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BOUNDARY VALUE PROBLEMS FOR
SECOND-ORDER ELLIPTIC OPERATORS
WITH COMPLEX COEFFICIENTS

MARTIN DINDOS AND JILL PIPHER

The theory of second-order complex-coefficient operators of the form £ = div A(x)V has recently been
developed under the assumption of p-ellipticity. In particular, if the matrix A is p-elliptic, the solutions u
to Lu = 0 will satisfy a higher integrability, even though they may not be continuous in the interior.

Moreover, these solutions have the property that |u|?/2~ 1y € Wlécjz. These properties of solutions were

used by Dindo§ and Pipher to solve the L? Dirichlet problem for p-elliptic operators whose coefficients
satisfy a further regularity condition, a Carleson measure condition that has often appeared in the literature
in the study of real, elliptic divergence form operators. This paper contains two main results. First, we
establish solvability of the regularity boundary value problem for this class of operators, in the same range
as that of the Dirichlet problem. The regularity problem, even in the real elliptic setting, is more delicate
than the Dirichlet problem because it requires estimates on derivatives of solutions. Second, the regularity
results allow us to extend the previously established range of L? solvability of the Dirichlet problem
using a theorem due to Z. Shen for general bounded sublinear operators.

1. Introduction

The theory of elliptic boundary value problems under minimal smoothness assumptions on the boundary
or the coefficients has been well-studied in the real-valued setting and there is a rich literature of results
and applications. By contrast, the literature in the complex-valued setting is much more limited. Some
important milestones in the study of complex-coefficient operators exist: notable is the resolution of
the Kato problem, which can be formulated as a “regularity” boundary value problem for operators that
satisfy very specific constraints in structure [Auscher et al. 2002; Hofmann et al. 2015; Hofmann and
Martell 2003]. Other milestones in this theory include perturbation results such as those of [Auscher
et al. 2008]. The challenge in this theory is that solutions to complex-coefficient elliptic operators are not
necessarily continuous, nor do they satisfy even a weak maximum principle, which is typically the starting
point for the study of boundary value problems. Some of the results for complex-coefficient operators
have been proven under the assumption of interior Holder regularity (the De Giorgi—-Nash—Moser theory),
yet it is not clear how this assumption can be correlated with quantitative verifiable assumptions on the
operators.

In this paper we continue the investigation of solvability of boundary value problems for complex-
valued second-order divergence form elliptic operators under a structural algebraic assumption on the
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matrix known as p-ellipticity. This structural assumption was introduced independently in [Dindo§ and
Pipher 2019] and [Carbonaro and Dragicevi¢ 2020] and is a quantitative strengthening of a condition
related to L?-contractivity of elliptic operators that was discovered by Cialdea and Mazya [2006]. When
the coefficients of the operator are real, or when p = 2, the p-ellipticity condition is equivalent to the
familiar uniform ellipticity condition.

In [Dindo$ and Pipher 2019] we used the p-ellipticity condition to establish a limited interior regularity
for solutions to these complex-coefficient second-order divergence form operators. We think of this as a
weak substitute for the De Giorgi—-Nash—Moser regularity of real-valued operators and, in fact, we used a
variant of Moser’s iteration argument to prove it. Specifically, we considered there operators of the form

L=divAXx)V + B(x)-V,

where the matrix A is p-elliptic and B satisfies a natural minimal scaling condition. This limited regularity
theory allowed us to address the solvability of the L? Dirichlet problem for a collection of operators with
complex coefficients whose matrices are in canonical form, as defined below. (The paper [Dindos$ and
Pipher 2019] contains a discussion of how to put an operator with lower-order terms in canonical form.)

This results of this paper concern the aforementioned regularity problem, in which the boundary data
is prescribed in the Sobolev space of functions whose tangential derivatives belong to some L? space.
In analogy with the Dirichlet problem, where one expects to show classical convergence of a solution
nontangentially to its boundary data in L? through the control of a nontangential maximal function, in
this problem one expects to prove nontangential estimates for the gradients of the solution in terms of
the derivatives of the data on the boundary. The formulation of these estimates must take into account
the fact these solutions and their derivatives do not have pointwise values, but are merely measurable
functions in certain Lebesgue spaces.

We now discuss the class of elliptic operators for which Dirichlet and regularity problems are considered.
In [Kenig and Pipher 2001], a class of real-valued second-order operators (with drift terms like those
defined below) was introduced, and the elliptic measure associated to such operators was shown to belong
to the Ao class with respect to surface measure on the boundary. This implies that the Dirichlet problem
for these operators is solvable with data in L? for some possibly large value of p. The study of this
class of operators was motivated by a question of Dahlberg, which in turn was inspired by the fact that
these operators arose naturally from a change of variables mapping from Lipschitz into flat domains.
Specifically, the coefficients of the matrix A was assumed to satisfy a Carleson measure. Examples
showed that A, was the optimal result in this regime. Later, a slight strengthening of the Carleson
measure condition was shown in [Dindos et al. 2007] to imply solvability of the Dirichlet problem for
the full range 1 < p < co. We refer to this condition as the “small” Carleson condition, defined in
Section 2.

In [Dindos et al. 2017b], this regularity problem was solved for equations of the form £ = div A(x)V,
with A real and elliptic, satisfying this small Carleson condition. There are open questions even for
operators with real coefficients that satisfy the Carleson condition of [Kenig and Pipher 2001], such as
solvability of the regularity problem in L? for p near 1.
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The first main result of this paper is the solvability of the regularity problem for boundary data
Vr f € L? under the assumption that the matrix A is p-elliptic and satisfies small Carleson condition.

Theorem 1.1. Let 1 < p < oo, and let Q2 be the upper half-space R", = {(xo,x") : xo >0 and x" € R""1}.
Consider the operator
Lu = 0; (A}; (x) d;u)

and assume that L can be rewritten as
£u:8,-(A,~j(x) 8ju)+B,~ oiu, (1-1)

where the matrix A is p-elliptic with constants Ay, A, Ago = 1 and Sm Ag; =0 forall1 < j <n—1.
Assume also that
du(x)=sup ([VA]>+|B*)8(x)dx (1-2)
Bi(x)/2(x)
is a Carleson measure in S2.
Then there exist K = K(Ap, A,n, p) > 0and C(Ap, A, n, p) > 0 such that if

lulle < K (1-3)
then the L? regularity problem
Lu=0 inQ,
u=f foro-ae x €2, (1-4)

Np.a(Vu) € L?(3R)
is solvable and the estimate

INp.a (Vi) |Lr a2y < CIVT flLr 302:0) (1-5)

holds for all energy solutions u with datum f.

The second main theorem of the paper extends the range of solvability of Lu = 0 with L? Dirichlet
boundary data for variable-coefficient complex-coefficient operators satisfying these Carleson conditions
on coefficients. In [Dindo§ and Pipher 2019] we have considered the solvability in the range p € (po, py),
where

po = inf{p > 1: the matrix A4 is p-elliptic}. (1-6)

Thanks to the solvability of the regularity problem (Theorem 1.1) we are now able to use the technique
of Z. Shen [2005; 2006] and extend the previously established range of solvability of the Dirichlet problem

to a larger interval
c , n—1
p Po,Pon_l_p(/) :

In particular, when n = 2, 3 or when p; > n — 1, the range of solvability is extended to all p € (pg, o0).

Theorem 1.2. Consider the operator

Lu = 0; (A}; (x) d;u)
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in the domain Q = R, = {(xo,x") : xo > 0and x’ € R"=1}. Assume again that L can be rewritten as
(1-1) and let pgy be defined as in (1-6) and let pyax = 00 when p6 >n—1,

po(n—1)

n—1-—pg

pmax -

otherwise. Finally consider any po < p < Pmax-
Assume further that the matrix A satisfies Aoo = 1, Sm Agj =0 forall 1 < j <n—1 and let
du(x) = sup (VAP +|B[*)8(x) dx (1-7)
Bs(x)/2(x)

be a Carleson measure in Q.
Then there exist K = K(Ap, A,n, p) > 0and C(Ap, A, n, p) > 0 such that if

lulle < K (1-8)
then the LP-Dirichlet problem
Lu=0 in€,
u=f foro-ae x €2, (1-9)

Npa(u) € LP(3R)
is solvable and the estimate

INp.a)lLr @) < CIlLf ILr@0:0) (1-10)
holds for all energy solutions u with datum f.

In particular observe that pp,x = 0o in dimensions 2 and 3 and that when n > 4

2(n—1
Pmax > ( )
n—3

Remark 1.3. We address at the end of Section 2 how we can rewrite any operator £ as (1-1) with

coefficients Ag; real and Agp = 1. We require this particular form of our operator in the main section,
Section 4, of this paper. We note that the transformation we introduce preserves the Carleson condition
and hence for this condition we might assume that Ag; real and Agp = 1 without loss of generality. In
order to preserve p-ellipticity, smallness of the imaginary part of Ag j is needed.

In the statement of these two theorems, we’ve used some notation that will be defined in subsequent
sections. We will also recall there the concept of Carleson measure, discuss the notions of L? solvability
and energy solutions and define ]Vp which is a variant of the nontangential maximal function defined
using L7 averages of the solution u.

Remark 1.4. Lemma 2.6 of [Dindos and Pipher 2019] shows that L4 averages of solutions on interior
balls are controlled bp L4 averages for ¢ in the range (po, pyn/(n —2)), extending beyond the range
of p-ellipticity. Thus one can use the N, nontangential maximal function for such ¢ in the estimate
(1-10). The arguments for Theorem 1.1 show that, similarly, the gradient Vu of solutions to the regularity
problem will be locally L4 integrable for ¢ in the range (po, pgn/(n —2)). In particular, by Sobolev
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embedding, solvability of the regularity problem in the regime py > n — 2 implies that solutions are
Holder continuous.

The paper is organized as follows. In Section 2, we define the concept of p-ellipticity, the nontangential
maximal function, the p-adapted square function, Carleson measures and the notions of solvability of
these various boundary value problems. In Section 3, we establish bounds for the nontangential maximal
function by the square function. The estimates for the p-adapted square functions are established in
Section 4. In light of (4-9), square functions that involve tangential derivatives are easier to handle and
we begin by bounding these. We then show that, essentially, the square function with the full gradient can
be controlled by the square functions of tangential derivatives. In Sections 5 and 6, we present the proofs
of the two main theorems.

2. Basic notions and definitions

p-ellipticity. A concept related to p-ellipticity was introduced in [Cialdea and Mazya 2005], where the
authors investigated the L?-dissipativity of second-order divergence complex-coefficient operators. Later,
and independently, we [Dindo$ and Pipher 2019] and Carbonaro and Dragicevi¢ [2020] gave equivalent
definitions of this property — the term “p-ellipticity” was coined in [Carbonaro and Dragicevié¢ 2020]
and their definition is the one we introduce below. To introduce this, we define, for p > 1, the R-linear
map J, : C" — C" by

Tatipy=24il
p p

where p’ = p/(p—1) and «, B € R".

Definition 2.1. Let Q C R”. Let A : Q — M, (C), where M, (C) is the space of n x n complex-valued
matrices. We say that A is p-elliptic if, for a.e. x € €2,

Re(A(x)E, TpE) > Ap|E|*  forall £ € C, (2-1)
for some A, > 0 and there exists A > 0 such that
[{(A(x)§, n)| < Alé[In| forall§, neC”. (2-2)

It is now easy to observe that the notion of 2-ellipticity coincides with the usual ellipticity condition
for complex matrices. As shown in [Carbonaro and Dragicevi¢ 2020] if A is elliptic, then there exists
u(A) > 0 such that A is p-elliptic if and only if |l —2/p| < u(A). Also u(A) =1 if and only if A is
real-valued, implying p-ellipticity in the full range p € (1, c0).

2.1. Nontangential maximal and square functions. On a domain of the form

Q = {(x0,x") e RxR" ! : xg > p(x")}, (2-3)
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where ¢ : R"~! — R is a Lipschitz function with Lipschitz constant given by L := || V|| Loo(rn—1» define
for each point x = (xg, x") € Q

8(x) 1= xo — ¢(x') ~ dist(x, 9R). (2-4)
In other words, §(x) is comparable to the distance of the point x from the boundary of .

