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ANALYSIS AND PDE
Vol. 13, No. 5, 2020

https://doi.org/10.2140/apde.2020.13.1269

REGULARITY RESULTS FOR GENERALIZED DOUBLE PHASE FUNCTIONALS

SUN-SIG BYUN AND JEHAN OH

We consider a wide class of functionals with the property of changing their growth and ellipticity properties
according to the modulating coefficients in the framework of Musielak—Orlicz spaces. In particular, we
provide an optimal condition on the modulating coefficient to establish the Holder regularity and Harnack
inequality for quasiminimizers of the generalized double phase functional with (G, H)-growth for two
Young functions G and H.

1. Introduction

There have been systematic and extensive research activities on the variational problems with nonstandard
growth. In particular, functionals whose structure exhibits a phase transition have attracted increasing
attention over the last couple of decades. These functionals intervene in the homogenization of strongly
anisotropic materials [Zhikov 1986; Zhikov et al. 1994] and in the Lavrentiev phenomenon [Zhikov 1993;
1995]. In this paper, we are concerned with the functionals of the type

ve WhH(Q) > Fu, Q) = / [G(IDv]) +a(x)H(|Dv)]dx, (1-1)
Q

where G, H : [0, 00) — [0, 00) are Young functions satisfying a suitable gap condition, see (2-24),
a: Q2 — [0, 00) is a continuous function, and €2 is a bounded domain in R” with n > 2.

The main feature of the functional (1-1) is that the energy density changes its growth and ellipticity
properties according to the modulating coefficient a( - ). The double phase functional (1-1) is a natural
generalization of the one with (p, g)-type

veWI’I(Q)'_)/[|Dv|p+a(x)|DU|q]dx’ 9>p>1, (1-2)
Q
and the one in a borderline case
veWI’I(Q)H/[lelp—i-a(x)lelpln(l+|DU|)]dx’ p>1. (1-3)
Q

Zhikov [1986; 1994] first introduced a family of functionals including (1-2) for the purpose of describing
a feature of strongly anisotropic materials: the modulating coefficient a( -) presents the geometry of
the mixture of two different materials. As shown in [Esposito et al. 2004; Fonseca et al. 2004; Zhikov
1995; 1997], such functionals exhibit Lavrentiev phenomenon whereby minimizers are irregular and even

MSC2010: primary 49N60; secondary 35B65, 35J20.
Keywords: double phase functional, Lavrentiev phenomenon, nonstandard growth, quasiminimizer, regularity.
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1270 SUN-SIG BYUN AND JEHAN OH

discontinuous. On the other hand, the functionals (1-2) and (1-3) belong to the class of functionals having
(p, g)-growth condition. These are functionals of the type

ve Wh(Q) +—>/ F(x, Dv)dx, (1-4)
Q
where the energy density F(x, &) satisfies

EIPSF(x, &) SIET+1, g>p>1. (1-5)

This (p, g)-growth condition was first treated by Marcellini [1986; 1989; 1991] and extensively studied in
recent years; see [Breit 2012; Esposito et al. 1999; 2002; 2004; Fonseca et al. 2004; Fusco and Sbordone
1990; Schmidt 2008; 2009].

In the case p > n, itis clear from the Sobolev embedding theorem that quasiminimizers of the functionals
(1-2) and (1-3) are locally bounded and Holder continuous. Recently, Baroni, Colombo and Mingione
[Baroni et al. 2015a; Colombo and Mingione 2015a; 2015b] found that when p < n, the optimal condition
for Holder continuity of quasiminimizers of the functional (1-2) isa(-) € C 0.0(Q), with « € (0, 1] and
q < p + «a. For the functional (1-3), the log-Holder continuity of a(-) is sufficient in order to obtain
the Holder continuity of quasiminimizers; see [Baroni et al. 2015a; 2015b]. These results show that the
regularity of the modulating coefficient a( - ) is closely related to how to control the size of the associated
phase transition. In addition, C'-#-regularity results for minimizers of the double phase functionals (1-2)
and (1-3) have been obtained in [Baroni et al. 2015b; 2018; Colombo and Mingione 2015a; 2015b] and
the regularity of the modulating coefficient is directly linked to the gap between two phases. For further
regularity results including C!-regularity for minimizers of functionals with general (p, g)-growth, we
refer the reader to [Beck and Mingione 2018; Cupini et al. 2017; 2018; Esposito et al. 2006].

The main object of this paper is to investigate an optimal condition on the modulating coefficient
a(-) in the functional (1-1) under which the Holder regularity result holds for local quasiminimizers.
We provide a reasonable condition on the modulus of continuity of a(-), see (4-6), and prove local
boundedness, Holder continuity via De Giorgi’s method and the Harnack inequality under this condition.
Harjulehto, Histo and Toivanen [Harjulehto et al. 2017] considered a general setting and developed a set
of assumptions on the energy density. Some of the assumptions in [Harjulehto et al. 2017] are the same as
ours in the setting of the double phase functionals, see Remark 3.3, but we introduce refined conditions
on G and H, and prove that these are sharp conditions for the absence of the Lavrentiev phenomenon, see
Theorem 3.1, which also yields the regularity of local quasiminimizers for the generalized double phase
functionals. The results in [Harjulehto et al. 2017] and ours complement each other. We also remark that
our condition agrees with the known one in the classical case, see Remark 3.2, and serves the natural
assumption for the modulating coefficient in a wide variety of double phase functionals such as

ve whi(Q) r—>/[|Dv|p—|—a(x)|Dv|p[ln(1+|Dv|)]7]dx, p>1,v>0,
Q
and
veWl’l(SZ)»—>/[|Dv|p—|—a(x)|Dv|”1nln(e+|Dv|)]dx, p>1;
Q

see Remark 4.13.
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The method used in this paper is influenced by [Baroni et al. 2015b; 2018; Colombo and Mingione
2015a; 2015b]. For the Holder continuity of quasiminimizers, we first derive a Caccioppoli-type inequality
which is similar to the one that holds for the functional v — fQ G (|Dv|) dx by using the condition (4-8) on
the modulus of continuity of a( - ). We then consider a sequence of nested and shrinking balls {B,-i,,}7°
in order to control the oscillation of quasiminimizers along the sequence of balls. Here we should verify for
each ball whether the condition (4-8) holds true. If this condition holds true for every ball, then we obtain
the Holder continuity of quasiminimizers. Otherwise, we reduce the oscillation until we reach the exit time
for ball B4-j,,, and then we use the existing regularity theory, see Lemma 4.11, for the frozen functional

ve WM By [ 1GADU) +acH(DUDIdx, ap= sup a(-).
By=iy, Ba=ir,

For the proof of the Harnack inequality, we first deduce the weak Harnack inequality and the local
sup-estimates under the assumption (4-8). Then we apply the exit-time argument as above to obtain the
desired inequality.

This paper is organized as follows. In the next section, we introduce some background and investigate
the gap conditions. Section 3 deals with the Lavrentiev phenomenon. In Section 4, we establish the local
boundedness and the Holder continuity for (1-1). Section 5 is devoted to proving the Harnack inequality.

2. Preliminaries

Notation. We start this section with introducing notation that will be used in this paper.

Let B,(y) = {x € R" : |x — y| < p} be the open ball in R" centered at y € R" with radius p > 0. If the
center is clear in the context, we shall denote it by B, = B,(y).

For a function v, we write v+ := max{%wv, 0}.

For k € R, p > 0 and a quasiminimizer u of the functional F, we set

Alk,p):={xeBy:u(x) >k} and A (k,p):={x € B,:u(x) <k}

Hereafter, for the sake of the convenience, we employ the letter ¢ to denote any universal constants
which can be explicitly computed in terms of known quantities, and so ¢ might vary from line to line.

Orlicz spaces and Musielak—Orlicz spaces. A Young function & : [0, oo) — [0, 00) is an increasing

convex function satisfying
. . @) . D)
®0)=0, Ilim ®(t)=o00, Ilim — =0, Ilim —= =o0.
t—00 t—0+ t—oo f

Definition 2.1. Let ® be a Young function:

(1) @ is said to satisfy the A,-condition, denoted by ® € A,, if there exists a positive number A, (D)
such that ®(27) < Ap(P)P(¢) for all £ > 0.

(2) @ is said to satisfy the V,-condition, denoted by ® € V,, if there exists a positive number V,(®) > 1
such that ® (Vy(P)r) > 2V, (P)D(¢) for all ¢ > 0.

(3) Wewrite e AyNV,yif & € Ay and & € V,.
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We note that if ® € A,, then A,(P) > 2. Indeed, by the convexity of ®, we get
A (P)
2

and hence A,(®) > 2. If A,(P) = 2, then it follows from (2-1) that ®(2¢t) =2 (¢) for all > 0, and so
®(¢) = O(1)¢ is not a Young function. Thus A (P) > 2.
For a given Young function ®, we define the complementary Young function ®* of ® by

P (21) < A (P)P (1) <

®((2¢) forallt >0, (2-1)

®*(¢) = sup{st — ®(s) : s > 0}.

We remark that ®* satisfies all the conditions to be a Young function and that (®*)* = ®. Moreover,
® € V, if and only if ®* € A, with 2V, (D) = A (D).

We will use the following basic properties of Young functions satisfying A, and V, conditions; see for
instance [Adams and Fournier 2003; Ok 2016; Rao and Ren 1991].

Lemma 2.2. Let ® be a Young function with ® € A, N'Vj:
(1) Forany1 < A <ooandt > 0, we have
D (A1) < Ay(DP)AOR 22 P P (p), (2-2)
(2) Forany0 <A <1landt >0, we have
D (A1) < 2V (D)Ao@ 2 (p). (2-3)

(3) (Young’s inequality) For any ¢ € (0, 1], there exists a positive constant ¢ depending only on A>(®P),
Vo (®) and & such that

st <ed(s)+c®*(t) foralls,t>0. 2-4)
@) Ifoe ok ([0, 00)), then for any t > 0, we have
o' @) <19/ (t) <1 P(1) (2-5)

and
O (P'(1) < 2@ (1) (2-6)

for some constants c1, c; > 1 depending only on Ay(®P) and V(D).
(5) (a modified form of Young’s inequality) If ® € C'([0, 00)), then for any ¢ € (0, 1], there exists a
positive constant ¢ depending only on Ay (D), Vo (D) and € such that
s®' (1) <e®(s)+cd(t) foralls,t>0. 2-7
For a Young function ®, the Orlicz class K®(22; RY), N e N, consists of all measurable functions
v:Q — RY satisfying
/ D (Jlv(x)]) dx < +oo0.
Q
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The Orlicz space L®(Q2; RY) is the vector space generated by the Orlicz class K®(Q; RY). If ® € A,,
then K®(Q; RY) = L®(Q; RY) and this space is a Banach space under the Luxemburg norm

||v||L¢(Q;RN):mf{a>o:/ <I>(|U(x)|)dx§1}.
Q o

For N = 1, we simply write L®(Q) := L*(Q; R).
We state some relevant inequalities regarding the Luxemburg norm; see [Rao and Ren 1991].

Lemma 2.3. Let ® be a Young function with ® € Aj:
D) Polo@an <1 = [ ®(uDdx < Iolus@an,
@) vllpe@ryy =1 = /QCD(WDCZX > vl Lo @:ry)-
@) Iolsaem <1 < [ @(uhdx <1,

@) 0 < [[v]l oy, < 00 = / ¢<L) dx =1.
Q

vl o:ry
(5) (Hélder’s inequality) For any v € L®(Q) and w € LY (),

/ o] dx < 20vll oy w10 . (2-8)
Q

We now introduce a partial order relation between Young functions, see [Verde 2011], and present a
series of lemmas which will be used frequently throughout the paper.

Definition 2.4. Let ®;, ®, be Young functions. We shall write
CDl < @2
if &30 <I>1_1 is a Young function.

Lemma 2.5. Let @1, @, be Young functions with ®| < ®,. Then

Dy(r) < ®y(1) forallt > 7' (1). (2-9)

(@207 (D)
Proof. We first note that for a Young function ®, there holds
O(1)s < O(s) foralls>1.
Indeed, this follows from the convexity of ®. Since ®; < ®,, we have
(Dr0®7 ) (1)s < (Pro®;')(s) foralls > 1.

Setting t = d>1_1 (s), we obtain the desired conclusion (2-9). [l
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Corollary 2.6. Let |, O, be Young functions with ®; < ®,. Then
Q) <c(Py(t)+1) forallt =0, (2-10)

where c is a positive constant depending only on ®1 and ;.

Lemma 2.7. Let @1, ®, be Young functions with ®| < ®,. Then the function

= (%)(t) _ 0

is nondecreasing.

Proof. We first note that the function ®,/® is nondecreasing if and only if the function (®,/P() o ¢'1_1
is nondecreasing, as t — ®(¢) is increasing and continuous. Since ®; < ®,, we see that ;o d>1_1 is a
Young function. Hence, it follows from the convexity of ®; o d>1’1 that the function

= <% o d)fl) )= $22200
is nondecreasing. O
The following lemma and its proof can be found in [Lieberman 1991; Rao and Ren 1991, Chapter II].
Lemma 2.8. Let & € C'([0, 00)) N C2((0, 00)) be a Young function satisfying
1 - 1 (t)

o= 0 <ce forallt>0, (2-11)
for some cy > 1. Then:
(1) ® € Ay, NV, and the constants Ay (D), Vo(P) depend only on cy.
(2) Forany1 < A <ooandt > 0, we have
(A1) < AT D). (2-12)
3) Forany0 <A <1landt > 0, we have

d(rr) < AU/t g p). (2-13)

Lemma 2.9. Let ® be a Young function with ® € C'([0, 00)) N C*((0, 00)). If

t® (¢
q)/(g)) <ce forallt>0,

for some co > 1, then t — ®(t'/1+¢)) js q concave function.

Proof. Set ¢(t) := ®(t'/(+<®)) for t > 0. Then we have

1
<0/(f) — l_q)/(tl/(l+c¢))t—C¢/(l+c®),
+co
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and hence
0" (t) = mq,//(t1/(1+cq>))(t—cq>/(1+c¢))2 _ (lj;i;q))zq)/(tl/(lﬂq,))t_¢»¢/(1+c¢)_1
= mtc‘b/““‘“1[tl/(1+"<1>)cl>”(t1/(1+fd>)) — co® (1/(+e@)y ] <
for all r > 0. 0

We now introduce the Musielak—Orlicz spaces which generalize the Orlicz spaces. Let & : 2 x [0, co) —
[0, co) be a function satisfying the following conditions:

(1) ®(x, ) is a Young function for every x € Q.
(2) ®(-, 1) is a measurable function for every ¢ > 0.

Such a function ®(x, ¢) is called a Musielak—Orlicz function. As before, we present some definitions and
properties regarding Musielak—Orlicz functions.

Definition 2.10. Let ® be a Musielak—Orlicz function:

(1) @ is said to satisfy the A,-condition, denoted by ® € A,, if there exists a positive number A, (D)
such that & (x, 2¢) < Ay(P)D(x, ) forall x € 2 and ¢t > 0.

(2) @ is said to satisfy the V,-condition, denoted by ® € V5, if there exists a positive number V,(P) > 1
such that @ (x, Vo (D)) = 2V (P)PD(x, t) forall x € Q and r > 0.

(3) Wewrite e AyNVyif & € Ay and ® € V,.

For a given Musielak—Orlicz function @, we define the complementary ®* of @ by, for each x € €,
®*(x, t) = sup{st — P(x,s):s >0}

Then ®* satisfies all the conditions to be a Musielak—Orlicz function. Also we note that (®*)* = ® and
that ® € V, if and only if ®* € A, with 2V,(®) = A, (P*).

The following lemma can be directly obtained from the definitions of A,-condition, V;-condition and
the complementary of Musielak—Orlicz function.

Lemma 2.11. Let ® be a Musielak—Orlicz function with ® € Ay N V5
(1) Forany1 < A <oo, t > 0and x € 2, we have

D (x, At) < Ap(D)APL 2P D (x, 1) (2-14)
(2) ForanyO0 <A <1, t > 0and x € 2, we have

D (x, At) < 2Vo (D)1 TO@ 2 (x, 1). (2-15)

(3) (Young’s inequality) For any ¢ € (0, 1], there exists a positive constant ¢ depending only on A>(®P),
V(D) and ¢ such that
st <e®(x,s)+cd (x,1) (2-16)
foralls,t > 0and x € Q.
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For a Musielak—Orlicz function ®, the Musielak—Orlicz class K ®(Q; RY), N € N, consists of all
measurable functions v : @ — R" satisfying

/ O(x, |lv(x)])dx < +oo.
Q

The Musielak—Orlicz space L®($2; RV) is the vector space generated by K ®(2; RV). If ® € A,, then
K®(Q; RY) = L®(Q; R"Y) and this space is a Banach space under the Luxemburg norm

V]l Loy :inf{a =0 :/ cb(x, '”(x)|> dx < 1}.
Q o

The Musielak—-Orlicz—Sobolev space W!-®(2; RV) is the function space of all measurable functions v
L2(Q; [RN) such that its distributional gradient vector Dv belongs to L‘D(Q; RN?), Forve Wh®(Q;: [RN),
we define its norm to be

lvllwie@.ryy = VLo @:rYy + | DV Lo (@ rN)-

The space WOI’CD(Q; RYN) is defined as the closure of C§°(€2; RY) in W!®(Q; RV). For N = 1, we simply
write L?(Q) := L®(Q; R) and W' ®(Q) := W' ®(Q; R). For a detailed discussion of the Musielak—Orlicz
space and the associated Sobolev space, we refer the reader to [Benkirane and Sidi El Vally 2014; Diening
2005; Fan 2012; Fan and Guan 2010; Harjulehto et al. 2016; Musielak 1983; Sidi El Vally 2013].

Gap conditions. We now consider the double phase functional
Fu, Q) = / [G(IDv) +a)H(IDv)]ldx, veW" (),
Q

and investigate gap conditions on two Young functions G and H.
In the rest of the paper we shall use the notation

V(x, &) =G +a(x)H (&), (2-17)
when x € Q and £ € R". By abuse of notation, we will continue to write W (x, &) also when x € Q2 and &£ e R.

Proposition 2.12. Let G, H : [0, 00) — [0, 00) be Young functions. Suppose that the functiona = a(-) :
Q — [0, 00) has a modulus of continuity w satisfying

. (HoG™H(p™)
im sup w(p) — < 00

(2-18)
p—0+ p"

If H = G* for some k > 1+ 1/n, then a(-) is a constant function.
Proof. 1t follows from the condition (2-18) that there exists a constant L > 0 such that

(HoG™H(p™) <

—n

L

w(p)
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for all 0 < p < 1. Since H > G*, we have

(Go G H(p™ <

—n

-1 —n
(HoG™)(p )Sc

—n

w(p) L (2-19)

w(p)

for all small p > 0. Here, we see that

(G0 G NH(p™) [(GoG ) (p ™" —n(e—
w(p) p= =w(p) — =w(p)p "V, (2-20)
Combining (2-19) with (2-20) yields
w(p) < cLp"“~Y  forall p < po, (2-21)

for some small py > 0. Then we conclude from the definition of the modulus of continuity that
la(x) —a(y)l -

[x =yl
for every x,y € 2 with 0 < |x — y| < pp. Since n(k — 1) — 1 > 0, it follows immediately that a(-) is a

cL|x — y|"®=D-1 (2-22)

constant function. O

Proposition 2.13. Let G, H : [0, 00) — [0, 00) be Young functions. Suppose that the functiona = a(-) :
Q2 — [0, 00) has a modulus of continuity w satisfying

. H(p™)
lim sup w(p) <00
p—0+ G(,O_ )

(2-23)

If H > G* for some k > 2, then a( -) is a constant function.

Proof. 1t follows from the condition (2-23) that there exists a constant L > 0 such that
—1

H(p™) <

G(p~h)

for all 0 < p < 1. We note from the convexity of G that

w(p)

G(1)s <G(s) foralls>1.

Since H > G*, we get

[G(p~ "] H(p™h
G SPGm =t

for all small p > 0. As in the previous proof, we conclude that a( - ) is a constant function if « > 2. [J
Remark 2.14. If G(¢) > t", then it follows from Lemmas 2.5 and 2.7 that
(HoG H(p™) H 1, - H . H(p™)
— == )G == ) ) e,
p" G G G(p™)
and hence the condition (2-23) implies (2-18). On the contrary, if G(¢) < t", then

Hp™) _(H\, 1 _(HY, o1y onyy o (HoG D™
G(p~ ") :<E>(p 1)§(E>(CG 1(10 ) <c P ;

w(P)p”* D < co(p)[G(p~ ! = cwlp)
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and consequently the condition (2-18) implies (2-23). These agree with the known results in the classical
case; see Remark 3.2 below.

From this point of view, we shall assume that G, H : [0, c0) — [0, 00) are Young functions with
G, H € ANV, and
G~<H=<G'Tn (2-24)

We remark that & € A, NV;. To get regularity results, we shall concentrate on nice Young functions, or
the N-functions. Thus we further assume that G, H € C'([0, 00)) N C2((0, 00)) and there exist constants
cG, cy > 1 such that

"
1 - tG"(1)

1 tH' (¢
<c¢cg and — < ()<

G- G cn = H@ — " (2-25)

hold for all ¢ > 0.

3. Lavrentiev phenomenon

When considering the functionals of the type

ver’l(Q)H/ F(x, Dv)dx,
Q
with
GED S F(x, &) SH(ED+1, G<H,

the Lavrentiev phenomenon

inf /F(x,Dv)dx< inf /F(x,Dv)dx
veWlG(Q) Jo veWlH(Q) Jq

may occur. However, for the functional F defined in (1-1), there is no Lavrentiev phenomenon under a
suitable condition on the modulating coefficient a( - ).

Theorem 3.1. Let F be the functional defined in (1-1):
(1) If the modulating coefficient a( - ) has a modulus of continuity w satisfying

(HoG H(p™)
<

—n

lim sup w(p) 00, (3-1)

p—0+

then for every function v € WIL’CI () and balls B € B € Qwith F (v, §) < 00, there exists a sequence
{vi} € WE°(B) such that

v — v inWhe(B) and  F(vg, B) > F(v, B). (3-2)

(2) If the modulating coefficient a( -) has a modulus of continuity w satisfying

i H(p™")
imsup w(p) :
p—0+ G(,O_ )

< 00, (3-3)
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then for every function v € Wl’l(Q) N L (2) and balls B € B € Q with F(v, E) < 00, there exists

loc loc

a sequence {vi} C W (B) such that
w—>v inWh9B) and  F(u, B) = F(v, B). (3-4)

Proof. Let R > 0 be the radius of the ball B. Take gy € (0, 1) in such a way that B = Bgr @ Br4, € Beq.
Let g € C(‘)’O(Bl) be a mollifier with ¢ > 0, fu;en ¢dx =1, and set

1 X
Pe(x) 1= —m(—)
& &

for x € B, with ¢ > 0. Then it is obvious that ¢, € C3°(B;), fR" pedx =1, 0 <, <c(n)e™ and
| Do, | < c(n)e~ 1. Now we define, for 0 < & < &,

Ve () 1= (V@) (x),  ag(x) = yeigf(x)a(y), Ve (x,8) :=G(§]) +a-(x)H(§])

for x € Bg and & € R"

(1) It follows from Jensen’s inequality that

G(IDve(x)]) = G(|Dv * @e (x)]) < fRn G(IDv(x = y)Dge(y)dy <ce™

for every x € Bg. By the definitions of a.( - ), we obtain
W (x, Dvg(x)) < la(x) —as(x)|H (| Dvg(x)]) + We (x, Dvg(x))
< cw(e)H(|Dve(x)]) + e (x, Dvg(x)).

We now observe from Lemmas 2.2 and 2.7 that

H
H(|Dve(x)]) = (E>(IDUS(X)I)G(IDUS(X)I)

H HoG™! -
< (E)(G—1<ce—">)G<|Dvs<x>|) ()

- C(H oG H(e™)

(HoG NH(e™)

G(|Dve(x)) =c o W, (x, Dvg(x)).

g—n

Therefore, we see from (3-1) that

V(x, D (x)) < co(e) e(x, Dvg(x)) + Ve (x, Dvg(x))

(Ho G‘l)(e‘”)qj
8—}1
<c¥(x, Dvg(x)). (3-5)

By Jensen’s inequality, we have

\I/e(x,Dvg(X))S/B( )‘Pe(x,Dv(y))coe(x—y)dyS/B( )‘P(y,Dv(y))we(x—y)dy

=[V(, Dv(-)) *@e](x) =: [W(-, Dv(-))]e(x). (3-6)
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Combining (3-5) and (3-6), we deduce that
W(x, Dve(x)) < c[W(-, Dv(-))]e(x). (3-7)

Using the fact that [¥(-, Dv(-))], — W(-, Dv(-)) strongly in L'(Bg), we can apply a generalized
version of the Lebesgue dominated convergence theorem to obtain a sequence of functions {vi} := {vg, } C
C;° (Bg) satisfying (3-2) for a suitable sequence & — 0.

(2) Since v is locally bounded in €2, we have

IDvs(X)|=|v*D90s(X)|§/ |v(x—y)||Dsog<y>|dys||v||Loo<g)/ |Dge ()] dy
R" B,
< [l g (geme VB | < ce™!

for every x € Bg. Then we obtain from Lemmas 2.2 and 2.7 that

H
H(|Dve(x)|) = <5)(|Dvs(X)|)G(IDvs(X)I)

<(5)<csl>G<|Dvg<x)|>— A G pvaol
=\Gc Glee 1)

< HED G pu o) <e (_1)w(x D, (x)).
=GN =GE

As in the proof of (1), it follows from (3-3) and (3-6) that

W(x, Dvg(x)) < cw(e) H(|Dvg(x)|) + W (x, Dvg(x))

-1
<cw(e) E ))‘If (x, Dvg(x)) + We(x, Dvg(x))

< cWe(x, Dvg(x)) < c[W(-, Dv(-))]e(x).

Again, by a generalized version of the Lebesgue dominated convergence theorem, we get a sequence of
functions {vi} := {ve, } C C5°(BR) satisfying (3-4) for a suitable sequence & — 0. O

Remark 3.2. In the special case (G(t), H(t)) = (t”,t?) with 1 < p < g, and a(-) € C%*(Q) with
a € (0, 1], a simple computation shows that

the condition (3-1) <«—
and
the condition (3-3) < ¢g=<p+a.

Therefore, Theorem 3.1 generalizes [Colombo and Mingione 2015a, Proposition 3.6; 2015b, Theorem 4.1].
In addition, as in Remark 2.14 and [Colombo and Mingione 2015b], one can check that the condition
(3-3) implies the condition (3-1) if G(¢) > t", and that the condition (3-1) implies the condition (3-3) if
G(t) <t"
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Moreover, in the case (G(t), H(t)) = (t”, t? In(1 +1¢)) with p > 1, we see that the condition (3-1) and
the condition (3-3) are equivalent to
1
lim sup w (p) ln(—) < 00.
p—0+ 1Y

This shows that when a( -) is log-Holder continuous, the functional
ve WhH(Q) > f [|Dv|” +a(x)|Dv|” In(1 4+ |Dv)]dx, p>1,
Q

has no Lavrentiev phenomenon.

Remark 3.3. In the setting of the generalized double phase functionals, the conditions (A1) and (Al-n)
in [Harjulehto et al. 2017] are same as the conditions (3-1) and (3-3), respectively. From this, it is to be
expected that the functionals of the general type (1-4) satisfying the conditions introduced in [Harjulehto
et al. 2017] have no Lavrentiev phenomenon.

Remark 3.4. The conditions in Theorem 3.1 are sharp for the absence of the Lavrentiev phenomenon.
Indeed, for any ball B C €2, there exist Young functions G, H satisfying (2-24), a nonnegative coefficient
a(-) which has a modulus of continuity o satisfying

im o) 2D _ o (3-8)
p—0+ G(p™
and a boundary datum vg € W16 (B) N L>®(B) such that
inf  F(v,B) < inf F(v, B). (3-9)
vevg+Wy % (B) vevg+Wy S (BNWLH (B)

That is, local minimizers of F do not belong to WI})’CH (B) in general. Moreover, they can be discontinuous.
To see this, let us consider the classical case G(t) =tP, H(t) =t9 and a(-) € C**(Q) with 1 < p <gq,
a € (0, 1] satistying

l<p<n<n+a<g. (3-10)

Then it follows from [Colombo and Mingione 2015b, Theorem 4.1; Esposito et al. 2004, Section 3] that
there exists a coefficient function a(-) € C%%(2) and a boundary datum vy € W7 (B) N L*®(B) such
that the Lavrentiev phenomenon (3-9) occurs. Also we deduce from Remark 3.2 and (3-10) that the
coefficient function a( - ) has a modulus of continuity w satisfying (3-8). Furthermore, the modulus of
continuity w does not satisfy the condition (3-1).

4. Local boundedness and Holder continuity

In the following, we deal with local quasiminimizers of F.

Definition 4.1. We say that u € Wlf)’cl (R2) is a local quasiminimizer of F for Q > 1, or a local Q-minimizer
of F, if for any v € WIL’CI(Q) with K := supp(u — v) € 2, we have F(u, K) < 400 and

F(u, K) < OF (v, K).

If O =1, we say that u is a local minimizer of F.
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We remark that if u € W,5!

loe (§2) is a local minimizer of the functional

ve WH(Q) f F(x, v, Dv)dx
Q

under the assumption that
aW¥x,§) <F(x,z,8) <ca¥(x, §)

for all x € 2, z € R, £ € R" with some constants 0 < ¢; <1 < ¢, then u is also a local quasiminimizer
of the functional (1-1) with Q =c¢/c; > 1.

To prove the local boundedness of quasiminimizers of F, we derive the following growth condition on
the energy density W (x, &) of F.

Lemma 4.2. Suppose that the gap condition (2-24) holds. If a € L*(R2), then
G(ED < W(x, &) < c(1+IG(ENIH) @1)
forall x € Q and & € R", where c is a positive constant depending only on n, G, H and ||a|| L~ ().

Proof. Since a(-) > 0, it is clear that

G(E) =G(sD) +ax)H(E]) =V(x, §)
for all x € Q and & € R". Moreover, it follows from Corollary 2.6 and (2-24) that

W(x,§) = G(E) +a()H(E) = GUED + llall L) H (€])
<c([G(ENTT" 4+ 1)

for all x € Q and £ e R". (Il

‘We notice that

1 1 .
I+-<1+ =17
n n—1
where 1* is the Sobolev exponent of 1. The local boundedness of quasiminimizers of F now follows
from the result of [Cupini et al. 2015, Theorem 2.1].

Theorem 4.3 (local boundedness). Let u € Wﬁ)’cl (2) be a local quasiminimizer of F under the assumption

(2-24), with a € L (2). Then u is locally bounded in Q.

loc

Once the local boundedness of quasiminimizers has been obtained, we can prove the Holder continuity
of u without the assumption (2-24). Therefore, we shall consider an a priori bounded quasiminimizer
u € Wil (2) N LE(Q) of F from Lemma 4.7 on.

Let us start the proof of the Holder continuity of locally bounded quasiminimizers of F. First, we

present some technical lemmas.
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Lemma 4.4 [Ladyzhenskaya and Uraltseva 1968]. Let {Y;}°, be a sequence of nonnegative numbers
satisfying the recursive inequalities

Yi1 <CHY™ i=0,1,2,..., (4-2)
where C, b > 1 and § > 0 are given numbers. If
Yo < CWp 1%, 4-3)
thenY; - Qasi — oo.

Lemma 4.5 [Ladyzhenskaya and Uraltseva 1968]. Let v € W“(Bp). For any | > k, we have

B
(—K)|B,N{v> 1" < __ Bl
|Bp \ {v >k} Jp,nk<v<i)

|Dv|dx
for some positive constant ¢ depending only on n.
We now state and prove the following Caccioppoli-type inequality.

Lemma 4.6 (Caccioppoli inequality). Letu € WIL’CI (2) be a Q-minimizer of F. Then there exists a constant
c=c(Q, Ay (G), Ay(H)) > 0 such that for any concentric balls B, C B, C Q with 0 < p’ < p < 00,

and k € R, we have
—k
/ v (x, (”—)i) dx. (4-4)
B p

p—p
Proof. We note that it suffices to prove the version with (u —k) 4, as —u is also a Q-minimizer of F. Letn €
C°(B)) be a cut-off function with0 <n <1, n=1o0n B, and | Dn| < 2/(p—p"). Wesetv:i=u—n(u—k),
to be used as a competitor. Note that supp(# — v) C A(k, p). Then the Q-minimality of u gives

V(x,Du—k)y;:)dx < cf

o B

/ VY (x, Du)dx < Q W(x, Dv)dx
A(k,p") A(k,p)

=0 W(x,(1=n)Du— (u—k)yDn)dx
A(k,p)

—k
fc*</ lIJ(x,Du)dx+/ \IJ<x, “ /)dx)
Ak, p)\A(k,p") A(k,p) p—p

for some constant ¢, = ¢,(Q, Ay(V)) = ¢, (Q, A2(G), Ar(H)) = 1. We now use the “hole-filling”
method; that is, we add to both sides the quantity

c*/ W (x, Du)dx,
Ak, p")

and divide by c, + 1. Then we discover that

—k
/ W(x, Du)dx < 19/ W(x, Du)dx+/ \Il(x, “ ) dx, (4-5)
A(k,p") A(k,p) Ak, p) p—p

where ¥ =c¢,/(c.+1) < 1, forany 0 < p’ < p < oo with B, C Q.
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Now fix p’ < p and consider a sequence
po=p" and pir=A=MA(p—p)+pi, i=0,1,2,...,

where A € (0, 1) is to be chosen later. Applying (4-5) inductively, we obtain from (2-14) that

—k
/ \Il(x,Du)deﬁ/ W(x,Du)dx—{—/ \I’(x,u—/> dx
Alk,p') Alk,p1) Alk.p1) (I=2)(p—p")
2 M _k
<v W(x, Du)dx + )\ Xy —————— dx
Ak, p2) Ak, p) (I=2)(p—p)
u—=k
+1‘/‘/ \I!(x, - )dx
Ak, p2) (I =)Ao —p")
—k
5192/ \If(x,Du)dx—l-/ \Il(x, ”—/) dx
Ak, p2) Ak, p) (I=2)(p—p)

+ A (W)~ 1022 A2() / v <x, #) dx
Ak, p) (I=2)(p—p)

< z?"/ U (x, Du) dx
Alk.pi) i—1 e, A Uk
+ Ar (W) (A~ 08 R2E)y) / lIJ<)C, —) dx
? Z Ak, p) (I=2(p—p)

j=0

< z?"/ W (x, Du)dx
Ak, pi) i—1
Ar (W . —k
TS0 )A(W) ) (ml"ngz(‘“)J/ \If(x, - /)dx.
(1 — )\,) 08y A2 o, Ak, p) p—p

Finally, choosing A = A(Q, A2(¥)) =A(Q, A2(G), Ay(H)) € (0, 1) in such a way that 9 A~ 1082 82(%) |
and passing to the limit for i — oo, we get

Ar () u—k
Tog, A2 (V) “log, A (W) Wix, ;) dx,
(1 = Ay 8208 (1 — 9A=022 22090 J 4k p) p—p

which proves the lemma. O

/ W(x, Du)dx <
A(k,p")

For the Holder continuity of local quasiminimizers of F, we assume that the modulating coefficient
a(-) has a modulus of continuity w satisfying

. H(p™")
lim sup w(p) <00, (4-6)
p—0+ G(p_ )
or, in other words
H(p™")
w(p) o~ = L forevery 0 <p <1, 4-7)
G(p™)

for some L > 0.
We remark that when (G(¢), H(t)) = (t”,t?) with 1 < p <g,and a(-) € C%*(Q) with « € (0, 1],
the condition (4-6) is equivalent to ¢ < p + «. In addition, when (G (¢), H(¢)) = (t?, t? In(1 4 t)) with
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p > 1, the condition (4-6) is equivalent to

1
lim sup w (p) 1n(—) < 00.
p—0+ 1Y

Therefore, the condition (4-6) agrees with the classical ones essentially used in [Baroni et al. 2015a;
2015b; Colombo and Mingione 2015a; 2015b].

In addition, the condition (4-7) ensures that quasiminimizers of F satisfy the following Caccioppoli-type
inequality provided the modulating coefficient a( -) is suitably small in the right scale.

Lemma 4.7 (almost standard Caccioppoli inequality). Ler u € W,.! () be a locally bounded Q-minimizer

of F under the assumptions (2-25) and (4-7), and let B, € 2 be a ball with r < 1. Suppose that

sup a(x) <4w(r). (4-8)

X€B,

Then for every r/2 <r; <ry <r and k € Rwith |k| < |[ul L~,),

cGHey+2 _
][ G(|D<u—k)i|)dx5c< ’ ) ][ G(%)dx 4-9)
B, rn—r B,, r

8l

holds for some constant c = c(Q, c¢g, cu, L, ||lullr~s,)) > 0.

Proof. If follows from Lemmas 2.2, 2.7 and 4.6, and (4-8) and (2-12) that
(u—k)+
G(D(u—k)+)dx < V(x,Du—k)r)dx <c Ulx, —— )dx
By, By, B, n—r
H —k —k
:c/ (l-l—a(x)(—) (—(” )i>>G<—(” )i)dx
B, G ry—ry rp—ri
H\ /2 o0 —k
cof (o) o5 )
B G ry— 1 r rp —ri

n

cg+1 _
( d ) (1+w<r>(5)(—2”“”“°<3r>)) / G(—(” ">i)dx.
rp)—rn G ) —1 B, r

We observe from Lemma 2.7, (2-12) and (4-7) that
H\ /(2 o0 H\ /2 % Dr 1
w2 el Lo (B,) Y (lullz=s,y +Dr 1
G ry—r G ry— 11 r
2 o AR AVA!
< w(r)< (lleell oo B,y + )r> (_) (_)
rp—r G r

r cu+l H(Fﬁl) r cu+l
<c w(r) <c L,
r—r G(r=h ry—r

which completes the proof. U

A
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Lemma 4.8. Under the assumptions of Lemma 4.7, we further suppose that the density condition

er B iu(x) >supu—loscu” <
B, 2B

holds. Then for any t € (0, 1), there exists a large
llu|l 0B,y and T such that

Hx € By :u(x)>supu—
B,

Proof. Let m > 3 be a large natural number as selected below. Define fori =1,2, ...,

1
518, (4-10)

r

natural number m > 3 depending on n, Q, cg, cy, L,

1
z—mogrcu}’ <1|B;|.

m,

1
k; :=sgrpu—ioscu ,._A( —)\A( ,+1,%>,
and
kivi—ki it u(x) > ki,
wi(x) = qux) =k ifk; <u(x) <k,
0 if u(x) <k;.

We note that G(w;) € W"1(B,2) and G(w;) =0 in B, \ A(ki,r/2) foralli =1,2,...,

|B,j>\ A(k1,r/2)| = 1|B,5|. Using Holder’s ine
Young’s inequality (2-7) with ¢ € (0, 1), we have

(ke 5) o

i+1
r/2

<ae ) ([, e (5

<cr

(-/;\(k, r/2)

IA

m, and that
quality, Sobolev’s inequality and a modified form of

)< )
Aki,r/2) r/2

wj

n/(n—1) (n—1)/n
)
r/2
n/(n—1) (n—1)/n
)

wi

(7

r/2

S u—
C/D.G( 2 )|Du|dx

— ki
fe/ G(|Du|)dx +C(8)/ ( )dx. 4-11)
r/2
It follows from Lemma 4.7 that
M—ki 1
G(|Dul)dx <c G dx <c G| ——oscu )dx
D; ) r Atkiry \2'T B
ki kiv1 —k;
=G| ) Aks, 1) < oG 22 ), (4-12)
/2 r/2
Also, it is clear that
— ki kiv1 — ki ki1 —k;
/ G~ dng G2 )ax =G (=L Dy (4-13)
D; r/2 D; r/2 r/2
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Combining (4-11) with (4-12) and (4-13), we see that, fori =1,2,...,m —1,

A1, 5)] = Ak, 5)| = cer” + @i,
Summing over i from 1 to m — 1 yields that
(m — 1)(A(k,,,_1, %)‘ <c(m—Der" +c(8)‘A(k1, g)(
<(c(m—1De+cle)r"

and hence
€
(k. 5)] < (o + SN <218,
2 m—1

by taking sufficiently small ¢ = e(n, Q, cg, cH, L, |lullL>,), T) € (0, 1) and sufficiently large m =
m(n, Q,CG,CH,L, ”M”LDC(Br),T)EN. O

Lemma 4.9. Under the assumptions of Lemma 4.8, we further find that there exists a small g =
10(n, Q. ¢, ¢ L, [ullL=s,)) € (0,27 +V) such that if

O<v<loscu and ‘A(ko, E)‘ < 10| B, 2|, (4-14)
2 B, 2

where ko 1= supp u — v, then

supu5k0+%=supu— (4-15)

v
By 4 B, 2

Proof. We first set the sequences

T 1 ) v 1 )
pi.ZZ 1+5 and kl=k0+§ 1—5 s l=0,1,2,...,

and define
[A(k;, pi)l
|Br/2|

We note from the definitions of k; that (u — k;)1 < v < |lu||L~s,). Then we discover from (4-9) and

(4-14) that
/ G(lDuD dx < C2(i+3)(cG+CH+2) / G <M> i
Aoy A(ki,pi) r

< czl‘“G*CH”)G(K) |Aki, pi)l.
r

Diy1:= Ak, piv1) \ Akit1, piy1) and Y=

It follows from the convexity of G that

G(][ |Du|dx) 5][ G(|Dul) dx < c2f<CG+CH+2>MG<3)
Diy1 Diy | Djt1l r

- |Div1| 1
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Therefore, we obtain
|Aki, pi)| v

][ |Du|dx < ¢2/catentd :
Dit1 D1 r

On the other hand, using Lemma 4.5 and the fact that 7y € (0, 2_(”+1)), we have

[ 1Duldx = el =kl i)V By N GG gl
Dy

> 27| Aki+1, piv )| " (| By jal — Tol Bra)r "

> 27 | Akisy, pir )"

Zi o one1ol—1
> 27" 1Yl.+1/"

Combining these inequalities gives
YR < ot Ak, p)| < 2oty
and hence
Yigl < C*Zn(cG+CH+3)/(n—1)iY1+1/(n*1)
i1 < .

1

for some constant ¢, = c,(n, Q, ¢, cu, L, |lullL=(s,)) > 1.
Consequently, Lemma 4.4 implies that ¥; — 0 as i — oo, provided

Yo = M <7< ¢~ (n=Do—n—Dlcg+en+3)
|B,p| — T
Then we obtain
v or
(k3. 5)| =0
which implies (4-15). [l

The following proposition follows from the above lemma in a standard way by taking v =(1/2") oscp, u;
see for instance [Baroni et al. 2015b; DiBenedetto 1995].

Proposition 4.10. Under the assumptions of Lemma 4.8, let m > 3 be the natural number determined in
Lemma 4.8 with T = tg € (0, 2~V which is given in Lemma 4.9. Then we see that m € N depends only

onn, Q,cg,cu, L, |[u| L=s,), and we have

1
(l;rs/(iu < (1 — W) ogrc u. (4-16)

The following lemma provides the Holder continuity of quasiminimizers of the functional
ve Wh(Q) —» Fv, Q) := f [G(|Dv|) +aoH(|Dv|)] dx, 4-17)
Q

where 0 < ag < ||a||z=(gq) is a fixed constant. For simplicity, we set

Wo(t) :==G(t) +apH (1) (4-18)

fort > 0.
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Lemma 4.11. Letu ¢ W!

loc

Bo € (0, 1) and ¢ > 0, both depending on n, Q, cg, cg, but independent of ag and u, such that for any
fixed ball B,, € Q2

(2) be a Q-minimizer of Fy under the assumption (2-25). Then there exist

r Bo
oscu < c(—) oscu (4-19)
B, ro By,

holds for every 0 < r < ry.

Proof. We first observe from [Baroni et al. 2015b, Remark 3.1] that

1 t\IJ(’)/(t)
<— <2max{cg,cy} forallt > 0.
2max{cg, cy} W (1)

We deduce from Theorem 4.3 that u is locally bounded in 2. Therefore, the result (4-19) follows from
[Lieberman 1991, Section 6]. U

We are now ready to prove the Holder continuity of locally bounded quasiminimizers of F.

Theorem 4.12 (Holder continuity). Let u € WIL’CI () be a locally bounded Q-minimizer of F under the
assumptions (2-25) and (4-7). Then for every open subset Q' € Q there exists B € (0, 1), depending on
n, Q,cg,cy, L and ||ul|L~q, such that

ue CPQ).

loc

Proof. Since the proof is analogous to that of [Baroni et al. 2015b, Theorem 4.1], we only sketch the
proof. We shall show that for a fixed ball Bg,, C " with 8r¢ < 1, there holds

B
oscu < c<1> oscu forall r € (0, rol, (4-20)
B, ro By,

for some positive constant ¢ depending only on n, Q, cg, cy, L and ||u|| po ().
Let us define

J = {i € Ny : (4-8) does not hold for r = r_o}’

4i
and
. |ming it J # o,
T e itT=o.
If j > 1, then we obtain from Proposition 4.10 that for each r = 47y withi =0, ..., j—1,
<1 !
0sC — oscu,
B,/4u - om+l | g "
which yields
r\P G4
oscu <4 —) oscu forallr € 4 V" "ry, rol, 4-21)
B, ro By,

for some B € (0, 1). If j = oo, then (4-21) holds for every r € (0, ro], which is the desired conclusion
(4-20) with 8 = B;.
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In the case 1 < j < 0o, one can check that u is a (2Q)-minimizer of the functional

V> [G(Dv]) +aoH(|Dv])]dx, ag= sup a(-).

B47jr0 B47jr0

Now, Lemma 4.11 gives

” Bo
oscufc( ) 0sC U

B, 4=Jrg By—jr,

(4-22)

for every r € (0, 47Jry). Here, Bo € (0, 1) and ¢ > 0 both depend only on n, Q, cg, cg. Combining
(4-21) and (4-22), we conclude that (4-20) holds for 8 = min{8y, B1}. Finally, if j = 0, then u is a

(2Q)-minimizer of the functional

m/ [G(Dv]) +aoH(DoD]dx, ay=supa(-),
By,

By,

and hence we have the desired conclusion (4-20) with 8 = B.

O

Remark 4.13. Our condition (4-6) provides a characterization of the modulating coefficient a( - ). More

precisely, a modulus of continuity of a( -) is exactly calibrated to the size of the phase transition. For

example, it is evident that the natural assumption for the modulating coefficient in the functional

ve Wh(Q) / [1Dv]” +a(x)| Dv|”[In(1 + | Dv)]" ] dx,
Q

1 14
lim sup w(p) |:ln<—>:| < 00.
p—0+ P

v € W“(Q)r—>/[|Dv|”+a(x)|Dv|plnln(e+|Dv|)]dx,
Q

with p > 1 and y > 0, is

Similarly, for the functional

with p > 1, the natural assumption for the modulating coefficient is

1
limsup w(p) In ln(—) < 0.
p—0+ 1%

5. The Harnack inequality

In this section, we prove the Harnack inequality for locally bounded quasiminimizers of F. We first

present some technical tools.

Lemma 5.1 [Ladyzhenskaya and Uraltseva 1968]. Let v € W“(Bp). For any | > k, we have

B
(L~ k)|B, N o < k)1 < — <10l

< — |Dv|dx
|Bp \ {v <1} JB,nk<v=)

for some positive constant ¢ depending only on n.
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Lemma 5.2 [Giusti 2003]. Let W be a bounded nonnegative function in the interval [p, r] such that

v(t) <9y (s)+

foreveryp <t <s <r,

A
(s =)
with A >0, k >0and 0 <9 < 1. Then we have
v(p) < clk, 19)L-
(r—p)<
The following lemma provides the weak Harnack inequality of quasiminimizers of the functional Fg

in (4-17); see [Lieberman 1991].

Lemma 5.3. Letu € W (Q) be a Q-minimizer of Fo under the assumption (2-25), and let B € 2 be a
ball. Then for any exponent g4 > 0 and every 0 <t <s < 1, we have

1/q+
sup|u| <c (][ | |7+ dx> 5-1)

for some constant ¢* = c*(n, Q, cG,cy, s —t,qy) > 1. Moreover, if u is nonnegative, then there exists
an exponent q— = q_(n, Q, cg, cg) € (0, 1) such that for every t, s € (0, 1)

1 1/q,
infu > — ][ ul-dx (5-2)
tB Cy sB

holds for some constant c, = c,(n, Q, cG, cy,t,s) > 1.
Analysis similar to that in the proof of Lemma 4.8 gives the following lemma.

Lemma 54. Let u € W (Q) be a nonnegative and locally bounded Q-minimizer of F under the
assumptions (2-25) and (4 7), and let B3, € 2 be a ball with 3r < 1. Suppose that

sup a(x) < 12w(r). (5-3)

x€B3,
For any t1, v € (0, 1), there exists a large natural number m depending onn, Q, cg,cn, L, |[ull L~ ), T1
and T such that for any 0 < A < ||ul|p~(Bs,) if
l{x € By :u(x) > A}| = 71| B, | (5-4)
holds, then
l{x € By 1 u(x) <27"A}| < 12| Bor|. (5-5)

Now we can obtain a lower bound of # under some density condition as follows.
Proposition 5.5. Let the assumptions in Lemma 5.4 hold. For any t € (0, 1), there exists a small

81 =231(n, Q,cqg, cu, L, |ullL=(sy,), T) > 0 such that for any 0 < A < |[ullL=(By,), if
l{x € By :u(x) > A}| > | B, | (5-6)

holds, then
infu > 8. (5-7)

B,
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Proof. We first note that it suffices to prove the proposition for 7 € (0, 2~"+1). We fix mq € N, and set
the sequences

1 1 I\, .
pii=r l—i—? and k; = 54—2—[ 27", i=0,1,2,....

- _ AT (ki i)
D :=A(ki, pi+1) \ A” (kit1, piy1) and Y;:= B
Pi

We also define

Since u is nonnegative, we have (u —k;)— <270, By (4-9), we get

/ G(|Du)) dx < 2+ (catentd) / G(M) I
A~ (ki,pi+1) A=) 2

—my

o 2 A
< c2’<‘0+°H+Z>G(—) |A™ (ki pi)]-

We deduce from the convexity of G that
; A~ (ki, p;i 27mo),
G(][ |Du|dx> if G(|Dul)dx < c21(60+c;1+2)| (,“ pi)l G( )
Dy - :

i+1 D1+| |Dt+1| r
< G(Czi(CG+CH+2) |A—(kia pl)l 2_m0)\')‘
D, r

Therefore, we obtain
VA (ki i) 2700

|D; 1 r

f |Du|dx < Czi(cc;-‘rCH-‘rZ
D

i+1

On the other hand, using Lemma 5.1 and the fact that t € (0, 2-(+D) we have
|Duldx = c(ki —kix)|A™ (kg1 pig )" ™" 1By \ A" iy pig )10
> 270 27" A (ki1 pig )]V (1B | — 7| B r

Di+l

> 27 270 AT (ki pir )|

> 27Tyl o

Combining these inequalities gives

Yil_:ll/n < cZi(CG+CH+3)r_"|A_(ki, 101)| < Czi(CG+CH+3)Yi,

and hence
Y, 1ECozin(cG+cH+3)/(n71)Yi1+1/(n—1)

for some constant ¢o = co(n, Q, cg, cu, L, ||ullp=(,,)) > 1. Here we note from Lemma 5.4 that there
exists a large natural number m( depending only on n, Q, cg. cH, L, |[ul =B, such that
[{x € By 1u(x) <270} < g TV Dot gy |

Then it is clear that
i |A™ (ko, 2r)| i [{x € By 1u(x) < 27™0A}] < C*(nfl)z—n(n—l)(CG+CH+3)
| B | | B | N ’

0
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and hence Y; — 0 as i — oo by Lemma 4.4. Consequently, we obtain
A= @™ =0,
which implies (5-7) with §; = 2~ o+D, O

Proposition 5.6. Let u € W]})’CI(SZ) be a nonnegative and locally bounded Q-minimizer of F under the

assumptions (2-25) and (4-7), and let B3, € 2 be a ball with 3r < 1. Suppose that
sup a(x) > 12w(r). (5-8)

xeB3,.
For any t € (0, 1), there exists a small § = 8>(n, Q, cg, cnu, L, |ullL>,,), T) > 0 such that if
l{x € By 1u(x) = A}| > 7| By| (5-9)

for 0 < A < |lullp~(Bs,), then
infu > &A. (5-10)

r

Proof. By (5-8), there exists xy; € B3, such that a(xy) = ag > 12w(r). Then for every x € Bs,
a(xy) —a(x) <w(6r) <6w(r),
and hence
ap <2ayp — 12w (r) <2a(x) < 2ayp.
Since W (x, Du) € L'(B3,), it follows that
G(|Dv|) +agH(|Dv|) € L' (Bs).

Furthermore, one can see that u is a (2Q)-minimizer of the functional
V> [G(|Dv|) +aoH(|Dv])]dx, ao=supa(-).
B3, Bs,
Now, using (5-2) in Lemma 5.3 with B= B3, and t =s = % we see from (5-9) that
rl/a-),
infu > ,

B, Cy

which implies (5-10) with 8, := t/4-¢_ 1. O

An immediate consequence of Propositions 5.5 and 5.6 is the following.

Corollary 5.7. Let u € le)’cl(Q) be a nonnegative and locally bounded Q-minimizer of F under the
assumptions (2-25) and (4-7), and let B3, € Q2 be a ball with 3r < 1. For any t € (0, 1), there exists a
small 8 =6(n, Q, cg, cH, L, ||lullLo(B,,), T) > 0 such that if

Hx € By :u(x) > A}| > 7|B,|

for 0 < & < |lu|lpo(Bs,), then

infu > §A.

B,
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From Corollary 5.7 and the covering arguments in [Kinnunen and Shanmugalingam 2001, Section 7],
we obtain the following weak Harnack inequality for quasiminimizers of F. For the proof we refer the
reader to [Baroni et al. 2015a, Theorem 3.5; Harjulehto et al. 2008, Theorem 5.7].

Theorem 5.8 (the weak Harnack inequality). Let u € Wll)’cl (2) be a nonnegative and locally bounded
Q-minimizer of F under the assumptions (2-25) and (4-7), and let By, = By, (x9) € Q with 9r < 1. Then
there exists an exponent q_ > 0 and a constant ¢ > 1, depending on n, Q, cg, cy, L and ||u||p~(B,,), such

that
1 1/q-
infu > —(][ u?- dx) . (5-11)
B, ¢ BZr

To prove the sup-estimate for quasiminimizers of F, we now introduce the scaled functions and the
corresponding functional. Let us define, for R € (0, 1] and r > 0 with B, € €,
u(Rx)
R

up(x):= ar(x) :=a(Rx), xe€B,,

and
FR(v,K)1=/[G(IDvl)+aR(X)H(IDv|)]dx, K € B,.
K

Lemma 5.9. Letu € Wlé’cl () be a Q-minimizer of F. Let R € (0, 1] and suppose that B, € Q. Then ug

is a Q-minimizer of Fg in B,.
Proof. We first observe that Dug(x) = Du(Rx). Since B, € 2, we see that F(u, B,) < 400, and hence

Fr(ug, Br) = / [G(|Du(Rx)]) +a(Rx)H(|Du(Rx)|)]dx
B,

R, [G(IDu(y)]) +a(y)H(|Du(y))]ldy

1
< ﬁ/ [GUADu()]) +a() H(IDu(y) )] dy
B,
1
R
Furthermore, for any vg € Wll)’cl(B,) with K :=supp(up — vg) € B,, we have

F(u, B,) < +o00.

supp(u —v) ={Rx:x € K} =: RK,
and
J"R(MR,K)=/K[G(IDM(RX)I)+a(RX)H(|Du(RX)I)]dx
:%/ [G(IDu(y)]) +a(y)H(|Du(y)ldy
RK
-2

~ R" Jrx

=0 /K[G(IDU(RX)I) +a(Rx)H(|Dv(Rx))]dx = QFg(vg, K).

[G(Dv(y)) +a(y)H(IDv(y)D]dy

Therefore, u is a O-minimizer of Fg in B,. U
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From the definition of the scaled function ag( - ), one can directly obtain the following lemma.

Lemma 5.10. Let R € (0, 1] and suppose that By, C By C 2. Then the function ag : B1/gr — [0, 00) has
a modulus of continuity wg satisfying
wr(p) =w(Rp) forallO < p < %
Moreover, we have
,
sup a(x) < Rw(r) <<= sup ag(x) < 12a)R<—>.
X€EBs, XE€B3r/R R

We now prove the sup-estimate for quasiminimizers of F. For this, we consider two cases separately,
as in the proof of the weak Harnack inequality.

Proposition 5.11. Letu € Wllo’cl (2) be a locally bounded Q-minimizer of F under the assumptions (2-25)
and (4-7), and let By, € 2 be a ball with 4r < 1. Suppose that

sup a(x) < 12w(r).

xeB3r

Then for any exponent g+ > 0, we have the estimate

1/q+
sup |u| fc(][ |2+ dx) (5-12)
Br By,

for some constant ¢ > 1 depending onn, Q, cg, cy, L, |ullL>~,,) and q+.
Proof. Let us consider the scaled functions

u(rx)
ur(x) =——, a(x)=a(rx), x€ By.
r

Then by Lemmas 5.9 and 5.10, we see that the Caccioppoli inequality (4-9) holds for u,. For 1 <t <s <2,
we now set the sequences

s—t 1 .
,o,-:=t+7 and ki:=2d<l—ﬁ), i=0,1,2,...,

where d > 0 is to be chosen later. We further define

N 1
B -=M and Y :

: - G, —k;)dx,
l 2 G Jawpy

where
Ay(k,p):={x e B,:u,>kj}.

Let n; € C3°(Bj,) be a cut-off function with 0 <#n; <1, n; =1o0n B,_,, and

|Dn;| < .
Pi — Pi+1
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Using Holder’s inequality, Sobolev’s inequality and a modified form of Young’s inequality (2-7) with
¢ =1, we have

G(d)Yiss < f

G((ur —kiy1)4+mi) dx
B..

Pi

(n—1)/n
<|Ay(kiy1, p)|"" ( / [G((uy — ki1) 1m0 dx)
B~

Pi

SclAr(kiH,pi)P/"/

G'((ur — kix)+n)D Wy — ki) i + (ur — kiy1)+|Dn;|ldx
B~

bi
<clAp(kiy1, p)I"" / G'(uy — kix) )| Dy —kip1)+] dx
B, .
i i+3

2
+c| A (kiyt, pi)|1/": G ((ur —kiv1)4) Wy —kiy1) 4 dx

Pi

< clAy(kiy1, p)IV" U G(ID(u, —kis1)4]) dx +/ G((ur —kit1)y) dx}
~ BR

By, bi

B

1n 2i+3
+clAy(kit1, pi)l P G((ur —kip1)4) dx
—1Js,

i+3
< clA, ki1, p)|'" [ / GUD(ur —kip)+Ddx+— [ Gl —ki+1>+>dx]

B By,
| 2i+3 cg+ep+2
< clAy(kiyr, )" (ﬁ) / G((uy —kiy1)4)dx.
- B

Pi

Here we observe from (2-12) that

A (i, p)] <€ ————— G ur = ki) dx
ritit ! G(kiv1 — ki) Ay (kig1,0i) ' l
1
= G(ul’ _k) dx
G(d/2%Y) J A, (ko) l
i+3\cctcu+2
< 9Dy ey, < o 2 v
G(d/2l+l) s—1

and

/ G((u,—ki+1)+)dx Z/ G(Mr—ki+1)dx 5/ G(ur—k,-)dsz(d)Yi.
B Ay (kit1,0i) Ar (ki pi)

Pi

Combining these inequalities yields

co i 1+1/n
Vi, < — 2 9oiky
i+1 = (S DG i

for some constant ¢y > 1 depending only on n, Q, cg, ¢y, L and ||u||~(B,,), Where

K= (1+%)(CG+CH+2) > 1.
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Applying Lemma 4.4, we have Y¥; — 0 as i — oo, provided

—n
o= % A(ds) Gl =dydv = [(S iof)K] 2
It is clear that (5-13) is satisfied if we choose d > 0 such that
}’lzl( n
G(d) = (s_—t)o /B | G((ur)1) dx.

Then we obtain u, < 2d in B,, which together with (5-14) implies

G (sup(u,
(sgpten) = G

][ G (ur)y) dx.

1297

(5-13)

(5-14)

(5-15)

We note from Lemma 2.9 that there exists y = ¥ (cg) > 1 such that  — G(¢!/7) is a concave function.

Then it follows from (5-15) and Jensen’s inequality that

G (sup(u,
(suptr)+) =

][ G((u)s) dx = } 6w dx

c
(s =)™ Jp,

B c G vy 1/y - c vy 1/y
= ooy ((ﬁf””* x> >‘ ((s—r)m(]i,(”'*)+ x) )

and hence

c y 1y
Sg?(mh = m(]i (ur)y dx) .

Since —u is also a Q-minimizer of F, we get

¢ 1y
_c Y dx
sgtp lur| < G (]i |ur| ) :

Moreover, for 0 < g4 < y, we obtain from Young’s inequality that

¢ l—qy/y q W
suplurl S PN, [suplurl] ’ |up |7 dx

1 c . 1/q+
—_ N +
=2 5Pt e (]g ! dx)

as 1 <t <s <2. Then Lemma 5.2 with ¥ (t) := supg_|u,| yields

1/q+
sup |u,| 50( lu, |7+ dx) ,
B>

B

where c is a positive constant depending on n, Q, ¢, ¢y, L, ||ullr~(B,) and g.

(5-16)

On the other hand, the inequality (5-16) also holds for g4+ > y by Holder’s inequality. Finally, from

the definition of u,, we obtain the desired conclusion (5-12).

O
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Proposition 5.12. Letu € Wllo’cl (2) be a locally bounded Q-minimizer of F under the assumptions (2-25)

and (4-7), and let By, € 2 be a ball with 4r < 1. Suppose that

sup a(x) > 12w(r).

xeB3,

Then for any exponent g1 > 0, we have the estimate

1/q+
sup |u| Sc(][ o |2+ dx) (5-17)
B, By

for some constant ¢ > 1 depending on n, Q, cg,cn, L, ||ullL~,,) and q+.

Proof. As in the proof of Proposition 5.6, we see that u is a (2Q)-minimizer of the functional

V> [G(Dv|) +aoH(|Dv|)]dx, ag=supa(-)=>0.
B3, Bs,

Therefore, (5-1) in Lemma 5.3 with B = Bj,, t = % and s = % directly gives (5-17). O
Combining Propositions 5.11 and 5.12 yields the following sup-estimate.

Corollary 5.13. Letu € WIL’CI (R2) be a locally bounded Q-minimizer of F under the assumptions (2-25)
and (4-7), and let B4, € Q be a ball with 4r < 1 Then for any exponent q+ > 0, we have the estimate

1/q+
sup |u| fc(][ |2+ dx) (5-18)
B, By

for some constant ¢ > 1 depending onn, Q, cg, cy, L, ||ullL~,,) and q.

Finally, from Theorem 5.8 and Corollary 5.13 with g, = g_, we obtain the Harnack inequality of
quasiminimizers of F. We remark that the following theorem has no extra term in (5-19), so it can be
regarded as a refined version of the result in [Harjulehto et al. 2017] for the generalized double phase
case.

Theorem 5.14 (the Harnack inequality). Let u € Wli)’cl (2) be a nonnegative and locally bounded Q-

minimizer of F under the assumptions (2-25) and (4-7), and let By, € Q2 be a ball with 9r < 1. Then there

exists a constant ¢ > 1, depending onn, Q, cg, cu, L and ||u|| L~ (p,,), such that

supu < cinfu. (5-19)
B, B;
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EPSILON-REGULARITY FOR p-HARMONIC MAPS
AT A FREE BOUNDARY ON A SPHERE

KATARZYNA MAZOWIECKA, REMY RODIAC AND ARMIN SCHIKORRA

We prove an e-regularity theorem for vector-valued p-harmonic maps, which are critical with respect to a
partially free boundary condition, namely that they map the boundary into a round sphere.

This does not seem to follow from the reflection method that Scheven used for harmonic maps with free
boundary (i.e., the case p = 2): the reflected equation can be interpreted as a p-harmonic map equation
into a manifold, but the regularity theory for such equations is only known for round targets.

Instead, we follow the spirit of Schikorra’s recent work on free boundary harmonic maps and choose a
good frame directly at the free boundary. This leads to growth estimates, which, in the critical regime
p = n, imply Holder regularity of solutions. In the supercritical regime, p < n, we combine the growth
estimate with the geometric reflection argument: the reflected equation is supercritical, but, under the
assumption of growth estimates, solutions are regular.

In the case p < n, for stationary p-harmonic maps with free boundary, as a consequence of a mono-
tonicity formula we obtain partial regularity up to the boundary away from a set of (n— p)-dimensional

Hausdorff measure.
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1. Introduction

Over the last few years the theory of half-harmonic maps received a lot of attention, beginning with the
pioneering work of Da Lio and Riviere [2011a; 2011b]; see also [Schikorra 2012; 2015¢; Da Lio 2013;
Millot and Sire 2015]. Half-harmonic maps appear in nature as free boundary problems —e.g., they are
connected to critical points of the energy

||Vu||iz(D RM) such that u(d D) C N in the a.e. trace sense.
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Here, D C R" is an open set and A C RY is a smooth closed manifold. The Euler-Lagrange equations of
the latter problem are

Au=0 in D
u in D, (1-1)
opu L T,N onaD,
where v denotes the outer normal vector.
For D =R’ and 9D = R"~! x {0} the equation (1-1) is equivalent to
Au=20 in R" ,
! 12 " - (1-2)
(=A)giu LT,N on R"™ x {0}.

Here, (— A)R” , denotes the half-Laplacian acting on functions defined on R"~! x {0}. The equation

1/2
(M)l

The equivalence of (1-1) and (1-2) is crucially related to the fact that we are considering critical points

u L T, N is the half-harmonic map equation; for an overview see [Da Lio and Riviere 2011b].

of an L2-energy. Several notions of fractional p-harmonic maps have been proposed. H*'?-harmonic
maps, i.e., critical points of

I(=A)*2ul|? such that u(x) € N for a.e. x € R"~!, (1-3)

L!’(R" 1 RN)

were considered in [Da Lio and Schikorra 2014; 2017]. In [Schikorra 2015b] energies with a gradient-type
structure were studied, namely

IDull?, @1 gy, Suchthatu(x) e N forae. x e R, (1-4)

where D® = DI'~* is the Riesz-fractional gradient; see also [Shieh and Spector 2015; 2018]. Finally,
W*-P-harmonic maps, that is, critical points of the energy

/ / lu@) —u|? dxdy such that u(x) e N forae. x e R*!, (1-5)
poot S — ylrr
were studied in [Schikorra 2015a]; see also [Mazowiecka and Schikorra 2018]. All these versions of
fractional p-harmonic maps have one thing in common: they do not seem related to a free boundary
equation (1-1). For (1-3) and (1-4) this is clear, since the energies are defined on the “wrong” function
space H*P. Indeed, a map in WL-P(D) has a trace in W'=V/7-P(3 D), but W'=1/P-P (3 D) £ H'=V/P-P(3 D)
for p # 2. For the W*-P-energy (1-5) it is an interesting open problem if it is possible to find a p-harmonic
extension that interprets this problem as a free boundary problem.

In this work we concentrate on free boundary problems. We focus on smooth bounded domains, so in
the sequel D is such a domain. We prove regularity at the free boundary for critical points u : D — RY
of the energy

IVul? such that u(d D) C N in the a.e. trace sense. (1-6)

LP(D,RV)

It is not clear that the space A := {u € W'?(D,R") : u(3D) C N} possesses a natural structure of a
smooth Banach manifold. That is why we shall define what we mean by critical point.
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Definition 1.1. We say that u is a critical point of | p |Vu|? in the space A if u satisfies
/ IVulP2Vu-Vop =0 (1-7
D

for all ¢ in Wh?(D, R") such that its trace ¢ (x)|sp is in Tu(x»N a.e. Such a critical point is called a
p-harmonic map with free boundary.

Equation (1-7) is obtained by requiring that for every C'-path y : (=1, 1) — A such that ¥ (0) = u we
have

d —_—
&l [ revor=o (1-8)

Remark. Although this is not relevant for our purpose, let us remark that equation (1-7) can be interpreted
as u satisfying in a distributional sense

div(|Vu|P~2Vu) =0 in D, (1-9)
|Vul|?~28,u L T,N  ondD.
Note that, by definition, u is a solution of (1-9) in the sense of distributions if and only if
/ IVulP2Vu-V¢p =0 (1-10)
D

for all ¢ € C*(D, RN) with ¢(x) € T,y for H"~'-a.e. x € dD. Indeed, taking ¢ € C>°(D, R") we
obtain the interior equation
div(|Vu|?"2Vu)=0 in D.

As for the boundary equation, we can see that if u is smooth enough and satisfies (1-10) then after an
integration by parts we find

f IVulP~2 du-¢ =0. (1-11)
oD

Since any ¢ € C*°(0D, RY) with ¢ (x) € Tu(x/N can be extended in a function ¢ € C"o(ﬁ, RM), (1-11)
implies
|VulP~29,u L T,N ondD.

The equivalence between being a solution of (1-9) in the sense of distributions and being a critical
point of the p-energy in the space A is true if u is smooth enough; for example u € C!(D, R") is
sufficient. Indeed, in this case we can see that we have density of {¢ € C®(D,R") : ¢ € T,N} in
{pe WP (D,RY): plap € TN}

The natural starting point, when studying equations of the form (1-9), is the regularity theory. The
interior regularity is known and follows from the interior equation and results of [Uhlenbeck 1977;
Tolksdorf 1984]; see also [Kuusi and Mingione 2018]. Hence, the main difficulty is the regularity up to
the boundary. For an arbitrary manifold A a regularity theory for a solution (1-9) is out of reach: even
the regularity theory for the interior problem

div(|Vu|’P 2 Vu) L TN
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is known only for homogeneous targets \; see [Fuchs 1993; Takeuchi 1994; Toro and Wang 1995;
Strzelecki 1994; 1996; Schikorra and Strzelecki 2017]. For this reason we shall restrict our attention to
the sphere SV~  R". In the rest of the paper we consider the problem

div(|VulP2Vu) =0  in D,
\Vu|P~23,u L T,SV=' ondD, (1-12)
u(®dD) c SN,

We remark that the free boundary conditions can be viewed as boundary conditions mixed between

Dirichlet and homogeneous Neumann boundary conditions. Indeed, in the sphere case we have a Dirichlet

boundary condition for the norm of u, |u| =1 on d D, and a homogeneous Neumann condition for the

“phase”, d,(u/|u]) = 0. To see that, in the case of a general manifold we can use Fermi coordinates near

some points of A, as explained in [Fraser 2000, pp. 938-939] in the context of minimal surfaces with

free boundaries (for more on minimal surfaces with free boundaries, see also [Fraser and Schoen 2013]).
Our main theorem is the following e-regularity-type theorem.

Theorem 1.2 (e-regularity). Let D C R" be a smooth, bounded domain and p > 2. Then there exist
e =€(p,n,D)>0and a =a(p,n, D) > 0 such that for any u € WHP (D, RN) solution to (1-12) the
following holds: If for some R > 0 and for some xo € D

sup  sup pp_"f [Vul? < e, (1-13)
[yo—xol<R p<R B(yo,p)ND

then u and Vu are Holder continuous in B(xg, R/2) N D. Moreover, we have the estimates

1/p
ux)—u
sup MjR‘“( sup  sup ,0”_”/ |Vu|”) ,
x.yeB(xo,R/2) X — Y|* lyo—xol<R p<R B(y0,p)ND

Vu(x)—Vu 1/p
sup Vi) &l jR“"_l( sup  sup pp_”f |Vu|”> .
[Yo—xo|<R p<R B(yo,p)ND

x,yeB(x0,R/2) lx — y[®
When p = n this e-regularity implies directly (from the absolute continuity of the Lebesgue integral)

that n-harmonic maps with free boundary and their gradients are Holder continuous.
Corollary 1.3. Let u and « be as in Theorem 1.2 with p = n. Then u is in C*(D, RV).

As usual, an e-regularity result such as Theorem 1.2 implies partial regularity for stationary p-harmonic
maps with free boundary; see (6-1) for the definition.

Theorem 1.4 (partial regularity). Let D C R" be a smooth, bounded domain, p > 2, and assume that
ue Whr(D,RN), with trace u € W'=1/P-P(dD, SN~1), is a stationary point of the energy (1-6) with free
boundary. Then there exists a closed set & C D such that " P(£)=0and u € Cl"’(l—)\E), where o > 0
is from Theorem 1.2.

Remark. Although some of our results work for unbounded domains we note that finite energy, stationary
p-harmonic maps with free boundary satisfy a Liouville-type theorem; see Proposition 6.3. This is why
we focus on bounded domains.
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Moreover, besides giving regularity in the case p = n and partial regularity in the case p < n, an
e-regularity could be useful to describe the possible loss of compactness of sequences of n-harmonic
maps with free boundaries and an energy decomposition theorem. In the case p =n =2, i.e., for harmonic
maps with free boundaries, such a result was proven in [Da Lio 2015; Laurain and Petrides 2017]. Our
case requires completely different methods, due to the nonlinearity of the p-Laplacian for p # 2.

Let us comment on our strategy for the proof of Theorem 1.2. The natural first attempt to prove a
result like Theorem 1.2 is to adapt the beautiful geometric reflection method used in [Scheven 2006] to
obtain an e-regularity result up to the free boundary for harmonic maps, i.e., for the case p =2 (see also
[Berlyand and Mironescu 2008], where the authors also devised a reflection technique to prove regularity
up to the boundary of solutions of some Ginzburg—Landau equations with free boundary conditions).
This way, one would hope to be able to rewrite the Neumann condition at the boundary as an interior
equation. For p =2 the reflected equation has again the structure of a harmonic map (with a new metric
in the reflected domain). Thus, the regularity theory for harmonic maps with a free boundary follows
from the interior regularity for harmonic maps developed in [Hélein 1991]; see also [Riviere 2007]. For
p > 2 there is a major drawback to that strategy: as mentioned above, the regularity theory for the interior
p-harmonic map equation is only understood for round targets. It was not clear to us how to interpret
the reflected equation as a map into such a round target. The reflection, which generates a somewhat
“unnatural metric” seems to destroy our boundary sphere-structure. Indeed, up to now, only the regularity
theory for minimizing p-harmonic maps with free boundary was understood; see [Duzaar and Gastel
1998; Miiller 2002], where it is shown that such a map is in C La for some «, outside a singular set S
with dimy (S) =n — | p] — 1 and S is discrete if n — 1 < p < n. For p =2, free boundary problems for
minimizing harmonic maps were studied in [Duzaar and Steffen 1989; Hardt and Lin 1989].

In this work we follow in spirit the recent work [Schikorra 2018], which does not use a reflection
technique, but rather computes an equation along the free boundary and applies a moving frame technique
to this free boundary part of the equation itself. This strategy leads to growth estimates, Proposition 2.1,
which for the critical case n = p implies directly Holder regularity of solutions. Once the growth estimates
are established we can apply the reflection. Since the reflection is explicit, it is easy to see that the growth
estimates still hold for the reflected solution, which we shall call v. Now v solves a critical or supercritical
equation of the form

| div(|Vu[P~2 Vv)| X |VulP.

In principle, solutions to this equation may be singular, e.g., x/|x| or loglog 1/|x|. But with the growth
estimates from Proposition 2.1, which transfers to v, one can employ a blow-up argument due to [Hardt
et al. 1986; Hardt and Lin 1987] and then bootstrap for higher regularity.

The outline of the paper is as follows: In Section 2 we state and prove the crucial growth estimate for
solutions to (1-12). In Section 3 we show how this implies Holder continuity of solutions for the case
p =n. For p < n we show in Section 4 how a generic supercritical system implies Holder regularity of
solutions once the growth estimates from Proposition 2.1 are guaranteed. Combining this with Scheven’s
reflection argument, we give in Section 5 the proof of Theorem 1.2. Finally, in Section 6, we prove the
partial regularity of solutions, i.e., Theorem 1.4.
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Notation. We denote by B(x, r) the ball of radius r centered at x € R". We write R, = R x (0, 00),
R* =R" x (—00,0), and B (x,r) = B(x,r)N R’ . By (u)q we denote the mean value of a map « on a
set 2; i.e., (u)o = (1/|2]) fQ u.

2. The growth estimates

Recall that we assume that D is a bounded set with a smooth boundary. In view of Lemma A.1 we know
that |u| < 1 holds for any solution to (1-12). The arguments can be also extended to unbounded domains
like R" under the assumption that u € L} (R} ); see Lemma A.2. Note that in principle, the constants
may depend on the L°°-norm of u.

The main result in this section, and the crucial argument in this work, is the following growth estimate
that one could interpret as a kind of Caccioppoli-type estimate. We were not able to obtain such an
estimate by a geometric reflection argument, since that reflection changes the metric, and only in the case
of round targets, such as the sphere, is regularity theory (and in particular the related growth estimates)

known.
Proposition 2.1 (growth estimates). Let p > 2. There exists a radius Ry depending only on 0 D such that
for any u € WP (D, RN) satisfying (1-12) the following holds:
Whenever B(xg, R) C R", R € (0, Ry), is such that for some A € (0, 00) it holds
sup r”‘"f [Vul|? < AP, 2-1)
B(yo,r)CB(x0,R) B(yo,r)ND
we have, for any B(yy, 4r) C B(xo, R) and any i > 0,

|Vu|”—|—C,u_1/ |VulP. (2-2)

/ |Vul? < C(h+pP")
B(yo,r)ND (B(y0,4r)\B(y0,r))ND

B(yo,4r)ND

Alternatively, we have the following estimates:
If B(yo, 2r)\D = O, then
| warsenf vup +cxrrr = W ponanopl?.  (23)
B(yo,r) B(yo,4r)ND B(yo,4r)ND
If B(yo, 2r)\D # &, then

/ |Vul|? SC?»/ IVulp—i-C)»l_”r_”/ lu — () B(yo,4r)nD1"
B(yo,r)ND B(yo,4r)ND B(yo,4r)ND

+C,\1—Pr—l’f Nul> =117 (2-4)
B(yo,4r)ND

for a constant C = C(n, p, D).

Our strategy, in principle, is to adapt the method for harmonic maps into spheres developed in [Hélein
1990]; see [Strzelecki 1994] for the n-harmonic case. To motivate our approach, we briefly outline their
strategy for a p-harmonic map w € W!?(D, S¥~1), i.e., a solution to

div(|Vw|?~2Vw) L T,,S¥ 1. (2-5)
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The first step is to rewrite this equation. Since w € SV~! we have w € (T, SV~!)*. Consequently, (2-5)
can be rewritten in distributional sense as

/|Vw|P—2wa-v¢=f IVw P72 Vuwk - v(wkw'¢), (2-6)
D D

which holds forall ¢ e C2°(D) andi =1, ..., N. Here and henceforth, we use the summation convention.
Next, from |w| =1, we get wkVwk = %V|w|2 = (. Consequently, (2-6) can be written as

/|Vw|P—2va'-v¢:/ IVw P2 Vuwk - (Vwk w’ — V' wk) ¢. (2-7)
D D

Now one observes that from (2-6) a conservation law follows, a fact that for p = n = 2 was discovered
by Shatah [1988],
div(|Vw|?2(Vuw* w' — V' w*)) =0 in D. (2-8)

Thus, |[Vw|P~2 Vw* - (Vw* w’ — Vw’ wk) is a div-curl term and with the help of the celebrated result of
Coifman, Lions, Meyer, and Semmes [Coifman et al. 1993], one obtains a growth estimate.

The above argument heavily relied on the fact that w*Vw* = 0. It is important to observe that this
trick will not work in the situation from Theorem 1.2: if we only know that u|3p C SN=1 then there is
no reason that u - Vu = 0 in D. Nevertheless, we will stubbornly follow the strategy outlined above, just
along the boundary 3 D, keeping the extra terms that involve u* Vu*. First, we find:

Lemma 2.2. Foru € Wh?(D, RN) satisfying (1-12) we have
/ IVulP~2Vu' -V =/ IVu|P~2Vuk - v (ubul ¢)
D D

for any ¢ € WhP (D).
Let us stress that the test function ¢ above does not need to vanish at the boundary.

Proof. Let = (0, ..., ¢,...,0) (only the i-th coordinate is nonzero and equal to ¢). Observe that
& —ulu, ®)gy € T,SV~' ae.ondD.

The claim follows now from the definition of p-harmonic maps with free boundary (1-7). O
Also we have the following conservation law.
Lemma 2.3. Let u € WhP(D, RV) satisfy (1-12). Then, for
Qi = W' Vu! —u/Vu',
we have
div(|Vu|P?Q;;) =0 in D

up to the boundary. That is, for any ¢ € C*°(D) and anyi, j=1,..., N,
/ |VulP~2Q;;- V¢ =0. (2-9)
D

Additionally, (2-9) is also satisfied for every ¢ in WP N L>(D).
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Proof. By the product rule,

/D V- |VulP2 ' Vu! —u! Vu') = /D(V(qbu") AVulP2Vul = V(gul) - |Vu|P72 Vu').
Therefore, by Lemma 2.2, we find

/D |Vu|P2 Qi -V = /D IVulP2Vuk - v ubu'u/ ¢) — /D IVulP2 Vi -vbulu'g)=0. O

We combine Lemmas 2.3 and 2.2. In contrast to the argument for the p-harmonic map w, we find
additional terms. Namely, instead of having w* Vw* =0 we merely have u* Vu* = 1V (|ju|>—1). However,
it is an improvement, because |u|*> — 1 € Wol’p(D).

Lemma 2.4. Let u € WP (D, RN) satisfy (1-12). Then for any ¢ € WLP(D) we have

f IVulP2vu' - V¢
D

1

=/ IVu|”—2wk-szik¢+/ IVuI”‘2Vu”-V<|u|2—1)¢+§f |VulP2 Ve - V(ul* — u'.
D D D

It is important to observe that in particular we do not obtain an equation of the form | div(|Vu/|? “2Vu)| =
|Vu|P, as in the case for p-harmonic maps (i.e., the interior situation). This is why for p < n we are
forced to combine our growth estimate with the geometric reflection argument; see Proposition 5.3.

Proof of Lemma 2.4. By Lemma 2.2 we have for any ¢ € C*°(D)
/ IVulP~2vu' - V¢ :/ IVu|P~2 Vuk - vu* u"¢>+/ IVulP~2 Vuk - kv (' ¢).
D D D
Using the definition of €2;; from Lemma 2.3 we write
/ IVulP~2Vu' -V =/ |Vu|”_2Vuk-Q,-k¢+2/ \VulP2Vul Vi uk g+ | |VulP2 Vb ul uk V.
D D D D
Since u* Vu* = %V(|u|2 — 1), we have shown that
/ IVulP=2Vu' - V¢
D
_ P2 k P—2 i 2 1 P2 2 i
= |VulP=Vu" - Q¢+ | |Vul?"*Vu'-V(u| —1)¢+§ [VulP~*V¢ -V(ul|*—Du'- O
D D D

For the second and third terms on the right-hand side of the equation in Lemma 2.4 we observe that
lu|> — 1 has zero boundary values on 8 D. In addition, and this is another crucial ingredient here, we can
choose u or (its coordinates) as a test function in Lemmas 2.2, 2.3, and 2.4 since u is in WP NL>®(D, RN)
from Lemma A.1.

Moreover, in view of the interior equation for u, (1-9),

/ IVulP2Vu' -V(ul>=1) =0.
D
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Proof of Proposition 2.1. For notational simplicity we prove the growth estimates when the boundary is
flat. More precisely we treat the case where B (0, R) C D C R"} for some R > 0, and 8D N B(0, R) =
oR%. N B(0, R). The following argument can be easily adapted to general D — here is where one has to
choose Ry = Ry(D) for flattening the boundary. We leave the details to the reader. We also recall that,
since we work in a smooth bounded domain, from Lemma A.1 we have that |u||z«p) < 1.

Let n € C°(B(0, 2)) be the typical bump function that is constantly 1 in B(0, 1). Let yo € R", r > 0,
be such that B(yg, 4r) C B(0, R). Define

X =)o
77B(y(),r)(x) = 77( , )

‘=N B(y,r) (u - (M)B‘*'(yo,Zr))’

Set

<

<>

= (1 = 1Bo.m)NBo.n U — (@) B+(y9,2r))-
Since np(y,,r) = 1 on B(yo, r) we have

/ |Vu|1’§/ |Vu|P~2 Vi - Vi.
B*(yo.,r) R

i
We compute

Vit -Vii=Vu-Vii —Vu-Viu — VUB(yo,r) -Vuu+ VnB(yo,r) (u— (u)B+()»072r)) -Vu. (2-10)

Since |Vnpynl 3771
/ |VulP (VY peyy.nit) - Vi jr_I/ IVulP~ ). (2-11)
R} B+ (30.2r)\B* (y0.7)

This can be further estimated in two ways. For the estimate (2-2), by Young and Poincaré inequalities we
have for any u > 0

- ~ 1 —
/ [Vul? Z(Vng(yo,r)u)-Vuj— [Vul? + u? 1/ [Vul?.
R} K J B+ (y0.20\B* (0.1) B*(y0.2r)
For the estimates (2-3) and (2-4), by Young’s inequality we have for any A > 0
/ |Vl/t|p_2 V1B(yo,r) -Vuﬂjk/ IVMIP—{—)»]_”F_”/ |u—(u)3+(y0,2,)|p.
R} Bt (y0,2r) Bt (y0,2r)

For the last term of (2-10)

/ IVu|?~2 V. (0 — () g+ yp.2r) - Vil
R

3r? f \VulP~% |u — (u) g+ (yp.2m >+ 77! / IVulP~ 1w — () g (y0.20)|-
B+ (y0,2r)\B* (y0,7) B+ (y0,2r)\B* (y0,7)

By a similar estimate, we easily get for any p > 0

_ ~ 1
/ |vu|p 2 VnB(yo,Zr) (u— (u)B‘*'(yo,Zr)) -Vu :5 -
Ry

/ IVulp+up1/ Vul?
K J Bt (y0,2r)\B* (y0,r)

B*(y0,2r)
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and for any A > 0

|Vulp+)»l_pr_p/ |l —(u) g+ (39,2 |7

/ IVulP~2 V(.20 (u—(u)Bﬂyo,zr))'Wﬁ*/
L B+ (30,2r)

B*(y0,2r)

Consequently, we found

f |Vu|”j/ IVulP~2Vu - Vi +[ IVulP~2Vu - Vi
Bt (yo,r) R% R%
+l/ |Vu|p+,up1/ IVul?  (2-12)
K JB*(y0.2r)\B* (yo.r) B+ (y0.2r)

and

/ |Vu|P = V |VulP~2Vu-Vii
B*+(y0.7) R"

+Kf |Vu|p+kl—pr—p/ |lu — (u)B+(y0,2r)|p~ (2-13)
B+t (y0,2r) B+ (y0,2r)

+

/ |VulP~2Vu-Vi
R

If we are in the interior case, i.e., B(yo, 2r) C BT (0, R), then supp &t Usupp i C B*(0, R) and thus
div(|Vu|?~2 Vu) =0 in BT(0, R) implies

+ —0.

/ |Vu|?~2Vu- Vi / |Vu|P~2Vu-Vi
R R
Thus, for B(yg, 2r) C B1(0, R) the claim is proven.

From now on we assume that the ball B(yy, r) is close to the boundary; i.e,

B(yo. 2N {R"~" x {0}} # @.
By Lemma 2.4,
/ \VulP~2 V' - Vil =1+ 11+ 11,
R

where
I:.= / |Vu|P~2 Vuk - Qi it
R
11 ::/ IVulP~2Vu' -V (|u)* = Di',
RYL
1l ::/ IVulP72 Vi -V (|ul> = Du'.
R%
Since u is p-harmonic and by Lemma 2.3, all three terms above contain products of divergence-free and
rotation-free quantities. However, the div-curl estimate by Coifman, Lions, Meyer, Semmes [Coifman
et al. 1993] is only applicable when at least one term vanishes at the boundary; otherwise there are
counterexamples. See [Da Lio and Palmurella 2017; Hirsch 2019].
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The term I: Let B C BT (0, R) be a smooth, bounded, open, and convex set such that B (yg, 2r) C B C
B(yo, 3r) and dBNIR" = B(yo, 2r) N oR’.. By Hodge decomposition1 (see [Iwaniec and Martin 2001,

/

(10.4)]) we find & € W2 (B), with p’' = p/(p —1), and ¢ix € W,"” (B, \’R”) such that

|VulP~2Q = V& +Curl ¢ in B. (2-14)
Moreover, we have

1z lwrr &) 3 NVulP ikl o poo.am)- (2-15)
(B) (B(y0,3r))

The boundary data of ¢ and Lemma 2.3 imply

/;Véik -V = /~ |Vu|p_2S2,~k -Vo —/NCurl tik- Vo =0 forany ¢ € COO(E).
B B B
That s, & is harmonic with trivial Neumann data, and thus &;; is constant. In particular, (2-14) simplifies to

|VulP~2Q;, = Curl ¢;  in B. (2-16)
Consequently,

Curl &y - vkl = / Curl &, - Vuk it

n

-

The last equality is true, since ;x vanishes on dR’, N B(0, R) and we can extend it by zero to R" N B(0, R).

n
+

Now we use the div-curl structure and apply the result by Coifman, Lions, Meyer, Semmes [Coifman
et al. 1993]. Recall that BMO is the space of functions f with finite seminorm [ f]gmo < 00. Here,

[ £IBMoO := sup |B|—1f If = (f)sl,
B B

where the supremum is taken over all balls B. Observe that by the Poincaré inequality,
1/p
[flemMo T sup (,0”_"/ IVfI”) : (2-17)
xo€R", p>0 B(xo,0)

Coifman, Lions, Meyer, Semmes [Coifman et al. 1993] showed that the inequality

/ F-G¢ ZIFllLr@n 1G] g []emo

holds whenever F' and G are vector fields such that div F/ = 0 and curl G = 0. See also [Lenzmann and
Schikorra 2020] for a different proof. In our situation this inequality implies?

