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REFINED MASS-CRITICAL STRICHARTZ ESTIMATES
FOR SCHRODINGER OPERATORS

CASEY JAaO

We develop refined Strichartz estimates at L? regularity for a class of time-dependent Schrodinger
operators. Such refinements quantify near-optimizers of the Strichartz estimate and play a pivotal part
in the global theory of mass-critical NLS. On one hand, the harmonic analysis is quite subtle in the
L?-critical setting due to an enormous group of symmetries, while on the other hand, the space-time
Fourier analysis employed by the existing approaches to the constant-coefficient equation are not adapted
to nontranslation-invariant situations, especially with potentials as large as those considered in this article.

Using phase-space techniques, we reduce to proving certain analogues of (adjoint) bilinear Fourier
restriction estimates. Then we extend Tao’s bilinear restriction estimate for paraboloids to more general
Schrodinger operators. As a particular application, the resulting inverse Strichartz theorem and profile
decompositions constitute a key harmonic analysis input for studying large-data solutions to the L2-critical
NLS with a harmonic oscillator potential in dimensions > 2. This article builds on recent work of Killip,
Visan, and the author in one space dimension.

1. Introduction

We prove sharpened forms of the Strichartz inequality for nontranslation-invariant linear Schrédinger
equations with L? initial data. Recall that solutions to the linear constant-coefficient Schrodinger equation

idu=—1Au, u,)=ugeL*RY), (1)
satisfy the Strichartz inequality [1977]
”M ||Li(g+2)/d([RXRd) =< C ||u(0, ')”Lz(Rd)' (2)

On the other hand, it is also known if u a solution that comes close to saturating this inequality, then it
must exhibit some “concentration”; see [Carles and Keraani 2007; Merle and Vega 1998; Moyua et al.
1999; Bégout and Vargas 2007]. Such inverse theorems may be equivalently formulated as a refined
estimate

[% 1-60
[[u ”L?fj“w S lluellx 1160, )72 ey 3)

where the norm X is weaker than the right side of (2) but measures the “microlocal concentration” of
the solution. We pursue analogues of such refinements when the right side of (1) is replaced by a more
general Schrodinger operator —%A + V(t, x).

MSC2010: primary 35Q41; secondary 42B37.
Keywords: inverse Strichartz estimates, bilinear restriction, Schrédinger operators.
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Inverse theorems for the Strichartz inequality have provided a key input to the study of the L?-critical
NLS

i8,u=—%Au:|:|u|3u, u(0,-) € L2(RY), 4)

so termed because the rescaling u > u; (¢, x) 1= A%/2u(A2t, Ax) preserves both (1) and the L2-norm
Mu] := u@)||L2ga) = [[4(0) || 2(re)- Indeed, they are used to construct the profile decompositions
underpinning the Bourgain—Kenig—Merle concentration compactness and rigidity method by identifying
potential blowup scenarios for nonlinear solutions with large data. Using this method, the large-data
global regularity problem for (4) was recently settled by Dodson [2012; 2015; 2016a; 2016b], building
on earlier work of Killip, Visan, Tao, and Zhang [Killip et al. 2008; 2009; Tao et al. 2007]. For further
discussion of this equation we refer the interested reader to the lecture notes [Killip and Visan 2013].

The large group of symmetries for the inequality (2) is a significant obstruction to characterizing its
near-optimizers. Besides translation and scaling symmetry, both sides are also invariant under Galilei
transformations

U > ug(t,x) = ei[(x’EO)_%’|§0‘2]u(t,x —t&y), &€ RY.

This last symmetry emerges only at L? regularity and creates an additional layer of complexity. In
particular, while the Littlewood—Paley decomposition is extremely well-adapted to higher Sobolev
regularity variants of (2), such as the H '-critical estimate

I ”Lff;’“’/(" 2 < [IVu(0) 12wy

it is useless for inverting the LZ-critical estimate because one has no a priori knowledge of where
the solution is concentrated in frequency. Instead, the mass-critical refinements cited above combine
space-time Fourier-analytic arguments with restriction theory for the paraboloid.

In physical applications, one is naturally led to consider variants of the mass-critical equation (4) with
external potentials, such as the harmonic oscillator

id;u= (—%A+wax})u:l:|u|3u, u(O,-)eLz(Rd). (5)
J

For instance, the cubic equation (with a |u|?u nonlinearity) has been proposed as a model for Bose—
Einstein condensates in a laboratory trap [Zhang 2000], where ||u(¢)||; 2 represents the total number of
particles, and in two space dimensions the critical Sobolev norm for this equation is precisely L2
While introducing the potential breaks scaling symmetry, one nonetheless expects solutions with
highly concentrated initial data to be approximated, for short times, by solutions to the scale-invariant
equation (4). Less obviously, the equation is invariant under “generalized” Galilei boosts, detailed in
Lemma 1.1 below, where the spatial and frequency parameters act together on the solutions; in the
constant-coefficient setting, this reduces to the usual independent space translation and Galilei boost

symmetries.
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This article develops refined Strichartz estimates for the linear equation
; _ 1 2 md
latu—(—§A+V)M, M(O,)GL (R )7

for a class V of real-valued potentials V (¢, x) that merely satisfy similar bounds as the harmonic oscillator
and possibly also depend on time. Specifically, define

Vi={V:RxRY >R: 0%V llLos, < Mg for2 <a| <N = N(d)} (6)
for fixed constants 0 < M1, M>, ..., My. These estimates play a key role in the large-data theory for

nontranslation-invariant L2-critical Cauchy problems typified by (5). We briefly discuss the nonlinear
problem in the last section of the introduction.

The case of one space dimension was treated in a previous joint work with Killip and Visan [Jao et al.
2019]. This paper extends the methods introduced there to higher dimensions.

1A. The setup. To clarify the structure of our arguments we begin with a slightly more general setup.
Hence we consider time-dependent, real-valued symbols a(¢, x, £) which are measurable in ¢ and satisfy

|8‘)’C‘8§a|§caﬁ for all |«| 4 |B] > 2. (7
Further, we assume the characteristic curvature condition
l[detage| — 1| + [[lagell — 1] <& ®)

for some small O < & < 1. For concreteness, all matrix norms in this article denote the Hilbert—-Schmidt
norm, but the exact choice of norm is inessential.
These hypotheses encompass several interesting situations:

e Schrodinger Hamiltonians with time-dependent scalar potentials a = %|S |2 + V(t,x), where V € V.

 Electromagnetic-type symbols a = %|§ |2 4+ b(x, &) + V(t, x), where the first-order symbol b(x, £)
is real and satisfies |0% 9% b| < cqp forall ||+ |B| > 1, and V €V is a scalar potential as before.

e The frequency-1 portion of the Laplacian on a curved background.

For a symbol as defined above, write a¥ (¢, x, D) for its Weyl quantization. Let U(¢, s) denote its
unitary propagator on L2(R%), so that u := U(t, s)uy is the solution to the equation

(Dy +a¥(t,x,D)u=0, u(s,-)=use L>R?). )

Evolution equations of this type were studied in [Koch and Tataru 2005]. While translations and
modulations do not preserve (9), they do preserve the class of equations defined by our assumptions. For
an element (xg, &o) of classical phase space, define the “phase-space translation” operator 7 (xg, £9) by

7(20) f(x) = e 7x0:50) f(x — xp).

Then a direct computation, as in the proof of [Koch and Tataru 2005, Proposition 4.3], yields:
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Lemma 1.1. If U(t, s) is the propagator for the symbol a and o +— z° = (x9,£9) is a bicharacteristic
of a, then

Ut s)m(z5) [ = ' @E20=062) (U0, 5),
where UZ0 is the propagator for the equation
[D¢ +(a®)" (1, x, D)Ju =0,
a®(t,2) = a(t, 2o +2) — (x,ax(t, 25)) — (£, ag(t, 7)) — a(zg),

and the phase is defined by

t
¢(I»ZO)=/O (ag(t,z4).85) —a(t,zg) dt.

Observe that the transformed symbol ¢Z0 satisfies the same estimates assumed of a. As a special case,
symbols of the form a = %|§|2 + (A, x).§) + wjk (¢)x/ x* are themselves preserved by the mapping
ara’0 if A= A;dx/ is a 1-form whose components are linear functions of the space variables with
time-dependent coefficients. In two and three space dimensions, such A are potentials for uniform
magnetic fields.

The preceding hypotheses imply that (9) satisfies a local-in-time dispersive estimate:

Lemma 1.2. If the symbol a satisfies the conditions (7) and (8), there exists Ty > 0 such that the
propagator U(t, s) for the evolution equation (9) satisfies the estimate

_d
U@ ) pee St =572 forall |t —s| < Tp. (10)
Hence, the solutions to (9) satisfy local-in-time Strichartz estimates

lullLapr (rxmay S sl L2 ga)

L . - 2.,d__d
for any compact time interval I, and for all Strichartz exponents (q, ) satisfying 2 <q,r < o0, T

and (q,r,d) # (2,00,2).

Proof sketch. The dispersive estimate is shown in [Koch and Tataru 2005, Proposition 4.7] using
wavepacket parametrices. Standard arguments (see [Ginibre and Velo 1995; Keel and Tao 1998]) then
yield the Strichartz estimates. O

It suffices to choose the time increment 7 so that
Tp =<1, TOHaxS” + To2||axx|| =, (11)
where 1 = n(d) is a small parameter depending only on the dimension.

Remark. The concrete cases of scalar potentials and magnetic potentials were studied much earlier by
Fujiwara [1979] and Yajima [1991], respectively, who proved the dispersive bound using Fourier integral
parametrices.
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We seek refinements of the Strichartz inequality analogous to those for the constant-coefficient equation.
The earlier arguments for the constant-coefficient equation relied crucially on subtle bilinear estimates
from Fourier restriction theory. We isolate and reformulate the technical lynchpin in the present context.

Hypothesis 1. There exist To >0and 1 < p < % such that the following holds: if f, g € L2(R?) have
frequency supports in sets of diameter < N which are separated by distance ~ N, then

IUR @ SUOLNL? (10, Tolxre) S N7 f Nl2@ay I8 L2y (12)

foralls € [—1,1] and all 0 < A < 1, where U3 (t) = U; (¢, 0) are the propagators for the time-translated
and rescaled symbols a5 := A2a(s + A%t Ax, A7LE).

When a = %|§ |2, the scaling and translation parameters A, s are extraneous, and inequalities of the
form (12) are called (adjoint) bilinear Fourier restriction estimates. They were utilized in [Bégout and
Vargas 2007] to obtain mass-critical Strichartz refinements in dimension 3 and higher (the results in
dimensions 1 and 2, due to Carles and Keraani [2007], Merle and Vega [1998], and Moyua, Vargas and
Vega [Moyua et al. 1999] utilized linear restriction estimates). For further discussion of such estimates,
see for instance [Tao 2003].

In the first part of this paper, we connect (12) to Strichartz refinements. To measure concentration in
the solution we test it against scaled, modulated, and translated wavepackets. Set

|x|2 d 3d

K/f(x) = Cde_ 2, wxo,é'o = n(xo’%-O)va Cqd = 272 4, (]3)

where S, is the unitary rescaling S; f(x) := A~4/2 f(A~1x).

Theorem 1.3. If Hypothesis 1 holds, then there exists 0 < 6 < 1 such that for all initial data ug € L*(R%)
the solution u to (9) satisfies

6 _
lll 2@+207a (1, 11xme) S ( sup (S Wxo,60- 4 (1)) L2Re) ) ||Mo||1142(9Rd)- (14)
0<A<l,|t|<1, (x0,60) €T *RY

The generality of our hypotheses requires us to formulate the estimates locally in time. Indeed, for
most potentials the left side of the Strichartz estimate (14) is infinite if one integrates over R x R?; for

instance, the harmonic oscillator potential V = |x|? admits periodic-in-time solutions. Nonetheless, our
methods do yield (a new proof of) a global-in-time refined Strichartz estimate

0 1-6
el 22/ gy S sup (3 Vxo.00 () 2Gge))” 140ll 2ty
r.x A>0, teR, (xo,E0)eT*RY

for solutions to the constant-coefficient equation (1).
In applications to PDEs, such a refined estimate is nowadays interpreted in the framework of concen-
tration compactness and yields profile decompositions via repeated application of the following:

Lemma 1.4. Assume the estimate (14) holds. Let uy, := U(t) f, be a sequence of linear solutions with

initial data u,(0) = f, € L2(R?) such that | fallL2@ay < A < 00 and ||un || 2w+2/a > & > 0. Then,
r.x

after passing to a subsequence, there exist parameters

{Anstns X En) b © (0.1] % [=1, 1] x R x RY
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and a function 0 # ¢ € L2(R?) such that

7 (xp, Sn)_lS;nlun —~¢ inl?
1—-6

& A
> =
olaze(5) "
Further,

| fn ”iz — || fn— U(tn)_lsknﬂ(xn’ Sn)SAn¢||iz - ||U(tn)_ISAn7T(xn» fn)SAn¢||iz — 0.

Proof. By the estimate (14), there exist Ay, t,, Xn, &, such that
1—6

(S Yiw o Ultn) So)| = {0, 7o, ) 71 ST U () f) | 2 8(%)

The sequence 7 (xp, &,) ! S;ﬂl U(ty) fn is bounded in L? and therefore converges weakly in L? to some ¢
after passing to a subsequence. The lower bound on ||¢| ;2 is immediate, while

1l 72 = fo = Utn) ™ S, 70 (. 60) @117 2 = 1U(tn) ™" Sh,, 7 (xn 0) 17 2
=2Re(fn — U(tn)_lsln 7 (xn,&n)P, U(tn)_IS)Ln 7 (xn,&n)P)
:ZRe(JT(Xn»Sn)_ls,{nlU([n)fn —¢,¢) > 0. .

Further discussion of profile decompositions and inverse Strichartz theorems may be found in the
lecture notes [Killip and Visan 2013].
In the second part of this paper, we verify Hypothesis 1 for scalar potentials.

Theorem 1.5. Consider a Schrodinger operator of the form H(t) = —%A + V(t,x), where V € V.
Suppose S1, S>» C IR{? are subsets of Fourier space with diam(S;) < N and ¢cTIN > dist(S1, S2) > cN
for some 0 < ¢ < 1. There exists a constant n = 1(c) > 0 such that if 1o > 0 satisfies

(t0 + )03V [|Loo <1,

then, for any f,g € L*(R?) with supp( f ) C Sy and supp(g) C S, the corresponding linear solutions
u=U(,0)f and v = U(t,0)g satisfy the estimate
d—d+t2 d+3 d+2
vl mpeiny Se N Sl lglpe foral 33 <q <20 s

foranye >0, N >1,andV € V.

For V = 0, the above estimate was conjectured by Klainerman and Machedon without the epsilon loss,
and first proved in [Wolff 2001] for the wave equation and subsequently in [Tao 2003] for the Schrédinger
equation (both with the epsilon loss). Strictly speaking, the time truncation is not present in the original
formulations of those estimates, but may be easily removed by a rescaling and limiting argument.

Finally, while we make no attempt to address general magnetic potentials, a simple case with some
physical relevance does essentially follow from the proof for scalar potentials. The necessary modifications
for the following theorem are sketched in the last section.
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Theorem 1.6. The conclusion of the previous theorem holds for Schrodinger operators of the form
H(t) = —%(V —iA)? 4+ V(t,x), where A = A; dx’ is a 1-form whose components are linear in the
space variables (i.e., the vector potential for a uniform magnetic field), and the condition on the time
increment tg is replaced by

TOHaxE“ + (T0 + Tg)”axx” <.

We remark that the restriction estimate (12) does not hold for all symbols satisfying the conditions (7)
and (8). For instance, it was observed by in [Vargas 2005] that when U(t) = ¢’ 0x0y ig the “nonelliptic”
Schrodinger propagator in two space dimensions (thus a = £,§)), the bilinear restriction estimate (7)
can fail unless the frequency supports of the two inputs are not only disjoint but also separated in both
Fourier coordinates. In fact, the refinement (14) as stated is false for the nonelliptic equation; for a correct
formulation, one should enlarge the symmetry group on the right side to include the hyperbolic rescalings
u(x,y) — u(ux, u1y); see [Rogers and Vargas 2006].

While the classical bicharacteristics of elliptic and nonelliptic propagators seemingly have no qualitative
difference — and indeed the dispersive estimates hold equally well for both — the quantum propagators
have radically different behavior in terms of oscillations in time. If one compares the traveling wave
solutions

o XEAYE—SEHE)]  ilxEe vy —ticdy]

it is evident that unlike in the elliptic case two solutions to the nonelliptic equation which are well-separated
in spatial frequency need not decouple in time.

The lesson of this counterexample is that while the dispersive and Strichartz estimates follow directly
from properties of the classical Hamiltonian flow, an inverse Strichartz estimate depends more subtly
on the temporal oscillations of the quantum evolution, which is connected to the bilinear decoupling
estimates.

1B. The main ideas. Suppose one has initial data ug € L? such that the corresponding solution u has
nontrivial Strichartz norm. Then, we need to identify a bubble of concentration in u, characterized by
several parameters that reflect the underlying symmetries in the problem. In the L2-critical setting, the
relevant features consist of a significant length scale A¢ as well as the position x¢, frequency &g, and
time 7o when concentration occurs.

The existing proofs of Strichartz refinements for the constant-coefficient equation first use space-time
Fourier analysis (including restriction estimates) to identify a cube Q in Fourier space accounting for a
significant portion of the space-time norm of u, which reveals the frequency center &y and scale A¢ of the
concentration. For example, [Bégout and Vargas 2007] first establishes an estimate of the form

[ v

A _p R I

e Pz (s 10175 [ 1F @1 ds) 1115,
Q dyadic cubes 0

Then, the time 7o and position xg are recovered via a separate physical-space argument. These arguments
ultimately rely on the fact that when V' = 0, the equation is diagonalized by the Fourier transform.
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For equations with variable coefficients, it is more natural to consider position xqo and frequency &g
together as a point in phase space, which propagates along the bicharacteristics for the equation. Following
the approach in [Jao et al. 2019] for the one-dimensional equation, we work in the physical space and first
isolate a significant time interval [fo — A3, 7o + AZ], which also suggests a characteristic scale o. Then
xo and & are recovered by phase-space techniques.

The first part of the argument in [Jao et al. 2019] carries over essentially unchanged; however, the
ensuing phase-space analysis in higher dimensions is more involved and occupies the bulk of this article.

1C. An application to mass-critical NLS. This article was originally motivated by the problem of
proving global well-posedness for the mass-critical quantum harmonic oscillator

idiu = (—%A+Za)]2xf)u:|:|u|flu. (16)
J
By spectral theory, the Cauchy problem for (16) is naturally posed in the “harmonic” Sobolev spaces

%
ug € H® = {uo elL?: (—A+Zw]~2|x|2) ,uoeLz}.
J

Global existence for data in the “energy” space H! was studied in [Zhang 2005]. More recently, Poiret,
Robert, and Thomann [Poiret et al. 2014] established probabilistic well-posedness in two space dimensions
for all subcritical cases 0 < s < 1, as well as for other supercritical problems. Another recent contribution
by Burq, Thomann, and Tzvetkov [Burq et al. 2013] constructs Gibbs measures and proves probabilistic
global well-posedness for the critical case in one dimension.

It is well-known that the isotropic harmonic oscillator w; = 1 may be “trivially” solved; to construct
solutions on unit-length time intervals for arbitrary L? data, it suffices to observe that u is a solution
of (4) on R; x [Rz if and only if its Lens transform

1 X _ilxunt
Lu(t,x): = ——u(tant, — Je 2

(cos?)? cost

solves (16) on (—% X %) ;X [Rz with the same initial data. However, this trick relies on algebraic
cancellations that no longer hold for more general harmonic oscillators. For further discussion of
the nonlinear harmonic oscillator as well as its connection with the Lens transform, consult [Carles
2011].

To solve (16) for large data in the critical space L?, the concentration compactness and rigidity approach
is much more promising. Experience has shown that constructing suitable profile decompositions is a
core difficulty in implementing this strategy for dispersive equations with broken symmetries (e.g., loss
of translation-invariance). For instance, see [Jao 2016] for the energy-critical variant of the quantum
harmonic oscillator, as well as [Ionescu et al. 2012; Killip et al. 2016] for other energy-critical NLS on
non-Euclidean domains. Thus this article supplies the main harmonic analysis input for the deterministic

large-data theory of (16) at the critical regularity.
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2. Preliminaries

2A. Notation. We use the Japanese bracket notation (x) := (1 + |x|?)'/2

2B. Classical flow estimates. We collect some elementary properties of the classical Hamiltonian flow
X =ag, x(0) =y,
§=—ax. £0)=n.
Solutions to this system are bicharacteristics. For a point z = (x, £) in phase space, let 0 > z% = (x, £9)

denote the bicharacteristic initialized at (x, £). Write (y, ) = (x*(y,n), €' (y, n)) for the flow map.
The linearization of (17) satisfies the following Gronwall estimates:

17)

Lemma 2.1. Suppose |t] |92 gallLee < 1. Then

axl t

i /0 age (1. X7, E%) dv + O(t* |laxell llage ) + O |axx || lage ).

0! 2

i I+ O(tllag|) + O laxx |l lage ),

ot (18)
Ty I+ O(tllaxe ) + Ot ||axx | lagell),

ai:t ! 2 3 2

m =/0 —axx (1, X%, E°)dT + O(t* axx| laxel) + O |axx ||* lage ).

Proof. The linearized system takes the form

Y =agyy +agen,
N=—axxy —dxgn.

A preliminary application of Gronwall implies |y (¢)| + |7(¢)| < |y (0)| + [7(0)].
Consider initial data y(0) = I, 1n(0) = 0. Then

t t
)| 5/0 |axxy|dr+/0 laxen(o)] dx.

s0 [n(2)| S tllaxx]|l- Substituting this into the equation for y, we deduce

t t
1| s/o |asxy|df+/0 lagen| dv < tllagx ||+ llagel laxs -

This in turn yields the refinement

t
'n(l) —I—/O Axx dT

2 3 2
S tollaxx | llagx |l + 27 laxx || laggl-

The case y(0) =0, n(0) = [ is similar. We have

t t
Iy(t)IS/0 Iassnlder/o lagxyldt = |y(@)] Stllagel.



1964 CASEY JAO

which yields
t t
@) — 1] < /0 laxxll lagel T d 7 + /0 laxenlde < tllaell + 2 axe | lagell

S P lagx |l llagell + 2 laxx |l lage |- O

t
y(t)—/(; aggdt
These imply, in view of the normalizations (8), the integrated estimates
xp—xy =x{—x3+[I'+ 0@t —5)(¢] — &)
+ Ot = sl laxeID(Ix7 — 3| + [t = |61 = §31)
+O(It = sPllaxx (6] =631 + |t = s]18] = &3,
51— 6 =61 -8+ 0(t —s|llaxxD]x] —x3]
+O0(t = s llaxx | llaxgDIx] = x31 + O(t — sl llaxg D167 — &3]
+0(It = sPPlaxx |?)|x] — 231+ O(r = sI? laxx DIET 3.

where I’ is an orthogonal matrix which equals the identity if ag¢ is positive-definite. In particular, we

(19)

have:

Corollary 2.2. If |x] —x5| <r, then |x} —x4| > Cr whenever 2Cr/|&] —&5| < |t —s| < T.
Physically, this means that two particles colliding with sufficiently large relative velocity will only

interact once in the time window of interest.

Next, we record a technical lemma first proved in the 1-dimensional case [Jao et al. 2019, Lemma 2.2].
This is used in the proof of Lemma 4.3 below but the computations use the preceding estimates.

Lemma 2.3. There exists a constant C = C(||0%al|) > 0 so that if Qy = (0, 1) + [—1, 11?4 € T*R? and
r > 1, then
U 2075 +r0y) C Do) (20 + CrOy).

[t—to|<min(|n|~1,1)

In other words, if the bicharacteristic z’ starting at z € T*R4 passes through the cube z}) + rQ, in
phase space during some time window |t — 9| < min(|n|™!, 1), then it must lie in the dilate Z(t)o +CrQy
at time fg.

Proof. If z € (1)~ (z} + rQy), by definition we have |x’ —x}| < r and |§’ — €} — | < r. Assuming
that || > 1, the estimates (19) imply
x0—xgl <+~ (nl+r)+0(n " 10%al) ¢+l (nl+r))+ 00|72 19%al) (r+nl~" (In+7))

<Cr,

€0 &0’ —nl < r+ O (0l laxx Dr+(nl 2 llaxx |l laxelDr+ 00l laxe ) (1n]+r)

+(nI 2 laxx I?)r+0(n| =2 llaxx ) (Inl+r)
<Cr.

The case |n| < 1 is similar. U
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2C. Wavepackets. Let R > 1Dbe ascale and zg = (x¢, £p) be a point in phase space. A scale- R wavepacket
at z¢ is a Schwartz function ¢;, such that ¢, and its Fourier transform ¢,, concentrate in the regions
|x — x| < RY/2 and |§ — &y < R™1/2, respectively:

§—%o

R™%

_ -N 1 A
|(Rzax)k¢zo<x>|sk,N<x f“’) , |(R—2ag)k¢zo(s>|sk,zv<

R2

—N
> forall k, N > 0.

There are many ways to decompose L? functions into linear combinations of wavepackets. For the first
part of this article, it is technically more convenient to use a continuous decomposition. Later on in
Section 6C, we switch to a discrete version which is more common in the restriction theory literature.

In this section we recall a standard continuous wavepacket transform. To keep things simple we work
at unit scale since that is all we shall need. For a function f € L2(R%), its Bargmann transform or FBI
transform is the function Tf € L2(T*R?) defined by

Tf(z) = (/. ¥z)12@Ra)> VY, =m(z)¥ asin (13).

The transform satisfies a Plancherel identity || 7f || 2(7+gay = || f | L2(re); dually, for any wavepacket
coefficients F € L?(T*R%), one has

T*R4

<|Fll;=.
=IFI

X

Indeed, T'T* is the orthogonal projection onto TL2(R?). Then as T*T = I, any f € L%(R?) can be
resolved (nonuniquely) into a continuous superposition of wavepackets

f=[ v

Applying the propagator U(¢) to both sides and using linearity and the next lemma, one obtains a
wavepacket decomposition

u(t, x) =/uz(t,x) dz, u;(t,x)= fz[U@)y;](x),

of Schrédinger solutions. For brevity we sometimes omit the arguments and write ' = [ f; dz, u =

Juzdz.

Lemma 2.4 (evolution of a packet). If Yz, is a scale-1 wavepacket, U(t) is the propagator for (9), and
Zo > 26 is the bicharacteristic starting at zo, then U(t) Yz, is a scale-1 wavepacket concentrated at Z(t)

forall [t| = O(1).

Proof sketch. Using Lemma 1.1 we reduce to the case zg = 0 and also ensure that the symbol a(¢, x, §)
vanishes to second order at (x, §) = (0, 0) in addition to satisfying the bounds (7). Then it suffices to
show that propagator U(¢) for such symbols maps Schwartz functions to Schwartz functions on unit time
scales. This is done using weighted Sobolev estimates as in [Koch and Tataru 2005, Section 4]. O
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The term wavepacket shall also refer to space-time functions of the form U(¢)y,, not just the fixed
time slices. Later it will be essential to exploit not just the space-time localization of wavepackets but
also their phase as described in Lemma 1.1.

3. Choosing a length scale

We begin with the following lemma from [Jao et al. 2019, Proposition 3.1], obtained by a variant of the
usual 7'T* derivation of the Strichartz estimates. While that article concerned just Schrodinger operators
with scalar potentials, the proof works equally well in the current more general setting.

Proposition 3.1. Suppose U(t, s) satisfies a local-in-time dispersive estimate as in Lemma 1.2. Let (q,1)
be Strichartz exponents (i.e., satisfying the conditions in that lemma) with 2 < q < oco. Assume that
f e L2(R?) satisfies |/ L2@way =1 and

IO fllLe Ly q-1,11xma) = €-
Then there is a time interval J C [—1, 1] such that

1 g
”U(t,s)f”llgfll&(]x[@d) R |J|a@TDea=2.
Equivalently,

1U,5) fllLarr < ( s[up ]IJI 7@ |U(t, $) S llpa- lLr(,XRd)) IIfIILz(Rd)
Je[—-1,1

Note that by pigeonholing we may always assume that |J| < Ty, where Ty is the time increment
selected in (11).

Now let (¢, r) be the Strichartz exponents determined by the conditions 2 + < and g—1=r.Tt
is easy to see that 2 <r < 2(d+2)

Foreach J =[s—pu,s +,u] C [-1, 1], we write

o= () o (2. 7= (2) A5

where U (z, s) is the propagator for the rescaled equation (D; + a*)u = 0, and

a(t, x,£) = —a(s+—t \/:0 T"g)

Changing variables, we obtain

<q < oo.

d
4

__1 ~ ~
|J| " a@=D ”U(t’s)f”L;I—lLr(Jde) = ”U(t)f”L;’_ILQ([—TO,TO]X[R{“’)'

By interpolating with L%, +([=To, To] x R4), which is bounded by unitarity, we see that Theorem 1.3

2(d+2)
—ad

would follow if we prove that for some 2 < gg < and 0 < 8 < 1, the scale-1 refined estimate

1UZ @) f | Lao (o, To)xme) < (Sl;p (V2. f)l)ellflliZg (20)

holds for all s € [-1,1], 0 <A <1, where the notation U; (¢) is as in Hypothesis 1.
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Over the next two sections we establish:

Proposition 3.2. If Hypothesis 1 holds, then so does the estimate (20).

4. A refined bilinear L2 estimate

In previous work [Jao et al. 2019], we proved (20) when d = 1 with go = 4 by viewing the inequality
as a bilinear L? estimate and exploit orthogonality. Such a direct approach fails in d > 2 dimensions;
since 2 < % < 4, the left side of (20) could well be infinite when go = 4. To obtain a refined linear

2(d+2)
d

L90 estimate for go < , we also begin by interpreting it as a refined bilinear L90/2 estimate, but

use dyadic decomposition and interpolate between two microlocalized estimates:

o A refined bilinear L2 estimate (“refined” in the sense of exhibiting a sup over wavepacket coefficients)
with some loss in the frequency separation of the inputs.

e A bilinear L? estimate for some p < % which yields gains in the frequency separation, essentially

the content of Hypothesis 1.

This section discusses the former. In the next section we put together the two estimates, and the
L? estimate is established in the remainder of the paper.

Proposition 4.1. Suppose f = [ f;V,dz and g = [ gV, dz are L>(R?) initial data with corre-
sponding Schrodinger evolutions u = [uzdz and v = [v;dz, where uz(t,x) = f[U(t)¥:](x),
vz(t,x) = gz [U(1)Y:z](x). Then

H/ Uz Uz, dz1dz
|E1—&2|~N

for some a =a(d)and 1 < p < 2.

1 1 1 1
SN(sup | 2177 11 £21)2) (sup lgz1 7" gzl 2) (2D
L2([-To,To]xR4) z =z z

Proof. Square the left side and expand

/ Se1820 [22824 KN (21,22, 23, 24) dz1 dz2 dz3 dz4,
where Ky := KJ|g—g|~N, |g3—¢4l~N > and

K(z1.22,23,24) = (U(t)wm UU)WZz’ U(t)‘/f23 U(t)wu)L%x([_TO,TO]de)-
The estimate would follow if we could show that

N™%(z; — 22)9(23 — 24)0|KN (2)| is a bounded operator on Lgl’zz for some 6 > 0, (22)

as Young’s inequality would then imply

=

2 3 3
. < ([ |f21g22|2(21 _22>_29 dzy dZZ) (/ |f23g24|2(z3 _24)_29 dzs3 dZ4)
L

2 2 2 2
Ssup | fz| 7" sup (g7 | flI/2llgll;> forsomel < p<2.
zZ zZ
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In view of the crude bound |K(Z)| < min; 4 (z; — z) 1, which follows simply from the space-time
supports of the wavepackets, (22) would follow from:

Lemma 4.2. The localized kernel Ky satisfies

1-6
KNIl p2, SN

where « is a constant depending only on the dimension.

Proof of Lemma 4.2. In view of the unit scale spatial localization of the wavepackets and the propagation
estimates (19), we may further truncate the kernel to the phase-space region

R ={|x1 —x2| <4|&1 =&, |x3 —xa| < 4|&3 — &4}

For instance, if |x] — x3| > 4|67 — &3] and |t —s| < T with the parameter 7 in (11) chosen sufficiently
small,
2192 —s|? 02
] = x5 2 (= |t = s 03V | Looel =TI VI) ] — 3
3192 —s2[|92V
— (|t =]+t =] 93V [[Looel IOV ooy 67 — g5
1 3
> glx— x5l =3l =157 — &
1
> §|xf —x3].
Therefore | Ky (1 — yr)| <ar (x1 —x2) ™M (x3 —x4) " N~M for any M > 0. Thus it suffices to prove
that
IKnxRIlL2>12 S N
An estimate of this flavor was proved in the 1-dimensional case [Jao et al. 2019]. We shall argue
similarly, but the proof is somewhat simpler since we aim for a cruder bound at this stage, completely
ignoring temporal oscillations, and defer the more delicate analysis to the bilinear L? estimate.
Partition the 4-particle phase space (7*R?)* according to the degree of physical interaction between

the particles. Let

Eo = {Z € (T*R%)*: min max |xt —xi| <1},
{2 e @R g, e b fl=1

Ep =17 e (T*R¥)*: 2k~ < min max |x! —x’| <2k},
e=1{7e(I"RY Aip max =2l < j

and decompose the kernel into Ky = ) ;~o Kn - Then we have the pointwise bound

2—kM (Si(Z) + E;(Z) _ ‘E;(Z) _ SZ(Z))—M
t(2) t(2) t(2) t(2)

(1§77 =& [+ 167 =&7)

where 7(Z) is a time minimizing the “mutual distance” max; ; |x? —x]’. |. Further, the additional localization
to R implies, by the estimates (19), that

&1 — €5 — (51— £2)| < 15161 — &2l
&5 — &4 — (83— E4)| < 15163 — E4l

, ZeEy, (23)

K@) <m



REFINED MASS-CRITICAL STRICHARTZ ESTIMATES FOR SCHRODINGER OPERATORS 1969

ty
t L4 z3+z
z 3 4
2 >+ 0,
tyt
t z3+z
374
1] 2 + QMl

Figure 1. Z,,, ,,, comprises all (z1,z2) such that z{ and z) belong to the depicted
phase-space boxes for ¢ in the interval 1.

for all |¢| < Tp. In particular |§ i(z) — gé(z)| ~ |$§(E) — SZ(E)| ~ N; thus, while the & J’ may vary rapidly with

time if x]t. are extremely far from the origin, the relative frequencies retain the same order of magnitude.
Assuming the bound (23) for the moment, we apply Schur’s test to complete the proof of Lemma 4.2.
Fix (z3, z4) belonging to the projection Ej — T*IR%Z’3 x T*RY | define

Z4°
Ex(z3,24) ={(21,22) : (21, 22, 23, 24) € Ex},

and let #; be the time minimizing |x§1 — xf“ | < 2%, For any (z1,z2) € Ex(z3, z4), the mutual distance
) t_ .t t t t t e e . . .
max; |x y xk| between x7, X5, X3, X, is minimized in the time window

2k
I=)r:li—t;| <min[1,—— !
{t d tl|~mln( |§3—§4|)}

as for all other times we have |x} —x]| > 2k (Corollary 2.2).

We estimate the size of the level sets of |K|. For a momentum & € R?, denote by Q¢ =(0,8) +
[—1,1]9 x[-1,1]¢ ¢ T*R? the unit phase-space box centered at (0, §), and write ®' = ®(z, 0) for the
propagator on classical phase space relative to time O for the Hamiltonian 4 (x, §) = %|§ |2 + V(t, x). For
Ui, U2 € [R{d, define

zt 7t zt + 7!
ZMI:MZ = U(q)’ ® q;t)—l (% + 2k QMI) X (% + szuz)-
tel

This set is depicted schematically in Figure 1 when & = 0, and corresponds to the pairs of wave packets
(z1,22) € En(z3,z4) with momenta (w1, i) relative to the wavepackets (z3, z4) at the “collision
time” 7 (Z).
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We note that Ex (z3,24) CU,,, y,ezd Ziui,n0- and recall the following estimate from the 1-dimensional
paper, whose proof we reproduce below for convenience:

Lemma 4.3. | Z 1y o) < 2% max(1, |1, | [p2 I ]. (24)

Proof. Without loss assume |t1| > |u2|. Partition the interval / into subintervals of length |pq|~! if
i1 # 0 and into subintervals of length 1 if q = 0. For each ¢’ in the partition, Lemma 2.3 implies that
for some constant C > 0 we have

U @(r)—l( k! +2ka) C ()~ 1(M +C2ka),

|t—¢/|<min(1,|p1 |~ 1) 2
17tz ok NV k
U e F 4250, ) c o) FE 40200, ).
[t—t’|<min(L,|1]71)
and so

U eosen (3252 20,) < (252 +20.)

|t—2/|<min(1,[w1|~1)
’ \y—1 Ziti/ + Zétl/ k Zg/ + Zf‘/ k
C(P(t)RD(1)) T+C2 Ou, ) x T+C2 Ous |-
By Liouville’s theorem, the right side has measure 0(244%) in (T*R¢)2. The claim follows by summing

over the partition. O

For each (z1, z2) € Ex(z3,24) N Z 4, 15, We have by definition

Thus > 3 Z z
gi(z) n 52(2) —S;(Z) _ Z(Z) = w1+ pa + 025,

éi(z) - 52(2) = w1 — 2+ 0(2%).
Hence when (z1,22) € Z,, ,1,, for any M we have

—-M
K| <y 2 Mk a2 (25)

(1 — pa| + 1@ — @)y

To apply Schur’s test, we combine the estimates (24), (25), and evaluate

/|KN(21,22,23,24)|1_5)(Ek(2) dzydz < ) / KNy, dzadzs
wi,u2€24 Zurma
su27ME N MR )™
lw1—p2| SN +2%
< Nd2—(M—d)k.
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For fixed z1, z5, the integral over z3 and z4 is estimated the same way. This concludes the proof of
Lemma 4.2, modulo some remarks on the crucial pointwise bound (23).
To obtain that estimate, we use Lemma 1.1 to write

4
K() =fe"¢ [T v x—xh)dxadr,
j=1
®(t,x;Z) = Zaj[(x —xj’-,éjt-) + ¢(t, x0.%0)].
J

where 0 = (+, +, —, —), and we set ]_[j Cj 1= C1C2C3C4.
It is convenient to partition the integral further, writing

U () (x—xh) = Y US (1) (x —xHby, (x —x1),
;>0

where > ¢>0 O 1s a partition of unity with 6y supported on the dyadic annulus of radius ~ 2t For 7 € Ey,
only the terms

4
K;(Z):= [ P [TU% )y (x—xD)by, (x —x}) dx dt,
j=1
with £* := max; {; Z k, will be nonzero.
By Lemma 2.1, the integral is supported on the space-time region
¢
t(2) 1(2)
TRt TN

%(t,x):lt—t(2)|§min(l, ) and |x—xj’~|§2ef ,

max;, ; |§

and for all such ¢ we have

it —xpl <28 g e - 6P -5 <2

Integrating by parts in x, we may produce as many factors of |&] + &5 — &L — £1| ! as desired and freeze
t = t(Z) to obtain

(Si(z) + E;(Z) . %-;(Z) . SZ(Z))_M

|K;G)| s 270 M2 . _ _ forany M >0,
(619 -9 +169 - &9
and the bound (23) follows upon summing over ‘. O
This completes the proof of Proposition 4.1. O

5. Proof of Theorem 1.3

We prove Proposition 3.2 and hence Theorem 1.3. Begin with a Whitney decomposition of

R xR)\{E6): kR =] | o

Ne2Z Qeln
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where Qy is the set of dyadic cubes in R? x R? with diameter ~ N and distance ~ N to the diagonal.
For each O € Qp, its characteristic function factors into

12(E1.8) = 29" E) 127 (5,

0,j

where x5 are characteristic functions of d-dimensional cubes of width N. Then we can take the

decomposition

118 =roE1.8)+ Y > 19 EDAS ),

N>1Q0€e9n

where yo(£1, &) is supported on the set |&; —&p| S 1.
Now suppose u and v are linear solutions with initial data f = [ f;¥,;dz and g = [ g,y dz,

respectively, where f; = (f,¥;) and g, = (g, V). Writingu, = f,U({){¥z, v; = g, U(¢)V¥;, we deduce
as a consequence of Hypothesis 1 that

‘ Z /uzleZdzldzz

Qeon
for each N > 1. Indeed, for each cube Q the integral has a product structure

/Q 3, v, 1 d22=( / uzlx]%’l@l)dxldsl)( / v 2 sz)dxzdsz)

- U(r)[ / Fox 2 €DV, dx d&}U(r)[ / 2ot 2 (E) V1, dica dsz]

SN £llpzllgz 2 (26)
L4([—To,To]xR4)

By the rapid decay of the wavepackets, we may harmlessly insert frequency cutoffs y y Q.7 (D), where

=0,Jj 0,j

AN are slightly fattened versions of y x” and still have supports separated by distance ~ N, and apply

Hypothesis 1 to estimate
H/ Uz Vg dzrdzs < N8
0

L4

gszN (52) dxzdé

/ Fox 2V dx diy

L2(R4) “
SN2 Ol g x 2 x®)ll 2.

The left side of (26) is therefore bounded by

L2(R4)

D=

S NN a2 Oz e x 2 2 <N (Z 1122 @)1 )( S lex Q2@ )

Qecon 0e€on 0eQn
-6
SN fzlizligz 1Lz

as claimed.
Now decompose the product uv into

uv—/uzlvzz)(o(&,éz)dm dzy + Z Z / Uz Uz, dz1 d 2,

N>10€Qn
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and estimate each group of terms in L4 for ¢ between p and 2. For the sum over Qx we interpolate
between the L? and L2 bounds. Writing % = % + %, we have

H Z /uZ,vZZdzldzz
o

Qeon

1—-6 0
Z / Uz, Uz, dz1d2Z)

Qeon

{

Z / Uz Vs, dZ1d 2z
0

Qeon L2

L4 Lpr

o1 €L L9 _a. 8
S N3O0+ e®(qup |( £y 1) 7 (supl{g. vz ) 7 171 £l .2 llgll2) ' 0 7
z z

and for ¢ sufficiently close to p (hence 6 sufficiently small) the exponent of N is negative.

For the “near-diagonal” sum, we interpolate between L! and L2 For the L' bound we simply use
Minkowski’s inequality and the estimate | U(t)¥z, U(t)¥z, |11 SN (X1 —x2) N when |§; —&| <1 to
obtain

“/ Uz vz, xo(61,52) dx1dxxdé1 dé

% [ 1gaaltvn —xa) Y gol6n ) dz dza
Lx

< ”fz”L% ”gz“Lg,
which when combined with Proposition 4.1 yields

1-6’ 0’

H/uzl vz, x0(61.62)dz1dzs

< H/uzlvzz)(o(él,fz)dhdzz
L4

/uzlvszO(él,Ez)dzldzz

L1 L2

1 L0 —0/+ 2
S[Gupl £D7 (suplgz 7] (U 2l 2 llg=ll,2) 0 F 7
z z

< (supl(/, Wz)lSgpl(g,wz)l)%(llfllm lgll)' 0%

for some 1 < p < 2, where é = 1—9/+%/.
Summing in N, we conclude that

> A -4
luvliLe < [Gup (£ vzD " (sup (g, ) D7 ] (N f 2 gl ) >
z z
for some 6 = 6(p) € (1, 4+2). Taking u = v we obtain Proposition 3.2.

6. The restriction-type estimate

This purpose of this section is to prove Theorem 1.5.
We shall systematically use the following notation. For N > 1 and a potential V, we consider the
rescaled potentials

Vn(t,x):= N"2V(N2t, N 1x).

Let U(z,s) and Uy (¢, s) denote the propagators for the corresponding Schrédinger operators H (t) :=
—% A+Vand Hy(t) := —%A + V. We will often use the letter U to write the propagators for different
potentials V' € V; this ambiguity will not cause any serious issue, however, since all the estimates we
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shall need are valid uniformly over V. Further, due to the time-translation invariance of our assumptions
we shall usually just consider the propagator from time 0 and write U(¢) := U(¢,0), Un(¢) := Un(t,0).

In the sequel, the letter C will denote a constant, depending only on the dimension d, which may
change from line to line.

6A. Preliminary reductions. The hypotheses of Theorem 1.5 are invariant under various transformations
of u and v:

e Galilei boosts u(0) > 7(zo)u(0), u — m(z}h)u?°, where u®° satisfies (D; — A + VZ0)u = 0,
u#°(0) = u(0).

e Spatial rotations: for an orthogonal matrix g, (g-u)(z,x) :=u(t, g~
[Di(g-u)—A+(g-V)I(g-u)=0.

e Rescaling u > 1y = A~9/2y(A~2¢, A1 x) for A > 1. Then u satisfies (D; — A + V3)u,, = 0 with
a smoother potential V3 (f, x) = A72V(A72t, A7 1x).

1. x) satisfies

We may and shall assume hereafter that V' vanishes to second order at x = 0; that is, V(¢,0) = 0 and
dxV(r,0) = 0 for all 7. Indeed let z§ = (x}, &) be the bicharacteristic with (xo, &) = (0,0). Then by
Lemma 1.1,

1U@) UM pa+nrarn = [[(w(z) U @) ) (7 (z) U (&) L+t
= |U=(1) fU (D)l @@+,
and the potential VZ0(z, x) = V(t,x{ + x) — V(t, x5) — x, V(t, x})) vanishes to second order at x = 0.

Theorem 1.5 is equivalent by rescaling to:

Theorem 6.1. Given S1, S, C [R{g with diam(S;) < 1 and ¢l > dist(S1, S2) > ¢ for some 0 < c < 1,
there exists a constant n = 1(c) > 0 such that if V € V and ty > 0 satisfies

(to + )3V e, <7, 27)

then, for any f,g € L*(R?) with supp(f) C 81 and supp(g) C S», the corresponding Schrodinger
solutionsuy = Un (t) f and vy = Un (t)g satisfy the estimate

d+3 d+2
luNVN Lo ((—eon2,0oN2]xRe) Se NENfllz2llgll2  forall 41 Sq4<—g (28)
foranye>0and N > 1.
In fact it suffices to take S; and S, of the form
c c c c
S1=3¢&:|f—=e1|<—;, Sp=1§&: —e1| < —. 29
1 {5 §— e _100} 2 {5 ‘§+2€1 _100} (29)

General §; can be reduced to this case by decomposing f = Z i f; and g =) ; & into pieces supported
in small balls and applying an appropriate Galilei boost and rotation for each pair (f;, gx) and possibly
also a rescaling to bring the Fourier supports closer, which only reduces |32V ||.~. Henceforth we shall
assume (29).
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6B. General remarks. We use the induction-on-scales method pioneered in [Wolff 2001] for the cone
and adapted in [Tao 2003] to the paraboloid. Our proof is modeled closely on Tao’s treatment of the
V = 0 case, and the reader may find it helpful to read the following exposition in parallel with [Tao 2003].
The main differences are as follows:

e The induction scheme (Section 6E) is complicated by the fact that frequency is not conserved, so one
cannot directly apply an induction hypothesis which involves assumptions on the frequency supports
at time 0 to a space-time ball at a later time.

e The low regularity of V' in time makes the bilinear L? estimate (Section 6H) more delicate and we
obtain weaker decay from temporal oscillations.
e In the final Kakeya-type estimate, the tubes in the key combinatorial lemma (Lemma 6.11, the

analogue of Lemma 8.1 in Tao) are curved. Also, we need to be slightly more precise to compensate
for the weaker decay in the L2 bound.

6C. Discrete wavepacket decomposition. While the first part of this paper employed continuous
wavepacket transforms, the following discrete decomposition, taken essentially from [Tao 2003], is more
conventional in restriction theory and convenient for the combinatorial arguments involved. To each zg =
(xxo. §0) in classical phase space with bicharacteristic yz,(f) = (x{, &), we associate a space-time “tube”

Too:={(t.x): |x —xb| < RZ, |t] < R}.

For such a tube T, let z(T) = (x(T), £(T)) denote the corresponding initial point in phase space. A
wavepacket ¢ associated to the bicharacteristic zg +— 26 is essentially supported in space-time on the
tube T7;,, and we shall often emphasize this fact by writing ¢7.

Lemma 6.2. Letu =Up(t) f be a linear Schrodinger solution with supp(f) C Sy. Foreach1 < R<N?,
there exists a collection of tubes T and a decomposition

u= Z ar¢r

TeT

into R x (Rl/ 2)d wave packets with the following properties:
e Each T € T satisfies (x(T),£(T)) € RY/274 x R=1/274

o Each wavepacket ¢ is a Schrodinger solution localized near the bicharacteristic (x(T)!,£(T)"), i.e.,
it satisfies the pointwise bounds
—x(Tt\™M
(RED 1) S (“y ) foraitk, =
R2
. (30)
<$ —§(7) >
R™2

(R™20¢)* b (1)| Sieont forallk,M >0,

Moreover, qAST[O] is supported in an R=Y/2 neighborhood of €(T) € S}.
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e The complex coefficients at are square-summable:

2 2
> larP < If12..
T

Moreover, for any subcollection of tubes T' C T and complex numbers at, one has

2
Z ar¢r| = Z lar 2.
L2

TeT’ TeT’

A similar decomposition also holds for v = Uy (t)g.

Proof sketch. We outline the main steps as this construction is fairly standard; consult for instance [Tao
2003, Lemma 4.1]. Begin with partitions of unity 1 =}, 7« 7(x —xo) and 1 = } ¢ 74 X(§ — &o)
such that y and 7 are compactly supported. By rescaling and quantizing, we obtain a pseudodifferential
partition of unity used to decompose the initial data

f=Y n(x _lx")x(R%(D —£0)) /.

(x0,£0) 2

The propagation estimates then follow from the next lemma. O

Lemma 6.3. If ¢, is a scale-R wavepacket concentrated at zq, and U (t) is the propagator for H(t) =
—%A + Vi, then Uy (¢) is a scale- R wavepacket concentrated at 26 forall [t| <R.

Proof. By rescaling we reduce to R = 1 and replace V' by Vy/g1/2 which also belongs to V' since
N/RY2 > 1. Then the symbol a = %|S|2 + Vi r1/2(t, x) satisfies the estimates (7), and we can appeal
to Lemma 2.4. |

6D. Localization. The proof of Theorem 6.1 begins with the observation that it suffices to establish the
same estimate with the space-time norm restricted to a box of the form

Qn =[-N2, N2 x[-AN2, AN?}9.

Theorem 6.4. Assume the hypotheses and notation of Theorem 6.1 and replace ¢ by c/2 and take
diam(S;) < %. Then there exists A = A(c) > 0 such that

lunvnllpa+s/atny) Se NILF L2 18lle2 (31
forany e > 0.

Remark. In the wavepacket decomposition of u ; and vy, the Fourier supports of the wavepackets are
contained in a slight dilate S; 4+ B(0, CN “Hof S 7. Hence at various junctures we need to adjust various
constants to accommodate this minor enlargement of Fourier supports.

The full theorem then follows from an approximate finite speed of propagation argument:

Lemma 6.5. Theorem 6.4 implies Theorem 6.1.
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Proof of Lemma 6.5. Partition physical space R? = U jeza Q) into cubes of width ~ N 2, where
Q; denotes the cube with center N2%j e N274. Decompose u := uy and v := vy into N2 x (N)d
wavepackets, and group the terms in the product according to their relative initial positions. Write

M=ZGT¢T= Z Z ur,
T

jezd TeT;

v ZZbT/¢T’ = Z Z vr”,
T/

j'ezd T'eT),
where T; ={T € T : x(T) € Q;} and similarly for T;,. Using the triangle inequality we estimate
luv|lg@+3/@+n < Z Z Z urvrs
k=07|j—j'|~2k Tel;, T'eT},
For the k-th sum, note from (19) that if (x1,&1) := (x(T),&(T)) and (x2, &) := (x(T"), E(T")), we have
¥} = x5 = (1= C?[[83 Vi [|Loo) lx1 — x2| = (lt] + Cle]* 83 Vv l|o<) |61 — &2
> (1= Crg |83V [|Loo)lx1 —x2| = N2(1 + Cg 103V [I=2) |61 — 2l
> (1= Cnlx1 —xa = N*(1 + C)lér = 2l

where C hides the harmless Gronwall factor. As |§; —&>| < ¢!, there exists k(c) such that if |x; —x5| >
2K N2 and 7 is chosen small enough we obtain |xt —x5| 2 2K N2 for k > k(c). Thus the tubes in T; and
T /./ are separated in space by distance 2 2K N2, and since each wavepacket ¢ decays rapidly away from

(32)

Ld+3)/d+1)

its tube T in units of N , we have

T 7 | La+nr@+n < 271019k y—101d

and estimate crudely as follows:

DD S

lj—j'l~2K Tel; T'eT]

Sz—lOIde—IOId Z Z |aTbT’|
lj=j’|~2k TeT;,T’eT},

1 1
< p~101dk pr=100d Z (Z |aT|2)2( Z |bT’|2)2

Ld+3)/d+1)

|j—j/|~2k “TeT; T’ETJf,
1 1
2 2
< 2—100de—100d (Z Z |aT|2) (Z Z |bT’|2)
JTeT; J et

—100dk pj—100d
<2 N I/ lz2 ligllz>-

For the “near diagonal” part of the sum (32), where |j — j/| < 2k(©) we group the terms by their
average initial positions:

> Y e

j=J'IS1 TeT;.T'eT),

Ld+3)/(d+1)

= X 2

mezd+74 |j—j'|<1,j+j'=m

(33)

> urer

TeTj,T’eij,

Ld+3)/d+1)
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For each pair (j, j’), we translate the initial data by the midpoint

i
Xjjr = 5 N

of Q; and Q;/, using Lemma 1.1 to write
ur = JT(ZJZ-J-/)(ZT(ﬁT =: IZT, vr = bT/ﬂ(Z;j/)qﬁT/ = 17T,

where z;j;» = (x;;7,0) and
r (1) = U0 (O)m (x50, 007 (0]
is a wavepacket solution for the modified potential v ;;7-9) The norm on the right side above therefore

> e

TeTj,T’eTJf

can be written as

Ld+3)/d+1)

where the initial positions x(7") and x (T") of the tubes now belong to the translated cubes Q i =0j—xjj,
0 i — xjjs, which are now distance < N2 from the origin (note however that the tubes in T; are not
simply translates of those in T).

By simple bicharacteristic estimates and the wavepacket bounds (30), for large A the norm outside

Qn :=[-N2 N2 x[-AN2?, AN??

is negligible:

2, drir

L@+3)/d+D([=N2 N2]x([-AN2,AN2]%))

1 1
2 2
< N—“’Od( 3 |aT|2) ( ) |bT|2)
T T’efjf

TeT;,T'eT] TeT;
} :
sv (¥ ) (X 1ork)
TeT; T’eT;

Inside 2 we invoke 6.4 using the fact that the v x;7:0) also satisfies the hypothesis (27) and that
the wavepacket decompositions of uy and vy satisfy the relaxed Fourier support conditions in that
proposition. Altogether, the right side of (33) is bounded by

> x x(Swr) (S )

mezd 474 |j—j'|S1, j+j'=m  “TeT; T'eT]
1 1
2 2
ND( X Twrl)( XX )
m N j—m|<1 TeT; |j/—2|<1T€T),

1 1
2 2
N (Start) (X o)
T T/

SN Sfllz2llgllze.
thus recovering Theorem 6.1. U
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6E. Induction on scales. Our induction scheme is set up slightly differently from Tao’s to accommodate
the nonconservation of frequency support of solutions.

In this section, we explicitly display the dependence of the propagator on the potential, and write
U 1{,/ ®H=U ]‘\; (¢, 0) for the propagator with potential Vy .

Let IH(«) denote the following statement:

There exists Cy > 0 such that for each N > 1 and for all potentials V' € V), the estimate

IUN () f Uy (DgllL@+s/arniay) < CaN* I fliz2 gl (34)

holds for all f, g € L2(R%) with f , & supported in S1 and S>, respectively.
We prove:

Inductive Step: If TH(«) holds, then TH(max((1 — 8)a, C§) + €) holds for all 0 < §,& < 1.
By choosing § and ¢ sufficiently small depending on «, we can always arrange that

max((1 —8)a, C8) + Ce < a — ca®

for some absolute constant ¢, and Theorem 6.4 follows.
The inductive hypothesis IH(c) shall be used to improve the estimate (34) over subregions Qg C Qn
at smaller scales diam(Q g) ~ N20-8) « N2,

Proposition 6.6. Suppose IH(«) holds. Then forall 1 < R < %N 2 and all space-time balls Qg C 2Q N

of diameter R, the estimate

IUN () fUN (DgllL@+3r@tn gy < Ca RN flIL2 g2

holds for all f,g € L>(R?) with f,§ supported in Sy := S; + B(0, 155) and Sy =8+ B(0, 155)-
respectively.

Proof. We begin by estimating how much the Fourier supports can shift.

Lemma 6.7. For 1 < R < N2, [et O R C 22N be a space-time ball with center (tg, x ) and diameter R.
Suppose the initial data f, g satisfy supp(f) C S| and supp(g) C S,. There exist decompositions
u(tp) = f1+ f2and v(tg) = g1 + g2, with the following properties:

o f1 and $, are supported in sets S/, S5 with diam(S]/-) < {5 and dist(S{, S}) € [%C 2.

4
o | £z S N1 £l12 and ||gall > < N710% g .

Proof. Begin by decomposing u = U 1{; fandv=U ]I\; g into NZ x (N )d wavepackets:

wu= Y argr. v= Y brer. (35)
TeT; TeT
By the spatial localization (30), we may ignore in u and v the packets whose tubes 7" € T; do not intersect
20N :=[-N?,N?] x[-2AN?,2AN?], as the portion of the sum involving those terms contributes at
most O(N194) || £11,2gll.2. Thus there are O(N2?) remaining terms.
Suppose ¢7, and ¢, are wavepackets in the decomposition for u.
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Let (x!, &) and (x5, £5) be bicharacteristics with |x1], |x2| < 2AN2 By (19), for || < 7o N2 we have

61 — 85 — (61— §2)| = CroN*N 93V | Loe QAN + 10N 2|1 — £2)
< C(roA+73) 197V llLoe = C.
Therefore, recalling the definitions of §], we see that we have |& i —Et | < 55 +Cnif &1, & both belong

to S1 or Sy, while |§i 52 | € [?—8, &] if £, € S; and & € S,. Choose 1 = 5(c) sufficiently small.
Consequently, if

S§pi=1{" 168 x| <AN?% (36)
denotes the set of frequencies of the wavepackets at time ¢, then dlam(S ) < diam(S;) + Cn and

dist(S?, §1) > dlSt(Sl S2). Now let S} denote O(N~ 9/10) nelghborhoods of S, and take the
decomposmons

u(tp) = fi+ f2. vltg) = g1+ g2,

where fl is supported on Si and fAz on the complement, and similarly for g, g>. For N large enough

we have dist(S]S}) € [%C 54—0] The estimates in the second bullet point now follow from the rapid decay

of each wavepacket from its central frequency on the N ~! scale (the estimates (30) with R = N?2). O

The proof of the proposition concludes with several applications of Lemma 1.1. Write

Ult.1g) fi = U(t.19)m(xg.0)m(—x0.0) fi = n(zp)U?2 (1, 19) fi = m(zl)ii(t +1g).

where Z = (x0,0). For [t —tg| < R and |xQ| < AN? we have |x —Xx Q| <2|t—tg| < 2R provided
that 7 is sufﬁ01ently small. Therefore, letting Q R=2(0Qr— (10, xQ))

~~ —100d
luvllp@+3/@+n(gry S MU0 L@tnr@+n @y TN [DATES I TES

It remains to consider the first term on the right side. The initial data f1 g1 for # and v have Fourier
transforms supported in S7, S;. We abuse notation and redefine

f::/;l’ gZ=§1.

Cover S ]’ = Uk Bj x by finitely oYerlapping balls of radius 5g5. Using a subordinate partition of unity,
we reduce to the case where supp f C By, and supp g C B; x,. Again using Lemma 1.1, we may
assume Bj x, = —B; i, and that their centers lie on the e;-axis.

Since 2¢ > dist(B , . B2 k,) > 5., there exists some scaling factor A € [ ] such that k_lBj’kj CS;.
Consider the rescalings

Uy = Ug(t)fk = U(gR)l/2(t)f)w vy = Ug(l)g/x = U(ZR)l/z(t)g)L,
where

V(t,x) = 2RAZN"2VQRA2N 2, 2R)2AN "1x).
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The potential ¥ satisfies |02V ||z < [|02V | Lo since 2RA2N 2 < 8RN 2 < %, and 71, (0) and 9, (0)
are supported in S; and S». Hence we can apply IH(«) to conclude that

||ﬁ5||L(d+3)/(d+1)(QR) N ||M)LU)L||L(d+3)/(d+1)(Q‘2R) < CaR¥[ fullL2IgallL2 .

From here on the argument hews closely to Tao’s. We recall the following notation: write

ASB
if A< NéB forall N > 1 and for all £ > 0.
To reiterate, we want to prove
UK FUR gl pa+mra+ngyy S N2 E=D2CD) £ g2, 37)

assuming supp(f) C St and supp(g) C S, with diam(S;) <1 and dist(Sy, S2) > c.
Normalize f and g in L2 and take the decomposition

As in the proof of Lemma 6.7, we discard all but the O(N 2d) wavepackets whose tubes intersect 2€2 .
We also throw away the terms where |az| = O(N~1909) or |by| = O(N~1994) 45 that portion of the
product can be bounded using the estimates (30) and Cauchy—Schwarz.

Consequently, in the decompositions of u and v we only consider the tubes 7" with N —100d <
lar|, |br| < 1. Partitioning the interval [N ~19%4 1] into log N' dyadic groups, we may further restrict
to the tubes with |a7| ~ y1 and |b7| ~ y, for dyadic numbers N 1094 < 5, 5, < 1. Let Ty, T> be the
tubes for # and v, respectively, with this property. It therefore suffices to prove

Z ¢T1 Z ¢T2

T€Ty T>€T>

< (NZ(I—S)(X +N2C8)#T%#T%
L@+3/d+0(Qy) b2

(we have absorbed the complex phases into the wavepackets).

We have in effect reduced to considering the region of the phase space {(x, £):|x| < N2, |£| <1}, where
the potential makes only a small perturbation to the Euclidean flow. For if |x*| < N2 and |t —s| < N2,
one has

Ix'| < N?,
t t 1
|s’—SS|5/ |8x(VN)(r,xf)|drsf |x’|/0 102V (z,sx7)|ds dt < tol|02V || Los < 1.
S S

Thus if £ € S, then & belongs to a small neighborhood of S; provided that n < c¢ is a small multiple
of c. For concreteness we choose 7 so that

t s c
8 < 1 (38)
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6F. Coarse-scale decomposition. Following Tao, for small § > 0 we decompose Qn = | Jpcp B into
O(N?254) smaller balls of radius N2(=%) and estimate

> ¢non

T€T, T>eT>

> D ¢ndm

T€T, T>€T>»

L(d+3)/(d+1)(QN) L(d+3)/(d+1)(B)

BeB

Let ~ be a relation between tubes and balls to be specified later. Estimate the norm by the local part

S| 5 on 3 o -
BeB"T\~B T>~B L(d+3)/(d+1)(B)
and the global part
Z Z 1,07, : (40)
L(@+3)/(d+1(B)

BeB"Ti*~BorTh~B

We use Proposition 6.6 with R = N 201-8) < %N 2 to estimate the local term by

RS Nzu—m( 3 1)2( 5 1)2

BeB T\~B T>~B
1 1
2 2
§(Z #{B:T1~B}) (Z #{B:T2~B}) <1
T€eT, T>eT>

if the relation ~ is chosen so that each T is associated to J 1 balls. Note that this step is why the Fourier
supports are enlarged in that proposition, as supp(<13T1 (0)) is not quite contained in Sy.

Heuristically, a judicious choice of ~ allows one to avoid the worst interactions that would otherwise
occur in the bilinear L2 estimate if one were to natively interpolate between L' and L2. For example, if
all the tubes were to intersect in a single ball B, it would be better to bound L@+3/(d+1)(p) directly
using the inductive hypothesis rather than attempt to estimate L2(B).

The global piece (40) is controlled by interpolating between L! and L2 By Cauchy—Schwarz and
conservation of L2 norm,

Z Z ¢T1 ¢T2

B "T\~BorTr)*B L1(B)
(27| Z ) L 2| Z,#7],0)
L2(B) T;~B L2(B) L2(B) T>~B L2(B)
1
N23N2#T 4T (41)
The remaining sections prove the L2 estimate
—1 . cs 1
Z é1, 91, 3 NT'N #T T}. (42)
L2B)

Ti~BorTr+~B
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6G. Fine scale decomposition. Cover Qy =
radius N. It suffices to show

2

q€q:qC2B

qeq 4 by a finitely overlapping collection ¢ of balls of

2
< N~W@-DNCour T,
L2(q)

Z ¢T1 ¢T2

Ti~BorTho~B

We adopt the following notation from Tao. Fix ¢ € ¢ and let 1, 2, A1 be dyadic numbers:

e T;(q) is the set of tubes T € T; such that T N N 8q is nonempty, where N 8q denotes an N° neigh-
borhood of g.

T7B(q)={T € T;(q): T ~ B}.
* q(i1, n2) is the set of balls g such that #{T; € T; : T; NN3q # ¢} ~ .

A(T, 11, j2) is the number of (N8 neighborhoods of) balls g € g (i1, i») that T intersects.
o T;[A1, 1, p2] is the set of tubes T' € T; such that A(T, 1, u2) ~ A1.

Pigeonholing dyadically in @1, (2, and A1, it suffices to show

) H ) S grom

q€q(11,42):qC2B T €T B (@)NT1[A1,11,12] T2€T2(q)

2
SNOIN=E@DuT 4T,
L2(q)

6H. The L2 bound. Fix aball g = q(tg.xq) € q(p1, p2) centered at (74, x4). Suppose want to estimate

an expression of the form
2

Z Z ¢T1 ¢T2

T T

L%(q)
There are two main points to keep in mind:

e Only tubes that intersect N%¢ will make a nontrivial contribution; that is, tubes whose bicharacteristics
(x!, E") satisfy |x% — x,| < N1*¥9,

¢ To decouple the contributions of tubes that all overlap near ¢, one needs to exploit oscillation in space
and time. While Tao employs the space-time Fourier transform, we instead integrate by parts in space
and time. Expanding out the L2 norm

Z Z (¢T1 T, ¢T3¢T4> (43)

T,,T2 T3,T4

and integrating by parts in both space and time, we shall obtain terms of the form

(NI + 688D (NIE -6 -5 -&1PD7

where (xZ, Ejt ) are bicharacteristics with |xjt.q —Xg| =N 148 Since, by (19), the relative frequencies
& J’ - ]’( vary by at most O(N ~2+2%) during the O(N 1+%) time window when the wavepackets intersect
the ball N®g, we can freeze ¢ = t, above; see Lemma 6.10 below.
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Hence, the integral (43) will be small unless |xjt." —Xxq| =N 148 for all j and the frequencies & /’ satisfy
both resonance conditions

61+ 5 5= 0N, 1E —& P —1Ey —E P =0T, (44)
The preceding discussion motivates the following definition. Let
Zgj ={(x.8) 1 |x] <2AN% £ € S;, [x" — x4 < N1TSY.
For frequencies £; and &}, define the “space-time resonance” set

Z(1,8) = {(x/l,éi) € Z4,1: there exists (x2,£2) € Z4 5 such that
E1+& = ED" +&and |5 - &' = D" — &,
(€1, 8) = {(ED" 1 (x1, &) € Z(E1, £}

This is a slight modification of Tao’s definition which reflects the time dependence of frequency.
The following lemma follows from elementary geometry.

Lemma 6.8. The set n(§1,&5) is contained in the hyperplane passing through & and orthogonal to
&}, — &1 and is therefore transverse to {5 — {1 if {1 and T are small perturbations of &1 and &5, respectively.

Due to the limited time regularity of the phase, we can actually integrate by parts just once in time.
The resulting weaker decay still turns out to be just enough provided that we slightly refine the analogue
of Tao’s main combinatorial estimate for tubes (estimate (48) below). Hence we need to account more
carefully for the contributions away from the “resonant set” 7.

For &1, &} and k > 0, define the “time nonresonance” sets

Zh(E1,65) = {(x’l,éi) € Z41: there exists (x2,82) € Z4,2 such that |§1+E;"—(§i)t‘1—%| < NTIHC8
t _
and ||&1—-&' |* = [(€))"7—&, 7| < NT1TE0,

Z]t((gl,fé) = {(x'l,éi) € Zq,1 : for all (x2,&) € Zq,z with |§-‘1+§:;‘1_(gi)tq_§.é| < N—1+C8’
! - — —
||E1—£57 |2 —|(§])" —£}|?] € (2K TINTIHES ok y—1HCE

the “space nonresonance” set
Z5(61.8) = {1 6D € Zg1 : |E0 + &' — (ED" + & > N7 forall (x2, &) € By},

and the corresponding frequencies at time /4

mp(€1.83) = {(ED™ : (x1.§]) € Zi (1. 63)},
w* (€1.83) = {(ED™ : (x1. 6D € Z7(61. £5)}.

An elementary computation shows that

dist(rrf, ) < 2K NT1HCS, (45)
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Indeed, writing §; := (€§}) — &1, &, := S;" — &), and decomposing §; = 8]“ + 8]4- into the components
parallel and orthogonal to & — £, we have

1= &5 12— |(ED)" — 8512 = |61 — & — 821> — |61 + &1 — &5
= —2(¢1 —£5.81 +82) + 63— 62
=—2(6,—&.8 + 81y + O(NTITCE)  (since 81 — 85| < N'TF)
= —4(£1 — £.8]) + O(N1+CE),

Thus |(£))% — &1, £1 —&})| < 2K N~17C% and the claim follows from Lemma 6.8.
For g € q(u1, 2) with g C 2B, define

T8 (q. A1, 1. o, £1. 85 k)

to be the collection of tubes 7 € T;*B(q) N T1[A1, i1, 1] such that £(T)% € i (€1,£5). Set

ve(go At s o) i= sup #TTB(g A, o, £ (85)" k), (46)
£1€81, £5€8>

where |xiq —xg| + |(x5)1 —xq| S NS,
Then, the analogue of Tao’s Lemma 7.1 is:

Lemma 6.9. Foreach q € q(u1, 42), we have

Z Z ¢T1 ¢T2

T1 T B (@NT1[A1.01.02] T2€T2(q)

SNENTE D sup27F v (g, A1, . p) T E (@) N T [Ar. . 2 #T2(g).
k

2

L2(q)

Proof. For conciseness, set
T :=T7B(q) N T1[A1. pa. pal,
T> :=Ts(q).

Then the norm L2(q) is bounded by the norm L?(ny dx dt), where ny (¢) is a smooth weight equal to 1
on |t —t4| < N1+ and supported in |r — tq] < 2N1+8.

Z Z ¢T1 ¢T2

T ET{ TzETZ/

2

= D> Y Onon ¢y iogydrdn:

L2(vdxdt) o 7ieT! T, TieT)

By the bounds (30) and the transversality of the tubes in T| and 7, the integrand has magnitude N —2d
and is essentially supported on a space-time ball of width N. Thus we have the crude bound

91,075, dr; 1)) S NCEN—24 N+ = NCBN—d=D),

On the other hand, we may integrate by parts to obtain a more refined bound.
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Lemma 6.10. For each ki, ka,{ > 0 and for all tubes T\, T3 € T{, T», T4 € T,, we have

(¢1, 91, ¢T3¢T4)|
—d=1) - —0) .t t t tg|— —1y)et t t tg121—1
Skl,kz NCSN d-1) mln[N €|€_-1q + %—2‘1 _ESq _é_—4q| K, N 1||€_-1c1 _§2q|2 _ |é_—3¢/ _E4q|2‘ ]
Proof. The proof has a similar flavor to the earlier estimate (23) but takes advantage of oscillation in both
space and time.

Let z} = (x},§]) denote the bicharacteristic for ¢7,, j =1,2,3,4. By Lemmas 1.1 and 6.2, we can
write

(o191, O159T1,) = /ei‘p¢1¢2¢33¢_54 nn (1) dxdt, (47)
where ¢; is a Schrédinger solution which satisfies

(N92)*¢; (1, %) S N™2 (N7 e =)™,
and
T
=Y ot - [ AgR-veand]. o=t
j=1

Using the rapid decay of each ¢;, we may harmlessly (with O(N —100dY error) localize ¢; to an
N neighborhood of the tube T}, so that ¢; (1) is supported in an O(N 148) neighborhood of the classical
path xJ’-.

Then

1
0V =) 0k, -0,V = 3 D oiEP Y o[Vt xh) 4 (x = x5 9, V(2. X))
J J J

The first bound in the statement of the lemma results from integrating by parts in x, as in the proof of (23),
to gain factors of (N|&] + &5 — &5 —€2])~L. Since

e -8 gl =5+ — & — &+ O(NTZH)

during the time window |f —74| < O(N1*%) when |xj’ —xq| < N1*3 we may replace ¢ by lq.

As in our work in one space dimension (more specifically, the proof of [Jao et al. 2019, Lemma 4.4]),
instead of integrating by parts purely in time we use a vector field adapted to the average bicharacteristic
for the four wavepackets ¢r,. Defining

4 4
Fi= g3l E= ) E Li=d+(E 0,
j=1 j=1

we compute as in that paper that

1 - - o =
—LW =2 Y ol§ P+ Yo [V E)) + (x = xf 0x (VI I,
where
=t .__ .t kvl 4 et . &t =t

denote the coordinates of ¢r; (¢) in phase space relative to (x', &"); see Figure 2.
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Figure 2. Phase space coordinates relative to the “center of mass”.

We cannot yet integrate by parts since that would require two time derivatives of the phase W, but the
assumptions on V only allow W to be differentiated once in time. However, we can decompose W into
U = Y, + W,, where W, has two time derivatives and accounts for the majority of the oscillation of el
indeed, we define W1 and W, via the ODE

1 zr2 _ 1ot g2 _ ¢t tq 2 —2428
—LW =3 ) ol = (8 — &P - I -7 + O T,
J

—LY, = ZO'J'[VE(I,)_C;) +{x —xh 0 (V)1 D)) = O(N—2+28),

As before we have frozen ¢ = t; in the main term with error at most O(N _2+25), and also used the
estimates |)?]t.| < max; x |x]t. —x;| < N8 x — x]t.| < N9 on the support of the integrand (47). Note
also that the equation

d
Tk = 0.V (1))

implies L2W, = O(N ~2). Now integrate by parts using the phase ¥, to obtain

. . . LW . _ -
RHS (47) = | /%21 ; t a’xa’z:i/e"llz<L,—2>e’q’l t)dx dt
an= | [Torm) T | g ()

. [211, o
—_7 iv 2 LY,

LY Ly L) |p1$2¢3¢ t)dx dt
/e |: | 2|2 <|L\IJ2|2’I 1 >:| 192¢3 477N() s

and the second bound in the lemma follows. O

Returning to the proof of Lemma 6.9, we decompose the sum into

> |+ x|

(T\,T3)eT{xT3 "T{eT} ToeT; 0<kslogN T{eT| , T>€T}



1988 CASEY JAO

where T is the set of tubes in T{ whose bicharacteristic ((x}), (§1)) satisfies (£])™ € ns(si", (E5)1),

and we abbreviate
Tll,k = TI*B(q, A1y A1, (2, Eiq’ (Sé)tq,k).

The contribution from the “space nonresonance” terms 75 is O(N —100d),
Now consider the k-th sum. Lemma 6.10 implies

(b1, $15 drydry)| < NCON—@ D27,

Foreach T e T 1*3 (g, A1, 1, 2, & i", (€5)", k), the possible tubes T correspond to the bicharacteristics
(x5, x5) such that
t tg | &t _
ey x| < N B e = (5D (5" = O(NTTHED).

The preimage of this set under the time-t, Hamiltonian flow map is an (N 17€%)@ x (N71+C8)=d pox,
so there are O(N €?) choices of tubes 7. Therefore, the k-th sum is at most

NCIN=@=Do=ky, 4T/4T),
whereupon the sum over k is replaced by the supremum at the cost of a log N factor. O

It remains to show that

Yo 2R A )BT B (@) N Ty A o) T2 (q) S NOOHTI#T,. (48)
g€q(i1,142):qC2B

61. Tube combinatorics. This section begins exactly as in [Tao 2003, Section 8]. We define the relation ~
between tubes and radius N2(179) balls. For a tube T € T} [A1, 1, m2], let B(T, A1, p1, it2) be a ball
B € B that maximizes

#{q € q(u1.p2): TOAN°q #¢: N B # ¢},

As T intersects roughly A; (neighborhoods of) balls g € ¢ (11, f42) in total and there are O(N2%) many
balls in B, B(T, A1, (41, 42) must intersect at least N —28 A1 of those balls.

Declare T~ 1 ., B'if T € T1[A1, pu1, 2] and B” C 10B(T, Ay, 1, p2). Finally, for T € T set
T ~Bif T ~y, 4., B for some A1, 1, 2. Evidently T ~ B for at most (log N)3 < | many balls.
The relation between tubes in T, and balls in 5 is defined similarly.

Now we begin the proof of (48). On one hand,

Yo #Ni g NTi@) = ) > L7 nnsgs£0
qeq(ur,i2) q€q(ur,i2) Tr€T1[A1,m1,12]NT1(q)
= 2 Y. Inanigzs S D A =M#Ty
TeT[Ar,u1,42] g€q(ir,42) TeT,

On the other hand, by definition #75(¢) < 2. The claim (48) would therefore follow if we could show

#T.
Ve(qos 1. 1. ) S 2"N“ﬁ (49)

for all go € ¢ (i1, p2) such that go C 2B.
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Fix &1 € S1, &) € S», and a ball go = go(#4. x4). Recalling the definition (46) of vy, we need to show
s #T>

#T1*B(6]0,)\1,M1,M2,§iq,(Eé)’q,k)§2kNC TR
1H2

For brevity write 7} := T (qo. A1, i1 2, & (§5)". ).
Fix T7 € Tl/. Since Ty ~ B, the ball 2B(T1, A1, (1, 2) has distance > N20=8) from qo. Thus
#lg € q(u1. 12) : Ty N N®q # ¢, dist(q.qo) T N2y 2 N =22,
As each g € ¢ (w1, (o) intersects approximately s (N 8—neighborhoods of) tubes in 7>,

#{(q.T2) € q(u1, u2) x T2 - TINN®g # ¢, TaN NP # ¢, dist(q, go) Z N2 2 N 7250110,
Therefore
#(q. T1, T2) eqxT{xTo: TiNN3q #¢, TLNN3q #¢, dist(q, qo) T N P N2} Z N2 A1 uo#T.
On the other hand, the cardinality can be bounded above by the following analogue of Tao’s Lemma 8.1:

Lemma 6.11. For each T> € T,
#(q. T1) eqxT{:TiNN°q, TN N3q # ¢, dist(q,q0) T N2 N2} S 2K N €8,
Proof. We estimate in two steps:

e Forany tubes 71 € T 1/ and T, € T,, the intersection N § TiNN 8 T> is contained in a ball of radius N cs,

e The number of tubes 77 € T 1/ such that 77 intersects N ‘STZ at distance g N —28 N2 from go bounded
above by 2kNCS,

The first is evident from transversality. Hence we turn to the second claim.

In Tao’s situation, the tubes in T are all constrained to an O(N _1+C8) neighborhood of a space-time
hyperplane transverse to the tube 75 (basically because of Lemma 6.8), and there are O(N Cd) many
such tubes that intersect 7> at distance 3, N —25 N2 from qo- The extra 2k factor results from the fact that
we allow the tubes to deviate from that hyperplane by distance 2k N—1+C8 Also, since our tubes are
curved it is more convenient to work with their associated bicharacteristics instead of using Euclidean
geometry in space-time.

Fix a tube T, € T, with ray ¢ +— (xg, Eé). Then, the tubes 77 € T 1’ such that N¢ 1NN 8 T, are
characterized by the property that

Ix(T1)" —x5| S N'S for some |t —1,| 3 N"2N2.

We need to count the tubes in T with this property. The bicharacteristics for such tubes emanate from
the region

S = {(x, ) : dist(§, S1) < N71FCS gla ¢ 1t
|xf — xg4] < NI Xt — x| < N8 for some lt =141 2 N™2B N2y

hence it suffices to bound the cardinality of the intersection (N 79 x N“174)n x.
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(t, x5)

!

\\::i};\ T
;xo(t) /\'\<~'(Iqax0)
Ty R?

Figure 3. {x,(t) € Ty, R4 is the set of tangent (covectors) for rays passing through
(14, X0) that intersect the ray (¢, x5) for the tube 75 at times |t — 14| X N 2-28

Denote by X! the image of ¥ under the time-r Hamiltonian flow map (x, &) — (x’,&"). Recall
from (36) that S Jt denotes the image of the initial frequency set S; for initial positions x with [x| <N 2
we saw earlier in (38) that S Jt is a small perturbation of S;.

Fix a basepoint xo with [xg —x4| < N 148 By Lemma 2.1 and the Hadamard global inverse function
theorem, when ¢ # 7, we can parametrize the graph of the flow map (x%e, £%¢) > (x’, €") by the variables

(xf, x7) b (%, 5 (1, x1) b (1, 8 (67, X)),

Let&(¢, x):=£" (x9,x) € T, R be the initial momentum & (¢, x) € Ty R4 such that the bicharacteristic
with x%¢ = xo and £’ = £(¢, x) satisfies x’ = x.

Lemma 6.12. Suppose at least one Ty € T intersects N 8Ty, For |t —t4] & N “2N2 the curve
1> Lo (1) = E(1,x5) € Ty, R4 is transverse to the hyperplane containing n(£1, ) forall & € Si” and
£, € S;" (see Figure 3). More precisely there exists C(n) > 0 such that

L(Ero(), (1, E5)) > C(n) forall & € 517, &) € 53,

where the angle Z(v, W) between a vector v and a subspace W is defined in the usual manner. Moreover,
for each t the image of an N1+8 neighborhood ofxé under the map x +— £(t, x) belongs to an N~I1HCS8

neighborhood of {x, ().

Proof. By a slight abuse of notation we write (x’(y, ¢), £ (y, ¢)) for the bicharacteristic passing through
(y.¢) at time ¢t = t, instead of t = 0. Both claims are consequences of Lemma 2.1, which yields

xy =X (X0, $xo (1)), £ (X0, Lxo (1) = Lxo (1),

ax! . )
£5 = ——x5 =& (x0. 8o (1)) + %Zxo(t) = " (x0. $xg (1)) + (1 — 1) (I + O() o (1).
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N-1+C8
e e
A
1+8 _
N ke p—1+C8
£(t,%,)
Xy x
Y 7
Figure 4. The phase-space region X%
Therefore
Exo (1) = (1 =1g) 7 (1 + O(M) (&3 — £ (x0. Lx (1))). (50)
We claim that for any C > 1,
dist(Exo (1), S1) Sc N™'HE0. (51)

Otherwise, as |t —14| X N201=8) for any ray (1, &) with & € Sy and |xi“ —xq| = N1t3 the estimates (19)
would imply . )
X1 =251 2 1t =t 18" = o ()] — 17" — xo

> N1+C8 _ N 146 > N 1+C8

so we get the contradiction that every 77 € T{ misses T3 by at least N cs,

By the near-constancy (38) of the frequency variable and the definition (29) of §;, the covector
€5 — £'(x0. {x, (1)) belongs a small perturbation (say, of magnitude at most SC—O) of the difference set
S, — 81 = —2ce; + B(O, ;—0) and hence by Lemma 6.8 is transverse to the hyperplane containing
7 (€1, &). The first claim now follows from (50).

