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VOLUME COMPARISON WITH RESPECT TO SCALAR CURVATURE

WEI YUAN

Dedicated to Nankai University
on its 100th Anniversary
(1919 - 2019)

We investigate the volume comparison with respect to scalar curvature. In particular, we show the volume
comparison holds for small geodesic balls of metrics near a V -static metric. For closed manifolds, we
prove the volume comparison for metrics near a strictly stable Einstein metric. As applications, we give a
partial answer to a conjecture of Bray and recover a result of Besson, Courtois and Gallot, which partially
confirms a conjecture of Schoen about closed hyperbolic manifolds. Applying analogous techniques, we
obtain a different proof of a local rigidity result due to Dai, Wang and Wei, which shows it admits no
metric with positive scalar curvature near strictly stable Ricci-flat metrics.

1. Introduction

The volume comparison theorem is a fundamental result in Riemannian geometry. It is a powerful tool in
geometric analysis and frequently used in solving various problems.

The classic volume comparison theorem states that the volume of a complete manifold is upper bounded
by the round sphere if its Ricci curvature is lower bounded by a corresponding positive constant. A natural
question is whether we can replace the assumption on Ricci curvature by the one on scalar curvature.

In general, scalar curvature is not sufficient to control the volume. This is a straightforward consequence
of a result by Corvino, Eichmair and Miao [Corvino et al. 2013]. In order to state it, we need the following
fundamental concept, which was introduced in [Miao and Tam 2009].

Definition. Let (M", g) be an n-dimensional Riemannian manifold. We say g is a V-static metric if there
is a smooth function f s 0 and a constant ¥ € R that solve the V-static equation

vif=Vif —80sf — fRicg =«3, (I-D

where ygjk : C®(M) — S>(M) is the formal L?-adjoint of vz := DRj, the linearization of scalar curvature
at g. We also say a quadruple (M, g, f, k) is a V-static space.
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Remark 1.1. A fundamental property of a V-static metric is that its scalar curvature R; is a constant
for M connected; see Proposition 2.1 in [Corvino et al. 2013]. By taking the trace of (1-1), we can see
that f satisfies the linear elliptic equation

Rg
n —_—

Agf+

nK
n_

_f+ Mo, (1-2)

In particular, f is an eigenfunction for the Laplacian if x = 0.

Einstein metrics are in particular V-static, which can be easily seen by taking the function f to be a
constant. In this sense, we can view V-static metrics as a generalization of Einstein metrics. Another class
of special V-static metrics are vacuum static metrics when we take k = 0. They can be used to construct
an important category of solutions to Einstein field equations in general relativity [Qing and Yuan 2013].
The classification of V-static spaces is a crucial problem in understanding the interplay between scalar
curvature and volume. For more results, please refer to [Baltazar and Ribeiro 2017; Barros et al. 2015;
Corvino et al. 2013; Miao and Tam 2009; 2012].

Now we state a deformation result associated with the concept of V-static metrics.

Theorem 1.2 (Corvino, Eichmair and Miao [Corvino et al. 2013]). Let (M", g) be a Riemannian manifold
and 2 C M be a precompact domain with smooth boundary. Suppose (2, g) is not V-static, i.e., the
V-static equation (1-1) only admits the trivial solution: f =0 and k =0 in C®(2) x R. Then for any Q2
compactly contained in 2, there exists a constant 8y > 0 such that for any (p, V) € C*(M) x R with
supp(R; — p) C Qo and

IRz — pllci@.z +1Va(g) — VI < o,

there exists a metric g on M such that supp(g — g) C 2, R, = p and Vo(g) =V.

This result suggests that for a non-V-static domain, the information of scalar curvature is not sufficient
to give a volume comparison: we can take either V > Vq(g) or V < Vq(g), but with p > R; in Q. In
either case, we can find a metric g realizing (o, V) on 2 and it shows that no volume comparison holds
for non-V-static domains.

However, the volume comparison with respect to scalar curvature indeed holds for some special metrics.
For instance, Miao and Tam [2012] proved a rigidity result for the upper hemisphere with respect to
nondecreasing scalar curvature and volume. They also showed that a similar result holds for Euclidean
domains. Note that since all space forms are V-static, it is natural to ask whether all V-static spaces admit
such a volume comparison result.

Inspired by the rigidity of vacuum static metrics [Qing and Yuan 2016] and related work [Miao and
Tam 2012], we obtain a volume comparison theorem with respect to scalar curvature for sufficiently small
geodesic balls, if appropriate boundary conditions on induced metric g|75p,(p) and mean curvature H,
are posed.

Theorem A. Forn > 3, suppose (M", g, f, k) is a V-static space. For any p € M with f(p) > 0, there
exist positive constants ro and &y such that for any geodesic ball B,(p) C M with radius r € (0, rg) and
metric g on B, (p) satisfying
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Ry = Rg in B(p),
* Hy > Hz on 9B, (p),

glraB,(p) = &lToB,(p)>

g —&llc2a,(p).3) < €0s
the following volume comparison holds:

e if k <0, then

Va(g) < Va(g),
e if k >0, then

Va(g) = Va(g),

with equality holding in either case if and only if the metric g is isometric to g.

Remark 1.3. If f(p) < 0, we only need to replace (f,«) by (—f, —«), and the reversed volume
comparison follows.

Remark 1.4. If x =0, then V-static metrics are in particular vacuum static, and hence g is isometric to g
according to [Qing and Yuan 2016]. Thus Theorem A is an extension for the rigidity of vacuum static
metrics.

In general, the function f may change its sign on a closed V-static manifold. For example, we can
take f := 1+ 2x,, on the unit sphere ", where x,, is the height-function of §" <> R"*!. Hence the
volume comparison may not hold in this case. However, for some special V-static spaces, the volume
comparison with respect to scalar curvature might still hold for closed manifolds. Here and throughout
this article, we say a manifold is closed if it is compact without boundary.

Schoen [1989] proposed a well-known conjecture that the Yamabe invariant of a given closed hyperbolic
manifold is achieved by its canonical metric. This problem involves all possible metrics on a given
hyperbolic manifold and it is obviously very difficult to solve. However, it can be shown that this
conjecture is in fact equivalent to the following volume comparison problem.

Schoen’s conjecture. For n > 3, let (M", g) be a closed hyperbolic manifold. Then for any metric g
on M with
R, > R;,
the volume comparison
Vm(g) = Vu(g)
holds.

The equivalence of the aforementioned Schoen’s conjectures are known by experts. For the convenience
of readers, we include a proof in the appendix.

Schoen’s conjecture is known to hold for 3-manifolds due to works of Hamilton [1999] on nonsingular
Ricci flow and Perelman [2002; 2003] on geometrization of 3-manifolds (also see [Agol et al. 2007]
for a generalization). For higher dimensions, Besson, Courtois and Gallot [Besson et al. 1991] verified
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it for metrics C2-close to the canonical metric. They also proved that the volume comparison holds
without assuming g is close to g if one replaces the assumption on scalar curvature by Ricci curva-
ture [Besson et al. 1995], which can be viewed as evidence that Schoen’s conjecture holds for higher
dimensions.

For the case of positive curvature, Bray proposed the following conjecture.

Bray’s conjecture. For n > 3, there is a positive constant &, < 1 such that for any complete manifold
(M?", g) with scalar curvature
Ry >n(n—1)
and Ricci curvature
Ric, > ¢,(n —1)g,
the volume comparison
Vm(g) = Vsr(gen)

holds, where S" is the unit round sphere and g, is the canonical metric.

Remark 1.5. Unlike Schoen’s conjecture, there is an additional assumption on Ricci curvature in the
positive curvature case. In fact, this assumption is necessary; see [Bray 1997] for details.

For this conjecture, Bray [1997] verified it for three dimensional manifolds and gave an estimate for 3.
Later, Gursky and Viaclovsky [2004] showed that 3 < 1 and Brendle [2012] proved the rigidity of
volume comparison for &3 = % For higher dimensions, Zhang [2019] gave a partial answer.

Before stating our result, we first recall the following well-known concept associated with an Einstein
metric.

Definition 1.6 (stability of Einstein metrics). For n > 3, suppose (M", g) is a closed Einstein manifold.
The metric g is said to be stable if
fM (h, —A‘%h)g dvg,

minspec, (—A%) = inf > 0, (1-3)
P B2 ohes™™ fMlhlédvg

where A% := A; +2Rmyg is the Einstein operator and

S;,Tg(M) i=1{h e $(M):5;h =0, trg h =0}

is the space of transverse-traceless symmetric 2-tensors on (M, g). Moreover, g is called strictly stable if

the inequality in (1-3) is strict.

Stability is a crucial concept in the study of Einstein manifolds. There are several equivalent way to
define it, we adopt the one involving the Einstein operator for our convenience. For more information,
please refer to [Besse 1987; Dai et al. 2005; 2007; Kréncke 2013].

Our main result about volume comparison for Einstein manifolds is the following:

Theorem B. Suppose (M", g) is a closed strictly stable Einstein manifold with

Ric; = (n — 1)AZ,
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where L # 0 is a constant. There exists a constant gy > 0 such that for any metric g on M which satisfies

Ry >n(n—1)A
and
g —&llc2m,z) < €o,
the following volume comparison holds:
e if >0, then
Vm(g) < Vm(g),
e if A <O, then
Vi (g) = Vi (g).

Moreover, the equality holds in either case if and only if the metric g is isometric to g.

Remark 1.7. Suppose the reference metric g is Kéhler—Einstein with negative scalar curvature and all
infinitesimal complex deformations of its complex structure are integrable. Applying a delicate utilization
of the functional

K@= [ IR dv,
and the Yamabe functional Y
Y(g) = Ju Rg dvg ,
(Vam(g)n=2/n
Dai, Wang and Wei proved that the volume comparison with respect to scalar curvature holds for metrics
near g; see Theorem 1.5 in [Dai et al. 2007]. In fact, their result can be extended to strictly stable Einstein
metrics with negative scalar curvature.

Remark 1.8. The above volume comparison does not hold for Ricci-flat metrics: by taking g = ¢2g for a
constant ¢ > 0, we have the scalar curvature R, = Rz = 0, but the volume V), (g) can be either larger or
smaller than Vj;(g) depending on whether ¢ > 1 or ¢ < 1.

Remark 1.9. The stability assumption in the theorem is necessary. Macbeth constructed an example of an
Einstein manifold which shows the volume comparison fails if we lack stability (personal communication,
2019). See Proposition 5.9 for more details.

Remark 1.10. Our approach in fact works for other curvatures as well. Please see [Lin and Yuan 2022]
for a volume comparison theorem of Q-curvature for strictly stable positive Einstein manifolds.

It is well known that hyperbolic metrics are strictly stable as special Einstein metrics and hence
Theorem B provides a partial answer to Schoen’s conjectures, which recovers the following result.

Corollary A (Besson, Courtois and Gallot [Besson et al. 1991]). For n > 3, let (M", g) be a closed
hyperbolic manifold. There exists a constant gy > 0 such that for any metric g on M with scalar curvature
Rg > Rg

and

g —&llc2m,z) < €o,
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we have
Vi (g) = Vu(g),

where equality holds if and only if the metric g is isometric to g.

Similarly, the spherical metric is also strictly stable (Example 3.1.2 in [Kréncke 2013]), and we obtain
a partial answer to Bray’s conjecture.

Corollary B. Forn > 3, let (S", g.,) be the unit round sphere. There exists a constant &g > 0 such that
for any metric g on S" with scalar curvature

Ry >n(n—1)
and
g = 8<n lc2(sng,,) < &0
we have
Vsn(8) < Vsn(8an),

where equality holds if and only if the metric g is isometric to g, .

Remark 1.11. For metrics close to the canonical spherical metric, the assumption on Ricci curvature in
Bray’s conjecture holds automatically.

Remark 1.12. Corvino, Eichmair and Miao constructed a metric on the upper hemisphere which satisfies
the scalar comparison but has arbitrarily large volume; see Proposition 6.2 in [Corvino et al. 2013]. In
fact, by gluing a lower hemisphere, we can get a metric on the whole sphere with scalar curvature no less
than n(n — 1) but with larger volume.

In the research of scalar curvature, a fundamental question is whether a given manifold admits a metric
of positive scalar curvature. A well-known result due to Schoen and Yau [1979a; 1979b] and Gromov
and Lawson [1980; 1983] is the rigidity of tori, which states that there is no metric of positive scalar
curvature on tori. For an excellent survey, please refer to [Rosenberg 2007].

In [Dai et al. 2005], Dai, Wang and Wei studied the existence of metrics with positive scalar curvature
on a Riemannian manifold with nonzero parallel spinors. Through investigations of variational properties
for the first eigenvalue of the conformal Laplacian, they proved the local rigidity of scalar curvature near
the reference metric. Note that their proof can be applied to closed strictly stable Ricci-flat manifolds.

Applying techniques similar to the argument for Theorem B, we obtain the local rigidity of strictly
stable Ricci-flat manifolds, which generalizes a result of Fischer and Marsden [1975] about local rigidity
of tori with a different approach than in [Dai et al. 2005]:

Theorem C (Dai, Wang and Wei [Dai et al. 2005]). Suppose (M", g) is a strictly stable Ricci-flat manifold.
Then there exists a constant &g > 0 such that for any metric g on M satisfying

Ry, >0
and

g —&llc2m,z) < €o,
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we have g is homothetic to g. That is, we can find a constant ¢ > 0 such that g = c*g. In particular, there
is no metric with positive scalar curvature near g.

Remark 1.13. Note that flat tori are merely stable, since the kernel of the Einstein operator is nontrivial

and in fact

nn+1) 1

— L

It will be interesting to see whether there is an example of closed stable Ricci-flat manifold which admits
a metric of positive scalar curvature near the reference metric.

dim ker A‘% >

Remark 1.14. Similar to Theorem B, our approach can also be applied to other curvatures. Please see
[Lin and Yuan 2022] for an analogous result for Q-curvature.

The article is organized as follow: In Section 2, we collect notation and conventions used frequently
in this article. In Section 3, we calculate some geometric variational formulas involved in the next two
sections. In Section 4, we study the volume comparison for geodesic balls in V-static spaces. In Section 5,
we investigate the volume comparison for non-Ricci-flat strictly stable Einstein manifolds and the rigidity
phenomenon of strictly stable Ricci-flat manifolds. In the Appendix, we present a proof for equivalence
of two conjectures proposed by Schoen.

2. Notation and conventions

In this section, we collect notation frequently used and conventions adopted in this article for the
convenience of readers. Please note that all calculations are performed in the reference metric g.

Let (2", g) be an n-dimensional compact manifold possibly with C!-boundary ¥ := dQ:
(1) Indices of coordinates components:

e Greek indices run through 1, ..., n;
 Latin indices run through 1, ...,n — 1.

(2) Connections:

 connection on 2 with respect to g: Vj;
e connection on ¥ with respect to g|,.: V.

(3) Volume forms:

e volume form on 2 with respect to g: dvg;
o volume form on X with respect to g|,,: dog.

(4) Curvatures:

 Riemann curvature tensor Rmg: Rggys;

. . . . _ = 6 .
Ricci curvature tensor Ricz: Rg, = g%° Rypys;

scalar curvature Rz: Rz = 2P7Rpy;

second fundamental form Ag: Afj = %ng 8ijs
» mean curvature Hg: Hg = g"jAfj.
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(5) Spaces:

« space of all smooth Riemannian metrics on Q: Mg;

« space of all smooth diffeomorphisms of €2: Z(R2);

e alocal slice through the metric g: S;;

e symmetric 2-tensors on 2: S$»(2);

o TT-tensors on (£2, 2): S;Tg(Q) ={h e $H(RQ):8;h =0, tr; h =0}.
(6) Operators:

o Multiplication and inner product of symmetric 2-tensors:
(h X K)as 1= 8"  hapkys and (kg =h-k:=g*(h x K)as = 8°8" haphys.

In particular,
(h*)ap = §"°hayhsg  and  Ricg -h := Rg, hP”.

» Riemann curvature tensor as an operator on symmetric 2-tensors:
(Rmg -h)g, := Rap,sh® and (Rmg-h, h)z := Rypysh®hP.

e A combination involving curvature:

2R;
n—1

Az (h, h) := (Rmg -h, h)z + 2(Ricg -h)(trz h) — (trg h)%
o Formal L?-adjoint of covariant differentiation:

8g = —divg, (8gh)p = —Vghep.

« FEinstein operator: )
A%h = Agh+2Rmg -h.

 Linearization of scalar curvature:

ygh = —Ag(trg h) + 83h — Ricg -h.
o Formal L?-adjoint of Y-

vif =Vif—8Asf — fRicg.
3. Geometric variational formulas

In this section, we give variational formulas for geometric functionals involved later in the argument.
Throughout this section, € is assumed to be a compact manifold possibly with C!-boundary ¥ := 3. In
the case X # &, let

{e17 ---7en—1, en :‘)g}

be an orthonormal frame on X such that the {ei};’:_ll are tangent to X and v; is the outward normal vector
field of ¥ with respect to the metric g. We also denote the induced connection on ¥ by VZ.
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We begin with recalling well-known variational formulas of scalar curvature; for detailed calculations,
please refer to [Fischer and Marsden 1975; Yuan 2015].

Lemma 3.1. The first and second variations of scalar curvature are
DRg-h = —Ag(trg h) + 83h — Ricg -, (3-1)
and
D’Rg - (h, h) = =2y;3(h*) — Ag|hl} — 3| Vgh|} — 5 d (trg )|
+2(h, Vi(trg h))g — 2(8gh. d(trg ) + Vahg, VPR (3-2)
for any h € $>(Q2).

For the mean curvature, its variations for the fixed induced boundary metric are given as follow, which
was first shown in [Brendle and Marques 2011].

Lemma 3.2. The first and second variations of mean curvature are
DHg-h= 1h,,Hz —Vih,'+ 1V, (3-3)

and

DZHg'(h,h)z(—- +Zh )H + hn (Vik,' — 3Vah}') G-4)

for any h € $;(2) with h|ryqg = 0.
For the volume functional, we provide a proof mainly based on a technique from linear algebra, which

would be useful in calculating higher order variational formulas.

Lemma 3.3. The first and second variations of volume are

DV h=1 / (trg ) dvg (3-5)
2 Ja
and
Do z-(h k) =L [ [(trz 1) =2/ 2] dv; (3-6)
8 ’ 4 o 8 8 8
for any h € $>(Q2).

Proof. Let A be an n x n symmetric matrix. Its characteristic polynomial is given by

n

pa() = deti] —A) = (=D (A)n"*
k=0
n
=2 — (r A+ L(r A —w AHATE 4 Z(—l)kok(A)A”_k,
k=3
where o3 (A) is the k-th elementary symmetric polynomial associated to the matrix A.
We choosing normal coordinates with respect to g centered at an interior point x € €2, so that gug = dup
at x. From the linear algebra fact mentioned above, we have the expansion

det(g +h) = 1+ (trg h) + 5 ((trg h)* — |A[3) + O(|h]3}),



10 WEI YUAN

and hence
Vdet(g +h) =1+ §(trg h) + g ((trg 1)> — 2|1 [3) + O(|h]}).

Immediately, this implies

DVQg,-h:l/(trg hydv;  and DZVQg~(h,h):l/((trg )2 — 2|h[2) dv;,
' 2 Ja ’ 4 Jo §
respectively. U

In the rest of this section, we calculate variational formulas for some particularly designed functionals
involving scalar curvature, mean curvature and volume.

Proposition 3.4. For any h € 5,(R2) and f € C®(R2),
/Q(DRg-h)fdvg:me,ygf>gdvg+/z[—(avg.(trg— h)+(8zh, vg)g) f +(trz h)d,, f —h(vg, Vz f)ldog.
Proof. 1t is straightforward to see that
L(DRg-h)f dv; = /Q(—Ag,(trg h)+8§h—Ric§ -h) f dvg
= /Q<h, vs [z dvg +/E[—(3ug (trg h)+(8zh,vz)g) f+(trg h)0y, f—h(vg, Vg f)ldog,

using Lemma 3.1 and integration by parts. O

Proposition 3.5. For any h € $:() and f € C®(%),
fQ(DZRg-(h,h))fdvg
= /;2[—%|V§h|§—,—%|d(trg, )3 +185h1* —2(85h. d(trg h))g+2(trg h)(83h)+Zg(h, h)| f dvg
+ /Q [20trg 1) ({1, v7 F)e—28eh, df g = (trg h)(trg (77 £)) =2k, Sgh@df)g— (v f. h)g ] dvg
+/z:[3vg|h|§+<5g(/’l2), vz)z+2h(vg, 8zh)+2h(vg, Vg trg h)+2(trg h) (8zh, vz)z ] f dog
+ [ 105, Vi )~ 30, £ =215 b (v5, Vi )] o,
where

2R;
n—1

Rz (h, h) := (Rmg -h, h) + 2(Ricg -h)(trz h) — (trg )2

Proof. By Lemma 3.1, we have
/Q(DzRg - (h, h)) f dvg = /Q[—zyg(hz) — Aglhl} +2(h, Vi (trg ))g + Vahp, VPR f dvg

+/ [—2(8gh. d(trg h))g — 3| Vghls — 5ld(trg h)|Z] f dvg.
Q
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Integrating by parts,
2 [ a1 dvg
Q
=-2 / (vef h*)gdvg —2 f [(trg(h*))dy, f — [0y, (trg(h®)) — h*(vg, V f) — (85(h?), vg)g f1dog
Q )

=-2 /Q (ve foh?)g dvg +2 /2 [@vg 113 + (85, vg) ) f + 1 (v, V ) — |hI30,, f1dog

and
—fQ(AgW)fdvg=—/Q(mmgf)dvg—/Z[favg-m@—|h|§av§f]dog.
Also,

2/Q<h,v§(trgh)>§fdvg,
:2/Q[<3gh,d(trg m) f — (h, d(tr; h)®df)g]dvg+2Lh(Ug,Vg(trg ) f dog
= 2/9(@ W[(83h) f —2(8zh. df)z + (h, V; f)gl dvg
+ 2/2[(h(Ug, Vg(trg h)) + (trg h){(8zh, vz)z) f — (trg h)h(vg, Vg f)ldog
=2 fQ (trg II(52h) £ —2(8gh, df )g + (h, 77 [)g + (trg h)Ag f + (Ricg -h) f1dvg

+ 2/2[(]1(1)5;, Vg(tl‘g h)) + (trg h) ((Sg,h, Ug,)g)f — (U’g h)h(Vg, Vg,f)] dO‘g

and
/[Vahlgyvﬁh“”]fdvg
Q
:_/ hyﬁ[VaV,gh‘Wf+V,3h°‘yVaf]dvg+f[hﬂVVgaVﬂhay]fng
Q x
:—/th’s[(vﬁvah"”’+Ra55"‘h8y+Raﬂayha5)f+vﬂh“’”vaf]dvg+/E[h,gyvé-,avﬂh“”]fda§
=— / [—Vh,PVah® f—2h PVah® Vg f —h, PR VgV, f + ((Ricg, h*)g — (Rmg -k, h)g) f1dvg
Q
+/E[(hﬂyv§avﬁhw — vz, Vah®) f = hb R vg Vo f1dog
:fg[wgmgf—2<h,agh®df>g+<v§f—fRng,h2>g+ (Rmg -h, h)z f1dvg
— 1R, v — 2005, 8580  + K20 5 ) o
X
:/Q[|8gh|§;f—2(h,8gh®df)g+<ygf+§Agf, h?)z + (Rmg -h, h)z f1dvg

— fz[((ag(hz), vz)z — 2h(vg, 8zh)) f +h*(vg, Vz f)ldog.
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Combining the calculations above, we obtain
/Q(DzRg-(h,h))fdvg,
= /Q[—%|V§h|§—%|d(tr§ h) |3 +185h|5—2(8gh. d(trg h)) g+ (Rmg -h, h)g+2(trg ) (Ricg h)] f dvg
- /Q [2(trg h)((83h) f +(h, v5 )z —2(8gh, df )+ (trg h) Az f)—2(h, 85h @df )z — (v f. h*)gl dvg
+ fz [@v, |13 +(8 (h*), vg)z+2h(vg, 8gh)) f — A |30y, f +h*(vg, Vg )l dog
+2f2[(h(l)g, Vz(trg h))+(trg h)(8gh, vz)g) f —(trg h)h(vg, Vi f)]do;
= A[—%|V§h|§—,—%|d(tr§ )3 +185h 13 —2(85h. d(trg h))g+2(trg h) (83h)+Z5(h, h)| f dvg
T /Q (20t ) (11, v7 g —28eh. df g = — (g ) (trg (7 1)) =2k, Sgh@df)g— (v f. b)) dvg
+ fz [y, 113+ (85 (h?). vg)g+2h (v, 83h)+2h(vg, Vi(trg h)+2(trg h)(8h, vg)g) f dog

+f [h%(vg. Vg £)— 1|28y, f —2(trg W)k (vg, Vz )l dog,
P

R
1

2R
R(h, h) = (Rmg -h, h)z +2(Ricg -h)(trg h) —
n [—

where we used the fact that

trg(yg )= —(n— 1><A-

and

g1 (trg h)> O
In particular, for V-static metrics we have the following identity.

Corollary 3.6. Suppose (X2, g, f, k) is a V-static space. Then for any h € ker 6z with h|rs =0,

1 2
/Q(DZRg.(h,h))fdvg=_§/Q[(|vgh|§+|d(trg h)|§;—2%g,(h,h))f+2/c(|h|§—,+nj(trg m?)] dvg
n—1
ij 2 2\ . i1 i _
_/2|:A§ hmhj,,—<hnn—3;hin)Hg—i—Mz,m(V,hn SVl )]fdag
n—1
/[(21# +Zh )a,,f+2h,,,,2h,-na,~f] dog.
i=1

Proof. Applying Proposition 3.5 with our assumptions,
1 2
/Q(DzRg (h, ) f dvg =~ fg[(wg,h@ +1d(trg b2 — 25 (h, b)) f + 2K(|h|§ + 2t h)z)] dv;

+f2[(avg|h|§,+<8g(h2),Vg>g+2h(Vg,Vg(tf§ W) f +h*(vg, Vg f)
— k130, f — 2(trg h)h(vg, Vg f)] dog.
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For the boundary integral, we will rewrite it in terms of the orthonormal frame chosen for the boundary.
Note that the identities
r=—Af, It =Ak Tl =H (3-7)
hold on X. Since
dgh=0 and h;;=0, i,j=1,...,n—1,
we have

(85(h*), vg)g = g (W) = =V (hgh,P) = —hg*Vuh, = —hunVahun — 1, Vilun = b, Vyhin,

n n
g |hlG = Valhl3 = 2hpn Vihun + 4k, Vhin
on X. Thus,

By, 1%+ (85 (hP), vg)g + 2k (vg, Vi(trg h))
= Nun Vhiun + 30, Vuhin — b, Vil + 2, Vi (ttg h) + 20, Vi (trz )
= 3hun Vihnn + 30, Vohin — b, Vil + 2, Vb, 420, VE Ry,

= 3 Vih, =30, Vih! — 1, Vil + 2k Vb 420, VE by,
where we used the fact that

Vihna = —(83h)o — Vih,' = —Vih,'.
Moreover, from

Vih! =0;h + Tl 0" —T%h,) = ASh,7 + Hzhi,
and
Vihun = 8ihun — 2T han = VE Ry, — 2451,
we obtain
dug |11} + (85 (h*), vg)g + 2h (vg, Vi(trg h)) 1
.

= — A hinhjy —3Hg Y b}, +h, YV hyy = 3hun Vi, + 2R Vah'.

n
i=1

On the other hand,
n—1 n—1
h*(vg, Vg f) = |h|30u, f — 2(trg h(vg, Vg f) = — <2hin +>° hfn) nf —han Y hindi f.
i=1 i=1

Integrating by parts,

/z[(a“g |13+ (85 (h*), vg)g +2h (vg, Va(trg M) f + 1> (vg, Vg f) — |hI30,, f —2(trg h)h(vg, Vg )] dog

n—1 n—1 n—1
—_ fz [(Aghinh,-n +3Hg2h%n>f+ (zhﬁn+2h$n)anf+2hm > hindh f] do
i=1 i=1

i=1

+ / (=hun VER, — 3, Vih, + 20, Vah') f dog.
)
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Note that
Vih,' —8h AT R —T%h !

i 'n m- o
=VZ>h,' + Hzhun,

and hence

fz [@u; 1113+ (85 (h), vg)g +2h (vg, Vg(trg ) f +h*(vg, Vg f) — k|30, f —2(trg h)h(vg, Vg f)]dog
n—1

-— /2 [A;!h,-nh.,-,, — <h,3n -3> hf,,) Hg +4h,, (Vih,' — %Vnhii)]fdag
= n—1
/ [(th + Zh >8nf + 20 Y hmaif} doz. O
i=1
In particular, for a special class of V-static spaces we have the following.
Corollary 3.7. Suppose (M", g) is a closed Einstein manifold with

Ric; = (n — 1)A3.

Then for any h € STT (M) @ (C®(M) - g) we have

1 g 2.2
/M(D2Rg (b)) dvg =~ fM (—(h, Af g+ 22 1d trg )} —2(n — 1)A|h|§> dv;.

Proof. According to the V-static equation (1-1), it is obvious that the Einstein manifold (M", g) is a
V-static space with f =1 on M and k = —(n — 1)A. By Corollary 3.6 we obtain

fM(DZRg.(h,h))dvg=/M[_%|vgh|§—%|d(tr§h)|§+|5gh|§+%g(h,h)+2/\(trgh)2+(n—1)x|h|§]dvg.
From our assumption,

1
5gh = —r—ld(tl‘g h),
and hence
(D*R; - (h, h)) dv; = [—l|v-h|%—ﬂ|d(tr- )2 + %z (h, h) +2A(tr h)2+(n—1),\|h|%] dvs
" 8 ’ 8§ " 21 V8% lg n2 8 g g\ 8 g 8
Since
2Rg 5
Rg(h, h) = (Rmg -h, h)g +2(Ricg -h)(trg h) = —~ (trg h)
= (Rmg -h, h)z — 2A(trg h)?,

we have

1 g 2_2
/M(DzRg.(h,h))dvg:—§/M<—<h,Agh)g+”7|d(trgh)|§—2(n—1)x|h|§,>du§. O
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4. Volume comparison for V-static spaces

In this section, we will investigate the volume comparison for geodesic balls in generic V-static spaces.
Let Q be an n-dimensional compact domain in a V-static space (M", g, f, k) with C'-boundary
% := 0€2. We define the functional

N

0.2lg] i= /Q R(g)f dvg +2 / H(g) f dog — 2 Va(g), (4-1)
)
where

geEMqoxiz={geMqa:glrs =g&lrs}

is a Riemannian metric on €2 that induces the same metric as g on the boundary X.
This functional is particularly designed for a given V-static space. The information of both volume and
curvature is encoded in this single functional. It has excellent variational properties.

Proposition 4.1. The V-static metric g is a critical point of the functional Fq zlgl. That is,

DZq ;- h=0 4-2)
for any h € $,(2) with h|ryqg = 0.

Proof. Applying Proposition 3.4 together with Lemmas 3.2 and 3.3,
ng,g -h= / (DRg . h)f dvg +2/ (DHg . h)f do'g - ZK(DVQ’S‘; -h)
Q a0

= /Q[(h, Vs g —(trg h)ldvg
+ /3 = @uirg )+ Gy + 25,0, = S’ = oo Hg) f = 0 1 do,
where we used that trz 4 = h,, on d€2. Since
Vih,' =8h,  + i h,* —T%h,' =VFh,' + Hzhu,

we have

(8zh)n = —Vh,* = —VFZh," — Vyhyy — Hzhyy.
Therefore
DZq; h= / (h.vi f— @)z dvg —/ [(VZh,)f+h,'d; fldo; = —/ VZ(h, f)dogz =0,
Q 02 a2
i.e., g is a critical point of .7q z[g]. U

The second variation that follows is a straightforward application of Lemmas 3.2 and 3.3 together with
Corollary 3.6.
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Proposition 4.2. For any h € ker §; with h|rs = 0, we have
1

D*Zq ;- (h, h) =—

ij.._lz__Z_ i1 i _
_ /E [(Ag hinh jn 2(h,m ZZhin>Hg—|—2h,m(V,hn LV, )) f] do
i=1
n—1
/ [(2113,1 + Zh )anf + 2R tha,.f] dog.
i=1

In general, geometric functionals are invariant under actions of diffeomorphisms and it would cause

n+3

/Q[(|vgh|§+|d(trg W2 —2%g(h, ) f + " (xg h) K]dvg

degenerations on their second variations. In order to get rid of these degenerations, we need to find a
metric modulo diffeomorphisms. This is usually referred to be gauge fixing and it can be obtained by
applying basic elliptic theory and the implicit function theorem. For manifolds with boundary, this can be
achieved if one poses appropriate boundary conditions.

Lemma 4.3 [Brendle and Marques 2011, Proposition 11]. Suppose (2", g) is a compact Riemannian
manifold with boundary. Fix a real number p > n. Then there exists a constant &1 > 0 such that for a
metric g on Q with

glrae = glraon
and

g —&llw2ra,z < &1,

there exists a diffeomorphism ¢ : Q — Q such that ¢|,, =id and h := ¢*g — g € ker §;. Moreover,

Ihllw2r .z < NIIg — 8llw2r .z
for some constant N > 0 that depends only on (2, g).
In particular, we take €2 to be a geodesic ball B, (p) at an interior point p € M with radius r > 0.

Proposition 4.4. Suppose (M", g, «, f) is a V-static space and p € M is an interior point. Then there is
a constant g1 > 0 such that for any metric g on B, (p) satisfying

* Ry > Rz in B, (p),
* He > H;z on 9B, (p),
* glras,(p) = &lToB,(p)>
* g =&l (p).z) <E1s
we can find a diffeomorphism ¢ € 2(B,(p)) such that ¢|yp,(p) = id and
h:=¢*g—g ekerd;
satisfies |h|z < % in B.(p), hlryp,(p) =0o0n dB,(p) and

I7llc2B, (p).5) < NIlg — 8llc2B,(p).2)
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for some constant N > 0 depending only on (B,(p), g). Additionally, we have
® Rq)*g = Rg in Br(p),
e Hy«g > Hz on 9B, (p).

