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REGULARITY RESULTS FOR GENERALIZED DOUBLE PHASE FUNCTIONALS

SUN-SIG BYUN AND JEHAN OH

We consider a wide class of functionals with the property of changing their growth and ellipticity properties
according to the modulating coefficients in the framework of Musielak–Orlicz spaces. In particular, we
provide an optimal condition on the modulating coefficient to establish the Hölder regularity and Harnack
inequality for quasiminimizers of the generalized double phase functional with (G, H)-growth for two
Young functions G and H.

1. Introduction

There have been systematic and extensive research activities on the variational problems with nonstandard
growth. In particular, functionals whose structure exhibits a phase transition have attracted increasing
attention over the last couple of decades. These functionals intervene in the homogenization of strongly
anisotropic materials [Zhikov 1986; Zhikov et al. 1994] and in the Lavrentiev phenomenon [Zhikov 1993;
1995]. In this paper, we are concerned with the functionals of the type

v ∈W 1,1(�) 7→ F(v,�) :=
∫
�

[G(|Dv|)+ a(x)H(|Dv|)] dx, (1-1)

where G, H : [0,∞)→ [0,∞) are Young functions satisfying a suitable gap condition, see (2-24),
a :�→ [0,∞) is a continuous function, and � is a bounded domain in Rn with n ≥ 2.

The main feature of the functional (1-1) is that the energy density changes its growth and ellipticity
properties according to the modulating coefficient a( · ). The double phase functional (1-1) is a natural
generalization of the one with (p, q)-type

v ∈W 1,1(�) 7→

∫
�

[|Dv|p + a(x)|Dv|q ] dx, q > p > 1, (1-2)

and the one in a borderline case

v ∈W 1,1(�) 7→

∫
�

[|Dv|p + a(x)|Dv|p ln(1+ |Dv|)] dx, p > 1. (1-3)

Zhikov [1986; 1994] first introduced a family of functionals including (1-2) for the purpose of describing
a feature of strongly anisotropic materials: the modulating coefficient a( · ) presents the geometry of
the mixture of two different materials. As shown in [Esposito et al. 2004; Fonseca et al. 2004; Zhikov
1995; 1997], such functionals exhibit Lavrentiev phenomenon whereby minimizers are irregular and even

MSC2010: primary 49N60; secondary 35B65, 35J20.
Keywords: double phase functional, Lavrentiev phenomenon, nonstandard growth, quasiminimizer, regularity.
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1270 SUN-SIG BYUN AND JEHAN OH

discontinuous. On the other hand, the functionals (1-2) and (1-3) belong to the class of functionals having
(p, q)-growth condition. These are functionals of the type

v ∈W 1,1(�) 7→

∫
�

F(x, Dv) dx, (1-4)

where the energy density F(x, ξ) satisfies

|ξ |p . F(x, ξ). |ξ |q + 1, q > p > 1. (1-5)

This (p, q)-growth condition was first treated by Marcellini [1986; 1989; 1991] and extensively studied in
recent years; see [Breit 2012; Esposito et al. 1999; 2002; 2004; Fonseca et al. 2004; Fusco and Sbordone
1990; Schmidt 2008; 2009].

In the case p>n, it is clear from the Sobolev embedding theorem that quasiminimizers of the functionals
(1-2) and (1-3) are locally bounded and Hölder continuous. Recently, Baroni, Colombo and Mingione
[Baroni et al. 2015a; Colombo and Mingione 2015a; 2015b] found that when p≤ n, the optimal condition
for Hölder continuity of quasiminimizers of the functional (1-2) is a( · ) ∈ C0,α(�), with α ∈ (0, 1] and
q ≤ p+ α. For the functional (1-3), the log-Hölder continuity of a( · ) is sufficient in order to obtain
the Hölder continuity of quasiminimizers; see [Baroni et al. 2015a; 2015b]. These results show that the
regularity of the modulating coefficient a( · ) is closely related to how to control the size of the associated
phase transition. In addition, C1,β-regularity results for minimizers of the double phase functionals (1-2)
and (1-3) have been obtained in [Baroni et al. 2015b; 2018; Colombo and Mingione 2015a; 2015b] and
the regularity of the modulating coefficient is directly linked to the gap between two phases. For further
regularity results including C0,1-regularity for minimizers of functionals with general (p, q)-growth, we
refer the reader to [Beck and Mingione 2018; Cupini et al. 2017; 2018; Esposito et al. 2006].

The main object of this paper is to investigate an optimal condition on the modulating coefficient
a( · ) in the functional (1-1) under which the Hölder regularity result holds for local quasiminimizers.
We provide a reasonable condition on the modulus of continuity of a( · ), see (4-6), and prove local
boundedness, Hölder continuity via De Giorgi’s method and the Harnack inequality under this condition.
Harjulehto, Hästö and Toivanen [Harjulehto et al. 2017] considered a general setting and developed a set
of assumptions on the energy density. Some of the assumptions in [Harjulehto et al. 2017] are the same as
ours in the setting of the double phase functionals, see Remark 3.3, but we introduce refined conditions
on G and H, and prove that these are sharp conditions for the absence of the Lavrentiev phenomenon, see
Theorem 3.1, which also yields the regularity of local quasiminimizers for the generalized double phase
functionals. The results in [Harjulehto et al. 2017] and ours complement each other. We also remark that
our condition agrees with the known one in the classical case, see Remark 3.2, and serves the natural
assumption for the modulating coefficient in a wide variety of double phase functionals such as

v ∈W 1,1(�) 7→

∫
�

[|Dv|p + a(x)|Dv|p[ln(1+ |Dv|)]γ ] dx, p > 1, γ > 0,

and
v ∈W 1,1(�) 7→

∫
�

[|Dv|p + a(x)|Dv|p ln ln(e+ |Dv|)] dx, p > 1;

see Remark 4.13.
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The method used in this paper is influenced by [Baroni et al. 2015b; 2018; Colombo and Mingione
2015a; 2015b]. For the Hölder continuity of quasiminimizers, we first derive a Caccioppoli-type inequality
which is similar to the one that holds for the functional v 7→

∫
�

G(|Dv|) dx by using the condition (4-8) on
the modulus of continuity of a( · ). We then consider a sequence of nested and shrinking balls {B4−i r0}

∞

i=0
in order to control the oscillation of quasiminimizers along the sequence of balls. Here we should verify for
each ball whether the condition (4-8) holds true. If this condition holds true for every ball, then we obtain
the Hölder continuity of quasiminimizers. Otherwise, we reduce the oscillation until we reach the exit time
for ball B4− j r0 , and then we use the existing regularity theory, see Lemma 4.11, for the frozen functional

v ∈W 1,1(B4− j r0) 7→

∫
B f− j r0

[G(|Dv|)+ a0 H(|Dv|)] dx, a0 = sup
B4− j r0

a( · ).

For the proof of the Harnack inequality, we first deduce the weak Harnack inequality and the local
sup-estimates under the assumption (4-8). Then we apply the exit-time argument as above to obtain the
desired inequality.

This paper is organized as follows. In the next section, we introduce some background and investigate
the gap conditions. Section 3 deals with the Lavrentiev phenomenon. In Section 4, we establish the local
boundedness and the Hölder continuity for (1-1). Section 5 is devoted to proving the Harnack inequality.

2. Preliminaries

Notation. We start this section with introducing notation that will be used in this paper.
Let Bρ(y)= {x ∈ Rn

: |x − y|< ρ} be the open ball in Rn centered at y ∈ Rn with radius ρ > 0. If the
center is clear in the context, we shall denote it by Bρ ≡ Bρ(y).

For a function v, we write v± :=max{±v, 0}.
For k ∈ R, ρ > 0 and a quasiminimizer u of the functional F, we set

A(k, ρ) := {x ∈ Bρ : u(x) > k} and A−(k, ρ) := {x ∈ Bρ : u(x)≤ k}.

Hereafter, for the sake of the convenience, we employ the letter c to denote any universal constants
which can be explicitly computed in terms of known quantities, and so c might vary from line to line.

Orlicz spaces and Musielak–Orlicz spaces. A Young function 8 : [0,∞)→ [0,∞) is an increasing
convex function satisfying

8(0)= 0, lim
t→∞

8(t)=∞, lim
t→0+

8(t)
t
= 0, lim

t→∞

8(t)
t
=∞.

Definition 2.1. Let 8 be a Young function:

(1) 8 is said to satisfy the 12-condition, denoted by 8 ∈12, if there exists a positive number 12(8)

such that 8(2t)≤12(8)8(t) for all t ≥ 0.

(2) 8 is said to satisfy the ∇2-condition, denoted by 8 ∈∇2, if there exists a positive number ∇2(8) > 1
such that 8(∇2(8)t)≥ 2∇2(8)8(t) for all t ≥ 0.

(3) We write 8 ∈12 ∩∇2 if 8 ∈12 and 8 ∈ ∇2.
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We note that if 8 ∈12, then 12(8) > 2. Indeed, by the convexity of 8, we get

8(2t)≤12(8)8(t)≤
12(8)

2
8(2t) for all t ≥ 0, (2-1)

and hence 12(8)≥ 2. If 12(8)= 2, then it follows from (2-1) that 8(2t)= 28(t) for all t ≥ 0, and so
8(t)≡8(1)t is not a Young function. Thus 12(8) > 2.

For a given Young function 8, we define the complementary Young function 8∗ of 8 by

8∗(t)= sup{st −8(s) : s ≥ 0}.

We remark that 8∗ satisfies all the conditions to be a Young function and that (8∗)∗ = 8. Moreover,
8 ∈ ∇2 if and only if 8∗ ∈12 with 2∇2(8)=12(8

∗).
We will use the following basic properties of Young functions satisfying 12 and ∇2 conditions; see for

instance [Adams and Fournier 2003; Ok 2016; Rao and Ren 1991].

Lemma 2.2. Let 8 be a Young function with 8 ∈12 ∩∇2:

(1) For any 1≤3<∞ and t ≥ 0, we have

8(3t)≤12(8)3
log2 12(8)8(t). (2-2)

(2) For any 0< λ≤ 1 and t ≥ 0, we have

8(λt)≤ 2∇2(8)λ
1+log∇2(8)

2
8(t). (2-3)

(3) (Young’s inequality) For any ε ∈ (0, 1], there exists a positive constant c depending only on 12(8),
∇2(8) and ε such that

st ≤ ε8(s)+ c8∗(t) for all s, t ≥ 0. (2-4)

(4) If 8 ∈ C1([0,∞)), then for any t ≥ 0, we have

c−1
1 8(t)≤ t8′(t)≤ c18(t) (2-5)

and

8∗(8′(t))≤ c28(t) (2-6)

for some constants c1, c2 > 1 depending only on 12(8) and ∇2(8).

(5) (a modified form of Young’s inequality) If 8 ∈ C1([0,∞)), then for any ε ∈ (0, 1], there exists a
positive constant c depending only on 12(8), ∇2(8) and ε such that

s8′(t)≤ ε8(s)+ c8(t) for all s, t ≥ 0. (2-7)

For a Young function 8, the Orlicz class K8(�;RN ), N ∈ N, consists of all measurable functions
v :�→ RN satisfying ∫

�

8(|v(x)|) dx <+∞.



REGULARITY RESULTS FOR GENERALIZED DOUBLE PHASE FUNCTIONALS 1273

The Orlicz space L8(�;RN ) is the vector space generated by the Orlicz class K8(�;RN ). If 8 ∈12,
then K8(�;RN )= L8(�;RN ) and this space is a Banach space under the Luxemburg norm

‖v‖L8(�;RN ) = inf
{
σ > 0 :

∫
�

8

(
|v(x)|
σ

)
dx ≤ 1

}
.

For N = 1, we simply write L8(�) := L8(�;R).
We state some relevant inequalities regarding the Luxemburg norm; see [Rao and Ren 1991].

Lemma 2.3. Let 8 be a Young function with 8 ∈12:

(1) ‖v‖L8(�;RN ) ≤ 1 =⇒
∫
�

8(|v|) dx ≤ ‖v‖L8(�;RN ).

(2) ‖v‖L8(�;RN ) ≥ 1 =⇒
∫
�

8(|v|) dx ≥ ‖v‖L8(�;RN ).

(3) ‖v‖L8(�;RN ) ≤ 1 ⇐⇒
∫
�

8(|v|) dx ≤ 1.

(4) 0< ‖v‖L8(�;RN ) <∞ =⇒

∫
�

8

(
|v|

‖v‖L8(�;RN )

)
dx = 1.

(5) (Hölder’s inequality) For any v ∈ L8(�) and w ∈ L8
∗

(�),∫
�

|vw| dx ≤ 2‖v‖L8(�)‖w‖L8∗ (�). (2-8)

We now introduce a partial order relation between Young functions, see [Verde 2011], and present a
series of lemmas which will be used frequently throughout the paper.

Definition 2.4. Let 81, 82 be Young functions. We shall write

81 ≺82

if 82 ◦8
−1
1 is a Young function.

Lemma 2.5. Let 81, 82 be Young functions with 81 ≺82. Then

81(t)≤
1

(82 ◦8
−1
1 )(1)

82(t) for all t ≥8−1
1 (1). (2-9)

Proof. We first note that for a Young function 8, there holds

8(1)s ≤8(s) for all s ≥ 1.

Indeed, this follows from the convexity of 8. Since 81 ≺82, we have

(82 ◦8
−1
1 )(1)s ≤ (82 ◦8

−1
1 )(s) for all s ≥ 1.

Setting t =8−1
1 (s), we obtain the desired conclusion (2-9). �
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Corollary 2.6. Let 81, 82 be Young functions with 81 ≺82. Then

81(t)≤ c(82(t)+ 1) for all t ≥ 0, (2-10)

where c is a positive constant depending only on 81 and 82.

Lemma 2.7. Let 81, 82 be Young functions with 81 ≺82. Then the function

t 7→
(
82

81

)
(t)=

82(t)
81(t)

is nondecreasing.

Proof. We first note that the function 82/81 is nondecreasing if and only if the function (82/81) ◦8
−1
1

is nondecreasing, as t 7→81(t) is increasing and continuous. Since 81 ≺82, we see that 82 ◦8
−1
1 is a

Young function. Hence, it follows from the convexity of 82 ◦8
−1
1 that the function

t 7→
(
82

81
◦8−1

1

)
(t)=

(82 ◦8
−1
1 )(t)

t

is nondecreasing. �

The following lemma and its proof can be found in [Lieberman 1991; Rao and Ren 1991, Chapter II].

Lemma 2.8. Let 8 ∈ C1([0,∞))∩C2((0,∞)) be a Young function satisfying

1
c8
≤

t8′′(t)
8′(t)

≤ c8 for all t > 0, (2-11)

for some c8 ≥ 1. Then:

(1) 8 ∈12 ∩∇2, and the constants 12(8), ∇2(8) depend only on c8.

(2) For any 1≤3<∞ and t ≥ 0, we have

8(3t)≤3c8+18(t). (2-12)

(3) For any 0< λ≤ 1 and t ≥ 0, we have

8(λt)≤ λ(1/c8)+18(t). (2-13)

Lemma 2.9. Let 8 be a Young function with 8 ∈ C1([0,∞))∩C2((0,∞)). If

t8′′(t)
8′(t)

≤ c8 for all t > 0,

for some c8 ≥ 1, then t 7→8(t1/(1+c8)) is a concave function.

Proof. Set ϕ(t) :=8(t1/(1+c8)) for t ≥ 0. Then we have

ϕ′(t)=
1

1+ c8
8′(t1/(1+c8)) t−c8/(1+c8),
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and hence

ϕ′′(t)=
1

(1+ c8)2
8′′(t1/(1+c8))(t−c8/(1+c8))2−

c8
(1+ c8)2

8′(t1/(1+c8))t−c8/(1+c8)−1

=
1

(1+ c8)2
t−c8/(1+c8)−1

[t1/(1+c8)8′′(t1/(1+c8))− c88′(t1/(1+c8))] ≤ 0

for all t > 0. �

We now introduce the Musielak–Orlicz spaces which generalize the Orlicz spaces. Let8 :�×[0,∞)→
[0,∞) be a function satisfying the following conditions:

(1) 8(x, · ) is a Young function for every x ∈�.

(2) 8( · , t) is a measurable function for every t ≥ 0.

Such a function 8(x, t) is called a Musielak–Orlicz function. As before, we present some definitions and
properties regarding Musielak–Orlicz functions.

Definition 2.10. Let 8 be a Musielak–Orlicz function:

(1) 8 is said to satisfy the 12-condition, denoted by 8 ∈12, if there exists a positive number 12(8)

such that 8(x, 2t)≤12(8)8(x, t) for all x ∈� and t ≥ 0.

(2) 8 is said to satisfy the ∇2-condition, denoted by 8 ∈∇2, if there exists a positive number ∇2(8) > 1
such that 8(x,∇2(8)t)≥ 2∇2(8)8(x, t) for all x ∈� and t ≥ 0.

(3) We write 8 ∈12 ∩∇2 if 8 ∈12 and 8 ∈ ∇2.

For a given Musielak–Orlicz function 8, we define the complementary 8∗ of 8 by, for each x ∈�,

8∗(x, t)= sup{st −8(x, s) : s ≥ 0}.

Then 8∗ satisfies all the conditions to be a Musielak–Orlicz function. Also we note that (8∗)∗ =8 and
that 8 ∈ ∇2 if and only if 8∗ ∈12 with 2∇2(8)=12(8

∗).
The following lemma can be directly obtained from the definitions of 12-condition, ∇2-condition and

the complementary of Musielak–Orlicz function.

Lemma 2.11. Let 8 be a Musielak–Orlicz function with 8 ∈12 ∩∇2:

(1) For any 1≤3<∞, t ≥ 0 and x ∈�, we have

8(x,3t)≤12(8)3
log2 12(8)8(x, t). (2-14)

(2) For any 0< λ≤ 1, t ≥ 0 and x ∈�, we have

8(x, λt)≤ 2∇2(8)λ
1+log∇2(8)

2
8(x, t). (2-15)

(3) (Young’s inequality) For any ε ∈ (0, 1], there exists a positive constant c depending only on 12(8),
∇2(8) and ε such that

st ≤ ε8(x, s)+ c8∗(x, t) (2-16)

for all s, t ≥ 0 and x ∈�.
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For a Musielak–Orlicz function 8, the Musielak–Orlicz class K8(�;RN ), N ∈ N, consists of all
measurable functions v :�→ RN satisfying∫

�

8(x, |v(x)|) dx <+∞.

The Musielak–Orlicz space L8(�;RN ) is the vector space generated by K8(�;RN ). If 8 ∈12, then
K8(�;RN )= L8(�;RN ) and this space is a Banach space under the Luxemburg norm

‖v‖L8(�;RN ) = inf
{
σ > 0 :

∫
�

8

(
x,
|v(x)|
σ

)
dx ≤ 1

}
.

The Musielak–Orlicz–Sobolev space W 1,8(�;RN ) is the function space of all measurable functions v∈
L8(�;RN ) such that its distributional gradient vector Dv belongs to L8(�;RNn). For v ∈W 1,8(�;RN ),
we define its norm to be

‖v‖W 1,8(�;RN ) = ‖v‖L8(�;RN )+‖Dv‖L8(�;RNn).

The space W 1,8
0 (�;RN ) is defined as the closure of C∞0 (�;R

N ) in W 1,8(�;RN ). For N = 1, we simply
write L8(�) := L8(�;R) and W 1,8(�) :=W 1,8(�;R). For a detailed discussion of the Musielak–Orlicz
space and the associated Sobolev space, we refer the reader to [Benkirane and Sidi El Vally 2014; Diening
2005; Fan 2012; Fan and Guan 2010; Harjulehto et al. 2016; Musielak 1983; Sidi El Vally 2013].

Gap conditions. We now consider the double phase functional

F(v,�)=
∫
�

[G(|Dv|)+ a(x)H(|Dv|)] dx, v ∈W 1,1(�),

and investigate gap conditions on two Young functions G and H.
In the rest of the paper we shall use the notation

9(x, ξ) := G(|ξ |)+ a(x)H(|ξ |), (2-17)

when x ∈� and ξ ∈Rn. By abuse of notation, we will continue to write9(x, ξ) also when x ∈� and ξ ∈R.

Proposition 2.12. Let G, H : [0,∞)→ [0,∞) be Young functions. Suppose that the function a = a( · ) :
�→ [0,∞) has a modulus of continuity ω satisfying

lim sup
ρ→0+

ω(ρ)
(H ◦G−1)(ρ−n)

ρ−n <∞. (2-18)

If H � Gκ for some κ > 1+ 1/n, then a( · ) is a constant function.

Proof. It follows from the condition (2-18) that there exists a constant L > 0 such that

ω(ρ)
(H ◦G−1)(ρ−n)

ρ−n ≤ L
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for all 0< ρ ≤ 1. Since H � Gκ, we have

ω(ρ)
(Gκ
◦G−1)(ρ−n)

ρ−n ≤ cω(ρ)
(H ◦G−1)(ρ−n)

ρ−n ≤ cL (2-19)

for all small ρ > 0. Here, we see that

ω(ρ)
(Gκ
◦G−1)(ρ−n)

ρ−n = ω(ρ)
[(G ◦G−1)(ρ−n)]κ

ρ−n = ω(ρ)ρ−n(κ−1). (2-20)

Combining (2-19) with (2-20) yields

ω(ρ)≤ cLρn(κ−1) for all ρ ≤ ρ0, (2-21)

for some small ρ0 > 0. Then we conclude from the definition of the modulus of continuity that

|a(x)− a(y)|
|x − y|

≤ cL|x − y|n(κ−1)−1 (2-22)

for every x, y ∈� with 0< |x − y| ≤ ρ0. Since n(κ − 1)− 1> 0, it follows immediately that a( · ) is a
constant function. �

Proposition 2.13. Let G, H : [0,∞)→ [0,∞) be Young functions. Suppose that the function a = a( · ) :
�→ [0,∞) has a modulus of continuity ω satisfying

lim sup
ρ→0+

ω(ρ)
H(ρ−1)

G(ρ−1)
<∞. (2-23)

If H � Gκ for some κ > 2, then a( · ) is a constant function.

Proof. It follows from the condition (2-23) that there exists a constant L > 0 such that

ω(ρ)
H(ρ−1)

G(ρ−1)
≤ L

for all 0< ρ ≤ 1. We note from the convexity of G that

G(1)s ≤ G(s) for all s ≥ 1.

Since H � Gκ, we get

ω(ρ)ρ−(κ−1)
≤ cω(ρ)[G(ρ−1)]κ−1

= cω(ρ)
[G(ρ−1)]κ

G(ρ−1)
≤ cω(ρ)

H(ρ−1)

G(ρ−1)
≤ cL

for all small ρ > 0. As in the previous proof, we conclude that a( · ) is a constant function if κ > 2. �

Remark 2.14. If G(t)� tn, then it follows from Lemmas 2.5 and 2.7 that

(H ◦G−1)(ρ−n)

ρ−n =

(
H
G

)
(G−1(ρ−n))≤

(
H
G

)
(cρ−1)≤ c

H(ρ−1)

G(ρ−1)
,

and hence the condition (2-23) implies (2-18). On the contrary, if G(t)≺ tn, then

H(ρ−1)

G(ρ−1)
=

(
H
G

)
(ρ−1)≤

(
H
G

)
(cG−1(ρ−n))≤ c

(H ◦G−1)(ρ−n)

ρ−n ,
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and consequently the condition (2-18) implies (2-23). These agree with the known results in the classical
case; see Remark 3.2 below.

From this point of view, we shall assume that G, H : [0,∞)→ [0,∞) are Young functions with
G, H ∈12 ∩∇2 and

G ≺ H ≺ G1+1/n. (2-24)

We remark that 9 ∈12 ∩∇2. To get regularity results, we shall concentrate on nice Young functions, or
the N-functions. Thus we further assume that G, H ∈ C1([0,∞))∩C2((0,∞)) and there exist constants
cG, cH ≥ 1 such that

1
cG
≤

tG ′′(t)
G ′(t)

≤ cG and
1

cH
≤

t H ′′(t)
H ′(t)

≤ cH (2-25)

hold for all t > 0.

3. Lavrentiev phenomenon

When considering the functionals of the type

v ∈W 1,1(�) 7→

∫
�

F(x, Dv) dx,

with

G(|ξ |). F(x, ξ). H(|ξ |)+ 1, G ≺ H,

the Lavrentiev phenomenon

inf
v∈W 1,G(�)

∫
�

F(x, Dv) dx < inf
v∈W 1,H (�)

∫
�

F(x, Dv) dx

may occur. However, for the functional F defined in (1-1), there is no Lavrentiev phenomenon under a
suitable condition on the modulating coefficient a( · ).

Theorem 3.1. Let F be the functional defined in (1-1):

(1) If the modulating coefficient a( · ) has a modulus of continuity ω satisfying

lim sup
ρ→0+

ω(ρ)
(H ◦G−1)(ρ−n)

ρ−n <∞, (3-1)

then for every function v ∈W 1,1
loc (�) and balls B b B̃ b� with F(v, B̃) <∞, there exists a sequence

{vk} ⊂W 1,∞(B) such that

vk→ v in W 1,G(B) and F(vk, B)→ F(v, B). (3-2)

(2) If the modulating coefficient a( · ) has a modulus of continuity ω satisfying

lim sup
ρ→0+

ω(ρ)
H(ρ−1)

G(ρ−1)
<∞, (3-3)
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then for every function v ∈W 1,1
loc (�)∩ L∞loc(�) and balls B b B̃ b� with F(v, B̃) <∞, there exists

a sequence {vk} ⊂W 1,∞(B) such that

vk→ v in W 1,G(B) and F(vk, B)→ F(v, B). (3-4)

Proof. Let R> 0 be the radius of the ball B. Take ε0 ∈ (0, 1) in such a way that B≡ BR b BR+ε0 b B̃b�.
Let ϕ ∈ C∞0 (B1) be a mollifier with ϕ ≥ 0,

∫
Rn ϕ dx = 1, and set

ϕε(x) :=
1
εn ϕ

(
x
ε

)
for x ∈ Bε with ε > 0. Then it is obvious that ϕε ∈ C∞0 (Bε),

∫
Rn ϕε dx = 1, 0 ≤ ϕε ≤ c(n)ε−n and

|Dϕε| ≤ c(n)ε−(n+1). Now we define, for 0< ε < ε0,

vε(x) := (v ∗ϕε)(x), aε(x) := inf
y∈Bε(x)

a(y), 9ε(x, ξ) := G(|ξ |)+ aε(x)H(|ξ |)

for x ∈ BR and ξ ∈ Rn.

(1) It follows from Jensen’s inequality that

G(|Dvε(x)|)= G(|Dv ∗ϕε(x)|)≤
∫

Rn
G(|Dv(x − y)|)ϕε(y) dy ≤ cε−n

for every x ∈ BR . By the definitions of aε( · ), we obtain

9(x, Dvε(x))≤ |a(x)− aε(x)|H(|Dvε(x)|)+9ε(x, Dvε(x))

≤ cω(ε)H(|Dvε(x)|)+9ε(x, Dvε(x)).

We now observe from Lemmas 2.2 and 2.7 that

H(|Dvε(x)|)=
(

H
G

)
(|Dvε(x)|)G(|Dvε(x)|)

≤

(
H
G

)
(G−1(cε−n))G(|Dvε(x)|)=

(H ◦G−1)(cε−n)

cε−n G(|Dvε(x)|)

≤ c
(H ◦G−1)(ε−n)

ε−n G(|Dvε(x)|)≤ c
(H ◦G−1)(ε−n)

ε−n 9ε(x, Dvε(x)).

Therefore, we see from (3-1) that

9(x, Dvε(x))≤ cω(ε)
(H ◦G−1)(ε−n)

ε−n 9ε(x, Dvε(x))+9ε(x, Dvε(x))

≤ c9ε(x, Dvε(x)). (3-5)

By Jensen’s inequality, we have

9ε(x, Dvε(x))≤
∫

Bε(x)
9ε(x, Dv(y))ϕε(x − y) dy ≤

∫
Bε(x)

9(y, Dv(y))ϕε(x − y) dy

= [9( · , Dv( · )) ∗ϕε](x)=: [9( · , Dv( · ))]ε(x). (3-6)
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Combining (3-5) and (3-6), we deduce that

9(x, Dvε(x))≤ c[9( · , Dv( · ))]ε(x). (3-7)

Using the fact that [9( · , Dv( · ))]ε → 9( · , Dv( · )) strongly in L1(BR), we can apply a generalized
version of the Lebesgue dominated convergence theorem to obtain a sequence of functions {vk} := {vεk } ⊂

C∞0 (BR) satisfying (3-2) for a suitable sequence εk→ 0.

(2) Since v is locally bounded in �, we have

|Dvε(x)| = |v ∗ Dϕε(x)| ≤
∫

Rn
|v(x − y)||Dϕε(y)| dy ≤ ‖v‖L∞(B̃)

∫
Bε
|Dϕε(y)| dy

≤ ‖v‖L∞(B̃)c(n)ε
−(n+1)

|Bε| ≤ cε−1

for every x ∈ BR . Then we obtain from Lemmas 2.2 and 2.7 that

H(|Dvε(x)|)=
(

H
G

)
(|Dvε(x)|)G(|Dvε(x)|)

≤

(
H
G

)
(cε−1)G(|Dvε(x)|)=

H(cε−1)

G(cε−1)
G(|Dvε(x)|)

≤ c
H(ε−1)

G(ε−1)
G(|Dvε(x)|)≤ c

H(ε−1)

G(ε−1)
9ε(x, Dvε(x)).

As in the proof of (1), it follows from (3-3) and (3-6) that

9(x, Dvε(x))≤ cω(ε)H(|Dvε(x)|)+9ε(x, Dvε(x))

≤ cω(ε)
H(ε−1)

G(ε−1)
9ε(x, Dvε(x))+9ε(x, Dvε(x))

≤ c9ε(x, Dvε(x))≤ c[9( · , Dv( · ))]ε(x).

Again, by a generalized version of the Lebesgue dominated convergence theorem, we get a sequence of
functions {vk} := {vεk } ⊂ C∞0 (BR) satisfying (3-4) for a suitable sequence εk→ 0. �

Remark 3.2. In the special case (G(t), H(t)) = (t p, tq) with 1 < p < q, and a( · ) ∈ C0,α(�) with
α ∈ (0, 1], a simple computation shows that

the condition (3-1) ⇐⇒
q
p
≤ 1+

α

n
,

and

the condition (3-3) ⇐⇒ q ≤ p+α.

Therefore, Theorem 3.1 generalizes [Colombo and Mingione 2015a, Proposition 3.6; 2015b, Theorem 4.1].
In addition, as in Remark 2.14 and [Colombo and Mingione 2015b], one can check that the condition
(3-3) implies the condition (3-1) if G(t)� tn, and that the condition (3-1) implies the condition (3-3) if
G(t)≺ tn.
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Moreover, in the case (G(t), H(t))= (t p, t p ln(1+ t)) with p > 1, we see that the condition (3-1) and
the condition (3-3) are equivalent to

lim sup
ρ→0+

ω(ρ) ln
(

1
ρ

)
<∞.

This shows that when a( · ) is log-Hölder continuous, the functional

v ∈W 1,1(�) 7→

∫
�

[|Dv|p + a(x)|Dv|p ln(1+ |Dv|)] dx, p > 1,

has no Lavrentiev phenomenon.

Remark 3.3. In the setting of the generalized double phase functionals, the conditions (A1) and (A1-n)
in [Harjulehto et al. 2017] are same as the conditions (3-1) and (3-3), respectively. From this, it is to be
expected that the functionals of the general type (1-4) satisfying the conditions introduced in [Harjulehto
et al. 2017] have no Lavrentiev phenomenon.

Remark 3.4. The conditions in Theorem 3.1 are sharp for the absence of the Lavrentiev phenomenon.
Indeed, for any ball B ⊂�, there exist Young functions G, H satisfying (2-24), a nonnegative coefficient
a( · ) which has a modulus of continuity ω satisfying

lim
ρ→0+

ω(ρ)
H(ρ−1)

G(ρ−1)
=∞ (3-8)

and a boundary datum v0 ∈W 1,G(B)∩ L∞(B) such that

inf
v∈v0+W 1,G

0 (B)
F(v, B) < inf

v∈v0+W 1,G
0 (B)∩W 1,H

loc (B)
F(v, B). (3-9)

That is, local minimizers of F do not belong to W 1,H
loc (B) in general. Moreover, they can be discontinuous.

To see this, let us consider the classical case G(t)= t p, H(t)= tq and a( · )∈C0,α(�) with 1< p< q ,
α ∈ (0, 1] satisfying

1< p < n < n+α < q. (3-10)

Then it follows from [Colombo and Mingione 2015b, Theorem 4.1; Esposito et al. 2004, Section 3] that
there exists a coefficient function a( · ) ∈ C0,α(�) and a boundary datum v0 ∈ W 1,p(B)∩ L∞(B) such
that the Lavrentiev phenomenon (3-9) occurs. Also we deduce from Remark 3.2 and (3-10) that the
coefficient function a( · ) has a modulus of continuity ω satisfying (3-8). Furthermore, the modulus of
continuity ω does not satisfy the condition (3-1).

4. Local boundedness and Hölder continuity

In the following, we deal with local quasiminimizers of F.

Definition 4.1. We say that u ∈W 1,1
loc (�) is a local quasiminimizer of F for Q≥ 1, or a local Q-minimizer

of F, if for any v ∈W 1,1
loc (�) with K := supp(u− v)b�, we have F(u, K ) <+∞ and

F(u, K )≤ QF(v, K ).

If Q = 1, we say that u is a local minimizer of F.
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We remark that if u ∈W 1,1
loc (�) is a local minimizer of the functional

v ∈W 1,1(�) 7→

∫
�

F(x, v, Dv) dx

under the assumption that

c19(x, ξ)≤ F(x, z, ξ)≤ c29(x, ξ)

for all x ∈�, z ∈ R, ξ ∈ Rn with some constants 0< c1 ≤ 1≤ c2, then u is also a local quasiminimizer
of the functional (1-1) with Q = c2/c1 ≥ 1.

To prove the local boundedness of quasiminimizers of F, we derive the following growth condition on
the energy density 9(x, ξ) of F.

Lemma 4.2. Suppose that the gap condition (2-24) holds. If a ∈ L∞(�), then

G(|ξ |)≤9(x, ξ)≤ c(1+ [G(|ξ |)]1+1/n) (4-1)

for all x ∈� and ξ ∈ Rn, where c is a positive constant depending only on n,G, H and ‖a‖L∞(�).

Proof. Since a( · )≥ 0, it is clear that

G(|ξ |)≤ G(|ξ |)+ a(x)H(|ξ |)=9(x, ξ)

for all x ∈� and ξ ∈ Rn. Moreover, it follows from Corollary 2.6 and (2-24) that

9(x, ξ)= G(|ξ |)+ a(x)H(|ξ |)≤ G(|ξ |)+‖a‖L∞(�)H(|ξ |)

≤ ([G(|ξ |)]1+1/n
+ 1)+ c‖a‖L∞(�)([G(|ξ |)]1+1/n

+ 1)

≤ c([G(|ξ |)]1+1/n
+ 1)

for all x ∈� and ξ ∈ Rn. �

We notice that

1+
1
n
< 1+

1
n− 1

= 1∗,

where 1∗ is the Sobolev exponent of 1. The local boundedness of quasiminimizers of F now follows
from the result of [Cupini et al. 2015, Theorem 2.1].

Theorem 4.3 (local boundedness). Let u ∈W 1,1
loc (�) be a local quasiminimizer of F under the assumption

(2-24), with a ∈ L∞loc(�). Then u is locally bounded in �.

Once the local boundedness of quasiminimizers has been obtained, we can prove the Hölder continuity
of u without the assumption (2-24). Therefore, we shall consider an a priori bounded quasiminimizer
u ∈W 1,1

loc (�)∩ L∞loc(�) of F from Lemma 4.7 on.
Let us start the proof of the Hölder continuity of locally bounded quasiminimizers of F. First, we

present some technical lemmas.



REGULARITY RESULTS FOR GENERALIZED DOUBLE PHASE FUNCTIONALS 1283

Lemma 4.4 [Ladyzhenskaya and Uraltseva 1968]. Let {Yi }
∞

i=0 be a sequence of nonnegative numbers
satisfying the recursive inequalities

Yi+1 ≤ Cbi Y 1+δ
i , i = 0, 1, 2, . . . , (4-2)

where C, b > 1 and δ > 0 are given numbers. If

Y0 ≤ C−1/δb−1/δ2
, (4-3)

then Yi → 0 as i→∞.

Lemma 4.5 [Ladyzhenskaya and Uraltseva 1968]. Let v ∈W 1,1(Bρ). For any l > k, we have

(l − k)|Bρ ∩ {v > l}|1−1/n
≤

c|Bρ |
|Bρ \ {v > k}|

∫
Bρ∩{k<v≤l}

|Dv| dx

for some positive constant c depending only on n.

We now state and prove the following Caccioppoli-type inequality.

Lemma 4.6 (Caccioppoli inequality). Let u∈W 1,1
loc (�) be a Q-minimizer of F. Then there exists a constant

c = c(Q,12(G),12(H)) > 0 such that for any concentric balls Bρ′ ⊂ Bρ ⊂ � with 0 < ρ ′ < ρ <∞,
and k ∈ R, we have ∫

Bρ′
9(x, D(u− k)±) dx ≤ c

∫
Bρ
9

(
x,
(u− k)±
ρ− ρ ′

)
dx . (4-4)

Proof. We note that it suffices to prove the version with (u−k)+, as−u is also a Q-minimizer of F. Let η∈
C∞0 (Bρ) be a cut-off function with 0≤η≤1, η≡1 on Bρ′ , and |Dη|≤2/(ρ−ρ ′). We set v :=u−η(u−k)+,
to be used as a competitor. Note that supp(u− v)⊂ A(k, ρ). Then the Q-minimality of u gives∫

A(k,ρ′)
9(x, Du) dx ≤ Q

∫
A(k,ρ)

9(x, Dv) dx

= Q
∫

A(k,ρ)
9(x, (1− η)Du− (u− k)+Dη) dx

≤ c∗

(∫
A(k,ρ)\A(k,ρ′)

9(x, Du) dx +
∫

A(k,ρ)
9

(
x,

u− k
ρ− ρ ′

)
dx
)

for some constant c∗ = c∗(Q,12(9)) = c∗(Q,12(G),12(H)) ≥ 1. We now use the “hole-filling”
method; that is, we add to both sides the quantity

c∗

∫
A(k,ρ′)

9(x, Du) dx,

and divide by c∗+ 1. Then we discover that∫
A(k,ρ′)

9(x, Du) dx ≤ ϑ
∫

A(k,ρ)
9(x, Du) dx +

∫
A(k,ρ)

9

(
x,

u− k
ρ− ρ ′

)
dx, (4-5)

where ϑ = c∗/(c∗+ 1) < 1, for any 0< ρ ′ < ρ <∞ with Bρ ⊂�.
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Now fix ρ ′ < ρ and consider a sequence

ρ0 := ρ
′ and ρi+1 = (1− λ)λi (ρ− ρ ′)+ ρi , i = 0, 1, 2, . . . ,

where λ ∈ (0, 1) is to be chosen later. Applying (4-5) inductively, we obtain from (2-14) that∫
A(k,ρ′)

9(x, Du) dx ≤ ϑ
∫

A(k,ρ1)

9(x, Du) dx +
∫

A(k,ρ1)

9

(
x,

u− k
(1− λ)(ρ− ρ ′)

)
dx

≤ ϑ2
∫

A(k,ρ2)

9(x, Du) dx +
∫

A(k,ρ)
9

(
x,

u− k
(1− λ)(ρ− ρ ′)

)
dx

+ϑ

∫
A(k,ρ2)

9

(
x,

u− k
(1− λ)λ(ρ− ρ ′)

)
dx

≤ ϑ2
∫

A(k,ρ2)

9(x, Du) dx +
∫

A(k,ρ)
9

(
x,

u− k
(1− λ)(ρ− ρ ′)

)
dx

+12(9)ϑλ
− log2 12(9)

∫
A(k,ρ)

9

(
x,

u− k
(1− λ)(ρ− ρ ′)

)
dx

≤ ϑ i
∫

A(k,ρi )

9(x, Du) dx

+12(9)

i−1∑
j=0

(ϑλ− log2 12(9)) j
∫

A(k,ρ)
9

(
x,

u− k
(1− λ)(ρ− ρ ′)

)
dx

≤ ϑ i
∫

A(k,ρi )

9(x, Du) dx

+
12(9)

(1− λ)log2 12(9)

i−1∑
j=0

(ϑλ− log2 12(9)) j
∫

A(k,ρ)
9

(
x,

u− k
ρ− ρ ′

)
dx .

Finally, choosing λ= λ(Q,12(9))= λ(Q,12(G),12(H))∈ (0, 1) in such a way that ϑλ− log2 12(9)< 1
and passing to the limit for i→∞, we get∫

A(k,ρ′)
9(x, Du) dx ≤

12(9)

(1− λ)log2 12(9)(1−ϑλ− log2 12(9))

∫
A(k,ρ)

9

(
x,

u− k
ρ− ρ ′

)
dx,

which proves the lemma. �

For the Hölder continuity of local quasiminimizers of F, we assume that the modulating coefficient
a( · ) has a modulus of continuity ω satisfying

lim sup
ρ→0+

ω(ρ)
H(ρ−1)

G(ρ−1)
<∞, (4-6)

or, in other words

ω(ρ)
H(ρ−1)

G(ρ−1)
≤ L for every 0< ρ ≤ 1, (4-7)

for some L > 0.
We remark that when (G(t), H(t)) = (t p, tq) with 1 < p < q, and a( · ) ∈ C0,α(�) with α ∈ (0, 1],

the condition (4-6) is equivalent to q ≤ p+α. In addition, when (G(t), H(t))= (t p, t p ln(1+ t)) with
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p > 1, the condition (4-6) is equivalent to

lim sup
ρ→0+

ω(ρ) ln
(

1
ρ

)
<∞.

Therefore, the condition (4-6) agrees with the classical ones essentially used in [Baroni et al. 2015a;
2015b; Colombo and Mingione 2015a; 2015b].

In addition, the condition (4-7) ensures that quasiminimizers of F satisfy the following Caccioppoli-type
inequality provided the modulating coefficient a( · ) is suitably small in the right scale.

Lemma 4.7 (almost standard Caccioppoli inequality). Let u ∈W 1,1
loc (�) be a locally bounded Q-minimizer

of F under the assumptions (2-25) and (4-7), and let Br b� be a ball with r ≤ 1. Suppose that

sup
x∈Br

a(x)≤ 4ω(r). (4-8)

Then for every r/2≤ r1 < r2 ≤ r and k ∈ R with |k| ≤ ‖u‖L∞(Br ),

–
∫

Br1

G(|D(u− k)±|) dx ≤ c
(

r
r2− r1

)cG+cH+2
–
∫

Br2

G
(
(u− k)±

r

)
dx (4-9)

holds for some constant c = c(Q, cG, cH , L , ‖u‖L∞(Br )) > 0.

Proof. If follows from Lemmas 2.2, 2.7 and 4.6, and (4-8) and (2-12) that∫
Br1

G(|D(u− k)±|) dx ≤
∫

Br1

9(x, D(u− k)±) dx ≤ c
∫

Br2

9

(
x,
(u− k)±
r2− r1

)
dx

= c
∫

Br2

(
1+ a(x)

(
H
G

)(
(u− k)±
r2− r1

))
G
(
(u− k)±
r2− r1

)
dx

≤ c
∫

Br2

(
1+ω(r)

(
H
G

)(
2‖u‖L∞(Br )

r2− r1

))
G
(
(u− k)±

r
r

r2− r1

)
dx

≤ c
(

r
r2− r1

)cG+1(
1+ω(r)

(
H
G

)(
2‖u‖L∞(Br )

r2− r1

))∫
Br2

G
(
(u− k)±

r

)
dx .

We observe from Lemma 2.7, (2-12) and (4-7) that

ω(r)
(

H
G

)(
2‖u‖L∞(Br )

r2− r1

)
≤ ω(r)

(
H
G

)(
2(‖u‖L∞(Br )+ 1)r

r2− r1

1
r

)
≤ ω(r)

(
2(‖u‖L∞(Br )+ 1)r

r2− r1

)cH+1(H
G

)(
1
r

)
≤ c

(
r

r2− r1

)cH+1

ω(r)
H(r−1)

G(r−1)
≤ c

(
r

r2− r1

)cH+1

L ,

which completes the proof. �
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Lemma 4.8. Under the assumptions of Lemma 4.7, we further suppose that the density condition∣∣∣{x ∈ Br/2 : u(x) > sup
Br

u− 1
2

osc
Br

u
}∣∣∣≤ 1

2
|Br/2| (4-10)

holds. Then for any τ ∈ (0, 1), there exists a large natural number m ≥ 3 depending on n, Q, cG , cH , L ,
‖u‖L∞(Br ) and τ such that ∣∣∣{x ∈ Br/2 : u(x) > sup

Br

u− 1
2m osc

Br
u
}∣∣∣≤ τ |Br/2|.

Proof. Let m ≥ 3 be a large natural number as selected below. Define for i = 1, 2, . . . ,m,

ki := sup
Br

u− 1
2i osc

Br
u, Di := A

(
ki ,

r
2

)
\ A
(

ki+1,
r
2

)
,

and

wi (x) :=


ki+1− ki if u(x) > ki+1,

u(x)− ki if ki < u(x)≤ ki+1,

0 if u(x)≤ ki .

We note that G(wi ) ∈ W 1,1(Br/2) and G(wi ) = 0 in Br/2 \ A(k1, r/2) for all i = 1, 2, . . . ,m, and that
|Br/2 \ A(k1, r/2)| ≥ 1

2 |Br/2|. Using Hölder’s inequality, Sobolev’s inequality and a modified form of
Young’s inequality (2-7) with ε ∈ (0, 1), we have∣∣∣A(ki+1,

r
2

)∣∣∣G(ki+1− ki

r/2

)
≤

∫
A(ki ,r/2)

G
(
wi

r/2

)
dx

≤

∣∣∣A(ki ,
r
2

)∣∣∣1/n
(∫

A(ki ,r/2)

[
G
(
wi

r/2

)]n/(n−1)

dx
)(n−1)/n

≤ cr
(∫

A(ki ,r/2)

[
G
(
wi

r/2

)]n/(n−1)

dx
)(n−1)/n

≤ c
∫

Di

G ′
(

u− ki

r/2

)
|Du| dx

≤ ε

∫
Di

G(|Du|) dx + c(ε)
∫

Di

G
(

u− ki

r/2

)
dx . (4-11)

It follows from Lemma 4.7 that∫
Di

G(|Du|) dx ≤ c
∫

A(ki ,r)
G
(∣∣∣∣u− ki

r

∣∣∣∣) dx ≤ c
∫

A(ki ,r)
G
(

1
2ir

osc
Br

u
)

dx

= cG
(

ki+1− ki

r/2

)
|A(ki , r)| ≤ cG

(
ki+1− ki

r/2

)
rn. (4-12)

Also, it is clear that∫
Di

G
(

u− ki

r/2

)
dx ≤

∫
Di

G
(

ki+1− ki

r/2

)
dx = G

(
ki+1− ki

r/2

)
|Di |. (4-13)
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Combining (4-11) with (4-12) and (4-13), we see that, for i = 1, 2, . . . ,m− 1,∣∣∣A(km−1,
r
2

)∣∣∣≤ ∣∣∣A(ki+1,
r
2

)∣∣∣≤ cεrn
+ c(ε)|Di |.

Summing over i from 1 to m− 1 yields that

(m− 1)
∣∣∣A(km−1,

r
2

)∣∣∣≤ c(m− 1)εrn
+ c(ε)

∣∣∣A(k1,
r
2

)∣∣∣
≤ (c(m− 1)ε+ c(ε))rn

and hence ∣∣∣A(km−1,
r
2

)∣∣∣≤ (cε+
c(ε)

m− 1

)
rn
≤ τ |Br/2|

by taking sufficiently small ε = ε(n, Q, cG, cH , L , ‖u‖L∞(Br ), τ ) ∈ (0, 1) and sufficiently large m =
m(n, Q, cG, cH , L , ‖u‖L∞(Br ), τ ) ∈ N. �

Lemma 4.9. Under the assumptions of Lemma 4.8, we further find that there exists a small τ0 =

τ0(n, Q, cG, cH , L , ‖u‖L∞(Br )) ∈ (0, 2−(n+1)) such that if

0< ν < 1
2

osc
Br

u and
∣∣∣A(k0,

r
2

)∣∣∣≤ τ0|Br/2|, (4-14)

where k0 := supBr
u− ν, then

sup
Br/4

u ≤ k0+
ν

2
= sup

Br

u− ν
2
. (4-15)

Proof. We first set the sequences

ρi :=
r
4

(
1+

1
2i

)
and ki := k0+

ν

2

(
1−

1
2i

)
, i = 0, 1, 2, . . . ,

and define

Di+1 := A(ki , ρi+1) \ A(ki+1, ρi+1) and Yi :=
|A(ki , ρi )|

|Br/2|
.

We note from the definitions of ki that (u − ki )+ ≤ ν ≤ ‖u‖L∞(Br ). Then we discover from (4-9) and
(4-14) that ∫

A(ki ,ρi+1)

G(|Du|) dx ≤ c2(i+3)(cG+cH+2)
∫

A(ki ,ρi )

G
(
(u− ki )+

r

)
dx

≤ c2i(cG+cH+2)G
(
ν

r

)
|A(ki , ρi )|.

It follows from the convexity of G that

G
(

–
∫

Di+1

|Du| dx
)
≤ –
∫

Di+1

G(|Du|) dx ≤ c2i(cG+cH+2) |A(ki , ρi )|

|Di+1|
G
(
ν

r

)
≤ G

(
c2i(cG+cH+2) |A(ki , ρi )|

|Di+1|

ν

r

)
.
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Therefore, we obtain

–
∫

Di+1

|Du| dx ≤ c2i(cG+cH+2) |A(ki , ρi )|

|Di+1|

ν

r
.

On the other hand, using Lemma 4.5 and the fact that τ0 ∈ (0, 2−(n+1)), we have∫
Di+1

|Du| dx ≥ c(ki+1− ki )|A(ki+1, ρi+1)|
1−1/n
|Bρi+1 \ A(ki , ρi+1)|ρ

−n
i+1

≥ c2−iν|A(ki+1, ρi+1)|
1−1/n(|Br/4| − τ0|Br/2|)r−n

≥ c2−iν|A(ki+1, ρi+1)|
1−1/n

≥ c2−iνrn−1Y 1−1/n
i+1 .

Combining these inequalities gives

Y 1−1/n
i+1 ≤ c2i(cG+cH+3)r−n

|A(ki , ρi )| ≤ c2i(cG+cH+3)Yi ,

and hence

Yi+1 ≤ c∗2n(cG+cH+3)/(n−1)i Y 1+1/(n−1)
i

for some constant c∗ = c∗(n, Q, cG, cH , L , ‖u‖L∞(Br )) > 1.
Consequently, Lemma 4.4 implies that Yi → 0 as i→∞, provided

Y0 =
|A(k0, r/2)|
|Br/2|

≤ τ0 ≤ c−(n−1)
∗

2−n(n−1)(cG+cH+3).

Then we obtain ∣∣∣A(k0+
ν

2
,

r
4

)∣∣∣= 0,

which implies (4-15). �

The following proposition follows from the above lemma in a standard way by taking ν= (1/2m) oscBr u;
see for instance [Baroni et al. 2015b; DiBenedetto 1995].

Proposition 4.10. Under the assumptions of Lemma 4.8, let m ≥ 3 be the natural number determined in
Lemma 4.8 with τ = τ0 ∈ (0, 2−(n+1)) which is given in Lemma 4.9. Then we see that m ∈N depends only
on n, Q, cG, cH , L , ‖u‖L∞(Br ), and we have

osc
Br/4

u ≤
(

1−
1

2m+1

)
osc
Br

u. (4-16)

The following lemma provides the Hölder continuity of quasiminimizers of the functional

v ∈W 1,1(�) 7→ F0(v,�) :=

∫
�

[G(|Dv|)+ a0 H(|Dv|)] dx, (4-17)

where 0≤ a0 ≤ ‖a‖L∞(�) is a fixed constant. For simplicity, we set

90(t) := G(t)+ a0 H(t) (4-18)

for t ≥ 0.
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Lemma 4.11. Let u ∈ W 1,1
loc (�) be a Q-minimizer of F0 under the assumption (2-25). Then there exist

β0 ∈ (0, 1) and c > 0, both depending on n, Q, cG, cH , but independent of a0 and u, such that for any
fixed ball Br0 b�

osc
Br

u ≤ c
(

r
r0

)β0

osc
Br0

u (4-19)

holds for every 0< r ≤ r0.

Proof. We first observe from [Baroni et al. 2015b, Remark 3.1] that

1
2 max{cG, cH }

≤
t9 ′′0 (t)
9 ′0(t)

≤ 2 max{cG, cH } for all t > 0.

We deduce from Theorem 4.3 that u is locally bounded in �. Therefore, the result (4-19) follows from
[Lieberman 1991, Section 6]. �

We are now ready to prove the Hölder continuity of locally bounded quasiminimizers of F.

Theorem 4.12 (Hölder continuity). Let u ∈W 1,1
loc (�) be a locally bounded Q-minimizer of F under the

assumptions (2-25) and (4-7). Then for every open subset �′ b� there exists β ∈ (0, 1), depending on
n, Q, cG, cH , L and ‖u‖L∞(�′), such that

u ∈ C0,β
loc (�

′).

Proof. Since the proof is analogous to that of [Baroni et al. 2015b, Theorem 4.1], we only sketch the
proof. We shall show that for a fixed ball B8r0 ⊂�

′ with 8r0 ≤ 1, there holds

osc
Br

u ≤ c
(

r
r0

)β
osc
Br0

u for all r ∈ (0, r0], (4-20)

for some positive constant c depending only on n, Q, cG, cH , L and ‖u‖L∞(�′).
Let us define

J :=
{

i ∈ N0 : (4-8) does not hold for r =
r0

4i

}
,

and

j :=
{

minJ if J 6=∅,
∞ if J =∅.

If j ≥ 1, then we obtain from Proposition 4.10 that for each r = 4−ir0 with i = 0, . . . , j − 1,

osc
Br/4

u ≤
(

1−
1

2m+1

)
osc
Br

u,

which yields

osc
Br

u ≤ 4
(

r
r0

)β1

osc
Br0

u for all r ∈ (4−( j+1)r0, r0], (4-21)

for some β1 ∈ (0, 1). If j =∞, then (4-21) holds for every r ∈ (0, r0], which is the desired conclusion
(4-20) with β = β1.
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In the case 1≤ j <∞, one can check that u is a (2Q)-minimizer of the functional

v 7→

∫
B4− j r0

[G(|Dv|)+ a0 H(|Dv|)] dx, a0 = sup
B4− j r0

a( · ).

Now, Lemma 4.11 gives

osc
Br

u ≤ c
(

r
4− jr0

)β0

osc
B4− j r0

u (4-22)

for every r ∈ (0, 4− jr0]. Here, β0 ∈ (0, 1) and c > 0 both depend only on n, Q, cG, cH . Combining
(4-21) and (4-22), we conclude that (4-20) holds for β = min{β0, β1}. Finally, if j = 0, then u is a
(2Q)-minimizer of the functional

v 7→

∫
Br0

[G(|Dv|)+ a0 H(|Dv|)] dx, a0 = sup
Br0

a( · ),

and hence we have the desired conclusion (4-20) with β = β0. �

Remark 4.13. Our condition (4-6) provides a characterization of the modulating coefficient a( · ). More
precisely, a modulus of continuity of a( · ) is exactly calibrated to the size of the phase transition. For
example, it is evident that the natural assumption for the modulating coefficient in the functional

v ∈W 1,1(�) 7→

∫
�

[|Dv|p + a(x)|Dv|p[ln(1+ |Dv|)]γ ] dx,

with p > 1 and γ > 0, is

lim sup
ρ→0+

ω(ρ)

[
ln
(

1
ρ

)]γ
<∞.

Similarly, for the functional

v ∈W 1,1(�) 7→

∫
�

[|Dv|p + a(x)|Dv|p ln ln(e+ |Dv|)] dx,

with p > 1, the natural assumption for the modulating coefficient is

lim sup
ρ→0+

ω(ρ) ln ln
(

1
ρ

)
<∞.

5. The Harnack inequality

In this section, we prove the Harnack inequality for locally bounded quasiminimizers of F. We first
present some technical tools.

Lemma 5.1 [Ladyzhenskaya and Uraltseva 1968]. Let v ∈W 1,1(Bρ). For any l > k, we have

(l − k)|Bρ ∩ {v < k}|1−1/n
≤

c|Bρ |
|Bρ \ {v < l}|

∫
Bρ∩{k<v≤l}

|Dv| dx

for some positive constant c depending only on n.
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Lemma 5.2 [Giusti 2003]. Let ψ be a bounded nonnegative function in the interval [ρ, r ] such that

ψ(t)≤ ϑψ(s)+
A

(s− t)κ
for every ρ ≤ t < s ≤ r,

with A ≥ 0, κ > 0 and 0≤ ϑ < 1. Then we have

ψ(ρ)≤ c(κ, ϑ)
A

(r − ρ)κ
.

The following lemma provides the weak Harnack inequality of quasiminimizers of the functional F0

in (4-17); see [Lieberman 1991].

Lemma 5.3. Let u ∈W 1,1
loc (�) be a Q-minimizer of F0 under the assumption (2-25), and let B b� be a

ball. Then for any exponent q+ > 0 and every 0< t < s < 1, we have

sup
t B
|u| ≤ c∗

(
–
∫

s B
|u|q+ dx

)1/q+
(5-1)

for some constant c∗ = c∗(n, Q, cG, cH , s− t, q+) > 1. Moreover, if u is nonnegative, then there exists
an exponent q− = q−(n, Q, cG, cH ) ∈ (0, 1) such that for every t, s ∈ (0, 1)

inf
t B

u ≥
1
c∗

(
–
∫

s B
uq− dx

)1/q−
(5-2)

holds for some constant c∗ = c∗(n, Q, cG, cH , t, s) > 1.

Analysis similar to that in the proof of Lemma 4.8 gives the following lemma.

Lemma 5.4. Let u ∈ W 1,1
loc (�) be a nonnegative and locally bounded Q-minimizer of F under the

assumptions (2-25) and (4-7), and let B3r b� be a ball with 3r ≤ 1. Suppose that

sup
x∈B3r

a(x)≤ 12ω(r). (5-3)

For any τ1, τ2 ∈ (0, 1), there exists a large natural number m depending on n, Q, cG , cH , L , ‖u‖L∞(B3r ), τ1

and τ2 such that for any 0< λ≤ ‖u‖L∞(B3r ) if

|{x ∈ Br : u(x)≥ λ}| ≥ τ1|Br | (5-4)

holds, then
|{x ∈ B2r : u(x)≤ 2−mλ}| ≤ τ2|B2r |. (5-5)

Now we can obtain a lower bound of u under some density condition as follows.

Proposition 5.5. Let the assumptions in Lemma 5.4 hold. For any τ ∈ (0, 1), there exists a small
δ1 = δ1(n, Q, cG, cH , L , ‖u‖L∞(B3r ), τ ) > 0 such that for any 0< λ≤ ‖u‖L∞(B3r ), if

|{x ∈ Br : u(x)≥ λ}| ≥ τ |Br | (5-6)

holds, then
inf
Br

u ≥ δ1λ. (5-7)
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Proof. We first note that it suffices to prove the proposition for τ ∈ (0, 2−(n+1)). We fix m0 ∈ N, and set
the sequences

ρi := r
(

1+
1
2i

)
and ki :=

(
1
2
+

1
2i

)
2−m0λ, i = 0, 1, 2, . . . .

We also define

D−i+1 := A−(ki , ρi+1) \ A−(ki+1, ρi+1) and Yi :=
|A−(ki , ρi )|

|Bρi |
.

Since u is nonnegative, we have (u− ki )− ≤ 2−m0λ. By (4-9), we get∫
A−(ki ,ρi+1)

G(|Du|) dx ≤ c2(i+3)(cG+cH+2)
∫

A−(ki ,ρi )

G
(
(u− ki )−

2r

)
dx

≤ c2i(cG+cH+2)G
(

2−m0λ

r

)
|A−(ki , ρi )|.

We deduce from the convexity of G that

G
(

–
∫

D−i+1

|Du| dx
)
≤ –
∫

D−i+1

G(|Du|) dx ≤ c2i(cG+cH+2) |A
−(ki , ρi )|

|D−i+1|
G
(

2−m0λ

r

)
≤ G

(
c2i(cG+cH+2) |A

−(ki , ρi )|

|D−i+1|

2−m0λ

r

)
.

Therefore, we obtain
–
∫

D−i+1

|Du| dx ≤ c2i(cG+cH+2) |A
−(ki , ρi )|

|D−i+1|

2−m0λ

r
.

On the other hand, using Lemma 5.1 and the fact that τ ∈ (0, 2−(n+1)), we have∫
D−i+1

|Du| dx ≥ c(ki − ki+1)|A−(ki+1, ρi+1)|
1−1/n
|Bρi+1 \ A−(ki , ρi+1)|ρ

−n
i+1

≥ c2−i
· 2−m0λ|A−(ki+1, ρi+1)|

1−1/n(|B2r | − τ |Br |)r−n

≥ c2−i
· 2−m0λ|A−(ki+1, ρi+1)|

1−1/n

≥ c2−i
· 2−m0λrn−1Y 1−1/n

i+1 .

Combining these inequalities gives

Y 1−1/n
i+1 ≤ c2i(cG+cH+3)r−n

|A−(ki , ρi )| ≤ c2i(cG+cH+3)Yi ,

and hence
Yi+1 ≤ c02in(cG+cH+3)/(n−1)Y 1+1/(n−1)

i

for some constant c0 = c0(n, Q, cG, cH , L , ‖u‖L∞(B3r )) > 1. Here we note from Lemma 5.4 that there
exists a large natural number m0 depending only on n, Q, cG, cH , L , ‖u‖L∞(B3r ) such that

|{x ∈ B2r : u(x)≤ 2−m0λ}| ≤ c−(n−1)
0 2−n(n−1)(cG+cH+3)

|B2r |.

Then it is clear that

Y0 =
|A−(k0, 2r)|
|B2r |

=
|{x ∈ B2r : u(x)≤ 2−m0λ}|

|B2r |
≤ c−(n−1)

0 2−n(n−1)(cG+cH+3),
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and hence Yi → 0 as i→∞ by Lemma 4.4. Consequently, we obtain

|A−(2−(m0+1)λ, r)| = 0,

which implies (5-7) with δ1 = 2−(m0+1). �

Proposition 5.6. Let u ∈ W 1,1
loc (�) be a nonnegative and locally bounded Q-minimizer of F under the

assumptions (2-25) and (4-7), and let B3r b� be a ball with 3r ≤ 1. Suppose that

sup
x∈B3r

a(x) > 12ω(r). (5-8)

For any τ ∈ (0, 1), there exists a small δ2 = δ2(n, Q, cG, cH , L , ‖u‖L∞(B3r ), τ ) > 0 such that if

|{x ∈ Br : u(x)≥ λ}| ≥ τ |Br | (5-9)

for 0< λ≤ ‖u‖L∞(B3r ), then
inf
Br

u ≥ δ2λ. (5-10)

Proof. By (5-8), there exists xM ∈ B3r such that a(xM)= a0 > 12ω(r). Then for every x ∈ B3r

a(xM)− a(x)≤ ω(6r)≤ 6ω(r),

and hence
a0 ≤ 2a0− 12ω(r)≤ 2a(x)≤ 2a0.

Since 9(x, Du) ∈ L1(B3r ), it follows that

G(|Dv|)+ a0 H(|Dv|) ∈ L1(B3r ).

Furthermore, one can see that u is a (2Q)-minimizer of the functional

v 7→

∫
B3r

[G(|Dv|)+ a0 H(|Dv|)] dx, a0 = sup
B3r

a( · ).

Now, using (5-2) in Lemma 5.3 with B ≡ B3r and t = s = 1
3 , we see from (5-9) that

inf
Br

u ≥
τ 1/q−λ

c∗
,

which implies (5-10) with δ2 := τ
1/q−c−1

∗
. �

An immediate consequence of Propositions 5.5 and 5.6 is the following.

Corollary 5.7. Let u ∈ W 1,1
loc (�) be a nonnegative and locally bounded Q-minimizer of F under the

assumptions (2-25) and (4-7), and let B3r b � be a ball with 3r ≤ 1. For any τ ∈ (0, 1), there exists a
small δ = δ(n, Q, cG, cH , L , ‖u‖L∞(B3r ), τ ) > 0 such that if

|{x ∈ Br : u(x)≥ λ}| ≥ τ |Br |

for 0< λ≤ ‖u‖L∞(B3r ), then
inf
Br

u ≥ δλ.
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From Corollary 5.7 and the covering arguments in [Kinnunen and Shanmugalingam 2001, Section 7],
we obtain the following weak Harnack inequality for quasiminimizers of F. For the proof we refer the
reader to [Baroni et al. 2015a, Theorem 3.5; Harjulehto et al. 2008, Theorem 5.7].

Theorem 5.8 (the weak Harnack inequality). Let u ∈ W 1,1
loc (�) be a nonnegative and locally bounded

Q-minimizer of F under the assumptions (2-25) and (4-7), and let B9r ≡ B9r (x0)b� with 9r ≤ 1. Then
there exists an exponent q− > 0 and a constant c> 1, depending on n, Q, cG, cH , L and ‖u‖L∞(B9r ), such
that

inf
Br

u ≥
1
c

(
–
∫

B2r

uq− dx
)1/q−

. (5-11)

To prove the sup-estimate for quasiminimizers of F, we now introduce the scaled functions and the
corresponding functional. Let us define, for R ∈ (0, 1] and r > 0 with Br b�,

u R(x) :=
u(Rx)

R
, aR(x) := a(Rx), x ∈ Br ,

and
FR(v, K ) :=

∫
K
[G(|Dv|)+ aR(x)H(|Dv|)] dx, K b Br .

Lemma 5.9. Let u ∈W 1,1
loc (�) be a Q-minimizer of F. Let R ∈ (0, 1] and suppose that Br b�. Then u R

is a Q-minimizer of FR in Br .

Proof. We first observe that Du R(x)= Du(Rx). Since Br b�, we see that F(u, Br ) <+∞, and hence

FR(u R, Br )=

∫
Br

[G(|Du(Rx)|)+ a(Rx)H(|Du(Rx)|)] dx

=
1

Rn

∫
BRr

[G(|Du(y)|)+ a(y)H(|Du(y)|)] dy

≤
1

Rn

∫
Br

[G(|Du(y)|)+ a(y)H(|Du(y)|)] dy

=
1

Rn F(u, Br ) <+∞.

Furthermore, for any vR ∈W 1,1
loc (Br ) with K := supp(u R − vR)b Br , we have

supp(u− v)= {Rx : x ∈ K } =: RK ,
and

FR(u R, K )=
∫

K
[G(|Du(Rx)|)+ a(Rx)H(|Du(Rx)|)] dx

=
1

Rn

∫
RK
[G(|Du(y)|)+ a(y)H(|Du(y)|)] dy

≤
Q
Rn

∫
RK
[G(|Dv(y)|)+ a(y)H(|Dv(y)|)] dy

= Q
∫

K
[G(|Dv(Rx)|)+ a(Rx)H(|Dv(Rx)|)] dx = QFR(vR, K ).

Therefore, u R is a Q-minimizer of FR in Br . �
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From the definition of the scaled function aR( · ), one can directly obtain the following lemma.

Lemma 5.10. Let R ∈ (0, 1] and suppose that B4r ⊂ B1 ⊂�. Then the function aR : B1/R→ [0,∞) has
a modulus of continuity ωR satisfying

ωR(ρ)= ω(Rρ) for all 0< ρ ≤ 1
R
.

Moreover, we have

sup
x∈B3r

a(x)≤ 12ω(r) ⇐⇒ sup
x∈B3r/R

aR(x)≤ 12ωR

(
r
R

)
.

We now prove the sup-estimate for quasiminimizers of F. For this, we consider two cases separately,
as in the proof of the weak Harnack inequality.

Proposition 5.11. Let u ∈W 1,1
loc (�) be a locally bounded Q-minimizer of F under the assumptions (2-25)

and (4-7), and let B4r b� be a ball with 4r ≤ 1. Suppose that

sup
x∈B3r

a(x)≤ 12ω(r).

Then for any exponent q+ > 0, we have the estimate

sup
Br

|u| ≤ c
(

–
∫

B2r

|u|q+ dx
)1/q+

(5-12)

for some constant c > 1 depending on n, Q, cG, cH , L , ‖u‖L∞(B4r ) and q+.

Proof. Let us consider the scaled functions

ur (x)=
u(r x)

r
, ar (x)= a(r x), x ∈ B4.

Then by Lemmas 5.9 and 5.10, we see that the Caccioppoli inequality (4-9) holds for ur . For 1≤ t < s ≤ 2,
we now set the sequences

ρi := t +
s− t

2i and ki := 2d
(

1−
1

2i+1

)
, i = 0, 1, 2, . . . ,

where d > 0 is to be chosen later. We further define

ρ̃i :=
ρi + ρi+1

2
and Yi :=

1
G(d)

∫
Ar (ki ,ρi )

G(ur − ki ) dx,

where

Ar (k, ρ) := {x ∈ Bρ : ur > k}.

Let ηi ∈ C∞0 (Bρ̃i ) be a cut-off function with 0≤ ηi ≤ 1, ηi ≡ 1 on Bρi+1 , and

|Dηi | ≤
4

ρi − ρi+1
.
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Using Hölder’s inequality, Sobolev’s inequality and a modified form of Young’s inequality (2-7) with
ε = 1, we have

G(d)Yi+1 ≤

∫
Bρ̃i

G((ur − ki+1)+ηi ) dx

≤ |Ar (ki+1, ρi )|
1/n
(∫

Bρ̃i

[G((ur − ki+1)+ηi )]
n/(n−1) dx

)(n−1)/n

≤ c|Ar (ki+1, ρi )|
1/n
∫

Bρ̃i

G ′((ur − ki+1)+ηi )[|D(ur − ki+1)+|ηi + (ur − ki+1)+|Dηi |] dx

≤ c|Ar (ki+1, ρi )|
1/n
∫

Bρ̃i

G ′((ur − ki+1)+)|D(ur − ki+1)+| dx

+ c|Ar (ki+1, ρi )|
1/n 2i+3

s− t

∫
Bρ̃i

G ′((ur − ki+1)+)(ur − ki+1)+ dx

≤ c|Ar (ki+1, ρi )|
1/n
[∫

Bρ̃i

G(|D(ur − ki+1)+|) dx +
∫

Bρ̃i

G((ur − ki+1)+) dx
]

+ c|Ar (ki+1, ρi )|
1/n 2i+3

s− t

∫
Bρ̃i

G((ur − ki+1)+) dx

≤ c|Ar (ki+1, ρi )|
1/n
[∫

Bρ̃i

G(|D(ur − ki+1)+|) dx +
2i+3

s− t

∫
Bρ̃i

G((ur − ki+1)+) dx
]

≤ c|Ar (ki+1, ρi )|
1/n
(

2i+3

s− t

)cG+cH+2 ∫
Bρi

G((ur − ki+1)+) dx .

Here we observe from (2-12) that

|Ar (ki+1, ρi )| ≤
1

G(ki+1− ki )

∫
Ar (ki+1,ρi )

G(ur − ki ) dx

=
1

G(d/2i+1)

∫
Ar (ki+1,ρi )

G(ur − ki ) dx

≤
G(d)

G(d/2i+1)
Yi ≤ 2(i+1)(cG+1)Yi ≤ c

(
2i+3

s− t

)cG+cH+2

Yi

and ∫
Bρi

G((ur − ki+1)+) dx =
∫

Ar (ki+1,ρi )

G(ur − ki+1) dx ≤
∫

Ar (ki ,ρi )

G(ur − ki ) dx = G(d)Yi .

Combining these inequalities yields

Yi+1 ≤
c0

(s− t)κ
2iκY 1+1/n

i

for some constant c0 > 1 depending only on n, Q, cG, cH , L and ‖u‖L∞(B4r ), where

κ =
(

1+ 1
n

)
(cG + cH + 2) > 1.
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Applying Lemma 4.4, we have Yi → 0 as i→∞, provided

Y0 =
1

G(d)

∫
Ar (d,s)

G(ur − d) dx ≤
[

c0

(s− t)κ

]−n

2−n2κ . (5-13)

It is clear that (5-13) is satisfied if we choose d > 0 such that

G(d)=
2n2κcn

0

(s− t)nκ

∫
Bs

G((ur )+) dx . (5-14)

Then we obtain ur ≤ 2d in Bt , which together with (5-14) implies

G
(
sup

Bt

(ur )+
)
≤

c
(s− t)nκ

–
∫

Bs

G((ur )+) dx . (5-15)

We note from Lemma 2.9 that there exists γ = γ (cG) > 1 such that t 7→ G(t1/γ ) is a concave function.
Then it follows from (5-15) and Jensen’s inequality that

G
(
sup

Bt

(ur )+
)
≤

c
(s− t)nκ

–
∫

Bs

G((ur )+) dx =
c

(s− t)nκ
–
∫

Bs

G(((ur )
γ
+)

1/γ ) dx

≤
c

(s− t)nκ
G
((

–
∫

Bs

(ur )
γ
+ dx

)1/γ )
≤ G

(
c

(s− t)nκ

(
–
∫

Bs

(ur )
γ
+ dx

)1/γ )
,

and hence

sup
Bt

(ur )+ ≤
c

(s− t)nκ

(
–
∫

Bs

(ur )
γ
+ dx

)1/γ

.

Since −u is also a Q-minimizer of F, we get

sup
Bt

|ur | ≤
c

(s− t)nκ

(
–
∫

Bs

|ur |
γ dx

)1/γ

.

Moreover, for 0< q+ < γ , we obtain from Young’s inequality that

sup
Bt

|ur | ≤
c

(s− t)nκ
[
sup
Bs

|ur |
]1−q+/γ

(
–
∫

Bs

|ur |
q+ dx

)1/γ

≤
1
2

sup
Bs

|ur | +
c

(s− t)nκγ /q+

(
–
∫

B2

|ur |
q+ dx

)1/q+

as 1≤ t < s ≤ 2. Then Lemma 5.2 with ψ(t) := supBt
|ur | yields

sup
B1

|ur | ≤ c
(

–
∫

B2

|ur |
q+ dx

)1/q+
, (5-16)

where c is a positive constant depending on n, Q, cG, cH , L , ‖u‖L∞(B4r ) and q+.
On the other hand, the inequality (5-16) also holds for q+ ≥ γ by Hölder’s inequality. Finally, from

the definition of ur , we obtain the desired conclusion (5-12). �
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Proposition 5.12. Let u ∈W 1,1
loc (�) be a locally bounded Q-minimizer of F under the assumptions (2-25)

and (4-7), and let B4r b� be a ball with 4r ≤ 1. Suppose that

sup
x∈B3r

a(x) > 12ω(r).

Then for any exponent q+ > 0, we have the estimate

sup
Br

|u| ≤ c
(

–
∫

B2r

|u|q+ dx
)1/q+

(5-17)

for some constant c > 1 depending on n, Q, cG, cH , L , ‖u‖L∞(B4r ) and q+.

Proof. As in the proof of Proposition 5.6, we see that u is a (2Q)-minimizer of the functional

v 7→

∫
B3r

[G(|Dv|)+ a0 H(|Dv|)] dx, a0 = sup
B3r

a( · ) > 0.

Therefore, (5-1) in Lemma 5.3 with B ≡ B3r , t = 1
3 and s = 2

3 directly gives (5-17). �

Combining Propositions 5.11 and 5.12 yields the following sup-estimate.

Corollary 5.13. Let u ∈W 1,1
loc (�) be a locally bounded Q-minimizer of F under the assumptions (2-25)

and (4-7), and let B4r b� be a ball with 4r ≤ 1 Then for any exponent q+ > 0, we have the estimate

sup
Br

|u| ≤ c
(

–
∫

B2r

|u|q+ dx
)1/q+

(5-18)

for some constant c > 1 depending on n, Q, cG, cH , L , ‖u‖L∞(B4r ) and q+.

Finally, from Theorem 5.8 and Corollary 5.13 with q+ = q−, we obtain the Harnack inequality of
quasiminimizers of F. We remark that the following theorem has no extra term in (5-19), so it can be
regarded as a refined version of the result in [Harjulehto et al. 2017] for the generalized double phase
case.

Theorem 5.14 (the Harnack inequality). Let u ∈ W 1,1
loc (�) be a nonnegative and locally bounded Q-

minimizer of F under the assumptions (2-25) and (4-7), and let B9r b� be a ball with 9r ≤ 1. Then there
exists a constant c > 1, depending on n, Q, cG, cH , L and ‖u‖L∞(B9r ), such that

sup
Br

u ≤ c inf
Br

u. (5-19)

Acknowledgments

We would like to thank the reviewers for the valuable comments and suggestions which led to im-
provement of the paper. Byun was supported by NRF-2017R1A2B2003877. Oh was supported by
NRF-2015R1A4A1041675.



REGULARITY RESULTS FOR GENERALIZED DOUBLE PHASE FUNCTIONALS 1299

References

[Adams and Fournier 2003] R. A. Adams and J. J. F. Fournier, Sobolev spaces, 2nd ed., Pure Appl. Math. 140, Elsevier,
Amsterdam, 2003. MR Zbl

[Baroni et al. 2015a] P. Baroni, M. Colombo, and G. Mingione, “Harnack inequalities for double phase functionals”, Nonlinear
Anal. 121 (2015), 206–222. MR Zbl

[Baroni et al. 2015b] P. Baroni, M. Colombo, and G. Mingione, “Nonautonomous functionals, borderline cases and related
function classes”, Algebra i Analiz 27:3 (2015), 6–50. MR Zbl

[Baroni et al. 2018] P. Baroni, M. Colombo, and G. Mingione, “Regularity for general functionals with double phase”, Calc. Var.
Partial Differential Equations 57:2 (2018), art. id. 62. MR Zbl

[Beck and Mingione 2018] L. Beck and G. Mingione, “Optimal Lipschitz criteria and local estimates for non-uniformly elliptic
problems”, preprint, 2018. arXiv

[Benkirane and Sidi El Vally 2014] A. Benkirane and M. Sidi El Vally, “Variational inequalities in Musielak–Orlicz–Sobolev
spaces”, Bull. Belg. Math. Soc. Simon Stevin 21:5 (2014), 787–811. MR Zbl

[Breit 2012] D. Breit, “New regularity theorems for non-autonomous variational integrals with (p, q)-growth”, Calc. Var. Partial
Differential Equations 44:1-2 (2012), 101–129. MR Zbl

[Colombo and Mingione 2015a] M. Colombo and G. Mingione, “Bounded minimisers of double phase variational integrals”,
Arch. Ration. Mech. Anal. 218:1 (2015), 219–273. MR Zbl

[Colombo and Mingione 2015b] M. Colombo and G. Mingione, “Regularity for double phase variational problems”, Arch.
Ration. Mech. Anal. 215:2 (2015), 443–496. MR Zbl

[Cupini et al. 2015] G. Cupini, P. Marcellini, and E. Mascolo, “Local boundedness of minimizers with limit growth conditions”,
J. Optim. Theory Appl. 166:1 (2015), 1–22. MR Zbl

[Cupini et al. 2017] G. Cupini, P. Marcellini, and E. Mascolo, “Regularity of minimizers under limit growth conditions”,
Nonlinear Anal. 153 (2017), 294–310. MR Zbl

[Cupini et al. 2018] G. Cupini, F. Giannetti, R. Giova, and A. Passarelli di Napoli, “Regularity results for vectorial minimizers of
a class of degenerate convex integrals”, J. Differential Equations 265:9 (2018), 4375–4416. MR Zbl

[DiBenedetto 1995] E. DiBenedetto, Partial differential equations, Birkhäuser, Boston, 1995. MR Zbl

[Diening 2005] L. Diening, “Maximal function on Musielak–Orlicz spaces and generalized Lebesgue spaces”, Bull. Sci. Math.
129:8 (2005), 657–700. MR Zbl

[Esposito et al. 1999] L. Esposito, F. Leonetti, and G. Mingione, “Regularity for minimizers of functionals with p-q growth”,
Nonlinear Differential Equations Appl. 6:2 (1999), 133–148. MR Zbl

[Esposito et al. 2002] L. Esposito, F. Leonetti, and G. Mingione, “Regularity results for minimizers of irregular integrals with
(p, q) growth”, Forum Math. 14:2 (2002), 245–272. MR Zbl

[Esposito et al. 2004] L. Esposito, F. Leonetti, and G. Mingione, “Sharp regularity for functionals with (p, q) growth”,
J. Differential Equations 204:1 (2004), 5–55. MR Zbl

[Esposito et al. 2006] L. Esposito, G. Mingione, and C. Trombetti, “On the Lipschitz regularity for certain elliptic problems”,
Forum Math. 18:2 (2006), 263–292. MR Zbl

[Fan 2012] X. Fan, “An imbedding theorem for Musielak–Sobolev spaces”, Nonlinear Anal. 75:4 (2012), 1959–1971. MR Zbl

[Fan and Guan 2010] X. Fan and C.-X. Guan, “Uniform convexity of Musielak–Orlicz–Sobolev spaces and applications”,
Nonlinear Anal. 73:1 (2010), 163–175. MR Zbl

[Fonseca et al. 2004] I. Fonseca, J. Malý, and G. Mingione, “Scalar minimizers with fractal singular sets”, Arch. Ration. Mech.
Anal. 172:2 (2004), 295–307. MR Zbl

[Fusco and Sbordone 1990] N. Fusco and C. Sbordone, “Higher integrability of the gradient of minimizers of functionals with
nonstandard growth conditions”, Comm. Pure Appl. Math. 43:5 (1990), 673–683. MR Zbl

[Giusti 2003] E. Giusti, Direct methods in the calculus of variations, World Sci., River Edge, NJ, 2003. MR Zbl

[Harjulehto et al. 2008] P. Harjulehto, T. Kuusi, T. Lukkari, N. Marola, and M. Parviainen, “Harnack’s inequality for quasimini-
mizers with nonstandard growth conditions”, J. Math. Anal. Appl. 344:1 (2008), 504–520. MR Zbl

https://www.sciencedirect.com/bookseries/pure-and-applied-mathematics/vol/140
http://msp.org/idx/mr/2424078
http://msp.org/idx/zbl/1098.46001
http://dx.doi.org/10.1016/j.na.2014.11.001
http://msp.org/idx/mr/3348922
http://msp.org/idx/zbl/1321.49059
http://mi.mathnet.ru/eng/aa1433
http://mi.mathnet.ru/eng/aa1433
http://msp.org/idx/mr/3570955
http://msp.org/idx/zbl/1335.49057
http://dx.doi.org/10.1007/s00526-018-1332-z
http://msp.org/idx/mr/3775180
http://msp.org/idx/zbl/1394.49034
http://msp.org/idx/arx/1806.03326
http://projecteuclid.org/euclid.bbms/1420071854
http://projecteuclid.org/euclid.bbms/1420071854
http://msp.org/idx/mr/3298478
http://msp.org/idx/zbl/1326.35142
http://dx.doi.org/10.1007/s00526-011-0428-5
http://msp.org/idx/mr/2898773
http://msp.org/idx/zbl/1252.49060
http://dx.doi.org/10.1007/s00205-015-0859-9
http://msp.org/idx/mr/3360738
http://msp.org/idx/zbl/1325.49042
http://dx.doi.org/10.1007/s00205-014-0785-2
http://msp.org/idx/mr/3294408
http://msp.org/idx/zbl/1322.49065
http://dx.doi.org/10.1007/s10957-015-0722-z
http://msp.org/idx/mr/3366102
http://msp.org/idx/zbl/1325.49043
http://dx.doi.org/10.1016/j.na.2016.06.002
http://msp.org/idx/mr/3614673
http://msp.org/idx/zbl/1358.49032
http://dx.doi.org/10.1016/j.jde.2018.06.010
http://dx.doi.org/10.1016/j.jde.2018.06.010
http://msp.org/idx/mr/3843304
http://msp.org/idx/zbl/06933418
http://dx.doi.org/10.1007/978-1-4899-2840-5
http://msp.org/idx/mr/1306729
http://msp.org/idx/zbl/0818.35001
http://dx.doi.org/10.1016/j.bulsci.2003.10.003
http://msp.org/idx/mr/2166733
http://msp.org/idx/zbl/1096.46013
http://dx.doi.org/10.1007/s000300050069
http://msp.org/idx/mr/1694803
http://msp.org/idx/zbl/0928.35044
http://dx.doi.org/10.1515/form.2002.011
http://dx.doi.org/10.1515/form.2002.011
http://msp.org/idx/mr/1880913
http://msp.org/idx/zbl/0999.49022
http://dx.doi.org/10.1016/j.jde.2003.11.007
http://msp.org/idx/mr/2076158
http://msp.org/idx/zbl/1072.49024
http://dx.doi.org/10.1515/FORUM.2006.016
http://msp.org/idx/mr/2218421
http://msp.org/idx/zbl/1261.35058
http://dx.doi.org/10.1016/j.na.2011.09.045
http://msp.org/idx/mr/2870889
http://msp.org/idx/zbl/1272.46024
http://dx.doi.org/10.1016/j.na.2010.03.010
http://msp.org/idx/mr/2645841
http://msp.org/idx/zbl/1198.46010
http://dx.doi.org/10.1007/s00205-003-0301-6
http://msp.org/idx/mr/2058167
http://msp.org/idx/zbl/1049.49015
http://dx.doi.org/10.1002/cpa.3160430505
http://dx.doi.org/10.1002/cpa.3160430505
http://msp.org/idx/mr/1057235
http://msp.org/idx/zbl/0727.49021
http://dx.doi.org/10.1142/9789812795557
http://msp.org/idx/mr/1962933
http://msp.org/idx/zbl/1028.49001
http://dx.doi.org/10.1016/j.jmaa.2008.03.018
http://dx.doi.org/10.1016/j.jmaa.2008.03.018
http://msp.org/idx/mr/2416324
http://msp.org/idx/zbl/1145.49023


1300 SUN-SIG BYUN AND JEHAN OH

[Harjulehto et al. 2016] P. Harjulehto, P. Hästö, and R. Klén, “Generalized Orlicz spaces and related PDE”, Nonlinear Anal. 143
(2016), 155–173. MR Zbl

[Harjulehto et al. 2017] P. Harjulehto, P. Hästö, and O. Toivanen, “Hölder regularity of quasiminimizers under generalized
growth conditions”, Calc. Var. Partial Differential Equations 56:2 (2017), art. id. 22. MR Zbl

[Kinnunen and Shanmugalingam 2001] J. Kinnunen and N. Shanmugalingam, “Regularity of quasi-minimizers on metric
spaces”, Manuscripta Math. 105:3 (2001), 401–423. MR Zbl

[Ladyzhenskaya and Uraltseva 1968] O. A. Ladyzhenskaya and N. N. Uraltseva, Linear and quasilinear elliptic equations,
Academic Press, New York, 1968. MR Zbl

[Lieberman 1991] G. M. Lieberman, “The natural generalization of the natural conditions of Ladyzhenskaya and Uraltseva for
elliptic equations”, Comm. Partial Differential Equations 16:2-3 (1991), 311–361. MR Zbl

[Marcellini 1986] P. Marcellini, “On the definition and the lower semicontinuity of certain quasiconvex integrals”, Ann. Inst. H.
Poincaré Anal. Non Linéaire 3:5 (1986), 391–409. MR Zbl

[Marcellini 1989] P. Marcellini, “Regularity of minimizers of integrals of the calculus of variations with nonstandard growth
conditions”, Arch. Ration. Mech. Anal. 105:3 (1989), 267–284. MR Zbl

[Marcellini 1991] P. Marcellini, “Regularity and existence of solutions of elliptic equations with p, q-growth conditions”,
J. Differential Equations 90:1 (1991), 1–30. MR Zbl

[Musielak 1983] J. Musielak, Orlicz spaces and modular spaces, Lecture Notes in Math. 1034, Springer, 1983. MR Zbl

[Ok 2016] J. Ok, “Gradient estimates for elliptic equations with L p( · ) log L growth”, Calc. Var. Partial Differential Equations
55:2 (2016), art. id. 26. MR Zbl

[Rao and Ren 1991] M. M. Rao and Z. D. Ren, Theory of Orlicz spaces, Monogr. Textbooks Pure Appl. Math. 146, Dekker,
New York, 1991. MR Zbl

[Schmidt 2008] T. Schmidt, “Regularity of minimizers of W 1,p-quasiconvex variational integrals with (p, q)-growth”, Calc.
Var. Partial Differential Equations 32:1 (2008), 1–24. MR Zbl

[Schmidt 2009] T. Schmidt, “Regularity of relaxed minimizers of quasiconvex variational integrals with (p, q)-growth”, Arch.
Ration. Mech. Anal. 193:2 (2009), 311–337. MR Zbl

[Sidi El Vally 2013] M. Sidi El Vally, “Strongly nonlinear elliptic problems in Musielak–Orlicz–Sobolev spaces”, Adv. Dyn. Syst.
Appl. 8:1 (2013), 115–124. MR

[Verde 2011] A. Verde, “Calderón–Zygmund estimates for systems of φ-growth”, J. Convex Anal. 18:1 (2011), 67–84. MR Zbl

[Zhikov 1986] V. V. Zhikov, “Averaging of functionals of the calculus of variations and elasticity theory”, Izv. Akad. Nauk SSSR
Ser. Mat. 50:4 (1986), 675–710. In Russian; translated in Math. USSR-Izv. 29:1 (1987), 33–66. MR

[Zhikov 1993] V. Zhikov, “Lavrentiev phenomenon and homogenization for some variational problems”, C. R. Acad. Sci. Paris
Sér. I Math. 316:5 (1993), 435–439. MR Zbl

[Zhikov 1995] V. V. Zhikov, “On Lavrentiev’s phenomenon”, Russian J. Math. Phys. 3:2 (1995), 249–269. MR Zbl

[Zhikov 1997] V. V. Zhikov, “On some variational problems”, Russian J. Math. Phys. 5:1 (1997), 105–116. MR Zbl

[Zhikov et al. 1994] V. V. Jikov, S. M. Kozlov, and O. A. Oleı̆nik, Homogenization of differential operators and integral
functionals, Springer, 1994. MR Zbl

Received 15 Aug 2017. Revised 30 Apr 2019. Accepted 11 Jun 2019.

SUN-SIG BYUN: byun@snu.ac.kr
Department of Mathematical Sciences and Research Institute of Mathematics, Seoul National University, Seoul, South Korea

JEHAN OH: jehan.oh@knu.ac.kr
Department of Mathematics, Kyungpook National University, Daegu, South Korea

mathematical sciences publishers msp

http://dx.doi.org/10.1016/j.na.2016.05.002
http://msp.org/idx/mr/3516828
http://msp.org/idx/zbl/1360.46029
http://dx.doi.org/10.1007/s00526-017-1114-z
http://dx.doi.org/10.1007/s00526-017-1114-z
http://msp.org/idx/mr/3606780
http://msp.org/idx/zbl/1366.35036
http://dx.doi.org/10.1007/s002290100193
http://dx.doi.org/10.1007/s002290100193
http://msp.org/idx/mr/1856619
http://msp.org/idx/zbl/1006.49027
https://www.sciencedirect.com/bookseries/mathematics-in-science-and-engineering/vol/46
http://msp.org/idx/mr/0244627
http://msp.org/idx/zbl/0164.13002
http://dx.doi.org/10.1080/03605309108820761
http://dx.doi.org/10.1080/03605309108820761
http://msp.org/idx/mr/1104103
http://msp.org/idx/zbl/0742.35028
http://dx.doi.org/10.1016/S0294-1449(16)30379-1
http://msp.org/idx/mr/868523
http://msp.org/idx/zbl/0609.49009
http://dx.doi.org/10.1007/BF00251503
http://dx.doi.org/10.1007/BF00251503
http://msp.org/idx/mr/969900
http://msp.org/idx/zbl/0667.49032
http://dx.doi.org/10.1016/0022-0396(91)90158-6
http://msp.org/idx/mr/1094446
http://msp.org/idx/zbl/0724.35043
http://dx.doi.org/10.1007/BFb0072210
http://msp.org/idx/mr/724434
http://msp.org/idx/zbl/0557.46020
http://dx.doi.org/10.1007/s00526-016-0965-z
http://msp.org/idx/mr/3465442
http://msp.org/idx/zbl/1342.35090
http://msp.org/idx/mr/1113700
http://msp.org/idx/zbl/0724.46032
http://dx.doi.org/10.1007/s00526-007-0126-5
http://msp.org/idx/mr/2377404
http://msp.org/idx/zbl/1138.49034
http://dx.doi.org/10.1007/s00205-008-0162-0
http://msp.org/idx/mr/2525120
http://msp.org/idx/zbl/1173.49032
http://campus.mst.edu/adsa/contents/v8n1p11.pdf
http://msp.org/idx/mr/3071548
http://www.heldermann.de/JCA/JCA18/JCA181/jca18004.htm
http://msp.org/idx/mr/2777598
http://msp.org/idx/zbl/1207.49047
http://mi.mathnet.ru/eng/izv1526
http://dx.doi.org/10.1070/IM1987v029n01ABEH000958
http://msp.org/idx/mr/864171
http://msp.org/idx/mr/1209262
http://msp.org/idx/zbl/0783.35005
http://msp.org/idx/mr/1350506
http://msp.org/idx/zbl/0910.49020
http://msp.org/idx/mr/1486765
http://msp.org/idx/zbl/0917.49006
http://dx.doi.org/10.1007/978-3-642-84659-5
http://dx.doi.org/10.1007/978-3-642-84659-5
http://msp.org/idx/mr/1329546
http://msp.org/idx/zbl/0838.35001
mailto:byun@snu.ac.kr
mailto:jehan.oh@knu.ac.kr
http://msp.org


ANALYSIS AND PDE
Vol. 13, No. 5, 2020

https://doi.org/10.2140/apde.2020.13.1301 msp

EPSILON-REGULARITY FOR p-HARMONIC MAPS
AT A FREE BOUNDARY ON A SPHERE

KATARZYNA MAZOWIECKA, RÉMY RODIAC AND ARMIN SCHIKORRA

We prove an ε-regularity theorem for vector-valued p-harmonic maps, which are critical with respect to a
partially free boundary condition, namely that they map the boundary into a round sphere.

This does not seem to follow from the reflection method that Scheven used for harmonic maps with free
boundary (i.e., the case p = 2): the reflected equation can be interpreted as a p-harmonic map equation
into a manifold, but the regularity theory for such equations is only known for round targets.

Instead, we follow the spirit of Schikorra’s recent work on free boundary harmonic maps and choose a
good frame directly at the free boundary. This leads to growth estimates, which, in the critical regime
p = n, imply Hölder regularity of solutions. In the supercritical regime, p < n, we combine the growth
estimate with the geometric reflection argument: the reflected equation is supercritical, but, under the
assumption of growth estimates, solutions are regular.

In the case p < n, for stationary p-harmonic maps with free boundary, as a consequence of a mono-
tonicity formula we obtain partial regularity up to the boundary away from a set of (n−p)-dimensional
Hausdorff measure.
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1. Introduction

Over the last few years the theory of half-harmonic maps received a lot of attention, beginning with the
pioneering work of Da Lio and Rivière [2011a; 2011b]; see also [Schikorra 2012; 2015c; Da Lio 2013;
Millot and Sire 2015]. Half-harmonic maps appear in nature as free boundary problems — e.g., they are
connected to critical points of the energy

‖∇u‖2L2(D,RN )
such that u(∂D)⊂N in the a.e. trace sense.
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Here, D ⊂Rn is an open set and N ⊂RN is a smooth closed manifold. The Euler–Lagrange equations of
the latter problem are {

1u = 0 in D,
∂νu ⊥ TuN on ∂D,

(1-1)

where ν denotes the outer normal vector.
For D = Rn

+
and ∂D = Rn−1

×{0} the equation (1-1) is equivalent to{
1u = 0 in Rn

+
,

(−1)
1/2
Rn−1u ⊥ TuN on Rn−1

×{0}.
(1-2)

Here, (−1)1/2
Rn−1 denotes the half-Laplacian acting on functions defined on Rn−1

× {0}. The equation
(−1)

1/2
Rn−1u ⊥ TuN is the half-harmonic map equation; for an overview see [Da Lio and Rivière 2011b].

The equivalence of (1-1) and (1-2) is crucially related to the fact that we are considering critical points
of an L2-energy. Several notions of fractional p-harmonic maps have been proposed. H s,p-harmonic
maps, i.e., critical points of

‖(−1)s/2u‖p
L p(Rn−1,RN )

such that u(x) ∈N for a.e. x ∈ Rn−1, (1-3)

were considered in [Da Lio and Schikorra 2014; 2017]. In [Schikorra 2015b] energies with a gradient-type
structure were studied, namely

‖Dsu‖p
L p(Rn−1,RN )

such that u(x) ∈N for a.e. x ∈ Rn−1, (1-4)

where Ds
= DI 1−s is the Riesz-fractional gradient; see also [Shieh and Spector 2015; 2018]. Finally,

W s,p-harmonic maps, that is, critical points of the energy∫
Rn−1

∫
Rn−1

|u(x)− u(y)|p

|x − y|n+sp dx dy such that u(x) ∈N for a.e. x ∈ Rn−1, (1-5)

were studied in [Schikorra 2015a]; see also [Mazowiecka and Schikorra 2018]. All these versions of
fractional p-harmonic maps have one thing in common: they do not seem related to a free boundary
equation (1-1). For (1-3) and (1-4) this is clear, since the energies are defined on the “wrong” function
space H s,p. Indeed, a map in W 1,p(D) has a trace in W 1−1/p,p(∂D), but W 1−1/p,p(∂D) 6=H 1−1/p,p(∂D)
for p 6= 2. For the W s,p-energy (1-5) it is an interesting open problem if it is possible to find a p-harmonic
extension that interprets this problem as a free boundary problem.

In this work we concentrate on free boundary problems. We focus on smooth bounded domains, so in
the sequel D is such a domain. We prove regularity at the free boundary for critical points u : D→ RN

of the energy

‖∇u‖p
L p(D,RN )

such that u(∂D)⊂N in the a.e. trace sense. (1-6)

It is not clear that the space A := {u ∈ W 1,p(D,RN ) : u(∂D) ⊂ N } possesses a natural structure of a
smooth Banach manifold. That is why we shall define what we mean by critical point.
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Definition 1.1. We say that u is a critical point of
∫

D |∇u|p in the space A if u satisfies∫
D
|∇u|p−2

∇u · ∇φ = 0 (1-7)

for all φ in W 1,p(D,RN ) such that its trace φ(x)|∂D is in Tu(x)N a.e. Such a critical point is called a
p-harmonic map with free boundary.

Equation (1-7) is obtained by requiring that for every C1-path γ : (−1, 1)→A such that γ (0)= u we
have

d
dt

∣∣∣
t=0

∫
D
|∇γ (t)|p = 0. (1-8)

Remark. Although this is not relevant for our purpose, let us remark that equation (1-7) can be interpreted
as u satisfying in a distributional sense{

div(|∇u|p−2
∇u)= 0 in D,

|∇u|p−2∂νu ⊥ TuN on ∂D.
(1-9)

Note that, by definition, u is a solution of (1-9) in the sense of distributions if and only if∫
D
|∇u|p−2

∇u · ∇φ = 0 (1-10)

for all φ ∈ C∞(D,RN ) with φ(x) ∈ Tu(x)N for Hn−1-a.e. x ∈ ∂D. Indeed, taking φ ∈ C∞c (D,RN ) we
obtain the interior equation

div(|∇u|p−2
∇u)= 0 in D.

As for the boundary equation, we can see that if u is smooth enough and satisfies (1-10) then after an
integration by parts we find ∫

∂D
|∇u|p−2 ∂νu ·φ = 0. (1-11)

Since any φ ∈ C∞(∂D,RN ) with φ(x) ∈ Tu(x)N can be extended in a function φ ∈ C∞(D,RN ), (1-11)
implies

|∇u|p−2 ∂νu ⊥ TuN on ∂D.

The equivalence between being a solution of (1-9) in the sense of distributions and being a critical
point of the p-energy in the space A is true if u is smooth enough; for example u ∈ C1(D,Rn) is
sufficient. Indeed, in this case we can see that we have density of {φ ∈ C∞(D,RN ) : φ ∈ TuN } in
{φ ∈W 1,p(D,RN ) : φ|∂D ∈ TuN }.

The natural starting point, when studying equations of the form (1-9), is the regularity theory. The
interior regularity is known and follows from the interior equation and results of [Uhlenbeck 1977;
Tolksdorf 1984]; see also [Kuusi and Mingione 2018]. Hence, the main difficulty is the regularity up to
the boundary. For an arbitrary manifold N a regularity theory for a solution (1-9) is out of reach: even
the regularity theory for the interior problem

div(|∇u|p−2
∇u)⊥ TuN
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is known only for homogeneous targets N ; see [Fuchs 1993; Takeuchi 1994; Toro and Wang 1995;
Strzelecki 1994; 1996; Schikorra and Strzelecki 2017]. For this reason we shall restrict our attention to
the sphere SN−1

⊂ RN. In the rest of the paper we consider the problem
div(|∇u|p−2

∇u)= 0 in D,
|∇u|p−2∂νu ⊥ TuSN−1 on ∂D,
u(∂D)⊂ SN−1.

(1-12)

We remark that the free boundary conditions can be viewed as boundary conditions mixed between
Dirichlet and homogeneous Neumann boundary conditions. Indeed, in the sphere case we have a Dirichlet
boundary condition for the norm of u, |u| = 1 on ∂D, and a homogeneous Neumann condition for the
“phase”, ∂ν(u/|u|)= 0. To see that, in the case of a general manifold we can use Fermi coordinates near
some points of N, as explained in [Fraser 2000, pp. 938–939] in the context of minimal surfaces with
free boundaries (for more on minimal surfaces with free boundaries, see also [Fraser and Schoen 2013]).

Our main theorem is the following ε-regularity-type theorem.

Theorem 1.2 (ε-regularity). Let D ⊂ Rn be a smooth, bounded domain and p ≥ 2. Then there exist
ε = ε(p, n, D) > 0 and α = α(p, n, D) > 0 such that for any u ∈ W 1,p(D,RN ) solution to (1-12) the
following holds: If for some R > 0 and for some x0 ∈ D

sup
|y0−x0|<R

sup
ρ<R

ρ p−n
∫

B(y0,ρ)∩D
|∇u|p < ε, (1-13)

then u and ∇u are Hölder continuous in B(x0, R/2)∩ D. Moreover, we have the estimates

sup
x,y∈B(x0,R/2)

|u(x)− u(y)|
|x − y|α

- R−α
(

sup
|y0−x0|<R

sup
ρ<R

ρ p−n
∫

B(y0,ρ)∩D
|∇u|p

)1/p

,

sup
x,y∈B(x0,R/2)

|∇u(x)−∇u(y)|
|x − y|α

- R−α−1
(

sup
|y0−x0|<R

sup
ρ<R

ρ p−n
∫

B(y0,ρ)∩D
|∇u|p

)1/p

.

When p = n this ε-regularity implies directly (from the absolute continuity of the Lebesgue integral)
that n-harmonic maps with free boundary and their gradients are Hölder continuous.

Corollary 1.3. Let u and α be as in Theorem 1.2 with p = n. Then u is in C1,α(D,RN ).

As usual, an ε-regularity result such as Theorem 1.2 implies partial regularity for stationary p-harmonic
maps with free boundary; see (6-1) for the definition.

Theorem 1.4 (partial regularity). Let D ⊂ Rn be a smooth, bounded domain, p ≥ 2, and assume that
u ∈W 1,p(D,RN ), with trace u ∈W 1−1/p,p(∂D,SN−1), is a stationary point of the energy (1-6) with free
boundary. Then there exists a closed set 6 ⊂ D such that Hn−p(6)= 0 and u ∈C1,α(D\6), where α > 0
is from Theorem 1.2.

Remark. Although some of our results work for unbounded domains we note that finite energy, stationary
p-harmonic maps with free boundary satisfy a Liouville-type theorem; see Proposition 6.3. This is why
we focus on bounded domains.
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Moreover, besides giving regularity in the case p = n and partial regularity in the case p < n, an
ε-regularity could be useful to describe the possible loss of compactness of sequences of n-harmonic
maps with free boundaries and an energy decomposition theorem. In the case p= n= 2, i.e., for harmonic
maps with free boundaries, such a result was proven in [Da Lio 2015; Laurain and Petrides 2017]. Our
case requires completely different methods, due to the nonlinearity of the p-Laplacian for p 6= 2.

Let us comment on our strategy for the proof of Theorem 1.2. The natural first attempt to prove a
result like Theorem 1.2 is to adapt the beautiful geometric reflection method used in [Scheven 2006] to
obtain an ε-regularity result up to the free boundary for harmonic maps, i.e., for the case p = 2 (see also
[Berlyand and Mironescu 2008], where the authors also devised a reflection technique to prove regularity
up to the boundary of solutions of some Ginzburg–Landau equations with free boundary conditions).
This way, one would hope to be able to rewrite the Neumann condition at the boundary as an interior
equation. For p = 2 the reflected equation has again the structure of a harmonic map (with a new metric
in the reflected domain). Thus, the regularity theory for harmonic maps with a free boundary follows
from the interior regularity for harmonic maps developed in [Hélein 1991]; see also [Rivière 2007]. For
p> 2 there is a major drawback to that strategy: as mentioned above, the regularity theory for the interior
p-harmonic map equation is only understood for round targets. It was not clear to us how to interpret
the reflected equation as a map into such a round target. The reflection, which generates a somewhat
“unnatural metric” seems to destroy our boundary sphere-structure. Indeed, up to now, only the regularity
theory for minimizing p-harmonic maps with free boundary was understood; see [Duzaar and Gastel
1998; Müller 2002], where it is shown that such a map is in C1,α, for some α, outside a singular set S
with dimH(S)= n−bpc− 1 and S is discrete if n− 1≤ p < n. For p = 2, free boundary problems for
minimizing harmonic maps were studied in [Duzaar and Steffen 1989; Hardt and Lin 1989].

In this work we follow in spirit the recent work [Schikorra 2018], which does not use a reflection
technique, but rather computes an equation along the free boundary and applies a moving frame technique
to this free boundary part of the equation itself. This strategy leads to growth estimates, Proposition 2.1,
which for the critical case n= p implies directly Hölder regularity of solutions. Once the growth estimates
are established we can apply the reflection. Since the reflection is explicit, it is easy to see that the growth
estimates still hold for the reflected solution, which we shall call v. Now v solves a critical or supercritical
equation of the form

| div(|∇v|p−2
∇v)|- |∇v|p.

In principle, solutions to this equation may be singular, e.g., x/|x | or log log 1/|x |. But with the growth
estimates from Proposition 2.1, which transfers to v, one can employ a blow-up argument due to [Hardt
et al. 1986; Hardt and Lin 1987] and then bootstrap for higher regularity.

The outline of the paper is as follows: In Section 2 we state and prove the crucial growth estimate for
solutions to (1-12). In Section 3 we show how this implies Hölder continuity of solutions for the case
p = n. For p < n we show in Section 4 how a generic supercritical system implies Hölder regularity of
solutions once the growth estimates from Proposition 2.1 are guaranteed. Combining this with Scheven’s
reflection argument, we give in Section 5 the proof of Theorem 1.2. Finally, in Section 6, we prove the
partial regularity of solutions, i.e., Theorem 1.4.
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Notation. We denote by B(x, r) the ball of radius r centered at x ∈ Rn. We write Rn
+
= Rn−1

× (0,∞),
Rn
−
= Rn

× (−∞, 0), and B+(x, r)= B(x, r)∩Rn
+

. By (u)� we denote the mean value of a map u on a
set �; i.e., (u)� = (1/|�|)

∫
�

u.

2. The growth estimates

Recall that we assume that D is a bounded set with a smooth boundary. In view of Lemma A.1 we know
that |u| ≤ 1 holds for any solution to (1-12). The arguments can be also extended to unbounded domains
like Rn

+
under the assumption that u ∈ L∞loc(R

n
+
); see Lemma A.2. Note that in principle, the constants

may depend on the L∞-norm of u.
The main result in this section, and the crucial argument in this work, is the following growth estimate

that one could interpret as a kind of Caccioppoli-type estimate. We were not able to obtain such an
estimate by a geometric reflection argument, since that reflection changes the metric, and only in the case
of round targets, such as the sphere, is regularity theory (and in particular the related growth estimates)
known.

Proposition 2.1 (growth estimates). Let p ≥ 2. There exists a radius R0 depending only on ∂D such that
for any u ∈W 1,p(D,RN ) satisfying (1-12) the following holds:

Whenever B(x0, R)⊂ Rn, R ∈ (0, R0), is such that for some λ ∈ (0,∞) it holds

sup
B(y0,r)⊂B(x0,R)

r p−n
∫

B(y0,r)∩D
|∇u|p < λp, (2-1)

we have, for any B(y0, 4r)⊂ B(x0, R) and any µ > 0,∫
B(y0,r)∩D

|∇u|p ≤ C(λ+µp−1)

∫
B(y0,4r)∩D

|∇u|p +Cµ−1
∫
(B(y0,4r)\B(y0,r))∩D

|∇u|p. (2-2)

Alternatively, we have the following estimates:
If B(y0, 2r)\D =∅, then∫

B(y0,r)
|∇u|p ≤ Cλ

∫
B(y0,4r)∩D

|∇u|p +Cλ1−pr−p
∫

B(y0,4r)∩D
|u− (u)B(y0,4r)∩D|

p. (2-3)

If B(y0, 2r)\D 6=∅, then∫
B(y0,r)∩D

|∇u|p ≤ Cλ
∫

B(y0,4r)∩D
|∇u|p +Cλ1−pr−p

∫
B(y0,4r)∩D

|u− (u)B(y0,4r)∩D|
p

+Cλ1−pr−p
∫

B(y0,4r)∩D
||u|2− 1|p (2-4)

for a constant C = C(n, p, D).

Our strategy, in principle, is to adapt the method for harmonic maps into spheres developed in [Hélein
1990]; see [Strzelecki 1994] for the n-harmonic case. To motivate our approach, we briefly outline their
strategy for a p-harmonic map w ∈W 1,p(D,SN−1), i.e., a solution to

div(|∇w|p−2
∇w)⊥ TwSN−1. (2-5)
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The first step is to rewrite this equation. Since w ∈ SN−1 we have w ∈ (TwSN−1)⊥. Consequently, (2-5)
can be rewritten in distributional sense as∫

D
|∇w|p−2

∇wi
· ∇φ =

∫
D
|∇w|p−2

∇wk
· ∇(wkwiφ), (2-6)

which holds for all φ ∈C∞c (D) and i = 1, . . . , N. Here and henceforth, we use the summation convention.
Next, from |w| ≡ 1, we get wk

∇wk
≡

1
2∇|w|

2
= 0. Consequently, (2-6) can be written as∫

D
|∇w|p−2

∇wi
· ∇φ =

∫
D
|∇w|p−2

∇wk
· (∇wk wi

−∇wi wk) φ. (2-7)

Now one observes that from (2-6) a conservation law follows, a fact that for p = n = 2 was discovered
by Shatah [1988],

div(|∇w|p−2(∇wk wi
−∇wi wk))= 0 in D. (2-8)

Thus, |∇w|p−2
∇wk
· (∇wk wi

−∇wi wk) is a div-curl term and with the help of the celebrated result of
Coifman, Lions, Meyer, and Semmes [Coifman et al. 1993], one obtains a growth estimate.