The argument just given also implies the second statement: a ray with x’¢ = xg and |x5 —x'| < N 1+8
must satisfy |&% — £y ()] S N71HC8, O

By the second part of the lemma, the fiber of X in Tx*o R is contained in a “frequency tube”

Oo) = |J B, N7,

1=ty N2

As the basepoint x¢ varies in an N 18 neighborhood of Xg, the estimate (19) implies that the curve {x, (¢)
shifts by at most O(N —1438) Hence the tubes ©(x) are all contained in a dilate of ©(xq), which we
denote by

O(xq) = B(lx, (). N71TC7)
t

with a larger C.
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Therefore, X% is contained in the region
Sla = {(x.6) : [x —xg| < N'W, £ e mf NB(xg) C {€ € O(xg) : dist((. ) S 2XNTIHEI,

where for the last containment we recall the estimate (45). The region $% is sketched in Figure 4. Using
the previous lemma for the central curve {y,, the frequency projection (x, &) +— &) of S can be covered
by approximately 2k finitely overlapping cubes | J; <j<ok Q) of width N —1+C8, By (19), the preimage
of each box

B(xg, N'T%) % Q;

under the flow map (x, §) > (x%, %) is contained in a (CN1T€%)4 x (CN~1+C8)4 pox. The union
of these preimages covers ¥ and contains at most 0QkN ca) points in N 79 x N~174. O

7. Remarks on magnetic potentials
We sketch the modifications needed to prove Theorem 1.6. The symbol for H(t) is
a=3lEP+(4,6) +V(,x),
where A = A;(z, x)dx’ and A ;j are linear functions in the space variables with bounded time-dependent

coefficients.

e Easy computation shows that the symbol map a — a“° in Lemma 1.1 is
a? = LE[ + (A7) (1.2). 8) + (A7 (1. ). £) + VD 1. x).

where Af?)(t,x) = A(t, x} + x) — A(t, x})) and Aé))(t,x) = A(t, xh + x) — (x, 0, A(t, x{)) — A(x}),
and similarly for V. Thus when A is linear, the first-order component of the symbol is exactly “Galilei-

invariant”, preserved by the transformation a + a?° in Lemma 1.1.

e After rescaling, the inequality (15) takes the form

IUN fUN gl L@+37@+D ((—eon2, 082y Se NEIF L2018l
where Uy () is the propagator for the rescaled symbol
any :=N"2a(N7?t,N"'x, N§) = 3| + N72(A(x).§) + N2V(N 21, N7 'x).

e Exploiting Galilei-invariance, we may reduce to a spatially localized estimate as in Theorem 6.4. Note
that in the region of phase space corresponding to that estimate {(x, £) : |x| < N2, |§| < 1}, and over
an O(N?) time interval, both potential terms have strength O(1) when integrated over the time interval
|t| < N2 However the magnetic term dominates near x = 0.

e Then, the rest of the previous proof can be mimicked with essentially no change except for Lemma 6.10.
There, one argues essentially as before except the vector field L for integrating by parts should be
replaced by

L= 0, + (ag(2)), dx),
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where Zj’. = (xt, gjf) and ag(zf) =12k ag(z},). Then one finds that
1 z - 5, - A
—LW =5 ) jlE 17+ ) o (AG).E) + Y o[V 5)) + (x = xf, 0x(VE)(2. 5)).
J J J
and decomposes as before W = W + W,, where

L= %Z"/@ﬂz = |6 — &7 P — |8 —&1* + O(N~'HD),
j
LW =) o (AED.E) + D o[V F) + (x —xt, 0 (VE) (1, X)) = O(N '),
J J

As in the proof of Lemma 6.10 the error terms are computed from the estimates (19), |t — 14| SN 144
and |)_Cjt| < N'*3_The errors are larger than before due to the magnetic term ayg = O(N ~2) but are still
acceptable.
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We consider the Cauchy problem for the defocusing power-type nonlinear wave equation in (1+3)-dimensions
for energy subcritical powers p in the superconformal range 3 < p < 5. We prove that any solution is
global-in-time and scatters to free waves in both time directions as long as its critical Sobolev norm stays
bounded on the maximal interval of existence.
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1. Introduction

We study the Cauchy problem for the power-type nonlinear wave equation in R!*3,

Ou = fulu|P~1,
@(0) = (wo.ur). u=u(t.x). (1.x)eR.

(1-1)

Here 00 = —3% + A so the “+” above yields the defocusing equation and the “—” yields the focusing
equation. The equation has the following scaling symmetry: if #(z, x) = (u, 9,u)(z, x) is a solution, then

SO is
= (L X ity (LY _
u;L(l,x)—()& ] lu(k,/\),/\ p—1 8tu()t’)t))' (1-2)

The conserved energy, or Hamiltonian, is

EGw) = |

{t}xR

1 2 2 1 Pl 4 e
gl 1VuP) P = EG(0).
which scales like "

- —pptl
E(iiy) = A3 20T E(il).
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The energy is invariant under the scaling of the equation only when p =5, which is referred to as the energy-

critical exponent. The range p <5 is called energy subcritical, since concentration of a solution by rescaling

requires divergent energy; i.e., A — 0 implies E (u;) — oo. Conversely, the range p > 5 is called energy

supercritical, and here E(ii;) — 0 as A — 0; i.e., concentration by rescaling is energetically favorable.
3 2

Fixing p, the critical Sobolev exponent s, := 5 — =7 is defined to be the unique s, € R so that

H*» x H»~1(R?) is invariant under the scaling (1-2). We will often use the shorthand notation
HS = H* x HS"L(R?).

The power-type wave equation on [F\R}jx_3 has been extensively studied. In the defocusing setting, the

positivity of the conserved energy can be used to extend a local existence result to a global one for
sufficiently regular initial data. Jorgens [1961] showed global existence for the defocusing equation
for smooth compactly supported data. Strauss [1968] proved global existence for smooth solutions and
moreover that these solutions decay in time and scatter to free waves — this remarkable paper was the
first work that proved scattering for any nonlinear wave equation. There are many works extending the
local well-posedness theorem of Lindblad and Sogge [1995] in 7* for s > sp to an unconditional global
well-posedness statement and we refer the reader to [Kenig et al. 2000; Gallagher and Planchon 2003;
Bahouri and Chemin 2006; Roy 2009]. These works do not address global dynamics of the solution, in
particular scattering. In the radial setting the first author has made significant advances in this direction,
proving in [Dodson 2018b; 2019] an unconditional global well-posedness and scattering result for the
defocusing cubic equation for data in a Besov space with the same scaling as #H1/2. In very recent work
Dodson [2018a] has proved unconditional scattering for the defocusing equation for radial data in the
critical Sobolev space in the entire range 3 < p < 5.

The goal of this paper is to address global dynamics for (1-1) in the nonradial setting. Our main result
is the following theorem.

Theorem 1.1 (main theorem). Consider (1-1) for energy subcritical exponents 3 < p <5 and with the
defocusing sign. Let 1i(t) € H? (R3) be a solution to (1-1) on its maximal interval of existence Inmay.
Suppose that

sup (1) 50 o) < o0 (1-3)
te]mi\x

Then, u(t) is defined globally in time, i.e., In.x = R. In addition, we have
el 20— @143y < 00,

which implies that u(t) scatters to a free wave in both time directions; i.e., there exist solutions 1725 (t) e
57 (R3) to the free wave equation, I:IvLj: =0, so that

[l (z) — T)it(t)H?;lsp(Rg) —0 ast— Foo.

A version of Theorem 1.1 restricted to radially symmetric data was established in [Shen 2013]; see also
[Dodson and Lawrie 2015b] for the cubic power. This type of conditional scattering result first appeared
in [Kenig and Merle 2010] in the setting of the 3-dimensional cubic NLS and has since attracted a great
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deal of research activity; see, e.g., [Kenig and Merle 2011a; 2011b; Killip and Visan 2011a; 2011b; Bulut
2012a; 2012b; Dodson and Lawrie 2015a; Rodriguez 2017; Duyckaerts et al. 2014; Duyckaerts and Roy
2017] for this type of result for the nonlinear wave equation.

In the energy-critical regime, the bound (1-3) is guaranteed by energy conservation, and the analogue
of Theorem 1.1 was proved in the seminal works [Shatah and Struwe 1993; 1994; Bahouri and Shatah
1998; Bahouri and Gérard 1999]. In the energy-supercritical regime, the analogue of Theorem 1.1 was
obtained in [Killip and Visan 2011a].

The regime treated in this work, namely energy-subcritical with nonradial data, necessitates several
new technical developments, which may prove useful in contexts beyond the scope of Theorem 1.1.

Remark 1.2. It is conjectured that for the defocusing equation all solutions with data in #* scatter in
both time directions as in the energy-critical case p = 5. Theorem 1.1 is a conditional result; specifically
we do not determine a priori which data satisfy (1-3). It is perhaps useful to think of the theorem in its
contrapositive formulation: if initial data in the critical space H*» were to lead to an evolution that does
not scatter in forward time, then the 7% norm of the solution must diverge along at least one sequence of
times tending to the maximal forward time of existence.

Remark 1.3. The dynamics are much different in the case of the energy subcritical focusing equation.
In remarkable works, Merle and Zaag [2003; 2005] classified the blow up dynamics by showing that
all blow-up solutions must develop the singularity at the self-similar rate. In the radial case, an infinite
family of smooth self-similar solutions is constructed in [Bizon et al. 2010]. Donninger and Schoérkhuber
[2012; 2017] address the stability of the self-similar blow up.

1A. Comments about the proof. The proof of Theorem 1.1 follows the fundamental concentration
compactness/rigidity method which first appeared in [Kenig and Merle 2006; 2008]. The proof is by
contradiction — if Theorem 1.1 were to fail, the profile decomposition of [Bahouri and Gérard 1999] would
yield a minimal nontrivial solution to (1-1), referred to as a critical element and denoted by i, that does
not scatter. Here “minimal” refers to the size of the norm in (1-3). This standard construction is outlined
in Section 3. The key feature of a critical element is that its trajectory is precompact modulo symmetries
in the space %7 ; see Proposition 3.3. The proof is completed by showing that this compactness property
is too rigid for a nontrivial solution and thus the critical element cannot exist.

The major obstacle to rule out a critical element 1. (¢) in this energy subcritical setting is the fact
that #i.(t) is a priori at best an H*» solution, while all known global monotonicity formulae, e.g., the
conserved energy, virial and Morawetz-type inequalities require more regularity. In general, solutions to
a semilinear wave equation are only as regular as their initial data because of the free propagator S(¢) in
the Duhamel representation of a solution

uc(to) = S(to—uc(t) + /‘to S(to—1)(0, £|u|?tu(r)) dr. (1-4)
t

However, for a critical element the precompactness of its trajectory is at odds with the dispersion of the
free part, S(¢9 — ¢)u (), which means the first term on the right-hand-side above must vanish weakly
as t — sup Iax or as ¢ — inf Iy, where I, is as in Theorem 1.1. Thus, the Duhamel integral on
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the right-hand-side of (1-4) encodes the regularity of a critical element and additional regularity can be
expected due to the nonlinearity. As in [Dodson and Lawrie 2015b] the gain in regularity at a fixed time #¢
is observed via the so-called “double Duhamel trick”, which refers to the analysis of the pairing

140) T,
<[ S(to—t)(O,j:|u|p_1u)dt,/ S(to—r)(O,j:|u|p_1u)dr>, (1-5)

T] to

where we take T < tg and T, > tg. The basic outline of this technique was introduced in [Tao 2007] and
was used within the Kenig—Merle framework for nonlinear Schrédinger equations in [Killip and Visan
2010a; 2010b; 2013], and for nonlinear wave equations in, e.g., [Killip and Visan 2011a; Shen 2013].
This method is also closely related to the in/out decomposition used by Killip, Tao, and Visan [Killip
et al. 2009, Section 6].

Here we employ several novel interpretations of the double Duhamel trick, substantially building on
the simple implementation developed by the first two authors in the radial setting in [Dodson and Lawrie
2015a; 2015b] for p = 3, which exploited the sharp Huygens principle to overcome the difficulties arising
from the both the slow (¢)~! decay of S(¢) in dimension 3 and the small power p = 3 that precluded
this case from being treated by techniques introduced in earlier works. The general case (nonradial data)
considered here requires several new ideas.

We briefly describe the set-up and several key components of the proof. A critical element has compact
trajectory up to action by one-parameter families (indexed by ¢ € Ijax(#¢)) of translations x () that mark
the spatial center of the bulk of 1. (¢), and rescalings N(¢) that record the frequency scale at which . (t)
is concentrated. In Section 3 we perform a reduction to four distinct behaviors of the parameters x(¢)
and N(z). First, following the language of [Killip and Visan 2011a] we distinguish between x (¢) that are
subluminal, roughly that |x(t) —x(t)| < (1—=§)|t — t| for some § > 0, and those that fail to be subluminal,
i.e., if x(¢) forever moves at the speed of light, or more precisely, |x(¢)| >~ |¢| (in a certain sense) for all .
The latter case is quite delicate in this energy-subcritical setting and we introduce several new ideas to
treat it; see Section 7. We elaborate further on these two cases.

Subluminal critical elements. When x (¢) is subluminal, we distinguish between what we call a soliton-like
critical element where N(t) = 1, a self-similar-like critical element where N(t) = t71 ¢t>0,and a
global concentrating critical element where limsup,_, ., N(t) = oco. These distinct cases are treated in
Sections 4, 5, and 6 respectively.

In Section 4, we set out to show as in [Dodson and Lawrie 2015b] that soliton-like critical elements
must be uniformly bounded in #'7€ N %> and hence the trajectory is precompact in . Once this
is accomplished we can access nonlinear monotonicity formulae to show that such critical elements
cannot exist. In this latter step we employ a version of a standard argument based on virial identity, after
shifting the spatial center of the solution to x = 0 by the Lorentz group, which is compactified by the
bound in H!. The heart of the argument in Section 4 is thus establishing the additional regularity of
a soliton-like critical element. The goal, roughly, is to show that the pairing (1-5) can be estimated in
#H!. In [Dodson and Lawrie 2015b] the proof relied crucially on radial Sobolev embedding. As this is
no longer at our disposal in the current, nonradial setting, we have introduced a substantial reworking
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of the argument from [Dodson and Lawrie 2015b] that both simplifies it and removes the reliance on
radial Sobolev embedding. Examining the pairing (1-5) at time ¢y = 0 we divide space-time into three
types of regions; see Figure 1. The first region is a fixed time interval of the form [t9 — R, tp + R], where
R > 0 is chosen so that the bulk of . (¢) is captured by the light cone emanating from (g, 0) in both
time directions. In this region (1-5) is estimated using an argument based on Strichartz estimates, using
crucially that R > 0 is finite and can be chosen independently of zg by compactness. The second region is
the region of space-time exterior to this time interval and exterior to the cone. Here the 7(*» norm of the
solution is small on any fixed time slice and hence an argument based on the small-data theory can be
used to absorb the time integrations in (1-5). Lastly, the heart of the double Duhamel trick is employed to
note the interaction between the two regions in the interior of the light cone, one for times t < —R and
the other for times # > R is identically = O by the sharp Huygens principle!

In Section 5 we show that a self-similar-like critical element cannot exist. Here we again use a double
Duhamel argument centered at ¢y € (0, 00), but with 77 = inf I;n,x = 0 and T = sup Inax = o0 in (1-5).
The argument-exploiting Huygens principle given in Section 4 no longer applies since the forward and
backwards cones emanating from time, say, 7o = 1 can never capture the bulk of the solution since
N(T) = T~ is an expression of the fact that the solution is localized to the physical scale T at time T';
see Remark 3.6. However, here we use a different argument based on a version of the long-time Strichartz
estimates introduced in [Dodson 2012; 2016], which allow us to control Strichartz norms of the projection
of ii. to high frequencies k >> 1 on time intervals J which are long in the sense that |J| ~ 2% for o > 1.

In Section 6, N(¢) is no longer a given fixed function. We establish a dichotomy which we refer
to colloquially as the sword or the shield: either additional regularity for the critical element can be
established using essentially the same argument used in Section 4A, or a self-similar-like critical element
can be extracted by passing to a suitable limit. To apply the argument from Section 4 the following must be
true — fixing any time f¢, the amount of time (but where now time is measured relative to the scale N(t))
that one has to wait until the bulk of the solution is absorbed by the cone emanating from time ¢ must be
uniform in 9. We define functions C(¢9) whose boundedness (or unboundedness) measures whether or
not this criteria is satisfied; see the introduction to Section 6. The rest of the section is devoted to showing
how to apply the arguments from Section 4 in the case where C(fg) are uniformly bounded, and how
to extract a self-similar solution-like critical element in the case that one of C4 (#y) are not bounded.

Critical elements that are not subluminal. In Section 7 we show that critical elements with spatial center
x(¢) traveling at the speed of light cannot exist. The technique in this section is novel and may be useful
in other settings. First we note that such critical elements are easily ruled out for solutions with finite
energy, as is shown in [Kenig and Merle 2008; Tao 2008a; 2008b; 2008c; 2009a; 2009b; Nakanishi and
Schlag 2011] using an argument based on the conserved momentum, and even in the energy-supercritical
setting; see [Killip and Visan 2011a] using the energy/flux identity. None of these techniques (which
provide an a priori limit on the speed of x(¢)) apply in our setting so we must rule out this critical element
by other means, namely, by first showing that such critical elements have additional regularity.

In Section 3A we lay the necessary groundwork and show, using finite speed of propagation, that
any such critical element must have a fixed scale; i.e., N(¢) = 1 and x(¢) must choose a fixed preferred



2000 BENJAMIN DODSON, ANDREW LAWRIE, DANA MENDELSON AND JASON MURPHY

direction up to deviation in angle by 1/+/f. The model case one should consider is x(¢) = (¢, 0, 0) for
all € R, which means that the bulk of 1. (¢) travels along the x;-axis at speed . We are able to show
that such critical elements have up to 1 — v derivatives in the x»- and x3-directions for any v > 0. This is
enough to show that such critical elements cannot exist via a Morawetz estimate adapted to the direction
of x(¢) — this is the only place in the paper where the arguments are limited to the defocusing equation.

The technical heart of this section is the proof of extra regularity (1 — v derivatives) in the x,- and
x3-directions. We again divide space-time into three regions. For a solution projected to a fixed frequency
N > 1, we call region A the strip [0, N 17€] x R3 for € > 0 sufficiently small relative to v. On this region
we can control the solution by a version of the long-time Strichartz estimates proved in Section 7A. At time
t = N'17¢ we then divide the remaining part of space-time for positive times into two regions. Region B
is the set including all times ¢ > N ! 7€ exterior to the light cone of initial width R(79) emanating from the
point (t, x) = (N17¢, x (N 17¢)) where R(19) is chosen large enough so that i, (N =€) has #*» norm less
than g exterior to the ball of radius R(7¢) centered at x (N 1=¢). The solution is then controlled on region
B using small-data theory. Estimating the interaction of the two terms in the pair (1-5) on the remaining
region C (the region {|x —x(N17€)| < R(no) +t — N'7¢,t > N17€}) and the analogous region C’
for negative times 7 < —N 7€ provides the most delicate challenge. Any naive implementation of the
double Duhamel trick based on Huygens principle is doomed to fail here since the left- and right-hand
components of the pair (1-5) restricted to C, C’ interact in the wave zone |x| >~ |t|. Furthermore, since
we are in dimension d = 3, the (t)~! decay from the wave propagator S(¢) in (1-5) is not sufficient
for integration in time. For this reason we introduce an auxiliary frequency localization to frequencies
|(§2, E3)| = M in the &>- and £3-directions after first localizing in all directions to frequencies || >~ N.
We call this angular frequency localization ﬁN, M- The key observation is that the intersection of the
wave zone {|x| > |¢|} with region C requires the spatial variable x = (x1, x2,3) to satisfy

lx23] M

|x| N

for all M > NS»/(1=v) g5 long as € > 0 is chosen small enough relative to v, whereas application of
ﬁN, M restricts to frequencies £ = (£1, §2,3) with

23] =M
& N

This yields angular separation in the kernel of I3N, M S(t) and allows us to deduce arbitrary time decay
for the worst interactions in (1-5); see Lemma 7.11. The remaining interactions in (1-5) are dealt with
using an argument based on the sharp Huygens principle, which is complicated due to the blurring of
supports caused by 131\7, M-

Remark 1.4. The proof of Theorem 1.1 serves as the foundation for the more complicated case of the
cubic equation, p = 3, as well as for the analogous result for the focusing equation; see for example
[Dodson and Lawrie 2015b], where the focusing and defocusing equations are treated in the same
framework in the radial setting.
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Much of the argument given here carries over to the defocusing equation when p = 3. However,
in this case we have s, = % and the critical space /2 is the unique Sobolev space that is invariant
under Lorentz transforms. This introduces several additional difficulties, described more in detail in
Remark 3.14. Additionally, certain estimates in Section 7 fail at the p = 3 endpoint and would require
modification.

Similarly the argument in Sections 4—6 applies equally well to the focusing equation. However the
argument in Section 7 used to rule out the traveling-wave critical element is specific to the defocusing
equation as it relies on a Morawetz-type estimate only valid in that setting.

2. Preliminaries

2A. Notation, definitions, inequalities. We write A < B or B 2 A to denote A < CB for some C > 0.
Dependence of implicit constants will be denoted with subscripts. If A < B < A, we write A >~ B. We
will use the notation a=+ to denote the quantity a =+ € for some sufficiently small € > 0.

We will denote by Py the Littlewood—Paley projections onto frequencies of size |§| ~ N and by P<y
the projections onto frequencies of size |&| < N. Often we will consider the case when N = 2K, k € Z, is
a dyadic number and in this case we will employ the following notation: when write Pj with a lowercase
subscript k this will mean projection onto frequencies |&| ~ 2K. We will often write uy for Pyu, and
similarly for P<y, P>y, P, and so on.

These projections satisfy Bernstein’s inequalities, which we state here.

Lemma 2.1 (Bernstein’s inequalities [Tao 2006, Appendix A]). Let 1 < p < g <ocoand s > 0. Let
f:R% > R. Then

IP>n fllLr S NTPHIVE Pan fliLe,
IP<NIVI flliLe S N°IP<n fliLr,  IPNIVIF fllLr = N=* [Py fllLr,

d_d

d_d
|P<y fllLa SN? a||P<n fllLr, |PnfllLa SN?2 4| PynflLr.
We will write either

Il rxmsy or lullLer,orms

(/1 (/m lu(t, x)|2" dx);l dz)bl’,

with the usual modifications if g or r equals infinity.
Given s € R we define the space H* by

to denote the space-time norm

H* = HS(R3) x H1(R3).

For example, we work with initial data in *7.
We also require the notion of a frequency envelope.
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Definition 2.2 [Tao 2001, Definition 1]. A frequency envelope is a sequence B = {B.} of positive numbers
with B € €2 satisfying the local constancy condition

27k gy < py 5271

where o > 0 is a small, fixed constant. If B is a frequency envelope and ( f, g) € H® x HS~! then we say
that ( f, g) lies underneath B if

I(Pr f. Peg)l sy gps— < Brx forallk € Z.

Note that if ( f, g) lies underneath § then we have

IS M s s s—1 S 1Ble2@)-

In practice, we will need to choose the parameter o in the definition of frequency envelope sufficiently
small depending on the power p of the nonlinearity.
We next record a commutator estimate.

Lemma 2.3. Let y g be a smooth cutoffto |x| > R. For0 <s <land N > 1,

1Py xRS = xrPN [l SN NRTE) £ g

IPw xRS = xRPN fll> S R WNR)™O £l 4o
Proof. We write the commutator as an integral operator in the form

[Px xRS — XRPN f1(x) = N* / K(N(x = y)Dxr(x) = xr(W1f () dy.
Thus, using the pointwise bound
XRG) =X RIS N|x—y|-NT'R7!
and Schur’s test, we first find
IPv xRS = XRPN [l SN TR S 2

Next, a crude estimate via the triangle inequality, Bernstein’s inequality, Holder’s inequality, and Sobolev
embedding gives

1PN xRS = XRPN SN2 SNTHVORNDI2 + NV F 2 SN Tl
The first bound now follows from interpolation. For the second bound, we write
[PN xRS — xR PN f1(x) = N¢ f K(N(x =) xr(x) = xrWMIV-VAT f(y) dy
and integrate by parts. Estimating as above via Schur’s test, we deduce

1PN xRS = XRPN [z S RTUIVIT L2,

so that the second bound also follows from interpolation. O
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2B. Strichartz estimates. The main ingredients for the small-data theory are Strichartz estimates for the
linear wave equation in R!*3,
Ov =F,

v(0) = (vo, v1). (2-1)

A free wave means a solution to (2-1) with F' = 0 and will be often denoted using the propagator notation
v(t) = S(¢)v(0). We define a pair (r, g) to be wave-admissible in three dimensions if

<3 @n#@oo.

~N | =

q,r>2, +

1
q
The Strichartz estimates stated below are standard and we refer to [Keel and Tao 1998; Lindblad and
Sogge 1995; Sogge 2008].

Proposition 2.4 (Strichartz estimates [Keel and Tao 1998; Lindblad and Sogge 1995; Sogge 2008]). Let
() solve (2-1) with data v(0) € H* x H~Y(R3), with s > 0. Let (q,r), and (a, b) be admissible pairs
satisfying the gap condition

—4 ==+ -2=13-5,

1,3 _1, 3 3
q r a b 2

where (a’, b') are the conjugate exponents of (a, b). Then, for any time interval I 5 0 we have the bounds
”v”Ltq(I;Lf;) < ”6(0)”[-'”)([.'15—1 + ”F”L’,?/(I;Lf,’c/)'

2C. Small data theory: global existence, scattering, perturbative theory. A standard argument based
on Proposition 2.4 yields the scaling-critical small-data well-posedness and scattering theory. We define
the following notation for a collection of function spaces that we will make extensive use of. In this
subsection we fix p € [3, 5] (later we will fix p € (3,5)) and let / C R be a time interval. We define

S(I) = L2~V (1, L20-D(R3Y).

4

For example, when p = 3, we have § = L7 ,,

while for p =5 we have S = L?,x'
Remark 2.5. There are a few other function spaces related to
HS? = H* x H» " (R?)

that will appear repeatedly in our analysis. First note the Sobolev embedding H*» (R3) — LG/ (R3),
which means

1 zmio-ny < 1 o @)
Proposition 2.6 (small-data theory). Let 3 < p <5 and suppose that ii(0) = (ug, u1) € H*» x H»~1(R3).

Then there is a unique solution ii(t) € H with maximal interval of existence Iax (i) = (T—(ii), Ty (i1)).
Moreover, for any compact interval J C I,

lullscry < oo.
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Additionally, a globally defined solution ui(t) on t € [0, 00) scatters as t — o0 to a free wave if and only if
ulls([0,00)) < 00. In particular, there exists a constant o > 0 so that

1O gspgrso—1 <80 = lulls@ S MO gspygrsp—1 < o

and thus (1) scatters to free waves as t — +oo. Finally, we have the standard finite time blow-up
criterion:

Ti() <oo = |lullgqo,r, iy = +00-
An analogous statement holds if —oo < T—(u).

The concentration compactness procedure in Section 3 requires the following nonlinear perturbation
lemma for approximate solutions to (1-1).

Lemma 2.7 (perturbation lemma [Kenig and Merle 2006; 2008]). There exist continuous functions
€0, Co : (0,00) = (0,00) so that the following holds true. Let I C R be an open interval (possibly
unbounded) and i, v € C(I; H x HS»~Y) satisfy for some A > 0

||6||LOO(];HS,DXHSD—1) +vlsuy < A,
_1 _1
VI =2eqllars . a3 + IVIP 7 Zeq@)lIgar3 g, a3 + [wollsa) < € < €o(A),

where eq(u) := Du = |u|?~Yu in the sense of distributions, and Wo(t) := S(t —to) (i — V) (to) with tg € I
fixed, but arbitrary. Then

||77l —0— u_))OHLOO(I;HSPXHSp—I) + ||u - v”S(I) =< CO(A)G'

In particular, ||u|| sy < oo.

3. Concentration compactness and the reduction of Theorem 1.1

We begin the proof of Theorem 1.1 using the concentration compactness and rigidity method of [Kenig
and Merle 2006; 2008]. The concentration compactness aspect of the argument is by now standard and
we follow the scheme from [Kenig and Merle 2010], which is a refinement of the scheme in [Kenig and
Merle 2006; 2008]. The main conclusion of this section is the following: if Theorem 1.1 fails, there exists
a minimal, nontrivial, nonscattering solution to (1-1), which we call a critical element.

We follow the notation from [Kenig and Merle 2010] for convenience. Given initial data (ug, u1) €
H® x H~1 we letii(t) € H» x H*~! be the unique solution to (1-1) with data 1 (0) = (ug,u1) and
maximal interval of existence Iy (1) := (T—(u), T+ (1)).

Given A > 0, set

B(A) == {(ug,uy) € H» x H*»"!: ||ﬁ(t)||L?O(Imax(ﬁ);HspXHS,,—l) < A}.

Definition 3.1. We say that SC(A;1i(0)) holds if 11 (0) € B(A), Imax (1) =R and ||u| sy < oc. In addition,
we will say that SC(A) holds if, for every (1o, u1) € B(A), one has I (i) = R and [Jul| sy < oo.
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Remark 3.2. Recall from Proposition 2.6 that ||u|| sy < oo if and only if 1(¢) scatters to a free waves
as t — o00. Thus, Theorem 1.1 is equivalent to the statement that SC(A) holds for all A > 0.

Now suppose that Theorem 1.1 fails to be true. By Proposition 2.6, there exists an Ag > 0 small
enough so that SC(Ap) holds. Since we are assuming that Theorem 1.1 fails, we can find a threshold
value A¢ so that for A < Ac, SC(A) holds, and for A > Ac, SC(A) fails. Note that we must have
0 < Ag < Ac. The Kenig—Merle concentration compactness argument is now used to produce a critical
element, namely a minimal nonscattering solution 1.(¢) to (1-1) so that SC(Ac , i) fails, and which
enjoys certain compactness properties.

We state a refined version of this result below, and we refer the reader to [Kenig and Merle 2010;
Shen 2013; Tao et al. 2007; 2008] for the details. As usual, the deep foundations of the concentration
compactness part of the Kenig—Merle framework are profile decompositions of [Bahouri and Gérard
1999] used in conjunction with the nonlinear perturbation theory in Lemma 2.7.

Proposition 3.3. Suppose Theorem 1.1 fails to be true. Then, there exists a solution u(t) such that
SC(Ac ;1) fails, which we call a critical element. We can assume that 1i(t) does not scatter in either time
direction, i.e.,

lullsr_aiy,on = lllsqo,7. @y = o0

and moreover, there exist continuous functions

Nt Inax (i) = (0,00), X : Imax (i1) — R3

so that the set

{(;u(t x(1) + — ) L, (t x(t)+;))-ze1 } (3-1)
N7~ \ NO) yeyrtt U No)) ™

is precompact in H5.

We make a few observations and reductions concerning the critical element found in Proposition 3.3.
It will be convenient to proceed slightly more generally, starting by giving a name to the compactness
property (3-1) satisfied by a critical element.

Definition 3.4. Let / > 0 be an interval and let (¢) be a nonzero solution to (1-1) on 1. We will say #(t)
has the compactness property on I if there are continuous functions N : I — (0, 00) and x : I — R3 so
that the set

1 . 1 .
Kr=| (N,fl(t)”(”x(’) *5) N,flﬂg)“’(t’x(” + 7)) €1

is precompact in H5».

We make the following standard remarks about solutions with the compactness property. We begin
with a local constancy property for the modulation parameters.
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Lemma 3.5 [Killip and Visan 2013, Lemma 5.18]. Let 1i(t) have the compactness property on a time
interval I C R with parameters N(t) and x(t). Then there exist constants €g > 0 and Co > 0 so that for
every to € I we have

€0 0
["’ "Nyt N(m)]

1 _N@
= Wy = Tl gy
%)~ X(to)ISN( o Tl =y

Remark 3.6. For a solution with the compactness property on an interval I, we can, after modulation,
control the 7% tails uniformly in z € I. Indeed, for any 1 > 0 there exists R(7) < oo such that

| 9GP [ £ £)P g <.
lx—x(@®)|=N [E|=Rm)N (@)

N (1)

[ I e £ Dl (1. 5) 0 <
[x—x()|> N(th) |E|=R(MN (@)

for all £ € 1. We call R(-) the compactness modulus.

We also remark that any Strichartz norm of the linear part of the evolution of a solution with the
compactness property on Iax vanishes as t — 7_ and as t — 7. A concentration compactness argument
then implies that the linear part of the evolution vanishes weakly in 715, that is, for each to € Imax,

S(to—Hu(@) —0

weakly in P as ¢ 'sup [ and ¢ N\ inf I; see [Tao et al. 2008, Section 6; Shen 2013, Proposition 3.6].
This implies the following lemma, which we use crucially in the proof of Theorem 1.1.

Lemma 3.7 [Tao et al. 2008, Section 6; Shen 2013, Proposition 3.6]. Let ii(t) be a solution to (1-1) with
the compactness property on its maximal interval of existence I = (T—, Ty). Then for any to € I we can
write

T
/ S(to— )0, [u|P " u)ds —ii(tg) asT / Tyweakly in H°7,
1

0

to .
—/ S(to— )0, [u|P" u)ds —ii(ty) as T\, T_weakly in H° .
T

Remark 3.6 indicates that solutions 1 () with the compactness property have uniformly small tails
in H*7, where “tails” are taken to be centered at x (¢), and relative to the frequency scale N(¢) at which
the solutions are concentrating. We would like to use this fact to obtain lower bounds for norms of the
solution u(¢). The immediate issue that arises is that the object that obeys compactness properties is
the pair u(t, x) = (u(t, x),u(t, x)) and, a priori, the solution could satisfy u (¢, x) = 0 a fixed time 7.
Nonetheless, by averaging in time, such a lower bound still holds for the solution itself, u(z). We can
quantify this bound in several ways, starting with a result proved in [Killip and Visan 2011a].
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Lemma 3.8 [Killip and Visan 2011a, Lemma 3.4]. Let 1i(t) be a solution with the compactness property
on Imax = R. Then, for any A > 0, there exists n = n(A) such that

A
%l‘ S |:l0,l() + m] ||u(l)||L3/2(p n = 77} il

~ N(to)

forallty € R.

Lemma 3.8 means that the L§C3/ 2)(p—1)

norm of u(¢) is nontrivial when averaged over intervals around 7
of length comparable to N(t9)~! uniformly in #9. By combining this lemma with Remark 3.6 and Sobolev

embedding we obtain the following as an immediate consequence.

Corollary 3.9 (averaged concentration around x(¢)). Fix any 8¢ > 0. Let 1i(t) be a solution with the
compactness property on In.,x = R. There exists a constant C > 0 so that

to+
N | N"O’/ (e ) 3P D dydr > 1
(0= 55

N(t

forall ty € R.

One can also deduce the following corollary, also proved in [Killip and Visan 2011a], which gives a
lower bound on the localized S norm of u(t).

Corollary 3.10 (S -norm concentration around x (¢)). Let i (t) be a solution with the compactness property
on In.x = R. Then there exist constants ¢, C > 0 so that

1%
// |u(t,x)|2(p_1)dxdtzc/ N(t)dt
Ix—x ()< ¥ A

N(t

for any t1,tp such that
1
_ > __ -
270 Ny
Proof. The proof runs completely parallel to the argument in [Killip and Visan 201 1a, proof of Corollary 3.5]
given for the averaged potential energy. O

The fact that we have only averaged lower bounds on, e.g., the LG/2(P=1) norm of a critical element
will not be too much trouble. We will often pair the above with the fact that the compactness parameters
N(t), x(t) are approximately locally constant; see Lemma 3.5.

Lastly, we also need the following estimate proved in [Dodson and Lawrie 2015b, Lemma 4.5].

Lemma 3.11 [Dodson and Lawrie 2015b, Lemma 4.5]. Let 1u(t) have the compactness property on a
time interval I C R with scaling parameter N(t). Let n > 0. Then there exists § > 0 such that

u _ <
[ “L?,(f ”([to—thO),to+%,o>]XR3)—n

uniformly in ty € 1.
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3A. Analysis of solutions with the compactness property. In the next subsection, we will prove a clas-
sification result for solutions with the compactness property. Our goal is to gather together a list of
possibilities for the compactness parameters N(z) and x (¢) that is exhaustive in the sense that if we rule
out the existence of all members of the list, then Theorem 1.1 is true. Before stating these cases, we need
to distinguish between two scenarios based on how fast x (¢) is moving relative to the speed of light. To
make this distinction precise, we have the following definition.

Definition 3.12. Let 1(z) be a solution to (1-1) with the compactness property on I = R with parameters
x(t) and N(t) > 1. We will say that x(¢) is subluminal if there exists a constant A > 1 so that for all
to € R there exists ¢ € [tg, to + A/ N(tp)] such that

xX()—xo)| = |t —to| — .
|x(#) = x(t0)| < |t —to] AN (o)
Proposition 3.13. Suppose (1) is a solution to (1-1) with the compactness property on its maximal
interval of existence In,x with compactness parameters N(t) and x(t). We can assume without loss
of generality in the arguments that follow that Iy, N(t) and x(t) fall into one of the following four

scenarios.

(D) Soliton-like critical element: I.x =R, N(t) =1 forallt € R and x(t) is subluminal in the sense
of Definition 3.12.

(II) Two-sided concentrating critical element: Inax =R, N(t)>1 forallt €R, limsup,_, 4, N(t) =00,
and x(t) is subluminal.

(1) Self-similar-like critical element: In,x = (0,00), N(t) = % and x(t) = 0.

(IV) Traveling-wave critical element: I, =R, N(t) =1 forallt € Rand |x(¢t) — (¢,0,0)| < \/m for
allt e R.

Remark 3.14. In the case p = 3, one must take into account the action of the Lorentz group, which will
introduce additional cases to the list of critical elements in Proposition 3.13. For p # 3, the hypothesis (1-3)
compactifies the action of the Lorentz group in the Bahouri—Gérard profile decomposition at regularity 7*7,
which is why only a translation x(¢) and scaling N(z) appear in the descriptions of critical elements.
However, because 7£!/2 is invariant under action of the Lorentz group, one must confront critical elements
with velocity £(¢) that approaches the speed of light. See [Ramos 2012; 2018] for Bahouri—Gérard-type
profile decompositions in this setting.

Before proving Proposition 3.13, we note that ruling out cases (I)-(I'V) in the statement of the proposition
will prove our main result, Theorem 1.1. Hence we will now focus on establishing Proposition 3.13 and
proving that such critical elements cannot exist.

We will prove this proposition in several steps. First, we will reduce the frequency parameter N ()
to one of three possible cases. We state these reductions for N(¢), but we omit the proof as it follows
readily from arguments similar to those in [Killip and Visan 2013, Theorem 5.25].
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Proposition 3.15. Let (1) denote the critical element found in Proposition 3.3. Passing to subsequences,
taking limits, using scaling considerations and time reversal, we can assume, without loss of generality,
that T+ () = +00, and that the frequency scale N(t) and maximal interval of existence I'nax = Imax (1)
satisfy one of the following three possibilities:

e Soliton-like scale: In,x = R and

N()=1 forallt eR.

e Doubly concentrating scale: I,x = (—00, 00) and

limsup N(¢) = oo, limsupN(t) =00, and N(t)>1 forallt eR.

t—>T— t—o00

o Self-similar scale: I = (0,00) and N(t) =t~ L.

We will now make a few further reductions, mostly concerning the spatial center x (¢) of a critical
element that is global in time.

We will show that in all cases where we have a solution with the compactness property with translation
parameter x (¢) that fails to be subluminal, we may extract a traveling-wave solution. To prove this, we
will need to analyze the properties of solutions with the compactness property and more specifically,
properties of their spatial centers, x (¢). We turn to this analysis now. First, we note that in the case that
x(t) is subluminal (see Definition 3.12) we can derive the following consequence.

Lemma 3.16 [Killip and Visan 2011a, Proposition 4.3]. Let 1i(t) be a solution to (1-1) with the compact-
ness property on I = R with parameters x(t) and N(t) > 1. Suppose x(0) = 0 and that x (t) is subluminal
in the sense of Definition 3.12. Then there exists a §g > 0 so that

|x() —x(®)| = (1 =do)|r —7

forallt, T with

t—1[>

o SONI,‘L' '
where N r := infgeps ;] N(s).

Proof. See the proof of Proposition 4.3 in [Killip and Visan 2011a]. O

Using Lemma 3.5 together with Lemma 3.8 and a domain-of-dependence argument based on the finite
speed of propagation, we obtain a preliminary bound on how fast x (¢) can grow. (See, e.g., [Killip and
Visan 2011a, Proposition 4.1].)

Lemma 3.17. Let u(t) have the compactness property on a time interval I C R with parameters N(t)
and x(t). Then there exists a constant C > 0 so that for any t1,t, € I we have

C C
() —x(@)] < In—tal + s+ 0.

(3-2)
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In fact, if u(t) is global in time, we have N(t)|t| — oo as |t| — oo and we normalize so that x(0) = 0,
Sfrom which the above yields
|x ()]

t—+oo |t|

<1. (3-3)

Remark 3.18. We remark that by finite speed of propagation and compactness, we can assume that

liminf |¢|N(t) €[1, o0].
t—>T4 (%)

Note that according to the definition of the compactness property, the function x (¢) is not uniquely
defined; indeed, one can always modify x(¢) up to a radius of O(N(z)~1), provided one also modifies
the compactness modulus appropriately. Note, however, that the compactness property, together with
monotone convergence, prevents ¥ from concentrating on very narrow strips, as measured in units
of N(¢)~L. See [Killip and Visan 2011a, Lemma 4.2].

Lemma 3.19. Let ii be a solution to (1-1) with the compactness property on an interval I. Then for any

n > 0, there exists c¢(n) > 0 so that

sup VI u + [V~ e P dx <.

weS2 /Iw-[x—X(t)]|5c(n)N(t)_1

To deal with ambiguity in the definition of x(¢), we use the notion of a “centered” spatial center as in
[Killip and Visan 2011a], that is, a choice of x(¢) such that each plane through x(¢) partitions () into
two nontrivial pieces.

Definition 3.20. Let 1 be a solution to (1-1) with the compactness property on an interval / with spatial
center x(t). We call x(t) centered if there exists C(u) > 0 such that, for all w € S? and ¢ € I,

/[ o IVEPHE DR 490, 0 d 2 Cln,
w:|x—x(1)|>

Proposition 3.21. Let u be a global solution to (1-1) with the compactness property. Then there exists a

centered spatial center for .

Proof. The argument is similar to the proof of [Killip and Visan 201 1a, Proposition 4.1]. Let x(¢) be any
spatial center for 1. To shorten formulas, we introduce the notation

(2,) = [|[VIPu(e, )12 + [V ug (1,0) .

By compactness, there exists C = C(u) large enough that

inf/ @(t,x)dx =, 1, where B(t) :={x:|x —x(t)] <CN()"'}.
B(t)

teR

Now set
Sy [x —x®)]p(, x) dx

fB(t) @(t,x)dx

(1) = x(1) +



SCATTERING FOR DEFOCUSING ENERGY SUBCRITICAL NONLINEAR WAVE EQUATIONS 2011

By definition, |x(¢) — X(¢)| < CN(¢)~!, and hence X(¢) is a valid spatial center for 1 (one only needs
to add C to the compactness modulus). We now claim that X(¢) is centered. To see this, first note that by
construction one has

/ w-[x—Xx(t)]p(, x)dx =0.
B(t)
On the other hand, combining nontriviality on B(¢) together with Lemma 3.19, we have

/ (p(tv X) dx Zu 1
B@®)N|w-[x—x@)]|>cN@)~!

for some ¢ = ¢(u) > 0. Thus

/ - [x — £Ollp(t, %) dx 20 N,
B(t)

and so

/ (- [v — 5Ol 10t x) dx 20 N,
B(t)

where “+4” denotes the positive part. As |x —%(¢)| <2CN(t)~! for x € B(t), we finally deduce

{o-[x—X(O)]}+
2 /B(t) 2CN(1)~!

for all w € S2, as needed. O

@(t, x)dx <y / o(t, x)dx

w-[x—x(t)]>0

Proposition 3.22. Suppose that ui(t) is a solution with the compactness property on R with parameters
N(t) and x(t). Suppose in addition that N(t) = 1 for all t € R, and that x(t) fails to be subluminal
in the sense of Definition 3.12. Then there exists a (possibly different) solution w(s) to (1-1) with the
compactness property on R with parameters N(s) and x (s) satisfying

Nis)=1, |x(s)—(s.0,0)| <+/|s| forallseR.

Proof. Let 1i(t) be a solution to (1-1) with the compactness property on R with parameters N(¢) = 1 and
x(¢) failing to be subluminal. This means we can find a sequence ¢, and intervals

Iy = [tm, tm + m]
such that
|x(tm) — x(2)| > |tm_t|_nl¢ forall t € I,,. (3-4)

We construct a sequence as follows. Set
Um(0) :=1(tm, - — X (tm)).

Using the precompactness of the trajectory of # modulo the translations by x () we can (passing to a
subsequence) extract a strong limit

Um(0) = 1ioo(0) € 12  as m — oo.
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Let 1o (7) be the solution to (1-1) with initial data i (0). One can show that we must have [0, 00) C
I'max (Moo) and that 1o, satisfies the following compactness property on [0, 00): the set

Koo 1= {lico(T,  —X00(7)) : T €[0,00)}
is precompact in 7% (R3), where for each v > 0 the function xo0(7) is defined by
Xoo(T) := lim (x(ty + ) — X (tm)).
m—00

Note that for each € > 0 and for all T € [0, co) we can choose M > 0 large enough so that for all m > M
we have

1
X (tm +7) = x(tm)| = |7| — m’
where the last inequality follows from (3-4). Letting m — oo above, we conclude that in fact
|Xoo ()| >t forall T €0, 00).
By finite speed of propagation (see (3-3)) we can conclude that in fact

L el _
m =
T—>00 T

1.

We now refine our solution again, this time constructing a suitable limit from (7). First choose a
sequence 0 < g, — oo such that, for T > oy, we have

| X0 (7)]
T

<1427

and set 7, = 0y, + m. Then by the previous two lines, it holds that
T < |xeo(®)|<t(14+27™) forall T € Jpy, := [ty — M, Ty + m].
From (3-4) and the definition of xo, we have
[X0o(T) —Xoo(t)| = |t —t| forallt,t € Jy. (3-5)
As before we extract a limit from the sequence
Uoo,m(0) :=too(Tm, * — Xoo(tm)) — V(0) € H°?

and we note that the solution ¥(s) to (1-1) with data v(0) has the compactness property on R with
parameters N (s) = 1 and x(s) defined by

X(s) = lim (xoo(tm +5) — Xoo(Tm))-
m—00
Using (3-5) along with (3-2) we see that for all 51, 52 € R we have

|51 — 52| < [%(51) = %(52)] < |51 — 52| + C
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for some absolute constant C > 0 and consequently

o FO

s—+oo |§]

1. (3-6)

Now we express X (s) in polar coordinates, finding r(s) > 0 and w(s) € S? so that

X(s) =r(s)w(s) foralls e ][0,00).
Note that by (3-6) we have
r(s)

—~= —>1 ass— oo.
Ky

Since w(s) € S? we can find a sequence s, — oo and we can (up to passing to a subsequence) find a
limit wg so that

w($m) = wo  as m — oo.
To prove the claim, it suffices to verify that
|%(5) — swo| < C /s,
since then we obtain the desired result applying a fixed spatial rotation. Note that
s20(s2) = s10(51)* = |s1 — 521 + s182]@(s2) — w(51) |
By finite speed of propagation
|s20(s2) —s10(s1)|* < (|51 — 52| + C)* = [s1 — 2|> + 2Cs1 — 52| + C?,

and hence substituting this bound into the above equations we solve to obtain

2C|S1 —S2| +C?2
5152 '

lw(s2) —w(s1)| < \/
Then

|(sn + $)w(sp +5) = Spw(sp) —swo| < |sn + 5| |w(sn +5) —w(sn)| + s|w(sn) — wo

< \/(2Cs +C2)(1 + si) + s|lw(sy) — wol,

|X(s) —swo| < V2Cs + C2,

as required. O

which implies

In the case that N(¢) > 1 and x(¢) is not subluminal, we will now show that we can also reduce to the
case when N(¢) =1 forall € R and x(¢) = (¢,0,0) + O(+/|t]). We will need the following lemma.

Lemma 3.23. Let 1(t) have the compactness property on I C R with parameters N(t) and x(t). Then
there exists a constant ¢ € (0, 1) such that for any t1,t; € I with N(t1) < N(t2) it holds that

IX(ll)—X(fz)lzlll—tzl—ﬁ = N(zz)gclzzv(m.
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Proof of Lemma 3.23. The argument adapts readily from [Killip and Visan 2011a, Lemma 4.4], using the
arguments from Section 3A. Exploiting time-reversal symmetry, space-translation symmetry, and rotation
symmetry, we may assume 71 <, x(t;) =0, and x(z3) = (x1(¢2), 0, 0) with x1(¢2) > 0. Further, we
may choose x(¢) to be centered by Proposition 3.21.

Suppose for contradiction that for times #1, ¢, as in the statement of the lemma,

(1) = x(t2)| = |t1 — 12| — N(Cm

but cN(t1)"! > ¢ N(t2) ™!, where ¢ = c¢(u) will be chosen sufficiently small below.
Let ¢ : R — [0, 00) be a cutoff so that = 1 for x < —1 and ¢ = 0 for x > —%. Set

x1—X1(I2))‘

Ya(x1) = W( NG

Then, given 1 > 0 and choosing ¢ = c¢(7n) sufficiently small, we have

| (Y2u(t2), Yous (t2)l3se <.

Choosing n small enough, the small-data theory and finite speed of propagation for (1-1) imply

VRt P 41V 0P e 5 P,
Q
where

Q={x:x1 <x1(t2) —(t2—11) —cN(t1)"'}.

Using the assumption on |x(#2) — x(¢1)| and the normalizations above, one finds

QD {x:—e;-[x—x(t1)] = 2cN(t) "},
so that

/ [ (t)]=2eN () 1||V|sl)u([1,x)|2+||V|Sp_lut(t1’x)|2dxan.
—er[x—x@1)]=2c¢N(t1)~

On the other hand, choosing ¢ = c¢(7) sufficiently small, Lemma 3.19 implies

<—ep-lx—x(1)I<2cN(t1)™

We now choose 12 < C(u), where C (1) is as in Definition 3.20, to reach a contradiction to Proposition 3.21.
O

We are now in a position to prove that we can extract a traveling-wave solution from any solution with
compactness property with translation parameter x (¢) that fails to be subluminal.

Proposition 3.24. Suppose that 1(t) is a solution with the compactness property on R with parame-
ters N(t) and x(t). Suppose that either N(t) is soliton-like or doubly concentrating in the sense of
Proposition 3.15 and that x (t) fails to be subluminal in the sense of Definition 3.12. Then there exists a
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(possibly different) solution w(s) to (1-1) with the compactness property on R with parameters N(s) and
x(s) satisfying
N(s)=1, |x(s)—(s5,0,0)| <+/s forallseR.

Proof of Proposition 3.24. Note that by Proposition 3.22 it suffices to show that we can extract a solution
with the compactness property on R with parameters N(¢) = 1 and x(¢) failing to be subluminal. By our
assumption that x (¢) fails to be subluminal, for each m € N there exists #;; € R so that

[x(tn) —x(@)| = |t —tm]| — forallt € I, := [zm,tm + ] (3-7)

mN (ty,) N(tm)
We will show that N(¢) >~ N(t,,) for all ¢ € I,,, with constants independent of m. First assume that
N(tn) < N(2).
Then by Lemma 3.23 we can find a constant ¢ > 0 so that
¢2N(t) < N(tm) < N(t) forallt € I,.

Next assume that
N(t) < N(tm).

This means that . .

_ > _
N(tm) = N(1)

and thus from (3-7) we see that

€)= 5O 2 =l =~ 2 =t = s
Another application of Lemma 3.23 then gives
N(E) = Niom) < 5 NG,
As we can assume in Lemma 3.23 that ¢ < 1, we deduce that
ﬁngnggéNm for all € I,,. (3-8)

We can then extract, in the usual manner a new solution w(s) with the compactness property on [0, 00)
with
- N(tm + 55
<M@:1m-Jﬁ—ﬁ%&
m—00 N ([m)

- . s
Note that by (3-8) we must have

c1<N(s)<C; forallse [0, 00).
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Moreover, using (3-7), for each € > 0 we can find M > 0 large enough so that for each m > M we have

) (s + 5,5 ) )

s 1 1
= Nltm) ‘ N(im) N (i) ’ =

1X(s)[ + €=

Letting m — oo we obtain
|X(s)|>s forallse][0,00).

Noting that X(0) = 0 and combining the above with (3-3), we conclude that
1< M —1 ass— oo.
s

From here it is straightforward to obtain a new solution w(s) with the compactness property on all of R
with parameters N(s) = 1 and x(s) failing to be subluminal in the sense of Definition 3.12, and we apply
Proposition 3.22 to conclude. O

Finally, we now have the ingredients necessary to prove Proposition 3.13.

Proof of Proposition 3.13. Suppose u(t) is a solution to (1-1) with the compactness property on its
maximal interval of existence In,x with compactness parameters N(¢) and x(¢). By Proposition 3.15, if
the solution has the compactness property with N(z) = ¢t~!, then we may also assume without loss of
generality that it has the compactness property with translation parameter x () = 0: by finite speed of
propagation, x (¢) must remain bounded, and hence we may, up to passing to a subsequence, obtain a
precompact solution with x (t) = 0 by applying a fixed translation. Thus, in the case that N(r) =t~ we
obtain a self-similar solution; i.e., we have reduced to case (III).

In the remaining cases we must address different scenarios depending on whether or not x(¢) is
subluminal in the sense of Definition 3.12. If x(¢) is subluminal, then we have reduced ourselves to
cases (I) and (II). If x(¢) fails to be subluminal, then by Proposition 3.24 we can find a critical element as
in the traveling-wave scenario, i.e., case (IV). O

4. The soliton-like critical element

In this section we show that the soliton-like critical element, that is, case (I) from Proposition 3.13, cannot
exist. The main result is the following proposition:

Proposition 4.1. There are no soliton-like critical elements for (1-1), in the sense of case (1) of
Proposition 3.13.

We recall that soliton-like means that 2 (¢) is a global solution to (1-1) with the compactness property
on R as defined in Definition 3.4 with parameters N(¢) = 1, and x(¢) subluminal in the sense of
Definition 3.12. We will show that any such solution with the compactness property is necessarily = 0.

The proof will be accomplished in two main steps. We are ultimately aiming to employ a rigidity
argument based on a virial identity, which will show that any such critical element must then be identically 0.
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The key point here is that in order to access the virial identity, which is at 7! regularity, and to use it to
prove Proposition 4.1, we first must prove that our critical element actually lies in a precompact subset
of H!. Thus, we must first show that a soliton-like critical element must be more regular than expected.
In fact, we will prove that the trajectory K of any soliton-like critical element (see Definition 3.4) must
be precompact in H! N F57.

Throughout this section, we assume towards a contradiction that #(7) is a critical element with x ()
subluminal in the sense of Definition 3.12 and N(¢) = 1. In particular, by Lemma 3.16 there exists §o > 0
so that

|x(#)—x(7)| < (1 =68p)|t — 7| forall |t —1|> SL
0

4A. Additional regularity. We first prove that if the soliton-like critical element % has some additional
regularity to begin with, then we can achieve #{! regularity. The key ingredient in our proof will be a
double Duhamel argument, which will enable us to gain the requisite regularity for critical elements,
while our main technical tool will be the use of a frequency envelope which controls the 7! norm (see
Definition 2.2). In order to exploit the sharp Huygens principle, we will use the following modified
frequency projection operators: let ¥ > 0 be a smooth function supported on |x| < 2 satisfying ¥ = 1 on
|x] < 1. For k >0, let

0 = [ 2FWC = (). @1
These satisfy the same estimates as the usual Littlewood—Paley projections (which instead use sharp
cutoffs in frequency space), e.g., the Bernstein estimates in Lemma 2.1.

We summarize the main ingredient in Proposition 4.1, the aforementioned additional regularity result,
in the following proposition.

Proposition 4.2. Suppose u is a soliton-like critical element. Then
UeLPH? = ueLlPH’
for some s > 1. In particular, the set
K :={ii(t, - —x(t)):t € Ry C H» NFL!
is precompact in Hsr NHL
We will prove Proposition 4.2 in several steps. To make this precise, we define the parameter

5—p 3 5

—sy P22 42
Yt - 2 2p 2

S0

This exponent is chosen so that 7% has the same scaling as L? L,ch , and we note that crucially s, <s¢ < 1.

4B. The jump from H50 (R3) regularity to H1(R3) regularity. We begin with the first, easier gain in
regularity, namely passing from 7% (R3) to 7! (R3).

Proposition 4.3. Suppose u is a soliton-like critical element. Let so > sp, be defined as in (4-2). Then

e LPHY = ueLlPH.
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Proof. By time-translation symmetry, it suffices to estimate the #!-norm at time ¢ = 0. We complexify
the solution, letting

w=u-+ Ug.

i
VA
Then

lwOll g1 = 1O g1y z25

and if #(¢) solves (1-1), then w(t) is a solution to

:—z«/zwj:\/_A

Jul?~tu

By Duhamel’s principle, for any 7', we have
: 0
. — i Yy
w(0) = e TY=Au(T) + — / e "VTAF(u)(v) dr,
v=AJT

where F(u) = |u|?~'u. By compactness (see Lemma 3.7),

Jim Qe lTﬂw(T)leim 01! TV=Ay(=T) =0 (4-3)
— —00

as weak limits in H! for any k > 0. We next write
0w (0) = VB u(T)F—— / eYTRQ () di

FTVBQ (T F e f VB L Fu(t) dr.

Using (4-3), and arguing as in [Dodson and Lawrie 2015b, Section 4] we can deduce

(Q<kw(0), O <kw(0)) 71 T o
— lim </ e—”ﬂQ<kF(u(z))dt,f e_i’HQ<kF(u(s))dt> (44
0 L2

T—o0 T

We fix a large parameter R > 0 to be determined below. Let §p be as in the statement of Lemma 3.16
and take 7 = 2R861. We define

region A :=={(t,x):0<t <T},
region B :={(t,x): |x —x(T)|> R+t —T|}, (4-5)
region C :={(¢t,x) : |[x—x(T)|< R+t =T|}.
See Figure 1.
We will treat these regions separately. Our goal is to bound u on region A using that we are estimating
the solution on a compact time interval, and on region B using the small-data theory and finite speed of

propagation. We will then use the double Duhamel trick, together with the sharp Huygens principle on
region C, to conclude the proof.
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t

Figure 1. A depiction of the space-time regions 4, A’, B, B’ and C, C’ in the

case x(t) =0.

Let y g denote a smooth cutoff to the set

{lx=x(T)| > Ry S R.

2019

Now fix a small parameter n > 0. By compactness of i, if R = R(n) is sufficiently large then we have

X RU(T) [l < 1.
We let v = (v, vy) be the solution to (1-1) with initial data
u(T) = yru(T).
By finite speed of propagation, we have
u=v for|x—x(T)|=R+|t-T]|.

We now rewrite (4-4), and abusing notation slightly, we define

/ e_itHQ<kF(u(t))dt=A+B+C,
0

T
A:/ eIV L F(u(t)) dr,

0

B= / T iR L Fo() dr.
T

C= fT VB Q L [Fu(t)) — F(u(t))] dr.

(4-6)

(4-7)

Note that the notation in (4-7) is such that each term relates to an estimate for the solution on the

correspondingly named region from (4-5).
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We can carry out a similar construction at time —7, yielding a small solution v that agrees with u
whenever |x —x(=T)| > R+ |t + T|, and we obtain three terms in the negative time direction

0 .
/ eV L F(u(t))dr = A"+ B' +C',

—00

0
A = / eI TV=R 0 F(u(n)) d,
-7 (4-8)

-T
B= [ o) dr

' = / YR L [Fu(t)) — F(3(0))] dr.

—00

Using the elementary Hilbert space estimate
(A+B+C, A+ B +C)| S|AP+|A'?+|B>+|B'|>+(C.C")|

whenever A 4+ B + C = A’ + B’ + C’, where the | - |? denotes the square of the norm induced by the
inner product, we may estimate

(Q<kw(0), O <w(0)) g1
by obtaining bounds for 4, A" and B, B’ and (C, C").

Region A. To estimate the A and A’ terms, first we establish the bound

1
T\2>-D

for some suitably small € > 0. To prove this, we rely on the fact that # is a soliton-like critical element.
Fix > 0. Since N(¢) = 1, there exists € > 0 small enough that the Li(f_l)-norm is bounded by 7 on any
interval of length €; see Lemma 3.11. Thus to obtain the desired bound, we divide [T, T'] into ~ [T /€]

intervals Jg of length €, and

[T/€l

2,0 ~ 3 P <
k=1

T
L7PV(-T,TIxR3) — L2270 (JxR3) Y €

Using a similar argument together with Strichartz estimates and the hypothesis
<1,

[l Loezss0 <
we obtain

N =

T
Il 2o ey = (¢ ) Iilieree @10

Thus, using (4-9), (4-10) and Strichartz estimates, we can estimate

T
2 N2 < D < p ,
AP+ AP S 00 20y S () 0o
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Region B. For the estimates of B and B’, we use the small-data theory to bound the solutions v and .
We argue only for v as the estimates for v are identical. By the small-data theory, for 7 chosen sufficiently
small in (4-6), we have

||U ”L%’(_,f_”(ﬂ%l""'j) S n.

Using Strichartz estimates, we bound

3(p—3) 3(p—3) =1
V1270l o 2po-2 S 0D g0 +MIVE 22 (WIT0) 290042  preo-

p—1 3(p—3)
S M) llrso + 101 20 V270l o 20r00-2,
t.x

with all space-time norms over R! ™3, Note that ( D, %) is wave-admissible. Thus, for 5 sufficiently

small, we deduce
3(p=3)
2p U”LtpL)2cp/(p72) < ||u||L§>oHSO(R1+3)’

VI

and hence it follows from Sobolev embedding that
1ol p 120 gray S Nullzgorso.
Thus, we have shown that
|BI>+|B'1” < ||v]l?

< D
fL)ch (R1+3) ~ ||u ||L;>O'H$() .

Region C. Finally, we claim that
(c,c’y=o. 4-11)

To see this, write

oo =T V&
.= [ VB Q P @) - FOO)L. Qi Flu(e) ~ FG(e)]) dr i
—00
and note that by subluminality and the fact that x(0) = 0, we have for T = 2R, ! the inclusion
{lx —x(£T)| < R} C{|x| < (1-27"80)T}.

We recall that the operator O - defined in (4-1) is given by convolution with the function 23k 1//(2k X)
for a fixed function ¢ € C§*° (R3). Hence, for k > kg, a sufficiently large, fixed constant depending on
the support of V¥, 89 and T, we can ensure

supp(Q <k [F (u(z)) = F(5(0))]) € {Ix| < |¢| 47180}

Similarly, using the properties of the Q . and the sharp Huygens principle, we can ensure that for k
sufficiently large,

supp(e’ TIV=AQ L [F(u(t) — F(o(1))]) € {|x] > [t — 7| — 47 80T}.

Since t > 0 and 7 < 0, we have |t — 7| > ||, this yields (4-11), as required.
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Collecting these estimates, we obtain that

10 <kw(0)[%, = (Q<kw(0), Q4w (0)) g1 <1

uniformly in k > 0. The desired result then follows. O

4C. The jump from H*? (R3) regularity to H°(R3) regularity. Now we turn to the more difficult
estimates. Here, we will need a finer analysis based on frequency envelope machinery. We prove the
following.

Proposition 4.4. Suppose u is a soliton-like critical element. Then
UeLPH? = ueLlPH’
forany s, <s <1.
Proof. Once again, we define
region A = {(t,x):|t| < T},
region B :={(t,x): |x—x(T)|> R+t —T|},
region C :={(t,x): |x —x(T)|< R+t —-T|},

with corresponding regions A’, B/, C’ in the negative time direction. We further introduce

Ok =0k — Q< fork>0, Qo = O <o.

By Schur’s test, we can conclude that these frequency projections are a good partition of frequency space,
in the sense that

1£12, ~ 100 f 1%, + 3 25110 £ 112

k>0
We will also need to introduce an exponent ¢ satisfying
2<g< 2
Sp
Region A. We begin by defining suitable frequency envelopes with a parameter o > 0 to be determined
shortly. We set

Vi(to) =y 277V KI[2% 7110 u(t0) [ 12 +27 2~V Q;0:u(t0) I 2],
J

o (2
Olk(-]):zz alj k|[2 i(G Sp)“qu||L,t,L)2€q/(q—2)(JxR3)

- i(2—1+
+27G s")||Qj“”L?"/“"Z)LZ(JxW)]

(4-12)

J

for k > 0. Note (q, quqz) is s‘harp admissible and that each of the quantities appearing in the definition of
B has the same scaling as H*». We will choose

2
O<o<=—s5,.
q D
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Our goal is to prove that
o ([=T.T]) < 72 (0) + Co2 ¥, (4-13)

where Co = Co(T).
We begin by recording the some space-time estimates for # that are consequences of the precompactness

of the set K; see Definition 3.4. We fix n > 0. Since N(¢) = 1, there exists € > 0 small enough that the
2(p—1)
L

t,x
such that, for any k > ko,

norm is < 7 on any interval of length €; see Lemma 3.11. Furthermore, we can find ko = ko (1)

1
” O>ru ”L?,(f_l)([—T,T]xR3) <nT?2»-D,

With these bounds in hand, we turn to the proof of (4-13). In the following, all space-time norms will be
taken over [—7, T] x R3. For any j, we decompose the nonlinearity as follows. Writing u < j=0<ju
(and similarly for u- ;), we write

F(u) = F(uspy) + F(u) = F(usg,).
where ko (n) is as above. By Taylor’s theorem, we have
1
Fu) = F(usg,) +u<g, / F,(Qufko +Usk,) deo,
0
and hence to estimate the nonlinearity, it suffices to estimate three types of terms

p—1 . p—1 )
UskoU>j» Usp U<j» Ucsko

uP=1,
Using the inhomogeneous Strichartz estimates, we obtain

21 (Gsy) / LI Eu(s) ds
0

2 -2
L?qu/(q )

. t ]
40/ (G=1+sp) /0 e IV=RQ; F(u(s)) ds

L?q/(q_z)LZ
. i(2— —_i(2—
<min{2/ (7 1+s”)||F(“)||L;1/<q—1>L§q/(q+z),2 iG S”)||F(u)||L?q/(q+2)LZ/(q—1)}- (4-14)

Now let J be an interval with |J| < €, and let #y = inf J. In the next estimates, all norms will be taken
over J x R3. Using Strichartz estimates, we estimate

—i(2— i(2—-1+
2105l g i +2 0T Qg e gy
. o (2 -1
szjs,g||uj(t0)||L)26 +2/6p 1)||3tuj(fo)||LgC +2/(q l+sp)||u1>’k0u>j ”L;’/“’_”L%"/("“)
(2 i(2
—Jj(5—s r—1 . —Jj(5—s -1
+277G ”)||u>k0u51 ”Lf"”"“’L}’”"‘”""z @ ”)””sko”p ”Lf"“"“)LZ/("_”

<277 ||uj(t0) | 2 + 2777 V9,1 (t0) | 2 + 1 + 1T + 111
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We first estimate term I. We obtain

2/ (G=1+50) ||u>;0 Ul para=p20/0+2

2 14
<2]( Sp)||u>k0|| 2(p 1)||u>J ”qu/(q 2)Lq

n(p D 71/25i (3 —1+SP)Z2_Z( _1+s")[2€( _1+s”)||QW||L
{>j

20/=2) -

Similarly, for term II we obtain

27 (G=57) ||u>; usjllp2ara+ pgra—n

<27/ ‘Sp)nu>k0||"2(p o)l g 20002

_ 02— —L
276 g 123 ”Zz( G g 202

Finally, for term III, using smallness of the interval and we obtain
(2 (2
WA ) p—1 A r-1
AL !’)||u§k0u ”qu/(““)L?/‘q_” <2 @ p)||“||L%(f—n ||”§ko||L?L§q/<q—2)
< 2=i(Z=sp)yko(Z—sp) pP~1 T3

Multiplying by 271/ =k| and summing in the above bounds, recalling that o < % — §p in our definition of

the frequency envelopes in (4-12), it follows that (for o = inf J) we have
yie(tn) +a () S vilto) + T2~ ag () + Co(T)27*.
For n = n(T) small enough so that
of/ L T? < %
with C the implicit constant in Strichartz estimates, this implies
o (J) < yx (o) + Co2 %7
Tterating this procedure [T /€] times on [—T, T'], we may also conclude that

Yk (t0) < vk (0),

from which (4-13) follows by summing up these estimates.

Region B. To implement the double Duhamel argument, we will again consider the solution v to (1-1)
with data v(T') = y gu(T'). To control this solution, we define the frequency envelopes

Yk(to) and By
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analogously to (4-12), but with space-time norms over R! ™3, We will prove

Br < v (0) + Co2 k7. (4-15)
First observe that
”v”L%’(;_l)(Rl""j) < n.

Thus

—(2_— 2_
IVI7E™ 0] g 2aria— + V17201 2002

2_ —
SN le + V172 @D gr6-0 200042

p—1 Z_1+s
<n+ IIUIIL%_UIIIVIQ pU”L%q/(q—z)Lg/C

2
- 21
Sn+nP7YIV]E +s”v||L%q/<q—2>LZ,
which implies in particular that

o< ”L;’Li"”"_Z)(RIH) <. (4-16)

We now estimate B in essentially the same manner as «. The main difference is that we split at
frequency 1 instead of at frequency k¢ as above. Estimating as above, but using (4-16), we deduce

Br < 7 (T) + 0P~ B + Co27%,
which implies
Bi < 7 (T) + o270 (4-17)

In order to prove (4-15), we need to relate yi (T') to Y (0). Similar arguments as in (4-15) yield
7k (T) < 7k (0) + 077" i+ Co2 757 < yx(0) + Co27%,

so it therefore suffices to relate 7 (T') to y (T'). Using that v(T') = y gu(T), we apply the commutator
estimate Lemma 2.3 to deduce

20| Qv ()2 5 27 Qpu(T) 22 + X RY™ ) || o gy
2K D104 3, 0(T) 2 < 267D Qudeu(T) L2 + 275 R 190l oo o1

In particular, since o < 2 _g,<l—s , we deduce that
p g °p )4

7i(T) S vi(T) + Co2 7.
Putting this together with (4-17) above, we conclude

Br < vi(0) + Co27%°,
which completes the proof of (4-15).
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We will now carry out the double Duhamel argument with the complexified solutions w. We write

K ) 0 .
<Q,-w<0>,Q,-w<0>>H1=Sgrgo</o B P ar, [ e‘”HQjF(u(r))dr> @18)

H!
and (as before) take the decomposition

/ e VA F(u(t))dt = A+ B+ C
0 0 .
:A’+B’+C’=/ e TVTAQ F(u(n)) d

—0o0
for components as in (4-7) and (4-8). Once again, we rely on the algebraic inequality
(Qjw(0). Q;w(0) 1 S AP + |4 +[B|* + B2 + [(C.C") (4-19)
and we note that by construction and the argument above relying on the sharp Huygens principle,
(C, C/)'f-ll =0.
To treat the other terms, we recall the definition of the frequency envelope o in (4-12), and we use
(4-13) and (4-15). To this end, we multiply the left-hand side of (4-18) by 2=°l/=kI and we sum over

J =0 to obtain
vk (0) < P71y (0) + Co27F7,

which, choosing 1 sufficiently small depending only on the implicit constant, implies
7k (0) £ Co27%,
which yields i € H* for any Sp '5 s < $p + 0. Since that we may choose any o < % —sp and g arbitrarily
close to 2, we deduce 1 € L$°H* for any s, < s < 1. This completes the proof of Proposition 4.4.  [J
Propositions 4.3 and 4.4 immediately yield the following corollary.

Corollary 4.5. Suppose i is a soliton-like critical element. Then
UeLPH? = ueLlP®H.

4D. The jump from H(R3) regularity to H* (R3) regularity. As mentioned above, in order to employ
the rigidity argument based on a certain virial identity, we also need to prove that the trajectory of a
critical element in fact lies in a precompact subset of 7{!. We will achieve this by proving that in fact we
can gain a bit more regularity; specifically we can place the solution in #* for some s > 1. The key idea
here is that we actually have a bit of room in the previous estimates given the additional assumption of 7!
regularity, and this will provide some extra decay which we can use to establish the additional regularity.

Proposition 4.6. Suppose u is a soliton-like critical element. Then i € L‘tx’?:[s for some s > 1.

Proof. Let v and v be the solutions to the small-data Cauchy problems defined above. By small-data
arguments v(7T) € H!(R?) and |v(T')|l 45, small implies that

|1—s

Vil 2012 g oy + VIV L2000 gy ST 1

~ 1—s, ~
191l 20102 g oy T VIOl L2001 gy ST 1
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Furthermore, arguing as above and partitioning [—7, T'] into sufficiently small intervals, we obtain

1-s
”u”L%q/(q_Z)Lg]C([—T,T]XDW) + 11V pu“L?_(f_l)([—T,T]xR% <rl

These inequalities, together with the argument used to prove Proposition 4.4, as well as (4-19) and (4-14),

establish that
10ku()|2, 727 ko2 K (G=1+s0),

Since we may choose any

o< 2_ s
q 7
and g arbitrarily close to 2, we have then shown that

> 22K 0u(0)[12, < o0
k

for any o < % which concludes the proof. O

4E. Rigidity for the soliton-like critical element. Now we may prove that the soliton-like critical element
is identically zero. We summarize this in the following proposition.

Proposition 4.7. Let (1) € H' be a global-in-time solution to (1-1) such that for subluminal x (t) the set
K ={u(t, - —x(@)),0:u(t, - —x(t)):t e Ry C H NFP
is a precompact subset of H' N H?. Then ii(t) = 0.

As mentioned in the Introduction, we include a proof of rigidity for the soliton-like critical element in
the focusing setting as well. The arguments that we use are similar to the ones given in [Cote et al. 2015,
Section 3; Dodson and Lawrie 2015b; Rodriguez 2017] but with a modification. The key new ingredient
here is that the subluminality of x(¢) compactifies the subset of the Lorentz group taking (z, x(¢)) to
(', 0); see also [Kenig and Merle 2006; Nakanishi and Schlag 2011] for a somewhat different approach
that uses the Lorentz transform to show that critical elements must have zero momentum. The main
ingredients in the proof are the following virial identities.

In what follows we let » = |x| and set 0,u = Vu - (x/|x]).

Lemma 4.8 (virial identities). Let y € C§° be a smooth radial function such that y(r) = 1 ifr <1 and
supp x € {r <2}. For any R > 0 we define yr(r) = X(%) and let u(t) be a solution to (1-1). Defining

2
u
Qu()(R) :=/ [Vul® +[8:ul? + % +[ulP dx, (4-20)
x|>R x|
we have
d " -3
gy e xR+ w) = ~E@ £ (D3 ) b1 + 0@uio (R), (4-21)

“«

where the “+ " above corresponds to the focusing equation and the “—" corresponds to the defocusing

equation.
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If u(t) solves the focusing equation, we have

(oo s xr(rore+ Ju) _——/|a,u|2 )/|u|”+1+0(§2u(t)(R)). 4-22)

p+1

Proof of Proposition 4.7 for the focusing equation. We may assume that x (0) = 0. Since x (¢) is subluminal
we can find § > 0 so that

Ix(@)—x(@|=A=8lr—z|, [x()]=A=5)t] (4-23)
forall,7 € R.
For convenience, we consider only the special case where
x(t) = (x1(2),0,0) forallt >0,
as this contains the essential difficulties and the general argument is an easy modification of the one
presented below. Recall that for each v € (—1, 1) we have a Lorentz transform L, defined by

t—vxy Xx1—Vvt

VI—vZ V102

Ly(t,x1,x1,x3) = ( ,Xz,x3) =:(t',x").

For any T > 0, set

W(T) = XI;T).
Then
—(1-8) <w(T)<1-§ (4-24)

and the Lorentz transform L, (7 gives

Ly (T.x1(T),0,0) =(T",0,0,0),

T'=VT?—x(T)2. (4-25)

Since x (¢) satisfies (4-23), we have the bounds

where

csT<T' <T
for cg := /1 — (1 —48)% > 0, which means that T’ is comparable to 7. For each T' > 0 define
Uy(T) (l‘/, x/) =uo Lv(T) (t, x).

Then, since K above is precompact for x (z) subluminal and since v,,(r)(t") as above is a fixed Lorentz
transform of (¢, x), we can explicitly obtain a subluminal translation parameter x’(z") with

x'(T")=0
by the choice of v(T') above, such that the trajectory

K = {BV(T)([/,X —)C,(I,)) it e R} (4-26)
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is precompact in H NP see for example [Duyckaerts et al. 2016, Section 6] or [Nakanishi and Schlag
2011, Chapter 2] where such claims are carefully justified. We will now establish the following.

Claim 4.9. Consider a critical element for the focusing equation with 3 < p < 5. For each n there exists
a time Ty, > 0 such that for T, as in (4-25) we have

T/
1 n 1
T_A/o /R3|3rvu(Tn)(l,X)|2+ vy, @ x) [P dx de < e

Proof of Claim 4.9. Let T > 0. Since U,y solves the focusing equation we average (4-22) with R = CsT
over the time interval [0, 7] for some constant Cy to be specified below, yielding

T/
1
2 [ [ ey 0P+ 0 ax
0 JR3
< 000y (0) | 72770 4L 0wy e I CsT)de, (427
S 77l0evuy (O] x21rdrvu(ry)lo HF‘( Vo O | X2 V0o HW | vy @ (CsT)dt,  (4-27)

where Qy, - (CsT) is defined as in (4-20). Given n > 0, by (4-26), the subluminality of x'(t"), and the
fact that
x'(0)=0, x(T")=0,
we can choose Cg and T = T, large enough so that
1
Ty Jo

1
QUU(Tn)(t) (CsT)dt < ;
Note that Cs can be chosen independently of n. Next we estimate the first term on the right-hand side
of (4-27). We treat only the case where the inner product is evaluated at = T’, as the case when it is
evaluated at r = 0 is similar. We have

1

1 T2
Fl(atvv(T)(T/) | x2r -7 3r vy (1) (TH)] < F”atvv(T)(T/)”Lz”VUV(T)(T/)“L2(|x|§T1/2)

Cs
+ g“atvv(T)(T,)”LZ Voo (Tl L2(71/2<)x|<C5T) -

Since T’ ~¢ T, the first term on the right-hand side above can be made as small as we like by choosing

T, large enough so that
1

T2 1
T <

Similarly, for the second term on the right, we rely on the precompactness of K’ in H! NH*» and the
fact that x"(7,)) = 0, which yields
1
”VUV(TH)(T';)”L2(|x|zT,}/2) < n

for T}, large enough. The second term on the right-hand-side of (4-27) is estimated in a similar fashion.
This completes the proof of Claim 4.9. O
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Now, given this sequence of times 7, guaranteed by Claim 4.9 consider the sequence v(7,) :=
x1(Ty)/ T,. By (4-24) we can, passing to subsequence that we still denote by v(7}), find a fixed
ve[-1-46,1-—46] with

v(Ty) > vo asn — 0. (4-28)
Define

U\)() (t/’ x/) ‘=uo LV() (ta x)
and note that this is a fixed Lorentz transform of u. It follows from Claim 4.9, (4-28), and a continuity
argument that in fact

T,
%/ / 107 Vvg (, X) 2 4 [0y (2, x) [P T dx dr < 21
nJo JR3

2n
after passing to a further subsequence. Using yet another continuity argument we can assume without
loss of generality that 7, = M, € N; i.e.,

M
Y 2 p+1 1 _
M, /0 fst,vvo(z,xn + vy (2, x)| dx dr < . (4-29)

for some sequence {M,} C N with M, — co. Now we claim that there exists a sequence of positive
integers m, — oo such that

mu+1
/ /3|8,vv0(t,x)|2+|v1,0(t,)c)|p+1 dxdt -0 asn— oo. (4-30)
R

mn

If not, we could find € > 0 such that for all n € Z we have

m+1
/ /%|8,vv0(t,x)|2+|vv0(t,x)|p+1dxdtzeo.
R\

m

However, summing up from 0 to M,, — 1 we would then have

Mﬂ
/ /3|8tvv0(t,x)|2+|va(t,x)|p+1dxdtZGOM,,,
o JR

which contradicts (4-29). Now, by (4-30) we have
1
/ / |07 vy (My + t,x)l2 + vy (my + t,x)lerl dxdr —0 (4-31)
0 JR3

as n — oo. On the other hand, passing to a further subsequence, we can find (Vo, V1) € #! N 7% such
that

Vyo My, - —x'(mp)) — (Vo, V1) € H NP asn — oo.
Let 17(t) be the solution to (1-1) with data (Vy, V7). Then for some 79 > 0 sufficiently small we have

lim  sup [ Bug (mn +1, - — X' (M) = VOl i ripsr = 0. (4-32)

noo IG[OJO]
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However, from (4-31) we can then conclude that

-

V=0,
from which we conclude from (4-32) and small-data arguments that
Uy, = 0.
This means # = 0 as well, which finishes the proof. O

Proof of Proposition 4.7 for the defocusing equation. The argument is much easier if either p = 3 or if
the equation is defocusing since (4-21) gives us coercive control over the energy. Indeed, arguing as in
the proof of Claim 4.9, but using (4-21) instead of (4-22) we see that

T/
- 1 -
E(y(T)) = F/o E(,))dt =0(1) asT — oo

since, for each fixed 7, the energy of v, (7)(7) is constant in time. However, since

vyry(t', x") = uo L), x),

we must have either limsupy_, o, |v(T)| = 1, or E(u) = 0. The former is impossible by (4-24). Hence
E(u) = 0. Therefore u = 0. O

Remark 4.10. Note the argument given above for the defocusing equation also works for the cubic
focusing equation since (4-21) yields control of the full energy for p = 3. Arguing as above one can
conclude that E (1) = 0. Since the only nonzero solutions with zero energy must blow up in both time
directions [Killip et al. 2014] we conclude that the global-in-time solution satisfies # = 0; see [Dodson
and Lawrie 2015b], where a version of this argument was carried out in detail.

5. The self-similar critical element

In this section, we assume towards a contradiction that u is a self-similar-like critical element as in
Proposition 3.13, case (III). We will prove that any such % has finite energy, and in fact that E (1) = 0.
Since we are treating the defocusing equation, this implies # = 0. The arguments in this section can be
readily adapted to the focusing setting as well.

More precisely, we will prove the following result.

Proposition 5.1. There are no self-similar-like critical elements in the sense of case (11) of Proposition 3.13.

As in Section 4, we will prove this proposition via two additional regularity arguments. We fix the

following notation: let
PRy S S (5-1)
=9 —_—— -
Ph2pp-1 2 2p

Proposition 5.2. Let u be a self-similar-like critical element as in Proposition 3.13. Then,

S0

13 (T) |50 S T G075
uniformly in T > 0.
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Proposition 5.3. Let ii be a self-similar-like critical element as in Proposition 3.13. Let s be as in (5-1)
and suppose that

I (T) 350 < T07) (5-2)
uniformly in T > 0. Then

|5 (T) | z0 < T—PL0~5»)

uniformly in T > 0.