Proof. The existence of a constant & and diffeomorphism ¢ is a straightforward application of Lemma 4.3.
Furthermore, we have

* Rysg =Rgo0¢ > R;in B,(p),
e Hyig=Hyo¢ =Hy > H; on 9B,(p),
because of the fact that the scalar curvature Rg is a constant on M (see Remark 1.1) and ¢|,, , =id. U

Let g, = g + h be a metric on B, (p), where h € S>(B,(p)) satisfies |h|; < % and h|75B,(p) = 0. From
Propositions 4.1 and 4.2, the remainder of the expansion for .7q ; up to second order can be written as

Povimilh] = FB,(»).518,] — Z5,p).5L8] = DFB,(p).g - h — 3 D* T, (p.g - (h. )
2/ (Rg, — Rg) fdvg —2k(Vi, () (8,) — VB,(p (&) + I,y [M] + Ly, (py [1],  (4-3)
B, (p)

1
Inpthl=1 [

B, (p)

where

[(I96h12 + lderg )2 = 25851, k) f + 22 (trg 1 | dvg

n—1
and

n—1
._ g Yy o 10 2\ . i1 i B
183,(,,)[;1]._faBr(p)[z(th He)+ 3 AL hinhi 4(h,m 2;hin)Hg+h,m(Vlhn zv,,h,.)]fdag

n—l n—1
1
+/BB ( )[(hﬁ,, +5 thn)anfmnn thaif] do;.
r(p i=1 il

The estimate for the remainder rp ;) z[1] plays a key role in our proof. It mainly relies on estimates for
lower bounds of integrals Ip () and I3, (p)-

The estimate for a lower bound of interior integral /g () is essentially due to the solution of the
variational problem

8
the$(R), h#0and hlrygo =0
fQ|h|§,dvg

A basic estimate was obtained by Qing and the author in [Qing and Yuan 2016, Lemma 3.7]:

|Vzh|2 dv;
W, 9 =inf{—f9 S :

Lemma 4.5. Suppose (M", g) is a Riemannian manifold with dimension n > 3 and B,(p) is a geodesic
ball of radius r centered at any interior point p € M. Then there are positive constants r and cq such that

(B (p).3) = 5 (4-4)
forall0 <r <.

From this, we are ready to obtain an estimate for a lower bound of /g ().
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Proposition 4.6. Suppose p € M is an interior point with f(p) > 0. Then there is a constant r1 > 0 such

that
fx)>0
forall x € B, (p) € M. Furthermore, for all r € (0, r) and any h € S,(B,(p)) with h|ryp,p) =0,
1 2
IB (p)[h] g( lnf f)”h”W]'z(Br(p),g)' (4_5)

Proof. By continuity, we can choose a constant r{ > 0 such that f(x) > 0 for all x € B, (p).
It is straightforward to see that

2R;
| %z (h, h)| = |{(Rmg -h, h); + 2(Ricg -h)(trz h) — gl
n —_—

(trg )?| < Agglhl}

on By (p), where Ay = A(n, g, [Rmgllcop, (p).z) 18 a positive constant independent of /. Thus for
any r <ry and h € S>(B,(p)) with k|73, (p) =0, we have

1
Ig, ()] = 1/ [(IVh13 —21%5(h, )]) f = 3nlic| k]3] dvg
B, (p)

V

_i/ [(inf f)IVghlz— (2A.(sup f)+3nlk|)|h]3] dvg
B.(p) Br(p) B.(p)

1. 2
= 5t D)IAags, 0+ 5

inf [|Vah|2 — ur|h|3] dvg,
B(pf)\/l;r(p)lglg lu/||g 8

where
41, (5D ) )+ ([nfi () £+ 6nli|_ HArf DG ) )+ 6nle
infg, (p) f B infg, p) f

Wr 1= =y

Applying Lemma 4.5, we can choose a positive constant 7| < r; sufficiently small such that

[ VbR avez g [ b2 av
B:(p) B (p)

|
I, (py[h] > g( inf f)”h”%vlﬂ(Br(p),g)

for any r € (0, ry). O

for all r € (0, ry). Therefore

For a lower bound estimate for the boundary integral /g, () we have the following.
Proposition 4.7. Suppose p € M is an interior point with f(p) > 0. Then there is a constant ro > 0 such
that
fx)>0
forall x € B,,(p) € M. Furthermore, for all r € (0, r2) and any metric g, := g + h in B,(p) satisfying
e h € S:(By(p)) with |h|g < § and h|rgp,(» =0,
« H; > H; on 3B, (p),
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we have

IaB,-(p)[h] = _CO( sup f)||h||C'(B,(p),§)”h”€vl,2(3r(p)’g)v (4'6)
B-(p)

where Cy > 0 is a constant depending only on (B,(p), g).

Proof. By continuity, we can choose a constant ré > 0 such that f(x) > 0 for all x € Bré (p).
As observed in [Brendle and Marques 2011], for all » € (0, r}) and any metric g, = g + h satisfying
h € $2(B,(p)) with |h|; < % and h|75p,(p) =0, we have

hun(Hy, — Hg) = 3hi, Hg — hn (Vih,' — 3Vah;") + Fg(h)
due to Lemma 3.2, where the tail term F3(h) satisfies
|Fg(h)|z < Ci1hI5(IVghlg + | Aglglhlg).

and C; > 0 is a constant depending only on the dimension n. From this,

n—1
1 ,ij 1
Iy, plh] = /BB ( )[(z — han) (Hg = Hg) + 5 A hinh jn + Z(hﬁn +2thn)H§]fdag
r\p i=1

n—1 n—1
1 ~
+/33( )[(hﬁ,ﬁ—i § hfn)a,,erhME :h,-naif} dog + Fz(h),
P i=1 i=1

where the tail term F, z(h) satisfies

|Fz(h)| < Ca(sup f)/ |h|2(1Vshlg + |Aglzlhlg) dvg
B.(p) 9B,(p)
for a constant C, > 0 depending only on the dimension 7.
For r > 0 sufficiently small, it is well known that the second fundamental form and mean curvature of
the geodesic sphere d B, (p) behave similarly to round spheres in Euclidean space (see Exercise 1.123 in
[Chow et al. 2006]):

n—1

Afj:%giﬁom and  Hy=""14o00

on 3B, (p). Thus we can choose 7} € (0, r5) such that
g 1
Al =5

for any geodesic sphere 8B, (p) with r <r}.

g,-.,- and Hg, >

For r € (0, r}), we have
1 ] n—1 n—1
log, (mlh] = 3 /a ( )[E<(n — k%, +2n thn)f - (3h,3n +n thn) |vg,f|g,] dog + Fz(h)
3B, (p i=1 i=l1

n—1 |V§f|g, 5 1 |V§f|g n—1 ) ] -
/aB,(,,)[3( 12r f >hnn+”<§— 7 );hm]fdag+Fg(h).

N =
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Since f is positively lower bounded and [Vz f|z is upper bonded on B,;(p), we can pick a constant
ry € (0, ry) such that

_Ivgflg < min _n—l i
f - 12r " 2r

holds in B, (p) for any r € (0, r;) and hence

= ~ 2
Iyg.(p) = Fz(h) = —C; (;lzp) f)||h||C1(3B,(p),§)”h”LZ(aBr(p)’g)
(p

for any r € (0, 1), where C3 > 0 is a constant depending only on n and r.
Recall the Sobolev trace inequality
2 2
228, py.y = 0 IR 1205, (). )0

where 6y > 0 is a constant depending only on (B, (p), g). Therefore the estimate

2
Iyg,(py = —Co(sup f)Illcr s, 1151205 (.0
B.(p)

holds for any r € (0, rp), where Cq := 006'3 > 0 is a constant depending only on (B, (p), ). O
Now we are ready to prove the main theorem in this section.
Proof of Theorem A. Let

ro ;= min{ry, r} > 0,

where r; and r; are given by Propositions 4.6 and 4.7.
For all r € (0, rg), applying Proposition 4.4, we can find a constant £; > 0 such that for any metric g
on B,.(p) C M satisfying

« Ry > Ry in B,(p),
* Hye > H; on 9B, (p),
* glras.(p) = &lTaB, (p)»
* g —8&llc2s,(p).5) <1
there is a diffeomorphism ¢ € 2(B,(p)) such that ¢|535,(,) =id and
h:=¢*g—g € kerd;
satisfies |h|; < 1 in B,(p), hlros,» =0 on dB,(p) and

Inllc2(B,p).a) = NIIg — 8llc2,(p).2)
for some constant N > 0 depending only on (B,(p), g). Additionally, we have
* Rgo*g = Rg in B,(p),
e Hy o > H; on 9B,(p).
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Fix an r € (0, rg) and assume the contrary of the claimed volume comparison:

k(VB, (&) — VB, (»(8) =0, 47
which implies
K (Ve () (@*8) — VB,(»(8) <0.
By Propositions 4.6 and 4.7, the lower bound estimate for the remainder is

Poe M) = Z5,9).519°8) = Z,(p).3181 = DFp,py.5 - — 5 D> T, () - (B, )
- / (Ryrg — Rg) f dvg — 2k (VB,(p)(®*8) — VB.() (&) + I, () [] + I3, (p)[1]
B.(p)
1( : 2
= (g(BI,Ig) f) - CO(;}:E) f) “h”Cl(B,(p),g)) ”h”Wl,Z(Br(p)’g,)-
On the other hand, if we write

T, = max{ sup f, sup |V§f|é}’
Br(p) Br(p)

then the upper bound of the remainder can be estimated using Taylor’s formula:

[ = £ D’ Zp,(p).g+en - (h, b, h)

sclrr/ |h|g<|vgh|§+|h|§)dvg+czrr/ |h1%(1Vshlg + |Aglzlhlg) dvg
B:(p) 9B, (p)

P (.2

2 2
< Cinllhllicos, ). 11125 o o T C3Trllillcrs, ). 11 2055, (.27
r).8 (Br(p),8) P8 (0B-(p).8)

where & € (0, 1) is a constant and Cy, C;, Cs are positive constants depending only on (B, (p), g). Recall
again the Sobolev trace inequality

2 2
||h||L2(aB,(p),g) = ”h”W”(Br(p),é)’

where 6y > 0 is a constant depending only on (B, (p), g). From this we obtain

Fi el = Cotrllhll e

2
i B2 1P wi2s,.p).2)

where C() = C| 4+ 6pCs is a positive constant depending only on (B, (p), g)-

Combining both lower and upper bound estimates of we obtain

Br(p).g?
(3(jnf f) (Co(glg?) F)+Com) Il s, ) 1 25 .2 <O (4-8)

Take
g0 = %min{sl, %(CO( sup f)+ C(’)t,)fl( inf f)}.
B (p) B-(p)
Then for the metric g satisfying
g —8&llc2,(p).5) < €0
we have

_ “1.
2l (). < NIg—&llc2s,(py.z) < Néo < é(co(glip) f)+Cir) (Bllg) f)-
- (p -
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According to inequality (4-8), we see & vanishes identically on B, (p) and hence ¢*g = g, which shows
that ¢ : B, (p) — B,(p) has to be an isometry. Therefore the reverse of inequality (4-7) holds:

k(VB.(p)(&) — VB,(p)(g)) = 0. (4-9)

That is, the following volume comparison holds:

e if k <0, then

VB0 (&) < VB.(»)(8):
e if ¥ > 0, then

Ve, (» (&) = Va.(p)(8);

with equality holding in either case if and only if the metric g is isometric to g. ([l

5. Volume comparison for closed Einstein manifolds

Suppose (M", g, f, k) is a closed V-static manifold. Then the functional .7 ; introduced in the previous
section can be simplified as

Iuglgl 2/ R(g) fdvg — 2k Vi (g). (5-1)
M

According to Proposition 4.1, the metric g is still a critical point of .%), ;. However, it is obvious
that this functional is not compatible with actions of dilations, which would cause subtle issues in its
second variation. Geometrically speaking, dilations introduce additional degeneracy besides actions of
diffeomorphisms, since they make no essential change to the geometry of the manifold. In order to obtain
volume comparison for closed manifolds, we need to construct a new functional instead, which is invariant
under dilations.

Definition 5.1. Suppose (M", g, f, k) is an n-dimensional closed V-static manifold. We define the
functional

Guslli= V(@ [ R dvg (5-2)
M
for any Riemannian metric g on M.

Obviously, this functional is dilation-invariant:

G alPe] = (Vg ()" f R(c%) f dvg = D 4lg]
M

for any constant ¢ # 0.
Now we focus on a special type of V-static metrics: Einstein metrics. According to the V-static
equation (1-1), we get
vzl =—Ric; =kg
by taking the function f to be constantly 1 on M. This means (M", g, 1, k) is a V-static space if and only
if the metric g is an Einstein metric with scalar curvature R; = —nk. Moreover, if we write
Rg

=D (5-3)
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then the Ricci curvature tensor is given by

Ric; = (n —1)Ag
and
k=—m—1A.

As a functional designed for V-static metrics, 9y, ; shares analogous variational properties with %y 5.
Proposition 5.2. Suppose (M", g) is a closed Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then the metric g is a critical point of the functional 9y ;.

Proof. From Proposition 3.4 and Lemma 3.3,

DGy z-h = (Vi (@)*" f (DR; - 1) dvg + 2 (Vg @)~ (DVig g - 1) / Rz dvg
M n M
= (vM(g))z/"[ /M (vz1) dvg+ %Rg /M(trg h) dvg]

— V@) [ (Rieg (= 1ig. W dvg =0,
for any h € SH,(M). O
For the second variation, we have the following.
Proposition 5.3. Suppose (M", g) is an Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then

D25 h. ) =3V @)

’ [t A ) g+ DU (g ) 2 - org h—trgh))] dvg

forany h =hy, + 1 (trg )g € ], & (CP(M) - ).
Proof. From Lemmas 3.1 and 3.3 and Corollary 3.7 we obtain
D*%yz - (h, h)

= 2 (V@) (D Vg - (h. 1)) fM Rg dvg + > (V@) (DVisg - h) /M (DRg - ) dvg
= 202D (V@)D Vi - h)? / Rg dvg + (Vi (3)*/" f (D*Rg - (h. ) dvg
M M
_ 2
— 2@ [ AER)s+ 2 W 0= DG ) dvg

— = D0ED; vy @) f (rg h)* dvg.
2n M
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Now the decomposition
h=hy + %(trg Y-
implies
(D*%g) - (h, )
1 _
=—1aw@?" [

. (42 __
[—(hTT, Ah )+ %(mmg W2 = na(trg h — g h)z)] dv;. O
M

As a key step of the proof for our volume comparison theorem, we need to give a characterization
of the second variation of the functional %) ; at g. This is closely related to spectrum problems of two
operators: one is about the Einstein operator and can be characterized by the stability of Einstein metrics,
the other is about the Laplace—Beltrami operator whose eigenvalue estimate is given by the well-known
Lichnerowicz—Obata theorem; see Theorem 5.1 in [Li 2012].

Lemma 5.4 (Lichnerowicz—Obata’s eigenvalue estimate). Suppose (M", g) is an n-dimensional closed
Riemannian manifold with Ricci curvature tensor

Ric; > (n —1)Ag,
where A > 0 is a constant. Then for any function u € C°°(M) that is not identically a constant, we have
/ du|* dvg > nx/ (u —it)* dvg, (5-4)
M M
where equality holds if and only if (M", §) is isometric to the round sphere S" (r) with radius r = 1/</A

and u is a first eigenfunction of the Laplace—Beltrami operator.

Applying this to Proposition 5.3, immediately we get the nonpositive definite property of the second
variation of ¥, ; at g.

Proposition 5.5. Suppose (M", g) is a closed stable Einstein manifold with Ricci curvature tensor
Ric; = (n —1)Ag.
Then
D*@y - (h,h) <0
forany h € S{fg (M) &® (C®(M) - g). Moreover, equality holds if and only if
e h € Rg ®ker A8 , when (M, g) is not isometric to the round sphere up to a rescaling of the metric,
e he(R® E,))g, when (M, g) is isometric to the round sphere S" (r) with radius r = l/ﬁ,
where
Ep :={u e C®(S"(r)) : Asn(ryu +niu = 0}
is the space of first eigenfunctions for the spherical metric.

Proof. Recall that the Einstein metric g is stable if and only if (—A‘%) is a nonnegative operator. Then the
conclusion follows by applying this fact and Lemma 5.4 to Proposition 5.3. ]
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Intuitively speaking, a slice is a subset of metrics in the space of all Riemannian metrics which is
transverse to the orbit of diffeomorphism actions. The following refined version of the slice theorem
reveals the local structure of Einstein metrics in the space of all metrics. To the best of the author’s
knowledge, it does not appear in the literature. We hope it can be useful in problems involving Einstein
metrics. The proof is standard; please refer to [Brendle and Marques 2011; Viaclovsky 2016].

Theorem 5.6 (Ebin—Palais slice theorem). Suppose (M", g) is a closed n-dimensional Einstein manifold
with Ricci curvature tensor
Ric; = (n — 1)Ag,

where L € R is a constant. Let M be the space of all Riemannian metrics on M. There exists a local
slice Sz though g in M. That is, for a fixed real number p > n, one can find a constant &1 > 0 such that,
for any metric g € M with ||g — gllw2rm,) < €1, there is a diffeomorphism ¢ € 2(M) with ¢*g € Sg.
Moreover, for a smooth local slice Sz, we have the decomposition
$2(M) = T3 S; ® (T3Sp)
where the tangent space of S; at g and its L?-orthogonal complement are given by
TeSg = ST (M) & (C*(M) - &)
and
(TgSg)L ={Lz(X) : (X, Vgu) 2.5 =0 forall u e C* (M)}
when (M", g) is not isometric to the round sphere S" (r) up to a scaling, and
T3Sz = S35 (M) @ (Ey; - 8)
and
(T3Se) " = {La(X) : (X, Vau) 2.5 = O forall u € E;
when (M", g) is isometric to the round sphere S" (r) with r = l/ﬁ. Here
Ep ={u e C®(S"(r)) : Asryu +niu =0}
is the space of first eigenfunctions for the spherical metric.

Now we restrict the functional ¢, ; on a local slice S; and denote it by
S . -
gM’g .— nggLS'

In order to investigate the local behavior of %‘3 g hear g, we need the following Morse lemma on Banach
manifolds.

Lemma 5.7 (Morse lemma [Fischer and Marsden 1975]). Let P be a Banach manifold and F : P — R
a C*-function. Suppose Q C P is a submanifold, F = 0 and dF = 0 on Q and that there is a smooth
normal bundle neighborhood of Q such that if &, is the normal complement to T, Q in T,'P then d*F (x)
is weakly negative definite on &, (i.e., d*F (x)(v, v) <0 with equality only if v=0). Let (-, - ), be a weak
Riemannian structure with a smooth connection and assume that F has a smooth (-, - )-gradient, Y (x).
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Assume DY (x) maps &, to &, and is an isomorphism for x € Q. Then there is a neighborhood U of Q
such that y € U and F(y) > 0 implies y € Q.

Applying it to our case, we obtain the following local rigidity result.

Proposition 5.8. Suppose (M", g) is a strictly stable Einstein manifold and Sg is a local slice through g.
Then there is a neighborhood U; of g in Sz such that for any metric g, € U; satisfying

g/fl,g[g’s] = g}f],g[g’],
there is a constant ¢ > 0 such that §; = c’g.

Proof. Let
Qg :={g, € S; : g, is Einstein}

be the subset of the local slice Sg consisting of Einstein metrics near the reference metric g. By [Koiso
1980, Corollary 3.4], strict stability implies that g is rigid. That is, we can find a neighborhood U : ©S;
of g such that

Q; = Qg,ﬂﬁg:{gs € Ug iy =c%z, ¢>0).
In particular, the tangent space of Q; at g is given by
T;Qz; =Rg

and its L?-orthogonal complement in T3Sz can be expressed as

£ = (Tz Q)" = ST, (M) ® (Wg(M) - 2)
due to Theorem 5.6, where

V(M) = {ue Enﬁ:/ u dUgIO}

if g is spherical and Y

V(M) = {u e C®(M): /Mudvg, = 0}

otherwise.
Consider a weak Riemannian structure on the local slice S,

(-, Ngg 1 To Sg xTg Sz — R forall g¢ € Sg,
which is defined to be

(. kg, :=/M[<vg3h,vgsk>gs+<h,k>gs]dvgs =/M((—Ags+1)h,k)gs dv,,

for any h, k € Tgs Sg. According to [Ebin 1970] it has a smooth connection. The ((-, -)) g -gradient
of %A‘i z 1s given by

Y(8) = Po (=B, + D7 [(Vir @)™ (v ey + 185 (Vaa (8D ™"+ "G 1,1
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where P, is the orthogonal projection on T, Sz and f,_ is a smooth function on M with dvg = f, duv,..
Obviously, Y (g,) is a smooth vector field on S;. For simplicity, we write

2(80) = Vi@ )" (v oy + -8, (Var(g) ™"/ Gy gl 1)

It is straightforward to see that Z(g) = 0 and the linearization of Z at g is given by

(n—1)(n+2)
n2

(DZz)-h= %(VM(g))Z/”(A‘%hTT - §(Ag +nr)(trg h — @)) =D*%yz-(h,-)

for any h = h,; + L(trz h)g € &. Thus
(DYg)-h = Pg(=Az + 1) (D* @y (h,-))
and DYj; is an isomorphism on £z due to the fact that DZ%A‘? g 1s strictly negative definite on & from
Proposition 5.5.
Since the functional %A‘g z is dilation-invariant, applying Lemma 5.7, we can find a neighborhood
U; C S; of g such that for any g, € Uj; satisfying
G281 > 95 23,
we have g, € Q. Thatis, g, = c?g for some constant ¢ > 0. O
Now we can prove the volume comparison of Einstein manifolds with respect to scalar curvature.
Proof of Theorem B. According to Theorem 5.6, we can find a local slice S; through the reference metric g.
Moreover, there exists a constant g9 > O such that for any metric g with
& — &llc2m,z) < o,
we can find a diffeomorphism vy € Z(M) with the property that *g € Uz C Sz, where the subset Uj is
given by Proposition 5.8.
For A # 0, suppose g is a metric on M with scalar curvature
Ry >n(n—1)A
and
g — gllc2m,z) < €o-

In addition, we assume the reverse inequality of the claimed volume comparison:

AM(Vm(g) = Vu(g)) = 0. (5-5)
This implies there is a diffeomorphism ¢ € 2(M) such that ¢*g € Uz € Sz and

Gy alogl = VM(¢*g)2/n/ (Rg o) dvg > VM@Z/nf R dvg =9, 412].
M M

due to our assumptions and the fact that R; = n(n — 1)X is a constant. According to Proposition 5.8,
there exists a constant ¢ > 0 such that ¢*g = ¢?3.
From our assumptions,
Ryrg =c Rz > Rz =n(n— A,
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and hence
A(l—c)>0.

However, inequality (5-5) suggests that

0=<A(VM(p™8) — Vm(8) = A(c" = DVu(8),

which implies that A(1 — ¢) < 0. Therefore, we conclude ¢ = 1 and hence ¢*g = g. That is, (M", g) is
isometric to (M", g), and this concludes the theorem. U

With analogous techniques, we can prove the local rigidity of Ricci-flat manifolds.
Proof of Theorem C. Similar to the proof of Theorem B, we can find a constant &y > 0 such that for any
metric g satisfying
g — 8llc2(m,z) < €0,
there exists a diffeomorphism ¢ € (M) such that ¢*g € U; C Sz, where Uj is given in Proposition 5.8.
Suppose g is a Riemannian metric with scalar curvature
Ry >0
and
g —&llc2m,z) < €o-

Then there is a diffeomorphism ¢ € (M) such that

gﬂig[‘ﬂ*g] = VM(fﬁ*g)z/"/ (Rgo0¢9)dvz > 0.
M
However,

Y1181 ="Vu (é)z/”/ Rz dvz =0,
M

and hence there is a constant ¢ > 0 such that ¢*g = ¢?Z due to g being strictly stable Ricci-flat and
Proposition 5.8. The conclusion follows. (I

According to Proposition 5.3, the second variation of ¢, ; at an unstable Einstein metric g is indefinite
and hence g is a saddle point instead of a local maximum. This suggests that the volume comparison
may fail for unstable Einstein manifolds and counterexamples can be constructed. It is well known that
a product of positive Einstein manifolds with identical Einstein constants is still Einstein but unstable;
see [Kroncke 2013]. Due to this reason and its simple structure, it can be our first choice.

The following example is constructed by Macbeth (personal communication, 2019), which shows the
stability assumption is necessary for our volume comparison theorem.

Proposition 5.9. There is a family of metrics {g;}:c[0,1) on S? x S? such that
e g0 is the canonical product metric on S* x S?,
e Ry = R’%QX§2 =4 forallt € [0, 1),
o V(g > VM(g§2X§2) Jorallt € (0,1).
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Proof. Let
g=0+n""gl +1-n7"g2

with 7 € [0, 1), where g; R is the canonical metric on the i-th S? factor, i = 1, 2. It is easy to see that their
scalar curvature is given by
Re, =2(14+1)+2(1—-1)=4

for all ¢ € [0, 1). However, its volume is
Varesr (g) = (1 = 12) " WVar2(8) > Ver,s2(8). O

It is straightforward to generalize this example to more general product cases. It would be interesting
to see whether we can find an explicit example of an unstable Einstein manifold which is not of this type
but where the volume comparison fails.

Appendix: Equivalence of Schoen’s conjectures

In this appendix, we show that two well-known conjectures proposed by Schoen [1989] on hyperbolic
manifolds actually are equivalent to each other. We believe the proof is known to experts. Unfortunately,
we could not find an appropriate reference. Thus we present a proof here for interested readers.

We start with a well-known concept in conformal geometry; see [Viaclovsky 2016].

Definition A.1. For n > 3, let (M", g) be a connected closed n-dimensional Riemannian manifold. The
Yamabe constant of the conformal class [g] is defined to be
R, dv
Y(M",[g]) := inf fM—gg
gelgl (Vi (g))n=2/n
Moreover, we can define a min-max invariant
Y(M"):=supY(M", [g])
[g]
called the Yamabe invariant or o -invariant.

It is well known that
Y(M") <Y (S")

for any closed smooth manifold M" and the canonical spherical metric achieves the Yamabe invariant
of S". For a given closed hyperbolic manifold with dimension at least three, its hyperbolic metric is
unique up to a dilation due to the well-known Mostow rigidity theorem; see Theorem C.0 in [Benedetti
and Petronio 1992]. Similar to the spherical case, Schoen [1989] conjectures that its Yamabe invariant is
achieved by the canonical hyperbolic metric.

Conjecture A (Schoen’s hyperbolic Yamabe invariant conjecture). For n > 3, suppose (M", g) is an
n-dimensional closed hyperbolic manifold. Then

Y(M*)=YM" (gD,

i.e., the Yamabe invariant is achieved by its canonical hyperbolic metric.
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Another conjecture about closed hyperbolic manifolds concerns volume comparison, which is also
referred to as Schoen’s conjecture.

Conjecture B (Schoen’s hyperbolic volume comparison conjecture). For n > 3, suppose (M", g) is an
n-dimensional closed hyperbolic manifold. Then for any metric g on M with scalar curvature

Rg > Rg,
its volume satisfies

Vu(g) = Vu(g).

Obviously, Conjecture A involves all metrics on the given hyperbolic manifold and in general it is
difficult to solve. Conjecture B only involves the comparison of a special metric with the reference metric,
which seems easier to solve than Conjecture A. However, Conjectures A and B are in fact equivalent
to each other and hence they are equally difficult in this sense. The bright side of this equivalence is
that we only need to solve Conjecture B, then Conjecture A will hold automatically. This seems to be a
promising approach to Conjecture A.

In the rest of the appendix, we will show the equivalence of Conjectures A and B.

We first show Conjecture A implies Conjecture B. In order to do this, we need the following lemma
adapted from an observation of Kobayashi [1987].

Lemma A.2. Let (M", g) be a closed manifold and Y (M", [g]) be the Yamabe constant of the conformal

class [g). Then
2/n 2/n
—( / |R;|"/2dvg) <Y(M",[g]) < ( / |R;|"/2dvg> :
M M

where Ry := max{R,, 0} and R, := max{— Ry, 0}.
Proof. By the conformal transformation law of scalar curvature,

[y @|Veul? + Reu?) dv
Y(M", [g]) = inf “H—"f S,
u>0 (-/M u2n/(n=2) dvg)
where a :=4(n —1)/(n — 2). Then we have

R uzdv R7u2 dv
Y [gh = inf — D R S Ry u? o .
420 (2 ) I (e ) O

since R, = Ry — R, . By Holder’s inequality,

2/n (n—2)/n
/ R;uz dvg < (f |R;|n/2 dvg) (/ u2n/n=2) dvg> ,
M M M

2/n
Y(M", [g])z—(/ |Rg|"/2dvg> :
M

fM Rgdv, < fM R;dvg
Vi (g)=2/m = (Vi (g))n=2/n

and hence

Similarly,

Y(M", [g]) < (
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By Holder’s inequality,

2/n
fM R;dvgs< /M |R;|"/2dvg) (Var ()= 2/n

and hence y
Y(M", [g])f( / |R;|"/2dvg) : O
M

Immediately, this implies the following conformal volume comparison.

Proposition A.3. Suppose (M", g) is a closed Riemannian manifold with strictly negative constant scalar
curvature Ry. Then for any metric g € [g] with scalar curvature

Rg > Ré,
we have
Vm(g) = Vm(8).
Proof. Since Rj is a strictly negative constant, then its Yamabe constant satisfies
Y(M", [g]) <O,

and hence g is a Yamabe metric in the conformal class [g] due to the uniqueness of the Yamabe metric of
negative Yamabe constant. Thus,

Y(M", [8]) = Rz (Vi (§)*'".
By Lemma A.2,

n/2
(min Re) (Vi (8))*/" — ( /M |R;|"/2dvg) < Y(M",[g]) = Rg(Vu ()"

Therefore,
Re(Via ()" < (min Re) (Vi ()" < Ry(Vir (2))*'",
and hence
Vin(g) = Vu(@). O
Proposition A 4. Conjecture A =  Conjecture B.

Proof. Let (M", g) be a closed hyperbolic manifold. Suppose g is a metric on M with scalar curvature

Rg > Rg.
We are going to show

Vm(g) = Vu(g),

assuming g achieves its Yamabe invariant Y (M").
From Conjecture A, the Yamabe constant of the conformal class [g] satisfies

Y(M", [gh) =YM") =Y(M", [g]) <O.
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Let g € [g] be the unique Yamabe metric in [g] which is normalized such that R ¢ = R;. By Proposition A.3,
we have

Vu(g) = Vi (g).
On the other hand,
ReVu(®*" =Y (M" [g]) <Y(M")=YM", [g]) = RgVu(3)*'",
which implies
Vu(8) = Vu(g).

Therefore

Vm(g) = Vu (@) = Vu(2),
and hence Conjecture B holds. O
Proposition A.5. Conjecture B = Conjecture A.

Proof. Let (M", g) be a closed hyperbolic manifold. We will show that its Yamabe invariant satisfies
Y(M")=YM" gD,

assuming the volume comparison holds.

We first recall a classic result of Gromov and Lawson [1983, Corollary A] which states that there is no
metric with nonnegative scalar curvature on a compact hyperbolic manifold. That means the Yamabe
invariant satisfies

Y(M") <0,

and there is no metric on M with identically vanishing scalar curvature. Thus for any metric g on M, the
Yamabe constant of the conformal class [g] is strictly negative:

Y(M", [g]) <O.
Let g be the Yamabe metric in the conformal class [g] with R; = R < 0. According to Conjecture B,
VM (@) = Vu(g)-
Therefore, the Yamabe constant of [g] satisfies

woow Ju Redvg
Y(M,[g])—W

Since g is arbitrary, we conclude

= R;(Vu(@)Y" < Re(Vu(@)¥" = Y(M", [g]).

Y(M") = S[U%) Y(M", [g) =Y(M", [g]),
8

and hence Conjecture A holds. (Il
In summary, we have the equivalence of Schoen’s Conjectures A and B.

Theorem A.6. Conjecture A <=  Conjecture B.
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WANDERING DOMAINS ARISING FROM LAVAURS MAPS WITH SIEGEL DISKS

MATTHIEU ASTORG, LUKA BOC THALER AND HAN PETERS

The first example of polynomial maps with wandering domains was constructed in 2016 by the first and
last authors, together with Buff, Dujardin and Raissy. In this paper, we construct a second example with
different dynamics, using a Lavaurs map with a Siegel disk instead of an attracting fixed point. We prove
a general necessary and sufficient condition for the existence of a trapping domain for nonautonomous
compositions of maps converging parabolically towards a Siegel-type limit map. Constructing a skew-
product satisfying this condition requires precise estimates on the convergence to the Lavaurs map, which
we obtain by a new approach. We also give a self-contained construction of parabolic curves, which are
integral to this new method.

1. Introduction

Rational functions do not have wandering domains, a classical result due to [Sullivan 1985]. Recently
in [Astorg et al. 2016] it was shown that there do exist polynomial maps in two complex variables with
wandering Fatou components. The maps constructed in [Astorg et al. 2016] are polynomial skew products
of the form

(z,w) = (fw(2).g(w)).

where g(w) and f,(z) = f(z,w) are polynomials in respectively one and two variables. While the
construction holds for families of maps with arbitrarily many parameters, the constructed examples are
essentially unique: they all arise from similar behavior and cannot easily be distinguished in terms of the
geometry of the components or qualitative behavior of the orbits in the components. The goal in this
paper is to modify the construction in [Astorg et al. 2016] to obtain quite different examples of wandering
Fatou components. Our construction requires much more precise convergence estimates, forcing us to
revisit and clarify the original proof, obtaining a better understanding of the methodology.
The maps considered in [Astorg et al. 2016] are of the specific form

P:(z,w) > (f(2)+ Zw, g(w)), (1)

where f(z) =z 4 z% + O(z3) and g(w) = w — w? 4+ O(w?). Recall that the constant ”72 is essential to
guarantee the following key result in [Astorg et al. 2016]:
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Proposition A. As n — 400, the sequence of maps
(z.w) > PO (2, g (w))
converges locally uniformly in By x Bg to the map

(z,w) = (Ly(2),0).

Throughout this paper By and B, refer to the parabolic basins of, respectively, f and g, and Ly refers
to the Lavaurs map of f with phase 0; see for example [Lavaurs 1989; Shishikura 2000]. By carefully
choosing the higher-order terms of f, one can select Lavaurs maps with desired dynamical behavior.

In Proposition B of [Astorg et al. 2016] it was shown that £y can have an attracting fixed point. The
fact that P has a wandering Fatou component is then a quick corollary of Proposition A. It seems very
likely that one can similarly construct wandering domains when Ly has a parabolic fixed point, using the
refinement of Proposition A presented here.

We will construct wandering domains arising when L has a Siegel fixed point: an irrationally indifferent
fixed point with Diophantine rotation number. Compositions of small perturbations of Ly behave so
subtly that it is far from clear that Lavaurs maps with Siegel disks can produce wandering domains.

In order to control the behavior of successive perturbations, we prove a refinement of Proposition A
with precise convergence estimates, showing that the convergence towards the Lavaurs map is “parabolic”.
Moreover, we study the behavior of nonautonomous systems given by maps converging parabolically to a
limit map with a Siegel fixed point. We introduce an easily computable index characterizing the behavior
of the nonautonomous systems.

