proposition 2.4.

Proposition 6.2. Let F be as in Lemma 6.1 and u =miny¢cr f. If T > 0 denotes a time of shared existence
of C? solutions for initial conditions in F, and u f denotes the C? solution of the Hamilton—Jacobi equation
associated with the C? initial condition frthenforall0 <t <T

R! =minu((t, q).
ou(q) feFuf( q)

Proof. Since u < f for all f in F, the monotonicity of the variational operator guarantees that R{u(g) <
minger Ry f(g). The method of characteristics implies that the variational operator is given by the
classical solution if it exists; hence R(t) f(g)=uy(t,q) forall t in [0, T] and thus

R! < mi t,q). 9
Ou(q)_l}lelguf( 9) €
Now, for all (¢, g), the variational property gives the existence of a (gg, po) in the graph of du such that

Rhu(q) = u(qo) + Ay(»),

where y denotes the Hamiltonian trajectory issued from (qo, po). Since F is as in Lemma 6.1, there exists
f in F such that f(go) = u(go) and df (go) = po. The method of characteristics implies furthermore that
up(t,q) = f(qo) + Ah(y). Summing all this up, we get

Ryu(q) = u(qo) + Ay(y) = f(qo) + Ay (y) = uy(t, q)

and the inequality (9) is an equality. (I
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We establish scale-invariant Strichartz estimates for the Schrodinger flow on any compact Lie group
equipped with canonical rational metrics. In particular, full Strichartz estimates without loss for some non-
rectangular tori are given. The highlights of this paper include estimates for some Weyl-type sums defined
on rational lattices, different decompositions of the Schrodinger kernel that accommodate different positions
of the variable inside the maximal torus relative to the cell walls, and an application of the BGG-Demazure
operators or Harish-Chandra’s integral formula to the estimate of the difference between characters.
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1. Introduction

We start with a complete Riemannian manifold (M, g) of dimension d, associated to which are the
Laplace-Beltrami operator Ag and the volume-form measure pg. Then it is well known that Ag is
essentially self-adjoint on L2(M) := L*(M,dug); see [Strichartz 1983] for a proof. This gives the
functional calculus of Ag, and in particular gives the one-parameter unitary operator e!*As which provides
the solution to the linear Schrodinger equation on (M, g). We refer to !B as the Schridinger flow. The
functional calculus of Ag also gives the definition of the Bessel potentials, and thus the definition of the
Sobolev space

H (M) :={u e L>(M) | |ullgsary := I = A)2ull 2 ary < 00}
We are interested in obtaining estimates of the form
e 8 flloLraxmry < CILf as s (1-1)
MSC2010: primary 42B37; secondary 22E30.

Keywords: compact Lie groups, Schrodinger equation, circle method, Strichartz estimates, BGG-Demazure operators,
Harish-Chandra’s integral formula.
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where I C R is a fixed time interval, and L? L9(I x M) is the space of L? functions on / with values
in L4(M). Such estimates are often called Strichartz estimates (for the Schrodinger flow), in honor of
Robert Strichartz [1977] who first derived such estimates for the wave equation on Euclidean spaces.

The significance of Strichartz estimates is evident in many ways. Strichartz estimates have important
applications in the field of nonlinear Schrddinger equations, in the sense that many perturbative results
often require good control on the linear solution, which is exactly provided by Strichartz estimates.
Strichartz estimates can also be interpreted as Fourier restriction estimates, which play a fundamental rule
in the field of classical harmonic analysis. Furthermore, the relevance of the distribution of eigenvalues
and the norm of eigenfunctions of A in deriving the estimates makes Strichartz estimates also a subject
in the field of spectral geometry.

Many cases of Strichartz estimates for the Schrodinger flow are known in the literature. For noncompact
manifolds, first we have the sharp Strichartz estimates on the Euclidean spaces obtained in [Ginibre and
Velo 1995; Keel and Tao 1998]:

le"™® fllLr Lo@xray < CIf IL2@as (1-2)

where % + % = %, p,.q4>2, (p,q,d) # (2,00,2). Such pairs (p, q) are called admissible. This implies
by Sobolev embedding that

||€itAf||LPLr(Rde) < Cllf | as ey (1-3)
where
d 2 d
s = 275 r >0, (1-4)

p,q9>2, (p,r,d) # (2,00,2). Note that the equality in (1-4) can be derived from a standard scaling
argument, and we call exponent triples (p, r, s) that satisfy (1-4) as well as the corresponding Strichartz
estimates scale-invariant. Similar Strichartz estimates hold on many noncompact manifolds. For example,
see [Anker and Pierfelice 2009; Banica 2007; Ionescu and Staffilani 2009; Pierfelice 2006] for Strichartz
estimates on the real hyperbolic spaces, [Anker et al. 2011; Pierfelice 2008; Banica and Duyckaerts
2007] for Damek-Ricci spaces which include all rank-1 symmetric spaces of noncompact type, [Bouclet
2011] for asymptotically hyperbolic manifolds, [Hassell et al. 2006] for asymptotically conic manifolds,
[Bouclet and Tzvetkov 2008; Staffilani and Tataru 2002] for some perturbed Schrédinger equations on
Euclidean spaces, and [Fotiadis et al. 2018] for symmetric spaces G/ K, where G is complex.

For compact manifolds, however, Strichartz estimates such as (1-2) are expected to fail. The Sobolev
exponent s in (1-1) is expected to be positive for (1-1) to possibly hold. And we also expect sharp
Strichartz estimates that are non-scale-invariant, in the sense that the exponents (p, r, s) in (1-1) satisfy

For example, from the results in [Staffilani and Tataru 2002; Burq et al. 2004], we know that on a general
compact Riemannian manifold (M, g) it holds that, for any finite interval 1,

€72 fllzorrrxan = CILf g .
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for all admissible pairs (p, r). These estimates are non-scale-invariant, and the special case of which
when (p,r,s) = (2, dz—fz, %) can be shown to be sharp on spheres of dimension d > 3 equipped with
canonical Riemannian metrics. On the other hand, scale-invariant estimates are out of reach of the local
methods employed in [Staffilani and Tataru 2002; Burg et al. 2004], and they are not well explored yet in
the literature. To my best knowledge, the only known results in the literature in this direction are on Zoll
manifolds, which include all compact symmetric spaces of rank 1, the standard sphere being a typical

example, and on rectangular tori. We summarize the results here. Consider the scale-invariant estimates

||eitAgf||LP(1xM) = C”f”Hd/z—(dJrz)/p(M)- (1-6)

In the direction of Zoll manifolds, (1-6) is first proved in [Burq et al. 2007] for the standard three-sphere
for p = 6. Then in [Herr 2013], (1-6) is proved for all p > 4 for any three-dimensional Zoll manifold, but
the methods employed in that paper in fact prove (1-6) for p > 4 for any Zoll manifold with dimension
d > 3 and for p > 6 for any Zoll surface (d = 2). The paper crucially uses the property of Zoll manifolds
that the spectrum of the Laplace—Beltrami operator is clustered around a sequence of squares, and the
spectral cluster estimates [Sogge 1988] which are optimal on spheres. In the direction of tori, (1-6) was

2(d+4)
—ad

first proved in [Bourgain 1993] for p > on square tori, by interpolating the distributional Strichartz

estimate
Jopd(t,x) € Tx T | [e"Bsg(NT28g) ()] > 247 < CN ™57 | fll 2
< Cll fllgarz—@+2/pay (1-7)
for A > N9/ 4. p> @, N > 1, with the trivial subcritical Strichartz estimate
le" ¢ fll2axray < CIf leaa)- (1-8)

The estimate (1-7) is a consequence of an arithmetic version of dispersive estimates:

d
. N
/25 p(N "2 Ag) oo qray < C( 1 ) 1/ It craye (1-9)
/2 (T4)
Va(l+ N[z =2[")
where || - || stands for the distance from O on the standard circle with length 1, % — %” < qLN’ a,q are

nonnegative integers with a < ¢ and (a,¢q) = 1, and ¢ < N. Here T is the period for the Schrodinger
flow e!?22. Then in [Bourgain 2013], the author improved (1-8) into a stronger subcritical Strichartz
estimate

||eitAgf||L2(d+1)/d(1><qyd) < Cl fllz2cray (1-10)

which yields (1-6) for p > @. Eventually, (1-6) with an e-loss is proved for the full range p > W

in [Bourgain and Demeter 2015], and (1-7) can be used to remove this &-loss. Then authors in [Guo et al.
2014; Killip and Visan 2016] extended the results to all rectangular tori. We will see in this paper that
by a slight adaptation of the methods in [Bourgain 1993], we may generalize (1-7) to all rational (not
necessarily rectangular) tori T4 = R4 /T, where I' 79 is a lattice such that there exists some D #0
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for which (A, u) € D~1Z for all A, u € ', which can also be used for the removal of the s-loss of the
results in [Bourgain and Demeter 2015] to yield (1-6) for the full range p > @ on such rational tori.

The understanding of Strichartz estimates on compact manifolds is far from complete. It is not known
in general how the exponents (p, r, s) in the sharp Strichartz estimates are related to the geometry and
topology of the underlying manifold. Also, there still are important classes of compact manifolds on
which Strichartz estimates have not been explored yet. Note that both standard tori and spheres on
which Strichartz estimates are known are special cases of compact globally symmetric spaces, and since
all compact globally symmetric spaces share the same behavior of geodesic dynamics as tori, from a
semiclassical point of view, it’s natural to conjecture that similar Strichartz estimates should hold on
general compact globally symmetric spaces. An important class of such spaces is the class of compact
Lie groups. The goal of this paper is to prove scale-invariant Strichartz estimates of the form (1-6) for
M = G being any connected compact Lie group equipped with a canonical rational metric in the sense

2(r+4)
=S

that is described below, for all p > , 1 being the rank of G. In particular, full Strichartz estimates

without loss for some nonrectangular tori will be given.

2. Statement of the main theorem

2A. Rational metric. Let G be a connected compact Lie group and g be its Lie algebra. By the classifi-
cation theorem of connected compact Lie groups, see [Procesi 2007, Chapter 10, Section 7.2, Theorem 4],
there exists an exact sequence of Lie group homomorphisms

1> A->G2T"xK -G —1,

where T” is the n-dimensional torus, K is a compact simply connected semisimple Lie group, and A4 is a
finite and central subgroup of the covering group G. Asa compact simply connected semisimple Lie
group, K is a direct product K; x K, x --- x K3, of compact simply connected simple Lie groups.

Now each K; is equipped with the canonical bi-invariant Riemannian metric g; that is induced from
the negative of the Cartan—Killing form. We use (-,-) to denote the Cartan—Killing form. Then we
equip the torus factor T” with a flat metric g¢ inherited from its representation as the quotient R” /27T
and require that there exists some D € N such that (A, u) € D717 for all A, u € T'. Then we equip
G=T"x K x .-+ x K, with the bi-invariant metric

m
g=Q B¢ (2-1)
j=0
Bj >0, j =0,...,m. Then g induces a bi-invariant metric g on G.

Definition 2.1. Let g be the bi-invariant metric induced from g in (2-1) as described above. We call g a
rational metric provided the numbers By, . . ., B, are rational multiples of each other. If not, we call it an
irrational metric.

Provided the numbers By, ..., Bm are rational multiples of each other, the periods of the Schrodinger

flow ¢!z on each factor of G are rational multiples of each other, which implies that the Schrodinger

flow on (~}, as well as on G, is also periodic (see Section 5).
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2B. Main theorem. We define the rank of G to be the dimension of any of its maximal torus. This paper
mainly proves the following theorem.

Theorem 2.2. Let G be a connected compact Lie group equipped with a rational metric g. Let d be the
dimension of G and r the rank of G. Let I C R be a finite time interval. Consider the scale-invariant
Strichartz estimate

le" 2% flliLrrxay < C Il f | grarz—wa+210(G)- (2-2)
Then the following statements hold true:
(i) (2-2) holds forall p > 2+ .

(ii) Let G = T4 be a flat torus equipped with a rational metric; that is, we can write T4 = R4 /2nl
such that there exists some D € R for which (A, u) € D™YZ forall A, u € T'. Then (2-2) holds for
allp>2+ 3.

The framework for the proof of this theorem will be based on [Bourgain 1993], in which the author
proves some Strichartz estimates for the case of square tori, based on the Hardy-Littlewood circle method.
We also refer to [Bourgain 1989] for applications of the circle method to Fourier restriction problems on
tori. Note that part (ii) of the above theorem provides full expected Strichartz estimates without loss for
some nonrectangular tori. We then have the following immediate corollary.

Corollary 2.3. Let d = 3,4 and let T% be the flat torus equipped with a rational metric (not necessarily
rectangular). Then the nonlinear Schrodinger equation i du; = —Au + |u |4/(d_2)u is locally well-posed
for initial data in HY(T?). Furthermore, for d = 3, we have i du; = —Au % |u|?u is locally well-posed
for initial data in HY/2(T9).

We refer to [Herr et al. 2011; Killip and Visan 2016] for the definition of local well-posedness and a
proof of this corollary.

Remark 2.4. To the best of my knowledge, the only known optimal range of p for (2-2) to hold is on
square tori T4, with p > 2 + % [Bourgain 1993], and on spheres S¢ (d > 3), with p > 4 [Burq et al.
2004; Herr 2013]. For a general compact Lie group, we do not yet have a conjecture about the optimal
range. We will prove (Theorem 6.2) the following distributional estimate: for any p > 2 + %,

itAg ) A—2 L 4442
Apit,x) € IXG [ e p(NTZAg) f(X)| > Aj7 <CN 2 7| fllL2(6) (2-3)

for all A > N4/277/4 [t seems reasonable to conjecture that the above distributional estimate could be
upgraded to the estimate (2-2) for all p > 2 + % (which is the case for the tori). But this still will not be
the optimal range for a general compact Lie group, by looking at the example of the three-sphere S3,
which is isomorphic to the group SU(2). The optimal range for S3 is p > 4, while Theorem 2.2 proves the
range p > 10, and the above conjecture indicates the range p > 6. Estimate (2-2) for S on the optimal
range p > 4 is proved in [Herr 2013] by crucially using the L?-estimates of the spectral clusters for the
Laplace—Beltrami operator [Sogge 1988], which are optimal on spheres. On tori and more generally
compact Lie groups with rank higher than 1, such spectral cluster estimates fail to be optimal and do
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not help provide the desired Strichartz estimates. On the other hand, the Stein—Tomas argument in our
proof of Theorem 2.2 seems only sensitive to the L.°°-estimate of the Schrodinger kernel (Theorem 6.1)
but not to the L?-estimate (as in Proposition 7.28). This failure of incorporating L?-estimates for either
the spectral clusters or the Schrodinger kernel may be one of the reasons why Theorem 2.2 is still a step
away from the optimal range.

2C. Organization of the paper. The organization of the paper is as follows. In Section 3, we will first
reduce the Strichartz estimates on G =~ G /A to the spectrally localized Strichartz estimates with respect
Littlewood-Paley projections of product type on the covering group G. In Section 4, we will review the
basic facts of structures and harmonic analysis on compact Lie groups, including the Fourier transform,
root systems, structure of maximal tori, Weyl’s character and dimension formulas, and the functional
calculus of the Laplace—Beltrami operator. In Section 5 we will explicitly write down the Schrodinger
kernel and interpret the Strichartz estimates as Fourier restriction estimates on the space-time, which
then makes applicable the argument of Stein—Tomas type in Section 6. Then comes the core of the
paper, Section 7, in which we will derive dispersive estimates for the Schrodinger kernel as the time
variable lies in major arcs. In Section 7A, we will estimate some Weyl-type exponential sums over the
so-called rational lattices, which in particular will imply the desired bound on the Schrédinger kernel
for the nonrectangular rational tori. In Section 7B, we will rewrite the Schrodinger kernel for compact
Lie groups into an exponential sum over the whole weight lattice instead of just one chamber of the
lattice, and will prove the desired bound on the kernel for the case when the variable in the maximal
torus stays away from all the cell walls by an application of the Weyl-type sum estimate established in
Section 7A. In Section 7C, we will record two approaches to the pseudopolynomial behavior of characters,
which will be applied to proving the desired bound on the Schrodinger kernel when the variable in the
maximal torus stays close to the identity. In Section 7D, we further extend the result to the case when the
variable in the maximal torus stays close to some corner. Section 7E will finally deal with the case when
the variable in the maximal torus stays away from all the corners but close to some cell walls. These
cell walls will be identified as those of a root subsystem, and we will then decompose the Schrodinger
kernel into exponential sums over the root lattice of this root subsystem, thus reducing the problem
into one similar to those already discussed in previous sections. This will finish the proof of the main
theorem. In Section 7F, we will derive L?(G) estimates on the Schrodinger kernel as an upgrade of the
L°°(G)-estimate.
Throughout the paper:

e A < B means A < CB for some constant C.

* A<4p,. B means A < CB for some constant C that depends on a, b, . ...

e A, p are short for the Laplace—Beltrami operator A and the associated volume-form measure [t
respectively when the underlying Riemannian metric g is clear from context.

LY, HS, LY, LYLE, LY are short for LP(M), HS(M), LP(I), LPLI(I x M), L?(I x M)

respectively when the underlying manifold M and time interval / are clear from context.

 p’ denotes the number such that % + # =1.
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3. First reductions

3A. Littlewood-Paley theory. Let (M, g) be a compact Riemannian manifold and A be the Laplace—
Beltrami operator. Let ¢ be a bump function on R. Then for N > 1, Py := ¢(N ~2A) defines a bounded
operator on L2(M) through the functional calculus of A. These operators Py are often called the
Littlewood—Paley projections. We reduce the problem of obtaining Strichartz estimates for e??2 to those
for Pye'td,

Proposition 3.1. Fix p,q > 2, s > 0. Then the Strichartz estimate (1-1) is equivalent to the following
statement: given any bump function ¢,

IPye flloLaxan < NS L2y

holds for all dyadic natural numbers N (that is, for N = 2™, m € Zy). In particular, (2-2) reduces to

, d_d+2
IPNe"™ fllLraxey < N2 7 |1 flr26)- (3-1)

This reduction is classical. We refer to [Burq et al. 2004] for a proof.
We also record here the Bernstein-type inequalities that will be useful in the sequel.

Proposition 3.2 [Burq et al. 2004, Corollary 2.2]. Let d be the dimension of M. Then forall 1 < p <r <o,

1_1
1Px fleron < NG Lo an. (3-2)

Note that the above proposition in particular implies that (3-1) holds for N < 1 or p = .

3B. Reduction to a finite cover.

Proposition 3.3. Let v : (M ,&) — (M, g) be a Riemannian covering map between compact Riemannian
manifolds (then automatically with finite fibers). Let Ag, Ag be the Laplace—Beltrami operators on
(M , &) and (M, g) respectively and let [i and | be the normalized volume-form measures respectively,
which define the LP spaces. Let w* be the pull-back map. Define
C2(M) = n*(C®(M)),

and similarly define Cy (M ), Lﬁ(l\? ) and H:, (]\71 ). Then the following statements hold:

(i) 7*: C(M) = Cx(M) and 7* : C®(M) — Ccx (M) are well-defined and are linear isomorphisms.
(i) #*: LP(M) — Lf,’(]\z) is well-defined and is an isometry.
(iii) Ag maps C2° (M) into cx (M) and the diagram

C®(M)a, — C(M)

L

cooM) —— (i)

commutes.
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(iv) e''22 maps L%(Z\Z) into LJZT(Z\Z) and is an isometry, and the diagrams

L2(M) ita, AN L2(M) L*(M)p,, AN L2 (M)
J leimg, l le (3-3)
L2(M) . L2 (M) L2(M) AN L2(M)

commute, where Py stands for both (N ~2Ag) and ga(N_zAg,).
(v) n* :H(M) — H} (1\7) is well-defined and is an isometry.
Proof. Parts (i), (ii) and (iii) are direct consequences of the definition of a Riemannian covering map.
For part (iv), note that (i), (ii) and (iii) together imply that the triples (LZ(M ),C® (M), Ag) and
(L2 (1\2 ), C° (M ). Ag) are isometric as systems of essentially self-adjoint operators on Hilbert spaces,
and thus have isometric functional calculus. This implies (iv). Note that the H*(M) and H_ (M)

norms are also defined in terms of the isometric functional calculus of (LZ(M),C*>®(M), A g) and
(L%(AZ ), C° (M ). Ag) respectively, which implies (v). O

Combining Proposition 3.1 and 3.3, Theorem 2.2 is reduced to the following.

Theorem 3.4. Let K;’s be simply connected simple Lie groups and let G = T" x Ky x --- X Ky, be
equipped with a rational metric as in Definition 2.1. Then

~ d_d+2
IPNe"™ fllLraxey SN27 7 I f 2o (3-4

holdsforpz2+§andN21.

3C. Littlewood—Paley projections of product type. Let (M, g) be the Riemannian product of the compact
Riemannian manifolds (M;, g;), j =0,...,m. Any eigenfunction of the Laplace—Beltrami operator A
on M with the eigenvalue A < 0 is of the form ]—[;-”:0 ¥, where each ¥/, is an eigenfunction of A; on
M; with eigenvalue A; <0, j =0,...,m,suchthat A =Ag + -+ + A,.
Given any bump function ¢ on R, there always exist bump functions ¢;, j =0, ..., m, such that for
all (xg,...,xm) € [R{’ggrl with @(xo + -+ + xm) # 0, we have ]_[;":0 @j(x;) = 1. In particular,
m
o-[Teix) =0
j=0
For N > 1, define
Py :=p(N72A),
Py :=¢o(N*A0) ® Q@ om(N > Ap)
as bounded operators on L?(M). We call Py a Littlewood—Paley projection of product type. We have
Py o Py = Py.

This implies that we can further reduce Theorem 3.4 into the following.
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Theorem 3.5. Let G = T" x K| x --- X Ky, be equipped with a rational metric. Let Ag, A1, ..., Ay, be
respectively the Laplace—Beltrami operators on T", K1, ..., Kp. Let ¢; be any bump function for each

j=0,....,m. For N >1,let Py = ®71=0 <pj(N_2Aj). Then
: d_d+2
IPNe"™ fllLrasxey SN2 7 I f 2o (3-5)
holds for p>2+ % and N 2 1.

On the other hand, similarly, for each Littlewood-Paley projection Pp of product type, there exists a
bump function ¢ such that Py = (N ~2A) satisfies Py o Py = Py . Noting that || Py f|l72 < || f Il 2,
(3-2) then implies

1_1
1PN flLran S NYCD f 2 (3-6)
forall2 <r < 0.

4. Preliminaries on harmonic analysis on compact Lie groups

4A. Fourier transform. Let G be a compact group and G be its Fourier dual, i.e., the set of equivalent
classes of irreducible unitary representations of G. For A € G, let 2 - V) — V), be the irreducible unitary
representation in the class A, and let d; = dim(V}). Let u be the normalized Haar measure on G. Then
for f € L?(G), define the Fourier transform

Fo = [G Fom Y dp.
Then the inverse Fourier transform

f) =" dye(f W)ma(x))

1eG

converges in L2(G). We have the Plancherel identities

1f 26y = ( > dAllfA(l)Hﬁs)z, (4-1)
1eG
(f.8) 2y = Y date(f(MEN)®). (4-2)
reG

Here || - ||gs denotes the Hilbert—Schmidt norm of endomorphisms.
For the convolution

(f *g)(x) = / £y Vg du).
G
we have A
(f*9 () = F(DEG). 4-3)

If g(A) = ¢y -1dg, xa, , where c;, is a scalar, then

I *gll2) = sup leal- I f l2(6)- (4-4)
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We also have the Hausdorff—Young inequality
A 1 ~
1 Mllus = dZ 1 f gy forallAeG. (4-5)

4B. Root system and the Laplace—Beltrami operator. Let G be a compact simply connected semisimple
Lie group of dimension ¢ and g be its Lie algebra, and let g¢ denote the complexification of g. Choose a
maximal torus B C G and let r be the dimension of B. Let b be the Lie algebra of B, which is a Cartan
subalgebra of g, and let be denote its complexification. The Fourier dual Bof B is isomorphic to a lattice
A C ib*, which is the weight lattice, under the isomorphism

A= B, Arse* (4-6)
We have the root space decomposition gc = be @ (Dyep 92)- Here ® C ib*,
¢ ={X € gc | Adp(X) = e%(b)X for all b € B},
and dimg g¢ = 1. This implies
1| +r =d. 4-7)

The Cartan—Killing form (-,-) on ib* becomes a real inner product, and (¥, (-, -)) becomes an integral
root system, that is, a finite set ® in a finite-dimensional real inner product space with the following
requirements:

(i) &=-9o.

(i) xed, keR, kae ® =k ==1.
(iii) sq® = P for all o € .

@iv) 2{a, B)/{a,a) € Z for all o, B € D.

Here s is the reflection about the hyperplane o orthogonal to «; that is,

sa(x) i =x _2(x,a)a
(o, )
Let P be a system of positive roots such that ® = P LI —P. Then by (4-7), we have
d—

Pl=5" (4-8)
We can describe the weight lattice A purely in terms of the root system

2(A,

Az{/\eib* ( a>er0rallae(I>}. (4-9)
o, o

The set ® of roots generate the root lattice I' and we have I' C A and A/ T is finite.
Let
2(A, o)

o, o

AT ::{Aeib* eZZoforallaeP§
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be the set of dominant weights. We describe A, AT in terms of a basis. Let {a1,...,a,} be the set of
simple roots in P. Let {wy, ..., w,} be the corresponding fundamental weights, i.e., the dual basis to the
coroot basis {2a1 /{1, 1), ..., 20 /{cty, r)}. Then

A=2wy+---+2Zw;,

At = Zzowl + -+ Zzowr.
Let
C =Rsowi +:--+Rsowr (4-10)

be the fundamental Weyl chamber, and we have the decomposition

b = (I—JVC) o

where W is the Weyl group. Here LI stands for disjoint union.