The above argument heavily relied on the fact that wk
∇wk
≡ 0. It is important to observe that this

trick will not work in the situation from Theorem 1.2: if we only know that u|∂D ⊂ SN−1, then there is
no reason that u · ∇u = 0 in D. Nevertheless, we will stubbornly follow the strategy outlined above, just
along the boundary ∂D, keeping the extra terms that involve uk

∇uk. First, we find:

Lemma 2.2. For u ∈W 1,p(D,RN ) satisfying (1-12) we have∫
D
|∇u|p−2

∇ui
· ∇φ =

∫
D
|∇u|p−2

∇uk
· ∇(ukuiφ)

for any φ ∈W 1,p(D).

Let us stress that the test function φ above does not need to vanish at the boundary.

Proof. Let 8= (0, . . . , φ, . . . , 0) (only the i-th coordinate is nonzero and equal to φ). Observe that

8− u〈u,8〉RN ∈ TuSN−1 a.e. on ∂D.

The claim follows now from the definition of p-harmonic maps with free boundary (1-7). �

Also we have the following conservation law.

Lemma 2.3. Let u ∈W 1,p(D,RN ) satisfy (1-12). Then, for

�i j := (ui
∇u j
− u j
∇ui ),

we have
div(|∇u|p−2�i j )= 0 in D

up to the boundary. That is, for any φ ∈ C∞(D) and any i, j = 1, . . . , N,∫
D
|∇u|p−2�i j · ∇φ = 0. (2-9)

Additionally, (2-9) is also satisfied for every φ in W 1,p
∩ L∞(D).
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Proof. By the product rule,∫
D
∇φ · |∇u|p−2 (ui

∇u j
− u j
∇ui )=

∫
D
(∇(φui ) · |∇u|p−2

∇u j
−∇(φu j ) · |∇u|p−2

∇ui ).

Therefore, by Lemma 2.2, we find∫
D
|∇u|p−2�i j · ∇φ =

∫
D
|∇u|p−2

∇uk
· ∇(ukui u jφ)−

∫
D
|∇u|p−2

∇uk
· ∇(uku j uiφ)= 0. �

We combine Lemmas 2.3 and 2.2. In contrast to the argument for the p-harmonic map w, we find
additional terms. Namely, instead of havingwk

∇wk
≡0 we merely have uk

∇uk
=

1
2∇(|u|

2
−1). However,

it is an improvement, because |u|2− 1 ∈W 1,p
0 (D).

Lemma 2.4. Let u ∈W 1,p(D,RN ) satisfy (1-12). Then for any φ ∈W 1,p(D) we have∫
D
|∇u|p−2

∇ui
· ∇φ

=

∫
D
|∇u|p−2

∇uk
·�ik φ+

∫
D
|∇u|p−2

∇ui
· ∇(|u|2− 1) φ+ 1

2

∫
D
|∇u|p−2

∇φ · ∇(|u|2− 1)ui .

It is important to observe that in particular we do not obtain an equation of the form | div(|∇u|p−2
∇u)|-

|∇u|p, as in the case for p-harmonic maps (i.e., the interior situation). This is why for p < n we are
forced to combine our growth estimate with the geometric reflection argument; see Proposition 5.3.

Proof of Lemma 2.4. By Lemma 2.2 we have for any φ ∈ C∞(D)∫
D
|∇u|p−2

∇ui
· ∇φ =

∫
D
|∇u|p−2

∇uk
· ∇uk uiφ+

∫
D
|∇u|p−2

∇uk
· uk
∇(uiφ).

Using the definition of �ik from Lemma 2.3 we write∫
D
|∇u|p−2

∇ui
·∇φ=

∫
D
|∇u|p−2

∇uk
·�ik φ+2

∫
D
|∇u|p−2

∇ui
·∇uk uk φ+

∫
D
|∇u|p−2

∇uk ui uk
·∇φ.

Since uk
∇uk
=

1
2∇(|u|

2
− 1), we have shown that∫

D
|∇u|p−2

∇ui
· ∇φ

=

∫
D
|∇u|p−2

∇uk
·�ik φ+

∫
D
|∇u|p−2

∇ui
· ∇(|u|2− 1) φ+ 1

2

∫
D
|∇u|p−2

∇φ · ∇(|u|2− 1)ui
· �

For the second and third terms on the right-hand side of the equation in Lemma 2.4 we observe that
|u|2− 1 has zero boundary values on ∂D. In addition, and this is another crucial ingredient here, we can
choose u or (its coordinates) as a test function in Lemmas 2.2, 2.3, and 2.4 since u is in W 1,p

∩L∞(D,RN )

from Lemma A.1.
Moreover, in view of the interior equation for u, (1-9),∫

D
|∇u|p−2

∇ui
· ∇(|u|2− 1)= 0.



EPSILON-REGULARITY FOR p-HARMONIC MAPS AT A FREE BOUNDARY ON A SPHERE 1309

Proof of Proposition 2.1. For notational simplicity we prove the growth estimates when the boundary is
flat. More precisely we treat the case where B+(0, R)⊂ D ⊂ Rn

+
for some R > 0, and ∂D ∩ B(0, R)=

∂Rn
+
∩ B(0, R). The following argument can be easily adapted to general D — here is where one has to

choose R0 = R0(D) for flattening the boundary. We leave the details to the reader. We also recall that,
since we work in a smooth bounded domain, from Lemma A.1 we have that ‖u‖L∞(D) ≤ 1.

Let η ∈ C∞c (B(0, 2)) be the typical bump function that is constantly 1 in B(0, 1). Let y0 ∈ Rn, r > 0,
be such that B(y0, 4r)⊂ B(0, R). Define

ηB(y0,r)(x) := η
(

x − y0

r

)
.

Set
ũ := ηB(y0,r)(u− (u)B+(y0,2r)),

û := (1− ηB(y0,r))ηB(y0,r)(u− (u)B+(y0,2r)).

Since ηB(y0,r) ≡ 1 on B(y0, r) we have∫
B+(y0,r)

|∇u|p ≤
∫

Rn
+

|∇u|p−2
∇ũ · ∇ũ.

We compute

∇ũ · ∇ũ =∇u · ∇ũ−∇u · ∇û−∇ηB(y0,r) · ∇u ũ+∇ηB(y0,r) (u− (u)B+(y0,2r)) · ∇ũ. (2-10)

Since |∇ηB(y0,r)|- r−1,∫
Rn
+

|∇u|p−2(∇ηB(y0,r)ũ) · ∇u - r−1
∫

B+(y0,2r)\B+(y0,r)
|∇u|p−1

|ũ|. (2-11)

This can be further estimated in two ways. For the estimate (2-2), by Young and Poincaré inequalities we
have for any µ > 0∫

Rn
+

|∇u|p−2(∇ηB(y0,r)ũ) · ∇u - 1
µ

∫
B+(y0,2r)\B+(y0,r)

|∇u|p +µp−1
∫

B+(y0,2r)
|∇u|p.

For the estimates (2-3) and (2-4), by Young’s inequality we have for any λ > 0∫
Rn
+

|∇u|p−2
∇ηB(y0,r) · ∇uũ - λ

∫
B+(y0,2r)

|∇u|p + λ1−pr−p
∫

B+(y0,2r)
|u− (u)B+(y0,2r)|

p.

For the last term of (2-10)∫
Rn
+

|∇u|p−2
∇ηB(y0,r) (u− (u)B+(y0,2r)) · ∇ũ

- r−2
∫

B+(y0,2r)\B+(y0,r)
|∇u|p−2

|u− (u)B+(y0,2r)|
2
+ r−1

∫
B+(y0,2r)\B+(y0,r)

|∇u|p−1
|u− (u)B+(y0,2r)|.

By a similar estimate, we easily get for any µ > 0∫
Rn
+

|∇u|p−2
∇ηB(y0,2r) (u− (u)B+(y0,2r)) · ∇ũ - 1

µ

∫
B+(y0,2r)\B+(y0,r)

|∇u|p +µp−1
∫

B+(y0,2r)
|∇u|p
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and for any λ > 0∫
Rn
+

|∇u|p−2
∇ηB(y0,2r) (u−(u)B+(y0,2r))·∇ũ-λ

∫
B+(y0,2r)

|∇u|p+λ1−pr−p
∫

B+(y0,2r)
|u−(u)B+(y0,2r)|

p.

Consequently, we found∫
B+(y0,r)

|∇u|p -
∣∣∣∣∫

Rn
+

|∇u|p−2
∇u · ∇ũ

∣∣∣∣+ ∣∣∣∣∫
Rn
+

|∇u|p−2
∇u · ∇û

∣∣∣∣
+

1
µ

∫
B+(y0,2r)\B+(y0,r)

|∇u|p +µp−1
∫

B+(y0,2r)
|∇u|p (2-12)

and∫
B+(y0,r)

|∇u|p -
∣∣∣∣∫

Rn
+

|∇u|p−2
∇u · ∇ũ

∣∣∣∣+ ∣∣∣∣∫
Rn
+

|∇u|p−2
∇u · ∇û

∣∣∣∣
+ λ

∫
B+(y0,2r)

|∇u|p + λ1−pr−p
∫

B+(y0,2r)
|u− (u)B+(y0,2r)|

p. (2-13)

If we are in the interior case, i.e., B(y0, 2r)⊂ B+(0, R), then supp ũ ∪ supp û ⊂ B+(0, R) and thus
div(|∇u|p−2

∇u)= 0 in B+(0, R) implies∣∣∣∣∫
Rn
+

|∇u|p−2
∇u · ∇ũ

∣∣∣∣+ ∣∣∣∣∫
Rn
+

|∇u|p−2
∇u · ∇û

∣∣∣∣= 0.

Thus, for B(y0, 2r)⊂ B+(0, R) the claim is proven.
From now on we assume that the ball B(y0, r) is close to the boundary; i.e,

B(y0, 2r)∩ {Rn−1
×{0}} 6=∅.

By Lemma 2.4, ∫
Rn
+

|∇u|p−2
∇ui
· ∇ũi

= I + II + 1
2 III,

where

I :=
∫

Rn
+

|∇u|p−2
∇uk
·�ik ũi ,

II :=
∫

Rn
+

|∇u|p−2
∇ui
· ∇(|u|2− 1)ũi ,

III :=
∫

Rn
+

|∇u|p−2
∇ũi
· ∇(|u|2− 1)ui .

Since u is p-harmonic and by Lemma 2.3, all three terms above contain products of divergence-free and
rotation-free quantities. However, the div-curl estimate by Coifman, Lions, Meyer, Semmes [Coifman
et al. 1993] is only applicable when at least one term vanishes at the boundary; otherwise there are
counterexamples. See [Da Lio and Palmurella 2017; Hirsch 2019].
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The term I : Let B̃ ⊂ B+(0, R) be a smooth, bounded, open, and convex set such that B+(y0, 2r)⊂ B̃ ⊂
B(y0, 3r) and ∂ B̃ ∩ ∂Rn

+
= B(y0, 2r)∩ ∂Rn

+
. By Hodge decomposition1 (see [Iwaniec and Martin 2001,

(10.4)]) we find ξik ∈W 1,p′(B̃), with p′ = p/(p− 1), and ζik ∈W 1,p′
0

(
B̃,
∧2

Rn
)

such that

|∇u|p−2�ik =∇ξik +Curl ζik in B̃. (2-14)

Moreover, we have
‖ζik‖W 1,p′ (B̃) - ‖|∇u|p−2�ik‖L p′ (B(y0,3r)). (2-15)

The boundary data of ζ and Lemma 2.3 imply∫
B̃
∇ξik · ∇φ =

∫
B̃
|∇u|p−2�ik · ∇φ−

∫
B̃

Curl ζik · ∇φ = 0 for any φ ∈ C∞(B̃).

That is, ξik is harmonic with trivial Neumann data, and thus ξik is constant. In particular, (2-14) simplifies to

|∇u|p−2�ik = Curl ζik in B̃. (2-16)

Consequently,

I =
∫

Rn
+

Curl ζik · ∇uk ũi
=

∫
Rn

Curl ζik · ∇uk ũi .

The last equality is true, since ζik vanishes on ∂Rn
+
∩ B(0, R) and we can extend it by zero to Rn

−
∩ B(0, R).

Now we use the div-curl structure and apply the result by Coifman, Lions, Meyer, Semmes [Coifman
et al. 1993]. Recall that BMO is the space of functions f with finite seminorm [ f ]BMO <∞. Here,

[ f ]BMO := sup
B
|B|−1

∫
B
| f − ( f )B |,

where the supremum is taken over all balls B. Observe that by the Poincaré inequality,

[ f ]BMO - sup
x0∈Rn, ρ>0

(
ρ p−n

∫
B(x0,ρ)

|∇ f |p
)1/p

. (2-17)

Coifman, Lions, Meyer, Semmes [Coifman et al. 1993] showed that the inequality∫
Rn

F ·Gφ - ‖F‖L p(Rn) ‖G‖L p′ (Rn) [φ]BMO

holds whenever F and G are vector fields such that div F = 0 and curl G = 0. See also [Lenzmann and
Schikorra 2020] for a different proof. In our situation this inequality implies2

|I |- ‖|∇u|p−2�ik‖L p′ (B+(y0,4r)) ‖∇u‖L p(B+(y0,4r))[ũ]BMO

- ‖∇u‖p
L p(B+(y0,4r))[ũ]BMO. (2-18)

1More precisely, one argues, e.g., as in [Schikorra 2010, (3.6), (3.7)]: One solves the system 1ζik = curl(|∇u|p−2�ik) in B̃,
ζik = 0 on ∂ B̃, such that (2-15) is satisfied. Then one sets H := |∇u|p−2�ik −Curl ζik . By the Poincaré lemma we can write
H =∇ξ .

2Here, ũ is extended into the whole space Rn in such a way that [ũ]BMO - λ. This can be done by an appropriate reflection
of u outside of B+(y0, 3r).



1312 KATARZYNA MAZOWIECKA, RÉMY RODIAC AND ARMIN SCHIKORRA

The last estimate follows readily from the definition of � in Lemma 2.3. Thus, for the λ from (2-1) we
obtain

|I |- λ
∫

B+(y0,4r)
|∇u|p.

The term II : Since div(|∇u|p−2
∇u) = 0 in B+(0, R), there exists ζi ∈ W 1,p

(
B+(y0, 2r),

∧2
Rn
)

such
that

|∇u|p−2
∇ui
= Curl ζi in B+(y0, 2r).

We can extend ζ to all of Rn so that

‖ζ‖W 1,p′ (Rn) - ‖∇u‖p−1
L p(B+(y0,2r)).

Also, since u is assumed to be bounded we have |u|2 ∈ W 1,p(B+(0, R)), and in the sense of traces
|u|2 ≡ 1 on B(0, R)∩ {Rn−1

× {0}}. This is equivalent to saying that the extension of |u|2− 1 by zero
to B(0, R)∩ Rn

−
belongs to W 1,p(B(0, R)); that is, we have, (|u|2 − 1)χRn

+
∈ W 1,p(B(0, R)) and the

distributional gradient satisfies

∇((|u|2− 1)χRn
+
)= χRn

+
∇|u|2 a.e. in B(0, R).

In particular, since (|u|2− 1)χRn
+

is zero on B(y0, 2r)∩ Rn
−

we can use the Poincaré inequality to get

‖|u|2− 1‖L p(B+(y0,2r)) - r ‖u‖L∞(B+(y0,4r)) ‖∇u‖L p(B+(y0,4r)). (2-19)

By using that |∇ηB(y0,2r)|- r−1, (2-17), the triangle inequality in L p and (2-19), for the λ from (2-1),

[(|u|2− 1)χRn
+
ηB(y0,2r)]BMO - λ.

We also observe that ∇ũ ≡ ηB(y0,2r)∇ũ. Thus, integrating by parts we obtain

II =−
∫

Rn
Curl ζ · ∇ũi (|u|2− 1)χRn

+
ηB(y0,2r).

Hence, with the div-curl theorem from [Coifman et al. 1993], see also the localized version [Strzelecki
1994, Corollary 3], we find

|II |- λ‖∇u‖p
L p(B+(y0,4r)).

The term III : Observe that

∇ũi
·∇(|u|2−1)ui

=∇ui
·∇(|u|2−1)ηB(y0,r)u

i
+∇ηB(y0,r) (u

i
−(ui )B+(y0,2r))·∇(|u|2−1)ui

=∇ui
·∇(|u|2−1)ũi

+∇ui
·∇(|u|2−1)ηB(y0,r)(u

i )B+(y0,2r)+∇ηB(y0,r) (u
i
−(ui )B+(y0,2r))·∇(|u|2−1)ui .

By integration by parts, using that div(|∇u|p−2
∇u)= 0 in B+(0, R), |u|2− 1 is zero on ∂Rn

+
∩ B(0, R)

and then arguing as in the argument for II,∫
Rn
+

|∇u|p−2
∇ui
· ∇(|u|2− 1)ũi

=−

∫
Rn
+

|∇u|p−2
∇ui
· ∇ũi (|u|2− 1)- λ ‖∇u‖p

L p(B+(y0,4r)).
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Moreover, again since div(|∇u|p−2
∇u)= 0 in B+(0, R) and |u|2− 1 is zero on ∂Rn

+
∩ B(0, R),∣∣∣∣∫

Rn
+

|∇u|p−2
∇ui
· ∇(|u|2− 1)ηB(y0,r)(u

i )B+(y0,2r)

∣∣∣∣
=

∣∣∣∣∫
Rn
+

|∇u|p−2
∇ui
· (|u|2− 1)∇ηB(y0,r)(u

i )B+(y0,2r)

∣∣∣∣
- r−1

‖u‖L∞(B+(0,R)) ‖∇u‖p−1
L p(B+(y0,2r)\B+(y0,r))

‖|u|2− 1‖L p(B+(y0,2r)).

This leads to two estimates. Firstly, if we want to find (2-4), by Young’s inequality,∫
Rn
+

|∇u|p−2
∇ui
·∇(|u|2−1)ηB(y0,r)(u

i )B+(y0,r) - λ‖∇u‖p
L p(B+(y0,2r))+λ

1−p r−p
‖|u|2−1‖p

L p(B+(y0,2r)).

Secondly, for (2-2) by (2-19) and by Young’s inequality we have for any µ > 0∫
Rn
+

|∇u|p−2
∇ui
·∇(|u|2−1)ηB(y0,r)(u

i )B+(y0,2r)-µ
−1
‖∇u‖p

L p(B+(y0,2r)\B+(y0,r))
+µp−1

‖∇u‖p
L p(B+(y0,2r)).

The last remaining term can be treated in a similar way and we have∫
Rn
+

|∇u|p−2
∇ηB(y0,r) (u

i
− (ui )B+(y0,2r)) · ∇(|u|2− 1) ui

- µ−1
‖∇u‖p

L p(B+(y0,2r)\B+(y0,r))
+µp−1

‖∇u‖p
L p(B+(y0,2r))

and∫
Rn
+

|∇u|p−2
∇ηB(y0,r) (u

i
− (ui )B+(y0,2r)) · ∇(|u|2− 1) ui

- λ‖∇u‖p
L p(B+(y0,2r))+ λ

1−p r−p
‖u− (u)B+(y0,2r)‖

p
L p(B+(y0,2r)).

Combining the estimates of I, II, and III and plugging them into estimates (2-12) and (2-13), we
conclude. �

3. Hölder regularity for the case p = n

For the case p = n, Hölder continuity of the solution u from Theorem 1.2 follows from Proposition 2.1
by a standard iteration argument. For higher regularity, and for p < n, we need to combine the growth
estimates from Proposition 2.1 with the reflection method.

Proposition 3.1 (ε-regularity for p = n: Hölder continuity). Let D ⊂ Rn be a smooth, bounded domain.
Then there are positive constants ε = ε(n, D), α = α(n, D) such that the following holds for p = n:

Any solution u ∈W 1,n(D,RN ) to (1-12) that satisfies, for R > 0 and for x0 ∈ D,∫
B(x0,R)∩D

|∇u|n < ε

is Hölder continuous in B(x0, R/2)∩ D. Moreover, we have the estimate

sup
x,y∈B(x0,R/2)∩D

|u(x)− u(y)|
|x − y|α

- R−α‖∇u‖Ln(B(x0,R)∩D).
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Proof. Let λ := ε1/n and apply Proposition 2.1 to any B(y0, 4r)⊂ B(x0, R/2), for µ > 0 to be chosen
below. We add

Cµ−1
∫

B(y0,r)∩D
|∇u|n

to both sides of (2-2). Then we find

(1+Cµ−1)

∫
B(y0,r)∩D

|∇u|n ≤ C (ε1/n
+µn−1

+µ−1)

∫
B(y0,4r)∩D

|∇u|n.

We choose ε, µ > 0 small enough so that τ < 1, where

τ :=

(
C(ε1/n

+µn−1
+µ−1)

1+Cµ−1

)1/n

.

We have for any B(y0, 4r)⊂ B(x0, R/2)

‖∇u‖Ln(B(y0,r)∩D) ≤ τ‖∇u‖Ln(B(y0,4r)∩D).

Iterating this on successively smaller balls, see, e.g., [Giaquinta 1983, Chapter III, Lemma 2.1], we find
that for a uniform α = α(τ) > 0 and for any B(y0, 4r)⊂ B(x0, R/2),

‖∇u‖Ln(B(y0,r)∩D) -

(
r
R

)α
‖∇u‖Ln(B(x0,R)∩D).

In particular, we have by the Poincaré inequality

sup
B(y0,4r)⊂B(x0,R/2)

r−α−1
‖u− (u)B(y0,r)∩D‖Ln(B(y0,r)∩D) - R−α ‖∇u‖Ln(B(x0,R)∩D).

By the characterization of Campanato spaces and Hölder spaces, e.g., see [Giaquinta 1983, Chapter III,
p. 75], this implies

sup
x,y∈B(x0,R/2)∩D

|u(x)− u(y)|
|x − y|α

- R−α‖∇u‖Ln(B(x0,R)∩D). �

4. Hölder-continuity for solutions to a supercritical system

In Proposition 2.1 we showed that solutions from Theorem 1.2 satisfy certain growth estimates. For
p = n these growth estimates imply Hölder continuity by an iteration argument, as we have seen in
Proposition 3.1.

For p < n more work is needed. The following proposition shows that, under a smallness assumption,
solutions to systems satisfying

| div(|∇u|p−2
∇u)|- |∇u|p (4-1)

are Hölder continuous once the growth conditions from Proposition 2.1 are satisfied, that is, when (4-5)
and (4-6) below are assumed a priori. Observe that without assuming a priori the growth conditions (4-5)
and (4-6) below on the solution u, there is no hope for proving any regularity for solutions to systems that
have the structure of (4-1). Indeed, it is easy to check that log log(2/|x |) and sin log log(2/|x |) satisfy
(4-1) for p = n.
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In the next section, in order to prove Theorem 1.2, we use the reflection method from [Scheven 2006]
to obtain an equation of the form (4-2). Since we already obtained the necessary growth estimates in
Proposition 2.1, the following proposition then leads to regularity.

Proposition 4.1. Let D ⊂ Rn be a smooth, bounded domain and let M be a smooth, compact (n−1)-
dimensional manifold. Assume that u ∈W 1,p(D,RN ) is a solution to

div(|G(x)∇u(x)|p−2 G(x)∇u(x))= fu(x), (4-2)

where fu ∈ L1(D,RN ) satisfies the estimate

| fu(x)| ≤ C |∇u(x)|p (4-3)

and G ∈ C∞(D,GL(n)).
Moreover, assume a priori that for every B(x0, R)⊂ D, λ > 0, such that

sup
B(y0,r)⊂B(x0,R)

r p−n
∫

B(y0,r)
|∇u|p < λp, (4-4)

the solution u already satisfies the following growth condition on any B(y0, 4r)⊂ B(x0, R):
If B(y0, 2r)∩M=∅, then∫

B(y0,r)
|∇u|p ≤ Cλ

∫
B(y0,4r)

|∇u|p +Cλ1−pr−p
∫

B(y0,4r)
|u− (u)B(y0,4r)|

p (4-5)

and, if B(y0, 2r)∩M 6=∅, then∫
B(y0,r)

|∇u|p ≤ Cλ
∫

B(y0,4r)
|∇u|p +Cλ1−pr−p

∫
B(y0,4r)

|u− (u)B(y0,4r)|
p

+Cλ1−pr−p
∫

B(y0,4r)
|u− (u)B(y0,4r)∩M|

p

+Cλ1−pr1−p
∫

B(y0,4r)∩M
|u− (u)B(y0,4r)∩M|

p. (4-6)

Then there exist constants α = α(G, p, n,C, D), ε > 0 such that if (4-4) holds on some B(x0, R) ⊂ D
for λ < ε, then u ∈ Cα(B(x0, R/2),RN ). Moreover, we have the estimate

sup
x,y∈B(x0,R/2)

|u(x)− u(y)|
|x − y|α

≤ C0 R−α
(

sup
B(y0,r)⊂B(x0,R)

r p−n
∫

B(y0,r)
|∇u|p

)1/p

.

The constant C0 depends on M, D, C , and G.

To prove Proposition 4.1 we follow the strategy developed in [Hardt et al. 1986; Hardt and Lin 1987,
Theorem 2.4]. The crucial result is that the equation for u together with the growth assumptions (4-5)
and (4-6) on u imply the following decay estimate.

Proposition 4.2. There are uniform constants ε, θ ∈ (0, 1) and R = R(M) ∈ (0, 1) so that the following
holds:
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Let u and D be as in Proposition 4.1 and assume that for a ball B(x0, R)⊂ D and R ∈ (0, R) it holds

E(x0, R)(u) := sup
B(y0,r)⊂B(x0,R)

r p−n
∫

B(y0,r)
|∇u|p < ε p. (4-7)

Then
E(x0, θR)(u)≤ 1

2 E(x0, R)(u). (4-8)

Proof. It suffices to prove

(θR)p−n
∫

B(y0,θR)
|∇u|p ≤ 1

2 E(x0, R)(u) for any B(y0, 4θR)⊂ B(x0, R/2). (4-9)

Indeed, (4-8) follows from (4-9) by taking smaller θ and observing that B(x1, R1)⊂ B(x2, R2) implies
E(x1, R1)(u)≤ E(x2, R2)(u).

Assume the claim (4-9) is false. Then, for any θ ∈ (0, 1)we have a sequence of balls with B(yi , 4θRi )⊂

B(xi , Ri/2)⊂ D, a sequence (εi )
∞

i=1 satisfying limi→∞ εi = 0, and a sequence (ui )
∞

i=1 ⊂W 1,p(D,RN )

of solutions to (4-2) satisfying the growth assumptions of Proposition 4.1 such that

sup
B(y,r)⊂B(xi ,Ri )

r p−n
∫

B(y,r)
|∇ui |

p
= ε

p
i , (4-10)

but
(θRi )

p−n
∫

B(yi ,θRi )

|∇ui |
p > 1

2ε
p
i . (4-11)

For simplicity, we assume that Ri ≡ R0 and xi ≡ x0 for some R0 > 0 and x0 ∈ Rn.
This is no loss of generality, since we can rescale the maps u by the factor R0/Ri . Observe that this

rescales the manifold M, but in a way that (4-6) still holds. Set

wi :=
1
εi
(ui − (ui )B(x0,R0)).

Clearly,
(wi )B(x0,R0) = 0 for all i ∈ N.

Thus, we can apply the Poincaré inequality and have by (4-10)

sup
i∈N

‖∇wi‖
p
L p(B(x0,R0))

- Rn−p
0 and sup

i∈N

‖wi‖
p
L p(B(x0,R0))

- Rn−p+1
0 .

Thus, up to a subsequence denoted again by wi , we find w ∈W 1,p(B(x0, R0),RN ) such that as i→∞

wi ⇀w weakly in W 1,p(B(x0, R0)),

wi → w strongly in L p(B(x0, R0)),

wi → w strongly in L p(B(x0, R0)∩M, dHn−1),

wi → w Hn-a.e. on B(x0, R0) and Hn−1 -a.e. on B(x0, R0)∩M.

In particular,
(w)B(x0,R0) = 0, (4-12)

and also
‖∇w‖

p
L p(B(x0,R0))

- Rn−p
0 and ‖w‖

p
L p(B(x0,R0))

- Rn−p+1
0 .
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Moreover, for any φ ∈ C∞c (B(x0, R0)),∫
B(x0,R0)

|G∇wi |
p−2 G∇wi · ∇φ = (εi )

1−p
∫

B(x0,R0)

|G∇ui |
p−2 G∇ui · ∇φ.

Now, by (4-2) and (4-3),∣∣∣∣∫
B(x0,R0)

|G∇wi |
p−2 G∇wi · ∇φ

∣∣∣∣- (εi )
1−p
‖φ‖L∞(B(x0,R0)) ‖∇ui‖

p
L p(B(x0,R0))

.

That is, by (4-10)∣∣∣∣∫
B(x0,R0)

|G∇wi |
p−2 G∇wi · ∇φ

∣∣∣∣- ‖φ‖L∞(B(x0,R0))R
n−p
0 εi ≤ εi‖φ‖L∞(B(x0,R0)).

Now as in [Dolzmann et al. 1997, Section 4]

div(|G∇w|p−2 G∇w)= 0 in B(x0, R0). (4-13)

From (4-12) and the Lipschitz estimates for solutions to (4-13), see [Uhlenbeck 1977; Mingione 2011;
Duzaar and Mingione 2011; Kuusi and Mingione 2012, (1.7)], we have for any B(z, r)⊂ B(x0, R0/2)

r−n
∫

B(z,r)
|w− (w)B(z,r)|

p - r p,

and if additionally B(z, r)∩M 6=∅ and r < R for R = R(M) small enough, then

r1−n
∫
M∩B(z,r)

|w− (w)M∩B(z,r)|
p
+ r−n

∫
B(z,r)
|w− (w)M∩B(z,r)|

p - r p.

On the other hand, by strong L p-convergence of wi to w, we find i(θ) ∈ N so that for i ≥ i(θ) and for
any r ∈ (θR0, R0) such that B(z, r)⊂ B(x0, R0)

r1−n
∫

B(z,r)∩M
|wi −w|

p
+ r−n

∫
B(z,r)
|wi −w|

p
≤ θ p.

Combining these estimates we get for any i ≥ i(θ) and for any r ∈ (θR0, R0) such that B(z, r) ⊂
B(x0, R0/2)

r−n
∫

B(z,r)
|ui − (ui )B(z,r)|

p
= ε

p
i r−n

∫
B(z,r)
|wi − (wi )B(z,r)|

p - ε p
i (r

p
+ θ p).

If additionally B(z, r)∩M 6=∅, then

r−n
∫

B(z,r)
|ui − (ui )B(z,r)∩M|

p
= ε

p
i r−n

∫
B(z,r)
|wi − (wi )B(z,r)∩M|

p - ε p
i (r

p
+ θ p)

and

r1−n
∫

B(z,r)∩M
|ui − (ui )B(z,r)∩M|

p - ε p
i (r

p
+ θ p).
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We now apply the growth estimates (4-5) and (4-6) of the solutions ui with λ= ε0 ≥ εi to find

(θR0)
p−n

∫
B(yi ,θR0)

|∇ui |
p
≤ Cε p

i (ε0+ ε
1−p
0 θ p).

Choosing ε0 and θ sufficiently small so that ε0+ε
1−p
0 θ p< 1

2 , we arrive at a contradiction with (4-11). �

Proof of Proposition 4.1. We argue as in the proof of Proposition 3.1: Assume that (4-4) is satisfied
on B(x0, R) for some λ < ε. Iterating the estimate from Proposition 4.2 on successively smaller balls,
see [Giaquinta 1983, Chapter III, Lemma 2.1], we find a small α > 0 such that for all r < R and
B(y0, r)⊂ B(x0, R/2)

r p−n
∫

B(y0,r)
|∇u|p -

(
r
R

)αp

E(x0, R).

In particular, for all r < R and B(y0, r)⊂ B(x0, R/2),

r−αp−n
∫

B(y0,r)
|u− (u)B(y0,r)|

p - r p−αp−n
∫

B(y0,r)
|∇u|p - R−αp E(x0, R).

We conclude by the identification of Campanato and Hölder spaces; see [Giaquinta 1983, Chapter III,
p. 75]. �

5. ε-regularity: proof of Theorem 1.2

The proof of Theorem 1.2 is a combination of the growth estimate for solutions, Proposition 2.1, the
reflection method as in [Scheven 2006], and Proposition 4.1. More precisely, we use the reflection
method to find a solution to (4-2) from Proposition 4.1. The growth estimates (4-5) and (4-6) required in
Proposition 4.1 come from Proposition 2.1: they hold for the unreflected solution and by an easy argument
hold also for the reflection. To set up the reflection method we first gather some standard results.

Lemma 5.1. Let D be a smooth, bounded domain in Rn. There exists some R0 = R0(D) such that the
following holds for any R ∈ (0, R0). Let u ∈W 1,p(D,RN ) be a solution to (1-12) and ε ∈ (0, 1). If

sup
B(y0,r)⊂B(x0,R)

r p−n
∫

B(y0,r)∩D
|∇u|p < ε p (5-1)

and B(x0, R/2)∩ ∂D 6=∅, then

sup
x∈B(x0,R/2)∩D

dist(u(x),SN−1)≤ Cε.

Here C is a constant depending on ∂D.

Proof. Fix x ∈ B(x0, R/2)∩D. Let r := 1
10 dist(x, ∂D). Then by (5-1) and the interior Lipschitz regularity

for the p-Laplace equation, see [Kuusi and Mingione 2012, (1.7)],

|u(x)− (u)B(x,r)|
p - r p−n

∫
B(x,5r)

|∇u|p ≤ ε p.

Denote by z1 ∈ ∂D∩ B(x0, R/2) the projection of x onto ∂D∩ B(x0, R/2). Here we assume that R < R0

for R0 = R0(D) small enough such that z1 is well-defined.
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Let y0, y1, . . . , y10 be pairwise equidistant points on the line [x, z1], where y0 = x and y10 = z1. That
is, |yi − yi+1| = r .

By the triangle inequality, the Poincaré inequality and again by (5-1),

|(u)B(x,r)− (u)B(z1,r)∩D|
p -

10∑
i=0

|(u)B(yi ,r)∩D − (u)B(yi+1,r)∩D|
p

-
10∑

i=0

r p−n
∫

B(yi ,4r)∩D
|∇u|p - ε p.

From the first to second line, before applying the Poincaré inequality, we also used that |yi − yi+1| = r ,
and thus (see footnote 3)

|(u)B(yi ,r)∩D − (u)B(yi+1,r)∩D|
p -

∫
B(yi ,4r)∩D

|u− (u)B(yi ,4r)∩D|
p.

Now for any z2 ∈ ∂D

dist((u)B(z1,r)∩D,SN−1)- r−n
∫

B(z1,r)∩D
|u(z3)− u(z2)| dz3.

Integrating z2 over ∂D ∩ B(z1, r) we find

dist((u)B(z1,r)∩D,SN−1)

- r−n
∫

B(z1,r)∩D
|u(z3)− (u)B(z1,r)∩∂D| dz3+ r1−n

∫
B(z1,r)∩∂D

|u(z2)− (u)B(z1,r)∩∂D| dz2.

By the Poincaré inequality, the trace theorem, and (5-1),

dist((u)B(z1,r)∩D,SN−1)- ε.

Now the claim follows by the triangle inequality for the distance,

dist(u(x),SN−1)≤ |u(x)− (u)B(x,r)| + |(u)B(x,r)− (u)B(z1,r)∩D| + dist((u)B(z1,r)∩D,SN−1). �

As an immediate corollary we obtain:

Corollary 5.2. Let u and D be as in Theorem 1.2. There exists ε0 > 0 such that if B(x0, R/2)∩ ∂D 6=∅
and (5-1) holds for some ε < ε0, then |u|> 1

2 in B(x0, R/2)∩ D.

As a consequence, when we reflect the maps from Theorem 1.2, we obtain a critical equation with the
growth estimates such that Proposition 4.1 is applicable.

Proposition 5.3. Let u and D be as in Theorem 1.2. There exists ε0 = ε0(D) > 0 such that for any
B(x0, 4R)⊂Rn on which u satisfies (5-1) for some ε < ε0 there exists v ∈W 1,p(B(x0, R),RN ) such that

v = u in B(x0, R)∩ D,

| div(|∇v|p−2
∇v)|- |∇v|p in B(x0, R). (5-2)

Moreover, v satisfies the growth conditions from Proposition 4.1.
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Proof. The main point is to prove that v satisfies the growth conditions. The estimate (5-2) follows from
the geometric reflection, more precisely [Scheven 2004, Lemma 2.5]. But for the reader’s convenience
we state the argument in full in the case where the boundary is flat. This means that we work in a ball
B(x0, 4R) such that B+(x0, 4R)⊂ D ⊂ Rn

+
and ∂D ∩ B(x0, 4R)= ∂Rn

+
∩ B(x0, 4R).

If B(x0, R)⊂Rn
+

then we can just take v ≡ u. So assume that B(x0, R)∩∂Rn
+
6=∅. Then for ε0 small

enough we have |u|> 1
2 in B+(x0, R) by Corollary 5.2.

Denote by ũ the even reflection; i.e.,

ũ(x ′, xn) := u(x ′, |xn|).

Moreover, set

σ(q) :=
q
|q|2

, q ∈ Rn
\{0}.

Now we define the geometric reflection v as

v(x) :=
{

u(x), x ∈ B+(x0, R),
σ (ũ(x)), x ∈ B(x0, R)\Rn

+
.

Since |u|> 1
2 and u is uniformly bounded by Lemma A.1, v is well-defined in B(x0, R).

We also set

6i j (q) := ∂iσ
j (q)=

δi j − 2q i q j/|q|2

|q|2
.

That is, for x ∈ B(x0, R)\Rn
+

,

∇v(x)=6(ũ(x))∇ũ(x). (5-3)

Observe that 6 is symmetric, and

6(q)=
1
|q|2

(
I − 2

q
|q|
⊗

q
|q|

)
and that q/|q| is an eigenfunction to the eigenvalue −1/|q|2, and any orthonormal basis of (q/|q|)⊥ is
the basis of the eigenspace of the eigenvalue 1/|q|2. In particular,

|6(q)w| =
1
|q|2
|w| for all w ∈ RN .

Thus,

|∇v(x)| =
{
|∇ũ(x)|, x ∈ B+(x0, R),
|∇ũ(x)|/|ũ(x)|2, x ∈ B(x0, R) \Rn

+
.

(5-4)

Also observe that for |q| = 1,

6(q)v =5(q)v−5⊥(q)v for all v ∈ RN ,

where 5(q) := I − q ⊗ q is the orthogonal projection onto TqSN−1
= q⊥ and 5⊥(q) := q ⊗ q is the

orthogonal projection onto (TqSN−1)⊥ = span{q}.
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Therefore, for φ ∈ C∞c (B(x0, R),RN ), since ∂νu ⊥ TuSN−1,∫
B+(x0,R)

|∇u|p−2
∇u · ∇φ+

∫
B(x0,R)\Rn

+

|∇ũ|p−2
∇ũ · ∇(6(ũ)φ)= 0.

In particular, ∫
B(x0,R)

|∇ũ|p−2
∇v · ∇φ =−

∫
B(x0,R)\Rn

+

|∇ũ|p−2
∇ũ · ∇(6(ũ)) φ.

Combining this with (5-4),∫
B(x0,R)

|∇v|p−2
∇v · ∇(mφ)=−

∫
B(x0,R)\Rn

+

|∇ũ|p−2
∇ũ · ∇(6(ũ)) φ+

∫
B(x0,R)

|∇v|p−2
∇v · ∇m φ,

where

m(x)=
{

1, in B+(x0, R),
|ũ(x)|2(p−2), in B(x0, R) \Rn

+
.

Observe that m(x) and m(x)−1
∈ L∞ ∩W 1,p(B(x0, R)). Now (5-2) follows from (5-4).

It remains to establish the growth estimates from Proposition 4.1 which follow from Proposition 2.1.
Indeed, set M := B(x0, R)∩ ∂Rn

+
.

To obtain (4-5) let B(y0, 4r)⊂ B(x0, R) and B(y0, 2r)∩M=∅. Let us consider first B(y0, 2r)⊂Rn
−

.
Then we observe that by (5-4) combined with the fact that |u|> 1

2 on B+(x0, R) we have
∫

B(y0,r)
|∇v|p -∫

B(ỹ0,r)
|∇u|p, where ỹ0 is the point y0 = (y1

0 , . . . , yn
0 ) reflected along the hyperplane ∂Rn

+
, i.e., ỹ0 =

(y1
0 , . . . ,−yn

0 ). Now applying (2-3) to u, we obtain∫
B(y0,r)

|∇v|p - Cλ
∫

B+(ỹ0,4r)
|∇u|p +Cλ1−pr−p

∫
B+(ỹ0,4r)

|u− (u)B+(ỹ0,4r)|
p

≤ Cλ
∫

B(y0,4r)
|∇v|p +Cλ1−pr−p

∫
B−(y0,4r)

|ũ− (ũ)B−(y0,4r)|
p. (5-5)

To estimate the remaining part we note that since v = ũ/|ũ|2 we have ũ = v/|v|2 in Rn
−

and for any
A ⊂ B(x0, R) \Rn

+
:∫

A

∣∣∣∣ v|v|2 −
(
v

|v|2

)
A

∣∣∣∣p

-
∫

A

∫
A

∣∣∣∣ v(x)|v(x)|2
−

v(y)
|v(x)|2

∣∣∣∣p

+

∫
A

∫
A

∣∣∣∣ v(y)|v(x)|2
−

v(y)
|v(y)|2

∣∣∣∣p

- ‖v−1
‖

2p
L∞

∫
A

∫
A
|v(x)− v(y)|p +‖v−1

‖
3p
L∞

∫
A

∫
A
||v(x)|2− |v(y)|2|p. (5-6)

Now, since for any a, b,

|a|2− |b|2 = (|a| + |b|)(|a| − |b|)≤ (|a| + |b|)|a− b|,

we have ∫
A

∫
A
||v(x)|2− |v(y)|2|p - ‖v‖p

L∞(A)

∫
A

∫
A
|v(x)− v(y)|p

- ‖v‖p
L∞(A)

∫
A
|v− (v)A|

p, (5-7)
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where the last inequality was obtained by adding and subtracting (v)A and by the triangle inequality. We
deduce from (5-6) and (5-7) that∫

A

∣∣∣∣ v|v|2 −
(
v

|v|2

)
A

∣∣∣∣p

- ‖v−1
‖

2p
L∞(A)(1+‖v‖

p
L∞(A)‖v

−1
‖

p
L∞(A))

∫
A
|v− (v)A|

p.

Due to the fact that |u|> 1
2 and u is uniformly bounded we get∫

A
|ũ− (ũ)A|

p -
∫

A
|v− (v)A|

p for any A ⊂ B(x0, R) \Rn
+
. (5-8)

To conclude, we note3 that since B(y0, 2r)⊂ Rn
−

we have |B(y0, 4r)|/|B−(y0, 4r)| ≈ 1; thus∫
B−(y0,4r)

|v− (v)B−(y0,4r)|
p -

∫
B(y0,4r)

|v− (v)B(y0,4r)|
p. (5-9)

Combining estimates (5-5), (5-8), and (5-9) we obtain (4-5). The second case B(y0, 2r)⊂ Rn
+

is easier
and we leave it to the reader.

Finally, for (4-6) we apply (2-4) and observe that |u|2 ≡ 1 on I := B(y0, 4r)∩ ∂Rn
+

. Thus,∫
B+(y0,4r)

||u|2− 1|p - (‖u‖L∞ + 1)
∫

B+(y0,4r)
||u| − (|u|)I |p.

Now

||u(z)| − (|u|)I | ≤
∫
I
||u(z)| − |u(z2)|| dz2 ≤

∫
I
|u(z)− u(z2)| dz2

and thus ∫
B+(y0,4r)

||u| − (|u|)I |p -
∫

B+(y0,4r)
|u− (u)I |p +

∫
I
|u− (u)I |p.

Proposition 5.3 is now established. �

Proof of Theorem 1.2. For p = n, Hölder continuity for u follows from Proposition 3.1. For p < n, it
follows from the combination of Propositions 5.3 and 4.1. Now C1,α-regularity follows from the reflection,
Proposition 5.3, and the fact that a Hölder continuous solution to the reflected system is C1,α for some
α > 0; see [Hardt and Lin 1987, Theorem 3.1] (which is stated for minimizers but actually only uses the
continuity of the solution and the equation). See also [Rivière and Strzelecki 2005, Theorem 1.2].

Note that for p = n there is also a more elegant argument to pass from Cα regularity to C1,α. Testing
(1-12) in x and x+h with φ(x) := η(x)(v(x+h)−v(x)) for a suitable cutoff function η one obtains from
the Hölder continuity of u that for some σ > 0 we have ∇v ∈W 1+σ,n. In particular, by Sobolev embedding
∇v ∈ L(n,1)loc , and by [Duzaar and Mingione 2010] we get a Lipschitz bound for v. Now, C1,α-regularity is
a consequence of the potential estimates for p-Laplace equations; see [Kuusi and Mingione 2012; 2018].
We leave the details to the reader. �

3 Indeed, for any Ã ⊂ A we have by enlarging the domain of integration and applying Jensen’s inequality
∫

Ã |w− (w) Ã|
p -

(|A|/| Ã|)
∫

A |w− (w)A|
p .
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6. Partial regularity: proof of Theorem 1.4

For simplicity we assume in this section that B+(0, R)⊂ D ⊂ Rn
+

and ∂D ∩ B(0, R)= ∂Rn
+
∩ B(0, R).

We begin with recalling that a map u ∈ W 1,p(B+(0, R),RN ) is said to be stationary p-harmonic with
respect to the free boundary condition u(∂D ∩ B(0, R))⊂SN−1 if in addition to (1-9) it is a critical point
of the energy with respect to variations in the domain. The latter is equivalent to u satisfying∫

B+(0,R)
|∇u|p−2(|∇u|2δi j − p ∂i u ∂ j u) ∂iξ

j
= 0 (6-1)

for ξ = (ξ 1, . . . , ξ n) ∈ C∞c (R
n
+
∩ B(0, R),Rn) with ξ(∂Rn

+
)⊂ ∂Rn

+
.

By choosing the test function as ξ(x) := ψ(x)(x0− x) in (6-1), where ψ ∈ C∞c (R
n
+
∩ B(0, R), [0, 1])

is a suitable bump function, one obtains the following.

Lemma 6.1 (monotonicity formula). Let u ∈W 1,p(B+(0, R),RN ) be a stationary p-harmonic map with
respect to the free boundary condition u(B+(0, R)∩ {xn = 0})⊂ SN−1 and let x0 ∈ B+(0, R)∩ {xn = 0}.
Then, the normalized p-energy is monotone. In particular,

r p−n
∫

B+(x0,r)
|∇u|p − ρ p−n

∫
B+(x0,ρ)

|∇u|p = p
∫

B+(x0,r)\B+(x0,ρ)

|x − x0|
p−n
|∇u|p−2

∣∣∣∣∂u
∂ν

∣∣∣∣2 (6-2)

for all 0 < ρ < r < R − |x0|, where ν is the outward-pointing unit normal for ∂B(x0, r), ν(x) :=
(x − x0)/|x − x0|. For x0 ∈ B+(0, R) \ ∂Rn

+
the same holds if r is such that B+(x0, r)= B(x0, r)⊂ Rn

+
.

This well-known fact was proved for Yang–Mills fields and stationary harmonic maps in [Price 1983];
see [Evans 1991; Bethuel 1993; Simon 1996, Section 2.4]. Fuchs [1989] observed that (6-2) holds for
stationary p-harmonic maps. As pointed out in [Scheven 2006, p. 137] the proof holds true in the case of
a free boundary condition.

We will need the following lemma; see, e.g., [Ziemer 1989, Corollary 3.2.3].

Lemma 6.2 (Frostman’s lemma). If f ∈ L p(Rn), p ≥ 1, and 0≤ α < n, then for

E :=
{

x ∈ Rn
: lim sup

r→0
r−α

∫
B(x,r)

| f (y)|p > 0
}
,

we have Hα(E)= 0.

We shall show, using monotonicity formula (6-2) and Frostman’s lemma (Lemma 6.2), that the set
outside which the condition (1-13) is satisfied is of zero (n−p)-Hausdorff measure. We then obtain
Theorem 1.4 from Theorem 1.2.

Proof of Theorem 1.4. Let

S :=
{

x ∈ Rn
+
: lim sup

r→0
r p−n

∫
B+(x,r)

|∇u|p > 0
}
;

by Lemma 6.2, we have Hn−p(S)= 0.



1324 KATARZYNA MAZOWIECKA, RÉMY RODIAC AND ARMIN SCHIKORRA

We define for ε as in Theorem 1.2

6ε :=

{
x ∈ Rn

+
: for all R > 0 sup

|y0−x |<R
sup
ρ<R

ρ p−n
∫

B+(y0,ρ)

|∇u|p ≥ ε
}
;

clearly 6ε is a closed set. We will prove that Hn−p(6ε) = 0. Then Theorem 1.4 is a consequence of
Theorem 1.2.

Let Aε be the set on which the condition (1-13) is satisfied for ε; i.e.,

Aε := Rn
+
\6ε =

{
x ∈ Rn

+
: there exists R > 0 such that sup

|y0−x |<R
sup
ρ<R

ρ p−n
∫

B+(y0,ρ)

|∇u|p < ε
}
.

In order to prove the theorem it suffices to show that (Rn
+
\ S)⊆ Aε .

Let x0 ∈ (R
n
+
\ S), i.e., be such that lim supr→0 r p−n

∫
B+(x0,r)

|∇u|p = 0. There exists an R > 0 such
that

R p−n
∫

B+(x0,R)
|∇u|p < 4p−nε.

We shall show that

sup
|y0−x0|<R/4

sup
ρ <R/4

ρ p−n
∫

B+(y0,ρ)

|∇u|p < ε.

Choose any y0 such that |y0− x0|< R/4 and any radius ρ < R/4. First observe that we may take y0 ∈Rn
+

.
Indeed, suppose that y1 ∈ B(x0, R/4)∩Rn

−
; then for any ρ < R/4 we can choose y0 ∈ B(x0, R/4)∩Rn

+

such that B(y1, ρ)∩Rn
+
⊂ B(y0, ρ)∩Rn

+
. Thus

sup
|y1−x0|<R/4

sup
ρ <R/4

ρ p−n
∫

B+(y1,ρ)

|∇u|p = sup
y0∈B(x0,R/4)∩Rn

+

sup
ρ <R/4

ρ p−n
∫

B+(y0,ρ)

|∇u|p.

Now assume that y0 ∈ ∂Rn
+

. We have B+(y0, ρ)⊂ B+(y0, R/4)⊂ B+(x0, R). Thus

ρ p−n
∫

B+(y0,ρ)

|∇u|p ≤
(

R
4

)p−n ∫
B+(y0,R/4)

|∇u|p ≤ 4n−p R p−n
∫

B+(x0,R)
|∇u|p < ε,

where the first inequality is a consequence of the monotonicity formula (6-2).
Now, let us assume that y0 /∈ ∂Rn

+
. Let ρ̄ = dist(y0, ∂Rn

+
) and ȳ0 be the projection of y0 onto ∂Rn

+
. We

can assume that ρ < ρ̄. Indeed, if not we would have

ρ p−n
∫

B+(y0,ρ)

|∇u|p ≤ ρ p−n
∫

B+(ȳ0,2ρ)
|∇u|p = 2n−p(2ρ)p−n

∫
B+(ȳ0,2ρ)

|∇u|p

≤ 2n−p
(

R
2

)p−n ∫
B+(ȳ0,R/2)

|∇u|p ≤ 4n−p R p−n
∫

B+(x0,R)
|∇u|p < ε.

Next, we note that ρ̄ < R/4 and observe the inclusions

B(y0, ρ)⊂ B(y0, ρ̄)⊂ B+(ȳ0, 2ρ̄)⊂ B+(ȳ0, R/2)⊂ B+(x0, R)
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and the following inequalities which are consequences of the monotonicity formula (6-2):

ρ p−n
∫

B(y0,ρ)

|∇u|p ≤ (ρ̄)p−n
∫

B(y0,ρ̄)

|∇u|p,

(2ρ̄)p−n
∫

B+(ȳ0,2ρ̄)
|∇u|p ≤

(
R
2

)p−n ∫
B+(ȳ0,R/2)

|∇u|p.

Thus

ρ p−n
∫

B(y0,ρ)

|∇u|p ≤ (ρ̄)p−n
∫

B(y0,ρ̄)

|∇u|p ≤ 2n−p(2ρ̄)p−n
∫

B+(ȳ0,2ρ̄)
|∇u|p

≤ 2n−p
(

R
2

)p−n ∫
B+(ȳ0,R/2)

|∇u|p ≤ 4n−p R p−n
∫

B+(x0,R)
|∇u|p < ε,

which gives x0 ∈ Aε .
We conclude 6ε ⊂ S and thus Hn−p(6ε)= 0. �

A Liouville-type result. We note that the monotonicity formula in Lemma 6.1 can be used to prove
partial regularity but also Liouville-type results in the spirit of [Liu 2010]. Indeed, if we work in Rn

+
, for

u ∈ Ẇ 1,p(Rn
+
,RN ) we can say that u is stationary p-harmonic with respect to the free boundary condition

u(∂Rn
+
)⊂ SN−1 if u satisfies (1-9) and∫

Rn
+

|∇u|p−2(|∇u|2δi j − p ∂i u ∂ j u) ∂iξ
j
= 0 (6-3)

for ξ = (ξ 1, . . . , ξ n) ∈ C∞c (R
n
+
,Rn) with ξ(∂Rn

+
)⊂ ∂Rn

+
. We then have:

Proposition 6.3. Let 2 ≤ p < n and u ∈ Ẇ 1,p(Rn
+
,RN ) be such that u is a finite-energy, stationary

p-harmonic map with respect to the free boundary condition u(∂Rn
+
)⊂ SN−1. Then u is constant.

Proof. By contradiction, assume u is not a constant. Then there exists R0 > 0 such that
∫

B+(0,R0)
|∇u|p ≥

c > 0. Now by the monotonicity formula (Lemma 6.1) we have that for any R > R0∫
B+(0,R)

|∇u|p ≥
(

R
R0

)n−p ∫
B+(0,R0)

|∇u|p ≥
(

R
R0

)n−p

c. (6-4)

We can then let R go to +∞ and we obtain that the p-energy of u in Rn
+

is infinite. This is a contradiction
since we assumed that u ∈ Ẇ 1,p(Rn

+
,RN ). �

Appendix: On boundedness of p-harmonic maps

The following lemma is well-known. However, we could not find it explicitly in the literature, so we state
it here for the convenience of the reader.

Lemma A.1. Let D ⊂ Rn be a smooth, bounded domain. Assume that u ∈W 1,p(D,RN ) is a solution to

div(|∇u|p−2
∇u)= 0 in D.

If u|∂D ∈ L∞(∂D), then ‖u‖L∞(D) ≤ ‖u‖L∞(∂D).



1326 KATARZYNA MAZOWIECKA, RÉMY RODIAC AND ARMIN SCHIKORRA

Proof. For scalar functions this is a consequence of the weak maximum principle for the p-Laplacian; see
[Lindqvist 2006, Theorem 2.15]. However, here we work with a system. For ε ∈ (0, 1) we find smooth
solutions uε ∈W 1,p

∩C∞(D,RN ) of the uniformly elliptic system{
div((ε+ |∇uε |2)(p−2)/2

∇uε)= 0 in D,
uε = u on ∂D.

(A-1)

The solution is smooth in the interior, and a direct computation shows that

div((ε+ |∇uε |2)(p−2)/2
∇|uε |2)≥ 0. (A-2)

Thus the weak maximum principle for scalar solutions of uniformly elliptic operators in divergence form
implies

sup
ε∈(0,1)

‖uε‖L∞(D) ≤ ‖u‖L∞(∂D). (A-3)

Moreover, we can test (A-1) with uε − u, which is trivial on ∂D, and thus∫
D
|∇uε |p ≤

∫
D
(ε+ |∇uε |2)(p−2)/2

|∇uε |2 =
∫

D
(ε+ |∇uε |2)(p−2)/2

∇uε · ∇u;

consequently, by Young’s inequality,∫
D
|∇uε |p ≤

1
2

∫
D
|∇uε |p +C

∫
D
|∇u|p +C(|D|, p).

Thus, uε is uniformly bounded in W 1,p,

sup
ε∈(0,1)

∫
D
|∇uε |p <∞. (A-4)

On the other hand, ∫
D
((ε+ |∇uε |2)(p−2)/2

∇uε − |∇u|p−2
∇u) · (∇uε −∇u)= 0.

Applying then the well-known inequality

|a− b|p - (|a|p−2a− |b|p−2b)(a− b),

we find that as ε→ 0 ∫
D
|∇u−∇uε |p - o(1)

∫
D
(|∇u|p−1

+ |∇uε |p−1).

Therefore, in view of (A-4) and the boundedness of D,

uε
ε→0
−−→ u in W 1,p(D).

In particular, up to a subsequence, we have pointwise almost everywhere convergence, and from (A-3)
we have

‖u‖L∞(D) ≤ ‖u‖L∞(∂D). �
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Lemma A.2. Let D ⊂ Rn be a possibly unbounded domain with smooth boundary ∂D. Assume that
p > n− 1 and u ∈ Ẇ 1,p(D,RN ) is a solution to

div(|∇u|p−2
∇u)= 0 in D.

If u|∂D ∈ L∞(∂D), then for every compact set K ⊂ D we have

‖u‖L∞(K ) <∞.

Proof. For compact K we find by Fubini’s theorem a smooth, bounded domain D̃ ⊃ K such that

u|∂ D̃∩D ∈W 1,p.

Since p > n− 1 we conclude that, by Morrey–Sobolev embedding, u is continuous on ∂ D̃ ∩ D, and in
particular u ∈ L∞(∂ D̃). Now we can apply Lemma A.1 to D̃ to obtain the result. �

We now prove a maximum principle analog of Lemma A.1 but for maps defined in the half-space Rn
+

.
We work with maps with finite energy; i.e., we work with

Ẇ 1,p(Rn
+
,RN ) := {v ∈ D′(Rn

+
,RN ) : ∇v ∈ L p(Rn

+
,RN )}.

We remark that a map in Ẇ 1,p(Rn
+
,RN ) is also in L p

loc(R
n
+
,RN ) and hence has a trace on ∂Rn

+
:=Rn−1

×{0}
which is well-defined.

Proposition A.3. Let u ∈ Ẇ 1,p(Rn
+
,RN ) be a solution to

div(|∇u|p−2
∇u)= 0 in Rn

+
,

that is, ∫
Rn
+

|∇u|p−2
∇u · ∇φ = 0 for all φ ∈ C∞c (R

n
+
).

Assume that u|Rn−1×{0} ∈ L∞(Rn−1
×{0}). Then u ∈ L∞(Rn

+
) and

‖u‖L∞(Rn
+)
≤ ‖u‖L∞(∂Rn

+)
.

Proof. We define g := u|Rn−1×{0} and M := ‖g‖L∞(∂Rn
+)

. From Proposition A.4 below we know that u is
the unique minimizer of the energy

∫
Rn
+

|∇v|p in

X := {v ∈ Ẇ 1,p(Rn
+
,RN ) : v|Rn−1×0 = g in the trace sense}.

Now we define

ũ :=
{

u if |u| ≤ M,
Mu/|u| if |u|> M.

By a direct computation we can see ∫
Rn
+

|∇ũ|p ≤
∫

Rn
+

|∇u|p.

Additionally, we have ũ|∂Rn
+
= g. Thus by uniqueness we deduce that ũ = u and |u| ≤ M in Rn

+
. �
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It remains to prove:

Proposition A.4. Let u ∈ Ẇ 1,p(Rn
+
,RN ) be as in Proposition A.3 a solution to

div(|∇u|p−2
∇u)= 0 in Rn

+
.

Let us denote by g = u|Rn−1×0 the trace of u. Then u is the unique minimizer of the energy
∫

Rn
+

|∇v|p in

X := {v ∈ Ẇ 1,p(Rn
+
,RN ) : v|Rn−1×0 = g in the trace sense}.

Proof. By the direct method of calculus of variations we can prove that there exists a minimizer u0 of∫
Rn
+

|∇u|p in X . Besides, by strict convexity of the p-energy we have that this minimizer is unique and it
is the unique critical point of the p-energy in X . That is, there is at most one map with a trace equal to g
which satisfies∫

Rn
+

|∇u0|
p−2
∇u0 · ∇φ = 0 for all φ ∈ Ẇ 1,p(Rn

+
,RN ), φ|Rn−1×{0} = 0. (A-5)

Observe that C∞c (R
n
+
,RN ) is dense in the space

Y := {φ ∈ Ẇ 1,p(Rn
+
,RN ) : φ|Rn−1×{0} = 0},

which can be proven as in, e.g., [Willem 2013, Proposition 6.2.5]. We conclude that there is at most one
map with a trace equal to g which satisfies∫

Rn
+

|∇u0|
p−2
∇u0 · ∇φ = 0 for all φ ∈ C∞c (R

n
+
). (A-6)

This implies the claim. �
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UNIFORM SOBOLEV ESTIMATES FOR SCHRÖDINGER OPERATORS
WITH SCALING-CRITICAL POTENTIALS AND APPLICATIONS

HARUYA MIZUTANI

We prove uniform Sobolev estimates for the resolvent of Schrödinger operators with large scaling-critical
potentials without any repulsive condition. As applications, global-in-time Strichartz estimates including
some nonadmissible retarded estimates, a Hörmander-type spectral multiplier theorem, and Keller-type
eigenvalue bounds with complex-valued potentials are also obtained.

1. Introduction and main results

This paper is a continuation of [Bouclet and Mizutani 2018; Mizutani 2019], where uniform estimates
for the resolvent (H − z)−1 of the Schrödinger operator H = −1+ V (x) on Rn with a real-valued
potential V (x) exhibiting one critical singularity were investigated under some repulsive conditions
so that H is nonnegative and its spectrum σ(H) is purely absolutely continuous. In the present paper
we improve upon and extend those previous results to a class of scaling-critical potentials without any
repulsive condition such that H may have (finitely many) negative eigenvalues and multiple scaling-
critical singularities. Applications to Strichartz estimates, a Hörmander-type multiplier theorem for H
and eigenvalue bounds for H +W with complex potential W are also established.

We first recall some known results in the free case, H =−1, describing the motivation of this paper.
The classical Hardy–Littlewood–Sobolev (HLS for short) inequality states that

‖(−1)−s/2 f ‖Lq ≤ C‖ f ‖L p

for f ∈ S(Rn), 0 < s < n, 1 < p < q <∞ and 1/p− 1/q = s/n, where S(Rn) denotes the space of
Schwarz functions, (−1)−s/2

= F−1
|ξ |−sF is the Riesz potential of order s and F stands for the Fourier

transform in Rn. An equivalent form is Sobolev’s inequality

‖ f ‖Lq ≤ C‖(−1)s/2 f ‖L p .

When s = 2, the HLS inequality can be regarded as the L p-Lq boundedness of the free resolvent
(−1− z)−1 at z = 0. In this context, the HLS inequality was extended to nonzero energies z 6= 0 in
[Kenig, Ruiz, and Sogge 1987; Kato and Yajima 1989; Gutiérrez 2004] as follows:

MSC2010: primary 35P25, 35J10; secondary 35P15, 35Q41.
Keywords: uniform Sobolev estimate, limiting absorption principle, Strichartz estimate, spectral multiplier theorem, eigenvalue

bounds, Schrödinger equation.
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Proposition 1.1 (uniform Sobolev estimates). Let n ≥ 3, 1≤ r ≤∞ and (p, q) satisfy

2
n+1

≤
1
p
−

1
q
≤

2
n
,

2n
n+3

< p < 2n
n+1

,
2n

n−1
< q < 2n

n−3
. (1-1)

Then the free resolvent R0(z)= (−1− z)−1 satisfies

‖R0(z) f ‖Lq,r ≤ C |z|(n/2)(1/p−1/q)−1
‖ f ‖L p,r (1-2)

uniformly in f ∈ L p,r (Rn), z ∈ C \ [0,∞) and r , where L p,r (Rn) denotes the Lorentz space.

Sketch of proof. By virtue of real interpolation (see Theorem A.1 in the Appendix), we may replace
without loss of generality L p,r and Lq,r by L p and Lq, respectively. Then the case 1/p+ 1/q = 1 was
proved independently by [Kenig, Ruiz, and Sogge 1987, Theorem 2.3] and [Kato and Yajima 1989, (3.29),
p. 493]; the case 1/p− 1/q = 2/n is due to [Kenig, Ruiz, and Sogge 1987, Theorem 2.2]; otherwise, we
refer to [Gutiérrez 2004, Theorem 6]. �

Note that, when 1/p− 1/q = 2/n, the estimate is uniform in z, as its name suggests.
Uniform Sobolev estimates can be used in the study of broad areas including the spectral and scattering

theory for Schrödinger operators. In [Kenig, Ruiz, and Sogge 1987], the authors applied (1-2) to study
unique continuation properties of−1+V with V ∈ Ln/2. In [Kato and Yajima 1989; Goldberg and Schlag
2004; Ionescu and Schlag 2006], (1-2) was used to show the limiting absorption principle and asymptotic
completeness of wave operators for−1+L with a large class of singular perturbations L . In [Frank 2011],
(1-2) was used to prove the Keller-type inequality for −1+W (x) with a complex potential W ∈ L p with
some p≥ n/2, which is a quantitative estimate of the spectral radius of σp(−1+W ). In [Gutiérrez 2004],
(1-2) was applied to show the existence of Lq-solutions for the stationary Ginzburg–Landau equation
under some radiation condition.

In a more abstract setting, the following observations are satisfied for not only 1 but also a general
nonnegative self-adjoint operator L on L2(X, µ):

• The uniform Sobolev estimate with p = 2n/(n+ 2) and q = 2n/(n− 2) implies that, for any w ∈ Ln,
the weighted resolvent w(L − z)−1w is bounded on L2 uniformly in z ∈ C \ [0,∞). As observed by
[Kato 1966; Kato and Yajima 1989; Rodnianski and Schlag 2004], such a weighted estimate is closely
connected with dispersive properties of the solution to (1-4) such as Kato-smoothing effects, time-decay
and Strichartz estimates, which are fundamental tools in the study of nonlinear Schrödinger equations;
see [Tao 2006].

• Uniform Sobolev estimates imply that the spectral measure d EL(λ) associated with L is bounded from
L p to L p′ for

2n
n+2

≤ p ≤ 2(n+1)
n+3

.

This is an important input to prove the Hörmander-type theorem on the L p boundedness of the spectral
multiplier f (L); see [Chen, Ouhabaz, Sikora, and Yan 2016].
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Motivated by those observations, we are interested in extending (1-2) to the Schrödinger operator
H =−1+ V (x). If V is of very short range type in the sense that, with some ε > 0,

|V (x)| ≤ C(1+ |x |)−2−ε, x ∈ Rn, (1-3)

then there is a vast literature on uniform weighted L2-estimates for (H − z)−1 without any additional
repulsive condition such as suitable smallness of the negative part of V ; see, e.g., [Jensen and Kato 1979;
Rodnianski and Tao 2015]. Weighted L2-estimates were also obtained for a class of potentials satisfying
|x |2V ∈ L∞ under some additional repulsive conditions [Burq, Planchon, Stalker, and Tahvildar-Zadeh
2004; Barceló, Vega, and Zubeldia 2013]. In our previous works [Bouclet and Mizutani 2018; Mizutani
2019], we proved uniform Sobolev estimates for H with a class of critical potentials V ∈ Ln/2,∞ under
some repulsive conditions so that H has purely absolutely continuous spectrum. However, in these works,
the range of (p, q) has been restricted on the line 1/p+ 1/q = 1. Furthermore, the situation for (large)
critical potentials without any repulsive condition is less understood.

The main goal of this paper is to prove the full set of uniform Sobolev estimates for H =−1+ V (x)
with a large scaling-critical potential V ∈ Ln/2,∞

0 without any repulsive condition. The following three
types of applications are also established in the paper:

(i) We prove global-in-time Strichartz estimates for the Schrödinger equation

i∂t u(t, x)= Hu(t, x)+ F(t, x), (t, x) ∈ R1+n, u(0, x)= ψ, x ∈ Rn, (1-4)

for all admissible cases and several nonadmissible cases.

(ii) A Hörmander-type spectral multiplier theorem for f (H) is obtained provided that H is nonnegative.

(iii) We obtain Keller-type estimates for the eigenvalues (including possible embedded eigenvalues) of
the operator H +W with complex potentials W ∈ L p, n/2< p ≤ (n+ 1)/2.

Finally, we mention that the results in this paper could be used to study spectral and scattering theory
for both linear and nonlinear Schrödinger equations with potentials V ∈ Ln/2,∞

0 .

Notation. A . B (resp. A & B) means A ≤ cB (resp. A ≥ cB) with some universal constant c > 0.
By 〈x〉 we denote

√
1+ |x |2 and we set C± := {z ∈ C | ± Im z > 0}. Given two Banach spaces X

and Y, B(X, Y ) is the Banach space of bounded linear operators from X to Y and B(X) = B(X, X),
and B∞(X, Y ) and B∞(X) are families of compact operators. By 〈 f, g〉 =

∫
f ḡ dx we denote the inner

product in L2. We also use the same notation 〈 · , · 〉 for the dual coupling between L p and L p′, where
p′ = p/(p− 1) denotes the Hölder conjugate of p. L p

t Xx = L p(R;X) is the Bochner–Lebesgue space
with norm ‖F‖L p

t X
=‖‖F(t, x)‖Xx

‖L p
t
. L p

T Lq
x := L p([−T, T ]; Lq(Rn)). Let 〈 · , · 〉T be the inner product

in L2
T L2

x defined by

〈F,G〉T =
∫ T

−T
〈F( · , t),G( · , t)〉 dt.

Hs(Rn) and Ḣs(Rn) are inhomogeneous and homogeneous L2-Sobolev spaces, respectively. Ws,p(Rn)

is the L p-Sobolev space. L p,q(Rn) denotes the Lorentz space (see the Appendix).
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1A. Main results. Throughout the paper we assume that n ≥ 3 and that V ∈ Ln/2,∞
0 (Rn) is a real-valued

function, where L p,∞
0 (Rn) is the completion of C∞0 (R

n) with respect to the norm ‖ · ‖L p,∞ . It follows
from Hölder’s and Sobolev’s inequalities for Lorentz norms (see the Appendix) that V is 1-form compact.
Then the KLMN theorem [Reed and Simon 1975, Theorem X.17] yields that there exists a unique lower
semibounded self-adjoint operator H on L2(Rn) with form domain H1(Rn) such that

〈Hu, v〉 = 〈(−1+ V )u, v〉, u ∈ D(H), v ∈H1(Rn),

and that its domain D(H) = {u ∈ H1(Rn) | Hu ∈ L2(Rn)} is dense in H1(Rn). In other words, H is
defined as the Friedrichs extension of the sesquilinear form 〈(−1+ V )u, v〉.

Remark 1.2. Note that Ln/2,q ↪→ Ln/2,∞
0 for all 1≤ q <∞. Also note that the class Ln/2,∞

0 is scaling-
critical in the sense that the norm ‖V ‖Ln/2,∞ is invariant under the scaling V 7→Vλ, where Vλ(x)=λ2V (λx).
In particular, if V itself is invariant under this scaling, the potential energy 〈V u, u〉 has the same scale-
invariant structure as that for the kinetic energy 〈−1u, u〉.

Let E ⊂ σ(H) be the exceptional set of H, the set of all eigenvalues and resonances of H (see
Definition 2.6). Note that E ∩ (−∞, 0) is equal to σd(H), the discrete spectrum of H, and that E is
bounded in R (see Remark 3.4). For the absence of embedded eigenvalues and resonances, we have the
following simple criterion (see also Remark 1.18):

Lemma 1.3. Let V be as above. Then the following statements are satisfied:

(1) If V ∈ Ln/2 then there are no positive eigenvalues and resonances; that is, E∩ (0,∞)=∅.

(2) If −1+ V ≥−δ1 with some δ > 0 in the sense of forms on C∞0 then 0 /∈ E.

Proof. The proof will be given in Section 2B. �

Define Eδ := {z ∈ C | dist(z,E) < δ} if E 6=∅ and Eδ :=∅ if E=∅. For z ∈ C \σ(H), we denote the
resolvent of H by R(z)= (H − z)−1.

Then the main result in this paper is as follows.

Theorem 1.4. Suppose that (p, q) satisfies (1-1). Then R(z) extends to a bounded operator from L p,2 to
Lq,2 for all z ∈ C \ σ(H). Moreover, for any δ > 0 there exists Cδ > 0 such that

‖R(z) f ‖Lq,2 ≤ Cδ|z|(n/2)(1/p−1/q)−1
‖ f ‖L p,2 (1-5)

for all z ∈C\ ([0,∞)∪Eδ) and f ∈ L p,2. In particular, if E=∅, then (1-5) holds uniformly with respect
to z ∈ C \ [0,∞) and f ∈ L p,2.

As a corollary, the limiting absorption principle in the same topology is derived.

Corollary 1.5. Let (p, q) satisfy (1-1). Then the following statements are satisfied:

(1) The boundary values R(λ± i0) = limε↘0 R(λ± iε) ∈ B(L p,2, Lq,2) exist for all λ ∈ (0,∞) \ E.
Moreover, for any δ > 0 there exists Cδ > 0 such that

‖R(λ± i0) f ‖Lq,2 ≤ Cδλ(n/2)(1/p−1/q)−1
‖ f ‖L p,2, f ∈ L p,2(Rn), λ ∈ (0,∞) \Eδ. (1-6)

In particular, if E∩ [0,∞)=∅, then (1-6) holds uniformly in λ > 0.
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(2) Assume in addition that 1/p − 1/q = 2/n and 0 /∈ E. Then R(0± i0) ∈ B(L p,2, Lq,2) exist and
R(0+ i0)= R(0− i0). Moreover, H R(0+ i0) f = f and R(0+ i0)Hg = g for all f, g ∈ S in the
sense of distributions. In particular, one has the HLS-type inequality

‖H−1 f ‖Lq,2 ≤ C‖ f ‖L p,2, f ∈ L p,2(Rn). (1-7)

As a byproduct of Theorem 1.4, we also obtain the L p-Lq boundedness of R(z) for fixed z with a
wider range than (1-1).

Corollary 1.6. For any z ∈ C \ σ(H), the resolvent R(z) is bounded from L p,2 to Lq,2 whenever

0≤ 1
p
−

1
q
≤

2
n
,

2n
n+3

< p, q < 2n
n−3

. (1-8)

In particular, D(H)⊂ D(w) for any w ∈ Ln/s,∞ with 0≤ s < 3
2 . Here D(w) denotes the domain of the

multiplication operator by w(x).

Remark 1.7. Since L p ↪→ L p,2 and Lq,2 ↪→ Lq if p ≤ 2 ≤ q, one has B(L p,2, Lq,2) ⊂ B(L p, Lq).
Moreover, by virtue of real interpolation (see Theorem A.1), Theorem 1.4 and Corollaries 1.5 and 1.6
also hold with L p,2 and Lq,2 replaced respectively by L p,r and Lq,r for any 1≤ r ≤∞.

As explained in the Introduction, the resolvent R(z) has a close relation with the spectral measure EH

associated with H through Stone’s formula

E ′H (λ)=
1

2π i
lim
ε↘0

(R(λ+ iε)− R(λ− iε)), λ ∈ (0,∞) \ σp(H), (1-9)

where E ′H (λ) = (d EH/dλ)(λ) is the density of EH . Using this formula and above theorems, we also
obtain the following restriction-type estimates.

Theorem 1.8. Assume that E∩ [0,∞)=∅. Then, for any

2n
n+3

< p ≤ 2(n+1)
n+3

,

we have
‖E ′H (λ)‖B(L p,L p′ ) ≤ Cλ(n/2)(1/p−1/p′)−1, λ > 0. (1-10)

Remark 1.9. The existence of R(λ± i0) in B(L2(n+1)/(n+3), L2(n+1)/(n−1)) for each λ > 0 was proved
in [Ionescu and Schlag 2006] for the case when V ∈ L p with n/2≤ p ≤ (n+1)/2. The uniform estimate
(1-6) in the high energy regime λ ≥ λ0 > 0 was obtained in [Goldberg and Schlag 2004] for the case
when n = 3, V ∈ L3/2

∩ Lr with r > 3
2 and (p, q)=

( 4
3 , 4

)
. Recently, (1-6) for λ > 0 and

(p, q)=
(2(n+1)

n−1
,

2(n+1)
n+3

)
was proved in [Huang, Yao, and Zheng 2018] provided that V ∈ Ln/2

∩Ln/2+ε and 0 /∈ E (note that, in this
case, E∩(0,∞)=∅ as in Lemma 1.3). Compared with those previous works, the main new contributions
of Theorem 1.4 and Corollary 1.5 are threefold. At first, we obtain the uniform estimates (1-5) and (1-6)
with respect to z or λ in both high- and low-energy regimes, under the condition E∩[0,∞)=∅. This is an
important input to prove global-in-time Strichartz estimates without any low- or high-energy cut-off. Next,
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the full set of uniform Sobolev estimates is obtained, while the above previous references considered the
case 1/p+1/q = 1 only. In particular, (1-5) and (1-6) for (p, q) away from the line 1/p+1/q = 1 seems
to be new even under the condition (1-3). Such “off-diagonal” estimates play an important role in the proof
of Strichartz estimates for nonadmissible pairs and L p-boundedness of the spectral multiplier f (H) for a
wider range of p than that obtained by the “diagonal” estimate on the line 1/p+ 1/q = 1 (see Sections 4
and 5, respectively). Finally, we obtain the above results for large critical potentials V ∈ Ln/2,∞

0 without
any additional regularity or repulsive condition. Concerning L p-Lq boundedness of R(z) for each z ∈C\

[0,∞), a result similar to Corollary 1.6 was previously obtained in [Simon 1982] for Kato class potentials.
However, to our best knowledge, this corollary seems to be new for the present class of potentials.

In this paper we also study several applications of the above resolvent estimates to the time-dependent
problem, harmonic analysis and spectral theory associated with H.

We first consider global-in-time estimates for the Schrödinger equation (1-4). Let e−i t H be the unitary
group generated by H via Stone’s theorem. For F ∈ L1

loc(R; L
2(Rn)), we define

0H F(t)=
∫ t

0
e−i(t−s)H F(s) ds.

For ψ ∈ L2(Rn) and F ∈ L1
loc(R; L

2(Rn)), a unique (mild) solution to (1-4) is then given by

u = e−i t Hψ − i0H F. (1-11)

The next theorem generalizes a result in [Ben-Artzi and Klainerman 1992], where the case when |V (x)|.
〈x〉−2−ε was considered.

Theorem 1.10. Assume that E∩ [0,∞)=∅. Then, for any ρ > 1
2 ,

‖〈x〉−ρ |D|1/2e−i t H Pac(H)ψ‖L2
t L2

x
≤ Cρ‖ψ‖L2

x
,

where Pac(H) is the projection onto the absolutely continuous subspace associated with H.

To state the result on Strichartz estimates, we recall some standard notation.

Definition 1.11. When n ≥ 3, a pair (p, q) ∈ R2 is said to be admissible if

p, q ≥ 2, 2
p
= n

(1
2
−

1
q

)
. (1-12)

Theorem 1.12. Suppose that E∩ [0,∞)=∅. Then, for any admissible pairs (p1, q1) and (p2, q2), the
solution u to (1-4) satisfies

‖Pac(H)u‖L
p1
t L

q1
x
. ‖ψ‖L2 +‖F‖

L
p′2
t L

q′2
x
, ψ ∈ L2, F ∈ L

p′2
t L

q ′2
x . (1-13)

For any
n

2(n−1)
≤ s ≤ 3n−4

2(n−1)
,

we also obtain nonadmissible inhomogeneous Strichartz estimates:

‖0H Pac(H)F‖L2
t L2n/(n−2s)

x
. ‖F‖L2

t L2n/(n+2(2−s))
x

, F ∈ L2
t L2n/(n+2(2−s))

x . (1-14)
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Remark 1.13. For the admissible case or the case when
n

2(n−1)
< s < 3n−4

2(n−1)
,

we can actually obtain stronger estimates than (1-13) and (1-14):

‖Pac(H)u‖L
p1
t L

q1,2
x
. ‖ψ‖L2 +‖F‖

L
p′2
t L

q′2,2
x
,

‖0H Pac(H)F‖L2
t L2n/(n−2s),2

x
. ‖F‖L2

t L2n/(n+2(2−s)),2
x

,
n

2(n−1)
< s < 3n−4

2(n−1)
,

Inhomogeneous estimates for some other nonadmissible pairs may be also deduced from (1-14) and
usual inhomogeneous estimates. For instance, if we interpolate between (1-14) and the trivial estimate
‖0H Pac(H)F‖L∞t L2

x
≤ ‖F‖L1

t L2
x

then

‖0H Pac F‖L p
t Lq

x
. ‖F‖

L p̃′
t L q̃′

x
,

where
n

2(n−1)
≤ s ≤ 3n−4

2(n−1)
and n

s

(1
2
−

1
q

)
=

2
p
=

2
p̃
=

n
2−s

(1
2
−

1
q̃

)
.

Inhomogeneous Strichartz estimates with nonadmissible pairs for the free Schrödinger equation have
been studied by several authors [Kato 1994; Keel and Tao 1998; Foschi 2005; Vilela 2007; Koh and Seo
2016] under suitable conditions on (p, q); see [Foschi 2005; Koh and Seo 2016]. The estimates (1-14)
correspond to the endpoint cases for such conditions. It is also worth noting that, as well as the estimates
for admissible pairs, nonadmissible estimates can be used in the study of nonlinear Schrödinger equations;
see [Kato 1994].

Remark 1.14. There is a vast literature on Strichartz estimates for Schrödinger equations with potentials.
We refer to [Rodnianski and Schlag 2004; Goldberg 2009; Beceanu 2011; Bouclet and Mizutani 2018]. We
also note that the dispersive L1-L∞ estimate for e−i t H Pac(H) and L p-boundedness of wave operators W±,
which imply Strichartz estimates, have been also extensively studied; see [Rodnianski and Schlag 2004;
Beceanu and Goldberg 2012; Yajima 1995; Beceanu 2014]. In particular, Goldberg [2009] proved the
endpoint Strichartz estimates for e−i t H Pac under the conditions V ∈ Ln/2, 0 /∈ E and n ≥ 3. When
n = 3, Strichartz estimates for all admissible cases and some nonadmissible cases (which are different
from (1-14)) for V ∈ L3/2,∞

0 were obtained in [Beceanu 2011]. Compared with those previous works, a
new contribution of this theorem is that we obtain the full set of admissible Strichartz estimates (1-13),
including the inhomogeneous double endpoint case for all n ≥ 3. Moreover, nonadmissible estimates
(1-14) are new even for V ∈ Ln/2.

The next application of resolvent estimates in this paper is the L p-boundedness of the spectral multiplier
F(H), which is defined by the spectral decomposition theorem, namely

F(H)=
∫
σ(H)

F(λ) d EH (λ).

For the free case H =−1, Hörmander’s multiplier theorem [1960] implies that if F ∈ L∞ satisfies

sup
t>0
‖ψ( · )F(t · )‖Hβ <∞, (1-15)
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with some nontrivial ψ ∈C∞0 (R) supported in (0,∞) and β > n/2, then F(−1) is bounded on L p for all
1< p <∞. The following theorem is a generalization of this result to nonnegative Schrödinger operators
with scaling-critical potentials.

Theorem 1.15. Suppose that E∩ [0,∞) = ∅ and H ≥ 0. Then, for any F ∈ L∞(R) satisfying (1-15)
with some nontrivial ψ ∈ C∞0 (R) supported in (0,∞) and β > 3

2 , F(
√

H) is bounded on L p for all

2n
n+3

< p < 2n
n−3

and satisfies
‖F(
√

H)‖B(L p) ≤ C(sup
t>0
‖ψ( · )F(t · )‖Hβ + |F(0)|). (1-16)

It is easy to check that F satisfies (1-15) if and only if G(λ)= F(λ2) does. Therefore, (1-16) also holds
with F(

√
H) replaced by F(H). Also note that, in the proof of this theorem, the restriction estimates

(1-10) will play an essential role and the restriction for the range of p when n ≥ 4 is due to the condition
p > 2n/(n+ 3) for (1-10).

Remark 1.16. Some applications of Theorem 1.15 will be also established (see Section 5). First we
obtain the equivalence between the Sobolev norms ‖(−1)s/2u‖L2 and ‖H s/2u‖L2 for 0≤ s < 3

2 . Then we
shall prove square function estimates for the Littlewood–Paley decomposition via the spectral multiplier
associated with H. These are known to play an important role in the study of nonlinear Schrödinger
equations with potentials; see, e.g., [Killip, Miao, Visan, Zhang, and Zheng 2018].

Remark 1.17. If the Schrödinger semigroup e−t H satisfies the Gaussian estimate or some generalized
Gaussian-type estimates, then Hörmander’s multiplier theorem for F(H) has been extensively studied;
see [Chen, Ouhabaz, Sikora, and Yan 2016]. Compared with such cases, the interest of Theorem 1.15 is
that we obtain Hörmander’s multiplier theorem under a scaling-critical condition V ∈ Ln/2,∞

0 , while it is
not known for such a class of potentials whether H satisfies (generalized) Gaussian estimates or not, even
if H is assumed to be nonnegative.

Remark 1.18. To ensure the nonnegativity of H, it suffices to assume ‖V−‖Ln/2,∞ ≤ S−1
n , where V− =

max{0,−V } is the negative part of V and

Sn :=
n(n−2)

4
22/nπ1+1/n0

(n+1
2

)−2/n

is the best constant in Sobolev’s inequality. ‖ f ‖L2n/(n−2) ≤ Sn‖∇ f ‖L2 . Moreover, if ‖V−‖Ln/2 < S−1
n then

0 /∈ E by Lemma 1.3.

The last application of Theorem 1.4 in the paper is the Keller-type inequality for individual eigenvalues
of a non-self-adjoint Schrödinger operator. Let 0<γ <∞ and W ∈ Ln/2+γ (Rn

;C) be a possibly complex-
valued potential. Then W is H -form compact and we define the operator HW = H +W as a form sum.
Under this setting, it is known that σ(HW ) is contained in a sector {z∈C | | arg(z−z0)|≤ θ} for some z0∈R

and θ ∈
[
0, π2

)
(see [Kato 1966]), but the point spectrum σp(HW ) could be unbounded in C in general even

if V ≡ 0 and W is smooth. The following theorem, however, shows that this is not the case if 0< γ ≤ 1
2 .
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Theorem 1.19. Let δ > 0. If 0< γ ≤ 1
2 , any eigenvalue E ∈ C \Eδ of HW satisfies

|E |γ ≤ Cγ,δ‖W‖
n/2+γ
Ln/2+γ . (1-17)

Moreover, if γ > 1
2 , any eigenvalue E ∈ C \Eδ of HW satisfies

|E |1/2 dist(E, [0,∞))γ−1/2
≤ Cγ,δ‖W‖

n/2+γ
Ln/2+γ . (1-18)

Here the constant Cγ,δ = C(γ, δ, n, V ) > 0 may be taken uniformly in W.

Remark 1.20. Theorem 1.19 implies the following spectral consequence. If 0< γ ≤ 1
2 then

σp(HW )⊂ Eδ ∪ {z ∈ C | |z|γ ≤ Cγ,δ‖W‖
n/2+γ
Ln/2+γ }.

In particular, since E is bounded in R (see Remark 3.4), σp(HW ) is bounded in C. On the other hand, if
γ > 1

2 and Re E > 0, then E satisfies

|Im E | ≤ Cγ,δ|E |−1/(2(γ−1/2))
‖W‖(n+2γ )/(2γ−1)

Ln/2+γ .

This implies that, for any sequence {E j } ⊂ σp(HW ) \ [0,∞) satisfying Re E j →+∞ as j →∞, we
have |Im E j | → 0 as j→∞.

Remark 1.21. For a complex potential W (x), the estimates (1-17) and (1-18) were first proved by Frank
[2011; 2018] for the case when −1+W (x) and then extended to the operator −1− a|x |−2

+W (x)
with a ≤ (n− 2)− 2

4 by [Mizutani 2019]. In both cases, the free Hamiltonians −1 and −1− a|x |−2 are
nonnegative and purely absolutely continuous. Theorem 1.19 shows that the same result still holds even
if the free Hamiltonian has (embedded) eigenvalues or resonances.

The rest of the paper is devoted to the proof of above results. We here outline the plan of the paper,
describing rough idea of the proofs. Following the classical scheme, the proof of the uniform Sobolev
estimates is based on the resolvent identity R(z)= (I + R0(z)V )−1 R0(z).

In Section 2 we collect several properties on the free resolvent R0(z) used throughout the paper and,
then, study basic properties of the exceptional set E. In particular, we show that R0(z)V extends to a
B∞(Lq)-valued continuous function on C+. This fact plays an important role to justify the above resolvent
identity. The proof of Lemma 1.3 is also given in Section 2.

Using materials prepared in Section 2 and the Fredholm alternative theorem, we prove Theorem 1.4,
Corollaries 1.5 and 1.6 and Theorem 1.8 in Section 3.

Section 4 is devoted to proving Theorems 1.10 and 1.12. The proof follows an abstract scheme by
[Rodnianski and Schlag 2004] (see also [Burq, Planchon, Stalker, and Tahvildar-Zadeh 2004; Bouclet
and Mizutani 2018]), which is based on Duhamel’s formulas

e−i t H
= ei t1

− i00V0H , 0H = 00− i00V0H ,

where 00 = 0−1. Using these identities, the proof can be reduced to that of corresponding estimates for
the free propagators ei t1 and 00, which are well known, and L2

t L2
x estimates for V1e−i t H Pac(H) and
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V10H Pac(H)V2 with a suitable decomposition V = V1V2. Kato’s smooth perturbation theory [1966]
allows us to deduce such L2

t L2
x -estimates from the resolvent estimate

sup
z∈C\R

‖V1 R(z)Pac(H)V2‖B(L2) <∞,

which follows from uniform Sobolev estimates for Pac(H)R(z) (which are also proved as a corollary
of Theorem 1.4 in the end of Section 3) and Hölder’s inequality. A rigorous justification of the above
Duhamel’s formulas in the sense of forms are also given in Section 4.

Proofs of the spectral multiplier theorem and its applications are given in Section 5. The proof of
Theorem 1.15 employs an abstract method by [Chen, Ouhabaz, Sikora, and Yan 2016], which allows us
to deduce Theorem 1.15 from the restriction estimates (1-10) and the so-called Davies–Gaffney estimate
for the Schrödinger semigroup e−t H. In the proof of the Davies–Gaffney estimate, we use the condition
that H is nonnegative.

Section 6 is devoted to the proof of Theorem 1.19, which follows basically the same line as in [Frank
2011; 2018] and is based on the estimates (1-5), (1-6) and the Birman–Schwinger principle.

The Appendix is devoted to a brief introduction of real interpolation and Lorentz spaces.

2. Preliminaries

In this section we first study several properties of the free resolvent, which will often appear in the sequel.
The second part is devoted to a detailed study of the exceptional set of H.

2A. The free resolvent. For z /∈ C \ [0,∞), R0(z)= (−1− z)−1 denotes the free resolvent, which is
defined as a Fourier multiplier with symbol (|ξ |2− z)−1. The integral kernel of R0(z) is given by

R0(z, x, y)=
i
4

(
z1/2

2π |x − y|

)n/2−1

H (1)
n/2−1(z

1/2
|x − y|), Im z1/2 > 0,

where H (1)
n/2−1 is the Hankel function of the first kind. The pointwise estimate

|H (1)
n/2−1(w)| ≤ Cn

{
|w|−n/2+1 for |w| ≤ 1,
|w|−1/2 for |w|> 1,

then implies that there exists Cn > 0 depending only on n such that

|R0(z, x, y)| ≤ Cn(|x − y|−n+2
+ |x − y|−(n−1)/2)〈z〉(n−3)/4

; (2-1)

see [Jensen 1980]. For s ∈ R, we let L2
s = L2(Rn, 〈x〉2sdx) and H2

s = {u | ∂
αu ∈ L2

s , |α| ≤ 2}. Then the
following limiting absorption principle in weighted L2-spaces is well known; see [Agmon 1975; Jensen
and Kato 1979; Jensen 1980; 1984].

Lemma 2.1. Let s > (n + 1)/2. Then R0(z) is bounded from L2
s to L2

−s uniformly in z ∈ C \ [0,∞).
Moreover, the following statements are satisfied:

• Boundary values R0(λ ± i0) = limε→0 R0(λ ± iε) ∈ B∞(L2
s , L2
−s) exist on [0,∞) such that

R0(0± i0)= (−1)−1. Moreover, R0(λ± i0) ∈ B∞(L2
s ,H

2
−s) if λ > 0.
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Figure 1. The set of (1/p, 1/q) satisfying (1-1) is the trapezium AB B ′A′ with two
closed line segments AB, B ′A′ removed. The set of (1/p, 1/q) satisfying (1-8) is the
trapezium ACC ′A′ with two closed line segments AC , C ′A′ removed.

• Define the extended free resolvent R±0 (z) by R±0 (z)= R0(z) if z ∈C\[0,∞) and R±0 (z)= R0(z± i0)
if z ≥ 0. Then R±0 (z) are B∞(L2

s , L2
−s)-valued continuous functions on C±.

• For any z ∈ C+ and f ∈ L2
s , we have (−1− z)R±0 (z) f = f in the sense of distributions.

The following corollaries are immediate consequences of Lemma 2.1 and Proposition 1.1.

Corollary 2.2. Let (p, q) satisfy (1-1) and

2n
n+3

< r < 2n
n+1
;

see Figure 1. Then:

(1) R±0 (z) extend to elements in B(L p,2, Lq,2) and satisfy

‖R±0 (z)‖B(L p,2,Lq,2)
≤ C |z|(n/2)(1/p−1/q)−1, z ∈ C± \ {0}. (2-2)

(2) For any f ∈ L p,2 and g ∈ Lq ′,2, we have 〈R±0 (z) f, g〉 are continuous on C± \ {0}.

(3) For any z ∈ C± and f ∈ Lr,2, we have (−1− z)R±0 (z) f = f in the sense of distributions.

Assuming in addition that 1/p− 1/q = 2/n, the statements (1) and (2) hold for all z ∈ C±.

Throughout the paper, we frequently use the notation

ps =
2n

n+ 2(2− s)
, qs =

2n
n− 2s

. (2-3)
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Note that {
(ps, qs)

∣∣∣ 1
2
< s < 3

2

}
=

{
(p, q)

∣∣∣ (p, q) satisfies (1-1) and 1
p
−

1
q
=

2
n

}
.

Corollary 2.3. Let 1
2 < s < 3

2 , V1 ∈ Ln/s,∞
0 and V2 ∈ Ln/(2−s),∞

0 (Rn). Then V1 R±0 (z)V2 are B∞(L2)-
valued continuous functions of z ∈ C±.

Proof. Corollary 2.2(1) with (p, q)= (ps, qs) and Hölder’s inequality (A-1) imply

sup
z∈C+

‖V1 R±0 (z)V2‖B(L2)
. ‖V1‖Ln/s,∞‖V2‖Ln/(2−s),∞ .

Since C∞0 is dense in L p,∞
0 for all 1< p<∞ and an operator norm limit of compact operators is compact,

we observe from this uniform bound and a standard ε/3 argument that it suffices to show the corollary
for V1, V2 ∈ C∞0 . In this case, the corollary follows from Lemma 2.1. �

The following proposition plays an essential role throughout the paper.

Proposition 2.4. Let w ∈ Ln/2,∞
0 (Rn), 1

2 < s < 3
2 and qs as above. Then R0(z)w ∈ B∞(H

1) for all
z ∈ C \ [0,∞). Moreover, R±0 (z)w are B∞(Lqs ,2)-valued continuous functions on C±.

Remark 2.5. R±0 (z)w are also B∞(Lqs )-valued continuous functions on C±. The proof is completely
the same.

Proof. The facts R0(z)w ∈ B(H1) ∩ B(Lqs ,2) and R±0 (z)w ∈ B(Lqs ,2) follow from the continuity of
R0(z) :H−1

→H1, uniform Sobolev estimates (1-2) and Hölder’s inequality for Lorentz norms.
To prove the compactness and the continuity (in z), by virtue of these estimates and the same argument

as above, we may assume without loss of generality that w ∈ C∞0 and w(x)= 0 for |x | ≥ c0 with some
c0 > 0. Then it was proved by [Ionescu and Schlag 2006, Lemma 4.2] that there is a Banach space X
satisfying the continuous embedding X ↪→H−1 such that w : X∗→ X is compact as a multiplication
operator. R0(z)w is therefore compact on H1 for z ∈ C \ [0,∞).

Next we shall prove that R±0 (z)w are compact on Lqs ,2 for z ∈C±. As before, we only consider R+0 (z).
By virtue of real interpolation (Theorem A.1), it suffices to show that R+0 (z)w is compact on Lqs for all
1
2 < s < 3

2 . Assume that f j ∈ Lqs and ‖ f ‖Lqs ≤ 1. Extracting a subsequence if necessary we may assume
f j → 0 weakly in Lqs. Then it remains to show that there exists a subsequence { f̃ j } ⊂ { f j } such that
R+0 (z)w f̃ j → 0 strongly in Lqs. To this end, we decompose R+0 (z)w into two regions Bc

r and Br , where
Br = {x ∈ Rn

| |x | ≤ r}. For the former case, the pointwise estimate (2-1) yields

|R+0 (z)w f j (x)| ≤ Cn〈z〉(n−3)/4
|x |−(n−1)/2

‖w f j‖L1 ≤ Cn,z|x |−(n−1)/2
‖w‖L2n/(n+2s)

uniformly in |x | ≥ r , r ≥ 2c0 and j ≥ 0. Let us fix ε > 0 arbitrarily. Since

‖|x |−(n−1)/2
‖Lqs (Bc

r )
≤ Cr−(s−1/2),

we can find r0 = r0(n, ε, z, w) > 0 such that

‖R+0 (z)w f j‖Lqs (Bc
r0
)
< ε. (2-4)
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For the latter case, we observe that R+0 (z)w : L
qs (Rn)→W2,qs (Rn) is bounded since

(−1+ 1)R+0 (z)w f = (−1− z)R+0 (z)w f + (z+ 1)R+0 (z)w f = w f + (z+ 1)R+0 (z)w f (2-5)

for all f ∈ Lqs by Corollary 2.2(3). In particular, {R+0 (z)w f j } j is bounded in W2,qs (Br0). Since W2,qs (Br0)

embeds compactly into Lqs (Br0) by the Rellich–Kondrachov compactness theorem, one can find a
subsequence { f̃ j } ⊂ { f j } such that

lim
j→∞
‖R+0 (z)w f̃ j‖Lqs (Br0 )

= 0. (2-6)

It follows from (2-4) and (2-6) that

lim sup
j→∞

‖R+0 (z)w f̃ j‖Lqs (Rn)
≤ ε.

By extracting further a subsequence, we conclude that R+0 (z)w f̃ j → 0 strongly in Lqs.
To prove the continuity, let us fix a bounded set3⊂C+ arbitrarily. We first show that, for any z, z j ∈3

and g, g j ∈ Lqs ,2 satisfying z j → z and g j → g weakly in Lqs ,2 as j→∞,

R+0 (z j )wg j → R+0 (z)wg strongly in Lqs ,2 as j→∞. (2-7)

To this end, we write

R+0 (z j )wg j − R+0 (z)wg = (R+0 (z j )w− R+0 (z)w)g j + R+0 (z)w(g j − g).

The second term R+0 (z)w(g j − g) converges to 0 strongly in Lqs ,2 since R+0 (z)w is compact on Lqs ,2

and g j → g weakly. For the first part, we set h j = (R+0 (z j )w− R+0 (z)w)g j and shall show that h j → 0
strongly in Lqs ,2. Since {g j } ⊂ Lqs ,2 is bounded, say ‖g j‖Lqs ,2 ≤ M with M > 0 being independent of j ,
we have by the same argument as above that, with some γ j = γ j (s, n) > 0,

‖R+0 (ζ )wg j‖Lqs ,2(Bc
r )
≤ Cn,M,w〈ζ 〉

γ1r−γ2

for all ζ ∈ C+, j ≥ 1 and r ≥ 2c0, where Cn,M,w may be taken uniformly in j and r . This estimate yields
that, for any ε > 0, there exists 0< rε = r(n,M, w,3, ε)∼ ε−1/γ2 such that

sup
j≥1,
‖h j‖Lqs ,2(Bc

rε )
≤ sup

j≥1
(‖R+0 (z j )wg j‖Lqs ,2(Bc

rε )
+‖R+0 (z)wg j‖Lqs ,2(Bc

rε )
) < ε. (2-8)

On the other hand, it follows from Sobolev’s embedding on Rn that

‖h j‖Lqs ,2(Brε )
≤ Cε,N‖(−1+ 1)〈x〉−N h j‖L2(Rn)

≤ Cε,N‖〈x〉−N (−1+ 1)h j‖L2(Rn)

for all N ≥ 0, where we have used the fact that (−1+ 1)〈x〉−N (−1+ 1)−1
〈x〉N is a pseudodifferential

operator of order 0 and thus bounded on L p for all 1< p <∞. Equation (2-5) then yields

‖〈x〉−N (−1+ 1)h j‖L2 ≤ |z− z j |‖〈x〉−N R+0 (z j )〈x〉−N
‖

B(L2)
‖〈x〉Nwg j‖L2

+ (|z| + 1)‖〈x〉−N (R+0 (z j )− R+0 (z))〈x〉
−N
‖

B(L2)
‖〈x〉Nwg j‖L2 .
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Let N ≥ (n+ 1)/2. Since 〈x〉−N R+0 (z)〈x〉
−N is bounded on L2 uniformly in z ∈ C+ and continuous on

C+ in the operator norm topology of B(L2) by Lemma 2.1 and

‖〈x〉Nwg j‖L2 ≤ C M‖〈x〉Nw‖L2n/(n+2s),2 ≤ CN ,M,ω

uniformly in j , we see that lim j→∞ ‖〈x〉−N (−1+ 1)h j‖L2 = 0, which, together with (2-8), shows that
there exists jε ∈ N such that, for all j ≥ jε, we have ‖h j‖Lqs ,2(Rn)

< ε. Since ε > 0 is arbitrarily small,
this shows that h j → 0 strongly in Lqs ,2 and (2-7) follows.

Finally, we shall show R+0 (z)w is continuous on C+ in the operator norm topology of B(Lqs ,2). Assume
for contradiction that this is not the case. Then there exist z j , z ∈ C+ with z j → z and g j ∈ Lqs ,2 with
‖g j‖Lqs ,2 ≤ 1 such that lim inf j→∞ ‖(R+0 (z j )w− R+0 (z)w)g j‖Lqs ,2 > 0. Extracting a subsequence if
necessary we may assume g j → g with some g ∈ Lqs weakly in Lqs. Then, by the argument as above
and the compactness of R+0 (z)w, we have lim j→∞ R+0 (z j )wg j = R+0 (z)wg= lim j→∞ R+0 (z)wg j , which
gives a contradiction, proving the desired assertion. �

2B. The exceptional set. Having Proposition 2.4 in mind, we define the exceptional set of H as follows.

Definition 2.6. We say that λ∈E if there exist 1
2 < s< 3

2 and f ∈ Lqs ,2(Rn)\{0} such that f =−R0(λ)V f ,
where qs = 2n/(n− 2s) and R0(λ) is replaced by R0(λ+ i0) if λ≥ 0. E is said to be the exceptional set
of H, and z ∈ E \ σp(H) is called a resonance of H. For λ ∈ E, we denote the family of corresponding
solutions by Ns(λ):

Ns(λ) := { f ∈ Lqs ,2(Rn) \ {0} | f =−R0(λ)V f },

where R0(λ) is replaced by R+0 (λ) if λ≥ 0.

Note that, since R0(λ− i0) f = R0(λ+ i0) f̄ , one has

Ns(λ)= { f ∈ Lqs ,2(Rn) \ {0} | f =−R−0 (λ)V f }, λ≥ 0. (2-9)

The next lemma collects some basic properties of E.

Proposition 2.7. (1) E ⊂ σ(H), σp(H) ⊂ E and E ∩ (−∞, 0) = σd(H). Moreover, Ns(λ) is finite-
dimensional.

(2) Ns(λ) is independent of 1
2 < s < 3

2 ; that is, Ns(λ)=Ns′(λ) for any 1
2 < s, s ′ < 3

2 .

Proof of Proposition 2.7(1). To prove E⊂ σ(H), we first claim that

Ns(λ)= { f ∈ Ḣs
| f =−R0(λ)V f }, λ ∈ C \ (0,∞). (2-10)

Indeed, if we set Ñs(λ) := { f ∈ Ḣs
| f = −R0(λ)V f } then the inclusion Ñs(λ) ⊂ Ns(λ) is obvious

since Ḣs
⊂ Lqs ,2 by the HLS inequality (A-2). On the other hand, the HLS inequality (A-2) shows that

R0(λ)V ∈ B(Lqs ,2, Ḣs) for λ ∈ C \ (0,∞) and the opposite inclusion Ñ(λ)s ⊃Ns(λ) thus holds. Next,
we let f ∈Ns(λ) with some λ∈C\σ(H). Then V f ∈ Ḣ2−s

∩L ps ,2 by the HLS and Hölder’s inequalities
for Lorentz norms. Therefore, by Corollary 2.2(3), (−1− λ) f =−V f holds in the distribution sense.
In particular, λ f = (−1+ V ) f ∈ Ḣ2−s

∩ Ḣs
⊂ L2 and thus f ∈ D(H). Since σ(H) ⊂ R, this shows

f ≡ 0. Therefore, we obtain E⊂ σ(H).
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The inclusion σp(H)⊂ E is obvious since D(H)⊂H1
⊂ Ḣ1. This inclusion, together with the fact

σ(H)∩ (−∞, 0)= σd(H), implies E∩ (−∞, 0)= σd(H). Finally, since R±0 (z)V are compact operators
on Lqs ,2, one has dimNs(λ) <∞. �

To prove the second part of Proposition 2.7, we need the following:

Lemma 2.8. For 1
2 < s < 3

2 and real-valued functions V1 ∈ Ln/s,∞
0 , V2 ∈ Ln/(2−s),∞

0 with V = V1V2, we
set K+s (λ) := V1 R+(λ)V2. Then, for λ ∈ R,

dimNs(λ)= dim Ker(I + K+s (λ))= dim Ker(I + K+s (λ)
∗)= dimN2−s(λ).

Remark 2.9. Such V1, V2 always exist. Indeed, one can take V1 = |V |s/2 and V2 = sgn V |V |(2−s)/2.

Proof. Hölder’s inequality (A-1) and (2-2) yield that

‖V1 f ‖L2 ≤ C‖V ‖Ln/s,∞‖ f ‖Lqs ,2, ‖R±0 (λ)V2u‖Lqs ,2 . ‖V2‖Ln/(2−s),∞‖u‖L2,

from which one has two continuous maps

Ns(λ) 3 f 7→ V1 f ∈ Ker(I + K+s (λ)), Ker(I + K+s (λ)) 3 u 7→ −R+0 (λ)V2u ∈Ns(λ).

Furthermore, one also has, for f ∈Ns(λ) and u ∈ Ker(I + Ks(λ)),

−R+0 (λ)V2V1 f =−R+0 (λ)V f = f, −V1 R+0 (λ)V2u = u.

Therefore, the multiplication by V1 is a bijection between Ns(λ) and Ker(I + K+s (λ)) and its inverse is
given by −R+0 (λ)V2. In particular, dim Ker(I + K+s (λ))= dimNs(λ).

Taking the facts R±0 (z)
∗
= R∓0 (z̄) and (2-9) into account, it can be seen from the same argument that

the multiplication by V2 is a bijection between N2−s(λ) and Ker(I + K+s (λ)
∗), and its inverse is given by

−R−0 (λ)V1. In particular, dimN2−s(λ)= dim Ker(I + K+s (λ)
∗).

For the part dim Ker(I + K+s (λ)) = dim Ker(I + K+s (λ)
∗), since K+s (λ) is compact on L2 (see

Corollary 2.3), I + K+s (λ) is Fredholm and its index satisfies

dim Ker(I + K+s (λ))− codim Ran(I + K+s (λ))= ind(I + K+s (λ))= indI = 0.

Therefore, taking the fact L2/Ran(I + K+s (λ))∼= [Ran(I + K+s (λ))]
⊥ into account, one has

dim Ker(I + K+s (λ))= dim[Ran(I + K+s (λ))]
⊥
= dim Ker(I + K+s (λ)

∗),

which completes the proof. �

Proof of Proposition 2.7(2). Let f ∈Ns(λ) and 1
2 < s ≤ s ′ < 3

2 . Let V = v1+ v2 be such that v1 ∈ C∞0
and ‖v2‖Ln/2,∞ ≤ ε. Then f = −R+0 (λ)v1 f − R+0 (λ)v2 f . By Proposition 2.4, the map I + R+0 (λ)v2 :

L2n/(n−2r),2
→ L2n/(n−2r),2 is bounded and invertible for r = s, s ′ and small ε > 0. If Er denotes the

inverse of I + R+0 (λ)v2 : L2n/(n−2r),2
→ L2n/(n−2r),2, then Es = Es′ on L2n/(n−2s),2

∩L2n/(n−2s′),2. Taking
the inequality s− s ′ >−1 into account, the HLS inequality (A-2) implies

‖R+0 (λ)v1 f ‖L2n/(n−2s′),2 . ‖v1 f ‖L2n/(n+2(2−s′)) . ‖v1‖Ln/(2+2(s−s′))‖ f ‖L2n/(n−2s) .



1348 HARUYA MIZUTANI

Thus R+0 (λ)v1 f ∈ L2n/(n−2s),2
∩ L2n/(n−2s′),2 and f = Es R+0 (λ)v1 f = Es′R+0 (λ)v1 f ∈ L2n/(n−2s′),2,

which implies f ∈ Ns′(λ). Therefore Ns(λ) is monotonically increasing in s. Combined with the fact
dimNs(λ)= dimN2−s(λ) <∞ (see Lemma 2.8), this monotonicity implies Ns(λ)=Ns′(λ). �

We conclude this subsection to prove Lemma 1.3. For the first part, we employ the following results of
[Ionescu and Jerison 2003; Ionescu and Schlag 2006].