Proposition 5.3 will immediately imply Proposition 5.1.
Proof of Proposition 5.1 assuming Proposition 5.3. Note that the nonlinear component of the energy is
controlled by the H 3/2=3/(p Jrl)([R?3) norm by Sobolev embedding, and by interpolation we have

~3_.3_ . .
H2 p+1(R®)C H» nH'.

Thus the conserved energy E () must be zero by sending 7 — oo in Proposition 5.3. Then E[u] = 0,
which implies that # = 0, which is impossible. a

Proposition 5.3 is the easier of the two additional regularity arguments, so we turn to this first.
5A. The jump from H*0 (R3) to H1(R3) regularity. We first prove that if # has some additional regu-
larity, then we can achieve 7{! regularity, and hence reach the desired contradiction.

Proof of Proposition 5.3. Using N(t) =t~!, we have
”u”L?.(xﬂ—l)([zk’zk-i-l]X”QS) S 1
uniformly in k. Thus for any 0 < 1 < 1, we can partition [2K, 2K+1] into C(n) intervals I ' so that

||u ”L?,(xp_l)(lj xR3) <.

On each such interval, we may argue using Strichartz estimates and a continuity argument together with

(5-2) to deduce that

—k(so—sp)
”u”Lf’L)ch(Ijx[}@) <2 ’

for each j. This implies
—k(so—
”u”LfLﬁ”([zk,zkH]ng) < 27 K(so=sp)

uniformly in k. We once again complexify the solution. We let

w=u-+ Ug.

i
vV =A
Once again, if () solves (1-1), then w(z) is a solution to

i
w; = —iv—Aw + ——|u|?"tu.
' VA
By compactness,
lim Poe!TY=2u(-T)=0

T—o0
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as weak limits in H%0 for any k > 0. By Strichartz estimates, we have

IP<kw(T) | g1 < Il P~ 1 12 (17,000 xm3)

-1 —k — — —
< Z ke ||L}L§([2k,2k+1]xR3) < Z 7—kp(so—sp) <T p(so=sp)
%>% 2k>%
which completes the proof. O

The jump from H*? to H* regularity. It remains to prove Proposition 5.2. The main technical ingredient
in the proof of Proposition 5.2 is a long-time Strichartz estimate.

Proposition 5.4 (long-time Strichartz estimate). Let @ > 1 and
2<g< 2
Sp
Suppose U is a self-similar-like critical element as in Proposition 3.13 with compactness modulus function
R(-). For any no > 0, there exists ko = ko(R(no), &) so that, for every k > ko,

3(p=3) —(2-
|| |V| 2=D U~ ||L?(P_1)L§(P—1)/(P—2) ([1,2a(k_k0)]XR3)+ || |V| (q sp)u>k||L;lLi€1/(q—2) ([1’2a(k—ko)]XR3)< no-

Proof. We proceed by induction on k > kg. Let 9 > 0. Using compactness and the fact that N(¢) =7,
we may find ko large enough that

3(p—=3) 2
=3 —(2- 1
|||V|2(1’_”u>ko||Lf(p—l)ﬁ((p—l)/(p—z)([l,zga]xﬂs) + VI @ Sp)“>ko||L;1L§‘f/(‘1—2)([1,23w]xR3) < 270

This implies the result for kg < k < 8ky.
To establish the induction step, by Taylor’s theorem, we may take the decomposition

1
F(u) = Flusps) + ti<ts f F/(Ouc—s + g3
0

1,1
= F(usg—3) +ug—3F (Uusp_3) + u2<k_3 / / F"(0102u <g—3 + usx_3)d6; db.
= 0 Jo
Hence, we can write the nonlinearity F(u) as a sum of terms

Pop F(u) = | Pog—3ul? ' Pogsu + Pog(uag—3F (usg—3)) + P>k(uék_3P>k_3F2),

where

1,1
= / / F"(01602u <p—3 4 usr—3) dOy b2,
0Jo
and we have used in the last term that
P>k(u25k_3F2) = P>k(M25k_3P>k—3F2)-

Note that | F/(usg—3)| < |usk—3/P"1 and | Fa| < |u<g—3]P"2 + |u=k—3|? "2, and since the frequency
projections are bounded on L?, we will replace these terms with |u|?~! and |u|?~2 respectively once we
have a chosen a dual space in order to simplify the exposition of our estimates.
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Fix exponents
_ 6(=q +rq)
12—12p—21q +13pq’

and note that y € (1,2) for ¢ € (2, 4), while for ¢ = 2, we have

6(p—1
p:Me §,2 .
7p—15 \5

In particular, by choosing ¢ close to 2 we can guarantee that y, p € (1, 2). Furthermore,
L1 3 2(p-3) -

y p 2 3(p-1)~""

which guarantees that the conjugate exponent pair (y’, p’) is wave-admissible.

J/=g o
2’

By Strichartz estimates,

=y v~ (Z—s»)
VI skl 20-0 p20-0/0-2 +[||V] Uskllpgp20/a@2

3(p=3)

< sk (W llpgse + [[|V]20=D [“>k—3]p||L§(p—1>/pL%<p—1)/(2p—3)

(2 —1
+ NV g usiau )l 2arias gran
—243 2 -2
V04 Py gy Pog P2 1y 0
=1+11+ 111,
where all space-time norms are over [1, 2**—%0)] x R3, We estimate term I as follows:

3-3)
HVI2E=D us g 317l 20000 20—/

p—1 3(p=3)
= ||“>k—3||L2(p—1) |||V|2(”_1)u>k—3||L%(pfl)L)26(pfl)/(p72)
fox

< 3(p=3) p
N |||V|2(”’””>k—3||L2(p—1)L2<p—1)/<p—2)'
t X
By induction, we have
=
= _ 1)/ (o ! <
V] u>k_3||L$(p D 2=/ =2) ([ patk—ko) /g]xR3) = 110

Thus, using N(¢) = ¢~ ! and that
za(k—ko)
/ t~ldr =log23* ~ 1,
2

O{(k—ko)/g

and the fact that N(¢) < 1 on [2¢&—k0) /8 2a(k=ko)] for k > k¢ > 1, we can deduce

3(p=3)
V12D k3l 2001  26-10/=2) (pate—ko) 5, pth—ko) 3y = T0-

In particular, using (5-3), we obtain that

3(p—3)
[[IV]z>=D [M>k_3]p”L?(pfl)/pL)%(p*l)/(217*3)([l,za(k—ko)]xR3) <.
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For term II, we estimate

—k(2- =1k (2

_1 —
) N <e—sll 200 =3 | Py < 0 ) u<—sll o 201002
¢ Lx Li's t Lx
Fix Cp > 1 to be determined below. We write

”ufk—?) ”Lth)ch/(q_z) ([1,2a(k_k0)]XR3) 5 ”uSC() ||quL)ch/(q_z)([l,2a(k_k0)]X|R3)

+ ||uC0< - <ko ||L;]L)2€fl/(q_2)([1’21x(k7k0)]XR3) (5'3)
T Z e ”L;’Li"/“’—”([1,2a<k—ko>]xR3)- 5-4)
ko<j<k-3

For (5-3), we have

2
q 5 k—k
”uC0< . Sko||L?L§q/(q—2)([l,za(k—ko)]XR:;) 5 COq 10g(2 O).

On the other hand, for Cy = Cy(19) large enough, we can estimate (5-4) by

ko(2— k—k
Z ”u] ”L?L)ch/(q_z)([1,2a(k—k0)]xR3) < 102 O(q ) log(2 %).
ko<j<k—-3

Finally, for kg < j <k — 3 we first use the inductive hypothesis to write
i(2—
” Pju ||L?L)Zcq/(q_2)([l,Za(j_ko)]XR3) S 2J (q SI)) no.
Arguing as we did for the high-frequency piece,
| Paru ||L;IL)ZCQ/(4—2)([za(j—ko)’zoz(k—ko)]XRs) <2 (G=s») no log(2k 7).

Thus

i(2_ _; k(22—
> il 2 i sopan S D0 1027 G 1+ 10g(2k )] 5 g2 ),
ko<j<k-3 ko<j<k-3

where we have used

S LG 10g(L) < 1.

L>1

Collecting these estimates, we find
2_ _ 2_
||u5k_3”L?L)zc‘”(q_”([l,za(k*ko)]x[}@) < [Co+ 7102ko(q Sp)] log(Zk ko) 4+ 7702k(q Sp)’ (5-5)
which yields
(2 _
V1T Pog imau 2 ) 20 gria
>k—3/11L7 L%
2_
<2 G (g T 4 pg200 G o) log (2K Koy gt
Choosing kg possibly even larger, we deduce

—(2— —1
V] & s”)P>k(u§k_3ul>)k_3)||L%q/(q+2)LJqC/<q71) <nd.
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Finally, we estimate term III. Since —% + s, < 0, we use the fractional chain rule and Bernstein
estimates to obtain

—4.3 2 -2
V7™ P g3 Pox P )y o
—k+42 2 —2
S22 w302y a0 V7 P72 o prrrrcin-t)

< 272G =0) 52 P73

LIL 24/(a— 2)” |LOOL3(p 1)/2|||V|s u||L0°L2

Using (5-5) (and the conditions on kg, Cy given above), we conclude

—4.43 2 -2 2
H9174%3% Pog 02y Po WP ) 7 1 < 3.

Combining our estimates for terms I, II and III and choosing 1o small, we conclude that
3(p=3) _(;_S )
HVI12ZP=Dus |l 2000 200-0760-2 + IV VP us k|l a 20/~ < 1o
t X t+x

n [1,2¢%*=k0)] x R3, thus closing the induction and completing the proof. a
Finally, we arrive at the proof of the additional regularity Proposition 5.2.

Proof of Proposition 5.2. We compute

I = loMIP,, < 3 22550 (Pew(1), Pew().
k>1

We use the double Duhamel argument based at ¢ = 1. For some k > 1, we write
1 poo
(Prw(1), Prw(l)) = / / (e A=DV=A P F(u(r)), e TIV=2 P F(u(7))) dr dr.
0J1
We fix o > 1, to be determined below, and split

w .
/ S U=DV=Ap Fu(t))dt = Ay + By,
1
where
2k0(

. w [
¢! =OV=8 P F(u(1)) dr, Bk=/ OOV F () d.
2 o

a= |
1

We also write .
/ ! A=OV=Ap F(u(s))ds = Zy.
0

We will use the estimate
(Ag + Bk, Zi)| < |Ax|* + 2|(Bk. Zi)|,

which follows from the fact that Ay + By = Zj.
We first estimate the (By, Z;) term. We expand

|(Bk- Zi) |<ZZ/

£<0j>ka

26+1 oJj+1

/ —i(t—r)ﬂpkp(u(t)), P F(u(s)))| drdr.
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We claim that
1 —ks
| P (u|u|P~ )||L2L L([2¢,20+1]xR3) S 2 v
uniformly in £ > 0. Indeed, arguing as above, we can decompose the nonlinearity into two types of terms
usp—u?~' and  uPop_ (P,

since if both u and |u|?~! are projected to low frequencies, the product vanishes when projected to high
frequencies.
We thus have by Bernstein’s inequality, Holder’s inequality, and the fractional chain rule that

1 -1
|| Py (ue|u| P~ )||L2L1 <||u||p2(p b l[U>p— 1||L<><=L2+||u||L2(p O [[Psg—1 (u? )||Lf“’—”/(1’—2)L§(l’—1>/(2P—3)

—k —k
<2 sﬂ”“”pz(p 1)|||V|Spu”L;>OL§§2 v,
Lix

where all space-time norms are over [2¢, 26+1] x R3,

J.

Using dispersive estimates, we have, for any j > ko and £ <0,

241 pJ+1

/ (e C=DV=A P F(u(t)), Py F(u(s)))| dr dt

<J,

< 2507% ”Pk(u|u|p_1)”L%L}C([zf,zl-f-l]x[@)”Pk(u|u|p_1)||L?L}C([2k,2k+1]><R3)

241 nj+1

[ (12K Pl (0l | Pl (0)ll . de de

S 2%2—%2]{(1—25‘];).
Summing over £ <0 and j > k«a, we deduce that
(Bie. Zi) oo | 528079, (5-6)

We now turn to estimating the | Az |? term. We will use a frequency envelope argument to establish the
required bounds. Once again, we fix an exponent g satisfying

s
2<qg<2.
=5
Let
. 2 4
0<mm{s,——s,——1—s } (5-7)
D q D q D
and define

— —olj—k ) )
Vi = D 2V will oo o 11,00y xm3):
J

We will establish the following: Let 9 > 0 and let R(-) denote the compactness modulus function of u.
Then there exists ko = ko (10, R(10)) sufficiently large that

—k
”Ak”H”’ < C(ko)2 ( )+ + 1o Zz olj =kl Huj ||L°°pr([1 00)xR3) (5-8)
J
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for all k > ko. For p > 3, we write the nonlinearity as F(u) = |u|?~3u3 and then decompose u3 by
writing u = U <j + u>g. By further decomposing u<x = u<g, + ug,< . <k, we are led to terms of the

form
Fu) = ulP"ul, (5-9)
+ 30l u pu < (5-10)
+3[ul P u pugy< - <k (5-11)
+ [ulP U g, F3 (5-12)
+ P (5-13)
+ 3|ulPPus pu<pu<p, (5-14)
+ 3JulP U g <y < - <k (5-15)

where we have written

F3 = uzsko + 2uU<plky< - <k + ui0< - <k
By Proposition 5.4, for any 8 > 1 there exists ko = ko(R(70), B) so that for every k > k¢ we have

»)

3(p—3) —(2_—
V12Dl 200-0 2001/ 0-2) (14 80—k g3y T V] (G-s Uskll 9120162 [y 2800 g3y <TI0-
Fix B > «a and k1 = k1(R(no), «, B) > kg, which satisfies

ki (B—a) > 2koB

Then 28k—ko) > oke for f > k1, and hence, for every k > k, we have

»)

3(p=3) —(2—
|||V|2<P*”M>k||L3(p71)szcmfl)/(pfz)([l’zak]xR_g)+ [11V] G ”>k”L?Liq/‘q*z’([1,zak]xR3) <To-

We will use this estimate repeatedly below. Furthermore, we may also establish identical long-time
Strichartz estimates for

_2
[ |V|SP "Usk “L?L)zcl'/(rfz) ,

where 2/s, <1 < 4.
To estimate (5-9), we use the dual Strichartz pair

r 6r(p—1)
2 12— 12p—21r +13pr )’

with 2/s, < r < 4. We note that this pair is dual admissible: writing the pair as (4, B), we have
1 1 13p —21
1.1 _13p-2
A B 6p—06

for p > 3. Note that 4 € (1,2) since r € (2,4) and B > 1 for

12(p—1)
Tp—15 "~

3
> _
-2
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This is compatible with r > siwhen p €[3,5). We can thus bound
P

k(3sp—2 p—3 2 .
O 223 syl a2 3 Wi lzers

k<j
-2 2 k—j
S |\ T e D e ] PP
k<j
e i
S 110 Y 207D s o o
j>k
For (5-10), we use the dual Strichartz pair

(2q(p— 1) 6g(p—1) )
2p+q—2"6—15¢+2p(5¢—3))°

(5-16)

We bound the contribution of this term by

k(2s,—2 p—3
2( ? q)||”||L§>OL)3€(p—1)/z||”>k||L%(f*1)||M5k0||L?L)2€q/(q72)||M>k||L<[>°L)2€

< o2 ¥ k0G5 ) 0g 0¥ | oo oo
< noz—k(g—sp)zko(%—sp) log 2k
For (5-11), we use the same dual pair as in (5-16), and we obtain

k(2sp—2 -3
ok (2sp ‘1)||u||iooL3<p*”/2Hu>k”Lf(§"“ S lpap20r@2lupllLeor2
Lo . ko<j1<k=<j>
<no Y 2 G log @2 gy | e o
t X
ko<j1=k=j2
o
< 1o Z 2 ])s’”””j”L;’OFI;”'
k<j

To estimate (5-12), we use the admissible dual pair (% %—l—). We choose p so that

3 2 4 3

pq p-1 2

We bound the contribution of this term by

—k(2—s p—3 .
T N P D S T Iy Y LI e

J1=j2=k
< 2"‘(%—511)2"0(%—517) log 7k Z 2/1(5—517)212(31:—%‘*‘) log(2k_j1)

5 J1=5j2<k
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Now we estimate (5-13) as follows: we apply Strichartz estimates with the dual (sharp) admissible
pair (%, %). Then we obtain

k(1—2+s p—3
2 ( q ») ||u||L;>oLi(p—1)/2 Z ||”j1 ”Lj’Li"/("_Z’ ||uj2||L;/L§q/(q—2> ||Mj3 ”L(tx:L)ﬁC(p—l)/(‘)—])),

where the sum is over kg < j1 < j» < j3 <k.
Now, for kg < j <k, we can estimate

”u] ”L?L)ch/(q_z)([l,Zak]XR?’) 5 ”uj ”L?L)ch/(q_m([1,2“1]XR3) + ||uj ”Ll[ILgcq/(q—Z)([zak’Zak]XR3)
; i(2—
<o log(Zk_j)Zj (2 Sp),

using the long-time Strichartz estimate of Proposition 5.4 and we note the log comes from the second
term. We also have

14l oo pso—1270-m < 27707 | oo gy
This yields
no2k0=a+er) 3 2 G jog(ak iy (Gr) jog(ak sy sn)

ko<j1<j2<j3<k

i i—k)(42—1—
S0y log@ UG s
ko<j<k

Note that for this estimate, we need

__ 4 _8-D
l+s, 5p—9°

q

which is compatible with ¢ > 2 for p € [3,5).
For (5-14), we use the dual Strichartz pair

q 6(pq —q) (5-17)
2°12—12p—21¢g+13pq )

We bound the contribution of this term by

2k(3s,,—§) ” . .
U<k ||L;1L§q/(q—2) Z lluj, ”L?Li"/("_” [ ”L;’OL%C

J1<k=<j>
< 2kCor=3)okoGmsr)  S™ 221 G90) 10g (K122 | o gy
t X
J1<k<j>

< 2—"(%—5;7)2](0(%—517).
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Finally, for (5-15), using the same dual pair as in (5-17), and we estimate the contribution of this
term by

k(3sp—2 -3
2k Gsr=3) ||u||iooL3(p—1>/z S lpap2ara2 gl pap2ara—2llujslipeer2
X
! J1,k0<j2<k<j3
< nozk(“p—g) Z 7k (2—sp) log(22k_jl_j2)2j2(%_s13)2_j3sp [l s ||L°°I-'I‘Y”
t x
J1=5j25k<j3

<o Z 2 (k=J)sp [l ||L?0H;p,
k<j

Putting together all the estimates, we establish (5-8), which, together with (5-6) and the conditions
on o from (5-7), yields

1 o —k(2— —oli—
”wk(l)”H;I’ < 2k(2 4) 42 (q Sp)+ + 10 Z 2 ol|j—k| ||wJ ”L?OHEP ([1,00)xR3)
J
for all k > 1. For « large enough, we can guarantee that the second term dominates the first, and hence
—k(2— —olj—
le ()l gsr 279G 10 3 27V M o o 1oy
J

for all kK > 1. We now rescale the solution u# and use the fact that the rescaled solution Tu(T't, T x) is
also a self-similar solution for any 7 > 1 (with the same compactness modulus function as ). This yields

—k(2— —oli—
”wk”L‘;OHSﬂ([l,oo)xW)sz (Z Sp)++n022 olj k|”wj||L§>°H;"([1,oo)xR3)' (5-18)
J

Let 0 < n < 0. Then (5-18) implies that for k > ko,
Vi S 2757 + noay.
and hence, we may conclude that
[wD| gsp+n <1 forany 0 <n<o.
Using the same rescaling argument as above, and the relation between w and u, we ultimately deduce that
lu(T)llyysp+s ST,
which yields (5-2) provided we can choose

__°-p
2p(p—1)

Combining with the constraint n < % — §p, this requires that we choose

n

4p

2<qg< ,
1 3p—>5
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which is possible whenever p € [3,5). For the other term appearing in the definition of o, we find that
we can choose

S—p
=57
2p(p—1)
provided we take
8p
9<——1
5(p—1)

which is similarly allowable by the requirement that g > 2 for p € [3,5). This completes the proof of
Proposition 5.2 and hence completes our treatment of the self-similar scenario. O

6. Doubly concentrating critical element: the sword and shield
We now consider the case of the doubly concentrating critical element, that is, N(¢) > 1 on R = I, and

limsup N(¢) = oo.

t—+o00

By Proposition 3.13 we may assume in this case that x(¢) is subluminal in the sense of Definition 3.12.
By Lemma 3.16 there exists §o > 0 so that

|x(#) = x(7)| = (1 =do)|t — 7| (6-1)

for all ¢, T with
1

8o infsefr, ;] N(s)

|t —7| >

The goal of this section is to prove the following proposition:

Proposition 6.1. There are no doubly concentrating critical elements in the sense of case (III) of
Proposition 3.13.

To prove this proposition, we establish the following dichotomy: either additional regularity for the
critical element can be established using essentially the same arguments used in Section 4, or a self-
similar-like critical element can be extracted by passing to a suitable limit. To this end we define function
7:R— Rby

t
(t) = / N(s)ds.
0
Since N(¢) > 0 and lim;_, o T(¢) = £00, the function 7 : [0, c0) — [0, 00) is bijective. Hence for any
to > 0 and any Cy > 0, there exists a unique K+ = k4 (¢9, C+) > 0 such that

ky(to,Cy) 4
W =T (‘E([O) + C+)

Similarly, for o < 0 and any C_ > 0, we can define

K—(to, C-) o .
— Tl‘o) =T (’[(lo) C_)

to +

0
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Fix n > 0 as in the small-data theory of Proposition 2.6, and let R = R(7) be such that, for all ¢ € R,

/I (0)|> B ”Vlspu([’x)lzder/ IV~ g (1, x)|* dx < p; (6-2)
x—x()|>

R(n)
N(1) |x x(t)|>N(t)

see Remark 3.6. Now let y(t) = yr,n(f) be a smooth cutoff to the set

(m)
§|x— (’)'EW}

By our choice of R(n) we have
Since N(¢) > 1 and by (6-1), for any ¢y, there exists C+(t9) > 1 sufficiently large so that

‘x(tOJrK+(¢0,C+(f0)))_x(to) _ |*+ (0, C+(10) | _ R(n)
N (o) - N(to) N(to + k4 (to, C+(t0)) N (o)1)’

and similarly for C_(#p). By continuity we may assume that C1 (o) are minimal with this property.

Furthermore, for every ?¢ there exists C(#g) such that, for some #; € R satisfying

t(t1) —t(to) = C(to),
there exist 1— < t; < t4 with

T(t1) — (=) <2C(to), t(ty)—1t(t1) <2C(to),
which satisfies

R(n)
N(ty)

We note that we define C(#p) instead of working directly with C4 (#9) so as to split the t integral evenly
forward and backward in time. Moreover, if one tries to work directly with #¢ instead of ¢, one runs into

|x(t-) —x@)| <[t-—t1]— = and |x(t4)—x(1)| <|t4 —t1| -

issues with Case 2 below.

It is clear from the definition that C(¢9) < sup(C+ (), C—(t0)), and thus is finite. However, C1 (¢o)
need not be uniformly bounded for 79 € R, and hence neither does C(¢p). We will now analyze several
cases based on whether C(#y) are uniformly bounded for 7y € R.

6A. Case 1: C(tg) are uniformly bounded. Here we work under the assumption that there exists a
constant C > 0 such that C(z9) < C for all #g € R.

We show that essentially the same argument used in Section 4A can be used to show that such a critical
element necessarily has the compactness property in H*» N 7.

Proposition 6.2 (additional regularity). Let ii(t) € H? be a solution with the compactness property that
is subluminal and doubly concentrating, as in case (IIl) of Proposition 3.13. Assume in addition that C(t)
is uniformly bounded as a function of t € R. Then 1i(t) € H' and satisfies the bound

5_
i)l S N()7D (6-3)
uniformly int € R.
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For the moment, we will assume Proposition 6.2, and we will use it to prove the following corollary.
Corollary 6.3. Let 1i(t) satisfy the hypotheses of Proposition 6.2. Then 1 (t) = 0.

Proof of Corollary 6.3 assuming Proposition 6.2. We begin by extracting from 1(z) another solution with
the compactness property on a half-infinite time interval [0, co) but with new scaling parameter N (s)—0
as s — 00. Let 7, be any sequence of times with

Im — —00, N(ty)—> 00 asm — oo.
Next choose another sequence ¢, — —oc by choosing 7, such that
N(ty) := max N(t).

t€[f,0]
Now define a sequence as follows: set

1 S R

1 s Y
0 y) = ————0wu|t Voo U '
) i+ Sy )+ o)

and set
W := (Wm (0, y), 0 wm (0, y)).

Then by the precompactness in 77, there exists (after passing to a subsequence) Weo () # 0 so that
W — Woo € HP.

It is standard to show that w (s) (the evolution of Weo = w(0)) has the compactness property on I = [0, 00)
with frequency parameter N (s) defined by

and moreover that

N(s)<1 forallse [0, 00),
liminf N (s) = 0.
s—to00
By the uniform bounds of (6-3), we see that
~ 5—
()i < N(s)2<ﬁ—p1> for all s € [0, 00),
and hence there exists a sequence of times s, — oo along which
~ 5—
[0 (sn) [l < N(sn)Z(ﬂ—pl) —0 asn— oo.

Using the above, Sobolev embedding, and interpolation, along the same sequence of times we have

lwsn)llzr+1 < lwsn)ll ga-v/@epry =0 asn — oo.
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t

Al

B/

C/

Figure 2. A depiction of the regions A, B and C.

But then, since the energy of w(s) is well-defined and conserved, we must have

E(w)=0.
For the defocusing equation we may immediately conclude that w(s) = 0. O
Remark 6.4. As in Section 4, these arguments readily adapt to the focusing setting.

Sketch of the proof of Proposition 6.2. The argument is nearly identical to the proof of Proposition 4.2 in
Section 4; hence rather than repeat the entire proof, we instead summarize how the uniform boundedness
of the numbers C(zp) allow us to proceed as in Section 4A. The main idea is that the boundedness of these
constants means that for each 79 € R we only have to wait a uniformly bounded amount of time, where
time is measured relative to the scale N (¢), for the forward and backwards light cones based at (¢g, x (¢9))
to capture the bulk of the solution. Consequently, we can apply the same techniques that were developed
in Section 4A directly and implement a double Duhamel argument. In order to estimate the norm at a
time ¢ = fo, we recall the definitions of #1, 74+ above and decompose space-time into three regions:

(A) Region A: [t—, 4] x R3.
(B) Region B: the forward (resp. backward) light-cones from
{trhx{x|x—x(@)] = |t — 1]},
and
{t_yx{x:|x=x(1)| > |t—- —t1]}.
(C) Region C: Rx R*\ (region A U region B).

On region A, we control the solution by dividing the time interval [¢_, 74 ] into finitely many sufficiently
small time strips on which we can use Lemma 3.11.
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The main difficulty is that we need to ensure that we can uniformly control the number of small strips
we will need to accomplish this (this type of uniform control was guaranteed in the Section 4 because we
had N(¢) = 1 there). Here, the boundedness of the constants C is used to achieve this uniformity.

From Lemma 3.11 we know that for each n > 0 there exists § > 0 such that for all € R

“M||Lf,(f71)([t—%,t+%]xﬂ%3) <n forallt e R.

Fix this § > 0. Examining the proof of the estimates used to control the solution on region A in Section 4,
see (4-5), we need to show that there exists a uniformly (in z9) bounded number M > 0 of times #,,,

—M <m <M with t_ <t,, <t4, and such that the corresponding intervals /_pz, ..., Ipf with
Iy = |t 2 tm + 5
M -= |lm N(lm)’ m N(tm)
satisfy

M
(.tilc | Im
—M

m

In this case we obtain

M It
2(p—-1) < 2(p—-1) <
RN 2; RHEITS /t Mo
1=
and, since
I+
N@)dt =t(ty)—t(t-) <4C (6-4)

r—

by construction, this would yield the desired upper bound.

2(;’_1) will exhaust

Hence, we now turn to the argument that intervals on which we can control the L},
the time interval [r_, 7] after finitely many steps. Since |[N’(t)| < N(t)? on an interval of length §/N(¢),
for any t1, 5 € [t—, t+], which satisfy |t} — 2| < §/N(t1), we have

N(t1) —8N(t1) < N(t2) S N(t1) +IN(11).

Consequently, for any #; € [t—, 74] we must have

tH1+8/N(t1)
/ N(t)dr > (28 —25?),
tH—8/N(t1)

which for any 0 < § < % yields

11+8/N (1)
/ N(t)dt =4. (6-5)
t1—8/N(t1)
By (6-4) and (6-5),
t4+ t—+68/N(t-) ty t+—38/N(t4)
4Cz/ N(z)dz:/ N(z)dz—i—/ N(t)dt:/ N(t)dt +6;
r— [ t—+G8/N(@-) —+G6/N(-)



SCATTERING FOR DEFOCUSING ENERGY SUBCRITICAL NONLINEAR WAVE EQUATIONS 2047

hence the positivity of N(¢) implies that by iterating this procedure, we will be able to cover the whole
interval [f_, ¢4] in at most 4C /8 many intervals of length §/N(¢), where we can control the Li(f_l)
norm of the critical element.

On region B, we use (6-2) to apply the small-data theory at times 74, which, together with finite speed
of propagation, yields a uniform bound on the solution. Finally, on region C, we may use the sharp
Huygens principle exactly as in Section 4A.

All together, using arguments from Section 4, this will yield that

5—p
lu(t)ll 0 < N(t1)2P=D.

For more details, we refer the reader to [Dodson and Lawrie 2015a]. By continuation of regularity and
(6-5), this implies

5—p
lu(to)ll;n < N(t1)2=D,

where the implicit constant again depends on C. Finally, since |[N'(t)| < N(t)?,

N(l()) ~C N(ll),
which completes the proof. O

6B. Case 2: C(t) is not uniformly bounded. In this case we will show how to extract a self-similar-like
critical element by taking an appropriate limit. The arguments from Section 5, specifically Proposition 5.3,
then allow us to conclude that any such solution must be = 0, which is a contradiction.

By assumption, there exist sequences {#,} such that

C(ty) = 2n.
Now define
In = [tn —k—(tn.))N(tn) " tn + k4 (ta. 1) N (1) 7.

Borrowing language from [Tao et al. 2007], since C(¢,) > 2n, we show that all sufficiently late times
t € I are future-focusing, that is,

R
forall t € I, such that t > ¢, |x(v)—x(t)| > |t —t|— ﬁ
N(7)
or all sufficiently early times ¢ € I, are past-focusing, that is,
R
forall t € I, suchthat T <¢, |x(¢)—x(7)| > |t —71|— ﬂ
N(z)

Indeed, suppose that there exist t”, ! € I, such that (¢} ) — 7 (¢2) > C, for some C,, /oo asn /' oo,
12 is future-focusing, ¢!/ is past-focusing, and #” <. In that case,

N(t) ~N(r) forallt,ze[t”, }],

with constant independent of n. For n sufficiently large this violates subluminality.
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Therefore, suppose without loss of generality that for n sufficiently large, all sufficiently late times,
say all

te [tn + Ky (zn, %)N(zn)‘l, In +/<+(t,,,n)N(t,,)‘1] =1,

are future-focusing. First, we note that if ¢ € [}, is future-focusing, then for any 7 € I,, T > ¢,

RO ot N o). (6-6)

C 1<s<t

N(7) <

Indeed, for any 7 € I, 7 > 1t,

R
7@ = (O] = e 1] - 2.
Then if N(t) <cN(t)/R(n),
c
lx(2) —x(7)| = Il—fl——N(Z),
and therefore, we conclude that . NG
T
N(7) < C—ZN(I) = —CR(n)’

which is a contradiction for R(n)sufficiently large. Note that in the case of past-focusing times, a similar
argument yields a lower bound in place of (6-6).
Consequently, for any ¢ € I,
N(t) < inf N(1).
t<t:tel),

In particular, modifying by a constant, N(¢) may be replaced by N (¢) on I, where

N@):=N,(t) = inf N(7).
tn+iy (tn, B)N(ty) 1 <t<t

Clearly, N (¢) is monotone decreasing. Furthermore, extracting appropriate limits, we may assume that
N (¢) must converge to ! as n — oo. The main idea is that forward in time, on longer and longer time
intervals, the precompact solution expands to fill the light cone. This observation will enable us to extract
a solution which “looks self-similar” on [1, co) and we can then rescale that solution to extract a true
self-similar solution on [0, c0). We proceed with this argument now.
We begin by simplifying our notation, setting
" =ty + k4 (ta, n)N(tn) "

By definition of subluminality (see Definition 3.12), it holds that uniformly for all 7 € I},

Noye-m <1,
independent of n. We further have that

NO@E—t") =1

is also uniformly bounded for all ¢ € I, such that  —¢” > §/N(¢") by finite propagation speed.
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Now set
Ko 1= |4 nm) = 4 (1, 3) [N @) 7 VG2,
Since
o
N(r)dt ~ ’% — 00, (6-7)
n

and N (1) < N(¢") for all ¢ € I}, we see that if K,, < C for all n € N, then

o
N() <1,
tn
which contradicts (6-7). Hence we may conclude that K, is unbounded. We can then define a rescaled
sequence as follows: set

1 X
n(0,x) = ———u(tZ,x(2) + = ;
(0 ﬁ(tﬁ)p—lu( *) N(tﬁ))

1 X
#u(ﬂ,x(lf)—k ~ )
N(@r)p=1t! N (")

J)n(l) = (“n (O? X), 8tul’l (O’ X))

By precompactness of the trajectory of i in 4*» (modulo symmetries), the rescaled initial data converges;
that is, Wy, (1) = Woo in H%7. We let W (s) be the evolution of Wee =: W(1); then Weo has the compactness

8tun (0? X) =

and let

property with a new scaling parameter N (s), given by

N tﬁ—i_ ~Sn
N(s)= lim <~—N(’—))

Hence we have

<s foralls>1.

cs <

N(s)

We may also assume without loss of generality that W, has the compactness property with translation
parameter X (s) = O: by finite speed of propagation, X (s) must remain bounded, and hence we may, up to
passing to a subsequence, obtain a precompact solution with X(s) = 0 by applying a fixed translation.
Finally, we consider one last sequence of times {s, } with s,, — oo and we define

1 x 1 x
( )iw S ) 8tun(1’x)=UTHw Sn> |-
Sp) P21 n Sy ) 71 n

Un(1) = (wn (1, x), drwa(l, x)),

wn (1, x) =
We set
which gives rise to a corresponding solution v, (5) with N (5) =51 on [1/s5, 00). We then can take the

limit n — oo, which yields convergence U, — U in %57, and a solution ¥ with initial data Uso Which is
self-similar on [0, 00).
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7. The traveling-wave critical element

In this section we preclude the possibility of the existence of a “traveling-wave” critical element.
Recall the definition of a traveling-wave critical element.

Definition 7.1 (traveling wave). We say u(t) # 0 is a traveling-wave critical element if 1i(t) is a global-
in-time solution to (1-1) such that the set

K:={u( x@)+-),0ul,x@)+ ) :t eR}

is precompact in H? x H*»~1(R3), where the function x : R — R? satisfies

x(0) =0,
lt| = C1 < |x ()| < |t| + Cq, (7-1)
x(t) = (1,0,0)| < Cyt|2 (7-2)

for some uniform constant C; > 0.
The main result of this section is the following theorem.
Proposition 7.2. There are no traveling-wave critical elements in the sense of case (IV) of Proposition 3.13.

To prove Proposition 7.2, we will show that any traveling-wave critical element would enjoy additional
regularity in the x»- and x3-directions. This will allow us to utilize a direction-specific Morawetz-type
estimate to reach a contradiction. We will require an additional technical ingredient, namely, a long-time
Strichartz estimate in the spirit of [Dodson 2012; 2016].

7.1. Main ingredients in the proof. The long-time Strichartz estimates take the following form:
Suppose 1(f) is a traveling-wave critical element for (1-1). Lete > 0and 0 < 6 < %e. For any 19 > 0,
there exists Nog = No(no) large enough such that for all N > Ny and for all 7y € R, we have:

Proposition 7.3 (long-time Strichartz estimate). Suppose i (t) is a traveling-wave critical element for
(1-1). Let € € (0, 1) be arbitrary. Then,

lu>N s, c04+N1—<)) = 0N (1) as N — oo,

where S(I') denotes any admissible, non-endpoint Strichartz norm at Soboley regularity s = s, on the
time interval I.

With the help of Proposition 7.3, we will also prove the following additional regularity result.

Proposition 7.4 (additional regularity). Suppose 1(t) is a traveling-wave critical element for (1-1). For
any () <v < %,

1— 1—
(1102 Vu”LtOOL%(RX[m) + [|03] vu”L;x:L%(RXR3) < Q.

Using Propositions 7.3 and 7.4, we can then prove the following Morawetz-type estimate. In the sequel,
we use the notation

X =(x1,x2,3).
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Proposition 7.5 (Morawetz-type estimate). Suppose 1(t) is a traveling-wave critical element for (1-1).
Then there exists 6 > 0 and € > 0 such that

1—e
: /T /

lim u<r(t,x)|PTdxdr =0.

T—oo T17¢ Jo |3€2,3|ST5| st #)

Combining Proposition 7.5 with the nontriviality of critical elements will yield a contradiction and

complete the proof of Proposition 7.2.
We turn to the proofs of the three preceding propositions. In Section 7B we also give the proof of
Proposition 7.2.

7A. Long-time Strichartz estimates. In this subsection we prove the long-time Strichartz estimate,
Proposition 7.3, and then deduce a few technical corollaries.

Proof of Proposition 7.3. For technical reasons we fix a small parameter 0 < 6§ < 1 and introduce the
following norm: given a time interval /,

__2-30
[l syry = ”M”L?,(f_“ VI 2P=Dull pry200-170
_1=06 _
+ ||V 7T u”L%(p—l)/(Z—@)Li(p—l)/Q + ||V]|*? 0u||L%/9L§/(1—9)

25p 1 3__3
+ VI3 73ull 6/a+sp) , 6/a—spy + [IV[4 7 20=Dul|, 2p-1) ;4. (7-3)
L, X Ly Ls

L

where all space-time norms are over I x R3, Restrictions will be put on & below. One can check that each
of these norms correspond to wave-admissible exponent pairs at Hs» regularity; this already requires
0 < 6 < p—3. We will prove Proposition 7.3 for the space Sy and note here that the same estimates then
easily follow for the whole family of admissible Strichartz norms. We also note that a nearly identical
(but simpler) argument works in the case p = 3, with the caveat that we need to perturb away from the
inadmissible (2, co) endpoint.

Let no > 0 and € > 0. We will actually prove that there exists Ng > 1 such that for N > Ny, we have

e <
lusn ”SQ(["OJO"‘(NLO)I ) 1o

for any tp € R and 6 < %e. This implies the estimate appearing in the statement of Proposition 7.3 upon

1—
NI—E/ < ﬁ ¢
=%
provided N > N7/,

By compactness and N(¢) = 1, there exists Ny sufficiently large such that

enlarging € and Np; indeed,

1
||u>N() || So([to,to+91—¢€]) < 5770

for any 79 € R. This implies the desired estimate for No < N < 9Ny. We will prove the result for larger N
by induction.
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Note that by choosing Ny possibly even larger, we can guarantee

I P> N1ill 200 mxr3) < 210 (7-4)
for any N > Nj.
Before completing the inductive step, we make a few simplifications. First, by time-translation
invariance, it suffices to consider #9p = 0. Next, to keep formulas within the margins, we will assume all
space-time norms are over [O, (Nlo)l_e] x R3 unless otherwise stated.

By Taylor’s theorem, we can write

F(u) = Fluzn) +u=n / F'luen + 0u=y)
—F(U<N)+M>NF (u<N)+U>N// F'(u<y + 0162usn)
=Fu<y) +usyF'(uey) +uZ y F"(uey) +ul y /// F"(u<n + 010203u=p)

for any N. Thus (ignoring absolute values and constants) we need to estimate four types of terms

U_NU +u3 NF2—1+II+III+IV

pP—
> <

o2

p— 2
< +u>%u

1
= /// Fw(u<ﬂ +910293u>ﬂ).
0 8 8

We will estimate the contribution of each term using Strichartz estimates.

p
T

00\2 o
00\2 o
o2

where

Term 1. Welet 0 <6 < p—3 as in (7-3) and further impose 6 < %e. We estimate
-1 -1
VI oy e s )l 12 S N e 12,2 200ty g 2o
1 _30
SN +3 2 ”u<N ||L[) 1L)2€(p71)/9|||v|s1) 2 u>%”L}’°L§/“_0)
_2-36 p—1
SV eyl s ool 70 g e
Recalling (7-4), it remains to prove
. 2-3p
N 2G-D ||us% ||L;7—IL§(p—l)/H < no.
We let Cp > 1, to be determined shortly, and begin by splitting
_2—30_ _2-30_
N72=D flu x| o1 p2io-nre SN 72070 lusco llp-1 20-170
_2-36
+ N 20 lucys - <Nolly p—1 201170

_2-36_
+ N~ 2-D Z lunelly p-1 g 200-176-

No<M <%
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By Bernstein’s inequality and N(¢) = 1, we can estimate
()

=30 552 (N ) 7T
N~ZD ||u<C0”Lp 17200 SN e 2=D C, Mo

on [0, (Nio) 1_6] x R3. To guarantee that the overall power of N is negative, we need

ELp
3 .

Thus, for Ny sufficiently large depending on Cp, we may guarantee that
= <
N 20 ”“SCo”Lf—‘Li("_”/e < No-

Next, choosing Cy = Co(79) large enough and using N(¢) = 1, we estimate

.30
N ||MC0<'<N0||L17 1p2(0=1/8 N e 1)N2(p DIV 2 1)7/l>Co||L” 172(p=1)/0

N ~ 2+ 51
S TIO(VO) < 1No.

For the final term, we begin by estimating

2—36
- < L
NS el s X () IO e
NosM <+ No<M=<<g

We now apply the inductive hypothesis to the last term. To do so, we divide the interval [0, (Nlo) 1_6]
N

. 1=e . 1- _— .
into ~ (H) ¢ intervals of length (NMO) ‘. Continuing from above, this leads to
d—e)

2—360 _
_2-30 M\2—D~ p=I
N 20=D Z sl p=120-1r0 < Z N 10 < 7o-

No=M <% No=M <%

where we have used that the exponent appearing is, in this case, positive. This completes the estimation
of term 1.

Term II. We estimate

1 -1 2
(I P>N(M<NM>N)||L 12 SN s 20— vpa i<yl

LP lLOO
1+1—
< NSP~ p= 1||M N||L2(p 1)L4N = l)”” N”Lp 170
3__ 3 2
<[N? 2("_””“>%”L?(1’_”Li] N~= l)||“<N||Lp Ipeo"

We can argue as above (now with 6 = 0) for the low-frequency term, and we note that 2(p —1),4) is a
wave-admissible pair at regularity
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and we conclude using the inductive hypothesis on

3__3
19177y Dz

Term IIl1. Next using the fractional chain rule we estimate
-1 -2 -1
V] P>N(“2%)”L}L§ SN ||u§%”Z?(p—l)/Q—G)Li(p—l)/e |||V|“5%”L%/9L)2€/(1*9)

146 p—1 —0+sp—1
SN ||u5%||L?(p—1)/(2—9)L)2((p—1)/9N r |||V|u§%||L?/9L§/(1_9),

To complete the estimation of term III, we need to prove

—0+sp

_1-6 _
N1 ””s% ||L%(P—1)/(2—0)L)2C(p—l)/9 +N 1|||V|”5N||L§/9L)2C/<1—e) < No-

For this, we argue as in term I; that is, we split ¥ _ ~ into

=3

U N =U<Cy T UCo<- <No T+ Z UM-
No<M <%

and estimate each term separately, relying on the inductive hypothesis (and a splitting of the time interval)
for the final sum. Comparing with those estimates, we see that this requires

1-6 1—¢
_ >0
p—1 p—1
to deal with the first term and
0(1—¢)
9+1_SP_T>O

to deal with the second term. These conditions are satisfied provided 0 < 6 < e.

Term IV. We estimate

2/(2—=sp) -

3
u F .
” >% 2||L?/(1+Yp) %

2/G-sp) S ||u’>’% ||L?/(1+sp>

3 -3
% 2/@-sp) + ||u>%u2% ||L?/(1+Sp)

Lx

For the first expression we estimate

p
2p/G—sp) < Mo >

p _ p
||u>% ||L?/(1+SD)L§/(2—SP> = ||u>% ||L?p/(l+sl;)Lx

while for the second expression we have

3 p—3 3 p
||u>%u5% ||Lf/(1+sl’)L,2/(2_‘P) < ||U>%||L?/(1+5p) 6/(2—SP>||“5%||L??X-

Ly
Now,
2(p=3)

<N T

||M<N||Loo NN =) ||u N||LOOL3(p /2 ~

For the first term, we see that (1 T5, 2_6S ) is an admissible Strichartz pair at regularity
P
I 25
Sp + 5 — T < Sp,
and hence
2s 1 2(p— 3)
3 ,p3 1-2s, Zp_1 3
||u>%u5% ”Lf/”“”)Lf/(z_s")sN VI3 3“>%||L?/(1+SD)L§/(z—sp)N P=T lu N”LOOLS(]) n/2-
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Finally, note that

2(p—3 4 2p—6
YRS ) N S G S L B}
p—1 p—1 p—1

Hence, by the inductive hypothesis, putting all the pieces of the argument together, we obtain

1 Cn3
u —en <570+ ,
[ >N”S(9([0,(1{/Vo)l D= 310 No
which suffices to complete the induction for ng sufficiently small. O

We will need the following corollary of Proposition 7.3, which provides some control over the low
frequencies as well.

Corollary 7.6 (control of low frequencies). Suppose i is a traveling-wave critical element for (1-1). Let
€>0and0 <6 < %e. For any ng there exists N sufficiently large such that

2—36
< noN 73D, (7-5)

1—-6
_ _ _ < p—1
||u5N||L%(p D/@=0) 1 20=1/0 ([ 4 N1—e]xg3) < TON 77T,

lu<n ||L;7—1L§<P—1>/9([zo,m+Nl—el)xﬂ@)

0— 1
Vb 270 20000 1=y S TON 77

uniformly over tg € R.

Proof. We let 19 and choose No = No(n9) > 1 as in Proposition 7.3. By time-translation invariance, it
suffices to consider o = 0. We focus our attention on (7-5), as the other estimates follow similarly. For
N > Ny, we estimate

||u§N ”Ll{)—lL)ZC(P—I)/Q([O’NI—G]XR3) 5 ||u§N() ”Ll{’—lL)ZC(I?—l)/@ ([O,NI_G]XR3)

+ Z HMM ”Lf’_lLi(p_l)/e([O,Ml—f]x[F@)
No<M <N

+ Z ”MSN”Lf*lszc(pfl)/e([M1—€,N‘—€]X[R3)’
No<M <N

For the first term, we use Bernstein’s inequality and N(¢) = 1 to get

2-30
57— 1—e
2(p—1) —
”quO”L{’_lL)zc(”_”/e([o,Nl—f]xW) <Ny N =T,

Recalling that
l—e¢ 2-36

< 9
p—1 2(p-1
we see that this term is acceptable provided we choose N sufficiently large.

Next, we use Proposition 7.3 to estimate

2-36 2—36
E _ _ < E 2(p—D) < 2(p—1)
||uM||L‘tD 1L)2((P 1)/6([0,M1—E]XR3) = 7o M2 ~ UON P s
No<M <N No<M <N

which is also acceptable.
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For the remaining term, we split [M 7€, N17¢] into ~ (%) '€ intervals of length M 7€, Applying
Proposition 7.3 once more, we have

1—e

2-30_( N \r-1 2-30
> ledallp=1 p200-170 qag1-e w1-exmz) S 0 >, M o S noN =D,
No<M<N No<M <N

where we recall 0 < 6 < %6 in order to sum. This term is also acceptable, and so we complete the proof
of (7-5) and Corollary 7.6. O

Finally, we will need certain long-time Strichartz estimates with regularity in the x- and x3-directions.

Corollary 7.7 (long-time Strichartz estimates for Vi, xiu). Suppose that Proposition 7.4 holds with
v > 0. Then, for any vo > v,

1—vo < 1—sp
”lvx2’3| MN”L?/(I_SP)L)ZC/SP([IOJO+N1_6]) ~ N .

Proof. We only sketch this argument as it follows in the same manner as the standard long-time Strichartz

2 2
I=sp’ sp
pair at regularity 1 —s,. By compactness, it suffices to argue with 7o = 0. Let S(/) denote any collection

of Strichartz pairs at regularity s = 0. We will show that

estimate with some additional technical details. First we note that ( ) is an admissible Strichartz

”|Vx2,3|1_vOuN||S([z0,to+N1—€]) <1 (7-6)

for vg > v, from which the result follows.
Let % be a solution with the compactness property on R with N(z) = 1. By the Gagliardo—Nirenberg

inequality
1—vo 1—-v, @ 11—« _
11V2,3] “”L}%X3 = Cll[V23] u||L§2,x3 ||u||L)2€£(zrp) (7-7)
for
1—sp—v
o=—2"29
l—sp—v

Next, we observe the Sobolev embedding

2

Hy” — L2 L7 (7-8)

X2.3

which follows from Sobolev embedding in R? and Plancherel:

2 1-s5p
/ ( / (x1,x2.5)| =7 dx2,3) dx1 S / 1V 72 di~ / l1e2317 28 de < / e a@) | de.

Thus we may take the L?C , norm of both sides of (7-7) and use Holder’s inequality on the right to conclude
that the trajectory | V2 3|1 ™"°u has the compactness property in 2, and hence there exists No = No(70)
such that, for all N > Nj,

| P>n1V23

which proves the base case, that is, (7-6) holds for N9 < N < 9Nj.

1_v0u||s([0,91—€]) <mno forall N > No(no),
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We now proceed to the inductive step. Suppose that (7-6) holds up to frequency Ny for N1 > 9Ny. We
will show that (7-6) holds for N = 2N;. The argument we employ is similar to a persistence of regularity
argument. Note that | V5 3|17"0u solves the equation

3|V 3" 70U — AV 3| 70U = |V, 31O F (u).
By the Strichartz estimates we have

1PN V2,51 ™ 0ull st0,(v7 Moy 1 —<))
S NP IV2,31" ™" Leoi0 qo.ovy Noy1 -1y T 1PN V2,31 0 F )l o, v/ oy~

where N is the dual space to S. Let ﬁM denote a Fourier projection in the &5, &3 variables. The first term
can be bounded using compactness, so we focus on the second term. We again write

1
F(u) = F(u<n) +M>N/ F'(u<y +0usy)
0

1

= F(MSN)+M>NF/(M<N)+MZ>N // F//(u<N +010u=n)
0

1
= Fluzn) +ttmy Fluay) +u2 g F'(uoy) +uly /// F"(uey + 6162635 ).
0

We will estimate the first term as an example, since the other terms will be similar generalizations of the
proof of Proposition 7.3. We have

VI~ V2,5 70 P Fu )l 12
< N_1|||V2 3|1_VOP>NF(M ﬂ)“LlLJZC
SN 2|||V2 3" v0“<N||L2(p 1D/@=6) 1 2(p= 1)/9|||V|”5%||L§/9L)2€/<1—9)
+N— 2||M5%||L2(p—1)/(2_9)L)2c<p—1)/9|||V||V2,3|1_v07«l§%||L%/0L)2€/(1—9)
SN_H_Q_SP |||V2, |1 "ou N||L2(p 1)/@2— 9)L2(p 1)/9N_1_9+Sp I||V|MS%HL$/(’L§/“_9)
+N_1+6||u5%||L?(p_l)/(2_9)Li(p_l)/9N_1_0|||V||V2,3|1_”°u5%||L%/9L)zc/(1_9),

and all four terms can be treated analogously to the low-frequency component in term I in Proposition 7.3.
|

7B. Proof of Propositions 7.5 and 7.2, assuming Proposition 7.4. As mentioned above, the long-
time Strichartz estimate (Proposition 7.3) will be a key ingredient to proving additional regularity
(Proposition 7.4). Before turning to the rather technical proof, let us use Proposition 7.4 (together with
Proposition 7.3 and Corollary 7.6) to prove the Morawetz estimate, Proposition 7.5. With the Morawetz
estimate in hand, we can then quickly rule out the possibility of traveling waves and hence complete the
proof of the main result, Proposition 7.2.

We recall the notation x = (x1, x2,3) and similarly write § = (&1, £2,3).
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Proof of Proposition 7.5. Let ¥ : [0, 00) — R be a smooth cutoff satisfying

vip) =1, p=1,
v(p) =0, r>2.
We fix R > 0 to be determined below and let ¥z (p) = ¥ (%&). Next, let

1 r
) =1 [Cyryas
rJo
We collect a few useful identities,

X xRl= xR+ VR TOrXR=—XR+ VR (7-9)

and we recall the Sobolev embedding (7-8).
In the following, we consider y g as a function of |x3 3|. For 7 > 0 and

I := PsT,
we define the Morawetz quantity

M(t)=/ )(Rlutxki)kludx—i—l[ (xR +vVYRrR) usludx,
R3 2 R3

where repeated indices are summed over k € {2, 3}.
We first compute the derivative of M(¢):

M= [ artuF o+ [ v+ [ el ettty [ Gt vm

By (7-9) and integration by parts, we have

[k aaivey e == [ G+ v
so we are left to estimate
[ arikscnanu+ [ we+vmtutu, (7-10
Using the equation for u yields
Tug = AlTu—F(Iu)+ [F(Tu)—IF(u)], where F(z) = |z|?7!z.
We first consider the contribution of AJu to (7-10). We claim
/kaR[akIu]Alu + %(XR +Yr)[uATudx < %/ A(xr + ¥r)(Tu)?dx. (7-11)

In the proof of (7-11) we will simplify notation by suppressing the operator I, suppressing the dependence
on R, and writing u; = dju. We turn to the proof.
We begin by considering the first term on the left-hand side of (7-11). Integrating by parts yields

1
/xk)(uk”jj =—/3j[xk)(]ukuj +§xk)(3k(uf~),
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where k € {2,3} and j € {1,2,3}. Writing r = |x2 3| and using (7-9), we have

kyJj
x*x
/aj[xk)(]ukuj =/8jk)(ujuk+ ;e rxujug

xkx/ xkx/

= /Sjk)(ujuk + r—zW”f“k — r—z)(ujuk,

where we may now restrict to j € {2, 3}. Using the other identity in (7-9), we also have

3 [ e ==3 [ e,

As for the second term on the left-hand side of (7-11), we have

%/(Xﬂﬁ)uu/‘j =%/3jj(x+1/f)u2—%(x+‘/’)“?'

Collecting the computations above, we find
/(kaR[akIM]AIu + %(){R +yr)uATu)dx

1 x/ xk X2,3 2
= 5/A()(+W)u2—/|:8j — 2 }Xujuk—/w[—r -meu] dx,
which yields (7-11).

We next consider the contribution of —F (/u) to (7-10). Using (7-9) and integration by parts,
1 1 1
— [ [ty i | Pt s == [ () ol 1?1 S G g+

= [ (525-3) vl ulr* a. (-12)

Hence, by (7-10), (7-11), and (7-12) and the fundamental theorem of calculus, we deduce
// |[TuPT dx dr < sup |M(2)| + /f A(xR + ¥R)|Tu|?dx d
|x2.3]<R teJ

+ ‘//[xk)(RakIu + (xr+ VYR U][F(Iu)—IF(u)]dxdt

for any interval J. In the following, we choose J = [0, 717¢], where € > 0 will be chosen below and T
is large enough that Proposition 7.3 and Corollary 7.6 hold.

We need to estimate the terms on the right-hand side of this inequality. We first bound |M(¢)|. By
Bernstein’s inequality, the Sobolev embedding (7-8), and Proposition 7.4, we have

sup (MO < 1 utllpeop2 (R Vx5 Tull ooz + 17ull oz 205w lXR+ WR”L%“SHN)
5 Tl—Sp(RTU +R1+SP||u||LOOHSp)
! X
ST'™7(RTY 4+ R'Tr), (7-13)

for v > 0 to be chosen sufficiently small below.
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For the next term, we have
2 1- 2
AGrr+ ¥R ul”dxdr ST 7 Tull” ) o/ AR+ VR 270450
Lt LXILXZ’:; Lx2,3

< Tl—€ 2 —(2—-2sp)

< T1€R=(2sp) (7-14)
Now we turn to the final term. Arguing as in the long-time Strichartz estimates, we need to estimate

terms of the form

P r—1 2 . p2 3
ulr tustu_p +ulpuy +ulp ks,

where F; involves both high and low frequencies. Thus we estimate

/ [xk)(RakIu + (xr+ VYR u][F(Iu)—1F(u)]dxdt

5// kaRakuSTP>T[u2T]dxdt (7-15)
+//kaRakusTP>T[|M>T||M5T|p_l]dde (7-16)
+//XkXRakusTP>T[|M>T|2|”§T|p_2] dxdr (7-17)
+// x* yrOgu<r Por[|usT|> Fo] dxdr (7-18)
+//(XR +1pR)u§TP>T[uI§)T]dx dr (7-19)
+//()(R +YRu<r Por(lust|lusr|? N dx dr (7-20)

+/ (XR+ VR)u<T Pt (jusTlu<r|P ] dx dr (7-21)

+ // ((& + VU<t Porllus P Fa) dx dr. (7-22)

where all the integrals are taken over [0, T17¢] x R3. We treat each of these terms separately.
We first consider (7-15). Estimating as in the long-time Strichartz estimates and using Corollary 7.6,
we obtain

‘ // X xru<r Por [l 1dxdt | SRT' 7 [V qu<rll oo 2 T2 2NV Por (u<r)?llp 12

1— -2 -1
<RTY=Sp+vTsp ||M§T”Zz(p—1)/(2—9)L2(p—1)/9”v“ST”L2/9L2/“—9)
t X 4 X

5RT1_SD+V.
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We next consider (7-16). We let 0 < 6 < %e. By Bernstein’s inequality, Proposition 7.4, and
Corollary 7.6, we obtain

‘ ||+ xrinaer el hezrir - axa

< R vxz sU<T ||L°°L2 ||”<T || 2(p—1)/8 ||“>T ”L,"OL?/(I_G)

LP~ 1L

<RT'- 5P| Vs 3M<T||L<>0L2T S~ luor |2, ||u>T||L?°L§/(1_9)

LP~ 1L§( -1)/6
s RTI_SP-H).

For (7-17) we again argue as in the proof of the long-time Strichartz estimates, and using Corollary 7.6,
we obtain

‘ // oy rigu<r st 2 < |2 dx di

S RV st llpgealusr 12,2 szl 200 0

L[’ lLoo
+sp—1 1— 1— p—2
SRTYT Vi 5| st lpge pa N7 lusr I o5 o =Tl 2000 14
< RT!=SPHY,
For (7-18), we once again use the bounds from the proof of the long-time Strichartz estimates as well
as Corollary 7.7, and we obtain

//XkXRakusTP>T[|u>T|3F2] dxdt| SRV, su<rll, 2/0-5p) 2/5p ||P>T[|u>T|3F2]||L2/(1+Sp) 2/@—sp)
t X t

L
d—=e)—sp)
<R NYo r 2 \V/ 1—vo
~ ~ 1V, 5l MN||L2/<1—Sp>Lz/Sp
N ' t x
N<T
T a=e)d—-sp)
2
<RT" Z (_ N1=sp
~ N
NST (1—€e)(1—=sp)
N I—Sp—f
SRTI—SP+U0 Z - SRTI—S[,+VO

N<T
for any vg > v, where v > 0 is as in Proposition 7.4.
Arguing analogously for the remaining terms, the estimates are almost identical, up to noting that by
Holder’s inequality in the x»- and x3-variables we have

< RSr )
(xR +VR)u<Tp2or2 S R ||M5T||L?L§1Liég?p>,

which is controlled by the H*? norm by the Sobolev embedding (7-8). Thus we obtain for (7-19)—(7-21) the
estimates

(7-19) S RP T2 Jur | 2=y T2 |VIP>r gl 2 S R

cor?2
L&LY LY

— — -1
(7-20) < R T! Plusrllpeopa g20-m T HNPsrlusrulp T2 S R,

— — -2
(7-21) S R°PT! S”||M5T||L?OL§1L%(gsst” NPsrhrugr g < RY.
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For the last term (7-22), we note that 5 5

— ’

and we use Holder’s inequality in the x5 3-variables to estimate

(7-22) < | (xr + WR)”ST”L?/(I—SI;)Li/Sp | P>ru Fz]IIL?/qu)Li/(H,,)

A—aU=sp) 1=sp o
ST 2 T2 R 1||(XR+¢R)“ST”L;>0L% L2/ 0=sp)
A177X2.3

ST R (R A VRUST | ooy o p 270500
t X1=Xx2.3

Now, using (7-13), (7-14), and our estimates for (7-15)—(7-22), we have established that

// lu<r|Ptldxdt < RT' VS0 4 RS» 4 RZSp=1T 1750,
|x2.3|<R

We now choose R = T'(1/2+ 1o obtain that the right-hand side is o(7'1=€). This can be achieved provided
V+e<sp— %, and hence we complete the proof. O

As mentioned above, with the Morawetz estimate Proposition 7.5 in hand, we can quickly rule out
traveling waves. The final ingredient we will need is the nontriviality for compact solutions appearing in
Corollary 3.9. Combining this corollary with Proposition 7.5, we can now prove Proposition 7.2.

Proof of Proposition 7.2. Suppose toward a contradiction that # is a traveling-wave critical element for
(1-1). It suffices to prove that

Tlfe
/ [ lu<r(t,x)|PT dxdr > T17€ (7-23)
0 JixaslsT/2+

for T sufficiently large, as this contradicts Proposition 7.5. By Corollary 3.9, the definition of the critical
element, and the fact that N(¢) = 1, there exists C >> 1 and T > 1 large enough that

fot+1 3(p=1)
/ [ lu<r(t,x)| 2 dxdt z, 1 (7-24)
to |x—x()|<C
for all ty € R. Recalling |x(¢) — (¢,0,0)| < +/f we see that for T > C? we have
{x—x()] = C} C{lxzs = T2}

for all ¢t € [0, T17¢]. Thus (7-24) implies (7-23), as desired. O

7C. Additional regularity: proof of Proposition 7.4. Our final task is to prove Proposition 7.4, namely,
additional regularity for traveling waves. More precisely, we can establish additional regularity in the
directions orthogonal to the direction of travel.

Recall the notation x = (x1, x2,3). We similarly use £ = (£1, &2,3) for the frequency variable. We also
introduce the following modified Littlewood—Paley operators:

For N, M € 2%, we let 13N,> M be the Fourier multiplier operator that is equal to 1 where

€[~ N and [|6&3]|2 M.

We let ﬁN,M = ﬁN’>2M — ﬁN,>M7 and we let Py = I3N,5M + ﬁN,>M.
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We will occasionally abuse notation slightly and apply these multipliers to a vector, where this should
be taken to mean applying these multipliers componentwise. We note that this notation differs from that
of the previous sections; however, we would like to make explicit that N corresponds to &-frequencies,
while M corresponds to those of & 3.

We fix v > 0. We begin with the observation that

I1P<Notll oo g1 Sho 1. (7-25)
We will choose the precise value of Nog >> 1 in the course of the proof. On the other hand, we have

—v A 3P (1—y)—
> Vsl “PN,SNSP/(I_.,)u(z)||i%5 > N2l a-v) s”]|||V|SPuN(t)||i§
N>Ny N>Ng

S VI U@z, (7-26)
Therefore, we are left to show that
> > MU Py s pu@)))7, <1
N>No CoNsr/0=V)<M<N

for some fixed Cop > 0 (uniformly in ¢).

We will use a double Duhamel argument together with a frequency envelope to estimate this expression.
We will estimate
1PN =01 (0) |2 ay 2 N 727 | Py zaa (o) I, oy = N 77 (PN zar(t0). PN.=mau(t0)) grsp gy
We will show that there exists a frequency envelope yps, y such that

| PN,ZM”(IO)”HSP (R3) S YN.M (to)
and such that

> >, M= N2 J/N,M(lo)z) <L

N=No "CoNsr/0-VI<M <N
Consequently, this will show that

> > MU Py s pu(to) 17>

N>=No CoNsr/0=V<M<N

s Y > MPUINT20 | Py s ppu(to) [sp S 1.
N=No CoNsr/0=V<M<N )

Together with (7-25) and (7-26) (and time-translation invariance), this will imply
|||82|1_Vu||L;>oL)26 + |||83|1_vu||L$OL}C < 00,
and hence prove Proposition 7.4. Thus, we let

LM (to) = N*7 || ﬁN,zMU(tO)”LZ(R—‘)v



2064 BENJAMIN DODSON, ANDREW LAWRIE, DANA MENDELSON AND JASON MURPHY

and we fix some o > 0 to be specified later. We define the frequency envelope
N N\ [(M'\°
fo) = i _—, — A — ) T'nr mr(20).
ymMN(t) =Y Y mln{N, N} (M) N7,m(10)
N M'<sM

By time-translation symmetry, it suffices to consider the case o = 0. Once again, we complexify the
solution, letting

w=u-+ Ug.

I
v =A
Then

lwOl g1 = U@ g1y 2

and if 1(¢) solves (1-1), then w(t) is a solution to
—iv—Aw =+ ulP~ 1y
vard
By Duhamel’s principle, for any 7', we have

~ 0
ﬁ /T ¢ V=B E(u)(1) d,

where F(u) = |u|?~'u. To estimate yy, as, We write

w(0) = eime(T) +

T
—ITN=A (T — e VAP Sy F(u)dr

~ ~ 1
Pn>mw(0) = Pn>me ﬁ/

=ﬁNsze ITV=Ay(— T)——/ T PN>MF(u)dr
When we pair these expressions and take 7" — 0o, we use the facts that

e_iT‘_AﬁN,zMw(T)—\O and eiT'_AP\N,ZMw(—T)—\O,

and ultimately we are left to estimate
o) . 0 .
< [ seopvaurwa [ seobyauFo dr> .
0 - —00 N HP
where we have introduced the notation

S(1) i= —eitV=B

I

above.

As we have done in previous sections, we will estimate this expression by dividing space-time into
three regions: a compact time interval, an outer region, and a region inside the light-cone. We note,
however, that the arguments on the compact time interval and the region inside the light cone will be
considerably different than in previous sections.
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Thus, we let nop > 0 and € > 0 be sufficiently small parameters and define the smooth cut-off

X0(t. %) = L{jxx (N 1-0)2 R(n0) +(t—N 1), 12N 1 =<}

where R(79) is such that
XN =5, ) u(N ¢, ) || o + 120N 7€, )9 (N 7, 0) | grsp—1 < 0.

By the small-data theory, we may solve the Cauchy problem

Vit —Av+ F(v) =0 onRxR3,
(U’ atv)|t=0 = (XO(NI_G’X)M(NI_E"X)7 XO(Nl_va)ut(Nl_évx)) € HSD(R?’)'

Note that by finite propagation speed, v = u on the set
{(t,x)  ]x =x(N'7)| = R(no) + (¢t = N'7%), 1 = N'7¢}.
We now write
w ~
/ S(—t)PN>mFu)dt =A+B+C,
0
where

o0
A:/ S(—t) Py >p F(v)dr,
N1l—e€

Nl—e
B = / S(—t) Py >pm F(u)dt, (7-27)
0

C= [ SE0PusnlFa) - Fo)a
lee

and perform a similar decomposition in the negative time direction, yielding quantities A", B, C’. We
will use the estimate

A+ B+C.A+B +C) s Al + 14155 + 1Bl + 1B I3 +1(C.C") | (7-28)
whenever A+ B+C =A"+ B +C".

Term A. We first estimate (4, A) gs» and (A", A" v Where

00 —N1-¢€
A=/ S(—Z)PN,ZMF(v)dZ and A/=/ S(—T)PNﬁzMF(v)d‘[.
Nl—e —00
We introduce two parameters g and r satisfying
2 5p-9 2 -1
2<q<min{p—1,—,p—} and —§r§min{M,4+},
sp 3p—1 Sp 2p—3

and let / = [N17¢, 00). We fix 0 > 0 to be specified later, and we define

—(2— ~ 2_ -~
anr = (V)G S")IIPN/,szllL?Li"“H)+(N')’ TN PN =m0l 22 ],
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and let

M\’ (N N°
OlN,M:Z Z (ﬁ) mln{ﬁ,ﬁ} an’,.M’-

N’ M'<M
All space-time norms are taken over / x R3. Our goal is to prove the following result.
Lemma 7.8. Let A, A’ and yn m be as above, then
> % (3) mind Rk g 14100 508 e,
N’ M'<M
and we also have
anm S YN (N7 + 00 an . (7-29)

Proof. On this region, we will use the small-data theory, which implies, in particular, that
Il 20— @3y < Mo-
By Strichartz estimates, we may write
N=(G=s») I ﬁN,ZM v ”L;’Li"/“’_” L N7+ I ﬁN,ZM v “L%r/(r—Z)L;
SN PN2m W )N ™) g + 1PNz FO) vy, (7-30)
and recall that, by definition, we have
I PNz bt @0 (N sy S T (N179). (7-31)

Here, we let the norm || F'[| y(r) denote any finite combination ;|| Fj || v, ), with F =} ; F; and each
N; (R) being a dual admissible Strichartz space with the appropriate scaling and number of derivatives.
It will be useful to introduce the quantities

Vo = Z Pn<mv  and vy = Z PN'>mv,
N’ N’

where “lo” and “hi” are meant to refer to the &> 3-frequency component. We decompose the nonlinearity via

1
F(v) = F(vo) + vy / F/(Ulo + Bvy;) d6,
0

which we write schematically as
F(v) = F(vio) + vpiv? "

For the high-frequency (in M) component, we write
vhiv? ! = (P<yun)v? !+ (Poyon)v? 7,

and to estimate these terms we may use the dual Strichartz spaces

(G—s0)-atx

2_1+sp, 2_[2

29, _ r .2
LI**H, and L[ "H) g
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respectively. This yields
1 =
| Pn, >MUh1Up ”N(R) <(N) ( ) Z ||PN” >MU||Lq 24/(a— 2)(1x[R{3)||v” 2(p 1)
N//<N/
NZ—1+4s ) p—1
+(N)r ? Z “PN”’ZMU”L%r/(r_z)Lfc(Ix[R?')”U“L%F;’_I)
= Ny A NN
= JV1 25

hence we conclude that
/

(N N')° » (N N')°
;mm{ﬁ’ﬁ} | Pn7,>p vniv? ||N(R)5;mln{ﬁ,ﬁs N1 +NMN2).

Thus, we argue in order to bound the N; and N> terms. We only treat the first term as an example since
the other term follows analogously. We obtain

Z Z (N) (N')~ (7_SP)||PN” >MU||Lq 24/(a=2)

N’/<N N”<N'
N/ o N// e ~
Z Z ( ) ( ) (N//) (q sp) || PN”,ZMU ”L?L}Zc"/(’f_z)

N/<NN//<N/
N\ ( —s,,)—f—o
< & () oww ¥ .
N//SN N N/_N// N

Hence this term can be bounded by oy, ps provided o < % —Sp.

We also have

N\ ., _(2_ ~
Z (W) (N/) (q sl)) Z ”PN”,ZMU”L;’L)ZC‘I/("_Z)(IXW)

N’ZN N”EN’

N\ N2 9/ N’ —(%—s,,)
e 3 ()
N"<N N N"<N’,N<N’ N'NT N N'"\° / N’ —(2-sp)
775p
e 5 T
N">N N”<N’ N N
N2 N _(2Y _(N'Y
(N/N//) S(N/N”) :(W) ’

we can bound this expression by yy, s provided
2 G ;
— ) (= <l & o<--s
1% " ~ D>
N//SN/ N N q

/

MY ind 2N p P! <npd! 7-32
» o7 ) ™ ey 1PV o livey S o e (7-32)

N M'sM

Using that in the first term

and so we obtain
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Next we estimate the contribution of the low-frequency piece. We can write

1PN, M F(0o)llv@w < M2 P2 M Axs xs F(010) | vw)-
Applying the chain rule and taking the decomposition v = P>pyv + P<yv, we obtain for j = 2, 3 that
dx; F(v10) = 0x; vio F' (Vo)
= 0x; P<n V1o F'(V10) + 3x; P> N V1o F' (V10),

and hence

2
| PN bt By F@ NGy < 3 195, Pr, vt B, v10) F (0io) vy
j=1

2
=< Z M”PN,ZM(a.Xj Ulo)F/(vlo)HN(IR)-
j=1
Estimating as above, using the dual Strichartz spaces

~(3-sp) 5%

Lr lHr 1—i_sf”’r+2

L"Jr2 H, and

’

we conclude that

1
| PN,>m F(vio)lInw) SN~ (G=s») oY M ”szstN’M’Um”Lc/LZq/(q 2)(IX[R{3)||U|| z(p b
N'<N M'<M

—1 1
NPT NN M Vg P vl 2 z>Lr(,XR3)||v||”2(p 1
N'>NM'<M

<N~ —(F-s») Z Z ( )||PN/ M/vlolqu 20/t~ 2)(IXR3)|| ||L2<p 1

N'<NM’'sM

21
4+ Nr—Hsp Z Z ( )”PN’ M/v10||L2r/(r 2)LV(I><R3)||UI|L2(” n:
N'>NM'<M

To establish a bound for this expression, it is useful to introduce the notation

. . (N N°
aN,M/=Zm1n{—/,—} aN/,M/.
& N'" N

Thus summing over N and M’ < M, we can again argue exactly as above to bound this expression by

M/O' M// M//U M// M/ ag
p—1 p—1 ~
0 Y (5) Z (G )=t 3 (55) X (5 ) (5rr) aware

M/fM M//SM/ M”SM M//SM/
/A4 " I\NO
-1 M\ M"\ (M
57)0 Z (M) anN,m” Z (M/)(M//
M//SM M”EM’

-1
<ng anm
provided o < 1. Thus, we obtain

M\ N N\° - 1
2 2 ) mind i ( IPvem Fo)lve S5 anm (7-33)

N M'sM
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By Strichartz estimates, we have

1A | o + 14N 32 < I PNzm F )|y
Hence, putting these bounds together with (7-32) and (7-33) we obtain
M\ (N N)° 1
Yo |57 ) mind =t Ul + 14 g0) S16 " anm
M N’ N x x
N M'<M
Together with (7-30) and (7-31), we also have

1— -1
anm SYNmM(N' ") +n5 anm,
as required. O

Term B. We next estimate the terms (B, B) and (B’, B') from (7-27). On this region, we use the long-time
Strichartz estimates (Proposition 7.3) and another frequency envelope argument for this contribution. In
the following we suppose, unless otherwise specified, that norms be taken over

I:=[0,N'"¢]xR3.
We define

’ —(;—sp) ~ ’ 7;(”_?)
bnm = [(N') "\ 1PN = mtll pap 2@ + (N)2OTD Py putll 200 p 20000002
1436 _36
+ (NPT Pyl ot 2o + (V)2 1Py zagl oo 2/
t X t X

_ ¢
+ (N2 | Py s gl 200 200-00 + (N')2 1PN =mull, 20704500 20/2=sp)
t X t X

L
n2e 1
+(N) 373 ”PN/,ZM||Lf/(]+511)L§/(2—Sp)],

where £ > 0 will be determined more precisely below and 6 is as in Proposition 7.3. These are just a
collection of admissible Strichartz pairs at regularity s,. We then define the frequency envelope

= M Umin{ﬁ,ﬂ}c ' M
BN.m ;MZS:M(M) NN ( Ovm
Our goal in this section is to prove the following result.
Lemma 7.9. Let B, B’ and B, u be as above. Then
I\NO /1O

> 3 (G ) mind e N OBl + 18 o) < 08" B

N’ M'<M
and we also have

YN (N7 + B S vum (0) + 15 By (7-34)

Proof. Fix to = 0. Throughout, we will assume that N > Ny as in the statement of the long-time
Strichartz estimates. By Strichartz estimates

1PN =m0 (s )| poogysn o, w1y + ON/ .M SN PN/ =m (uu)(O)lggse + | PN =M Fll vy
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Once again, it will be useful to introduce the quantities

Ulo = Z Py<mu and  upi = Z PN/ >mu,
N’ N’
where “lo” and “hi” are meant to refer to the &> 3-frequency component. We decompose the nonlinearity via

1
Fu) = Flun) s [ F' G+ ) 6.
0
which we write schematically as

F(u) = F(up) + upu? L.

These two expressions will be estimated almost identically, up to requiring additional exponential gains
for the low frequency (in M) term, F(u;,). We will only estimate this term since the other is easier.
Arguing as above via the chain rule with the Laplacian in the x, 3-directions, we have

| PN,>m F o)l vy < M7 PN, m (Va,3u10) F (o) || v (1)
We write

(V2,3110) F'(u10) = (V2,3 P N1t10) F' (1) + (V2,3 P<nttio) F' (ugo) := 142 (7-35)
and we begin with term 1. We set

PZN”]O = Ulo,>N>» PsNulo ‘= Ulo,<N>»
and take the decomposition

(V231102 8) F'(V10) = (V230102 N) F (10, <n) + (V2,310 >N )10, > N /01 F" (u10,<N + Ott10,>N)
= (V2,3U10,>N) F'(tt10,<N) + V23010, >N 10, >N F”(lulo,gN)
+ (Vz,sulo,zN)Mﬁ,,ZN // F" (1o, <N + 01621105 N)
=1.1+1.11+1.111. ’
Term 1.1. We estimate using Corollary 7.6 to get
! ||IVIS”_lPNV2,3ulo,zNF/(Mlo,sN)IIL,‘Li
<MIN*7Va 5u >NF,(ulo,§N)||L}L§

=M ISPl ”“10 <N|| 2(p—1)/6 ”VZ 3UJo >N”L?°L§/“_9)

LP~ ‘L
< NS~ 1||ulo <N||Lp 112 (p—1)/8 Z Z (M)HPN/ M/u||Lc>oL2/(l —0)
(P M’'<M N’>N

<Ns” 1N S”+2 ||Mlo <N||Lp 1720— /6

N/ _Sp+f
x Z Z( )( ) (N')»~ 2||PN/M/M||LooL2/(1 —0)

M’'<M N'>N

1 M/ N/ —Sp+%
< P —_— —_— b / 7.
X X)) e
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Term 1.1I1. We estimate

-1 || |V|Sp_1 PNV2,3u10,ZNulo,ZN F”(ulo,SN)”LlLZ
rEXx

<M INTYV, 3u, 2N 200 palltio =Nl 20-0 4 [, ~IZ,

LP~ 1L°°
—17sp—1
<M NP ||V2,3M10,2N||L%(p—1)L§||u10,zN||L?(p—1)L§ 2416, <N”L” oo
3_ 3
4 2(p—1) , 3 3
Z Z N/ (N4 2= ||PN/,M’M||L%(p—1)L§
M’'<M N'>N
3_ 3
4 2(p—1)
BN ( (6
M’'<M N'>N

Term 1.I11. As in the proof of term IV in the long-time Strichartz estimates, there are two terms. For the
first we estimate

-1 2 -3
M|V 3u10,> NUip > N Ui > ¥ ||L?/(I+SP)L)2C/(2*Sp)

2/(2—sp)

—1x7% 2 p—3
SM™ N2 ||Vz,3ulo,zNulo,2Nulo,ZN||L3/<l+sp—e>Lx

1
SM- Nz [l X || 2p/(1+3p) 2p/(2—sP)||”10,2N”pr/(1+SP*PE>L%P/<2*SN

Ly
L
Z Z ( )( ) (N)2||PN’ Mol 20/ tsp=pl) 1 20/ C=5p)
M'<M N'>N
L
> 5 b
)
M/<MN/>N( )(N

where we have used that for p > 3 and £ > 0, the pair

2p 2p
l+s,—pl 2—sp
is wave-admissible at regularity

3 1+4sp,—pl 6-3sp E 14
2p 2p P2

For the second term, we have

—1 2 -3
M ||V2,3ulo,zNU10,>N“1po <N||L2/(1+Sp)L2/(2—Sp)
el ' = t X
, 2sp 1
M NY)3 3 N2p_ 1
Z Z (ﬁ) (ﬁ) (N3 3||PN/,M/M||Lf/(l+.§'p)L§/(2—Sp)

M’'<M N'>N
251)

2, X )(v) v

M’'<M N'>N
This completes the estimation of term 1 in (7-35).
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Now we turn to term 2 in (7-35), namely

V2,3 P<ntio F' (u1o).
We take the decomposition

1

/ / 1
V2 3uio,<N F'(Vio) = Va2 3110, <N F' (Ui0,<N) + V2, 3U1o, <N UIo,>N / F" (uy0,<N + Ouio,>nN)
0

/ 1
= Vo 3ujo,<N F' (Uio,<N) + V2,310, >NUI0,>N F" (U10,<N)

+ V2,3M10,5Nuﬁ),21v // F" (u1o,<N + 0162u10,>N)
=21 +2.11 +2.111.

We omit the estimates for the first two terms since they follow as above, and we focus on

1
2 " . 2
Va2,3Ui0,<NUjo > N // F7 (ui0,<N + 0102u10,>N) =: V2,310, <N U, > F3.
0

Here, we will need to introduce some new exponent pairs compared to the proof of the long-time Strichartz
estimates. We divide this expression into two parts:

__pr=3
V] 2(p—l)+sl’PN(V2’3M10’5Nuﬁ)’zNF)||L§p—l)/(p—2)L)1C
__pr=3 -1
<N z(p—l)ﬂl’||V2,3u10,5Nu11;’2NIILgp—w/(p—z)L;c

p—3
—5E ==t 2 p—3
4+ N 2G-D 15 ||V2,3u1°9SNu10,zNulo,§N”L‘,”_W(”_Z)L}C‘

Note that (ﬁ—:;, 1) is dual wave-admissible for p > 3.
For the first term, we have a bound of

—P=3__ 2 p—3 ’
NT2 D= VPN oo 2 usn 7,2 o D MIPMunllppet o

L7t
! M'<M 1
N =1
—1 N\ P—1 _ 1
§ T]g E E M,(W) (N/) p—1 ||PN/’M/M”L;D—1L?CO.
M’'<M N'<N

For the second term we estimate

p—3
—52 = +s p—1
N 2(-D ﬁ||V2,3u10,5Nu10’ZN||L£p—1)/(p—2)L)1c

-3

»—3
< ~3(p=D _1)+Sp P 2
SN 2 lusn ”Lf,‘f‘” HMEN”L?Lj‘C(P*”/‘”*”

2

NPT, 2
x D D M) NI PN e

M’<M N’<N
Now we note that the pair
4(p—1
( 4, 4 ))
p+1
is wave-admissible at regularity
31 3p+3 2 1 3p+3

274 Mp—1) P, 4 ap—1)
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Noting that
3p+3 _3(p+1)> 3

4p-1  4p-1 " (p-1)
we see that this is number strictly less than s,. Thus we obtain a bound of

p—1 / N’ % N— 2
gt Y, Y. M ~ ) O TIPN Ml Lo

M’'<M N’'<N

Arguing as in the estimates for term A, we may determine the restrictions on o. First, we need to
assume that o < 1 so that we can perform the summation in M, and we further require that o be bounded
above by the power appearing on the N’/N factor when N’ < N and the N/N’ factor when N < N’
Examining the exponents in the definition of Sy, a7, this amounts to requiring o smaller than the smallest
(in absolute values) exponent in that expression, and hence we may assume the most restrictive of these
will be taking o < £/2 in term 1.I11.

Provided this is the case, we obtain

M\ (N N\° -
D3 (ﬁ) mm{ﬁ,ﬁ} 1Py s Fo)lveny S 1" B,
N M'=M

and since, by Strichartz estimates

1Bl g + 1B g S 1 P Fllveny-

M/ o ) N N, o .