) ~
12 MVul?=" ikl Lo 5+ y0.4ry) VUl L2 B+ (39,4 [ ]BMO

r—\<1 “Vu”{p(BJr(yOAr))[ﬁ]BMO- (2-18)

"More precisely, one argues, e.g., as in [Schikorra 2010, (3.6), (3.7)]: One solves the system A¢jx = curl(qul”_ZQik) in B,
¢ix =0on B, such that (2-15) is satisfied. Then one sets H := [Vu |p72§2,-k — Curl ¢;¢. By the Poincaré lemma we can write
H =VE&.

2Here, ii is extended into the whole space R" in such a way that [i]gpmo = A. This can be done by an appropriate reflection
of u outside of Bt (v, 3r).
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The last estimate follows readily from the definition of €2 in Lemma 2.3. Thus, for the A from (2-1) we

11132 / Vul”.
Bt (yo,4r)

The term /I: Since div(|Vu[P~* Vu) =0 in BT(0, R), there exists §; € W'7(B™ (yo, 2r), /\2IR”) such
that

obtain

|Vu|P~2Vu! =Curl¢;  in Bt (yo, 2r).
We can extend ¢ to all of R” so that
-1
”{”WLI”(R") :j I|Vu||ZP(B+(y0,2r))'

Also, since u is assumed to be bounded we have |u|> € W'?(B*(0, R)), and in the sense of traces
lu|> =1 on B(0, R) N {R"~! x {0}}. This is equivalent to saying that the extension of |u|> — 1 by zero
to B(0, R) N R™ belongs to W!7(B(0, R)); that is, we have, (|u|* — 1)xg: € WP (B(0, R)) and the
distributional gradient satisfies

V((Jul* = Dxge) = xge VIul*  ae.in B(O, R).
In particular, since (ul>=1) xR is zero on B(yg, 2r) N R* we can use the Poincaré inequality to get
utl> = 1l Lo s+ o2y 37 Nl oo B+ (v0,4r0) 1V Lo (B (30,40 - (2-19)
By using that [Vnp(yy.21)| r~1, (2-17), the triangle inequality in L? and (2-19), for the A from (2-1),
[(|ul? - D) Xr1 nB(y0.2r) IBMO 3 A-

We also observe that Vit = np(y,,2-) Vit. Thus, integrating by parts we obtain

1= / Curl £ - Vil (uf — 1) xe 10020,

Hence, with the div-curl theorem from [Coifman et al. 1993], see also the localized version [Strzelecki
1994, Corollary 3], we find
1| 3 )‘||vu||§p(3+(yo’4r))‘

The term I11: Observe that

Vil -V (u)>=Du'
= V' -V (|ul* =)0yt +V1B(yg.r) ' =W gt (y0,20) -V (|u]* =)’
= Vu' -V (ul =)' +Vu' -V (ul =10 ) B+ 30,20+ VN80 @ = W) Bt (30.20) -V (uP =D’

By integration by parts, using that div(|Vu|P=2 Vu) =01in BT(0, R), |u|> — 1 is zero on oR: N B(0, R)
and then arguing as in the argument for /1,

[ Va1 VP = 0 == [ 191V Vi = 1) SRV gy
+ +
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Moreover, again since div(|Vu|P~2Vu) = 0in BT (0, R) and |u|> — 1 is zero on R N B(0, R),

/ IVul?~2 V' -V (|ul* = Dnpeyer @) B+ (v9.20)
R’

n
+

/ IVulP~2Vu' - (u)? — I)VUB(yO,r)(Mi)BﬂyO,Zr)
RY

—1 -1 2
j r ”u ||L°°(B+(0,R)) ”VM ||Z”(B*(yo,2r)\3+(yo,r)) ” |M| - 1||LP(B+()70,2r))-

This leads to two estimates. Firstly, if we want to find (2-4), by Young’s inequality,

-2 i 2 j 1—- - 2
/R” [VulP~=Vu' - V(|lul"— 1)773(y0,r)(ul)3+(y0,r) :5 )‘”vunip(gﬂyo,zr)) +A 7P r P Jul =1 ||€1’(B+(y0,2r))'
i

Secondly, for (2-2) by (2-19) and by Young’s inequality we have for any u > 0

p—2 i 2 i -1 p p—1 p
- |VM| Vu V(|u| l)nB(yo,r) (u )B*(yo,Zr)j/’L “Vu”LP(B+(yO,2r)\B+(y0,r))+'u ||Vu||LP(B+(yo,2r))'
+

The last remaining term can be treated in a similar way and we have

/ IVulP~2 Vi @ — @) pro2n) - V(ul* = 1) o'
R’

n
+ -1 P -1
Su IVl P2Vl

P
(B+(y0.2r)\B* (yo.ry) T H LP(B*(y0.2r))

and

[ 191 Vg @ = 20V 1

R l—p —

N )L”VMHZI’(B*(yo,Zr)) +A P r P lu — (M)B+(y0,2r) HIL)P(B*(yO,Zr))‘
Combining the estimates of I, II, and I/l and plugging them into estimates (2-12) and (2-13), we
conclude. Il

3. Holder regularity for the case p =n

For the case p = n, Holder continuity of the solution u from Theorem 1.2 follows from Proposition 2.1
by a standard iteration argument. For higher regularity, and for p < n, we need to combine the growth
estimates from Proposition 2.1 with the reflection method.

Proposition 3.1 (e-regularity for p = n: Holder continuity). Let D C R" be a smooth, bounded domain.
Then there are positive constants € = €(n, D), a = a(n, D) such that the following holds for p = n:
Any solution u € WH" (D, RN) to (1-12) that satisfies, for R > 0 and for xo € D,

/ |Vul" < e
B(xo,R)ND

is Holder continuous in B(xq, R/2) N D. Moreover, we have the estimate

lu(x) —u(y)l _
sup —————— Z R VullLB(xo. R)ND)-

x,yeB(xo,R/2)ND lx =yl
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Proof. Let A := €'/ and apply Proposition 2.1 to any B(yg, 4r) C B(xg, R/2), for it > 0 to be chosen

below. We add
cu! f Vul"
B(yo,r)ND

to both sides of (2-2). Then we find
(A+Cp™ [Vul" < C (/" + "+ V.
B(yo,r)ND B(yo,4r)ND
We choose €, u > 0 small enough so that T < 1, where

C(El/n +Mn—l +M_1) 1/n
T .= .
( 1+Cp! )

We have for any B(y, 4r) C B(xo, R/2)

IVullLrsiyo,nnpy < TIVUllLr(B(yo,4mND)-

Iterating this on successively smaller balls, see, e.g., [Giaquinta 1983, Chapter III, Lemma 2.1], we find
that for a uniform o = «(7r) > 0 and for any B(yg, 4r) C B(xg, R/2),

o
-
IVl n(B(yo,rnD) 2 (E) IVullLr(Bxo, R)ND)-

In particular, we have by the Poincaré inequality

—a—1 _
sup "l — () Byo,r)nD Il L7 (B(yo,nnDy S R™ NIV ull L2 (B(xo, R)ND)-
B(y,4r)CB(x0,R/2)

By the characterization of Campanato spaces and Holder spaces, e.g., see [Giaquinta 1983, Chapter 111,
p. 75], this implies

() —u(y)|

sup Ty~ R~ VullL»(B(xo. R)ND)- U

x,yeB(xg,R/2)ND
4. Holder-continuity for solutions to a supercritical system

In Proposition 2.1 we showed that solutions from Theorem 1.2 satisfy certain growth estimates. For
p = n these growth estimates imply Holder continuity by an iteration argument, as we have seen in
Proposition 3.1.
For p < n more work is needed. The following proposition shows that, under a smallness assumption,
solutions to systems satisfying
| div(|VulP"> Vu)| 2 [Vul? (4-1)

are Holder continuous once the growth conditions from Proposition 2.1 are satisfied, that is, when (4-5)
and (4-6) below are assumed a priori. Observe that without assuming a priori the growth conditions (4-5)
and (4-6) below on the solution u, there is no hope for proving any regularity for solutions to systems that
have the structure of (4-1). Indeed, it is easy to check that loglog(2/|x|) and sinloglog(2/|x|) satisfy
(4-1) for p =n.
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In the next section, in order to prove Theorem 1.2, we use the reflection method from [Scheven 2006]
to obtain an equation of the form (4-2). Since we already obtained the necessary growth estimates in
Proposition 2.1, the following proposition then leads to regularity.

Proposition 4.1. Let D C R" be a smooth, bounded domain and let M be a smooth, compact (n—1)-

dimensional manifold. Assume that u € WLP(D, RN) is a solution to
div(|G @) Vu)[P7> G(x)Vu(x)) = fu(x), (4-2)
where f, € L'(D, RN) satisfies the estimate
| fu@O| < CIVu(x)|” (4-3)
and G € C®(D, GL(n)).

Moreover, assume a priori that for every B(xg, R) C D, X > 0, such that

sup r”_"/ [Vul? < AP, (4-4)
B(yo,r)CB(x0,R) B(yo.r)

the solution u already satisfies the following growth condition on any B(yg, 4r) C B(xg, R):
If B(yg,2r)N M = O, then

/ [Vul|? < C)»/ |[Vul? + C)»l_pr_pf |lu — (M)B(y0,4,)|p 4-5)
B(yo,r) B(yo,4r) B(yo,4r)

and, if B(yg, 2r) "M # &, then

[ werson waree=er [ e wmgenr
B(y0,r) B(y0,4r) B(yo,4r)

+CAlPr / lu — () (yo,4mnm|”
B(yo.4r)
+CAlTPrp f |t — () B(yp.aryml” (4-6)
B(yo,4r)NM

Then there exist constants « = a(G, p,n, C, D), € > 0 such that if (4-4) holds on some B(xy, R) C D
for A <€, thenu € C*(B(xg, R/2), RN). Moreover, we have the estimate

1/p

ulx)—u

sup lu@@) —uly)l < Cy R"‘( sup rp”/ IVulp) .
x,yeB(xo,R/2)  1X —y|* B(y0,r)CB(x0, R) B(yo.r)

The constant Cy depends on M, D, C, and G.

To prove Proposition 4.1 we follow the strategy developed in [Hardt et al. 1986; Hardt and Lin 1987,
Theorem 2.4]. The crucial result is that the equation for u together with the growth assumptions (4-5)
and (4-6) on u imply the following decay estimate.

Proposition 4.2. There are uniform constants €, 0 € (0, 1) and R = R(M) € (0, 1) so that the following
holds:
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Let u and D be as in Proposition 4.1 and assume that for a ball B(xo, R) C D and R € (0, R) it holds

E(xg, R)(n) := sup r”_"/ [Vul|? < €?. 4-7)
B(yo.r)CB(x0,R) B(yo,r)
Then
E(x0, R)(u) < 5E(x0, R)(w). (4-8)
Proof. 1t suffices to prove
(GR)I’_”/ |Vul|? < %E(xo, R)(u) forany B(yg,40R) C B(xg, R/2). 4-9)
B(y0,0R)

Indeed, (4-8) follows from (4-9) by taking smaller 6 and observing that B(x{, R;) C B(x, Ry) implies
E(x1, R1)(u) < E(x2, Ry)(u).

Assume the claim (4-9) is false. Then, for any 8 € (0, 1) we have a sequence of balls with B(y;, 40 R;) C
B(x;, R;/2) C D, a sequence (¢;)72 satisfying lim; ., €; =0, and a sequence (u;);2, C wlr(D,RN)

of solutions to (4-2) satisfying the growth assumptions of Proposition 4.1 such that

sup rp_”/ |Vu;|? =€, (4-10)
B(y,r)CB(xi,Ri) B(y.r)
but

(eR,»)P—"/ |Vui|? > Je!. (4-11)
B(yi,0R;)

For simplicity, we assume that R; = Ry and x; = x¢ for some Ry > 0 and xo € R™
This is no loss of generality, since we can rescale the maps u by the factor Ry/R;. Observe that this
rescales the manifold M, but in a way that (4-6) still holds. Set

1
w; 1= Z(ui — (i) B(xq.Ro))-
1
Clearly,
(Wi)B(xy.Ry) =0 foralli e N.

Thus, we can apply the Poincaré inequality and have by (4-10)
SUP V00 1y S R and SUP Iy S R
Thus, up to a subsequence denoted again by w;, we find w € W7 (B(xo, Ro), RY) such that as i — oo
w; = w weakly in W"?(B(xg, Ro)),
w; — w strongly in L (B(xg, Rp)),
w; — w strongly in L?(B(xq, Ro) N M, dH" 1),
w; — w H"-a.e.on B(xg, Rg) and H"~! -a.e. on B(xg, Rg) N M.
In particular,

(w)B(xo,R()) = Oa (4_12)

and also

p n—p p n—p+1
INWIL B roy < Ro ~ and Mwlipppe.ry < Ro
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Moreover, for any ¢ € C2°(B(xo, Ro)),
/ |GV w;|P">GVw; - V¢ = (ei)lp/ |GVu;|P2GVu; -Vo.
B(x0,Ro) B(xo,Ro)

Now, by (4-2) and (4-3),

) - »
/B(xo R0 |GVw;|P7* GVw; - V¢‘ ;j () p||¢||L°°(B(xo,Ro)) ”vui”LP(B(xO,RO))'

That is, by (4-10)

/ |GV w; [P~ GVw; 'V¢' S Bl L Bxo, RN Ry € < €l Loo(Bxo, Ro))-
B(x0,Ro)

Now as in [Dolzmann et al. 1997, Section 4]
div(|GVw|?P 2 GVw) =0 in B(xo, Ro). (4-13)

From (4-12) and the Lipschitz estimates for solutions to (4-13), see [Uhlenbeck 1977; Mingione 2011;
Duzaar and Mingione 2011; Kuusi and Mingione 2012, (1.7)], we have for any B(z,r) C B(xg, Ro/2)

s el S0
B(z,r)
and if additionally B(z,r) "M # @ and r < R for R = R(M) small enough, then
rl f [lw — (W) pmnpenl? +r™" / lw — (W) pmnpeEnl? IrP.
MNB(z,r) B(z.r)

On the other hand, by strong L”-convergence of w; to w, we find i () € N so that for i > i(6) and for
any r € (8 Ro, Ro) such that B(z,r) C B(xg, Rop)

rl_”f |w,~—w|1’+r_"/ lw, —w|? <67,
B(z,r)NM B(z,r)

Combining these estimates we get for any i > i(6) and for any r € (8 Rg, Ro) such that B(z,r) C
B(x0, Ro/2)

”_"/ luj — (Wi)penl’ = G,P”_"/ lwi — (W) gl 3 € P +07).
B(z,r) B(z,r)
If additionally B(z, r) N M # &, then

F_"f lui — i) Beryml? =€ r_"/ lw; — (W) g rnml? S’ P +67)
B(z,r) B(z,r)
and

”l_n/ lui — i) Berynml? 3l (P +0P).
B(z,)NM
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We now apply the growth estimates (4-5) and (4-6) of the solutions u; with A =€ > ¢; to find
(9Ro)p_"/ IVui|? < Cel (eg+ ¢y 767).
B(yi.6 Ro)

Choosing € and 6 sufficiently small so that eo—i—eé_p 0r < %, we arrive at a contradiction with (4-11). [

Proof of Proposition 4.1. We argue as in the proof of Proposition 3.1: Assume that (4-4) is satisfied
on B(xg, R) for some A < €. Iterating the estimate from Proposition 4.2 on successively smaller balls,
see [Giaquinta 1983, Chapter III, Lemma 2.1], we find a small @ > 0 such that for all » < R and

B(yo,r) C B(xo, R/2) u
P f VulP % (5) E(xo. R).
B(yo.r) R

In particular, for all r < R and B(yg, r) C B(xo, R/2),
r_ap_"/ lu — () Byo.n’ 3 Vp_ap_"/ [Vul? 3 R™*PE (xo, R).
B(yo.r) B(yo.r)

We conclude by the identification of Campanato and Holder spaces; see [Giaquinta 1983, Chapter 111,
p- 75]. ]

5. e-regularity: proof of Theorem 1.2

The proof of Theorem 1.2 is a combination of the growth estimate for solutions, Proposition 2.1, the
reflection method as in [Scheven 2006], and Proposition 4.1. More precisely, we use the reflection
method to find a solution to (4-2) from Proposition 4.1. The growth estimates (4-5) and (4-6) required in
Proposition 4.1 come from Proposition 2.1: they hold for the unreflected solution and by an easy argument
hold also for the reflection. To set up the reflection method we first gather some standard results.

Lemma 5.1. Let D be a smooth, bounded domain in R". There exists some Ry = Ry(D) such that the
following holds for any R € (0, Ry). Let u € WP (D, RN) be a solution to (1-12) and € € (0, 1). If
sup rP=" / |Vul? < €? (5-1)
B(yo,r)CB(x0,R) B(yo,r)ND
and B(xg, R/2)N 0D # &, then
sup  dist(u(x), SV’ < Ce.
x€B(xg,R/2)ND

Here C is a constant depending on 9 D.

Proof. Fix x € B(xg, R/2)ND. Letr := ﬁ) dist(x, 0 D). Then by (5-1) and the interior Lipschitz regularity
for the p-Laplace equation, see [Kuusi and Mingione 2012, (1.7)],
lu(x) — () x.rl” 5”’_"/ |Vul? < e”.
B(x,5r)
Denote by z; € 0D N B(xg, R/2) the projection of x onto d D N B(xg, R/2). Here we assume that R < Ry
for Rg = Ro(D) small enough such that z; is well-defined.
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Let yo, y1, - .., y10 be pairwise equidistant points on the line [x, z;], where yp = x and y;o = z;. That

is, |yi — yit1l =r.
By the triangle inequality, the Poincaré inequality and again by (5-1),

10
[() Bx,ry — @) B(zy,mnDIP 2 Z |() B(yi,ynD — W) B(yis1.rnDI”
i=0
10
er”_"/ |[Vul|? < €P.
i=0 B(y;,4r)NnD

From the first to second line, before applying the Poincaré inequality, we also used that |y; — y; 11| =7,
and thus (see footnote 3)

|() B(yi,ynD — () B(yis1,rnDI” ,5][ lu — () B(y; .4nnDI"
B(y;,4r)ND

Now for any z, € 0D
dist(() p(zy.np. SV Zr7" / |u(z3) —u(z2)| dzs.
B(z1,r)ND
Integrating z, over 0D N B(zy, r) we find

dist((u) gz, ynps SN 1)

Sr” / lu(z3) — W gy .nropldzs +r' " / lu(z2) — () B(zy,napl dza.
B(z1,r)ND B(z1,r)N0D

By the Poincaré inequality, the trace theorem, and (5-1),

dist(() pey.np, SV e

~

Now the claim follows by the triangle inequality for the distance,

dist(u(x), S"™1) < ux) = @) e, + 100 Beer) = @) By npl +dist(@ sy nap, SV O
As an immediate corollary we obtain:

Corollary 5.2. Let u and D be as in Theorem 1.2. There exists €y > 0 such that if B(xg, R/2)NdD # &
and (5-1) holds for some € < €, then |u| > % in B(xg, R/2)N D.

As a consequence, when we reflect the maps from Theorem 1.2, we obtain a critical equation with the
growth estimates such that Proposition 4.1 is applicable.

Proposition 5.3. Let u and D be as in Theorem 1.2. There exists €y = €o(D) > 0 such that for any
B(xg, 4R) C R" on which u satisfies (5-1) for some € < € there exists v e W'P(B(xg, R), RV) such that

v=u in B(xg, RYND,
| div(|Vv|P~2 V)| < |Vul? in B(xg, R). (5-2)

Moreover, v satisfies the growth conditions from Proposition 4.1.
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Proof. The main point is to prove that v satisfies the growth conditions. The estimate (5-2) follows from
the geometric reflection, more precisely [Scheven 2004, Lemma 2.5]. But for the reader’s convenience
we state the argument in full in the case where the boundary is flat. This means that we work in a ball
B(xg, 4R) such that B*(xo, 4R) C D C R’ and 8D N B(xo, 4R) = dR", N B(xo, 4R).

If B(xo, R) C R} then we can just take v = u. So assume that B(xp, R) N9R’ # &. Then for ¢y small
enough we have |u| > % in BT (xg, R) by Corollary 5.2.

Denote by u the even reflection; i.e.,

a(x’, x,) = u(x', |x,)).

Moreover, set

o(q) =15, qeR"\(0}.
g1

Now we define the geometric reflection v as

() = {u(x), x € BT (xo, R),
" o)), xe B(xo, R)\R™.

Since |u| > % and u is uniformly bounded by Lemma A.1, v is well-defined in B(xg, R).

We also set o
: 8i; —24'q’ /1q)?
%ij(q) =007 (q) =~ 3
g
That is, for x € B(xg, R)\R",
Vo(x) = Z(u(x)) Vi(x). (5-3)

Observe that X is symmetric, and

1
$(q) = —2(1—2i®i)
lq] lgl — lql

and that ¢ /|g| is an eigenfunction to the eigenvalue —1/|¢g|?, and any orthonormal basis of (¢/|g|)* is
the basis of the eigenspace of the eigenvalue 1/|¢|2. In particular,

1
1Z(g)w| = W|w| for all w € RV.
q

Thus,
[Vit(x)], x € BT (x0, R),

~ ~ 2 n (5_4)
[Va(o)l/lu(x)]%,  x € B(xo, R) \ RY.

[Vu(x)| = {
Also observe that for |¢| =1,
S(@)v=TI(g)v—T*(g)v forallve RV,

where I1(g) := 1 — g ® g is the orthogonal projection onto TQSN_I =gt and [T1(q) := g ®q is the
orthogonal projection onto (TQSN 1L = span{q}.
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Therefore, for ¢ € C2°(B(xo, R), RM), since d,u L T, SV1,

/ |Vu|P~? Vu-v¢+/ |Vi|P~2 Vi - V(Z(i)g) = 0.
B*(x0,R) B(xo, R)\R"

In particular,

/ |va|P—2vU-v¢=—/ IVi|P~2 Vi - V(Z (1)) ¢.
B(xo,R) B(xo, R)\R’}
Combining this with (5-4),

f |Vv|p2Vv-V(m¢)=—f |V P2 va-v<z<a>>¢+/ IVv|P2Vv-Vm ¢,
B(xo,R) B(xo, R)\R'} B(xo,R)

where
1, in Bt (xg, R),
m(x) = ~ 2 72 .
|i(x)[*P=2, in B(xo, R) \ R™.

Observe that m(x) and m(x)~! € LN WP(B(x, R)). Now (5-2) follows from (5-4).

It remains to establish the growth estimates from Proposition 4.1 which follow from Proposition 2.1.
Indeed, set M := B(xo, R) N 3R’} .

To obtain (4-5) let B(yg, 4r) C B(xg, R) and B(yg, 2r) N M=g. Let us consider first B(yg, 2r) C R".
Then we observe that by (5-4) combined with the fact that |u| > % on BT (xo, R) we have | B VU1 =

/ BGo.r) |Vu|?, where yy is the point yg = (yé, ..., yy) reflected along the hyperplane dR", i.e., yo

(yé, ...»—=Y,). Now applying (2-3) to u, we obtain
/ IVvlijA/ |Vu|p+Ck]_pr_p/ lu — () B+ (5,4 |7
B(yo.r) B*(3o,4r) B*(yo.,4r)
< Ck/ |VulP + CAl=PrP / it — (1) B~ (yg,4r) 17 (5-5)
B(yo,4r) B~ (yo,4r)

To estimate the remaining part we note that since v = i1/ |ii|> we have & = v/|v|? in R” and for any
v(y) v(y)

A C B(xo, R)\R":
flan-Gn) =L +f f e
Allvl? W2 )4l ~Jala AJallv@?  Jv(»)?
illvllli’;][ ][ |v<x>—v<y>|f’+||vl||i’;][ ][ P = PP, (5-6)
AJA AJA

Now, since for any a, b,

v(x) v(y) P

@2 )

lal* —b)* = (la| + |b])(la| — |b]) < (la| +|b])|a — b],

[P =P it . f v - oo
AJA AJA

L0l ][ v — W)l (5-7)
A

we have



1322 KATARZYNA MAZOWIECKA, REMY RODIAC AND ARMIN SCHIKORRA

where the last inequality was obtained by adding and subtracting (v) 4 and by the triangle inequality. We
deduce from (5-6) and (5-7) that

A ()

Due to the fact that |u| > % and u is uniformly bounded we get

P
12 -1
S0 11+ 100 17 W) f 10— @117
A

][|L~t—(ﬁ)A|pj][ lv—(v)4|? forany A C B(xo, R) \ R’ (5-8)
A A

To conclude, we note? that since B(yo, 2r) C R" we have |B(yo, 4r)|/|B~ (yo, 4r)| & 1; thus

][ v — (V) B-(yp.an’ 3 ][ v — (V) B(yp,4r) |7 (5-9)
B~ (y0,4r)

B(yo,4r)

Combining estimates (5-5), (5-8), and (5-9) we obtain (4-5). The second case B(yo, 2r) C R’} is easier
and we leave it to the reader.
Finally, for (4-6) we apply (2-4) and observe that |u 2=1onZ:=B(yy, 4r)N oR’. Thus,

/ ul® = 17 2 (lull e + 1) [l — (Jul)z]”.
B (yo.,4r) BT (yo,4r)
Now

u(2)| — (lu))zl S][ llu(2)| — lu(z2)|l dz2 S][ lu(z) —u(z2)l dza

T T

and thus

f nm—umnWﬁf’ |u—@hv+fnwwmﬂﬂ

BT (yo,4r) BT (yo,4r) z

Proposition 5.3 is now established. U

Proof of Theorem 1.2. For p = n, Holder continuity for u follows from Proposition 3.1. For p < n, it
follows from the combination of Propositions 5.3 and 4.1. Now C!%-regularity follows from the reflection,
Proposition 5.3, and the fact that a Holder continuous solution to the reflected system is C'* for some
a > 0; see [Hardt and Lin 1987, Theorem 3.1] (which is stated for minimizers but actually only uses the
continuity of the solution and the equation). See also [Riviere and Strzelecki 2005, Theorem 1.2].

Note that for p = n there is also a more elegant argument to pass from C* regularity to C'-%. Testing
(1-12) in x and x + & with ¢ (x) :=n(x)(v(x +h) —v(x)) for a suitable cutoff function 1 one obtains from
the Holder continuity of u that for some o > 0 we have Vv € W, In particular, by Sobolev embedding
vueL"b,
a consequence of the potential estimates for p-Laplace equations; see [Kuusi and Mingione 2012; 2018].
We leave the details to the reader. ]

and by [Duzaar and Mingione 2010] we get a Lipschitz bound for v. Now, C!*-regularity is

3 Indeed, for any A C A we have by enlarging the domain of integration and applying Jensen’s inequality JCA lw—(w) 4 L
(AI/IADF o lw = (W) AP
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6. Partial regularity: proof of Theorem 1.4

For simplicity we assume in this section that BT (0, R) C D C R’ and DN B(0, R) = 0R" N B(0, R).
We begin with recalling that a map u € WLP(B*(0, R), RV) is said to be stationary p-harmonic with
respect to the free boundary condition #(d D N B(0, R)) c SV ~1if in addition to (1-9) it is a critical point
of the energy with respect to variations in the domain. The latter is equivalent to u satisfying

/ |VulP~2(|Vul*8;; — p du d;u) 3£ =0 (6-1)
Bt (0,R)

for£ =(&',...,&N e Cé’o(@’i N B(0, R), R") with £(0R’}) C oR’} .
By choosing the test function as £ (x) := ¥ (x)(xo — x) in (6-1), where ¢ € Cfo(@i N B(0, R), [0,1])
is a suitable bump function, one obtains the following.

Lemma 6.1 (monotonicity formula). Let u € W7 (B*(0, R), RY) be a stationary p-harmonic map with
respect to the free boundary condition u(B¥(0, R) N {x, = 0}) C S¥~! and let xo € BT(0, R) N {x,, = 0}.
Then, the normalized p-energy is monotone. In particular,

2

Ju
rf""/ |Vu|f’—pp—”/ |Vu|”=p/ |x —xo|” " VulP 2
B*(x0.7) B+ (x0.p) B (x0,)\B* (x0,p) v

forall 0 < p < r < R — |xg|, where v is the outward-pointing unit normal for dB(xg,r), v(x) :=
(x —x0)/|x — xo|. For xo € BT(0, R)\ OR" the same holds if r is such that Bt (xg,r) = B(xg, 1) C R

(6-2)

This well-known fact was proved for Yang—Mills fields and stationary harmonic maps in [Price 1983];
see [Evans 1991; Bethuel 1993; Simon 1996, Section 2.4]. Fuchs [1989] observed that (6-2) holds for
stationary p-harmonic maps. As pointed out in [Scheven 2006, p. 137] the proof holds true in the case of
a free boundary condition.

We will need the following lemma; see, e.g., [Ziemer 1989, Corollary 3.2.3].

Lemma 6.2 (Frostman’s lemma). If f € L?(R"), p > 1, and 0 < @ < n, then for

E:= {xe[R{”:limsupr_“/ |f(y)|p>0}’
B(x,r)

r—0

we have H*(E) = 0.

We shall show, using monotonicity formula (6-2) and Frostman’s lemma (Lemma 6.2), that the set
outside which the condition (1-13) is satisfied is of zero (n— p)-Hausdorff measure. We then obtain
Theorem 1.4 from Theorem 1.2.

Proof of Theorem 1.4. Let

S = {xe@’i:limsuprp"/ |Vu|p>0};
Bt(x,r)

r—0

by Lemma 6.2, we have H"~7(S) =0.
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‘We define for € as in Theorem 1.2

Y= {xe@i:forallR>O sup supp”_”/ |Vu|”ze};
|yo—x|<R p<R B*(y0.0)

clearly X, is a closed set. We will prove that H"~7(X.) = 0. Then Theorem 1.4 is a consequence of
Theorem 1.2.
Let A. be the set on which the condition (1-13) is satisfied for €; i.e.,

A= R’i \ Ze = {x € @1 : there exists R > 0 such that sup sup p”_”f [Vul? < e}.
[yo—x|<R p<R B*(y0.0)

In order to prove the theorem it suffices to show that (@i \S) C A..
Let xg € (@’jr \ S), i.e., be such that limsup, _, o r?™" fB*(xo,r) |[Vu|? = 0. There exists an R > 0 such

that
Rp_”/ |[Vul? < 4P "¢,
Bt (x0,R)

‘We shall show that

sup sup p”_"/ [Vul? < e.
[yo—xol<R/4 p <R/4 B*(y0.0)

Choose any yg such that |yp — xo| < R/4 and any radius p < R /4. First observe that we may take yg € @’jr.
Indeed, suppose that y; € B(xg, R/4) N R" ; then for any p < R/4 we can choose yy € B(xg, R/4) N @1
such that B(y, p) N @:‘_ C B(yp, p) N @:’L. Thus

sup sup p”_”/ |Vul|? = sup sup ,01’_"/ [Vul?.
[y1—xol<R/4 p<R/4 B*(y1,p) Yo€B(xo, R/HNRY p <R/4 B*(y0,0)

Now assume that yo € dR’.. We have B* (yo, p) C B*(yo, R/4) C B (xo, R). Thus

R\P™"
p”"/ Vul? < (—) / Vul? 54"PRP"/ Vul? <e,
B*(y0,p) 4 B*(y0,R/4) B (x0,R)

where the first inequality is a consequence of the monotonicity formula (6-2).
Now, let us assume that yo ¢ dR"} . Let p = dist(yo, dR’,) and yo be the projection of yo onto IR’} . We
can assume that p < p. Indeed, if not we would have

P / Vul? < / Vul? =27 2p)P " / Vul?
B*(y0,p) B*(30,2p) Bt (30,2p)

R\P™"
52”"’(—) / |Vu|”§4"_”R”_”/ [Vul? <e.
2 B*(50,R/2) B (x0,R)

Next, we note that p < R/4 and observe the inclusions

B(yo, p) C B(y0, p) C B* (50, 2p) C B (3o, R/2) C B (x0, R)
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and the following inequalities which are consequences of the monotonicity formula (6-2):
p”_"/ |Vu|l’§(,5)1"”f |Vul?,
B(y0,0) B(y0,0)

R\
(2,3)1’—"/ |Vul? < (—) f IVul?.
BT (30,20) 2 B*(3.R/2)

prr f IVl < ()P / VulP <225 / Vul?
B(yo,p) B(y0,p) B*(50,2p)

R\P7"
52"_17(—) / |Vu|p§4”_pRp_"/ [Vu|? <e,
2 B* (50, R/2) B*(x0,R)
which gives xg € A..

We conclude X, C S and thus H"7?(X,) =0. O

Thus

A Liouville-type result. We note that the monotonicity formula in Lemma 6.1 can be used to prove
partial regularity but also Liouville-type results in the spirit of [Liu 2010]. Indeed, if we work in R’} , for
ueWhP(R", RY) we can say that u is stationary p-harmonic with respect to the free boundary condition
u(dR™) € SN~ if u satisfies (1-9) and

/ |VulP~2(|Vul|*8;j — p d;u dju) 367 =0 (6-3)
Rn

"
for £ = (€1,..., ") € C*(R", R") with £(9R™) C R™. We then have:

Proposition 6.3. Let 2 < p < n and u € WP (R™, RN) be such that u is a finite-energy, stationary
p-harmonic map with respect to the free boundary condition u(9R',) C SN=L Then u is constant.

Proof. By contradiction, assume u is not a constant. Then there exists Ry > 0 such that f B+(0.Ro) |Vul|? >
¢ > 0. Now by the monotonicity formula (Lemma 6.1) we have that for any R > Ry

R\"7? R\"7P
/ Vul|? > (—) / Vul|? > (-) c. (6-4)
B+(0,R) Ry B+(0,Ro) Ry

We can then let R go to +00 and we obtain that the p-energy of u in R’} is infinite. This is a contradiction
since we assumed that u € W7 (R, RM). O

Appendix: On boundedness of p-harmonic maps

The following lemma is well-known. However, we could not find it explicitly in the literature, so we state
it here for the convenience of the reader.

Lemma A.1. Let D C R" be a smooth, bounded domain. Assume that u € WP (D, R") is a solution to
div(|Vu|?~2Vu) =0 in D.

Ifulyp € L*(0D), then ||u| p=~py < llullL>@D)-
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Proof. For scalar functions this is a consequence of the weak maximum principle for the p-Laplacian; see
[Lindqvist 2006, Theorem 2.15]. However, here we work with a system. For € € (0, 1) we find smooth
solutions u, € WH» N C>®(D, RV) of the uniformly elliptic system

div((e + [Vu[)P=/2Vue) =0 in D, (A1)
Uc=1U on dD.
The solution is smooth in the interior, and a direct computation shows that
div((e + |Vue )P 22V |u *) > 0. (A-2)
Thus the weak maximum principle for scalar solutions of uniformly elliptic operators in divergence form
implies
sup |luellLepy < llullL=@D)- (A-3)
€€(0,1)

Moreover, we can test (A-1) with u. — u, which is trivial on 0 D, and thus
[ 1vdr = [ e 1902 9P = [ (e 190 Ve
D D D

consequently, by Young’s inequality,
[ 1vur <5 [ ur+c [ 1var+cqi.p.
D D D

Thus, u, is uniformly bounded in W7,

sup /qu€|p<oo. (A-4)
ec(0,)JD

On the other hand,
/ (€ + [Vue )P~ Vu, —|Vul|P~2 Vu) - (Vue — Vu) = 0.
D

Applying then the well-known inequality
la = bI” 3 (lal”~%a = |b|"~*b)(a — b),
we find that as € — 0
[ 1vu=vud Zoa) [ qvar v,
D D
Therefore, in view of (A-4) and the boundedness of D,
Ue =% 4 in wblP(D).

In particular, up to a subsequence, we have pointwise almost everywhere convergence, and from (A-3)
we have

lullz=py < lullL=@D)- O
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Lemma A.2. Let D C R" be a possibly unbounded domain with smooth boundary 0 D. Assume that
p>n—1landuc WI’P(D, RN is a solution to
div(|Vu|?"2Vu) =0 in D.
Ifulyp € L®(d D), then for every compact set K C D we have
lull Lok < 0.
Proof. For compact K we find by Fubini’s theorem a smooth, bounded domain D O K such that
lypop € W

Since p > n — 1 we conclude that, by Morrey—Sobolev embedding, u is continuous on 3DN D, and in
particular u € L*°(9 5). Now we can apply Lemma A.1 to D to obtain the result. U

We now prove a maximum principle analog of Lemma A.1 but for maps defined in the half-space R’ .
We work with maps with finite energy; i.e., we work with

WP (R, RY) = {v e DR, RY): Vv e LP(R", RV)}.

We remark that a map in W7 (R, RV) isalsoin L{ (R™, RV) and hence has a trace on R :=R"~! x {0}

which is well-defined.
Proposition A.3. Letu € wtr (R™, RN) be a solution to
div(|VulP 2 Vu) =0 inR",
that is,
-2 =
/[R” IVulP™*Vu-Vo =0 forall p € C(R).
"

Assume that u|gn-1,0y € L®(R* 1 x {0}). Thenu € L*>®(R’}) and

lull Loy < llellLooome)-
Proof. We define g := u|gn-1 1oy and M := ||g|| L>(sr?). From Proposition A.4 below we know that u is
the unique minimizer of the energy [, [Vv|? in

+

X :={ve W'’(R", RY) : v|gi-1,0 = g in the trace sense}.

Now we define
- {u if lul <M,
U=

Mu/|lu| if |u| > M.

By a direct computation we can see

J

Additionally, we have i|; RT =§. Thus by uniqueness we deduce that # = u and |u| < M in R’} U

|va|f’s/ Vul?.
R

n 1
+ +
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It remains to prove:

Proposition A.4. Let u € WP(R"™, RN) be as in Proposition A.3 a solution to
div(|VulP 2 Vu) =0 inRL.
Let us denote by g = u|gn-14 the trace of u. Then u is the unique minimizer of the energy fm [Vvu|? in
X :={ve W'PRL, RY) : v|gi-140 = g in the trace sense}.

Proof. By the direct method of calculus of variations we can prove that there exists a minimizer uq of
fR’i |[Vu|? in X. Besides, by strict convexity of the p-energy we have that this minimizer is unique and it
is the unique critical point of the p-energy in X. That is, there is at most one map with a trace equal to g
which satisfies

/ |Vugl” > Vug -V =0 forall¢p € WP(RL,RY),  @lgi-1,0 =0. (A-5)
R

n
Observe that C2°(R”, RY) is dense in the space
Yi={p e W'PRLRY): ¢lgi1,0 =0},

which can be proven as in, e.g., [Willem 2013, Proposition 6.2.5]. We conclude that there is at most one
map with a trace equal to g which satisfies

/ IVuol?~2 Vug -V =0 forall ¢ € C(R™). (A-6)
Ry

This implies the claim. O
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UNIFORM SOBOLEV ESTIMATES FOR SCHRODINGER OPERATORS
WITH SCALING-CRITICAL POTENTIALS AND APPLICATIONS

HARUYA MIZUTANI

We prove uniform Sobolev estimates for the resolvent of Schrodinger operators with large scaling-critical
potentials without any repulsive condition. As applications, global-in-time Strichartz estimates including
some nonadmissible retarded estimates, a Hormander-type spectral multiplier theorem, and Keller-type
eigenvalue bounds with complex-valued potentials are also obtained.

1. Introduction and main results

This paper is a continuation of [Bouclet and Mizutani 2018; Mizutani 2019], where uniform estimates
for the resolvent (H — z)~! of the Schrodinger operator H = —A + V(x) on R" with a real-valued
potential V (x) exhibiting one critical singularity were investigated under some repulsive conditions
so that H is nonnegative and its spectrum o (H) is purely absolutely continuous. In the present paper
we improve upon and extend those previous results to a class of scaling-critical potentials without any
repulsive condition such that H may have (finitely many) negative eigenvalues and multiple scaling-
critical singularities. Applications to Strichartz estimates, a Hormander-type multiplier theorem for H
and eigenvalue bounds for H + W with complex potential W are also established.

We first recall some known results in the free case, H = — A, describing the motivation of this paper.
The classical Hardy—Littlewood—Sobolev (HLS for short) inequality states that

(=AY Fll e <ClfllLo

for feSR"), 0<s<n, 1l <p<gqg<ooand 1/p—1/qg =s/n, where S(R") denotes the space of
Schwarz functions, (—A) /2 = 511|757 is the Riesz potential of order s and J stands for the Fourier
transform in R”. An equivalent form is Sobolev’s inequality

Il < CI=AY2 fllpn-

When s = 2, the HLS inequality can be regarded as the L”-L? boundedness of the free resolvent
(—A —z)"!at z = 0. In this context, the HLS inequality was extended to nonzero energies z # 0 in
[Kenig, Ruiz, and Sogge 1987; Kato and Yajima 1989; Gutiérrez 2004] as follows:

MSC2010: primary 35P25, 35J10; secondary 35P15, 35Q41.
Keywords: uniform Sobolev estimate, limiting absorption principle, Strichartz estimate, spectral multiplier theorem, eigenvalue
bounds, Schrodinger equation.
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Proposition 1.1 (uniform Sobolev estimates). Letn >3, 1 <r < oo and (p, q) satisfy

2 2n 2n 2n 2n
<

1 1 _2
< _— <z . 1-1
n+l —p g~ n’ nt3 PTurr w1973 (-
Then the free resolvent Ry(z) = (—A — 7)~ ! satisfies
1R0) fllar < Clz|PVP=VO=TY £, (1-2)

uniformly in f € LP"(R"), z € C\ [0, co) and r, where LP"(R") denotes the Lorentz space.

Sketch of proof. By virtue of real interpolation (see Theorem A.l in the Appendix), we may replace
without loss of generality L?" and L?" by L? and LY, respectively. Then the case 1/p+1/q =1 was
proved independently by [Kenig, Ruiz, and Sogge 1987, Theorem 2.3] and [Kato and Yajima 1989, (3.29),
p. 493]; the case 1/p — 1/q =2/n is due to [Kenig, Ruiz, and Sogge 1987, Theorem 2.2]; otherwise, we
refer to [Gutiérrez 2004, Theorem 6]. O

Note that, when 1/p — 1/g = 2/n, the estimate is uniform in z, as its name suggests.

Uniform Sobolev estimates can be used in the study of broad areas including the spectral and scattering
theory for Schrédinger operators. In [Kenig, Ruiz, and Sogge 1987], the authors applied (1-2) to study
unique continuation properties of —A 4V with V € L"/2. In [Kato and Yajima 1989; Goldberg and Schlag
2004; Ionescu and Schlag 2006], (1-2) was used to show the limiting absorption principle and asymptotic
completeness of wave operators for —A 4 L with a large class of singular perturbations L. In [Frank 2011],
(1-2) was used to prove the Keller-type inequality for —A + W (x) with a complex potential W € L? with
some p > n/2, which is a quantitative estimate of the spectral radius of o, (—A + W). In [Gutiérrez 2004],
(1-2) was applied to show the existence of L7-solutions for the stationary Ginzburg—Landau equation
under some radiation condition.

In a more abstract setting, the following observations are satisfied for not only A but also a general
nonnegative self-adjoint operator L on L?(X, u):

» The uniform Sobolev estimate with p =2n/(n 4+ 2) and g = 2n/(n — 2) implies that, for any w € L",
the weighted resolvent w(L — z)~'w is bounded on L? uniformly in z € C\ [0, co). As observed by
[Kato 1966; Kato and Yajima 1989; Rodnianski and Schlag 2004], such a weighted estimate is closely
connected with dispersive properties of the solution to (1-4) such as Kato-smoothing effects, time-decay
and Strichartz estimates, which are fundamental tools in the study of nonlinear Schrodinger equations;
see [Tao 2006].

» Uniform Sobolev estimates imply that the spectral measure d E; (A) associated with L is bounded from
L? to L?' for
2n <p< 2(n+1).
n+2 — "~ n+43

This is an important input to prove the Hormander-type theorem on the L? boundedness of the spectral
multiplier f(L); see [Chen, Ouhabaz, Sikora, and Yan 2016].
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Motivated by those observations, we are interested in extending (1-2) to the Schroédinger operator
H=—-A+4+V(x). If V is of very short range type in the sense that, with some ¢ > 0,

V)| <C+|x)72%, xeR", (1-3)

then there is a vast literature on uniform weighted L>-estimates for (H — z)~!' without any additional
repulsive condition such as suitable smallness of the negative part of V; see, e.g., [Jensen and Kato 1979;
Rodnianski and Tao 2015]. Weighted L>-estimates were also obtained for a class of potentials satisfying
|x|2V € L* under some additional repulsive conditions [Burq, Planchon, Stalker, and Tahvildar-Zadeh
2004; Barceld, Vega, and Zubeldia 2013]. In our previous works [Bouclet and Mizutani 2018; Mizutani
2019], we proved uniform Sobolev estimates for H with a class of critical potentials V € L"/?* under
some repulsive conditions so that H has purely absolutely continuous spectrum. However, in these works,
the range of (p, ¢) has been restricted on the line 1/p + 1/g = 1. Furthermore, the situation for (large)
critical potentials without any repulsive condition is less understood.

The main goal of this paper is to prove the full set of uniform Sobolev estimates for H = —A + V (x)
with a large scaling-critical potential V e Lg/ 2% without any repulsive condition. The following three

types of applications are also established in the paper:

(i) We prove global-in-time Strichartz estimates for the Schrédinger equation
idu(t,x)=Hu(t,x)+ F(t,x), (t,x)eR"™*", u@©,x)=v, xeR", (1-4)

for all admissible cases and several nonadmissible cases.
(i) A Hormander-type spectral multiplier theorem for f(H) is obtained provided that H is nonnegative.
(iii) We obtain Keller-type estimates for the eigenvalues (including possible embedded eigenvalues) of
the operator H + W with complex potentials W € L?, n/2 < p < (n+1)/2.

Finally, we mention that the results in this paper could be used to study spectral and scattering theory

for both linear and nonlinear Schrodinger equations with potentials V € Lg/ 200

Notation. A < B (resp. A 2 B) means A < c¢B (resp. A > ¢B) with some universal constant ¢ > 0.
By (x) we denote /1+ |x|? and we set C* := {z € C | £Imz > 0}. Given two Banach spaces X
and Y, B(X, Y) is the Banach space of bounded linear operators from X to Y and B(X) = B(X, X),
and Boo (X, Y) and Boo(X) are families of compact operators. By (f, g) = [ f§ dx we denote the inner
product in L2 We also use the same notation (-, -) for the dual coupling between L? and L”, where
p' = p/(p — 1) denotes the Holder conjugate of p. LYX, = L?(R; X) is the Bochner—Lebesgue space
with norm ||F||L,”x = [[[1F(, x)lx, ||Lrp. L’T’Lz =LP([-T,T]; LY(R")). Let (-, - ) be the inner product
in L3.L2 defined by
T
(F,G)r =/T<F(-,l), G(-,0)dt.

H5(R™) and s (R™) are inhomogeneous and homogeneous L?-Sobolev spaces, respectively. W*?(R")
is the LP-Sobolev space. L?-7(R") denotes the Lorentz space (see the Appendix).
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1A. Main results. Throughout the paper we assume that n» > 3 and that V € Lg/ 2’OO([R”) is a real-valued
function, where Lg "°(R") is the completion of C;°(R") with respect to the norm || - || .. It follows
from Holder’s and Sobolev’s inequalities for Lorentz norms (see the Appendix) that V is A-form compact.
Then the KLMN theorem [Reed and Simon 1975, Theorem X.17] yields that there exists a unique lower
semibounded self-adjoint operator H on L*(R") with form domain F('(R") such that

(Hu,v) = ((=A+V)u,v), ueD(H), veH R,

and that its domain D(H) = {u € H'(R") | Hu € L*(R")} is dense in H'(R"). In other words, H is
defined as the Friedrichs extension of the sesquilinear form ((—A + V)u, v).

Remark 1.2. Note that L"/>9 < Lg/z’oo for all 1 < g < oco. Also note that the class Lg/z’oo is scaling-

critical in the sense that the norm ||V || ;u/2. is invariant under the scaling V +> V;, where V; (x) =A%V (Ax).
In particular, if V itself is invariant under this scaling, the potential energy (Vu, u) has the same scale-
invariant structure as that for the kinetic energy (—Au, u).

Let & C o(H) be the exceptional set of H, the set of all eigenvalues and resonances of H (see
Definition 2.6). Note that £ N (—o0, 0) is equal to oq(H), the discrete spectrum of H, and that € is
bounded in R (see Remark 3.4). For the absence of embedded eigenvalues and resonances, we have the
following simple criterion (see also Remark 1.18):

Lemma 1.3. Let V be as above. Then the following statements are satisfied:
() IfV e L"? then there are no positive eigenvalues and resonances; that is, €N (0, 00) = &.
(2) If =A+V > —6A with some § > 0 in the sense of forms on C;° then 0 ¢ E.
Proof. The proof will be given in Section 2B. O

Define €5 :={z € C| dist(z, £) <8} if E A and &5 := T if E = @. For z € C\ o (H), we denote the
resolvent of H by R(z) = (H —z)~ L
Then the main result in this paper is as follows.

Theorem 1.4. Suppose that (p, q) satisfies (1-1). Then R(z) extends to a bounded operator from LP*> to
L2 for all z € C\ o (H). Moreover, for any 8 > 0 there exists Cs > 0 such that
IR(@) fll a2 < Cslz) ™2 P=HO £, (1-5)
forall z € C\ ([0, 00)UEy) and f € LP°% In particular, if € = @, then (1-5) holds uniformly with respect
toz € C\ [0, o0) and f € LP>
As a corollary, the limiting absorption principle in the same topology is derived.
Corollary 1.5. Let (p, q) satisfy (1-1). Then the following statements are satisfied:
(1) The boundary values R(} £i0) = lim o R(A £ ig) € B(LP2, L9?) exist for all A € (0, 00) \ €.
Moreover, for any & > 0 there exists Cs > 0 such that

IR(A£i0) fl g2 < CoAW/DWP=VO= ) g1 00 e LP2ARY), Ae(0,00)\Es.  (1-6)

In particular, if EN[0, 0o) = &, then (1-6) holds uniformly in A > 0.
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(2) Assume in addition that 1/p —1/q =2/n and 0 ¢ &. Then R(0 % i0) € B(LP-2, L1?) exist and
R(0+i0) = R(0—1i0). Moreover, HR(0+i0)f = f and R(0+i0)Hg = g forall f, g € 8 in the
sense of distributions. In particular, one has the HLS-type inequality

IH™ fllger < Clflpoas  f € L7PRY. (1-7)
As a byproduct of Theorem 1.4, we also obtain the L”-L9 boundedness of R(z) for fixed z with a
wider range than (1-1).
Corollary 1.6. For any z € C\ o (H), the resolvent R(z) is bounded from LP"* to L9 whenever

o<l_1_2
- p qg  n n+3

2n
. 1-
<p.g<5 (1-8)

In particular, D(H) C D(w) for any w € L"/® with0 < s < % Here D(w) denotes the domain of the
multiplication operator by w(x).
Remark 1.7. Since L? < LP? and L9 — L4 if p <2 < ¢q, one has B(L?2, L%?) c B(L?, L9).
Moreover, by virtue of real interpolation (see Theorem A.1), Theorem 1.4 and Corollaries 1.5 and 1.6
also hold with L?-? and L%? replaced respectively by LP" and L4 for any 1 < r < oo.

As explained in the Introduction, the resolvent R(z) has a close relation with the spectral measure E gy
associated with H through Stone’s formula

E () = L Iim(R(A+ig) — R(A —ig)), Xe(0,00)\o0p(H), (1-9)
271 e\0

where E}; (L) = (dEp/dA)(1) is the density of Ey. Using this formula and above theorems, we also
obtain the following restriction-type estimates.

Theorem 1.8. Assume that €N [0, co) = &. Then, for any

2n 2(n+1)
n+3 <P= n+3 "’

we have
IE llggpp, 1y < CLOPWP=UL 5 50, (1-10)
H B(L?,L")

Remark 1.9. The existence of R(A #£i0) in B(L2"+D/(+3) [ 20+D/(1=D)y for each A > 0 was proved
in [Ionescu and Schlag 2006] for the case when V € L? with n/2 < p < (n+ 1)/2. The uniform estimate
(1-6) in the high energy regime A > Ao > 0 was obtained in [Goldberg and Schlag 2004] for the case
whenn =3, Ve L3?NL" withr > % and (p,q) = (% 4). Recently, (1-6) for A > 0 and

_(2(n+1) 2(n+1)
(p,q)—( n—1 " n+3 )

was proved in [Huang, Yao, and Zheng 2018] provided that V € L"/?>N L"/>*¢ and 0 ¢ & (note that, in this
case, EN(0, o0) = & as in Lemma 1.3). Compared with those previous works, the main new contributions

of Theorem 1.4 and Corollary 1.5 are threefold. At first, we obtain the uniform estimates (1-5) and (1-6)
with respect to z or A in both high- and low-energy regimes, under the condition €N[0, co) = &. This is an
important input to prove global-in-time Strichartz estimates without any low- or high-energy cut-off. Next,
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the full set of uniform Sobolev estimates is obtained, while the above previous references considered the
case 1/p+1/g =1 only. In particular, (1-5) and (1-6) for (p, g) away from the line 1/p+1/g =1 seems
to be new even under the condition (1-3). Such “off-diagonal” estimates play an important role in the proof
of Strichartz estimates for nonadmissible pairs and L”-boundedness of the spectral multiplier f(H) for a
wider range of p than that obtained by the “diagonal” estimate on the line 1/p +1/g =1 (see Sections 4
and 5, respectively). Finally, we obtain the above results for large critical potentials V € Lg/ 2% without
any additional regularity or repulsive condition. Concerning L”-L9 boundedness of R(z) for each z € C\
[0, 00), a result similar to Corollary 1.6 was previously obtained in [Simon 1982] for Kato class potentials.

However, to our best knowledge, this corollary seems to be new for the present class of potentials.

In this paper we also study several applications of the above resolvent estimates to the time-dependent
problem, harmonic analysis and spectral theory associated with H.

We first consider global-in-time estimates for the Schrodinger equation (1-4). Let e /¥ be the unitary
group generated by H via Stone’s theorem. For F € L} (R; L(R")), we define

loc
t .
FHF(t)zf e {=IH F(5) ds.
0

For € L*(R") and F € L!

loc

(R; L%(R™)), a unique (mild) solution to (1-4) is then given by
u=e "y _iTyF. (1-11)

The next theorem generalizes a result in [Ben-Artzi and Klainerman 1992], where the case when |V (x)| <
(x)~27¢ was considered.

Theorem 1.10. Assume that € N[0, o0) = @. Then, for any p > %,
1) =P 1DIY2e™ ™ Pac (H) Y || 1212 < Coll ¥l 2,
where P,.(H) is the projection onto the absolutely continuous subspace associated with H.
To state the result on Strichartz estimates, we recall some standard notation.

Definition 1.11. When n > 3, a pair (p, q) € R2 is said to be admissible if
2 1 1
q>2, —=n(———). (1-12)
D.q D 2 ¢
Theorem 1.12. Suppose that £ N[0, o0) = &. Then, for any admissible pairs (p1, q1) and (p2, g2), the
solution u to (1-4) satisfies

| PucCEDull o S Iz +IFN g s W €L FeLPLE, (1-13)

For any
n << 3n—4
2(n—1) = — 2(n—1)’

we also obtain nonadmissible inhomogeneous Strichartz estimates:

IT PaC(H)F”LtZL)Z(”/(""z” < ||F||Lt2L)26n/(n+2(27s)), Fe L%Lin/(n+2(2—s))‘ (1-14)
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Remark 1.13. For the admissible case or the case when

n__,_3n=4
20i—1) 20i—1)°

we can actually obtain stronger estimates than (1-13) and (1-14):

1 PacCHul g2 S 12+ DF g s

_n __,_3n=4
2(n—1) 2(n—1)"

Inhomogeneous estimates for some other nonadmissible pairs may be also deduced from (1-14) and

|| FH PaC(H)F” LtzL.%n/(n—Z.v),Z S || F ” L%Liil/(n+2(2—x)).2,

usual inhomogeneous estimates. For instance, if we interpolate between (1-14) and the trivial estimate
”FHPaC(H)F”L,“L% =< ”F“L}L)% then

ITh PacFllrre SIFI

L7y
where 3n—4 1y 2 2 11
n n— n n
< —_ ) === =—=— =
-1 == 2oy s<2 q) B 2—s<2 q)'

Inhomogeneous Strichartz estimates with nonadmissible pairs for the free Schrodinger equation have
been studied by several authors [Kato 1994; Keel and Tao 1998; Foschi 2005; Vilela 2007; Koh and Seo
2016] under suitable conditions on (p, q); see [Foschi 2005; Koh and Seo 2016]. The estimates (1-14)
correspond to the endpoint cases for such conditions. It is also worth noting that, as well as the estimates
for admissible pairs, nonadmissible estimates can be used in the study of nonlinear Schrodinger equations;
see [Kato 1994].

Remark 1.14. There is a vast literature on Strichartz estimates for Schrodinger equations with potentials.
We refer to [Rodnianski and Schlag 2004; Goldberg 2009; Beceanu 2011; Bouclet and Mizutani 2018]. We
also note that the dispersive L'-L> estimate for e =/ P,.(H) and L”-boundedness of wave operators W,
which imply Strichartz estimates, have been also extensively studied; see [Rodnianski and Schlag 2004;
Beceanu and Goldberg 2012; Yajima 1995; Beceanu 2014]. In particular, Goldberg [2009] proved the
endpoint Strichartz estimates for e ™M p under the conditions V € L% 0 ¢ € and n > 3. When
n = 3, Strichartz estimates for all admissible cases and some nonadmissible cases (which are different
from (1-14)) for V € LS/ 2 were obtained in [Beceanu 2011]. Compared with those previous works, a
new contribution of this theorem is that we obtain the full set of admissible Strichartz estimates (1-13),
including the inhomogeneous double endpoint case for all n > 3. Moreover, nonadmissible estimates
(1-14) are new even for V e L™/,

The next application of resolvent estimates in this paper is the L?”-boundedness of the spectral multiplier
F(H), which is defined by the spectral decomposition theorem, namely

F(H):/ FA)dEpg(L).
o(H)

For the free case H = —A, Hormander’s multiplier theorem [1960] implies that if F € L™ satisfies

sup [ () F(t-)lg < 00, (1-15)

t>0
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with some nontrivial ¥ € C3°(R) supported in (0, 00) and 8 > n/2, then F(—A) is bounded on L?” for all
1 < p < o0o. The following theorem is a generalization of this result to nonnegative Schrodinger operators
with scaling-critical potentials.

Theorem 1.15. Suppose that EN [0, 00) = & and H > 0. Then, for any F € L>®(R) satisfying (1-15)
with some nontrivial € Cy°(R) supported in (0, 00) and B > %, F(\/ﬁ) is bounded on L? for all

2n 2n
<

n+3 p= n—3

and satisfies
IF(VEDllgrr < C(fu]g IV C)F @) llge + 1FO). (1-16)
>
It is easy to check that F satisfies (1-15) if and only if G(A) = F (A?) does. Therefore, (1-16) also holds
with F(vVH) replaced by F(H). Also note that, in the proof of this theorem, the restriction estimates
(1-10) will play an essential role and the restriction for the range of p when n > 4 is due to the condition
p > 2n/(n+ 3) for (1-10).

Remark 1.16. Some applications of Theorem 1.15 will be also established (see Section 5). First we
obtain the equivalence between the Sobolev norms || (—A)y lz2 and | H*%u |72 for0<s < % Then we
shall prove square function estimates for the Littlewood—Paley decomposition via the spectral multiplier
associated with H. These are known to play an important role in the study of nonlinear Schrodinger
equations with potentials; see, e.g., [Killip, Miao, Visan, Zhang, and Zheng 2018].

Remark 1.17. If the Schrodinger semigroup e~/

satisfies the Gaussian estimate or some generalized
Gaussian-type estimates, then Hormander’s multiplier theorem for F(H) has been extensively studied;
see [Chen, Ouhabaz, Sikora, and Yan 2016]. Compared with such cases, the interest of Theorem 1.15 is
that we obtain Hormander’s multiplier theorem under a scaling-critical condition V € Lg/ 22 while it is
not known for such a class of potentials whether H satisfies (generalized) Gaussian estimates or not, even

if H is assumed to be nonnegative.

Remark 1.18. To ensure the nonnegativity of H, it suffices to assume ||V_|[;n20 < S, 1 where V_ =
max{0, —V} is the negative part of V and
S, = n(n4—2) 22/n7_[1+1/n1—w(n;1>_2/n

is the best constant in Sobolev’s inequality. || f || z20/0-2 < Sy |V £l 2. Moreover, if |V_|; .2 < S, ! then
0 ¢ & by Lemma 1.3.

The last application of Theorem 1.4 in the paper is the Keller-type inequality for individual eigenvalues
of a non-self-adjoint Schrodinger operator. Let 0 < y < oo and W € L"/?*7 (R"; C) be a possibly complex-
valued potential. Then W is H-form compact and we define the operator Hy = H + W as a form sum.
Under this setting, it is known that o (Hy ) is contained in a sector {z € C| | arg(z—z¢)| <0} for some zp € R
and 0 € [(), %) (see [Kato 1966]), but the point spectrum o}, (Hy ) could be unbounded in C in general even
if V. =0 and W is smooth. The following theorem, however, shows that this is not the case if 0 < y < %
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Theorem 1.19. Let § > 0. If 0 <y < 1, any eigenvalue E € C\ &s of Hy satisfies

|E[Y < Cy sl W5 (1-17)

Ln/2+y

Moreover, if y > %, any eigenvalue E € C\ E;s of Hy satisfies

|E|'2 dist(E, [0, 00))” "2 < C, 5| W[5 (1-18)

Ln/2+y
Here the constant C, s = C(y, 8, n, V) > 0 may be taken uniformly in W.

Remark 1.20. Theorem 1.19 implies the following spectral consequence. If 0 < y < % then

op(Hw) C €5U{z € Ll < Cyal Wi ).

Ln/2+y
In particular, since € is bounded in R (see Remark 3.4), o,(Hy ) is bounded in C. On the other hand, if
y > % and Re £ > 0, then E satisfies

Ln/2+y

This implies that, for any sequence {E;} C op(Hw) \ [0, 00) satisfying Re E; — +00 as j — oo, we
have [ImE;| — O as j — oo.

Remark 1.21. For a complex potential W (x), the estimates (1-17) and (1-18) were first proved by Frank
[2011; 2018] for the case when —A + W (x) and then extended to the operator —A — alx| 72+ W)
witha < (n —2) — % by [Mizutani 2019]. In both cases, the free Hamiltonians —A and —A — alx|~? are
nonnegative and purely absolutely continuous. Theorem 1.19 shows that the same result still holds even
if the free Hamiltonian has (embedded) eigenvalues or resonances.

The rest of the paper is devoted to the proof of above results. We here outline the plan of the paper,
describing rough idea of the proofs. Following the classical scheme, the proof of the uniform Sobolev
estimates is based on the resolvent identity R(z) = (I + Ro(z)V) "' Ro(z).

In Section 2 we collect several properties on the free resolvent Ry(z) used throughout the paper and,
then, study basic properties of the exceptional set €. In particular, we show that Ry(z)V extends to a
Boo (L?)-valued continuous function on C+. This fact plays an important role to justify the above resolvent
identity. The proof of Lemma 1.3 is also given in Section 2.

Using materials prepared in Section 2 and the Fredholm alternative theorem, we prove Theorem 1.4,
Corollaries 1.5 and 1.6 and Theorem 1.8 in Section 3.

Section 4 is devoted to proving Theorems 1.10 and 1.12. The proof follows an abstract scheme by
[Rodnianski and Schlag 2004] (see also [Burq, Planchon, Stalker, and Tahvildar-Zadeh 2004; Bouclet
and Mizutani 2018]), which is based on Duhamel’s formulas

e—itH=eitA_l'1"0Vl"H7 ]"Hzl_‘o—ir()VFH,

where I'g = I'_A. Using these identities, the proof can be reduced to that of corresponding estimates for
the free propagators ¢'"® and Ty, which are well known, and LtzLi estimates for Vie " P,.(H) and
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ViI'yg P, (H)V, with a suitable decomposition V = V| V,. Kato’s smooth perturbation theory [1966]
allows us to deduce such L?L2-estimates from the resolvent estimate
sup |[|ViR(z) Pac(H)Vallg(r2) < 00,
zeC\R
which follows from uniform Sobolev estimates for P.(H)R(z) (which are also proved as a corollary
of Theorem 1.4 in the end of Section 3) and Hélder’s inequality. A rigorous justification of the above
Duhamel’s formulas in the sense of forms are also given in Section 4.

Proofs of the spectral multiplier theorem and its applications are given in Section 5. The proof of
Theorem 1.15 employs an abstract method by [Chen, Ouhabaz, Sikora, and Yan 2016], which allows us
to deduce Theorem 1.15 from the restriction estimates (1-10) and the so-called Davies—Gaffney estimate
for the Schrodinger semigroup e~"#. In the proof of the Davies—Gaffney estimate, we use the condition
that H is nonnegative.

Section 6 is devoted to the proof of Theorem 1.19, which follows basically the same line as in [Frank
2011; 2018] and is based on the estimates (1-5), (1-6) and the Birman—Schwinger principle.

The Appendix is devoted to a brief introduction of real interpolation and Lorentz spaces.

2. Preliminaries

In this section we first study several properties of the free resolvent, which will often appear in the sequel.
The second part is devoted to a detailed study of the exceptional set of H.

2A. The free resolvent. For z ¢ C\ [0, 00), Ro(z) = (—A —z)~! denotes the free resolvent, which is
defined as a Fourier multiplier with symbol (|&|> — z)~!. The integral kernel of Ry(z) is given by

i Z'”? "/ €] 1/2 172
Ro(Z,X,y)zz(m) Hn/zfl(Z lx—y]), Imz/“>0,
where Hrf};_l is the Hankel function of the first kind. The pointwise estimate

lw|~"/>1 - for |w| <1,

(D
H w)| <C
| ”/2_1( )= n{lwl_l/2 for |lw| > 1,

then implies that there exists C,, > 0 depending only on n such that
|Ro(z, x, )| < Ca(lx = y| 72 4 x — y| 707Dy () /%, -

see [Jensen 1980]. For s € R, we let L2 = L2(R", (x)**dx) and H?> = {u | 3%u € L2, |a| <2}. Then the
following limiting absorption principle in weighted L2-spaces is well known; see [Agmon 1975; Jensen
and Kato 1979; Jensen 1980; 1984].

Lemma 2.1. Let s > (n+ 1)/2. Then Ro(z) is bounded from L% to L?  uniformly in z € C\ [0, 00).

—S

Moreover, the following statements are satisfied:

e Boundary values Ry(A £ i0) = lim,_ o Ro(A £ ig) € [BOO(LE, L%S) exist on [0, c0) such that
Ro(0£i0) = (—A)~". Moreover, Ry(A £i0) € Boo (L2, H2 ) if 1 > 0.

s
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Q=

Figure 1. The set of (1/p, 1/q) satisfying (1-1) is the trapezium ABB’A’ with two
closed line segments AB, B’A’ removed. The set of (1/p, 1/g) satisfying (1-8) is the
trapezium ACC’A’ with two closed line segments AC, C’A’ removed.

e Define the extended free resolvent R(jf (z) by ROi (z) = Ro(2) if z€ C\ [0, co0) and R(:)t (z) = Ro(z£i0)
ifz>0. Then R(:)IE (z) are BOO(LE, L2_S)-valued continuous functions on C=.

o Foranyz € Ctand f € L?, we have (—A —z) RSE (z) f = f in the sense of distributions.

The following corollaries are immediate consequences of Lemma 2.1 and Proposition 1.1.

Corollary 2.2. Let (p, q) satisfy (1-1) and

2n < 2n
n+3 n+1’

see Figure 1. Then:
(D) ROjE (z) extend to elements in B(LP"?, L??) and satisfy
”Roi(z)”mul,ml) < Clzl("/Z)(l/”_‘/q)_l, ;eC* \ {0). (2-2)
(2) Forany f € LP2 and g € L1, we have (R(jf(z)f, g) are continuous on C* \ {0}.
(3) Forany z € C* and fe L2, we have (—A — 7) R(ﬂf (z) f = f in the sense of distributions.
Assuming in addition that 1/p — 1/q = 2/n, the statements (1) and (2) hold for all z € C*.

Throughout the paper, we frequently use the notation

. 2n . 2n
Tat20—s b

Ps (2-3)

Cn=2s
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Note that

1 3 . 1 12
<8< E} - {(p,q) ( (p.q) satisfies (1-1) and - — = ;}.
Corollary 2.3. Let 1 <5 <3, Vi € L}/ and Vs € LY/ ®R"). Then ViRE(2) Vs are Boo(L?)-
valued continuous functions of z € CE.

{(ps, qs)

Proof. Corollary 2.2(1) with (p, q) = (ps, gs) and Holder’s inequality (A-1) imply

+
sup [|ViRy () Vallg 2y S IVill pwsee I Vall prre-sio.
zeC+
Since C° is dense in Lg " forall 1 < p < oo and an operator norm limit of compact operators is compact,
we observe from this uniform bound and a standard /3 argument that it suffices to show the corollary
for Vi, V2 € C3°. In this case, the corollary follows from Lemma 2.1. |

The following proposition plays an essential role throughout the paper.

Proposition 2.4. Let w € Lg/z’oo([R{”), % <s < % and gy as above. Then Ry(z)w € Boo(HY) for all
z € C\ [0, 00). Moreover, RSE (2)w are Boo (LI%)-valued continuous functions on C=.

Remark 2.5. RSE (z)w are also By, (L% )-valued continuous functions on C*. The proof is completely
the same.

Proof. The facts Ro(z)w € B(H') N B(L%?) and Ry (z)w € B(L%?) follow from the continuity of
Ro(z) : H~! — (!, uniform Sobolev estimates (1-2) and Hélder’s inequality for Lorentz norms.

To prove the compactness and the continuity (in z), by virtue of these estimates and the same argument
as above, we may assume without loss of generality that w € C§° and w(x) = 0 for |x| > co with some
co > 0. Then it was proved by [Ionescu and Schlag 2006, Lemma 4.2] that there is a Banach space X
satisfying the continuous embedding X < F(~! such that w : X* — X is compact as a multiplication
operator. Ro(z)w is therefore compact on H! for z € C\ [0, 00).

Next we shall prove that ROi (z)w are compact on L9s2 for 7 € C*. As before, we only consider Rar (2).
By virtue of real interpolation (Theorem A.1), it suffices to show that RS’ (z)w is compact on L% for all
% <s< % Assume that f; € L% and || f]|;4 < 1. Extracting a subsequence if necessary we may assume
fi — 0 weakly in L%. Then it remains to show that there exists a subsequence { fj} C {f;} such that
Rar (Dw fj — 0 strongly in L%. To this end, we decompose R(}L (z)w into two regions Bf and B,, where
B, = {x € R" | |x| < r}. For the former case, the pointwise estimate (2-1) yields

IRy @wfj0)] < Co(@) " x| D2 w1 < Cozlx |7V wl] paian
uniformly in |x| > r, r > 2¢g and j > 0. Let us fix ¢ > 0 arbitrarily. Since
=D g ey < Crm 712,
we can find ro = ro(n, €, z, w) > 0 such that

||R8_(Z)wfj ”qu (Bfo) <é&. (2-4)
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For the latter case, we observe that RSF (2)w : L% (R") — W24 (R") is bounded since
(—A+ DRy @Qwf =(—A—2)Rj @Qwf + @+ DR; @Quwf =wf+ @+ DR @Quf (2-5)

forall f € L% by Corollary 2.2(3). In particular, {Rar (z)wf;}; is bounded in W?24s (By,)- Since W24 (Br,)
embeds compactly into L% (B,,) by the Rellich-Kondrachov compactness theorem, one can find a
subsequence { fj} C {f;} such that

. + F _ ;
jhm IRy (D)wf; “L‘IS(BVO) =0. (2-6)
It follows from (2-4) and (2-6) that

limsup | R} (2)w f;

”qu (Rn) S E.
j—00

By extracting further a subsequence, we conclude that Rar (Dw fj — 0 strongly in L%.
To prove the continuity, let us fix a bounded set A C C+ arbitrarily. We first show that, for any z, z JEA
and g, g; € L% satisfying zj — zand g; — g weakly in L2 as j — oo,
Rar(zj)ng — Rar(z)wg strongly in L% ag j — oo. 2-7)

To this end, we write
Ry (z))wg; — R (wg = (R{ (zj))w — R{ (D)w)g; + Ry (Dw(g; — 8).

The second term Rar (z)w(gj — g) converges to 0 strongly in L9? since Rar (z)w is compact on L952
and g; — g weakly. For the first part, we set h; = (R(J)r (zj)w — RS’ (z)w)g; and shall show that 2; — 0
strongly in L%2 Since {gj} C L% is bounded, say gl 4.2 < M with M > 0 being independent of j,

we have by the same argument as above that, with some y; = y;(s, n) > 0,
”R(J)r(;)wgf”m»z(g;') < Comu(O)Vr "

forall ¢ € G?F, Jj = 1and r > 2cg, where C,, jr,,, may be taken uniformly in j and r. This estimate yields
that, for any ¢ > 0, there exists 0 <r, =r(n, M, w, A, &) ~ e~ 1/72 guch that

su{) ”hj ”LLI:.Z(B;‘ ) = SUI;(||RJ(Z])wg] ”qu.Z(Bc ) + ”R(—)i_(z)ng ||qu,2(Bc )) <é. (2-8)
jz1, SE & &

On the other hand, it follows from Sobolev’s embedding on R" that
12l e,y < Con I (=A+ D)™ Rl 2y < Con )™ (A + DA 2y

for all N > 0, where we have used the fact that (—A 4 1)(x)"¥(=A 4+ 1)~!1(x)¥ is a pseudodifferential
operator of order 0 and thus bounded on L” for all 1 < p < co. Equation (2-5) then yields

1) ™ (= A+ Dhjll 2 < 1z =210 ™V RS @) () ™V llg o 1606) Y wg -

+ (2l + DI ™V (R () = Ry @) 0) Vg o 100 Y wegll -
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Let N > (n+ 1)/2. Since (x) "V R{ (z)(x)~" is bounded on L? uniformly in z € C* and continuous on
C+ in the operator norm topology of B(L?) by Lemma 2.1 and

1) N wg;ll . < CMIx)Nwl w202 < Cnome

uniformly in j, we see that lim;_, o || (x)™N(=A+ Dhj|l . =0, which, together with (2-8), shows that
there exists jo € N such that, for all j > j., we have ||A|| Las2(rmy < E- Since ¢ > 0 is arbitrarily small,
this shows that 4; — 0 strongly in L%2 and (2-7) follows.

Finally, we shall show Rar (z)w is continuous on C+ in the operator norm topology of B(L%+2). Assume
for contradiction that this is not the case. Then there exist z;, z € C+ with z j—zand g; € L42 with
llgjll ;g2 < 1 such that liminf;_, ||(Ra“(zj)w — R(T(z)w)gﬂlm_2 > (. Extracting a subsequence if
necessary we may assume g; — g with some g € L% weakly in L%. Then, by the argument as above
and the compactness of Rar (z)w, we have lim_, o, Rar (zj))wg; = Rar (Dwg =1lim;_ Rar (z)wg;, which
gives a contradiction, proving the desired assertion. ]

2B. The exceptional set. Having Proposition 2.4 in mind, we define the exceptional set of H as follows.

Definition 2.6. We say that A € € if there exist % <s< % and f € L92(R")\ {0} such that f = —Ro(A)V f,
where g; = 2n/(n — 2s) and Ro(}) is replaced by Ro(A +i0) if A > 0. € is said to be the exceptional set
of H, and z € £\ op(H) is called a resonance of H. For A € €, we denote the family of corresponding
solutions by Ny(X):

N = {f € L2 2R\ {0} | f = —Ro(MVf),

where Ry (A) is replaced by RO+ A if A >0.
Note that, since Ry(A —i0) f = Ro(A +i0) f , one has
Ns) ={f € L*®)H\{0} | f =—Ry (WVf}, A1=0. (2-9)
The next lemma collects some basic properties of €.

Proposition 2.7. (1) € C o (H), op(H) C € and E€N (=00, 0) = o4(H). Moreover, Ns(}) is finite-
dimensional.

(2) Ng(A) is independent of % <5< %; that is, Ny (L) = Ny (L) for any % <s,8 < %
Proof of Proposition 2.7(1). To prove € C o (H), we first claim that
Ny ={f €F | f=—RoMVf}, 1eC\(0,00). (2-10)

Indeed, if we set JA\JFS ) ={f € s | f =—Ro(A)V [} then the inclusion ﬂs (L) € Ng(X) is obvious
since F* C L2 by the HLS inequality (A-2). On the other hand, the HLS inequality (A-2) shows that
Ro(M)V € B(L%2, J:CS) for A € C\ (0, 0o) and the opposite inclusion N(A)S D N () thus holds. Next,
we let f € Ng(A) with some A € C\o(H). Then V[ € F2s O LPs:2 by the HLS and Holder’s inequalities
for Lorentz norms. Therefore, by Corollary 2.2(3), (—A — X) f = —V f holds in the distribution sense.
In particular, Af = (—A+V)f € H2S N HS C L? and thus f € D(H). Since o (H) C R, this shows
f = 0. Therefore, we obtain £ C o (H).
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The inclusion o, (H) C € is obvious since D(H) C ' ', This inclusion, together with the fact
o(H)N(—o00,0) =o04(H), implies €N (—o0, 0) = o4(H). Finally, since R(jf (z)V are compact operators
on L%2 one has dim N,(A) < o0. O

To prove the second part of Proposition 2.7, we need the following:

Lemma 2.8. For % <s§s< % and real-valued functions V| € Lg/s’oo, V) e Lg/(zfx)’oo with V. = V1 Va, we

set KF(A) := ViRT (L) Va. Then, for 1 € R,

dim N;(A) = dim Ker(I + K" (1)) = dimKer(I + K.;F (1)*) = dim Np_ ().
Remark 2.9. Such Vi, V, always exist. Indeed, one can take V| = |V[$/? and V5 = sgn V|V @972,
Proof. Holder’s inequality (A-1) and (2-2) yield that

IVifllze < CUVgmseoll fllpases IRG Q) Vaull g2 S N Vall prre-s.oe el 2,
from which one has two continuous maps

Ny > fi> VifeKer(I+K(W), Ker(I + K (W) s> ur> —Rf (M) Vau € Ny(A).
Furthermore, one also has, for f € N;(A) and u € Ker({ + K;(})),
—RIO)WVVif==RfWVf=Ff —ViRf(W)Vou=u.

Therefore, the multiplication by V| is a bijection between N (1) and Ker(/ + K S* (A)) and its inverse is
given by —Rar () V2. In particular, dim Ker( + K;F (1)) = dimN;(}).

Taking the facts ROi (2)* = R(T (z) and (2-9) into account, it can be seen from the same argument that
the multiplication by V; is a bijection between N,_;(A) and Ker(/ + K;r (A)*), and its inverse is given by
—Ry (M) V1. In particular, dim N, (1) = dim Ker(/ + K;F(1)*).

For the part dimKer(I + K;F(*)) = dimKer(I + K;"(2)*), since K;"(X) is compact on L? (see
Corollary 2.3), I + K (1) is Fredholm and its index satisfies

dimKer(I + K ()) — codimRan(/ + K} (1)) =ind({ + K" (1)) = indl = 0.
Therefore, taking the fact L? /Ran(I + K S* (M) E[Ran(I + K S‘L (M)]+ into account, one has
dimKer(/ + K" (1)) = dim[Ran(I + K ;" (\))]* = dimKer(I + K, (1)*),
which completes the proof. (|

Proof of Proposition 2.7(2). Let f € Ny(A) and § <s <s' < 3. Let V = v; 4 v, be such that v; € C§°
and ||v2]| g2 < €. Then f = —R{ (M)vi f — Ry (Mva f. By Proposition 2.4, the map I + Ry (A)vs :
L2/ (n=2r).2 _y [ 2n/(n=2r).2 is bounded and invertible for r = s, s’ and small & > 0. If E, denotes the
inverse of I + RJ(A)UZ D L2/ (=22 p2n)/(n=20).2 then E, = Ey on L2/ (=29).2 N L2/ (=252, Taking
the inequality s — s’ > —1 into account, the HLS inequality (A-2) implies

IRG Q)1 f 1l panji-ar2 S H0LF 2wz S 01l pwvasae—s | f 1l p2no-0.
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Thus R (Mvy f € L2/ (=292 0 [2/0=2).2 and f = E,RF (Mvi f = Ey R (Mvi f € L2/ =2):2)
which implies f € Ny (A). Therefore N ()) is monotonically increasing in s. Combined with the fact
dim Ny (&) =dimN,_ (1) < oo (see Lemma 2.8), this monotonicity implies N (L) = Ny (A). O

We conclude this subsection to prove Lemma 1.3. For the first part, we employ the following results of
[Ionescu and Jerison 2003; Ionescu and Schlag 2006].

Proposition 2.10 [Tonescu and Jerison 2003, Theorem 2.1]. Let n > 3 and V € L"/?. Suppose that
f el and (x)7V?T f € L? with some § > 0. If —Af + V f = Af for some X > 0, then f = 0.

Let us set X = W~1/(+D.204+D/(n+3) 1 g, (B), where B is the Agmon—Hormander space and S; (B)
is the image of B under S; = (1 — A)1/2; see [lonescu and Schlag 2006]. Then

and we have the continuous embeddings L?*/*+2 < X and X* c L*"/*=2_ Moreover, it was proved in
[Ionescu and Schlag 2006, Lemma 4.1(b)] that Rat M) e B(X, X*) for all L € R\ {0}.

Proposition 2.11 [Tonescu and Schlag 2006, Lemma 4.4]. Let n > 3 and V € L"/*. Assume that f
belongs to X* and satisfies f + R(:)t MV =0 for some ) € R\ {0}. Then, for any N > 0,

1Y Fllgs < Chall £y

Proof of Lemma 1.3. For the proof of the part (1), we let f € Nj(A) with A > 0. As observed in the
proof of Proposition 2.4, Rar (A)V maps from L2 =2 (R") into W2/ =2 (R") (see (2-5)) and thus
f= —R(")'“()L) Vfe U—Clloc. Moreover, since V f € L?*/"+2) < X and R(j)E(A) e B(X, X*), we have f € X*
Proposition 2.11 then implies that f € L2. Using Proposition 2.10, we conclude that f = 0. For part (2),
we let f € N (0). Since —Af+Vf € F1, the form (—Af + VS, f)is well-defined. By assumption,
we have 0 = (—=Af + V[, f) =8| fll5a, which implies f = 0. O

3. Uniform Sobolev estimates

This section is devoted to the proof of Theorem 1.4, Corollaries 1.5 and 1.6 and Theorem 1.8. We begin
with the following proposition which plays an important role in the proof.

Proposition 3.1. Assume 3 <s < 3 and let (py. q;) be as in (2-3). Then (I + Ry (2)V) ™! are B(L%%)-
valued continuous functions on CE \ €, respectively. Furthermore, for any § > 0,

sup (|1 + RG @ V)™ llg ey < 00 (3-1)
zeﬁ\&;

In particular, if € N[0, 00) = &, then sup, cc\g |(1 + Ro(z)V)~! B(Las2)y < 00

The proof of Proposition 3.1 is divided into a series of lemmas. Let us prove the proposition for
z € C+\ & only, as the proof for the case z € C~ \ & is analogous.

Lemma 3.2. (/ + RJ (2)V)~Vis a B(L9?)-valued continuous function on ct \ €.
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Proof. By Proposition 2.4, RO+ (z)V is compact. Since N;(z) = {0} for z € Cc+ \ € by definition, the
Fredholm alternative ensures the existence of (1 + R(J{ (z)V)~! € B(L4?). Moreover, since RJ (2)V is
continuous on C* in the operator norm topology of B(L%-2) by Proposition 2.4, (I + Rar (z)V)~!is also
continuous on C* \ & in the same topology. U

The proof of the uniform bound (3-1) is divided into high-, intermediate- and low-energy parts.

Lemma 3.3 (the high-energy estimate). There exists L > 1 such that (I + Rar (2)V)~ ! is bounded on
L2/ =292 ypitormly in z € CT N {|z| > L}.

Proof. Let Vi € CS°(R") be such that im0 |V — Vi |l n2 = 0 and set O} (z) := R (2)(V — Vi). By
Corollary 2.2 with (py, g5), one can find ky > 1 such that

+ 1
sup | O ()l a2y < 3-
zeCt

Hence (I + Qy,(z)) ! is defined by the Neumann series Z;’;O(—Q;{;(z))” and satisfies

My = sup (I + Q5 () MMl 0 < 2

7eC+
Next if we take ps and small § > 0 such that 1/ps = 1/p; — 8 and (ps, g,) satisfies (1-1), Corollary 2.2
implies
RS (@) Vig £l o S 121 1Vig Fll sz S 121 1 Vig o 1 f 1l a2

uniformly in |z| > 1 and f € L%?, where 1/r =1/ps —1/q; =2/n — 8. Hence one can find L = Ly, so

large that My := || R} (2) Vi, llg 02y < 1 for |z| > L. Then, writing

I+ R @V =1+ Q@) +R;@Vi, =T+ Q@) (I + I+ 0} (2) "Ry (2) V)

we see that (I + Rf (V)" = (I+ (U + Q,;(z))—le(z)ka)”(l + 0, (2) 7" and

o
Csup T+ R @OV Mg ey < MY (MiMy)" <4. O
zeCtN{|z|>L} n=1

Remark 3.4. This lemma particularly implies £ N[L, co) = & and thus € is bounded in R.

Lemma 3.5 (the intermediate-energy estimate). For any 8, L > 0, the function (I —i—Rar (2)V)~lis bounded
on L% uniformly in z € (C+ \Es)N{Ss < |z| < L}.

Proof. We follow the argument in [Ionescu and Schlag 2006, Lemma 4.6] closely. Let
AsL=(CH\&)N (8 <zl <L}
Note that A5z N € = @. Assume for contradiction that

sup (1 + R @ V)™ llg a2, = 00

Z€A5'L
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Then one can find f; € L%°2 with Il fill 42 =1and z; € As 1 such that
I+ RS GDV) fillganay = 0. J = 00, (3-2)

By passing to a subsequence, we may assume z; — Zoo € As.1 as j — oo. Since Ra“ (zoo)V is compact
on L2, by passing to a subsequence, we may assume without loss of generality that there exists g € L%2
such that RaL (200)V fj — g strongly in L4s:2, By virtue of (3-2) and the condition || f;l|,,.. = 1, we have
g #0. Now we claim that g belongs to N;(z+,), which implies 7, € €. This contradicts z € m

In order to prove the claim, we write f; as

fi=U+R@HV)fj— (R @) — Rf ze)) Vi — R (2) VS

By virtue of (3-2) and the continuity of R(J{ (2)V (see Proposition 2.4) and the fact || f;l,,.2 = 1, the
right-hand side converges to —g strongly in L%*? as j — oo. Therefore, we have g = —Rar (zo)Vg.
Moreover, since || ;|| = 1, we have g # 0 and hence g € N;(zoo) follows. [l

Lemmas 3.3 and 3.5 give the desired bound (3-1) for the case when 0 € €. When 0 ¢ &, we need the
following lemma to complete the proof of Proposition 3.1.

Lemma 3.6 (the low-energy estimate). Suppose that O ¢ E. Then there exists 6 > 0 such that the function
I+ Rg(z)V)_l is bounded on L2 uniformly in z € ctn {lz] < 8}.

Proof. Since I + RS’ (0)V is invertible if 0 ¢ £ by Lemma 3.2, one can write
I+ RV =+ R OVYT+ U+ Ry OV) ' (R] (2) — R (0)V).

Since C+ 5 z — RS’ (z)V € B(L%?) is continuous by Proposition 2.4, one has

1
2011 + Ry OV~

sup IRy (2) = R O) Vg a0y <
zeCHN{|z|<8}

for 6 > 0 small enough. Therefore, I + R(J)r (z)V is invertible on L%% and

sup I+ RF@V) lggany <2 sup U +REOV) g g0, < 00,

zeC*N{jz|<8) 2eC*N{jz|<d)
which completes the proof. U

By Lemmas 3.2-3.5, we have completed the proof of Proposition 3.1.
We next give a rigorous justification of the second resolvent equation.

Lemma 3.7. Let z € C\ o (H). Then, as a bounded operator from L? to D(H),
R(z) = (I + Ro(2)V) 'Ro(z) = Ro(z) — Ro(2) VR(2). (3-3)
Moreover, we also obtain for z,7' € C\ o (H),

R(x) — R() = (I + Ro(z)V) " (Ro(2) — Ro(z) (I — VR(2)). (3-4)
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Proof. Tt follows from Proposition 2.7(1) and the fact ! c L?/""=2:2 that Kersu (I + Ro(z)V) is
trivial. Since Ry(z)V € Boo(3!) by Proposition 2.4, I + Ry(z)V is invertible on H! by the Fredholm
alternative theorem. Thus (I + Ry(z) V)~ Ry(z) is a bounded operator from L? to H!. Let f € L? and
set g = (I 4+ Ro(2) V) 'Ry(z) f € K. Since

(I + Ro()V)(I + Ro(2)V) ™' Ro(2) = Ro(2)
as a bounded operator from L? to H{!, we see that
g§=Ro(@)f —Ro(x)Vg. (3-5)
Then, for any ¢ € H',
(A =2)g, 9) =(f.0) = (Vg, ) = (f, ) = (V1g, V29),

where V,, V, € Lg/ 2% (R1: R) satisfies V = V; V5. Therefore, we obtain

(H=2)g,9)=((—wA—-2g,9)+(Vig, Vap) = (f, ¢),

which shows (H — z)(I + Ro(z)V)"'Ro(z) = I on L?. For f € D(H), we similarly obtain
(I 4+ Ro@V) ' Ro)(H —2) f =+ Ro@)V) ™' f+ U+ Ro2)V) ' Ro)Vf = f,

which gives us (1 + Ro(2)V)"'Ro(z)(H —z) = I on D(H) and the first identity in (3-3) thus follows.
The second identity in (3-3) follows from the first identity and (3-5).
Now we shall show (3-4). It follows from (3-3) that

(I + Ro(Z)V)(R(2) — R(Z")) = (Ro(2) = Ro()) (I = VR(2))

on L2. Since Ry(z) — Ro(z'), R(z) — R(z') : L* — H! are continuous and I + Ry(z’)V is invertible on H',
we have the desired identity (3-4). O

Now we are in position to prove Theorem 1.4, Corollaries 1.5 and 1.6 and Theorem 1.8.