Proposition 2.10 [Ionescu and Jerison 2003, Theorem 2.1]. Let n ≥ 3 and V ∈ Ln/2. Suppose that
f ∈H1

loc and 〈x〉−1/2+δ f ∈ L2 with some δ > 0. If −1 f + V f = λ f for some λ > 0, then f ≡ 0.

Let us set X =W−1/(n+1),2(n+1)/(n+3)
+ S1(B), where B is the Agmon–Hörmander space and S1(B)

is the image of B under S1 = (1−1)1/2; see [Ionescu and Schlag 2006]. Then

X∗ =W1/(n+1),2(n+1)/(n−1)
∩ S−1(B∗)

and we have the continuous embeddings L2n/(n+2)
⊂ X and X∗ ⊂ L2n/(n−2). Moreover, it was proved in

[Ionescu and Schlag 2006, Lemma 4.1(b)] that R±0 (λ) ∈ B(X, X∗) for all λ ∈ R \ {0}.

Proposition 2.11 [Ionescu and Schlag 2006, Lemma 4.4]. Let n ≥ 3 and V ∈ Ln/2. Assume that f
belongs to X∗ and satisfies f + R±0 (λ)V f = 0 for some λ ∈ R \ {0}. Then, for any N ≥ 0,

‖〈x〉N f ‖X∗ ≤ CN ,λ‖ f ‖X∗ .

Proof of Lemma 1.3. For the proof of the part (1), we let f ∈ N1(λ) with λ > 0. As observed in the
proof of Proposition 2.4, R+0 (λ)V maps from L2n/(n−2)(Rn) into W2,2n/(n−2)(Rn) (see (2-5)) and thus
f =−R+0 (λ)V f ∈H1

loc. Moreover, since V f ∈ L2n/(n+2)
⊂ X and R±0 (λ) ∈ B(X, X∗), we have f ∈ X∗.

Proposition 2.11 then implies that f ∈ L2. Using Proposition 2.10, we conclude that f ≡ 0. For part (2),
we let f ∈N1(0). Since −1 f + V f ∈ Ḣ−1, the form 〈−1 f + V f, f 〉 is well-defined. By assumption,
we have 0= 〈−1 f + V f, f 〉 ≥ δ‖ f ‖Ḣ1 , which implies f ≡ 0. �

3. Uniform Sobolev estimates

This section is devoted to the proof of Theorem 1.4, Corollaries 1.5 and 1.6 and Theorem 1.8. We begin
with the following proposition which plays an important role in the proof.

Proposition 3.1. Assume 1
2 < s < 3

2 and let (ps, qs) be as in (2-3). Then (I + R±0 (z)V )
−1 are B(Lqs ,2)-

valued continuous functions on C± \E, respectively. Furthermore, for any δ > 0,

sup
z∈C±\Eδ

‖(I + R±0 (z)V )
−1
‖

B(Lqs ,2)
<∞. (3-1)

In particular, if E∩ [0,∞)=∅, then supz∈C\R ‖(I + R0(z)V )−1
‖B(Lqs ,2) <∞.

The proof of Proposition 3.1 is divided into a series of lemmas. Let us prove the proposition for
z ∈ C+ \E only, as the proof for the case z ∈ C− \E is analogous.

Lemma 3.2. (I + R+0 (z)V )
−1 is a B(Lqs ,2)-valued continuous function on C+ \E.
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Proof. By Proposition 2.4, R+0 (z)V is compact. Since Ns(z) = {0} for z ∈ C+ \ E by definition, the
Fredholm alternative ensures the existence of (I + R+0 (z)V )

−1
∈ B(Lqs ,2). Moreover, since R+0 (z)V is

continuous on C+ in the operator norm topology of B(Lqs ,2) by Proposition 2.4, (I + R+0 (z)V )
−1 is also

continuous on C+ \E in the same topology. �

The proof of the uniform bound (3-1) is divided into high-, intermediate- and low-energy parts.

Lemma 3.3 (the high-energy estimate). There exists L ≥ 1 such that (I + R+0 (z)V )
−1 is bounded on

L2n/(n−2s),2 uniformly in z ∈ C+ ∩ {|z| ≥ L}.

Proof. Let Vk ∈ C∞0 (R
n) be such that limk→∞ ‖V − Vk‖Ln/2,∞ = 0 and set Q+k (z) := R+0 (z)(V −Vk). By

Corollary 2.2 with (ps, qs), one can find k0 ≥ 1 such that

sup
z∈C+

‖Q+k0
(z)‖

B(Lqs ,2)
≤

1
2 .

Hence (I + Qk0(z))
−1 is defined by the Neumann series

∑
∞

n=0(−Q+k0
(z))n and satisfies

M1 := sup
z∈C+

‖(I + Q+k0
(z))−1

‖
B(Lqs ,2)

≤ 2.

Next if we take pδ and small δ > 0 such that 1/pδ = 1/ps − δ and (pδ, qs) satisfies (1-1), Corollary 2.2
implies

‖R+0 (z)Vk0 f ‖Lqs ,2 . |z|
−δ
‖Vk0 f ‖L pδ ,2 . |z|

−δ
‖Vk0‖Lr‖ f ‖Lqs ,2

uniformly in |z| ≥ 1 and f ∈ Lqs ,2, where 1/r = 1/pδ− 1/qs = 2/n− δ. Hence one can find L = Lk0 so
large that M2 := ‖R+0 (z)Vk0‖B(Lqs ,2)

≤
1
4 for |z| ≥ L . Then, writing

I + R+0 (z)V = I + Q+k0
(z)+ R+0 (z)Vk0 = (I + Q+k0

(z))
(
I + (I + Q+k0

(z))−1 R+0 (z)Vk0

)
,

we see that (I + R+0 (z)V )
−1
=
(
I + (I + Q+k0

(z))−1 R+0 (z)Vk0

)−1
(I + Q+k0

(z))−1 and

sup
z∈C+∩{|z|≥L}

‖(I + R+0 (z)V )
−1
‖

B(Lqs ,2)
≤ M1

∞∑
n=1

(M1 M2)
n
≤ 4. �

Remark 3.4. This lemma particularly implies E∩ [L ,∞)=∅ and thus E is bounded in R.

Lemma 3.5 (the intermediate-energy estimate). For any δ, L>0, the function (I+R+0 (z)V )
−1 is bounded

on Lqs ,2 uniformly in z ∈ (C+ \Eδ)∩ {δ < |z|< L}.

Proof. We follow the argument in [Ionescu and Schlag 2006, Lemma 4.6] closely. Let

3δ,L = (C+ \Eδ)∩ {δ < |z|< L}.

Note that 3δ,L ∩E=∅. Assume for contradiction that

sup
z∈3δ,L

‖(I + R+0 (z)V )
−1
‖

B(Lqs ,2)
=∞.
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Then one can find f j ∈ Lqs ,2 with ‖ f j‖Lqs ,2 = 1 and z j ∈3δ,L such that

‖(I + R+0 (z j )V ) f j‖B(Lqs ,2)
→ 0, j→∞. (3-2)

By passing to a subsequence, we may assume z j → z∞ ∈3δ,L as j→∞. Since R+0 (z∞)V is compact
on Lqs ,2, by passing to a subsequence, we may assume without loss of generality that there exists g ∈ Lqs ,2

such that R+0 (z∞)V f j → g strongly in Lqs ,2. By virtue of (3-2) and the condition ‖ f j‖Lqs ,2 = 1, we have
g 6≡ 0. Now we claim that g belongs to Ns(z∞), which implies z∞ ∈ E. This contradicts z∞ ∈3δ,L .

In order to prove the claim, we write f j as

f j = (I + R+0 (z j )V ) f j − (R+0 (z j )− R+0 (z∞))V f j − R+0 (z∞)V f j .

By virtue of (3-2) and the continuity of R+0 (z)V (see Proposition 2.4) and the fact ‖ f j‖Lqs ,2 = 1, the
right-hand side converges to −g strongly in Lqs ,2 as j →∞. Therefore, we have g = −R+0 (z∞)V g.
Moreover, since ‖ f j‖ = 1, we have g 6≡ 0 and hence g ∈Ns(z∞) follows. �

Lemmas 3.3 and 3.5 give the desired bound (3-1) for the case when 0 ∈ E. When 0 /∈ E, we need the
following lemma to complete the proof of Proposition 3.1.

Lemma 3.6 (the low-energy estimate). Suppose that 0 /∈ E. Then there exists δ > 0 such that the function
(I + R+0 (z)V )

−1 is bounded on Lqs ,2 uniformly in z ∈ C+ ∩ {|z| ≤ δ}.

Proof. Since I + R+0 (0)V is invertible if 0 /∈ E by Lemma 3.2, one can write

I + R+0 (z)V = (I + R+0 (0)V )(I + (I + R+0 (0)V )
−1(R+0 (z)− R+0 (0))V ).

Since C+ 3 z 7→ R+0 (z)V ∈ B(Lqs ,2) is continuous by Proposition 2.4, one has

sup
z∈C+∩{|z|≤δ}

‖(R+0 (z)− R+0 (0))V ‖B(Lqs ,2)
≤

1
2‖(I + R+0 (0)V )

−1‖

for δ > 0 small enough. Therefore, I + R+0 (z)V is invertible on Lqs ,2 and

sup
z∈C+∩{|z|≤δ}

‖(I + R+0 (z)V )
−1
‖

B(Lqs ,2)
≤ 2 sup

z∈C+∩{|z|≤δ}

‖(I + R+0 (0)V )
−1
‖

B(Lqs ,2)
<∞,

which completes the proof. �

By Lemmas 3.2–3.5, we have completed the proof of Proposition 3.1.
We next give a rigorous justification of the second resolvent equation.

Lemma 3.7. Let z ∈ C \ σ(H). Then, as a bounded operator from L2 to D(H),

R(z)= (I + R0(z)V )−1 R0(z)= R0(z)− R0(z)V R(z). (3-3)

Moreover, we also obtain for z, z′ ∈ C \ σ(H),

R(z)− R(z′)= (I + R0(z′)V )−1(R0(z)− R0(z′))(I − V R(z)). (3-4)
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Proof. It follows from Proposition 2.7(1) and the fact H1
⊂ L2n/(n−2),2 that KerH1(I + R0(z)V ) is

trivial. Since R0(z)V ∈ B∞(H
1) by Proposition 2.4, I + R0(z)V is invertible on H1 by the Fredholm

alternative theorem. Thus (I + R0(z)V )−1 R0(z) is a bounded operator from L2 to H1. Let f ∈ L2 and
set g = (I + R0(z)V )−1 R0(z) f ∈H1. Since

(I + R0(z)V )(I + R0(z)V )−1 R0(z)= R0(z)

as a bounded operator from L2 to H1, we see that

g = R0(z) f − R0(z)V g. (3-5)

Then, for any ϕ ∈H1,

〈(−1− z)g, ϕ〉 = 〈 f, ϕ〉− 〈V g, ϕ〉 = 〈 f, ϕ〉− 〈V1g, V2ϕ〉,

where V1, V2 ∈ Ln/2,∞
0 (Rn

;R) satisfies V = V1V2. Therefore, we obtain

〈(H − z)g, ϕ〉 = 〈(−1− z)g, ϕ〉+ 〈V1g, V2ϕ〉 = 〈 f, ϕ〉,

which shows (H − z)(I + R0(z)V )−1 R0(z)= I on L2. For f ∈ D(H), we similarly obtain

(I + R0(z)V )−1 R0(z)(H − z) f = (I + R0(z)V )−1 f + (I + R0(z)V )−1 R0(z)V f = f,

which gives us (I + R0(z)V )−1 R0(z)(H − z) = I on D(H) and the first identity in (3-3) thus follows.
The second identity in (3-3) follows from the first identity and (3-5).

Now we shall show (3-4). It follows from (3-3) that

(I + R0(z′)V )(R(z)− R(z′))= (R0(z)− R0(z′))(I − V R(z))

on L2. Since R0(z)− R0(z′), R(z)− R(z′) : L2
→H1 are continuous and I + R0(z′)V is invertible on H1,

we have the desired identity (3-4). �

Now we are in position to prove Theorem 1.4, Corollaries 1.5 and 1.6 and Theorem 1.8.

Proof of Theorem 1.4. Assume that (p, q) satisfies (1-1). It follows from Propositions 1.1 and 3.1 and
Lemma 3.7 that for any δ > 0 there exists Cδ > 0 such that

‖R(z) f ‖Lq,2 ≤ Cδ(1+‖(I + R0(z)V )−1
‖B(Lq,2))‖R0(z) f ‖Lq,2 ≤ Cδ|z|(n/2)(1/p−1/q)−1

‖ f ‖L p,2

for all f ∈ L2
∩ L p,2 and z ∈ C \ ([0,∞) ∪ Eδ). Since L2

∩ L p,2 is dense in L p,2, this implies that
R(z) ∈ B(L p,2, Lq,2) and that (1-5) holds uniformly in z ∈ C \ ([0,∞)∪Eδ). �

Proof of Corollary 1.5. As before, we shall prove the corollary for R(λ+ i0) only. We also consider
the case 1/p− 1/q = 2/n only, as the proofs for other cases are similar. At first, we claim that, for any
χ1, χ2∈C∞0 (R

n), χ1 R(z)χ2 defined for z∈C+ extends to a B(L2)-valued continuous function χ1 R+(z)χ2

on C+ \E. It follows from this claim that, for any u, v ∈ C∞0 (R
n), 〈R+(z)u, v〉 is a continuous function

on C+ \E. Then, by letting ε↘ 0 in the estimate

|〈R(λ+ iε)u, v〉|. ‖u‖L p,2‖v‖Lq′,2,
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which follows from Theorem 1.4, and by using the density argument, we obtain that R(λ+ i0) extends to
an element in B(L p,2, Lq,2) and satisfies

sup
λ∈[0,∞)\E

‖R(λ+ i0)‖B(L p,2,Lq,2) <∞. (3-6)

This shows the first statement (1). For the second statement (2), it follows by setting z = λ± iε and then
letting ε↘ 0 in (3-3) that, for any f ∈ Lq,2

∩ L2 and λ ∈ [0,∞) \E,

R(λ± i0) f = R0(λ± i0)(I − V R(λ± i0)) f (3-7)

in the sense of distributions, which particularly implies that, under the condition 0 /∈E, we have R(0+i0)=
R(0− i0) since R0(0± i0)= (−1)−1. Moreover, we also know by (3-7) that

(−1+ V − λ)R(λ+ i0)u = (I + V R0(λ+ i0))(I − V R(λ+ i0))u

= u+ V [R0(λ+ i0)− R(λ+ i0)− R0(λ+ i0)V R(λ+ i0)]u = u

for all u ∈ L2
∩ L p,2 and that, for all v ∈ S,

R(λ+ i0)(−1+ V − λ)v = R0(λ+ i0)(I − V R(λ+ i0))(−1+ V − λ)v

= v− R0(λ+ i0)V v− R0(λ+ i0)V v = v

in the sense of distributions. These two identities and (3-6) imply (1-7).
It remains to show the above claim. Let V1, V2 ∈ Ln,∞

0 (Rn
;R) be such that V = V1V2 and set

K1(z)= V1 R0(z)V2. The resolvent identity (3-3) then yields

V1 R(z)χ2 = V1 R0(z)χ2− K1(z)V1 R(z)χ2

on L2 for all z ∈ C \ σ(H). Since K1(z) ∈ B∞(L2) by Corollary 2.3 and KerL2(I + K1(z))=∅ for all
z ∈ C \ σ(H) by Proposition 2.7 and Lemma 2.8, we have by this identity that

V1 R(z)χ2 = (I + K1(z))−1V1 R0(z)χ2, z ∈ C \ σ(H),

on L2. It follows from again Corollary 2.3 that V1 R0(z)χ2 and K1(z) extend to B∞(L2)-valued continuous
functions V1 R+0 (z)χ2 and K+1 (z) = V1 R+0 (z)V2 on C+. Since Ker(I + K+1 (z)) = ∅ for z ∈ C+ \ E,
(I + K1(z))−1 also extends to a B(L2)-valued continuous function (I + K+1 (z))

−1 on C+ \ E. Thus
V1 R(z)χ2 extends to a B(L2)-valued continuous function V1 R+(z)χ2 on C+ \E satisfying V1 R+(z)χ2 =

(I + K+1 (z))
−1V1 R+0 (z). Finally, the claim follows from the formula

χ1 R(z)χ2 = χ1 R0(z)χ2−χ1 R0(z)V2V1 R(z)χ2

and the continuity of χ1 R+0 (z)χ2, χ1 R+0 (z)V2 and V1 R+0 (z)χ2 on C+ \E. �

Proof of Corollary 1.6. Let us fix z ∈ C \ σ(H) and take δ > 0 so small that z /∈ Eδ. Recall that
R0(z) ∈ B(L p) for all 1≤ p ≤∞ and thus R0(z) ∈ B(L p,2) for all 1< p <∞ by Theorem A.1.

The proof of the first assertion is divided into two cases:

2n
n+3

< p = q < 2n
n+1
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and otherwise. In the first case one can find

2n
n−1

< q0 <
2n

n−3

such that 1/p− 1/q0 = 2/n. Applying Theorem 1.4 to the resolvent equation (3-3) implies that, for all
f ∈ L2

∩ L p,2,

‖R(z) f ‖L p,2 . ‖R0(z) f ‖L p,2 +‖R0(z)‖B(L p,2)‖V ‖Ln/2,∞‖R(z) f ‖Lq0,2 ≤ Cδ‖ f ‖L p,2 .

Combined with a density argument, this implies R(z) ∈ B(L p,2) for each z ∈ C \ σ(H).
Next, by taking the adjoint and using the fact R(z)∗ = R(z̄), we see that R(z) ∈ B(L p,2) for all

2n
n−1

< p < 2n
n−3

.

Interpolating these two cases yields that R(z) ∈ B(L p,2) for all

2n
n+3

< p < 2n
n−3

.

Then the other cases in the first assertion follow by interpolating between the estimates on the two lines
1/p− 1/q = 0 and 1/p− 1/q = 2/n under the conditions 2n/(n+ 3) < p and q < 2n/(n− 3).

Finally, assuming 1
2 < s < 3

2 without loss of generality, the second assertion follows from

‖wR(M) f ‖L2 . ‖w‖Ln/s,∞‖R(M) f ‖L2n/(n−2s),2 . ‖w‖Ln/s,∞‖ f ‖L2

for M < inf σ(H)− 1, which is a particular case of the first assertion. �

Proof of Theorem 1.8. When
2n

n+2
≤ p ≤ 2(n+1)

n+3
,

(1-10) follows from (1-6) and Stone’s formula (1-9). When

2n
n+3

< p < 2n
n+2

,

there are two main ingredients.
At first, it is known that E ′

−1(λ) ∈ B(L p, L p′) for all

1≤ p ≤ 2(n+1)
n+3

and satisfies

‖E ′
−1(λ)‖B(L p,L p′ )

. λ(n/2)(1/p−1/p′)−1, λ > 0. (3-8)

Indeed, E ′
−1(λ) can be brought to the form E ′

−1(λ)= (2π)
−nλ(n−1)/2 R∗√

λ
R√λ, where

Rµu(ω) :=
∫

Rn
e−2π iµω·x u(x) dx, µ > 0, ω ∈ Sn−1.
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Then the Stein–Tomas restriction theorem (see [Tomas 1975; Stein 1970]) and the T T ∗-argument show
that R∗1 R1 is bounded from L p to L p′ for all

1≤ p ≤ 2(n+1)
n+3

,

which particularly implies (3-8) by scaling.
Secondly, we claim that the following identity holds for all f, g ∈ S and λ ∈ (0,∞):

〈E ′H (λ) f, g〉 = 〈(I + R0(λ− i0)V )−1 E ′
−1(λ)(I − V R(λ+ i0)) f, g〉. (3-9)

Since V R(λ+ i0) ∈ B(L p) and (I + R0(λ− i0)V )−1
∈ B(L p′) for

2n
n+3

< p < 2n
n+1

by Corollary 1.5 and Proposition 3.1, the desired assertion (1-10) follows from (3-8), (3-9) and a density
argument.

It remains to show the identity (3-9). Let f, g ∈ S and set

F(z)= 1
π
(I + R0(z̄)V )−1 Im R0(z)(I − V R(z)), z ∈ C+,

which is a bounded operator from L2 to H1 (see the proof of Lemma 3.7), where

Im R0(z)= (2i)−1(R0(z)− R0(z̄)).

By (3-4) with z = λ+ iε, z′ = z̄, one has π−1 Im R(z)= F(z). Moreover,

〈E ′H (λ) f, g〉 = π−1 lim
ε↘0
〈Im R(λ+ iε) f, g〉

exists by Corollary 1.5. For the operator F(z), we write

F(z) f = 1
π
(I + R0(z̄)V )−1(Im R0(z)〈x〉−3

− Im R0(z)V R(z)〈x〉−3)〈x〉3 f.

By Proposition 2.4, all of (I + R0(z̄)V )−1, Im R0(z)〈x〉−3, Im R0(z)V and R(z)〈x〉−3 extend to B(L p′)-
valued continuous function on C+ \E. Therefore, 〈F(λ+ i0) f, g〉 = limε↘0〈F(λ+ iε) f, g〉 exists and
coincides with the right-hand side of (3-9). Therefore (3-9) follows. �

The remaining part of the section is devoted to the following theorem, which plays a crucial role in the
proof of Strichartz estimates.

Theorem 3.8. Suppose that E∩ [0,∞)=∅. Let (p, q) be such that

1
p
−

1
q
=

2
n

and 2n
(n+3)

< p < 2n
(n+1)

.

Then

sup
z∈C\[0,∞)

‖Pac(H)R(z)‖B(L p,2,Lq,2) <∞. (3-10)
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We first prove some L p-boundedness of the projection Pac(H). At first note that, under the condition
0 /∈ E, H may have at most finitely many negative eigenvalues of finite multiplicities. Indeed, since
σp(H) ∩ (−∞, 0) = σd(H), each negative eigenvalue has finite multiplicity and their only possible
accumulation point is z= 0. Moreover, Lemma 3.6 and the Fredholm alternative show that, for sufficiently
small δ > 0, (−δ, δ)∩E=∅ as long as 0 /∈ E. Therefore, H may have at most finitely many negative
eigenvalues. In this case Pac(H) is written in the form

Pac(H)= I −
N∑

j=1

Pj , Pj := 〈 · , ψ j 〉ψ j , (3-11)

where ψ j are eigenfunctions of H and N <∞.

Lemma 3.9. We have ψ j ∈ Lq,2 and Pac(H) ∈ B(Lq,2) for all

2n
n+3

< q < 2n
n−3

.

Proof. Let ψ be an eigenfunction of H with an eigenvalue λ< 0. By virtue of (3-11) and real interpolation,
it suffices to show ψ ∈ Lq,2. For a given ε > 0, we decompose V as V = v1+ v2 with v1 ∈ C∞0 (R

n) and
‖v2‖Ln/2,∞ ≤ ε. We first let

2n
n−1

< q < 2n
n−3

.

By Sobolev’s inequality and Proposition 1.1, one has

‖R0(λ)v1ψ‖Lq . ‖R0(λ)v1ψ‖Hn(1/2−1/q) ≤ Cλ‖v1ψ‖L2 ≤ Cλ‖v1‖L∞‖ψ‖L2,

‖R0(λ)v2‖B(Lq ) . ‖v2‖Ln/2,∞ .

For ε > 0 small enough, I + R0(λ)v2 thus is invertible on Lq and

ψ =−R0(λ)Vψ = R0(λ)v1ψ − R0(λ)v2ψ =−(I + R0(λ)v2)
−1 R0(λ)v1ψ ∈ Lq .

Next, since R0(λ) ∈ B(L p) for all 1< p <∞, we have by Hölder’s inequality that

‖ψ‖L p = ‖R0(λ)Vψ‖L p ≤ Cλ‖Vψ‖L p ≤ Cλ‖V ‖Ln/2,∞‖ψ‖Lq

if 1/p− 1/q = 2/n. This shows ψ ∈ L p for all

2n
n+3

< p < 2n
n+1

.

Interpolating these two cases, we conclude that ψ ∈ Lq for all

2n
n+3

< q < 2n
n−3

. �

Proof of Theorem 3.8. Assume that E∩ [0,∞) = ∅. Then one can find δ > 0 small enough such that
dist(Eδ, [0,∞)) ≥ δ/2. The proof is divided into two cases: z ∈ C \ ([0,∞)∪Eδ) and z ∈ Eδ. For the
case when z ∈ C \ ([0,∞)∪Eδ), since

2n
n−1

< q, p′ < 2n
n−3
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and Pj R(z)= (λ j − z)−1
〈 · , ψ j 〉ψ j , Lemma 3.9 implies

‖Pj R(z) f ‖L p′,2 ≤ δ
−1
‖ψ j‖Lq,2‖ψ j‖L p′,2‖ f ‖L p,2,

which, together with Theorem 1.4 and the formula (3-11), gives us the desired bound

sup
z∈C\([0,∞)∪Eδ)

‖Pac(H)R(z)‖B(L p,2,Lq,2) . δ
−1. (3-12)

When z ∈ Eδ, we use twice the first resolvent equation R(z)= R(z′)− (z− z′)R(z′)R(z) to write

Pac(H)R(z)= Pac(H)R(M)+ (z+M)Pac(H)R(M)2+ (z+M)2 R(M)Pac(H)R(z)R(M),

where we have taken M < inf σ(H)− 1. Note that |z+M | ≤ 2|M | + δ for z ∈ Eδ since E is a bounded
set in R. Moreover, we have by Lemma 3.9 and Corollary 1.6 and Theorem A.1 that

‖Pac(H)R(M)‖B(L p,2,Lq,2) ≤ ‖Pac(H)‖B(Lq,2)‖R(M)‖B(L p,2,Lq,2) ≤ CM ,

‖R(M)‖B(L2,Lq,2)+‖R(M)‖B(L p,2,L2) ≤ CM

for some CM independent of z. It follows from these two bounds and the trivial L2-bound

sup
z∈Eδ
‖Pac(H)R(z)‖B(L2) ≤ dist(Eδ, [0,∞))−1

≤ 2δ−1

that there exists CM,δ > 0, independent of z, such that

sup
z∈Eδ
‖Pac(H)R(z)‖B(L p,2,Lq,2) ≤ CM,δ. (3-13)

The assertion of the theorem then follows from (3-12) and (3-13). �

4. Kato smoothing and Strichartz estimates

This section is devoted to the proof of Theorems 1.10 and 1.12. We first prepare several lemmas. Let ei t1

be the free Schrödinger unitary group and define

00 F(t) :=
∫ t

0
ei(t−s)1F(s) ds, F ∈ L1

loc(R; L
2(Rn)).

The estimates for the free Schrödinger equation used in this section are summarized as follows:

Lemma 4.1. Let (p, q) satisfy (1-12), (ps, qs) be as in (2-3) and ρ > 1
2 . Then

‖ei t1ψ‖L p
t Lq,2

x
. ‖ψ‖L2

x
, (4-1)

‖00 F‖L2
t Lqs ,2

x
. ‖F‖L2

t L ps ,2
x

for n
2(n−1)

< s < 3n−4
2(n−1)

, (4-2)

‖00 F‖L2
t Lqs

x
. ‖F‖L2

t L ps
x

for s = n
2(n−1)

,
3n−4

2(n−1)
, (4-3)

‖〈x〉−ρ |D|1/2ei t1ψ‖L2
t L2

x
. ‖ψ‖L2

x
, (4-4)

‖〈x〉−ρ |D|1/200 F‖L2
t L2

x
. ‖F‖L2

t L2n/(n+2),2
x

. (4-5)
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Proof. Inequality (4-1) for p > 2 is due to [Strichartz 1977; Ginibre and Velo 1985]. Inequality (4-1)
with p = 2 and (4-2) with s = 1 were settled in [Keel and Tao 1998]. Inequality (4-2) was proved
independently by [Foschi 2005] and [Vilela 2007]. Inequality (4-3) was settled recently in [Koh and Seo
2016]. Kato-smoothing (4-4) was proved in [Kenig, Ponce, and Vega 1991]. Finally, (4-5) can be found
in [Mizutani 2018, Lemma 3.2]. �

The following lemma, which was proved in [Kato 1966] (see also [Reed and Simon 1978; D’Ancona
2015]), shows the equivalence of the uniform weighted resolvent estimate and the Kato smoothing
estimate.

Lemma 4.2. Let L be a self-adjoint operator on a Hilbert space H, let A be a densely defined closed
operator on H, and let a > 0. Then the following two estimates are equivalent to each other:

|〈Im(L − z)−1 A∗u, A∗u〉H| ≤ a‖u‖2H, u ∈ D(A∗), z ∈ C \R,

‖Ae−i t Lv‖L2
t H
≤ 2
√

a‖v‖H, v ∈H.

The following concerns the equivalence of Sobolev norms generated by 1 and H.

Lemma 4.3. Assume that E∩ [0,∞)=∅ and 0≤ s < 3
2 . Then

‖(−1+M)s/2(H +M)−s/2
‖B(L2)+‖(H +M)s/2(−1+M)−s/2

‖B(L2) <∞. (4-6)

Proof. The proof will be given in the next section. �

Recall that 〈 · , · 〉T is the inner product in L2
T L2

x defined by 〈F,G〉T =
∫ T
−T 〈F(t),G(t)〉 dt . It is not

hard to check that 〈0H F,G〉T = 〈F, 0∗H G〉T with

0∗H G(t)= 1[0,∞)(t)
∫ T

t
e−i(t−s)H G(s) ds−1(−∞,0](t)

∫ t

−T
e−i(t−s)H G(s) ds.

The following lemma gives the rigorous definition of Duhamel’s formula (in the sense of forms).

Lemma 4.4. Let 1
2 < s < 3

2 , V1 ∈ Ln/s,∞
0 (Rn

;R) and V2 ∈ Ln/(2−s),∞
0 (Rn

;R) be such that V = V1V2.
Then, for all ψ ∈ L2 and all simple functions F,G : R→ S,

〈e−i t H Pac(H)ψ,G〉T = 〈ei t1Pac(H)ψ,G〉T − i〈V1 Pac(H)e−i t Hψ, V20
∗

0 G〉T , (4-7)

〈0H Pac(H)F,G〉T = 〈00 Pac(H)F,G〉T − i〈V10H Pac(H)F, V20
∗

0 G〉T , (4-8)

= 〈00 F, Pac(H)G〉T − i〈V200 F, V10
∗

H Pac(H)G〉T . (4-9)

Proof. The proof is basically same as that in [Bouclet and Mizutani 2018, Proposition 4.4], where the case
s = 1 was considered. We shall show (4-8), since the other proofs are similar. We start from the formula

〈e−i t H Pac(H)u, v〉− 〈ei t1Pac(H)u, v〉 = −i
∫ t

0
〈V1e−iτH Pac(H)u, V2ei(t−τ)1v〉 dτ (4-10)

for u, v ∈ S, which follows by computing d
dt 〈e

−i t H Pac(H)u, ei t1v〉. Here note that the HLS inequality
(A-2) and Lemma 4.3 yield

|〈V1e−iτH Pac(H)u, V2ei(t−τ)1v〉|.‖V1‖Ln/s,∞‖V2‖Ln/(2−s),∞‖(−1+ 1)s/2u‖L2‖(−1+ 1)1−s/2v‖L2<∞
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and, hence, the right-hand side of (4-10) makes sense. Changing t to t−s, plugging in u= F(s), v=G(t)
and integrating in s over [0, t], we obtain

〈0H Pac(H)F(t),G(t)〉− 〈00 Pac(H)F(t),G(t)〉

= −i
∫ t

0

∫ t

s
〈V1e−i(τ−s)H Pac(H)F(s), V2ei(τ−t)1G(t)〉 dτ dt,

where, by the same argument as above, the integrand of the right-hand side is finite and thus integrable in
(τ, s) ∈ [0, t]2. Therefore, by Fubini’s theorem,

〈0H Pac(H)F(t),G(t)〉− 〈00 Pac(H)F(t),G(t)〉

= −i
∫ t

0
〈V10H Pac(H)F(τ ), V2ei(τ−t)1G(t)〉 dτ. (4-11)

Finally, observing from the same argument as above that |〈V10H F(τ ), V2ei(τ−t)1G(t)〉| is finite, we
integrate (4-11) in t and use Fubini’s theorem to obtain the desired formula (4-8). �

Remark 4.5. When s = 1, the identities (4-7), (4-8) and (4-9) also hold for all F,G ∈ L1
locL2; see

[Bouclet and Mizutani 2018, Proposition 4.4].

Using these lemmas, we first prove Kato smoothing estimates.

Proof of Theorem 1.10. The following argument is basically same as that in [Burq, Planchon, Stalker, and
Tahvildar-Zadeh 2004]. With the above remark at hand, we use (4-7) with G replaced by |D|1/2〈x〉−ρG
to obtain

〈〈x〉−ρ |D|1/2e−i t H Pac(H)ψ,G〉T

= 〈〈x〉−ρ |D|1/2ei t1Pac(H)ψ,G〉T − i〈V1 Pac(H)e−i t Hψ, V20
∗

0 |D|
1/2
〈x〉−ρG〉T

for all ψ ∈ L2 and a simple function G(t) : R→ S. By (4-4), the first term obeys

|〈〈x〉−ρ |D|1/2ei t1Pac(H)ψ,G〉T |. ‖ψ‖L2‖G‖L2
t L2

x
(4-12)

uniformly in T > 0. On the other hand, we have by the dual estimate of (4-5) that

|〈V1 Pac(H)e−i t Hψ, V20
∗

0 G〉T |. ‖V1 Pac(H)e−i t Hψ‖L2
t L2

x
‖G‖L2

t L2
x

(4-13)

uniformly in T > 0. For the term ‖V1 Pac(H)e−i t Hψ‖L2
t L2

x
, we use Lemma 4.2 to deduce

‖V1 Pac(H)e−i t Hψ‖L2
t L2

x
. ‖ψ‖L2

x
(4-14)

from the following uniform weighted resolvent estimate

sup
z∈C\R

‖V1 Pac(H)R(z)Pac(H)V1‖B(L2) <∞,

which is a consequence of Theorem 3.8 and Hölder’s inequality (A-1), where we note that Pac(H)2=Pac(H)
since Pac(H) is an orthogonal projection. Finally, (4-12)–(4-14) imply

|〈〈x〉−ρ |D|1/2e−i t H Pac(H)ψ,G〉T |. ‖ψ‖L2‖G‖L2
t L2

x
,

which, together with duality and density arguments, gives us the assertion. �
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In order to prove Strichartz estimates, we need one more lemma.

Lemma 4.6. Assume E ∩ [0,∞) = ∅. Then, for any 1
2 < s < 3

2 there exists C > 0 such that, for all
w ∈ Ln/(2−s),∞, χ ∈ C∞0 (R

n) and T > 0,

‖χ0H Pac(H)wF‖L2
T L2

x
≤ C‖χ‖Ln/s,∞‖w‖Ln/(2−s),∞‖F‖L2

T L2
x
. (4-15)

Proof. The proof is essentially based on the argument in [D’Ancona 2015, Theorem 2.3]. At first note
that it suffices to show (4-15) with [−T, T ] replaced by R. Indeed, since s ∈ [−T, T ] if t ∈ [−T, T ] and
s ∈ [0, t] (or s ∈ [t, 0]), (4-15) with [−T, T ] replaced by R implies

‖χ0H Pac(H)wF‖L2
T L2

x
. ‖1[−T,T ](s)F‖L2

t L2
x
= ‖F‖L2

T L2
x
.

We may assume, by a density argument, that F(t) : R→ S is a simple function. Set A1 = χ(x)Pac(H)
and A2 = wPac(H). For a function v(t) : R→ L2, ṽ denotes its Laplace transform:

ṽ(z)=±
∫
±∞

0
ei ztv(t) dz, ± Im z > 0.

A direct calculation yields that if v(t) = 0H A∗2 F(t) then ṽ(z) = −i R(z)A∗2 F̃(z), where the identity
Ã∗2 F = A∗2 F̃ follows from the estimate ‖A2 F‖L1

loc L2
x
. ‖w‖Ln/(2−s),∞‖F‖L1

locH
2−s <∞ and Hille’s theorem

[Hille and Phillips 1957, Theorem 3.7.12]. Also we see that v(t) ∈ D(A1) for each t . Indeed, writing
F(t)=

∑N
j=1 1E j (t) f j with some f j ∈ S(R

n), we have for each t

‖A1v(t)‖L2 ≤

N∑
j=1

∫
|t |

0
‖A1eis H e−i t H Pac(H)w f j‖L2 ds . |t |‖w‖Ln/(2−s),∞

N∑
j=1

‖ f j‖H2−s <∞.

Then one can use Parseval’s theorem to obtain

±

∫
±∞

0
e−2ε|t |

〈v(t), A∗1G(t)〉 dt = 2π
∫

R

〈ṽ(λ± iε), A∗1G̃(λ± iε)〉 dλ, ε > 0,

for any simple function G : R→ S. By virtue of uniform Sobolev estimates (3-10) with

(p, q)=
( 2n

n+2(2−s)
,

2n
n−2s

)
and Hölder’s inequality (A-1), the integrand of the right-hand side obeys

|〈ṽ(λ± iε), A∗1G̃(λ± iε)〉| ≤ ‖χ‖Ln/2,∞‖w‖Ln/(2−s),∞‖F̃(λ± iε)‖L2
x
‖G̃(λ± iε)‖L2

x
.

Applying again Parseval’s theorem, we have∣∣∣∣∫ ±∞
0

e−2ε|t |
〈v(t), A∗1G(t)〉dt

∣∣∣∣=∣∣∣∣∫
R

〈ṽ(λ±iε), A∗1G̃(λ±iε)〉dλ
∣∣∣∣

.‖χ‖Ln/2,∞‖w‖Ln/(2−s),∞‖F̃(λ±iε)‖L2
λL2

x
‖G̃(λ±iε)‖L2

λL2
x

.‖χ‖Ln/2,∞‖w‖Ln/(2−s),∞‖e−ε|t |F(t)‖L2(R±;L2(Rn))‖e
−ε|t |G(t)‖L2(R±;L2(Rn)),
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which, together with the density of simple functions with values in S, shows

‖e−ε|t |A10H A2 F‖L2
t L2

x
. ‖χ‖Ln/2,∞‖w‖Ln/(2−s),∞‖e−ε|t |F‖L2

t L2
x
, F ∈ L2

t L2
x .

The result then follows by letting ε→ 0. �

Remark 4.7. If 1
2 < s ≤ 1, (4-15) also holds for any χ ∈ Ln/s,∞. The proof is completely the same.

When 1< s < 3
2 , we do not, a priori, know χe−i t H Pac(H)wF(s) ∈ L2

x for each t, s under the condition
χ ∈ Ln/s,∞ only, even if F : R→ S. This is the reason why we have assumed χ ∈ C∞0 . We however
stress that Lemma 4.6 is sufficient for our purpose.

We are now ready to show our Strichartz estimates.

Proof of Theorem 1.12. Using (4-1) and (4-2) with s = 1 instead of (4-4) and (4-5), respectively, one can
see that the proof of the homogeneous endpoint Strichartz estimate of the form

‖e−i t H Pac(H)ψ‖L2
t L2n/(n−2),2

x
. ‖ψ‖L2 (4-16)

is similar to that of Theorem 1.10 and even easier than that of (1-14). We thus omit the proof.
We shall show (1-14). Let

n
2(n−1)

< s < 3n−4
2(n−1)

,

and V1 ∈ Ln/s,∞
0 and V2 ∈ Ln/(2−s),∞

0 be real-valued such that V = V1V2. Take a sequence V1, j ∈ C∞0
such that ‖V1− V1, j‖Ln/s,∞→ 0. Let F : R→ S be a simple function in t . As in the proof of Lemma 4.4,
we see that 0H Pac(H)F ∈ L2

T Lqs ,2
x for each T > 0 by Lemma 4.3. Then, by the duality argument, we

have
‖0H Pac(H)F‖L2

T Lqs ,2
x
. sup{|〈0H Pac(H)F,G〉T | | ‖G‖L2

T Lq′s ,2
x
= 1}, (4-17)

where we may assume by a density argument that G : R→ S is a simple function. Then, it follows from
Duhamel’s formula (4-8), (4-2), Lemma 3.9 and Hölder’s inequality (A-1) that

|〈0H Pac(H)F,G〉T |. ‖Pac(H)‖B(L ps ,2)‖F‖L2
t L ps ,2

x
+‖V1, j0H Pac(H)F‖L2

T L2
x
‖V2‖Ln/(2−s),∞

+‖V1− V1, j‖Ln/s,∞‖0H Pac(H)F‖L2
T Lqs ,2

x

uniformly in T > 0. Taking j large enough (which can be taken independently of T ), the last term can be
absorbed into the left-hand side of (4-17), implying

‖0H Pac(H)F‖L2
T Lqs ,2

x
. ‖F‖L2

t L ps ,2
x
+‖V1, j0H Pac(H)F‖L2

T L2
x

uniformly in T > 0. To deal with the term ‖V1, j0H Pac(H)F‖L2
T L2

x
, we use (4-9) to write

〈V1, j0H Pac(H)F, G̃〉T = 〈00 F, Pac(H)V1, j G̃〉T − i〈V200 F, V10
∗

H Pac(H)V1, j G̃〉T

for all simple functions G̃ : R→ S satisfying ‖G̃‖L2
T L2

x=1 = 1. By (4-2) the first term enjoys

|〈00 F, Pac(H)V1, j G̃〉T |. ‖V1, j‖Ln/s,∞‖F‖L2
t L ps ,2

x
. ‖F‖L2

t L ps ,2
x
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uniformly in T > 0 and j . On the other hand, since V20
∗

H Pac(H)V1, j G̃ ∈ L2
T L2

x by Lemma 4.6 and
V100 F ∈ L2

T L2
x by (4-2), the last term can be rewritten in the form

〈V200 F, V10
∗

H Pac(H)V1, j G̃〉T = 〈V100 F, V20
∗

H Pac(H)V1, j G̃〉T .

Using (4-2), Lemma 4.6 and a duality argument, we then obtain

|〈V100 F, V20
∗

H Pac(H)V1, j G̃〉T |. ‖F‖L2
t L ps ,2

x
.

Putting it all together, we conclude that

‖0H Pac(H)F‖L2
T Lqs ,2

x
. ‖F‖L2

t L ps ,2
x

uniformly in T > 0, which implies the desired estimates (1-14) for

n
2(n−1)

< s < 3n−4
2(n−1)

.

The cases s = n/(2(n− 1)) and (3n− 4)/(2(n− 1)) can be obtained analogously by using (4-3) instead
of (4-2). �

5. Spectral multiplier theorem

This section is devoted to the proof of Lemma 4.3 and Theorem 1.15. Proofs are based on an abstract
method in [Chen, Ouhabaz, Sikora, and Yan 2016], which, in the Euclidean case, can be stated as follows.

Proposition 5.1 [Chen, Ouhabaz, Sikora, and Yan 2016, Theorem A]. Let 1≤ p0 < 2 and 1≤ q ≤∞.
Let L be a nonnegative self-adjoint operator on L2(Rn) satisfying the following two conditions:

• Davies–Gaffney’s estimate: for any open sets U j ⊂ Rn and ψ j ∈ L2(U j ), j = 1, 2,

|〈e−t Lψ1, ψ2〉| ≤ exp
(
−

d(U1,U2)
2

4t

)
‖ψ1‖L2‖ψ2‖L2, (5-1)

where d(U1,U2) := infx1∈U1,x2∈U2 |x1− x2| is the distance between U1 and U2.

• Stein–Tomas-type restriction estimate: for any a > 0 and any bounded Borel function F0 on R supported
in [0, a], we have F0(

√
L) ∈ B(L p0, L2) and

‖F0(
√

L)1B(x,r)‖B(L p0 ,L2) . an(1/p0−1/2)
‖F0(a · )‖Lq (5-2)

for all x ∈ Rn and r ≥ a−1, where B(x, r)= {y | |y− x |< r}.

Then, for any bounded Borel function F on R satisfying

|F |W(β,q) := sup
t>0
‖ψ( · )F(t · )‖Wβ,q (R) <∞, (5-3)

with some nontrivial ψ ∈ C∞0 supported in (0,∞) and

β >max
{

n
( 1

p 0
−

1
2

)
,

1
q

}
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such that β is an integer if q =∞, we have F(
√

L) is bounded on L p for all p0 < p < p′0 and satisfies

‖F(
√

L)‖B(L p) ≤ Cβ(|F |W(β,q)+ |F(0)|).

Strictly speaking, instead of Davies–Gaffney’s estimate, it was assumed in [Chen, Ouhabaz, Sikora,
and Yan 2016] that L satisfies the so-called finite-speed propagation property; see (FS) on page 229
of [loc. cit.]. However, these two conditions are known to be equivalent; see [loc. cit., Theorem 3.4].
Moreover, (5-1) is always satisfied for nonnegative Schrödinger operators −1 + V (x) as shown in
[Coulhon and Sikora 2008].

Lemma 5.2 [Coulhon and Sikora 2008, Theorem 3.3]. Let L =−1+V (x) with real-valued V ∈ L1
loc(R

n)

such that L ≥ 0 as a quadratic form. Then (5-1) is satisfied.

When q =∞, (5-2) can be replaced by an L p-L2 estimate of the Schrödinger semigroup.

Lemma 5.3. Let 1≤ p0 < 2. Then (5-2) with q =∞ follows from

‖e−t2 L
‖B(L p0 ,L2) . t−n(1/p0−1/2), t > 0. (5-4)

Proof. By [Chen, Ouhabaz, Sikora, and Yan 2016, Proposition 1.3], (5-2) with q =∞ is equivalent to

‖e−t2 L1B(x,r)‖B(L p0 ,L2) . |B(x, r)|
1/p0−1/2(r t−1)n(1/p0−1/2), t > 0, x ∈ Rn, r ≥ t,

which clearly follows from (5-4) since |B(x, r)| ≤ Cnrn. �

Now we show Lemma 4.3 whose proof is classical and based on Stein’s complex interpolation theorem.
Let us fix M > | inf σ(H)| + 1 so that H +M ≥ I. A key observation is the following.

Lemma 5.4. For any α ∈ R and
2n

n+3
< p < 2n

n−3
,

we have
‖(H +M)iα‖B(L p) ≤ CM〈α〉

n.

Proof. It is easy to see that F(x)= x2iα satisfies |F |W(n,∞) ≤ Cn〈α〉
n and |F(0)| = 1. Let us fix

2n
n+3

< p0 ≤
2n

n+2
arbitrarily. By virtue of Proposition 5.1 and Lemmas 5.2 and 5.3, it suffices to show that L := H +M
satisfies (5-4). Decompose e−t2 L into the absolutely continuous part e−t2 L Pac(H) and the discrete part∑N

j=1 e−t2 L Pj .
For the discrete part, since λ j +M ≥ 1, we know by Lemma 3.9 that

‖e−t2 L Pj f ‖L2 = ‖e−t2(λ j+M)Pj f ‖L2 ≤ e−t2
‖ϕ j‖L2‖ϕ j‖L p′0

‖ f ‖L p0 . e−t2
‖ f ‖L p0 .

On the other hand, it follows from the spectral decomposition theorem that

e−t2 L Pac(H)(e−t2 L Pac(H))∗ = e−2t2 L Pac(H)=
∫
∞

0
e−2t2(λ+M) d EH (λ).
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Theorem 1.8 then implies

‖e−2t2 L Pac(H)‖
B(L p0 ,L p′0 )

.
∫
∞

0
e−2t2(λ+M)λ(n/2)(1/p0−1/p′0)−1 dλ. t−n(1/p0−1/p′0) = t−2n(1/p0−1/2).

Since ‖e−t2 L Pac(H)‖B(L p0 ,L2) ≤ ‖e−2t2 L Pac(H)‖
1/2

B(L p0 ,L p′0 )
by the duality, (5-4) follows. �

Proof of Lemma 4.3. We may assume 1< s < 3
2 without loss of generality since the case when 0≤ s ≤ 1

follows from Stein’s complex interpolation [1956] and the estimate

‖(−1+M)1/2(H +M)−1/2
‖B(L2)+‖(−1+M)−1/2(H +M)1/2‖B(L2) <∞,

which is a consequence of the fact that the form domain of H is H1.
For f, g ∈ S, we consider a function G(z) = 〈(H + M)−z f, (−1+ M)zg〉 which is continuous on

0≤ Re z ≤ 1 and analytic in 0< Re z < 1. By Corollary 1.6 and Lemma 5.4, for

2n
n+3

< r1 <
2n

n−3
and 2n

n+3
< r2 <

2n
n+1

,

we have

|G(i t)| ≤ ‖(H +M)−i t f ‖Lr1‖(−1+M)i t g‖
Lr ′1
. 〈t〉2n

‖ f ‖Lr1‖g‖Lr ′1
,

|G(1+ i t)| ≤ ‖(−1+M)(H +M)−1−i t f ‖Lr2‖(−1+M)i t g‖
Lr ′2
. 〈t〉2n

‖ f ‖Lr2‖g‖Lr ′2
,

where, since (−1+M)(H +M)−1
= 1− V (H +M)−1, the second estimate can be verified as

‖(−1+M)(H +M)−1
‖B(Lr2 ) ≤ 1+‖V (H +M)−1

‖B(Lr2 ) ≤ 1+CM‖V ‖Ln/2,∞ .

Let

r1 =
2n

n−2s
and r2 =

2n
n+2(2−s)

.

Since
1
2
=

(
1− s

2

)(1
r 1

)
+

s
2
·

1
r 2
,

we apply Stein’s complex interpolation theorem to G, implying |G(s/2)| ≤Ct‖ f ‖L2‖g‖L2 . This gives us

‖(−1+M)s/2(H +M)−s/2
‖B(L2) <∞.

Applying the same argument to a function G(z)= 〈(−1+M)−z f, (H +M)zg〉, we also have

‖(H +M)s/2(−1+M)−s/2
‖B(L2) <∞. �

Next we shall show Theorem 1.15.

Proof of Theorem 1.15. Since H is assumed to be nonnegative, the Davies–Gaffney estimate (5-1) is
satisfied. It thus remains to check the Stein–Tomas-type restriction estimate (5-2) with q = 2. Let

2n
n+3

< p0 <
2n

n+2
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and F0 ∈ L∞(R) be such that supp F0 ⊂ [0, a]. By Theorem 1.8,

‖F0(
√

H)2‖
B(L p0 ,L p′0 )

.
∫ a2

0
|F0(
√
λ)|2λ(n/2)(1/p0−1/p′0)−1 dλ

. ‖F0‖
2
L2([0,a])a

n(1/p0−1/p′0)−1 . an(1/p0−1/p′0)‖F0(a · )‖2L2 .

Finally, by the duality, we have ‖F0(
√

H)‖B(L p0 ,L2) ≤ ‖F0(
√

H)2‖
1/2

B(L p0 ,L p′0 )
, which, combined with the

above estimate for ‖F0(
√

H)2‖
B(L p0 ,L p′0 )

, implies (5-2) with q = 2. �

We conclude this section with two immediate consequences of Theorem 1.15.

Corollary 5.5. Suppose that E∩ [0,∞)=∅, H ≥ 0 and 0≤ s < 3
2 . Then

‖(−1)s/2 H−s/2
‖B(L2)+‖H

s/2(−1)−s/2
‖B(L2) <∞.

Proof. The proof is analogous to that of Lemma 2.8. �

Corollary 5.6. Suppose that E∩ [0,∞)=∅ and H ≥ 0. Let ϕ ∈ C∞0 (R) be such that suppϕ ⊂
(1

2 , 2
)
,

0≤ ϕ ≤ 1 and
∑

j∈Z ϕ(2
− jλ)= 1 for all λ > 0. Then, for any

2n
n+3

< p < 2n
n−3

,

there exists C p > 0 such that

C−1
p ‖ f ‖L p ≤

∥∥∥∥(∑
j∈Z

|ϕ(2− j H) f (x)|2
)1/2∥∥∥∥

L p

≤ C p‖ f ‖L p .

In particular, if 2≤ p < 2n/(n− 3), then

‖ f ‖L p .

(∑
j∈Z

‖ϕ(2− j H) f ‖
2
L p

)1/2

.

Proof. With Theorem 1.15 at hand, the corollary follows from a standard method in [Stein 1970]. The
proof is completely the same as that for the usual Littlewood–Paley estimate and we omit it. �

6. Eigenvalue bounds

This section is devoted to the proof of Theorem 1.19. The proof is based on a method of Frank [2011;
2018]. Recall that W ∈ Ln/2+γ (Rn

;C) with 0 < γ <∞. Then W is H -form compact. Indeed, taking
M > − inf σ(H), we see that |W |1/2(1−1)−1/2 is compact and (1−1)1/2(H + M)−1/2 is bounded.
Hence |W |1/2(H+M)−1/2

=|W |1/2(1−1)−1/2(1−1)1/2(H+M)−1/2 is also compact. Then there exists
a unique m-sectorial operator HW such that D(HW ) ⊂ Q(HW ) =H1 and 〈HW u, v〉 = 〈(H +W )u, v〉
for u ∈ D(HW ) and v ∈ H1. We also have D(HW ) is dense in H1, and σ(HW ) is contained in a
sector {z ∈ C | | arg(z − z0)| ≤ θ} for some z0 ∈ R and θ ∈

[
0, π2

)
; see [Kato 1966, Theorems VI.3.9

and VI.2.1]. We fix a factorization W = W1W2 with W1 = |W |1/2 sgn W and W2 = |W |1/2, where
sgn W (x) = W (x)/|W (x)| if W (x) 6= 0 and sgn W (x) = 0 if W (x) = 0. Let d(z) = dist(z, [∞). We
begin with the following lemma.
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Lemma 6.1. Suppose that E ∈C\σ(H) is an eigenvalue of HW . Then−1 is an eigenvalue of W1 R(E)W2.
Moreover, if 0<γ ≤ 1

2 , the same statement also holds for E ∈ (0,∞)\E with R(E) replaced by R(E+i0).

Proof. We show the lemma for the case E ∈ (0,∞) \E only, since, in the case E ∈ C \ σ(H), the lemma
is a consequence of the well-known Birman–Schwinger principle (see, e.g., [Frank 2018, Section 4]), and
the proof is easier. Let f ∈ KerL2(HW − E). We let ϕ ∈ S and plug v = R(E − iε)W1ϕ ∈H

1 into the
identity 〈(H − E) f, v〉+ 〈W1 f,W2v〉 = 0, letting ε↘ 0 and then using Corollary 1.5(2) to obtain

〈W1 f, ϕ〉+ 〈W1 R(E + i0)W2W1 f, ϕ〉 = 0.

Since ‖W1 f ‖L2 . ‖W1‖Ln+2γ ‖ f ‖H1 <∞, this shows W1 f ∈ KerL2(I +W1 R(E + i0)W2). �

Since W1 R(E)W2 is a compact operator on L2, if −1 is an eigenvalue of W1 R(E)W2 then
‖W1 R(E)W2‖B(L2) ≥ 1 at least. With this remark at hand, it is easy to see that Theorem 1.19 follows
from the following lemma.

Lemma 6.2. For any δ > 0 and 0≤ γ ≤ 1
2 , one has

‖W1 R(z)W2‖B(L2) ≤ Cδ|z|−γ /(n/2+γ )‖W‖Ln/2+γ , z ∈ C \Eδ, (6-1)

where R(z) is replaced by R(z+ i0) if z ∈ (0,∞) \Eδ. Moreover, for any γ > 1
2 ,

‖W1 R(z)W2‖B(L2) ≤ Cγ,δ|z|−(1/2)/(n/2+γ )d(z)(γ−1/2)/(n/2+γ )
‖W‖Ln/2+γ , z ∈ C \ (Eδ ∪ [0,∞)). (6-2)

Proof. Inequality (6-1) is a direct consequence of (1-5) and (1-6) with

1
p
=

1
2
+

1
n+2γ

and q = p′.

For the proof of (6-2), we take

θ =
2γ−1
n+2γ

∈ (0, 1)

so that

1− θ = n+1
n+2γ

.

Interpolating between (1-5) with

p = 2(n+1)
n+3

and q = p′

and the trivial bound ‖R(z)‖B(L2) = dist(z, [0,∞))−1 and, then, using Hölder’s inequality, we obtain

‖W1 R(E)W2‖B(L2) ≤ Cγ,δ|z|−(1−θ)/(n+1)d(z)−θ‖W‖Ln/2+γ

= Cγ,δ|z|−1/2/(n/2+γ )d(z)(γ−1/2)/(n/2+γ )
‖W‖Ln/2+γ ,

which completes the proof. �
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Appendix: Real interpolation and Lorentz space

Here a brief summery of real interpolation spaces and Lorentz spaces is given without proofs. One can
find a much more detailed exposition in [Bergh and Löfström 1976; Grafakos 2008].

A pair of Banach spaces (A,B) is said to be a Banach couple if both A,B are algebraically and
topologically embedded in a Hausdorff topological vector space C. Note that one can always take C

to be a Banach space A0 + A1. Given a Banach couple (A0,A1) and 0 < θ < 1 and 1 ≤ q ≤ ∞,
one can define a Banach space Aθ,q = (A0,A1)θ,q by the so-called K -method, which satisfies that
(A0,A0)θ,q =A0 and (A0,A1)θ,q = (A1,A0)1−θ,q with equivalent norms and that if 1≤ q1 ≤ q2 ≤∞

then (A0,A1)θ,1 ↪→ (A0,A1)θ,q1 ↪→ (A0,A1)θ,q2 ↪→ (A0,A1)θ,∞. Then the following real interpolation
theorem is frequently used in this paper.

Theorem A.1 [Bergh and Löfström 1976, Theorem 3.1.2; Cobos, Edmunds, and Potter 1990]. Let
(A0,A1) and (B0,B1) be two Banach couples, 0 < θ < 1 and 1 ≤ q ≤ ∞. Suppose that T is a
bounded linear operator from (A0,A1) to (B0,B1) in the sense that T :A j→B j and ‖T ‖B(A j ,B j )

≤M j ,
j = 0, 1. Then T is bounded from Aθ,q to Bθ,q and satisfies ‖T ‖B(Aθ,q ,Bθ,q ) ≤ M1−θ

0 Mθ
1 . Moreover, if

both T :A0→B0 and T :A1→B1 are compact, then T :Aθ,q →Bθ,q is also compact.

Next we recall the definition and basic properties of Lorentz spaces. Given a µ-measurable function f
on Rn, we let µ f (α)= µ({x | | f (x)|> α}). If we define the decreasing rearrangement of f by f ∗(t)=
inf{α | µ f (α) ≤ t} then the Lorentz space L p,q(Rn) is the set of measurable f such that the following
quasinorm is finite:

‖ f ‖∗L p,q := ‖t1/p−1/q f ∗(t)‖Lq (R+,dt) = p1/q
‖αµ f (α)

1/p
‖Lq (R+,α−1dα) <∞.

Moreover, if 1< p <∞ and 1≤ q ≤∞ (which are sufficient for our purpose), then

‖ f ‖L p,q := ‖ f ∗∗‖∗L p,q , f ∗∗(t) := 1
t

∫ t

0
f ∗(α) dα,

becomes a norm on L p,q which makes L p,q a Banach space. Furthermore, ‖ · ‖L p,q is equivalent to
‖ · ‖

∗

L p,q in the sense that ‖ f ‖∗L p,q ≤ ‖ f ‖L p,q ≤ C(p, q)‖ f ‖∗L p,q with some constant C(p, q) > 0. Thus all
continuity estimates for linear operators can be expressed in terms of ‖ · ‖∗L p,q . L p,q is increasing in q:
L p,1 ↪→ L p,q1 ↪→ L p,p

= L p ↪→ L p,q2 ↪→ L p,∞ if 1< q1 < p< q2 <∞. Moreover, L p,q is characterized
by real interpolation: for 0< θ < 1, 1< p1 < p2 <∞ with

1
p
=

1−θ
p1
+
θ

p2

and 1≤ q ≤∞, one has (L p0, L p2)θ,q = L p,q with equivalent norms. If 1< p, q <∞ then L p,q(X;C)′=
L p′,q ′(X;C), where r ′ = r/(r − 1) is the Hölder conjugate of r .

Finally we record two inequalities used frequently in this paper. First, for 1 ≤ p, p j < ∞ and
1≤ q, q j ≤∞ with

1
p
=

1
p1
+

1
p2

and 1
q
=

1
q1
+

1
q2
,
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one has Hölder’s inequality

‖ f g‖L p,q ≤ C‖ f ‖L p1,q1‖g‖L p2,q2 , ‖ f g‖L p,q ≤ C‖ f ‖L∞‖g‖L p,q . (A-1)

Secondly, for 1< s < n, 1< p< q <∞, 1/p−1/q = 2/n and 1≤ r ≤∞, we have the HLS inequality

‖(−1)−s/2 f ‖Lq,r ≤ C‖ f ‖L p,r . (A-2)
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WHEN DOES A PERTURBED MOSER–TRUDINGER INEQUALITY
ADMIT AN EXTREMAL?

PIERRE-DAMIEN THIZY

We are interested in several questions raised mainly by Mancini and Martinazzi (2017) (see also work of
McLeod and Peletier (1989) and Pruss (1996)). We consider the perturbed Moser–Trudinger inequality
I g
α (�) at the critical level α= 4π , where g, satisfying g(t)→ 0 as t→+∞, can be seen as a perturbation

with respect to the original case g ≡ 0. Under some additional assumptions, ensuring basically that g does
not oscillate too fast as t→+∞, we identify a new condition on g for this inequality to have an extremal.
This condition covers the case g ≡ 0 studied by Carleson and Chang (1986), Struwe (1988), and Flucher
(1992). We prove also that this condition is sharp in the sense that, if it is not satisfied, I g

4π (�) may have
no extremal.

1. Introduction

Let � be a smooth, bounded domain of R2 and let H 1
0 = H 1

0 (�) be the standard Sobolev space, obtained
as the completion of the set of smooth functions with compact support in �, with respect to the norm
‖ · ‖H1

0
given by

‖u‖2H1
0
=

∫
�

|∇u(x)|2 dx .

Throughout the paper, � is assumed to be connected. Let g be such that

g ∈ C1(R), lim
s→+∞

g(s)= 0, g(t) >−1 and g(t)= g(−t) for all t (1-1)

(see also Remark 1.6). Then, we have

Cg,α(�) := sup
u∈H1

0 :‖u‖
2
H1

0
≤α

∫
�

(1+ g(u)) exp(u2) dx (I g
α (�))

is finite for 0< α ≤ 4π and equals +∞ for α > 4π . This result was first obtained in [Moser 1971] in the
unperturbed case g ≡ 0. Still by that work, we easily extend the g ≡ 0 case to the case of g as in (1-1).
Finally, [Moser 1971] gives also the existence of an extremal for (I g

α (�)) if 0<α < 4π (see Lemma 3.1).
If now α = 4π , getting the existence of an extremal is more challenging; however, Carleson and Chang
[1986], Struwe [1988] and Flucher [1992] were also able to prove that (I 0

4π (�)) admits an extremal in
the unperturbed case g ≡ 0. Yet, surprisingly, McLeod and Peletier [1989] conjectured that there should
exist a g as in (1-1) such that (I g

4π (�)) does not admit any extremal function. Through a nice but very
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Keywords: Moser–Trudinger inequality, blow-up analysis, elliptic equations, extremal function.
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implicit procedure, Pruss [1996] was able prove that such a g does exist. Observe that, since g(u)→ 0
as u→+∞ in (1-1), (1+ g(u)) exp(u2) in (I g

α (�)) seems like a very mild perturbation of exp(u2) as
u→+∞ and then, this naturally raises the following question:

Question 1.1. To what extent does the existence of an extremal for the critical Moser–Trudinger inequality
(I 0

4π (�)) really depend on asymptotic properties of the function t 7→ exp(t2) as t→+∞?

To investigate this question, we may rephrase it as follows: for what g satisfying (1-1) does (I g
4π (�))

admit an extremal? This is Open Problem 2 in [Mancini and Martinazzi 2017], stated in this paper for
�=D2, the unit disk of R2. In order to state our main general result, we introduce now some notation.
For a first reading, one can go directly to Corollary 1.3, which aims to give a less general but more
readable statement. We let H : (0,+∞)→ R be given by

H(t)= 1+ g(t)+
g′(t)

2t
, (1-2)

so that we have
[(1+ g(t)) exp(t2)]′ = 2t H(t) exp(t2). (1-3)

We set t H(t)= 0 for t = 0, so that t 7→ t H(t) is continuous at 0 by (1-1). This function H comes into
play, since the Euler–Lagrange associated to (I g

α (�)) reads as{
1u = λu H(u) exp(u2) in �,

u = 0 in ∂�,
(1-4)

where λ ∈ R is a Lagrange multiplier and 1=−∂xx − ∂yy (see also Lemma 3.1 below). Now, we make
some further assumptions on the behavior of g at+∞ and at 0. First, we assume that there exist δ0 ∈ (0, 1)
and a sequence of real numbers A = (A(γ ))γ such that:

(1-5a) H(γ − t/γ )= H(γ )(1+ A(γ )t + o(|A(γ )| + γ−4)) in C0
loc(Rt) as γ →+∞.

(1-5b) There exists C > 0 such that |H(γ − t/γ )− H(γ )| ≤ C |H(γ )|(|A(γ )| + γ−4)exp(δ0t) for all
γ � 1 and all 0≤ t ≤ γ 2.

(1-5c) limγ→+∞ A(γ )= 0.

In (1-5a) and (1-6a), γ is a parameter and the C0
loc([0,+∞)) convergence is in the t-variable. We

also assume that there exist δ′0 ∈ (0, 1), κ ≥ 0, ε̃0 ∈ {−1,+1}, F given by F(t) := ε̃0tκ, and a sequence
B = (B(γ ))γ of positive real numbers such that:

(1-6a) (t/γ )H(t/γ )= B(γ )F(t)+ o(|B(γ )| + γ−1) in C0
loc((0,+∞)t) as γ →+∞.

(1-6b) There exists C > 0 such that |(t/γ )H(t/γ )| ≤ C(|B(γ )| + γ−1)exp(δ′0t) for all γ � 1 and all
0≤ t ≤ γ 2.

Observe that we may have B(γ )= o(γ−1) as γ →+∞, in which case the precise formula for F is
not really significant. Since t 7→ (1+ g(t)) exp(t2) is an even C1 function, we have

lim
γ→+∞

B(γ )= 0, (1-7)
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in view of (1-3) and (1-6). Following rather standard notation, we may split the Green’s function G of 1,
with zero Dirichlet boundary conditions in �, according to

Gx(y)=
1

4π

(
log

1
|x − y|2

+Hx(y)
)

(1-8)

for all x 6= y in �, where Hx is harmonic in � and coincides with − log 1/|x − · |2 in ∂�. Then the
Robin function x 7→Hx(x) is smooth in �, and goes to −∞ as x→ ∂�, so that we may set

M =max
x∈�

Hx(x),

K� = {y ∈� :Hy(y)= M},

S = max
z∈K�

∫
�

Gz(y)F(4πGz(y)) dy,

(1-9)

where F is as in (1-6). For N ≥ 1, we let gN be given by

(1+ gN (t)) exp(t2)= (1+ g(t))(1+ t2)+ (1+ g(t))
( +∞∑

k=N+1

t2k

k!

)
, (1-10)

so that gN ≤ g, gN (0)= g(0) for all N ≥ 1, while g = gN for N = 1. We also set

3g(�) := max
u∈H1

0 :‖u‖
2
H1

0
≤4π

∫
�

(
(1+ g(u))(1+ u2)− (1+ g(0))

)
dx . (1-11)

We are now in position to state our main result, giving a new, very general and basically sharp picture
about the existence of an extremal for the perturbed Moser–Trudinger inequality (I g

4π (�)).

Theorem 1.2 (existence and nonexistence of an extremal). Let � be a smooth bounded domain of R2.
Let g be such that (1-1) and (1-5)–(1-6) hold true for H as in (1-2), and let A, B and F be thus given.
Assume that

l = lim
γ→+∞

γ−4
+

1
2 A(γ )+ 4γ−3 exp(−1−M)B(γ )S
γ−4+ |A(γ )| + γ−3|B(γ )|

(1-12)

exists, where M and S are given by (1-9). Then:

(1) If l > 0 or 3g(�)≥ π exp(1+M), then (I g
4π (�)) admits an extremal, where 3g(�) is as in (1-11).

(2) If l < 0 and 3g(�) < π exp(1+M), there exists N0 ≥ 1 such that (I gN
4π (�)) admits no extremal for

all N ≥ N0, where gN is given by (1-10).

Observe that, for all given N ≥ 1, gN satisfies (1-1) and (1-5)–(1-6), with the same A, B and F as
the original g, in view of H(γ )→ 1 as γ →+∞; see (3-3). Moreover it is clear that 3gN (�)≤3g(�).
Then, this second assertion in Theorem 1.2 proves that the assumptions on g in the first assertion are
basically sharp to get the existence of an extremal for (I g

4π (�)). As a remark, Pruss [1996] concludes that
the existence of an extremal for the critical Moser–Trudinger inequality is in some sense accidental and
relies on nonasymptotic properties of exp(u2). Theorem 1.2 clarifies this tricky situation: the existence or
nonexistence of an extremal for (I g

4π (�))may really depend on a balance of the asymptotic properties of g
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both at infinity (given by A(γ )) and at zero (given by B(γ )). Yet, it may also depend on the nonasymptotic
quantity 3g(�) (see Corollary 1.4). Observe that 30(�) = 4π/λ1(�) in the unperturbed case g ≡ 0,
where λ1(�) is the first Dirichlet eigenvalue of 1 in �.

From now on, we illustrate Theorem 1.2 by two corollaries dealing with less general but more explicit
situations. Let c, c′ ∈ R, (a, b), (a′, b′) ∈ E , where

E = {(a, b) ∈ [0,+∞)×R : b > 0 if a = 0}. (1-13)

Let R′ > 0 be a large positive constant. If one picks g such that

g(t)=
{

g0(t) := g(0)+ cta+1
[log(1/t)]−b in (0, 1/R′],

g∞(t) := c′t−a′
[log t]−b′ in [R′,+∞),

(1-14)

l in (1-12) of Theorem 1.2 can be made more explicit. Indeed, we can then set

B(γ )=
1+ g(0)
γ

+
c(a+ 1)

2γ a(log γ )b
,

F(t)=
{

tmin(a,1) if c 6= 0,
t otherwise,

A(γ )= c′×
{

a′γ−(a
′
+2)(log γ )−b′ if a′ > 0,

b′γ−2(log γ )−(b
′
+1) if a′ = 0

(1-15)

(see also Lemma 3.3). Theorem 1.2 is even more explicit in the particular case �=D2. Indeed, in this
case we have that KD2 = {0} in (1-9) and

G0(x)=
1

2π
log

1
|x |
.

Still on the unit disk D2, it is known that

30(D
2)=

4π
λ1(D2)

< πe (1-16)

(λ1(D
2) ' 5.78). Property (1-16) shows in particular that the second assertion 30(D

2) ≥ πe of
Theorem 1.2(1) is not satisfied. In some sense, this is an additional motivation for the nice approach of
[Carleson and Chang 1986], proving the existence of an extremal for (I 0

4π (D
2)) via asymptotic analysis.

As an illustration and a very particular case of Theorem 1.2, we get the following corollary.

Corollary 1.3 (case �=D2). Assume that or �=D2. Let c′ 6= 0 and (a′, b′) ∈ E be given, where E is as
in (1-13). Let g∞ be as in (1-14):

(1) If we assume a′ > 2 or c′ > 0, then for any even function g ∈ C1(R) such that g >−1,

(g− g(0))(i)(t)= o(t2−i ) (1-17)

as t→ 0 and
g(i)(t)= g(i)

∞
(t)(1+ o(1)) (1-18)

as t→+∞ for all i ∈ {0, 1}, the inequality (I g
4π (D

2)) admits an extremal.
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(2) If we assume a′ < 2 and c′ < 0, there exists an even function g ∈ C1(R) such that g >−1 and (1-17)
and (1-18) hold true, while (I g

4π (D
2)) admits no extremal.

Our main concern in Corollary 1.3 is to write a readable statement. In this result, the existence of
an extremal in the unperturbed case g ≡ 0 is recovered for quickly decaying g’s, namely if a′ > 2; see
[Mancini and Martinazzi 2017]. But a threshold phenomenon appears (only if c′ < 0) and there are no
more extremals for less decaying g’s, namely for a′ < 2. Note that Theorem 1.2 also allows us to point
out the existence of a threshold c′ < 0 in the border case a′ = 2, b′ = 0 (see Remark 1.5). Indeed, proving
Corollary 1.3 basically reduces to giving an explicit formula for l in (1-12), which only depends on � and
on the asymptotics of g at +∞ and at 0. On the contrary, we do not care about the precise asymptotics of
g in the following corollary, thus illustrating the role of 3g(�) in Theorem 1.2.

Corollary 1.4 (extremal for 3g(�) large). Let � be a smooth bounded domain of R2. Let λ1(�) > 0
be the first Dirichlet eigenvalue of 1 in � and M be given as in (1-9). Let A be such that 4(1+ A) >
λ1(�) exp(1+M) and let C > A be given. Then there exists R� 1 such that (I g

4π (�)) admits an extremal
for all g satisfying (1-1) and

g(0)= A, g ≥ g(0) in [1/R, R] and |g| ≤ C in R. (1-19)

We give now an overview of the proof of Theorem 1.2, since it is a bit intricate. First, we comment on
part (1). For all 0< ε� 1 small, we start by picking an extremal function uε for (I g

4π(1−ε)(D
2)). Under

the assumptions of part (1), we only need to rule out the case where (2-1) holds true, as described in
the proof of Theorem 1.2(1) in Section 2. Then we assume by contradiction that (2-1) holds true. By
Lemma 3.4, Case 2, we get expansions of the uε’s, and then expansions both of the Moser–Trudinger
functional (see (2-4)) and of the Dirichlet energy (see (2-5)). These results are gathered in Proposition 2.1
below, whose proof (see Section 4) amounts to showing that not only M but also S in (1-9) may have
to be attained at a blow-up point of our sequence of maximizers (uε)ε (see Lemma 4.1). Observe that
this two-fold maximization property is necessary to get a sharp picture in Theorem 1.2. Moreover, this
is not seen when restricting to the case � = D2, where K� in (1-9) contains only the single point 0,
so that expanding the Dirichlet energy of a blowing-up sequence of critical points (uε)ε is sufficient;
see [Mancini and Martinazzi 2017]. Theorem 1.2(1) is eventually obtained by getting a contradiction
with (2-1): either by comparing (2-4) with our assumption 3g(�) ≥ π exp(1+ M), or by comparing
‖uε‖2H1

0
= 4π(1− ε) (see (3-8) in Lemma 3.4) and (2-5) with our assumption l > 0.

Now we comment on part (2). Making our assumptions of part (2) and assuming also by contradiction
that there exists an extremal function uε for (I gNε

4π (�)) such that Nε → +∞ as ε → 0, we get from
Lemma 3.4, Case 1 that our assumption 3g(�) < π exp(1+M) automatically implies (2-1) (see Step 2),
so that we may get expansions of the uε’s and then (2-10). This gives a contradiction by comparing

‖uε‖2H1
0
= 4π

and (2-10) with our assumption l < 0, as developed in the proof of Theorem 1.2(2) in Section 2. These
key ingredients are gathered in Proposition 2.3. In comparison with the expansions of part (1), the key



1376 PIERRE-DAMIEN THIZY

observation is that the delicate Nε-dependence generates additional terms which may only reduce the
Dirichlet energy, as explained in the proof of Proposition 2.3 of Section 4.

Overall, the proof of Lemma 3.4, Case 1 is the most delicate part: we need to use first that the uε’s
are maximizers to check that we are in a Moser–Trudinger critical regime (see Step 2 and Remark 3.5)
and that the pointwise and global gradient estimate (3-52) is true. In both Cases 1 and 2, resuming the
approach of [Druet and Thizy 2017], this last point is the key ingredient to be in position to use the
radial model Bε studied in the Appendix. To conclude, the case of a general domain � addressed by
Theorem 1.2 requires sharp estimates, not only at small scales close to a blow-up point xε, as performed
in the radial case by [Mancini and Martinazzi 2017], but also in the whole � (see (3-99) or (4-1)). This
allows in particular to get a useful accurate expansion of the Lagrange multiplier λε in (4-12), when
proving Proposition 2.1. As a remark, in the process of the proof below (see Remark 2.2), we answer the
very interesting Open Problem 6 of [Mancini and Martinazzi 2017].

Remark 1.5 (links between Theorem 1.2 and [Carleson and Chang 1986; Flucher 1992; Mancini and
Martinazzi 2017; Struwe 1988]). For �=D2, part (1) of Theorem 1.2 implies in general [Mancini and
Martinazzi 2017, Corollary 3], which gives itself the existence of an extremal function for (I 0

4π (�))

pioneered by [Carleson and Chang 1986] in the original case g≡ 0. Even if both [Mancini and Martinazzi
2017, Corollary 3] and Theorem 1.2 are much more general, we restrict there for simplicity to g’s
satisfying (1-17) and coinciding with g∞ for all t � 1; see (1-14). Then [Mancini and Martinazzi 2017,
Corollary 3] covers the fast decaying case a′ > 2 (or c′ = 0) on the disk. By (1-15), thanks to the explicit
formulas above (1-16) for �=D2 and since

∫
D2(log |x |)2 dx = π

2 , it is easy to check that we have in this
latter case that l > 0 in (1-12), since we have

γ−4
+

1
2 A(γ )+ 4γ−3 exp(−1−M)B(γ )S = γ−4

(
1+ 2

e
(1+ g(0))

)
+ o(γ−4)

as γ →+∞. Pushing further their asymptotic analysis, Mancini and Martinazzi [2017] cover also the
case a′ = 2 and then suspect (see Theorem 4–Open Problem 2 in that work) that there could be no
extremal function for (I g

4π (D
2)), if, in addition, c′ is a sufficiently large negative constant. Corollary 1.4

claims that there can actually be an extremal for such a g, whatever c′ is, and even independently from
the precise behavior of g close to 0 or +∞. However, part (2) of Theorem 1.2 gives with (1-15) the
following picture in this threshold case a′ = 2:

if c′ >−
(
1+ 2

e
(1+ g(0))

)
or 3g(D

2)≥ πe, there is an extremal for (I g
4π (D

2)),

if c′ <−
(

1+ 2
e
(1+ g(0))

)
, 3g(D

2) < πe, and N � 1, there is no extremal for (I gN
4π (D

2)).

Observe that there are many ways of building such g’s satisfying 3g(D
2) < πe: one is given in the proof

of Corollary 1.3 in Section 2 (see also (1-16)). As observed just below Theorem 1.2, this gives a basically
sharp picture about how far we can get the existence of an extremal function for (I g

4π (�)), relying only on
the asymptotic properties of g (see Question 1.1). Theorem 1.2 gives a similar picture on any domain �,
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and then gives back (for c′ = 0) the results of [Flucher 1992; Struwe 1988]. Stronger perturbations, for
instance a′ < 2 or even a′ = 0 and b′ > 0, are also covered by Theorem 1.2.

We conclude this introductory section by the following remark about the relevance of the assumption
(1-1) on g introduced in [Mancini and Martinazzi 2017]. We also mention the nice and early result of
[de Figueiredo and Ruf 1995].

Remark 1.6 (about assumption (1-1)). Indeed, assume that g is a C1, even function such that 1+ g > 0
in R. Assume also that ḡ = limt→+∞ g(t) ∈ [−1,+∞] exists. Firstly, if ḡ = +∞, it is easy to check
with the test functions of Step 1 that Cg,4π (�) = +∞. Secondly, if ḡ = −1, it follows from standard
integration theory (see for instance [Mancini and Martinazzi 2017, Lemma 7]) and from Moser’s result
[1971] that there exists an extremal function for (I g

4π (�)). Thus, up to replacing 1+g by (1+ g)/(1+ ḡ),
we have that (1-1) holds true in the remaining more sensitive case ḡ ∈ (−1,+∞). To end this remark,
we mention that [de Figueiredo and Ruf 1995] already studied (1-4) in D2, permitting one to recover
the existence of an extremal in some subcases where ḡ =−1. First, assuming that H given by (1-3) is
positive in (0,+∞), it is clear that a nonnegative extremal for (I g

4π (�)) turns out to be a positive solution
of (1-4) (for some λ > 0). Now following [de Figueiredo and Ruf 1995], assume also that �= D2, that
t 7→ t H(t) is C2 and that, given a > 0, there exist K ,C, σ > 0 such that t H(t) = K t−a for all t � 1
and such that H(t)≤ C K tσ for all t > 0 close to 0. Then, [de Figueiredo and Ruf 1995, Theorem 1.1]
allows us to claim that there exists no positive solution of (1-4) for all 0< λ� 1 small enough if a ≥ 1,
while there exists a family of positive solutions of (1-4) blowing-up as λ→ 0 if a < 1. From by now
standard arguments, this first property directly gives back the existence of an extremal in the subcase a≥ 1.
However, observe that ḡ = −1 for all a > 0, since 1+ g(t) ∼ 2K e−t2 ∫ t

1 s−a es2
ds = O(ta+1)→ 0 as

t→+∞, so that an extremal also exists in the subcase a ∈ (0, 1). Actually we assert that a more precise
analysis in the spirit of [Mancini and Martinazzi 2017] allows us to exclude that the aforementioned
blow-up solutions of (1-4) are maximizers and to recover the existence of an extremal also in the subcase
a ∈ (0, 1) through this approach using the Euler–Lagrange equation.

2. Proof of the main results

We begin by proving Corollary 1.3, assuming that Theorem 1.2 holds true.

Proof of Corollary 1.3. The first part of Corollary 1.3 is a direct consequence of the first part of Theorem 1.2:
plugging the formulas of (1-15) in (1-12), we get that l > 0 for g as in case (1) of Corollary 1.3. In
order to prove the second part of Corollary 1.3, we apply the second part of Theorem 1.2. Let χ be
a smooth nonnegative function in R such that χ(t) = 0 for all t ≤ 1

2 and χ(t) = 1 for all t ≥ 1. By
the Sobolev inequality and standard integration theory, we can check that gR := g∞×χ( · /R) satisfies
3gR (D

2)→30(D
2) as R→+∞. Then, by (1-15), (1-16), assuming a′ < 2, c′ < 0, the second part of

Theorem 1.2 applies, starting from g = gR for R� 1 fixed sufficiently large. Observe that, for all given
N � 1, (gR)N (given by (1-10) for g = gR) satisfies (1-17)–(1-18). �

Proof of Corollary 1.4. Let �, A, λ1(�),C be as in the statement of the corollary. It is sufficient to prove
that there exists R� 1 such that for all g satisfying (1-1) and (1-19), we have 3g(�)≥ π exp(1+M),
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where 3g(�) is as in (1-11). Let v > 0 in � be the first eigenvalue of 1 normalized according to
‖v‖2

H1
0
= 4π . For all g satisfying (1-19), we have

3g(�)≥

∫
�

((1+ g(0))v2
+ (g(v)− g(0))(1+ v2)) dx

≥ (1+ A)
4π
λ1(�)

+

∫
{v 6∈[1/R,R]}

(g(v)− g(0))(1+ v2) dx,

and, since we have∣∣∣∣∫
{v 6∈[1/R,R]}

(g(v)− g(0))(1+ v2) dx
∣∣∣∣≤ (|A| +C)(1+‖v‖2L∞)|{v 6∈ [1/R, R]}| → 0

as R→+∞, we get the result using that 4(1+ A) > λ1(�) exp(1+M). �

The following result is the core of the argument to get the existence of an extremal in Theorem 1.2(1).
Its proof is postponed until Section 4. It uses the tools developed in [Druet and Thizy 2017] that allow us
to push the asymptotic analysis of a concentrating sequence of extremals (uε)ε further than in previous
works. In the process of the proof of Proposition 2.1 (see Lemma 4.1), we show first that a concentration
point x̄ of such uε’s realizes M in (1-9). But in the case where |B(γ )| matters in (1-12) or, in other words,
where γ 3

|A(γ )| + γ−1 . |B(γ )| as γ →+∞, we also show that S in (1-9) has to be attained at x̄ .

Proposition 2.1. Let � be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)–(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Let (uε)ε be a sequence of nonnegative functions
such that uε is a maximizer for (I g

4π(1−ε)(�)) for all 0< ε� 1. Assume that

uε⇀ 0 in H 1
0 (2-1)

as ε→0. Then, ‖uε‖2H1
0
=4π(1−ε), there exists a sequence (λε)ε of real numbers such that uε solves in H 1

0{
1uε = λεuεH(uε) exp(u2

ε), uε > 0 in �,
uε = 0 on ∂�,

(2-2)

uε ∈ C1,θ (�) (0< θ < 1) and we have

γε :=max
y∈�

uε→+∞. (2-3)

Moreover, we have

lim
ε→0

∫
�

(1+ g(uε)) exp(u2
ε) dx = |�|(1+ g(0))+π exp(1+M) (2-4)

and
‖uε‖2H1

0
= 4π

(
1+ I (γε)+ o(γ−4

ε + |A(γε)| + γ
−3
ε |B(γε)|)

)
(2-5)

as ε→ 0, where
I (γε) := γ−4

ε +
1
2 A(γε)+ 4γ−3

ε exp(−1−M)B(γε)S, (2-6)

where |�| stands for the volume of the domain � and where M and S are as in (1-9).
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Remark 2.2. Let g, H be such that (1-1), (1-2), (1-5)–(1-7) hold true. Let uε be a maximizer for
(I g

4π(1−ε)) such that (2-1) holds true, as in Proposition 2.1. Then, for such a sequence (uε)ε satisfying in
particular (2-2) and (2-3), we get in the process of the proof (see (3-16) below) that the term I (γε) in
(2-5) is necessarily smaller than o(γ−2

ε ) as ε→ 0. Moreover this threshold o(γ−2
ε ) is sharp, in the sense

that this term may be for instance of size γ−(2+a′)
ε for all given a′ ∈ (0, 2]. This can be seen by picking an

appropriate g such that I g
4π (�) has no extremal, as in Corollary 1.3, and by using Proposition 2.1. Observe

that, for such a g, assumption (2-1) is indeed automatically true. This gives an answer to Open Problem 6
in [Mancini and Martinazzi 2017].

Proof of Theorem 1.2(1): existence of an extremal for (I g
4π (�)). We first prove the existence of an extremal

stated in part (1) of Theorem 1.2. Let g be such that (1-1) and (1-5)–(1-6) hold true for H as in (1-2),
and let A, B and F be thus given. Assume either that l > 0 in (1-12) or that 3g(�) ≥ π exp(1+ M).
Using Lemma 3.1, let (uε)ε be a sequence of nonnegative functions such that uε is a maximizer for
(I g

4π(1−ε)(�)) for all 0 < ε� 1. Then, up to a subsequence, (uε)ε converges a.e. and weakly in H 1
0 to

some u0. Independently, we check that

lim
ε→0

Cg,4π(1−ε)(�)= Cg,4π (�), (2-7)

where Cg,α(�) is as in (I g
α (�)). Indeed, if one assumes by contradiction that the Cg,4π(1−ε)(�)’s increase

to some l̄ < Cg,4π (�) as ε→ 0, then we may choose some nonnegative u such that ‖u‖2
H1

0
≤ 4π and∫

�

(1+ g(u)) exp(u2) dx > l̄.

But, picking vε = u
√

1− ε, we have ‖vε‖2H1
0
≤ 4π(1− ε) and

lim
ε→0

∫
�

(1+ g(vε)) exp(v2
ε ) dx =

∫
�

(1+ g(u)) exp(u2) dx

by the dominated convergence theorem, using (1-1), v2
ε ≤ u2 and exp(u2) ∈ L1(�). But this contradicts

the definition of l̄ and concludes the proof of (2-7). Now, by (2-7) and since ‖u0‖
2
H1

0
≤ 4π , in order to get

that u0 is the extremal for (I g
4π (�)) we look for, it is sufficient to prove that

lim
ε→0

∫
�

(1+ g(uε)) exp(u2
ε) dx =

∫
�

(1+ g(u0)) exp(u2
0) dx . (2-8)

If u0 = 0, then Proposition 2.1 gives a contradiction: either by (2-4) and (2-7) if 3g(�)≥ π exp(1+M),
since it is clear that

Cg,4π (�) > 3g(�)+ (1+ g(0))|�|,

or by (2-5) and (2-6) if l > 0, since ‖uε‖H1
0
≤ 4π . Thus, we necessarily have that u0 6= 0. Then, noting

that
‖uε − u0‖

2
H1

0
≤ 4π −‖u0‖

2
H1

0
+ o(1),

the standard Moser–Trudinger inequality (I 0
4π (�)) and Vitali’s theorem give that (2-8) still holds true,

and part (1) of Theorem 1.2 is proved in any case. �
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The following proposition is the core of the argument to get the nonexistence of an extremal in
Theorem 1.2(2). Its proof is postponed until Section 4.

Proposition 2.3. Let � be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)–(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Assume that 3g(�) < π exp(1+ M), where
M is as in (1-9) and 3g(�) as in (1-11). Assume that there exists a sequence of positive integers (Nε)ε
such that

lim
ε→0

Nε =+∞ (2-9)

and such that (I gNε
4π (�)) admits a nonnegative extremal uε for all ε > 0, where gNε is as in (1-10). Then we

have (2-1) and ‖uε‖2H1
0
= 4π for all 0< ε� 1. Moreover, we have uε ∈ C1,θ (�) (0< θ < 1), (2-3) and

‖uε‖2H1
0
≤ 4π

(
1+ I (γε)+ o(γ−4

ε + |A(γε)| + γ
−3
ε |B(γε)|)

)
(2-10)

as ε→ 0, where I (γε) is given by (2-6).

Proof of Theorem 1.2(2): nonexistence of an extremal for (I gN
4π (�)), N ≥ N0. Let g be such that (1-1)

and 1-5)–(1-6) hold true for H as in (1-2), and let A, B and F be thus given. Assume l < 0 and
3g(�) < π exp(1+ M), where l is as in (1-12), 3g is as in (1-11) and M is as in (1-9). In order to
prove part (2) of Theorem 1.2, we assume by contradiction that there exists a sequence (Nε)ε of positive
integers satisfying (2-9) and such that (I gNε

4π (�)) admits an extremal for gNε as in (1-10). We let (uε)ε be a
sequence of nonnegative functions such that uε is a maximizer for (I gNε

4π (�)) for all ε > 0. But this is not
possible by Proposition 2.3, since ‖uε‖2H1

0
= 4π contradicts (2-10), since we also assume now l < 0. �

3. Blow-up analysis in the strongly perturbed Moser–Trudinger regime

We now aim to prove the main blow-up analysis results that we need to get both Propositions 2.1 and 2.3.
The following preliminary lemma deals with the existence of an extremal for the perturbed Moser–
Trudinger inequality (I g

α (�)) in the subcritical case 0< α < 4π . Its proof relies on integration theory
combined with (I 0

4π (�)) and on standard variational techniques. It is omitted here and the interested
reader may find more details in the proof of Proposition 6 of [Mancini and Martinazzi 2017].

Lemma 3.1. Let � be a smooth bounded domain of R2. Let g be such that (1-1) holds true. Then,
(I g
α (�)) admits a nonnegative extremal uα for all 0< α < 4π . Moreover, we have that

(1) either ‖uα‖2H1
0
< α and uαH(uα)= 0 a.e., or

(2) ‖uα‖2H1
0
= α and there exists λ ∈ R such that uα solves in H 1

0 the Euler–Lagrange equation (1-4).

Remark 3.2. The first alternative in Lemma 3.1 may occur in general, but does not if t 7→ (1+g(t)) exp(t2)

increases in (0,+∞).

The following lemma investigates more precisely the behavior of g and H when we assume (1-1)
together with (1-5)–(1-6).
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Lemma 3.3. Let � be a smooth bounded domain of R2. Let g be such that (1-1), (1-5) and (1-6) hold
true for H as in (1-2), and let A, B and δ0, δ

′

0, F, κ be thus given. Then:

(3-1a) We have(
1+ g

(
t
γ

))
exp

(
t2

γ 2

)
= (1+ g(0))+

2B(γ )F(t)t
γ (κ + 1)

+ o
(
|B(γ )|
γ
+

1
γ 2

)
in C0

loc((0,+∞)t) as γ →+∞.

(3-1b) There exists C > 0 such that∣∣∣∣(1+ g
(

t
γ

))
exp

(
t2

γ 2

)
− (1+ g(0))

∣∣∣∣≤ C
(
|B(γ )|
γ
+

1
γ 2

)
t exp(δ′0t)

for all γ � 1 and all 0≤ t ≤ 2γ .

(3-1c) ‖g‖L∞(R) <+∞.

Additionally:

(3-2a) We have

1+ g
(
γ −

t
γ

)
= H(γ )

(
1+ A(γ )

(
t + 1

2

)
+ o(|A(γ )| + γ−4)

)
in C0

loc(Rt) as γ →+∞.

(3-2b) There exists C > 0 such that∣∣∣∣1+ g
(
γ −

t
γ

)
− H(γ )

∣∣∣∣≤ C |H(γ )|(|A(γ )| + γ−4)exp(δ0t)

for all γ � 1 and all 0≤ t ≤ 2γ .

In particular, we have
H(γ )→ 1 as γ →+∞. (3-3)

Proof of Lemma 3.3. We first prove (3-3). Using (1-3), we write

(1+ g(r)) exp(r2)− (1+ g(0))= 2
∫ r

0
s H(s) exp(s2) ds (3-4)

for all r ≥ 0. Then, as γ →+∞, setting r = γ , we can write

1+ g(γ )= exp(−γ 2)(1+ g(0))+ 2
∫ γ 2

0

(
1−

u
γ 2

)
H
(
γ −

u
γ

)
exp

(
−2u+

u2

γ 2

)
du

= O(exp(−γ 2))+ 2H(γ )
∫ γ 2

0

(
1−

u
γ 2

)
exp

(
−2u+

u2

γ 2

)
du

+ O
(
|H(γ )|(|A(γ )| + γ−4)

∫ γ 2

0
exp(−(1− δ0)u) exp

(
−u
(

1−
u
γ 2

))
du
)

= O(exp(−γ 2))+ H(γ )(1− exp(−γ 2))+ o(H(γ )),
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using (1-5). This proves (3-3) since g satisfies (1-1). Observe that (3-1a) and (3-1b) follow from (1-6)
and (3-4) with r = t/γ , while (3-1c) is a straightforward consequence of (1-1). We prove now (3-2b). As
γ →+∞, we write for all 0≤ t ≤ γ(

1+g
(
γ−

t
γ

))
exp

((
γ−

t
γ

)2)
−(1+g(γ−1))exp((γ−1)2)

= 2
∫ γ−t/γ

γ−1
r H(r)exp(r2)dr

= 2
∫ γ

t

(
1−

u
γ 2

)
H
(
γ−

u
γ

)
exp

(
γ 2
−2u+

u2

γ 2

)
du

= H(γ )
(

exp
((
γ−

t
γ

)2)
−exp((γ−1)2)

)
+O

(
|H(γ )|(|A(γ )|+γ−4)

∫ γ

t
exp(γ 2

−(2−δ0)u)du
)
, (3-5)

using (1-5b). Multiplying the above identity by exp(−(γ − (t/γ ))2), using t ≤ γ , (1-1) and (3-3), (3-2b)
easily follows. Using now (1-5a) in the second-to-last line of (3-5), we also get (3-2a). �

In the sequel, for all integers N ≥ 1, we let ϕN be given by (see also (3-36) below)

ϕN (t)=
+∞∑

k=N+1

tk

k!
. (3-6)

The main results of this section are stated in the following lemma.

Lemma 3.4. Let � be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)–(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Let (αε)ε be a sequence of numbers in (0, 4π ].
Let (Nε)ε be a sequence of positive integers. Assume

lim
ε→0

αε = 4π and uε ≥ 0 is an extremal for (I gNε
αε (�)) (3-7)

for all 0< ε� 1, where gNε is as in (1-10). Assume in addition that we are in one of the following two
cases:

Case 1: limε→0 Nε =+∞, αε = 4π for all ε, and 3g(�) < π exp(1+M), where 3g(�) is as in (1-11)
and M is as in (1-9).

Case 2: Nε = 1 for all ε and (2-1) holds true.

Then, up to a subsequence,
‖uε‖2H1

0
= αε, (3-8)

and uε ∈ C1,θ (�) (0< θ < 1) solves{
1uε = λεuεHNε(uε) exp(u2

ε), uε > 0 in �,
uε = 0 on ∂�,

(3-9)

where HN (t)= 1+ gN (t)+ g′N (t)/(2t). Moreover, by (2-4) we have

λε =
4+ o(1)

γ 2
ε exp(1+M)

, (3-10)
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A(γε)− 2ξε = o(ζ̃ε), (3-11)

xε→ x̄ (x̄ ∈ K�) (3-12)

as ε→ 0, where xε, γε satisfy

uε(xε)=max
�

uε = γε→+∞ (3-13)

as ε→ 0, where ξε is given by

ξε =
γ

2(Nε−1)
ε

ϕNε−1(γ 2
ε )(Nε − 1)!

, (3-14)

and where ζ̃ε is given by

ζ̃ε =max
(

1
γ 2
ε

, |A(γε)|, ξε

)
. (3-15)

Finally, (3-97)–(3-99) below hold true for µε as in (3-40) and tε as in (3-41).

Observe that Nε = 1 in Case 2 reduces to say that gNε = g. From (3-30) obtained in the process of the
proof below, we get that ξε = o(1/γ 2

ε ) in Case 2, so that (3-11) is then equivalent to

A(γε)= o
(

1
γ 2
ε

)
, (3-16)

as discussed in Remark 2.2.

Proof of Lemma 3.4. We start by several basic steps. First, a test function computation gives the following
result.

Step 1. For all g such that (1-1) holds true, we have

Cg,4π (�)≥ |�|(1+ g(0))+π exp(1+M),

where Cg,4π (�) is as in (I g
α (�)) (α = 4π) and where M is as in (1-9).

Proof of Step 1. In order to get Step 1, it is sufficient to prove that there exist functions fε ∈ H 1
0 such that

‖ fε‖2H1
0
= 4π and such that∫

�

(1+ g( fε)) exp( f 2
ε ) dy ≥ |�|(1+ g(0))+π exp(1+M)+ o(1) (3-17)

as ε→ 0. In order to reuse these computations later, we fix any sequence (zε)ε of points in � such that

ε2

d(zε, ∂�)2
= o

((
log

1
ε

)−1 )
. (3-18)

For 0< ε < 1, we let vε be given by

vε(y)= log
1

ε2+ |y− zε|2
+Hzε,ε,
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where Hzε,ε is harmonic in � and such that vε is zero on ∂�. Then, by the maximum principle and (1-8),
we have

Hzε,ε(y)=Hzε(y)+ O
(

ε2

d(zε, ∂�)2

)
for all y ∈�, (3-19)

where Hzε is as in (1-8). Then, integrating by parts, we compute

‖vε‖
2
H1

0
=

∫
�

vε1vε dy

=

∫
�

4
ε2(1+ |zε − y|2/ε2)2

(
log

1
ε2 + log

1
1+ |y− zε|2/ε2 +Hzε,ε(y)

)
dy

= 4π
(

log
1
ε2 + o(1)

)
− 4π(1+ o(1))+ 4π(Hzε(zε)+ o(1))

= 4π
(

log
1
ε2 − 1+Hzε(zε)

)
+ o(1), (3-20)

where the change of variable z = (y− zε)/ε, (3-18), (3-19) and

Hzε(zε + εz)=Hzε(zε)+ O
(

ε|z|
d(zε, ∂�)

)
, (3-21)

(see for instance Appendix B in [Druet and Thizy 2017]) are used. From now on lim infε→0 d(zε, ∂�)> 0
is assumed. Let fε be given by 4πv2

ε = f 2
ε ‖vε‖

2
H1

0
. We can write

fε(y)2 =
((

log
1

|zε − y|2+ ε2

)2

+ 2Hzε,ε(y) log
1

|zε − y|2+ ε2 +Hzε,ε(y)
2
)

×

(
log

1
ε2

(
1+

Hzε(zε)− 1
log 1/ε2 + o

(
1

log 1/ε

)))−1

,

using (3-20). Then, writing

log
1

|zε − y|2+ ε2 = log
1
ε2 + log

1
1+ |zε − y|2/ε2 ,

we get∫
Bzε (řε)∩�

(1+ g( fε)) exp( f 2
ε ) dy

=

∫
Bzε (řε)∩�

(1+ o(1))
exp(−2ťε(y)+ 2Hzε,ε(y)−Hzε(zε)+ 1)

ε2

× exp
(

ť 2
ε

log 1/ε2 + O
(

1+ ťε
log 1/ε2 +

1+ ť 2
ε

(log 1/ε2)2

))
dy

= π exp(Hzε(zε)+ 1)(1+ o(1)) (3-22)

as ε→ 0, using (1-1), (3-19) and (3-21), where ťε(y)= log(1+ |zε − y|2/ε2) and where řε is given by

log
(

1+
ř2
ε

ε2

)
=

1
2

log
1
ε2 .
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Now, we can check that

fε(y)2 ≤
(

log
1
ε2 + O(1)

)−1(
log

1
|zε − y|2

+ O(1)
)2

≤

(
log

1
|zε − y|2

+ O(1)
)( 1

2 + o(1)
)

for all y ∈�\Bzε(řε),

using (1-8), (3-19) and our definition of řε, so that we also get∫
�\Bzε (řε)

(1+ g( fε)) exp( f 2
ε ) dy→ (1+ g(0))|�| (3-23)

as ε→ 0, by the dominated convergence theorem, using (1-1). Property (3-17) and then Step 1 follow
from (3-22) and (3-23), choosing zε ∈ K� as in (1-9). �

From now on, we make the assumptions of Lemma 3.4. In particular, we assume that either Case 1 or
Case 2 holds true. Given an integer N ≥ 1, observe that Step 1 applies to gN , since gN satisfies (1-1), if
g does. Then, using αε = 4π in Case 1, or (2-7) and gNε = g in Case 2, we get

|�|(1+ g(0))+π exp(1+M)≤
{

CgNε ,4π in Case 1,
Cg,αε + o(1) in Case 2

(3-24)

as ε→ 0+, where Cg,α(�) is as in formula (I g
α (�)) and where M is as in (1-9). Let us rewrite now (3-9)

in a more convenient way. Let 9N be given by

9N (t)= (1+ gN (t)) exp(t2). (3-25)

Observe in particular that

(1+ g(t))(1+ t2)≤9N (t)≤ (1+ g(t)) exp(t2)

for all t and all N, by (1-1). Using (1-2), (1-3) and (1-10), we may rewrite (3-9) as{
1uε = 1

2λε9
′

Nε(uε), uε > 0 in �,
uε = 0 on ∂�,

(3-26)

with

9 ′N (t)= 2t H(t)(1+ t2
+ϕN (t2))+ 2t (1+ g(t))

(
t2N

N !
− t2

)
= 2t H(t)ϕN (t2)+ 2t

(
1+

t2N

N !

)
(1+ g(t))+ g′(t)(1+ t2). (3-27)

Indeed, in (3-9), it turns out that

HN (t)=
9 ′N (t) exp(−t2)

2t
. (3-28)

Observe that by (1-1) and (3-3), using the first line of (3-27), we clearly have that there exists C > 0 such
that

|9 ′Nε(t)| ≤ Ct exp(t2) (3-29)

for all t ≥ 0 and all ε. In Case 2, (2-1) is assumed to be true.
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Step 2. Assume that we are in Case 1. Then (2-1) holds true. Moreover, if γε := ess sup uε < +∞ for
all ε, we have

lim inf
ε→0

ϕNε(γ
2
ε )

exp(γ 2
ε )︸ ︷︷ ︸

:=δε∈(0,1)

> 0, (3-30)

and, in other words,

lim inf
ε→0

γ 2
ε − Nε
√

Nε
>−∞, (3-31)

where ϕN is as in (3-6).

Proof of Step 2. By (3-7) and (3-24), we get∫
�

9Nε(uε) dy ≥ (1+ g(0))|�| +π exp(1+M). (3-32)

Writing now

9N (t)= (1+ g(0))+
(
(1+ g(t))(1+ t2)− (1+ g(0))

)
+ (1+ g(t))ϕN (t2)

and using (1-1) we also get∫
�

9Nε(uε) dy ≤ (1+ g(0))|�| +3g(�)+

∫
�

(1+ g(uε))ϕNε(u
2
ε) dy, (3-33)

where 3g is as in (1-11). Then by (1-1) and Case 1, we get from (3-32) and (3-33) that

lim inf
ε→0

∫
�

ϕNε(u
2
ε) dy > 0. (3-34)

Up to a subsequence, uε⇀ u0 in H 1
0 for some u0 ∈ H 1

0 such that ‖u0‖
2
H1

0
≤ 4π . Let 0< β� 1 be given.

First we have
u2
ε ≤ (1+β)(uε − u0)

2
+

(
1+ 1

β

)
u2

0.

Independently, by the Moser–Trudinger inequality, we have

u ∈ H 1
0 =⇒ for all p ∈ [1,+∞), exp(u2) ∈ L p. (3-35)

Therefore, if u0 6≡ 0 and limε→0 ‖uε − u0‖
2
H1

0
< 4π , then there exists p0 > 1 such that (exp(u2

ε))ε is
bounded in L p0 , by Moser’s and Hölder’s inequalities. Then, by Vitali’s theorem, since ϕNε ≤ exp in
[0,+∞) and since Nε→+∞ in Case 1, we get

u0 6≡ 0 =⇒

∫
�

ϕNε(u
2
ε) dy = o(1)

as ε→ 0, which proves (2-1), in view of (3-34). Noting that the function t 7→ ϕN (t) exp(−t) increases in
[0,+∞), we can write ∫

�

ϕNε(u
2
ε) dy ≤

ϕNε(γ
2
ε )

exp(γ 2
ε )

∫
�

exp(u2
ε) dy
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and conclude that (3-30) holds true by (3-34) and Moser’s inequality. Observe that

ϕN (0)= exp(0)
∫ 0

0
exp(−s)

s N

N !
ds. (3-36)

Setting 0 = γ 2
ε , N = Nε and s = Nε + u

√
Nε, we get (3-31) from (3-30), using Stirling’s formula and(

1+
u
√

N

)N

e−u
√

N
≤ e−u2/2

for −
√

N < u < 0. �

The next steps applies in both Case 1 and Case 2.

Step 3. We have that (3-8), (3-9) hold true, and that uε is in C1,θ (�).

Proof of Step 3. Assume by contradiction that (3-8) does not hold true, or in other words that ‖uε‖2H1
0
<αε

for all ε� 1, up to a subsequence; then it follows from the fact that uε is an (unconstrained) critical
point of our functional that 9 ′ε(uε)= 0 a.e. in �. The key property is now that the Lebesgue measure of
{t0 < uε ≤ t1} is positive for all 0≤ t0 < t1 ≤ γε, as it follows by

∫
�
|∇T uε|2 > 0, where T uε ∈ H 1

0 is the
truncation of uε−t0 as 0 when uε≤ t0 and as t1−t0 when uε> t1; this shows that9 ′Nε=0 in (0, γε) and then

(1+ g(t))=
1+ g(0)

1+ t2+ϕNε(t2)
(3-37)

for all t ∈ [0, γε). If γε = +∞, a contradiction arises; then γε < +∞ and one can use Step 2 to show
that γε→+∞, still reaching a contradiction. Then (3-8) is proved, so that (3-9) holds true in H 1

0 . Thus
for all given ε, uε is uniformly bounded and then in C1,θ by (3-9) and elliptic theory. We also use there
that g appearing in the formula (3-27) of 9 ′N is assumed to be C1 in (1-1). �

The previous steps give in particular that (3-13) makes sense and holds true.

Step 4. It holds that λε > 0 for all 0< ε� 1. Moreover

λε→ 0 (3-38)
as ε→ 0, where λε is as in (3-9).

Proof of Step 4. By (2-1), we have uε→ 0 a.e. and in L p for all p <+∞. Since
∫

uε≤M0
9Nε(uε) dx→

(1+ g(0))|�|, by (3-24) one has

lim inf
ε→0

∫
uε>M0

9Nε(uε) dx ≥ π exp(1+M)

for all given M0>0; one can now use (3-27) with (1-1), (3-3) and some standard integration argument to get

lim inf
ε→0

∫
�

[9 ′Nε(uε)+ 2(1+ g(uε))u3
ε]uε dx =+∞. (3-39)

Then, multiplying (3-26) by uε and integrating by parts, we get λε > 0 and

4π + o(1)=
∫
�

|∇uε|2 dx � λε,

which proves (3-38). �
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Then, using (3-3), we may let µε > 0 be given by

λεH(γε)µ2
εγ

2
ε ϕNε−1(γ

2
ε )= 4, (3-40)

where ϕN is as in (3-6). Before starting the core of the proof, we would like to make a parenthetical
remark.

Remark 3.5. Case 1 is particularly delicate to handle, since the nonlinearities (9 ′Nε)ε are not of uniform
critical growth, even in the very general framework of [Druet 2006, Definition 1]. A more intuitive way
to see this is the following: if (γ̃ε)ε is a sequence of positive real numbers such that γ̃ε→+∞, but not
too fast, in the sense that γ̃ 2

ε � Nε, then it can be checked with (1-1) and (3-3) that

1
2λε9

′

Nε(γ̃ε)= λ̃ε(1+ o(1))γ̃ 2Nε+1
ε

as ε→ 0, where λ̃ε = λε/(Nε!). Then, in the regime 0≤ uε ≤ γ̃ε, at least formally, (3-26) looks at first
order like the Lane–Emden problem, namely

1uε = λ̃εu2Nε+1
ε , uε > 0 in �,

uε = 0 on ∂�,
Nε→+∞,

for which very interesting, but very different concentration phenomena were pointed out; see for instance
[Adimurthi and Grossi 2004; De Marchis et al. 2016; 2017; Esposito et al. 2006; Ren and Wei 1994; 1996].
A real difficulty in concluding the subsequent proofs is to extend the analysis developed in [Adimurthi
and Druet 2004; Druet 2006; Druet and Thizy 2017] for the Moser–Trudinger “purely critical” regime,
in order to deal also with such other intermediate regimes. As a last remark, a much simpler version of
the techniques developed here permits us also to answer some open questions about the Lane–Emden
problem, as performed in [Thizy 2019].

We let tε be given by

tε(x)= log
(

1+
|x − xε|2

µ2
ε

)
. (3-41)

Here and in the sequel, for a radially symmetric function f around of xε (resp. around 0), we will often
write f (r) instead of f (x) for |x − xε| = r (resp. |x | = r ).