N M'<M

we have

as well as the estimate

YN (N + By S ynam (0) + 08~ By
as required. O

Term C. We turn to the (C, C’) term (see (7-27) and (7-28)). In this section we prove the following
lemma.

Lemma 7.10. Let C, C’ be defined as in (7-27), and let M > CONSP/(I_"). Then, for any L € N we have

1
(C.CV | SL o7
where the implicit constant above depends only on L.

Proof of Lemma 7.10. We introduce the notation

Gu,v)() = F(u(r)) — F(v()),
which we may abbreviate as G(¢) or even G. We are faced with estimating

(C,C")gsr = N¥7(C,C") 2,
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where

_ 1

(.c’y —/ !
) L)2€_

—Q

_Nl—
»/—OO

Since M > CONSP/(I_"), it suffices to show that

/Nl_e(S(—f)ﬁN,MG(u, v)(1), S(—1) Py G(u, v)(7))2 dr de

€

/Oo (G(u,v)(1), St — t)ﬁK,M%G(u, v)(1)) 2 dt dr. (7-36)
Nl—e > x

1
(C.C izl St 77
and all inner products in this proof will be L2 inner products.
For each fixed ¢, T as above we estimate the pairing,

(G v)(1). S(t =) PR s G, v)(1)) 2.
Recall that by the definition of ¥(t), G(u, v)(t) is supported in the region
G+ (t):i={x:|x —x(£N'€)| < R(no) + |t| = N'"€forall +7> N'"€}. (7-37)

This points to an immediate problem in any naive implementation of the double Duhamel trick by way of
the Huygens principle as performed in previous sections. Namely, the support of the S(# — t) evolution
of G(u, v)(7) intersects with the support of G (u, v)(¢) in the “wave zone”, i.e., near the boundary of the
light cone where the kernel of S(¢ — ) only yields (¢ —t)~! decay, which is not sufficient for integration
in time. However, we are saved here by a gain in angular separation in the wave zone guaranteed
by our directional frequency localization ﬁN, M- Indeed, application of ﬁN’ M restricts to frequencies
€ = (61,62,3) with

52,31 =M

§l N

whereas for any x = (x1,x2,3) € G(t) N {(¢,x) : |x| > ¢ — R(no)} we claim that

lx23] M
L —
|x] N

for all M > N*»/(1=) We establish this fact in Lemma 7.11 below.
We introduce some additional notation. Let R(-) be the compactness modulus function. For given
teRlet
Cext(?) := {x : [x| = [t] = R(10)},

(7-38)
Cint(7) 2= {x 2 |x] < [t] = R(1o)}-

We decompose (C, C’) as follows. First, we write

G(u,v)(t) = Gu,v)(t)c, 1) + G, v)(O) ey, -
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Using this decomposition in (7-36) leads to four terms:

f / <S(t - r)%ﬁN, mle, (1)G(), 1Cm(t)G(t)> dr dr, (7-39)
/ / <S(t - r)|17|ﬁ1v, mle, (1)G(T), 1cim(t)G(t)> dr dz, (7-40)
/ / <S(t - r)%ﬁN, mle, (D)G(1), 1Cm(t)G(t)> dr dr, (7-41)
/ / <S(t - r)%ﬁN, mle, (1)G(), lcim(t)G(t)> dr dz, (7-42)

where the integrals are over [—0o, —N 17€] x [N 17¢, 0o]. We will refer to these terms as Cex; — ext> Cext —int»
Cint—ext and Cip—inc respectively, and we will handle these terms separately below. Were it not for the
frequency localization Py, ps all but the first term above would vanish using the support properties of
and 1¢

ext?

G(u, v), together with the particular pairing of the cutoffs 1¢ and the sharp Huygens principle.

int
On the other hand, whereas in previous scenarios (e.g., the subluminal soliton) the first term would vanish,
in the present setting there truly is an interaction between these two terms. This is the origin of the
essential technical difficulty faced in the present scenario, and indeed we will find that the first term (7-39)
requires the most careful analysis. The crucial observation is that in this setting we can rely on angular

separation to exhibit decay.

The term Cex —ext- We will rely crucially on the following two lemmas, which together make precise
the gain in decay from angular separation.

Lemma 7.11 (angular separation in the wave zone). For any ¢ > 0 there exists No = No(c) > 0 with the
following property. Fix v € (0, 1) and let € > 0 be any number with

2s
€< P

1—v
Let (¢, x) satisfy
1| = N7 x = (x1.x2,3) € G(1) N Ceui(1),
where G(t) are defined in (7-37), (7-38). Then,
X235 _ 1
Xl TN

M (7-43)
C— -
-N

=
(M)

forall N > No and M > Nsp/(A=v),

See Figure 3 for a depiction of Lemma 7.11.
Next, we show that if we restrict to those x € R3 satisfying (7-43) then we get strong pointwise decay
for the kernel of the operator S (I)ﬁﬁ 1%, M

To state the result, we define
[x2,3] < 1

Sy = xeR3: T
x| 7 Nz2—5

(7-44)
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X2, X3

X1

Figure 3. The dark gray region above represents the region G4 (¢) N Cex; in space at fixed
time t > N17¢,

Lemma 7.12 (kernel estimates via angular separation). Let Ky, p(Z, x) denote the kernel of the operator
S(t)ﬁﬁf] p- Let N = No where Ny is as in the hypothesis of Lemma 7.11. Then, for any L,

NE 1 e
|18N (X)KN,M (1, x)| <L NWW forallt > N , (7-45)
where Sy is the set defined in (7-44) and where we have used the notation (z) = (1 + |z|*)Y/2 above.

Proof of Lemma 7.11. We assume that ¢ > 0. Since we are assuming

2sp
—V

O<ex

and that M > N sp/ (1_"), it suffices to show the first inequality in (7-43), i.e., that

|x2,3] < 1
Xl — N
for all x € G(¢) N Cex¢(¢) for some uniform constant.

First, we claim that (7-46) holds at time ¢ = N '~¢. Suppose

(7-46)

=
I

X €GL(NITT)NCo(N179).



SCATTERING FOR DEFOCUSING ENERGY SUBCRITICAL NONLINEAR WAVE EQUATIONS 2077
By the definition of traveling wave (i.e., (7-1) and (7-2)) we have

1
x|~ N'7¢, |xo3|SN273

and thus,
|x2,3]
x|

(ST
(Sl

<N

as desired.

Now suppose ¢ > N 7€, We introduce some notation. Let O (v 1-<) denote the angle between the unit
vector ¢; (the unit vector in the positive x-direction) and the vector x (N ! 7€), where we recall that x (¢)
denotes the spatial center of #i. Above, we have just shown that

. €_1
[sin(O, (n1-ey))| = [0y (yi—e)| < AIN272

for some uniform constant A; > 0. To finish the proof it will suffice to show that for any x € G(¢) N Cex(?),
the angle 6, (ny1-<)) formed between the vectors x and x (N 1=€) satisfies

e_1
Oeexvizepl = A2N>72

for some other uniform constant A, > 0, as then the sine of the total angle between x and the x-axis,
ie., |x2,3]/|x| would satisfy (7-46). To get a hold of 6, ,(n1-<)) we square both sides of the inequality
defining the set G4 (¢). For x € G(¢) we have

6 =22 X (N7 + [x (V) 74P < (R(mo) +1 = N' 7).
Using that x - x (N 17€) = |x]||x (N 7¢)| cos O(x.x(nv1—<)) the above yields the inequality
—20x] X (N7 | cos Oy (v1—e)) < (R(0) +1 — N'7€)> — |x|> = [x (N 7).
Bootstrapping, we may assume that 6, ,(y1-<)) is small enough to use the estimate

02 .
cos Q(X,x(]vl—é)) <1- M

4
Plugging the above in we arrive at the inequality

62 . 1

(x,x(N'7€)) 1—€\2 2 1—€y|2

—_——= <24+ —— ((R t—N — —|x(N

y =2 e (RO + P = lxf = [ (NTP)

_ 2 XN+ (R(no) +1 = N7 — [x 2 — [x (N) <2
- x| |x (N1=9)] '

The requirement that x € Cex(?), finite speed of propagation, and (7-1) imply that we have

t—R(no) <|x| <t+R(no) and N'"¢—R(no) <|x(N'"¢)| < N'~¢ + R(1o).



2078 BENJAMIN DODSON, ANDREW LAWRIE, DANA MENDELSON AND JASON MURPHY

Plugging the above into the previous line gives

00 x(w1-o)) - 2(t4+R(170)) (N '~ 4+R(10)) +(R(110) +1=N"'")>  (t=R(10))*~(N'~*=R(10))*
2 B (t—=R(10))(N1=¢—=R(no)) (t—=R(10))(N'=¢=R(no))
_ 61R(10)+2N "¢ R(10)+R(n0)?
~ (t—R(10))(N'=¢=R(no))

< ! +l_
T N1me g
Taking the square root and noting that ¢ > N !~¢ we arrive at
|0(x,x(N1—€))| < 11 s
N2~2
as desired. a

Next, we prove Lemma 7.12.

Proof of Lemma 7.12. The kernel Ky s of the operator S (I)ﬁﬁf] ) 18 given by

KN,M(t,x)::/eix.é|$|—2eit$|¢2(|]i_|)¢2(|(§2ﬁf3)|)d5’

where ¢ € C5°(R) is satisfies ¢(r) = 1if 1 <r <2 and supp¢ € (%, 4). Now, recall that we are restricting
to only those x € Sy, as defined in (7-44). We express any such x in spherical coordinates

x = |x|(cos Oy, sin Ox cos w, sin Oy sin w),

where 0, denotes the angle formed by x and the unit vector in the e;-direction. And recall that any
x € Sy satisfies

X
2l _ sin 0y ~ |0y] <

o i (7-47)

Similarly, we change to the spherical variables
& = |&|(cos 0, sin O cos a, sin O sin o)

in the integral defining K, ps and note that because of the frequency localization ISN, M we have

=sinfg >~ —. (7-48)
This yields

2 pm 4N ) ind
KN,M(I,X)=/ / / ezlxIélf(Oxﬂssw,a)|§|—261t|5|¢2(@)qsl(m)|§|2SmQE d|&| dbg da,
o Jo J& N M

where the angular phase function f(6x, g, ®, @) is given by

S (Ox,0g, w,a) = cos O cos O + sin Oy sin O (cos w cos @ + sinw sin ).
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The idea is that the angular separation between x and £ given by (7-47) and (7-48) allows us to integrate
by parts in 0¢. Indeed, using (7-47) and (7-48) we have the lower bound

£[|x||§|f(9x,9§,w,a)]‘ = |x| || }—cos@x sin 0 + sin 0 cos ¢ (cos w cos o + sinw sina)|
3

i (4-o{ ;1)

Z |x|M.

Moreover, note that forany L e Nand M < N

dt sin 6 NL
p2 (1500 0 )| < —.
dof M ML
Thus, integration by parts L-times in 0 yields the estimate
,NE 1 e
|Kn,m (1, %) SL N ML (MIx)E forallz > N"7%,  x €G(t) NCex(?),
as desired. |

We can now estimate (7-39). Here will rely crucially on Lemmas 7.11 and 7.12. First we write,

<S(f —f)l—élﬁN,Mlcexl(f)G(u,v)(f), le, ()G (u, v)(t)>
= (Kn.m (1 —7) % 1, (1) G (1, )(7), Le, ()G (u, 0)(1)).
We claim that in fact the above can be expressed as
(Kn,m (1 = 1) * 1 (1) G (1), 1, (1) G (1))
= {(Lsy (D5 1oy (D ENM (= D) % 1 (DG (D). 1e, (VG(D)).  (7-49)
where the set Sy is defined in (7-44). Indeed, note that above we have
X €G4+(t)NCexi(t) and y € G_(7)NCexi(), (7-50)
where G are as in (7-37) and Cey; is as in (7-38). Thus,
|x—y| = |t —7| —2R(no) = 3|t — 7|

as long as N is chosen large enough. Similarly by (7-50) we have |x — y| > |x| and |x — y| > |y| and
thus,
|X2,3 — y2,3| < X231 | |y2,3l < 11
|x =yl |x| Iy~ N27%

where in the last inequality above we used Lemma 7.11. This proves the equality in (7-49).

’

Now, let g, denote the Sobolev embedding exponent for H*  ie., qp = 3(177_1). Note that g, > p
for p >3 and (q,/p)’ = 2 for p > 0 (where x" denotes the Holder dual of x). By Holder’s and Young’s
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inequalities we then have
(s (D15 1oy (D KN (6= 1)) % 10, (DG (D), T ()G D))
= s (g gy O KN =Dl s 21 Gt DO 000 |Gt 0 -

Using (7-45) we see that

™

NL+1 1 Y
”ISN(')1{|.|>l\t—r\}(')KN,M(f =, @provr2 < oL (/ ﬁdx)(qpp)
. Ly M w2 dle—el [x[2L(F)
NL+1 1

S M2L |f — L1 (7-51)

Since G(u,v) = F(u) — F(v) we have
1G GOl gr0 S Oy + 10O S O, + VOI,

Putting this all together we arrive at the estimate

_N1I=
‘/—oo

—N1=¢ 00 NL+1 1 » » » »
<
s L S O + O, ), + 1901, dr b

L+14+(1—€)(2—L —2L 2p 2p
Sp NEFHOZODM 2B (2, + 0172 )

sp*

€

/N OIO_E(S(z — 1) Pyt 1o ()G, v) (), 1. (6)G(u, v) (1)) dr dr

<y ML,

where to obtain the last line we ensure that € > 0 is small enough so that when M > N sp/(1=v) we also
have ML > N4+€L We have proved that

(7-39) S M~F,
as desired. This completes the treatment of the Cey;—ext term.
The term Cipt—int. Here we will use a combination of arguments based on sharp Huygens principle and

the techniques developed to deal with the previous term Cext— ext-
First we record an estimate for the kernel of the modified frequency projection.

Lemma 7.13. Let plz\, g denote the kernel of the operator P ]%, - Then,
N3 N3
L + L’
(Nlx[)= — (M]x])

Next, consider the following decomposition of the forward cone centered at (¢, x) = (N17¢, x (N 17))
of width R(ng), i.e., the set

P (O] S (7-52)

G4 = U G+(1),

tle—e

where G(¢) is defined as in (7-37). This decomposition is depicted in Figure 4.
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t

Ca,+
G2+ )1 =8N
v
.i“
Ca,+
G1 4 1—e
I+ t =4N
Cr+
Go,+ t=2N'"¢
B
t=N1"¢
A
X1

Figure 4. A depiction of the first few regions C; + and G ; within the region C.

We write

g+ =JC+,ul G+

Jj=1 Jj=0
We define C4 j, G4 ; as follows. First, set
Ca1:=1{(t,x):|x—x2N"€)| > R(no) +t —2N'"¢, t >2N1"€1 ng,
and for j > 1
Cr = x) [y =x@ N7 = ROo) +1 =2/ N7 1 22/ NTZH NG\ Ch ot
For j > 0, define sets §+, ;j to be the regions
Gy ={(t, ) |x—x (2 N7 < R(po) +1 —2/ N17€, 2/ N17¢ <1 <2/ FIN1=6 0 g,

Then we define
Ciji=Cq it x): x| <t =2/ N'€ ¢t >2/ NI},

Gt.j =G4, U[C+ j+1 \Cq j+1]-

The regions C+ ; and G4 ; are depicted in Figure 4.
Now, split the integrand of (7-42) in the four pieces,

_N1=
(7-42) = /

€

o0
/ (I+11+1I11+1V)dtdr,
N1l—e€
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where
I =§< A§M|V|S(t—r)[lc_ le, G1(0), [ley 1y G (z)>, (7-53)
11 =§< A,%,’M%S(z Dlle_, 1¢, Gl(v), [1g+k1cmG](z)>, (7-54)
11 = §< P M% —1)[lg_, l¢, Gl(x), [lc+klcmG](t)> (7-55)
IV = <A§M|V|S(z—f)[1g__ 1, G1(7), [1g4 . e, G ](t)>. (7-56)

First we estimate the term (7-53) above. The key points are the following. First, by the support
properties of 1¢, , ¢, (7, ), lc_; 1, (¢, y) and the sharp Huygens principle, we must have

=y 2 7 +25)N17¢ for all x €supp(le, 1y, G, 0))(1). y €supp[S(—)le_ 16, G, v)](2).
(7-57)
Second, by the definitions of the space-time cutoffs 1¢c_ . and 1¢__, , the functions 1¢_ ;u(7) and ¢, u(?)
are restricted to the exterior small-data regime and we thus have
e ;1w G, V)| n((—00,~27 N1—€]) < ||u||L°°wp <1 (7-58)
ey i lew G V) | n2i N1=¢ 00)) S il poogesp <1
where N denote suitable dual spaces.
We argue as follows. For any g > 2, and up to fattening the projection ISN, M, we have

‘<ﬁ]%,M%S(t —Olle_ ;16 G, )](0). [ley i 1e, G (1, v)](f)>‘

—1— 2
< ”1{‘ |22/ +2k)N1—€} PN, M ”L1 ||PN|V| 1=srty S(Z - T)[IC—,j lcimG(u’ U)](T)“L%
_2
<1V~ ey 4 1e, G, 0Ol Lo

We estimate last line above as follows. Note that by (7-52) and (7-57) (and the lower bound on M), we

have
N3
2J + 2k)N1—e]L—1 ’

I l{l-lz(zf +2k)N1-€}PN.M I <L T

By the dispersive estimate for the wave equation and noting that |t — 7| > 2N 7€ we have

11— 2
IPNIVIT 2T aS (=) [le_ 1, G, v)](7) ] Lo

A

Nl“nPNwrl el e, G, IG]9
T e—r|”
1 . _2
< ———5 N2 Py |V 4 [1e_ 1, Gu, 0)](D)]

2 a’-
It —z|'"a Ex
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Thus, using the above, Bernstein’s inequality, the Hardy-Littlewood—Sobolev inequality, and (7-58) in
the last line below we have

00 —N1—¢
/ / (7-53)dr dt
N1=¢J—oc0

N3N—25 —N'"€ .
2
st Z 1@ + 2R N e L- 1/N1 / (|t—r|1_2 V1774 e 16, G, Dy
_2
IV e e Gl 0] ) o oo

N3N—2% 52
= 'k2>:1 [(27 +2k)N1—€]L-1 VI lley i 1ew G VI 207w 42 o
Jike=

_2
X ” |V|Sp 4 [IC—,j ICmG(“v U)]”L%q/(q+2)L§16’

N3N—2Sp L
<, N~L/2
SL Z [(21 —|—2k)N1 e]L INLN ’

where in the second-to-last line we have fixed ¢ > 2 above and note that the norms above are dual sharp
admissible Strichartz pairs (e.g., one can take g = 4).

Next, consider the term (7-56). Here we cannot rely exclusively on separation of supports because the
S(t—7) evolution of the term localized to G ; has some of its support within 2R (1¢) of the term localized
to Gy x for all j, k. The saving grace is that the pieces of the supports of S(z —7)[1g_ ; 1¢,, G(u, v)](7)
and [lg, , ¢, G(u,v)](?) that are close to each other (say within 29 4 2%k for some small parameter
o > 0) come along with angular separation in the sense of Lemma 7.12. To make this precise we must
further subdivide G4 x as follows.

Let a > 0 be a small parameter to be fixed below. Let

G kini= G N{(t,x) 1 |x] < ¢ — 29k (=0,
G keout = Gk N{(1,x) 1 |x| > ¢ =20k yoa(1=e)y

We decompose (7-56) as follows, noting symmetry in j, k means it suffices to consider only the sum for
Jj > k. We write (7-56) in the form

Z<ﬁ1%l,M |iﬁ|5(l —Ollg_,ulen Gl Moy s 1cimG]> (7-59)
+ Z<ﬁfv,M|17|S(r ~Dlg_ . 1e, G, [1g+_k,(,m1cimG]> (7-60)
+ X Ph S0 = 0l1c1uG. e len ) a-61)

+ Z<ﬁfv,MﬁS(r ~Dllg__; . 1enGl. [1g+,k,mlcimcl>, (7-62)

where the sums are over j, k > 0 with j > k, G = G(u, v), and the pairings are evaluated at , 7.
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The key point will be that on the outer regions G ; out, G+ k,oue WE can recover the same angular
separation used to treat the term Cex¢— ex¢ and on the inner regions G ; i, and G x i, we obtain sufficient
separation in support between the two factors after evolution by S(z — t) to get enough decay in j, k after
the application of ﬁ]%’ M ﬁ.

Lemma 7.14 (angular separation in G+ ; ou). Let @ > 0 and let Sy o be the set

[x2,3] _ 1
|)C| NN(I—a)Z(l—s)

Snai=]xeR3: (7-63)

Then, there exists a > 0 small enough and No > 0 large enough so that for all x € G4 ou we have

1 M

xes d —— <K —
N, an N(l_a)z(l_e) < N

forall N > No and M > N*»/0=) and for all j > 0.

Proof. Tt suffices to consider x € G4 ; ou. The proof is nearly identical to the proof of Lemma 7.11,
but here we have allowed the region G4 ; ou to deviate farther from the boundary of the cone as j (and
hence ¢) gets larger. As in Lemma 7.12 we have

1

[sin(0 (27 N1-e))| = |Ox2i N1y = AN 272
independently of j > 0. To finish the proof it suffices to show that for any x € G4 ;jou, the angle
8(x,x (27 N1—¢)) Tormed between the vectors x and x(2/ N17¢) satisfies

1
10, x 27 N1y < AZ—N(l—a)z(l—e)

for some other uniform constant A, > 0, as then the sine of the total angle between x and the x1-axis,
i.e., |x2,3|/|x| would satisfy (7-63). Note that for any (¢, x) € G4 ; out

szl—e _2ocho¢(1—e) < |x| < 2j+1N1—€ _}_20th&(1—6)‘
Arguing as in the proof of Lemma 7.11 we see that for any (¢, x) € G4 j out

) 2429 No(1=9) 1
, < <
(x,x(2/ N1=€)) ~ (t — 20/ Ne(1=€)) (2] N1—€) ~ 2(1-a)j y (1—a)(1=€)’
as desired. O

0

With Lemma 7.14 in hand, we can estimate the term (7-62) in an identical fashion as the term (7-39),
noting that applications of Lemma 7.12 are still valid in this new setting because for x € G o, and
Yy € G j out We have

|X2,3 = 2,3 < Ix2,3] | [y2.3l < 1 < ﬂ
x— X —a)(1-
i.e., sufficient angular separation since the Fourier variable £ satisfies

23] =M
& N
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Moreover we have
—y|~ @2/ +2NIE ifxeG G_;
|X y| —( + ) xelykou ¥ EG— jout
This means that we are free to write,
A~ 1
2
<PN,M mS(l —O[lg_; oulen G, V)](0), gy 4 oulcn G, v)](l)>

= (Isyo Ly |~/ 420N - KN ] (Mg_ 0 10 G, 0)](0). Mgy g o L0 G, 0)](1)).  (7-64)
Mimicking the estimates of (7-62) we see that as in (7-51) we have
L+1 1
M?2L [(2j + 2k)N1—e]L

sn .o (g 2@ 420 )N 1=y KN M E =D @rror 2 SL

This allows us to sum in j, k, and we obtain

_N1— 1
7-62)dtdt <p —
/ /Nlé( ) TSL T

To handle the term (7-59) we rely on the following observation: by the support properties of 1¢,, , 1¢,, (7. ),
le_ ;1¢, (¢, y) and the sharp Huygens principle, we must have

Ix—y| =z 2/ +2F)N1—e

for all
x €supp(lg, ;.. 1c, G, v))(2)
and
y €supp St —1)[lg_ ;; 1e, G(u, v)](7).
Hence,

Kﬁ]%/,M%S(Z —Ollg_ ;len G, v)](), [lgy 45 1o Gu, v)](l)>'

< L. 2@/ 42k )N1-€} PN M ||L§C¢Ip/P)//2N_1 [PnS(t—1)[lc_ ;1¢, G (u, U)](T)”L)qcp/z’ |

><[IC+,k le, G (u, v)](7) ”Li”/p

L i o igr e s + 102 )

—_N1— 1
7-59)drdtr <
/ [\]1 5( ) t~ NL

Next, for the term (7-60) we note that the same argument used to treat (7-59) applies. However, we note

Hence,

that here we only obtain spatial separation of 2/ N 1~¢. Nonetheless, since j > k we have

2INT=€ ~ 2/ 42k N1E
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and hence we are able to sum in j, k, obtaining

_N1—-
[oo

Lastly, consider the term (7-61). Here we use a mix of the arguments used to control (7-59) and (7-62).

€

e 1
7-60)dt dt <7 —.
/N @60 drdr L

In particular we split the sum into two pieces noting that if j ~ k then the same argument used to
estimate (7-59) applies since the spatial supports are separated by ~ 2K N17€ ~ (27 4 2Ky N1=€ If j >k,
we obtain enough angular separation argument to use the same argument used to bound (7-62), since in

this case we have
1X2,3 =23 _ |y2.3] _ 1 <M
x—yl |y T NO-0U-9 TN

forall x € G4 xinand y € G j ou as long as j > k. We obtain

_Nl—
\/—OO

This completes the estimation of (7-56).

€

/oo (7-59)dr dr <p —— + —
- T — 4+ —.
e ~ENLD T ML

At this point, the mixed terms (7-54) and (7-55) (i.e., the remaining contributions to the Cip—in¢ term),
as well as the Cjpt—ext and Cex¢—int terms ((7-40) and (7-41)) can be handled with a combination of the
techniques developed above. For example, after further subdividing G in the regions C— ; and G_ ;
consider the term of the form,

—2/ N1—€ o)
/ / <ﬁfV,M%SU COllo ey Gl (). L, G, v)](r)> d dr.

>0 —2Jjt2N1—€ JN1—€

Fixing a large constant K1 > 0, we can divide the above into two further pieces, namely

—2/N'=¢ K 2/N1=¢; 1
/ / <P§,Mm5(r g 1enGt WD), Ten G, v)1<z)> i de

>0 —2J+t2N1—€ JN1—€

—2J N1—€ 00 R 1
+y / . / , <P§,’M—S(z —O)[lg_, 1y G, )](2), 16, G (u, v)](t)> dr dr.
Sol-2eni—e Jx2i N V]

For the first term on the right-hand-side above we can copy the argument used to estimate (7-59). Indeed
by the sharp Huygens principle the spatial supports (before the application of Py, ) are separated for
each fixed ¢, T by a distance of at least ~ 2/ N17¢ ~g |t —t|. For the second term above we can choose
K1 > 1 large enough to guarantee enough angular separation between the spatial and Fourier variables
to mimic a combination of the arguments used to estimate (7-39) (where one integrates in ¢) and (7-62)
(where one sums in j). The remaining interactions are handled similarly. We omit the details.

We have thus proved that
, 1 1 1

which finally completes the proof of Lemma 7.10. O
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We are now prepared to conclude the frequency envelope argument and the proof of Proposition 7.4.

Proof of Proposition 7.4. Recall that we are trying to prove that

> > MO P2, S 1,

N=No CoNsp/0-V<M<N

for some fixed Cp > 0, for which it suffices to prove that

> > MPEINT20 | Py s (1) [0 S 1
N=No CoNsr/0—V)<M<N )

Once again, by time-translation invariance, we argue for t = 0. Recall that

(Praau(©). Pysau(®) gor| S 141, + 1412, + 1B, + 1812, +1(C.C") o,
and hence by Lemmas 7.8, 7.9 and 7.10, we obtain
N N )M\ ~ 5
@ = ¥ mind £ CE (TE) 1w a1,
N'.M'>M
<0 lan + b By + MR, (7-65)

Furthermore by (7-29) and (7-34),

anm SN (N + 08 an
and
yNm (N + Brnr S ynm(0) + 08 B
Hence
Bym Synm (), anm SYNmM(N'T) S ynm(0),
and we conclude from (7-65) that
yNm(0) S 08y (0) + ML,
which implies
ynm(0) <ML

for any L > 1. Consequently, we have established that

> Yoo MPUTINTEryy (0 S,
N=No M>CyNsp/(0—)

which concludes the proof. |
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NEW FORMULAS FOR
THE LAPLACIAN OF DISTANCE FUNCTIONS
AND APPLICATIONS

FABIO CAVALLETTI AND ANDREA MONDINO

The goal of the paper is to prove an exact representation formula for the Laplacian of the distance
(and more generally for an arbitrary 1-Lipschitz function) in the framework of metric measure spaces
satisfying Ricci curvature lower bounds in a synthetic sense (more precisely in essentially nonbranching
MCP(K, N)-spaces). Such a representation formula makes apparent the classical upper bounds together
with lower bounds and a precise description of the singular part. The exact representation formula for the
Laplacian of a general 1-Lipschitz function holds also (and seems new) in a general complete Riemannian
manifold.

We apply these results to prove the equivalence of CD(K, N) and a dimensional Bochner inequality on
signed distance functions. Moreover we obtain a measure-theoretic splitting theorem for infinitesimally
Hilbertian, essentially nonbranching spaces satisfying MCP(0, N).
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1. Introduction

The Laplacian comparison theorem for the distance function from a point in a manifold with Ricci
curvature bounded from below is one of the most fundamental results in Riemannian geometry. The
local version states that if (M, g) is a smooth Riemannian manifold of dimension N > 2 satisfying
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Ricy, > (N —1)g then, calling d,(-) :=d(p, -) the distance from a point p € M, until the distance function
is smooth the following upper bound holds:

Ad, < (N —1)cotd,. (1-1)

Of course here A denotes the Laplacian (also called Laplace—Beltrami operator) of the Riemannian
manifold (M, g) and cot is the cotangent (for a general lower bound Ric, > Kg, an analogous upper
bound holds by replacing the right-hand side of (1-1) with the suitable (hyperbolic-)trigonometric function).
The result is very classical and can be proved either via the Bochner inequality (see for instance [Cheeger
2001, Section 2]) or by Jacobi fields computations (see for instance [Petersen 1998, Chapter 7]).

It was Calabi [1958] who first extended the upper bound (1-1) to the whole manifold in the weak sense
of barriers. Cheeger and Gromoll [1971], in their celebrated proof of the splitting theorem, then proved
that the upper bound (1-1) also holds globally on M in a distributional sense (see also [Cheeger 2001,
Section 4]). Since those classical works, the Laplacian comparison theorem has become a fundamental
technical tool in the investigation of Riemannian manifolds satisfying Ricci curvature lower bounds (see
for instance [Cheeger 2001; Cheeger and Colding 1996; 1997; 2000a; 2000b; Colding 1996a; 1996b;
1997; Colding and Naber 2012; Li and Yau 1986; Petersen 1998]).

We finally mention that recently Mantegazza, Mascellani, and Uraltsev [Mantegazza et al. 2014]
obtained an exact representation formula for the distributional Hessian (and Laplacian) of the distance
function from a point and that Gigli [2015] extended to the nonsmooth setting the upper bound (1-1).

The goal of this paper is to sharpen the Laplacian comparison theorem in several ways. First of all
we will give an exact representation formula for the Laplacian of a general distance function (and for a
general 1-Lipschitz function on its transport set; see later for the details) which describes exactly also the
singular part concentrated on the cut locus. Such a representation formula will hold on every complete
Riemannian manifold, without any curvature assumption. When specialised to Riemannian manifolds
with Ricci curvature bounded below, such an exact representation formula will make apparent not only
the celebrated global upper bound (1-1) but also a lower bound on the regular part of the Laplacian. The
results will be proved in the much higher generality of (not necessarily smooth) metric measure spaces
satisfying Ricci curvature lower bounds in a synthetic sense (more precisely, essentially nonbranching
MCP(K, N)-spaces); see the final part of the introduction.

In order to fix the ideas, we start the introduction discussing the smooth setting of Riemannian
manifolds.

Let us introduce some notation in order to state the results. Given a point p € M, denote by C, the
cut locus of p. The negative gradient flow g; : M — M of the distance function d, induces a partition
{Xa)aep of M\ ({p}UC,) into minimising geodesics; each X, is called a (transport) ray and Q is a
suitable set of indices. We will denote the initial and final points of the ray X, as a(X,) and b(Xy)
respectively; it is not hard to see that a(X,) € C,, and b(X,) = p for every o € Q. Let us stress that
in this case the endpoints a(X,), b(X,) are not elements of the ray X, (in general, endpoints may or
may not be elements of the ray, depending on the specific case; see also Remark 3.1). Such a partition
induces a disintegration (the nonexpert reader can think of a kind of “nonstraight Fubini theorem”) of the
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Riemannian volume measure m into measures my, = haH 'L x, concentrated on X,:
m:f hoH'Lx, q(da), (1-2)
0

where q is a suitable probability measure on the set of indices Q. We refer to Section 3A for all the details
on the disintegration formula. Here we only mention that once the probability q is fixed within a suitable
family of probability measures, then the functions 4, are uniquely determined.

The fact that (M, g) satisfies Ric, > (N — 1)g is inherited by the disintegration as concavity properties
of the densities /,; for the details see Section 3. For simplicity of notation, we will define

(logha)' () = |~ ogha ()

thanks to the disintegration (1-2) and the (semi-)concavity of &, along X, the quantity (logh,)’ is
well-defined m-a.e.

The first main result of the paper is an exact representation formula for the Laplacian of the distance
function in nonsmooth spaces satisfying synthetic lower bounds on the Ricci curvature (see later in the
introduction). In order to fix the ideas, we state it here for smooth Riemannian manifolds. We denote by
C.(M) the space of real-valued continuous functions with compact support in M endowed with the final
topology and by (C.(M))’ its dual space made of real-valued continuous linear functionals on C.(M).

Theorem 1.1. Let (M, g) be a smooth complete N -dimensional Riemannian manifold, where N > 2. Fix
p € M, and consider d,, :=d(p, -) and an associated disintegration m = fQ haHll_xa q(da).
Then Ad), is an element of (C.(M))" with the representation formula

Ad, = —(log hy)'m — / haSa(x,) q(da). (1-3)
0

It can be written as the sum of three Radon measures

Adp = [Adp];gg - [Adp]r_eg + [Adp]sing’
with

[Ad)Jig = —[(0gho)TFm,  [Ad)lsing = — / hea(x,) 4(da) <0,
0

where % stands for the positive and negative parts. Here, [Adp]ree := [Adp]Jr —[Ad, ], is the regular

reg r;g
part of Ad, (i.e., absolutely continuous with respect to wm), and [ Ad Jsing s the singular part.
In particular, if (M, g) is compact Ad), is a finite signed Borel (and in particular Radon) measure.
Moreover, if Ricg > Kg for some K € R, the following comparison results hold true ( for simplicity

here we assume K = N — 1 for the bounds corresponding to a general K € R; see (4-15)):
Ad, < (N —1)cotd,m, (1-4)
[Adpleg = —(log hy)'m > —(N — 1) cotdy(x,)m. (1-5)

Remark 1.2 (on the lower bound (1-5)). Denote by C,, := {a(X«)}acp the cut locus of p and by g; the
negative gradient flow of d,, at time 7. More precisely, g; is defined ray by ray as the translation by ¢ in the
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direction of the negative gradient of d, for 7 € (0, | X,|), where |X,| denotes the length of the transport
ray Xo,1.e., | Xo| =d(a(Xy), b(Xy)) =d(a(Xy), p). Then for every ¢ > 0 there exists Cg y . > 0 so that

[Adp]reg = _CK,N,sm on {X = gt(aa) = 6‘} D {x € X :d(x, Cp) = 8}-

Let us stress that such a lower bound depends just on the dimension N, on the lower bound K € R over the
Ricci tensor, and on the distance £ > 0 from the cut locus C,, but is independent of the specific manifold

(M, g).

We will prove the next more general statement for any signed distance function. Let us first give some
definitions: Given a continuous function v : M — R such that {v = 0} # &, the function

dy: M — R, dyx):=d(x,{v=0})sgn(v), (1-6)

is called the signed distance function (from the zero-level set of v). With a slight abuse of notation, we
denote by d both the distance between points and the induced distance between sets; more precisely

d(x, {v=0}) :=inf{d(x, y) : y € {v =0}}.

Analogously to d,, a signed distance function d, induces a partition of M (up to a set of measure zero) into
rays {Xq}aco and a corresponding disintegration of the Riemannian volume measure m. The orientation
of the rays is analogous. More precisely, if X, is a transport ray associated with d,, and a(Xy), b(X,) are
its initial and final points, then d,(b(Xy)) <0, d,(a(Xy)) > 0, so that transport rays are oriented from
{v > 0} towards {v < 0}.

Theorem 1.3. Let (M, g) be a smooth complete N-dimensional Riemannian manifold, where N > 2.
Consider the signed distance function d, for some continuous function v : X — R and an associated

disintegration

m = / hoH'Lx, q(da).
Qo
Then Adg is an element of (C.(M))’ with the representation formula
Ady =2(1 —dy(log hy) ym —2 / (hady)[8acx,) — Sbx,) ] q(da). (1-7)
Q
It can be written as the sum of three Radon measures

Ady = [Ad1E, — (A} ]og + [Ad] ing.

reg

with
[AdyTq 1= 2(1 —dy(log hg) ) m,  [Ad]Jsing 1= =2 /Q (hady)[8ax,) = Sbxp] a(da) <0,

where + stands for the positive and negative parts; in particular if (M, g) is compact, Adg is a finite
signed Borel (and in particular Radon) measure.
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Moreover, if Ricg > Kg for some K € R, the following comparison results hold true ( for simplicity
here we assume K = N — 1 for the bounds corresponding to a general K € R; see (4-23), (4-24)):
[Adz%]rtg <2m+2(N — 1)d({v =0}, x)(cot db(xa)ml_{vzo}—l- cot da(xa)ml_{v<0}), (1-8)

[Adg]_ <2m-— 2(N — l)d({v = 0}, . )(COt da(xa)m\_{vzo}-i- cotdb(xa)ml_{v<0}). (1—9)

reg —

We will also present a general statement (Corollary 4.10) valid for any 1-Lipschitz function u : M — R,
provided the rays of the induced disintegration satisfy a suitable integrability condition (roughly, they
should not be too short), obtaining the same representation formula together with the two-sided estimate
we mentioned before.

An interesting feature of Corollary 4.10 is that it will hold for every 1-Lipschitz function u : X — R.
Let us stress that the 1-Lipschitz assumption is clearly a first-order condition, with no information on
second-order derivatives. Nevertheless, Corollary 4.10 will imply that in a general complete Riemannian
manifold it is possible to deduce some information on the second derivatives once restricted to a suitable
subset. More precisely, if one considers only the set of points “saturating the 1-Lipschitz assumption”
then the Laplacian of u is a continuous linear functional on C.. We stress that we will obtain an exact
representation formula of Au (restricted to such a set) which, in the case the Ricci curvature of the
ambient N-manifold is bounded below by K € R, will give a two-sided bound on the regular part in terms
of K, N. We refer to Corollary 4.10 for the details.

Up to now we focussed the introduction on the setting of complete Riemannian manifolds (satisfying
Ricci curvature lower bounds). However, everything will be proved in the much higher generality of
(possibly nonsmooth) essentially nonbranching, metric measure spaces (X, d, m) satisfying the measure
contraction property MCP(K, N) for some K € R, N € (1, oo). We refer to Section 2A for the detailed
definitions; here let us just recall that MCP(K, N), introduced independently in [Ohta 2007a] and [Sturm
2006b], is the weakest among the synthetic conditions of Ricci curvature bounded below by K and
dimension bounded above by N for metric measure spaces. In particular it is strictly weaker than the
celebrated curvature dimension condition CD(K, N) pioneered in [Lott and Villani 2009; Sturm 2006a;
2006b] and than the (weaker) reduced curvature dimension condition CD*(K, N) [Bacher and Sturm
2010]. The essential nonbranching condition, introduced by T. Rajala and Sturm [2014], roughly amounts
to asking that W,-geodesics are concentrated on nonbranching geodesics.

Remark 1.4 (notable examples of spaces fitting in the framework of the paper). The class of essentially
nonbranching MCP(K, N) spaces include many remarkable families of spaces, among them:

« Smooth Finsler manifolds where the norm on the tangent spaces is strongly convex, and which satisfy
lower Ricci curvature bounds. More precisely we consider a C°°-manifold M, endowed with a function
F : TM — [0, oo] such that F|7sp o) is C* and for each p € M it holds that F, :=T,M — [0, 00] is a
strongly convex norm; i.e.,

3*(F2)

P~ (v) is a positive definite matrix at every v € T,M\ {0}.
av'ov/

g (v) =
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Under these conditions, it is known that one can write the geodesic equations and geodesics do not branch;
in other words these spaces are nonbranching. We also assume (M, F') to be geodesically complete and
endowed with a C°° measure m in such a way that the associated metric measure space (X, F, m) satisfies
the MCP(K, N) condition; see [Ohta 2007b; Ohta and Sturm 2014].

» Sub-Riemannian manifolds. The following are all examples of essentially nonbranching MCP (K, N)-
spaces: the (2n4-1)-dimensional Heisenberg group [Juillet 2009], any corank-1 Carnot group [Rizzi 2016],
any ideal Carnot group [Rifford 2013], any generalised H-type Carnot group of rank k and dimension n
[Barilari and Rizzi 2018].

 Strong CD*(K, N) spaces, and in particular RCD*(K, N) spaces (see below). The class of RCD*(K, N)
spaces includes the following remarkable subclasses:

— Measured Gromov Hausdorff limits of Riemannian N-dimensional manifolds satisfying Ricci > K;
see [Ambrosio et al. 2014b; Gigli et al. 2015b].

— Finite-dimensional Alexandrov spaces with curvature bounded from below; see [Petrunin 2011].

In the context of metric measure spaces satisfying Ricci curvature lower bounds in a synthetic form, the
Laplacian comparison theorem in its classical form (1-1) was established in [Gigli 2015]. More precisely,
that work developed a notion of a possibly multivalued Laplacian holding on a general metric measure
space (X, d, m); it also introduces a property of the space called infinitesimal strict convexity, which
grants, among other things, uniqueness of the Laplacian. Finally, assuming infinitesimal strict convexity
and CD*(K, N), a sharp upper bound for the Laplacian of a general Kantorovich potential for the W,
distance is obtained, in particular, for d%. The comparison in [Gigli 2015] is stated for CD*(K, N) but the
same proof, in the case of d%, works assuming the weaker MCP (K, N).

Our results therefore extend the ones in [Gigli 2015] removing the assumption of infinitesimal strict
convexity (hence including the possibility of a multivalued Laplacian, see Definition 2.12); moreover
we precisely describe the Laplacian of a general signed distance function or a 1-Lipschitz function with
sufficiently long transport rays, obtaining also a lower bound on the regular part and a representation
formula for the singular part. We stress the fundamental role of the exact representation formulas: it will
be the key in our application to the Bochner inequality (signed distance functions) and for the splitting
theorem (general 1-Lipschitz function); see the discussions below.

We conclude this part on the related results in the literature mentioning that the Laplacian comparison
results [Gigli 2015, Theorem 5.14, Corollary 5.15] seem to claim the stronger conclusion that Adf7 is
a Radon measure in the classical sense (see Definition 2.11 and comments shortly afterwards). This
however seems to not follow from the proof, when (X, d) is not compact: Adf7 is proved to be an element
of (C.(X))' so, by the Riesz theorem, it is a difference of positive Radon measures but it may fail to be a
Borel measure (see [Gigli 2015, Proposition 4.13] and the application of the Riesz theorem in the last
part of its proof). We will therefore adapt the definition of Laplacian (see Definition 2.12), weakening
[Gigli 2015, Definition 4.4]. With this new definition also [Gigli 2015, Proposition 4.13] together with its
applications seem to work.

The second part of the paper is devoted to applications.
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In Section 6 we will use the representation formula for the Laplacian to show that, under essential
nonbranching, the CD(K, N) condition is equivalent to a dimensional Bochner inequality on signed
distance functions. The Bochner inequality corresponds to an Eulerian formulation of Ricci curvature
lower bounds, while the CD(K, N) condition, based on convexity of entropies along W,-geodesics of
probability measures, corresponds to a Lagrangian approach.

It has been a long-standing open problem, see for instance the celebrated book [Villani 2009, Open Prob-
lem 17.38, Conclusions and Open Problems, p. 923], to show that the Eulerian and the Lagrangian
formulations of Ricci curvature lower bounds are equivalent. Such an equivalence has already been
proved to hold true under the additional assumption that the heat flow H; : L?(X, m) — L*(X, m) is linear
for every 7 > 0 (or, equivalently, the Cheeger energy Ch(f) := [. xIVf |2w m satisfies the parallelogram
identity). The class of CD(K, N) spaces satisfying such a linearity condition is called RCD(K, N). After
its birth in [Ambrosio et al. 2014b] (see also [Ambrosio et al. 2015a]) for N = 0o and further developments
for N < oo (see [Ambrosio et al. 2019; Erbar et al. 2015; Gigli 2015] and the subsequent [Cavalletti and
Milman 2016]), the theory of metric measure spaces satisfying RCD(K, N) (called RCD(K, N)-spaces for
short) has been flourishing in the last years (for a survey of results, see [Villani 2019; Ambrosio 2018]).

The equivalence between RCD(K, N) and the Bochner inequality (properly written in a weak form,
called Bakry-Emery condition BE(K, N)) was proved for N = oo by Ambrosio, Gigli, and Savaré
[Ambrosio et al. 2014b; 2015b], and in the finite-dimensional case by Erbar, Kuwada, and Sturm [Erbar
et al. 2015] and Ambrosio, Mondino, and Savaré [Ambrosio et al. 2019].

Let us stress that the linearity of the heat flow was a crucial assumption in all of the aforementioned
works.

The equivalence between the Bochner inequality and CD(K, N) was proved also in smooth Finsler
manifolds by Ohta and Sturm. In [Ohta and Sturm 2014] no linearity of the heat flow is assumed, on the
other hand the smoothness of the Finsler structure is heavily used in the computations. In the present
paper, in contrast to the aforementioned works, we assume neither that the heat flow is linear nor that
the space is smooth, thus showing that the equivalence between Lagrangian and Eulerian approaches to
Ricci curvature lower bounds holds in the higher generality of nonsmooth “possibly Finslerian” spaces.

The proof of the equivalence seems also to follow rather easily once the representation formula for
the Laplacian of signed distance functions is at our disposal. Here we also crucially use [Cavalletti
and Milman 2016], where it is shown that a control on the behaviour of signed distance functions is
sufficient to control the geometry of the space (see the statement: CD'(K, N) implies CD(K, N)). This
also motivates our interest in the Laplacian of this family of functions (Theorem 4.14).

A second application is a measure-theoretic splitting theorem stating, roughly, that an infinitesi-
mally Hilbertian (i.e., the Cheeger energy satisfies the parallelogram identity), essentially nonbranching
MCP(0, N) space containing a line is isomorphic as a measure space to a splitting (for the precise
statement see Theorem 7.1).

For smooth Riemannian manifolds [Cheeger and Gromoll 1971], as well as for Ricci-limits [Cheeger
and Colding 1996] and RCD(0, N) spaces [Gigli 2013], the splitting theorem has a stronger statement
giving an isometric splitting. However under the assumptions of Theorem 7.1 it is not conceivable to
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expect also a splitting of the metric. Indeed the Heisenberg group H” is an example of a nonbranching
infinitesimally Hilbertian MCP (0, N) space [Juillet 2009] containing a line, which is homeomorphic and
isomorphic as a measure space to a splitting (indeed it is homeomorphic to R” and the measure is exactly
the n-dimensional Lebesgue measure) but it is not isometric to a splitting.

2. Prerequisites

In this section we review the basic material needed throughout the paper. The standing assumptions are
that (X, d) is a complete, proper and separable metric space endowed with a positive Radon measure m
satisfying supp(m) = X. The triple (X, d, m) is said to be a metric measure space, m.m.s. for short.

The properness assumption is motivated by the synthetic Ricci curvature lower bounds we will assume
to hold.

2A. Essentially nonbranching, MCP (K, N) and CD(K, N) metric measure spaces. We denote by
Geo(X) :={y € C([0, 1], X) : d(ys, ¥:) = |s — t|d(y0, 1) for every s, 1 € [0, 1]}

the space of constant-speed geodesics. The metric space (X, d) is a geodesic space if and only if for each
x,y € X there exists y € Geo(X) so that yp =x, y; = y.

Recall that, for complete geodesic spaces, local compactness is equivalent to properness (a metric
space is proper if every closed ball is compact).

We denote by P(X) the space of all Borel probability measures over X and by P»(X) the space
of probability measures with finite second moment. P,(X) can be endowed with the L2-Kantorovich—
Wasserstein distance W, defined as follows: for wg, i1 € P2(X), set

WaGuo, ) s=inf [ 0x ) mdxdy), 1)
T Jxxx
where the infimum is taken over all ¥ € P(X x X) with g and w; as the first and the second marginals.
The space (X, d) is geodesic if and only if the space (P,(X), W) is geodesic.

For any ¢ € [0, 1], let e, denote the evaluation map
e :Geo(X) —> X, e((y):=w.

Any geodesic (s)sefo,17 in (P2(X), W) can be lifted to a measure v € P(Geo(X)), so that (e;)sv = 1y
for all ¢t € [0, 1].

Given ug, n1 € P2(X), we denote by OptGeo(up, 1) the space of all v € P(Geo(X)) for which
(€, €1)zV realises the minimum in (2-1). Such a v will be called dynamical optimal plan. 1f (X, d) is
geodesic, then the set OptGeo(ug, (1) is nonempty for any wo, u1 € Pr(X).

We will also consider the subspace P>(X, d, m) C P»(X) formed by all those measures absolutely
continuous with respect to m.

A set G C Geo(X) is a set of nonbranching geodesics if and only if for any !, y? € G, it holds

there exists 7 € (0, 1) such that, forall r € [0,7], ¥'=y? = vy =y forallsel0,1].
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In this paper we will only consider essentially nonbranching spaces; let us recall their definition (introduced
in [Rajala and Sturm 2014]).

Definition 2.1. A metric measure space (X, d, m) is essentially nonbranching (e.n.b. for short) if and
only if for any g, 1 € P2(X), with g, i1 absolutely continuous with respect to m, any element of
OptGeo(uo, (£1) is concentrated on a set of nonbranching geodesics.

It is clear that if (X, d) is a smooth Riemannian manifold then any subset G C Geo(X) is a set of
nonbranching geodesics, in particular any smooth Riemannian manifold is essentially nonbranching.

In order to formulate curvature properties for (X, d, m) we recall the definition of the distortion
coefficients: for K e R, N €[1, 00), 6 € (0, 00), t €0, 1], set
(@) =1V Dy @)V, (2-2)
where the o-coefficients are defined as follows: given two numbers K, N € R with N > 0, we set, for
(t,0) € [0, 1] x Ry,

50 if K6 > N7?,
SIn(COVK/N) — r0 < K92 < N72,

) ._ ) sin(6/K/N)

0) = 2-3
Txn®:=1, if K62 <0and N =0, orif K62 =0, ()

Sih(t0/ =K/ N) ¢ kg2 < 0 and N > 0.

sinh(0/—K/N)
Let us also recall the definition of the Rényi entropy functional £y : P(X) — [0, oo],
EnGo)i= [ o1 md), (2-4)
b'¢

where © = pm + p® with p® 1 m.

Next we recall the definition of MCP(K, N) given independently in [Ohta 2007a] and [Sturm 2006b].
On general metric measure spaces the two definitions slightly differ, but on essentially nonbranching
spaces they coincide (see for instance Appendix A in [Cavalletti and Mondino 2017a] or Proposition 9.1
in [Cavalletti and Milman 2016]). We report the one given in [Ohta 2007a].

Definition 2.2 (MCP condition). Let K € Rand N € [1, co). A metric measure space (X, d, m) satisfies
MCP(K, N) if for any ug € P>(X) of the form

1
=—m
Ko m(A) LA
for some Borel set A C X with m(A) € (0, 00), and any o € X there exists v € OptGeo(ug, 8,) such that
1 _
T (e):(ty v (o, y)v(dy)) forall 1 € [0, 1]. (2-5)

From [Cavalletti and Milman 2016, Proposition 9.1], in the setting of essentially nonbranching spaces
Definition 2.2 is equivalent to the following condition: for all pg, u; € Pr(X) with up < m and
supp(u1) C supp(m), there exists a unique v € OptGeo(ug, (1), v is induced by a map (i.e., v = S: (o)
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for some map S : X — Geo(X)), u; := (e;)sv <K mforall t € [0, 1), and writing u; = p,m, we have for
allr €[0, 1)

o N = T o vy N () for v-ace. v € Geo(X). (2-6)

The curvature-dimension condition was introduced independently in [Lott and Villani 2009] and [Sturm
2006a; 2006b]; let us recall its definition.

Definition 2.3 (CD condition). Let K € R and N € [1, 0c0). A metric measure space (X, d, m) satisfies
CD(K, N) if for any two po, 1 € P2(X, d, m) with bounded support there exist v € OptGeo (o, (1) and
7w € P(X x X) a Wh-optimal plan such that p, := (e;);v < m and for any N’ > N, t € [0, 1],

D / T e )y N T d e Y mdx dy). 2-7)

Throughout this paper, we will always assume the proper metric measure space (X, d, m) satisfies
MCP(K, N) for some K, N € R, and is essentially nonbranching. This will imply in particular that (X, d)
is geodesic.

It is not difficult to see that if (X, d, m) satisfies CD(K, N) then it also satisfies MCP(K, N), but the
converse implication is false in general (for example the sub-Riemannian Heisenberg group satisfies
MCP(K, N) for some suitable K, N, but does not satisfy CD(K’, N’) for any choice of K’, N').

It is worth recalling that if (M, g) is a Riemannian manifold of dimension n and h € C*(M) with
h > 0, then the m.m.s. (M, dg, h Vol,) (where d, and Vol, denote the Riemannian distance and volume
induced by g) satisfies CD(K, N) with N > n if and only if (see [Sturm 2006b, Theorem 1.7])

213 1/(N—n)
Vgh/ n

Rng’h’N > Kg, Rng,h’N = Rng —(N —H)W

In particular if N = n, the generalised Ricci tensor Ric, ;, v = Ric, makes sense only if / is constant.
A variant of the CD condition, called reduced curvature dimension condition and denoted by CD* (K, N)
[Bacher and Sturm 2010], asks for the same inequality (2-7) as CD(K, N) but the coefficients T ,((”)N(d (vo, Y1)
and rl((l’ ;)(d(yo, y1)) are replaced by o Ig.)N (d(y0, ¥1)) and alg{;’)(d(yo, ¥1)), respectively. For both defi-
nitions there is a local version and it was recently proved in [Cavalletti and Milman 2016] that on an
essentially nonbranching m.m.s. with m(X) < oo, the CD} (K, N), CD*(K, N), CDjoc(K, N), CD(K, N)

conditions are all equivalent for all K € R, N € (1, 00), via the CD!(K, N) condition defined in terms of
the L'-optimal transport problem. For more details we refer to [Cavalletti and Milman 2016].

2B. Lipschitz functions and Laplacians in metric measure spaces. We recall some facts about calculus
in metric measure spaces following the approach of [Ambrosio et al. 2014a; 2014b; Gigli 2015] with
the slight difference that here we confine the presentation to the (easier) setting of Lipschitz functions
(instead of Sobolev), as in the paper we will work in such a framework. For this subsection it is
enough to assume the metric space (X, d) is complete and separable and m is a nonnegative locally finite
measure.



NEW FORMULAS FOR THE LAPLACIAN OF DISTANCE FUNCTIONS AND APPLICATIONS 2101

A function f : X — R is Lipschitz (or more precisely L-Lipschitz) if there exists a constant L > 0
such that

|f(x)— f(y)| < Ld(x,y) forallx,yeX.

The minimal constant L > 0 satisfying the last inequality is called global Lipschitz constant of f and is
denoted by Lip(f).
We denote by LIP(X) the space of real-valued Lipschitz functions on (X, d) and by LIP.(2) C LIP(X)
the subspace of Lipschitz functions of X with compact support contained in the open subset 2 C X.
Given f € LIP(X), the local Lipschitz constant |Df|(xg) of f at xg € X is defined as

|Df|(xp) := lim sup w if x( is not isolated, |IDf|(xg) =0 otherwise.
X—> X0 X, X0

It is clear that [Df| < Lip(f) on all X.
Definition 2.4. Let f, u € LIP(X). Define the functions D* f(Vu) : X — R by

DT f(Vu) := inf |ID(u~+ef)|? — | Dul?
=0 2e ’

while D~ f(Vu) is obtained by replacing inf,..o with sup, .

If DT f(Vu) = D™ f(Vu) m-a.e. for all f,u € LIP(X), then (X, d, m) is said to be (Lipschitz-)
infinitesimally strictly convex and we set Df (Vu) := D" f(Vu); if moreover Df (Vu) = Du(V f) m-a.e.
for all f, u € LIP(X), then (X, d, m) is said to be (Lipschitz)-infinitesimally Hilbertian.

Remark 2.5. Given f, u € LIP(X), it is easily seen the map & — |D(u +&f)|? is convex and real-valued.

Thus
. Dw+eNH*—|Dul* . _|Du+ef)*—|Dul?
inf = liminf ,
e>0 2¢e el0 2¢e
|D@+ef)] = |Dul® |D(u+&f)I> = [Dul?
sup = lim sup .
e<0 2e e10 2¢e

Remark 2.6. The local doubling and Poincaré conditions will be satisfied throughout the paper as we will
work in essentially nonbranching MCP (K, N)-spaces, with K € R, N € (1, co) thanks to [von Renesse
2008, Corollary p. 28]. The standing assumptions in that paper are MCP(K, N) and that the set

C, :={y € X : there exists y' # y? € Geo(X) such that x = yol = yoz, y= yll = ylz}

has m-measure zero for m-a.e. x € X.

In an essentially nonbranching MCP(K, N) space the previous property can be obtained as follows:
for any r > 0 invoke [Cavalletti and Mondino 2017a, Theorem 5.2] with g := mLp, (r)/m(B,(x))
and w; := §,; existence of a map pushing wg to the unique element of OptGeo(ug, (41) yields that
m(C, N B:(x)) =0, actually for any x € X.

Remark 2.7. The notions of infinitesimally strictly convex and infinitesimally Hilbertian have been
introduced in [Ambrosio et al. 2014b; Gigli 2015] in the setting of Sobolev spaces, with the local Lipschitz
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constant replaced by the minimal weak upper gradient. The corresponding Lipschitz counterparts that
we defined above have been already considered in [Mondino 2015] and coincide with the ones of [Gigli
2015] provided the space satisfies doubling and Poincaré locally, thanks to a deep result of [Cheeger
1999]. Thanks to Remark 2.6 we will avoid therefore the prefix “Lipschitz” in the corresponding notions,
for simplicity of notation.

Definition 2.8 (test plans, [Ambrosio et al. 2014a]). Let (X, d, m) be a metric measure space as above
and w € P(C([0, 1], X)). We say that 7 is a test plan provided it has bounded compression; i.e., there
exists C > 0 such that

(e)gm = <Cm forallr €0, 1],

and

1
/ 7P di w(dy) < oo,
0

Definition 2.9 (plans representing gradients). Let (X, d, m) be an m.m.s., g € LIP(X) and 7 a test plan.
We say that 7 represents the gradient of g provided it is a test plan and we have

imipt [ £ZE0 2y 2 1 [ 1DgP o nar) + Jimsup L [ as wia)
g 1—0
Theorem 2.10 [Ambrosio et al. 2014b, Lemma 4.5; Gigli 2015, Theorem 3.10]. Let f, u € LIP(X) and

7 be any plan representing the gradient of u; then

[ L=sow

/ D+f(Vu)(eo)ﬁ 7 > lim sup w(dy)
t—0

>hmmf/ ) — f() 2(dy)

ZfD_f(Vu)(eo)nTF-

In particular, if (X, d, m) is infinitesimally strictly convex then

/Df(VM)(eo)ﬁn—hm/—f(yt F00) o any.

In order to define the Laplacian, let us recall the definition of Radon functional. For simplicity, from
now on, we will assume (X, d) to be locally compact (this will be satisfied throughout the paper as we
will work in the setting of MCP(K, N) spaces which are, even more strongly, locally doubling).

Definition 2.11. « A Radon functional over an open set Q C X is a linear functional T : LIP.(Q2) — R
such that for every compact subset W C 2 there exists a constant Cy > 0 so that

IT(f)] <Cw rnu%x|f| for all f € LIP.(2) with supp(f) C W.

o A nonnegative Radon measure over an open set Q C X is a Borel, nonnegative measure u : B(2) —
[0, 400] that is locally finite; i.e., for any x € €2 there exists a neighbourhood U, of finite p-measure:
w(U,) < 4+00. A nonnegative Radon measure is said to be finite if u(X) < oc.
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o A signed Radon measure over an open set 2 C X is a Borel measure u : B(2) — RU {400} that can be
written as = u* — ™ with 4™, 4~ nonnegative Radon measures, where at least one of the two is finite.

A signed Radon measure is said to be finite if, denoting by |||l := u™ + ™ the total variation measure,
it holds || |[(X) < oo.

Note that, by the classical Riesz—Markov—Kakutani representation theorem, for every nonnegative
Radon functional 7" over X there exists a nonnegative Radon measure w7 representing 7 via integration,
ie.,

T(f):/ f(x) ur(dx) forall f eLIP.(X).
X

In particular, every Radon functional can be written as the sum of two Radon measures (i.e., the positive
and negative parts, respectively).

Let us stress that the nonnegativity assumption is crucial. Indeed a general Radon functional may not
be representable by a measure; for example consider X =R, 2 =R\ {0} and T : LIP.(2) — R defined by

fx) dx.

X

T:LIP.(Q) — R, T(f) :=/
Q

It is straightforward to see that T is a real-valued Radon functional over €2 but cannot be represented by
a signed Radon measure over €2, the point being that (—oo, 0) would have “measure” —oo and (0, +00)
would have “measure” 400, thus failing the additivity axiom. An expert reader may recognise that 7'( f)
is (up to a multiplicative constant) the Hilbert transform of f evaluated at 0.

Definition 2.12. Let Q2 C X be an open subset and let # € LIP(X). We say that « is in the domain of the
Laplacian of €2, and write u € D(A, 2), provided there exists a Radon functional 7 over €2 such that for
any f € LIP.(2) it holds

/D_f(Vu)mS—T(f)S/ D* f(Vu)m. (2-8)
X X

In this case we write T € AuLg. In the case T can be represented by a signed measure p over €2, with a
slight abuse of notation we will identify T with u and write u € AuLg.

Let us stress that in general there is not a unique operator 7 satisfying (2-8); in other words the
Laplacian can be multivalued.

2C. Synthetic Ricci lower bounds over the real line. Given K € Rand N € (1, c0), a nonnegative Borel
function 4 defined on an interval I C R is called an MCP(K, N) density on [ if for all xg, x; € [ and
te0,1]

h(txy + (1= )x0) = o 3 (1x1 = x0D™ (o). (2-:9)

Even though it is a folklore result, we will include a proof of the following fact:

Lemma 2.13. A one-dimensional metric measure space, that for simplicity we directly identify with
(I, ]-], hLC"), satisfies MCP(K, N) if and only there exists h, an MCP(K, N) density, such that h = h
L'-a.e. on .
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Proof. Assume h is an MCP (K, N) density on /. From [Cavalletti and Milman 2016, Proposition 9.1(iv)],
it will be enough to prove (2-6) under the additional assumption that

1
m(A)

Mo = Xam

for some A C I such that 0 < m(A) < oo, with m = AL
Without any loss in generality we assume o0 = 0 € I. Given then any A C [ as above, the unique W,
geodesic (is)refo,1] connecting (o to 8o is

pe = (fepo,  filx) =1 —10)x.
Then using the change of variable formula,

h(x/(1=1)) xalx/(=1)
h(x) (1 —0m(A) ’

we = pm,  pr(x) =

implying that
p (i)Y (=0 =00\ - - -
( e = oo = (1=0"Nol 0 (VDN = 0 (),
proving (2-6). In order to prove the converse implication, we fix x; = 0 = o and take
. 1 1 1
MO.:mELA, ACIl, 0< L' (A) <o0.
Then
— 1 rl
Mt = LU =DA) L(1-H)A
is the unique W;-geodesic connecting g to é,. Hence (2-9) can be applied to
= p;m P (X) _ 1 X(l—t)A(x)
S N () VATV N TE B
Then (2-9) along (u,) implies the claim. Il

The estimate (2-9) implies several known properties that we collect in what follows. To write them in
a unified way we define for ¥ € R the function s, : [0, +00) — R (on [0, 7/+/k) if & > 0),

(1//x) sin(/x0) if > 0,
5c(0):= 16 if c =0, (2-10)

(1/+/—k) sinh(y/—k0) ifk <O.

For the moment we confine ourselves to the case I = (a, b) with a, b € R; hence (2-9) implies

(s,(/(N_l)(b —xl))’“ _hGa) _ (sk/<N—1><x1 - “))Nl Q2-11)

sk /(N—1)(b — xo) ~ h(xo) T \sg/v—1(x0—a)
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for xg < x1 (see the proof of Lemma 2.17 for the easier estimate in the case K = 0). Hence denoting by
D = b — a the length of I, for any ¢ > 0 it follows that

sup{h(xl) 1 Xg, X1 € [a—i—e,b—s]} < Cq, (2-12)
h(xo)

where C. only depends on K, N, provided 2e < D < 1/e.

Moreover (2-11) implies that 4 is locally Lipschitz in the interior of / and an easy manipulation of it
(see [Cavalletti and Milman 2016, Lemma A.9]) yields the following bound on the derivative of A:

s}(/(N_l)(b —Xx)

j < (oghY(x) < (N - ki =@

—(N -1
( ) Sk/(N—1)(x —a)

(2-13)
sk/N-1)(b—x

if x € (a, b) is a point of differentiability of 4. Finally if K > 0, then b —a <7 /(N —1)/K.
Remark 2.14. The estimate (2-11) also implies that an MCP (K, N) density & : (a, b) — (0, 00), a, b € R,
can always be extended to a continuous function on the closed interval [a, b]. Notice indeed that the map
h(x)
(Sk/(N—1)(b—x))N -1
is nondecreasing and strictly positive. Hence the following limit exists and is a real number:
lim ho) .
x—a (sgN—1)(b—x))N-!

(a,b) > x —

Since b —a > 0, we obtain that also the limit lim,_,, 2(x) exists, for every K <0 and for K > 0 provided
b—a#n/(N—-1)/K. Thecase K >0and b —a =n./(N —1)/K follows by rigidity: (2-11) implies
sin(w — x14/K/(N — 1)) - h(xy) - sin(x;+/K/(N —1))
sin(m — xgo/K/(N — 1)) ~ h(xo) ~ sin(xo/K/(N — 1))
showing that 4 (x), up to a renormalisation constant, coincides with sin(x+/K /(N — 1)). To show that
can also be extended to a continuous function at b, one can argue as above starting from the nonincreasing

property of the function
h(x)

(sk/N—1)(x —a))N-1

(a,b) > x —

following again from (2-11).
The next lemma was stated and proved in [Cavalletti and Milman 2016, Lemma A.8] under the CD

condition; as the proof only uses MCP(K, N) we report it in this more general version.

Lemma 2.15. Let h denote an MCP (K, N) density on a finite interval (a, b), N € (1, 00), which integrates
to 1. Then

sup h(x) <
x€e(a,b)

1 N K >0,
—{ (2-14)
b—a

y _ —1
(fo @dy_1(b—apV~"dr)™", K <0.
In particular, for fixed K and N, h is uniformly bounded from above as long as b — a is uniformly
bounded away from 0 (and from above if K < 0).
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From the previous auxiliary results we obtain the following lemma that will be used throughout the
paper.
Lemma 2.16. Let h denote an MCP (K, N) density on a finite interval (a, b), N € (1, 00), which integrates
to 1. Then

1
W (x)|dx < ——CN) 2-15
/w)| Wldx < C 2-15)
for some C((:_’ZI)) > O with the property that, for fixed K € Rand N € (1, 00), it holds
sup Cr(K’N) <00 forevery R>0, lim Cr(K'N) = 00. (2-16)
re(0,R) rtoo

Proof. Case 1: K <0. The two inequalities in (2-13) give for each point x € (a, b) of differentiability
of h )
sK/(N_l)(b —X)

=hn N—1
wi (x) +( )SK/(N—l)(b—X)

h(x) =0,

(2-17)
s’K/(Nil)(x —a)

wy:=h'(x)— (N — 1)SK/(N—1)(X s

h(x) <O.

Thus, we can write

f |h’|dx§f wldx—i-f |lwy —h'|dx
[a,b] la,a+b—a/(2)] la,a+(b—a)/2]

—/ wzdx+/ |lwy —h'| dx. (2-18)
la+(b—a)/2,b] la+(b—a)/2,b]

First of all, observing that for K < 0 one has

Sk -1y (@) -0
Sk/N-1)()
for all t > 0, we get

sk/N—-1)(b—a) )

b—a
widx <h a+—)—h(a)+(N—1)||h|| % (a,b) 10 (
/[a,a+(b_a)/z] : ( 2 L) 08 sk/N-1((b—a)/2)

K,N
< Chom Il L a by,

She v (b —x)
lwy — K| dx = (N = D20 ") < MR ),
(b—a) (a;b)
la,a+(b—a)/2] la,a+(b—a)/2] Sk /(N-1) (b —x)

where r — C,(K’N) satisfies (2-16). The bounds for the second line of (2-18) are analogous. Thus we
conclude

K,N
f[ Wy = CE
a,

which, recalling (2-14), gives the claim (2-15).

Case 2: K > 0. In order to simplify the notation, we assume K =N —1 >0 (sothatb—a <m),a=0
and b —a = D < m. The discussion for general K > 0, a < b € [0, ] is analogous.



NEW FORMULAS FOR THE LAPLACIAN OF DISTANCE FUNCTIONS AND APPLICATIONS 2107

We first consider the case D < w /2. Using (2-11), notice that
hx) _ h(D/2)
sin(D —x) ~— sin(D/2)
h(x) - h(D/2)
sin(x) ~ sin(D/2)

For x € [0, D/2], these yield (recall that cos(x) > 0)
W) (x) 1= h'(x) + %hw/m > 0 (x) + %hu) >0,

and for x € [D/2, D] (recall that cos(x) > 0)

for all x € [0, D /2],

forall x e [D/2, D].

cos(x) n(D/2) < I (x) — cos(x)
sin(D/2) - sin(x)

Then we can collect all the estimates together:

/ |h (x)| < f w((x) dx —i—/ lwg(x) —h'(x)| dx
[0,D] [0,D/2] [0,D/2]

—/ ) (x) dx—{—/ |} (x) —h'(x)| dx
[D/2,D]

[D/2,D]

o (x) :=h'(x)—

h(x) <0.

< CllhllL=,D)- (2-19)

The claim (2-15) then follows applying Lemma 2.15.
If D > /2, like in the case K < 0, the two inequalities in (2-13) give for each point x € (0, D) of
differentiability of A

B () + (N — 1)%%@ > 0,
cos(x)

h'(x) — (N — 1)mh(x) <0.

Hence for x € (0, D —m/2) we have h'(x) > 0 and for x € [7/2, D] we have h’(x) <0. Then Lemma 2.15
and the bound D < s imply that

/ |h (x)|dx = / K (x)dx —/ K (x)dx
[0,D—7/2]U[7/2,D] [0,D—1/2] (7/2,D]

4
<4sup |h| < —.
[0,D]

In order to complete the proof it is then enough to bound f[ D—n/2.7)2] |h'(x)|dx. Since (2-19) was
obtained for any 7 MCP-density on [0, D] with D < /2 without using the assumption of [h =1, it
implies

/ | (x)|dx < Cllhll~[0,x/21
[0,7/2]

for any MCP-density on [0, D] with D > /2. Lemma 2.15 gives the claim. O
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In the proof of the splitting theorem for MCP (0, N) spaces we will use the next lemma.

Lemma 2.17. Let h be a MCP(0, N) measure on the whole real line R. Then h is identically equal to a
real constant.

Proof. We show that h(xg) = h(xy) for all xg, x; € R. The MCP(0, N) condition reads as
h(tx; 4 (1 —1)xo) = (1= 1)V " h(x).

For a < z < b apply the previous estimate for z = xo and x; = b. It implies
h(tb+(1—-1)z) -
h(z) N

ifwe(z,b) and w =tb+ (1 —1t)z for some ¢t € (0, 1), then 1 —¢ = (b — w)/(b — 7). Plugging in the
previous inequality the explicit expression of (1 — ) and repeating the argument taking now xo = a and

(1—p)N 1

X1 = z, we obtain the next two-sided estimate

(b—x1>N_l - h(xy) - <x1 —a)N_l (2-20)
b—xp T h(xg) T \xp—a ’ i

valid for all a < xo < x; < b. Since

b N—1 N-—1
. — X1 . X1 —a
lim ( ) =1= lim ( ) ,
b—>+o00\ b — Xg a—>—00\ X9 — d

and since (2-20) holds for all a € (—o0, x) and all b € (x;, +00), the thesis follows. Il

We now review a few facts about CD(K, N) densities of the real line (see [Cavalletti and Milman 2016,
Appendix]). Given K € R and N € (1, 00), a nonnegative Borel function / defined on an interval / C R
is called a CD(K, N) density on [ if for all xo, x; € I and ¢ € [0, 1]

RYN=D((1 = x4+ tx1) = BV D (xg)og P (e — xol) + 1YV oy (= xol). (2-21)

A one-dimensional metric measure space, say (I, |- |, hehy, satisfies CD(K, N) if and only & has a
continuous representative / that is a CD(K, N) density.

We will make use of the fact that a CD(K, N) density & : I — [0, c0) is locally semiconcave in the
interior; i.e., for all x¢ in the interior of I, there exists Cy, € R so that h(x) — C x0X2 is concave in a
neighbourhood of xg.

Recall moreover that if f: I — R denotes a convex function on an open interval I C R, it is well
known that the left and right derivatives f”~ and f”* exist at every point in I and that f is locally
Lipschitz; in particular, f is differentiable at a given point if and only if the left and right derivatives
coincide. Denoting by D C [ the differentiability points of f in /, it is also well known that 7 \ D is
at most countable. Clearly, all of these results extend to locally semiconvex and locally semiconcave
functions as well. We finally recall the next regularisation property for CD(K, N) densities obtained in
[Cavalletti and Milman 2016, Proposition A.10]
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Proposition 2.18. Let h be a CD(K, N) density on an interval (a, b). Let W, denote a nonnegative C>
function supported on [—¢, €] with [, = 1. For any ¢ € (0, (b — a)/2), define the function h® on
(a+e,b—e¢) by

log h® :=logh * :=f10gh(y)lﬁe(x —y)dy.

Then h® is a C*-smooth CD(K, N) density on (a + ¢, b — ¢).

Part I. A representation formula for the Laplacian
3. Transport set and disintegration

Throughout this section we assume (X, d, m) to be a metric measure space with supp(m) = X and (X, d)
geodesic and proper (and hence complete).

3A. Disintegration of o-finite measures. To any 1-Lipschitz function u : X — R there is a naturally
associated d-cyclically monotone set

Fyi={(x,y) e X xX:ulx)—u(y) =d(x, y)}. (3-1)

Its transpose is given by Fu_l ={(x,y) e X x X : (y, x) € [';}. We define the transport relation R, and
the transport set T, as
R, =T, Ul T,:=P(R,\{x=y)), (3-2)

where {x = y} denotes the diagonal {(x, y) € X 2:x=y}and P; is the projection onto the i-th component.
Recall that ', (x) = {y € X : (x, y) € I} denotes the section of I, through x in the first coordinate, and
similarly for R, (x) (through either of the coordinates by symmetry). Since u is 1-Lipschitz, I',, ', ! and
R, are closed sets, and so are I',,(x) and R, (x).

Also recall the following definitions, introduced in [Cavalletti 2014]:

A, :={x €T, : there exists z, w € [',(x) such that (z, w) ¢ R,},
A_:={x €7, : there exists z, w € Fu_l(x) such that (z, w) ¢ R,}.

Ay are called the sets of forward and backward branching points, respectively. If x € A, and (y, x) € ',
then necessarily also y € A4 (as [',(y) D I',(x) by the triangle inequality); similarly, if x € A_ and
(x,y) € ', then necessarily y € A_.

Consider the nonbranched transport set

T =T, \ (Ax UAL), (3-3)
and define the nonbranched transport relation
RI® := R, N (T, x T,™).

In was shown in [Cavalletti 2014] (see also [Bianchini and Cavalletti 2013]) that R;‘b is an equivalence
relation over 7;“" and that for any x € 7;“'3, R, (x) C (X, d) is isometric to a closed interval in (R, |- |),
and R;‘b (x) C (X, d) is isometric to either a closed, semiclosed or open interval in (R, |- ).
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Therefore, from the nonbranched transport relation Rgb, one obtains a partition of the nonbranched
transport set 7;“" into a disjoint family (of equivalence classes) {X}«c g, €ach of them isometric to a real
interval (depending on the situation, the interval can be bounded or unbounded, closed, semiclosed or
open). Here Q is any set of indices. Concerning the measurability, as the space (X, d) is proper, 7, and
AL are o-compact sets and, consequently, Tunb and R{,‘b are Borel.

Remark 3.1 (initial and final points). It will be useful to isolate two families of distinguished points of
the transport set, the sets of initial and final points, respectively:

a :={x € T, : there does not exist y € 7,, y # x, such that (y, x) € R,},
b :={x € 7T, : there does not exist y € T,, y # x, such that (x, y) € R,}.

Notice that no inclusion of the form a C Ay, b C A_ is valid. For instance consider
X ={(x1,x) eR*:x; >0}
endowed with the Euclidean distance and

u(x) :=dist(x, {x; = 0});
then a = {x; = 0} and A+ = @. In particular, sets @ and b may or may not be subsets of 7.". See also
the discussion right above (1-2). Curvature assumptions will, however, imply that a and b have measure
zero. We will also use the notation a(X, ), b(X,) to denote the starting and final points, respectively, of
the transport set X,, whenever they exist.

Once a partition of the nonbranched transport set 7, is at our disposal, a decomposition of the reference
measure miyw can be obtained using the disintegration theorem. In the recent literature of optimal
transportation, the disintegration formulas have always been obtained under the additional assumption of
finiteness of the measure m(X) < co. We will therefore spend few words on how to use disintegration
theorem to obtain a disintegration associated to the family of transport rays without assuming m(X) < oc.

We first introduce the quotient map £ : 7;“1’ — Q induced by the partition

a=09(x) <= xeX,. (3-4)

The set of indices (or quotient set) Q can be endowed with the quotient o-algebra 2 (of the o-algebra
Z over X of m-measurable subsets),

Ce2 < Q'Oez,
i.e., the finest o-algebra on Q such that £ is measurable.
The set of indices Q can be identified with any subset of Q C X satisfying the following two properties:
o For all x € 7," there exists a unique ¥ € Q such that (x, X) € R™.
o If x, y € 7,"° and (x, y) € R™, then ¥ = .

In particular Q has to contain a single element for each equivalence class X.
Another way to obtain a quotient set is to look instead first for an explicit quotient map: in particular,
any map Q : 7;“b — 7;“" satisfying the properties
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e (x,Q(x)) € RD,
o if (x, y) € R™, then Q(x) = Q(y),

will be a quotient map for the equivalence relation R{:b over 7;nb; then the quotient set associated to £
will be the set {x € R™ : x = Q(x)}.

Existence of Q or of Q can be always deduced by the axiom of choice. However, in order to apply the
disintegration theorem, measurability properties are needed.

A rather explicit construction of the quotient map has been already obtained under the additional
assumption of m(X) < oo (see [Cavalletti and Mondino 2017b; 2018, Lemma 3.8]); however, m(X) < oo
did not play any role in the proof and we therefore simply report the next statement.

We will denote by A the o-algebra generated by the analytic sets of X.

Lemma 3.2 (Q is locally contained in level sets of u). There exists an A-measurable quotient map
Q: ’7;“'3 — Q such that the quotient set Q C X is A-measurable and can be written locally as a level set
of u in the following sense:

0=J0n Qucu ',

neN
wherel, € Qand Q; N Q; =D fori # j.

Lemma 3.2 allows us to apply the disintegration theorem (see [Cavalletti and Milman 2016, Section 6.3]),
provided the ambient measure m is suitably modified into a finite measure. To this aim, the next elementary
lemma will be useful.

Lemma 3.3. Let m be a o-finite measure over the proper metric space (X, d) with supp(m) = X. Then
there exists a Borel function f : X — (0, 0o0) satisfying

i%ff >0 for any compact subset K C X, fm=1. (3-5)
7:[11b

Proof. Since by assumption (X, d) is proper, for every xo € X and R > 0 the closed metric ball Bg(xo) is
compact. Thus, using that m is o-finite and supp(m) = X, we get

0 <m(Bn(xp) \ By—1(x0)) <oco foralln € Nsj.

It is then readily checked that f : X — (0, co) defined by
. 1
/= 2"m(Bn(x0) \ Bp—1(x0))
on By, y1(xo) \ Bn(xp) for all n € N5 satisfies (3-5). U

Under the assumption that m is o-finite, let f : X — (0, co) satisfy (3-5), set
M= fml_nnb, (3—6)
and define the normalised quotient measure

q:= Q. (3-7)
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Notice that q is a Borel probability measure over X. It is straightforward to check that
Q4 (ml_f,;nb) <q.

Take indeed E C Q with q(E) = 0; then by definition fQ_.(E) f(x)m(dx) =0, implying m(Q~(E)) =0,
since f > 0.
From the disintegration theorem [Fremlin 2003, Section 452], we deduce the existence of a map

O>at> uy € P(X)
satisfying the following properties:

(1) For any p-measurable set B C X, the map o — i, (B) is g-measurable.
(2) For g-a.e. « € Q, p, is concentrated on Q Ha).

(3) For any pu-measurable set B C X and g-measurable set C C Q, the following disintegration formula
holds:

w(BNO(C) = /C 1o (B) q(da).

Finally the disintegration is g-essentially unique; i.e., if any other map Q > o — 1, € P(X) satisfies the
previous three points, then

Lo = Mo g-ae. o€ Q.

Hence once q is given (recall that q depends on f from Lemma 3.3), the disintegration is unique up to a
set of g-measure zero. In the case m(X) < oo, the natural choice, that we tacitly assume, is to take as f
the characteristic function of 7," divided by m(7,™) so that q := Qy(mLyw/m(7,™)).

All the previous properties will be summarised saying that Q > o +— u, is a disintegration of | strongly
consistent with respect to Q.

It follows from [Fremlin 2003, Proposition 452F] that

/g(X)M(dX)=f /g(x) M (dx) q(da)
X 0

for every g : X — RU{=£o0} such that | g u is well-defined in RU {#00}. Hence picking g = 1/f (where
f is the one used to define ), we get

M= / B q(da; (3-8)
o f

the previous identity has to be understood with test functions as the previous formula.

Defining m, := o/ f, we obtain that m, is a nonnegative Radon measure over X satisfying all the
measurability properties (with respect to o € Q) of pq and giving a disintegration of me7w strongly
consistent with respect to £. Moreover, for every compact subset X C X, it holds

1a(K) < mg(K) = 22.(0) <

- for g-a.e. a € Q. (3-9)
supy f [T
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In the next statement, we summarise what we have obtained so far concerning the disintegration
of a o-finite reference measure m with respect to the nonbranched transport relation induced by any
1-Lipschitz function u : X — R.

We denote by M_ (X) the space of nonnegative Radon measures over X.

Theorem 3.4. Let (X, d, m) be any geodesic and proper (hence complete) m.m.s. with supp(m) = X and
m o -finite. Then for any 1-Lipschitz function u : X — R, the measure wm restricted to the nonbranched
transport set 7;nb admits the disintegration formula

mLTunb=f my q(da),
0

where q is a Borel probability measure over Q C X such that Qj (mi7w) K q and the map Q > o —
my € M4 (X) satisfies the following properties:

(1) For any m-measurable set B, the map o +— my(B) is q-measurable.
(2) For g-a.e. « € Q, my, is concentrated on Q Na) = RBb(a) (strong consistency).