U{xeib*|(x,a)=0}), (4-11)

aed

Define
-
1 _ .
p.—EZa—Zw,. (4-12)
aceP i=1
Then we have
G=At

such that the irreducible representation 7, corresponding to A € A has the character y; and dimension d,
given by Weyl’s formulas

det s)eSA+0)
xilB = Lsew (dets) , (4-13)
Y sew (dets)es?
g = Hosple: A4 0) (4-14)
HaeP(as P)

Let H € b. We can think of —i H as a real linear functional on i b*, and by the Cartan—Killing inner
product on i b*, we thus get a correspondence between H € b and an element in i b*, still denoted as H.

AH) _ i(a.H)

Under this correspondence, e and we rewrite Weyl’s character formula as

> _sew (det s)e! (s(A+p).H)
> o (dets)ei (0:H)

Also under this correspondence between b and i b*, we have

xalexp H) = (4-15)

B ~ib*/2nT",
where
201 20,

rv=z7 .
(org, 1) (or, 0r)

is the coroot lattice.
We define the cells to be the connected components of {H € ib*/2xTV | (o, H) ¢ 277} and call
{H €ib*/2aTV | (o, H) € 21 Z} the cell walls.
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We also record here Weyl’s integral formula. Let f € L1(G) be invariant under the adjoint action
of G. Then

1
| fan= e [ s@DrOF ab, (@-16)
G W\ Jg
Here du, db are respectively the normalized Haar measures of G and B, and

Dp(H) = Z (dets)e! (0-H)
SEW
is the Weyl denominator.

Finally we describe the functional calculus of the Laplace—Beltrami operator A. Given any irreducible
unitary representation (wy, V) of G in the class A € G =~ A, the operator A acts on the space
M ={te(m)T) | T € End(V})} of matrix coefficients by

Af =—k; f forall feMy, AeG,
where
k= 1A+ pl*—1pl>. (4-17)

Let f € L?(G) and consider the inverse Fourier transform f(x) = 3", -+ d; tr(my (x) f (1)); then for
any bounded Borel function F : R — C, we have

F(A)f = Y F(—kp)dy tr(m (x) f (1))

AeA+t
In particular, we have

AL =Y e, (i (x) £ (L), (4-18)

AeATt

. k 4 .
Pyel™A f = Z (p(——i)e_”k*d;t tr(mwy (x) £ (A)). (4-19)
N2
AeA+t

Example 4.1. Let M = SU(2), which is of dimension 3 and rank 1. Let a = R be the Cartan subalgebra
and A =~ R/27Z be the maximal torus. The root system is {+«}, where o acts on a by «(6) = 26. The
fundamental weight is w = %a. We normalize the Cartan—Killing form so that |{w| = 1. The Weyl group W
is of order 2, and acts on a as well as a* through multiplication by +1. Form € Z>¢ = Z>ow = AT, we

have
dm =m+1, (4-20)
i(m+1)0 _ ,—~i(m+18 & Do
@ = —¢ _sintm D6 Ronz. (4-21)
619 _e—19 sm@
km = (m+1)2—1. (4-22)

5. The Schrodinger kernel

Let f € L?(G). Then (4-19) implies

. k . A
(Pre™® 17700 = (5 ) F .
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Define .
A =
(v, ) = 0 75 e M
which implies

ki \ _;
Kn(t= Y w(m)e 63 g 13.(x). (5-1)
AEAT
Then we can write

Pye" f =Kn(t,-)x [ = f*Kn(,-),
and we call Ky (¢, x) the Schridinger kernel. Incorporating (4-14), (4-15) and (4-17) into (5-1), we get

Kn(t.x)=Y e""('“”'z_""z)ﬁ”(|Hp|2_|pl2)HO‘GP(“’“P) Y sew (dets)e! (sA+e).H) (5-2)
ere: N2 [aep(@p) Y gep(dets)eisC)-H)

Example 5.1. Specializing the Schrodinger kernel (5-2) to G = SU(2), using (4-20), (4-21), and (4-22),

we have
00 _ j 0 __ —i(m+1)6
_ (m+1)>—1 i(manyp—ne e "D —e
KN(Z,Q)—méO(p(T (m+1)e 16,10 , BeR/2nZ. (5-3)

More generally, let G = R" /279 x K1 X --- X K, be equipped with a rational metric g as in
Definition 2.1. Let A¢ be the dual lattice of I'g and A ; be the weight lattice for K;, j =1,...,m. Let
Py = ®;-":0 @i (N —2A ;) be a Littlewood—Paley projection of product type as described in Section 3C.
Define the Schrodinger kernel Ky on G by

Pye'"® f = fxKn(t,)=Ky(t.) = f. (5-4)

Then m
Ky =] Kw,- (5-5)

Jj=0

where the K ;’s are respectively the Schrodinger kernels on each component of G

- AO 2 —itB~1 2
Knvo= Y (po(ﬁ)e i1 1Aol? i (o, Ho)
Ao€Ag 0

—Aj 0 P10 P\ it —1n;+0;1P+Ip; 12
Ky, = Z‘PJ( el L W G R T T PR

N2
AJ’ EAj_ ﬂj
J =1,...,m. Here the p;’s are defined in terms of (4-12). We also write
Ky =)o N)e "™d, 1.
reG

where

A=or ... m) €G =Agx Af x---x A},

m
—ky = =By hol> + DB (=1Aj + o 2 + 1o ). (5-6)
j=1
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—Aol*\ T —IA; + ;P + lp;I?
o N) = fpo( SR dukalin] (5-7)
BoN j=1 :BJN
m ) m
dy=[1dx, xa=e P T 1a;-
j=1 j=1

Tracking all the definitions, we get the following lemma.
Lemma 5.2. Let d, r be respectively the dimension and rank of G:
() [{2 € Gk SNH| SN,
(i) dy < N@=/2 yniformly for all A € G such that k, < N2
Now we interpret the Strichartz estimates on G as Fourier restriction estimates.

Lemma 5.3. For a compact simply connected semisimple Lie group G and its weight lattice A, there
exists D € N such that (A1, A,) € D17 forall Ay, Ay € A.

Proof. Let ® be the set of roots for G. Then by Lemma 4.3.5 in [Varadarajan 1974], {«, §) are rational
numbers for all &, f € ®. Let S = {@1,...,o,} C ® be a system of simple roots. Since the set of
fundamental weights {w1, ..., w,} forms a dual basis to {201 /{1, 1), ..., 20 /{ctr, oty )} With respect
to the Cartan—Killing form (-, - ), and (;, «;) are rational numbers for all i, j = 1,...,r, we have that
the w;’s can be expressed as linear combinations of the «;’s with rational coefficients. This implies that
(w;, w;) are rational numbers for all 7, j = 1,...,r. Since there are only finitely many such numbers as
(w;, w;), there exists D € N so that (w;, w;) € D™1Z foralli,j =1,...,r. Thus (11, A2) € D™1Z for
all A1, Ay € A, since A =Zw; +---+ Zw,. O

For G = R" /27y x K1 X --- X Ky, by the previous lemma, there exists for each j = 1,...,m some
D; € N such that (A, u) € D]._IZ forall A, u € AT, which implies by (4-12) that

—|j +pi >+ 1> =—=IA;1* = (A;.2p;) € D] 'Z

forall A; € A;. Also recall that we require that there exists some D € N such that (1, v) € D~17 for all
u,v € I'g. This implies that there also exists some Do € N such that (A, ) € DJIZ forall A, u € Ay.
By Definition 2.1 of a rational metric, there exists some D, > 0 such that

Bol..... B e DYIN.
Define
m
T =2xD.-[] D;. (5-8)
j=0
Then (5-6) implies that Tk, € 2w Z, which then implies that the Schrodinger kernel as in (5-5) is periodic

in ¢ with a period of T. Thus we may view the time variable ¢ as living on the circle T = R/TZ. Now
the formal dual to the operator

T:L*G)— LP(TxG), [ Pye'', (5-9)
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is computed to be

T*: Lp/(Tx G)— L2(G), F — / PNe_iSAF(s, 2) % (5-10)
T
and thus

TT*:LP (TxG)— L?(TxG), Fi> / P2 UT)RF(s,.) % =Ky *F, (5-11)
where !
Ky = Z 027, N)e_itk"‘d)t)()t =Ky *xKy.
reG
Note that the cutoff function ¢?(A, N) still defines a Littlewood—Paley projection of product type and
K N is the associated Schrodinger kernel. Now the argument of T T * says that the boundedness of the
operators (5-9), (5-10) and (5-11) are all equivalent; thus the Strichartz estimate in (3-1) is equivalent to

the space-time Strichartz estimate

~ _2(d+2)
IKN * FllLoaxay SN 7 IFl L0 axc): (5-12)

We have the space-time Fourier transform on T x G as follows. For (n, ) € ZT”Z x G, we have

~ A,N)-1d ifn=—kj,
KN(n,A) — 90( ) d,\Xd}L 1nn ] A (5_13)
0 otherwise.

Similarly, for f € L?(G), we have

- AN)Y-fA)  ifn=—k,

(Pye'™® £, py = | PA NS Q)i =k (5-14)
0 otherwise.

For m(1) = Y, can/ )z M (n)e'™", we compute

(mKn)Nn,A) =mn +ky)eA, N)dg, xq, - (5-15)

6. The Stein—-Tomas argument

Throughout this section, S! stands for the standard circle of unit length, and || - || stands for the distance

from 0 on S!. Define
._ 1], _a L}
Mayg = {te§ |”[ qH <qN ’
where

a€Zsyg, qeN, a<gq, (a,q)=1, g<N.

We call such Mg 4’s as major arcs, which are reminiscent of the Hardy—Littlewood circle method. We
will prove the following key dispersive estimate.

Theorem 6.1. Let Ky be the Schrodinger kernel (5-5) and T be the period (5-8). Then
Nd

K (0] 5 -
(Va(1+N| 55 - 2]?)

t . .
Jor 5—5 € Mg g, uniformly in x € G.
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Noting the product structure (5-5) of Ky, the above theorem reduces to the cases on irreducible
components of G.

Theorem 6.2. (i) Given G = T4 = Rd/ZJTF such that there exists D € R for which (A, 1) € D™YZ for
all A,y € T'. Then the Schridinger kernel

2
Kt ty= o B Yo
’ N

AEA

d
|KNmHMs( r alm)
Va(l+ Nz =21

satisfies

for ﬁ € Mg, 4, uniformly in H € T".

(i1) Let G be a compact simply connected semisimple Lie group. Let A be the weight lattice for which
(A, ) € D7YZ forall A, u € A for some D € R. Let Ky be the Schrodinger kernel as defined in (5-2).
Then NT,

(Va(L+ N | 55— ¢)"%)"

|Kn (. x)| < (6-1)

for ﬁ € Mg 4, uniformly in x € G.

We will prove this theorem in the next section. Now we show how this theorem implies Strichartz
estimates.

Theorem 6.3. Let G =T" x Ky X -+ X Ky, be equipped with a rational metric g and T be a period of
the Schrodinger flow as in (5-8). Let d, r be the dimension and rank of G respectively. Let f € L*(G),
A > 0 and define

my = pi(t.x) € TG || Pye’ f(0)] > A},

where jp = dt -dug, with dt being the standard measure on T =R/ TZ and dug being the Haar measure

on G. Let
2(r+2)
pO = . .

Then the following statements hold true:

d
M my Se N2 T@RDTp0| By L forall Az N
) my SNFEADQ =P f|2, o forall A2 NS5, p> po.

itA 4442

(IIT) I[Pne'™ fllLrarxe) SN27 7 1 flL2 ) (6-2)
holds for all p > 2+ 2.
(IV) Assume it holds that

d_r
274, ¢>0.

d+2
7 N fli2 ) (6-3)

~ a_
[Pye™ fllLrrxg) Se N2

for some p > po; then (6-2) holds for all g > p.
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The proof strategy of this theorem is a Stein—Tomas-type argument, similar to the proofs of Proposi-
tions 3.82, 3.110, 3.113 in [Bourgain 1993]. The new ingredient is the nonabelian Fourier transform. We
detail the proof in the following.

Let w € C2°(R) such that > 0, w(x) =1 forall |[x| <1 and w(x) =0 forall |[x| >2. Let N be a
dyadic natural number. Define

w . ‘=w(N?%.),

@ 1= o(NM -)—w(2NM -),

where
1<M <N, M dyadic.
Let
N )
Ny = 210" 1 <Q < Ny, Q dyadic.
Then
1 1
Z w1 =1 on [——,—], (6-4)
0 TN N NQ NQ
. 2 2
Z w_ 1 =0 outside [——,—]. (6-5)
0 TN NM NQ’  NQ
Write

1= Y > [( > 53)*0)[\/1}(%)4-,00). (6-6)

1<Q<Ny OQ<M=<N (a,9)=1
0=<g<20Q

Note the major arc disjointness property

(Z_: + [_Nle’NLQJ) n (Z—i + [_NZQZ’ NzQz]) =2

for (aj,qi) =1, Qi <q; <20;,i=1,2, Q1 < Q2 < Nji. This in particular implies

0<p(t)<1 forallteR/TZ, (6-7)
AT 1 (7T t 202
|:( Z 8?{) * Cl)% (T):| (O) = 7/0 ( Z 83) *a)N1 (?) dt < W’ (6-8)
(a,q)=1 (a,q)=1
0=q<20 0=q<20

which implies

~ . A 8N1 1
1= [pO)=1- Y > ‘[( > 52)*‘%&4(?)] (O)'zl—Tzz. (6-9)

1<Q<N; Q<M <N (a,9)=1
0=<g<2Q

By Dirichlet’s lemma on rational approximations, for any % € S! there exists a, q,witha € Z>¢, g €N,
(a.q) = 1,4 < N, such that | 7 — ¢|< qLN If p(%) # 0, then (6-4) implies ¢ > Ny = N/2'°. This
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implies by (6-1) and (6-7) that

o) KN (¢, %) || Loo(rxay < N972.

Now define coefficients o ps such that

|:( Z 82)*0)1\/11\/1(T)i| (O)IO[Q’M,@(O).

(a,9)=1

0=g<20
Then (6-8) and (6-9) imply
2
Qo.M = NM

Write
Kv@x= 3 > KN(z,x>[(( > 8;) xo 1 (7)) —aQ,Mp]a)

O<N; Q<M <N (a,q)=1

0=g<20
+ (1 + aQ,M)KN(z,x)p(r),
o.M

and define

AQ,M(I,X)2=KN(I,X)|:(( Z 82)*601\’5‘4(?))_“Q’Mpi|(l).

(a,9)=1
0=<g<20
o)

Then from (6-1), (6-10), (6-12), we have

(S]]

<

1A o mllLorxe) S N9™2 (

Next, we estimate /A\Q’ M. From (5-15), for

2, = A
ne TZ ~T, XegG,
we have
Aogm(n,A)=Aopm(n,A)-1dg, xa, »
where

romn =o)X 8] 0 (T —agud |+ k)

(a,q9)=1
0=<g<20

Note that (6-11) immediately implies

)LQ,M(H,)L) =0 forn+ky=0.

(6-10)

(6-11)

(6-12)

(6-13)

(6-14)

(6-15)

(6-16)

(6-17)

(6-18)

Let d(m, Q) denote the number of divisors of m less than Q; using Lemma 3.33 in [Bourgain 1993],

(5

(a,q9)=1
0=<g=<20

T
Sad(z—”,Q)Q”e, n#0,e>0,
T

(6-19)
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we get

Ao.m(n, V)| e (A, N)

Q1+8 T(n+k)
Nt ¢ 27

2
Q) + 2 o0+ K.
Using
d(m, Q) <em®,
(6-19) and (6-6), we have

. Q)Q1+8 NE
i< Y. ) —SW forn #0, |n| S N
1<Q<N;{ Q<M<N
thus

hoantn 1 55 0 Ny 0% (HUEA o) 4 o8 |

21
ON*®
<e (A, N

Proposition 6.4. (i) Assume that f € LY (T x G). Then
_r (M2
11+ Aomlimc 3 N5 (G ) 17 Iurcrnor

(ii) Assume that f € L*>(T x G). Assume also

for [n| < N2.

F(m,\)=0 for|n|= N2
Then
ON*®
L * Ag.mllr2xey Se 1/ 2 sy

Q1+2‘L'L B 4

N—||f||L2(1rxG) +MTLTIN| f i rxe)

I/ *Ao.mllL2(rxG) <<.B

for all
L>1, 0<t<l, B>g, N > (LO)B.

Proof. Using (6-15), we have

_r [ M\2
If * Agmllzecixay < I fllLiaxey Aol (rxay S N2 (5) I/ L rxe)-

1191

(6-20)

(6-21)

(6-22)

(6-23)

(6-24)

(6-25)

(6-26)

(6-27)

This proves (i). (6-25) is a consequence of (4-4), (6-16), and (6-22). To prove (6-26), we use (4-1), (4-3)

and (6-16) to get

1
~ 2
1S % Aot lli2nc) = (Z du|f(n,x>||ﬁs-|AQ,M<n,A)|2) |
n,A

which combined with (6-18), (6-20), and (6-21) yields
If*AomllL2axa)

2 MN?Z2—¢

. T k 2\3% 2
Se N (Zw(k,N)zdxllf(n,k)llﬁsd(—(”+ *),Q) ) +Q—_||f||L2(TXG).
n,A

(6-28)
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Using Lemma 3.47 in [Bourgain 1993] and Lemma 5.2, we have

In|.k; < N2, d(T("—Jrkl)’Q) > D}

oo :

< (D7PQTN?+0%). ax R 2) [k = mi

S (DPQ°N? 4+ 0F )-I{XGGIkst il

<o (D7PQTN? 1+ 0%)-N". (6-29)
Now (4-5) gives

1f G, Mifis S dall FI71 1wy

and Lemma 5.2 gives
lp(A, N)dZ| S NI,

which together with (6-29) imply
If *Ao.ml2rxa)

QI-H:‘D Q2 1+¢ B B d
_B . B d
<uB ( i +MN2_8)||f”L2(Tr><G)+ N Q- (D"2Q0°N+O2)N 2| flLraxg)- (6-30)
This implies (6-26) assuming the conditions in (6-27). O
Now interpolating (6-23) and (6-25), we get
d—5— 2d—r+2 r_r+2 _r r+2
If * Ag.mllraxg) Se N¥ M 0T T | flpr gy (6-31)
Interpolating (6-23) and (6-26) for
2 2 244
22042 o whichimplieso = & — "~ 24T (6-32)
r 2 )4
we get
d—r-2d—r+2 r_r42 = 2
If * Ao mllLraxc)y Seg N© 27 7 M27 7 Q77L7 || fllLrrxe)
_2(1_;) r_r+2 _ B
+Q VT M2 P L (6-33)

Now we are ready to prove Theorem 6.3.

Proof of Theorem 6.3. Without loss of generality, we assume that || f|12(g) = 1. Then for F = Py eltA f,
(3-2) implies

IFll2 <1, (6-34)
IFllLee S NE. (6-35)

Let
= X|F|>A" r (6-36)

|F|
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Let P n be a Littlewood—Paley projection of product type such that P No Py = Py. Let K N~ be the
Schrodinger kernel associated to Pyelt A Then by (4-3), (5-13), and (5-14), we have

F+xKy=F.

Let Q y2 be the Littlewood—Paley projection operator on L2(T x G) defined by
—kj —n?\ A
(Qn2H)" = w(T)H(n, %)
for some bump function ¢ such that Q 2 o Py = Py . Then by (4-2) and (5-14), we have

(F’H>L%’x = (QNZFvH)L%’x = (F, QNZH)L%J-
Then we can write
Amj < (F’H)L%x = (F*I?N, QN2H>fo'

Using (4-1) and (4-3) again, we get
Amy < (F, QuaH xR n)pz < IFllp2 1Qn2H*Ryllp2.
SIOn2H % I?NHLg,x =(On2H Ky, Qpn2H I?N)Lgx

= (On2H.Qu2H x (K Kn)) 3 - (637)
Let
H/IQNzH, ENII?N*I?N.

Note that H’ by definition satisfies the assumption in (6-24) and we can apply Proposition 6.4. Also note
that Ky is still a Schrodinger kernel associated to a Littlewood—Paley projection operator of product type.
Finally note that the Bernstein-type inequalities (3-2) and the definition (6-36) of H give

1

”H/”L{),x < ”H”Lf.x < m/{’. (6-38)
Write
A= Y > Aom. Ky=A+(Ey-N).
1<Q<N; Q<M =N
where A g s is defined as in (6-14) except that Ky is replaced by I?N. We have by (6-37)
A2m? < (H', H' « Nz +(H' H' (Ky — M)z

SUH 1 H 5 Ay +IH1Z, 1Ry = Allgs, (6-39)

L7,
Using (6-31) for p = po := 2(++2), then summing over Q, M, and noting (6-38), we have
2
2d+4 2d+4 -
||H/*A||LP gNd—ipo +8||Hl||2 , SNd_ 70 +8m1’0.
t.x LPO A

t,x

I1H']

p’
Lt,x

From (6-10) and (6-12) we get
IKn = AllLe, S N975, (6-40)
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which implies
IHIF) 1Ky = Allzgs, S NI2IHIZ, < NT5m3. (6-41)

Then we have

which implies for A > N4/2-7/4
m)t <8 NPO(%_dT—;z)‘i‘EA_pO‘

Thus part (I) is proved. To prove part (II) for some fixed p, using part (I) and (6-35), it suffices to prove
it for A > N4/2—¢, Summing (6-33) over O, M in the range indicated by (6-27), we get

_2d+4 _B _d+2
|H * Allpp S LNY75 0 H |y + Lo N0 B (6-42)

> Aowm

0<0;
O<M=<N

where

and Q; is the largest Q-value satisfying (6-27). For values Q > Q1, use (6-31) to get

(5-1%2)
e T

IH % (A=Al r S <. N5 (6-43)

p -
Ly

Using (6-39), (6-41), (6-42) and (6-43), we get

r_r+2

o 7

For A > N4/277/4 the last term of the above inequality can be dropped. Let Q1 = N 5 such that § > 0
and

26d+2) Né 2 _a+2 1+-L
A2m? < NI (LJr—)mA + LN T 4 N2

(LNHB < N (6-44)
such that (6-27) holds. Note that
&
L>1>——35
o; 7
for p > po + 107 and ¢ sufficiently small; thus
2d+42) 2’ d+2 1+,

Pm2 NG Lm? LN T w7
This implies

my < Np(z %)Lg/\—l? +Np(d— ) )L_BA_ZP
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d
N2\° p
L= , B>=—
(A) T

and § be sufficiently small so that (6-44) holds; then

Let

d rT
_aa N2\
m;LﬁNdz(—) .

A

Note that conditions for p, T indicated in (6-32) imply that p + % can take any exponent > pg = w

This completes the proof of part (II).
The proofs of parts (III) and (IV) are then identical to the proofs of Propositions 3.110 and 3.113
respectively in [Bourgain 1993]. ([

Proof of Theorem 2.2. Part (i) is a direct consequence of Theorem 6.3(III). Part (ii) is a direct consequence
of Theorem 6.3(IV) and the result from [Bourgain and Demeter 2015] that full Strichartz estimates hold
on any torus with an e-loss. O

7. Dispersive estimates on major arcs

In this section, we prove Theorem 6.2.

TA. Weyl-type sums on rational lattices.

Definition 7.1. Let L = Zw; + - - - + Zw, be a lattice on an inner product space (V, (-,-)). We say L is
a rational lattice provided that there exists some D € R such that (w;, w;) € D~17. We call the number
D a period of L.

By Lemma 5.3, any weight lattice A is a rational lattice with respect to the Cartan—Killing form. As a
sublattice of A, the root lattice I" is also rational.
Let f be a function on Z” and define the difference operator D; by

D;f(ny,....,ny):= f(ny,...,nj—1,n;i + ,nj41,...,0n.)— f(n1,...,n) (7-1)
fori =1,...,r. The Leibniz rule for D; reads
n n
D,-(]_[ f,~) => > Dife,Difi,- [ &5- (7-2)
j=1 I=1 1<k|<-<k;<n JFEk,....k;
1<j=n

Note that there are 2" — 1 terms in the right side of the above formula.

Definition 7.2. Let L =~ 7" be a lattice of rank r. Given A € R, we say a function f on L is a
pseudopolynomial of degree A provided for each n € Z>¢

|Diy -+ Dy, f(n1.....np)] S N4™" (7-3)

holds uniformly in |n;| SN, i =1,...,r, foralli; =1,...,r, j=1,...,n,and N > 1.
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A direct application of the Leibniz rule (7-2) gives the following lemma.

Lemma 7.3. Let L be a lattice and f, g two functions on L. Assume f, g are pseudopolynomials of
degrees A, B respectively. Then f - g is a pseudopolynomial of degree A + B.

Now we have the following estimate on Weyl-type sums, which generalizes the classical Weyl inequality
in one dimension, as in Lemma 3.18 of [Bourgain 1993].

Lemma 7.4. Let L = Zwq + - -+ 4+ Zw, be a rational lattice in the inner product space (V, (-,-)) with a
period D > 0. Let ¢ be a bump function on Rand N > 1, A € R. Suppose f : L — C a pseudopolynomial
of degree A. Let

it AP+ |A|
F(t,H) — Z e it|Al=+i({A,H) (p( N2) f (7_4)
A€L
fort €e Rand H € V. Then for MLD € Mg q, we have
NA+r
|[F(t, H)| < (7-5)

(Va(L+N |55 -¢]"%)"

uniformly in H € V.
Note that part (i) of Theorem 6.2 is a direct consequence of this lemma.