Definition 2.2. A cone of aperture a > 0 is a nontangential approach region to the point Q = (xg, x’) € 0Q2
defined as

Fa(Q) ={(ro.y") € Q:alxo— yo| > |x" = y'[}. (2-5)
We require 1/a > L, otherwise the aperture of the cone is too large and might not lie inside 2. When

Q = R’} all parameters a > 0 may be considered. Sometimes it is necessary to truncate I'(Q) at height £,
in which case we write

T*(0) =T, (Q) N{x € Q:6(x) <h}, (2-6)
100020y ~ [ 1VwCP3) . @7

In [Dindos et al. 2007], a “p-adapted” square function was introduced. The usual square function is the
p-adapted square function when p = 2. In the following definition, when p < 2 we use the convention
that the expression |Vw (x)|?|w(x)|?~2 is zero whenever Vw(x) vanishes.

Definition 2.3. For @ C R”, the p-adapted square function of w : & — C such that w|w|?/2~! €
Wlééz (2; C) at Q € 09 relative to the cone ', (Q) is defined by

1/2
Sp.a(w)(Q) 1= (/F o IVw () |lw(x)[P~28(x)> " dX) (2-8)

and, for each h > 0, its truncated version is given by

1/2
a0 1= ([, [FweoR I 2002 dx) 9)

We further introduce the following convention. When w :  — C* with component functions (Wi )1<i<k>
we denote by Sp 4 (w)(Q) the sum

k
Sp.aW)(Q) =" Sp.a(w;)(Q): (2-10)

i=1

hence for example if w = Vru then S, (V7 u)(Q) denotes

n—1
> Spa@u)(Q).

i=1
It is not immediately clear that the integrals appearing in (2-8) are well-defined. However, in [Dindo$
and Pipher 2019], it was shown that the expressions of the form |Vw(x)|?|w(x)|?~2, when w is a
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solution of Lw = 0, are locally integrable and hence the definition of S,(w) makes sense for such p
whenever p-ellipticity holds. This in particular applies with some modifications to w = Vru on R’} .
Each component of w solves a PDE L(wg) = 0; ((0x Aij)w;) — 0x (B;)w;. The right-hand side of this
PDE is good enough for the regularity theory developed in [Dindo§ and Pipher 2019] to apply to this
more complicated system of equations as well.

A simple application of Fubini’s theorem gives

150 gy ~ [ V0GP0 (0]7~28(2) . @-11)

Definition 2.4. For 2 C R” as above, and for a continuous w : 2 — C, the nontangential maximal
function (A-truncated nontangential maximal function) of u at Q € 92 relative to the cone I';(Q) is
defined by

Na(w)(Q):= sup |w(x)| and NZ(w)(Q):= sup |w(x)|. (2-12)

x€Tq(Q) x€T4(Q)

Moreover, we shall also consider a related version of the above nontangential maximal function. This
is denoted by ﬁp,a and is defined using L? averages over balls in the domain 2. Specifically, given
w e L? (Q;C) we set

loc
ﬁp,a(w)(Q) = sup wp(x) and ]Vlf”a(w)(Q):z sup  wp(x) (2-13)
x€lq(Q) xeT#(0)

for each Q € 0 and & > 0 where, at each x € Q,

1/p
Wy (x) = (][ |lw(z)|? dz) . (2-14)
Bs(x)/2(x)

Above and elsewhere, a barred integral indicates an averaging operation. Observe that, given w €
Lf)C(Q;C), the function w), associated with w as in (2-14) is continuous and ﬁp,a(w) = Ng(wp)
everywhere on 0€2.

The L2-averaged nontangential maximal function was introduced in [Kenig and Pipher 1993] in
connection with the Neuman and regularity problem value problems. In the context of p-ellipticity,
Proposition 3.5 of [Dindo§ and Pipher 2019] shows that there is no difference between L? averages and
L? averages when w = u solves Lu = 0 and that ]Vp,a (u) and ]Vz,a/(u) are comparable in L" norms for
all r > 0 and all allowable apertures a, a’.

In this paper we shall consider w = Vu. However, as it turns out a modification of the argument
following (2.20) of [Dindo$ and Pipher 2019] applies in our case: each component wk = dpu of w solves
an equation similar to one considered in that paper, namely

Lwy = 0;(Aij djwg) = 9;i (O Aij)wj). (2-15)

Observe that the condition |VA(x)| < K(§(x))~! implies that the right-hand side of (2-15) is the divergence

of a vector in L? and thus the solutions wy will belong wl

1oc2- We record the regularity results in the

following proposition.



1904 MARTIN DINDOS AND JILL PIPHER

Proposition 2.5. Suppose that u € Wléc’z(Q; C) is the weak solution of Lu = div A(x)Vu = 0in Q. Let
po =inf{p > 1: A is p-elliptic}, and suppose that A has bounded measurable coefficients satisfying

IVAX)| < K@S(x)™' forallx € Q, (2-16)

where the constant K is uniform, and §(x) denotes the distance of x to the boundary of Q. Then we have
the following improvement in the regularity of Vu. For any B4, (x) C Q and ¢ > 0 there exists Co > 0

such that
1/p 1/q 1/2
(][ |Vu|? dy) SCS(][ |Vul|? dy) +8(][ |Vu|? dy) (2-17)
B, (x) B>, (x) B>, (x)

forall p,q € (po, pyn/(n—2)). (Here py = po/(po—1) and when n = 2 one can take p,q € (po. 00).)
The constant in the estimate depends on the dimension, the p-ellipticity constants, A, K and & > 0 but not
onx €, r>0oru.

It follows that for any boundary ball A = Ay C 02, for any p,q € (po, pon/(n —2)) and for any
allowed aperture parameters a,a’ > 0 there exists m = m(a,a’) > 1 such that

INE . (Vi)llLrag) S INZS (Vi) Lr mag) (2-18)

for all r > 0. We also have for the same range of p’s the estimate

1/p 1/2
(rz][ |V Ogu|?|05u|P2 dy) §Cp(][ |Vu|2dy) (2-19)
By (x) By (x)

forallk =0,1,2,...,n—1.

2.2. Carleson measures. We begin by recalling the definition of a Carleson measure in a domain 2 as
in (2-3). For P € R", define the ball centered at P with the radius r > 0 as

Br(P):={xeR":|x—P|<r}. (2-20)

Next, given Q € €2, by A = A,(Q) we denote the surface ball 32 N B,(Q). The Carleson region
T(A,) is then defined by

T(Ay):=Q2N B (0). (2-21)
Definition 2.6. A Borel measure p in €2 is said to be Carleson if there exists a constant C € (0, oo) such
that forall Q € 9Q and r > 0

W(T(A) < Ca(Ay), (2-22)

where o is the surface measure on dS2. The best possible constant C in the above estimate is called the
Carleson norm and is denoted by ||u||c.
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In all that follows we now assume that the coefficients of the matrices A and B of the elliptic operator
L =div A(x)V + B(x) -V satisfy the following natural conditions. First, we assume that the entries A4;;
of A are in Lip,,.(£2) and the entries of B are L}, (€2). Second, we assume that

du(x)=sup [[VA]>+|B|*]8(x)dx (2-23)
Bs(x)/2(x)

is a Carleson measure in 2. Sometimes, and for certain coefficients of 4, we will assume that their
Carleson norm || u||¢ is sufficiently small. The fact that u is a Carleson allows one to relate integrals in
Q2 with respect to i to boundary integrals involving the nontangential maximal function. We have the
following result for our averaged nontangential maximal function; see [Dindo§ and Pipher 2019].

Theorem 2.7. Suppose that dv = f dx and du(x) = [supBa(x)/z(x) | 1] dx. Assume that |4 is a Carleson
measure. Then there exists a finite constant C = C(L,a) > 0 such that for every u € LY _(Q; C) one has

loc
[ (@)I? dv(x) < Cllule / (Wya))? do. (2-24)
Q Q

Furthermore, consider 2 = R”, , where w and v are measures as above supported in 2 and §(xo, x") = Xo.
Let h: R"™! — R* be a Lipschitz function with Lipschitz norm L and

Qp = {(x0,x") : x0 > h(x")}.
Then for any A C R"™! with sup, h < diam(A)/2 we have
/ lu(x)[? dv(x) < Cllﬂllcf (Np.a.n(w)? do. (2-25)
Q,NT(A) 9Q,NT(A)

Here for a point Q = (h(x'), x") € 02y, we define

Npan@)(Q) = sup w, (2-26)
T'a(Q)
where
T4(Q) = To((h(x'), x")) = {y = (vo, ) € :alh(x) — yo| > [ — ']} (2-27)

and the L? averages w are defined by (2-14) where the distance § is taken with respect to the domain
Q=R
-

2.3. The LP-Dirichlet problem. We recall the definition of L? solvability of the Dirichlet problem.
When an operator £ is as in Theorem 1.2 is uniformly elliptic (i.e., 2-elliptic) the Lax-Milgram lemma
can be applied and guarantees the existence of weak solutions. That is, given any f € Bf/g(asz; 0),
the homogenous space of traces of functions in W12(Q; C), there exists a unique (up to a constant)
u € W12(Q: C) such that Lu = 0in Q and Tru = f on 2. We call these solutions “energy solutions”

and use them to define the notion of solvability of the L? Dirichlet problem.

Definition 2.8. Let Q2 be the Lipschitz domain introduced in (2-3) and fix an integrability exponent
p € (1,00). Also, fix an aperture parameter a > (. Consider the following Dirichlet problem for a
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complex-valued function u : Q — C:

0=10;(A;j(x)0;u)+ B;(x)dju in £,
u(x) = f(x) foro-ae.x €0, (2-28)
N2a(u) € LP(99),
where the usual Einstein summation convention over repeated indices (i, j in this case) is employed.
We say the Dirichlet problem (2-28) is solvable for a given p € (1, o0) if there existsa C = C(p, 2) >0
such that for all boundary data f € L?(3S2;C)N B 2,2 (0€2; C) the unique energy solution satisfies the

1/2
estimate

IN2,alLr o) < C Il fllLr@o:0)- (2-29)

Similarly, we say the regularity problem for the same PDE is solvable for a given p € (1, o0) if there
exists a C = C(p, ) > 0 such that for all boundary data f € WP (3€2;C) N Bf/g(asz; C) the unique
(modulo constants) energy solution satisfies the estimate

IN2,a(Vu)|Lr o) < CIVT S lLr@9:0)- (2-30)

Remark. Given f € Blz/g (02; C) N LP(922; C) the corresponding energy solution constructed above
is unique (since the decay implied by the L? estimates eliminates constant solutions). As the space
B'f/’g(asz; C) N LP(02;C) is dense in L?(d2;C) for each p € (1, 00), it follows that there exists a
unique continuous extension of the solution operator f + u to the whole space L?(092;C), with u
such that f\?z,a (u) € L?(0R2) and the accompanying estimate ||]V2,a W llLr@e) < Cll fllLr@e;c) being
valid. Furthermore, as shown in the Appendix of [Dindos and Pipher 2019] for any f € L?(92; C) the
corresponding solution u constructed by the continuous extension attains the datum f as its boundary

values in the following sense. Consider the average u : 2 — C defined by

ﬁ(x)=][ u(y)dy forall x € Q2.
Bs(x)/2(x)

Then
= lim u(x) forae. Q €09, 2-31
f@=_ Jim i) 0 @:31)
where the a.e. convergence is taken with respect to the " ~! Hausdorff measure on 9<2.
We can make a similar statement regarding nontangential convergence of gradients for solutions to the
regularity problem. That is, defining

6u(x)=][ Vu(y)dy forall x € 2,
Bs(x)/2(x)

the same proof in [Dindo$ and Pipher 2019] yields that
Vu(Q)=  lim  Vu(x) forae. Q €dS, (2-32)

x—>0,xel'(Q)
and when Q =R’} ,

Vr f(Q) = x—>Q1,i)IcIéI‘(Q) Vru(x) forae. Q €9dQ. (2-33)
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Let us make some observations that explain the structural assumptions we have made in Theorems 1.1
and 1.2. As we have already stated it suffices to formulate the result in the case Q = R’ by using the
pull-back map introduced above. Since Theorem 1.2 requires that the coefficients have small Carleson
norm, this puts a restriction on the size of the Lipschitz constant L. = ||V¢||p e of the map ¢ that defines
the domain €2 in (2-3). The constant L will have also to be small (depending on A,, A, n and p).