Step 5. We have
γε(γε − uε(xε +µε, · ))→ T0 := log(1+ | · |2) in C1,θ

loc (R
2), (3-42)

where γε, xε are as in (3-13) and µε is as in (3-40). Moreover, we have

lim inf
ε→0

λεγ
2
ε > 0. (3-43)

At this stage, by taking the log of (3-40), by estimating λε with (3-38) and (3-43) we get from (3-3)
and (3-30) that

log
1
µ2
ε

= γ 2
ε (1+ o(1)) (3-44)

as ε→ 0. Observe in particular that (3-44) holds true in Case 1.
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Proof of Step 5. We first sketch the proof of (3-42). In Case 2, (3-42) follows closely Step 1 of the proof
of [Druet 2006, Proposition 1]. Thus, we focus now on the proof of (3-42) in Case 1. Observe that

sup
t∈R

t2N

N !
exp(−t2)=

N N

N !
exp(−N ) =

N→+∞

1+ o(1)
√

2πN
(3-45)

by Stirling’s formula. Then, by (1-1), (3-3), (3-13), (3-27) and (3-30), we have

1
29
′

Nε(uε)= uεH(uε)ϕNε(u
2
ε)+ uε(1+ g(uε))

u2Nε
ε

Nε!
+ O(γ 3

ε )

≤ (1+ o(1))γεϕNε−1(γ
2
ε ). (3-46)

Observe that, by (3-13) and elliptic theory, we must have sup� λε9
′

Nε(uε)→+∞ as ε→ 0. Then, (3-46)
implies λεγεϕNε−1(γ

2
ε )→+∞ and then µε→ 0 as ε→ 0, by (3-40). Let τε be given in (�− xε)/µε by

uε(xε +µε · )= γε −
τε

γε
.

Then, since 1τε =−µ2
εγε(1uε)(xε+µε · ), we get from (3-26), (3-40) and (3-46) that there exists C > 0

such that |1τε| ≤ C , while τε ≥ 0, τε(0)= 0. As in [Druet 2006, p. 231], we have µε = o(d(xε, ∂�)).
Then, by standard elliptic theory, there exists τ0 such that

τε→ τ0 in C1,θ
loc (R

2) (3-47)

as ε→ 0. Note that for all 0, T > 0 and all N, we have

ϕN (T )= ϕN (0) exp(−(0− T ))− exp(T )
∫ 0

T
exp(−s)

s N

N !
ds. (3-48)

Writing the previous identity for N = Nε − 1, 0 = γ 2
ε and T = u2

ε = γ
2
ε − 2τε + τ 2

ε /γ
2
ε , noting from

(3-45) and (3-47) that ∫ γ 2
ε

u2
ε

exp(−s)
s Nε−1

(Nε − 1)!
ds = O

(
1
√

Nε

)
in R2

loc and resuming the arguments to get (3-46), we get

1(−τ0)= 4 exp(−2τ0)

using also (3-26), (3-30) and (3-40). Now, choosing R � 1 such that |g(t)| < 1 and H(t) > 0 for all
t ≥ R, we easily see that there exists CR > 0 such that

uε[9 ′Nε(uε)]
−
≤ CR|uε| + 4u4

ε, (3-49)

by (1-1), (3-3) and (3-27), where t− =−min(t, 0). Then, we have

λε

2

∫
�

uε[9 ′Nε(uε)]
+ dy = 4π + o(1),
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by (3-8), (3-26), (3-38) and (3-49), where t+ =max(t, 0). For all A� 1, we get

4
∫

B0(A)
exp(−2τ0) dy ≤ lim inf

ε→0

λε

2

∫
�

uε[9 ′Nε(uε)]
+ dy,

by (3-47) and, since A is arbitrary, we get then that
∫

R2 exp(−2τ0) dy <+∞. Thus, by the classification
result of [Chen and Li 1991], since τ0 ≥ 0 and τ0(0)= 0, we get τ0(y)= log(1+ |y|2). Thus (3-42) is
proved by (3-47). Similarly, we may also choose some Aε’s such that Aε→+∞ and such that

λε

2

∫
Bxε (Aεµε)

9Nε(uε) dy =
2π + o(1)

γ 2
ε

.

We use (3-45) to write
ϕNε(γ

2
ε )

ϕNε−1(γ 2
ε )
= 1−

γ 2Nε
ε

Nε! ϕNε−1(γ 2
ε )
= 1+ o(1)

as ε→ 0. Thus, since 0<9Nε(t)≤ (1+ g(t)) exp(t2) for all t ≥ 0, and since Cg,4π (�) <+∞, we get
(3-43) from (1-1). �

By Step 5 and estimates in its proof, since we assume ‖uε‖2H1
0
≤ 4π , we get that

lim
R→+∞

lim
ε→0

∫
�\Bxε (Rµε)

(1uε(y))+uε dy = 0. (3-50)

We let �ε be given by

�ε =

{
{y ∈� : ϕNε−1(uε(y)2)≥ uε(y)2+ 1} in Case 1,
� in Case 2.

Now, despite the difficulty pointed out in Remark 3.5, we are able to get the following weak, but global
pointwise estimates.

Step 6. There exists C > 0 such that

| · −xε|2|1uε|uε ≤ C in �ε (3-51)

and such that

| · −xε||∇uε|uε ≤ C in �ε (3-52)

for all ε.

In Case 2, it is not so difficult to adapt the arguments of [Druet 2006, §3,4] to get Step 6. Thus, in the
proof of Step 6 just below, we assume that we are in Case 1. Then observe that �ε 6=∅ by Step 2. Given
η0 ∈ (0, 1), writing

ϕNε−1(t Nε)=
t Nε N Nε

ε

Nε!

(+∞∑
k=0

tk
+ o(1)

)
=

(et)Nε
√

2πNε

(
1

1− t
+ o(1)

)
,

by Stirling’s formula, where o(1)→ 0 as ε→ 0 uniformly in |t | ≤ η0, the unique positive solution 0ε of
ϕNε−1(0ε)= 0ε + 1 satisfies 0ε = (1+ o(1))(Nε/e). Then, since ϕNε−1/(1+ · ) increases in (0,+∞),
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we clearly get

(1+ o(1))
Nε
e
≤min

�ε
u2
ε. (3-53)

Observe also that (3-53) almost characterizes �ε in the following sense: given δ > 0, for all ε� 1 so that
(1+ δ)(Nε/e)≥ 0ε, one has that uε(y)2 ≥ (1+ δ)(Nε/e) implies y ∈�ε.

Proof of Step 6, formula (3-51). As previously mentioned, we still assume that we are in Case 1. Thus, in
particular, we assume that Nε→+∞ as ε→ 0. Assume now by contradiction that

max
y∈�ε
|y− xε|2|1uε(y)|uε(y)= |yε − xε|2|1uε(yε)|uε(yε)→+∞ (3-54)

as ε→ 0, for some yε’s such that yε ∈ �ε. First for any sequence (žε)ε such that žε ∈ �ε, we have
1uε(žε) > 0, g′(uε(žε))= o(uε(žε)) and

9 ′Nε(uε(žε))= (1+ o(1))2uε(žε)ϕNε−1(uε(žε)2) (3-55)

as ε→ 0, using (1-1), (3-3), (3-27) and (3-53). Additionally, we have

uε(yε)→+∞ (3-56)

as ε→ 0. Let νε > 0 be given by
ν2
ε |1uε(yε)|uε(yε)= 1.

Then, using also (3-54), we have

lim
ε→0

|yε − xε|
νε

=+∞, (3-57)

and, in view of Step 5,

lim
ε→0

|yε − xε|
µε

=+∞. (3-58)

For R > 0, we set �R,ε = Byε(Rνε)∩� and �̃R,ε = (�R,ε − yε)/νε. Up to harmless rotations and since
� is smooth, we may assume that there exists B ∈ [0,+∞] such that �̃R,0→ (−∞, B)×R as R→+∞,
where �̃R,ε→ �̃R,0 as ε→ 0. In this proof, for z ∈ �̃R,ε, we write zε = yε+νεz ∈�R,ε. Let ũε be given
by

ũε(z)= uε(yε)(uε(zε)− uε(yε)), (3-59)

so that we get

(1ũε)(z)=
(1uε)(zε)
(1uε)(yε)

=
9 ′Nε(uε(zε))

9 ′Nε(uε(yε))
. (3-60)

First, we prove that for all R > 0 there exists CR > 0 such that

|1ũε| ≤ CR in �̃R,ε (3-61)

for all 0< ε� 1. Otherwise, by (3-60), assume by contradiction that there exists zε ∈�R,ε such that

|9 ′Nε(uε(zε))| �9 ′Nε(uε(yε)) (3-62)
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as ε→ 0. If, still by contradiction, zε 6∈�ε, we have uε(zε) < uε(yε) and

ϕNε−1(uε(zε)2) < ϕNε−1(uε(yε)2),

by the definition of �ε and since ϕN/(1+ · ) increases in [0,+∞), and then

|9 ′Nε(uε(zε))|. uε(zε)(1+ uε(zε)2+ϕNε−1(uε(zε)2)).9 ′Nε(uε(yε)),

using (1-1), (3-3), (3-27), (3-55) and yε ∈ �ε again. This contradicts (3-62) and then it must be the
case that zε ∈ �ε. Thus, since yε is a maximizer on �ε in (3-54), we get from (3-57) and (3-62) that
uε(zε)� uε(yε). But this is not possible by (3-55) and (3-62), which proves (3-61). Now we prove that,
for all R > 0,

lim sup
ε→0

sup
z∈�̃R,ε

ũε(z)≤ 0. (3-63)

Until the end of this proof, we set γ̃ε := uε(yε). If (3-63) does not hold true, since ũε(0) = 0 and by
continuity, we may assume that there exist zε ∈�R,ε such that

βε := [γ̃ε(uε(zε)− γ̃ε)] → β0 ∈ (0,+∞) (3-64)

as ε→ 0. Since uε(zε) > uε(yε) for 0 < ε � 1 by (3-64), we have zε ∈ �ε. Moreover, since yε is
maximizing in (3-54), we then get from (3-55), (3-56) and (3-57) that

ϕNε−1(uε(zε)2)≤ (1+ o(1)) ϕNε−1(γ̃
2
ε ).

Independently, since ϕN is convex, we get

ϕNε−1(uε(zε)2)≥ ϕNε−1(γ̃
2
ε )+ϕ

′

Nε−1(γ̃
2
ε )(uε(zε)

2
− γ̃ 2

ε )

≥ (1+ 2β0(1+ o(1)))ϕNε−1(γ̃
2
ε ), (3-65)

using (3-64) and ϕ′N (t) ≥ ϕN (t) for t ≥ 0. But (3-64)–(3-65) cannot hold true simultaneously, which
proves (3-63). As in [Druet 2006, p. 231], ũε(0)= 0, uε = 0 on ∂�, (3-61) and (3-63) imply

lim
ε→0

d(yε, ∂�)
νε

=+∞. (3-66)

Moreover, by standard elliptic theory, ũε(0)= 0, (3-61), (3-63) and (3-66) give

ũε→ u0 in C1
loc(R

2) (3-67)

as ε→ 0, for some u0 ∈ C1(R2). Given R > 0, we prove now

lim inf
ε→0

inf
z∈�̃R,ε

(1ũε)(z) > 0. (3-68)

Using (3-27), (3-56) and (3-67), we have

9 ′Nε(uε)= 2γ̃εϕNε−1(u2
ε)(1+ o(1))+ o(γ̃ 3

ε ),
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uniformly in �R,ε. Then, coming back to (3-60), using (3-55) and yε ∈�ε, we get

(1ũε)(z)= (1+ o(1))
ϕNε−1(uε(zε)2)
ϕNε−1(γ̃ 2

ε )
+ o(1),

uniformly in z ∈ �̃R,ε. Now, we write (3-48) with 0 = γ̃ 2
ε and T = u2

ε , where uε stands for uε(zε) here
and below. Then, in order to conclude the proof of (3-68), using also (3-36), it is sufficient to check that
there exists ηR < 1 such that

Iε :=
exp(u2

ε)

ϕÑε(γ̃
2
ε ) exp(−(γ̃ 2

ε − u2
ε))

∫ γ̃ 2
ε

u2
ε

exp(−s)
s Ñε

Ñε!
ds =

∫ γ̃ 2
ε

u2
ε

exp(−s)(s Ñε/Ñε!) ds∫ γ̃ 2
ε

0 exp(−s)(s Ñε/Ñε!) ds
≤ ηR (3-69)

for all 0 < ε � 1, uniformly in �R,ε, where Ñε = Nε − 1. If uε ≥ γ̃ε, the last inequality in (3-69) is
obvious. If now uε < γ̃ε, we write

Iε =

∫ 0
u2
ε−γ̃

2
ε

exp(−t)(1+ t/γ̃ 2
ε )

Ñε dt∫ 0
−γ̃ 2

ε
exp(−t)(1+ t/γ̃ 2

ε )
Ñε dt

≤

∫ 0
u2
ε−γ̃

2
ε

exp(t (Ñε/γ̃ 2
ε − 1)+ O(Ñεt2/γ̃ 4

ε )) dt∫ 0
2(u2

ε−γ̃
2
ε )

exp(t (Ñε/γ̃ 2
ε − 1)+ O(Ñεt2/γ̃ 4

ε )) dt
≤ ηR

using (3-67), where Iε is as in (3-69). We get the last inequality using (3-53) and yε ∈�ε: (3-69) and
then (3-68) are proved in any case. Let R > 0 be given. By (3-57), (3-58) and (3-68), we clearly get∫

�\Bxε (Rµε)
(1uε(y))+uε dy ≥

∫
Byε (νε)

1uε(y) uε(y) dy

for all ε small enough. Using now (3-56) and (3-67), we write that uε = γ̃ε(1+o(1)) uniformly in Byε(νε),
so that

lim inf
ε→0

∫
Byε (νε)

1uε(y) uε(y) dy = lim inf
ε→0

∫
B0(1)

1ũε(z)(1+ o(1)) dz > 0,

by (3-68). Since this last term is independent of R > 0, this contradicts (3-50), which concludes the proof
of (3-51). �

Proof of Step 6, formula (3-52). Remember that we assume that Case 1 holds true. Assume then by
contradiction that there exists (yε)ε such that yε ∈�ε and

max
y∈�ε
|y− xε||∇uε(y)|uε(y)= |yε − xε||∇uε(yε)|uε(yε) := Cε→+∞ (3-70)

as ε→ 0. Then, by (3-53), (3-56) holds true. Let νε > 0 be given by

νε =min(|xε − yε|, d(yε, ∂�)). (3-71)

For all R > 1 and all ε, we let �R,ε and �̃R,ε be given by the formulas above (3-59). Let wε be given by

wε(z)= uε(yε + νεz).

Since ‖uε‖2H1
0
≤ 4π , we get from Moser’s inequality that

∫
�

exp(u2
ε) dy = O(1) and then that, for all

given p ≥ 1,
‖ν2/p
ε wε‖L p(�̃R,ε)

= O(1) (3-72)
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for all ε. Set x̃ε= (xε− yε)/νε. Now, for any given R> 1 and any sequence (zε)ε such that zε ∈�R,ε\{xε}
(i.e., z̃ε := (zε − yε)/νε ∈ �̃R,ε\{x̃ε}), we get

|1wε(z̃ε)| = ν2
ε |1uε(zε)|.

{
1/(uε(zε)|z̃ε − x̃ε|2) if zε ∈�ε,
λεν

2
ε |9
′

Nε(uε(zε))| = O(λεν2
ε (1+ uε(zε)3)) if zε 6∈�ε,

using (3-51) for the first line, and (3-27) for the second one. Then, using either (3-53) or (3-38) with
(3-72), we get

‖1wε‖L p(�̃R,ε\Bx̃ε (1/R))→ 0 (3-73)

as ε→ 0. Independently, since ‖uε‖H1
0
= O(1), we easy get∫
�̃R,ε

|∇wε|
2 dz = O(1). (3-74)

Observe that |x̃ε| ≥ 1. Now, we claim that up to a subsequence,

νε→ 0 and
d(yε, ∂�)
|xε − yε|

→ +∞ (3-75)

as ε→ 0. In particular, by (3-71), this implies νε = |xε− yε|. Now we prove (3-75). Indeed, if we assume
by contradiction that (3-75) does not hold, for all R� 1 sufficiently large, we get that the (wε/uε(yε))’s
converge locally out of Bx̃ε

( 1
2

)
to some C1 function which is 1 at 0 and 0 on the nonempty and smooth

boundary of limR→+∞ limε→0 �̃R,ε (maybe after a harmless rotation). We use here the Harnack inequality
and elliptic theory with (3-56), (3-73) (with p> 2) and (3-74), since uε= 0 in ∂�. This clearly contradicts
(3-74) and (3-75) is proved. Up to a subsequence, we may now assume

x̃ε→ x̃, |x̃ | = 1, (3-76)

as ε→ 0. By (3-56), (3-73), (3-74), and similar arguments including again Harnack’s principle, we get

wε

uε(yε)
→ 1 in C1

loc(R
2
\{x̃}), (3-77)

using also (3-75). By (3-72) and (3-77), we get that for all p ≥ 1

ν2/p
ε uε(yε)= O(1) (3-78)

as ε→ 0. Let now w̃ε be given by

w̃ε =
wε −wε(0)
νε|∇uε(yε)|

,

so that |∇w̃ε(0)| = 1. For any given R > 1 and any sequence (zε)ε such that z̃ε := (zε − yε)/νε ∈
�̃R,ε\Bx̃(1/R), we get

|1w̃ε(z̃ε)| =
uε(yε)

Cε
|1wε(z̃ε)|.

{
1/(Cε|z̃ε − x̃ε|2) if zε ∈�ε,
(λε/Cε)ν2

εuε(yε)4 if zε 6∈�ε
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for all ε, using (3-51), (3-70) and (3-77). Then, since λε = o(1), we get from (3-70), (3-75) and (3-78)
(with p ≥ 4) that

1w̃ε→ 0 in L∞loc(R
2
\{x̃}) (3-79)

as ε→ 0. By (3-70), (3-76) and (3-77), given R > 1 and z̃ε ∈ �̃R,ε\Bx̃(1/R), we get

|∇w̃ε(z̃ε)| =
|∇uε(zε)|
|∇uε(yε)|

≤
uε(yε)
uε(zε)

1
|x̃ε − z̃ε|

≤
1+ o(1)
|x̃ε − z̃ε|

(3-80)

for all 0 < ε� 1. Then, by (3-79), (3-80) and since w̃ε(0) = 0, there exists a harmonic function H in
R2
\{x̃} such that limε→0 w̃ε =H in C1

loc(R
2
\{x̃}). Now, for all given β > 0, integrating by parts, we get∫

∂Bxε (βνε)

uε∂νuε dσ = Cε

(∫
∂Bx̃ (β)

∂νHdσ + o(1)
)
≤

∫
�

|∇uε|2 dy+
∫
�

uε(1uε)+ dy = O(1),

using (3-70) and (3-77), as ε→ 0. Since Cε →+∞, this implies
∫
∂Bx̃ (β)

∂νH dσ = 0. Then, also by
(3-80), β being arbitrary, H is bounded around x̃ and then the singularity at x̃ is removable. By the
Liouville theorem, H is constant in R2, which is not possible since |∇w̃ε(0)| = |∇H(0)| = 1. This
concludes the proof of (3-52). �

Remark 3.6. We do not assume that the continuous function 9 ′Nε is positive and increasing in [0,+∞).
Then, standard moving plane techniques [Adimurthi and Druet 2004; Gidas et al. 1979; Han 1991;
de Figueiredo et al. 1982] do not apply. We use in the proof below the variational characterization (3-7)
of the uε’s to get that x̄ ∈ K�, K� as in (1-9), and that, in particular, x̄ 6∈ ∂� in (3-12).

Let Bε be the radial solution around xε of{
1Bε = 1

2λε9
′

Nε(Bε),
Bε(xε)= γε,

(3-81)

where γε is still given by (3-13). Let ūε be given by

ūε(z)=
1

2π |xε − z|

∫
∂Bxε (|xε−z|)

uε dσ (3-82)

for all z 6= xε and ūε(xε)= uε(xε)= γε. Let ε0 ∈ (
√

1/e, 1) be given. Let ρε > 0 be given by

tε(ρε)= (1− ε0)γ
2
ε . (3-83)

By (3-44), we have
ρ2
ε = exp(−(ε0+ o(1))γ 2

ε ). (3-84)

Let rε be given by
rε = sup{r ∈ (0, ρε] : |ūε − Bε| ≤ 1/γε in Bxε(r)}. (3-85)

Observe that rε� µε by Step 5 and the Appendix. Then, we state the following key result.

Step 7. We have

ūε(rε)= Bε(rε)+ o
(

1
γε

)
(3-86)
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and then rε = ρε for all 0< ε� 1. Moreover, there exists C > 0 such that

|∇(Bε − uε)| ≤
C
ρεγε

in Bxε(ρε) (3-87)

for all 0< ε� 1, where (xε)ε is as in (3-13), Bε is as in (3-81), ūε is as in (3-82), ρε is as in (3-83) and
rε is as in (3-85).

Since Bε(xε)= uε(xε)= γε, (3-87) obviously implies

|Bε − uε| ≤ C
| · −xε|
ρεγε

in Bxε(ρε) (3-88)

for all 0< ε� 1. Then, combined with the Appendix, Step 7 provides pointwise estimates of the uε’s in
Bxε(ρε).

Proof of Step 7. The proof of Step 7 follows the lines of [Druet and Thizy 2017, Section 3]. We only
recall here the argument in the more delicate Case 1. Let vε be given by

uε = Bε + vε. (3-89)

By the Appendix, we have that Bε is well-defined, radially decreasing in Bxε(ρε), and

Bε = γε −
tε
γε
+ o

(
tε
γε

)
(3-90)

uniformly in Bxε(ρε) as ε→ 0, where tε is given by (3-41). Then, we get first from (3-83) and (3-90) the
lower bound

min
Bxε (rε)

Bε ≥ γε(ε0+ o(1)).

Let us introduce now an intermediate radius r̃ε given by

r̃ε = sup
{
r ∈ (0, rε] : 1

2ε0γε|xε − · ||∇uε| ≤ C in Bxε(r)
}

for C as in (3-52). We prove now that r̃ε = rε for all ε� 1. Indeed, by Wirtinger’s inequality on ∂B0(r),
0< r ≤ r̃ε, we have

|ūε − uε| ≤
2C
ε0γε

π,

so that, by (3-85),

|vε| = |Bε − uε| ≤
(

2πC
ε0
+ 1
)
γ−1
ε

in Bxε(r̃ε). Then, we get a lower bound on uε as well, namely

min
Bxε (r̃ε)

uε ≥ γε(ε0+ o(1)), (3-91)

so that, by (3-52), the condition in the definition of r̃ε never saturates: r̃ε = rε for all ε� 1. Observe
for this that (3-91) combined with (3-53) (see also the paragraph below (3-53)) and with our assumption
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eε2
0 > 1 implies Bxε(r̃ε)⊂�ε. Observe in particular that (3-31) provides γ 2

ε ≥ Nε(1+o(1)). Summarizing
what we have just obtained in Bxε(rε), we may write

‖|xε − · ||∇uε|‖L∞(Bxε (rε)) = O
(

1
γε

)
,

and

‖vε‖L∞(Bxε (rε)) = O
(

1
γε

)
. (3-92)

We also have
Bε ≤ γε (3-93)

in Bxε(rε). By combining (3-26) and (3-81), (3-92) allows us to linearize (3-81) to control vε. More
precisely, (1-5) and Lemma 3.3 permit us to compute the variations of 9 ′Nε in (3-27), even if g is only C1

in (1-1), so that 9 ′Nε is only continuous. Namely, we get from (1-5a) and (1-5c) and from Lemma 3.3 (for
γ = Bε) that

|1vε| = |1(uε − Bε)| ≤ C ′λεγ 2
ε ϕNε−2(B2

ε )

[
|vε| + o

(
1
γε

)]
in Bxε(rε)

for all ε, using (3-48), (3-91)–(3-93) and some computations. Then, (3-90) gives

|1vε| ≤ C ′′
exp(−2tε(1+ o(1))+ t2

ε /γ
2
ε )

µ2
ε

[
|vε| + o

(
1
γε

)]
in Bxε(rε) (3-94)

using (3-30), (3-40) and (3-45). Starting now from (3-92)–(3-94), we can compute and argue as in [Druet
and Thizy 2017, Section 3] in order to get (3-86)–(3-87). �

Conclusion of the proof of Lemma 3.4. Let ε′0 ∈ (ε0, 1) be fixed and let ρ ′ε > 0 be given by

tε(ρ ′ε)= (1− ε
′

0)γ
2
ε , (3-95)

so that, by (3-44),
(ρ ′ε)

2
= exp(−ε′0(1+ o(1))γ 2

ε ). (3-96)

In order to conclude the proof of Lemma 3.4, by Steps 1–7, it remains to prove (2-4), (3-10)–(3-12), that∣∣∣∣uε(y)− 4πGxε(y)
γε

∣∣∣∣= o
(

Gxε(y)
γε

)
(3-97)

uniformly in Bxε(ρ
′
ε)

c, that

uε = γε −
tε
γε
+

S0,ε

γ 3
ε

+
S1,ε

γ 5
ε

+ (A(γε)− 2ξε)
S2,ε

γε
+ o

(
t̄ε
ζε

γε

)
(3-98)

uniformly in Bxε(ρ
′
ε), where the Si,ε’s are as in (A-5), and that

uε(y)= Gxε(y)
(

4π
γε
+

1∑
i=0

Ai

γ 3+2i
ε

+
A2(A(γε)−2ξε)

γε

)
+

4B(γε)
γ 2
ε exp(1+Hxε(xε))

∫
�

G y(x)F(4πGxε(x)) dx+o
(
ζε

γε
Gxε(y)+

|B(γε)|
γ 2
ε

)
, (3-99)
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uniformly in Bxε(ρ
′
ε)

c, as ε→ 0, where F and B(γε) are given in (1-6), where the Ai ’s are as in (A-3),
and where ζε is given in (A-8).

(1) In this first point, we aim to get pointwise estimates of the uε’s out of Bxε(ρ
′
ε). Let G be the Green’s

function in (1-8). It is known that (see for instance [Druet and Thizy 2017, Appendix B]) there exists
C > 0 such that

|∇yGx(y)| ≤
C
|x − y|

and 0< Gx(y)≤
1

2π
log

C
|x − y|

(3-100)

for all x, y ∈�, x 6= y. By (3-87) and since ‖uε‖2H1
0
≤ 4π , it is possible to prove (see for instance the

proof of [Druet and Thizy 2017, Claim 4.6]) that, given p < 1/ε′0,

‖ exp(u2
ε)‖L p(Bxε (ρ

′
ε/2)c) = O(1) (3-101)

for all ε, where Bxε(ρ
′
ε/2)

c
=�\Bxε(ρ

′
ε/2). In the sequel, p′ > 1 is chosen such that

1
p
+

1
p′
< 1.

Let now (zε)ε be any sequence of points in Bxε(ρ
′
ε)

c. By the Green’s representation formula and (3-26),
we can write

uε(zε)=
λε

2

∫
�

Gzε(y)9
′

Nε(uε(y)) dy.

By (3-100), we have that there exists C > 0 such that

|Gzε(xε)−Gzε | ≤ C
|xε − · |
ρ ′ε

(3-102)

in Bxε(ρ
′
ε/2) for all ε. Set t̄ε = 1+ tε. By (3-44) and (3-84), we have

| · −xε|
γερε

= o
(

t̄ε
γ 5
ε

)
in �̃ε := {y : tε(y)≤ γε}

as ε→ 0, and then, by (3-88), (A-9) holds true for vε as in (3-89). Independently, using (3-29), (3-40),
(3-88) and (A-3) with (A-7), we clearly get that there exists C > 0 such that

λε|9
′

Nε(uε)| ≤ C
exp(−2tε + t2

ε /γ
2
ε )

µ2
εγε

in Bxε
( 1

2ρ
′

ε

)
(3-103)

for all ε. Then, we get

uε(zε)=Gzε(xε)
∫

Bxε (ρ
′
ε/2)

λε9
′

Nε(uε)

2
dy+O

(∫
Bxε (ρ

′
ε/2)

exp(−2tε+t2
ε /γ

2
ε )| ·−xε|

µ2
εγερ

′
ε

dy
)
+O(λε‖uε‖L p′ )

=Gzε(xε)
4π
γε

(
1+

1
γ 2
ε

+
A(γε)−2ξε

2
+o(ζ̃ε)

)
+o
(

1
γε

)
+o(‖uε‖L p′ ), (3-104)

where ζ̃ε is given by (3-15). We start by focusing on the first equality of (3-104): (3-102) and (3-103)
are used to get the first two terms. The last term is obtained from (3-29), (3-100), (3-101) and Hölder’s
inequality. We focus now on the second equality of (3-104), resuming the previous one term by term:
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The first term is easily computed by integrating (A-9) in �̃ε and by plugging the values of the Ai ’s from
(A-2)–(A-4) on the one hand, and by estimating roughly in Bxε(ρ

′
ε)\�̃ε with (3-103) on the other hand.

The last term obviously follows from λε = o(1). As for the o(1/γε), we get first O(µε/(ρ ′εγε)) using
ε0 >

1
2 , which clearly concludes by (3-95). Using first that uε ≤ γε and (3-84) in Bxε(ρε), and then (3-104)

with (3-100) in �\Bxε(ρε), we get

‖uε‖L p′ = o
(

1
γε
+‖uε‖L p′

)
+ O

(
1
γε

)
.

This implies with (3-104)

uε(zε)=
4πGzε(xε)

γε

(
1+

1
γ 2
ε

+
A(γε)− 2ξε

2
+ o(ζ̃ε)

)
+ o

(
1
γε

)
. (3-105)

(2) In this second point, we prove

λε ≤
4+ o(1)

γ 2
ε exp(1+M)

(3-106)

as ε→ 0, for M as in (1-9). Observe that (3-105) implies

uε = (1+ o(1))
4πGxε + o(1)

γε

in �\Bxε(ρε). By (1-1) and (3-100), our definition of ρε and the dominated convergence theorem, this
implies

lim
ε→0

∫
�\Bxε (ρε)

9Nε(uε) dy = |�|(1+ g(0)). (3-107)

Independently, (A-7) and (3-88) give

uε = γε −
(1+ o(1))tε

γε
(3-108)

in Bxε(ρε), since µε� ρε. Then, using (3-30), (3-45), ε2
0 > 1/e and resuming the arguments to get (3-55),

we have

9Nε(uε)= (1+ o(1))ϕNε−1(u2
ε) and 9 ′Nε(uε)= 2(1+ o(1)) uεϕNε−1(u2

ε) (3-109)

in Bxε(ρε). Independently, observe that, for all 0, δ > 0,

ϕN (0)= δ exp(0) =⇒ for all T ∈ [0, 0], ϕN (T )≤ δ exp(T ), (3-110)

since ϕ′N ≥ ϕN in [0,+∞]. Then we get∫
Bxε (ρε)

9Nε(uε) dy =
4π(1+ o(1))

γ 2
ε λε

(3-111)

as ε→ 0, by (3-30), (3-40), (3-108), (3-109), with (3-48) for |y − xε| . µε, or with (3-110) and the
dominated convergence theorem for |y− xε| � µε. Then, because of (3-7), we get that (3-106) holds
true, by combining (3-107), (3-111) with (3-24).
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(3) In this point, we conclude the proof of (3-10), and prove (2-4) and (3-12). For R > 1, let χε,R be
given in �ε,R :=�\Bxε(Rµε) by

χε,R = 4π3ε,RGxε

for 3ε,R > 0 to be chosen later such that

χε,R ≤ uε on ∂Bxε(Rµε). (3-112)

Integrating by parts, we can write∫
�ε,R

|∇uε|2 dy =
∫
�ε,R

|∇χε,R|
2 dy− 2

∫
∂Bxε (Rµε)

(∂νχε,R)(uε −χε,R) dσ +
∫
�ε,R

|∇(uε −χε,R)|2 dy

≥

∫
�ε,R

|∇χε,R|
2 dy, (3-113)

where ν is the unit outward normal to the boundary of Bxε(Rµε), using (3-112). Indeed, by [Druet and
Thizy 2017, Appendix B] for instance, since d(xε, ∂�)� µε by Step 5, we have

∂νGxε =−
1

2πRµε
+ O

(
1

d(xε, ∂�)

)
on ∂Bxε(Rµε). (3-114)

Now, by (3-3), (3-40), (3-42), (3-45), (3-84), in order to have (3-112), we can choose 3ε,R such that

3ε,R =
1
γε

(
1−

log(1+ R2)+ o(1)
γ 2
ε

)(
1+

log(δελεγ 2
ε /(4R2))+Hxε(xε)+ o(1)

γ 2
ε

)−1

, (3-115)

with δε ∈ (0, 1] as in (3-30). In (3-115), we use

|Hxε −Hxε(xε)| = O
(

µε

d(xε, ∂�)

)
= o(1)

uniformly in ∂Bxε(Rµε), using Step 5 and computing as in (3-21). Now, by (1-8), (3-44), (3-84), and
(3-114), we compute and get first that∫

�ε,R

|∇χε,R|
2 dy ≥−

∫
∂Bxε (Rµε)

(∂νχε,R)χε,R dσ

≥ 4π
(

1−
2 log(1+ R2)+ o(1)

γ 2
ε

)(
1+

log(δελεγ 2
ε /(4R2))+Hxε(xε)+ o(1)

γ 2
ε

)−1

,

using also (3-115). Independently, we compute and get also that∫
Bxε (Rµε)

|∇uε|2 dy =
4π
γ 2
ε

(
log(1+ R2)−

R2

1+ R2 + o(1)
)
,

by (3-42). Thus, since ‖uε‖2H1
0
≤ 4π and by (3-7) and (3-113), we eventually get

log δελε +Hxε(xε)
γ 2
ε

≥ o(1).

Moreover, using the definition (1-9) of M , (3-106), δε ≤ 1 and that R > 0 may be arbitrarily large, we get

δε→ 1, (3-116)
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and that (3-10) and (3-12) hold true. As a remark, in Case 2 where Nε = 1, (3-116) is a direct consequence
of the definition (3-30) of δε. Then, (2-4) follows from (3-10), (3-107) and (3-111).

(4) Now we prove (3-11). Since ε′0 > ε0, we get from (3-84), (3-88), (3-96) and (A-7) that

uε = γε −
tε
γε
−

tε
γ 3
ε

− (A(γε)− 2ξε)
tε

2γε
+ o

(
tε ζ̃ε
γε

)
(3-117)

uniformly in {y ∈ Bxε(ρ
′
ε) : tε ≥ γε/4}, using also (A-3). Then, noting that the averages of (3-105) and

(3-117) have to match on ∂Bxε(ρ
′
ε), we compute and get

λε =
4

γ 2
ε exp

(
1+M + 1

2γ
2
ε (A(γε)− 2ξε)+ o(ζ̃εγ 2

ε )
) , (3-118)

by (3-12), (3-116) and (3-40) with (3-3) and (3-45). Observe in particular that

1. γ−2
ε Gxε . 1, 1. γ−2

ε tε . 1

on ∂Bxε(ρ
′
ε), by (3-95) and (3-96) with (1-8) and (3-12). By (3-10) and (3-118), (3-11) is proved.

(5) Here, we conclude the proof of Lemma 3.4. As an immediate consequence of (3-105), we get that
(3-97) holds true. Pushing now one step further the above computations with very similar arguments, we
get that (3-98) holds true as well. At last, using in particular (3-10) with (1-6) to improve the estimates in
point (1) of this proof, we get (3-99). �

Lemma 3.4 is proved. �

4. Proof of Proposition 2.1

Proof of Proposition 2.1. We make the assumptions of Lemma 3.4 in Case 2 with αε = 4π(1− ε). In
particular, we assume that uε is a maximizer for (I g

4π(1−ε)(�)), for all 0< ε� 1, and that (2-1) holds true.
Then, Lemma 3.4 in Case 2 will be currently applied in the sequel. In particular, we may let λε, γε, xε, µε
be thus given and it only remains to prove (2-5)–(2-6) to get Proposition 2.1.

Let z ∈� be given. In view of (3-99), for γ, µ > 0, we let now Uµ,γ,z be given by

Uµ,γ,z(x)=
1
γ

(
− log

(
1+
|x − z|2

µ2

)
+ log

1
µ2 +H−1,µ,z(x)

)
+

1∑
i=0

1
γ 3+2i

(
Si

(
x − z
µ

)
+

Ai

4π

(
log

1
µ2 +Hi,µ,z(x)

)
− Bi

)
+

A(γ )
γ

(
S2

(
x − z
µ

)
+

A2

4π

(
log

1
µ2 +H2,µ,z(x)

)
− B2

)
+

4B(γ )
γ 2 exp(1+Hz(z))

∫
�

Gx(y)F(4πGz(y)) dy, (4-1)
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where the Si are given by (A-2), where the Ai , Bi are as in (A-3), where H is as in (1-8), where the H j,µ,z

are harmonic in � and given by

H−1,µ,z =− log
(

1
µ2+ |z− · |2

)
or H j,µ,z =−

4π
A j

(
S j

(
· − z
µ

)
− B j

)
+ logµ2

on ∂�, for j ∈ {0, 1, 2}. By the maximum principle and (A-3), we have that H j,µ,z(x)→ Hz(x) and
|∂µH j,µ,z(x)|≤Cµ uniformly in x ∈� as µ→ 0, for all j . Then, setting fγ (µ)=γ−1Uµ,γ,z(z)−1, using
that Si (0)= 0 and (4-1), it may be easily checked that fγ (µ)=−γ−2 logµ2(1+o(1))−1, C1-uniformly
in µ ∈ (0, µ(γ )) as γ →+∞, where µ(γ ) is given by − logµ(γ )2 = 1

2γ
2. In particular, there exists

γ̃ � 1 such that limµ→0 fγ (µ) = +∞, fγ (µ(γ )) < 0 and f ′γ < 0 in (0, µ(γ )), so that there exists a
unique µ̃(γ, z) ∈ (0, µ(γ )) such that fγ (µ̃(γ, z))= 0 for all γ ≥ γ̃ . Fixing K a compact subset of �, it
is clear that γ̃ can be chosen independent of z ∈ K ; in particular, we may let µ̃ε := µ̃(γε, z) be the unique
µ ∈ (0, µ(γε)) given by

Uµ,γε,z(z)= γε (4-2)

for all ε small. We write from now on H̃ j,ε,z := H j,µ̃ε,z and Uε,z := Uµ̃ε,γε,z . The following result
concludes the proof of Proposition 2.1.

Lemma 4.1. We have

S =
∫
�

G x̄(y)F(4πG x̄(y)) dy if
γ−3
ε B(γε)

γ−4
ε + |A(γε)|

6→ 0 (4-3)

as ε→ 0, where S is as in (1-9) and x̄ as in (3-12). Moreover, (2-5) holds true in any case.

Proof of Lemma 4.1. Let K be a compact subset of � and (zε)ε be a given sequence of points of K . For
simplicity, we let in the proof below ζ̌ε be given by

ζ̌ε =max
(

1
γ 4
ε

, |A(γε)|,
|B(γε)|
γ 3
ε

)
. (4-4)

(1) We first derive the following more explicit expression of the µ̃ε from (4-2):

4
µ̃2
ε exp(γ 2

ε )γ
2
ε

=
4

γ 2
ε exp(1+Hzε(zε))

(1+ O(ζ̌ε + γ 4
ε |A(γε)|

2))

×

(
1−

γ 2
ε A(γε)

2
−

4B(γε)
γε exp(1+Hzε(zε))

∫
�

Gzε(y)F(4πGzε(y)) dy
)

(4-5)

as ε→ 0. By the maximum principle and (A-3), we get that there exists CK > 0 such that |H̃ j,ε,zε | ≤ CK

in �, so that, by elliptic theory, the H̃ j,ε,zε ’s are also bounded in C1
loc(�) for all ε and j . We get from

(4-2) that | log 1/µ̃2
ε − γ

2
ε | ≤ C ′K , and then that

|H̃ j,ε,zε −Hzε | ≤ C ′′Kγ
8
ε exp(−γ 2

ε ) in �, (4-6)
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for all 0< ε� 1 and j ∈ {−1, . . . , 2}, by the maximum principle, (1-8) and (A-3). Rewriting then (4-2)
as

γ 2
ε = log

1
µ̃2
ε

(
1+

A0

4πγ 2
ε

+
A1

4πγ 4
ε

+
A(γε)A2

4π

)
+Hzε(zε)

(
1+

A0

4πγ 2
ε

)
−

B0

γ 2
ε

+
4B(γε)

γε exp(1+Hzε(zε))

∫
�

Gzε(y)F(4πGzε(y)) dy+ O(γ−4
ε + |A(γε)|),

we easily get (4-5), using (3-16) and (A-3) with A1/(4π)− A2
0/(16π2)− B0 = 0.

(2) We prove now that ∫
�

|∇Uε,zε |
2 dx = 4π(1+ Izε(γε)+ o(ζ̌ε)) (4-7)

as ε→ 0, where Izε(γε) is given by

Izε(γε)= γ
−4
ε +

A(γε)
2
+

4B(γε)
γ 3
ε exp(1+Hzε(zε))

∫
�

Gzε(y)F(4πGzε(y)) dy (4-8)

and where Uε,zε is given by (4-1)–(4-2). By (1-6) and elliptic theory,(
x 7→

∫
�

Gx(y)F(4πGzε(y)) dy
)
ε

is a bounded sequence in C1(�). (4-9)

By the construction of the H̃ j,ε,zε , we can write∫
�

|∇Uε,zε(y)|
2 dy

=

∫
�

1Uε,zε(y)Uε,zε(y) dy,

=

∫
{y:t̃ε(y)≤γε}

(
1(−t̃ε)
γε

+
1S̃0,ε

γ 3
ε

+
1S̃1,ε

γ 5
ε

+
A(γε)1S̃2,ε

γε

)
×

(
γε −

t̃ε
γε
+

S̃0,ε

γ 3
ε

+ O
((
|A(γε)|
γε

+
1
γ 5
ε

)
(1+ t̃ε)+

|y− zε|
γε

))
dy+ o(γ−4

ε )

+

∫
{y:t̃ε(y)≥γε(γε−1)}

(
O(µ̃2

εγ
4
ε )+

4B(γε)
γ 2
ε exp(1+Hzε(zε))

F(4πGzε(y))
)

×

(
4πGzε(y)

γε
+ O

(
Gzε(y)
γ 3
ε

+
|B(γε)|
γ 2
ε

))
dy, (4-10)

where t̃ε(y)= log(1+ |y− zε|2/µ̃2
ε) and S̃i,ε = Si (|y− zε|/µ̃ε). We use also here (1-8) with (3-16), and

the estimates of point (1) of this proof, including (4-5)–(4-6). The integral on {t̃ε ∈ (γε, γε(γε−1))} gives
an o(γ−4

ε )-term. Estimate (4-7) follows from (4-10), the Appendix and some computations that we do
not develop here again; see also [Mancini and Martinazzi 2017, §5].

(3) We prove now that ∫
�

|∇uε|2 dx = 4π(1+ Ixε(γε)+ o(ζ̌ε)) (4-11)
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as ε→ 0, where Ixε(γε) is given by (4-8), for (xε)ε as in (3-13). Now, we can push one step further the
argument involving (3-118), writing now that both formulas (3-98) and (3-99) must also coincide on
∂Bxε(ρ

′
ε), where ρ ′ε > 0 is as in (3-95). We compute and then get for µε in (3-40) the analogue of (4-5)

for µ̃ε

λεH(γε)=
4

µ2
ε exp(γ 2

ε )γ
2
ε

(
1+ o

(
1
γ 4
ε

))
=

4
γ 2
ε exp(1+Hxε(xε))

(1+ o(γ 2
ε ζ̌ε))

×

(
1−

γ 2
ε A(γε)

2
−

4B(γε)
γε exp(1+Hxε(xε))

∫
�

Gxε(y)F(4πGxε(y)) dy
)
, (4-12)

using (1-8), (3-16), (A-3)–(A-7). Independently, integrating by parts, resuming some computations in the
Appendix and using (2-2), (3-12), (3-44), point (1), and (3-97)–(3-99) (see also (3-89) and (A-9)), we get∫

�

|∇uε|2 dx =
∫
�

uε(λεH(uε)uε exp(u2
ε)) dx,=

∫
�

Uε,xε1Uε,xε dx + o(ζ̌ε). (4-13)

In order to get the second equality and to apply the dominated convergence theorem, it may be useful to
split � as

�= {y : tε(y)≤ γε}∪
{

y : tε(y) > γε and log
1

|xε − y|2
≥

1− δ′0
2

γ 2
ε

}
∪

{
y : log

1
|xε − y|2

<
1− δ′0

2
γ 2
ε

}
,

where δ′0 is as in (1-6), and to use the first line of (4-12) with (1-5) (resp. with (3-29)) in the first region
(resp. in the second region), or (1-6)–(1-7) in the last region. Observe that the argument here is to show
that Uε,xε (resp. 1Uε,xε ) is in some sense the main part of the expansion of uε (resp. 1uε). Thus we get
(4-11) from (4-7) and (4-13).

(4) We prove now that, for any fixed sequence (ηε)ε of real numbers such that ηε = o(γ−2
ε ), we have∫

�

(1+g(Vε,zε))exp(V 2
ε,zε)dy= |�|(1+g(0))+π exp(1+Hzε(zε))(1−ηεγ

2
ε )

×H(γε)
(

1+γ 2
ε Izε(γε)+

1
γ 2
ε

+o(γ 2
ε (ζ̌ε+|ηε|))

)
×

(
1+

8B(γε)
γε(κ+1)exp(1+Hzε(zε))

∫
�

Gzε(y)F(4πGzε(y))dy
)
, (4-14)

where κ is as in (1-6) and where Vε,zε ≥ 0 is given by

V 2
ε,zε = (1− ηε)U

2
ε,zε , (4-15)

where Uε,zε is given in (4-1). Computations in the spirit of the proof of (4-13) give∫
�

(1+ g(Uε,xε)) exp(U 2
ε,xε) dy =

∫
�

(1+ g(uε)) exp(u2
ε) dy+ o(γ 2

ε ζ̌ε), (4-16)



WHEN DOES A PERTURBED MOSER–TRUDINGER INEQUALITY ADMIT AN EXTREMAL? 1405

not only by combining (1-1), (1-5)–(1-6), Lemma 3.3, (3-12), (3-97)–(3-99) and the Appendix, and by
splitting � as in (4-10), but also by using (4-5) and (4-12). In particular, once (4-14) is proved, choosing
ηε = 0 and zε = xε, we get from (4-16) that∫
�

(1+g(uε)) exp(u2
ε) dy = |�|(1+g(0))+π exp(1+Hxε(xε))H(γε)

×

(
1+γ 2

ε Ixε(γε)+
1
γ 2
ε

+o(γ 2
ε ζ̌ε)

)
×

(
1+

8B(γε)
γε(κ+1) exp(1+Hxε(xε))

∫
�

Gxε(y)F(4πGxε(y)) dy
)
. (4-17)

It remains to prove (4-14). We compute and get

Uε,zε(y)
2
= γ 2

ε − 2t̃ε +
t̃ 2
ε

γ 2
ε

+
2S̃0,ε

γ 2
ε

+ O
(
(|A(γε)| + γ−4

ε )(1+ t̃ε(y)2)+ |y− zε|
)

(4-18)

for all y such that t̃ε(y)≤ γε, using (1-7), (4-1)–(4-2), (4-5), (4-9) and (A-3). Then we get∫
{t̃ε≤γε}

(1+ g(Vε,zε)) exp(V 2
ε,zε) dy

=

∫
{t̃ε≤γε}

H(γε)(1+ O(|A(γε)| exp(δ0 t̃ε))) exp(γ 2
ε ) exp(−2t̃ε) exp(−ηεγ 2

ε )

× exp
(

t̃ 2
ε + 2S̃0,ε

γ 2
ε

)
exp

(
O((|ηε| + |A(γε)| + γ−4

ε )(1+ t̃ 2
ε ))+ |y− zε|

)
dy,

using (3-2) and (4-15) with (4-18). Then combining ηε = o(γ−2
ε ), (3-16), (4-5), computing explicitly∫

R2 exp(−2T0)S0 dy = 0 and
∫

R2 exp(−2T0)T 2
0 dy = 2π for T0 as in (3-42), we get∫

{t̃ε≤γε}
(1+g(Vε,zε))exp(V 2

ε,zε)dy

=
(1−ηεγ 2

ε )H(γε)exp(Hzε(zε)+1)
4

(
1+o(γ 2

ε (|A(γε)|+|ηε|)+γ
−2
ε )

)
×

(
1+
γ 2
ε A(γε)

2
+

4B(γε)
γε exp(Hzε(zε)+1)

∫
�

Gzε(x)F(4πGzε(x))dx+o
(

B(γε)
γε

))
4π
(

1+
2
γ 2
ε

)
. (4-19)

Independently, we get from (1-6), (3-1) (parts (a) and (b) in
{

y, 4πGzε(y)≤
1
2γε
}
, or part (c) otherwise),

(4-1), (4-5) and the dominated convergence theorem that∫
{t̃ε≥γε}

(1+ g(Vε,zε)) exp(V 2
ε,zε) dy

= |�|(1+ g(0))+
8πB(γε)
γε(κ + 1)

∫
�

Gzε(y)F(4πGzε(y)) dy+ o
(
|B(γε)|
γε
+

1
γ 2
ε

)
. (4-20)

Combining (4-19) and (4-20), we conclude that (4-14) holds true, using (3-3) and (4-5).
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(5) We are now in position to conclude the proof of Lemma 4.1. Let x̄0 be a point in the compact set
K� b� where S is attained in the third equation of (1-9). Let ηε be given by

(1− ηε)=
4π(1− ε)
‖Uε,x̄0‖

2
H1

0

. (4-21)

First, we can check that
ηε = Ix̄0(γε)− Ixε(γε)+ o(ζ̌ε), (4-22)

so that the condition ηε = o(γ−2
ε ) above (4-14) is satisfied, using (1-7), (3-7), (3-16), (4-7) and (4-11).

Additionally, we have ‖Vε,x̄0‖
2
H1

0
= 4π(1− ε), by our choice (4-21) of ηε, and then, by (3-7),∫

�

(1+ g(uε)) exp(u2
ε) dy ≥

∫
�

(1+ g(Vε,x̄0)) exp(V 2
ε,x̄0
) dy;

this implies, in view of (4-14), (4-17), (4-22) and of our choice of x̄0, that (4-3) is true and then, by (4-11)
again, that (2-5)–(2-6) are true as well. This concludes the proof of Lemma 4.1. �

Proposition 2.1 is proved. �

Proof of Proposition 2.3. Let� be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)–(1-6)
hold true for H as in (1-2), and let A, B and F be thus given. Assume that3g(�)<π exp(1+M), where M
is as in (1-9) and 3g(�) as in (1-11). Assume that there exists a sequence of positive integers (Nε)ε such
that (2-9) holds true and such that (I gNε

4π (�)) admits a nonnegative extremal uε for all ε > 0, where gNε

is as in (1-10). Then, by Lemma 3.4 in Case 1, we have (2-1) and that (3-8) holds true for αε = 4π for all
0<ε� 1. Moreover, we have uε ∈C1,θ (�) (0<θ < 1) and (2-3) by (3-13). In order to conclude the proof
of Proposition 2.3, it remains to prove (2-10). Still by Lemma 3.4 in Case 1, (3-97)–(3-99) and (A-9) (vε as
in (3-89)) hold true. Concerning (3-97)–(3-99) and (A-9), observe that, contrary to Case 2, the term ξε

cannot be neglected in Case 1, which we are facing here. Indeed, using also now (3-30), (3-40), (3-110)
and (A-9), we can resume computations of (4-10), (4-13) and the Appendix (now with (3-11)) to get

‖uε‖2H1
0
= 4π

(
1+ Ǐ (γε)+ o(γ−4

ε + |A(γε)| + γ
−3
ε |B(γε)| + ξε)

)
as ε→ 0, where

Ǐ (γε) := γ−4
ε +

1
2(A(γε)− 2ξε)+ 4γ−3

ε exp(−1−M)B(γε)S,

so that (2-10) holds true, which concludes the proof. �

Appendix: Radial analysis

Let (xε)ε be a sequence of points in R2 and (γε)ε be a sequence of positive real numbers such that
γε→+∞ as ε→ 0. Let g be such that (1-1) and (1-5) holds true for H as in (1-2), and let A be thus
given. Let (Nε)ε be a sequence of integers. We assume that we are in one of the following two cases:

Case 1′: Nε→+∞ as ε→ 0, and (3-30)—(3-31) hold true.

Case 2′: Nε = 1 for all ε.
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Let Bε be the radial solution around xε in R2 of (3-81), for 9N as in (3-25), where (λε)ε is any given
sequence of positive real numbers. Let T0 be given in R2 by

T0(x)= log(1+ |x |2). (A-1)

Let Si , i = 0, 1, 2, be the radially symmetric solutions around 0 in R2 of

1S0− 8 exp(−2T0)S0 = 4 exp(−2T0)(T 2
0 − T0),

1S1− 8 exp(−2T0)S1 = 4 exp(−2T0)
(
S0+ 2S2

0 − 4T0S0+ 2S0T 2
0 − T 3

0 +
1
2 T 4

0
)
,

1S2− 8 exp(−2T0)S2 = 4 exp(−2T0)T0

(A-2)

such that Si (0)= 0. In the sequel, we will use the C1 expansions of the Si ’s given by

S0(r)=
A0

4π
log

1
r2 + B0+ O(log(r)2r−2), where A0 = 4π, B0 =

π2

6
+ 2,

S1(r)=
A1

4π
log

1
r2 + B1+ O(log(r)4r−2), where A1 = 4π

(
3+ π

2

6

)
, B1 ∈ R,

S2(r)=
A2

4π
log

1
r2 + B2+ O(log(r)r−2), where A2 = 2π, B2 ∈ R,

(A-3)

as r = |x | → +∞. Note that in particular

Ai =

∫
R2
1Si dx . (A-4)

The explicit formula for S0

S0(r)=−T0(r)+
2r2

1+ r2 −
1
2 T0(r)2+

1− r2

1+ r2

∫ 1+r2

1

log t
1− t

dt,

and the expansions in (A-3) are derived in [Malchiodi and Martinazzi 2014; Mancini and Martinazzi
2017]. Let ε0 ∈ (

√
1/e, 1) be given. Let µε be given by (3-40) and tε by (3-41). Let ρε > 0 be given by

(3-83) and satisfying (3-84). Let Si,ε be then given by

Si,ε(x)= Si

(
|x − xε|
µε

)
(A-5)

for i = 0, 1, 2. Let ξε> 0 be given by (3-14). In Case 1′ where Nε→+∞ as ε→ 0, we get ξε=O(N−1/2
ε )

by (3-30) and (3-45). Then, in any case, we clearly have

ξε→ 0 (A-6)

as ε→ 0. Then we are in position to state the main result of this section.

Proposition A.1. We have

Bε = γε −
tε
γε
+

S0,ε

γ 3
ε

+
S1,ε

γ 5
ε

+ (A(γε)− 2ξε)
S2,ε

γε
+ o

(
tε

(
1
γ 5
ε

+
|A(γε)| + ξε

γε

))
(A-7)

uniformly in [0, ρε] as ε→ 0.
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In particular, using also (1-1) and (3-3), it can be checked that Bε is positive and radially decreasing in
[0, ρε]. Observe also that ξε� γ−4

ε can be seen as a remainder term in Case 2′. Let ζε > 0 be given by

ζε =max
(

1
γ 4
ε

, |A(γε)|, ξε

)
. (A-8)

Set t̄ε = 1 + tε. Resuming the computations below, we get as a byproduct of Proposition A.1 that
vε = o(t̄εγ−5

ε ) implies

λε9
′
ε(Bε + vε)

2
=

4 exp(−2tε)
µ2
εγε

[
1+

(1S0)(( · − xε)/µε)
γ 2
ε

+
(1S1)(( · − xε)/µε)

γ 4
ε

+ (A(γε)− 2ξε)(1S2)

(
· − xε
µε

)
+ o(ζε exp(δ̃0tε))

]
(A-9)

uniformly in {y : tε(y)≤ γε}, for some given δ̃0 ∈ (δ0, 1), for δ0 as in (1-5).

Proof of Proposition A.1. Since both arguments are very similar to prove for Case 1′ and Case 2′, for the
sake of readability, we only write the proof of Proposition A.1 in the more delicate Case 1′. Then, assume
that we are in Case 1′. We let τε be given by

Bε = γε −
τε

γε
. (A-10)

Let w̄ε be given by

Bε = γε −
tε
γε
+

S0,ε

γ 3
ε

+
S1,ε

γ 5
ε

+ (A(γε)− 2ξε)
S2,ε

γε
+
ζεw̄ε

γε
. (A-11)

Let δ̄ > 0 be fixed and let r̄ε ≥ 0 be given by

r̄ε = sup{r > 0 : |w̄ε| ≤ δ̄tε in [0, r ]}. (A-12)

Now, since δ̄ > 0 may be arbitrarily small, in order to get Proposition A.1, it is sufficient to prove that
r̄ε = ρε for all 0< ε� 1. Using (A-12), we perform computations in [0, r̄ε] and the subsequent o(1) are
uniformly small in this set as ε→ 0. First, by (1-5), (A-3), (A-6) and (A-12), we have

τε = tε(1+ o(1)). (A-13)

Observe that, as soon as we have 1Bε > 0 in [0, r̄ε], the solution Bε is radially decreasing and (3-93)
holds true in [0, r̄ε]. Let L H

ε and Lg
ε be given by

H(Bε)= H(γε)(1+ L H
ε ), and then (1+ g(Bε))= H(γε)(1+ L H

ε + Lg
ε ). (A-14)

In view of (A-10) and (A-13), estimates of L H
ε , Lg

ε are given by (1-5) and (3-2), respectively. We are now
in position to expand the right-hand side of (3-81). From now on, it is convenient to write

Ñε = Nε − 1. (A-15)
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Going back to (3-27), we have

9 ′Nε(Bε)

2
= BεH(γε)

[
(1+ L H

ε )(1+ϕÑε(B
2
ε ))+ Lg

ε

(
B2Nε
ε

Nε!
− B2

ε

)]
. (A-16)

By (3-83), (A-10) and (A-13) and since r̄ε ≤ ρε, we have

min
[0,r̄ε]

Bε ≥ (ε0+ o(1))γε→+∞ (A-17)

as ε→ 0. Thus, by Stirling’s formula, we get

B2Nε
ε

Nε!
≥ exp

(
Nε

(
log

γ 2
ε

Nε
+ (log ε2

0 + 1)+ o(1)
))

and then, for all given integers k ≥ 0,

Bk
ε = o(1)

B2Nε
ε

Nε!
(A-18)

in [0, r̄ε] as ε→ 0, using ε2
0 > 1/e with (3-31). Similarly, for all given integers k ≥ 0, we have

Bk
ε

ϕNε(B2
ε )
= o(1) (A-19)

in [0, r̄ε] as ε→ 0. Then, by (3-40), (A-10), (A-19) and (A-18), we may rewrite (A-16) as

λε9
′

Nε(Bε)

2
=

4
µ2
εγε

(
1−

τε

γ 2
ε

)[
O(exp(−γ 2

ε ))+
ϕÑε(B

2
ε )

ϕÑε(γ
2
ε )

(
1+ L H

ε + O
(

B2Nε
ε

Nε! ϕÑε(B
2
ε )

Lg
ε

))]
(A-20)

in [0, r̄ε], as ε→ 0. Indeed, by (A-17), we have

L H
ε = o(1) and Lg

ε = o(1) (A-21)

in [0, r̄ε] as ε → 0, using (1-1), (3-3) and (A-14). In (A-20), the term O(exp(−γ 2
ε )) is equal to

(1+ L H
ε )/ϕÑε(γ

2
ε ) and we thus get this control by (3-30) and (A-21). In the following lines, we expand

the terms of (A-20). By (3-48) with 0 = γ 2
ε and T = B2

ε , we get

ϕÑε(B
2
ε )

ϕÑε(γ
2
ε )
= exp(B2

ε − γ
2
ε )− Fε,

where Fε satisfies in [0, r̄ε]

Fε =
B2Ñε
ε

Ñε!ϕÑε(γ
2
ε )

∫ γ 2
ε −B2

ε

0
exp(−u)

(
1+

u
B2
ε

)̃Nε
du

=
exp(B2

ε )

ϕÑε(γ
2
ε )

∫ γ 2
ε

B2
ε

exp(−s)
s Ñε

Ñε!
ds = ξε exp(B2

ε − γ
2
ε )

∫ 0

B2
ε−γ

2
ε

exp(−y)
(

1+
y
γ 2
ε

)̃Nε
dy. (A-22)

By (A-10) and (A-11), we may write

τε = tε −
S0,ε

γ 2
ε

−
S1,ε

γ 4
ε

− (A(γε)− 2ξε)S2,ε − ζεw̄ε.
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Then, keeping in mind (A-3), (A-6), (A-12), (A-13) and tε ≤ γ 2
ε , we may compute

exp(B2
ε − γ

2
ε )= exp

(
−2τε +

τ 2
ε

γ 2
ε

)
= exp

[
−2τε +

1
γ 2
ε

(
t2
ε −

2tεS0,ε

γ 2
ε

+ O(ζε t̄ 2
ε )

)]
(A-23)

in [0, r̄ε] as ε→ 0. Observe that∣∣∣∣exp(y)−
N∑

j=0

y j

j !

∣∣∣∣≤ |y|N+1

(N + 1)!
exp(|y|)

for all y ∈ R and all integers N ≥ 0. Then we draw from (A-23) that(
1−

τε

γ 2
ε

)
exp(B2

ε−γ
2
ε )

= exp(−2tε)
[

1+
1
γ 2
ε

(2S0,ε+t2
ε−tε)+

1
γ 4
ε

(
2S1,ε+2S2

0,ε+
1
2 t4
ε+2S0,εt2

ε−4S0,εtε−t3
ε+S0,ε

)
+2(A(γε)−2ξε)S2,ε+2ζεw̄ε+O

((
t̄ 6
ε

γ 6
ε

+
ζε t̄ 3

ε

γ 2
ε

+ζ 2
ε t̄3
ε

)
exp

(
o(tε)+

t2
ε

γ 2
ε

))]
(A-24)

in [0, r̄ε] as ε→ 0. Independently, by (3-30), (3-45), (A-10), (A-12), (A-13) and since Bε(xε)= γε, for
all given R > 0, we have∥∥∥∥ B2Ñε

ε

Ñε! ϕÑε(B
2
ε )
+

B2Nε
ε

Nε! ϕÑε(B
2
ε )

∥∥∥∥
L∞([0,min(Rµε,r̄ε)]

= O
(

1
√

Nε

)
and

B2Nε
ε

Nε!ϕÑε(B
2
ε )
≤ 1 (A-25)

in [0, r̄ε], the second inequality being obvious by (3-6) and (A-15). In the sequel, by (3-31), we may
assume that

βε :=
Ñε
γ 2
ε

satisfies lim
ε→0

βε = β0 ∈ [0, 1], (A-26)

up to a subsequence. Now, we give estimates for Fε given in (A-22). Up to a subsequence, we can split
our results according to the following two cases:

lim
ε→0

γ 2
ε − Ñε√

Ñε
=+∞, (A-27a)

γ 2
ε − Ñε√

Ñε
= O(1). (A-27b)

Observe that, since we assume (3-31), all the possible situations are considered in (A-27). Let (rε)ε be
any sequence such that

rε ∈ [0, r̄ε] (A-28)

for all ε. We prove that, in the case of (A-27a),

Fε(rε)=

{
O
(
ξεγε exp

(
−2tε(rε)(β0+ o(1))

))
if Bε(rε)2 ≥ Ñε +

√
Ñε,

O
(
exp

(
−(1+ ε0+ o(1))tε(rε)

))
if Bε(rε)2 < Ñε +

√
Ñε,

(A-29)
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while we get in the case of (A-27b)

Fε(rε)=
{

2tε(rε)ξε exp
(
−2tε(rε)(1+ o(1))

)
if tε(rε)= o(γε),

O
(
tε(rε)ξε exp

(
−(1+ ε0+ o(1))tε(rε)

))
if γε = O(tε(rε)).

(A-30)

Now we prove (A-29). We start with the first estimate of (A-29). Then, we assume that Bε(rε)2≥ Ñε+
√

Ñε,
and thus in particular that

1−
Ñε

Bε(rε)2
≥

1+ o(1)√
Ñε

. (A-31)

Writing now Fε according to the first formula of (A-22), using (3-93), (A-17) and

log(1+ t)≤ t for all t >−1, (A-32)

we get first that

Fε(rε)≤ ξε exp(−2τε(rε)βε)
∫ γ 2

ε −B2
ε

0
exp

(
−y
(

1−
Ñε

Bε(rε)2

))
dy,

and conclude the proof of the first estimate of (A-29), by (3-31), (A-13) and (A-31). In order to prove the
second estimate of (A-29), it is sufficient to write Fε according to the second formula of (A-22), to check
that ∫

R

exp(−s)
s Ñε

Ñε!
ds = 1,

that rε ≤ r̄ε ≤ ρε implies

tε(r̄ε)≤ (1− ε0)γ
2
ε , (A-33)

and to use (A-10), (A-13) and (3-30). Now we turn to the proof of (A-30). Then, we assume (A-27b)
holds true and in particular

1−βε = O
(

1
γε

)
in (A-27b). (A-34)

Writing Fε according to the third estimate of (A-22), we get

Fε = ξε exp
(
−τε

(
2−

τε

γ 2
ε

))
(γ 2
ε − B2

ε )

∫ 1

0
exp

(
(γ 2
ε − B2

ε )y+ Ñε log
(

1−
(γ 2
ε − B2

ε )y
γ 2
ε

))
dy (A-35)

at rε. Expanding the log, we easily get the first estimate of (A-30) from (A-13), (A-34), (A-35) and the
assumption tε(rε)= o(γε). The second estimate of (A-30) can also be obtained from (A-35) by (A-13),
(A-32), (A-33) and (A-34). This concludes the proof of (A-30). Now, we prove that, in the case of
(A-27a), we have ∫ r̄ε

0
Fε(r)r dr = o

(
µ2
ε

γ 4
ε

)
. (A-36)
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Since rε ≤ ρε, we get from (3-14), (3-30), (3-31), (A-29) and by Stirling’s formula that∫
{r∈[0,r̄ε],Bε(r)2≥Ñε+

√
Ñε}

Fε(r)r dr

. exp(γ 2
ε [ f (βε)+ O((log γε)/γ 2

ε )])

{
µ2
ε if β0 >

1
2 ,

µ2
ε exp

(
γ 2
ε (1− ε0)(1− 2β0+ o(1))

)
if β0 ≤

1
2 ,

(A-37)

where f is the continuous function in [0, 1] given for β ∈ (0, 1] by

f (β)= β log 1
β
+β − 1.

Independently, since r̄ε ≤ ρε, if

rε ∈ Jε :=
{
r ∈ [0, r̄ε] : Bε(r)2 < Ñε +

√
Ñε
}
,

then Jε 6=∅ and γ 2
ε . Ñε, by (A-10), (A-13) and (A-33). Thus we have

γε .
√

Ñε� tε(rε),

using that we are in the case (A-27a) for the last estimate. Then, we get from (A-29) that∫
Jε

Fε(r)r dr .
∫
{r≤ρε,tε≥γε}

exp
(
−(1+ ε0+ o(1))tε(r)

)
r dr = o

(
µ2
ε

γ 4
ε

)
. (A-38)

Observe that f and β 7→ f (β)+ 1
2(1− 2β) are negative in [0, 1) and

[
0, 1

2

]
respectively. Moreover,

because of (A-27a) and by (3-31), we can check that

βε =
Ñε
γ 2
ε

≤
1

1+ 1/
√

Ñε
≤ 1−

1+ o(1)√
Ñε
≤ 1−

1+ o(1)
γε

,

since γ 2
ε ≥ Ñε +

√
Ñε, and then that

0<− f (βε).
1
γε
. (A-39)

Thus, we get (A-36) from the first estimate of (A-37) with (A-39), from the second estimate of (A-37)
with 1− ε0 < 1−

√
1/e < 1

2 and from (A-38). Computing as in (A-37), we get also that

ξε = o
(

1
γ 4
ε

)
(A-40)

in (A-27a) (see (A-39)). By (A-13) and the second part of (A-25), using that r̄ε ≤ ρε, we may rewrite
(A-20) as

λε9
′

Nε(Bε)

2

=
4

µ2
εγε

[(
1−

τε

γ 2
ε

+L H
ε

)
exp(B2

ε−γ
2
ε )−Fε+O

(
tε
γ 2
ε

|Fε|+exp(−γ 2
ε )

)
+O

((
tε
γ 2
ε

exp(B2
ε−γ

2
ε )+|Fε|

)
(|L H

ε |+|L
g
ε |)

)
+O

(
|Lg
ε |exp(B2

ε−γ
2
ε )

B2Nε
ε

Nε!ϕÑε(B
2
ε )

)]
. (A-41)
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By (3-84), we clearly have ∫ ρε

0
exp(−γ 2

ε )r dr = o
(
µ2
ε

γ 4
ε

)
. (A-42)

Integrating by parts, observe that w̄ε given by (A-11) satisfies

w̄ε(0)= 0 and − rεw̄′ε(rε)=
∫ rε

0
(1w̄ε)r dr, (A-43)

where, still using radial notation,

w̄′ε(r)=
dw̄ε
dr

(r).

From now on, we estimate w̄ε in [0, r̄ε] with (A-43). By (1-5) and (A-14), we may expand L H
ε in (A-41).

Now, since (3-81) holds true, by taking the laplacian of Bε, we get from (A-11) and (A-41) an estimate
of 1w̄ε and then of the right-hand side of (A-43) for rε still as in (A-28). The key observation is that
the precise form of the ODEs in (A-2) generates a cancellation, when plugging (A-24) in (A-41). The
lower-order terms when taking the laplacian of (A-11) are estimated thanks to (A-3). We are left with
estimating the lower-order terms in (A-41), in both cases of (A-27). Assume first that we are in the case
of (A-27a). Estimating these lower-order terms amounts to gathering the appropriate previous estimates
(see (A-21), (A-25), (A-29), (A-36), (A-40), (A-42)). This gives after some slightly long, but elementary
computations that∫ rε

0
|(1w̄ε)|r dr = O

(
‖w̄′ε‖L∞([0,rε])

∫ rε/µε

0

µεr2 dr
(1+r2)1+ε0+o(1)

)
+o
(∫ rε/µε

0

r dr
(1+r2)1+ε0+o(1)

)
. (A-44)

We also use (1-5) and (3-2) to estimate L H
ε and Lg

ε . The first term in the right-hand side of (A-44) uses
that, for all r ∈ [0, rε],

|w̄ε(r)| ≤ r‖w̄′ε‖L∞([0,rε]).

Observe now that (A-44) still holds true in the case of (A-27b), replacing (A-29), (A-36) and (A-40) by
(A-30) in the above argument. Since ε0 >

1
2 , we clearly get from (A-43) and (A-44) that, in both cases of

(A-27),

rε|w̄′ε(rε)| = O
(
‖w̄′ε‖L∞([0,rε])

µε(rε/µε)3

1+ (rε/µε)3

)
+ o

(
(rε/µε)2

1+ (rε/µε)2

)
. (A-45)

Now we prove that
µε‖w̄

′

ε‖L∞([0,r̄ε]) = o(1). (A-46)

If (A-46) does not hold true, then, by (A-45), there exists sε ∈ [0, r̄ε] such that sε = O(µε), µε = O(sε),

|w̄′ε(sε)| = ‖w̄
′

ε‖L∞([0,r̄ε]) and lim sup
ε→0

µε|w̄
′

ε(sε)|> 0. (A-47)

In particular, up to a subsequence, we may assume that there exists α0 ∈ (0,+∞] such that r̄ε/µε→ α0

as ε→ 0. Let w̃ε be given by

w̃ε(y)= w̄ε(µεy)/(µε‖w̄′ε‖L∞([0,r̄ε])).
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By (A-45) and (A-47), we get that (‖(1+ · )w̃′ε‖L∞([0,r̄ε/µε]))ε is a bounded sequence. Then, computing
as in (A-44) and by radial elliptic theory with (3-81), we get w̃ε→ w̃0 in C2([0, α0]) if α0 <+∞ or in
C2

loc([0, α0)) if α0 =+∞, where w̃0 solves
1w̃0 = 8 exp(−2T0)w̃0 in B0(α0),

w̃0(0)= 0,
w̃0 is radial around 0 ∈ R2,

still making usual radial identifications, and where T0 is given in (A-1). By the standard theory of radial
elliptic equations, this implies w̃0≡ 0, which contradicts (A-47) and proves (A-46). Then, since w̄ε(0)= 0
and by the fundamental theorem of calculus, we get from (A-45) with (A-46) that r̄ε = ρε in (A-12). By
the discussion just above (A-13), this concludes the proof of Proposition A.1. �
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WELL-POSEDNESS OF THE HYDROSTATIC NAVIER–STOKES EQUATIONS

DAVID GÉRARD-VARET, NADER MASMOUDI AND VLAD VICOL

We address the local well-posedness of the hydrostatic Navier–Stokes equations. These equations,
sometimes called reduced Navier–Stokes/Prandtl, appear as a formal limit of the Navier–Stokes system
in thin domains, under certain constraints on the aspect ratio and the Reynolds number. It is known that
without any structural assumption on the initial data, real-analyticity is both necessary and sufficient
for the local well-posedness of the system. In this paper we prove that for convex initial data, local
well-posedness holds under simple Gevrey regularity.

1. Introduction

The present paper is devoted to the study of the two-dimensional system

∂t u+ u ∂x u+ v ∂yu+ ∂x p− η ∂2
y u = 0, (x, y) ∈ T× (0, 1), (1-1a)

∂y p = 0, (x, y) ∈ T× (0, 1), (1-1b)

∂x u+ ∂yv = 0, (x, y) ∈ T× (0, 1), (1-1c)

u|y=0,1 = v|y=0,1 = 0, x ∈ T, (1-1d)

where η > 0. The unknowns of this system are (u, v)= (u, v)(x, y, t) and p = p(x, y, t), which model
respectively the velocity field and pressure of a fluid flow. The boundary condition (1-1d) corresponds to
a no-slip condition at the walls y = 0, 1. With respect to the tangential variable x we impose T-periodic
(lateral) boundary conditions.

Note that upon integrating in y the incompressibility equation (1-1c), using the boundary condition
for v (1-1d) we obtain the compatibility condition

∂x

∫ 1

0
u(x, y, t) dy = 0 (1-2)

for all x ∈ T and t ≥ 0, so that the vertical mean of u is just a function of time. Condition (1-2) allows us
to compute the pressure gradient, see (2-4) below, and to obtain the boundary condition for the vorticity,
see (2-6b) below.

System (1-1) is formally obtained [Lagrée and Lorthois 2005; Renardy 2009] when considering the
asymptotics of the two-dimensional Navier–Stokes equation in a thin domain: �= (0, L)× (0, l) with

MSC2010: primary 35Q30; secondary 35Q35.
Keywords: fluid mechanics, Navier–Stokes equations.
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δ = l/L � 1. After a proper rescaling

t :=
Ut
L
, x :=

x
L
, y :=

y
l
, u :=

u
U
, v :=

v

δU
,

the Navier–Stokes equation becomes

∂t u+ u ∂x u+ v ∂yu+ ∂x p− ηδ2 ∂2
x − η ∂

2
y u = 0, (x, y) ∈ T× (0, 1), (1-3a)

δ2(∂tv+ u ∂xv+ v ∂yv)+ ∂y p− ηδ4 ∂2
x v− ηδ

2 ∂2
yv = 0, (x, y) ∈ T× (0, 1), (1-3b)

∂x u+ ∂yv = 0, (x, y) ∈ T× (0, 1), (1-3c)

where

η =
1

δ2 Re
,

with Re=U L/ν the Reynolds number. If we assume η∼ 1 and keep the leading-order terms as δ→ 0, or
if we assume η� 1 and keep both the leading-order and next-order terms in (1-3), we end up with (1-1).

Our concern here will be the local-in-time well-posedness of (1-1). Besides its mathematical relevance,
this problem is meaningful from the point of view of hydrodynamic stability, notably with regards to the
properties of the so-called primitive equations

∂t u+ u ∂x u+ v ∂yu+ ∂x p− η′ ∂2
x − η ∂

2
y u = 0, (x, y) ∈ T× (0, 1), (1-4a)

∂y p = 0, (x, y) ∈ T× (0, 1), (1-4b)

∂x u+ ∂yv = 0, (x, y) ∈ T× (0, 1). (1-4c)

This model and its three-dimensional counterpart are very important in atmospheric sciences, after
accounting for gravity and many other features [Lions et al. 1992a; 1992b; Temam and Ziane 2004; Petcu
et al. 2009]. For positive values of tangential and transverse viscosity coefficients, they are known to be
globally well-posed in the Sobolev setting in both the two- and the three-dimensional case [Ziane 1997;
Bresch et al. 2003; 2005; Temam and Ziane 2004; Cao and Titi 2007; Kobelkov 2007; Kukavica and
Ziane 2007; 2008], and the vanishing viscosity limit η, η′→ 0 can be characterized in the real-analytic
category [Kukavica et al. 2016]. Yet, in the absence of additional turbulent viscosity, the dimensional
analysis of (1-3) shows that the tangential diffusion coefficient η′ is expected to be very small. This allows
to relate the well-/ill-posedness of (1-1) and the stability/instability properties of (1-4). For instance,
assume that (1-1) is linearly ill-posed without analyticity in x : a result in this direction was shown in
[Renardy 2009], and will be discussed later on. It roughly means that, at least in the early stages of the
evolution, there are perturbations with wave number k� 1 in x that grow like e|k|t. From there, if η′ is
small enough so that η′|k|2� 1, one can expect the tangential diffusion −η′ ∂2

x to stay negligible, and
the perturbation to be an approximate solution of (1-4) (with Dirichlet conditions). This can result in a
growth almost as strong as et/

√
η′, showing the strong instability of (1-4). We note that if one keeps η′ > 0

in (1-4) while setting η = 0, the local well-posedness can be established for Sobolev initial datum [Cao
et al. 2016; 2017], confirming that the horizontal dissipation dominated equation is much more stable
than the hydrostatic Navier–Stokes system (1-1) considered in this paper.
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From a mathematical perspective, system (1-3) is reminiscent of the two-dimensional Prandtl system,
describing boundary layer flows. The latter is set in a half-plane, say T×R+, and reads

∂t u+ u ∂x u+ v ∂yu+ ∂x p− η ∂2
y u = 0, (x, y) ∈ T×R+, (1-5a)

∂y p = 0, (x, y) ∈ T×R+, (1-5b)

∂x u+ ∂yv = 0, (x, y) ∈ T×R+, (1-5c)

u|y=0 = v|y=0 = 0, (1-5d)

lim
y→+∞

u = u∞, (1-5e)

lim
y→+∞

p = p∞. (1-5f)

Hence, the only difference with (1-1) lies in the domain and in the boundary conditions. Here, u∞ and
p∞ are given data, related to the Euler flow above the boundary layer. In particular, as p does not depend
on y, it is no longer an unknown of the system. This is a major difference with (1-1), where p can be
seen as a Lagrange multiplier, associated to the constraint that v =−

∫ y
0 ∂x u vanishes at y = 1 (see (2-4)

below).
The well-posedness properties of (1-5) are now well-understood, and depend on the monotonicity

properties of the initial data. Roughly, if the data have Sobolev regularity, and if furthermore the initial
data are monotonic in y, (1-5) has local-in-time Sobolev solutions [Oleinik 1966; Masmoudi and Wong
2015]. On the other hand, without monotonicity, system (1-5) is ill-posed in Sobolev spaces [Gérard-Varet
and Dormy 2010; Gérard-Varet and Nguyen 2012]. Local-in-time well-posedness can be achieved when
the initial datum is real analytic [Sammartino and Caflisch 1998; Kukavica and Vicol 2013], and even
under the milder condition of Gevrey regularity in x [Gérard-Varet and Masmoudi 2015]. We refer
to [E and Engquist 1997; Xin and Zhang 2004; Gérard-Varet et al. 2018; Ignatova and Vicol 2016;
Kukavica et al. 2017; Dalibard and Masmoudi 2018] for more results on the Prandtl system such as
singularities, long-time behavior, and Gevrey-class stability. Interestingly, the instability mechanism that
yields ill-posedness in the Sobolev setting involves in a crucial manner the lack of monotonicity and the
diffusion term −η ∂2

y u. Indeed, the inviscid version of Prandtl, that is,

∂t u+ u ∂x u+ v ∂yu+ ∂x p = 0, (x, y) ∈ T×R+, (1-6a)

∂y p = 0, (x, y) ∈ T×R+, (1-6b)

∂x u+ ∂yv = 0, (x, y) ∈ T×R+, (1-6c)

v|y=0 = 0, (1-6d)

lim
y→+∞

p = p∞ (1-6e)

has local smooth solutions for smooth data, as can be shown by the method of characteristics [Hong and
Hunter 2003].

With regards to this recent understanding of the Prandtl system, it is very natural to ask about the local
well-posedness of (1-1), and to start from the consideration of the inviscid case η = 0, namely
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∂t u+ u ∂x u+ v ∂yu+ ∂x p = 0, (x, y) ∈ T× (0, 1), (1-7a)

∂y p = 0, (x, y) ∈ T× (0, 1), (1-7b)

∂x u+ ∂yv = 0, (x, y) ∈ T× (0, 1), (1-7c)

v|y=0,1 = 0. (1-7d)

This hydrostatic Euler system has been the matter of many studies [Brenier 1999; 2003; Grenier 1999;
Renardy 2009; Kukavica et al. 2011; 2014; Masmoudi and Wong 2012; Cao et al. 2015; Wong 2015].
Contrary to (1-6), existence of local strong solutions requires a structural assumption, namely the uniform
convexity (or concavity) in the variable y of the initial data. A contrario, the presence of an inflection
point may trigger high-frequency instability. This point was established in [Renardy 2009], where the
author considered the linearization of (1-7) around shear flows u = Us(y), v = 0. More precisely, he
showed that if the equation

∫ 1
0 (Us(y)− c)−2 dy = 0 has complex roots, then the linearized hydrostatic

Euler system admits perturbations which have wave number k in x and grow like eδkt, δ > 0, for all
k� 1. Returning to the nonlinear problem (1-7), one can only expect to show short-time stability for
data whose Fourier transform in x behaves like e−δ|k| for large k. This corresponds to analytic data in x .
Local well-posedness in the analytic setting was established in [Kukavica et al. 2011]. Moreover, it is
mentioned in [Renardy 2009] that this high-frequency instability persists in the case of the viscous system
(1-1), at least for small enough η.

Considering all these results, the remaining task is to analyze the viscous system (1-1) for convex (or
concave) initial data. This is the purpose of this paper. It raises strong mathematical issues, related to the
control of x derivatives of the solution. In particular, we find

∂t(∂x u)+ (u ∂x + v ∂y)(∂x u)+ (∂x u)2+ (∂xv) ∂yu+ ∂x(∂x p)− η ∂2
y (∂x u)= 0.

One of the main problems in controlling ∂x u is the term ∂xv ∂yu. Indeed, ∂xv =−
∫ y

0 ∂
2
x u is recovered

from the divergence-free condition, so that it can be seen as a first-order operator in x applied to ∂x u. As
this first-order term has no skew-symmetry, it does not disappear from energy estimates, so that standard
energy arguments can only be conclusive with the help of analyticity. In the case of the hydrostatic Euler
system, the way out of this difficulty consists in considering the (approximate) vorticity ω = ∂yu. Its
tangential derivative is seen to satisfy

∂t(∂xω)+ (u ∂x + v ∂y)(∂xω)+ (∂x u)(∂xω)+ (∂xv) ∂yω = 0.

Under a uniform convexity or concavity assumption |∂yω| ≥ α, the idea is to test the equation against
∂xω/∂yω rather than ∂xω, to take advantage of the cancellation∫

∂xv ∂xω =−

∫
∂y∂xv ∂x u =

∫
∂2

x u ∂x u = 0.

This allows one to get rid of the bad term and is the starting point of the local well-posedness argument.
Such an idea was used previously in [Grenier 2000; Masmoudi and Wong 2012].
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Unfortunately, this manipulation, which we will call the hydrostatic trick, is not fully appropriate for
the viscous system (1-1). The reason is that in the estimate for ∂xω the viscous term generates extra
boundary integrals such as

I [ = η
∫

T×{0}
∂y∂xω

∂xω

∂yω
dx, I ] = η

∫
T×{1}

∂y∂xω
∂xω

∂yω
dx .

The value of ∂y∂xω at the boundary can be obtained from the equation on ∂x u, and yields for instance
(the computation will be detailed later)

∂y∂xω|y=0 = ∂
2
x p =−2∂x

∫ 1

0
u ∂x u dy+ ∂xω|y=1− ∂xω|y=0.

The issue comes from the first term on the right hand-side, which is again a first-order term in ∂x u without
any skew-symmetric structure. In other words, there is an additional loss of derivative compared to
the Prandtl equation, so that obtaining well-posedness below analytic regularity is challenging. This is
our goal in what follows, and we prove in Theorem 2.1 below the local well-posedness under Gevrey
regularity of class 9

8 in the x-variable, under an extra convexity assumption in y.

2. Main result and strategy

For notational simplicity, from now one we will set η= 1 in (1-1). Let �= T× (0, 1). For τ > 0, γ ≥ 1,
we define the Gevrey norm

‖ f ‖2γ,τ =
∞∑
j=0

τ 2 j ( j !)−2γ
‖∂ j

x f ‖2L2(�)
.

Functions f satisfying ‖ f ‖γ,τ < +∞ are in Gevrey class γ with respect to x , measured in L2 in the
y-variable. Our main result is the following:

Theorem 2.1 (well-posedness for convex Gevrey-class initial datum). Let τ 0 > τ1 > 0, γ ≤ 9
8 . Let u0 be

a function satisfying the regularity condition

‖∂yu0‖γ,τ 0 +‖∂3
y u0‖γ,τ 0 <+∞, (2-1)

the convexity condition
inf
�
∂2

y u0 > 0, (2-2)

and the compatibility conditions ∂x
∫ 1

0 u0 dy = 0, u0|y=0,1 = 0,

∂2
y u0|y=0,1 =

∫ 1

0
(−∂x u2

0+ ∂
2
y u0) dy−

∫
�

∂2
y u0.

Then there exists T > 0, and a unique solution u of (1-1) with initial data u0 that satisfies

sup
t∈[0,T ]

(‖∂yu(t)‖γ,τ1 +‖∂
3
y u(t)‖γ,τ1) <+∞.

and
inf

t∈[0,T ]×�
∂2

y u > 0. (2-3)
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A few remarks are in order:

• The main point in our result is that we prove local well-posedness without analyticity, reaching exponents
γ > 1. The value γ = 9

8 is due to technical limitations, and could certainly be improved. The optimal value
that can be expected for γ , or even the possibility of well-posedness in the Sobolev setting are interesting
open questions. Our conjecture — based on a formal parallel with Tollmien–Schlichting instabilities for
Navier–Stokes [Grenier et al. 2016] — is that the best exponent possible should be γ = 3

2 , but such result
is for the time being out of reach. If confirmed, it would emphasize the destabilizing role of viscosity.

• We lose on the radius τ of Gevrey regularity, going from τ 0 to τ1 in positive time. This loss is very
standard [Sammartino and Caflisch 1998; Kukavica et al. 2011; Kukavica and Vicol 2013; Gérard-Varet
and Masmoudi 2015].

• Besides the Gevrey regularity assumption (2-1), the key assumption is inf� ∂2
y u0> 0, which corresponds

to a strictly convex initial data. The strict concavity condition sup� ∂
2
y u0 < 0 would work as well. On

the opposite, as discussed before, we do not expect such well-posedness to hold for data with inflection
points [Renardy 2009].

• The first compatibility condition ∂x
∫ 1

0 u0 = 0 is here to ensure that (1-2) holds for all time. Note that
we can use (1-2) to determine ∂x p: applying ∂x to (1-1a), taking the mean over y ∈ (0, 1), integrating by
parts in the term

∫ 1
0 v ∂yu dy, and using the periodic lateral boundary conditions, we find

∂x p = ω̃|y=1− ω̃|y=0− ∂x

∫ 1

0
u2 dy, x ∈ T, (2-4)

where ω = ∂yu is the vorticity, and we have denoted by

ω̃(x, y, t)= ω(x, y, t)−
∫

T

ω(x, y, t) dx, y ∈ {0, 1}, (2-5)

the zero mean (in x) boundary vorticity. We will use the notation (2-5) throughout the paper. Note that
for y ∈ {0, 1}, the functions ω and ω̃ only differ by a function of time.

• The second and third compatibility conditions can be explained as follows. Most of our analysis
relies on the control of the vorticity ω = ∂yu. We notably need some bound on supt∈[0,T ] ‖ω‖γ,τ for
τ ∈ [τ1, τ

0). If we leave aside the Gevrey regularity in x , this corresponds to an L∞t H 1
y bound on u. As

u satisfies a heat-type equation with Dirichlet condition, it is well known that such an L∞t H 1
y bound

requires the compatibility condition u|t=0|y=0,1 = u|y=0,1|t=0. In view of (1-1c), this amounts to the
second compatibility condition of the theorem: u0|y=0,1 = 0.

Similarly, the last compatibility condition is related to the fact that we need a bound for supt∈[0,T ]‖∂tω‖γ,τ

for τ ∈ [τ1, τ
0). More precisely, this condition can be derived from the system obeyed by ω = ∂yu,

which is

∂tω+ u ∂xω+ v ∂yω− ∂
2
yω = 0, (x, y) ∈ T× (0, 1), (2-6a)

∂yω|y=0,1 = ω̃|y=1− ω̃|y=0− ∂x

∫ 1

0
u2 dy. (2-6b)
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Indeed, (2-6a) follows from differentiating (1-1a) in y, while the boundary condition (2-6b) is obtained
by evaluating (1-1a) at y = 0, 1, using the Dirichlet boundary conditions for u and v in (1-1d), and the
formula for the pressure gradient (2-4). Now, from (2-6a), it appears that an L∞t L2

y control of ∂tω is
similar to an L∞t L2

y control of ∂2
yω, meaning an L∞t H 1

y control of ∂yω. By differentiating (2-6a), one
sees that ∂yω satisfies a heat-like equation, and by (2-6a), it also satisfies a Dirichlet-type condition.
Again, an L∞t H 1

y control requires ∂yω|t=0|y=0,1 = ∂yω|y=0,1|t=0, which by (2-6b) amounts to the third
compatibility condition.

General strategy of the proof. Our analysis is based on the vorticity evolution (2-6). We want to benefit
from the so-called hydrostatic trick, which consists in establishing L2 estimates for the weighted derivatives
∂

j
xω/

√
∂yω. The difficulty is that these estimates are not compatible with the diffusion −∂2

yω, which
creates boundary terms involving ∂ j

x , ∂yω|y=0. Because of the extra x-derivative at the right-hand side of
(2-6b), one cannot close an estimate at the Sobolev level.

To overcome this difficulty, our first idea is to write ω = ωin
+ωbl, where ωbl is a boundary corrector

which solves (approximately)

∂tω
bl
− ∂2

yω
bl
= 0, ∂yω

bl
|y=0,1 =−∂x

∫ 1

0
u2 dy,

where the right side of the Neumann boundary condition is seen as a given data. With this splitting, the
bad term is removed from the Neumann condition on ωin, so that we may apply the hydrostatic trick to
this quantity. Still, this approach is obviously not enough: the equation for ωin still involves ω, either
directly or through ωbl, so that no closed estimate is available on ωin.

This is where we shall take advantage of Gevrey regularity. To explain this point, it is simpler to
consider the linearization of (2-6) around a shear flow (us(y), 0):

∂tω+ us ∂xω+ u′′s v− ∂
2
yω = 0, ∂x u+ ∂yv = 0, ∂yω|y=0,1 = ω̃|y=1− ω̃|y=0− 2∂x

∫ 1

0
usu dy.

As this system has x-independent coefficients, one can Fourier transform in x . More precisely, looking for
local well-posedness in Gevrey class γ , it is natural to look for solutions in the form ω= ek1/γ t eikx ω̂k(t, y).
We end up with the following system for the boundary layer corrector:

(k1/γ
+ ∂t)ω̂

bl
k − ∂

2
y ω̂

bl
k = 0, ∂yω̂

bl
k |y=0,1 =−2ik

∫ 1

0
us ûk dy.

Note that, when taking the boundary layer corrector as a solution of this heat-type system, we implicitly
assume that the other terms in the equation, notably the convection term us ∂xω ∼ ikyω̂bl

k , are negligible
in the boundary layer. A formal analysis shows that this should hold as long as γ > 3

2 , which is the range
considered here. In the limit case γ = 3

2 , conjectured to be optimal for well-posedness (see remark above),
one should probably replace the heat operator by an Airy-type one, as in [Grenier et al. 2016].

Explicit calculations on the boundary layer system reveal that Gevrey regularity in x is converted into
spatial localization in y: for k� 1, ω̂bl

k has a boundary layer behavior, with concentration near y = 0, 1
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at scale k−1/(2γ ). Roughly, neglecting the upper boundary, one can think of

ω̂bl
k ≈ k1−1/(2γ )W (t, k1/(2γ )y)

∫ 1

0
us ûk dy,

ûbl
k ≈ k1−1/γU (t, k1/(2γ )y)

∫ 1

0
us ûk dy.

Now, the idea is to write∫ 1

0
us ûk dy =

∫ 1

0
us ûbl

k +

∫ 1

0
us ûin

k =

(
k1−1/γ

∫ 1

0
us(y)U (t, k1/(2γ )y) dy

)∫ 1

0
us ûk dy+

∫ 1

0
us ûin

k .

In short, one can check that for γ ≤ 2, we have k1−1/γ
∫ 1

0 us(y)U (t, k1/(2γ )y) dy = o(1) in the limit of
large k, so that the first term on the right-hand side can be absorbed in the left-hand side. This leads to a
control of

∫ 1
0 usu, and thus of ωbl, in terms of ωin. From there, one can get closed estimates on ωin.

Of course, this strategy is made more difficult when dealing with the x-dependent and nonlinear system
(2-6). In particular, the Fourier approach is no longer convenient, and we must use the characterization of
Gevrey regularity in the physical space, through the family {∂ j

xω}j∈N. In order to take advantage of the
boundary layer phenomenon, we shall introduce Gevrey norms with extra weight ( j + 1)r ; see (3-1). The
boundary layer phenomenon will be reflected by the fact that multiplication by y or integration in y will
generate a gain in the exponent r ; see Lemma 3.1. Such gain will make possible the control of boundary
layer quantities by ωin; see Lemma 3.4.

From there, the analysis will focus on weighted estimates for ωin, using the hydrostatic trick. As usual
in nonlinear problems, these estimates will be obtained conditional to certain bounds (notably a lower
bound on ∂yω, to benefit from convexity). We will show that such bounds are preserved in small time,
which will require estimates on the time derivative ∂tω, as well as maximum principle arguments for ∂yω.

3. Preliminaries

As usual in this kind of analysis, we will focus on a priori estimates. This means that from Section 3 to
Section 6, we will assume implicitly that we already have a solution of (1-1) on [0, T ] with all necessary
smoothness, and we will collect properties and estimates about this solution. Only in Section 7 will we
describe the way of constructing solutions.

Norms and notation. Let γ ≥ 1, r ∈ R, τ > 0. We introduce a refined two-dimensional Gevrey norm

‖ f ‖2γ,r,τ =
∑
j≥0

M2
j ‖∂

j
x f ‖2L2

x,y(T×[0,1])
, where Mj =

( j + 1)rτ j+1

( j !)γ
. (3-1)

Note that the L2 norm in space is only used on �= T×[0, 1], although the functions may be defined on
the half-space T×[0,∞). We note that if r ′ ≥ r then ‖ · ‖γ,r ′,τ ≥ ‖ · ‖γ,r,τ .

For functions which are independent of the y-variable, we use the one-dimensional counterpart

| f |2γ,r,τ =
∑
j≥0

M2
j ‖∂

j
x f ‖2L2

x (T)
,

where Mj is defined as before. Similarly, if r ′ ≥ r then | · |γ,r ′,τ ≥ | · |γ,r,τ .
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Let τ 0, τ1 be as in Theorem 2.1, and let τ0 such that τ 0 > τ0 > τ1. Throughout the paper, the
Gevrey-class radius τ will be defined by

τ(t)= τ0 exp(−βt), (3-2)

where β ≥ 1, t ∈ [0, T ], and T is always small enough so that τ(t)≥ τ1. In particular τ̇ (t)=−βτ(t).
We will use a . b to denote the existence of a constant C > 0, which may depend only on γ, τ0, τ1,

and r , such that a ≤ Cb. Similarly, will use a� b to denote the existence of a sufficiently large constant
C > 0, which may depend only on γ, τ0, τ1, and r , such that Ca ≤ b.

For any function f we use the notation

f j = Mj ∂
j
x f, (3-3)

where Mj is defined in (3-1) and depends on r, γ , and τ . With this notation we have

‖ f ‖2γ,r,τ =
∑
j≥0

‖ f j‖
2
L2

x,y
and | f |2γ,r,τ =

∑
j≥0

‖ f j‖
2
L2

x
.

A boundary layer lift. The boundary condition (2-6b) in the vorticity evolution (2-6) motivates the
introduction of a boundary layer lift for the vorticity, which we describe next. Throughout the paper we
appeal to Gevrey estimates for the system

(∂t − ∂
2
y )ω

[
= 0, (3-4a)

(∂yω
[
+ 2ω[)|y=0 = ∂x h|y=0, (3-4b)

ω[|t=0 = 0, (3-4c)

posed for t ∈ [0, T ], x ∈ T, and y ∈R+. Here h is a placeholder for −
(∫ 1

0 u2 dy−
∫

T

∫ 1
0 u2 dy dx

)
. Since

the boundary datum for ω[ is a pure x-derivative (and this is the only nontrivial datum), we note that
(3-4) immediately implies

∫
T
ω[(x, y, t) dx = 0 for any y ≥ 0. We also define

u[(x, y)=
∫ y

+∞

ω[(x, z) dz, (3-5)

v[(x, y)=
∫
+∞

y
∂x u[(x, z) dz. (3-6)

Lemma 3.1. Let r ∈ R, β ≥ 1 and T > 0 such that τ(t)≥ τ1 for t ∈ [0, T ]. The boundary layer vorticity
ω[ obeys ∫ t

0
‖ω[(s)‖2γ,r,τ (s) ds .

1
β3/2

∫ t

0
|h(s)|2γ,r+γ−3/4,τ (s) ds, (3-7a)∫ t

0
‖y ω[(s)‖2γ,r,τ (s) ds .

1
β5/2

∫ t

0
|h(s)|2γ,r+γ−5/4,τ (s) ds, (3-7b)∫ t

0
‖∂yω

[(s)‖2γ,r,τ (s) ds .
1
β1/2

∫ t

0
|h(s)|2γ,r+γ−1/4,τ (s) ds, (3-7c)
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0
‖y ∂yω

[(s)‖2γ,r,τ (s) ds .
1
β3/2

∫ t

0
|h(s)|2γ,r+γ−3/4,τ (s) ds, (3-7d)∫ t

0
|ω[(s)|y=1|

2
γ,r,τ (s) ds .

1
β20

∫ t

0
|h(s)|2γ,r+γ−10,τ (s) ds, (3-7e)∫ t

0
|∂yω

[(s)|y=1|
2
γ,r,τ (s) ds .

1
β20

∫ t

0
|h(s)|2γ,r+γ−10,τ (s) ds, (3-7f)

the boundary layer velocity u[ obeys∫ t

0
‖u[(s)‖2γ,r,τ (s) ds .

1
β5/2

∫ t

0
|h(s)|2γ,r+γ−5/4,τ (s) ds, (3-8a)∫ t

0
‖yu[(s)‖2γ,r,τ (s) ds .

1
β7/2

∫ t

0
|h(s)|2γ,r+γ−7/4,τ (s) ds, (3-8b)∫ t

0
|u[(s)|y=1/2|

2
γ,r,τ (s) ds .

1
β20

∫ t

0
|h(s)|2γ,r+γ−10,τ (s) ds, (3-8c)

and the boundary layer velocity v[ satisfies∫ t

0
‖v[(s)‖2γ,r,τ (s) ds .

1
β7/2

∫ t

0
|h(s)|2γ,r+2γ−7/4,τ (s) ds, (3-9a)∫ t

0
|v[|y=0(s)|2γ,r,τ (s) ds .

1
β3

∫ t

0
|h(s)|2γ,r+2γ−3/2,τ (s) ds, (3-9b)∫ t

0
|v[|y=1(s)|2γ,r,τ (s) ds .

1
β20

∫ t

0
|h(s)|2γ,r+γ−10,τ (s) ds (3-9c)

for all t ∈ [0, T ].

Proof of Lemma 3.1. In view of (3-2), (3-3), and (3-4), the function ω[j = Mj ∂
j
xω

[ obeys equations

(∂t +β( j + 1)− ∂2
y )ω

[
j = 0, (3-10a)

(∂yω
[
j + 2ω[j )|y=0 = ∂x h j |y=0 =

Mj

Mj+1
h j+1, (3-10b)

ω
[
j |t=0 = 0. (3-10c)

For fixed x ∈T we define f j (x, t)= (Mj/Mj+1)h j+1(x, t) for t ∈ [0, T ], and f j (x, t)= 0 for t ∈R\[0, T ].
Pointwise in x and y we take a Fourier transform in time and solve in L2(Rt ×Tx ×R+y ) the system

(∂t +β( j + 1)− ∂2
y )ω̄

[
j = 0,

(∂yω̄
[
j + 2ω̄[j )|y=0 = f j .

The solution is obtained by taking the inverse Fourier transform in time (we let ζ denote the dual Fourier
variable to t) of the function

ˆ̄ω
[
j (ζ, x, y)=

f̂ j (ζ, x)
2−
√
β( j + 1)+ iζ

e−y
√
β( j+1)+iζ . (3-12)
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We implicitly assume here that β > 4 so that for all j ∈ N, for all ζ with Im ζ ≤ 0,

|2−
√
β( j + 1)+ iζ | ≥ |

√
β( j + 1)+ iζ | − 2≥

√
β( j + 1)−Im ζ − 2≥

√
β − 2> 0. (3-13)

We will make a crucial use of:

Lemma 3.2. The following two properties hold:

• ω̄
[
j ≡ 0 for t < 0.

• ω̄
[
j ≡ ω

[
j for t ∈ [0, T ].

The proof is postponed to the Appendix. This lemma will allow us to use the explicit formula (3-12)
to obtain estimates on ω[j , starting with (3-7a)–(3-7f).

Let us detail the derivation of (3-7a). A simple calculation based on (3-12) yields

‖ ˆ̄ω
[
j‖

2
L2
ζ,x,y
≤

C
(β( j + 1))3/2

‖ f̂ j‖
2
L2
ζ,x

for a constant C independent of j (and obviously independent of T, which is only involved in the definition
of f j ). By the Plancherel formula in time

‖ω̄
[
j‖

2
L2

t,x,y
≤

C
(β( j + 1))3/2

‖ f j‖
2
L2

t,x
=

C
β( j + 1)3/2

(
Mj

Mj+1

)2 ∫ T

0
‖h j+1(s)‖2L2

x
ds. (3-14)

This implies (by the second item of Lemma 3.2)∫ T

0
‖ω

[
j (s)‖

2
L2

x,y
ds ≤

C ′

β3/2 ( j + 1)2γ−3/2
∫ T

0
‖h j+1(s)‖2L2

x
ds.

Multiplying by ( j+1)2r and summing over j , we obtain the inequality (3-7a) in the special case t = T. For
the general case t ∈ (0, T ), the idea is to slightly modify ω̄[j . Namely, instead of extending (Mj/Mj+1)h j+1

by zero outside (0, T ) and then solving the heat equation with the extension f j as a boundary data, we
extend (Mj/Mj+1)h j+1|(0,t) by zero outside (0, t). We then solve the heat equation with this modified
boundary data f t

j , which is zero outside (0, t), resulting in a new ω̄
[,t
j . Obviously, Lemma 3.2 and

the previous calculation remain true with T replaced by t and ω̄[j replaced by ω̄[,tj . This yields (3-7a).
Inequalities (3-7b)–(3-8b) follow very similar arguments, which we skip for brevity.

In the case of (3-9a), we need to take into account one more x-derivative. A simple calculation yields
(with obvious notation)

‖ ˆ̄v
[
j ‖

2
L2
ζ,x,y
≤

C
(β( j + 1))7/2

‖∂x f̂ j‖
2
L2
ζ,x
.

The extra factor of (β( j+1))2 in the denominator compared to (3-14) comes from taking two antiderivatives
in y, while f̂ j is replaced by ∂x f̂ j due to the extra x-derivative in (3-6). It follows that∫ T

0
‖v
[
j (s)‖

2
L2

x,y
ds ≤

C
β7/2 ( j + 1)2γ−7/2

∫ T

0
‖∂x h j+1(s)‖2L2

x
ds
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and using that |∂x h j+1|. (Mj+1/Mj+2)|h j+2|. ( j + 2)γ |h j+2|, we get∫ T

0
‖v
[
j (s)‖

2
L2

x,y
ds ≤

C
β7/2 ( j + 1)4γ−7/2

∫ T

0
‖h j+2(s)‖2L2

x
ds.

Multiplying by ( j+1)2r and summing over j yields (3-9a) for t = T, while the case of an arbitrary time t
is treated with the modification explained above. The pointwise estimate (3-9b), taken at y = 0, follows
from the inequality

‖ ˆ̄v
[
j |y=0‖

2
L2
ζ,x
≤

C
(β( j + 1))3

‖∂x f̂ j‖
2
L2
ζ,x
.

The pointwise estimates (3-7f), (3-8c), and (3-9c), taken at y = 1 or y = 1
2 are much better: all boundary

layer terms taken at y = 1 contain an exponential factor e−
√
β( j+1)+iξ which allows us to gain an arbitrary

number of powers of β j (which explains the arbitrary factor 1/β20 and the index r − γ − 10). �

Lemma 3.3. Let r ∈ R, β ≥ 1 and T > 0 such that τ(t)≥ τ1 for t ∈ [0, T ]. We have

sup
[0,t]
‖ω[(s)‖2γ,r,τ (s) .

1
β1/2

∫ t

0
|h(s)|2γ,r+γ−1/4,τ (s) ds (3-15a)

for all t ∈ [0, T ].

Proof of Lemma 3.3. In order to establish the estimate (3-15a), we rely on the explicit formula (3-12),
which gives an L1 control of the Fourier transform:

‖ ˆ̄ω
[
j‖L1

ζ (L
2
x ,y)
.
∫

R

1
|
√
β( j + 1)+ iζ − 2|

(∫
R+

∫
T

|e−2y
√
β( j+1)+iζ

|| f̂ j (ζ, x)|2 dx dy
)1/2

dζ

.
∫

R

1
|
√
β( j + 1)+ iζ |3/4

(∫
T

| f̂ j (ζ, x)|2 dx
)1/2

dζ

.

(∫
R

1
|
√
β( j + 1)+ iζ |3/2

dζ
)1/2(∫

R

∫
T

| f̂ j (ζ, x)|2 dx dζ
)1/2

.
1

(β( j + 1))1/4

(∫
R

∫
T

| f̂ j (ζ, x)|2 dx dζ
)1/2

.

This implies

sup
t∈R

‖ω̄
[
j (t)‖L2

x,y
.

1
(β( j + 1))1/4

(∫
R

∫
T

| f j+1(t, x)|2 dt
)1/2

.

Restricting the left-hand side to the supremum over (0, T ), we get

sup
t∈(0,T )

‖ω
[
j (t)‖

2
L2

x,y
.

1
(β( j + 1))−2γ+1/2

∫ T

0

∫
T

‖h j+1(t, x)|2 dt.

Multiplying by ( j + 1)2r and summing over j , we get (3-15a) for t = T. The general case of t ∈ (0, T ) is
treated as in the proof of Lemma 3.1. �
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The interior vorticity controls the boundary layer lift. So far, we have only focused on the lower bound-
ary layer lift, which is very small near y = 0. We introduce the notation

ωbl(x, y, t)= ω[(x, y, t)−ω[(x, 1− y, t), (3-16a)

ubl(x, y, t)= u[(x, y, t)+ u[(x, 1− y, t), (3-16b)

vbl(x, y, t)=−
∫ y

0
∂x ubl(x, z, t) dz (3-16c)

to denote the cumulative boundary layer profile, and

ωin(x, y, t)= ω(x, y, t)−ωbl(x, y, t), (3-17a)

uin(x, y, t)= u(x, y, t)− ubl(x, y, t), (3-17b)

vin(x, y, t)= v(x, y, t)− vbl(x, y, t) (3-17c)

to denote the interior vorticity, horizontal velocity component, and vertical velocity component. In view
of (3-3), (3-16) and (3-17) we also define the objects ωbl

j , ubl
j , vbl

j in terms of the function h, and ωin
j , uin

j ,
vin

j in terms of h and ω.

Lemma 3.4. Let γ ∈
[
1, 5

4

]
, r > 2γ + 2, M > 0. Assume ω = ∂yu is such that

sup
[0,T ]
‖ω(t)‖γ,r/4,τ (t) ≤ M (3-18)

and define

h(x, t)=−
∫ 1

0
(u(x, y, t))2 dy+

∫
T

∫ 1

0
(u(x, y, t))2 dy dx .

With h as above, let ω[ be defined via (3-4), and let ωin be as defined in (3-17). Then there exists
β∗ = β∗(τ0, τ1, γ, r,M) such that if β ≥ β∗ and if T is such that τ(t)≥ τ1 for t ∈ [0, T ], then∫ t

0
|h(s)|2γ,r,τ (s)ds . M2

∫ t

0
‖ωin(s)‖2γ,r,τ (s) ds

for any t ∈ [0, T ].

Note that with h defined as above we have

∂x h =−∂x

∫ 1

0
u2 dy,

so that the additional kinetic energy term in h is not seen by ωbl. Combining Lemmas 3.1, 3.3 and 3.4, we
see that condition (3-18) implies a sharp control of the Gevrey norm of the boundary layer profiles ωbl,
ubl, and vbl, solely in terms of the Gevrey norm of the interior vorticity ωin and of the constants M and β.

Proof of Lemma 3.4. For j = 0 we have h0 = M0h = τh, and since∫
T

h(x, t) dx = 0,



1430 DAVID GÉRARD-VARET, NADER MASMOUDI AND VLAD VICOL

we may apply the Poincaré inequality in the x-variable:

‖h0‖L2
x
. ‖∂x h0‖L2

x
. ‖h1‖L2

x
. (3-19)

Hence, it is enough to estimate h j for j ≥ 1. By the Leibniz rule we have

−h j (x, t)=
j∑

`=0

( j
`

) Mj

Mj−`M`

∫ 1

0
u`(x, y, t)u j−`(x, y, t) dy. (3-20)

We can without loss of generality estimate only the half-sum
∑

0≤`≤ j/2, as the other half-sum can be put
in the same form through the change of index `′ = j − `.

First let us treat the case ` ≥ 1. The compatibility condition (1-2) yields
∫ 1

0 u`(x, y) dy = 0, which
directly implies∫ 1

0
u`(x, y)uin

j−`(x, y) dy =
∫ 1

0
u`(x, y)

(
uin

j−`(x, y)−
∫ 1

0
uin

j−`(x, z) dz
)

dy.