Proof. By the Weyl differencing trick, write

i B . B A 2 A 2

N2
A1,A2€L N
_ ; _ + A2 12
=Y . 212+ (0, H) > 12t(u,k)¢(|l’LNz| ) (l | )f(u+)t)f(/\)
=A—Aa A=Ay
_ IMJMI2 Mlz
= ¥ et (1 S+ )T
|w|SN' A

Now let L = Zw; + -+ + Zw,. Write

r
A :Zniwi

i=1

A2 A2
e =o (P Yo' ) F D

and

Note that as functions in A € L, both ¢(Ju + A|?/N?)| and ¢(|]A|>/N?) are pseudopolynomials of
degree 0, and both f (i + A) and f(A) are pseudopolynomials of degree A, which implies by Lemma 7.3
that g(A) is a pseudopolynomial of degree 2A4. That is, g(A) satisfies

Dy, -+ Di, g(A)] S N4 (7-6)
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uniformly for [A| S N and N > 1, forall iy,...,i, € {1,...,r}. Write

r

Z e_iZI(M’A)g(A.) — Z (1_[ e—iln w,2w; ) ()k) (7-7)

A€L ni,..,nr€Z Ni=1

By summation by parts twice, we have

— 2
3 eriomtnmg = (TN S 200 pgy -y 0)
§= 1 emitluzen) 180, 1tr);
ni€ez ni€z
then (7-7) becomes
—i2t{,A) it{u.2w1) 2 - —itn; {u,2w;) 2
2. g—(m) 2 (1_[6’ e l)Dlg(”lv---’"r)-
A€EL ni,...nr€Z Ni=1
Then we can carry out the procedure of summation by parts twice with respect to other variables n,, ..., n,.

But we require that only when
11 _e—it(M,sz)| > %
do we carry out the procedure to the variable n;. Using (7-6), we obtain

r

e e
o i=1 (max{l —e_il(M,Zwi), %})2
,
< NZA—I’ 1

SN

=1 (max{|| 5t (1. 2wi)
Writing 0 = er'=1 mjw;, m; € Z, we have

r

|F|2§N2Ar Z 1

|m,1|<N i=1 (max{” tzj—lmj(wwzwl ” N})Z.

Let
,
n,=ij(wj,2w,-)-D, i=1,...,r, (7-9)

where D > 0 is the period of L so that (w;,w;) € D™'7Z. Then n; € Z. Note that the matrix

((w;,2w;)D);,; is nondegenerate, which implies that for each vector (ny,...,n,) € Z" there exists
at most one vector (my,...,m;) € Z" so that (7-9) holds; thus
A 1
2 < 2A —r
|[F? SN > T

)2

\n1|<N i=1 (maX{H 32" |
1=1,...,

r

2A-r 1
. EII(IZSIN (max{ | 7 pmi ,i})z) |
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Then by a standard estimate as in the proof of the classical Weyl inequality in one dimension, we have
1 N3

<
Ini|SN (maX{Hﬁ””

2~ 1/2\y2°
) (VA N5 = ¢17)
which implies the desired result

|F|2 - N2A+2r -
(Va1 +N|z2p 2]

Remark 7.5. Let A¢ be a constant vector in R” and C a constant real number. Then we can slightly

generalize the form of the function F (¢, H) in the above lemma into

. . A+ Aol2+C
F(t,H) = Ze""“*O'ZJF’“’H)w(—' i ]\(;lz i )-f
A€L

such that the conclusion of the lemma still holds.

7B. From a chamber to the whole weight lattice. To prove part (ii) of Theorem 6.2, we first rewrite the
Schrodinger kernel as an exponential sum over the whole weight lattice A instead of just a chamber of it,
in order to apply Lemma 7.4.

Lemma 7.6. Recall that Dp(H) =Yy (dets)e! P-H) is the Weyl denominator. We have

Ky(t.x)= oitlol? Ze_iz|x|2+i<x,H>(p(IAIZ—Iplz) [T e.2) 7-10)
(Tacp fo.p) Dp (H) f vz )11
itlpl? , 212 i{s(A).H)
= e Ze—zt|x|2¢(|)t| 2|/0| ) 1—[<a’/\)zsew(dets)e' AT
(H(XGP(a’ p>)|W| AEA N wEP ZSEW(detS)el (S Pr), )

Proof. To prove (7-11), first note that from Proposition 7.13 below, [[,cp (@, ) is an anti-invariant
polynomial, that is,

[ (e s() = (dets) [] {e. 1) (7-12)

a€eP a€P

for all A € ib*. Recall that the Weyl group W acts on i b* isometrically; that is,
|s(M)] = |A| foralls e W, A e€ib*. (7-13)

Also recalling the definition (4-12) of p and the definition (4-10) of the fundamental chamber C, we may
rewrite K as in (5-2) into

eitlol?
Kn(t,x) =

Z e—it|A|2(p(|)L|2_ |P|2) 1_[ (0[ )L) Z(detS)ei(s(A)’H)
N2 ’ '

(H“€P<a’p>)DP AeANC a€EP SEW
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Using the (7-12) and (7-13), we write

2
eltlPl AR, |A2=|pl? i(s(),H)
Ky(t,x)= Z Z Nz l_[(a,s()t))e
(Maeplep)Dp /o, S acP
zt|;o|2 1)12—]0l2
Y Y eor ('S( )" =lpl )l_[(oz SO0 et s OLH)
2
(HaEP @.p)Dp [ he N aeP
it|,o|2 A12—1pl2
ot (| I“=lpl ) i(A,H)
> o =) [Tle V!5 314
(HueP o, IO>)DP A€l lsew s(ANC) N aE€P
which then implies by (4-11) that
eitler ap, (A2 —1o -
Kn(t, x)= e itIAl (p(—) (o, A)e! BH)
(Mocr (1) Dr 2 v )1l

This proves (7-10). To prove (7-11), write

i, (R =1o?
I e DI G

AEA aeP
. . MN12 =102
=ZfWW“Mm4ﬁ%%ﬁﬁﬁmmxmm
AEA aeP

which implies using (7-12) and (7-13) that

Z e itIAP+I (A, H) M 1_[ (o, A) = (dets) Z eTIHAPFI ). H) _|)\|2—|p|2 l_[ for.2)
o\ =z A) = SE o
A€A aeP AeA acP

which further implies

EERPYE A2 —lpl?

AEA aEeP
AP, |A1> = 1o i{s().H)
o Z 3 [T 2) ) (dets)e .
| | AEA acP seW
This combined with (7-10) yields (7-11). O

Example 7.7. Specializing (7-10) and (7-11) to the Schrédinger kernel (5-3) for G = SU(2), we get

—1
KN([ 9) —— Ze—ltm +im0 (Wl]v2 )m (7-16)
mez
et itm? m2—1 eim@ _e—imB
=72e (p( 73 )m pr g 0 eR/2nZ. (7-17)

meZ
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Corollary 7.8. (6-1) holds for the following two scenarios:
Scenario 1: x = 1g, where 1g is the identity element of G.

Scenario 2: ” %(a, H) H 2 %for any x conjugate to exp H. This is to say that the variable H is away
from all the cell walls {H ‘ H %(a, H) ” = 0 for some o € P} by a distance of = %

Proof. Scenario 1: When x = ¢, the character equals x; (1g) =dy = [[,ep (. A)/ [[yep (@, p). Then
by (7-11), the Schrodinger kernel at x = 1g equals

it|p|? o 2,512 2
Kn(t,1g) = i > et w(%)(l—[(a,k)) . (7-18)

(HaeP(O"P>)2|W| A€A acP

Note that f(1) = (]_[Olep(oz,)t))2 is a polynomial in the variable A = njw; + --- + n,w, € A of
degree 2| P|, which equals d — r by (4-8). Thus f is also a pseudopolynomial of degree d — r. Then the

desired estimate is a direct consequence of Lemma 7.4.

Scenario 2: By Lemma 4.13.4 of Chapter 4 in [Varadarajan 1974], the Weyl denominator Dp =
> sew (det 5)e!$8):-H) can be rewritten as

a€P
Note that
|ei(a,H) —1]
1< <.

2

Then by assumption the Weyl denominator satisfies

1Dp(H)| 2 ] |25 e H)| 2 NP (7-20)
aeP
Let 5 5
AP A1 = ol
F=Y et +1(A,H)(p( o f
AEA

where f =[] cp (@, A). Note that f is a polynomial and thus also a pseudopolynomial of degree |P |
in A. Applying Lemma 7.4 to F we get

itlpl? 1 NP
|Kn (. x)| = - 5 H‘-|F|5‘D H‘-|F|§N|P|- , T
(Taer ,01) D () PGE) (va(i+ Nz~ 417
Recalling |P| = %, we establish (6-1) for Scenario 2. O

Example 7.9. We specialize the Schrodinger kernel (7-16) and (7-17) to the case of G = SU(2). Scenario 1
in the above corollary corresponds to when 6 € 27 Z and

it . 2_1
KN(t,G):%Ze_”ngo(m )mz, |Kn(1,0)] <

N2
mezZ

(7-21)

2
—itm?2 m 1
E e irm QO( N2 )m2 .

mezZ
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Scenario 2 corresponds to when |e’? —e~10| > ﬁ equivalently, when 6 is away from the cell walls {0, 7'}
by a distance = % In this case,

(K@ OIS | 5 =5

—1
Ze_”mz’”me (mN2 )m‘ (7-22)

mez

Then we get the desired estimates for (7-21) and (7-22) using Lemma 7.4.

7C. Pseudopolynomial behavior of characters. We have established the key estimates (6-1) for when
the variable exp H in the maximal torus is either the identity or away from all the cell walls by a distance
of > 1 . To establish (6-1) fully, we need to look at the scenarios when the variable exp H is close to the
some of the cell walls within a distance of < 1{, In this section, we first deal with the scenario when the
variable exp H is close to all the cell walls within a distance of < + 1 . To achieve this end, we first prove
the following crucial lemma on the pseudopolynomial behavior of characters.

Lemma 7.10. Let u € ib* For A € ib*, define

Y, o (dets)el (SG+).H)

KA H) = ‘
! : Zsew(dets)el(s(p),H)

Let L = 7" be the weight lattice or the root lattice (or any sublattice of full rank of the weight lattice),
and viewing y*(A, H) as a function in A € L, we have

|Diy -+ Diy x

(7-23)

holds uniformly in |A| < N, |H| < N’ and N > 1, for all k € Z>¢. In other words, y*(A, H) is a
pseudopolynomial of degree 5% in A uniformly in |H| < N'

Using this lemma, applying Lemma 7.4 to the Schrodinger kernel Ky in the form of (7-11), we
immediately get the following corollary.

Corollary 7.11. Inequality (6-1) holds uniformly when x € G is conjugate to exp H such that |H| < %
In other words, when x is within < N a distance from the identity 1g.

We now prove Lemma 7.10 for L = Zw; + - - - + Zw, being the weight lattice (the case for the root
lattice or any other sublattice can be proved similarly). First note that as |H | < - for N large enough,
by (7-19), we have

]_[aeP (0(, H)

‘%1.
Dp

Thus it suffices to show (7-23) replacing y* (A, H) by

Y sew (det s)e’ (s(A+w),H)

KA, H) =
1@, H) Macr (@ H)

(7-24)
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7C.1. Approach 1: via BGG-Demazure operators. The idea is to expand the numerator of XI1L (A, H)
into a power series of polynomials in H € i b* which are anti-invariant with respect to the Weyl group W,
and then to estimate the quotients of these polynomial over the denominator [ [, ¢ p (o, H). We will see
that these quotients are in fact polynomials in H € ib*, and can be more or less explicitly computed by
the BGG-Demazure operators. We now review the basic definitions and facts of the BGG-Demazure
operators and the related invariant theory. A good reference is Chapter IV in [Hiller 1982].

From now on, we fix an inner product space (a, (-,-)) and let ® be an integral root system in the dual
space (a*, (-,-)). Let P(a) be the space of polynomial functions on a. The orthogonal group O(a) with
respect to the inner product on g, in particular the Weyl group, acts on P(a) by

(sf)(H):= f(s"'H), se€O0(a), feP(a), Hea
Definition 7.12. For « € a*, let 54 : a — a denote the reflection about the hyperplane

{Hea|a(H)=0},

that is,
a(H)

(o, )

where H € a. Here Hy corresponds to « through the identification a => a*. Define the BGG-Demazure

se(H):=H =2 H,,

operator Ay : P(a) — P(a) associated to o € a* by

Ao(f) = %.

As an example, we compute Ay (A™) for A € a*:

A A( =2 H) A () — 284 )
Aa(km)= ( ” o) a) = ( o )

_ ;(_1)"—1(’?) (Of;y. o)~ Am (7-25)

This computation in particular implies that for any f € P(a), the operator Ay ( f) lowers the degree of f

by at least 1.
Let P(a)" denote the subspace of P(a) that is invariant under the action of the Weyl group W, that is,

P :={feP(a)|sf = fforallseW}.
We call P(a)" the space of invariant polynomials. We also define
P(@¥ :={f € P(a) | sf = (dets) f forall s € W}.

We call P(a)g([:t the space of anti-invariant polynomials. We have the following proposition which states
that P(a)gf; is a free P(a)" -module of rank 1.
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Proposition 7.13 [Hiller 1982, Chapter II, Proposition 4.4]. Define dqee € P(a) by

ddet = 1_[ o.

aeP

Then dge; € P(cl)(‘;[e/t and
P(){, = daer- P()" .

By the above proposition, given any anti-invariant polynomial f, we have f = d - g, where g is
invariant. We call g the invariant part of f. The BGG-Demazure operators provide a procedure that
computes the invariant part of any anti-invariant polynomial. We describe this procedure as follows. The
Weyl group W is generated by the reflections sg,, . .., Sq,, Where S = {a1,...,a,} is the set of simple

roots. Define the length of s € W to be the smallest number k such that s can be written as s = Sa, " Sy, -
The longest element s in W is of length | P| = d;r

1990]. Write s = Sa;, " Say, - Set

, and such s is unique; see Section 1.8 in [Humphreys
5 = Ag; -+ Agy,
and note that it is well-defined in the sense it does not depend on the particular choice of the decomposition
§ = Sa;, v Sa;, 5 See Chapter IV, Proposition 1.7 in [Hiller 1982].

Proposition 7.14 [Hiller 1982, Chapter IV, Proposition 1.6]. We have

Wi

Sf =
f ddet

/

forall f e P(a¥.

That is, the operator § produces the invariant part of any anti-invariant polynomial (modulo a multi-
plicative constant). As an example, we compute § = Aail AaiL on A™. Proceed inductively using
(7-25), we arrive at the following proposition.

Proposition 7.15. Let m > L. Then
S(A™) = Z (-1)? H (aia,aiﬁ)a(a’ﬂ) l_[(k,otiy)b(y) l_[aft(g))tn
0.,a(e,B),b(y),c(¢),nez a<p 14 ¢
such that the following statements are true:
(1) In each term of the sum, 3, b(y) +1n = m.
(2) In each term of the sum, 3 ¢ c(§) +n=m— L.
(3) In each term of the sum, 3, b(y) = ¢ c(§) = L.
(4) In each term of the sum, |a(a, B)| <mL and b(y),c({),n=0,1,...,m.
(5) There are in total less than 3L torms in the sum.

l

Note that since each BGG-Demazure operator Aal.j ind = Ag; -+ Ag;, lowers the degree of polyno-

mials by at least 1, § lowers the degree by at least L. Thus

S(A™)=0 form< L. (7-26)
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Example 7.16. We specialize the discussion to the case M = SU(2). Recall that a* = Rw, where w
is the fundamental weight, and ® = {+«} with « = 2w. P(a) consists of polynomials in the variable
A € R~ Rw. For A e[R% Rw and f € P(a), we have

1 |—> w
S = f(=4)
B = ===
m—1
S(M) = A ., m odd,
0, m even,
daet(A) = 2. (7-27)

We can now finish the proof of (7-23).
Proof of Lemma 7.10. Recall that it suffices to prove (7-23) replacing y*(A, H) by x} (A, H) in (7-24).

Using power series expansions, write

Z(dets)ei(k"'“’H Z(dets) Z —(l (s(A+ ), H)™

sew sew
= Z Z(dets) s(A+w), H)™. (7-28)
m= 0 seW
Note that
Jm(H) = fm(A) = fm(A, H) := Z (dets)(s(A +p), H)™ (7-29)
seW

is an anti-invariant polynomial in H with respect to the Weyl group W; thus by Proposition 7.14,

ddet(H) 1_[ P
H)= Sfm(H) = 28— . §fru(H).
This implies that we can rewrite (7-24) as
© m
w1 t
X H) = Z ,
Thus to prove (7-23), it suffices to prove that
|
> —IDiy - Dig(fm ()| £ N1
m=0

for all k € Z>¢, uniformly in |n;| < N, where A = njwy + --- 4+ n,w,. Then by (7-29), it suffices to
prove that
21
Z —|Dj, -+ Dy B[+ )™ S NE7* forall s € W,
m!

Without loss of generality, it suffices to show

— 1
> —IDiy+ Dig (L + "Dl s NETE, (7-30)

m=0
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Noting (7-26), it suffices to consider cases when m > L. We apply Proposition 7.15 to write
S((A + ™) (H)

= Y D [ i i) P T T+ 00, )PP T Jletig s HYO A+, HYT. (7-31)
0,a(a,B),b(y),c(8),n a<p 4 ¢

First note that for A =njwy +---+n,w,, |n;| <N, i=1,...,r, we have
1S Kei o) S 1, (A +p,ai) SN, (7-32)

. 1
and by the assumption |H | < e

fors HY e 100 1] = | (S st #0) + ,H>‘51. (7-33)

i=1

These imply
I8((A + )™ (H)| < Z CXapla@pB)+2, b(y)+2 e c@)+n p2y c(v)=2¢ c(§) (7-34)
0,a(a,B),b(y),c(§),n

for some constant C independent of m. Now we derive a similar estimate for D; (6[(A + w)"])(H). By
(7-31),

D; (8[(A + W)™ (H) = Yoo O [ ey i) @B T Tl HY®
0,a(a,B8),b(y),c(§).n a<pB ¢
D (]‘[(A + i, PO+ H)”). (7-35)
14

For A =njwy + -+ n,w,, we compute
Di((A + p, i) = (@i, i),
Di((A+u, H)) = (o, H).
The above two formulas combined with (7-32), (7-33), and the Leibniz rule (7-2) for D; imply

D1 ([T 00+ ., 2+ . 1))
Y

< CLybWMtn 3y b()-1

This combined with (7-32), (7-33) and (7-35) implies
1Di (5[(A + w)"D(H)| < > CXa.pla@B+X, b))+ c@+n N, b= c@)=1
8.a(a,B),b(y),c(§).n
Inductively, we have
|Djy -+ Di, S[(A+)™ ) (H)| < Z Clapla@BI+3, b))+ c@)+n N3, b= c(§)—k
8,a(a,B),b(y),c(§).n

for some constant C independent of m. This by Proposition 7.15 then implies

|Djy -+ Dy (8[(A 4+ w)™)(H)| < 3mEcCmE NIk < cm L=k
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for some positive constant C independent of m. This estimate implies (7-30), noting that

o0
Cm
> —x31. (7-36)
m!
m=0
This finishes the proof. O

7C.2. Approach 2: via Harish-Chandra’s integral formula. This very short approach expresses XI1L (A H)
as an integral over the group G. We apply the Harish-Chandra’s integral formula [1957], which reads

3 (dets)elsti) = [laepteA) -Tlaeplo 1) / o(Ade(D.1a) o
seWw naeP<awo> G

where A, i € be, and dg is the normalized Haar measure on G. Then we can rewrite X’IL (A, H) as

| P

XIIL(A,H) _ i! |Haep(0‘,/\+ﬂ) / ol (AP, Adg (H)) dg.
l_[otEP (O{’ p) G

Note that

ilP' ]_[oceP (Oé, A+ P)
HaeP(a’p>

is a polynomial in A € A of degree |P| = dz;r Also, as |H| < 1, we have |Adg (H)| < % uniformly in

g € G, which implies that the integral

FX) :/Gei(/l+p,Adg(H)) dg

as a function in A is a pseudopolynomial of degree 0, uniformly in |H | < % Then by the Leibniz rule,

x' (A, H) as a function of A is a pseudopolynomial of degree %, uniformly in |H| < % This finishes

the proof of Lemma 7.10.

Remark 7.17. Note that Lemma 7.10 can be stated purely in terms of an integral root system without
mentioning the ambient compact Lie group, and it still holds true this way. It can be seen either by the
approach via BGG-Demazure operators, which is purely a root-system-theoretic argument, or by the fact
that, for any integral root system &, there associates to it a unique compact simply connected semisimple
Lie group equipped with this root system; thus the approach via Harish-Chandra’s integral formula still
works, even though the argument explicitly involves the group.

7D. From the weight lattice to the root lattice. We say exp H is a corner in the maximal torus provided

H%W’H)H =0 foralla € P.

In this section, we extend Corollary 7.11 to the scenarios when exp H is within a distance of < % from
some corner. That is, when

I (e, H)|| S & foralla e P. (7-37)
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To this end, we rewrite the Schrodinger kernel K y (7, x) as a finite sum of exponential sums over the root
lattice:

KN(t,x)

=C Z Z e—it(lx|2—|p|2)(p(|k|2—|p|2) [Tyep (@A) Zsew(dets)ez:(s(A),H)
N? [laep{e.p) ZseW(dets)el<S(ﬂ),H)

wEA/T Aeu+T

i (s(A
=C). Ze—l't<lx+u|2—|p|2>qo(lHMlz_mlz) Macp (@ A51) Yoew (dets)elCHH0I =
WeA/T Ael N2 [laeplo.p)  Fiew(dets)el 5C1H)
where C = ¢i!1°I” /| W |.
Proposition 7.18. Let ;1 be an element in the weight lattice A and let
Ky (t.x) 2 2 i (s(A+u), H
-y e—ir(|)t+u|2—|p|2)¢(|)L +ul* ol ) [Taep (o A+ 1) gew (dets)e! SAHm.H) 139)
Aer N? [loep (. p) Y sew (dets)el (s H)
where x is conjugate to exp H. Then
Nd
|Kly (1, %)] < - (7-40)
/2\\T
(Va(l+ Nz = 217)
for ﬁ € Mg, 4, uniformly for H %(a, H) ” < %for allo € P.
Using (7-38) and the finiteness of A/ I, we have the following corollary.
Corollary 7.19. Inequality (6-1) holds for the case when H % (a, H) ” < %for alla € P.
To prove Proposition 7.18, we first prove a variant of Lemma 7.10.
Lemma 7.20. Let 5 W(dets)e”s(“Jr’D’H)
AL H) = A (7-41)

e H [Tep (@@ HT 1)
be defined as in Lemma 7.10. Assume in addition that u € A. Then y* (A, H) as a functionin A € T is a
pseudopolynomial of degree %, uniformly in H such that H %a(H ) ” < % forall o € P.

Proof. For all H € ib* such that H %(a, H) ” < % for all @ € P, by considering the dual basis of the
simple roots {&1, ..., o}, we can write

H=H,+H, (7-42)
such that
|o= (i Hi)| = | 5= {ai H)| S %, i=1.....r, (7-43)
and
(aj, Hy) €27, i=1,...,r (7-44)

This implies that exp H> is a corner and
|Hi| < - (7-45)



1208 YUNFENG ZHANG

Then for A € I' = Zay + -+ - + Zay,

Y e (dets)el SGAH1) pi(s (), Ha)

12 — M —
PO H) = y* (A, Hy + Hp) = e~ i Ha) T _p (el\@H1) — 1)

(7-46)
epP (

Note that, see Corollary 4.13.3 in [Varadarajan 1974], s(u) —p € I" for all © € A and s € W, which
combined with (7-44) implies

e G H2) _ il ) op q)) LWEAN, seW.
Then (7-46) becomes
ei(MsHZ) . ZSGW(dets)el(s(A—‘f_M)aHl)
e—ilp,H2) o—i{p,Hi) Haep(ei(oc,Hl) —1)

d-r < & by Lemma 7.10. O

Proof of Proposition 7.18. Since Hae pla,A4+pu)isa polynomial and thus also a pseudopolynomial in )t
in | 3z (e H)| <

A H) = =l mteH2) iy HY), (7-47)

which is a pseudopolynomial in A € I" of degre

of degree | P| =
for all « € P by the previous lemma,
f(k) — HOLEP (Ol, A+ /’L>

HaGP (Ol, )

is then a pseudopolynomial of degree d — r uniformly in H %(a, H) H < % for all @ € P. Then the

(A H)

desired result comes from a direct application of Lemma 7.4. O

Example 7.21. We specialize the discussion in this section to the case G = SU(2). Recall that A = Zw,
I' = Za with @ = 2w; thus A/ T = {0, 1} - w. (7-38) specializes to

Kn(t,0)=L1e"(K}(t,0) + KN (t.0)),

where 5 - -
Im —im
0 _ —itm2 (M~ —1 e —e
Ky=)_ e go( N2 )m 00 _o—i0
m=2k
kez
2 imb —im6
1 —itm2 (M~ —1 e —e
Ky = %{:ﬂe go( N2 )m 010 _ =i
m=
kez

for 8 € R/2mZ. Condition (7-37) specializes to ” 9 H ﬁ Write 0 = 61 + 6, where 01| < % and
6, =0, . Then form =2k, k € Z,

1

_ imé —im6
Xm(@)—m-(e l—e 1)

1 (o, ¢]
= gy e~ e
n=0
0
:m > _(29n m"), (7-48)

n odd
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and similarly form =2k + 1, k € Z,

ei0291 i" n—1_n
xm(0) = 0o _ 1) Z 5(291 m").
n odd

Note that we are implicitly applying Proposition 7.14 so that
6, - 2911—1 n’ dd,
fa(61) 1= (b)) — (~mby)" = 6, -5, = { S
0, n even.
If |k| < N, then it is clear that
IDE ok SN'E IDEya | SNVE L eZs,

where D is the difference operator with respect to the variable k. These two inequalities will give the
desired estimates for K 2, and K le respectively using the Weyl sum estimate Lemma 7.4 in one dimension.

7E. Root subsystems. To finish the proof of part (ii) of Theorem 6.2, considering Corollaries 7.8 and 7.19,
it suffices to prove (6-1) in the scenarios when exp H is away from all the corners by a distance of = %
but stays close to some cell walls within a distance of < % We will identify these other walls as belonging
to a root subsystem of the original root system &, and then we will decompose the character, the weight
lattice and thus the Schrodinger kernel according to this root subsystem.