(3) For any m-measurable set B and q-measurable set C, the following disintegration formula holds:
m(BNAQ™(C)) = /C ma (B) q(de).
(4) For every compact subset IC C X there exists a constant Cx € (0, 00) such that
my(K) < Cx forg-a.e o € Q.

Moreover, for any q as above such that Qj (migmw) K q, the disintegration is q-essentially unique (see
above).

3B. Localisation of Ricci bounds. Under the additional assumption of a synthetic lower bound on the
Ricci curvature, one can obtain regularity properties both on 7;“" and on the conditional measures m,,.
As some of these results were obtained assuming m(X) < oo, in what follows we review how to obtain
the same regularity with no finiteness assumption on m. First of all recall that, for any K € R and
N € (1, 00), CD(K, N) implies MCP(K, N), which in turn implies that m is o -finite. Thus Theorem 3.4
can be applied.

Lemma 3.5. Let (X, d, m) be an essentially nonbranching m.m.s. with supp(m) = X and satisfying
MCP(K, N) for some K € R, N € (1,00). Then for any 1-Lipschitz function u : X — R, it holds
m(7,\ 7,") = 0.

Lemma 3.5 has been proved in [Cavalletti 2014] for metric measure spaces (X, d, m) satisfying
RCD(K, N) with N < oo and supp(m) = X. The RCD(K, N) assumption was used in that proof only to
have at our disposal the following property: given o, ;1 € P(X) with py < m, there exists a unique
optimal dynamical plan for the W5-distance and it is induced by a map. In [Cavalletti and Mondino 2017a,
Theorem 1.1] this property is also satisfied by an e.n.b. metric measure space satisfying MCP(K, N)
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with supp(m) = X, without any finiteness assumption on m. Hence Lemma 3.5 can be proved following
verbatim [Cavalletti 2014].

Building on [Cavalletti and Mondino 2017a], in [Cavalletti and Milman 2016, Theorem 7.10] additional
information on the transport rays was proved: for g-a.e. o € Q it holds

R,(a) = R™ () D R™(ar) D R, (), (3-10)

with the latter to be interpreted as the relative interior. The additional assumption of m(X) < co was used
in the proof only to obtain the existence of a disintegration of m strongly consistent with the nonbranched
equivalence relation. Hence from Theorem 3.4 also (3-10) is valid in the present framework.

To conclude, we assert that the localisation results for the synthetic Ricci curvature lower bounds
MCP(K, N) and CD(K, N), with K, N € R and N > 1, are valid also in our framework.

o Localisation of MCP(K, N). In [Bianchini and Cavalletti 2013, Theorem 9.5], assuming nonbranching
and the MCP (K, N) condition, it is proved (adopting slightly different notation) that for g-a.e. & € Q it
holds

1
my = haH LXyo

where 7' denotes the one-dimensional Hausdorff measure. Moreover, the one-dimensional metric
measure space (XD,, d, my), isomorphic to ([0, Dy], | - |, hoLh), is proved to satisfy MCP(K, N); here
X, stands for the closure of the transport ray X, with respect to d. Note that X, might not be a subset
of Tu“b because of its endpoints but this will not affect any argument as mg (X, \ X,) = 0. No finiteness
assumption was assumed in [Bianchini and Cavalletti 2013, Theorem 9.5] and, since here we restrict to
the nonbranched transport set, the arguments can be carried over to give the same statement.

e Localisation of CD(K, N). The localisation of CD(K, N) was proved in [Cavalletti and Mondino 2017a,
Theorem 5.1] under the assumption m(X) = 1. Nevertheless, in that work the CD(K, N) condition was
assumed to be valid only locally; i.e., the space was assumed to satisfy CDjoc(K, N). In particular the
proof first shows that the one-dimensional metric measure space (Xg, d, m,) satisfies CDjoc (K, N) for
g-a.e. « € Q and then, thanks to the local-to-global property of one-dimensional CD(K, N) condition,
concludes with the full claim. Hence, if (X, d, m) is e.n.b. and satisfies CD(K, N), since by Theorem 3.4
a disintegration formula is at our disposal and the reference measure m is locally finite, one can repeat the
arguments in [Cavalletti and Mondino 2017a, Theorem 5.1] and obtain that the one-dimensional metric
measure space (X, d, my), isomorphic to ([0, D], |- |, ho LYY, satisfies CD(K, N).

We summarise the above discussion in the next statement.
Theorem 3.6. Let (X, d, m) be an essentially nonbranching m.m.s. with supp(m) = X and satisfying
MCP(K, N) for some K € R, N € (1, 00).

Then, for any 1-Lipschitz function u : X — R, there exists a disintegration of m strongly consistent
with R™ satisfying

mLTunbzfgma qda), q(Q)=1.
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Moreover, for q-a.e. a, my, is a Radon measure with my, = haHll_Xa < ’Hll_Xa and (X4, d, mgy) satisfies
MCP(K, N).
If, additionally, (X, d, m) satisfies CDjoc (K, N), then hy is a CD(K, N) density on X for g-a.e. a.

It is worth recalling that, once we know that (X, d, my) satisfies MCP(K, N), it is straightforward to
get that m, = h,H'Lx, for some density /.. We refer to Section 2C for all the properties satisfied by
one-dimensional metric measure spaces satisfying lower Ricci curvature bounds.

We conclude the section by specialising the results to the smooth framework of Riemannian manifolds
(cf. [Klartag 2017]).

Corollary 3.7. Let (M, g) be a complete N -dimensional Riemannian manifold, where N > 2, and let m
denote its Riemannian volume measure.

Then, for any 1-Lipschitz function u : M — R, there exists a disintegration of m strongly consistent
with R;‘b satisfying

mL']’unb:/ my q(da), q(Q)=1.
0
Moreover:

(1) For g-a.e. ¢, my is a Radon measure with my = haﬂl\—xa < Hll_xa.

(2) For every x € M there exist a (compact, geodesically convex) neighbourhood U of x and K € R such
that hyLy is a CD(K, N) density on X, N U for g-a.e. o.

(3) If, additionally, Ric, > K g for some K € R, then hy is a CD(K, N) density on X, for q-a.e. a.

Proof. The corollary follows directly from Theorems 3.4 and 3.6, reasoning as follows. A complete
Riemannian manifold is geodesic and proper; hence Theorem 3.4 implies the first part of the claim,

L= fQ M, ada), Q)= 1.

and for g-a.e. @, m, is a Radon measure with m, = haHll_Xa < HII_XO[.

Moreover every point x € M admits a geodesically convex compact neighbourhood U where, by
compactness, the Ricci tensor is bounded below by some K € R. In particular (U, d, m_y) is an essentially
nonbranching CD(K, N) space and thus we can apply Theorem 3.6 to (U, d, m_y). Since the partition
associated to u : U — R is given by the restriction of transport rays, the quotient measure of m restricted to
un 7;“" will be absolutely continuous with respect to ¢; hence by g-essential uniqueness of disintegration
we deduce that hyLy is a CD(K, N) density on X, NU for g-a.e. «. The third claim is already contained
in Theorem 3.6. U

4. Representation formula for the Laplacian

From now on we will assume (X, d, m) to be an e.n.b. metric measure space satisfying MCP (K, N) for
some K € Rand N € (1, o0). In particular (X, d, m) is a locally doubling and Poincaré space (recall
Remark 2.6).
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We will obtain an explicit representation formula for the Laplacian for a general 1-Lipschitz function
u:X =R, |ulx) —u(y)l <dx,y),

assuming a mild regularity property on 7, the associated transport set defined in Section 3.

A distinguished role will be played by a particular family of 1-Lipschitz functions, namely the so-called
signed distance functions. Such a class played a key role in the recent proof [Cavalletti and Milman 2016]
of the local-to-global property of CD(K, N) under the e.n.b. assumption.

Definition 4.1 (signed distance function). Given a continuous function v : (X, d) — R so that {v =0} # &,
the function

dy: X >R, dyx):=d(x, {v=0})sgn(), “4-1)
is called the signed distance function (from the zero-level set of v).

With a slight abuse of notation, we denote by d both the distance between points and the induced
distance between sets; more precisely

d(x, {v=0}) :=inf{d(x, y) : y € {v =0}}.

Lemma 4.2. The signed distance function d, is 1-Lipschitz on {v > 0} and {v < 0}. If (X, d) is a length
space, then d, is 1-Lipschitz on the entire X.

For the proof we refer to [Cavalletti and Milman 2016, Lemma 8.4].

We now fix once and for all a 1-Lipschitz function # : X — R. In order not to have empty statements,
throughout the section we will assume that m(7,) > 0.

4A. Representing the gradient of —u. The translation along 7;“b is defined as
g RxT™ 7™ c X, graph(g)={(t,x,y) eRx R™:u(x)—u(y)=t}.

Since Rgb is Borel, the same applies to g, while Dom(g) = Pj;(graph(g)) is analytic. We will write g,
for g(¢, -). Notice that

graph(g,) = {(x,y) € R 1 u(x) —u(y) =t}
is Borel as well and thus forr € R
Dom(g,) = 7,"(t) := {x € 7,™ : there exists y € R™ (x) with u(x) — u(y) =t}

is an analytic set. The rough intuitive picture is of course that g, plays the role of negative gradient flow
of u, restricted to the points of maximal slope 1. In order to handle the case when m(7,"°) = +o0, it is
useful to introduce the following definition.

Definition 4.3. A measurable subset E C X is said to be R™-convex if for any x € 7, the set £ NR™(x)
is isometric to an interval.
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For every bounded R;‘b—convex subset E C 7;“" (2¢) with m(E) > 0, consider the function A : E —
C ([0, 1]; X) defined by
9 0’ 9
[0, 113 7> A(). ::{g’(x) el
gé‘(-x)7 T E [Sa 1]7

and set

1
= ——A . 4-2
TE m(E) ﬁm\_E ( )

Note that

(g)gmip=:mg, 7t€l0,¢],

m(E)(er)mg = (e; o A)ymLgp= { 4-3)

(ge)ymip=:m%, 7€l 1]

The rough intuitive idea is of course that m}, is the push forward of mi_g via the negative gradient flow
of u at time 7.

Proposition 4.4. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) and u be as
before. For every bounded R,rjb-convex subset E C 7;“b (2e) with m(E) > 0, the measure g defined in
(4-2) is a test plan representing the gradient of —u (see Definition 2.9).

Proof. Fix t € [0, ¢]. First of all write

m(E)(e)e = mly = / (8)smav g q(da). (4-4)
0
Since myLg=hoH'Lx,nE, We have
hyog_
(8)ymoLp= ah g tma‘—gt(E)- 4-5)
o

Identifying X, N (Ute[O, ] g,(E)) with an interval [aq, by] C R (for the sake of the argument we as-
sume the interval to be closed, but all the other cases are completely analogous), from (2-11), for
x €lay+t,by—2¢+t]and t < ¢ it holds

he(x —1) - [SK/(N—l)(ba —x+1)
he(x)

where the last inequality follows from the fact that b, —x > 2¢ —t > & > 0. We stress that C, > 0 is

independent of & € Q. The combination of (4-4), (4-5) and (4-6) gives that

N-1
] <C, forallx elay+1t,by—2c+t]andt <e, (4-6)
Sk/(N—1)(bg — X)

C
(e)gm < ———m
m

for all ¢ € [0, 1]; i.e., g has bounded compression. Moreover since m(E) < oo, and |y| =1 for r-a.e. y,
it follows that wg is a test plan (Definition 2.8).

We now prove that g represents the gradient of —u. Since by construction u(x) — u(g;(x)) = t for
meE-a.e. x, we have

/”(VO)_M(Vr) liminf
T m(E) =0

lim inf
7—0

/ u(x) — u(ge(x))
E T

me(dy) = m(dx) =1.
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Hence the claim (recall Definition 2.9) follows by the fact that the 1-Lipschitz regularity of u implies
|[Du| <1 m-a.e. and thus

1>

2 1 .
2m(E) Jrmee | Du|*(x) m(dx) + 3£ (C ([0, 1]; X)). 0

In the next statement and in the rest of the paper, we will often consider the restriction of a Lipschitz
function f to some transport ray Rgb(oz) giving a real variable Lipschitz function: [ay, by] 2 t —
f(g(t, ay)). It will make sense then to compute the 7-derivative of the previous map: whenever it exists,

S8t %) = fx)
t

we will use the notation
4-7)

f'(x) :=lim
t—0
Note that f” is roughly the directional derivative of f “in the direction of —Vu”. Observe that, if (X, d, m)
is MCP(K, N) e.n.b., for every f € LIP(X) the quantity f’ is well-defined m-a.e. on 7.
Theorem 4.5. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) and u be as before.
Then for any Lipschitz function f : X — R it holds
D™ f(=Vu) < f' <DV f(=Vu) wm-ae onT,. (4-8)

Proof. Given f € LIP(X), fix ¢ > 0 and let E C 7;“"(28) be any bounded R{}b—convex subset with
m(E) > 0. Theorem 2.10 together with Proposition 4.4 and (4-3) implies

/ f(g(x) — f(x) m(do)
E T

/ D™ f(=Vu) m < liminf
E —0

< lim sup
T—0

/f(gf(X))—f(x) m(dx)g/ D* f(—Vu)m.
E T E

To conclude it is enough to observe that
/ f(g:(x)) — f(x) m(dx) = / / F (g (x)) — f(x) my (dx) q(da).
E T 0 JENX, T

and notice that for each o € Q the incremental ratio (f (g (x)) — f(x))/t converges to f’(x) for my-a.e.

x € X, and is dominated by the Lipschitz constant of f. Therefore, by the dominated convergence
theorem, for each E as above it holds

fo(—Vu)mf/ f’msf DT f(=Vu)m.
E E E

The claim follows by the arbitrariness of ¢ > 0 and E C T,"°(2¢). O
The chain rule [Gigli 2015, Proposition 3.15] combined with Theorem 4.5 allows us to obtain:

Corollary 4.6. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) and u be as before.
Then for any Lipschitz function f: X — R

D™ f(=Vu?) <2uf' < DT f(=Vu?),

where the inequalities hold true m-a.e. over T,,.
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Proof. We show that D~ f (—Vu?) < 2uf’; the argument for proving 2uf’ < D% f(—Vu?) is completely
analogous.
By the chain rule [Gigli 2015, Proposition 3.15], we know that

D™ f(=Vu?) =2uD ™" f(—Vu).
Combining the last identity with Theorem 4.5 yields

D™ f(—Vu?) = {2MD+f(—Vu) <2uf’ m-ae.on {u <0},
“7 7 \ouD~ f(~Vu) <2uf’ m-ae.on {u> 0},

giving the claim. U

4B. A formula for the Laplacian of a general 1-Lipschitz function. The next proposition, which is key
to showing that Au is a Radon functional, follows from Lemmas 2.15 and 2.16. We use the notation
that a(X,) and b(X,) denote the initial and final points respectively of the transport ray X,. Recall also
that A, is positive and differentiable a.e. on X,; in particular log &, is well-defined and differentiable a.e.
along X, .

Proposition 4.7. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) for some K € R,
N € (1, 00). Letu : X — R be a 1-Lipschitz function with associated disintegration m_rm= /, 0 Ma qda),
with q(Q) = 1, mg = heH'Lx,, he € L'(H! x,) for q-a.e. « € Q. Assume that

1
/Q d(@(Xa), b(Xqy) 1) =00
Then T, :LIP.(X) —> R

T.(f) t=/Q/X (log he)' f mg q(da)—l-/Q(haf)(a(Xa))—(haf)(b(Xa))UI(dOé) (4-9)

is a Radon functional over X.

Proof. Fix any bounded open subset W C X and observe that we can find a bounded R;‘b—convex
measurable subset E C 7, such that W N 7,"® C E (take for instance on each X, the convex-hull of
WnNX,) and

da(XyNE),b(XyNE))>min{l, d(a(Xy), b(Xy))} foralla e Q. (4-10)

Note that E depends just on W and the ray relation R™. For any f € LIP.(X) with supp(f) C W, it is
clear that

/Q /X (log ha)'f ma q(da) + /Q (ha f)(@(Xa)) = (e ) (b(Xe) q(dct)
_ f / (log ha) f Mg q(det) + / (ha f)(@(Xa N EY) = (ha f)(B(Xa N E)) q(dar).
0 Jx,nE 0

Since E is bounded, we have sup, . d(a(Xo N E), b(Xy N E)) < Cy for some Cy € (0, 00) depending
only on W C X. Moreover, Theorem 3.4(4) implies sup, ¢ f X,NE he dH' < Cy . Therefore, applying
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Lemmas 2.15 and 2.16 to the renormalised densities

~ 1
hy : =———————h
: J XonE e du!"
and rescaling back to get A, recalling also (4-10) we infer

1

Y e Xy erdae ae(E) C Q.

sup ho,(x)—i—/ |n,|dH' < C
X NE XoNE

We can thus estimate

‘ / / (log ha)' f mq q(da) + / (e f)(@(Xa N EY) — (he ) (b(Xa N E)) q(det)
0 Jx,nE 0

1
= (CW /Q d(@(Xa), b(Xe)) q(d“)) il

We can therefore conclude that (4-9) defines a Radon functional. O

The first main result follows by combining Theorem 4.5 and Proposition 4.7.

Theorem 4.8. Ler (X,d, m) be an e.n.b. metric measure space with supp(m) = X and satisfying
MCP(K, N) for some K € R, N € (1,00). Let u : X — R be a 1-Lipschitz function with associated
disintegration mi_w= fQ my q(da), with q(Q) =1, my = heH'Lx,, ho € L'(H!Lx,) for g-a.e. a € Q.
Assume that

1
/Q d(@(Xa), b(Xg)) 1) =00

Then, for any open subset U C X such that m(U \ T,) = 0, it holds u € D(A, U). More precisely,
Ty : LIP.(U) — R, defined by

Ty(f) = — /Q FIH o a(da) + /Q (Fhe)(B(X0)) — (Fha)(@(Xa)) q(da0).
is a Radon functional with Ty € AuLy. Moreover, writing Ty = Tlr]eg + Tlsjing , With
TrE(f) = — /Q R xnv qda),  To"(f) = /Q (fha)(D(Xa)) — (fha)(a(X4)) q(da),

it holds that Tlr/eg can be represented by Tlr/eg = —(log hy)'mLy and satisfies the bounds

s}{/(N_l)(d(b(Xa), X)) < (logha)/(x) <(N- I)S/K/(N—l)(d(x’ a(Xy))) ‘
sk/N—1)(d(b(Xg), x)) sk/N—1)(d(x, a(Xy)))

Remark 4.9 (interpretation in the case X, is unbounded). Let us explicitly note that, in the case the
ray X, is isometric to (—o00, b) (respectively (a, +00)), then by definition (fhy)(a(Xy)) = O (resp.
(fhy)(b(Xy)) =0). Let us discuss the case K = —(N — 1), the other cases being analogous. In the case
the ray X, is isometric to (—oo, b) (respectively (a, +00)), then the upper bound (resp. the lower bound)
in (4-11) should be interpreted as (logh,) < N — 1 (resp. (loghy) > —(N — 1)). In particular, if for

—(N-1)

(4-11)
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g-a.e. « € Q the ray X, is isometric to (—oo, 4+00), then for any open subset U C X with m(U \7,) =0
the singular part T;,ing vanishes and it holds —(N — ImLy < T{]eg <(N—-Dmry.

Proof of Theorem 4.8. Fix an arbitrary open subset U C X such that m(U \ 7,) =0. Let f : X - R be
any Lipschitz function compactly supported in U and let f” be defined m-a.e. by (4-7). Recall that the
closure of the transport ray (X, d, my) is isomorphic to a (possibly unbounded, possibly not open) real
interval [a(X,), b(X4)] endowed with the weighted measure ho L1, so we can integrate by parts Lipschitz
functions on X, analogously as on a weighted real interval.

Via an integration by parts, we thus obtain

/Xha(X)f/(X)”Hl(dX)z—/ hiy (X) f (6) H (dx) + (ho ) (D(Xo)) — (ha [)(a(Xe))  g-ace.

o

which, together with Theorem 3.6, gives
/;/ [ x)ymdx) = — /.Q /Xa hiy(x) f () H' (dx) + (ha f)(B(Xa)) — (ha [)(a(Xa)) q(de).  (4-12)
Proposition 4.7 ensures that, under the assumptions of Theorem 4.8, the expression
Tau(f):=— /Q fhH Cx, a(da) + /Q(haf)(b(xa)) — (he f)(a(Xq)) q(da)

defines a Radon functional on U.
The combination of (4-12) with Theorem 4.5 gives

f Dif(_v“)m = TAu(f) = / D+f(—let) m.
U U
Noting that (see [Gigli 2015, Proposition 3.15])
D™ f(=Vu)=—-D" f(Vu), D'f(—Vu)=—-D" f(Vu) m-ae.,

the previous inequalities imply

/ D™ F(Viym < —Tau(f) < — / D* f(Vuym,
U

U
Recalling (2-13), the proof of all the claims is complete. 0

The next result, dealing with smooth Riemannian manifolds, can be proved using Corollary 3.7 in
the proof of Theorem 4.8 and following verbatim the arguments. Let us just mention that the Laplacian
here is single-valued, i.e., {Ty} = AuLy, since on a smooth Riemannian manifold (M, g) it holds
DT f(Vu) = D~ f(Vu) = g(Vf, Vu).

Corollary 4.10. Let (M, g) be an N-dimensional complete Riemannian manifold, where N > 2. Let
u: M — R be a 1-Lipschitz function with associated disintegration m_, = fQ my q(da), with q(Q) =1,
my = haHII_Xa, hy € LI(HII_XQ) for g-a.e. « € Q. Assume that

1
/Q d(@(Xa), b(Xqy) 1) =00
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Then, for any open subset U C M such that m(U \ T,) = 0, it holds u € D(A, U). More precisely,
Ty : LIP.(U) — R, defined by

Tu(f) = — fQ FRH xorw a(da) + fQ (ha)(b(Xa)) — (fha) (@(Xe)) q(der),
is a Radon functional with {Ty} = AuLy. Moreover, writing Ty = Tlr]eg + TSing, with
TrE(f) = — fQ FRLH Cxou qda),  TOME(F) = /Q (fha)(b(Xe)) — (fa)(@(Xa)) q(da),

it holds that Tlr]eg can be represented by Tlr]eg = —(loghy) ' mLy.
In addition, if Ricy > K g for some K € R, then the following bounds hold.

1 S;(/(N_l)(d(b(Xa)a X)) < (logha)’(x) <(N- I)S;(/(N—l)(d(x’ a(Xe))) '
sk/N—1)(d(b(Xy), x)) sk/N—1(d(x, a(Xy)))

Specialising Corollary 4.10 to the distance function gives Theorem 1.1; we briefly discuss the details

—(N (4-13)

below.

Proof of Theorem 1.1. Fix p € M.

Step 1: u :=d, :=d(p, -) satisfies the assumptions of Corollary 4.10.

Since by hypothesis (M, g) is complete, any point x € M can be joined to p with a length-minimising
geodesic. Thus 74, = M, b(Xy) = p and a(X,) € Cp for every o € Q. Moreover, there exists & =
&(p) > 0 such that all the minimising geodesics X, emanating from p have length d(a(Xy), b(Xy)) =
d(a(Xy), p) > €. Since by construction q(Q) = 1, we conclude that the assumptions of Corollary 4.10
are satisfied.

Step 2: The representation formula (1-3) holds. We are left to show that

/ hadp(x,) a(da) = 0.
(9]

Clearly, it is enough to show that
hy(p) =0 forg-ae. o€ Q. (4-14)

Suppose by contradiction that there exists Q C Q, where h,(p) > ¢ > 0, with q(Q) > 0. For simplicity
of notation, we identify the minimising geodesic X, with the real interval [a,, b, ], where p corresponds
to b,. Then by Fatou’s lemma it holds

.. .m(B.(p))
00 > wy = liminf

1
———— > liminf | — ho(t)dt q(d
mint "N ztimint [ [ e dratae)

1 ho (2
z/ liminf—/ “()dtq(da):oo,
Q I‘J,O r [bozfraba] rN_l

giving a contradiction and thus proving the claim (4-14).
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Step 3: We define three nonnegative Radon measures [Ad p]rieg = —[(loghy) ]*m and [Ad plsing 1=
— fQ haba(x,) q9(da), and let Ad, = [Adp]:gg — [Ad,,];eg + [Adp sing-

Combining Corollary 3.7(2) with (2-13), it follows that [Ad)];e; := —(log hy)'m defines a Radon
functional; by the Riesz theorem, its positive and negative parts are thus Radon measures. Also [Ad ]ging :=
— f 0 habacx,) 9(da) = Ad, — [Ad,]ieg is a nonpositive Radon functional (as a difference of Radon
functionals) and thus, by the Riesz theorem, it defines a Radon measure.

Step 4: Upper and lower bounds in the case Ric, > Kg for some K € R.
If Ric, > K g, by Corollary 3.7(3) we know that A, is a CD(K, N) (and in particular MCP(K, N))
density over X, for g-a.e. «. Thus (2-13) gives the bounds

s}(/(N—l)(da(Xa))
sk/(N—1)(da(x,))

s}(/(N—l)(dP)

—(N-=1) m =< [Adpleg < (N —1) m, (4-15)

sk/N—1)(dp)

completing the proof. (|

Remark 4.11 (on the bounds under the assumption Ric, > Kg). A few comments are in order:

o The upper bound in (4-15) is the celebrated Laplacian comparison theorem. Note that a similar upper
bound is proved above to hold more generally for the (regular part of the) Laplacian of a (rather) general
1-Lipschitz function (4-13) in the high generality of e.n.b. MCP (K, N)-spaces (4-11).

e The case of the round sphere. Let p, g € S" be a couple of antipodal points; clearly the cut locus of p
coincides with g. In this case, choosing # = d,, in the construction above gives the partition of SN\ {p. q}
into meridians, and each ray is a meridian without its endpoints p, g, oriented from ¢ to p. Theorem 1.1
thus yields

—(N —1)cotd, < Ad, < (N —1)cotd, onS".

Note that (for the round sphere) the same conclusion could be achieved by applying the Laplacian
comparison theorem to d,, and to d, and using that d, =7 —d,.

o The lower bound for a smooth Riemannian manifold. Arguing analogously to the spherical case,
one can achieve the lower bound along a (minimising) geodesic y : [0, 1] — M with (M, g) satisfying
Ric, > (N —1)g (see [Colding and Naber 2012, Lemma 3.2]). In this case, the function x > d,, (x)+d,, (x)
achieves its minimum d(yp, y1) along y ([0, 1]); thus A(d,, +d,,) > 0 along ¥ ((0, 1)) and, applying the
upper bound (1-1) to d,,, d,, and exploiting the linearity of the Laplacian we get

—(N —1)cotd,, < Ad,, < (N —1)cotd,, along y((0,1)). (4-16)

“Gluing” together all the inequalities (4-16) corresponding to all the (minimising) geodesics emanating
from p gives (4-15). Clearly this argument holds for smooth Riemannian manifolds, but in situations
where the space is a priori not smooth and the Laplacian is a priori not linear (as for e.n.b. MCP(K, N)-
spaces), one has to argue differently. As the reader could already appreciate (see, e.g., the proof of
Theorem 1.1), we attacked the problem by using techniques from L'-optimal transport.
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A crucial fact in order to apply Theorem 4.8 to the distance function in the smooth case was that the
cut locus of a point p is at strictly positive distance from p. This fact is clearly not at our disposal in the
general setting of an e.n.b. MCP(K, N) space (e.g., the boundary of a convex body in R* whose cut locus
is dense). In Section 4C we will thus argue differently, showing first the result for the distance squared,
and then getting the claim for the distance via the chain rule.

4C. A formula for the Laplacian of a signed distance function. The goal of the subsection is to prove
the existence of the Laplacian of d, and df as Radon measures and to show upper and lower bounds; let
us stress that, contrary to the previous subsection, here there will be no integrability assumption on the
reciprocal of the length of the transport rays.

Recall that given a continuous function v : (X, d) — R so that {v = 0} # &, the signed distance function

dy: X >R, dyx):=d(x, {v=0}) sgn(),

is 1-Lipschitz.

Notice also that since (X, d) is proper, 7z, D X \ {v = 0}. Indeed, given x € X \ {v = 0}, consider the
distance minimising z € {v = 0} (whose existence is guaranteed by the compactness of closed bounded
sets). Then (x, z) € Ry, and thus x € 7y, as x # z. The next remark follows.

Remark 4.12. Let X, be any transport ray associated with d,, and let a(X,), b(X,) be its starting and
final points, respectively. Then

dy(b(Xe)) =0,  dy(a(Xq)) =0,
whenever b(X,) and a(X,) exist.
The next lemma will be key to showing the existence of the Laplacian of d? as a Radon measure.

Lemma 4.13. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) for some K € R,
N € (1, 00).

The expression

S}(/(Nl)(db(xm)(x))>ml_{ )
V>
Sk /(N—1)(dp(xy) (X)) -
s}(/(N—l)(da(Xa)(x))>mL .
Sk /(N—1)(da(x,) (X)) =0

V= 2(1 +d({fv=0},x)(N —1)

+2(1+d({v=0},x)(N—1) 4-17)

defines a signed Radon measure over X. More precisely:

Case 1: K > 0. In this case v is a signed finite measure on X satisfying v < Cg ym. Then:

- If
sup d(x, b(Xe) </ (N—D/K, sup d(x,a(Xe)) </ (N—1/K

xef{v>0} xe{v<0}

then v has density bounded in L*°(X, m).
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- If
sup d(x,b(Xy))=n/(N—-1)/K or sup d(x,a(Xy)) =nm/ (N —-1)/K

xe{v>0} xe{v<0}
then there exist exactly two points a, b € X with d(a, b) = m/(N — 1)/K such that for q-a.e. «

a(Xe)=a, b(Xe)=h,

and v has density bounded in
Ly (fv >0\ {a}, m) N LS (fo <0} \ (b}, m) N L' (X, m).

Moreover, in this case (X, m) is isomorphic to a spherical suspension as a measure space. If in
addition (X, d, m) is an RCD(K, N) space, then (X, d, m) is isomorphic to a spherical suspension
as a metric measure space.

Case 2: K = 0. In this case v = 2m is a nonnegative Radon measure; if b(X,) or a(Xy) does not exist,
the two ratios in (4-17) are posed by definition equal to 0, respectively.

Case 3: K < 0. In this case v is a nonnegative Radon measure. If b(Xy) or a(Xy) does not exist, the two
ratios in (4-17) are posed by definition equal to 1, respectively.

Proof. Case 2: For K =0 the bounds are a straightforward consequence of the definition of the coefficients
SK/(N—1) given in (2-10).

Case 3: For K < 0 observe that, since (0, 0c0) > t — cotht € (0, 00) is decreasing and d({v =0}, x) <

dp(x,) (x) for all x € {v <0}, it holds

Sk jv—1) (db(x,) (X)) < d({v=0) X)S}(/(N_l)(d({v =0}, x))

Sk /N—1)(dpx) (X)) — sk/N—1)(d({v =0}, x))

=d({v =0}, x),/N_f1 coth(,/N_—fld({v =0}, x)) for all x € {v < 0).

Since the function

0 =d({fv =0}, x)

—K
[0, 00) > +— ¢t coth t
N-—1

is locally bounded and the discussion for the second line of (4-17) is completely analogous, the claim

follows.

Case 1: For K > 0, recall that an MCP (K, N)-space has diameter at most 7/(N — 1)/K. Since (0, 7) >
t — cott is decreasing and d({v = 0}, x) < dp(x,)(x) for all x € {v <0}, it holds

<d({v =0}, x)s}(/(N—l)(d({U =0}, x))
Sk /(N=1) (dp(xy) (X)) sk /v—1)(d({v=0},x))

=d({v=0},x),/ NIil cot(,/ %d({v :0},x)) for all x € {v <0}.

s}(/(N—l) (db(Xa) (X))

d({v=0},x)
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It is easily checked that

K
sup (l +1V/K(N—1) cot(t,/ )) < Ck.n
1€[0,7/(IN-T)/K] N -1

thus the bound v < Ck ym follows.

Since
. K N-—-1
inf cot| ¢ > —o0o foreveryee |0,/ —|,
te[0,7/(N=1)/K —¢] N —1 K

we have that v is a measure with L°°-bounded density unless the second bullet of case 1 holds.

To discuss the second bullet of case 1 we assume K = N — 1 in order to simplify the notation, the case
for general K > 0 being completely analogous.

Using the maximal diameter theorem (proved in [Ohta 2007b] in the nonbranched MCP(N — 1, N)-
setting and easily extendable to the present e.n.b situation) one can show that all the rays X, are of
length 7r; for the reader’s convenience we give a self-contained argument. Let X; be a ray of length
and X, be any other ray; then

d(a(Xq), b(Xe)) + 71 =d(a(Xe), b(Xa)) +d(a(Xa), b(Xo)) +d(0(Xa), b(X3))
> d(a(Xg), b(Xqo)) +d(a(Xy), b(Xg)), (4-18)

where the first equality follows from [Ohta 2007b, Lemma 5.2] (since |Xyz| = 7, for each x € X,
d(x, a(Xg)) +d(x, b(Xg)) = 7). By d-cyclical monotonicity also the reverse inequality is valid giving

d(a(Xa), b(Xe)) + 7 =d(a(Xgz), b(Xs)) +d(a(Xe), b(Xgz)). (4-19)

In particular, a(X4) # b(X,); indeed otherwise (4-19) would give d(a(Xy), b(Xy))+m =d(a(Xy), b(Xz)),
which, by virtue of the Myers diameter bound, would imply a(X,) = b(X,). Contradicting the fact that
the rays have strictly positive length.

Adding d(b(Xy), b(Xs)) — 7 (resp. d(a(Xy), a(Xg)) — ) to both sides of (4-19) and using again
[Ohta 2007b, Lemma 5.2], we get

d(a(Xo), b(Xa)) +d(b(Xa), b(Xz)) =d(a(Xa), b(Xg)),
d(a(Xo), b(Xe)) +d(a(Xq), a(Xa)) = d(a(Xg), b(Xq)).

Summing up the last two identities, together with (4-19), yields
d(a(Xq), b(Xe)) +d(a(Xa), a(Xa)) +d(b(Xa), b(Xy)) = 7.

Since d(a(Xg), b(Xg)) = m, the last identity forces the four points a(Xg), a(Xy), b(Xy), b(Xg) to lie
on the same geodesic y. If a(X,) # a(Xg) then a(X,) would be an internal point of y, contradicting
that a(X,) is the initial point of the nonextendible ray X,, and if b(X,) # b(Xg) then b(X,) would be
an internal point of y, contradicting that 5(X) is the final point of the nonextendible ray X,,.
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Moreover (X, m) is isomorphic as a measure space to a spherical suspension over any transport ray of
length 7 [Ohta 2007b, p. 235].
We are left to show that the density of v is in L' (X, m). By symmetry it is enough to show that

/ |1+ (N — Dd({v =0}, x) cot(d(b, x))| m(dx) < oco. (4-20)
{v=0}

Notice that, for every fixed ¢ € [0, /2], the integrand is bounded for d(b, x) € [, m — ¢€].

Since b € {v < 0}, if b is an accumulation point for {v > 0}, then v(b) = 0. As v is strictly decreasing
on the rays, which cover a dense subset, it follows that {v =0} = {b}. Thus, in this case, the integrand
becomes 1 + d(b, x) cot(d(b, x)), which is bounded for d(b, x) € [0, €].

We now show that the integral is finite also on

{x:d(b,x)e[r —e,7]}N{v=>0}.
Since
d(fv =0}, x) <d(b, x),
it is enough to show that
f ) 11+ (N — 1)d(b, x) cot(d(b, x))| m(dx) < oo. (4-21)
{v=0}Nd(b,x)e[r—e,m]

Recalling that (X, m) is isomorphic as a measure space to a spherical suspension over any transport ray
of length m, the integral in (4-21) is bounded by

/ |1+(N—1)tcott|sinN1(t)dt=/ [(N = 1)(r —s) cots — 1]sinV "1 (s) ds
[r—e,m] [0,¢e]

=(N— l)n/ sN2ds + 0(e) < o0,
[0,¢]

since N > 1. This concludes the proof that the density of v is in L'(X, m). The stronger rigidity statement
under the stronger RCD(K, N) assumption is a direct consequence of the maximal diameter theorem
proved in [Ketterer 2015] in the RCD(K, N)-setting. Il

Corollary 4.6 and Lemma 4.13 have far-reaching consequences.

Theorem 4.14. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) for some K € R,
N € (1, 00).
Consider the signed distance function d, for some continuous function v : X — R and the associated

disintegration

MLx\ (v=0}= f haHll_Xa q(da).
o
Then dg € D(A) and one element of A(dg), which we denote by Adf, has the representation formula

Ad? =2(1 —d,(log hy) ym — 2/ (hady)[8a(x,) — Sb(x ] q(da). (4-22)
0
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Moreover Adf is a sum of two signed Radon measures and the following comparison results hold true:

s}(/(N—l) (db(Xu) (x)) m
sk /(N—1)(db(xy) (X))
S}(/(N,I) (da(Xa) (x))

Ad? <v:=2m+2(N — Dd({v =0}, x)

L{v=0)

+2(N — Dd({v =0}, x) ML{y<0}s (4-23)

Sk/(N=1)(da(x,) (X)) o<l
[Ad?]™8 := 2(1 — d,(log hy))m
Sk rv—1)[dax) (X))
> 2m — 2(N — Dd({o = 0}, x) SNV

Sk /(N—1)(da(x,) (X)) -
Sk rv—1)db(xe) (X))

—2(N — d({v = 0}, x) FLN=D T (4-24)

Sk/(N—1)(dp(xy) (X))

where [Adg]reg is the regular part of Adf (i.e., absolutely continuous with respect to m).

Proof. Fix any compactly supported Lipschitz function f : X — R and integrate by parts on each ray X,
to obtain

f () £ () () 1 (d)

o

=—/X f(X)d{,(X)ha(X)Hl(dX)—/X f )y (), () 1 (dx)+(fdyha) (0(Xa))—(fdvhe) (@(Xa))
=/X f(X)ha(X)Hl(dX)—/X F )y ()b () H (dx)+(fdvhe) (b(Xa))—(fdyha)(@(Xe))
=/X f ) (1=dy(x) (0g he) (X)) he (X) H' (dx)+(fdyhe) (b(Xa))—(fdvha) (@(Xy)). (4-25)

Then considering along each ray X, the two regions {v > 0} and {v < 0}, we notice that (2-13) gives

s;(/(N—l) (db(Xa) (x)) X
sk /(N—1)(dp(xy) (X)) {
S}(/(N_l)(da(xa) (x))

—dy(x)(loghe)'(x) <d({v =0}, x)(N — 1)

v=0} (X)

+d({fv =0}, x)(N —1) X{w<0y(x) =: Vo (x).

sk /(N—1)(da(x,) (X))

Hence we can collect the estimates, using Remark 4.12, and obtain
fX dy(x) f'(0)ho () H' (dx) < fX (14 Ve (0)) f () ha(x) 7' (dx),
provided f is nonnegative. Thanks to Lemma 4.13,
V= 2/Q(l + Va(x))mg q(da) =2(1 + V)m

is a well-defined Radon (possibly signed) measure.
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Hence, continuing from (4-25), the expression
Ad? = 2/ (he —dyhl)H'Lx, q(da) + 2/ (hady)[8b(x,) — Sacx,)] q(da), (4-26)
0 0

once restricted to bounded subsets, defines a Borel measure with values in R U {—oo} which satisfies
Aa’g < v. Now, combining Theorem 3.6 with (4-25) and (4-26), we get

/ £ AdXdx) =2 f / 4y () £ () () H (d) q(dar) = 2 f dy () () m(dx)
X 0JXy Ta

v

for any compactly supported Lipschitz function f : X — R. Therefore, Corollary 4.6 yields

/ D™ f(=Vd*)m < f f Ad?(dx) < f DY f(=Vd*)m
Tay X Tay

for any compactly supported Lipschitz function f : X — R. Since X\ 75, C {v=0} = {d, =0}, from the lo-
cality properties of differentials (see [Gigli 2015, equation (3.7)]) we can turn the previous inequalities into

/ D™ f(~Vd*)m < / f Ad*(dx) < / DY f(=Vd*)m, (4-27)
X X X

valid for any compactly supported Lipschitz function f : X — R. In order to show that d> € D(A) with
Adg € A(df), we are thus left to prove that Adg is a signed Radon measure.

We now claim that Ad? is a sum of two Radon measures over X. Since Ad? < v with v a signed
Radon measure, thanks to the Riesz—Markov—Kakutani representation theorem it is enough to show that
Ad? defines a Radon functional.

To this aim, fix a compact subset W C X and fix a compactly supported Lipschitz cutoff function
xw : X — [0, 1] satisfying xw = 1 on W. First observe that, using (4-27), for any Lipschitz function
f 1 X — R with supp(f) C W we have

<2( max  dy(0) LipGow)m(supp(xw)) € (0. 00),

/ xw Ad>(dx)
X

<2( max dy(0))Lip(f xw)msupp(xw)) € (0, 00).

/X (f xw) Ad(dx)

Thus for any Lipschitz function f : X — R with supp(f) C W, using that Adf <v <v™T, on one hand
we have

/ fAd? = —/(maxf—f))(w Ad5+/ (max f)xw Ad?
X X X (4-28)

> —/ (max f — f)xwv" — Cw(max f),
X

where Cy := 2(Lip xw) max, csupp(yy) dp (X)m(supp(xw)) € (0, 00) depends only on xy .
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On the other hand,

/XfAdf:/Xf*Adf—/Xf_Adf

< / Frot+ / (max /= — ) xwv™ + Cy (max £7)
X X
< max | £1( (W) + v (suppew)) + Cor)- (4-29)

The combination of (4-28) and (4-29) gives that, for every compact subset W C X, there exists a constant
Cy = 2(vT (supp(xw)) + Lip xw max, csupp(xy) dv (X)m(supp(xw))) € (0, 00) such that

| £ ad

for every Lipschitz function £ : X — R with supp(f) C W, showing that Ad? is a Radon functional and
thus d? € D(A) with Ad? € A(d?).
In order to complete the proof we are left with showing (4-24): again from (2-13)

< Cy max|f]

s}(/(N—l) (da(x,) (X)) X
Sk /(N—1)(da(x,) (X))
S;(/(N_]) (db(Xa) (x))

X
Sk /(N—1)(db(xy) (X)) {
and the claim is proved. O

—dy(x)(log hy) (x) > —(N — 1)d({v =0}, x)

>0} (X)

— (N = Dd(fv =0}, x) v<0} (%),

Remark 4.15. « In the case X is bounded, in the proof of Theorem 4.14 one can pick W = X and xw =1,
giving that the total variation of Adf is bounded by || Ad3|| <2vH(X).

e Theorem 1.3 can be proved using Corollary 3.7 in the proof of Theorem 4.14 and following verbatim the
arguments. Uniqueness of the representation of the Laplacian follows then from infinitesimal Hilbertianity
of smooth manifolds.

The representation formula for the Laplacian of the signed distance function on X \ {v = 0} follows
from Theorem 4.14 by the chain rule [Gigli 2015, Proposition 4.11].

Corollary 4.16. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) for some K € R,
N € (1, 00).

Consider the signed distance function d, for some continuous function v : X — R and the associated
disintegration

ML X\ {(v=0}= f haHll_Xa q(da).
Q
Then
(1) |dy| € D(A, X \ {v=0}) and one element of A(|d,|).x\{v=0}, Which we denote by Ald,|_x\{v=0}, is

the Radon functional on X \ {v = 0} with the representation formula

Aldy|ex\=0)= — sgn(v) (log he) mLx\ jy=0)— / (hal8ax)nv=0) + dbx)nw<oyl a(da).  (4-30)
0
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Moreover the following comparison results hold true:

K/(N D (db(Xa)(x))

AldvlLX\{u=0}§(N—1)sK/(N NN ML {y>0)
_1y(dacx,) (%))
=D szg_iwaixa;(x))m””<°}’ #3
[Aldy | x\v=0)]1" := —sgn(v)(log he) ML x\ (v=0)
> _(N—1 Sk jv—1) (dacx, )(X)) I
sk/(N—1)(da(x, )(x))
N 1)SK/(N—l)(db(Xa)(x))ml—{v<0}’ @32

Sk /(N—1)(dp(xy) (X))

where [Aldy|Lx\(v=0)1"® is the regular part of A|d,|_x\(v=0) (i-e., absolutely continuous with respect
tom).

(2) dy € D(A, X\ {v=0}) and one element of A(d,)_x\(=0}, which we denote by Ad,Lx\(v=0}, i the
Radon functional on X \ {v = 0} with the representation formula

AdyLx\(v=0y= _(logha)/m\—X\{v=0}_/ (halda(x)nfv=0} — Sb(x,)nw<0;] g(da). (4-33)
0

Moreover the following comparison results hold true:

S/K/(Nfl) (dh(Xa) (x))

AdyLx\jp=0) < (N —1 mLX\{v:0}+/ haSpx)nv<0y q(da), (4-34)
0

Sk /(N—1)(dp(xy) (X))
K/(N 1)(da(X )()C))

AdyLx\(v=0; = —(N — LX\{U:O}_f (halSaxynp=0y] g(da). (4-35)
0

SK/(N 1 (dax,) (X))

Proof. Writing sgn(v)d, = \/d?, a direct application of the chain rule [Gigli 2015, Proposition 4.11]
combined with Theorem 4.14 gives that |d,| € D(A, X \ {v = 0}) and that A|d,| defined in (4-30) is
an element of Ald,|_x\(v=0j. The comparison results (4-31), (4-32) follow from the definition (4-30)
together with (2-13).

Since d, = sgn(v) |d,|, it is clear that d, € D(A, X \ {v =0}), with

A(dy)x\v=0y=sgn(v) A(|dy ) x\ (=0}

thus Ad,Lx\jv=0ydefined in (4-33) is an element of A(d,)Lx\({v=0; and the comparison results (4-34),
(4-35) follow again from (2-13). O

We now specialise the above results to the distance function from a point p € X i.e., we pick v=d,,
so that {v =0} = p and v > 0 everywhere. Note that, in this case, b(Xy) = p for g-a.e. ¢ € Q.
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Corollary 4.17. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) for some K € R,
N € (1, 00). Fix p € X, consider d, :=d(p, -) and the associated disintegration

m= / hoH' Xy q(dar).
0

Then df, € D(A) and one element ofA(di), which we denote by Ad?, is a sum of two signed Radon
measures and satisfies the representation formula

Ad? =2(1 —d,(loghs))ym—2 /Q hodp8a(x,) q(da). (4-36)

Moreover, the following comparison results hold true:

S v (dp(x))
Ad2 <v:=2(14+ (N —=1)d M) , 4-37
p=v ( o ) p(X)SK/(N—l)(dp(x)) " 437
(AT .= 2(1 — d, (log )’)m>2<1—(N—1)d St (acte (x))) (4-38)
P PO M N psK/(N—l)(da(Xa)(x)) '

where [Adﬁ,]rcg is the regular part of Ad% (i.e., absolutely continuous with respect to m).
Remark 4.18 (on the lower bound (4-38)). Denote by C), := {a(Xy)}qep the cut locus of p. Then for
every ¢ > 0 there exists C,; > 0 so that for every bounded subset W C X it holds
s;(/(N_l)(da(Xu)(x)))
mow
Sk /(N—1)(da(xy) (X))
> —Cewmiy onWN{x=g/(a,):t>e}DWN{xeX:dx,Cp) > ¢}

[Ad7] = 2(1 — (N —1yd,

The representation formula for the Laplacian of the distance function follows from Corollary 4.17 by
the chain rule [Gigli 2015, Proposition 4.11], writing sgn(v)d, = \/d?2.
Corollary 4.19. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP(K, N) for some K € R,
N € (1, 00). Fix p € X, consider d), :=d(p, -) and the associated disintegration

m:/ hoH'Lx, q(da).
0

Thend, € D(A, X\ {p}) and one element of Ad,_x\(p), which we denote by Ad,_x\ip}, is a Radon
functional with the representation formula

AdpLx\(py= —(log hg)'m —/ hebax,) qdoa). (4-39)
Q

Moreover, the following comparison results hold true:

s;(/(zv—l)(dp(x))m

sk/v—n(dp(x))
S%/(N_1)(da(Xa)(x))m
sk /(v=1)(da(x,) (X))

where [Ad,Lx\ ()] is the regular part of Ad,Lx\(p) (i.e., absolutely continuous with respect to m).

Adpex\ipp= (N =1

(4-40)

[AdpLx\(p]"8 := — (log hy)'m > —(N — 1) , (4-41)
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Remark 4.20. Corollary 4.19 should be compared with [Gigli 2015, Corollary 5.15, Remark 5.16], where
it was proved that d, € D(A, X \ {p}) together with the upper bound (4-40) under the assumption that
(X, d, m) is an infinitesimally strictly convex MCP (K, N)-space.

Let us stress that, by the very definition, the Laplacian in the infinitesimally strictly convex setting is
single-valued, simplifying the treatment.

One novelty of Corollary 4.19 is that the infinitesimal strict convexity is replaced by the essentially
nonbranching property which, a priori, does not exclude a multivalued Laplacian. In addition to that, the
geometrically new content of Corollary 4.19 when compared with [Gigli 2015] is that it contains an exact
representation formula (4-39) which also gives the new lower bound (4-41).

Part II. Applications

In Part II of the paper we collect all the main applications of the results obtained in Part I.

5. The singular part of the Laplacian

In order to state the next corollary recall that from essentially nonbranching and MCP (K, N) it follows
that for every fixed p € X and m-a.e. x € X (precisely on ’7;r;b) there exists a unique geodesic y* starting
from x and arriving at p, i.e., Y3 = x and y;" = p. For each ¢ € [0, 1], define the map

T T = T T =y (5-1)

It is worth noting that 7; is also the W;-optimal transport map from the (renormalised) ambient measure m
to §,, provided m(X) < oo.

The goal of the next proposition is to get some refined information on the cut locus C,, of p; more
precisely, we infer an upper bound on an optimal transport-type Minkowski content of C,,.

Proposition 5.1. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP (K, N) for some K € R,
N € (1, 00). Fix any point p € X and consider for each t € [0, 1] the map T, defined by (5-1).
Then, for every bounded open subset W C X it holds
b m((X\ T.(X)) N W)
&

lim su
el0

< A Lsing | (W) < o0. (5-2)

Remark 5.2 (geometric meaning of Proposition 5.1). Fix p € X, and consider d,, := d(p, -) and the
associated disintegration m = |, 0 heH'Lx, q(da). Then the cut locus Cp of p coincides with the set
of initial points {a(Xy)}eecp Of the transport rays. The set X \ 7;(X) thus can be seen as an “optimal
transport neighbourhood” of the cut locus C,, and therefore (5-2) gives an optimal transport-type estimate
on a weak version of the codimension-1 Minkowski content of C,.

Since the cut locus of a point in an e.n.b. MCP(K, N) space can be dense (this can be the case already
for the boundary of a convex body in R?), one cannot expect an upper bound on the classical codimension-1
Minkowski content of C,,. The bound (5-2) looks interesting already in the classical setting of a smooth
Riemannian manifold. Indeed it is well known that C, is rectifiable with locally finite codimension-1
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Hausdorff measure (see for instance [Mantegazza and Mennucci 2003]), but in the literature it seems not
to be present any (local) bound on its codimension-1 Minkowski content.

Proof. If X is bounded, one can choose W = X and the proof is easier (there is no need to introduce an
intermediate set U in the arguments below); we thus discuss directly the case when X is not bounded.

Let U D W be a bounded open subset such that W is compactly contained in U, in particular
d(W,X\U) > 0.

With a slight abuse of notation, for ease of writing, in the next computations we identify the ray
(X4, d, mg) with the real interval ((ay, by), | - |, he£') isomorphic to it as an m.m.s.

Recalling from Remark 2.14 that iy : Xy >~ (ay, by) — R™ is continuous up to the initial point ay, it
is clear that

ho(a(Xq)) dp(a(Xa)) =lim 1 ho(s)ds,
40 € Jlag aq+sl Xal]

where |X,| denotes the length of the transport ray X, i.e., | Xq| = d(a(Xy), b(Xy)) = d(a(Xy), p).
Hence, for any bounded open subset U C X it holds

||[Adf,]si“g||(U):/ (hodp)(a(Xe)) q(da)
{xeQ:a(Xy)eU}
_ / lim 1 he(s) ds q(da),
{@cQ:a(X,)eU} €70 € Jia,.au+e|X,l]

where || [Ad%]Sing [I(U) denotes the total variation measure of U. Since by Corollary 4.17 we know that
| [Ad%]smgll (U) < oo, by Fatou’s lemma we infer

limsupl / / ha(s)ds q(da) < [I[ADS]"8[|(U) < oo. (5-3)
el0 & JjweQu(Xo)eU} Jaa.aa+elXall

We then look for a more convenient expression of the left-hand side of the previous inequality. First, note
that for ¢ sufficiently small such that

d(W, X\ U)

e/(1—¢)< 4, (W)

it holds

f / ha(s) ds q(der) < / / ha(s)ds q(de).  (5-4)
0 Jlaq,aq+el Xo|lINW {acQ:a(Xy)eU} Jay, a0+l Xol]

Recalling the definition of the map 7; given in (5-1), we now claim that

w((X \ T.(X)) N W) = f f ha(s) ds (da). (5-5)
0J]

Ag,ag+e| Xo | INW

Indeed, on the one hand, by the disintegration theorem, Theorem 3.6, we know that

WX\ To(X) N W) = / / ha(s) ds q(da).
0 J X NX\T(X)NW
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On the other hand, since trivially
Xe NX\T(X)NW =X, \TH(X)NW,

and since, as T; is translating along Tl;b, one has X, \ T;(X) = X4 \ T;(X,), we obtain
Xe NXN\NT(XNDNW =X N\ T (X)) N W.

The claim (5-5) follows. The combination of (5-3), (5-4) and (5-5) gives
b m((X\ Te(X)) N W)

lim su

< [[AdT"¢[|(U) < oo
el0

for every U bounded open subset compactly containing the open set W. Since from Theorem 4.14 we
know that Ad?7 is a Radon measure, the thesis (5-2) follows. O

We next give some sufficient condition implying that the densities /,, given by the disintegration
theorem, Theorem 3.6, are null at the final points.

Lemma 5.3. Let (X, d, m) be an e.n.b. MCP (K, N) space for some K € R, N € (1, 00).
Letu =d, =d(p, -) for some p € X and consider the disintegration associated to d:

m:/ hoH' x, q(de).
Qo

Assume there exists s > 1 such that
.. .m(Br(p))
lim inf — <

10 r oo (5-6)

then hy(p) =0 for g-a.e. @ € Q.
More generally, for any 1-Lipschitz function u, denoting by
MLm= / ha/Hll_Xa q(da)
0

the associated disintegration, it holds that

m(U,la(Xa), a(Xq) +71)
r

< 1imi %)nf =B €0, +o0], (5-7)

/Q ha(@(Xe))8ax, ) d(da)

where the leftmost term is the total variation of the corresponding measure.

Proof. Suppose by contradiction the claim was false, i.e., there exists O C Q where hy( p) > c >0, with
q(Q) > 0. Observe that a.e. transport ray X, ends in p, i.e., b(X,) = p for g-a.e. « € Q. As usual, we
identify the transport ray X, with the real interval [a,, b, ] (the cases of semiclosed and open intervals
are analogous). Then by Fatou’s lemma it holds

m(B,(p))

1
timinf 2P S i inf / - / ho (1) di q(da)
rl0 rs rl0 Q}’S [ba—r.bg]

1 he (t
z/ liminf—/ ‘?()dzq(da):oo,
é rio r [bocfrﬂbot] ré_l

giving a contradiction and proving the claim.

The second part of the lemma follows along analogous arguments. O
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Remark 5.4. If (X, d, m) is an RCD(K, N) space not isometric to a circle or to a (possibly unbounded)
real interval then (5-6) is satisfied for m-a.e. p € X.

Indeed if (X, d, m) is an RCD(K, N) space, using the rectifiability result [Mondino and Naber 2019,
Theorem 1.1] (see also [Gigli et al. 2015a] and compare with [Cheeger and Colding 1997; 2000a; 2000b])
together with the absolute continuity of the reference measure m with the respect to the Hausdorff measure
of the bi-Lipschitz charts obtained independently in [Kell and Mondino 2018, Theorem 1.2] and [Gigli
and Pasqualetto 2016, Theorem 3.5], it follows that for m-a.e. p € X there exists n =n(p) € NN[1, oo)
such that
o m(B,(p))

—— " <0

limin
rl0 r’

If moreover we assume (X, d) not to be isometric to a circle or to a (possibly unbounded) real interval,
then by [Kitabeppu and Lakzian 2016] it follows that n(p) > 1 for m-a.e. p € X.
If (X, d, m)is an MCP(K, N) space then the validity of (5-6) is not known.

6. CD(K, N) is equivalent to a (K, N)-Bochner-type inequality

The Bochner inequality is one of the most fundamental estimates in geometric analysis. For a smooth
N-dimensional Riemannian manifold (M, g) with Ricci, > K g, for some K € R, it states that for any
smooth function u € C3(M) it holds

%A|Vu|2 —(Vu, VAu) > K|Vul> +|V?u|* > K|Vu|* + %(Au)z,
where |V2u|? is the Hilbert—-Schmidt norm of the Hessian matrix V2u and the rightmost inequality follows
directly by the Cauchy—Schwarz inequality. Note in particular that if u is a distance function, then on
an open dense set of full measure, |Vu|?> = 1 and the Hessian is a block matrix with vanishing slot in
the direction of the “gradient of the distance”; in particular, for a distance function the inequality can be
improved to

1
—(Vu, VAu) > K+W(Au)2 a.e. (6-1)

Finally, note that the term —(Vu, V Au) corresponds to “the derivative of Au in the direction of —Vu”;
thus, if we consider the transport set associated to u, such a term would correspond to what we denoted
as (Au)’. Since in a general m.m.s. it is not clear there is enough regularity to write (Au)’, it is natural to
consider the following version of (6-1) “integrated along transport rays”:

Au(g;(x)) — Au(x) > Kt + L (Au)z(gs(x)) ds. ae.x,t. (6-2)
N - 1 (O,t)

This is the (K, N)-Bochner inequality that will be proved to be equivalent to the CD(K, N) condition.
In order to state the results, it is useful to recall that given a 1-Lipschitz function # on an e.n.b.
CD(K, N) space there is a natural disintegration of m restricted to the transport set 7, (see Theorem 3.6):

MLm= / haH'x, q(da). (6-3)
Y
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We will define int(7;“b) = UO[E 0 Xoa, where Xco, stands for the relative interior of X,; it can also be
identified by isometry with the open interval (ay, by).

The function A, in (6-3) is a CD(K, N) density on (a,, by ), 0 in particular it is semiconcave; thus if
D, is the set of differentiability points of 4, then (ay, by) \ Dy is countable.

Our next result roughly states that the (K, N)-Bochner-type inequality (6-2) holds for those 1-Lipschitz
functions for which we have found an explicit representation formula for the Laplacian, namely those
1-Lipschitz functions satisfying the hypothesis of Theorem 4.8 and for any distance function with sign d,.
Recall that, for any u belonging to these classes of functions, Au outside of the initial and final points of
transport rays forming 7;nb is absolutely continuous with respect to m.

Theorem 6.1 (CDjo. (K, N)+e.n.b.= (K, N)-Bochner-type inequality). Let (X, d, m) be an e.n.b. metric
measure space satisfying CDioc (K, N). Then the following hold:

(1) Letu : X — R be any 1-Lipschitz function such that fQ |Xo| ! q(da) < 00. Then for q-a.e. a € Q,
for each x € X, it holds

Au(gi () — Auer) = Kt +—— [ (Aw)2(g, (x)) ds (6-4)
N —1 0.1)

forallt € R such that g,(x) € Ty, up to a countable set depending only on «.

(2) Let u = d, be a signed distance function. Then for q-a.e. « € Q, for each x € X \ {v =0}
the (K, N)-Bochner-type inequality (6-4) holds for all t € R such that g;(x) € X, \ {v =0} and
sgn(d, (x)) = sgn(d,(g:(x))), provided the densities Ad,(x) and Ad,(g,(x)) exist.

Proof. We prove just (1), the proof of (2) being completely analogous (using Corollary 4.16 in place of
Theorem 4.8).
Fixae Qand x € int(R{,lb (o)) = (aq, by) for which the representation of Au given by Theorem 4.8 is
valid:
Au(x) = —(loghg)'(x).

In particular A, is differentiable at x. As observed above, for each o, Au(x) is defined on D, C (ay, by),
with (ay, by) \ Dy countable. Therefore the claim reduces to showing for g-a.e. « € Q that

1
(log ha)'(x) — (log ha)'(g:(x)) = Kt + N=1Jo )((log ha)'(85(x)))* ds, (6-5)

whenever x, g;(x) € D,. To prove (6-5), consider a nonnegative C 2 function Y supported on [—1, 1]
with [y = 1. Let ¥ (x) := ¥ (x/¢); of course v, is supported on [—¢, £] with [ ¢, = 1. Define the
function h{, on (ay + ¢, by — €) by

log hf, :=loghy * V. (6-6)

Since by Theorem 3.6 we know that 4, is a CD(K, N) density, and A{, is a C2-smooth CD(K, N) density
on (ay + ¢, by — €) by Proposition 2.18; in particular (6-5) is satisfied by h,. Taking the limit as ¢ — 0,
we obtain that (log /)" — (log hy)’ pointwise on D, and in L'((ay, by)). Thus we can pass into the
limit as ¢ — 0 in (6-5) and get that it is also satisfied by &,,. O
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Also the converse implication holds, giving a complete equivalence between the (K, N)-Bochner-type
inequality (6-4) on signed distance functions and the CD(K, N) condition.

Theorem 6.2 (MCP(K’, N') +e.n.b. + (K, N)-Bochner-type inequality = CD(K, N)). Let (X, d, m) be
an e.n.b. metric measure space satisfying MCP(K', N') for some K’ € R, N’ € (1, 00), with m(X) < oc.
Assume that, for every signed distance function d,, : X — R, for q-a.e. « € Q, for each x € X, \ {v =0}
it holds |

Ady(g:(x)) = Ady(x) = Kt + —— | (Ady)*(gs(x)) ds (6-7)

N —1 Jo
for all t € R such that g;(x) € )ofa \ {v = 0} and sgn(d,(x)) = sgn(d,(g;(x))), provided the densities
Ady(x) and Ad,(g,(x)) exist.
Then (X, d, m) satisfies CD(K, N).

Remark 6.3. We briefly comment on the statement of Theorem 6.2. Using the assumption of e.n.b.
and of MCP(K’, N’), we deduce from Corollary 4.16 that any d, € D(A, X \ {v = 0}). Therefore, in
the assumption (6-7), we consider Ad,(g;(x)) only for those g;(x) belonging to {v > 0} or to {v < 0},
provided x € {v > 0} or x € {v < 0} respectively.

Let us also comment on the assumptions CDjo. (K, N) vs. CD(K, N) and m(X) < oo in the last two
results. It was proved in [Cavalletti and Milman 2016] that, under the assumption m(X) < oo, an e.n.b.
CDioc (K, N) space satisfies CD(K, N) globally; on the other hand the implication is open without the
assumption m(X) < oco. We thus assumed CDjoc.(K, N) in Theorem 6.1 as, a priori, it is more general
and still gives that all the conditional densities s, are CD(K, N) densities (see Theorem 3.6).

Proof. We show that, given any 1-Lipschitz function ¢ : X — R, the conditional probabilities associated
to the transport set 7;“b of ¢ satisfy CD(K, N). From [Cavalletti and Milman 2016] it will then follow
that (X, d, m) satisfy CD(K, N).
Step 1: Let us fix ¢ : X — R a 1-Lipschitz function and the associated nonbranched transport set 7;“b.
Fix also ¢ € R, let ¢ := ¢ — ¢ and consider the associated signed distance function d,, from the level set
{p =c}.

Note that the function d, coincides with ¢. along (R(‘,}b)*1 ({e = ¢}), i.e., along each transport ray of
¢ having nonempty intersection with {¢ = c}.

Indeed, fix any x € 7;‘:'3 with ¢(x) > c (the argument for ¢(x) < c is analogous) such that there exists
y € R (x) with ¢(y) =c (i.e., x € (R)?) "' ({ = c})); then for any other z € {¢ = c} it holds

d(x, y) = @(x) —(y) =¢(x) —¢(2) <d(x, 2),
showing that d(x, y) = d, (x) and that d, (x) = ¢(x) — ¢(y) = ¢(x) — ¢ = @.(x). Hence if x €
(RI*)~!({ = c}). then
ldy. (x) —dc(¥)| = d(x, y)
for some (x, y) € (Rgb) implying (x, y) € Ry, . Since a branching structure for d,, inside (Rgb)_1 {p=c})

will imply a branching structure for ¢., this implies that on (pr‘b)_1 ({@ = c}) the equivalence relation
RY® implies R;E.. In particular it follows that 7" N (RI)) ™' ({p = ¢}) C 7:};?.
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. . . . . . b b . .
Step 2: Consider the disintegrations associated to 7, and to 7;12(- via Theorem 3.6:

ML 7= / Mg,y o (da), ML = My 4, 94, (d@),
Q(p ve de[y,
with my = ho o H'x,, and Wy g, = hea, H'ix,,, -
From Step 1 and the uniqueness of the disintegration, it follows that up to a constant factor
ha,p = ha,d% on Xy ¢,

for all those o such that X, , N {¢ = ¢} # &. Moreover from Corollary 4.16 we deduce that

Ad‘pc\_j’(mdw ﬂ{(pyéc}: - (log hOl,dW )/'

The last two identities together with the assumption (6-7) applied to d,,. imply that for all those o such
that X, , N {p =c} # &, for each x € )O(o,,(/, N {p # c} it holds

1
—[(log ha,w)/(gt (x)) — (log ha,(p)/(x)] > Kt+ m o )[(log ha,<p)/]2(gs (x))ds (6-8)

for all those ¢ such that ¢(g,(x)) > ¢ provided ¢(x) > ¢ (and appropriate modifications if ¢(x) < c).
Identifying X, with the isometric real interval (aq, by) and denoting with ¢, the unique point corresponding
to )o(o, N{p = c}, (6-8) becomes

1
—[(0g hgp) (x +1) — (log o) (x)] = Kt + N=1Jo )[(log hao)' 1 (x +5) ds (6-9)
N

for each x € (ay, cy) and ¢ such that x + ¢ < ¢,. We again regularise by logarithmic convolution, i.e., as
in (6-6). In order to simplify the notation, we will omit the subscript ¢. We have

(loghg)'(x) = f(log he) (0)Pe(x — y) dx,

(loghy)' (y) — (loghy) (y +1) = /[(IOg he)'(x) — (loghy) (x + )]s (x — y) dx.
Moreover

f / ((log ha) (x + ) (x — y) ds dx = / ((1og ha (x + )% (x — y) dx ds
0,1)

0,1)

2
> f ( f <1ogha>’<x+s>ws<x—y>dx) ds
0,1)

:/ log(ht)' (y +5)* ds.
©,1)

Hence (6-9) is valid for log hg, , for each ¢ > 0 implying (just differentiate in 7) that hg, , is a CD(K, N)
density on (aq, ¢y). Letting ¢ | O we obtain that Ay, is a CD(K, N) density on (aq, ¢y). From the

arbitrariness of ¢, we conclude that &, , is a CD(K, N) density. Hence (X, d, m) satisfies CDiip(K, N)
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(see [Cavalletti and Milman 2016] for the definition of CD]{ip(K, N)). Then we can conclude using

[Cavalletti and Milman 2016] that (X, d, m) satisfies CD(K, N). Il

7. Splitting theorem under MCP (0, N)

Before stating the main result of the section, let us introduce some notation.
Given a metric space (X, d), a curve y : R — X is called line if it is an isometric immersion, i.e.,

y:R—> X, d(y;, y5) = |t —s| foralls,teR.
To aline y : R — X we associate the Busemann functions
b*(x) := lim d(x, ;) —1t.
t—+00

Straightforwardly from the triangle inequality, one can check that the Busemann functions are well-defined
maps b* : X — R and

Ib®(x) — bE(y)| < d(x, y).

Since b* are 1-Lipschitz functions, we can consider the associated nonbranching transport set 7;‘? defined
in (3-3).

Theorem 7.1 (splitting theorem). Let (X, d, m) be an e.n.b. infinitesimally Hilbertian MCP (0, N) space
containing a line. Then (X, m) is isomorphic as a measure space to a splitting Q x R.

More precisely the following holds. Denoting by b[}rb =Uye o X« the nonbranching transport set
induced by b™ with the associated (disjoint) decomposition in transport rays, it holds that m(X \ ’7;‘_1[’) =0
and the map

T = OxR, x> D)= (a(x), bT(x)), (7-1)
is an isomorphism of measures spaces, i.e.,

o ® js a bijection,

o @ induces an isomorphism between the o-algebra of m-measurable subsets of 7}‘}’ and the o -
algebra of 4 ® L'-measurable subsets of Q x R, where q is quotient measure in the disintegration
MLm= fQ my q(da) given by Theorem 3.6.

bt

. q)ﬁml_nriaz q ® L. Here q' is a nonnegative measure over Q equivalent to q, i.e., ' < qand q < .

Moreover, for every a € Q, the map bt : X, — R is an isometry.

If in addition (X, d) is nonbranching, then X is homeomorphic to a splitting Q x R. More precisely,
X =Ty = 7?}}’ and the map ® : X — O x R defined in (7-1) is an homeomorphism. Here the set of rays
Q is induced with the compact-open topology as a subset of C(R, X), where each ray is parametrised by
bH e,

given B € Q, {oy}nen C Q, it holds B = nli)rrolO o, ifand only if

0= lim supd(X,, (b")7' (1)), Xp((bT)"' (1)) for every compact interval I C R. (7-2)
el

n—oo t
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Remark 7.2. For smooth Riemannian manifolds [Cheeger and Gromoll 1971], as well as for Ricci-
limits [Cheeger and Colding 1996] and RCD(0, N) spaces [Gigli 2013], the splitting theorem has a
stronger statement giving an isometric splitting. However under the assumptions of Theorem 7.1 it is
not conceivable to expect also a splitting of the metric. Indeed the Heisenberg group H" is an example
of a nonbranching infinitesimally Hilbertian MCP (0, N) space [Juillet 2009] containing a line, which is
homeomorphic and isomorphic as measure space to a splitting (indeed it is homeomorphic to R" and the
measure is exactly the n-dimensional Lebesgue measure) but it is not isometric to a splitting.

We start by establishing some preliminary lemmas on the properties of Busemann functions.
Lemma 7.3. For any proper geodesic space, Tpx = X.

Proof. Fix any x € X and s > 0. For each ¢ € R, consider a unit speed geodesic
y':00,d(x, 7)1 — X suchthat y;=x and yy, .\ ="

From the triangle inequality, lim;_, 1o d(x, 3;) = co. Hence any fixed s > 0, for |¢| sufficiently large,
belongs to the domain of y’. Consider then the trivial identities

dlx, ) —t — d(yf, V) +t =d(x, yS’) =s>0.
Taking the limit as t — +oo and using uniform convergence gives
b*(x) —=b*(y) =d(x,y) =5 >0,

where y is any accumulation point of {y,/},;>0. In particular this shows that each point x € X can be moved
forwardly with respect to b* (into y) proving in particular that x € Tp+. The proof for b~ can be achieved
along the same lines. U

The proof of Lemma 7.3 also proves the following corollary.

Corollary 7.4. Let (X, d) be proper and geodesic. Then b+ = J; i.e., the set of final points associated to
b* and to b~ are both empty.

Applying results from Part I we easily obtain the following result.

Proposition 7.5. Let (X, d, m) be an e.n.b. metric measure space satisfying MCP (0, N) containing a line.
Then b* € D(A, X) and there exists a Radon measure Ab* € Ab* satisfying

AbT <0. (7-3)

Proof. We only prove the claim for b™, the proof for b~ being analogous. First of all from Theorem 3.6,
we have the disintegration

m:/ hoH'Lx, q(da).
Y

Thanks to Corollary 7.4 we deduce that each ray X, is isomorphic to a right half-line (or to a full line),
in particular it has infinite length.
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The combination of Theorem 4.8 with Lemma 7.3 thus gives that b+ € D(A, X) and that
AbT = —/ R H' x, q(da) — / haba(x,ynu q(der)
o 0

defines a Radon measure Ab™ € Ab™. We are left to show that Ab™ < 0.
As above, we identify X, with the right half-line [a,, 0c0) endowed with the MCP(0, N) density 4.
Using (2-11), we deduce that for a, < x¢o < x; < b < 00 it holds

(b—M)N_I _ ha(r)

b —xo = he(x0)
Letting b — o0, it follows that /4 (xg) < hy(x1), showing that 4, > 0 whenever A/, exists.
Thus Ab™ < 0 and the proposition follows. (|

Observe also that, by triangle inequality, one has
d(x, ) —t+d(x, y_s) —s = 0.
Setting b :=b™ + b~ and letting 7, s — 00, it gives
b>0 onX and b=0 ony. (7-4)

From now on we assume (X, d, m) to be infinitesimally Hilbertian, which is equivalent to assuming
that the Laplacian A is single-valued (on its domain) and linear. Proposition 7.5 then implies

b:=bT+b~ € D(A,X), Ab<O. (7-5)

It is worth noting that (7-5) will be the only implication of the paper where infinitesimal Hilbertianity
plays a role. We now want to combine (7-5) and (7-4) with the strong maximum principle in order to
infer that b = 0. The next statement was proved in [Bjorn and Bjorn 2011, Theorem 9.13] (actually we
report a slightly weaker statement which will suffice for our purposes).

Theorem 7.6 (strong maximum principle). Let (X, d, m) be a metric measure space supporting a local
weak (1, 2)-Poincaré inequality with w locally doubling. Let u € LIP(X) and Q2 C X be a connected
bounded open subset.

If u attains its maximum in an interior point of Q2 and

/ |Vu|2m§/ IV(u+ f)>m  forall f e LIP(X), supp(f) C Q, f <0, (7-6)
Q Q

then u is constant on 2.

Let us discuss the validity of the strong maximum principle in our setting. Clearly, from Bishop-
Gromov inequality it follows that an MCP(0, V) space is doubling. Moreover, essentially nonbranching
MCP(0, N) spaces satisfy a local weak (1, 1)-Poincaré inequality [von Renesse 2008] (that work assumes
negligibility of cut-locus from m-a.e. point that is satisfied whenever the space is essentially nonbranching,
see Remark 2.6), which in turns implies that the space supports a local weak (1, 2)-Poincaré inequality.
In conclusion if (X, d, m) is an essentially nonbranching MCP (0, N) space, then the strong maximum
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principle holds. The simple link between (7-6) and the measure-valued Laplacian was established in
[Gigli and Mondino 2013, Theorem 4.3]; for completeness, below we report the argument together with
the desired conclusion b = 0.

Lemma 7.7. Let (X, d, m) be an infinitesimally Hilbertian, essentially nonbranching, metric measure
space satisfying MCP(0, N). Assume (X, d) contains a line and let b :=b* +b™.
Thenb=0on X.

Proof. 1t is enough to prove that (7-5) implies (7-6) for u := —b; then the claim will follow by the
combination of (7-4) with Theorem 7.6.

Let Q2 C X be a connected bounded open subset and f € LIP(X) be nonpositive with supp(f) C 2.
Since the map ¢ — fQ |V(—=b+&f)|>m is convex and Ab < 0, we have

— 2 _ _h)[2
/IV(—b+f)|2m—/ |V(—b)|2mzlim/ (Vb +enl" — VBT
Q Q 10 Jg

&
=—2/(Vb,Vf)m=2/ f Ab>0,
Q Q

proving (7-6) for u := —b. U

Lemma 7.8. Let (X, d, m) be an infinitesimally Hilbertian, essentially nonbranching, metric measure
space satisfying MCP(0, N). Assume (X, d) contains a line. Let b‘lb =U,e o X« be the ray decomposi-
tion of the nonbranching transport set 7;11’ associated to b™.

Then for each o € Q, the ray X, is isometric to R; in other words a(X,) = @ = b(Xy,).

Proof. From Lemma 7.7 we know that b™ = —b™ on all X. It follows that

{(x,y) € R®} ={(y,x) € R"}.

Thus 7;‘1'3 = 7L‘lb with the same ray decomposition (from the support sense); clearly, on each ray, the
orientation induced by b™ is the opposite from the one induced by b™. In particular, the set of initial
points for b™ coincides with the set of final points for b™:

G = e (X)) eRD = y=x}={xeT™:(x,y) € RI® <= x =y} =: by-.

Since from Corollary 7.4 the set of final points for b™ is empty, i.e., bp- = &, it follows that both the sets
of initial and final points for b* are empty; in other words, each ray X,, is isometric to R. O

Proof of the splitting theorem, Theorem 7.1. By combining the lemmas above we can quickly get the first
part of Theorem 7.1. Indeed, from Lemma 7.3 we already know that X = 7+ and, from Lemma 3.5 we
know that m(7p+ \ 7,%°) = 0; thus the claim m(X \ 7,%") = 0 is proved.

Moreover, Theorem 3.6 ensures that there exists a disintegration of m satisfying

mopg= [ moatd). q@)=1

where, for g-a.e. @, my is a Radon measure m, < Hlea and (X, d, my) satisfies MCP (0, N).
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From Lemma 7.8 we know that (X, d) is isometric to the real line (note that the isometry is simply
bt : X, — R), and thus Lemma 2.17 implies that m, = CaHll_Xa for some constant ¢, > 0, for g-a.e.

o€ Q.

Define the measure ¢’ on Q as
q(B) = / cq q(da) for any g-measurable subset B C Q.
B
It is clear that q’ <« q and that q < ¢/, i.e., they are equivalent measures, and that
mLT$=AH1LXa q(da).
The last disintegration formula is equivalent to claiming that the map

®:T™ > O xR, x> d(x):=(a(x), bT(x)),

is an isomorphism of measures spaces, i.e., ® induces an isomorphism between the o -algebra of m-
measurable subsets of 7;“}’ and the o -algebra of q® £'-measurable subsets of Q xR, and @nml_nrjrbz gL
It is also clear that & : 7;‘1" — O x R is bijective, as 7;1'3 = UaeQ X, is a partition, and b™ : X, — R is
an isometry for every @ € Q.

We now prove the second part of Theorem 7.1. From the very definition (3-3) of the nonbranched
transport set 7;’}b, if (X, d) is nonbranching then Tb'}P = Tp+. Thus, Lemma 7.3 gives X = Tp+ = 7;‘11’.

From the first part, we already know that ® : X — Q x R is bijective. Since convergence in Q (see
(7-2)) is equivalent to the local uniform convergence of the rays, it is clear that ®~! is continuous.

It is then enough to show that @ is continuous. We argue by contradiction. Assume that there
exists a sequence {x,},en C X with x, — x in X such that {(a(x,), b*(x,))},en does not converge
to (x(x), b (x)). Since b™ : X — R is continuous (actually it is even 1-Lipschitz), it is clear that
b*(x,) — b (x) and thus it must be that {c(x,)},cn does not converge to «(x). By the definition (7-2)
of convergence in Q, it follows that, up to subsequences, it holds

O<e= lirr;o supd(X(x(xn)((bJr)_l(t)), Xa(x)((bJr)_](t))) for some compact interval I C R.  (7-7)

=00 teg
As already observed, b : X4 — R is an isometry for every 8 € Q and thus it can be used to parametrise
each ray; in the formula above as well as in the following we fix such a parametrisation.

Since by assumption x,, — x, for every closed interval I C R containing b™ (x), it is clear that the
union of the images of the rays X, x,) restricted to / are all contained in a compact subset of X. Thus, the
by Arzela—Ascoli theorem, such restrictions converge uniformly to a geodesic y of X passing through x.
By a standard diagonal argument, y can be extended to a geodesic defined on the whole R and

Xa(x,) — ¥ uniformly on compact intervals. (7-8)

Recalling that the relation R+ is closed (see (3-1) and (3-2)) we get that y is a ray passing through x,
i.e., y = Xg for some B € Q. Since the rays are pairwise disjoint, it follows that 8 = a(x).
Therefore (7-8) contradicts (7-7). O
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CONVEX SETS EVOLVING BY
VOLUME-PRESERVING FRACTIONAL MEAN CURVATURE FLOWS

ELEONORA CINTI, CARLO SINESTRARI AND ENRICO VALDINOCI

We consider the volume-preserving geometric evolution of the boundary of a set under fractional mean
curvature. We show that smooth convex solutions maintain their fractional curvatures bounded for all
times, and the long-time asymptotics approach round spheres. The proofs are based on a priori estimates
on the inner and outer radii of the solutions.

1. Introduction

Let Eg C R" be a smooth compact convex set, and let My = d Ey. For a fixed s € (0, 1), we consider the
evolution of My by volume-preserving fractional mean curvature flow, that is, the family of immersions
F : Mg x [0, T) — R" which satisfies

{azF(p, t)=[-H;(p,t) +h(@®)v(p,t), peMoy, t=0,
F(p,0)=p p € My.

Here H;(p, t) and v(p, t) denote respectively the fractional mean curvature of order s and the normal
vector of the hypersurface M, := F(My, t) at the point F (p, t), while the function i (t) is defined as

(D

h(t)

= H(x)dp, 2
Mol L (x)du (2)

where d i denotes the surface measure on M,. With this choice of A(¢), the set E, enclosed by M, has
constant volume. An interesting feature of this flow is that the fractional s-perimeter of E; is decreasing,
and the monotonicity is strict unless E; is a sphere.

Fractional (or nonlocal) mean curvature was first defined by Caffarelli, Roquejoffre and Savin [Caftfarelli
et al. 2010]. It arises naturally when performing the first variation of the fractional perimeter, a nonlocal
notion of perimeter introduced in the same paper. We will recall the definitions of these quantities
in Section 2. Minimizers of the fractional perimeter are usually called nonlocal minimal sets, and
their boundaries nonlocal minimal surfaces. Fractional perimeter and mean curvature have also found
application in other contexts, such as image reconstruction and nonlocal capillarity models; see, e.g.,
[Bosch and Stoll 2015; Maggi and Valdinoci 2017].

Nonlocal minimal surfaces have attracted the interest of many researchers in the last years. One of
the main issues is the study of their regularity and the classification of nonlocal minimal cones: many
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Keywords: geometric evolution equations, fractional partial differential equations, fractional perimeter, fractional mean
curvature flow, asymptotic behavior of solutions.
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results have been obtained, see [Caffarelli et al. 2010; Caffarelli and Valdinoci 2013; Barrios et al. 2014,
Savin and Valdinoci 2013; Cinti et al. 2019; Cabré et al. 2020], which exhibit interesting analogies and
differences with respect to the classical case. Among the important differences, we mention in particular
the fact that fractional minimal surfaces can stick at the boundary of (even smooth and convex) domains,
and occupy all the domain for small values of the fractional parameter; see [Dipierro et al. 2017]: these
features are in sharp contrast with the classical case and they reveal the important role of the contributions
coming from infinity in the geometric displacements of nonlocal minimal surfaces.

A related topic of investigation consists in the study of sets which are stationary for the fractional
perimeter, i.e., sets having vanishing nonlocal mean curvature. This is a weaker notion than minimality,
and some examples are helicoids and a nonlocal version of catenoids; see, e.g., [Ddvila et al. 2018; Cinti
et al. 2016]. Sets with constant nonlocal mean curvature, such as Delaunay-type surfaces, have been
studied in [Cabré et al. 2018a; 2018b; 2018c; Davila et al. 2016]. In addition, in [Cabré et al. 2018a;
Ciraolo et al. 2018] an analogue of the Alexandrov theorem in the nonlocal setting was proved, which will
be crucial for our purposes: any, regular enough, bounded set having constant fractional mean curvature
is necessarily a ball.