For technical reasons in the proof we also need that all coefficients Ag;, j =0,1,...,n—1, are real.
This can be ensured as follows. When j > 0 observe that we have

do([-#m Agj] 0ju) = 0; ([.#m Aoj] dou) + (do[-#m Ag;]) dju — ([0; Sm Ag;]) dou, (2-34)

which allows us to move the imaginary part of the coefficient Ag; onto the coefficient 4;¢ at the expense
of two (harmless) first-order terms. This does not work for the coefficient Agg. Instead we make the
following observation.

Suppose that the measure (2-23) associated to an operator £ = d; (A4;;(x) d;) + B;(x) 0; is Carleson.
Consider a related operator £ = (fT,'j (x)9;) + Bi(x)d;, where A =aA and B = aB — (0j0)A;j 0j,
and o € L>®(Q) is a complex-valued function such that |o(x)| > ag > 0 and |Va|?xq is a Carleson
measure.

Observe that a weak solution u to L1 = 0 is also a weak solution to £1 = 0 and that the new coefficients
of A and B also satisfy a Carleson measure condition as in (2-23), from the assumption on . We will
only require that the coefficient Ago is real but we may as well ensure for simplicity that it is equal to 1.
Clearly, if we choose @ = AO_OI, then the new operator L will have this property. If Ago (and hence o)
is real, then A is p-elliptic if and only if A is p-elliptic. Similarly, if A4 is p-elliptic and .#m Agg is
sufficiently small (depending on the ellipticity constants), then A will also be p-elliptic. However, if
Jma is not small, the p-ellipticity, after multiplication of 4 by o may not be preserved. Thus, we
assume in our main results (Theorems 1.1 and 1.2) the p-ellipticity of the new matrix A, which has all
coefficients A j, J =0,1,...,n—1, real, as this is not implied in the general case from the p-ellipticity
of the original matrix A.

3. Bounds for the nontangential maximal function by the square function

We work on = R’} and we assume that the matrix A is p-elliptic. Our aim in this section is to establish
bounds for the nontangential maximal function by the square function. The approach necessarily differs
from the usual argument in the real scalar elliptic case due to the fact that certain estimates, such as
interior Holder regularity of a weak solution, are unavailable for the complex-coefficient case. Here we
deviate from the approach taken in [Dindo§ and Pipher 2019], where we worked with the p-adapted
square function, and instead focus on the estimates for the usual square function. Our approach is similar
to [Dindos et al. 2017a] for elliptic systems and when possible we refer to results from there.

The major innovation from [Dindos et al. 2017a] is the use of an entire family of Lipschitz graphs on
which the nontangential maximal function is large in lieu of a single graph constructed via a stopping
time argument. This is necessary as we are using L? averages of solutions to define the nontangential
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maximal function, and hence the knowledge of certain bounds for a solution on a single graph provides
no information about the L2 averages over interior balls.
Let u be an energy solution to

Lu=0;(A;;dju)y=0 inQ=R]}.

Let v = Vu, that is, vy = dxu, k =0,1,...,n—1. Let w = w, be the L? averages of v, that is,

1/2
w(x) 1= (][ |v(z)|2dz) . (3-1)
Bs(x)/2(x)

Eyg:={x"€0Q: Ny(w)(x") > v} (3-2)

Set

(where, as usual, @ > 0 is a fixed background parameter), and consider the map /4 : 92 — R given at each
x" € 0Q by
hv,a (w)(x/) =inf{xo >0: SUPzer, (xo,x’) w(z) <vj, (3-3)

with the convention that inf @ = co. We remark that / differs somewhat from the function that has been
used in the argument for scalar equations; see [Kenig and Pipher 2001, pp. 212] and [Kenig et al. 2000].

At this point we note that 4, 4(w, x") < oo for all points x” € dQ2. Since u € WL2(R"; C), it follows
that v € L2(R" ; C"). Thus w as an L? average of v is continuous on the upper half-space and decays to
zero as xo — 00. Thus A, 4 is finite everywhere.

We look at some further properties of this function. As in [Dindos et al. 2017a] we have the following
(with identical proof).

Lemma 3.1. Let w be as above (3-1). Also, fix two positive numbers v, a. Then the following properties
hold:

(i) The function h,, 4(w) is Lipschitz, with a Lipschitz constant 1/a. That is,

.0 (W) () =y 0 (W)Y < @™ x" = y'| (3-4)
forall x',y" € 0Q.

(ii) Given an arbitrary x' € E, 4, let xo 1= hy q(w)(x’). Then there exists a point y = (yo,y’) €
04 (x0, x") such that w(y) = v and hy 4(w)(y’) = yo.

We also have (as in [Dindos et al. 2017a]) by an identical argument:

Lemma 3.2. Let v, w be as above. For any a > 0 there exists b = b(a) > a and y = y(a) > 0 such that
the following holds. Having fixed an arbitrary v > 0, for each point x’ from the set

{(x": Ng(w)(x") > v and Sp(v)(x") < yv} (3-5)
there exists a boundary ball R with x' € 2R and such that
lw(hy q(w)(2'),2")| >v/2 forallz' € R. (3-6)

Here S, = S, p, is the usual square function of v = Vu associated with nontangential cones I'(-).
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Given a Lipschitz function 4 : R”~! — R, denote by M}, the Hardy-Littlewood maximal function
considered on the graph of s. That is, given any locally integrable function f on the Lipschitz surface
Ay ={(h()),2)) : 2/ e R" 1}, define

(Mpf)(x) := sup][A e \f1de

r>0

for each x € Ay,.

Corollary 3.3. Let v, w be defined as above and let a > 0 be fixed. Associated with these, let b, y be as
in Lemma 3.2. Then there exists a finite constant C = C(n, p) > 0 with the property that for any v > 0
and any point x' € E,, 4 such that Sp(v)(x") < yv one has

(Mhu’aw)(hv,a(x/),x/) > Chv. (3_7)
The following lemma requires a modified proof, which we include below.

Lemma 3.4. Consider the equation Lu = 0 with coefficients satisfying the assumptions of Theorem 1.2,
let v = Vu and let w be defined by (3-1). Then there exists a > 0 with the following significance. Select
0 e [é 6] and, having picked v > 0 arbitrary, let h, 4(w) be as in (3-3). Also, consider the domain
O ={(x0,x") € 2:x0 > Oh, 4(x")} with boundary 00 = {(xo, x") € Q : xo = Oh,, 4(x")}. In this context,
for any surface ball Ay = B,(Q) N 32, with Q € 02 and r > 0 chosen such that h,, (W) < 2r pointwise
on Ay, one has

/A 10Oy a(w)(+), )2 dx’ < CA+] 1l NS Lo A I N2.a W Lo (A0,

O IV a0 0,y +C IS, )+ [ P X, 3
K

Here C = C(A, p,n) € (0,00) and K is a region inside O with diameter, distance to the boundary 00,
and distance to Q all comparable to r. Also, the parameter b > a is as in Lemma 3.2, and the cones used
to define the square and nontangential maximal functions in this lemma have vertices on 052.

Moreover, the term ff,c |v|?2 dX appearing in (3-8) may be replaced by the quantity

CrYo(4,)1? + c/ SZ(v) do, (3-9)

A2r

where Ay is any point inside KC (usually called a corkscrew point of A) and
v(X) :=][ v(Z2)dZ. (3-10)
Bs(x)/2(X)

Finally, (3-8) and (3-9) remain true even if v is replaced by v — vg for any fixed vy € C".

Proof. Fix 6 € [%, 6]. Consider the well-known pullback transformation p : R’} — O appearing in works
of Dahlberg, Necas, Kenig and Stein and others, defined by

p(x0,x") := (x0 + Pyxo * ¢ (x"), x")  forall (xg,x") € R, (3-11)
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for some positive constant y. Here ¢ is a Lipschitz function describing the boundary on 00O, P is a
nonnegative function P € C§° (R*~1) and, for each A > 0,

Py (x"):=A""TIP(x'/A) forall x’ € R" 1. (3-12)

Finally, P, * ¢(x’) is the convolution

Paxpt)i= [ Pl =y dy' G-13)

Observe that p extends up to the boundary of R’} and maps one-to-one from dR’, onto dO. Also for
sufficiently small y < L the map p is a bijection from @i onto O and, hence, is invertible.

For a solution u € WI;C’Z(O; C) to Lu = 0 in O with Dirichlet datum f, consider # := u o p and
f := f o p. The change of variables via the map p just described implies that 7 € WI;C’Z([R{” ; C) solves a

new elliptic PDE of the form
9; (A;j(x) 9;11) =0, (3-14)

with boundary datum f on dR", . Hence, solving a boundary value problem for u in €2 is equivalent
to solving a related boundary value problem for # in R} . Crucially, if the coefficients of the original
system are such that (2-23) is a Carleson measure, then the coefficients of A satisfy an analogous Carleson
condition in the upper-half space. If, in addition, the Carleson norm of (2-23) is small and L (the Lipschitz
constant for the domain €2) is also small, then the Carleson norm for the new coefficients A

dii(x)=( sup |VA|)’8(x)dx (3-15)

Bs(x)/2(x)
will be correspondingly small and will only depend on the Carleson norm of the original coefficients and
the Lipschitz norm of the function /, 4. When the Lipschitz norm of this function goes to zero we have

limsup || itlle < ||plle.

and hence the parameter ¢ > 0 may be chosen large enough so that the Lipschitz norm of the function
0h, 4 is sufficiently small (at most 6/a) such that ||ii||c < 2|/n|lc. Moreover, this transformation also
preserves ellipticity.

Having fixed a scale r > 0, we localize to a ball B,(y’) in R”~!. Let ¢ be a smooth cutoff function of
the form ¢ (xg, x") = Co(x0)¢1(x’), where

1 in[o0,r], 1 in B,(y"),
é‘O — . [ ] é‘l — . :l(y) . (3-]6)
0 in [2r, 00), 0 inR"\ B, (y")
and
rldoCo| + r|Vy 1| <c (3-17)

for some constant ¢ € (0, 0o0) independent of 7. Our goal is to control the L2 norm of Vu(6h, 4 (w)(-),-).
Since after the pullback under the mapping p the latter is comparable with the L? norm of Vii(0, ), we
proceed to estimate this quantity.
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Clearly, if we establish estimate (3-8) for Vi on A, C dR”, it will imply the original estimate for Vu
on the graph of 64, 4.
Hence, let v = Vi. For vy, where k = 1,2,...,n— 1, we have

/ 15 (0, x)£ (0, x') dx’ = — // Boll5x 28] (xo. x') doxo dx’
BZr(y/) [0,2r]xBZr(y’)

=-2 // Re (v, 000k )¢ dxg dx’
[0,27]x B>, (¥)

- // 15 (0. x') o doxo
[0,2r]x B2 (¥")
= A+ 1V. (3-18)

We further expand the term .4 as a sum of three terms obtained via integration by parts with respect to xg
as follows:

A= —2// %e(f)k,aoﬁk){(aoxo) dX() dx’
[0,2r]x B2, (¥')

= 2// |80k |2 x0¢ dxo dx’
[0.27]% B2, ()

+2/f Re (v, 8(2)017k)x0§ dxgdx’
[0’2r]XBZr (y/)

+2// %e(ﬁk,aoﬁk)xO 00¢ dxg dx’
[0,2r]x B2, (¥")
= 14+11+1I1. (3-19)
We start by analyzing the term /1. We write
92 = 9 doo

and integrate by parts moving the d; derivative. This gives

17 22// %e(ﬁk,akaoﬁo))coé’d)q) dx'
[0,2r]x B2, (")

= — // %e(akf)k,aoﬁo))coz dX() dx/—2 / %e(f)(),akf)k))co 80§ de dx/
[0,27]x B2, (") [0,27]x B>, (¥")

=111+ 11>. (3-20)
We now group together terms that are of the same type. Firstly, we have