TE.1. Identifying root subsystems and rewriting the character. Given any H € ib*, let Q i be the subset
of the set ® of roots defined by

Thus
@\ 0n = o c @ | lo )] > 4}
Define
&y :={a € O |« lies in the Z-linear span of Qg }. (7-49)
Then &g D QOp, and
o, HY| S & foralla e @y, (7-50)

with the implicit constant independent of H, and
I (e, H)|| > & foralla e ®\ ®p. (7-51)
Note that g is Z-closed in ®; that is, no element in ® \ ® g lies in the Z-linear span of ®g.

Proposition 7.22. ®g is an integral root system.

Proof. We check the requirements for an integral root system listed on page 1182. Parts (ii) and (iv) are
automatic from the fact that ® g is a subset of ®. Part (i) comes from the fact that &g is a Z-linear space.
Part (iii) follows from the fact that s 8 is a Z-linear combination of o and B for all o, 8 € ®p, and the
fact that g is a Z-linear space. O
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Then we say that @ is a root subsystem of ®.

Let Wy be the Weyl group of ®g. Wy is generated by reflections s, for « € &y and Wy is a
subgroup of the Weyl group W of ®. Let P be a positive system of roots of ® and Pg = P N ®g. Then
Ppg is a positive system of roots of ®g. We rewrite the Weyl character as

ZseW (det S)ei(s()k),H)

"o et M) HaeP(ei(a’H) —1)
= (1/1Wa ) ZsHeWH ZSGW(det(sHs))ei((sHs)(A),H)
e~ 0 ) ([Taeprpy, @ @H = 1) [Taep, (€@ @0 —1))
) 1 > (dets) sy ewy (detsg)e! 51 SENH)
| Wy |e—i{p:H) l_[aeP\PH (eileH) _ 1) = HaGPH (eileH) 1)
Zs ew, (detSH)ei(sH(S(A)),H)
= CUD ) et = : (7-52)
ZW [Macp, (@ @H 1)
where
1
C(H):= . | | s
Wit le=10-H) T] e py py, (1@ H) — 1)
Then by (7-51),
|C(H)| < N'P\Pnl, s

Let Vg be the R-linear span of ®z in V =ib* and let H I'be the orthogonal projection of H on Vg.
Let H- = H — HI. Then H~ is orthogonal to Vg and we have

' LyHl
o cw,, (detsg) el sH GO H=+HT)
=C(H dets) . =2H="H :
" ( )S§V( : HaePH(el(a,Hi+Hll)_1)

(det sy )e! (SWssz (HD)) i(srr (s, H')

=C(H) ) (dets)- s Wy (7-55)

seEW HaePH(ei(a’H”) _1)

Note that since H is orthogonal to every root in ®z, H= is fixed by s for any « € ®p, which in turn
implies that H - is fixed by any sy € Wy ; that is, sg (H+) = H+. Then

s,y ey (detspr)el SOIH ) pi s (G, HY

11 =C(H) ) (dets)-

= [acr, (il H) _ 1)
i{s (s()),H")
— C(H) Z (det s) - ei(s(/l),Hl) ) ZSHEWH (detsg)e'V¥H (7-56)
sew HaePH (ei(oe,H”) - 1)

Note that by the definition of H I, we have

|5 (e, HIY| < & foralla € @p. (7-57)
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This means that exp H I'is a corner in the maximal torus of the compact semisimple Lie group associated
to the integral root system $g.
Using the above formula, we rewrite the Schrodinger kernel (7-11) as

C(H)eitlr)?
Kyt x) = e 3 (dets) - Ky ). (7-58)
(HoceP (Ol, p))|W| seW
where
; A ’HII
Kns(t.x) = Z ei(s(k),Hi)—itIAIZ(p(MP_|P|2)(1—[ (@ A)) > sy ey (detsg)el (51 ) )'
s Pt N2 wep HaePH (el(ot,HH) . 1)

Noting that for any s € W, [s(1)| = A, [[yep (. (1)) = (dets) [ [, p (. A) by Proposition 7.13, and
s(A) = A, we have

Kpys(t,x) = (dets)Kn,1(t, x),
where 1 is the identity element in W. Then (7-58) becomes

C(H)e'!lP?

KN = Mot 0)

Kna(t. x). (7-59)

Proposition 7.23. Recall that

i ; A2 —|p|? det sgp)e! (s W, H)
Ko 1= 3 by (B ([ ) B G0

AEA N? aeP [laepy (et H —1)

Then
NE—|P\PH]|

|Kn,1(t, x)| < 73
(Va(L+N|p = g1))

(7-61)

for ﬁ € Mg, q, uniformly in x € G.
Noting (7-54) and (7-59), the above proposition implies part (ii) of Theorem 6.2.

Example 7.24. Figure 1 is an illustration of the decomposition of the maximal torus of SU(3) according
to the values of H %(a, H) } , ¢ € d. Here P ={uy, an, 3 =1 +a2}. The three proper root subsystems
of ® are {+a;}, i =1,2,3. The association of ®g to H is as follows:

H € regions of color = Py =9,
H € regions of color = Oy ={xa1},
H € regions of color — Py ={zxaz},
H € regions of color — Py ={zxa3z},
H € regions of color = oy =0.
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Figure 1. Decomposition of the maximal torus of SU(3) according to the values of
H%(a,H} |, aeA.

7E.2. Decomposition of the weight lattice. To prove Proposition 7.23, we will make a decomposition of
the weight lattice A according to the root subsystem ®z. First, we have the following lemma about root
subsystems. Let Proj;; denote the orthogonal projection map from the ambient inner product space onto
the subspace U.

Lemma 7.25. Let ® be an integral root system in the space V with the associated weight lattice A ¢. Let
W be a root subsystem of ®. Then let I'y and A ¢ be the root lattice and weight lattice associated to W
respectively. Let Viy be the R-linear span of W in V. Let Y be the image of the orthogonal projection of
A onto Viy. Then the following statements hold true:

(1) Yy is a lattice and I'y C Yy C Ay. In particular, the rank of Yy equals the rank of Uy as well
as Ay.

(2) Let the ranks of Yy and Ag be r and R respectively. Let {wy,...,w;} be a basis of Yy. Pick
any {uy,...,ur} C Ag such that Projy,, (u;) = w;, i =1,...,r. Then we can extend {uy, ..., ur}
into a basis {uy, ..., Ur, Ur41,...,UR} Of Ao. Furthermore, we can pick {uy+1,...,uR} such that
Projy,, (u;j) =0 fori =r+1,..., R
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Proof. (1) It’s clear that Yy is a lattice. Let ' be the root lattice associated to ®. Then I'y C I'g. Thus
'y = Projy,, (I'y) C Projy,, (I'e) C Projy,, (Ag) = Ty.
On the other hand, for any u € Ag, a € I'y, we have (Projy,, (1), @) = (u, @). This in particular implies

Proj o )
2( vy (1) ):2<M a>eZ forall p € Ap, a € I'y.

(o, o) o, o

This implies Projy,, (1) € Ay for all u € Ag; thatis, Ty = Projy,, (Ag) C Ag.

(2) Let S :=Zuy +---+ Zu,; then S is a sublattice of Ag of rank r. By the theory of modules over a
principal ideal domain, there exists a basis {u/, ..., u’y} of A and positive integers dy|dz|- - -|d, such
that {du', ..., dyu}} is a basis of S¢. Then we must have d; =dp =--- =d, = 1, since

Zdy Projy, (u}) + -+ + Zdy Projy (u}) = Projy (o)
= Projy,, (Ae) D ZProjy,, (u}) + -+ ZProjy,, (u;) (7-62)
and v, ..., u, are R-linear independent. Thus we have
So =Zuy + -+ Zuy = Zu'y + -+ + Zu..

and then {u1, ..., u,, ”lr+1’ R u’R} is also a basis of A ¢. Furthermore, by adding a Z-linear combination
of uy,...,u, toeach ofu’r_H, ..., u'p, we can assume that ProjV\y(u;) =0fori=r+1,...,R. 0O

We apply the above lemma to the root subsystem ®g of ®. Let V =ib* Vg be the R-linear span of
&g in V, I'g be the root lattice for g, and let

Tg = Projy,, (A). (7-63)
Then by the above lemma, we have
Yg D I'y. (7-64)
Let rg be the rank of @y as well as of 'y and Yg, and let {wq, ..., w,, } C Ty such that

Yy =2Zwi +---+ 2wy, .
Pick {u1,...,us;} C A such that

Projy, (ui) =w;, i=1,....ry.
Then by the above lemma, we can extend {u1,...,u,, } into a basis {u1,...,u,} of A such that
Projy, (u;) =0, i=rg+1,....r, (7-65)
with
AN =2u;+---+ Zu,.
Set

Yy =Zuy+--++ Zuy, CA.
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Then
Projy, : Ty = Yg.

Recalling (7-64), let '}, be the sublattice of Y, corresponding to 'y C Y under this isomorphism.
More precisely, let {aq, ..., o, } be a simple system of roots for Iy ; then

Projy, : Ty =Zay +---+Zay, => Ty =Zay +---+Zay,, oo, i=1,....rg, (7-66)

and we have
Yy/Ty =Yu/Tu, |Ty/Tyl=|Tu/TH|<oo. (7-67)

Decomposing the weight lattice as

A= || W+Th+Zuryr+-+2uy),
weYy /Ty
we have
Y Y + A+ A2 = |pl?
KN,]_(I,X) — Z el(/L-}—kl-‘r/\z,HL)—ll‘“L-i-)L]+lzz(p(llu 1 N22| |IO| )
WEY ) /Ty

A=mal+etngy, a;H
A2=nrH+lurH+l+'“+”rur

; / I
: ( 1_[ (o, p+ A/l + A2)) SHGWFILI (ez‘(a HI) 1) (7-68)
aeP a€Py ’ -
Note that (7-65) implies for Ay = ny, 4 1Ury+1 + -+ nyu, that
(srr(A2), H) = (A2, s (H1)) = 0,
and (7-66) implies for A} = nyaj +---+n,ya,, that
(sarA)), HYY = (A s (HY) = Ay, s (HY) = (su (hn), HY),
where Ay =njoy + -+ n,, 0, € Vh. Similarly, also note that
(ser (), HY) = (s (), HY), where p!:= Projy,, ().
Thus we write
2 2
Kvitx)= Y 3 o A HA2 H Y it |t 4 +xz|2¢(lu+lﬁ+lzl —|pl )
s ’ 2
WeY /Ty A =n1a/1+~-~+nrHoz;H N
AM=niapttny oy,
A2:”;‘H—i—lurH—H"""'Fnrur I "
] +A1),H
) 1_[ (@, A +22) ZSHEWH (detSH)el(sH(M D.HT) (7-69)
oEeP ’ ' HaePH (ei(a’H”)_l) .

Remark 7.26. We have that in the above formula
- (detsH)eNSH(u“+Al),HH)
H H

Il
(A, HY = .
[Taep,, (e'f@H" —1)
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is a character of the form (7-41). Also note that ,u” € Projy,, (A) lies in the weight lattice Ay of @ by
Lemma 7.25.

Noting (7-67), Proposition 7.23 reduces to the following.

Proposition 7.27. For p € Yy, /T, let

/ 2 2
K% (tx) = Z ei(u—i—l’l+AZ,HJ-)—it|u+)L’1+)L2|2(p(|M+A1+/\2| —Ipl )
N\ T N2
Ay=nioy+tnp ol
A=nior+tny gy Oy
AzznrH+1urH+1+---+nrur
ni,...,nr€Z

detsg)e! (su (! +21),H')
( [ (e nt+t; +Az)) Lsuehi ).( iy (7-70)
aEeP HaePH (e!t*-H7—1)
Then
“ NA—IP\P]|
Ky (2. 0)| < (7-71)
N t 1/2 r
(Va(1+N|zp = 5177))
for 515 € Ma.q, uniformly in x € G.
Proof. We apply Lemma 7.4 to the lattice Zaty + -+ -+ Zaty,, + Zuyyy 41 + - - + Zu,. Write
X“H (AL H = Lsyews ( ) i
HaePH (eZ(a, ) — 1)
Then it suffices to show that
a€P
forl <iy,...,ip <r,
Ay =nay 4
Ar=niar+ 0y,
A2 = Nry ity 41+ ey,
uniformly in |n;| SN, i =1,...,r. Since [[,ep (o, + A} + A2) is a polynomial and thus a pseu-
dopolynomial of degree | P|, it suffices to show that
[Diy -+ Dy (2 G HIY)| 5 NOTIPNPHIr=IPIok = yIPnIE, (7-72)
Since y (A1) does not involve the variables n,,, +1, . .., 1y, it suffices to prove (7-72) for 1 <iy,...,ix <rg

uniformly in |A;| < N. But this follows by applying Lemma 7.20 to the root system @z, noting
Remark 7.26. O
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7F. L? estimates. We prove in this section L?(G) estimates of the Schrodinger kernel for p < oo.
Though we do not apply them to the proof of the main theorem, they encapsulate the essential ingredients
in the proof of the L°°(G)-estimate and are of independent interest.

Proposition 7.28. Ler Ky (¢, x) be the Schridinger kernel as in Theorem 6.1. Then for any p > 3, we

have
N9=%
IKn () Lr@) < (7-73)

(Va(l+N| 55 —2]%)

¢
for 57D € Ma,g-

Proof. As a linear combination of characters, the Schrodinger kernel Ky (z, - ) is a central function. Then
we can apply to it the Weyl integration formula (4-16)

1

[ Kn(, ’)Hiﬂ(G) = W

/ Kn (1. b)|P| Dp ()] db. (7-74)
B

where B is the maximal torus with normalized Haar measure db. Recall that we can parametrize B =exp b
by H €ib* =~ b, and write

B ~ib*/2nZa) +---+27Za)) = [0,27)a) +---+[0,27)e,’, (7-75)
where {&, = 20; /(j, ;) | i =1,...,r} is the set of simple coroots associated to a system of simple
roots {oj |[i =1,...,r}.

We have shown in Section 7E that each H € i b* is associated to a root subsystem @z such that (7-50)
and (7-51) hold. Note that there are finitely many root subsystems of a given root system; thus B is
covered by finitely many subsets R of the form

R={HeB||x(w.H)| <4 foralla e,

|%(Q,H)H>%forallaeq>\lll}, (7-76)

where W is a root subsystem of ®. Thus to prove (7-73), using (7-74), it suffices to show

P
N4 _
f|KN<r,epo)|P|Dp(expH>|2dHs( — ) N @
R (Vi +N|z5—217)
By (7-54), (7-59) and (7-61), we have
1 NE—IP\Q|

Kn(t.expH) < . . ,
Macro@@H =1 (/g1 4+ N| 55— 2?)

where P, Q are respectively the sets of positive roots of ® and ¥ with P D Q. Recalling Dp(exp H) =
[Tyep (e H) —1), (7-77) is then reduced to

/R 1

(ei(a,H) —1)

p—2

2
1_[ (ei(a,H) i 1)‘ dH < NP|P\Q|—d.
axeQ

HaeP\Q
Using

e~ 1) 5 || g (e, )| 5 JeH) — 1],
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it suffices to show

1 p=2 . 2
[P\Q|—d
- []l5fe. H)|| dH S NP : (7-78)
/R [aervo | 2r (e H) | veo
For each H € B, we write
H=H'+ H,
such that
|5 (. H) || = |5 (. H')|. (. Ho) €27Z foralla € P.
We write
RC g R’ + Ho, (7-79)
HoeB
(¢,Ho)e2nZ Nae P
where
R'={HeB||3(a H)| Sy foralla € Q, |5=(a, H)| > 4 foralla € P\ 0}. (7-80)
Note that (o, ;') € Z foralla € P andi =1,...,r due to the integrality of the root system; using (7-75),

we have that there are only finitely many Hy € B such that (o, Hy) € 277 for all & € P. Thus using
(7-79), (7-78) is further reduced to

1
/ [T12 e 1)

HaeP\Q‘%@{’H)‘ aeQ

Now we reparametrize B = [0, 27)ay” +--- 4 [0, 27)a) by

p—2 2
dH < NPIP\CI=d (7-81)

,
H = Ztiwi, (t1,...,tr) €D,
i=1
where {w; |i = 1,...,r} are the fundamental weights such that {a;, w;) = &;j|a;|?/2, i,j =1,...,r,
and D is a bounded domain in R”. Then the normalized Haar measure d H equals
dH = Cdty---dt,
for some constant C. Let s < r such that
{a1,...,a5} C P\ Q,
{Ols_:,_l,...,Ol,-} C Q.

Using (7-80), we estimate

/ ! - [1]% (e H)| de
R | Taep\olt 27 (. H)) ) o
5/ L ye-2aP\el-9) y—2121 gy gy,
r 1 ...[s|17—2
<neanay el [ mdh cedty. (182)

|tS+1 |a'-'s|tr|sﬁ



1218 YUNFENG ZHANG

If p > 3, the above is bounded by
< N@=2D(P\Q|=s) Ny =20 \ys(p=3)—(r=s) _ Ny PIP\Q|—d

noting that 2| P \ Q| +2|Q|+r =2|P|+r=d. O

Remark 7.29. The requirement p > 3 is by no means optimal. The estimate in (7-82) may be improved
to lower the exponent p. We conjecture that (7-73) holds for all p > p, such that lim; . pr = 2, where
r is the rank of G.
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PARABOLIC L? DIRICHLET BOUNDARY VALUE PROBLEM
AND VMO-TYPE TIME-VARYING DOMAINS

MARTIN DINDOS, LUKE DYER AND SUKJUNG HWANG

We prove the solvability of the parabolic L” Dirichlet boundary value problem for 1 < p < oo for a PDE
of the form u; = div(AVu) + B - Vu on time-varying domains where the coefficients A = [a;;(X, t)] and
B = [b;] satisfy a certain natural small Carleson condition. This result brings the state of affairs in the
parabolic setting up to the elliptic standard.

Furthermore, we establish that if the coefficients A, B of the operator satisfy a vanishing Carleson
condition and the time-varying domain is of VMO type then the parabolic L? Dirichlet boundary value
problem is solvable for all 1 < p < oo. This result is related to results in papers by Maz’ya, Mitrea and
Shaposhnikova, and Hofmann, Mitrea and Taylor, where the fact that the boundary of the domain has a
normal in VMO or near VMO implies invertibility of certain boundary operators in L? forall 1 < p < oo,
which then (using the method of layer potentials) implies solvability of the L?” boundary value problem in
the same range for certain elliptic PDEs.

Our result does not use the method of layer potentials since the coefficients we consider are too rough
to use this technique, but remarkably we recover L? solvability in the full range of p’s as in the two
papers mentioned above.

1. Introduction

Let us consider a parabolic differential equation on a time-varying domain €2 of the form

{u, =div(AVu)+B-Vu in Q c R*1

u=f on 92, (1-1)

where A = [a;;(X, t)] is an n x n matrix satisfying the uniform ellipticity condition with X € R", r € R.
That is, there exist positive constants A and A such that

MEP <) aij (X, 0)EE < Mg (1-2)
i’j
for almost every (X, t) € Q and all £ € R". In addition, we assume that the coefficients of A and B satisfy
a natural, minimal smoothness condition (1-6) and we do not assume any symmetry on A.
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It has been observed via the method of layer potentials that when the domain on which we consider
certain boundary value problems for elliptic or parabolic PDEs is sufficiently smooth, the question of L?
invertibility of a certain boundary operator can be resolved using Fredholm theory since this operator is
just a compact perturbation of the identity. This observation then implies invertibility of this boundary
operator for all 1 < p < oo and hence solvability of the corresponding L?” boundary value problem in
this range.

The notion of how smooth the domain has to be for the above observation to hold has evolved. Initial
results for constant-coefficient elliptic PDEs required domains of at least C'** type. This was reduced
to C' domains by Fabes, Jodeit, and Riviere [Fabes et al. 1978]. Later the method of layer potentials
was adapted to variable coefficient settings, and the results were extended to elliptic PDEs with variable
coefficients [Dindo§ 2008] on C' domains.

Further progress was made after advancements in singular integrals theory on sets that are not necessary
of graph type [Semmes 1991; Hofmann et al. 2010]. It turns out that compactness of the mentioned
boundary operator only requires that the normal (which must be well-defined at almost every boundary
point) belongs to VMO.

This observation for the Stokes system was made in [Mazya et al. 2009], where boundary value
problems for domains whose normal belongs to VMO (or is near to VMO in the BMO norm) were
considered. In [Hofmann et al. 2015] symbol calculus for operators of layer potential type on surfaces
with VMO normals was developed and applied to various elliptic PDEs including elliptic systems.

So far we have only mentioned elliptic results. One of the first results for the heat equation in Lipschitz
cylinders is by Brown [1989]. Here the domain considered is time-independent and Fourier methods in
the time variable are used. Domains of a time-varying type for the heat operator were first considered in
[Lewis and Murray 1995; Hofmann and Lewis 1996] and again the method of layer potentials was used
to establish L? solvability. The question of solvability of various boundary value problems for parabolic
PDEs on time-varying domains has a long history. Recall that in the elliptic setting [Dahlberg 1977] has
shown in a Lipschitz domain that the harmonic measure and surface measure are mutually absolutely
continuous and that the elliptic Dirichlet problem is solvable with data in L? with respect to the surface
measure. R. Hunt then asked whether Dalhberg’s result holds for the heat equation in domains whose
boundaries are given locally as functions ¢ (x, t), Lipschitz in the spatial variable. It was conjectured
(due to the natural parabolic scaling) that the correct regularity of ¢ (x, ) should be a Holder condition of
order % in the time variable ¢ and Lipschitz in x. It turns out that under this assumption the parabolic
measure associated with (1-1) is doubling [Nystrom 1997].

However, to answer R. Hunt’s question positively, one has to consider more regular classes of domains
than the one just described above. This follows from the counterexample of [Kaufman and Wu 1988],
where it was shown that under just the Lip(l, %) condition on the domain €2 the associated caloric measure
(that is, the measure associated with the operator 9, — A) might not be mutually absolutely continuous
with the natural surface measure. The issue was resolved in [Lewis and Murray 1995], where it was
established that mutual absolute continuity of caloric measure and a certain parabolic analogue of the
surface measure holds when ¢ has % of a time derivative in the parabolic BMO(R") space, which is
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a slightly stronger condition than Lip(l, %) We shall say such domains are of Lewis—Murray type.
Hofmann and Lewis [1996] subsequently showed that this condition is sharp. We thoroughly discuss
these domains in Section 2A.

Further work was done in [Hofmann and Lewis 2001; Rivera-Noriega 2003; 2014] in graph domains
and time-varying cylinders satisfying the Lewis—Murray condition, where they proved the L? Dirichlet
problem was solvable for all p > p’ for some potentially very large p’ (due to the technique used, there
is no control on the size of p’). Finally, [Dindo§ and Hwang 2018] established L? solvability 2 < p < 0o
in domains that are local of Lewis—Murray type under a small Carleson condition.

While researching literature on domains of Lewis—Murray type and ways this concept can be localized
(in the time variable the half-derivative is a nonlocal operator, and hence any condition imposed on it is
difficult to localize), we have realized that important results we have planned to rely on have issues (either
in their proofs or even worse are simply false; see in particular Remark 2.7 in the next section). This has
prompted us to write Section 2A on parabolic domains in substantially more detail than we originally
intended to. This sets the literature record straight and more importantly in detail explains the concept of
localized domains of Lewis—Murray type. For readability of the paper and this section, we have moved
long proofs into an Appendix.

We establish L? solvability results for parabolic PDEs on time-varying cylinders satisfying locally the
Lewis—Murray condition in the full range 1 < p < 0o, improving the solvability range from [Dindos and
Hwang 2018] as well as older results such as [Hofmann and Lewis 1996], where only p =2 was considered.
The coefficients we consider are very rough and, in particular, the method of layer potentials cannot be
used. Despite this, we recover (in the parabolic setting) an analogue of [Mazya et al. 2009; Hofmann et al.
2015]. When the domain €2, on which the parabolic PDE is considered, is of VMO type (that is, certain
derivatives both in temporal and spatial variables will be in VMO) and the coefficients of the operator
satisfy a vanishing Carleson condition the L? solvability can be established for all 1 < p < oco. Remarkably
this is the full range of solvability that holds for smooth coefficients (via the layer potential method).

Our proof is however completely different from the layer potential method; for example at no point
is compactness used. The proof is also substantially different than the case 2 < p < oo of [Dindo$ and
Hwang 2018] in the following way. We were inspired by [Dindos et al. 2007] and have used a so-called
p-adapted square function to prove L? solvability. However, due to the presence of the parabolic term, a
second-square-function-type object will arise, namely

f e (X, P (X, D1P728(X, 1) dX dr, (1-3)
Q
where 6 (X, 1) is the parabolic distance to the boundary defined as
§(X,t)= inf (|X-=Y|*+|r—1])"2
(¥Y,7)€dQ

When p = 2 such an object was called the “area function” and in [Dindo§ and Hwang 2018] it was
shown that it the usual square function can dominate it. It turns out however that the case 1 < p <2
is substantially more complicated and we were only able to establish required bounds for (1-3) for
nonnegative u after a substantial effort.
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There is also an issue of whether the p-adapted square function is actually well-defined and locally
finite (as the exponent on |u| is negative). We prove that when u is a solution of a parabolic PDE the
p-adapted square function is indeed well-defined by adapting a recent regularity result [Dindos and Pipher
2019]. That paper deals with complex-coefficient elliptic PDEs but the method used there can be adapted
to the parabolic setting; see Theorem 4.1 for details.