Proof of Theorem 1.4. Assume that (p, g) satisfies (1-1). It follows from Propositions 1.1 and 3.1 and
Lemma 3.7 that for any § > O there exists Cs > 0 such that

IR(Z) f ez < Cs(L+ I+ Ro(D) V) ligraz)IRo(@) fll Loz < Colz| PV P=VOT) £l 0

forall f € L>NLP2 and z € C\ ([0, 00) U &;). Since L? N LP? is dense in L?2 this implies that
R(z) € B(LP-?, L%?) and that (1-5) holds uniformly in z € C\ ([0, o0) U &). O

Proof of Corollary 1.5. As before, we shall prove the corollary for R(A 4-i0) only. We also consider
the case 1/p — 1/q = 2/n only, as the proofs for other cases are similar. At first, we claim that, for any
X1, X2 € C°(R™), x1R(z) x» defined for z € C* extends to a B(L?)-valued continuous function x; R*(2) x>
on C* \ €. It follows from this claim that, for any u, v € C3°(R"), (RT(2)u, v) is a continuous function
on C*\ &. Then, by letting & \ 0 in the estimate

KRG +ie)u, v)| S lullLr2llvll e,



1352 HARUYA MIZUTANI

which follows from Theorem 1.4, and by using the density argument, we obtain that R(A +i0) extends to
an element in B(L?-%, L9°2) and satisfies

sup  [[R(A+i0)lgzr2, 142y < 00. (3-6)
re[0,00)\E

This shows the first statement (1). For the second statement (2), it follows by setting z = A +i¢ and then
letting & \ 0 in (3-3) that, for any f € L9>N L% and A € [0, o0) \ &,

RA£i0)f =Ro(A£i0)({ —VR(AXi0))f (3-7)
in the sense of distributions, which particularly implies that, under the condition 0 ¢ &, we have R(0+i0) =
R(0—i0) since Ry(0+i0) = (—A)~". Moreover, we also know by (3-7) that

(A+V-=MDRA+i0u=U+VRA+i0)I - VRA+i0))u
=u+ V[Ry(A+i0) — R(A+i0) — Ro(A+iO)VR(A+i0)]u=u
for all u € L> N LP-2 and that, for all v € 8,
RA+i0O)(—A+V —-2Dv=Ry(A+i0)(I —=VRA+i0)(—A+V —1v
=v—Ry(A+i0)Vv—Ry(A+i0)Vv=v

in the sense of distributions. These two identities and (3-6) imply (1-7).
It remains to show the above claim. Let Vi, V, € L(')"OO(IR"; R) be such that V = V|V, and set
K1(z) = V1 Ro(2) V. The resolvent identity (3-3) then yields

VIR(Z)x2 = ViRo(2) x2 — K1(2) ViR (2) x2

on L2 forall zeC \o(H). Since K(z) € Boo (L2) by Corollary 2.3 and Ker;2 (1 + K,(z)) = @ for all
z € C\ o (H) by Proposition 2.7 and Lemma 2.8, we have by this identity that

ViIR@x2 = +K1(2) 'ViRy(2)x2, z€C\o(H),

on L2. It follows from again Corollary 2.3 that V| Ry(z) x2 and K (z) extend to Boo (L?)-valued continuous
functions Vi Ry (2)x2 and K (z) = ViR{ (z)V> on C*. Since Ker(I + K (z)) = @ for z € C+ \ €,
(I + Ki(z))~"! also extends to a B(L?)-valued continuous function (I + Kfr(z))_1 on C+ \ €. Thus
Vi R(2) x> extends to a B(L?)-valued continuous function V; RT(z) x> on ct \ € satisfying Vi R"(2)x2 =
I+ K ;L(z))*1 Vi RO+ (z). Finally, the claim follows from the formula

X1R(2) x2 = x1Ro(2) x2 — x1Ro(2) V2VIR(2) x2

and the continuity of x1 Ry () x2, 1R (2)V2 and ViR{ (2)x2 on CF \ €. O

Proof of Corollary 1.6. Let us fix z € C\ o(H) and take § > 0 so small that z ¢ 5. Recall that
Ro(z) € B(LP) for all 1 < p < oo and thus Ry(z) € B(L?*?) for all 1 < p < oo by Theorem A.1.
The proof of the first assertion is divided into two cases:

2n< _ <2n
n+3 - PT9Tn
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and otherwise. In the first case one can find

2n e < 2n
n—1 0 n—3

such that 1/p — 1/go = 2/n. Applying Theorem 1.4 to the resolvent equation (3-3) implies that, for all
felL>nLr?,

IR@) fllLr2 S 1Ro@) fllr2 + 1R Ipwra) IV | Lo2e [ R() fll Lao.2 < Csll fll L2

Combined with a density argument, this implies R(z) € B(L” 2) for each z € C \o(H).
Next, by taking the adjoint and using the fact R(z)* = R(Z), we see that R(z) € B(L?*?) for all

2n - 2n
n—1 n—>3"

Interpolating these two cases yields that R(z) € B(LP-?) for all

2n 2n
<

n+3 p= n—3"

Then the other cases in the first assertion follow by interpolating between the estimates on the two lines
1/p—1/g=0and 1/p —1/q = 2/n under the conditions 2n/(n +3) < p and ¢ < 2n/(n — 3).
Finally, assuming % <8< % without loss of generality, the second assertion follows from

lwRM) fll 2 S Iwll s | ROM) fll prsm202 S Nwll passeo | f 1l 2
for M < info (H) — 1, which is a particular case of the first assertion. [l

Proof of Theorem 1.8. When
2n - < 2(n+1)
n+2 - 7 n43

(1-10) follows from (1-6) and Stone’s formula (1-9). When

2n< <2n
nt3 Py

9

there are two main ingredients.
At first, it is known that E’ , (1) € B(L”, L?") for all

< 2(n+1)

1<
=P= n+3

and satisfies
IE A g, 1y S AOPVPUO7L > 0. G-8)

Indeed, E’ , (1) can be brought to the form E’ (1) = (2;1)*")\("*”/2RT/XR\/X, where

Ry u(w) :=/ e 2O x y(xydx, w>0, we S
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Then the Stein—Tomas restriction theorem (see [Tomas 1975; Stein 1970]) and the T T *-argument show
that R} Ry is bounded from L?” to L” for all

< 2n+D)

<
I=p= n+3 "’

which particularly implies (3-8) by scaling.
Secondly, we claim that the following identity holds for all f, ¢ € 8 and A € (0, c0):

(Ey)f,g) = (I + Ro(A—i0)V)'EL ,()(I — VR(A+i0)) f, 8). (3-9)

Since VR(A +i0) € B(L?) and (I + Ry(A —i0)V)~! € B(L?") for

2n - p< 2n
n+3 P~

by Corollary 1.5 and Proposition 3.1, the desired assertion (1-10) follows from (3-8), (3-9) and a density
argument.
It remains to show the identity (3-9). Let f, g € 8 and set

F(z)=+(I+Ry@V) ' ImRy(2)(I - VR(z)), zeCY,
which is a bounded operator from L2 to 3! (see the proof of Lemma 3.7), where
Im Ry(z) = (2i) ™" (Ro(z) — Ro(2)).
By (3-4) with z = A +ig, 7/ =7, one has 7! Im R(z) = F(z). Moreover,
(Ey()f.g)=n"" lim(Im RO +ie) f. g)
exists by Corollary 1.5. For the operator F(z), we write
F@f =3 +Ro@V) ™ ImRo(2)(x) > = Im Ro(2) VR(2)(x) ) (x)° f.

By Proposition 2.4, all of (I + Ry(Z)V) ™!, Im Ro(z) (x) 3, Im Ry(z)V and R(z)(x)~> extend to B(L?)-
valued continuous function on C+ \ €. Therefore, (F(A+i0) f, g) = limg\o(F (A +ig) f, g) exists and
coincides with the right-hand side of (3-9). Therefore (3-9) follows. O

The remaining part of the section is devoted to the following theorem, which plays a crucial role in the
proof of Strichartz estimates.

Theorem 3.8. Suppose that €N [0, co) = &. Let (p, q) be such that

1_1_2 and 2n <p< 2n
p q n (n+3) P (n+1)
Then
sup ”Pac(H)R(Z)”B(Lp,Z’Lq,Z) < Q. (3-10)

zeC\[0,00)
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We first prove some L”-boundedness of the projection P,.(H). At first note that, under the condition
0 ¢ £, H may have at most finitely many negative eigenvalues of finite multiplicities. Indeed, since
op(H) N (=00, 0) = 04(H), each negative eigenvalue has finite multiplicity and their only possible
accumulation point is z = 0. Moreover, Lemma 3.6 and the Fredholm alternative show that, for sufficiently
small § > 0, (—8,5) NE = as long as 0 ¢ €. Therefore, H may have at most finitely many negative
eigenvalues. In this case P, (H) is written in the form

N
Pe(HY=1=Y Pj, Pj:= (-, ¥}y, (3-11)

j=1
where ; are eigenfunctions of H and N < oo.
Lemma 3.9. We have v; € L92 and P,.(H) € B(L9-?) for all

2n <q< 2n .
n+3 n—3
Proof. Let ¥ be an eigenfunction of H with an eigenvalue A < 0. By virtue of (3-11) and real interpolation,
it suffices to show ¥ € L4-2. For a given ¢ > 0, we decompose V as V = v; 4+ v, with v; € Co°(R") and
V2]l pr2o < €. We first let

2n g < 2n
n—1 n—3"

By Sobolev’s inequality and Proposition 1.1, one has

IRoM V1Yl e S NRoM) V1Y lgmar-10 < Crllvidrllzz < Callvill g 1| 12,
[RoM)v2llperay S vl prrzee.

For & > 0 small enough, I 4+ Ro(A)v, thus is invertible on L7 and
¥ =—Roy(MVY = RyMviyy — Ry(Mvayy = —(I + Ro(R)v2) ™' Ro()viyr € LY.

Next, since Ro(A) € B(L?) for all 1 < p < oo, we have by Holder’s inequality that

I1Lr = 1ROV e < CllVY Ly < Call VIl 2o 1Yl Lo

if 1/p—1/q =2/n. This shows ¢ € L? for all

2n 2n
<

nt3 P ) +1°
Interpolating these two cases, we conclude that ¥ € L? for all

2n 2n
<

n+3 1=7=3
Proof of Theorem 3.8. Assume that € N [0, co) = &. Then one can find § > 0 small enough such that
dist(Es, [0, 00)) > §/2. The proof is divided into two cases: z € C\ ([0, o0) U Es) and z € E;. For the
case when z € C\ ([0, 0co) U &), since

O

2n < /< 2n
1P =53
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and P;R(z) = (A; — )71, Y ;)¥j, Lemma 3.9 implies

IP;R@) fll e <87 NVl a1Vl ol fll Loz
which, together with Theorem 1.4 and the formula (3-11), gives us the desired bound

sup | Pac(HDR@) Igrre.pany S8 (3-12)
zeC\([0,00)UEs)

When z € &5, we use twice the first resolvent equation R(z) = R(z') — (z — ) R(z') R(z) to write
Pic(H)R(2) = Poc (H)R(M) + (z + M) Poc (H)R(M)? + (2 + M)*R(M) Poc (H)R(2) R(M),

where we have taken M < info (H) — 1. Note that |z + M| < 2|M| + § for z € € since € is a bounded
set in R. Moreover, we have by Lemma 3.9 and Corollary 1.6 and Theorem A.1 that
| Pac(H)R(M) grr2,10.2) < || Pac(H) lgza2) I RIM)Igrr2, 102y < Cmts
|R(M) |2, L2y + | R(IM) lgr2,12) < Cm

for some C); independent of z. It follows from these two bounds and the trivial L?-bound

sup || Pac(H)R(2)lpz2) < dist(Es, [0, 00)) ™' <267

1663

that there exists Cj s > 0, independent of z, such that

sup || Pac(H)R(2) lg(zr2,102) < Cim,s- (3-13)
ZEE(S
The assertion of the theorem then follows from (3-12) and (3-13). O

4. Kato smoothing and Strichartz estimates

This section is devoted to the proof of Theorems 1.10 and 1.12. We first prepare several lemmas. Let ¢//4
be the free Schrodinger unitary group and define

t
ToF (1) ;:/ e TIAF(s)ds, F e Ll (R; L*(R")).
0

The estimates for the free Schrodinger equation used in this section are summarized as follows:

Lemma 4.1. Let (p, q) satisfy (1-12), (ps, qs) be as in (2-3) and p > % Then

e B9l p a2 S 1N L2, 1)
< n 3n—4 i
”FOF”L%in‘z ~ ”F”LIZLJ,:’Y’Z for 2(7’1—1) <s< 2(”1—1)’ (4 2’)
< ) __n 3n—4 i
IToF 20 SIFIlz2pe fors =505 =Ty (4-3)
1)~ IDI1 el 22 S Il 2, (4-4)

1) PIDIY2 Lo Fll 212 S IF N2 vs202. (4-5)
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Proof. Inequality (4-1) for p > 2 is due to [Strichartz 1977; Ginibre and Velo 1985]. Inequality (4-1)
with p = 2 and (4-2) with s = 1 were settled in [Keel and Tao 1998]. Inequality (4-2) was proved
independently by [Foschi 2005] and [Vilela 2007]. Inequality (4-3) was settled recently in [Koh and Seo
2016]. Kato-smoothing (4-4) was proved in [Kenig, Ponce, and Vega 1991]. Finally, (4-5) can be found
in [Mizutani 2018, Lemma 3.2]. U

The following lemma, which was proved in [Kato 1966] (see also [Reed and Simon 1978; D’ Ancona
2015]), shows the equivalence of the uniform weighted resolvent estimate and the Kato smoothing
estimate.

Lemma 4.2. Let L be a self-adjoint operator on a Hilbert space 3, let A be a densely defined closed
operator on J(, and let a > 0. Then the following two estimates are equivalent to each other:

[(Im(L —2) "' A*u, A*u)scl <aluld,  ue DAY, z€C\R,
lAe™ " 0]l 29 < 2¢/allvllse, v € K.
The following concerns the equivalence of Sobolev norms generated by A and H.

Lemma 4.3. Assume that EN[0,00) =T and 0 <s < % Then
(= A+ M) *(H + M) |lg2) + (H + M) P (= A+ M) |Ig(12) < o0. (4-6)

Proof. The proof will be given in the next section. O

Recall that (-, - )7 is the inner product in LZTLi defined by (F, G)r = f_TT(F(t), G(t))dt. It is not
hard to check that (I'y F, G)r = (F, I'};;G)r with

T t
[5G (1) = 1[0.00)(7) / e I G(s) ds — L(—o0.0)(2) / e IR G(s) ds.
t -T

The following lemma gives the rigorous definition of Duhamel’s formula (in the sense of forms).

Lemma 4.4. Let % <5< % V€ Lg/‘y’oo([R”; R) and V, € Lg/(z_‘g)’oo([l%”; R) be such that V = V; V,.
Then, for all € L?* and all simple functions F, G : R — 8,

(e P (HYY, G)1 = (€'"® Poc (H)Y, G) 1 — i (V) Pac(H)e "oy, Val'§G)r, (4-7)
(T Poc(H)F, G)r = (ToPac(H)F, G)7 — i (ViT g Poc (H)F, VaT'}G) 7, (4-8)
= ([F, Pac(H)G)7 — i (VaToF, ViT% Poc(H)G) 7. (4-9)

Proof. The proof is basically same as that in [Bouclet and Mizutani 2018, Proposition 4.4], where the case
s = 1 was considered. We shall show (4-8), since the other proofs are similar. We start from the formula

t
(e7 " Pyc(H)u, v) — ("2 Poe(H)u, v) = —i / (VieT "1 Py (H)u, Voe! "2 v) dt (4-10)
0

for u, v € 8, which follows by computing % (e”""M P, .(H)u, e""*v). Here note that the HLS inequality
(A-2) and Lemma 4.3 yield

[(Vie ™ Poc(HDu, Vo' CD20) [ SNV pwse I Vall prre-soe (= A + D 2ull 2 [ (= A + D520 12 < 00
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and, hence, the right-hand side of (4-10) makes sense. Changing ¢ to t —s, plugging in u = F(s), v=G(¢)

and integrating in s over [0, ], we obtain

(P Pac(H)F (1), G(1)) — (To Pac(H) F (1), G(1)) .

= —i// (Vie 'C=9H p (HYF(s), V' T D2G (1)) dt dt,
0Js

where, by the same argument as above, the integrand of the right-hand side is finite and thus integrable in

(t, s) € [0, t]%. Therefore, by Fubini’s theorem,

(T Pac(H)F (1), G(1)) — (Do Pac (H)F (1), G(1))

:—i/ (ViT Puc(H)F (1), V2! T D2G (1)) dt.  (4-11)
0

Finally, observing from the same argument as above that [(V{[ 'y F(1), V,é' T=DAG(1))] is finite, we
integrate (4-11) in ¢ and use Fubini’s theorem to obtain the desired formula (4-8). U

Remark 4.5. When s = 1, the identities (4-7), (4-8) and (4-9) also hold for all F,G € LIIOCL2; see
[Bouclet and Mizutani 2018, Proposition 4.4].

Using these lemmas, we first prove Kato smoothing estimates.

Proof of Theorem 1.10. The following argument is basically same as that in [Burq, Planchon, Stalker, and
Tahvildar-Zadeh 2004]. With the above remark at hand, we use (4-7) with G replaced by | D] 12(x)=PG
to obtain

((x)~?|D|"2e™ " H P (H)Y, G) 1
= ((x) | D" 2" A Py (H)W, G)1 — i (Vi Poc(H)e "y, VT8 | DIV (x) ™ G) r

forall y € L?> and a simple function G(¢) : R — 8. By (4-4), the first term obeys
[((x) 7| D|' 2" P ()Y, G) 7| S 1112 1G22 (4-12)
uniformly in 7 > 0. On the other hand, we have by the dual estimate of (4-5) that
(Vi Pac(HDe™ "y, VTG G) 7| S IV Pac(HDe ™ 11 1212 1G22 (4-13)
uniformly in 7 > 0. For the term ||V} Poc (H)e ""H s ||L[zL§, we use Lemma 4.2 to deduce
V1 Pac(HDe™ ™l 22 S 1Yl .2 (4-14)
from the following uniform weighted resolvent estimate

sup || Vi Pac(H)R(2) Pac(H) Vi [lg(12) < 00,
zeC\R

which is a consequence of Theorem 3.8 and Holder’s inequality (A-1), where we note that P, (H V2=P,.(H)
since Pyc(H) is an orthogonal projection. Finally, (4-12)—(4-14) imply

[((x) | D2 Poc(H)Y, GYr) SN 201G 22,

which, together with duality and density arguments, gives us the assertion. U
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In order to prove Strichartz estimates, we need one more lemma.

Lemma 4.6. Assume € N[0, 00) = &. Then, for any % <s§s< % there exists C > 0 such that, for all
w e L(2=s).00, x € CPR") and T > 0,

IXTh Pac(HO)WF 1212 < Clix | prssce |wll prre-s.co [ Fll 12 2 (4-15)

Proof. The proof is essentially based on the argument in [D’Ancona 2015, Theorem 2.3]. At first note
that it suffices to show (4-15) with [T, T] replaced by R. Indeed, since s € [-T, T]if r € [-T, T] and
s €[0,¢t] (or s € [t, 0]), (4-15) with [T, T'] replaced by R implies

||XFHPac(H)WF”L?TL?r ,S ”:]-[—T,T](S)F”LfL)Zr = ||F||L2TL)2(
We may assume, by a density argument, that F(¢) : R — § is a simple function. Set A| = x (x) Py, (H)
and A, = wP,.(H). For a function v(¢) : R — L2, ¥ denotes its Laplace transform:

+oo
1(2) = :I:/ e“'v(t)dz, +Imz>0.
0

A direct calculation yields that if v(z) = 'y A F () then v(z) = —iR(z)A”Z‘f (z), where the identity
ASF = A;f follows from the estimate ”AZF”Ll' 12 S llwll pre-s.c ||F||L11 42-s < 00 and Hille’s theorem
[Hille and Phillips 1957, Theorem 3.7.12]. Also we see that v(¢) € D(A;) for each ¢. Indeed, writing
F() = Z?’:l 1g, (1) fj with some f; € S(R"), we have for each ¢

lt] N

N
isH —itH
lA@l2 <) /O 1A " e ™ Py (HYwjll 2 ds S1tllwl pwe-ose Y 1 fillgas < 00,
j=1 j=1

Then one can use Parseval’s theorem to obtain
+00 -
if e 21 v(r), ATG (1)) dt = 2;1/ (D(r%ie), ALG(A+ig))dr, &>0,
0 R

for any simple function G : R — 8. By virtue of uniform Sobolev estimates (3-10) with

2n 2n )

P, @)= (n+2(2—s)’ n—2s

and Holder’s inequality (A-1), the integrand of the right-hand side obeys
(B £ie), A{G(xie))| < x|l prsllwll pre—so |F(Eie) | 211G ie)| 2.

Applying again Parseval’s theorem, we have

+o0
/ e XM u(r), ATG (1)) dt
0

f(ﬁ(kiie),ATé(kiis))dA
R

Sl oo llwll pre-s.o | F(Aie) [l 22 11G (AEie) || 22

Sl lpnecllwll pre-selle MF @l 2@, 2@ le GO 2@y 200y
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which, together with the density of simple functions with values in 8, shows
le™"M AT 5 AaFll 212 S Ix g llwll ool Fll 22, F € L7L.
The result then follows by letting ¢ — 0. ]

Remark 4.7. If % < s <1, (4-15) also holds for any x € L™, The proof is completely the same.

When1<s<%,

x € L% only, even if F : R — 8. This is the reason why we have assumed x € Cg°. We however

we do not, a priori, know ye ""# P, .(H)wF(s) € Lﬁ for each ¢, s under the condition

stress that Lemma 4.6 is sufficient for our purpose.
We are now ready to show our Strichartz estimates.

Proof of Theorem 1.12. Using (4-1) and (4-2) with s = 1 instead of (4-4) and (4-5), respectively, one can
see that the proof of the homogeneous endpoint Strichartz estimate of the form

le™ ™ Pac (DY I 2 20022 S 1 2 (4-16)

is similar to that of Theorem 1.10 and even easier than that of (1-14). We thus omit the proof.
We shall show (1-14). Let

n__g_3n=4
2—1) 2—1)
and V| € Lg/ S and V, € Lg/ (@79):% pe real-valued such that V = V; V». Take a sequence VijeC

such that [[Vi — Vi jll pase0 = 0. Let F: R — S be a simple function in ¢. As in the proof of Lemma 4.4,
we see that I'y Py (H)F € LZTL?’2 for each T > 0 by Lemma 4.3. Then, by the duality argument, we
have

2 Ssup{l(Tu Puc(H)F, Gzl | Gl

1T Pac(H)F 2 1}, (4-17)

qs l2 =
L L2LY

where we may assume by a density argument that G : R — § is a simple function. Then, it follows from
Duhamel’s formula (4-8), (4-2), Lemma 3.9 and Holder’s inequality (A-1) that
(Cr Pac (H)F, G171 S [ Pac (H) s ) 1 Fll 2052 + V1Tl Pac (H) Fll 2 2 [1Vall prve-s0e

TV = Vil pwsoe 1T 1 Pac (HD) Fll 2 a2

uniformly in 7 > 0. Taking j large enough (which can be taken independently of T'), the last term can be
absorbed into the left-hand side of (4-17), implying

”FHPaC(H)F”L%LzS’Z S ”F”L,ZL,‘(’S'Z + ”‘/l,j1—‘1‘11)%10(I_I)Fw”L2TL)2C

uniformly in 7 > 0. To deal with the term ||V ;' Pic (H) F|| 122> We use (4-9) to write

L2
(Vi.;Tu Puc(H)F, G)1 = (ToF, Poc(H)V1 jG)1 — i (VaToF, Vil Puc(H)V1;G) 1

for all simple functions G:R—>3$ satisfying ||(~?|| L202=1 = 1. By (4-2) the first term enjoys

~

(Lo F, Pac(H)V1 i G) 1l S UV jll piscc 1F N 2o SIEN 252
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uniformly in 7 > 0 and j. On the other hand, since V,I'}; Poc(H) V7, jé € LZTLi by Lemma 4.6 and
ViloF e L2TL)2€ by (4-2), the last term can be rewritten in the form

(VaToF, Vil Pac(H) V1, G) 1 = (ViToF, Val'§y Pac (H) V1 G) .

Using (4-2), Lemma 4.6 and a duality argument, we then obtain

~

|(ViToF, Val'ly Pac (D1 G) 7| S TF N o2
Putting it all together, we conclude that
10w PacCHYF Il 2 a2 S IF 2 e

uniformly in T > 0, which implies the desired estimates (1-14) for

n < 3n—4
2(n—1) 2(n—1)"

The cases s =n/(2(n — 1)) and (3n —4)/(2(n — 1)) can be obtained analogously by using (4-3) instead
of (4-2). O

5. Spectral multiplier theorem
This section is devoted to the proof of Lemma 4.3 and Theorem 1.15. Proofs are based on an abstract

method in [Chen, Ouhabaz, Sikora, and Yan 2016], which, in the Euclidean case, can be stated as follows.

Proposition 5.1 [Chen, Ouhabaz, Sikora, and Yan 2016, Theorem A]. Let 1 < pg <2 and 1 < g < o0.
Let L be a nonnegative self-adjoint operator on L*(R") satisfying the following two conditions:

» Davies—Gaffney’s estimate: for any open sets U; C R" and ; € Lz(Uj), j=172,

dU,, Uy)?

(e " Ly, Yn)| < exp(— P

)IIlﬁlIlLZIIWzIILL (5-1)

where d(Uy, Uz) :=infy, cy, x,ev, |X1 — X2| is the distance between Uy and U,.

o Stein—Tomas-type restriction estimate: for any a > 0 and any bounded Borel function Fy on R supported
in [0, a], we have Fo(«/Z) e B(L™, L?) and

1Fo(VL)Lae.r llgrr. 12y S @772 | Fota )l (5-2)

forall x e R" andr > a~', where B(x,r) ={y | |y —x| <r}.

Then, for any bounded Borel function F on R satisfying
|Flwg.g) :=sup |¥ () F () llywsam < 00, (5-3)
t>0

with some nontrivial y» € C§° supported in (0, 00) and

pomala(l, 1)
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such that B is an integer if ¢ = 0o, we have F(~/L) is bounded on L? for all py < p < P, and satisfies
IFVD)llgwry < CF hog.q) + I FO)D.

Strictly speaking, instead of Davies—Gaffney’s estimate, it was assumed in [Chen, Ouhabaz, Sikora,
and Yan 2016] that L satisfies the so-called finite-speed propagation property; see (FS) on page 229
of [loc. cit.]. However, these two conditions are known to be equivalent; see [loc. cit., Theorem 3.4].
Moreover, (5-1) is always satisfied for nonnegative Schrodinger operators —A + V(x) as shown in
[Coulhon and Sikora 2008].

Lemma 5.2 [Coulhon and Sikora 2008, Theorem 3.3]. Let L = —A+V (x) with real-valued V € LIIOC(R")
such that L > 0 as a quadratic form. Then (5-1) is satisfied.

When g = 00, (5-2) can be replaced by an LP-L? estimate of the Schrodinger semigroup.
Lemma 5.3. Let 1 < pg < 2. Then (5-2) with g = oo follows from
le g gz S " 7YD >0, (5-4)
Proof. By [Chen, Ouhabaz, Sikora, and Yan 2016, Proposition 1.3], (5-2) with ¢ = oo is equivalent to
le ™ E g lgerror2) S 1B, )P0 2 yr A=l s 0 x e R, > 1,
which clearly follows from (5-4) since |B(x, r)| < C,r". O

Now we show Lemma 4.3 whose proof is classical and based on Stein’s complex interpolation theorem.
Let us fix M > |info (H)|+ 1 so that H + M > I. A key observation is the following.

Lemma 5.4. For any o € R and
2n 2n

n+3 =pP= n—3"

we have
1(H + M)“Ngry < Crler)”.

Proof. Tt is easy to see that F(x) = X2 satisfies | FlWn.00) < Cpia)" and |F(0)| = 1. Let us fix

2n <po< 2n
n+3 “n+2
arbitrarily. By virtue of Proposition 5.1 and Lemmas 5.2 and 5.3, it suffices to show that L := H + M
—’L into the absolutely continuous part e*tzLPaC(H ) and the discrete part

satisfies (5-4). Decompose e

N 2L p.
ijl e "t P;.

For the discrete part, since A; + M > 1, we know by Lemma 3.9 that
_ 2L _ 42 Ai+M _ 42 _ 42
le™ Py fll o = le™ S0P £l < e llojll sl I e S e 1 pro-

On the other hand, it follows from the spectral decomposition theorem that

o0

_42 _42 _n2 _942

e P (HY (e PP (H)) = e 2L P (H) _—f e M GE L (V).
0



UNIFORM SOBOLEV ESTIMATES FOR SCHRODINGER OPERATORS WITH SCALING-CRITICAL POTENTIALS 1363
Theorem 1.8 then implies
2 o 2 / /
—2°L —2°(A+M) 4 (n/2)(1/po—1/py)—1 —n(1/po—1/py) — 4—2n(1/po—1/2)
||€ PaC(H)”B(Lpo’LP(/)) 5/ e )\. 0 d)\.st 0 =1 .

172

. _2 92
Since fle ™" Poc (D llp(zro.12) < le™"E PacCED g, 116,

by the duality, (5-4) follows. ]

Proof of Lemma 4.3. We may assume 1 < s < % without loss of generality since the case when 0 <s <1
follows from Stein’s complex interpolation [1956] and the estimate

I(=A+ MY2(H + M) g2y + 1(=A+ M) V2(H + M) P |g ) < o0,

which is a consequence of the fact that the form domain of H is F'.
For f, g € 8, we consider a function G(z) = ((H + M)~* f, (—A + M)*g) which is continuous on
0 <Rez <1 and analytic in 0 < Rez < 1. By Corollary 1.6 and Lemma 5.4, for

2n 2n 2n 2n
—— <ri<—— and —— <rp<-—,
n—+

n—3 n+3
we have

IGGOI < I(H +M) 7" fllpn [ (=A+ M) gl S O™ f I llgl
IGA+in)| < [(=A+M)YH+M) " Fllpnl(=A+ M) gl s SO N2 lgl,

where, since (—A + M)(H +M)~' =1— V(H 4+ M), the second estimate can be verified as

I(=A+M)Y(H+ M) ggny < 1+HIVH+M) gen <1+ CullV i gz,

Let
2n 2n

and r2=m.

ri =
! n—2s

1 Ky 1 s 1
z—(l—z)(;l)ﬁ';z’

we apply Stein’s complex interpolation theorem to G, implying |G (s/2)| < C¢|| fll;21lg|l ;2. This gives us
pply p p plying L L g

Since

I(=A+M)"2(H + M)l 12 < 0.
Applying the same argument to a function G(z) = ((—A+ M) * f, (H + M)*g), we also have
ICH + MY (=A + M)~ |2 < oo m
Next we shall show Theorem 1.15.

Proof of Theorem 1.15. Since H is assumed to be nonnegative, the Davies—Gaffney estimate (5-1) is
satisfied. It thus remains to check the Stein—Tomas-type restriction estimate (5-2) with ¢ = 2. Let

2n - o < 2n
n+3 Po n+2
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and Fy € L*°(R) be such that supp Fy C [0, a]. By Theorem 1.8,

2

a
1EoCHY Nl 1) S / | Fo(W/a)Pal/2 A/ o=t/ g,
’ 0

2 1 —1/pp)—1 1 —1/p; 2
< ”FO”LZ([O,a])an( /po—1/pg) < a"/po /po)”Fo(a')HLz-

Finally, by the duality, we have ||F0(\/ﬁ)||B(L,,0’L2) < |Fo(VH)?|
above estimate for || Fo(v/H)?|

1/2 ) . .
/ , , which, combined with the
B(LP0,L70)

B(LP0,L70)’ implies (5-2) with g = 2. .
We conclude this section with two immediate consequences of Theorem 1.15.

Corollary 5.5. Suppose that EN[0,00) =2, H>0and0<s < % Then
I(=A)2H ™ gy + | H 2 (= 8) 7 |lg(r2) < 00
Proof. The proof is analogous to that of Lemma 2.8. (I

Corollary 5.6. Suppose that €N [0, 00) = & and H > 0. Let ¢ € C;°(R) be such that supp ¢ C (%, 2),
O0<p<land Zjez ©(27/1) =1 for all A > 0. Then, for any

2n < 2n
n+3 p n—>3’

there exists C,, > 0 such that

C, SNl < < Cpll fll -

1/2
(Z p27 H)f(x)lz)
Lp

jezZ

In particular, if2 < p < 2n/(n —3), then

1/2
iy 2
1fllze S (Z llp2 ’H)fIILp> .
jez
Proof. With Theorem 1.15 at hand, the corollary follows from a standard method in [Stein 1970]. The
proof is completely the same as that for the usual Littlewood—Paley estimate and we omit it. ]

6. Eigenvalue bounds

This section is devoted to the proof of Theorem 1.19. The proof is based on a method of Frank [2011;
2018]. Recall that W e L"/?*7(R"; C) with 0 < y < oco. Then W is H-form compact. Indeed, taking
M > —info (H), we see that [W|'/2(1 — A)~'/2 is compact and (1 — A)Y/2(H + M)~'/? is bounded.
Hence |W|V2(H+M)™ 12 =|W|'/2(1—=A)"12(1—A)YV2(H+ M)~ /2 is also compact. Then there exists
a unique m-sectorial operator Hy such that D(Hy) C Q(Hw) = KH! and (Hwu, v) = ((H + W)u, v)
for u € D(Hw) and v € H'. We also have D(Hy) is dense in ', and o (Hyw) is contained in a
sector {z € C | |arg(z — z0)| < 6} for some zp € R and 6 € [0, %), see [Kato 1966, Theorems VI.3.9
and VI.2.1]. We fix a factorization W = W, W, with W; = |W|/2sgn W and W, = |W|'/2, where
sgn W(x) = W(x)/IW(x)| if W(x) # 0 and sgn W(x) =0 if W(x) = 0. Let d(z) = dist(z, [c0). We
begin with the following lemma.
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Lemma 6.1. Suppose that E € C\o (H) is an eigenvalue of Hy. Then —1 is an eigenvalue of Wi R(E) W,.
Moreover,if 0 <y < % the same statement also holds for E € (0, 0c0)\ € with R(E) replaced by R(E +1i0).

Proof. We show the lemma for the case E € (0, 0o) \ € only, since, in the case £ € C\ o (H), the lemma
is a consequence of the well-known Birman—Schwinger principle (see, e.g., [Frank 2018, Section 4]), and
the proof is easier. Let f € Ker;2(Hy — E). We let ¢ € 8§ and plug v = R(E —ig)W;¢ € H! into the
identity ((H — E) f, v) + (W f, Wov) = 0, letting ¢ \( 0 and then using Corollary 1.5(2) to obtain

(Wif, o) +(WIR(E+i0O)WoW, f, ¢) =0.
Since |Wy fllz2 S IIWill g || fllge < 00, this shows Wy f € Kerj2 (I + Wi R(E +i0)W>). (Il

Since W R(E)W, is a compact operator on L%, if —1 is an eigenvalue of W R(E)W, then
[WiR(E)W:llgr2) > 1 at least. With this remark at hand, it is easy to see that Theorem 1.19 follows
from the following lemma.

Lemma 6.2. Forany § >0and0 <y < %, one has
IWIR@)Wallg2) < Csle ™/ @2 [ Wil ey, z€C\&s, (6-1)
where R(z) is replaced by R(z +i0) if z € (0, 00) \ €s. Moreover, for any y > %,
IW1 R(@)Wallg(2) < Cyslz) = V22D g ()0 1D/ Wl sy, 2 € C\ (E5U10, 00)). (6-2)

Proof. Inequality (6-1) is a direct consequence of (1-5) and (1-6) with

11 1 .
p_2+n+2y and g =p'.
For the proof of (6-2), we take
_2y—1
0= N1y €(0,1)
so that
_ n+l
o= n+2y’
Interpolating between (1-5) with
2(n+1) _
=3 and g=p

and the trivial bound || R(z) g2y = dist(z, [0, 00))~! and, then, using Holder’s inequality, we obtain

Wi R(EYWallg2) < Cy 51zl == a @)~ W[ Loy
= C, 5lz| VO () DB W s

which completes the proof. ([
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Appendix: Real interpolation and Lorentz space

Here a brief summery of real interpolation spaces and Lorentz spaces is given without proofs. One can
find a much more detailed exposition in [Bergh and Lofstrom 1976; Grafakos 2008].

A pair of Banach spaces (A, B) is said to be a Banach couple if both A, B are algebraically and
topologically embedded in a Hausdorff topological vector space C. Note that one can always take C
to be a Banach space Ay + A;. Given a Banach couple (Ap, A1) and 0 <6 <l and 1 < g < o0,
one can define a Banach space Ag , = (Ao, A1)e,4 by the so-called K-method, which satisfies that
(Ao, Ao)e,q = Ao and (Ao, A1), = (A1, Ap)1-9,4 With equivalent norms and that if 1 < g <g> <00
then (Ao, A1)e,1 = (Ao, A1)e,qy = (Ao, A1)a,q, = (Ao, A1)s,00. Then the following real interpolation
theorem is frequently used in this paper.

Theorem A.1 [Bergh and Lofstréom 1976, Theorem 3.1.2; Cobos, Edmunds, and Potter 1990]. Let
(Ao, A1) and (Bg, B) be two Banach couples, 0 < 6 < 1 and 1 < g < oo. Suppose that T is a
bounded linear operator from (Ao, A1) to (Bo, By) in the sense that T : A; — B; and ||T||B(Aj,3,-) <M;,
J =0,1. Then T is bounded from Ay 4 to By , and satisfies IT By, o) = M(;_QMIG. Moreover, if
both T : Ay — Boand T : Ay — By are compact, then T : Ag 4 — By 4 is also compact.

Next we recall the definition and basic properties of Lorentz spaces. Given a p-measurable function f
on R", we let ur(a) = pu({x | | f(x)| > a}). If we define the decreasing rearrangement of f by f*(¢) =
inf{a | ;g (a) <t} then the Lorentz space L?-9(R") is the set of measurable f such that the following
quasinorm is finite:

-1
L7 = 1PV 5O oy an = P et s @ P Lo, o 1da) < 09

Moreover, if 1 < p < oo and 1 < g < oo (which are sufficient for our purpose), then

t
s =17 e 7@ i= 1 [ 1@ de

becomes a norm on L”¢ which makes L?'? a Banach space. Furthermore, || - ||}, is equivalent to
|- 17 r.q in the sense that || |7 o0 < | fllzre < C(p, DI fI} rq With some constant C(p, g) > 0. Thus all
continuity estimates for linear operators can be expressed in terms of || - [|7,,. L?¢ is increasing in g:
LPl s [P0 s LPP =P s PP s [P if | < gy < p < g < 00. Moreover, L4 is characterized

by real interpolation: for0 <6 < 1, 1 < p; < p < 0o with

1:1—9+9

p P1 P2
and 1 <g < o0, one has (L7, LP?)y , = LP-1 with equivalent norms. If 1 < p, g < oo then LP9(X; C) =
Lp/’q/(X; C), where r' = r/(r — 1) is the Holder conjugate of r.

Finally we record two inequalities used frequently in this paper. First, for 1 < p, p; < oo and
1 <gq,q; < oo with



UNIFORM SOBOLEV ESTIMATES FOR SCHRODINGER OPERATORS WITH SCALING-CRITICAL POTENTIALS 1367

one has Holder’s inequality

lfellppa Clfllprallglpra, Nfg&llrra < Clfllzellgllzra- (A-1)

Secondly, forl <s <n, l <p<g<oo, 1/p—1/g=2/nand 1 <r < 0o, we have the HLS inequality
I=2)" fllar < CUf lippr- (A-2)
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WHEN DOES A PERTURBED MOSER-TRUDINGER INEQUALITY
ADMIT AN EXTREMAL?

PIERRE-DAMIEN THIZY

We are interested in several questions raised mainly by Mancini and Martinazzi (2017) (see also work of
McLeod and Peletier (1989) and Pruss (1996)). We consider the perturbed Moser—Trudinger inequality
I () at the critical level o = 47, where g, satisfying g(t) — 0 as ¢t — 400, can be seen as a perturbation
with respect to the original case g = 0. Under some additional assumptions, ensuring basically that g does
not oscillate too fast as t — +oo, we identify a new condition on g for this inequality to have an extremal.
This condition covers the case g = 0 studied by Carleson and Chang (1986), Struwe (1988), and Flucher
(1992). We prove also that this condition is sharp in the sense that, if it is not satisfied, I fn (£2) may have
no extremal.

1. Introduction

Let Q be a smooth, bounded domain of R? and let HO1 = HO1 (€2) be the standard Sobolev space, obtained
as the completion of the set of smooth functions with compact support in €2, with respect to the norm

I+ Il given by
e, = / Vu(o) dx.
0 Q
Throughout the paper, €2 is assumed to be connected. Let g be such that
g€ Cl(IR), lim g(s) =0, g(t)>—1 and g()=g(—t) forall¢ (1-1)
s—>+00

(see also Remark 1.6). Then, we have

Coa(2):= sup / (1+ g(w)) exp(u®) dx (I3 ()
Q

Lo, 012
MEHO-HMHH(; <a

is finite for 0 < o < 4m and equals +oo for @ > 4. This result was first obtained in [Moser 1971] in the
unperturbed case g = 0. Still by that work, we easily extend the g = 0 case to the case of g as in (1-1).
Finally, [Moser 1971] gives also the existence of an extremal for (I3 (R2)) if 0 < o < 47 (see Lemma 3.1).
If now o = 47, getting the existence of an extremal is more challenging; however, Carleson and Chang
[1986], Struwe [1988] and Flucher [1992] were also able to prove that ([ EN(Q)) admits an extremal in
the unperturbed case g = 0. Yet, surprisingly, McLeod and Peletier [1989] conjectured that there should
exist a g as in (1-1) such that (/ fn (2)) does not admit any extremal function. Through a nice but very

MSC2010: 35B33, 35B44, 35715, 35J61.
Keywords: Moser—Trudinger inequality, blow-up analysis, elliptic equations, extremal function.
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implicit procedure, Pruss [1996] was able prove that such a g does exist. Observe that, since g(u) — 0
as u — +ooin (1-1), (1 4+ g(u)) exp(u2) in (15 (R)) seems like a very mild perturbation of exp(uz) as
u — 400 and then, this naturally raises the following question:

Question 1.1. To what extent does the existence of an extremal for the critical Moser—Trudinger inequality
04 fn ()) really depend on asymptotic properties of the function 7 — exp(z?) as t — 4+00?

To investigate this question, we may rephrase it as follows: for what g satisfying (1-1) does (/. fn ()
admit an extremal? This is Open Problem 2 in [Mancini and Martinazzi 2017], stated in this paper for
Q = D?, the unit disk of R2. In order to state our main general result, we introduce now some notation.
For a first reading, one can go directly to Corollary 1.3, which aims to give a less general but more
readable statement. We let H : (0, +00) — R be given by

H) =1+g0) + gz(tt), (1-2)
so that we have
[(1+g(t) exp(t?)] =2t H (1) exp(t?). (1-3)

We set tH(t) =0 for t =0, so that t — ¢ H(¢) is continuous at 0 by (1-1). This function H comes into
play, since the Euler-Lagrange associated to (I5 (R2)) reads as

Au = AuH (u) exp(u?) %n Q, (1-4)
u=>0 in 0€2,
where A € R is a Lagrange multiplier and A = —d,, — d,, (see also Lemma 3.1 below). Now, we make

some further assumptions on the behavior of g at +00 and at 0. First, we assume that there exist §y € (0, 1)
and a sequence of real numbers A = (A(y)), such that:

(1-52) H(y —t/y) = H@y)(1+ At +o(|A(y)|+y ™) in C (R) as y — +o0.

(1-5b) There exists C > 0 such that |H(y —t/y) — H(y)| < CIH(y)|(JA(y)| + y_4)exp(80t) for all
y>landall0 <t <y2

(I-5¢) limy, 4o A(y) =0.

0
loc

also assume that there exist 8(’) €(0,1), «k =0, &g € {—1, +1}, F given by F(¢t) := &ot*, and a sequence

In (1-5a) and (1-6a), y is a parameter and the C; ([0, +00)) convergence is in the z-variable. We

B = (B(y)), of positive real numbers such that:

(1-6a) (1/y)H(1/y) = B(y)F(t)+o(IB(y)|+y~") in C}, (0, +00),) as y — +oo.
(1-6b) There exists C > 0 such that [(¢/y)H(t/y)| < C(|B(y)| + y‘l)exp(é(’)t) for all y > 1 and all
0<t<y>
Observe that we may have B(y) = o(y~!) as y — 400, in which case the precise formula for F is

not really significant. Since # — (1 + g(¢)) exp(tz) is an even C! function, we have

lim B(y)=0, (1-7)

y—>+00



WHEN DOES A PERTURBED MOSER-TRUDINGER INEQUALITY ADMIT AN EXTREMAL? 1373

in view of (1-3) and (1-6). Following rather standard notation, we may split the Green’s function G of A,
with zero Dirichlet boundary conditions in €2, according to

1 1
G.(y)= E(logm‘i‘?‘lx(}’)) (1-8)

for all x # y in €2, where H, is harmonic in 2 and coincides with —log 1/|x — - |2 in 9Q. Then the
Robin function x — H, (x) is smooth in €2, and goes to —oco as x — 92, so that we may set

M = max H,(x),
xe2

Ko={yeQ:H,(y) =M}, (1-9)
s=max [ G.0)FAG.Nay.
z€Kq Q
where F is as in (1-6). For N > 1, we let gy be given by
+o00 2%k
2 2 !
(1+gn (D) exp(t?) = (1+g(1) (1 +1 >+<1+g<t>>( 3 F)’ (1-10)
k=N+1

so that gy < g, gn(0) = g(0) for all N > 1, while g = gn for N = 1. We also set

Ng(R2) := max /((1+g(u))(1+u2)—(l+g(0))) dx. (1-11)
Q

Loy, 112
MEH0~||“”H& <4r

We are now in position to state our main result, giving a new, very general and basically sharp picture
about the existence of an extremal for the perturbed Moser—Trudinger inequality ([, fﬂ (2)).

Theorem 1.2 (existence and nonexistence of an extremal). Let Q be a smooth bounded domain of R>.
Let g be such that (1-1) and (1-5)—(1-6) hold true for H as in (1-2), and let A, B and F be thus given.
Assume that
= i Y TRAM) 4y exp(—1 = M)B()S
y—+oo Yy 1AW +y3IB()I

exists, where M and S are given by (1-9). Then:

(1-12)

(D) If I >00r Ag(2) > m exp(l + M), then (Ifﬂ (£2)) admits an extremal, where A4(2) is as in (1-11).

(2) If I <0and Ay(2) < wexp(l + M), there exists No > 1 such that (Ifjf (2)) admits no extremal for
all N > Ny, where gy is given by (1-10).

Observe that, for all given N > 1, gy satisfies (1-1) and (1-5)—(1-6), with the same A, B and F as
the original g, in view of H(y) — 1 as y — +00; see (3-3). Moreover it is clear that Ag, (£2) < A4(£2).
Then, this second assertion in Theorem 1.2 proves that the assumptions on g in the first assertion are
basically sharp to get the existence of an extremal for (/ fﬂ (2)). As aremark, Pruss [1996] concludes that
the existence of an extremal for the critical Moser-Trudinger inequality is in some sense accidental and
relies on nonasymptotic properties of exp(u?). Theorem 1.2 clarifies this tricky situation: the existence or
nonexistence of an extremal for ([ fn (£2)) may really depend on a balance of the asymptotic properties of g
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both at infinity (given by A(y)) and at zero (given by B(y)). Yet, it may also depend on the nonasymptotic
quantity Ag(€2) (see Corollary 1.4). Observe that Ag(£2) = 47 /A1(£2) in the unperturbed case g = 0,
where A1 (€2) is the first Dirichlet eigenvalue of A in .

From now on, we illustrate Theorem 1.2 by two corollaries dealing with less general but more explicit
situations. Let ¢, ¢’ € R, (a, b), (a’, b") € £, where

E={(a,b) €[0,+00) xR:b>0if a =0}. (1-13)

Let R’ > 0 be a large positive constant. If one picks g such that

(1) := g(0) + ct*Flog(1/6)]™% in (0, 1/R'],
ey =1 & 8 ) A g(1/ (0, / (1-14)
Zoo(t) :=c't7 [logt] in [R’, +00),
[ in (1-12) of Theorem 1.2 can be made more explicit. Indeed, we can then set
1+g(0) cla+1)
B(y) = >
2y¢(logy)
fMin@ D e £,
Fv>={ 0 (1-15)
otherwise,
1, —(a'+2) 1 —b' ifa' >0
Agy=cxjor ) e Bota =0
b'y~2(logy)~®+D ifa’ =0

(see also Lemma 3.3). Theorem 1.2 is even more explicit in the particular case 2 = D?. Indeed, in this
case we have that Kp» = {0} in (1-9) and

1 1
Golx) = o log |x_|

Still on the unit disk D?, it is known that

Ag(D?) =

4

1-16
D) <me ( )
(A (D?) ~ 5.78). Property (1-16) shows in particular that the second assertion Ag(D?) > me of
Theorem 1.2(1) is not satisfied. In some sense, this is an additional motivation for the nice approach of
[Carleson and Chang 1986], proving the existence of an extremal for (/ 4(1)71 (D?)) via asymptotic analysis.
As an illustration and a very particular case of Theorem 1.2, we get the following corollary.

Corollary 1.3 (case = D?). Assume that or Q =D?. Let ¢’ #0 and (a’, b') € & be given, where £ is as
in (1-13). Let goo be as in (1-14):

(1) Ifwe assume a’ > 2 or ¢’ > 0, then for any even function g € C'(R) such that g > —1,

(g— 8D () =o(t*) (1-17)
ast — 0and
g =g +0(1)) (1-18)

ast — 4oo foralli € {0, 1}, the inequality (I4gn (D?)) admits an extremal.
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(2) Ifwe assume a’ <?2 and ¢’ <0, there exists an even function g € C'(R) such that g > —1 and (1-17)
and (1-18) hold true, while (1 fn (D?)) admits no extremal.

Our main concern in Corollary 1.3 is to write a readable statement. In this result, the existence of
an extremal in the unperturbed case g = 0 is recovered for quickly decaying g’s, namely if a’ > 2; see
[Mancini and Martinazzi 2017]. But a threshold phenomenon appears (only if ¢ < 0) and there are no
more extremals for less decaying g’s, namely for a’ < 2. Note that Theorem 1.2 also allows us to point
out the existence of a threshold ¢’ < 0 in the border case a’ =2, b" = 0 (see Remark 1.5). Indeed, proving
Corollary 1.3 basically reduces to giving an explicit formula for / in (1-12), which only depends on €2 and
on the asymptotics of g at +00 and at 0. On the contrary, we do not care about the precise asymptotics of
g in the following corollary, thus illustrating the role of A,(€2) in Theorem 1.2.

Corollary 1.4 (extremal for Ag(S2) large). Let Q2 be a smooth bounded domain of R2. Let 11(22) >0
be the first Dirichlet eigenvalue of A in @ and M be given as in (1-9). Let A be such that 4(1 + A) >
M (2) exp(1+ M) and let C > A be given. Then there exists R >> 1 such that (I fn(Q)) admits an extremal
for all g satisfying (1-1) and

g(O):A, g>g0) in[l/R,R] and lg|<C inR. (1-19)

We give now an overview of the proof of Theorem 1.2, since it is a bit intricate. First, we comment on
part (1). For all 0 < ¢ <« 1 small, we start by picking an extremal function u, for (I fn(l_g)([[])z)). Under
the assumptions of part (1), we only need to rule out the case where (2-1) holds true, as described in
the proof of Theorem 1.2(1) in Section 2. Then we assume by contradiction that (2-1) holds true. By
Lemma 3.4, Case 2, we get expansions of the u,’s, and then expansions both of the Moser-Trudinger
functional (see (2-4)) and of the Dirichlet energy (see (2-5)). These results are gathered in Proposition 2.1
below, whose proof (see Section 4) amounts to showing that not only M but also S in (1-9) may have
to be attained at a blow-up point of our sequence of maximizers (u.). (see Lemma 4.1). Observe that
this two-fold maximization property is necessary to get a sharp picture in Theorem 1.2. Moreover, this
is not seen when restricting to the case Q = D2, where K, in (1-9) contains only the single point 0,
so that expanding the Dirichlet energy of a blowing-up sequence of critical points (u.). is sufficient;
see [Mancini and Martinazzi 2017]. Theorem 1.2(1) is eventually obtained by getting a contradiction
with (2-1): either by comparing (2-4) with our assumption A4(£2) > 7 exp(1 + M), or by comparing
||ug||fq01 =4m (1 —¢) (see (3-8) in Lemma 3.4) and (2-5) with our assumption [/ > 0.

Now we comment on part (2). Making our assumptions of part (2) and assuming also by contradiction
that there exists an extremal function u, for (Ifjfg (2)) such that N, — +o00 as ¢ — 0, we get from
Lemma 3.4, Case 1 that our assumption Ag(£2) < m exp(1 + M) automatically implies (2-1) (see Step 2),
so that we may get expansions of the u.’s and then (2-10). This gives a contradiction by comparing

2
luee |y = dor

and (2-10) with our assumption / < 0, as developed in the proof of Theorem 1.2(2) in Section 2. These
key ingredients are gathered in Proposition 2.3. In comparison with the expansions of part (1), the key
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observation is that the delicate N.-dependence generates additional terms which may only reduce the
Dirichlet energy, as explained in the proof of Proposition 2.3 of Section 4.

Overall, the proof of Lemma 3.4, Case 1 is the most delicate part: we need to use first that the u,’s
are maximizers to check that we are in a Moser—Trudinger critical regime (see Step 2 and Remark 3.5)
and that the pointwise and global gradient estimate (3-52) is true. In both Cases 1 and 2, resuming the
approach of [Druet and Thizy 2017], this last point is the key ingredient to be in position to use the
radial model B, studied in the Appendix. To conclude, the case of a general domain 2 addressed by
Theorem 1.2 requires sharp estimates, not only at small scales close to a blow-up point x., as performed
in the radial case by [Mancini and Martinazzi 2017], but also in the whole €2 (see (3-99) or (4-1)). This
allows in particular to get a useful accurate expansion of the Lagrange multiplier A, in (4-12), when
proving Proposition 2.1. As a remark, in the process of the proof below (see Remark 2.2), we answer the
very interesting Open Problem 6 of [Mancini and Martinazzi 2017].

Remark 1.5 (links between Theorem 1.2 and [Carleson and Chang 1986; Flucher 1992; Mancini and
Martinazzi 2017; Struwe 1988]). For © = D?, part (1) of Theorem 1.2 implies in general [Mancini and
Martinazzi 2017, Corollary 3], which gives itself the existence of an extremal function for (/ fﬂ(Q))
pioneered by [Carleson and Chang 1986] in the original case g = 0. Even if both [Mancini and Martinazzi
2017, Corollary 3] and Theorem 1.2 are much more general, we restrict there for simplicity to g’s
satisfying (1-17) and coinciding with g, for all # > 1; see (1-14). Then [Mancini and Martinazzi 2017,
Corollary 3] covers the fast decaying case a’ > 2 (or ¢/ = 0) on the disk. By (1-15), thanks to the explicit
formulas above (1-16) for = D? and since sz (log |x|)? dx = %, it is easy to check that we have in this
latter case that / > 0 in (1-12), since we have

yHLAG) 4y exp(—1 = MBGIS =y (14 2(1+0) oy

as y — +oo. Pushing further their asymptotic analysis, Mancini and Martinazzi [2017] cover also the
case a’ = 2 and then suspect (see Theorem 4—Open Problem 2 in that work) that there could be no
extremal function for (/ fn (D?)), if, in addition, ¢’ is a sufficiently large negative constant. Corollary 1.4
claims that there can actually be an extremal for such a g, whatever ¢’ is, and even independently from
the precise behavior of g close to 0 or +00. However, part (2) of Theorem 1.2 gives with (1-15) the
following picture in this threshold case a’ = 2:

if ¢ > —(1 + %(1 + g(O))) or Ag([D)z) > me, there is an extremal for (Ifﬂ ([EDZ)),

ifel<—(1+ %(1 +8(0), Ag(D?) <, and N > 1, there is no extremal for (Z{ (D%)).

Observe that there are many ways of building such g’s satisfying A g(IDZ) < me: one is given in the proof
of Corollary 1.3 in Section 2 (see also (1-16)). As observed just below Theorem 1.2, this gives a basically
sharp picture about how far we can get the existence of an extremal function for (/, fﬂ (R2)), relying only on
the asymptotic properties of g (see Question 1.1). Theorem 1.2 gives a similar picture on any domain €2,
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and then gives back (for ¢’ = 0) the results of [Flucher 1992; Struwe 1988]. Stronger perturbations, for
instance a’ < 2 or even ¢’ =0 and b’ > 0, are also covered by Theorem 1.2.

We conclude this introductory section by the following remark about the relevance of the assumption
(1-1) on g introduced in [Mancini and Martinazzi 2017]. We also mention the nice and early result of
[de Figueiredo and Ruf 1995].

Remark 1.6 (about assumption (1-1)). Indeed, assume that g is a C', even function such that 1 + g > 0
in R. Assume also that g = lim,;_, . g(¢) € [—1, 400] exists. Firstly, if g = 400, it is easy to check
with the test functions of Step 1 that C, 45 (£2) = +00. Secondly, if g = —1, it follows from standard
integration theory (see for instance [Mancini and Martinazzi 2017, Lemma 7]) and from Moser’s result
[1971] that there exists an extremal function for (/ fﬂ (€2)). Thus, up to replacing 1 +g by (1+g)/(1+g),
we have that (1-1) holds true in the remaining more sensitive case g € (—1, +00). To end this remark,
we mention that [de Figueiredo and Ruf 1995] already studied (1-4) in D?, permitting one to recover
the existence of an extremal in some subcases where g = —1. First, assuming that H given by (1-3) is
positive in (0, 4+00), it is clear that a nonnegative extremal for (/ fﬂ (£2)) turns out to be a positive solution
of (1-4) (for some A > 0). Now following [de Figueiredo and Ruf 1995], assume also that 2 = D?, that
t— tH(t) is C? and that, given a > 0, there exist K, C,o0 > Osuch that tH(t) = Kt “ forall t > 1
and such that H(¢) < CKt° for all ¢+ > 0 close to 0. Then, [de Figueiredo and Ruf 1995, Theorem 1.1]
allows us to claim that there exists no positive solution of (1-4) for all 0 < A <« 1 small enough ifa > 1,
while there exists a family of positive solutions of (1-4) blowing-up as A — 0 if @ < 1. From by now
standard arguments, this first property directly gives back the existence of an extremal in the subcase a > 1.
However, observe that g = —1 for all a > 0, since 1 4 g(¢) ~ 2Ke™" f 57 s ds = o@t*t!y - 0 as
t — 400, so that an extremal also exists in the subcase a € (0, 1). Actually we assert that a more precise
analysis in the spirit of [Mancini and Martinazzi 2017] allows us to exclude that the aforementioned
blow-up solutions of (1-4) are maximizers and to recover the existence of an extremal also in the subcase
a € (0, 1) through this approach using the Euler—Lagrange equation.

2. Proof of the main results

We begin by proving Corollary 1.3, assuming that Theorem 1.2 holds true.

Proof of Corollary 1.3. The first part of Corollary 1.3 is a direct consequence of the first part of Theorem 1.2:
plugging the formulas of (1-15) in (1-12), we get that [ > O for g as in case (1) of Corollary 1.3. In
order to prove the second part of Corollary 1.3, we apply the second part of Theorem 1.2. Let x be
a smooth nonnegative function in R such that x(¢) = 0 for all ¥ < % and x(¢) =1 forall r > 1. By
the Sobolev inequality and standard integration theory, we can check that gg := goo X x (- /R) satisfies
Agp(D?) — Ag(D?) as R — +o0. Then, by (1-15), (1-16), assuming a’ < 2, ¢’ < 0, the second part of
Theorem 1.2 applies, starting from g = gr for R > 1 fixed sufficiently large. Observe that, for all given
N > 1, (ggr)n (given by (1-10) for g = gg) satisfies (1-17)—(1-18). U

Proof of Corollary 1.4. Let , A, 11 (), C be as in the statement of the corollary. It is sufficient to prove
that there exists R >> 1 such that for all g satisfying (1-1) and (1-19), we have A4(€2) > m exp(1 + M),
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where Ay(€2) is as in (I1-11). Let v > 0 in €2 be the first eigenvalue of A normalized according to
||v||§11 = 4. For all g satisfying (1-19), we have
0

Ag(2) = /Q((l +2(0)v” + (g(v) — g(0) (1 4+ v%)) dx

4

E(HZ)M(Q)

+/ (g() — g(0))(1 +v?) dx,
{vg[1/R,R]}
and, since we have

< (Al+O)(1 + [vll7=){v €[1/R, RI}| = O

‘ / (g(v) — g(0) (1 +v?) dx
{vg[1/R,R]}

as R — 400, we get the result using that 4(1 + A) > 2(Q) exp(1 + M). O

The following result is the core of the argument to get the existence of an extremal in Theorem 1.2(1).
Its proof is postponed until Section 4. It uses the tools developed in [Druet and Thizy 2017] that allow us
to push the asymptotic analysis of a concentrating sequence of extremals (u.). further than in previous
works. In the process of the proof of Proposition 2.1 (see Lemma 4.1), we show first that a concentration
point x of such u,’s realizes M in (1-9). But in the case where | B(y)| matters in (1-12) or, in other words,
where y3|A(y)|+y~! <|B(y)| as y — +00, we also show that S in (1-9) has to be attained at .

Proposition 2.1. Let Q2 be a smooth bounded domain of R?. Let g be such that (1-1) and (1-5)—(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Let (u.). be a sequence of nonnegative functions
such that u. is a maximizer for (Ifﬂ(lfg)(Q))for all 0 < ¢ <« 1. Assume that

ue — 0 in Hy -1

as e — 0. Then, ||u, =4m (1—¢), there exists a sequence (A¢). of real numbers such that u. solves in HO1

2
2

Aug = AugH(uy) exp(u?), u, >0 in Q, 22)
u, =0 ono<2,
u, € CH(Q) (0 <6 < 1) and we have
Ve i=Mmax u, — +00. (2-3)
ye
Moreover, we have
lim | (1+g(ue) exp(u?) dx = |Q|(1 4 g(0)) + 7 exp(1 + M) (2-4)
E—> Q
and
eIy =47 (141 () + 0 (v +14G0) | + 71 B o)D) 2-5)
as ¢ — 0, where
I(ve) ==y 4+ 3A(r) + 4y, exp(—1 — M) B(:)S, (2-6)

where |2| stands for the volume of the domain Q2 and where M and S are as in (1-9).
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Remark 2.2. Let g, H be such that (1-1), (1-2), (1-5)—(1-7) hold true. Let u, be a maximizer for
(1 fn (1— 8)) such that (2-1) holds true, as in Proposition 2.1. Then, for such a sequence (u;). satisfying in
particular (2-2) and (2-3), we get in the process of the proof (see (3-16) below) that the term 7 (y;) in
(2-5) is necessarily smaller than o(y,~ 2) as & — 0. Moreover this threshold o(yg_z) is sharp, in the sense
that this term may be for instance of size y, ~CF9) for all given a’ € (0, 2]. This can be seen by picking an
appropriate g such that / fﬂ (£2) has no extremal, as in Corollary 1.3, and by using Proposition 2.1. Observe
that, for such a g, assumption (2-1) is indeed automatically true. This gives an answer to Open Problem 6
in [Mancini and Martinazzi 2017].

Proof of Theorem 1.2(1): existence of an extremal for (I ;fﬂ (£2)). We first prove the existence of an extremal
stated in part (1) of Theorem 1.2. Let g be such that (1-1) and (1-5)—(1-6) hold true for H as in (1-2),
and let A, B and F be thus given. Assume either that / > 0 in (1-12) or that A, (2) > 7 exp(1 + M).
Using Lemma 3.1, let (u.), be a sequence of nonnegative functions such that u, is a maximizer for
(13 41— s)(Q)) for all 0 < ¢ « 1. Then, up to a subsequence, (u.). converges a.e. and weakly in HOl to
some ug. Independently, we check that

lim Cy4r(1-e) () = Coin (). @7

where C, (€2) is as in (1§ (2)). Indeed, if one assumes by contradiction that the C ¢.4n(1—¢)(§2)’s increase
to some [ < Cg.47(R2) as ¢ — 0, then we may choose some nonnegative u such that ||u ”3{1 <4 and
0

/(1 +gw) expu?)dx > 1.
Q
But, picking v, = u+/1 — ¢, we have ||v8||§1,1 <4 (1 —¢) and
0
im [ (1-+ g0y expd) dx = [ (14 gl expla) d
E—> Q Q

by the dominated convergence theorem, using (1-1), v2 <u?and exp(uz) € L'(Q). But this contradicts
the definition of / and concludes the proof of (2-7). Now, by (2-7) and since ||uo|| 5 4, in order to get
that ug is the extremal for (1, fn (£2)) we look for, it is sufficient to prove that

lim / (14 g(ue)) exp(u?) dx = / (14 g(uo)) exp(ul) dx. (2-8)
E—> Q Q

If up = 0, then Proposition 2.1 gives a contradiction: either by (2-4) and (2-7) if Ag(2) > 7 exp(1 + M),
since it is clear that
Coan (2) > Ag(2) + (1 4+ g(0))[€2],

or by (2-5) and (2-6) if [ > 0, since ||u€||H01 < 4m. Thus, we necessarily have that ug # 0. Then, noting
that
llue — ”0||H1 <4 — [luol?, +0(1)

the standard Moser-Trudinger inequality ([ fﬂ(Q)) and Vitali’s theorem give that (2-8) still holds true,
and part (1) of Theorem 1.2 is proved in any case. U
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The following proposition is the core of the argument to get the nonexistence of an extremal in
Theorem 1.2(2). Its proof is postponed until Section 4.

Proposition 2.3. Let Q2 be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)—(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Assume that A4(2) < m exp(1 + M), where
M is as in (1-9) and Ag(S2) as in (1-11). Assume that there exists a sequence of positive integers (N¢)e
such that

lim N, = 400 (2-9)
e—0
and such that (I f;’g (82)) admits a nonnegative extremal u, for all ¢ >0, where gy, is as in (1-10). Then we
have (2-1) and ||ug||§il =47 forall 0 < & < 1. Moreover, we have u, € C1%(Q) (0 <6 < 1), (2-3) and
0

luee 30 = 47 (14 1) +0(r,* + 1AGo) | + 7| B(r)D) (2-10)

as € — 0, where I (y,) is given by (2-6).

Proof of Theorem 1.2(2): nonexistence of an extremal for (Ifj;" (2)), N = Ny. Let g be such that (1-1)
and 1-5)—(1-6) hold true for H as in (1-2), and let A, B and F be thus given. Assume [ < 0 and
Ag(2) < mexp(1 + M), where [ is as in (1-12), Ag is as in (1-11) and M is as in (1-9). In order to
prove part (2) of Theorem 1.2, we assume by contradiction that there exists a sequence (N, ). of positive
integers satisfying (2-9) and such that (/ fjivg (£2)) admits an extremal for gy, as in (1-10). We let (u.). be a
sequence of nonnegative functions such that u, is a maximizer for (/ fj’[vg (£2)) for all € > 0. But this is not

possible by Proposition 2.3, since ||u€||i(1 = 47 contradicts (2-10), since we also assume now [ < 0. [
0

3. Blow-up analysis in the strongly perturbed Moser—Trudinger regime

We now aim to prove the main blow-up analysis results that we need to get both Propositions 2.1 and 2.3.
The following preliminary lemma deals with the existence of an extremal for the perturbed Moser—
Trudinger inequality (I5 (2)) in the subcritical case 0 < a < 4. Its proof relies on integration theory
combined with (/ fn (2)) and on standard variational techniques. It is omitted here and the interested
reader may find more details in the proof of Proposition 6 of [Mancini and Martinazzi 2017].

Lemma 3.1. Let Q be a smooth bounded domain of R?. Let g be such that (1-1) holds true. Then,
(1§ (Q)) admits a nonnegative extremal ug for all 0 < o < 4. Moreover, we have that

(1) either ||u05||§11 <aandu,H(uy,) =0a.e., or
0

2) |lue ||?L]01 = « and there exists . € R such that u, solves in HO1 the Euler—Lagrange equation (1-4).

Remark 3.2. The first alternative in Lemma 3.1 may occur in general, but does not if > (1+g(¢)) exp(tz)
increases in (0, +00).

The following lemma investigates more precisely the behavior of g and H when we assume (1-1)
together with (1-5)—(1-6).
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Lemma 3.3. Let Q be a smooth bounded domain of R?. Let g be such that (1-1), (1-5) and (1-6) hold
true for H as in (1-2), and let A, B and dy, 8(’), F, k be thus given. Then:
(3-1a) We have

t 2\ _ 2B(HF@) (1Bl | 1
(1+g<;))eXp<?>_(l+g(O))+ y(kc+1) +0( Y +V2>
in C?

1oc ((0, +00);) as y — +o00.
(3-1b) There exists C > 0 such that

t r IB(y)| 1 /
(1 +g(—)) eXP<—2) —(1+g0)| = c( + —2>z exp(8)t)
14 14 14 14

forally > 1landall0 <t <2y.

(3-10) llgllLem) < +o0.
Additionally:
(3-2a) We have
I +g(y - %) =HW)(1+AW)(t+3) +olAWNI+y ™)

. ~0
in Cp .

(3-2b) There exists C > 0 such that

(Ry) as y — +o0.

‘1 +g<7/ - %) - H(V)‘ < CIHWIIAW)|+y~Hexp(dor)

forally > 1andall0 <t <2y.

In particular, we have
H(y)—1 asy — +oo. 3-3)

Proof of Lemma 3.3. We first prove (3-3). Using (1-3), we write

(1+g(r) exp(r?) — (1 +g(0)) =2 / sH (s) exp(s?) ds (3-4)
0

for all » > 0. Then, as y — 400, setting r = y, we can write
v? u u u?
2
1+ g() = exp(—y2)(1 +g(0) +2/ (1 - —2)H<y - —) exp(—zu + —2> du
0 14 14 14
) v? u u?
= O(exp(—y7) +2H(y) f (1 — ﬁ) exp(—Zu + ﬁ) du
0

)/2
JrO(IH()/)I(IA(J/)IJrV4)/0 eXP(—(1—50)”)eXP(—”(l—%))d”)

= O(exp(—y?) + H(y)(1 —exp(=y?) +o(H(y)),



1382 PIERRE-DAMIEN THIZY

using (1-5). This proves (3-3) since g satisfies (1-1). Observe that (3-1a) and (3-1b) follow from (1-6)
and (3-4) with r = ¢/y, while (3-1c¢) is a straightforward consequence of (1-1). We prove now (3-2b). As
y — +o00, we write forall 0 <t <y

2
(1+g(y—£)> exp(( —ﬁ) >—<1+g<y—1>>exp<<y—1)2>

y—t/y
=2 f rH(r)exp(r®)dr
y—1

2
:2/)/(1—12>H<y—z> exp<y2—2u+u—2) du
t Y Y Y
2 Y
=H(y>(exp((y—§) )—exp((y—l)z))—l—O(|H(y)|(|A(y)|—|—y4) / exp<y2—<2—ao>u>du), (3-5)
t

using (1-5b). Multiplying the above identity by exp(—(y — (t/y))z), using t <y, (1-1) and (3-3), (3-2b)

easily follows. Using now (1-5a) in the second-to-last line of (3-5), we also get (3-2a). O
In the sequel, for all integers N > 1, we let g be given by (see also (3-36) below)
+00 tk
on (1) = ok (3-6)
k=N+1""

The main results of this section are stated in the following lemma.

Lemma 3.4. Let Q be a smooth bounded domain of R?. Let g be such that (1-1) and (1-5)—(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Let (a.). be a sequence of numbers in (0, 47 ].
Let (N;). be a sequence of positive integers. Assume

lin}) o, =4  and ug > 0is an extremal for (If;vg (2)) (3-7)
E—>

forall 0 < e K 1, where gy, is as in (1-10). Assume in addition that we are in one of the following two
cases:
Case 1: limg_,g N, = +00, ag =4 for all &, and Ag(2) < 7 exp(1 + M), where Ag(2) is as in (1-11)
and M is as in (1-9).
Case2: N, =1 forall ¢ and (2-1) holds true.
Then, up to a subsequence,
luell?, = ae, (3-8)
0

and u, € CH?(Q) (0 <6 < 1) solves

Aug = heug Hy, (ue) expu?), ue >0 in Q, (39
u, =0 on 02,
where Hy (1) = 14 gn (1) + g () /(2t). Moreover, by (2-4) we have
4 1
+o(1) (3-10)

T YZexp(1+ M)
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A(ye) = 25 = (&), (3-11)
Xxe—> X (x €Kg) (3-12)
as € — 0, where x., y. satisfy
ug(xg) = mgezlxug =y, —> +00 (3-13)
as € — 0, where &, is given by
VZ(Ne—l)
& = - : (3-14)
T N1 DW= D!
and where , is given by
~ 1
Ce :max(ﬁv |A(Ve)|’€e>- (3-15)
&

Finally, (3-97)—(3-99) below hold true for 1. as in (3-40) and t. as in (3-41).

Observe that N, = 1 in Case 2 reduces to say that gy, = g. From (3-30) obtained in the process of the
proof below, we get that £, = o(1/ y82) in Case 2, so that (3-11) is then equivalent to

1
Aye) = 0(—2), (3-16)
Y

&

as discussed in Remark 2.2.

Proof of Lemma 3.4. We start by several basic steps. First, a test function computation gives the following
result.

Step 1. For all g such that (1-1) holds true, we have
Ceax (€2) = [R2[(1 4+ g(0)) +m exp(1 + M),
where Cq 47 (R2) is as in (15 () (a« = 47) and where M is as in (1-9).

Proof of Step 1. In order to get Step 1, it is sufficient to prove that there exist functions f; € HOl such that
||fs||i11 = 47 and such that
0

/Q(l +g(f) exp(f2) dy = |Q1(1 +g(0)) + 7 exp(1 + M) +o(1) (3-17)

as ¢ — 0. In order to reuse these computations later, we fix any sequence (z.). of points in €2 such that

&2 1\
d(z asz)zzo«log?) ) o

For 0 < ¢ < 1, we let v, be given by

1
ve(y) =log oy — +Hz, e

_Zs|2
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where H,, . is harmonic in €2 and such that v, is zero on 9€2. Then, by the maximum principle and (1-8),

we have )

&
Heee () =Hz (9) + O(W

) forall y € Q, (3-19)

where H,_ is as in (1-8). Then, integrating by parts, we compute

ol = / veAve dy
Q

4 1 1
= log - 4log— 13 (»)d
L82(1+|Z£_y|2/82)2< g82 g 1+|y—Z5|2/82 Zg,é‘(y)) y

=4n (log giz + o(l)) —d4m(1+0(1)) +4m(H,, (ze) +o(1))

1
=4 (log ol 1+H,, (zg)) +o(1), (3-20)
where the change of variable z = (y — z.)/¢, (3-18), (3-19) and
Hi(ze +82) =Hy (2) + O el (3-21)
Ze &€ - Ze £ d(Ze, aQ) [l

(see for instance Appendix B in [Druet and Thizy 2017]) are used. From now on lim inf, g d(z., 0€2) > 0
is assumed. Let f, be given by 47 vg = f€2||vg ||12L1 .- We can write
0

1 2 1
2 2
=|(({log———— 2H log————— +H
fs(y) ((Og |Zg_y|2+82> + Zg,E(y) Og |Za_y|2+82 + Zs,E(y) )
1 —1 1 -
X 10g_ 1+M+0 s
g2 log 1/¢2 log1/e
1

1
10 —:10 —+10
& |ze — y|% + €2 £ £

using (3-20). Then, writing

1+ z¢ _y|2/52’
we get

/ (14 g(f2)) exp(f2) dy
st (f;)ﬂﬂ

—21, 2H —H 1
:/ (1 +0(1))CXP( () + 15,25()’) . (2e) + 1)
B, (f)NQ2 e
i 1+7 1412
0 d
8 exp(log 1/€2 + (10g 1/e2 + (log 1/£2)2 Y
= 7 exp(Hz, (ze) + (1 +o(1)) (3-22)

as ¢ — 0, using (1-1), (3-19) and (3-21), where 7. (y) = log(1 + |z, — y|2/82) and where 7, is given by

1 l—i-;‘g 11 !
0 £ =_1log—=.
£ g2 2 g82
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Now, we can check that
1 - 1 2
[ < (log =+ 0(1>> (log s+ 0<1>)
€ |ze — ¥l

1
< (log ﬁ + 0(1)) (% —I—o(])) for all y € Q\B;, (),
lg— )y
using (1-8), (3-19) and our definition of 7, so that we also get
/ (1+g(f)) exp(f2) dy — (14 g(0))|R] (3-23)
Q\B, (7¢)
as ¢ — 0, by the dominated convergence theorem, using (1-1). Property (3-17) and then Step 1 follow

from (3-22) and (3-23), choosing z. € Kq as in (1-9). U

From now on, we make the assumptions of Lemma 3.4. In particular, we assume that either Case 1 or
Case 2 holds true. Given an integer N > 1, observe that Step 1 applies to gy, since gy satisfies (1-1), if
g does. Then, using o, =47 in Case 1, or (2-7) and gy, = g in Case 2, we get

C,. 4x in Case 1,
Q|(1+8(0) +mexp(l +M) < 1 24
1€2|(1 +g(0)) xp( )_{Cg,ag‘FO(l) in Case 2 G2

as ¢ — 0, where C, .« (£2) is as in formula (1 (2)) and where M is as in (1-9). Let us rewrite now (3-9)
in a more convenient way. Let W be given by

Wy (1) = (1 +gn (1) exp(r?). (3-25)
Observe in particular that

(1+gM)(1+1%) < Wy (1) < (1 +g(1)) exp(t?)
for all ¢ and all N, by (1-1). Using (1-2), (1-3) and (1-10), we may rewrite (3-9) as

1 .
Augzikslvgve(ug), u, >0 in Q, (3-26)
u, =0 on 9<2,
with
t2N 5
Wiy (6) = 2 HO (1 + 12+ oy (1) +20(1 +g(t))(ﬁ _t )
t2N
=2tH()on (t%) + 2t (1 + W)“ +8®) +g () (1 +17). (3-27)
Indeed, in (3-9), it turns out that
W (t —1?
Hy (1) = M. (3-28)

2t
Observe that by (1-1) and (3-3), using the first line of (3-27), we clearly have that there exists C > 0 such
that
|\IJ;\,£ M| <Ct exp(tz) (3-29)

for all t > 0 and all ¢. In Case 2, (2-1) is assumed to be true.
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Step 2. Assume that we are in Case 1. Then (2-1) holds true. Moreover, if y. := esssupu, < 400 for
all e, we have

2
limi fM > 0, (3-30)
e—>0 eXP(VE)
_58e(0 1)
and, in other words,
N,
lim inf £ > —o0, (3-31)
e—0 P
where @y is as in (3-6).
Proof of Step 2. By (3-7) and (3-24), we get
/ Wy, (ue)dy > (1+g(0))[2| + 7 exp(1 + M). (3-32)
Q

Writing now
W (1) = (1+g(0) + ((1+g@) (1 + %) — (14 g(0))) + (1 + g(1)ew (%)
and using (1-1) we also get
/Q‘Ing(ug)dy =d +g(0))IQ|+Ag(Q)+/Q(1 + 8(ue))on, (u?) dy, (3-33)

where Ay is as in (1-11). Then by (1-1) and Case 1, we get from (3-32) and (3-33) that
lim inf / on, (u2) dy > 0. (3-34)
e—=0 Jo ’

Up to a subsequence, u; — ug in HO1 for some ug € HO] such that ||uo||12ql <4m. Let 0 < B < 1 be given.
0
First we have

u? < (1 e =)+ (14 5 Jud

Independently, by the Moser-Trudinger inequality, we have

ueHy = forall pe[l,+00), exp(u®) e L. (3-35)

Therefore, if ug % 0 and lim,_¢ ||u, — uo||H1 < 4, then there exists pg > 1 such that (exp(u2))s is
bounded in L?°, by Moser’s and Holder’s 1nequahtles Then, by Vitali’s theorem, since ¢y, < exp in
[0, +00) and since N, — +o00 in Case 1, we get

W £0 = fgwxuﬁ)dy:o(l)

as ¢ — 0, which proves (2-1), in view of (3-34). Noting that the function ¢ — @y (¢) exp(—t) increases in
[0, 4+00), we can write

2 ¢N5(Vg) 2
dy < d
/Qm(ug) VS o) Jn P DY
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and conclude that (3-30) holds true by (3-34) and Moser’s inequality. Observe that

r §N
on () =exp(I) exp(—s)— ds. (3-36)
0 N!

Setting I' = yaz, N = N, and s = N, + u~/N,, we get (3-31) from (3-30), using Stirling’s formula and

N
u 2
1+—> e_”‘/ﬁfe_” 2
(75
for —/N <u < 0. O

The next steps applies in both Case 1 and Case 2.
Step 3. We have that (3-8), (3-9) hold true, and that u. is in c(Q).

Proof of Step 3. Assume by contradiction that (3-8) does not hold true, or in other words that | u, 1|2 ) <o
for all ¢ «< 1, up to a subsequence; then it follows from the fact that u. is an (unconstrained) critical
point of our functional that W/ (u,) = 0 a.e. in 2. The key property is now that the Lebesgue measure of
{to <u. <t} is positive for all 0 < £y < #; < y,, as it follows by fQ IVTu.|?> > 0, where Tu, € HO1 is the
truncation of u, —1g as O when u, <ty and as t; —fy when u, > t1; this shows that \Il}\,g =01in (0, y.) and then

1+g(0)
1+ +on, (1)
for all ¢ € [0, y,). If y. = 400, a contradiction arises; then y. < 400 and one can use Step 2 to show
that y, — 400, still reaching a contradiction. Then (3-8) is proved, so that (3-9) holds true in Hol. Thus
for all given &, u, is uniformly bounded and then in C'¥ by (3-9) and elliptic theory. We also use there

(I+g@) = (3-37)

that g appearing in the formula (3-27) of W}, is assumed to be C Vin (1-1). ([
The previous steps give in particular that (3-13) makes sense and holds true.
Step 4. It holds that A, > 0 for all 0 < ¢ < 1. Moreover
de = 0 (3-38)
as € — 0, where A, is as in (3-9).
Proof of Step 4. By (2-1), we have u, — 0 a.e. and in L? for all p < 4oc0. Since fugiMo Wy, (ue)dx —
(14 g(0))|€2], by (3-24) one has

liminf/ Wy, (ue)dx > mwexp(l+ M)
ug>My

e—>0

for all given M > 0; one can now use (3-27) with (1-1), (3-3) and some standard integration argument to get
lim inf / [Wy, (ue) +2(1 + g (ue))u;lue dx = +oc. (3-39)
Then, multiplying (3-26) by u. and integrating by parts, we get A, > 0 and

47-[ +0(1):/ |Vl/l£|2d.x > )\'es
Q
which proves (3-38). -
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Then, using (3-3), we may let i, > 0 be given by

AeH(ye)n2yZon.—1(vD) =4, (3-40)

where @y is as in (3-6). Before starting the core of the proof, we would like to make a parenthetical
remark.

Remark 3.5. Case 1 is particularly delicate to handle, since the nonlinearities (\IJ]’\,E)‘8 are not of uniform
critical growth, even in the very general framework of [Druet 2006, Definition 1]. A more intuitive way
to see this is the following: if (), is a sequence of positive real numbers such that y, — +o00, but not
too fast, in the sense that 3752 <« Ng, then it can be checked with (1-1) and (3-3) that

Phe Wy, (7) = ke (L +o(1) 72!
as ¢ — 0, where 5»5 = X¢/(N¢!). Then, in the regime 0 < u, < y,, at least formally, (3-26) looks at first
order like the Lane—Emden problem, namely

Aug = A2V u, >0 in Q,

u, =0 on 9L,

N, — 400,
for which very interesting, but very different concentration phenomena were pointed out; see for instance
[Adimurthi and Grossi 2004; De Marchis et al. 2016; 2017; Esposito et al. 2006; Ren and Wei 1994; 1996].
A real difficulty in concluding the subsequent proofs is to extend the analysis developed in [Adimurthi
and Druet 2004; Druet 2006; Druet and Thizy 2017] for the Moser—Trudinger “purely critical” regime,
in order to deal also with such other intermediate regimes. As a last remark, a much simpler version of

the techniques developed here permits us also to answer some open questions about the Lane—Emden
problem, as performed in [Thizy 2019].

We let ¢, be given by
lx _xs|2
te(x) =log{ 1 + ———). (3-41)
"

&
Here and in the sequel, for a radially symmetric function f around of x, (resp. around 0), we will often
write f(r) instead of f(x) for |[x — x¢| =r (resp. |x| =r).

Step 5. We have
Ve (Ve — e (xe + e, ) — To:=log(1 + |- ) in CLY®R?), (3-42)

where g, x are as in (3-13) and . is as in (3-40). Moreover, we have
lim i(I)lf)»g)/gz > 0. (3-43)
e—>

At this stage, by taking the log of (3-40), by estimating A, with (3-38) and (3-43) we get from (3-3)
and (3-30) that

log % — 21 +0(1)) (3-44)

as ¢ — 0. Observe in particular that (3-44) holds true in Case 1.
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Proof of Step 5. We first sketch the proof of (3-42). In Case 2, (3-42) follows closely Step 1 of the proof
of [Druet 2006, Proposition 1]. Thus, we focus now on the proof of (3-42) in Case 1. Observe that

2N N
gﬂg tN—' exp(—tz) = % exp(—N) Mieie ! +2707(11/) (3-45)
by Stirling’s formula. Then, by (1-1), (3-3), (3-13), (3-27) and (3-30), we have
2N,
LW () = e H (), )+ ue (14 8 (4:) =+ 007)
< (1 + o) yepn,—1 (7). ) (3-46)

Observe that, by (3-13) and elliptic theory, we must have supg A, ‘ijvg (ug) — +o00 as € — 0. Then, (3-46)
implies AgyggoNg_l(yf) — +o00 and then u, — 0 as ¢ — 0, by (3-40). Let 7, be given in (2 — x;)/ 1, by
Te
Ue(Xg + e ) =Ye — —.

Ve

Then, since At, = — u%yg(AuS)(xg + e - ), we get from (3-26), (3-40) and (3-46) that there exists C > 0
such that |At,| < C, while 7, > 0, 7.(0) = 0. As in [Druet 2006, p. 231], we have u, = o(d (x., 02)).
Then, by standard elliptic theory, there exists tp such that

7. —> 1 in CLY(R?) (3-47)

as ¢ — 0. Note that for all I, 7 > 0 and all N, we have

r N
on(T) = o (I') exp(—=(I" = T')) —exp(T') /T eXP(—S)% ds. (3-48)

Writing the previous identity for N = N, — 1, ' = ygz and T = ug = ygz -2t + ‘L’€2 / ygz, noting from
(3-45) and (3-47) that

v sNe—1 1
) ds=0| —
/ug AT TR (¢N8)

in IRIZOC and resuming the arguments to get (3-46), we get

A(—10) = 4exp(—210)

using also (3-26), (3-30) and (3-40). Now, choosing R >> 1 such that |g(#)| < 1 and H(¢) > O for all
t > R, we easily see that there exists Cg > 0 such that

u [y (u)]™ < Crlug| +4u?, (3-49)

by (1-1), (3-3) and (3-27), where t~ = — min(t, 0). Then, we have

A
> / u [ Wy ()] dy = 41 +o(1),
Q
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by (3-8), (3-26), (3-38) and (3-49), where ¢ = max(z, 0). For all A > 1, we get
A
4 / exp(—219) dy < liminf == / us[Wy (o)™ dy,
Bo(A) e—0 2 Q €

by (3-47) and, since A is arbitrary, we get then that fRZ exp(—21p) dy < +o00. Thus, by the classification
result of [Chen and Li 1991], since 7y > 0 and 79(0) = 0, we get 7o(y) = log(1 + |y|2). Thus (3-42) is
proved by (3-47). Similarly, we may also choose some A.’s such that A, — 400 and such that

A 2w 4+ o(1)
> Wy, (o) dy = ==
2 Bxs(Aslls) y&‘
We use (3-45) to write
on, (v2) y2Ne
5—52=1_8—2=1+0(1)
N, —1(¥5) Ne!l on,—1(y)

as ¢ — 0. Thus, since 0 < Wy, (1) < (1 + g()) exp(¢?) for all ¢ > 0, and since Cy.47(2) < 400, we get
(3-43) from (1-1). O

By Step 5 and estimates in its proof, since we assume ||u, ||?{] <4m, we get that
0
lim lim (Aug(y) T ugsdy =0. (3-50)
R—+400e—0 Q\B,, (Rut,)
We let Q2. be given by
{y € Q:on,—1(ue(y)?) = us(y)*+1} in Case 1,
Q. = .
Q in Case 2.

Now, despite the difficulty pointed out in Remark 3.5, we are able to get the following weak, but global
pointwise estimates.

Step 6. There exists C > 0 such that

|- —xe | Auglu, <€ in Qe (3-51)
and such that

| - —xe|[Vuelu, < C  in €2 (3-52)
forall e.