[+ 111 = C(An)[|Sp )11 25, (3-21)

Here, the estimate would be true even with truncated square function ||.S g’ )] %2( Bay)’ which is at every
r

point dominated by ||Sp(v) ”22(32 )
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Next, corresponding to the case when the derivative falls on the cutoff function ¢ we have

I+ 11T < C(A,n) V|52 dxo dx’
[0,2r]x B, r

1/2
-2 X0 ~
SC(A,n)( Il 157222 dix, dx’) 1527 ()l 128
[0,2r]x B>, r

< CA ISy )2 5, ) INpa W)l L2(ss,)- (3-22)

Finally, the interior term V, which arises from the fact that do¢ vanishes on the set (0, r) U (2r, 00) may

<< // lv|? dxo dx’. (3-23)
r [r,2r]XBoy

Summing up all terms, the above analysis ultimately yields

be estimated as follows:

/B o) Vi (0, x")? dx' < C(A.m)(1+ 1121 IS5 )12 (Bap) | Na (W)l (821
r (v

FCAMIS Oy +E [ Pdvar. G2
[r,2r]1x B,

Observe also we could have done the whole calculation with a constant subtracted from U without any
substantial modifications. It remains to consider the derivative in a transversal direction to the boundary.
Instead of 0o = dg it is more convenient to work with

n—1
H = Z Aojvj,
j=0
which will give us the desired bound since
| 1aoPOxs0.x) ax
B>, (¥")

~ / [ Zo0io(0. )L (0, x) dx’
BZr(y/

5n(/ [HO,x) 20,y dx + f |fi‘o,-aj(o,x/)|2z<o,x’)dx’)
B>y (y") B> (")

j>0
<n / |H(0,x")|?¢(0,x")ydx" + C(n, A) / |Vrii(0, x")|? dx’. (3-25)
B>y (") B, (y")

The second term is okay as we have (3-24). We deal with the first term now. A calculation similar to
(3-18)—(3-19) gives us

/ HIP(0, )0, ') dx’
B2r(y/)

= —2// Ze(H, doH ) dxg dx’—// |H|?(x0.x") 9¢ dxo dx’. (3-26)
[0,27’])(32;«()//) [0,2r]szr(y’)
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The second term has an estimate similar to (3-23). For the first term we use the fact that Lii = 0, which
implies
doH = - 0:i(A;;7)).
i>0

It follows that

2 f/ Fe(H, dH)E dxo dx’
[0,2r]x B2, (")

=2y e(H, 0; (,5)))¢ (Boxo) dxo dx’
i>0 Y7 [0,2r]xB2,(y")

= —22// Re(doH, 3; (A;;7;))¢x0 dxo dx’
=0 7/10.2r1x B2, ()
+2Z‘f/ Re(d; H, do(A;;7;))¢x0 dxo dx’

i>0 [0,2r]x B2, (¥")

—22// Fe(H, 8; (A;j17))(0¢)xo dxo dx’
i>077[0,2r]x B2y (¥")

+2)° /f Fe(H, do(A;;9;))(9;0)xo dxodx’.  (3-27)
=0 2/10.2r1% Bar ()

We analyze this term by term. In the last two terms, if the derivative falls on v;, these terms are of the
same nature as (3-22) and are handled identically. When the derivative falls on the coefficients, these are
bounded by

- ~ X0 1/2
// BRIVAIEL dxo dx’ < [l Na(w) 2.
[0,27]x B2, (") r

where we have used the Cauchy—Schwarz inequality and the Carleson condition.

The first two terms on the right-hand side of (3-27) will give us the square function of v when both
derivatives fall on ¥ or a mixed term like (3-22) or finally when both derivatives hit the coefficients terms
bounded from above by

/[ 13219 APx0 dxo d’ < [allell Na )
[0,27]x B2 (¥')

With this in hand, the estimate in (3-8) follows (by passing from v back to v = Vu via the map p).
Finally, the claim that the term (3-9) can be used in the statement of the lemma follows from the
Poincaré inequality. See [Dindos et al. 2017a] for the details. O

Combining all lemmas above, we can establish the following local good-A inequality. We omit the
proof as the argument is the same as in [Dindos et al. 2017a].
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Lemma 3.5. Consider the equation Lu = 0 with coefficients satisfying the assumptions of Theorem 1.2.
Consider any boundary ball Ag = Agz(Q) C R* 71, let Ay = (d/2, Q) be its corkscrew point and let

1/2
Vo = ( ][ |Vu(z)|? dz) . (3-28)
Bga(Ag)

Then for each y € (0, 1) there exists a constant C(y) > 0 such that C(y) — 0 as y — 0 and with the
property that for each v > 2vg and each energy solution u of Lu = 0 there holds

[{x € R"™: Na(Vuxriag) > vo (M(SE(Vu))'/? < pv,
(M(SEVWIMEZ(Vuxran) '™ = yv. (MUl > N2 Vuxra))'? < v}
<CIX € R Ny(Vuyr(a,))(x) > v/32}]. (3-29)

Here y1(a,) is the indicator function of the Carleson region T (Ag) and the square function Sy, in (3-29)
is truncated at the height 2d. Similarly, the Hardy-Littlewood maximal operator M is only considered
over all balls A" C A4 for some enlargement constant m = m(a) > 2.

Finally we have the following.

Proposition 3.6. Consider the equation Lu = 0 in Q = R’ with coefficients satisfying the assumptions
of Theorem 1.2. Then for any p > 0 and a > 0 there exists an integer m = m(a) > 2 and finite constants
K=Kn,A, A, p,a)>0and C =Cn,A, A, p,a) > 0 such that if

lille < K,
then for all balls Ag C R*~! we have

INZ(Vu)lLrcayy < CISZ (Vu)lLra,,) + Cd VP |Vu(Ay)), (3-30)

where Ay denotes the corkscrew point of the ball Ay and Vu is as in (3-10).

We also have a global estimate for any p > 0 and a > 0. Under the same assumptions as above
(and extra a priori assumption | Ng(Vu)|| Lr@i—1) < 00 when p < 2) there exists a finite constant
C=C(n,A, A, p,a)> 0 such that

||j\7a (Vu) ”LP(R”*I) < C|Sa(Vu) ||Lp(Rﬂ*1)- (3-31)

Proof. When p > 2, (3-30) follows immediately by a standard argument (multiplying the good-A
inequality (3-29) by v”~! and integrating in v over the interval (2vg, 00)). Note that the fact that the
square function S 3’ is only integrated over some enlargement of A instead of the whole R"~! follows
from the fact that the set {x’ € R*"! : N, (Vuyra,))(x’) > v/32} on the right-hand side of (3-29)
vanishes outside a ball of diameter comparable to A ;. For this reason the maximal operators M in (3-29)
can be restricted to such an enlarged ball A,,;.

The condition ||u||¢ < K comes from the presence of the term (M(||,u||é/zﬁaz(Vu)(T(Ad))))l/2 <yv
in the good-A inequality. The argument that shows (3-30) for all p > 0 can be found in [Fefferman and
Stein 1972]. The local estimate (3-30) for p > 2 is the necessary ingredient for what is otherwise a purely
real-variable argument. Further details can be found in [Fefferman and Stein 1972].
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Finally taking the limit d — oo yields (3-31). The additional assumption || N, (V)| LoRi—1y <00
when p < 2 comes into play it order to guarantee that the term d #~1/P|Vu(Ay)| in (3-30) converges to
zero as d — o0. o

4. Estimates for the p-adapted square function

Let Q = Rﬁ and assume u is a weak solution Lu = 0, where
Lu = 9;(Aij(x)dju) + Bi(x) d;u, (4-1)

with the Dirichlet boundary datum f € Bf/’;(asz; C)N WP (39; C). Assume that A is p-elliptic and
smooth in [F\R'jr with Agp = 1 and Ag; real and that the measure p defined as in (1-2) is Carleson.

Fix an arbitrary y’ € 9Q = R"*~! and consider A = A,(y), a ball of radius r in R”~! centered at y".
Pick a smooth cutoff function { which is xg-independent and satisfies

1 inA
= ’ 4-2
¢ 0 outside 2A, (4-2)

where 2A is a ball of radius 2r centered at y’. Moreover, assume that r|V{| < ¢ for some positive
constant ¢ independent of y’. We note that since

30(1‘10] 8ju) = aj(Aoj 8014) — (3]'/10]') dou + (30/10]') 8ju,

we may as well assume that Ag; = 0, j > 0, by changing coefficients Ag; and Ao of the matrix A and
modifying B. We note that this does not affect the ellipticity of A as all Ag; are assumed to be real. It
follows that we can assume d; Ag; =0 forall j,k=0,1,...,n—1.

We begin by considering the integral quantity for some function w (to be specified later) such that
wlw|P/21 e WI;C’Z(Q)

L= // Ay 9w 0; (Jw|?~2D)x0¢ dx’ dx, (4-3)
[0,s]x2A

with the usual summation convention understood. Here s € [0, r]. With y = xo¢ we have by Theorem 2.4
of [Dindo§ and Pipher 2019] for all p for which A is p-elliptic for some A, > 0

>y // |w|P~2|Vw|?xo¢ dx’ dxq. (4-4)
[0,s]1x2A

The objective is to ultimately apply (4-4) to w = d;u, i = 1,...,n — 1, and obtain a quantity that
can be bounded from above by expressions that involve L? norms of |Vu|, and nontangential maximal
functions of |Vu/|, on the boundary. To see this, we continue the calculation using the fact that we can
bound the right-hand side of (4-4) by the expression Z, which brings in the equation. For the moment,
we ignore the issue of finiteness of this expression, even though we use this fact in the calculations that
follow. We’ll return to this point after some of the basic calculations, for the sake of clarity of exposition.
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The idea now is to integrate by parts the formula for Z in order to relocate the d; derivative. This gives
I=%’e/ Aij djw|w|P 2 wxlvy, do
a[(0,5)x2A]
—%’e// 0i (Aij ij)|w|”_212)xo§dx'dxo
[0,s]x2A
—%’e// Aij djw|w|P™%w 9;x0¢ dx’ dxo
[0,s]x2A
—%ef/ Ay djwlw|P % wxg 9; ¢ dx’ dxo
[0,s]x2A
=I+1I+1I+1V, (4-5)

where v is the outer unit normal vector to (0, s) X 2A. The boundary term / is nonvanishing only on the
set {s} x 2A and only when i = 0. This gives

I = %’e/ Aoj ij|w|p_2u')x0§ do. (4-6)
{s}x2A

As 0;xo = 0 for i > 0 the term /]I is nonvanishing only for i = 0. Since Ag; = 0 for j > 0 and
Ago = 1, term I11 simplifies to

I = — Ze [/ dow|w|P 2wt dx’ dxg
[0,s]x2A

__1 // Bo(|wl?)¢ dx’ dxo
p [0,s]x2A

=L [ wrezar+ L [ qerescar. @-7)
P Jana P Jan

We add up all terms we have so far to obtain

pr_l/ ao(|w|P)(s,x/)s;dx’—%e// 3 (Aij 3jw)|w|P2wxo¢ dx’ dxo
2A [0,s]x2A
—p_1 / |lw|? (s, x")¢ dx" + p_1 / [w|? (0, x"Yedx' +1V. (4-8)
2A 2A

So far w was an arbitrary function. We now apply (4-8) to wy = dgu, k =1,2,...,n—1, where u
solves Lu = 0. It follows that each wy solves

Lwy = 0;(Ajj 0 wg) + Bjwy
= 0i (O Ajj)wj) — O (Bi)w;. (4-9)
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It follows that

1l = — e // 0i (A;j ijk)|wk|p_2u_)kx0§ dx’ dxg
[0,s]x2A

= e // Bjw |wg [P 2w x0¢ dx’ dxo
[0,s]x2A
e // (3; Aij)w; lwy [P~ x0 95 dx” dxo
[0,s]x2A
— Re // Biw; [wi|P 2 W xo ;¢ dx’ dxo
[0,s]x2A
e[| @A Bl meg d dg
[0,s]x2A
e [/ (0 Aij) @i w))|wie| P~ xol dx’ dxo
[0,s]x2A
— %e // B; 0 (w; |wg |? 2 wx ) x0C dx’ dxg
[0,s]x2A