In the next section we give more precise statements of our results, and prove how the combination of
these results provides a new construction of wandering domains.

2. Background and overview of results

2A. Polynomial skew products and Fatou components. There is more than one possible interpretation
of Fatou and Julia sets for polynomial skew products; see for example [Jonsson 1999] for a thorough
discussion. When we discuss Fatou components of skew products here, we consider open connected sets
in C? whose orbits are uniformly bounded, which of course implies equicontinuity. Since the degrees
of f and g in (1) are at least 2, the complement of a sufficiently large bidisk is contained in the escape
locus, which is connected; all other Fatou components are therefore bounded and have bounded orbits.

Given a Fatou component U of P, normality implies that its projection onto the second coordinate
1w (U) is contained in a Fatou component of g, which must therefore be periodic or preperiodic. Without
loss of generality we may assume that this component of g is invariant, and thus either an attracting basin,
a parabolic basin or a Siegel disk.

The behavior of P inside a Siegel disk of g may be very complicated and has received little attention
in the literature, but see [Peters and Raissy 2019] for the treatment of a special case.

There have been a number of results proving the nonexistence of wandering domains inside attracting
basins of g. The nonexistence of wandering domains in the superattracting case was proved in [Lilov
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2004], but it was shown in [Peters and Vivas 2016] that the arguments from Lilov cannot hold in the
geometrically attracting case. The nonexistence of wandering domains under progressively weaker
conditions was proved in [Peters and Smit 2018; Ji 2020].

Here, as in [Astorg et al. 2016], we will consider components U for which my, (U) is contained in a
parabolic basin of g. We assume that the fixed point of g lies at the origin, and that g is of the form
g(w) = w —w? 4+ h.o.t., so that orbits approach 0 tangent to the positive real axis. We will in fact make
the stronger assumption g(w) = w —w? 4+ w? + h.o.t.

2B. Fatou coordinates and Lavaurs’ theorem. Consider a polynomial f(z) = z —z% +az3 + h.o.t. For
r > 0 small enough we define incoming and outgoing petals

Pe={lz+r|<r} and PP ={z—r|<r}

The incoming petal Pf‘ is forward invariant, and all orbits in Pf‘ converge to 0. Moreover, any orbit which
converges to 0 but never lands at 0 must eventually be contained in Pf‘. Therefore we can define the
parabolic basin as

By = U f PfL .
The outgoing petal Pf" is backwards invariant, with backwards orbits converging to 0.

On Pf‘ and Pfo one can define incoming and outgoing Fatou coordinates ¢} : Pf‘ — C and ¢}) : Pf” —C
solving the functional equations

hof()=¢b()+1 and §Yo f(2)=d(2)+ 1.

where ¢J‘,(Pf‘) contains a right half-plane and ¢J‘,’(Pf") contains a left half-plane. By the first functional
equation the incoming Fatou coordinates can be uniquely extended to the attracting basin By. On the
other hand, the inverse of ¢]2, denoted by w]?, can be extended to the entire complex plane, still satisfying
the functional equation

fowd(Z) = Y2 +1).

The fact that the exceptional set of f is empty implies that W}) : C — C is surjective. We note that
both incoming and outgoing Fatou coordinates are (on the corresponding petals) of the form Z =
—1/z 4+ blog(z) + o(1), where the coefficient b vanishes when a = 1. This is one reason for working
with maps f of the form f(z) =z + 22+ z3 +ho.t.

Let us now consider small perturbations of the map f. For € € C we write f.(z) = f(z) + €2, and
consider the behavior as € — 0. The most interesting behavior occurs when € approaches 0 tangent to the
positive real axis.

Lavaurs’ theorem [1989]. Lete¢; — 0, nj € N and o € C satisfy

nj—g—ﬂx as j — oo.
J
Then
fe’;.l — Lr(a) = w]?ofaoqb},
where ©4(Z) = Z + «.
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The map Lr(«) is called the Lavaurs map, and « is called the phase. In this paper we will only
consider phase o = 0, and write Ly instead of Lz (0).

2C. Propositions A and B. The construction of wandering domains in [Astorg et al. 2016] follows
quickly from two key propositions, the aforementioned Propositions A and B. In this paper we will prove
a variation to Proposition B, and a refinement to Proposition A, which we will both state here.

Our main technical result is the following refinement of Proposition A. As before we write P(z, w) =
(f2)+ ”72w, g(w)), with f(z) =z+ 2%+ 2>+ bz* +hot, and g(w) = w—w? + w? + hot.

Proposition A’. There exists a holomorphic function h : By x Bg — C such that

P2z g" () = (L (2).0) + (h(zl; w),o) + o(log”),

n2

uniformly on compact subsets of By x Bg. The function h(z, w) is given by

L}‘(Z) L L
h(z,w) = W (C + 9y (2) — ¢y (w)),

where the constant C € C depends on b.

Proposition A’ will be proved in Section 5; see Theorem 5.33.

Proposition B in [Astorg et al. 2016] states that the Lavaurs map L of a polynomial f(z) =
z 4+ 22 +az? 4+ O(z*) has an attracting fixed point for suitable choices of the constant a € C. We
recall very briefly the main idea in the proof of Proposition B: For @ = 1 the “horn map” has a parabolic
fixed point at infinity. By perturbing a ~ 1, the parabolic fixed point bifurcates, and for appropriate
perturbations this guarantees the existence of an attracting fixed point for the horn map, and thus also for
the Lavaurs map.

In this paper we will consider a more restrictive family of polynomials of the form f(z) =z + z2 +
z3 4 0(z*), which means that we cannot use the above bifurcation argument. Using a different line
of reasoning, using small perturbations of a suitably chosen degree-7 real polynomial, we will prove a
variation to Proposition B, namely Proposition B’ below. The proof of Proposition B’ will be given in
Section 6.

Before stating the proposition we recall that a fixed point zo = L7 (zo) is said to be of Siegel type if
A= E} (z0) = 2™¢, where ¢ € R\Q is Diophantine, i.., if there exist ¢, r > 0 such that |A” —1| > cn™"
for all integers n > 0. Recall that neutral fixed points with Diophantine rotation numbers are always
locally linearizable:

Theorem 2.1 [Siegel 1942]. Let p(z) = e2™%z 4+ O(z2) be a holomorphic germ. If ¢ is Diophantine
then there exist a neighborhood of the origin Q) and a biholomorphic map ¢ : 2, — D, (0) of the form
@(z) = z + a2z% + O(23) satisfying

2mwil

p(p(z)) = e 9(2).
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Proposition B’. There exist polynomials of the form f(z) = z + z? + z3 4+ O(z*) for which the Lavaurs
map Ly has a Siegel fixed point zq, with A = L} (zo). Moreover we can guarantee that
L (z0)(97) (20)
A(1=2)

Condition (2) is necessary to guarantee the existence of wandering domains; see the discussion of the

— (%) (z0) #0. )

index « later in this section, and the discussion in Section 5C.

A more precise description of the derivatives A for which p is locally linearizable was given in [Bruno
1971; 1972; Yoccoz 1995]. As we are only concerned with constructing examples of maps with wandering
Fatou components, we find it convenient to work with the stronger Diophantine condition. Proposition B’
will be proved in Section 6.

2D. Perturbations of Siegel disks. A key element in our study is the following question:

Let f1, f2,... be a sequence of holomorphic germs, converging locally uniformly to a holomorphic
function f having a Siegel fixed point at 0. Under which conditions does there exist a trapping region?

By a trapping region we mean the existence of arbitrarily small neighborhoods U, V' of 0 and ng € N
such that

Jmo--o fu(z) €V

for all z € U and m > n > ng. In other words, any orbit (z,),>0 that intersects U for sufficiently large n
will afterwards be contained in a small neighborhood of the origin. Note that this in particular guarantees
normality of the sequence of compositions f;; o--- o fp in a neighborhood of zg, which is the reason for
our interest in trapping regions.

We are particularly interested in the case where the differences f;, — f are not absolutely summable,
i.e., when

Yo lfa—flu=00

nzno
for any np and U. In this situation one generally does not expect a trapping region. However, motivated
by Proposition A’, we will assume that f,, — f is roughly of size 1/n, and converges to zero along some
real direction. More precisely, we assume that

h
)= 161 ="+ 0 7). ®

where 4 is a holomorphic germ, defined in a neighborhood of the origin.

Theorem 2.2. There exists an index k., a rational expression in the coefficients of f and h, such that the
following hold:

(1) If Re(k) = 0, then there is a trapping region, and all limit maps have rank 1.
(2) If Re(k) < 0, then there is a trapping region, and all orbits converge uniformly to the origin.

(3) If Re(k) > 0, then there is no trapping region. In fact, there can be at most one orbit that remains in
a sufficiently small neighborhood of the origin.
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Theorem 2.2 holds under more general assumptions regarding the convergence towards the limit map,
but the above statement is sufficient for our purposes. An example of a more general statement is given
in Remark 3.15. An explicit formula for the index « is given in Section 3, which contains the proof of
Theorem 2.2.

Remark 2.3. The nonautonomous dynamics of the functions f,, satisfying (3) is closely related to the
autonomous dynamics of the quasiparabolic map

F(z,w) = (f(2) + wh(z) + O(w?), w —w? + O(w?)).

The case Re(x) < 0 in Theorem 2.2 corresponds to F' being dynamically separating and parabolically
attracting, using the terminology of [Bracci and Zaitsev 2013]; by Corollary 6.3 of that work the map F
has a connected basin of attraction at the origin. In particular this implies the existence of a trapping
region for the sequence ( fy,).

2E. Parabolic curves. An important idea in the proof of Lavaurs’ theorem is that in a sufficiently small
neighborhood of the origin, the function f, = f 4 €2 can be interpreted as a near-translation in the
“almost Fatou coordinates”: functions that converge to the ingoing and outgoing Fatou coordinates as
€ — oo. This idea is especially apparent in the treatment given in [Bedford et al. 2017]. The almost Fatou
coordinates are defined using the pair of fixed points ¢ (¢) “splitting” from the parabolic fixed point.

When iterating two-dimensional skew products P(z, w) = (fy(2), g(w)) it does not make sense to
base the almost Fatou coordinates on the pair of fixed points of the maps f,(z) = f(z) + ”Tzw, as the
parameter w changes after every iteration of P. Instead, the natural idea would be to base these coordinates
on a pair of invariant curves {z = {1 (w)}, so-called parabolic curves, defined over a forward-invariant
parabolic petal in the w-plane. The invariance of these parabolic curves is equivalent to the functional
equations

{+(g(w)) = fu(Cx(w)).

In [Astorg et al. 2016], it is asked whether such parabolic curves exists. Instead, in that work it was
shown that there exist almost parabolic curves, approximate solutions to the above functional equation
with explicit error estimates. The proof of Proposition A relies to a great extent on these almost parabolic
curves, and the fact that these are not exact solutions causes significant extra work.

In [L6pez-Hernanz and Rosas 2020] it is shown that the parabolic curves indeed exist, in fact, the
authors prove the existence of parabolic curves for any characteristic direction for diffeomorphisms in
two complex dimensions. However, to be used in the proof of Proposition A, it is necessary to also obtain
control over the domain of definition of the two parabolic curves. The result from [Lopez-Hernanz and
Rosas 2020] does not give the needed control.

In Section 4, Proposition 4.1, we give an alternative proof of the existence of parabolic curves, with
control over the domains of definition. The availability of these parabolic curves forms an important
ingredient in the proof of Proposition A’. The method of proof is a variation to the well-known graph
transform method, and can likely be used to prove the existence of parabolic curves in greater generality.
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2F. Wandering domains. Let us conclude this section by proving how Propositions A’ and B’ together
imply the existence of wandering Fatou components. As before we let

PGz w) = (f(2) + Ew, g(w)),

where g(w) = w —w? 4+ w3 + h.o.t. and the function f(z) = z + z% + z3 4+ h.o.t. is chosen such that
Ly has a neutral fixed point zo with Diophantine rotation number. The existence of such f is given by
Proposition B'.

Proposition A’ states that

P2z " (w)) = (L (2).0) + (h(zl; w),o) + o(kl’i”),

uniformly on compact subsets of By x Bg.

Recall from Proposition A’ that the function &(z, w) is given by

h(z,w) = ﬁ-(c +¢7(2) — g (w)
A TE FRET O
from which it follows directly that the index « depends affinely on ¢fg (w), although it is conceivable that
the multiplicative constant in this dependence vanishes.
As will be explained in detail in Section 5C, the index « is independent from w if and only if, denoting
the fixed point of L7 again by zo, we have

£1(20) (@) (z0)
A(1—2)

- (¢})H(ZO) =0, (4)

in which case « is constantly equal to +1. The second statement in Proposition B’ therefore implies
that f can be chosen in order to obtain an inequality in (4), which implies that the affine dependence of «
on ¢, (w) is nonconstant.

It follows that there exists an open subset of Bz where the w-values are such that Re(x) is strictly
negative. Let D, C B, be a small disk contained in this open subset, so that Re(k) is negative for all
w e Ds.

Let Dy be a small disk centered at zo, the Siegel-type fixed point of L. We claim that, for n € N large
enough, the open set Dy X g”2 (D>) is contained in a wandering Fatou component.

Indeed, it follows from Proposition A’ that the nonautonomous one-dimensional system given by
compositions of the maps z > m, o P2"+1(z, g"2 (w)) satisfies case (2) of Theorem 2.2, where 7, is the
projection onto the z-coordinate. Thus Theorem 2.2 implies that

sz_nz(z, w) — (29, 0)

uniformly for all (z, w) € D X g"z(Dz). The remainder of the proof follows the argument from [Astorg
et al. 2016]. Since the complement of the escape locus of P is bounded, it follows that the entire
orbits P™(z, w) must remain uniformly bounded, which implies normality of (P"") on D; x g”z(Dz),
which is therefore contained in a Fatou component, say U. The fact that on an open subset of U the
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subsequence pm>-n’ converges to the constant (zg, 0) implies convergence of this subsequence to (zg, 0)
on all of U, since limit maps of convergent subsequences are holomorphic. But if U was periodic or
preperiodic, the limit set would have been periodic. The point (zg, 0) is however not periodic: its orbit
converges to (0,0). Thus U is wandering, which completes the proof.

Remark 2.4. From the above discussion we can conclude that all possible limit maps of the convergent
subsequence P"/ |y are points. In fact these points form (the closure of) a bi-infinite orbit of (z¢, 0),
converging to (0, 0) both under backward and forward iteration.

We note however that there are fibers {w = wq}, with wo € Bg, for which Re(k) = 0. Let D; again
be a sufficiently small disk centered at zo, the Siegel-type fixed point of L. Proposition A’ together with
case (1) of Theorem 2.2 implies that for sufficiently large n the disk Dj x { g"2 (wo)} is a Fatou disk for P,
i.e., the restriction of the iterates P to the disk form a normal family. For this Fatou disk the sequence of
iterates P>~ converges to a rank-1 limit map, whose image is a holomorphic disk containing (z¢, 0).
All the limit sets together form (the closure of) a bi-infinite sequence of disks, converging under backward
and forward iteration to the point (0, 0).

3. Perturbations of Siegel disks

3A. Notation. The following conventions will be used throughout this section:
(i) Given a holomorphic function f, we will write f for the nonlinear part of f.

(ii) For a sequence of constants A, € C we will write

n n
dnm= [] A and A() =Ano=[]N.
Jj=m+1 J=1

and similarly for a sequence of functions ( f5,)

fn,m = fno"'ofm-{—l-

(iii) Given two sequences of holomorphic functions ( f;,) and (g5) defined on some uniform neighborhood
of the origin, we will write f, =< g, if the norms of the sequence of differences ( f,, — g») is summable
on some uniform neighborhood of the origin.

3B. Preparation. In this section we introduce nonautonomous analogies of attracting, repelling, and
locally linearizable indifferent fixed points and make a few initial observations. In the next subsection we
introduce the index « and show that the local behavior of the nonautonomous systems we consider can be
deduced from the real part of the index.

Definition 3.1. Two sequences of functions ( f,) and (g;) are said to be nonautonomously conjugate if
there exist a uniformly bounded sequence of local coordinate changes (V¥ )n>n,. all defined in a uniform
neighborhood of the origin, satisfying

fn oYn =Yn+1°&n

for all n > ny.
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Definition 3.2. A sequence of functions ( f) is said to be nonautonomously linearizable if there exists a
sequence (Ay)n>n, in C\ {0} and a sequence of coordinate changes (V¥ )n>n,, defined and uniformly
bounded in a uniform neighborhood of the origin, and with derivative ¥, (0) uniformly bounded away
from zero, so that

Jno¥n(2) = VYnt1(An-2)

for all n > ng. If the sequence |A(n)| is bounded, both from above and away from 0, then we say that
(fn) is rotationally linearizable.

Definition 3.3. A sequence of functions ( fy) is said to be collapsing if there is a neighborhood of the
origin U and an ng € N such that f, ,, — 0 on U as n — oo for any m > ny.

An example of a collapsing sequence is given by a sequence of functions f, converging to a function f
with an attracting fixed point at the origin.

Definition 3.4. We say that sequence ( fy,) is expulsive if there exists » > 0 such that for every m > 0
there exists at most one exceptional point Z such that for every z € D,(0) \ {Z} there exist n > m for
which f, (z) ¢ D,(0). Here D, (0) denotes the disk of radius r centered at the origin.

An example of an expulsive sequence can be obtained by considering a sequence of maps ( f5)
converging locally uniformly to a map with a repelling fixed point. Since f maps a small disk around
the origin to a strictly larger holomorphic disk, the same holds for sufficiently small perturbations. A
nested sequence argument shows that, starting at a sufficiently large time n¢, there is a unique orbit which
remains in the small disk.

Lemma 3.5. Consider a sequence ( fy,) of univalent holomorphic functions, defined in a uniform neigh-
borhood of the origin. Suppose the compositions fy o are all defined in a possibly smaller neighborhood
of the origin, and form a normal family. Then the sequence ( f) is either rotationally linearizable, or
there exist subsequences (n;) for which fy o converges to a constant.

Proof. By normality the orbit f, o(0) stays bounded. By nonautonomously conjugating with a sequence
of translations we may therefore assume that f;,(0) = O for all n. Note that normality is preserved under
nonautonomous conjugation by bounded translations.

Write A, = f,/(0). Normality implies that |A(n)| is bounded from above. The functions

Ynt1(2) = fn,O(A(n)_1 “Z)

are tangent to the identity, and they satisfy the functional equation

Sovn(z) =Yn+1(A-2).

If the sequence |A(n)| is bounded away from the origin then the maps v, are uniformly bounded, and the
sequence ( f(n)) is rotationally linearizable. Suppose that the sequence A(n) is not bounded from below,
in which case there is a subsequence A(n;) converging to 0. By the Hurwitz theorem the sequence of
maps f,, 0 converges to a constant. d
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Lemma 3.6. If the sequence (fy) is rotationally linearizable, and () is a sequence of absolutely
summable holomorphic functions, i.e.,

> Neallp, ) < 00

for some r > 0, then the sequence ([, + Cn) is also rotationally linearizable.

Proof. Write g, = fn + . We consider the errors due to the perturbations in linearization coordinates, i.e.,

Vb1 08n 0 Vn(2) = Vnit1 0 fao¥n(z) =Yt 08n 0 Yn(2) — An - 2.

By the definition of the nonautonomous linearization, it follows that after restricting to a smaller neighbor-
hood of the origin the derivatives of the maps v, and their inverses are uniformly bounded. It follows that
the above errors are also absolutely summable, which guarantees normality of the sequence ¥, il 0gn,0in
a small neighborhood of the origin, and hence normality of the sequence g5 0. It follows from Lemma 3.5
that (f, + {n) is either rotationally linearizable or has subsequences converging to the origin. It follows
from the summability of the errors that the latter is impossible. O

3C. Introduction of the index. Let f(z) = Az +byz%+ O(z3) be a holomorphic function with A = ¢27#¢
and ¢ € R\Q Diophantine. Let h(z) = co + c1z + O(z?) be a holomorphic function defined in a
neighborhood of the origin. Let ({,(z)) be a sequence of holomorphic functions that is defined and
absolutely summable on some uniform neighborhood of the origin. We consider the nonautonomous
dynamical system given by compositions of the maps

fale) = @)+ h(z) + G (2).

We introduce the index «, depending rationally on the two-jet of f at the origin and the one-jet of 4 at

the origin, by

L 2b2€0 C1
T a-n T

We claim that the index « is invariant under local autonomous changes of coordinates, i.e., when all the

)

maps f, are conjugated by a single analytic transformation. One easily observes that the index is invariant
under affine changes of coordinates and is unaffected by terms of order 3 and higher. It is therefore
sufficient to only consider local changes of the form z > z + az2. It is clear that A and cg are unaffected
by such a coordinate change, while computation shows that b, is replaced by b, + A —aA? and ¢y is
replaced by ¢1 —aAcy. Indeed, « is invariant under these changes.

Since ¢ is Diophantine, the function f is linearizable. Let us write ¢(z) = z +h.o.t. for the linearization

map of f,ie., fop(z) =¢(Az2).

We define .
co
) = — .
n(2) zZ+ n1—1
Lemma 3.7. With the above definitions we can write
1 o0
fri=¢ lob o fuobhop =22+ - > dz* + £ (2), (6)

k=2
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where (&) is a sequence of holomorphic functions that are defined and whose norms are summable on a
uniform neighborhood of the origin.

Proof. First observe that

1 1 1 1
Q,Tilofnoenxf(z—k— € )—l—;h(z—l— € ) 0

1— 2 nl—1) n+l11-21
1 1 Co
n+11-1"
Using the power series expansions of f” and & we can therefore write
_ 1 ACO 1 1 Co 2b2€0
9n+1°fn°9n/\f(2)+( 1—A+Eco_n+11—k)+n(1 2+ Z:Bkz

xf(z)%—lci)/\(%— j_l)—l— —Akz + — Zﬁkz

1 1
= —A — k.
Fe+ a1 5 gy

k=2

It follows that

£, < ¢>‘1(f(¢(Z)))+(¢‘1)’(f(¢(2)))(%AK¢(2)+% ) :ﬂm(z)")
00 k=2
K 1
=A (1+;)Z+;k5=2dk2k

1 o0
=AMz 4= " dy 2k
T 2 ez
k=2
For the last equality we used that

1
n n
Corollary 3.8. If Re(k) < 0 the sequence f,, is collapsing.

Proof. Observe that f/(z) < Ae“/™ + O(z/n) and note that there is a small disk D, (0) such that for n
sufficiently large

”fr/z Ip, 0 < eRe(’C)/(Zn)’
and thus

£, (2) — £ (w)| < R/ |z _yy|. @)

Since Re(k) < 0 it follows that [],,-; eR¢®)/C@n) =0
Let us write

on(z) = Aoekin.g fn(z),

i.e., we drop the term &, from f,. By decreasing the radius r if necessary we can choose mg such that

> & D, < 57

J=mo
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By increasing my if necessary we can also guarantee that ¢, ,(z) € D;/2(0) for all z € D, /4(0) and
m > my. Using (7) it follows by induction on n that whenever z € D,./4(0) and m > mo we have
n

n
() = G ()] < Z( I eRe(K)/<2’<>)||sj||D,(o>.
j=m “k=j+1

Indeed, the inequality is trivially satisfied for n = m, and assuming the inequality holds for some n > m

implies
Ifn+1,m(2) = Pn+1,m )| = fn+1 0 fn,m(2) — fnt1 0 @nm(2) + En+1(Pnm(2)) |l
n+1 n+1
< Z( I1 eRe(K)/(Zk))||5j||D,(o)-
j=m “k=j+1
Note that

n

n
S TT e9/%)ig o, 0

j=m “k=j+1
as n — 00; hence the fact that the sequence (¢;,) collapses implies the sequence (f;) collapses as well. [J

Since the sequence (fj) collapses, it follows immediately that the sequence ( f,,) collapses as well,
concluding the case Re(x) < 0.

Corollary 3.9. If Re(k) > 0, the sequence f,, is expulsive.

Proof. Note that there are r, ng > 0 such that for every z, w € D, (0) and every n > ny we have
60(2) — Ea ()] =z = w] [/ + L0z, w)| > XMz ).
Expulsion of all but one orbit follows immediately. O

Again it follows that ( f;) is expulsive, completing the case Re(k) > 0.

3D. Rotationally linearizable case (Re(x) = 0). Let us define

Lu(z) = e¥oem .z,
‘We obtain
8n = L;_}_l ofyoLy
1 o0
=Az+ e—Klog(n-{-l)E Z dzelcﬂlognzf + L;—}—l Oén o Ln
=2

00
1 {—1)logn _{

= A —i——E dye*( Enz".
z "L e z

Since Re(x) = 0, the maps L, are rotations; hence it is sufficient to prove that the sequence (g;) is
rotationally linearizable.
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By Lemma 3.6 we may ignore the absolutely summable part of g, ; hence with slight abuse of notation
we may assume that

[e.e]
gn=Az + % Z dpeDlogn .
=2
Recall that A = 27! where ¢ is Diophantine.

Lemma 3.10. There exist constants C,r > 0 such that for every integer £ > 1 and for every 0 <m < N

we have
N

>3

j=m

<C/t.

Proof. Since ¢ is assumed to be Diophantine, there exist ¢, ¥ > 0 such that [A" — 1| > cn™" for all n. This
gives the bound

N N Aé(j-i—l) k(}

Zkej — Z o - Z(Aﬁ(j+l) AKJ)

j=m Jj=m j=m

<C{". O

Lemma 3.11. There exist C,r > 0 such that for all integers n, £ > 0 we have

edlogkkke - 'C’gr—H
k n
k=n
Proof. Summation by parts gives
Llogk LlogN N N-1  kllog(k+1 Llogk
eelogle L, eftios ZAH Z ekt log( )_ ektlog ZAJZ
k N k+1

N N-1 k
_extioeN Sy mogk(l""d/k"‘o(l/kz) l) St

k=n k=n k+1 k j=n

Observe that

1+xl/k+001/k? 1 _ 0( 1 )

k+1 Tk k2

is absolutely summable; hence using Lemma 3.10 we obtain

N kllogk 5 k
e kOg ke| Zkke Z 1—|—/<€/lkc+10(l/k ) 1 ZM-K
k=n k=n + j=n
N-1

cer ! -1 1
cr Y| o~
SN k; Kkt (k3)‘

'C‘«'£r+1
P

<
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Let us introduce one more change of coordinates

00 ©  k(t=1)logk
Sn+1(Z) =z _A—l ZA(I’H-I)(I—C)dZZZ Z Tkk(ﬁ—l)‘
(=2 k=n+1
Lemma 3.12. Writing S, (z) =z + S, (z) we obtain
Sut1(Az) = A8, (2) + &n(2).
Proof. Computing §n+1()tz) — gn(2) gives
o o eK(Z—l)logk 1 0
)1 Z A(”“)(l_e)dg)teze Z Ak(@—l) - Z elc(e—l)logndéze
(=2 k=n+1 k n {=2
00 () 1— k 00 {—
= Z An=0g,-¢ Z —eK( Dles k=1 _ Z —eK( mogn)ul(é—l))ui(l—li)dezZ
(=2 k—n+1 k (=2 "
K(€ 1)logk R
ZA”(I O,zt Z MDD =38 (2).

Lemma 3.13. The maps Sy, satisfy S, = z + O(1/n), with uniform bounds.

Proof.
ek (L—1)logk

R c&
S — Al’l(l E)d L A’k(e—l) = d V4 €_1r+1'
1Sn(2)] = Z zZ <= ldeztle=1)

=2
Let us define
hn = Sn__'l_l ogn OSn.

Lemma 3.14. The maps hy, are of the form
hy = Az 4+ O ™2).
Proof. The definition of 4, immediately gives that s, (z) = Az + O(1/n),

8n © Sp = Sn+1 ohy,
and thus
AZ +A80(2) + &n(z + Su) = Az + hin(2) + Sp1(Az + hp),
which gives
184(2) + &n(2) + 84 (2)Sn(2) + O(S2) = hn(2) + Spt1(A2) + S A2 + OG2).

Hence by Lemma 3.12 we obtain

8,(2)Su(2) + O(82) = hp(2)(1 + S, 11 (A2)) + O(h2).
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Since &, = O(1/n) and S, = O(1/n), we get
1
hp(2)(1+ S na1(Az)) + O(h )= (n_z)

Since hn(z) = Az 4+ O(1/n), it follows that /i, (z) = O(1/n2). O

Lemma 3.6 implies that the sequence (/) is rotationally linearizable; hence the same holds for (gy),
(f,) and finally ( f,), which completes the proof of Theorem 2.2.

Remark 3.15. The proof of Theorem 2.2 also works for more general perturbations, for example

logn

In(2) < f(2) + h1(2)+

where /1 and /5 are holomorphic around the origin. In this case we have two indexes «;, j € {1,2}, that

ha(z),

can be computed using (5), where constants ¢g and c¢; are the coefficients of the linear part of the Taylor
series of 4 at the origin. The following is a general version of Theorem 2.2:

(1) If Re(kx2) > 0 then the sequence ( f) is expulsive.
(2) If Re(x2) < 0 then the sequence ( fy,) is collapsing.
(3) If Re(k2) = 0 and:

(a) Re(x1) > 0, then the sequence ( fy,) is expulsive.
(b) Re(k1) < 0, then the sequence ( f) is collapsing.

(c) Re(k1) =0, then the sequence ( f) is rotationally linearizable; hence all limit maps have rank 1.

4. Existence of parabolic curves

The purpose of this section is to prove the following proposition.

Proposition 4.1. Let P(z, w) := (f(z) + ”Tzw, g(w)), with f(z) =z + 224+ bz3 4+ 0(z*) and g(w) =
w—w?+ O(w3). Then P has at least three parabolic curves: one is contained in the invariant fiber w =0
and is an attracting petal for f; the other two are graphs over the same petal P in the parabolic basin Bg.
Moreover they are of the form

é‘i(w) =+ VW + cow +czw? + 0 w?),
where ¢y = 5i and ¢y = %zb— %.

Proposition 4.1 gives a positive answer to a question posed in [Astorg et al. 2016]. We note that the
result does not follow from the results [Hakim 1998], as the two characteristic directions we consider are
degenerate, in the language used by Hakim. The existence of three parabolic curves can be derived from
[Lépez-Hernanz and Rosas 2020]. However, their proof gives no guarantee that the parabolic curves ¢+
are graphs over the same petal in Bg, which is crucial for our purpose.

Let us start by observing that P is semiconjugate to a map Q, holomorphic near the origin, given by

0(z,€) = (f(z)—i——e e— 13+ 0())
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(with €2 = w). The map Q has three characteristic directions: € =0, z = Zieand z = —Zie. Itis clear
that there is a parabolic curve tangent to the characteristic direction € = 0, namely the attracting petal
for f in the invariant fiber {€ = 0}. We call this parabolic curve the trivial curve. For the existence of the
two other parabolic curves we will use a graph transform argument.

Let us write Q(z,¢) = (fe(2), g(€)), so that fe(z) = f(2) + ”7262 and € := g(e) = /g(€?) =
€— %63 + O(€”). We are looking for parabolic curves of the form € — (£ (¢), €), hence satisfying the
equation

Q(L(e). €) = (£(€), €). (®)

Equivalently we are looking for a function ¢, defined for € in a parabolic petal of g, satisfying the
functional equation

£(g(€)) = fe((e)).

We will prove that Q has two parabolic curves ¢, corresponding to the characteristic directions
z = £7ie, which are graphs over the same attracting petal of g in the right half-plane. This will complete
the proof of Proposition 4.1, since these two parabolic curves can be lifted to parabolic curves of P
satisfying the desired properties.

The key idea in proving the existence of {(¢) is to start with sufficiently high-order jets {;(¢€) of the
formal solution to (8), and then apply a graph transform argument, starting with {;. By starting with
higher-order jets, we obtain higher-order error estimates, but the constants in those estimates are likely to
deteriorate. However, these estimates can be controlled by dropping the order of the error estimates by 1,
and working with |e| < §, with § depending on the order of the jets. It turns out that starting with jets
of order 20 is sufficient to obtain convergence of the graph transforms. We do not claim that 20 is the

minimal order for which convergence can be obtained, only that the order suffices for our purposes.

Lemma 4.2. For every integer n > 0 there exists {1(€) = c1€ 4+ cp€? 4+ c3€2 + -+« + cp€™ and § > 0 such
that |$1(€) — fe(§1(€))| < |€]” for all |e] < 8. Moreover we have ¢y = £%5i and ¢y = %zb — %.

Proof. Recall from [Astorg et al. 2016] that by choosing {;(€) = c1€ + cr€?, with ¢ = :I:%i and
Ccy = %Zb - %, we obtain
181(6) = fe(G1(e))] < O(le]*).
Now suppose that ¢y, ..., c, are found such that for {(¢) = c1€ +--- + c,€” we have
181(6) — fe(C1(€))] < O(le|"2).
Let En(€) := fe(¢1(€)) = £1(E). For ¢t € C, let

Ent1(€) := fe(C1() + cng1€" ™) = £1(8) — cpy1 &1

we shall prove that there exists some ¢, 41 such that E, 1 = O(e"3). Indeed,

Je@1(€) + cns1€") = fe(C1(€) + £/ (Cn(€))ene T + 02" F2)
= fe(C1()) + (1 +2c1€)cn 16" + O(" ).
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On the other hand, we have ¢, 1" ! = ¢, 116" T 4+ 0(€"13); s0
En+1(€) = En(€) +2¢10n11€" T2 4+ 0(" ).
Since E,(€) = O(e"12?) (and ¢1 # 0), we may therefore find some value of ¢, 11 for which E, () =
0(€n+3)‘
We conclude that if § is small enough then |1 (€) — fc({1(€))| < |€]|” for all |e] < 4. O

Remark 4.3. The choice of parabolic curve is determined by the choice of ¢;. From now on we will
assume that ¢ = %i; for the case ¢; = —%i the proofs are essentially the same.

For R € C we write Hg = {Z € C:arg(Z — R) € (-5 —€0. 5 +€0)} for some €g > 0, and
Ps = {e € C: e > € Hg—> and Re(e) > 0}.

For § > 0 sufficiently small the petal Ps is forward-invariant under g, i.e., g(Ps) C Ps. Recall the
existence of Fatou coordinates on Pg: the function g is conjugate to the translation 71 : Z +— Z 4+ 1 viaa
conjugation of the form

1
Z = ) + alog(e) +0(1),

where the constant « depends on g. All forward orbits in Pg converge to 0 tangent to the positive real
axis, and the conjugation gives the estimates
- C Kk C
Re(g*(e)) < —= and [Im(g*(e)| < - ©)
vk k

for a uniform C > 0 depending on . We note that by choosing § sufficiently small, the constant C can
be chosen arbitrarily small as well.