In Case 2, it is not so difficult to adapt the arguments of [Druet 2006, §3,4] to get Step 6. Thus, in the
proof of Step 6 just below, we assume that we are in Case 1. Then observe that 2, # & by Step 2. Given
no € (0, 1), writing

tNe N Ve (+°° L ) (er)Ne ( 1 >
t"+o(l)) = — +o(1)],
Ng! g ) V2t N \1—1¢ M)
by Stirling’s formula, where o(1) — 0 as & — 0 uniformly in |¢| < 19, the unique positive solution I'; of
on,—1(I'¢) =T 4 1 satisfies I'; = (1 +0(1))(N,/e). Then, since ¢y, —1/(1 4 -) increases in (0, +-00),

(/)Nefl(tNe) =
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we clearly get
N .9
(1+o0(1)— < Irslzm u;. (3-53)
e e
Observe also that (3-53) almost characterizes €2 in the following sense: given é > 0, for all € < 1 so that
(14 8)(N;/e) > Ty, one has that u, (y)> > (1 4+ 8)(N,/e) implies y € Q..

Proof of Step 6, formula (3-51). As previously mentioned, we still assume that we are in Case 1. Thus, in
particular, we assume that N, — 400 as ¢ — 0. Assume now by contradiction that

max |y — x| Aute (1) 1 (7) = |ye = x| Atts () e () — 00 (3-54)

as ¢ — 0, for some y,’s such that y, € Q.. First for any sequence (Z.). such that Z, € Q., we have
Aus(ge) > 0, g/(us(éa)) = O(MS(ES)) and

W (e (Ze)) = (1 +0(1))2ue (Z) oy, —1 (s (2:)°) (3-55)
as ¢ — 0, using (1-1), (3-3), (3-27) and (3-53). Additionally, we have

Ug(ye) = 400 (3-56)
as € — 0. Let v, > 0 be given by
V2| Aty ()|t (ve) = 1.

Then, using also (3-54), we have

fim e el oo (3-57)
e—0 Ve
and, in view of Step 5,
. ye — x|
lim — = +4o0. (3-58)
e—0 Me

For R > 0, we set Qg . = By, (Rv,) N 2 and QR’S = (QR.e — ye)/ve. Up to harmless rotations and since
Q2 is smooth, we may assume that there exists B € [0, +o00] such that §~2R,0 — (—00, B) xR as R — 400,
where SNZR,S — SNZR,O as ¢ — 0. In this proof, for z € ’SVZR,S, we write 7, = y, + V.2 € Qg. Let it be given
by

Ug(2) = ug(ye) (e (ze) — ue(ye)), (3-59)
so that we get
(Aug)(ze) . lp;vg(us(zs))

(Aug)(z) = = : (3-60)
’ (Aue)(ye) Wi (ue(ye))
First, we prove that for all R > 0 there exists Cg > 0 such that
|Aii| <Cr in Qg (3-61)

for all 0 < ¢ <« 1. Otherwise, by (3-60), assume by contradiction that there exists z; € Qg . such that

[Wy, (e (ze))| > Wy (ue(ye)) (3-62)
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as ¢ — 0. If, still by contradiction, z. & €2, we have u.(z.) < u.(y) and

PN, —1(e(26)D) < o, —1 (e ()P,

by the definition of €2, and since ¢y /(1 4 -) increases in [0, +-00), and then

(W, (e )| S e (2e) (14 e (26)* + 0N, -1 (e (26)7)) S W, (e (ve)),

using (1-1), (3-3), (3-27), (3-55) and y, € 2, again. This contradicts (3-62) and then it must be the
case that z, € Q. Thus, since y, is a maximizer on €2, in (3-54), we get from (3-57) and (3-62) that
us(ze) < ugs(y.). But this is not possible by (3-55) and (3-62), which proves (3-61). Now we prove that,
forall R > 0,

limsup sup u.(z) <O. (3-63)

e—>0  zeQr,

Until the end of this proof, we set y, := u.(y.). If (3-63) does not hold true, since i1.(0) = 0 and by
continuity, we may assume that there exist z. € Qg . such that

Be = [Ve(ue(ze) — ve)1 = Bo € (0, +-00) (3-64)

as ¢ — 0. Since u.(z:) > u.(y.) for 0 < ¢ <€ 1 by (3-64), we have z. € Q.. Moreover, since y. is
maximizing in (3-54), we then get from (3-55), (3-56) and (3-57) that

N1 (e (ze)?) < (1 +0(1) gy 1 (7).
Independently, since ¢y is convex, we get

ON—1 (e (2e)?) = N1 (7)) + Oy, 1 (T (e (ze) = 70
> (142801 +o()))gn,—1(72), (3-65)

using (3-64) and ‘P;v (t) = pn () for t > 0. But (3-64)—(3-65) cannot hold true simultaneously, which
proves (3-63). As in [Druet 2006, p. 231], #.(0) =0, u, =0 on 92, (3-61) and (3-63) imply

d a2
.m (yé‘a ) :+OO

1, 7 (60
Moreover, by standard elliptic theory, i, (0) = 0, (3-61), (3-63) and (3-66) give
iie — ug in CL (R?) (3-67)
as ¢ — 0, for some uy € C!'(R?). Given R > 0, we prove now
liminf inf (Ai.)(z) > 0. (3-68)

e—0 2€Qr¢

Using (3-27), (3-56) and (3-67), we have

WY () = 270N, -1 (up) (1 + o(1) +o(7),
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uniformly in Qg .. Then, coming back to (3-60), using (3-55) and y. € 2., we get

oN,—1(Ue(ze)?)

Atig)(z) = (1 1 =
(Aute)(z) = (1+0(1)) o1 G2)

+o(1),

uniformly in z € Q R.e- Now, we write (3-48) with I' = 1752 and T = ug, where u, stands for u,(z.) here
and below. Then, in order to conclude the proof of (3-68), using also (3-36), it is sufficient to check that
there exists ng < 1 such that

=2 ~ o~
2 72 A 7 exp(—s)(sVe /N ds
B exp(us)~2 i / exp(—s) o ds = 24 S <nr  (3-69)
(pﬁg(yg)exp(_(yg _ug)) u% NS' f0y5 eXp(—S)(SNS/Ng!) ds

for all 0 < ¢ <« 1, uniformly in Qg ., where IVE = N, — 1. If u, > y,, the last inequality in (3-69) is
obvious. If now u, < 7, we write

S pexp(=0) (L +1/7Ndr [ exp(t(Ne/72 — 1)+ O(Ner? /7)) d
— & < &

& » - < 3 — - — - S nR
S exp(=DU+1/7DNedt ™~ [ya_o0 exp(t(Ne/72 — 1)+ O(Net/74)) dt

using (3-67), where I is as in (3-69). We get the last inequality using (3-53) and y, € 2.: (3-69) and
then (3-68) are proved in any case. Let R > 0 be given. By (3-57), (3-58) and (3-68), we clearly get

&

/ (Dite (1) g dy = f Aue(y) e () dy
Q\ By, (Rpie) By, (ve)

for all & small enough. Using now (3-56) and (3-67), we write that u; = y, (1 +o0(1)) uniformly in By, (v;),
so that

e—0 e—0

liminf/ Aue(y) s (y) dy = liminf/ Adie(2)(1 +0(1)) dz > 0,
B)'g (ve) By(1)

by (3-68). Since this last term is independent of R > 0, this contradicts (3-50), which concludes the proof
of (3-51). ]

Proof of Step 6, formula (3-52). Remember that we assume that Case 1 holds true. Assume then by
contradiction that there exists (y¢). such that y, € Q. and

max |y = xe| [Vue (D ue (y) = |ye — Xe| [Vue (ye) lue (ye) := Co = +00 (3-70)
as ¢ — 0. Then, by (3-53), (3-56) holds true. Let v, > 0 be given by
Ve = min(lxs — yel, d(ye, 9€2)). (3-71)
For all R > 1 and all ¢, we let Qg . and Q Rr.e be given by the formulas above (3-59). Let w, be given by
We (2) = s (ye + v52).

Since ””’Slliﬂ < 4m, we get from Moser’s inequality that fQ exp(u%) dy = O(1) and then that, for all
0
given p > 1,
1 Pwell Lo @,y = O(1) (3-72)



1394 PIERRE-DAMIEN THIZY

for all €. Set X, = (x; — y¢)/ve. Now, for any given R > 1 and any sequence (z.), such that z, € Qg ¢ \{x¢}
(i.e., Ze 1= (2e — Ye)/Ve € Qr e \{X:}), we get

1/(ue(z¢)1Ze _islz) if z. € Q,,
AeVZIWY (ue(ze))| = OOevi(1+ue(26))  if 2o & Qe

using (3-51) for the first line, and (3-27) for the second one. Then, using either (3-53) or (3-38) with
(3-72), we get

|Awe (Ze)| = v2| Aue(ze)] < {

IAWell Lr @\, (1/R)) = O (3-73)

as ¢ — 0. Independently, since ||u,|| H = O(1), we easy get

f~ [Vw|?dz = 0(1). (3-74)
QR.s

Observe that |X.| > 1. Now, we claim that up to a subsequence,

d 092
()’s, ) —)+OO

ve — 0 and
|xe — Yel

(3-75)

as ¢ — 0. In particular, by (3-71), this implies v, = |x; — y¢|. Now we prove (3-75). Indeed, if we assume
by contradiction that (3-75) does not hold, for all R >> 1 sufficiently large, we get that the (w,/u.(ye))’s
converge locally out of B, (%) to some C! function which is 1 at 0 and O on the nonempty and smooth
boundary of limg_, 4o lim,—,.o Qg . (maybe after a harmless rotation). We use here the Harnack inequality
and elliptic theory with (3-56), (3-73) (with p > 2) and (3-74), since u, =0 in d2. This clearly contradicts
(3-74) and (3-75) is proved. Up to a subsequence, we may now assume

%> % ¥ =1, (3-76)

as ¢ — 0. By (3-56), (3-73), (3-74), and similar arguments including again Harnack’s principle, we get
We

Ue (Ye)

using also (3-75). By (3-72) and (3-77), we get that for all p > 1

— 1 in CL.(R*\{%}), (3-77)

v/ Pug(ye) = 0(1) (3-78)
as ¢ — 0. Let now w, be given by
_ we—we(0)
We = —Z >
Ve | Vig (ye)|
so that |[Vw,(0)] = 1. For any given R > 1 and any sequence (z.). such that Z, := (z, — y:)/v. €
Qr.e\B:(1/R), we get

1/(C8|Z£ _)Zslz) if z, € Q¢,
O\s/ce)vgzus(ya)‘l if 7o & Q¢

ug(ye)

&

|AWe (Ze)| = |Awe (Ze) S {
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for all ¢, using (3-51), (3-70) and (3-77). Then, since A, = o(1), we get from (3-70), (3-75) and (3-78)
(with p > 4) that
AW, — 0 in L (R*\{%}) (3-79)

loc
as ¢ — 0. By (3-70), (3-76) and (3-77), given R > 1 and Z, € QR,E\B;(I/R), we get
Vit )l _uely) 1 _ 1+o(D)
|Vue(ye)l = ue(ze) |Xe — Zel 7 1Xe — Zel
for all 0 < ¢ < 1. Then, by (3-79), (3-80) and since w,(0) = 0, there exists a harmonic function A in
R2\{%} such that lim,_,o W, = H in C} (R?\{x}). Now, for all given B > 0, integrating by parts, we get

loc

/ Updpty do = C,;(/ A, Hdo —|—0(1)> < f |Vue|* dy +/ ug(Aug)Tdy = 0(1),
0By, (Bve) 9Bz (B) Q Q

using (3-70) and (3-77), as ¢ — 0. Since C, — +00, this implies faB~(ﬂ) dyH do = 0. Then, also by
(3-80), B being arbitrary, H is bounded around x and then the singularity at x is removable. By the

IV, (Ze)| = (3-80)

Liouville theorem, H is constant in R, which is not possible since |Vw,(0)| = |[VH(0)| = 1. This
concludes the proof of (3-52). Il

Remark 3.6. We do not assume that the continuous function \1’1’\,8 is positive and increasing in [0, +00).
Then, standard moving plane techniques [Adimurthi and Druet 2004; Gidas et al. 1979; Han 1991;
de Figueiredo et al. 1982] do not apply. We use in the proof below the variational characterization (3-7)
of the u.’s to get that x € Kq, Ko as in (1-9), and that, in particular, x ¢ 92 in (3-12).

Let B, be the radial solution around x, of

1
{ P, (3-81)
Be(x:) = ve,
where Y, is still given by (3-13). Let u, be given by
1
ug(z) = —f u,do (3-82)
27 |xe — 2| JoBy, (xo—z)
for all z # x. and u.(x.) = us(x;) = y.. Let gg € (J/1/e, 1) be given. Let p, > 0 be given by
te(pe) = (1 — o)y, (3-83)
By (3-44), we have
pz = exp(—(e0 +o(1)y?). (3-84)
Let r. be given by
re =supf{r € (0, pe] : lue — Be| < 1/ye in By, (r)}. (3-85)

Observe that r. > u. by Step 5 and the Appendix. Then, we state the following key result.
Step 7. We have

&

o () = Bu(ro) + o(l) (3-86)
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and then vy = p, for all 0 < & K 1. Moreover, there exists C > 0 such that

IV(Be —ug)| <

in By, (pe) (3-87)

e Ve
forall 0 < e K 1, where (x;). is as in (3-13), B, is as in (3-81), u, is as in (3-82), p. is as in (3-83) and
re is as in (3-85).

Since B.(x:) = u.(x:) = ye, (3-87) obviously implies

|« —xel

|B; —u.| <C in Bxg (0¢) (3-88)

PeVe
for all 0 < ¢ <« 1. Then, combined with the Appendix, Step 7 provides pointwise estimates of the u,’s in
By, (pe)-

Proof of Step 7. The proof of Step 7 follows the lines of [Druet and Thizy 2017, Section 3]. We only
recall here the argument in the more delicate Case 1. Let v, be given by

Ug = Be + ve. (3-89)

By the Appendix, we have that B, is well-defined, radially decreasing in B,, (o.), and
t t
Bi=y.——+ o(i) (3-90)
Ve Ve

uniformly in By, (o,) as € — 0, where ¢, is given by (3-41). Then, we get first from (3-83) and (3-90) the
lower bound

min B; > y.(gg+0(1)).

xg e

Let us introduce now an intermediate radius 7, given by
~ . 1 .
Te = sup{r € (0, r]: 580V8|x5 — [IVue| < Cin Bxg(r)}

for C as in (3-52). We prove now that 7, = r, for all ¢ < 1. Indeed, by Wirtinger’s inequality on 9 By(r),
0 <r <r,, we have

_ 2C
litg —ug| < T,
E0Ve
so that, by (3-85),
2nC _1
[ve| = |Bg —ue| < | —— +1 Ve
&0

in By, (7¢). Then, we get a lower bound on u, as well, namely

min ug > ye (o +o(1)), (3-91)
By, (Fe)

so that, by (3-52), the condition in the definition of 7, never saturates: 7, = r, for all £ < 1. Observe
for this that (3-91) combined with (3-53) (see also the paragraph below (3-53)) and with our assumption



WHEN DOES A PERTURBED MOSER-TRUDINGER INEQUALITY ADMIT AN EXTREMAL? 1397

es% > 1 implies By, () C 2.. Observe in particular that (3-31) provides )/82 > N.(14+0(1)). Summarizing
what we have just obtained in B, (r.), we may write

1
lxe = - [VuelllLe(s,, o)) = 0(—),
Ve
and |
lvell oo (B, (r)) = O (—) (3-92)
Ve
‘We also have
B, <y, (3-93)

in By, (r¢). By combining (3-26) and (3-81), (3-92) allows us to linearize (3-81) to control v,. More
precisely, (1-5) and Lemma 3.3 permit us to compute the variations of \111/\,5 in (3-27), even if g is only C!
in (1-1), so that \IJ;\,e is only continuous. Namely, we get from (1-5a) and (1-5¢) and from Lemma 3.3 (for
y = B,) that
1 .
|[Avg| = |A(ue — Bg)| < C/AEVSZ(pNE_z(BSZ)[|US| +0(_>] m Bxg (re)

&

for all ¢, using (3-48), (3-91)—(3-93) and some computations. Then, (3-90) gives

—2t.(1 D) +12/y? 1
|| < ¢ 2R oD+ 1 /o) [|v8| +0<—)] in B,, (r;) (3-94)
e e
using (3-30), (3-40) and (3-45). Starting now from (3-92)—(3-94), we can compute and argue as in [Druet
and Thizy 2017, Section 3] in order to get (3-86)—(3-87). O
Conclusion of the proof of Lemma 3.4. Let g, € (g9, 1) be fixed and let p; > 0 be given by
te(pp) = (1 =€) y7 (3-95)
so that, by (3-44),
(p1)? = exp(—en(1+o(1)y?). (3-96)
In order to conclude the proof of Lemma 3.4, by Steps 1-7, it remains to prove (2-4), (3-10)—(3-12), that
47 G G
us()’) — n—x‘(y)‘ — O(ﬂ) (3_97)
Ve Ve
uniformly in By, (p,)¢, that
t S S S -
Ue=Ye = 5+ T (A(r) — 26 0+ o(tﬁ) (3-98)
&€ yg yg yé‘ y&

uniformly in By, (p;), where the S; .’s are as in (A-5), and that

AT N A Ax(A(ye)—26,
Ue(y) = Gy, () (—n-i-z . 2(A(ys)—28 ))
Ve D0 Ve Ve

4B(ye)
yZ exp(1+H,,

Ce | B(ye)l
Gy(x)F(4rG,, (x))dx+o| —Gy, (y)+ 3 , (3-99)
(x¢)) Ja Ve Y

&
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uniformly in B, (p})¢, as ¢ — 0, where F and B(y,) are given in (1-6), where the A;’s are as in (A-3),
and where ¢, is given in (A-8).

(1) In this first point, we aim to get pointwise estimates of the u,’s out of By, (p.). Let G be the Green’s
function in (1-8). It is known that (see for instance [Druet and Thizy 2017, Appendix B]) there exists
C > 0 such that

1 C
and 0< Gy(y) < —log
lx — ¥l 2 T x =yl

for all x, y € @2, x # y. By (3-87) and since llug |2 ] <4, it is possible to prove (see for instance the
proof of [Druet and Thizy 2017, Claim 4.6]) that, glven p<1 /eo,

IVyGx (V)| < (3-100)

Il exp@)|lLr (B, (pr20) = O(1) (3-101)
for all &, where By, (p;/2)¢ = Q\Bx, (p;/2). In the sequel, p’ > 1 is chosen such that
1 1
— + —/ < 1.
P P

Let now (z,). be any sequence of points in By, (p;)¢. By the Green’s representation formula and (3-26),
we can write

Ae
Ue(2e) = — / G (0) Wy, (ue(y) dy.

By (3-100), we have that there exists C > 0 such that

lxe — - |

|Gz (xe) =G | =C (3-102)

8

in By, (p./2) for all €. Set t, = 1 +1.. By (3-44) and (3-84), we have

| - =X e\ s
=o| = in Qg :={y:1.(y) < ye}
YePe Ve

as ¢ — 0, and then, by (3-88), (A-9) holds true for v, as in (3-89). Independently, using (3-29), (3-40),

(3-88) and (A-3) with (A-7), we clearly get that there exists C > 0 such that

exp(—2te +12/y2)
,U%Vs

he| Wiy, ()| < C n By, (30:) (3-103)

for all €. Then, we get

AWy (ue) —2e+12 )y —
ue(Zs)=ng(xe) &N 8—dy+0</ exp( £+8/y8)| x€|
By (02/2)

By (o) 2 2Vep)

4 1 A(ye)—26 ~ 1
=Gy, (xg)— <1+—2+—+0(§s)) +o (—) +o(lluell ), (3-104)
Ve Ve 2 Ve

dy) +O0 (Aellue ||Lp’)

where Eg is given by (3-15). We start by focusing on the first equality of (3-104): (3-102) and (3-103)
are used to get the first two terms. The last term is obtained from (3-29), (3-100), (3-101) and Holder’s
inequality. We focus now on the second equality of (3-104), resuming the previous one term by term:
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The first term is easily computed by integrating (A-9) in Q. and by plugging the values of the A;’s from
(A-2)-(A-4) on the one hand, and by estimating roughly in B,, (,og)\’Ssz2 with (3-103) on the other hand.
The last term obviously follows from A, = o(1). As for the o(1/y,), we get first O (i./(p,¥:)) using
g0 > %, which clearly concludes by (3-95). Using first that u, < y, and (3-84) in By, (p.), and then (3-104)
with (3-100) in Q\ By, (p.), we get

1 1
IIMalle/ = 0(; + “”8”LP’) +0 (;)
This implies with (3-104)

4 P 1 A(ye) — 2&; ~ 1
ug(ze) = M(l-l-—z'l'u-i-O(Q)) +0<—>. (3-105)
Ve Ve 2 Ve

(2) In this second point, we prove
44o0(1)

e S —5——————
y2exp(1+ M)
as ¢ — 0, for M as in (1-9). Observe that (3-105) implies
4Gy, +o0(1)

Ve

(3-106)

ue = (I+o(1))

in Q\By, (p¢). By (1-1) and (3-100), our definition of p, and the dominated convergence theorem, this
implies

lim Wy, (1) dy = |22|(1+ g(0)). (3-107)
e=>0JQ\B,, (p.)

Independently, (A-7) and (3-88) give
1 1))t
Ug = Ve — otz (3-108)
Ve
in By, (pg), since u, < p.. Then, using (3-30), (3-45), 88 > 1/e and resuming the arguments to get (3-55),
we have
Wy, (ue) = (1+o(1))gy,—1(u7) and Wy (ue) =2(1+0(1)) ucpn, 1 (u?) (3-109)
in By, (p.). Independently, observe that, for all I", § > 0,
on()=dexp(I’) = forall T €[0,T'], on(T) <dexp(T), (3-110)

since ¢y > @y in [0, 4-00]. Then we get

4 (1 1
/ Wy, (ue) dy = drd+o)) jo( ) (3-111)
B.rg(ﬂe) yg )"8

as ¢ — 0, by (3-30), (3-40), (3-108), (3-109), with (3-48) for |y — x| < e, or with (3-110) and the
dominated convergence theorem for |y — x.| > u.. Then, because of (3-7), we get that (3-106) holds
true, by combining (3-107), (3-111) with (3-24).
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(3) In this point, we conclude the proof of (3-10), and prove (2-4) and (3-12). For R > 1, let x. r be
given in Q; g := Q\ By, (Rue) by
Xe,R = 47TA€,RG)C5

for A g > 0 to be chosen later such that
Xe,R Sug ondBy (Rug). (3-112)

Integrating by parts, we can write

f |Vue|*dy = f |V xe.r|*dy — 2/ (v Xe.R) (e — Xe.R) dO +/ |V (ue — xe.r)* dy
Qe R Qe R ang (Rue) Qe R

> / Ve k2 dy, (3-113)
QS,R

where v is the unit outward normal to the boundary of By _(Rp.), using (3-112). Indeed, by [Druet and
Thizy 2017, Appendix B] for instance, since d(x., 0€2) > u. by Step 5, we have

1 1
0,Gy, = — o —— 0B, (Rug). 3-114
vUx, 27 Rts + <d(x£’ 39)) on xg( Me) ( )
Now, by (3-3), (3-40), (3-42), (3-45), (3-84), in order to have (3-112), we can choose A, r such that
1 log(1 + R? 1 log(8,As72/(4R? D!
A&R:_(l_ og(l + 2)+o( ))<1+ 0g(8chs vy /( ))2+ng(xg)+o( )) o Ga1s)
)/a yg yé‘

with §, € (0, 1] as in (3-30). In (3-115), we use

[Hx, — He, (xe)| = 0(—61(%’ 89)) =o(l)

uniformly in 0B, (Ru¢), using Step 5 and computing as in (3-21). Now, by (1-8), (3-44), (3-84), and
(3-114), we compute and get first that

/ Vel dy = — f Bose.R) o1 do
QR BBXS (Rite)

2 2 2 1
> 4 (l B 2log(1 +y1§ )+0(1)> (l n log(8: ey /(4R ))2+ H, (xe) +0(1)> |

Ve
using also (3-115). Independently, we compute and get also that

2

1+ R2

2 4 2
Vue|*dy = — (log(1 + R?) — +o(D)),
B.\’g(RI‘LE) Y.

¢
by (3-42). Thus, since |u, ||i,01 <4m and by (3-7) and (3-113), we eventually get
log 8cAe + H.o, (x¢)

Y2
Moreover, using the definition (1-9) of M, (3-106), §. < 1 and that R > 0 may be arbitrarily large, we get

>o(1).

8, — 1, (3-116)



WHEN DOES A PERTURBED MOSER-TRUDINGER INEQUALITY ADMIT AN EXTREMAL? 1401

and that (3-10) and (3-12) hold true. As a remark, in Case 2 where N, = 1, (3-116) is a direct consequence
of the definition (3-30) of 8.. Then, (2-4) follows from (3-10), (3-107) and (3-111).

(4) Now we prove (3-11). Since 8(’) > g9, we get from (3-84), (3-88), (3-96) and (A-7) that

t fe t 1.
”ezys_—e__—(A(Ve) 258)—8—1—0( 858) (3-117)
Ve Vg 2ve Ve

uniformly in {y € By, (p}) : t. > y:/4}, using also (A-3). Then, noting that the averages of (3-105) and
(3-117) have to match on 9 By, (p,), we compute and get
4
Ae = ") (3-118)
y2exp(1+ M + 572 (A(ye) — 20) +0(Zev?))

by (3-12), (3-116) and (3-40) with (3-3) and (3-45). Observe in particular that

159,726, <1, 15y 51

on 3By, (p.), by (3-95) and (3-96) with (1-8) and (3-12). By (3-10) and (3-118), (3-11) is proved.

(5) Here, we conclude the proof of Lemma 3.4. As an immediate consequence of (3-105), we get that
(3-97) holds true. Pushing now one step further the above computations with very similar arguments, we
get that (3-98) holds true as well. At last, using in particular (3-10) with (1-6) to improve the estimates in
point (1) of this proof, we get (3-99). [l

Lemma 3.4 is proved. 0

4. Proof of Proposition 2.1

Proof of Proposition 2.1. We make the assumptions of Lemma 3.4 in Case 2 with o, =47 (1 —¢). In
particular, we assume that u, is a maximizer for ( 4r(1— 8)(52)) for all 0 < ¢ « 1, and that (2-1) holds true.
Then, Lemma 3.4 in Case 2 will be currently applied in the sequel. In particular, we may let A, Ve, X, Ue
be thus given and it only remains to prove (2-5)—(2-6) to get Proposition 2.1.

Let z € 2 be given. In view of (3-99), for y, u > 0, we let now U, ,, . be given by

1 |x —Z|2 1
Uu,y,z(x)z; —log| I + M +lo g +H 1,z (X)

Lo x— A, 1
2 (57 )u—(log LORY)
+M<z<x_z) 4 (log : +H2M(x)) )
14 7 4

1B / G.(")F(4nG.(y)) dy (4-1)
y2exp(1+H.(2)) Jo : ’
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where the §; are given by (A-2), where the A;, B; are as in (A-3), where H is as in (1-8), where the H; ,, .
are harmonic in 2 and given by

H—I,U,Z:_log ; or H; Z:_4_T[ S -T2 —B: +10gM2
s M2+|Z_'|2 JsHs Aj J I Jj

on 92, for j € {0, 1, 2}. By the maximum principle and (A-3), we have that #; , .(x) — H,(x) and
10, H j 10,z(x)] < C e uniformly in x € 2 as u — 0, for all j. Then, setting f, (1) = y~! Uuy,-(z)—1, using
that S; (0) = 0 and (4-1), it may be easily checked that f, (1) = —y ~2log u?(1 +0(1)) — 1, C'-uniformly
in € (0, u(y)) as y — 400, where u(y) is given by —log iu(y)?> = %yz. In particular, there exists
¥ > 1 such that lim,, ¢ f, (n) = +o0, f,(u(y)) <0 and f}ﬁ < 01in (0, u(y)), so that there exists a
unique ji(y, z) € (0, u(y)) such that f, (ji(y, z)) =0 for all y > y. Fixing K a compact subset of €2, it
is clear that 7 can be chosen independent of z € K; in particular, we may let fi, := {t(ye, z) be the unique

w € (0, u(ye)) given by

Uu,yg,z(z) = Ve 4-2)

for all ¢ small. We write from now on ﬂj,S,Z = Hj .. and Ug; := Up, ,, .. The following result
concludes the proof of Proposition 2.1.

Lemma 4.1. We have

Ve B(¥e)

S=/G;( F@nG;(y)dy if —=—_
o VF@nGx(y))dy lfy{4+|A(y€)|

#0 (4-3)

as € — 0, where S is as in (1-9) and x as in (3-12). Moreover, (2-5) holds true in any case.

Proof of Lemma 4.1. Let K be a compact subset of €2 and (z.). be a given sequence of points of K. For
simplicity, we let in the proof below Es be given by

. 1 B(y:.
cszmax(—4, Ao, | (Z)'). (4-4)

(1) We first derive the following more explicit expression of the ji, from (4-2):

4 4 .
= 1 A 4A 2 2
Eexp(Dr?  ylep(+ H oy T oG TrAD)
2
Ye A(Ve) 4B(y,)
- - F(4 A
X( 2 e exp(l + 7 2o)) J O (”ng@))dy) (4-5)

as ¢ — 0. By the maximum principle and (A-3), we get that there exists Cx > 0 such that IH jezl < Ck
in €2, so that, by elliptic theory, the H j.e,ze S are also bounded in C|

10c(§2) for all ¢ and j. We get from
(4-2) that |log 1/2 — y2| < C’, and then that

[Hj ez —Hel < Crpylexp(—y?) inQ, (4-6)
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forall0 <e K 1and j € {—1,...,2}, by the maximum principle, (1-8) and (A-3). Rewriting then (4-2)
as
1 A A A(Ye)Ar Ag
2 0 1 Ve
=log —|1 H 1
e TR ﬁ%( a2 Ty T an )+ ZS(ZE)( +4m/§)
By 4B(y.)
v2:  veexp(l+H, (z0) Jo

we easily get (4-5), using (3-16) and (A-3) with A;/(4m) — Ag/(16n2) — By =0.

G, (NF@ErG, () dy+ Oy * +1AGe)l),

(2) We prove now that

/ VU, P dx = 471+ L (v) +0(E)) @-7)
Q
as ¢ — 0, where I, (y,) is given by
L AGY 4B(ye)
Ly =yt 4 20 G.. () F@4nG., () dy (4-8)

2 753 exp(l + He, (ze)) Ja
and where U, ,, is given by (4-1)—(4-2). By (1-6) and elliptic theory,
(x > / G (W FArG, (y)) dy) is a bounded sequence in cl(Q). 4-9)
Q e

By the construction of the H j.e,z.» WE Can write

/Q IVU,...(y)*dy

=/ AUs,z, (y) Us o, () dy,
Q

_ / <A<—t}) L A% A% +A(V8)A§2,a)
yife (N =re}

Ve RG A Ve
1, S A 1 - -z _
% (J/g— _£+ 0,38 +0<(| (Va)| +_5)(1 +t£)+ |y 8|>> dy+0()/g 4)
y€ yg &€ & Vs

+ (0<ﬂ§y;‘)+ B0 F<4nGzp<y>>)
{yife () 2ve (ve—1)} veexp(l +H;, (z¢)) ‘

8 (47Tng(y) +O(ng§y) I |B(J;8)|)) dy, (4-10)
Ve Vi Ve

where 7, (y) = log(1+ |y — z|*/fi2) and S; . = S;(|y — z¢|/fLe). We use also here (1-8) with (3-16), and
the estimates of point (1) of this proof, including (4-5)—(4-6). The integral on {7, € (Ve, ye(¥e — 1))} gives
an o(yg_“)—term. Estimate (4-7) follows from (4-10), the Appendix and some computations that we do
not develop here again; see also [Mancini and Martinazzi 2017, §5].

(3) We prove now that
f Vue P dx = 4 (1 + Iy () + 0(5) (4-11)
Q
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as ¢ — 0, where I, (y,) is given by (4-8), for (x¢). as in (3-13). Now, we can push one step further the
argument involving (3-118), writing now that both formulas (3-98) and (3-99) must also coincide on
9By, (p;), where p, > 0 is as in (3-95). We compute and then get for . in (3-40) the analogue of (4-5)

for i,

AeH( )_;(l—l-o(i))
VT Wz exp(r2y2 ya

_ .

TS R

2
Ve AWe) 4B(y:) / ) _
" <l 2 e+ Hy () Jg GO RGOV DY) (G

using (1-8), (3-16), (A-3)—(A-7). Independently, integrating by parts, resuming some computations in the
Appendix and using (2-2), (3-12), (3-44), point (1), and (3-97)—(3-99) (see also (3-89) and (A-9)), we get

/ Vi dx = / e e H (101t expu)) dx, = / U AUsy, dx +0().  (4-13)
Q Q Q

In order to get the second equality and to apply the dominated convergence theorem, it may be useful to
split 2 as

1 1-35 1 -8 2}

Q={y:t:(y) <ve}Uy:t:(y) > ¥ and log 2 = 0y82 Uiy :log 5 =< Ve
| 2 |xe — ¥ 2

lxe —y
where §) is as in (1-6), and to use the first line of (4-12) with (1-5) (resp. with (3-29)) in the first region
(resp. in the second region), or (1-6)—(1-7) in the last region. Observe that the argument here is to show
that U, ., (resp. AU, ,,) is in some sense the main part of the expansion of u, (resp. Au,). Thus we get
(4-11) from (4-7) and (4-13).

(4) We prove now that, for any fixed sequence (7.). of real numbers such that n, = o(yg_z), we have
f (148 (Ver ) exp(V2, ) dy = Q1 (1+g(0)+7 exp(14+H;, (2)) (1—11.72)
Q

1 .
X H (ye) (I‘H/azlzg(Ve)+ﬁ+0(7/3(§e+|ns|))>

&

( 8B(ye)
x| 1+
Ve(k+1)exp(14+H,,

/ng(y)F(4ﬂng(y))dy>, (4-14)
(ze)) Jo

where « is as in (1-6) and where V, ;. > 0 is given by

V2, =1-n)U; (4-15)

£,2¢°

where Uy, ;, is given in (4-1). Computations in the spirit of the proof of (4-13) give

/Q (14 §(Uen)) exp(U2, ) dy = /Q (1 + g(ue)) exp(ud) dy +o(y2%,). (4-16)
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not only by combining (1-1), (1-5)—(1-6), Lemma 3.3, (3-12), (3-97)—(3-99) and the Appendix, and by
splitting €2 as in (4-10), but also by using (4-5) and (4-12). In particular, once (4-14) is proved, choosing
ne = 0 and z, = x,, we get from (4-16) that

fQ(IJrg(us)) exp(uz) dy = |Q|(1+g(0) +7 exp(1+H,, (x:) H (v.)

1 .
S (1 +y;321x5 (Vs)+ ﬁ +0(y32§8)>

&

8B(y:) /
x| 14+ Gy, (VF@nGy (y)dy). (4-17)
( Vel +1) exp(1+Hy, (xe) Jo "
It remains to prove (4-14). We compute and get
2o e B 280 4 -
Use. )" =y — 2+ ) + 2 + O((A@+ v HA+1(0)*) + 1y — zl) (4-18)
& &

for all y such that 7 (y) < y,, using (1-7), (4-1)—~(4-2), (4-5), (4-9) and (A-3). Then we get
/~ (1+g(Ve.,)) exp(V2. ) dy
{t:<ye}
= /{ . H(ve)(1+ O(|A(ye)| exp(Soie))) exp(y2) exp(—2i;) exp(—n:y.2)
1. <VYe ~
2428 B .
x exp(gy—z‘“) exp(O (11l + 1A + ¥ H A+ + 1y — z:1) dy,

&

using (3-2) and (4-15) with (4-18). Then combining 7, = 0()/8_2), (3-16), (4-5), computing explicitly
Jr2 €xp(—2T)So dy = 0 and [, exp(—2Ty) T dy = 27 for Ty as in (3-42), we get

/ (I+g(Veo ) exp(V2, )dy
{fsf)/s}

= DG ORHCOTD 1oy 2 1A G +2)

4
2
" (IJr Yo A(Ye) 4B(y:)

G..(x)F(4rG (x))dx+o<B(y€)))4n<l+i). (4-19)
2 veexp(Hz, (zo)+1) Jo & N Ve

Ve 3

Independently, we get from (1-6), (3-1) (parts (a) and (b) in { v, 41 G, (y) < %yg}, or part (c) otherwise),
(4-1), (4-5) and the dominated convergence theorem that

[ asetvipeniza
{te>ve}

87 B(y,
— Q11 + g(0)) + 2 BGe) st<y>F(4nng(y>>dy+o(
Ve + 1) Jo

Combining (4-19) and (4-20), we conclude that (4-14) holds true, using (3-3) and (4-5).

|B(ve)l

Ve

1
+ —2). (4-20)
Vi
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(5) We are now in position to conclude the proof of Lemma 4.1. Let xy be a point in the compact set
Ko @ 2 where S is attained in the third equation of (1-9). Let n, be given by
4 (1l —¢)

- . (4-21)
”Ua,io”ilol

(I —=n) =

First, we can check that
Ne = Izy (Ve) — Ix, (Ye) +0(Le), (4-22)

so that the condition n, = 0()/8_2) above (4-14) is satisfied, using (1-7), (3-7), (3-16), (4-7) and (4-11).
Additionally, we have ||V, x, ||i[1 =4 (1 — &), by our choice (4-21) of 5., and then, by (3-7),
0

/Q(1+g(ug))eXp(u§) dyZ/Q(IJrg(Vs,xo)) exp(V.g,) dy;

this implies, in view of (4-14), (4-17), (4-22) and of our choice of x, that (4-3) is true and then, by (4-11)
again, that (2-5)—(2-6) are true as well. This concludes the proof of Lemma 4.1. O

Proposition 2.1 is proved. 0

Proof of Proposition 2.3. Let 2 be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)—(1-6)
hold true for H asin (1-2), and let A, B and F be thus given. Assume that A, (£2) <7 exp(1+M), where M
isasin (1-9) and A, (€2) as in (1-11). Assume that there exists a sequence of positive integers (N¢)e such
that (2-9) holds true and such that (/ fgg (£2)) admits a nonnegative extremal u, for all € > 0, where gy,
is as in (1-10). Then, by Lemma 3.4 in Case 1, we have (2-1) and that (3-8) holds true for o, = 4 for all
0 < & <« 1. Moreover, we have u, € C1?(Q) (0 <6 < 1) and (2-3) by (3-13). In order to conclude the proof
of Proposition 2.3, it remains to prove (2-10). Still by Lemma 3.4 in Case 1, (3-97)—(3-99) and (A-9) (v, as
in (3-89)) hold true. Concerning (3-97)-(3-99) and (A-9), observe that, contrary to Case 2, the term &,
cannot be neglected in Case 1, which we are facing here. Indeed, using also now (3-30), (3-40), (3-110)
and (A-9), we can resume computations of (4-10), (4-13) and the Appendix (now with (3-11)) to get

el =4 (1+ 1) +o(r* + 1A+ v 1B +£0)
as ¢ — 0, where
I(re) =y, + L(A(e) — 28) + 4y, exp(—1 — M) B(y:)S,

so that (2-10) holds true, which concludes the proof. U

Appendix: Radial analysis

Let (x,), be a sequence of points in R> and (y;), be a sequence of positive real numbers such that
¥ — +00 as ¢ — 0. Let g be such that (1-1) and (1-5) holds true for H as in (1-2), and let A be thus
given. Let (N,). be a sequence of integers. We assume that we are in one of the following two cases:

Case I’: N, — +oo ase — 0, and (3-30)—(3-31) hold true.
Case 2': N, =1 forall ¢.
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Let B, be the radial solution around x, in R? of (3-81), for Wy as in (3-25), where (X,), is any given
sequence of positive real numbers. Let Ty be given in R? by

To(x) =log(1 + |x|?). (A-1)
Let S;, i =0, 1, 2, be the radially symmetric solutions around 0 in R2 of
ASo — 8exp(—2Tp)So = 4 exp(—2To) (Tg — To),
AS) — 8exp(—2Ty)S; = 4exp(—2Tp)(So + 28§ — 4TS + 280 Ty — Ty + 3 T7)). (A-2)
AS; — 8exp(—2Ty) S, = 4exp(—2To) To

such that S;(0) = 0. In the sequel, we will use the C! expansions of the S;’s given by

Ag 1 2 2 2
So(r) = P log ) + By + O(log(r)°r=), where A9 =4m, By= 6 +2,

A 1 2
Si(r) = ﬁ log — + Bi + O(log(r)*r™2), where A, = 4x (3 + %) B R, (A-3)

A 1
So(r) = ﬁ log — + By + O(log(r)r~2),  where Ay =27, B, € R,

as r = |x| — 4oo. Note that in particular

A,-=f AS; dx. (A-4)
R2
The explicit formula for S
So0) = —To(r) 4 2r2 IT()2+1—r2/1+’2 logr
r)=—Ty(r — 5To(r ,
0 O T2 20 1+ 72 1—1

and the expansions in (A-3) are derived in [Malchiodi and Martinazzi 2014; Mancini and Martinazzi
2017]. Let g9 € ({/1/e, 1) be given. Let u. be given by (3-40) and ¢, by (3-41). Let p, > 0 be given by
(3-83) and satisfying (3-84). Let S; . be then given by

lx — x|
Sie(x) =5; (A-5)
He
fori =0, 1, 2. Let & > 0 be given by (3-14). In Case 1’ where N, — +oo as ¢ — 0, we get &, = O(Ng_l/z)
by (3-30) and (3-45). Then, in any case, we clearly have
& —0 (A-6)
as ¢ — 0. Then we are in position to state the main result of this section.
Proposition A.1. We have
t S S S 1 A +
Bomye— 4 20 4 e () — g 22 +o(re (—5 J At )) (A7)
yé‘ & yg & J/g yé‘

uniformly in [0, p.] as € — 0.
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In particular, using also (1-1) and (3-3), it can be checked that B, is positive and radially decreasing in
[0, pe]. Observe also that &, < y8_4 can be seen as a remainder term in Case 2'. Let £, > 0 be given by

1
{e = maX(—4, |A(ye)l, Eg)- (A-8)
Ve
Set t, = 1 + t,. Resuming the computations below, we get as a byproduct of Proposition A.1 that
ve = o(fy,) implies

AeW (Be +ve) 4 exp(—2t;) [1 (ASO)((- —xg)/1e)  (ASDH(- —x5)/he)
= + +
2 WU2Ye Y2 v

. —xe

+ (A(ye) — 2Ss)(ASz)( ) +o0(& eXp(Sots))] (A-9)

&
uniformly in {y : 7. (y) < y.}, for some given 8o € (89, 1), for 8y as in (1-5).

Proof of Proposition A.1. Since both arguments are very similar to prove for Case 1" and Case 2/, for the
sake of readability, we only write the proof of Proposition A.1 in the more delicate Case 1’. Then, assume
that we are in Case 1. We let 7, be given by

Te
B, =y, — —. (A-10)
Ve
Let w, be given by
! S S S w
Bomye— 24208 4 21t 4 (g — g2 4 S0 (A-11)
& ys yg € &
Let § > 0 be fixed and let 7, > 0 be given by
Fe = sup{r > 0 : |w,| < 8, in [0, r]}. (A-12)

Now, since § > 0 may be arbitrarily small, in order to get Proposition A.1, it is sufficient to prove that
re = p. for all 0 < ¢ <« 1. Using (A-12), we perform computations in [0, 7.] and the subsequent o(1) are
uniformly small in this set as ¢ — 0. First, by (1-5), (A-3), (A-6) and (A-12), we have

o =1:(14+0(1)). (A-13)

Observe that, as soon as we have AB, > 0 in [0, 7], the solution B, is radially decreasing and (3-93)
holds true in [0, 7¢]. Let Lf and L¢ be given by

H(B;) = H(y.)(1+ Lf), and then (14 g(B:)) = H(y:)(1 —{-Lf +L%). (A-14)

In view of (A-10) and (A-13), estimates of Lf , LE are given by (1-5) and (3-2), respectively. We are now
in position to expand the right-hand side of (3-81). From now on, it is convenient to write

N.=N,—1. (A-15)
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Going back to (3-27), we have
Wi, (Bo)

2
By (3-83), (A-10) and (A-13) and since 7, < p., we have

2N,
=B, H(ya)[<1+L )1+ oy, (B] >)+Lg(1jv, —BS)}- (A-16)

m1n B > (eg+0(1))y. — +00 (A-17)

[0,7e]
as ¢ — 0. Thus, by Stirling’s formula, we get

BZN(c 2
NI > exp( <10g E + (log 80 +1) +0(1)>)

and then, for all given integers k > 0,

2N£
= 0(1) (A-18)
8
in [0, r¢] as ¢ — 0, using eg > 1/e with (3-31). Similarly, for all given integers k > 0, we have
k
=o0(1) (A-19)

&
on, (B2)
in [0, r¢] as ¢ — 0. Then, by (3-40), (A-10), (A-19) and (A-18), we may rewrite (A-16) as
LeWy (Be) 4 ( >|: o5 (B?) B2N:
. = - O (exp(—y2)) + ———= (1+LH+0<— g))} (A-20)
2 n2ve v2 T on D Ne! gy (B2) *
in [0, r¢], as € — 0. Indeed, by (A-17), we have

LF =o0(1) and L¢=0(1) (A-21)

in [0,7.] as ¢ — 0, using (1-1), (3-3) and (A-14). In (A-20), the term O (exp(— 2)) is equal to
A+ LH) /o5 N, (ys ) and we thus get this control by (3-30) and (A-21). In the following lines, we expand
the terms of (A-20). By (3-48) with [ = yg and T = Bsz, we get

o5 (BY)
ox. (v2)

=exp(B; —y}) — F,

where F, satisfies in [0, 7]

ngﬁ‘E )/82—352 u Ne
F, = ~— / exp(—u) (1 + —2> du
AN (Vg) B;

exp(Bz) sNe 0 y Ne
" exp(—s) = ds = & exp(BZ — ) exp(—) |1+ ) dy.  (A-22)
o5, (v2) N,! B2—y2 Ve

By (A-10) and (A-1 1), we may write

S _
Te =1z — _’2 - ]/_;‘ — (A(ye) — 258)S2,8 — eWe.
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Then, keeping in mind (A-3), (A-6), (A-12), (A-13) and t, < ysz, we may compute

5 2 i 1[5 2t:S0e 2
exp(B; — ;) =exp| =27 + —5 | =exp| =27 + — |1y — + 0 (&et)) (A-23)
Ve L Ve 1z
in [0, 7] as ¢ — 0. Observe that
N .
y o yN!
exp(y) — jZO 7 = m exp(|yl)

for all y € R and all integers N > 0. Then we draw from (A-23) that

T
(1—)/—”"2) exp(B2—y2)

€
1
—exp(— 2t8)|:1+y (280,012 —te)+—5 (281,6+28F A+ 1124+280 012 =480 ete—13+S0.0)

£ 8 2
é‘s e +§’82 53) exp(o(t8)+ >>:| (A-24)
)/g yg J/S

in [0, r.] as ¢ — 0. Independently, by (3-30), (3-45), (A-10), (A-12), (A-13) and since B.(x;) = y,, for
all given R > 0, we have

+2(A(ye)— 255)52 et+20we+0 <<

2N, 2N,
H B-Ve Bg e

&

_ +
Nolog (B Nelog (BY)

1 B2N:
= 0( ) and —*—— <1 (A-25)
Lo ([0, min(R e ,72)] /N Ne! o (B2)

in [0, ], the second inequality being obvious by (3-6) and (A-15). In the sequel, by (3-31), we may
assume that N
N,
B :=— satisfies lim B, = By € [0, 1], (A-26)
Ve e—>0
up to a subsequence. Now, we give estimates for F, given in (A-22). Up to a subsequence, we can split
our results according to the following two cases:

.~
_N

lim 2228 — 4o, (A-27a)
e—0 \/ﬁg
N
-N

Ye — e _ o). (A-27b)

vV N;
Observe that, since we assume (3-31), all the possible situations are considered in (A-27). Let (7). be
any sequence such that

re €0, 7] (A-28)
for all . We prove that, in the case of (A-27a),

O (Ecve exp(=21:(re) (Bo + 0(1))))  if Be(re)? = Ne + VAL,

Fs( s) = ~ e~
' O (exp(—(1 4+ g0+ 0()ts(re)))  if Be(re)* < Ne+ \/E,

(A-29)
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while we get in the case of (A-27b)

21 (re)ée eXp(—Zl‘g (re)(1+ 0(1))) if 7e(re) = o(ye),
O(ts (re)&e exp(—(l +eo+o(1))te (”8))) if ye = O(te(re)).

Now we prove (A-29). We start with the first estimate of (A-29). Then, we assume that B, (re)? > ﬁg—i-\/ ]Vg,
and thus in particular that

For) = { (A-30)

N, _ 1+o()

1— > (A-31)
B. (r£)2 v/ ﬁa
Writing now F; according to the first formula of (A-22), using (3-93), (A-17) and
log(1+1) <t forallt > —1, (A-32)

we get first that

2 e 1 N d
FE & S & - & & € - - )
(o) < & exp(=27,(r )ﬂ)/o exp( y( Be<rs>2>) y

and conclude the proof of the first estimate of (A-29), by (3-31), (A-13) and (A-31). In order to prove the
second estimate of (A-29), it is sufficient to write F according to the second formula of (A-22), to check
that

she
/ exp(—s)=—ds =1,
R N!

that r. <r, < p. implies
t(Fe) < (1 —e0)y2, (A-33)

and to use (A-10), (A-13) and (3-30). Now we turn to the proof of (A-30). Then, we assume (A-27b)
holds true and in particular

1-8.=0 (i) in (A-27b). (A-34)

&
Writing F, according to the third estimate of (A-22), we get

1 2__ p2
F, =&, exp <_Ts (2 - %)) (v. — B2 / exp ((Vf —B)y+N: 10g<1 — (Y‘EV#» dy (A-35)
0

& &

at r.. Expanding the log, we easily get the first estimate of (A-30) from (A-13), (A-34), (A-35) and the
assumption ¢, (r.) = o(y:). The second estimate of (A-30) can also be obtained from (A-35) by (A-13),
(A-32), (A-33) and (A-34). This concludes the proof of (A-30). Now, we prove that, in the case of

(A-27a), we have
Te Mz
/ F.(Nrdr = 0(—2). (A-36)
0 Y,

&
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Since r, < p,, we get from (3-14), (3-30), (3-31), (A-29) and by Stirling’s formula that

/ B _ Fe(ryrdr
{I’E[O,fg],Bg(r)ZZN€+ N}

< exp(r 2L £(Be) + Ollog vy v | if By >
S xR/ (B ((Og”/“){uiexp(yfa—so)(l—2ﬂo+o<1))) if fo < 1

where f is the continuous function in [0, 1] given for 8 € (0, 1] by

1
HGSL

1
F(B) :ﬁlogﬁ+ﬂ— L.
Independently, since r, < p, if
re € Jei=1{r €[0,7:]: B:(r)? < Ne + vV N: },
then J, # & and )/g2 < ﬁg, by (A-10), (A-13) and (A-33). Thus we have

Ye SV ﬁs L te(re),

using that we are in the case (A-27a) for the last estimate. Then, we get from (A-29) that

/ Fo(r)rdr < / exp( (1+4+eo +o(1))t8(r))r dr = o('ue) (A-38)
€ {r<pe,te=ye} y

&

Observe that f and 8 — f(B) + 2(1 — 28) are negative in [0, 1) and [ ] respectively. Moreover,
because of (A-27a) and by (3-31), we can check that

E <1 1+o(1) 1_1—|—0(1)
Ve 1+ 1/V'N, vN Ye

since ygz > ﬁg + v ﬁg, and then that

ﬂsz

0<—f(Be) < yi (A-39)

&
Thus, we get (A-36) from the first estimate of (A-37) with (A-39), from the second estimate of (A-37)
withl —gg <1 —4/1/e < % and from (A-38). Computing as in (A-37), we get also that

6. —o(yl ) (A-40)

in (A-27a) (see (A-39)). By (A-13) and the second part of (A-25), using that 7, < p., we may rewrite
(A-20) as

heWh, (Be)

2

4 T, H) s te

= 1——+L. Jexp(B;—y;,)—F.+0| —
M%)@[( y2 ot A v2

|Fs|+exp(—y3)>

2 H g g 2 BN
+0(<V_52 exp(B; V5)+|Fl>(|L |+ILg |)>+0(|L lexp(B; VE)W)]- (A-41)
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By (3-84), we clearly have
Pe 2 _ 17
exp(—y)rdr=o| —; |. (A-42)
0

&

Integrating by parts, observe that w, given by (A-11) satisfies
We(0) =0 and — rew(re) = / (AWe)rdr, (A-43)
0

where, still using radial notation,

_, dw,
w,(r) = P (r).

From now on, we estimate w, in [0, 7.] with (A-43). By (1-5) and (A-14), we may expand Lf in (A-41).
Now, since (3-81) holds true, by taking the laplacian of B, we get from (A-11) and (A-41) an estimate
of Aw, and then of the right-hand side of (A-43) for r, still as in (A-28). The key observation is that
the precise form of the ODEs in (A-2) generates a cancellation, when plugging (A-24) in (A-41). The
lower-order terms when taking the laplacian of (A-11) are estimated thanks to (A-3). We are left with
estimating the lower-order terms in (A-41), in both cases of (A-27). Assume first that we are in the case
of (A-27a). Estimating these lower-order terms amounts to gathering the appropriate previous estimates
(see (A-21), (A-25), (A-29), (A-36), (A-40), (A-42)). This gives after some slightly long, but elementary
computations that

re A_ d _0 _, Te/Mle ,ugrzdr re/Mle rdr A44
) [(Awg)|rdr = lwgll L= o,r.1) A W +o A W . (A-44)

We also use (1-5) and (3-2) to estimate L f and L. The first term in the right-hand side of (A-44) uses
that, for all r € [0, r.],

|We (r) < rFllwgll Lo 0,r.1)-

Observe now that (A-44) still holds true in the case of (A-27b), replacing (A-29), (A-36) and (A-40) by
(A-30) in the above argument. Since &g > % we clearly get from (A-43) and (A-44) that, in both cases of

(A-27), X )
i} _ Me(re/ite) (re/te)
"s|w;(”e)| = 0<||w;||L°°([0,rg])#/;)3> ‘|‘0<#/;)2 . (A-45)
£ £ £ £
Now we prove that
e llwg Il e o,77) = o(1). (A-46)

If (A-46) does not hold true, then, by (A-45), there exists s. € [0, 7¢] such that s, = O (i), e = O(Se),

|w.(se)| = [ W, || Lqo.7,) and  limsup g |w,(se)| > O. (A-47)

e—0

In particular, up to a subsequence, we may assume that there exists o € (0, +oc] such that . /. — ag
as ¢ — 0. Let w, be given by

We (y) = We (e y) /(e W, I Lo (0,7.7))-
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By (A-45) and (A-47), we get that (||(1 + - )W, || 20,7 /u.1))e is @ bounded sequence. Then, computing
as in (A-44) and by radial elliptic theory with (3-81), we get W, — wg in C>([0, a]) if g < 400 or in

Clzoc([O, o)) if ag = +00, where wq solves

AII)() =8 exp(—zTo)ﬁ)o in Bo(Ol()),
wo(0) =0,
Wy is radial around 0 € R?,

still making usual radial identifications, and where Ty is given in (A-1). By the standard theory of radial
elliptic equations, this implies wo = 0, which contradicts (A-47) and proves (A-46). Then, since w,(0) =0
and by the fundamental theorem of calculus, we get from (A-45) with (A-46) that 7. = p. in (A-12). By
the discussion just above (A-13), this concludes the proof of Proposition A.1. ]
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WELL-POSEDNESS OF THE HYDROSTATIC NAVIER-STOKES EQUATIONS

DAVID GERARD-VARET, NADER MASMOUDI AND VLAD VICOL

We address the local well-posedness of the hydrostatic Navier—Stokes equations. These equations,
sometimes called reduced Navier—Stokes/Prandtl, appear as a formal limit of the Navier—Stokes system
in thin domains, under certain constraints on the aspect ratio and the Reynolds number. It is known that
without any structural assumption on the initial data, real-analyticity is both necessary and sufficient
for the local well-posedness of the system. In this paper we prove that for convex initial data, local
well-posedness holds under simple Gevrey regularity.

1. Introduction

The present paper is devoted to the study of the two-dimensional system

du+udu+voyu+dp—ndu=0, (x,y)eTx(,D), (1-1a)
ayp=0, (xay)e—l]—x(oa 1)9 (l_lb)

du+dv=0 (x,y)eTx(,1), (1-1c)

uly—0,1 = vly=0,1 =0, x€T, (1-1d)

where 1 > 0. The unknowns of this system are (u, v) = (4, v)(x, y,t) and p = p(x, y, t), which model
respectively the velocity field and pressure of a fluid flow. The boundary condition (1-1d) corresponds to
a no-slip condition at the walls y = 0, 1. With respect to the tangential variable x we impose T-periodic
(lateral) boundary conditions.

Note that upon integrating in y the incompressibility equation (1-1c), using the boundary condition
for v (1-1d) we obtain the compatibility condition

1
3x/ ux,y, 1)dy =0 (1-2)
0

for all x € T and ¢ > 0, so that the vertical mean of u is just a function of time. Condition (1-2) allows us
to compute the pressure gradient, see (2-4) below, and to obtain the boundary condition for the vorticity,
see (2-6b) below.

System (1-1) is formally obtained [Lagrée and Lorthois 2005; Renardy 2009] when considering the
asymptotics of the two-dimensional Navier—Stokes equation in a thin domain: = (0, L) x (0, [) with

MSC2010: primary 35Q30; secondary 35Q35.
Keywords: fluid mechanics, Navier—Stokes equations.
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8 =1/L <« 1. After a proper rescaling

Ut X y u v
ti=—, Xi=—, yi=>=, UuU=-—, Vi=—,
L L I U sU
the Navier—Stokes equation becomes
u+udeu+vdyu+ 03, p—nd>d; —noju=0, (x,y)eTx(0,1D), (1-3a)
82 (v +udev+v0y) +9,p—ns* v —nd* ;v =0, (x,y) €T x (0, D), (1-3b)
du+dqyv=0, (x,y)eTx(O1), (1-3¢)
where
1
T= 52Re’

with Re = U L /v the Reynolds number. If we assume n ~ 1 and keep the leading-order terms as § — 0, or
if we assume 1 < 1 and keep both the leading-order and next-order terms in (1-3), we end up with (1-1).

Our concern here will be the local-in-time well-posedness of (1-1). Besides its mathematical relevance,
this problem is meaningful from the point of view of hydrodynamic stability, notably with regards to the
properties of the so-called primitive equations

du+udeu+voyu+dp—n9;—noju=0, (x,y)eTx(, D), (1-4a)
dyp=0, (x,y)elx(,1), (1-4b)
dut+d,v=0 (x,y)eTx(,1). (1-4c)

This model and its three-dimensional counterpart are very important in atmospheric sciences, after
accounting for gravity and many other features [Lions et al. 1992a; 1992b; Temam and Ziane 2004; Petcu
et al. 2009]. For positive values of tangential and transverse viscosity coefficients, they are known to be
globally well-posed in the Sobolev setting in both the two- and the three-dimensional case [Ziane 1997,
Bresch et al. 2003; 2005; Temam and Ziane 2004; Cao and Titi 2007; Kobelkov 2007; Kukavica and
Ziane 2007; 2008], and the vanishing viscosity limit 1, n” — 0 can be characterized in the real-analytic
category [Kukavica et al. 2016]. Yet, in the absence of additional turbulent viscosity, the dimensional
analysis of (1-3) shows that the tangential diffusion coefficient i’ is expected to be very small. This allows
to relate the well-/ill-posedness of (1-1) and the stability/instability properties of (1-4). For instance,
assume that (1-1) is linearly ill-posed without analyticity in x: a result in this direction was shown in
[Renardy 2009], and will be discussed later on. It roughly means that, at least in the early stages of the
evolution, there are perturbations with wave number k >> 1 in x that grow like e/*". From there, if 7’ is
small enough so that 1’'|k|*> < 1, one can expect the tangential diffusion —n’ 82 to stay negligible, and
the perturbation to be an approximate solution of (1-4) (with Dirichlet conditions). This can result in a
growth almost as strong as e’/ Vi showing the strong instability of (1-4). We note that if one keeps n’ > 0
in (1-4) while setting n = 0, the local well-posedness can be established for Sobolev initial datum [Cao
et al. 2016; 2017], confirming that the horizontal dissipation dominated equation is much more stable
than the hydrostatic Navier—Stokes system (1-1) considered in this paper.



WELL-POSEDNESS OF THE HYDROSTATIC NAVIER-STOKES EQUATIONS 1419

From a mathematical perspective, system (1-3) is reminiscent of the two-dimensional Prandtl system,
describing boundary layer flows. The latter is set in a half-plane, say T x R, and reads

8,u+u8xu+v8yu+8xp—n8§u:O, (x,y) eT xRy, (1-5a)
ayp:()a (X, )’) G—H—XR-‘rv (I_Sb)
ou+0dyv=0, (x,y)el xRy, (1-5¢)
uly—0 = vly=0 =0, (1-5d)
lim u=u®, (1-5¢e)
y—>+00
lim p=p*=. (1-5f)
y—>—+00

Hence, the only difference with (1-1) lies in the domain and in the boundary conditions. Here, u* and
p*° are given data, related to the Euler flow above the boundary layer. In particular, as p does not depend
on y, it is no longer an unknown of the system. This is a major difference with (1-1), where p can be
seen as a Lagrange multiplier, associated to the constraint that v = — foy dyu vanishes at y = 1 (see (2-4)
below).

The well-posedness properties of (1-5) are now well-understood, and depend on the monotonicity
properties of the initial data. Roughly, if the data have Sobolev regularity, and if furthermore the initial
data are monotonic in y, (1-5) has local-in-time Sobolev solutions [Oleinik 1966; Masmoudi and Wong
2015]. On the other hand, without monotonicity, system (1-5) is ill-posed in Sobolev spaces [Gérard-Varet
and Dormy 2010; Gérard-Varet and Nguyen 2012]. Local-in-time well-posedness can be achieved when
the initial datum is real analytic [Sammartino and Caflisch 1998; Kukavica and Vicol 2013], and even
under the milder condition of Gevrey regularity in x [Gérard-Varet and Masmoudi 2015]. We refer
to [E and Engquist 1997; Xin and Zhang 2004; Gérard-Varet et al. 2018; Ignatova and Vicol 2016;
Kukavica et al. 2017; Dalibard and Masmoudi 2018] for more results on the Prandtl system such as
singularities, long-time behavior, and Gevrey-class stability. Interestingly, the instability mechanism that
yields ill-posedness in the Sobolev setting involves in a crucial manner the lack of monotonicity and the
diffusion term —n ayzu. Indeed, the inviscid version of Prandtl, that is,

Out+udu+voyu+o,p=0, (x,y)el xRy, (1-6a)
dhyp=0, (x,y)elTxRg, (1-6b)

ou+9dyv=0, (x,y)el xRy, (1-6¢)

V|y=0 =0, (1-6d)

m_p= p= (1-6e)

has local smooth solutions for smooth data, as can be shown by the method of characteristics [Hong and
Hunter 2003].

With regards to this recent understanding of the Prandtl system, it is very natural to ask about the local
well-posedness of (1-1), and to start from the consideration of the inviscid case n = 0, namely
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du+udyu+vdyu+ad,p=0, (x,y)el x(0,1), (1-7a)
dyp=0, (x,y)eTx(,1), (1-7b)

ou+0dy,v=0, (x,y)elx(O,1), (1-7¢)

U|y:0,1 =0. (1‘7d)

This hydrostatic Euler system has been the matter of many studies [Brenier 1999; 2003; Grenier 1999;
Renardy 2009; Kukavica et al. 2011; 2014; Masmoudi and Wong 2012; Cao et al. 2015; Wong 2015].
Contrary to (1-6), existence of local strong solutions requires a structural assumption, namely the uniform
convexity (or concavity) in the variable y of the initial data. A contrario, the presence of an inflection
point may trigger high-frequency instability. This point was established in [Renardy 2009], where the
author considered the linearization of (1-7) around shear flows u = U(y), v = 0. More precisely, he
showed that if the equation fol U (y) — c)~%d y = 0 has complex roots, then the linearized hydrostatic
Euler system admits perturbations which have wave number k in x and grow like ¢°, § > 0, for all
k > 1. Returning to the nonlinear problem (1-7), one can only expect to show short-time stability for
data whose Fourier transform in x behaves like e X! for large k. This corresponds to analytic data in x.
Local well-posedness in the analytic setting was established in [Kukavica et al. 2011]. Moreover, it is
mentioned in [Renardy 2009] that this high-frequency instability persists in the case of the viscous system
(1-1), at least for small enough 7.

Considering all these results, the remaining task is to analyze the viscous system (1-1) for convex (or
concave) initial data. This is the purpose of this paper. It raises strong mathematical issues, related to the
control of x derivatives of the solution. In particular, we find

0 (0xut) + (u 0y +v ay)(axu) + (axM)Z + (0xv) ayu +0:x(0xp) —n a}%(axu) =0.

One of the main problems in controlling 9, u is the term 0,v dyu. Indeed, d,v = — foy Bfu is recovered
from the divergence-free condition, so that it can be seen as a first-order operator in x applied to d,u. As
this first-order term has no skew-symmetry, it does not disappear from energy estimates, so that standard
energy arguments can only be conclusive with the help of analyticity. In the case of the hydrostatic Euler
system, the way out of this difficulty consists in considering the (approximate) vorticity w = dyu. Its
tangential derivative is seen to satisfy

9 (0xw) + (u 8y +v 9y) (3xw) + (Oxu) (dxw) + (3xv) By = 0.

Under a uniform convexity or concavity assumption |dyw| > o, the idea is to test the equation against
0xw/0dyw rather than 0, w, to take advantage of the cancellation

faxv axw:—/ayaxv axu:/afu dyu =0,

This allows one to get rid of the bad term and is the starting point of the local well-posedness argument.
Such an idea was used previously in [Grenier 2000; Masmoudi and Wong 2012].
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Unfortunately, this manipulation, which we will call the hydrostatic trick, is not fully appropriate for
the viscous system (1-1). The reason is that in the estimate for d,w the viscous term generates extra
boundary integrals such as

b 0y " 0y
I'=n 0y0yw —dx, I"=n 0yoyw —dx.
Tx{0) dyw Tx{1) dyw
The value of 9,0, at the boundary can be obtained from the equation on d,u, and yields for instance
(the computation will be detailed later)

1
dydyw|y—o = 32p = —20, / u dyu dy + 9, w|y=1 — d,®|y=o.
0

The issue comes from the first term on the right hand-side, which is again a first-order term in 9, u without
any skew-symmetric structure. In other words, there is an additional loss of derivative compared to
the Prandtl equation, so that obtaining well-posedness below analytic regularity is challenging. This is
our goal in what follows, and we prove in Theorem 2.1 below the local well-posedness under Gevrey
regularity of class % in the x-variable, under an extra convexity assumption in y.

2. Main result and strategy

For notational simplicity, from now one we will set n =1 in (1-1). Let Q=T x (0, 1). Fort >0, y > 1,
we define the Gevrey norm

oo
2 2j ¢ N=2v 118/ £112
1£15.c =Y T GY 7 10] £l 72y
j=0
Functions f satisfying || fl,,: < 400 are in Gevrey class y with respect to x, measured in L? in the

y-variable. Our main result is the following:

Theorem 2.1 (well-posedness for convex Gevrey-class initial datum). Let 7% > 7, > 0, y < %. Let ug be
a function satisfying the regularity condition

1ytolly, o + 1185 uoll,, -0 < +00, (2-1)
the convexity condition
PIN)
1gf 8yu0 >0, (2-2)

and the compatibility conditions 0y fol uody =0, ugly=0,1 =0,

1
Ouoly=0.1 = /O (—dyuf+ 0juo) dy — /Q d3uo.
Then there exists T > 0, and a unique solution u of (1-1) with initial data u that satisfies

sup ([|9yu@)lly.r, + 105u@).7,) < +00.
tel0,T]

and

inf  9%u > 0. (2-3)
tel0,T1xQ 7
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A few remarks are in order:

» The main point in our result is that we prove local well-posedness without analyticity, reaching exponents
y > 1. The value y = % is due to technical limitations, and could certainly be improved. The optimal value
that can be expected for y, or even the possibility of well-posedness in the Sobolev setting are interesting
open questions. Our conjecture — based on a formal parallel with Tollmien—Schlichting instabilities for
Navier—Stokes [Grenier et al. 2016] —is that the best exponent possible should be y = %, but such result
is for the time being out of reach. If confirmed, it would emphasize the destabilizing role of viscosity.

o We lose on the radius 7 of Gevrey regularity, going from 7° to 7; in positive time. This loss is very
standard [Sammartino and Caflisch 1998; Kukavica et al. 2011; Kukavica and Vicol 2013; Gérard-Varet
and Masmoudi 2015].

» Besides the Gevrey regularity assumption (2-1), the key assumption is infg Byzuo > 0, which corresponds
to a strictly convex initial data. The strict concavity condition supg 8}2,140 < 0 would work as well. On
the opposite, as discussed before, we do not expect such well-posedness to hold for data with inflection
points [Renardy 2009].

« The first compatibility condition 9, fol uo = 0 is here to ensure that (1-2) holds for all time. Note that
we can use (1-2) to determine d, p: applying d, to (1-1a), taking the mean over y € (0, 1), integrating by
parts in the term fol v dyu dy, and using the periodic lateral boundary conditions, we find

1
0:p = Bly—1 — @ly—o — b / Wdy, xeT, (2-4)
0

where w = dyu is the vorticity, and we have denoted by

c?)(x,y,t)zw(x,y,t)—fa)(x,y, Hdx, yef0,1}, (2-5)
T

the zero mean (in x) boundary vorticity. We will use the notation (2-5) throughout the paper. Note that
for y € {0, 1}, the functions w and & only differ by a function of time.

e The second and third compatibility conditions can be explained as follows. Most of our analysis
relies on the control of the vorticity = dyu. We notably need some bound on sup, (o 7; [l@|ly.. for
T € [11, 7°). If we leave aside the Gevrey regularity in x, this corresponds to an L Hy1 bound on u. As
u satisfies a heat-type equation with Dirichlet condition, it is well known that such an L;"’Hy1 bound
requires the compatibility condition u|;—o|y—o,1 = u|y—o,1l;=0. In view of (1-1c), this amounts to the
second compatibility condition of the theorem: ug|y—o,1 = 0.

Similarly, the last compatibility condition is related to the fact that we need a bound for sup, (o 7119 @l «
for © € [r1, ). More precisely, this condition can be derived from the system obeyed by w = oy,
which is

8ta)+u8xa)+v8ya)—8§a):0, (x,y)eT x(0,1), (2-6a)

1
ayw|y:o,1=a)|y:1—cb|y:0—ax/ u*dy. (2-6b)
0
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Indeed, (2-6a) follows from differentiating (1-1a) in y, while the boundary condition (2-6b) is obtained
by evaluating (1-1a) at y =0, 1, using the Dirichlet boundary conditions for # and v in (1-1d), and the
formula for the pressure gradient (2-4). Now, from (2-6a), it appears that an L?OLi control of 0,w is
similar to an L"OL2 control of 82w meaning an LOOH;, control of d,w. By differentiating (2-6a), one
sees that 9y satlsﬁes a heat- hke equation, and by (2-6a), it also satisfies a Dirichlet-type condition.
Again, an L;’OH; control requires dyw|;—o|y=0,1 = dyw|y=0,1|r=0, Which by (2-6b) amounts to the third
compatibility condition.

General strategy of the proof. Our analysis is based on the vorticity evolution (2-6). We want to benefit
from the so-called hydrostatic trick, which consists in establishing L estimates for the weighted derivatives
dlw/ \/ﬁ The difficulty is that these estimates are not compatible with the diffusion —820) which
creates boundary terms involving Bx, dyw|y—o. Because of the extra x-derivative at the right- hand side of
(2-6b), one cannot close an estimate at the Sobolev level.

bl

To overcome this difficulty, our first idea is to write @ = w'™ + ., where »"' is a boundary corrector

which solves (approximately)

1
bl 2 bl bl 2
0;w —Bya) =0, Jdow |y:0,1=—8x/ u-dy,
0

where the right side of the Neumann boundary condition is seen as a given data. With this splitting, the
bad term is removed from the Neumann condition on »™™, so that we may apply the hydrostatic trick to
this quantity. Still, this approach is obviously not enough: the equation for »™ still involves w, either
directly or through P!, so that no closed estimate is available on o™

This is where we shall take advantage of Gevrey regularity. To explain this point, it is simpler to
consider the linearization of (2-6) around a shear flow (u,(y), 0):

1
O+ ug dyw +ul v — 8)2,w =0, hu+dv=0, Iwly—1=0oly=1—d|y=0 —28x/0 usudy.

As this system has x-independent coefficients, one can Fourier transform in x. More precisely, looking for
local well-posedness in Gevrey class y, it is natural to look for solutions in the form w = e* Wt gikx g wx(t, y).

We end up with the following system for the boundary layer corrector:
1
K77 +0)ap — d5ap =0, By ly=0,1 = —2ik/0 ugiip dy.

Note that, when taking the boundary layer corrector as a solution of this heat-type system, we implicitly
assume that the other terms in the equation, notably the convection term u; 0, ~ i kyc?)bl are negligible
in the boundary layer. A formal analy51s shows that this should hold as long as y > 35, which is the range
considered here. In the limit case y = conjectured to be optimal for well- posedness (see remark above),
one should probably replace the heat operator by an Airy-type one, as in [Grenier et al. 2016].

Explicit calculations on the boundary layer system reveal that Gevrey regularity in x is converted into
spatial localization in y: for k > 1, (I)}(’l has a boundary layer behavior, with concentration near y =0, 1
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at scale k~!/?7), Roughly, neglecting the upper boundary, one can think of

1
oY ~ kYOO W, kMO yy /O usiix dy,

1
al ~ kK, kl/@V)y)f ugiiy dy.
0

Now, the idea is to write

1 1 1 1 1 1
/ usﬁkdy:/ usﬁzl—i-/ usiy = <k1_1/”/ us(y)U(t,kl/(Z”)y)dy)/ usﬁkdy—i-/ uglty'.
0 0 0 0 0 0

In short, one can check that for y < 2, we have k!~1/¥ fol us (MU (t, k') y)dy = o(1) in the limit of
large k, so that the first term on the right-hand side can be absorbed in the left-hand side. This leads to a
control of fol usu, and thus of »®, in terms of »™ From there, one can get closed estimates on o™

Of course, this strategy is made more difficult when dealing with the x-dependent and nonlinear system
(2-6). In particular, the Fourier approach is no longer convenient, and we must use the characterization of
Gevrey regularity in the physical space, through the family { 8,{ w}jen. In order to take advantage of the
boundary layer phenomenon, we shall introduce Gevrey norms with extra weight (j + 1)"; see (3-1). The
boundary layer phenomenon will be reflected by the fact that multiplication by y or integration in y will
generate a gain in the exponent r; see Lemma 3.1. Such gain will make possible the control of boundary
layer quantities by w'™; see Lemma 3.4.

From there, the analysis will focus on weighted estimates for '™, using the hydrostatic trick. As usual
in nonlinear problems, these estimates will be obtained conditional to certain bounds (notably a lower
bound on d,w, to benefit from convexity). We will show that such bounds are preserved in small time,
which will require estimates on the time derivative d;w, as well as maximum principle arguments for 9, w.

3. Preliminaries

As usual in this kind of analysis, we will focus on a priori estimates. This means that from Section 3 to
Section 6, we will assume implicitly that we already have a solution of (1-1) on [0, T'] with all necessary
smoothness, and we will collect properties and estimates about this solution. Only in Section 7 will we
describe the way of constructing solutions.

Norms and notation. Lety > 1, r ¢ R, T > 0. We introduce a refined two-dimensional Gevrey norm

: i+1
2 2047 £112 G+D ot

1Ay e = E :Mj HafffnLg,y(Irx[O,l])’ where  M; = Gy
j=0 )

(3-D

Note that the L2 norm in space is only used on Q = T x [0, 1], although the functions may be defined on
the half-space T x [0, c0). We note that if 7" > r then || - [l .z = || - lly.r.z
For functions which are independent of the y-variable, we use the one-dimensional counterpart
2 20197 £112
15 re =D MO FI2 )0
jz0

where M; is defined as before. Similarly, if 7" > r then |- [,/ > |-, ¢
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Let 79 1; be as in Theorem 2.1, and let 7y such that 70 > 75 > 1. Throughout the paper, the
Gevrey-class radius t will be defined by

(1) = T exp(—p1), (3-2)

where 8 > 1, t € [0, T], and T is always small enough so that t(¢) > 7. In particular 7 () = —B7(¢).
We will use a < b to denote the existence of a constant C > 0, which may depend only on y, 19, 71,
and r, such that a < Cb. Similarly, will use a < b to denote the existence of a sufficiently large constant
C > 0, which may depend only on y, 19, 71, and r, such that Ca < b.
For any function f we use the notation

fi=M;d]f (3-3)

where M; is defined in (3-1) and depends on r, y, and 7. With this notation we have

2 2 2 2
115 e =D I il5: and IF 0 =D N1,

j=0 j=0

A boundary layer lift. The boundary condition (2-6b) in the vorticity evolution (2-6) motivates the
introduction of a boundary layer lift for the vorticity, which we describe next. Throughout the paper we
appeal to Gevrey estimates for the system

(3 — )’ =0, (3-4a)
8y’ +20")|y=0 = dxh|y=0, (3-4b)
®’|i=0 =0, (3-4c)

posed fort € [0, T], x € T, and y € R... Here £ is a placeholder for —(fo1 urdy— [; fol u?dy dx). Since
the boundary datum for «” is a pure x-derivative (and this is the only nontrivial datum), we note that
(3-4) immediately implies fT @’ (x,y,t)dx =0 for any y > 0. We also define

u’(x,y) = /y o’ (x,7)dz, (3-5)
—+00

400
V(x, y) = / du’(x, 7) dz. (3-6)
y

Lemma 3.1. Letr € R, 8 > 1and T > 0 such that t(t) > t fort € [0, T']. The boundary layer vorticity

" obeys

! b 2 1 ! 2
/0 167 OO 45 5 575 /0 P4y 30055, (3-72)
t 1 t
fo 1y @I zs) ds < g3 /0 (L sy 54z (s) 45 (3-7b)

! b 2 1 ! 2
08,0 O 1 S i B 1400 . (3-70)
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! b 2 1 ! 2
/0 190,6" 01 45 5 575 /0 B sy 3000, ds. (3-7d)
t 1 t
/ 10" ($) =115 o5 5 S 70 f ()5 1y 10.2(s) 45 (3-7e)
0 0
t 1 t
b 2 2
/0 0061 45 5 335 /0 )2,y —10.005) 45, (3-70)
the boundary layer velocity u” obeys
! b 2 1 ! 2
t 1 t
b 2 2
/0 19O 45 5 575 /0 B 4 a2 . (3-8b)
t 1 t
b 2 2
and the boundary layer velocity v° satisfies
! b 2 1 ! 2
/0 19O 45 5 575 /0 . 12, 700y 5. (3-99)
t 1 t
/O 10 ly=0()I o) 45 S 7 fo ()5 12y -3 /2.2 45 (3-9b)
t 1 t
fo 1O i 5 S 335 /0 O,y 10,00 4 (3-90)

forallt €0, T].

Proof of Lemma 3.1. In view of (3-2), (3-3), and (3-4), the function wf =M; 8,{ «” obeys equations

@ +BG+1)— ), =0, (3-10a)
b b M;
(Oyw; +20;)ly=0 = dxhjly=0 = hjyi, (3-10b)
M
]li=0 =0. (3-10c)

For fixed x € T we define fj(x, 1) =(M;/M; 1)hj11(x,t) fort €[0, T], and f;(x,t) =0fort € R\[O0, T].
Pointwise in x and y we take a Fourier transform in time and solve in L*(R, x T, x [R{;r) the system
@ +BG+ 1) —)d, =0,
(By@; +20)|y=0 = f;-

The solution is obtained by taking the inverse Fourier transform in time (we let ¢ denote the dual Fourier
variable to t) of the function

= _ e ~yJBGIDE ]
®; (¢, %, y) = 57— ED : (3-12)
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We implicitly assume here that 8 > 4 so that for all j € N, for all { with $m ¢ <0,

2—VBG+D+i¢l = VB +D+ic|-22/B(+ D) —Im¢—2>/p-2>0.  (3-13)
‘We will make a crucial use of:

Lemma 3.2. The following two properties hold:

j_0f0m<o.
. -b
J

—a) forte[0,T].

The proof is postponed to the Appendix. This lemma will allow us to use the explicit formula (3-12)
to obtain estimates on a) starting with (3-7a)—(3-7f).
Let us detail the derlvatlon of (3-7a). A simple calculation based on (3-12) yields

2b
LA

c 22
WHJGHL?,X

for a constant C independent of j (and obviously independent of 7, which is only involved in the definition
of fj). By the Plancherel formula in time

C C M; V(T
|| <—\fil? J h; 2. ds. 3-14
”w]”l‘tz,x,y = (ﬂ(]+l))3/2 ||‘fj||L% ,3( +1)g/2< j+]) /0 ” J‘H(S)HLE N ( )

This implies (by the second item of Lemma 3.2)

c’
/O IIw (S)HLz ds < 53/2

Multiplying by (j 4 1)*" and summing over j, we obtain the inequality (3-7a) in the special case t =T. For
the general case ¢ € (0, T'), the idea is to slightly modify a) . Namely, instead of extending (M; /M1 1)hj1

T
1)2r =3/ / 121 ()13 > ds.
0 X

by zero outside (0, 7") and then solving the heat equatlon with the extension f; as a boundary data, we
extend (M;/M; 1)hji1l0, by zero outside (0, 7). We then solve the heat equation with this modified
boundary data f7, ! which is zero outside (0, t), resulting in a new a)]b g Obviously, Lemma 3.2 and
the previous calculation remain true with 7 replaced by ¢ and a) replaced by a) ', This yields (3-7a).
Inequalities (3-7b)—(3-8b) follow very similar arguments, which we skip for brev1ty

In the case of (3-9a), we need to take into account one more x-derivative. A simple calculation yields
(with obvious notation)

2h
15717

C 22
W” XfJHL?,x'

The extra factor of (8(j+1))? in the denominator compared to (3-14) comes from taking two antiderivatives
in y, while fj is replaced by d, fj due to the extra x-derivative in (3-6). It follows that

C B T
fo I8 ds = 255G+ 072 [ ka0l ds
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and using that [, 111 S (Mj11/Mj2)|hjo] S (G +2) |hjyal, we get

C B T
f|wmwycm_.mu+n”7ﬂ/ 1hj2()17: ds.
0 B 0 *

Multiplying by (j 4+ 1)*" and summing over j yields (3-9a) for t = T, while the case of an arbitrary time ¢
is treated with the modification explained above. The pointwise estimate (3-9b), taken at y = 0, follows
from the inequality

2b £ 2
< —— ok fi .
157 ly=olzz = oy il
The pointwise estimates (3-7f), (3-8c), and (3-9c), takenat y =1 or y = % are much better: all boundary
layer terms taken at y = 1 contain an exponential factor e ~V#U+D+& which allows us to gain an arbitrary

number of powers of 8j (which explains the arbitrary factor 1/82° and the index r — y — 10). (I

Lemma3.3. Letr e R, 8> 1and T > 0 such that t(t) > | fort € [0, T]. We have

[S(?I;”w e S 1/2/| Oy —1/8,0) 48 (3-15a)
t

forallt €0, T].

Proof of Lemma 3.3. In order to establish the estimate (3-15a), we rely on the explicit formula (3-12),
which gives an L! control of the Fourier transform:

A 1 . — A 1/2
5 </ (f / 2y JBTFDRE || £r. )2 d d) J
||COJ||L§(L§,y)N 8 IVBG +D+i -2/ \Jn. T|€ I fi (¢, x)|“dxdy ¢

1 a 1/2
§/R|x/,3(j-l-71)+i§|3/4(/|fj(§,x)|2dX) d¢

! 172 1/2
5(/R IWB( +D+icl¥? ) <//|f/(€ x)| dxd;)

) 1/2
< - . 2dxdc) .
qu+mm(ﬁﬁm@”'x§>

1 | ) 1/2
w0, S G ([ e o)

Restricting the left-hand side to the supremum over (0, 7), we get

This implies

T
sup )01, AumHMdon

< ! /
1€(0,T) Y (BGH )2

Multiplying by (j + 1)*" and summing over j, we get (3-15a) for t = T. The general case of t € (0, T) is
treated as in the proof of Lemma 3.1. ]
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The interior vorticity controls the boundary layer lift. So far, we have only focused on the lower bound-
ary layer lift, which is very small near y = 0. We introduce the notation

o (x, y, 1) =’ (x, y, 1) —’(x, 1=y, 1), (3-16a)
WP,y ) =u’ (e, y, ) +u’(x, 1=y, 1), (3-16b)
y
vbl(x,y,t)z—/ deu(x, z, 1) dz (3-16¢)
0
to denote the cumulative boundary layer profile, and
0" (x, y, ) =w(x, y, 1) — o (x, y, 1), (3-17a)
u™(x, y, 1) = ux, y, 1) —u(x, y, 1), (3-17b)
v, y, 1) = v(x, y, ) — v (x, y, 1) (3-17¢)

to denote the interior vorticity, horizontal velocity component, and vertical velocity component. In view

of (3-3), (3-16) and (3-17) we also define the objects @ u?l, v}?l in terms of the function /%, and a)}“, u}“,

v]i.“ in terms of 4 and w.

Lemma 3.4. Lety € [1, %], r>2y+2, M>0. Assume w = dyu is such that

sup [l (O ly,r/ac0) <M (3-18)
[0,T]

and define
1 1
h(x,t):—/ (u(x,y,t))2dy+// (u(x,y,t))zdydx.
0 TJo

With h as above, let " be defined via (3-4), and let @™ be as defined in (3-17). Then there exists
B« = B« (10, T1, ¥, 1, M) such that if B > By and if T is such that T(t) > 1| fort € [0, T, then

t t
fo B, 2 0ds < M fo Jo™ (S, 1 5 ds
foranyt e€l0,T].

Note that with /& defined as above we have
1
dch = —ax/ u?dy,
0

so that the additional kinetic energy term in £ is not seen by w°. Combining Lemmas 3.1, 3.3 and 3.4, we

see that condition (3-18) implies a sharp control of the Gevrey norm of the boundary layer profiles o,

1L and v, solely in terms of the Gevrey norm of the interior vorticity o™ and of the constants M and S.

Proof of Lemma 3.4. For j =0 we have hy) = Myh = th, and since

/ hx,t)dx =0,
T
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we may apply the Poincaré inequality in the x-variable:
Iholl2 S Idcholl 2 S Ikl - (3-19)

Hence, it is enough to estimate ; for j > 1. By the Leibniz rule we have

Joo. 1
I\_ M
o0 =3 Oj( i | ety (3-20)

We can without loss of generality estimate only the half-sum ) <0< j/2» as the other half-sum can be put
in the same form through the change of index ¢’ = j — £.

First let us treat the case £ > 1. The compatibility condition (1-2) yields fol u¢(x, y)dy =0, which
directly implies

1 1 1
/uz(x,y)u}“e(x,y)dy=f ue(x,y)(u}“z(x,y)—/ M}“z(x,z)d2>dy-
0 0 0

Using the one-dimensional Gagliardo—Nirenberg inequality, the one-dimensional Hardy inequality, the
one-dimensional Poincaré inequality, and the fact that u¢|,—o = u¢|y—1 =0, we have, for £ > 1,

1 1 1
‘ [ wouenay) <) [Cuetrond ey +‘ [ ure it
0 L2 0 L2 0 L2
1
<luellpoop2 i — / ul ydz +H o Ly (A=y)ul gz
o 0 12, 1YA=y)llpeer2 i
1/2 1/2 i 1/2 1/2
Sl N0l o ollzz Aol 10cwell 5 Iy A=y)uflizz,
12
1/2 1/2 i
Sl oy Aol e HyA=yulle).
L+1 ‘

For £ = 0, we estimate the Li norm of fol ug u}’l dy precisely as in the case £ > 1. For the interior piece,

L?y>

since j > 1 we may use (1-2) and the Poincaré inequality in y to estimate

1 1
uj (x, y) —/ uj'(x,z)dz / uf!(x, 2) dz
0 0

L§>

luollireers S llwollzgers S llewollzz + il < M.

"

1
f uo(x, uj' (x, y)dy| < ||u0||L;°L%<
0 )

L2 L3,

1
< M(Ilw;n”L% Lt H/ u}?‘l(x, 2)dz
‘ 0

since

At this point we note that

1 1/2 1
/ u}?‘(x,wdy:—f yol' e y)dy +uf (v, 5) + [ (1= yef(x, ) dz
0 0 12
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so that

1
H fo uP(x, y)dy“L2 Syl + [uj(x. 3)] 2

Returning to (3-20), and using that in this range of £, namely less than % J, we have

j M; 1oy ] - 1
(E)M M1/2M1/2 ~ 1/2(£> L+ 1D)r—7r2~ (4 1)r—v/2’
for j > 1 we obtain

[i/21
J 1/2
lhjll 2 S Z( ) 1/2 7 IIwelle loestll s ol + 1y =yui ez )
j—eMy "M,

+ Moz, + Iyl +lyeliz, + |u)(x, 3)],2)

. _ 1/2
U2 A+ D)7 A Neesrll !