Using the one-dimensional Gagliardo–Nirenberg inequality, the one-dimensional Hardy inequality, the
one-dimensional Poincaré inequality, and the fact that u`|y=0 = u`|y=1 = 0, we have, for `≥ 1,∥∥∥∥∫ 1

0
u`(x, y)u j−`(x, y)dy

∥∥∥∥
L2

x

≤

∥∥∥∥∫ 1

0
u`(x, y)uin

j−`(x, y)dy
∥∥∥∥

L2
x

+

∥∥∥∥∫ 1

0
u`(x, y)ubl

j−`(x, y)dy
∥∥∥∥

L2
x

≤‖u`‖L∞x L2
y

∥∥∥∥uin
j−`−

∫ 1

0
uin

j−` dz
∥∥∥∥

L2
x,y

+

∥∥∥∥ u`
y(1−y)

∥∥∥∥
L∞x L2

y

‖y(1−y)ubl
j−`‖L2

x,y

. ‖u`‖
1/2
L2

x,y
‖∂x u`‖

1/2
L2

x,y
‖ωin

j−`‖L2
x,y
+‖ω`‖

1/2
L2

x,y
‖∂xω`‖

1/2
L2

x,y
‖y(1−y)ubl

j−`‖L2
x,y

.
M1/2
`

M1/2
`+1

‖ω`‖
1/2
L2

x,y
‖ω`+1‖

1/2
L2

x,y
(‖ωin

j−`‖L2
x,y
+‖y(1−y)ubl

j−`‖L2
x,y
).

For `= 0, we estimate the L2
x norm of

∫ 1
0 u0 ubl

j dy precisely as in the case `≥ 1. For the interior piece,
since j ≥ 1 we may use (1-2) and the Poincaré inequality in y to estimate∥∥∥∥∫ 1

0
u0(x, y)uin

j (x, y) dy
∥∥∥∥

L2
x

. ‖u0‖L∞x L2
y

(∥∥∥∥uin
j (x, y)−

∫ 1

0
uin

j (x, z) dz
∥∥∥∥

L2
x,y

+

∥∥∥∥∫ 1

0
ubl

j (x, z) dz
∥∥∥∥

L2
x,y

)

. M
(
‖ωin

j ‖L2
x,y
+

∥∥∥∥∫ 1

0
ubl

j (x, z) dz
∥∥∥∥

L2
x

)
since

‖u0‖L∞x L2
y
. ‖ω0‖L∞x L2

y
. ‖ω0‖L2

x,y
+‖ω1‖L2

x,y
. M.

At this point we note that∫ 1

0
ubl

j (x, y) dy =−
∫ 1/2

0
yωbl

j (x, y) dy+ ubl
j
(
x, 1

2

)
+

∫ 1

1/2
(1− y)ωbl

j (x, y) dz



WELL-POSEDNESS OF THE HYDROSTATIC NAVIER–STOKES EQUATIONS 1431

so that ∥∥∥∥∫ 1

0
ubl

j (x, y) dy
∥∥∥∥

L2
x

. ‖yω[j‖L2
x,y
+
∥∥u[j

(
x, 1

2

)∥∥
L2

x
.

Returning to (3-20), and using that in this range of `, namely less than 1
2 j , we have( j

`

) Mj

Mj−`M1/2
` M1/2

`+1

.
1
τ 1/2

( j
`

)1−γ 1
(`+ 1)r−γ /2

.
1

(`+ 1)r−γ /2
,

for j ≥ 1 we obtain

‖h j‖L2
x
.
d j/2e∑
`=1

( j
`

) Mj

Mj−`M1/2
` M1/2

`+1

‖ω`‖
1/2
L2

x,y
‖ω`+1‖

1/2
L2

x,y
(‖ωin

j−`‖L2
x,y
+‖y(1− y)ubl

j−`‖L2
x,y
)

+M
(
‖ωin

j ‖L2
x,y
+‖yu[j‖L2

x,y
+‖yω[j‖L2

x,y
+
∥∥u[j

(
x, 1

2

)∥∥
L2

x

)
.
d j/2e∑
`=1

(l + 1)−3r/4
‖ω`‖

1/2
L2

x,y
‖ω`+1‖

1/2
L2

x,y

(`+ 1)r/4−γ /2
(‖ωin

j−`‖L2
x,y
+‖yu[j−`‖L2

x,y
)

+M
(
‖ωin

j ‖L2
x,y
+‖yu[j‖L2

x,y
+‖yω[j‖L2

x,y
+
∥∥u[j

(
x, 1

2

)∥∥
L2

x

)
. (3-21)

From (3-19) and (3-21), using the discrete Hölder and Young inequalities, inequalities (3-8b), (3-8c),
(3-7b) and assumption (3-18) we obtain from the above that∫ t

0
|h(s)|2γ,r,τ (s) ds=

∫ t

0

∑
j≥0

‖h j (s)‖2L2
x
ds

. sup
[0,t]

(∑
j≥0

( j+1)−3r/4(‖ωj‖L2
x,y
+‖ωj+1‖L2

x,y
)

( j+1)r/4−γ /2

)2∫ t

0

(∑
j≥0

‖ωin
j ‖

2
L2

x,y
+

∑
j≥0

‖yu[j‖
2
L2

x,y

)
ds

+M2
∫ t

0

(
‖ωin(s)‖2γ,r,τ (s)+‖yu[(s)‖2γ,r,τ (s)+‖yω

[(s)‖2γ,r,τ (s)+|u
[(s)|y=1/2|

2
γ,r,τ (s)

)
ds

.M2
(∫ t

0
‖ωin(s)‖2γ,r,τ (s) ds+

∫ t

0
‖yu[(s)‖2γ,r,τ (s)+‖yω

[
‖

2
γ,r,τ (s)+|u

[
|y=1/2|

2
γ,r,τ (s) ds

)
.M2

(∫ t

0
‖ωin(s)‖2γ,r,τ (s) ds+

1
β5/2

∫ t

0
|h(s)|2γ,r+γ−5/4,τ (s) ds

)
.

Here we have used that 1
4r − 1

2γ >
1
2 . The proof is completed using that M2β−5/2

� 1, which follows
once β∗ is taken sufficiently large, and the fact that γ ≤ 5

4 , which allows us to absorb the second term in
the right side of the above into the left side. �

4. Estimates involving ωin

From the vorticity evolution (2-6) and the definition of ωbl (3-16) (which obeys
∫

T
ωbl(x, y, t) dx = 0 for

any y ≥ 0), we obtain that the equation obeyed by the interior vorticity is
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∂tω
in
− ∂2

yω
in
+ u ∂xω

in
+ v ∂yω

in
=−u ∂xω

bl
− v ∂yω

bl, (4-1a)

∂yω
in
|y=0,1 = ω̃

in
|y=1− ω̃

in
|y=0+ 2ω[|y=1− ∂yω

[
|y=1, (4-1b)

ωin(0)= ω0. (4-1c)

The initial condition for ωin is obtained from the fact that ωbl(0)= 0, which holds in view of (3-4c). The
main a priori estimate for ωin is provided by the following proposition.

Proposition 4.1. Let M, δ0, γ ∈
[
1, 9

8

]
be given, and let β∗ be as in Lemma 3.4. There exists r0 = r0(γ )

such that for all r ≥ r0, one can find β0 = β0(M, δ0, τ0, τ1, r, γ ) >max(β∗, 4) satisfying: if β ≥ β0 and
T ≤ 1 is small enough so that τ(t)≥ τ1 for all t ∈ [0, T ], under the assumptions

sup
t∈[0,T ]

‖ω(t)‖γ,3r/4,τ (t)+ sup
t∈[0,T ]

‖∂yω(t)‖γ,r/2,τ (t) ≤ M, (4-2)

δ0 ≤ ∂yω ≤
1
δ0
, (4-3)

sup
t∈[0,T ]

‖∂2
yω(t)‖L∞x L2

y
≤ M, (4-4)

we have

sup
s∈[0,t]
‖ωin(s)‖2γ,r,τ (s)+

∫ t

0
‖∂yω

in(s)‖2γ,r,τ (s) ds+β
∫ t

0
‖ωin(s)‖2γ,r+1/2,τ (s) ds ≤

1
δ2

0
‖ω(0)‖2γ,r,τ0

(4-5)

holds for all t ∈ [0, T ]. Moreover, as a consequence we obtain

sup
s∈[0,t]
‖ω(s)‖2γ,r−γ+3/4,τ (s)

+

∫ t

0
‖∂yω(s)‖2γ,r−γ+3/4,τ (s) ds+β

∫ t

0
‖ω(s)‖2γ,r−γ+5/4,τ (s) ds ≤

4
δ2

0
‖ω(0)‖2γ,r,τ0

(4-6)

for all t ∈ [0, T ].

Proof of Proposition 4.1. Using the convention (3-3), from (4-1) we obtain

(∂t +β( j + 1)− ∂2
y )ω

in
j + (u ∂x + v ∂y)ω

in
j + v

in
j ∂yω

=−(u ∂x + v ∂y)ω
bl
j − v

bl
j ∂yω−Mj [∂

j
x , u ∂x + v ∂y]ω+ vj ∂yω, (4-7a)

∂yω
in
j |y=0,1 = ω̃

in
j |y=1− ω̃

in
j |y=0+ 2ω[j |y=1− ∂yω

[
j |y=1. (4-7b)

Note that as soon as j ≥ 1, we may replace ω̃in
j |y=0,1 = ω

in
j |y=0,1 in (4-7b). We perform a “hydrostatic

energy estimate” on (4-7), which is permissible in view of (4-3). That is, we multiply (4-7a) by ωin
j /∂yω

and integrate over �= T×[0, 1]. We notably use the “hydrostatic trick”, which in this case gives∫
�

vin
j ω

in
j dx dy =−

∫
�

(∫ y

0
∂x uin

j

)
∂yuin

j dx dy

=

∫
�

∂x uin
j uin

j dx dy−
∫

T

(∫ 1

0
∂x uin

j

)
uin

j |y=1 dx

=−

∫
T

(∫ 1

0
∂x ubl

j (x, y) dy
)

ubl
j (x, 1) dx,



WELL-POSEDNESS OF THE HYDROSTATIC NAVIER–STOKES EQUATIONS 1433

taking into account that
∫ 1

0 ∂x u j (x, y) dy = 0 and that u j |y=1 = 0. Thus, we obtain

1
2

d
dt

∥∥∥∥ ωin
j√
∂yω

∥∥∥∥2

L2
+β( j + 1)

∥∥∥∥ ωin
j√
∂yω

∥∥∥∥2

L2
+

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

=

∫
T

(
∂yω

in
j ω

in
j

∂yω

∣∣∣∣
y=1
−
∂yω

in
j ω

in
j

∂yω

∣∣∣∣
y=0

)
dx +

∫
T

(∫ 1

0
∂x ubl

j (x, y) dy
)

ubl
j (x, 1) dx

+

∫
�

∂yω
in
j ω

in
j

∂yω

∂2
yω

∂yω
dx dy− 1

2

∫
�

(ωin
j )

2

∂yω

(u ∂x + v ∂y) ∂yω

∂yω
dx dy

−

∫
�

u ∂xω
bl
j

ωin
j

∂yω
dx dy−

∫
�

v ∂yω
bl
j

ωin
j

∂yω
dxdy−

∫
�

vbl
j ω

in
j dx dy

−

j∑
k=1

Mj

Mk Mj−k+1

( j
k

) ∫
�

ukωj−k+1
ωin

j

∂yω
dx dy−

j−1∑
k=1

Mj

Mk Mj−k

( j
k

) ∫
�

vk ∂yωj−k
ωin

j

∂yω
dx dy

=: T1 j + T2 j + T3 j − T4 j − T5 j − T6 j − T7 j − T8 j − T9 j . (4-8)

Summing over j , and integrating on [0, t), with t ≤ T, we obtain

‖ωin(t)‖2γ,r,τ (t)+2β
∫ t

0
‖ωin
‖

2
γ,r+1/2,τ+

∫ t

0
‖∂yω

in
‖

2
γ,r,τ

≤
1
δ2

0
‖ωin

0 ‖
2
γ,r,τ0
+

1
δ0

∫ t

0

∑
j≥0

(
|T1 j |−

1
2

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)
+|T2 j |+

(
|T3 j |+|T4 j |−

1
2

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)
ds

+
1
δ0

∫ t

0

∑
j≥0

|T5 j |+|T6 j |+|T7 j |+|T8 j |+|T9 j |ds. (4-9)

The rest of the proof is dedicated to estimating the nine terms on the right side of (4-9).

The T1 j bound: From (2-6b) and (4-7b) we obtain

T1 j =

∫
T

∂yω
in
j |y=0,1(ω

in
j |y=1−ω

in
j |y=0)

∂yω|y=0,1
dx

=

∫
T

(ω̃in
j |y=1− ω̃

in
j |y=0)(ω

in
j |y=1−ω

in
j |y=0)

∂yω|y=0,1
dx +

∫
T

(2ω[j |y=1− ∂yω
[
j |y=1)(ω

in
j |y=1−ω

in
j |y=0)

∂yω|y=0,1
dx

= T11 j + T12 j .

From the Gagliardo–Nirenberg inequality ‖ f ‖L∞(0,1) ≤ ‖ f ‖L2(0,1)+ 2‖ f ‖1/2L2(0,1)‖∂y f ‖1/2L2(0,1), we have

|T11 j |.
1
δ0
(‖ωin

j ‖
2
L2

x,y
+‖ωin

j ‖L2
x,y
‖∂yω

in
j ‖L2

x,y
).

Using Cauchy–Schwarz, we similarly obtain

|T12 j |. |T11 j | +
1
δ0
(‖ω

[
j |y=1‖

2
L2

x
+‖∂yω

[
j |y=1‖

2
L2

x
).
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Summing up the above two estimates, and summing over j ≥ 0 we obtain

∑
j≥0

(
|T1 j | −

1
2

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)
. 1
δ2

0
‖ωin
‖

2
γ,r,τ +

1
δ0
(|ω

[
j |y=1|

2
γ,r,τ + |∂yω

[
j |y=1|

2
γ,r,τ ).

Using (3-7e)–(3-7f), and combining the resulting bound with Lemma 3.4 (which may be used due to
assumption (4-2)), we arrive at∫ t

0

∑
j≥0

(
|T1 j |−

1
2

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)
. 1
δ2

0

∫ t

0
‖ωin
‖

2
γ,r,τ +

1
δ0β20

∫ t

0
|h|2γ,r+γ−10,τ .

1
δ2

0

∫ t

0
‖ωin
‖

2
γ,r,τ , (4-10)

where we have used that δ0 M2
≤ β20.

The T2 j bound: From (3-16) we obtain

T2 j = 2
∫

T

(∫ 1

0
∂x u[j (x, y) dy

)
(u[j (x, 0)+ u[j (x, 1)) dx

= 2
∫

T

(v
[
j (x, 0)− v[j (x, 1))(u[j (x, 0)+ u[j (x, 1)) dx,

and thus, also appealing to Gagliardo–Nirenberg, we obtain

|T2 j | ≤ 2(‖v[j |y=0‖L2
x
+‖v

[
j |y=1‖L2

x
)(‖u[j |y=0‖L2

x
+‖u[j |y=1‖L2

x
)

.
‖v
[
j |y=0‖L2

x
+‖v

[
j |y=1‖L2

x

( j+1)3/2−γ
(
( j+1)3/2−γ ‖u[j‖L2

x,y
+( j+1)7/8−γ /2‖u[j‖

1/2
L2

x,y
( j+1)5/8−γ /2‖ω[j‖

1/2
L2

x,y

)
,

and summing over j we arrive at∑
j≥0

|T2 j |.(|v
[
|y=0|γ,r+γ−3/2,τ+|v

[
j |y=1|γ,r+γ−3/2,τ )(‖u[‖γ,r+3/2−γ,τ+‖u[‖

1/2
γ,r+7/4−γ,τ‖ω

[
‖

1/2
γ,r+5/4−γ,τ ).

Upon integrating on [0, t), the above terms are bounded using (3-7a), (3-8a), (3-9b), and (3-9c), after
which Lemma 3.4 is used to yield∫ t

0

∑
j≥0

|T2 j |.
1
β5/2

(∫ t

0
|h|2γ,r+3γ−3,τ

)1/2((∫ t

0
|h|2γ,r+1/4,τ

)1/2

+

(∫ t

0
|h|2γ,r+1/2,τ

)1/2 )
.

M2

β5/2

(∫ t

0
‖ωin
‖

2
γ,r+3γ−3,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.

For the last inequality, we have applied Lemma 3.4 to both factors on the right-hand side, which is
legitimate under the assumptions

r +min
{
3γ − 3, 1

2

}
≥ 2γ + 2, sup

[0,T ]
‖ω(t)‖γ,(1/4)(r+max{3γ−3,1/2}),τ (t) ≤ M.
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Both assumptions are satisfied for r > r(γ ) large enough, the second one being deduced from (4-2). Thus
we have proven ∫ t

0

∑
j≥0

|T2 j |.
M2

β5/2

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ . (4-11)

The T3 j and T4 j bounds: These are the only terms for which assumption (4-4) is used. In view of
(4-3)–(4-4) and the Gagliardo–Nirenberg inequality in y, we immediately obtain

∑
j≥0

(
|T3 j |−

1
4

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)
.
∑
j≥0

(
M

δ
3/2
0

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥
L2

x L2
y

‖ωin
j ‖L2

x L∞y −
1
8

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)

.
∑
j≥0

(
M

δ
3/2
0

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥
L2

(
‖ωin

j ‖L2+
1

δ
1/4
0

‖ωin
j ‖

1/2
L2

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥1/2

L2

)
−

1
8

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)

.
M4

δ7
0
‖ωin
‖

2
γ,r,τ ,

and using (4-2) combined with (4-3)–(4-4) we also obtain

∑
j≥0

(
|T4 j | −

1
4

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)
.
∑
j≥0

(
M2

δ2
0
‖ωin

j ‖L2
x L2

y
‖ωin

j ‖L2
x L∞y −

1
4

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)

.
∑
j≥0

(
M2

δ2
0
‖ωin

j ‖L2

(
‖ωin

j ‖L2 +
1

δ
1/4
0

‖ωin
j ‖

1/2
L2

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥1/2

L2

)
−

1
4

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)

.
M8/3

δ3
0

‖ωin
‖

2
γ,r,τ .

Here we have also used the second term on the left side of (4-2), in order to estimate ‖∂x∂yω‖L∞x L2
y
. Thus,∫ t

0

∑
j≥0

(
|T3 j | + |T4 j | −

1
4

∥∥∥∥ ∂yω
in
j√

∂yω

∥∥∥∥2

L2

)
.

M4

δ7
0

∫ t

0
‖ωin
‖

2
γ,r,τ . (4-12)

The T5 j bound: As it turns out, this term creates the most stringent assumption on γ , namely that γ ≤ 9
8 .

Since u|y=0,1 = 0, using (4-2) and (4-4), we have

|T5 j | ≤
1
δ0

∥∥∥∥ u
y(1− y)

∥∥∥∥
L∞
‖y(1− y)∂xω

bl
j ‖L2‖ωin

j ‖L2

.
‖ω‖L∞

δ0

Mj

Mj+1( j + 1)1/2
‖yω[j+1‖L2( j + 1)1/2‖ωin

j ‖L2,

and thus, upon summing over j and integrating on [0, t] we arrive at∫ t

0

∑
j≥0

|T5 j |.
M
δ0

(∫ t

0
‖yω[‖2γ,r+γ−1/2,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.
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We now appeal to (3-7b) and to Lemma 3.4, which is again legitimate for r > r(γ ) large enough. We obtain∫ t

0

∑
j≥0

|T5 j |.
M

δ0β5/4

(∫ t

0
|h|2γ,r+2γ−7/4,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.
M2

δ0β5/4

(∫ t

0
‖ωin
‖

2
γ,r+2γ−7/4,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.
M2

δ0β5/4

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ . (4-13)

In the last inequality we have used that 2γ − 7
4 ≤

1
2 , which holds since γ ≤ 9

8 .

The T6 j bound: Similarly, using that v|y=0,1 = 0, we obtain

|T6 j | ≤
1
δ0

∥∥∥∥ v

y(1− y)

∥∥∥∥
L∞
‖y(1− y)∂yω

bl
j ‖L2‖ωin

j ‖L2

.
‖∂x u‖L∞

δ0
‖y ∂yω

[
j‖L2‖ωin

j ‖L2

.
M
δ0

‖y ∂yω
[
j‖L2

( j + 1)1/2
(( j + 1)1/2‖ωin

j ‖L2),

so that ∫ t

0

∑
j≥0

|T6 j |.
M
δ0

(∫ t

0
‖y ∂yω

[
‖

2
γ,r−1/2,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.

Using (3-7d), and then Lemma 3.4 (applicable for r > r(γ ) large enough, by (4-2)), we obtain∫ t

0

∑
j≥0

|T6 j |.
M

δ0β3/4

(∫ t

0
|h|2γ,r+γ−7/4,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.
M2

δ0β3/4

(∫ t

0
‖ωin
‖

2
γ,r,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

(4-14)

since γ ≤ 7
4 .

The T7 j bound: For T7 j we directly estimate∑
j≥0

|T7 j | ≤
∑
j≥0

1
δ0
( j + 1)−1/2

‖v
[
j ‖L2( j + 1)1/2‖ωin

j ‖L2 .
1
δ0
‖v[‖γ,r−1/2,τ‖ω

in
‖γ,r+1/2,τ .

Integrating in time, appealing to (3-9a), and still using Lemma 3.4 we obtain∫ t

0

∑
j≥0

|T7 j |.
1

δ0β7/4

(∫ t

0
|h|2γ,r+2γ−9/4,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.
M

δ0β7/4

(∫ t

0
‖ωin
‖

2
γ,r+2γ−9/4,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

.
M

δ0β7/4

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ (4-15)

as 2γ − 9
4 ≤

1
2 .
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The T8 j bound: We note that

Mj

Mk Mj−k+1

( j
k

)
.
( j

k

)1−γ ( j + 1)r

(k+ 1)r ( j − k+ 1)r−γ
,

and for 1≤ k ≤ [ j/2] it is convenient to use
( j

k

)
≥ ( j − k+ 1)/k. We obtain

|T8 j |.
[ j/2]∑
k=1

j1/2( j − k+ 1)1/2

(k+ 1)r−γ+1

∣∣∣∣∫
�

ukωj−k+1
ωin

j

∂yω

∣∣∣∣+ j∑
k=[ j/2]+1

1
( j − k+ 1)r−γ

∣∣∣∣∫
�

ukωj−k+1
ωin

j

∂yω

∣∣∣∣
=: T8 j,low+ T8 j,high.

In order to estimate T8 j,low, we split ωj−k+1 into ωj−k+1 = ω
in
j−k+1+ω

bl
j−k+1. First, using the Gagliardo–

Nirenberg inequality on � and the Poincaré inequality in x (since k ≥ 1) we may bound

‖ωk‖L∞ . ‖ωk‖L2 +‖∂xωk‖L2 + (‖ωk‖
1/2
L2 +‖∂xωk‖

1/2
L2 )(‖∂yωk‖

1/2
L2 +‖∂x ∂yωk‖

1/2
L2 )

. ‖∂xωk‖L2 +‖∂xωk‖
1/2
L2 ‖∂x ∂yωk‖

1/2
L2

. kγ (‖ωk+1‖L2 +‖∂yωk+1‖L2), (4-16)

from which we conclude that we estimate∣∣∣∣∫
�

ukω
bl
j−k+1

ωin
j

∂yω
dx dy

∣∣∣∣. 1
δ0

∥∥∥∥ uk

y(1− y)

∥∥∥∥
L∞
‖y(1− y)ωbl

j−k+1‖L2‖ωin
j ‖L2

.
kγ

δ0
(‖ωk+1‖L2 +‖∂yωk+1‖L2)‖yω[j−k+1‖L2‖ωin

j ‖L2

.
kγ+r/2

δ0

‖ωk+1‖L2 +‖∂yωk+1‖L2

kr/2 ‖yω[j−k+1‖L2‖ωin
j ‖L2 .

Similarly, ∣∣∣∣∫
�

ukω
in
j−k+1

ωin
j

∂yω
dx dy

∣∣∣∣. kγ+r/2

δ0

‖ωk+1‖L2 +‖∂yωk+1‖L2

kr/2 ‖ωin
j−k+1‖L2‖ωin

j ‖L2

so that from the discrete Young and Hölder inequalities, we obtain∑
j≥0

T8 j,low

.
1
δ0

(∑
j 6=0

jγ+r/2

( j + 1)r−γ+1

‖ωj+1‖L2 +‖∂yωj+1‖L2

jr/2

)
(‖yω[‖γ,r+1/2,τ +‖ω

in
‖γ,r+1/2,τ )‖ω

in
‖γ,r+1/2,τ

.
1
δ0
(‖ω‖γ,r/2+‖∂yω‖γ,r/2)(‖yω[‖γ,r+1/2,τ +‖ω

in
‖γ,r+1/2,τ )‖ω

in
‖γ,r+1/2,τ

.
M
δ0
(‖y ω[‖γ,r+1/2,τ +‖ω

in
‖γ,r+1/2,τ )‖ω

in
‖γ,r+1/2,τ . (4-17)

For the second inequality, we have assumed that 1
2r − 2γ + 1> 1

2 (so that jγ+r/2/( j + 1)r−γ+1 is square
summable), and for the third inequality we have appealed to (4-2).
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In order to bound T8 j,high, we use that uk |y=0,1 = 0, and the one-dimensional Poincaré inequality to
obtain∣∣∣∣∫

�

ukωj−k+1
ωin

j

∂yω
dx dy

∣∣∣∣. 1
δ0
‖uk‖L2

x L∞y ‖ωj−k+1‖L∞x L2
y
‖ωin

j ‖L2

.
( j − k+ 1)γ

δ0
‖ωk‖L2‖ωj−k+2‖L2‖ωin

j ‖L2

.
( j − k+ 1)γ

δ0

‖ωin
k ‖L2 +‖ωbl

k ‖L2

(k+ 1)1/2
‖ωj−k+2‖L2( j + 1)1/2‖ωin

j ‖L2 .

We again rely on discrete Young and Hölder inequalities, assume that r > 8
3γ +

2
3 (so that ( j + 1)2γ−3r/4

is square summable), and use (4-2) to arrive at∑
j≥0

T8 j,high .
1
δ0

(∑
j

( j + 1)2γ−3r/4 ‖ωj‖L2

( j + 1)r/4

)
‖ωin
‖γ,r+1/2,τ (‖ω

in
‖γ,r,τ +‖ω

[
‖γ,r−1/2,τ )

.
M
δ0
‖ωin
‖γ,r+1/2,τ (‖ω

in
‖γ,r−1/2,τ +‖ω

[
‖γ,r−1/2,τ ). (4-18)

Combining (4-17), (4-18), integrating in time, using (3-7a), (3-7b), and Lemma 3.4 (which is applicable
by assumption (4-2)), we arrive at∫ t

0

∑
j≥0

T8 j .
M
δ0

((∫ t

0
‖y ω[‖2γ,r+1/2,τ

)1/2

+

(∫ t

0
‖ω[‖2γ,r−1/2,τ

)1/2 )(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

+
M
δ0

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

.
M

δ0β3/4

((∫ t

0
|h|2γ,r+γ−3/4,τ

)1/2

+

(∫ t

0
|h|2γ,r+γ−5/4,τ

)1/2 )(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

+
M
δ0

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

.
M2

δ0β3/4

(∫ t

0
‖ωin
‖

2
γ,r+γ−3/4,τ

)1/2(∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

)1/2

+
M
δ0

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

.
M2

δ0

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ (4-19)

since γ ≤ 5
4 .

The T9 j bound: In order to estimate T9 j we note that for 1≤ k ≤ j − 1 we have

Mj

Mk Mj−k

( j
k

)
.
( j

k

)1−γ ( j + 1)r

(k+ 1)r ( j − k+ 1)r
.

(
j

min{k, j − k}

)1−γ 1
(min{k, j − k})r

and similarly to T8 j we take the decomposition

T9 j .
[ j/2]∑
k=1

1
kr

∣∣∣∣∫
�

vk ∂yωj−k
ωin

j

∂yω

∣∣∣∣+ j−1∑
k=[ j/2]+1

1
( j − k)r−γ+1 jγ−1

∣∣∣∣∫
�

vk ∂yωj−k
ωin

j

∂yω

∣∣∣∣
=: T9 j,low+ T9 j,high. (4-20)
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First we treat the case k ≤ j/2. Using the Poincaré inequality in y (which is allowed since uk+1|y=0,1= 0)
we obtain ∣∣∣∣∫

�

vk ∂yωj−k
ωin

j

∂yω
dx dy

∣∣∣∣. 1
δ0

∥∥∥∥ vk

y(1− y)

∥∥∥∥
L∞
‖y(1− y) ∂yωj−k‖L2‖ωin

j ‖L2

.
1
δ0
‖∂x uk‖L∞(‖∂yω

in
j−k‖L2 +‖y ∂yω

[
j−k‖L2)‖ωin

j ‖L2

.
kγ

δ0
‖ωk+1‖L∞x L2

y
(‖∂yω

in
j−k‖L2 +‖y ∂yω

[
j−k‖L2)‖ωin

j ‖L2 .

Furthermore, using the one-dimensional Gagliardo–Nirenberg and Poincaré inequalities in x , for 1≤ k ≤
[ j/2] we arrive at∣∣∣∣∫

�

vk ∂yωj−k
ωin

j

∂yω
dx dy

∣∣∣∣. k2γ+r/4

δ0

‖ωk+2‖L2

kr/4 (‖∂yω
in
j−k‖L2 +‖y ∂yω

[
j−k‖L2)‖ωin

j ‖L2 .

Summing over j , assuming that r > 8
3γ +

2
3 , and appealing to (4-2) we obtain

∑
j≥0

|T9 j,low|.
‖ω‖γ,3r/4,τ

δ0
(‖∂yω

in
‖γ,r,τ +‖y ∂yω

[
‖γ,r,τ )‖ω

in
‖γ,r,τ

.
M
δ0
(‖∂yω

in
‖γ,r,τ +‖y ∂yω

[
‖γ,r,τ )‖ω

in
‖γ,r,τ . (4-21)

For the case k ≥ j/2, we first note that the compatibility condition (1-2) allows us to write∫
T

∫ 1

0
u2

k+1 dy dx =
∫

T

∫ 1

0
uk+1ubl

k+1 dy dx +
∫

T

∫ 1

0
uk+1

(
uin

k+1−

∫ 1

0
uin

k+1 dz
)

dy dx .

By Cauchy–Schwarz and the Poincaré inequality in y (for zero-mean functions) we conclude

‖uk+1‖
2
L2 . ‖ubl

k+1‖
2
L2 +‖ω

in
k+1‖

2
L2 .

Then we similarly estimate∣∣∣∣∫
�

vk ∂yωj−k
ωin

j

∂yω
dx dy

∣∣∣∣
.

1
δ0
‖vk‖L2

x L∞y ‖∂yωj−k‖L∞x L2
y
‖ωin

j ‖L2

.
1
δ0
‖∂x uk‖L2‖∂x∂yωj−k‖L2‖ωin

j ‖L2

.
( j − k)γ jγ−1

δ0
k1/2
‖uk+1‖L2‖∂yωj−k+1‖L2( j1/2

‖ωin
j ‖L2)

.
( j − k)γ+r/2 jγ−1

δ0
(k1/2
‖ωin

k+1‖L2 + k1/2
‖u[k+1‖L2)

‖∂yωj−k+1‖L2

( j − k)r/2
( j1/2
‖ωin

j ‖L2).
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Summing over j , noting that the powers of j precisely cancel, we find for r > r(γ ) large enough∑
j≥0

|T9 j,high|.
‖∂yω‖γ,r/2

δ0
(‖ωin
‖γ,r+1/2,τ +‖u[‖γ,r+1/2,τ )‖ω

in
‖γ,r+1/2,τ

.
M
δ0
(‖ωin
‖γ,r+1/2,τ +‖u[‖γ,r+1/2,τ )‖ω

in
‖γ,r+1/2,τ . (4-22)

Integrating in time the sum of (4-21) and (4-22), appealing to (3-7a) and (3-7d), and using Lemma 3.4
(which is applicable for r > r(γ ) large enough, by assumption (4-2)), we obtain∫ t

0

∑
j≥0

|T9 j | −
1
2

∫ t

0
‖∂yω

in
‖

2
γ,r,τ .

∫ t

0
(‖y ∂yω

[
‖

2
γ,r,τ +‖u

[
‖

2
γ,r+1/2,τ )+

M2

δ2
0

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

.
1
β3/2

∫ t

0
|h|2γ,r+γ−3/4,τ +

M2

δ2
0

∫ t

0
‖ωin
‖

2
γ,r+1/2,τ

.

(
M2

β3/2 +
M2

δ2
0

)∫ t

0
‖ωin
‖

2
γ,r+1/2,τ (4-23)

since γ − 3
4 ≤

1
2 .

Conclusion of the proof: Inserting the bounds (4-10)–(4-15), (4-19), and (4-23) into estimate (4-9), we
obtain

‖ωin(t)‖2γ,r,τ (t)+ 2β
∫ t

0
‖ωin
‖

2
γ,r+1/2,τ ds+

∫ t

0
‖∂yω

in
‖

2
γ,r,τ ds−

1
δ2

0
‖ωin

0 ‖
2
γ,r,τ0

.

(
1
δ3

0

+
M4

δ8
0

+
M

δ0β3/2

)∫ t

0
‖ωin
‖

2
γ,r,τ ds

+

(
M2

δ0β5/2 +
M2

δ2
0β

5/4
+

M2

δ0β3/2 +
M

δ2
0β

7/4
+

M2

δ2
0β

3/4
+

M2

δ3
0

)∫ t

0
‖ωin
‖

2
γ,r+1/2,τ ds. (4-24)

Note that ‖ωin
‖

2
γ,r,τ ≤ ‖ω

in
‖

2
γ,r+1/2,τ , so that we may combine the last two terms on the right side of

(4-24). Choosing β0 large enough, depending on M ≥ 1, δ0 ≤ 1, and the implicit constant in (4-24), for
any β ≥ β0 we obtain

‖ωin(t)‖2γ,r,τ (t)+β
∫ t

0
‖ωin
‖

2
γ,r+1/2,τ ds+

∫ t

0
‖∂yω

in
‖

2
γ,r,τ ds ≤

1
δ2

0
‖ωin

0 ‖
2
γ,r,τ0

.

The estimate (4-5) now follows directly from the above estimate.
Finally, in order to prove (4-6), we appeal to (3-15a), Lemma 3.4, and estimate (4-5), to obtain

sup
[0,t]
‖ω[‖2γ,r−γ+3/4,τ (s) .

1
β1/2

∫ t

0
|h(s)|2γ,r+1/2,τ (s) ds

.
M2

β1/2

∫ t

0
‖ωin(s)‖2γ,r+1/2,τ (s) ds ≤

1
2δ2

0
‖ωin(0)‖2γ,r,τ0

(4-25)



WELL-POSEDNESS OF THE HYDROSTATIC NAVIER–STOKES EQUATIONS 1441

upon ensuring that β is sufficiently large, depending on M, δ0. Moreover, from (3-7c) and (3-7a) we
similarly obtain∫ t

0
‖∂yω

[(s)‖2γ,r−γ+3/4,τ (s) ds+β
∫ t

0
‖ω[(s)‖2γ,r−γ+5/4,τ (s) ds .

1
β1/2

∫ t

0
|h(s)|2γ,r+1/2,τ (s) ds

≤
1

2δ2
0
‖ωin(0)‖2γ,r,τ0

(4-26)

as above. Summing (4-25)–(4-26) with (4-5) (and using (a+ b)2 ≤ 2a2
+ 2b2) we obtain

sup
s∈[0,t]
‖ω(s)‖2γ,r−γ+3/4,τ (s)

+

∫ t

0
‖∂yω(s)‖2γ,r−γ+3/4,τ (s) ds+β

∫ t

0
‖ω(s)‖2γ,r−γ+5/4,τ (s) ds ≤

4
δ2

0
‖ωin(0)‖2γ,r,τ0

by using γ ≤ 5
4 . This concludes the proof of (4-6). �

As an easy consequence of the estimate (4-6), we state:

Corollary 4.2. Let M, δ0 and γ ∈
[
1, 9

8

]
be given. For r ≥ r0(γ ), β ≥ β0 and T such that τ(t)≥ τ1 for

all t ∈ [0, T ], if
4
δ2

0
‖ω0‖γ,r,τ0 ≤

M
2

(4-27)

then

sup
t∈[0,T ]

‖ω(t)‖γ,3r/4,τ (t) ≤
M
2
.

5. Estimates for ∂tω

In order to emphasize the linear nature of the estimates in this section we write ∂tω = ω̇. The equation
obeyed by ω̇ is

∂t ω̇− ∂
2
y ω̇+ (u ∂x + v ∂y)ω̇+ (u̇ ∂x + v̇ ∂y)ω = 0, (5-1a)

∂yω̇|y=0,1 = ( ˜̇ω|y=1− ˜̇ω|y=0)− ∂x

(
2
∫ 1

0
uu̇ dy

)
. (5-1b)

Proposition 5.1. Let M, δ0 and γ ∈
[
1, 9

8

]
be given. There exists r1 = r1(γ )≥ r0 such that: for all r, r ′

satisfying r ′ ≥ r1, 3
4r − r ′ ≥ r1, one can find β1 = β1(M, δ0, τ0, τ1, r, r ′, γ )≥ β0 satisfying: if β ≥ β0, if

T ≤ 1 small enough so that τ(t)≥ τ1 for all t ∈ [0, T ], and if (4-2)–(4-4) hold, we have

sup
s∈[0,t]
‖ω̇(s)‖2γ,r ′−γ+3/4,τ (s)+

∫ t

0
‖∂yω̇(s)‖2γ,r ′−γ+3/4,τ (s) ds+β

∫ t

0
‖ω̇(s)‖2γ,r ′−γ+5/4,τ (s) ds

≤
4
δ2

0
‖ω̇(0)‖2γ,r ′,τ0

. (5-2)

Proof of Proposition 5.1. The proof is very similar to that of Proposition 4.1, since one may view (5-1)
as a linearization of (2-6) about ω itself (respectively u for the boundary condition). In order to avoid
redundancy, we only emphasize the essential differences.
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Estimate (5-2) follows directly from estimates for ω̇in which are analogous to (4-5). In order to
define ω̇in, we define ω̇[ as the solution of system (3-4) with boundary datum given by

∂x ḣ =−2∂x

∫ 1

0
uu̇ dy,

which is consistent with (5-1b). The function ω̇[ obeys all the estimates claimed in Lemma 3.1, except
that on the right side we need to replace h with ḣ. As in (3-16) we define the boundary layer functions
corresponding to ω̇, and according to (3-17) we define the interior functions corresponding to ω̇. Note
that as before we impose ω̇bl(0)= 0, and thus ω̇in(0)= ω̇0, where by (2-6a)

ω̇0 =−u0 ∂xω0− v0 ∂yω0− ∂
2
yω0.

At this stage, we can prove an analogous statement to the one provided by Lemma 3.4, with h being
replaced by

ḣ = 2
∫ 1

0
uu̇ dy− 2

∫
T

∫ 1

0
uu̇ dy dx .

Namely, we can show that for any r as in Proposition 4.1 and any r ′ such that

3
4r − 1

2γ − 1≥ r ′ > 2γ + 2,
we have ∫ t

0
|ḣ(s)|2γ,r ′,τ (s) ds . M2

∫ t

0
‖ω̇in(s)‖2γ,r ′,τ (s) ds. (5-3)

Indeed, defining for all f

f ′j = ( j + 1)r
′
−r f j = M ′j ∂

j
x f, where M ′j =

( j + 1)r
′

τ j+1

( j !)γ
,

similarly to (3-19) we obtain ‖ḣ0‖L2
x
. ‖ḣ1‖L2

x
, while for j ≥ 1, as a substitute to (3-21) we obtain the

inequality

‖ḣ′j‖L2
x
.

j∑
`=1

( j
`

) M ′j
M ′j−`M

′1/2
` M

′1/2
`+1

‖ω′`‖
1/2
L2

x,y
‖ω′`+1‖

1/2
L2

x,y
(‖ω̇in′

j−`‖L2
x,y
+‖y(1− y)u̇bl′

j−`‖L2
x,y
)

+M
(
‖ω̇in

j ‖L2
x,y
+‖yu̇[j‖L2

x,y
+‖yω̇[j‖L2

x,y
+
∥∥u̇[j

(
x, 1

2

)∥∥
L2

x

)
.

The half sum
∑d j/2e

`=1 and the last term on the right-hand side can be treated as before, resulting in∫ t

0

(
M
(
‖ω̇in

j ‖L2
x,y
+ . . .+

∥∥u̇[j
(
x, 1

2

)∥∥
L2

x

)
+

j/2∑
`=1

. . .

)2

. M2
(∫ t

0
‖ω̇in(s)‖2γ,r ′,τ (s) ds+

1
β5/2

∫ t

0
|ḣ(s)|2γ,r ′+γ−5/4,τ (s) ds

)
if

sup
t∈[0,T ]

‖ω(t)‖γ,r ′/4,τ (t) ≤ M,

which is satisfied by assumption (4-2) as soon as r ′ ≤ 3r .



WELL-POSEDNESS OF THE HYDROSTATIC NAVIER–STOKES EQUATIONS 1443

For the half-sum
∑ j

`=d j/2e+1, we cannot proceed symmetrically as in the proof of Lemma 3.4: as we
want an L2-in-time control by ω̇, the bound( j

`

) M ′j
M ′j−`M

′1/2
` M

′1/2
`+1

. (l + 1)γ /2

yields by a discrete convolution inequality∫ t

0

( j∑
`=d j/2e+1

. . .

)2

.

(
sup
[0,t]

∑
`≥1

(`+ 1)γ /2‖ω′`‖L2

)2 ∫ t

0
(‖ω̇in(s)‖2γ,r ′,τ (s)+‖yu̇[(s)‖2γ,r ′,τ (s)) ds.

Writing ∑
`

(`+ 1)γ /2‖ω′`‖L2 =

∑
`

1
`+ 1

((`+ 1)γ /2+1
‖ω′`‖L2)

and using Cauchy–Schwarz, we find∫ t

0

( j∑
`=d j/2e+1

. . .

)2

. sup
[0,t]
‖ω(s)‖2γ,r ′+γ /2+1,τ (s)

(∫ t

0
‖ω̇in(s)‖2γ,r ′,τ (s) ds+

1
β7/2

∫ t

0
|ḣ(s)|2γ,r ′+γ−7/4,τ (s) ds

)

.M2
(∫ t

0
‖ω̇in(s)‖2γ,r ′,τ (s) ds+

1
β7/2

∫ t

0
|ḣ(s)|2γ,r ′+γ−7/4,τ (s) ds

)
,

where the last inequality comes from (4-2), under the assumption that r ′+ 1
2γ + 1≤ 3

4r . Gathering the
two previous inequalities yields (5-3) for β sufficiently large.

Now, similarly to (4-7), we have

(∂t +β( j + 1)− ∂2
y )ω̇

in′
j + (u ∂x + v ∂y)ω̇

in′
j + v̇

in′
j ∂yω

=−(u ∂x + v ∂y)ω̇
bl′
j − v̇

bl′
j ∂yω−M ′j [∂

j
x , u ∂x + v ∂y]ω̇−M ′j ∂

j
x (u̇ ∂xω)−M ′j [∂

j
x , ∂yω]v̇, (5-4a)

∂yω̇
in
j |y=0,1 = ˜̇ω

in′

j |y=1− ˜̇ω
in′

j |y=0+ 2ω̇[
′

j |y=1− ∂yω̇
[′

j |y=1. (5-4b)

Note that (5-4b) is the same as (4-7b), the left side of (5-4a) is the same as the left side of (4-7a), and the
first two terms on the right side of (5-4a) are the same as the first two terms on the right side of (4-7a).
The difference comes from the last three terms on the right-side of (4-7a), namely the quadratic terms.
The main point is that they now lack symmetry: they involve not only (ω̇in′, ω̇bl′) but also ω. In particular,
all terms containing ω must be controlled uniformly in time, to allow for the L2

t control of ω̇in′ on the
left-hand side. This is why we take r ′ less than 3

4r : with such a margin we can still use (4-2) to control
uniformly in time the terms where most derivatives fall on ω.

More precisely, proceeding as in the proof of (5-3) to handle the linear terms (see the estimates of
T1 j , . . . ,T7 j ), we can show that for β large enough

‖ω̇in(t)‖2γ,r ′,τ (t)+ 2β
∫ t

0
‖ω̇in
‖

2
γ,r ′+1/2,τ ds+ 3

2

∫ t

0
‖∂yω̇

in
‖

2
γ,r ′,τ ds−

1
δ2

0
‖ω̇0‖

2
γ,r ′,τ0

.
M4

δ7
0

∫ t

0
‖ω̇in
‖

2
γ,r ′,τ ds+

M2

δ0β3/4

∫ t

0
‖ω̇in
‖

2
γ,r ′+1/2,τ ds+

∑
j≥0

∫ t

0
(S1 j + S2 j + S3 j + S4 j )(s) ds, (5-5)
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where

S1 j =−

∫
�

M ′j [∂
j
x , u ∂x ]ω̇

ω̇in′
j

∂yω
, S2 j =−

∫
�

M ′j [∂
j
x , v ∂y]ω̇

ω̇in′
j

∂yω
,

S3 j =−

∫
�

M ′j ∂
j
x (u̇ ∂xω)

ω̇in′
j

∂yω
, S4 j =−

∫
�

M ′j [∂
j
x , ∂yω]v̇

ω̇in′
j

∂yω
.

The first term is analogous to T8 j . One can write

S1 j =−

(d j/2e∑
k=1

+

j∑
k=d j/2e+1

)( j
k

) M ′j
M ′k M ′j−k+1

∫
�

u′kω̇
′

j−k+1

ω̇in′
j

∂yω
= S1 j,low+ S1 j,high.

The treatment of S1 j,low is exactly the same as the one of T8 j,low. Similarly to (4-17), (4-19), we get∑∫ t

0
S1 j,low(s) ds .

M2

δ0

∫ t

0
‖ω̇in(s)‖2γ,r ′+1/2,τ (s) ds.

To treat S1 j,high, we use the inequality( j
k

) M ′j
M ′k M ′j−k+1

. ( j − k+ 1)γ−r ′

for k ≥ d j/2e+ 1, so that

S1 j,high .
j∑

k=d j/2e+1

1
δ0
‖u′k‖L∞( j − k+ 1)γ−r ′

‖ω̇
′

j−k+1‖L2‖ω̇in′
j ‖L2

.
j∑

k=d j/2e+1

kγ

δ0
‖ω′k+1‖L2( j − k+ 1)γ−r ′

‖ω̇
′

j−k+1‖L2‖ω̇in′
j ‖L2,

so that by the discrete Young’s inequality∑∫ t

0
S1 j,high(s) ds .

1
δ0

sup
s∈[0,t]

∑
k

kγ ‖ω′k(s)‖L2

∫ t

0
‖ω̇(s)‖γ,γ,τ (s)‖ω̇in

‖γ,r ′,τ (s)

.
1
δ0

sup
s∈[0,t]

‖ω(s)‖γ,r ′+γ+1,τ (s)

∫ t

0
‖ω̇(s)‖γ,γ,τ (s)‖ω̇in

‖γ,r ′,τ (s).

The sup in time is controlled as usual by assumption (4-2), under the constraint r ′ + γ + 1 ≤ 3
4r . As

regards the second factor, one can split ‖ω̇(s)‖γ,γ,τ (s) into

‖ω̇(s)‖γ,γ,τ (s) ≤ ‖ω̇in(s)‖γ,γ,τ (s)+‖ω̇bl(s)‖γ,γ,τ (s)

and control the second term by the analogue of Lemma 3.1, followed by (5-3). For r ′ ≥ γ +
(
γ + 3

4

)
we

find that ∑∫ t

0
S1 j,high(s) ds .

M2

δ0

∫ t

0
‖ω̇in(s)‖2γ,r ′,τ (s) ds.
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Estimates on S2 j (which is analogous to T9 j ) and S3 j can be established in the same way. We find for
r ′ and 3

4r − r ′ large enough (with thresholds depending on γ )∑
j

∫ t

0
S2 j ≤ η

∫ t

0
‖∂yω̇

in(s)‖2γ,γ+r ′,τ (s) ds+
C
η

M4

δ2
0

∫ t

0
‖ω̇in(s)‖2γ,γ+r ′+1/2,τ (s) ds,

with C > 0, η arbitrarily small, and∑
j

∫ t

0
S3 j ≤

M2

δ0

∫ t

0
‖ω̇in(s)2‖γ,γ+r ′,τ (s) ds.

To handle S4 j , we proceed slightly differently. We start with the decomposition

S4 j =−

(d j/2e∑
k=0

+

j−1∑
k=d j/2e+1

)( j
k

) M ′j
M ′k M ′j−k

∫
�

∂yω
′

j−k v̇
′

k

ω̇in′
j

∂yω

= S4 j,low+ S4 j,high.

S4 j,high can be treated similarly to T9 j,high. We obtain, see (4-22),∑
j

∫ t

0
S4 j,high .

1
δ0

sup
[0,t]
‖∂yω‖γ,r ′/2

∫ t

0
(‖ω̇in(s)‖γ,r ′+1/2,τ (s)+‖u̇[‖γ,r ′+1/2,τ (s))‖ω̇

in(s)‖γ,r ′+1/2,τ (s) ds

.
M2

δ0

∫ t

0
‖ω̇in(s)‖2γ,r ′+1/2,τ (s) ds.

Here, we have used the Gevrey control of ∂yω given by (4-2) to bound the first factor, and the analogue
of Lemma 3.1 followed by (5-3) to control the boundary layer term in the second factor. As for S4 j,low,
we integrate by parts in y. As v̇ vanishes at the boundary, no boundary term appears, and we get

S4 j,low =

d j/2e∑
k=0

( j
k

) M ′j
M ′k M ′j−k

∫
�

(
ω′j−k ∂y v̇

′

k

ω̇in′
j

∂yω
−ω′j−k v̇

′

k

∂2
yω

(∂yω)2
ω̇in′

j +ω
′

j−k v̇
′

k

∂yω̇
in′
j

∂yω

)
= S4 j,low,1+ S4 j,low,2+ S4 j,low,3.

We can bound S4 j,low,1 with the same ideas as before. For r ′ and 3
4r − r ′ large enough we have∫ t

0

∑
j

S4 j,low,1 .
M2

δ0

∫ t

0
‖ω̇in(s)‖2γ,r ′+1/2,τ (s) ds.

As for S4 j,low,2, we start from the bound

S4 j,low,2 .
1
δ2

0

d j/2e∑
k=0

‖ω′j−k‖L∞x L2
y
(k+ 1)−r ′

‖v̇′k‖L∞‖∂
2
yω‖L∞x L2

y
‖ω̇in′

j ‖L2
x L∞y

.
M
δ2

0

d j/2e∑
k=0

‖ω′j−k‖L∞x L2
y
(k+ 1)−r ′

‖v̇′k‖L∞‖ω̇
in′
j ‖L2

x L∞y ,
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where the last inequality comes from (4-4) to control ∂2
yω. It follows that

S4 j,low,2 .
M
δ2

0

d j/2e∑
k=0

( j − k+ 1)γ ‖ω′j−k+1‖L2(k+ 1)−r ′+2γ
‖u̇′k+2‖L2(‖ω̇in′

j ‖L2 +‖∂yω̇
in′
j ‖L2).

From there, for r ′ and 3
4r − r ′ large enough (with thresholds depending on γ ),∫ t

0

∑
j

S4 j,low,2 ≤ η

∫ t

0
‖∂yω̇

in(s)‖2γ,γ+r ′,τ (s) ds+
C
η

M6

δ4
0

∫ t

0
‖ω̇in(s)‖2γ,γ+r ′,τ (s) ds.

With similar manipulations, we get the bound∫ t

0

∑
j

S4 j,low,3 ≤ η

∫ t

0
‖∂yω̇

in(s)‖2γ,γ+r ′,τ (s) ds+
C
η

M4

δ2
0

∫ t

0
‖ω̇in(s)‖2γ,γ+r ′,τ (s) ds.

Injecting the previous estimates in (5-5), we get for large enough β

‖ω̇in(t)‖2γ,r ′,τ (t)+β
∫ t

0
‖ω̇in
‖

2
γ,r ′+1/2,τ ds+

∫ t

0
‖∂yω̇

in
‖

2
γ,r ′,τ ds ≤

1
δ2

0
‖ω̇0‖

2
γ,r ′,τ0

.

Estimate (5-2) follows from this inequality, in the same way as (4-6) is deduced from (4-5). �

Corollary 5.2. Let M, δ0 and γ ∈
[
1, 9

8

]
be given. There exists r2 = r2(γ ) ≥ r1 such that for r ≥ r2(γ ),

one can find β2 = β2(M, δ0, τ0, τ1, γ, r)≥ β1 and

T0 = T0(M, δ0, β, τ0, τ1, γ, r, ‖ω̇0‖γ,r/2+γ−3/4,τ0) > 0

satisfying: if β ≥ β0, if T ≤ T0, if (4-2)–(4-4) hold, and if

‖∂yω0‖γ,r/2,τ0 ≤
M
4
, (5-6)

then

sup
t∈[0,T ]

‖∂yω(t)‖γ,r/2,τ (t) ≤
M
2
. (5-7)

Proof of Corollary 5.2. We write ∂yω(t)= ∂yω0+
∫ t

0 ∂yω̇(s) ds, so that for all t ∈ [0, T ]

‖∂yω(t)‖γ,r/2,τ (t) ≤ ‖∂yω0‖γ,r/2,τ (t)+

∫ t

0
‖∂yω̇(s)‖γ,r/2,τ (t) ds

≤ ‖∂yω0‖γ,r/2,τ (0)+

∫ t

0
‖∂yω̇(s)‖γ,r/2,τ (s) ds

≤ ‖∂yω0‖γ,r/2,τ (0)+
√

t
(∫ t

0
‖∂yω̇(s)‖2γ,r/2,τ (s) ds

)1/2

.

Taking for instance r2 = 4r1+ 4γ + 3, where r1 was introduced in Proposition 5.1, and r ≥ r2, we ensure
that r ′ := 1

2r + γ − 3
4 satisfies r ′ ≥ r1 and 3

4r − r ′ ≥ r1. By Proposition 5.1, for β ≥ β0 large enough, and
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T such that τ(t) ∈ [τ1, τ0] for all t ∈ [0, T ], we get

sup
t∈[0,T ]

‖∂yω(t)‖γ,r/2,τ (t) ≤ ‖∂yω0‖γ,r/2,τ (0)+ 2
√

T /δ0‖ω̇(0)‖γ,r/2+γ−3/4,τ0 . (5-8)

The result follows from the assumption on ∂yω0, once T0 is taken small enough to ensure that

2
√

T0

δ0
‖ ˙ω(0)‖γ,r/2+γ−3/4,τ0 ≤

M
4

holds. �

Corollary 5.3. Let M, δ0 and γ ∈
[
1, 9

8

]
be given. There exists r3 = r3(γ ) ≥ r2 such that for r ≥ r3(γ ),

one can find β3 = β3(M, δ0, τ0, τ1, γ, r)≥ β2, c0 = c0(τ0, τ1, γ, r) > 0 and

T0 = T0(M, δ0, β, τ0, τ1, γ, r, ‖ω(0)‖γ,r,τ0, ‖ω̇(0)‖γ,r/2+γ−3/4,τ0) > 0 (5-9)

satisfying: if β ≥ β0, if T ≤ T0, if (4-2)–(4-4) hold, and if

1
δ0
‖ω̇0‖γ,r/2+γ−3/4,τ0 +

1
δ2

0
‖ω0‖

2
γ,r,τ0
+

1
δ0
‖ω0‖γ,r,τ0‖∂yω0‖γ,r/2,τ0 ≤

c0 M
4
, (5-10)

then

sup
t∈[0,T ]

‖∂2
yω(t)‖L∞x L2

y
≤

M
2
.

Proof of Corollary 5.3. We write the vorticity equation in the form

∂2
yω = ω̇+ u ∂xω+ v ∂yω.

Hence, for all t ∈ [0, T ],

‖∂2
yω(t)‖L∞x L2

y
≤ ‖ω̇(t)‖L∞x L2

y
+‖u(t)‖L∞x,y‖∂xω(t)‖L∞x L2

y
+‖v(t)‖L∞x,y‖∂yω(t)‖L∞x L2

y
.

For r large enough, we obtain

‖∂2
yω(t)‖L∞x L2

y
. ‖ω̇(t)‖γ,r/2,τ (t)+‖ω(t)‖2γ,r−γ+3/4,τ (t)+‖ω(t)‖γ,r−γ+3/4,τ (t)‖∂yω(t)‖γ,r/2,τ (t).

By Propositions 4.1 and 5.1 applied respectively with r and r ′ = 1
2r + γ − 3

4 , and by inequality (5-8), we
find

sup
t∈[0,T ]

‖∂2
yω(t)‖L∞x L2

y
.

1
δ0
‖ω̇0‖γ,r/2+γ−3/4,τ0 +

1
δ2

0
‖ω0‖

2
γ,r,τ0

+
1
δ0
‖ω0‖γ,r,τ0

(
‖∂yω0‖γ,r/2,τ0 +

√
T
δ0
‖ω̇0‖γ,r/2+γ−3/4,τ0

)
.

Upon taking T sufficiently small, this concludes the proof of the corollary. �
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6. Minimum and maximum principle for ∂ yω

The quantity ∂yω obeys a (degenerate) parabolic equation with Dirichlet boundary conditions

∂t(∂yω)− ∂
2
y (∂yω)+ (u ∂x + v ∂y)(∂yω)+ (∂x u)(∂yω)= ω ∂xω, (6-1a)

∂yω|y=0,1 = (ω̃|y=1− ω̃|y=0)− ∂x

∫ 1

0
u2 dy. (6-1b)

Our goal is to combine this fact with L2
t L∞x,y estimates on ω ∂xω and the Dirichlet datum, to deduce that

the convexity of u is conserved for small time.

Proposition 6.1. Let M, δ0 > 0 and γ ∈
[
1, 9

8

]
be given. There exists r4 = r4(γ ) ≥ r3 such that for

r ≥ r4(γ ), one can find β4= β4(M, δ0, τ0, τ1, γ, r)≥ β3 and T0 as in (5-9) satisfying: if β ≥ β0, if T ≤ T0,
if (4-2)–(4-4) hold, and if

4δ0 ≤ ∂yω0 ≤
1

4δ0
, (6-2)

then

2δ0 ≤ ∂yω(t)≤
1

2δ0
for all t ∈ [0, T ]. (6-3)

Proof of Proposition 6.1. We wish to apply a version of the parabolic minimum/maximum principle for
the following degenerate parabolic problem posed in �× (0, T ), with � being the periodic-in-x strip
(x, y) ∈ T× (0, 1):

(∂t − ∂
2
y + b(x, y, t) · ∇x,y + c(x, y, t))ψ = d(x, y, t) in �× (0, T ), (6-4a)

ψ = a(x, t) on ∂�×[0, T ), (6-4b)

ψ |t=0 = ψ0(x, y) in �. (6-4c)

Here ψ = ∂yω, b = (u, v) is incompressible and vanishes on the boundary T×{0, 1}, c = ∂x u vanishes
at the boundary T×{0, 1}, d = ω ∂xω, and the boundary data is a = (ω̃|y=1− ω̃|y=0)− ∂x

∫ 1
0 u2 dy. As

emphasized after Theorem 2.1, the third compatibility condition of the theorem corresponds to the relation
a(x, 0)= ψ0(x, 0).

By (6-2), the initial datum ψ0 is taken to obey 0 < 4δ0 ≤ ψ0(x, y) ≤ 1/(4δ0), for some δ0 ∈
(
0, 1

4

)
,

uniformly on �. Thus, by the compatibility of the initial datum and of the boundary condition, we have
0< 4δ0 ≤ a(x, 0)≤ 1/(4δ0), uniformly on T. Thanks to the Gagliardo–Nirenberg inequality

‖ f ‖L∞y ≤ C‖ f ‖1/2L2
y
(‖ f ‖1/2L2

y
+‖∂y f ‖1/2L2

y
)

and the estimate (5-2), we have

‖∂t a(x, t)‖L2(0,T ;L∞x ) ≤ 4‖ω̇‖L2(0,T ;L∞)+ 2
∥∥∥∥∂x

∫ 1

0
u u̇ dy

∥∥∥∥
L2(0,T ;L∞x )

.
1
δ2

0

(
1
β1/4 +

M
β1/2

)
‖ω̇0‖γ,r/2+γ−3/4,τ0 ≤ ‖ω̇0‖γ,r/2+γ−3/4,τ0
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for β sufficiently large. By the fundamental theorem of calculus in time, and the Cauchy–Schwarz
inequality we thus obtain

3δ0 ≤ 4δ0−
√

T ‖ω̇0‖γ,r/2+γ−3/4,τ0 ≤ a(x, t)≤
1

4δ0
+
√

T ‖ω̇0‖γ,r/2+γ−3/4,τ0 ≤
1

3δ0

uniformly on T×(0, T ), upon taking T sufficiently small. Thus, on the parabolic boundary�×{0}∪∂�×
(0, T ), we have ψ ≥ 3δ0.

By the same Gagliardo–Nirenberg inequality, the Poincaré inequality in y, and estimate (4-6), we have

sup
t∈[0,T ]

‖c(t)‖L∞x L∞y = sup
t∈[0,T ]

‖∂x u(t)‖L∞x L∞y ≤
C1

δ0
‖ω0‖γ,r,τ0,

where C1 = C1(τ0, τ1, γ, r). Setting

C∗ = 1+
C1

δ0
‖ω0‖γ,r,τ0, (6-5)

the above estimate implies

c(x, y, t)+C∗ ≥ 1.

Lastly, we note that by the Gagliardo–Nirenberg inequality and (4-6) we have∫ t

0
‖d(s)‖L∞x L∞y ds =

∫ t

0
‖ω(s)‖L∞x L∞y ‖∂xω(s)‖L∞x L∞y ds .

√
t
δ2

0
‖ω0‖

2
γ,r,τ0

so that for T ≤ 1 we have that

e(t) := t +
∫ t

0
e−C∗s‖d(s)− 3δ0c(s)‖L∞x L∞y ds

. t +
√

t‖ω0‖
2
γ,r,τ0
+ tC1‖ω0‖γ,r,τ0

≤ C2
√

t(1+‖ω0‖
2
γ,r,τ0
+‖ω0‖γ,r,τ0)=

√
t D∗ (6-6)

hold for all t ∈ [0, T ], where C2 is a constant that only depends on γ, r, τ0, and τ1, and we have set

D∗ = C2(1+‖ω0‖
2
γ,r,τ0
+‖ω0‖γ,r,τ0).

With this notation, we make the following change of unknowns:

ψ̄ = e−C∗t(ψ(x, y, t)− 3δ0)+ e(t), (6-7a)

ā = e−C∗t(a(x, t)− 3δ0)+ e(t), (6-7b)

d̄ = e−C∗t(d(x, y, t)− 3δ0c(x, y, t)), (6-7c)

c̄ = c(x, y, t)+C∗, (6-7d)

ψ̄0 = ψ0(x, y)− 3δ0. (6-7e)
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The quantity e(t) was chosen so that ė(t)= 1+‖d̄(t)‖L∞ . One may then verify directly that

(∂t − ∂
2
y + b · ∇x,y + c̄)ψ̄ = (d̄ +‖d̄‖L∞)+ 1+ c̄e ≥ 1> 0, (6-8a)

ψ̄ |y∈{0,1} = ā ≥ t ≥ 0, (6-8b)

ψ̄ |t=0 = ψ̄0 ≥ δ0 > 0. (6-8c)

The parabolic minimum principle then guarantees that

ψ̄(x, y, t)≥ 0 on �×[0, T ]. (6-9)

Indeed, if a strictly negative minimum were attained by ψ̄, then this point minimum could not lie on the
parabolic boundary (since ā ≥ 0 and ψ̄0 > 0). If this point lay in the interior, at this point we would need
to have ∇t,x,yψ̄ = 0, whereas (−∂2

y + c̄)ψ̄ < 0 since c̄ > 0. This contradicts (d̄ +‖d̄‖L∞)+ 1+ c̄e > 0,
which thus proves (6-9).

Working backwards from the definition of ψ̄ , we see that (6-5), (6-6), and (6-9) imply

ψ(x, y, t)≥ 3δ0− eC∗t e(t)≥ 3δ0−
√

T eC∗T D∗ ≥ 2δ0

as long as T is chosen sufficiently small in terms of C∗, D∗, and δ0, consistent with the dependence given
in (5-9). This proves the lower bound in (6-3).

The proof of the upper bound in (6-3) follows from very similar arguments, reducing the problem to a
maximum principle for a parabolic equation. To avoid redundancy, we omit these details. �

7. Proof of Theorem 2.1

The proof of the main theorem proceeds as follows. Let γ ≤ 9
8 and r ≥ r4(γ ). For any τ0 < τ

0 assumption
(2-1) implies that ω0 = ∂yu0 satisfies

‖ω0‖γ,r,τ0 +‖∂
2
yω0‖γ,r,τ0 <+∞.

We fix τ0 ∈ (τ1, τ
0). We then fix δ0 small enough and M large enough, so that the initial constraints

(4-27), (5-6), (5-10) and (6-2) hold. Let β ≥ β4 and ε > 0. We consider the approximate system

∂t u+ u ∂x u+ v ∂yu+ ∂x p− ∂2
y u− ε∂2

x u = 0, (x, y) ∈ T× (0, 1), (7-1a)

∂y p = 0, (x, y) ∈ T× (0, 1), (7-1b)

∂x u+ ∂yv = 0, (x, y) ∈ T× (0, 1), (7-1c)

u|y=0,1 = v|y=0,1 = 0, (7-1d)

with the same initial condition u|t=0= u0. System (7-1) is called the two-dimensional primitive equations,
and has been widely studied, in various geometries and under various boundary conditions [Bresch et al.
2003; 2005; Temam and Ziane 2004]. In particular, Gevrey or analytic regularity results were obtained
in both periodic and bounded geometries [Petcu 2004; Petcu et al. 2004; Kukavica et al. 2016]. In the
context of system (7-1), the well-posedness result stated in Theorem 2.1 can be proved without much
difficulty. In fact, the presence of −ε∂2

x u allows for a classical treatment, and the existence of solutions
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at fixed ε > 0 follows, e.g., from a Galerkin approximation procedure (which is compatible with the
hydrostatic trick [Masmoudi and Wong 2012]). Moreover, the compatibility conditions are the same for
(1-1) and (7-1). We find in this way a unique local solution uε with the regularity requirements stated in
Theorem 2.1. We can then consider Tε,∗ the maximal time on which ‖ωε‖γ,0,τ1 <+∞. In particular, if
Tε,∗ is small enough so that τ(Tε,∗)≥ τ1, one has

sup
t∈[0,Tε,∗)

‖ωε(t)‖γ,3r/4,τ (t) =+∞. (7-2)

By the initial constraint (4-27), the fact that τ0 < τ
0, and the continuity of the solution, there exists a

maximal time 0< Tε ≤ Tε,∗ on which the conditions (4-2)–(4-4) are satisfied with u replaced by uε and
T replaced by Tε. Note that all the estimates that we established for a solution u of (1-1) adapt straight-
forwardly to a solution uε of (7-1). The only notable change is the inclusion of the −ε∂2

x term in (3-4) for
defining the boundary layer lift ω[,ε. However, since all estimates for ω[,ε are obtained by performing a
Fourier transform in x and using Plancherel to obtain the desired L2

x bound, this modification is routine (see
also [Ignatova and Vicol 2016] for ε-independent bounds for solutions of the ε-regularization of the Prandtl
system that are analytic in x and Sobolev in y). Applying Corollaries 4.2, 5.2, and 5.3, and Proposition 6.1
at positive ε, we see that there exists T > 0 independent of ε, such that for all t ∈ [0,min(Tε, T )], the
conditions (4-2)–(4-4) still hold with M replaced by 1

2 M , and δ0 replaced by 2δ0. If Tε < T, then one has
necessarily Tε = Tε,∗, otherwise by continuity the inequalities (4-2)–(4-4) would be satisfied beyond Tε.
But then there is a contradiction between (7-2) and the first half of (4-2). Hence, Tε ≥ T, and so Tε,∗ ≥ T.

We have just shown that the approximations uε are all defined on a time interval independent of ε,
and satisfy uniform Gevrey bounds on it. This allows us to let ε go to zero, and conclude by standard
compactness arguments to the existence of a solution.

For the uniqueness of solutions, the equation obeyed by the difference is basically a linearized version
of the equation, very similar to the equation obeyed by ω̇. Then an estimate similar to the one from
Proposition 5.1, gives the good estimate for the difference of two solutions, implying uniqueness.

Appendix: Proof of Lemma 3.2

To prove the first item, we adapt arguments of [Fernandez et al. 2016, pages 1805–1807]. We fix x ∈ T,
y > 0, and drop them from the notation. We write

ˆ̄ω
[
j (η)= f̂ j (ζ ) gj (ζ ), gj (ζ )=

1
2−
√
β( j + 1)+ iζ

e−y
√
β( j+1)+iζ .

Clearly, as f j is equal to 0 for t < 0 and belongs to L1(R),

f̂ j (ζ )=

∫
R+

f j (t)e−iζ t dt

is holomorphic for Im ζ < 0, and continuous for Im ζ ≤ 0. Moreover,

lim
Im ζ→+∞

f̂ j (ζ )= 0 uniformly for Re ζ ∈ R, lim
Re ζ→±∞

f̂ j (ζ )= 0 uniformly for Im ζ ≤ 0. (A-1)
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The first limit follows directly from the inequality

| f̂ j (ζ )| ≤

∫
R+

| f j (t)|e−Im ζ t dt

and the dominated convergence theorem. The second limit follows from a close look at the Riemann–
Lebesgue lemma: given ε > 0, and some f εj ∈ C1

c (R+) with
∫

R+
| f j − f εj | ≤ ε, we get

| f̂ j (ζ )| ≤

∫
R+

| f j − f εj | + |
∫

R+

f εj (t)e
−iζ t dt | ≤ ε+

Mε

|Re ζ |
,

where the second bound follows from an integration by parts of the second integral.
Obviously, gj is also holomorphic in Im ζ < 0, continuous over Im ζ ≤ 0, with bound

|gj (ζ )| ≤
1

β − 2
e−
√
|ζ |y
; (A-2)

see (3-13). We finally apply the Cauchy formula: for any t < 0, for any µ > 0,

ω̄
[
j (t)= lim

s→+∞

1
2π

∫ s

−s
f̂ j (ζ ) gj (ζ )eiζ t dζ

=− lim
s→+∞

1
2π

(∫
[−s,s]−iµ

f̂ j (ζ ) gj (ζ )eiζ t dζ +
∫
[s,s−iµ]

f̂ j (ζ ) gj (ζ )eiζ t dζ

+

∫
[−s−iµ,−s]

f̂ j (ζ ) gj (ζ )eiζ t dζ
)
.

As t < 0, taking into account the first limit in (A-1), the first integral at the right-hand side goes to zero
when µ→+∞, while the two other integrals over the vertical segments converge to the integrals over
the vertical half-lines:

ω̄
[
j (t)= lim

s→+∞

1
2π

(∫
[s,s−i∞]

f̂ j (ζ )gj (ζ )eiζ t dζ +
∫
[−s−i∞,−s]

f̂ j (ζ )gj (ζ )eiζ t dζ
)

= lim
s→+∞

1
2π

(∫
[0,−i∞]

f̂ j (s+ζ )gj (s+ζ )ei(s+ζ )t dζ +
∫
[−i∞,0]

f̂ j (−s+ζ )gj (−s+ζ )ei(−s+ζ )t dζ
)
.

Using the second limit in (A-1) and the bound (A-2), we can conclude that the limit on the right-hand
side is zero thanks to the dominated convergence theorem.

To prove the second item of the lemma, we remark from formula (3-12) that

(1+ |ζ |)3/4ω̂[j ∈ L2
ζ (R, L2

y(R+, H k
x (T))), (1+ |ζ |)1/4ω̂[j ∈ L2

ζ (R, H 1
y (R+, H k

x (T))) for all k

using the smoothness of f̂ j with respect to x . We deduce that

ω̄
[
j ∈ H 3/4

t (R, L2
y(R+, H k

x (T))), ω̄
[
j ∈ H 1/4

t (R, H 1
y (R+, H k

x (T)) for all k. (A-3)
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Moreover, using again (3-12) and Plancherel in time, we get that, for any ϕ = ϕ(t, x, y) smooth and
quickly decreasing as t→±∞ and y→+∞,∫

R×R+×T

ω̄
[
j (β( j + 1)− ∂t)ϕ+

∫
R×R+×T

∂yω̄
[
j ∂yϕ−

∫
R×T

(2ω̄[j |y=0+ f j )ϕ|y=0 = 0.

If we take ϕ with support in time included in (−∞, T ), taking into account that ω̄[j is zero for negative
times, we end up with∫
(0,T )×R+×T

ω̄
[
j (β( j + 1)− ∂t)ϕ+

∫
(0,T )×R+×T

∂yω̄
[
j ∂yϕ−

∫
(0,T )×T

(
2ω̄[j |y=0+

Mj

Mj+1
h j+1

)
ϕ|y=0 = 0.

We recognize the weak formulation of system (3-10). The identity ω̄[j = ω
[
j over (0, T ) follows from the

uniqueness of solutions to this system (for example in the regularity class given by (A-3)).
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SHARP VARIATION-NORM ESTIMATES FOR
OSCILLATORY INTEGRALS RELATED TO CARLESON’S THEOREM

SHAOMING GUO, JORIS ROOS AND PO-LAM YUNG

We prove variation-norm estimates for certain oscillatory integrals related to Carleson’s theorem. Bounds
for the corresponding maximal operators were first proven by Stein and Wainger. Our estimates are sharp
in the range of exponents, up to endpoints. Such variation-norm estimates have applications to discrete
analogues and ergodic theory. The proof relies on square function estimates for Schrödinger-like equations
due to Lee, Rogers and Seeger. In dimension 1, our proof additionally relies on a local smoothing estimate.
Though the known endpoint local smoothing estimate by Rogers and Seeger is more than sufficient for
our purpose, we also give a proof of certain local smoothing estimates using Bourgain–Guth iteration and
the Bourgain–Demeter `2 decoupling theorem. This may be of independent interest, because it improves
the previously known range of exponents for spatial dimensions n ≥ 4.

1. Introduction

Let n ≥ 1 and α > 1 be fixed. Given a Calderón–Zygmund kernel K : Rn
→ R we define a modulated

singular integral by

H(u) f (x) :=
∫

Rn
f (x − t)eiu|t |α K (t) dt, u ∈ R. (1-1)

The maximal operator

sup
u∈R

|H(u) f | (1-2)

was introduced in [Stein and Wainger 2001] as a generalization of the Carleson operator studied in
[Carleson 1966; Fefferman 1973; Lacey and Thiele 2000]. In this paper, we study variation-norm
estimates for the family {H(u) f }u∈R. Apart from the intrinsic interest in such bounds, another strong
motivation is given by the connection to certain discrete analogues of (1-2) that are the subject of recent
works [Krause and Lacey 2017; Krause 2018] (see Section 1A below).

If J is a subset of R and {au : u ∈ J } is a family of complex numbers indexed by J, then for any
1≤ r <∞ the r -variational norm of {au}u∈J is defined to be

V r
{au : u ∈ J } := sup

J∈N

sup
u0,u1,...,u J∈J
u0<u1<···<u J

( J∑
j=1

|au j − au j−1 |
r
)1/r

.
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Closely related to it is the jump function of the family {au}u∈J : for λ> 0, the λ-jump function of {au}u∈J ,
namely Nλ{au : u ∈ J }, is defined to be the supremum of all positive integers N for which there exists a
strictly increasing sequence s1 < t1 < s2 < t2 < · · ·< sN < tN , all of which are in J, such that

|atj − asj |> λ

for all j = 1, . . . , N. For r ∈ (1,∞) and p ∈ (1,∞), we will study the L p mapping properties of the
maps

f 7−→ V r
{H(u) f : u ∈ R},

f 7−→ λ[Nλ{H(u) f : u ∈ R}]1/r , λ > 0.

Henceforth f will always be a Schwartz function on Rn; the goal is to establish a priori bounds for
all such f . If in dimension n = 1 we take α = 1 and replace |t | by t , then this corresponds to the
variation-norm Carleson operator, which has been studied in [Oberlin, Seeger, Tao, Thiele, and Wright
2012; Uraltsev 2016]. We refer the reader to [Bourgain 1989; Pisier and Xu 1988; Campbell, Jones,
Reinhold, and Wierdl 2000; 2003; Jones, Seeger, and Wright 2008] for earlier results concerning jump
function and variation-norm inequalities for other operators arising in harmonic analysis.

Let us assume that K is a homogeneous Calderón–Zygmund kernel, in the sense that

K (x)= p.v.
�(x)
|x |n

for some function � that is smooth on Rn
\ {0}, homogeneous of degree 0. The assumption that K is

homogeneous is not strictly necessary. It is there to help simplify the presentation of the proof of the
theorem. We also assume that

∫
Sn−1 �(x) dσ(x)= 0, where σ denotes the surface measure on Sn−1.

Theorem 1.1. Let n ≥ 1, α ∈ (1,∞) and define H(u) as in (1-1). If r ∈ (2,∞), p ∈ (1,∞) and r > p′/n,
then we have

‖V r
{H(u) f : u ∈ R}‖p ≤ C‖ f ‖p. (1-3)

In addition, if n ≥ 2 and p ∈ (2n/(2n− 1),∞), then∥∥λ√Nλ{H(u) f : u ∈ R}
∥∥

p ≤ C‖ f ‖p.

Here the constant C is allowed to depend on n, α, p and r.

Moreover, up to endpoints, we show that this is the best we can expect:

Theorem 1.2. The estimate (1-3) fails if r < p′/n.

Thus, the range of exponents for which estimate (1-3) holds is given by the quadrilateral in Figure 1
below (up to endpoints).

It is natural to ask what happens when α is less than 1. Our methods do not seem to be able to handle
this case. But if n = 1, an easy adaptation of our methods allows us to obtain a positive result where the
phase function |t |α in (1-1) is replaced by sgn(t)|t |α. In particular, if α is an odd positive integer, we may
replace |t |α in (1-1) by tα and still obtain a positive result.
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1
p

1
r

1
2

2n−1
2n

10

Figure 1. The range of exponents for which estimate (1-3) holds.

The inequality (1-3) can be understood as an extension of the well-known result from [Stein and
Wainger 2001] (also see [Guo 2016] for the case when α is not an integer):∥∥sup

u∈R

|H(u) f |
∥∥

p . ‖ f ‖p for every p > 1. (1-4)

1A. Connection with discrete analogues. Further motivation stems from the study of a discrete analogue
of the maximal operator (1-2). Fix an integer d ≥ 2 and let u ∈ R. Consider the following operator H(u)

Z

acting on functions f : Z→ C:

H(u)
Z f (x)=

∑
t∈Z\{0}

f (x − t)eiutd 1
t
, x ∈ Z.

This is a discrete analogue of our operator H(u) for n = 1 and α = d . Bounding the associated maximal
operator f 7→ supu∈R |H

(u)
Z f | on `p(Z) is significantly more difficult than bounding Stein and Wainger’s

maximal operator and until recently, no such bounds were known. For the recent progress on this problem
and further discussion of discrete analogues, we refer to [Krause 2018; Krause and Lacey 2017]. A
careful analysis of the multiplier of H(u)

Z , which is much in the spirit of the Hardy–Littlewood circle
method, reveals a natural splitting of the problem into a number-theoretic and an analytic component. In
the case p = 2, the core estimate for the analytic component is a variant of Bourgain’s classical maximal
multifrequency lemma [1989, Lemma 4.1]. The precise statements can be found in [Krause and Lacey
2017, Section 3; Krause 2018, Sections 5 and 10.2]; see, in particular, Theorem 3.5 of [Krause and Lacey
2017]. Using a small refinement of our Theorem 1.1 (see Theorem B.3 below), together with the argument
from [Bourgain 1989], one can obtain an alternative simple proof of (a small extension of) Theorem 3.5
of [Krause and Lacey 2017]; we include some details in Appendix B.

Discrete analogues are intimately related to ergodic theorems and this connection provides a further
application of our variation-norm estimates. Krause [2018, Theorem 1.2] made use of a variant of the
estimate (1-3) in his recent work on a pointwise ergodic theorem.

1B. Outline of the proof. We now briefly describe an outline of the proof of Theorem 1.1. To control
the left-hand side of the estimate (1-3), we split the contribution into two parts: long variations and short
variations. For each j ∈ Z, define the short variation on the u-interval [2 jα, 2( j+1)α

] by

V r
j H f (x) := V r

{H(u) f (x) : u ∈ [2 jα, 2( j+1)α
]}.
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Also define

Sr (H f )(x) :=
(∑

j∈Z

|V r
j H f (x)|r

)1/r

,

N dyad
λ (H f )(x) := Nλ{H(2 jα) f (x) : j ∈ Z}.

We will use the following lemma (see, for example, [Jones, Seeger, and Wright 2008]):

Lemma 1.3. For r ∈ [2,∞) we have

λ[Nλ{H(u) f : u > 0}]1/r . Sr (H f )+ λ[N dyad
λ/3 (H f )]1/r

uniformly in λ > 0.

(Hereafter, A . B means A ≤ C B for some absolute constant C .)
By this lemma, and by Bourgain’s argument [1989] of passing from jump norms to variation-norms

(see also [Jones, Seeger, and Wright 2008, Section 2]), to prove Theorem 1.1 it suffices to prove the
following two propositions.

Proposition 1.4. For every p ∈ (1,∞) and r ∈ [2,∞) we have

‖λ[N dyad
λ/3 (H f )]1/r

‖p . ‖ f ‖p

uniformly in λ > 0.

Proposition 1.5. Let n ≥ 1 and p ∈ (1,∞), r ∈ (2,∞) with r > p′/n. Then we have

‖Sr (H f )‖p . ‖ f ‖p.

If n ≥ 2, then the inequality also holds for r = 2.

The proof of Proposition 1.4 depends on a jump function inequality of [Jones, Seeger, and Wright
2008] that is based on a Lépingle inequality for martingales.

By interpolation with the inequality (1-4) of [Stein and Wainger 2001], it suffices to consider the case p∈
(2n/(2n−1),∞) to prove Proposition 1.5. The proof of Proposition 1.5 then depends on a square function
estimate for Schrödinger-like equations, which is due to [Lee, Rogers, and Seeger 2012]. In one dimension,
we additionally need a local smoothing estimate for these equations. The following local smoothing result
is more than sufficient for our needs: indeed we will only need the following estimate for n = 1 and some
p <∞. We are including the full theorem here only because it may be of independent interest.

Theorem 1.6. Let γ > 1 be a real number and let I be a compact time interval. For any dimension n ≥ 1
and exponent p <∞ satisfying 

p > 2(4n+7)
4n+1

if n ≡−1 (mod 3),

p > 2n+3
n

if n ≡ 0 (mod 3),

p > 4(n+2)
2n+1

if n ≡ 1 (mod 3),

(1-5)
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we have (∫
Rn×I

∣∣∣∣∫
Rn

ei x ·ξ f̂ (ξ)ei t |ξ |γ dξ
∣∣∣∣p

dx dt
)1/p

.ε ‖ f ‖W β+ε,p(Rn) (1-6)

whenever ε > 0 and
β

γ
= n

(1
2
−

1
p

)
−

1
p
.

Here we write W s,p(Rn)= (I −1)−s/2L p(Rn) to denote the standard Bessel potential space.

Let us take a moment to compare Theorem 1.6 with results in the existing literature. Rogers [2008]
considered the case γ = 2, namely a local smoothing estimate for the Schrödinger propagator ei t1. He
proved that (1-6) holds whenever γ = 2, p ∈ (2+ 4/(n+ 1),∞) and ε > 0 (in the rest of this section
β will always be as specified in Theorem 1.6). This was improved subsequently by Rogers and Seeger
[2010], who obtained the endpoint case ε = 0 for all γ > 1: they established that (1-6) holds with ε = 0
for all p ∈ (2+ 4/(n + 1),∞) and all γ > 1. In particular, this implies Theorem 1.6 for n = 1, 2, 3.
Theorem 1.6 gives a larger range of p in dimensions n ≥ 4, albeit with an ε-loss in smoothness. We also
note that in the case γ = 2 (i.e., for the Schrödinger propagator), Lee, Rogers and Seeger [2013] obtained
an improvement of the aforementioned result of [Rogers and Seeger 2010]; in particular, in Proposition 5.2
of [Lee, Rogers, and Seeger 2013], they proved that if the dual Fourier restriction conjecture holds at an
exponent q0, in the sense that

‖E f ‖Lq0 (Rn+1) . ‖ f ‖Lq0 ([0,1]n)

for some exponent γ0 < 2(n+3)/(n+1), where E is the Fourier extension operator for the paraboloid in
Rn+1 given by

E f (x, t)=
∫
[0,1]n

f (ξ)ei(x ·ξ+t |ξ |2) dξ, (x, t) ∈ Rn
×R, (1-7)

then (1-6) holds for γ = 2 with ε = 0 whenever p ∈ (q∗,∞), where q∗ is defined by

q∗ :=
2(n+ 3)

n+ 1
(1− γ (n, q0)), with γ (n, q0) :=

1/q0− (n+ 1)/(2(n+ 3))
n((n+ 1)/2− (n+ 2)/q0)

.

A direct computation shows that

q∗ = 2+
4
n
−

2
n2− n(4− q0)/(q0− 2)

.

As a result, even if one can establish (1-7) in all dimensions n with q0 = q0(n) that decays like q0(n)=
2+ (2+ λ)/n+ O(1/n2) for some λ > 0 (the Fourier restriction conjecture shows that the best one can
hope for is λ = 0), using the above result of Lee, Rogers and Seeger, one can only establish the local
smoothing estimate (1-6) for p ∈ (q∗(n),∞), where

q∗(n)= 2+
4
n
+ O

(
1
n2

)
.
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On the contrary, if p∗(n) is the Bourgain–Guth exponent given by the right-hand sides of (1-5), we see that

p∗(n)= 2+
3
n
+ O

(
1
n2

)
,

so our range of the exponent p is larger than that of Lee, Rogers and Seeger in high dimensions n, even
for the Schrödinger equation case.

Contrary to [Rogers and Seeger 2010], which relied on bilinear restriction estimates, our proof of
Theorem 1.6 relies on the Bourgain–Guth argument [2011] (see also the presentation in [Bourgain and
Demeter 2017]), and the Bourgain–Demeter decoupling inequality [2015]; see [Wolff 2000; Łaba and
Wolff 2002] for some earlier foundational work on decoupling inequalities, and their applications to local
smoothing estimates. The multilinear estimates developed in [Guth 2018] might be useful in establishing
(1-6) for a larger range of exponents, but we did not pursue this here.

Organization of the paper. In Section 2 we state two preliminary results, namely a consequence of the
classical Lépingle inequality, and a consequence of the Plancherel–Pólya inequality. In Section 3 we
control long jumps; that is, we will prove Proposition 1.4. The treatment for short jumps (that is, the
proof of Proposition 1.5) will be split into two parts. In Section 4 we prove Proposition 1.5 in two special
cases: n ≥ 2, p > 2(n+2)/n, and n = 1, p > 2. These are the main cases to be considered. In Section 5
we indicate the modifications necessary to prove the remaining case of Proposition 1.5: namely, n ≥ 2
and 2n/(2n− 1) < p ≤ 2(n+ 2)/n. The proof of Theorem 1.2 is in Section 6. In Section 7 we provide
the proof of a vector-valued generalization of a multiplier theorem of [Seeger 1988], which we used in
the proof of the short jump estimates in Section 4. In Appendix A we prove the local smoothing estimates
in Theorem 1.6. In Appendix B we refine our Theorem 1.1 by obtaining a good bound on the growth of
the constant C in (1-3) as p = r → 2+ (see Theorem B.3), and use it to provide an alternative simple
proof of a maximal multifrequency estimate of Krause and Lacey [2017, Theorem 3.5].

2. Prerequisites

2A. A jump function inequality of Jones, Seeger and Wright. We recall a jump function inequality for
convolutions with dyadic dilations of a fixed measure from [Jones, Seeger, and Wright 2008, Theorem 1.1].
It is a consequence of the more classical Lépingle inequality for martingales.

Proposition 2.1 [Jones, Seeger, and Wright 2008]. Let σ be a compactly supported finite nonnegative
Borel measure on Rn whose Fourier transform satisfies

|σ̂ (ξ)| ≤ C |ξ |−a

for some a > 0. For k ∈ Z, define σk by∫
Rn

f (x) dσk(x)=
∫

Rn
f (2−k x) dσ(x).

Then ∥∥λ√Nλ{ f ∗ σk : k ∈ Z}
∥∥

L p(Rn)
≤ C p‖ f ‖L p(Rn)

for all 1< p <∞, uniformly in λ > 0.
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We will apply this proposition as follows. Let S be a nonnegative smooth function with compact
support in [−1, 1]n and

∫
Rn S(x) dx = 1. For k ∈ Z and any Schwartz function f on Rn, let

Sk f (x)= f ∗ Sk(x),

where Sk(x)= 2kn S(2k x). If σ is the measure on Rn given by∫
Rn

f (x) dσ(x)=
∫

Rn
f (x)S(x) dx,

then σk(x) coincides with Sk(x)dx , and hence f ∗ σk = Sk f for all k ∈ Z. Proposition 2.1 then gives∥∥λ√Nλ{Sk f : k ∈ Z}
∥∥

L p(Rn)
≤ C p‖ f ‖L p(Rn) (2-1)

for all 1< p<∞, uniformly in λ> 0. Note that Ŝ(0)= 1 and Ŝ(ξ) decreases rapidly to zero as |ξ |→∞.
So later it helps to think of Ŝ(ξ) as localized to |ξ | . 1, and interpret Sk f as a localization of f to
frequency . 2k.

Next, let {c`}∞`=0 be a complex sequence with |c`| = O(2−α`) for some α > 0. Let S̃k be the operator
defined by

S̃k f :=
∞∑
`=0

c`Sk−` f. (2-2)

We will use (2-1) to prove that∥∥λ√Nλ{S̃k f : k ∈ Z}
∥∥

L p(Rn)
≤ C p‖ f ‖L p(Rn) (2-3)

for all 1 < p <∞, uniformly in λ > 0. Recall the definition of the jump norm Nλ{S̃k f (x) : k ∈ Z}:
it is the supremum of all positive integers N for which there exists a strictly increasing sequence
s1 < t1 < s2 < t2 < · · ·< sN < tN , all of which are in Z, such that

|S̃tj f (x)− S̃sj f (x)|> λ (2-4)

for all j = 1, . . . , N. But if s1 < t1 < s2 < t2 < · · ·< sN < tN is as such, then for all j = 1, . . . , N we have

|Stj−` f (x)− Ssj−` f (x)|& 2`α/2λ

for at least one `≥ 0. Hence,

Nλ{S̃k f (x) : k ∈ Z}.
∞∑
`=0

N2`α/2λ{Sk f (x) : k ∈ Z},

which implies √
Nλ{S̃k f : k ∈ Z}.

∞∑
`=0

√
N2`α/2λ{Sk f : k ∈ Z}.

This further implies∥∥λ√Nλ{S̃k f : k ∈ Z}
∥∥

L p(Rn)
.
∞∑
`=0

2−`α/2
∥∥2`α/2λ

√
N2`α/2λ{Sk f : k ∈ Z}

∥∥
L p(Rn)

. ‖ f ‖p.

This finishes the proof of the estimate (2-3).
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2B. An inequality of Plancherel and Pólya. Next, let F(u) be an L2 function on R whose Fourier
transform F̂(ξ) is supported on the set |ξ | ≤ 1. Such an F is sometimes said to be in a Paley–Wiener space.
An inequality of Plancherel and Pólya [1936; 1937] says that for any such F and any r ∈ [1,∞), we have∑

j∈Z

|F( j)|r ≤ Cr

∫
R

|F(u)|r du, (2-5)

where Cr is a constant independent of F. This holds because if F̂ is supported on |ξ | ≤ 1, then, by the
uncertainty principle, F is essentially constant on every interval of length 1 (see also [Young 1980] for
an alternative proof based on complex analysis).

From (2-5) we can deduce the following variation-norm estimate (see also page 6729 of [Jones, Seeger,
and Wright 2008]):

Proposition 2.2. Let F(u) be a function on R whose Fourier transform F̂(ξ) is supported on the set
{|ξ | ≤ λ}. Then for every 1≤ q ≤ r <∞, we have

V r
{F(u) : u ∈ R} ≤ Aq,rλ

1/q
‖F‖Lq , (2-6)

with a constant Aq,r depending only on q and r.

Proof. By rescaling we may assume that λ= 1. Now let k ∈ N and u1 < · · ·< uk be a strictly increasing
sequence in R. We let κ(0)= 1, n1 = buκ(0)c and let κ(1) be the largest integer in {1, . . . , k} such that
uκ(1) < n1+ 1. If κ(1) < k, we let n2 = buκ(1)+1c and let κ(2) be the largest integer in {1, . . . , k} such
that uκ(2) < n2+ 1. Clearly this process will terminate in finitely many, say m, steps. In this way we
collect the points u1, . . . , uk into intervals [n1, n1+1], [n2, n2+1], . . . , [nm, nm+1] of length at most 1.
Now for s = 1, . . . ,m− 1, by the triangle inequality, we have

|F(uκ(s))−F(uκ(s)+1)|
r . |F(uκ(s))−F(ns+1)|r+|F(ns+1)|r+|F(ns+1)|

r
+|F(ns+1)−F(uκ(s)+1)|

r .

This shows
k−1∑
i=1

|F(ui )−F(ui+1)|
r

.
m∑

s=1

(|F(ns)|
r
+|F(ns+1)|r )+

m∑
s=1

(
|F(ns)−F(uκ(s−1))|

r

+

∑
κ(s−1)≤i<κ(s)

|F(ui )−F(ui+1)|
r
+|F(uκ(s))−F(ns+1)|r

)
.

(Indeed, for s = 1, we do not need the terms |F(ns)|
r and |F(ns)− F(uκ(s−1))|

r on the right-hand side;
similarly for s = m, we do not need the terms |F(ns + 1)|r and |F(uκ(s))− F(ns + 1)|r. But there is
no harm putting them in, which makes the expression on the right-hand side more symmetric.) By the
mean-value theorem, for s = 1, . . . ,m, we have

|F(ns)− F(uκ(s−1))|
r
+

∑
κ(s−1)≤i<κ(s)

|F(ui )− F(ui+1)|
r
+ |F(uκ(s))− F(ns + 1)|r

≤ ‖F ′‖rL∞
(
|ns − uκ(s−1)|

r
+

∑
κ(s−1)≤i<κ(s)

|ui − ui+1|
r
+ |uκ(s)− (ns + 1)|r

)
,
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and the quantity inside the parentheses in the last line is ≤ 1 since we have the elementary inequality

tr
1 + · · ·+ tr

σ ≤ (t1+ · · ·+ tσ )r

whenever t1, . . . , tσ ≥ 0 and 1 ≤ r <∞. Now since F̂ is supported on |ξ | ≤ 1, Bernstein’s inequality
implies

‖F ′‖L∞ .r ‖F‖Lr

whenever 1≤ r <∞. Altogether, we see that
k−1∑
i=1

|F(ui )− F(ui+1)|
r .r ‖F‖rLr +

m∑
s=1

(|F(ns)|
r
+ |F(ns + 1)|r )

.r ‖F‖rLr +

∑
j∈Z

|F( j)|r .r ‖F‖rLr

whenever 1 ≤ r <∞, the last inequality following from (2-5). Since F̂ is supported on {|ξ | ≤ 1} and
1≤ q ≤ r , Bernstein’s inequality again implies ‖F‖Lr .q,r ‖F‖Lq . This completes the proof of (2-6). �

3. Long jump estimates

Our goal in this section is to prove Proposition 1.4. Indeed, we will prove something slightly stronger,
including the case 0< α < 1.

Proposition 3.1. Fix α > 0, α 6= 1. For 1< p <∞, we have

‖λ

√
Nλ{H(2kα) f : k ∈ Z}‖L p(Rn) . ‖ f ‖L p(Rn) (3-1)

uniformly in λ > 0. Here H(2kα) is defined as in (1-1).

First we decompose H(2kα) into

H(2kα) f (x)=
∫
|t |≤2−k

f (x − t)ei2kα
|t |α K (t) dt +

∫
|t |>2−k

f (x − t)ei2kα
|t |α K (t) dt

=:Hk,−∞ f (x)+Hk,∞ f (x).

In the term Hk,−∞ f , we are integrating over small t , and the exponential ei2kα
|t |α is approximately 1. This

motivates us to further decompose Hk,−∞ f as

Hk,−∞ f (x)=
∫
|t |≤2−k

f (x − t)K (t) dt +
∫
|t |≤2−k

f (x − t)(ei2kα
|t |α
− 1)K (t) dt

=: H̃k,0 f (x)+Hk,0 f (x). (3-2)

For the other term, we take the decomposition

Hk,∞ f (x)=
∞∑
`=1

Hk,` f (x) :=
∞∑
`=1

∫
2−k+`−1<|t |≤2−k+`

f (x − t)ei2kα
|t |α K (t) dt.

The former term in (3-2) is a truncated singular integration. We have:
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Lemma 3.2 [Campbell, Jones, Reinhold, and Wierdl 2003, Theorem A].∥∥λ√Nλ{H̃k,0 f : k ∈ Z}
∥∥

L p(Rn)
. ‖ f ‖L p(Rn)

for all 1< p <∞.

Hence it remains to estimate the jump norms of Hk,0 f (x)+
∑
∞

`=1 Hk,` f (x) =
∑
∞

`=0 Hk,` f (x). To
do so, we carry out a Littlewood–Paley decomposition. For each `≥ 0, apply

Hk,` f =Hk,`Sk−` f +Hk,`( f − Sk−` f ).

(see Section 2 for the precise definition of Sk f ). Notice that Sk−` f is approximately constant at the
physical scale 2−k+`. Thus, Hk,`Sk−` f is almost just a multiple of Sk−` f . This motivates us to further
take the decomposition

Hk,`Sk−` f = c`Sk−` f + (Hk,`Sk−` f − c`Sk−` f ),

where

c0 :=

∫
|t |≤1

(ei |t |α
− 1)K (t) dt and c` :=

∫
1/2<|t |≤1

ei2`α |t |α K (t) dt for `≥ 1 (3-3)

are constants. Here we choose the constants c0 and c` as such because K is assumed to be homogeneous.
Hence

∞∑
`=0

Hk,` f (x)=
∞∑
`=0

c`Sk−` f +
∞∑
`=0

(Hk,`Sk−` f − c`Sk−` f )+
∞∑
`=0

Hk,`( f − Sk−` f ).

Since a simple integration-by-parts argument shows that |c`| = O(2−α`), the contribution from the first
term to the desired jump norm can be controlled using (2-3). To handle the latter two terms we use a
square function. It suffices to show that

∞∑
`=0

∥∥∥∥(∑
k∈Z

|Hk,`Sk−` f − c`Sk−` f |2
)1/2∥∥∥∥

L p(Rn)

. ‖ f ‖L p(Rn), (3-4)

∞∑
`=0

∥∥∥∥(∑
k∈Z

|Hk,`( f − Sk−` f )|2
)1/2∥∥∥∥

L p(Rn)

. ‖ f ‖L p(Rn) (3-5)

since the square functions dominate the desired jump norms pointwisely. To establish these estimates we
apply a finer frequency decomposition. Let

1(x) := 2n S(2x)− S(x) and 1k(x) := 2kn1(2k x)

and write 1k f := f ∗1k so that

Sk−` f =
∞∑
j=1

1k−`− j f and f − Sk−` f =
∞∑
j=0

1k−`+ j f.
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By the triangle inequality, to prove (3-4) and (3-5), it suffices to prove the existence of some constant γ > 0
such that ∥∥∥∥(∑

k∈Z

|Hk,`1k−`− j f−c`1k−`− j f |2
)1/2∥∥∥∥

L p(Rn)

. 2−γ ( j+`)
‖ f ‖L p(Rn), (3-6)

∥∥∥∥(∑
k∈Z

|Hk,`1k−`+ j f |2
)1/2∥∥∥∥

L p(Rn)

. 2−γ ( j+`)
‖ f ‖L p(Rn) (3-7)

for every j, `≥ 0 and every 1< p<∞. Throughout the paper, we use γ to denote a positive real number
that might vary from line to line, if not otherwise stated.

Now each of the estimates (3-6) and (3-7) holds for 1< p <∞ without the small factors on the right,
since |Hk,` f |. M f where M is the Hardy–Littlewood maximal operator on Rn, allowing us to invoke
the Fefferman–Stein vector-valued inequality for the maximal function [Stein 1993, Chapter II.1]. Hence
by real interpolation, it suffices to prove the case p = 2. To do so, fix α > 0, α 6= 1 and ` ∈N. Let m`(ξ)

be the multiplier defined by

m0(ξ) :=

∫
|t |≤1

(ei |t |α
− 1)e−i t ·ξK (t) dt,

m`(ξ) :=

∫
1/2<|t |≤1

ei |2`t |αe−i t ·ξK (t) dt for `≥ 1.

Let m̃`(ξ) be the multiplier defined by

m̃0(ξ) :=

∫
|t |≤1

(ei |t |α
− 1)(e−i t ·ξ

− 1)K (t) dt,

m̃`(ξ) :=

∫
1/2<|t |≤1

ei |2`t |α (e−i t ·ξ
− 1)K (t) dt for `≥ 1.

Since K is assumed to be homogeneous, for `≥ 0 the multiplier for Hk,` is m`(2−k+`ξ). It follows that
for ` ≥ 0 the multiplier for Hk,`− c` is m̃(2−k+`ξ). Then (3-6) and (3-7) with p = 2 follow from the
pointwise estimates for multipliers(∑

k∈Z

|1̂(2−k+`+ jξ)m̃`(2−k+`ξ)|2
)1/2

+

(∑
k∈Z

|1̂(2−k+`− jξ)m`(2−k+`ξ)|2
)1/2

. 2−γ (`+ j). (3-8)

We need the following lemma, which is a consequence of the van der Corput lemma (details omitted):

Lemma 3.3. We have

|m`(ξ)|.min{2−γ `, 2α`|ξ |−γ } for all ξ ∈ R. (3-9)

In particular,

|m`(ξ)|. (2−γ ` · 2α`|ξ |−γ )1/2 for all ξ ∈ R. (3-10)

We also have

|m̃`(ξ)|.

{
min{2−γ `, |ξ |}. 2−γ `/2|ξ |1/2 for |ξ | ≤ 1,
1 for |ξ | ≥ 1.
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We are ready to prove (3-8). The estimate is invariant upon replacing ξ by 2ξ ; hence we only need to
prove it when |ξ | ' 1. First consider the first term on the left-hand side of (3-8). When k ≤ 0, we bound
|m̃`(2−k+`ξ)|. 1 and |1̂(2−k+`+ jξ)|. 2−10(−k+`+ j). Summing over k ≤ 0, we obtain 2−10(`+ j).

When k ≥ 0, we bound |m̃`(2−k+`ξ)|. 2−γ `/22−k/2+`/2 and

|1̂(2−k+`+ jξ)|.

{
2−10(−k+`+ j) if 0≤ k ≤ `+ j,
2−k+`+ j if k ≥ `+ j .

Summing over k ≥ 0, we obtain 2−γ (`+ j) for some γ > 0. This finishes the proof of the first half of (3-8).
Next we turn to the second term on the left-hand side of (3-8). What we need to prove can also be

written as (∑
k∈Z

|1̂(2kξ)m`(2k+ jξ)|2
)1/2

. 2−γ (`+ j) for |ξ | ' 1. (3-11)

We work on two different cases. Let Cα > 0 be a sufficiently large constant. Assume that we are in the
case j ≥ Cα`. We bound the left-hand side of (3-11) by∑

k≥0

2−10k2α`2−γ k−γ j
+

∑
k<0

2k(2α` · 2−γ `2−γ k−γ j )1/2 . 2−γ (`+ j).

Here for the case k ≥ 0 we applied (3-9), and for the case k < 0 we applied (3-10).
Finally, we assume that 0≤ j ≤ Cα`. We bound the left-hand side of (3-11) by∑

k≥0

2−10k2−γ `+
∑
k<0

2k2−γ ` . 2−γ (`+ j).

Here in both cases k ≥ 0 and k < 0 we applied (3-9).

4. Short jump estimates for large p

We are now going to start the proof of Proposition 1.5. Recall that by interpolation, we only need
to establish Proposition 1.5 when p ∈ (2n/(2n − 1),∞) and r ∈ (2,∞) (see discussion following
Proposition 1.5). In this section we will do so for all sufficiently large values of p. More precisely, let
α > 1, let H(u) be as in (1-1), and let V r

j H f (x)= V r
{H(u) f (x) : u ∈ [2 jα, 2( j+1)α

]}. We prove∥∥∥∥(∑
j∈Z

|V r
j (H f )|r

)1/r∥∥∥∥
p
. ‖ f ‖p (4-1)

whenever

p ∈ (2,∞), n = 1, r ∈ (2,∞) (4-2)

or

p ∈
(

2+ 4
n
,∞

)
, n ≥ 2, r ∈ [2,∞). (4-3)

This proves Proposition 1.5 when n = 1. In the next section, we extend (4-1) to all p ∈ (2n/(2n− 1),∞)
when n ≥ 2, r ∈ [2,∞). That would complete the proof of Proposition 1.5 when n ≥ 2.
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4A. Main tool: a square function estimate for the semigroup ei t(−1)λ/2 . The main input to our proof of
(4-1) under condition (4-2) or (4-3) is a square function estimate, due to [Lee, Rogers, and Seeger 2012]:

Proposition 4.1 [Lee, Rogers, and Seeger 2012]. (1) Let n = 1, p ∈ [2,∞) and λ > 1. Then for any
compact time interval I,∥∥∥∥(∫

I

∣∣∣∣∫
R

ei xξ f̂ (ξ)ei t |ξ |λ dξ
∣∣∣∣2 dt

)1/2∥∥∥∥
L p(R)

. ‖ f ‖L p(R).

(2) Let n ≥ 2, p ∈ (2(n+ 2)/n,∞) and λ > 1. Then for any compact time interval I,∥∥∥∥(∫
I

∣∣∣∣ ∫
Rn

ei x ·ξ f̂ (ξ)ei t |ξ |λ dξ
∣∣∣∣2 dt

)1/2∥∥∥∥
L p(Rn)

. ‖ f ‖W β,p(Rn),

with
β

λ
= n

(1
2
−

1
p

)
−

1
2
.

We will apply the above estimates with λ = α′ := α/(α− 1) (remember α > 1). Recall that we are
interested in the variation of H(u) f (x), where u is restricted to the range [2 jα, 2( j+1)α

] for some j ∈ Z.
To estimate this, we decompose the kernel eiu|t |α K (t) into a part where oscillation plays no role and a
part where the oscillation becomes important. More precisely, for ` ∈ Z, let

H(u)
` f (x) :=

∫
Rn

f (x − t)eiu|t |αϕ`(t)K (t) dt, (4-4)

where ϕ`(t)= ϕ0(2−`t) and ϕ0 is radial, smooth and compactly supported on an annulus {|t | ' 1} so that
for t 6= 0 we have

∑
`∈Z ϕ`(t)= 1. When u ' 2 jα, |t | ' 2`− j, the phase eiu|t |α in (4-4) is approximately 1

precisely when ` < 0. Thus, it makes sense to take the decomposition

H(u) f (x)=
∑
`∈Z

H(u)
`− j f (x) (4-5)

and expect that the terms ` < 0 in the above sum are essentially nonoscillatory.
It suffices to show that ∑

`∈Z

∥∥∥∥(∑
j∈Z

|V r
j H

(u)
`− j f |r

)1/r∥∥∥∥
p
. ‖ f ‖p. (4-6)

To do so, we introduce a Littlewood–Paley decomposition in the x-variable. Let Pk be a multiplier
operator defined by P̂k f (ξ)= ψ(2−kξ) f̂ (ξ), where ψ is a smooth function with compact support on the
annulus 1

2 ≤ |ξ | ≤ 2 so that for ξ 6= 0, we have
∑

k∈Z ψ(2
−kξ)= 1. We further take the decomposition

H(u)
`− j f (x)=

∑
k∈Z

H(u)
`− j Pj+k f (x). (4-7)

We will estimate
‖‖V r

j H
(u)
`− j Pj+k f ‖`r

j
‖p (4-8)

for each k, ` ∈ Z, and sum the estimates at the end. (Hereafter, for compactness of notation, we write `r
j

for the `r norm over all j ∈ Z.)
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4B. Estimates for ` ≤ −k/(2(α+ 1)): bounding the V r
j norm by the Ẇ1,1 norm. First there are two

simple estimates for (4-8). One way to estimate (4-8) is to bound the V r
j norm by the V 1

j norm, which in
turn is bounded by the Ẇ 1,1 norm on the u interval [2 jα, 2( j+1)α

]. We get

V r
j H

(u)
`− j Pj+k f (x).

∫
|u|'2 jα

2(`− j)α
∫
|t |'2`− j

|Pj+k f (x − t)||K (t)| dt du . 2`αM Pj+k f (x),

where M is the Hardy–Littlewood maximal function, so by the Fefferman–Stein inequality and the
Littlewood–Paley inequality, we have

‖‖V r
j H

(u)
`− j Pj+k f (x)‖`r

j
‖L p

x
. 2`α‖ f ‖L p , 1< p <∞. (4-9)

For the second simple estimate, recall that
∫
|t |=R K (t) dσ(t) = 0 for all R ∈ (0,∞). Since ϕ was

chosen to be radial, we have ∫
Rn

eiu|t |αϕ`− j (t)K (t) dt = 0.

Thus, in computing V r
j H

(u)
`− j Pj+k f (x), we could have instead computed the V r

j norm of

H(u)
`− j Pj+k f (x)− Pj+k f (x)

∫
Rn

eiu|t |αϕ`− j (t)K (t) dt.

This expression is equal to∫
Rn
[Pj+k f (x − t)− Pj+k f (x)]eiu|t |αϕ`− j (t)K (t) dt.

The variational norm of this expression is controlled by its Ẇ 1,1 norm in the u interval [2 jα, 2( j+1)α
],

which in turn is controlled by
2 j+k2`− j 2`αM P̃j+k f (x),

where P̃j+k is a variant of the Littlewood–Paley projection Pj+k , so arguing as before, we see that

‖‖V r
j H

(u)
`− j Pj+k f (x)‖`r

j
‖L p

x
. 2`+k2`α‖ f ‖L p , 1< p <∞. (4-10)

We can sum (4-10) over all pairs (k, `) with `≤−k/(2(α+1)) and k ≤ 0. We can also sum (4-9) over
all (k, `) with `≤−k/(2(α+ 1)) and k ≥ 0. Thus, it remains to bound (4-8) when

` >−
k

2(α+ 1)
(4-11)

and sum over all such pairs of (k, `).