Lemma 4.4. Let n > 0 and {1 (€) be as in Lemma 4.2. There exist §, A > 0 such that for every |e| < § we
have

|/ Ca(€) +3€h) = La ()] < Alel*.

Proof. The Taylor series expansion of f gives
o0

|FH @) +3eh) — L) < )
i=1
and the desired estimate follows immediately. O

Lemma 4.5. Letn > 0 and {1 (€) be as in Lemma 4.2, A > 0 and § > 0 sufficiently small. Let ({i (€)) be
any sequence of holomorphic functions defined on Pg and satisfying
Sk (€) = Ci(e)| < Alel*.

Then there exists C1 > 0, depending on {1, such that

3l|€4|l,

(fTHPSC1e)
i

1

k _
[[// @@ @) <Ci-k+1-0)
s={

forall € € Pg and every 0 < £ <k.
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Proof. Let us write x; = Re(g%(¢€)) > 0 and y; = Im(g* (¢)). Estimates (9) imply

o0
Z|§k(e)|3<K<oo for all € € Pg. (10)
k=0

Since by assumption |{s(€) — ¢1(€)| < Ale|* for every s > 1, it follows that s(€) = c1€ + co€? + O(€3)
and

|/ @&s(€) = £/ (C1(e))] < B,

where B > 0 depends only on {; and A.
Observe that f/(z) =142z +3bz2 + 0(z3) = ezz+(3b_2)22+0(z3); hence we obtain

F(&s(e)) = emiet (372 (1-b)=3)e2+0(e?).

where the bound O(e?) is uniform with respect to s.
Therefore we can find C; > 0 such that

k
[T /@@ 15 )| > [eXi=eRe(rid 1 @+ (G (1-b1=5)E* 1= (@) +0(E @)

s={
> 1 ‘ez‘?:f —yk41—s (32 (1-Re(®) =) x7 4 ‘
1

- L’e— St
C1

1
TCk+1-0)

In the first inequality we used the fact that |e?| = eR®(?). The second inequality follows from estimates
(9) and (10). The third inequality depends on the constant C from (9) being sufficiently small, which can
be guaranteed by taking sufficiently small §. O

Remark 4.6. Note that the estimates in Lemmas 4.2, 4.4 and 4.5 hold regardless of the choice of # in the
definition of 1. If n is increased, then all estimates hold, with the same constants, for § sufficiently small.
It turns out that it will be sufficient for us to work with n = 20, and we will work with this choice from

now on.

Lemma 4.7. There exists sufficiently small § > 0 such that for every k > 2 and every € € Ps we have

IOk —0)  18(e)P  4le|'?
C—1)° k—1)% = k2

k—1
2Ok + 17O k- + Y
=2

Proof: We will prove that each of the four terms in the left-hand summation is bounded by |¢|'2/k2. It
follows from (9) that for every 0 < £ < 19 we have

c19% c1 e |€ k
|k 4 1/€2|19/2 < k(19—€)/2'

185 ()| Pk <
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If we choose £ = 13 and assume that § is small enough, then we get

k<7

for € € Ps. The desired bound for a second term follows immediately from the inequality
g5k —1) <185 k.
Next observe that for every k > 2 we have

G S N
(k=D* = —122 " *

where the last inequality holds for sufficiently small §. Finally, for the third term in the summation we

use (9) to obtain

k— ~ _ k—
VIO —0) " CeBk—0)

k—1
10 |E|12
e '6'42 (k=0*(C=D*

(=2
In order to obtain the desired bound it suffices to prove that
k—1

1 44
Z; k—0*(C—1)* " k2

First observe that
1 4

I O
C—Dk—0) — k

forevery k >3 and 2 <{ <k — 1. To see this let us set s = £ — 1 and r = k — 1. The above inequality

now translates to
1 4

<

s(t—s) " t+1

fort >2and 1 <s <t —1, and hence to
pi(s) =452 —4ts+1+1<0.

Observe that p;(1) < 0 and that roots of p;(s) lie outside the closed interval [1,¢ — 1]. Therefore we
obtain
ki 1 3 Kl 4
_ N4/ —1)4 74 > 127
= (k—=D*—-1) = k k

and hence for § sufficiently small

k=1 sk+1-£ )23 (f — ¢ 12
T ORGE=0 | 5
(=2

(—1)4 k2

Proof of Proposition 4.1. As we remarked at the beginning of this section, it is enough to prove that Q
s

L€, both curves

has two parabolic curves * corresponding to the characteristic directions z =
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graph over the same attracting petal of g in the right half-plane. By Lemma 4.2 there exist § > 0 and
C1(€) = c1€ + ca€? + -+ + ¢20€20 such that |£1(€) — f2(C1(€))| < |€]|?° for |e] < 8. Let A > 0 be as in
Lemma 4.4, and let C; > 0 be the constant defined in Lemma 4.5.

We will show that the sequence of functions defined inductively by

Cr1(6) := [ (G (8)
is convergent and that the limit satisfies the functional equation (8). Let us define
Ex(€) := §p(€) — fe(Ck (€))
and observe that

Ger1(6) = £ (G (@) = T (fe(Cr(€) + Ex(€))

and hence

k
JeCir1(€) = feC1(€) + Y Eq(e).
=1

Note that we can replace fc by f on both sides, giving

k
G = /7! (f@l @+ Ee<e)),
=
and hence 1

15\() k i
@ =t + 3 OO (5 p ).
=1

i=1

We will prove that |E (¢)| < |€|*/|k — 1| for every k > 2 on some small petal Ps. This will imply
that the sequence ;4 converges to a parabolic curve ¢ on Py for sufficiently small §.
We claim there exists § > 0 such that for every € € Ps and every k > 1 the following two statements hold:

Le(1): |8k (€) = &i(e)| < Ale|*, and
I (2): |Ex(e)| <4lel?/|k — 11> <e|*/[k — 1],
We will prove these two statements simultaneously by induction on k.
Step 1: First we prove /5(1). By definition
i (fHO i)
il

i=1

$2 =2C1(e) + (E1(e))';

hence by Lemma 4.4 we obtain the desired inequality.
Next we prove that /5(2). Observe that for sufficiently small § we get

B0l <| 7 (;(j))) L GIEI@P < ClIEO + Calel [3(6)]*

< Cilel|2@)]"° + Calel1g(e)*” < 4le|*2.

Here C; is the constant introduced in Lemma 4.5.
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Step 2: Now let us assume that /;(1) and 7;(2) hold for every 2 < £ < k. Observe that

1Ck+1

Since |Eg(€)| < |€]*/|€ —1|? for £ > 2 and |E1(€)| < |e|* we get

k
> Eu(e)

{=1

<3le|*;

hence by Lemma 4.4 inequality /(1) holds.
Observe that

Ek+1(6) = Cx11(€) = fe(C41(€)) = Gey1(€) — Lk (€)
= [ 1 (fe (G (@) + Ex (€)= & (&)
= /TN @Gk (@) + Ex () — & (@)
= (/7 (f (& (@)) - Ex (€) + O(Ex(8)),

where the constant in the order can be chosen independently from k. It follows that there exists C, > 0
independent of k such that

E(é)
S8k ()
Using the inequality (11) successively we obtain

Ex(3(0)) o
Pl Gloy | T C2IEEE)

3 Ex-1(8%(€) 1 0, /B @ )P
PG @@ [ G@on | 1 @)
R L1 O)] 5> B )P
§ VA O)) el | MR VA OV

Combining (12) and Lemma 4.5 gives

|Ek+1(e)] < +Ca|Ex (8)*. (1D

|Exy1(e)| <

+Ca|Ex (8(e))1?

+GE (@), (12)

|Ex+1(€)]
k+1—£ .\ |24 5(c)|24
~k/ (20 40 |g ()" (k—0) 1g(e)]
<C118%(€) PPk +C1 C2| g5 (e)[*0 (k— 1)+1601C22 ((—1)4 +16Cy (k—1)4
G- ()23 (k—¢ g(€)]?3
<Crlel| @)k +Cr Calel [ () (k- 1)+16C1C2|€|Z| e =72

{=2
If § is sufficiently small this last inequality together with Lemma 4.7 implies
4le le

|12
K2 k2

|4

|[Ex41(e)| <
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completing the proof of /i 1(2) and thus the induction argument. We emphasize that throughout the
proof § can be chosen dependently of k.
To summarize, the equation

k
() = 1" (f(;l @D+ Ee(é))

=1

implies that for sufficiently small § the sequence {; converges on Ps to a parabolic curve ¢ satisfying

(€) = fe(£(€)). Recall that we have only proven the existence of a parabolic curve for ¢; = Zi. For

c1 =—7%I we can use same arguments as above, but we might get a different value for §. Since the parabolic

petals are nested and forward invariant, both parabolic curves are graphs over the petal with minimal §. O

From the proof it follows that

tE(e) = tere + cre? £ 363 + 0(eh),

. 2
where ¢1 = 7i and ¢ = %&b —

=

5. Estimates on convergence towards Lavaurs map

5A. Preliminaries. The goal of this section is to obtain explicit estimates for one of the main objects to
appear in our arguments: the functions A (e, z) and Agy(z), which measure how much the dynamics differ
from a translation after a certain change of coordinates. The key difference between this section and the
corresponding computations in [Astorg et al. 2016] is that we now know that we have two exactly invariant
parabolic curves ¢, instead of invariant jets. This is used crucially in the proof of Proposition 5.5.

Definition 5.1. Let f,(z) := f(z) + ”Tzw, where f(z) =z +z% 4234+ O(z*) is a degree-d polynomial.
Let g(w) = w —w? 4+ O(w?) be a degree-d polynomial.

In what follows, we set € := /w, working throughout with the branch that takes positive values on the
positive real axis. We note that this branch is well-defined on the parabolic basin of the polynomial g.
Abusing notation, we write fc(z) := f(z) + ”7262 and ¥ (e) = +iZe+ c2€2 + O(€?), where ¢ are
the parabolic curves constructed in the preceding section. Let g(¢) := /g(€2) = € — %63 + 0(€)
(g is analytic near € = 0).

Let us first record here the following lemma for later use:

Lemma 5.2. Let wg € Bg and let € := g”2+f (wo). For 1 < j <n, we have
1 J Pg (wo) 1
n 2n3 2n3 3

. 2 P
Proof. Let us write w,2 ; := g" 7 (wg). We have

Do (w2 ;) = Bl (wo) + 0% + ] = —— +o(1)

n2+j
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(note that we assume here g(w) = w — w? + w3 + O(w*)). Therefore

1
U T 02 1 4 ¢ (wo) + (1)

L+ wo) 1\ /2
€ = m=;(1+n—§+o(n—2))

and

1 1J + ¢g(wo) 1
= ;(1‘5n—2+0(n—2))- =
Definition 5.3. Let
I tt(e)—z
WG(Z) = E log[m] + 1,
o/, 1 tt(e)—z
v o g |

where log is the principal branch of the logarithm.

Note with that choice of branch, v is defined on C\ L., where L, is the real line through ¢ (¢)
and ¢~ (€) minus the segment [~ (€), {1 (€)]. In particular, ¢ and ¥¢ are both defined in a disk centered
at z = 0 whose radius is of order €.

It will also be useful to note that

+ _,tinZ s—
W/ (2) = ] (6)1 _eeiin; Q. _ge COt(i%) 0. (19

Definition 5.4. Let
(1) A(e.2) =yl 0 fe(2) () —e,
(2) Ap(z) :=—1/f(z)+1/z—1.

Note that the formula for A(e, z) does not depend on whether the ingoing or outgoing coordinate ¢ is
used, and is therefore well-defined.

Proposition 5.5. We have

(1) Ay is analytic near zero,

(2) there exists r > 0 such that for all € # 0 in a neighborhood of zero, A(e, ) is analytic on D(0, r).

Proof. (1) A quick computation shows that

f@)—z-zf(z) _ 0(z?

Ao(@) =77 T 1400

from which the conclusion easily follows.
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For (2), note that

A(e, z) = lo (g—i_(g(f)) Je(2) §+(€)—z)_

f@D) = (3) - (o)
L . (fe(§+(€))—fe(2) , fe(Z)—fs(C‘(e))) -
iz S\ te-z = z-C (o)

From the above expression we see that the singularities at z = ¥ (¢) are in fact removable, unless one of

the points coincides with a critical point of f. The fact that these critical points are bounded away from
zero completes the proof. O

Lemma 5.6. Let K be a compact subset of C*. There exists C = Cg > 0 such that, forall z € K,

L"'(e)_(l_i_ne_n_zez)

3
z—C(e) z 272 =Ce

Proof. For z € K, we have

(fe)—z _ {T(e z

z=8(e) z-¢ () z-¢7 (o)

_z+(e)( 1 )_ 1
2 Ut @/z) Tt

n _
=§Z(€)(1+§Z(6)+0(€2))_( +§ (é‘ ()) +0(€3))

2
2_ ¢ 2 2 2.2

C1€ + cre” — ?le

—C1€ + Cp€

C €
—1- -+ 0()
4 z z

2c c?
:—1+—1€ —21€2+0(€3)

z z

: 2
1+ Tt 2L 0(d). O

z 272

Lemma 5.7. Let K be a compact subset of C*. Then
fe(2) = fe(CF () L ?

=1- - 241 0(.
fo—fet @) @ 2t T
As in the previous lemma the constant in the O depends on K.
Proof. The invariance of the parabolic curves gives
Je(@) = fe§F(€)) _ fe(2)=ET(g(e) _ . w2 2 3
p—l 0
O A MR AP L R TAE L G
; 2
—1-r €+ " €2+ 0(e3).

[ 2f(2)?
The last equality uses the fact that g(¢) = € + O(e?). O
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Proposition 5.8. There exists a constant Cy € C (depending only on f and g) such that
A(e,z) = €do(2) +€3Co + O(*, €32),
where the constants in the O are uniform for (z, €) € C? near (0,0) (with Re(€) > 0).

Proof. Let K be a compact of C*. Then by the two previous lemmas, we have

Og( —§7(€) Je(2)— fe(§+(6))) _
2={HE) [ = fE ()

1 ' 2 1 ; 2
=i log( - %TE - ;—26 + 0(63)) + — log(l - ;(Z)e - an(z)zez + 0(63)) -
€

=<- m —e+ 0(e%) = edg(2) + O(3).

Here the constant in the O still depends on K C C* Let ¢c(z) := (A(e,z) — €Ag(2))/€>.

Proposition 5.5, ¢, is holomorphic on D(0,r). We have proved that for all compact K C C*, for
all z € K, and for all small € # 0 with Re(¢) > 0, we have |¢p¢(z)| < Cg. By taking K = {|Z| = %r}
we therefore obtain the same estimate |¢¢(z)| < Ck for all |z| < %r because of the maximum modulus

A(e, z) =

principle. This gives the desired uniformity. O
Lemma 5.9. If {¥(e) = £Zie + cpe? +cfe3 + O(e*) and f(z) =z + 22 + 23 + bz* + O(2°), then
—3bm3 4273 + 12¢om + 12i(c3 —c;r)

127 )
Proof. By repeating the computations from Lemmas 5.6 and 5.7 with one additional order of significance,

Co =

one obtains
. -+
wzl—ze—n72262+(c3 ZC3 —lzgz—l-l;z)e +0(e?).
f@)—fCte) . in w2, ( in® g —ci  ime in3
ro—fc©@ o 220 ot o e Tiee

Plugging these two equations into the formula for A(e, z), and using the power series expansions of

)63+ 0(e*).

1/f(z)/ for j =1,...,3, one notices again that all terms involving negative powers of z cancel, either
by the argument used in the proof of the previous proposition, or by lengthy computations using

=T
TR
Summing the terms that do not depend on z gives the desired result. O
Lemma 5.10. We have
o= (LS bt
e R A S T T S TR

We will omit the proof, which is a long but direct computation, starting from the functional equation
fe0tE(€) = ¢* 0 3(€) and identifying coefficients in powers of €.
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In particular, it follows that

_ bn? 1, T? bn? 1 572 3
Co=—" g+ 5+ (5 T35 )

—br? 1372 3 1

=% T 82w

5B. Convergence result. For the rest of Section 5 we fix a compact subset K x K’ C By x Bg and a
point (zg, wo) € K x K'. Moreover we assume that n is sufficiently large so that g”z(K ") is contained in
a petal P from Proposition 4.1. Unless otherwise stated, all the constants appearing in estimates depend
only on the compact K x K’, but not on the point (zq, wo) nor the integer n.

Let fj(z):= f(z) + ”Tzwanrj, where w2 ; = g”2+j (wo). Let z; := fjo fj—10---0 f1(20). Let
Fm,p:= fmo---o fpr1,and lete; := VW25,

The strategy of the proof of Theorem 5.33 is as follows: we will use approximate Fatou coordinates ¢ﬁ/ °
and prove that on some appropriate domains d)ﬁ,/ ¢ converges locally uniformly to ¢>}/ ¢ (with a known error
term of order 1/n). Moreover, we will compute ¢;,(z9) and ¢9(z2,+1), again at a precision of order 1/n.
This will allow us to compare accurately 22,41 and L¢(z9) = (¢>}‘Z)_1 o d)} (zo). This approach differs
from [Astorg et al. 2016] in that approximate Fatou coordinates in that work were only used at small
scale near 0, while here they are defined on a whole petal: this simplifies the comparison with the actual
Fatou coordinates d)} °. The approach used here is strongly inspired by [Bedford et al. 2017].

Definition 5.11. Let

. 1 §’+(€~) .
Zilo = ytlozy = —1 I 4,
A R )
Observe that by definition of A(e, z),
Al 2) = Zjp = Zj =€ (14)

Proposition 5.12. We have
t/o _ S 1
w0 =-L 1 o(5).

Proof. This follows from computations similar to those appearing in the proof of Proposition 5.5 (recall
as well that €; = O(1/n)). O

We now introduce approximate incoming Fatou coordinates:

Definition 5.13. Let

Let D, be the disk of radius %|§+(e) — ¢~ (¢)| centered at %(§+(€) 4+ ¢~ (€)). Let S(e, r) be the union
of the two disks of radius r that both contain the points ¢+ (€), ™ (¢) on their boundary. Here r will be
a sufficiently small number, to be fixed in the paragraph before Lemma 5.14. The definition of S(e, r) of
course only makes sense when the distance between ¢ (€) and £~ (¢) is less than 2r, which once r is fixed
will be satisfied for € sufficiently small. We note that the choice of r will depend on the map f, but not on €.
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¢ <z log(w)
G ~1 Wt ~ 1
— —

Figure 1. The sets D C S(e,r) and their images under .

D

The line L. through {*(€) and {™(€) cuts the complex plane into the left half-plane H! and the
right half-plane H?. We define SYo(e, r) :=S(e, r) N Hé/o. The map v/ maps the disk D¢ to the strip
[%, %] x iR. The image of S(e, r) is bounded by two vertical lines, intersecting the real line in a point of
the form 0 + O(¢) and in the point 1; see Figure 1. In particular we can find 0 < o < 8 such that

[Be, 1] x iR C yYi(S'(e, r)) Clae, 1] xiR

for all €. We define S4(0, r) := D(—r, r).

Recall that A(e, -) is analytic on a small disk D(0, R) centered at the origin. Moreover there exists
R > 0 such that |A(e, z)| < %|e| for all z € D(0, R) and € in the petal Pg defined in Section 4. By taking
smaller R if necessary we my assume that f is 1-Lipschitz on D(—R, R).

Now let us assume that r < R is sufficiently small so that S(e, ) C D(0, R) for all € > 0, and note
that for every compact set K C By there exist n’, ¢’ > 0 so that f"(K) C S'(e,r) ND(—R, R) for all
n >n’ and all € > €. We now fix this r.

Lemma 5.14. Let K x K' C By x By be a compact set. There exist ng,mqo > 0 such that for all
(zo,wo) € K x K" and all n > ng we have

(1) zj € S'(ej, 1)U D, forallmo < j <n—1,

(2) zj €D, forall3n < j <n—1,

(3) If z € S(eg, 1) forallmg <k < j, then |Im(1ﬁé}_Jrl (zj+1))] <1,
where €j == JW,2; =1/n+ o(j/n).

Proof. There exists mg > 0 so that f™°(K) C S'(0,r). Let ng be sufficiently large so that for all
(zo,wop) € K x K’ we have:

(1) Blemol < Re(lﬂémo (zmg)) < é
(i) Iy, (Zmo))l < 3-
(iii) |ej| <2Re(ej) < Rfor0<j <2n+1.

Indeed, (i) and (ii) follow from the equality ¥‘(z) = —€/z + O(€>) and (iii) follows from the fact that
€ =1/n+0(j/ n3). Note that the constants in O depend only on the compact K x K’ and not on 7 or j.



62 MATTHIEU ASTORG, LUKA BOC THALER AND HAN PETERS

Recall that by our assumption S'(¢j,r) C D(0, R) for all j and that |A(ej, z)| < %|ej| for all
z € D(0, R). By (i) we have z,,, € S'(€m,.r) and observe that for z; € S'(¢;, r) we have

5 7

¢ Re(e)) <Re(V,  (zj4+1) =V, (2))) < ¢ Re(€)).
It follows that

5 & 17—
Blemo| + = kZ Re(ex) <Re(Yr; () < o+ ¢ kZ Re(er), (15)
=myg =mo

and since Re(ex) = 1/n + O(k/n?) we have

Blemal <Re(wt, (z)) <3

forall mg < j <n—1 as long as n is sufficiently large. This proves (1).
For (2) observe that

1 5
—5 < -1+ EI;JRe(ek)

for all %n < j <n—1 as long as n is sufficiently large.
Finally for (3) observe that (15) implies that zx € S(eg,r) for all 0 < k < j can only hold for some
Jj < 3n. By (ii) and (iii) we have

Im(e;) — £ Re(e)) < Im(¥, ., (zj+1) = ¥, (7)) <Im(ej) + £ Re(e))
for z; € S'(¢;,r); hence
j—1 j—1
_% + Y Im(e) - é Re(ex) < Im(Yr, (7)) < % + 3 Im(e) + éRe(ek).
k=mg k=mg
Since Im(ex) = O(k/n3) we can conclude that (3) holds as long as 7 is sufficiently large. O

Lemma 5.15. For 0 < j <n—1 we have
. J — J
zj—f'(z0) =0 2

Proof. Let mg be as in Lemma 5.14. Since mg is independent from r it is easy to see that for all

- 72 i 1 j

k=0

Let Ve :={z € S'(e,r) : [Im(¥{(2))| < 1} and observe that Ve\ D C D(—R, R) for all sufficiently
small €. Since by our assumption f is 1-Lipschitz on D(—R, R), it follows by (1) in Lemma 5.14 that

0 < j <mg we have
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forallmo < j < %n we have

2

- - T
|zj = £/ o)l < |zj—1 = f7 7 (z0)| + —62_1
2 J— 2 j—1 .
2 T 1 1 . j
<lemo = 1" G0 + > ek—TZ(n—ﬁO(ﬁ))‘O(n—z)'
k=mo k=0

Finally for %n <j <n—1,byitem (2) of Lemma 5.14, we have z; € D, and in particular z; = O(1/n).

It follows that L1 .
—f(z0)=0 ( )—0(%)
n’'j n

where the last equality follows from the fact that %n <j<n-1. O

Lemma 5.16. We have

% e~ A°(f’(z°))—(b—1>22 -1 or+ o 5).

j=0
Proof. Recall that f(z) =z 4+ z2 + 23+ bz* + 0(25) and Ag(z) =—1/f(z) + 1/z — 1. An elementary
computation gives Ag(0) = A;(0) =0 and Ag(0) =2(b—1).
To simplify the notation, let y; := f 7(zg). We have
Ao(z)) = Ao(y)j) = Ao (zj — ¥j) + 340z = )% + Oz — y))?)
= (v Ag(0) + Oz — yj) + 3 (Ag(0) + O(y))(zj — y))* + O((zj — ¥))*).

By Lemma 5.15 we have z; —y; = O(j/n?); hence
% % LjJ
Ao(zj) — Ao(yj) = yj Ap(0)(z; — YJ)"‘ 5A40(0)(z; — )’j) +0(J_ pre _6)
L JjJ
=(b-DQyj(zj—yj)+(z; — y/)2)+0(Jn2 4,,16)

LR
_ 2 2
—(b-1)(2—y2)+ o(—jnz,n—4,—).

n6
It follows that

ZAO(ZJ) Ao(y])—(b—l)zz _y]+0(logn) -

Jj=0 Jj=0

Lemma 5.17. For0<j <n—1, let

vj —J+ZAo(fk(zO» and  x; —Zek+A<ek,Zk>. (16)
k=0

. .2 . 1
sz)/_]+0 I =L+0 -]
n n3 n n

Then
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In particular, there exists k € N independent from n such that forallk < j <n—k
™
aj :=cot| —x;
J 2 J

Proof. According to Lemma 5.15, for 0 < j <n — 1 we have that z; — £/ (z9) = O(j/n?). In particular,
zj = O(1). By Proposition 5.8, we have for every 0 <k <n—1

is well-defined and strictly positive.

1
Aleg, zg) = e Ao(zx) + O(€}, zxe}) = ex Ao(zx) + O(n—3) (17)

(indeed, by Lemma 5.15, z; = fk(zo) + O(k/n?), so in particular zz = O(1)). By Lemma 5.2,
€x = 1/n+ O(k/n3); hence

i1 S k
Xj = Z ex + Aleg, zr) = Z . + ;AO(Zk) + 0(,?)
k=0 k=0
_i+l§Ak ol X 4 sk sk
=+ 0o(/"(20) + O 5. Ao (/" (20)) (2 — /" (20))
k=0
KN_v oL
‘n_z)‘ 2 +0(n3).

ﬁ=i+00)
n n n

Finally, the last assertion follows from the preceding equality and the fact that, for x € (0, %) cot(x)>0. O

x| =

—i+1§A(fk<z))+0(5
_I’l nk=0 0 0 nzv

Since y; = j + O(1), we also have

Lemma 5.18. Let

2 b4 x2 —u(x)? 2n
u(x) = ;tan(ax), d(x) = T(x)z and Bj = n_aj'

We have

2B 1 1
£ J=ﬁ¢@»+0( ).

viB? jn?
Proof. We have
2B w2 (v2/n?) —u(x))?

vIB?  n* u(x)2(r7/n?)

Now recall that by Lemma 5.17, y; /n = x; + O(j2/n?), so that )/jz/n2 = xJZ +0(j3/n*). So

B2 n? u(x)(Z +0(3 /%) nPu(x)(x? + 0(j3/n))

VP -B 12— 0N 1 3 -u(y)? ( j3 )

2
xju(xj)zn6
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1 1 4
mo()-o(%)
xju(xj) x5 J

b1 o) vo( L)
262 n2u(xd) 2+ 033 /%) \J

and note that

Therefore

1 X2 —u(x))? of !
— n2u(xD)a2(1+ 0(j3/(n*x2))) (jnZ)

o) ol

n

_ P(x)) 1
=5 vo(5)

Note that in the last line, we used the fact that ® has only removable singularities at x = 0 and x = 1, so
that ®(x;) = O(1). O

Proposition 5.19. There exists a universal constant C1 € R such that

n—1
> Ao(zj) — Ao(f7 (2) = CI(I;— 1) +0(logn)_

: n?
Jj=0

More precisely, C1 1= fol d(x)dx = %(4— 2).

Proof. We have, for0 < j <n—1,
_ b4 /4 1
Zj = wejl(Zj‘-) = _Z COt(EZj[-) + 0(’1—2)
j—1

ZJL- =Zy+ Z € + Aleg, zx).
k=0

and

Recalling the notation x; := Z,’c;}) €r + A(eg. zx) and o := cot((7/2)x;) from Lemma 5.17, and using
the trigonometric formula
cotacoth —1
cot(a+b) = ———,
cota +cotb

we therefore obtain

B _lCOt((T[/z)Z(L))Olj -1 N 0( 1 )

= 2n a; +cot((w/2)Zy) n2 (18)

n2

Let k be as in Lemma 5.17, so that ; > 0 for k < j <n —k. We have

b4 2n 1
t| =Z5 ) =—— ol -,
co (2 0) - Zo + (n)
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so that

. m cot((w/2)Zy)a; 1y Zoo; i
A o) +cot((w/2)Z) + O( ) o —zo(2n/m) + O(nz)' (19

Finally, with B; :=2n/(ma;), we get

1 1
5= imyrg o) o

On the other hand, from the definition of A it follows that Zé;}) Ao(f*(zo)) =1/z0—1/f 7 (z0)— J,
which we may rewrite as

: 1
f7(z0) = ity 1)
Therefore
; Bi—vi 1
Y _ _
I = i bz T O(nZ)' -

Now note that j = O(f;); indeed,

b oS OU) o2) o)

1 1
(=1/z0 +y))(=1/z0+B;) ~ (vj + O()(B; + O(1))

Therefore

1 1 1
_ _ o (_)
viBi +0@B;)  viB; viB;
Thus, setting y; := f7(z0),

22 —yi =z =y +¥)

_(Bi—vi (ﬁJ ))(_ﬂjﬂ/j (ﬂj +VJ))
(:BJ'VJ' - ,3/ ﬁj)’j * ,3/
_v=F O(ﬂ?—w)

g7 O\

1 1
== d(xj)+ 0(—2) by Lemma 5.18.
n jn

Therefore by Lemma 5.16,

Z AO(Z]) AO(J’]) = (

b

<I>(x)dx+0( ”)

0
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In the last equality, we recognize a Riemann sum with subdivision (x;)o<;<n—1. Finally, we have

1CID()c)dx—z %cotzt—Ldt— n[(eott—l)—i—t]ﬂ—l—n—z O
0 2 Jo 272 4

5B1. Incoming part. The following error estimate is one of the two crucial estimates that we will obtain
in this section: it measures accurately how close ¢, is to the incoming Fatou coordinate ¢}. This estimate
differs from those obtained in [Astorg et al. 2016] in that we compare ¢;, with qb]‘, on a definite region
of By (independent from n), instead of comparing the two at small scale near the origin, compare with
[Astorg et al. 2016, Property 1, p. 10]. Moreover, the point of Proposition 5.20 is to push the precision of
the estimate further and obtain the first error term E*(z¢)/n, which cannot be easily obtained from the
computations in [Astorg et al. 2016].

Proposition 5.20. We have

9z0) = b (z0) + 20 O(IOg”),
n

n2
where E*(z) := Co + (C1 — 1)(b — 1) + 2¢*(z0).
Proof. Recall that by definition,

5 (2) = —n= lim —— + Z Ao(f7 (2)).

Similarly, we have

n—1
ZA(EJ,Z])—Z 1 j 6j=Z,‘l—Z(‘)—Zej,
=0

and thus
$n(20) = ———ZGJ ——I— ZA(E],ZJ)
Therefore
$n(20) — ¢y (20) = E1 + E2 + E3, (23)
where
zZy o1
Eyi=—+—,
€n Z()
Eyi=— Z Alej.zj) - Z Ao(f7 (20)),
Jj=0
- Z Ao(f7 (20)).
j=n

We will now estimate each of the error terms E; separately. For j € N, we set y; := f I (zo).

Lemma 5.21. We have { 1
Ei=-— ol —=].
! 2nzg + (nz)
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Proof of lemma. We have

4 1 3
== —Veo(20) = — €0 + 0 (6—0) (by Proposition 5.12)
€n n €nZo €n
1 2 o 1
_ nAnt+ O (1
Zo n2+0(1) 2

Lemma 5.22. We have

Ey = 1(; + ¢f(Zo)+C0+C1(b_1))_i_O(logn).

Proof of lemma. Recall that we have

A(e, z) = €Ao(2) + Coe® + O(z€>, %),

so that
1 n—1 n—1
= — Y A,z =) Ao(y))
en . .
j=0 Jj=0
1 n—1
=—Z€JA0(ZJ)+C0€ +0( )_enAO(yj)-
j =0
Therefore
n—1€_ n—1 E‘?’ -
E, = <L Ao(zj) — ; L =L
) (Zen o(z) Ao(y/))-i'(zcoen-i-O(nz))
j=0 j=0
and
noloe g C logn
Yoo +0(3)=co X o) = 2+ o ()
Jj=0 =
On the other hand, we have
n—1€_ n—1 € n—1
> 6—]Ao(Zj) —Ao(y)) = Z(e_] - 1)A0(Zj) + ) Ao(z) — Ao(y)). 24)
j=0"" j=0" j=0

Now note that

n—1 ) n—1 ] n—1 )
Z(E—J— I)Ao(zj) - Z(j—’ - 1)A0(yj) T Z(:—f— 1)(Ao(z,-)—Ao(yj)),

j=0 j=0

and that
n—1 ¢ € n—1 1
Z(f )(Ao(zj) Aoy )| = max 1——’-Z|Ao<2j)—Ao(yj)|=0(—2),
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by Lemma 5.2 and Proposition 5.19. Another consequence of Lemma 5.2 is that

& _ =i(1—i+0(1)). (25)
€n 2n n n

Therefore, by (24), (25) and Proposition 5.19,

e Ci(b logn

ZG—AO(Z,-)—A()(yj):T —ZAO(J’/)-FO
j=0""
Ci(b—1 1/Zo+¢ (zo) 1
_ Gl )+( 4 )+O(Og2”).
n 2n n
Therefore, as announced, we have
1 1 0
E, =— ( + ¢f(zo)+C0+C1(b—l))+0( gn)' O

220 n?2

Lemma 5.23. We have

1-b 1
n n

Proof. By explicit computations, Ag(z) = (b —1)z2 + O(z3), so that Ag(y;) = (b—1)j 2+ O0(j ~3).
Therefore

Ez=(1-b)) j2+0(7)
j=n

and o
*©d 1
x=o([ )=o)
= n X n
Similarly,
> Y ®dx 1
2T~
j=n
so that E3 = (1 —b)/n 4+ O(1/n?). O

Finally, putting together the three preceding lemmas, the proof of Proposition 5.20 is finished. O

5B2. Outgoing part. We will now work to obtain estimates for the outgoing part of the orbit, that is, for
n < j <2n+ 1. The method is largely similar to the incoming case. Recall that the estimates we obtain
only depend on the chosen compact set K C By.

We will first need a rough preliminary estimate on the boundedness of z5,41. Of course, by [Astorg
et al. 2016], we know that z,, 41 converges to £(zg), and we could deduce this preliminary estimate
from there. However, we prefer to present here a direct argument, so that the proof of Theorem 5.33
remains self-contained.

Proposition 5.24. There exists k € N (independent from n) such that z, 1 belongs to a repelling
petal D(r,r) for f. In particular, z2,+1 = O(1).
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Proof. Recall that by Proposition 5.20, we have that

L n—1
¢, (2) = G—" - ei Z €j =¢'(z0) +o(1) = 0(1).

n—1 1
= (Zej) + 0(ey) =1+ 0(—)
j=0 "
and therefore Z? = —1+ O(1/n).