< L3,
~ e (g+1)r/4 " (|} g||L2 +||yuj ellzz )

+ Ml 2+ yullz, +llyeo]liz +uj(x. 5)] ). G-2D)

From (3-19) and (3-21), using the discrete Holder and Young inequalities, inequalities (3-8b), (3-8c),
(3-7b) and assumption (3-18) we obtain from the above that

f|h(s>|yr,<s)ds—/ S )1, ds

j=0

Ssup
0118 =0

( G+ lwjllz  Hlwjillzz)

TSV =T ) / (an‘“ny +Z||yu 172 _)ds

j=0

t
+M? /0 (1™ e ) F YU O (0 F YD O 26y F18 (S ly=1/215 1 2(5)) S
t t
5M2( /0 ™ ()3 25y d5+ /0 ||yub(s)||i,,,,<s)+||ywb||i,,,f<s)+|ub|y:1/2|§,,,t(s)ds)

o 1 !
SMZ(/O ||wm(s)||;2/,r,r(s)ds+_ﬁ5/2fo|h(s)|12’”+y5/4”(5)ds)'

Here we have used that JTr — %y > % The proof is completed using that M?B7/2 « 1, which follows

once B, is taken sufficiently large, and the fact that y < Z, which allows us to absorb the second term in
the right side of the above into the left side. (I

4. Estimates involving »™

From the vorticity evolution (2-6) and the definition of " (3-16) (which obeys [; w®(x, y, ) dx =0 for
any y > 0), we obtain that the equation obeyed by the interior vorticity is
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atwi“ — B)Z,wi“ +u axwi“ +v Bya)i“ =—ud o —v Bya)bl, (4-1a)
aya)in|y:0,l =C'Z)in|y:1 _d)inly:O+2wb|y:1 _ aywb|y:]’ (4_1b)
»"(0) = wp. 4-1¢)

The initial condition for »™ is obtained from the fact that ©°(0) = 0, which holds in view of (3-4c). The
main a priori estimate for »™ is provided by the following proposition.

Proposition 4.1. Let M, &y, y € [1, %] be given, and let By be as in Lemma 3.4. There exists ro = ro(y)
such that for all r > ry, one can find By = Bo(M, 8¢, 19, T1, 1, ¥) > max(Bx, 4) satisfying: if B > By and
T <1 is small enough so that ©(t) > 1| for all t € [0, T], under the assumptions

sup ”w(t)||y,3r/4,r(t) + sup ||ayw(t)||y,r/2,r(t) <M, (4-2)
t€[0,T] tel0,T]
1
S < dyw < —, (4-3)
3o
sup [[07e(t)||pp2 < M, (4-4)
tel0,T] i

we have

t t
. . . 1
sup 10" )11+ /0 18, (DI, 15 ds + B /O I 1200045 = 10Oy (45)
s€[0,t 0

holds for all t € [0, T]. Moreover, as a consequence we obtain
sup ()15 —y-43/4.205
s€[0,1] ; ; 4
+ /0 15O, yaary ds + B /0 0Oy s57a.500 85 = 10O, 6)
0
forallt €0, T].
Proof of Proposition 4.1. Using the convention (3-3), from (4-1) we obtain
@ +BG+D =)o + s + vl + v dyw
= —(ud +vdy)o) — v dyo — M;[d], ud, +vdy]w+v; dyw, (4-Ta)
8),a)ji-n|y:0,1 = iji-n|y:1 — @}n|y:0 + 20);|y:1 - aya)]b'|y:1 . (4‘7b)

Note that as soon as j > 1, we may replace cbji.“|y=0, 1= a)ji.“|y=0, 1 in (4-7b). We perform a “hydrostatic
energy estimate” on (4-7), which is permissible in view of (4-3). That is, we multiply (4-7a) by a)]i.“ /0y
and integrate over Q = T x [0, 1]. We notably use the “hydrostatic trick”, which in this case gives

L. y . .
Lv}“w}“dxdy:—/;z(/; 8xu}“> dyuj dx dy
1
= | o,u"u™dx dy—/(/ B ui-“)ui-"l —1dx
/;2 RV e \Jo R Jy
1
:_/(/ axu}’l(x,y)dy)u;"(x, 1) dx,
T\Jo
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taking into account that fol 8xuj (x,y)dy =0 and that u;|,—; = 0. Thus, we obtain

14 w; +ﬂ(]+1)H 2 Ha il
2d ,/3 || 12 \/ L2
m m a a)m in 1
/( # )dx—i—/(/ Bxu?l(x,y)dy>u}’l(x, 1)dx
8 w y=0 T 0 .
m m iny2
()" (ud dy) 9
/ dxdy_l/ J (M c + v y) )a)dxdy
dyw 2 Jg o oyw
w{n 1n )
—/ uaij?l—f dxdy—/ v a)bl—dxdy / vjl?la)}ndxdy
Q dyw Q 7 dyw Q
J . C()i.n j—1 M. . in
J J J
s~ dx dy — —( )/ i) dxd
ZleM] o <k>f9ukw, k+1 30 xay ;Mij—k k Vg 0yw;j— k 30 xday
=Tj+Dj+T3;—Tuj—T5; — Tej — T7; — Ty — To;. (4-8)

Summing over j, and integrating on [0, ¢), with r < T, we obtain

t t
i 2 in) 2 in) 2
”wm(t)”%r,f(t)_"zﬂ/ ”wm”y,r+1/2,r+/ ”a)’wm”y,r,l’

1 2
- — | Y (1mjl—5 + T2 |+ (1 T35+ T: ds
—53” .t / (' 1l Hm Lz) 121 (' 31T 1= Hm Lz)

jz0
—/ D AT 1+ Toj 141 T2 |+ Tsj |+ Toj | ds. (4-9)
j=0

The rest of the proof is dedicated to estimating the nine terms on the right side of (4-9).
The T7; bound: From (2-6b) and (4-7b) we obtain

T / 8ya)}n|y:0,1(a)}n|y=1 - w}nly:O) d
1= X
T dywly=0,1

o ~ ‘ ; b b ; ;

_ / (w}nl)’:l - w}n|y=0)(a)}n|y=l - w}n|y=0) dx +/ (ij|y=1 - aywj|y=l)(w}n|y=l - C();'n|y=0) dx
T dyw|y=0,1 T dywly=0,1

=T+ Tj.

172 1/2

r20.0 19y fll 2,y We have

From the Gagliardo—-Nirenberg inequality || f||z0,1) < Il flz20.1y + 21 f I

Tl S + <||w‘“||L2 Pl 190 z).
Using Cauchy—Schwarz, we similarly obtain

1 b 2 b 2
|T12j| S 1Tl + %(”‘Uﬂy:l”l& +110yw;ly=1ll72)-
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Summing up the above two estimates, and summing over j > 0 we obtain

1| 9y o |12 1 b 2 b 2
j=0 ’

Using (3-7e)—(3-7f), and combining the resulting bound with Lemma 3.4 (which may be used due to
assumption (4-2)), we arrive at

[ [ L' g2
[ (ima-5 )sgﬁﬂd%waggﬁﬁmuwwmis%Ouw%va4m

i=0
where we have used that §oM? < ,320.

8a)

The T,; bound: From (3-16) we obtain

1
Ty =2/ (/ dutj(x, y) dy)(uﬁ(x,0>+u§<x, 1) dx
T\Jo
=2 / (V] (x, 0) — v, (x, D) (W) (x, 0) + 1] (x, 1)) dx,
s J J J
and thus, also appealing to Gagliardo—Nirenberg, we obtain

b b b b
|T2j| = 2(||vj|y=0||L§+||Uj|y=1 “L%)(””j|y=OI|L§+””j|y=1 ”L)%)

b b
< ||Uj |y=0||L)2(+||Uj ly=1 ||L§ ((
(D3

~ ' 3 12 1/2
DNl +GHDTET g GHDYET R ).

and summing over j we arrive at

b b b by 1/2 by 1/2
D T SUV ly=oly iy 372,040 =t by oty 32,0 Wy rya oy H 161 g ey N1 s a2

Jj=0

Upon integrating on [0, ), the above terms are bounded using (3-7a), (3-8a), (3-9b), and (3-9c¢), after
which Lemma 3.4 is used to yield

t 1 t 5 1/2 t s 1/2 t s 172
[ m s g ([ #8sse) ([ #8re) +([108000) )
>0
= W V2 172
S5 ™|l _ ) <f ™| ) .
,35/2 <A y,r+3y=3,1 0 y.r+1/2,7

For the last inequality, we have applied Lemma 3.4 to both factors on the right-hand side, which is
legitimate under the assumptions

r+min{3y — 3,1} > 2y +2, [%uzl?]”w(t)”y,(1/4)(r+max{3y73,1/2}),'{(1) <M.
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Both assumptions are satisfied for » > r(y’) large enough, the second one being deduced from (4-2). Thus

we have proven
/ Z' 2] ﬁS/Z/ ” ln yr+1/2-[ (4‘11)

j=0

The T3; and T4; bounds: These are the only terms for which assumption (4-4) is used. In view of
(4-3)—(4-4) and the Gagliardo—Nirenberg inequality in y, we immediately obtain

Z(lT | IH hel | )<Z<M ayi o] H i 2)
3j17 1 ~ Nl e LILP ™
=0 J 4 /ay(,() L2 =0 83/2 aya) L,%L? 1/8 || 12
M aya)i'n . 8 1/2 2
52(% —L (||wm||Lz+ i o™ ) )
=0 80 12 8 ,/8 w
M*
ganwmni,m,

and using (4-2) combined with (4-3)—(4-4) we also obtain

Z('T“""Hm )<Z(fz o 23 o

j=0

2

L)

8),(1)

Ba) 2y 1| 8y |2
< wm ™2 + il 1/2 )__‘ Y= )
J§>Oﬁ<82 oo, (n I 5/4” Al e R b
8/3
S —5-llo™17
~ T3 YT
80

Here we have also used the second term on the left side of (4-2), in order to estimate ||, dywl| LeL2- Thus,

/ Z(|T3J|+|T4]|__‘ ) / ”a)mHyrr (4-12)

j=0
9

g.

i

y

The T5; bound: As it turns out, this term creates the most stringent assumption on y, namely that y <
Since u|y—o,1 =0, using (4-2) and (4-4), we have

1y (1= )l |2 |0l 2

e
P78 [y =) || 1o
< ol
~ b +1(J+1)

Tz lye) G+ DY 1],

and thus, upon summing over j and integrating on [0, ¢] we arrive at

1/2 1/2
fZ|Ts,|<—(/ 1y’ I3 4y W) (f lo™ ||yr+1/2,> :

j=0
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‘We now appeal to (3-7b) and to Lemma 3.4, which is again legitimate for » > r () large enough. We obtain

t M t 5 1/2 t . 1/2
|TS|5—</ | 2y —7/4 > (/ ||a)m|| 1/2 )
[) Jg J 50,35/4 0 y.r+2y=T1/4,t 0 y,r+l1/2,7

wop Vigen 12
< M ([, ) (f o™ )
50,35/4 </0 y.r+2y—=1/4,t 0 y.r+1/2,t

M2 t -
S 5of ./o ™Iy 12,2 (4-13)
In the last inequality we have used that 2y — % < % which holds since y < %.

The Ts; bound: Similarly, using that v|,—o 1 = 0, we obtain

1 v bl in
|T6j] < % m Loc”)’(l—)’)aya)j ||L2||wj Il 22
[| 01| Lo b -
S XT||y 3yl 2 lw]ll 2

b
M1y 30l
“h G

t M t - 1/2 t - 1/2
|T6-|,s—</ Iy 02, ) (/ lo™2, ) .
/(; Z J 80 0 y y,r—1/2,t 0 y.r+1/2,t

j=0

(G + D02,
so that

Using (3-7d), and then Lemma 3.4 (applicable for » > r(y) large enough, by (4-2)), we obtain

t M Lo 1/2 Lo 1/2
|T6-|§—(/ W, 4) (f o™ 12)
/(; ]22(:) J 50,33/4 0 y.r+y=T1/4,t 0 yor+l/2,7

M2 . 12/ pt ) 1/2
S < ™[I, , ) (/ ™[I, , ) (4-14)
0B/ (/o nrt 0 /e

The T7; bound: For T7; we directly estimate

since y < ZT-

. _ b . ~ 1 ~
DT =Y =G+ D20l 2G A+ Dol 2 S — 101y 127 0™ lyrs1/2.r-
jz0 =0 % : : %

Integrating in time, appealing to (3-9a), and still using Lemma 3.4 we obtain

t 1 i 5 1/2 . 1/2
n
fo Z 77,1 S 50’3—7/4(/0 Ihly,r+2y—9/4,r) (/0 [l I|y,r+1/2,r)
>0
= M t - 1/2 t - 1/2
Sl [ ™l - ) (/ l™ | )
80,37/4 </(; y.r+2y=9/4,t 0 y.r+1/2,t

< M) 4-15)
~ 50,37/4 0 y.r+1/2,t

ENN=}
IA
=

as 2y —
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The Tg; bound: We note that

M. . C 1o G+ 1y
m<lﬁ)<(é> y(k_|_1)r(Jj+_k_|_1)r—V’

and for 1 <k <[j/2] it is convenient to use (i) > (j —k+1)/k. We obtain

in

@j
UpWj—f+1 7
Q E)yw

in

i/2] . .

[]/]JI/Z(J—k"‘l)l/Z/ ;
URDj k]

Q Bya)

J
1
* L GoE

k=1 k=[j/2]+1
=: T3 1ow + T8} high-
In order to estimate 73; jow, We Split @;_x41 int0 wj_x41 = ] Ll T k Iy First, using the Gagliardo—
Nirenberg inequality on €2 and the Poincaré inequality in x (since k > 1) we may bound
lonllooe S ol + 19ceil 2 + lexll 2+ dxexll 2 Udywel 5 + 19 dyeoxll 2
S N8varll 2 + 19w 5 1195 Byl
S K (loksill 2 + 110ywrrll 22, (4-10)

from which we conclude that we estimate

1 Uk
Mka) k+1 _— dx dy y(l——
k)’

<—(||wk+1||L2+||3 w1l 2) yw; k+1||L2||a) ll2

Iy =yl 2ol

< ky+r/2 okl 2 + 10ywr41ll 2 b in
lyw; _gyill2llo; |l 2.

Similarly,
o K42 ogill 2+ 1dyorlle -
u d.xd < +1IL Yy +1IL in a)l-n

so that from the discrete Young and Holder inequalities, we obtain

Jj=0

1 7T lwjrlle + 19ywj1ll 2 i i

< J Y HIIL b in in

% (; TESERE I Uy sz + 10y a2 0™y r 12,7
1 A .

S —lolly 2+ 18y0lly2) Uy Iy 120 + 10y 172,010y r41/2,7
o
M . .

5 g(”y wb”y,r+1/2,r + ”a)m||y,r+l/2,r)”wm”y,r+l/2,r- 4-17)

For the second inequality, we have assumed that %r —2y+1> % (so that j¥*7/2/(j +1)"~v*! is square
summable), and for the third inequality we have appealed to (4-2).
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In order to bound 73 pigh, We use that ui|,—o,1 = 0, and the one-dimensional Poincaré¢ inequality to

obtain
i'n

fukwj_k+]—]dxdy S;l”uk”Lsz”wj—k-H||L°°L2 ||Cl)i'n||L2
Q oyw do X"y xEy T

(j—k+1)7 .
S T||0)k||L2||a)j—k+2||L2||a)Jl-n||L2

< G—k+ D" |0 2+ ol 2 . .
ST ekl + D)

We again rely on discrete Young and Holder inequalities, assume that r > %y + % (so that (j + 1)%r—3/4

is square summable), and use (4-2) to arrive at

2y —3r/4 ||C‘)J||L2 i i b
Xgrg,mgﬁ (Z( D V10 s e (0 e+ 10 17200
J=

M . .
S 510y rsre U0 o122+ & lyr—1/2.7)-
0

(4-18)

Combining (4-17), (4-18), integrating in time, using (3-7a), (3-7b), and Lemma 3.4 (which is applicable

by assumption (4-2)), we arrive at

1/2 1/2 1/2
/’EZT@A;—((/Hywlu,Hpr) (10 )(]WMPHW+UZQ

+5/dewﬂﬂf

g M - 172 - 172 - 172
~ W((/;) |h|y,r+y—3/4,r> =+ (A |h|y,r+y—5/4,r) )(/O ”w ||y,r+1/2,r)
t
5 [16"
1/2 1/2
/33/4</ ||“’m||yr+y 3/41') (/ o™ ||yr+1/21’> _/ ”wm”yr—H/Zt

in2
§g/0 o™y 41/2,2

since y < %.

The Ty; bound: In order to estimate T9; we note that for 1 <k < j — 1 we have

s (00 s S (=)
MM \kJ ~ \k (k+17(j—k+1" ~ \min{k, j —k}/) (min{k, j —k})"

and similarly to 7g; we take the decomposition

[j/21] 1
/vka wj— k
dyw

<y L
k=1

=:T9;j 10w + T9; high-

in

wij
o ik
y

in

= 1
Zz (j —kyr—r+tjr=1

Ty,

(4-19)

(4-20)
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First we treat the case k < j/2. Using the Poincaré inequality in y (which is allowed since uy1]y=0,1 =0)
we obtain

win
‘/ Vg 0yw; k—dxdy‘ Ok

oll y(I=y)

||8 will o ([3y Il 2 + 1y 9y w, ) ol

Ly (1= y) dyej il 2l .2
L{XJ

kV
<%”0)k+1”L°°L2(”8 o gl + 11y 9y w )l e

Furthermore, using the one-dimensional Gagliardo—Nirenberg and Poincaré inequalities in x, for 1 <k <
[7/2] we arrive at

o'
/ (74 3ya)j,k I
Q 8)60

Summing over j, assuming that r > %y + %, and appealing to (4-2) we obtain

K2V H 4 | wgega |l 2
(So kr/4

dxdy‘S 13y ¢l 22 + lly 9y kIILZ)IIw [VZR

lolly.3r/4,c ~ b i
D 1Ty 00wl < 5 U850 e 17 0,0 ) 0
j=0

< %(naywi“ny,r,f + 1y 3@y r ) @™y - (4-21)

For the case k > j/2, we first note that the compatibility condition (1-2) allows us to write

! 1 1 1
// up dydx:// uk+1u21+1dydx+// uk+1(u}<n+1—/ u}<n+1dz) dydx.
TJo TJo TJo 0

By Cauchy—Schwarz and the Poincaré inequality in y (for zero-mean functions) we conclude

2 2
g 172 S My 172+ ooy 172
Then we similarly estimate

in

J
Vg Oywi_r——dx d
‘/Q y] ayw Y
8_||Uk||L2L°°”a wj— kIILocLZIIw Il 2

S o 10cuicll L2190y wj—ill L2 0] Il .2

o

(j =k jr! g
S Tkl/znukﬂ||Lz||ayw,-_k+1||Lz<]”2||w;-“||Lz>

(j =kt b 19y @) k111l 2
< 20w +k1/2 u Y& 1/2 a) )
< N k' w1112 [ k+1||Lz>—(j_ o Ul )
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Summing over j, noting that the powers of j precisely cancel, we find for r > r(y) large enough

”ayw”y,r/Z i b i
Eynm@ma—jy—ﬂMWuHmJ+wHWHMJMWVHWJ
Jj=0

< M

%mdwwﬁﬂﬁwwwwmﬂmﬁwwmm (4-22)

Integrating in time the sum of (4-21) and (4-22), appealing to (3-7a) and (3-7d), and using Lemma 3.4
(which is applicable for r > r(y) large enough, by assumption (4-2)), we obtain

t t M2 t
in 2 b2 b2 in |2
/ 2 :|T9, /0 19y@™ Iy, .« 5/0 Iy dy™lly o+ M1 a2 0) + 52 /0 ™I 4172,
0

j=0
1 /l 2 M2 ! inn?2
S |h| +y—-3/4,t f ||a)1 ” + T
~ N 3 N B 1 2,
133/2 v.r / 82 y.r+l/

M2 M2\ [ .
N (53/2 +5_2)/0 ”wm||)2/,r+1/2,r (4-23)
0

Conclusion of the proof: Inserting the bounds (4-10)—(4-15), (4-19), and (4-23) into estimate (4-9), we
obtain

since y — %5%
t

t t 1
in 2 in2 inj2 inj 2
o anumjm-rmsjimo|um+uzfds+1/|Ww»|umfds—53m%|umm
0

1 M4
< (—+ )/ ™, ds
~Y 3 r,

50 5 ’33/2 V T

+< M + M + M + + : +—)/ l in||2 d (4-24)
w s. -
80 B5/2 3%135/4 80832 55;67/4 8(%/83/4 8(3) 0 y.r+1/2,7

Note that ||a)m||y rr < ||a)‘“||y r1/2.0> SO that we may combine the last two terms on the right side of
(4-24). Choosing By large enough, depending on M > 1, &y < 1, and the implicit constant in (4-24), for

any 8 > By we obtain

lmeb”m+ﬁ/Hdwwﬁﬂﬂh+/nadww1w ﬂ%nwm

The estimate (4-5) now follows directly from the above estimate.
Finally, in order to prove (4-6), we appeal to (3-15a), Lemma 3.4, and estimate (4-5), to obtain

1 ! 2
[Séllillw 13—y s3/.00) S ,81/2/ (A 11/2.065) 95
t

ﬁl/z / ||C() (s)”y r+l/2 T(s) ds < _”a)ln(o)”y 7,70 (4_25)
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upon ensuring that 8 is sufficiently large, depending on M, o. Moreover, from (3-7c) and (3-7a) we
similarly obtain

t t 1 t
b 2 b 2 2
/0 13y (IS r—y+3/4.25) ds+/3/0 "=y 574,20 45 S 'ﬁl/zfo 1Ry ri1/2,2(5) 95
1

< — o™ ©0)? 4-26
< 25§”w O (4-26)

ysIsTo
as above. Summing (4-25)—(4-26) with (4-5) (and using (a + b)? < 2a? + 2b?) we obtain

2
sup [ ()11, —y13/4,7(5)

s€[0,1] t 4 .
2 2 2
+A ||8)7a)(s)”y’r—y+3/4,f(s) ds+ﬂ/0 “w(s)”y,r7y+5/4,r(5) ds = 5_2”601[1(0)”)/,,"‘[0
0

by using y < fT. This concludes the proof of (4-6). (I
As an easy consequence of the estimate (4-6), we state:

Corollary 4.2. Let M, 6y and y € [1, %] be given. Forr > ry(y), B = Po and T such that T(t) > 1| for
allt €10, T], if

4 M
% lwolly.,reo = 5 4-27)
then

M
sup llw()lly.3r/8,00) < 5
tel0,T]

5. Estimates for 0,0

In order to emphasize the linear nature of the estimates in this section we write d;w = w. The equation
obeyed by w is
> — 07>+ (u Dy + v 3y)d + (it Dy + 0 9y)w = 0, (5-1a)

1
8yly—0.1 = (@ly=1 — bly—0) — B (2 f ui dy). (5-1b)
0

Proposition 5.1. Let M, 6y and y € [1, %] be given. There exists ry =ri(y) > ro such that: for all r, r’
satisfying r' > ry, %r —r’ >ry, one can find B; = B1(M, 8o, To, T1, 1, ', ¥) > Bo satisfying: if B > o, if

T <1 small enough so that ©(t) > 7| for all t € [0, T], and if (4-2)—(4-4) hold, we have
t t
sup ||CZ)(S)||$,J/_),+3/4’I(S) +/ ”8yd)(s)||)2,,r/_y+3/4,r(s) ds —I-,B/ ||d)(s)”)2/,r/—y+5/4,f(s) ds
s€[0,1] 0 0 A
< SOOI, (5-2)
8o

Proof of Proposition 5.1. The proof is very similar to that of Proposition 4.1, since one may view (5-1)
as a linearization of (2-6) about w itself (respectively u for the boundary condition). In order to avoid
redundancy, we only emphasize the essential differences.
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Estimate (5-2) follows directly from estimates for '™ which are analogous to (4-5). In order to
define &'", we define @” as the solution of system (3-4) with boundary datum given by

1
ach = —2axf uirdy,
0

which is consistent with (5-1b). The function &° obeys all the estimates claimed in Lemma 3.1, except
that on the right side we need to replace h with /. As in (3-16) we define the boundary layer functions
corresponding to @, and according to (3-17) we define the interior functions corresponding to @. Note
that as before we impose ®"'(0) = 0, and thus @™ (0) = @y, where by (2-6a)

d)o = —Uy 8xa)0 — V9 aya)() — 330)0.

At this stage, we can prove an analogous statement to the one provided by Lemma 3.4, with / being

replaced by
1 1
/:l=2/ ub'tdy—Z// uttdydx.
0 TJO

Namely, we can show that for any r as in Proposition 4.1 and any r’ such that
r—dy—1=r'>2y+2,
we have

t t
/0 ()5 025 ds S MZ/O ™ ()15 1+ 2(5) ds- (5-3)
Indeed, defining for all f
(j+ D'/t
ghr
similarly to (3-19) we obtain ||l'10||L)z{ < ||f11 ||L§, while for j > 1, as a substitute to (3-21) we obtain the

fj/:(j+1)’,_rfj=MJ’.8){f, where M| =

inequality

: 4 J M; 172 172

||h}||L;§Z(K)M, M’lj/z il bl ool + Iy =yl )
=1 j—ete 41

+ M(ucz)}“uL;y il + 1yl + i) (x, 5)]2)-

The half sum Z“ /2 and the last term on the right-hand side can be treated as before, resulting in

/( (162, + -+ iy (s 3) ] 2) +fﬁ )

¥ 1 r,
2 2 5
<M (/0 @™ () dS + _,35/2 /0 (R -5 /a2s) ds)
if
sup [lw@lly.r 40 =M,
tel0,T]

which is satisfied by assumption (4-2) as soon as r’ < 3r.
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For the half-sum Zfz: [j/214+1> We cannot proceed symmetrically as in the proof of Lemma 3.4: as we
want an L>-in-time control by ¢, the bound

, M
(é) ——im o SUH D
M;_ M,""M,

yields by a discrete convolution inequality

t J 2 2 t .
/ ( > ) s(suprH)ananz) / U™ o)+ 19 G 7)) d-
0 0

e=[j/21+1 (0.1 >
Writing
1
D+ Plglle =Y —— @+ D wpll)
L

7 £+1

and using Cauchy—Schwarz, we find

t J 2 t t
. 1 .
2 2 2
/O( Z ) S oI vy 241,70s) (/O ”wm(s)”}/,r’,r(S)ds+_ﬂ7/2/0 |h(s)|)/,r/+y—7/4,r(s)ds>

0=[j/2)+1 [0.2]

ro. 1 L
§M2</O ”wln(s)”i,r’,r(s)ds-i_mfo |h(S)|)2/’r/+y_7/4’t(S)ds>’

where the last inequality comes from (4-2), under the assumption that r’ + %y +1=< ?Tr. Gathering the
two previous inequalities yields (5-3) for g sufficiently large.
Now, similarly to (4-7), we have

@ + B+ 1D = 9D + o +v ) + 0 dy0
= —(ud, +v )l — o dyw — MJ[3], u dy +v dyl> — M} 9] (1 ) — MJ[D], dyo]d,  (5-4a)

8,01 = B i 260 8,0 5-4b
yWj |y=0,1—wj |y=1_a)j |y=0+ w; |y=1_ y@; |y=1- (5-4b)

Note that (5-4b) is the same as (4-7b), the left side of (5-4a) is the same as the left side of (4-7a), and the
first two terms on the right side of (5-4a) are the same as the first two terms on the right side of (4-7a).
The difference comes from the last three terms on the right-side of (4-7a), namely the quadratic terms.
The main point is that they now lack symmetry: they involve not only (@™, &™) but also w. In particular,
all terms containing  must be controlled uniformly in time, to allow for the L? control of &™ on the
left-hand side. This is why we take r’ less than %r: with such a margin we can still use (4-2) to control
uniformly in time the terms where most derivatives fall on w.

More precisely, proceeding as in the proof of (5-3) to handle the linear terms (see the estimates of
Tij, ...,T7;), we can show that for B large enough

t t
“in g\ 12 “in 2 3 “in 2 |
llo (t)||)’,r/,r(l)+2ﬁ/0 o ||V,r’+l/2,rds+§fo ||8ya) H}’,r’,r ds_s_zllwou)/,r’,ro
0

M4 t - M2 t - t
s5 / I ¢ s+ 5 / 2,1 ds+ 3 / (S1) 4+ S0j + 83, + Sa)(s) ds, (5-5)
o Jo 0 0 o Jo
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where

wm
S1j=-— /M[ ua]w—, Sj=— /M va]wa—,

ya)

- in’

S3j=— /M 8J(u8 a))—, S4j = /M 8J aa)va—

The first term is analogous to Tg;. One can write

- in’

[j/21 j j M o
si=—(X+ 3 )(zc)Wf U] k11,5 = Strtow+ St
k=1 k=[j/2]+1 k+1 JQ

The treatment of S jow is exactly the same as the one of T jow. Similarly to (4-17), (4-19), we get

t MZ t ) )
* 1n
E /()S1j,1ow(s)d5§%/0 IO™ (S 11/2,2(5) DS

To treat Sy nigh, we use the inequality

N M
J . —r’
()5 S G —k+ 1)
k) MMy
for k > [j/2] 41, so that
U
Sungn S Y 5 e —k+ DY el
k=[j/21+1
J k}’ ’ . VA - in’
S Y TleknlaG =k D el e
k=1j/21+1

so that by the discrete Young’s inequality

1 re -
> f S1jnign(s)ds < <= sup DK [l (s)]l.2 / 1)y 6™y e(6)

0 s€[0,7] k

1 L g
< 5_ sup ”w(s)”y r4+y+1,1(s) / ”a)(s)”y,y,r(s)”wm”y,r/,t(s)-
0 se[0,1]

The sup in time is controlled as usual by assumption (4-2), under the constraint 7' +y + 1 < %r. As
regards the second factor, one can split [|@(s) ]|y, 7 (s) into

. . - bl
”a)(s)”y,y,r(s) =< ”wm(s)”y,y,r(s) + |lw (S)”y,y,r(s)

and control the second term by the analogue of Lemma 3.1, followed by (5-3). For v’ > y + ()/ + %) we

find that
t M? ot )
Z/ S1j.high(s) ds S _/ o™y 1,25 d5-
0 3 Jo
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Estimates on S;; (which is analogous to To;) and S3; can be established in the same way. We find for
r’ and %r —r/ large enough (with thresholds depending on y)

2/ §2j = ’7/ 19 wm(s)”)/ y+r’ T(A)ds+ / ”wln(s)”V y+r'+1/2, r(s)ds

with C > 0, n arbitrarily small, and

t M2 t ) 5
) ATy (O P
j 0 0 JO

To handle S4;, we proceed slightly differently. We start with the decomposition
[j/2 i1 . M .
S4j=_(z+ Z )(i)Wf B)ij’-fkl'),’(#w
k=0 k=[j/2]+1 k7 j—k y
= S4j 1ow + S4; high-

S4;.nigh can be treated similarly to To; pigh. We obtain, see (4-22),

t 1 1
.1 .b .1
> / Sajnigh S 3 SUp 1yl 712 / U™y 172,060 + 18 1y 1206 NO™ Syt 2.065) ds
. 0 0 [0,7] 0

M2 t o )
S5 /0 Jm I, 1 /2 005 ds-

Here, we have used the Gevrey control of d,w given by (4-2) to bound the first factor, and the analogue
of Lemma 3.1 followed by (5-3) to control the boundary layer term in the second factor. As for S4; 10w,
we integrate by parts in y. As ¥ vanishes at the boundary, no boundary term appears, and we get

[ji/21 . M/ d)in’ 8260 P d)in’
., ;i vin ., Oy®;
S = E ( ) / W UL — & V"
4j,low = k M/M/ Wj_j Oy kay J—k k(a)w)z J J=kTk 8
= S4j,1ow,1 + 84 10w,2 + Saj 10w,3-

We can bound S4; jow,1 With the same ideas as before. For r" and %r —r’ large enough we have

t M2 t . 5
/ Z Sajtow,1 S 8_/ &™) 41 /2,2(s5) 95
0 5 0 Jo

As for Sy 10w,2, We start from the bound

[j/21
Sajion2 S = O M) g llpepa e+ D75 L 10000 e 2 1 N 21
8 k=0
[1/21
Zn el kA DT Il I N2
0 k=0
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where the last inequality comes from (4-4) to control 83(1). It follows that
[j/2
Stjiow2 S 53 Z —k+ D7 gy 2+ D72 il ™ 2 + 19,00 112).-
0 =0

From there, for " and %r —r/ large enough (with thresholds depending on y),

/ > Sijaowa <1 f 19y (I, 4 ,(S)ds+ / ™SI 4 () -
J

With similar manipulations, we get the bound

! ! .in 2 CM4 ! - in 2
/O S S tows <7 /0 13,6601, 45+ /0 Jm I, 41 g d.
J

Injecting the previous estimates in (5-5), we get for large enough 8

t t 1
. 2 cinn?2 cinn?2 -2
o™ O, 2 ) +/3/0 ™15 41722 ds +/0 10y@™ 15, ds < 8_2||w0||y,r’,t0'
0

Estimate (5-2) follows from this inequality, in the same way as (4-6) is deduced from (4-5). [l

Corollary 5.2. Let M, 8o and y € [1, %] be given. There exists ro = ry(y) > r1 such that forr > ra(y),
one can find B2 = B2(M, 8o, T0, T1, ¥, 1) > B1 and

To = To(M, &, B, T0, T1, ¥, 1y ll@olly,r /24y —3/4,7) > 0
satisfying: if B = Po, if T < Ty, if (4-2)—(4-4) hold, and if
M
”aya)0||y,r/2,ro = Is (5'6)

then

sup [0y @)ly.r/2.00 < (5-7)

1€[0,T] 2
Proof of Corollary 5.2. We write dyw(t) = dywo + fot dyw(s)ds, so that for all € [0, T']
t
||ayw(t)||y,r/2,r(t) = ||8yw0||y,r/2,r(t) +/ ”ayd)(s)”y,r/z,r(t) ds
0
t
< ly@olly.ry2.c0) + / 1355l 2,206)
0

t 12
< 119y,@0llyr /2,20 + VT ( / ||ayc'o<s)||i,,/2,,(s>ds) .
0

Taking for instance r, = 4r; + 4y + 3, where r; was introduced in Proposition 5.1, and r > r», we ensure
that 7/ := %r +y— % satisfies 7’ > r; and %r —r’ > ry. By Proposition 5.1, for 8 > By large enough, and
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T such that t(¢) € [t1, o] for all ¢ € [0, T'], we get
sup 18,0y /2,000 < 19y@0lly.r2.20) + 28T /80l (O) 1y /21y —3/4.70- (5-8)
t€l0,T]

The result follows from the assumption on d,wy, once Ty is taken small enough to ensure that
2T, M
8o 4
holds. O

(Ol /24y —3 /42 <

Corollary 5.3. Let M, §p and y € [1, %] be given. There exists r3 = r3(y) > rp such that for r > r3(y),
one can find B3 = B3(M, 8o, 10, T1, ¥, 1) = B2, co = co(70, T1, ¥, 1) > 0 and

TO = TO(Mv 605 137 7:07 Tlv V7 r, ”w(o)”y,r,m» ||d)(0)||)/,r/2+)/—3/4,‘[0) > O (5_9)
satisfying: if B > Bo, if T < Ty, if (4-2)—(4-4) hold, and if

CQM

1. (I 1
% lwolly,r/2+y—3/4,% + % lwolly .+, + ™ llwolly,rzlldywolly.r/2,5 = 2 (5-10)

then

NS

2
sup (182 (1)l 2 <
t€l0,T] o

Proof of Corollary 5.3. We write the vorticity equation in the form

8§a):d)+u8xa)+v8ya).

Hence, for all t € [0, T,
1020 | oz < 10O | orz + lu @)z, 18 (Ol 12 + 10O 20, 18y ()| o 2-
For r large enough, we obtain
||3360(l)||L30L§ SNy rzew + OO 340 T 10Oy —y 4320 10y Ollyr 220

By Propositions 4.1 and 5.1 applied respectively with r and r’ = %r +y - %, and by inequality (5-8), we
find

1 1
2 . 2
sup [0y (D llzer2 S —N@olly.r24y—3/47 + ool . 7
1€[0,T] ¥ ™ 8o 85

1 VT .
+ %”a)O”y,r,ro ||8yw0”y,r/2,t0 + E ||w0||y,r/2+y—3/4,f0 .

Upon taking T sufficiently small, this concludes the proof of the corollary. U
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6. Minimum and maximum principle for 9,
The quantity d,w obeys a (degenerate) parabolic equation with Dirichlet boundary conditions
0 (3yw) — 83(8ya)) + (u 0 + v 9y) (3yw) + (0,u) (0yw) = w Oy, (6-1a)
0yl = @yt =) =0, [ 2y, (6-1b)
Our goal is to combine this fact with L?L;f’y estimates on w d, and the Dirichlet datum, to deduce that

the convexity of u is conserved for small time.

Proposition 6.1. Let M,38) > 0 and y € [1, %] be given. There exists r4 = ra(y) > r3 such that for
r >r4(y), one can find B4 = B4(M, Sy, To, T1, ¥, 1) = B3 and Ty as in (5-9) satisfying: if B > Bo, if T < T,
if (4-2)—(4-4) hold, and if

1
485 <0 < —, 6-2
0= 0ywo = 48, (6-2)
then
1
280 < dyw(t) < T forallt €0, T]. (6-3)
0

Proof of Proposition 6.1. We wish to apply a version of the parabolic minimum/maximum principle for
the following degenerate parabolic problem posed in 2 x (0, T), with Q being the periodic-in-x strip
(x,y) € T x (0, 1):

@ — 2 +b(x,y,1)- Ve y+clx, y, )Y =d(x, y,1) inQx(0,7), (6-42)
Y =a(x,t) on 02 x [0, T), (6-4b)
Vli—o = Yo(x,y) in Q. (6-4c)

Here ¢ = 0yw, b = (u, v) is incompressible and vanishes on the boundary T x {0, 1}, ¢ = d,u vanishes
at the boundary T x {0, 1}, d = w 0y, and the boundary data is a = (®],=1 — ®|,=0) — fol u? dy. As
emphasized after Theorem 2.1, the third compatibility condition of the theorem corresponds to the relation
a(x,0) =Yo(x,0).

By (6-2), the initial datum v is taken to obey 0 < 48y < Yo (x, y) < 1/(48p), for some & € (0, 1),
uniformly on Q. Thus, by the compatibility of the initial datum and of the boundary condition, we have
0 <489 <a(x,0) <1/(480), uniformly on T. Thanks to the Gagliardo—Nirenberg inequality

1/2 1/2 2
1l < CUAL QLS + 10, £1,5)

1
8x/ uundy
0

1 1 . .
S5 (W + W) lwolly,r/2+y—3/4,70 < l@0lly,r /24y —3/4,%
0

and the estimate (5-2), we have

0:a(x, D207 < 4l L20,7;2%) +2

L2(0,T; L)
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for B sufficiently large. By the fundamental theorem of calculus in time, and the Cauchy—Schwarz
inequality we thus obtain

) 1 ) 1
380 <480 — VT |laolly,rj24y 3747 < alx,t) < T +~Twolly,r24y-3/40 < ET
0 0

uniformly on T x (0, T'), upon taking T sufficiently small. Thus, on the parabolic boundary €2 x {0}U0J€2 x
(0, T), we have ¢ > 36.
By the same Gagliardo—Nirenberg inequality, the Poincaré inequality in y, and estimate (4-6), we have

G
sup [lc()llLere = sup [|0xu(®)|lLere < —llwolly.rz»
1€[0,T] Y te0.7] ! 8o

where C| = Cy (19, 11, ¥, F). Setting

C
C.=1+ 8—1||wo||y,r,,0, (6-5)
0

the above estimate implies

c(x,y,t)+Cy > 1.

Lastly, we note that by the Gagliardo—Nirenberg inequality and (4-6) we have

' ' Ji
/ ld(s)llLeeree ds = f o) ILerelloxw®)lLerye ds S —2||600||12/ "o
) 8 )
0 0 0
so that for 7 < 1 we have that

t
e(t) =1+ / ™ ld(s) = 380c(s)l| ey ds
0
St+Villwol, .o +1Cilloly,rr

< OVt + Nl ., + l@olly.r.m) = /1Dy (6-6)
hold for all # € [0, T'], where C» is a constant that only depends on y, r, 7y, and 71, and we have set

D, = Cy(1+ o5 .o + lolly.rz)-

With this notation, we make the following change of unknowns:

Y =€ WY x, y, 1) —380) +e(), (6-7a)
a=e “(a(x,1)—38) +e(), (6-7b)
d=e"(d(x,y, 1) —38c(x, y, 1)), (6-7¢)
c=c(x,y,t)+Cy, (6-7d)

Yo = Yo(x, y) — 3. (6-Te)
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The quantity e(¢) was chosen so that é(t) =1+ ld(#)|| L. One may then verify directly that

0 =0, +b-Vey+OY =d+|d|~)+1+ce>1>0, (6-82)
Ulyeroy=a>1t>0, (6-8b)
Vim0 = Yo > 80 > 0. (6-8¢)

The parabolic minimum principle then guarantees that
V(x,y,0)=0 onQx[0,T]. (6-9)

Indeed, if a strictly negative minimum were attained by 1, then this point minimum could not lie on the
parabolic boundary (since @ > 0 and vy > 0). If this point lay in the interior, at this point we would need
to have V; i = 0, whereas (—8y2 + &)y < 0 since ¢ > 0. This contradicts (d + ||d|| =) + 1+ ¢e > 0,
which thus proves (6-9).

Working backwards from the definition of ¥, we see that (6-5), (6-6), and (6-9) imply

U(x, y,1) > 380 — ee(t) > 380 — VTeT D, > 25

as long as T is chosen sufficiently small in terms of C,, D, and 8, consistent with the dependence given
in (5-9). This proves the lower bound in (6-3).

The proof of the upper bound in (6-3) follows from very similar arguments, reducing the problem to a
maximum principle for a parabolic equation. To avoid redundancy, we omit these details. ]

7. Proof of Theorem 2.1

0

The proof of the main theorem proceeds as follows. Let y < % and r > r4(y). For any 19 < 7" assumption

(2-1) implies that wy = dyu( satisfies
2
”wO”y,r,to + ”8yw0”y,r,t0 < 400.

We fix 1) € (71, %). We then fix 8, small enough and M large enough, so that the initial constraints
(4-27), (5-6), (5-10) and (6-2) hold. Let B8 > B4 and ¢ > 0. We consider the approximate system

O+ udeu+vdyu+ 09 p—0ju—edju=0, (x,y)eTx(,D), (7-1a)
dp=0, (x,y)eTx(0,1), (7-1b)

dut+d,v=0 (x,y)eTx(,1), (7-1¢)

uly=0,1 = vly=0,1 =0, (7-1d)

with the same initial condition u#|;—9 = ug. System (7-1) is called the two-dimensional primitive equations,
and has been widely studied, in various geometries and under various boundary conditions [Bresch et al.
2003; 2005; Temam and Ziane 2004]. In particular, Gevrey or analytic regularity results were obtained
in both periodic and bounded geometries [Petcu 2004; Petcu et al. 2004; Kukavica et al. 2016]. In the
context of system (7-1), the well-posedness result stated in Theorem 2.1 can be proved without much
difficulty. In fact, the presence of —saﬁu allows for a classical treatment, and the existence of solutions
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at fixed ¢ > O follows, e.g., from a Galerkin approximation procedure (which is compatible with the
hydrostatic trick [Masmoudi and Wong 2012]). Moreover, the compatibility conditions are the same for
(1-1) and (7-1). We find in this way a unique local solution u® with the regularity requirements stated in
Theorem 2.1. We can then consider T , the maximal time on which [|wgll, 0,7, < +00. In particular, if
T . 1s small enough so that t(7; ,) > 71, one has

sup s ()ly,3r/4,7¢) = +00. (7-2)
1€[0,Ty )
By the initial constraint (4-27), the fact that 7y < 70 and the continuity of the solution, there exists a
maximal time 0 < T, < T, on which the conditions (4-2)—(4-4) are satisfied with u replaced by u, and
T replaced by T,. Note that all the estimates that we established for a solution u of (1-1) adapt straight-
forwardly to a solution u® of (7-1). The only notable change is the inclusion of the —e 8)% term in (3-4) for
defining the boundary layer lift »”¢. However, since all estimates for "¢ are obtained by performing a
Fourier transform in x and using Plancherel to obtain the desired L2 bound, this modification is routine (see
also [Ignatova and Vicol 2016] for e-independent bounds for solutions of the e-regularization of the Prandtl
system that are analytic in x and Sobolev in y). Applying Corollaries 4.2, 5.2, and 5.3, and Proposition 6.1
at positive ¢, we see that there exists 7 > 0 independent of ¢, such that for all ¢ € [0, min(T, T)], the
conditions (4-2)—(4-4) still hold with M replaced by %M , and &g replaced by 28¢. If T, < T, then one has
necessarily T, = T ., otherwise by continuity the inequalities (4-2)—(4-4) would be satisfied beyond 7.
But then there is a contradiction between (7-2) and the first half of (4-2). Hence, T, > T, and so T . > T.
We have just shown that the approximations u, are all defined on a time interval independent of ¢,
and satisfy uniform Gevrey bounds on it. This allows us to let ¢ go to zero, and conclude by standard
compactness arguments to the existence of a solution.
For the uniqueness of solutions, the equation obeyed by the difference is basically a linearized version
of the equation, very similar to the equation obeyed by @. Then an estimate similar to the one from
Proposition 5.1, gives the good estimate for the difference of two solutions, implying uniqueness.

Appendix: Proof of Lemma 3.2

To prove the first item, we adapt arguments of [Fernandez et al. 2016, pages 1805-1807]. We fix x € T,
y > 0, and drop them from the notation. We write

() = f; . (7)) = ! —yVBUFD+iE
@;(n) = f;(£) 8j(©),  8j(§) = 7— T ET :

Clearly, as f; is equal to O for # < 0 and belongs to L'(R),
o= fine " de
Ry

is holomorphic for $m ¢ < 0, and continuous for $m ¢ < 0. Moreover,

lim  £;(¢) =0 uniformly for %e ¢ € R, lim  £;(¢) =0 uniformly for $m¢ <0. (A-1)
$m¢——+o00 Re ¢ —+o0
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The first limit follows directly from the inequality
1= [ 1l
Ry

and the dominated convergence theorem. The second limit follows from a close look at the Riemann—
Lebesgue lemma: given & > 0, and some fjS € CH(R;) with fR+ lfi — fjel <e, we get

GEA e f‘9|+|/ £E (e

- |9R 7

where the second bound follows from an integration by parts of the second integral.
Obviously, g; is also holomorphic in $m ¢ < 0, continuous over $m ¢ < 0, with bound

eI, (A-2)

|g.1 — ,3 2

see (3-13). We finally apply the Cauchy formula: for any ¢t < 0, for any © > 0,
o0 = tim [ f@) 8@
J §—> 400 27 —s J J
. 1 2 ~ 2 i
—tm ([ fogodtas [ fogoda
[—s,s]—ip

§—>+00 LTT [s,5—ip] R .
+f[ ‘ ]fj(g“)gj(@)e’“ dc)-
—S—Iil,—S

As t < 0, taking into account the first limit in (A-1), the first integral at the right-hand side goes to zero
when u — 400, while the two other integrals over the vertical segments converge to the integrals over
the vertical half-lines:

w(t)_si“i‘oozlq . ]ﬁ@)gj(é)e"“dur/[ | ]J‘}@)gj(z)el‘ﬂd;)
T L(f e ﬁ(—s+;>g,-<—s+;>ei<s+<>fd¢).
s——+00 27T [0,—ioo] [—i00.0]

Using the second limit in (A-1) and the bound (A-2), we can conclude that the limit on the right-hand
side is zero thanks to the dominated convergence theorem.

To prove the second item of the lemma, we remark from formula (3-12) that
(1+1¢DY@] € LER, Ly (Ry, HE(T)),  (141¢)"*®] € LR, H (Ry, HE(T)))  for all k

using the smoothness of f; with respect to x. We deduce that

1/4

w c HR, LRy, HXT)), @ (R, H) (R, HE(T)) for all k. (A-3)
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Moreover, using again (3-12) and Plancherel in time, we get that, for any ¢ = ¢(#, x, y) smooth and
quickly decreasing as t — oo and y — +00,

f @;(BG+1) — )+ / dyd>; Dy — / (20 y=0+ £)¢ly=0 = 0.
RxRy xT RxRyxT RxT

If we take ¢ with support in time included in (—oo, T), taking into account that c?)? is zero for negative
times, we end up with

M

—b . —b —b

f wj(ﬂ(] +1) _3t)§0+/ 8ya)j 3y(p—/ (ij|y=0+—1hj+l) ¢ly=0=0.
0, T)xRy xT 0, T)xRyxT 0, T)xT Mj-H

We recognize the weak formulation of system (3-10). The identity c?)? = a)]b over (0, T') follows from the
uniqueness of solutions to this system (for example in the regularity class given by (A-3)).
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SHARP VARIATION-NORM ESTIMATES FOR
OSCILLATORY INTEGRALS RELATED TO CARLESON’S THEOREM

SHAOMING GUO, JORIS ROOS AND PO-LAM YUNG

We prove variation-norm estimates for certain oscillatory integrals related to Carleson’s theorem. Bounds
for the corresponding maximal operators were first proven by Stein and Wainger. Our estimates are sharp
in the range of exponents, up to endpoints. Such variation-norm estimates have applications to discrete
analogues and ergodic theory. The proof relies on square function estimates for Schrodinger-like equations
due to Lee, Rogers and Seeger. In dimension 1, our proof additionally relies on a local smoothing estimate.
Though the known endpoint local smoothing estimate by Rogers and Seeger is more than sufficient for
our purpose, we also give a proof of certain local smoothing estimates using Bourgain—Guth iteration and
the Bourgain-Demeter ¢> decoupling theorem. This may be of independent interest, because it improves
the previously known range of exponents for spatial dimensions n > 4.

1. Introduction

Letn > 1 and @ > 1 be fixed. Given a Calderén—Zygmund kernel K : R"” — R we define a modulated
singular integral by

HOfx)y:= | fx—0e""" K@) dt, ueR. (1-1)
Rn
The maximal operator
sup [H" f| (1-2)
uelR

was introduced in [Stein and Wainger 2001] as a generalization of the Carleson operator studied in
[Carleson 1966; Fefferman 1973; Lacey and Thiele 2000]. In this paper, we study variation-norm
estimates for the family {(H®™ £icr. Apart from the intrinsic interest in such bounds, another strong
motivation is given by the connection to certain discrete analogues of (1-2) that are the subject of recent
works [Krause and Lacey 2017; Krause 2018] (see Section 1A below).

If J is a subset of R and {a, : u € J} is a family of complex numbers indexed by 7, then for any
1 <r < oo the r-variational norm of {a,},c 7 is defined to be

J 1/r
V'i{a, :u e J}:=sup sup (Z law; —au,_, |r> .
=1

JeN ug,uy,..., u;€J
Uo<U| < <Uy

MSC2010: primary 42B20; secondary 42B25.
Keywords: variation-norm, polynomial Carleson.
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Closely related to it is the jump function of the family {a,},c7: for A > 0, the A-jump function of {a, },c 7,
namely N,{a, : u € J}, is defined to be the supremum of all positive integers N for which there exists a
strictly increasing sequence s; <t <sp <fp <--- < sy < ty, all of which are in 7, such that

lay — as;| > A

forall j=1,...,N. Forr € (1,00) and p € (1, c0), we will study the L?” mapping properties of the
maps

fr— V{HY f:ueR},

fr— AIN{HY frueRNY", r>0.

Henceforth f will always be a Schwartz function on R"; the goal is to establish a priori bounds for
all such f. If in dimension n = 1 we take « = 1 and replace [f| by ¢, then this corresponds to the
variation-norm Carleson operator, which has been studied in [Oberlin, Seeger, Tao, Thiele, and Wright
2012; Uraltsev 2016]. We refer the reader to [Bourgain 1989; Pisier and Xu 1988; Campbell, Jones,
Reinhold, and Wierdl 2000; 2003; Jones, Seeger, and Wright 2008] for earlier results concerning jump
function and variation-norm inequalities for other operators arising in harmonic analysis.
Let us assume that K is a homogeneous Calder6n—Zygmund kernel, in the sense that
Q(x)

|x |

K(x)=p.v.

for some function €2 that is smooth on R" \ {0}, homogeneous of degree 0. The assumption that K is
homogeneous is not strictly necessary. It is there to help simplify the presentation of the proof of the
theorem. We also assume that fgn_l Q(x)do (x) =0, where o denotes the surface measure on S" .

Theorem 1.1. Letn> 1, o € (1, 00) and define H™ as in (1-1). If r € (2, 00), p € (1,00) and r > p'/n,
then we have
VAR fru e R, < CILflp- (1-3)

In addition, ifn > 2 and p € 2n/(2n — 1), 00), then

AWNAHO fueRY| < CIUFI,.
Here the constant C is allowed to depend on n, o, p and r.
Moreover, up to endpoints, we show that this is the best we can expect:
Theorem 1.2. The estimate (1-3) fails if r < p’/n.

Thus, the range of exponents for which estimate (1-3) holds is given by the quadrilateral in Figure 1
below (up to endpoints).

It is natural to ask what happens when « is less than 1. Our methods do not seem to be able to handle
this case. But if n = 1, an easy adaptation of our methods allows us to obtain a positive result where the
phase function [¢|* in (1-1) is replaced by sgn(#)|z|*. In particular, if « is an odd positive integer, we may
replace |#|* in (1-1) by #* and still obtain a positive result.



SHARP VARIATION-NORM ESTIMATES FOR OSCILLATORY INTEGRALS 1459

= N |—=

2
=
S =

Figure 1. The range of exponents for which estimate (1-3) holds.

The inequality (1-3) can be understood as an extension of the well-known result from [Stein and
Wainger 2001] (also see [Guo 2016] for the case when « is not an integer):

Hsup IH(”)fIHp SIfll, forevery p > 1. (1-4)
ueR

1A. Connection with discrete analogues. Further motivation stems from the study of a discrete analogue
of the maximal operator (1-2). Fix an integer d > 2 and let u € R. Consider the following operator ’H(Z”)
acting on functions f : Z — C:

HOFo = Y fla— r)e”""%, xeZ
1eZ\{0)

This is a discrete analogue of our operator H“ for n = 1 and o = d. Bounding the associated maximal
operator f > sup,cp I”H(Zu) flon €7(Z) is significantly more difficult than bounding Stein and Wainger’s
maximal operator and until recently, no such bounds were known. For the recent progress on this problem
and further discussion of discrete analogues, we refer to [Krause 2018; Krause and Lacey 2017]. A
careful analysis of the multiplier of H(Z”), which is much in the spirit of the Hardy-Littlewood circle
method, reveals a natural splitting of the problem into a number-theoretic and an analytic component. In
the case p = 2, the core estimate for the analytic component is a variant of Bourgain’s classical maximal
multifrequency lemma [1989, Lemma 4.1]. The precise statements can be found in [Krause and Lacey
2017, Section 3; Krause 2018, Sections 5 and 10.2]; see, in particular, Theorem 3.5 of [Krause and Lacey
2017]. Using a small refinement of our Theorem 1.1 (see Theorem B.3 below), together with the argument
from [Bourgain 1989], one can obtain an alternative simple proof of (a small extension of) Theorem 3.5
of [Krause and Lacey 2017]; we include some details in Appendix B.

Discrete analogues are intimately related to ergodic theorems and this connection provides a further
application of our variation-norm estimates. Krause [2018, Theorem 1.2] made use of a variant of the

estimate (1-3) in his recent work on a pointwise ergodic theorem.

1B. Outline of the proof. We now briefly describe an outline of the proof of Theorem 1.1. To control
the left-hand side of the estimate (1-3), we split the contribution into two parts: long variations and short
variations. For each j € Z, define the short variation on the u-interval [2/¢, 2U+D2] by

VIHL () = VI{H® f(x) su e [27%, 20Dy,
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Also define y
S, (Hf)(x) = (Z |V;’Hf(x)|’> ,

jez
N3 () = N HEO f(x) 1 ) e 7).

We will use the following lemma (see, for example, [Jones, Seeger, and Wright 2008]):

Lemma 1.3. Forr € [2, o0) we have
MNAHY 2w > 00" S S, (Hf) + AN LT

uniformly in X > 0.

(Hereafter, A < B means A < C B for some absolute constant C.)

By this lemma, and by Bourgain’s argument [1989] of passing from jump norms to variation-norms
(see also [Jones, Seeger, and Wright 2008, Section 2]), to prove Theorem 1.1 it suffices to prove the
following two propositions.

Proposition 1.4. For every p € (1, 00) and r € [2, 00) we have
dyad
AN O, S AN

uniformly in A > 0.

Proposition 1.5. Letn > 1and p € (1, 00), r € (2, 00) withr > p’/n. Then we have

IS-(HOIp SISy
If n > 2, then the inequality also holds for r = 2.

The proof of Proposition 1.4 depends on a jump function inequality of [Jones, Seeger, and Wright
2008] that is based on a Lépingle inequality for martingales.

By interpolation with the inequality (1-4) of [Stein and Wainger 2001], it suffices to consider the case p €
(2n/(2n—1), oo) to prove Proposition 1.5. The proof of Proposition 1.5 then depends on a square function
estimate for Schrodinger-like equations, which is due to [Lee, Rogers, and Seeger 2012]. In one dimension,
we additionally need a local smoothing estimate for these equations. The following local smoothing result
is more than sufficient for our needs: indeed we will only need the following estimate for n = 1 and some
p < oco. We are including the full theorem here only because it may be of independent interest.

Theorem 1.6. Let y > 1 be a real number and let I be a compact time interval. For any dimension n > 1
and exponent p < oo satisfying

24n+7) ., _
>—4n—|—1 if n=—1 (mod 3),
P> 2”;3 if n=0 (mod 3), (1-5)
> 4(n+2) if n=1 (mod 3),

2n+1
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we have
o I P 1/p
( f / e f(E)e! ds' dx dr) Se I lwssencany (1-6)
R)lx[ n
whenever € > 0 and
B _ n(l _ l) _1
% 2 p/ p

Here we write WP (R") = (I — A)™*/2LP(R") to denote the standard Bessel potential space.

Let us take a moment to compare Theorem 1.6 with results in the existing literature. Rogers [2008]
considered the case y = 2, namely a local smoothing estimate for the Schrédinger propagator ¢''2. He
proved that (1-6) holds whenever y =2, pe (2+4/(n+ 1), 00) and € > O (in the rest of this section
B will always be as specified in Theorem 1.6). This was improved subsequently by Rogers and Seeger
[2010], who obtained the endpoint case € = 0 for all y > 1: they established that (1-6) holds with e =0
forall pe 2+4/(n+1),00) and all y > 1. In particular, this implies Theorem 1.6 for n =1, 2, 3.
Theorem 1.6 gives a larger range of p in dimensions n > 4, albeit with an e-loss in smoothness. We also
note that in the case y = 2 (i.e., for the Schrodinger propagator), Lee, Rogers and Seeger [2013] obtained
an improvement of the aforementioned result of [Rogers and Seeger 2010]; in particular, in Proposition 5.2
of [Lee, Rogers, and Seeger 2013], they proved that if the dual Fourier restriction conjecture holds at an
exponent g, in the sense that

IES Lo qnry S I Nl zoogo,11m)
for some exponent yy < 2(n+3)/(n+ 1), where E is the Fourier extension operator for the paraboloid in
R"*! given by

Ef(x,t) = FE)ECETED ge (x, 1) e R" x R, (1-7)
[0,1]"

then (1-6) holds for y = 2 with € = 0 whenever p € (g., 00), where g, is defined by

2(n+3) : 1/go — (n+1)/2(n +3))
% 1= 1-— , , h , = .
q a1 = r(q0),  withy(,qo) R T 1D)/2— (1 +2)/q0)

A direct computation shows that

2
n? —n(4—qo)/(qo—2)
As a result, even if one can establish (1-7) in all dimensions n with gg = go(n) that decays like go(n) =

24 (2+1)/n+ O(1/n?) for some A > 0 (the Fourier restriction conjecture shows that the best one can
hope for is A = 0), using the above result of Lee, Rogers and Seeger, one can only establish the local

4
gx=2+——
n

smoothing estimate (1-6) for p € (g.(n), 00), where

4 1
n n
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On the contrary, if p.(n) is the Bourgain—Guth exponent given by the right-hand sides of (1-5), we see that
3 1
n n

so our range of the exponent p is larger than that of Lee, Rogers and Seeger in high dimensions 7, even
for the Schrodinger equation case.

Contrary to [Rogers and Seeger 2010], which relied on bilinear restriction estimates, our proof of
Theorem 1.6 relies on the Bourgain—Guth argument [2011] (see also the presentation in [Bourgain and
Demeter 2017]), and the Bourgain—Demeter decoupling inequality [2015]; see [Wolff 2000; L.aba and
Wolff 2002] for some earlier foundational work on decoupling inequalities, and their applications to local
smoothing estimates. The multilinear estimates developed in [Guth 2018] might be useful in establishing
(1-6) for a larger range of exponents, but we did not pursue this here.

Organization of the paper. In Section 2 we state two preliminary results, namely a consequence of the
classical Lépingle inequality, and a consequence of the Plancherel-Pélya inequality. In Section 3 we
control long jumps; that is, we will prove Proposition 1.4. The treatment for short jumps (that is, the
proof of Proposition 1.5) will be split into two parts. In Section 4 we prove Proposition 1.5 in two special
cases: n>2, p>2(n+2)/n,and n =1, p > 2. These are the main cases to be considered. In Section 5
we indicate the modifications necessary to prove the remaining case of Proposition 1.5: namely, n > 2
and 2n/(2n — 1) < p <2(n+2)/n. The proof of Theorem 1.2 is in Section 6. In Section 7 we provide
the proof of a vector-valued generalization of a multiplier theorem of [Seeger 1988], which we used in
the proof of the short jump estimates in Section 4. In Appendix A we prove the local smoothing estimates
in Theorem 1.6. In Appendix B we refine our Theorem 1.1 by obtaining a good bound on the growth of
the constant C in (1-3) as p = r — 2% (see Theorem B.3), and use it to provide an alternative simple
proof of a maximal multifrequency estimate of Krause and Lacey [2017, Theorem 3.5].

2. Prerequisites

2A. A jump function inequality of Jones, Seeger and Wright. We recall a jump function inequality for
convolutions with dyadic dilations of a fixed measure from [Jones, Seeger, and Wright 2008, Theorem 1.1].
It is a consequence of the more classical Lépingle inequality for martingales.

Proposition 2.1 [Jones, Seeger, and Wright 2008]. Let o be a compactly supported finite nonnegative
Borel measure on R" whose Fourier transform satisfies

o) <ClEl™
for some a > 0. For k € Z, define o} by

A () dog(x) = ) fQ27*x)do(x).
Then

|2/ Nutf * o ik € ZY| 1 oy < Coll FllLomey

forall 1 < p < oo, uniformly in A > Q0.
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We will apply this proposition as follows. Let S be a nonnegative smooth function with compact
support in [—1, 1]* and fRn S(x)dx = 1. For k € Z and any Schwartz function f on R", let

Sk f(x) = f*xSk(x),

where Si(x) = 2k S(2x). If o is the measure on R” given by

| rwdow = [ rwsean
R R
then oy (x) coincides with Sy (x)dx, and hence f * oy = Sy f for all k € Z. Proposition 2.1 then gives

|2V NSk f ik € ZY|| pgny < Coll Fllrny -1

for all 1 < p < 0o, uniformly in A > 0. Note that §(0) =1 and §(f;‘) decreases rapidly to zero as || — oo.
So later it helps to think of §(.§ ) as localized to |£] < 1, and interpret S f as a localization of f to
frequency < 2K,

Next, let {c¢}72, be a complex sequence with |cy| = 027 for some o > 0. Let gk be the operator
defined by

o0
Sif =) ceSi-ef. 22)
=0
We will use (2-1) to prove that

AV NS f ik € TV gy < Cpll fllrgn (2-3)

for all 1 < p < oo, uniformly in A > 0. Recall the definition of the jump norm Nx{gk fx): kel
it is the supremum of all positive integers N for which there exists a strictly increasing sequence
S]<l <8 <th<---<Sy <Ly, all of which are in Z, such that

1S, f (x) = S, f ()] > A (2-4)
forall j=1,...,N.Butifs; <t) <sp <tp <---<sy <tyisassuch, thenforall j=1,..., N we have

|Sy—e f (x) = Sy—e f ()] 2 2522

for at least one £ > 0. Hence,

NuASkf () 1k €Z) S Nowry {Sif (x) 1k € Z),

=0
which implies
o0
VNuSKf ik €Z) S /Nty (S f 1k € Z).
£=0

This further implies

o
AV NSk f ik € ZY| gy S D227 P2 hy Noera (S f 2k € DY oy S IS N
£=0

This finishes the proof of the estimate (2-3).
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2B. An inequality of Plancherel and Pélya. Next, let F(u) be an L? function on R whose Fourier
transform F (&) is supported on the set |£| < 1. Such an F' is sometimes said to be in a Paley—Wiener space.
An inequality of Plancherel and Pdlya [1936; 1937] says that for any such F and any r € [1, c0), we have

SIFGI =G [ IFar du 2-5)
jez R
where C, is a constant independent of F. This holds because if Fis supported on || < 1, then, by the
uncertainty principle, F' is essentially constant on every interval of length 1 (see also [Young 1980] for
an alternative proof based on complex analysis).

From (2-5) we can deduce the following variation-norm estimate (see also page 6729 of [Jones, Seeger,
and Wright 2008]):

Proposition 2.2. Let F(u) be a function on R whose Fourier transform F (&) is supported on the set
{I€] < A}. Then for every 1 <q <r < 00, we have

VI{F@):ueR} < Ay A9 F pa, (2-6)
with a constant A, , depending only on q and r.

Proof. By rescaling we may assume that A = 1. Now let k € N and u; < - - - < uy be a strictly increasing
sequence in R. We let k(0) =1, n1 = [u,(0)] and let k(1) be the largest integer in {1, ..., k} such that
ey <nip+ 1. If k(1) <k, we let np = |u,1)+1] and let « (2) be the largest integer in {1, ..., k} such
that u, ) < ny + 1. Clearly this process will terminate in finitely many, say m, steps. In this way we
collect the points u1, ..., uy into intervals [ny, ny + 1], [n2, np+11, ..., [, 0,y + 1] of length at most 1.
Now for s =1, ..., m — 1, by the triangle inequality, we have

|F (ie(s)) = F e )+ D" STF (Uie(s) = F (ng+ D" +|F(ng+ D"+ | F (ng+ )"+ F (ng41) — F (esy)+01

This shows

k—1

> IF )= F (i)’
i=1

5Z(|F<ns>|’+|F(ns+1>|’)+Z<|F(m)—F(uK(s_l))V
= = + > |F(ui)—F(ui+1)|r+|F(Mx(s))—F(ns+1)|r)-

k(s—1)<i<x(s)
(Indeed, for s = 1, we do not need the terms |F (n,)|" and | F (ny) — F (u,(s—1))|" on the right-hand side;
similarly for s = m, we do not need the terms |F (ns + 1)|" and |F (u.(s)) — F(ns + 1)|". But there is
no harm putting them in, which makes the expression on the right-hand side more symmetric.) By the
mean-value theorem, for s =1, ..., m, we have

|F(n) = Flues—)l"+ D> [Fu) = Fip)|” + | F () — Fng+ DI

k(s—1)<i<k(s)

< IF (|ns —weonl D i —uip |+ ) — (g + 1)|’>,

k(s—1)<i<k(s)
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and the quantity inside the parentheses in the last line is < 1 since we have the elementary inequality
Httty <+ + 1)
whenever t;,...,t, > 0and 1 <r < oco. Now since F is supported on |£| < 1, Bernstein’s inequality
implies
IF oo Sr I1F Nl e
whenever 1 <r < oo. Altogether, we see that

k—1

Y NF @) = Fu)l” S IF I+ Y _(F ()l +F(ng+ D)

i=1 s=1

S IFIL+ ) IFDE S IFN
jez
whenever 1 <r < oo, the last inequality following from (2-5). Since F is supported on {|§]| < 1} and

1 < g <r, Bernstein’s inequality again implies || F| - <4.- || Fllzs. This completes the proof of (2-6). [J

3. Long jump estimates

Our goal in this section is to prove Proposition 1.4. Indeed, we will prove something slightly stronger,
including the case 0 <« < 1.

Proposition 3.1. Fixa >0, a # 1. For 1 < p < 0o, we have

II?»\/NA{H(Zk”)f ke ZYlrwy SN fllrme (3-1
uniformly in ). > 0. Here HE g defined as in (1-1).

First we decompose H®) into

HE™ f(x) = /

lr|<27*

=t Hi,—o00 f (%) + Hic 00 f ().

Flx — )2 M K (1) dr +/ Flx —0)e 2 M K (1) dt

[t]>2*

In the term H oo f, We are integrating over small 7, and the exponential e/2“"I" is approximately 1. This
motivates us to further decompose Hy oo f as

Hi—oo f(x) = / f(x =K @)dt +/ Flx— )M 1)K (1) dr
|r|<2* |t|<2-k
= Hyof () + Hio f (x). (3-2)

For the other term, we take the decomposition

Moo £ (0) = S M f 0= [ F =DV K (1) dr.
=1 =1

k+0—1 <|t‘§2—k+e

The former term in (3-2) is a truncated singular integration. We have:
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Lemma 3.2 [Campbell, Jones, Reinhold, and Wierdl 2003, Theorem A].

|2V N (FHiof ke Y oy S llrrey
foralll < p < oo.

Hence it remains to estimate the jump norms of Hy o f (x) + Z;’;l Hi o f (x) = Zgio Hy.o f(x). To
do so, we carry out a Littlewood—Paley decomposition. For each ¢ > 0, apply

Hief =HieSk—of +Hie(f —Sk—e f).

(see Section 2 for the precise definition of S f). Notice that S;_, f is approximately constant at the
physical scale 27¥+¢, Thus, Hy ¢Si_¢ f is almost just a multiple of S;_, f. This motivates us to further
take the decomposition

HioSk—ef = ceSk—e f + M eSk—e f —coSk—e f),

where
o= / " —DK(@)dt and ¢ := / MK (1ydt  for € > 1 (3-3)
[t]<1 1/2<|t|<1

are constants. Here we choose the constants cg and ¢, as such because K is assumed to be homogeneous.
Hence

o0 o (o) (o]

D Heaf@) =D crSieef + > (HiaSe—ef —ceSe—ef)+ D Hielf = Skt ).

£=0 £=0 £=0 £=0

Since a simple integration-by-parts argument shows that |c,| = O (27%), the contribution from the first
term to the desired jump norm can be controlled using (2-3). To handle the latter two terms we use a
square function. It suffices to show that

00 1/2
> (Z mk,zskef—czskefﬁ) S e, (3-4)
=0" Meez LP(R")

00 1/2

> (Z Hee(f = Sk_ef)F) S lLr@n (3-5)

e=0" Nkez LP(R")

since the square functions dominate the desired jump norms pointwisely. To establish these estimates we
apply a finer frequency decomposition. Let

Ax):=2"S2x)—S(x) and Ai(x):= Zk"A(ka)

and write A f := f * Ay so that

Sk—szZAk—/z-jf and f_Sk—Ef:ZAk—€+jf~

j=1 Jj=0
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By the triangle inequality, to prove (3-4) and (3-5), it suffices to prove the existence of some constant y >0

such that
12 .
‘ (Z [ HieDk—e—j f—ceDi—e— ,-f|2> S22 f e, (3-6)
kez LP(R™)
12 '
‘ (Z IHk,eAk_zﬂ-fﬁ) S277Y9HO f oy (3-7)
kez LP(R")

for every j, £ > 0 and every 1 < p < 0o. Throughout the paper, we use y to denote a positive real number
that might vary from line to line, if not otherwise stated.

Now each of the estimates (3-6) and (3-7) holds for 1 < p < oo without the small factors on the right,
since |Hy.¢ f| < Mf where M is the Hardy—Littlewood maximal operator on R”, allowing us to invoke
the Fefferman—Stein vector-valued inequality for the maximal function [Stein 1993, Chapter II.1]. Hence
by real interpolation, it suffices to prove the case p =2. Todo so, fix o« > 0, a # 1 and £ € N. Let m,(§)
be the multiplier defined by

mo(£) == f """ —De " K (1) dr,
[t|<1

my(&) := / 2N K () dr for £> 1.
1/2<|r]<1
Let m (&) be the multiplier defined by

o (&) = / @ — 1) — DK (1) dt,
[t]<1

e (§) :=f 12N (=i _ VK (1) dr for € > 1.
1/2<|t|<1

Since K is assumed to be homogeneous, for £ > 0 the multiplier for Hy , is m, (2*"%5 ). It follows that
for £ > 0 the multiplier for Hy ¢ — c¢ is m(27%*HE). Then (3-6) and (3-7) with p = 2 follow from the
pointwise estimates for multipliers

1/2

1/2
(Z|A<2—k“+fs>nae(2—"+‘s)|2> +<Z|A<2—"+‘—fs>mz<2—"“s>|2) S22 (3-8)

keZ kez

We need the following lemma, which is a consequence of the van der Corput lemma (details omitted):

Lemma 3.3. We have

Ime(£)] <min{277, 2% E|7Y} forall £ € R. (3-9)
In particular,

Ime&)] S @77 2% 51T forall & €R. (3-10)
We also have
min{277¢, |E]} S22V for g <1,

Iﬁ?e(é)lfﬁ{1 for 8] > 1.
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We are ready to prove (3-8). The estimate is invariant upon replacing & by 2&; hence we only need to
prove it when |&| >~ 1. First consider the first term on the left-hand side of (3-8). When k& < 0, we bound
g (275 g) < 1 and |AQFHHig)| < 2710Ck+6+) Summing over k < 0, we obtain 27 10¢+7),

When k > 0, we bound |7, (275F¢&)| < 277/22=+/2+/2 and

2710k HEED  if O <k <+ j,

A 2fk+€+j < )
A S P ifk>¢+.

Summing over k > 0, we obtain 277 “*+/) for some y > 0. This finishes the proof of the first half of (3-8).
Next we turn to the second term on the left-hand side of (3-8). What we need to prove can also be
written as

AN :
(Z |A(2k$)mz(2k+]$)|2) S277) for g = 1. (3-11)
kezZ
We work on two different cases. Let C, > 0 be a sufficiently large constant. Assume that we are in the
case j > C,£. We bound the left-hand side of (3-11) by
Z 2—10]{20{52—}/1{—)/]' + Z 2]( (20[@ X 2—]/[2—)//(—]/])1/2 < 2—y(€+j).
k=0 k<0

Here for the case k > 0 we applied (3-9), and for the case k < 0 we applied (3-10).
Finally, we assume that 0 < j < C,£¢. We bound the left-hand side of (3-11) by

Z 2—10/(2—)/6 + Z 2k2—y€ 5 2—)/(E+j)‘
k>0 k<0

Here in both cases k£ > 0 and k < 0 we applied (3-9).

4. Short jump estimates for large p

We are now going to start the proof of Proposition 1.5. Recall that by interpolation, we only need
to establish Proposition 1.5 when p € 2n/(2n — 1), 00) and r € (2, 00) (see discussion following
Proposition 1.5). In this section we will do so for all sufficiently large values of p. More precisely, let
a > 1,let H® be as in (1-1), and let VIH f(x) = V/{H"™ f(x) : u € [2/%, 2U+D¥]}. We prove

1/r
H (Z |V;<Hf>|’) SUFN, (4-1)
jez p
whenever
pe,00), n=1, re(@2, 0) (4-2)
or
pe(Z—l—%,oo), n>2, re[2, o00). (4-3)

This proves Proposition 1.5 when n = 1. In the next section, we extend (4-1) to all p € (2n/(2n — 1), 00)
when n > 2, r € [2, 00). That would complete the proof of Proposition 1.5 when n > 2.
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4A. Main tool: a square function estimate for the semigroup et (-2

(4-1) under condition (4-2) or (4-3) is a square function estimate, due to [Lee, Rogers, and Seeger 2012]:

. The main input to our proof of

Proposition 4.1 [Lee, Rogers, and Seeger 2012]. (1) Letn =1, p € [2, 00) and A > 1. Then for any
compact time interval I,
2 1/2
dt)

{

(2) Letn>2,pe 2n+2)/n,c0) and A > 1. Then for any compact time interval I,
S lwer ey

2 12
(/ )
1 Lr ")

£eny-3)-4

We will apply the above estimates with A = &’ := /(o — 1) (remember « > 1). Recall that we are

SIfllLr@-
L (R)

[ e e as
R

with

interested in the variation of H® f(x), where u is restricted to the range [27¢,20+De] for some jelz.
To estimate this, we decompose the kernel eI K (1) into a part where oscillation plays no role and a
part where the oscillation becomes important. More precisely, for £ € Z, let

HY f(x) = . fx =0 oK (1) dt, (4-4)

where @ (1) = ¢o(27t) and ¢ is radial, smooth and compactly supported on an annulus {|¢| ~ 1} so that
for t #0 we have Y ,_; @¢(t) = 1. When u =~ 2/% || ~ 27/, the phase ¢/“/'" in (4-4) is approximately 1
precisely when £ < 0. Thus, it makes sense to take the decomposition
HOf ) =Y H f () 4-5)
tez

and expect that the terms ¢ < 0 in the above sum are essentially nonoscillatory.

It suffices to show that y
,
r ( ) r
S| (T vwe, o)

leZ jez

S lp- (4-6)
p
To do so, we introduce a Littlewood—Paley decomposition in the x-variable. Let P, be a multiplier
operator defined by 15;;7 &)=y (27%) f (&), where  is a smooth function with compact support on the
annulus % < |£] <2 so that for & # 0, we have ) , _, V¥ (27K&) = 1. We further take the decomposition

M f ) =D H Prxf (). (4-7)
keZ
We will estimate
MV HE Prax flle (4-8)

for each k, £ € Z, and sum the estimates at the end. (Hereafter, for compactness of notation, we write Zj’.
for the £" norm over all j € Z.)
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4B. Estimates for £ < —k/(2(a + 1)): bounding the Vj’ norm by the WU norm. First there are two
simple estimates for (4-8). One way to estimate (4-8) is to bound the Vj’ norm by the le norm, which in
turn is bounded by the W'! norm on the u interval [2/%, 2U+D] We get

VI P f () S /| , 2= /| VP f = DK @) dr du <2MPLF(X),
u|~27% t|2tJ
where M is the Hardy-Littlewood maximal function, so by the Fefferman—Stein inequality and the

Littlewood—Paley inequality, we have

MV H P f Ol lle S 2N f Nl 1< p < oo, (4-9)

For the second simple estimate, recall that fl
chosen to be radial, we have

f=R K(t)do(t) =0 for all R € (0, 00). Since ¢ was

/ e g (K () dt = 0.

Thus, in computing V]”HEM_) i Ptk f(x), we could have instead computed the Vj’ norm of

HE Pyt f o) — Pris () /R U g (K (1) dr.

This expression is equal to
/ [Pjsif (x =) = P f )1 oo (K (1) d1.
Rn

The variational norm of this expression is controlled by its W' norm in the u interval [2/¢, 20U+De],
which in turn is controlled by
21 M Py f (),
where 13j+k is a variant of the Littlewood—Paley projection P; 4, so arguing as before, we see that
VA Prak fF Ol ll e S22 fllee, 1< p < oo (4-10)
We can sum (4-10) over all pairs (k, £) with £ < —k/(2(e¢+ 1)) and k < 0. We can also sum (4-9) over
all (k, £) with £ < —k/(2(a + 1)) and k£ > 0. Thus, it remains to bound (4-8) when

k

(>
2(a+1)

4-11)
and sum over all such pairs of (k, £).

4C. Estimates for £ > —k/(2(ax + 1)): division into three cases. First we look at 7—[2”_) Pk f(x) in
terms of its multiplier:

H P f(x) =

L FO(ve 0 [ ey ok @)

The multiplier is an oscillatory integral in ¢ with phase ¢ (#) = —¢-& 4u|t|%, which (assuming |u| >~ 2% and
|£] ~ 2/+k) has a critical point in the annulus {|¢| ~ 2°~/} if and only if 25*¢ ~ 2¢¢ that is, if and only if
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k=/£(a—1)+ O(1). In that case, using stationary phase (see, for example, [Stein 1993, Chapter VIII.5.7]
or [Sogge 1993, Theorem 1.2.1]), the multiplier can be written as

Y2k (el @ TV g otgTg pten—ity) 4 e(2'27TE, 200 Toy)), (4-12)
where o/ = a/(a — 1), cg = (@ — 1)/a®, a € ST"2(R"*!) and e € S~ (R"*1). If there are no critical
points in the annulus {|¢| ~ 27/}, then the multiplier is simply

YR E)e(2" 27T g, 252y, (4-13)
(In the above, by a € S~"/2(R"*+!) we mean
109" a (&, u)| S (1+ €]+ Jul) /21

for every multiindex o = (o, &”) € Z’:gl, and by e € ST°(R"*!) we mean

1005 e (&, w)] Sw.a (1+[E]+ )~V 1

for any positive integers N and any multiindex c.)
The above motivates us to consider three cases separately (under our earlier standing assumption (4-11)):

Case 1: £ >0, k=4(a— 1)+ O(1).
Case 2: k > £(o — 1) 4+ C for some C > 0.
Case 3: k < £(x—1) — C for some C > 0.

4D. Estimates in Case 1. Now we consider Case 1. Our goal is to bound (4-8) given k and ¢ as in Case 1.
We proceed in a few steps.

4D1. Application of Plancherel-Pdlya. First we will essentially show that if r € [2, 00), then

2/«
NV HE P fllg e S 20X GO P f 0l lee (4-14)

for any g € [2, r] and any p € [1, oo]; here x (u) is a smooth function with compact support on [%, 2"‘*1]
that is identically equal to 1 on [1, 2*]. Indeed, when n > 2 (and p, r are as in (4-3)), we will only need
(4-14) for ¢ = 2. But for n =1 (and p, r as in (4-2)), we will need (4-14) for both g =2 and g =r. We
will see that this is the case after we prove (4-14).

To prove (4-14), let us temporarily write g = Pj4 f. As a function of u, Héu_) ;& has frequency morally
supported on the annulus of size ~ 2~/ centered at the origin. Thus, we introduce Littlewood—Paley
projections in the u-variable (denoted by P® so that P((ezl i) 18 Projection onto frequency = 2(~/*) and
estimate

Vi 8 N
< IV (PE_ X Q7 WH gD+ DIV (PE pal X @ W) H (0D, (4-15)
k=1

) . (2)
(Here P2y, == Zkge—j P
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The first term on the right-hand side of (4-15) is the main term and can be estimated using Proposition 2.2.
In particular, it is bounded by
2D @ w8 () g

(recall g € [2, r]). By changing variable in u, this is just
204y (yHE g () 5.
Hence the contribution of the first term of (4-15) to the left-hand side of (4-14) is bounded by

211 x M P f 0l ler o

Since r > g, we have £" norm bounded by ¢¢ norm; hence the above is bounded by the right-hand side of
(4-14).
On the other hand, for the second term on the right- hand side of (4-15), since k > —C, one can integrate

by parts in u, using the fact that the multiplier for P vanishes to infinite order at 0, and obtain

+k)
P2 e @AY g1 Sy 275V BRI @ L g ()] (4-16>

for any posmve integer N, where P@isa Littlewood—Paley projection similar to P, and 7-[ j 1s the
same as 7-[ deﬁned in (4-4), except that the cutoff ¢ is replaced by a smooth multiple ¢ of ¢. Hence
by repeating the above argument, and summing over k using the additional convergence factors 2%V
that we gained in (4-16), the contribution of the second term of (4-15) to the left-hand side of (4-14) is
bounded by

~ 2_jot
2NN OH " Prascf ) Lg s - (4-17)

Since H and H satisfy the same estimates, we will not distinguish the two, and declare that we can also
bound (4-17) once we can bound the right-hand side of (4-14).

4D2. Application of the square function estimate. Now fix k, £ as in Case 1. In other words, fix k, £ > 0
with k = £(a — 1) + O(1). We will try to bound the right-hand side of (4-14) when g = 2. The multiplier
for Hﬁjju)PjJrk f is given by (4-12) with u replaced by 2/%u. For u € R, let 111, (£) be the multiplier

Mfl/(afl)léla’

(&) = x ()Y (27*E) (€' a(2'e,2"u) + e(2%¢, 2 u)), (4-18)

where a € S7"/2(R"*!) and e € S™(R"*!) are as in (4-12). Then the multiplier of the operator
X(u)Hf_jj”)PHk is precisely 71, (27/&). Now expand x (u)a(2%€, 2°*u) in Fourier series in u: let ¢ be a
small enough constant depending on « so that the support of x («) is contained in [0, ¢~!]. Using the
smoothness in the variable u, we get

X@a'E,2u) =" (1 4|k 2a (2)e™
kecl
for u € [0, c~'], where a, € ST*(R") uniformly for every x € cZ. Similarly, expand x(w)e(2LE, 2ty)
in Fourier series in u:

x@e'E,2u) =Y " (14 k) e 2" E)e™

Kecl
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for u € [0, ¢!, where ¢, € S~ (R") uniformly for every « € cZ. This shows

(&) =Y (412 Y 275) (a 2'8)e " +e,(2°6))
kecZ
foru [0, ¢ ']. Temporarily let g be the function such that g(&) = f E)Y (27%E)a, (2°€); note that when
k>0, we have || g|| LE @) < 2kBp=UOn/2) £ L) by the Hormander-Mikhlin multiplier theorem, with
an implicit constant independent of . This is further bounded by ptla=Dpp—tan/2) £ Lp(Rr) Since we are

71/(a71)|%—|o¢/

in Case 1, where k = £(o¢ — 1) + O(1). We apply Proposition 4.1 with g in place of f and obtain

f e f©)Y 2 E)a 2 el TE gg
" 210,111l e mry
< 2792 Fllrm if pe[2,00)andn =1, (4-19)
~ | teln(/2=1/ P12y —ten 2| £l gy if p e (242, 00) and n > 2.
71/(a71)|§|a’

We get a better decay if a, (2°£)e/“" above is replaced by e, (2€). Summing over «, and

simplifying the exponent in the case n > 2, we get

H ' 2792 @) if pe[2,00)andn =1,

ey {26“/22‘50!"/P||f||mw) if pe(2+2,00) and n > 2.
But recall that the multiplier of the operator x (u)H((ZZ_j;“)PHk is precisely 711, (27/£). By scale invariance,

| e i@ de

L

we have

H\

for all j € Z, where the implicit constants are independent of j. (The Fourier series expansions used

27 f Loy if p €[2,00) andn =1,

27%u)
L@y {24“/22—&1"@||f||Lp(Rn) if pe(24+2,00) andn >2

x@)HZ ;7 Py f (4-20)

2
L u

to remove the dependence on u are very reminiscent of the method used to prove L? boundedness of
multipliers in S0 see, for example, [Stein 1993, Chapter VI.2].)

Recall that our goal now is to bound the right-hand side of (4-14) when ¢ = 2. Hence we need a
vector-valued version of (4-20), where we will have an additional £2 norm over j € Z inside the L? norm
on the left-hand side of (4-20). To do so, we need Proposition 4.2.

4D3. Application of Seeger’s theorem for multipliers with localized bounds. First we state a vector-valued
variant of a theorem of Seeger, about multipliers with localized bounds:

Proposition 4.2 [Jones, Seeger, and Wright 2008; Seeger 1988]. Let I C R be a compact interval. Let
{m, (&) : u € I} be a family of Fourier multipliers on R", each of which is compactly supported on

{E : % <&l < 2} and satisfies

suplagnﬁu(é)l <B foreach0O<|t|<n+1

uel

for some constant B. Foru € I and j € Z, denote by T, ; the multiplier operator with multiplier m,, 277¢).
Fix some p € [2, 00). Assume that there exists some constant A such that

sup (1 7o, j fll 2y ls ey < AlLFllLs @y (4-21)
jez
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A

This proposition was stated without proof on page 6737 of [Jones, Seeger, and Wright 2008]. It is a

for both s = p and s = 2. Then
1/2—1/p

Il f1lLr ey

N Tj fll2cnlle ey S A

vector-valued analogue of Theorem 1 of [Seeger 1988], and we provide a proof of this proposition in
Section 7 for the convenience of the reader.

Recall that our goal is to bound the right-hand side of (4-14) when g = 2. Also recall that if m, (§) is
defined as in (4-18), and 7, ; is the multiplier operator with multiplier 2, (2™ 7€) as in Proposition 4.2,
then T, ; f is precisely x (u)?—{,(zj W p; i+« f- Thus, if we could apply Proposition 4.2, we would obtain a
bound about the right-hand side of (4-14) when g =2. To do so we verify the hypothesis of Proposition 4.2.
From the explicit expression (4-18), we have

sup [8f it (§)] <2V

uel
for some large positive integer N if || <n+ 1. The hypothesis (4-21) for s = p is given by (4-20), where
A can be chosen to be relatively small if £ is large. On the other hand, by considering the L° norm of
the multipliers, we also get

xR Pk flli2 gy S 2720 f 2@y foralln > 1, (4-22)

which gives us the hypothesis (4-21) for s =2, where A can be chosen to be relatively small if £ is large.
More precisely, suppose first n > 2 and p € (2+4/n, c0). Then we invoke (4-20) and (4-22). Since
p—tan/2 < p—taj2p=tan/p e may apply Proposition 4.2 with A = 27t/22=ten/p and B = 2N for some
large positive integer N depending only on «. Thus, if n > 2 and p € (2+4/n, co0), then we get
I @HE Pk f Oz ey Se 2722728 £l o

for any € > 0. Taking ¢ = 2 in (4-14), this shows that
u — . 4
IV HE, Pl Se 27225 | flny i 22, pe (245, 00) and r €[2,00).

Note that the power of 2 here is negative. So this estimate can be summed over all £ > 0, and this gives
the desired bound for (4-8) whenn >2, pe (2+4/n,o0) and r € [2, co) for k, £ as in Case 1.