= I+ 1+ 113+ 114+ IIs + 1. (4-10)

Here we integrated by parts terms containing two derivatives of A or one derivative of B by moving the dj
derivative. It is important here that k # 0 and hence d;xo = 0. The first term on the right-hand side can
be estimated directly using Theorem 2.7, while the last three terms we estimate using Cauchy—Schwarz
inequality, the Carleson conditions for A and B and Theorem 2.7:

[114] 4+ |115]| + |1]6]

1/2 1/2
< (// (|VA|+ |B|)2|w|l’x0;dx’dxo) (f/ |w|P—2|Vw|2x0§dx’dxo)
[0,s]x2A [0,s]x2A

1/2
<Oy (lnde [ [T a7 dx) 22 @-11)
2A
In summary we get (after using the inequality between the arithmetic and geometric means (AG))
1] < COp. A, pom) el /2 [Vl a4+ 11 + 11

It follows that (4-8) simplifies to (after summing over k =1,2,...n—1)

n—1
S Ze<p [ (Vrul)xredy
2A

k=1

! / Vrul? (s. X1t d' + p~! / V7l (0, x')¢ dx’
2A 2A

+Cp A p.n) il / [N} (V)P dx' + Iy + 113 + IV. (4-12)
2A



1918 MARTIN DINDOS AND JILL PIPHER

We estimate the terms /V. It can be bounded (up to a constant) by
I vulwlrtsolardx dxo. @-13)
[0,s]x2A

where d7¢ denotes any of the derivatives in the direction parallel to the boundary. Recall that ¢ is a
smooth cutoff function equal to 1 on A and 0 outside 2A. In particular, we may assume ¢ to be of the
form ¢ = n? for another smooth function 7 such that |V7 7| < C/r. By Cauchy-Schwarz (4-13) can be
further estimated by

1/2 1/2
( // |Vw|2|w|p_zxo(77)2dx/dxo) ( // |w|pxo|VT77|2dX/dxo)
[0,s]x2A [0,s]x2A
1/2
511/2(1 // w|? dx’dxo)
" JJo,s1x(2A\A)

<eT+Cs / (N7 (V)P dx'. (4-14)
2A\A

In the last step we have used the AG-inequality and a trivial estimate of the solid integral |u|? by the
p-averaged nontangential maximal function.

The terms /1, and /13 are also similar. We use |VA|, |B| < ||;L|é/ 2 /X0 and what remains has a trivial
estimate by [, A\ AN, ~’ +(Vu)]? dx. Substituting this and (4-14) into (4-12) and by integrating in s over
[0, r] and dividing by r we finally obtain

f/ [S;/2(Vru)l? dx' <2Z// |V (0u)|? |0 u|P~ 2x0( )dx dxo
0,r]xA

5p‘1/ |VTu|p(0,x')dx'+p_1/ IVru|?(r,x")dx’
2A 2A

+C|plle / [N} (V)P dx' +C / [N} (V)P dx'. (4-15)
2A 2A\A

We return now to the issue of finiteness of the quantities in (4-4). We fix an ¢ > 0 and consider a bound
for the expression

// lw|P~2|Vw|*(xo — )¢ dx’ dxo (4-16)
[e,5]x2A

instead of ff[o, SIx2A |w|?~2|Vw|?xo¢ dx’ dxo. The quantity (4-16) is finite by the interior estimates
(2-19). By Theorem 2.7, all of the previous calculations for the term (4-16), after averaging in s will give

the estimate
n—1

S [ VORIl (oo ' dxo
k=1""le;r/2]xA

<p! / Vrul? (e, x') dx' + p~! / Vrul? (. x') dx’
2A 2A

+Cllplle / [N} e (V)P dx'+C / [N} 4 e(VW)? dx',  (4-17)
2A 2A\A
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where N 5.a.e(Vu) denotes the nontangential maximal function relative to the domain {xo > ¢} as defined
in (2-27).

To deal with the quantity [, |V7u|? (e, x") dx’, which is not itself a priori finite, we average the
inequalities above over ¢ € [g9/2, g9]. Averaging in r as we have done earlier bounds the boundary

integral [, , |[Vru|?(r,x") dx’ by a solid integral and we obtain, foreach k =1,...,n—1,

//[ /4]x A |V @) 1972 (xo — £0) dx" dxo 5 C/zA[ ~;,a,so/2(Vu)]p dx’. (4-18)
£0,r X

By Fatou’s lemma, letting ¢g — 0, the expressions in (4-4) have an upper bound in terms of
Jon []Vlf’ «(Vu)]? dx. Whenever this nontangential maximal function expression is finite, the calculations
leading to (4-15) that depend on the finiteness of (4-4) are justified.

To obtain a global version of (4-15), consider a sequence of disjoint boundary balls (Ar(yj/. ))ken such
that i Aoy (yJ/.) covers dQ = R"~! and consider a partition of unity (¢ i )ken subordinate to this cover.
That is, assume ) ; {j =1 on R"~! and each ¢; is supported in A, (yj’.). Given that } ; 9;¢; = 0 for
each i, it follows by summing over all k that

2112+113+1V=0.
j

It follows from (4-12) (after averaging in s over [0, r]) that

[/ IV (0 0) 2] |P~2 x0(1 — x—") dx’ dxq
[0,r]xR" ] r

sp7t [ vpul o+t [ 9 ax
R R?—

1

// [S5/2(Vru)]P dx’ <2 ni:
Rn—l k

=1

+Cllulle /R N (Vu)? d. @19)

We now modify our calculation above by considering a Lipschitz function g : R"~! — [0, 0o) such
that sup, g < r/4 (we only assume this to avoid integration over an empty set). We perform the same
calculation starting from (4-3) but this time we integrate over the set

([0, s] x2A) N Qg,
where

Qg :={(x0,x") e RxR"1: x> g(x)}.

Rather that repeating the whole calculation again we focus on the differences. We note that we will
only consider s € [r/2,2r] to avoid complications that might arise from integration over empty sets.
The first difference will be that the term I of (4-5) will contain an additional boundary and hence

I =,%’e/ (Dow)|w|P2wxol do —i—%’e/ Aij djwlw|P 2 wxolv; do,  (4-20)
{s}x2A ([0,5]1x2A)NIQ2¢
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where v; is the i-component of the outer normal of dQ2¢. The term (4-7) becomes

111 =—l[ |w|P(s,x/)§dx’+1/ lw|?(g(x"), x")¢ dx'. 4-21)
P J2A P JaA

We look at the term /7. As we integrate by parts to obtain (4-10) we pick up two extra boundary terms.
Iy = —%’e/ (aiAij)wj|wk|P_21I)kx0vk§a’a
([0,5]1x2A)NIQ2¢

+ Re / Biw; |[wi|P 2 Wi xovil do.  (4-22)
([0,5]x2A)NIR¢

We also modify some estimates. Terms I/s, Ilg and 117 of (4-10) are now integrated over the set
([0, 5] x 2A) N Qg, which allows us to use the estimate (2-25) of Theorem 2.7. This gives us

1/2
(5] + | 6| + 117 < (nunc /( (N2, (Vu))? dx’) 72 43

[0,s]x2A)NIQ ¢

A similar observation applies to terms /15, 173 and V. It follows that what we have so far implies the
estimate for some ¢, > 0:

n—1
S o
k=1 ([0,5]x2A)NQ¢

<p! / Bo(|VrulP)(s, x')re dx’ — p~! f Vrul? (5. x')¢ dx’
2A 2A

07 [ IV )2+ Clop ALl o) (N2, o (V)P dx’
24 T(2A)x0R24
n—1 o
> '%e/ Aij 3 ) 0| P2 B xotvi do + Ilng. (4-24)
k=1 ([0,5]x2A)NIQg

Our goal is to estimate the first two terms on the right-hand side of (4-24) by ﬁpz,’a’g. To do that we
average in s twice. We first integrate (4-24) over an interval s € [r/2(1 4 60), r(1 4 6)] and then integrate
the resulting inequality again in 6 € [0, 1]. This turns both mentioned terms into solid integrals of |Vzu|?

over a Whitney-type box inside 2. This simplifies (4-24) to

n—1
“p Z // |V(8ku)|2|aku|p_2xO dx" dxg
k=177 (0,r/2]xA)NQg
= P—l [ IVrul?(g(x), x")dx’ + C(Ap, A, lptlle, p.n) [ﬁli:l,g(vu)]p dx’
28 TQA)xIQ,
n—1 o
+ Z %e/ Aij 9; (8ku)|8ku|p_2 Oxu xoCv; do + Ipg. (4-25)
k=1 ([0,5]1x2A)N0Q, :

We shall use (4-25) in the following lemma.
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Lemma 4.1. Let Q = R’ and assume u is the energy solution of (4-1). Assume that A is p-elliptic and
smooth in [Rf’i_ with Ago = 1 and Agj real and that the measure . defined as in (1-2) is Carleson.

Consider any b > a > 0. Then for each vy € (0, 1) there exists a constant C(y) > 0 such that
C(y,a,b) — 0 as y — 0 and with the property that for each v > 0 we have

[{x" € R Sp 0 (Vru)(x') > v, Np(Vu)(x') < yv}|
<C|{x" eR* 118, p(Vru)(x)) > v/2}|.  (4-26)
Here ﬁb denotes the L? version of the nontangential maximal function defined over cones of aperture b.

Proof. We observe that Np(Vu) < yv also implies Np,b (Vu) < yv thanks to Proposition 2.5. Also
clearly, {x' e R""!: Sp.»(VTu)(x’) > v/2} is an open subset of R”~!. When this set is empty, or is all
of R"~1, estimate (4-26) is trivial, so we focus on the case when the set in question is both nonempty and
proper. Granted this, we may consider a Whitney decomposition (A;);es of it, consisting of open cubes
in R"~1 Let Flf be the set appearing on the left-hand side of (4-26) intersected with A;. Let r; be the
diameter of A;. Due to the nature of the Whitney decomposition there exists a point p’ € 2A; such that
Sp.5(VTu)(p') < v/2. From this and the fact that b > a it follows that for all x” € Flf we have

S2 ,(Vru)(x') > v/2,

where S lﬁ{ o 1s the truncated version of the square function at some height d ~ r;, where the precise nature
of the relation between d and r; depends on the apertures a and b.
For some a < ¢ < b consider the domain

Q= J Tex);

x’eFlﬁ'
this is a Lipschitz domain with Lipschitz constant 1/c. Observe that F! C 9Q.. It follows that
) P 4 n—1
#1225 [ g < Y ff IV @) Pl0jeu| P20 dx.
vP Fji k=1 Q:.NT(A})

We apply (4-25). It follows that

RS2 [ sy Tl + 01 do

n—1
+ %e/ Aii (0%,u)| 05| P2 dgu xolv; do
,;[ reapnin. l
+%€/ (8,~A,-j)8ju|3ku|p_28k_ux0vk§da
([0,5]1x2A)N0R2 ¢

+9z>e/ B; 8iu|8ku|1’_28k_ux0vk§da]}, (4-27)
([0,5]1x2A)NIQ2,
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where N pzi . 18 defined using nontangential cones with aperture a with vertices on d2.. Due to the fact
that each of these cones is contained in one of the cones I'y (x”) for some x’ € F) (as ¢ < b) and on F.
Ny (Vru)(x') < yv, we also have ﬁﬁ,ﬁ,c (Vru) < yv everywhere on d$2.. This takes care of the second
term.

We still need to deal with the four other terms on the right-hand side. We do it by converting these

terms into a solid integrals by averaging ¢ over the interval [a, (a + b)/2]. Let us define

0= Q(a—i—b)/z \ S_2a.