Let R, denote the rectangle defined by the conditions —1—C /n <Re(Z) <—-3/nand —1 <Im(Z) <1,
where C > 0 is a constant chosen large enough that Z9 € R,,. Let

In particular,

Jni=max{k <2n+1:Z}] € Ry}. (26)
Recall that for j < 2n, we have ZJ? = Z;’ + A(ej, zj), and that by Proposition 5.8, we have
Aler, zi) = e Ao(zx) + O(€} €izk) = O(exz). (27)
Moreover, for n < j < j,, we have

T 1
Zf:—%cot(z J)+O( )

and therefore there exists a constant C > 0 such that, for all n < j < j,,

c’ n 2 c
|A(ej,zj)| < —= cot(zZ]) =< W, (28)
and thus
Zy=23-) —32 P 29
k=n k=n

From (29), we can prove inductively on j that, forn < j < j,,

j—1

Z0-Z5- ) e|=

k=n

and hence j, =2n + O(1).
Let r > 0 be small enough such that D(r, r) is a repelling petal for f. By the argument above and the
definition of R,, we have that Z]?n = 0(1/n), so that

T T, 1 1
Zant1-k = =5 O 32—k | T O\ 05 ) = o)

Therefore, we can find some k£ bounded independently from 7 such that z,,, 1 € D(r, r). O

We now introduce approximate outgoing Fatou coordinates:
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Definition 5.25. Forn <m <2n +1, let

70 1 m—1
. n
¢S(Zm) = g + ;JE_ €.

Lemma 5.26. We have

¢n (Zm) -

2 Zj)-

Proof. We have

m—1
ZA(@’Z/)—Z 1+1 j €j=ngz—Zg—Z€j
j=n

so that

o

—+—Ze, ¢n(zm)————ZA(eJ,ZJ) O

Proposition 5.27. Let k € N be the integer from Proposition 5.24. Let Yo, 4+1—k ‘= Zop+1—k and
Vant1 = [*(yant1-k). Forn < j <2n we define

yji= fTEIED (3, 40),

where Vs the local inverse of f fixing 0: f~1(z) =z —z% +z3—bz* + O(z°). We have

2n
S Ao(zy) — Aoy = LD O(IOg”).

, n n2
j=n

Proof. The proof mirrors the incoming case, so we will only sketch it and leave the details to the reader.
Recall that y5,41 = O(1) by Proposition 5.24 and that z,,_ belongs to a repelling petal for f for
some k € N independent from 7, so that the (y;)n<j<2n+1 are well-defined.

By a straightforward adaptation of Lemma 5.15,

41—
ymo(2H)

forn < j <2n+1. More precisely, this applies for n < j <2n+ 1 —k; but it is clear from the definition of
the y; thatfor2n +1—-k <j <2n+1wehavez; —y; = O(1/n?). Therefore the proof of Lemma 5.16
can be repeated to yield that

ZA()(Z]) Ao(y])—(b—l)Zz —y; +0(10gn) (30)

Jj=n j=n
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Next, we have, forn < j < 2n,

2n
zj=@W2) N Z) =)™ (an+1 —Y e+ A(ek,Zk))

k=j
2n J

b4 b4 /4 1
=j

Through computations similar to those appearing in the proof of Proposition 5.19, we deduce that

1 1
z'=——+0(—), (31)
! —1/z2n41—PB; n?
with
2n T 2n
Bj = ;tan(axj) = Ftan( Z € + A(eg, Zk))
On the other hand,

L T

Yj Yan+1

from which it follows that
1

yj=————,
/ —1/yons1—Yyj

with y; 1= Zi": j Ao(y;). Then, again, similar computations show that

1 1
2 _y2=—o(x)+0l —-——).
TN T () + n22n+1-j)
and x; = (2n—j + O(1))/n for n < j < 2n. Therefore, we finally obtain
logn Ci(b—1 logn
5 oo - ao =" [Towarso(5) = =D o(g1) g

n n2

] =n

In what follows, a slight technical complication comes from the fact that the expected endpoint of
the orbit, z3, 41, needs not lie in a small enough repelling petal in which (]5; is well-defined. In order to
overcome this issue, we stop a few iterations short and work instead with z5, 1.

We now come to the main proposition of this subsection:

Proposition 5.28. We have

E°(z —k) logn
On(Zant1-k) = Bf (Zon1-4) + ZZ-H +0 :

n2

where E°(z) = —%q); (2)—Co—(C1—1)(b—1).
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Proof. We proceed similarly to the proof of Proposition 5.20. We have, for z in a small enough repelling
petal,

P2 ==Y Ao/ (), (32)

Jj=1
where 1 is the inverse branch of f fixing 0. With the same notation as in Proposition 5.27, we set

yj = fj_(2n+1_k)(22n+1—k)-

We have
Zg ek 1 2n—k 1 n—1
O (Zant1-k)—F (Zon+1-k) = — + + Y ——Alej.z)+ Ao+ Y Ao(y))
€n 2n4+1-k i €n .
J=n J=—00
= E1+Ex+E3, (33)
where
VA 1
El — 2n+1—k + ’
€n Z2n+1-k
2n—k 1
E; = Z —aA(fj,Zj)"i‘Ao(yj), (34)
j=n

n—1
Ez= Y Ao(y)).

j=—00

Lemma 5.29. We have

1 1 1
Er=-——+0()
n2Zpt1-k n

Proof of the lemma. By Proposition 5.12, we have

€2n+1—k 1

o —

2n+1-k — + 0(_
Z2n+1-k

E = I eppik 1 n O(L)
Z2n+1-k €n Z22n+1-k

1 2 1 1
_ (l_\/n2+n+0())+0( 2)
Zont1-k n2+2n+ 0(1) n

1 1 1
S of2) .
n2amir—k | \n

so that

Lemma 5.30. We have

1 1 1 logn
Ep= (- 40 ) —Co—Cilb-1)) +0 .
2 ( T 597 (@2n+1-k) — Co— Cu( ))+ ( 02 )
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Proof of the lemma. We have

2n—k 1
E; = Z Ao(yj)—e—A(Ej,Zj)
j=n "
2n—k 2n—k
— ( Z AO(y_])__AO(ZJ)) ( Z Cgej3 + O(Zje;’)).
j=n j=n
As before, we have
1 2n—k 1
_ Z C()€ + O(ZJ ]3) = O(n—z)
j n
On the other hand, we have
2n—k 2n—k 2n—k
> Ao - Lotz = 3 ( ——)AO(ZJ)+ S Ao() — Ao()).
Jj=n j=n j=n
Now note that
2n—k : 2n—k € 2n—k :
)3 (1 ——J)Ao(zj) -y (1 ——’)Ao<y,->+ ) (1 ——])(AO(ZJ)—AO(J’J')),
X €n : €n ‘ €n
j=n j=n j=n
and that
2n—k i : 2n—k 1
1— L )(Ao(zj) — Ao(y; - L. Ao(zj))—Ao(yj)| =0 —
E( %) tote) — Aoty < s 1 3 o= ()

by Proposition 5.27. Therefore, as in the proof of Proposition 5.20,

2n—k

2n—k
> Aotr)— Loz --afD, 1 Z Ao(y,>+0(1°g”)

j=n
1
+ ¢f(22n+1 k))+0( c;gn)

from which the lemma follows. O

b—1 1
n n

Proof of the lemma. The proof is the same as in the incoming case: it follows from the fact that
Ao(») = (b—1)y*+ O0(y*) and

1 1
=——(C1(b—1)+—
n 2Zon+1-k

Lemma 5.31. We have

1 1
= o ——— ). O
=55+ (@)
This completes the proof of Proposition 5.28. O
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SB3. Conclusion.
Proposition 5.32. We have

() Hos)of)

ze, 5 1

=S —o V% + j + ¢L (wo) +o(1)
. ] ¢g(w0) 1
—j;;(l‘m‘ TE (—))
] ¢, 1
- +;_ (nz)
B l_ o s _L 2n+1)
_2+n (2) 2n3

¢L(wo) 1 1
)

Proof. We have

On the other hand
> 1 1 1 1

—=vn"+n+0)=n(l+—+0|=|)|=n+-+0|—-|.

€n 2n n2 2 n
and therefore 5

1 (& Pg(wo) 1 1 1 1

— =21 =|- - — -+ 0| -

()2 = (- g +o()) (2 +0(5)

1/1 1
- —;(5 +¢;<wo)) + O(n_z)' 0

We are now finally ready to prove the following theorem:

Theorem 5.33 (Lavaurs’ theorem with an error estimate). Let K C By X Bg be a compact set. For all
(zo, wo) € K and all sufficiently large n we have

h(zg, w logn
Zzn+1=ﬁf(20)+¥+0( ng2 )

where

_ 50
A6

is holomorphic on By x Bg and the constant in O((logn)/ n?) is independent of the point (z¢, wo) and

h(z, w) 2Co +2(C1 = 1)(b—1) = 5 + ¢7(2) — pg (w))

the integer n.

Proof. We have, by definition
2n—k 2n—k 2n—k

b (Zonti1-k) = —Zo-l-— Z €j _e___ — Z € _¢n(zo)——+_ Z 37
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and therefore

E°(zont1-k) EL(ZO) ¢§(w0) +% j— logn
B Con 1)+ 2R () L X avo(RF)
j=2n—

by Propositions 5.20, 5.28 and 5.32.
On the other hand, we have

1 1 k 2n 1
o Z € = [n—1/@n) 1 0/ (;—kﬁ—i- O(n_3)) (by Lemma 5.2)

j=2n—k
1 1 k 1
=|(1+—+0(|— ——+ 0| =
(o) +o(7))
k 1
=k——+4+0
2n + (n )
Therefore
E°(z k) — 3k E'(z ¢ (wo) + + logn
03 a1 k4 TR g o) ZC0BEERTR (LR,
n n n

Recall that the outgoing Fatou coordinate ¢j‘i has a well-defined inverse ¥y : C — C satisfying the
functional equation V¢ (Z + 1) = f o yr(Z). Observe that since k = O(1), we have

1 1
Y @2 Cant1k) + ) = [ Ganr1op) + o(n—z) - O(n—z)

Therefore, composing on both sides by ¥ and setting E°(z24+1) := E°(Zapy1-k) — %k, we get

E'(z0) — E°(z2n+1) — __¢g(w0) 0(logn))

n n2

Zont1 = (99)7! (¢}(20) +

n n2

’ E! — E%(z5, _ 1
= ﬁf(ZO) + ((¢;)—1) (¢}(ZO))( (z0) (z2n+1) 2 d)g(wO)) " 0(logn)

L (20) (E‘(Zo) E°(zan+1) — ¢g(w0)) O(logn)
(¢4)'(z0) '

In particular, we have proved that z3,41 = Lf(29) + O(1/n). From there, we deduce that

=Ef(20)+ " 2

1
07 Zan 1) +k = $2(z0) + 0(;).
Plugging this into the expression for £°(z2,+1), we finally obtain

£} (z0)
Zan+1 =Ly (20) + 1(¢t)i S@C0+2AC1 =D == 3+ ) (z0) - ¢g(w0))+o(log”), 0
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5C. Choice of index. Assume that zg is a Siegel fixed point for the Lavaurs map Ly, and let A be its
multiplier. Denote by «;, the index from Theorem 2.2: it is given by the formula

_ 2b2€0 C1
T a-n A
with 20, = ﬁ},(ZO)’ co = h(zo), c1 = h'(z0), and
5}(2) ) L [
G 20O DO D=5+ 95() =y (o)) 35)

The function £ is the error term computed in the previous section.

h(z):=

A straightforward computation gives us that

o —14 C + ¢ (20) — ¢ (wo) (5}(20)@})/(20) @b )) 36)
© () o) Mi-n
for some universal constant C € R.
Observe that Re(k,) is independent from wy if and only if
Ly (zo)@p) (z0) 0 .
oy @ e =0 G7)

If condition (37) is satisfied, then «,, = 1, and accordingly, Theorem 2.2 implies that there are no
wandering domains for P converging to the bi-infinite orbit of (zg, 0), since we are then in the expulsion
scenario of the trichotomy.

On the other hand, if the equality (37) is not satisfied, then wq > k,(wo) is a nonconstant holomorphic
function (defined on the parabolic basin By ) of the form wo > a¢, (wo) + b, with a, b € C (independent
from wo) and a # 0. Therefore, the condition for Re(kz,(wo)) to be negative is equivalent to ¢, (wo)
belonging to some half-plane, but ¢, (B¢) contains a domain of the form

U:={WeC:Re(W)>R—k|Im(W)|}

for some R > 0 and k € (0, 1); see, e.g., [Shishikura 2000, Proposition 2.2.1, p. 330]. Since U intersects
any open half-plane, if condition (37) is not satisfied, then there exists some open subset Uy C U for
which Re(kz,(wo)) < 0, and so by Theorem 2.2 there is a wandering domain accumulating on (zo, 0).

6. A Lavaurs map with a Siegel disk

The goal of this section is to construct a polynomial f of the form f(z) = z 4+ z% + z3 + O(z*), whose
Lavaurs map has a Siegel fixed point with Diophantine multiplier A, which does not satisfy equality (37).
The outline of the argument is as follows:

e We start by finding a degree-7 real polynomial whose Lavaurs map has a superattracting fixed point,
and for which a suitable reformulation of (37) does not hold.
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e We perturb that polynomial to get an attracting but not superattracting fixed point, in a way that
equality (37) still does not hold.

¢ We apply quasiconformal surgery to get a multiplier arbitrarily close to 1.

e We show that in the limit, we get a polynomial whose Lavaurs map has a parabolic fixed point that
does not exit the parabolic basin.

e We perturb that last polynomial to get a Siegel fixed point, leaving the family of real polynomials;
we prove that condition (37) does not hold for that last polynomial.

Recall that in [Astorg et al. 2016], there are two constructions of a Lavaurs map with an attracting
fixed point. One is based on a residue computation near infinity in the Ecalle cylinder and makes use of
the fact that in the family f;(z) := z 4+ z% + az3, the multiplier of the horn map e, of f, at the ends of
the Ecalle cylinder is a nonconstant holomorphic function of a. This method cannot be used in a family
of polynomials of the form f(z) = z + z2 4 z3 + O(z*), where those fixed points for the horn map are
persistently parabolic. This is why we adapt the second strategy for the first two steps described above.

Remark. From now on we will be using slightly different notation than in previous sections. Namely
we will drop the subscript f from the Fatou coordinates and the Lavaurs map in order to have space for
other indexes in the subscript. It will be clear from the context to which function the Fatou coordinates or
Lavaurs maps correspond.

Let ¢* be the incoming Fatou coordinate, and ¥ the outgoing Fatou parametrization. Recall that
the Lavaurs map is given by £ = ¢° o ¢' : By — C, the lifted horn map is £ = ¢* o y? : V — C, with
V' C C containing {Z : [Im(Z)| > R} for R large enough. We have Eo¢' =¢'o L, and E(Z + 1) =
E(Z) + 1, s0 & descends to a self-map of C/Z. Conjugating by the isomorphism Z > ¢2/7Z, we obtain
amap e : U —{0,00} — C*, where U is an open set containing 0 and co. The map extends to U, and
fixes 0 and co. Since we consider polynomials with f(z) = z + z2 + z3 4+ O(z*), both of those fixed

points have multiplier 1.

6A. Construction a polynomial. Let f(z) =z +z% 4 O(z3) be a polynomial and ¢ = £() a fixed point
of its Lavaurs map, with multiplier A.

Definition 6.1. If A ¢ {0, 1} we say that the pair ( f, {) is degenerate if and only if

L'O@WY Q)
W—@) () =0. (38)
Lemma 6.2. We have
LG ey A [(w")”(cb‘(z))(w(o ] "
a—n PTOTIS Teeer T9O) @)

Proof. Since £ = {° o ¢* we obtain

L'(z) =¥ (9"(2)¢' (),
L£"(z) = )" (2)¢'(2)* + ¥) (¢'(2))(¢")" 2).
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Recalling that £'(¢) = A it follows that
9'(6) _ 1

A WY@

L"©)' ) _ W)@ (06" (©)?
A (¥°) (¢(2))

and so

@Y.
It follows that
OGO g [(W)"(qs‘(z))(qsl)'(;f
a-n O35 woyeo)
WY EGY O o A
= T A-nhwyeo) 19O
_ 2 [(w“)”(¢‘(§))(¢‘)’(§)
il @02

+ (¢‘)”(§)] — Y@

+ (¢‘)"(§)}. O
For the rest of the paper we shall set

W) (@ (D)) (9" () L
F s = ’ 40
()= o H@© (40)
where ¥ and ¢* are the Fatou parametrization and coordinates associated to f. Note that for A ¢ {0, 1}
the pair (f, ¢) is degenerate if and only if F(f, ) = 0.

We record here for later use the following lemma:

Lemma 6.3. Let f(z) =z + 22 +az3 4+ O(z*) and let ¢* denote its incoming Fatou coordinate. Let ¢ be
a critical point in the parabolic basin of f. Then we have (¢')” (c¢) = 0 if and only if either ¢ is multiple
critical point of f, or if the orbit of ¢ meets another critical point of f.

Proof. The sequence of functions

$n(z) = — —n—(1—a)logn

1
1)
converges locally uniformly on the parabolic basin to

¢'(2) := lim_¢u(2).

Therefore (¢')”(c) equals limy—0 @2/ (c). Moreover, ¢/, (z) = (f")'(z)/[f"(z)]? and
nes_ d (f"'(2)

W= e 0P

_ UM @L P = 2[(f™) (P f" (c)
[f™(0)]*
[Te=i /' (f5 @)
[frP

UMY,
= rop =9
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For the third and fourth equalities we used the fact that f’(c) = 0. Since c is in the parabolic basin
of f, we have [f"(c)]*> ~ 1/n2. Moreover, for k > ko with k¢ large enough, f'(f¥(c)) # 0 and

risten=1- 2+ 0555 ) =ew(— + o(5Y)).

k k2 k k2
Therefore
n nl log k exp(0(1))
1_[ fl(fk(z)) = l_[ exp(—z —+ O( k2 )) = n—z
k=ko k=ko
In particular,

ik, £/ (f5(c))

li 0,
S T
50 (¢4)(c) = 0 if and only if f”(c) =0 or (f¥)(c) = 0, which concludes the proof. O

For t € R, a real polynomial P(z) =z +z2 +z3 4+ O(z*) and n > deg P odd, let

P'(1)
[l’l 1

fi(z) = P(z) -

Note that f;/(¢) = 0; the choice of this family ensures that we have a marked critical point in R. By £;
we denote the Lavaurs map of phase 0 for the polynomial f;.

Proposition 6.4. Assume that there exists P,n and tso < 0 as above such that:

(1) fr(too) =0.
(2) (d/dt)|i=to, [ (1) <O.
(3) fto has negative leading coefficient.

(4) There exists x > 0 in the repelling petal of f;., that escapes to infinity.
Then there is a sequence t, — too such that Ly, (tn) = t,.
Proof. We will rely on the following two claims:
Claim 1. Fort € (txo, too + €) with € > 0 small enough, the critical point t is in the parabolic basin of f;.

Proof of the claim. It is enough to show that there is 7 > 0 such that (—r, 0) is in the parabolic basin of f;
for all 7 close enough to 7~. Indeed, by (1) and (2), we have that for all r > O there exists € > 0 such that
ft(t) € (—=r,0) for all ¢ € (too,too + €). Let

ry:=sup{r >0:forall y € (—r,0), 0 < f;(y)/y < 1}.

For all y € (—r¢,0), we have t < f;(y) < 0; hence y is in the parabolic basin of f;. Finally, t > r; is
continuous and ;. > 0. O

Claim 2. There exists a sequence by, — too (With Ty, > too) such that L; (tn) = ftJ’ (x).
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Proof of the claim. We adapt here the argument from [Astorg et al. 2016]. The desired equality £; (fn) =
f;" (x) is equivalent to
Y2 0 gL (i) = Vg (2 (x) +n).
In particular, it is enough to find 7,, such that ¢; (tn) = 7 (x) + n. We look for f under the form
In =t a ith !
n = loo — , withe = ————.
n+u Elemy S
By the preceding claim, it is in the parabolic basin for n large enough.
We have qﬁtf’ (x) +n=n+¢7_(x)+o(1) since the map ¢ — ¢7 is continuous. Additionally,

OL (i) = L (fr, (i) — 1

1
= f A —1+4o0(1) (according to the asymptotic expansion of ¢")
7, Un
=n+u—1+o0().

Therefore, we have reduced the problem to solving the equation u — 1 + o(1) = ¢7 _(x) for u € R,
where the o(1) term is a continuous function of u. By the intermediate value theorem there is a solution
u=up € (g7 _(x),p7_(x)+2). We can take In =too—0/(n +uy), and since (4 )nen is bounded from
below, the sequence (#,) is well-defined for n large enough and converges to fc. O

We now come back to the proof of Proposition 6.4. For n large enough, G; (x) > 0 (by continuity
of the Green’s function G). Therefore £; (tn) = f " (x) tends to oo, and more premsely, ~+00 or —oo
depending on the parity of n, thanks to COIldlthIl (3). Therefore the continuous function F @):=Ls(1)—t
alternates sign between two consecutive 7, so by the intermediate value theorem must have a zero f,
between them. 0
Proposition 6.5. Let P(z):=z+z>+z3+% 23 441 17 23, lettoo :=—1 and letn :=7. Then P, n and tso
satisfy conditions (1)—(4) in Proposition 6.4.

Proof. Observe that f;__(tso) = 0 and P’(fo) = 1. That second property implies that f;__ has negative
leading coefficient. Therefore, conditions (1) and (3) are satisfied.

Let us check that condition (2) is also satisfied. We have

d d t n—1 t

Finally, condition (4) is satisfied for x := 1. Indeed, recall here that if f(z) =) r_, ayzF is a complex

polynomial and
1+ ao| + -+ |an—1]

an|

then for all |z| > R we have | f(z)| > |z|*/R; hence if an orbit at any point leaves the disk of radius R,

R = max!1,

then it must converge to infinity. Observe that for our polynomial f;  we have R = 68 and that a
straightforward computation yields f;._ (1) = and | fz ()| > 68.
This proves rigorously that x := 1 has unbounded orbit under f;__. O
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Lemma 6.6. For €y > 0 small enough, there exists t > —1 such that the following properties hold for fy:
(1) L¢ has a fixed point x¢ with multiplier €g # O.
(2) F(ft.xe) #0.

(3) ft has four real critical points, ordered from left to right, c1, c2, ¢3, C4, with t = ¢, and two nonreal
complex conjugate critical points ¢’ and C'.

(4) The critical points c1 and cq4 lie in the basin of infinity; the critical points c; and c3 are in the
parabolic basin.

(5) There is a unique repelling fixed point £ € (c1, ¢2), and the intersection of R and the immediate basin
of attraction of 0 is (£, 0).

(6) There is a unique y € (€, c2) such that f;(y) = c».

Proof. We will find ¢ by taking a perturbation of one of the 7, constructed above, with n¢ large enough.
First, note that properties (3)—(6) hold for

.
f::f,oo:Z|—>z+22+z3+2—7324+1—7725—z7;

we leave the details to the reader; see Figure 2. Therefore, for ng large enough, properties (3)—(6) still
hold for fy, ., as these properties are clearly open (in R) near 7 = foo. To lighten the notation, we let
J = S, and ¢z 1= 1.

We now claim that F is well-defined at ( £, c2), and that F( £, c2) # 0. According to Lemma 6.3, since
f satisfies conditions (3)—(6), we have (¢')”(c) # 0. Indeed, c; is a simple critical point of f, and we
claim that the forward orbit of ¢, does not meet any other critical point of f. To see this, note that the
critical point ¢; is simple for f, and real. Since ¢’ and ¢’ are not real, the orbit of ¢, cannot land on
either of them. Since the critical points ¢; and ¢4 do not belong to the parabolic basin, the orbit of c;
cannot land on them either. Finally, since f(c2) > c¢3, and since f(c2) belongs to a small attracting petal
in which the sequence of iterates ( /" (c2))nen is increasing, the orbit of ¢, cannot land on cj either.

Now that we have proved that (¢*)”(c2) # 0, it is sufficient to prove that

W) (@ (2D (@) (c2) _
(¥°) (¢(c2))?
In fact, since (¢')'(c2) = 0, it is suffices to prove that (¥°)'(¢'(c2)) # 0. Recall that for any Z € C,
(¥°2)(Z) = 0 if and only if there exists n > 1 such that (°)’(Z — n) is a critical point for f; here,
Z = ¢'(cz) and ¥° o ¢p'(c2) = c2, so we must prove that for all n > 1 and any critical point ¢; of f,

f™(ci) # ca. Since ¢ and ¢4 escape, neither of their orbits can land on ¢5, and since ¢3 is not periodic
under f, its own orbit cannot land on itself either. Since c3 is in the immediate parabolic basin, the orbit
(f"™(c3))nen is increasing, and so does not contain ¢, since ¢3 > ¢3.

Finally, it remains to argue that the orbits of the two nonreal critical points ¢’ and ¢’ do not eventually
land on ¢;. To see that it cannot be the case, note that since the horn map e of f has two parabolic
fixed points at 0 and oo corresponding to the ends of the Ecalle cylinder, each of those fixed points must
attract singular values of e distinct from themselves; see [Astorg et al. 2016]. The singular values of e are
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Figure 2. The graph of f := f;_ (blue), with the line y = x in red. We have c; ~ —2.8,
¢y =—1,c3 2~ —0.4, and c4 & 4. The critical values f(c1) and f(c4) are out of the picture.

the fixed points at 0 and oo, as well as the 7 (c;), where ¢; are the critical points of f in the parabolic
basin and 77(z) = 27 (@) If f"(¢’) = ¢, for some n > 1, then by real symmetry we would also have
f"(¢") = ¢z, and so (c’) = w(¢") = 7 (cz); but then 7 (c3) would be the only nonfixed singular value
of e, which is impossible.

Therefore f has no critical relation, and so (¥?)’(¢*(c2)) # 0, and F( f, ¢2) # 0 as announced.

To summarize, we have proved that for n¢ large enough, the polynomial f,no satisfies properties (2)—(6).
Since 1y, is a superattracting fixed point of Ly, = but persistently fixed, for €9 > 0 small enough, there exists ¢
close to t,, such that f; satisfies (1), and by openness, if €q is small enough, f; still satisfies (2)—(6). O

The next step is to use quasiconformal deformations to construct an immersed disk D in parameter
space passing through f;, made of polynomials p,,, whose Lavaurs map has an attracting fixed point of
multiplier 2/ ™%

for f, the polynomials p, do not a priori belong to the family ( f;)ser*.

, u € H. We purposely use the notation p,, instead of f; to emphasize the fact that except

Proposition 6.7. Let p := f; and €9 > 0 be as in Lemma 6.6. There exists a holomorphic map ® : H— P5
such that:

(1) ®(ug) = p for some ug € H with €240 = ¢,

(2) For all u € H, the Lavaurs map of ®(u) =: py, has a fixed point z,, of multiplier e*'™* € D*, and
U > zy is holomorphic.

(3) All the maps py are quasiconformally conjugated to p, the conjugacy being holomorphic outside of
the grand orbit under p of the attracting basin of zy, := X;.

(4) If e%'™¥ € (0, 1), then the conjugacy preserves the real line.
(5) The set ®(H) is relatively compact in P7.

Proof. Let e : U — P! be the horn map of g; since £ has an attracting fixed point z,, := x;, so does e
(since they are semiconjugated). Denote this attracting fixed point by x.
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Let u € H and u be a Beltrami form invariant by e (i.e., e*u = ) such that the corresponding
quasiconformal homeomorphism /,, conjugates e to some holomorphic map e,, with an attracting fixed
point of multiplier e*™*: h;, oe = e, o hy and e, (hy(x)) = e* ™. We recall here briefly how to
construct such a Beltrami form, and refer the reader to [Branner and Fagella 2014] for more details. If ¢
is a linearizing coordinate for the horn map e near x, i.e., a holomorphic map defined near p satisfying
the functional equation 7 oe = €p7, we set

U—ugzdz
=u(u):=1* ——, 41
p=p(u) (u+u02dz) (41)
where 1o € H is any point such that e2/7#0 = ¢,. Notice that u > (1) is holomorphic. In the rest of
the proof, we fix u € H and just use the notation p instead of p(u).
We choose the normalization of %, so that it fixes 0, 1 and co. Let E(z) := e?™Z and Ty (z) ==z + 1.

We define
(1) vi=E*usothatv =Tv,and v = £*v,
(2) o :=¢*vsothato = g*o and 0 = L*0,
(3) the quasiconformal homeomorphisms 4, and &, associated to v, o respectively.

Since v = T*v, the map hy, o Ty o h;l : C — C is holomorphic; since it is conjugated to 77, it is also a
translation (distinct from the identity), and we choose the normalization of /,, so that 4,07} oh;1 =T; and
hy(0) = 0. Similarly, since 0 = g*o, the map py, := hy o pohy! is holomorphic, and hence a polynomial
(since it has the same topological degree as f'); it also has a parabolic fixed point with one attracting
petal at the origin. We choose the unique normalization of &, such that py,(z) = z 4+ z% + O(z3). We
set ®(u) := py; the holomorphic dependence u +—> (1) and the parametric version of the Ahlfors—Bers
theorem imply that ® is holomorphic on H.
We now define

(1) ¢ :=hyopohyl:hs(B)— C, where B is the parabolic basin of f,
() Yy:=hgoyoh,!:C—C.

Lemma 6.8. The map ¢ is an incoming Fatou coordinate for py, and the map V, is an outgoing Fatou
parametrization for py.

Proof of the lemma. We start with ¢, . First, note that since 0 = ¢*v, the map ¢, is holomorphic on
By := hg(B), which is exactly the parabolic basin of p,,. Then, note that

$o 0 pu=hyodohg'opy=hyopogohy!
=h,oT) O¢Oh;1 =Ti10h,y od)oh;l =Ti0¢s.
So ¢s conjugates p,, on the whole parabolic basin to a translation, which means it is a Fatou coordinate.

The proof is completely analogous for y,: first, to prove that v, is holomorphic, note that v = ¥ *o.
Indeed, v = E*v = Yy *¢p*v = Y *o. To conclude, one can check directly that ¥, o Ty = pyoy,. O
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As a consequence of the lemma, &, :=h,0€ 0 h;l is a lifted horn map of py, and Ly :=hgs0Lo h;l
is a Lavaurs map of p,, and they have the same phase. The phase could a priori be a nonzero, but we
will prove that it is not the case. In order to do that, first we will prove that Eo &, = ¢, 0 E, i.e., that e,
is a horn map that lifts to &,,.

Since v = E*p, the map E,, :=hy 0 E oh;/! : C — C* is holomorphic. Moreover, since E : C — C*
is a universal cover, so is E,. So E,, is of the form E, (z) = Ae®Z, and with our choices of normalizations
we find E,(z) = 2" = E(z). So Eoh, = hyoE.

From this, we deduce

E°5v=E0hu050h;1 =hMoEoé‘oh;1
ZhMOé’OEOh;l:hMonhﬁloE:euoE,

Finally, it remains to observe that since ¢, is topologically conjugated to e, it also has two parabolic fixed
points at 0 and oo respectively, each of multiplier 1. Recall that the horn map of phase 0 of a parabolic
polynomial f(z) =z + z? 4+ az> 4+ O(z*) has multipliers at 0 and oo both equal to 7 2(1-) and that
the horn map of phase ¢ € C/Z is obtained from the horn map e of phase 0 by multiplication by ¢2"%. In
particular, its multipliers at 0 and oo are respectively ¢27 (1= +2im¢ ang (272 (1-0)=2i7¢ Ty this case,
since both multipliers are equal to 1, we must have a = 1 and ¢ = 0. Therefore, L is the Lavaurs map
of phase 0 of py, and p,(z) =z 4+ z% + 23 + 0(z%).

Finally, if 75 (2) 1= ¢2i795(2) then g 0Ly = ey 0Ty, and 1y is locally invertible near zy, := hy(2y,),
and 75 (2y,) = hy,(x). Therefore, z, as a fixed point of £, has the same multiplier e2/™* as h,,(x). This
proves claims (1)—(3) of the proposition.

To prove claim (4), note that if e2™* e (0, 1) then the Beltrami form

U—Uy z dz

u+ug E %
has real symmetry (since then (u — ug)/(u + ug) € R). We claim that this implies that o has real
symmetry. Indeed, since g(R) = R, its Lavaurs map £ maps a small interval / C R centered at x; into
itself. Moreover, the map 7 o & semiconjugates £ to the multiplication by €9 > 0; so 7 o maps [ into R,
which means that the holomorphic map t o is real: T o7w(Z) = 7 o w(z) for all z in the parabolic basin
of g. Therefore

o=(ron)*(u_u0 z df)

uU—+uo E %
has real symmetry; hence h, restricts to a real homeomorphism.

Finally, ® : H — P is bounded in the space of polynomials of degree 7. Indeed, by [Bassanelli and
Berteloot 2011, Proposition 4.4] the set of polynomials of given degree with given values of the Green’s
function at the critical points is bounded, and since the conjugacy between the p, and p is analytic
outside of the parabolic basin, their Green’s functions have the same values at critical points. O

Proposition 6.9. With the same notation as before, there exists pq in the closure of ®(H) such that the
Lavaurs map of po has a parabolic fixed point of multiplier 1.
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Proof. Applying Proposition 6.7 with u,, = i/n, we get a sequence of polynomials p,, such that
Pu, (2) =z 4224234 O(z*), and the Lavaurs map £, of p,,, has a fixed point x,, of multiplier e ~27/",
Each of the p,, are quasiconformally conjugate to the real polynomial f; from Lemma 6.6 by a
homeomorphism whose restriction to the real line is real and increasing, so the p,, still satisfy the
properties (3)—(6) from Lemma 6.6.
By item (5) in Proposition 6.7, the sequence (py,, )nen is bounded in the space of degree-7 polynomials.

So up to extracting, we may assume that:

(1) pu, converges to a degree 7 polynomial pg.

(2) The critical points c; , of p,, converge to critical points ¢; of pog.

(3) The repelling fixed point &, converges to a nonattracting fixed point £ of po.

(4) x, converges to x € R and y, to y € R.