On the other hand, if n = 1 and p € [2, 00), then in light of (4-20) and (4-22), we may apply
Proposition 4.2 with A = 27%/2 and B = 2" for some large positive integer N depending on or. We
obtain

I R i f Nzl e Se 2725 fllLogy i n=1and p € [2,00)
for any € > 0. Taking g = 2 in (4-14), this shows that
MV H Pracfllellp Se 2N fllrgy ifn=1, pel2,00)andr €[2,00).  (4-23)

This is not good enough to be summed over all £ > 0, so we need to gain a slightly better decay in £.
This is achieved via the local smoothing estimate in Theorem 1.6.
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4D4. Application of a local smoothing estimate in dimension n = 1. The goal of this subsection is to
prove that
MV HE Prac fllellp S27P I oy ifn=1, p=r € (4, 00). (4-24)

Assume for the moment that this has been established. Interpolating (4-24) against (4-23) using complex
interpolation of vector-valued L? spaces (see [Bergh and Lofstrom 1976, Theorem 5.1.2]), we get

MV HE Pk fllellp S27 N flliewy ifn=1, pe(2,00),r € (2,00), (4-25)

where y = y(p, r) is a positive constant. This can be summed over all £ > 0, and this gives the desired
bound for (4-8) whenn =1, p € (2, 00) and r € (2, 00) for k, £ as in Case 1.

To prove (4-24) we use the local smoothing estimate in Theorem 1.6. Suppose n =1, p =r € (4, 00).
We use (4-14) with ¢ =r = p. Thus, the left-hand side of (4-24) is bounded up to a constant by

2P S Proa f @) g ller - (4-26)
Consider first
H f ¢ F(Eying () dE
R Leir?
B H HX W) | e FE ey T g2l 2ty + e (24, 2u)) dE
R" Lyley

We first use Fubini’s theorem to interchange the integrals in « and x, and use the Hérmander—Mikhlin
multiplier theorem (for each fixed u) to get rid of the multiplier a(2°£, 2°“u). Since k = £(a — 1) + O(1),
this gives

H H /r; e &) d

plrp
Lu L)C

B —1/(@=1) g —
<otan 51" g + 27V Fllr )

LY

‘x(u) /R T fEy e

LY

for any positive integer N. Thus, Theorem 1.6 applies, and when k£ > 0 we have

S22k AR f Ly ifn =1, p € (4, 00).

H H /R e f (i (6) dé

p P
Ly WLy

But recall that the multiplier of the operator x (u)?—[fzz_j;") P;  is precisely m,, (277&). By scale invariance,
and remembering that k = ¢(o — 1) 4+ O(1), we have

2Jja _ .
M OHE S Prax f Qo le S 272N flley ifn=1, p € (4, 00).

Replacing f by 13}+k f, taking the Zf norm on both sides, and using the Littlewood—Paley inequality
(remember p > 2), we get

2/ - .
X @O Praef llpller g S22 fllra ifn=1, p € 4, 00).

Thus, (4-26) is < 2=/ £ Lr@®). This establishes (4-24), and our treatment for Case 1 is now complete.
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4E. Estimates in Cases 2 and 3: further gains over Case 1. Next we estimate (4-8) for k, £ as in Case 2.
Fix k, £ such that k > £(a — 1) + C for some positive constant C. If C is large enough, then the multiplier
for ’Hf_]j.”)PHk f is given by (4-13), since the phase function of the oscillatory integral defining the

multiplier has no critical point in that case. For u € R, let 71, (§) be the multiplier

(&) = x WY (27" 6)e(2", 2 u),

where e € ST (R"*!) is as in (4-13). Then the multiplier of the operator x (u)?—[f_j;”)Pﬁk is precisely
m,(277&). For every N € N we can write

iy () =27 TNy 27T 9)en (26, 2 )
for some symbol éy € S~ (R"*!). Thus, applying Proposition 4.2 as in the proof of (4-23), we get

VA Pk Flle iy S 27 S ON | fll ey

whenever one of the following two conditions is fulfilled: n =1, p € [2, 00) and r € [2, 00), or n > 2,
p € 2+4/n,00), and r € [2, 00). The right-hand side in the above display equation can be summed
over all k, £ that satisfy k > £(a — 1) + C and the standing assumption (4-11), and this gives the bound
for (4-8) for such p, n, r for all k, £ as in Case 2.

Finally we estimate (4-8) for k, £ as in Case 3. Fix k, £ such that k < £(a — 1) — C for some positive
constant C. As in Case 2, if C is large enough, then the multiplier for HEZ_/;”)PH,( f is given by (4-13).
For u € R, let m,, (&) be the multiplier

(&) = x WY (27 6)e(2, 2 ),

where e € ST°(R"*!) is as in (4-13). Then the multiplier of the operator (M)ng”)PjJrk is precisely
m,(277&). For every N € N we can write

i (€) = @ x 0y Q7 )en (2%, 2u)
for some symbol éy € S~ (R"*!). Thus, applying Proposition 4.2 as in the proof of (4-23), we get
NV HE i Fllerllp S 27N 1L f e eny

whenever one of the following two conditions is fulfilled: n =1, p € [2, 00) and r € [2, 00), or n > 2,
p € (2+4/n,00),and r € [2, 0c0). The right-hand side in the above displayed equation can be summed
over all k, ¢ that satisfy k < £(o — 1) — C and the standing assumption (4-11). This gives the bound for
(4-8) for such p, n, r for all k, € as in Case 3.

We have thus completed the proof of (4-1) for all p, n, r satisfying (4-2) or (4-3).

5. Short jump estimates for p <2

|

In this section, we establish

SNy, (5-1
p

1/r
<Z |v;<Hf)|’)

jez
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whenevern>2, 2n/(2n—1) < p <2, and r € [2, 00). By complex interpolation (see [Bergh and Lofstrom
1976, Theorem 5.1.2]) with (4-1), we will then have (5-1) whenever n > 2, p € 2n/(2n — 1), 00), and
r € [2, 00), which concludes the proof of Proposition 1.5.

The key here is the following square function estimate.

Proposition 5.1. Letn>2, 1 < p <2 and ) > 1. Then for any compact time interval I,

(1 o)

; A P
e f(&)e" " ag S f lwern)s

LP(R)

with

The proof of this proposition is postponed to the end of this section.

Nowlet2n/(2n—1) < p <2, n>2,and r € [2, 00). We proceed to establish (5-1). As in Section 4, we
decompose %™ f as in (4-5) and (4-7), and estimate (4-8) for every k, £ € Z. The inequalities (4-9) and
(4-10) still hold under our current assumptions of p, n, r, and these estimates can be summed whenever
¢ < —k/(2(ax+1)). Thus, it remains to consider pairs of (k, £) for which (4-11) holds, and we still divide
into Cases 1, 2, 3 as before. We will only treat Case 1 here which is the main case; an easy adaptation of
this argument gives Cases 2 and 3.

Solet¢{ >0and k =¥f(ex— 1)+ O(1). By (4-14) with g = 2, the left-hand side of (5-1) is bounded by

2‘“/2||||||x< YHE P Pt f Iz lellze. (5-2)

We analyze the multiplier of Hz )P,+k as before, but in (4-19) we use Proposition 5.1 instead of
Proposition 4.1 (since now p € (Zn /(2n — 1), 2)). So instead of (4-20), we get

2 _ _ /
M GOHE " Piic fll 2 Loy S 200/ P=VD27 02 £ gy = 275 ) Loy (5-3)

uniformly in j € Z. Thus, we apply Proposition 4.2 with A = 2t/ P and B = 2N for some large
integer N depending only on «. This gives

M @HE S Py fllizll el Se 275725 £ Loy
for all € > 0. Continuing from (5-2), we see that the left-hand side of (5-1) is bounded by
25&/22*@0{”/[”2@6”f”Lp(Rn)‘

Since p € (2n/(2n — 1), 00), the above exponent of 2 is negative if € is sufficiently small. Thus, we can
sum over all £ > 0 in this case, establishing the bound for (4-8) for all k, £ in Case 1. A similar argument
establishes a bound for (4-8) for all k, £ in Cases 2 and 3. This completes the proof of (5-1), modulo the
proof of Proposition 5.1.

Proof of Proposition 5.1. We will prove a slightly more general result. Let us write

T,f(x) = /r; e Emae) de.
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where
m(€) = "B (14 57~ FH,

Theorem 5.2. Let I be a compact interval not containing 0. If A > 1, B =n)/2 and y € R, then
5 ||f||H1([R<n)§

1/2
“ (f |Tuf<x>|2du)
I L'(R")

that is, T maps the Hardy space H'(R") boundedly into L}( (R™; Lﬁ(])).

All implied constants may depend on A, 8, n, I, but not on f, y, x, u.

Theorem 5.2 implies Proposition 5.1 via complex interpolation; see, for example, [Stein 1993,
Chapter 1V.6.17] for a discussion of interpolation between Hardy spaces. For the scalar theory of
the multiplier m,, (for fixed u) we refer to [Miyachi 1981; Fefferman and Stein 1972; Fefferman 1970].

Recall that an H' atom of radius  is a bounded function @ on R” that is supported in a ball of radius r
and satisfies ||a|lco <7~ " and f[R" a=0. The Hardy space H'(R") is a Banach space consisting of functions
of the form f = Zj cja;j, with ZJ- |cj| < oo, where the (a;); are H' atoms. Its norm is defined as

£ 1l g1 ey = inf Y e,
J

where the infimum is taken over all atomic decompositions of f =3, c;a;.
To prove Theorem 5.2 it suffices to show that

||Ta||L;(L§) Sl (5-4)

holds for every H' atom a of radius . We may assume the support of a to be centered at the origin.
For ] > O,’ls:i P; denf)te the usual Littlewood—Paley projection with f/’J? =Y f, ¥; supported on
|E| ~2/. Let Py f = o f, where ¥ is such that
I=vo+ Y ¥
j>0
(Note that P here is actually P~ from the previous section.) For j > 0 we denote by 1}]' a smooth positive

function that equals 1 on the support of ¥; and whose support is contained in a small neighborhood of
the support of ;. Define

KD (x) = i () = / eMEHMER (14 1812) 7Py (8) d.

R

Before we begin, we record the following pointwise estimates for K ,Ej )(x). From estimating the second
derivative of the phase we obtain

KD )| <27"C7D forallx e R", uel. (5-5)
Here we used that 8 = nA/2. Estimating the first derivative of the phase we obtain
KD )| Sy 277F2m 7 1x)™  for x| 22/ D uel (5-6)

for all N > 0. Note that these estimates are uniform in u € I.
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Let us prove the main estimate (5-4). The first step is to apply the triangle inequality:

ITallizy < Y NKY *alp gz
j=0

We will estimate the summand in two different ways: in particular, it will be shown below that
1KY % allp g2y S @427/,
1K * allpiez) S 2/r.

These estimates immediately imply (5-4).

To prove (5-7) we first split up' the integral in x:

||KL5j) kallpy 2y <I1+11
where .
I= ||K’£J) k a”L}((R"\B(CZI(*—'>+r);L3(I))»

M=K xall g1 pcaioir;i2a)-

We claim that I <y 27/, Indeed, we see from (5-6) that

. 2 12
15/ (/(/ |Ky><x_y)a(y>|dy> du) dx
|x|>C2/G=D 4r 1 ly|<r

<y 277N / / =y la(y)] dy dx

|x|>=C2/*=D4r Jy|<r
< 2—4//32.1712—/1\’”61”1 f |x|—N dx S 2—/3]2.In?~2—/1\’)~’
x| 22/@=D

1479

(5-7)
(5-8)

which implies the claim (since N is arbitrary). To estimate the second part we use the Cauchy—Schwarz

inequality:
< (C2Y* D4+ 1)K xal 2012,
Then we have by the Fubini and Plancherel theorems that
1K *all 22y = MK xalallzgy S 27 lalla S 270r 72,

which implies
< (2j()»—1)ﬂ/2 + r"/2)2—jﬂr—n/2 — (2/,.)—"/2 +277B,

as desired (we used that § = nA/2). This proves (5-7).
It remains to show (5-8). Clearly we have
1K *allpyee) S llsup K salls.
uel

‘We claim that

I sup K xallly S IIPjal.
uel

1C is a constant that may depend on the parameters X, 8, n.

(5-9)

(5-10)
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To see this replace v; by 1%- in the definition of K Lﬁj ) and call the resulting kernel K ng ) Then we have
K9 xa=K9 x Pa.

It is clear that K LEj ) satisfies the same pointwise estimates (5-5), (5-6) (possibly with larger constants).
Thus, there exists a positive function w; on R” such that ||w;||; <1 and

K (0] < wj(x)
for all x € R" and u € I. As a consequence,

I'sup |[K xallly < | sup |K| % | Pialllh < llw; * | Pallly < | Piall,

uel uel

which is our claim (5-10). But by the mean zero property of a and the mean value theorem we have

1
Pja(X)sz’ (l/f,-(x—y)—wj(x»a(y)dyz—/Rfo y-Vii(x —ty)dta(y)dy.
This implies
1
1Pyall 5/ /u fo V5 G — i) [ di dy dx < 2.
" lyl=r

In view of (5-9) and (5-10), this establishes (5-8). O

6. A counterexample: the proof of Theorem 1.2

Let ¢ be a smooth test function supported in the annulus % < || <2 and define f; for k € Z by

f®) =p27 ).

On the one hand, clearly,

1/p
I il = 2 ( [ |¢(2kx)|pdx) P
Rn
On the other hand, we claim that
”Vr{H(u)fk ‘ueRy, > ok(=n(a=1)(A/p")+a/r) (6-1)

If (1-3) were to hold, then plugging in f; into the estimate (1-3) and letting kK — oo, we see that
1 o n
—n(@—1)—+— < —,
p rp
which is equivalent to p’ < nr.
For simplicity we will verify this only in the case n = 1, K(¢) = p.v.(1/t), @ = 2. The general case
can be treated in the same manner. In this case (6-1) takes the form

[VIAH® fi i u € RY||, 2 2K/ 2/, (6-2)

We can choose ¢ such that

% = Z%‘(l)

jez
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for all ¢ # 0, where ¢; (1) = 27/p(27/t). By Fourier inversion we have

HO S = 3 [ [ @ topete ey, i aras

jez
ok 0%k ey in% g2
222k/el2x5¢($)fe 27 +i2 [@J(I)dtd$:ZI]
JjeZ jez

(Keep in mind that I; also depends on k, x, u.) Let us take u € [1, 2]. Then the phase of the oscillatory
integral in ¢ has no critical points if | j| > 10. This motivates us to set

M= 3"1; and 1= ) I,
[jI=<10 [j1>10
Write B = [2F, 2¥+1] and estimate
IVAHY fi:u € RYlp = IV/{H™ fi:u € [1, 21} Lres)
> |V e (1, 2| esy — 1V 1" w € [1, 2 | Lo es).-
In order to verify (6-2) it suffices to show that
IV € (1, 20| o e gy 2 2820 (6-3)
IV u e [0, 20 oo ey S 272 (6-4)
We begin with the proof of (6-3). Write

[main =2kfei2kx§¢($)/ei22kt€+i22kut2p(t) dt de.

where p (1) = ZI jl<10 % (t). Note that the phase of the integral in ¢ has a critical point at t. = &/(2u). By
the principle of stationary phase [Stein 1993, Chapter VIIL.5.7; Sogge 1993, Theorem 1.2.1] we have

+~2k 292k, 2 :92k 2., —1
/6—12 tE+i2%%ut p(t) dt = 2—kC0812 c1Eu u—l/2p<zi) + 0(2—2]().
u
Here cg, ¢ are nonzero constants. To simplify the calculation, let us take co = ¢; = 1. Thus, the main
contribution to I™" jg

/ PR & ) d,

where x = 2¢x € [2%, 2% and a(&, u) = ¢ (§)u""?p(£/(2u)). Note that the u-derivative of the error
term coming from the stationary phase is also O (272¢). Therefore that term contributes only O(27%) to
the variation-norm and we can ignore it. From another application of the stationary phase principle we
see that the previous integral can essentially be written in the form

27k up(u) + 0272,
where b(u) = ¢ (Fu/2)p(x/4). Let ug = €x /x> for x*>/m < £ < 2x? /. Then

) 5 1/r
§ : |ezx Uerl _ X u(|r) ~ 22k/r,

x2/m<€<2x2/m
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which implies the claim (6-3) (the contribution of b(u) is negligible).
It remains to treat [*". Compute

8MIJ — i23k+2j / (b(g)eizkxg /e_i22k+jt§+i22k+2jutz[2(/)([) d[ ds
— i23k+2j f (23(22](—1-]'1‘ _ 2k)C)€i22k+2jm2[2§0([) dr.

Observe that if x € [2X, 2¢+1], |¢| € [1,2] and | j| > 10 we have
|22k+7 ¢ — 2K x| &~ 2% max(1, 2).
Since ¢ decays rapidly, we obtain
VAL cue 11,21 S 1817 Ly g2y Sa 2% M omin(l, 27M)

for every N > 1. Taking N large enough (N = 3 suffices) and summing over |j| > 10, we obtain (6-4).

7. Proof of Proposition 4.2

In this section we provide a proof of Proposition 4.2, which was stated in [Jones, Seeger, and Wright
2008] without proof. Indeed, Proposition 4.2 is a vector-valued analogue of Theorem 1 of [Seeger 1988].
The proof of Proposition 4.2 follows closely that of the scalar-valued case in [Seeger 1988]. On the other
hand, at one point in the scalar-valued case, Seeger used a duality argument between L” and L?', which
is not available in the vector-valued setting. This is why we had to assume that hypothesis (4-21) holds
not just for s = p, but also at s = 2.

To prove Proposition 4.2, one key tool is the Fefferman—Stein sharp function. Let B be a Banach space.
For us we will only need the case B = 02(Z)L*(I). For each measurable function F : R" — B, define its
Hardy-Littlewood maximal function M F by

MF(X)ZSupj[ |[F(y)lsdy
xeQ JQ

for each x € R", where the supremum is over all cubes Q containing x. Also define the sharp function F*
of F by

Fi(x) = sup][ |F(y)— Folpdy,
x€Q JQ

where Fp = fQ F (y) dy; again the supremum is over all cubes Q containing x. We have the following
lemma about F*:
Lemma 7.1. Suppose 0 < p < oo. Let F € LP(R", B) for some 0 < pyg < p. If F* € LP(R"), then
MF e LP(R"), and

IMPFllLr@ey Snp 1F L@

We give a proof of this lemma at the end.
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Now given f € L? N L?(R"), define Tf : R" — B by

Tf(x)=Tyu;f(x)ueljez-
Note Tf € L*>(R", B). Then

T Fllzclealier@y = NTFIalmr@y < IMTOlr@n Snp 1T E e @),

where in the last inequality we invoked the lemma with py = 2. Note that for a.e. x € R"

(THH )~ f TF ()~ (Tf)g,l5 dy

x

for some cube Q, containing x; we may choose Q. such that the side length of Q, is 2™ for some
integer r(x). Then we split

(T @) So1((Ty,j ), X) +02((P; f), X),

where N is a positive integer to be chosen; here

1/2
ol(G,x)z][( > ||Gu,j<y>—(Gu,ﬂgxllizu) ay,

A ()I=N
1/2
oz(H,x>=][( > ||Tu,,-Hj<y>—(TL,,jH,-)QA@z(,)) dy
* jHr()=N

for any functions G = (G,,;) : R" — B and H = (H;) : R" — 0%(Z). We claim that

lo1(G, )o@y S NYZYPING,; ) l2 ler @) lLe @y (7-1)
loa(H, )l r@ey S (A+ B2 MIH; 0O ll2 ) ll o ey (7-2)

forany G = (G, ;) :R" — Band H = (H;) : R" — 0%(Z). But when G,,j =T, f, we have

MG j CO L2y ller @ lle@ey = W T, j f CONl L2y | e @n) ller z)
S AP fCOle @y ller @)
S AP fF Ol e @
S Al lLr®e

(we used assumption (4-21) in the second inequality, p € [2, c0) in the third inequality, and Littlewood—
Paley inequality in the last). Also, when H; = P; f, we have

IH; COll2zylr@ny SN le@ny-
Hence
T rwey S (ANYZYP 4 A4+ B27N) | fll o .-

Choosing N >~ log(2 + B/A) gives the desired conclusion of the proposition. It remains to prove (7-1)
and (7-2).
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To prove (7-1), we interpolate between p =2 and p = oo. Indeed, we prove

lo1(G, )l 2wy S MG, j GOl L2y L2y I L2 ey »
12
o1 (G, )o@y S NG, j ) 2 llee @)l oo @ -

The desired estimate (7-1) then follows by complex interpolation and linearizing o7.
The estimate (7-3) follows since

172

* A ()IsN
o)

o1(G,x) S ][ MG ;D2 le@ dy S MINGujll2mllez) (),

Ox

where M is the standard (scalar-valued) Hardy-Littlewood maximal function on R". Hence

101(G, )l 2wy S MG, j COl L2y 2 Il 2w
as in (7-3).
To prove (7-4), note that for each x € R", we have, from (7-5), that

1/2
01(G.x) <2 sup( Y. G, ,«(y)niz(,)) SN2 sup sup 1Gu, ;) 2
yeR® Lj+r ()| <N yeR" jeZ

with constants uniform in x. This gives (7-4).
Next, to prove (7-2), we will prove
loa(H, )| 2y S ANH; GO N2z | L2y »
loa(H, )|y S (A+ B2 IH; ) eyl re)-

The desired estimate (7-2) then follows by complex interpolation and linearizing o>.
To prove (7-6), note that

12
Gz(H,X)§2][( Z ||Tu,jHj”iZ(1)> dy,

T jHr@=N
SO

o(H,x) S ][ W T, j Hill L2cylle2zy dy S M T, Hill L2 L2z () -

x

Hence
lo2(H, )l c2@ey S M T, j Hy OOl L2y 12y | 2wy -

We commute the ¢2(Z) norm outside. Since

T, j Hi GOl 2y 2y S ANH; GOl 2wy
one can conclude that
loa(H, X) 2@y S AINTH; Ol 2@l e22)»

which gives (7-6) upon a further change in the order of the norms on the right-hand side.

(7-3)
(7-4)

(7-5)

(7-6)
(7-7)

(7-8)



SHARP VARIATION-NORM ESTIMATES FOR OSCILLATORY INTEGRALS 1485

Now we proceed to prove (7-7). For each x € R", we take the decomposition
H;(y) = (x20,H;)(y) + (Xx20.,)cHj)(y)
for all y € R". Then we plug this back into the formula for o> (H, x). We find that

o (H, x) ST(x) +11(x),
where

12
I(x) = ][ (Z 1T, j (X20, H)(y) — [Tu,j(X20, Hj)]o; ||i2(1)> dy,

o \Z
12
II(x):][< Z ||Tu,j(X(2QX)CHj)(y)_[Tu,j(X(ZQx)L‘Hj)]Qj||iz(1)) dy.
T NjHr(x0)>=N

We estimate I(x) by

1/2
10x) 52][ (Z IT,, j(xZQxHﬂ(y)niz(,)) dy

Ox Jjez

12
S <][Q D T jGeo HYWI s dY)

X jEZ
S |Q |1/2 ”””TM’/(XzQ‘HJ)(y)”Lz(I)”LZ(R”)”(ZZ(Z)
X

A
S W”||<X2QxHj)(y)”L2(R")”EZ(Z),

where in the last inequality we used the estimate (7-8). Then

1/2
I(x) < A(f I1Hj (¥ lle2(z) d)’) S A sup [Hi(D)lle2z)s
20x yeR”

which shows that
TGO [ zoomny S AN () Ml 22y |l Lo ).
Next we estimate 1I(x). Let K, ; be the convolution kernel of 7, ;. Then
Ky () =2""K,(2'x),
where

K, (x) = [ Tty (8)e*™F dE.

Now by our assumption on 8; m, (&), we have

sup | K, (x)| +sup |V, K, (x)] S ————.
uel wel (14 |xrt!

We claim now
2\1/2
sup ( (/ sup [Ky, j(y —w) — K, j(z — w)] dw) ) < B2V (7-9)
¥,2€0x (

jr@|>N N (2207 uel
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uniformly for x € R". Indeed, suppose y, z € O, and j +r(x) > —N. Then we have the estimate

/ SUPIKu,,-(y—w)—Ku,j(z—w)ldwS/ sup(| Ky, j(y —w)|+ [Ky,j(z — w)|) dw
(20Qx)° uel (20,)¢ uel

<2]”/ de < Bz_j_r(x).
- |w—x|>2r®) 2/ |lw — x])nt! ~

On the other hand, if y, z € Q,, and j +r(x) < —N, then
/ sup |Ky,j(y —w) — Ky, j(z —w)[dw
(20Qx)° uel
is bounded by a constant times
1
/ f sup |y —z||Vx Ky j (1 =)y + 1z —w)|dw dt 5212’0‘)/ 2"\ (VeKy) 2 w) | dw S B2
0 J20,)° uel n

Summing over j such that j +r(x) > N and j +r(x) < —N respectively, we see that (7-9) follows.
Finally, it suffices to observe that

12
H(X)Sf ][< > ||Tu,j(X(2QX>ij)(y)—Tu,j(X(zgx)ch)(Z)||iz(,)> dydz
X Q.\’

lj+r()[=>N

2 12
— sup ( / (Ko (7 —w) — Ko (c — w)] Hy () dw )
12€Q0e Ny oy 1 200 L)
21,2
S sup < (/ 1K, j(y —w) — Ky j (2 — w2 dw) ) Il Hj [l g2 z) | oo @m)
¥,2€0x lj4+r(x)|>N 20x)°
21,2
S sup < (/ SUP|Ku,j(y—w)—Ku,j(Z—w)Idw> ) 1 Hj Nl e2z) | Loo ) -
y,2€0x |j+r(x)\>N (20x)¢ uel

Invoking (7-9) yields
I L@ S B2NH;j ) lle2z) L @y,

which together with our earlier estimate about [|I(x)]| o) gives (7-7).

Proof of Lemma 7.1. The key is a relative distribution inequality. Fix the Banach space B. For any n > 1,
we claim that there exists b, € (0, 1) such that for any b, ¢ > 0 with b < b,, we have

{x e R" : MF(x) > o, F*(x) < ca}| <, c|{x € R" : MF(x) > ba}]|.

If this is true, then by taking c sufficiently small, we can use Lemma 2 of Chapter IV.3.5 of [Stein 1993]
(see also the remark on the bottom of page 152 there) and conclude the proof of Lemma 7.1.

To prove the above relative distributional inequality, let b € (0, 1) first. Let F € L?(R", B). Decompose
the open set {x € R" : MF(x) > ba} into an essentially disjoint union of Whitney cubes {Q}, so that the
distance of each Q from the complement of this set is bounded by 4 times the diameter of Q. Now since
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{x eR": MF(x) > a, F*(x) < ca} is a subset of {x € R" : M F(x) > ba}, we just need to show that for
each Whitney cube Q as above, we have

l{x € Q: MF(x) > a, FF(x) <ca}| <, c|0].

This inequality would be trivial if the set on the left-hand side were empty. So let’s assume there exists a
point xg € Q such that F ti(xo) < ca. Now let é be any cube that intersects Q and that has diameter at
least that of Q Then 20Q will contain a point y where M F(y) < ba. Hence fQ |Fl|p <20"ba for all
such cubes Q If x € Q and MF(x) > «, then by taking b < 207", we see that M(F x30)(x) > . We
also have f3Q |F|g <20"ba. Thus,

{(xe Q: MF(x) > «a, Fi(x) <ca} C {x € Q:M(Fxgg—][ F)(x) > (1—20"b)a},
30

where the measure of the right-hand side is bounded by

n Cn 3” n
— F —F dy< ——= _|30Q|F* <— ,
(l—ZO"b)O(/Q| x30(y) — F3glpdy < (1—20”b)a| Q|F*(xg) < (1—20”b)c|Q|
where C, is the constant arising in the weak-type (1,1) bound of M : LY(R", B) — L"“*°(R"). This
proves the desired relative distributional inequality. ([l

Appendix A: An improved local smoothing estimate

In this section we prove Theorem 1.6. Let x : R” — R be a nonnegative smooth bump function supported
on 1 < |&] < 2. Define

Eof(x,1):= fRn FExEe T gg.

We will prove
I Eof | Lr@ex(—nip S A" YZYPTEY £l Lo g (A-1)

for every A > 1. Once this is proved, a rescaling argument shows that

(/...

whenever f (&) is supported on the k-th annulus, that is, |§| ~ 2k Asa consequence we obtain Theorem 1.6.

14 1/p
/eixsf(g)enswdg' dxd;) < kv 2= P)=ky [pHke | £ 1 gy (A-2)

We will prove (A-1) for every elliptic phase. Let cg be a small positive real number. Let ¢ : R" — R
be a smooth function with

1
BEI+IVOEI ST, col, < (V2)(E) < aln for every |§] < 10, (A-3)

where [, is the identity matrix of order n x n. Let xo : R” — R be a nonnegative smooth bump function
supported on |£| < 2. Define

Eyf(x,1):= /;‘\yn £ (&) 50 (&)™ EFPE) gt
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We will prove
sup 1 Ep fllLr@exi—aa S A Y2VPRN £l oy (A-4)
¢:(A-3)

for every A > 1.
For a ball B, ¢ R*t! of radius A, we will let B, denote its projection in the first n variables, i.e.,

spatial variables. That is, B,  is a ball of radius A in R". We also define the associated weight
(x) ! f eR"
~(x) = or x .
ST A =l /o

Here ¢ denotes the center of B, . We remark that in the argument below, various implicit constants

depend on this choice of weight. However, this dependence is not important, and to avoid unnecessary
technicalities, we will not make these details explicit. We refer the interested reader to [Li 2020], which
contains all the necessary details that are required to run the Bourgain—Guth argument [2011].

We prove (A-4) by an inductive argument. Denote by Q, the smallest constant such that

sup 1 Ep fllLeesy < Qn- 2" Y20 fllirqw,
¢:(A-3) A

for every ball B, C R+ with B, C B, x[—A, A]. Of course our goal is to prove that

Q5. Se A (A-5)
for every € > 0. In the following, for the sake of simplicity, we will always abbreviate Ey f to Ef.

First, by translation invariance, we will assume that B, is centered at 0. We normalize f such that
||]?||Lﬂ(w3;))\n(l/2_l/p) =1. (A-6)

Next, let K,, be a large integer that is to be determined, satisfying

K, < A°.
For a large dyadic integer K, let Colg denote the collection of all dyadic cubes of length 1/K. We write

Ef= Y Efy, with fy, =Ff 1,
a,eColg,

Here {1, }, forms a smooth partition of unity, and 1,, is supported on 2«,. On every ball B, C Rt of
radius K, by the uncertainty principle, we know that | Ef,, | is essentially a constant for every o, € Colg, .
We let |Efy, |(Bg,) denote this constant. Denote by o the cube that maximizes

{|Efoz,, |(BK,,)}04,,€C01K" .
Consider the collection

Coly, = {ay € Colk, : |Efq,|(Bk,) = K, " |Efu:|(Bk,)}-

Here the choice of the coefficient K, is not strict. One can also use K, " or something even smaller.
There are three cases.

Case 1: There exists an integer 1 < j <n, and cubes a,gl), R a,(,j ) € Col}}'1 which are (1/K,,_1)-separated
such that every cube within Col*,}n is in the 1/K,,_ neighborhood of some a,(,j ),
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Here K, < K is also to be determined. Next, we have:

Case 2: There exist cubes a(l) .. ("H) € Coly that are (1/K,_)-separated and do not lie in the
100/ K, neighborhood of any (n—l)—dlmensmnal subspace.

If Case 1 and Case 2 are not satisfied, then we have:
Case 3: All cubes in Col}‘(n lie in the C(K,_1)/K, neighborhood of a subspace of dimension n — 1.

Here C(K,_1) is a large constant depending on K,_; which may change from line to line (it always
suffices to take, say, C(K,—1) = K.

We deal with these three cases separately. In Case 1, we have

|Efl S max [Efy |+ max |Efy, | (A-7)
oy GCO]](n [o | ECO]KH_]
In Case 2, we use
n+1 1/(n+1)
EfIS K (1'[ Ef, 0 |)

j=1
In Case 3, we use

|Ef| < max |Efy,|+  max ‘ > Efu |- (A-8)
a,€Colg, L,_1: subspace
of dimension (n—1) @n—1:dist(@—1,Ly—1)<1/Ky—
In the last summation, we implicitly assumed that o, € Colg, ,, and that
C(Kn-1) < 1 '
Kn Kn—l

Here we agree upon a convention: for 1 < j <n, whenever the symbol «; appears, we always assume
that &; € Colg;, to keep notation simpler. Combining (A-7)-(A-8), we obtain

n+1 1/(n+1)
|Ef| S max |Efy,|+  max |Efa,,l|+K2"(1_[|Ef<,>|)

apelolg, Oy — ]ECO[( = 1

+ max E Efy, .|
L,_1: subspace
of dimension (n—1) @n—1:dist(@n—1,Ly—1)<1/Kyp_

We raise both sides to the p-th power, then integrate over By, , and in the end sum over balls By, inside B;,

/IEfI”< 3 /|Efa,, f&|Efa,,.|

a, €Colg,, U |eC01K 4
ntl p/(n+1)
+ Z / Kgp” (1_[ |Efa,(,j) I)
oty(,l) ..... ("H) in Case 2 B Jj=1
p
+ ), max f Efa, (A-9)
B, CB; Bkn gy, dist(ctn_1. L,, D<1/Kn_1

There are four terms on the right-hand side. It is the contribution from the last term that gives us the
ultimate constraint for the exponent p, as stated in (1-5).
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Let us be more precise. The first and second summands on the right-hand side of (A-9) can be taken
care of by parabolic rescaling. We will deal with the third summand using multilinear restriction estimates
due to [Bennett, Carbery, and Tao 2006]. The last term requires further careful analysis.

For the first and second summands, we will apply rescaling. The argument is the same in both cases.
Hence we will only write down the rescaling argument for the first summand.

|Efo, | =
B;.

p
/ f, ()19 del dx dr.
B;,

Here we apply the change of variable

3

£ — ra +cq,, With ¢y, being the center of .
n

‘We obtain

14
/ f()ln (i +Cﬂ[})ei(%-/Kn+Cozn)x+it¢(§/Kn+Cotn)d$‘ dx dt
B)V Kn

-
By,

Next we apply the change of variables

K"

n

/fa ( +Ca) zs/Knx+zK3¢(s/Kn+can)(t/Kz)dg dx dt.

x/K,—x and t/Kf —t

to obtain

—np+n+2
K; /
B;.

Here B, CR""isa rectangular box of dimensions /K, x - - - x A/K, x A/K? centered at 0. The reason
of writing it in this form is that

/fa"< ";: +Can> iEx+it- Kz(b(%-/K +Can)d€‘ dx dt. (A-IO)

$&) =K ¢( : + ca,,> — K, (V) (ca,), &) — K29 (cy,) still satisfies (A-3).

By a change of variable, (A-10) can be bounded by

~ p
K, vt f / fo[,,(i +can)e"5x+”¢<f>ds‘ dxdt.
ZE)L Kl’l

Next we split the rectangular box 2B, into a union of cubes of side-length A/K2.

. p
K" K"2 Z / / fan<Ki+can)ei§x+”¢(§)d§‘ dx dt
n

) C2B, By x2

o 2 np(l/2—1/p)

—np pn -

somt Y () e,
n

B; CB}T/K,,

p
wp- (x)dx.
e

i (K— + ca,> (x)
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Here we applied the induction hypothesis. We may now sum the weights over all B,

o (; + ca,,) (x)

A/KZ/ |fan(€)|pw3 (x)dx

A/K? - B/\/K , and

bound the above by

o A\
—np n
< K K <K2) A/Kz/

5 \P(/2=1/p)
%)

p
W, (x) dx

<K npKrH—ZKnp n<

Summing over «,,, we obtain

A/Kz nKan | for "W

K npKn+2<
an Rn
< K npKn+2<

2 \"P(1/2=1/p)
%)

K, "K,".

1 \»{1/2=1/p)
) A/Kz

KZ
In the last step, we applied the normalization condition (A-6). Let the exponent of K, be equal to zero

and we obtain

2—2np<l—%>=0 =

_ 2(n+1)
5 ===

n
This is exactly the exponent in the Fourier restriction conjecture. Moreover, the last display tells us
that, for the contribution from the first and second terms in (A-9), the induction can be closed whenever
p>2nm+1)/n.

Now we deal with the third summand on the right-hand side of (A-9). When p > 2(n + 1)/n, by
multilinear restriction of [Bennett, Carbery, and Tao 2006] and by Bernstein’s inequality and Holder’s

inequality,
n+1

p/(n+1)

oo in Cas

.....

Again we see that there is no problem for this term as K,, can be chosen to be much smaller compared
with A€,

In the end, we come to the last summand on the right-hand side of (A-9). Fix a ball Bk, C R+
Assume that the maximum is attained at the (n—1)-dimensional subspace L,_;. We need to consider

/ 3 Efur,

Op—1 :diSt(an—l JLn—1 )Sl/Kn—l
Notice that each |Ef,, ,| is essentially a constant on Bg

p

a ball of radius K,,_; which is much smaller

n—1°

compared with K. Hence tentatively we fix a ball B, , C By, . Leta;_; denote the cube that maximizes

{1E fa,_ |(Bk,_ ) Yap_:dist(@n_1,Ln_1)<1/Kn_1 -
Consider the collection

1
Col}'}n_I = {an_l sdist(ay—1, Ly—1) < <

n—1

and |Efq, ,|(Bk, ) = K, " |Efo: |(BKn1)}-

There are three further cases:
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Case 3.1: There exists an integer 1 < j <n —1, and cubes ozr(ll_)l, ey ot,(f_)l € Col*Kn_1 which _z/ire (1/K,_»)-
separated such that every cube within Coly  is in the 1/K,_> neighborhood of some a,(lj_ )1.
Here K, > < K;_, is also to be determined. Moreover, we have

Case 3.2: There exist cubes a,(ll_)l, ...

100/ K, neighborhood of any (n—2)-dimensional subspace.

, a,(ln_)l € Col’;(n_1 that are (1/K,,_»)-separated and do not lie in the

If the above two cases are not satisfied, then we must have
Case 3.3: All cubes in Col}}H lie in the C(K,,—»)/K,—1 neighborhood of a linear subspace of dimension n—2.
Here C(K,_;) is a large constant depending on K, _,. It suffices to take C(K,,_») = K,ig%”.

Similarly to (A-7)-(A-8), we have that for every point (x, t) € Bg

n—1

|EfIS max |Efg,|+ max  [Efg, |+ max |Efy,,|

o€ Olk, oy—1€ OKn—l op_2€ OlKn—Z
n 1/n
2
+Knﬁ1<1'[ IEfo,<f>1|) + max > Efu, |-
n— =
j=1 "2 oy st (@2, Lu-2)<1/Kpno2

C Bk

n’

We first raise both sides to the p-th power, integrate over Bk, ,, and then sum over all balls By

n—1

and in the end sum over all balls Bx, C B:

/BllEfV’S > /19A|Efa"|p+ > /BJEfa’”lp

a, €Colg,, a,—1€Colg, |
n p/n
+ Z / |E fo, |7+ Z / K, (l_[ |Efa(j>1|>
ap—2€Colg, , B a,(ll_)l,...,a,(l”_)] in Case 3.2 B Jj=1 .

p

> Efy,

an—Z:diSt(an—Zan—Z)SI/Kn—Z

+ )2 IglafB

BK,,CB)L BKn—I CBK,,

n—1

There are five terms on the right-hand side of the last display. By the same scaling argument as above, we
can handle the first three summands. For the fourth summand, we again apply multilinear restrictions
due to [Bennett, Carbery, and Tao 2006]. However, notice that we are applying an n-linear restriction
estimate in R"*!. This will not give us the restriction exponent 2(n + 1)/n, but something larger. To be

precise, we have

n p/n
> / K>, (]_[ |Ef, i) |) S K2 KOs
B n—1

. A i
a,(ll_)l,...,a,(ln_)l in Case 3.2 J=1

for every

which we assume.
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Hence it remains to handle the last summand

),

BK ICB

p

> Efa,

ap—2:dist(ety—2,Ly—2)<1/K,—2

n—1

We repeat this iteration until we reach

p
> [max / > Efu .\l (A-11)
Bk, _,CB; M B, oty —k—1:dist(oty—k—1, Lyn—k—1) <1/ Kn—k—1
where k is the largest positive integer such that
n—1
k < 7 (A-12)

in other words,
(n—3)/3 ifn=0 (mod 3),
k={(m—-1/3 ifn=1 (mod3), (A-13)
(n—2)/3 ifn=2 (mod 3).
Collecting all the constraints on the exponent p from applying the multilinear restriction estimate, we

obtain
2(n—k+1)
> 7.

p= n—=k

Instead of running the previous argument again on (A-11), we apply the decoupling inequalities of

(A-14)

[Bourgain and Demeter 2015]:

p
/ Z Ef()ln—k—l S (Kn—k—1)<n_k_l)(l/2_l/p)p+€ Z / |EfOln—k71 |p.
Bry i Ap—g—1:dist(@n—g—1,Ln—k—1)<1/Ky—t—1 on i1 ¥ BRni
The above inequality will hold as long as
2n —
< M (A-15)
~ n—k-1
In the end, we sum over all balls Bk, , inside B;, and obtain
T S TR
Op—k—1 By,
It is clear now that we should apply parabolic rescaling. This gives us
(K ) =DA2=ppte (g \2=2m0(/2=1/p) P
)L/Kn k—1
By equating the exponent of K,_j_; with zero we obtain the constraint
2(n+k+3) (A-16)
n+k+1

This constraint is more restrictive than (A-14), by condition (A-12). By choosing k as in (A-13), and
substituting that into (A-16), we obtain the constraint on p in (1-5). To summarize, we have shown that for
p satisfying (1-5) and (A-15), we can close the induction. Thus, we have established (A-5) and therefore
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(1-6) for such p’s. Finally, by the result of [Rogers and Seeger 2010], we already know that (1-6) holds for
all p >2+4/(n+1) (even with € =0), which completes the proof of Theorem 1.6 for the claimed range in p.

Appendix B: A maximal multifrequency estimate of Krause and Lacey

Fix € € Z and d € N with d > 2. Take the decomposition 1 =), , ¢¢(t), where ¢ (t) := ©o(27¢t) for
some smooth even function ¢g supported on |f| >~ 1. For u > 0, let

TWf@) =Y 1" fx),
>0
where

cad
T £ (x) = /R F =g L.

Following the method in [Bourgain 1989], we will prove the following maximal multifrequency estimate.

Theorem B.1. There exists a constant C such that for any T >0, M € N and any 6y, ..., 0y € R with
mini<; < j<p |0; — 60;| > 21, we have
M M 1/2
sup| Y " Modg, T™ P, f,, < C(log M)Z(Z ||fm||iz(R>> (B-1)
u>01 "7 L%2(R) m=1
forall f1,...,fu € L*>(R), where P; is the Littlewood—Paley projection onto the frequency interval [—T1, T].

Here Mody f(x) is the modulation Mody f(x) := ¢!%* £ (x).
As a corollary, we obtain Theorem 3.5 of [Krause and Lacey 2017]:

Corollary B.2 [Krause and Lacey 2017]. There exists a constant C such that for any T > 0, M € N and

any 0y, ...,0y € Rwithmin|<;-j<um |0; — 0;] > 2T, we have
M
sup| > Mod, T (P, Mod_y, f) < CUog M) || fll 2wy
u>01"—] L2(R)

for any f € L*(R).

Indeed, one can obtain the corollary by applying Theorem B.1 to f;, := P; Mod_g, f, and noting that

then 30 Il fonll 72y < 1172

The corollary is slightly stronger than Theorem 3.5 of [Krause and Lacey 2017] because it allows one
to take supremum over all u > 0 (not just over u € (0, 72)).

To prove Theorem B.1, we use the following variant of our Theorem 1.1.

Theorem B.3. There exists a constant C such that for all p € (2, 3) we have
VAT fou> 0l < C(p =27 I fllew- (B-2)
Stein and Wainger proved that

I sup{T“ f :u > O}l Lawy < Cyll fll Loy (B-3)

for 1 < g < co. By complex interpolation, we then get the following corollary:
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Corollary B.4. There exists a constant C such that for all v € (2, 3) we have
VAT f ru>0Hl2w < CO =27 I 2. (B-4)

Indeed, for any r € (2, 00), one can obtain (B-4) by interpolating between (B-2) with p = (r 4+ 6)/4,
and (B-3) with ¢ = 3.
Below we first prove Theorem B.3, and then use Corollary B.4 to prove Theorem B.1.

Proof of Theorem B.3. By the argument in Section 3, we have

kd
sup AV NAT PO f ik € ZY oy < Coll fll Loy
A>0

for 1 < p < oco. By the real interpolation argument in Lemma 3.3 of [Bourgain 1989] (see also Lemma 2.1
of [Jones, Seeger, and Wright 2008]), we have

kd —
IWVATEOf ke DYlirg < € =27 I fllLrm) (B-5)
for all 2 < p < 3. Furthermore, by the argument in Section 4, we have
IVIT® fllorenllr@ < Cp =27 1 fllr@) (B-6)

forall 2 < p <3, where V/T® f(x) := VP{T™ f(x) : u € [2/¢,2UF D]}, Indeed, the left-hand side
above is bounded by

> VjpT[(K)]'Pj—i-kfnﬁp{j:[—jzeo} e @),
k,teZ

and the arguments of Sections 4B and 4E show that

> VT Prflle e < Coll flere (B-7)

k.teZ
L=—k/(2(d+1))

for 1 < p < 00, and
> + > VT P flllr@ < Coll fleey  (B-8)
ke k,Lez
0>—k/Q2d+D), k>d—D+C  >—k/(2(d+1)), k<€(d—1)-C
for 2 < p < oo, where the constants C), satisty sup,_,.3 C, < oo. Furthermore, the arguments in
Section 4D show that there exist absolute constants C and § > 0 such thatif £ >0and k =¢(d—1)+ O(1),

then
—L£6 -2
VT, P fll lr@ < €272 fllo

for all 2 < p < 3. Summing these up, we get

Yoo > VT RS lle e < Cp =27 Il (B-9)
>0 k=L(d—1)+0(1)

for all 2 < p < 3. Inequality (B-6) then follows from (B-7), (B-8) and (B-9). Since
VIHTO fiu>0) < VAT f ik e ZY+ IVITY fllergien),
we obtain the desired conclusion (B-2) from (B-5) and (B-6). [l
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Proof of Theorem B.1. We will deduce Theorem B.1 from Theorem B.3, following [Bourgain 1989] closely
(see Lemma 4.13 there). Suppose 7 > 0, and 0y, ..., 0y € R are such that min;<; <y |6; — 6;| > 27.
First, to prove (B-1), it will suffice to show that

M 2 172 M 1/2
(f sup| » ¢! T Py £, (x+w) dw) scaogM)Z(anmniz(R)) . (B-10)
wel0,1/(1000)] llu>017 = L2(R) m=1

Morally speaking, this is the uncertainty principle at work: note that for every u > 0, the function
x> TWP, fm(x) has Fourier support contained in [—7, 7], and hence | Modg, TWP, fm(x)] can be
thought of as locally constant on an interval of length ~ 1/7. To be precise, for each w € [0, 1/(1007)],
we have, by Plancherel’s identity, that

I1Pe fin () = Pefin G- +w)llz2 < 5l fnl 2

whenever w € [0, 1/(1007)]. Thus if B is the best constant for which (B-1) holds, then for all w €
[0, 1/(1007)], we have

M M M 1/2
) B
sup Z Modg, T™ P, f,(x) < |[sup Z T P fr (X +w) +—<Z ||fm||iz(R)) ,
u>0 m=1 LZ(R) u>0 m=1 LZ(R) 2 m=1

so taking L? average over all w € [0, 1/(1007)], and using (B-10), we have
, B
B < C(log M)~ + 5§
ie., B <2C(logM )? as desired. Thus, it remains to establish (B-10), which can be rewritten as

2 12
dw)

M

sup
H (]ﬁe[O,l/(lOOt)J u>0 Z

m=1

e—iBmweimeT(u)Prfm(x)

LX(R)

M 12
< C(log M)* (Z I fon ||iz(R)> (B-11)
m=1

by first changing variable x — x — w, and then interchanging the integrals in x and w.
To prove (B-11), for each x € R, consider the (bounded) set A, C R¥, given by

A ={(TYWP, fi(x), ..., TP, frr(x)) : u > O}.

If X is bigger than the diameter of A,, let E; (x) = 0; otherwise let E, (x) be the minimal number of balls
in RM of radius A that is required to cover A,. (Ej(x) is sometimes called the entropy number.) One
then observes that for every s € Z, there exists a finite subset By(x) C A, — A, of cardinality at most
E»s (x) such that

lbs| <251 for every by € B(x)

and such that every element a of A, admits a decomposition

a= st with b; € Bg(x) for every s € Z.

sezZ
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Then the left-hand side of (B-11) is bounded by

Mo . 2 1/2
HZ max <][ Z e i pitnp dw) ;
ez DB \Jwepo,1/1000)11 7= L2(R)
here by = (by 1, . . ., bs ). Using Cauchy—Schwarz for the sum over m, the above displayed equation is
further bounded by
Mo . 2 1/2
> min{2S+1M1/2, ( > ][ D dw) } (B-12)
seZ bye By (x) ¥ WELO 1/ 00T, L2(®R)

To estimate the integral in w above, observe that from the separation of the 0y, ..., 6,7, we have

Mo 2 12 M 12
(f e, an) 5 (X k)
wel0,1/(1000)]1,, —; m=1

indeed, the key is that if b : RY — R is defined by

M

(ba)n, = Z 9 T_G dp,

then the operator norm of h is bounded independent of M, which can be deduced, for instance, by
comparing it to the (continuous) Hilbert transform on R. Thus (B-12) is bounded by

=2

Zmin{23+1M1/2’ 2S+1E2S (X)I/Z}
LX(R)

seZ

2 min{M /2, Eps (x)"/?}
seZ

(B-13)

L2(R)
Now let

M 1/2
Fx):= (Z sup |7 Pffm(x)F) :

=1 u>0

Then the diameter of A, is at most 2F (x). Hence the entropy number satisfies Eys(x) = 0 whenever
2% > 2F (x). We are then led to sum

Z 2’ min{M "%, E»s (x)'/?1.
25<2F(x)
We split this sum into two, one where 2° < M~12F(x), and another where M~'/2F (x) <25 <2F(x). The
former sum is bounded by F'(x), while the latter sum is bounded by (log M)M 1/2=1/r Supycz 2° Eos (x) 1/r
for any r € (2, 00). Now pick r € (2, o0) such that

1 1 1
5~ =(log )™,

so that M'/>=1/7 ~ 1. Then (B-13) is bounded by

[P0+ tog M) sup2 Ex (0! | -
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But by Stein and Wainger’s inequality (B-3), we have

M 1/2
IF 12 S (Z ||fm||iz(R)) .
m=1

Furthermore, one can relate the entropy Es (x)!/" with the r-th variation norm pointwise:

M 1/2
sup 2° Eos (x)'/" < (Z VAT P, fru(x) 1 u > 0}|2> :
m=1

seZ

Hence

M 1/2
| log M) sup2'Ex "] 2 < (log M)(Z IVAT P, fo:u > 0}||§2(R)) :
se

m=1

By Corollary B.4, the latter is bounded by
M 1/2
caogM)(r—z)—l(Z ||fm||iz®) :
m=1

and since (r —2)~!' ~ log M by our choice of r, this completes the proof of Theorem B.1. (I
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FEDERER’S CHARACTERIZATION OF
SETS OF FINITE PERIMETER IN METRIC SPACES

PANU LAHTI

Federer’s characterization of sets of finite perimeter states (in Euclidean spaces) that a set is of finite
perimeter if and only if the measure-theoretic boundary of the set has finite Hausdorff measure of
codimension 1. In complete metric spaces that are equipped with a doubling measure and support a
Poincaré inequality, the “only if” direction was shown by Ambrosio (2002). By applying fine potential
theory in the case p = 1, we prove that the “if”” direction holds as well.

1. Introduction

In the past two decades, there has been great interest in studying problems of first-order analysis in the
setting of general metric measure spaces; see, €.g., [Ambrosio 2002; Ambrosio et al. 2004; Bjorn and
Bjorn 2011; Heinonen and Koskela 1998; Miranda 2003; Shanmugalingam 2000]. In particular, Sobolev
functions (sometimes called Newton—Sobolev functions in the metric setting) and functions of bounded
variation (BV functions) have been topics of central interest. In much of the literature (as well as in the
current paper) one assumes that the space is complete, equipped with a doubling measure, and supports a
Poincaré inequality; see Section 2 for definitions. Studying questions in such an abstract setting provides
an opportunity to unify the theories developed in specific settings such as weighted Euclidean spaces,
Riemannian manifolds, Carnot groups, etc. Moreover, without having the Euclidean structure available,
one is forced to develop novel methods and proofs, giving new insight into various problems.

In the theory of BV functions in the Euclidean setting, a key result originally due to De Giorgi states that
if E is a set of finite perimeter, then the perimeter measure P (E, -) coincides with the (n—1)-dimensional
Hausdorff measure restricted to the measure-theoretic boundary 0*E. In particular, P(E, R") < oo
implies "1 (3" E) < co. By a deep result of [Federer 1969, Section 4.5.11], the converse holds as well,
so in fact P(E, R") < oo if and only if H""1(3*E) < oco. This is known as Federer’s characterization of
sets of finite perimeter. In the metric setting, where it is natural to formulate this kind of result by means
of the codimension-1 Hausdorff measure #, the “only if”” direction of the characterization was shown in
[Ambrosio 2002], but the “if”” direction has remained an open problem. In the current paper, we show
that this direction holds as well.

Theorem 1.1. Let Q C X be an open set, let E C X be a pu-measurable set, and suppose H(9* EN) < oo.
Then P(E, Q) < 0.

MSC2010: 30L99, 31E05, 26B30.
Keywords: metric measure space, set of finite perimeter, Federer’s characterization, measure-theoretic boundary, codimension-1
Hausdorff measure, fine topology.
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The “only if” direction of Federer’s characterization is part of a more general structure theorem for
sets of finite perimeter, which in the metric setting states that the perimeter measure is comparable to the
Hausdorff measure of codimension 1 restricted to the measure-theoretic boundary. This structure theorem
is an indispensable tool in analysis of sets of finite perimeter, and hence more general BV functions as well.
While not equally essential, the “if”” direction of Federer’s characterization has a number of applications
as well. For example, in [Kinnunen et al. 2012] the authors proved a characterization of Newton—Sobolev
functions with zero boundary values by means of a natural Lebesgue point-type condition on the boundary.
However, the proof relied on assuming that Federer’s characterization holds; now we know that this is the
case under the usual assumptions on the space. We will discuss other applications in Section 5.

Previously there have been some partial results toward a proof of the “if”” direction. The paper [Korte
et al. 2015] showed that if the metric space is assumed to contain a “thick” bundle of curves between
each pair of points, then the “if” direction can be proved by mimicking the Euclidean proof. In the
current paper we take a completely different approach, which relies on fine potential theory. In the case
1 < p < oo, fine potential theory deals with superharmonic functions as understood by means of the fine
topology; see [Adams and Hedberg 1996; Heinonen et al. 1993; Maly and Ziemer 1997] for the theory
and its history in the Euclidean setting, and the recent papers [Bjorn and Bjorn 2015; Bjorn et al. 2015;
2016; 2018] for similar results in the metric setting. In [Lahti 2017a], the author proved some analogous
results in the case p = 1, by relying on certain continuity properties of BV functions proved earlier in
[Lahti 2017b; Lahti and Shanmugalingam 2017]. An application of these results led to the following
characterization of sets of finite perimeter, which is in the same vein as Federer’s characterization. Below,
d' I denotes the fine boundary of E, or more precisely of its measure-theoretic interior; one always has
I*E Co'lg.

Theorem 1.2 [Lahti 2017a, Theorem 1.1]. For an open set 2 C X and a t-measurable set E C X, we
have P(E, Q) < oo if and only if H(3' g N Q) < oo. Furthermore, H((3'Ix \ 3*E) N Q) = 0.

In the current paper, our main goal is to show that if H(9*E N Q) < oo, then H(@'IE \I*E)YNR) =0
and thus Theorem 1.1 follows from Theorem 1.2. The proofs will be given in Section 4, and they rely
mostly on properties of the 1-fine topology proved in [Lahti 2017a; 2020], as well as boxing inequality-
type arguments. Our methods and the underlying theory should be of interest already in Euclidean spaces,
where Federer’s original argument has remained (as far as we know) essentially the only known proof for
the characterization.

2. Preliminaries

In this section we introduce the standard definitions, notation, and assumptions used in the paper.

Throughout this paper, (X, d, ) is a complete metric space that is equipped with a metric d and a
Borel regular outer measure p satisfying a doubling property, meaning that there exists a constant C; > 1
such that

0 < u(B(x,2r)) < Cau(B(x,r)) <00
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for every ball B(x,r) :={y € X :d(y, x) <r}. We assume that X consists of at least two points. Given
aball B= B(x,r) and 8 > 0, we sometimes abbreviate § B := B(x, fr). Note that in metric spaces, a
ball (as a set) does not necessarily have a unique center point and radius, but we understand these to
be prescribed for all balls that we consider. When we want to state that a constant C depends on the
parameters a, b, ..., we write C = C(a, b, .. .).

All functions defined on X or its subsets will take values in [—00, 00]. A complete metric space
equipped with a doubling measure is proper; that is, closed and bounded sets are compact. For any open
set Q C X, we define Lip,,.(£2) as the set of functions that are in the class Lip(2") for every open Q' € ;
here Q' € Q means that Q' is a compact subset of 2. Other local function spaces are defined analogously.

For any set A C X and 0 < R < oo, the restricted spherical Hausdorff content of codimension 1 is
defined as o o

Hr(A) ::inf{ WBCLTD) L g B ), 1 < R}.

The codimension-1 Hausdorff measure of A C X is then defined as
H(A) := lim Hr(A).
R—0

In the Euclidean space R"” (which we always equip with the Euclidean metric and the Lebesgue measure £",
unless otherwise specified) this is comparable to the (n—1)-dimensional Hausdorff measure.

By a curve we mean a nonconstant rectifiable continuous mapping from a compact interval of the real
line into X. A nonnegative Borel function g on X is an upper gradient of a function # on X if for all
curves y, we have

IM(X)—u(y)IS/gds, 2.1

1
where x and y are the endpoints of y and the curve integral is defined by using an arc-length parametriza-
tion; see [Heinonen and Koskela 1998, Section 2], where upper gradients were originally introduced. We
interpret |u(x) — u(y)| = oo whenever at least one of |u(x)|, |[u(y)]| is infinite. An upper gradient of a
function u € C'(R") is given by |Vu].

Let 1 < p < oo (we will work almost exclusively with p = 1). The p-modulus of a family of curves I
is defined as

Mod,,(T") ::inf/ ofdu,
X

where the infimum is taken over all admissible test functions p, which are nonnegative Borel functions

such that ]y pds > 1 for every y € I'. A property is said to hold for p-almost every curve if it fails only

for a curve family with zero p-modulus. If g is a nonnegative p-measurable function on X and (2.1)

holds for p-almost every curve, we say that g is a p-weak upper gradient of u. By only considering

curves y in a set A C X, we can talk about a function g being a (p-weak) upper gradient of u in A.
Given an open set 2 C X, we let

lull i) := llullLe@) +infllgllLr(),



1504 PANU LAHTI

where the infimum is taken over all p-weak upper gradients g of u in 2. The Newton—Sobolev space is
defined as

N'P(Q) = {u : llull vy < 00).

In R” this coincides, up to a choice of pointwise representatives, with the usual Sobolev space W7 (Q);
this is shown in Theorem 4.5 of [Shanmugalingam 2000], where the Newton—Sobolev space was originally
introduced.

We understand a Newton—-Sobolev function to be defined at every x € 2 (even though || - || yi.r(q)
is then only a seminorm). It is known that for any u € NIL’CP (£2) there exists a minimal p-weak upper
gradient of u in €2, always denoted by g,, satisfying g, < g almost everywhere in €2, for any p-weak
upper gradient g € Lf(’)c(Q) of u in ©2; see [Bjorn and Bjorn 2011, Theorem 2.25]. In R”, the minimal

p-weak upper gradient coincides (a.e.) with |Vu|; see [Bjorn and Bjorn 2011, Corollary A.4].
The space of Newton—Sobolev functions with zero boundary values is defined as

NyP(Q) :={ulg:u e N"P(X) and u =0 on X \ Q}.

This class can be understood to be a subclass of N7 (X) in a natural way.
The p-capacity of a set A C X is defined as

Cap,(A) :=inf [[ully1.r(x),

where the infimum is taken over all functions u € N7 (X) such that u > 1 in A.
The variational 1-capacity of a set A C 2 with respect to an open set 2 C X is defined as

cap; (A, Q) := inf f gud,
X

where the infimum is taken over functions u € N&’l (€2) such that u > 1 on A, and g, is the minimal
1-weak upper gradient of u (in X). For basic properties satisfied by capacities, such as monotonicity and
countable subadditivity, see [Bjorn and Bjorn 2011].

We will assume throughout the paper that X supports a (1, 1)-Poincaré inequality, meaning that there
exist constants Cp > 0 and A > 1 such that for every ball B(x, r), every u € Ll

1oc(X), and every upper
gradient g of u, we have
][ |M—M3(x,r)|dM§CPr][ gdu,
B(x,r) B(x,Ar)

where

1
UB(x.r) i= udyu = ——— udu.
(r) ][B(x,r) w(B(x,r)) Jp,r

The standard example of a complete metric space equipped with a doubling measure and supporting a
(1, 1)-Poincaré inequality is the (unweighted) Euclidean space. Other examples include certain weighted
Euclidean spaces (see, e.g., [Heinonen et al. 1993, Section 15]), complete Riemannian manifolds with
nonnegative Ricci curvature (see [Saloff-Coste 2002, Section 3.3.5]), as well as Carnot groups which we
will discuss briefly in Section 5.
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Next we recall the definition and basic properties of functions of bounded variation on metric spaces,
following [Miranda 2003]. See also, e.g., [Ambrosio et al. 2000; Evans and Gariepy 1992; Federer 1969;
Giusti 1984; Ziemer 1989] for the classical theory in the Euclidean setting. Let 2 C X be an open set.
Given a function u € LIIOC(Q), we define the total variation of u in €2 as

| Dul(Q) := inf{lig(i)gf/g gudpu; € NN (Q), uj — uin L}OC(Q)},

where each g,, is the minimal 1-weak upper gradient of u; in Q. In R" this agrees with the usual
Euclidean definition involving distributional derivatives; see, e.g., [Ambrosio et al. 2000, Proposition 3.6,
Theorem 3.9]. (In [Miranda 2003], local Lipschitz constants were used instead of upper gradients, but the
properties of the total variation can be proved similarly with either definition.) We say that a function
u € L' () is of bounded variation, and write u € BV() if || Du||(Q) < oo. For an arbitrary set A C X,
we define

| Dul|(A) :=inf{||Dul|(W): A C W, W C X is open]}.

Ifue LIIOC(Q) and || Du||(2) < oo, then || Du||(-) is a Radon measure on €2 by [Miranda 2003, Theo-
rem 3.4]. A u-measurable set £ C X is said to be of finite perimeter if | D xg||(X) < oo, where g is the

characteristic function of E. The perimeter of E in €2 is also denoted by
P(E, Q) :=|Dxell(£2).

Sets of finite perimeter include for example bounded domains with a Lipschitz boundary in R”, and in
this case the perimeter is simply the (n—1)-dimensional Hausdorff measure of the boundary. However,
sets of finite perimeter can also be highly irregular, as demonstrated by Example 2.6 below.

Applying the Poincaré inequality to sequences of approximating locally Lipschitz functions in the
definition of the total variation, we get the following BV version: for every ball B(x, r) and every
ue LIIOC(X), we have

[ Dull(B(x, Ar))
w(B(x,Ar))

For a u-measurable set £ C X, this implies the relative isoperimetric inequality

f lu — “B(x,r)l du < Cpr
B(x,r)

min{u(B(x,r)NE), wu(Bx,r)\ E)} <2CprP(E, B(x, Ar)); 2.2)

see, e.g., [Korte and Lahti 2014, equation (3.1)].
The measure-theoretic interior of a set £ C X is defined as

B(x, E
Ip := {xeX:limM=O},
r—0  u(B(x,r))
and the measure-theoretic exterior as

OE::{xeleimM: }
r—0 [,L(B(X,r))
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The measure-theoretic boundary 9*E is defined as the set of points x € X at which both E and its
complement have strictly positive upper density; i.e.,

. p(B(x,r)NE) . w(B(x,r)\ E)
limsup—— >0 and limsuyp——

r—0 w(B(x,r)) r—0 w(B(x,r))
Then X = IE U OE Uo*E.
For an open set 2 C X and a pu-measurable set £ C X with P(E, Q) < oo, we know that for any
Borel set A C €,

> 0. (2.3)

P(E,A) = / O dH, 2.4)
d*ENA

where O : 0*E — [«, Cy], witha =a(Cy, Cp, 1) > 0; see [Ambrosio 2002, Theorem 5.3] and [ Ambrosio
et al. 2004, Theorem 4.6].
If Q C X is an open set and u, v € Ll (Q), then

loc

1D min{u, v}[[(£2) + [[D max{u, v}[|($2) < | Du||(€2) + || Dv||(£2); 2.5

for a proof see, e.g., [Lahti 2018, Lemma 3.1].
The measure-theoretic boundary 9*E is always a subset of the topological boundary 9 F but the
boundaries can be quite different, as shown by the following example of the so-called enlarged rationals.

Example 2.6. Let X = R? (unweighted). Let {‘lj};il be an enumeration of Q. Define

o
E:= U B(g;,27).
j=1

Then by (2.5) and the fact that the perimeter is clearly lower semicontinuous with respect to convergence
in L1(R?), we get
o0 (o)
P(E,R?) < Z P(B(g;,277),R*) =27 Z 27/ =2n¢.
j=1 j=1

Thus E is of finite perimeter, and so by (2.4) we get H'(3*E) < oo, where #! is the 1-dimensional
Hausdorff measure. On the other hand, E is dense in R?, so that dE = R?\ E and thus £2(3E) = oco.
This illustrates that the measure-theoretic boundary is the natural boundary to consider.

The lower and upper approximate limits of a function # on X are defined respectively by

u’(x) = sup{t eR:lim p(Bx, r) Niu < 1)) = 0}
r—0 w(B(x,r))

and

Y (x) ::inf{t eR: lim KB DO > 1) :0}.
r—0 w(B(x,r))

Unlike Newton—Sobolev functions, we understand BV functions to be p-equivalence classes. To
consider fine properties, we need to consider the pointwise representatives u” and u”. We note that
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for u = xg with E C X, we have x € Ig if and only if u”(x) = u”(x) = 1, x € Og if and only if
u™(x) =u"(x) =0, and x € 3*E if and only if u"(x) =0 and u" (x) = 1.

Throughout this paper we assume that (X, d, () is a complete metric space that is equipped with the
doubling measure w and supports a (1, 1)-Poincaré inequality.

3. The 1-fine topology

In this section we have gathered all the results concerning the 1-fine topology that our argument will rely
on. For these, we refer to [Lahti 2017a; 2017b; 2020]. Most of the results are analogous to those that
hold in the case 1 < p < oo, which has been studied in the metric setting in [Bjorn and Bjorn 2015; Bjorn

et al. 2018; 2015].
Definition 3.1. We say that A C X is 1-thin at the point x € X if
) cap; (AN B(x,r), B(x, 2r))
lim r =
r—0 (B (x,r))

We also say that a set U C X is 1-finely open if X \ U is 1-thin at every x € U. Then we define the 1-fine
topology as the collection of 1-finely open sets on X.

0.

We denote the 1-fine interior of a set H C X, i.e., the largest 1-finely open set contained in H, by
fine-int H. We denote the 1-fine closure of a set H C X, i.e., the smallest 1-finely closed set containing H,
by H'. The 1-fine boundary of H is 3' H := H'\ fine-int H. Finally, the 1-base b H is defined as the set
of points where H is not 1-thin.

See [Lahti 2017b, Section 4] for discussion on this definition, and for a proof of the fact that the 1-fine
topology is indeed a topology. By [Bjorn and Bjorn 2011, Proposition 6.16], a set A C X is 1-thin at
x € X if and only if

im cap; (AN B(x,r), B(x, 2r)) _0
r—0 cap,(B(x,r), B(x, 2r)) ’

and so it is clear that W C b; W for any open set W C X.
Now we collect some facts concerning the 1-fine topology proved in [Lahti 2017a]. According to
Corollary 3.5 of that work, the 1-fine closure of A C X can be characterized in the following way:

Al=AUbBA. (3.2)

From this it easily follows that for any A C X and any ball B(x, r), we have A'NB(x,r)c ANB(x,r)!,
and then by [Lahti 2017a, Proposition 3.3] we get

Calpl(A_l N B(x,r), B(x,2r)) =cap;(ANB(x,r), B(x, 2r)). (3.3)

By Lemma 4.6 of the same work the 1-fine boundary of a measure-theoretic interior can be characterized
as follows: for any p-measurable set E C X,

3N g=bIeNby(X\ IE). (3.4)
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By [Lahti 2017a, Lemma 3.1] we know that for any p-measurable set £ C X,
IECd'lg. 3.5
Conversely, if 2 C X is open and E C X is u-measurable such that P(E, ) < oo, then by Theorem 1.2,

H(D'IE\O*E)NQ) =0.
Combining this with (2.4) gives

aHO IENQ) < P(E, Q) < C,HO Iz NQ). (3.6)

In fact this holds for every p-measurable E C X; to see this we can assume that H(O' Iz N Q) < oo, and
then P(E, ) < oo by Theorem 1.2.

We also have the following version of the relative isoperimetric inequality: for every ball B(x, r) and
every p-measurable E C X,

min{u(B(x,r) N E), p(B(x,r)\ E)} <2CpCarH(d' Iz N B(x, Ar)); (3.7
this follows from the ordinary relative isoperimetric inequality (2.2) and (3.6).

Remark 3.8. It may seem strange to talk about 3!/, as it seems that we are first taking the interior
in one topology and then the boundary in another. However, if we define the measure topology more
axiomatically, then /g is actually not the interior of E in the measure topology, and should be seen as a
measure-theoretic quantity rather than a topological one; see [Lahti 2017a, Remark 4.9]. Moreover, 0*E
is actually the boundary of I in the measure topology; let us denote it by 3°1x. Thus '/ is a natural
set to consider as well. Finally, we can note that 91y = 31 Op; see [Lahti 2017a, Lemma 4.8].

The following weak Cartan property in the case p = 1 was proved in [Lahti 2020, Theorem 5.2].

Theorem 3.9. Let A C X and let x € X \ A be such that A is 1-thin at x. Then there exist R > 0 and
Eo, E; C X such that xg,, xg, € BV(X), max{xgo, Xg\l} =11in AN B(x, R), Xgo(x) =0= Xgl (x),
{max{x ;. xz,} > O} is 1-thin at x, and
_ P(Eo. Bx.r) _ P(E1, B(x.r)
limr———= =0, limr——= =0
r—0  u(B(x,r)) r—0  p(B(x,r))

The following simpler formulation will be sufficient for our purposes.

(3.10)

Corollary 3.11. Let A C X and let x € X \ A be such that A is 1-thin at x. Then there exist R > 0 and
F C X such that xp € BV(X), ANB(x, R) C I, I is 1-thin at x, and

. P(F,B(x,r))
limr———= =
r—0  u(B(x,r))

Proof. Take Ey, E1 C X as given by Theorem 3.9, and set F := EqU E|. By (2.5) we obtain xr € BV(X),
and (2.5) and (3.10) together give (3.12). From the fact that max{x go, X gl} =11in AN B(x, R) we obtain

3.12)

ANB(x,R) CIgUlg, C IF.
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. . v v . . .
Finally, since {max{XEO, XEl} > 0} is 1-thin at x, so is
IEOUIEIUG*Ean*ElDIF. O

In [Lahti 2020, Lemma 4.4] it was also shown that if A C X is 1-thin at a point x € X \ A, then there
exists an open set that contains A and is also 1-thin at x; that is:

If x ¢ AUDb| A, then there exists an open W D A such that x ¢ b1 W. (3.13)

4. Proof of the characterization

In [Korte and Lahti 2014, Theorem 3.11] it was shown that for any pu-measurable set E C X, we have
0*E = d1; that is, the closure of the measure-theoretic boundary (in the metric topology) is the whole
topological boundary of a suitable representative of E (namely the measure-theoretic interior /g). Now
we prove the analogous result with the metric topology replaced by the 1-fine topology. This will be the
crux of our proof of Federer’s characterization.

Theorem 4.1. For any p-measurable set E C X, we have 3*E' = ' I.

Note that by Remark 3.8, the above can be written as 8°_IE I'=3'Ir, showing that the result describes
the interplay between the measure topology and the 1-fine topology. It is natural to ask which other sets
and topologies would satisfy an analogous property, but we will not pursue this problem here. Previously,
properties of the measure topology and fine topologies have been studied in [Lukes et al. 1986].

Proof. By (3.5) we have
FE' collg' =9I,

where the last equality follows from the fact that boundaries are closed sets in every topology. Thus we
only need to show that 9*E' D 8'Ix. Let xo € 3'Ir and let U 3 xq be a 1-finely open set. We need
to show that 3*E N U # &. By (3.13) there exists an open set W D X \ U that is 1-thin at x¢. Since
W!=WUbW =b W by (3.2), we have xo ¢ W'. We will show that 3* E \ W # @; suppose that instead
*E\W=0.

Claim. Letx € d' I\ W' and s, > 0. Then there exists yeB(x,s1)Nd I\ Whand 0 < s, < s1/2 such
that

1 - u(E N B(y, s2)) - 1
2C£10g2(3)“)-|+1 - M(B(y, SZ)) - 2Cd|—10g2(3)‘)-‘ ’
where [a] is the smallest integer at least a € R.

Proof of claim. Step 1: We can assume that x € Og; the case x € Ig is handled analogously (recall that
3'Ir = 3' O from Remark 3.8). Since x € 3! /g, by (3.4) we have

. cap;(Ig N B(x, r), B(x, 2r))
limsup r
r—0 u(B(x,r))

> 0. 4.2)
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Since x belongs to the 1-finely open set X \ W', we have

. cap;(W'NB(x,r), B(x,2r))
lim r —
r—0 w(B(x,r))

0.

We apply Corollary 3.11 to find R > 0 and F C X such that I > W' N B(x, R) and I is 1-thin at x.
Then by (3.3), also

. cap;(Ir' N B(x,r), B(x,2r))
lim r —
r—0 w(B(x,r))

0.

Combining this with (4.2), by subadditivity of the variational 1-capacity we get

li Capl((IE\IT:l)mB(x,r)’B(-x72r))
msupr >

0. 4.3
r—0 n(B(x,r)) @

According to Corollary 3.11, the set F also satisfies

. P(F,B(x,r))
mr——7m—— =
r=0 (B(x,r))

Thus by (3.6) and the doubling property of u,

H@' [N B(x,2r)) 0

lim 7 4.4)
r—0 w(B(x,r))
Combining the fact that x € O with (4.3) and (4.4), we find a number a > 0 and a radius
in(R.
0<ry< M 4.5)
such that
ENB(x,2 1
u( (x,2r¢)) < 4.6)
w(B(x,2ry)) chogz(éom
and
IE\IFYNB(x,rs), B(x,2
rfcapl(( e\IF)NB(x,rf), B(x,2rys)) -y @7
w(B(x,rf))
and
HO'IFNB(x,2
(0" Ir N B(x,2ry)) a 4.8)

< .
uw(B(x, rf)) 16C‘510g2(10}\)]+2CP

Step 2: Let D consist of all points z € B(x, rf) \ Ir' for which there exists a radius 0 < < (10A)~!r/
such that
w(FNB(z, 1)) _ 1
u(B(z,1)) 4Cy’
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Consider z € D and the corresponding radius ¢. Since z ¢ Ir! D Ir UJ*F (recall (3.5)), we have

uw(FNB(z,r))
im— =
r—0  wu(B(z,r))

Take the smallest k =0, 1, ... such that

w(F N B(z,27%t)) _1
w(B(z,2 %))  — 2

4.9)

If k=0, letr, :=t so that

1 _pu(FNBG. ) 1
4Cs ~ u(B(z,r)) ~ 2

IA

If k > 1, let r, :==27%*1¢, and then
w(FNB(z,r) 1
mriiPerd) 1
w(B(z,r;)) 2
and
W(FNB(z, 1)) uw(FNB(z, 275 1))
w(B(z,r)  u(B(z, 27%+11))
_ h(B(, 275 1)) — (B2, 27 1) \ F)
- n(B(z, 275+ 1))
_ (B 27 ) — p(B(:. 271)) /2
B n(B(z, 27%+1r))

by (4.9)
1

<1l-——.
- 2Cy

Thus in both cases, we have r, < (IOA)_lrf and

1 w(F N B(z,72)) 1
< <1- .
4Cy w(B(z,r;)) 2Cq

By the relative isoperimetric inequality (3.7) we now obtain
W(B(z, 1)) <8C3CprH(' IF N B(x, Ary)). (4.10)

Performing the same for every z € D, we obtain a covering {B(z, Ar;)};cp. By the 5-covering theorem,
we can extract a countable collection {B; = B(z;, rj)}32, such that the balls AB; are pairwise disjoint

and D C U;’il SAB;. For each j € N, define the Lipschitz function
dist(-, 5AB;
nj := max O,I—M ,

5)»1’]

so that n; = 1 on 5AB;, n; = 0 outside 10AB;, and the minimal 1-weak upper gradient satisfies
gy = (SArj)_]Xlowj; see [Bjorn and Bjorn 2011, Corollary 2.21]. Moreover, r; < (1Ok)_1rf and
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son; € N&’I(B(x, 2ry)) for all j € N. Now we have

cap,(D, B(x, 2ry)) < cap; (U SAB;j, B(x, 2rf)> < anpl(SABj, B(x,2ry))
j=1 j=1

00 00 o0
w(10AB;) Mog, (100)] N~ M(Bj)
52/@@52—_ <C Y
o x = SArj o

(0]

<8C, 220, S (' 1p N By by (4.10)
j=1

<8¢ "2 L3 1r 0 B(x, 2rp)).

Thus by (4.8),
cap (D, B(x, 2ry))

<4

w(B(x,ry)) 2
and so
_capy (U \ (Ir' UD)) N B(x, ry), B(x,2rf))
! W(B(x, 7))

. rfCapl((IE\Erl)ﬂB(x,rf), B(x,2rs)) —cap,(D, B(x,2ry)) NPT
w(B(x,ry)) 2

by (4.7).

Step 3: Now consider z € (Ig \ (Ir' U D)) N B(x, ry). We have

WENBGE )
—0 u(B@r)

and so we can choose 0 <t < (201)~!r r such that

w(ENB(z,1) 1

> =
n(B(z, 1)) 2
Note also that for any r € [(ZOA)_lrf, (IOA)_lrf], we have B(x, 2ry) C B(z, 60Ar) and so

WENB(z 1) _ (N10g (601 HWENBXx,2rp)) _ 1
— d >~=
w(B(z,r)) w(B(x,2ry)) 2

by (4.6). Set r, := 2F¢ for the smallest k € N such that

1(E N B(z,2"1))
(B(z, 2k1))

<L
-2
Then we have 0 < r; < (IOA)_lrf and

1 w(ENB(z,r;) 1
< < —
2Cq w(B(z,r;) ~ 2

(4.12)
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and since z ¢ D,
1 _W(ENF)NBGE ) _1
4Ca = w(B(z, 1) 2

IA

Then by the relative isoperimetric inequality (3.7), we have

n(B(z, 1))

ry

< 8C3CPH (D' Ip\r N B(z, Ary)).

(Note that the right-hand side could be infinity.) Let

A= U B(z, Ar;) C B(x, 2ry).
ze(Ie\IF'UD)NB(x,ry)

1513

(4.13)

(4.14)

Consider the covering {B(z, Arz)}ZE(IE\(fFlUD))HB(X’U). By the 5-covering theorem, we can extract a

countable collection {B; = B(z;, rj)}iO | such that the balls A B; are pairwise disjoint and

U\ Ir' UD)NB(x, rp) | 54B;.
j=1

Just as in the previous step, for each j € N define the Lipschitz function
dist(-, SAB;) }

R 0,1-—

so that n; = 1 on SAB;, n; = 0 outside 101 B;, and the minimal 1-weak upper gradient satisfies g,, <
(5Ar})~" X105, Moreover, r; < (10A)~'r and so n; € Ny (B(x, 2ry)) for all j € N. Now we have

cap, (Ie\(Ir'UD)NB(x, rs), B(x,2r)) < cap, <U 5AB;, B(x, 2rf)> < cap,(5AB;, B(x,2r))

j=1 Jj=1

= = (10AB)) Mlog, (101)] S

j 0g, (101
=X [ yan= G <ty
=1 =1 =1

o0
<8Cy B M0, N 10 1p OBy by (4.13)

j=1
<8C 2010 1k pNA).

Step 4: Next we show that
3 g C @ Ip\TpHUI Ip.

w(Bj)
-

J

(4.15)

(4.16)

To see this, note that X \ Ir' c Of (recall (3.5)) and so Ip\r \ Il =1Ig \ Ir!. Since X \ Irlisa 1-finely
open set, it follows that BIIE\F \ Irt =0d'Ig \ Ir!'. Moreover, Ig\r Nfine-int Ir = & and fine-int I is

1-finely open, and so a1 p\r Nfine-int Ir = &. From these, (4.16) follows.
By (4.11) and (4.15),
H@ I rNA) a
ry > .
w(B(x, )~ jecheRt™e,
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Now by first using (4.16) and the fact that A C B(x, 2r) (recall (4.14)), and then (4.8) and the above
inequality, we get

H(@ I\ IrHNA) . H@O g\ rNA)—HO IFNB(x,2ry)) 0
>r
1(B(x, 1)) ! 1(B(x, ry))
In particular, there exists a point y € (@' I\ Ir') N A. Recall from (4.5) that 0 < ry <min{R, s1}/2, and
so WN B(x, 2rf) C Ir N B(x, 2rs). Thus
ye @ Ig\WHNBx,2rp) c @1\ WHNB(x,s1),

as desired. By the definition of A (recall (4.12), (4.14)) there is a point z € X and aradius 0 <r, < (100~ tr f

such that y € B(z, Ar;) and
L _ p(ENB(z,17)) L
2Cq wu(B(z,rz)) 2

For s, := 2Ar, < s1/2 we then have B(z,r,) C B(y, s2) C B(z,3\r;), and so

I _WMENBY.s) _wBO$)) —pBEr)/2 _ ]
pc PRI u(B(y. ) T (B(y, $2)) = gt
This completes the proof of the claim. (I

Define ryp = 1. We use the claim repeatedly, first with the choice x = x¢ and s; = ry, to find a sequence
of points x; € B(xj_1,rj—1) N g \ W' and a sequence of numbers 0 < r; < r;_/2 such that

min{M(B(xjv’”j)mE) u(B(x,-,rj)\E>}> |
w(BGj ) (B, ry) | T pclleethIH

for all j € N. By completeness of the space and the fact that W is open, we find x € X \ W such that
xj — x. For each j € N we have

(,¢] oo
d(x,x;) <D d(rg, xepr) < Y re <215
k=j k=j
Thus B(x;,r;) C B(x, 3r;) C B(xj, 5r;) forall j €N, and so
w(B(x,3rj)NE) - w(B(xj, rj)NE) - L,u(B(xj, ri)NE) - 1
w(B(x,3r;))  —  w(B(x,3r) T Cy w(B(xjrp)) Yo
and similarly
HWB,3rp\E)  pBxj,r)\E) 1 pBGr)\E) 1
u(B(x,3rj))  — w(B(x.3r)) T Cj w(B(xj.r)) T pchoetHIH
Thus
I p(Bx,r)NE) , p(Bx,r)\ E)
imsup——— >0 and limsup —— >0,
r—0 w(B(x,r)) r—0 u(B(x,r))

and so x € 3*E \ W, which proves the theorem by the discussion in the first paragraph of the proof. [
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By using another argument involving Lipschitz cutoff functions, it is easy to see that, for any A C X
and any ball B(x, r),
cap;(ANB(x,r), B(x,2r)) < CaH(AN B(x,r)). “4.17)

Theorem 4.18. Ler Q C X be open and let E C X be pu-measurable with H(0*E N Q) < co. Then
H(@'TE\O*E)NQ) =0.

Proof. By a standard covering argument (see, e.g., the proof of [Kinnunen et al. 2014, Lemma 2.6]) we

find that

. HO*ENB(x,r))
lim r =0

r=0  u(B(x,r))
for all x € Q\ (3*E U N), with H(N) = 0. Then by (4.17), also

: cap;((3*EUN) N B(x,r), B(x, 2r)) . H(B@*EUN)NB(x,r))
limsupr < Cylimsupr
r—0 n(B(x,r)) r—0 (B (x,r))
. HO*ENB(x,r))
= Cylimsupr =
r—0 u(B(x,r))

forall x € Q\ (0*EUN). Thus Q\ (0*E U N) is a 1-finely open set. Now by Theorem 4.1,

AN'IEN(Q\(O*EUN)) =0
and the result follows. O
Now we can prove our main theorem.

Proof of Theorem 1.1. By Theorem 4.18 we have H(d'Ir N Q) < co. Then by Theorem 1.2 we have
P(E, Q) < oco. ]

5. Some consequences and discussion

Theorem 1.1 is, in particular, new in Carnot groups, which are a class of connected and simply connected
Lie groups. We point out that the metric space theory we consider is consistent with the Carnot group
theory involving vector fields, since the so-called horizontal Sobolev spaces defined in Carnot groups by
means of distributional derivatives coincide with the Newton—Sobolev spaces defined in metric spaces.
See [Hajtasz and Koskela 2000, Theorems 11.6 and 11.7]. The Lebesgue measure on a Carnot group is
doubling and supports a (1, 1)-Poincaré inequality; see [Hajtasz and Koskela 2000, Proposition 11.17] as
well as [Heinonen et al. 2015, Section 14.2].
We state Federer’s characterization in metric spaces as follows.

Corollary 5.1. Let Q2 C X be open and let E C X be p-measurable. Then P(E, Q) < oo if and only if
HO*EN Q) < o0.

Proof. This follows by combining Theorem 1.1 and (2.4). (Il

In general, the sets 3*E and 8! I can be quite different.
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Example 5.2. Let X = R (unweighted). Let {g; J }OO be an enumeration of all rational numbers and let
E = U = B(g;,2” 7y. Then £!(Ig) <2 and £! (8 E) =0 by Lebesgue’s differentiation theorem. On the
other hand, it is straightforward to check that for any A C R, we have 3' A =9 A. Thus 3' Iz =91z DR\ I
and so £'(3' 1) = o0

In the Euclidean setting, the “if”” direction of Federer’s characterization is proved by first showing that
almost every coordinate line intersecting /r and O also intersects 9* E; see [Federer 1969, Section 4.5.11]
or [Evans and Gariepy 1992, pp. 222-226]. Proving this fact relies heavily on the Euclidean structure,
but now we have the following generalization to metric spaces.

Proposition 5.3. Let E C X be ju-measurable and suppose that H(0*E) < 0o. Then 1-almost every curve
intersecting Ig and Og also intersects 0*E

Proof. By Theorem 1.1, P(E, X) < oco. Then the result follows from [Lahti and Shanmugalingam 2017,
Corollary 6.4]. U

If the above property were true also in the case H(d*E) = oo, this could be useful when proving
generalizations of Federer’s characterization, e.g., to noncomplete spaces. One might expect that when
the measure-theoretic boundary is very large, then it should be “easier” for curves to intersect it. However,
the intersection property turns out to be false in this case.

Example 5.4. Let X = R? equipped with the Euclidean metric and the weighted Lebesgue measure
dp=wdL?, with w(x) =|x|73/%. It is straightforward to check that w is a Muckenhoupt A;-weight, and
thus p is doubling and supports a (1, 1)-Poincaré inequality; see, e.g., [Heinonen et al. 1993, Chapter 15]
for these concepts. Let

32

={x=@Lx)eR:0<x <2, —x;/" <x <x13/2}-

It is easy to check that

*E={xeR:x; >0, x| =x"?)

and then that #(0*E) = co. Now consider the curve family I" consisting of the curves
Vet (8) 1= (s, ts3/2), O<r<l1,—-1<t<l1,se[0,r]

Forall0 <r <1land —1 <t < 1, clearly y,.,(0) € O and y,,(r) € I, but y,, does not intersect 9*E.

Denote the image of y,; in X by the same symbol. Let p be an admissible function for I'. This means
that fym pdH!' > 1forall0 <r <1and —1 <t < 1, where #! is the 1-dimensional Lebesgue measure.
It follows that for every —1 <t < 1 and every k € N,

|

pd?—l1=/ pdH! > 1,
Y,

Litlj=j =it y—k+1

and so

Z pdH' = cc. (5.5)

le lrl[z jo— /+l
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Define the sets
Aj = {XEEIZ_j<X1§2_j+1}, JeN.

By the classical coarea formula we have

00 00 1
f ,OdlL > Zz3j/2—3/ pd£2 > Z 3]/2—32—3j/2/ / pd%l dt
R2 . _ Y
j=l1 =

—1yiilp-j 0-ity

0 1

:2—32/ / pdH'dt =
X —1Jy i i

le l,tl[zfj_zfjJrl]
by (5.5). It follows that Mod,; (I") = oo

It is reasonable to expect Federer’s characterization to find various applications especially in the
metric setting, where certain tools of Euclidean BV theory, such as the Gauss—Green theorem, are not
available. One likely application is in the study of images of sets of finite perimeter under quasiconformal
mappings (see [Kelly 1973] for the Euclidean case), since such mappings are known to preserve the
measure-theoretic boundary (see [Korte et al. 2012, Theorem 6.1]).

Now we discuss some existing applications. From the characterization it follows that the space supports
the following strong relative isoperimetric inequality introduced in [Kinnunen et al. 2012]; compare this
with (2.2) and (3.7).

Corollary 5.6. For every ball B(x, r) and every pu-measurable E C X, we have
min{u(B(x,r)NE), w(B(x,r)\ E)} <2CpCyrH(0*E N B(x, Ar)).