O is the set over which the four terms we want to bound will integrate after the averaging. The sets €2,
also share Flf as a common boundary; however, there we have a trivial estimate

/ [Vrulag.|” do < (yv)?|Ail
Fy

from the fact that ]Vb (Vru)(x’) < yv on F!, while the last three terms of (4-27) vanish there (as xo = 0).
Given the way the set O is defined, geometric considerations imply that it can be covered by a
nonoverlapping collection of Whitney cubes {Q;} in R} with the following properties:

oclJoj. r=diam(Q)) ~dist(Q;.dR%). 20; C Q. (4-28)
J

Furthermore the projections of Q; onto the boundary R”~1 are “almost disjoint”; that is, each such
projection overlaps with at most K = K(a, b) other projections. From this } _; diam(Q, Yl x 24,

Consider the contribution of the first term on the right-hand side of (4-27) after the averaging in ¢ on
each Q;. Such term can be bounded by

(diam(Q;)) ! // |Vul? dx < (yv)? diam(Q;)" ",

where the bound < (yv)? comes from the fact that Q; C €5 and hence the L? average of Vu on Q;
has this bound from our assumptions. Summing over all Q; gives us the bound

J

3 (diam(Q;))! [/Q IVul? dx < (yv)? 24,

In fact, we have this bound also for the fourth and fifth terms on the right-hand side of (4-27) since
[ve] < 1 and |VA|xg, |Blxo < ||[L||é/2 and hence we are again dealing with a solid integral of |Vu|?
over each Q;. Finally, the third term on the right-hand side of (4-27) is somewhat different and on Q; is
bounded by

@iam(@,)™ [ aga? ! Vagulxo dx
Q;
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which, since xo ~ diam(Q;), by Cauchy—Schwarz is further bounded by

1/2 1/2
(diam(Qj»—l(// ‘|aku|1’dx) ((dim(Q,-»2 [} .|vaku|2|aku|1’—2dx) ,

where for the second term we can use (2-19) to again bound the whole expression by C diam(Q;)" "L
It follows that we have after the averaging procedure for every term of (4-27) the same bound (up to a
constant) and that

|[Fyl = Cla. b, [lnlle)y?IAil.
Summing over all i yields (4-26) as desired. O

We will require a localized version of Lemma 4.1 as well.

Lemma 4.2. Let u be as in Lemma 4.1. Fix R > h and consider a boundary ball Agr C R Let
p >q > 1 forany q such that A is q-elliptic. Let

v =c ][ [NZR(Vu)]? dx’,
AzR

where C is a constant depending only on dimension (calculated in the proof below). Then for each
y € (0, 1) there exists a constant C(y) > 0 such that C(y,a,b) — 0 as y — 0 and with the property that
for each v > vg

!{x/eAR:S(f’a(VTu)(x’)>v, ]VbZR(Vu)(x/)fva <C(y)|{x" € AR:Sgp(Vru)(x')>v/2}|. (4-29)

Proof. It follows from (4-15) (by well-known averaging) that

ISR, (Vrw)lLacag) S INFR(VWLa(asz)- (4-30)
Therefore, R B R .
[ARNSE > /2] SV UINZROVIIL a0
SVINZR(V) 850 5, 1 Barl' =Y
SCo? [ (NER) +olagl. (431)
AzRr
Choose ¢ = %, which determines Cg, and we now fix C = 4C; in the definition of vg. This implies that

for any v > vg, we have
|ARN{SR, > v/2} < 3|AR|. (4-32)

Thus, there exists a Whitney decomposition of Ag N {S (fb > v/2} into open cubes A; with the property
that 2A; N A g contains a point for which § qu (Vru) < v/2. From this point on, the proof proceeds as
in Lemma 4.1. O

Corollary 4.3. Under the assumption of Lemma 4.1, for any ¢ > p > 1 and a > 0 there exists a finite
constant C = C(Ap, A, p,q.a, | ulc.n) > O such that

ISR (Vrw)llLaag) < CINZE(Vu)llLa(ass)- (4-33)
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1Sp,a(VTu) ||Lq(Rn—l) <C| ﬁp,a (Vu) ||L4(Rn—l)- (4-34)
The inequality (4-34) also holds for any q > 0, provided we know a priori that ||Sp,q(VTu)|| LaRri—1) < 00.

Proof. The estimate (4-33) is a consequence of the local good-A inequality established above and the
equivalence [Coifman et al. 1985] of p-adapted square functions with different aperture in any L4 norm.
When g > p, and M is large,

M M
/ VI AR N{SR, (Vru) > v} dv < C(M)f VP AR VSR, (Vru) > v} dv.
0 0

By (4-30) and the fact that the coefficients are smooth, the right-hand side is finite. Therefore, the left
hand side is also bounded, with a constant that may depend on M.

Now we multiply the good-A inequality of Lemma 4.2 by v”~! and integrate separately over (0, vg)
and (vo, M). This gives

ISR )llLacar) < CINZR)ILa(AsR):

after taking the limit as M — oo.

The estimate (4-34) follows by taking the limit R — oo.

When g < p, the local good-A inequality is not available, which is why we need the additional a priori
assumption || S, o (V7u)|| Lawn—1y < 0. The proof proceeds otherwise as above but using Lemma 4.1. [

So far we have avoided considering the square function of dou. We remedy it now. Observe that since
IV (@ou)| = [9goul + [V (V).

we can use previous calculations for the square function of Vzu and focus on 8%074.
Since u solves Lu = 0 and Agp = 1 we have

Bou=— Y 0i(Aij dju)— Y _ B; du.
(i,/)#(0,0) i
It follows that we have the estimate
SR Bou)(x') < SR, (Vru)(x') + C TR (Vu)(x), (4-35)
where we define

Ry _
rowe = ([,

a

1/2
(IVAI? + |B®)|Vul?8(x)*>™" dx) . (4-36)
0)

Considering the same Q2 as above we have an analogue of (4-25):

// (VAP +|B)|VaPxo dx’ dxo < C e [ (N2 (Vu)Pdx.  (437)
([0,r]xA)NQ2 ¢ T(2A)xQ

It follows that we can establish a good-A inequality analogous to Lemma 4.1.
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Lemma 4.4. Let Q = R’ and assume u is the energy solution of (4-1). Assume that A is 2-elliptic and
smooth in [Rf’i_ with Ago = 1 and Agj real and that the measure . defined as in (1-2) is Carleson.

Consider any b > a > 0. Then for each vy € (0, 1) there exists a constant C(y) > 0 such that
C(y,a,b) — 0 as y — 0 and with the property that for each v > 0 we have

[ e R T (Vi) (<) > v, [l Np (Vi) (') < yo)|
<C|{x" e R T(Vu)(x') > v/2}].  (4-38)

We omit the proof as it follows the same idea as the proof of Lemma 4.1 using (4-37) in place of
(4-25). Also averaging in ¢ is not needed. We also have an analogue of Lemma 4.2 by the same argument.
We record the consequences of these two results.

Corollary 4.5. Under the assumption of Lemma 4.1, for any ¢ > 2 and a > 0 there exists a finite constant
C =CAz, A q,a,|ptllc,n) > 0 such that

152 @0 llLacar) < CUISR VT La(asr) + Il *INZE (Vi) La(ase) (4-39)
/2, %
152,a (d010) || g gn—1) = CI1S2,a (VT W)l g gr—1y + Il [IN2,a (Vi) Lg gn—1)]- (4-40)
The inequality (4-40) also holds for any q > 0, provided we know a priori that || T, (Vu) || La(Ri—1) < O0.

We are now ready to establish a local solvability result. Let us consider domains of the following the
form. Let Ay C R"~! be a boundary ball or a cube of diameter d. We define

Onga= | Talx). (4-41)

x'€Ay

Here as before I'; (x) denotes the nontangential region with aperture a at a point x’ (see Definition 2.2).

Clearly, a domain such as (4-41) is a domain with Lipschitz constant 1/a. It follows that if £ satisfies
assumptions of Theorem 1.1 on R’} it also satisfies it on any domain Op , 4, provided 1/a is sufficiently
small. This can be seen via the pullback transformation (3-11) which transforms the problem from Oa , 4
back to R’} . This modifies the coefficients of our PDE to say

div(AVv) = 0. (4-42)

In particular, if the original PDE on Oy , 4 satisfies Agp = 1 and Ag; are real, the modified coefficients
A will fail to do so. However, we could fix that via the change of coefficients discussed in (2-34) together
with the observations noted below. It follows that (4-42) can be rewritten as

div(AVv) 4+ B - Vv =0. (4-43)

Because 1/a is small the coefficient Ago is close to 1 and A4 j are almost real. It follows that rewriting
(4-42) as (4-43) will not destroy the ellipticity and p-ellipticity of the matrix A. Hence our previous
results of this section apply as they were developed for operators £ with first-order (drift) terms.

We note that in Section 3, drift terms are not allowed, but the results of this section can be applied to
the PDE (4-42) because the special assumptions on Ag j are not used there.
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To discuss solvability on domain Oa, , we need to consider the nontangential maximal function N
that is taken with respect to nontangential approach regions that are contained inside Op , 4; that is, we
need to take regions ' (- ) for any b < a. Without loss of generality we choose b = a /2 and fix it for the
remaining part of this section. Finally, Vru at the boundary of Op, 4 is understood to be the tangential
component of the gradient with respect to the boundary of this domain.

For ease of notation we drop the dependence of the domain Oa, , on Ay and a and use O = O, 4.
We have the following result.

Lemma 4.6. Let L be as in Theorem 1.1 on the domain R’ and let A be q-elliptic for some q > 2.

Let O be a Lipschitz domain as above and assume u is an arbitrary energy solution of Lu = 0 in
R with the Dirichlet boundary datum Vr f € L1(30; RN). Then there exists m = m(a) > 1 and
K = K(Ap, A,n, p) > 0 such that if

lille +a7! <K,

the following estimate holds:

INaj2(Vi)llLacay) < CallVT fllpagontanny + Cad "7 sup  Wax),  (4-44)
xeoN{§(x)>d}

where §(x) = dist(x, IR} ) and

1/2
= wumpa)
Bs(x)/4(x)

Proof. In last term of (4-44) because of the way O is defined we clearly have
{(x0.x) €O :x" ¢ A1 1a)a} CON{8(x) >d}. (4-45)

It follows that by considering the pull-back map p: R, — O defined in (3-11), proving (4-44) is equivalent
to establishing

IN(VllLaasy < CIVT fllpaa, mvy + €A sup W), (4-46)
xeRINT (A +aya)

where we now work on the domain R”, with u solving Lu = 0 in R} for £ as in Theorem 1.1. We start
with the term on the left-hand side of (4-46). If follows from (3-30) that for some m; > 1+ a

INS DLV Faa,y = CUSE (ViDL a(a,, y +Ca" 7 V(AR (4-47)

The last term above has a trivial bound by Cd”~! SUPx R \T(A 1 4aya) [Wa(x)]4.
By (4-39) we have for my = 2m

1/2, x7
IS4 (V)| La (A, ) < CUST (VEw)l|La(apmya) + 111 NN (Vi) | Lo (a0
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Using the Holder inequality we have for any x’ € R"~!
[S2,4(Vru)(x')]?