Before introducing our results, let us recall some properties of the classical mean curvature flow, where
the speed of the hypersurface is given by the usual mean curvature. This flow has been widely studied in
the last decades, both for its geometric interest and for its relevance in physical models describing the
dynamics of interfaces. The equation satisfied by the immersion is a parabolic PDE, and smooth solutions
exist locally; however, they can become singular in finite time due to curvature blowup. For this reason,
various notions of weak solutions have been introduced during the years which allow for the continuation
of the evolution after the formation of singularities; see, e.g., [Chen et al. 1991; Evans and Spruck 1991].

An important feature of classical mean curvature flow is that, roughly speaking, it deforms general
hypersurfaces into some canonical profiles, possibly after rescaling near the singularities. Such a behavior
is related to the diffusive character of the flow and is of great interest for geometric applications. The
first result on asymptotic convergence was obtained in [Huisken 1984] in the i () = 0 case. He proved
that convex hypersurfaces remain smooth up to a finite maximal time at which they shrink to a point, and
that they converge to a round sphere after rescaling. Shortly afterwards, in [Huisken 1987], he obtained
an analogous result for the volume-preserving flow: in this case, the solution exists for all times and
converges to a sphere as t — +o00. In later years, many researchers have studied the convergence to a
sphere for other kinds of geometric flows, with a speed driven by more general functions of the (classical)
principal curvatures; see, e.g., [Andrews et al. 2013; Andrews and Wei 2017]. As a possible application
of these results, we point out that the convergence to a sphere along a suitable flow can be used to
obtain generalizations or alternative proofs of classical geometric inequalities, such as the isoperimetric
inequality, or inequalities in convex analysis like the ones by Minkowski or Alexandrov and Fenchel; see,
e.g., [McCoy 2005; Schulze 2008; Guan and Li 2009; Andrews et al. 2018].

By contrast, the study of fractional mean curvature flow has started only recently and very few
results are known. The existence and uniqueness of weak solutions in the viscosity sense for the flow
in the A(¢) = 0 case have been obtained by various authors with different approaches [Imbert 2009;
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Caffarelli and Souganidis 2010; Chambolle et al. 2015]. In particular, Caffarelli and Souganidis [2010]
proved convergence to motion by fractional mean curvature of a threshold dynamics scheme. After this,
Chambolle, Novaga and Ruffini [Chambolle et al. 2017] extended the results in [Caffarelli and Souganidis
2010] to the anisotropic case and to the presence of an external driving force (that is 4 (¢) # 0) and
proved that the scheme preserves convexity, and, as a consequence, also the limit geometric evolution is
convexity-preserving. On the other hand, the existence of smooth solutions has been established only
recently in [Julin and La Manna 2020]. Their main result states the short-time existence of a unique
classical solution for both the fractional mean curvature flow and the volume-preserving flow, starting
from a C!! initial datum.

Some qualitative properties of smooth solutions were analyzed in [Sdez and Valdinoci 2019], while the
formation of neckpinch singularities was studied in [Cinti et al. 2018]. The occurrence of fattening for
the fractional mean curvature flow and its generalizations were studied in [Cesaroni et al. 2019].

The aim of this paper is to study the convergence to a sphere of the solutions of the nonlocal flow (1)
with convex initial data. This can be regarded as the first attempt to investigate the asymptotic behavior
of solutions to fractional flows, in a similar spirit to the above-mentioned works in the classical case.
Our main results are some a priori estimates on smooth solutions, which give a uniform control on
the geometry of the evolving surfaces, and establish that the fractional curvature remains uniformly
bounded along the flow. As a consequence, we can show that any smooth solution, satisfying suitable
regularity assumptions, exists for all times and converges to a sphere. The method is inspired by the one
of [Andrews 2001; Sinestrari 2015] in the classical setting and is based on the monotonicity along the
flow of the fractional isoperimetric ratio, i.e., the ratio between suitable powers of the fractional perimeter
and the enclosed volume. This monotonicity property is specific to the volume-preserving case, and so
the approach used here does not apply when A (¢) = 0, although we expect that case to exhibit a similar
behavior, at least if s is suitably close to 1. On the other hand, we include in this paper the treatment of
more general flows in the volume-preserving setting, with a nonlinear speed of the form & (H), with
@ (-) a positive increasing function satisfying suitable structural assumptions.

Let us describe our results in more detail. For this, let us denote by pg and pg the inner radius and the
outer radius of a set £ C R”, namely

PE = sup{r > 0 : there exists x, € R" such that B, (x,) C E},

(3)
o :=inf{r > O : there exists x, € R"” such that B,(x,) D E}.

Then our main estimates can be stated as follows:

Theorem 1.1. Let Eqy be a smooth compact convex set of R" and let My=0Eq. Let F : Myx[0,T) — R",
with 0 < T < +00, be a solution of (1) of class C*P for some B > s. Then there exist positive constants
0 < R; < Ry, 0 < Ky < Ky, only depending on Ey, such that

Ri < pE, < PE, < Ry,
Ky < Hi(p,t) <Ky, peMy,
forallt €0, T).
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As mentioned above, in [Chambolle et al. 2017] it is proven that the nonlocal mean curvature flow with
forcing term (h(t) # 0) preserves convexity. As a consequence, we know that solutions of problem (1)
starting from a convex initial datum stay convex for all times.

The proof of Theorem 1.1 relies on a series of delicate estimates based on a nonlocal analysis of
geometric flavor, which turns out to be significantly different with respect to the classical case.

Let us describe some intermediate steps in the proof of Theorem 1.1, which we believe to be of interest
on their own. One of these results, Proposition 3.1, shows that a bound on the fractional isoperimetric
ratio of a convex set implies a bound on the ratio between the outer and inner radii. A similar result was
known in the classical case, but the proof in the nonlocal setting is quite different. Another crucial step of
our argument is provided by Proposition 4.2, where we estimate the fractional mean curvature in terms
of another nonlocal quantity, which has some formal analogy with the norm of the second fundamental
form in the classical case. However, since there is no fractional analogue of the second fundamental
form, as shown in [Abatangelo and Valdinoci 2014], there is no obvious relation as in the classical case.
By suitable estimates of the surface integrals involved, we obtain an inequality which suffices for the
purposes of this paper; on the other hand, it would be interesting to investigate further these topics and to
derive sharper inequalities in the future.

Theorem 1.1 easily implies that a solution of (1) exists for all times and converges to a sphere as
t — +o0, provided it satisfies suitable regularity and continuation properties. Roughly speaking, we need
to know that the solution remains smooth and does not develop singularities as long as the fractional
curvature is bounded. More precisely, we assume that there exists a smooth solution of (1) satisfying the
following property for some 8 > s:

(R) If Hy is bounded on M; for all ¢ € [0, Ty) for some Ty < 7T, where T is the maximal time of existence,
then the C*#-norm of M,, up to translations, is also bounded for # € [0, T) by a constant only
depending on the supremum of H;. In addition, either 7o = T = 400, or Ty < T.

By “up to translations”, we mean that M, is not assumed to remain in a bounded set of R", and that
the C*># bound applies after possibly composing the flow with a suitable, time-dependent, translation
(e.g., the one fixing the barycenter). We give below more comments on the possibility of this behavior.
For solutions satisfying (R), the following result holds.

Theorem 1.2. Let Ey be a smooth compact convex set of R" and let My=0E. Let F : Myx[0,T) —> R",
with 0 < T < 400, be a solution of (1) of class C*P for some B > s which satisfies property (R). Then
T = +00, and M; converges to a round sphere as t — 400 in C>P norm, possibly up to translations.

Regarding assumption (R), we observe that it is a natural analogue of some properties which are well
known in the classical case, see, e.g., [Huisken 1984, Sections 7-8], and are consequences of the standard
parabolic theory. In the fractional setting, the validity of such an assumption is an open problem at the
current stage. The only available results in this direction [Julin and La Manna 2020] imply, roughly
speaking, that the last claim in (R) is true: if the C'"# norm of the solution remains bounded, for some
B > s, then the smooth solution exists for all times. On the other hand, the boundedness of the fractional
curvature gives directly C'"# bounds only for 8 < s. It can be hoped that solutions of the flow enjoy
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further regularity, in analogy with some regularity studies on elliptic and parabolic nonlocal problems; see,
e.g., [Barrios et al. 2014; Chang-Lara and Davila 2014a; 2014b; Dipierro et al. 2020]. In this respect, this
paper should be regarded as a part of a broader program, which we plan to pursue further in future work.

As observed above, in Theorem 1.2 the convergence to a sphere is in principle only “up to translations”,
in the sense that the limit set, which is geometrically a sphere, could keep translating indefinitely. In the
classical case, the possibility of the additional translation is ruled out either as a consequence of additional
estimates on the convergence rate, see, e.g., [Bertini and Pipoli 2017], or by maximum-principle techniques
based on reflection methods [Chow and Gulliver 1996; McCoy 2004; Andrews and Wei 2017]. We think
that it would be interesting to understand whether these methods can be extended to the nonlocal setting.

The paper is organized as follows:

e In Section 2, we give some preliminaries and we recall the evolution laws of some geometric
quantities associated to M;.

« Section 3 contains our a priori estimates on the inner and outer radii of convex solutions and a lower
bound for H;.

« Section 4 deals with some integral estimates which allow us to bound the fractional mean curvature
with the nonlocal analogue of the norm of the nonlocal second fundamental form.

« In Section 5 we prove our key result, which gives an upper bound on the fractional mean curvature.

« In Section 6, we treat the more general case of a flow whose speed is of the form & (H;), proving an
upper bound on the fractional mean curvature.

Finally, in Section 7, we prove convergence to a sphere in both the standard and the general cases.

2. Preliminaries

Consider a set £ C R", with boundary M :=0FE, and let s € (0, 1). Given x € M, the fractional mean
curvature of order s of E (equivalently, of M) at x is defined by

. Xe(y)
Hi(x) =s(1—5) lim ———dy, 4)
3 e—>0" Jpn\ B, (x) [X — 'S
where
S (y) = 1 ifyekES,
XE) =121 ity eE.

If M is smooth, then the fractional mean curvature is well-defined at each point and is a regular function.
In fact, the following result is known; see [Figalli et al. 2015, Proposition 6.3; Cabré et al. 2018a,
Proposition 2.1].

Theorem 2.1. Suppose JE is of class C'P, with B > s. Then the right-hand side of (4) is well-defined
and finite for all x € JE and defines a continuous function on dE. If in addition JE is of class C*P, with
B > s, then Hy € C Y E) and its derivative in a tangential direction v € Ty M is given by

dH; ) .
x)=s(1—=s)(n+s) lim Xe(Y)

(y - X, U)
dy (&)
v e—0t R\ B, (x)

|x _ y|n+s+2 :
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By using the divergence theorem and estimating the boundary terms on d B, (x) with techniques similar
to the proof of [Cabré et al. 2018a, Proposition 2.1], we can prove that, under the hypotheses of the
previous theorem, H; and its gradient can be written as boundary integrals on M as follows:

Hy(x) =21 —5) lim YD) ), ©)
e=0t JanBo(o) X — Y|
—25(1 —5) lim YOV, %

e=>0" J A0\ Bo(x) 1X — yI"TS

We also recall that the fractional perimeter of E, as introduced in [Caffarelli et al. 2010], is defined as

dxdy
Pery(E) = s(1 —s)/ /

|x_y|n+s

Then fractional mean curvature arises as the first variation of the fractional perimeter along a deformation
of E; see (8) later.

We state a general criterion for the convergence of singular integrals on the boundary of a smooth
compact set E. Suppose that dE is of class C-4, for some 8 > s, and that f € C2(dE). Then, for any

given x € d E, the quantity

lim fO - fx) du(y)

e=0" By X — "
exists and is finite.This can be proved by standard arguments. Roughly speaking, the contribution of
the first-order approximation of f(y) — f(x) around x cancels by symmetry reasons. The remaining
terms are of order O(|y — x|)'*#, by the smoothness of d E and of f, and this ensures convergence of the
integral. In the following, for simplicity of notation, we will write singular integrals as the ones above as
if they were ordinary integrals, with the implicit meaning that they are taken in the principal value sense.

We now recall some notation and general results about geometric evolutions of sets and hypersurfaces.
Let us consider a time-dependent family of sets E,; evolving smoothly from a given initial set Ey. We can
consider the corresponding evolution of the boundaries, and study the map F : Mgy x [0, T) — R", where
Mo =0Eg and M, :=JE;. Let us denote by V(p, t) := (d; F(p, t), v(p, t)) the normal component of
the speed of our flow.

We first recall the properties of the evolution of the classical geometric quantities associated to the
hypersurfaces M;. As in [Huisken 1984], we denote by g;; the components of the metric tensor in a
given coordinate system, by g*/ its inverse, by h; ; the second fundamental form, by H = h; jgij the mean
curvature and by |A |2=h; j g/ " gki the squared norm of the second fundamental form. If A} <--- <A,
denote the principal curvatures at a given point, then H = A; + - - - + A,_1, while |A|> = kz 4+ kn |-
We also denote by VM, AM: respectively the tangential gradient and the Laplace—Beltraml operator
defined on M;.

We denote by p, g, ... the points on Mg and by x, y, ... the points on M, for positive ¢, as well as
the general points in R". For simplicity of notation, when considering the speed V on M, for a fixed ¢, we
will usually write V (x) with x € M, instead of V (p, t), with x = F(p, t). We will use similar conventions
for all other quantities defined on the evolving hypersurfaces. We also denote by du the surface measure
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along M;. In this notation, we recall [Huisken and Polden 1999, Theorem 3.2 and Lemmata 7.4, 7.5
and 7.6] and we have:

Lemma 2.2. The geometric quantities associated to M, satisfy the following equations:
(i) 8,8 =2Vh;j and 3,g" = —2Vhl.

(i) o0, du =V Hdpu.

(iii) 8,v =—-VMV.

(iv) 0/hij = —VZM’V]M’V + ik b V.

(V) 8 H=—AMV —|A]V.

vi) L1E,|= S, V@) du and L\M,| = S, V@OH ) dp.

Next we recall the evolution of some nonlocal quantities; see [Caffarelli et al. 2010; Davila et al. 2018,
Appendix B, Proposition B.2; Sdez and Valdinoci 2019, Theorem 14].

Lemma 2.3. (i) The fractional perimeter evolves according to

d
7; Yers(Br) = Hy(x)V(x)dp. (8)
t M,
(i1) The fractional mean curvature satisfies the equation

0, Hy V)=V
=_/M V) -V dpu(y)— V(x )/ V(y) v(x) du(y). ©)

2s5(1 —s) ly — x|"+5 |n+s

We remark that there is a clear analogy between these equations and their classical counterparts. Indeed,
as proved in [Davila et al. 2018, Appendix A], we have, for a general smooth function f defined on a
(fixed) hypersurface M,

= fx)
Jim 25(1—s) / O |{+* du(y) = o AMf (%), (10)
where w, is the volume of the unit ball of R”. In addition,
lim 2s(1—s)f 1=V v 1) = w A (11)
s—>1- |"+S

From now on, we assume that the map F : ./\/lo x [0, T) — R" satisfies (1). This corresponds to the
normal speed

V(p,t)=—Hs(p,1) +h(),

with A (t) defined as in (2).
Then Lemma 2.2(vi) implies the enclosed volume E; remains constant in time, while by Lemma 2.3(i)
the fractional perimeter decreases according to

0; Pery(E;) =/ [—Hs(x) +h()]H(x)dp = —f [H,(x) —h()]*dp <O0. (12)
My

M,

We conclude this section by recalling the analogue of the Alexandrov theorem in the nonlocal setting.
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Theorem 2.4 [Cabré et al. 2018a, Theorem 1.1; Ciraolo et al. 2018, Theorem 1.1]. Let E be a bounded
open set of class C'* with constant nonlocal mean curvature. Then, E is a ball.

We point out that, by (12) and Theorem 2.4, the monotonicity of Pery(E;) is strict unless E; is a sphere.

3. Bounds on inner and outer radii

Given a bounded set £ C R" with nonempty interior and w € d Bj, we denote by wg () the width of the
set E in direction w; 1.€.,

we(w) := sup (x —y)-w. (13)
x,yeE

Notice that wg is the distance between the two hyperplanes orthogonal to w touching E from outside.
We also set

wg = inf wg(w) and wg:= sup wg(w).
w€ed B wedB,

By construction, we have
wg = diam(E). (14)

Recalling the notation in (3), if E is convex, it is known that

w _ WE
EE>n+1 and PE<ﬁ§ (15)
see, e.g., [Andrews 1994, Lemma 5.4].
Using this notation, the following result holds true:
Proposition 3.1. For any bounded, convex set E C R" with nonempty interior, we have
E 1/s
WE > ¢ ] : (16)
- Per,(E)
|E| 1/s
2 ; 17
or C(Pem(E)) an
WE < C(Pery (E) "™ DPE|TTmP, (18)
pE < C(Pery (E) "™ DPE|TTml, (19)
z—E < C(Pery ()" |E|0™"" (20)
E
for suitable constants C > ¢ > 0 only depending on n, s.
Proof. First of all, we observe that
it is enough to prove (16), 20

since, after that, the claims in (17), (18), (19) and (20) would follow. Indeed, if (16) holds true, then (17)
follows directly from (15).
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Now we prove (18) assuming that (16) (and so (17)) holds true. To this aim, we observe that we can
suppose that

Indeed, suppose instead that the opposite inequality holds. Then, we use the nonlocal isoperimetric
inequality (see [Frank et al. 2008]) to see that

|E|1/'l — |E|(H—S)('l—1)/('ls)|E|(1+S—n)/s < C (PerS(E))(n—])/S|E|(1+S—n)/s

for some C; > 0. Accordingly, since |E|'/" > |B,,|'/" = Cyp, for some C; > 0, we obtain

Crpe < C (Per, (E)) "= D/s| g|Ats—mls,

and so, if the opposite inequality holds in (22),

Crwg

4 < C](PerS(E))(”_l)/S|E|(1+s—n)/s’

which says that (18) is satisfied.
Consequently, we may assume that (22) holds true. Thus, after a translation we may suppose

that B,, C E and there exists p € E with |p| > wg/2 — pE. We stress that, in view of (22),

=: L.

!
N

Ipl =

Since E is convex, the convex hull of p with B, lies in E and therefore |E| > cp £" ¢ for some ¢ > 0.

This and (17) imply

41E| _ 4|E|(Pery(E))" D/
<

5Cn71|E|(n71)/s

’

wg =4¢
E X ggEnil X

which gives (18), as desired.
Then, from (18) and (15), one obtains (19). Finally, (20) clearly follows from (17) and (19). This

completes the proof of (21).
In view of (21), from now on we focus on the proof of (16). To this aim, after a rigid motion, we may

suppose that wg is realized in the vertical direction, and, more precisely, that

E < {x, € [-wE, 0]} (23)

We denote by 7 the projection onto R"~! x {0} and E’ := m(E). We consider a nonoverlapping tiling of
R"~! x {0} by cubes {Q;};en Which have side length equal to wg/+/n — 1 (hence, their diagonal is equal
to wg). We denote by N, the set of indices i € N for which Q; intersects E’. Let also

0= U 0, and F:=Qx (0, wgl

ieN,
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Due to (23), we know that F lies outside E and therefore

dxdy
Pery(E) > //
Exr 1=y
/ dx /dx/ dy /d KXEW Xn)
n n |x_y|n+s
/ dx/a’x/wdy/d/m
ieN, Y TWE i i |X— |"+S

Now we remark that if x’, y' € O, x, € [—wg, 0] and y, € (0, wg], we have

Ix —y1? = x" = Y 1* + %0 — vul* S we® + Que)* = Swg?

As a consequence,

0
Per,(E) > - Z dx dx’ o dy dy' xe(x', x,)
§ = 5(n+s)/2wEn+s ' g n _ 0 n 0; >R
= ie w i L

1

- S(YH-S)/ZwEn—O—s (\/T) WE Z /wE dx”/[ dx' XE(X Xn)

ieN,

T 502yt \ o1 welEl,

where we used (23) once again in the last identity. This estimate plainly implies (16), as desired. 0

For completeness, we point out an interesting geometric consequence of the estimate in (20) in terms
of the nonlocal isoperimetric ratio
(Per,s (E))"

I,(E
(E) = B

Indeed, formula (20) states that if the nonlocal isoperimetric ratio of E is bounded, then so is the ratio
between the inner and outer radius of E and, more precisely,

PE < c@ (BN,
PE

In the local case when s = 1, this formula was already known; see, e.g., [Andrews 2001, Proposition 5.1;
Sinestrari 2015, Proposition 2.1].
As an immediate consequence of the results of this section, we obtain:

Corollary 3.2. Let Ey be a convex subset of R" and My = 0Ey. Let F : Mg x [0, T) — R", with
0 < T < 400, be a solution of (1). Then there exist positive constants 0 < Ry < Ry, only depending
on Ey, such that

R < o, < Ry forallt [0, T).

(s}
=

In addition, there exists K| > 0 such that Hy(p, t) > K| for all (p,t) € My x[0,T).
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Proof. As already mentioned in the Introduction, we know that the evolution given by (1) preserves
convexity, as established in [Chambolle et al. 2017]; hence we have that E; is convex for all 0 <t < T.
By definition, we have

wnlg%t < |Eq| < a)nﬁ%[-

Since |E;| is constant, this gives an upper bound on pg, and a lower bound on pg, in terms of |Ep|. On
the other hand, since Per,(E;) is decreasing in time, inequality (20) gives a uniform bound on the ratio
PE,/PE,. These properties together yield the first assertion.

To prove the lower bound on Hj, let us consider an arbitrary point x € M;. Since E; is convex, it is
contained in the half-space {y € R" : (y — x) - v(x) < 0}. Moreover, by definition, the diameter of E; is
not greater than 2pg,, which is less than 2R;. Therefore, if we introduce the half-balls

By ={y € Bop,(x): (y —x)-v(x) 20}, B_={y€ B, (x):(y—x)-v(x) <0},

we have that E; C B_. It follows that
1 dy dy
—HS(X)=/ ——/ —
s(1 =) g lx =yt Jg, |x —yrts

S dy dy dy
= |x _ |n+s + |x _ |n+s o |x _ |n+s
R\ B, (x) y B y B_ y

_/ dy _/ dz
R\Bary () 1X = VI Jposar, [zl

where the last integral is independent of x, 7. (|

The previous result contains the first part of the statement of Theorem 1.1 (the bounds on inner and
outer radii and the lower bound for H;). To conclude the proof of Theorem 1.1 it remains to establish the
upper bound for the fractional mean curvature, which will be done in Section 5.

We conclude this section with the following observation. Corollary 3.2 ensures that, at any given
time, there exists a ball of radius R; contained in E;. However, the center of the ball may be different at
different times. We want to show that, by choosing a smaller radius, we can find a ball with fixed center
which remains inside E; for a time interval with fixed length.

Lemma 3.3. For any ty > 0, we can find xo € R" such that
BR,2(x0) C E;  forallt € [ty, to+1*],

where t* > 0 only depends on n, s, Ry.

Proof. As in [Andrews 2001; McCoy 2004], we use a comparison argument. Volume-preserving curvature
flows in general do not satisfy an avoidance principle. However, if E, evolves by (1) and F; evolves by
the standard fractional mean curvature flow (corresponding to (¢) = 0) then an easy maximum principle
argument shows that if F;, C E;, at a certain time fy, then we also have F; C E; for all > .

In our case, we can use comparison with a shrinking ball. From the previous corollary, there exists xg
such that Bg, (xo) C E;. We set Iy, = B, (xo) and we denote by F; the evolution of F;, for ¢ > 1y by standard
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fractional mean curvature flow, which is a shrinking sphere. We let ¢* be the time such that F; + =
Bg, /2(x0), whose value only depends on n, s, R;. Then the comparison argument yields the conclusion. []

4. Integral surface estimates for convex sets

We collect in this section some estimates on weighted integrals along the boundary of a convex set. We
start with a uniform estimate of the weighted surface of a convex set only dependent on its inner and
outer radii.

Lemma 4.1. Let 8 > 1 and let E C R" be a bounded, convex set with nonempty interior. Then, there
exists a constant C > 0, depending on n, such that, for any € 0 E, we have

/ dp(y) <C5E[ 1 <5E)"‘2] . poi
— < C—|——+|— (diam(E))" .
g X —y|"P peELB—1 PE

Proof. We can suppose that x is the origin. By definition, there exists p € E such that B,,(p) C E.
By convexity, the convex envelope of 0 and B, (p) lies in E. Up to a rotation, we can assume that
p=1(0,...,|pl). This easily implies, again by cionvexity, that B, /2(0) NOE is the graph of a Lipschitz
function f, with Lipschitz constant bounded by 2|p|/pE < 4p E7,9 E.
Letus set § := pg/2 and M := pg/pg. In addition, let us denote by C’, C”, ... constants depending
only on n. We can estimate, using the fact that § > 1,
/ du(y) <f VIHIVIOIP T _CM oy
3 y'eRm1

/ /
= — y<CM —dt =
Eng, |y1"F |y |n=F - o TP B—1

(24)

[y'1<8
The remaining part of the integral satisfies

du(y) 1 H(OE)
[ < [ e < @5)
aE\Bs V1 ) IE\Bs )

Now we observe that
mOE) < u(Bgs,). (26)

Indeed, we know that there exists g € E such that B;,(q) 2 E. Let us denote by I1g : R" — E the
projection on the convex set E. Then ITg maps dBj,(g) onto d E and is nonexpansive, from which (26)
follows.

As a consequence of (25) and (26), we obtain that

/ dM()’) < CUﬁEn_l _ C///Mn—l(sﬂ—l'
aE\By |YI"P §n=p
This and (24) imply the desired result (recall also (14) and (15)). O

Now we obtain a bound on the fractional mean curvature in terms of the integral quantity which appears
in the last term of (9). In view of (11), one can consider this estimate as the fractional counterpart of the
elementary property that the classical mean curvature is bounded by the norm of the second fundamental
form. An estimate of this kind is more delicate to obtain in the nonlocal case, since the fractional mean
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curvature cannot be realized by the average of finitely many directional curvatures, and so methods involv-
ing linear algebra cannot be applied; see [Abatangelo and Valdinoci 2014]. We give here a proof in the
case of convex sets, but it is natural to expect that a similar property should hold in a more general setting.
Proposition 4.2. Let E C R" be a convex set with C L boundary, with o € (s, 1). Then, there exists C > 0,
depending on n and on the ratio pg/pE, such that, for every x € 0E, we have

(1—-5)/2 —v(y)-v(x) 172
H,(x) < C(diam(E)) ((1 S M(y)) .
Proof. Given x € 0E, with exterior normal v(x), from the convexity of E we have that {p € R" :
(p—x)-v(x) > 0} touches E from outside at p. As a consequence, if y € d E, we have that (y—x)-v(x) <0
and therefore, recalling (6), we have

[ G=x) v
2(1_S)HS(X)— S du(y)
(y—x) V+(X) du(y )+/ (y—x)- (V(y)+—V(X)) du(y)
=yt lx — y|*+s
/ (y—X) (V(y)+ v(x)) du(y)
lx — y|*+s
[v(y) —v(x)]
< /E Wdﬂ(y)

:/ () —v@)|  duly)

E |)C _ y|(n+s)/2 |x _ yl(n+372)/2'

Hence, exploiting Holder’s inequality,

|v(y)—v<x>|2 \/ / dp(y)
(— S()\\// Cx -yl Q) N

Since we have |v(y) — v(x)|*> = 2(1 — v(y) - v(x)), the desired result follows easily from Lemma 4.1
with 8 : =2 —s > 1. O

5. Upper bound on the fractional curvature

In this section, we show that the bounds on the inner and outer radii imply that the fractional mean
curvature of our solution is bounded from above. This, together with Corollary 3.2, will conclude the

proof of Theorem 1.1.
To this purpose, we adapt to the nonlocal setting a technique originally introduced in [Tso 1985]. We

consider the support function on the evolving hypersurface
u(p,t) =(F(p,1),v(p,1).
By Lemma 2.2(iii) and the representation (7) of the gradient of Hy, we find that u evolves according to

du = (3, F,v) + (F, 8,) -
v (y 27)

X
=—Hy+h+(F,VMH)=—H, +h+2s(1—s) | ————du(y).
M, |y — x|t
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From Lemma 3.3, we know that for any 7y there exists xo € R" such that Bg, 2(xo) C E; for any
t € [ty, ty + t*]. For simplicity, we perform our computations in the case xo = 0. By the convexity of E;,
we deduce that u > R;/2 on M, for all t € [ty, fo + ¢*]. We then set « = R /4 and we consider the
function

Since
o <u—o<dam(M;) —a <20, —«o

we deduce from Corollary 3.2 that
1 w
—<—-<C (28)
C H;
for some C only depending on n, s and the initial data.
Let us now analyze the evolution equation satisfied by W. By Lemma 2.3(ii), the fractional mean

curvature satisfies the equation

0; H . HS(Y)_HS(X) —v(y)-v(x)
m— M,W w(y) + (Hg(x) — h(t))/ ﬁ du(y).
Recalling (27) and neglecting the positive terms containing A (¢), we find
oW(x,1) 1 Hs(y)—Hs(X)d )+ H(x) — h(t)/ 1—v(y)- V(X)d )
25(1—s) u@—alop, ly—xpm T im0 e L =l Y
Hi (x) —H(x) + h(r) / “v(y) )
_ —d
(u(x)—aﬂ( 25(—5) o Ty g PO
1 H;(y) — Hy(x) Hi(x) 1 —=v(y)-v(x)
_ _ - d
u(x)—a Jyg, |y —x|"ts M(y)—i_u(x)—“ oE, |y —x|"ts #0)
H,(x) —H;(x) / xT'V(Y) )
— —"d . (29
<u<x>—a>2(2s<1—s>+ e, Ty s WOV 2D
We can write
Hs _Hs W —W
B py= [ w222 4 yw / O ). GO
aE,  |y—x| JIE, ly—x| x|
Observe also
/ u(y)—uiX) du(y)=/ y-V(y)—xf(X) du(y)
aE, |y—x["te ag,  ly—x|"*s
—v). T _
_ (y—x)-v n—i(-):) di(y)+ (x +u(X)V(X))n(:§y) v(x)) du(y)
dE, ly—x| IE, ly—x|

xT. 1
= H,x)+ /E - I(yf dp(y)- u(x)f de). 31)

y x|n+s
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From (30) and (31) we deduce that

I Hy(y)—H, (x) H,(x) / xT v (y)
d — d
w—a by, y—xpt FO TG —a? Jy Ty M)
1 (W (y)—W () (u(y)—a) ) W) [ 1—v@)v(y)
= d W*— d .
u(x)—a/aE, ly—x [ HO Sy VT e L = )
We then conclude from (29)
aw__ 1 / W0) = WD) —o)
25(1—s) u(x)—a Jog, ly — x| ey
14+ 9 W(x) 1—vx)-v(y)
MR MO R P T

Recalling the estimate of Proposition 4.2 and (28), we immediately obtain:

Corollary 5.1. At any point where the spatial maximum for W (-, t) is attained, we have
W < CIW? — W3 (33)

for constants Cy, Cp only depending on n, s and the initial data.
We are now ready to prove the upper bound on the fractional mean curvature.

Theorem 5.2. Let Ey be a convex subset of R* and Mg = 0Eg. Let F : My x [0, T) — R", with
0 < T < 400, be a solution of (1) of class C*# for some B > s. Then there exists K» > 0, only depending
onn,s, Eg, such that

Hs(p,1) < K2, pe Mo,
forallt €[0,T).

Proof. Let us take an arbitrary ty € [0, 7). We know from Lemma 3.3 that there exists xo € R” such that
Bg, j2(x0) C E; for any t € [ty, to + t*]. In addition, setting W = H({x — xo, V) — R1/4)~!, we know
that the maximum of W satisfies inequality (33) in this time interval. We need a little care because the
point xo depends on #y and therefore the function W is defined differently in different intervals.

Let us set for simplicity F(w) =C y1w? — Cow? to denote the right-hand side of (33). We observe that
F(w) <0 for w > C1/C,. Let us denote by w(¢) the solution of the equation w’(¢) = F(w(t)) defined for
¢t > 0 and satisfying w(r) — +o0 as t — 0. It is easily seen that such a function exists and is implicitly

/-i~00 dw .
i Cow?—Crw?

In addition, w(¢) is defined for all ¢ € (0, 400) and decreases monotonically from +oo to C;/C>.
We now treat differently the cases #p =0 and 7y > 0. If 1y = 0, using the sign properties of the right-hand

defined by the formula

side of (33), we obtain

C
W(p,1) < max{max W, —1}, peM, tel0, ]
My C,
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Taking into account (28), this implies

Hi(p,t)<C', peM,tel0,r*], (34)
for a suitable constant C’. If #) > 0, we observe instead that, again by (33),

W(p,to+71)<w(r), tel0,r*].
In particular, since w is monotone,

W(p,to+1) <w(t*/2), telt’/2,t].
Using (28), it follows that

Hy(p,t) <C", peM,teltg+1*/2,to+1"]. (35)

By the arbitrariness of 7y, we conclude from (34)—(35) that H(p, t) < K, :=max{C’, C"} for all p,t. O

6. The case of a nonlinear speed

In this section we study a generalization of problem (1) in which the velocity is given by a general
function of the fractional mean curvature. More precisely, we consider

{&F(P, 1 =[-PH(p, D) +e®]v(p.1), peMo =0,

(36)
F(Ps()):l’, pEMO’

where

@) = & (H,(x))d .

|IMi| Jum,
We assume that @ : [0, +00) — [0, +00) is a C? function, satisfying the following properties:
(1) limy_, oo P (a) = +o00.
(ii) @'(a) > 0 for every a > 0.
(iii) limg— o0 @' (a)a?/®(a) = +00.

Typical examples are functions of the form ®(a) = a” with p > 0, but hold in many other cases,
e.g., ®(a) = e or ®(a) = In(a + 1). Assumption (ii) ensures that @ (Hy) satisfies the monotonicity
assumption (A) in [Chambolle et al. 2015, Section 2] (monotonicity with respect to set inclusion). Hence,
by [Chambolle et al. 2015, Theorem 2.21], problem (36) is well-posed and admits a viscosity solution,
at least in the case ¢ = 0 considered in that paper. In the case of a general ® (H,), the local existence
result of smooth solutions is not yet known; there is also no result on the invariance of convexity, since
the result in [Chambolle et al. 2017] does not apply. In the classical case, convexity is preserved under
some additional structural hypotheses on @, see [Bertini and Sinestrari 2018; Andrews and Wei 2017],
and it is likely that similar results hold in the fractional case. We will not address these issues here and
we will assume instead a priori the existence of a convex smooth solution.

The aim of this section is to prove that Theorem 1.1 holds also for the more general problem (36). We
first have the following lemma. As before, we denote by E; the set enclosed by M;.
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Lemma 6.1. Flow (36) keeps the volume of E; constant and decreases its fractional perimeter Perg(E;).

Proof. The first part of the statement is an easy consequence of the choice of ¢(z). The second part
follows exactly as in the proof of [Bertini and Sinestrari 2018, Lemma 3.1] in the local case. 0

The uniform bounds on inner and outer radii and the lower bound for H; are obtained exactly as for the
®(H,) = H, case (see Section 3), since they just rely on convexity and on the fact that the flow preserves
volume and decreases the s-perimeter. Hence, we immediately have the following:

Proposition 6.2. Let F : My x [0,T) — R, with0 < T < 400, be a smooth convex solution of (36).
Then there exist positive constants 0 < Ry < Ry, only depending on Ey, such that

Ry < pE, < <Ry forallt [0, T).
In addition, there exists K| > 0 such that Hy(p,t) > K, forall (p,t) € My x [0, T).

From the previous proposition, we deduce again that, by choosing a smaller radius, we can find a ball
with fixed center which remains inside E, for a time interval with fixed length; that is, Lemma 3.3 holds
also for solutions of the nonlinear flow (36). The proof of this fact is again by a comparison argument
and we refer to [Bertini and Sinestrari 2018, Lemma 3.6] for the details.

In order to prove the analogue of Theorem 1.1 for the flow (36), it remains to establish the upper bound
on H;.

Proposition 6.3. Let F : My x [0, T) — R", with0 < T < +00, be a smooth convex solution of (36). We
have that, at any time t € [0, T),
@ (Hy) < K3,

where K3 is a positive constant depending only on n, s, and Ey.

Proof. The proof is similar to the one given in Section 5. We show in detail how the argument is adapted
to the case of a general speed, for the sake of clarity. We consider again the support function

u(p,t) =(F(p,1),v(p,1)).
If now F evolves according to (36), recalling Lemma 2.2(iii) and the expression for VM H;, we have
O = (0, F, v) + (F, 9,v)

= —®(Hy) + () + ' (H)(F, VM Hy)

, xTv(y)
= —®(Hy) + ¢(t) +2s(1 — 5)D'(Hj) s du(y). (37)
M, X =yl

Moreover, using Lemma 2.2(ii), we have that the fractional mean curvature satisfies

9 H (x) :f P (Hy(y)) — P(H;(x)) (x)-v(y)
My

2s(1 — ) I — |t du(y) + (P (H; (X)—f/)(t))f ﬁd w(y). (38)

We define, much as before, but with the new velocity ® (H;),
_ D(H,)
ulx)—o
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where « is chosen in the same way as in Section 5. We have that

aw 1 |:¢/(Hs)atHv_¢(Hv)atu]
2s(1=s)  2s(1—s)| u@®)—a  (u(x)—a)?
CD/ Hs d Hs -0 Hs 1— .
-2 (x))[/ URON=DELED 4113) + (@ (H, (1)~ (1)) —”(x)niﬂy)du(w}
u(x)—a [ Jum, lx—y| M, lx=Yl
Q(H(x)) | —P(Hs(x)+o) xTv(y)
_(u(X)—oe)z[ 2s(1—s) TP UHL0) M, Ix—yl"“d (y)}
P’ Hs P Hs - Hs 1— .
_ o (x))[ / (Hy(y)) +( (x)) A () + O (H, (1)) U(X)ni(sy) du(y)}
u(x)—a [ Jum, lx—y| M, [x=Y
O (Hy(x)) | —P(Hy(x)) xTv(y)
_<u<x>—a)2[ 2s(1—s) 0 ) M, ey A0 )] &
By the definition of W we have that
P Hs - o Hv
/ (H;(y)) n+(s (x))du(y)
. |x — ¥l
W(y)—W —
= [ @ - au 4 weo [ M . o
M, |x — I M, X =Yl

Moreover, formula (31) holds unchanged, since it is independent of the velocity:

— T' B )
/M eSS S /M D) e [ EEO) g, @

x—y|ts ~ 2(1-s) x—y[+s M, lx—yr

We combine now (40) and (41) to get

1 O (H,y(y)) — ®(H, (x))
du(y)
u() —a Ju X — y|rts
1 w 4
= (u(y)— Ot)M du(y)
u()—a Sy, =y
W (x) 1 T u(y) 1= v(x) v(y)
u(x)_a[2(1_s)Hs<x>+f e o —uw | du(y)]
B W(y) — W(x) Hy(x) ® (Hy (x))
= —a L " T T S PO 0 e —ap
W (x) T v(y) W (x) 1= () ()

w0 —a Ly, ey PO T u =" [, Ty e @)
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Finally, plugging (42) into (39), we obtain

oW / 1 W) —=Wx)(u(y)—o)
25(1—5) <<D(HS)[u(x)—a /M, by d“(y)}
2 , H(x) o I—v(x)-v(y)
+2s(1—s)+d>(H‘Y)W|:2(1—s)(u(x)—oz)_u(x)—ot/[ x—y|rts d“(y)]' “43)

This inequality is the analogue of estimate (32) in the presence of a nonlinear speed ®. Again, we use
Proposition 4.2 to bound the last term and we get

oW
25(1 =)
<<I>’(Hs)[ (W) —W@)(u(y) —a) du(y):|+C1W2+w[C2—C3HS]. (44)
u(x) —a Jum, |x — y|"*s (u(x) —a)
Setting W(t) =sup,,, W(x, 1), we have
a0 <+ B e, ey,

where Hy = Hg(x, t) for a suitable x such that W(x, t) = W(t).

We choose now K > 3C,/C3, so that H; > K implies C, — C3Hy < —2C3H, /3. Suppose now that
there exists #* such that W (t*) > ®(K) /a. Recalling that u — o > « and using the monotonicity of &,
we deduce that Hy(x*, t*) > K for any x* such that W (x*, t*) = W(t*). Hence, at t = t*, we have

oW < CyW?

20, W' (H)H?  ~ 2C; &' (H,)H?
_2GWHYHE _ ol o 2Cs $UHOHE]
3(u —a) 3 D(Hy)

By property (iii) of ®, we can choose K large enough so that if H; > K we have

2C3 @' (H,)H}
Cl——S—( S) s <—1,
3 ®(Hy
which gives

W < —W2

From this last estimate, the conclusion follows by a comparison argument, exactly as in the proof of
[Bertini and Sinestrari 2018, Proposition 3.7]. O

As a consequence of the boundedness of the speed ®(H,) and of property (i) satisfied by @, and
recalling Proposition 6.2, we deduce the following:

Corollary 6.4. We have that Hy is uniformly bounded in (0, T).

7. Convergence to a sphere

In this section we prove our convergence result (Theorem 1.2 for the case ® (H;) = Hy), which for the
general problem (36) reads as follows:
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Theorem 7.1. Let F : My x [0, T) — R*, with 0 < T < 400, be a smooth convex solution of (36) of
class C*P for some B > s which satisfies property (R). Then T = +o0, and M, converges to a round
sphere as t — +oc in C*P norm, possibly up to translations.

We first observe that, by the lower and upper bounds on H, we have that ®'(Hy) is bounded from
above and below by positive constants for every ¢ € [0, 4-00).
The crucial step in the proof of Theorem 7.1 is the following result.

Proposition 7.2. Under our assumption, we have that

li+moo max |P(H;)(x) — @) =0.

t—

Proof. The proof follows the one in [Bertini and Sinestrari 2018, Proposition 4.4]. For any ¢, let H, (1) be
such that ®(H,(t)) = ¢(z). Then, recalling (8), we have

iPen(E,):/ Hopdu— | H®(H)dp
dt M, M,

=/, (Hy — H)(®(Hy) — ®(Hy)) dp

:_/ IHS_HS||CD(HS)_<D(HS‘)|d1u/
M,

Hence, using the boundedness of &', we deduce that

d
—_— < —
a7 Per,(E;) < sup '

f () — D (H,) P du = — f () — o dp.
M, M;

sup @’

Suppose now, by contradiction, that there exists & > 0 such that |® (Hy) — ¢| = ¢ at some point (p, ).
By our regularity assumption and using Theorem 2.1, we have that H; is uniformly Lipschitz; therefore
there exists a uniform radius »(¢) > 0 for which

(®(Hy) —¢| > 5 in B((p.7).r(e),
which implies

iPerS(Et) < —n(e) foranyte[t—r(e), t+r(e)],

dt
for some 1 > 0. The fact that Per;(E;) > 0 and is decreasing in time implies that the above property
cannot hold for 7 arbitrarily large. This shows that |® (H,) — ¢| tends to zero uniformly. O

We are now ready to give the proof of our convergence result.

Proof of Theorem 7.1. Using our regularity assumption (R) and the uniform bounds for H; of Corollary 6.4
and Theorem 1.1, we deduce that the flow exists for all € [0, co) and that the hypersurfaces M;, possibly
up to translations, are bounded in the C*# norm uniformly in z. Hence, the M, are precompact in
C%F for B < B. By Proposition 7.2 and the stability results of [Cozzi 2015], we have that any possible
subsequential limit as # — +o00 has constant fractional curvature. Then Theorem 2.4 ensures that the limit
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is a ball, with radius uniquely determined by the volume constraint. The uniqueness of the subsequential
limit easily implies that the whole family M, converges to a sphere as t — +00. O
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C*-ALGEBRAS ISOMORPHICALLY REPRESENTABLE ON [?

MARCH T. BOEDIHARDJO

Let p € (1, 00)\{2}. We show that every homomorphism from a C*-algebra A into B(I/”(J)) satisfies a
compactness property where J is any set. As a consequence, we show that a C*-algebra .4 is isomorphic
to a subalgebra of B(I/”(J)), for some set J, if and only if A is residually finite-dimensional.

1. Introduction

For 1 < p < oo and a set J, let [”(J) be the space

{f:J—><C:Z|f(j)I” <oo}
jeJ
with norm

1
P
Ifll = (Z If(j)l”) .
jel
Two Banach algebras .4; and A, are isomorphic if there exist a bijective homomorphism ¢ : A; — A,

and C > 0 such that .
Ellall <ll¢@I| < Cllall

for all @ € A;. The algebras .A; and A; are isometrically isomorphic if, moreover, ¢ can be chosen so
that ||¢(a)|| = ||a|| for all a € A;.

Gardella and Thiel [2020] showed that for p € [1, c0)\{2}, a C*-algebra A is isometrically isomorphic
to a subalgebra of B(I/”(J)), for some set J, if and only if .4 is commutative. So it is natural to consider the
question of whether this result holds if we relax the condition of isometrically isomorphic to isomorphic.
In this paper, we show that for p € (1, 00)\{2}, a C*-algebra A is isomorphic to a subalgebra of B(I?(J)),
for some set J, if and only if A is residually finite-dimensional (Corollary 2.2). We prove this by
showing that every homomorphism from a C*-algebra A into B(I”(J)) satisfies a compactness property
(Theorem 2.1).

The proofs of the main results Theorem 2.1 and Corollary 2.2 in this paper are quite different from
the proof of Gardella and Thiel’s result. Lamperti’s characterization [1958] of isometries on L?, for
p # 2, plays a crucial role in the proof of Gardella and Thiel’s result, while uniform convexity of /7, for
1 < p <00, and an argument in probability that imitates the proof of Khintchine’s inequality [Lindenstrauss
and Tzafriri 1977, Theorem 2.b.3], for p =1, are used in the proof of Theorem 2.1.

MSC2010: 46H20.
Keywords: 1P space, C*-algebra.
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2. Main results and proofs

Throughout this paper, the scalar field is C. For algebras A; and Aj;, a homomorphism ¢ : Ay — A; is a
bounded linear map such that ¢ (ajaz) = ¢ (ar)¢ (ap) for all a;, a; € A. For an element a of a C*-algebra,
la| = v/a*a. The algebra of bounded linear operators on a Banach space X is denoted by B(X)) and
the dual of X is denoted by X* For 1 < p < oo, the [” direct sum of Banach spaces X, for a € A,
is denoted by (@ae A Xa) ;»- Two Banach spaces X} and X, are isomorphic if there is an invertible
operator S : X1 — X,. A C*-algebra A is residually finite-dimensional if for every a € A, there is a
s-representation ¢ of A on a finite-dimensional space such that ¢ (a) # 0.

Theorem 2.1. Let p € (1, 00)\{2}. Let J be a set. Let A be a C*-algebra. Let ¢ : A— B(IP(J)) be a
homomorphism. Then

(1) the norm closure of {¢p(a)x :a € A, |la|| < 1} in [P (J) is norm compact for every x € [P (J), and
(ii) A/ ker ¢ is a residually finite-dimensional C*-algebra.

Corollary 2.2. Let p € (1, 00)\{2}. A C*-algebra A is isomorphic to a subalgebra of B(I” (J)), for some
set J, if and only if A is residually finite-dimensional.

Theorem 2.1 and Corollary 2.2 will be proved at the end of this section after a series of lemmas
are proved. Theorem 2.1 has an easier proof when ¢ is contractive. Indeed, if ¢ : A — B([P(J)) is
a contractive homomorphism, then the range of ¢ is in the algebra of diagonal operators on /”(J) by
[Blecher and Phillips 2019, Proposition 2.12] (or by [Gardella and Thiel 2020, Lemma 5.2] when J is
countable). Thus, {¢p(a)x :a € A, ||a| <1} is norm relatively compact, for every x € [”(J), and A/ ker ¢
is commutative.

It is not known if Theorem 2.1 and Corollary 2.2 hold for p = 1. However, throughout their proofs,
we use, in an essential way, the assumption that p is in the reflexive range. For example, in the proof
of Theorem 2.1(i), we use the fact that every bounded sequence in /P (J) has a weakly convergent
subsequence. In the proof of Corollary 2.2, we use a classical result of Petczyniski that the /¥ direct sum
of finite-dimensional Hilbert spaces is isomorphic to /”(J) for some set J. This result of Petczynski holds
only when p is in the reflexive range.

The structure of the proof of Theorem 2.1(i) goes as follows: If the closure of {¢ (a)xp:a € A, |la] <1}
is not compact for some xo € /7 (J), then we can find a bounded sequence in (bg)ken in A such that
¢ (br)xo — 0 weakly, as k — oo, and infen ||@ (br)xo|| > 0. Assume that p > 2. In Lemma 2.5, we show
that ¢ (by) — 0 weakly implies that o (b} by) — O for all positive linear functionals w : A — C of the form
w(a) = y;(¢(a)xp). This is proved by considering Zzzl 3yby for random 6y, ..., 6, in {—1, 1} and by
exploiting p > 2. Lemma 2.9 says that when y; € (I”(J))* is suitably chosen, @ (b;by) — 0 implies that
¢ (br)xoll — 0O, which contradicts infien ||¢ (bx)x ]| > 0. This is proved by using the uniform convexity
of I7(J).

Theorem 2.1(ii) follows from Theorem 2.1(i) by using a GNS-type construction and a classical result
about compact unitary representations of groups on Hilbert spaces.

The following two lemmas are needed for the proof of Lemma 2.5.
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Lemma 2.3. Let A be a unital C*-algebra. Let a € A. Then there exists a sequence (cy)neN in A such
that ||c,|| < 1 foralln e N and |a| = lim,_ « cpa.

Proof. Without loss of generality, we may assume that ||a|| < 1. For n € N, define g, € C[0, 1] by
i

, T<x<u,
gn(x) = {ﬁ N
nynx, 0<x<-.
Take ¢, = g,(a*a)a™ Then c,c) = g,(a*a)a*ag,(a*a). Note that
1 Lox<i
2 _ ) n — —= 4
Xgn(x)” = {n3x3, 0<x< %

Thus, 0 < xgn(x)2 <1forall x € [0, 1] and so 0 < c¢,c; < 1. Hence |[c,|| < 1.
We have
f

1
X, n
ny/nx%, 0

xgn(x) = {

and so
1
|xgn(x) — /x| < T for all x € [0, 1].

Since c,a = g, (a*a)a*a, it follows that

1
lcha — ~va*all < ﬁ
Thus, the result follows. O

Lemma 2.4. Let A be a unital C*-algebra. Let w be a positive linear functional on A. Let a € A. If
a > 0 then

a)(az) < a)(a)%w(cﬁ)%.

Proof. There exists a measure w on [0, ||a||] such that

o(f (@) = / £ du(x),
forall f e C[0, al]. So

a)(az) :fx2 du(x) < ('/xd,u(x))3 (f x* du(x))3 = a)(a)%a)(a“)%. O

Lemma 2.5. Let 2 < p < 00. Let J be a set. Let A be a unital C*-algebra. Let ¢ : A — B(”(J))
be a unital homomorphism. Let xo € [P(J). Let y; be a bounded linear functional on [P(J). Define
w:A— Cby

w(a) = yg (¢ (a)xo),

fora € A. Assume that w is a positive linear functional. Let (by)ren be a sequence in A such that ||b|| <1
forall k € N and ¢ (bi)xo — 0 weakly as k — oo. Then w(b;by) — 0 as k — oo.
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Proof. By contradiction, suppose that w (b}b;) does not converge to 0. Passing to a subsequence, we have

that there exists y > 0 such that @ (b;by) > y for all k € N.

Since ||¢ (br)xoll < l|@ ]l llxoll and ¢ (br)xo — O weakly, passing to a further subsequence, we may assume

that there are z1, 22, ... in [7(J) with disjoint supports such that ||z¢|| < [|@|lllxoll and ||¢ (bx)xo — zx || <

1/2 for all k € N.
Let n € N. For each § = (61, ...,8,) € {—1, 1}", let

n
as = Z (Skbk e A.
k=1
By Lemma 2.4,
0(a}) < w(as)3wad)s.
Thus,
2 1
Ew(a;) < [Ew(as)]’ [Ew(a})]5,
where E denotes expectation over § = (41, . . ., 6,) uniformly distributed on {—1, 1}".
Note that

Ew(a?) = Ew ((Z Skbk> (Z 5kbk)>
k=1 k=1

:[Ea)( > 5j5kb;fbk): > EG800®ib) =Y wobib) = ny.

1<j,k<n 1<j.k<n k=1
Therefore,
2 1
ny < [Ew(as)]’ [Eo(a})]5.
We have
n * n 2
a? = [(Z Skbk> (Z Skbk)] = Z 3, 8k28k35k4b;§1 bkzbltgbkzt'
k=1 k=1 1<ky,...,k4<n

Since ||by || < 1, it follows that

Foa) = > E@kdudud)o®;bobib) < Y E@k0kn8k0k,).

1<ky,....ka<n 1<ky,...,ka<n

Note that E(8g, Sx,0k,0k,) = O unless the following occurs:

(k1 = kz and k3 = k4) or (kl = k3 and k2 = k4) or (k1 = k4 and k2 = k3).

Thus, [Ew(ag‘) <3n%. So by (2-1), we have ny < 3%n%[[Ew(a5)]%. Hence,

S

D=

Ew(as) > —n

W
D=

Fix 6 € {—1, 1}". By Lemma 2.3,

Z Sibr

k=1

w(as) =a)(

w (c 2": Skbk>
k=1

) < sup
ceA, |lc|l<1

(2-1)

(2-2)
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For ¢ € A with |c|| <1,

ofc g&m)

Y <¢ (c) (Z akqb(bk)xo)) ‘
k=1

> 8k (bi)xo

k=1

n
<yl ||¢||( >z
k=1

where the last two inequalities follow from the fact that z1, z3, . . . have disjoint supports, ||zx || < [|@]| [|xoll
and ||¢ (b)xo — zx || < 1/2%. Thus,

<lyollel

n

! 1
+2 2—k) < g ¢l Ixolln + 1),

k=1

1
w(as) < llyslll@lliglllxolln? +1) forall § € {—1, 1}".
So by (2-2),

=

< Iyzlglel Ixoln? +1).

n

w |Y
- [S1[9%)

[S]

Since n can be chosen to be arbitrarily large and p > 2, an absurdity follows. O

For 1 < p <2, we have the following result, where the order of b} and by is switched, by using the
dual /? space in Lemma 2.5.

Lemma 2.6. Let 1 < p < 2. Let J be a set. Let A be a unital C*-algebra. Let ¢ : A— B(IP(J)) be a
unital homomorphism. Let xo € [P (J). Let y; be a bounded linear functional on I”. Define w : A — C by

w(a) = yy (¢ (a)xo),

fora € A. Let (by)ren be a sequence in A such that ||by|| < 1 for all k € N and such that the sequence

yo 0 @ (br) of bounded linear functionals on [P (J) converges to 0 weakly as k — oo. Assume that w is a
positive linear functional. Then o (byb}) — 0 as k — oo.

Proof. Let A; be the unital C*-algebra consisting of the same elements as .4 but with reverse order
multiplication

a-b=hba.
Define a unital homomorphism ¢ : A; — B(({?(J))*) by
P1(@)y* =y og(a),
forall a € Ay, y* € (I?(J))* Define w; : A — C by
wi(a) = w(a) = x5" (¢ (a)yg),
for all a € Ay, where x§* is the image of xq in the bidual (/”)**. By Lemma 2.5, the result follows. [J

The following two lemmas are needed for the proof of Lemma 2.9.
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Lemma 2.7 [Clarkson 1936]. Let 1 < p < o0. Let J be a set. For every € > 0, there exists y > 0 such
that, for all x,y € 1P (J) satisfying || x|, |¥]| <1 and ||x + y|| > 2 —y, we have | x — y|| <e€.

Lemma 2.8 [Russo and Dye 1966]. Let A be a unital C*-algebra. Then the closed unital ball of A is the
closed convex hull of the set of all unitary elements of A.

Lemma 2.9. Let 1 < p < o00. Let J be a set. Let A be a unital C*-algebra. Let ¢ : A— B(P(J)) be a
unital homomorphism. Let xo € [P (J). Then there exists y; € (IP(J))* such that  : A — C,

w(a) = yy(p(a)xg), acA,

defines a positive linear functional and, for every € > 0, there exists y > 0 such that whenever a € A
satisfies ||a|| < 1 and w(a*a) < y, we have ||¢ (a)xg|| < €.

Proof. Let U(A) be the set of all unitary elements of A. Let (v,),en be a sequence in U (A) such that

lim |l¢(va)xoll = sup [l¢(u)xoll.

n—00 ueld(A)
For each n € N, let x be a bounded linear functional on [”(J) such that |x;|| =1 and x, (¢ (v,)x0) =
l¢ (v)xoll. Then x; o ¢(v,) is a bounded sequence in (/”(J))*. Passing to a subsequence, we may
assume that x;; o ¢ (v,) converges weakly to a bounded linear functional y; € (I”(J))* as n — oo. Thus,
w:A— C,

©(a) = (@ (@)x0) = Tim x; (@ (vaa)xo),

for a € A, defines a bounded linear functional on .A. Note that
(1) = lim x;(¢(vy)x0) = lim [[¢(va)xoll = sup ¢ u)xoll,
n—o00 n—o00 ueld(A)
and, for every ug € U(A),
lw(uo)| = lim |x (¢ (vauo)xo0)| < sup |l¢)xoll.
n—0o0 uel(A)

So by Lemma 2.8, we have [|o| < sup, ¢4, [ (u)xoll. Thus, w(1) = [lw]|| and hence w is a positive
linear functional.

By contradiction, suppose that there are € > 0 and a sequence (ay)ren in A such that ||ax || < 1 and
¢ (ar)xoll > € for all k € N and w(a;ar) — 0 as k — oo. We have

Ipla)xoll €

I#lllxoll ~ Nl llxoll”

for all k € N. For k € N, let by = ai/|lax||. We have ||bi|| = 1 and ||¢ (br)xg|| > € for all k € N and
w(b;br) — 0 as k — oo.

lakll =

Since ||x; || =1,
linn_1)i£f ¢ (vn)P (1 — |br)xo + ¢ (va)xoll > linn_l)ior.}f[x;k@(vn)d)(l — |brD)x0) + x;, (¢ (va)x0)]
=o(l = b)) +o(1) =2w(1) —o(|bl]).
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Thus,
1irlnj){£f ¢ (va)@ (1 — |brxo + ¢ (v)xoll = 200 (1) — w(|bi]).
But

¢ (a)p (L —1biDxoll < sup  [|@D)xolllI1 = [billl = sup [P (u)xoll = (1)
beA, |Ib]<1 ueld(A)

and ||¢ (v,)x0ll < w(1) for all n € N. Take

= qu(vn)(ﬁ(l —|br)xo and y= W¢(Un)xo

in Lemma 2.7 and note that w(|by]) < a)(b,’:bk)%w(l)% — 0 as kK — oco. We have

hm lim sup || (v) @ (1 — |br|)xo — P (vy) X0l =

n—oo

Thus,
hm lim sup [|¢ (va) @ (|DxDxoll =

n—oo

So ll¢(|1bk])xoll = 0 as k — oo. Since

-1
bk=bk(|bk|+%> (|bk|+%) and ”bk(|bk|+ ) H <1,
it follows that ||¢ (by)xo|| — 0 as k — oo which contradicts ||¢ (br)xo| > €. O

Proof of Theorem 2.1(1). Without loss generality, we may assume that A is unital by extending ¢ to a
homomorphism from the unitization of 4 into B(I”(J)). We may also assume that ¢ is unital since ¢ (1)
is an idempotent on /” (J) and the range of every idempotent on /”(J) is isomorphic to /7 (Jp) for some
set Jo [Petczynski 1960; Johnson 2012].

Let xg € I”. Let (ax)ken be a sequence in A such that ||ax|| < % for all k € N. We need to show that
(¢ (ar)xo)ren has a norm-convergent subsequence.

Case 1: p > 2. Passing to a subsequence, we may assume that (¢ (ax)xo)ren converges weakly to an
element of /7 (J). Thus, ¢ (ax, — ax,)xo — 0 weakly as ky, ko — oo.
By Lemma 2.5, we have

hm Cl)((ak] - akz) (ak] akz)) = O
k1 kz—)

for every positive linear functional @ : A — C of the form w(a) = y;(¢(a)xo) for a € A. By Lemma 2.9,

we have limy, x,—o0 ||@ (ak, — ak,)xo|l = 0. So (¢ (ak)xo)ren is norm-convergent.

Case 2: p < 2. Passing to a subsequence, we may assume that (y; o ¢ (a;))ken converges weakly to an
element of (/7 (J))* Thus, y*o ¢(Cl;l — a,’{“z) — 0 weakly as k, ko — oo for every y* € (I”(J))*
By Lemma 2.6, we have
Jim w((af, —ag,) (@}, —ag,)") =0

for every positive linear functional @ : A — C of the form w(a) = y;(¢(a)xo) for a € A. By Lemma 2.9,
we have limy, x,—o0 ||@ (ak, — ak,)Xoll = 0. So (¢ (ax)xo)ren 1s norm-convergent. O
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Lemma 2.10 [Kerr and Li 2016, Theorem 2.24]. Let G be a group. Let H be a Hilbert space. Let
Y+ G — B(H) be a unital homomorphism such that W (g) is unitary for all g € G. If {{(g)x : g € G} is
norm precompact in H for all x € H, then H is the direct sum of some finite-dimensional subspaces Hy,
fora € A, such that H,, is invariant under ¥ (g) foralla € A and g € G.

Proof of Theorem 2.1(ii). As in the proof Theorem 2.1(i), we may assume that 4 is unital and ¢ is unital.
We may also assume that ker ¢ = {0}. Let ag # 0. There exists xo € [”(J) such that ¢ (ag)xg %= 0. By
Lemma 2.9, there exists y; € (I”(J))* such that w : A — C,

w(a) = yg (¢ (a)xo),

for a € A, defines a positive linear functional and w(agap) # 0.
Equip A with the positive semidefinite sesquilinear form

{a,b) =w*a),

for a, b € A. Consider the ideal A9 = {a € A: {(a, a) =0} of A. Let H be the completion of the quotient
space A/ Ap. Then H is a Hilbert space. For each a € A, we can define a bounded linear operator on H
by sending b + Ag to ab+ Ag for b € A. Son: A— B(H),

n(a)(b+ Ag) =ab+ Ay,

for a, b € A, defines a unital *-homomorphism. We have

In(a1)(b+ Ao) — n(a2)(b+ Aol = w(b* (a1 — az)* (a1 — a2)b)
= Y5 (@ (b* (a1 — az)* (a1 — a2)b)xo)
< lyo Ll 116*| lar — azll ll¢ (a1 — a2)¢ (b)xoll,

for all a;, a>, b € A. By Theorem 2.1(i), we have that {¢(a)xp : a € A, |la|| < 1} is norm precompact
so {n(a)(b+ Ag) : a € A, |la|| < 1} is norm precompact for all b € A. Let U(A) be the set of all
unitary elements of 4. By Lemma 2.10, we have that H is the direct sum of some finite-dimensional
subspaces H,, for o € A, such that H,, is invariant under n(u) for all « € A and u € U(A). Note that H,
is thus invariant under n(a) for all a € A.

Since w(agap) # 0, we have n(ap) # 0. So n(ag) # 0 on Hy, for some oy € A. Thus, A is residually
finite-dimensional. O

Proof of Corollary 2.2. One direction follows from Theorem 2.1. For the other direction, suppose that
A is a residually finite-dimensional C*-algebra. Then there is a collection (¢4 )qeca Of *-representations
of A on finite-dimensional Hilbert spaces H, such that |la| = sup,cp |9« (a)| for all a € A. Define
¢: A= B((Byen Ha);p) bY ¢ = @yep do- Thus ¢ is a norm-preserving homomorphism. However,
it is a classical result of [Petczynski 1960] that for 1 < p < oo, the [? direct sum of finite-dimensional
Hilbert spaces is isomorphic to /7 (J) for some set J. Therefore, A is isomorphic to a subalgebra of
B(IP(J)), via the map a > S¢(a)S™", where S : (Pgyep Ha),, — [P(J) is any invertible operator. [
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EXPONENTIAL CONVERGENCE OF
PARABOLIC OPTIMAL TRANSPORT ON BOUNDED DOMAINS

FARHAN ABEDIN AND JUN KITAGAWA

We study the asymptotic behavior of solutions to the second boundary value problem for a parabolic PDE
of Monge—Ampere type arising from optimal mass transport. Our main result is an exponential rate of
convergence for solutions of this evolution equation to the stationary solution of the optimal transport
problem. We derive a differential Harnack inequality for a special class of functions that solve the
linearized problem. Using this Harnack inequality and certain techniques specific to mass transport, we
control the oscillation in time of solutions to the parabolic equation, and obtain exponential convergence.
Additionally, in the course of the proof, we present a connection with the pseudo-Riemannian framework
introduced by Kim and McCann in the context of optimal transport, which is interesting in its own right.

1. Introduction

Given two smooth domains 2, Q" C R", two probability measures w, n defined respectively on
and ©* and a Borel measurable cost function c : Q x Q* — R, the optimal transport problem is to find a
u-measurable map T : Q — Q* satisfying Te = n (where Tuu(E) := w(T~Y(E)) for all measurable
E C Q%) such that

/ c(x, T(x))du(x) = max / c(x, S(x))du(x). (1)
Q Q

Sgu=n
Under mild assumptions on the cost function and the measures, it can be shown that the solution 7 to
(1) exists; see, for example, [Brenier 1991; Gangbo and McCann 1996]. If the measures x and 5 are
absolutely continuous with respect to Lebesgue measure, and c satisfies the bitwist condition (6) below,
the map 7 is p-a.e. single-valued and can be determined by the implicit relation

Vee(x, T(x)) = Vu(x),

where the scalar-valued potential u is a c-convex function (see Definition 2.1) satisfying the Monge—

Ampere-type equation

{det[Dzu(x)—A(x, Vu(x))]=B(x,Vu(x)), xe€, @)
T(Q)=Q*,

where A is a matrix-valued function and B is scalar-valued, defined in terms of the cost function ¢ and

the densities of the measures u, 1. The issue of existence and regularity of solutions to the PDE (2) has

Kitagawa’s research was supported in part by National Science Foundation grant DMS-1700094.

MSC2010: 35K96, 58J35.

Keywords: parabolic optimal transport, Monge—Kantorovich, exponential convergence, Kim—McCann metric, Li—Yau Harnack
inequality.
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been an active area of research for many years. For higher-order regularity results, we refer the reader to
[Ma et al. 2005; Trudinger and Wang 2009; Urbas 1997].
One possible approach to finding a solution to the PDE above is to solve the parabolic PDE

ou(x,t) = logdet[D2u(x, t)—A(x, Vu(x,t))] —log B(x, Vu(x,t)), xe€,t>0,
G(x, Vu(x, 1) =0, x €09, 3)
u(x, 0) =up(x), x e,

for appropriate initial and boundary conditions up and G (see Section 2), and view a stationary solution as
t — oo as a solution to (2). The study of existence, regularity, and asymptotic behavior of solutions to the
parabolic problem (3) was initiated only recently through the works [Kitagawa 2012; Kim et al. 2012].

The main result of this paper is the following theorem on an exponential convergence rate of solutions
to the parabolic equation (3). The notation C*i C,k * will denote functions on a space-time domain which
are CX1 in the space variable and C** in the time variable, with corresponding norms finite. Our main
result is as follows:

Theorem 1.1. Suppose u € C;‘C,S(Q x [0, 00)) is a solution on 2 x [0, 00) to the parabolic equation (3)
converging uniformly on Q to a stationary solution u®> as t — oo, and K is a constant such that

”””c;tcf(ﬁx[o,oo)) + ||C||C4(§><§*) <K. “4)

If the cost function c satisfies the bitwist condition (6), and Q and Q0* satisfy the c-convexity conditions (8)
and (9), then
lu(-, 1) —u®|| @) < Cre™ " forallt >0,

for some constants C1, Cy > 0 depending only on K and the dimension n.

Previous work in [Kitagawa 2012] establishes the existence of a function u € C)%C tl (€ x [0, 00)) that
solves (3) for all times ¢t > 0 and converges in C%(R) to a function u®(-) as t — oo, where u™(-)
satisfies the elliptic optimal transport equation (2). Using this result and a bootstrapping argument, we
obtain the following corollary.

Corollary 1.2. Suppose the cost function c satisfies the bitwist condition (6) and the Ma—Trudinger—Wang
condition (10), and suppose Q2 and Q* satisfy the c-convexity conditions (8) and (9) with §, §* > 0.
Suppose the source and target measures | and n are absolutely continuous with smooth densities that
are bounded away from zero and infinity on Q and Q* respectively. Finally, suppose the initial condition
ug € CH*(Q) for some a € (0, 1] is locally, uniformly c-convex (as in Definition 2.1) and satisfies the
boundary compatibility conditions (12). Then u satisfies the hypotheses of Theorem 1.1 above.

Proof. Under the Ma—-Trudinger—Wang condition (10) and the uniform c- and c*-convexity of the domains
(i.e., (8) and (9) with §, §* > 0), global C)%’“Ctl’a estimates of the solution u(x, t) to (3) were obtained
in [Kitagawa 2012, Theorems 10.1 and 11.2, and Section 12]. Thus, by applying boundary Schauder
estimates for linear uniformly parabolic equations in nondivergence form with uniformly oblique boundary
conditions (see [Lieberman 1996, Theorems 4.23 and 4.31]) to the linearized equation (18), we obtain the
desired higher regularity of u. O
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Remark 1.3. One particular motivation for this exponential convergence result comes from numerics
for optimal transport. Since the stationary state of (3) gives rise to the solution of the optimal transport
problem between the measures w and 7, one could attempt to implement an algorithm that is initiated with
some c-convex potential function and flows toward the desired solution via (3). Establishing quantitative
rates of convergence for such an algorithm is consequently of paramount importance. One difficulty that
should be noted here is that in the case with nonempty boundary, due to compatibility requirements with
the boundary condition, there are some restrictions on what can be taken as an initial condition (compare
to the case of no boundary, where one can simply take a constant function), and it is not always clear how
to generate initial data that will still provide global existence. We plan to explore this issue of finding
appropriate initial conditions in future work.

1A. Prior results and the contributions of this paper. The parabolic flow (3) on Riemannian manifolds
with no boundary was considered by Kim, Streets, and Warren [Kim et al. 2012], under a strong form of
the Ma—Trudinger—Wang condition (10); their methods strongly use that the boundary is empty. There,
the authors prove exponential convergence of the solution u of (3) to the solution u* of the elliptic
equation (2); see [Kim et al. 2012, Theorem 1.1]. Their proof relies on establishing a Li—Yau-type Harnack
inequality for solutions to the linearization of (3), coupled with the observation that this linearization is
actually a heat equation where the elliptic part is a conformal factor times the Laplace—Beltrami operator
of a conformal change of a metric defined from the solution of the parabolic evolution itself; see [Kim
et al. 2012, Proposition 5.1] and the discussion preceding Proposition 2.7 below.

However, presence of a boundary turns out to be a major obstruction to applying the methods of
[Kim et al. 2012]. First, their method of introducing a conformal change of metric cannot be used in
two dimensions: when there is no boundary, it is possible to convert the two-dimensional problem to
a three-dimensional one, but such a technique simply does not work when the boundary is nonempty
and is required to satisfy certain convexity properties. Second, the linearization of (3) is a Neumann
boundary-value problem with respect to a time-varying Riemannian metric, for which there is no general
known Harnack inequality. Existing results require that the metric itself satisfy some specific evolution,
such as Ricci flow [Bailesteanu et al. 2010] or Gauss curvature flow [Chow 1991]. Thus while there
is a sizable body of work on differential Harnack inequalities, none of them are directly applicable
to the linearization of (3). We also mention the result [Schniirer and Smoczyk 2003], which treats a
nonlinear evolution equation arising from Gauss curvature flow that resembles (3) in the case where the
cost function is c(x, y) = (x, y), with nonempty boundary. The authors of [Schniirer and Smoczyk 2003]
also obtain an exponential convergence result, but assume certain structural assumptions on the function
B in (3) that are not satisfied in the optimal transport case, and impose additional constraints on the initial
data ug.

The contributions of this paper are as follows. First we show it is possible to obtain a Harnack inequality
for a certain subclass of solutions to the linearized equation. In the interior, this can be shown by a
series of estimates similar to that of [Kim et al. 2012] with no boundary, but as mentioned above, a
different method must be employed to settle the two-dimensional case. In dealing with the boundary,
we must carefully exploit the curvature conditions imposed on the boundaries of both the source and
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target domains in order to choose the correct class of solutions for which we can obtain the Harnack
inequality. Once we have a Harnack inequality for such special solutions, we use the fact that solutions
of the parabolic flow come from the optimal transport problem, and hence satisfy a mass-preservation
condition (see Lemma 2.3 below), to finish the proof of exponential convergence. We heavily stress
here that our approach diverges from the traditional proof of exponential convergence via the Harnack
inequality, and crucially uses the fact that there is an underlying optimal transport problem. Additionally,
we show this analysis of the boundary behavior can also be done by exploiting the pseudo-Riemannian
structure introduced in [Kim and McCann 2010] for optimal transport. More specifically, we prove a
relation between the second fundamental form with respect to the time-varying Riemannian metric on the
source domain, with the Euclidean second fundamental forms of the source and target domains under
c-exponential coordinates, which has not previously been explored.

1B. Outline and strategy of proof. The outline of the remainder of the paper and the strategy behind our
proof are as follows. In Section 2 we give the necessary background for the optimal transport problem.
We also recall the method of [Kim et al. 2012] for the proof of exponential convergence on manifolds
with no boundary, and prove here the important parabolic estimate Proposition 2.7, although with a
slightly different proof from that of Kim, Streets, and Warren. In Section 3 we obtain expressions for and
estimates on the boundary condition acting on the relevant auxiliary function. For the benefit of the reader,
we divide the proof of these estimates into the inner product case and the general cost function case. In
Section 4 we finally obtain the exponential convergence result from the estimates derived in the previous
sections; the proof we present relies on the underlying optimal transport structure of the problem. The
final Section 5 provides the aforementioned alternative, geometric approach to the boundary estimates
from Section 3.

2. Preliminaries

2A. Basic notions from optimal transport. We denote by D?, V, and Dyg the Hessian matrix, the gradient
vector, and the directional derivative in the direction § of a given function with respect to the space
variable x. Spatial partial derivatives will be denoted by subscript indices, with the actual variable specified
when necessary, while D, and D, will be used for the derivative matrix of a mapping with respect to the
variable in the subscript. We will also follow the convention of summing over repeated indices. Time
derivatives will be denoted by 9;.

When considering a Riemannian manifold (M, g), we will denote the inner product and norm with
respect to the metric g by (-, -), and | - |, respectively. The notation V&, Hessg, A,, and Ric, will be
used for the gradient, Hessian, Laplacian, and Ricci tensor with respect to g.

Regarding the cost function c(x, y), derivatives in the x-variable will be denoted by subscripts preceding
a comma, while derivatives in the y-variable will be denoted by subscripts following a comma. The
notation ¢’/ denotes the entries of the inverse of the matrix ¢; ;.

We will assume from here onward that 2, Q* are open, smooth, bounded domains in R". The outward-
pointing unit normals to d€2 and dQ2* will be denoted by v and v* respectively. The function ~2* will be
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a normalized defining function for Q*; i.e., A* =0 on 92, A* <0 on 2, and VA* = v* on IQ* The
measures i, 1 are assumed to be absolutely continuous with respect to n-dimensional Lebesgue measure,
with densities p, p* respectively satisfying the bounds 0 < A < p, p* < A < 0o and the mass balance

/p=/ o*. 5)
Q *

We will also assume ¢ € C**(Q x Q*) for some « € (0, 1], and

condition

y > Vc(x, y) is a diffeomorphism for all x € ,

(6)

x = Vyc(x, y) is a diffeomorphism for all y € Q.

Forany p € V,c(x, %) and x € Q (resp. g € V,c(L2, y) and y € Q*), we denote by Y (x, p) (resp. X (g, y))
the unique element of Q* (resp. 2) such that

(Vio)(x, Y(x, p))=p (resp. (Vyc)(X(g,y),y) =q). (7)

We say 2 is c-convex with respect to Q* if the set V,c(£2, y) is a convex set for each y € Q* Similarly,
Q* is c*-convex with respect to Q2 if the set Vc(x, Q%) is a convex set for each x € Q. Analytically, these
conditions are satisfied if we have

v/ (x) — c"*eijo (e, ) 1Tt > 822 forallx €09, y € @, T € T,(3R), (8)

[ () = *bepijx, ) OH@IEH () = 8% forall y € 9Q*, x € Q, 75 € T,(3Q") (9)

for some constants 8, §* > 0 respectively, where we will always sum over repeated indices. If § (resp. 6*)

is strictly positive, we say that 2 is uniformly c-convex with respect to * (resp. Q* is uniformly c¢*-convex
with respect to Q2).

Define the matrix-valued function A by A(x, p) := (ch) (x, Y(x, p)). Since Y (x, p) satisfies the
equation (V,c)(x, Y(x, p)) = p, we can differentiate implicitly in p to get

(D3 ,O)(x, Y (x, p))DpY (x, p) =1,
Similarly, differentiating the equation (V,c)(x, Y (x, p)) = p in x gives
(Dic)(x, Y (x, p)) + (D7 ,o)(x, Y (x, p)) Dy Y (x, p) =0.

We have chosen the convention (DY), = Ynﬁ for differentiation either in the x- or p-variables. It follows
that

Ax, p) = (Do) (x, Y (x, p)) = —(D,Y) "' (x, p) DY (x, p).

Definition 2.1. A function ¢ : Q — R is said to be c-convex if for any point x( € €2, there exists a yg € Q*
and Ao € R such that
@(x0) = c(x0, yo) + Ao,
@(x) > c(x, y0) + Ao forall x € Q.
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A function ¢ € C?() is said to be locally, uniformly c-convex if D*¢(x) — A(x, Vo(x)) > 0 as a matrix
for every x € Q.

Although we will not use it explicitly in this paper, we also mention the, by now well-known, Ma—
Trudinger—Wang condition. This condition (or rather a stronger version of it) was first used to obtain
interior C>* regularity of solutions to the elliptic optimal transport equation (2) in [Ma et al. 2005]. It
was proven to be a necessary condition for regularity theory in [Loeper 2009], and it was shown that
classical solutions for the parabolic equation (3) exist under the same condition in [Kitagawa 2012].

Definition 2.2. The cost function c(x, y) satisfies the Ma—Trudinger—Wang (MTW) condition if
Dyp, Ake(x, p)E'E/n* n" =20 forallx € Q, p € Vic(x, Q%), £ L. (10

2B. The parabolic optimal transport problem. For a function u € C*C?(Q x [0, 00)) (which, in the
sequel, will be the solution to the parabolic optimal transportation problem), we will employ the following

notation:
T(x,t)=Y(x, Vu(x,t)),

B(x, p) = |det (D} ,o)(x, Y (x, p))| -
G(x, p) =h*(Y(x, p)),

B(x,t) =V,G(x, p)|p=vu,

W(x, 1) = D%u(x, t) — A(x, Vu(x, 1)).

p(x)
p*(Y(x, p))’

The components of the matrix W (x, r) will be denoted by w;;, while the components of the inverse matrix
will be denoted by w'/.

Using the above notation, we can now precisely state the parabolic optimal transportation problem.
We seek to find a function u € C4C*(Q x [0, 00)) satisfying the evolution equation

du(x,t) =logdet[D%u(x,t) — A(x, Vu(x,t))] —log B(x, Vu(x,1)), xe€Q,t>0,
G(x,Vu(x,1)) =0, xe€od, t >0, (11)
u(x, 0) =uo(x), xeQ.
We require the function ug € C**(Q) for some o € (0, 1] to be locally, uniformly c-convex as in
Definition 2.1 and satisfy

{h*(Y(x,Vuo(x))):O on 0€2, (12)
To(2) = QF,
where Ty(x) := Y (x, Vuy(x)).
Let us establish some basic facts which will be needed throughout.
Lemma 2.3. The function 6(x, t) := d,u(x, t) satisfies
Lee(x’t)p(x)dx = /Q p*(y)dy forallt>0. (13)

Proof. Differentiating the identity 7'(x, t) = Y (x, Vu(x, t)), we obtain

TE(x, 1) = Y (x, Vau(x, 0) + Yy O, Vi, D)t ko L=1,...,n.
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In matrix notation,
Dy T(x,t) = D,Y (x, Vu(x, 1))+ D,Y (x, Vu(x, 1)) D*u(x, t)
=D,Y(x, Vu(x, t))(Dzu(x, t)—A(x,Vu(x,t))
=D,Y(x,Vu(x,1))W(x,1t)

= (D;,0” (. Y (x, Vu(x, ) W(x, ). (14)
Consequently,
det W(x, ¢t
det D, T (x. 1)| = W, 1) . (15)
|det(D? ) (x, T (x,1))|

From (11), it follows that
"0 p(x) = |det DxT (x, )| 0™ (x, T (x, 1)). (16)
Integrating over €2 and using the change of variables formula yields the desired identity. U

Observe that, by (13) and the mass balance condition (5), 6 must satisfy
supf(-,t) >0 and igf@(-,t)fO for all r > 0. (17)
Q

Lemma 2.4. Let v denote the outward-pointing unit normal to 2, and let W and B be defined as above.

Then
W, )B(x, 1)
v(x) =

WL DB, )]
Proof. Fix t > 0. The boundary condition G (x, Vu(x, t)) =0 on 92 is equivalent to saying 7*(T (x, t)) =0
on d0€2. Therefore, by differentiating in any direction t tangential to 9€2, we get

forall (x,t) € 92 x [0, 00).

R(T (x, )T (x, )T =0.
In matrix notation,
(W (x, t)(D,,Y)T(x, Vu(x, t))Vh*(T (x,1)),t) =0.
By definition,
B(x,t) = (D,,Y)T(x, Vu(x, t))Vh*(Y (x, Vu(x, 1))).
Therefore,
(W(x,)B(x,1),7)=0.

It follows that W is parallel to the unit outward-pointing normal vector field v on d€2. Since 7* < 0 on €,
we can write W8 = y v, where x > 0. Notice that by (15) and (16), W is positive definite. By bitwist (6),
and the fact that VA* = v*, we also know B is nonzero. Consequently, x = |W}| is nonzero. (|

2C. The linearized equation. Differentiating (11) in ¢ gives the following linear equation for 6:

{ﬁ@ = wij(G,-j — Dy Aij6) + Dy, (log B)O — 0,06 =0 onCr:=Qx[0,T], (18)

Dgh =0 on a2 x [0, 7),
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where Dg6 := (B, VO), and where, in the coefficients, p = Vu(x,t). By the global C? estimates
established in [Kitagawa 2012], the operator £ is uniformly parabolic and, by Theorems 7.1 and 9.2
of that paper, the boundary condition Dgf = 0 is uniformly oblique for all time. Hence, there exist
positive constants ¢, c; > 0 depending only on 2, Q¥ B, ¢ and ug, but independent of ¢, such that
wiigE; > ci|€|* forall (x,1) € Qand £ € R, and (B, v) > ¢, > 0 for all x € 9L, ¢ > 0.

Solutions to the linearized equation (18) satisfy the following maximum principle; see also [Kitagawa
2012, Theorem 8.1].