4C. Estimates for ` > −k/(2(α + 1)): division into three cases. First we look at H(u)
`− j Pj+k f (x) in

terms of its multiplier:

H(u)
`− j Pj+k f (x)=

1
(2π)n

∫
Rn

f̂ (ξ)
(
ψ(2− j−kξ)

∫
Rn

e−i t ·ξeiu|t |αϕ`− j (t)K (t) dt
)

ei x ·ξ dx .

The multiplier is an oscillatory integral in t with phase φ(t)=−t ·ξ+u|t |α, which (assuming |u|' 2α j and
|ξ | ' 2 j+k) has a critical point in the annulus {|t | ' 2`− j

} if and only if 2k+`
' 2`α, that is, if and only if
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k = `(α−1)+O(1). In that case, using stationary phase (see, for example, [Stein 1993, Chapter VIII.5.7]
or [Sogge 1993, Theorem 1.2.1]), the multiplier can be written as

ψ(2− j−kξ)
(
eicα(2− jαu)−1/(α−1)(2− j

|ξ |)α
′

a(2`2− jξ, 2`α2− jαu)+ e(2`2− jξ, 2`α2− jαu)
)
, (4-12)

where α′ = α/(α− 1), cα = (α− 1)/αα
′

, a ∈ S−n/2(Rn+1) and e ∈ S−∞(Rn+1). If there are no critical
points in the annulus {|t | ' 2`− j

}, then the multiplier is simply

ψ(2− j−kξ)e(2`2− jξ, 2`α2− jαu). (4-13)

(In the above, by a ∈ S−n/2(Rn+1) we mean

|∂α
′

ξ ∂
α′′

u a(ξ, u)|.α (1+ |ξ | + |u|)−n/2−|α|

for every multiindex α = (α′, α′′) ∈ Zn+1
≥0 , and by e ∈ S−∞(Rn+1) we mean

|∂α
′

ξ ∂
α′′

u e(ξ, u)|.N ,α (1+ |ξ | + |u|)−N−|α|

for any positive integers N and any multiindex α.)
The above motivates us to consider three cases separately (under our earlier standing assumption (4-11)):

Case 1: `≥ 0, k = `(α− 1)+ O(1).

Case 2: k > `(α− 1)+C for some C > 0.

Case 3: k < `(α− 1)−C for some C > 0.

4D. Estimates in Case 1. Now we consider Case 1. Our goal is to bound (4-8) given k and ` as in Case 1.
We proceed in a few steps.

4D1. Application of Plancherel–Pólya. First we will essentially show that if r ∈ [2,∞), then

‖‖V r
j H

(u)
`− j Pj+k f ‖`r

j
‖L p

x
. 2`α/q‖‖‖χ(u)H(2 jαu)

`− j Pj+k f (x)‖Lq
u
‖`

q
j
‖L p

x
(4-14)

for any q ∈ [2, r ] and any p ∈ [1,∞]; here χ(u) is a smooth function with compact support on
[1

2 , 2α+1
]

that is identically equal to 1 on [1, 2α]. Indeed, when n ≥ 2 (and p, r are as in (4-3)), we will only need
(4-14) for q = 2. But for n = 1 (and p, r as in (4-2)), we will need (4-14) for both q = 2 and q = r . We
will see that this is the case after we prove (4-14).

To prove (4-14), let us temporarily write g = Pj+k f . As a function of u, H(u)
`− j g has frequency morally

supported on the annulus of size ' 2(`− j)α centered at the origin. Thus, we introduce Littlewood–Paley
projections in the u-variable (denoted by P (2) so that P (2)(`− j)α is projection onto frequency ' 2(`− j)α) and
estimate

|V r
j H

(u)
`− j g(x)|

≤ |V r (P (2)
≤(`− j)α[χ(2

− jαu)H(u)
`− j g(x)])| +

∞∑
k=1

|V r (P (2)(`− j+k)α[χ(2
− jαu)H(u)

`− j g(x)])|. (4-15)

(Here P (2)
≤(`− j)α :=

∑
k≤`− j P (2)kα .)
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The first term on the right-hand side of (4-15) is the main term and can be estimated using Proposition 2.2.
In particular, it is bounded by

2(`− j)α/q
‖χ(2− jαu)H(u)

`− j g(x)‖Lq
u

(recall q ∈ [2, r ]). By changing variable in u, this is just

2`α/q‖χ(u)H(2 jαu)
`− j g(x)‖Lq

u
.

Hence the contribution of the first term of (4-15) to the left-hand side of (4-14) is bounded by

2`α/q‖‖‖χ(u)H(2 jαu)
`− j Pj+k f (x)‖Lq

u
‖`r

j
‖L p

x
.

Since r ≥ q , we have `r norm bounded by `q norm; hence the above is bounded by the right-hand side of
(4-14).

On the other hand, for the second term on the right-hand side of (4-15), since k>−C , one can integrate
by parts in u, using the fact that the multiplier for P (2)(`− j+k)α vanishes to infinite order at 0, and obtain

|P (2)(`− j+k)α[χ(2
− jαu)H(u)

`− j g(x)]|.N 2−kαN P̃ (2)(`− j+k)α[χ(2
− jαu)H̃(u)

`− j g(x)] (4-16)

for any positive integer N, where P̃ (2) is a Littlewood–Paley projection similar to P (2), and H̃(u)
`− j is the

same as H(u)
`− j defined in (4-4), except that the cutoff ϕ is replaced by a smooth multiple ϕ̃ of ϕ. Hence

by repeating the above argument, and summing over k using the additional convergence factors 2−kαN

that we gained in (4-16), the contribution of the second term of (4-15) to the left-hand side of (4-14) is
bounded by

2`α/q‖‖‖χ(u)H̃(2 jαu)
`− j Pj+k f (x)‖Lq

u
‖`

q
j
‖L p

x
. (4-17)

Since H̃ and H satisfy the same estimates, we will not distinguish the two, and declare that we can also
bound (4-17) once we can bound the right-hand side of (4-14).

4D2. Application of the square function estimate. Now fix k, ` as in Case 1. In other words, fix k, `≥ 0
with k = `(α− 1)+ O(1). We will try to bound the right-hand side of (4-14) when q = 2. The multiplier
for H(2 jαu)

`− j Pj+k f is given by (4-12) with u replaced by 2 jαu. For u ∈ R, let m̃u(ξ) be the multiplier

m̃u(ξ)= χ(u)ψ(2−kξ)(eicαu−1/(α−1)
|ξ |α
′

a(2`ξ, 2`αu)+ e(2`ξ, 2`αu)), (4-18)

where a ∈ S−n/2(Rn+1) and e ∈ S−∞(Rn+1) are as in (4-12). Then the multiplier of the operator
χ(u)H(2 jαu)

`− j Pj+k is precisely m̃u(2− jξ). Now expand χ(u)a(2`ξ, 2`αu) in Fourier series in u: let c be a
small enough constant depending on α so that the support of χ(u) is contained in [0, c−1

]. Using the
smoothness in the variable u, we get

χ(u)a(2`ξ, 2`αu)=
∑
κ∈cZ

(1+ |κ|)−2aκ(2`ξ)eiκu

for u ∈ [0, c−1
], where aκ ∈ S−n/2(Rn) uniformly for every κ ∈ cZ. Similarly, expand χ(u)e(2`ξ, 2`αu)

in Fourier series in u:
χ(u)e(2`ξ, 2`αu)=

∑
κ∈cZ

(1+ |κ|)−2eκ(2`ξ)eiκu
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for u ∈ [0, c−1
], where eκ ∈ S−∞(Rn) uniformly for every κ ∈ cZ. This shows

m̃u(ξ)=
∑
κ∈cZ

(1+ |κ|)−2eiκuψ(2−kξ)(aκ(2`ξ)eicαu−1/(α−1)
|ξ |α
′

+ eκ(2`ξ))

for u ∈ [0, c−1
]. Temporarily let g be the function such that ĝ(ξ)= f̂ (ξ)ψ(2−kξ)aκ(2`ξ); note that when

k ≥ 0, we have ‖g‖L p
β (R

n) . 2kβ2−(k+`)n/2‖ f ‖L p(Rn) by the Hörmander–Mikhlin multiplier theorem, with
an implicit constant independent of κ . This is further bounded by 2`(α−1)β2−`αn/2

‖ f ‖L p(Rn) since we are
in Case 1, where k = `(α− 1)+ O(1). We apply Proposition 4.1 with g in place of f and obtain∥∥∥∥∥∥∥∥∫

Rn
ei x ·ξ f̂ (ξ)ψ(2−kξ)aκ(2`ξ)eicαu−1/(α−1)

|ξ |α
′

dξ
∥∥∥∥

L2
u [0,c−1]

∥∥∥∥
L p(Rn)

.

{
2−`α/2‖ f ‖L p(R) if p ∈ [2,∞) and n = 1,
2`α[n(1/2−1/p)−1/2]2−`αn/2

‖ f ‖L p(Rn) if p ∈
(
2+ 4

n ,∞
)

and n ≥ 2.
(4-19)

We get a better decay if aκ(2`ξ)eicαu−1/(α−1)
|ξ |α
′

above is replaced by eκ(2`ξ). Summing over κ , and
simplifying the exponent in the case n ≥ 2, we get∥∥∥∥∥∥∥∥∫

Rn
ei x ·ξ f̂ (ξ)m̃u(ξ) dξ

∥∥∥∥
L2

u

∥∥∥∥
L p(Rn)

.

{
2−`α/2‖ f ‖L p(R) if p ∈ [2,∞) and n = 1,
2−`α/22−`αn/p

‖ f ‖L p(Rn) if p ∈
(
2+ 4

n ,∞
)

and n ≥ 2.

But recall that the multiplier of the operator χ(u)H(2 jαu)
`− j Pj+k is precisely m̃u(2− jξ). By scale invariance,

we have∥∥∥∥∥∥∥∥χ(u)H(2 jαu)
`− j Pj+k f

∥∥∥∥
L2

u

∥∥∥∥
L p(Rn)

.

{
2−`α/2‖ f ‖L p(R) if p ∈ [2,∞) and n = 1,
2−`α/22−`αn/p

‖ f ‖L p(Rn) if p ∈
(
2+ 4

n ,∞
)

and n ≥ 2
(4-20)

for all j ∈ Z, where the implicit constants are independent of j . (The Fourier series expansions used
to remove the dependence on u are very reminiscent of the method used to prove L2 boundedness of
multipliers in S0; see, for example, [Stein 1993, Chapter VI.2].)

Recall that our goal now is to bound the right-hand side of (4-14) when q = 2. Hence we need a
vector-valued version of (4-20), where we will have an additional `2 norm over j ∈ Z inside the L p norm
on the left-hand side of (4-20). To do so, we need Proposition 4.2.

4D3. Application of Seeger’s theorem for multipliers with localized bounds. First we state a vector-valued
variant of a theorem of Seeger, about multipliers with localized bounds:

Proposition 4.2 [Jones, Seeger, and Wright 2008; Seeger 1988]. Let I ⊂ R be a compact interval. Let
{m̃u(ξ) : u ∈ I } be a family of Fourier multipliers on Rn, each of which is compactly supported on{
ξ : 1

2 ≤ |ξ | ≤ 2
}

and satisfies

sup
u∈I
|∂τξ m̃u(ξ)| ≤ B for each 0≤ |τ | ≤ n+ 1

for some constant B. For u ∈ I and j ∈Z, denote by Tu, j the multiplier operator with multiplier m̃u(2− jξ).
Fix some p ∈ [2,∞). Assume that there exists some constant A such that

sup
j∈Z

‖‖Tu, j f ‖L2(I )‖Ls(Rn) ≤ A‖ f ‖Ls(Rn) (4-21)
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for both s = p and s = 2. Then

‖‖‖Tu, j f ‖L2(I )‖`2(Z)‖L p(Rn) . A
∣∣∣∣log

(
2+

B
A

)∣∣∣∣1/2−1/p

‖ f ‖L p(Rn).

This proposition was stated without proof on page 6737 of [Jones, Seeger, and Wright 2008]. It is a
vector-valued analogue of Theorem 1 of [Seeger 1988], and we provide a proof of this proposition in
Section 7 for the convenience of the reader.

Recall that our goal is to bound the right-hand side of (4-14) when q = 2. Also recall that if m̃u(ξ) is
defined as in (4-18), and Tu, j is the multiplier operator with multiplier m̃u(2− jξ) as in Proposition 4.2,
then Tu, j f is precisely χ(u)H(2 jαu)

`− j Pj+k f . Thus, if we could apply Proposition 4.2, we would obtain a
bound about the right-hand side of (4-14) when q= 2. To do so we verify the hypothesis of Proposition 4.2.
From the explicit expression (4-18), we have

sup
u∈I
|∂τξ m̃u(ξ)|. 2`N

for some large positive integer N if |τ | ≤ n+1. The hypothesis (4-21) for s = p is given by (4-20), where
A can be chosen to be relatively small if ` is large. On the other hand, by considering the L∞ norm of
the multipliers, we also get

‖‖χ(u)H(2 jαu)
`− j Pj+k f ‖L2

u
‖L2(Rn) . 2−`αn/2

‖ f ‖L2(Rn) for all n ≥ 1, (4-22)

which gives us the hypothesis (4-21) for s = 2, where A can be chosen to be relatively small if ` is large.
More precisely, suppose first n ≥ 2 and p ∈ (2+ 4/n,∞). Then we invoke (4-20) and (4-22). Since

2−`αn/2
≤ 2−`α/22−`αn/p, we may apply Proposition 4.2 with A = 2−`α/22−`αn/p and B = 2`N for some

large positive integer N depending only on α. Thus, if n ≥ 2 and p ∈ (2+ 4/n,∞), then we get

‖‖‖χ(u)H(2 jαu)
`− j Pj+k f (x)‖L2

u
‖`2

j
‖L p

x
.ε 2−`α/22−`αn/p2`ε‖ f ‖L p(Rn)

for any ε > 0. Taking q = 2 in (4-14), this shows that

‖‖V r
j H

(u)
`− j Pj+k f ‖`r

j
‖p .ε 2−`αn/p2`ε‖ f ‖L p(Rn) if n ≥ 2, p ∈

(
2+ 4

n
,∞

)
and r ∈ [2,∞).

Note that the power of 2 here is negative. So this estimate can be summed over all `≥ 0, and this gives
the desired bound for (4-8) when n ≥ 2, p ∈ (2+ 4/n,∞) and r ∈ [2,∞) for k, ` as in Case 1.

On the other hand, if n = 1 and p ∈ [2,∞), then in light of (4-20) and (4-22), we may apply
Proposition 4.2 with A = 2−`α/2 and B = 2`N for some large positive integer N depending on α. We
obtain

‖‖‖χ(u)H(2 jαu)
`− j Pj+k f (x)‖L2

u
‖`2

j
‖L p

x
.ε 2−`α/22`ε‖ f ‖L p(R) if n = 1 and p ∈ [2,∞)

for any ε > 0. Taking q = 2 in (4-14), this shows that

‖‖V r
j H

(u)
`− j Pj+k f ‖`r

j
‖p .ε 2`ε‖ f ‖L p(R) if n = 1, p ∈ [2,∞) and r ∈ [2,∞). (4-23)

This is not good enough to be summed over all ` ≥ 0, so we need to gain a slightly better decay in `.
This is achieved via the local smoothing estimate in Theorem 1.6.
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4D4. Application of a local smoothing estimate in dimension n = 1. The goal of this subsection is to
prove that

‖‖V r
j H

(u)
`− j Pj+k f ‖`r

j
‖p . 2−`α/p

‖ f ‖L p(R) if n = 1, p = r ∈ (4,∞). (4-24)

Assume for the moment that this has been established. Interpolating (4-24) against (4-23) using complex
interpolation of vector-valued L p spaces (see [Bergh and Löfström 1976, Theorem 5.1.2]), we get

‖‖V r
j H

(u)
`− j Pj+k f ‖`r

j
‖p . 2−γ `‖ f ‖L p(R) if n = 1, p ∈ (2,∞), r ∈ (2,∞), (4-25)

where γ = γ (p, r) is a positive constant. This can be summed over all ` > 0, and this gives the desired
bound for (4-8) when n = 1, p ∈ (2,∞) and r ∈ (2,∞) for k, ` as in Case 1.

To prove (4-24) we use the local smoothing estimate in Theorem 1.6. Suppose n = 1, p = r ∈ (4,∞).
We use (4-14) with q = r = p. Thus, the left-hand side of (4-24) is bounded up to a constant by

2`α/p
‖‖‖χ(u)H(2 jαu)

`− j Pj+k f (x)‖L p
u
‖`

p
j
‖L p

x
. (4-26)

Consider first∥∥∥∥∥∥∥∥∫
Rn

ei x ·ξ f̂ (ξ)m̃u(ξ) dξ
∥∥∥∥

L p
u

∥∥∥∥
L p

x

=

∥∥∥∥∥∥∥∥χ(u) ∫
Rn

ei x ·ξ f̂ (ξ)ψ(2−kξ)(eicαu−1/(α−1)
|ξ |α
′

a(2`ξ, 2`αu)+ e(2`ξ, 2`αu)) dξ
∥∥∥∥

L p
u

∥∥∥∥
L p

x

.

We first use Fubini’s theorem to interchange the integrals in u and x , and use the Hörmander–Mikhlin
multiplier theorem (for each fixed u) to get rid of the multiplier a(2`ξ, 2`αu). Since k = `(α−1)+O(1),
this gives∥∥∥∥∥∥∥∥∫

Rn
ei x ·ξ f̂ (ξ)m̃u(ξ) dξ

∥∥∥∥
L p

u

∥∥∥∥
L p

x

. 2−`α/2
∥∥∥∥∥∥∥∥χ(u) ∫

Rn
ei x ·ξ f̂ (ξ)ψ(2−kξ)eicαu−1/(α−1)

|ξ |α
′

dξ
∥∥∥∥

L p
u

∥∥∥∥
L p

x

+ 2−`N
‖ f ‖L p(R)

for any positive integer N. Thus, Theorem 1.6 applies, and when k ≥ 0 we have∥∥∥∥∥∥∥∥∫
Rn

ei x ·ξ f̂ (ξ)m̃u(ξ) dξ
∥∥∥∥

L p
u

∥∥∥∥
L p

x

. 2−`α/22kα′[(1/2−1/p)−1/p]
‖ f ‖L p(R) if n = 1, p ∈ (4,∞).

But recall that the multiplier of the operator χ(u)H(2 jαu)
`− j Pj+k is precisely m̃u(2− jξ). By scale invariance,

and remembering that k = `(α− 1)+ O(1), we have

‖‖χ(u)H(2 jαu)
`− j Pj+k f (x)‖L p

u
‖L p

x
. 2−2`α/p

‖ f ‖L p(R) if n = 1, p ∈ (4,∞).

Replacing f by P̃j+k f , taking the `p
j norm on both sides, and using the Littlewood–Paley inequality

(remember p ≥ 2), we get

‖‖‖χ(u)H(2 jαu)
`− j Pj+k f (x)‖L p

u
‖`

p
j
‖L p

x
. 2−2`α/p

‖ f ‖L p(R) if n = 1, p ∈ (4,∞).

Thus, (4-26) is . 2−`α/p
‖ f ‖L p(R). This establishes (4-24), and our treatment for Case 1 is now complete.
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4E. Estimates in Cases 2 and 3: further gains over Case 1. Next we estimate (4-8) for k, ` as in Case 2.
Fix k, ` such that k > `(α−1)+C for some positive constant C . If C is large enough, then the multiplier
for H(2 jαu)

`− j Pj+k f is given by (4-13), since the phase function of the oscillatory integral defining the
multiplier has no critical point in that case. For u ∈ R, let m̃u(ξ) be the multiplier

m̃u(ξ)= χ(u)ψ(2−kξ)e(2`ξ, 2`αu),

where e ∈ S−∞(Rn+1) is as in (4-13). Then the multiplier of the operator χ(u)H(2 jαu)
`− j Pj+k is precisely

m̃u(2− jξ). For every N ∈ N we can write

m̃u(ξ)= 2−(k+`)Nχ(u)ψ(2−kξ)ẽN (2`ξ, 2`αu)

for some symbol ẽN ∈ S−∞(Rn+1). Thus, applying Proposition 4.2 as in the proof of (4-23), we get

‖‖V r
j H

(u)
`− j Pj+k f ‖`r

j
‖p .N 2−(k+`)N‖ f ‖L p(Rn)

whenever one of the following two conditions is fulfilled: n = 1, p ∈ [2,∞) and r ∈ [2,∞), or n ≥ 2,
p ∈ (2+ 4/n,∞), and r ∈ [2,∞). The right-hand side in the above display equation can be summed
over all k, ` that satisfy k > `(α− 1)+C and the standing assumption (4-11), and this gives the bound
for (4-8) for such p, n, r for all k, ` as in Case 2.

Finally we estimate (4-8) for k, ` as in Case 3. Fix k, ` such that k < `(α− 1)−C for some positive
constant C . As in Case 2, if C is large enough, then the multiplier for H(2 jαu)

`− j Pj+k f is given by (4-13).
For u ∈ R, let m̃u(ξ) be the multiplier

m̃u(ξ)= χ(u)ψ(2−kξ)e(2`ξ, 2`αu),

where e ∈ S−∞(Rn+1) is as in (4-13). Then the multiplier of the operator χ(u)H(2 jαu)
`− j Pj+k is precisely

m̃u(2− jξ). For every N ∈ N we can write

m̃u(ξ)= (2−`αu)Nχ(u)ψ(2−kξ)ẽN (2`ξ, 2`αu)

for some symbol ẽN ∈ S−∞(Rn+1). Thus, applying Proposition 4.2 as in the proof of (4-23), we get

‖‖V r
j H

(u)
`− j Pj+k f ‖`r

j
‖p .N 2−`αN

‖ f ‖L p(Rn)

whenever one of the following two conditions is fulfilled: n = 1, p ∈ [2,∞) and r ∈ [2,∞), or n ≥ 2,
p ∈ (2+ 4/n,∞), and r ∈ [2,∞). The right-hand side in the above displayed equation can be summed
over all k, ` that satisfy k < `(α− 1)−C and the standing assumption (4-11). This gives the bound for
(4-8) for such p, n, r for all k, ` as in Case 3.

We have thus completed the proof of (4-1) for all p, n, r satisfying (4-2) or (4-3).

5. Short jump estimates for p ≤ 2

In this section, we establish ∥∥∥∥(∑
j∈Z

|V r
j (H f )|r

)1/r∥∥∥∥
p
. ‖ f ‖p, (5-1)
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whenever n≥ 2, 2n/(2n−1)< p≤ 2, and r ∈ [2,∞). By complex interpolation (see [Bergh and Löfström
1976, Theorem 5.1.2]) with (4-1), we will then have (5-1) whenever n ≥ 2, p ∈ (2n/(2n− 1),∞), and
r ∈ [2,∞), which concludes the proof of Proposition 1.5.

The key here is the following square function estimate.

Proposition 5.1. Let n ≥ 2, 1< p ≤ 2 and λ > 1. Then for any compact time interval I,∥∥∥∥(∫
I

∣∣∣∣∫
Rn

ei xξ f̂ (ξ)ei t |ξ |λ dξ
∣∣∣∣2 dt

)1/2∥∥∥∥
L p(Rn)

. ‖ f ‖W β,p(Rn),

with
β

λ
= n

( 1
p
−

1
2

)
.

The proof of this proposition is postponed to the end of this section.
Now let 2n/(2n−1)< p≤ 2, n≥ 2, and r ∈ [2,∞). We proceed to establish (5-1). As in Section 4, we

decompose H(u) f as in (4-5) and (4-7), and estimate (4-8) for every k, ` ∈ Z. The inequalities (4-9) and
(4-10) still hold under our current assumptions of p, n, r , and these estimates can be summed whenever
`≤−k/(2(α+1)). Thus, it remains to consider pairs of (k, `) for which (4-11) holds, and we still divide
into Cases 1, 2, 3 as before. We will only treat Case 1 here which is the main case; an easy adaptation of
this argument gives Cases 2 and 3.

So let `≥ 0 and k = `(α−1)+O(1). By (4-14) with q = 2, the left-hand side of (5-1) is bounded by

2`α/2‖‖‖χ(u)H(2 jαu)
`− j Pj+k f (x)‖L2

u
‖`2

j
‖L p

x
. (5-2)

We analyze the multiplier of H(2 jαu)
`− j Pj+k as before, but in (4-19) we use Proposition 5.1 instead of

Proposition 4.1 (since now p ∈ (2n/(2n− 1), 2)). So instead of (4-20), we get

‖‖χ(u)H(2 jαu)
`− j Pj+k f ‖L2

u
‖L p(Rn) . 2`αn(1/p−1/2)2−`αn/2

‖ f ‖L p(Rn) = 2−`αn/p′
‖ f ‖L p(Rn) (5-3)

uniformly in j ∈ Z. Thus, we apply Proposition 4.2 with A = 2−`αn/p′ and B = 2`N for some large
integer N depending only on α. This gives

‖‖‖χ(u)H(2 jαu)
`− j Pj+k f ‖L2

u
‖`2

j
‖L p(Rn) .ε 2−`αn/p′2`ε‖ f ‖L p(Rn)

for all ε > 0. Continuing from (5-2), we see that the left-hand side of (5-1) is bounded by

2`α/22−`αn/p′2`ε‖ f ‖L p(Rn).

Since p ∈ (2n/(2n− 1),∞), the above exponent of 2 is negative if ε is sufficiently small. Thus, we can
sum over all `≥ 0 in this case, establishing the bound for (4-8) for all k, ` in Case 1. A similar argument
establishes a bound for (4-8) for all k, ` in Cases 2 and 3. This completes the proof of (5-1), modulo the
proof of Proposition 5.1.

Proof of Proposition 5.1. We will prove a slightly more general result. Let us write

Tu f (x)=
∫

Rn
ei xξ f̂ (ξ)mu(ξ) dξ,
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where
mu(ξ)= eiu|ξ |λ(1+ |ξ |2)−(β+iγ )/2.

Theorem 5.2. Let I be a compact interval not containing 0. If λ > 1, β = nλ/2 and γ ∈ R, then∥∥∥∥(∫
I
|Tu f (x)|2 du

)1/2∥∥∥∥
L1(Rn)

. ‖ f ‖H1(Rn);

that is, T maps the Hardy space H 1(Rn) boundedly into L1
x(R

n
; L2

u(I )).

All implied constants may depend on λ, β, n, I, but not on f, γ, x, u.
Theorem 5.2 implies Proposition 5.1 via complex interpolation; see, for example, [Stein 1993,

Chapter IV.6.17] for a discussion of interpolation between Hardy spaces. For the scalar theory of
the multiplier mu (for fixed u) we refer to [Miyachi 1981; Fefferman and Stein 1972; Fefferman 1970].

Recall that an H 1 atom of radius r is a bounded function a on Rn that is supported in a ball of radius r
and satisfies ‖a‖∞≤r−n and

∫
Rn a=0. The Hardy space H 1(Rn) is a Banach space consisting of functions

of the form f =
∑

j cj aj , with
∑

j |cj |<∞, where the (aj )j are H 1 atoms. Its norm is defined as

‖ f ‖H1(Rn) = inf
∑

j

|cj |,

where the infimum is taken over all atomic decompositions of f =
∑

j cj aj .
To prove Theorem 5.2 it suffices to show that

‖T a‖L1
x (L2

u)
. 1 (5-4)

holds for every H 1 atom a of radius r . We may assume the support of a to be centered at the origin.
For j > 0, let Pj denote the usual Littlewood–Paley projection with P̂j f = ψj f̂ , ψj supported on
|ξ | ' 2 j. Let P̂0 f = ψ0 f̂ , where ψ0 is such that

1= ψ0+
∑
j>0

ψj .

(Note that P0 here is actually P≤0 from the previous section.) For j ≥ 0 we denote by ψ̃j a smooth positive
function that equals 1 on the support of ψj and whose support is contained in a small neighborhood of
the support of ψj . Define

K ( j)
u (x)= m̂u ∗ ψ̂j (x)=

∫
Rn

ei xξ+iu|ξ |λ(1+ |ξ |2)−β/2ψj (ξ) dξ.

Before we begin, we record the following pointwise estimates for K ( j)
u (x). From estimating the second

derivative of the phase we obtain

|K ( j)
u (x)|. 2− jn(λ−1) for all x ∈ Rn, u ∈ I. (5-5)

Here we used that β = nλ/2. Estimating the first derivative of the phase we obtain

|K ( j)
u (x)|.N 2− jβ2 jn(2 j

|x |)−N for |x |& 2 j (λ−1), u ∈ I (5-6)

for all N ≥ 0. Note that these estimates are uniform in u ∈ I.
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Let us prove the main estimate (5-4). The first step is to apply the triangle inequality:

‖T a‖L1
x (L2

u)
≤

∑
j≥0

‖K ( j)
u ∗ a‖L1

x (L2
u)
.

We will estimate the summand in two different ways: in particular, it will be shown below that

‖K ( j)
u ∗ a‖L1

x (L2
u)
. (2 jr)−n/2

+ 2− jβ, (5-7)

‖K ( j)
u ∗ a‖L1

x (L2
u)
. 2 jr. (5-8)

These estimates immediately imply (5-4).
To prove (5-7) we first split up1 the integral in x :

‖K ( j)
u ∗ a‖L1

x (L2
u)
≤ I+ II,

where
I= ‖K ( j)

u ∗ a‖L1
x (R

n\B(C2 j (λ−1)+r);L2
u(I )),

II= ‖K ( j)
u ∗ a‖L1

x (B(C2 j (λ−1)+r);L2
u(I )).

We claim that I.N 2− j N. Indeed, we see from (5-6) that

I≤
∫
|x |≥C2 j (λ−1)+r

(∫
I

(∫
|y|≤r
|K ( j)

u (x − y)a(y)| dy
)2

du
)1/2

dx

.N 2− jβ2 jn2− j N
∫
|x |≥C2 j (λ−1)+r

∫
|y|≤r
|x − y|−N

|a(y)| dy dx

≤ 2− jβ2 jn2− j N
‖a‖1

∫
|x |&2 j (λ−1)

|x |−N dx . 2−β j 2 jnλ2− j Nλ,

which implies the claim (since N is arbitrary). To estimate the second part we use the Cauchy–Schwarz
inequality:

II≤ (C2 j (λ−1)
+ r)n/2‖K ( j)

u ∗ a‖L2
x (L2

u)
.

Then we have by the Fubini and Plancherel theorems that

‖K ( j)
u ∗ a‖L2

x (L2
u)
= ‖‖K ( j)

u ∗ a‖2‖L2
u(I ) . 2− jβ

‖a‖2 . 2− jβr−n/2,

which implies
II. (2 j (λ−1)n/2

+ rn/2)2− jβr−n/2
= (2 jr)−n/2

+ 2− jβ,

as desired (we used that β = nλ/2). This proves (5-7).
It remains to show (5-8). Clearly we have

‖K ( j)
u ∗ a‖L1

x (L2
u)
. ‖ sup

u∈I
|K ( j)

u ∗ a|‖1. (5-9)

We claim that
‖ sup

u∈I
|K ( j)

u ∗ a|‖1 . ‖Pj a‖1. (5-10)

1C is a constant that may depend on the parameters λ, β, n.
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To see this replace ψj by ψ̃j in the definition of K ( j)
u and call the resulting kernel K̃ ( j)

u . Then we have

K ( j)
u ∗ a = K̃ ( j)

u ∗ Pj a.

It is clear that K̃ ( j)
u satisfies the same pointwise estimates (5-5), (5-6) (possibly with larger constants).

Thus, there exists a positive function wj on Rn such that ‖wj‖1 . 1 and

|K̃ ( j)
u (x)| ≤ wj (x)

for all x ∈ Rn and u ∈ I. As a consequence,

‖ sup
u∈I
|K ( j)

u ∗ a|‖1 ≤ ‖ sup
u∈I
|K̃ ( j)

u | ∗ |Pj a|‖1 ≤ ‖wj ∗ |Pj a|‖1 . ‖Pj a‖1,

which is our claim (5-10). But by the mean zero property of a and the mean value theorem we have

Pj a(x)=
∫

Rn
(ψ̂j (x − y)− ψ̂j (x))a(y) dy =−

∫
Rn

∫ 1

0
y · ∇ψ̂j (x − t y) dt a(y) dy.

This implies

‖Pj a‖1 ≤
∫

Rn

∫
|y|≤r

∫ 1

0
|y||∇ψ̂j (x − t y)||a(y)| dt dy dx . 2 jr.

In view of (5-9) and (5-10), this establishes (5-8). �

6. A counterexample: the proof of Theorem 1.2

Let φ be a smooth test function supported in the annulus 1
2 ≤ |ξ | ≤ 2 and define fk for k ∈ Z by

f̂k(ξ)= φ(2−kξ).

On the one hand, clearly,

‖ fk‖p = 2nk
(∫

Rn
|φ̂(2k x)|p dx

)1/p

≈ 2nk/p′ .

On the other hand, we claim that

‖V r
{H(u) fk : u ∈ R}‖p & 2k(−n(α−1)(1/p′)+α/r). (6-1)

If (1-3) were to hold, then plugging in fk into the estimate (1-3) and letting k→∞, we see that

−n(α− 1)
1
p′
+
α

r
≤

n
p′
,

which is equivalent to p′ ≤ nr .
For simplicity we will verify this only in the case n = 1, K (t)= p.v.(1/t), α = 2. The general case

can be treated in the same manner. In this case (6-1) takes the form

‖V r
{H(u) fk : u ∈ R}‖p & 2k(−1+1/p+2/r). (6-2)

We can choose ϕ such that
1
t
=

∑
j∈Z

ϕj (t)
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for all t 6= 0, where ϕj (t)= 2− jϕ(2− j t). By Fourier inversion we have

H(u) fk(x)=
∑
j∈Z

∫∫
φ(2−kξ)ei xξe−i tξ+iut2

ϕj+k(t) dt dξ

=

∑
j∈Z

2k
∫

ei2k xξφ(ξ)

∫
e−i22k tξ+i22kut2

ϕj (t) dt dξ =
∑
j∈Z

I j .

(Keep in mind that I j also depends on k, x, u.) Let us take u ∈ [1, 2]. Then the phase of the oscillatory
integral in t has no critical points if | j |> 10. This motivates us to set

Imain
=

∑
| j |≤10

I j and Ierr
=

∑
| j |>10

I j .

Write B = [2k, 2k+1
] and estimate

‖V r
{H(u) fk : u ∈ R}‖p ≥ ‖V r

{H(u) fk : u ∈ [1, 2]}‖L p(B)

≥ ‖V r
{Imain

: u ∈ [1, 2]}‖L p(B)−‖V r
{Ierr
: u ∈ [1, 2]}‖L p(B).

In order to verify (6-2) it suffices to show that

‖V r
{Imain

: u ∈ [1, 2]}‖L p([2k ,2k+1]) & 2k(−1+1/p+2/r), (6-3)

‖V r
{Ierr
: u ∈ [1, 2]}‖L p([2k ,2k+1]) . 2−2k . (6-4)

We begin with the proof of (6-3). Write

Imain
= 2k

∫
ei2k xξφ(ξ)

∫
e−i22k tξ+i22kut2

ρ(t) dt dξ,

where ρ(t)=
∑
| j |≤10 ϕj (t). Note that the phase of the integral in t has a critical point at tc = ξ/(2u). By

the principle of stationary phase [Stein 1993, Chapter VIII.5.7; Sogge 1993, Theorem 1.2.1] we have∫
e−i22k tξ+i22kut2

ρ(t) dt = 2−kc0ei22kc1ξ
2u−1

u−1/2ρ

(
ξ

2u

)
+ O(2−2k).

Here c0, c1 are nonzero constants. To simplify the calculation, let us take c0 = c1 = 1. Thus, the main
contribution to Imain is ∫

ei22k(x̃ξ+ξ2u−1)a(ξ, u) dξ,

where x = 2k x̃ ∈ [2k, 2k+1
] and a(ξ, u) = φ(ξ)u−1/2ρ(ξ/(2u)). Note that the u-derivative of the error

term coming from the stationary phase is also O(2−2k). Therefore that term contributes only O(2−2k) to
the variation-norm and we can ignore it. From another application of the stationary phase principle we
see that the previous integral can essentially be written in the form

2−kei x2ub(u)+ O(2−2k),

where b(u)= φ(x̃u/2)ρ(x̃/4). Let u` = `π/x2 for x2/π < ` < 2x2/π . Then( ∑
x2/π<`<2x2/π

|ei x2u`+1 − ei x2u` |r
)1/r

≈ 22k/r ,
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which implies the claim (6-3) (the contribution of b(u) is negligible).
It remains to treat Ierr. Compute

∂uI j = i23k+2 j
∫
φ(ξ)ei2k xξ

∫
e−i22k+ j tξ+i22k+2 j ut2

t2ϕ(t) dt dξ

= i23k+2 j
∫
φ̂(22k+ j t − 2k x)ei22k+2 j ut2

t2ϕ(t) dt.

Observe that if x ∈ [2k, 2k+1
], |t | ∈

[ 1
2 , 2

]
and | j |> 10 we have

|22k+ j t − 2k x | ≈ 22k max(1, 2 j ).

Since φ̂ decays rapidly, we obtain

V r
{I j : u ∈ [1, 2]}. ‖∂uI j‖L1

u([1,2]) .N 23k+2 j−2Nk min(1, 2−N j )

for every N ≥ 1. Taking N large enough (N = 3 suffices) and summing over | j |> 10, we obtain (6-4).

7. Proof of Proposition 4.2

In this section we provide a proof of Proposition 4.2, which was stated in [Jones, Seeger, and Wright
2008] without proof. Indeed, Proposition 4.2 is a vector-valued analogue of Theorem 1 of [Seeger 1988].
The proof of Proposition 4.2 follows closely that of the scalar-valued case in [Seeger 1988]. On the other
hand, at one point in the scalar-valued case, Seeger used a duality argument between L p and L p′, which
is not available in the vector-valued setting. This is why we had to assume that hypothesis (4-21) holds
not just for s = p, but also at s = 2.

To prove Proposition 4.2, one key tool is the Fefferman–Stein sharp function. Let B be a Banach space.
For us we will only need the case B = `2(Z)L2(I ). For each measurable function F : Rn

→ B, define its
Hardy–Littlewood maximal function MF by

MF(x)= sup
x∈Q

/

∫
Q
|F(y)|B dy

for each x ∈ Rn, where the supremum is over all cubes Q containing x . Also define the sharp function F]

of F by

F](x)= sup
x∈Q

/

∫
Q
|F(y)− FQ |B dy,

where FQ = /

∫
Q F(y) dy; again the supremum is over all cubes Q containing x . We have the following

lemma about F]:

Lemma 7.1. Suppose 0 < p <∞. Let F ∈ L p0(Rn, B) for some 0 < p0 ≤ p. If F] ∈ L p(Rn), then
MF ∈ L p(Rn), and

‖MF‖L p(Rn) .n,p ‖F]‖L p(Rn).

We give a proof of this lemma at the end.
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Now given f ∈ L p
∩ L2(Rn), define T f : Rn

→ B by

T f (x)= (Tu, j f (x))u∈I, j∈Z.

Note T f ∈ L2(Rn, B). Then

‖‖‖Tu, j f ‖L2(I )‖`2(Z)‖L p(Rn) = ‖|T f |B‖L p(Rn) ≤ ‖M(T f )‖L p(Rn) .n,p ‖(T f )]‖L p(Rn),

where in the last inequality we invoked the lemma with p0 = 2. Note that for a.e. x ∈ Rn

(T f )](x)' /

∫
Qx

|T f (y)− (T f )Qx |B dy

for some cube Qx containing x ; we may choose Qx such that the side length of Qx is 2r(x) for some
integer r(x). Then we split

(T f )](x). σ1((Tu, j f ), x)+ σ2((Pj f ), x),

where N is a positive integer to be chosen; here

σ1(G, x)= /

∫
Qx

( ∑
| j+r(x)|≤N

‖Gu, j (y)− (Gu, j )Qx‖
2
L2(I )

)1/2

dy,

σ2(H, x)= /
∫

Qx

( ∑
| j+r(x)|>N

‖Tu, j Hj (y)− (Tu, j Hj )Qx‖
2
L2(I )

)1/2

dy

for any functions G = (Gu, j ) : R
n
→ B and H = (Hj ) : R

n
→ `2(Z). We claim that

‖σ1(G, x)‖L p(Rn) . N 1/2−1/p
‖‖‖Gu, j (x)‖L2(I )‖`p(Z)‖L p(Rn), (7-1)

‖σ2(H, x)‖L p(Rn) . (A+ B2−N )‖‖Hj (x)‖`2(Z)‖L p(Rn) (7-2)

for any G = (Gu, j ) : R
n
→ B and H = (Hj ) : R

n
→ `2(Z). But when Gu, j = Tu, j f , we have

‖‖‖Gu, j (x)‖L2(I )‖`p(Z)‖L p(Rn) = ‖‖‖Tu, j f (x)‖L2(I )‖L p(Rn)‖`p(Z)

. A‖‖Pj f (x)‖L p(Rn)‖`p(Z)

. A‖‖Pj f (x)‖`2(Z)‖L p(Rn)

. A‖ f ‖L p(Rn)

(we used assumption (4-21) in the second inequality, p ∈ [2,∞) in the third inequality, and Littlewood–
Paley inequality in the last). Also, when Hj = Pj f , we have

‖‖Hj (x)‖`2(Z)‖L p(Rn) . ‖ f ‖L p(Rn).

Hence

‖(T f )]‖L p(Rn) . (AN 1/2−1/p
+ A+ B2−N )‖ f ‖L p(Rn).

Choosing N ' log(2+ B/A) gives the desired conclusion of the proposition. It remains to prove (7-1)
and (7-2).
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To prove (7-1), we interpolate between p = 2 and p =∞. Indeed, we prove

‖σ1(G, x)‖L2(Rn) . ‖‖‖Gu, j (x)‖L2(I )‖`2(Z)‖L2(Rn), (7-3)

‖σ1(G, x)‖L∞(Rn) . N 1/2
‖‖‖Gu, j (x)‖L2(I )‖`∞(Z)‖L∞(Rn). (7-4)

The desired estimate (7-1) then follows by complex interpolation and linearizing σ1.
The estimate (7-3) follows since

σ1(G, x)≤ 2 /

∫
Qx

( ∑
| j+r(x)|≤N

‖Gu, j (y)‖2L2(I )

)1/2

dy, (7-5)

so
σ1(G, x). /

∫
Qx

‖‖Gu, j (y)‖L2(I )‖`2(Z) dy . M‖‖Gu, j‖L2(I )‖`2(Z)(x),

where M is the standard (scalar-valued) Hardy–Littlewood maximal function on Rn. Hence

‖σ1(G, x)‖L2(Rn) . ‖‖‖Gu, j (x)‖L2(I )‖`2(Z)‖L2(Rn)

as in (7-3).
To prove (7-4), note that for each x ∈ Rn, we have, from (7-5), that

σ1(G, x)≤ 2 sup
y∈Rn

( ∑
| j+r(x)|≤N

‖Gu, j (y)‖2L2(I )

)1/2

. N 1/2 sup
y∈Rn

sup
j∈Z

‖Gu, j (y)‖L2(I ),

with constants uniform in x . This gives (7-4).
Next, to prove (7-2), we will prove

‖σ2(H, x)‖L2(Rn) . A‖‖Hj (x)‖`2(Z)‖L2(Rn), (7-6)

‖σ2(H, x)‖L∞(Rn) . (A+ B2−N )‖‖Hj (x)‖`2(Z)‖L∞(Rn). (7-7)

The desired estimate (7-2) then follows by complex interpolation and linearizing σ2.
To prove (7-6), note that

σ2(H, x)≤ 2 /

∫
Qx

( ∑
| j+r(x)|>N

‖Tu, j Hj‖
2
L2(I )

)1/2

dy,

so
σ2(H, x). /

∫
Qx

‖‖Tu, j Hj‖L2(I )‖`2(Z) dy . M‖‖Tu, j Hj‖L2(I )‖`2(Z)(x).

Hence
‖σ2(H, x)‖L2(Rn) . ‖‖‖Tu, j Hj (x)‖L2(I )‖`2(Z)‖L2(Rn).

We commute the `2(Z) norm outside. Since

‖‖Tu, j Hj (x)‖L2(I )‖L2(Rn) . A‖Hj (x)‖L2(Rn), (7-8)
one can conclude that

‖σ2(H, x)‖L2(Rn) . A‖‖Hj (x)‖L2(Rn)‖`2(Z),

which gives (7-6) upon a further change in the order of the norms on the right-hand side.
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Now we proceed to prove (7-7). For each x ∈ Rn, we take the decomposition

Hj (y)= (χ2Qx Hj )(y)+ (χ(2Qx )c Hj )(y)

for all y ∈ Rn. Then we plug this back into the formula for σ2(H, x). We find that

σ2(H, x). I(x)+ II(x),
where

I(x)= /

∫
Qx

(∑
j∈Z

‖Tu, j (χ2Qx Hj )(y)− [Tu, j (χ2Qx Hj )]Q j‖
2
L2(I )

)1/2

dy,

II(x)= /

∫
Qx

( ∑
| j+r(x)|>N

‖Tu, j (χ(2Qx )c Hj )(y)− [Tu, j (χ(2Qx )c Hj )]Q j‖
2
L2(I )

)1/2

dy.

We estimate I(x) by

I(x)≤ 2 /

∫
Qx

(∑
j∈Z

‖Tu, j (χ2Qx Hj )(y)‖2L2(I )

)1/2

dy

.

(
/

∫
Qx

∑
j∈Z

‖Tu, j (χ2Qx Hj )(y)‖2L2(I ) dy
)1/2

.
1

|Qx |
1/2 ‖‖‖Tu, j (χ2Qx Hj )(y)‖L2(I )‖L2(Rn)‖`2(Z)

.
A

|Qx |
1/2 ‖‖(χ2Qx Hj )(y)‖L2(Rn)‖`2(Z),

where in the last inequality we used the estimate (7-8). Then

I(x). A
(

/

∫
2Qx

‖Hj (y)‖`2(Z) dy
)1/2

. A sup
y∈Rn
‖Hj (y)‖`2(Z),

which shows that
‖I(x)‖L∞(Rn) . A‖‖Hj (x)‖`2(Z)‖L∞(Rn).

Next we estimate II(x). Let Ku, j be the convolution kernel of Tu, j . Then

Ku, j (x)= 2 jn Ku(2 j x),
where

Ku(x)=
∫

Rn
m̃u(ξ)e2π i x ·ξ dξ.

Now by our assumption on ∂τξ m̃u(ξ), we have

sup
u∈I
|Ku(x)| + sup

u∈I
|∇x Ku(x)|.

B
(1+ |x |)n+1 .

We claim now

sup
y,z∈Qx

( ∑
| j+r(x)|>N

(∫
(2Qx )c

sup
u∈I
|Ku, j (y−w)− Ku, j (z−w)| dw

)2 )1/2

. B2−N (7-9)
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uniformly for x ∈ Rn. Indeed, suppose y, z ∈ Qx , and j + r(x) >−N. Then we have the estimate∫
(2Qx )c

sup
u∈I
|Ku, j (y−w)− Ku, j (z−w)| dw .

∫
(2Qx )c

sup
u∈I
(|Ku, j (y−w)| + |Ku, j (z−w)|) dw

. 2 jn
∫
|w−x |&2r(x)

B
(2 j |w− x |)n+1 dw . B2− j−r(x).

On the other hand, if y, z ∈ Qx , and j + r(x) <−N, then∫
(2Qx )c

sup
u∈I
|Ku, j (y−w)− Ku, j (z−w)| dw

is bounded by a constant times∫ 1

0

∫
(2Qx )c

sup
u∈I
|y− z||∇x Ku, j ((1− t)y+ t z−w)| dw dt . 2 j 2r(x)

∫
Rn

2 jn
|(∇x Ku)(2 jw)| dw. B2 j+r(x).

Summing over j such that j + r(x) > N and j + r(x) <−N respectively, we see that (7-9) follows.
Finally, it suffices to observe that

II(x). /

∫
Qx

/

∫
Qx

( ∑
| j+r(x)|>N

‖Tu, j (χ(2Qx )c Hj )(y)− Tu, j (χ(2Qx )c Hj )(z)‖2L2(I )

)1/2

dy dz

= sup
y,z∈Qx

( ∑
| j+r(x)|>N

∥∥∥∥∫
(2Qx )c

[Ku, j (y−w)− Ku, j (z−w)]Hj (w) dw
∥∥∥∥2

L2(I )

)1/2

. sup
y,z∈Qx

( ∑
| j+r(x)|>N

(∫
(2Qx )c

‖Ku, j (y−w)− Ku, j (z−w)‖L2(I ) dw
)2 )1/2

‖‖Hj‖`∞(Z)‖L∞(Rn)

. sup
y,z∈Qx

( ∑
| j+r(x)|>N

(∫
(2Qx )c

sup
u∈I
|Ku, j (y−w)− Ku, j (z−w)| dw

)2 )1/2

‖‖Hj‖`2(Z)‖L∞(Rn).

Invoking (7-9) yields

‖II(x)‖L∞(Rn) . B2−N
‖‖Hj (x)‖`2(Z)‖L∞(Rn),

which together with our earlier estimate about ‖I(x)‖L∞(Rn) gives (7-7).

Proof of Lemma 7.1. The key is a relative distribution inequality. Fix the Banach space B. For any n ≥ 1,
we claim that there exists bn ∈ (0, 1) such that for any b, c > 0 with b ≤ bn we have

|{x ∈ Rn
:MF(x) > α, F](x)≤ cα}|.n c|{x ∈ Rn

:MF(x) > bα}|.

If this is true, then by taking c sufficiently small, we can use Lemma 2 of Chapter IV.3.5 of [Stein 1993]
(see also the remark on the bottom of page 152 there) and conclude the proof of Lemma 7.1.

To prove the above relative distributional inequality, let b∈ (0, 1) first. Let F ∈ L p(Rn, B). Decompose
the open set {x ∈ Rn

:MF(x) > bα} into an essentially disjoint union of Whitney cubes {Q}, so that the
distance of each Q from the complement of this set is bounded by 4 times the diameter of Q. Now since
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{x ∈ Rn
:MF(x) > α, F](x)≤ cα} is a subset of {x ∈ Rn

:MF(x) > bα}, we just need to show that for
each Whitney cube Q as above, we have

|{x ∈ Q :MF(x) > α, F](x)≤ cα}|.n c|Q|.

This inequality would be trivial if the set on the left-hand side were empty. So let’s assume there exists a
point x0 ∈ Q such that F](x0)≤ cα. Now let Q̃ be any cube that intersects Q and that has diameter at
least that of Q. Then 20Q̃ will contain a point y where MF(y)≤ bα. Hence /

∫
Q̃ |F |B ≤ 20nbα for all

such cubes Q̃. If x ∈ Q and MF(x) > α, then by taking b < 20−n, we see that M(Fχ3Q)(x) > α. We
also have /

∫
3Q |F |B ≤ 20nbα. Thus,

{x ∈ Q :MF(x) > α, F](x)≤ cα} ⊂
{

x ∈ Q :M
(

Fχ3Q − /

∫
3Q

F
)
(x) > (1− 20nb)α

}
,

where the measure of the right-hand side is bounded by

Cn

(1− 20nb)α

∫
Q
|Fχ3Q(y)− F3Q |B dy ≤

Cn

(1− 20nb)α
|3Q|F](x0)≤

3nCn

(1− 20nb)
c|Q|,

where Cn is the constant arising in the weak-type (1,1) bound of M : L1(Rn, B)→ L1,∞(Rn). This
proves the desired relative distributional inequality. �

Appendix A: An improved local smoothing estimate

In this section we prove Theorem 1.6. Let χ :Rn
→R be a nonnegative smooth bump function supported

on 1≤ |ξ | ≤ 2. Define

E0 f (x, t) :=
∫

Rn
f (ξ)χ(ξ)ei x ·ξ+i t |ξ |γ dξ.

We will prove
‖E0 f ‖L p(Rn×[−λ,λ]) . λ

n(1/2−1/p)+ε
‖ f̂ ‖L p(Rn) (A-1)

for every λ≥ 1. Once this is proved, a rescaling argument shows that(∫
Rn×I

∣∣∣∣∫
Rn

ei xξ f̂ (ξ)ei t |ξ |γ dξ
∣∣∣∣p

dx dt
)1/p

. 2kγ n(1/2−1/p)−kγ /p+kε
‖ f ‖L p(Rn) (A-2)

whenever f̂ (ξ) is supported on the k-th annulus, that is, |ξ |≈ 2k. As a consequence we obtain Theorem 1.6.
We will prove (A-1) for every elliptic phase. Let c0 be a small positive real number. Let φ : Rn

→ R

be a smooth function with

|φ(ξ)| + |∇φ(ξ)|. 1, c0 In ≤ (∇
2φ)(ξ)≤

1
c0

In for every |ξ |< 10, (A-3)

where In is the identity matrix of order n× n. Let χ0 : R
n
→ R be a nonnegative smooth bump function

supported on |ξ | ≤ 2. Define

Eφ f (x, t) :=
∫

Rn
f (ξ)χ0(ξ)ei x ·ξ+i tφ(ξ) dξ.
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We will prove
sup
φ:(A-3)

‖Eφ f ‖L p(Rn×[−λ,λ]) . λ
n(1/2−1/p)+ε

‖ f̂ ‖L p(Rn) (A-4)

for every λ≥ 1.
For a ball Bλ ⊂ Rn+1 of radius λ, we will let B−λ denote its projection in the first n variables, i.e.,

spatial variables. That is, B−λ is a ball of radius λ in Rn. We also define the associated weight

wB−λ
(x) :=

1
(1+‖x − c‖/λ)100n for x ∈ Rn.

Here c denotes the center of B−λ . We remark that in the argument below, various implicit constants
depend on this choice of weight. However, this dependence is not important, and to avoid unnecessary
technicalities, we will not make these details explicit. We refer the interested reader to [Li 2020], which
contains all the necessary details that are required to run the Bourgain–Guth argument [2011].

We prove (A-4) by an inductive argument. Denote by Qλ the smallest constant such that

sup
φ:(A-3)

‖Eφ f ‖L p(Bλ) ≤ Qλ · λ
n(1/2−1/p)

‖ f̂ ‖L p(wB−
λ
)

for every ball Bλ ⊂ Rn+1 with Bλ ⊂ B−λ ×[−λ, λ]. Of course our goal is to prove that

Qλ .ε λ
ε (A-5)

for every ε > 0. In the following, for the sake of simplicity, we will always abbreviate Eφ f to E f .
First, by translation invariance, we will assume that B−λ is centered at 0. We normalize f such that

‖ f̂ ‖L p(wB−
λ
)λ

n(1/2−1/p)
= 1. (A-6)

Next, let Kn be a large integer that is to be determined, satisfying

Kn � λε .

For a large dyadic integer K , let ColK denote the collection of all dyadic cubes of length 1/K . We write

E f =
∑

αn∈ColKn

E fαn , with fαn := f ·1αn .

Here {1αn }n forms a smooth partition of unity, and 1αn is supported on 2αn . On every ball BKn ⊂Rn+1 of
radius Kn , by the uncertainty principle, we know that |E fαn | is essentially a constant for every αn ∈ColKn .
We let |E fαn |(BKn ) denote this constant. Denote by α∗n the cube that maximizes

{|E fαn |(BKn )}αn∈ColKn
.

Consider the collection

Col∗Kn
:= {αn ∈ ColKn : |E fαn |(BKn )≥ K−n

n |E fα∗n |(BKn )}.

Here the choice of the coefficient K−n
n is not strict. One can also use K−2n

n or something even smaller.
There are three cases.

Case 1: There exists an integer 1≤ j ≤ n, and cubes α(1)n , . . . , α
( j)
n ∈Col∗Kn

which are (1/Kn−1)-separated
such that every cube within Col∗Kn

is in the 1/Kn−1 neighborhood of some α( j ′)
n .
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Here Kn−1� K ε
n is also to be determined. Next, we have:

Case 2: There exist cubes α(1)n , . . . , α
(n+1)
n ∈ Col∗Kn

that are (1/Kn−1)-separated and do not lie in the
100/Kn neighborhood of any (n−1)-dimensional subspace.

If Case 1 and Case 2 are not satisfied, then we have:

Case 3: All cubes in Col∗Kn
lie in the C(Kn−1)/Kn neighborhood of a subspace of dimension n− 1.

Here C(Kn−1) is a large constant depending on Kn−1 which may change from line to line (it always
suffices to take, say, C(Kn−1)= K 100n

n−1 ).

We deal with these three cases separately. In Case 1, we have

|E f |. max
αn∈ColKn

|E fαn | + max
αn−1∈ColKn−1

|E fαn−1 |. (A-7)

In Case 2, we use

|E f |. K 2n
n

(n+1∏
j=1

|E f
α
( j)
n
|

)1/(n+1)

.

In Case 3, we use

|E f |. max
αn∈ColKn

|E fαn | + max
Ln−1: subspace

of dimension (n−1)

∣∣∣∣ ∑
αn−1:dist(αn−1,Ln−1)≤1/Kn−1

E fαn−1

∣∣∣∣. (A-8)

In the last summation, we implicitly assumed that αn−1 ∈ ColKn−1 , and that

C(Kn−1)

Kn
≤

1
Kn−1

.

Here we agree upon a convention: for 1≤ j ≤ n, whenever the symbol αj appears, we always assume
that αj ∈ ColK j , to keep notation simpler. Combining (A-7)–(A-8), we obtain

|E f |. max
αn∈ColKn

|E fαn | + max
αn−1∈ColKn−1

|E fαn−1 | + K 2n
n

(n+1∏
j=1

|E f
α
( j)
n
|

)1/(n+1)

+ max
Ln−1: subspace

of dimension (n−1)

∣∣∣∣ ∑
αn−1:dist(αn−1,Ln−1)≤1/Kn−1

E fαn−1

∣∣∣∣.
We raise both sides to the p-th power, then integrate over BKn , and in the end sum over balls BKn inside Bλ,∫

Bλ
|E f |p .

∑
αn∈ColKn

∫
Bλ
|E fαn |

p
+

∑
αn−1∈ColKn−1

∫
Bλ
|E fαn−1 |

p

+

∑
α
(1)
n ,...,α

(n+1)
n in Case 2

∫
Bλ

K 2pn
n

(n+1∏
j=1

|E f
α
( j)
n
|

)p/(n+1)

+

∑
BKn⊂Bλ

max
Ln−1

∫
BKn

∣∣∣∣ ∑
αn−1:dist(αn−1,Ln−1)≤1/Kn−1

E fαn−1

∣∣∣∣p

. (A-9)

There are four terms on the right-hand side. It is the contribution from the last term that gives us the
ultimate constraint for the exponent p, as stated in (1-5).
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Let us be more precise. The first and second summands on the right-hand side of (A-9) can be taken
care of by parabolic rescaling. We will deal with the third summand using multilinear restriction estimates
due to [Bennett, Carbery, and Tao 2006]. The last term requires further careful analysis.

For the first and second summands, we will apply rescaling. The argument is the same in both cases.
Hence we will only write down the rescaling argument for the first summand.∫

Bλ
|E fαn |

p
=

∫
Bλ

∣∣∣∣∫ fαn (ξ)e
iξ x+i tφ(ξ)dξ

∣∣∣∣p

dx dt.

Here we apply the change of variable

ξ →
ξ

Kn
+ cαn , with cαn being the center of αn.

We obtain

K−np
n

∫
Bλ

∣∣∣∣∫ fαn

(
ξ

Kn
+ cαn

)
ei(ξ/Kn+cαn )x+i tφ(ξ/Kn+cαn )dξ

∣∣∣∣p

dx dt

= K−np
n

∫
Bλ

∣∣∣∣∫ fαn

(
ξ

Kn
+ cαn

)
eiξ/Kn x+i K 2

nφ(ξ/Kn+cαn )(t/K 2
n )dξ

∣∣∣∣p

dx dt.

Next we apply the change of variables

x/Kn→ x and t/K 2
n → t

to obtain

K−np+n+2
n

∫
B̃λ

∣∣∣∣∫ fαn

(
ξ

Kn
+ cαn

)
eiξ x+i t ·K 2

nφ(ξ/Kn+cαn )dξ
∣∣∣∣p

dx dt. (A-10)

Here B̃λ⊂Rn+1 is a rectangular box of dimensions λ/Kn×· · ·×λ/Kn×λ/K 2
n centered at 0. The reason

of writing it in this form is that

φ̃(ξ) := K 2
nφ

(
ξ

Kn
+ cαn

)
− Kn〈(∇φ)(cαn ), ξ〉− K 2

nφ(cαn ) still satisfies (A-3).

By a change of variable, (A-10) can be bounded by

K−np+n+2
n

∫
2B̃λ

∣∣∣∣∫ fαn

(
ξ

Kn
+ cαn

)
eiξ x+i t φ̃(ξ)dξ

∣∣∣∣p

dx dt.

Next we split the rectangular box 2B̃λ into a union of cubes of side-length λ/K 2
n .

K−np
n K n+2

n

∑
B
λ/K 2

n
⊂2B̃λ

∫
B
λ/K 2

n

∣∣∣∣∫ fαn

(
ξ

Kn
+ cαn

)
eiξ x+i t φ̃(ξ)dξ

∣∣∣∣p

dx dt

. K−np
n K n+2

n

∑
B−
λ/K 2

n
⊂B−λ/Kn

(
λ

K 2
n

)np(1/2−1/p)

Q p
λ/K 2

n

∫
Rn

∣∣∣∣∧fαn

(
·

Kn
+ cαn

)
(x)
∣∣∣∣p

wB−
λ/K 2

n

(x) dx .
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Here we applied the induction hypothesis. We may now sum the weights over all B−
λ/K 2

n
⊂ B−λ/Kn

, and
bound the above by

. K−np
n K n+2

n

(
λ

K 2
n

)np(1/2−1/p)

Q p
λ/K 2

n

∫
Rn

∣∣∣∣∧fαn

(
·

Kn
+ cαn

)
(x)
∣∣∣∣p

wB−λ/Kn
(x) dx

. K−np
n K n+2

n K np−n
n

(
λ

K 2
n

)np(1/2−1/p)

Q p
λ/K 2

n

∫
Rn
| f̂αn (ξ)|

pwB−λ
(x) dx

Summing over αn , we obtain

K−np
n K n+2

n

(
λ

K 2
n

)np(1/2−1/p)

Q p
λ/K 2

n
K−n

n K np
n

∑
αn

∫
Rn
| f̂αn |

pwB−λ

. K−np
n K n+2

n

(
1

K 2
n

)np(1/2−1/p)

Q p
λ/K 2

n
K−n

n K np
n .

In the last step, we applied the normalization condition (A-6). Let the exponent of Kn be equal to zero
and we obtain

2− 2np
(1

2
−

1
p

)
= 0 =⇒ p = 2(n+1)

n
.

This is exactly the exponent in the Fourier restriction conjecture. Moreover, the last display tells us
that, for the contribution from the first and second terms in (A-9), the induction can be closed whenever
p > 2(n+ 1)/n.

Now we deal with the third summand on the right-hand side of (A-9). When p ≥ 2(n + 1)/n, by
multilinear restriction of [Bennett, Carbery, and Tao 2006] and by Bernstein’s inequality and Hölder’s
inequality, ∑

α
(1)
n ,...,α

(n+1)
n in Case 2

∫
Bλ

K 2n
n

(n+1∏
j=1

|E f
α
( j)
n
|

)p/(n+1)

. K 2n
n K 100n!

n λε .

Again we see that there is no problem for this term as Kn can be chosen to be much smaller compared
with λε.

In the end, we come to the last summand on the right-hand side of (A-9). Fix a ball BKn ⊂ Rn+1.
Assume that the maximum is attained at the (n−1)-dimensional subspace Ln−1. We need to consider∫

BKn

∣∣∣∣ ∑
αn−1:dist(αn−1,Ln−1)≤1/Kn−1

E fαn−1

∣∣∣∣p

.

Notice that each |E fαn−1 | is essentially a constant on BKn−1 , a ball of radius Kn−1 which is much smaller
compared with K ε

n . Hence tentatively we fix a ball BKn−1 ⊂ BKn . Let α∗n−1 denote the cube that maximizes

{|E fαn−1 |(BKn−1)}αn−1:dist(αn−1,Ln−1)≤1/Kn−1 .

Consider the collection

Col∗Kn−1
:=

{
αn−1 : dist(αn−1, Ln−1)≤

1
Kn−1

and |E fαn−1 |(BKn−1)≥ K−n
n−1|E fα∗n−1

|(BKn−1)

}
.

There are three further cases:
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Case 3.1: There exists an integer 1≤ j ≤ n−1, and cubes α(1)n−1, . . . , α
( j)
n−1 ∈Col∗Kn−1

which are (1/Kn−2)-
separated such that every cube within Col∗Kn−1

is in the 1/Kn−2 neighborhood of some α( j ′)
n−1.

Here Kn−2� K ε
n−1 is also to be determined. Moreover, we have

Case 3.2: There exist cubes α(1)n−1, . . . , α
(n)
n−1 ∈ Col∗Kn−1

that are (1/Kn−2)-separated and do not lie in the
100/Kn−1 neighborhood of any (n−2)-dimensional subspace.

If the above two cases are not satisfied, then we must have

Case 3.3: All cubes in Col∗Kn−1
lie in the C(Kn−2)/Kn−1 neighborhood of a linear subspace of dimension n−2.

Here C(Kn−2) is a large constant depending on Kn−2. It suffices to take C(Kn−2)= K 100n
n−2 .

Similarly to (A-7)–(A-8), we have that for every point (x, t) ∈ BKn−1

|E f |. max
αn∈ColKn

|E fαn | + max
αn−1∈ColKn−1

|E fαn−1 | + max
αn−2∈ColKn−2

|E fαn−2 |

+ K 2n
n−1

( n∏
j=1

|E f
α
( j)
n−1
|

)1/n

+max
Ln−2

∣∣∣∣ ∑
αn−2:dist(αn−2,Ln−2)≤1/Kn−2

E fαn−2

∣∣∣∣.
We first raise both sides to the p-th power, integrate over BKn−1 , and then sum over all balls BKn−1 ⊂ BKn ,
and in the end sum over all balls BKn ⊂ Bλ:∫

Bλ
|E f |p .

∑
αn∈ColKn

∫
Bλ
|E fαn |

p
+

∑
αn−1∈ColKn−1

∫
Bλ
|E fαn−1 |

p

+

∑
αn−2∈ColKn−2

∫
Bλ
|E fαn−2 |

p
+

∑
α
(1)
n−1,...,α

(n)
n−1 in Case 3.2

∫
Bλ

K 2n
n−1

( n∏
j=1

|E f
α
( j)
n−1
|

)p/n

+

∑
BKn⊂Bλ

∑
BKn−1⊂BKn

max
Ln−2

∫
BKn−1

∣∣∣∣ ∑
αn−2:dist(αn−2,Ln−2)≤1/Kn−2

E fαn−2

∣∣∣∣p

.

There are five terms on the right-hand side of the last display. By the same scaling argument as above, we
can handle the first three summands. For the fourth summand, we again apply multilinear restrictions
due to [Bennett, Carbery, and Tao 2006]. However, notice that we are applying an n-linear restriction
estimate in Rn+1. This will not give us the restriction exponent 2(n+ 1)/n, but something larger. To be
precise, we have

∑
α
(1)
n−1,...,α

(n)
n−1 in Case 3.2

∫
Bλ

K 2n
n−1

( n∏
j=1

|E f
α
( j)
n−1
|

)p/n

. K 2n
n−1K 100n!

n−1 λ
ε

for every

p ≥
2n

n− 1
,

which we assume.
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Hence it remains to handle the last summand∑
BKn−1⊂Bλ

max
Ln−2

∫
BKn−1

∣∣∣∣ ∑
αn−2:dist(αn−2,Ln−2)≤1/Kn−2

E fαn−2

∣∣∣∣p

.

We repeat this iteration until we reach∑
BKn−k⊂Bλ

max
Ln−k−1

∫
BKn−k

∣∣∣∣ ∑
αn−k−1:dist(αn−k−1,Ln−k−1)≤1/Kn−k−1

E fαn−k−1

∣∣∣∣p

, (A-11)

where k is the largest positive integer such that

k ≤
n− 1

3
; (A-12)

in other words,

k =


(n− 3)/3 if n ≡ 0 (mod 3),
(n− 1)/3 if n ≡ 1 (mod 3),
(n− 2)/3 if n ≡ 2 (mod 3).

(A-13)

Collecting all the constraints on the exponent p from applying the multilinear restriction estimate, we
obtain

p ≥
2(n− k+ 1)

n− k
. (A-14)

Instead of running the previous argument again on (A-11), we apply the decoupling inequalities of
[Bourgain and Demeter 2015]:∫

BKn−k

∣∣∣∣ ∑
αn−k−1:dist(αn−k−1,Ln−k−1)≤1/Kn−k−1

E fαn−k−1

∣∣∣∣p

. (Kn−k−1)
(n−k−1)(1/2−1/p)p+ε

∑
αn−k−1

∫
BKn−k

|E fαn−k−1 |
p.

The above inequality will hold as long as

p ≤
2(n− k+ 1)

n− k− 1
. (A-15)

In the end, we sum over all balls BKn−k inside Bλ, and obtain

(Kn−k−1)
(n−k−1)(1/2−1/p)p+ε

∑
αn−k−1

∫
Bλ
|E fαn−k−1 |

p.

It is clear now that we should apply parabolic rescaling. This gives us

(Kn−k−1)
(n−k−1)(1/2−1/p)p+ε

× (Kn−k−1)
2−2np(1/2−1/p)

× Q p
λ/K 2

n−k−1
.

By equating the exponent of Kn−k−1 with zero we obtain the constraint

p >
2(n+ k+ 3)

n+ k+ 1
. (A-16)

This constraint is more restrictive than (A-14), by condition (A-12). By choosing k as in (A-13), and
substituting that into (A-16), we obtain the constraint on p in (1-5). To summarize, we have shown that for
p satisfying (1-5) and (A-15), we can close the induction. Thus, we have established (A-5) and therefore
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(1-6) for such p’s. Finally, by the result of [Rogers and Seeger 2010], we already know that (1-6) holds for
all p>2+4/(n+1) (even with ε=0), which completes the proof of Theorem 1.6 for the claimed range in p.

Appendix B: A maximal multifrequency estimate of Krause and Lacey

Fix `0 ∈ Z and d ∈ N with d ≥ 2. Take the decomposition 1=
∑

`∈Z ϕ`(t), where ϕ`(t) := ϕ0(2−`t) for
some smooth even function ϕ0 supported on |t | ' 1. For u > 0, let

T (u) f (x)=
∑
`≥`0

T (u)
` f (x),

where

T (u)
` f (x) :=

∫
R

f (x − t)ϕ`(t)eiutd dt
t
.

Following the method in [Bourgain 1989], we will prove the following maximal multifrequency estimate.

Theorem B.1. There exists a constant C such that for any τ > 0, M ∈ N and any θ1, . . . , θM ∈ R with
min1≤i< j≤M |θi − θj |> 2τ , we have∥∥∥∥sup

u>0

∣∣∣∣ M∑
m=1

Modθm T (u)Pτ fm

∣∣∣∣∥∥∥∥
L2(R)

≤ C(log M)2
( M∑

m=1

‖ fm‖
2
L2(R)

)1/2

(B-1)

for all f1, . . . , fM ∈L2(R), where Pτ is the Littlewood–Paley projection onto the frequency interval [−τ,τ ].

Here Modθ f (x) is the modulation Modθ f (x) := eiθx f (x).
As a corollary, we obtain Theorem 3.5 of [Krause and Lacey 2017]:

Corollary B.2 [Krause and Lacey 2017]. There exists a constant C such that for any τ > 0, M ∈ N and
any θ1, . . . , θM ∈ R with min1≤i< j≤M |θi − θj |> 2τ , we have∥∥∥∥sup

u>0

∣∣∣∣ M∑
m=1

Modθm T (u)(Pτ Mod−θm f )
∣∣∣∣∥∥∥∥

L2(R)

≤ C(log M)2‖ f ‖L2(R)

for any f ∈ L2(R).

Indeed, one can obtain the corollary by applying Theorem B.1 to fm := Pτ Mod−θm f , and noting that
then

∑M
m=1 ‖ fm‖

2
L2(R)
≤ ‖ f ‖2L2(R)

.
The corollary is slightly stronger than Theorem 3.5 of [Krause and Lacey 2017] because it allows one

to take supremum over all u > 0 (not just over u ∈ (0, τ 2)).
To prove Theorem B.1, we use the following variant of our Theorem 1.1.

Theorem B.3. There exists a constant C such that for all p ∈ (2, 3) we have

‖V p
{T (u) f : u > 0}‖L p(R) ≤ C(p− 2)−1

‖ f ‖L p(R). (B-2)

Stein and Wainger proved that

‖ sup{T (u) f : u > 0}‖Lq (R) ≤ Cq‖ f ‖Lq (R) (B-3)

for 1< q <∞. By complex interpolation, we then get the following corollary:
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Corollary B.4. There exists a constant C such that for all r ∈ (2, 3) we have

‖V r
{T (u) f : u > 0}‖L2(R) ≤ C(r − 2)−1

‖ f ‖L2(R). (B-4)

Indeed, for any r ∈ (2,∞), one can obtain (B-4) by interpolating between (B-2) with p = (r + 6)/4,
and (B-3) with q = 3

2 .
Below we first prove Theorem B.3, and then use Corollary B.4 to prove Theorem B.1.

Proof of Theorem B.3. By the argument in Section 3, we have

sup
λ>0
‖λ
√

Nλ{T (2kd ) f : k ∈ Z}‖L p(R) ≤ C p‖ f ‖L p(R)

for 1< p<∞. By the real interpolation argument in Lemma 3.3 of [Bourgain 1989] (see also Lemma 2.1
of [Jones, Seeger, and Wright 2008]), we have

‖V p
{T (2kd ) f : k ∈ Z}‖L p(R) ≤ C(p− 2)−1

‖ f ‖L p(R) (B-5)

for all 2< p < 3. Furthermore, by the argument in Section 4, we have

‖V p
j T (u) f ‖`p( j∈Z)‖L p(R) ≤ C(p− 2)−1

‖ f ‖L p(R) (B-6)

for all 2 < p < 3, where V p
j T (u) f (x) := V p

{T (u) f (x) : u ∈ [2 jd , 2( j+1)d
]}. Indeed, the left-hand side

above is bounded by ∑
k,`∈Z

‖‖V p
j T (u)

`− j Pj+k f ‖`p{ j :`− j≥`0}‖L p(R),

and the arguments of Sections 4B and 4E show that∑
k,`∈Z

`≤−k/(2(d+1))

‖‖V p
j T (u)

`− j Pj+k f ‖`p
j
‖L p(R) ≤ C p‖ f ‖L p(R) (B-7)

for 1< p <∞, and∑
k,`∈Z

`>−k/(2(d+1)), k>`(d−1)+C

+

∑
k,`∈Z

`>−k/(2(d+1)), k<`(d−1)−C

‖‖V p
j T (u)

`− j Pj+k f ‖`p
j
‖L p(R) ≤ C p‖ f ‖L p(R) (B-8)

for 2 ≤ p < ∞, where the constants C p satisfy sup2≤p≤3 C p < ∞. Furthermore, the arguments in
Section 4D show that there exist absolute constants C and δ > 0 such that if `≥ 0 and k= `(d−1)+O(1),
then

‖‖V p
j T (u)

`− j Pj+k f ‖`p
j
‖L p(R) ≤ C2−`δd(p−2)

‖ f ‖L p(R)

for all 2< p < 3. Summing these up, we get∑
`≥0

∑
k=`(d−1)+O(1)

‖‖V p
j T (u)

`− j Pj+k f ‖`p
j
‖L p(R) ≤ C(p− 2)−1

‖ f ‖L p(R) (B-9)

for all 2< p < 3. Inequality (B-6) then follows from (B-7), (B-8) and (B-9). Since

V p
{T (u) f : u > 0} ≤ V p

{T (2kd ) f : k ∈ Z}+ ‖V p
j T (u) f ‖`p( j∈Z),

we obtain the desired conclusion (B-2) from (B-5) and (B-6). �
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Proof of Theorem B.1. We will deduce Theorem B.1 from Theorem B.3, following [Bourgain 1989] closely
(see Lemma 4.13 there). Suppose τ > 0, and θ1, . . . , θM ∈ R are such that min1≤i< j≤M |θi − θj | > 2τ .
First, to prove (B-1), it will suffice to show that(

/

∫
w∈[0,1/(100τ)]

∥∥∥∥sup
u>0

∣∣∣∣ M∑
m=1

eiθm x T (u)Pτ fm(x+w)
∣∣∣∣∥∥∥∥2

L2(R)

dw
)1/2

≤C(log M)2
( M∑

m=1

‖ fm‖
2
L2(R)

)1/2

. (B-10)

Morally speaking, this is the uncertainty principle at work: note that for every u > 0, the function
x 7→ T (u)Pτ fm(x) has Fourier support contained in [−τ, τ ], and hence |Modθm T (u)Pτ fm(x)| can be
thought of as locally constant on an interval of length ' 1/τ . To be precise, for each w ∈ [0, 1/(100τ)],
we have, by Plancherel’s identity, that

‖Pτ fm( · )− Pτ fm( · +w)‖L2 ≤
1
2‖ fm‖L2

whenever w ∈ [0, 1/(100τ)]. Thus if B is the best constant for which (B-1) holds, then for all w ∈
[0, 1/(100τ)], we have∥∥∥∥sup

u>0

∣∣∣∣ M∑
m=1

Modθm T (u)Pτ fm(x)
∣∣∣∣∥∥∥∥

L2(R)

≤

∥∥∥∥sup
u>0

∣∣∣∣ M∑
m=1

eiθm x T (u)Pτ fm(x+w)
∣∣∣∣∥∥∥∥

L2(R)

+
B
2

( M∑
m=1

‖ fm‖
2
L2(R)

)1/2

,

so taking L2 average over all w ∈ [0, 1/(100τ)], and using (B-10), we have

B ≤ C(log M)2+
B
2
;

i.e., B ≤ 2C(log M)2 as desired. Thus, it remains to establish (B-10), which can be rewritten as∥∥∥∥( /

∫
w∈[0,1/(100τ)]

sup
u>0

∣∣∣∣ M∑
m=1

e−iθmweiθm x T (u)Pτ fm(x)
∣∣∣∣2 dw

)1/2∥∥∥∥
L2(R)

≤ C(log M)2
( M∑

m=1

‖ fm‖
2
L2(R)

)1/2

(B-11)

by first changing variable x 7→ x −w, and then interchanging the integrals in x and w.
To prove (B-11), for each x ∈ R, consider the (bounded) set Ax ⊂ RM, given by

Ax := {(T (u)Pτ f1(x), . . . , T (u)Pτ fM(x)) : u > 0}.

If λ is bigger than the diameter of Ax , let Eλ(x)= 0; otherwise let Eλ(x) be the minimal number of balls
in RM of radius λ that is required to cover Ax . (Eλ(x) is sometimes called the entropy number.) One
then observes that for every s ∈ Z, there exists a finite subset Bs(x) ⊂ Ax − Ax of cardinality at most
E2s (x) such that

|bs | ≤ 2s+1 for every bs ∈ Bs(x)

and such that every element a of Ax admits a decomposition

a =
∑
s∈Z

bs with bs ∈ Bs(x) for every s ∈ Z.
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Then the left-hand side of (B-11) is bounded by∥∥∥∥∑
s∈Z

max
bs∈Bs(x)

(

/

∫
w∈[0,1/(100τ)]

∣∣∣∣ M∑
m=1

e−iθmweiθm x bs,m

∣∣∣∣2 dw
)1/2∥∥∥∥

L2(R)

;

here bs = (bs,1, . . . , bs,m). Using Cauchy–Schwarz for the sum over m, the above displayed equation is
further bounded by∥∥∥∥∑

s∈Z

min
{

2s+1 M1/2,

( ∑
bs∈Bs(x)

/

∫
w∈[0,1/(100τ)]

∣∣∣∣ M∑
m=1

e−iθmweiθm x bs,m

∣∣∣∣2 dw
)1/2}∥∥∥∥

L2(R)

. (B-12)

To estimate the integral in w above, observe that from the separation of the θ1, . . . , θM , we have(

/

∫
w∈[0,1/(100τ)]

∣∣∣∣ M∑
m=1

e−iθmwcm

∣∣∣∣2 dw
)1/2

.

( M∑
m=1

|cm |
2
)1/2

;

indeed, the key is that if h : RM
→ RM is defined by

(ha)m :=
M∑

m=1

τ

θm − θn
an,

then the operator norm of h is bounded independent of M , which can be deduced, for instance, by
comparing it to the (continuous) Hilbert transform on R. Thus (B-12) is bounded by∥∥∥∥∑

s∈Z

min{2s+1 M1/2, 2s+1 E2s (x)1/2}
∥∥∥∥

L2(R)

= 2
∥∥∥∥∑

s∈Z

2s min{M1/2, E2s (x)1/2}
∥∥∥∥

L2(R)

. (B-13)

Now let

F(x) :=
( M∑

m=1

sup
u>0
|T (u)Pτ fm(x)|2

)1/2

.

Then the diameter of Ax is at most 2F(x). Hence the entropy number satisfies E2s (x) = 0 whenever
2s > 2F(x). We are then led to sum ∑

2s≤2F(x)

2s min{M1/2, E2s (x)1/2}.

We split this sum into two, one where 2s
≤M−1/2 F(x), and another where M−1/2 F(x)≤ 2s

≤ 2F(x). The
former sum is bounded by F(x), while the latter sum is bounded by (log M)M1/2−1/r sups∈Z 2s E2s (x)1/r

for any r ∈ (2,∞). Now pick r ∈ (2,∞) such that

1
2
−

1
r
= (log M)−1,

so that M1/2−1/r
' 1. Then (B-13) is bounded by∥∥F(x)+ (log M) sup

s∈Z

2s E2s (x)1/r
∥∥

L2(R)
.
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But by Stein and Wainger’s inequality (B-3), we have

‖F‖L2(R) .

( M∑
m=1

‖ fm‖
2
L2(R)

)1/2

.

Furthermore, one can relate the entropy E2s (x)1/r with the r -th variation norm pointwise:

sup
s∈Z

2s E2s (x)1/r
≤

( M∑
m=1

|V r
{T (u)Pτ fm(x) : u > 0}|2

)1/2

.

Hence ∥∥(log M) sup
s∈Z

2s E2s (x)1/r
∥∥

L2(R)
≤ (log M)

( M∑
m=1

‖V r
{T (u)Pτ fm : u > 0}‖2L2(R)

)1/2

.

By Corollary B.4, the latter is bounded by

C(log M)(r − 2)−1
( M∑

m=1

‖ fm‖
2
L2(R)

)1/2

,

and since (r − 2)−1
' log M by our choice of r , this completes the proof of Theorem B.1. �
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FEDERER’S CHARACTERIZATION OF
SETS OF FINITE PERIMETER IN METRIC SPACES

PANU LAHTI

Federer’s characterization of sets of finite perimeter states (in Euclidean spaces) that a set is of finite
perimeter if and only if the measure-theoretic boundary of the set has finite Hausdorff measure of
codimension 1. In complete metric spaces that are equipped with a doubling measure and support a
Poincaré inequality, the “only if” direction was shown by Ambrosio (2002). By applying fine potential
theory in the case p = 1, we prove that the “if” direction holds as well.

1. Introduction

In the past two decades, there has been great interest in studying problems of first-order analysis in the
setting of general metric measure spaces; see, e.g., [Ambrosio 2002; Ambrosio et al. 2004; Björn and
Björn 2011; Heinonen and Koskela 1998; Miranda 2003; Shanmugalingam 2000]. In particular, Sobolev
functions (sometimes called Newton–Sobolev functions in the metric setting) and functions of bounded
variation (BV functions) have been topics of central interest. In much of the literature (as well as in the
current paper) one assumes that the space is complete, equipped with a doubling measure, and supports a
Poincaré inequality; see Section 2 for definitions. Studying questions in such an abstract setting provides
an opportunity to unify the theories developed in specific settings such as weighted Euclidean spaces,
Riemannian manifolds, Carnot groups, etc. Moreover, without having the Euclidean structure available,
one is forced to develop novel methods and proofs, giving new insight into various problems.

In the theory of BV functions in the Euclidean setting, a key result originally due to De Giorgi states that
if E is a set of finite perimeter, then the perimeter measure P(E, · ) coincides with the (n−1)-dimensional
Hausdorff measure restricted to the measure-theoretic boundary ∂∗E . In particular, P(E,Rn) < ∞

implies Hn−1(∂∗E) <∞. By a deep result of [Federer 1969, Section 4.5.11], the converse holds as well,
so in fact P(E,Rn) <∞ if and only if Hn−1(∂∗E) <∞. This is known as Federer’s characterization of
sets of finite perimeter. In the metric setting, where it is natural to formulate this kind of result by means
of the codimension-1 Hausdorff measure H, the “only if” direction of the characterization was shown in
[Ambrosio 2002], but the “if” direction has remained an open problem. In the current paper, we show
that this direction holds as well.

Theorem 1.1. Let�⊂ X be an open set, let E ⊂ X be a µ-measurable set, and suppose H(∂∗E∩�)<∞.
Then P(E, �) <∞.

MSC2010: 30L99, 31E05, 26B30.
Keywords: metric measure space, set of finite perimeter, Federer’s characterization, measure-theoretic boundary, codimension-1

Hausdorff measure, fine topology.
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The “only if” direction of Federer’s characterization is part of a more general structure theorem for
sets of finite perimeter, which in the metric setting states that the perimeter measure is comparable to the
Hausdorff measure of codimension 1 restricted to the measure-theoretic boundary. This structure theorem
is an indispensable tool in analysis of sets of finite perimeter, and hence more general BV functions as well.
While not equally essential, the “if” direction of Federer’s characterization has a number of applications
as well. For example, in [Kinnunen et al. 2012] the authors proved a characterization of Newton–Sobolev
functions with zero boundary values by means of a natural Lebesgue point-type condition on the boundary.
However, the proof relied on assuming that Federer’s characterization holds; now we know that this is the
case under the usual assumptions on the space. We will discuss other applications in Section 5.

Previously there have been some partial results toward a proof of the “if” direction. The paper [Korte
et al. 2015] showed that if the metric space is assumed to contain a “thick” bundle of curves between
each pair of points, then the “if” direction can be proved by mimicking the Euclidean proof. In the
current paper we take a completely different approach, which relies on fine potential theory. In the case
1< p <∞, fine potential theory deals with superharmonic functions as understood by means of the fine
topology; see [Adams and Hedberg 1996; Heinonen et al. 1993; Malý and Ziemer 1997] for the theory
and its history in the Euclidean setting, and the recent papers [Björn and Björn 2015; Björn et al. 2015;
2016; 2018] for similar results in the metric setting. In [Lahti 2017a], the author proved some analogous
results in the case p = 1, by relying on certain continuity properties of BV functions proved earlier in
[Lahti 2017b; Lahti and Shanmugalingam 2017]. An application of these results led to the following
characterization of sets of finite perimeter, which is in the same vein as Federer’s characterization. Below,
∂1 IE denotes the fine boundary of E , or more precisely of its measure-theoretic interior; one always has
∂∗E ⊂ ∂1 IE .

Theorem 1.2 [Lahti 2017a, Theorem 1.1]. For an open set �⊂ X and a µ-measurable set E ⊂ X, we
have P(E, �) <∞ if and only if H(∂1 IE ∩�) <∞. Furthermore, H((∂1 IE \ ∂

∗E)∩�)= 0.

In the current paper, our main goal is to show that if H(∂∗E ∩�)<∞, then H((∂1 IE \∂
∗E)∩�)= 0

and thus Theorem 1.1 follows from Theorem 1.2. The proofs will be given in Section 4, and they rely
mostly on properties of the 1-fine topology proved in [Lahti 2017a; 2020], as well as boxing inequality-
type arguments. Our methods and the underlying theory should be of interest already in Euclidean spaces,
where Federer’s original argument has remained (as far as we know) essentially the only known proof for
the characterization.

2. Preliminaries

In this section we introduce the standard definitions, notation, and assumptions used in the paper.
Throughout this paper, (X, d, µ) is a complete metric space that is equipped with a metric d and a

Borel regular outer measure µ satisfying a doubling property, meaning that there exists a constant Cd ≥ 1
such that

0< µ(B(x, 2r))≤ Cdµ(B(x, r)) <∞
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for every ball B(x, r) := {y ∈ X : d(y, x) < r}. We assume that X consists of at least two points. Given
a ball B = B(x, r) and β > 0, we sometimes abbreviate βB := B(x, βr). Note that in metric spaces, a
ball (as a set) does not necessarily have a unique center point and radius, but we understand these to
be prescribed for all balls that we consider. When we want to state that a constant C depends on the
parameters a, b, . . . , we write C = C(a, b, . . . ).

All functions defined on X or its subsets will take values in [−∞,∞]. A complete metric space
equipped with a doubling measure is proper; that is, closed and bounded sets are compact. For any open
set �⊂ X, we define Liploc(�) as the set of functions that are in the class Lip(�′) for every open �′ b�;
here �′ b� means that �′ is a compact subset of �. Other local function spaces are defined analogously.

For any set A ⊂ X and 0 < R <∞, the restricted spherical Hausdorff content of codimension 1 is
defined as

HR(A) := inf
{ ∞∑

i=1

µ(B(xi , ri ))

ri
: A ⊂

∞⋃
i=1

B(xi , ri ), ri ≤ R
}
.

The codimension-1 Hausdorff measure of A ⊂ X is then defined as

H(A) := lim
R→0

HR(A).

In the Euclidean space Rn (which we always equip with the Euclidean metric and the Lebesgue measure Ln,
unless otherwise specified) this is comparable to the (n−1)-dimensional Hausdorff measure.

By a curve we mean a nonconstant rectifiable continuous mapping from a compact interval of the real
line into X. A nonnegative Borel function g on X is an upper gradient of a function u on X if for all
curves γ , we have

|u(x)− u(y)| ≤
∫
γ

g ds, (2.1)

where x and y are the endpoints of γ and the curve integral is defined by using an arc-length parametriza-
tion; see [Heinonen and Koskela 1998, Section 2], where upper gradients were originally introduced. We
interpret |u(x)− u(y)| = ∞ whenever at least one of |u(x)|, |u(y)| is infinite. An upper gradient of a
function u ∈ C1(Rn) is given by |∇u|.

Let 1≤ p <∞ (we will work almost exclusively with p = 1). The p-modulus of a family of curves 0
is defined as

Modp(0) := inf
∫

X
ρ p dµ,

where the infimum is taken over all admissible test functions ρ, which are nonnegative Borel functions
such that

∫
γ
ρ ds ≥ 1 for every γ ∈ 0. A property is said to hold for p-almost every curve if it fails only

for a curve family with zero p-modulus. If g is a nonnegative µ-measurable function on X and (2.1)
holds for p-almost every curve, we say that g is a p-weak upper gradient of u. By only considering
curves γ in a set A ⊂ X, we can talk about a function g being a (p-weak) upper gradient of u in A.

Given an open set �⊂ X, we let

‖u‖N 1,p(�) := ‖u‖L p(�)+ inf ‖g‖L p(�),
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where the infimum is taken over all p-weak upper gradients g of u in �. The Newton–Sobolev space is
defined as

N 1,p(�) := {u : ‖u‖N 1,p(�) <∞}.

In Rn this coincides, up to a choice of pointwise representatives, with the usual Sobolev space W 1,p(�);
this is shown in Theorem 4.5 of [Shanmugalingam 2000], where the Newton–Sobolev space was originally
introduced.

We understand a Newton–Sobolev function to be defined at every x ∈ � (even though ‖ · ‖N 1,p(�)

is then only a seminorm). It is known that for any u ∈ N 1,p
loc (�) there exists a minimal p-weak upper

gradient of u in �, always denoted by gu , satisfying gu ≤ g almost everywhere in �, for any p-weak
upper gradient g ∈ L p

loc(�) of u in �; see [Björn and Björn 2011, Theorem 2.25]. In Rn, the minimal
p-weak upper gradient coincides (a.e.) with |∇u|; see [Björn and Björn 2011, Corollary A.4].

The space of Newton–Sobolev functions with zero boundary values is defined as

N 1,p
0 (�) := {u|� : u ∈ N 1,p(X) and u = 0 on X \�}.

This class can be understood to be a subclass of N 1,p(X) in a natural way.
The p-capacity of a set A ⊂ X is defined as

Capp(A) := inf ‖u‖N 1,p(X),

where the infimum is taken over all functions u ∈ N 1,p(X) such that u ≥ 1 in A.
The variational 1-capacity of a set A ⊂� with respect to an open set �⊂ X is defined as

cap1(A, �) := inf
∫

X
gu dµ,

where the infimum is taken over functions u ∈ N 1,1
0 (�) such that u ≥ 1 on A, and gu is the minimal

1-weak upper gradient of u (in X ). For basic properties satisfied by capacities, such as monotonicity and
countable subadditivity, see [Björn and Björn 2011].

We will assume throughout the paper that X supports a (1, 1)-Poincaré inequality, meaning that there
exist constants CP > 0 and λ ≥ 1 such that for every ball B(x, r), every u ∈ L1

loc(X), and every upper
gradient g of u, we have ∫

B(x,r)
|u− u B(x,r)| dµ≤ CPr

∫
B(x,λr)

g dµ,

where

u B(x,r) :=

∫
B(x,r)

u dµ :=
1

µ(B(x, r))

∫
B(x,r)

u dµ.

The standard example of a complete metric space equipped with a doubling measure and supporting a
(1, 1)-Poincaré inequality is the (unweighted) Euclidean space. Other examples include certain weighted
Euclidean spaces (see, e.g., [Heinonen et al. 1993, Section 15]), complete Riemannian manifolds with
nonnegative Ricci curvature (see [Saloff-Coste 2002, Section 3.3.5]), as well as Carnot groups which we
will discuss briefly in Section 5.
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Next we recall the definition and basic properties of functions of bounded variation on metric spaces,
following [Miranda 2003]. See also, e.g., [Ambrosio et al. 2000; Evans and Gariepy 1992; Federer 1969;
Giusti 1984; Ziemer 1989] for the classical theory in the Euclidean setting. Let �⊂ X be an open set.
Given a function u ∈ L1

loc(�), we define the total variation of u in � as

‖Du‖(�) := inf
{

lim inf
i→∞

∫
�

gui dµ : ui ∈ N 1,1
loc (�), ui → u in L1

loc(�)

}
,

where each gui is the minimal 1-weak upper gradient of ui in �. In Rn this agrees with the usual
Euclidean definition involving distributional derivatives; see, e.g., [Ambrosio et al. 2000, Proposition 3.6,
Theorem 3.9]. (In [Miranda 2003], local Lipschitz constants were used instead of upper gradients, but the
properties of the total variation can be proved similarly with either definition.) We say that a function
u ∈ L1(�) is of bounded variation, and write u ∈ BV(�) if ‖Du‖(�) <∞. For an arbitrary set A ⊂ X,
we define

‖Du‖(A) := inf{‖Du‖(W ) : A ⊂W, W ⊂ X is open}.

If u ∈ L1
loc(�) and ‖Du‖(�) <∞, then ‖Du‖( · ) is a Radon measure on � by [Miranda 2003, Theo-

rem 3.4]. A µ-measurable set E ⊂ X is said to be of finite perimeter if ‖DχE‖(X) <∞, where χE is the
characteristic function of E . The perimeter of E in � is also denoted by

P(E, �) := ‖DχE‖(�).

Sets of finite perimeter include for example bounded domains with a Lipschitz boundary in Rn, and in
this case the perimeter is simply the (n−1)-dimensional Hausdorff measure of the boundary. However,
sets of finite perimeter can also be highly irregular, as demonstrated by Example 2.6 below.

Applying the Poincaré inequality to sequences of approximating locally Lipschitz functions in the
definition of the total variation, we get the following BV version: for every ball B(x, r) and every
u ∈ L1

loc(X), we have ∫
B(x,r)

|u− u B(x,r)| dµ≤ CPr
‖Du‖(B(x, λr))
µ(B(x, λr))

.

For a µ-measurable set E ⊂ X, this implies the relative isoperimetric inequality

min{µ(B(x, r)∩ E), µ(B(x, r) \ E)} ≤ 2CPr P(E, B(x, λr)); (2.2)

see, e.g., [Korte and Lahti 2014, equation (3.1)].
The measure-theoretic interior of a set E ⊂ X is defined as

IE :=

{
x ∈ X : lim

r→0

µ(B(x, r) \ E)
µ(B(x, r))

= 0
}
,

and the measure-theoretic exterior as

OE :=

{
x ∈ X : lim

r→0

µ(B(x, r)∩ E)
µ(B(x, r))

= 0
}
.
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The measure-theoretic boundary ∂∗E is defined as the set of points x ∈ X at which both E and its
complement have strictly positive upper density; i.e.,

lim sup
r→0

µ(B(x, r)∩ E)
µ(B(x, r))

> 0 and lim sup
r→0

µ(B(x, r) \ E)
µ(B(x, r))

> 0. (2.3)

Then X = IE ∪ OE ∪ ∂
∗E .

For an open set � ⊂ X and a µ-measurable set E ⊂ X with P(E, �) <∞, we know that for any
Borel set A ⊂�,

P(E, A)=
∫
∂∗E∩A

θE dH, (2.4)

where θE : ∂
∗E→[α,Cd ], with α=α(Cd ,CP , λ)> 0; see [Ambrosio 2002, Theorem 5.3] and [Ambrosio

et al. 2004, Theorem 4.6].
If �⊂ X is an open set and u, v ∈ L1

loc(�), then

‖D min{u, v}‖(�)+‖D max{u, v}‖(�)≤ ‖Du‖(�)+‖Dv‖(�); (2.5)

for a proof see, e.g., [Lahti 2018, Lemma 3.1].
The measure-theoretic boundary ∂∗E is always a subset of the topological boundary ∂E but the

boundaries can be quite different, as shown by the following example of the so-called enlarged rationals.

Example 2.6. Let X = R2 (unweighted). Let {qj }
∞

j=1 be an enumeration of Q2. Define

E :=
∞⋃
j=1

B(qj , 2− j ).

Then by (2.5) and the fact that the perimeter is clearly lower semicontinuous with respect to convergence
in L1(R2), we get

P(E,R2)≤

∞∑
j=1

P(B(qj , 2− j ),R2)= 2π
∞∑
j=1

2− j
= 2π.

Thus E is of finite perimeter, and so by (2.4) we get H1(∂∗E) <∞, where H1 is the 1-dimensional
Hausdorff measure. On the other hand, E is dense in R2, so that ∂E = R2

\ E and thus L2(∂E) =∞.
This illustrates that the measure-theoretic boundary is the natural boundary to consider.

The lower and upper approximate limits of a function u on X are defined respectively by

u∧(x) := sup
{

t ∈ R : lim
r→0

µ(B(x, r)∩ {u < t})
µ(B(x, r))

= 0
}

and

u∨(x) := inf
{

t ∈ R : lim
r→0

µ(B(x, r)∩ {u > t})
µ(B(x, r))

= 0
}
.

Unlike Newton–Sobolev functions, we understand BV functions to be µ-equivalence classes. To
consider fine properties, we need to consider the pointwise representatives u∧ and u∨. We note that
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for u = χE with E ⊂ X, we have x ∈ IE if and only if u∧(x) = u∨(x) = 1, x ∈ OE if and only if
u∧(x)= u∨(x)= 0, and x ∈ ∂∗E if and only if u∧(x)= 0 and u∨(x)= 1.

Throughout this paper we assume that (X, d, µ) is a complete metric space that is equipped with the
doubling measure µ and supports a (1, 1)-Poincaré inequality.

3. The 1-fine topology

In this section we have gathered all the results concerning the 1-fine topology that our argument will rely
on. For these, we refer to [Lahti 2017a; 2017b; 2020]. Most of the results are analogous to those that
hold in the case 1< p<∞, which has been studied in the metric setting in [Björn and Björn 2015; Björn
et al. 2018; 2015].

Definition 3.1. We say that A ⊂ X is 1-thin at the point x ∈ X if

lim
r→0

r
cap1(A∩ B(x, r), B(x, 2r))

µ(B(x, r))
= 0.

We also say that a set U ⊂ X is 1-finely open if X \U is 1-thin at every x ∈U . Then we define the 1-fine
topology as the collection of 1-finely open sets on X.

We denote the 1-fine interior of a set H ⊂ X, i.e., the largest 1-finely open set contained in H, by
fine-int H. We denote the 1-fine closure of a set H ⊂ X, i.e., the smallest 1-finely closed set containing H,
by H 1. The 1-fine boundary of H is ∂1 H := H 1

\fine-int H. Finally, the 1-base b1 H is defined as the set
of points where H is not 1-thin.

See [Lahti 2017b, Section 4] for discussion on this definition, and for a proof of the fact that the 1-fine
topology is indeed a topology. By [Björn and Björn 2011, Proposition 6.16], a set A ⊂ X is 1-thin at
x ∈ X if and only if

lim
r→0

cap1(A∩ B(x, r), B(x, 2r))
cap1(B(x, r), B(x, 2r))

= 0,

and so it is clear that W ⊂ b1W for any open set W ⊂ X.
Now we collect some facts concerning the 1-fine topology proved in [Lahti 2017a]. According to

Corollary 3.5 of that work, the 1-fine closure of A ⊂ X can be characterized in the following way:

A1
= A∪ b1 A. (3.2)

From this it easily follows that for any A⊂ X and any ball B(x, r), we have A1
∩ B(x, r)⊂ A∩ B(x, r)1,

and then by [Lahti 2017a, Proposition 3.3] we get

cap1(A
1
∩ B(x, r), B(x, 2r))= cap1(A∩ B(x, r), B(x, 2r)). (3.3)

By Lemma 4.6 of the same work the 1-fine boundary of a measure-theoretic interior can be characterized
as follows: for any µ-measurable set E ⊂ X,

∂1 IE = b1 IE ∩ b1(X \ IE). (3.4)
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By [Lahti 2017a, Lemma 3.1] we know that for any µ-measurable set E ⊂ X,

∂∗E ⊂ ∂1 IE . (3.5)

Conversely, if �⊂ X is open and E ⊂ X is µ-measurable such that P(E, �) <∞, then by Theorem 1.2,

H((∂1 IE \ ∂
∗E)∩�)= 0.

Combining this with (2.4) gives

αH(∂1 IE ∩�)≤ P(E, �)≤ CdH(∂1 IE ∩�). (3.6)

In fact this holds for every µ-measurable E ⊂ X ; to see this we can assume that H(∂1 IE ∩�) <∞, and
then P(E, �) <∞ by Theorem 1.2.

We also have the following version of the relative isoperimetric inequality: for every ball B(x, r) and
every µ-measurable E ⊂ X,

min{µ(B(x, r)∩ E), µ(B(x, r) \ E)} ≤ 2CPCdrH(∂1 IE ∩ B(x, λr)); (3.7)

this follows from the ordinary relative isoperimetric inequality (2.2) and (3.6).

Remark 3.8. It may seem strange to talk about ∂1 IE , as it seems that we are first taking the interior
in one topology and then the boundary in another. However, if we define the measure topology more
axiomatically, then IE is actually not the interior of E in the measure topology, and should be seen as a
measure-theoretic quantity rather than a topological one; see [Lahti 2017a, Remark 4.9]. Moreover, ∂∗E
is actually the boundary of IE in the measure topology; let us denote it by ∂0 IE . Thus ∂1 IE is a natural
set to consider as well. Finally, we can note that ∂1 IE = ∂

1OE ; see [Lahti 2017a, Lemma 4.8].

The following weak Cartan property in the case p = 1 was proved in [Lahti 2020, Theorem 5.2].

Theorem 3.9. Let A ⊂ X and let x ∈ X \ A be such that A is 1-thin at x. Then there exist R > 0 and
E0, E1 ⊂ X such that χE0, χE1 ∈ BV(X), max{χ∧E0

, χ∧E1
} = 1 in A ∩ B(x, R), χ∨E0

(x) = 0 = χ∨E1
(x),

{max{χ∨E0
, χ∨E1
}> 0} is 1-thin at x , and

lim
r→0

r
P(E0, B(x, r))
µ(B(x, r))

= 0, lim
r→0

r
P(E1, B(x, r))
µ(B(x, r))

= 0. (3.10)

The following simpler formulation will be sufficient for our purposes.

Corollary 3.11. Let A ⊂ X and let x ∈ X \ A be such that A is 1-thin at x. Then there exist R > 0 and
F ⊂ X such that χF ∈ BV(X), A∩ B(x, R)⊂ IF , IF is 1-thin at x , and

lim
r→0

r
P(F, B(x, r))
µ(B(x, r))

= 0. (3.12)

Proof. Take E0, E1⊂ X as given by Theorem 3.9, and set F := E0∪E1. By (2.5) we obtain χF ∈BV(X),
and (2.5) and (3.10) together give (3.12). From the fact that max{χ∧E0

, χ∧E1
} = 1 in A∩ B(x, R) we obtain

A∩ B(x, R)⊂ IE0 ∪ IE1 ⊂ IF .
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Finally, since {max{χ∨E0
, χ∨E1
}> 0} is 1-thin at x , so is

IE0 ∪ IE1 ∪ ∂
∗E0 ∪ ∂

∗E1 ⊃ IF . �

In [Lahti 2020, Lemma 4.4] it was also shown that if A ⊂ X is 1-thin at a point x ∈ X \ A, then there
exists an open set that contains A and is also 1-thin at x ; that is:

If x /∈ A∪ b1 A, then there exists an open W ⊃ A such that x /∈ b1W. (3.13)

4. Proof of the characterization

In [Korte and Lahti 2014, Theorem 3.11] it was shown that for any µ-measurable set E ⊂ X, we have
∂∗E = ∂ IE ; that is, the closure of the measure-theoretic boundary (in the metric topology) is the whole
topological boundary of a suitable representative of E (namely the measure-theoretic interior IE ). Now
we prove the analogous result with the metric topology replaced by the 1-fine topology. This will be the
crux of our proof of Federer’s characterization.

Theorem 4.1. For any µ-measurable set E ⊂ X, we have ∂∗E1
= ∂1 IE .

Note that by Remark 3.8, the above can be written as ∂0 IE
1
= ∂1 IE , showing that the result describes

the interplay between the measure topology and the 1-fine topology. It is natural to ask which other sets
and topologies would satisfy an analogous property, but we will not pursue this problem here. Previously,
properties of the measure topology and fine topologies have been studied in [Lukeš et al. 1986].

Proof. By (3.5) we have

∂∗E1
⊂ ∂1 IE

1
= ∂1 IE ,

where the last equality follows from the fact that boundaries are closed sets in every topology. Thus we
only need to show that ∂∗E1

⊃ ∂1 IE . Let x0 ∈ ∂
1 IE and let U 3 x0 be a 1-finely open set. We need

to show that ∂∗E ∩U 6= ∅. By (3.13) there exists an open set W ⊃ X \U that is 1-thin at x0. Since
W 1
=W ∪b1W = b1W by (3.2), we have x0 /∈W 1. We will show that ∂∗E \W 6=∅; suppose that instead

∂∗E \W =∅.

Claim. Let x ∈ ∂1 IE \W 1 and s1 > 0. Then there exists y ∈ B(x, s1)∩∂
1 IE \W 1 and 0< s2 ≤ s1/2 such

that
1

2Cdlog2(3λ)e+1
d

≤
µ(E ∩ B(y, s2))

µ(B(y, s2))
≤ 1−

1

2Cdlog2(3λ)e
d

,

where dae is the smallest integer at least a ∈ R.

Proof of claim. Step 1: We can assume that x ∈ OE ; the case x ∈ IE is handled analogously (recall that
∂1 IE = ∂

1OE from Remark 3.8). Since x ∈ ∂1 IE , by (3.4) we have

lim sup
r→0

r
cap1(IE ∩ B(x, r), B(x, 2r))

µ(B(x, r))
> 0. (4.2)
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Since x belongs to the 1-finely open set X \W 1, we have

lim
r→0

r
cap1(W

1
∩ B(x, r), B(x, 2r))
µ(B(x, r))

= 0.

We apply Corollary 3.11 to find R > 0 and F ⊂ X such that IF ⊃ W 1
∩ B(x, R) and IF is 1-thin at x .

Then by (3.3), also

lim
r→0

r
cap1(IF

1
∩ B(x, r), B(x, 2r))
µ(B(x, r))

= 0.

Combining this with (4.2), by subadditivity of the variational 1-capacity we get

lim sup
r→0

r
cap1((IE \ IF

1)∩ B(x, r), B(x, 2r))
µ(B(x, r))

> 0. (4.3)

According to Corollary 3.11, the set F also satisfies

lim
r→0

r
P(F, B(x, r))
µ(B(x, r))

= 0.

Thus by (3.6) and the doubling property of µ,

lim
r→0

r
H(∂1 IF ∩ B(x, 2r))

µ(B(x, r))
= 0. (4.4)

Combining the fact that x ∈ OE with (4.3) and (4.4), we find a number a > 0 and a radius

0< r f ≤
min{R, s1}

2
(4.5)

such that
µ(E ∩ B(x, 2r f ))

µ(B(x, 2r f ))
≤

1

2Cdlog2(60λ)e
d

(4.6)

and

r f
cap1((IE \ IF

1)∩ B(x, r f ), B(x, 2r f ))

µ(B(x, r f ))
> a (4.7)

and

r f
H(∂1 IF ∩ B(x, 2r f ))

µ(B(x, r f ))
<

a

16Cdlog2(10λ)e+2
d CP

. (4.8)

Step 2: Let D consist of all points z ∈ B(x, r f ) \ IF
1 for which there exists a radius 0< t ≤ (10λ)−1r f

such that
µ(F ∩ B(z, t))
µ(B(z, t))

>
1

4Cd
.



FEDERER’S CHARACTERIZATION OF SETS OF FINITE PERIMETER IN METRIC SPACES 1511

Consider z ∈ D and the corresponding radius t . Since z /∈ IF
1
⊃ IF ∪ ∂

∗F (recall (3.5)), we have

lim
r→0

µ(F ∩ B(z, r))
µ(B(z, r))

= 0.

Take the smallest k = 0, 1, . . . such that

µ(F ∩ B(z, 2−k t))
µ(B(z, 2−k t))

≤
1
2
. (4.9)

If k = 0, let rz := t so that
1

4Cd
<
µ(F ∩ B(z, rz))

µ(B(z, rz))
≤

1
2
.

If k ≥ 1, let rz := 2−k+1t , and then
µ(F ∩ B(z, rz))

µ(B(z, rz))
>

1
2

and
µ(F ∩ B(z, rz))

µ(B(z, rz))
=
µ(F ∩ B(z, 2−k+1t))
µ(B(z, 2−k+1t))

≤
µ(B(z, 2−k+1t))−µ(B(z, 2−k t) \ F)

µ(B(z, 2−k+1t))

≤
µ(B(z, 2−k+1t))−µ(B(z, 2−k t))/2

µ(B(z, 2−k+1t))
by (4.9)

≤ 1− 1
2Cd

.

Thus in both cases, we have rz ≤ (10λ)−1r f and

1
4Cd

<
µ(F ∩ B(z, rz))

µ(B(z, rz))
≤ 1− 1

2Cd
.