Proof. We can assume that the right-hand side is finite. By Theorem 1.1 we know that P(E, B(x, Ar)) < oo,
and now the result follows by combining the relative isoperimetric inequality (2.2) and (2.4). Il

In [Kinnunen et al. 2012] the authors worked with the same standing assumptions as we do in the
current paper, but additionally they assumed that the space supports the above strong relative isoperimetric
inequality. Now we know that this does not need to be separately assumed, and the following theorem
[Kinnunen et al. 2012, Theorem 1.1] holds under our standing assumptions (completeness, doubling, and
Poincaré).

Theorem 5.7. Let Q C X be a bounded open set and let u € NP (Q) with 1 < p < 0o. Then u € Né’p(Q)
if and only if

. 1
lim ————— uldu=0
r—0 W(B(x, 7)) Jonpx.r ldn

for Cap ,-almost every x € 952

Theorem 6.1 in [Lahti and Shanmugalingam 2018] considered an analogous characterization of a class
of BV functions with zero boundary values, also under the additional assumption of a strong relative
isoperimetric inequality. Such a class and the characterization are needed in an ongoing study of new fine
properties of BV functions and capacities, see [Lahti 2019; 2018], and this was in fact a key motivation
for the current paper. The strong relative isoperimetric inequality was also used in proving approximation
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results for BV functions; see [Lahti and Shanmugalingam 2018, Corollary 6.7, Theorem 6.9], as well as
[Lahti and Shanmugalingam 2017, Corollary 7.6] and the comment after it. Now we know that all of
these results hold in every complete metric space equipped with a doubling measure and supporting a
Poincaré inequality.
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SPECTRAL THEORY OF PSEUDODIFFERENTIAL OPERATORS OF DEGREE 0
AND AN APPLICATION TO FORCED LINEAR WAVES

YVES COLIN DE VERDIERE

We extend the results of our paper “Attractors for two-dimensional waves with homogeneous Hamiltonians
of degree 0,” written with Laure Saint-Raymond, to the case of forced linear wave equations in any
dimension. We prove that, in dimension 2, if the foliation on the boundary at infinity of the energy shell is
Morse—Smale, we can apply Mourre’s theory and hence get the asymptotics of the forced solution. We
also characterize the wavefront sets of the limit Schwartz distribution using radial propagation estimates.

Introduction

This paper contains new developments of some ideas already introduced in our paper [Colin de Verdiere
and Saint-Raymond 2020] concerning the spectral theory of self-adjoint pseudodifferential operators of
degree 0 on closed manifolds. The main motivation comes from the study of forced internal or inertial
waves in physics; see [Bajars et al. 2013; Brouzet 2016; Gostiaux et al. 2006; Maas et al. 1997; Maas and
Lam 1995; Ogilvie 2005; Pillet 2018; Rieutord and Valdettaro 2010; 2018] and many other works. In
what follows, H is a classical self-adjoint scalar pseudodifferential operator of degree O on a compact
manifold M of dimension n without boundary, f is a smooth function and the spectral parameter w is a
real number. The main object to study is the linear forced wave equation

1du »

-——+Hu=fe ', u0)=0. (1)

i dt
We are interested in the behaviour of u(¢) as t — +o0c. Thanks to the spectral theorem, we can relate this
behaviour to the spectral theory of H and hence to the Hamiltonian dynamics of the principal symbol
h:T*M \ 0 — R, which is a smooth homogeneous function of degree 0. The main tools that we use are
already classical: they are, on one hand, the general theory of pseudodifferential operators, culminating in
the works of Lars Hormander, Hans Duistermaat [1973], Alan Weinstein [1971; 1975] and many others,
see also [Folland 1989; Dyatlov and Zworski 2019a], and, on the other hand, the theory initiated by Eric
Mourre [1981; 1983] in order to get a flexible way to have a limit absorption principle, see also [Jensen
et al. 1984; Gérard 2008; Cattaneo 2005].

What is the content, beyond that of [Colin de Verdiere and Saint-Raymond 2020]? The main result is

Theorem 6.2 where we extend the result of that work to the generic Morse—Smale case, still in dimension 2.
The other new contribution is a precise description in arbitrary dimension of the dynamical assumptions

MSC2010: primary 35B34, 35Q30, 35Q35, 58J40, 76B55; secondary 76B70.
Keywords: forced waves, internal waves, inertial waves, attractors, Mourre theory, spectral theory, limiting absorption principle,
escape functions, pseudodifferential operator, Morse—Smale property.
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allowing one to apply Mourre theory thanks to the Garding inequality (see Section 3) by constructing a
global escape function.

After recalling general facts on the Hamiltonian dynamics of a homogeneous Hamiltonian 4 of degree 0
in Section 1 and on the spectral theory of H in Section 2, we give, in Section 3, a necessary and sufficient
condition on the dynamics at infinity, which ensures the existence of an escape function that will be the
key input in order to apply Mourre’s theory thanks to the Garding inequality. In Section 4, we recall
general facts that we got in [Colin de Verdieére and Saint-Raymond 2020] for the forced wave equation
from Mourre’s theory. In Section 5, we use radial propagation estimates (see [Dyatlov and Zworski 2019a;
2019b]), going back to works of Melrose and Vasy, in order to locate the wavefront set of the Schwartz
distribution o, which is the limit (modulo bounded functions in L2) of u() as t — +o0.

We consider then, in Section 6, the case where M is a surface (n = 2), extending our results of [Colin de
Verdiere and Saint-Raymond 2020] to the generic case where the foliation is Morse—Smale and can
have singular points (foci, nodes or saddles). Finally, we consider, in Section 7, the case where M is a
3-dimensional manifold with a free S'-action leaving H invariant, which is important for applications to
physics. We end the paper with a short review of related problems in Section 8 and two Appendices.

1. Hamiltonian of degree 0: classical dynamics

In what follows, we fix the following notation: M is a smooth connected compact manifold of dimension
n > 2 without boundary, ¢ is the generic point of M and |dq| a smooth density on M. The Hamiltonian &
is a smooth positively homogeneous function 4 : T*M \ 0 — R. We denote by (g, p) some local canonical
coordinates on T*M and by extension a generic point of 7*M. The Hamiltonian vector field of # is
denoted by A&}, and we fix the “symplectic” conventions so that

X Bha oh
h= 0, — —
1 q aq

ap 8]77 th:{h’ f}

and denote by &, the flow of X),. Because of the homogeneity of 4, we have pdq(X;) =0 and X}, is
homogeneous of degree —1. Let us fix w € R and define the energy shell ¥, := h~!(w). We will assume
in what follows that w is not a critical value of h and hence %, is a smooth conic hypersurface in 7*M \ 0.
We need to introduce Z,, := X,,/R™, which is a smooth closed manifold of dimension 2n — 2 and will be
seen as the boundary at infinity of X,. The vector field &}, defines by projection a conformal class of
vector fields on Z,,, which we will call an (oriented) foliation and denote by F. This foliation can admit
singular points corresponding to the lines R™ - (¢, p), where A}, is parallel to the cone direction pd,,.
Note that we can and will often reduce ourselves to the case w = 0 by looking at the Hamiltonian /& — w.

2. Hamiltonian of degree 0: spectral theory

Let us choose a self-adjoint pseudodifferential operator H of degree 0 acting on L?(M, |dg|) and of
principal symbol /. Note that H is a bounded operator. In what follows, all pseudodifferential operators
are “classical”’; this means that the symbols do have full expansions in homogeneous functions with
integer degrees. We are mainly interested by the spectral theory of H. As a warm up, we have:
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Theorem 2.1. The essential spectrum of H is the interval J :=[h_, hy], with h_ :=minh and h =
max h.

Proof. If w € C\ J, then H — w is elliptic and hence admits an inverse R(w) modulo compact operators
which can be chosen holomorphic in w by taking R(w) := Op(h — w)~!, where Op is a fixed quantization
on M:

R(w)(H —w)=1d+ K (w),

with K compact and holomorphic in @. On the other hand, since H is bounded, (H — w) is invertible for
large values of w. It follows from the Fredholm analytic theorem that the operator H — w is invertible
outside a discrete set where the kernels are finite-dimensional.

On the other hand, if w € J, with h(qo, po) = w and € > 0 is fixed, choose a small neighbourhood U
of qo so that, if g € U, then |h(g, po) — w| < €. Pick then ¢ € C;°(U) with fM |¢|2(q) |dg| = 1. Let us
check that, for ¢ large enough,

I(H — w)(¢pe 1) || 12p1y < 2. )

It follows from the general properties of the principal symbols that
H(§(@)e"™) = h(g, po)d (@)™ +0(1).

Take ¢ so that the L? norm of the remainder is smaller than €. We get inequality (2) by applying the
triangular inequality. Hence

I(H — o) (ge" ") || 121y < 26l 10| 12 a1,

which proves that o (H) N [w — 2¢€, w + 2€] # D. O

3. Escape functions

The key object of this paper is an escape function for . on the energy shell Xg:

Definition 3.1. A smooth function k : ¥y — R, positively homogeneous of degree 1, is called an escape
function if there exists § > 0 so that the Poisson bracket {h, k} = Xk is larger than § on Xj.

A key observation is:

Remark 3.2. If we extend k to T7*M \ 0 as a smooth homogeneous function k of degree 1, then k restricted
to X, is still an escape function on X, for @ small enough.

We first give a general dynamical assumption on the oriented foliation F which turns out to be
equivalent to the existence of a global escape function. We need some definitions, using the definitions of
Appendix B:

Definition 3.3. We will say that the oriented 1-dimensional foliation F of the manifold Z; admits a
simple structure (K, K_) if Zo = K, U K_US as a disjoint union where:

e K. is an attractor of the oriented foliation F, the sink.

o K_ is arepellor of the oriented foliation F, the source.



1524 YVES COLIN DE VERDIERE

» All leaves of points in 2 converge to K at “+00” and to K_ at “—00”; in particular, the basin of
K is QU K and the basin of K_ for the reversed orientation of 7 is QU K_.

Definition 3.4. We say that a compact invariant set K is weakly hyperbolic, denoted by (WH)), if there
exists, in some neighbourhood of K, a vector field W generating F and a smooth density du so that
divg, (W) < 0. Similarly for K_, we have divg, (W) > 0.

Our main result in this section is:

Theorem 3.5. If the foliation F has a simple structure (K, K_) with K and K_ satisfying (WH), then
there exists an escape function.

The converse is true: the existence of an escape function implies that the foliation F has a simple
structure (K, K_) so that K and of K _ satisfy (WH). This simple structure is uniquely determined
by F.

3A. Dynamical assumptions implying weak hyperbolicity. Let us choose a vector field W generating F,
whose flow is denoted by ¢, ¢ € R, and equip Z(y with a smooth density d .
Let us describe properties of closed invariant sets of F from which we can deduce (WH):

(1) If some component of K is an isolated point a, the assumption (WH) says that the trace of the
linearized vector field of W at the point a is negative. This is independent of the choice of W. The case
where the singular point is hyperbolic is studied in [Guillemin and Schaeffer 1977]. They show that,
in the generic situation, there exists a pseudodifferential normal form for such points. Independently,
the classical part of this normal form is also described in dimension 2 in [Davydov 1985; Arnold 1983;
Davydov et al. 2008].

(2) If some component of K is a closed curve y, the assumption (WH) says that the modulus of the
determinant of the linearized Poincaré map is < 1. In dimension n =2, this is equivalent to our assumption
(M2) in [Colin de Verdiere and Saint-Raymond 2020].

(3) They are more complicated attractors which satistfy (WH). The Lorenz attractor is one of them: the
vector field generating it has negative divergence.

3B. Construction of an escape function. We construct an escape function assuming that F has a simple
structure with K4 satisfying (WH).

3B.1. Escape function near I'y. Let I'1 be the subcones of X generated by the sets K. We will
construct in this section an escape function k4 in some conic neighbourhood Uy of I';. A similar
construction can be done on the basin of I"_.

Let us first construct “polar coordinates” (o, 6) on X, where p € RT\ 0, € Z; and the dilations on
Yo actby A-(p,0) = (\p, 0):

Lemma 3.6. If W is a given vector field on Zy generating F, there exist polar coordinates (p,0) €

(RT\ 0) x Zy on X so that

X, = a(6)d, + %W.
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Proof. We start with arbitrary polar coordinates (o1, 6): for example identify Zy with the cosphere bundle
ST for some Riemannian metric on M and define p;(q, p) so that (¢, p/p1(q, p)) € S7. We get, using
the homogeneity of A} and the fact that W span F,

X = a1(0)d,, +%W,

with p = A(0)p1 and hence d,, = A(0)3,. [l

The Liouville measure dL¢ := |dq dp/dh| on Xy, being homogeneous of degree n, with respect to
dilations, can be written as dLo = p"~'|dp| d ., where du is a smooth measure on Zj.
The fact that

divgr, (&) =0
can be rewritten as

(n — 1)a +div, (W) =0. 3)

The assumption (WH) implies that we have a smooth > O function F defined near K so that

dF (W
divp, (W) = ;)

+div, (W) < —c < 0.
Then, if ky := F~/"=Dp, we get

dk (X)) = _ﬁrl/("*) (@ —(n— l)a>,

which is equal to

1
dko (X)) = ——IF*”("*” dive, (W),

and we get that the function k. is an escape function in some conical neighbourhood of I'. ([
We define similarly k_ := —F~ /=D,
Note that k. tends to +o00 as z tends to K viewed as a set of points at infinity of Xy. We have also
ky+ ~ (p) from the definition and the fact that F is positive.
Similarly, the function k_ defined near I'_ tends to —oco as z tends to K _.

3B.2. Extension to ¥y. We choose a positive function m on X which is smooth, homogeneous of degree 0
and equal to my := {h, k1 } in some conical neighbourhoods U of I"1. It follows from Proposition B.2(3)
that we can choose U so that ®;(U;) C Uy for ¢t > 0 and similarly for U_.

Let z be in the basin of I'; and define

l+(2) = lim (k+(<Dz(Z)) - /0 m(Py(2)) dS> :

The limit exists because the expression of which we take the limit is independent of ¢ for ¢ large enough.
Moreover the limit is smooth: if z is given and ®7(z) € U, for all T > Ty, there exists a neighbourhood V
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of z so that ®7,(V) C Uy and hence ®r(V) C U, for all T > Ty. We have then, for w € V,

To
L (w) = ki (Dpy(w)) —/0 m(®;(w)) ds,

which is clearly smooth.

We define similarly /_. The functions /1 are escape functions in the basins of I'1 and satisfy in the
respective basins {4, [1} = m.

Let I'g be the cone I'y := {/; = 0}, which is smooth and transversal to A}, because d/(X;) =m > 0.
On I'p we have now the two functions /1. The difference §(z) =4 (z) —[—(z) is homogeneous of degree 1
and is constant along the flow lines. We will define k£ on the Hamiltonian trajectories t — ®,(z) starting
from z € Fé :={g* = 1} NTy. For further use, we denote by S this hypersurface of T*M. The set Fé is
compact and hence the function |§| is bounded by some constant C > 0 on it. Let us put mo :=minm > 0
and let ¢ : R — R be a smooth function satisfying

e Y(t)=0ifr <0,
o Y(t) =1if t > 4C/my,
o Y| <mgy/2C.

We define now, for z € T},

k(¢i(2)) = (1 =) (Pi(2)) + Y (D) L1 (Ps(2).

The derivative of k with respect to A&}, is then equal to m + ' (I, —[_) > mo/2. We then extend k by
homogeneity.

3C. Deriving the properties of F from the existence of an escape function. In what follows, we assume
only the existence of an escape function k.

Let us give a construction of 'y using only the dynamics of Xj. We will see that these sets are defined
independently of the choice of k: ' is the set of points z € X so that there exists #y < 0 with ®,(z) — 0
ast — tar ; 1.e., the trajectory of A}, is not complete as t — —oo. We similarly define I'_ with #; > 0. We
define K4 so that they generate the cones I'y.. Note that 'y NI'_ = &: if not, let z € 'y NI'_, and then
®,(z) tends to the zero section of T*X as t = ty + 0, because the Hamiltonian flow is complete near the
infinity of T*X. ®,(z) tends also to the zero section as ¢t = #; — 0. This is not possible because the escape
function tends to O at the zero section and is monotonic along the orbits.

Let us recall that we view K1 as sets at infinity of the energy shell, namely the bases at infinity of the
cones I'4.

Proposition 3.7. The picture of the dynamics is as follows:

o If 7€ Xp\ (' UTI'_), then ®,(z) is defined for all t e R, ®,(z) > K4 ast — +oo and ®,(z) > K_
as t — —oo0.

o If z € Ty, then ®,(z) is defined for all t > #(z), ®;(z) - K4+ ast — +oo and P,(z) — O as
t — ty(2).
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e If z € I'_, then ®,(z) is defined for all 1 < #y(z), ®,;(z) > K_ ast - —oo and ®,(z) — O as
t — t9(2).

Proof. Let us choose a metric g on M and consider the set Co :=k~'(0) N (g*)~! (1), where g* is the dual
metric. The set Cy is a generating set for the cone C := k=10). If z € Cy, the trajectory t — ®,(z) is
complete, because t — k(P,(z)) is strictly monotonic and hence does not tend to the zero section where
k =0 at t = £o0. Conversely, every complete trajectory cuts C¢ exactly in one point. This way we get a
subset S of Xy generating X\ (I'y UT_):

S :={P(2) |z€Coy, t €R}.

The orbits sitting in S have no limit points in S because the flow derivative of k is bounded below by some
positive number. Let us consider the projections on Zj of S, I'; and I';, say €2, K4 and K_. We have a
disjoint union Zg = Q22U K1 U K_. Each set is invariant by the foliation. Let us look at a leaf y in Q: y
has no limit points in Q2 (because the foliation in 2 is diffeomorphic to the flow foliation in C). The limit
points are then in K, U K_. We have I'; C {k > 0} and I'_ C {k < 0}. Hence the limit points at 400
are in K, and the limit points at —oo are in K_. The set K is an attractor: it is enough to consider the
neighbourhoods Uy of K which are the projections of the sets ({k > N}NC)UT,. (I

Let us show that the existence of an escape function implies that K satisfies (WH): we choose polar
coordinates (p, 6) near 'y with p = k and we have, from the equations derived in Section 3B.1, that
dk(Xy) =a > 0 and hence div, W = —a/n < 0: all components of K satisfy (WH). A similar argument
works for K _.

3D. Radial sink and sources. Let us recall and introduce some notation: the radial compactification of
T*M is denoted by T*M and the boundary at infinity which we can identify with the sphere bundle is
S*M := T*M/R™*. The compactification of X is ¥, with the boundary at infinity Zy = S¥g C T*M.
Let us rephrase Definition E.52 of [Dyatlov and Zworski 2019a] in our context:
Definition 3.8. Let us introduce the symbol r = —kh, with k, an escape function (homogeneous of
degree 1), and denote by ¥, the flow of r extended to the boundary. The compact set K_ C Z is a radial
source for r if there exists a neighbourhood U C T*M of K_, so that, uniformly for z € U:
(1) Fort <0, |k|(¥;(z)) > Ce®!"! for some C, 6 > 0.
2) Y (z) > K_ast — —oo.
We have:

Proposition 3.9. If k is an escape function, K _ is a radial source for r = —kh.

Proof. In the domain where k < 0, in particular near K_, we have X, = |k|X}, — hX). The vector field X,
is homogeneous of degree 0 and hence projects onto S* M. We denote by Y, this projection. Note that Y,
is tangent to Zy, where it generates the foliation F.

(1) We have X, (|k|) = |k|X,|k| < —38]k|. This implies that in a neighbourhood Uy of K_, where k < —1,
for t <0, we have |k|(y;(z)) > Ce’ll.



1528 YVES COLIN DE VERDIERE

(2) Let us choose Vj a neighbourhood of K_ inside $*M as follows: we choose first a neighbourhood V;
of K_ in Zy, with a smooth boundary, so that ), is outgoing and transversal to the boundary; take V; as
the closure of the projection of the sets {k < —b} N S for b large enough with S defined in Section 3B.2.
We take for V) a neighbourhood of K_ in $*M which is of the form {exp(u),)(m) | m € Vi, lu| < a}.
If a is small enough, the vector field Y, is transversal and outgoing at the boundary of Vj), because
Y,(h) = h{h,k} and {h,k} > § > 0. Hence we get a repellor L_ := (), ¥:(V1). The repellor L_
contains K_ and being invariant by the dynamics of ), restricted to Z is_equal to K_. We then take
for U; a small neighbourhood of Vj in T7*M and we get (2) by taking for U in the definition of a radial
source the intersection Uy N Uj. (|

4. Applying Mourre’s theory

Let us first recall some results of [Colin de Verdiere and Saint-Raymond 2020]. Let us fix @ = 0 for
simplicity and assume that there exists an escape function k£ on the energy shell 3. Then k can be extended
to 7*M \ O as an escape function in the cone |k| < a with some a > 0. Let K be a self-adjoint operator
of degree 1 of principal symbol k. Using the Garding’s inequality (see [Folland 1989, pp. 129-136]),
one gets that K is a conjugate operator in the sense of Mourre: if J is a small enough open interval
containing 0 and 7, is the spectral projector of H associated to the interval J, then

iny[H, K]r; >cmy+ R,

where ¢ > 0 and R is compact. Moreover the operator H is K -smooth; i.e., the map t — /'K He=/'K ig
smooth with values into the bounded self-adjoint operators. Let us define the K-Sobolev spaces, denoted
by H, in the usual way using the s-powers of (1 + K2)!/2. The usual Sobolev spaces will be denoted
by H’. Let us give a comparison between the K-Sobolev spaces and the usual ones. There is a shift in
the exponents due to the fact that the pseudodifferential calculus does not apply to nonelliptic operators
like K.

Lemmad4.1. If f € H', then f € Hy foranys < 1. If f € 7—[;(1, then f € H™S forany s < —1.

Proof. If f € H', then (1 +K?)f | f) < oo because K? is a pseudodifferential operator of order 2 and
hence f € H }< The other inclusion follows by duality with respect to the L? product. (I

It follows then from Mourre theory [Mourre 1981; 1983; Jensen et al. 1984; Gérard 2008] that:

Theorem 4.2 (Mourre). The operator H has a finite number of eigenvalues in J, and they have finite
multiplicity. Assuming that 0 is not an eigenvalue, the resolvent (H — z)~! defined for Iz > 0 admits a
boundary value v — (H —w —i0)~! for w real, close to 0, which, for any € > 0, is Holder continuous
for some positive Holder exponent, depending on €, from the Sobolev space H}{/Zﬂ into ’H;(l/ e for all
€ > 0.

Moreover, if T1_ is the spectral projector on the negative part of the spectrum of K, then f € H};ré

implies TI_((H —i0)~' f) e L2

It follows then in our context:
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Theorem 4.3 [Colin de Verdiere and Saint-Raymond 2020]. Assuming the existence of an escape function
at w = 0 and that 0 is not an eigenvalue of H, then the solution u(t) of the forced wave equation (1) with
a smooth forcing f can uniquely be written as

u(t) =ue +n(t)+r(t),
where

o Uoo = (H —i0)"'(f) belongs to H ">~

1/2—¢

CH ™ foralle >0,

o n(t) > 0inHy CH ! foralle >0,

e The function t — r(t) is bounded in L* has a Fourier transform vanishing near 0,

. ||u(t)||i2 ~ ct ast — +oo with in general ¢ > 0.

5. Using radial source and sink propagation results

5A. Wavefront set of u. We will now derive results on the distribution u, using the radial propagation
estimates of Dyatlov and Zworski, based on earlier ideas of Richard Melrose [1994] and Andras Vasy
[2013].

Theorem 5.1. The wavefront set of u is contained in the cone I ;.

Proof. The result follows from the argument explained in the revised version of [Dyatlov and Zworski
2019b, Section 3.1]. This uses only the fact that K_ is a source (see Section 3D). They introduce an
operator (D) which is elliptic self-adjoint invertible of degree 1. We choose it so that its principal symbol
near I'_ is |k|. They introduce then

ve := (D) V2(H —ie) (D) *(g),

with g = (D)l/z(f) andu, = (H —ie) ' (f) = (D)2, Using a refined version of Theorem E.54 of
[Dyatlov and Zworski 2019a], they show that there exists A, elliptic near I'_ of degree 0, so that, for any
s, the norms || Ave ||y are uniformly bounded in € > 0. We need to use here, in inequality (3.2) of [Dyatlov
and Zworski 2019b], that ||v¢||—x is bounded; we know it from Mourre theory for N > 1. Passing to the
limit which is known to exist in ! by Theorem 4.3, we get that u., is smooth near I'_. The usual
propagation of singularities applied to the equation Huo, € C* gives the result. (]

Proposition 5.2. If Hu =0 and u € L>(M), then u is smooth.

Proof. It follows from Exercise 33 in Appendix E7 of [Dyatlov and Zworski 2019a] that « is smooth near
I'_ and changing H into —H, u is also smooth near I';. ]

Remark 5.3. In the case n = 2, not all closed conical invariants subsets of '} can be wavefront sets of
some u~. If the wavefront set contains the line generated by a (ws) saddle point, it contains also one of
the two branches of the associated unstable manifold and hence, being closed, also an attractive invariant
set. This is proved in [Guillemin and Schaeffer 1977], at least for generic cases.
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5B. Sobolev regularity of us.. We saw in Section 4 that u., belongs to 7 ~'. Let us show that the radial
sink estimates of [Dyatlov and Zworski 2019a] allow to get:

Theorem 5.4. Under the assumption of the existence of an escape function, we have, for all € > 0,
Uoo € HTI/27E,

Proof. We use the fact that K is a sink as defined in [Dyatlov and Zworski 2019a, Definition E.52]: this
is proved exactly the same way that we proved that K_ is a source in Section 3D, or just by reversing the
orientations. We use then Theorem E.56 of [Dyatlov and Zworski 2019a] directly for the operator H
knowing already that u., is smooth away from I'y. Replacing (§) by (k;) we see that the threshold
condition (E.5.44) is satisfied for s < —%. U

6. The 2-dimensional case

In this section n = 2.

6A. Morse-Smale foliation.

Definition 6.1. A hyperbolic singular point of F is called weakly stable if the trace of the linearization
of any smooth vector field generating F is < 0. We define similarly weakly unstable hyperbolic singular
points. We denote these properties respectively by (ws) and (wu).

Note that if dh # 0 on X, any saddle point is either weakly stable or weakly unstable depending on
whether A}, is pointing to infinity or not; this follows from (3) where a # 0.

Let us recall that a vector field on a surface is Morse—Smale if the nonwandering points are singular
hyperbolic points and closed hyperbolic cycles and there is no saddle connection, i.e., there is no leave
whose both limit points are saddle points. We extend this definition to oriented foliations of surfaces by
choosing any vector field generating the foliation.

Theorem 6.2. Let n be equal to 2. Let us assume that the foliation F is Morse—Smale. Then there exists
an escape function. The set K. is the union of all the attracting cycles and points and all the unstable
manifolds of the (ws) saddle points. The set K_ is constructed in a similar way.

Remark 6.3. Any generic foliation of a closed surface satisfies the previous properties: Mauricio Peixoto
proved in the sixties that Morse—Smale vector fields on surfaces are generic; see [Palis and de Melo 1982,
Chapter 4] for a detailed proof. As pointed out to me by Sylvain Courte, this genericity property extends
to our context, i.e., to singular foliations of a surface embedded in a contact manifold, as it is proved in
the Ph.D. thesis of Emmanuel Giroux [1991, Lemme 1.3].

Proof. Note first that K and K_ are compact. They are also disjoint because there is no saddle connection.

Let us prove that K is an attractor. Let Ky be the union of the attracting component of K. The
compact set Ky itself is an attractor. Let us assume for simplicity that there exists an unique (ws)
saddle-point b. Near b the foliation has a local normal form: the level sets of the function xy in a ball B
contained in IR)ZC’ , With the orientation given by xd, — ydy. Let us consider a neighbourhood Uy of Ky
satisfying the conclusion of Proposition B.2. The basin of Ky is the complement in Zj of the union of all
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unstable cycles and all the stable manifolds of the saddle points. In particular by taking ¢_7(Up) with T
large enough instead of Uy one can assume that Uy contains L := {|x| > a, |y| <b}N B with a, b > 0.
Let us take now for the neighbourhood of K the set U := Uy U L. Clearly ﬂzzo ¢, (U) =K.

Remark 6.4. KU {b} is not an attractor!

Let us fix a density du on Zy and construct a vector field W generating F near K, whose divergence
is nonpositive on K. First, we construct a vector field W, with div(W;) < 0 in some neighbourhood Uj,
of each (ws) saddle point b. We construct also (see Appendix A.2) a vector field W, in the basin of each
attractive cycle or point a with nonpositive divergence. Let us choose a positive function /, tending to
+o00 at the boundary of the basin of a. Then, for L, large enough the set {/, > L} intersects the unstable
manifolds ¥; of each (ws) saddle point b; inside Up,. We choose x, € C°(R, [0, 1]) so that x,(s) =1
for0 <s <L, and x/(s) <0 for s > 0. Then we take

W= Z((Xa Ola)Wa +C Z Wjij)

bj(ws)
where ; satisfies

° w] € Cgo(Ubj’ R+),
° W/szlon{laZLa}ﬂY',
» dyj(W) <0onY;NUp,

and C > 1. This smooth vector field is well-defined near K and has negative divergence on K. [

6B. Lagrangian distributions associated to hyperbolic closed leaves. Let ' C T*X \ 0 be a conic
component of I'y generated by a closed hyperbolic cycle K o of the foliation . The cone I" is a conic
Lagrangian submanifold of 7*X \ O: the Euler identity implies w (X}, pd,) = 0. A theorem of Alan
Weinstein [1971] implies that there is a homogeneous canonical transformation x defined in a conic
neighbourhood C of I" whose image is a conic neighbourhood of the zero section of 7*I" and so that
x (") is the zero section of T*I". More precisely x restricted to I" identifies I" to the zero section of its
own cotangent bundle. Taking polar coordinates (x, n) € (R/Z) x (R4 \ 0) on the cone I, the cotangent
bundle of I admits coordinates (x, n; &, y) with the symplectic form d& A dx + dy A dn. Note that they
are not the symplectic coordinates of 7* X, but those of 7*I"! Let X be defined as X¢ := (R/277), x R,.
The symplectic map (x, n; &, y) — (x, —y; &, n) from T*T" onto T* X identifies 7*I" with T*X(. With
this identification, I" is moved into 'y = {y = 0, & = 0}, which is the conormal bundle of the circle of
Yo C X¢ defined by y = 0. The Hamiltonian vector field Xy of kg :=ho x ~! preserves I'g. Along Iy, it is
then given by Xy = 0ghod, — dyh0, and there d,ho = 9,ho = 0. Because the foliation F is nonsingular
near K o, we have d:ho # 0. Hence the image of the energy shell ¥ is given by §/n = F(x, y). The
projection  : Zg — X is a local diffeomorphism near K o. Because it is a diffeomorphism on the
cycle K o, it is even a global diffeomorphism.

Using the tools introduced by Alan Weinstein [1975], we can build an FIO microlocally unitary
U : L*(X) - L*(Xo, M) with M a flat bundle, called the Maslov bundle, so that UHU* — K is
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! sub(K) = 0. We are then reduced to the case already studied in

smoothing in C and 0,(K) =ho x~
[Colin de Verdiere and Saint-Raymond 2020] where the projection of y onto M is a diffeomorphism.

This proves, following then [Colin de Verdiere and Saint-Raymond 2020]:

Theorem 6.5. If I is a component of I'y generated by a closed hyperbolic stable cycle of F, the
distribution u is microlocally near I" a Lagrangian distribution.

7. The 3-dimensional case with S! invariance

Quite often in physical situations, there is an invariance of the problem by rotation or translation: internal
waves in some canal [Maas and Lam 1995], inertial waves inside the earth or some stars [Rieutord and
Valdettaro 2018], etc. We will study the case where M = N, x 591 is a 3-manifold with the canonical action
of ! by translation on the second factor. We denote by (g, p; 6, ) some local canonical coordinates on
T*M and assume that N is equipped with a smooth density |dg| and M with |dg d6|. Let us give a smooth
Hamiltonian & = h(q, p, t), homogeneous of degree 0, on 7*M \ 0 and a self-adjoint pseudodifferential
operator of degree 0, H, of principal symbol &, acting on L>(M, |dg d6|). We assume that H commutes
with the S'-action. The operator H is then a direct sum of operators on M:

H :@Hn,

neZ

where H,, acts on L>(N, |dq|) as a self-adjoint pseudodifferential operator of principal symbol &, (g, p) :=
h(q, p, n) which is also equal to h(g, p/n, 1) if n # 0.
The spectrum of H is clearly the closure of the union of the spectra of the H,,’s.

7A. Spectra of H and the H,’s. Let us define ho(q, p) := h(q, p,0) and h(q, p) = h(gq, p, 1). Note
that 2, is a smooth symbol of degree 0 on T*N which is asymptotic to h¢ at infinity. The essential
spectrum of H is the interval I := [doo, boo], Where ax, =inf /i1 and b, = sup /1. The essential spectrum
of the H,,’s is quite different: from the identities

p n 1
h(g, p,n) = h<q, —, —) =ho(q, p) + 0<—>,
lpl Pl |p|
one gets that the principal symbol of H,, is hg. Hence the essential spectrum of any of the H,’s is
Iy := [ao, by], where ag = inf hg and by = sup hg. Note that we have Iy C I, and they are often identical
in the applications to physical problems.

We are interested in more precise properties of the spectra: we claim that, in I/ \ Iy, the spectrum
of H is pure point dense; i.e., there is a basis of L? pairwise orthogonal eigenfunctions. Moreover the
eigenvalues of H, obey a Weyl rule when n — 0o. One expects that the spectrum has no embedded
eigenvalues in the interior of /y. But quasimodes of the type “well in an island” are possible if the
dynamics of A has stable bounded invariant sets (see Section 7B).
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Theorem 7.1 (Weyl law). The spectra o (H,) of the operators H,, in I, \ Iy are discrete. For any compact
interval J included in I, \ Iy, we have

2
#{0 (Hp) N T} ~nso 4”7 vol({q. p | hi(q. p) € I},

where the volume is defined with the Liouville measure on T*N and the eigenvalues of H,, in J are counted
with multiplicities.

Proof. The full symbol of H can be written as

o
h=hg, p.©)+)_ki(g, p. 1),
j=1

with k; homogeneous of degree j. Hence H, can be viewed as a semiclassical pseudodifferential operator
on N of semiclassical symbol

oo
hn=hi(q. hp)+ Y W ki(q.hp, 1),
j=1
with # = 1/n. The theorem follows hence from the semiclassical Weyl asymptotics. ([

7B. Classical dynamics. We will assume that the frequency w = 0 is fixed and the 2-dimensional
Hamiltonian h¢(q, p) := h(q, p, 0) admits an escape function. We will look at the dynamics of i :=
h(g, p, 1). Note that the dynamics of & reduces on each set t = a with a # 0O to that of #; by some
simple rescaling of the time. Moreover

lim hi(q, p) =ho(q, p).
p—>00

Near infinity the dynamics still admits an escape (Lyapunov function) and hence the orbits, if they come
close enough to infinity, will converge to K at 400 and K_ at —oo. The dynamics ¢t — ¢; of A is
hence complete. We split the phase space into three pieces: 7*M = QU C U C_, where

e Qis the set of (g, p) so that ¢,(q, p) > K4 as t — £o0,
o C, is the set of (g, p) so that ¢;(g, p) stays bounded for ¢ > 0,
e C_ is the set of (g, p) so that ¢;(g, p) stays bounded for r <0.

Finally, we define C := C N C_, the set (g, p) so that ¢, (g, p) stays bounded for ¢ € R. In the literature,
C is called the trapped set.

It could happen that C supports some quasimodes associated to the semiclassical parameter 1/n.
Generically, these quasimodes are not close to true L>-eigenfunctions because such eigenfunctions do not
exist. They are still visible in the wave dynamics for a very long time. ..

8. Open problems

There are still many open problems. Let us describe a few of them:
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» How does the spectral picture extend outside the intervals with a.c. spectra? This problem is already
not solved in the simple case where Zj is a 2-torus, assuming the existence of a global transversal to the
foliation, and the Poincaré map loses its hyperbolicity in a generic way.

o More generally, can we study what happens at the critical values of 4 assuming that this function is
Morse or even Morse—Bott on S*M?

» What can we do in the case of a manifold with boundary? In particular, can we say something in the
case of a polygon which is studied in the experiments of the Thierry Dauxois’s team [Brouzet 2016].

» Prove the generic absence of embedded eigenvalues.

 Consider the viscous case, namely the forced equation

du

o +iHu—oAu= fe ', u(0)=0. 4)

where o is a positive number and A is the Laplacian associated to some Riemannian metric on M. Study
the “small viscosity” limit o — 0? In particular, do the limits 0 — 0 and  — 400 commute?

o There is a discrete analogue of Mourre’s theory for unitary maps; see for example [Fernandez et al.
2013]. What can be said from the spectral theory of the unitary action of a diffeomorphism of a closed
manifold on half-densities? For example, what is the spectral theory of a diffeomorphism of the circle
with irrational rotation number which is not C!-conjugated to a rotation?

Appendix A: Divergences

Al. Formulae. Let us give a smooth vector field W whose flow is denoted by ¢, ¢ € R, and a smooth
density du. The divergence of W with respect to du is the function defined by

CWd/,L

divg, (W) = dn

where the Lie derivative Ly du is defined by

d
Lwdu = — *duw).
wdu dt|t=0¢[( )

Cartan’s formula gives
d(w(W)dp)

divg, (W) =
du ( ) d,bL
where ¢( - ) is the inner product. In particular, we get the useful formulae

divg, (fW) =df (W) + f diva, (W),
dg(W)

divgg (W) = + divg, (W).
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A2. Extending vector fields with negative divergence.

Lemma A.1. Let us assume that the invariant compact set K admits a smooth (Liapounov) function [
defined in the basin B of K with dl(W) < 0 outside K and [(K) = 0 and | — +0o0 at the boundary of B
(this is the case in particular if the attractor K is hyperbolic). If the vector field W satisfies divg, (W) <0
in some open neighbourhood V of K, then there exists a vector field Wy = FW in B, so that F > 0 and
divg, (W) <0in B.

Proof. Let us choose r > 0 so that {{ <r} C V. It is enough to take ' =1 in {/ <r} and, for any x € B
with /[(x) =r and any ¢ > 0,

F(¢;(X)) = ef()t (I)(fps(x))ds’

with ® smooth, ® =0 near /(y) < r and, for all y with [(y) > r, ®(y) < —divg,(W)(y). [l

Appendix B: Attractors and their basins

We give here some useful definitions and elementary properties of dynamical systems. We consider
a smooth closed manifold X with a smooth vector field V whose flow is the 1-parameter group of
diffeomorphisms of X denoted by ¢,, t € R. The definitions and statements are taken from [Hurley 1982].
We have the following:

Definition B.1. (1) If K C X is a compact invariant set, i.e., a subset of X preserved by the flow, K is
called an attractor if there exists an open neighbourhood U of K in X so that K = ﬂ,zo ¢:(U).
(2) If K is an attractor, the basin of K is the set of points x so that ¢;(x) — K as t — +oo0.
(3) A point x € X is wandering if there exists a neighbourhood U of x so that ¢,(U)NU = & for ¢ large

enough.

The set of wandering points is open. The basins are open subsets of X. We will need the following
properties [Hurley 1982, Lemma 1.6]:

Proposition B.2. If K is an attractor, and V' a neighbourhood of K, there exists an open set U satisfying:
() KcUcV.

@) Nz () =K.

(3) For all £ > 0, we have ¢,(U) C U.

The convergence of ¢, (m) to K is uniform on every compact subset of the basin of K.

The previous sets are the same for V and fV, where f : X — ]0, +0o0[ is smooth. They can therefore
be defined for a 1-dimensional oriented foliation generated by a smooth vector field. In particular the
open set U of the previous proposition is independent of f.
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We show that the derivative nonlinear Schrodinger (DNLS) equation is globally well-posed in the weighted
Sobolev space H>2(R). Our result exploits the complete integrability of the DNLS equation and removes
certain spectral conditions on the initial data required by our previous work, thanks to Zhou’s analysis
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1. Introduction

We prove global well-posedness of the Cauchy problem for the derivative nonlinear Schrodinger (DNLS)
equation

iy gy —ie(lulPu)y =0, &==I,
{ (1-1)

u(x,t=0)=up(x),
with initial condition u( in the weighted Sobolev space
H*?(R) = {u € L*(R) : u” (x), x*u(x) € L*(R)}.

In contrast to previous work using PDE methods [Fukaya et al. 2017; Hayashi and Ozawa 1992; Wu 2015],
we impose no upper bound on the L?-norm of the initial data (although we require more smoothness and
decay than these authors), and in contrast to previous work using completely integrable methods [Jenkins
et al. 2018a; 2018b; Lee 1989; Liu et al. 2016; Pelinovsky et al. 2017], we make no spectral restrictions
to “generic initial data” that rule out singularities of the spectral data associated to the initial condition.
We use the complete integrability of DNLS discovered by Kaup and Newell [1978]. As we will explain,
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an essential ingredient of our work is Zhou’s approach [1989a; 1998] to inverse scattering with arbitrary
spectral singularities building on the work of [Beals and Coifman 1984]; to our knowledge, the present
paper constitutes the first application of these techniques to global well-posedness questions for integrable
PDEs that involves no spectral assumptions on the initial data. This is significant in that Zhou’s methods
are quite general and are likely applicable to well-posedness questions for other integrable PDEs in one
space dimension.

To describe our results more precisely, we recall that the invertible gauge transformation

G(u)(x) =u<x>exp(is / |u<y>|2dy)

maps solutions of (1-1) to solutions of

{iqf+qxx+ieq2eix+%lql4q=0, e ==l, 12

q(x,1=0) =qo(x).

Equation (1-2) is more directly amenable to inverse scattering. It is shown in [Colliander et al. 2002]
that G is a continuous map from H® to H®, s > % It is straightforward to check that it is a locally
Lipschitz continuous map from H?>2(R) to itself. Indeed, setting ¥ (u) = /, xoo lu(y)|*>dy and writing
G(u) = u+ ('*¥ — 1)u, it is sufficient to prove the map u +> e'® v is Lipschitz continuous from H 22(R)
into W2°°(R) and apply the Leibnitz rule. In particular, one easily proves that

. o] N2 N2
11— e S WOPOD gyl S flu = v 2,

where the implied constants may depend on ||u|| g2 and ||v]| y22. Global well-posedness in H>2(R) for
(1-1) and (1-2) are thus equivalent. In the following, we fix ¢ = —1, since solutions of (1-2) with ¢ =1
are mapped to solutions of (1-2) with ¢ = —1 by g(x, t) — g(—x, t). The main result of the paper is the
following theorem:

Theorem 1.1. Suppose qq € H?2(R). There exists a unique solution q(x, t) of (1-2) with g(x,t=0)=qo
and t — q(-,t) € C([—T, T], H>?*(R)) for every T > 0. Moreover, the map qo — q is Lipschitz
continuous from H*2(R) to C([-T, T], HZ’Z(R))for every T > 0.

The Cauchy problem for (1-1) is locally well-posed in H!(R) as well as in weighted spaces H™-°N H %"
(m > 1) and it is globally well-posed for small initial data [Tsutsumi and Fukuda 1980; Hayashi and
Ozawa 1992]. More precisely, it was proved in [Hayashi and Ozawa 1992] that for any initial condition
up € H'(R) such that ||uo| 2 < V2, global well-posedness holds in H I(R). The smallness condition
was recently improved to |Jugl|;2 < /47 (or |lug||;2 = v/47 with additional conditions on initial data)
[Wu 2015; Fukaya et al. 2017].

The present paper also builds on previous work of the coauthors which proved global well-posedness of
the DNLS equation for initial conditions uq in weighted Sobolev spaces under some additional conditions
that exclude the so-called spectral singularities [Jenkins et al. 2018b; Liu 2017; Pelinovsky et al. 2017]. In
this context, we proved global well-posedness for data in an open and dense set of H>2(R) which allows
finitely many resonances, which refer to eigenvalues away from the continuous spectrum but no spectral
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singularities, and also established the long-time behavior of solutions in the form of the soliton resolution
[Jenkins et al. 2018a]. We will discuss precisely in Section 2 the meaning of spectral singularities. In the
present paper, we remove all spectral assumptions on the initial data and obtain global well-posedness of
the DNLS equation for general initial condition in H>2(R).

Our approach is inspired by the work of Zhou [1989a; 1995; 1998], who developed new tools to
construct direct and inverse scattering maps that are insensitive to singularities of the spectral data. We
emphasize that spectral singularities may affect the long-time behavior of solutions in the same way that
eigenvalues affect the long-time behavior of solutions through soliton resolution (see [Jenkins et al. 2018a],
where the soliton resolution conjecture is proved for generic initial data). In the case of the focusing cubic
nonlinear Schrodinger equation, Kamvissis [1996] studied the effect of a single spectral singularity on the
large-time behavior of solutions. He showed that the latter is limited to the region of the (x, #)-plane in
which the spectral singularity is close to the point of stationary phase, and there, slightly modifies the rate
of decay. In a future paper, we will investigate how spectral singularities affect the long-time behavior
of DNLS solutions. A new version of the inverse scattering transform has been recently introduced in
[Bilman and Miller 2019] to deal with arbitrary-order poles and spectral singularities in the context of
focusing NLS with nonzero boundary conditions. This method relies on the initial value problem for the
Lax pair and avoids the use of a cut-off potential.

Occurrence of spectral singularities in the spectral problem is not an exceptional phenomenon. In the
context of the focusing NLS equation, Zhou [1989a] constructed one example in which Schwartz class
potential leads to infinitely many eigenvalues accumulating on the real line to form a spectral singularity
and another example where infinitely many spectral singularities accumulate. In Appendix B of [Jenkins
et al. 2018b], we analyzed a family of potentials of the form ¢ (x) = A sech(x)e’?™ for which one can
explicitly compute the scattering data, thus illustrating various characterizations of the spectral map. In
particular, we exhibit potentials for which the associated spectral problem has either no discrete spectrum,
or exactly n eigenvalues and no spectral singularities, or n eigenvalues and one spectral singularity.

To explain our methods, we will sketch the completely integrable method for (1-2) as discovered in
[Kaup and Newell 1978] in two steps. First, we describe how the method works when the initial data
do not support solitons or spectral singularities. Next, we describe how Zhou’s method [1989a; 1998] can
be extended to the DNLS equation to construct global solutions in the presence of solitons and spectral
singularities.

1A. The inverse scattering method: no singularities. Kaup and Newell [1978] showed that the flow
determined by (1-2) may be linearized by spectral data associated to the linear problem

%\Il(x,§)=—i§20l1’+§Q(x)lI’+P(x)\IJ, ¢ e RUIR, (1-3)

where W (x, ¢) is a 2 x 2 matrix-valued function of x and

(1 0 _( 0 g _ (P O\ _iflg)P 0
o=(o 1) en=(5w ) ro=( )=5("T" _ytoe) @
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Later, it will be convenient to set ¥ (x, ¢) = m(x, ¢)e ¢ 2", so that m solves the equation

%m(x,;) = —ig“zad(a)m—i—CQ(x)m—i—P(x)m, (1-5)
where
ad(c)A=0A — Ao.

Equation (1-3) admits bounded solutions provided g € L'(R)NL%*(R) and ¢ € RUIR. There exist unique
solutions W*(x, ¢) of (1-3) satisfying the respective boundary conditions

. + it2xo _ _ 10
xl}rinoollf (x,¢)e =1, I_(O 1).
These Jost solutions have determinant 1 and define action-angle variables a and b for the flow (1-2)
through the relation
- a(g) b(z)
W (x, 0) =¥ (x, )(v .y :
¢ oo aw

That is, if g (x, t) solves (1-2), and a(¢, t) and b(Z, t) are the corresponding scattering data for g( -, 1),
then

ag, 1) =0, b, 1) =—4ic*b(,1). (1-6)

Thus, if the map g — (a, b) can be inverted, one can hope to solve (1-2) via a composition of the direct
scattering map ¢ — (a, b), the flow map defined by (1-6), and the inverse map (a, b) — gq.

The functions a and & have analytic extensions to the respective regions Q~ = {Imz> < 0} and
Qt = {Imz% > 0} (see Figure 1). Zeros of a (resp. a) in Q™ (resp. Q1) are associated to soliton solutions
of (1-2), while zeros of a or a on RU iR are called spectral singularities. For the moment, we assume
that a and a are zero-free in their respective regions of definition. This allows us to define the reflection
coefficients

_b@) 2 2@
0= FO=g0

The map g — r is the direct scattering map. One can recover a and b from r by solving a scalar

¢ e RUIR. (1-7)

Riemann—Hilbert problem. By symmetry one has that 7(¢) = —r(_g:).

In his thesis, J.-H. Lee [1983] formulated the inverse scattering map as a Riemann—Hilbert problem
(RHP) in which r and 7 enter as jump data for a piecewise analytic function. To describe it, denote by
R U R the oriented contour, shown in Figure 1, left, that bounds Q% with Q7 to the left and Q™ to the
right. An oriented contour that divides C into two such regions Q1 and Q7 is called a complete contour.

Denote by m* the renormalized Jost solutions m* = WEei*e%o et m;r and m; denote the first
and second columns of m™, with a similar notation m; , m, for the columns of m~. From the integral
equations (2-2)—(2-5), it is easy to see that, for each x, m| (x, ¢) and m; (x, ¢) extend to analytic
functions of z € 7, while mf(x, ¢) and m, (x, ¢) extend to analytic functions of z € 7. From these
columns, one can construct left and right Beals—Coifman solutions M (x, z) of (1-5) which are piecewise
analytic for z € C\ (RU{R) and normalized so that lim,_, o, M (x, z) = I (right-normalized, (2-8)) or
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iR iR
Q- Y Qt a¢) vy a@®
< > R < > R
Q4 Qo ag) ¢ a@)

Figure 1. Left: the regions Q% and the contour RU iR. Right: zeros of a and a.

limy_, oo M(x, z) = I (left-normalized, (2-9)). In what follows, we discuss the right-normalized solution.
Enforcing these normalizations involves division by a and a so any zeros of a and & would create new
singularities.

The Beals—Coifman solution solves a Riemann—Hilbert problem (RHP) in the z-variable. Thus x plays
the role of a parameter and, for each x, the function M (x, z) is piecewise analytic in z with prescribed
asymptotics as z — oo and prescribed multiplicative jumps along the contour RU iR.

More precisely, for each x, the piecewise analytic function M (x, -) solves the following Riemann—
Hilbert problem.

Riemann—Hilbert Problem 1.2. For each x € R, find an analytic' function M(x,-) : C\ (RUIR) —
SL(2, C) with
(1) lim; oo M(x,2) =1,
(i) M has continuous boundary values M+ as 7 — ¢ € RUiIR from Q%, and
(iii)) ML obey the jump relation
My (x, ) = M_(x, )™ M7y (),

where

e LH1r@) e 25 r ()
ix¢“ado _
) "= (-ezi”zf(o L)

The matrix e~*¢* 49y is called the Jjump matrix for the RHP 1.2. We recover ¢g(x) through the
asymptotic formula

g(x) =2i lim zM1,(x, ), (1-8)

which may easily be deduced from the large-z-expansion for M (x, z) and the fact that M (x, z) satis-
fies (1-5).
RHP 1.2 and the reconstruction formula (1-8) define the inverse scattering map.

f a has zeros, M is meromorphic and discrete data for each pole must be added to close the problem. For the present, we
assume that a and a are zero-free.



1544 ROBERT JENKINS, JIAQI LIU, PETER PERRY AND CATHERINE SULEM

1B. The inverse scattering method: singularities. So far, we have assumed that a and a are zero-free;
however, zeros of a and a do occur for data of physical interest. By the symmetries

a@)=a@), a(=¢)=a(), (1-9)

zeros of @ and @ in C\ (RUIR) occur in “quartets”, as shown in Figure 1, right. These quartets correspond
to soliton solutions of (1-2). The further symmetry

b(=¢) = —b(©),  b(&)=—b(Z) (1-10)
and the determinant condition
a(©)ag) —b()b) =1

imply
la(it)|* — |b(it)|* =1

for all real ¢, so a has no zeros on the imaginary axis. However, zeros of a on the real axis may occur
and correspond to spectral singularities. RHP 1.2 is no longer solvable since the jump matrix v now has
singularities on the contour R Ui[R; moreover, any zeros of a and a in their domains of analyticity will
make the Beals—Coifman solutions meromorphic rather than analytic.

On the other hand, any zeros of a and ¢ lie in the disc

B0, R) ={z:|z| < R},

where R is determined by ||g|l g22 (see, for example, [Liu 2017, Proposition 3.2.5]). Moreover, for
gl 22 sufficiently small, a and & are zero-free on their respective domains. We will say that such a
potential has zero-free scattering data.
Zhou’s insight [1989a; 1998] is that RHP 1.2 can be modified in the following way. First, choose R so
large that a and a have no zeros in C\ B(0, R), and denote by Xy the circle of radius R centered at 0.
Choose x¢ > 0 sufficiently large so that the potential

X =< Xo,

O,
dxo(X) = i (1-11)

q(x), x> xo,

has zero-free scattering data; a sufficient condition to achieve this is that

1
sup ”ZQ + P“Ll(x>x0) <3
lzI=R

(see Section 2, (2-12) and the discussion that follows).

Note that both xg and R may be chosen uniformly for ¢ in a bounded subset of H 22(R). Next, let
MO (x, z) denote the solution to RHP 1.2 for dx,- The function M O js analytic in C \ (RUiR) with
continuous boundary values Mf_? ) on RU iR. Indeed, resonances and spectral singularities for g,, are

ruled out by the small norm assumption.

Remark 1.3. Although the sharp cut-off potential gy, is not in the H>? space, it is in H*? and we will
only need this decay property to construct H>? scattering data on a bounded set.
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Figure 2. The augmented contour I' = RU ', (right) in the A-plane for the modified
Riemann—Hilbert problem RHP 3.1 and its preimage ¥ = RU IR U X (left) in the
¢-plane. The regions Q2 = Q1 U Q4 (shaded) and Q2_ = 2, U Q3 lie, respectively, to the
left and right of T.

Denote by M1 the unique solution of the Volterra integral equation

MOG, o) =1+ f SO0 (1 0 () My, 1) + PYMDO (v, £)) dy (1-12)

X0
and define

MP(x,0) = MO (x, £)e ' G0 @ Oy ), (1-13)

Since M® and M@ agree at x = xo, it follows by uniqueness that M (x, ¢) = M@ (x, ¢) for all
x > xo. We notice that MV (xg, z) is entire in z; thus M@ (x¢, z) and M (xo, z) share the same domain
of analyticity. Define the contour

oriented as in Figure 2, left, and define

M(x,z), ze€C\ (B, R)UX),

M(x,z2)= {M<2)(x,z), z€ B0, R)\ X.

(1-14)

The function M (x, z) is piecewise analytic on C\ (B(0, R) U (RUiR)) because a and a are zero-free
for |z| > R. By construction, the function M @ s piecewise analytic in B(0, R) \ (RUiR). The new
unknown M (x, z) obeys RHP 3.7.

The jump matrix of the Riemann—Hilbert problem for M (x, z) is unchanged outside the circle ¥, but
is replaced inside by new jump data that may be explicitly computed from g and ¢,,; see Section 2 for
a full discussion. Since M (x, ) = M (x, ¢) in a neighborhood of infinity, we can still recover g from
the reconstruction formula (1-8). To carry out the analysis, we change variables from ¢ to A = ¢ and
actually analyze RHP 3.1.

To analyze the direct map (from the given potential g to the jump matrix for the augmented contour X)
and the inverse map (from the jump matrix to the recovered potential) it is helpful to exploit the symmetry
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reduction of the spectral problem (1-3) to the spectral variable A = ¢2. Under the map ¢ +> ¢2, the
augmented contour X is mapped to the contour

=RUlw, Do ={lz] = S}, (1-15)

with induced orientation as shown in Figure 2, right; the shaded and unshaded regions shown in Figure 2,
left, are mapped to the shaded and unshaded regions shown in Figure 2, right. The circle ¥, is mapped
to s, the circle of radius So, = R?; we let 'S = 'y, N CE. The augmented contour T in Figure 2,
right, decomposes C \ I" into two sets. The notation for the sets €2, consistent with our use of subscripts
for boundary values, should not be confused with the superscripted sets 2% = {£Im z? > 0} previously
introduced:

Qr=QUQs and Q_=QUQ3 (1-16)

such that € (resp. ©2_) lies everywhere to the left (resp. right) of I'. The contour I" can be viewed
simultaneously as the boundary of 2 or Q2_, and we will write

'y =0Q4 or I''=0Q_ (1-17)
when we want to emphasize either interpretation. Finally, in what follows, we will set
Roo =R\ [—So0, Seol: (1-18)

that is, R, is the part of the contour R outside the circle .

In the rest of the paper, the letter z is used as a general notation for a complex variable off contours,
while ¢ refers the variable on the contour ¥ and A = ¢? to the variable on the contour I".

One can compute the jump data for the Riemann—Hilbert problem on the contour I" explicitly in terms
of scattering data for ¢, scattering data for g,,, and normalized Jost solutions for g (see Figure 3 and
Proposition 2.2); it is then easy to show that the direct spectral map from g € H>?(R) to these scattering
data is continuous in a natural topology on the jump data (see Theorem 2.7 for a precise statement).

It remains to show that the scattering data can be time-evolved continuously and that RHP with
scattering data as described in Theorem 2.7 can be uniquely solved and used to recover the potential g.
To do so, much as in [Jenkins et al. 2018b; Liu et al. 2016], we show that the Riemann—Hilbert problem
in the A-variable is equivalent to a Riemann—Hilbert problem in the ¢-variable which is uniquely solvable.
We then apply Zhou’s uniqueness theorem (see Proposition 2.1 and [Zhou 1989b]) to obtain unique
solvability. We also need to show that the recovered potential is continuous in the scattering data; this will
follow from Zhou’s results [1998] and our previous results on the scattering transform in [Liu et al. 2016].

Finally, we sketch the content of the paper.

Section 2 is devoted to the direct scattering map. In Section 2A, we recall the basic properties of the
scattering problem and Beals—Coifman solutions in the ¢-variable. In Sections 2B and 2C, we construct the
scattering data in the ¢- and A-variables. The goal is to choose the scattering data so the inverse scattering
problem will allow a reconstruction formula for the potential. For this purpose, we implement Zhou’s
method to deal with spectral singularities. In this setting, the usual Beals—Coifman solutions are changed
to piecewise analytic functions according to (1-14). We give explicit formulas for the corresponding jump
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matrices along the augmented contours.>We use the approach of [Zhou 1998] (see also [Trogdon and
Olver 2016]) to address the matching conditions at the intersection points of the contours and give a full
description of the jump matrices and their factorization. In Section 2D, we establish the time evolution of
the scattering data. Finally, as shown in [Deift and Zhou 2003, Lemma 3.4] in the absence of spectral
singularities, right and left RHPs are needed to obtain decay rate of the potential as x — =00; there are
separate left and right augmented RHPs for the same purpose in this paper. In Section 2E, we compute
the auxiliary matrix that relates their corresponding jump matrices (see (2-34)). This result allows us to
focus on the right RHP thereafter.

In Section 3, we show that the RHP with the augmented contour and the jump matrices, as derived in
Sections 2B and 2C, has a unique solution. The proof follows the lines of the proof given in [Liu 2017].
Suppose the RHP in A has a null vector N, i.e., a solution which satisfies the jump conditions but vanishes
as z — oo. This null vector corresponds to a homogeneous solution v of the Beals—Coifman integral
equation for the RHP, and induces a homogeneous solution p to the Beals—Coifman integral equation for
the RHP in the ¢-variable which is the zero solution due to Zhou’s vanishing lemma [1989b, Theorem 9.3].
It follows from Fredholm theory that the Beals—Coifman equation for u is uniquely solvable, and hence
that the RHP in the A-variable is also uniquely solvable.

As in [Jenkins et al. 2018b], we establish the existence and uniqueness of solutions to the RHP for
scattering data in a larger space Y (see Definition 3.3) in order to obtain uniform resolvent estimates for
scattering data in bounded sets of a smaller space.

In Section 4, we establish the mapping properties of the inverse scattering map and estimate the
potential obtained from the reconstruction formula in the A-variable. This analysis requires another
technical step taken from Zhou’s method [1998]. As seen in Figure 2, right, the orientation of the piece
of the contour (S5, ST) goes from right to left. A second augmentation shown in Figure 5 allows the
new contour to have the usual orientation thus allowing standard estimates of the Cauchy projectors on R
to be used to obtain decay estimates on the potential. The Lipschitz continuity follows from the second
resolvent identity.

To analyze Riemann—Hilbert problems with self-intersecting contours, we make use of certain Sobolev
spaces of functions that obey continuity conditions at self-intersection points. For the reader’s convenience,
we briefly describe these Sobolev spaces in Appendix A. In Appendix B, we present the necessary abstract
functional analysis tools used to prove uniform resolvent estimates needed for the Lipschitz continuity of
the inverse scattering map presented in Section 4.

We end the introduction by discussing the role that factorization of the jump matrix plays in our
application of the Beals—Coifman approach to inverse scattering. In Figure 2, right, the oriented contour
divides the complex plane into positive and negative regions. We factorize the jump matrix as

JO)=J-() ),

where W, = J; — I and W_ = I — J_ belong to H!(I'+) and are continuous across the intersections
between straight-line contours and circular arcs, respecting the orientations. This continuity means that the

2In [Zhou 1998], the nonzero off-diagonal entries are not calculated explicitly.
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matrix pair (W, W_) belongs to a pair of decomposing algebras (H'(I'}.), H'(I'_)) in the sense of Zhou;
see [Zhou 1989b, §9], where a general theory of Riemann—Hilbert problems on self-intersecting contours
is presented. As shown by Zhou, this decomposition implies that the Beals—Coifman integral operator (3-2)
is Fredholm. Unique solvability of (3-2) then follows from the Fredholm alternative and an appropriate
vanishing lemma (the statement that the homogeneous version of (3-2) has no nonzero solutions).

In our case, we need to show that the Beals—Coifman operator

Crf=CE(fW_)+Cr (fWy)

is Fredholm. For this purpose, following Zhou, we approximate Wi by rational functions; in this
approximation, the operator Cvj‘z o Cv;vi is compact. We thus obtain a Fredholm regulator of the Beals—
Coifman operator (see [Zhou 1989b, Proposition 4.1]). Another way to think about the compactness is
that continuity across intersection points prevents singularities near these points which might otherwise
occur, spoiling the compactness.

2. The direct scattering map

2A. The scattering problem in the {-variable. The system (1-5) can be written in the form of an integral
equation for the 2 x 2 matrix m(x, ¢):

m(x,l) =1+ /5 O O (Vm(y, £) + P)m(y, ) dy, (2-1)

where the lower limit § can be different for various choices of normalization. We will use several solutions
of (2-1). The standard AKNS method starts with the following two Volterra integral equations as special
cases of (2-1) for Im 4‘2 =0

X

m(x, 1) =1+ f 0TI WT (£ O (VYmE(y, 1) + P(y)mE(y, ¢)) dy,

+oo

which are expressed in componentwise form as

(Zgg g) - ((1)> i ( 2020 ggng,:l llmﬁz,zmu]) dy. (2-2)
<Z£g 2) - <?> /°° ( _Zlgix;qy;iq?;;i’;mlz > dy, (2-3)
) R YR B U I
) R O R N Qe AR TR
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By uniqueness theory for ODEs and the normalizations of m* as x — #o00, m*(x, ¢) defined by
(2-2)—(2-5) are related by a matrix A(¢) with det A(¢) = 1 in the form

S

mt(x, ) =m"(x, e MA@, A@) = (Z

Q¢

The matrix-valued function A(¢) is expressed in terms of m™® as

a(§)=1—/ (§qm2+1+p1mﬁ)dy=1+/ (=¢gmi, + pamy,) dy, (2-6)
aig)=1 —/ (=¢gmi, + pom3,) dy=1+/ (Cgmy, + pimy)dy, (2-7)

and

0 i B o iy B
b(;):/ e Y (¢qm, _PZm;)dy:/ e (g gmyy — pamyy) dy,
—00

—00

. o RS _ _

bg) =~ f eV (Gqmsy + pimpy) dy = — / e (gqmy, + prmyy) dy.
—00 —00

We now construct the Beals—Coifman solutions needed for the RHP in the form of piecewise analytic

matrix functions. The left and right Beals—Coifman solutions are constructed from the normalized Jost

solutions as follows:

—mlu((x;Z), m;(x,z)], Imz2 > 0,
alz
Mp(x,2) =1 - _ - 2-8
r(x,2) . my (x, 2) ) (2-8)
ml(x,Z),—a(Z) , Imz* <0,
— + —
m(e 2, 2D 2,
My, =1Lt @ | (2-9)
M3 ol me2 <o
i a(Z) ’ 2 ’ _,

The Beals—Coifman solutions are piecewise meromorphic with continuous boundary values denoted by
My + and Mg 1 as £Im z2 J 0, in the absence of spectral singularities. The Beals—Coifman solutions
corresponding to the potential gy, are constructed similarly.

From here onward, we will analyze the right Beals—Coifman solution (2-8) and drop the subscripts
R and L. The left RHP is connected to the right RHP through multiplication by an auxiliary scattering
matrix which is constructed in Section 2E.

2B. Construction of the scattering data in the ¢-variable. In this subsection, we construct the piecewise
analytic function M® (x, z) introduced in (1-14) and defined inside the circle X, from which one extracts
scattering data in the form of jump matrices along the contour X,. In this subsection, M denotes the
right-normalized Beals—Coifman solution M.
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Combining (2-4) and (2-3), we obtain

X
_ i (v—x) 22 _
[my, my1=1+ / 0TI (L Q(y) + P(Y)IMT (»), m3 (0)]) dy, (2-10)
s
where § is chosen differently for the different entries of the matrix, namely 6 = —oo for the (1, 1)- and
(2, 1)-entries and § = 400 for the (1, 2)- and (2, 2)-entries. Using (2-7), we rewrite (2-10) as
— + ao ! i(y—x)¢%ado — +
my.myl={, )+ ¢ (€O + P(y)Imy (y), my (»])dy,
s

where § = —oo for the (2, 1)-entry and § = +oo for the (1, 1)-, (1, 2)- and (2, 2)-entries. If the inverse
of (§ ?) exists, we obtain a Fredholm equation for M defined in (2-8):

my o ) my
[71, m;] =1+ / o0 ado (@Q(y) + P(y))[é, m;D dy (2-11)
s
and [m] /a, m;] solves (2-11) if and only if a(¢) # 0.

The right-normalized Beals—Coifman solution M is analytic in the intersection of 4 Imz> > 0 and
|z| > R, where R is chosen so large that any zeros of a and a are contained inside the disc B(0, R) =
{z:|z| < R}. We now show how to construct solutions M® (x, ¢), analytic inside this disc, and modify
the Riemann—Hilbert problem accordingly.

Recall from (1-11), for xo > 1, let
X = Xo,

O’
qxq (x) = {

q(x), x> xo,

and denote by Oy, and Py, the matrices (1-4) with g replaced by ¢g,,. We choose xq so that

sup 1€ Quy + Pryllz1 < 3- 2-12)
¢eB(0,R)

This condition guarantees that there is a bounded Beals—Coifman solution M® normalized as x — oo
associated to the potential g,, in the form of (2-8). To see this, first note that the equation

mix, o) =1+ fa SO (0 (ym(y, ) + Poy(y)m(y, 1)) dy (2-13)

(where § = —oo for the (2, 1)-entry and é = +oo for the (1, 1)-, (1, 2)- and (2, 2)-entry) is uniquely
solvable for ¢ € B(0, R) owing to the smallness condition (2-12).

Next, we claim that ao(z) associated to gy, is nonzero for z € Q% N B(0, R); we prove this statement
by contradiction. Suppose that there exists zg such that (2-12) holds and m(x, zg) solves (2-13), but
a(zo) = 0. By uniqueness, there exists a nonsingular matrix B(zp) such that

_ . 2
m(x, zo) = [my, mFle” %7 B(zp).
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Here, m |, m; are the Jost solutions (2-3) and (2-4) associated to the potential gy,. Letting x — 400 and

using (2-7), we obtain
POY_ (00 e %249 B(z0),
* 1 * 1

which leads to a contradiction. Thus the cut-off potential g, supports neither eigenvalues nor spectral
singularities in B(0, R), so that we can construct a bounded Beals—Coifman solution of the form (2-8)
associated to the potential g, and normalized as x — 0o. We denote by M) this unique bounded solution.

Using the solutions M (z) and M corresponding to the initial data potential ¢ and the related potential
qx,» respectively, one defines a new function M using Zhou’s constructions as described in (1-12)—(1-14)
above. The matrix M is analytic in C\ ¥, and we can compute the jump matrix

(&) =" MOM_(x, 0)T M, (x, ¢)

explicitly across the various parts of the augmented contour X. Along the contour RU iR, outside of the

_ (1= @©F (@) r©)
v(c)—< b 1). (2-14)

circle,

Along the contour R U iR inside of the circle,

(1 —ro(¢)
V() = (;0(4) 1—ro(§)fo(é“)) '

Here, the subscript “0” denotes the scattering data generated by gy, .
Since both M and M@ are solutions of (1-5) with nonvanishing determinant,we have

v(£) =MD (x, £)T M (x, ) (2-15)

along the circle ¥,. In particular, setting x = xo, we obtain v(¢) in terms of Jost functions. Across the
arc in the first and third quadrant, we have

1 0
e 0720y 0y = M@ (x0, )" M (x0, £) = | my; (x0. ©) 1k (2-16)
at)ao(¢)
Across the arc in the second and fourth quadrant, we have
) 5 _ml_z(x0= {)
7M@) = MP (o, T M0, ) = | T a(@)an(@) | - @-17)
0 1

Denote by AT the hermitian conjugate of the matrix A. The following property of v will be used later to
prove the unique solvability of the RHP (Proposition 3.9).

Proposition 2.1. The jump matrix v along the contour X, defined in (2-14)-(2-17), satisfies:
Q) v(©)+v@)Tis positive definite for ¢ € R.
(i) v(&) =v(&) for ¢ € T\R.
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Proof. This is an immediate consequence of the definitions (2-14)—(2-17) and (1-7) as well as the
symmetries (1-9)—(1-10). O

2C. Construction of the scattering data in the A-variable. In the absence of eigenvalues and spectral
singularities, we reduced the scattering problem (1-5) of ¢ € RUIR to a scattering problem for A = ¢2 € R,
and identified a single scattering datum p (A) defining the direct scattering map [Liu et al. 2016]; we can
carry out a similar reduction here. Let m(x, {) be a solution to (1-5). We set

min(x, ) ¢lmi(x, ;))_

ft _
m(x, ¢) = <§m21(x, ¢) man(x,§)

Note m* is an even function of ¢. Defining A = ¢2 and n(x, ) = m"(x, ¢), the map

ab a ¢~ 'b
cd i e d

is an automorphism of 2 x 2 matrices and commutes with differentiation in x. It follows that the functions
n™ obtained from m™ by this map obey

d +
M iadom® +( 0L 1) nE 4 pat, (2-18a)
dx —Aq 0
lim nt(x,2) =1 (2-18b)
x—+o00

and satisfy

+ - —irxade [ @A) BV . _ —isxado [ @A) BR)
n(x,A)=n (x, e ()LB()\) &(k))_n (x,Ne (—/\W») OTA))’ (2-19)

where a(A) = a(¢), B(L) = ¢~ 'b(¢) and the relation |a(1)| + A|B(A)|? = 1 holds.

In the presence of spectral singularities, we perform the change of variable ¢ — A in the same way as
in [Liu et al. 2016] and obtain the corresponding row-vector-valued Beals—Coifman solutions N @, N

and N: " U
' 0 ¢ 0
N = first row of ( 0 §1/2> MO ( 0 ¢12)

—-1/2 0 {1/2 0
@ =f £(° M@
N st Tow o < 0 {1/2> 0o ¢12)

;—1/2 0 4u1/2 0
N:ﬁrstrowof( 0 gl/z M 0 §*1/2 .

The contour I" for the new RHP, defined by (1-15) is the image in Figure 2, right, of the contour ¥ in
Figure 2, left, under the change of variable A = ¢2.

Notice that the direction of the contour that consists of the part of the real axis inside the circle is from
right to left. Define the piecewise analytic function NV as

N(x, 2), 7€ Q1 UR,,

2-20
N®(x,2), ze€Q3UQq4. (2-20)

N(x,z):{
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By setting

a(r) =a(f), a(r) =a(),

pG)=¢7"r (@), po() = ¢ ro(0),

nz_](xv)\'):;mz_l(x7 {)’ nl_z(x7 )"):é‘_lml_z(xv g)a
we obtain from (2-14)—(2-17) the jump matrices J (A) for the piecewise row vector V.
Proposition 2.2. The jump matrices for N along the various parts of the contour T, where
Ni(x,2) = N-(x, )" 7T (0),

are given as follows:

(1) On Ry the part of the real line outside the circle,

_ (14 p()
J(A)—< MT)») 1 ) (2-21)

(i1) On (—Swo, Soo) the part of the real line inside the circle,

1 —po(2)
J(A) = ( — ) . (2-22)
—kpo(A) 14 Alpo()?
(ili) On the semicircular arc T'L, in CT,
1 0
JA) = J=2ix0) N5, (x0, 1) . (2-23)
a(M)ag(2)
(iv) On the semicircular arc ' in C,
1 — 2ixgh I’ll_z(.X,'(), )")
J) = a(Mag(r) | - (2-24)
0 1

Remark 2.3. The scattering data associated to the potential g are defined as the entries of the different
jump matrices along I, as listed in Proposition 2.2 and shown in Figure 3. We show the factorizations of
jump matrices exist and obtain estimates in appropriate Sobolev spaces. The choice of scattering data is
motivated by the inverse problem. From these spectral data, we will, in the next section, define an inverse
map and a reconstruction of the potential. Note that the scattering data depend on the choice of x( as well
as the choice of the large circle I'. Indeed in [Zhou 1989a], scattering data are seen as an equivalence
class. In the study of the inverse map, we will need the fact that the reconstruction formula does not
depend on xg and I'. This is because the reconstruction formula involves a limit as A tends to infinity of
the entry (1, 2) of the solution of an RHP and will not be affected by the exact position of the cut-off
point or the circle I'w, although the RHP itself depends on it. For more details, we refer to [Zhou 1989a,
Theorem 3.3.15].
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1 0
<e—2ixo)»n21 (x0, k)/(&&o) 1) ot

O

(30 1 i)
—xpo 1+ Alpol?

<

1+1lpl* p 1+Alp* o
A1 A1

_Soo Soo

O

1 —62”‘0)‘”1_2 (x0, A) /(o)
0 1

Figure 3. Scattering data for g.

To give a full characterization of the scattering data, we use the Sobolev spaces sz (I') and Hj"E ()
defined on self-intersecting contours (see Appendix A) and the notion of k-regularity [Trogdon and
Olver 2016, Definition 2.54] of a given jump matrix along an admissible contour. All contours under
consideration here are admissible in the sense of [Trogdon and Olver 2016, Definition 2.40].

Definition 2.4. A jump matrix J defined on an admissible contour I' is k-regular if I is complete and J
has a factorization

J(s) = JZ1 ()T (s),
where Ji(s) — I and J;'(s) — I € HX(I).

Definition 2.5. Assume a € yy, where yy is the set of self-intersections of I. Let I'y, ..., I, be a
counterclockwise ordering of subcomponents of I" which contain z = a as an endpoint. For J € H*(T"),
we define JAI as the restriction J [, if I'; is oriented outwards and by (J [rl.)_1 otherwise. We say that J
satisfies the (k—1)-th-order product condition if, using the (k—1)-th-order Taylor expansion of each J;,

we have
m

[[/i=1+0(r—al") forallae . (2-25)

i=1
The following theorem is due to [Zhou 1999]; see also [Trogdon and Olver 2016, Theorem 2.56].

Theorem 2.6. The two following statements are equivalent:

(G) J =1 and J=' —1 € HX(") away from points of self-intersection and J satisfies the (k—1)-th-order
product condition.

(i1) J is k-regular.
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Fz FZ

Iy Iy
Figure 4. Zero-sum conditions —Ss, (left) and Sy, (right).

In the next theorem, we check that the jump matrix J(A) satisfies condition (i) of Theorem 2.6 and
characterize the large-A decay of scattering data in weighted Sobolev spaces. Let

H*?(0Q) ={f € H*(02) : flr,, € H*Roo)},

H' 0Qn) ={f e H'(0Q)) : flr, € H" (Ro)}.
Theorem 2.7 should be compared to (C2.28) of [Zhou 1995], where the scattering matrix is characterized
as belonging to H k for any k > 1 given initial data ¢ is in Schwartz class. Theorem 2.7 shows that the

direct scattering transform maps a potential ¢ in the weighted Sobolev space H>?(R) into scattering data
in appropriate weighted Sobolev spaces.

Theorem 2.7. The matrix J()\) admits a triangular factorization
JG) == M),
where:
() J_(\)—1e€ H>2(0Q)), J_-(W)—1 € H*(3Q3), Jo (M) —1 € H*(3Q4) and J (W) —1 € HV1(3Q)).2
(1) Jy laq, —1 and J_ [yq, —I are strictly lower triangular, while J_ |30, —I and Jy [yq, —1 are
strictly upper triangular.
(i) The matrix J()\) satisfies the first-order product condition at the intersection points £So, of the real

A-axis.

Proof. Let J; be the restriction of J to I';, 1 <i <5, where the contours I'; are shown in Figure 4, and
set Roo = R\ [—Ss0, Soc]. On Ry, the scattering matrix J; admits the factorization

_ 1 p(A) 1 0
— 1 — -

S =D - N+ (W) = (0 ) ) (Ap(x) 1) (2-26)

with the same decomposition for Js(A), while on (—Ss, Soo), the scattering matrix J3 admits the factor-
ization

_ 1 0\ /1 —po(A)
AN =Js_(W)7! A) = - _ 2-27
B = J5,- ()7 s () (_MO(M 1) (0 | (2-27)

3The asymmetry of the regularity properties of the terms in the J (1) factorization on the various parts of the contour comes
from the fact that the (1, 2)- and (2, 1)-entries in the expression for J (see (2-21)) differ by a weight A.
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(i) The methods of Section 3 of [Liu et al. 2016] can be used to show that p € H>?(Ry). It follows from
this fact and the explicit factorization (2-26) that

[J1-(A) =g, € H**(Rs) and [J1 4+ () — g, € H"' (Rw).

Similarly, the restrictions of JL(A) — I to (—Sw0, Seo) belong to H 2(—Ss0, Soo). The remaining Sobolev
estimates all involve the bounded semicircular contours I'Z. The contours 'S are open and of finite
length, so H*(I'%) is equivalent to H?(0, 1) after parametrization by an angle 6. The H?-norm of a
function f controls the L>°-norm of f and f’ and thus H? is an algebra by the Leibnitz rule. Using (2-23)
and (2-24), it suffices to show that the functions n,(xo, A), 1/&(%), and 1/ag(2) belong to H 2(1":;0) and
that the functions n,,(x, 1), 1/a(4), and 1/ag(X) belong to Hz(l“o_o). This is easily deduced from the
Volterra integral equations corresponding to (2-18) and the integral representations for « and & that can
be deduced from (2-19).

(i1) The assertions about triangularity follow from the factorizations (2-26) and (2-27) together with the
formulas (2-23) and (2-24).

(iii) Using the relation (2-19), the scattering matrices J, and J4 are given at the self-intersection point
S respectively by

1 0 1 0 1 0
S2(Se0) = o—2i%050 151 (X0, Seo) = e—ZixOSoon;—l(SOO) 1 S0P (5003, (So0)
& (So0)0(Seo) 0 (So0) & (S00) 0 (Soo)
B 1 0 10
(Lo 1) (suprsm 1
and
| i M2 (X0 So0) | _e2ins M2(5) B(So)fy (Scc)
Ja(Se0) = o(So0)0(Soc) | = 0 (So0) o (So0) 0 (Soo)

0 1 0 1 0 1

_ (1 p(S)) (1 —p0(Soo)
~\0 1 0 1 ’

The factorizations of J, and J4 along the arcs are obtained by polynomial interpolation between Si
(see for example equation (5.19) of [Liu 2019]).
We want to establish (2-25) for k = 2, that is,

4
]_[f,- =14+ 0(r—Sx|). (2-28)
i=1

Denoting by J; the first-order Taylor polynomial of J; at S0, i =1, ..., 4, proving (2-28) is equivalent
to proving that

3135 =333+ 00k = S
It is clear that J (Soc) J2(Se0) ™! = Ja(Ss0) J3(Seo) ~!. We also have to check that

(195 3.(S00) = (JaJ3 1) (Sx0).
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To achieve this, we need to show that

d e—2ixokn2—1 (x0, 1)
dx  a)ag(r)

= 0'(S50) =P (Sx0)- (2-29)
2=5s

This is done by first letting A — R, which leads to the factorization of Jy

1 — 2ixgr 112 (X0, A) 1 o)\ (1 —po(R)
; ‘ @03 =<0p1 )(0 " )

and taking the derivative along R. In the same way, we can show

ixoh,,—
ie 0% n 5 (x0, A)

dr a(Mag(h) s = —8000p(So0) = P0(So0) + S0 0" (Sec) + P (Sx0)-

We thus verify the (k—1)-th order product condition for k£ = 2 and part (i) of Theorem 2.6 holds for
the matrix J. We conclude that J is k-regular, which in turn implies that J; (1) satisfies the matching
condition (A-1) and J_(A) satisfies the matching condition (A-2) at the nonsmooth point (S, 0). A
similar proof shows that the same conclusion holds for (—S, 0). U

The following propositions stating Lipschitz continuity results can be obtained by the methods of
[Liu et al. 2016; Liu 2017], in particular Propositions 3.2 and 3.3 of [Liu et al. 2016]. The exclusion
of the disk |A| < R implies that | (1)] is strictly positive so division by « does not affect the estimates.
Proposition 2.8, formulas (2-21)—(2-24), and the factorizations (2-26) and (2-27) imply also the Lipschitz
continuity of the scattering data (Proposition 2.9).

Proposition 2.8. The maps
q > plr, € H?Roo), g+ 1y (x0,-) € HATL), g > npy(x, ) € HA(T'Y),
1 1 1 1
g < € H*TL), q— —€HTL), g~ —cHTy), q— —cH ()
o oo o Qo
are locally Lipschitz continuous from H>*(R) into the respective ranges. Moreover, the map
Gz > Po € HA(R)

is locally Lipschitz continuous from H 02(R) to H*O(R).

Proposition 2.9. The maps
g JE) — 1 e H*(3%),
g (W) —1e H*(0Q3),
g J;) —1eH" (3%,
g Js() — 1 € H*(0)

are locally Lipschitz mappings from H>?(R) into their respective ranges.
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2D. Time evolution of the scattering data. A key property of the inverse scattering method is the simple
time evolution of its scattering data. In [Liu 2017], we calculated the time evolution of the scattering
data where they reduce to a reflection coefficient and discrete data. We need to complement the analysis
by examining the time evolution of the jump matrix on the additional section of the contour ', (see
Figure 2, right). As before, we work in the ¢-variable and carry out the change of variable { — A. Given

M™(x,1:0) =M™ (x, 15 v (3 0),
where v, (¢; ¢) = emitx adoy(t: 7)), we compute the time derivative
MT(x,1;8) =M™ (x, 15 0)0x (15 0) + M~ (x, 15 e (85 0 (2-30)

We recall that M* are fundamental solutions for the Lax equations

oM .2

W(x, t;0)=—if"adoM)+¢Qx, )M + P(x,t)M, (2-31a)

oM ) .4 )

W(x,t,{):—Zzg ado(M)+ A(x,t; )M, (2-31b)

where o, P, Q are given in terms of g = g (x, t) by (1-4) and

0 ¢ .z(lqu2 0 ) . (0 qx)
A(x, 1) =203 - +i +ic|
lql* 0 ) 1(—qxé+qq'x 0 )
+ = ) ). @32
(0 —lq1*) " 2 0 —qqx +qxq (e-32)

Taking the limit x — 400 in (2-30), using the normalization of M at 400, and using the fact that ad &
is a derivation, we obtain

ve (15 0) = =2it  ad oy (15 0).
Integrating we obtain

ve(15§) = €21y (0 ¢) (2-33)
or equivalently for J, (1) = e~**249 J(0; 1)
Jx()\'a [) — e_ZiAZIadUJX()»).

The map (£, t) — e~%*" f is a bounded continuous map from X x [T, T] to X for X = H>2(Q,),
HY'(Q)), H*(23) and H?(S24). This map is also Lipschitz continuous in X uniformly for f in a bounded
subset of X and t € [T, T] for a fixed T > 0.

From Proposition 2.9 and these facts, we deduce the following continuity result.

Proposition 2.10. Suppose that gy € H*>*(R) and that J()) is the scattering data associated to qy.
Denote by J. (A, t) the matrices eiM'iado JL (L), where JL()) are the factors given in Theorem 2.7. For
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any T > 0, the maps

H*?(R) x [-T, T15 (g0, 1) = J_(A, t) — I € H**(3S2),
H*2(R) x [-T,T15 (g0, 1) — J_ (A, t) — I € H*(3923),
H*?(R) x [-T,T1> (g0, 1) — J (A, 1) — I € H*(3S2),
H*?(R) x [-T,T1> (g0, 1) — Jo (A, 1) — I € H"'(382))

are all continuous, and uniformly Lipschitz in qo for t € [T, T] and qq in a bounded subset of H>*(R).

2E. Auxiliary scattering matrix. In Section 2B, we have chosen xp € R such that the cut-off potential
qx, = 4 X(xo.00) Satisfies the smallness condition (2-12). By increasing xo if necessary, we assume
Gxy = 9 X(—o0,—x,) also satisfies (2-12). Let N be constructed in the same way as N (see (2-20)) but with
potential gg changed to go with normalization at x — —oc0. We define the auxiliary matrix s:

s(L) = e IN= (2 V)N (x, A). (2-34)
For A € Q1 U2,
(s 0 _[a@), Imi>0, )
S = ( 0 60»))’ o) = {oz()»), Im X < O. (2-35)

The jump matrix J for N is obtained from J by conjugation, as J = sl s+. In analogy with Theorem 2.7,
we have:

Theorem 2.11. The matrix J =s_'J s+ admits a triangular factorization J)=J"'0 f+ (L), where:
(i) J,(\)—1e€ H*209Q1), J_-(A) —1e€ H"1(0Q)), J_(A) —1 € HX(323) and J,(A\) — I € H*(3S2).

(i) Jy la, —1 and J_ laq, —1I are strictly upper triangular, while J_ loq, —1 and Ji laq, —1 are
strictly lower triangular.

Remark 2.12. The reason for working with the Beals—Coifman solutions normalized at —oo is to obtain
the desired decay in x at —oo. The basic idea is to guarantee that the Fourier variable satisfies |§| > |x|.
See [Zhou 1998, Lemma 2.3] for details.

3. Unique solvability of the RHP
The goal of this section is to prove the unique solvability of the Riemann—Hilbert Problem 3.1 on the
contour I' = RU ', shown in Figure 2, right.

Riemann-Hilbert Problem 3.1. Fix x € R. Find a row-vector-valued function N (x, -) on C\ T with the
following properties:

(i) (analyticity) N (x, z) is an analytic function of 7 for z € C\ T.
(ii) (normalization) N(x,z) = (1,0)+O(z™") as z — oc.

(ii1) (ump condition) For each A € I', N has continuous boundary values N+ (\) as z — X from Q.
Moreover, the jump relation
Ni(x, A) =N_(x, 1) Jc(A)
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holds, where

L+XxlpW)? p(r
+ﬂ)| p (1) , ) e Ra,
Ap(h) 1
1 —po (A
LT ) e (< S,
—Apo(X) 1+ Alpo(A)]
Jx()") :e—ihxada 1 0
—2ixgh Ny, (x0, A) ’ Ae F;_o’
a(M)ag()
| —e2ixo ny,(xo, A)
aMao) |, rerlz.
0 1

Definition 3.2. We say that the row-vector-valued function N (x, z) is a null vector for RHP 3.1 if N (x, z)
satisfies (i) and (iii) above but N (x, z) = O(z™") as |z| = oo.

The scattering data that determine the jump matrix J are the functions

SD = (/Oa Lo, &, o, 6[09 n1_2(x09 : )a n2_1 (X(), : ))

Although these functions are not independent, for the purpose of proving existence and uniqueness of
solutions to RHP 3.1 we may consider them so. Recalling (1-18), we seek a Banach space Yy, consisting
of functions p : Ry, — C, with the following properties:

(a) There is an injection i : H 22(Ry) — Yy that maps bounded subsets of H 22(R) to precompact
subsets of Y.

(b) For each p € Yy, we have (1+| - Dp(-) € L*(Rso) N L®(Roo).

(c) Each p € Yj is a continuous function with limy_, o A0 (X)) = 0. This will allow uniform rational
approximation of (-)p(-) in L*.

Consider the weighted Sobolev spaces
HPR) = {f € L’®) : (§)* [ (€). (1) f € L*(R®))
and recall that for any ¢ > 0, we have
H'O0®R) € Co(R),

where Co(R) denotes the continuous functions vanishing at infinity. Also, recall that the embedding
i H*P(R) — H* P (R) is compact for « > «’ and 8 > B’. From the estimates

(2 = lellaorwy. 1Yol mow) < ol n22w)
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it follows by interpolation that for any ¢ > 0,

100 oy < ol prvesnse.

We know Yy = H'+263/2+8(R ) is the image of the fractional Sobolev space H'*2¢:3/2+¢(R) under the

restriction map f — f|r_ . This space satisfies the required properties (a), (b), (c) above.

Definition 3.3. We denote by Y the Banach space of scattering data SD with p € Yy and all other data
in H'.