We denote by £ the Lavaurs map of pg. If we can prove that x lies in the parabolic basin of pg, then we
will get that £(x) = x and £'(x) = 1. To do that, it is enough to prove that x € (&, 0). But for all n, we have
En <¥n <Xp <c2n <0;

hence £ < y < x < ¢ <0. The inequality £ < y is strict because as a limit of repelling fixed points, we
have | f/(£)| > 1, so we cannot have y = £, for otherwise we would have £ = f(§) = f(y) = ¢2 and so
f'(§) =0, a contradiction. Similarly, we cannot have c2 = 0 since p;(0) =17#0. So x € (£,0) and &
is in the parabolic basin of f, and so £'(x) = 1 and £(x) = x. Therefore pg has the desired property. [J

Proposition 6.10. There exists a polynomial g(z) = z 4+ z% + z3 + O(z*) of degree 7 such that

(1) L has a Siegel fixed point ¢ with Diophantine multiplier, and

(2) the pair (g, {) is nondegenerate.
Proof. Recall that 7 denotes the space of degree-7 polynomials of the form f(z) =z + 2% 423+ 0(z%),
and let V = {(f.{) € P xC:{ € Br}. V may be identified with an open set in C°. Finally, we consider

F:={(f.¢) € V:L() = ¢}, which is an analytic hypersurface of V.
We consider the functions A : F — C and F : F — C defined as A(f,¢) = £/(¢) and

)" (@ () (9" ()
(¥°) (¢(5))?
where ¢' and /¢ are the Fatou coordinate and parametrization of f. The function A is analytic on F, and

F is meromorphic on F and analytic on A~1(C*), since (°)'(¢'(z)) = 0 implies that £'(z) = 0.
Let ® : H — P57 be the map defined in Proposition 6.7, and let & :H — F be the map given by

F(LO= + (@) (%),

®(u) = (pu.zu), where z,, is the fixed point of the Lavaurs map of p, with multiplier e>/*¥. Then
D= 5(|]-|]) is contained in one irreducible component Fy of F.

Let pg be the polynomial given by Proposition 6.9 such that its Lavaurs map has a parabolic fixed
point zg. By Proposition 6.9, (po, zo) is in the closure of D in V; therefore (po, zo) € Fo.

Assume for a contradiction that all pairs ( f,¢) € Fy for which £/(¢) has modulus 1 and Diophantine
argument are degenerate. Then by the density of Diophantine numbers on the real line, we must have
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F(f.0) =0o0n A71(S1) N Fy. Since for all u € H, we have A o 5(u) = ¢217¥ the analytic map A is
nonconstant on Fy. In particular, A1 (S1) is a real-analytic subset of Fy of real codimension 1, nonempty
since A(po,zo) = 1. By Proposition 6.7, D contains ( f¢, x¢), where fy is the polynomial given by
Lemma 6.6, and such that F( f,z¢) # 0. So the analytic map F is not identically zero on Fyp, and
therefore it cannot vanish identically on A~1(S1) N Fy, a contradiction. U
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GAUSSIAN ANALYTIC FUNCTIONS OF BOUNDED MEAN OSCILLATION

ALON NISHRY AND ELLIOT PAQUETTE

We consider random analytic functions given by a Taylor series with independent, centered complex
Gaussian coefficients. We give a new sufficient condition for such a function to have bounded mean
oscillation. Under a mild regularity assumption this condition is optimal. We give as a corollary a
new bound for the norm of a random Gaussian Hankel matrix. Finally, we construct some exceptional
Gaussian analytic functions which in particular disprove the conjecture that a random analytic function
with bounded mean oscillation always has vanishing mean oscillation.

1. Introduction

Functions with random Fourier (or Taylor) coefficients play an important role in harmonic and complex
analysis, e.g., in the proof of de Leeuw, Kahane, and Katznelson [de Leeuw et al. 1977] that Fourier
coefficients of continuous functions can majorize any sequence in £% A well-known phenomenon is that
series with independent random coefficients are much “nicer” than an arbitrary function would be. For
example, a theorem of [Paley and Zygmund 1930, Chapter 5, Proposition 10] (see also [Kahane 1985])
states that a Fourier series with square summable coefficients and random signs almost surely represents
a subgaussian function on the circle.

In this paper we choose to focus on one particularly nice model of random analytic functions, the
Gaussian analytic functions (GAFs). A GAF is given by a random Taylor series

(o.¢]
GR) =) anka, (1

n=0
where {&,},>0 1s a sequence of independent standard complex Gaussian random variables (i.e., with
density %e“Z'Z with respect to the Lebesgue measure on the complex plane C) and where {a,},>0 is
a sequence of nonnegative constants. Many of the results we cite can be extended to more general
probability distributions, and it is likely that our results can be similarly generalized, but we will not
pursue this here. For recent accounts of random Taylor series, many of which focus on the distributions
of their zeros, see for example [Hough et al. 2009; Nazarov and Sodin 2010]. A classical book on this

and related subjects is [Kahane 1985].

We are interested in properties of the sequence {a,} that imply various regularity and finiteness
properties of the function G represented by the series (1). One of the central spaces of analytic functions
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is HP, those functions F on the unit disk D that satisfy

1
sup f |F(Re(0))|P do < oo,
0<r<1J0
where ¢(6) = ¢*? for 6 € R (see [Duren 1970] for background). This is a class of analytic functions
whose nontangential boundary values on T = {z : |z| = 1} exist Lebesgue a.e. and are in L?(T) [Duren
1970, Theorem 2.2]. An important early effort is the aforementioned paper [Paley and Zygmund 1930],
in which it was established that G is almost surely in (,_,_., H” if and only if {a,} € ¢%. One should
compare this result with the well-known fact that a nonrandom analytic function belongs to H? if and
only if the sequence of its Taylor coefficients is square summable. The related question of when G is
almost surely in H®, the bounded analytic functions on the unit disk, is substantially more involved (see
[Marcus and Pisier 1978]).

To fix ideas, let us make for a moment a few simplifying assumptions about the coefficients {a,} of the
series (1). We assume ap = 0, and denote by

2k+1_1

of= > ay. ke{0,1,2,..),

n=2k

the total variance of the dyadic blocks of coefficients. We say that the sequence {a,} (or equivalently G)
is dyadic-regular if the sequence {oy} is decreasing as k — oo. It is known (see [Kahane 1985, Chapters 7
and 8]) that if G is dyadic-regular, then G is almost surely in H*° if and only if

o0
Y or<oo, e, {ox} et ()
k=0

Moreover, if the series in (2) converges, then G is almost surely continuous on the closed disk D. Hence,
a bounded random series gains additional regularity.

For a space S of analytic functions on the unit disk, let S be the set of coefficients {a,} for which a
GAF G € S almost surely. If S C T and Sg = T, then we say that GAFs have a regularity boost from T
to S, e.g., Cg = HZ. This regularity boost can be viewed as a manifestation of a general probabilistic
principle: a Borel probability measure on a complete metric space tends to be concentrated on a separable
subset of that space.!

Clearly there is a gap between (2) and the Paley—Zygmund condition {0} € £2. A well-known function
space that lies strictly between H* and (1),_ p<oo H P is the space of analytic functions of bounded mean
oscillation or BMOA (e.g., see [Girela 2001, Equation (5.4)]). For an interval / CR/Z and any f € LY(T),
put
1

MI(f)ZZfI ‘f(e(G))—flf‘dQ, where f] f::m

/1 f(e(0))do. 3

Under the continuum hypothesis, by the main theorem of [Marczewski and Sikorski 1948], any Borel probability measure
on a metric space with the cardinality of the continuum is supported on a separable subset.
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Define the seminorm on H'!
[Fll«= sup M;(F). “)
ICR/Z

The restriction of F € H' is necessary for F to have nontangential boundary values in L' on the unit
disk. On the subspace of H' in which F(0) = 0, this becomes a norm. We may take BMOA to be the
(closed) subspace of H ! for which || - || is finite.

Fefferman and Stein [1972] show the space BMOA is the dual space of H'! with respect to the bilinear
form on analytic functions of the unit disk given by

1
(F,G) = lirr}/ F(Re(0))G(Re(9)) do,
r— 0

and in many aspects it serves as a convenient “replacement” for the space H*°. However, BMOA is not
separable (see [Girela 2001, Corollary 5.4]).
One of our main results is the following.

Theorem 1.1. A dyadic-regular Gaussian analytic function G that satisfies the Paley—Zygmund condition
(0%} € €2 almost surely belongs to VMOA, the space of analytic functions of vanishing mean oscillation.

The space VMOA is the closure of polynomials (or continuous functions) in the norm || - ||, and hence
it is separable. It can alternatively be characterized as the subspace of H'! for which limj;,—.o M} (F) = 0.
In fact, we show that a dyadic-regular GAF with square-summable coefficients almost surely belongs to a
subspace of VMOA, which we attribute to Sledd [1981].

1A. The Sledd Space SL. Sledd [1981] introduced a function space, which is contained in BMOA and
is much more amenable to analysis. Define the seminorm for F C H!

o
IF ey = sup Y | T x F)I%, )
IxI=1,_o

where » denotes convolution on T and {7, } is a certain sequence of compactly supported bump functions
in Fourier space, so that f"n =1 for modes from [2", 2"*!] (see (15) for the explicit definition of {7} }).
We let SL denote the subspace of H'! with finite || - |s¢ry norm; [Sledd 1981] showed that SL C BMOA.?
Sledd proved the following result.

Theorem I [Sledd 1981, Theorem 3.2]. If {Vkoy} € €% then G € VMOA almost surely.

Remark 1.2. Sledd proved the result for series with random signs, but his method works also in our
setting. In fact his theorem shows that G is almost surely in VMOA N SL.

We extend the analysis of the | - || s(r) seminorm, and in particular find a better sufficient condition for
the finiteness of |G| s(r).

2The function I F = 210|Tn * F (x)\2 is essentially what appears in Littlewood—Paley theory. For each % < p <00,
finiteness of the p-norm of I is equivalent to being in H?; see [Stein 1966, Theorem 5]. Thus, in some sense SL could be
viewed as a natural point in the hierarchy of H” spaces.
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Theorem 1.3. If Y12, sup,~. {0} < 00, then G € SL almost surely.

In particular, if G is dyadic-regular and {0} } € €2 then G € SL. The latter condition is necessary for G
to have well-defined boundary values, and so we see that under the monotonicity assumption, a GAF G
which has boundary values in L? is in BMOA . We also note that the condition in Theorem 1.3 is strictly
weaker than the one in Theorem I (see Lemma 4.9).

The Sledd space SL is nonseparable (see Proposition 3.3). The proof of Theorem I is based on a stronger
condition than ||G||s(r) < oo, that in addition implies that a function is in the space SL N VMOA.? We
show that this is unnecessary, as a GAF which is in SL has a regularity boost.

Theorem 1.4. If G € SL almost surely, then G € VMOA almost surely.

Theorems 1.4 and 1.3 imply Theorem 1.1.

This could raise suspicion that there is also a regularity boost from BMOA to VMOA, which is perhaps
the most natural separable subspace of BMOA. Indeed, [Sledd 1981] asks whether it is possible to
construct a non-VMOA random analytic function in BMOA.

1B. Exceptional Gaussian analytic functions. Sledd [1981, Theorem 3.5] gives a construction of a
random analytic function with square summable coefficients which is not in BMOA, and moreover is
not Bloch (this construction can be easily adapted to GAFs). The Bloch space, B, contains all analytic
functions F on the unit disk for which

IF Il = sup (1 = |z)|F'(2)]) < oo. (6)
lz=1
See [Anderson et al. 1974; Girela 2001] for more background on this space. Gao [2000] provides a
complete characterization of which sequences of coefficients {a,} give GAFs in B.

The space B is nonseparable, suggesting that GAFs in 5 could concentrate on a much smaller space.
Finding this space is a natural open question and does not seem obvious from the characterization in [Gao
2000]. It is known that BMOA C B (see, e.g., [Girela 2001, Corollary 5.2]), and, a priori, it could be that
GAFs which are in H> N B are automatically in BMOA. However, our following result disproves this,
and also answers the aforementioned question of Sledd.

Theorem 1.5. We have
SLg € VMOAg C BMOAg C (H>NB)g. (7)

Remark 1.6. From Theorem 1.3 and standard results on boundedness of Gaussian processes, we may
add that HZ® ¢ SLg. From the example in [Sledd 1981], it also follows that (H> N B)g & HZ.

We leave open the question of the existence of a natural separable subspace S of BMOA such that
BMOAG = Sg.

3Speciﬁcally, [Sledd 1981] shows that under the condition in Theorem I, Z;’ZOIO Supy|=117n * F(x)|2 is finite, which implies
F e SLNVMOA.
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1C. Some previously known results. Billard [1963] (see also [Kahane 1985, Chapter 5]) proved that a
random analytic function with independent symmetric coefficients is almost surely in H* if and only if
it almost surely extends continuously to the closed unit disk.

A complete characterization of Gaussian analytic functions which are bounded on the unit disk was
found by Marcus and Pisier [1978] in terms of rearrangements of the covariance function (see also [Kahane
1985, Chapter 15]). Moreover, they show the answer is the same for Steinhaus and Rademacher random
series (where the common law of all {£,} is taken uniform on the unit circle and on {%1}, respectively).
Their criterion can be seen to be equivalent to the finiteness of Dudley’s entropy integral for the process
of boundary values of G on the unit circle.

The best existing sufficient conditions that we know for the sequence {a,} to belong to BMOA are
due to [Sledd 1981]. The more recent paper of [Wulan 1994] treats a more general problem, which in the
particular case of VMOA gives another proof of Theorem 1.

1D. Norms of random Hankel matrices. A Hankel matrix A is any n x n matrix with the structure
A;j = (¢i1j—2) for some sequence {c(}3". The function ¢ (z) = Z/Zio cxz8T! is referred to as the symbol
of A. We will consider the case that n € N, and we will also consider the infinite case. We denote by B
the Hankel operator with the same symbol on £2, which may well be unbounded. Then by a combination
of results of Fefferman and Nehari (see [Peller 2003, Chapter 1] and [Holland and Walsh 1986, Part I11]),
there is an absolute constant M such that

L9 < 1B < MIgl.. ®)

with || B|| the operator norm of B.

If we take ¢, = am+1&m+1 for all m > 0 with {&,,} i.i.d. Nc(0, 1) and with a,, > 0 for all m, then ¢ is
exactly the GAF G. Moreover, by combining Theorem 3.1, Remark 3.7 and Lemma 4.8, we have that
there is an absolute constant C > 0 such that

x
Ellgll2 chsug{a,,%}.

k=1"M=

Note that for any n x n Hankel matrix A with symbol ¢(z) =Y ;= cxz"t1 if B is the infinite Hankel
operator with finite symbol ¢, (z) = ,%’;0 cxzFt1 then ||A| < ||B]| as A is the n x n upper-left corner
of B. Hence, using (8),

[AII < 1Bl < M|$nll,
and we arrive at the following corollary.

Theorem 1.7. There is an absolute constant C > 0 such that if A is an n x n Hankel matrix with symbol G
(see (1)) and L is the smallest integer greater than or equal to log,(2n), then

L
E[AI><C ) sup op.

k=0 k<m<L
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We emphasize that by virtue of (8) the problem of estimating the norm of a random Gaussian Hankel
matrix is essentially equivalent to the problem of estimating the || - ||, norm of a random Gaussian
polynomial.

This is particularly relevant as random Hankel and Toeplitz matrices* have appeared many times in the
literature and have numerous applications to various statistical problems. See the discussion in [Bryc et al.
2006] for details. The particular case of Hankel matrices with symbol G =) 7o Re(&)z*"!, i.e., Hankel
matrices with i.i.d. Gaussian antidiagonals, is particularly well studied. In that case, [Meckes 2007] and
[Nekrutkin 2013] give proofs that E||A|| < c¢/n logn. Finer results for the symmetric Toeplitz case are
available in [Sen and Virdg 2013].

Furthermore, Meckes [2007] gives a matching lower bound, and his method can be applied to show

that (deterministically)
2(n—1)

3 (1 - W)ajéjzj

Jj=0

Al = sup

lz[=1

Fernique’s theorem [Kahane 1985, Chapter 15, Theorem 5] can then be used to show that Theorem 1.7 is
sharp up to multiplicative numerical constant, at least when a; = j~* fora € R.

Some results for more general random symbols exist; in particular, [Adamczak 2010, Theorem 4]
shows that in the setting of Theorem 1.7,

L
E|A* < Clogn) ) o, ©)

m=0

which is always larger than the bound in Theorem 1.7; in the case that o2 is monotonically decreasing
and summable, (9) differs substantially from the condition in Theorem 1.7. Note that in Theorem 1.7, the
entries of the n x n Hankel matrix are independent standard complex Gaussian random variables, whereas
[Adamczak 2010, Theorem 4] holds for non-Gaussian symbols as well.

Organization. In Section 2, we give some background theory for working with GAFs and random
series. In Section 3, we give some further properties of the space SL and we give some equivalent
characterizations for G € SL. We also prove Theorem 1.4. In Section 4, we give a sufficient condition
for G to be in SL; in particular, we prove Theorem 1.3. Finally, in Section 5 we construct exceptional
GAFs, and we show the inclusions in (7) are strict.

Notation. We use the expression numerical constant and absolute constant to refer to fixed real numbers
without dependence on any parameters. We make use of the notation < and 2 and <. In partic-
ular, we say that f(a,b,c,...) < g(a,b,c,...) if there is an absolute constant C > 0 such that
f(a,b,c,...)<Cg(a,b,c,...)foralla,b,c,.... Weuse f xgtomean f S gand f > g.

A Toeplitz matrix A has the form A;; = w;_; for some (w;)>,,. The symbol for such a matrix is again ) wkzk. By

reordering the rows, it can be seen that a Toeplitz matrix with symbol Y " wkzk has the same norm as the Hankel matrix with

symbol 2(2)” Wwi—nzk.
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2. Preliminaries

Some of our proofs will rely on the so-called contraction principle.

Proposition 2.1 (contraction principle). For any finite sequence (x;) in a topological vector space V,
any continuous convex F : V — [0, oo], any i.i.d., symmetrically distributed random variables (€;), and

any («;) real numbers in [—1, 1]:
@) IEF(Z;‘ aieixi) < [EF(Zi Eix,‘).
(ii) If F is a seminorm, then [P’[F(Zi aieix,') > t] <2P [F(Zi eix,-) > t] forallt > 0.
This is essentially [Ledoux and Talagrand 1991, Theorem 4.4], although we have changed the formula-

tion slightly. For convenience we sketch the proof.

Proof. The mapping

(ay,ap,...,0yN) — [EF<Z aie,-x,)

is convex. Therefore it attains its maximum on [—1, 1] at an extreme point, i.e., an element of {£1 }N . By
the symmetry of the distributions, for all such extreme points, the value of the expectation is E F (Zl e,~x,~),
which completes the proof of the first part.

For the second part, we may without loss of generality assume that ¢y > ap > --- > ay > anyy; =0
by relabeling the variables and using the symmetry of the distributions of {¢;}. Letting S, = > ;_, €x;
for any 1 <n < N, we can use summation by parts to express

Zaiéixi = Z%‘(Si —Si-) = Z(Oli —iy1)Si.
i i i

Hence, as F' is a seminorm,

F(E ozie,-x,-) <oap max F(S;) < 1r3_a>§v F(S;).
. <i<
l

I<i<N
Using the reflection principle, it now follows that for any ¢ > 0,

P[ max F(S;) > 1] <2P[F(Sy) = 1],

1<i<N
which completes the proof (see [Ledoux and Talagrand 1991, Theorem 4.4] for details). ]
We also need the following standard Gaussian concentration inequality.

Proposition 2.2. Suppose that X = (X ;)| are i.i.d. standard complex Gaussian variables, and suppose
F : C" — Ris a 1-Lipschitz function with respect to the Euclidean metric. Then E|F (X)| < oo and, for
allt > 0,

P[F(X)—EF(X)>t]<e™".

Proof. This follows from the real case (see [Ledoux and Talagrand 1991, (1.5)]). The real and imaginary
Gaussian random variables have variance %, for which reason the exponent is e’ ’ U
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Approximation of seminorms. Let || - || be a densely defined seminorm on H 2 which dominates the
H? norm. We will say that || - || is approximable if there exists a sequence of polynomials {p,} with
sup,, ; llz/ * pn(2)]l <1 such that for all F € H?,

sup [ F'x ppll <00 <= ||F| <00 and sup [ Fxppl =0 <= |[|F||=0. (10)
n n

Let V be the quotient space of {F € H?: || F|| < oo} by the space {F € H? : |F|| = 0}. Then both | - |
and sup,, || - * p,|| make V into Banach spaces with equivalent topologies, by the hypotheses. Hence (10)
is equivalent to

there exists C > 0 such that %sup |Fxppll <|IF|| <Csup|[Fxp,| forall FeH?* (11)
n n

as the inclusion map from one of these Banach spaces to the other is continuous and hence bounded.

Remark 2.3. While approximable seminorms could be formulated in greater generality, we work in
the H? setting to appeal to general concentration of measure theory.

We say that G is an H2-GAF if {a;) € ¢~

Proposition 2.4. Let G be an H*>-GAF. Let || - || be any approximable seminorm. Then the following are

equivalent:

Q) |G|l < oo a.s.
(i) E||G| < oo.
(iii) E||G|? < oo.

Remark 2.5. We remark that these equivalences hold in great generality for a Gaussian measure in a
separable Banach space, due to a theorem of Fernique [Ledoux 1996, Theorem 4.1]. As the spaces
BMOA and B are not separable, we instead will appeal to this notion of approximable.

Remark 2.6. A priori it is not clear that a seminorm being finite is a measurable event with respect to the
product o -algebra generated by the Taylor coefficients of G. However, for an approximable seminorm,
measurability is implied by the equivalence in (10), since sup,, |G * p, || is clearly measurable; cf. [Kahane
1985, Chapter 5, Proposition 1].

Proof. The implications (iii) = (ii)) => (i) are trivial, and so it only remains to show that (i) = (iii).
Let {p;u} be the polynomials making || - || approximable. Define

o0

Gpn=Gx*p,, where G(z)= Z ar&rz".
k=0

Without loss of generality, we may assume that ||a ||%2 = Z/?io a,% = 1. For any m € N, let k,,, = deg(pn,),
and define the function on Ck»

ki
(Z ajszj) * pm(z) .

j=0

Fn(x) = Fp(x0, X1, ..., Xg,) = ‘
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Then for any complex vectors x = (x j)g’" and y = (y.,-)g’”, by changing coordinates one at a time and
using sup,, ; |2/ * pa(2)[| < 1,
k

|Fn () = Fa | <> ajlx; — yil < llallellx = yle,-
j=0

For any ¢ € N, the function max;<,,<¢ F},; (x) is again 1-Lipschitz. So define for any £ € N
Hp:= max [|Gpll.
1<m<¢
Therefore, by Proposition 2.2, we have that, for all t > 0 and all £ € N,
2

P[|H, —EH,| > t] = P[}Fm@o,sl,...,skm)—[E(lrgngge Fu(€0. 81, ..., &) >=1] <27 (12)

Hence there is an absolute constant C > 0 such that for all £ € N,
lmed(H,) —E(He)| < C, (13)

where med(X) denotes any median of the random variable X.
Suppose that || G|| < oo a.s. By (10), sup,, |G|l =sup, Hy < oo a.s. Therefore there is a constant M >0
such that P (sup, H, > M) < %, and so med(H,;) < M for all £ € N. By monotone convergence and (13),

Esup |Gyl =Esup H, =supEH, < M +C.
m ¢ P

Using (11), there is another absolute constant C such that

EIG|l < CEsup |Gl < oo.
m

Using (11) and (12), Var(sup,, ||Gn||) < oo, and therefore
EIGII* < CE(sup |G |l*) < Var(sup |G ul)) + (E sup |G l))* < oo. O

m m m

Both || - || and || - || 5 are approximable with {p,} given by the analytic part of the Fejér kernel

A _ S _ k k
R Y

k=0
See [Holland and Walsh 1986, Theorems 1 and 4]. In fact, it is elementary to observe the following.

Lemma 2.7. Forany f € H'(T), sup, | K2 * flls = || fll« and sup, || Kzt % fll5 =1l ]| 5.
Proof. We show the first of these claimed identities. For any fixed interval I C R/Z,
lim M;(f*K;)=Mi(f).
n—oo

and hence, sup,, ||K,f‘ * [« = |l f |l On the other hand, for any fixed w € T, f, :=z+> f(®z) has that
Il folls = Il fll«. Hence by comparing to the Fejér kernel (see (14)), which is positive, for any n > 0,

Ifx KA = 11f % Kulle = ” / fotoyKn(e(0))dO

< supll follx =l fllx
weT

*
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where the inequality follows as || - ||« is convex and the Fejér kernel K, (z) is the density of a probability
measure on T. g

Corollary 2.8. Let F be an H*>-GAF. Then || F||, < 0o a.s. if and only if E||F||, < 0o, and | F|z < o0
a.s. ifand only if E|| F||p < oo.

We also have that the probability that a GAF is in BMOA, VMOA, or B is either O or 1.

Proposition 2.9. For any H*>-GAF G, the events {G € BMOA}, {G € VMOA)}, {G € B} all have
probability 0 or 1.

Proof. Take the decomposition G = G <, + G-,, where G, is the n-th Taylor polynomial of G at 0.

Then as G <, is a polynomial, |G <, ||« < oo almost surely. Hence |G|« < oo if and only if |G+, ||« < 00,

up to null events. Therefore, |G ||« < oo differs from a tail event of {§, : 1 <n < oo} by a null event, and

so the statement follows from the Kolmogorov 0-1 law. The same proof shows that P[G € B] € {0, 1}.
For VMOA, as G <, is a polynomial,

lim supM}(G<n)=O a.s.,
=0 g B

and the same reasoning as above gives the 0-1 law. (Il

3. The Sledd space

Let K, for n € N be the n-th Fejér kernel, which for |z| =1 is given by

n

K\ o 11—z
K=Y (1- =)= —. . 14
@) ( 1) Tl 1=z (19

k=—n

This kernel has the two familiar properties: | K,||; =1 and K,(z) <4/(n+1)-(1/|1 — 7).

For a function F : T — C with a Laurent expansion on T, let F :7 — C be its Fourier coefficients, i.e.,
let F (k) be the k-th coefficient of its Laurent expansion.

We let T,, be the dyadic trapezoidal kernel

To(z) =1+ 3z +3z7!

(15)
Tn = 2K2n+2 - K2n+l + K2n—l - 2K2n, n=> 1.

The kernel 7,, satisfies that 7}, is supported in [2"~!, 2"*2), has |7,,(K)| < 1 everywhere, has T, (K) = 1
for K e [2",2"*1], and satisfies

ifn(K)zl

n=0

for all integers K > 0. Further, ||7,,]|; < 6 for all n > 0. Also,

1T, (z)] <20-27" |1 —z| 2 (16)
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Recall that in terms of the kernels {7},}, we defined the seminorm (in (5)) as

o0
IF§ery = sup Y | Tox F ()% (17)

x|=1 n=0

In [Sledd 1981], it is shown that this norm is related to || - ||, in the following way.

Theorem 3.1. If F € H U then there is an absolute constant C > 1 such that

I Fllx < ClFls)-

Sledd also gives a sufficient condition for F' to be in VMOA, though we observe that there is a stronger
one that follows directly from Theorem 3.1.

Theorem 3.2. If F € H' and if
00
o 3, 2T PO =0
then F € VMOA.
Proof. The space VMOA is the closure of continuous functions in the BMOA norm. Hence it suffices

to find, for any € > 0, a decomposition G = G| + G, with G| continuous and ||G;|smoa < €. For any
€ > 0, we may by hypothesis pick k sufficiently large such that

o0
sup » |T,xG(x)* <e.

lxl=1,_¢

Using Theorem 3.1, it follows that if we take the decomposition

k—1 o0
G=G+Gy, where G1=ZTH*G and G2=ZTH*G,
n=0 n=k

then G is a polynomial and is in particular continuous. From the properties of the Fourier support of {7},

T,xG if n>k+2,
TixGa= 1Y 0 T2 T,+G  if k—2<n<k+]1, (18)
0 if n<k-—3.

Thus we have, for any n € [k — 2, k4 1] by using ||7;||1 < 6 and convexity of the square, that

[e.¢]
1T % GallZ, Ssup [T, G123, < sup Y |T,«G(x)[* <e.
n>k

=1 st

Applying Theorem 3.1 to G, and using the properties derived in (18),

o0 o0 o0 k+1
1G2112 S sup Y |TxGo(x)* = sup D |TxGo(x)* < sup Y [TxG (1) P+ D | TixGall3, Se. O
=1, -0 bl=1, I=1 k12 n=k—2

Proposition 3.3. The Sledd space SL is nonseparable.
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Sketch of the proof. We sketch the construction of an uncountable family of analytic functions in SL
whose pairwise distances in || - ||s(7) are uniformly bounded below. Put

1
2/ + 1

GiQz) = P Kyize(1/)), =1

Notice that G j 1s supported in [2/,2/%2] and that G j has the following properties:
(D 1Gjle(=1/jNI=1.
(2) |Gj(e(9))| <1 for all 6.
(3) 1Gj(e(—1/j+6)) <277/ when 2772 < |9 <.
Forany A C 5N let Hy =), 4 G,. By the above properties all these functions belong to SL and are

uniformly separated from each other. (]

Remark 3.4. The construction above gives an example of functions in SL which are not continuous on
the boundary of the disk.

GAFs and the Sledd space. We shall be interested in applying Sledd’s condition to GAFs, for which
purpose it is possible to make some simplifications. For any n > 0, let R, be the kernel defined by

1 if K e[27, 27+,

0 otherwise.

R.(K) = {

In short, for a GAF, (and more generally any random series with symmetric independent coefficients) we
may replace the trapezoidal kernel 7,, by R, ; specifically:

Theorem 3.5. Suppose G is an H*>-GAF. Then the following are equivalent:

() 1imys o0 SUP =y Yoyl T * G(x)|* =0 a.s.
(i1) limy_ oo [E[sup|x|=1 Yookl TixGx)?] =0
(i) limgs oo E[suppy_; 300 [ Ry % G(x)[?] =0
(iv) 1imy_s oo SUP|yj—1 Ypey| Ry * G(x)|* =0 a.s.

Proof of Theorem 3.5. We begin with the equivalence of (ii) and (iii), and the implication that (iii)

implies (ii). For any n > 0 and any j € {1, 2, 3,4} define R, ; = T, * R, ;1. Then T, = ijl Ry ;.

Using convexity, we can bound

sup Z|T *G()> < Z‘ sup Z|R,,,*G(x)|

b=l ¢ j= =

Since R,, j 1s supported in [2", 2"*1) and has ||R,, jlloo <1, the contraction principle implies that, for any
0<k<m<oo,

m

E sup » |Ryj*G(x)* <E sup Z|R *G(x)> <E sup Z|R *G(x)|~

[x[= ln —k [x[=1 n=k [x[=1 n=k
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Sending m — oo and using monotone convergence implies that

E sup Z|R j*G(x)|* <E sup Z|R *G(x)|?,

lx|=1 n=k lx|=1 n=k
from which the desired convergence follows.
Conversely, to see that (ii) implies (iii), we begin by bounding

sup Z|R *G(x)|? <Z sup Z IR, * G (x)|~

lxl= Pl s
ned4N+j

Then by the contraction principle and monotone convergence, for any j € {1, 2, 3, 4},

E sup Z |R, % G(x)|* <E sup Z 1T, xG(x)|> <E sup Z|T *G(x)|%,
[x|= n>k le_ n>k |X| n>k
ne4_N+j ned4N+j

which completes the proof of the desired implication.
We turn to showing the equivalence of (i) and (ii). From Markov’s inequality, (ii) implies that

sup ZlT *G(x)|? —> 0.
[x[= n k
As the sequence sup,,|_; Yoo T * G (x)|? is monotone and therefore always converges, it follows that
it converges almost surely to 0.
Define for each k € N the seminorms

I llscrye : H' — [0, 00],  where || f 3 == sup DR * fOI%

lx|=1
I lseryx s H — [0, 001, where || fI37) 4 = sup ZlT * f (0]
|x|=1
In preparation to use Proposition 2.4, we make the following claim.
Claim 3.6. The seminorms {|| - |sr).x» || - ||scr).x} are approximable.

We shall return to the proof of this claim after completing the proof of Theorem 3.5. We now show the
equivalence of (iii) and (iv). The proof of the equivalence of (i) and (ii) is the same. From (iii) it follows
from Markov’s inequality that

sup Z|R «G(0)? = 0.
lx|=

By monotonicity sup,_ Yool iRy * G(x)|2 converges almost surely, and so it converges almost surely

to 0. From (iv) and by Claim 3.6, there exists a ko such that

E sup Z|R * G(x)|?> < 0.

[x[= n ko
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As a consequence, it is possible to take kyp = 0. By dominated convergence,

lim E[sup D IRy G ()] ]_0 O

k—o00 \X| ln —x

Proof of Claim 3.6. Let p,, be the polynomial of degree 2! — 1 whose nonzero coefficients are all 1.
Then, for any m > k,

1pm * £ 3r)4 = sup DR * FOOP —= 1 £ 13y 4-
lx[=1 n=k

Let g, (z) be the sum of the analytic part of ) ;" 7 (z). Then, for analytic f in the disk,
m
Gm* | = Z Ty * f.
k=0

Moreover, using (15) the sum ;" 7 can be represented by a sum of a finite number of Fejér kernels with
cardinality bounded independent of m. Therefore there is an absolute constant C > 0 such that, for all m,

lgm * flloo < ZTk ||f||oo§C||f||oo (19)
k=0
Using that g,,(j) =1, for0 < j <2™ —1,
m—2

lgm * 13y x = sup DT * OO = 1 o

|x|=1

and so if sup,, [|gm * f”%(T),k < 00, this means ||f||S(T),k < 00 also. Conversely, if ”f”%(r),k < 00, then
sup,> 1T * flloc < 00, and hence, with the same C as in (19),

max llgm*In* fllco = Cllfllscr.k-

m—1<n<m+

So
m+2

||qm*f||S(T)ks|sup ZlT * fOP+ D Nlgm*Tux f1% < A+4COHI fll5yx <00. O

n=m—1

Remark 3.7. In reviewing the proof of Theorem 3.5, one also sees that under the same assumptions the
following are equivalent:

() supjyj=1 Xpeol T *G(x)]? < o0 as.
(i) E[supjgj=; DoneolTu* G(x)[*] < o0
(iii) E[supjy=; YneglRu* G(x))*] < 00
(iV) SUP) = D peol Ra * G(x)]* < 00 ass.

Moreover, the proof gives that there is an absolute constant C > 0 such that

1
5[E||G||§<R) <ElG5r) < CEIGI3).
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Finally, we show that for a GAF, finiteness of |G| sg) in fact implies G € VMOA.
Theorem 3.8. If G is an H>-GAF for which

IG5z = sup Z|R *G()|* <00 as.,
IxI=1 720
then

lim pZ|R *GX)>=0 a.s.

k_>00|x\

Furthermore, |G| sry < o0 implies G is in VMOA.
We will need the following result [Kahane 1985, Chapter 5, Proposition 12].

Proposition 3.9. Let uy, us, ... be a sequence of continuous functions on the unit circle such that
limsup,_, o, luklloo > 0, and let 61, 6, ... be a sequence of independent random variables uniformly
distributed on [0, 1]. Then almost surely there exists at € R/Z such that lim supy,_, o |ux(e(t —6k))| > 0.