Proposition 2.5. Suppose v is a solution to the linearized equation (18). Then

max v(x,t) =maxv(x,0), min v(x,t) =minv(x, 0).
(x,t)eCr xeQ (x,t)eCr xeQ

Proof. By the parabolic maximum principle, the maximum of v occurs on the parabolic boundary
ApCr := (2 x {0) U (3 x (0, T)). Suppose there exists (xg, fp) € €2 x (0, T') such that v(xg, tp) =
maxy necy V(x,t). It then follows from Hopf’s lemma, see [Lieberman 1996, Lemma 2.8 and following
paragraph], that Dgv(xo, 7o) > 0. However, this violates the boundary condition Dgv = 0, and so the
maximum cannot occur on 9€2 x (0, T'). The argument for the minimum follows in similar fashion. [

2D. Exponential convergence on manifolds with no boundary. In this section we recall the proof for
exponential convergence in the case of no boundary as done in [Kim et al. 2012]. At the end of the
section, we reprove the parabolic estimate Proposition 2.7 for the linearized operator, but we note our
method differs slightly from that of [Kim et al. 2012].

The authors of [Kim et al. 2012] consider the parabolic flow (11) on a Riemannian manifold with no
boundary and show exponential convergence of the solution u« of (11) to the solution u#°° of the elliptic
equation (2). A key ingredient in their proof of exponential convergence is a Li—Yau-type Harnack
inequality for positive solutions v of the linearized equation Lv = 0; see [Kim et al. 2012, Theorem 5.2].
This strategy is motivated by the observation that the operator £ is a heat-type equation with respect
to the time-varying Riemannian metric g with components g;; = w;; (see the discussion preceding
Proposition 2.7 below).

Suppose v is a positive solution to the linearized equation Lv = 0 on Cr, where T > 0 is chosen to be
sufficiently large. Let f = log v and consider the quantity

F=t(VEfI;—ad f) =t f; fj —ad, f), (19)

where « > 0 is a constant to be determined and V8 denotes the gradient of a function with respect to the
metric g. It is shown in [Kim et al. 2012, Theorem 5.2] that F is sublinear in ¢ everywhere in Cr; that is,
there exist constants C1, C, > 0 (independent of T') such that F(x,1) <C;+Cyt forall x € 2, 1t € [0, T].
The sublinearity in ¢ of F implies the differential Harnack inequality

. C
w”f,-fj—aatfsfwz (20)

for some possibly different constants C; and C, > 0. A standard argument applying the fundamental
theorem of calculus to f along an appropriate space-time curve, and then using (20) to estimate the term
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involving 0, f (see, for instance, [Kim et al. 2012, p. 4345, Proof of Theorem 5.2]), yields the parabolic
Harnack inequality

supv(-,t)fCigfv(-,t—l—l) forall r > 1, 21
Q

where C > 0 is a constant independent of 7. One then applies (21) to the nonnegative solutions

v,j(x,t):=supv(-,k)—v(x,k+t) and vk_(x,t):=v(x,k—|—t)—igfv(-,k), k=0,1,2,...,
Q

to obtain decay of oscillation of 6 in time; see [Kim et al. 2012, Section 7.1]. This shows that 6 converges
exponentially fast to a constant function on €2 as t — oo. Invoking (17), we conclude that lim,_, o, 6 =0,
and so u( -, t) converges exponentially fast as t — oo to a function u*°(-) solving (2).

Below we show the sublinearity of F, which is a standard argument provided here for completeness.
The proof relies on an important parabolic inequality satisfied by F, (24), which we will prove in
Proposition 2.7 below.

Proposition 2.6. If F does not attain a positive maximum on 92 x (0, T), then there exist constants C|
and C), > 0 independent of T such that

F(x,t) <C{+Cit forall (x,1)€Cr. (22)

Proof. First note that F (-, 0) = 0 because infg v(-, 0) > 0, and so the bound holds at ¢t = 0. Suppose
there exists a first time 7 € (0, T') such that F(y, ) > C| + C}t for some y € Q. By going further in time
if necessary, we may assume there exists a point (xg, fy) € Q x (0, T such that F(xo, to) > C i + Céto
and F attains a local maximum at (xg, fy). If (xg, fp) is an interior point of Cr, it follows from (24) that

C1 F(x0, 10)* — F (xo, to) — Cat3 <0,
from which we conclude

1+ 144CCaot]

< C, +Cat, 23
3¢, <Ci+Ca (23)

F(xp, o) <

for a different set of constants 51, 52 > 0 and for 7y > O sufficiently large. If C7, Cé were chosen at the
beginning to satisfy C| > C, and c, > C», then we reach a contradiction based on (23). O

Thus it is clear that on a manifold with no boundary, Proposition 2.6 combined with the discussion
above yields exponential convergence, as is shown in [Kim et al. 2012].

We finish this section by establishing the parabolic inequality (24) satisfied by F. It is shown in [Kim
et al. 2012, Proposition 5.1] that if n > 3 and

(x,1) = (p*(T(X, t))2 det D, T (x, t))l/(n—Z)
Yx,t) = |det D)%’yc(x’ T(x,t))] >

then
EU = lpAng — 3,1),
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where Ay, is the Laplace-Beltrami operator with respect to the time-varying metric ¥ g with g;; := w;;.
By adapting the proof of the differential Harnack inequality for the heat equation established in [Li and
Yau 1986], the authors of [Kim et al. 2012] establish a parabolic inequality for F similar to (24) in the
case of manifolds with no boundary of dimension n > 3. The case n = 2 is treated in [Kim et al. 2012]
through the introduction of a third dummy dimension in a manner giving the solution u of (11) a product
structure; see [Kim et al. 2012, Section 7.1.2] for details. In the presence of a boundary, such an argument
for dealing with the two-dimensional case is almost certain to fail due to the requirement of uniform c-
and c¢*-convexity of the domains involved.

We elect to take a different approach which considers the weighted Laplacian Ay := A, —(VE¢, V& . ),
for the manifold with density (€2, g, e %d Vol ), where

(et el T |\
d(x,t) = Og(p*(T(x, t))Z det D, T (x, [))

It was first noted in [Warren 2014, Section 3] that for such a choice of weighted manifold, £ = Ay — 9;.
The advantage of using this representation of £ is that the case of dimension n = 2 does not need to
be treated separately. As mentioned above, in the case of nonempty boundary, the conversion of the
two-dimensional problem to a three-dimensional one as in [Kim et al. 2012] cannot be carried out. To
summarize, the following proof follows the spirit of [Kim et al. 2012, Section 6] (which in turn is based
on [Li and Yau 1986, Theorem 1.2]), but the details differ as we use the representation of the linearized
operator as a weighted Laplacian from [Warren 2014], in contrast with the conformal factor approach
used in [Kim et al. 2012].

Proposition 2.7. Under the same hypotheses as Theorem 1.1, there exist constants C1, Cy, and C3 > 0,
depending only on the constant K defined in (4) and the dimension n, such that whenever v satisfies
Lv =0,

LF+2(V8f, V8F), > %(CIFZ — F = Cot” + C3t|VE f 3 F). (24)
Proof. We recall the well-known weighted Bochner formula
Ap(IVE f13) =2||Hess, f 1> +2(VE f. VE(Ag f)) + 2Ricy (VE f, VE f), (25)

where Ricy :=Ric, + Hess, ¢. Clearly, Ricy > — K, where K is defined in (4). Since Lv =0, the function
f :=log v solves the equation

0 f=N0pf+IVESIZ. (26)
Consider the auxiliary function
F:=t(Vfi—ad f), a>0.
By using (25), we obtain
ApF =1(Dp(IVEfI3) —aBg (3 f))
= t(2||Hessg FI?+2(VEf, VE(Apf))g +2Ricg(VEf, VEf) —aA¢(8,f)).
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Direct computation shows that
Ap(B f) < 9(Ag f)+ C(|Hessg fll +1VE fl),
where C = C(9,g, 9;Vg, 9, V¢) > 0 depends only on K. Therefore,

AgF >t (2| Hessg fI24+2(VEf, VE(Ag f)) g+2Ricy (VEf, VE f)—a 8, (Ag f)—aC(|[Hess, f | +1V4£ 1))
> t(|[Hessy f [*+2(VE £, VE(Ag f)) = 0, (Ay [)—C1|VEf[3—Ca),

where we have used Cauchy’s inequality and the lower bound for Ricy. From (26) and the definition of F,
it follows that

A¢f=—<§+(a—1)a,f>.

Therefore,
2VEf, VE(Ap ) = —2<ng, vg(g +(a— 1)8,f)>
8
= —%(ng, VEF) g —2(a — 1)(VE £, VE(3, f))s-
Furthermore,
&F = ? +1@|VESIL —adf f).
Therefore,

—ad (Apf) _a8,< +(a — l)atf)

:a(af—F—EJr( —1)9; f)

t

a(attF F) + (o — 1)aa,2f

a(£—5>+<a )(5—3’—+a,|vgf| )

t

=4 Lt @= DoV,

It follows that

2VEF, VE(Ag )y — 0 (Ag f)

= %(arF —2AVES VEF) — ?) + (@ = D@ IVEfI =2V L, VE@ )g)

Nlb‘

(atF 2VE £, VEF) g~ f) - IV,
where we have used the fact

0 |VE fle < 2V £, VE@ g +¥IVESI
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for some constant y = y(d;¢) > 0 depending only on K. Inserting the above inequality into the lower
bound for Ay F yields

Ay F > t(llHessg fI?+ %(B,F —2(VEf, VEF), — é) — C4|ng|§ — Cz).
Now since Ay f = A, f — (VE¢p, VE f),, we have

(D)= (D f+(VED, VE[)e) = (Ag 1)+ (VE, V8 £)e +2(Ag [)(VEP, VE £ ),

2
> (Dpf)*+(VE¢, VS f)s — % —2(V8¢, VEf),
A 2
= eIl (wep v
A 2
> BT weppies s

Therefore, by the arithmetic-geometric mean inequality, we have

1

1 (Ag f)?
[Hessy f117 = (A f)? = 252 — VG| VE £,

Since |V8¢|, < K, we obtain

AyF > ﬁm(bf)2 8, F —2(VEf, VEF), ? — Cst|VEfI2 — Cat.

Finally, by (26), and after relabeling constants, we conclude that
g v _ L 20082 8 2 _ F_ (2108 £12 _ (a2
AgF +2(VE . VEF) g =0 F = [C12 (VS fI; =0 f)* = F = Cor’ VA £} = o)

Here the constants C1, C2, C3 > 0 depend only on up to fourth-order derivatives of the cost function
(through Hess, ¢) and the C;‘C,l norm of the solution u to (11) (through the time derivative of g and
bounds on the Ricci curvature of g), and hence only on K and on the dimension 7.

Lety= |ng|§ and z = d; f. Then for any «, €, § > 0, we have the identity

1 1
O-27= (a—%)(y—az)2+(1—%—8—&>y2+(l—a+§a2)z2+6y(y—az)+8y2.

We now choose «, € > 0 such that

_e 1 _ €,2 1 e
1 2 oz>0’ 1 a+2a >0, a 2>0.

Note that these conditions impose the restriction o > 1. A direct verification shows that « =2 and € = %
satisfy the above inequalities. We then choose § = % € (O, 1-5— (lx) = (O, le) With these choices of

o, €, §, we obtain (discarding the second and third terms in the expansion, and using that F' = ¢(y — «z))
F y2

1 F?
ApF +2(V8 £, V8F), —8,F > —|C1t*{ — +y— + =} — F — Cot’y — C5t*|.
oF +2(VE . )g — O _t[1 {4t2+y2t+8} 27y —C3
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Using Cauchy’s inequality, we may eliminate the —C,t?y and C¢%y?/8 terms to get

AgF +2(VEf,VEF), —0,F > 2| €1r? F2+ Pl roar
¢ ’ s TN =T M Va2 Ty ol
Relabeling constants, we have thus established an inequality of the form (24). U

3. Sublinearity of F on domains with boundary

On a domain with boundary, one must deal with the possibility that F attains a maximum at a point
(x0, 10) € 3pCr = (2 x {0) U (32 x (0, T)), the parabolic boundary of the cylinder Cr. Since F =0 on
Q x {0}, it suffices to assume (xo, fp) € 3Q x (0, T). The original argument of [Li and Yau 1986, proof
of Theorem 1.1] in the case of the heat equation eliminates the possibility of F attaining a nonnegative
maximum on 92 x (0, T) by means of a contradiction to Hopf’s lemma. For this, they require two
additional hypotheses: namely, the solution to the heat equation also satisfies a Neumann boundary
condition, and the boundary is mean-convex.

We will obtain a similar contradiction to Hopf’s lemma only for the particular nonnegative solution
O(x,t) :=supy 6(-,0) —0(x,t) of the linearized equation (18) (as well as for translations of ® in
time) by exploiting the boundary condition Dg® = 0 on 92 x [0, T'], and using the assumption that
the domains €2, Q* are respectively c-convex and c*-convex. This gives the desired sublinearity at the
boundary of the corresponding function F defined in (19) and establishes the Harnack inequality (21)
for ®, which turns out to be sufficient to prove the exponential convergence of u( -, t) to the steady
state solution u#®°(-) as t — o0 (see Section 4). As mentioned in the Introduction, it is unclear if such
a sublinearity estimate at the boundary holds for an arbitrary nonnegative solution v of the linearized
equation (18).

Let us carry on with the proof of the sublinearity of F' outlined in Proposition 2.6, now assuming there
exists (xg, ty) € 02 x (0, T) such that F(xg, ty) > C i + Céto and F attains a local maximum at (x, fp).
It follows from (24) that, in a spherical cap near (xg, fp), we have

LF+2(V8f,VEF), > 0.

By the uniform obliqueness of 8 and Hopf’s lemma, it follows that DgF(xo, o) > 0. Anticipating a
contradiction, we proceed to explicitly compute Dg F'(xo, tp). We first make a rotation centered at xo so the
directions ey, . .., e,—| form an orthonormal basis for the tangent space to d<2 at xo, and the direction e/, is
the outward-pointing unit normal direction to d<2 at x¢. Differentiating F in these coordinates, we find that

DgF (xo. 10) = Dg|xg.int W fi fj — 3, f)
= 1ol (Dpw") f; fj + 2w (Dg £) f; — aDp @ 1], 1
= tol—w' w (Dgwer) fi fj + 2w (D i = B f) f; = @@ (D ) = @B fil 1)
Now since Dg f = Dgv/v=00n 92, we have 0,(Dg f)=0and (Dg f); =0fori =1, ..., n—1. Therefore,

D F(xo, 10) = tol—w'“w’* (Dgwe) fi f; — 2w" B fi f +2w™ f3(Dp u + @B fill . -
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We claim w" f; = 0 at (xg, fp). By Lemma 2.4, Wg is parallel to the outward-pointing unit normal
vector v on 92, so v = (1/x)WB, where x := |Wp|. Again since Dgf =0 on 9%,

0= (B, Vf)=(W'WB, V)= (WBW'Vf).
Hence,

T=W'Vf (27)

is tangent to 0€2. In the coordinate system defined above, we have v(xg, ty) = e,,, and so t”(xg, fy) = 0.
Since " = w" f ', the claim is proved. It follows that

Dy F (x0, 10) = tol = (Dpwie) e =267 fit + (@) fill 1) (28)

Note that since 7, = 0 at (xg, fy), it suffices to sum the indices in the first term over k, £ =1, ..., n— 1.

3A. Inner product cost. We first show how to explicitly compute DgF (xo, tp) in the case when the cost
function is given by the Euclidean inner product on R” (which is known to be equivalent to taking the
cost function to be the Euclidean distance squared). There are a number of simplifications in this case,
as Y(x, p) = p, W(x,t) = D*u(x, t), and c- and c*-convexity of sets and functions reduce to the usual
notions of convexity of the domains €2 and *

Proposition 3.1. Ifc(x, y) = (x, y),

DyF (x0, 10) = to[— x {(DV)7, 7) = (D*W* (VW) V £, V ) + &(D*h* (Vi) VO, V )| - (29)
Proof. We have
W = D*u, B=Vh*(Vu).
Consequently, v = (l/x)(Dzu)ﬁ. Differentiating vk in the e,-direction fork, £ =1, ...,n — 1, we find

1 1 Xt
v = <}”kr,3r)€ = ;(MEkr,Br +up-By) — p(”krﬂr)

= %(Dﬂuék +ug B)) — (log x)ev¥.
Solving for Dgu i, we obtain
Dpuge = xv§ — ur- By + x (log x)ev*.
Therefore at (xg, ty), we have (recall (27))

—(Dpup) Tt = —(xvf — uir By + x (log x)evF) ek
= —xvittth fuy, T BTt
= —Xvéfrzrk + £ BT,
where we sum the indices k, £ from 1 to n — 1. Substituting this into (28) gives

DgF (xo, 10) = tol—x vy t't* — Bf fie! +“(8’ﬁk)fk]|(xo,to>'
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Since B(x,t) = VA*(Vu(x, t)), we find that

B fer = i (Vayugs fit! = Iy (V) foangs = b (Vi) fi f,
and
@8 fi = hicy (Vi) @yuee) fic = higy (Vi) fi

hence (29) follows. O
3B. General cost. We now show how to explicitly compute Dg F (xo, fp) in the case of a general cost.
Proposition 3.2. We have

Dy F (x0, 10) = tol—x (v] = "¢ij, v)T T = Gy p, (x, Vi) fic fy + @ Gy p, (6, Vi) i3 - (30)
Proof. We have

wik (e, 1) = ujp(x, 1) = cie(x, T, 1), B0 1) = hi (Y (x, Vulx, )Y, (x, Vu(x, ).

Recall that v = (1/x)Wp. As in the case of the inner product cost, we differentiate v/ in the e;-direction
fori,j=1,...,n—1to get

, 1 1 Xi
vl = (;ijﬂk). = ;((wjk)ilgk +wieB) - P(wﬂ‘ﬁk)

1
1 .
= ;((wjk),-ﬂ" +wji ) — (log x)iv.
Differentiating w j; gives
(Wjk)i =ujki — Cjki — CjkrT;
= Wik +cijr Ty — i, T}
= (wij i + ¢ijrc" wor — cjr e we,
where we have used (14) in the final line. Therefore,
v = (w RiB +wiBl) — (og x)iv’
1 .
= (Lwi i + cijorc™ wor — cjprc” w185 + wjk,B,k) — (log x)iv’
1 .
= ;(D,Bwij + [cijrc" wer — cjir " we1BE 4wk BF) — (log x)iv? .
Solving for Dgw;;, we obtain
Dpw;ij = xv] — [cijrc" wer — cjrr " wei1BY — wjrBE + x (log x)iv.
Therefore, at (xo, 7o), we have (again using (27))
—(Dpwip)t't) = —(xv! = [cijre" ok — cjir " wei1B* — wikBE + x (log x)iv/) 't/
=—(xv/ — cijrc"wa X+ cip e we AT+ w i Bl T
= —X(vij — cr’gc,’j,rv[)tirj — c”zcjk,rfeﬂktj + fkﬂ,-kri

Ceij vt — i MY Yy ford + fiBl

_ J_
- X(Ui ¢ sTpr’ pe
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where we sum the indices i, j from 1 to n — 1. It follows from (28) that
DgF (xo, 10) = tol—x (v = ¢"“cij )Tt/ —cju hYY) Yy, for! = fiBfe' +adi* fill - BGD

We compute
,sz = th(Y;; + YI';su“vi)Ylfk + h?(Ylkal' + Ylfkpsu‘”')' (32)

To simplify the first term, recall the identity (see (14))
Y;i + Y;Sus,‘ = Y;Swsi.

For the second term in (32), we differentiate the equation ¢; Y Ifk = §;; with respect to p; and x; to obtain

4 PR 2 r yq
kaps =—C"Cjrq kaY Ps
and
e _ . yr 0. Fvg ..yl yr oyl )
Yy = —C70¢ij Yy + 0¥y Yy esi = —cijr Yy Yy =Y, Csi
Therefore,

1 14 oyl oyr R 24
kaxi + kaps”” - C’J”ij ka + Wi kaps'

Substituting these into the expression (32) gives

k Cyr Ly’ !
Bi =hi, ka pr Wsi + hz(_cij”yp_i YPk + wSiYPkPx)'
Therefore,
BTt =y YY) fewat' = cij hyY, Yy et H Y, fowst!
=hy, Y5 Yy fofs—cij {5 Yo fith + Y5, fifs.

Substituting into (31) and observing that the second term in the above expression cancels the term

—cjk,,h;'fY;KY;kfﬂj in (31), we obtain

DgF (xo, 10) = tol = x (v — ¢"cij,vO ' e) — (B3, Y, Yy +hiYy ) fifs +abf fil] o o)

Next, we compute

B = (hpYS Y, +hiY!  )6s.
Finally, noticing that 47, Ylfk Y, +hy Ylfk ». = G pip,» We obtain the claimed expression (30). O

4. Proof of exponential convergence

With Propositions 3.1 and 3.2 in hand, we may now prove our main result. We note that the proof presented
here is different from the standard proof of exponential convergence via parabolic Harnack inequality
outlined in Section 2D, and explicitly uses special properties of the underlying optimal transport problem.
In particular, we must take into consideration the c- and c¢*-convexity of both domains 2 and 2* and
judiciously choose special solutions of the linearized problem that will allow us to utilize the expressions
for Dg F obtained in Propositions 3.1 and 3.2.
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Proof of Theorem 1.1. Consider the function

Ox,t)=supf(-,0)—6(x,1),
Q

which satisfies (18), and is nonnegative by Proposition 2.5. We claim DgF(xp, o) < 0 when v = O,
which will contradict Hopf’s lemma, thus proving F' cannot attain a positive maximum on 92 x (0, 7).

Let us first deal with the case of the inner product cost. Since the domain €2 is convex, we have
((Dv)t, ) = 0. Therefore, since y > 0, we obtain using Proposition 3.1

DgF (xo, to) < to[—(D*h*(Vu)V £,V f) + a(D*h*(Vu)V6, V f (33)

)] |(x0,t0)'
Next, the convexity of ©* implies D?A* is nonnegative, so by substituting for f =log ® in (33), we find

- %(Dzh*(Vu)VQ, ve)] <0.

(x0,20)

1
DgF (xo, o) < to[—@(Dzh*(Vu)VG, Vo)

This is the desired contradiction to Hopf’s lemma. For general costs, we use Proposition 3.2, noticing
that c-convexity of € with respect to Q*, given in (8), implies (vij — e j,,vé)rirj > 0, while the
c*-convexity of Q* with respect to €2, given in (9), implies G, , is a nonnegative matrix.

It follows from Proposition 2.6 that with the choice v = ®, the corresponding function F defined in
(19) is sublinear in time, and consequently the Harnack inequality (21) holds for ®. Using this Harnack
inequality, we now prove exponential convergence of 6( -, ¢). The argument is similar to [Kim et al. 2012,
Section 7], but differs in an essential manner. For each integer k > 1, consider the function

Or(x, 1) :=supf(-, k—1)—0(x, (k—1)+1).
Q

The functions ®; are nonnegative by Proposition 2.5 and solve (18). Arguing as above, the corresponding
functions F for v = ® are also sublinear in ¢ (with constants independent of k) and thus the Harnack
inequality (21) holds for ®;. Applying (21) to ®, at t = 1 yields

sgp@(- k—1) —igf@(- k) < C(sgp@(- Jk—1)— sgp@(' k4 1)). (34)
Now by (17), we know info 0( -, k) < 0 for each k. Therefore, defining € := (C —1)/C < 1, we find
supf(-,k+1) <esupf(-,k—1).
Q Q
Iterating this inequality gives the exponential decay of the supremum
sgp@( 1)< s1§12p0( ,0e %, wheree 7 =e. (35)
On the other hand, (34) implies
igf@(-,k) > —(C—l)sgp@(‘,k— 1)+Cs1512p9(-,k+1) >—(C— l)sng(-,k— 1),
where we have used (17) again to throw away the term supg 6 (-, k + 1). Therefore, by (35), we obtain

info (-, k) > —(C - 1) sup(-,0)eo*D, (36)
Q
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This implies the exponential convergence of infg 8( -, ¢), which combined with (35) gives the desired
exponential convergence of 6( -, t) to zero. (|

5. A geometric approach to sublinearity at the boundary

In this section, we present an alternative approach to the computation of DgF (x, fp) arising in the
boundary sublinearity above. We will accomplish this using geometric language, exploiting the pseudo-
Riemannian framework for optimal transport developed in [Kim and McCann 2010]. All material in this
section is new, to the best knowledge of the authors, and constitutes the first treatment of the boundary
geometry of domains in the context of the Kim—McCann metric.

In order to stay in line with established conventions, in this section we will mostly follow the notation
used in [Kim and McCann 2010]. Thus in this section only, we will refer to the source and target domains
as © and Q respectively (in particular, Q does not denote the closure of a set), which we assume are
subsets of some fixed Riemannian manifolds. Points with a bar above will belong to Q, while those
without will belong to 2. We also adopt the Einstein summation convention with the caveat that any
indices given by Greek letters will run from 1 to 2n, while lower case Roman indices run between 1 and
n with the convention that an index with a bar above will be that value with n added to it: in other words,
l<y<2n 1<i<nandi:=i+n.

Additionally, we will switch sign conventions at this point to stay in line with the definitions of [Kim
and McCann 2010]. This means that ¢ will be replaced by —c everywhere, and the optimal transport
problem (1) that is considered will be a minimization instead of a maximization problem.

We also split the tangent and cotangent spaces of £ x € in the canonical way according to the product
structure, which gives the splitting dc = Dc @ Dc of the one form dc on Q x €, and given any local
coordinate system on  x € we will use the notation X to denote the full 2n-dimensional coordinate
variable: thus given a point X = (x, X) € Q x ©, X' will indicate the i-th coordinate of x with 1 <i <n,
and X' will indicate the i-th coordinate of X. We will also suppress the time variable in this section, as
everything considered will be for a fixed time ¢ (in fact, the time dependency of the potential # will be
completely irrelevant in the results of this section). Finally, we use the notation

[Ql; :=—Dc(Q,%) CTIQ, [Qly:=—Dc(x,Q) CTrQ forany (x,%) € 2 x Q.

Equip 2 with the pullback metric w := (Id x T)*h, where

ho 1 0 —DDc
“2\=DDc 0

is the Kim—McCann (pseudo-Riemannian) metric on 2 x Q defined as in [Kim and McCann 2010,
(2.1)]. By [Kim et al. 2010, Section 3.2], in Euclidean coordinates the coefficients of w at x are exactly
w;j(x) =u;j(x) +c;j(x, T(x)), and w is a Riemannian metric. We will write V* and V" for the Levi-
Civita connections of w and A respectively, I' for the Christoffel symbols of 4, and | - |,, for the length of
a vector in w. We will also metrically identify various cotangent spaces naturally with R" through the
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underlying Riemannian metrics on  or Q. The inner products and norms in these underlying metrics
will be denoted by (-, -) and | - | respectively. Our main result of the section is the following.

Theorem 5.1. Let 11" be the second fundamental form of 92 defined with respect to the metric w, and
fix a point xo € 3. If P18co 11920 gre the (Euclidean) second fundamental forms of 0[Q2]7(xy) and
a[Q] x, respectively, then for any 1, 12 € Ty, 02 we have

AQ]r(x A A QI 2 2
21B (o) lwIly, (71, 12) = | DT (x) B U5 (1, 22) + [BO) My 7 (71 T2). - (B7)
where _ _
7; ;= — DDc(xg, T (x0))7; € T;‘(XO)Q,
7 := — DDc(xo, T (x0)) DT (x0)7; € T}, 2.

Proof. Fix any point xo € 9€2. Note by Lemma 2.4 that 8(xp) is an (outward) normal to 02 at xo with
respect to the metric w. Then since Id x T is an embedding of  into Q x , if V" is the Levi-Civita
connection of /2, we have (using that 7; is tangent to d<2 in the second line)

I (71, 1) = w(Vé‘fl%, m) = 1B, w(VEB. 12) + Dy, (1Bl Hw(B. 12)

181, w(VE B, 12) = —|Bl, w(B, Vi)
=—IB1, 1 ((B® DT (x0)B). Vir, 007 (xg)en) (T2 @ DT (X0)72))
=—1B1," (B® DT (x0)B)’[V (e, 00n7 (xpyr1) (T2 ® DT (x0) )], (38)

where b is the operation of lowering the indices of a tangent vector to £ x © by the metric 4. Next
consider the mapping ®(x, x) := —Dc(xg, X) D (—Dc(x, T (xp))). By the bitwist condition (6), ® is a
diffeomorphism on € x ; hence ®~! gives a global coordinate chart on the set. We will use hats to
denote quantities related to / written in the coordinates given by ®~!, while quantities without hats will
be in Euclidean coordinates. A quick calculation yields that

aPd
m(xo, T (x0)) = 2hsy, (x0, T (x0)). (39)

We will now calculate the Christoffel symbols /F\f, ,, in the coordinates given by ®~!. By [Kim and
McCann 2010, Lemma 4.1] the Christoffel symbols of % in Euclidean coordinates are identically zero
unless all three of the indices are simultaneously between 1 and n, or between n + 1 and 2n. Thus the
standard transformation law shows that in the coordinates given by ®~!, the only Christoffel symbols
that can be nonzero are those where either the upper index is not barred and both lower indices are, or
the upper index is barred and both lower indices are not. Since 2 is c-convex with respect to €, there
is an n-dimensional cone K (x¢) of directions that point inward to [€2]7(y,) from the boundary point
—Dc(xp, T (x0)). By [Kim and McCann 2010, Lemma 4.4], for any such direction v in this cone K (xg),
any segment of the form s — ® ! (sv®—Dc(xg, T (x0))) is a geodesic for A for small s > 0. Thus plugging
such a segment into the geodesic equations in ®~! coordinates yields for any fixed i, at (xo, T (xo)),

0= F}kv]vk.
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Suppose {v;};_, is a linearly independent collection of vectors in K (xo); then for any 1 <[y # 1, <n we
have

_ T i = i _ i k
(vl +U12)(Ul] +v12) r kvl Ul] +I kvl le +I kvl v,2 + I kvl vll 2T kvl v,

which implies all Christoffel symbols of the form F; ¢ are also zero. A similar argument reversing the
roles of © and Q yields that all Christoffel symbols of 4 are zero in the ®~! coordinates at the point
(x0, T (x0)).

Now using (39), we see that the coordinates of the 1-form (8 @ DT (xo) ,8)b in ®~! are equal to the
Euclidean coordinates of the tangent vector %(,8 @ DT (x0)B). Also we can calculate, fori =1 or 2,

D -
(TiEBDT(Xo)Ti)j=r(xo,T(Xo))(TiGBDT(XO)fi)k —c 7 (DT (x0) )" =7/,

(58 DTm) = oo (x9, T(x0)) (5 & DT (x))* = —¢y 7k = 77,

8X’<

where we have identified T* Q and T}k( )Q with R” to write the vectors 7; and %i defined in the statement of
the theorem in Euclidean coordlnates Combining this fact with (39), we can write (38) in the coordinates

given by &~ ! as

—31815" (%{' ;ﬁ%ax, %)+ 1 Z(DT(Xo)ﬁ)k(ax 5‘)). (40)

Now we can see that the function 2*(Y (xo, - )) is a defining function for the set Q] xo; hence identifying
T;(‘)Q with R" and differentiating yields that V,h*(Y (xo, p)) is in the outward normal direction for
p € 0[R2]y,. In particular, the unit outward normal vector to d[2],, at —Dc(xo, T (xo)) has coordinates
given by B /|B]. A similar calculation involving (X (T (xo), - )) yields that the coordinates of the unit
outward normal vector to 9[S2]7(x,) at —Dc(xq, T(xq)) are given by (DT (x0)B)*/|DT (x0)B|. Addition-
ally, since each t; is tangent to 952, we see that 7; and T; are respectively tangent to d[],, and O[] 7 (xp)-
Thus we calculate

500 ri (1o 2 = (Vs o ) = 1817409 .50+, (0 )6
=817 (Vs B. T2} = 1BI7 (D3, (B. T2) — (B, V5, T2) = —IBI " (B. V3 Ta)
=—|pI"'t] iﬂ"(aﬁé)
and likewise -

Q7 () DT (x0)

—Bc(xo,T(xo))(fl’ 7) :< 2 m, f2> = —|DT (xo)B|” (DT (x0)8, Vi 12)

=—|DT (x0)BI™'%] Z(DT(XO),B) (05125,

k=1

Comparing this with (40) completes the proof of the theorem. O
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The relevance of the above theorem to our current exponential convergence result is as follows. In
terms of the metric w, we see that the S-directional derivative of the first term in the function F defined
by (19) is given by (at xp)

Dg(w(V" £, V" f)) = 2w(VEV f, V" f) = Hess f (B, V" f)
=Hess f (V" f, B) = 2w(V¥. V" f, B) = —2w(Viu 18, V" f)
= 20, 11" (V" £, V" £).

Here we repeatedly used that V" f is tangent to d€2 (due to the boundary condition Dgv = 0 and since
f =logwv), while g is normal in the metric w, and we have used (38) in the last line. Under the c- and
c*-convexity conditions (8) and (9), the two terms on the right-hand side of (37) are nonnegative; hence,
by Theorem 5.1, Dgw (VY f, V¥ f) is nonpositive. Thus in order to obtain a contradiction with the Hopf
lemma as in Section 4, all that remains is to evaluate the last term —a Dg(9; f). Obtaining a sign on this
term depends on the specific choice of the function v, as in Section 4.
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NUCLEAR DIMENSION OF SIMPLE STABLY PROJECTIONLESS C*-ALGEBRAS

JORGE CASTILLEJOS AND SAMUEL EVINGTON

We prove that Z-stable, simple, separable, nuclear, nonunital C*-algebras have nuclear dimension at
most 1. This completes the equivalence between finite nuclear dimension and Z-stability for simple,
separable, nuclear, nonelementary C*-algebras.

Introduction

The Elliott classification programme, a 40-year endeavour involving generations of researchers, asks the
following question: when are K-theory and traces a complete invariant for simple, separable, nuclear
C*-algebras?

Fundamentally, there are two cases to consider: the unital case and the stably projectionless case. (This
dichotomy follows from Brown’s theorem [1977] and is discussed further below.) Recall that a C*-algebra
A is said to be stably projectionless if there are no nonzero projections in the matrix amplification M,,(A)
for any n € N. Stably projectionless, simple, separable, nuclear C*-algebras arise naturally as crossed
products [Kishimoto and Kumjian 1996] and can also be constructed using inductive limits with a wide
variety of K-theoretic and tracial invariants occurring [Blackadar 1980; Razak 2002; Tsang 2005; Jacelon
2013; Gong and Lin 2016; 2017; Elliott et al. 2017; 2020].

In the unital case, a definitive answer for when K-theory and traces form a complete invariant is
now known [Kirchberg 1995; Phillips 2000; Gong et al. 2015; Elliott et al. 2015; Tikuisis et al. 2017,
Winter 2014]. Firstly, Rosenberg and Schochet’s universal coefficient theorem [1987] must hold for
the C*-algebras concerned. Secondly, the C*-algebras must have finite nuclear dimension [Winter and
Zacharias 2010]. This second condition has a geometric flavour and generalises the notation of finite
covering dimension for topological spaces. Recent results [Gong and Lin 2016; 2017; Elliott et al. 2017;
2020] are now converging on a similar classification result in the stably projectionless case; the most
recent developments will be discussed below.

A major programme of research now focuses on providing methods for verifying finite nuclear dimen-
sion in practice. In the unital setting, a recent result of the authors together with Tikuisis, White and Winter
[Castillejos et al. 2019] shows that finite nuclear dimension can be accessed through the tensorial absorption
condition known as Z-stability, where Z is the Jiang—Su algebra (discussed in more detail below).

Evington is supported by NCN (2014/14/E/ST1/00525) and EPSRC (EP/R025061/1); Castillejos is partially supported by
European Research Council Consolidator Grant 614195 RIGIDITY, and by a long term structural funding — a Methusalem grant
of the Flemish Government.
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In concrete examples, it can be very hard to prove directly that a C*-algebra has finite nuclear dimension.
The strategy of verifying Z-stability instead has recently been used to prove that certain unital, simple,
separable, nuclear C*-algebras coming from dynamical systems are classifiable [Conley et al. 2018; Kerr
and Szab6 2020]. However, since this strategy relies on [Castillejos et al. 2019], it has until now only
been available in the unital setting.

In this paper, we consider and overcome the conceptual and technical challenges unique to the nonunital
setting, allowing us prove the following:

Theorem A. Let A be a simple, separable, nuclear, Z-stable C*-algebra. Then A has nuclear dimension
at most 1.

For the following reasons, the nonunital case is harder than the unital case and needs new methods.
Obviously, we cannot just unitise our C*-algebras because this breaks both simplicity and Z-stability. A
more fundamental issue is that nonunital, simple C*-algebras need not actually be algebraically simple.
There can be nontrivial (nonclosed) ideals. Examples of such ideals are the domains of unbounded traces,
which may now exist and must therefore be taken into account. Furthermore, [Castillejos et al. 2019]
builds on the foundations of [Bosa et al. 2019a], which has a global assumption of unitality and makes
explicit use of the unit at a number of critical points in the argument (an example is the 2 x 2 matrix trick
of [Bosa et al. 2019a, Section 2], which is inspired by ideas of Connes).

To understand how we circumvent the issues associated to unbounded traces, it will be helpful to first
discuss the folklore result, alluded to above, that Brown’s theorem [1977] implies a dichotomy for simple
C*-algebras between the unital and the stably projectionless cases.

Writing [ for the C*-algebra of compact operators (on a separable, infinite-dimensional Hilbert space),
recall that C*-algebras A, B are stably isomorphic if A ® K= B ® IK. Suppose now that A is a simple,
separable C*-algebra that is not stably projectionless. Then there exists a nonzero projection p € A ® KK,
and so the hereditary subalgebra p(A ® KK)p is unital. By [Brown 1977, Theorem 2.8], p(AQ K)p is
stably isomorphic to A ® I, and hence stably isomorphic to A (see Section 2 for more details).

Crucial to proving Theorem A in general is the observation that the hypotheses and the conclusion
depend only on the stable isomorphism class of A.! Hence, by [Castillejos et al. 2019, Theorem B]
and the folklore result above based on Brown’s theorem, it suffices to prove Theorem A in the stably
projectionless case.

However, this folklore reduction is not enough for us. We go a step further and pass to a hereditary
subalgebra Ap € A ® KK on which all tracial functionals are bounded and the set of tracial states 7 (Ag)
is weak™ compact. The existence of such hereditary subalgebra follows from the Cuntz semigroup
computation of [Elliott et al. 2011] for Z-stable C*-algebras, and Brown’s theorem assures us that Ag
is stably isomorphic to A. This second reduction puts us in a position where a similar proof strategy to
that of [Bosa et al. 2019a] can be implemented, and where the key new ingredient from [Castillejos et al.
2019], complemented partitions of unity (CPoU), is also available.

IThat is, A is a simple, separable, nuclear and Z-stable C*-algebra if and only if A ® K is likewise, and dimpyc A < 1 if and
only if dimpyc (A ® ) < 1; see Proposition 2.3 for details and references.
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Of course, we still have to deal with the global assumption of unitality in [Bosa et al. 2019a]. A key
tool in this endeavour is our unitisation lemma for order-zero maps into ultrapowers (Lemma 4.2), which
allows us to assume the domains of certain maps are unital in places where simplicity and Z-stability are
only really needed on the codomain side in [Bosa et al. 2019a].

We now turn to the broader context of Theorem A and its applications. As alluded to above, nuclear
dimension for C*-algebras is a noncommutative dimension theory that reduces to the covering dimension
of the spectrum in the commutative case. Finite nuclear dimension has proven to be a technically useful
strengthening of nuclearity, that is both necessary for classification [Villadsen 1999; Rgrdam 2003; Toms
2008; Giol and Kerr 2010] and a vital ingredient of the most recent classification theorems [Kirchberg
1995; Phillips 2000; Gong et al. 2015; Elliott et al. 2015; Tikuisis et al. 2017; Winter 2014].

The Jiang—Su algebra Z [1999] is a simple C*-algebra which plays a fundamental role in the classifica-
tion of simple C*-algebras since A and A ® Z have the same K-theory and traces under mild hypotheses.
A C*-algebra is said to be Z-stable if A = A ® Z. Moreover, any C*-algebra can be Z-stabilised by
tensoring with the Jiang—Su algebra because Z = Z ® Z. In many ways, the Jiang—Su algebra is the
C*-algebraic analogue of the hyperfinite II; factor R [Murray and von Neumann 1943], with Z-stability
analogous to the McDuff property [1970].

Combining Theorem A with the main results of [Winter 2012; Tikuisis 2014], we arrive at the following
relationship between finite nuclear dimension and Z-stability, which was conjectured in [Toms and Winter
2009].

Theorem B. Let A be a nonelementary, simple, separable, nuclear C*-algebra. The following are
equivalent:

(1) A has finite nuclear dimension.
(i1) A is Z-stable.

One striking consequence of Theorems A and B is that nuclear dimension can only attain three different
values in the simple setting.

Corollary C. The nuclear dimension of a simple C*-algebra is 0, 1 or co.

This is in stark contrast to the commutative case, where all nonnegative integers can occur. Moreover,
we remark that the C*-algebras of nuclear dimension zero are known to be precisely the approximately
finite-dimensional C*-algebras [Winter and Zacharias 2010, Remark 2.2.(iii)].2

Whilst Corollary C is interesting in its own right, we believe the main applications of our results will
be in classification of simple, stably projectionless C*-algebras. Theorem A opens up a new pathway to
proving that concrete examples of stably projectionless, simple, separable, nuclear C*-algebras, such as
C*-algebras coming from flows on C*-algebras or from actions of more general locally compact groups,
have finite nuclear dimension: it now suffices to verify Z-stability.

2In the nonseparable case, there are different and inequivalent definitions of approximately finite-dimensional [Farah and
Katsura 2010]. The one required here is that any finite set is approximately contained in a finite-dimensional subalgebra; see for
example [Castillejos 2017, Definition 2.2].
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We end this introduction with a discussion of recent developments in the classification of simple, stably
projectionless C*-algebras. As mentioned above, there has been impressive progress in recent years
[Gong and Lin 2016; 2017; Elliott et al. 2020]. As in the unital case, the classification is via a functor
constructed from the K-theory and the tracial data of the C*-algebra; this functor is called the Elliott
invariant and is typically denoted EIlI( - ); see [Gong and Lin 2017, Definition 2.9] for a precise definition.

By combining Theorem A with [Gong and Lin 2017, Theorem 1.2], one obtains a classification of
simple, separable, nuclear C*-algebras in the UCT class that tensorially absorb the C*-algebra Z;—a
stably projectionless analogue of the Jiang—Su algebra introduced in [Gong and Lin 2017, Definition 8.1].

Corollary D. Let A and B be simple, separable, nuclear C*-algebras which satisfy the UCT. Then
ARZY=B®Zy ifandonlyif EI(A® Zy) =EI(BQ® Zy).

Corollary D reduces to the celebrated Kirchberg—Phillips classification [Kirchberg 1995; Phillips
2000] in the traceless case and is otherwise a result about stably projectionless C*-algebras. For these
C*-algebras, the difference between Zy-stability and Z-stability, roughly speaking, comes down to how
complex the interaction between the K-theory and traces is allowed to be; see [Gong and Lin 2017] for
more details.

Structure of paper. Section 1 reviews the necessary preliminary material as appropriate to the nonunital
setting. Section 2 is concerned with the invariance of C*-algebraic properties under stable isomorphism
and the reduction argument outlined above. The next three sections generalise the necessary technical
machinery from [Bosa et al. 2019a; Castillejos et al. 2019]. Section 3 concerns the existence of an order-
zero embedding ® : A — A, with appropriate finite-dimensional approximations. Section 4 contains
the aforementioned unitisation lemma for order-zero maps into ultrapowers. Section 5 is devoted to a
uniqueness theorem for maps into ultrapowers, which we shall use to compare (unitisations of) ® and the
canonical embedding A — A,. Theorem A and its corollaries are proved in Section 6, with analogous
results for decomposition rank (a forerunner of nuclear dimension) proved in Section 7. Since some
preliminary lemmas from [Bosa et al. 2019a] are stated only in the unital case, we include an Appendix
with their nonunital versions.

1. Preliminaries

In this section, we recall the most important definitions and results that will be used in the sequel, and we
introduce the notation used in this paper.

We write [K to denote the C*-algebra of compact operators (on a separable, infinite-dimensional Hilbert
space). Given a C*-algebra A, we write A for the positive elements of A and A ;| for the positive
contractions; we write Ped(A) for the Pedersen ideal of A, which is the minimal dense ideal of A (see
[Pedersen 1979, Section 5.6]), and we write A~ for the unitisation of A. Our convention is that, if A is
already unital, then we adjoin a new unit, so A~ = A @ C as C*-algebras. For § C A self-adjoint, we set
St:={acA:ab=ba=0forall be S}. Fore >0anda, b e A, the notation a ~, b means ||a —b|| < €.
For a, b € A with b self-adjoint, we write a <1 b to mean that ab = ba = a.
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We use the common abbreviation c.p.c. for completely positive and contractive maps between C*-
algebras. A c.p.c. map ¢ : A — B is order-zero if it preserves orthogonality in the sense that, fora, b€ A,
¢ (a)¢p (b) = 0 whenever ab = 0.

Following [Winter and Zacharias 2010, Definition 2.1], a C*-algebra A has nuclear dimension at
most n if there is a net (F;, ¥, ¢;)icr, Where F; is a finite-dimensional C*-algebra, ¥; : A — F; is a
c.p.c. map, and ¢; : F; — A is a c.p. map, such that ¢; o ¥;(a) — a for all a € A and, moreover, each F;
decomposes into n 41 ideals F; = Fl.(o) DD FI-(”) for which the restrictions ¢;| .« are c.p.c. order-zero.
The nuclear dimension of A, denoted by dimy,c A, is defined to be the smallest such 7 (and to be oo,
if no such n exists). The decomposition rank, a forerunner of nuclear dimension, is obtained if one
additionally requires ¢; to be a c.p.c. map [Kirchberg and Winter 2004, Definition 3.1]. We shall denote
the decomposition rank of a C*-algebra A by dr(A).

By a trace on a C*-algebra we will typically mean a tracial state, i.e., a positive linear functional
7 : A — C of operator norm 1 such that t(ab) = t(ba) for all a, b € A. We write T (A) for the set of
tracial states on A endowed with the weak*-topology. More general notions of traces are discussed in
Section 1A below. By a cone we will mean a convex subset C of a locally convex space that satisfies
C+CCC, AMCcCfori=>0,and CN(—C) = {0}. A base for a cone C is a closed, convex, and
bounded subset X such that for any nonzero ¢ € C there exist unique A > 0 and x € X such that ¢ = Ax.
By [Alfsen 1971, Theorem 11.2.6], a cone is locally compact if and only if it has a compact base. A map
f : C — D between cones is linear if f(Ax+uy) =Af(x)+uf(y)forAi,u>0andx,yeC.If Xisa
compact base for the cone C, then any continuous affine map X — D extends uniquely to a continuous
linear map C — D.

1A. Generalised traces. In this preliminary section, we briefly discuss the generalisations of traces that
arise in the general theory of C*-algebras.

Definition 1.1 (cf. [Blanchard and Kirchberg 2004, Definition 2.22]). A quasitrace® on a C*-algebra A
is a function 7 : Ay — [0, oo] with 7(0) = 0 such that
(i) t(a*a) =t(aa*) foralla € A,
(i1) t(a+b) = t(a) + t(b) for all commuting elements a, b € A,
(iii) t extends to a function 1, : M2(A)+ — [0, oo] for which (i) and (ii) hold.

The quasitrace t is additive if (ii) holds for all a, b € ALt Setting Dom 2(7) :={a € A: t(a*a) < oo},
we say that T is densely defined if Dom, >(7) is dense in A, and that t is bounded if Dom, 2(7) = A.

We write Qf(A) for the cone of densely defined, lower-semicontinuous quasitraces; T(A) for the
cone of densely defined, lower-semicontinuous, additive quasitraces; and 7 (A) for the cone of bounded,
additive quasitraces. The topology on these cones is given by pointwise convergence on Ped(A).

3Strictly speaking, a 2-quasitrace; however, we shall not need this terminology.

4We use the terminology additive quasitrace because we are reserving the word frace for tracial states. For additive quasitraces,
condition (iii) is automatic with 7, given by the usual formula.
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Since the traces on a C*-algebra will play a crucial role in the arguments of this paper, the following
existence theorem of Blackadar—Cuntz is fundamental.

Theorem 1.2 [Blackadar and Cuntz 1982, Theorem 1.2]. Let A be a simple C*-algebra such that A ® K
contains no infinite projections. Then QT(A) #0.

It is an open question whether 0T (A)=T(A) in general. However, when A is exact, this is a famous
result of Haagerup; for the unital case see [Haagerup 2014] and for deducing the general case from that
work see [Blanchard and Kirchberg 2004, Remark 2.29(1)].

Every 7 € Qf(A) has a unique extension to a densely defined, lower-semicontinuous quasitrace on
A ® [K which is additive whenever t is additive [Blanchard and Kirchberg 2004, Remark 2.27(viii)].
Therefore, we have canonical isomorphisms QT(A) = Qf(A ® ) and T(A) = f(A ® K), which we
treat as identifications. Furthermore, every 7 € T) (A) has a unique extension to a positive linear functional
on A, which we also denote 7, satisfying the trace condition t(ab) = t(ba) for all a, b € A.

Leta, b € Ay. If there exists a sequence (x,)qen in A such that b =3 02 | x¥x, and Y -, x,x; <a,
then b is said to be Cuntz—Pedersen subequivalent to a [1979]. Our notation for this subequivalence
will be b < a. The following proposition is proven by the same method as [Cuntz and Pedersen 1979,
Proposition 4.7]. For the benefit of the reader, we give full details.

Proposition 1.3. Let A be a simple, separable C*-algebra and B C A a nonzero hereditary subalgebra.
The restriction map p : T(A) — f(B) is a linear homeomorphism of cones.

Proof. Since Ped(B) C Ped(A), the restriction of a densely defined quasitrace on A is a densely defined
quasitrace on B. Restriction also preserves additivity and lower-semicontinuity. Hence, p is well-defined.
Continuity of p follows immediately from the fact that Ped(B) C Ped(A), and it is clear that p is linear.

We now turn to proving that p is surjective. Let ¢ € T(B). Define 7 : Ay — [0, 00] by t(a) :=
sup{o (b) : b € By, b < a}. The following properties of t are easy to verify:

7(0) =0, (1-1)
t(a*a) = t(aa™), acA, (1-2)
T(Aa) = At(a), A>0,ae Ay, (1-3)
t(ar+ax) =t(ay)+t(ar), ai,ae€A;. (1-4)

Let aj,a; € Ay. Suppose b € By and b < aj + ap. By [Pedersen 1969, Corollary 1.2], there exist
b1, by € A with b = by + by such that b) < a; and b, < ay. Since B is a hereditary subalgebra,
b1, by € By. Hence,

o(b) =0(b1)+o(b2) <t(@)+1(a2). (1-5)

Taking the supremum, we get t(a; +az) < 7(a;) + t(az). Therefore, we have t(a; +az) = t(a;) + t(a2).
This completes the proof that t is an additive quasitrace.

Since B is a hereditary subalgebra of A, the restriction of the Cuntz—Pedersen subequivalence relation
on A to B is the same as the Cuntz—Pedersen subequivalence relation on B. It follows that t|p, is 0. As
o is densely defined on B and A is simple, 7 is densely defined.
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Let T(a) :=sup,.( t((a — €)4) be the lower-semicontinuous regularisation of t; see [Blanchard and
Kirchberg 2004, Remark 2.27(iv)] and [Elliott et al. 2011, Lemma 3.1]. Then 7 is a densely defined, lower-
semicontinuous, additive quasitrace on A, and we still have 7|z, = o because o is lower-semicontinuous.
Therefore, p is surjective.

We now prove that p is injective. Let o, 7, and T be as above. Suppose ¥ € T(A) also satisfies
¥|p = o. Since ¥ (b) < ¥ (a) whenever b < a, we must have 7 < . Since taking lower-semicontinuous
regularisations is order-preserving, we have T < . By [Elliott et al. 2011, Proposition 3.2], there exists
ONS T(A) such that =7 +¢. However, ¥|p, = 7|3, =0 and so ¢ vanishes on B, . Since A is simple,
it follows that ¢ = 0 and so = T. Therefore, p is injective.

Finally, we prove p that is a homeomorphism. Fix b € Ped(B) \ {0}. Note that b is also in Ped(A) and
is full in both A and B by simplicity. Set X4 :={t € T(A) :t(b)=1}and Xp:={1r € T(B) ct(b) =1}
By [Tikuisis and Toms 2015, Proposition 3.4], X4 is a compact base for the cone f(A) and Xgisa
compact base for the cone f(B). Since b € B, we have that p(X 4) = X . Hence, p defines a continuous,
affine bijection from X4 to Xp. Since X4 and X p are compact Hausdorff spaces, p in fact defines an
affine homeomorphism between compact bases for the cones T(A) and T(B). Therefore, p is a linear
homeomorphism of the cones T(A) and T(B). Il

1B. Strict comparison. We first recall the definition of Cuntz subequivalence. Let A be a C*-algebra
and a,b € A;. Then a 2 b if and only if there exists a sequence (x,),en in A such that

lim |lx;bx, —al =0. (1-6)
n—oo

If a 3 b and b 3 a, then a is said to be Cuntz equivalent to b. We shall write [a] for the Cuntz equivalence
class of a.

The Cuntz semigroup Cu(A) is the ordered abelian semigroup obtained by considering the Cuntz
equivalence classes of positive elements in A ® K under orthogonal addition and the order induced by
Cuntz subequivalence; see [Coward et al. 2008]. If one only considers the Cuntz equivalence classes of
positive elements in U,fil My (A), then one obtains the classical Cuntz semigroup W (A); see [Ara et al.
2011].

Informally, a C*-algebra A has strict comparison if traces determine the Cuntz comparison theory. In
order to formalise this notion, we need to recall the rank function associated to a lower-semicontinuous
quasitrace. Suppose 7 : Ay — [0, oco] is a lower-semicontinuous quasitrace. Then the rank function
d; : (AR K)4 — [0, oo] is given by

d.(a) = grgorm”"), (1-7)

where we have made use of the unique extension of 7 to A ® K. We have d;(a) < d;(b) whenever
a,b € (AQRK); satisfy a = b by [Blackadar and Handelman 1982, Theorem I1.2.2]. Strict comparison
can be viewed as a partial converse.

Since we will be adapting the methods of [Bosa et al. 2019a], we shall be working with the same
definition of strict comparison that is used there.
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Definition 1.4 [Bosa et al. 2019a, Definition 1.5]. A C*-algebra A has strict comparison (of positive
elements, with respect to bounded traces) if

[forall t € T(A), d.(a) <d.(b))] = aZ=bh (1-8)
fork e Nand a,b € My(A).

We alert the reader to two facts about this definition. Firstly, it only concerns positive elements in
Ure; Mk (A), so it is a property of the classical Cuntz semigroup W (A). Secondly, we only require the
condition d; (a) < d.(b) to be shown when t is a tracial state.

In light of the potential confusion that could arise from the variety of definitions of strict comparison
that appear in the literature, we include a proof that Z-stability implies strict comparison in the sense
of Definition 1.4 for the benefit of the reader. The key ingredient in the proof is that W (A) is almost
unperforated whenever A is Z-stable, which is due to [Rgrdam 2004].

Proposition 1.5. Let A be a simple, separable, Z-stable C*-algebra with Q?(A) =T, (A) #0. Then A
has strict comparison of positive elements with respect to bounded traces.

Proof. As A is Z-stable, so is A ® K. Hence, by [Rgrdam 2004, Theorem 4.5], Cu(A) = W(AQK) is
almost unperforated. Applying [Elliott et al. 2011, Propositions 6.2 and 4.4], we find that A has strict
comparison in the following sense: for all a, b € (A ® K) with [a] < oo[b] in Cu(A) if d;(a) < d. (D)
for all lower-semicontinuous quasitraces with d; (b) = 1 then [a] < [b] in Cu(A).

We show that under our hypothesis on A this implies that A has strict comparison in the sense of
Definition 1.4. Consider a,b € M;(A)+ and let € > 0 and f, : [0, 1] — [0, 1] be the function that
is 0 on [0, €], affine on [€, 2¢] and 1 on [2¢, 1]. Since My (A) is simple, there exists n € N such that
[fe(a)] < n[b] < oo[b] in Cu(A) by [Blackadar 2006, Corollary I1.5.2.12]. As € is arbitrary, we have
[a] < oo[b].

Since QT(A) = Tb (A),ifd;(a) <d,(b) forallt € T(A),thena b in AQK. As My (A) is a hereditary
subalgebra of A ® K, we have a X b in M} (A) by [Kirchberg and Rgrdam 2000, Lemma 2.2(iii)]. O

Remark 1.6. By replacing M;(A) with A ® K in the proof of Proposition 1.5, we see that (1-8) holds
for all a, b € (A ® ). Therefore, A also has strict comparison by traces in the sense of [Ng and Robert
2016, Definition 3.1] under the hypotheses of Proposition 1.5.

1C. Ultraproducts and Kirchberg’s epsilon test. Let w be a free ultrafilter on N, which we regard as
fixed for the entirety of the paper. The ultraproduct ||
defined by

noe An of a sequence of C*-algebras (A,),en is

l_[ An — HneN Ap (1_9)

{(an)neN € nneN Ay limy, ) [la || = 0} .

n—-w

The ultrapower A, of a C*-algebra A is the ultraproduct of the constant sequence (A;),en With A, = A
for all n € N. We identify A with the subalgebra of A, given by constant sequences (a),en-
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Every sequence (t,),en, Where T, € T(A,,), defines a tracial state on the ultrapower ]_[n_)w A, via
(a,) — lim,_,, t,(a,). Tracial states of this form are known as [imit traces. The set of all limit traces
will be denoted by 7,,([1,_,, An)-

Not all traces on an ultraproduct are limit traces but we have the following density result due to [Ng
and Robert 2016, Theorem 1.2] (generalising an earlier result of [Ozawa 2013, Theorem 8]).

Theorem 1.7 [Ng and Robert 2016; Ozawa 2013]. Let (A,)nen be a sequence of simple, separable,
Z-stable C*-algebras with QT(An) = fb(An) for all n € N. Then Tw(l_[n—>w An) is weak*-dense in
T (Hn—)a) A”)’

Proof. By Proposition 1.5 and Remark 1.6, each A, has strict comparison by traces in the sense of [Ng
and Robert 2016, Definition 3.1]. The result now follows by Theorem 1.2 of the same work. O

We shall also need uniform tracial ultraproducts. Recall that any trace T € T (A) defines a 2-seminorm
lall2,: == 7(a*a)'/?. The uniform 2-seminorm is then defined by
lallo ey i= sup llallae= sup z(@*a)'/. (1-10)
TeT(A) TeT(A)

We can then define the uniform tracial ultraproduct of a sequence of C*-algebras (A,),en by

n—-w

[] A= { [aen An . (1-11)

(@n)nen € HneN A, lim, ., ||an||2,T(A,l) = O}
The uniform tracial ultrapower A® of a C*-algebra A, which can be defined as the uniform tracial
ultraproduct of the constant sequence (A,),en With A, = A for all n € N, was introduced in [Castillejos
et al. 2019]. We identify A with the subalgebra of A® given by constant sequences (a),en-
Since ||all2,7(a) < l|la|| for all a € A, there exists a canonical surjection from the ultraproduct to the

uniform tracial ultraproduct. The kernel of this *-homomorphism is the trace kernel ideal given by

J(An) = {(an)neN € 1_[ An nh_)Inw ”an”Z,T(A,,) = 0}

n—-w

:{xe [] An:lxl2z =0, reTw<H A,,)}. (1-12)

n—w n—w
It follows that limit traces also induce traces on the uniform tracial ultraproduct. In the ultrapower case,
we therefore use a unified notation 7,,(A) for the limit traces on A, or the induced traces on A®.

An important tool for working with ultrapowers are reindexing arguments, which allow one to find
elements of the ultrapower exactly satisfying some given condition provided one can find elements of the
ultrapower which approximately satisfy the condition for any given tolerance. A precise and very general
formulation of such reindexing arguments is Kirchberg’s epsilon test, which we state below.

Lemma 1.8 (Kirchberg’s epsilon test [2006, Lemma A.1]). Let X1, X», ... be a sequence of nonempty
sets, and for each k,n € N, let fn(k) : Xn — [0, 00) be a function. Define fa(,k) : ]_[Zozl X, — [0, oo] by

a()k)((sn),fo:l) =1imy,_ 4 fn(k) (sy) for (sp) € ]_[Zozl X,,. Suppose that for all m € N and € > 0, there exists
(5n)52, € 102, X, with fa(,k)((sn)) <efork=1,...,m. Then there exists (t,)°°, € [ 7=, Xn such that

n=1
® (1) =0 forall k e N.
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1D. Stable rank one. A unital C*-algebra A is said to have stable rank one if the invertible elements
form a dense subset. In this paper, we shall make use of the following nonunital generalisation.

Definition 1.9. Let A be a C*-algebra. We say that A has stable rank one in A™ if every element of A is
a limit of invertible elements in A™.

In the unital case, A~ = A @ C, so A has stable rank one in A™ if and only if A has stable rank one.
In the nonunital case, A having stable rank one in A™ is weaker than requiring that A™ itself have stable
rank one; see [Robert 2016, Example 3.4].

A related notion is Robert’s almost stable rank one [2016, Definition 3.1], which requires that, for all
hereditary subalgebras B C A, B has stable rank one in B™. Robert proved the following.

Theorem 1.10 [Robert 2016, Corollary 3.2]. Let A be a Z-stable, projectionless C*-algebra. Then A has
almost stable rank one. In particular, A has stable rank one in A™.

We now prove that having stable rank one in the unitisation passes to ultraproducts. We employ
the notation [(a,)] for the element of the ultraproduct defined by the bounded sequence (a,,). First, let
us record that taking unitisations commutes with taking the ultraproduct. The proof of this lemma is
straightforward and we omit it.

Lemma 1.11. Let (A,)sen be a sequence of C*-algebras. The canonical inclusion [, A, —

[1,—., A, extends to an isomorphism

(1_[ An)N ~ ]_[ AT (1-13)

n—-w n—-w

We now proceed to show that having stable rank one in the unitisation passes to ultraproducts.

Proposition 1.12. Let (A,) be a sequence of C*-algebras. Suppose for eachn € N, A,, has stable rank

one in A, . Then A, :=1],_ , An has stable rank one in A,.

Proof. Let x € A, and say x = [(a,,)]. By Theorem 1.10 and [Bosa et al. 2019a, Lemma 1.20], for each

n € N there is a unitary u, € A, such that a, ~,, u,|a,|. We then have x = [(u,)]|x| € [l,—.,A, - By
[Bosa et al. 2019a, Lemma 1.20] once more, x is a norm limit of invertible elements in [, , A, By
Lemma 1.11, [, , A, isjust A}. O

1E. Complemented partitions of unity. The key technical tool in [Castillejos et al. 2019] was the com-
plemented partitions of unity technique which enabled Theorem A to be proven in the unital case. This
property is best formulated in terms of the tracial ultrapower A® of a separable C*-algebra with T (A)
nonempty and compact. These assumptions imply that A® is unital, with any sequential approximate
identity representing the unit [loc. cit., Proposition 1.11]. We refer to [loc. cit., Definition G] of the same
work for a detailed explanation of the ideas behind this definition.

Definition 1.13. Let A be a separable C*-algebra with Qf(A) = fb (A) #0 and T (A) compact. We say
that A has complemented partitions of unity (CPoU) if for every | - ||2,7,(4)-separable subset S of A®,
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every family ay, ..., ax € (A?)4, and any scalar
> sup min t(a;), (1-14)
Tl (A) =1k
there exist orthogonal projections p, ..., px € AN S’ such that
P14 4 pr=1ge and w(a;ip;) <0t(pi), tveTl,(A),i=1,... k. (1-15)

The following theorem gives sufficient conditions for a C*-algebra to have complemented partitions of
unity. Although not necessary for our purposes, the hypothesis of Z-stability can be weakened to uniform
property I'; see [Castillejos et al. 2019, Section 2] for more details.

Theorem 1.14 [Castillejos et al. 2019, Theorem I]. Let A be a separable, nuclear, Z-stable C*-algebra
with Qf(A) = fb (A) Z0and T (A) compact. Then A has complemented partitions of unity.

2. Reductions

In this section, we show how Brown’s theorem [1977, Theorem 2.8] can be used to reduce the task of
proving Theorem A in general to proving it for unital C*-algebras and for stably projectionless C*-algebras
with a compact trace space. We begin with the general statement of Brown’s theorem.

Theorem 2.1 [Brown 1977, Theorem 2.8]. Let B be a full hereditary subalgebra of a C*-algebra A.
Suppose both A and B are o -unital. Then B is stably isomorphic to A.

In our applications, we shall be working with C*-algebras that are simple and separable. Hence, the
fullness and o -unitality conditions will be satisfied. We shall therefore use the following form of Brown’s
theorem.

Corollary 2.2. Let B be a nonzero hereditary subalgebra of a simple, separable C*-algebra A. Then B
is stably isomorphic to A.

The utility of Brown’s theorem for this paper derives from the fact that the hypotheses and conclusion
of Theorem A are invariant under stable isomorphism. We state this formally below.

Proposition 2.3 [Kirchberg and Winter 2004; Winter and Zacharias 2010; Toms and Winter 2007]. Let
A be a C*-algebra. Then:

(1) A is simple if and only if A @ K is simple.
(ii) A is separable if and only if A ® K is separable.
(ii1) A is nuclear if and only if A Q K is nuclear.
(iv) dr(A) = dr(A ® K).
(v) dimpyc(A) = dimpyc (A @ ).
(vi) A is separable and Z-stable if and only if A @ K is separable and Z-stable.
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Proof. Properties (i)—(iii) are well known; see for example [Blackadar 2006, Chapter IV.3]. Part (iv)
is [Kirchberg and Winter 2004, Corollary 3.9]. Part (v) is [Winter and Zacharias 2010, Corollary 2.8].
Part (vi) is [Toms and Winter 2007, Corollary 3.2]. O

Next, we recall that a C*-algebra A is stably projectionless if there are no nonzero projections in A ® K.
By definition, this property is preserved under stable isomorphism. Stably projectionless C*-algebras can
be viewed as highly nonunital C*-algebras. Indeed, the following folklore result establishes a dichotomy
for simple, separable C*-algebras.

Proposition 2.4. Let A be a nonzero, simple, separable C*-algebra. Then exactly one of the following
holds:

(a) A is stably isomorphic to a unital C*-algebra.
(b) A is stably projectionless.

Proof. Let A be a simple, separable C*-algebra A. Then A ® [ is simple and separable by Proposition 2.3.
Suppose that A is not stably projectionless. Then there exists a nonzero projection p € A @ K. Set
B := p(A®K)p. Then B is a unital C*-algebra with unit 15 = p. Moreover, B is a nonzero hereditary
subalgebra of A ® K. Therefore, B is stably isomorphic to A ® KK by Corollary 2.2, and hence is stably
isomorphic to A.

Now suppose that A is stably isomorphic to a unital C*-algebra B. Then there exists an isomorphism
¢ : BQK — AQ®IK. Writing 1p for the unit of B and e;; for the matrix units of [, we have that
¢ (15 ®e;;) is a nonzero projection in A ® K. Hence, A cannot be stably projectionless. (|

This dichotomy justifies the terminology stably unital for the nonstably projectionless, simple, separable
C*-algebras. The stably unital case of Theorem A follows immediately from [Castillejos et al. 2019,
Theorem B] together with Propositions 2.4 and 2.3. The stably projectionless case on the other hand
requires a further reduction and a technical modification of the methods of [Bosa et al. 2019a]. The
purpose of the additional reduction is to pass to the case where the trace space is compact, and it is based
on the following folklore result.

Lemma 2.5. Let A be a simple, separable C*-algebra with T(A) #£0. Let Ag := a(A R K)a be the
hereditary subalgebra generated by a nonzero positive contraction a € (A @ K) 41 for which the function
T > d;(a) is continuous and finite-valued. Then T(Ao) = Tb (Ag) # 0 and T (Ay) is compact.

Proof. By Proposition 1.3, the restriction map p : T(A QK) — T(AO) is a linear homeomorphism. Let
o€ f(AO). Then o has an extension 7 := p~ (o) € T(A ® K). By [Tikuisis 2014, Proposition 2.4], we
have ”a”AS =d,;(a) < oo. Therefore, T(Ao) = Tb(Ao) # 0. Since 0 = d -1 () (a) is continuous, T (Ao)
is a weak*-closed subspace of the unit ball of Aj. Therefore, T'(Ao) is compact. 0

We now explain how the results of [Elliott et al. 2011] can be used to prove the existence of positive
contractions with continuous-rank functions under suitable hypotheses.

Proposition 2.6. Let A be a simple, separable, Z-stable C*-algebra with QT(A) =T(A) # 0. Let
f: T(A) — [0, 00) be a strictly positive, continuous, linear function. Then there exists a nonzero positive
contraction a € (A K)y 1 withd,(a) = f(z) forall t T(A).
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Proof. Following [Elliott et al. 2011, Section 4.1], we write F (Cu(A)) for the space of functionals on the
Cuntz semigroup of A. In [loc. cit., Theorem 4.4], it is shown that all functionals on the Cuntz semigroup
are of the form d; for some lower-semicontinuous quasitrace 7 on A. However, we alert the reader to the
fact that quasitraces are not assumed to be densely defined in [loc. cit.]. Since A is simple, this means
that either 7 € QT(A) or T is the trivial quasitrace, which satisfies t(0) = 0 and is infinite otherwise.

We now consider the topology on F(Cu(A)), defined in general in [loc. cit., Section 4.1], and its
relation to the topology on T(A), which is given by pointwise convergence on Ped(A). By [loc. cit.,
Theorem 4.4] and our assumption that all quasitraces are additive, the topology on F(Cu(A)) agrees
with the topology on set T(A) of (not necessarily densely defined) lower-semicontinuous, additive
quasitraces defined in [loc. cit., Section 3.2].°> This topology is shown to be compact and Hausdorff in
[loc. cit., Theorem 3.7]. By [loc. cit., Theorem 3.10], the restriction of this topology to T(A) is pointwise
convergence on Ped(A). Since f(A) \ T(A) is just one point, it follows that the topology on f(A) is
simply the one point compactification of the topology on T(A).

By [Tikuisis and Toms 2015, Proposition 3.4], the cone T(A) hasa compact base K. Since f is strictly
positive and continuous, inf;cx f(7) > 0. Hence, we may extend f to the one-point compactification
of T(A) by setting f(o0o0) = oo and the resulting map is still continuous. It follows that f defines an
element of the dual cone L(F (Cu(A))); see [Elliott et al. 2011, Section 5.1]. Therefore, as A is Z-stable,
there exists a € (A ® K)1 1 such that f(r) =d.(a) forall T € f(A) by [loc. cit., Theorem 6.6]. O

We end this section with the following summary of all the reductions.

Theorem 2.7. Let A be a nonzero, simple, separable, exact, Z-stable C*-algebra. Then one of the
following holds:

(a) A is stably isomorphic to a unital C*-algebra.

(b) A is stably isomorphic to a stably projectionless C*-algebra Ay with QT(AO) = Tb (Ag) # 0 and
T (Ay) is compact.

Proof. Suppose (a) does not hold. Then A is stably projectionless by Proposition 2.4. By Theorem 1.2,
QT(A) = (. Since A is exact, the nonunital version of Haagerup’s theorem gives QT"(A) = f(A) #0;
see [Haagerup 2014; Blanchard and Kirchberg 2004, Remark 2.29(i)]. Since T(A) is a cone with
a compact base, there exists a strictly positive, continuous, linear function f : f(A) — [0, 00). By
Proposition 2.6, there is a positive contraction a € (A ® ) 1 such that f(r) =d.(a) forall T € T(A).
Set A := a(A ® K)a. By Lemma 2.5, QT (Ao) = T(Ag) # 0 and T (Ag) compact. By Corollary 2.2, A
is stably isomorphic to Ag. Hence, Ay is stably projectionless. O

3. Existence

Let A be a separable, nuclear C*-algebra with complemented partitions of unity (CPoU). In this section,
we will construct a sequence of maps A by F, s A, where F, are finite-dimensional C*-algebras,

SIn [Elliott et al. 2011], the notation 7 (A) is used instead of f(A), but this clashes with the notation for the tracial states used
in this paper.
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0, are c.p.c. maps and 7, are c.p.c. order-zero maps, which induces a *-homomorphism A — A® that
agrees with the diagonal inclusion A — A®.

We will do this in two steps. First, we will fix a trace t and produce maps A — F'— A that approximate
the identity map on A in || - ||2,.-norm. We shall then construct the required sequence of maps using
complemented partitions of unity (CPoU).

The following lemma will be deduced from [Castillejos et al. 2019, Lemma 5.1], but it can also be
proved by directly applying the methods of [Brown et al. 2017, Lemma 2.5].

Lemma 3.1. Let A be a separable, nuclear C*-algebra and let T € T (A). For any finite subset F C A
and € > 0 there exist a finite-dimensional C*-algebra F, a c.p.c. map 0 : A — F, and a c.p.c. order-zero
map n : F — A such that

160(a)0(b)|| <€ fora,be F suchthatab =0, (3-1)
Inob(a)—allar <€ foraeF. (3-2)

If all traces are quasidiagonal,® one can additionally arrange that
16(ab) —0(a)0(b)|| <€, a,belF. (3-3)

Proof. The trace t extends to a trace on A™. By [Castillejos et al. 2019, Lemma 5.1] applied to A™, there
exist a finite-dimensional F, a c.p.c. map 6 : A~ — F, and a c.p.c. order-zero map 7 : F — A~ such that

16(@)0(b)|| < e fora,b e F satisfying ab =0, (3-4)
liof(a)—al: < € foraeF. (3-5)

Let (e,),en be an approximate identity of A. Then e, /' 14~ in | -||2... Hence, the c.p.c. maps 7, : F — A
given by 7, (x) = e, 7(x)e, converge to 7 in the point-|| - ||2,; topology. The sequence 7, is asymptotically
order-zero in || - ||,;. Since F is finite-dimensional, we can make use of order-zero lifting to obtain a
sequence of c.p.c. order-zero maps 7, : F — A converging to 7 in the point-|| - ||, topology.’

Set 6 := §|A. Choose n € N such that ||n,(6(a)) —n(@a))ll2r < %e for all a € F. We then have

Ino6(a) —allz: < ljob(a)—als:+3e <€, acF. (3-6)

If all traces are quasidiagonal, the map 6 given by [Castillejos et al. 2019, Lemma 5.1] is approximately a
*-homomorphism. Hence, so is 6. O

With the previous lemma in hand, we can now utilise complemented partitions of unity (CPoU) to
prove the following.

Lemma 3.2. Let A be a separable, nuclear C*-algebra with QT(A) = Tb (A) Z0and T (A) compact.
Suppose A has CPoU. Then there exists a sequence of c.p.c. maps ¢, : A — A which factor through

6See Definition 7.1.
TIndeed, let J; := {(an)nen € £2°(A) : limy— 0o t(a, ay) = 0} and consider the diagonal map (7j,) : F — £°°(A)/J;. This
map is c.p.c. order-zero and so has a c.p.c. order-zero lift (n,) : F — €°°(A) by [Winter 2009, Proposition 1.2.4].
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finite-dimensional algebras F, as
®n

Fy

A

A (3-7)

with 6, c.p.c. and n, c.p.c. order-zero, in such a way that the induced map (6,)72, : A — Hw F, is
order-zero, and the induced map ® = (Pn)i2, - A — A® agrees with the diagonal inclusion A — A®.

If all traces on A are quasidiagonal, then we may arrange that the induced map (6,)7>, : A =[], Fa
is a *-homomorphism.

Proof. As in [Castillejos et al. 2019, Lemma 5.2], by a standard application of Kirchberg’s epsilon test,
it suffices to show that for a finite set 7/ C A and a tolerance € > 0, there is a sequence (Fj,, 6,, n,,)
such that 6, : A — F,, is approximately order-zero (or approximately multiplicative if all traces are
quasidiagonal), n, : F,, — A is an order-zero map, and the induced map o, = (M obp)s, : A— A®
satisfies ||a — @, (@)ll2.1,a) < € for all a € F. In fact, we will arrange for all the F}, to be the same
finite-dimensional algebra F, and all the 6, to be the same map 6.

Let F C A be a finite subset and € > 0. By Lemma 3.1, for any t € T (A) there exist a finite-dimensional
C*-algebra F;, a c.p.c. map 6; : A — F, and an order-zero map n, : F; — A such that

10(a)0 )| < e, a,b € F such that ab =0, (3-8)
2 e
[nr00:(x) — x5, <—, x€ZF. (3-9)
|71
Seta; ;== erf |x —n;T06; (@)% By the compactness of T(A), there exist 7y, ..., Tx € T(A) such

that for all T € T (A) there is some t; such that 7(a;,) < €.
By CPoU, there exist pairwise orthogonal projections py, ..., pr € A N A’ adding up to 14 such
that 7 (a; p;) < €2t (p;) for all T € T,,(A). Set F := @le Fr,,0:A— Fandn:F— A® by

k
0((1) = (eﬂ(a)a"'agfk(a))’ n(-xla""-xk) :=an;(xi)pi’ (3-10)
i=1
where a € A and x; € F;,. By construction (see [Castillejos et al. 2019, Lemma 5.2, equation (5.16)]), we
obtain

la—nob(a)llr,a) <€, aecF. (3-11)

By [Winter 2009, Proposition 1.2.4], n : F — A® can be lifted to a sequence of order-zero maps
n, . F — A. Thus the sequence (F, 6, n,) is the required sequence.

Finally, if all traces are quasidiagonal, the map 0 is approximately multiplicative by Lemma 3.1.
Combining the previous argument with Kirchberg’s epsilon test yields that the induced map (6,) : A —
[1, F» is a *-homomorphism. O
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4. Unitisation

In this section, we prove that a c.p.c. order-zero map ¢ : A — B, from a separable C*-algebra into a
C*-ultrapower extends to a c.p.c. order-zero map ¢~ : A~ — B,. Moreover, under appropriate conditions,
Dini’s theorem can be used to construct an extension for which the tracial behaviour of ¢~ (14~) is
determined by ¢. These results were inspired by the structure theory for order-zero maps developed
in [Winter and Zacharias 2009] and the existence of supporting order-zero maps proved in [Bosa et al.
2019a, Lemma 1.14]. We begin with a technical lemma.

Lemma 4.1. Let ¢ : A — B be a c.p.c. order-zero map between C*-algebras. Suppose that h € B is a
positive contraction such that

¢(a)p(b) =h¢(ab), a,beAy. (4-1)
Then the map ¢~ : A~ — B defined by ¢~ (a + A1 4~) := ¢ (a) + Ah is c.p.c. order-zero.

Proof. By [Winter and Zacharias 2009, Corollary 4.1], there exists a *~-homomorphism 7 : Cy(0, 1] ® A —
B, such that ¢ (a) =7 (t ® a) for all a € A, where ¢ denotes the canonical generator of the cone. In terms
of m, equation (4-1) gives hr (t ® ab) = n(t>®ab) fora, b € A, from which we deduce that

hmt®a)=n(t’>®a), acA, (4-2)

since (A4)?> = A, and A, spans A. It then follows that A" 7 (t" ® a) = 7 (t"*" ® a) for a € A and for
all n, m € N>, from which we obtain

gn(f®a)=mn(gf®a), acA, f geC0,1], (4-3)

since span{t” : n € N>1} is dense in Cy(0, 1]. Taking adjoints, we also obtain 7 (f ® a)g(h) =n(fg®a)
foralla € A, f, g€ Cy(0, 1].

We now define a map 7~ : Cyp(0,1] © A~ — B from the algebraic tensor product by setting
77 (f® @+ Ala~)) :=7m(f ®a)+ Af(h) on elementary tensors. A straightforward computation using
(4-3) and its adjoint shows that 7™ is a *-homomorphism. Hence, 7~ extends to a map C¢(0, 1]® A~ — B.
Finally, define ¢~ : A~ — B by ¢~ (x) := 77 (t ® x). Then ¢~ is a c.p.c. order-zero map and
¢~ (a+ Ala~) =¢(a) + Ah as required. Il

We now prove the unitisation lemma for order-zero maps.
Lemma 4.2. Let A, B be C*-algebras with A separable and let ¢ : A — B, be a c.p.c. order-zero map:
(a) There exists a c.p.c. order-zero map ¢~ : A~ — B, which extends ¢.

(b) Suppose now that T (B) is compact and nonempty. Let (e;)n,en be an approximate unit for A and

suppose the function
9 : Tw(B)w* ? [0’ 1]7 T ? hm t(¢(€n))’
n—>oo

is continuous. Then there exists a c.p.c. order-zero map ¢~ : A~ — B, which extends ¢ and satisfies
(¢~ (14~)) =6(7) forall Tt € T,(B)"™



NUCLEAR DIMENSION OF SIMPLE STABLY PROJECTIONLESS C*-ALGEBRAS 2221

Proof. (a) Let (e;)nen be an approximate unit for A. By [Winter and Zacharias 2009, Corollary 4.1],
there exists a *-homomorphism 7 : Cy(0, 1]® A — B,, such that ¢ (a) = 7w (t ® a) for all a € A, where ¢
denotes the canonical generator of the cone. For any a, b € A, we have

}H&Me")d’(“b) = nlin;on(tz ® eyab)
=7(1> @ ab) = ¢(a)p (b). (4-4)

We shall now prove the existence of a positive contraction z € B, such that (4-1) holds foralla, b€ A,
by an application of Kirchberg’s epsilon test (Lemma 1.8).

Let X, := B4 foralln e N. Let ¢, : AL — B be a sequence of functions such that (¢, (a)),en is a
representative for ¢ (a) for all a € A,.. Fix a dense sequence (a,),en in A4. Define f,,("s) : X, = [0, o0]
for r, s € N by

FI9(x) 1= lxu(aras) — dular)pn(as)|. (4-5)

Then define £, : 122, X, = [0, 00] by (xn)nen > limy, o £ ().
Let m € N and € > 0. By (4-4), there is k € N such that

g (ex)@(aras) — (ar)p(as)ll <€, 1<r.s=m. (4-6)

Let x = (x,)nen be a sequence of positive contractions in B representing ¢ (ex). Then fa(f’s)(x) <€

whenever 1 < r, s < m. By Kirchberg’s epsilon test, there exists a sequence of positive contractions
Y = (¥n)neN in B such that fa(,r’s) (y)=0forallr, s € N. Let & be the positive contraction in B, represented
by (¥n)nen. Then h satisfies (4-1) for all a, b € {a, : n € N}. By density, & satisfies (4-1) foralla,b e A.

The result now follows by Lemma 4.1.

(b) By Dini’s theorem, 7(¢(e,)) /" 6(t) uniformly for 7 € T,,(B)“*8 For each [ € N, set

yii= max (0(7)—1(¢(er))). (4-7)
tel,(B)w*

Then y; > 0 as t(¢(e,)) increases with n, and lim;_, o ¥; = 0 as the convergence is uniform.
We shall now prove the existence of a positive contraction # € B, such that (4-1) holds foralla,be A,
and that
t(h) = lim 7(d(en)), T€ T,(B)"*. (4-8)

Once again, we use Kirchberg’s epsilon test (Lemma 1.8).
Let X,i, ¢y £, and £ be as in (a). Define g™, g™ : X,, — [0, oo] for I € N by

g4 (x) 1= max( S;JFB)(t(x) — t(¢pn(en)) =¥, 0), (4-9)
g7 (x) 1= max( s;lFB)(T(% (e1)) —(x)), 0). (4-10)

1, l,— . l,
Then define g&™, g™ - [Th2; Xu — [0, 00] by (xp)nen > lim, eV () and (x)nen >
lim,,_, g,(f’*) (x,) respectively.