// IV Oru|>?)0u 2/ |V aiu|* 7 |0 u) =2/ xo dx’ dxo
a(x')

1/q 1/q
< Z (/f |Varu|?|0gu|? 2xg dx’ dxo) (// |Varu|?|0gul? 2xo dx’ dxo)
a(x) a(x’)

k>0
< 82,4 (VTu)(x")S2,4' (VT u) (x"). (4-48)

Hence the previous line implies that for any ¢ > 0 we have
S2,a(Vru)(x) < CeSq,a(VTu)(x') + eSqr,a (Vru)(x'), (4-49)

and the same inequality holds for the truncated square functions. Observe that ¢ > ¢’ and hence we can
use (4-33) to estimate the second term. This gives us
15524 (V) o a0 = Cel ST (VT T u a0 T IN VW o,

|q/2

for some m3 > my. We choose ¢ so that e = ||| The estimates we have so far can be combined to

the following estimate:

INGFDN V0 a ) = CISTEE TN aa,0, 00

+c||u||q/2||fvf:'1~*”l(Vu>||Lq(A HHCa™™h sup ()4 (4-50)
x€RINT (A +aya)

To estimate the first term on the right-hand side we use (4-15). This gives

||Sm2d (VTM)”Lq(A d) < / |VTM(O,X/)|q dx/+/ |VTu(m3d,x/)|q d)(,‘/
A

m3d AM3d

Hlule [ 8™ @uraxvc | [F75 (Va)P dx’. (@-s1)
m3d Amg,d\Amzd
Observe that if the estimate above holds for certain m3 > 1 it will certainly holds for any larger value,
say 2ms3. Hence we can average the estimate on the right-hand side of (4-15) between m3 and 2m3. This
turns the second term on the right-hand side of (4—15) into a solid integral over a set that is contained in
R\ T'(A(1+a)a) and therefore bounded by Cd"™ Usup, cpn \T(A(l+a)d)[W2(x)]q Hence we have for
my4 = 2m3, thanks to (4-50),

INCHD9 V)T a,) S /A V7 £ ()9 dx'+max{[ ], | &} / [N+ (Tu)e dx’

m4d AM4d

+C / [N+ (7i)|? dx'+d" ! sup [Wa(x)]9. (4-52)
m4d\Am2d xeRi\T(A(l-i—a)d)

Here we truncated N on the right-hand side at the height (1 4 a)d instead of m4d since everything above
this height can be incorporated into the last term.
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Clearly, for sufficiently small || it||¢ we can hide part of the second term in the last line on the right-hand
side of (4-54). Hence

INCFDE V)T, a) S /A Vr fEDI dx + CIN UV Iy s, van)

mgyd
+d"! sup [Wa(x)]9. (4-53)
x€RINT (A +aya))
Clearly, the last estimate is scale-invariant and so we write it instead for an enlarged ball A4 4)q. We
do this to have in the second term A, 4 \ A(144)a, Where ms = (1 +a)my. Since

IN DLV | Laag) <IN T0Laa 40

this gives us

IN V)T a5 /A V7 f()I dx' + CIN TV |

msd \A(1+a)a)
msd

+qn1 sup [W2(x0)]?.  (4-54)
xeRUAT (A +a)a))

We now push-forward (4-54) back to the original domain O. We have

S (1+a)d q q n—1
N \Y% <C|V — Cd W, 4
1) V0l Eaag) = CIVT S W g gonay T C4" i W)

N (14+a)d q
+CINTT VL GoniT (Ao \ TG sma) 45

We would like to hide the last term. Observe that all points of 30 N [T'(A,;54) \ T(A1+4)q)] are in
the interior of the original domain R’ of distance at least d away from the boundary of R’ . Hence
whenever we were applying Theorem 2.7 we could have in fact used (2-25) there with / being the function
describing the boundary of O. Since pointwise for Q € 00 N [T (A;;154) \ T(A(144)d)]

Nep(Vu) (@)= sup  Wa),
xeoON{§(x)>d}
the last term can be estimated by Cd” ™! sup, conisx)=a3 W2 (x)? as well.
Finally, we can remove the truncation of N at height (1 + a)d on the left-hand side of (4-55) as
for points above this height again the term Cd" ! sup,con (8(x)>d} W2(x)? controls the nontangential
maximal function. This establishes our claim. O

5. Proof of Theorem 1.1

We will establish the solvability of the regularity problem assuming that the coefficients of A and B are
smooth, applying the results of the previous two sections. The constants in the estimates will not depend
on the degree of smoothness. Then, considering smooth approximations of £, a limiting argument gives
Theorem 1.1 in the general case.

We start with p = 2. Assume the matrix A is 2-elliptic. It follows that Lemma 4.6 applies. For any K
as in the lemma for any ||| ¢ < K we pick a such that ||u|c +a~! < K.
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Consider any f € LZ(SR’_"_) N Blz/g (0R” ) and letu € Wl ’Z(R’i) be the unique energy solution of Lu =0
with boundary datum f. We shall additionally assume f is a smooth compactly supported function, it
suffices to establish our estimates for those as such functions form a dense subset of LZ(BRi) NB 12 /3 (OR%).

Fix d > 0 and consider A = A;(0). We apply Lemma 4.6 to the domains O; = Oa 4 for t € [1,2].

This gives us

INaj2(Vi) |22 0y < ClIVT £ 4+ Cd"N sup Wa(x) (5-1)
al L2(A) L2300, NT(zmA)) €O, N> d}

Note that each of the sets d0; N T'(tmA) consists of the “flat piece” that is just TA = A;4(0) and the
remaining curve that lies inside R’, . If we average the above inequality over all values of 7 € [1, 2], the
latter turns into a solid integral over a set that is contained in

Sa :=1(0,2md) X (Azma \ Aa)-
It follows that

W02Vl agsy < CIVr S sy + " sup Waw? +-Ca™ [ [vulax. 52
{x:8(x)>d} Sy

Consider what happens as we take d — oo in the estimate above. Recall that we know that Vu € Lz([R’j’L)
from the fact that u is an energy solution. This information implies that both

/f |Vu|? dx — 0, // |Vu|>dx — 0
B(x,8(x)/2) Sa

for all x € {x : §(x) > d} uniformly as d — co. From this however we see that the last two terms of (5-2)
go to zero as d — oo, and hence in the limit we have

|Nar2 (V)12 3pn < CUVT S 12 a1 -

which is L? solvability of the regularity problem. Also observe that constant C in the estimate above
only depends on A, A and n, precisely as stated in Theorem 1.1.

We now extrapolate. It has been established in [Dindos et al. 2017a] that, from Lemma 4.6, a purely
real-variable argument can be used to establish the estimate

/ [N (Vu)(x")]? dx' < Cqv?|Ey| + Ca™! / [N (Vu)(x"))? dx’, (5-3)
E,N{g=v} E,

where E, = {x' e R""1: Ny (Vu)(x') > v} and

1/2
e = sw (f 1vrro0Pay)

B>x

See in particular Lemma 6.1 and (6.17) of [Dindos et al. 2017a], which are completely analogous to
our Lemma 4.6 and (5-3). A consequence of (5-3) is the existence of § > 0 which only depends on the
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constant in the estimate (4-44) such that

||1\7a/z(Vu)||L2+8(am) = ClIVr fllL2+s omr ) (5-4)

which is the solvability of the regularity problem for pg = 2 + §. If po is such that the matrix A is
po-elliptic we can repeat the process we did for p = 2 above. We now apply Lemma 4.6 for the value pg
and again take the limit d — oo. This time the solid integrals we get are

d! // |Vu|P0 dx, d_I// |Vu|P0 dx,
B(x,8(x)/2) Sd

which we know go to zero uniformly for all x € {x : §(x) > d} as d — oo thanks to the fact that (5-4)
implies ||]Vp0,a /2(Vu)||pr0 < oo. Hence taking the limit d — oo in the analogue of (5-2) for pg yields

1Na/2 (Vi) | Lro@myy < CpolIVT f 70 am ). (5-5)

This seemingly is just a restatement of (5-4). The difference however is that now the constant Cp, in (5-5)
only depends on the constant in Lemma 4.6 for the value pg. This allows us to extrapolate again and
obtain solvability of the regularity problem for some value po + 6’. There is no difference in the structure
of the argument. We can continue this bootstrapping as long as we stay in the range of p-ellipticity and as
long as we can be sure that we are moving by an amount §’ which is not getting smaller at each step. This
last point is assured by the fact that the constants Cp,, in the L% norm inequalities (5-5) only depend
on the pg-ellipticity and the Carleson measure norm of the coefficients. If we fix p > 2 such that the
operator is p-elliptic the constants C; for 2 < ¢ < p in Lemma 4.6 are uniformly bounded which ensures
that our bootstrapping argument will reach the desired value p in finitely many steps, giving us solvability
of the regularity problem and the estimate (1-5) of Theorem 1.1.
We now deal with p < 2 such that A is p-elliptic. Assume first that we a priori know that

1N2,a (Vi) | p n—1y < 00

for an energy solution u in R, with boundary datum f. Then by (3-31) of Proposition 3.6 and by (4-40)
of Corollary 4.5 we have

IN2.a(Vi)ll o o1y < C1S2.a(Vi) [l Lo 1y
< Cl1S2.a(Vru) | o1y + Clll 2| N2,a (Vi) | o gn—1)- (5-6)

Here in order to use Corollary 4.5, we must verify that ||7(Vu)||p »gn—1) < co. However under the
assumption that the coefficients are smooth we have a pointwise bound 7, (Vu)(Q) < S2,4.(u)(Q). We
have established solvability of the L? Dirichlet problem in [Dindo§ and Pipher 2019] in the range where
p-ellipticity holds and in particular we have shown the bound ||S2,4 () || L» @e-1y < || f L ®n—1) < 00
(using that /" € C§° C L?).

Hence taking sufficiently small K in Theorem 1.1 it follows that

IN2.a(Vit) | o n-1) < Cl1S2,a(VTU) | Lo n—1).- (5-7)
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Thus by (4-49) in conjunction with (4-34) of Corollary 4.3 and (2-18) we have

12,4 (V1) Lo @r-1y < C1Sp.a (VTU) | Lo @n—1) + €l N2, (Vi) | Lo 1) (5-8)

When applying (4-34) to estimate [|Sp’,q(V7u)||f»gn—1y We need to know a priori that this quantity is
finite. Here we use our assumption that for now the coefficients are smooth. This gives is a pointwise
bound

Sp.a(Vru) = CS2,4(Vru) + CN(Vu),

where N is the pointwise maximal function. The classical L°° bounds of Agmon, Douglis and Nirenberg
[Agmon et al. 1964] for smooth PDE systems imply N < N,. We also have || S2,4(Vru)|Lr < oo from
a similar estimate

82,a(Vru) < CSpa(Vru) + CN(Vu),

and finally we know that || Sp.a (Vru)l|1»@n—1) < 00 by (4-19) (taking r — o0). The one “bad” term in
(4-19), which is [gn—1 [V7u(r,x")|? dx’, can be dealt with by averaging in r first, which turns it into a
solid integral. Such term can be estimated by

I Np,a (Vi) Lo @1y < |N2,a(Vi) || Lo a1y < 00

and furthermore it follows this term converges to zero as r — 00.

Hence all quantities appearing in (5-8) are finite under the assumption our coefficients are smooth,
but the constants in this estimate only depend on the parameters 7, p, A,, A. We choose ¢ > 0 in this
inequality small enough so that we can hide this term on the left-hand side of (5-7). This gives is

IN2,a (V)| Lo @n-1y < ClISp,a(Vru) |l Lo@n—1y- (5-9)

We can now use again (4-19) for Sj, 4 (Vru) taking r — co. As above, the term [g,—1 |Vru(r,x")|? dx’
gets eliminated. It follows that (4-19) gives us

1Sp.a (VT Lo @n-1y < CIVT f Loty + Cleelle | Npa (Vi) | Lo o) (5-10)

Hence for all ||i|l¢ < K sufficiently small, combining (5-9), (5-10) and (2-18) yields

IN2.a(Vi) | o n-1y < CIIVT f Lo @n-1)- (5-11)

from which solvability of the L? regularity problem follows.

It remains to remove the a priori assumption ||]V2,a (Vu)||,» @n—1) < 00 we have made earlier.

We again argue by extrapolation starting with p = 2, where we know this since we have already
established solvability of the regularity problem for this value of p.

This time we shall use an extrapolation argument based on an method in [Dahlberg et al. 1986] of
obtaining L2~¢ estimates of nontangential maximal functions from L? estimates on sawtooth domains.
See also [Dindos et al. 2017a], where this technique was used to get solvability of the L# Dirichlet
problem for elliptic systems for 2 — e < p < 2. In particular, the argument of [Dahlberg et al. 1986],
reproduced in Section 6 of [DindoS et al. 2017a] for systems and hence valid in our setting, gives that
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||ﬁ2,a(Vu)||Lpo(Rn_1) < oo for pg = 2 — ¢ and hence the same is true for ||]Vp0,a(Vu)||Lp0(Rn—1). The
quantity & depends on the constant Cy in the L? norm inequality between the nontangential maximal
function and the square function S5.

Once we know these quantities are finite, the calculation we did above holds for pg giving us (5-11),
and hence the same estimate for Vu for pg = 2 — ¢ and a constant Cp_;.