By the relative isoperimetric inequality (3.7) we now obtain

µ(B(z, rz))≤ 8C2
dCPrzH(∂1 IF ∩ B(x, λrz)). (4.10)

Performing the same for every z ∈ D, we obtain a covering {B(z, λrz)}z∈D . By the 5-covering theorem,
we can extract a countable collection {Bj = B(z j , rj )}

∞

j=1 such that the balls λBj are pairwise disjoint
and D ⊂

⋃
∞

j=1 5λBj . For each j ∈ N, define the Lipschitz function

ηj :=max
{

0, 1−
dist( · , 5λBj )

5λrj

}
,

so that ηj = 1 on 5λBj , ηj = 0 outside 10λBj , and the minimal 1-weak upper gradient satisfies
gηj ≤ (5λrj )

−1χ10λBj ; see [Björn and Björn 2011, Corollary 2.21]. Moreover, rj ≤ (10λ)−1r f and
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so ηj ∈ N 1,1
0 (B(x, 2r f )) for all j ∈ N. Now we have

cap1(D, B(x, 2r f ))≤ cap1

( ∞⋃
j=1

5λBj , B(x, 2r f )

)
≤

∞∑
j=1

cap1(5λBj , B(x, 2r f ))

≤

∞∑
j=1

∫
X

gηj dµ≤
∞∑
j=1

µ(10λBj )

5λrj
≤ Cdlog2(10λ)e

d

∞∑
j=1

µ(Bj )

rj

≤ 8Cdlog2(10λ)e+2
d CP

∞∑
j=1

H(∂1 IF ∩ λBj ) by (4.10)

≤ 8Cdlog2(10λ)e+2
d CPH(∂1 IF ∩ B(x, 2r f )).

Thus by (4.8),

r f
cap1(D, B(x, 2r f ))

µ(B(x, r f ))
<

a
2

and so

r f
cap1((IE \ (IF

1
∪ D))∩ B(x, r f ), B(x, 2r f ))

µ(B(x, r f ))

≥ r f
cap1((IE \ IF

1)∩ B(x, r f ), B(x, 2r f ))− cap1(D, B(x, 2r f ))

µ(B(x, r f ))
>

a
2

(4.11)

by (4.7).

Step 3: Now consider z ∈ (IE \ (IF
1
∪ D))∩ B(x, r f ). We have

lim
r→0

µ(E ∩ B(z, r))
µ(B(z, r))

= 1,

and so we can choose 0< t ≤ (20λ)−1r f such that

µ(E ∩ B(z, t))
µ(B(z, t))

>
1
2
.

Note also that for any r ∈ [(20λ)−1r f , (10λ)−1r f ], we have B(x, 2r f )⊂ B(z, 60λr) and so

µ(E ∩ B(z, r))
µ(B(z, r))

≤ Cdlog2(60λ)e
d

µ(E ∩ B(x, 2r f ))

µ(B(x, 2r f ))
≤

1
2

by (4.6). Set rz := 2k t for the smallest k ∈ N such that

µ(E ∩ B(z, 2k t))
µ(B(z, 2k t))

≤
1
2
.

Then we have 0< rz ≤ (10λ)−1r f and

1
2Cd

<
µ(E ∩ B(z, rz))

µ(B(z, rz))
≤

1
2

(4.12)
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and since z /∈ D,
1

4Cd
≤
µ((E \ F)∩ B(z, rz))

µ(B(z, rz))
≤

1
2
.

Then by the relative isoperimetric inequality (3.7), we have

µ(B(z, rz))

rz
≤ 8C2

dCPH(∂1 IE\F ∩ B(z, λrz)). (4.13)

(Note that the right-hand side could be infinity.) Let

A :=
⋃

z∈(IE\(IF 1∪D))∩B(x,r f )

B(z, λrz)⊂ B(x, 2r f ). (4.14)

Consider the covering {B(z, λrz)}z∈(IE\(IF 1∪D))∩B(x,r f )
. By the 5-covering theorem, we can extract a

countable collection {Bj = B(z j , rj )}
∞

j=1 such that the balls λBj are pairwise disjoint and

(IE \ (IF
1
∪ D))∩ B(x, r f )⊂

∞⋃
j=1

5λBj .

Just as in the previous step, for each j ∈ N define the Lipschitz function

ηj :=max
{

0, 1−
dist( · , 5λBj )

5λrj

}
,

so that ηj = 1 on 5λBj , ηj = 0 outside 10λBj , and the minimal 1-weak upper gradient satisfies gηj ≤

(5λrj )
−1χ10λBj . Moreover, rj ≤ (10λ)−1r f and so ηj ∈ N 1,1

0 (B(x, 2r f )) for all j ∈ N. Now we have

cap1((IE\(IF
1
∪D))∩B(x,r f ), B(x,2r f ))≤ cap1

( ∞⋃
j=1

5λBj , B(x,2r f )

)
≤

∞∑
j=1

cap1(5λBj , B(x,2r f ))

≤

∞∑
j=1

∫
X

gηj dµ≤
∞∑
j=1

µ(10λBj )

5λrj
≤Cdlog2(10λ)e

d

∞∑
j=1

µ(Bj )

rj

≤ 8Cdlog2(10λ)e+2
d CP

∞∑
j=1

H(∂1 IE\F∩λBj ) by (4.13)

≤ 8Cdlog2(10λ)e+2
d CPH(∂1 IE\F∩A). (4.15)

Step 4: Next we show that
∂1 IE\F ⊂ (∂

1 IE \ IF
1)∪ ∂1 IF . (4.16)

To see this, note that X \ IF
1
⊂ OF (recall (3.5)) and so IE\F \ IF

1
= IE \ IF

1. Since X \ IF
1 is a 1-finely

open set, it follows that ∂1 IE\F \ IF
1
= ∂1 IE \ IF

1. Moreover, IE\F ∩ fine-int IF =∅ and fine-int IF is
1-finely open, and so ∂1 IE\F ∩fine-int IF =∅. From these, (4.16) follows.

By (4.11) and (4.15),

r f
H(∂1 IE\F ∩ A)
µ(B(x, r f ))

≥
a

16Cdlog2(10λ)e+2
d CP

.



1514 PANU LAHTI

Now by first using (4.16) and the fact that A ⊂ B(x, 2r f ) (recall (4.14)), and then (4.8) and the above
inequality, we get

r f
H((∂1 IE \ IF

1)∩ A)
µ(B(x, r f ))

≥ r f
H(∂1 IE\F ∩ A)−H(∂1 IF ∩ B(x, 2r f ))

µ(B(x, r f ))
> 0.

In particular, there exists a point y ∈ (∂1 IE \ IF
1)∩ A. Recall from (4.5) that 0< r f ≤min{R, s1}/2, and

so W 1
∩ B(x, 2r f )⊂ IF ∩ B(x, 2r f ). Thus

y ∈ (∂1 IE \W 1)∩ B(x, 2r f )⊂ (∂
1 IE \W 1)∩ B(x, s1),

as desired. By the definition of A (recall (4.12), (4.14)) there is a point z∈ X and a radius 0<rz≤ (10λ)−1r f

such that y ∈ B(z, λrz) and
1

2Cd
≤
µ(E ∩ B(z, rz))

µ(B(z, rz))
≤

1
2
.

For s2 := 2λrz ≤ s1/2 we then have B(z, rz)⊂ B(y, s2)⊂ B(z, 3λrz), and so

1

2Cdlog2(3λ)e+1
d

≤
µ(E ∩ B(y, s2))

µ(B(y, s2))
≤
µ(B(y, s2))−µ(B(z, rz))/2

µ(B(y, s2))
≤ 1−

1

2Cdlog2(3λ)e
d

.

This completes the proof of the claim. �

Define r0 = 1. We use the claim repeatedly, first with the choice x = x0 and s1 = r0, to find a sequence
of points x j ∈ B(x j−1, r j−1)∩ ∂

1 IE \W 1 and a sequence of numbers 0< rj ≤ r j−1/2 such that

min
{
µ(B(x j , rj )∩ E)
µ(B(x j , rj ))

,
µ(B(x j , rj ) \ E)
µ(B(x j , rj ))

}
≥

1

2Cdlog2(3λ)e+1
d

for all j ∈ N. By completeness of the space and the fact that W is open, we find x ∈ X \W such that
x j → x . For each j ∈ N we have

d(x, x j )≤

∞∑
k= j

d(xk, xk+1)≤

∞∑
k= j

rk ≤ 2rj .

Thus B(x j , rj )⊂ B(x, 3rj )⊂ B(x j , 5rj ) for all j ∈ N, and so

µ(B(x, 3rj )∩ E)
µ(B(x, 3rj ))

≥
µ(B(x j , rj )∩ E)
µ(B(x, 3rj ))

≥
1

C3
d

µ(B(x j , rj )∩ E)
µ(B(x j , rj ))

≥
1

2Cdlog2(3λ)e+4
d

and similarly

µ(B(x, 3rj ) \ E)
µ(B(x, 3rj ))

≥
µ(B(x j , rj ) \ E)
µ(B(x, 3rj ))

≥
1

C3
d

µ(B(x j , rj ) \ E)
µ(B(x j , rj ))

≥
1

2Cdlog2(3λ)e+4
d

.

Thus

lim sup
r→0

µ(B(x, r)∩ E)
µ(B(x, r))

> 0 and lim sup
r→0

µ(B(x, r) \ E)
µ(B(x, r))

> 0,

and so x ∈ ∂∗E \W, which proves the theorem by the discussion in the first paragraph of the proof. �
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By using another argument involving Lipschitz cutoff functions, it is easy to see that, for any A ⊂ X
and any ball B(x, r),

cap1(A∩ B(x, r), B(x, 2r))≤ CdH(A∩ B(x, r)). (4.17)

Theorem 4.18. Let � ⊂ X be open and let E ⊂ X be µ-measurable with H(∂∗E ∩�) < ∞. Then
H((∂1 IE \ ∂

∗E)∩�)= 0.

Proof. By a standard covering argument (see, e.g., the proof of [Kinnunen et al. 2014, Lemma 2.6]) we
find that

lim
r→0

r
H(∂∗E ∩ B(x, r))

µ(B(x, r))
= 0

for all x ∈� \ (∂∗E ∪ N ), with H(N )= 0. Then by (4.17), also

lim sup
r→0

r
cap1((∂

∗E ∪ N )∩ B(x, r), B(x, 2r))
µ(B(x, r))

≤ Cd lim sup
r→0

r
H((∂∗E ∪ N )∩ B(x, r))

µ(B(x, r))

= Cd lim sup
r→0

r
H(∂∗E ∩ B(x, r))

µ(B(x, r))
= 0

for all x ∈� \ (∂∗E ∪ N ). Thus � \ (∂∗E ∪ N ) is a 1-finely open set. Now by Theorem 4.1,

∂1 IE ∩ (� \ (∂
∗E ∪ N ))=∅

and the result follows. �

Now we can prove our main theorem.

Proof of Theorem 1.1. By Theorem 4.18 we have H(∂1 IE ∩�) <∞. Then by Theorem 1.2 we have
P(E, �) <∞. �

5. Some consequences and discussion

Theorem 1.1 is, in particular, new in Carnot groups, which are a class of connected and simply connected
Lie groups. We point out that the metric space theory we consider is consistent with the Carnot group
theory involving vector fields, since the so-called horizontal Sobolev spaces defined in Carnot groups by
means of distributional derivatives coincide with the Newton–Sobolev spaces defined in metric spaces.
See [Hajłasz and Koskela 2000, Theorems 11.6 and 11.7]. The Lebesgue measure on a Carnot group is
doubling and supports a (1, 1)-Poincaré inequality; see [Hajłasz and Koskela 2000, Proposition 11.17] as
well as [Heinonen et al. 2015, Section 14.2].

We state Federer’s characterization in metric spaces as follows.

Corollary 5.1. Let �⊂ X be open and let E ⊂ X be µ-measurable. Then P(E, �) <∞ if and only if
H(∂∗E ∩�) <∞.

Proof. This follows by combining Theorem 1.1 and (2.4). �

In general, the sets ∂∗E and ∂1 IE can be quite different.
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Example 5.2. Let X = R (unweighted). Let {qj }
∞

j=1 be an enumeration of all rational numbers and let
E :=

⋃
∞

j=1 B(qj , 2− j ). Then L1(IE)≤ 2 and L1(∂∗E)= 0 by Lebesgue’s differentiation theorem. On the
other hand, it is straightforward to check that for any A⊂R, we have ∂1 A= ∂A. Thus ∂1 IE = ∂ IE ⊃R\ IE

and so L1(∂1 IE)=∞.

In the Euclidean setting, the “if” direction of Federer’s characterization is proved by first showing that
almost every coordinate line intersecting IE and OE also intersects ∂∗E ; see [Federer 1969, Section 4.5.11]
or [Evans and Gariepy 1992, pp. 222–226]. Proving this fact relies heavily on the Euclidean structure,
but now we have the following generalization to metric spaces.

Proposition 5.3. Let E ⊂ X be µ-measurable and suppose that H(∂∗E) <∞. Then 1-almost every curve
intersecting IE and OE also intersects ∂∗E.

Proof. By Theorem 1.1, P(E, X) <∞. Then the result follows from [Lahti and Shanmugalingam 2017,
Corollary 6.4]. �

If the above property were true also in the case H(∂∗E) = ∞, this could be useful when proving
generalizations of Federer’s characterization, e.g., to noncomplete spaces. One might expect that when
the measure-theoretic boundary is very large, then it should be “easier” for curves to intersect it. However,
the intersection property turns out to be false in this case.

Example 5.4. Let X = R2 equipped with the Euclidean metric and the weighted Lebesgue measure
dµ :=w dL2, with w(x)= |x |−3/2. It is straightforward to check that w is a Muckenhoupt A1-weight, and
thus µ is doubling and supports a (1, 1)-Poincaré inequality; see, e.g., [Heinonen et al. 1993, Chapter 15]
for these concepts. Let

E := {x = (x1, x2) ∈ R2
: 0< x1 ≤ 2, −x3/2

1 < x2 < x3/2
1 }.

It is easy to check that
∂∗E = {x ∈ R2

: x1 > 0, |x2| = x3/2
1 }

and then that H(∂∗E)=∞. Now consider the curve family 0 consisting of the curves

γr,t(s) := (s, ts3/2), 0< r ≤ 1, −1< t < 1, s ∈ [0, r ].

For all 0< r ≤ 1 and −1< t < 1, clearly γr,t(0) ∈ OE and γr,t(r) ∈ IE , but γr,t does not intersect ∂∗E .
Denote the image of γr,t in X by the same symbol. Let ρ be an admissible function for 0. This means

that
∫
γr,t
ρ dH1

≥ 1 for all 0< r ≤ 1 and −1< t < 1, where H1 is the 1-dimensional Lebesgue measure.
It follows that for every −1< t < 1 and every k ∈ N,

∞∑
j=k

∫
γ1,t |[2− j ,2− j+1]

ρ dH1
=

∫
γ2−k+1,t

ρ dH1
≥ 1,

and so
∞∑
j=1

∫
γ1,t |[2− j ,2− j+1]

ρ dH1
=∞. (5.5)
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Define the sets
Aj := {x ∈ E : 2− j < x1 ≤ 2− j+1

}, j ∈ N.

By the classical coarea formula we have∫
R2
ρ dµ≥

∞∑
j=1

23 j/2−3
∫

Aj

ρ dL2
≥

∞∑
j=1

23 j/2−32−3 j/2
∫ 1

−1

∫
γ1,t |[2− j ,2− j+1]

ρ dH1 dt

= 2−3
∞∑
j=1

∫ 1

−1

∫
γ1,t |[2− j ,2− j+1]

ρ dH1 dt =∞

by (5.5). It follows that Mod1(0)=∞.

It is reasonable to expect Federer’s characterization to find various applications especially in the
metric setting, where certain tools of Euclidean BV theory, such as the Gauss–Green theorem, are not
available. One likely application is in the study of images of sets of finite perimeter under quasiconformal
mappings (see [Kelly 1973] for the Euclidean case), since such mappings are known to preserve the
measure-theoretic boundary (see [Korte et al. 2012, Theorem 6.1]).

Now we discuss some existing applications. From the characterization it follows that the space supports
the following strong relative isoperimetric inequality introduced in [Kinnunen et al. 2012]; compare this
with (2.2) and (3.7).

Corollary 5.6. For every ball B(x, r) and every µ-measurable E ⊂ X, we have

min{µ(B(x, r)∩ E), µ(B(x, r) \ E)} ≤ 2CPCdrH(∂∗E ∩ B(x, λr)).

Proof. We can assume that the right-hand side is finite. By Theorem 1.1 we know that P(E, B(x, λr))<∞,
and now the result follows by combining the relative isoperimetric inequality (2.2) and (2.4). �

In [Kinnunen et al. 2012] the authors worked with the same standing assumptions as we do in the
current paper, but additionally they assumed that the space supports the above strong relative isoperimetric
inequality. Now we know that this does not need to be separately assumed, and the following theorem
[Kinnunen et al. 2012, Theorem 1.1] holds under our standing assumptions (completeness, doubling, and
Poincaré).

Theorem 5.7. Let�⊂ X be a bounded open set and let u ∈ N 1,p(�) with 1≤ p<∞. Then u ∈ N 1,p
0 (�)

if and only if

lim
r→0

1
µ(B(x, r))

∫
�∩B(x,r)

|u| dµ= 0

for Capp-almost every x ∈ ∂�.

Theorem 6.1 in [Lahti and Shanmugalingam 2018] considered an analogous characterization of a class
of BV functions with zero boundary values, also under the additional assumption of a strong relative
isoperimetric inequality. Such a class and the characterization are needed in an ongoing study of new fine
properties of BV functions and capacities, see [Lahti 2019; 2018], and this was in fact a key motivation
for the current paper. The strong relative isoperimetric inequality was also used in proving approximation
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results for BV functions; see [Lahti and Shanmugalingam 2018, Corollary 6.7, Theorem 6.9], as well as
[Lahti and Shanmugalingam 2017, Corollary 7.6] and the comment after it. Now we know that all of
these results hold in every complete metric space equipped with a doubling measure and supporting a
Poincaré inequality.
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SPECTRAL THEORY OF PSEUDODIFFERENTIAL OPERATORS OF DEGREE 0
AND AN APPLICATION TO FORCED LINEAR WAVES

YVES COLIN DE VERDIÈRE

We extend the results of our paper “Attractors for two-dimensional waves with homogeneous Hamiltonians
of degree 0,” written with Laure Saint-Raymond, to the case of forced linear wave equations in any
dimension. We prove that, in dimension 2, if the foliation on the boundary at infinity of the energy shell is
Morse–Smale, we can apply Mourre’s theory and hence get the asymptotics of the forced solution. We
also characterize the wavefront sets of the limit Schwartz distribution using radial propagation estimates.

Introduction

This paper contains new developments of some ideas already introduced in our paper [Colin de Verdière
and Saint-Raymond 2020] concerning the spectral theory of self-adjoint pseudodifferential operators of
degree 0 on closed manifolds. The main motivation comes from the study of forced internal or inertial
waves in physics; see [Bajars et al. 2013; Brouzet 2016; Gostiaux et al. 2006; Maas et al. 1997; Maas and
Lam 1995; Ogilvie 2005; Pillet 2018; Rieutord and Valdettaro 2010; 2018] and many other works. In
what follows, H is a classical self-adjoint scalar pseudodifferential operator of degree 0 on a compact
manifold M of dimension n without boundary, f is a smooth function and the spectral parameter ω is a
real number. The main object to study is the linear forced wave equation

1
i

du
dt
+ Hu = f e−iωt , u(0)= 0. (1)

We are interested in the behaviour of u(t) as t→+∞. Thanks to the spectral theorem, we can relate this
behaviour to the spectral theory of H and hence to the Hamiltonian dynamics of the principal symbol
h : T ?M \ 0→ R, which is a smooth homogeneous function of degree 0. The main tools that we use are
already classical: they are, on one hand, the general theory of pseudodifferential operators, culminating in
the works of Lars Hörmander, Hans Duistermaat [1973], Alan Weinstein [1971; 1975] and many others,
see also [Folland 1989; Dyatlov and Zworski 2019a], and, on the other hand, the theory initiated by Eric
Mourre [1981; 1983] in order to get a flexible way to have a limit absorption principle, see also [Jensen
et al. 1984; Gérard 2008; Cattaneo 2005].

What is the content, beyond that of [Colin de Verdière and Saint-Raymond 2020]? The main result is
Theorem 6.2 where we extend the result of that work to the generic Morse–Smale case, still in dimension 2.
The other new contribution is a precise description in arbitrary dimension of the dynamical assumptions

MSC2010: primary 35B34, 35Q30, 35Q35, 58J40, 76B55; secondary 76B70.
Keywords: forced waves, internal waves, inertial waves, attractors, Mourre theory, spectral theory, limiting absorption principle,

escape functions, pseudodifferential operator, Morse–Smale property.
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allowing one to apply Mourre theory thanks to the Gårding inequality (see Section 3) by constructing a
global escape function.

After recalling general facts on the Hamiltonian dynamics of a homogeneous Hamiltonian h of degree 0
in Section 1 and on the spectral theory of H in Section 2, we give, in Section 3, a necessary and sufficient
condition on the dynamics at infinity, which ensures the existence of an escape function that will be the
key input in order to apply Mourre’s theory thanks to the Gårding inequality. In Section 4, we recall
general facts that we got in [Colin de Verdière and Saint-Raymond 2020] for the forced wave equation
from Mourre’s theory. In Section 5, we use radial propagation estimates (see [Dyatlov and Zworski 2019a;
2019b]), going back to works of Melrose and Vasy, in order to locate the wavefront set of the Schwartz
distribution u∞, which is the limit (modulo bounded functions in L2) of u(t) as t→+∞.

We consider then, in Section 6, the case where M is a surface (n= 2), extending our results of [Colin de
Verdière and Saint-Raymond 2020] to the generic case where the foliation is Morse–Smale and can
have singular points (foci, nodes or saddles). Finally, we consider, in Section 7, the case where M is a
3-dimensional manifold with a free S1-action leaving H invariant, which is important for applications to
physics. We end the paper with a short review of related problems in Section 8 and two Appendices.

1. Hamiltonian of degree 0: classical dynamics

In what follows, we fix the following notation: M is a smooth connected compact manifold of dimension
n ≥ 2 without boundary, q is the generic point of M and |dq| a smooth density on M. The Hamiltonian h
is a smooth positively homogeneous function h : T ?M \0→R. We denote by (q, p) some local canonical
coordinates on T ?M and by extension a generic point of T ?M. The Hamiltonian vector field of h is
denoted by Xh and we fix the “symplectic” conventions so that

Xh =
∂h
∂p
∂q −

∂h
∂q
∂p, Xh f = {h, f }

and denote by 8t the flow of Xh . Because of the homogeneity of h, we have pdq(Xh) = 0 and Xh is
homogeneous of degree −1. Let us fix ω ∈ R and define the energy shell 6ω := h−1(ω). We will assume
in what follows that ω is not a critical value of h and hence 6ω is a smooth conic hypersurface in T ?M \0.
We need to introduce Zω :=6ω/R+, which is a smooth closed manifold of dimension 2n− 2 and will be
seen as the boundary at infinity of 6ω. The vector field Xh defines by projection a conformal class of
vector fields on Zω, which we will call an (oriented) foliation and denote by F. This foliation can admit
singular points corresponding to the lines R+ · (q, p), where Xh is parallel to the cone direction p∂p.
Note that we can and will often reduce ourselves to the case ω = 0 by looking at the Hamiltonian h−ω.

2. Hamiltonian of degree 0: spectral theory

Let us choose a self-adjoint pseudodifferential operator H of degree 0 acting on L2(M, |dq|) and of
principal symbol h. Note that H is a bounded operator. In what follows, all pseudodifferential operators
are “classical”; this means that the symbols do have full expansions in homogeneous functions with
integer degrees. We are mainly interested by the spectral theory of H. As a warm up, we have:
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Theorem 2.1. The essential spectrum of H is the interval J := [h−, h+], with h− := min h and h+ :=
max h.

Proof. If ω ∈ C \ J, then H −ω is elliptic and hence admits an inverse R(ω) modulo compact operators
which can be chosen holomorphic in ω by taking R(ω) :=Op(h−ω)−1, where Op is a fixed quantization
on M :

R(ω)(H −ω)= Id+ K (ω),

with K compact and holomorphic in ω. On the other hand, since H is bounded, (H −ω) is invertible for
large values of ω. It follows from the Fredholm analytic theorem that the operator H −ω is invertible
outside a discrete set where the kernels are finite-dimensional.

On the other hand, if ω ∈ J, with h(q0, p0)= ω and ε > 0 is fixed, choose a small neighbourhood U
of q0 so that, if q ∈U, then |h(q, p0)−ω| ≤ ε. Pick then φ ∈ C∞o (U ) with

∫
M |φ|

2(q) |dq| = 1. Let us
check that, for t large enough,

‖(H −ω)(φei tqp0)‖L2(M) ≤ 2ε. (2)

It follows from the general properties of the principal symbols that

H(φ(q)ei tqp0)= h(q, p0)φ(q)ei tqp0 + O
(1

t

)
.

Take t so that the L2 norm of the remainder is smaller than ε. We get inequality (2) by applying the
triangular inequality. Hence

‖(H −ω)(φei tqp0)‖L2(M) ≤ 2ε‖φei tqp0‖L2(M),

which proves that σ(H)∩ [ω− 2ε, ω+ 2ε] 6=∅. �

3. Escape functions

The key object of this paper is an escape function for h on the energy shell 60:

Definition 3.1. A smooth function k :60→ R, positively homogeneous of degree 1, is called an escape
function if there exists δ > 0 so that the Poisson bracket {h, k} = Xhk is larger than δ on 60.

A key observation is:

Remark 3.2. If we extend k to T ?M \0 as a smooth homogeneous function k̃ of degree 1, then k̃ restricted
to 6ω is still an escape function on 6ω for ω small enough.

We first give a general dynamical assumption on the oriented foliation F which turns out to be
equivalent to the existence of a global escape function. We need some definitions, using the definitions of
Appendix B:

Definition 3.3. We will say that the oriented 1-dimensional foliation F of the manifold Z0 admits a
simple structure (K+, K−) if Z0 = K+ ∪ K− ∪� as a disjoint union where:

• K+ is an attractor of the oriented foliation F, the sink.

• K− is a repellor of the oriented foliation F, the source.
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• All leaves of points in � converge to K+ at “+∞” and to K− at “−∞”; in particular, the basin of
K+ is �∪ K+ and the basin of K− for the reversed orientation of F is �∪ K−.

Definition 3.4. We say that a compact invariant set K+ is weakly hyperbolic, denoted by (WH), if there
exists, in some neighbourhood of K+, a vector field W generating F and a smooth density dµ so that
divdµ(W ) < 0. Similarly for K−, we have divdµ(W ) > 0.

Our main result in this section is:

Theorem 3.5. If the foliation F has a simple structure (K+, K−) with K+ and K− satisfying (WH), then
there exists an escape function.

The converse is true: the existence of an escape function implies that the foliation F has a simple
structure (K+, K−) so that K+ and of K− satisfy (WH). This simple structure is uniquely determined
by F.

3A. Dynamical assumptions implying weak hyperbolicity. Let us choose a vector field W generating F,
whose flow is denoted by φt , t ∈ R, and equip Z0 with a smooth density dµ.

Let us describe properties of closed invariant sets of F from which we can deduce (WH):

(1) If some component of K+ is an isolated point a, the assumption (WH) says that the trace of the
linearized vector field of W at the point a is negative. This is independent of the choice of W. The case
where the singular point is hyperbolic is studied in [Guillemin and Schaeffer 1977]. They show that,
in the generic situation, there exists a pseudodifferential normal form for such points. Independently,
the classical part of this normal form is also described in dimension 2 in [Davydov 1985; Arnold 1983;
Davydov et al. 2008].

(2) If some component of K+ is a closed curve γ , the assumption (WH) says that the modulus of the
determinant of the linearized Poincaré map is< 1. In dimension n= 2, this is equivalent to our assumption
(M2) in [Colin de Verdière and Saint-Raymond 2020].

(3) They are more complicated attractors which satisfy (WH). The Lorenz attractor is one of them: the
vector field generating it has negative divergence.

3B. Construction of an escape function. We construct an escape function assuming that F has a simple
structure with K± satisfying (WH).

3B.1. Escape function near 0+. Let 0± be the subcones of 60 generated by the sets K±. We will
construct in this section an escape function k+ in some conic neighbourhood U+ of 0+. A similar
construction can be done on the basin of 0−.

Let us first construct “polar coordinates” (ρ, θ) on 60, where ρ ∈ R+ \ 0, θ ∈ Z0 and the dilations on
60 act by λ · (ρ, θ)= (λρ, θ):

Lemma 3.6. If W is a given vector field on Z0 generating F, there exist polar coordinates (ρ, θ) ∈
(R+ \ 0)× Z0 on 60 so that

Xh = a(θ)∂ρ +
1
ρ

W.
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Proof. We start with arbitrary polar coordinates (ρ1, θ): for example identify Z0 with the cosphere bundle
S?1 for some Riemannian metric on M and define ρ1(q, p) so that (q, p/ρ1(q, p)) ∈ S?1 . We get, using
the homogeneity of Xh and the fact that W span F,

Xh = a1(θ)∂ρ1 +
1
ρ

W,

with ρ = A(θ)ρ1 and hence ∂ρ1 = A(θ)∂ρ . �

The Liouville measure d L0 := |dq dp/dh| on 60, being homogeneous of degree n, with respect to
dilations, can be written as d L0 = ρ

n−1
|dρ| dµ, where dµ is a smooth measure on Z0.

The fact that

divd L0(Xh)= 0

can be rewritten as

(n− 1)a+ divµ(W )= 0. (3)

The assumption (WH) implies that we have a smooth > 0 function F defined near K+ so that

divFµ(W )=
d F(W )

F
+ divµ(W )≤−c < 0.

Then, if k+ := F−1/(n−1)ρ, we get

dk+(Xh)=−
1

n− 1
F−1/(n−1)

(
d F(W )

F
− (n− 1)a

)
,

which is equal to

dk+(Xh)=−
1

n− 1
F−1/(n−1) divFµ(W ),

and we get that the function k+ is an escape function in some conical neighbourhood of 0+. �
We define similarly k− := −F−1/(n−1)ρ.
Note that k+ tends to +∞ as z tends to K+ viewed as a set of points at infinity of 60. We have also

k+ ∼ 〈p〉 from the definition and the fact that F is positive.
Similarly, the function k− defined near 0− tends to −∞ as z tends to K−.

3B.2. Extension to60. We choose a positive function m on60 which is smooth, homogeneous of degree 0
and equal to m± := {h, k±} in some conical neighbourhoods U± of 0±. It follows from Proposition B.2(3)
that we can choose U+ so that 8t(U+)⊂U+ for t ≥ 0 and similarly for U−.

Let z be in the basin of 0+ and define

l+(z)= lim
t→+∞

(
k+(8t(z))−

∫ t

0
m(8s(z)) ds

)
.

The limit exists because the expression of which we take the limit is independent of t for t large enough.
Moreover the limit is smooth: if z is given and8T (z)∈U+ for all T ≥ T0, there exists a neighbourhood V
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of z so that 8T0(V )⊂U+ and hence 8T (V )⊂U+ for all T ≥ T0. We have then, for w ∈ V,

l+(w)= k+(8T0(w))−

∫ T0

0
m(8s(w)) ds,

which is clearly smooth.
We define similarly l−. The functions l± are escape functions in the basins of 0± and satisfy in the

respective basins {h, l±} = m.
Let 00 be the cone 00 := {l+ = 0}, which is smooth and transversal to Xh because dl+(Xh)= m > 0.

On 00 we have now the two functions l±. The difference δ(z)= l+(z)− l−(z) is homogeneous of degree 1
and is constant along the flow lines. We will define k on the Hamiltonian trajectories t→8t(z) starting
from z ∈ 01

0 := {g
?
= 1} ∩00. For further use, we denote by S this hypersurface of T ?M. The set 01

0 is
compact and hence the function |δ| is bounded by some constant C > 0 on it. Let us put m0 :=min m > 0
and let ψ : R→ R be a smooth function satisfying

• ψ(t)= 0 if t ≤ 0,

• ψ(t)= 1 if t ≥ 4C/m0,

• |ψ ′| ≤ m0/2C .

We define now, for z ∈ 01
0 ,

k(φt(z))= (1−ψ(t))l−(8t(z))+ψ(t)l+(8t(z)).

The derivative of k with respect to Xh is then equal to m +ψ ′(l+− l−) ≥ m0/2. We then extend k by
homogeneity.

3C. Deriving the properties of F from the existence of an escape function. In what follows, we assume
only the existence of an escape function k.

Let us give a construction of 0± using only the dynamics of Xh . We will see that these sets are defined
independently of the choice of k: 0+ is the set of points z ∈60 so that there exists t0 < 0 with 8t(z)→ 0
as t→ t+0 ; i.e., the trajectory of Xh is not complete as t→−∞. We similarly define 0− with t1 > 0. We
define K± so that they generate the cones 0±. Note that 0+ ∩0− =∅: if not, let z ∈ 0+ ∩0−, and then
8t(z) tends to the zero section of T ?X as t = t0+ 0, because the Hamiltonian flow is complete near the
infinity of T ?X. 8t(z) tends also to the zero section as t = t1−0. This is not possible because the escape
function tends to 0 at the zero section and is monotonic along the orbits.

Let us recall that we view K± as sets at infinity of the energy shell, namely the bases at infinity of the
cones 0±.

Proposition 3.7. The picture of the dynamics is as follows:

• If z ∈60\(0+∪0−), then8t(z) is defined for all t ∈R, 8t(z)→ K+ as t→+∞ and8t(z)→ K−
as t→−∞.

• If z ∈ 0+, then 8t(z) is defined for all t > t0(z), 8t(z)→ K+ as t → +∞ and 8t(z)→ 0 as
t→ t0(z).
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• If z ∈ 0−, then 8t(z) is defined for all t < t0(z), 8t(z)→ K− as t → −∞ and 8t(z)→ 0 as
t→ t0(z).

Proof. Let us choose a metric g on M and consider the set C0 := k−1(0)∩ (g?)−1(1), where g? is the dual
metric. The set C0 is a generating set for the cone C := k−1(0). If z ∈ C0, the trajectory t→ 8t(z) is
complete, because t→ k(8t(z)) is strictly monotonic and hence does not tend to the zero section where
k = 0 at t =±∞. Conversely, every complete trajectory cuts C0 exactly in one point. This way we get a
subset S of 60 generating 60 \ (0+ ∪0−):

S := {8t(z) | z ∈ C0, t ∈ R}.

The orbits sitting in S have no limit points in S because the flow derivative of k is bounded below by some
positive number. Let us consider the projections on Z0 of S, 0+ and 0+, say �, K+ and K−. We have a
disjoint union Z0 =�∪ K+ ∪ K−. Each set is invariant by the foliation. Let us look at a leaf γ in �: γ
has no limit points in � (because the foliation in � is diffeomorphic to the flow foliation in C). The limit
points are then in K+ ∪ K−. We have 0+ ⊂ {k > 0} and 0− ⊂ {k < 0}. Hence the limit points at +∞
are in K+ and the limit points at −∞ are in K−. The set K+ is an attractor: it is enough to consider the
neighbourhoods UN of K+ which are the projections of the sets ({k ≥ N } ∩C)∪0+. �

Let us show that the existence of an escape function implies that K+ satisfies (WH): we choose polar
coordinates (ρ, θ) near 0+ with ρ = k and we have, from the equations derived in Section 3B.1, that
dk(Xh)= a > 0 and hence divµ W =−a/n < 0: all components of K+ satisfy (WH). A similar argument
works for K−.

3D. Radial sink and sources. Let us recall and introduce some notation: the radial compactification of
T ?M is denoted by T ?M and the boundary at infinity which we can identify with the sphere bundle is
S?M := T ?M/R+. The compactification of 60 is 60 with the boundary at infinity Z0 = S60 ⊂ T ?M.

Let us rephrase Definition E.52 of [Dyatlov and Zworski 2019a] in our context:

Definition 3.8. Let us introduce the symbol r = −kh, with k, an escape function (homogeneous of
degree 1), and denote by ψt the flow of r extended to the boundary. The compact set K− ⊂ Z0 is a radial
source for r if there exists a neighbourhood U ⊂ T ?M of K−, so that, uniformly for z ∈U :

(1) For t ≤ 0, |k|(ψt(z))≥ Ceθ |t | for some C, θ > 0.

(2) ψt(z)→ K− as t→−∞.

We have:

Proposition 3.9. If k is an escape function, K− is a radial source for r =−kh.

Proof. In the domain where k < 0, in particular near K−, we have Xr = |k|Xh − hXk . The vector field Xr

is homogeneous of degree 0 and hence projects onto S?M. We denote by Yr this projection. Note that Yr

is tangent to Z0, where it generates the foliation F.

(1) We have Xr (|k|)= |k|Xh|k| ≤ −δ|k|. This implies that in a neighbourhood U0 of K−, where k ≤−1,
for t ≤ 0, we have |k|(ψt(z))≥ Ceδ|t |.
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(2) Let us choose V0 a neighbourhood of K− inside S?M as follows: we choose first a neighbourhood V1

of K− in Z0, with a smooth boundary, so that Yr is outgoing and transversal to the boundary; take V1 as
the closure of the projection of the sets {k ≤−b} ∩ S for b large enough with S defined in Section 3B.2.
We take for V0 a neighbourhood of K− in S?M which is of the form {exp(uYr )(m) | m ∈ V1, |u| ≤ a}.
If a is small enough, the vector field Yr is transversal and outgoing at the boundary of V0, because
Yr (h) = h{h, k} and {h, k} ≥ δ > 0. Hence we get a repellor L− :=

⋂
t≤0 ψt(V1). The repellor L−

contains K− and being invariant by the dynamics of Yr restricted to Z0 is equal to K−. We then take
for U1 a small neighbourhood of V0 in T ?M and we get (2) by taking for U in the definition of a radial
source the intersection U0 ∩U1. �

4. Applying Mourre’s theory

Let us first recall some results of [Colin de Verdière and Saint-Raymond 2020]. Let us fix ω = 0 for
simplicity and assume that there exists an escape function k on the energy shell60. Then k can be extended
to T ?M \ 0 as an escape function in the cone |h| ≤ a with some a > 0. Let K be a self-adjoint operator
of degree 1 of principal symbol k. Using the Gårding’s inequality (see [Folland 1989, pp. 129–136]),
one gets that K is a conjugate operator in the sense of Mourre: if J is a small enough open interval
containing 0 and πJ is the spectral projector of H associated to the interval J, then

iπJ [H, K ]πJ ≥ cπJ + R,

where c > 0 and R is compact. Moreover the operator H is K -smooth; i.e., the map t→ ei t K He−i t K is
smooth with values into the bounded self-adjoint operators. Let us define the K -Sobolev spaces, denoted
by Hs

K, in the usual way using the s-powers of (1+ K 2)1/2. The usual Sobolev spaces will be denoted
by Hs. Let us give a comparison between the K -Sobolev spaces and the usual ones. There is a shift in
the exponents due to the fact that the pseudodifferential calculus does not apply to nonelliptic operators
like K.

Lemma 4.1. If f ∈H1, then f ∈Hs
K for any s ≤ 1. If f ∈H−1

K , then f ∈H−s for any s ≤−1.

Proof. If f ∈H1, then 〈(1+ K 2) f | f 〉<∞ because K 2 is a pseudodifferential operator of order 2 and
hence f ∈H1

K . The other inclusion follows by duality with respect to the L2 product. �

It follows then from Mourre theory [Mourre 1981; 1983; Jensen et al. 1984; Gérard 2008] that:

Theorem 4.2 (Mourre). The operator H has a finite number of eigenvalues in J, and they have finite
multiplicity. Assuming that 0 is not an eigenvalue, the resolvent (H − z)−1 defined for =z > 0 admits a
boundary value ω→ (H −ω− i0)−1 for ω real, close to 0, which, for any ε > 0, is Hölder continuous
for some positive Hölder exponent, depending on ε, from the Sobolev space H1/2+ε

K into H−1/2−ε
K for all

ε > 0.
Moreover, if 5− is the spectral projector on the negative part of the spectrum of K, then f ∈H1+ε

K
implies 5−((H − i0)−1 f ) ∈ L2.

It follows then in our context:
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Theorem 4.3 [Colin de Verdière and Saint-Raymond 2020]. Assuming the existence of an escape function
at ω = 0 and that 0 is not an eigenvalue of H, then the solution u(t) of the forced wave equation (1) with
a smooth forcing f can uniquely be written as

u(t)= u∞+ η(t)+ r(t),

where

• u∞ = (H − i0)−1( f ) belongs to H−1/2−ε
K ⊂H−1 for all ε > 0,

• η(t)→ 0 in H−1/2−ε
K ⊂H−1 for all ε > 0,

• The function t→ r(t) is bounded in L2 has a Fourier transform vanishing near 0,

• ‖u(t)‖2L2 ∼ ct as t→+∞ with in general c > 0.

5. Using radial source and sink propagation results

5A. Wavefront set of u∞. We will now derive results on the distribution u∞ using the radial propagation
estimates of Dyatlov and Zworski, based on earlier ideas of Richard Melrose [1994] and Andras Vasy
[2013].

Theorem 5.1. The wavefront set of u∞ is contained in the cone 0+.

Proof. The result follows from the argument explained in the revised version of [Dyatlov and Zworski
2019b, Section 3.1]. This uses only the fact that K− is a source (see Section 3D). They introduce an
operator 〈D〉 which is elliptic self-adjoint invertible of degree 1. We choose it so that its principal symbol
near 0− is |k|. They introduce then

vε := 〈D〉−1/2(H − iε)−1
〈D〉−1/2(g),

with g = 〈D〉1/2( f ) and uε = (H − iε)−1( f )= 〈D〉1/2vε . Using a refined version of Theorem E.54 of
[Dyatlov and Zworski 2019a], they show that there exists A, elliptic near 0− of degree 0, so that, for any
s, the norms ‖Avε‖s are uniformly bounded in ε > 0. We need to use here, in inequality (3.2) of [Dyatlov
and Zworski 2019b], that ‖vε‖−N is bounded; we know it from Mourre theory for N ≥ 1. Passing to the
limit which is known to exist in H−1 by Theorem 4.3, we get that u∞ is smooth near 0−. The usual
propagation of singularities applied to the equation Hu∞ ∈ C∞ gives the result. �

Proposition 5.2. If Hu = 0 and u ∈ L2(M), then u is smooth.

Proof. It follows from Exercise 33 in Appendix E7 of [Dyatlov and Zworski 2019a] that u is smooth near
0− and changing H into −H, u is also smooth near 0+. �

Remark 5.3. In the case n = 2, not all closed conical invariants subsets of 0+ can be wavefront sets of
some u∞. If the wavefront set contains the line generated by a (ws) saddle point, it contains also one of
the two branches of the associated unstable manifold and hence, being closed, also an attractive invariant
set. This is proved in [Guillemin and Schaeffer 1977], at least for generic cases.
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5B. Sobolev regularity of u∞. We saw in Section 4 that u∞ belongs to H−1. Let us show that the radial
sink estimates of [Dyatlov and Zworski 2019a] allow to get:

Theorem 5.4. Under the assumption of the existence of an escape function, we have, for all ε > 0,
u∞ ∈H−1/2−ε.

Proof. We use the fact that K+ is a sink as defined in [Dyatlov and Zworski 2019a, Definition E.52]: this
is proved exactly the same way that we proved that K− is a source in Section 3D, or just by reversing the
orientations. We use then Theorem E.56 of [Dyatlov and Zworski 2019a] directly for the operator H
knowing already that u∞ is smooth away from 0+. Replacing 〈ξ〉 by 〈k+〉 we see that the threshold
condition (E.5.44) is satisfied for s <−1

2 . �

6. The 2-dimensional case

In this section n = 2.

6A. Morse–Smale foliation.

Definition 6.1. A hyperbolic singular point of F is called weakly stable if the trace of the linearization
of any smooth vector field generating F is < 0. We define similarly weakly unstable hyperbolic singular
points. We denote these properties respectively by (ws) and (wu).

Note that if dh 6= 0 on 60, any saddle point is either weakly stable or weakly unstable depending on
whether Xh is pointing to infinity or not; this follows from (3) where a 6= 0.

Let us recall that a vector field on a surface is Morse–Smale if the nonwandering points are singular
hyperbolic points and closed hyperbolic cycles and there is no saddle connection, i.e., there is no leave
whose both limit points are saddle points. We extend this definition to oriented foliations of surfaces by
choosing any vector field generating the foliation.

Theorem 6.2. Let n be equal to 2. Let us assume that the foliation F is Morse–Smale. Then there exists
an escape function. The set K+ is the union of all the attracting cycles and points and all the unstable
manifolds of the (ws) saddle points. The set K− is constructed in a similar way.

Remark 6.3. Any generic foliation of a closed surface satisfies the previous properties: Maurício Peixoto
proved in the sixties that Morse–Smale vector fields on surfaces are generic; see [Palis and de Melo 1982,
Chapter 4] for a detailed proof. As pointed out to me by Sylvain Courte, this genericity property extends
to our context, i.e., to singular foliations of a surface embedded in a contact manifold, as it is proved in
the Ph.D. thesis of Emmanuel Giroux [1991, Lemme 1.3].

Proof. Note first that K+ and K− are compact. They are also disjoint because there is no saddle connection.
Let us prove that K+ is an attractor. Let K0 be the union of the attracting component of K+. The

compact set K0 itself is an attractor. Let us assume for simplicity that there exists an unique (ws)
saddle-point b. Near b the foliation has a local normal form: the level sets of the function xy in a ball B
contained in R2

x,y with the orientation given by x∂x − y∂y . Let us consider a neighbourhood U0 of K0

satisfying the conclusion of Proposition B.2. The basin of K0 is the complement in Z0 of the union of all
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unstable cycles and all the stable manifolds of the saddle points. In particular by taking φ−T (U0) with T
large enough instead of U0 one can assume that U0 contains L := {|x | ≥ a, |y| ≤ b} ∩ B with a, b > 0.
Let us take now for the neighbourhood of K+ the set U :=U0 ∪ L . Clearly

⋂
t≥0 φt(U )= K+.

Remark 6.4. K0 ∪ {b} is not an attractor!

Let us fix a density dµ on Z0 and construct a vector field W generating F near K+ whose divergence
is nonpositive on K+. First, we construct a vector field Wb with div(Wj ) < 0 in some neighbourhood Ub

of each (ws) saddle point b. We construct also (see Appendix A.2) a vector field Wa in the basin of each
attractive cycle or point a with nonpositive divergence. Let us choose a positive function la tending to
+∞ at the boundary of the basin of a. Then, for La large enough the set {la ≥ La} intersects the unstable
manifolds Yj of each (ws) saddle point bj inside Ubj . We choose χa ∈ C∞o (R, [0, 1]) so that χa(s)= 1
for 0≤ s ≤ La and χ ′a(s)≤ 0 for s ≥ 0. Then we take

W =
∑

a

(
(χa ◦ la)Wa +C

∑
bj (ws)

ψj Wbj

)
where ψj satisfies

• ψj ∈ C∞0 (Ubj , R+),

• ψj = 1 on {la ≥ La} ∩ Yj ,

• dψj (W )≤ 0 on Yj ∩Ubj ,

and C � 1. This smooth vector field is well-defined near K+ and has negative divergence on K+. �

6B. Lagrangian distributions associated to hyperbolic closed leaves. Let 0 ⊂ T ?X \ 0 be a conic
component of 0+ generated by a closed hyperbolic cycle K+,0 of the foliation F. The cone 0 is a conic
Lagrangian submanifold of T ?X \ 0: the Euler identity implies ω(Xh, p∂p) = 0. A theorem of Alan
Weinstein [1971] implies that there is a homogeneous canonical transformation χ defined in a conic
neighbourhood C of 0 whose image is a conic neighbourhood of the zero section of T ?0 and so that
χ(0) is the zero section of T ?0. More precisely χ restricted to 0 identifies 0 to the zero section of its
own cotangent bundle. Taking polar coordinates (x, η) ∈ (R/Z)× (R+ \ 0) on the cone 0, the cotangent
bundle of 0 admits coordinates (x, η; ξ, y) with the symplectic form dξ ∧ dx + dy ∧ dη. Note that they
are not the symplectic coordinates of T ?X, but those of T ?0! Let X0 be defined as X0 := (R/2πZ)x×Ry .
The symplectic map (x, η; ξ, y)→ (x,−y; ξ, η) from T ?0 onto T ?X0 identifies T ?0 with T ?X0. With
this identification, 0 is moved into 00 = {y = 0, ξ = 0}, which is the conormal bundle of the circle of
γ0 ⊂ X0 defined by y = 0. The Hamiltonian vector field X0 of h0 := h ◦χ−1 preserves 00. Along 00, it is
then given by X0 = ∂ξh0∂x − ∂yh0∂η and there ∂x h0 = ∂ηh0 = 0. Because the foliation F is nonsingular
near K+,0, we have ∂ξh0 6= 0. Hence the image of the energy shell 60 is given by ξ/η = F(x, y). The
projection π : Z0→ X0 is a local diffeomorphism near K+,0. Because it is a diffeomorphism on the
cycle K+,0, it is even a global diffeomorphism.

Using the tools introduced by Alan Weinstein [1975], we can build an FIO microlocally unitary
U : L2(X) → L2(X0,M) with M a flat bundle, called the Maslov bundle, so that U HU ?

− K is
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smoothing in C and σp(K )= h ◦χ−1, sub(K )= 0. We are then reduced to the case already studied in
[Colin de Verdière and Saint-Raymond 2020] where the projection of γ onto M is a diffeomorphism.

This proves, following then [Colin de Verdière and Saint-Raymond 2020]:

Theorem 6.5. If 0 is a component of 0+ generated by a closed hyperbolic stable cycle of F, the
distribution u∞ is microlocally near 0 a Lagrangian distribution.

7. The 3-dimensional case with S1 invariance

Quite often in physical situations, there is an invariance of the problem by rotation or translation: internal
waves in some canal [Maas and Lam 1995], inertial waves inside the earth or some stars [Rieutord and
Valdettaro 2018], etc. We will study the case where M = Nq×S1

θ is a 3-manifold with the canonical action
of S1 by translation on the second factor. We denote by (q, p; θ, τ ) some local canonical coordinates on
T ?M and assume that N is equipped with a smooth density |dq| and M with |dq dθ |. Let us give a smooth
Hamiltonian h = h(q, p, τ ), homogeneous of degree 0, on T ?M \ 0 and a self-adjoint pseudodifferential
operator of degree 0, H, of principal symbol h, acting on L2(M, |dq dθ |). We assume that H commutes
with the S1-action. The operator H is then a direct sum of operators on M :

H =
⊕
n∈Z

Hn,

where Hn acts on L2(N , |dq|) as a self-adjoint pseudodifferential operator of principal symbol hn(q, p) :=
h(q, p, n) which is also equal to h(q, p/n, 1) if n 6= 0.

The spectrum of H is clearly the closure of the union of the spectra of the Hn’s.

7A. Spectra of H and the Hn’s. Let us define h0(q, p) := h(q, p, 0) and h1(q, p)= h(q, p, 1). Note
that h1 is a smooth symbol of degree 0 on T ?N which is asymptotic to h0 at infinity. The essential
spectrum of H is the interval I∞ := [a∞, b∞], where a∞= inf h1 and b∞= sup h1. The essential spectrum
of the Hn’s is quite different: from the identities

h(q, p, n)= h
(

q,
p
|p|
,

n
|p|

)
= h0(q, p)+ O

(
1
|p|

)
,

one gets that the principal symbol of Hn is h0. Hence the essential spectrum of any of the Hn’s is
I0 := [a0, b0], where a0 = inf h0 and b0 = sup h0. Note that we have I0 ⊂ I∞ and they are often identical
in the applications to physical problems.

We are interested in more precise properties of the spectra: we claim that, in I∞ \ I0, the spectrum
of H is pure point dense; i.e., there is a basis of L2 pairwise orthogonal eigenfunctions. Moreover the
eigenvalues of Hn obey a Weyl rule when n→∞. One expects that the spectrum has no embedded
eigenvalues in the interior of I0. But quasimodes of the type “well in an island” are possible if the
dynamics of h1 has stable bounded invariant sets (see Section 7B).
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Theorem 7.1 (Weyl law). The spectra σ(Hn) of the operators Hn in I∞\ I0 are discrete. For any compact
interval J included in I∞ \ I0, we have

#{σ(Hn)∩ J } ∼n→∞
n2

4π2 vol({q, p | h1(q, p) ∈ J }),

where the volume is defined with the Liouville measure on T ?N and the eigenvalues of Hn in J are counted
with multiplicities.

Proof. The full symbol of H can be written as

h̃ = h(q, p, τ )+
∞∑
j=1

kj (q, p, τ ),

with kj homogeneous of degree j . Hence Hn can be viewed as a semiclassical pseudodifferential operator
on N of semiclassical symbol

h̃n = h1(q, h̄ p)+
∞∑
j=1

h̄ j kj (q, h̄ p, 1),

with h̄ = 1/n. The theorem follows hence from the semiclassical Weyl asymptotics. �

7B. Classical dynamics. We will assume that the frequency ω = 0 is fixed and the 2-dimensional
Hamiltonian h0(q, p) := h(q, p, 0) admits an escape function. We will look at the dynamics of h1 :=

h(q, p, 1). Note that the dynamics of h reduces on each set τ = a with a 6= 0 to that of h1 by some
simple rescaling of the time. Moreover

lim
p→∞

h1(q, p)= h0(q, p).

Near infinity the dynamics still admits an escape (Lyapunov function) and hence the orbits, if they come
close enough to infinity, will converge to K+ at +∞ and K− at −∞. The dynamics t → φt of h1 is
hence complete. We split the phase space into three pieces: T ?M =�∪C+ ∪C−, where

• � is the set of (q, p) so that φt(q, p)→ K± as t→±∞,

• C+ is the set of (q, p) so that φt(q, p) stays bounded for t ≥ 0,

• C− is the set of (q, p) so that φt(q, p) stays bounded for t ≤ 0.

Finally, we define C :=C+∩C−, the set (q, p) so that φt(q, p) stays bounded for t ∈R. In the literature,
C is called the trapped set.

It could happen that C supports some quasimodes associated to the semiclassical parameter 1/n.
Generically, these quasimodes are not close to true L2-eigenfunctions because such eigenfunctions do not
exist. They are still visible in the wave dynamics for a very long time. . .

8. Open problems

There are still many open problems. Let us describe a few of them:
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• How does the spectral picture extend outside the intervals with a.c. spectra? This problem is already
not solved in the simple case where Z0 is a 2-torus, assuming the existence of a global transversal to the
foliation, and the Poincaré map loses its hyperbolicity in a generic way.

• More generally, can we study what happens at the critical values of h assuming that this function is
Morse or even Morse–Bott on S?M?

• What can we do in the case of a manifold with boundary? In particular, can we say something in the
case of a polygon which is studied in the experiments of the Thierry Dauxois’s team [Brouzet 2016].

• Prove the generic absence of embedded eigenvalues.

• Consider the viscous case, namely the forced equation

du
dt
+ i Hu− σ1u = f e−iωt , u(0)= 0. (4)

where σ is a positive number and 1 is the Laplacian associated to some Riemannian metric on M. Study
the “small viscosity” limit σ → 0? In particular, do the limits σ → 0+ and t→+∞ commute?

• There is a discrete analogue of Mourre’s theory for unitary maps; see for example [Fernández et al.
2013]. What can be said from the spectral theory of the unitary action of a diffeomorphism of a closed
manifold on half-densities? For example, what is the spectral theory of a diffeomorphism of the circle
with irrational rotation number which is not C1-conjugated to a rotation?

Appendix A: Divergences

A1. Formulae. Let us give a smooth vector field W whose flow is denoted by φt , t ∈ R, and a smooth
density dµ. The divergence of W with respect to dµ is the function defined by

divdµ(W ) :=
LW dµ

dµ
,

where the Lie derivative LW dµ is defined by

LW dµ :=
d
dt |t=0

φ?t (dµ).

Cartan’s formula gives

divdµ(W )=
d(ι(W )dµ)

dµ
,

where ι( · ) is the inner product. In particular, we get the useful formulae

divdµ( f W )= d f (W )+ f divdµ(W ),

divgdµ(W )=
dg(W )

g
+ divdµ(W ).



SPECTRAL THEORY OF PSEUDODIFFERENTIAL OPERATORS OF DEGREE 0 1535

A2. Extending vector fields with negative divergence.

Lemma A.1. Let us assume that the invariant compact set K admits a smooth (Liapounov) function l
defined in the basin B of K with dl(W ) < 0 outside K and l(K )= 0 and l→+∞ at the boundary of B
(this is the case in particular if the attractor K is hyperbolic). If the vector field W satisfies divdµ(W ) < 0
in some open neighbourhood V of K, then there exists a vector field W1 = FW in B, so that F > 0 and
divdµ(W1) < 0 in B.

Proof. Let us choose r > 0 so that {l ≤ r} ⊂ V. It is enough to take F = 1 in {l ≤ r} and, for any x ∈ B
with l(x)= r and any t ≥ 0,

F(φt(x)) := e
∫ t

0 8(φs(x)) ds,

with 8 smooth, 8= 0 near l(y)≤ r and, for all y with l(y) > r , 8(y) <− divdµ(W )(y). �

Appendix B: Attractors and their basins

We give here some useful definitions and elementary properties of dynamical systems. We consider
a smooth closed manifold X with a smooth vector field V whose flow is the 1-parameter group of
diffeomorphisms of X denoted by φt , t ∈R. The definitions and statements are taken from [Hurley 1982].
We have the following:

Definition B.1. (1) If K ⊂ X is a compact invariant set, i.e., a subset of X preserved by the flow, K is
called an attractor if there exists an open neighbourhood U of K in X so that K =

⋂
t≥0 φt(U ).

(2) If K is an attractor, the basin of K is the set of points x so that φt(x)→ K as t→+∞.

(3) A point x ∈ X is wandering if there exists a neighbourhood U of x so that φt(U )∩U =∅ for t large
enough.

The set of wandering points is open. The basins are open subsets of X. We will need the following
properties [Hurley 1982, Lemma 1.6]:

Proposition B.2. If K is an attractor, and V a neighbourhood of K, there exists an open set U satisfying:

(1) K ⊂U ⊂ V.

(2)
⋂

t≥0 φt(U )= K .

(3) For all t ≥ 0, we have φt(U )⊂U .

The convergence of φt(m) to K is uniform on every compact subset of the basin of K.

The previous sets are the same for V and f V , where f : X→ ]0,+∞[ is smooth. They can therefore
be defined for a 1-dimensional oriented foliation generated by a smooth vector field. In particular the
open set U of the previous proposition is independent of f .
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We show that the derivative nonlinear Schrödinger (DNLS) equation is globally well-posed in the weighted
Sobolev space H 2,2(R). Our result exploits the complete integrability of the DNLS equation and removes
certain spectral conditions on the initial data required by our previous work, thanks to Zhou’s analysis
(Comm. Pure Appl. Math. 42:7 (1989), 895–938) on spectral singularities in the context of inverse
scattering.
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1. Introduction

We prove global well-posedness of the Cauchy problem for the derivative nonlinear Schrödinger (DNLS)
equation { iut + uxx − iε(|u|2u)x = 0, ε =±1,

u(x, t = 0)= u0(x),
(1-1)

with initial condition u0 in the weighted Sobolev space

H 2,2(R)= {u ∈ L2(R) : u′′(x), x2u(x) ∈ L2(R)}.

In contrast to previous work using PDE methods [Fukaya et al. 2017; Hayashi and Ozawa 1992; Wu 2015],
we impose no upper bound on the L2-norm of the initial data (although we require more smoothness and
decay than these authors), and in contrast to previous work using completely integrable methods [Jenkins
et al. 2018a; 2018b; Lee 1989; Liu et al. 2016; Pelinovsky et al. 2017], we make no spectral restrictions
to “generic initial data” that rule out singularities of the spectral data associated to the initial condition.
We use the complete integrability of DNLS discovered by Kaup and Newell [1978]. As we will explain,
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an essential ingredient of our work is Zhou’s approach [1989a; 1998] to inverse scattering with arbitrary
spectral singularities building on the work of [Beals and Coifman 1984]; to our knowledge, the present
paper constitutes the first application of these techniques to global well-posedness questions for integrable
PDEs that involves no spectral assumptions on the initial data. This is significant in that Zhou’s methods
are quite general and are likely applicable to well-posedness questions for other integrable PDEs in one
space dimension.

To describe our results more precisely, we recall that the invertible gauge transformation

G(u)(x)= u(x) exp
(

iε
∫
∞

x
|u(y)|2 dy

)
maps solutions of (1-1) to solutions of{ iqt + qxx + iεq2q̄x +

1
2 |q|

4q = 0, ε =±1,

q(x, t = 0)= q0(x).
(1-2)

Equation (1-2) is more directly amenable to inverse scattering. It is shown in [Colliander et al. 2002]
that G is a continuous map from H s to H s, s > 1

2 . It is straightforward to check that it is a locally
Lipschitz continuous map from H 2,2(R) to itself. Indeed, setting ψ(u) =

∫
∞

x |u(y)|
2 dy and writing

G(u)= u+ (eiεψ
− 1)u, it is sufficient to prove the map u 7→ eiεψ is Lipschitz continuous from H 2,2(R)

into W 2,∞(R) and apply the Leibnitz rule. In particular, one easily proves that

‖1− eiε
∫
∞

x (|u(y)|2−|v(y)|2) dy‖W 2,∞ . ‖u− v‖H2,2,

where the implied constants may depend on ‖u‖H2,2 and ‖v‖H2,2 . Global well-posedness in H 2,2(R) for
(1-1) and (1-2) are thus equivalent. In the following, we fix ε =−1, since solutions of (1-2) with ε = 1
are mapped to solutions of (1-2) with ε =−1 by q(x, t) 7→ q(−x, t). The main result of the paper is the
following theorem:

Theorem 1.1. Suppose q0 ∈ H 2,2(R). There exists a unique solution q(x, t) of (1-2) with q(x, t = 0)= q0

and t 7→ q( · , t) ∈ C([−T, T ], H 2,2(R)) for every T > 0. Moreover, the map q0 7→ q is Lipschitz
continuous from H 2,2(R) to C([−T, T ], H 2,2(R)) for every T > 0.

The Cauchy problem for (1-1) is locally well-posed in H 1(R) as well as in weighted spaces H m,0
∩H 0,m

(m ≥ 1) and it is globally well-posed for small initial data [Tsutsumi and Fukuda 1980; Hayashi and
Ozawa 1992]. More precisely, it was proved in [Hayashi and Ozawa 1992] that for any initial condition
u0 ∈ H 1(R) such that ‖u0‖L2 <

√
2π , global well-posedness holds in H 1(R). The smallness condition

was recently improved to ‖u0‖L2 <
√

4π (or ‖u0‖L2 =
√

4π with additional conditions on initial data)
[Wu 2015; Fukaya et al. 2017].

The present paper also builds on previous work of the coauthors which proved global well-posedness of
the DNLS equation for initial conditions u0 in weighted Sobolev spaces under some additional conditions
that exclude the so-called spectral singularities [Jenkins et al. 2018b; Liu 2017; Pelinovsky et al. 2017]. In
this context, we proved global well-posedness for data in an open and dense set of H 2,2(R) which allows
finitely many resonances, which refer to eigenvalues away from the continuous spectrum but no spectral
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singularities, and also established the long-time behavior of solutions in the form of the soliton resolution
[Jenkins et al. 2018a]. We will discuss precisely in Section 2 the meaning of spectral singularities. In the
present paper, we remove all spectral assumptions on the initial data and obtain global well-posedness of
the DNLS equation for general initial condition in H 2,2(R).

Our approach is inspired by the work of Zhou [1989a; 1995; 1998], who developed new tools to
construct direct and inverse scattering maps that are insensitive to singularities of the spectral data. We
emphasize that spectral singularities may affect the long-time behavior of solutions in the same way that
eigenvalues affect the long-time behavior of solutions through soliton resolution (see [Jenkins et al. 2018a],
where the soliton resolution conjecture is proved for generic initial data). In the case of the focusing cubic
nonlinear Schrödinger equation, Kamvissis [1996] studied the effect of a single spectral singularity on the
large-time behavior of solutions. He showed that the latter is limited to the region of the (x, t)-plane in
which the spectral singularity is close to the point of stationary phase, and there, slightly modifies the rate
of decay. In a future paper, we will investigate how spectral singularities affect the long-time behavior
of DNLS solutions. A new version of the inverse scattering transform has been recently introduced in
[Bilman and Miller 2019] to deal with arbitrary-order poles and spectral singularities in the context of
focusing NLS with nonzero boundary conditions. This method relies on the initial value problem for the
Lax pair and avoids the use of a cut-off potential.

Occurrence of spectral singularities in the spectral problem is not an exceptional phenomenon. In the
context of the focusing NLS equation, Zhou [1989a] constructed one example in which Schwartz class
potential leads to infinitely many eigenvalues accumulating on the real line to form a spectral singularity
and another example where infinitely many spectral singularities accumulate. In Appendix B of [Jenkins
et al. 2018b], we analyzed a family of potentials of the form q(x)= A sech(x)eiφ(x) for which one can
explicitly compute the scattering data, thus illustrating various characterizations of the spectral map. In
particular, we exhibit potentials for which the associated spectral problem has either no discrete spectrum,
or exactly n eigenvalues and no spectral singularities, or n eigenvalues and one spectral singularity.

To explain our methods, we will sketch the completely integrable method for (1-2) as discovered in
[Kaup and Newell 1978] in two steps. First, we describe how the method works when the initial data
do not support solitons or spectral singularities. Next, we describe how Zhou’s method [1989a; 1998] can
be extended to the DNLS equation to construct global solutions in the presence of solitons and spectral
singularities.

1A. The inverse scattering method: no singularities. Kaup and Newell [1978] showed that the flow
determined by (1-2) may be linearized by spectral data associated to the linear problem

d
dx
9(x, ζ )=−iζ 2σ9 + ζQ(x)9 + P(x)9, ζ ∈ R∪ iR, (1-3)

where 9(x, ζ ) is a 2× 2 matrix-valued function of x and

σ =

(
1 0
0 −1

)
, Q(x)=

(
0 q(x)
−q(x) 0

)
, P(x)=

(
p1 0
0 p2

)
=

i
2

(
|q(x)|2 0

0 −|q(x)|2

)
. (1-4)
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Later, it will be convenient to set 9(x, ζ )= m(x, ζ )e−i xζ 2σ, so that m solves the equation

d
dx

m(x, ζ )=−iζ 2 ad(σ )m+ ζQ(x)m+ P(x)m, (1-5)

where
ad(σ )A = σ A− Aσ.

Equation (1-3) admits bounded solutions provided q ∈ L1(R)∩ L2(R) and ζ ∈R∪ iR. There exist unique
solutions 9±(x, ζ ) of (1-3) satisfying the respective boundary conditions

lim
x→±∞

9±(x, ζ )eiζ 2xσ
= I, I =

(
1 0
0 1

)
.

These Jost solutions have determinant 1 and define action-angle variables a and b for the flow (1-2)
through the relation

9+(x, ζ )=9−(x, ζ )
(

a(ζ ) b(ζ )
b̆(ζ ) ă(ζ )

)
.

That is, if q(x, t) solves (1-2), and a(ζ, t) and b(ζ, t) are the corresponding scattering data for q( · , t),
then

ȧ(ζ, t)= 0, ḃ(ζ, t)=−4iζ 4b(ζ, t). (1-6)

Thus, if the map q 7→ (a, b) can be inverted, one can hope to solve (1-2) via a composition of the direct
scattering map q→ (a, b), the flow map defined by (1-6), and the inverse map (a, b) 7→ q .

The functions a and ă have analytic extensions to the respective regions �− = {Im z2 < 0} and
�+ = {Im z2 > 0} (see Figure 1). Zeros of a (resp. ă) in �− (resp. �+) are associated to soliton solutions
of (1-2), while zeros of a or ă on R∪ iR are called spectral singularities. For the moment, we assume
that a and ă are zero-free in their respective regions of definition. This allows us to define the reflection
coefficients

r(ζ )=
b̆(ζ )
a(ζ )

, r̆(ζ )=
b(ζ )
ă(ζ )

, ζ ∈ R∪ iR. (1-7)

The map q 7→ r is the direct scattering map. One can recover a and b from r by solving a scalar
Riemann–Hilbert problem. By symmetry one has that r̆(ζ )=−r(ζ̄ ).

In his thesis, J.-H. Lee [1983] formulated the inverse scattering map as a Riemann–Hilbert problem
(RHP) in which r and r̆ enter as jump data for a piecewise analytic function. To describe it, denote by
R∪ iR the oriented contour, shown in Figure 1, left, that bounds �± with �+ to the left and �− to the
right. An oriented contour that divides C into two such regions �+ and �− is called a complete contour.

Denote by m± the renormalized Jost solutions m± = 9±ei xζ 2σ. Let m+1 and m+2 denote the first
and second columns of m+, with a similar notation m−1 ,m−2 for the columns of m−. From the integral
equations (2-2)–(2-5), it is easy to see that, for each x , m−1 (x, ζ ) and m+2 (x, ζ ) extend to analytic
functions of z ∈�+, while m+1 (x, ζ ) and m−2 (x, ζ ) extend to analytic functions of z ∈�−. From these
columns, one can construct left and right Beals–Coifman solutions M(x, z) of (1-5) which are piecewise
analytic for z ∈ C \ (R∪ iR) and normalized so that limx→∞ M(x, z) = I (right-normalized, (2-8)) or
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�−

�−

�+

�+

R

iR

××

ă(ζ )

ă(ζ ) a(ζ )

a(ζ )

R

iR

Figure 1. Left: the regions �± and the contour R∪ iR. Right: zeros of a and ă.

limx→−∞ M(x, z)= I (left-normalized, (2-9)). In what follows, we discuss the right-normalized solution.
Enforcing these normalizations involves division by a and ă so any zeros of a and ă would create new
singularities.

The Beals–Coifman solution solves a Riemann–Hilbert problem (RHP) in the z-variable. Thus x plays
the role of a parameter and, for each x , the function M(x, z) is piecewise analytic in z with prescribed
asymptotics as z→∞ and prescribed multiplicative jumps along the contour R∪ iR.

More precisely, for each x , the piecewise analytic function M(x, · ) solves the following Riemann–
Hilbert problem.

Riemann–Hilbert Problem 1.2. For each x ∈ R, find an analytic1 function M(x, · ) : C \ (R∪ iR)→

SL(2,C) with

(i) limz→∞ M(x, z)= I ,

(ii) M has continuous boundary values M± as z→ ζ ∈ R∪ iR from �±, and

(iii) M± obey the jump relation

M+(x, ζ )= M−(x, ζ )e−i xζ 2 ad σv(ζ ),

where

e−i xζ 2 ad σv(ζ )=

(
1+ |r(ζ )|2 e−2i xζ 2

r(ζ )
−e2i xζ 2

r̆(ζ ) 1

)
.

The matrix e−i xζ 2 ad σv is called the jump matrix for the RHP 1.2. We recover q(x) through the
asymptotic formula

q(x)= 2i lim
z→∞

zM12(x, z), (1-8)

which may easily be deduced from the large-z-expansion for M(x, z) and the fact that M(x, z) satis-
fies (1-5).

RHP 1.2 and the reconstruction formula (1-8) define the inverse scattering map.

1If a has zeros, M is meromorphic and discrete data for each pole must be added to close the problem. For the present, we
assume that a and ă are zero-free.



1544 ROBERT JENKINS, JIAQI LIU, PETER PERRY AND CATHERINE SULEM

1B. The inverse scattering method: singularities. So far, we have assumed that a and ă are zero-free;
however, zeros of a and ă do occur for data of physical interest. By the symmetries

ă(ζ )= a(ζ̄ ), a(−ζ )= a(ζ ), (1-9)

zeros of a and ă in C\(R∪ iR) occur in “quartets”, as shown in Figure 1, right. These quartets correspond
to soliton solutions of (1-2). The further symmetry

b(−ζ )=−b(ζ ), b̆(ζ )=−b(ζ̄ ) (1-10)

and the determinant condition
a(ζ )ă(ζ )− b(ζ )b̆(ζ )= 1

imply
|a(i t)|2− |b(i t)|2 = 1

for all real t , so a has no zeros on the imaginary axis. However, zeros of a on the real axis may occur
and correspond to spectral singularities. RHP 1.2 is no longer solvable since the jump matrix v now has
singularities on the contour R∪ iR; moreover, any zeros of a and ă in their domains of analyticity will
make the Beals–Coifman solutions meromorphic rather than analytic.

On the other hand, any zeros of a and ă lie in the disc

B(0, R)= {z : |z|< R},

where R is determined by ‖q‖H2,2 (see, for example, [Liu 2017, Proposition 3.2.5]). Moreover, for
‖q‖H2,2 sufficiently small, a and ă are zero-free on their respective domains. We will say that such a
potential has zero-free scattering data.

Zhou’s insight [1989a; 1998] is that RHP 1.2 can be modified in the following way. First, choose R so
large that a and ă have no zeros in C \ B(0, R), and denote by 6R the circle of radius R centered at 0.

Choose x0 > 0 sufficiently large so that the potential

qx0(x)=
{

0, x ≤ x0,

q(x), x > x0,
(1-11)

has zero-free scattering data; a sufficient condition to achieve this is that

sup
|z|≤R
‖zQ+ P‖L1(x>x0) <

1
2

(see Section 2, (2-12) and the discussion that follows).
Note that both x0 and R may be chosen uniformly for q in a bounded subset of H 2,2(R). Next, let

M (0)(x, z) denote the solution to RHP 1.2 for qx0 . The function M (0) is analytic in C \ (R∪ iR) with
continuous boundary values M (0)

± on R∪ iR. Indeed, resonances and spectral singularities for qx0 are
ruled out by the small norm assumption.

Remark 1.3. Although the sharp cut-off potential qx0 is not in the H 2,2 space, it is in H 0,2 and we will
only need this decay property to construct H 2,0 scattering data on a bounded set.
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Figure 2. The augmented contour 0 = R∪0∞ (right) in the λ-plane for the modified
Riemann–Hilbert problem RHP 3.1 and its preimage 6 = R ∪ iR ∪6∞ (left) in the
ζ -plane. The regions �+ =�1∪�4 (shaded) and �− =�2∪�3 lie, respectively, to the
left and right of 0.

Denote by M (1) the unique solution of the Volterra integral equation

M (1)(x, ζ )= I +
∫ x

x0

ei(y−x)ζ 2 ad σ (ζQ(y)M (1)(y, ζ )+ P(y)M (1)(y, ζ )) dy (1-12)

and define
M (2)(x, ζ )= M (1)(x, ζ )e−i(x−x0)ζ

2 ad σ M (0)(x0, ζ ). (1-13)

Since M (2) and M (0) agree at x = x0, it follows by uniqueness that M (2)(x, ζ ) = M (0)(x, ζ ) for all
x ≥ x0. We notice that M (1)(x0, z) is entire in z; thus M (2)(x0, z) and M (0)(x0, z) share the same domain
of analyticity. Define the contour

6 = R∪ iR∪6∞, 6∞ = {|z| = R},

oriented as in Figure 2, left, and define

M(x, z)=
{

M(x, z), z ∈ C \ (B(0, R)∪6),
M (2)(x, z), z ∈ B(0, R) \6.

(1-14)

The function M(x, z) is piecewise analytic on C \ (B(0, R)∪ (R∪ iR)) because a and ă are zero-free
for |z| > R. By construction, the function M (2) is piecewise analytic in B(0, R) \ (R∪ iR). The new
unknown M(x, z) obeys RHP 3.7.

The jump matrix of the Riemann–Hilbert problem for M(x, z) is unchanged outside the circle 6∞ but
is replaced inside by new jump data that may be explicitly computed from q0 and qx0 ; see Section 2 for
a full discussion. Since M(x, ζ ) = M(x, ζ ) in a neighborhood of infinity, we can still recover q from
the reconstruction formula (1-8). To carry out the analysis, we change variables from ζ to λ= ζ 2 and
actually analyze RHP 3.1.

To analyze the direct map (from the given potential q0 to the jump matrix for the augmented contour 6)
and the inverse map (from the jump matrix to the recovered potential) it is helpful to exploit the symmetry
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reduction of the spectral problem (1-3) to the spectral variable λ = ζ 2. Under the map ζ 7→ ζ 2, the
augmented contour 6 is mapped to the contour

0 = R∪0∞, 0∞ = {|z| = S∞}, (1-15)

with induced orientation as shown in Figure 2, right; the shaded and unshaded regions shown in Figure 2,
left, are mapped to the shaded and unshaded regions shown in Figure 2, right. The circle 6∞ is mapped
to 0∞, the circle of radius S∞ = R2; we let 0±

∞
= 0∞ ∩C±. The augmented contour 0 in Figure 2,

right, decomposes C \0 into two sets. The notation for the sets �±, consistent with our use of subscripts
for boundary values, should not be confused with the superscripted sets �± = {± Im z2 > 0} previously
introduced:

�+ =�1 ∪�4 and �− =�2 ∪�3 (1-16)

such that �+ (resp. �−) lies everywhere to the left (resp. right) of 0. The contour 0 can be viewed
simultaneously as the boundary of �+ or �−, and we will write

0+ = ∂�+ or 0− = ∂�− (1-17)

when we want to emphasize either interpretation. Finally, in what follows, we will set

R∞ = R \ [−S∞, S∞]; (1-18)

that is, R∞ is the part of the contour R outside the circle 0∞.
In the rest of the paper, the letter z is used as a general notation for a complex variable off contours,

while ζ refers the variable on the contour 6 and λ= ζ 2 to the variable on the contour 0.
One can compute the jump data for the Riemann–Hilbert problem on the contour 0 explicitly in terms

of scattering data for q, scattering data for qx0 , and normalized Jost solutions for q (see Figure 3 and
Proposition 2.2); it is then easy to show that the direct spectral map from q ∈ H 2,2(R) to these scattering
data is continuous in a natural topology on the jump data (see Theorem 2.7 for a precise statement).

It remains to show that the scattering data can be time-evolved continuously and that RHP with
scattering data as described in Theorem 2.7 can be uniquely solved and used to recover the potential q.
To do so, much as in [Jenkins et al. 2018b; Liu et al. 2016], we show that the Riemann–Hilbert problem
in the λ-variable is equivalent to a Riemann–Hilbert problem in the ζ -variable which is uniquely solvable.
We then apply Zhou’s uniqueness theorem (see Proposition 2.1 and [Zhou 1989b]) to obtain unique
solvability. We also need to show that the recovered potential is continuous in the scattering data; this will
follow from Zhou’s results [1998] and our previous results on the scattering transform in [Liu et al. 2016].

Finally, we sketch the content of the paper.
Section 2 is devoted to the direct scattering map. In Section 2A, we recall the basic properties of the

scattering problem and Beals–Coifman solutions in the ζ -variable. In Sections 2B and 2C, we construct the
scattering data in the ζ - and λ-variables. The goal is to choose the scattering data so the inverse scattering
problem will allow a reconstruction formula for the potential. For this purpose, we implement Zhou’s
method to deal with spectral singularities. In this setting, the usual Beals–Coifman solutions are changed
to piecewise analytic functions according to (1-14). We give explicit formulas for the corresponding jump
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matrices along the augmented contours.2We use the approach of [Zhou 1998] (see also [Trogdon and
Olver 2016]) to address the matching conditions at the intersection points of the contours and give a full
description of the jump matrices and their factorization. In Section 2D, we establish the time evolution of
the scattering data. Finally, as shown in [Deift and Zhou 2003, Lemma 3.4] in the absence of spectral
singularities, right and left RHPs are needed to obtain decay rate of the potential as x→±∞; there are
separate left and right augmented RHPs for the same purpose in this paper. In Section 2E, we compute
the auxiliary matrix that relates their corresponding jump matrices (see (2-34)). This result allows us to
focus on the right RHP thereafter.

In Section 3, we show that the RHP with the augmented contour and the jump matrices, as derived in
Sections 2B and 2C, has a unique solution. The proof follows the lines of the proof given in [Liu 2017].
Suppose the RHP in λ has a null vector N, i.e., a solution which satisfies the jump conditions but vanishes
as z→∞. This null vector corresponds to a homogeneous solution ν of the Beals–Coifman integral
equation for the RHP, and induces a homogeneous solution µ to the Beals–Coifman integral equation for
the RHP in the ζ -variable which is the zero solution due to Zhou’s vanishing lemma [1989b, Theorem 9.3].
It follows from Fredholm theory that the Beals–Coifman equation for µ is uniquely solvable, and hence
that the RHP in the λ-variable is also uniquely solvable.

As in [Jenkins et al. 2018b], we establish the existence and uniqueness of solutions to the RHP for
scattering data in a larger space Y (see Definition 3.3) in order to obtain uniform resolvent estimates for
scattering data in bounded sets of a smaller space.

In Section 4, we establish the mapping properties of the inverse scattering map and estimate the
potential obtained from the reconstruction formula in the λ-variable. This analysis requires another
technical step taken from Zhou’s method [1998]. As seen in Figure 2, right, the orientation of the piece
of the contour (S−

∞
, S+
∞
) goes from right to left. A second augmentation shown in Figure 5 allows the

new contour to have the usual orientation thus allowing standard estimates of the Cauchy projectors on R

to be used to obtain decay estimates on the potential. The Lipschitz continuity follows from the second
resolvent identity.

To analyze Riemann–Hilbert problems with self-intersecting contours, we make use of certain Sobolev
spaces of functions that obey continuity conditions at self-intersection points. For the reader’s convenience,
we briefly describe these Sobolev spaces in Appendix A. In Appendix B, we present the necessary abstract
functional analysis tools used to prove uniform resolvent estimates needed for the Lipschitz continuity of
the inverse scattering map presented in Section 4.

We end the introduction by discussing the role that factorization of the jump matrix plays in our
application of the Beals–Coifman approach to inverse scattering. In Figure 2, right, the oriented contour
divides the complex plane into positive and negative regions. We factorize the jump matrix as

J (λ)= J−(λ)−1 J+(λ),

where W+ = J+− I and W− = I − J− belong to H 1(0±) and are continuous across the intersections
between straight-line contours and circular arcs, respecting the orientations. This continuity means that the

2In [Zhou 1998], the nonzero off-diagonal entries are not calculated explicitly.
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matrix pair (W+,W−) belongs to a pair of decomposing algebras (H 1(0+), H 1(0−)) in the sense of Zhou;
see [Zhou 1989b, §9], where a general theory of Riemann–Hilbert problems on self-intersecting contours
is presented. As shown by Zhou, this decomposition implies that the Beals–Coifman integral operator (3-2)
is Fredholm. Unique solvability of (3-2) then follows from the Fredholm alternative and an appropriate
vanishing lemma (the statement that the homogeneous version of (3-2) has no nonzero solutions).

In our case, we need to show that the Beals–Coifman operator

CJ f = C+0 ( f W−)+C−0 ( f W+)

is Fredholm. For this purpose, following Zhou, we approximate W± by rational functions; in this
approximation, the operator C±W∓ ◦C∓W± is compact. We thus obtain a Fredholm regulator of the Beals–
Coifman operator (see [Zhou 1989b, Proposition 4.1]). Another way to think about the compactness is
that continuity across intersection points prevents singularities near these points which might otherwise
occur, spoiling the compactness.

2. The direct scattering map

2A. The scattering problem in the ζ -variable. The system (1-5) can be written in the form of an integral
equation for the 2× 2 matrix m(x, ζ ):

m(x, ζ )= I +
∫ x

δ

ei(y−x)ζ 2 ad σ (ζQ(y)m(y, ζ )+ P(y)m(y, ζ )) dy, (2-1)

where the lower limit δ can be different for various choices of normalization. We will use several solutions
of (2-1). The standard AKNS method starts with the following two Volterra integral equations as special
cases of (2-1) for Im ζ 2

= 0:

m±(x, ζ )= I +
∫ x

±∞

ei(y−x)ζ 2 ad σ (ζQ(y)m±(y, ζ )+ P(y)m±(y, ζ )) dy,

which are expressed in componentwise form as(
m+11(x, ζ )
m+21(x, ζ )

)
=

(
1
0

)
−

∫
∞

x

(
ζqm+21+ p1m+11

e2iζ 2(x−y)
[−ζ q̄m+11+ p2m+21]

)
dy, (2-2)

(
m+12(x, ζ )
m+22(x, ζ )

)
=

(
0
1

)
−

∫
∞

x

(
e−2iζ 2(x−y)

[ζqm+22+ p1m+12]

−ζ q̄m+12+ p2m+22

)
dy, (2-3)

(
m−11(x, ζ )
m−21(x, ζ )

)
=

(
1
0

)
+

∫ x

−∞

(
ζqm−21+ p1m−11

e2iζ 2(x−y)
[−ζ q̄m−11+ p2m−21]

)
dy, (2-4)

(
m−12(x, ζ )
m−22(x, ζ )

)
=

(
0
1

)
+

∫ x

−∞

(
e−2iζ 2(x−y)

[ζqm−22+ p1m−12]

−ζ q̄m−12+ p2m−22

)
dy. (2-5)
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By uniqueness theory for ODEs and the normalizations of m± as x → ±∞, m±(x, ζ ) defined by
(2-2)–(2-5) are related by a matrix A(ζ ) with det A(ζ )= 1 in the form

m+(x, ζ )= m−(x, ζ )e−i xζ 2 ad σ A(ζ ), A(ζ )=
(

a b̆
b ă

)
.

The matrix-valued function A(ζ ) is expressed in terms of m(±) as

a(ζ )= 1−
∫
∞

−∞

(ζqm+21+ p1m+11) dy = 1+
∫
∞

−∞

(−ζ q̄m−12+ p2m−22) dy, (2-6)

ă(ζ )= 1−
∫
∞

−∞

(−ζ q̄m+12+ p2m+22) dy = 1+
∫
∞

−∞

(ζqm−21+ p1m−11) dy, (2-7)

and

b(ζ )=
∫
∞

−∞

e−2iζ 2 y(ζ q̄m+11− p2m+21) dy =
∫
∞

−∞

e−2iζ 2 y(ζ q̄m−11− p2m−21) dy,

b̆(ζ )=−
∫
∞

−∞

e2iζ 2 y(ζqm+22+ p1m+12) dy =−
∫
∞

−∞

e2iζ 2 y(ζqm−22+ p1m−12) dy.

We now construct the Beals–Coifman solutions needed for the RHP in the form of piecewise analytic
matrix functions. The left and right Beals–Coifman solutions are constructed from the normalized Jost
solutions as follows:

MR(x, z)=


[

m−1 (x, z)
ă(z)

, m+2 (x, z)
]
, Im z2 > 0,[

m+1 (x, z),
m−2 (x, z)

a(z)

]
, Im z2 < 0,

(2-8)

ML(x, z)=


[

m−1 (x, z),
m+2 (x, z)

ă(z)

]
, Im z2 > 0,[

m+1 (x, z)
a(z)

,m−2 (x, z)
]
, Im z2 < 0.

(2-9)

The Beals–Coifman solutions are piecewise meromorphic with continuous boundary values denoted by
ML ,± and MR,± as ± Im z2

↓ 0, in the absence of spectral singularities. The Beals–Coifman solutions
corresponding to the potential qx0 are constructed similarly.

From here onward, we will analyze the right Beals–Coifman solution (2-8) and drop the subscripts
R and L . The left RHP is connected to the right RHP through multiplication by an auxiliary scattering
matrix which is constructed in Section 2E.

2B. Construction of the scattering data in the ζ -variable. In this subsection, we construct the piecewise
analytic function M (2)(x, z) introduced in (1-14) and defined inside the circle6∞ from which one extracts
scattering data in the form of jump matrices along the contour 6∞. In this subsection, M denotes the
right-normalized Beals–Coifman solution MR .
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Combining (2-4) and (2-3), we obtain

[m−1 ,m+2 ] = I +
∫ x

δ

ei(y−x)ζ 2 ad σ ((ζQ(y)+ P(y))[m−1 (y),m+2 (y)]
)

dy, (2-10)

where δ is chosen differently for the different entries of the matrix, namely δ =−∞ for the (1, 1)- and
(2, 1)-entries and δ =+∞ for the (1, 2)- and (2, 2)-entries. Using (2-7), we rewrite (2-10) as

[m−1 ,m+2 ] =
(

ă 0
0 1

)
+

∫ x

δ

ei(y−x)ζ 2 ad σ ((ζQ(y)+ P(y))[m−1 (y),m+2 (y)]
)

dy,

where δ =−∞ for the (2, 1)-entry and δ =+∞ for the (1, 1)-, (1, 2)- and (2, 2)-entries. If the inverse
of
( ă

0
0
1

)
exists, we obtain a Fredholm equation for M defined in (2-8):[

m−1
ă
, m+2

]
= I +

∫ x

δ

ei(y−x)ζ 2 ad σ
(
(ζQ(y)+ P(y))

[
m−1
ă
, m+2

])
dy (2-11)

and [m−1 /ă, m+2 ] solves (2-11) if and only if ă(ζ ) 6= 0.
The right-normalized Beals–Coifman solution M is analytic in the intersection of ± Im z2 > 0 and
|z|> R, where R is chosen so large that any zeros of a and ă are contained inside the disc B(0, R)=
{z : |z| ≤ R}. We now show how to construct solutions M (2)(x, ζ ), analytic inside this disc, and modify
the Riemann–Hilbert problem accordingly.

Recall from (1-11), for x0� 1, let

qx0(x)=
{

0, x ≤ x0,

q(x), x > x0,

and denote by Qx0 and Px0 the matrices (1-4) with q replaced by qx0 . We choose x0 so that

sup
ζ∈B(0,R)

‖ζQx0 + Px0‖L1 < 1
2 . (2-12)

This condition guarantees that there is a bounded Beals–Coifman solution M (0) normalized as x→∞
associated to the potential qx0 in the form of (2-8). To see this, first note that the equation

m(x, ζ )= I +
∫ x

δ

ei(y−x)ζ 2 ad σ (ζQx0(y)m(y, ζ )+ Px0(y)m(y, ζ )) dy (2-13)

(where δ = −∞ for the (2, 1)-entry and δ = +∞ for the (1, 1)-, (1, 2)- and (2, 2)-entry) is uniquely
solvable for ζ ∈ B(0, R) owing to the smallness condition (2-12).

Next, we claim that ă0(z) associated to qx0 is nonzero for z ∈�+ ∩ B(0, R); we prove this statement
by contradiction. Suppose that there exists z0 such that (2-12) holds and m(x, z0) solves (2-13), but
ă(z0)= 0. By uniqueness, there exists a nonsingular matrix B(z0) such that

m(x, z0)= [m−1 ,m+2 ]e
−i xz2

0 ad σ B(z0).
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Here, m−1 ,m+2 are the Jost solutions (2-3) and (2-4) associated to the potential qx0 . Letting x→+∞ and
using (2-7), we obtain (

1 0
∗ 1

)
=

(
0 0
∗ 1

)
e−i xz2

0 ad σ B(z0),

which leads to a contradiction. Thus the cut-off potential qx0 supports neither eigenvalues nor spectral
singularities in B(0, R), so that we can construct a bounded Beals–Coifman solution of the form (2-8)
associated to the potential qx0 and normalized as x→∞. We denote by M (0) this unique bounded solution.

Using the solutions M(z) and M (0) corresponding to the initial data potential q and the related potential
qx0 , respectively, one defines a new function M using Zhou’s constructions as described in (1-12)–(1-14)
above. The matrix M is analytic in C \6, and we can compute the jump matrix

v(ζ )= ei xζ 2 ad σ M−(x, ζ )−1 M+(x, ζ )

explicitly across the various parts of the augmented contour 6. Along the contour R∪ iR, outside of the
circle,

v(ζ )=

(
1− r(ζ )r̆(ζ ) r(ζ )
−r̆(ζ ) 1

)
. (2-14)

Along the contour R∪ iR inside of the circle,

v(ζ )=

(
1 −r0(ζ )

r̆0(ζ ) 1− r0(ζ )r̆0(ζ )

)
.

Here, the subscript “0” denotes the scattering data generated by qx0 .
Since both M and M (2) are solutions of (1-5) with nonvanishing determinant,we have

v(ζ )= ei xζ 2 ad σ (M (2)(x, ζ )−1 M(x, ζ )) (2-15)

along the circle 6∞. In particular, setting x = x0, we obtain v(ζ ) in terms of Jost functions. Across the
arc in the first and third quadrant, we have

e−i x0ζ
2 ad σv(ζ )= M (2)(x0, ζ )

−1 M(x0, ζ )=

 1 0
m−21(x0, ζ )

ă(ζ )ă0(ζ )
1

 . (2-16)

Across the arc in the second and fourth quadrant, we have

e−i x0ζ
2 ad σv(ζ )= M (2)(x0, ζ )

−1 M(x0, ζ )=

1 −
m−12(x0, ζ )

a(ζ )a0(ζ )
0 1

 . (2-17)

Denote by A† the hermitian conjugate of the matrix A. The following property of v will be used later to
prove the unique solvability of the RHP (Proposition 3.9).

Proposition 2.1. The jump matrix v along the contour 6, defined in (2-14)-(2-17), satisfies:

(i) v(ζ )+ v(ζ )† is positive definite for ζ ∈ R.

(ii) v(ζ̄ )= v(ζ )† for ζ ∈6 \R.
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Proof. This is an immediate consequence of the definitions (2-14)–(2-17) and (1-7) as well as the
symmetries (1-9)–(1-10). �

2C. Construction of the scattering data in the λ-variable. In the absence of eigenvalues and spectral
singularities, we reduced the scattering problem (1-5) of ζ ∈R∪ iR to a scattering problem for λ= ζ 2

∈R,
and identified a single scattering datum ρ(λ) defining the direct scattering map [Liu et al. 2016]; we can
carry out a similar reduction here. Let m(x, ζ ) be a solution to (1-5). We set

m](x, ζ )=
(

m11(x, ζ ) ζ−1m12(x, ζ )
ζm21(x, ζ ) m22(x, ζ )

)
.

Note m] is an even function of ζ . Defining λ= ζ 2 and n(x, λ)= m](x, ζ ), the map(
a b
c d

)
7→

(
a ζ−1b
ζc d

)
is an automorphism of 2×2 matrices and commutes with differentiation in x . It follows that the functions
n± obtained from m± by this map obey

dn±

dx
=−iλ ad σ(n±)+

(
0 q
−λq̄ 0

)
n±+ Pn±, (2-18a)

lim
x→±∞

n±(x, λ)= I (2-18b)

and satisfy

n+(x, λ)= n−(x, λ)e−iλx ad σ
(
α(λ) β(λ)

λβ̆(λ) ᾰ(λ)

)
= n−(x, λ)e−iλx ad σ

(
α(λ) β(λ)

−λβ(λ) α(λ)

)
, (2-19)

where α(λ)= a(ζ ), β(λ)= ζ−1b̆(ζ ) and the relation |α(λ)|2+ λ|β(λ)|2 = 1 holds.
In the presence of spectral singularities, we perform the change of variable ζ → λ in the same way as

in [Liu et al. 2016] and obtain the corresponding row-vector-valued Beals–Coifman solutions N (0), N (2)

and N :

N (0)
= first row of

(
ζ−1/2 0

0 ζ 1/2

)
M (0)

(
ζ 1/2 0

0 ζ−1/2

)
,

N (2)
= first row of

(
ζ−1/2 0

0 ζ 1/2

)
M (2)

(
ζ 1/2 0

0 ζ−1/2

)
,

N = first row of
(
ζ−1/2 0

0 ζ 1/2

)
M
(
ζ 1/2 0

0 ζ−1/2

)
.

The contour 0 for the new RHP, defined by (1-15) is the image in Figure 2, right, of the contour 6 in
Figure 2, left, under the change of variable λ= ζ 2.

Notice that the direction of the contour that consists of the part of the real axis inside the circle is from
right to left. Define the piecewise analytic function N as

N(x, z)=
{

N (x, z), z ∈�1 ∪�2,

N (2)(x, z), z ∈�3 ∪�4.
(2-20)
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By setting
α(λ)= a(ζ ), ᾰ(λ)= ă(ζ ),

ρ(λ)= ζ−1r(ζ ), ρ0(λ)= ζ
−1r0(ζ ),

n−21(x, λ)= ζm−21(x, ζ ), n−12(x, λ)= ζ
−1m−12(x, ζ ),

we obtain from (2-14)–(2-17) the jump matrices J (λ) for the piecewise row vector N.

Proposition 2.2. The jump matrices for N along the various parts of the contour 0, where

N+(x, λ)= N−(x, λ)e−iλ ad σ J (λ),

are given as follows:

(i) On R∞ the part of the real line outside the circle,

J (λ)=
(

1+ λ|ρ(λ)|2 ρ(λ)
λρ(λ) 1

)
. (2-21)

(ii) On (−S∞, S∞) the part of the real line inside the circle,

J (λ)=
(

1 −ρ0(λ)

−λρ0(λ) 1+ λ|ρ0(λ)|
2

)
. (2-22)

(iii) On the semicircular arc 0+
∞

in C+,

J (λ)=

 1 0

e−2i x0λ
n−21(x0, λ)

ᾰ(λ)ᾰ0(λ)
1

 . (2-23)

(iv) On the semicircular arc 0−
∞

in C−,

J (λ)=

1 −e2i x0λ
n−12(x0, λ)

α(λ)α0(λ)
0 1

 . (2-24)

Remark 2.3. The scattering data associated to the potential q are defined as the entries of the different
jump matrices along 0, as listed in Proposition 2.2 and shown in Figure 3. We show the factorizations of
jump matrices exist and obtain estimates in appropriate Sobolev spaces. The choice of scattering data is
motivated by the inverse problem. From these spectral data, we will, in the next section, define an inverse
map and a reconstruction of the potential. Note that the scattering data depend on the choice of x0 as well
as the choice of the large circle 0∞. Indeed in [Zhou 1989a], scattering data are seen as an equivalence
class. In the study of the inverse map, we will need the fact that the reconstruction formula does not
depend on x0 and 0∞. This is because the reconstruction formula involves a limit as λ tends to infinity of
the entry (1, 2) of the solution of an RHP and will not be affected by the exact position of the cut-off
point or the circle 0∞, although the RHP itself depends on it. For more details, we refer to [Zhou 1989a,
Theorem 3.3.15].
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�+

�−

�−

�+

S∞−S∞

(
1+ λ|ρ|2 ρ

λρ̄ 1

) (
1+ λ|ρ|2 ρ

λρ̄ 1

)(
1 −ρ0

−λρ̄0 1+ λ|ρ0|
2

)

(
1 0

e−2i x0λn−21(x0, λ)/(ᾰᾰ0) 1

)

(
1 −e2i x0λn−12(x0, λ)/(αα0)

0 1

)

Figure 3. Scattering data for q .

To give a full characterization of the scattering data, we use the Sobolev spaces H k
z (0) and H k

±
(0)

defined on self-intersecting contours (see Appendix A) and the notion of k-regularity [Trogdon and
Olver 2016, Definition 2.54] of a given jump matrix along an admissible contour. All contours under
consideration here are admissible in the sense of [Trogdon and Olver 2016, Definition 2.40].

Definition 2.4. A jump matrix J defined on an admissible contour 0 is k-regular if 0 is complete and J
has a factorization

J (s)= J−1
−
(s)J+(s),

where J±(s)− I and J−1
± (s)− I ∈ H k

±
(0).

Definition 2.5. Assume a ∈ γ0, where γ0 is the set of self-intersections of 0. Let 01, . . . , 0m be a
counterclockwise ordering of subcomponents of 0 which contain z = a as an endpoint. For J ∈ H k(0),
we define Ĵi as the restriction J �0i if 0i is oriented outwards and by (J �0i )

−1 otherwise. We say that J
satisfies the (k−1)-th-order product condition if, using the (k−1)-th-order Taylor expansion of each Ji ,
we have

m∏
i=1

Ĵi = I +O(|λ− a|k) for all a ∈ γ0. (2-25)

The following theorem is due to [Zhou 1999]; see also [Trogdon and Olver 2016, Theorem 2.56].

Theorem 2.6. The two following statements are equivalent:

(i) J − I and J−1
− I ∈ H k(0) away from points of self-intersection and J satisfies the (k−1)-th-order

product condition.

(ii) J is k-regular.
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Figure 4. Zero-sum conditions −S∞ (left) and S∞ (right).

In the next theorem, we check that the jump matrix J (λ) satisfies condition (i) of Theorem 2.6 and
characterize the large-λ decay of scattering data in weighted Sobolev spaces. Let

H 2,2(∂�2)= { f ∈ H 2(∂�2) : f |R∞ ∈ H 2,2(R∞)},

H 1,1(∂�1)= { f ∈ H 1(∂�1) : f |R∞ ∈ H 1,1(R∞)}.

Theorem 2.7 should be compared to (C2.28) of [Zhou 1995], where the scattering matrix is characterized
as belonging to H k for any k ≥ 1 given initial data q0 is in Schwartz class. Theorem 2.7 shows that the
direct scattering transform maps a potential q in the weighted Sobolev space H 2,2(R) into scattering data
in appropriate weighted Sobolev spaces.

Theorem 2.7. The matrix J (λ) admits a triangular factorization

J (λ)= J−1
−
(λ)J+(λ),

where:

(i) J−(λ)− I ∈ H 2,2(∂�2), J−(λ)− I ∈ H 2(∂�3), J+(λ)− I ∈ H 2(∂�4) and J+(λ)− I ∈ H 1,1(∂�1).3

(ii) J+ �∂�1 −I and J− �∂�3 −I are strictly lower triangular, while J− �∂�2 −I and J+ �∂�4 −I are
strictly upper triangular.

(iii) The matrix J (λ) satisfies the first-order product condition at the intersection points ±S∞ of the real
λ-axis.

Proof. Let Ji be the restriction of J to 0i , 1≤ i ≤ 5, where the contours 0i are shown in Figure 4, and
set R∞ = R \ [−S∞, S∞]. On R∞, the scattering matrix J1 admits the factorization

J1(λ)= J1,−(λ)
−1 J1,+(λ)=

(
1 ρ(λ)

0 1

)(
1 0

λρ(λ) 1

)
, (2-26)

with the same decomposition for J5(λ), while on (−S∞, S∞), the scattering matrix J3 admits the factor-
ization

J3(λ)= J3,−(λ)
−1 J3,+(λ)=

(
1 0

−λρ0(λ) 1

)(
1 −ρ0(λ)

0 1

)
. (2-27)

3The asymmetry of the regularity properties of the terms in the J (λ) factorization on the various parts of the contour comes
from the fact that the (1, 2)- and (2, 1)-entries in the expression for J (see (2-21)) differ by a weight λ.
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(i) The methods of Section 3 of [Liu et al. 2016] can be used to show that ρ ∈ H 2,2(R∞). It follows from
this fact and the explicit factorization (2-26) that

[J1,−(λ)− I ]|R∞ ∈ H 2,2(R∞) and [J1,+(λ)− I ]|R∞ ∈ H 1,1(R∞).

Similarly, the restrictions of J±(λ)− I to (−S∞, S∞) belong to H 2(−S∞, S∞). The remaining Sobolev
estimates all involve the bounded semicircular contours 0±

∞
. The contours 0±

∞
are open and of finite

length, so H 2(0±
∞
) is equivalent to H 2(0,±π) after parametrization by an angle θ . The H 2-norm of a

function f controls the L∞-norm of f and f ′ and thus H 2 is an algebra by the Leibnitz rule. Using (2-23)
and (2-24), it suffices to show that the functions n−12(x0, λ), 1/ᾰ(λ), and 1/ᾰ0(λ) belong to H 2(0+

∞
) and

that the functions n−21(x, λ), 1/α(λ), and 1/α0(λ) belong to H 2(0−
∞
). This is easily deduced from the

Volterra integral equations corresponding to (2-18) and the integral representations for α and ᾰ that can
be deduced from (2-19).

(ii) The assertions about triangularity follow from the factorizations (2-26) and (2-27) together with the
formulas (2-23) and (2-24).

(iii) Using the relation (2-19), the scattering matrices J2 and J4 are given at the self-intersection point
S∞ respectively by

J2(S∞)=

 1 0

e−2i x0 S∞
n−21(x0, S∞)
ᾰ(S∞)ᾰ0(S∞)

1

=
 1 0

e−2i x0 S∞
n+21(S∞)
ᾰ0(S∞)

1

 1 0
S∞β(S∞)n+22(S∞)
ᾰ(S∞)ᾰ0(S∞)

1


=

(
1 0

−S∞ρ0(S∞) 1

)(
1 0

S∞ρ(S∞) 1

)
and

J4(S∞)=

1 −e2i x0 S∞
n−12(x0, S∞)
α(S∞)α0(S∞)

0 1

=
1 −e2i x0 S∞

n+12(S∞)
α0(S∞)

0 1

1
β(S∞)n+11(S∞)
α(S∞)α0(S∞)

0 1


=

(
1 ρ(S∞)
0 1

)(
1 −ρ0(S∞)
0 1

)
.

The factorizations of J2 and J4 along the arcs are obtained by polynomial interpolation between S±∞
(see for example equation (5.19) of [Liu 2019]).

We want to establish (2-25) for k = 2, that is,
4∏

i=1

Ĵi = I +O(|λ− S∞|2). (2-28)

Denoting by Ji the first-order Taylor polynomial of Ji at S∞, i = 1, . . . , 4, proving (2-28) is equivalent
to proving that

J1J
−1
2 = J4J

−1
3 +O(|λ− S∞|2).

It is clear that J1(S∞)J2(S∞)−1
= J4(S∞)J3(S∞)−1. We also have to check that

(J1 J−1
2 )λ(S∞)= (J4 J−1

3 )λ(S∞).
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To achieve this, we need to show that

d
dλ

e−2i x0λn−21(x0, λ)

ᾰ(λ)ᾰ0(λ)

∣∣∣∣
λ=S∞

= ρ ′(S∞)−ρ ′0(S∞). (2-29)

This is done by first letting λ→ R, which leads to the factorization of J41 −e2i x0λ
n−12(x0, λ)

α(λ)α0(λ)
0 1

= (1 ρ(λ)

0 1

)(
1 −ρ0(λ)

0 1

)
,

and taking the derivative along R. In the same way, we can show

d
dλ

e2i x0λn−12(x0, λ)

α(λ)α0(λ)

∣∣∣∣
λ=S∞

=−S∞ρ ′0(S∞)− ρ0(S∞)+ S∞ρ ′(S∞)+ ρ(S∞).

We thus verify the (k−1)-th order product condition for k = 2 and part (i) of Theorem 2.6 holds for
the matrix J. We conclude that J is k-regular, which in turn implies that J+(λ) satisfies the matching
condition (A-1) and J−(λ) satisfies the matching condition (A-2) at the nonsmooth point (S∞, 0). A
similar proof shows that the same conclusion holds for (−S∞, 0). �

The following propositions stating Lipschitz continuity results can be obtained by the methods of
[Liu et al. 2016; Liu 2017], in particular Propositions 3.2 and 3.3 of [Liu et al. 2016]. The exclusion
of the disk |λ|< R implies that |α(λ)| is strictly positive so division by α does not affect the estimates.
Proposition 2.8, formulas (2-21)–(2-24), and the factorizations (2-26) and (2-27) imply also the Lipschitz
continuity of the scattering data (Proposition 2.9).

Proposition 2.8. The maps

q 7→ ρ|R∞ ∈ H 2,2(R∞), q 7→ n−21(x0, · ) ∈ H 2(0+
∞
), q 7→ n−12(x0, · ) ∈ H 2(0−

∞
),

q 7→
1
ᾰ
∈ H 2(0+

∞
), q 7→

1
ᾰ0
∈ H 2(0+

∞
), q 7→

1
α
∈ H 2(0−

∞
), q 7→

1
α0
∈ H 2(0−

∞
)

are locally Lipschitz continuous from H 2,2(R) into the respective ranges. Moreover, the map

qx0 7→ ρ0 ∈ H 2(R)

is locally Lipschitz continuous from H 0,2(R) to H 2,0(R).

Proposition 2.9. The maps
q 7→ J±1 (λ)− I ∈ H 2,2(∂�2),

q 7→ J2(λ)− I ∈ H 2(∂�3),

q 7→ J±3 (λ)− I ∈ H 1,1(∂�4),

q 7→ J4(λ)− I ∈ H 2(∂�4)

are locally Lipschitz mappings from H 2,2(R) into their respective ranges.
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2D. Time evolution of the scattering data. A key property of the inverse scattering method is the simple
time evolution of its scattering data. In [Liu 2017], we calculated the time evolution of the scattering
data where they reduce to a reflection coefficient and discrete data. We need to complement the analysis
by examining the time evolution of the jump matrix on the additional section of the contour 0∞ (see
Figure 2, right). As before, we work in the ζ -variable and carry out the change of variable ζ → λ. Given

M+(x, t; ζ )= M−(x, t; ζ )vx(t; ζ ),

where vx(t; ζ )= e−iζ 2x ad σv(t; ζ ), we compute the time derivative

M+(x, t; ζ )t = M−(x, t; ζ )tvx(t; ζ )+M−(x, t; ζ )vx(t; ζ )t . (2-30)

We recall that M± are fundamental solutions for the Lax equations

∂M
∂x

(x, t; ζ )=−iζ 2 ad σ(M)+ ζQ(x, t)M + P(x, t)M, (2-31a)

∂M
∂t
(x, t; ζ )=−2iζ 4 ad σ(M)+ A(x, t; ζ )M, (2-31b)

where σ , P , Q are given in terms of q = q(x, t) by (1-4) and

A(x, t; ζ )= 2ζ 3
(

0 q
−q̄ 0

)
+ iζ 2

(
|q|2 0

0 −|q|2

)
+ iζ

(
0 qx

q̄x 0

)
+

i
4

(
|q|4 0

0 −|q|4

)
+

1
2

(
−qx q̄ + qq̄x 0

0 −qq̄x + qx q̄

)
. (2-32)

Taking the limit x→+∞ in (2-30), using the normalization of M± at +∞, and using the fact that ad σ
is a derivation, we obtain

vx(t; ζ )t =−2iζ 4 ad σvx(t; ζ ).

Integrating we obtain

vx(t; ζ )= e−2iζ 4t ad σvx(0; ζ ) (2-33)

or equivalently for Jx(λ)= e−iλx ad σ J (0; λ)

Jx(λ, t)= e−2iλ2t ad σ Jx(λ).

The map ( f, t) 7→ e−2iλ2t f is a bounded continuous map from X ×[−T, T ] to X for X = H 2,2(�2),
H 1,1(�1), H 2(�3) and H 2(�4). This map is also Lipschitz continuous in X uniformly for f in a bounded
subset of X and t ∈ [−T, T ] for a fixed T > 0.

From Proposition 2.9 and these facts, we deduce the following continuity result.