80ur convention is that approximate units for C*-algebras are by default assumed to be increasing.
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The key observation is that a sequence x = (x,),en representing a positive contraction b € B, satisfies
P ) = ¢4 (x) = 0 if and only if

T(@(e) <t(b) <t(p(e))+y, T€T,(B)"™. (4-11)
Let m € N and € > 0. By (4-4), there is k > m such that
¢ (ex)p(aras) —pa)pas)ll <€, 1=<r,s <m. (4-12)

Let x = (x,)nen be a sequence of positive contractions in B representing ¢ (ex). Then f(f,r’s)(x) <€

whenever 1 <r, s < m. Furthermore, as k > m, we have by (4-7) that for any [ <m

t(p(e) < T(Plen) <0(r) <t(p(e) +y, teT(B)"™ (4-13)
(L.+)

Therefore, g (x) = g (x) = 0 for I < m.
By Kirchberg’s epsilon test, there exists a sequence of positive contractions y = (y,)nen in B such that
a()”)(y) = gc(,)l ) (y) = gg’f)(y) =0forallr,s,l € N. Let & be the positive contraction in B, represented

by (yu)nen. Then h satisfies (4-1) for all a, b € A4 as in (a) and
(@) <t(h) <t(p(e))+y, tTeT,(B)" leN. (4-14)

Letting [ — 0o, we obtain (4-8) because lim;_, o ¥; = 0. The result now follows by Lemma 4.1. ]

5. The uniqueness theorem

In this section, we establish the uniqueness theorem for maps from a C*-algebra into a C*-ultrapower,
which will be used to bound the nuclear dimension of Z-stable C*-algebras. This theorem is a nonunital
version of [Castillejos et al. 2019, Lemma 4.8] which in turn builds on [Bosa et al. 2019a, Theorem 5.5].
For notational convenience, we work with ultrapowers throughout rather than general ultraproducts.

Theorem 5.1 (cf. [Bosa et al. 2019a, Theorem 5.5]). Let B be a simple, separable, Z-stable C*-algebra
with CPoU, stable rank one in B™, QT(B) = Tb(B) #0, and T (B) compact. Let A be a unital, separable,
nuclear C*-algebra, let ¢ : A — B, be a c.p.c. order-zero map such that ¢y (a) is full for all nonzero
a € A and the induced map ¢y : A — B® is a *-homomorphism, and let ¢» : A — By, be a c.p.c. order-zero
map such that

Topr=to0¢;, Te€T(B,), meN, (5-1)

where order-zero functional calculus is used to interpret ¢5' 2Let k € Z, be a positive contraction with
spectrum [0, 1], and define c.p.c. order-zero maps ;i : A — (B ® 2), by ¥;(a) := ¢;(a) @ k. Then |
and o are unitarily equivalent in (B ® 2).

The proof of Theorem 5.1 follows by a careful adaptation of the arguments from [Bosa et al. 2019a;
Castillejos et al. 2019] to handle the potential nonunitality of B. In the subsections that follow, we shall
first review the key ingredients of the proof of [Castillejos et al. 2019, Lemma 4.8] and [Bosa et al. 2019a,

9Suppose ¢2(x) = mo(t @ x) where mp : Cy(0, 11 ® A — B, is a *-homomorphism and ¢ is the canonical generator of
Co(0, 1]. Then ¢>£” (x) = m (1™ ® x); see [Winter and Zacharias 2009, Corollary 4.2].
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Theorem 5.5] and explain clearly the modifications needed in the nonunital setting. We shall then return
to the proof of Theorem 5.1.

SA. The 2 x 2 matrix trick. We begin by reviewing the 2 x 2 matrix trick, which converts the problem
of unitary equivalence of maps into the problem of unitary equivalence of positive elements. The version
stated below is very similar to [Bosa et al. 2019a, Lemma 2.3]; however, for our applications, we must
weaken the stable rank one assumption and we have no need for the Kirchberg algebra case.

Proposition 5.2 (cf. [Bosa et al. 2019a, Lemma 2.3]). Let A be a separable, unital C*-algebra and B be a
separable C*-algebra. Let ¢y, ¢ : A — B, be c.p.c. order-zero maps and (]31, $2 : A — B, be supporting
order-zero maps (as in (A-1)). Suppose that B, has stable rank one in B,]. Let w : A — M>(B,) be

given by A
¢$1(a) O )
T = N , €A, 5-2
@= (" ) ¢ 2
and set C := M>(B,,) Nt (A) N {1yy:) — (1)) If
é1(14) 0> <0 0 )
and 5-3
( 0 0 0 ¢a(la) G-
are unitarily equivalent in C~, then ¢ and ¢, are unitarily equivalent in B, .
Proof. Let
u= (”“ ”12) ec (5-4)
Uzl U

be a unitary implementing the unitary equivalence of the positive elements. Since B, has stable rank
one in B, we have that u},¢>(1,) is the limit of invertibles in B_. Hence, by [Bosa et al. 2019a,
Lemma 1.20] and Kirchberg’s epsilon test, there is a unitary w € B, with u3,¢2(14) = wlu3,¢2(14)I.
Arguing exactly as in the proof of [Bosa et al. 2019a, Lemma 2.3], we obtain that ¢;(a) = we,(a)w™* for
all a € A. Il

5B. Property (SI). Our goal in this section is to show that c.p.c. order-zero maps from separable, unital
C*-algebras into ultrapowers of C*-algebras with compact trace space satisfy property (SI).

The following definition is a variant of [Bosa et al. 2019a, Definition 4.2], which in turn goes back to
[Matui and Sato 2012], that allows us to handle cases when the codomain is not unital.

Definition 5.3. Let B be a simple, separable, C*-algebra with QT(B) = Tb(B) # 0. Write Jp for the
trace kernel ideal. Let A be a separable, unital C*-algebra, let 7 : A — B, be a c.p.c. order-zero map,
and define

C:=B,Nm(A) N{lp- — (1)} (5-5)

The map 7 has property (SI) if the following holds. For all e, f € C4 such thate € Jp,, || fll =1 and f
has the property that, for every nonzero a € A, there exists y, > 0 such that

t(@@)f") > ve, TET,(B), neN, (5-6)
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there exists s € C such that
s*s=e and fs=s. (5-7)

The main result of this subsection is that under certain hypotheses, c.p.c. maps A — B, have prop-
erty (SI). This result is a nonunital version of [Bosa et al. 2019a, Lemma 4.4] and its proof is almost
identical to the original proof. Since this result is one of the most delicate parts of this work, we include
its proof.

Proposition 5.4 (cf. [Bosa et al. 2019a, Lemma 4.4]). Let B be a simple, separable, Z-stable C*-algebra
with Qf(B) =T,(B) # 0. Let A be a separable, unital, nuclear C*-algebra. Then every c.p.c. order-zero
map 1w : A — B, has property (SI).

Proof. Let m : A — B, be a c.p.c. order-zero map with A and B as in the statement. Let C be as in (5-5)
and set C := C /(CNJp,). Lete, f € C4 and y, be as in the definition of property (SI). As in the proof
of [Bosa et al. 2019a, Lemma 4.4], it is enough to exhibit an element s € B,, approximately satisfying

s*m(a)s =m(a)e forallae A and fs=s. (5-8)

Let F C A be a finite subset of contractions and € > 0. Since B is Z-stable, using Lemma A.6(ii) we can
find a c.p.c. order-zero map « : Z — B,Nw(A) N{e, f} such that «(1z) acts as unit on 77 (A). Therefore,
we may define a new c.p.c. map 7 : AQ Z — B, by setting 7 (a®z) :=m (a)x(z). It follows by construction
that w(a) =7 (a® 1z) for a € A. By [Winter and Zacharias 2009, Corollary 4.3], 7 is a c.p.c. order-zero
map and note that e and f are elements of the relative commutant B, N7 (A ® Z) N {1 B: — 7 (lag 2)H.

Arguing as in the proof of [Bosa et al. 2019a, Lemma 4.4], for any b € (A ® Z), there exists a positive
constant y;, such that

tFB) ) > 7, 7€ TH(By), neN. (5-9)

Next, we will apply [loc. cit., Lemmas 4.7 and 4.8] to the unital, separable, nuclear C*-algebra A. Set
G ={x®1z:x e F} € A® Z. Since no irreducible representation of A ® Z contains any compact

operator, by [loc. cit., Lemma 4.8] there exist L, N € N, pairwise inequivalent pure states Aj, ..., Az on
AQ® Z and elements ¢;,djj e AQ Zfori=1,...,N, [ =1,..., L such that
N
X~ Y Y ndhxdiciej,  x €6 (5-10)
I=14,j=1

By [loc. cit., Lemma 4.7], applied to the set {d;xd;:x € G, i,j=1,...,N, [,I'=1,..., L}, there

exist positive contractions ay, ...,a; € (A® Z)y such thatfor/ =1,..., L, A;(a;) =1 and
ald;‘flxdj,lal s )Ll(d;‘flxdj,l)alz, X € g, i, J = 1, ceey N, (5—11)
and for [ #£1',
ald;‘flxdj,l/al/ s 0, xeg,i, ] =1,..., N, (5—12)

with § :=¢€¢/(N 2L maxg ||ck||?). Note, the condition A;(a;) = 1 ensures that the ¢; have norm 1.
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By hypothesis, B is simple, separable, Z-stable and Qf(B) = fb(B) # 0. Hence, by Proposition 1.5,
B has strict comparison of positive elements by bounded traces. Thus, for/ =1, ..., L, we may apply
Lemma A.11 with @; in place of a. Let S; C (A ® Z)4 \ {0} denote the countable subset such that the
conclusion of Lemma A.11 is satisfied with a; in place of a.

Let7: A® Z — B, N{f} be a supporting c.p.c. order-zero map for 7. As in [loc. cit., Lemma 4.4],
using (5-9) and Lemma A.4 twice (taking x := 0 and with Sy := 7(S; U---U S;)), we find ¢, h €
B,NA(A® Z) N7 (AQ Z) satisfying h <t < f and, forevery b€ S;U---U S,

(7 (D)h") = P, 1€ TLHB), neN. (5-13)

By Lemma A.11 (with 7 in place of ), there is a contraction r; € B,, such that 7 (a;)r; = tr; = r; and
rirp=e. Using t < f <17 (1,), we obtain 77 (14)r; = r; for each [, and hence

ri (@ =7 (14)2ew (14)2 (5-14)
Set
L N
§ = Z Zﬁ(di,ldz)rlff(ci) € B,. (5-15)
=1 i=1

Using r; = tr;, t < f and that r commutes with the image of 7, we can obtain fs =s. For x € F, the
calculations of [loc. cit., Lemma 4.4, equation 4.46] show

s*m(x)s =m(x)e, (5-16)

as required. Then Kirchberg’s epsilon test produces an element s € B, that exactly satisfies (5-8). As in
the proof of [loc. cit., Lemma 4.10], s € C. O

5C. Structural results for relative commutants. Combining property (SI) with complemented partitions
of unity (CPoU), one can now prove important structural properties for the relative commutant algebras
C:=B,Nw(A)N {lgw —m(l)}* arising from the 2 x 2 matrix trick.

Theorem 5.5 (cf. [Castillejos et al. 2019, Lemma 4.7]). Let B be a simple, separable, Z-stable C*-algebra
with Q T(B)=T,(B) #0and T (B) compact. Suppose additionally that B has CPoU. Let A be a separable
unital nuclear C*-algebra and w : A — B, a c.p.c. order-zero map which induces a *-homomorphism
T:A— B® Let

C:=B,Nm(A)N {1z, - T}, C:=c/cCn Jg,). (5-17)
Then:

() All traces on C factor through C.
(i1) C has strict comparison of positive elements by bounded traces.
(iii) The traces on C are the closed convex hull of traces of the form t(w(a) -) fort € T(By) anda € Ay
with T(mw(a)) = 1.

First, we discuss two preliminary results, which originate from [Bosa et al. 2019a, Lemmas 3.20
and 3.22] and were generalised in [Castillejos et al. 2019, Lemmas 4.3 and 4.6], where the newly
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discovered CPoU was used in place of the earlier methods that required further assumptions on 7 (B).
Both results are proven by checking that these lemmas approximately hold for 7z, (B®)” for any trace in
7 € T,,(B)"*, which in turn follows from the fact that 77, (B®)” is a finite von Neumann algebra, and then
using CPoU to patch local solutions together. In [loc. cit.], these results are stated for B unital, but the
proofs do not make use of the unit. They only require that 7' (B) is compact, as this guarantees that B is
unital [loc. cit., Proposition 1.11].

Lemma 5.6 (cf. [Castillejos et al. 2019, Lemma 4.3)]). Let B be a separable C*-algebra with Q?(B) =
Tb(B) # 0 and T (B) compact. Suppose B has CPoU. Let S C B® be a || - ||2,1,(B)-Separable and self-
adjoint subset, and let p be a projection in the centre of B® N S’. Then p(B® N S’) has strict comparison
of positive elements by bounded traces.

Proposition 5.7 (cf. [Castillejos et al. 2019, Lemma 4.6]). Let B be a separable C*-algebra with QT(B) =
Tb(B) # 0 and T (B) compact. Suppose B has CPoU. Let A be a separable, unital, nuclear C*-algebra
and ¢ : A — B® a*-homomorphism. Set C := B N ¢(A) N {1go — p(14)}*. Define Ty to be the set of
all traces on C of the form t(¢(a) - ), where T € T(B®) and a € A satisfies T(¢(a)) = 1.

Suppose z € C is a contraction and § > 0 satisfies |p(z)| <6 forall p € Ty. Write K :=12-12- (14 6).

Then there exist contractions w, X1, ..., X10, Y1, - - -, Y10 € C such that
10
z=0w+K Y [xi. il (5-18)

i=1
In particular, T (C) is the closed convex hull of Ty.

With these preparatory results now established, we explain how to adapt the original proof of [Bosa
et al. 2019a, Theorem 4.1] to prove Theorem 5.5.

Proof of Theorem 5.5. For (i), the proof of [loc. cit., Theorem 4.1(i)] still works in our situation with the
following minor modifications. We use Lemma A.4 instead of [loc. cit., Lemma 1.18], Proposition 5.4 in
place of [loc. cit., Lemma 4.4] and Lemma A.5 in place of [loc. cit., Lemma 1.19].

Similarly, for (ii) we use the proof from [loc. cit., Lemma 3.20] with the following modifications. Since
B is Z-stable, any matrix algebra embeds into B N7 (A) N{c} [Castillejos et al. 2019, Proposition 2.3].
We use Lemma 5.6 to see that C has strict comparison of positive elements by traces in place of [Bosa
et al. 2019a, Lemma 3.20], and [Castillejos et al. 2019, Lemma 1.8] in place of [Bosa et al. 2019a,
Lemma 3.10].

In the same vein, (iii) follows from (i), [Castillejos et al. 2019, Lemma 1.5], and Proposition 5.7. [

5D. Unitary equivalence of totally full positive elements. The main theorem of this section is a nonunital
version of the classification of totally full positive elements up to unitary equivalence in relative commutant
sequence algebras obtained in [Bosa et al. 2019a, Lemma 5 1).10

Let us begin by stating the following lemma which can be proved in exactly the same way as [Bosa
et al. 2019a, Lemma 5.3] since the Robert—Santiago argument [2010] at the core of the proof has no

10Recall that a nonzero h € C is totally full if f(h) is full in C for every nonzero f € Cy((0, ||2|]])+ [Bosa et al. 2019a,
Definition 1.1].
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unitality hypothesis. All that is required is to formally replace all occurrences of 1p, with 1p~, and
replace [Bosa et al. 2019a, Lemma 1.17] with Lemma A.3, [loc. cit., Lemma 2.2] with Lemma A.8, and
[loc. cit., Lemma 5.4] with Lemma A.9.

Lemma 5.8 (cf. [Bosa et al. 2019a, Lemma 5.3]). Let B be a separable, Z-stable C*-algebra and let A
be a separable, unital C*-algebra. Let m : A — B, be a c.p.c. order-zero map such that

C:=B,Nm(A) N{lg —w(1)}" (5-19)
is full in B,,.

Assume that every full hereditary subalgebra D of C satisfies the following: if x € D is such that there
exist totally full elements e;, e, € Dy such that e;x = xe, = 0, then there exists a full element s € D such
that sx = xs = 0.

Let a, b € Cy be totally full positive contractions. Then a and b are unitarily equivalent in C™ if and
only if for every f € Co(0, 114, f(a) is Cuntz equivalent to f(b) in C.

With this lemma in hand, we can now prove the main theorem of this section.

Theorem 5.9 (cf. [Bosa et al. 2019a, Theorem 5.1]). Let B be a separable, Z-stable C*-algebra with
QT(B) =T,(B) # 0. Let A be a separable, unital C*-algebra and let w : A — By, be a c.p.c. order-zero
map such that

C:=B,Nrm(A) N{lg —m(1)}" (5-20)

is full in B,, and has strict comparison of positive elements with respect to bounded traces.
Let a, b € C4 be totally full positive elements. Then a and b are unitarily equivalent in C™ if and only
if t(a*) = Tt (b*) for every t € T(C) and k € N.

Proof. Let a, b € C.. be totally full positive elements satisfying 7 (a¥) = 7 (b*) for every 7 € T(C) and
k € N. Without loss of generality, assume that a and b are contractions.

After replacing [Bosa et al. 2019a, Lemma 1.22(iv)] with Lemma A.6(iv), part (i) of the proof of
[loc. cit., Theorem 5.1] shows that the technical hypothesis of Lemma 5.8 is satisfied for every full
hereditary subalgebra D € C. The argument of part (ii) of the proof of [loc. cit., Theorem 5.1] then
shows that f(a) is Cuntz equivalent to f(b) for all f € Cy(0, 1]4+. (This part of the proof of [loc. cit.,
Theorem 5.1] does not make any use of the unit; only strict comparison is needed.) By Lemma 5.8, a and
b are unitarily equivalent by unitaries in C~. The converse is straightforward. g

5E. Proof of the uniqueness theorem. We now have all the ingredients we need for the proof of
Theorem 5.1.

Proof of Theorem 5.1. By hypothesis, ¢1(14) € B is a projection. Hence d; (¢1(14)) = t(¢1(14))
and we immediately can conclude that the map 7 +— d; (¢1(14)) is continuous. Similarly, by (5-1), the
map 7 — d;(¢2(14)) is continuous. Hence, by Lemma A.1, there exist supporting order-zero maps
(;31, qAﬁz : A — B, such that

T(¢i(a)) = 1mez(¢i1/m(a)), acA, teTy(B), i=1,2, (5-21)
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and the maps éi : A — B® are *-homomorphisms. In particular,
A 5-1
T(¢2(a)) R T(¢1(a)), ac€A, teT,(B). (5-22)

By Proposition 1.12, B, has stable rank one in B, . Thus, we may use the 2 x 2 matrix trick
(Proposition 5.2). Recall ¥ (a) := ¢;(a) ® k and define 1}1, 1}2 A —> (B® 2), by @i (a) = ¢3,~ (a)®1z,
with i =1, 2. It is immediate that 1/Afi is a supporting order-zero map for v;. Then define v : A — M (B,,) €

M;((B ® 2),) by )
_ (@ 0 ]
w(a) = ( 0 &2(61)) , acA, (5-23)

and set C := M((B® 2),) N (A)' N {Imy(Bo2);) — 7(14)} We will show that

__(¥1(14) O (0 0
/11 = ( 0 0) and h2 = (O Wz(lA)>

are unitarily equivalent in C™. For nonzero a € A, observe that

Yi(a) O 1&1((1) 0 _
0< ( 0 0) < ( 0 @2(@)) =m(a), (5-24)

and using that ¥r{(a) is full in (B ® 2),, since ¢ (a) is full, we conclude that 7 (a) is full in Mr((B® Z),,).
By construction, the induced map 7 : A — M>(B®) is a *-homomorphism. Thus, by Theorem 5.5, C has
strict comparison.

Notice that 4| € C is full in M»(B,), and hence C is also full in M»(B,). Let p be a trace on C of
the form 7 (7 (x)-), where 1 € T(M>((B ® £),)),x € A4 and t(7(x)) = 1. Set a trace T on B, by
T(b) :=1(1y, ®b® 1z). Thus, as in [Bosa et al. 2019a, Theorem 5.5, equation (5.41)],

p(h]") =3t2(K") = p(hy), meN. (5-25)

By Theorem 5.5, equation (5-25) holds for any trace on C.

A standard strict comparison argument shows that f (k1) and f (hy) are full in C for any f € Cy(0, 1],
so hy and h; are totally full. By Theorem 5.9, A is unitarily equivalent to /1, in C™~. By the 2 x 2 matrix
trick (Proposition 5.2), yr; and v, are unitarily equivalent in (B ® Z)_. (|

6. Nuclear dimension and Z-stability
In this section, we prove Theorems A and B, and deduce Corollaries C and D.

Theorem 6.1. Let A be a simple, separable, nuclear and Z-stable C*-algebra. Then dimy,. A < 1.

Proof. By Theorem 2.7, either A is stably isomorphic to a unital C*-algebra B, or A is stably isomorphic
to a stably projectionless C*-algebra Ay with QT(AO) = Tb (Ag) # 0 and T (Ap) compact.

The stably unital case follows immediately from [Castillejos et al. 2019, Theorem B] together with
Proposition 2.3. Indeed, if A is stably isomorphic to a unital C*-algebra B, then B is also simple, separable,
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nuclear and Z-stable by Proposition 2.3. Hence, dimp,c B < 1 by [loc. cit., Theorem B]. Therefore,
dimyyc A < 1 by a second application of Proposition 2.3.

We now consider the case when A is stably isomorphic to a stably projectionless C*-algebra Ay with
Qf(Ao) = Tb (Ap) # 0 and T (Ag) compact. By Proposition 2.3, Ay is simple, separable, nuclear and
Z-stable. Since Ay is stably projectionless and Z-stable, A¢ has stable rank one in A;” by Theorem 1.10.
Furthermore, Ag has CPoU by Theorem 1.14.

In light of Proposition 2.3, it suffices to prove that dimp,c Ag < 1. We now show this using the same
fundamental strategy of [Bosa et al. 2019a] (taking into account the modification introduced in [Castillejos
et al. 2019]). We shall estimate the nuclear dimension of the first factor embedding j : Ag - A9 ® Z,
j(x) =x ® 1z, in the sense of [Tikuisis and Winter 2014, Definition 2.2]. Since Ag is Z-stable and Z is
strongly self-absorbing, we have dimy,.(Ag) = dimy,(j); see [loc. cit., Proposition 2.6].

Let:: Ag — (Ag), be the canonical embedding. Let & be a strictly positive contraction in Ay, and
let (e,)nen be the approximate identity given by e, := h'/". Then lim,_ o T(e,) = 1 for all T € T (A).
Since T (Ag) is compact, ot € T(Ag) for all t € T,,(Ap) and so for all T € T, (Ag)”* It follows that

lim z(u(ey)) =1, 7 eT,(A)™. (6-1)

Thus applying Lemma 4.1, we obtain a c.p.c. order-zero extension ¢~ : Ay — (Ag), With ‘L’(tN(IAa)) =1
for all T € T,,(Ag)"™*. Writing 1™ : A’ — A{ for the induced map into the uniform tracial ultrapower, we
observe that 1 Aw — (1 AE) is a positive element in Af that vanishes on all limit traces and so must be
zero. Hence, (™ is a unital c.p.c. order zero map and so must be a unital *~-homomorphism.

Let (¢, : Ag — Ao),o, be the sequence of c.p.c. maps constructed in Lemma 3.2, which factorize as
N, 06, through finite-dimensional algebras F), as in (3-7). By construction, the induced map ®: Ag — (Ap)w
is c.p.c. order-zero and the induced map ® : Ag — Ag agrees with the diagonal inclusion 7: Ag — A It
follows that T 0 ® = 7 o for all 7 € T,,(A)**. Hence,

lim 7(®(e,)) =1, 7eT,(A)™. (6-2)

Therefore, applying Lemma 4.1 again, we obtain a c.p.c. order-zero extension @~ : Ay — (Ag), With
(@7 (14;)) =1forall r € T, (Ao)™* Arguing as before, &~ : Ay — A is a unital *-homomorphism.
In fact, we have &~ = (™ since both maps agree on Ag by construction and are unital.

We are almost ready to apply Theorem 5.1 to the c.p.c. order-zero maps ¢~ and ®~. We observe that Ag
is a simple, separable, Z-stable with CPoU, stable rank one in A, QT(AO) = Tb(AO) %0, and T (Ap)
compact; that Ay’ is unital, separable and nuclear; and that both maps induce a unital *-homomorphism
1~ =0~ : Ay — AY. Since ;~ = ®~ and both maps are *-homomorphisms, we have

Tot=t1t0®", t1€T,(A)"", meN. (6-3)

The tracial condition (5-1) follows because T,,(Ag) is dense in T'((Ag),) by Theorem 1.7.

Before we may apply Theorem 5.1, we must show that ™ (x) is full for all nonzero x € A;. By
Proposition 1.5, Ay has strict comparison by bounded traces because Ag is simple, separable, Z-stable
and QT(AO) = fb(Ao) = 0. Hence, (Ap),, has strict comparison in the sense of Lemma A.10.
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Using that Ag is simple and T (Ao) is compact, the minimum y,, :=min;e74) T(a) exists and is strictly
positive for any nonzero a € (Ag)+,1. Since T ot € T(Ap) forany v € T, (Ao)™* we have d (t(a)) > Ya
for any 7 € T,,(Ag)™* Hence, t(a) is full in (Ag), using Lemma A.10.

For any nonzero x € Ay, the ideal I, of A generated by x contains a nonzero positive contraction
a € Ay 1. A simple computation using supporting order-zero maps shows that the ideal of (Ag),, generated
by ¢~ (x) contains ¢~ (/,), which is full since it contains the full element (™ (a). Hence, (™ (x) is full
in (Ap)e-

Fix a positive contraction k € Z, of full spectrum. Applying Theorem 5.1 to the maps ¢~ and &7, we
obtain unitaries w®, w® € (49 ® 2)., such that

x®k=w?®x) kw*, (6-4)
x®@(Uz—k)=wP( @)Uz —kHwP*, xeA. (6-5)

Choose representing sequences (w,(zo))j;O , and (w,(ll))fl<> , of unitaries in (A9 ® Z)~ for w@ and w®,

respectively. We have c.p.c. maps 6, ®6,, : Ay —> F, ® F,and i, : F, & F,, > Ao ® Z, where

iin (30, Y1) 1= w2 (1, (30) @ )w* +wP (n,(y1) ® (12 — k) wP*. (6-6)

Hence, j(x) is the limit, as n — o, of (7, o (6, ® 6,)(x));2, and, since 7, is the sum of two c.p.c.
order-zero maps, dimp,c(j) < 1. Ol

Theorem 6.2. Let A be a nonelementary, simple, separable, nuclear C*-algebra. Then A has finite
nuclear dimension if and only if it is Z-stable.

Proof. Let A be a nonelementary, simple, separable, nuclear C*-algebra. If A is Z-stable, then
dimpuc(A) < 1 < 0o by Theorem 6.1. Conversely, if dimy,.(A) < oo, then A is Z-stable by [Tikuisis
2014, Theorem 8.5] O

Corollary 6.3. The nuclear dimension of a simple C*-algebra is 0, 1 or oo.

Proof. Let A be a simple, separable C*-algebra with finite nuclear dimension. Then, in particular, A
is nuclear. If A is elementary, then dimy,.(A) = 0; otherwise, A is Z-stable by Theorem 6.2. Hence,
dimpyc(A) < 1 by Theorem 6.1. The nonseparable case follows from the separable one as in the proof of
[Castillejos et al. 2019, Corollary C]. U

In [Elliott 1996, Theorem 5.2.2], a stably projectionless, simple, separable, nuclear C*-algebra with
a unique trace, Ko = Z and K| = 0 is constructed as a limit of 1-dimensional noncommutative CW
complexes. By [Gong and Lin 2017, Theorem 1.4], there is a unique C*-algebra with these properties
that has finite nuclear dimension and satisfies the UCT. This C*-algebra is denoted by Z( [Gong and Lin
2017, Definition 8.1], reflecting its role as a stably projectionless analogue of the Jiang—Su algebra Z. An
important further property of Z(, which follows from its construction, is that Z is Z-stable [Gong and
Lin 2017, Remark 7.3, Definition 8.1].

It has recently been shown that simple, separable C*-algebras which satisfy the UCT and have finite
nuclear dimension are classified up to stabilisation with Zy by the Elliott invariant [Gong and Lin
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2017, Theorem 1.2]. The appropriate form of the Elliott invariant in this setting is detailed in [loc. cit.,
Definition 2.9]. In light of the main result of this paper, we can weaken the hypothesis of finite nuclear
dimension in [loc. cit., Theorem 1.2] to that of nuclearity.

Corollary 6.4 (cf. [Gong and Lin 2017, Theorem 1.2]). Let A and B be simple, separable, nuclear
C*-algebras which satisfy the UCT. Then

ARZY=EB®Zy ifandonlyif EI(A® Zy) =EI(BQ Zy).

Proof. Since A and Zj are simple, separable and nuclear, so is A® Zy. Using that 2 is Z-stable, it follows
that A ® 2 is Z-stable. Therefore, dimy,c A ® Zy < 1 by Theorem A. Similarly, dimy,c B ® Zy < 1. The
result now follows from [Gong and Lin 2017, Theorem 1.2]. O

7. Decomposition rank and Z-stability

Using the machinery developed to prove Theorem A, we can also prove similar results for the decomposi-
tion rank of simple Z-stable C*-algebras under suitable finiteness and quasidiagonality assumptions. To
this end, we recall the definition of quasidiagonality for tracial states.

Definition 7.1 (cf. [Brown 2006, Definition 3.3.1]). Let A be a C*-algebra. A tracial state T € T (A) is
quasidiagonal if there exists a net!! of c.p.c. maps ¢, : A — M, (C) with ||¢,(ab) — ¢, (a)p,(b)|| — O
and try, (¢, (a)) — t(a).

In the unital case, the c.p.c. maps in Definition 7.1 can be taken to be unital (see the proof of [Brown and
Ozawa 2008, Lemma 7.1.4]). Moreover, a trace T € T (A) is quasidiagonal if and only if its extension to
A" is quasidiagonal [Brown 2006, Proposition 3.5.10]. We write T p(A) for the set of all quasidiagonal
tracial states on A.

We can now state a decomposition-rank version of Theorem A.

Theorem 7.2. Let A be a simple, separable, nuclear and Z-stable C*-algebra. Suppose further that A is
stably finite and that T (B) = T p(B) for all nonzero hereditary subalgebras B C A ® K. Then dr(A) < 1.

Proof. By Theorem 2.7, either A is stably isomorphic to a unital C*-algebra B, or A is stably isomorphic
to a stably projectionless C*-algebra Ao with QT(AO) = fb(Ao) # 0 and T (Ag) compact.

In the first case, B is simple, separable, nuclear and Z-stable by Proposition 2.3. Moreover, B is finite
and T'(B) = Top(B) by our additional hypotheses on A. Hence dr(B) < 1 by [Castillejos et al. 2019,
Theorem B]. By Proposition 2.3 once more, dr(A) < 1.

In the second case, we have that T (Ag) = Top(Aop) by our additional hypotheses on A, so in the proof
of Theorem 6.1 the maps 6, from Lemma 3.2 can be taken to be approximately multiplicative. Therefore,
dr(Ap) <1 by [Bosa et al. 2019b, Lemma 1.9]. Hence, dr(A) < 1 by Proposition 2.3. O

Remark 7.3. If A is a simple, separable, nuclear C*-algebra in the UCT class, then T(B) =T (B)op for
all hereditary subalgebras B € A ® K by [Tikuisis et al. 2017, Theorem A] since the UCT class is closed
under stable isomorphism.

HWhen A is separable, one can work with sequences instead of general nets.
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As with nuclear dimension, we obtain a trichotomy result for decomposition rank as a corollary of
Theorem 7.2.

Corollary 7.4. The decomposition rank of a simple C*-algebra is 0, 1 or oo.

Proof. Elementary C*-algebras have decomposition rank zero and so are covered by this result.

Let A be a nonelementary, simple, separable C*-algebra with finite decomposition rank. Then A has
finite nuclear dimension, and so is Z-stable by [Tikuisis 2014, Corollary 8.6]. Since dr(A) < oo, A is
stably finite and 7' (A) =Ty p(A).'2 Moreover, by Corollary 2.2 and Proposition 2.3, dr(B) = dr(A) < oo
for any nonzero hereditary subalgebra B € A ® [<. Therefore, we have T(B) = Top(B). Now, dr(A) <1
by Theorem 7.2.

The nonseparable case follows from the separable case as in the proof of [Castillejos et al. 2019,
Corollary C] since the proof of [Winter and Zacharias 2010, Proposition 2.6] works equally well for
decomposition rank. (|

Appendix: Nonunital lemmas

The purpose of this appendix is to state appropriate nonunital versions of the technical lemmas from
[Bosa et al. 2019a]. In cases where substantial modifications to the proof are required, we give full details.
In cases where the modifications are trivial, we refer the reader to the proof of the corresponding result
from [loc. cit.] and explain the modifications in a remark.

We begin with the existence of supporting order-zero maps.

Lemma A.1 (cf. [Bosa et al. 2019a, Lemma 1.14]). Let A, B, be C*-algebras with A separable and
unital, set B, :=[], By, and suppose that S C B,, is separable and self-adjoint. Let ¢ : A — B, NS’ be

a c.p.c. order-zero map. Then there exists a c.p.c. order-zero map qS : A — B, NS such that
¢(ab) = p(@)$(b) = p(@(b), a.be A. (A-1)

Suppose now that T (By,) is nonempty for all n € N. If the map t — d(¢(14)) from T,(B,)"* to
[0, 1] C R is continuous (with respect to the weak*-topology) then we can, in addition, arrange that

1(§(@) = lim 7(¢!/"(@). a€ A TEeT,(B). (A-2)

where order-zero map functional calculus is used to interpret ¢!/ In this case, the induced map

dA) : A — B® is a *-homomorphism.

Remarks. The proof of [Bosa et al. 2019a, Lemma 1.14] only actually requires continuity of T+ d; (¢ (14))
on T,(B,)"* (as opposed to T (B,)) and T, (B,)"* is compact in the nonunital case too. There is no
further use of the unitality of the B, in the proof of [loc. cit., Lemma 1.14]. O

120ne can reduce to the unital case because dr(A) = dr(A™) [Kirchberg and Winter 2004, Proposition 3.4]. Then T (A) =
Top(A) by [Bosa et al. 2019a, Proposition 8.5]. Stably finiteness of A follows from [Kirchberg and Winter 2004, Proposition 5.1]
and [Brown and Ozawa 2008, Theorem 7.1.15] for example.
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We now record some more straightforward applications of the Kirchberg’s epsilon test. These results
are almost identical to those proven in [Bosa et al. 2019a, Section 1]. However, we shall need slightly
more general statements because we wish to apply them to the algebras of the form B, N S' N {15~ — d)*.

Lemma A.2 (cf. [Bosa et al. 2019a, Lemma 1.16]). Let (B,);2 | be a sequence of C*-algebras and set
By, :=[1, Bn- Let Sy, Sy be separable self-adjoint subsets of B,,, and let T be a separable subset of
B,NSN Szl. Then there exists a contraction e € (B, N S| N SZL)Jr that acts as a unit on T, i.e., such that
et =te=tforeveryt eT.

Remarks. The only change to the statement is that Sy, S> are subsets of B, (as opposed to B,,). The proof
is not affected. U

Lemma A.3 (cf. [Bosa et al. 2019a, Lemma 1.17]). Let (B,);2 | be a sequence of C*-algebras and set
B, :=1], Bn. Let Si, S be separable self-adjoint subsets of B,,, and set C := B, N S| N Sj‘.

(1) Let hy, hy € Cy. Then hy and hy are unitarily equivalent via a unitary from C™ if and only if they are
approximately unitarily equivalent; i.e., for any € > 0 there exists a unitary u € C~ with uhju* ~¢ h;.

(ii) Let a € C. Then there exists a unitary u € C™ with a = ula| if and only if for each € > 0 there exists
a unitary u € C~ with a =~ ulal.

(iii) Let hy, hp, € Cy. Then hy and hy are Murray—von Neumann equivalent if and only if they are
approximately Murray—von Neumann equivalent; i.e., for any € > 0 there exists x € C with xx™ ~¢ h
and x*x ~. hy.

Remarks. The statement of [Bosa et al. 2019a, Lemma 1.17] uses the convention that C™ := C when C is
already unital. In this paper, we use the convention that a new unit is still adjoined, so C~ = C & C when
C is unital. The choice of convention does not affect the validity of the lemma.'?® Apart from this, the
only change to the statement is that S, S, are subsets of B, (as opposed to B,,), which does not affect
the proof. U

Lemma A.4 (cf. [Bosa et al. 2019a, Lemma 1.18]). Let (B,):2, be a sequence of C*-algebras with T (B,,)
nonempty for each n € N. Write B, := [ [, Bn. Let So be a countable self-adjoint subset of (By,)+ and let
T be a separable self-adjoint subset of B,. If x, f € (B, NS, NT"), are contractions with x < f and
with the property that for all a € Sy there exists y, > 0 such that T(af™) > y, forallm e N, 7 € T,(By),
then there exists a contraction [’ € (B, NS,NT") such that x < f' < f and t(a(f')") = y, for all
meN, teT,(B,),anda € Sy.

If each By, is simple, separable, Z-stable and Q?(Bn) = T,(By) # 0 for all n € N, then the above
statement holds with T (B,) in place of T,,(B).

Remarks. The only change to the proof of [Bosa et al. 2019a, Lemma 1.18] is to replace min.c7(p,) with
infre7(B,) in [loc. cit., equation (1.34)], as the minimum need not exist in the nonunital case. The final sen-
tence follows since T, (B,,) is weak*-dense in T, (B,,) under the additional hypotheses by Theorem 1.7. [J

BEor example, if C is unital, 41, h, are unitary equivalent in C if and only if they are unitary equivalent in C & C.
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Lemma A.S (cf. [Bosa et al. 2019a, Lemma 1.19]). Let (By);2 | be a sequence of separable C*-algebras
with T (B,) # @ for each n € N and set B, :=[], B,. Let A be a separable, unital C*-algebra and let
w:A— B, beac.p.c. order-zero map such that 7w (1,) is full and the induced map 7w : A — B® is a
*-homomorphism. Define C := B, N7 (A) N {lp> — 7(1a)}: Let S € C be a countable self-adjoint
subset and let S denote the image of S in B®:

(i) Then the image of C N S’ in B® is precisely
7 (1) (B®N7(A) NS) = B*N7(A) NS N{lpey —a(1)}, (A-3)

a C*-subalgebra of B® with unit 7w (1,).

(i) Let T € T,(By) be a limit trace and a € A+ and form the tracial functional p == t(7w(a)-) on C.
Then ||p|| = t(w(a)). If each B, is additionally simple, Z-stable and Q?(Bn) = Tb(Bn) %0 for all
n € N, then this holds for all traces T € T (By).

Remarks. The proof of [Bosa et al. 2019a, Lemma 1.19] does not need the B, to be unital. Note that
the notation {1~ — (1 D s just an alternative notation for subalgebra on which 7 (14) acts as a unit,
and similarly for {Igey~ — (1 A)}*. The final sentence of (ii) follows since T, (B,,) is weak*-dense in
T,(B,) under the additional hypotheses by Theorem 1.7. O

Next, we consider some properties of ultraproducts of separable, Z-stable C*-algebras.

Lemma A.6 (cf. [Bosa et al. 2019a, Lemma 1.22]). Let (B,),en be a sequence of separable, Z-stable
C*-algebras and set B, := ], By. Then:

(1) If S € B, is separable, then there exist isomorphisms ¢, : B, — B, ® Z such that the induced
isomorphism ® : B, — [[,(B,® Z) mapsx € Stox® 1z € (]_[w B,,) ®ZC]][,(B.® 2).

(ii) Let S, S» € B, be separable and self-adjoint. For any separable subset T < B, NS} N Sj, there
exists a c.p.c. order-zero map V : Z — B, NS N 52L N T’ such that ¥ (1z) acts as a unit on T.

(ii") Let S1, S» € B, be separable and self-adjoint. For any separable subalgebra C € B, N S N Sj‘,
there exists a *-homomorphism ¥V : C ® Z — B, NS N SQL such that W (x ® 1z) = x forall x € C.

(iii) If each By, is projectionless, then By, has stable rank one in B .

@iv) If S € B, is separable and self-adjoint, and b € (B, N S') ., then for any n € N there exists
¢ € (B,NS)y with c <b such that n[c] < [b] < (n+ D[c]in W(B,NS).

Proof. Observe that (i) is the same as in [Bosa et al. 2019a, Lemma 1.22(i)] and follows as Z is strongly
self-absorbing.

For (ii), by Lemma A.2, there exists a positive contraction & € B, N S| N S2L that acts as a unit on 7.
Set §:=81USUTU{h}. Let ®: B, — [[, (B, ® Z) be the isomorphism from (i) with ®(x) =x ® 1z
for all x € S. Define a c.p.c. order-zero map ' : Z — [, (B, ® Z) by ¥'(z) := h ® z. By the choice of &,
V¥ (1z) acts as a unit on 7' ® 1 z and the image of ¥ lies in (B, ®1z)N(S1®12)' N(S$H® 12)TN(TR1z).
Now set i/ := ®~ ! o1,
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For (ii’), by part (ii), there exists a c.p.c. order-zero map v : Z — B, N S| N 52L N T’ such that ¥ (1z)
acts as a unit on C. Since Z is nuclear, we can define a c.p.c. order-zeromap ¥ : C® Z — B, NS N SQL
by x ® 2+ x¥(z). Let x;, x, € C and z1, 72 € Z. Then

Vx; @ 2DV (x1 ®@z1) = x1¥ (21)x2¢ (22)
=x1x2¥ (12)¥(2122)
=x1x2V(2122)
= W(x1x2 ®2z122), (A-4)

where we have used the order-zero identity in the second line. Hence, W is in fact a *-homomorphism.
Moreover, we have V(x ® 1z) =x¢(1z) = x forall x € C.
Part (iii) follows by combining Theorem 1.10 with Proposition 1.12.
For (iv), let C be the C*-algebra generated by b. By (ii’), there is a *~-homomorphism ¥ : CQ Z — B,NS".
By [Rgrdam 2004, Lemma 4.2], there exists e, € Z; 1 withn[e,] <[1z] < (n+1)[e,]. Setc: =V (b®e;,).
g

The following lemmas are crucial to the results of [Bosa et al. 2019a, Section 5]. The proof of the first
needs to be adapted slightly to the nonunital setting.

Lemma A.7 (cf. [Bosa et al. 2019a, Lemma 2.1]). Let (B,); | be a sequence of Z-stable C*-algebras
and set By, =[], Bn. Let S C B, be separable and self-adjoint, and let d € (B, N S") 4 be a contraction.
Suppose that x, f € C := B, NS N{1p~ —d}* are such that xf = fx =0, f >0and f is full in C.
Then x is approximated by invertibles in C™.

Proof. By Lemma A.2 (with T := {x*x, xx*}, §| := §, 8 := {1p> —d, f}), we obtain a contraction
e € C, such that xx* x*x < e and ef = 0. Polar decomposition yields ex = xe = x. As in the proof
of [Bosa et al. 2019a, Lemma 2.1], we may find a separable subalgebra Cy of C containing x, e, and f
such that f is full in Cp. By Lemma A.6(ii’), there is a *~-homomorphism ¥ : Cy ® Z — C such that
U(x ® 1z) = x for all x € Cy. By [Robert 2016, Lemma 2.1], x ® 1z is a product of two nilpotent
elements n, ny, € Co® Z. It follows that x = W (x ® 1z) = W (n;)W¥(ny) is the product of two nilpotent
elements in C. If y € C is nilpotent and € > 0, the operator y 4 € 1¢~ is invertible in C™ (with inverse
— Z,iv:l(—e)_k y*=1, where N e N satisfies y¥ = 0). Therefore, x can be approximated by invertible
elements in C™. |

Lemma A.8 (cf. [Bosa et al. 2019a, Lemma 2.2]). Let (B,)> | be a sequence of Z-stable C*-algebras
and set By, =[], Bn. Let S C B, be separable and self-adjoint, and let d € (B, N S") 4 be a contraction.
Suppose that x, s € C := B, NS N{1p~ —d}* are such that xs = sx =0 and s is full in C. Then x is

approximated by invertibles in C™.

Proof. Let Cy be the C*-subalgebra of C generated by x and s. By Lemma A.6(ii’), there exists a
*-homomorphism ¥ : Co ® Z — C with W(y ® 1z) = y for all y € Cy. Let z;, 2o € Z; be nonzero
orthogonal elements. Set s’ := W (s ® z1) and f := ¥(|s| ® z2). As in the proof of [Bosa et al. 2019a,
Lemma 2.2], it follows by Lemma A.7 (with s” in place of x) that s is approximated by invertibles
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in C™. We finish the proof exactly as in the proof of [loc. cit., Lemma 2.2], where we replace [loc. cit.,
Lemma 1.17] with Lemma A.3, and [loc. cit., Lemma 2.1] with Lemma A.7. O

Lemma A.9 (cf. [Bosa et al. 2019a, Lemma 5.4] and [Robert and Santiago 2010, Lemma 2]). Let B be a
separable, Z-stable C*-algebra and let A be a separable, unital C*-algebra. Let w : A — B, be a c.p.c.
order-zero map such that

C:= Bwﬂﬂ'(A)/ﬂ{IBg—ﬂ(lA)}J' (A-5)

is full in B,,. Assume that every full hereditary subalgebra D of C satisfies the following: if x € D is such
that there exist totally full elements e;, e, € D4 such that e;x = xe, = 0, then there exists a full element
s € D such that sx =xs =0. Lete, f, ', «, B € C4 be such that

a<e, a~B<f, and f~ f <e. (A-6)
Suppose also that there exist d., dy € C4 that are totally full such that

d,<e, d,axa=0,

(A-7)
df < f, df,B =0.

Then there exists ¢’ € C such that
a<e e and a+ée ~pB+f. (A-8)

Remarks. The proof of [Robert and Santiago 2010, Lemma 2] does not assume unitality. The proof
from [Bosa et al. 2019a] is still valid after replacing [loc. cit., Lemma 1.17] with Lemma A.3, [loc. cit.,
Lemma 2.2] with Lemma A.8, and using 1~ in place of 1p,. O

The following lemma concerns the interplay between strict comparison and ultraproducts in the
nonunital setting.

Lemma A.10 (cf. [Bosa et al. 2019a, Lemma 1.23]). Let (B,)52 | be a sequence of C*-algebras with
T (By) nonempty and set B, := [], Bn. Suppose each B, has strict comparison of positive elements
with respect to bounded traces. Then B, has strict comparison of positive elements with respect to limit
traces, in the following sense: if a, b € My (B,)+ for some k € N satisfy d;(a) < d;(b) for all T in the
weak*-closure of T,(By,), then a < b.

Remarks. The proof is identical to that of [Bosa et al. 2019a, Lemma 1.23]. However, it is important to
note that, in the nonunital case, we do not necessarily have that YTBCU)“’* C T(B,), as the later need
not be closed. Indeed, we may have 0 € T,(B,)"* in which case d,(a) < d.(b) cannot hold for all
7 € Ty(By)"™ O

Finally, we record a technical lemma needed for the proof of the main theorem of the property (SI)
section.

Lemma A.11 (cf. [Bosa et al. 2019a, Lemma 4.9]). Let B be a simple, separable, C*-algebra with
Qf(B )= fb(B) # 0. Suppose B has strict comparison of positive elements by bounded traces. Let A be
a separable, unital C*-algebra and let w : A — B, be a c.p.c. order-zero map. Let a € A be a positive
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contraction of norm 1. Then there exists a countable set S C A, \ {0} such that the following holds: if
e,t,he(B,Nw(A)N {1 — w(14)}5) 4 are contractions such that

ecJp, and h<t, (A-9)

and if for all b € S, there exists v, > 0 such that
t(w(b)h) > vy, 1€ T,H(By), (A-10)

then there exists a contraction r € B,, such that
m(@)r=tr=r and r'r=e. (A-11)

Remarks. The proof of [Bosa et al. 2019a, Lemma 4.9] works in our situation using Lemma A.10 in place
of [loc. cit., Lemma 1.23]. O
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ON THE REGULARITY OF MINIMIZERS FOR
SCALAR INTEGRAL FUNCTIONALS WITH (p, 4)-GROWTH

PETER BELLA AND MATHIAS SCHAFFNER

We revisit the question of regularity for minimizers of scalar autonomous integral functionals with so-
called (p, q)-growth. In particular, we establish Lipschitz regularity under the condition £ < 1 + % for
n > 3, improving a classical result due to Marcellini (J. Differential Equations 90:1 (1991), 1-30).

1. Introduction and main results

In this note, we consider the problem of regularity for local minimizers of

J-"[u]:z/s;f(Vu)dx, (D

where @ CR”, n > 2, is a bounded domain and /" : R” — R is a sufficiently smooth integrand satisfying
(p, q)-growth of the form:

Assumption 1. There exist 0 < m < M < oo such that f" € C?(IR") satisfies for all z, A € R”
m|z|P < f(z) = M(1+|z]7),
{m(1 + 12132 A2 < (D2 f(2)h0) < M(1 + 21" A2,
Regularity properties of local minimizers of (1) in the case p = ¢ are classical; see, e.g., [Giusti 2003].

A systematic regularity theory in the case p < ¢ was initiated in [Marcellini 1989; 1991]. In particular,
Marcellini [1991] proved:

(2)

(A) If2<p<gqgand % <1+ % if n > 3, then every local minimizer u € Wlééq(Q) of (1) satisfies
uewhe(Q).

loc

B) If2< p <q and % <1+ %, then every local minimizer u € Wl;ép(Q) of (1) satisfies u € WI’OO(Q).

loc

We emphasize that establishing Lipschitz-regularity is the crucial point in the regularity theory for
functionals with (p, ¢)-growth in the form (2). Indeed, local boundedness of the gradient implies that the
nonstandard growth of " and D? f becomes irrelevant and higher regularity (depending on the smoothness
of f) follows by standard arguments; see, e.g., [Marcellini 1989, Chapter 7] and Corollary 7 below.

By now there is a large and quickly growing literature on regularity results for minimizers of functionals
with (p, g)-growth and more general nonstandard growth; we refer to [Mingione 2006] for an overview.

MSC2010: 35B65.
Keywords: nonuniformly elliptic equations, local Lipschitz continuity, (p, g)-growth, nonstandard growth conditions.
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Under additional structural assumptions on the growth of f, for example anisotropic growth of the form

n n
mYy_ |zlP < f(2) < MY (1429,
i=1 i=1
more precise and sharp assumptions on the involved exponents that ensure higher regularity are available
in the literature; see, e.g., [Cupini et al. 2015; Fusco and Sbordone 1993]. Regularity results under general
structural assumptions beyond polynomial growth can be found, e.g., in [Lieberman 1991; Marcellini
1993]; see also the recent result [Eleuteri et al. 2020], where convexity is only imposed “at infinity”.
Moreover, rather sharp conditions are known for certain nonautonomous functionals; see, e.g., [Baroni
et al. 2018; Colombo and Mingione 2015; De Filippis and Mingione 2020; Esposito et al. 2004], where
also Holder-continuity of the integrand f in the space variable has to be balanced with p, ¢, and n. In
[Carozza et al. 2014; Esposito et al. 1999] higher integrability results for autonomous integral functionals
can be found that are also valid in the case of systems.

To the best of our knowledge, there is no improvement of the results (A) and (B) with respect to the
relation between the exponents p, ¢ and the dimension n available in the literature (without any additional
structure assumption or further a priori assumptions on the minimizer, e.g., boundedness as in [Bousquet
and Brasco 2020; Carozza et al. 2011]). In the present paper, we give such an improvement in the case
n > 3. Before we state the results, we recall a standard notion of local minimizer in the context of
functionals with (p, ¢)-growth.

1(Q) a local minimizer of F given in (1) if and only if

f(Vu) € Li ()

Definition 2. We call u € W'

loc

and

f f(Vu)dx < f(Vu+Vo)dx
supp ¢

supp ¢

for any ¢ € W11 (Q) satisfying supp ¢ € Q.
The main results of the present paper can be summarized as:

Theorem 3. Let Q C R”, n > 2, and suppose Assumption 1 is satisfied with 2 < p < g < 0o such that

2<1—|—

P n—73
Letue W4 (R2) be a local minimizer of the functional F given in (1). Then, u € WI’OO(Q).

loc loc

if n>4. 3)

Theorem 4. Ler @ C R", n > 2 and suppose Assumption 1 is satisfied with 2 < p < g < oo such that

q . 2
—<1l4+minq 1, ——¢. 4)
P n—1

LetueW'! (R2) be a local minimizer of the functional F given in (1). Then, u € I/Vlééoo(ﬂ)

loc

Remark 5. Notice that Theorems 3 and 4 improve the results (A) and (B) with respect to the assumptions
on % in dimensions n > 3. The results in [Marcellini 1991] apply to more general situations in the sense
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that (smooth) spatial dependence of f is allowed, a bounded right-hand side is included and nonlinear
elliptic equations that not need to be Euler—Lagrange equations of integral functionals of the type (1)
are considered. In order to present the new ingredients in the simplest setting we focus on the case of
autonomous integral functionals with no right-hand side (as in [Marcellini 1989]). Very recently [Beck
and Mingione 2020] sharp criteria for Lipschitz-regularity of minimizers of variational integrals with
respect to the right-hand side were obtained under the assumption % <1+ % It would be of interest to
see whether such results can be extended to the case % <14 % if n > 3.

Remark 6. We do not know whether assumptions (3) and (4) are respectively optimal in Theorems 3 and 4.
It is known that Lipschitz-regularity and even boundedness of minimizers fail if % is too large depending
on the dimension 7. In particular it is known that in order to ensure boundedness it is necessary that
% — 1 if n — o0; see [Giaquinta 1987; Hong 1992; Marcellini 1989; 1991] for related counterexamples.
In particular, it is shown in [Hong 1992] that the functional

/ |Vu|? + |ux, |* dx,
Q

which satisfies (2) with p =2 and ¢ = 4, admits an unbounded minimizer if #n > 6. Clearly, this does not
match condition (4) in Theorem 4 and even not condition (3).

As already mentioned, once boundedness of the gradient is established, higher regularity follows by
standard arguments; see, e.g., [Marcellini 1989, Proof of Theorem D]. Let us state (without proof) a rather
direct consequence of Theorem 4.

Corollary 7. Let Q C R", n > 2, and suppose Assumption 1 is satisfied with 2 < p < g < 0o such that
(4) holds. Moreover, suppose that z — f(z) is of class Cll;;a for some integer k > 2 and a € (0, 1). Let
ue Wl;él (R2) be a local minimizer of the functional F given in (1). Then, u € ckt2.e ().

loc

The proofs of Theorems 3 and 4 are in several aspects similar to the approach of [Marcellini 1989;
1991]. Following [Marcellini 1991], we prove Theorem 3 appealing to the difference quotient method
in order to differentiate the Euler—Lagrange equation and use a variant of Moser’s iteration argument
[1960] to prove boundedness of the gradient. The improvement compared to the previous results lies in a
recent refinement of Moser’s iteration argument in the context of the linear nonuniformly elliptic equation,
obtained by us in [Bella and Schéffner 2019] (see [Bella and Schiffner 2020] for an application to finite
difference equations and stochastic analysis). In order to illustrate the relation between Theorem 3 and
local boundedness results for nonuniformly elliptic equation, we suppose for the moment that f satisfies
(2) with 2 = p < ¢g. A local minimizer u € Wléc’q (2) of (1) satisfies the Euler-Lagrange equation

V-Df(Vu) =0
and thus, by differentiating,

V-D*f(Vu)V(;u) =0 forj=1,...,n. (5)
The coefficient D? f(Vu) is nonuniformly elliptic and we have by (2) and the assumption u € Wléc’q ()

2 2 ¢ 2 o 2\ 452 P
m|A|° < (D” f(Vu)A,A) < u|A|®, where p:= M1+ |Vu|?) 2 € L ()

loc
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(recall p = 2). Classic regularity results for linear nonuniformly elliptic equations, due to [Murthy and
Stampacchia 1968; Trudinger 1971], yield local boundedness of d;u if

q—2 2 q n 2

I =1 ,

q n 2 n-—-2 + n—2

which is precisely Marcellini’s condition (A) (in the case p = 2). Very recently, we improved in [Bella and
Schiffner 2019] the assumptions of [Murthy and Stampacchia 1968; Trudinger 1971] and established local
boundedness and validity of the Harnack inequality for linear elliptic equations under essentially optimal

assumptions on the integrability of the coefficients; see [Franchi et al. 1998] for related counterexamples.
Applied to (5), the results of [Bella and Schiffner 2019] yield local boundedness of d;u if

q—2< 2 — q<n—1_1+ 2
q n—1 2 n-3 n—3

’

which is precisely condition (3). For p > 2 the results of [Bella and Schiffner 2019] applied to (5) do
not give the claimed condition (3) and thus we need to combine the reasoning of [Marcellini 1991] with
arguments of [Bella and Schéffner 2019] and provide an essentially self-contained proof of Theorem 3.
Theorem 4 follows from Theorem 3 by a combination of an interpolation argument (similar to [Marcellini
1991, Theorem 3.1]) and a suitable approximation procedure (inspired by [Esposito et al. 1999]).

The paper is organized as follows: In Section 2, we recall some results from [Marcellini 1991] and
present a technical lemma which is used to derive an improved version of the Caccioppoli inequality,
which plays a prominent role in the proof of Theorem 3. In Section 3, we prove Theorem 3 and provide a
useful a priori estimate via interpolation; see Corollary 12. Finally, in Section 4, we establish Theorem 4
as a consequence of Corollary 12 and an approximation argument.

2. Preliminary lemmas
Fora >2and k > 0, let g, x : R — R be the unique C !(R)-function satisfying
ok (O) = 1(1+12)“T for|t| <k, (©6)

and which is affine on R\ {|z| < k}. Moreover, we set

(7)

The following bounds on G, x are derived in [Marcellini 1991]

Lemma 8 [Marcellini 1991, Lemma 2.6]. For every a €[2, 00) and k > 0 there exists c = c(a, k) €[1, 00)
such that for all t € R

Ga,k([) = Coe,k(l + tz)’ (8)

14+k2\ T .
Ga,k(z)sz( Zf ) T+t )
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Appealing to the difference quotient method, it was proven in [Marcellini 1991] that local minimizers
of (1) satisfying Wléc’q (2) integrability enjoy higher differentiability:

Lemma 9. Let Q@ C R", n > 2, and suppose Assumption 1 is satisfied with 2 < p < q < oo. Let

ue I/Vl;;q (R2) be a local minimizer of the functional F given in (1). Then, u € I/Vlgcz(Q) Moreover, for

everyne CH(Q),anys € {1,...,n} and any a > 2,
2,/ 2,252 2 M 2 2y 452
o7 8ok )L+ [Vu|%) 2 |V [“dx = — = Q|V77| Gk (ux, )1+ |Vul?) 2 dx. (10

Lemma 9 is essentially proven in [Marcellini 1991]. However, estimate (10), which is the starting
point for our analysis, is not explicitly stated in that work (as mentioned above, that work deals with
more general equations, and additional terms appear on the right-hand side to which our methods do not
directly apply) and thus we sketch the proof of Lemma 9 following the reasoning of [Marcellini 1991].

Proof of Lemma 9. First, we note that since u € Wl;;q () and |Df(z)| < c¢(1 + |z])9~! for some
c=c(M,n,q) €[1,00) (by (2)), we obtain that u solves the Euler-Lagrange equation

/ (Df(Vu),Ve)dx =0 forall p € W4(Q) with suppg € Q. (11)
Q
For s € {1,...,n}, we consider the difference quotient operator

Ty pU = %(v(~ +heg) —v), whereve Ll

loc

(R™).
Fixne Cc1 (£2). Testing (11) with ¢ := 745 _ (nzga,k (t5,n1)), wWe obtain
(1= [ ) s DI (0. 5,00
= =2 [ W0k (o) 5 DF (Vi) V) dx = (ID),
Writing 75 4 Df (Vu) = LDf(Vu + thtg ,Vu) ‘Z(l), the fundamental theorem of calculus yields
/gz /01 nzg('x’k(rs’hu)(sz(Vu + thtg ,Vu))ts 4, Vu, 75, Vu) dt dx
=) =)

1
=—2/ / r]ga,k(rs,hu)(sz(Vu—I—Zhrs’hVu)ts,hVu,Vn) dtdx. (12)
QJO

Young’s inequality and the definition of G4 x, see (7), then yield

(11| < (1) +2(111), (13)
where

1
(II1) ;=/[ Gk (Ts p0)(D? f(Vu + thtg , Vu)Vn, Vi) dt dx.
QJo
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Combining (12), (13) with the assumptions on D? f, see (2), we obtain for all @ > 2

! 2 2\ 252 2
m// n°gy k (Ts,nt)(1 + |Vu +thty , Vul|™) 2 |1, , Vu|= dx
QJo ’

< (I) <4(IIT)
1 _
§4M// G (o) (| + |V + thy ,Vul?) ‘T |Vy|Fdx.  (14)
QJO

Estimate (14) with o = 2 (and thus g, =1, glz,k =land G x(¢) = t%; see (6), (7)), the assumption
ue VVléC’q(Q) and the arbitrariness of n € C1(Q) and s € {1,...,n} yield u € sz)c’z(Q). Finally, by
sending / to zero in (14) we obtain the desired estimate (10) (for this we use that G  is quadratic for
every k > 0, see (8), and thus Gy x (75 ptt) — Gy i (Ux,) in L%(Q’) for any Q' € Q). O

To this point, we essentially recalled notation and statements from [Marcellini 1991]. Following that
work, we will combine (10) with a Moser-iteration-type argument to establish the desired Lipschitz-
estimate. In contrast to [Marcellini 1991], we optimize estimate (10) with respect to 1, which will enable
us to use Sobolev inequality on spheres instead of balls. The following lemma captures the needed
improvement due to a suitable choice of the cut-off function 7:

Lemma 10. Fixn > 2. For given 0 < p < o < oo and v € L' (By) consider

J(p,o,v) = inf{[ lv]|Vn|? dx
Bs

o 8 %
J(p,o,v)g(a—p)—(“ré)(/ (/S |v|) dr) . (15)
Y r

Proof of Lemma 10. Estimate (15) follows directly by minimizing among radial symmetric cut-off

neCy(Bs). n=0,n=1in B,,}.

Then for every § € (0, 1]

functions. Indeed, we obviously have for every € > 0

J(p,0,v) < inf{/a 7 (r)? (/S [v] +8) dr
4 r

For ¢ > 0, the one-dimensional minimization problem Ji4 ¢ can be solved explicitly and we obtain

o -1 -1
Jide = (/ (/ |v] +8) dr) . (16)
Y r

Let us give an argument for (16). First we observe that using the assumption v € L!(B,) and a simple

neCl(p.0). n(p)=1,n(0) = 0} =:J1d,e-

approximation argument we can replace 7 € C!(p,0) with n € W1%°(p, o) in the definition of Jyq.
Let 7 : [p, 0] = [0, 00) be given by

o -1 ,r
nr)y:=1- (/ b(r)™! dr) / b(r)y"'dr, whereb(r):= fs, lv] + e.
e o
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Clearly, j € W1 (p, o) (since b > & > 0), #(p) = 1, (o) = 0, and thus

o o -1
Jld,gsf f/(r)zb(r)dr=(/ b(r)—ldr) .
o p

The reverse inequality follows by Holder’s inequality: For every n € W1 (p, o) satisfying n(p) = 1
and n(o) = 0, we have

1= ([: 7 (r) dr)2 < f: 7' (r)2b(r)dr /pab(r)_l dr.

Clearly, the last two displayed formulas imply (16).
Next, we deduce (15) from (16). For every s > 1, we obtain by Holder inequality

e [ ([ (D)

with b as above, and by (16) that

1

Jige < (0 —,())_ssl(/p(7 (/’ v +€)s_1 d’)s_l-

Sending ¢ to zero, we obtain (15) with§ =s—1 > 0. O

3. Proof of Theorem 3

The main result of this section is the following

Theorem 11. Let Q@ C R", n > 3, and suppose Assumption 1 is satisfied with 2 < p < g < 0o such that

(3) holds. Fix
2q q
0= ifn>4 and 0>= ifn=3. a7
(n—1p—(n—=3)q P
Let u € Wkl)c’q(Q) be a local minimizer of the functional F given in (1). Then, there exists ¢ =
c(n,m, M, p,q,0) €1, 00) such that for every Br(xg) € Q and any p € (0, 1)

1 G 1
1+ 1Vul)2 | oo (8, xop < (=) R[4+ V)2 845 (xon)- (18)

Proof of Theorem 3. Theorem 11 contains the claim of Theorem 3 in the case n > 3 and 2 < p < ¢g. The

remaining case n = 2 is contained in [Marcellini 1991, Theorem 2.1] and the statement is classic for
p=q. O
Proof of Theorem 11. Throughout the proof we write < if < holds up to a positive constant which depends
only onn,m, M, p and q.
Step 1: One step improvement. Suppose that B, € 2. We claim that for every

-3

y €(0,1] satisfying "—1 <y (19)
’/l pa—
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there exists ¢ = c(y,n,m, M, p,q) €[1, 00) such that for every % <p<o=<landanya>2

(141 2
||¢a+p—2||%4/1.2(3p) = caz(U - p) (H_y)||¢((x+q—2)y||;,/V1.2(30)’ (20)
where we use the shorthand ,
B
¢p:=) (1+u3 )+ forf>0. 1)
Jj=1

Moreover, there exists ¢ = c(n,m, M, p,q) € [1, c0) such that for every 0 < p < ¢ <2 and any @ > 2

IVoasp-2l72(p,) = c@ (0 =P *IPa+q—2172(p,)- (22)

Substep 1.1: We claim that there exists ¢ = ¢(y,n,¢) € [1,00) such that for every k > 0, o > 2,
se{l,...,n},and%§p<a§1

. a2 .
lok,s(p,0) = lnf{/B V1112 G g (e, )(1+|Vu|?) 2" | n € Cy(Bo), n=1in Bp}

(23)

a—2
_ /1 +k2\ 2 2
EC(U_P) (1+V)( Ic2 ) ||¢(q—2+a)y“;V1,2(Ba)-

Assumption u € W19 (B) and estimate (8) imply that v := G g (ux,)(1 + |Vu|2)% € L'(By). Hence,
Lemma 10 and (9) yield for every 6 € (0, 1]

aT—z o s 8 %
Ia,k,s(p,o)sz(o—pr(l*é)(”kz) ([ ([ avaptasmum=) a)
1Y Sy

k2
Appealing to Young’s inequality, we find ¢ = ¢(n) € [1, co) such that
n n n
a a=2 atg—2
DA+u3)TY (I+ur) 7 <cy (I+u) 2 (24)
j=1 j=1 j=1

(in fact (24) is valid with ¢ = 1 + %n(n —1); see [Marcellini 1991, Lemma 2.9]) and thus

n n
a q=2 q—=2_ '3 q=2
(1+”§S)2(1+|VU|2) 3 Snmax{ 52—-1,0} Z(].Fuij)z Z(l—}—ui},) 2

j=1 j=1
n
24 ax §4=2 atq—2
Ecnm‘”‘{ 2 I’O}Z(l—l—uij) 2
j=1
< max{%—l,O} %
=cn ¢(a+q—2)y’

where in the first inequality we use Jensen’s inequality in the case % > 1 and the discrete £5-£1 estimate,

with s > 1, for % € (0, 1), and the third inequality is again the discrete £s-£; estimate, with s > 1.
Hence, we find ¢ = ¢(n, g¢) € [1, 00) such that

a—2 1

_ n(1+k2\ 2 o 2 8 5

Lo k,s(p,0) < clo—p) (H_;)( i2 ) (/ ( s ¢()¢/x+q—2)y) d") forall § € (0,1]. (25)
Y r
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To estimate the right-hand side in (25) we use the Sobolev inequality on spheres; i.e., for all y € (0, 1]
there exists ¢ = ¢(n, y) € [1, o0) such that for every r > 0

)4 1 1
2\2 2y Y@= 1 2y \ @/ 1 1
() e (], 2 ), e =

Y
Estimate (26) and assumption (19) in the form

1 y I 19 n-3 1 1
(2) 2 n-—1 2mn—1) n—17"2
V/*®

yield

o 2 8 3
( /p ( < ¢(3+q—z)y) dr)
o (2) (2/11/)* 1 (%) m 8% %
5"(/ |:(/ |V¢(a+q—2)y| v *) + _( ¢(ay+2—2)y) ] dr)
14 S r Sy

o (b —1)28 5 LA ) 2785 5
<c / 1S, |\@m=—2)y g IVo(a+g-2)yl +; : Platq—2)y dr] , @7
o r r

where ¢ = ¢(y,n) € [1,00). Combining (25) and (27) with the choice § = y, we obtain the claimed
estimate (23) (we can ignore the factors |S, | and % in (27) by assumption % <p<o=<1.

Substep 1.2: Proof of (20). Lemma 9 and estimate (23) yield for every s € {1,...,n}

a—2
p=2 ETAYA RN AN 2
/; g‘lx’k(uxs)(l-i‘lvulz) 2 |Vuxs|2dx50(0'—p) (1+y)( k2 ) ”¢(q—2+06)1/”;:V1v2(Bg)’
0

where ¢ = c(y,n,m, M, p,q) €[1,00). Sending k to infinity and summing over s from 1 to n, we obtain
(using limy oo €}, () = (1+12)°°)

n
atp—a _(1+1 2
/B S +u2) Va2 dx < c0— p) " pgatary iz, )
0 j=1

Combining the above estimate with the pointwise inequality

a+p-2 “ atp—4
Vourpal = ——— D (1+u3) Vi, (28)
j=1

we obtain that there exists ¢ = c(y,n,m, M, p,q) €[1,00) such that forall 1 < p<o <1and o >2

(141 2
IV$atp—2l325 ) < ca’(c—p) (1+y)||¢(q—2+a)y||y 12(B.) (29
(Bo) W1.2(By)

It remains to estimate ||¢o+ p—2l22(p,,)- For this, we use a version of the Poincaré inequality: for every
e > 0 there exists ¢ = c(e, n) € [1, 00) such that for all » > 0 and v € H!(B,)

(][ |v|2)5 Sc(r(][r |Vv|2)é+(][r |v|a)é). 0
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We recall a proof of (30) at the end of this step. Inequality (30) with v = ¢ ,—» and

_ a2
- a+p—2
together with the inequality
01— 2tp=2 1 34‘1’:2
1= ¢a+p—2 = nmax{ (@Ftq—2)y) }¢(1(/1+-q_122)y

(the second inequality follows by Jensens inequality if (¢ +¢ —2)y /(¢ + p —2) > 1 and the discrete
£s-£1 inequality, with s > 1, otherwise) yield
2a+p=2
||¢a+p—2 ”22(30) = C(||V¢cx+p—2 ”22(30) + ||¢(oe+q—2)y ”Zza(;z;Z ), (31)

where c =c(n, y, p,q) €[1, 00) (note that p € [%, 1] and ¢ € [2)/, %2)/]). The first term on the right-hand
side in (31) can be estimated by (29) and the second term (using p < ¢ and ¢g > 1 for all B > 0) by

2 giﬂ:g 2
||¢(a+q—2)y ”Zz(Bi) = C||¢(ot+q—2)y ”Zz(Bp)- (32)

A combination of (29), (31) and (32) yield (20).
Finally, we recall an argument for (30): Clearly it suffices to proof the statement for r = 1. Given
>0, set

1
Ug:={x € By [ |[v(x)| =Ae}, whereAg:= (2][ |v|8) )
B
The choice of A, and the Markov inequality yield

|BI\U8|5A—8[B Wl < 18]
1

and thus |Ug| > %|B 1|. Hence, by a suitable version of the Poincaré inequality, see, e.g., [Gilbarg and
Trudinger 1998, (7.45), p. 164], there exists ¢ = c(n) € [1, 00) such that

2
/ v—][ v Sc/ |Vvl|2.
B, & B

The above inequality, the triangle inequality and

1
f s f |v|€szé(f |v|€)
Us B By

Substep 1.3: Proof of (22). This estimate is an intermediate step in the proof of [Marcellini 1991,

imply (30).

Lemma 2.10], but for completeness we recall the argument. Lemma 9 with 1 being the affine cutoff
function for B, in B, yields for every s € {1,...,n}

/ 2\252 2 g < -2 2\452
. Lo e o) (14 [Vul7) 27 |[Vuy |* dx < (0 = p) Goy (ux,)(1+|Vul|?) 2" dx
1%

o



ON THE REGULARITY OF MINIMIZERS FOR SCALAR INTEGRAL FUNCTIONALS WITH (p,g)-GROWTH 2251

and by summing s from 1 to n and sending kK — oo, we obtain

/B Z(l-l—u

0
j=
Estimate (22) is a consequence of (28) and (33).

dx < (0 - p) / 02 g (33)

Step 2: Iteration. Fix 6 as in (17). We claim that there exists ¢ = c¢(n,m, M, p,q, 0) € [1, co) such that

1 1
10+ 1Vl lLoeqsy) < el + V)2 [ Lap,), (34)
Set
n—3 261
y = ifn>4 and y=42 if n = 3. (35)
n—1 0—1

Note that the assumptions p < g and 6 > % yield
0o<y<?Z itn=3 (36)
q
We define a sequence {ay jren, by
ay =2, Q= %(ak_1+p—2)—(q—2) for all k € N.

By induction one sees that

k-1 —k —k
; —1 —1
ak=2+(£—q)2y_’=2+(£—q)y_1 =2+py (1—)/2) for all k£ € N.
14 = Y y— -1 I=y P
The choice of y in (35), assumption (3), and (36) together with p < g imply 1 — y% > (0 and y_l > 1;
hence
o —> 00 as k — oo.
For k € N, set
— 1 1 Lp— 1 —
pk—§+ﬁ’ Ok -—Pk+W—Pk—1

(where pg := 1), and

2
ap+p—2
Ay = ||¢ak+p—2||u£1.2p(30k) for all k € Ny,

where ¢g, B > 0 is defined in (21). Since ax_; + p—2 = (ax +¢ —2)y, estimate (20) for « = o implies

19— 1+P N
Ag < (c2(k+1)(1+ ) 2)°‘k+” 24, a"J”’ for every k € N,

where ¢ = c¢(y,n,m, M, p,q) €1, 00) as in (20) and thus by iteration

—k Hz 10‘1 1"‘1"22
Ak<A a;j+p 1_[(C2(l+1)(1+ ) 2)al+p 2 (37)
i=1
Note that for every k € N
k 00 G+D(1+1) 2
; __ 1 log(c2 v
H(02(1+1)(1+%)ai2)a,-+p—2 < eXp(Z 8( ’)) =c(y,n,m, M, p,q) < oo

i=1 i=1

ai+p—2
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and

aj+p—2 ag+p—2

— p _( yk )( 1—)/ )
= —x =\ Tk _ :
pY— yl(l—y%)—i—p Y 1/\1- )/ + _k :

Hence, sending k — oo in (37), we obtain that there exists ¢ = c¢(n,m, M, p,q,0) € [1,00) (note
y =vy(n, p.q.0) <1) such that

k
_kl—[al 1+p— 2 —kO‘O‘f'p_2

i=1

20—y)
(U V) [ oeay) < edg T = eyl g, (38)
Estimate (22) and 2 < p < ¢ together with ¢)g > 1 for all 8 > 0 yield
20-y) 20-y) T
1607750 5y S Uall oty S N+ IV 2l o - (39)

Estimates (38), (39) and the choice of y in (35) imply (34).

Step 3: Conclusion. Fix p € (0, 1) and Bg(xo) € Q2. By scaling and translation, we deduce from Step 2
that

1 _nt 1
1+ V02 e g e = RN+ V02 1 a0 (40)

where ¢ = c(n,m, M, p,q,0) €[1,00) is the same as in (34). Applying for every y € B,r(xo) estimate
(40) with Bg(xo) replaced by B(1_p)r(y) C €2, we obtain

10+ 1Vul) 2w,y o = (= PRI+ IVulP) 2 a5 o
and thus the claimed estimate (18) follows. O
By the same interpolation argument as in [Marcellini 1991, Theorem 3.1], we deduce from Theorem 11:

Corollary 12. Let @ C R", n > 3, and suppose Assumption 1 is satisﬁed with 2 < p < q < 0o such that

(4) holds. Let 0 be given as in (17) with the additional constraint 0 <= for n = 3 and set
9L
q
o= —"—. 41)
1-6(1— g)

Let u € Wléc’q(Q) be a local minimizer of the functional F given in (1). Then, there exists ¢ =
c(n,m, M, p,q,0) €[1,00) such that for every Byr(xg) € Q2

1 - 1
10+ V)2 oo (g oo < RPN+ VU2 1030 (42)

Remark 13. A direct calculation yields

_ 2p
C(m+Dp—(n—1)g

ifn>4.
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For n = 3, the assumption on 6 in Corollary 12 reads 6 € (£, %p). Since 2 < p < ¢, we have

P q
1. 9 & 1
P 4-p p

where the second inequality is ensured by (4) (for n = 3).

<2,

Proof of Corollary 12. We prove the statement for xo = 0 and R = 1; the general claim follows by scaling
and translation. Throughout the proof we write < if < holds up to a positive constant which depends
only onn,m, M, p,q and 6.

For v e N U {0}, we set

1
Py = 11— S1+v .
Combining the elementary interpolation inequality
2,1 214 2410174
I+ Vul") 2l Las,,) = 1A+ [Vul) 2 Lo, A +IVul)2 g, (43)

with estimate (18), we obtain for every v € N

Pv—1

v

a8 G 21,8
11+ Va2 lzeB,, » < (1- I+ Vul®) 2l La (8o, )

v

[
@ (0 pua )" , (1-2)0
(1= 22) I+ 9 g 10+ 1T

N L
< AP 4 (VU g 10+ VUl -
(44)
where ¢ = c(n,n,m, M, p,q,0) €[1, 00). Iterating (44) from v = 1 to v, we obtain
1
11+ [Vul*)2]| Lo (B,)
2
1
= |1+ |Vul*)2 || Loo(B,,)
(44) v
) SO0 14 a2y D 1wy DD )

The choice of 6 and assumption (4) imply

0<( )9<1 (46)
q

Indeed, (46) is ensured for n = 3 by the assumption 6 < % and for n > 4 by

0<(1—£)9<£) 29-p)  _,_wtDhp—m—Dg®
(n—=Dp—(n—-3)q (n—1)p—(n—23)q

é(v + 1)((1 —g)e)v <1 and \i((l —g)e)v - @.

Hence,



2254 PETER BELLA AND MATHIAS SCHAFFNER

Thus, estimates (18) and (45) yield for every v € N

“s) | el 1 ((1-2)8)°
(1 + [Vul?)? leees)) = I+ Va2 205 N+ (V)2 o)
—2)g)"

<101+ VU312 10+ V0P o

Assumptions u € W,>9(€2) and B, €  imply ||(1 + IVu|?)2 | La(B,) < oo and thus we find D € N such
that

, 6((-2)6)°
11+ ) e <2,

which finishes the proof. O

4. Proof of Theorem 4

The main result of this section is:

Theorem 14. Let Q C R", n > 3, and suppose Assumption 1 is satisﬁed with2 < p < q < oo such that
(4) holds. Let 0 be given as in (17) with the additional constraint 0 <7 for n=23.Letuce Wl1 1(Q)
be a local minimizer of the functional F given in (1). Then there exists c=cm,m,M,p,q,0)€][l,o0)
such that for every By g(xg) € Q2

%
||Vu||LW(BR(XO))sc(][ f(Vu)derl) |
2 BRr(x0)

where o is given in (41).

Proof of Theorem 4. Theorem 14 contains the claim of Theorem 4 in the case n > 3 and 2 < p < ¢q. The
remaining case n = 2 follows from a combination of [Marcellini 1991, Theorem 2.1] and [Esposito et al.
1999, Theorem 2.1], and the result is classic for p = ¢. O

Appealing to the a priori estimate of Corollary 12, the statement of Theorem 14 follows from by now
well-established approximation arguments. Below, we present a proof of Theorem 14 that closely follows
[Esposito et al. 1999, proof of Theorem 2.1, Step 3].

Proof of Theorem 14. Throughout the proof we write < if < holds up to a positive constant which depends
only onn,m, M, p,q and 6.
We assume B, € 2 and show

IVullzoea,) < (][B (Vi) dx + 1)”. 47)

Clearly the general claim follows by standard scaling, translation and covering arguments.

Following [Esposito et al. 1999], we introduce two small parameters o, ¢ € (0, 1). Parameter o > 0 is
related to a perturbation f,; of the integrand f

Jo () := f(§) + 0l forevery § e R". (48)



ON THE REGULARITY OF MINIMIZERS FOR SCALAR INTEGRAL FUNCTIONALS WITH (p,q)-GROWTH 2255

Since f satisfies (2) and o € (0, 1), the function f, satisfies (2) with M replaced by M’ depending on
M and g. The second parameter ¢ > 0 corresponds to a regularization u, of u, where u, := u * ¢, with
Qe 1= 8‘”90(?) and ¢ being a nonnegative, radially symmetric mollifier; i.e., it satisfies

020, sppyC B [ pdr=1. ¢()=¢(:) forsome s CX(R)
Rn
Given ¢,0 € (0, 1), we denote by v, 5 € g + Wol’q (B1) the unique function satisfying

fo(Vveg)dx < | fo(Vu)dx forall v € us + W, /(B)). (49)
B B,
In view of Corollary 12, we have

2
”Vve,a“LOO(B%) <

-

%
[Vveo|? dx + l)

2
<

—~
~

ﬁw%am+0”

(48),(49)
<

(1,

(1,

( f(Vug) +0|Vuel? dx + 1),,
B,

< ( f(Vu)dx+a/ |Vu8|qu+1)p, (50)
By B

where we used Jensen’s inequality and the convexity of f in the last step. Similarly,

) , (48),(49) ,
m [Vveo|? dx < S(Vueo)dx = f(Vug) +0|Vue|? dx
B, B B
< f(Vu) dx—i—cr[ |Vue|? dx. (51)
Bite B,

Fix £ € (0, 1). In view of (50) and (51), we find wg € ug"l_Wol’p(Bl) such that as 0 — 0, up to subsequence,
Ve,o — We weakly in W17 (B)),

Vieo — Vw, weakly* in L&(B)).

Hence, a combination of (50), (51) with the weak/weak™® lower-semicontinuity of convex functionals
yields

%
IVwellLoo(B ) =liminf [[VegllLoocn,) < (/ J(Vu)dx + 1) ; (52)
K3 o—>0 8 Biye

m |[Vwe|? dx S/ f(Vw,) dx 5/ f(Vu)dx. (53)
B, B B1+s
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Since w, € ug + Wol’q(Bl) and u; — u in WP (B)), we find by (53) a function w € u + Wol’p(Bl)
such that, up to subsequence,
Vw, — Vw weakly in L?(B).

Appealing to the bounds (52), (53) and lower semicontinuity, we obtain

%
||Vw||Loo<Bé>s( [B f(Vu)dx+l) | (54)
1+4¢

f(Vw)dx < f(Vu) dx. (55)

B B
Inequality (55), the strong convexity of f and the fact w € u + Wol’p (By) imply w = u and thus the
claimed estimate (47) is a consequence of (54). O
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