Many results in the parabolic setting are motivated by previous results in the elliptic setting and ours is
not different. Let us, therefore, give an overview of the major elliptic results related to our main theorem.
The papers [Kenig et al. 2000] and [Kenig and Pipher 2001] started the study of nonsymmetric
divergence elliptic operators with bounded and measurable coefficients. Kenig and Pipher [2001] used
[Kenig et al. 2000] to show that the elliptic measure of operators satisfying a type of Carleson measure
condition is in Ay and hence the L? Dirichlet problem is solvable for some, potentially large, p. In
[Dindos et al. 2007], the authors improved the result of [Kenig and Pipher 2001] in the following way.
They showed that if
5CX)7'( osc ay)’ and SX)( sup b)) (1-4)
Bs(x)2(X) Bs(x)/2(X)
are densities of Carleson measures with vanishing Carleson norms then the L? Dirichlet problem is
solvable for all 1 < p < co. A similar result for the elliptic Neumann and regularity boundary value
problem was established in [Dindos et al. 2017].
The parabolic analogue of the elliptic Carleson condition (1-4) is that
5CX, 0" sup( osc a) 58X, 0( sup b)) (1-5)
i,j BsxnpX.n) Bsx.n2(X,0)
is the density of a Carleson measure on $2 with a small Carleson norm and & (X, ¢) is the parabolic distance
of a point (X, t) to the boundary 0€2.

The condition (1-5) arises naturally as follows. Let 2 = {(xg, x, ) : xo > ¢ (x, t)} for a function ¢ which
satisfies the Lewis—Murray condition above. Let p : U — €2 be a mapping from the upper half-space U
to Q. Consider v =u o p. It will follow that if u solves (1-1) in 2 then v will be a solution to a parabolic
PDE similar to (1-1) in U. In particular, if p is chosen to be the mapping in (2-26) then the coefficients of
the new PDE for v will satisfy a Carleson condition like (1-5), see Lemma 2.18, provided the original
coefficients (for u) were either smooth or constant.

Furthermore, if we do not insist on control over the size of the Carleson norm, then we can still infer
solvability of the L? Dirichlet problem for large p, as in [Hofmann and Lewis 2001; Rivera-Noriega
2003; 2014].

Finally, we ready to state our main result; some notions used here are defined in detail in Section 2.

Theorem 1.1. Let Q be a domain as in Definition 2.10 with character (£, n, N, d) and let A be bounded
and elliptic as in (1-2), and B be measurable. Consider any 1 < p < 0o and assume that either

1) dy =[8(X, 1) "sup( osc  a;)’ +8(X,1) sup |BPF]dXds (1-6)
i,j BsxnpX.n Bs(x.n/2(X,1)

is a Carleson measure on 2 with Carleson norm |1l c,
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(2) or assume in addition that V A, 0; A are well-defined at a.e. point in 2 and
dus = (8(X, IVAI* +8(X, 1)’ |3, A + 8(X, )| B|*) dX dt (1-7)
is a Carleson measure on Q with Carleson norm |2l c and
8(X, NIVAI+8(X, 1713, Al +8(X, DB < l|uall . (1-8)
Then there exists K = K(A, A, €, n, p) > 0 such that if for some ry > 0

max{r. |illcn) <K or max{y, [uallcn) <K

the L? Dirichlet boundary value problem (1-1) is solvable (see Definition 2.26) and the following estimate
holds for all continuous boundary data f € Cy(0S2):

IN@)lLroo,do) S I fllroo, do)

where the implied constant depends only on the operator, n, p and character (£,n, N,d), and N (u) is
the nontangential maximal function of u.

Corollary 1.2. In particular, if Q is of VMO type (n in the character (€, n, N, d) can be taken arbitrary
small), and the Carleson measure [ from Theorem 1.1 is a vanishing Carleson measure then the LP
Dirichlet boundary value problem (1-1) is solvable for all 1 < p < oo.

2. Preliminaries

Here and throughout we consistently use Vu to denote the gradient in the spatial variables and u, or d,u
to denote the gradient in the time variable.

2A. Parabolic domains. In this subsection, we define a class of time-varying domains whose boundaries
are given locally as functions ¢ (x, t), Lipschitz in the spatial variable and satisfying the Lewis—Murray
condition in the time variable. At each time 7 € R the set of points in 2 with fixed time ¢ = 7, that is,
Q; = QN {t = t}, is a nonempty bounded Lipschitz domain in R". We start with a discussion of the
Lewis—Murray condition, give a summary and clarification of the results in the literature, and introduce
some new equivalent definitions.

We define a parabolic cube in R"~! x R, for a constant » > 0, as

172

Qr(x,t)={(y,s)e[F\R"*1le:|xl~—y,-|<rf0ra111§i§n—1, |t —s|/° <r}.

Let J, C R"~! be a spatial cube of radius r. For a given f : R" — R let
1
1Or] Jo,

When we write f € BMO(R") we mean that f belongs to the parabolic version of the usual BMO space
with the norm || |, where

fo,

f(x,t)dxdr.

If1l+ = sup |f = fo,ldx dr < oo. 2-1)

o, 19rl Jo,
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Recall that the Lewis—Murray condition imposed that a half-derivative in time of ¢ (x, ¢) belongs to
parabolic BMO. There are a few different ways one can define half-derivatives and BMO-Sobolev spaces,
and there are also some erroneous results in the literature which we correct here. To bring clarity, we start
by discussing the various definitions in the global setting of a graph domain 2 = {(xg, x, 1) : xo > ¢ (x, 1)},
where ¢ : R"~! x R — R. We follow the standard notation of [Hofmann and Lewis 1996].

If g € C°(R) and 0 < o < 2 then the one-dimensional fractional differentiation operators D, are
defined on the Fourier side by

Dqg(v) =I7|*4(v).

If 0 < @ < 1 then by standard results

(8D —g()
Dag(t)—c/%—lt_spw ds

Therefore, we define the pointwise half-derivative in time of ¢ : R"~! x R — R to be

' ¢(x,5) —px,1)
Do (x, 1) = Cn/% s — 172 ds (2-2)

for a properly chosen constant c,,; see [Hofmann and Lewis 1996]. In order for the Fourier transform to
be well-defined, ¢ should be a tempered distribution modulo first-degree polynomials in x; see [Hofmann
1995; Strichartz 1980].

However, this definition ignores the spatial coordinates. Instead by following [Fabes and Riviere 1967]
we may define the parabolic half-derivative in time of ¢ : R"~! x R — R to be

— T A
[D)}’l ) =T ) ’ 2_3
¢, 1) ||($,T)||¢(S T) (2-3)

where £ and 7 denote the spatial and temporal variables on the Fourier side respectively, and ||(x, ¢)|| =
|x| + |¢]'/? denotes the parabolic norm. In addition we define the parabolic derivative (in space and time)
of p :R" ! xR— Rtobe

Do, 1) = I Db, 7). (2-4)

D! is the parabolic Riesz potential. Again, we assume here that ¢ is a tempered distribution modulo
first-degree polynomials in x. One can also represent D as

[D):ZRJ'D]', (2'5)
j=1

where D; = 0; for 1 < j <n—1, D, is defined above and R; are the parabolic Riesz transforms defined
on the Fourier side as

= i&; .
Ri¢,1)=———— forl<j<n-—1,
A G0l 26)
R t)=—
CO=1eop

Furthermore the kernels of R; have average zero on (parabolically weighted) spheres around the origin,
obey the standard Calderén—Zygmund kernel and therefore by standard Calderén—Zygmund theory each
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R; defines a bounded operator on L?(R") for 1 < p < oo and is bounded on BMO(R") [Peetre 1966;
Fabes and Riviere 1966; 1967; Hofmann and Lewis 1996].
We say that ¢ : R"~! x R — R is Lip(l, %) with Lipschitz constant £ if ¢ is Lipschitz in the spatial

variables and Holder continuous of order % in the temporal variable. That is,

¢ (x, 1) — ¢ (v, )] < L(|lx — y| + |t —5]'/?). (2-7)

The Lewis—Murray condition on the domain €2, for which they proved the mutual absolute continuity
of the caloric measure and the natural surface measure, is ¢ € Lip(l, %) and || D} /2¢||* < n; note this
BMO norm is taken over R".

It is worth remarking that none of the operators D] /20 D, or D easily lend themselves to being localized
to a function ¢ : Q; — R due to their nonlocal natures. However, our goal is to provide a theory where
the domain is locally given by graphs satisfying the Lewis—Murray condition. The parabolic nature of the
PDE (especially time irreversibility and exponential decay of solutions with vanishing boundary data)
suggests we should expect to need only local conditions on the functions describing the boundary.

To this end, we state the following theorems, where we show some statements equivalent to the
Lewis-Murray condition for a global function ¢ : R"~! x R — R. Furthermore, the final conditions admit
themselves to being localized easily as well as amiable to an extension; see Theorem 2.8 for details on an
extension.

The equivalence of (1) and (2) below is shown in [Hofmann and Lewis 1996] with an equivalence of
norms in the small and large sense; see (2.10) and Theorem 7.4 in that work for precise details, and see
(2-5) and (2-6).

Theorem 2.1. Let ¢ : R ' xR — Rand ¢ € Lip(l, %) Then the following conditions are equivalent:
(1) D§/2¢ € BMO(R").
(2) D,¢ € BMO(R").
(3) D¢ € BMO(R").
We also note that since D,¢ = R,D¢ we have |D, o]+« < [|[D¢|« by the boundedness of R, on
BMO(R").
We now extend this theorem by adding three more equivalent statements. To motivate (6) of
Theorem 2.3 below we first recall a characterisation of BMO from [Strichartz 1980, p. 546]. Let

M(f, Q)=(1/10] fQ f denote the average of f over a cube Q, and let ép(x) be the cube of radius p
with x in the upper-right corner.

Lemma 2.2 [Strichartz 1980]. We have f € BMO(R") is equivalent to

sup ) / / M(f, D, (00) — M(f. By — per)?L dx = B < oo, (2-8)
o &= 10:1 Jo, Jo 5

where ey are the usual unit vectors in R", and || f||i ~ B.
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The equivalence of (3) and (4) in the theorem below is a generalisation of [Strichartz 1980] to the
parabolic setting that is stated in [Rivera-Noriega 2003]; see also [Fefferman and Stein 1972; Calderén
and Torchinsky 1975; 1977]. We have some questions about the proof given in [Rivera-Noriega 2003];
however, the argument we give for (5) also works for (4) and hence the claim in that paper is correct.

Theorem 2.3. Let ¢ :R" ' xR — Rand ¢ € Lip(l, %) Then the following conditions are equivalent:
3) D¢ € BMO(R"

@ sup /' / | (x+y, 14+5) =2 (x, 1) +P(x—y,1—5)| dydsdxdr = By < oo, (2-9)
0, |Qr| Miowizr ERIGE w=
lp(x+y,1) —2¢(x, 1) + ¢ (x — y,1)|?
5) (a) sgp ol / f| e dydx dr = B4 < 00. (2-10)
r r r y <r
lp(x, 1) —p(x,5)|
(b) . 51; ) IQ o, s dsdfdx = Bsp) < 00. (2-11)
r=Jr X1y r r r
(6) Letu = (', u,) € S ! and let e, be the unit vector in the time direction. Fork =1, ...,n—1 let

1
A =/0 pu' - (M(Vg, Qp(x +dpu', 1)) = M(V, Qp(x + rpu' — pey, 1)) di

1
A= [ ou (90, By 3 1) = MV, Bl o' 1 = 7)) 0

Then
| Ay |?
(a) supZ|Q I/ / ]/ dp dudx dr = Bs.q) < 00, (2-12)
O k=1 rl JQ, JueS"-
) — 2
®) su |Q| Px, |i ¢|§x D 45 dr dx = By < oc. 2-11)
QrZJrXIr r Qr Ir -

Furthermore we have equivalence of the norms
ID@IZ ~ By ~ Bs.a)+ Bisb) ~ Bio.y + Biewy- (2-13)
We give a proof of this result in the Appendix at the end of the paper.

Remark 2.4. Condition (6.2) does not immediately look too similar to its supposed motivation, (2-8) in
Lemma 2.2. However, if we move back into Cartesian coordinates and undo the mean value theorem,
then we obtain something very similar to a combination of (2-8) and an endpoint version of [Strichartz
1980, (3.1)]. The reason why we can obtain the endpoint, whereas [Strichartz 1980, (3.1)] can only be
used for a fractional derivative smaller than 1, is due to additional integrability and cancellation coming
from (A-1). Consider

A, =M(9, Oty (X + ¥, 1) = M, Oy, (X, 1))
—M(®, Q.o (x+y =11y, )llex, 1)) +M(P, Qy.5)1(x = 1(y, 5)llex, 1)),

Ay = M($: Q1.1 (x +3.0) = M (@, Oy (1)) .
M@, Qs+, t =11, 1) + M@, Oy, £ =11, $)17).
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Then (6.a) is equivalent to

2
A >
dydsdx dt = Ba) < 0. (2-14)
o & 270 /Q /Ky oll<r 10, 9" o

Proposition 2.5. Let ¢ : R xR — R and ¢ e Lip(l, %) Let Bs.q) and B .a) be as in Theorem 2.3.
Then we have

B SIVOIL  Bisw SsuplVe( Do

where BMO(R"~!) denotes the BMO norm in the spatial variables only.

Proof. The statement V¢ € BMO(R"~!) implies (5.a) follows from [Strichartz 1980, Theorem 3.3]. In
order to establish the second claim, for the ease of notation let us fix O, and kin 1 <k <n — 1. Then

since |u’| < 1 after changing the order of integration (and the substitution y = x + Apu’ € Q»,) we get
that B(.,) defined by (2-12) is bounded by

1 T - -
L (MY, By (3. 1) = MV, Dy — peg. 1) Py dr 22 au .
o Js-tJo 10r] Jo,, 0

Then by Lemma 2.2 the two interior integrals are bounded by C ||V¢>||i. Therefore B 4 is controlled by
ClIvVel:. O

It is not immediately obvious whether the opposite implication is true or false due to the highly singular
nature of Riesz potentials; see (2-5) and (2-6).

Corollary 2.6. Let ¢ : R"~' x R— Rand ¢ € Lip(1, 3). If Vol <nand By S n? then |Dll S n.

Here we have replaced conditions (5.a) and (6.a) by the slightly stronger but easier to verify condition
IV« < n. We believe that, without too much extra work, one could formulate our main theorem and
associated lemmas with a local version of (5.a) in place of | V¢]|..

Remark 2.7. In [Rivera-Noriega 2003, Lemma 2.1], it is stated that another condition is equivalent
to those given in Theorems 2.1 and 2.3; however this claim is not correct and only one of the stated
implications holds.

Theorem 3.3 in [Strichartz 1980] states that in the one-dimensional setting D! /2¢> (t) e BMO(R) is
equivalent to the one-dimensional version of (5.b) and (6.b)

_ 2 172
sup<i/ Mdtds> < B, (2-15)
rer\|'l J1r Jp

|t —s|?

with B ~ [ D} »,¢ () [lBMmO®).-
In [Rivera-Noriega 2003, Lemma 2.1] it is claimed that given ¢ : R"~! x R — R and ¢ € Lip(l, %)
the pointwise n-dimensional analogue of (2-15)

_ 2 1/2
sup sup(1 / P 1) = P, 5| dtds) <B (2-16)

xern—1 'R\ 1] |t —s|?
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is equivalent to D¢ € BMO(R") with B ~ ||[D¢||pmor»). This does not appear to be correct. The paper
[Rivera-Noriega 2003] does not give a proof and provides instead a reference to [Strichartz 1980] that
is irrelevant for the claim. By [Strichartz 1980] (2-16) is equivalent to Di /2¢(x, -) € BMO(R) pointwise
for a.e. x. After some tedious and technical calculations we were able to show sup, Di /2¢ (x,-) eBMO(R)
implies Dﬁ /2¢) € BMO(R") and hence D¢ € BMO(R") via (4) of Theorem 2.3. However, whether the
converse holds is not clear even if we assume more structure for the function ¢ (x, ¢). This is due to the
fact that there is “no reasonable Fubini theorem relating BMO(R") to BMO(R)” [Strichartz 1980, p. 558].

Fortunately, the lack of a converse implication does not cast doubt over the subsequent results of
[Rivera-Noriega 2003] since the author only uses the claimed equivalence in the correct direction —
that (2-16) implies D¢ € BMO(R").

2B. Localisation. After the comprehensive review of the Lewis—Murray condition for a graph domain 2
we continue in our aim to construct a time-varying domain which is locally described by local graphs ¢;.
For a vector x € R"~! we consider the norm |x|s = sup; |x;|.
Consider ¢ : Qg — R*~! x R. The localised version of (2-11) from Theorem 2.3 is simply

1 ) —d(x, )
sup px 1) (,ng I 45 dr dx < oc. 2-17)
0,=1x1, 19rl Jo, J1, |t —s|
0,C084

We denote by || f||«.s the BMO norm of f where the supremum in the BMO norm, see (2-1), is taken
over all cubes Q, with r < d. For a function f : J x I — R, where J C R"! and I C R are closed
bounded cubes, we consider the norm || f||« sx; defined as above where the supremum is taken over all
parabolic cubes Q, contained in J x I. The norm || f ||, sx7.4 1S Where the supremum is taken over all
parabolic cubes Q, with r < d contained in J x I. If the context is clear we suppress the J x I and write
I/ 1l or [l fll.a-

Recall that VMO(R") is defined as the closure of all bounded uniformly continuous functions (which
we denote by Cp, ,(R")) in the BMO norm or equivalently BMO functions f such that || f|/.4s — O as
d — 0. Alternatively, if we define

d(f,VMO):= _int f =l
then f € VMO if and only if d(f, VMO) = 0; for f € BMO this measures the distance of f to VMO.
In our case, the boundary of the parabolic domains we consider can be locally described as a graph of
a continuous function. However, as our domain is unbounded in time, we may potentially require an
infinite family of local graphs {¢;}. Therefore we need to measure the distance to VMO uniformly across
this infinite family.

Let§ : Ry — Ry, §(0) =0 and § be continuous at 0. Then we define Cs to be the set of bounded
continuous functions with the same modulus of continuity §. That is,

Cs={g:R">R:|g(x)—g(¥)| <8(x —y| for all x, y, and g is bounded}. (2-18)
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Note that every family of bounded equicontinuous functions is a subset of Cs for some modulus of
continuity 8. Also Cp , = J; Cs. For f : Qgq — R we define d(f, Cs) as

d(f.Co) = inf 1] ~hll- 0

We are now ready to state and prove the result on the extensibility of ¢ : Qg — R to a global function.

Theorem 2.8. Let ¢ : Qgy C R ! xR — R be Lip(l, %) with Lipschitz constant €. If there exist a
scale ry, a constant 1 > 0 and a modulus of continuity & such that

1 1) —d(x, T)]?
sup —— P, 1) ¢(2x OF drdrdx < n? (2-19)
o,=sx1, 195l Jo, J1, |t — ]
05CQ084, 511
and
d(V¢,Cs) <n (2-20)

then there exists a scale d’ < d that only depends on d, 8, n, and r1 and not ¢ such that for all Q, C Quq
with r < d' there exists a global Lip(l, %) function ® : R"~! x R — R with the following properties for
all0 < e < 1:

i) lo, = 9lo,-
(i1) The Lip(l, %) constant of @ is L.
(i) VPl Se n'~* +nt.
: 1 |®(x, 1) — P(x, 1)
@iv) sup >
Qs=Jsx I [Os] 0, JI |t — 7|
Therefore by Corollary 2.6, |[D®||, <, n'~¢ + nt.

dr dr dx < n*

We again give the proof of this result in the Appendix. We are now ready to define the class of parabolic
domains on which we will work. Motivated by the usual definition of a Lipschitz domain we have:

Definition 2.9. Z C R" x R is an £-cylinder of diameter d if there exists a coordinate system (xo, X, t) €
R x R"~! x R obtained from the original coordinate system by translation in spatial and time variables
and rotation only in the spatial variables such that

Z={(xo,x,0): |x| =d,|t|"* <d, |xo| < (£ +1)d)
and for s > 0

SZ = {(x0, x, 1) : |x| < sd, |t|"* < sd, |xo| < (£+ 1)sd}.

Definition 2.10. Q C R" x R is an admissible parabolic domain with character (¢, n, N, d) if there exists
a positive scale ry, and a modulus of continuity § such that for any time v € R there are at most N
£-cylinders {Zj}f.\’: | of diameter d satisfying the following conditions:

(1) aQN{|t—1| <d?*} = U, @ na<).
(2) In the coordinate system (xo, x, f) of the £-cylinder Z;

Z;NQD {(xo, x,1) € Q:|x| <d, [t] <d? 8(xo,x,1) <d/2}.
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(3) 8Z; N9K2 is the graph {xo = ¢; (x, 1)} of a function ¢; : Qgs — R, with Qg C R~ x R, such that

|6 (x, 1) = (v, )| < £x =yl + 1t —s]"?) and  ¢;(0,0) =0. (2-21)
) d(Ve;, Cs) <1 (222)
and i
1 (x, 1) —di(x,
sup  —— / 19506 D= 80O 41y de < 2. (2-23)
0,=sx1, 1Qsl Jo, Ji, It — 1|
05C084,5=r1

Here and throughout & (xo, x, ) := dist((xp, x, t), d€2), and by dist we denote the parabolic distance
dist[(X, 1), (Y, )] = | X = Y| + |t —s|'/2.

We say that €2 is of VMO type if 7 in the character (¢, n, N, d) can be taken arbitrarily small (at the
expense of a potentially smaller d and r;, and larger N).

Remark 2.11. When (2-22) holds for small or vanishing 7 it follows that for a fixed time 7 the normal v
to the fixed-time spatial domain 2; = Q2N {¢t = t} can be written in local coordinates as

v

1
- (~1, Ve
(—Lvgy V)

and hence d (v, VMO) < 1. Therefore Q. is similar to the domains considered in [Mazya et al. 2009;
Hofmann et al. 2015], which dealt with the elliptic problems on domains with normal in or near VMO.

Remark 2.12. It follows from this definition that for each T € R the time-slice 2, of an admissible
parabolic domain €2 C R” x R is a bounded Lipschitz domain in R” and they all have a uniformly bounded
diameter. That is,

inﬂg diam(€2;) ~ d ~ sup diam(£2,),
TE

TeR

where d is the scale from Definition 2.10 and the implied constants only depend on N. In particular, if
O C R" is a bounded Lipschitz domain then the parabolic cylinder 2 = O x R is an example of a domain
satisfying Definition 2.10.

Definition 2.13. Let 2 C R” x R be an admissible parabolic domain with character (¢, n, N, d). The
measure o defined on sets A C 982 is

o(A)= /00 A"V AN{(X, 1) e 0Q)) dr, (2-24)

where .7#"~! is the (n—1)-dimensional Hausdorff measure on the Lipschitz boundary 92 .

We consider solvability of the L? Dirichlet boundary value problem with respect to this measure o. The
measure o may not be comparable to the usual surface measure on d€2: in the ¢-direction the functions ¢;
from Definition 2.10 are only %—Lipschitz and hence the standard surface measure might not be locally
finite. Our definition assures that for any A C 8Z;, where Z; is an {-cylinder, we have

H"(A) ~o({(gj(x,1),x,1): (x,1) € A}), (2-25)
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where the constants in (2-25), by which these measures are comparable, only depend on £ of the character
(€, n, N, d) of the domain Q. If Q2 has a smoother boundary, such as Lipschitz (in all variables) or better,
then the measure ¢ is comparable to the usual n-dimensional Hausdorff measure .7". In particular, this
holds for a parabolic cylinder 2 = O x R.

Corollary 2.14. Let 2 be defined as in Definition 2.10 by a family of functions {¢;}, ¢; : Qsa — R. Then
there exists an extended family {®;}, ®; : R ! x R — R, such that

1) {P; |eri5till describes 2, as in Definition 2. 10, but with character (£, 1, ﬁ, r) instead of (£, n, N, d),
where N > N andr <r| <d an by Theorem 2.8,
(i) [IV®;lls Sen'~* +nl, and
(iii) [DP;jll« Se n' ¢ +ne.
Here, N , ¥ depend on the original character variables ¢, n, N, d, the modulus of continuity § and the

dimension n.

Proof. This follows from Theorem 2.8 and by tiling the support of each ¢; into parabolic cubes of size 8r
with enough overlap. U

Corollary 2.15. If Q is a VMO-type domain then we may take n arbitrarily small in Corollary 2.14, or
in (2-22) and (2-23) of Definition 2.10, by reducing r.

2C. Pullback transformation and Carleson condition. We now briefly recall the pullback mapping of
Dahlberg, Kenig, Necas and Stein on the upper half-space U p : U — €2, see [Hofmann and Lewis 1996;
2001], in the setting of parabolic equations defined by

p(x0, x,1) = (x0+ Pyyy@(x, 1), x,1). (2-26)

For simplicity, assume
Q={(xo,x, ) ERxR" ' xR:x0>p(x,0)}, (2-27)

where ¢ (x, 1) : R"~! x R — R and satisfies (4) and (3) of Definition 2.10. This transformation maps the
upper half-space
U={(xg,x,1):x0>0, xeR"" 1R} (2-28)

into €2 and allows us to consider the L? solvability of the PDE (1-1) in the upper half-space instead of in
the original domain €.

To complete the definition of the mapping p we define a parabolic approximation to the identity P to
be an even nonnegative function P(x, t) € C;°(Q1(0, 0)) for (x,1) € R x R, with ] Px,t)ydxdr =1
and set

=t p( X L
P(x,t) =1~ P(k’kz)'

Let P, ¢ be the convolution operator

Poo(x, 1) :=/ Po(x—y,t—5)p(y,s)dyds.

Rr—1xR
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Then P satisfies for constants y

lim P. ) =d(x.t
(y0,y,8)—(0,x,1) Vyo¢(y )=¢(x,1)

and p defined in (2-26) extends continuously to p : U — Q. The usual surface measure on dU is
comparable with the measure o defined by (2-24) on 02.
Suppose that v =u o p and f¥ = f o p. Then (1-1) transforms to a new PDE for the variable v
v, =div(A’Vuv)+ BY-Vv in U,
{v = fv on AU,
where AV = [a;’j (X,0)], B* =[b/(X,t)] are (n x n) and (1 x n) matrices.
The precise relations between the original coefficients A and B and the new coefficients A” and B" are

(2-29)

detailed in [Rivera-Noriega 2014, p. 448]. We note that if the constant y > 0 is chosen small enough then
the coefficients a;’j, b} : U — R are Lebesgue measurable and A" satisfies the standard uniform ellipticity
condition with constants A” and A", since the original matrix A did.