Proposition 2.10. Suppose that q0 ∈ H 2,2(R) and that J (λ) is the scattering data associated to q0.
Denote by J±(λ, t) the matrices eiλ2t ad σ J±(λ), where J±(λ) are the factors given in Theorem 2.7. For
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any T > 0, the maps
H 2,2(R)×[−T, T ] 3 (q0, t) 7→ J−(λ, t)− I ∈ H 2,2(∂�2),

H 2,2(R)×[−T, T ] 3 (q0, t) 7→ J−(λ, t)− I ∈ H 2(∂�3),

H 2,2(R)×[−T, T ] 3 (q0, t) 7→ J+(λ, t)− I ∈ H 2(∂�4),

H 2,2(R)×[−T, T ] 3 (q0, t) 7→ J+(λ, t)− I ∈ H 1,1(∂�1)

are all continuous, and uniformly Lipschitz in q0 for t ∈ [−T, T ] and q0 in a bounded subset of H 2,2(R).

2E. Auxiliary scattering matrix. In Section 2B, we have chosen x0 ∈ R such that the cut-off potential
qx0 = qχ(x0,∞) satisfies the smallness condition (2-12). By increasing x0 if necessary, we assume
q̃x0 = qχ(−∞,−x0) also satisfies (2-12). Let Ñ be constructed in the same way as N (see (2-20)) but with
potential q0 changed to q̃0 with normalization at x→−∞. We define the auxiliary matrix s:

s(λ)= ei xλ ad σ Ñ−1(x, λ)N(x, λ). (2-34)

For λ ∈�1 ∪�2

s(λ)=
(
δ(λ)−1 0

0 δ(λ)

)
, δ(λ)=

{
ᾰ(λ), Im λ > 0,
α(λ), Im λ < 0.

(2-35)

The jump matrix J̃ for Ñ is obtained from J by conjugation, as J̃ = s−1
− Js+. In analogy with Theorem 2.7,

we have:

Theorem 2.11. The matrix J̃ = s−1
− Js+ admits a triangular factorization J̃ (λ)= J̃−1

− (λ) J̃+(λ), where:

(i) J̃+(λ)− I ∈ H 2,2(∂�1), J̃−(λ)− I ∈ H 1,1(∂�2), J̃−(λ)− I ∈ H 2(∂�3) and J̃+(λ)− I ∈ H 2(∂�4).

(ii) J̃+ �∂�1 −I and J̃− �∂�3 −I are strictly upper triangular, while J̃− �∂�2 −I and J̃+ �∂�4 −I are
strictly lower triangular.

Remark 2.12. The reason for working with the Beals–Coifman solutions normalized at −∞ is to obtain
the desired decay in x at −∞. The basic idea is to guarantee that the Fourier variable satisfies |ξ | ≥ |x |.
See [Zhou 1998, Lemma 2.3] for details.

3. Unique solvability of the RHP

The goal of this section is to prove the unique solvability of the Riemann–Hilbert Problem 3.1 on the
contour 0 = R∪0∞, shown in Figure 2, right.

Riemann–Hilbert Problem 3.1. Fix x ∈R. Find a row-vector-valued function N(x, · ) on C\0 with the
following properties:

(i) (analyticity) N(x, z) is an analytic function of z for z ∈ C \0.

(ii) (normalization) N(x, z)= (1, 0)+O(z−1) as z→∞.

(iii) (jump condition) For each λ ∈ 0, N has continuous boundary values N±(λ) as z→ λ from �±.
Moreover, the jump relation

N+(x, λ)= N−(x, λ)Jx(λ)
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holds, where

Jx(λ)= e−iλx ad σ



(
1+ λ|ρ(λ)|2 ρ(λ)

λρ(λ) 1

)
, λ ∈ R∞,(

1 −ρ0(λ)

−λρ0(λ) 1+ λ|ρ0(λ)|
2

)
, λ ∈ (−S∞, S∞), 1 0

e−2i x0λ
n−21(x0, λ)

ᾰ(λ)ᾰ0(λ)
1

 , λ ∈ 0+
∞
,

1 −e2i x0λ
n−12(x0, λ)

α(λ)α0(λ)

0 1

 , λ ∈ 0−
∞
.

Definition 3.2. We say that the row-vector-valued function N(x, z) is a null vector for RHP 3.1 if N(x, z)
satisfies (i) and (iii) above but N(x, z)=O(z−1) as |z| →∞.

The scattering data that determine the jump matrix J are the functions

SD= (ρ, ρ0, α, α0, ᾰ0, n−12(x0, · ), n−21(x0, · )).

Although these functions are not independent, for the purpose of proving existence and uniqueness of
solutions to RHP 3.1 we may consider them so. Recalling (1-18), we seek a Banach space Y0, consisting
of functions ρ : R∞→ C, with the following properties:

(a) There is an injection i : H 2,2(R∞)→ Y0 that maps bounded subsets of H 2,2(R) to precompact
subsets of Y0.

(b) For each ρ ∈ Y0, we have (1+ | · |)ρ( · ) ∈ L2(R∞)∩ L∞(R∞).

(c) Each ρ ∈ Y0 is a continuous function with limλ→∞ λρ(λ) = 0. This will allow uniform rational
approximation of ( · )ρ( · ) in L∞.

Consider the weighted Sobolev spaces

Hα,β(R)= { f ∈ L2(R) : 〈ξ〉α f̂ (ξ), 〈x〉β f ∈ L2(R)}

and recall that for any ε > 0, we have

H 1/2+ε,0(R)⊂ C0(R),

where C0(R) denotes the continuous functions vanishing at infinity. Also, recall that the embedding
i : Hα,β(R) ↪→ Hα′,β ′(R) is compact for α > α′ and β > β ′. From the estimates

‖〈 · 〉ρ( · )‖L2 ≤ ‖ρ‖H0,1(R), ‖〈 · 〉ρ( · )‖H1,0(R) ≤ ‖ρ‖H2,2(R)
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it follows by interpolation that for any ε > 0,

‖〈 · 〉ρ( · )‖H1/2+ε,0(R) ≤ ‖ρ‖H1+2ε,3/2+ε .

We know Y0 = H 1+2ε,3/2+ε(R∞) is the image of the fractional Sobolev space H 1+2ε,3/2+ε(R) under the
restriction map f 7→ f |R∞ . This space satisfies the required properties (a), (b), (c) above.

Definition 3.3. We denote by Y the Banach space of scattering data SD with ρ ∈ Y0 and all other data
in H 1.

Remark 3.4. Note that, for SD ∈ Y, the entries of J all belong to L2
∩ L∞.

Let Z0 = H 2,2(R∞). By Proposition 2.8, the range of the direct scattering map actually lies in the
following stronger space:

Definition 3.5. We denote by Z the set of scattering data SD with ρ ∈ Z0 and all other data in H 2.

We choose to consider SD in the larger space in order to obtain uniform resolvent estimates for
scattering data in bounded subsets of Z later by a continuity-compactness argument (see Appendix B).
We will exploit the fact that, under the natural continuous embedding of Z in Y, bounded subsets of Z
are identified with precompact subsets of Y. We will prove:

Theorem 3.6. Suppose that the scattering data J (λ) are given by (2-21)–(2-24) with SD ∈ Y. Then
RHP 3.1 has a unique solution for each x0 ∈ R.

Following the pattern of the uniqueness result in [Jenkins et al. 2018b; Liu 2017], we will prove the
existence and uniqueness of solutions in the following way. First, we show that RHP 3.1 is equivalent
to a Fredholm integral equation (the Beals–Coifman integral equation, (3-2), for an unknown function
ν(x, · )) on 0. By the Fredholm alternative, it suffices to show that the corresponding homogeneous
equation, (3-3), has only the trivial solution. In order to do so, in Section 3B, we derive similar
integral equations associated to an equivalent Riemann–Hilbert Problem, RHP 3.7, on the contour 6.
These integral equations involve an unknown function µ; the inhomogeneous equation is (3-6) and
the homogeneous equation is (3-7). We can use Zhou’s uniqueness theorem to show that RHP 3.7 is
uniquely solvable, or, equivalently, (3-7) has only the trivial solution. Finally, we show that any solution
ν of the homogeneous equation (3-2) induces a solution of (3-7), It then follows from explicit formulae
connecting ν and µ that ν = 0, establishing the Fredholm alternative for the original Beals–Coifman
equation (3-2).

3A. RHPs and singular integral equations. We now derive the Beals–Coifman integral equation for
RHP 3.1. The unique solvability of RHP 3.1 is equivalent to the unique solvability of its associated
integral equation. We define the nilpotent matrices W+x and W−x in the various parts of the contour as

Jx(λ)= (Jx−)
−1 Jx+ = (I −W−x )

−1(I +W+x )

and the Beals–Coifman solution

ν = N+(I +W+x )
−1
= N−(I −W−x )

−1, (3-1)
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where

(W+x ,W−x )=



((
0 0

λρ(λ)e2iλx 0

)
,

(
0 ρ(λ)e−2iλx

0 0

))
, λ ∈ R∞,((

0 −ρ0(λ)e−2iλx

0 0

)
,

(
0 0

−λρ0(λ)e2iλx 0

))
, λ ∈ (−S∞, S∞),((

0 0

e2iλx S1(λ) 0

)
,

(
0 0

e2iλx S2(λ) 0

))
, λ ∈ 0+

∞
,

((
0 e−2iλx S3(λ)

0 0

)
,

(
0 e−2iλx S4(λ)

0 0

))
, λ ∈ 0−

∞
.

The coefficients Si (λ), i = 1, . . . , 4, are not explicitly determined. Only the sums S1(λ)+ S2(λ) and
S3(λ) + S4(λ) identify to the entries (2, 1) and (1, 2) of the jump matrix Jx(λ) respectively, in the
corresponding part of the contour. If SD ∈ Y, then W±x in L∞ ∩ L2, while if SD ∈ Z , we have W±x ∈ H 1.

We can write the Beals–Coifman solution ν(x, λ) explicitly in terms of the Jost functions. From (3-1),
we have two equivalent formulas:

ν(x, λ)=



(
n−11(x, λ)

ă(λ)
n+12(x, λ)

)(
1 0

−e2iλxλρ(λ) 1

)
,

(
n+11(x, λ)

n−12(x, λ)
α(λ)

)(
1 ρ(λ)e−2iλx

0 1

)
,

λ ∈ R∞,

ν(x, λ)=



(
n−11(x, λ)

ă(λ)
n+12(x, λ)

)(
1 0

−e2iλx S1(λ) 1

)
,

(N (2)
11+(x, λ) N (2)

12+(x, λ))

(
1 0

e2iλx S2(λ) 1

)
,

λ ∈ 0+
∞
,

ν(x, λ)=


(N (2)

11+(x, λ) N (2)
12+(x, λ))

(
1 ρ0(λ)e−2iλx

0 1

)
,

(N (2)
11−(x, λ) N (2)

12−(x, λ))

(
1 0

−λρ0(λ)e2iλx 1

) λ ∈ (−S∞, S∞),

ν(x, λ)=


(N (2)

11−(x, λ) N (2)
12−(x, λ))

(
1 −e−2iλx S3(λ)

0 1

)
,

(
n+11(x, λ)

n−12(x, λ)
α(λ)

)(
1 e−2iλx S4(λ)

0 1

)
,

λ ∈ 0−
∞
.
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From (3-1), we have
N+− N− = ν(W+x +W−x ).

The Plemelj formula and the normalization condition (ii) in RHP 3.1 provide the Beals–Coifman integral
equation

ν(x, λ)= (1, 0)+ (CWxν)(λ), (3-2)

where
CWxν = C+0 (νW−x )+C−0 (νW+x ).

RHP 3.1 is equivalent to the integral equation (3-2) [Zhou 1989b, Proposition 3.3]. Similarly, if N is a
null vector for RHP 3.1 in the sense of Definition 3.2 and ν is defined in (3-1), we have

ν(x, λ)= CWxν(λ). (3-3)

If SD ∈ Y, equation (3-2) (resp. (3-3)) is seen as an integral equation for ν−1 ∈ L2(0) (resp. ν ∈ L2(0)),
while if SD ∈ Z , it is an integral equation for ν− 1 ∈ H 1(0) (resp. ν ∈ H 1(0)).

For λ ∈ R∞, (3-2) reads

ν11(x, λ)= 1+
∫

R∞

ν12(x, s)sρ(s)e2isx

s− λ+ i0
ds

2π i
−

∫ S∞

−S∞

ν12(x, s)sρ0(s)e2isx

s− λ
ds

2π i

+

∫
0+∞

ν12(x, s)(S1(s)+ S2(s))e2isx

s− λ
ds

2π i
,

ν12(x, λ)=
∫

R∞

ν11(x, s)ρ(s)e−2isx

s− λ− i0
ds

2π i
−

∫ S∞

−S∞

ν11(x, s)ρ0(s)e−2isx

s− λ
ds

2π i

+

∫
0−∞

ν11(x, s)(S3(λ)+ S4(λ))e−2isx

s− λ
ds

2π i
.

The integral equations for λ ∈ (−S∞, S∞) and λ ∈ 0±
∞

are obtained analogously. The solution to RHP 3.1
is given, in terms of ν = (ν11, ν12), by

N(x, z)= (1, 0)+
1

2π i

∫
0

ν(x, s)(W+x (s)+W−x (s))
s− z

ds. (3-4)

The goal is an existence and uniqueness result for solution to RHP 3.1. To make use of the symmetry
relations of the jump conditions and Zhou’s vanishing lemma, we need to consider the equivalent RHP in
the ζ -variable with jump contour R∪ iR∪6∞ given by Figure 2, left.

Riemann–Hilbert Problem 3.7. Fix x ∈ R. Find a matrix-valued function M(x, · ) with the following
properties:

(i) (analyticity) M(x, z) is a 2× 2 matrix-valued analytic function of z for z ∈ C \6 where the contour
6 is given by Figure 2, left.

(ii) (normalization)

M(x, z)=
(

1 0
0 1

)
+O(z−1) as z→∞.
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(iii) (jump condition) For each ζ ∈6, the function M has continuous boundary values M±(λ) as z→ ζ

from �±. Moreover, the jump relation

M+(x, ζ )= M−(x, ζ )e−i xζ 2 ad σv(ζ )

holds, where v(ζ ) is given by (2-14)–(2-17).

Definition 3.8. We say that a matrix-valued function M(x, z) is a null vector for RHP 3.7 if M(x, z)
satisfies (i) and (iii) above and

M(x, z)=O(z−1) as |z| →∞.

Observe that, given scattering data SD for RHP 3.1 in the space Y from Definition 3.3, the induced
scattering data for RHP 3.7 consist of bounded continuous functions, square-integrable on the unbounded
contours. Thus RHP 3.7 is well-defined with the O(z−1) condition replaced by an L2-condition on
M±− I (and the condition M± ∈ L2 for an L2-null vector).

Proposition 3.9. The only L2 null vector for RHP 3.7 with scattering data induced from SD ∈ Y is the
zero vector.

Proof. The proof is a direct consequence of Proposition 2.1 and [Zhou 1989b, Theorem 9.3]. �

It is useful to formulate Proposition 3.9 in terms of the homogeneous Beals–Coifman equation associated
to RHP 3.7, which we now derive.

The jump matrix vx(ζ ) admits the factorization

vx(ζ )= (1−w−x )
−1(1+w+x ).

We set

µ= M+(1+w+x )
−1
= M−(1−w−x )

−1. (3-5)

In analogy with RHP 3.1, the Beals–Coifman integral equation for RHP 3.7 is

µ= I + Cwxµ= I +C+6 (µw
−

x )+C−6 (µw
+

x ), (3-6)

where I is the 2× 2 identity matrix. If M is a null vector in the sense of Definition 3.8 and µ is defined
by (3-5), then

µ= Cwxµ. (3-7)

We can now reformulate Proposition 3.9 as follows:

Proposition 3.10. Assume that w± are obtained from scattering data SD in Y. Then, the only solution to
(3-7) in L2(6) is the zero vector.

3B. A mapping between null spaces. To complete the proof of Theorem 3.6, we show that any solution ν
of (3-3) induces a solution µ of (3-7) and that if µ= 0, then ν = 0. For notational brevity, we suppress
the dependence of µ and ν on x , which remains fixed throughout the discussion.
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Lemma 3.11. Suppose that W±x are generated from scattering data SD ∈ Y. For ν = (ν1, ν2) a solution
of the homogeneous Beals–Coifman equation (3-3) in L2(0), define

µ(x, ζ )=
(
µ11(x, ζ ) µ12(x, ζ )
µ21(x, ζ ) µ22(x, ζ )

)
=

(
ν11(x, ζ 2) ζν12(x, ζ 2)

−ζν12(x, ζ̄
2
) ν11(x, ζ̄

2
)

)
. (3-8)

Then µ ∈ L2(6) solves (3-7).

Remark 3.12. We can invert (3-8) to recover ν via the formulas

ν11(x, ζ 2)= µ11(x, ζ ), ν12(x, ζ 2)=
µ12(x, ζ )

ζ
. (3-9)

In particular, if µ= 0, then ν = 0.

Proof. Define a matrix-valued function µ by (3-9) for a given solution ν of (3-3). It is easy to see that

µ11(x,−ζ )= µ11(x, ζ ), µ12(x,−ζ )=−µ12(x, ζ ).

In [Liu 2017, Lemma 5.2.2] we have shown that for ν ∈ L2(0) and ρ ∈ Y0,

µ11(x, ζ )r(ζ )= ν11(x, ζ 2)ζρ(ζ 2), µ12(x, ζ )r̆(ζ )= ζν12(x, ζ 2)ζρ(ζ 2)

are both square-integrable on the part of the6 contour outside the circle6∞. Thus µw±x is an L2 function
on 6. Once (3-7) is obtained from (3-3), µ ∈ L2(6) follows from the boundedness of Cauchy projection
on L2-functions.

In [Liu 2017, Chapter 5], the second author established the transition from (3-3) to (3-7) when 0 = R

and 6 = R∪ iR. Thus, we only consider the contour integrals

I+ :=
∫
0+∞

ν12(x, s)(S1(s)+ S2(s))e2isx

s− λ
ds

2π i
, (3-10)

I− :=
∫
0−∞

ν11(x, s)(S3(λ)+ S4(λ))e−2isx

s− λ
ds

2π i
. (3-11)

Let λ= ζ 2 and fix the branch [0, 2π). Then

I+ =
∫
0+∞

ν12(x, λ)n−21(x0, λ)e2iλ(x−x0)

(λ− λ0)ᾰ(λ)ᾰ0(λ)

dλ
2π i

=

∫
C

ζ−1µ12(x, ζ )ζm−21(x0, ζ )e2iζ 2(x−x0)

(ζ 2− ζ 2
0 )ă(ζ )ă0(ζ )

dζ 2

2π i

=

∫
C

(
µ12(x, ζ )m−21(x0, ζ )e2iζ 2(x−x0)

(ζ − ζ0)ă(ζ )ă0(ζ )
−
µ12(x, ζ )m−21(x0, ζ )e2iζ 2(x−x0)

(−ζ − ζ0)ă(ζ )ă0(ζ )

)
1

2ζ
dζ 2

2π i

=

∫
C

µ12(x, ζ )m−21(x0, ζ )e2iζ 2(x−x0)

(ζ − ζ0)ă(ζ )ă0(ζ )

dζ
2π i
−

∫
C

µ12(x, ζ )m−21(x0, ζ )e2iζ 2(x−x0)

(−ζ − ζ0)ă(ζ )ă0(ζ )

dζ
2π i
= I+1 + I+2 .
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Setting λ = R2eiθ with θ ∈ (π, 0), we integrate I+1 over the arc ζ = Reiη, where η goes from π
2 to 0.

For I+2 , we make the change of variable ζ →−ζ , then using of the oddness of µ12 and m21, we obtain

−

∫
µ12(x, ζ )m−21(x0, ζ )e2iζ 2(x−x0)

(−ζ − ζ0)ă(ζ )ă0(ζ )

dζ
2π i
=

∫
µ12(x, ζ )m−21(x0, ζ )e2iζ 2(x−x0)

(ζ − ζ0)ă(ζ )ă0(ζ )

dζ
2π i

.

For I+2 , we integrate over the arc Reiη with η going from 3π
2 to π . This completes the change of variable

for (3-10). Similarly, we have

I− =−
∫
0−∞

ν11(x, λ)n−12(x0, λ)e2iλ(x0−x)

(λ− λ0)α(λ)α0(λ)

dλ
2π i

=−

∫
C

µ11(x, ζ )m−12(x0, ζ )e2iζ 2(x0−x)

ζ(ζ 2− ζ 2
0 )a(ζ )a0(ζ )

dζ 2

2π i

=−

∫
C

1
2ζ 2

(
1

ζ − ζ0
+

1
ζ + ζ0

)
µ11(x, ζ )m−12(x0, ζ )e2iζ 2(x0−x)

a(ζ )a0(ζ )

dζ 2

2π i

=−

∫
C

µ11(x, ζ )m−12(x0, ζ )e2iζ 2(x0−x)

ζ0(ζ − ζ0)a(ζ )a0(ζ )

dζ
2π i
+

∫
C

µ11(x, ζ )m−12(x0, ζ )e2iζ 2(x0−x)

ζ0(ζ + ζ0)a(ζ )a0(ζ )

dζ
2π i
= I−1 + I−2 .

We write λ= R2eiθ with θ ∈ (π, 2π). For I−1 , we integrate over the arc ζ = Reiη, where η goes from π
2

to π . For I−2 , we make the change of variable ζ →−ζ , and then make use of the evenness and oddness
of µ11 and m12 respectively to obtain∫

µ11(x, ζ )m−12(x0, ζ )e2iζ 2(x0−x)

ζ0(ζ + ζ0)ă(ζ )ă0(ζ )

dζ
2π i
=−

∫
µ11(x, ζ )m−12(x0, ζ )e2iζ 2(x0−x)

ζ0(−ζ − ζ0)ă(ζ )ă0(ζ )

dζ
2π i

=−

∫
µ11(x, ζ )m−12(x0, ζ )e2iζ 2(x0−x)

ζ0(ζ − ζ0)ă(ζ )ă0(ζ )

dζ
2π i

.

For I−2 , we integrate over the arc Reiη, where η goes from 3π
2 to 2π . Integrals involving µ21 and µ22 are

derived using complex conjugations. �

Proof of Theorem 3.6. First, for scattering data SD ∈ Y, the operator (I − CWx ) is a Fredholm operator
on L2(0). This follows from [Trogdon and Olver 2016, Lemma 2.60] since we allow uniform rational
approximation of the function ( · )ρ( · ) for ρ ∈ Y0. Next, we claim that kerL2(0)(I − CWx ) is trivial. If
ν ∈ kerL2(0)(I − CWx ), then by Lemma 3.11, ν induces a vector µ ∈ kerL2(6)(I − Cwx ), which must be
the zero vector by Proposition 3.10. It follows from Remark 3.12 that ν = 0. Finally, from Fredholm
theory, (I − CWx ) is invertible in L2(0), which is equivalent to unique solvability of RHP 3.1. �

Corollary 3.13. The resolvent (I − CWx )
−1 exists for all x ∈ R and all SD ∈ Y.

4. Mapping properties of the inverse scattering map

Recall that the potential q is reconstructed by solving the “right” Riemann–Hilbert Problem 3.1 (for a
solution normalized as x→+∞). As shown in Section 2E, the “left” Riemann–Hilbert problem (with
jump matrix characterized by Theorem 2.11) can be conjugated to the “right” Riemann–Hilbert problem,
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so we concentrate on the mapping properties of the reconstruction from the right. We omit the (standard)
proof that the left and right reconstructions agree, as well as the proof that the inverse map composed
with the direct map is the identity map on H 2,2(R). Thus, in the statements of Theorems 4.2 and 4.5, an
assertion is made about the reconstructed potential on R, but details of the proof are only given for the
restriction of q to a half-line of the form (c,∞).

We start with the reconstruction formula for the potential q from given scattering data J± as characterized
in Theorem 2.7:

q(x)=
(
−

1
π

∫
0

ν(x, λ)(W+x (λ)+W−x (λ)) dλ
)

12

=

(
−

1
π

∫
0

ν(x, λ)e−iλx ad σ (J+(λ)− J−(λ)) dλ
)

12
, (4-1)

where the “12” subscript denotes the second entry of the row vector, and 0 is the contour shown in
Figure 2, right.

Let A(�±) denote the space of analytic functions in the region �± of the complex plane and R(∂�±)
the space of functions whose restrictions on ∂�± are rational. Following a reduction technique of [Zhou
1998], we construct functions ω± ∈ A(�±) such that, for k = 2:

(1) ω± ∈ R(∂�±) and ω±− I = O(z−2) as z→∞.

(2) ω± has the same triangularity as J±.

(3) ω±(z)= J±(z)+ o((z− a)k−1) for a =±S∞.

The construction of ω± is given in [Zhou 1989a, Appendix I]. For example, consider the approximation
of J− �∂�2 . Since (J−− I ) �∂�2 is in H 2, we construct a rational function ω− such that (ω−− J−) � ∂�2

vanishes at ±S∞ to order 1. Explicitly

ω−(±S∞)− I = ρ(±S∞), ω′
−
(±S∞)= ρ ′(±S∞).

This is performed by the following steps:

(i) Choose z0 /∈�2 and denote by p± the Taylor polynomial of degree 1 of (z−z0)
nρ(z) at z=±S∞.We

choose n ≥ 6.

(ii) By [Zhou 1989a, Lemma A1.2], there is a polynomial p(z) of degree at most 3 such that

p(z)− p±(z)= O(z∓ S∞)2.

(iii) Set ω−(z) = (z − z0)
−n p(z). Clearly, ω−(z) − ρ(z) vanishes at ±S∞ to order 1. Since n ≥ 6,

ω− ∈ H 2,2(∂�2) and ω is analytic in �2.

By construction,

J = ω−1
−
(J−ω−1

−
)−1(J+ω−1

+
)ω+ ≡ ω

−1
−

J −1
−

J+ω+ ≡ ω−1
−

Jω+. (4-2)

The advantage of working with J is that J±− I vanishes at ±S∞ to order 1:

J±(λ)= I + o((λ− a)1), a =±S∞. (4-3)
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(−S∞, 0) (S∞, 0)

+

−

+

−

Figure 5. The newly modified contour 0m .

The continuity of J± and its derivative at λ = ±S∞ is a key point to performing the decay estimates
for the reconstructed potential. Notice that J± are defined like J± in Theorem 2.7 and they will be used
when establishing estimates such as (4-9) and (4-10). For x ≥ 0, Jx is the jump matrix for the RHP

N+(x, λ)=N−(x, λ)Jx(λ) λ ∈ 0,

if and only if Jx is the jump matrix for the RHP 3.1. Here N = N e−iλx ad σω, where e−iλx ad σω ∈

AL∞(C \0)∩ AL2(C \0) is guaranteed by construction. Note that N and N give rise to the same ν, a
solution of the associated Beals–Coifman equation. The potential is given by

q(x)=
(
−

1
π

∫
0

ν(x, λ)e−iλx ad σ (J+(λ)−J−(λ)) dλ
)

12
.

Due to the large z-behavior of ω±(z), we have(
lim

z→∞
2i zN (x, z)

)
12 =

(
lim

z→∞
2i zN (x, z)

)
12,

which shows that ω gives no contribution to the reconstruction of q for x ≥ 0. We may thus as well work
with J.

The next step consists in augmenting the contour as in Figure 5. The newly modified contour is denoted
by 0m . The advantage of 0m is that it reverses the orientation of the segment (S−

∞
, S+
∞
) and thus allows to

prove usual estimates of the Cauchy projections when the contour is restricted to R. The added (dashed)
contours have no effect on the RHP since the jump matrices there are chosen to be the identity.

We redefine J± as follows:

(1) J± = I on the added (dashed) contours.

(2) J+(λ) and J−(λ) are, respectively, the lower and upper triangular factors in the factorization of
J (λ), λ ∈ R, |λ|> S∞.

(3) On the other hand, J+(λ) and J−(λ) are, respectively, the lower and upper triangular factors in the
factorization of J −1(λ), λ ∈ R, |λ|< S∞.

(4) For λ ∈ 0∞, J±(λ)= I for Im λ≶ 0 and J±(λ)= J (λ) for Im λ≷ 0.

The newly defined J± satisfy all properties listed in Theorem 2.7. To analyze the scattering map, we will
use the revised reconstruction formula

q(x)=
(
−

1
π

∫
0m

ν(x, λ)e−iλx ad σ (J+(λ)−J−(λ)) dλ
)

12
. (4-4)
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We will at first suppress dependence of the scattering data on t (Sections 4A and 4B), but recall it again
in Section 4C.

Associated to the Riemann–Hilbert problem with jump matrix Jx is a Beals–Coifman integral equation,
where the Beals–Coifman operator is given by

CJxφ = C+[φ(Jx+− I )] +C−[φ(I −Jx−)]. (4-5)

Throughout the analysis we will use the following uniform resolvent bound.

Proposition 4.1. Suppose that J = ω− Jω−1
+ , where J has the form of (2-21)–(2-24), is constructed from

scattering data in a bounded subset B of Z (see Definition 3.5), and admits an algebraic factorization
J = J −1

− J+, where J± have the same triangularities as in Theorem 2.7. Then, for fixed a ∈ R and all
x ≥ a the estimate

sup
J∈B
‖(I −CJx )

−1
‖L2→L2 <∞ (4-6)

holds. Finally, the map
J 7→ (x 7→ (I −CJx )

−1)

is Lipschitz continuous into the space C([a,∞);B(L2)).

Proof. We check hypotheses (i)–(iii) of Proposition B.1 with X = L2(R), Y as given in Definition 3.3,
and Z as given in Definition 3.5.

(i) The continuity of the map (J , x) 7→ CJx and the uniform continuity estimate follow immediately
from (4-5).

(ii) The proof of Corollary 3.13 applies with no essential change to show that (I −CJx )
−1 exists for all

x ∈ R and J ∈ Y.

(iii) To prove this estimate we need to show that (I −CJx )
−1 is bounded as x→+∞ for each fixed J.

To do this we use a standard parametrix construction and approximation argument due to [Zhou 1989b].
Let J̆ ± = (J±)−1. A standard computation shows that

I − TJx = (I −CJx )(I −CJ̆ x
),

where
TJxφ = C+(C−φ(Jx+−Jx−))(I − J̆ x−)+C−(C+φ(Jx+−Jx−))(J̆ x+− I ).

The operator TJx is compact so that (I −CJ̆ x
) is a Fredholm regulator for (I −CJx ). It suffices to show

lim
x→+∞

‖TJx‖L2→L2 = 0

since
(I −CJx )

−1
= (I −CJ̆ x

)(I − TJx )
−1

and ‖(I−CJ̆ x
)‖L2→L2 is bounded uniformly in x . By mimicking the proof of [Zhou 1989b, Theorem 6.1]

(with some sign changes since we consider the limit x → +∞ rather than x → −∞) we can show
by rational approximation that, for fixed J, we have ‖TJx‖L2→L2 → 0 as x →−∞. Taking b so that
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‖TJx‖L2→L2 < 1
2 for x ≥ b, we obtain a uniform bound on ‖(I − CJx )

−1
‖L2→L2 for x ≥ b. Since

x 7→ (I −CJx )
−1 is continuous, this implies that supx≥a‖(I −CJx )

−1
‖L2→L2 is bounded for any a ∈ R.

We can now apply Proposition B.1 to obtain the uniform bound and the asserted Lipschitz continuity. �

4A. Decay property of the reconstructed potential. Let

H 0,2(R)= {q ∈ L2(R) : x2q(x) ∈ L2(R)}.

Theorem 4.2. If J is given as in Theorem 2.7 and q is defined by (4-4), then q ∈ H 0,2(R). Moreover, the
map from data J = J −1

− J+, defined in (4-2) and obeying the hypothesis of Theorem 3.6, to q ∈ H 0,2(R)

is Lipschitz continuous.

Definition 4.3. Define the subsets of the contour 0m

0± := R∪ ({Im λ≷ 0} ∩0m),

0′ := 0±
∞
= either 0∞ ∩ {Im λ≷ 0} or R.

Lemma 4.4 (See [Zhou 1998, Lemma 2.9]). For x ≥ 0,

‖C+0′→0+(I −Jx−)‖L2 ≤
c

1+ x2 ‖J−− I‖H2, (4-7)

‖C−0′→0−(I −Jx+)‖L2 ≤
c

(1+ x2)1/2
‖J+− I‖H1, (4-8)

‖Jx+− I‖L2(0+∞)
≤

c
(1+ x2)1/2

‖J+− I‖H1, (4-9)

‖Jx−− I‖L2(0−∞)
≤

c
1+ x2 ‖J−− I‖H2, (4-10)

(‖(CJx )
2 I‖L2(0))11 ≤

c
1+ x2 ‖J+− I‖H1‖J−− I‖H2, (4-11)

(‖(CJx )
2 I‖L2(0))22 ≤

c
(1+ x2)1/2

‖J+− I‖H1‖J−− I‖H2 . (4-12)

Proof of Theorem 4.2. Proposition 4.1 and Lemma 4.4 provide the tools for estimating the decay of the
potential q , recalling that ν appearing in (4-1) is equal to (I−CJ ±x )

−1(1, 0). We decompose the following
integral into the sum of four integrals∫

((I −CJx )
−1 I )e−iλx ad σ (J+−J−) dλ=

∫
1
+

∫
2
+

∫
3
+

∫
4
, (4-13)

where the integrals on the right-hand-side are defined in (4-14)–(4-17). We extract information on q(x)
from the (1, 2)-entry. Here and thereafter, the integral sign without subscripts refers to an integral taken
on the entire contour displayed in Figure 5. We write∫

1
:=

∫
R

(Jx+−Jx−)+

∫
0+∞

(Jx+− I )+
∫
0−∞

(I −Jx−). (4-14)

Notice that J −x − I is strictly upper triangular on 0 and J − − I is in H 2 so we conclude that the
(1, 2)-entry of the integral above is in H 0,2 by mapping properties of the Fourier transform and (4-10).
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The second integral ∫
2
:=

∫
(CJx I )(Jx+−Jx−) (4-15)

is zero on the (1, 2)-entry; it thus makes no contribution to the reconstruction of q . For the third integral,∫
3
:=

∫
((CJx )

2 I )(Jx+−Jx−)

=

∫ (
C+(C−(Jx+−I ))(I−Jx−)

)
(Jx+−I )+

∫ (
C−(C+(I−Jx−))(Jx+−I )

)
(I−Jx−). (4-16)

The (1, 2)-entry is∫
0−∞

(
C−0+→0(C

+

0→0+
(I−Jx−))(Jx+−I )

)
(I−Jx−)+

∫
R

(
C−
0+→0

(C+0→0+(I−Jx−))(Jx+−I )
)
C+R (I−Jx−),

and from (4-7) and (4-10), we conclude that∣∣∣∣(∫
3

)
12

∣∣∣∣≤ c
(1+ x2)2

.

Finally we set
g = (1−CJx )

−1((CJx )
2 I )

and write ∣∣∣∣ ∫
4

∣∣∣∣ := ∣∣∣∣∫ [(C+g(I −Jx−))(Jx+− I )+ (C−g(Jx+− I ))(I −Jx−)]

∣∣∣∣. (4-17)

Again, the (1, 2)-entry is given by∫
0−∞

(C−g(Jx+− I ))(I −Jx−)+

∫
R

(C−
0+→R

g(Jx+− I ))C+R (I −Jx−)

and from (4-7), (4-10), (4-11), and Proposition 4.1 we conclude that∣∣∣∣(∫
4

)
12

∣∣∣∣≤ c
(1+ x2)2

.

The estimate for x ∈ (−∞, a) is obtained by considering the RHP with jump condition described in
Theorem 2.11. Lipschitz continuity of the map follows from Proposition 4.1 and (4-13). �

4B. Smoothness property of the reconstructed potential.

Theorem 4.5. If the jump matrix J is given by Theorem 2.7 and q is defined by (4-4), then q ∈ H 2,0(R).
Moreover, the map from data J defined as in (4-2) and obeying the hypothesis of Theorem 3.6 to
q ∈ H 2,0(R) is Lipschitz continuous.

In order to study smoothness properties of the reconstructed potential, we first show that the functions
M± solving RHP 3.7 solve a differential equation in the x-variable. It follows that the same is true of the
solution µ of (3-6) since µ is obtained from either M+ or M− through postmultiplication by a matrix of
the form e−i xζ 2 ad σ A(ζ ). We can then change variables to find a differential equation in x obeyed by the
(matrix-valued) solution ν of RHP 3.1.
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Proposition 4.6. The functions M± obey the differential equation (1-5) where M , P and Q are constructed
from the solution µ of (3-6) as follows:

M(x, ζ )= I +
∫
6

µ(x, s)(w+x (s)+w
−
x (s))

s− ζ
ds

2π i
,

Q(x)=−
1

2π
ad σ

(∫
6

µ(x, ζ )(w+x (ζ )+w
−

x (ζ )) dζ
)
,

P(x)= Q(x)i(ad σ)−1 Q(x).

The proof of the above proposition is a slight modification of the proof of Proposition 5.3.1 in [Liu
2017]. Here we need take into account of the integration along the additional circle 6∞.

Proof of Theorem 4.5. We first notice that µ given by (3-5) solves the linear problem (1-5):

d
dx
µ= (−iζ 2 ad σ + ζQ(x)+ P(x))µ.

We now use the change of variable ζ → λ to obtain

d
dx
ν =

(
−iλ ad σ +

(
0 q
−λq̄ 0

)
+ P

)
ν.

We further write

d
dx
(νe−iλx ad σ (J+−J−))=

(
−iλ ad σ +

(
0 q
−λq̄ 0

)
+ P

)
(νe−iλx ad σ (J+−J−)). (4-18)

Unlike RHP 3.1 in which ν appears as a row vector, here ν is a 2× 2 matrix,

ν =

(
ν11(x, λ) ν12(x, λ)

−λν12(x, λ̄) ν11(x, λ̄)

)
,

and its first row (ν11, ν12) is the solution to RHP 3.1. We integrate both sides of (4-18) along the contour
shown in Figure 5:

d
dx

∫
(νe−iλx ad σ (J+−J−))=

∫ (
−iλ ad σ +

(
0 q
−λq̄ 0

)
+ P

)
(νe−iλx ad σ (J+−J−)).

The potential q is given by the (1, 2)-entry of this matrix form integral. Using that J− ∈ H 2,2(0), the
(1, 2)-entry of ∫

−iλ ad σ(νe−iλx ad σ (J+−J−))

is an L2-function of x , following the same argument as in the proof of Theorem 4.2. To show that the
(1, 2)-entry of ∫ ((

0 q
−λq̄ 0

)
+ P

)
(νe−iλx ad σ (J+−J−))

is an L2-function of x , we use that q ∈ L2
∩ L∞, which comes from the fact that |q| ≤ c/(1+ x2)2, shown

in Theorem 4.2. This proves that qx ∈ L2. To estimate qxx , we differentiate (4-18) with respect to x .
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Figure 6. The modified contour 6m .

Explicitly, we have
d2

dx2

∫
(νe−iλx ad σ (J+−J−))=

∫
1
+

∫
2
,

where ∫
1
:=

∫ (
−iλ ad σ +

(
0 q
−λq̄ 0

)
+ P

)2

(νe−iλx ad σ (J+−J−)),∫
2
:=

∫ ((
0 q
−λq̄ 0

)
x
+ Px

)
(νe−iλx ad σ (J+−J−)).

Again following the previous argument and using that J− ∈ H 2,2 and q ∈ H 1, we conclude that
qxx ∈ L2(−a,+∞). A similar argument using scattering data given by Theorem 2.11 and solving
the corresponding RHP shows that qxx ∈ L2(−∞, a). Lipschitz continuity of the map follows from the
uniform boundedness of the resolvent operator given by (4-6) and Proposition B.1. �

4C. Time evolution of the reconstructed potential. We now recall the explicit time-dependence of
q(x, t) on t through the law of evolution (2-33), and write the reconstruction formula as

q(x, t)=
(
−

1
π

∫
0m

ν(x, λ, t)ei tθ(x,t,λ)(J+(λ)−J−(λ)) dλ
)

12
,

where 0m is the contour shown in Figure 2, right, and

θ(x, t, λ)=−2λ2
− (x/t)λ.

To study the time-evolution of q(x, t), it will be convenient to work in the ζ -variable and write

q(x, t)=
(
−

1
π

∫
6m

µ(x, ζ, t)ei tθ(x,ζ 2,t)(J̃ +(ζ )− J̃ −(ζ )) dζ
)

12
, (4-19)

where 6m , shown in Figure 6, is the inverse image of 0m under the map ζ 7→ λ= ζ 2, J̃± are the scattering
data corresponding to J ± under the change of variables and µ solves the Beals–Coifman integral equation
corresponding to the scattering data J̃±.
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The continuity of the direct and inverse maps implies that, given Cauchy data q0 ∈ H 2,2(R), we may
approximate q0 by a sequence {qn} from S(R) that converges in H 2,2(R) to q0 and obtain a sequence of
approximants qn(x, t) for q(x, t) which converge in H 2,2(R) as n→∞ uniformly in t in any bounded
interval. It follows that, in order to prove that q(x, t) given by (4-19) is a weak solution of (1-2), it
suffices to assume that q0 ∈ S(R) and argue by approximation.

The following proposition can be proved using the same technique used to prove [Liu 2017, Proposi-
tion 7.0.4]).

Proposition 4.7. Suppose that M± solve RHP 3.7. Let

Q(x, t)=− 1
2π

ad σ
[∫

6m

µ(x, ζ )( J̃+(ζ )− J̃−(ζ )) dζ
]
=

(
0 q
−q̄ 0

)
,

P(x, t)= i Q(x, t)(ad σ)−1 Q(x, t)= i
2

(
|q|2 0

0 −|q|2

)
,

and A(x, t) be given as in (2-32). Then M± are fundamental solutions of the Lax equations (2-31).

Given a fundamental solution of the Lax equations (2-31), it now follows by a standard argument
[Liu et al. 2016, Appendix B] that q(x, t), defined as the (1, 2)-entry of Q(x, t), solves the integrable
equation (1-2). Thus:

Proposition 4.8. Suppose that q0 ∈ H 2,2(R) and let J± be the corresponding scattering data. Then
q(x, t) defined by (4-19) solves (1-2).

4D. Proof of Theorem 1.1. Combining the results of Sections 4A, 4B, and 4C we can now prove the
main theorem.

Proof of Theorem 1.1. Given initial data q0 ∈ H 2,2(R), the direct scattering map has the continuity
properties asserted in Proposition 2.9, so that the time-evolved scattering data has the continuity properties
asserted in Proposition 2.10. By Theorem 3.6, RHP 3.1 is uniquely solvable for each x, t , and by
Theorems 4.2 and 4.5, the map from scattering data J ( · , t) to reconstructed potential q( · , t) is Lipschitz
continuous into H 2,2(R). The map (q0, t) 7→ q(x, t) defined by the composition of the direct scattering
map, the flow map, and the inverse scattering map (i) maps (q0, 0) to q0 (by standard arguments which
we omit here), (ii) is jointly continuous in (q0, t) (by the continuity of the direct and inverse maps), and
(iii) is locally Lipschitz continuous in q0 (by the Lipschitz continuity asserted in Theorems 4.2 and 4.5).
Finally, it follows from Proposition 4.8 that q(x, t) is a weak solution of (1-2). �

Appendix A: Sobolev spaces on self-intersecting contours

In this appendix, we define the Sobolev spaces H k
±
(0) and H k

z (0) needed for the analysis of RHP 3.1.
These spaces were introduced in [Zhou 1989b]; see [Trogdon and Olver 2016, §2.6–2.7] for a discussion
on their role in the analysis of Beals–Coifman integral equations associated to RHPs.

If 0=01∪· · ·∪0n and the 0i are either half-lines, line segments, or arcs, the space H k(0) consists of
functions f on 0 with the property that f |0i ∈ H k(0i ). The space H k(0i ) is well-defined since each 0i
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�+

�−

�−

�+

S∞−S∞
�+

�−

�−

�+

S∞−S∞

Figure 7. Boundary components of �+ (left) and �− (right).

can be parametrized by arc length and functions on 0i viewed as functions on a subset of R. A function
f ∈ H k(0i ) has a representative which is continuous, together with its derivatives f ( j) up to order k− 1.
Limits of f ( j) at the endpoints of 0i are well-defined for 0≤ j ≤ k− 1. The spaces H k

+
(0) and H k

−
(0)

consist of the functions of H k(0) which are continuous together with their derivatives up to order k− 1
along the solid and dashed components, respectively, shown in Figure 7.

To describe the continuity conditions, let

( f j
i )± = lim

z→S±∞,z∈0i
f ( j)(z),

where the contours 0i are as shown in Figure 4. A function f ∈ H k
+
(0) obeys the conditions

( f j
1 )− = ( f j

2 )−, ( f j
3 )− = ( f j

4 )−, ( f j
2 )+ = ( f j

1 )+, ( f j
3 )+ = ( f j

4 )+ (A-1)

for 0≤ j ≤ k− 1, where in each case the first condition comes from continuity across the solid contour,
and the second from continuity across the dashed contour. Similarly, a function f ∈ H k

−
(0) obeys the

conditions

( f j
1 )− = ( f j

3 )−, ( f j
2 )− = ( f j

4 )−, ( f j
3 )+ = ( f j

1 )+, ( f j
2 )+ = ( f j

4 )+ (A-2)

for 0≤ j ≤ k− 1.
The space H k

z (0) consists of those functions in H k(0) which obey the following zero-sum conditions
at the two intersection points ±S∞:

( f j
1 )−+ ( f j

4 )−− ( f j
2 )−− ( f j

3 )− = 0,

( f j
2 )++ ( f j

3 )+− ( f j
4 )+− ( f j

1 )+ = 0,
(A-3)

where the ± signs are determined by the orientation of the contour as indicated in Figure 7.
It is easy to see from (A-1), (A-2), and (A-3) that H k

±
(0) ⊂ H k

z (0). In [Trogdon and Olver 2016,
Lemma 2.51], it is shown that if f ∈ H k

z (0), then the Cauchy projectors C±0 f are in H k
±
(0). This
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mapping property is very natural since C+0 f (resp. C−0 f ) is the boundary value of a function analytic
in �+ (resp. �−). It follows that

H k
z (0)= H k

+
(0)+ H k

−
(0),

with the decomposition given by f = C+0 ( f )+ (−C−0 ( f )).

Appendix B: The continuity-compactness argument

In this appendix, we give the abstract functional-analytic argument needed to prove uniform resolvent
estimates required in Section 4 for the Lipschitz continuity of the inverse scattering map. Proposition B.1
can also be used to simplify proofs of analogous uniform estimates in [Jenkins et al. 2018b; Liu et al.
2016]. In what follows B(X) denotes the Banach space of bounded operators on the Banach space X .

Proposition B.1. Let X , Y, and Z be Banach spaces and suppose that there is a continuous embedding
i : Z→ Y with the property that bounded subsets of Z map to precompact subsets of Y. Suppose that CJ,x

is a family of bounded operators on a Banach space X indexed by J ∈ Y and x ∈ R. Finally, suppose that:

(i) The map (J, x) 7→ CJ,x is continuous as a map from Y ×R into B(X), and the estimate

sup
x∈R

‖CJ,x −CJ ′,x‖B(X) . ‖J − J ′‖Y

holds.

(ii) The resolvent (I −CJ,x)
−1 exists for each x ∈ R and J ∈ Y.

(iii) For each J ∈ Y, the estimate

sup
x∈[a,∞)

‖(I −CJ,x)
−1
‖B(X) <∞

holds.

Then for any bounded subset B of Z ,

sup
J∈B

(
sup

x∈[a,∞)
‖(I −CJ,x)

−1
‖B(X)

)
<∞

and the map
J 7→ {x 7→ (I −CJ,x)

−1
}

is locally Lipschitz continuous as a map from Z into C([a,∞);B(X)).

Remark B.2. (1) In applications, (i) is easy to prove from the explicit form of the Beals–Coifman
integral operators, (ii) follows from Fredholm theory and a vanishing theorem for the RHP, and (iii)
follows from the continuity of the map

x 7→ (I −CJ,x)
−1

and the fact that, in the limit x→∞, the integral kernel of the operator is highly oscillatory.

(2) In applications, the bound in hypothesis (iii) is typically only true for half-lines. One can replace
[a,∞) by (−∞, a] and obtain the same result.
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Proof. Denote by C([a,∞),B(X)) the Banach space of continuous B(X)-valued functions of x ∈ [a,∞)
equipped with the norm

‖ f ‖C([a,∞),B(X)) = sup
x∈R

‖ f (x)‖B(X).

Consider the map
Y → C([a,∞),B(X)), J 7→ (x 7→ (I −CJ,x)

−1). (B-1)

Assumptions (i), (ii), (iii) and the second resolvent formula show that this map is well-defined and
continuous. Using the injection i we can identify bounded subsets of Z with precompact subsets of Y.
We can then use the continuity of the map (B-1) to conclude that the image of any bounded subset of
Z has compact closure in C([a,∞),B(X)) and hence is bounded. The local Lipschitz continuity now
follows from the identity

(I −CJ,x)
−1
− (I −CJ ′,x)

−1
= (I −CJ,x)

−1(CJ ′,x −CJ,x)(I −CJ ′,x)
−1

(the “second resolvent formula”) owing to the uniform bounds. �
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UNCONDITIONAL EXISTENCE OF
CONFORMALLY HYPERBOLIC YAMABE FLOWS

MARIO B. SCHULZ

We prove global existence of instantaneously complete Yamabe flows on hyperbolic space of arbitrary
dimension m � 3 starting from any smooth, conformally hyperbolic initial metric. We do not require
initial completeness or curvature bounds. With the same methods, we show rigidity of hyperbolic space
under the Yamabe flow.

Let .M;gM / be a Riemannian manifold. Let g0 D u0gM be a conformal metric on M defined by a
smooth function u0 WM ! �0;1Œ. A family .g.t//t2Œ0;T Œ of Riemannian metrics on M is called Yamabe
flow with initial metric g0 if for all t 2 Œ0;T Œ(

@
@t

g.t/D�Rg.t/g.t/;

g.0/D g0;
(1)

where Rg denotes the scalar curvature of the Riemannian manifold .M;g/. Richard Hamilton [1989]
introduced this flow as alternative approach to the Yamabe problem and showed that solutions to (1) exist
on any compact manifold .M;g0/ without boundary. Since then, a full theory on compact manifolds
was developed with major contributions by Chow [1992], Ye [1994], Schwetlick and Struwe [2003] and
Brendle [2005; 2007].

In dimension dim.M /D 2, where the Yamabe flow coincides with the Ricci flow, Gregor Giesen and
Peter Topping [Giesen and Topping 2011; Topping 2010; 2015] obtained existence and uniqueness of
instantaneously complete solutions to (1) on an arbitrary surface .M;g0/. Instantaneous completeness
means that the Riemannian manifold .M;g.t// is geodesically complete for all t > 0 even if the initial
surface .M;g0/ is incomplete. In [Schulz 2019a], the author studied the question of whether Giesen
and Topping’s results generalise to noncompact manifolds of higher dimension and obtained affirmative
results for manifolds conformally equivalent to hyperbolic space provided that the conformal factor in
the initial metric and the initial scalar curvature are both uniformly bounded from above. In the present
paper, we now are able to show existence of instantaneously complete Yamabe flows for any conformal
initial metric on hyperbolic space .H;gH/ of dimension m� 3.

Theorem 1 (existence). Let g0Du0gH be any conformal Riemannian metric on hyperbolic space .H;gH/

of dimension m � 3. Then, there exists an instantaneously complete Yamabe flow .g.t//t2Œ0;1Œ on H

satisfying

(1) g.0/D g0,

(2) g.t/�m.m� 1/t gH for all t > 0.

MSC2010: primary 35A01, 35K55, 53C44; secondary 35A02, 35K65.
Keywords: Yamabe flow, instantaneously complete, unbounded curvature.
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Remark. Recall that hyperbolic space is a noncompact, simply connected Riemannian manifold of
constant sectional curvature �1 and scalar curvature RgH

D �m.m � 1/. Theorem 1 improves the
existence result obtained in [Schulz 2019a], which depended on the uniform upper bounds g0 � C0gH

and Rg0
�K on the initial metric and its scalar curvature. Here, we are able to drop these assumptions

entirely, so the existence of instantaneously complete Yamabe flows on hyperbolic space of any dimension
is true with the same level of generality as in dimension 2. It is likely that the proof of Theorem 1 can
be generalised to apply on any noncompact manifold .M;gM / with strictly negative scalar curvature
��2 � RgM

� ��1 < 0 in place of hyperbolic space.
However, there exist (geodesically incomplete) initial manifolds .M;g0/ which do not allow any

instantaneously complete solution to the Yamabe flow. Conformally flat examples .M;g0/ such as the
punctured sphere in dimension m� 3 are given in [Schulz 2019a, Theorem 3]. The incompleteness of
Yamabe flows on arbitrary punctured manifolds will be analysed in a forthcoming article.

For the more general class of complete, noncompact background manifolds .M;gM / with nonpositive,
bounded scalar curvature and positive Yamabe invariant, the author proves global existence of complete
Yamabe flows in [Schulz 2019b], provided the initial metric g0 D u0gM already is complete with
c1 � u0 � c2 for some constants c1; c2 > 0, so that cases like the punctured sphere are excluded. However,
no assumptions on the curvature of g0 are required.

If g0 is any Riemannian metric on some noncompact manifold M, then existence of a global Yamabe
flow on M with initial metric g0 was shown by Yinglian An and Li Ma [1999] provided that .M;g0/ is
complete, with Ricci curvature bounded from below and with bounded, nonpositive scalar curvature, and
also by Li Ma [2016] under the assumption that .M;g0/ is complete with nonnegative scalar curvature Rg0

which allows a positive solution w > 0 of the equation

��g0
w D

m� 2

4.m� 1/
Rg0

in M.
Bahuaud and Vertman [2014; 2019] constructed Yamabe flows starting from spaces with incomplete

edge singularities which are preserved along the flow. Recently, Choi, Daskalopoulos, and King [Choi et al.
2018] constructed solutions to the Yamabe flow on Rm which develop a type II singularity in finite time.

In general, solutions to problem (1) on noncompact manifolds M are not unique. An example on
M D H is the flat metric g0 D gE, which is conformally equivalent to gH according to the Poincaré ball
model. By Theorem 1, there exists an instantaneously complete Yamabe flow .g.t//t2Œ0;1Œ on H with
g.0/ D gE. However, the constant flow given by Ng.t/ D gE for all t is also a solution to (1) because
RgE
D 0. In [Schulz 2019a] we conjectured that uniqueness holds in the class of instantaneously complete

Yamabe flows and obtained a partial result in the class of rotationally symmetric, instantaneously complete
flows. While the conjecture is still open in general, the methods used in the proof of Theorem 1 yield the
following result without the assumption of symmetry or completeness.

Theorem 2 (rigidity). Let .H;gH/ be hyperbolic space of dimension m� 3. Let .g.t//t2Œ0;T Œ be a Yamabe
flow on H with g.0/D gH. Then, the flow is uniquely given by g.t/D .m.m�1/tC1/gH for all t 2 Œ0;T Œ.
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Figure 1. The construction of u0;k given u0.

Proofs of the main results

Let u0 W H! �0;1Œ be the conformal factor of the given metric g0 D u0gH on H. We assume that
the restriction of u0 to any smooth, bounded domain � � H is in the Hölder space C2;˛.�/ for some
0< ˛ < 1. Since the Yamabe flow preserves the conformal class, any Yamabe flow .g.t//t2Œ0;T Œ on H

with g.0/D g0 is of the form g.t/D u. � ; t/gH with a conformal factor u WH� Œ0;T Œ! �0;1Œ satisfying(
@
@t

uD�Rgu;

u. � ; 0/D u0:
(2)

In dimension mD dim.H/� 3 we may introduce the exponent

�D
m� 2

4

and the function U D u� in order to express the scalar curvature of the conformal metric g D ugH by

Rg D U�
mC2
m�2

�
RgH

U � 4
m� 1

m� 2
�gH

U

�
and to formulate the following equivalent evolution equations for U and u respectively:

1

m� 1

@U

@t
D .m�U C�gH

U /U�
1
� ; (3)

1

m� 1

@u

@t
DmC

�gH
u

u
C
.m� 6/

4

jruj2gH

u2
: (4)

Let Bk DBk.p0/�H be the open metric ball of radius k around some origin p0 2H. Let �k WH! Œ0; 1�

be smooth with compact support in Bk satisfying �k.x/D 1 for all x 2 Bk�1. For any k > 2 we define

ck WD inf
Bk

u0 > 0; (5)

u0;k WD .1��k/ck C�k u0; (6)

�k.t/ WD ck Cm.m� 1/t: (7)

Then, u0;k 2C2;˛.Bk/ coincides with u0 in Bk�1 and takes the constant value ck in some neighbourhood
of @Bk as shown in Figure 1. Moreover, u0;k and �k satisfy the first-order compatibility conditions
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for (4). As shown in [Schulz 2019a, Lemma 1.1] there exists some Tk > 0 and a solution u> 0 of8̂̂̂̂
<̂
ˆ̂̂:

1

m� 1

@u

@t
DmC

�gH
u

u
C
.m� 6/

4

jruj2gH

u2
in Bk � Œ0;Tk Œ;

uD �k on @Bk � Œ0;Tk Œ;

uD u0;k on Bk � f0g:

(8)

The following pointwise estimate is analogous to [Schulz 2019a, Lemma 1.3].

Lemma 1. Let u be a positive solution to problem (8) with initial and boundary data as given in (6)
and (7). Then, for every 0� t < Tk

inf
Bk

u0 � u. � ; t/�m.m� 1/t � sup
Bk

u0:

Proof. Given any constant c 2 R the function w. � ; t/D u. � ; t/�m.m� 1/t � c satisfies

1

m� 1

@w

@t
�
�gH

w

u
�
.m� 6/hru;rwigH

4u2
D 0 in Bk � Œ0;Tk Œ. (9)

Since u> 0, equation (9) is uniformly parabolic. For c D infBk
u0 (respectively c D supBk

u0) we have
w � 0 (respectively w � 0) on .@Bk � Œ0;Tk Œ/[ .Bk � f0g/ by (7) and the parabolic maximum principle
(see [Schulz 2019a, Proposition A.2]) implies w � 0 (respectively w � 0) in Bk � Œ0;Tk Œ. �
Lemma 2 (global existence on bounded domains). For every k > 2, there exists a unique global solution
0< uk 2 C2I1.Bk � Œ0;1Œ/ to problem (8) with Tk D1, boundary data (7) and initial data (6).

Proof. Since any solution u 2 C2I1.Bk � Œ0;Tk Œ/ to problem (8) with Tk <1 satisfies

0< inf
Bk

u0 � u. � ; t/� sup
Bk

u0Cm.m� 1/Tk in Bk

for every t 2 Œ0;Tk Œ according to Lemma 1, the same approach as in [Schulz 2019b, Lemma 1.2] using
parabolic De Giorgi–Nash–Moser theory applies. In fact, a similar argument is used in the proof of
Theorem 1. �

The estimate obtained in Lemma 1 is not uniform in k because we do not assume any uniform bounds
on u0. To pass to the limit k!1 we require local bounds which do not depend on k. The nonlinearity
of the equation is helpful for upper bounds. Lower bounds however are delicate. We will make use of the
following estimate.

Lemma 3. For any real numbers a; c > 0 there exists � > 0 such that the function f W �0; 1Œ! R given by
f .r/D .1� r2/2 satisfies

f 00.r/C
c

r
f 0.r/� ��.f .r//1Ca

for all r 2 �0; 1Œ.

Proof. Since f 0.r/D�4r.1� r2/ and f 00.r/D�4C 12r2, we have

f 00.r/C
c

r
f 0.r/D .�4C 12r2/� 4c.1� r2/D 8� 4.3C c/.1� r2/D y

�
1

1� r2

�
.f .r//1Ca;
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c
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�

Figure 2. Visualisation of Lemma 3 for aD 1, c D 2 and �D 33.

where we introduced the function y W Œ1;1Œ! R given by

y.x/D 8x2C2a
� 4.3C c/x1C2a:

Since the leading term 8x2C2p has a positive coefficient, the function y W Œ1;1Œ! R is bounded from
below by some constant �� < 0 depending only on the parameters a and c. �

Lemma 4 (radial subsolution). Let B1.x0/� H be the open metric unit ball in .H;gH/ around x0 2 H

and let a; b; h0 > 0. Then there exists a constant C > 0 depending only on a; b; h0 and mD dim H such
that the map V W B1 � Œ0; t0Œ! �0; h0� given by

V . � ; t/D .ha
0�C t/

1
a .1� r2/2;

where t0 D
1
C

ha
0

and where r W B1 ! Œ0;1Œ is the Riemannian distance function from x0 in .H;gH/,
satisfies

@

@t
V 1Ca

� b�gH
V: (10)

Proof. A function of the form V . � ; t/D h.t/.f ı r/ satisfies (10) if

d
dt

h1Ca
D�b�h; ��f 1Ca.r/��gH

.f .r//;

for some � > 0. Let f W �0; 1Œ! R and � > 0 be as in Lemma 3 with

c D
m� 1

tanh.1/
:

Then

�gH
.f .r//D f 00.r/C

m� 1

tanh.r/
f 0.r/� f 00.r/C

c

r
f 0.r/� ��f 1Ca.r/:
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The equation for h implies
d

dt
.ha/D�

ab�

aC 1
;

which integrates to

ha.t/D ha.0/�
ab�t

aC 1
:

Choosing h.0/D h0 we arrive at

V . � ; t/D

�
ha

0�
ab�t

aC 1

�1
a

.1� r2/2; (11)

which completes the proof with constant

C D
ab�

aC 1
: �

Remark. The equation corresponding to (10) is called fast diffusion equation (see [Vázquez 2007]),
which is well-studied even for domains in Riemannian manifolds of negative curvature: Bonforte, Grillo
and Vázquez [Bonforte et al. 2008] proved existence of (weak) solutions to the fast diffusion equation in
a more general setting and provided more refined estimates of the extinction time. Grillo and Muratori
[2014] studied radial solutions of @

@t
V 1Ca D �gH

V on hyperbolic space of dimension m � 3 in the
subcritical range 1C a < mC2

m�2
and analysed their fine asymptotics near the extinction time. In the

following we will specialise to the critical exponent 1CaD mC2
m�2

which corresponds to the Yamabe flow.
It is surprising that the simple profile f .r/D .1� r2/

2
allows the construction of a compactly supported

subsolution to the Yamabe flow on hyperbolic space of any dimension m� 3. The same approach works
on Rm for m � 3 if we choose c D .m� 1/. On manifolds of dimension 2, however, the Yamabe flow
behaves differently: according to [Giesen and Topping 2013, Theorem A.3] there exist Yamabe flows
starting from the flat 2-dimensional unit disc with arbitrarily small extinction time.

Lemma 5 (local lower bound). Let �� H be any open subset of hyperbolic space of dimension m� 3

containing the metric ball Br0
� H of radius r0 > 1. Let .g.t//t2Œ0;T Œ be any Yamabe flow on � given by

g.t/D u. � ; t/gHj�. Then, there exists a constant Cm > 0 depending only on m and not on � such that
for all t 2 Œ0;T Œ

u. � ; t/� inf
Br0

u. � ; 0/�Cmt in Br0�1:

Proof. Let �D m�2
4

as before. According to (3) the function U D u� satisfies

�

.m� 1/.�C 1/

@

@t
U 1C 1

� Dm�U C�gH
U ��gH

U

in Br0
� �. Let x0 2 Br0�1 be arbitrary and let V W B1.x0/ � Œ0; t0Œ ! R be as in Lemma 4 with

parameters

aD
1

�
; b D

.m� 1/.�C 1/

�
; h0 D inf

Br0

U. � ; 0/: (12)

According to Lemma 2 we may assume T > t0. We consider the difference

w WD V 1C 1
� �U 1C 1

� ;
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define the function wC WB1.x0/� Œ0; t0Œ! Œ0;1Œ by wC.x; t/Dmaxfw.x; t/; 0g and study the evolution
of the quantity

J.t/D

Z
B1.x0/

wC. � ; t/ d�gH
:

For any 0< � � t < t0 we have

J.t/�J.t � �/D

Z
B1.x0/

wC. � ; t/ d�gH
�

Z
B1.x0/

wC. � ; t � �/ d�gH

�

Z
fw. � ; t/>0g

.wC. � ; t/�wC. � ; t � �// d�gH

�

Z
fw. � ; t/>0g

.w. � ; t/�w. � ; t � �// d�gH
:

Hence,

lim sup
�&0

J.t/�J.t � �/

�
�

Z
fw. � ; t/>0g

@w

@t
. � ; t/ d�gH

� b

Z
f.V�U /. � ; t/>0g

�gH
.V �U /. � ; t/ d�gH

� 0;

(13)

where we use the following Lemma 6 to obtain the last inequality. We proceed similarly to an argument
by Richard Hamilton [1986, Lemma 3.1] (see also [Schulz 2019a, Lemma A.5]). Let " > 0 be arbitrary.
Estimate (13) implies that there exists ı > 0 such that

for all � 2 Œ0; ıŒ; J.t/�J.t � �/� "�: (14)

We may assume that ı 2 �0; t � is maximal with this property. By continuity of t 7! J.t/, estimate (14)
extends to

J.t/�J.t � ı/� "ı: (15)

If t � ı > 0, we repeat the argument to find ı0 > 0 such that,

for all � 2 Œ0; ı0Œ; J.t � ı/�J.t � ı� �/� "�: (16)

In particular, (15) and (16) can be combined to

J.t/�J.t � ı� �/� ".ıC �/

for all � 2 Œ0; ı0Œ in contradiction to the maximality of ı. Hence, ı D t and we obtain

J.t/�J.0/� "t:

By the choice of h0 we have J.0/D 0. Since " > 0 is arbitrary, J.t/� 0 follows and implies U. � ; t/�

V . � ; t/ in B1. In particular, using formula (11) with parameters (12) for V , we have

U.x0; t/� V .x0; t/D

�
inf
Br0

u. � ; 0/�
.m� 1/�t

�

��
:

Since x0 2Br0�1 and t 2 �0; t0Œ are arbitrary and U Du�, the claim follows with constant CmD
m�1
�
�. �
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Lemma 6. Let � � H be a smooth, bounded domain and let f 2 C2.�/ satisfy f � 0 on @�. Let
ff > 0g WD fx 2� j f .x/ > 0g. Then, Z

ff >0g

�gH
f d�gH

� 0:

Proof. For any regular value y � 0 of f , the set ff > yg �� is regular, open and bounded with outer
unit normal � in the direction of �rf . Therefore, we may integrate by parts to obtainZ

ff >yg

�gH
f d�gH

D

Z
@ff >yg

hrf; �igH
d�gH

� 0: (17)

If y D 0 is not a regular value for f , we choose a sequence .yk/k2N of regular values for f with yk! 0

as k!1 and pass to the limit in (17). �

The following lemma about upper bounds is a local version of [Schulz 2019a, Proposition 2.1] and
complements the local lower bound obtained in Lemma 5. In [Schulz 2019a], the estimate is derived
from (3) for U D u�. Here, we give a slightly different proof using (4) instead.

Lemma 7 (local upper bound). Let �� H be any open subset of hyperbolic space of dimension m� 3

containing the metric ball Br0
� H of radius r0 > 1. Let .g.t//t2Œ0;T Œ be any Yamabe flow on � given by

g.t/D u. � ; t/gHj�. Then, there exists a constant cm > 0 depending only on m and not on � such that
for all t 2 Œ0;T Œ

u. � ; t/� sup
Br0

u. � ; 0/C .m� 1/.mC cm/t in Br0�1:

Proof. Let  W�! Œ0; 1� be a smooth cutoff function with support in Br0
�� such that  .x/D 1 for

all x 2 Br0�1 and such that �
.mC 2/

4 
jr j2gH

��gH
 

�
� cm (18)

in Br0
with some constant cm > 0 depending only on the dimension m. Such cutoff functions exist as

shown in [Schulz 2019a, Lemma A.3–4]. Consider the spatially constant function

w.t/D sup
Br0

u. � ; 0/C .m� 1/.mC cm/t:

Recalling (4), but suppressing the index gH to ease notation of derivatives and inner products, we have

1

m�1

@

@t
.u �w/

Dm �.mCcm/C
�u

u
 C

.m�6/

4

jruj2

u2
 

Dm �.mCcm/C
�.u /

u
�

mC2

4u
hru;r i�� C

m�6

4u2
hr. u/;rui

Dm �.mCcm/C
�.u /

u
�

mC2

4u 
hr.u /;r iC

m�6

4u2
hr. u/;ruiC

mC2

4 
jr j2�� 

�
�.u �w/

u
�

mC2

4u 
hr.u �w/;r iC

m�6

4u2
hr. u�w/;rui: (19)
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Since Br0
� � is a bounded domain, ujBr0

�Œ0;T Œ is strictly bounded away from zero and from above.
Moreover, u �w� 0 on .Br0

�f0g/[.@Br0
� Œ0;T Œ/. Hence, the parabolic maximum principle [Schulz

2019a, Proposition A.2] applies to inequality (19) and yields u �w � 0 in Br0
� Œ0;T Œ, which by the

choice of  implies u. � ; t/� w.t/ in Br0�1 for all t 2 Œ0;T Œ as claimed. �

Proof of Theorem 1. Let r >1 and T >1 be arbitrary but fixed. For every k 2N let uk WBk�Œ0;1Œ! �0;1Œ

be the solution to problem (8) with boundary data (7) and initial data (6) as given in Lemma 2. Combining
the lower bounds from Lemmas 1 and 5, for every k � r C 3 we obtain

uk jBrC2�Œ0;T �
�

m.m� 1/

m.m� 1/CCm
inf

BrC3

u0 > 0; (20)

where the constant Cm > 0 is the same as in Lemma 5. Here we use that we have

maxfat; b� ctg �
ab

aC c

for any a; b; t > 0. In fact, maxfat; b� ctg is minimal when at D b� ct , that is, when t D b=.aC c/. By
Lemma 7, we also have

uk jBrC2�Œ0;T �
� sup

BrC3

u0C .m� 1/.mC cm/T: (21)

Recalling �D m�2
4

, we write (8) in divergence form

1

m� 1

@u�C1

@t
D

m.�C 1/u�C1

u
C divgH

�
1

u
ru�C1

�
(22)

and interpret it as linear parabolic equation for u
�C1

k
in BrC2�Œ0;T � with coefficients which are uniformly

bounded due to (20) and (21). Since uk jBrC2�f0gD u0jBrC2
is Hölder continuous by assumption, we may

apply parabolic De Giorgi–Nash–Moser theory [Ladyzhenskaya et al. 1968, p. 204, Theorem III.10.1]
(see also [Trudinger 1968, §4]) to (22) in order to obtain the interior Hölder bound

ku
�C1

k
kC0;˛I0;˛=2.BrC1�Œ0;T �/

� C.m;T;u0jBrC3
/

for some 0 < ˛ < 1 with a constant C depending only on m, T, the upper and lower bounds (20) and
(21) and the Hölder bound on u0jBrC2

, but not on k. Together with (20) and (21), it follows that the
coefficient 1=uk in (22) is Hölder continuous in BrC1 � Œ0;T � satisfying a similar estimate. Since we
assume u0 2 C2;˛.BrC1/, linear parabolic theory [Ladyzhenskaya et al. 1968, p. 351, Theorem IV.10.1]
yields

ku
�C1

k
kC2;˛I1;˛=2.Br�Œ0;T �/

� C 0.m;T;u0jBrC3
/:

By compactness of the embedding C2;˛I1;˛=2.Br � Œ0;T �/ ,! C2I1.Br � Œ0;T �/ a subsequence of
fuk jBr�Œ0;T �grC2�k2N converges to a solution of (4) in Br � Œ0;T �. We repeat this argument to obtain a
further subsequence which converges to a solution of (4) in B2r � Œ0; 2T �.

A diagonal argument allows us to find a subsequence of fukgk2N which converges everywhere to a limit
u 2C2I1.H� Œ0;1Œ/ satisfying the Yamabe flow (4). Since the uniform lower bound u. � ; t/�m.m�1/t
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C

u0 D 1

�
H

�Œ�
H

�Œ

Figure 3. Applying Lemma 5 uniformly.

from Lemma 1 is preserved in the limit, the Yamabe flow given by g.t/D u. � ; t/gH is instantaneously
complete. �

Proof of Theorem 2. Let .g.t//t2Œ0;T Œ be any Yamabe flow on H with g.0/DgH. Let u WH�Œ0;T Œ! �0;1Œ

be such that g.t/D u. � ; t/gH for all t 2 Œ0;T Œ. In order to obtain a sharp bound on u from below it is
convenient to aim for an upper bound on the so-called pressure v D 1

u
which evolves by the equation (see

[Schulz 2019a])
1

m� 1

@

@t
v D�mv2

C v�gH
v�

mC 2

4
jrvj2gH

: (23)

Let r W H! Œ0;1Œ denote the Riemannian distance function in .H;gH/ with respect to some origin in H.
Given 0< " < 1

2
let  W H! �0;1Œ be defined by

 D
1

cosh."r/
:

Then we have jr j2gH
� "2 2 and

��gH
 D�

@2 

@r2
�
.m� 1/

tanh.r/
@ 

@r
D "2 1� sinh2."r/

cosh3."r/
C
.m� 1/

tanh.r/
" tanh."r/
cosh."r/

� "2 C .m� 1/" 

in H. This implies

1

m� 1

@

@t
. v/D�m v2

C v�gH
. v/� v2�gH

 � 2vhr ;rvigH
�

mC 2

4
 jrvj2gH

� �m v2
C v�gH

. v/C

�
��gH

 C
4jr j2gH

.mC 2/ 

�
v2

� �m v2
C v�gH

. v/Cm" v2

� �m.1� "/. v/2C v�gH
. v/; (24)

where we used  � 1 in the last step. Since u. � ; 0/D 1 we may apply Lemma 5 uniformly in H and
obtain a constant Cm > 0 depending only on the dimension m such that u. � ; t/� 1�Cmt in H for all
t 2 Œ0;T Œ as illustrated in Figure 3. This implies

v. � ; t/�
1

1�Cmt
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in H for all t 2 Œ0;T0Œ, where T0 WDmin
˚
T; 1

Cm

	
. Hence, the function . v/. � ; t/ attains a global maximum

in H and the map w W Œ0;T0Œ! �0;1Œ given by

w.t/Dmax
H
. v/. � ; t/

is well-defined. Let t0 2 �0;T0Œ be arbitrary but fixed. Let q0 2 H such that w.t0/ D . v/.q0; t0/. By
(24), we have

lim inf
�&0

1

�

�
1

w.t0/
�

1

w.t0� �/

�
� lim inf

�&0

1

�

�
1

. v/.q0; t0/
�

1

. v/.q0; t0� �/

�
D
@

@t

ˇ̌̌̌
tDt0

1

. v/.q0; t/
D
�
@
@t
. v/

. v/2
.q0; t0/

�
m� 1

. v/2
.m.1� "/. v/2� v�gH

. v//.q0; t0/

�m.m� 1/.1� "/; (25)

where we used that ��gH
. v/.q0; t0/ � 0 since q0 is a maximum. As shown in [Schulz 2019a,

Lemma A.5], estimate (25) implies

1

w.t/
�

1

w.0/
�m.m� 1/.1� "/t

for every t 2 �0;T0Œ, which yields

. v/. � ; t/� w.t/�
1

m.m� 1/.1� "/t C 1

since w.0/D 1. Letting "! 0 and recalling v D 1
u

we conclude

u. � ; t/�m.m� 1/t C 1 (26)

for all t 2 Œ0;T0Œ. By repeating the argument with initial time T0 if necessary, we obtain that estimate
(26) holds in fact for all t 2 Œ0;T Œ.

The reverse inequality u. � ; t/�m.m� 1/t C 1 is similar to the statement of Lemma 7. In fact, if we
choose �D H and replace the cutoff function  by  ."r/ in the proof of Lemma 7, then the constant
cm in estimate (18) can be replaced by "cm and we may conclude by letting "! 0. �
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SHARPENING THE TRIANGLE INEQUALITY:
ENVELOPES BETWEEN L2 AND L p SPACES

PAATA IVANISVILI AND CONNOR MOONEY

Motivated by the inequality ‖ f + g‖2
2 ≤ ‖ f ‖2

2 + 2‖ f g‖1 + ‖g‖2
2, Carbery (2009) raised the question

of what is the “right” analogue of this estimate in L p for p 6= 2. Carlen, Frank, Ivanisvili and Lieb
(2018) recently obtained an L p version of this inequality by providing upper bounds for ‖ f + g‖p

p in
terms of the quantities ‖ f ‖p

p, ‖g‖p
p and ‖ f g‖p/2

p/2 when p ∈ (0, 1] ∪ [2,∞), and lower bounds when
p ∈ (−∞, 0)∪ (1, 2), thereby proving (and improving) the suggested possible inequalities of Carbery.
We continue investigation in this direction by refining the estimates of Carlen, Frank, Ivanisvili and
Lieb. We obtain upper bounds for ‖ f + g‖p

p also when p ∈ (−∞, 0)∪ (1, 2) and lower bounds when
p ∈ (0, 1] ∪ [2,∞). For p ∈ [1, 2] we extend our upper bounds to any finite number of functions. In
addition, we show that all our upper and lower bounds of ‖ f +g‖p

p for p ∈R, p 6= 0, are the best possible
in terms of the quantities ‖ f ‖p

p, ‖g‖p
p and ‖ f g‖p/2

p/2, and we characterize the equality cases.

1. Introduction

For any real-valued functions f, g ∈ L p on an arbitrary measure space, and any p ≥ 1, one has the
inequality

‖ f + g‖p
p ≤ 2p−1(‖ f ‖p

p +‖g‖
p
p). (1)

The estimate (1) follows from the fact that the map x 7→ |x |p is convex. If f = g in (1) then the constant
2p−1 is sharp and the inequality becomes equality. On the other hand, if f and g have disjoint supports
then the constant 2p−1 is not needed. We remark that the estimate (1) reflects the convexity of the unit ball
in L p, which is equivalent to the usual L p triangle (Minkowski) inequality; see, e.g., [Carlen et al. 2020a].

Carbery [2009] asked under what conditions on the sequence of functions { f j } ⊂ L p the inequality∑
‖ f j‖

p
p < ∞ would imply

∑
f j ∈ L p. If we try to adapt the inequality (1) to say n functions

f1, f2, . . . , fn instead of two, then the constant 2p−1 should be replaced by n p−1, which grows with n. To
remove dependence on n, Carbery suggested several extensions of inequality (1) which were motivated
by the estimate ‖ f + g‖22 ≤ ‖ f ‖22+ 2‖ f g‖1+‖g‖22. All of them involve the extra parameter ‖ f g‖p/2

p/2,
which measures the “overlap” between the functions, and the strongest one in the case of two functions
he could prove only for indicator functions of sets. Recently a sharpened form of the triangle inequality
was obtained [Carlen et al. 2020a], which implied the proposed estimates of Carbery. Namely, take any

MSC2010: 42B20, 42B35, 47A30.
Keywords: triangle inequality, L p spaces, concave envelopes, Bellman function.
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p ∈ R \ {0}, and put

‖ f ‖p :=

(∫
X
| f |p dµ

)1/p

and 0p :=
2‖ f g‖p/2

p/2

‖ f ‖p
p +‖g‖

p
p
.

Then
‖ f + g‖p

p ≤ (1+0
2/p
p )p−1(‖ f ‖p

p +‖g‖
p
p) (2)

holds true if p ∈ (0, 1] ∪ [2,∞), and the inequality reverses if p ∈ (−∞, 0)∪ (1, 2), where in the latter
case we assume that f, g are positive almost everywhere. Since by Cauchy–Schwarz 0p ∈ [0, 1] for all
p ∈ R \ {0}, we see that (2) improves on the trivial bound (1).

In this paper we continue investigation in this direction and we address the following questions:

Question 1. Can one further sharpen the right-hand side of the estimate (2) if we are allowed to use only
the quantities ‖ f ‖p, ‖g‖p, ‖ f g‖p/2?

Question 2. What is the optimal upper bound on ‖ f +g‖p
p in terms of the quantities ‖ f ‖p, ‖g‖p, ‖ f g‖p/2,

also when p ∈ (−∞, 0)∪ (1, 2)? Additionally we consider the same question about lower bounds on
‖ f + g‖p

p, also when p ∈ (0, 1] ∪ [2,∞).

Question 3. Can one extend these estimates to more than two functions?

We will give complete answers to Questions 1 and 2, and we will provide an answer to Question 3
when p> 0. In particular we show that, for p ∈ [1, 2], if

∑
j ‖ f j‖

p
p <∞ and

∑
i< j ‖ fi f j‖

p/2
p/2 <∞, then∑

j f j ∈ L p.

2. Main results

Let (X,A, µ) be an arbitrary measure space. In what follows we consider functions f , g on X that are
measurable and nonnegative. Given p ∈ R \ {0} we will always assume that ‖ f ‖p

p, ‖g‖
p
p <∞. When

p < 0 we allow f , g to take the value +∞, where we understand f p, g p
= 0.

Theorem 2.1. For any p ∈ (0, 1] ∪ [2,∞), and any nonnegative f, g on any measure space we have

‖ f + g‖p
p ≤

((
1+
√

1−02
p

2

)1/p

+

(
1−
√

1−02
p

2

)1/p )p

(‖ f ‖p
p +‖g‖

p
p). (3)

The inequality reverses if p ∈ (−∞, 0)∪[1, 2]. Equality holds if ( f g)p/2
= k( f p

+g p) for some constant
k ∈

[
0, 1

2

]
.

Remark 2.2. The right-hand side of (3) is the best possible in the following sense: consider the measure
space ([0, 1],B, dx). Pick any nonnegative numbers x, y and z such that 0 ≤ z ≤

√
xy. Then, for any

p∈ (0, 1]∪[2,∞) the supremum of the left-hand side of (3) over all nonnegative f, g with fixed ‖ f ‖p
p= x ,

‖g‖p
p = y, ‖ f g‖p/2

p/2 = z coincides with the right-hand side of (3). Similarly, for any p ∈ (−∞, 0)∪[1, 2]
the infimum of the left-hand side of (3) over all such f, g coincides with the right-hand side of (3). We
justify this remark in Section 3.
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Remark 2.2 implies in particular that Theorem 2.1 refines the estimate (2). As a consequence we have
the following peculiar estimate:

Corollary 2.3. For any p ∈ (0, 1] ∪ [2,∞) and any number 0 ∈ [0, 1], we have((
1+
√

1−02

2

)1/p

+

(
1−
√

1−02

2

)1/p )p

≤ (1+02/p)p−1. (4)

The inequality reverses if p ∈ (−∞, 0)∪ [1, 2].

If we set 0 := 2(ab)p/2/(a p
+ bp) for nonnegative a, b, then after a short computation inequality (4)

becomes
(a+ b)p

a p + bp ≤

(
1+

(
2
(ab)p/2

a p + bp

)2/p )p−1

. (5)

This estimate was previously obtained in [Carlen et al. 2020a] (where it was also shown to be equivalent
to the inequality (2)), and the arguments are quite involved.

Remark 2.4. If we let q := 1/p and x =
√

1−02, then inequality (4) can also be written as the
two-point-type inequality

(1+ x)q + (1− x)q

2
≤

(
1+ (1− x2)q

2

)1−q

(6)

for all q ∈
(
−∞, 1

2

]
∪ [1,∞), x ∈ [0, 1], and the inequality reverses if q ∈

[1
2 , 1

)
. This inequality is

reminiscent of Bonami’s two-point inequality(
|y+ u

√
(p− 1)/(q − 1)|q + |y− u

√
(p− 1)/(q − 1)|q

2

)1/q

≤

(
|y+ u|p + |y− u|p

2

)1/p

, (7)

which holds true for all y, u ∈ R and 1 ≤ p ≤ q <∞; see [Bonami 1970]. Indeed, if we take y = 1,
p = 2, and u = x

√
q − 1 then we get

|1+ x |q + |1− x |q

2
≤ (1+ (q − 1)x2)q/2. (8)

The right sides of inequalities (6) and (8) are not comparable. For example, when x = 1 the estimate (6)
gives better upper bounds for q > 2, while near x = 0 it gives worse upper bounds.

Next, let p ∈ R \ {0}, and set1

C p :=
min{‖ f ‖p

p, ‖g‖
p
p, ‖ f g‖p/2

p/2}

‖ f g‖p/2
p/2

.

Theorem 2.5. For any p ∈ (1, 2) and any nonnegative f , g on any measure space we have

‖ f + g‖p
p ≤ ‖ f ‖p

p +‖g‖
p
p + ((C

−1/p
p +C1/p

p )p
−C−1

p −C p)‖ f g‖p/2
p/2. (9)

1If ‖ f g‖p/2
p/2 = 0 then we set C p = 1.
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The inequality reverses if p ∈ (0, 1]∪ [2,∞). Equality holds in (9) if one of the following three conditions
holds: f = g on { f g > 0}, g = λ f on { f > 0} for some λ≥ 1, or f = λg on {g > 0} for some λ≥ 1.

For p ∈ (−∞, 0) we have
‖ f + g‖p

p ≤ (C
−1/p
p +C1/p

p )p
‖ f g‖p/2

p/2. (10)

Equality holds in (10) if one of the following three conditions holds: f = g on { f g <∞}, g = λ f on
{ f <∞} for some λ≤ 1, or f = λg on {g <∞} for some λ≤ 1.

Exactly the same remark as before applies to Theorem 2.5; that is, the right-hand sides of (9) and (10)
are the best possible. Together, Theorems 2.1 and 2.5, along with the remarks about optimality, answer
Questions 1 and 2.

Finally, we state a partial answer to Question 3 in the case p > 0.

Corollary 2.6. For any p ∈ [1, 2], and any sequence of nonnegative functions { f j } j≥1 we have∥∥∥∥∑
j

f j

∥∥∥∥p

p
≤

∑
j

‖ f j‖
p
p + (2

p
− 2)

∑
i< j

‖ fi f j‖
p/2
p/2.

If p ∈ (0, 1] ∪ [2,∞) the inequality reverses. Equality holds if and only if(∑
j

f j

)p

=

∑
j

f p
j + (2

p
− 2)

∑
i< j

( f j f j )
p/2

almost everywhere.

In particular, when p ∈ [1, 2] we have
∑

j f j ∈ L p provided
∑

j ‖ f j‖
p
p <∞ and

∑
i< j ‖ f j f j‖

p/2
p/2<∞.

Remark 2.7. After we finished writing this paper we received the preprint [Carlen et al. 2020b], in which
the authors obtain an upper bound for the L p norm of a sum of N functions in the case p≥ 2, in terms of a
certain analogue for N functions of the quantity 0p. Their estimate complements our result Corollary 2.6,
which holds for p ∈ (1, 2), and is obtained using different techniques.

The rest of the paper is organized as follows. In Section 3 we reduce the proofs of Theorems 2.1
and 2.5, as well as the remarks about their optimality, to computing the concave and convex envelopes of a
certain function defined on the boundary of a convex cone in R3. In Section 4 we compute these envelopes.
Finally, in Section 5 we prove Corollary 2.6 using an observation about the proof of Theorem 2.5.

3. Reductions

In this section we reduce Theorems 2.1 and 2.5 to computing explicitly the convex and concave envelopes
of a certain function defined on the boundary of a convex cone in R3. Let

� := {x, y ≥ 0, 0≤ z ≤
√

xy}

be the convex cone in R3 whose vertical cross-sections�∩{x+ y= c> 0} are half-ellipses. For p ∈R\{0}
define ϕp on ∂� by

ϕp(x, y,
√

xy)= (x1/p
+ y1/p)p, x, y > 0, ϕp(x, y, 0)=

{
x + y, p > 0,
0, p < 0.
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Let f and g be nonnegative functions on an arbitrary measure space (X,A, µ) with ‖ f ‖p
p, ‖g‖

p
p <∞.

Note that the triple (‖ f ‖p
p, ‖g‖

p
p, ‖ f g‖p/2

p/2) is in � by the Cauchy–Schwarz inequality. By the equality
case, if the triple is in ∂� we have ‖ f + g‖p

p = ϕp(‖ f ‖p
p, ‖g‖

p
p, ‖ f g‖p/2

p/2). Our approach is based on the
following lemma:

Lemma 3.1. Let p ∈ R\{0}, and assume that H ∈ C(�) is a concave, one-homogeneous function on �
with H |∂� = ϕp. Then

‖ f + g‖p
p ≤ H(‖ f ‖p

p, ‖g‖
p
p, ‖ f g‖p/2

p/2).

If H is convex, the inequality reverses.

Proof. By the boundary conditions, we have

1= H
(

f p

( f + g)p ,
g p

( f + g)p ,
( f g)p/2

( f + g)p

)
on the set X ′ = { f + g > 0} when p > 0, or { f + g <∞} when p < 0. Integrating this identity with
respect to the probability measure ( f + g)p dµ/‖ f + g‖p

p on X ′ and applying Jensen’s inequality gives

1≤ H
(
‖ f ‖p

p

‖ f + g‖p
p
,
‖g‖p

p

‖ f + g‖p
p
,
‖ f g‖p/2

p/2

‖ f + g‖p
p

)
when H is concave, and the other inequality for H convex. The result follows from the one-homogeneity
of H. �

Lemma 3.1 reduces our problem to computing the concave and convex envelopes of ϕp on �. By
concave envelope we mean the infimum of linear functions on � that are greater than ϕp on ∂�, and by
convex envelope we mean the supremum of linear functions on � that are smaller than ϕp on ∂�. Let
H p denote the concave envelope, and H p the convex envelope. For (x, y, z) ∈�, define

w(x, y, z) :=
2z

x + y
, v(x, y, z) :=min

{
x
z
,

y
z
, 1
}
,

where we take w = 0 at the origin and v = 1 on �∩ {z = 0}. Define the one-homogeneous functions Fp,
Gp on � by

Fp(x, y, z) :=
x + y

2

(
(1+

√
1−w2)1/p

+ (1−
√

1−w2)1/p)p
, (11)

Gp(x, y, z) :=
{

x + y+ ((v1/p
+ v−1/p)p

− (v+ v−1)) z, p > 0,
(v1/p

+ v−1/p)p z, p < 0.
(12)

Proposition 3.2. The concave and convex envelopes H p, H p of ϕp in � are in C(�) and are given
explicitly by the formulae

H p =

{
Fp, p ∈ (0, 1] ∪ [2,∞),
Gp, p ∈ (−∞, 0)∪ (1, 2)

and

H p =

{
Fp, p ∈ (−∞, 0)∪ (1, 2),
Gp, p ∈ (0, 1] ∪ [2,∞).
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We delay the proof of Proposition 3.2 to Section 4, and immediately note that Theorems 2.1 and 2.5
follow quickly:

Proof of Theorems 2.1 and 2.5. To prove the inequalities, just apply Lemma 3.1 to the functions H p

and H p. To check the equality cases, observe that in the proof of Lemma 3.1, we have equality in Jensen
provided {( f p, g p, ( f g)p/2)} lie in a set where H is linear.

Since Fp is linear when restricted to the hyperplanes {z = k(x + y)} ∩�, which are nontrivial when
k ∈

[
0, 1

2

]
, we obtain the equality case in Theorem 2.1.

We note that Gp is linear on the triangular cone {z≤min{x, y}}∩�, and on the hyperplanes {z=γ x}∩�
and {z = γ y}∩� for each γ ≥ 1. The first condition gives ( f g)p/2

≤min{ f p, g p
}, so f = g on { f g> 0}

in the case p > 0 and on { f g <∞} in the case p < 0. The second condition gives ( f g)p/2
= γ f p, and

the third ( f g)p/2
= γ g p. When p> 0, the second condition gives that g = λ f on { f > 0} for some λ≥ 1,

and the third gives that f = λg on {g> 0} for some λ≥ 1; when p< 0 the second condition gives g= λ f
on { f <∞} for some λ≤ 1, and the third gives that f = λg on {g <∞} for some λ≤ 1. �

To conclude the section we address the optimality of Theorems 2.1 and 2.5 in the measure space
(X,A, µ)= ([0, 1],B, dx). We define

Bp(x, y, z)= sup{‖ f + g‖p
p : (‖ f ‖p

p, ‖g‖
p
p, ‖ f g‖p/2

p/2)= (x, y, z)},

Bp(x, y, z)= inf{‖ f + g‖p
p : (‖ f ‖p

p, ‖g‖
p
p, ‖ f g‖p/2

p/2)= (x, y, z)}.

It is easy to see that Bp, Bp are defined on a cone �p ⊂ �, are locally bounded by the inequalities
( f + g)p

≤ 2p−1( f p
+ g p) for p ∈ (−∞, 0) ∪ [1,∞) and ( f + g)p

≤ f p
+ g p for p ∈ (0, 1], are

one-homogeneous, and equal ϕp on ∂� (by the equality case of Cauchy–Schwarz). Furthermore, by
Lemma 3.1 we have

H p ≤ Bp ≤ Bp ≤ H p

on the common domain of definition.

Lemma 3.3. If Bp (Bp) is defined on all of � and is concave (convex), then

H p = Bp (Bp = H p).

Proof. Local boundedness and concavity of Bp implies continuity in the interior of �, and since Bp

is trapped between envelopes that attain the data continuously, we have Bp ∈ C(�). Since H p is the
smallest such concave function, we conclude that Bp ≥ H p. The argument is similar for Bp. �

Thus, it just remains to show that when (X,A, µ)= ([0, 1],B, dx), the domain of definition for Bp

and Bp is all of �, and that Bp is concave and Bp is convex.

Lemma 3.4. For (X,A, µ)= ([0, 1],B, dx) we have �p =� for all p 6= 0, that Bp is concave in �, and
that Bp is convex in �.

The optimality of the inequalities in Theorems 2.1 and 2.5 follows:
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Proof of optimality statements. For either inequality, given

(x, y, z)= (‖ f ‖p
p, ‖g‖

p
p, ‖ f g‖p/2

p/2),

the functions Bp(x, y, z) and Bp(x, y, z) are by definition the best we can do. These are equal to the
envelopes H p, H p by Lemmas 3.3 and 3.4. �

Remark 3.5. For given (x, y, z) ∈ � and p ∈ R\{0}, the supremum (infimum) in the definition of Bp

(Bp) is in fact attained.
For equality in (3) consider pairs of the form ( f, g) = (a, b)χ[0,c] + (b, a)χ[c,1] for a, b, c chosen

appropriately.
For equality in (9), consider pairs of the form

( f, g)= (a, a)χ[0,1/2]+ (b, 0)χ[1/2,3/4]+ (0, c)χ[3/4,1]

for a, b, c appropriately chosen when z ≤ min{x, y}, and ( f, g) = (a, b)χ[0,1/2] + (c, d)χ[1/2,1] when
z >min{x, y} for appropriate a, b, c, d , with one of c, d equal to 0.

For equality in (10), consider pairs of the form

( f, g)= (a, a)χ[0,1/2]+ (b,∞)χ[1/2,3/4]+ (∞, c)χ[3/4,1]

for a, b, c appropriately chosen when z ≤ min{x, y}, and ( f, g) = (a, b)χ[0,1/2] + (c, d)χ[1/2,1] when
z >min{x, y} for appropriate a, b, c, d , with one of c, d equal to∞.

Proof of Lemma 3.4. For the first part, if p > 0 take fs = (2x)1/pχ[s,s+1/2] for s ∈
[
0, 1

2

]
and let

g= (2y)1/pχ[1/2,1]. Then ‖ fs‖
p
p= x and ‖g‖p

p= y. Furthermore, we have h(s) := ‖ fs g‖p/2
p/2 is continuous,

increasing, and h(0) = 0, h
( 1

2

)
=
√

xy. When p < 0, use the same example but set fs, g =∞ where
they were previously zero.

For the second part, let (xi , yi , zi )∈� with i = 1, 2, and for ε > 0 choose fi , gi such that (xi , yi , zi )=

(‖ fi‖
p
p, ‖gi‖

p
p, ‖ fi gi‖

p/2
p/2) and

‖ fi + gi‖
p
p ≥ Bp(xi , yi , zi )− ε, i = 1, 2.

Extend fi , gi to be zero outside of [0, 1], and define the rescalings

f̃1(s)= 21/p f1(2s), g̃1(s)= 21/pg1(2s), f̃2(s)= 21/p f2(2s− 1), g̃2(s)= 21/pg2(2s− 1),

so that f̃i , g̃i are supported in
[
0, 1

2

]
for i = 1 and in

[ 1
2 , 1

]
for i = 2. We then have

1
2(Bp(x1, y1, z1)+ Bp(x2, y2, z2))− ε ≤

1
2(‖ f̃1+ g̃1‖

p
L p([0,1/2])+‖ f̃2+ g̃2‖

p
L p([1/2,1]))

=
1
2‖ f̃1+ g̃1+ f̃2+ g̃2‖

p
p

=

∥∥∥∥ f̃1+ f̃2

21/p +
g̃1+ g̃2

21/p

∥∥∥∥p

p

≤ Bp
( 1

2(x1+ x2, y1+ y2, z1+ z2)
)
.
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For the last inequality, we used that for f0 := 2−1/p( f̃1+ f̃2), g0 := 2−1/p(g̃1+ g̃2) we have

‖ f0‖
p
p =

1
2(x1+ x2), ‖g0‖

p
p =

1
2(y1+ y2), ‖ f0g0‖

p/2
p/2 =

1
2(z1+ z2).

Taking ε→ 0, we conclude that Bp is concave. The convex direction is similar. �

Remark 3.6. Lemma 3.4 holds for any measure space with translation and scaling properties similar to
([0, 1],B, dx), e.g., (B1 ⊂ Rn,B, dx).

Remark 3.7. The fact that Bp is concave also follows from Theorem 1 in [Ivanisvili 2018]. Since the
argument is simple, we decided to include it for the reader’s convenience.

4. Envelopes

In this section we prove Proposition 3.2. We begin with some simple observations.
First, to check concavity (convexity) in � and continuity up to ∂� of H p (H p), by one-homogeneity it

suffices to check these properties on the half-ellipse

D :=�∩ {x + y = 2}.

More generally, any one-homogeneous function B in a convex cone in Rn (say contained in {xn > 0}) is
concave (convex) if it is concave (convex) when restricted to a cross-section of the cone (say {xn = 1}).
Indeed, by one-homogeneity we have

B
(

x + y
2

)
=

xn + yn

2
B
(
λ

x
xn
+ (1− λ)

y
yn

)
where λ= xn/(xn + yn), and the statement follows by applying concavity/convexity of B on the cross-
section and then using one-homogeneity once more.

Second, to prove that H p (H p) is the concave (convex) envelope of ϕp, it suffices to check that each
point in the interior of D lies on a segment that connects boundary points of D, on which H p (H p)

is linear. Indeed, then any linear function larger (smaller) than ϕp on ∂� will then be larger than H p

(smaller than H p) in the interior of �.

Proof of Proposition 3.2. We first examine Fp, and then Gp.

The function Fp: On D we can write Fp(1+ s, 1− s, t)= u(t), where

u(t) := [(1+
√

1− t2)1/p
+ (1−

√
1− t2)1/p

]
p, t ∈ [0, 1].

It is clear that Fp is continuous up to ∂D for each p ∈ R\{0}, and u(0)= ϕp (that is, 2 if p > 0 and 0 if
p < 0) on the bottom of D and

Fp(1− s, 1+ s,
√

1− s2)= ((1+ s)1/p
+ (1− s)1/p)p

= ϕp

on the top of D. Since Fp is constant along the horizontal segments in D, it suffices to check that u is
concave when p ∈ (0, 1] ∪ [2,∞), and convex otherwise. To that end, we let t = sin(x), with x ∈

[
0, π2

]
.
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Then

u(sin(x))= [(1+ cos(x))1/p
+ (1− cos(x))1/p

]
p.

Let us rewrite the last equality as

1
2 u(sin(2s))= [sin2/p(s)+ cos2/p(s)]p,

where s = x
2 ∈

[
0, π4

]
. Differentiating both sides of the equality in s, we obtain

u′(sin(2s)) cos(2s)= p[sin2/p(s)+ cos2/p(s)]p−1 2
p
(sin2/p−1(s) cos(s)− cos2/p−1(s) sin(s))

= p[sin2/p(s)+ cos2/p(s)]p−1 2 cos2/p(s)
p

(tan2/p−1(s)− tan(s)).

Taking the derivative a second time we obtain

2u′′(sin(2s))cos2(2s)−2u′(sin(2s))sin(2s)

= p(p−1)[sin2/p(s)+cos2/p(s)]p−2
[

2cos2/p(s)
p

(tan2/p−1(s)−tan(s))
]2

+p[sin2/p(s)+cos2/p(s)]p−1

×

(
−

4cos2/p(s) tan(s)
p2 (tan2/p−1(s)−tan(s))+

2cos2/p(s)
p

((
2
p
−1
)

tan2/p−2(s)−1
)
(1+tan2(s))

)
.

Therefore

2u′′(sin(2s))cos2(2s)

= [sin2/p(s)+cos2/p(s)]p−2 4
p

cos4/p(s)

×

[
(p−1)[(tan2/p−1(s)−tan(s))]2

+[1+tan2/p(s)]
(
− tan(s)(tan2/p−1(s)−tan(s))+

((
1−

p
2

)
tan2/p−2(s)−

p
2

)
(1+tan2(s))

)
+p tan(2s)[1+tan2/p(s)](tan2/p−1(s)−tan(s))

]
.

Since tan(2s)= 2 tan(s)/(1− tan2(s)), after setting tan(s)= w ∈ [0, 1] we obtain

2u′′(sin(2s))cos2(2s)

[sin2/p(s)+cos2/p(s)]p−2 cos4/p(s)
=

4(p−1)
p

(w2/p−1
−w)2

+
4(1+w2/p)

p

(
−w2/p

+w2
+

((
1−

p
2

)
w2/p−2

−
p
2

)
(1+w2)

)
+

8w
1−w2 (1+w

2/p)(w2/p−1
−w)

=
2(1+w2)2

1−w2

(
w4/p−2

+

(
2
p
−1
)
w2/p−2(1−w2)−1

)
.
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(The last equality is a tedious computation, but can be checked by hand). Since

2(1+w2)2

1−w2 > 0,

we see after defining x := w2
∈ [0, 1] that sgn(u′′)= sgn(v(x)), where

v(x)= x2/p−1
+

(
2
p
− 1
)

x1/p−1(1− x)− 1, x ∈ [0, 1].

Let us study the sign of v(x). Without loss of generality assume that p 6= 1, 2, otherwise the claims about
concavity/convexity of u are trivial. First notice that v(1)= 0, and

v′(x)= x1/p−2
(

2
p
− 1
)(

x1/p
−

(
1+

1
p
(x − 1)

))
.

Therefore, if p ∈ (2,∞) it follows from concavity of x 7→ x1/p that v′ ≥ 0, and hence v ≤ 0; i.e., u is
concave. Similarly, if p ∈ (1, 2), then v ≥ 0; i.e., u is convex. Next, if p ∈ (0, 1) then x 7→ x1/p is convex,
and hence v′ ≥ 0, i.e., u is concave. Finally, if p ∈ (−∞, 0) then x 7→ x1/p is convex, and therefore
v′ ≤ 0; i.e., u is convex.

The function Gp: Let bp(s, z)= Gp(1+ s, 1− s, z), with (s, z) in the upper half-disc. For p> 0 we can
write bp explicitly as

bp(s, z)= 2+
{
w(1− |s|, z), z ≥ 1− |s|,
(2p
− 2)z, z < 1− |s|,

where w is the one-homogeneous function given by

w(t, z) :=
(

t1/p
+

(
z2

t

)1/p )p

−

(
t +

z2

t

)
,

with (t, z) ∈ (0, 1)2. It is easy to check that bp continuously takes the boundary values

bp(s, 0)= 2= ϕp,

bp(s,
√

1− s2)= ((1+ s)1/p
+ (1− s)1/p)p

= ϕp.

Let

h(t) := w(t, 1)= (t1/p
+ t−1/p)p

− (t + t−1), t ∈ (0, 1).

By the one-homogeneity of w and the fact that bp is linear on the triangle {z < 1− |s|} with vertical
gradient, if we show that h′(1) = 0 and that h is concave/convex on [0, 1], then bp is C1 away from
(s, z)= (±1, 0) and concave/convex. Furthermore, bp is linear when restricted to the segments through
(s, z) = (±1, 0) that lie outside of the triangle {z ≤ 1− |s|}, so Gp is the concave/convex envelope
provided the above conditions on h are confirmed. To that end we compute the first two derivatives of h.
The first derivative is

h′(t)= (t1/p
+ t−1/p)p−1(t1/p−1

− t−1/p−1)− (1− t−2).
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This confirms that h′(1)= 0. The second derivative is

h′′(t)=
p− 1

p
(t1/p
+ t−1/p)p−2(t1/p−1

− t−1/p−1)2

+
1
p
(t1/p
+ t−1/p)p−1((1− p)t1/p−2

+ (1+ p)t−1/p−2)− 2t−3

=
1
p
(t1/p
+ t−1/p)p−2

[(p− 1)(t1/p−1
− t−1/p−1)2

+ (t1/p
+ t−1/p)((1− p)t1/p−2

+ (1+ p)t−1/p−2)] − 2t−3

=
2
p
(t1/p
+ t−1/p)p−2

[pt−2/p−2
+ (2− p)t−2

] − 2t−3

= 2t−3
[(t1/p

+ t−1/p)p−2(t1−2/p
+ (2/p− 1)t)− 1]

= 2t−3
[(1+ t2/p)p−2(1+ (2/p− 1)t2/p)− 1].

Let x := t2/p
∈ [0, 1]. It suffices to show that

gp(x) :=
(

1+
(

2
p
− 1
)

x
)
− (1+ x)2−p

satisfies gp ≤ 0 on [0, 1] for p ∈ (1, 2) and gp ≥ 0 on [0, 1] for p ∈ (0, 1] ∪ [2,∞). Note that gp(0)= 0.
The desired inequality for gp(1) is equivalent to the fact that the linear function p crosses the convex
function 2p−1 at p = 1 and p = 2. Finally, we observe that the first term in gp is linear, and the second
term is convex for p ∈ (1, 2) and concave for p ∈ (0, 1)∪ (2,∞). The desired inequality for gp(x) with
x ∈ (0, 1) follows immediately from this observation and the inequalities at the endpoints x = 0 and
x = 1.

When p < 0 we can write bp explicitly as

bp(s, z)=
{
w̃(1− |s|, z), z ≥ 1− |s|,
2p z, z < 1− |s|,

where w̃ is the one-homogeneous function given by

w̃(t, z) := (t1/p
+ (z2/t)1/p)p

with (t, z) ∈ (0, 1)2. The same considerations as above reduce the problem to showing that

h̃(t) := w̃(t, 1)= (t1/p
+ t−1/p)p

satisfies h̃′(1)= 0 and h̃ is concave on [0, 1]. We have

h̃′ = (t1/p
+ t−1/p)p−1(t1/p−1

− t−1/p−1) =⇒ h̃′(1)= 0,

h̃′′ = 2t−2(t1/p
+ t−1/p)p−2

[t−2/p
+ (2/p− 1)],

and the conclusion follows quickly using p < 0. �

Remark 4.1. It follows from the concavity/convexity properties of Gp that

Gp(x, y, z)≤ x + y+ (2p
− 2)z
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when p ∈ [1, 2], and the inequality reverses for p ∈ (0, 1] ∪ [2,∞). Indeed, Gp agrees with the linear
function on the right-hand side on an open set. We conclude from Theorem 2.5 that for any nonnegative
numbers a, b, and any p ∈ [1, 2], we have

(a+ b)p
≤ a p

+ bp
+ (2p

− 2)(ab)p/2,

and the inequality reverses if p ∈ (0, 1] ∪ [2,∞).

5. Proof of Corollary 2.6

In this final section we prove Corollary 2.6.

Proof of Corollary 2.6. Recall from Remark 4.1 that for any nonnegative numbers a, b, and any p ∈ [1, 2],
we have

(a+ b)p
≤ a p

+ bp
+ (2p

− 2)(ab)p/2,

and the inequality reverses for p ∈ (0, 1]∪ [2,∞). Since for p ∈ [0, 2] we have (a+b)p/2
≤ a p/2

+bp/2,
and the reverse inequality holds if p ≥ 2, it follows by induction that for any nonnegative numbers a j ≥ 0
we have (∑

a j

)p

≤

∑
j

a p
j + (2

p
− 2)

∑
i< j

(ai a j )
p/2 (13)

for p ∈ [1, 2], and the reverse inequality holds if p ∈ (0, 1]∪ [2,∞). Finally it remains to put a j = f j (x)
and integrate the inequality. �

Remark 5.1. When p < 0, inequality (13) does not hold with three or more aj . Take, e.g., aj = 1 for
j ≤ 3.

6. Concluding remarks on envelopes

An important challenge in this work was to compute the envelopes (11) and (12). In this section we
briefly explain how we found them.

We recall from Section 3 that for the measure space ([0, 1],B, dx) we have Bp = H p is defined on �,
one-homogeneous, and equal to ϕp on ∂�; that is, H p(x, y,

√
xy)= (x1/p

+ y1/p)p. We also recall from
the discussion at the beginning of Section 4 that by one-homogeneity, to compute H p it is enough to
restrict our attention to the cross-section D =�∩{x+ y = 2}. Writing D = {(1+ s, 1− s, z)} with (s, z)
in the upper half-disc, this reduces the problem to understanding how the upper boundary of the convex
envelope of the space curve

γ (s)= (s,
√

1− s2, ((1− s)1/p
+ (1+ s)1/p)p), s ∈ [−1, 1],

looks. One can show that the torsion τγ of the space curve γ changes sign only once from − to +,
at s = 0, when p ∈ (0, 1) ∪ (2,∞), and from + to − when p ∈ (−∞, 0) ∪ (1, 2). Consider the case
p ∈ (0, 1)∪ (2,∞). Then it follows from Lemma 29 of Section 3.2 in [Ivanisvili 2015] that locally, say
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for some δ ∈ (0, 1], there exists a function a(s) : [0, δ] → [−1, 0] such that a(0) = 0, a(s) is strictly
decreasing, and the function B(u, w), defined parametrically by

B(λ(a(s),
√

1− a(s)2)+ (1− λ)(s,
√

1− s2))

= λ((1− a(s)1/p
+ (1+ a(s))1/p)p

+ (1− λ)((1− s)1/p
+ (1+ s)1/p)p

for λ ∈ [0, 1], s ∈ [0, δ], is concave. In other words B has the prescribed boundary condition, i.e.,
B(s,
√

1− s2)= ((1− s)1/p
+ (1+ s)1/p)p, it is linear along the line segments

`(s) := [(a(s),
√

1− a(s)2), (s,
√

1− s2)],

and B is concave. It follows that “locally” B is a concave envelope. Because of the symmetry in x and y
of the boundary data ϕp, one can show that the line segments `(s) must be horizontal; i.e., a(s)=−s,
and in fact δ = 1. This means that B is a global concave envelope

B(u, w)= ((1−
√

1−w2)1/p
+ (1+

√
1−w2)1/p)p

for all |u| ≤ 1 and 0≤w≤
√

1− u2. Now it remains to change variables back to recover the envelope (11).
The case p ∈ (−∞, 0)∪ (1, 2) is different because τγ changes sign from + to −, and in this case an

“angle” arises with vertex sitting around the point s = 0; see Section 3 in [Ivanisvili 2015].
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