The very same extrapolation argument, now invoking the L0 estimate gives an LP0o~¢ estimate where
¢ now depends on C,_. In other words, we apply the same argument as [Dahlberg et al. 1986] but
starting from known estimates for the nontangential maximal function in L0 instead of L2. We can
continue this bootstrapping as long as we stay in the range of p-ellipticity and as long as we can be sure
that we are moving by an amount ¢ which is not getting smaller at each step. The same argument as given
previously implies that we can reach any value p < 2 in the p-ellipticity range of the matrix A in a finite
number of steps. From this Theorem 1.1 follows.

Finally, we remove the temporary assumption that the coefficients are smooth. The key is that the
constants in the estimates above depend only on n, p,A,, A, ||t]|c and not on any further degree of
smoothness of the coefficients of £. Hence the classical argument where we approximate our coefficients
by smooth functions, and then pass from the smooth coefficient case by taking the limit can be applied.
See for example Section 4 of [Dindo§ and Pipher 2019], where this is discussed in more detail.

6. Proof of Theorem 1.2

The proof is based on the following abstract result [Shen 2005]; see also [Wei and Zhang 2015, Theo-
rem 3.1] for a version on an arbitrary bounded domain.

Theorem 6.1. Let T be a bounded sublinear operator on L*(R*~1; C™). Suppose that for some p > 2,
T satisfies the following LP localization property. For any ball A = Ay C R"™! and C* function f
with supp(f) C R"~1\ 3A the following estimate holds:

1/p 1/2 1/2
(|A|_1/ |Tf|de’) §C{(|2A|_1/ |Tf|2dx’) + sup (|A’|—1/ |f|2dx’) } (6-1)
A 2A A'DA A

or some C > 0 independent of f. Then T is bounded on L(R"*~1;C™) for any 2 < q < p.
qg<pr

In our case the role of T is played by the sublinear operator f ﬁz,a (u), where u is the solution of
the Dirichlet problem Lu = 0 with boundary data f. Clearly, in the theorem above the factors 2A, 3A do
not play significant role. Hence if we establish estimate (6-1) with 2A replaced by mA with f vanishing
on (m + 1)A for some m > 1 the claim of the theorem will still hold.

Clearly, our operator T : f ﬁz,a (u) is sublinear and bounded on L? by [Dindo§ and Pipher 2019]
for coefficients with small Carleson norm w. To prove (6-1) we shall establish the following reverse
Holder inequality, following ideas of [Shen 2006]:

1 N P dx’ v oy N 2dx’' v
— N> 4(u X < N> 4 (u X , 6-2
(a7 1Rl a) " = (rzs [ 1Maatiar) 6
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where f =u |3Rgr vanishes on 48mA. Here m is determined by Lemma 4.6 and > 1 is determined by a
bootstrap argument explained later. Having this by Theorem 6.1 we have for any ¢ € [2, p) the estimate

”NZ,(I(M)HLLI(R"—I) = C”f”Lq(R”—')’ (6'3)
which implies L? solvability of the Dirichlet problem for the operator L.
It remains to establish (6-2). Let us define

Mi)(x') = sup {wa(y):8(y) <cd},
y€l,(x)

Mou)(x') = sup {wa(y):8(y)>cd},
y€l,(x)

(6-4)

where ¢ = ¢(a) > 0 is chosen such that for all x" € A if y = (yg, y’) € T4 (x") and yo = §(y) < cd then
y’' € 2A. Here d = diam(A) and w, is the L? average of u

1/2
wa(y) = ( f |u(z>|2dz) .
Bs)/2(»)

No (1) = max{ M (u), Mo (u)}.

It follows that

We first estimate M (u). Pick any x” € A. For any y € I'(x’) with §(y) > cd it follows that for a large
subset A of 2A (of size comparable to 2A) we have

Zed = yeT () = way)<Naa)().

Hence for any x’ € A

! 1 ~7 N2 / 1/2
Mz(u)(x)ic(m /2 (B0 dz) .

It remains to estimate M (u) on A.
We write

1
0
(o, x') (0, ') = / W50, (1=5)y + 5x') ds.
0 )

Let K = {(y0,)’):y' € A and cd < yg < 2cd}. Using the previous line and the fact that u vanishes on
3A C 48mA we have for any x’ € A

Ny a/2(Vu)(»") a

Mi()(x') <supwa + C A | —y|r2 (6-5)
K 2 —
By the fractional integral estimate, this implies
1 1/p 1 _ 1/
(W /A [Mi(u)(x)]? dx/) <supws + cd (—| 24| f2 A[Nz,a/z(vu)(x’)]q dx/) . (6-6)

where

—n—il and l<g<n-—1.

Q=

1
p
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To further estimate (6-6) we use Lemma 4.6. We claim the reverse Holder inequality

1/q
(a7 [ Foanwuinrar) s (5 [ 1FaneRa)

holds whenever the solution £u = 0 vanishes on at least 28A.
Let d be the diameter of A. We apply Lemma 4.6 to the domains (4-41) O; = O;a 4 for v € [1,2].
This gives us

1/2

| Naj2(Vi)llzaay < CIVT fll oo, ntmay + €47 sup  Wax). (6D
x€O0N{8(x)>d}

Observe that for any x € O; N {§(x) > d} we have
Al = [{y' €2A:x € Tapa(y)}| = d" 7!,
and clearly for each y’ € A we have

Wa(x) < Najo(Vu) (),

from which
- 1/2 _ 1/2
Wa(x) < A" ( f (N2 (Vi) )P dy’) <Al ( / (N2 (Vi) )P dy/) .
A 2A

It follows that

- 1/2
sup Wa(x) < 2A7T ( /2 A[Na 12(Vu)(y))? a’y’) . (6-8)

x€0:N{§(x)>d}

We use this in (6-7), integrate (6-7) in T over the interval [1, 2] and divide by 4 #~1/4_ This gives, after
using the fact that ¥ = 0 vanishes on at least 4m A,

1/q
(ia7 [P av)

1 1/q 1/2
S(m//T(zmA)IVu(x)lqu) (x| Baueirar) . @9

We have also used the trivial estimate |V7u| < |Vu| on d0; N T (2mA). For the first term we have

/[ [Vu(x)[? dx=// [Vu(x)|? dx+// [Vu(x)|9dx.
T(2mA) T2mA)N{xo<emd} T2mA)N{xo>smd}

(6-10)
The set T(2mA) N {xp > emd } is in the interior of R and has diameter and distance to the boundary
that are comparable to d. It follows that the interior estimate (2-17) can be used (we only enlarge this set
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by a small factor & > 1 so that «[T'(2mA) N {x¢ > emd }] fully lies in the interior of R’} ). It follows that

o | vt ax = (o ] Vul d )q/z
u(x XS\ o ux x
|IT(2mA)| T@mA)N{xo>emd} [T2mA)| a[T(2mA)N{xo>emd}]

1 q/2
— \v 24
S(|T<3fm>|/fT(3,,,A)' u(0)| x)

< ! Nyn(V ’2d’q/2 6-11
N(M/Mm[ a/2( u)(x)] X) . (6-11)

For the term .[fT(ZmA)ﬂ{x0<amd} |Vu(x)|? dx we use the trivial estimate

// |[Vu(x)|? dx < emd / [ﬁa/z(Vu)(x’)]q dx’. (6-12)
T(2mA)N{xo<emd} 3mA

Combining (6-10)—(6-12) finally yields

1 ’
TQmA)] [/T(zmA)|Vu(x)| dx

Ce = N12 /)q/Z & / ~ / /
< N, »n(Vu)(x)H]* dx + N, (Vu)(xH]? dx". (6-13)
(st [ W20 ot | v
This combined with (6-9) yields
1 ~
L / [Ny a2 (V) () d!
Al JA
Ce ~ a/2 e ~
< N, /»(Vu)(x))? dx’ / N, (Vu)(x)dx'. (6-14
(s [ Fap@o@Par) s 2o [ @@ty 14

We now recall an abstract result from [Giaquinta 1983, Chapter 5, Proposition 1.1].

Theorem 6.2. Let Bg be a ball in RY. Suppose that g > 0, g € LY(BR) for some g > 1 and for all
X € Brjp and 0 <r < R/16 we have

q
][ quxfC(][ gdx) +6 g?dx
r B2r BZr

for some constants C > 1, 0 < 1.
Then there exists § = §(C,0,N,q) > 0and K = K(C,0, N, q) > 0 such that for all B, concentric
with BR of radius 0 <r < R/4 we have

1/(g+8) 1/q
(][ gite dx) < K(][ g dx) .
Br/2 r

Applying this to (6-14) with g(x") = [N, /2(Vu)(x')]? yields that for some o > 1 we have

1 ~ 1/(g+8) 1 ~ Va
(ia) [ Faamenax) = s (o [ Fap@oerar) L 619
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Here clearly, 6 = §(g) depends on ¢ but as long as the constant C, in the estimate (6-13) stays uniform
(which is for g € [po+n. py—n] for any 1> 0 where (po, pg) is the interval in which we have p-ellipticity)
we have

inf 8(g) >0 forall n>0.
q€[2+n,po—nl

Here we are avoiding ¢ near 2 as well since then (6-13) provides no information. However, to get us
started in the bootstrap argument we may use the inequality

1 1/(2+680) 1 1/2
(— f/ |V |2 tdo dx) < (— // |Vu|2dx)
T2mA) M 1oma) TGBmA) JI1GEma)

for some §p > 0 small, which is a well known consequence of Caccioppoli’s inequality and Theorem 6.2.
It follows using (6-9) that

1/(24+60) (

( : [ Foaa T dx’) <
A

1 - 1/2
o L [Nz,a(w)(x'>]2dx’) . (©16)

|3mA| 3mA

This is the initial inequality in the bootstrap argument after which we iteratively use (6-15), where § > 0
stays bounded away from zero as long as we take g < p — 1 for some small fixed 7 > 0. This finally
implies that for all ¢ < p;, we have

1 ~ 1/q 1 B 1/2
(m /A[Nzaa/zwu)(x/)]q dx/) s (M /ﬂA[NZ,a (Vi) ()PP dx/) (6-17)

for some B > 1 with u vanishing on 28A. The implied constant in the estimate (6-17) gets progressively
worse as ¢ — py—. Next, we use again (6-9), this time for ¢ = 2,

1 - o
(M /,,A[Nz,a/z(vu)(x )] dx)

S| =—— |Vu|*dx + sup Wa(x), (6-18)
(T(2ﬂmA) T@2BmA) X€025N{8(x)>d}

where we put back W, instead of our initial estimate (6-8). For the first term we use the boundary

1/2

Caccioppoli inequality

1 ) 1/2 . 1 5 1/2
S |Vul dx) <d~ (— // |u dx)
(T(Z,BmA) //T(zﬁm A) TGBpmA) JriEgma)

<d- Foa0)() dz’) ,
(I3ﬂmA| spmal 220

while for the second term by the interior Caccioppoli inequality we have for all x € R} with §(x) > d

(6-19)

Wa(x) < Cd ™ wa(x),
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where w, denotes the L2 averages of u (defined earlier). We have intentionally shrunk the size of the ball
in the definition of W5 so that this pointwise estimate holds. Since the x we consider in the supremum is
in O, it then follows that

1 ~ 1/2
sup Wa(x) <d™! (— / [Nz, (u)(z))]? dZ/) : (6-20)
X€025N{8(x)>d} 12BA] J2a

Using this and the previous estimates (6-17)—(6-18) we then have for all ¢ < p6

1 ~ 1/q 1 B 1/2
(W | Foaa @) dx/) <d™ (M BERLOIC dz') . 62D
Finally, inserting this estimate into (6-6) yields
1 1/p 1 B 1/2
(W/A[Mﬂu)(x')]l’ dx/) < C(M 3ﬂmA[]\72’[1(,”(2/)]2 dz’) ’ 6-22)
where
%Zé—ﬁ and l<g<n-—1

such that 4 is g-elliptic and Carleson norm of u is small. Since we have assumed A is g-elliptic for
g € (po, pg) and pg > 2 this implies in dimensions 2 and 3 that we can consider any 2 < p < oo, while
in dimensions 7 > 4 we can have 2 < p < pmax = po(n —1)/(n —1— pg) when py <n—1, ppax = 00
otherwise. Observe that always pmax > 2(n — 1)/ (n — 3). From this the claim of Theorem 1.2 follows as
we have established (6-2) for such values of p.
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