Remark 3.4. Note that, for SD € Y, the entries of J all belong to L? N L,

Let Zo = H*>?(Ro). By Proposition 2.8, the range of the direct scattering map actually lies in the
following stronger space:

Definition 3.5. We denote by Z the set of scattering data SD with p € Z, and all other data in H?.

We choose to consider SD in the larger space in order to obtain uniform resolvent estimates for
scattering data in bounded subsets of Z later by a continuity-compactness argument (see Appendix B).
We will exploit the fact that, under the natural continuous embedding of Z in Y, bounded subsets of Z
are identified with precompact subsets of Y. We will prove:

Theorem 3.6. Suppose that the scattering data J()\) are given by (2-21)—(2-24) with SD € Y. Then
RHP 3.1 has a unique solution for each xq € R.

Following the pattern of the uniqueness result in [Jenkins et al. 2018b; Liu 2017], we will prove the
existence and uniqueness of solutions in the following way. First, we show that RHP 3.1 is equivalent
to a Fredholm integral equation (the Beals—Coifman integral equation, (3-2), for an unknown function
v(x,-)) on I'. By the Fredholm alternative, it suffices to show that the corresponding homogeneous
equation, (3-3), has only the trivial solution. In order to do so, in Section 3B, we derive similar
integral equations associated to an equivalent Riemann—Hilbert Problem, RHP 3.7, on the contour X.
These integral equations involve an unknown function p; the inhomogeneous equation is (3-6) and
the homogeneous equation is (3-7). We can use Zhou’s uniqueness theorem to show that RHP 3.7 is
uniquely solvable, or, equivalently, (3-7) has only the trivial solution. Finally, we show that any solution
v of the homogeneous equation (3-2) induces a solution of (3-7), It then follows from explicit formulae
connecting v and p that v = 0, establishing the Fredholm alternative for the original Beals—Coifman
equation (3-2).

3A. RHPs and singular integral equations. We now derive the Beals—Coifman integral equation for
RHP 3.1. The unique solvability of RHP 3.1 is equivalent to the unique solvability of its associated
integral equation. We define the nilpotent matrices W' and W in the various parts of the contour as

T =) ey =U-W) ' U+ W)
and the Beals—Coifman solution

v=NTI+WH'=N"T-w)!, (3-1)
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0 0\ [0 p(r)e 2irx
Ap (e 0) " \o 0 ’
0 —po(r)e 2irx 0 0
, - , A€ (—S00, Sc0)s
R A
0 0 0 0 o
eZi)\xsl(k) 0 ’ 62"“52()») 0 ’ 00’
((O e—ZiAxS:%()\)) ’ (0 e—ZiAx54(A)>) ’ L e Fo—o
0 0 0 0

The coefficients S;(1), i =1, ..., 4, are not explicitly determined. Only the sums S;(A) + S>(A) and
S3(X) + S4(X) identify to the entries (2, 1) and (1, 2) of the jump matrix J,(A) respectively, in the
corresponding part of the contour. If SD € Y, then W in L>° N L2, while if SD € Z, we have W € H',

We can write the Beals—Coifman solution v(x, A) explicitly in terms of the Jost functions. From (3-1),

where

>

€ ROO?

WH W)=

we have two equivalent formulas:

n(x,A) " 1 0
(45" ) (—eszm) 1)’

v(x, A) = ; A€ Ry,

— —2iAx
(nﬁ(x,)») —nlz(x,)»)> (1 plh)e ),
a(d) 0 1

nyp(x,A) 1 0
( a() ””””v)(—éﬂnh@>1>’

v(x, 1) = 1 reTd,

1 0
(2) @)
N7, (x,A) N X, A . ,
( 11+ ) 12+( )) €21AXS2()\.) 1)

11+ 0 1
V(x, )\.): )"e(_SOCM SOO)a
1 0
(N® x,2) N oy —
11 12 apo(h)ed M 1

1 —e 27 83(2)
0 1 ’
vix, L) = rely.

- —2iAx
(I’l—li_l (-x, )\1) n12(x’ )\‘)) (1 ¢ S4()\‘)> ’
a(h) 0 1

1 A —2iAx
NO 1) Ny (L e )

(N (x, 1) NS (x, )
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From (3-1), we have
Nt —N"=v(W/+W)).

The Plemelj formula and the normalization condition (ii) in RHP 3.1 provide the Beals—Coifman integral
equation
v(x,2) = (1,0)+ Cw,v)(), (3-2)
where
Cw,v=Cr W)+ CrWWh.

RHP 3.1 is equivalent to the integral equation (3-2) [Zhou 1989b, Proposition 3.3]. Similarly, if N is a
null vector for RHP 3.1 in the sense of Definition 3.2 and v is defined in (3-1), we have

v(x, ) =Cw,v(X). (3-3)

If SD € Y, equation (3-2) (resp. (3-3)) is seen as an integral equation for v —1 € L3() (resp. v € L3(I)),
while if SD € Z, it is an integral equation for v — 1 € H'(T") (resp. v € H'(I")).
For A € Ry, (3-2) reads

via(x, $)sp(s)e?s* ds /S“ via(x, $)spo(s)e?s* ds

vi(x, A) =1+/

. s —A+i0 2mi S s—A 2mi
Vi2(x, $)(S1(s) + Sa(s))e*™* ds
+/p;o s—A 2mi’
e A)=/ Vi1 (x, 5)p(s)e 2 d_S_/S“ vii(x, $)po(s)e > ds
’ . s —A—i0 2mi J_s, 5s—A 2mi
N / vi1(x, $)(S3(M) + Sa(M))e > ds
rs s—=A 2mi

The integral equations for A € (—Ss, Soo) and A € Fffo are obtained analogously. The solution to RHP 3.1
is given, in terms of v = (v, vi2), by

. _
i / v HWEE) + W) o (3-4)
r

Nx,2)=01,0)+ —
2mi s —2z

The goal is an existence and uniqueness result for solution to RHP 3.1. To make use of the symmetry
relations of the jump conditions and Zhou’s vanishing lemma, we need to consider the equivalent RHP in
the ¢-variable with jump contour RUiR U X, given by Figure 2, left.

Riemann-Hilbert Problem 3.7. Fix x € R. Find a matrix-valued function M (x, -) with the following
propetrties:

(1) (analyticity) M (x, z) is a 2 x 2 matrix-valued analytic function of z for z € C\ X where the contour
Y. is given by Figure 2, left.

(i1) (normalization)

M(x,z)= ((1) (1)) +0GEz Y asz— oo.
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(i) (jump condition) For each ¢ € X, the function M has continuous boundary values My (L) as 7 — ¢
from Q. Moreover, the jump relation

M (x,§) = M_(x, e ™ %7y ()
holds, where v(Z) is given by (2-14)-(2-17).

Definition 3.8. We say that a matrix-valued function M (x, z) is a null vector for RHP 3.7 if M (x, z)
satisfies (i) and (iii) above and

M(x,2) = (9(2_1) as |z| — oo.

Observe that, given scattering data SD for RHP 3.1 in the space Y from Definition 3.3, the induced
scattering data for RHP 3.7 consist of bounded continuous functions, square-integrable on the unbounded
contours. Thus RHP 3.7 is well-defined with the O(z~!) condition replaced by an L?-condition on
M. — I (and the condition M4 € L? for an L?-null vector).

Proposition 3.9. The only L? null vector for RHP 3.7 with scattering data induced from SD € Yis the
zero vector.

Proof. The proof is a direct consequence of Proposition 2.1 and [Zhou 1989b, Theorem 9.3]. ]

It is useful to formulate Proposition 3.9 in terms of the homogeneous Beals—Coifman equation associated
to RHP 3.7, which we now derive.
The jump matrix v,(¢) admits the factorization

ve(@) =1 —w) (I +wh).
We set
p=M"1+wH)'=M"1-w)"". (3-5)
In analogy with RHP 3.1, the Beals—Coifman integral equation for RHP 3.7 is
w=1+Cypu=1+Cs(uw,)+Cy(pw)), (3-6)
where [ is the 2 x 2 identity matrix. If M is a null vector in the sense of Definition 3.8 and p is defined
by (3-5), then
p=Cuy, L. (3-7)

We can now reformulate Proposition 3.9 as follows:

Proposition 3.10. Assume that w* are obtained from scattering data SD in Y. Then, the only solution to
(3-7) in L*(X) is the zero vector:

3B. A mapping between null spaces. To complete the proof of Theorem 3.6, we show that any solution v
of (3-3) induces a solution p of (3-7) and that if . = 0, then v = 0. For notational brevity, we suppress
the dependence of i and v on x, which remains fixed throughout the discussion.
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Lemma 3.11. Suppose that Wxi are generated from scattering data SD € Y. For v = (v1, v») a solution
of the homogeneous Beals—Coifman equation (3-3) in L*>(I"), define

~(pn(x,0) Mlz(x,é“))_ (. ¢t g?) 1.8
M(X’g)_</L21(x,§) mu2(x, §) _<—§V12(X,§_'2) v, 2 ) G

Then v € L*(X) solves (3-7).
Remark 3.12. We can invert (3-8) to recover v via the formulas

mi2(x, ¢)

39
: (3-9)

v, e =, ), v, ¢ =

In particular, if u =0, then v =0.

Proof. Define a matrix-valued function u by (3-9) for a given solution v of (3-3). It is easy to see that

mi1(x, =) =p1(x,¢), pix, =) =—punx, ).

In [Liu 2017, Lemma 5.2.2] we have shown that for v € L%(I") and p € Yy,

(L Or @) = v (x, EHEpE?), wnax, OFE) = tvinx, £HEp(L?)

are both square-integrable on the part of the ¥ contour outside the circle X,. Thus wai is an L function
on X. Once (3-7) is obtained from (3-3), u € L2(X) follows from the boundedness of Cauchy projection
on L2-functions.

In [Liu 2017, Chapter 5], the second author established the transition from (3-3) to (3-7) when I' =R
and ¥ = RUiR. Thus, we only consider the contour integrals

1+-—/ vi2(x, 5)(S1(5) + $2(5))e*™* ds (3-10)
s s—A 2mi’
- / Vi1 (X, $)(S3(A) + Sa(W))e > ds. 311
o r's s—A 27Tl
Let A = ;2 and fix the branch [0, 27r). Then
I+—/ vlz(x,k)nz_l(xo,)L)ez“‘(x_x‘)) d_A
s (A — 1) (M)ao(A) 27i
_ [ ¢ G gmy; (o, )T dg?
c (€2 = ¢dHag)ao(¢) 2mi
— / (“u(x, £)my,; (xo, )eHEET0 i (x, Hmy, (xo, g)e%;zg—)m))i d¢?
c (¢ — Lo)a(¢)ao(¢) (=& = Zo)a(¢)ao(¢) 2¢ 2mi
_ / pia(x, £)ms, (xo, §)eHE =0 g / 2, Omy (50, T de L
c (€ = Zo)a(¢)ao(g) 2ri Je (=¢ = ¢o)a(@)aop(t) 2wi bR
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Setting A = R%e'? with 6 € (, 0), we integrate IlJr over the arc ¢ = Re'", where 1 goes from 5 10 0.
For 12+ , we make the change of variable { — —¢, then using of the oddness of > and m;;, we obtain

~ //m(x,;>m21<xo,g)e2"<2<x—xo) g _ fuu(x,;)mzl(xo,c)ezifz“—m ¢
(=t —¢0)a)ao¢)  2mi (& = ¢o)a(§)ao(¢) 2i

For 12+ , we integrate over the arc Re'” with 1 going from 37” to 7. This completes the change of variable

for (3-10). Similarly, we have
- — _/ v (x, )\)nl_z(xo, A)gZik(xo—x) d_}\
~ e G—ha(Wao() 2w
:_/ a1 Cx, Omiy (xo, )00 g2
¢ C@r=tpa@ag@)  2mi
=_/ L( : + : )Mll(x,;)m1_2(x0’§)62i{z(xo_x) K
c22\¢—=% ¢+& a(§)ao(¢) 2mi
:_/ i, Omi (xo, e 09 dg /un(x,C)m;z(xo,g)eziwxo—x) a
c 80(¢ — So)a(&)ao(s) 2ni Je 2o(C + o)a(f)ao(?) i

We write A = R%¢'? with 6 € (r, 27). For I | » We integrate over the arc { = Re'", where n goes from %

=1 +1;.

to r. For I,, we make the change of variable { — —¢, and then make use of the evenness and oddness
of 111 and m, respectively to obtain

/ pi(x, £)my, (xo, 5)62i§2(x0—x) d_{ B _/ e (x, ©)m i, (xo, {)eZifz(xo—x) d_{
0(¢ +o)ag)ao(t) 2mi (= )i e D) 2ni
__/ 111 (x, $)m,(xo, £)e ¢ =0 d

- 0@ —)aQ)do)  2mi’

For 1,, we integrate over the arc Re', where 1 goes from 37” to 2m. Integrals involving o) and wo, are

derived using complex conjugations. (I

Proof of Theorem 3.6. First, for scattering data SD € Y, the operator (I — Cy,) is a Fredholm operator
on L?(T"). This follows from [Trogdon and Olver 2016, Lemma 2.60] since we allow uniform rational
approximation of the function (-)p(-) for p € ¥y. Next, we claim that kerz2 (I — Cyw,) is trivial. If
v € kerz2 (I — Cyw, ), then by Lemma 3.11, v induces a vector u € kery2 (s (I — Cy, ), which must be
the zero vector by Proposition 3.10. It follows from Remark 3.12 that v = 0. Finally, from Fredholm
theory, (I — Cy,) is invertible in L?(T"), which is equivalent to unique solvability of RHP 3.1. U

Corollary 3.13. The resolvent (I — Cy, )" exists for all x € R and all SD €Y.

4. Mapping properties of the inverse scattering map

Recall that the potential g is reconstructed by solving the “right” Riemann—Hilbert Problem 3.1 (for a
solution normalized as x — +00). As shown in Section 2E, the “left” Riemann—Hilbert problem (with
jump matrix characterized by Theorem 2.11) can be conjugated to the “right” Riemann—Hilbert problem,
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so we concentrate on the mapping properties of the reconstruction from the right. We omit the (standard)
proof that the left and right reconstructions agree, as well as the proof that the inverse map composed
with the direct map is the identity map on H?>?(R). Thus, in the statements of Theorems 4.2 and 4.5, an
assertion is made about the reconstructed potential on R, but details of the proof are only given for the
restriction of ¢ to a half-line of the form (c, 00).

We start with the reconstruction formula for the potential g from given scattering data J. as characterized
in Theorem 2.7:

g = (—% | v(x,xxW;(A)JrW;(A))dA)

12

=(—l/ (x,)»)e"’\“do(ﬁr(x)—]—o‘))d)‘) ’ (@-1)
T Jr 12

where the “12” subscript denotes the second entry of the row vector, and I' is the contour shown in
Figure 2, right.

Let A(2+) denote the space of analytic functions in the region 2+ of the complex plane and R(9€2+)
the space of functions whose restrictions on 024 are rational. Following a reduction technique of [Zhou
1998], we construct functions w4 € A(2+) such that, for k = 2:

(1) o+ € R(0Qx) and wx — [ = O(z72) as 7 — oo.
(2) w4+ has the same triangularity as J.
(3) wi(z) = J1(z) +0((z —a)k!) for a = £S.

The construction of w4 is given in [Zhou 1989a, Appendix I]. For example, consider the approximation
of J_ [3q,. Since (J_ — 1) [3q, isin H 2, we construct a rational function w_ such that (w_ — J_) | 92
vanishes at £S5, to order 1. Explicitly

0 (£S00) = I = p(£Sx), @ (£S0) = p'(£S0)-
This is performed by the following steps:

(i) Choose z( ¢ Q5 and denote by p. the Taylor polynomial of degree 1 of (z —2z)" p(z) at z = £S,,.We
choose n > 6.

(i) By [Zhou 1989a, Lemma A1.2], there is a polynomial p(z) of degree at most 3 such that
P(@) = px(2) = Oz F Sx)™.

(iii) Set w_(z) = (z — z0) " p(z). Clearly, w_(z) — p(z) vanishes at =S, to order 1. Since n > 6,
w_ € H>*(3Q,) and w is analytic in Q.

By construction,
J=0 ' (U_o Y ' Urohoy =0 T Tior =0 Ty (4-2)
The advantage of working with 7 is that 7. — I vanishes at S, to order 1:

T =I+o((A—a)), a==+S. (4-3)
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Figure 5. The newly modified contour I',.

The continuity of 7+ and its derivative at A = £S5, is a key point to performing the decay estimates
for the reconstructed potential. Notice that J4 are defined like J+ in Theorem 2.7 and they will be used
when establishing estimates such as (4-9) and (4-10). For x > 0, 7, is the jump matrix for the RHP

Ni(x, M) =N_(x,))Tx(A) AeT,

if and only if J, is the jump matrix for the RHP 3.1. Here N = Ne 39, where e~**2d9 ¢
AL>®(C\T)NAL?*(C\T) is guaranteed by construction. Note that N and \ give rise to the same v, a
solution of the associated Beals—Coifman equation. The potential is given by

q(x) = (—% / v, eI (TL () = T-() dx)
r
Due to the large z-behavior of wy(z), we have

(lefgo 2izN (x, Z))IZ = (}ggo 2izN(x, Z))IZ’

12

which shows that w gives no contribution to the reconstruction of ¢ for x > 0. We may thus as well work
with 7.

The next step consists in augmenting the contour as in Figure 5. The newly modified contour is denoted
by I',. The advantage of T, is that it reverses the orientation of the segment (S, S1) and thus allows to
prove usual estimates of the Cauchy projections when the contour is restricted to R. The added (dashed)
contours have no effect on the RHP since the jump matrices there are chosen to be the identity.

We redefine 4 as follows:

(1) J4+ = I on the added (dashed) contours.

(2) J4+(A) and J_(A) are, respectively, the lower and upper triangular factors in the factorization of
JA), LeR, A > Seo.

(3) On the other hand, J; (A1) and J_(X) are, respectively, the lower and upper triangular factors in the
factorization of 7~'(1), A € R, |A| < Ssc.

(4) For A € o, Je(A) =1 forImA < 0and J: (1) = (1) for ImA = 0.

The newly defined [J4 satisfy all properties listed in Theorem 2.7. To analyze the scattering map, we will
use the revised reconstruction formula

q(x)z(—% fr v(x,x)e—’“ad“(a@)—J_(x»dx) : (4-4)
m 12
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We will at first suppress dependence of the scattering data on ¢ (Sections 4A and 4B), but recall it again
in Section 4C.

Associated to the Riemann—Hilbert problem with jump matrix 7, is a Beals—Coifman integral equation,
where the Beals—Coifman operator is given by

Cr¢=C (Tt — DI+C[9U = T (4-5)
Throughout the analysis we will use the following uniform resolvent bound.

Proposition 4.1. Suppose that 7 = w_J a)jrl, where J has the form of (2-21)—(2-24), is constructed from
scattering data in a bounded subset B of Z (see Definition 3.5), and admits an algebraic factorization
J=J" ! T+, where Jy have the same triangularities as in Theorem 2.7. Then, for fixed a € R and all
X > a the estimate

sup (1 — Cz.) 22 < 00 (4-6)
JeB

holds. Finally, the map
T (x> I—-Cz)™h

is Lipschitz continuous into the space C([a, 00); B(L?)).
Proof. We check hypotheses (i)—(iii) of Proposition B.1 with X = L?(R), Y as given in Definition 3.3,
and Z as given in Definition 3.5.

(i) The continuity of the map (J, x) — Cz, and the uniform continuity estimate follow immediately
from (4-5).

(ii) The proof of Corollary 3.13 applies with no essential change to show that (I — C7,)~! exists for all
xeRand J €Y.

(iii) To prove this estimate we need to show that (I — C7)~! is bounded as x — +oo for each fixed 7.
To do this we use a standard parametrix construction and approximation argument due to [Zhou 1989b].
Let J + = (J+)~ L A standard computation shows that

I-T; =U—-Cgq)( —ij),
where
T7.0=CT(C Ty — TN = T2-) +C(CT¢(Tes — Te (T v — D).

The operator 77, is compact so that (/ — C 7 ) is a Fredholm regulator for (I — C,). It suffices to show

lim Tz |l;222 =0
X—>—+00 !
since
(I-Cg) '=U-C;)U-Tz)"!

and ||(/ —C 3 )|l 2 12 is bounded uniformly in x. By mimicking the proof of [Zhou 1989b, Theorem 6.1]
(with some sign changes since we consider the limit x — +oo rather than x — —o0) we can show
by rational approximation that, for fixed J, we have || Tz ||;2_,;2 — 0 as x = —oo. Taking b so that
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NT7 22 < % for x > b, we obtain a uniform bound on ||(/ — ij)_l lz2_.z2 for x > b. Since
x> (I — ij)_l is continuous, this implies that sup, . . [|(1 — ij)_l 72— 12 is bounded for any a € R.
We can now apply Proposition B.1 to obtain the uniform bound and the asserted Lipschitz continuity. [

4A. Decay property of the reconstructed potential. 1et
H®2(R) = {g € L*(R) : x*q(x) € L*(R)).

Theorem 4.2. If J is given as in Theorem 2.7 and q is defined by (4-4), then g € H>?(R). Moreover, the
map from data J = J=' T, defined in (4-2) and obeying the hypothesis of Theorem 3.6, to g € H*%(R)
is Lipschitz continuous.

Definition 4.3. Define the subsets of the contour I,

'y :=RU{ImA 20}NT,),

[ :=TZ% =either [oo N {Im A = 0} or R.
Lemma 4.4 (See [Zhou 1998, Lemma 2.9]). For x >0,

I, = Tl = 7 — e, @7)
ICr o (=Tl < ﬁllﬂ — I, 4-8)
1T = oy < muﬂ — Iy, (4-9)

I Tx— = Illp2rg) = 1+ —— 1T =1, (4-10)
€ Nz < 77 1T- = T, (4-11)
(€7l 222 < mua — g 1T = Il (4-12)

Proof of Theorem 4.2. Proposition 4.1 and Lemma 4.4 provide the tools for estimating the decay of the
potential g, recalling that v appearing in (4-1) isequal to (I — C jxi)_l (1, 0). We decompose the following
integral into the sum of four integrals

f((l—ij)_ll)e_”‘xadg(ﬁr—j_)dk:/—i—/—l—f—l—/, (4-13)
1 2 3 4

where the integrals on the right-hand-side are defined in (4-14)—(4-17). We extract information on g (x)
from the (1, 2)-entry. Here and thereafter, the integral sign without subscripts refers to an integral taken
on the entire contour displayed in Figure 5. We write

/ :Z/(jx—i-_jx—)"‘f (jx+_1)+/ (I_jX—)‘ (4_14)
1 R rL T

Notice that 7~ — I is strictly upper triangular on T and J~ — I is in H? so we conclude that the
(1, 2)-entry of the integral above is in H%? by mapping properties of the Fourier transform and (4-10).
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The second integral
/2 = /(CJXI)(\ZH— —Jx-) (4-15)
is zero on the (1, 2)-entry; it thus makes no contribution to the reconstruction of ¢g. For the third integral,
/3 = f (C7)* DTy —Tx)
= /(C+(C_(Jx+—1))(1—7x))(Jx+—1) +/ (C(CHU=T N (Ter—D)U=Tr—).  (4-16)
The (1, 2)-entry is
/F (Cr, o (O I =T N (Taer = D) U =T )+ fR (Cro p (CrL U =Te (T =D) Cr (I =T,

oo

and from (4-7) and (4-10), we conclude that

().

g=1-Cz) ' (C7)*D)

C
<—.
= (1+x2)2

Finally we set

and write

= ‘/[(C+g(1 — T (Tex =D+ (C™g(Tey — D)YU — Tx)]|- (4-17)

J

Again, the (1, 2)-entry is given by

(Cg(Tny —INU _jx—)+/;(clt+%[ggg(jx+ —D)Cr (I = Ti-)

Fso
and from (4-7), (4-10), (4-11), and Proposition 4.1 we conclude that

(),

The estimate for x € (—o0, a) is obtained by considering the RHP with jump condition described in

C
< —.
T (14x2)2

Theorem 2.11. Lipschitz continuity of the map follows from Proposition 4.1 and (4-13). ]

4B. Smoothness property of the reconstructed potential.

Theorem 4.5. If the jump matrix J is given by Theorem 2.7 and q is defined by (4-4), then q € H>*(R).
Moreover, the map from data J defined as in (4-2) and obeying the hypothesis of Theorem 3.6 to
qeH 20(R) is Lipschitz continuous.

In order to study smoothness properties of the reconstructed potential, we first show that the functions
M solving RHP 3.7 solve a differential equation in the x-variable. It follows that the same is true of the
solution u of (3-6) since w is obtained from either M or M_ through postmultiplication by a matrix of
the form e~ ado A(¢). We can then change variables to find a differential equation in x obeyed by the
(matrix-valued) solution v of RHP 3.1.
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Proposition 4.6. The functions M1 obey the differential equation (1-5) where M, P and Q are constructed
from the solution | of (3-6) as follows:

+ _
M(x,;>=1+/ px )W) £ wi (s) ds
z §s—1¢ 27

9’

1
Q) =~ ada(/ pw(x, i)+ w;(@))d&),
T )

P(x) = Q)i(ado) ™ Q(x).
The proof of the above proposition is a slight modification of the proof of Proposition 5.3.1 in [Liu
2017]. Here we need take into account of the integration along the additional circle .
Proof of Theorem 4.5. We first notice that u given by (3-5) solves the linear problem (1-5):

L= icado+20@ + PN

We now use the change of variable { — A to obtain
d . 0 ¢
—v=(—iA + + P )v.
dx” ( iado <—ch 0> )U

%(ue*l’“ o7, 7)) = (_i,\ ado + ( 0 q) + P) (ve~iMxado( g 7). (4-18)

We further write

1 0

Unlike RHP 3.1 in which v appears as a row vector, here v is a 2 x 2 matrix,
vip(x, A) v, A)
V= = = )
—Avia(x, &) vii(x, 2)

and its first row (v, v12) is the solution to RHP 3.1. We integrate both sides of (4-18) along the contour

shown in Figure 5:

—ilxado : 0 —irxado
%/(ve i ad (.7+—J))=f(—zkada+<_/\é g)-l-P)(ve rado (7, — T)).

The potential ¢ is given by the (1, 2)-entry of this matrix form integral. Using that 7_ € H*?(I"), the
(1, 2)-entry of
/ —irado (ve Mo (g 7Y)

is an L?-function of x, following the same argument as in the proof of Theorem 4.2. To show that the

(1, 2)-entry of
0 q —iAxado
/ ((—Aé 0) i P) e (=T

is an L2-function of x, we use that ¢ € L?> N L, which comes from the fact that |g| < c¢/(1 +x?)?

, shown
in Theorem 4.2. This proves that g, € L?. To estimate qxx, we differentiate (4-18) with respect to x.
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Figure 6. The modified contour %,,.

d2 —irxado
ﬁ/(ve (J+—J—))=/l+/2,

2
/;:Z /(—l)\, ado + <_2q_ g) + P) (ye_i)\xada(j+ —J_)),
o 0 q —ilxado _
[=1(( O>X+Px><ve (1= T).

Again following the previous argument and using that 7 € H>? and ¢ € H', we conclude that

Explicitly, we have

where

Grx € L?(—a, +00). A similar argument using scattering data given by Theorem 2.11 and solving
the corresponding RHP shows that ¢,, € L?(—0o0, a). Lipschitz continuity of the map follows from the
uniform boundedness of the resolvent operator given by (4-6) and Proposition B.1. O

4C. Time evolution of the reconstructed potential. We now recall the explicit time-dependence of
q(x, t) on ¢t through the law of evolution (2-33), and write the reconstruction formula as

q(x,t):(—%/ u(x,,\,r)e”@(x”’k)(ﬂ(,\)—j_(x))d,\> ,
l—‘lll

12

where I',, is the contour shown in Figure 2, right, and
O(x,1, 1) = =222 — (x/D)A.
To study the time-evolution of g (x, t), it will be convenient to work in the ¢-variable and write
1 . ~ ~
q(x, 1) = (—; / px, 50T @) = T(0)) dg) : (4-19)
E}?l 12

where X,,, shown in Figure 6, is the inverse image of I',, under the map ¢ > A =2, J* are the scattering
data corresponding to 7* under the change of variables and u solves the Beals—Coifman integral equation
corresponding to the scattering data JE
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The continuity of the direct and inverse maps implies that, given Cauchy data go € H>?(R), we may
approximate go by a sequence {g,} from S(R) that converges in H>2(R) to g and obtain a sequence of
approximants g, (x, t) for ¢ (x, t) which converge in H>?(R) as n — oo uniformly in ¢ in any bounded
interval. It follows that, in order to prove that g (x, t) given by (4-19) is a weak solution of (1-2), it
suffices to assume that ggp € S(R) and argue by approximation.

The following proposition can be proved using the same technique used to prove [Liu 2017, Proposi-
tion 7.0.4)).

Proposition 4.7. Suppose that M+ solve RHP 3.7. Let

__ L Py — J- _(0 4
0.1 =5 ad"[/zm“("’“” @~ nac|= (5 4.

. 2 0
P(x,0)=iQ(x.Nad0o) ' Q.0 =3 (|%| —|q|2> ’

and A(x, t) be given as in (2-32). Then My are fundamental solutions of the Lax equations (2-31).

Given a fundamental solution of the Lax equations (2-31), it now follows by a standard argument
[Liu et al. 2016, Appendix B] that g (x, t), defined as the (1, 2)-entry of Q(x, t), solves the integrable
equation (1-2). Thus:

Proposition 4.8. Suppose that gy € H>*(R) and let J+ be the corresponding scattering data. Then
q(x,t) defined by (4-19) solves (1-2).

4D. Proof of Theorem 1.1. Combining the results of Sections 4A, 4B, and 4C we can now prove the
main theorem.

Proof of Theorem 1.1. Given initial data gy € H>*(R), the direct scattering map has the continuity
properties asserted in Proposition 2.9, so that the time-evolved scattering data has the continuity properties
asserted in Proposition 2.10. By Theorem 3.6, RHP 3.1 is uniquely solvable for each x, ¢, and by
Theorems 4.2 and 4.5, the map from scattering data J (-, ¢) to reconstructed potential g( -, ¢) is Lipschitz
continuous into H>2(R). The map (qo, t) — ¢q(x, t) defined by the composition of the direct scattering
map, the flow map, and the inverse scattering map (i) maps (go, 0) to go (by standard arguments which
we omit here), (ii) is jointly continuous in (go, #) (by the continuity of the direct and inverse maps), and
(iii) is locally Lipschitz continuous in go (by the Lipschitz continuity asserted in Theorems 4.2 and 4.5).
Finally, it follows from Proposition 4.8 that g (x, t) is a weak solution of (1-2). O

Appendix A: Sobolev spaces on self-intersecting contours

In this appendix, we define the Sobolev spaces HX (T") and HZk(F) needed for the analysis of RHP 3.1.
These spaces were introduced in [Zhou 1989b]; see [Trogdon and Olver 2016, §2.6-2.7] for a discussion
on their role in the analysis of Beals—Coifman integral equations associated to RHPs.
fI'=T1U---Ul', and the I'; are either half-lines, line segments, or arcs, the space H k(") consists of
functions f on I' with the property that f|r, € H K(T;). The space H k(T;) is well-defined since each T';
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Figure 7. Boundary components of Q" (left) and Q~ (right).

can be parametrized by arc length and functions on I'; viewed as functions on a subset of R. A function
f € HX(I';) has a representative which is continuous, together with its derivatives ) up to order k — 1.
Limits of £/ at the endpoints of I'; are well-defined for 0 < j <k — 1. The spaces HX(I") and H*(I")
consist of the functions of H*(I") which are continuous together with their derivatives up to order k — 1
along the solid and dashed components, respectively, shown in Figure 7.

To describe the continuity conditions, let

(fHe=  lim  f9),

2> S+00,2€l

where the contours I'; are as shown in Figure 4. A function f € H _’ﬁ(F) obeys the conditions

Gho=h-, th-=¢h-.  Uhe=Uhy, UhHi=us (A-1)

for 0 < j <k — 1, where in each case the first condition comes from continuity across the solid contour,
and the second from continuity across the dashed contour. Similarly, a function f € H*(T") obeys the
conditions

GFho=Uho, h-o=Uh-, Uhi=Uhe, Fhe=Uhs (A-2)

forO0<j<k-—1.
The space HZ"(F) consists of those functions in H*(I") which obey the following zero-sum conditions
at the two intersection points £S:

-+ h-= - = - =0,
D+ D =D = e =0,

where the + signs are determined by the orientation of the contour as indicated in Figure 7.
It is easy to see from (A-1), (A-2), and (A-3) that Hi(F) C HZ"(F). In [Trogdon and Olver 2016,
Lemma 2.51], it is shown that if f € HZ"(F), then the Cauchy projectors C%f are in Hi(F). This

(A-3)
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mapping property is very natural since C ;r f (resp. C. f) is the boundary value of a function analytic
in Q4 (resp. 7). It follows that
HE(T) = H{ () + HA (D),

with the decomposition given by f = C;r (f)+(=Cr ().

Appendix B: The continuity-compactness argument

In this appendix, we give the abstract functional-analytic argument needed to prove uniform resolvent
estimates required in Section 4 for the Lipschitz continuity of the inverse scattering map. Proposition B.1
can also be used to simplify proofs of analogous uniform estimates in [Jenkins et al. 2018b; Liu et al.
2016]. In what follows #(X) denotes the Banach space of bounded operators on the Banach space X.

Proposition B.1. Ler X, Y, and Z be Banach spaces and suppose that there is a continuous embedding
i : Z — Y with the property that bounded subsets of Z map to precompact subsets of Y. Suppose that C
is a family of bounded operators on a Banach space X indexed by J € Y and x € R. Finally, suppose that:

(1) The map (J, x) — Cj  is continuous as a map from Y x R into B(X), and the estimate

supl|Cyx — Cyrxllzcxy ST =Ty
xeR

holds.
(i1) The resolvent (I — Cj’x)_l exists for eachx e Rand J €Y.

(iii) For each J €Y, the estimate

sup [[(I —Cy) 'z < oo
x€la,o00)

holds.
Then for any bounded subset B of Z,

sup( sup ||(1 — Cj,xrl”eé?(x)) <00

JeB x€la,o0)
and the map
J x> (I—Cr)™")
is locally Lipschitz continuous as a map from Z into C ([a, 00); B(X)).

Remark B.2. (1) In applications, (i) is easy to prove from the explicit form of the Beals—Coifman
integral operators, (ii) follows from Fredholm theory and a vanishing theorem for the RHP, and (iii)
follows from the continuity of the map

x> (I—=Cs )7 !

and the fact that, in the limit x — oo, the integral kernel of the operator is highly oscillatory.

(2) In applications, the bound in hypothesis (iii) is typically only true for half-lines. One can replace
[a, o0) by (—00, a] and obtain the same result.
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Proof. Denote by C ([a, 00), #(X)) the Banach space of continuous Z(X)-valued functions of x € [a, 00)
equipped with the norm

I fllc(a,00),2x)) = supll f (x) |l zx)-
R

xXe
Consider the map

Y = C([a,0), (X)), Jr— (x+—I—-Cs )7 h. (B-1)

Assumptions (i), (ii), (iii) and the second resolvent formula show that this map is well-defined and
continuous. Using the injection i we can identify bounded subsets of Z with precompact subsets of Y.
We can then use the continuity of the map (B-1) to conclude that the image of any bounded subset of
Z has compact closure in C([a, 00), (X)) and hence is bounded. The local Lipschitz continuity now
follows from the identity

I-Cr) ' —U-Cp ) ' =U-Cr) N Cpx—Cr )T ~Cpr )}

(the “second resolvent formula”) owing to the uniform bounds. O
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UNCONDITIONAL EXISTENCE OF
CONFORMALLY HYPERBOLIC YAMABE FLOWS

MARIO B. SCHULZ

We prove global existence of instantaneously complete Yamabe flows on hyperbolic space of arbitrary
dimension m > 3 starting from any smooth, conformally hyperbolic initial metric. We do not require
initial completeness or curvature bounds. With the same methods, we show rigidity of hyperbolic space
under the Yamabe flow.
Let (M, gar) be a Riemannian manifold. Let gg = uogas be a conformal metric on M defined by a
smooth function uq : M — ]0, oo[. A family (g(¢));e[o,7[ of Riemannian metrics on M is called Yamabe
Sflow with initial metric g if for all ¢ € [0, T'[

{ 2 g(t) = —Ry(nyg().

£(0) = go.
where Rg denotes the scalar curvature of the Riemannian manifold (M, g). Richard Hamilton [1989]

ey

introduced this flow as alternative approach to the Yamabe problem and showed that solutions to (1) exist
on any compact manifold (M, go) without boundary. Since then, a full theory on compact manifolds
was developed with major contributions by Chow [1992], Ye [1994], Schwetlick and Struwe [2003] and
Brendle [2005; 2007].

In dimension dim(M ) = 2, where the Yamabe flow coincides with the Ricci flow, Gregor Giesen and
Peter Topping [Giesen and Topping 2011; Topping 2010; 2015] obtained existence and uniqueness of
instantaneously complete solutions to (1) on an arbitrary surface (M, g¢). Instantaneous completeness
means that the Riemannian manifold (M, g(¢)) is geodesically complete for all # > 0 even if the initial
surface (M, gg) is incomplete. In [Schulz 2019a], the author studied the question of whether Giesen
and Topping’s results generalise to noncompact manifolds of higher dimension and obtained affirmative
results for manifolds conformally equivalent to hyperbolic space provided that the conformal factor in
the initial metric and the initial scalar curvature are both uniformly bounded from above. In the present
paper, we now are able to show existence of instantaneously complete Yamabe flows for any conformal
initial metric on hyperbolic space (H, g) of dimension m > 3.

Theorem 1 (existence). Let gg = uggy be any conformal Riemannian metric on hyperbolic space (H, gy)
of dimension m > 3. Then, there exists an instantaneously complete Yamabe flow (g(t)):e[0,00[ 07 H
satisfying

(1) g(0) = go.

2) g(t) =zm(m—1)t gy forallt > 0.
MSC2010: primary 35A01, 35K55, 53C44; secondary 35A02, 35K65.

Keywords: Yamabe flow, instantaneously complete, unbounded curvature.
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Remark. Recall that hyperbolic space is a noncompact, simply connected Riemannian manifold of
constant sectional curvature —1 and scalar curvature Rg, = —m(m — 1). Theorem 1 improves the
existence result obtained in [Schulz 2019a], which depended on the uniform upper bounds gg < Cygn
and Rg, < K on the initial metric and its scalar curvature. Here, we are able to drop these assumptions
entirely, so the existence of instantaneously complete Yamabe flows on hyperbolic space of any dimension
is true with the same level of generality as in dimension 2. It is likely that the proof of Theorem 1 can
be generalised to apply on any noncompact manifold (M, gas) with strictly negative scalar curvature
—k2 <Rg,, < —k1 <0 in place of hyperbolic space.

However, there exist (geodesically incomplete) initial manifolds (M, g¢) which do nor allow any
instantaneously complete solution to the Yamabe flow. Conformally flat examples (M, g¢) such as the
punctured sphere in dimension m > 3 are given in [Schulz 2019a, Theorem 3]. The incompleteness of
Yamabe flows on arbitrary punctured manifolds will be analysed in a forthcoming article.

For the more general class of complete, noncompact background manifolds (M, gas) with nonpositive,
bounded scalar curvature and positive Yamabe invariant, the author proves global existence of complete
Yamabe flows in [Schulz 2019b], provided the initial metric g9 = uogas already is complete with
¢1 <ug < ¢, for some constants ¢y, ¢, > 0, so that cases like the punctured sphere are excluded. However,
no assumptions on the curvature of g¢ are required.

If g¢ is any Riemannian metric on some noncompact manifold M, then existence of a global Yamabe
flow on M with initial metric gg was shown by Yinglian An and Li Ma [1999] provided that (M, g¢) is
complete, with Ricci curvature bounded from below and with bounded, nonpositive scalar curvature, and
also by Li Ma [2016] under the assumption that (M, g¢) is complete with nonnegative scalar curvature Rg,
which allows a positive solution w > 0 of the equation

m—2
—Agow = ngo
in M.

Bahuaud and Vertman [2014; 2019] constructed Yamabe flows starting from spaces with incomplete
edge singularities which are preserved along the flow. Recently, Choi, Daskalopoulos, and King [Choi et al.
2018] constructed solutions to the Yamabe flow on R which develop a type II singularity in finite time.

In general, solutions to problem (1) on noncompact manifolds M are not unique. An example on
M = H is the flat metric gg = g, which is conformally equivalent to gy according to the Poincaré ball
model. By Theorem 1, there exists an instantaneously complete Yamabe flow (g(7));e[0,00[ ©n H with
g(0) = gr. However, the constant flow given by g(¢) = gr for all ¢ is also a solution to (1) because
Rg; = 0. In [Schulz 2019a] we conjectured that uniqueness holds in the class of instantaneously complete
Yamabe flows and obtained a partial result in the class of rotationally symmetric, instantaneously complete
flows. While the conjecture is still open in general, the methods used in the proof of Theorem 1 yield the
following result without the assumption of symmetry or completeness.

Theorem 2 (rigidity). Let (H, gn) be hyperbolic space of dimension m > 3. Let (g(1))se[o,T[ be a Yamabe
Sflow on H with g(0) = gy. Then, the flow is uniquely given by g(t) = (m(m—1)t + 1)gy forallt €[0, T|[.
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Figure 1. The construction of u¢ x given ug.

Proofs of the main results

Let ug : H — ]0, oo[ be the conformal factor of the given metric gg = uggn on H. We assume that
the restriction of 1 to any smooth, bounded domain  C H is in the Holder space C>%(Q) for some
0 <a < 1. Since the Yamabe flow preserves the conformal class, any Yamabe flow (g(7));efo,7[ on H
with g(0) = g is of the form g(¢) = u( -, t)gyn with a conformal factor u : H x [0, T[ — ]0, oo[ satisfying

{ %u = —Rgu,

2
u(-,0) = uy. @)

In dimension m = dim(H) > 3 we may introduce the exponent
m—2

n=T

and the function U = u" in order to express the scalar curvature of the conformal metric g = ugy by

_m+2 m—1
Rg:U n1_2(RgHU_4m_2AgHU)

and to formulate the following equivalent evolution equations for U and u respectively:

1 U _1
mW:(I’VZT’]Uﬁ-AgHU)U n, (3)
1 du Agyu (m—6)|vu|§H
™M _ . 4
m—1 ot mt u + 4 u? @)

Let By, = By (po) C H be the open metric ball of radius k around some origin pg € H. Let xz : H— [0, 1]
be smooth with compact support in By, satisfying yz (x) = 1 for all x € Bj_;. For any k > 2 we define

= inf 0, 5

Ck 11?,( ug > )
uok = (1= xx)ck + Xk o, (6)
Or () == cr +m(m—1)t. 7

Then, ug 4 € C?-%*(By,) coincides with u¢ in Bj_; and takes the constant value c; in some neighbourhood
of 0By as shown in Figure 1. Moreover, ug x and ¢y satisfy the first-order compatibility conditions
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for (4). As shown in [Schulz 2019a, Lemma 1.1] there exists some 7} > 0 and a solution # > 0 of

2
1 Odu n Aguu n (m—6) [Vulg,

-2 in B 0, Ty |,

m—1 0t " u 4 u? in By [0, Til
U= on 3By x [0, Ty[. ®)
U=1uoyg on By x {0}.

The following pointwise estimate is analogous to [Schulz 2019a, Lemma 1.3].
Lemma 1. Let u be a positive solution to problem (8) with initial and boundary data as given in (6)
and (7). Then, for every 0 <t < T}

infug <u(-,t)—m(@m— 1)t < supuy.
i By
Proof. Given any constant ¢ € R the function w(-,¢) = u(-,t) —m(m — 1)t — ¢ satisfies
I dw Agw  (m—6)(Vu, Vw)g,
m—1 0t u 4u?

Since u > 0, equation (9) is uniformly parabolic. For ¢ = infpg, uq (respectively ¢ = sup By, ug) we have

=0 in By x [0, Ty[. )

w > 0 (respectively w < 0) on (dBy x [0, Tx[) U (Bg x {0}) by (7) and the parabolic maximum principle
(see [Schulz 2019a, Proposition A.2]) implies w > 0 (respectively w < 0) in By x [0, T][. O
Lemma 2 (global existence on bounded domains). For every k > 2, there exists a unique global solution
0 < uy € CH1(By x [0, oc) to problem (8) with Ty, = oo, boundary data (7) and initial data (6).
Proof. Since any solution u € C*1(By, x [0, Tx[) to problem (8) with T} < oo satisfies
0<infug <u(-,t) <supug+m(@m—1)T; in By
By By

for every ¢ € [0, Ty [ according to Lemma 1, the same approach as in [Schulz 2019b, Lemma 1.2] using
parabolic De Giorgi—-Nash—Moser theory applies. In fact, a similar argument is used in the proof of
Theorem 1. O

The estimate obtained in Lemma 1 is not uniform in k because we do not assume any uniform bounds
on ug. To pass to the limit kK — oo we require local bounds which do not depend on k. The nonlinearity
of the equation is helpful for upper bounds. Lower bounds however are delicate. We will make use of the
following estimate.

Lemma 3. For any real numbers a, ¢ > 0 there exists A > 0 such that the function f :]0,1[ — R given by
f(r) = (1 —r?)? satisfies
S+ 1) 2 =)
forallr €10, 1].
Proof. Since f'(r) = —4r(1—r?) and f"(r) = —4 + 12r2, we have
1
1—r2

PO+ 0 = (127 et =) =846+ =) =y (15 ) e,
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=7

(1)

>

_f1+a

Figure 2. Visualisation of Lemma 3 fora =1, ¢ =2 and A = 33.

where we introduced the function y : [1, oo[ — R given by
y(x) — 8x2+2a _4(3 +C)X1+2a.

Since the leading term 8x2722 has a positive coefficient, the function y :[1, oo[ = R is bounded from
below by some constant —A < 0 depending only on the parameters a and c. g

Lemma 4 (radial subsolution). Let Bi(xg) C H be the open metric unit ball in (H, guy) around xo € H
and let a, b, hy > 0. Then there exists a constant C > 0 depending only on a, b, hy and m = dim H such
that the map V : By x [0, to| = 10, ho] given by

V(-.1) = (h§—Cnya(1—r?)?,

where ty = %hg and where r : By — [0, o[ is the Riemannian distance function from xq in (H, gy),
satisfies
d

EVH'“ <bAg,V. (10)

Proof. A function of the form V(-,t) = h(t)(f or) satisfies (10) if
et = bk AT = Mg (F()).

for some A > 0. Let f:]0,1[ > R and A > 0 be as in Lemma 3 with

m—1
c= .
tanh(1)

Then
m J—

: F10Y= 1)+ S ) = A1),

tanh(r) r

Agy (f(r)) = f"(r) +
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The equation for 4 implies
d abi

a4 pay = _ ,
dl( ) a+1

which integrates to

abAt
h%(t) = h*(0) — .
(1) = h(0) ~ ==
Choosing h(0) = ho we arrive at
1
abit \@
V(- t)=(h- | 11
(o= (-2 ) A a
which completes the proof with constant
A
C = ab ' m
a+1

Remark. The equation corresponding to (10) is called fast diffusion equation (see [Vazquez 2007]),
which is well-studied even for domains in Riemannian manifolds of negative curvature: Bonforte, Grillo
and Vazquez [Bonforte et al. 2008] proved existence of (weak) solutions to the fast diffusion equation in
a more general setting and provided more refined estimates of the extinction time. Grillo and Muratori
[2014] studied radial solutions of %V”" = Ag, V on hyperbolic space of dimension m > 3 in the
m+2 and analysed their fine asymptotics near the extinction time. In the

m—2
following we will specialise to the critical exponent 1 4+ a = ;”n—f% which corresponds to the Yamabe flow.

subcritical range 1 4+ a <

It is surprising that the simple profile f(r) = (1 — rz)2 allows the construction of a compactly supported
subsolution to the Yamabe flow on hyperbolic space of any dimension m > 3. The same approach works
on R™ for m > 3 if we choose ¢ = (m — 1). On manifolds of dimension 2, however, the Yamabe flow
behaves differently: according to [Giesen and Topping 2013, Theorem A.3] there exist Yamabe flows
starting from the flat 2-dimensional unit disc with arbitrarily small extinction time.

Lemma 5 (local lower bound). Let Q2 € H be any open subset of hyperbolic space of dimension m > 3
containing the metric ball By, C H of radius ro > 1. Let (g(t))e[o,T[ be any Yamabe flow on Q given by
g(t) =u(-,t)gulq. Then, there exists a constant Cy, > 0 depending only on m and not on Q such that
forallt €[0,T]

u(-,t)y=infu(-,0) =Gyt in By,_y.

Bry

Proof. Letn = mT—z as before. According to (3) the function U = u" satisfies

n ad

(m—1)(n+1) o

in B,, C Q. Let xo € B,,_; be arbitrary and let V : Bj(xo) x [0,%[ — R be as in Lemma 4 with
parameters

UM =mygU + Ag,U > Ag, U

1 — D +1
a=t pom=DOED U0, (12)
77 77 Bro

According to Lemma 2 we may assume 7" > #y. We consider the difference

1 1
w:=V'"Tn _ylts,
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define the function wy : By (x¢) X [0, o[ = [0, oo by w4 (x, ) = max{w(x, ?), 0} and study the evolution
of the quantity

J() :/ wy (-, 1) dug,.
B (x0)
For any 0 < 7 <7 <ty we have

J(z)—J(z—r)=/

w0 g, = [ wi =) dg,
B (xo)

B (x0)

s[ W (1) = we (-t — 1)) dpig,
{w(-,1)>0}

5/ (1) —w(- .1 — 1)) ditg,.
{w(-,1)>0}

Hence,

ow
_( ’ t) dIU/g[H]

lim su
P w(-,1)>0} ot

J(O)—J(t—1)
™\ 0 T = /{

(13)
Sb/ Agu(V =U)(-.1) diigy <0,
{(V=U)(-,1)>0}

where we use the following Lemma 6 to obtain the last inequality. We proceed similarly to an argument
by Richard Hamilton [1986, Lemma 3.1] (see also [Schulz 2019a, Lemma A.5]). Let ¢ > 0 be arbitrary.
Estimate (13) implies that there exists § > 0 such that

forall t €[0,8], J(@)—J(@—1) <er. (14)

We may assume that § € ]0, 7] is maximal with this property. By continuity of ¢ — J(¢), estimate (14)
extends to
J(@)—J(t—38) <&6. (15)

If  — & > 0, we repeat the argument to find §’ > 0 such that,
forallt €[0,8'[, J(t—8)—J(t—8—1)<er. (16)
In particular, (15) and (16) can be combined to
J@)—J(t—-8—1)<e(6+71)
for all € [0, §'[ in contradiction to the maximality of §. Hence, § = ¢ and we obtain
J(@)—J(0) <et.

By the choice of /g we have J(0) = 0. Since ¢ > 0 is arbitrary, J(¢) < 0 follows and implies U(-,t) >
V(-,t) in By. In particular, using formula (11) with parameters (12) for V, we have

Ulxo.1) = V(xo.1) = (%nfu(',O) — (m——nl))\t)”

Since xo € By, and f €]0, to[ are arbitrary and U = u", the claim follows with constant Cy, = mT_IA. O
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Lemma 6. Let Q@ C H be a smooth, bounded domain and let f € C*(Q) satisfy f < 0 on 0Q. Let
{f>0}:={xeQ| f(x)>0}. Then,

[ oadug =0
{f>0}

Proof. For any regular value y > 0 of f, the set { f > y} C Q is regular, open and bounded with outer
unit normal v in the direction of —V f. Therefore, we may integrate by parts to obtain

/ Angd,bLgH =/ (Vf V)gH d/’Lg[H] — (17)
{f>r} Hf>y}

If y = 0 is not a regular value for f, we choose a sequence (Vi )ren Of regular values for f with y, — 0
as k — oo and pass to the limit in (17). O

The following lemma about upper bounds is a local version of [Schulz 2019a, Proposition 2.1] and
complements the local lower bound obtained in Lemma 5. In [Schulz 2019a], the estimate is derived
from (3) for U = u". Here, we give a slightly different proof using (4) instead.

Lemma 7 (local upper bound). Let Q2 € H be any open subset of hyperbolic space of dimension m > 3
containing the metric ball By, C H of radius ro > 1. Let (g(t))e[o,T[ be any Yamabe flow on Q given by
g(t) =u(-,t)gnlq. Then, there exists a constant ¢, > 0 depending only on m and not on Q such that
forallt €[0,T]
u(-,t) <supu(-,0)+(m—1)(m~+cpy)t in By,_.
Br,

Proof. Let ¥ : Q — [0, 1] be a smooth cutoff function with support in B,, C £ such that ¥ (x) = 1 for
all x € By,— and such that

(m+2)

4

in B,, with some constant ¢, > 0 depending only on the dimension m. Such cutoff functions exist as
shown in [Schulz 2019a, Lemma A.3—4]. Consider the spatially constant function

|V¢|§H_Agm1//) <cCm (18)

w(t) = supu(-,0) + (m—1)(m +cm)t.
Br()

Recalling (4), but suppressing the index gy to ease notation of derivatives and inner products, we have

—_15( v —w)
2
=my - (m+Cm)+—w+(m 0 WZ;' y
=mw—<m+cm)+“”‘”)—m4—+2<v V) - Ay+ V), V)
A(uw) m+2 2
=my —(m+cm)+ v —(Vy), Vy)+ (V(Wl) VH)+—|V1ﬁ| —Ay
< A(ui ) ’ZJ’;(V( iy —w), Vi) + 4_2 (V(pu—w), Vu). (19)
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Since By, C 2 is a bounded domain, u| By X[0,T[ is strictly bounded away from zero and from above.
Moreover, uyy —w < 0 on (B, x{0}) U (9B, x[0, TT). Hence, the parabolic maximum principle [Schulz
2019a, Proposition A.2] applies to inequality (19) and yields uyy —w < 0 in B, x [0, T'[, which by the
choice of v implies u(-,7) < w(t) in B,,—; forall 7 € [0, T[ as claimed. O

Proof of Theorem 1. Letr > 1 and T > 1 be arbitrary but fixed. For every k € Nlet uy, : By x[0, oo[ —]0, oo[
be the solution to problem (8) with boundary data (7) and initial data (6) as given in Lemma 2. Combining
the lower bounds from Lemmas 1 and 5, for every k > r + 3 we obtain

m(m—1)

Ukl g, Hxp0,11 = mm—1)+Cy, Blrn+f3 ug >0, (20)

where the constant Cy, > 0 is the same as in Lemma 5. Here we use that we have

b
max{at,b—ct} > 42
a+c

for any @, b, t > 0. In fact, max{at, b — ct} is minimal when at = b — ct, that is, when t = b/(a + ¢). By
Lemma 7, we also have

Ukl g, oxjo,11 = ;up uo + (m—1)(m+cm)T. 21)
r+3

2

Recalling n = 7=, we write (8) in divergence form

1w m(n+ Du't!
m—1 0ot u

1
+ divg, (;Vu”“) (22)

and interpret it as linear parabolic equation for uZH in B, 4, %[0, T'] with coefficients which are uniformly
bounded due to (20) and (21). Since ux|p, 4ox{0} = Uo |B, 4> 1s Holder continuous by assumption, we may
apply parabolic De Giorgi—Nash—Moser theory [Ladyzhenskaya et al. 1968, p. 204, Theorem I11.10.1]
(see also [Trudinger 1968, §4]) to (22) in order to obtain the interior Holder bound

+1
”MZ ||C0,Dé;0.ot/2(§r+lx[(),T]) = C(m’ T, uOlBr+3)

for some 0 < @ < 1 with a constant C depending only on m, T, the upper and lower bounds (20) and
(21) and the Holder bound on ug|p,_,, but not on k. Together with (20) and (21), it follows that the
coefficient 1/uy in (22) is Holder continuous in B, x [0, T'] satisfying a similar estimate. Since we
assume uq € C>%(B, 1), linear parabolic theory [Ladyzhenskaya et al. 1968, p.351, Theorem 1V.10.1]
yields

+1
”uz ||C2,a:l,a/2(ErX[o’T]) = C/(m» T, u0|Br+3)-

By compactness of the embedding C2%1-%/2(B, x [0, T]) < C>'(B, x [0, T]) a subsequence of
{uk|B, x[0,T]}r+2<ken converges to a solution of (4) in B, x[0, T]. We repeat this argument to obtain a
further subsequence which converges to a solution of (4) in By, x [0, 2T].

A diagonal argument allows us to find a subsequence of {u }x<n Which converges everywhere to a limit
u € CH1(H x [0, oo) satisfying the Yamabe flow (4). Since the uniform lower bound u( -, 1) > m(m — 1)t
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Figure 3. Applying Lemma 5 uniformly.

from Lemma 1 is preserved in the limit, the Yamabe flow given by g(¢) = u( -, t)gny is instantaneously

complete. O

Proof of Theorem 2. Let (g(1));e[o, [ be any Yamabe flow on H with g(0) = gy. Let u : Hx[0, T[—]0, oo
be such that g(¢) = u(-,¢)gy for all ¢ € [0, T'[. In order to obtain a sharp bound on u from below it is
convenient to aim for an upper bound on the so-called pressure v = % which evolves by the equation (see
[Schulz 2019a])
1 d 2 m+2 2

mgv——mv +vAgHv—T|Vv|gH. (23)
Let r : H — [0, oo[ denote the Riemannian distance function in (H, gy) with respect to some origin in H.
Given 0 < ¢ < % let ¥ : H — ]0, oo[ be defined by

1
~ cosh(er)’

Then we have |V1//|§H <&2y? and

2y (m—1)0y L sinh?(er)  (m—1) e tanh(er) )
~ 9r2  tanh(r) 9r ¢ cosh? (er) tanh(r) cosh(er) =&y +m=Dey

_Aguﬂ/f =

in H. This implies

1 2
m%(wv) = —myv® + vAg, (Yv) — V2 Ag, ¥ — 20(VY, V) g, — %WVU@H
< —myv® + vAg, (¥ )+(—A w+—4|v¢|§’“) 2
= —myv° +vAg,(Yv g TR v
< —myv® + VAg, (Yv) + meyrv?
< —m(1 —&)(Yv)* + vAg, (Yv), (24)

where we used ¥ < 1 in the last step. Since u(-,0) = 1 we may apply Lemma 5 uniformly in H and
obtain a constant C,, > 0 depending only on the dimension m such that u(-,2) > 1 — Cy,¢ in H for all
t € [0, T as illustrated in Figure 3. This implies

1)<
v =1
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in H forall 7 €[0, To[, where Tg := min{T, } Hence, the function (¥ v)( -, ¢) attains a global maximum
in H and the map w : [0, Ty[ — ]0, oo glven by

w(r) = max(yv)(-.?)

is well-defined. Let 7y € |0, Ty[ be arbitrary but fixed. Let ¢¢ € H such that w(zy) = (¥ v)(go,%). By
(24), we have

| 1 1 | 1 1
hi“\félf?(woo) "o —r)) = hi“\‘élf?((wv)(qo,m T 0@oto —r))

8 T (4))

‘8rt to(vaxqo,r)‘ (o 010

> ( T )2< m(1—&)(Yv)? = vAg, (¥ ) (qo. o)
>mm—1)(1—¢), (25)

where we used that —Ag, (Y v)(qo.%) = 0 since g is a maximum. As shown in [Schulz 2019a,
Lemma A.5], estimate (25) implies
L—; >mm—1)(1—e)t
w() w(0)
for every ¢ € |0, Ty[, which yields
1
mm—1)(1—¢)t +1
1

since w(0) = 1. Letting ¢ — 0 and recalling v = -, we conclude

Wv)(-.1) =w() <

u(-,t)y=mm—1)t+1 (26)

for all ¢ € [0, Ty[. By repeating the argument with initial time 7} if necessary, we obtain that estimate
(26) holds in fact for all ¢ € [0, T[.

The reverse inequality u(-,¢) < m(m — 1)t 4 1 is similar to the statement of Lemma 7. In fact, if we
choose €2 = H and replace the cutoff function i by ¥ (¢r) in the proof of Lemma 7, then the constant
cm in estimate (18) can be replaced by ec;,;, and we may conclude by letting & — 0. O
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SHARPENING THE TRIANGLE INEQUALITY:
ENVELOPES BETWEEN L? AND L? SPACES

PAATA IVANISVILI AND CONNOR MOONEY

Motivated by the inequality || f + gll5 < || £II3 + 2l fgll1 + llgll5, Carbery (2009) raised the question
of what is the “right” analogue of this estimate in L?” for p # 2. Carlen, Frank, Ivanisvili and Lieb
(2018) recently obtained an L” version of this inequality by providing upper bounds for || f + g||5 in
terms of the quantities || f|5, llgll> and ||fg||£ﬁ when p € (0, 11U [2, 00), and lower bounds when
p € (—o00,0) U (1, 2), thereby proving (and improving) the suggested possible inequalities of Carbery.
We continue investigation in this direction by refining the estimates of Carlen, Frank, Ivanisvili and
Lieb. We obtain upper bounds for || f + g||5 also when p € (—o0, 0) U (1, 2) and lower bounds when
p € (0,1]U[2, 00). For p € [1, 2] we extend our upper bounds to any finite number of functions. In

addition, we show that all our upper and lower bounds of || f + g/, for p € R, p # 0, are the best possible

in terms of the quantities || £ |5, [l and || f gllﬁg, and we characterize the equality cases.

1. Introduction

For any real-valued functions f, g € L? on an arbitrary measure space, and any p > 1, one has the
inequality

1f +gllL <277 (LFIL + g D). (1)

The estimate (1) follows from the fact that the map x +— |x|? is convex. If f = g in (1) then the constant
2P~ is sharp and the inequality becomes equality. On the other hand, if f and g have disjoint supports
then the constant 27! is not needed. We remark that the estimate (1) reflects the convexity of the unit ball
in L?, which is equivalent to the usual L? triangle (Minkowski) inequality; see, e.g., [Carlen et al. 2020a].

Carbery [2009] asked under what conditions on the sequence of functions { f;} C L” the inequality
S UIfill5 < oo would imply Y f; € LP. If we try to adapt the inequality (1) to say n functions
f1, f2, ..., fn instead of two, then the constant 27 ~1 should be replaced by n? —1 which grows with n. To
remove dependence on n, Carbery suggested several extensions of inequality (1) which were motivated
by the estimate || f + gII% < ||f||§ +2| felli + ||g||%. All of them involve the extra parameter ||fg||5g,
which measures the “overlap” between the functions, and the strongest one in the case of two functions
he could prove only for indicator functions of sets. Recently a sharpened form of the triangle inequality
was obtained [Carlen et al. 2020a], which implied the proposed estimates of Carbery. Namely, take any

MSC2010: 42B20, 42B35, 47A30.
Keywords: triangle inequality, LP spaces, concave envelopes, Bellman function.
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p € R\ {0}, and put

i 21l/gl17)2

/2
Il fllp:= </ Iflpdu) and [, = — > P/=
P Uk N TN

Then
If 42l < A+TPPHFI1E + llglls) 2)

holds true if p € (0, 1]U[2, c0), and the inequality reverses if p € (—oo, 0) U (1, 2), where in the latter
case we assume that f, g are positive almost everywhere. Since by Cauchy—Schwarz I';, € [0, 1] for all
p € R\ {0}, we see that (2) improves on the trivial bound (1).

In this paper we continue investigation in this direction and we address the following questions:

Question 1. Can one further sharpen the right-hand side of the estimate (2) if we are allowed to use only
the quantities || f 1l 5, gl p. 1 f&1l p/2?

Question 2. What is the optimal upper bound on || f +g||% in terms of the quantities || £l », [Igl p» | f& |l p/25
also when p € (—o0, 0) U (1, 2)? Additionally we consider the same question about lower bounds on
Il f + g5, also when p € (0, 1]1U[2, 00).

Question 3. Can one extend these estimates to more than two functions?

We will give complete answers to Questions 1 and 2, and we will provide an answer to Question 3
. . 2
when p > 0. In particular we show that, for p € [1,2],if ) || f; |5, < oo and i lfif ||‘Z§2 < 00, then
> fieL?

2. Main results

Let (X, A, ) be an arbitrary measure space. In what follows we consider functions f, g on X that are
measurable and nonnegative. Given p € R\ {0} we will always assume that || f ||§, | g||§ < 00. When
p <0 we allow f, g to take the value +o00, where we understand f7, g =0.

Theorem 2.1. For any p € (0, 1]U[2, 00), and any nonnegative f, g on any measure space we have

1+vV/1-T2\Y? 1 -V1-T2\/7\?
||f+g||§s(<+—2ﬂ> +<—2E> )<||f||g+||g||§>. (3)

The inequality reverses if p € (—oo, 0)U[1, 2]. Equality holds if (fg)?/* = k(f? 4 gP) for some constant
kelo, 3]

Remark 2.2. The right-hand side of (3) is the best possible in the following sense: consider the measure
space ([0, 1], B, dx). Pick any nonnegative numbers x, y and z such that 0 < z < ,/xy. Then, for any
p € (0, 1]U[2, 0o) the supremum of the left-hand side of (3) over all nonnegative f, g with fixed || f ||§ =X,
lgllh =y, | fg||§§§ = 7z coincides with the right-hand side of (3). Similarly, for any p € (—oo, 0) U[1, 2]
the infimum of the left-hand side of (3) over all such f, g coincides with the right-hand side of (3). We

justify this remark in Section 3.
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Remark 2.2 implies in particular that Theorem 2.1 refines the estimate (2). As a consequence we have
the following peculiar estimate:

Corollary 2.3. Forany p € (0, 11U[2, 00) and any number T" € [0, 1], we have

/1 _12\!/p _J1_T12\Upr\P
((%) +(%) ) 5(]_,_[*2/17)17—1_ 4)

The inequality reverses if p € (—oo, 0) U[1, 2].
If we set I" :=2(ab)?/?/(a? + bP) for nonnegative a, b, then after a short computation inequality (4)

(a+b)? (ab)P/2 NP\
L §<1+<2ap+bp) ) . s)

becomes

This estimate was previously obtained in [Carlen et al. 2020a] (where it was also shown to be equivalent
to the inequality (2)), and the arguments are quite involved.

Remark 2.4. If we let ¢ := 1/p and x = +/1 —T2, then inequality (4) can also be written as the
two-point-type inequality

(6)

A+ + A =x) _ 1+ (1—x2)a\'™
2 _( 2 )

for all g € (—oo, 3] U[1, 00), x € [0, 1], and the inequality reverses if ¢ € [$, 1). This inequality is
reminiscent of Bonami’s two-point inequality

<|y+u P —D/G— D +y—u (p—l)/(q—1>|q)1/q<<|y+u|P+|y—u|p)up o

2 2
which holds true for all y,u e Rand 1 < p < g < o0; see [Bonami 1970]. Indeed, if we take y =1,
p=2,and u = x/q — 1 then we get
[T+ x| 4|1 —x|4
2

The right sides of inequalities (6) and (8) are not comparable. For example, when x = 1 the estimate (6)

< (1+(g—DHxH?2 ®)

gives better upper bounds for g > 2, while near x = 0 it gives worse upper bounds.

Next, let p € R\ {0}, and set!

) 2
o min{| £115, lgll5, Ilfgllﬁfz}

P p/2
”fg”p/z
Theorem 2.5. For any p € (1, 2) and any nonnegative f, g on any measure space we have
_ _ 2
ILf+gllh < IFI5+ gl + (C, P+ ChmyP — = Cp)li g1l ©)

i ||fg||%§ =0thenweset Cp=1.
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The inequality reverses if p € (0, 11U [2, 0o0). Equality holds in (9) if one of the following three conditions
holds: f =gon{fg >0}, g=Af on{f > 0} for some . > 1,o0r f =Arg on{g > 0} for some A > 1.
For p € (—o0, 0) we have
If +glh < (€7 +C/PP I fally)s. (10)
Equality holds in (10) if one of the following three conditions holds: f = g on {fg < oo}, g =Af on
{f < o0} for some A <1,0r f = Xrg on {g < 0o} for some A < 1.

Exactly the same remark as before applies to Theorem 2.5; that is, the right-hand sides of (9) and (10)
are the best possible. Together, Theorems 2.1 and 2.5, along with the remarks about optimality, answer
Questions 1 and 2.

Finally, we state a partial answer to Question 3 in the case p > 0.

Corollary 2.6. For any p € [1, 2], and any sequence of nonnegative functions { f;}j>1 we have

Zf] Z||f,||"+<2" 2> A SIS

i<j

If p € (0,11U[2, c0) the inequallty reverses. Equality holds if and only if

(Z f,) Zf” +Q2P =) (fifN"?
J

i<j

almost everywhere.
In particular, when p € [1, 2] we have Z fj € L? provided Z Il fill’, < oo and qu I fi fi ||p/2 < 00.

Remark 2.7. After we finished writing this paper we received the preprint [Carlen et al. 2020b], in which
the authors obtain an upper bound for the L” norm of a sum of N functions in the case p > 2, in terms of a
certain analogue for N functions of the quantity I',. Their estimate complements our result Corollary 2.6,
which holds for p € (1, 2), and is obtained using different techniques.

The rest of the paper is organized as follows. In Section 3 we reduce the proofs of Theorems 2.1
and 2.5, as well as the remarks about their optimality, to computing the concave and convex envelopes of a
certain function defined on the boundary of a convex cone in R>. In Section 4 we compute these envelopes.
Finally, in Section 5 we prove Corollary 2.6 using an observation about the proof of Theorem 2.5.

3. Reductions

In this section we reduce Theorems 2.1 and 2.5 to computing explicitly the convex and concave envelopes
of a certain function defined on the boundary of a convex cone in R Let

Q:={x,y>0,0<z<.xy}

be the convex cone in R? whose vertical cross-sections QN {x +y = ¢ > 0} are half-ellipses. For p € R\ {0}
define ¢, on 9$2 by

x+y, p=>0,

Op(, ¥, X)) = P4y Xy >0, @p(x,y,0)=
0, p <O0.
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Let f and g be nonnegative functions on an arbitrary measure space (X, A, n) with || f ||§, [| g||5 < 00.
Note that the triple (|| f1I7, llgll5, Il.f gllﬁﬁ) is in Q by the Cauchy—Schwarz inequality. By the equality
case, if the triple is in <2 we have || f + gl = @, (1 £115. ligll5. | £gll%)3). Our approach is based on the
following lemma:

Lemma 3.1. Let p € R\{0}, and assume that H € C(2) is a concave, one-homogeneous function on 2
with H|yq = ¢,. Then

2
L +815 < HALFIZ, 15 1 £ 15/2).

If H is convex, the inequality reverses.

Proof. By the boundary conditions, we have

1:H( f7 8" (fg)”/2>

(f+97 (f+9)7 (f+8)P
on the set X' = {f + g > 0} when p > 0, or {f + g < 0o} when p < 0. Integrating this identity with
respect to the probability measure (f + g)? du/|l f + gl on X’ and applying Jensen’s inequality gives

p/2
<H( I1£11 Iglp ||f8||p/z)
T oNNfAelp I gln I gl
when H is concave, and the other inequality for H convex. The result follows from the one-homogeneity
of H. U

Lemma 3.1 reduces our problem to computing the concave and convex envelopes of ¢, on . By
concave envelope we mean the infimum of linear functions on €2 that are greater than ¢, on 9€2, and by
convex envelope we mean the supremum of linear functions on €2 that are smaller than ¢, on 9<2. Let
H p» denote the concave envelope, and H, the convex envelope. For (x, y, z) € €2, define

2 X
w(x,y,z):= ﬁ, v(x,y,2) = min{z, %, 1},

where we take w = 0 at the origin and v =1 on Q N {z = 0}. Define the one-homogeneous functions F,,

G, on Q by
x+
Fp(x,y,2) == Ty((l FVT— w4 (1= /1= w?)/P)P, (11)

x+y+ (VP +v7 Py —(w+v7)z, p>0,

12
WP v~ l/PyP 7, p <0. (12)

Gp(x,y,2):= {
Proposition 3.2. The concave and convex envelopes H p» Hp of ¢ in Q are in C(2) and are given
explicitly by the formulae
ﬁ _ Fpa pe(o’ I]U[29OO)9
P76, pe(—o0,00U(1,2)
and

I

_{F,,, p € (—00,0)U(l,2),
P76, pe(,11U[2, 00).
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We delay the proof of Proposition 3.2 to Section 4, and immediately note that Theorems 2.1 and 2.5
follow quickly:

Proof of Theorems 2.1 and 2.5. To prove the inequalities, just apply Lemma 3.1 to the functions H »
and H,. To check the equality cases, observe that in the proof of Lemma 3.1, we have equality in Jensen
provided {(f?, g”, (fg)?/?)} lie in a set where H is linear.

Since F), is linear when restricted to the hyperplanes {z = k(x + y)} N €2, which are nontrivial when
ke [0, %] we obtain the equality case in Theorem 2.1.

We note that G, is linear on the triangular cone {z < min{x, y}}N<2, and on the hyperplanes {z =y x}N$2
and {z = yy} N for each y > 1. The first condition gives (fg)?/?> <min{f?, g”},so f =g on {fg > 0}
in the case p > 0 and on { fg < oo} in the case p < 0. The second condition gives (fg)?/> =y f”, and
the third (fg)?/?> = ygP. When p > 0, the second condition gives that g = Af on { f > 0} for some A > 1,
and the third gives that f = Ag on {g > 0} for some A > 1; when p < 0 the second condition gives g = A f
on {f < oo} for some A < 1, and the third gives that f = Ag on {g < oo} for some A < 1. O

To conclude the section we address the optimality of Theorems 2.1 and 2.5 in the measure space
(X, A, w) = ([0, 1], B, dx). We define

2

By(x.y.2) =sup{llf +gll2: (IFIL. IglI5. I f8l2) = (x. v, ),
. 2

By(x.y.2) =inf{|| f +gllZ - (I £ gh. 1 £glI7)3) = (x. v, ).

It is easy to see that Ep, B, are defined on a cone 2, C €2, are locally bounded by the inequalities

(f +g)P <2P71(fP 4 gP) for p € (—o0,0) U[l,00) and (f + g)? < fP + gP for p € (0, 1], are

one-homogeneous, and equal ¢, on 32 (by the equality case of Cauchy—Schwarz). Furthermore, by
Lemma 3.1 we have

H,<B,<B,<H,

on the common domain of definition.

Lemma 3.3. If B » (B)) is defined on all of Q2 and is concave (convex), then
H,=B, (By=H)).

Proof. Local boundedness and concavity of B » implies continuity in the interior of €2, and since B »
is trapped between envelopes that attain the data continuously, we have Ep € C(RQ). Since H p is the
smallest such concave function, we conclude that Ep > H p- The argument is similar for B),. O

Thus, it just remains to show that when (X, A, u) = ([0, 1], B, dx), the domain of definition for Ep
and B, is all of €2, and that Ep is concave and B, is convex.

Lemma 3.4. For (X, A, n) = ([0, 11, B, dx) we have 2, = 2 for all p # 0, that l_?p is concave in 2, and
that B, is convex in Q2.

The optimality of the inequalities in Theorems 2.1 and 2.5 follows:
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Proof of optimality statements. For either inequality, given

2
@y, 2 = (LF15. lgh. 1£8l155).

the functions Ep (x,y,z) and B,(x, y, z) are by definition the best we can do. These are equal to the
envelopes H p» Hp by Lemmas 3.3 and 3.4. U

Remark 3.5. For given (x, y, z) € 2 and p € R\{0}, the supremum (infimum) in the definition of E,,
(B)) is in fact attained.

For equality in (3) consider pairs of the form (f, g) = (a, b) xj0,c] + (b, @) x|c,17 for a, b, ¢ chosen
appropriately.

For equality in (9), consider pairs of the form

(f, 8) =(a,a)xp,1/21+ (b, 0) x11/2,3/41 + (0, ©) x[3/4.1]

for a, b, ¢ appropriately chosen when z < min{x, y}, and (f, g) = (a, b) xj0,1/21 + (¢, d) x{1,2,11 Wwhen
z > min{x, y} for appropriate a, b, ¢, d, with one of c, d equal to 0.
For equality in (10), consider pairs of the form

(f, &) = (a,a)xo,1/21 + (b, 00) X(1/2,3/41 + (00, €) X[3/4,1]

for a, b, ¢ appropriately chosen when z < min{x, y}, and (f, g) = (a, b) xj0,1/2) + (¢, d) x{1,2,11 when
z > min{x, y} for appropriate a, b, c, d, with one of ¢, d equal to co.

Proof of Lemma 3.4. For the first part, if p > 0 take f; = (2x)!/P (s 11/2) for s € [0, 1] and let

g= (2y)1/1’)([1/2,1]. Then || f; ||§ =x and ||g||§ =y. Furthermore, we have h(s) := ||fsg||%§ is continuous,
increasing, and 2(0) =0, h(%) = /xy. When p < 0, use the same example but set f;, g = oo where
they were previously zero.

For the second part, let (x;, y;, z;) € Q with i =1, 2, and for € > 0 choose f;, g; such that (x;, y;, z;) =

2
A0 il 1 figill%)3) and

I fi +gillh = By(xi, yi, zi) —€, i=1,2.
Extend f;, g; to be zero outside of [0, 1], and define the rescalings

fi) =27 f125),  &1(5)=2"7g1(25),  fa(s)=2"" 25— 1), Za(s) =2"Pgy(25 - 1),
so that f;, g are supported in [0, 1] for i = 1 and in [, 1] for i =2. We then have
1(Bp(x1, y1, 20) + Bp(x2, y2, 22)) —€ < 5(Ifi + @117 0012y + 12+ 821 o 1 /2.1)
=3l i+a+H+al
fi+fHh ai+a|’

21/p + 21/p

= Ep(%(xl +x2, y1+y2,21 +zz)).



1598 PAATA IVANISVILI AND CONNOR MOONEY
For the last inequality, we used that for fy := 2_1/P(f1 + fz), go :=2"Y7(g, + &) we have

2
1oy =40 +x2),  ligollh =301 +2), 1 fogoll2)3 = 321 +22).
Taking € — 0, we conclude that E,, is concave. The convex direction is similar. (I

Remark 3.6. Lemma 3.4 holds for any measure space with translation and scaling properties similar to
([0, 11, B, dx), e.g., (By C R", B, dx).

Remark 3.7. The fact that B » 1s concave also follows from Theorem 1 in [Ivanisvili 2018]. Since the
argument is simple, we decided to include it for the reader’s convenience.

4. Envelopes

In this section we prove Proposition 3.2. We begin with some simple observations.
First, to check concavity (convexity) in €2 and continuity up to 92 of H » (Hp), by one-homogeneity it
suffices to check these properties on the half-ellipse

D:=Qn{x+y=2}.

More generally, any one-homogeneous function B in a convex cone in R” (say contained in {x, > 0}) is
concave (convex) if it is concave (convex) when restricted to a cross-section of the cone (say {x, = 1}).
Indeed, by one-homogeneity we have

B xX+y :xn—i—ynB Ai+(1—x)l
2 2 Xn Y

where A = x,/(x, 4+ y»), and the statement follows by applying concavity/convexity of B on the cross-
section and then using one-homogeneity once more.

Second, to prove that H » (H)) is the concave (convex) envelope of ¢, it suffices to check that each
point in the interior of D lies on a segment that connects boundary points of D, on which H p (Hp)
is linear. Indeed, then any linear function larger (smaller) than ¢, on 32 will then be larger than H »
(smaller than H,) in the interior of €2.

Proof of Proposition 3.2. We first examine F),, and then G,,.

The function F,: On D we can write F,(1 +s, 1 —s,1) = u(t), where

u(t) =[1+vV1-)"7 1 —-V1-)VP1P relo,1].

It is clear that F), is continuous up to d D for each p € R\{0}, and u(0) = ¢, (thatis, 2 if p > 0 and O if
p < 0) on the bottom of D and

Fy(1=s5,145,vV1=s) =1+ + 1 -5)/")P =9,

on the top of D. Since F), is constant along the horizontal segments in D, it suffices to check that u is
concave when p € (0, 1]U[2, c0), and convex otherwise. To that end, we let t = sin(x), with x € [0, %]
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Then
u(sin(x)) = [(1 +cos(x))"/? + (1 — cos(x)) /717

Let us rewrite the last equality as
Tu(sin(2s)) = [sin*? (s) + cos* 7 (s)17,

where s = 5 € [O, %] Differentiating both sides of the equality in s, we obtain

u' (sin(2s)) cos(2s) = p[sin®?(s) + cos>/ P (s)]"~! %(sinz/P—‘ (s) cos(s) — cos> P~ (s) sin(s))

2 cos?/P(s)

= p[sin?? (s) + cos*/P (5)]" ! (tan* P~ (s) — tan(s)).

Taking the derivative a second time we obtain

2u" (sin(2s)) cos?(2s)—2u’ (sin(2s)) sin(2s)

2cos?/P(s)

2
= p(p—D)[sin*? (s)+cos* P (s)]"~2 [ (tan*/ P! (s)—tan(s))] +plsin®? (s)+cos?/ P (5)]P !

2/ 2/
x (—4008 ,,;;) an(S) an2/p-1 (s)—tan(s))+2c%f’(s) ((%— 1) tan?/?~2(s)— 1) (1 +tan2(s))).

Therefore

2u” (sin(2s)) cos?(2s)

= [sin?/? (s)+cos>/? (s)]p*2i cos*/P (s)
X [(p—l)[(tan”ﬁ“ (s)—tan(s))]?
+[1+tan?’?(s)] <— tan(s)(tan®’?~ ! (s)—tan(s))+ ((1 _§> tanz/”_z(s)—§> (1+tan2(s))>

+ ptan(2s)[1+tan®? (s)](tan> P! (s)—tan(s))].

Since tan(2s) = 2 tan(s)/(1 — tan?(s)), after setting tan(s) = w € [0, 1] we obtain

2u" (sin(2s)) cos(2s) 4p—=D, 51 0
= (w p —U))
[sin®/? (s)+cos?/P (s)]P~2 cos¥/P (s) p
+4(1+w2/p) (_wZ/p+w2+<(1_E)wz/l’—z_B)(1_|_w2)>
p 2 2

8
+ (4w Py (P )
1—w?

252
=2 (w2 (21 Jur 2 muty ).
p

1—w?
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(The last equality is a tedious computation, but can be checked by hand). Since

2(1 +w?)?
2 TT 7 o,
1 —w?
we see after defining x := w? € [0, 1] that sgn(x”) = sgn(v(x)), where
2
v(x) =x¥P71 4 (— — 1>x1/”_1(1 —x)—1, xe€[0,1].
p

Let us study the sign of v(x). Without loss of generality assume that p # 1, 2, otherwise the claims about
concavity/convexity of u are trivial. First notice that v(1) =0, and

v (x) = xl/H(% — 1) (xl/l’ — <1 + l(x — 1))).
p p

Therefore, if p € (2, 00) it follows from concavity of x > x!/7 that v’ > 0, and hence v < 0; i.e., u is
concave. Similarly, if p € (1, 2), then v > 0; i.e., u is convex. Next, if p € (0, 1) then x — x/P is convex,
and hence v' > 0, i.e., u is concave. Finally, if p € (—o0, 0) then x +— x1/P is convex, and therefore

v/ <0;i.e., u is convex.
The function G,: Let b, (s, z) = G,(1+s, 1 —5, z), with (s, z) in the upper half-disc. For p > 0 we can
write b, explicitly as
w(l—|sl,2), z=1-]sl,
b,(s,z2) =2+
p( 0 {<2P—2)z, z<1—1ls|,

where w is the one-homogeneous function given by

2\1/p\P 2
w(t,z)::(tl/”—i-(%) )—<t+z?>,

with (¢, z) € (0, 1)2. It is easy to check that b, continuously takes the boundary values
bp(s, O) = 2 = (pp’
bp(s, M) =((1 +s)1/” + (1 _s)l/p)p =,
Let
h(@) :=w(t, ) =P+ — @17, 1€, 1.

By the one-homogeneity of w and the fact that b, is linear on the triangle {z < 1 — [s|} with vertical
gradient, if we show that 4'(1) = 0 and that 4 is concave/convex on [0, 1], then b, is C ! away from
(s, z) = (£1, 0) and concave/convex. Furthermore, b, is linear when restricted to the segments through
(s,z) = (£1, 0) that lie outside of the triangle {z < 1 — |s|}, so G, is the concave/convex envelope
provided the above conditions on 4 are confirmed. To that end we compute the first two derivatives of 4.
The first derivative is

h/(t) — (l,l/p _,’_t—]/p)p—l(tl/p—] _t—l/p—l) _ (1 _t—Z).
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This confirms that 4'(1) = 0. The second derivative is
Wy =P =L qur 4 upyp2 -t -1y
g + %(rl/l’ +17 Py = pyt PR (L4 pye PRy — 23
= LU i Upyp2p 1y Vp-1 = 112
d VP TP (= PR (L TP - 2
- %(r”f’ TP @ = TP =2

= 213?47 VPYP (TP 2/ p — D) — 1]
=23 [(1+ 2Py 2 (14 2/p — De*/P) —1].

Let x := /P € [0, 1]. It suffices to show that

gp(x) = (1 + (% - 1)x> — (1 +x)>P

satisfies g, <0 on [0, 1] for p € (1,2) and g, > 0 on [0, 1] for p € (0, 1]U[2, 00). Note that g,(0) = 0.
The desired inequality for g, (1) is equivalent to the fact that the linear function p crosses the convex
function 27~ at p = 1 and p = 2. Finally, we observe that the first term in g p 1s linear, and the second
term is convex for p € (1, 2) and concave for p € (0, 1) U (2, 00). The desired inequality for g,(x) with
x € (0, 1) follows immediately from this observation and the inequalities at the endpoints x = 0 and
x=1.

When p < 0 we can write b, explicitly as

{17)(1 —lIsl,2), z=1-Isl,

b,(s,7) =
P D=0 z<1—1sl,

where w is the one-homogeneous function given by
W(t, 2) i= ("7 + (/)PP
with (¢, z) € (0, 1)2. The same considerations as above reduce the problem to showing that
h(t) ==, 1) = (/P +171/P)P

satisfies E’(l) =0 and & is concave on [0, 1]. We have

W= ([1/17 +t—1/p)p—1(t1/P—1 _ ,—l/p—l) N fl/(l) =0,

R =272 Py PR 2 p - D),
and the conclusion follows quickly using p < 0. Il

Remark 4.1. It follows from the concavity/convexity properties of G, that

Gp(x,y,2) <x+y+(2F-2)z
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when p € [1, 2], and the inequality reverses for p € (0, 1]U[2, 00). Indeed, G, agrees with the linear
function on the right-hand side on an open set. We conclude from Theorem 2.5 that for any nonnegative
numbers a, b, and any p € [1, 2], we have

(a+b)? <a” +bP + (2P —2)(ab)"/?,

and the inequality reverses if p € (0, 1]U[2, 00).

5. Proof of Corollary 2.6
In this final section we prove Corollary 2.6.

Proof of Corollary 2.6. Recall from Remark 4.1 that for any nonnegative numbers a, b, and any p € [1, 2],
we have

(@a+b)P <a’ +bP + (27 —2)(ab)P’?,

and the inequality reverses for p € (0, 1]U[2, oo). Since for p € [0, 2] we have (a +b)PI2 < qP/? 4 pP/2,
and the reverse inequality holds if p > 2, it follows by induction that for any nonnegative numbers a; > 0

we have
)4
(Zaf) =D/ +@" =D} (@ap™” (13)
J i<j
for p € [1, 2], and the reverse inequality holds if p € (0, 1]U[2, 00). Finally it remains to put a; = f;(x)
and integrate the inequality. O

Remark 5.1. When p < 0, inequality (13) does not hold with three or more a;. Take, e.g., a; = 1 for
J=<3.

6. Concluding remarks on envelopes

An important challenge in this work was to compute the envelopes (11) and (12). In this section we
briefly explain how we found them.

We recall from Section 3 that for the measure space ([0, 1], B, dx) we have B p= H p 1s defined on €2,
one-homogeneous, and equal to ¢, on 9€2; that is, ﬁp (x, y, J/xy) = (x!/P 4 y1/PyP. We also recall from
the discussion at the beginning of Section 4 that by one-homogeneity, to compute H p it is enough to
restrict our attention to the cross-section D = QN {x +y =2}. Writing D = {(1+s, 1 —s, z)} with (s, z)
in the upper half-disc, this reduces the problem to understanding how the upper boundary of the convex
envelope of the space curve

y(s)= (s, V/1=s2 (1= + A +5)P)P), se[-1,1],

looks. One can show that the torsion 7, of the space curve y changes sign only once from — to +,
at s =0, when p € (0, 1) U (2, 00), and from + to — when p € (—o0, 0) U (1, 2). Consider the case
p €(0,1)U (2, c0). Then it follows from Lemma 29 of Section 3.2 in [Ivanisvili 2015] that locally, say
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for some § € (0, 1], there exists a function a(s) : [0, 5] — [—1, 0] such that a(0) = 0, a(s) is strictly
decreasing, and the function B(u, w), defined parametrically by

B(A(a(s),v1—a(s)®) + (1 —=1)(s, V1 —s52))

=M —a@)"P+ A +a()"")P + 1 =201 =)"/P + (1 +5)"/P)?

for 1 € [0, 1], s € [0, 8], is concave. In other words B has the prescribed boundary condition, i.e.,
B(s, V1 —52) = ((1 —s)/P + (1 +5)/P)P, it is linear along the line segments

€(s) := [(als), v/1 —a(s)?), (s, V1 = s2)],

and B is concave. It follows that “locally” B is a concave envelope. Because of the symmetry in x and y

of the boundary data ¢,, one can show that the line segments £(s) must be horizontal; i.e., a(s) = —s,
and in fact § = 1. This means that B is a global concave envelope

B(u, w) = (1 =v1=w?)/? 4 (1 + V1 —w)!/P)?

forall |u| <1and 0 <w <+/1 — u2. Now it remains to change variables back to recover the envelope (11).
The case p € (—o00, 0) U(1, 2) is different because 7, changes sign from + to —, and in this case an
“angle” arises with vertex sitting around the point s = 0; see Section 3 in [Ivanisvili 2015].
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