Definition 2.16. Let Q2 be a parabolic domain from Definition 2.10. For (Y, s) € 92, (X, 1), (Z, 1) €
and r > 0 we write
B.(X,)={(Z,7) e R" xR :dist[(X, 1), (Z, )] < r},
0,(X,)={(Z, 1) eR"xR:|x;—zi| <rforall0<i<n—1, |t —|"* <r},
A (Y,s) =0Q2N B, (Y,s),
T(A)=QNB:(Y,s),
3(X, 1) = (Y,iglefaﬂ dist[(X, 1), (Y, s)].

Definition 2.17 (Carleson measure). A measure u : Q — RT is a Carleson measure if there exists a
constant C = C(d) such that for all » < d and all surface balls A,

(T (Ay)) < Co(Ay). (2-30)

The best possible constant C is called the Carleson norm and is denoted by ||i||c.4. Occasionally, for
brevity, we drop the d and just write ||u||¢ if the context is clear. We say that p is a vanishing Carleson
measure if ||u]c.a — 0 as d — 0+.

When 02 is locally given as a graph of a function xg = ¢ (x, t) in the coordinate system (xg, x, ¢) and
W is a measure supported on {xg > ¢ (x, t)}, we can reformulate the Carleson condition locally using the
parabolic boundary cubes Q, and corresponding Carleson regions 7 (Q,). The Carleson condition (2-30)
then becomes

w(T(Q,) <ClQ,| =Cr'th, (2-31)

Note that the Carleson norms induced from (2-30) and (2-31) are not equal but are comparable.

We now return to the pullback transformation and investigate the Carleson condition on the coefficients
of A and B. The following result comes directly from a careful reading of the proofs of Lemma 2.8 and
Theorem 7.4 in [Hofmann and Lewis 1996] combined with Theorems 2.1 and 2.3.
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Lemma 2.18. Let o and 6 be nonnegative integers, « = (ay, . . ., 0¢y—1) a multi-index with | = o + |x| 49,
d a scale and fix y. If ¢ : R"~! x R — R satisfies for all x,y € R""\, t, s € R, and for some positive

constants £ and 1)
lp(x, 1) —p(y, )| < €(lx — y|+ |t —s|'/%),

(2-32)
D@l <n
then the measure v defined at (xo, x, t) by
3P 2
dv = (ﬂ) x5 2073 dx dr dxg
dxg§ dx*or?
is a Carleson measure on cubes of diameter < d /4 whenever either 0 +6 > 1 or |a| > 2, with
v[(0,7) x Or(x, H] SNlQr(x, 1),
where r < d /4. Moreover, if | > 1 then at (xq, x, t), with xo < d /4,
' Py,
— YE < (14 0)x) 7, 2-33
oxg oxegrd |~ 10T % (2-33)
where the implicit constants depend on d, [, n.
The drift term B’ from the pullback transformation in (2-29) includes the term
ad
E Pny¢MxO.
From Lemma 2.18 with 0 = |a| =0 and 6 = 1, we see that
P 2
xo[EPnyd)(x, z)] dX d
is a Carleson measure in U. Thus it is natural to expect that
dui (X, 1) = xo| BY)*(X, t) dX dr (2-34)
is a Carleson measure in U and BV satisfies
x0lBUI(X. 1) < Ag < |l (2-35)
Indeed, this is the case provided the original vector B satisfies the assumption that
du(X,0)=8(X,0)[ sup |B|]2 dX dr (2-36)

Bsx,n2(X,t)

is a Carleson measure in 2. Here ||i1||¢ depends on 1 and the Carleson norm of (2-36).
Similarly, for the matrix A" if we apply Lemma 2.18 and use the calculations in [Rivera-Noriega 2014,
§6] then
dua(X, 1) = (x| VA" > + x| AYH) (X, 1) dX dt (2-37)

is a Carleson measure in U and AV satisfies

(x| VA" + x2| AN (X, 1) < [|palle? (2-38)
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for almost every (X, t) € U provided the original matrix A satisfies that

du(X, 1) =(8(X,n)[ sup |VA|]2 +8(X, [ sup |8tA|]2) dX dr (2-39)
Bsx,n2(X,t) Bsx,n2(X,1)
is a Carleson measure in €2.

We note that if both ||i||c,» and n are small then so too are the Carleson norms ||u1]|c, and ||zl c.r
of the matrix A¥ and vector BY, at least if we restrict ourselves to small Carleson regions r < d; this
comes from Theorem 2.8, Corollary 2.14 and Corollary 2.15. Then by Lemma 2.18 we see that |1 ||c.»
and ||u2|lc,r only depend on 1 and ||i||c » on Carleson regions of size r < d. In particular, they are
small if both n and ||u||¢c  are small. It further follows by Corollary 2.15 that we can make ||| ¢, and
ll2llc, - as small as we like if p is a vanishing Carleson norm and the domain €2 is of VMO type.

Observe that condition (2-39) is slightly stronger than (1-6), which we claimed to assume in Theorem 1.1.
We replace condition (2-39) by the weaker condition (1-6) later via perturbation results of [Sweezy 1998].

Definition 2.19. We define p; : U — 8Z; to be the local pullback mapping in 8Z; associated to the
function ®; in Theorem 2.8, the extension of ¢; from Definition 2.10.

Remark 2.20. By [Ball and Zarnescu 2017] and its adaptation to the setting of admissible domains in
[Dindos and Hwang 2018, §2.3], one may construct a “proper generalised distance” globally when 7 in the
character of the domain is small. The smallness of 7 in the character of the domain is used to guarantee
that overlapping coordinate charts, generated by a local construction, are almost parallel. We may then
use the result of [Ball and Zarnescu 2017, Theorem 5.1] to show there exists a domain ¢ of class C*, a
homeomorphism f¢ : Q — Qf such that f¢(3Q) = dQ° and f°: Q2 — Q°f is a C™ diffeomorphism.

2D. Parabolic nontangential cones, maximal functions and p-adapted square and area functions. We
proceed with the definition of parabolic nontangential cones and define the cones in a (local) coordinate
system where 2 = {(xg, x, t) : xo > ¢ (x, t)}, which also applies to the upper half-space U.

Definition 2.21. For a constant a > 0, we define the parabolic nontangential cone at a point (xg, x, t) € 92

by

1/2

Ca(xo, x, 1) ={(yo, y,8) € Q: |y —x|+[s —1]/7 <a(yo—xo), xo < yo}.

We occasionally truncate the cone I' at the height r:

12

Iy (x0,x, 1) ={(yo, y,8) € Q: |y —x|+|s — |/ <a(yo—x0), x0 <yo <Xo+7}.

Definition 2.22 (nontangential maximal function). For a function u : 2 — R, the nontangential maximal
function N,(u) : 92 — R and its truncated version at a height r are defined as

Ng(u)(xo, x,1) = sup [u(yo, y, $)|,

(Y0,y,8)€l 4 (x0,x,1) (2-40)
N, (u)(xo, x, 1) = sup lu(yo, y, )| for (xo, x,t) € 9Q2.

(vo,y,s)€ly (xo,x,1)

The following p-adapted square function was introduced in [Dindo$ et al. 2007] and has been modified
appropriately for the parabolic setting. It is used to control the spatial derivatives of the solution. When
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p = 2 it is equivalent to the usual square function and when p < 2 we use the convention that the
expression |Vu|?|u|P~? is zero whenever Vu vanishes.

Definition 2.23 (p-adapted square function). For a function u : Q — R, the p-adapted square function
Sp.a(u) : 92 — R and its truncated version at a height r are defined as

1/p
Spa(u)(Y,s) = (/ IVu(X, )2 |u(X, 0)|P728(X, 1) " dX dt) ,
Fale) (2-41)

1/p
S (Y, 5) = ( / IVu(X, )] |u(X, 0)]P28(X, )" dX dr) :
rr(Y,s)
By applying Fubini we also have
1Sp.a @7 p 50y ~ / |Vu| [u]P~%x0 dxo dux dt. (2-42)
U
It is not known a priori if these integrals are locally integrable even for p > 2. However, Theorem 4.1

shows that these expressions make sense and are finite for solutions to (1-1).

We also need a p-adapted version of an object called the area function, which was introduced in
[Dindo§ and Hwang 2018] and is used to control the solution in the time variable. Again when p = 2 this
is just the area function of that work.

Definition 2.24 (p-adapted area function). For a function u : Q@ — R, the p-adapted area function
Apq(u) 92 — R and its truncated version at a height r are defined as

1/p
Apau)(Y, s) = ( f e Plu(X, HIP28(X, 17" dX dr) :
Falls) (2-43)

1/p
Ap (¥, 5) = ( f P lu (X, 0P 728(X, > dX dt) :
r7(y,s)
Also by Fubini
||Ap,a(u)”€p(3U) ~ '/U |uz|2|u|p_2x8 dxo dx dr. (2-44)

As before, it is not known a priori if these expressions are finite for solutions to (1-1) but in Lemma 4.5
we establish control of A, , by §), 2, and use the finiteness of S, , from Theorem 4.1.

2E. The L? solvability of the Dirichlet boundary value problem. We are now in the position to define
the L? Dirichlet boundary value problem and our main results.

Definition 2.25 [Aronson 1968]. We say that u is a weak solution to a parabolic operator of the form (1-1)
inQifu, Vue L2 (Q), sup, ||u(-,t)||le @) <00 and

loc

/(_M¢I+AVM'V¢—¢B'VM)dXdZ:0
Q

for all ¢ € C;°(2).
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Definition 2.26. We say that the L? Dirichlet problem with boundary data in L7 (92, do) is solvable if
the unique solution # to (1-1) for any continuous boundary data f decaying to 0 as t — 400 satisfies the
nontangential maximum function estimate

IN@lLroe, doy S I f Lo, do), (2-45)

with the implied constant depending only on the operator, n, p and €.

Remark 2.27. Since the space Cy(€2) is dense in L?(2) for p < oo it follows that the solution operator
f +— u has a unique extension onto the whole space L?(£2) with the bound (2-45) being satisfied for
such u. Hence we can assign to every boundary datum f € L?(2) a unique solution u such that (2-45)
holds.

3. Basic results and interior estimates

In this section, we now recall some foundational estimates that will be used later. First, we state interior
estimates of a weak solution of the parabolic operator

u; =div(AVu)+ B - Vu. (3-1)

Definition 3.1 [Aronson 1968]. We say that u is a weak solution to a parabolic operator of the form (3-1)
in Qif u, Vu € L2 (), sup, |lu(-, D2 (a,) < oo and

loc

/(—u¢;+AVu-V¢—¢B-Vu)dth:0
Q
for all ¢ € C;°(2).

Lemma 3.2 (a Caccioppoli inequality, see [Aronson 1968]). Let A and B satisfy (1-2) and (2-35) and
suppose that u is a weak solution of (3-1) in Q4 (X, t) with 0 <r < §(X,t)/8. Then there exists a
constant C = C(A, A, n) such that

P( sup u)’<C  sup / WY, s)dY + C/ |Vu|?dY ds
Or2(X,1) t—r2<s<t+r? J O, (X,))N{t=s} 0r(X,1)
CZ
< u*(Y, s)dY ds.
= Joo (X0

Lemmas 3.4 and 3.5 in [Hofmann and Lewis 2001] give the following estimates for weak solutions
of (3-1).

Lemma 3.3 (interior Holder continuity). Let A and B satisfy (1-2) and (2-35) and suppose that u is a
weak solution of (3-1)in Q4,(X,t) with0 <r < §(X, t)/8. Then for any (Y, s),(Z,t) € Q2. (X, 1)

Y — Z| + |s—r|1/2>a
r

sup ful,

u(¥,s) —u(Z,7)| < C(
Qur(X,1)

where C=C(A, A,n), a=a(A, A,n),and0 <a < 1.
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Lemma 3.4 (Harnack inequality). Let A and B satisfy (1-2) and (2-35) and suppose that u is a weak
nonnegative solution of (3-1)in Q4,(X, t),withO <r <8(X, t)/8. Suppose that (Y, s), (Z, 1) € Q2. (X, t).
Then there exists C = C (A, A, n) such that, fort <s,

Y —zp
u(Z,7) <u(¥,s)exp|C{ ———+1]|.
ls — 7|
We state a version of the maximum principle from [Dindo§ and Hwang 2018] that is a modification of
[Hofmann and Lewis 2001, Lemma 3.38].

Lemma 3.5 (maximum principle). Let A and B satisfy (1-2) and (2-35), and let u and v be bounded
continuous weak solutions to (3-1) in Q. If |u|, |v| — 0 uniformly as t — —oo and

limsup (u —v)(Y,s) <0
Y,s)—(X,t)

forall (X,t) € 02, thenu < v in Q.

Remark 3.6 [Dindo$ and Hwang 2018]. The proof of Lemma 3.38 from [Hofmann and Lewis 2001]
works given the assumption that |u|, |[v| — O uniformly as t — —oo. Even with this additional assumption,
the lemma as stated is sufficient for our purposes. We shall mostly use it when # < v on the boundary of
QN {t > t} for a given time 7. Obviously then the assumption that |«|, |[v| — O uniformly as t — —oo is
not necessary. Another case when the lemma as stated here applies is when u|yq, v|so € Co(d€2), where
Co(0€2) denotes the class of continuous functions decaying to zero as t — F=co. This class is dense in any
LP(0€2, do), 1 < p < oo, allowing us to consider an extension of the solution operator from C¢(9€2) to L?.

The following result is from [Dindo§ and Hwang 2018], which was adapted from the elliptic result in
[Dindos 2002].

Lemma 3.7. Let r > 0 and 0 < a < b. Consider the nontangential maximal functions defined using two
set of cones I'}, and I"}. Then for any p > 0 there exists a constant C, > 0 such that for allu : U — R

Ny(u) <Ny(u) and |INyw)llrreuy < CplIN,W)llLrou)-

4. Improved regularity for p-adapted square function

Here we extend recent work of [DindoS and Pipher 2019] for complex-coefficient elliptic equations to
the real parabolic setting. The goal is to obtain an improved regularity result for weak solutions of (1-1)
1 .(€2) when 1 < p < 2. Having this it follows that the p-adapted
square function S, , is well-defined at almost every boundary point.

implying that |Vu|?|u|?~2 belongs to L

Theorem 4.1 (see [Dindos and Pipher 2019, Theorem 1.11). Suppose u € W">(Q) is a weak solution to

loc

Lu =u,;, where Lu =div(AVu)+ BVu, A is bounded and elliptic and B is locally bounded and satisfies

(X, )|BX,t)| <K 4-1)
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for some uniform constant K > 0. Then for any parabolic ball B4, (X,t) C Q and p, q € (1, 00) we have
the following improvement in regularity:

1/p 1/q 1/2
(f |u|") < C<f |u|q) +s<][ |u|2). 4-2)
B, (X,t) By (X,1) By (X,1)

Here the constant C, only depends on p, q, €, n, A, A, and K but not on u, (X, t) or r. In addition, for all

p/2
rz][ VPl < cs][ |u|”+e(][ |u|2>, 4-3)
B, (X,t) By (X,t) By (X,t)

where again the constant only depends on ¢, p, n, the ellipticity constants of A, and K. This also shows
that |u|P=2/2Vu € L% (Q).

loc

l<p<oo

Remark 4.2. If ¢ > 2 in (4-2) or if p > 2 in (4-3) then one can take & = 0 because the L> averages can
be controlled by the first term on the right-hand side of these inequalities.

We focus only on the case 1 < p < 2 as the p > 2 result above follows from the Caccioppoli inequality,
Lemma 3.2. We shall establish the following lemma for the 1 < p < 2 case, which concludes the proof of
Theorem 4.1.

Lemma 4.3 (see [DindoS$ and Pipher 2019, Lemma 2.7]). Let u be a weak solution to Lu = u, in Q2 for
A elliptic and bounded, and B bounded satisfying (4-1). Then for any p < 2, any ball B,(X, t) with
r<d46(X,t)/4,and any ¢ >0

p/2
rzf |W|2|u|"25cg][ |u|f’+s(][ |u|2) , (4-4)
B,(X,t) B2,<(X,[) B2r(XJ)

1/2 1/p 1/2
(][ |u|2) §Cg<][ W) +s(f |u|2) , 4-5)
B,(X,t) BZr(XJ) B2r(Xv[)

where the constants only depend on n, ¢, A, A and K. In particular, |u|(p_2)/2Vu € leoc(Q)'

Proof. We start by assuming that A and B are smooth. Then the solution u to Lu = u, is smooth. We prove
the above inequalities have constants that do not depend on the smoothness of A or B. It follows then that
the smoothness assumption can be removed by a limiting argument; that is, A and B are approximated by
sequences of smooth functions for which (4-4) and (4-5) hold uniformly. This is done in detail in the
elliptic setting in [Dindo$ and Pipher 2019, Lemma 2.7] and a similar argument in the parabolic case is
shown in [Hofmann and Lewis 2001]. We skip further details as the argument is fairly standard.

To simplify notation, we suppress the argument of the ball B, (X, t). Let

§r=2/2 <s<3§,
ps(s) = {s<p2>/2 co s, (4-6)

The choice of cut-off function ps in this proof is inspired by [Langer 1999, p. 311; Cialdea and Mazya
2005, p. 1088]. We multiply Lu = u; by ,og( |u|)u and integrate by parts to obtain

/BV(p§(|u|)u>AVu=fBp§(|u|)uu,+/B p§<|u|>B-Vu+/aB (p3(Jul)v- AVudo(y,s), (4-7)
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where v is the outer unit normal to B,. Consider E5 = {u > &}. Then the left-hand side of (4-7) is

/ V(p; (lul)u) AV = 87> /
Br

Vu-AVu +/ AVu -V (|ulP?u) (4-8)
BA\E;s

B,NE;s

and by the ellipticity of A on the open set B, N Es we have for some A" > 0

xf |u|p_2|Vu|2§/ AVu-V(|u|P"%u). (4-9)
B,NE;s B.NE;s

Our strategy is to let § — 0 and show all the integrals involving B, \ Es tend to 0.
First, we use the following result from [Langer 1999]. They proved if u € C?(B,) and u =0 on 3B,
then for g > —1

lim 84 / |Vul?> =0. (4-10)
5*)0 Br\EB

To deal with the boundary integral in (4-7) we note that (4-7) to (4-9) remain valid for any enlarged
ball B, for1 <a < %. We write (4-7) for every By, and then average in « over the interval [1, %] The
last term in (4-7) then turns into a solid integral over Bs, /4 \ B,. Therefore,

N/ P2 Vu)?
B,NE;s

< sup / ,052(|u|)uut + sup / ,052(|u|)uB-Vu + r_I/ ,052(|u|)uv~AVu +o(1)
06[1,5/4] BOt)' OIE[I,S/4] Botr BSozr/4\Br
=141+ 11l 4+ o(1),

where o(1) contains the integral over B, \ Es, which tends to 0 as § — 0. We bound /I and /1] as
[Dindo$ and Pipher 2019]

I+ 11 < Csr_zf

|u|p+£rp_2/ IVul? +o(1).
Bsy 4 Bs; /4

Now we turn to / and use the same idea as the proof of (4-10) in [Langer 1999, (3.3)] to show [

converges as expected. By splitting the integral with the set Es, using the fact 8772 < |u|?~2 on By, \ Es
(since p < 2), and the smoothness of u, which implies |u|P~2uu, € L' (B,,), we obtain

2 -2 -2
| = [ o [
By, ByrNE;s By \Es
< f )P 2uu, + / lPuu,
BarmEé Bar\E5

< / wlP iy < 0.
or

Therefore by the dominated convergence theorem

/p§(lul)uuz—>/ )P *uu,. (4-11)
Botr Bar
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We change from working with balls to integrating over parabolic cubes Q,, and denote by Q|5 the
cube Q,, restricted to the hypersurface {r = s}. Using the fundamental theorem of calculus, we obtain in

the limit that
/ |u|p_2uut~/ i(|u|l’)dzdx
Bar By, 91

P to+(ar)? d
S/ —(Iulp)dth=/ - lul? dX ds
at tf(ar)z dt Qarls

ar 0

< yl? P i
= ””||L§;(Qm|,0+(m)z) + ”””L;(Qm,o,(a,.)z)‘ (4-12)

Observe that (4-12) holds for all time-restricted cubes Qg |y +(r)2 With a € [1, 1.1]. Once again we
average over these cubes to show

1
/ ulPPuu, S — |u|? dX dz.
Bor r Oi.ler

Since Q1.14r C By, in the limit as § — 0
1
1S5 — |u|? dX dr.
r By,
Therefore grouping the estimates we have the bound

)J/ |u|p_2|Vu|2§C£r_2/ |u|p+8r”_2/ IVul? + o(1). (4-13)
B,NE;s By, Bs; /4

We let § — 0 and proceed as [Dindos and Pipher 2019] to obtain (4-4) and (4-5) for smooth A and B.
Finally, since no constants depend on the smoothness of A or B, we can remove the smoothness assumption
by the same argument as in [Hofmann and Lewis 2001]. We suppose A is just elliptic and bounded,
and B satisfies (4-1). Then we approximate A and B by smooth matrices and vectors respectively. For
each smooth approximation, we have (4-4) and (4-5) and then passing to the limit we obtain analogous
estimates for WIL’CQ solutions u of Lu = u,, with the constants having the same dependence as before. [

It follows that the p-adapted square function S, , is well-defined. The paper [Dindo$ and Hwang
2018] also considered an area function and established in its Lemma 5.2 that the usual square function
can control this area function. The case 1 < p < 2 is significantly more complicated so for this reason we
focus only on nonnegative solutions u.

We fix a boundary point (Y, s) € 92 and consider A, ,(Y, s). Clearly, the nontangential cone I', (Y, s)
can be covered by a nonoverlapping collection of Whitney cubes {Q;} with the properties:

Iy(Y,s) C U Q; CIy(Y,s), ri:=diam(Q;) ~dist(Q;, 02), 40; C <, (4-14)

and the cubes {2Q;} having only finite overlap. It follows that

[ApaY, 1P Sy ()" / Ju PuP~* dX di
i Qi

gZ(r,-)“/ IV2u?uP=2 4+ (IVA|® 4+ |B1®)|Vu|*uP~2 dX dr. (4-15)
i Qi
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We need the following estimate on each Q;.

Lemma 4.4. Assume the ellipticity condition (1-2) and that the coefficients A and B of (1-1) satisfy the
conditions
IVAX, )| < K/8(X,t) and |B(X,1)|=<K/3(X,1),

for some uniform constant K > 0. Then for all nonnegative solutions u of (1-1) and any parabolic cube
QO such that 4Q C 2 we have the estimate

/|v2u|2u1’—2dXdr§r—2/ |Vu|?uP~2dX dr, (4-16)
0 20

where r = diam(Q).

Proof. Since we assume differentiability of the matrix A in the spatial variables, we may also assume that
A is symmetric. Let us set W = (wy), where wy = dyu for k =0, 1, ..., n — 1. Differentiating (1-1) we
obtain the following PDE for each wy:

(wi); —div(AVwy) = div((0k A)W) 4 0k (B - W). (4-17)

We multiply (4-17) by wru?~2¢?, integrate over 2Q and integrate by parts. Here 0 < ¢ < 1 is a smooth
cut-off function equal to 1 on Q, vanishing outside 2Q and satisfying r|V¢| +r2|¢;| < C for some C > 0
independent of Q. This gives

f (wi),wruP~2¢% dX dt +/ a;; (3;we)d; (P22 %) dX dt
20 20
=— | (aij)w;d; (wpuP~2¢?) dX dt — / biw; d(weuP~2¢?)dX dt.  (4-18)
20 20
We rearrange and group similar terms together:
[( p/2— e p—2 2 p=3. .2
Wi ], dX dr — — wiutCu 7 dX de
20

/ ANV (weOuP? Ny (V(wgHuP* 1y dX dt
20

+(p-2) / AV (i O)uP* Y - (Vuywru?*72¢) dX dr
20

:/ |wk|2up—2;;,dXdz+f |wk|2u”_2AV§-V§dth—/ biw; O (wil)uP 2 dX dr
20 20 20

—(p=2) | biw; (@) weu?*2)u?* ¢ dX de
20
— f biw;wiuP 2 dX dr — / (e )wjwruP 2 ¢ dX dt
20 20
—/ (dea; wj (dws)uP ¢ dX de
20

—(p-2) f (deai Dwj (@uywru??2)uP* ¢ dX dr. (4-19)
20
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All the terms after the equal sign are “error” terms since they either contain a derivative of ¢, or
coefficients VA or B. These will be handled using the Cauchy—Schwarz inequality and the estimates for
I[VA|, |B| < K/r. The four main terms are on the left-hand side of (4-19). The term that needs further
work is the second term, and we use the PDE (1-1) for u,. This gives
_p=2 wiuPu,c? dX de

-2 -2
:_pT wiuP =3 div(AVu)¢? dX dt—pT f wiuP B -WerdX de.  (4-20)
20 20

Again the second term will be an “error” term. For the first term, we observe the equality
ub=3 div(AVu) = diV(A(Vu)u”_3) —(p— 3)A((Vu)up/2_2) . ((Vu)up/Z—Z)'

It follows (by integrating by parts) that

_p=2 w23 div(AVu)c2 dX d
2 )
=(p— z)/ AV (weOuP?™N - (Vi) weu?/?>722) dX dt
2
+2=pB=p) A((Vuw)wiuP?728) - (Vu)yweu?*"2¢)dX dt. (4-21)

2 20
We now group all main terms together; these are the first, second and fourth terms on the left-hand side
of (4-19) and the terms of (4-21). This gives

LHS of 4-19)= = | [(wru?’>"'¢)?], dX dt

+ / AV @)Y - (V> dX dr
20

+2(p—2)/ ANV (widuP?™ Y (Vu)weu?’*72¢) dX dt
20

+ W/ A((Vuyweu??720) - (Vuyweu?*72) dX di
20

= 1t 102, dx ar

2 )50
+(1 2(2_”))/ AV (wpOuP?™ N - (V(weOuP>~ 1y dX dr
20

(V 227D gyl - JET PO D) p)(3 P (Fuywgul 2;])
(,/ T Py ueoyur1y— [ EZPE=P) p)(3 p)[(Vu)w uPI?-2 )dth

/ [(weuP?7 1), dth+(—/ |V (weOuP/>~ 112 dX dr. (4-22)
20 3—p Ja

=

N —
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Here we have first completed the square (using the symmetry of A), and then used the ellipticity of the
matrix A. The important point is that for all 1 < p < 2 the coefficient (p — 1)1/(3 — p) is positive.
We also we could have completed the square differently and, instead of (4-22), obtained the estimate
(p—DEZ—-p)
2

It follows that we could average (4-22) and (4-23) and have both

LHS of (4-19)3%/ [(wruP?7'0)?], dX dr + f |(Vu)weu?/> 2> dX dt. (4-23)
20 20

/|V(wk;)up/2—‘|2dXdz and / |(Vu)wruP>2¢|? dX dr
20 20

in the estimate with small positive constants.
Now we briefly mention how all the error terms of (4-19), (4-20) and (4-22) can be handled. Some can
be immediately estimated from above by

r2 f |W|?uP~2dX dt,
20

2

where the scaling factor » < comes from the estimates on V¢, &, [VA| and | B|. For other terms (for

example the third term of fourth line of (4-19) or the term on the fifth line) we use Cauchy—Schwarz.
One of the terms in the product will be

12
<r2 / W PuP~2dX dt) ,
20
while the other term is one of

1/2 1/2
(/ |V (wid)uP>~ 12 dx dt) or (/ |(Vu)weu?>2¢ 12 dX dt) .
20 20

It follows using the e-Cauchy—Schwarz inequality that we can hide these on the left-hand side of (4-19).
Finally, we put everything together by summing over all £ and recalling that W = Vu. This gives for
some constant € = g(p, A,n) >0 withe - 0as p — 1,

sup/ |Vu|2u”_2dX+8f |V2u|2up_2dth+ef |Vu|*uP~*dX dr
onfr=t} o )

T
<Cr? f |VulPuP=2dX dr. (4-24)
20
In particular (4-16) holds. [l
After using (4-16) in (4-15) we can conclude the following.