Proof of Theorem 3.8. Let v, := |R, » G|? for all n > 1. Suppose to the contrary that

o0
V=1
Jm, sup 2 vn ()
~ n=k

is not almost surely 0. Then as V is tail-measurable, there is a § € (0, 1) so that V > § a.s. By monotonicity,
it follows that, for all k,

sup Zvn(x) >§ as.
lxI=1, ¢
Furthermore, deterministically,

lim sup Z v, (x) = sup Z v, (x).
M0 x| = lx|=

By continuity of measure,

mh_)moo P ( sup Z v, (x) > 8) P (mh_>mOO lil‘lp Z v, (x) > 8) =1.

=1 n=k n=k
Thus there is a sequence m; < m/1 <my < m’2 < --- such that if ug :=)_,%,,, v,, then

P(lurllco > 8) > 8.

By Borel-Cantelli,
P (limsup [luglloc > 8) = 1.

k— 00

Let 6 be i.i.d. uniform variables on [0, 1] which are also independent of G. Therefore by conditioning
on G and using Proposition 3.9 there is almost surely a r € R/Z such that

lim sup v (e(t — 6¢)) > 0.

k—o00
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Because {v,(xe(6;))} has the same distribution as {v, (x)}, it follows there is almost surely a s € R/Z
such that

lim sup vg (e(s)) > 0.
k—o00

Therefore ||G||§( R = V = o0 a.s., which concludes the first part of the proof.
Using Theorem 3.2, Theorem 3.5 and Remark 3.7, the second conclusion follows. |

4. Sufficient condition for a GAF to be Sledd

In this section we will give a sufficient condition on the coefficients of the GAF to be in SL . Recall that a
standard complex Gaussian random variable is one with density on C given by }re*‘z'z. A vector (Hy, Hy)
is a centered complex Gaussian vector if it has the same distribution as a linear image of the i.i.d. standard
complex Gaussian random variables (§; : j € N), or equivalently if it is the linear image of some pair
of independent standard complex Gaussian random variables (Z;, Z,). We begin with the following

preliminary calculation.
Lemma 4.1. Let (H,, H,) be a centered complex Gaussian vector with E|H,|> = E|H,|*> = 1 and
|E[H1H>]| = p € [0, 1]. Then for all |A| < (1 — p>) =/,

E A HI -1 _ ! '
1—22(1 - p?)

Proof. We may assume without loss of generality that E[ H, H>] = p > 0. Hence, we may write

(1)=4(2)=( =) (2)

where Z = (Z;, Z,) are independent standard complex normals, considered as a column vector. Therefore,

|Hi|? — |Ho|? = Z*A* (é _(1)) AZ.

It follows that | |
Eer(HIP=IHal?) _ — : O
det(Id —2A* (§ _9)A) — 1-22(1—p?)

We shall apply this equality to the complex Gaussian process Q,(0) := R, x G(e(#)). Then

02 =FE|Q,> anddefine p,:=p,(01 —6):=0,2|E[Q.(61) Q.(B)]| €0, 1].

In the case that cr,% = 0, we may take any value in [0, 1] for p,. From Lemma 4.1, we have, for any
A2 < —pH o,

Eexp(h(1Qn(0)* — 104 (62)1)) =

. 20
1=22(1—p2)o} °0)

While we would like to use a,‘l‘ (1-— ,0,% (61 — 6»)) as a distance, it does not obviously satisfy the triangle
inequality, for which reason we introduce

A (0) :=E[1Q.(@)* — 040, (21)
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which defines a pseudometric on R/Z through A, (6;, 6>) := A, (61 — 6,). While A, may not obviously
control the tails of |Q, ()| we observe the following lemma.

Lemma 4.2. There is a numerical constant C > 1 such that, for all choices of {a;} and any n > 0 and
all 6 €10, 1],
Lo2V/1=020) < 8,0) < Co2V 1= p2(6).

Proof. From (20), it follows that

E(Qn(O) = [Qn(0)[)* =20,/(1 — p}),

E(1Qn(0) — () =240, (1 — o).
Hence by Cauchy—Schwarz,

AL (6) < 20,/ (1 = py).

On the other hand, by the Paley—Zygmund inequality,

(102> = Q4 (0)))? > 7} (1 — pP)

1.2

with probability at least ;57 which gives a lower bound for A, of the same order. U

We now define two pseudometrics on [0, 1] in terms of {A,}:

doo (01, 02) :=do (01 — 62) :=sup A, (61 — 62),

n>0
(22)
d3(01,02) == d5 (01— 02) 1= _ A%(61 — ).
n>0
Using Lemma 4.1, we can also now give a tail bound for differences of
oo
F©):=) |0, (23)

n=0

Lemma 4.3. Let 01, 6, € [0, 1]. There is a numerical constant C > 1 such that, for all t > 0,

. t tz
PIF(6))— F(62) > 1] < eXp<—Cmm{ doo (61 — 62)" d2(6) — ) D

Proof. The desired tail bound follows from estimating the Laplace transform of F'(6,)— F(6,). Specifically
we use the following estimate.

Lemma 4.4. Suppose that there are Ly, 0 > 0 and X a real-valued random variable for which

2.2
EeX < o7/? for 22 fkg.

2
P[X > 1] Sexp(—min{M ! })

Then, forallt > 0,

2 202
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Proof. Applying Markov’s inequality, for any # > 0 and 0 < A < A,
P[X > t] < exp(—At +A1262/2).

Taking A = t /o2, if possible, gives one of the bounds. Otherwise, for Ag < t/0? taking A = A¢ gives the

other bound. O
We return to estimating the Laplace transform of F(6,) — F(6;). Recalling (20), for any
2 2 2\—1_—4 c?
A Ai=inf(l—p) 0 "< ——,
M= d= A=) o < = oy
where C is the numerical constant from Lemma 4.2, we have
= 1
E exp(A(F(61) — F(62))) = : (24)
}:[1 1 =221 —p2)os
Therefore, for all [A]? < )& /2,
o 1 o
E exp(A(F(6)) — F(6))) < < 202) (1=pHot), 25
exp(A(F(6)) — F(62))) _’[[1 (320 = oo _eXp< ’;( ,On)on> (25)

using (1 —x)~!' < e for0<x < % The desired conclusion now follows from Lemmas 4.2 and 4.4. [

We now recall the technique of Talagrand for controlling the supremum of processes. We let 7 = [0, 1].
Define, for any metric d on T and any o > 1,

Yo(d) =infsup > " d(t, C)2"", (26)

teT k=0

where the infimum is taken over all choices of finite subsets (Cy)r>0 of T with cardinality |Cy| = 22
for k> 1 and |Cy| = 1.

Theorem 4.5 (see [Talagrand 2001, Theorem 1.3]). Let do and d» be two pseudometrics on T and
let (X;)ieT be a process so that
2

. u M
P[X,— X,| >u] < 26XP<_ mln{doo(s’ 1) d5(s,t) })

Then there is a universal constant C > 0 such that

E sup | Xy — X/| < C(y1(dxo) + v2(d2)).

s,teT

Hence, as an immediate corollary of this theorem and of Lemma 4.3, we have:

Corollary 4.6. There is a numerical constant C > 0 such that
Esup F () < C(y1(doo) + 12(d2)) + VY.
6

Finally, we give some estimates on the quantities y; and y» for the metrics we consider. We begin with
an elementary observation that shows A, (6) must decay for sufficiently small angles (when |6] <27").
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Lemma 4.7. There is a numerical constant C > 1 such that, forall 0 € [—1, 1],
1—p2(0) <C2*"|01> and A,(0) < Ca?2"|0].

Proof. We begin by observing that p, can always be bounded by

2n+1_1
pnz0,” Z lak|? cosQmk(0)) > 1 — 272224292,
k=27

The proof now follows from Lemma 4.2. U

We now show that E||G ||§( R) has the desired control. For any k > 0, let

2 _ 2
T =supo,.
n>k

Lemma 4.8. There is an absolute constant C > 0 such that
ENGI5& <CY 1%
This lemma proves Theorem 1.3.
Proof. From Corollary 4.6,
ElGI3 k) S v1(doo) + ¥v2(da) + 3. 17

We will choose Cy to be the dyadic net {€2_2k 1<t < 22k}. Then using Lemma 4.7 it follows that for
any ¢t € [0, 1],

doo (., Ci) = doo22) < sup(A, 27202} < sup2~ 2062},

n>0 n>0
2 22’<0022k40022k4 @7
d3(t,C)=d;277) Y A2 o) Y (27 q)),
n=0 n=0
In the previous equations, x_ := — min{x, 0}.
This leads to the following estimates on y; and y;:
e k
yi(d) <Y fsup{2=" o1} -2k, (28)
k=0 "=0
i k
ya(dy) <Y {22‘2("—2 H:,;‘} 2k (29)
k=0 Y ‘n>0
We show that
o0
yi(d) +ya(da) S Z 7. (30)
k=0
To control y;(d;), we begin by applying Cauchy condensation:
o0
yid) S Y fsupl2”" g1}, (31)

k=0 "=0



108 ALON NISHRY AND ELLIOT PAQUETTE

‘We then estimate
k

sup{2~"7R-52) < Z P

n=0 n=0

Applying this bound and changing the order of summation for the first, it follows that y;(d;) < D, rkz.
To control y,(d>), we again begin by applying Cauchy condensation which results in

ya(dy) < {22‘“"‘%;‘} : % (32)
k=0

n>0

We then split the sum to get

Vz(dz)fg {222(”‘k)f3} +Z {Z }% (33)

0<n<k n>k

To the first term we apply the subadditivity of /- , which produces

00 1 © 00
22(n—k) 4} . 5 . { zn—k 2} 5 -2
g { 3 ol g 7 > vk g T

O<n<k 0<n<k

where the second sum follows from changing the order of summation. To the second term in (33) we
again apply Cauchy condensation:

Z 274 15§: /{Zfzf 2,} 2k/2<Z{ZT2 21/2} 2k/2<ZT 2,
n>k k=0 =k J=k

where the penultimate inequality follows from subadditivity of /- and the final inequality follows by
changing the order of summation. From another application of Cauchy condensation, (30) follows. [

We remark that sequences for which Y ;- rkz = oo but which are square summable necessarily have
some amount of lacunary behavior.

Lemma 4.9. Suppose Y ;. rkz =00 but Y o2, a,% < 00. Then for any C > 1 there is a sequence {ji}
tending to infinity with ji+1/jx > C for all k such that

o0

2 .
Zajk “Jk=
k=1

Proof. Using Cauchy condensation, we have that, for any m € N with m > 1,

o0 o0

§ : 2 Jj— _§ : 2
tmj‘m = = tk'

j=1 k=0

Let {j;*} be the subsequence of {m’} at which t,,; > 7,,+1. Picking ji as an £ in [ j*, mj;}) that maximizes aez

produces the desired result, after possibly passing to the subsequence {jot} or {jor+1}- U
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5. Exceptional GAFs

In this section, we construct GAFs with exceptional properties. In particular, we show the strict inclusions
in (7).

5A. H?-Bloch GAFs are not always BMO GAFs. Both lacunary and regularly varying H2-GAFs are
VMOA. Sledd [1981, Theorem 3.5] constructs an example of an H 2 random series that is not Bloch, and
so is not BMOA. This leaves open the possibility that once an H>-GAF is Bloch, it additionally is BMO.
We give an example that shows there are H>-GAFs that are Bloch but not BMO.

Recall (3), that for an interval I € R/Z, any p > 1, and any L?(T) function f,

p
df, where f f(e(@))do :=%/f(e(0))d9.
1 1

MiH = 'f(ew)) ~fr
I I
Lemma 5.1. For every R > 0, there exists no = no(R) such that for any n > ng there is a polynomial
f) =Y, ay&rz* with the following properties:
i) Ypai =1
) Ellfll« = R.
(i) E|lfllz < C, where C > 0 is an absolute constant.
We can then use this lemma to construct the desired GAF.
Theorem 5.2. There exists an H? Bloch, non-BMOA GAF.

Proof. Let {B;} and {R;} be two positive sequences with {8;} € £; and B; R; — oco. Let f; be a sequence
of independent random Gaussian polynomials given by Lemma 5.1 having

Ell fill = Ri and E|fills<C.
The function f =), B; f; satisfies, for all 0 € R/Z,
o
Elf(e@)* =) B < oo,
i=1

and so f is in L% The Bloch norm satisfies

Ellflls <Y EBill fills < oo.

i=1
Finally, by the contraction principle (Proposition 2.1),
Ell fll« = BiEll fill« = Bi Ri — o0,
as i — oo. Therefore || f |« = oo a.s. by Corollary 2.8. U

Remark 5.3. It is possible to choose the polynomial { f;} to have disjoint Fourier support, although it is
not necessary for the proof, as we have picked them to be independent.
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Proof of Lemma 5.1.

Construction of f. Letr € N be some parameter to be fixed later (sufficiently large). Let
{Aijji, jell,2,...,r}}U{l}

be real numbers that are linearly independent over the rationals and that satisfy

rije2, 2 +471]. (34)

By Kronecker’s theorem, for every w € {O, %}rxr there is an m = m(w) such that

[mAi ) —wi | <47 foralli,j=1,....r, (35)

where as usual {x} = x — | x| is the fractional value.
Let ng = 4" (max, m(w) + 1), and let n > ng be arbitrary. Define

L if k= |nA; ;| forsome i, j=1,...,r,
ar = . ’
0 otherwise.

For brevity, write {; j = &5, ;) forany i, j =1, ..., r. Note that the ¢; ; are independent and we can
write

-
1 .
f@y=— > gyl (36)
ij=1
Lower bound for E|| f||s. Define a random variable » € {0, 1}"™" by
{O if Reg‘,-,j >0,
Wi j=11 .
5 if Reg;; <O0.
Let I be the interval of length 1/n centered around m(w)/n.

We will show that [EM,2( f) is large. To do so, we give an effective approximation for Re f on /.
Define

r r
g(0) =Y Ejcos(2m -2'nf) where E; = % > IRezi 1.
i=1 j=1

Notice that g is 1/n-periodic and therefore
,
2 _ 2 _ 1 —2
M) = f 1s@)F do =5 >
1=

Hence [Em%(g) > Cr for some absolute constant C > 0, and so it remains to approximate f by g.

Claim 5.4. There is a sine trigonometric polynomial h such that with

m(w)
n

E=E®):= Ref<e( +9)) — ¢(6) — h(nb)

and, for 0| <1/n,
IE@) <3-47) |6 l.

i,j
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Proof. By (35),

m(w)

d(™ nni ) w5, 7) <4+ <04
By (34), |nA; ] € [n2!, n2" +n47"], and so for |6| < 1/n,
|0nA; ;] —6n2 | <47
Combining these two estimates, for [#| < 1/n and foralli, j=1,2,...,r,

(Re(;i,je((m(“’) +0) ;1)) = Re(@ise(@i j +2'n6))| <3:4715;,1.
Using that e(@ + %) = —e(60), the claim follows by applying the previous estimate term by term to (36). [

We now bound the oscillation MIZ( f) as follows. Using fl g= fl h = 0 and the orthogonality of g

and i on I,
2 12 r 2 1/2
|:f d@] > f Ref(e(@))—fRef d@}
I | J1 I

- 1/2 1/2
> f|g<9)+h<e>|2d9} —[f |E<9>|2d0]
LJ ] I

- 1/2

fﬂg(@)ﬁd@} 3.4 Y g |
:1 r 5 1/2 B b

EZE’} =347 1t
- =1 i,

Using [Girela 2001, Proposition 4.1], there is a constant C, > 1 such that

1/2
[Ellfll*zC—[E([f ‘f(e(@))— } )z%;—c-4—’r2

for some sufficiently large absolute constant C > 0.

%

v

Upper bound for E|| f||5. We begin by computing

1 o
f’(Z) — - Z Gij Ln)ti,jJZL"}”"J 1,
ij
with the sum over all i, j in {1,2,...,r}. Let ®; = % Zj|§i,j|- Then, fort = |z] < 1,

1—1t i i i
(I=1zDIf @) < — Z|§,’,J’|n2l+1t"2 I < (rniax(»-Di)(l —1) anz—Ht 21
iJ

i

o0
<2(max ©;)(1—1) Y ¢~ <2(max ©;).
1 ]
i=1
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Using the Pythagorean property of subgaussian norms [Vershynin 2018, Proposition 2.6.1], the random
variables ®; have subgaussian norm C/+/i, and hence using standard estimates,

sup[[E max ®l~]<oo.
reN i=1,2,....,r

This concludes the proof of Lemma 5.1. ]

5B. BMO GAFs are not always VMO GAFs. We answer a question of [Sledd 1981], showing that there
are GAFs which are in BMOA but not in VMOA. We begin by defining a new seminorm on BMOA

. 1
| fllsn i= sup M;(f),
[:2-n<|]|<2-(=1

where the supremum is over intervals I C R/Z.
Lemma 5.5. There is a constant ¢ > 0 and an m € N such that, for all integers n > m and for all
polynomials p with coefficients supported in [2", 2" 1],

[Pl = 1 Pllsn—m = cliplloc = clipll

Proof. The first inequality is trivial. The last inequality is [Girela 2001, Proposition 2.1]. Thus it only
remains to prove the second inequality. Recall 7;,, the dyadic trapezoidal kernel from (15), which satisfies
for all n € N that

T,(j)=1 for je[2", 2", 7,(0) =0, and || Tpllos < 10-2"

(see (14) and (15) — this follows by bounding || K,|~c = 7 + 1 and using the positivity of K). From
the condition on the support of the coefficients, p x 7, = p. As the constant coefficient of 7, vanishes,
1+ T, = 0, and therefore we have the identity that for any / € R/Z and any ¢ € R/Z,

ple(®)) = ((P - fl P) * Tn)(€(¢))

1 (37)
- fo (p(e(e)) —fl p)Tn(e(qb —6))de.
Fix m € N. Let I be the interval around ¢ of length 2 -2"~". Then, forn > m + 1,
pe@nl = [ [pen—f plitew—onas
< 1Tl [ [pie@) = f plav+20pl [ Teo-0p1ds. (38)

The first summand we control as follows (using the length of || and || 7}, ||c0 < 10-2"):

Il [ [pte@n ~ § plav <2027 f |pceon~ f plas
1 I I 1
<20-2"plunmr. (39)
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For the second summand, using (16),

1/2
2||p||oof |Tn<e<¢—e>>|des4||p||oo/ T, (e(0))]d6
IC szn
1/2
580-2—”||p||oo/ |1 —e(0)|"%do
2m—n
520-2—"||p||oo/ 672 de
2m—n
<2027 plloo- (40)

Applying (39) and (40) to (38),
IPlloo <20-2" | plls,n—m—1 +20- 27" || pllsc-
Taking m = 5, we conclude
Ipllso < 2" pllsn—s- O

The previous lemma allows us to estimate || - ||, for polynomials supported on dyadic blocks efficiently
in terms of the supremum norm. Hence, we record the following simple observation.

Lemma 5.6. For any n > 2, let f, be the Gaussian polynomial
1 2n—1
h@=——= ) &"
! vnlogn ,;

Then there is an absolute constant C > 0 such that

n

C'<E|lfulloo < C.

Further, forallt >0,
— — 2
P falloo — Ell fallool > 2] < 2e (logm)t”

Proof. Observe that the family { f,,(e(k/n)) : 0 < k < n} consists of i.i.d. complex Gaussian random
variables of variance 1/logn. Hence,

Ell falloo = E max [ fy(e(k/m)| = C

for some constant C > 0 (see [ Vershynin 2018, Exercise 2.5.11]). Conversely, there is an absolute constant
such that for any polynomial p of degree 2n (e.g., see [Rakhmanov and Shekhtman 2006]),

Ipllec <C Og}cgnlp(e(k/(%)))l-

Hence using that each f;(e(k/(4n))) is complex Gaussian of variance 1/log n, we conclude that there is
another constant C > 0 so that

Ell fulloo =C

(see [Vershynin 2018, Exercise 2.5.10]). The concentration is a direct consequence of Proposition 2.2. [
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Let {n;} be a monotonically increasing sequence of positive integers, to be chosen later. Let f; be
independent Gaussian polynomials as in Lemma 5.6 with n = 2"*. Let {a;} be a nonnegative sequence.
Define g = ) o ax fv- Under the condition that Y ;o | a?/ni < oo, we have that g is an H>-GAF.

Lemma 5.7. Let ny = 1 and define ny1 = 3" for all k > 0. If the sequence {ay} is bounded, then g is in
BMOA almost surely. Furthermore, if limy_, o ay = 0, then g is in VMOA almost surely.

Proof. Without loss of generality we may assume all a; < 1. Observe that
lglls = sup llglls.c.
teN

Therefore, if sup,y [1€ll+,¢ < 00 a.s., then g is in BMOA. If, furthermore, lim;_,  [|gll+,e =0 a.s., then g
is in VMOA almost surely.

Put g; =a; f; for all j € N. Fix £ € N and let k be such that ny_; —m < £ < n; —m, where m is the
constant from Lemma 5.5, and take the decomposition g = g¢—1 + gx—1 + & + &>«. Then

lgskllse <272 Ng=kll2 < 2% gk 2,

which follows from Cauchy—Schwarz applied to M} (g-1) for an interval || > 27*. On the other hand,

£+1 < 2—€+12nk_2+1 < 2—n1<_1+nk_2+m+2

lg<tllee <278 lloo < g<klloo < lg<klloo:

where the penultimate inequality is Bernstein’s inequality for polynomials. We conclude that
lgllee < 2714282 g ploo + 21 gklloo + 201 8k—1 oo + 221 gk l2-
Using Lemma 5.6 and Borel-Cantelli,
D= smlip | frlloo < 00O a.s.

In particular,
”g<k”oo <kD.

Meanwhile, the family {|| f; ||% -2-2" log(2")} consists of independent %2 random variables with 2" +!
degrees of freedom, respectively. Hence,

R = sqp{||gj||2«/nj} <00 a.s.
J

Therefore,
1 _ 3R?
le=cl3 =) llgil3 <R — <.

i — N Nk

j>k Jj>k
Finally, we have

lglle < 27522 D L0 (| fa) D+ /3. 2B
Ng+1

By our choice of ny (recalling k = k(£)), the last expression is uniformly bounded in £ almost surely. In
addition, if a; — 0, then
limsup || g|l«,¢ <limsup2(ax—1 +ax)D =0. [l

{— 00 k—o00
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Remark 5.8. A more careful analysis of || for|« ¢ reveals that it suffices to have nyy1/ny > ¢ > 1 for
some ¢ to bound || f~|« ¢ uniformly over all £. We will not pursue this here.

We now turn to proving the existence of the desired GAF.
Theorem 5.9. There is a BMO GAF which is almost surely not a VMO GAF.
Proof. We let g be as in Lemma 5.7 with a; = 1 for all k. By making ¢ sufficiently small and using the

contraction principle (Proposition 2.1), Lemma 5.5 and Lemma 5.6, for all k € N,

2P (l1gllsng—m > 1) = Pl fileme—m > 1) = P(ll fellso > ct) > 3.
Therefore by the reverse Fatou lemma,

P (lim sup [[gll«n,—m > 1) = limsup P([[gllsn,—m > 1) = ;.

k—>00 k=00
This implies, by Proposition 2.9, that g is not in VMOA a.s. (Il
Finally, we show there is a VMO GAF which is not Sledd.
Lemma 5.10. There is an absolute constant ¢ > 0 such that for all € > 0 there is an ny(€) sufficiently

large such that, for all n > ngy and for all intervals I C R/Z with |I| =€,

P(there exists J C I an interval with |J| = c/n such that mi? | fn(x)] > 41'1) > %,
Xe

where f, is as in Lemma 5.6.

Proof. We again use the observation that the family { f,,(e(k/n)) : 0 < k < n} consists of i.i.d. complex
Gaussian random variables of variance 1/logn. Let I be an interval as in the statement of the lemma.
Let I’ be the middle third of that interval. Then for any n, there are at least ne /4 many k such that k/n
are in I'. For any such k and any ¢,

Pl fuletk/n))| > t] = o~ (logm1®

/4

Hence, if we define ng so that ng € = 41og(3), then for all n > ny,

Plforall k:k/n eI, | frlek/n) < 1] <e '/t < 1.
Using Bernstein’s inequality and Lemma 5.6, there is an absolute constant such that

I fulloo < 2nll fulloo < Cn,

except with probability 1/n. Hence, if we let J be the interval of length ¢/n around a point in I” where
| fale(k/n))| > 3., then minyc | f,(x)| = § except with probability 2. O
Theorem 5.11. There exists a GAF that is almost surely in VMOA and which is almost surely not Sledd.
Proof. We let g be as in Lemma 5.7 with @y — 0 to be defined, so that g is almost surely in VMOA.
We define a nested sequence of random intervals {J;}. Let Jo = R/Z. Define a subsequence n,

inductively by letting ny, be the smallest integer bigger than no(c/ny, ,) for £ > 1 and no(c) for £ = 1.
Let a,, = 1/v/¢€, and let a; = 0 if j is not in {ny, }.
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We say that an interval J; succeeds if there is a subinterval J of length ¢ /ny, , such that minye | fi, | > 4—1‘.
If the interval J; succeeds, we let J,+; = J’, and otherwise we let Jy1 be the interval of length c¢/ny,_,
that shares a left endpoint with J,. The nested intervals J, decrease to a point x, and
o0 1 o0
£ = 3 gl (P 2 3 11 succeeds).
=1 =1
From Lemma 5.10, the family {1{J, succeeds}} consists of independent Bernoulli random variables with
parameter at least % Then by [Kahane 1985, Chapter 3, Theorem 6], this series is almost surely infinite. []
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1. Introduction

1A. Hamiltonian dynamics. Let M be a compact boundaryless Riemannian G” smooth manifold of
dimension n > 2, and let P (x, &) € C*°(T*M) be a completely integrable Hamiltonian with P (x, £) — oo
as |§| — oo. Complete integrability is the assumption that there exist n functionally independent conserved
quantities of the Hamiltonian flow that are pairwise in involution.

The Liouville-Arnold theorem asserts that we can locally choose symplectomorphisms

x:T"xD—>T*M (1A.1)
such that the transformed Hamiltonian
H°®,1)=(Pox)(©.D (1A.2)

is independent of 6. It follows that the Hamiltonian flow is quasiperiodic and constrained to n-dimensional
Lagrangian tori, given in local coordinates by

=0, §=VH(). (1A.3)

Under the Kolmogorov nondegeneracy condition det(V%H ) # 0, we can locally index the invariant
Lagrangian tori A,, by the frequency w = V; H of their quasiperiodic motion.
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If we now consider a smooth one-parameter family of perturbed Hamiltonians given by H (6, I; t)
in action-angle coordinates with H(0, I; 0) = H 0(I), a natural question is whether or not an invariant
tori A, with quasiperiodic motion of frequency w still exists in the perturbed Hamiltonian dynamics.

This question was resolved positively by Kolmogorov [1954], Arnold [1983], and Moser [1966]. In
particular, they established that the Lagrangian invariant tori corresponding to all but an o(1)-symplectic-
measure subset of frequencies survive this perturbation as the size of the perturbation tends to zero.

In particular persisting tori are those with frequencies w in a set 2, determined by the Diophantine
condition (3B.2), where v > n — 1 is fixed and the choice of « then dictates the measure of the union of
preserved tori.

Popov [2004b] used a local version of the KAM theorem to construct a Birkhoff normal form for Gevrey
class Hamiltonians H about A. This normal form generalises the notion of “action-angle” variables of
a completely integrable Hamiltonian as discussed in [Arnold 1989]. As a consequence of the normal
form construction, Popov obtained an effective stability result for the Hamiltonian flow near the union
of remaining invariant tori. The natural setting for the estimates is that of Gevrey regularity. This work
generalises earlier work in [Popov 2000a; 2000b], where a Birkhoff normal form is constructed for
real-analytic Hamiltonians.

1B. Quantum ergodicity. We now consider the quantisation of a KAM Hamiltonian system given by a
family of self-adjoint and uniformly elliptic semiclassical pseudodifferential operators

Pa(t) =) P;(x, hD; I/, (1B.1)
j=0

with real-valued full symbol in the Gevrey class S¢(7*M) from Definition B.5, analytic in the parameter ,
where £ = (p, u, v), with p(t +n)+1>pu > p'=p(r+1)+1 and v = p(r +n + 1). Furthermore,
we assume Py (¢) acts on half-densities in C*°(M; Q'/%) with principal symbol Py(x, &; ) completely
integrable and nondegenerate at t = 0, and with vanishing subprincipal symbol. The operator P, (¢) then
has an orthonormal basis of eigenfunctions u;(z; h) and corresponding real eigenvalues E;(f; h) — o0
for each fixed ¢, h.

The Bohr correspondence principle asserts that aspects of the classical dynamics should be reflected in
the spectral theory of P (¢) in the semiclassical limit # — 0. A rigorous manifestation of this correspon-
dence principle is the celebrated quantum ergodicity theorem, due to [Shnirelman 1974; Colin de Verdiére
1985; Zelditch 1987], which asserts that billiards with ergodic geodesic flow have eigenfunctions satisfying
a quantum notion of equidistribution, made precise using the machinery of pseudodifferential operators.

We work with a semiclassical formulation of quantum ergodicity. Let diu g denote the measure on the
energy surface X = p~ ! (E) induced by the symplectic measure |d& A dx| on T*M by

ldug AdE| = |dE Adx|. (1B.2)

If a Hamiltonian p(x, &) € C*°(T*M) generates an ergodic Hamiltonian flow on every energy surface g
with E € [a,b] and dp|,-1(ja 5 # O, then for any semiclassical pseudodifferential operator A of
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semiclassical order 0, the quantum ergodicity theorem states that

Y

E;j(h)€la,b]

2
— 0. (1B.3)

(Anuj(h), uj(h)) — o(A)dug

wE (2E) Jsg,
The quantum ergodicity theorem is originally due to Shnirelman [1974], Zelditch [1987], and Colin
de Verdiere [1985]. The semiclassical formulation of the quantum ergodicity theorem (1B.3) is a
straightforward consequence of the sharper formulation in [Helffer et al. 1987], or [Dyatlov and Guillarmou
2014], in which the statement is localised to O (h) energy bands. From (1B.3), a standard diagonal
argument introduced in [Colin de Verdiere 1977] shows that

1
1e (2E) Jep,

im | ( Ay (), () = o(A)dug,| =0 (1B.4)

uniformly for a family A(h) C {E;(h) € [a, b]} of full density, in the sense that

#A(h)
—
#{Ej(h) € [a, b]}

We say that a semiclassical pseudodifferential operator of the form (1B.1) is quantum ergodic if its

(1B.5)

eigenfunctions satisfy (1B.3).

In the appendix to [Marklof and O’Keefe 2005], Zelditch raises the question of converse quantum
ergodicity: to what extent is it possible for nonergodic Hamiltonian systems such as those in the KAM
regime to have quantum ergodic quantisations? In the extreme situation of quantum complete integrability,
rigorous results on eigenfunction microlocalisation onto unions of Lagrangian tori have been established
in [Toth and Zelditch 2003], which clearly rules out quantum ergodicity. In the intermediate regimes
between complete integrability and ergodicity, fewer rigorous results on the question of converse quantum
ergodicity are known. In the appendix to [Marklof and O’Keefe 2005], Zelditch shows that the “pimpled
spheres”, which are S with a metric deformed polar cap, are not quantum ergodic, exploiting the
periodicity of the flow in a strong way. In [Gutkin 2009] it is shown that the “racetrack billiard” is
quantum ergodic but not ergodic, with phase space splitting into two disjoint invariant sets of equal
measure.

As KAM dynamics are far from ergodic dynamics in character, the Bohr correspondence principle
suggests that P, (¢) is typically not quantum ergodic, and that under generic conditions on the perturbation,
there could exist sequences of eigenfunctions for P, () with semiclassical mass entirely supported on
individual invariant tori.

This localisation was proven for quasimodes in [Popov 2004a], where semiclassical Fourier inte-
gral operators were used to construct a quantum Birkhoff normal form for a class of semiclassical
pseudodifferential operators Py (¢). This quantum Birkhoff normal form is used to obtain a family of
quasimodes microlocalised near the union of KAM Lagrangian tori of a Hamiltonian associated to Pj,. A
similar construction was previously made in [Colin de Verdiere 1977], which establishes the existence of
quasimodes microlocalised near the Lagrangian tori of a completely integrable Hamiltonian on a compact
smooth manifold.
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As pointed out in [Zelditch 2004], however, the passage from quasimode microlocalisation statements
to microlocalisation statements for genuine eigenfunctions typically requires information on the spectral
concentration of the operator in question.

One way in which this information can be obtained is by considering the spectral flow of Py (¢) in an
analytic parameter ¢ as in this paper. The Hadamard variational formula allows us to rule out spectral
concentration for full measure ¢, given suitable information on the expectation of the quantum observable

(0 Pn(O)uj(t; h), uj(t; h)), (1B.6)

which can be obtained from conditions like (1B.4). One can then draw conclusions about eigenfunction
microlocalisation from those about quasimode microlocalisation.

In [Hassell 2010], this technique was exploited to obtain the existence of a sequence of Laplacian
eigenfunctions on the Bunimovich stadium that does not equidistribute, at least for a full-measure set of
aspect ratios. This strategy was also exploited in [Gomes 2018], where the author establishes a weak
form of Percival’s conjecture for the mushroom billiard.

It is the purpose of this paper to use the same technique to show that quantisations of KAM Hamiltonian
systems in the sense of (1B.1) are typically not quantum ergodic, at least for full measure ¢ € (0, §).

We follow [Popov 2004a] in working in the category of Gevrey regularity for our Hamiltonian P, due to
the availability of explicit and full details of the quantum Birkhoff normal form construction in this setting.

1C. Statement of results. The following is the main result of this paper.

Theorem 1.1. Suppose M is a compact boundaryless G° manifold and Py (t) is a family of self-adjoint
elliptic semiclassical pseudodifferential operators acting on C*°(M; '/?) with fixed positive differential
order such that:

(i) The operator Py (t) has full symbol real-valued, analytic in t, and in the Gevrey class S¢(T*M) from
Definition B.5, where £ = (p, b, v), with p(t +n)+1>u>p'=p(r+1)+1andv=p(t+n+1).

(ii) The principal symbol Py(x, &; t) lies in G* ' (T*M x (—1, 1)).
(iii) Po(x, &;0) is a completely integrable and nondegenerate Hamiltonian.
(iv) The subprincipal symbol of Py (t) vanishes.
(v) In an action-angle variable coordinate patch T" x D for the unperturbed Hamiltonian Py(x, &; 0), the
KAM Hamiltonian can be written as H(9, I;t) = Py(-, ;1) o x, and we define H*(1) :== H (8, I, 0).
(vi) The KAM perturbation is such that
f oH@®,1;0)do

is nonconstant on some regular energy surface {I € D : H(I) = E} in the action-angle coordinate
patch.