Lemma 4.5. Let u be a nonnegative solution of (1-1) with matrix A satisfying the ellipticity hypothesis
and the coefficients satisfying the bound |VA|, |B| < K /6. Then given a > 0 there exists a constant
C= (A, A, a, K, p,n) such that

Apa)(X, 1) < CSpoa(u)(X, ). (4-25)
From this we have the global estimate

14 p.a @500 < C21Spa @2 rae- (4-26)
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As far as the proof goes, the calculations above clearly work for solutions # with a uniform bound
u > ¢ > 0. Hence considering v. = u + ¢ and then taking the limit ¢ — 0+, using Fatou’s lemma
yields (4-25) for all nonnegative u, where we have used the convention that |Vu|?u”~2 = 0 whenever
u =0 and Vu = 0 with a similar convention for the second gradient in A, ,.

5. Bounding the p-adapted square function by the nontangential maximum function

We slightly abuse notation and only work on a Carleson region 7 (A,) in the upper half-space U even
though we formulate the following lemmas on any admissible domain 2. The equivalence of these
formulations via the pullback map p is discussed in Section 2C and [Dindo§ and Hwang 2018], and hence
we omit the details. We start with a local bound of the p-adapted square function by the nontangential
maximal function.
Lemma 5.1. Let Q be an admissible domain from Definition 2.10 with character (£,n, N,d). Let
1 < p <2 and u be a nonnegative solution of (1-1), with the Carleson conditions (1-7) and (1-8) on the
coefficients A and B. Then there exists a constant C = C (A, A, N, Cy) such that for any solution u with
boundary data f on any ball A, C 92 withr < min{d/4,d/(4Cy)} we have

/ |Vue? u] P20 dxo dx dr < C(L+ |1 +€%) | (N ())* dx dr. (5-1)

T(A,) Aoy

In addition, we have the following global result.

Lemma 5.2. Let Q2 be an admissible domain with smooth boundary 0<2. Let 1 < p <2 and u be a weak
nonnegative solution of (1-1) satisfying (2-34), (2-35), (2-37) and (2-38) with Dirichlet boundary data
f € LP(02). Then there exist positive constants C and C; independent of u such that for small ro > 0
we have

Cl ro/2 2 ro
—f / |Vu|2|u|p_2xodxdtdxo+—// u? (xg, x, 1) dx der dxg
2 Jo Joa ro Jo Jaq

5/ up(ro,x,t)dxdt—i—/ u?(0, x, t)dx dr
a0 ET9) i
+C2(||Ml”C,2r+||M2||C,2r+||ﬂ2||c<2r)f (N* ()P dx dt. (5-2)
FI9)

Proof of Lemmas 5.1 and 5.2. Let Q,(y, s) be a parabolic cube on the boundary with r < d and let ¢ be a
smooth cut-off function independent of the xg-variable. As long as there is no ambiguity we suppress
the argument of Q, and extensively use the Einstein summation convention. Let ¢ be supported in Q»,,
equal 1 in Q, and satisfy the estimate r|V¢ |+ r2|¢;| < C for some constant C.

We start by estimating

// |u|p_2ﬁ(3iu)(3jl4)§zxodxdfdxo, (5-3)
0 Jo,, aoo

where by ellipticity we have

)\‘ r r .
—/ |Vu|2|u|1’_2x0dxdtdx0§// |u|P—2“i(a,-u)(aju);2xodxdzdxo.
A Jo O 0 JO,, aoo
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Now we integrate by parts whilst noting that v = (1, 0, 0, ..., 0) since the domain is {x¢ > 0}:
/ / 1P~ 2 (9,0) ()¢ v dx dit dxg
0 JQo, aoo

Zl/ aOJauu(rx DIP)re? dedr — // L2y a0 dr e g
Q2r QZ, aoo

// ( >|u| ua;;9;u¢xo dx dr dxg —2 // ”|u|1’ 2u(dju) d; ¢ xo dx dt dxo
o aoo 0y 400

—// 20 1P~ 2u(dju)e dxdtdxo—// ia,-(|u|l’—2)u(aju);2dxdzdxo
Q2) er aOO

aoo

=1+ +I1I+IV+V+VI (5-4)

Our strategy is to further estimate all these terms and then group similar terms together. First consider /7
we use that u is a solution to (1-1):

f/ p — |u|P"2uu, g? xodxdtdx0+// a—lulp 2ub;d;ul’xo dx dt dxo = 11 + 1.
0y ©00 0, 400

Using the identity 2xo = 80x§ we integrate by parts in xg to obtain

11, = ——// —|u|p uutc Boxodxdtdxo
QZ) aOO

:_E/ —|u(r X, OP2u(r, x, Dug(r, x, 1) 2r?dxe di4-= /f 8o< >|u|p2uut{2x§dxdtdxo
apo

// a—lulp zaouutg“ dxdtdxo+ // a—lulp zuaoa,ug“ xodxdtdxo
0, 00 0, 400

=1l +1+11z+11s.

Consider the boundary term //;; and we integrate by parts in ¢:

1
11 :_%f —u(r, x, P20, (u*(r, x, ) 2r? dx dr
0

2r aoo
1 1 p—2.2 22
== o\ — )lu@m, x, )|’ “u~(r, x, t)¢r-dxdt
4 Jo,, \aoo
1 1
+—/ —|u(r,x,t)|p_2u2(r,x,t)§’§,r2dxdt
2 Q2r
2 1
+ 22—t x, 017Ul x, D, x, DA dx di

4 Jo,, aw
=111 + o + 13,

Since p < 2,s0 p —2 < 0, we can absorb /113 into I and save I, to bound later on.
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Considering 1114, we swap the order of differentiation on dypd,u and integrate by parts in ¢ to show

Il4== // —|u|” 2ud,douc? xodxdtdxo
0, @00

1
:__// 8,(—)|u|p2u80u§ dxdtdxo——/f —|u|!’ 2u,oug>xg dx dt dxg
2Jo Jo,,  \aoo 0, 400

/f —|u|17 Zuaoug“{txodxdtdxo
Q2r

aoo
= 1la1+1ha+1143.

Observe that I114p = — 1113 so these terms cancel. We bound /7141 by

r a
Iy = l// taoolulp 2udousxg dx dt dxo
2 Jo 02 aoo

r 172 r 1/2
5(// |A,|2|u|px8§2dxdtdxo) (// |Vu|2|u|p_2x0§2dxdtdxo> .
0 er 0 Q2r

Two parts of 1] we have left to bound are 11}, and I1143. Both of these integrals involve ¢ ¢; and therefore
if ¢ is a partition of unity, when we sum over that partition these terms sum to 0.
The terms /I, and I1I are simply dealt with by

, 12/ pr 1/2
uzg(// |B|2|u|px0§2dxdtdxo> (// |Vu|2|u|p_2xo§2dxdtdx0> ,
0 er 0 QZV
, 12/ pr 12
1115(// |VA|2|u|PxO;2dxdzdxo) (// |Vu|2|u|p_2xo§2dxdtdxo) .
0 Q2r 0 Q2r

The integral in the term /V contains the terms £ d;¢ and as before if ¢ is a partition of unity then after
summing this term cancels out. Therefore the terms that we have yet to estimate are /, V, and V1.

We consider V in the two cases j = 0 and j # O separately. Since ¢ is independent of x¢ by the
fundamental theorem of calculus

Vijo = // |u|P~2u(Bou) dxdtdxo_——/f do(|u|P2?) dx dr dxg
Q2r Q2r
:—/ lu(0, x, 1)|P¢? dxdt——/ lu(r, x, 1)|P¢? dx dr.
p Q2r p Q2r

For the j # 0 case we use that dpxo = 1 and integrate this case by parts in x:
1 (" ap;

Vij#0) =——// —]aj(|ulp)§2dx dr dxg
p 0 Q2r Cl

:_l// 018 (|M|p)§ doxo dx dr dxg
Q2r

aoo

:_l/ A7 5 (utr, x, 1)P)¢2r dx dr + 1+ // 0’8 3o (|u|”)¢ % xo dx dt dxg
Q2r a 00 2r

p
+—// ao(ﬂ)aquﬂ);zxodxdtdxo
P Jo Jo, aoo

=Vi+ V4V
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Since Vi = —I{; .0, they cancel out. For V, we integrate by parts in x;:

——Zl/ @ao(m(r,x,z)v’)ﬁrdxdt
i 40 p Q2r

__// < )3o(|u|l’)§ Xdedth()——// aoj 80(|u|p)§3 ¢xo dx dr dxg
O Qa @

= Vo1 + Voo + Vo3.

The terms V5, and V3 are of the same type and can be estimated as /11 by

( >V(|M|p)§ xo dx dr dxo
(0378

g/f lulP V| Vu||VA|?xo dx dr dxg
0 Q2r

r 12/ or 1/2
5([/ |VA|2|u|p§2xodxdtdx0> (/f |Vu|2|u|”_2§2x0dxdtdxo> .
0 Q2r 0 Q2r

The final term from (5-4) to estimate is VI:
/ / 5 g P2y (006> de de do = (2 — p)f / 02 By @y e
er Q2r

and since 2 — p < 1 we can hide VI in the left-hand side of (5-4).
We are now at the stage where we can group all the similar terms and estimate them. There are four
different types of terms:

Ji = Ij—oy + 1111 + Vij=0) + Vau, Jy =I5,
J3=1Iha + 1L+ 1T + Z Vo + Z Vi, Ja=Io+ 1L+ 1V + Z Vas.
J#0 J#0 j#0

We shall use the following standard result multiple times to deal with terms containing |VA|?, | A,|
or | B|; a reference for this is [Stein 1993, p. 59]. Let u be a Carleson measure and U the upper half-space.
Then for any function u we have

| 1 a = sheIN GO ey (5-5)

with a local version holding on Carleson boxes as well.
First we consider J;, which consists of boundary terms at (0, x, t) and (r, x, t):

1 d:aoo

11:—/ ao(|u(r,x,t)|P);2rdxdz—1/
p Q2r 4

0 aoo

lu(r, x, )P 2u®(r, x, )¢ *r? dx dt

+lf |u(0,x,r)|l’§2dxdz—l/ lu(r, x, 1)|P¢* dx dt
p 2 p Q2r

3 [ auer e d .
H,go 0y @
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The second term in Jy, originating from I111;, has the bound

0:a
111112—%/ d 00| (r, x, P 2w’ (r, x, 0)cr? dx dr
Q2 a()o

1 ”/'LZ”C 2 r
<IN @I g,

<— [ 1Al x, 03 dedr <
4)\'2 2r

For the term J,, we have

r 1
:l// 80(—>|u|”_2uut§'2x§dxdtdx0
2 Jo Jo,, \aoo
1 r 12 / pr 172
gﬁ(f/ |VA|2|u|Px0;2dxdzdxo) <// |u,|2|u|”_2x3§2dxdtdxo>
er QZr

1/2
< (||M2||C2r||Nr(u)||Lp )12 lu | |u)P2x3¢? dx dedxg) .
=0 (Q2)
QZr

With a constant C3 = C3(A, A, n) we can bound J3 by
r 1/2 r 172
2 2, .3 201, 1p #2 201 p—=2. 2
J3§C3</ (xol VA" +x0| B +x5 | As|7)[u]"¢ dxdth(>> (/ [Vul*[ul”“x0¢ dxdtdm)
0 Q2r 0 Q2r

r 1/2
sca«um||c,zr+||m||c,zr>||N’(u>||§p(Q2,>>”2( / |VM|2|M|p_2X0§2dxdldX0) :
0 Q2r

Finally, J4 consists of terms of the types ¢9,¢ and ¢0;¢. Later we take ¢ to be a partition of unity and so
when we sum up over the partition, all the terms in J4 sum to 0.
Therefore after all these calculations

// 1P~ 2L (9,0) (8u) ¢ 2o dx dr dxg
0 Jos, aoo

=Ji+h+J3+J0y
A
<2 Bo(lu(r,x,t)|p)§2rdxdt+/ (0, x, )| dx dr
)\' QZr QZr
2
2l s,

IN" @I g,

1 r B 1/2
+ﬁ<nmnc,2ruzvr<u)||ip(Q2,)>‘/2(/ f s *Jul? ngczdxdzdxo)
0 Qo

r 1/2
stUistile,2rii21iC,2r WILr0y) ul”|ul” “xog"dx X0 4. (5-
+Ca((Ietlle.ar+ 2 llc 2 INT@IL oo, )2 |Vul? |u|”2xo¢ > dx de d +Js. (5-6)
0 Q2r

By assuming that 2 is smooth as well as an admissible domain (see Definition 2.10) there exists a
collar neighbourhood V of 92 in R"*! such that NV can be globally parametrised by (0, ) x 92 for
some small » > 0; see Remark 2.20 and [Dindo$§ and Hwang 2018] for details. Using Definition 2.10,
there is a collection of charts covering €2 with bounded overlap, say by M. We consider a partition

—/ lu(r,x,1)|Pc?dx dt+—
Q2r
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of unity of these charts ¢;, with ¢; having the same definition, support and estimates as ¢ before, and
> ; ¢j = 1 everywhere. Therefore, when we sum (5-6) over this partition of unity the term on the left-hand
side is bounded below by

1 r
—/f lu|P~2(AVu - Vu)x dx dt dx,
A Jo Jaa

which is comparable to the truncated p-adapted square function ||S}, (u) ||z »(3q)- Therefore, remembering
that after summing J4 = 0, for any ¢ > 0 we have

A Y
M ~—// P=2\Vy|?xo dx dr dx
A” p(”)”Lp(aQ) A Sy Lo |ul [Vul“xo 0

A
< nT/ 80(|u(r,x,t)lp)rdxdt+/ |”(0,X,t)|pdxdt—/ (. x. 0|7 dx dr
a0

I
Milallds, lalicor o oo
—”N (u )”Lp(aQ)‘f’W”N (M)”Lp(agz)

lwtllc2r + lmzllc2r
de

+e// || |u|P2x3 2% dx dt dxg + C3 IN" GO he)

+s// IVu|? [u|P~2x0¢? dx dt dx. (5-7)
0 JoQ

By applying Lemma 4.5 to the p-adapted area function in (5-7) we see that the p-adapted square
function on the right-hand side of (5-7) is always multiplied by . By choosing ¢ small enough we can
absorb this p-adapted square function into the left-hand side yielding

CillSy )15 a0 < / 80 (|u(r, x,1)|")r dx dr +f
a2

lu(0, x, 1)|? dx dt —/ lu(r, x, t)|P dx dt
aQ

a0
+Co (Il +lmalic, 2r+||M2||c 2,)||Nr(M)IILp(m) (5-8)

We integrate (5-8) in the r-variable, average over [0, ro] and use the identity (dg|u|”)xg = do(Ju|P x0) — |u|?
to give

o x2 2 o
le/ (xo——O>|Vu|2|u|”_2dxdtdx0+—// lu(xo, x, 1)|” dx dr dxg
0 JaQ ro ro Jo Jag

5/ |u(r0,x,t)|”dxdt+/ [u(0, x, 1)|P dx dt
aQ F19) 12
+ Calllmllc ar +llmalle.ar + 12l EIINT @ ogy- (5-9)

Finally truncating the first integral on the left-hand side to [0, ro/2] gives

ro/2 7o
=1 f IV l? || 2xp dx dr dxg + — // lu(xo, x, 1)]” dx df dxo
IR 0 JoQ

5/ |u(ro,x,t)|pdxdt+/ lu (0, x, t)|P dx dt
Q2 o
+C2(||/’L1”C2r+||/’L2”C2r+”/’LZHCzr)”Nr(u)”Lp(aQ) (5-10)
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The local estimate for Lemma 5.1 is obtained (exactly as in [DindoS and Hwang 2018]) if we do not
sum over all the coordinate patches but instead use the estimates derived for a single boundary cube Q,
in (5-6). O

We need to control the first integral on the right-hand side of (5-2) to achieve our goal of controlling
the p-adapted square function. Thankfully this has already been done for us in the proof of [Dindo$ and
Hwang 2018, Corollary 5.3], which we encapsulate below.

Lemma 5.3. Let Q2 be as in Lemma 5.2 and u be a nonnegative solution to (1-1). For a small ry > 0
depending on the geometry of the domain 2, there exists a constant C such that for ¢ = ||u1llc.2r +

1/2
lialle2r + luall3,

2 [
/ u(rg, x, )’ dxdr < —/f u(xo,x,t)pdxdtdxo+C8||N’°(u)||[£,,(m).
QR ro Jo Jao

Combining Lemmas 5.2 and 5.3 gives us the desired result.

Corollary 5.4. Let Q be as in Lemma 5.2 and u be a nonnegative solution to (1-1). For a small

ro > 0 depending on the geometry of the domain 2, there exist constants Cy, Cy > 0 such that for
172
e=luillcor +luzlco + lualds,

ro/2
||S;°/2(u)||ip(ag) N[) /(m |VM|2|M|p72X0 dx dr dxg

§C1/ (0, x, )| dx dt + Cog [ N ()1 (50 (5-11)
9

6. Bounding the nontangential maximum function by the p-adapted square function

Our goal in this section has been vastly simplified due to [Rivera-Noriega 2003] proving a local good-A
inequality. We use this to bound the nontangential maximum function by the p-adapted square function.
We first bound the nontangential maximum function by the usual L?-based square function S»(u) but a
simple argument from [Dindos et al. 2007, (3.41)] shows that for 1 < p <2 and any ¢ > 0 we have

155 llzroe) < CellS, @ llLroe) + N (W lLroo), (6-1)

with a local version of this statement holding as well.
The good-X inequality from [Rivera-Noriega 2003, p. 508] is expressed in the following lemma.

Lemma 6.1. Let v be a solution to (2-29) and v(X,t) = 0 for some point (X,t) € Q,. Let E =
{0,x,t) € Oy : S2.4(v) <A} and g > 2. Then

(0. x.1) € O s No@) > )] S (0, x.1) € Oy = S2.0(v) > A)| + Aiqf Srafdrdr.  (6:2)
E

If p > 2 then the following lemma is immediate from [Dindo§ and Hwang 2018, Lemma 6.1], which
is an adaptation of [Rivera-Noriega 2003, Theorem 1.3 and Proposition 5.3].
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Lemma 6.2. Let v be a solution to (2-29) in U and the coefficients of (2-29) satisfy the Carleson
estimates (2-34), (2-35), (2-37) and (2-38) on all parabolic balls of size < ro. Then there exists a
constant C such that for any r € (0, ro/8)

/ Ng/12(v)? dx dr < C(/ Az 4 (v)P dx dr —I—/ S2.4(0)P dxdt) —I—r"+1|v(AAr)|p, (6-3)
r Q2r Q2f

where A, is a corkscrew point of the boundary ball A,. That is, a point 2r? later in time than the centre
of A, and at a distance comparable to r from the boundary and r from the centre of the ball A,.

Proof. We first assume that v(X, ) =0 for some (X, ¢) € O, and then we have the good-X inequality (6-2).
The passage from this good-X inequality to a local L? estimate is standard in the spirit of [Fefferman and
Stein 1972]. We remove the assumption v(X, t) = 0 for the cost of adding the "*! |[u(Aa,)|P term in the
same way as [Rivera-Noriega 2003; Dindo§ and Hwang 2018]. O

From this local estimate, we can obtain the following global L? estimate by the same proof as the
global L? estimate from [Dindo§ and Hwang 2018, Theorem 6.3].

Theorem 6.3. Let u be a solution to (1-1) and the coefficients of (1-1) satisfy the Carleson estimates (2-36)
and (2-39) then

IN"@)lLroe) S I1S3@)lLr@e) + lullLr oo (6-4)
and by (6-1)

IN" W llLre) S IS, @ lILroe) + lullroo)- (6-5)

7. Proof of Theorem 1.1

We only consider the case 1 < p < 2 and use interpolation to obtain solvability for p > 2. First assume
either the stronger Carleson condition of (2-39), or (1-7) and (1-8) hold. Therefore the Carleson conditions
on the pullback coefficients (2-34), (2-35), (2-37) and (2-38) hold.

Without loss of generality, by Remark 2.20, we may assume that our domain is smooth. Consider
ft =max{0, f} and f~ = max{0, — f}, where f € Cy(92), and denote the corresponding solutions
with these boundary data by u™ and u~ respectively. Hence we may apply Corollary 5.4 separately to u™
and #~. By the maximum principle, these two solutions are nonnegative. It follows that for any such
nonnegative u we have

1/2
185G sy < CILE N viaey + CARNE + TN NN @I 5 50

and Theorem 6.3 gives

”Nr(u)llip(ag) = C”f”Zp(aQ) + C”Sir(u)”Zp(aQ)v

where ||| ¢ is the Carleson norm of (1-7) on Carleson regions of size < ry. As noted earlier, if, for
example, €2 is of VMO type then the size of u appearing in this estimate will only depend on the Carleson
norm of coefficients on €2, provided we only consider small Carleson regions. Hence we can choose rg
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small enough (depending on the domain £2) such that the Carleson norm after the pullback is only twice
the original Carleson norm of the coefficients over all balls of size < r.

Since we are assuming ||u| ¢ is small, clearly we also have ||u]¢c < C||M||lc/2- By rearranging these
two inequalities and combining estimates for ™ and u~, we obtain, for 0 < r < r(/8,

r 1/2  nrdr
IN" @O paay < CIE NS nay + CHRIEZINY G11Z s 50

By a simple geometric argument in [Dindo$ and Hwang 2018] involving cones of different apertures,
Lemmas 3.4 and 3.7 show there exists a constant M such that

INY @I 50 < MINT @I 0. (7-1)
It follows that if CM ||| lc/ 2 < % by combining the last two inequalities we obtain

IN" @] a2 < 2C 117000

which is the desired estimate (for the truncated version of nontangential maximum function). The result
with the nontruncated version of the nontangential maximum function N (u) follows as our domain is
bounded in space and hence (7-1) can be iterated finitely many times until the nontangential cones have
sufficient height to cover the whole domain.

Finally, we comment on how the Carleson condition (2-39) can be relaxed to the weaker condition (1-6).
The idea is the same as [Dindo§ and Hwang 2018, Theorem 3.1]. As shown there, if the operator £
satisfies the weaker condition (1-6), then it is possible (via mollification of coefficients) to find another
operator £ which is a small perturbation of the operator £ and £ satisfies (2-39). The solvability of
the L? Dirichlet problem in the range 1 < p < 2 for £; follows by our previous arguments. However,
as L is a small perturbation of the operator £; we have by the perturbation argument of [Sweezy 1998]
L? solvability of £ as well.

Finally, for larger values of p we use the maximum principle and interpolation to obtain solvability
results in the full range 1 < p < oo. (]

Appendix: proofs of results from Section 2

Proof of Theorem 2.3. We begin by proving the equivalence of (3) and (6) using ideas from [Strichartz
1980] and write F = D¢, where F is a tempered distribution. Let

k_ . -
¥ =X0,0,0) ~ X0i(ex)
Thenfor 1 <k<n-—1
2sin®(/2) 1 —e™'" i
£ it i i&;
2sin?(z/2) " 1 —e—i6
T ig

orE D =

k)

(A-1)

"¢, )=
=1

~
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with % (&, 7) ~ & for small & and 1 <k <n — 1. We let
el G0 _
&I
and denote by ¥ (x, 7) the usual parabolic dilation by p, that is,
Yhx, ) =p "TOYt(x/p.1/p°).
It is worth noting that (¢* s y*) o= go/'; * ;. Therefore we may rewrite (6.a), by Remark 2.4, as

o o 520820
su (Yl ¢« F)*— dudx df ~ Bg.a). (A-2)
pZ|Qr| uesiJo 0T o

Qr k 1

Similarly if we let

. ei(O,r)-u -1

= (A-3)
" 1, D)l

=

then we may rewrite (6.b) as

Q IQI/Q/§ lf W p* F _d”dXd’ Bo.b)- (A-4)
r r r JueS"—

The functions ¢* % ¥* and Y, all satisfy the following conditions for some ¢; > 0:

/wmm:a
e 01 S N 017717 for [, 0l 2 a > 0, (A-5)
7 DI S IE DI for || (&, Tl <1,

V& OIS IE DI for [|(§, D) = 1.

Therefore if D¢ = F € BMO(R") then Bg.a) S |D¢|? and Beb) S D¢ |2 by [Strichartz 1980, Theo-
rem 2.1]; this shows (3) implies (6).
For the converse, we proceed via an analogue of the proof of [Strichartz 1980, Theorem 2.6]. Consider

0, ) =1 DICE, 1),

where ¢ € C°(R). Let H(}o be the dense subclass of continuous H'! functions g such that g and all
its derivatives decay rapidly; see [Stein 1970, p. 225]. Via an analogue of [Fefferman and Stein 1972,
Theorem 3; Strichartz 1980, Lemma 2.7] by assuming (6.a) and (6.b) if g € HOIO(IR”) then for each
l1<k<n-1

o0 d
/ / // 1//”*(,0"*F(x,t)ep*g(x,t)dxdt—pd ‘<Blgi lgllqg, (A-6)
p T ¥p (6.2)
st Jo R*-1xR p
Y xF dx —d'od < B2 A
Vo ¥ F(x,1)0, % g(x, 1) dx dt ul S Byl (A-7)
14 (6.b)
st Jo Rr-1xR p
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Forl<k<n-—1Ilet

m(E. 1) = / f T pE. — PP (—pk. —pDIIE DIL(PIIE D) dp du,
s 0 (A-8)

me 0= [ [ T =l Dol € Dl dpdu

All of these functions m; are homogeneous of degree zero, smooth away from the origin and the associated
Fourier multipliers My, for 1 < k < n, are Calder6n—Zygmund operators that preserve the class HOI0 and
are bounded on H'.

The nondegeneracy condition from [Calderén and Torchinsky 1975] on the family of functions {m};_,
holds — that is, the property that ), |m(r&, r27)|? does not vanish identically in r for (&, T) # (0, 0).
Therefore by [Calder6én and Torchinsky 1975; 1977] we can find smooth homogeneous functions uy ; (&, )
of degree zero and positive numbers r; such that for all (§, 7) # (0, 0)

n o Jjo
DY min € Dw E T =1, (A-9)

k=1 j=1

where my ,; are as my but with r; p replacing p in the arguments of fp\“, @* and fﬂ\;‘ in (A-8) (but not ¢).

Let My ; and Uy ; be the Fourier multiplier operators associated to their respective multipliers my. ,,
and uy j. Then ) Y M; ;Ui ;g = g forall g € HOIO. By [Fefferman and Stein 1972, Theorem 3;
Strichartz 1980, Lemma 2.7] there exists h; ; € BMO(R") such that ||hk",~||ﬁ < B6.a) O By, and
(hi,j, 8) = (F, My jg) forall g € H(}O. If we replace g by Uj rg € H(}o in the previous identity and sum
over j and k we obtain (h, g) = (F, g) for all g € HOIO, where h = Zk,j U,j"jhk,j; furthermore by the
BMO condition on Ay, we have || ||i < Bs.a) + Bsv)- The identity (A-9) does not need to hold at the
origin; therefore h—F may be supported at the origin and hence F = h + p, where p is a polynomial.
Due to the assumption ¢ € Lip(l, %), clearly F must be a tempered distribution. Hence as in [Strichartz
1980] we may conclude F = h € BMO(R"). This implies equivalence of (3) and (6).

Similarly we may prove the equivalence of (4) and (5) to (3). The changes needed are outlined below.

We first look at (5) <= (3). In this instance we replace the convolutions ¢* % ¥* by

(€0 U ) ,—iE0)u
I, ol

which corresponds to (5.a), and we keep the convolution v, as it is in (A-3). The same proof then goes
through to give that (5) holds if and only if (3) holds with equivalent norms, as in (2-13).

We now consider (4) <= (3). This case is stated in [Rivera-Noriega 2003, Proposition 3.2]. Again the
proof proceeds as above with one convolution

YlE ) =

k)

P EDU g _ p—iE )

Tu — . J
v T) I1E. ol

Proof of Theorem 2.8. Without loss of generality, we only consider the case < 1. When n > 1 the

existence of an extension with |[D® ||, < n+ £ requires a much simpler argument.

~
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telR

0,

0oz

x € Rnfl

| APSR U (S |

Figure 1. The reflection and tiling of the cube Q, C Q,r defined in (A-10).

By (2-20) there exists f € Cs such that [|[V¢ — f|l« 04, < 2n and a scale 0 < ro =r¢(8) < d such that

”f”*,di,r() S 277

Let d’ = nmin(rg, r1)/2 and consider some r < d’ and Q, C Q4y. Find a natural number k such that
R = 2%r and Rn/2 < r < Rn. By our choice of d’ the cube Q,g, which is an enlargement of Q, by a
factor 2K is still contained in the original cube Qsg.

It follows that

||V¢”*,Q2R 5 n,
1 x,t)—¢d(x, T 2
sup —— [P Cx. 1) ¢(2 )l drdtdxfnz.
0,=Jx1, 19s| Jo, /1, [t —7|
QAYCQZR

Without loss of generality, we may now assume that the cube O,y is centred at the origin (0, 0) and
that ¢ (0, 0) = 0, since the BMO norm is invariant under translation and ignores constants. We first define
¢ as an extension in time via reflection and tiling of the cube Q,:

B(x, 1), t e [—r?, r?] +4kr?,

A-10
d(x,2rr—1), telr?3rt)+4kr?, keZ. ( )

G(x, 1) = {
See Figure 1 for an illustration of this. Clearly ¢ coincides with ¢ on Q,.
It follows that ¢ is a function ¢ : {|x|ec < 2R} x R — R and (VQE)Q, = (V¢)o,. Consider a cut-off
function p such that
1 if x| <1,
(x) = .
0 if |x|s > 2R,
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and |Vp| < 1/R < n/r. Finally define
®=¢p+(1-p)(x-(Vd)o,). (A-11)

Clearly @ is well-defined on R"~! x R as p = 0 outside the support of ¢. We claim that ® satisfies
(1)—(@v) of Theorem 2.8, which we establish in a sequence of lemmas below. Observe also that from our
definition of @ we have

= (V¢ —(Vd)g,)p +Vp(@—x-(Vlo,) + (Vi)o,. (A-12)
completing the proof. U

We start with a couple of lemmas that allow us to reduce our claim to the dyadic case; this is to make
the geometry easier to handle.

Lemma A.1 ([Jones 1980, Lemma 2.3], see also [Strichartz 1980, Theorem 2.8]). Let f be defined on
R™ and

/ \f ~ fol < cn. (A-13)
P10]
where the supremum is taken over all dyadic cubes Q C R". Further, assume that
sup | fo, — fo,l = c(n), (A-14)
01,02

where the supremum is taken over all dyadic cubes Q1, Q2 of equal edge length with a touching edge.
Then

1f 1 < e(m).

Below /(Qy) = s denotes the radius of a parabolic cube.

Lemma A.2 [Jones 1980, Lemma 2.1 and pp. 44-45]. Let f € BMO(Q) and Qo C Q1 C Q. Then

1(Q1)
— fol Slog(2 0 A-15
lfoo = foil S og( +I(QO)>||f|| 0 (A-15)

Furthermore, the same proof in [Jones 1980] gives the following slightly stronger result:

l(Q1)>
— — fo,l Slog|2 ©0- A-16
0ol Qolf Joil S og( 0 I/ 1.0 (A-16)

If Qo, Q1 C Q and 1(Qg) <1(Q1) but they are not necessarily nested then

oo — forl <log(2+ “Ql)) +log[2+ MD T (A-17)

1(Qo) 1(Q1)
If the cubes Qg, Q1 and Q are dyadic then we may replace BMO by dyadic BMO.

There is a typo at the top of [Jones 1980, p. 45]. It should read /(Qy) < [(Q;) (it currently reads the
converse).
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Claim A.3. Let ¢ be defined as in (A-10), |V ||« 0,r S 1, and let Q be dyadic withr <1(Q) <2R. Then

\Y% \% en L. A-18
|Q|f|¢ Fo,| <o 1! (A-18)

Proof of claim. Let N € N be such that [(Q) =2"V1(Q,). Let {Q'} be the 2¥"~D dyadic cubes that are
translations of Q, and partition Q N {|¢| < r?}. Then by Lemma A.2

1 B B 22N|Qi| 1 y »
— V¢ —V = — V¢ —V
g1 . 1v9-véo, > [ 1¥6 - io

[0l 10
22N|Qi|( 1 / )
Vo — V| + Voo —V
le o1 \igi |, 1V9 = Vool +1Véo —Vdo,|
< (m+nlog2+R/r) Sn+nlogl+1/n) Sen' e O

Lemma A.4 [Stegenga 1976]. Let g, h € L1 o Then

1 |h Q|/
— h—(gh h—nh + — . A-19
|Q|fQ|g (gh)ol < |Q|/|g< oI+ o | 180l (A-19)

Proof. This small reduction is from [Stegenga 1976, p. 582]. First observe

—(gh)o =g(h—hg) +ho(g — 8o) + 8oho — (gh)g

and
1 1 1
ho — (gh)o| = |— ho — — h| < — h—ho)l.
|8oho — (gh)g| '|Q|/QgQ 0] Qg)_IQI/th( 0)l
Hence
1
— h—(gh h— A-20
‘|Q|fQ|g (ghgl - |Q|/|g gQ|‘ |Q|/|g< ho)l, (A-20)
completing the proof. ([l

We can now prove (iii) of Theorem 2.8.

Lemma A.5. Let & : R" — R be defined as in (A-11) with |V |« 0,r S 1. Then VO € BMO(R") and
forall 0 <e <1

IV, e n' ™ +ne. (A-21)

Proof. Recall Vo = (V¢ — (V¢)Qr),0 + V,o(¢ X- (V¢)Qr) + (Vd))Q,, we can ignore the constant term
as the BMO norm doesn’t see it. Let ¥ = ng — (qu)Q and 0 = ¢ —X- (V¢)Q We want to bound
o |« and ||V o8] .. We first tackle the term || 0¥ ||4.

Step 1: (A-14) holds; that is, supy, o, [(0¥)g, — (p¥)g,| < c(n) for O1, O dyadic cubes of equal side
length and with a touching edge.

Since ¢~5 is the extension in the time direction by reflection and tiling (see (A-10)), and Q;, QO and Q,
are all dyadic cubes, we may assume that if /(Q) <r then Q1, Q> C {|t| < r?}, and if 1(Q;) > r then

{lef <r?) C Q1.
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If Q1, Q2 C Q2r then |[(p¥)g, — (p¥)0,| S 1PV Il dyadic, 0.z~ Therefore, if we show (A-13) for
f = py then by Lemmas A.2 and A.4 clearly

|(:0‘/f)Q1 - (pW)Q2| S ||:0‘/f”*,dyadic, Qor =< ”‘//”*,dyadic, Qor =< “V¢|l*, dyadic, Qar S n.

Now look at the other cases: Q1 C Qzg and Q> N Qorp =, 0r Qo C Q1 and O> N Orr = . In
both cases, we wish to control [(p¥)g, |.

Step l.a: Case Q1 C Oog, 02N QOrg =2 and [(Q)) 5 Rn/ﬂ.
Q is small here and touches the boundary of Q»g. This means that ||p||z~(0,) S 1(Q1)/R since p

is 0 outside Q,g. Therefore we apply the trivial bound

1(01)
(oo, | < llelli=en ¥ llLe) S R

Step 1.b: Case Q1 C Qar, Q2N Qrp =@ and Rn/L S1(Q1) <2R.
Since Q1 C Qg we have Rn/¢ < 1(Q1) < 2R. Q) is dyadic so there exists N € Z such that

1(Q1) =2N1(Q)).
Step 1.b.i: N <0.

This means that /(Q;) <[(Q,) and so by the reflection and tiling in time, (A-10), we may assume
Q1 C {|t| <r?} and by Lemma A.2

Y

1 1
I(pW)QIISIKbIQ.:@ ) |V¢—V¢Q,|§@ , Vo —=Vég,| + Vg, — Vo, |

<n+nlog(l+€) +nlog(1+1/1) S n'~F +nlog(1+£).

Step 1.b.ii: N > 0.
By Claim A.3 we obtain

1 7 7 1—¢
(Vo] < Vo, = @/Q IV — Vo, | <o '

Step 1.c: Case Q2 C Q1, Q2N Qrr =D s0l(Q1) >2R.
Let N satisfy [(Q1) = 2N] (Q2r), the number of dyadic generations separating Q1 and Qsg. Then QO

overlaps Qar (and its dyadic translates in time) exactly 22V times. Therefore by Claim A.3,
22N - ~ 22N 1 - ~ |
(V)| < 1¥lo, = —— IVé —Véo,| = v 7 V¢ — Vo, | Sen .
e = =00 o, = N | 0orl Jo ol

Hence, modulo the unproved statement || 0y ||+, dyadic, 0,z < 7 We have shown
(0¥, — (P¥)os| Se n'~° +nlog(1 + ).

Step 2: (A-13) holds; that is, || oV ||« dyadic S ¢(1)-
To apply Lemma A.4 we need to control two terms,

1
sup ||/0||L°°(Q>@/Q|W—¢QI

Q dyadic
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1Yol
e Ip Pol-
Qdyad1c |Q|

1
sup IIPIILW<Q)@/Q|W—K//QI-

Q dyadic

and

Step 2.a: Estimating

In all the following cases we bound |[|p| =) < 1.

Step 2.a.i: Case [(Q) <.
As before, by the reflection and tiling in time, we may assume Q C {|¢| < r?} and so V(;S =V¢ on Q.

1 1 ~ ~ 1
— —Yol=— | |Vo—(V =— | Vo —(V <.
|Q|fQ|w Yol |Q|fQ|¢ (Vé)ol |Q|fQ|¢ (Vo)ol S

Step 2.a.ii: Case r <I(Q) <2R.
Applying Claim A.3 gives

Hence

|Q|f|w Vol < 1Wlo <o n'™*.

Step 2.a.iii: Case 2R < [(Q).
From Step 1.c it follows that

|Q|/|w Yol < I¥lo Se n'™.

Step 2.b: Estimating
Wol / lp = pol.
Qdyadm |Q|

We have the following three cases to consider.

Step 2.b.i: Case Q C Qar, 1(Q) <r and Q C {|t| <r?}.
Because the cube O might not be touching the boundary we can’t follow Section 7 and bound

1
@fglp—pgl

by [ pllz=(g), which here is likely be 1. However, we can use the mean value theorem and get a better
bound. By the intermediate value theorem there exists (z, T) € Q such that p(z) = pp and using that p is
independent of time and |Vp| < 1/R we have

1(Q) l(Q)
R ro

lp(x) = pol =1p(x) = p@| = VpIl(Q) S ——

Then applying Lemma A.2 gives

1Yol Q)| 1 ~ ~ Q) 1

—Qf|p—pg|5——/V¢—V¢Q, s——/|V¢—V¢Q,|
0 r ol - 101

0] 0l
1o,
<8 el ), <
STy g(+1(Q))" G
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Step 2.b.ii: Case Q C Orrp and r < I(Q) <2R.
This case is a straightforward application of Claim A.3:

ol )
2 1p—pol < 1ol Sen' .
101 Jo

Step 2.b.iii: Case Q2r C Q sol(Q) > 2R.
This follows similarly to Step 1.c; let N be defined as there and

2 Lo
0] QIP ,0Q|5|Q| ) ¢ —Voo,,

Therefore by Lemma A.1, || oY |« < n'=¢+n log(1+ ¢).
It remains to tackle the harder piece Vp6 =V p (q~§ —Xx- Vq;Qr). Recall that supp(Vp) ={r <|x|ec <2R}.

2N
=< WHV(p”*,QZR =n.

Step 3: (A-14) holds; that is, supy,. 0, [(Vp)g, — (Vpb)g,| < c(n), where Q1, O, are dyadic with a
touching edge and [(Q) =1(Q0»).
There are two different cases to consider:
(1) Q1 Nsupp(Vp) # @ and Q2 Nsupp(Vp) # 2.
(2) Q1 Nsupp(Vp) # @ and Q2 Nsupp(Vp) =
Again (1) is controlled by ||V p8||4, dyadic, 0,, by Lemma A.2 so we only have to deal with (2) and bound
SUPg, dyadic |(VpO)o,|.

Step 3.a: Case Q1 C Qrg and 1(Q1) < Rn/L.
In this case Q; touches the boundary of the support of Vp so we have the estimate ||V pllzxg,) S

1(Q1)/R? since |V2p| < 1/R?. Also ¢(0,0) =0 and ¢ € Lip(1, 1) so
~ 2
e, Dlle(on) < 0 Cx, D0 S ER.

Finally ||x - Vo, | L= (0,r) < £R. Therefore

1(Qn 1 (Q)
R; o, |¢(x 1) —x- Vg, |drdt < ==

Step 3.b: Case Q1 C Qsg and Rn/€ <1(Q1) <2R.
By the fundamental theorem of calculus, we may write

[(VpB)o,| = IVelliLeonlblo, S

f\J

1
Jﬁ(x,t)—qﬁ(rﬁ ) / Vé(rx, 1) da.
r/1x|

Therefore, we have

[(Vpb)o, | = Vpllflo,

1
= |Vp ‘J)(rli—', t) Tx / (Vé(hx, 1) — Véo,) dh+x - &'V&Qr

r/]x| 01
11~/ x
< 7o)

R
L=(Q1) TRIQI

1 n RY
(f IV (ux, z)—v¢Q,|dx) dxdr 4=
/x|
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Since ¢3 defined by (A-10) is tiled and reflected in time on cubes of scale r, and (rx/|x[,0) € O, we
control the first term above by

1~/ x

— qb(r—, t) -0

R x| L=(0)
Recall that » ~ nR, Rn/¢ S1(Q1) <2R and r < |x|s < 2R so /2 < X < 1. We apply Fubini to the
second term:

1 Lr
<—l¢p —¢0,0) L=, S —= S 0.
< RII¢ #0,0)[lL=o, < R~

1 1
b (/ |V¢3(Ax,t)—Vq§Qr|dA)dxdt<Lf / IV (rx, 1) — Vo, | dx dr di.
[O1] r/1xl 1011 Jy/2 Jo,

Let Ql be the set formed by Q) under the transformation (x, ) — (Ax,t). We may further cover
él by ~ A2 translations of A Q; with [LQ1|/] §1| < A2. Therefore a similar proof to Claim A.3, using
Lemma A.2, gives

. . 1 L
IVo(Ax, )=V, |dxdt = —~— [ |[V¢—=Vdy,|

011 o, 2i/a
14
fQ1|V¢ V¢Q,|<nlog<2+ 0 )),inlog(l—i-?)

<2
Sen' F+nlog(144)

T s Q1 |
and hence after harmlessly integrating in A we can control the second term by

1
L
/ nlog(l + ?> dr <e ' +nlog(l+ ).
n/2

Step 3.c: Case [(Q1) > 2R.
As before in Step 1.c, [(Vp0)g,| < [(Vp0)g,,|, which can be further controlled by cubes that tile

supp(V p). Therefore, this case is bounded as in Section 7.
Step 4: (A-13) holds; that is, ||V 00|l ayadic S ¢()-
Here we have three cases to consider:
(1) Q C Qar.
(2) @ CR"\'supp(Vp).
(3) Q2 C Q.
Case (2) is obvious. Case (3) reduces down to (1) by Step 1.c, the reflection and tiling of (Z), and
supp(Vp).
Case (1): Using Lemma A.4 this reduces down to showing that

|Q|/V_v <
0] IVo—(Vp)ol S c(n),

b) — Vo —86 <
(>|Q|/| p(6—6p)] < c(n)

for Q dyadic and Q C Q»k.
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Step 4.a: (a) holds for Q dyadic and Q C Q»k.

Step 4.a.i: Case Q C Qo and I(Q) < Rn/L.
By the naive bounds in Step 3.a, |#|p S ¢R. If we use the mean value theorem for Vp similar to

Section 7 then

l
|Q|f| p= (Vo S IVpllQ) 5 .
Therefore ™ o)
Yol Vp—(V <gR_
2 /Q| ~ (Vp)ol SRS

Step 4.a.ii: Case Q C Qrr and Rn/¢ S1(Q) <2R.
Here we apply the same technique as Section 7:

I
|0
Step 4.b: (b) holds for Q dyadic and Q C Q»k.

6 —6p)| < 0—06
|Q|/|p( o) S R|Q|/| ol-

We split this into the now-usual cases.

Step 4.b.i: Case I[(Q) < Rn/XL.
By the intermediate and mean value theorems |¢ — $Q| <SIU(Q)¢ and |x — xg| SI1(Q) so

/ Vp = (Vo)ol < 1010IVpl <o 0"~ +nlog(1+ ).
0

—x-V \Y <—l LS
&0 )10 = kigr |1 —do—xVio +x Vig)al S @) S0

Step 4.b.ii: Case Rn/¢ <I1(Q) < 2R.

16 —6 |<—|9| ,
RIQI/ ¢ ¢

and then applying the result from Section 7 gives
1
@/mee—egnse 1"+ nlog(140).

Therefore by Lemma A.1 we have shown V& € BMO(R") and the bound (A-21) holds. O
To finish proving Theorem 2.8 we need to establish (iv).
Lemma A.6. Let & : R"™! x R — R be defined in (A-11) with
p(x, 1) —¢p(x, D)

Sup o dr dr dx < n? (A-22)
0,=ux1, 109sl Jo,J1, |t —1|?
05CQ084, 511
then ® satisfies
1 ) 1) — b , 2
sup [P0 ) - DI < A23)

0,=Jx1, 19s| Jo, /1, It —|?
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Proof. Trivially since @ is defined globally

1 D(x,t)—P(x, 1) 1 ~x,t—~x,t2
“w | (x, 1) g )| drdrdx < sup lp(x, 1) ¢(2 )|
0,=Jx1, 195 Jo, /1, [t —7| 0,=Jx1I, 195l Jo, /1, |t — 7|

dr drdx,

where we interpret the value of q~§ where it is undefined as 0, i.e., qS(x, t) =0 when (x,1) & supp(</5). It
remains to establish

BCx, 1) — P(x, 7)) ¢ (x, 1) — ¢ (x, 7)|?
supm / P drdrdx < sup — A // P drdrdx (A-24)

I, Cly

pointwise in x, where Q, = J, x I, and is used to define ® in (A-11). To simplify our notation, we drop
the dependence on the spatial variables in & and ¢. We also set A := I,. Recall from (A-10) that

o (1), t e [—r% r?] +4kr?,

o) = {¢(2r2 — 1), ter? 32+ 4kr2,

fork € Z. Let Iy = [—r?, r?]+4kr? and J; = [r?, 3r2] +4kr? be intervals in time for k € Z. We partition
A into disjoint pieces A = Ui LU j J; UA1UAj, where A and A, are pieces that don’t contain either
I; or J;.

If A= AU A;, we may as well assume (by translation and reflection) that A| = [a, r2], A, = [r3, b].
Let 7/, b" and A/, be the images of 7, b and A respectively under the map 7 2r2 — 7. Without loss of
generality we only consider the case |A|| > |As|. Since |t — 7| = |t — r?| + |t’ —r?| > |t — 7’| we have
fort e Ay, T € Ay

2 N2
// 16(1) — p(T) dr ds _// o) — ()] de' ds
A1JA, =T Clt— Q2 —1)]?

r2 12 N2
// lp () — ()] dr dt<// o (1) — p(z)] dr'dr.
=7 A A, =7
Therefore

2 /Y12
/f 1p(t) — (T)| (/ f / / / / )|¢(t) ¢(r )| o' dt <.
|A| |l—f|2 |A| A1JA| A1JAy ArJAy |[—f/|2

In the general case when A =, ., I; | jeg Jj UA1U Az we write the double integral over A in terms

of integrals
p() —d(0)? 16() — $())?
Z/ e LD / g Y

i,keT i€eZ,jeJ

and integrals that involve sets A| or A, or both (those are handled similarly to the earlier calculation).
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Dealing with the first case, if i #k, t € I; and T € Iy then |t —t| ~r?|i —k|;if i =k then |t — | = |t —1/|.
Therefore

/ PO—@F / |6 (1) —¢ (@)
I Iy Iy

1
drdr drdi+ ) ﬁ/ lp(1)—¢ (7)|*dr dr
iker” li=kI= 1,/ 1o

iker?! =2 ieT j1—?
' i £k
t 2 1)— 2
SZ/ | ()— ¢(2 7)| dr dH_Z / [ (2) ¢(2T)| drdr
ieT IpJ Iy |t Tl |l_k| Iy |t_t|
z;ék
_ 2
<17 lop (1) ¢(2T)| dedr.
I/ Iy |I_T|

In the second case

2
// 6() — $(1)] de dt
Jj -T2

lp (1) — ¢ () 1 X
& Z /10 IOW+ Z m/lo 10|¢(t)—¢(t)| dr dt

iel, jeJ

i€Z,jeJ ieZ,jeJ
li—jl=1 li—jl=2
_ 2
S(III+IJ|)// PO =OF 4 g
Iy |t_ |
Since |A| ~ (|Z| 4+ |J1)|{o] and Iy is one of the time intervals considered in the supremum of (A-24),
2 2
1) — t)—
/ ¢ (1) d)(zf)l // ¢ (1) ¢(27)| dr dr < n’. O
1A] |t — 7| Tl ot 1t—Tl
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