Then for any regular energy band P, 1([a, b)) with E € (a, b) for the energy surface in condition (vi),
there exists 6 > 0 such that the family of operators Py (t) is not quantum ergodic in [a, b] for full
measure t € (0, ).
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Remark 1.2. Though we choose to work with Gevrey class Hamiltonians, it should be noted that we only
require quasimodes for Py, (¢) of order O (h®"+2/2) to carry out the arguments in Section 2. In particular
this implies that Theorem 1.1 should hold in the C*° setting, where O (h°°) quasimodes are constructed
in [Colin de Verdiere 1977].

Remark 1.3. The condition (vi) is a rather mild one. Indeed for Hamiltonian perturbations of the form
H(D+tHY 6, 1), it is equivalent to the functional independence of H 0(I) and fw HY (6, I)d6. This
holds for generic choice of H'.

1D. Examples. The broad class of operators satisfying the assumptions of Theorem 1.1 are perturbations
of completely integrable Schrodinger-type operators

Pp=—h*Ag + V(x). (1D.1)

In particular, Theorem 1.1 applies to the case of the semiclassical Laplace—Beltrami operator (V=0) on
a manifold with perturbed metric (M, g;), where (M, go) has completely integrable and nondegenerate
geodesic flow.

The model example of a completely integrable geodesic flow is that of the flat torus

" =R"/Z". (1D.2)

The Hamiltonian that generates the geodesic flow on T” can be written as |/ |2, where I € R" is dual to
the spatial variable & € T". This is clearly a nondegenerate and completely integrable Hamiltonian system.
Similarly, in [Knorrer 1980], it is shown that the geodesic flow on an n-axial ellipsoid E is completely
integrable and nondegenerate. Thus the Laplace—Beltrami operator for metric perturbations of both of
these manifolds is covered by Theorem 1.1, provided the generic condition (vi) is satisfied.

For an explicit family of examples, one can consider T2, equipped with the metric

g =dO} +db3 +1x(6y,6,) db; doy
for > 0 small and x € C°°(T?) arbitrary. The Hamiltonian corresponding to —thg is

H@O, ) =1} + 13 +1x061, )1 I,
and we have that
/ 0H@,I)do = 1112/ x(0)do (1D.3)
TZ ‘[[2

is nonconstant over any energy surface |/| = E > 0; thus condition (vi) of Theorem 1.1 is satisfied.

1E. Outline of paper. In Section 3A, we introduce some definitions and notations that are prevalent
throughout the paper.

In Section 2, we prove Theorem 1.1 by contradiction. We now outline the strategy of the proof. In
Section 2B, under the assumptions of (vi) in Theorem 1.1, Proposition 2.5 makes use of the calculation in
Section 3E to obtain an upper bound for the flow speed of a positive density family of the quasieigenvalues
constructed in Section 4C. On the other hand, the assumption of quantum ergodicity of P (¢) for large
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measure ¢ yields an estimate for the variation of a large density subset of exact eigenvalues in (2B.22).
The results in this section establish a gap (2B.23) between the flow speed of these quasieigenvalues and
exact eigenvalues that ensures that individual eigenvalues cannot spend large measure ¢ € (0, §) within
O (k") distance of any of the quasieigenvalues. This is formalised in Section 2C, where it is deduced
that there exists t, € (0, §) at which there are very few actual eigenvalues within O (h"+1) distance of the
union of quasieigenvalue windows. An elementary spectral theory contradiction is arrived at from this
spectral nonconcentration, completing the proof.

In Section 3, we construct a Gevrey class Birkhoff normal form for the family of Hamiltonians
P(x, &;t). The construction is that of [Popov 2004b], with our only additional concern being establishing
the regularity of this Birkhoff normal form construction in the parameter ¢. In Section 3E, we compute
the derivative of the integrable term K (/; t) of the Birkhoff normal form in the parameter ¢. This is
done by applying two KAM iterations to P(x, &; t) prior to the application of the Birkhoff normal form
construction of Theorem 3.10.

In Section 4, we recall the quantum Birkhoff normal form construction of [Popov 2004a], formulated
in Theorem 4.1. This construction yields a Gevrey family of quasimodes microlocalising on the KAM
Lagrangian tori of the Hamiltonian P (x, &; t). For the spectral flow arguments in Section 2C we require
that the associated quasieigenvalues are smooth in #, which is a statement entirely about the symbols of
this quantum Birkhoff normal form.

In Appendix A, we introduce the anisotropic classes of Gevrey functions that are used throughout this
paper as well as some of their basic properties.

In Appendix B, we introduce the semiclassical pseudodifferential calculus for Gevrey class symbols.

In Appendix C, we collect two elementary assertions about analytic functions.

In Appendix D, we state and prove a version of the Whitney extension theorem for the anisotropic
class of Gevrey functions.

2. Proof of Theorem 1.1

2A. Introduction. We begin by assuming that P, (¢) is a family of operators satisfying the assumptions
of Theorem 1.1.

Condition (vi) in Theorem 1.1 implies that there exists a nonresonant frequency wg € SNZ,{ with associated
Lagrangian torus A, such that the average of 9; Py(x, &; 0) over the torus A, differs from the average
of 9, Py(x, &; 0) over the associated energy surface

{(x, &) € T*M : Po(x, & 0) = HO(I (w0))}. (2A.1)

Moreover, we can ensure that A, lies in an arbitrarily small energy window [a, b] about the regular
energy E from the condition (vi). Without loss of generality, the hypotheses of Theorem 1.1 thus guarantee
the existence of what we shall call a slow forus.

Definition 2.1. A slow forus in the energy band [a, b] for the unperturbed Hamiltonian

H®,1;0)=H'), (2A.2)
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written in action-angle coordinates, is a Lagrangian invariant torus A,, with nonresonant frequency
wg € 2, and energy H O(I (wp)) € (a, b) in the notation of Theorem 3.10 that satisfies

1
(27t)_”/ aH@O, I(wp); 0)dd < inf ———— 0;Po(x,&;0)dug (2A.3)
Tn E€la,b] /»LE(EE) XE

atr =0.

We call such a torus a slow torus to draw intuition from the special case where 9,P;(¢) is a positive
operator. In this case, as ¢ evolves, the quasieigenvalues associated to such a torus increase as ¢t evolves at
a slower rate than the typical increase of eigenvalues at the same energy. The intuition behind this stems
from the Hadamard variational formula (2B.8), and the fact that the associated quasimodes microlocalise
onto A,,. This intuition is confirmed in Section 3E, by a more careful analysis of the leading-order
behaviour as t — 0 of the integrable term in the Birkhoff normal form established in Theorem 3.10.
Under the assumption of quantum ergodicity, this analysis implies a discrepancy (2B.23) in the spectral
flow of genuine eigenvalues and quasieigenvalues attached to slow tori. Consequently, we obtain the
spectral nonconcentration statement Proposition 2.10.

We begin by using the slow torus condition and choosing ¢ > 0 sufficiently small so that

1
(2)1)_”/ 0H@, I(wo;0);0)d0 < inf —— 0;Py(x,&;0)dug —3c (2A4)
Tn Eela,bl pg(ZEg) Jx,

is satisfied.

As the quantum ergodicity condition (1B.3) is preserved upon passing to energy subintervals, we can
assume that [a, b] is an arbitrarily small energy window containing H°(I (wp; 0)). In particular, we can
scale our interval [a, b] by a small factor A to ensure that the condition

1
sup ———— O Podpe —

inf ——— 0 Pydpug=:0,0—0_(0)<e<c (2A5)
Eela.b] RE(ZE) Jx, Eelab] i (Zg) Jg, £ "

is satisfied for any particular € < c. From the regularity of Py, one can achieve this by taking
A= 0(e). (2A.6)

Through the course of this section, we will track the size of various small quantities in terms of this €,
which we will eventually take small in the proof of Proposition 2.10.
Proposition 3.14 applies to H, and we obtain a family of symplectomorphisms

X € GPP P (T" x D x (=4, 1), T" x D) A7)
and a family of diffeomorphisms
we G (Dx (-1,1), Q) (2A.8)

such that
H(x®,1;t);t)=K(;t)+ R, I 1), (2A.9)
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where 97 R(6, I; t) = 0 for nonresonant actions I € E, (t). Using the diffeomorphism (2A.8), we can

define an action map I € G**'(Q x (—1, 1)) implicitly by

o=w(l(;1t);t) (2A.10)
and we can use this map to specify the action coordinates of a nonresonant torus with fixed frequency at

any t € (—%, %) in the Birkhoff normal form furnished by x (-, -; #).
We first obtain a positive-measure family of slow tori near A,.

Proposition 2.2. There exists r > 0 and 8 > 0 such that for any o € Q := B(wp, r) N ﬁk, the torus
Ay = x(T" x {I(w, t)}) has energy

K(I(w;t),1) €la, b] (2A.11)
forallt € (0, d).
In particular, the family of tori
A= Ao (2A.12)
we

is a positive-measure family of KAM tori entirely contained within the energy band [a, b].
Moreover, r and & can be chosen small enough to ensure

(27r)_"/ oaH@O, I(w;t);1)do < (271)_”/ HO, I(w;0);t)d0 +€
™ ™"
< inf Q_(t)—2c (2A.13)
1€(0,8)
for each w € Qand each t € (0, 8).
We can also choose § > 0 small enough to ensure that

O+r—Q_:= sup Q4()— inf Q_(t) <2e. (2A.14)
1€(0,8) te(0,9)

In particular r, § can be taken to be O (¢€), with constant independent of t and h.

Proof. From the regularity of x, I, and K established in Theorem 3.10, it follows that we can take
r = O(X) to ensure that (2A.11) is satisfied at t =0, where . = O (¢) is as in (2A.6). Similarly, we can
ensure that

Qr)™" BtH(G,I;O)d0<(2n)_”/ 3 H O, I (wo); 1) dO +¢€/2 (2A.15)
Tll Tll

holds for |I — I (wp)| = O(X). Since (2A.4) is satisfied at r = 0, it follows that
(Zn)_"/ 0:HO, [(w;0);0)dd < Q_(0)—3c+¢€/2 (2A.16)

for all w € Q = B(wg, r) N QK upon taking r = O (A).
The regularity of x, I and K in the parameter ¢ then allows us to deduce that (2A.11) and (2A.13)

are satisfied for ¢ € (0, §), for sufficiently small § > 0 and for each w € Q. In particular, we can take
8 =0() = O0(e).
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Finally, the estimate (2A.14) for small § follows from the regularity of
1

ME(XE) Jx,
int and E. |

0 Podug (2A.17)

We can now apply the quantum Birkhoff normal form construction outlined in Section 4. From
Theorem 4.5, we obtain a family of quasimodes that microlocalise onto the family of KAM tori A(¢)
introduced in (2A.12).

In particular, following Section 4C, we take S(¢) = {I (w; t) : w € R} and define the index set M, (¢) as
in (4C.2). Then for each m € M, (t) C Z", we have a quasimode v,, with corresponding quasieigenvalue (¢,
as in (4C.3). We introduce notation for the union of 4" *!-width energy windows about the quasieigenvalue
associated to tori in A(?):

Wahyi= | ln ) =" by + 0", (2A.18)
mEMh(t)

We also introduce the index set
G(h)={j eN:E;{) €la, b] for some t € (0, §)} (2A.19)

of the eigenvalues that can possibly play a role in the spectral flow considerations in Section 2C.
To conclude this section, we collect asymptotic estimates for the number of eigenvalues and the number
of quasieigenvalues that are in the energy window [a, b] as h — 0.

Proposition 2.3. We have the asymptotic estimate

#M () ~ Qrh) " w(T x {I(w, 1) : w € Q}) (2A.20)
foreacht € (0, §).
Furthermore, we have
limsuprh)"#G(h) < n({(x, &) : Po(x,&;0) € [a— M35, b+ MS1}), (2A.21)

h—0
where M is the uniform bound on spectral flow speed in (2B.11) and G (h) is as in (2A.19).
Here 11 denotes the symplectic measure d& dx on T* M.

Proof. The estimate (2A.20) is a consequence from (4C.8), and (2A.21) follows from (2B.11) and an

application of the semiclassical Weyl law [Zworski 2012, Theorem 14.11]. U
From Proposition 2.3, it follows that we can bound
#G(h
# (2A.22)
inf #Mj(t)
t€(0,6)

for t € (0,68(¢)) and h < hg(€). Moreover, this upper bound is uniform in €. By the nature of their
construction in Proposition 2.2, the quasieigenvalues w,, (¢; k) lie in [a, b] for all ¢ € (0, ).
It is convenient to introduce the subset é(h) C G(h) given by

G(h)={j eN:Ej(t) €[a,b] forall 1 € (0, §)}. (2A.23)
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By choosing §(€) > 0 appropriately small, we can ensure that a large proportion of eigenvalues that lie in
[a, b] for some ¢ € (0, §) lie in [a, b] for all £ € (0, 5).
Proposition 2.4. We can choose 8(¢) = O(€?) such that
#G (h
#G (k) >1—Ce (2A.24)
#G(h)

forall e < €y and h < ho(€), where C > 0 is a constant.

Proof. We have the bound
#G (h) - Np(la+ Mé§, b — M§])

#G(h) ~ Nn(la— M8, b+ M3))

, (2A.25)

where Nj, (1) counts the semiclassical eigenvalues of the operator P, (0) in /. Recalling that the interval
[a, b] is of scale . = O (¢), it follows that for any choice of § = O (€2), the ratio of phase space volumes

w(Py(x, & 0) € [a— M8, a+ MS|U[b— MS, b+ M5))
w(Po(x, £:0) € [a— M3, a+ M5))

(2A.26)

can be bounded by a constant multiple of € for all sufficiently small €. Application of the semiclassical
Weyl asymptotics to (2A.25) completes the proof. ]

2B. Eigenvalue and quasieigenvalue variation. We now turn our attention to the variation of quasieigen-
values and eigenvalues as ¢t € (0, §) varies. The quasieigenvalues can be handled rather explicitly.

Proposition 2.5. For any all sufficiently small 5(¢) > 0 and all t € (0, §), we have

limsup 0w, (t; h) < Q_ —c¢ (2B.1)
h—0

Jorallm €\, 5) Mn(t) uniformly in t.

Proof. From Proposition 3.14, we have

Ko(l;t)=H(I)+1t-Qrn)™" | 8H®,1;0)d6 + O0@1°?) (2B.2)
TII

for any / € D. Hence we have
0 (Ko(h(m+19/4); 1)) < (271)"[T oH@, h(m+10/4);0)d60 +¢€ (2B.3)
for all ¢ € (0, §(¢)), taking § sufficiently small. From the definition of M (¢), we know that
lh(m+v/4) — I (w;t)| < Lh

for some w € , and so from the regularity of 7 in ¢ it follows that

0 (Ko(h(m+19/4); 1)) < (271)_"/ oH@, I(w;1);t)d0 + €+ O(h) (2B.4)
-I]—ll
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for some w € Q. This allows us to compute
Ot (13 1) = 8, (K (h(m + 0 /4); 1, )
= 0;(Ko(h(m+1/4); 1)) + O(h)

< (271)”/ oH@, I(w;1);t)d0 +€+ O(h)
—u"’l

<Q_—-2c+€e+0(h) (2B.5)
which implies
limsup 0; i, (t; h) < Q_ —2¢ + ¢, (2B.6)
h—0
using (2B.4), (2A.13), and (2A.14). O

In particular, we can choose B > 0 and /g > 0 such that

dum(t;h)y <B<Q-_—c (2B.7)
for all t € (0, 8) and all & < hy.

Remark 2.6. We abused notation slightly here by writing w,, (¢; ) even when m ¢ M, (¢). That is, we track
the behaviour of K°(h(m+9 /4),t; h) even for t € (0, 6) such that this does not correspond to a quasieigen-
value in our family. This is a necessity due to the rough nature of the set {/ (w; 1) : w € Q} of nonresonant
actions. Indices m € Z" will typically be elements of M, (¢) for only O (h)-sized t-intervals at a time.

Remark 2.7. This is the last part of the argument that involves placing an additional restriction on the
size of § > 0.

We now consider the variation of eigenvalues. For each fixed & > 0, the operators P}, (f) comprise
an holomorphic family of type A in the sense of [Kato 1966] and so we can choose eigenvalues and
corresponding eigenprojections holomorphic in the parameter ¢. Thus if at each time ¢ we order our
eigenpairs E;(t; h) in order of increasing energy, by holomorphy it follows that E; will be continuous
and piecewise smooth in (0, §). On the cofinite set where E; is differentiable in 7, we have

O Ej(t; h) = (8 Pp(O)u;(t; h), uj(t; h)), (2B.8)

since (u;) is an orthonormal basis. We will control (2B.8) using our assumption of quantum ergodicity.
To this end, we now suppose for the sake of contradiction that there exists a positive-measure set
B C (0, 8) such that Py (¢) is quantum ergodic in the sense of (1B.3) for every ¢ € B.

Proposition 2.8. For everyt € B and € > 0, there exists ho(t, €) such that, for all h < hy(t, €), we have

[{0: P (D)uj (£; h), uj(t; h)) —f 0 Pod el <€ (2B.9)
EEj(t;h)
for a family of indices S(t; h) C{j € N: E;(t; h) € [a, b]} with
#S(t; h)

{j eN:Ej(t; h) €la, b]} >1-e (2B.10)

Proof. This is a direct application of (1B.4). U
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We also note that we have a global-in-time bound
O Ej(t;h) <M < o0 (2B.11)
from differentiation of the expression
Ei(t; h) = (Pp(®)uj(t; h), uj(t; h)) (2B.12)
and using a routine elliptic parametrix construction that is uniform in ¢ € (0, 1) to bound the quantity
(0 Pr(D)uj(t; h), uj(t; h)) (2B.13)

given that E;(z; h) lies in a fixed energy band [a, b].
Recalling (2A.5), Proposition 2.8 implies that

(0 Pu()uj, u;) €[Q_ —€, Oy +el (2B.14)

for all j € S(z; h) such that E; is smooth at ¢, and all & < h(z, €).
Now, from the outer regularity of the Lebesgue measure, we may then choose a subinterval J C (0, §)
such that

>1—e. (2B.15)

We can then apply the monotone convergence theorem to upgrade Proposition 2.8 for ¢ € B to a statement
that is uniform in a large-measure subset of J.

Proposition 2.9. There exists a subset B C BN J and an ho(e) > 0 such that
——>1-2¢ (2B.16)

and, for any h < ho(€) and any t € B, there exists a subset

Z(t,h) C{j eN:Ei(t, h)€[a,bl]} (2B.17)
such that
#Z(t, h)
. >1—2¢ forall0<h < hg (2B.18)
#JjeN:E;t h)<la,bl}
and

(O Ph(uj, uj) € [0— —€, Qi +€l forall j € Z(t, h), (2B.19)
forall Z(t; h) such that E; is smooth at t and all h < ho(€).

Proof. For fixed n, € > 0, we define

By:={teBNJ:hy(t, e)>n}, (2B.20)
where ho(¢, €) is as in Proposition 2.8. As BN J = Un>0 B,, countable additivity implies that for
sufficiently small no > 0, we have

1—2¢
m(By,) > 7 mBNJ)>A-2e)m(J). (2B.21)
—€
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We now take B = By, and Z(t; h) = S(t; h) in the notation of Proposition 2.8, and (2B.19) follows from
(2B.14). O

In light of Proposition 2.9, we redefine Q_, O to be the endpoints of the enlarged interval in (2B.19).
Hence
(0:Pp(t)uj, uj) € [Q—, Q4] forall j € Z(t, h). (2B.22)

In terms of the redefined Q_, Q ., we have
QO —B>c—e€>0, (2B.23)

and so we have established a discrepancy between the typical speed of eigenvalue flow and the upper
bound for the speed of quasieigenvalue flow.

2C. Spectral nonconcentration. We can now complete the proof of Theorem 1.1 by proving a spectral
nonconcentration result that follows from the results of Section 2B.

Proposition 2.10. Under the quantum ergodicity assumption m(B) > 0 imposed in Section 2B, for
sufficiently small € > 0 there exists t, € B C B such that
N(t,; h)
# M, (1)

<

1
5 (2C.1)
for a sequence hj — 0, where

N(t;h) =#jeN:Ej(t;h) € W(t; h)} (2C.2)

is the number of exact eigenvalues lying in the union W (¢, h) of the quasieigenvalue windows as introduced
in (2A.18).

Proof. The method of proof is by averaging in ¢ and using Proposition 2.9 to show that most individual
eigenfunctions cannot lie in W (¢, h) for a significant proportion of ¢ € J. We begin by defining

Aj(h) ={t € J : E;(t; h) € [a, b}, (2C.3)
Bi(hy={teJ:jeZ{; h) (2C.4)
Cj(h)={r € J : Ej(t; h) € W(t; h)}. (2C.5)

From Proposition 2.9, for each ¢ € B we have
D lg = (1-26) ) 1y (2C.6)
jeN jeN

for h < ho(€). Integrating, we obtain

ZﬁlBjdtz(l—ze)ZleAjdt. (2C.7)
B B

JjeN jeN

1g. dt > (1 —2¢) (/1 .dt—/ 1 .dt)
jeZN/J B Z J A I\B &

JjeGh)

>(1-2€¢) Y. (/ 1y, dt—2€m(])>, (2C.8)
J

jeG(h)

Hence
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which can be rewritten as

> m(B) = (1-2¢) Y (m(Aj) —2em(J)). (2C.9)

jeN jeG(h)

From the definitions (2A.19) and (2A.23), we know that m(A;) > O only if j € G(h) and m(A;) =m(J)
if j e é(h). Thus we can estimate

#G (h)
#G(h)z m(B;) > (1 —2)(#%) )mu)

> (1=26)(1-0(e))m(J)
= (1—mm(J), (2C.10)

where lim sup;,_, o n(e; h) = oc(1). Consequently we have

m(By) = (1—n'*)m(A;) (2C.11)
for a subfamily F(h) C G (h) with

#FHh) e

#G(h)zl n O(e) (2C.12)

in the limit 7 — 0, where we have made use of Proposition 2.4.
Taking E(t; h) := E;(t; h) for some j € F, the bound from the Hadamard variational formula (2B.22)
yields

E(ta; h) — E(t1; h) > (1 —n'/?)Q_ — My *ym(J), (2C.13)

where M is the uniform bound on eigenvalue flow speed for eigenvalues in [a, b] and J = [#1, ].
On the other hand, we now bound E(t;; h) — E(t;; h) above. To do this, we define

E(t; h)y=E({;h)— Bt and [i,,(t; h) = w,,(t; h) — Bt
where B was the upper bound in (2B.7). Then the transformed quasieigenvalue windows
Wi (85 ) = [ (65 h) = R fiy (15 1) + B

are nonincreasing. From this it follows that if E(s; h) € [fim(s; B)—h"F, fin (s; h)+h" T and m € My (s)
for some s € J, then E(s"; h) — E(s; h) < 2h"+!, where s’ is the final time ¢ € J such that m € M, (¢)
and E(l; h) € [fim(t; B) — "L, [, + R, This implies E(s’; h) — E(s; h) < 2"+ B(s" —s).

Generalising this idea, we can cover each C;(h) with a finite union of intervals Uy I with Ij = [, s,’(]
defined as follows:

(i) We define so :=inf{r € J : E(t; h) € W(t; h)}, and we choose an m(0) € M, (so) such that E(t; h) €
[m(©) (t; ) — A", o) (25 ) + h"1] and m(0) € M, (¢) for all sufficiently small £ — sy > 0.

(ii) We then define s} := sup{t € J : E(t; h) € [m)(t; h) — h" "', oy (83 h) + A"}
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(i) f{red: t> s,’c_1 and E(t; h) € W(¢t; h)} is empty, we terminate the inductive process; otherwise
we proceed inductively by defining s :=inf{t € J : t > 512—1 and E(t; h) € W(t; h)} and choosing a corre-
sponding m (k) € My,(s) such that E(t; h) € [ma) (t; h) — ", o (25 ) + R 1] and m (k) € My (t)
for all sufficiently small # — s;_; > 0.

(iv) We then define s; := sup{r € J : E(t; h) € [tma (t; h) — BT, pnqo (25 B) + "1}
From the Weyl asymptotics, this procedure must terminate after finitely many iterations.

Remark 2.11. In the case that E(¢; h) is still in a quasieigenvalue window for ¢ arbitrarily close to, but
greater than s, we will have s¢1.1 = s;. This is the only kind of overlap possible between the intervals I;.
We also remark that the m (k) are necessarily distinct, by the nature of this construction.

For each such interval Iy = [s, s;], we have that E(s;; h) — E(sg; h) < 2h"H 4 B(s; — sr). As there
can be at most O (h™") intervals I, we obtain
> E(sish)—E(siih) <B Y (sp —s1) + O(h). (2C.14)
k k

For such eigenvalues, we thus obtain the upper bound

E(t:h)— E(ti;h) <Y (E(sp:h)— E(sii b)) + (m(f)(l "= (s - sk)> Q¢ +m()n'*M

k k
<(B—-01)) (s —s)+mNA ="y +m()n'>M + 0 (h)
k

<(B—Q)m(C)+ (=001 +Mn"*)m(J) + O(h) (2C.15)
in the limit # — 0. Rearranging (2C.15) and using (2C.13), we arrive at
m(Cj)
m(J)

Hence by taking € sufficiently small and then passing to sufficiently small 0 < & < h¢(€) we can bound

(Q+—B) <2Mn'? + (1 -"*(Q4 — 0-). (2C.16)

m(Cj)/m(J) by an arbitrarily small positive constant y for all j € 7. Hence we have
f N(t: h)dt < f D g di < f y Y la +#G\F)dt
J J jeN T jer
< (Y#F + (' + 0()HGIm(J)
< (7 +0'?+ 0E))HGIM(I), (2C.17)

where we used Proposition 2.4 in the final line. Fixing sufficiently small € > 0, for all & < ho(€) we have
1 N(t; h)
m(J) Jj #Mu(1)

It follows that for each such & < hy, the set

{teJ' N h) 5%} (2C.19)

dt < 411‘ (2C.18)

HM (1)
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has measure at least m(J)/2. Taking a sequence i; — 0 and applying the Borel-Cantelli lemma completes
the proof. (I

Remark 2.12. In fact, the above argument demonstrates the existence of a family of such ¢, with measure
bounded below by |J|/2; however, we shall only require a single such ¢, in what follows.

We now prove an elementary spectral theory result that will show that the conclusion of Proposition 2.10
is in fact absurd, hence establishing that m(B) = 0 and completing the proof of Theorem 1.1. We
denote by U the h-dependent span of all eigenfunctions with eigenvalues in W (¢; #), and as in (4C.3),
{(Un(t; h), m (t; h))}merm, ) denotes the family of quasimodes and associated quasieigenvalues.

Proposition 2.13. For sufficiently small h > 0, the projections

Wiy (i, h) = 707 (U (84, 1)) (2C.20)
are linearly independent.

Proof. First, we show that the estimate from Definition 4.4 on the error of quasimodes implies that the

projections my (v, (¢, h)) are large. In particular, for m € M, (t,), we have
2
H (Put) = fm (b 1)) Y (O (b 1), (2, )Y | = O (R H2)

jeN

= S Ei(t h) = it WP (1, B, 1 (1, ) = O (R 2
|Ej—pm|>h"+!
= 7wyl (U (ty, h)) = O (Y ™").

Hence for sufficiently small /z, we have
lwmll* = 710 (W (s, DI =14+ O + OB ). (2C.21)

From the almost-orthogonality condition that our quasimodes v,, satisfy (see Definition 4.4), together
with (2C.21), it follows that the w,, are almost orthogonal for distinct m € Mj(¢). In particular, for
m # k, we have

[y (Ui (2, 1)), 7wy (Vi (e, W)Y < o (i, h), i (8, )Y+ [y L (U (14, B)), Ty (i (2, 1))

— O(h]/-‘rl) + O(th—Zn).
Hence

(77 (U (L 1)), 700 (Ui (s 1)) — S| = O (WY THY + O (RPY —2) (2C.22)

for all sufficiently small 4. If we enumerate the quasimodes v, (¢, i) by positive integers rather than
m € 7", we can then form the Gram matrix M (h) € Mat(#My(¢,), R), with entries given by

M,'j(h) = (w,-, IUj). (2C.23)
Since

IM—1|gs = #MuE)(OHR T + 0R*Y =) = 0 =) + 0 (W =), (2C.24)

we can invert M = I 4+ (M — I) as a Neumann series for sufficiently small 4, provided the exponents
of h are positive. This can be ensured by taking y > 3n/2. Since M is nonsingular, we can therefore
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conclude that the functions in the collection

{(my (U (8, B)) = m € My (1)) (2C.25)
are linearly independent. U
We are now in a position to complete the proof of Theorem 1.1.

Completion of proof of Theorem 1.1. Having fixed € > 0 in Proposition 2.5, we showed in Proposition 2.10
that there exists a t, € (0, §) at which we have the spectral nonconcentration result (2C.1) for a sequence
hj — 0.

On the other hand, we showed in Proposition 2.13 that the projections wy (v, (¢, h)) are #M;, (t,)
linearly independent vectors in a vector space of dimension dim(U) = N (¢, h) < #My,(t,)/2. This
contradiction completes the proof. (I

3. Birkhoff normal form

In this section we construct a family of Birkhoff normal forms corresponding to a family of Gevrey
smooth Hamiltonians H (0, I; t), real-analytic in the parameter ¢t € (—1, 1). The introduction of this
parameter leads to only minor changes in the argument of [Popov 2004b].

We formulate the KAM theorem from [Popov 2004b] in Section 3B and outline the proof in Section 3C.
We then complete the Birkhoff normal form construction following [Popov 2004b] in Section 3D.

In Section 3E, we compute the leading-order behaviour of this Birkhoff normal form as ¢+ — 0, which
was used in Proposition 2.5 to obtain an expression for the derivatives of the quasieigenvalues of the
operator Py, (t) constructed in Section 4.

3A. Notation. We begin by introducing some notational conventions that will be used several times in
this section.

Definition 3.1. For s, r > 0 we write
D;,:={0€C"2nZ" : [Im(O)| < s} x{I € C" : |I| <r}, (BA.D)
where | - | denotes the sup-norm on C" induced by the 2-dimensional £°° norm on C.

These domains arise from considering the analytic extension of real-analytic Hamiltonians in action-
angle variables. In this area it is common to bound derivatives of analytic functions using Cauchy
estimates, which requires keeping track of shrinking sequences of domains.

For simplicity of nomenclature, we call an analytic function of several complex variables real-analytic
if its restriction to a function of n real variables is real-valued.

As a final notational convenience, we use | - | to denote the £' norm when applied to elements of Z”
throughout this paper, as well as the matrix norm induced by the sup norm on C".

3B. Formulation of the KAM theorem. Let D C R" be a bounded domain, and consider a completely
integrable Hamiltonian H°(I) = H°(#, I) : T" x D — R in action-angle coordinates. To begin, we shall
assume that this Hamiltonian is real-analytic.
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In addition, we assume the nondegeneracy condition det(32H/d12) # 0. This assumption implies that
the map relating the action variable I to the frequency w = VH(I) is locally invertible. In fact, we
assume that

I VH(I) (3B.1)

is a diffeomorphism from D to  C R" The inverse to this map is given by Vg® where g is the
Legendre transform of H®. The phase space T" x D is then foliated by the family of Lagrangian tori
{T" x {I} : I € D} that are invariant under Hamiltonian flow associated to H°.

The KAM theorem asserts that small perturbations of H O(I), written as H(@, I) = H(I)+ H' (0, )
on T" x D still possess a family of Lagrangian tori which fill up phase space up to a set of Liouville
volume o(1) in the size of the perturbation. More precisely, if Q = {w : ® = V; HY is the set of
frequencies for the quasiperiodic flow of HY the frequencies satisfying

K
|k

[{w, k)| = (3B.2)
for all nonzero k € 7" and fixed x > 0 and 7 > n — 1 also correspond to Lagrangian tori for the
perturbed Hamiltonian H, provided |H — H || < €(k) in a suitable norm. Such frequencies are said to be
nonresonant, and we denote the set of nonresonant frequencies by ¥, suppressing the dependence on t
from our notation. These sets are obtained by taking the intersection of the sets

{a)eQ:l(a),k)lz Ilfl} (3B.3)

over all nonzero k € 7", and hence (), 2} is closed and perfect, with | J, ., 2 of full measure in €,

k>0
as can be seen from the observation that

m({a)eR":Hk, w)| < Ilfl}) =0<|k|%). (3B.4)

Qe = {w e QF : dist(w, IQ) > k), (3B.5)

‘We work with the sets

which have positive measure for sufficiently small «. It is also convenient to introduce notation for the set
of points of Lebesgue density in €2, which we denote by

S, = { co: m(B(w, r) Ny)
m(B(w, r))

— 1asr—>0}. (3B.6)

From the Lebesgue density theorem we have that m(S~2K) =m(£2,). We also note that a smooth function
vanishing on €2, is necessarily flat on Qe

The construction of the Birkhoff normal form is a consequence of Theorem 3.2, which is a version of
the KAM theorem localised around the frequency w which is taken as an independent parameter. The
idea of treating w as an independent parameter in this problem was originally due to Moser [1967]. This
version is particularly useful for the Birkhoff normal form construction, as it makes it an easier task to
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check the regularity of the invariant tori with respect to the frequency parameter. To illustrate the setup of
this theorem, we set
Q' ={we Q:dist(w, Q) <k/2}), D =vg"(Q). (3B.7)

Taking zo € D', we let I = z — z¢ lie in a small ball of radius R about 0. That is, R is chosen such that
Br(z0) C D. Taylor expanding gives us the expression

1
HO(Z):HO(ZO)—i—(VZHO(zO),I)+/ (1—t)(VZH (zo+t D1, I) dt. (3B.8)
0

We now take o € QU to be the corresponding frequency VH’(zo). The inverse of the frequency map is
Yo(@) = Vg' (), (3B.9)

where g is the Legendre transform of H®. Hence we can write
H(z) = H'(Yo(w)) + (@, I) + (P°(I; )1, I), (3B.10)

where P? is the quadratic remainder term in (3B.8). Expanding about the point zo = Vg°(w), we can
write our perturbation H! locally as

H'®,2)=H'©O, V") +1)=P'®, I; w). (3B.11)

This leads us to consider perturbed real-analytic Hamiltonians in the form

H®O,I;0) = H'Yo(w)) + (0, [) + PO, I; 0) = N(I; w)+ PO, I; w), (3B.12)

where
N(I; w) = H(Yo(w)) + (w, ), (3B.13)
PO, I;w) = (P°(I; )], I)+ P (6, I; w). (3B.14)

The traditional formulations of the KAM theorem assert the existence of a Cantor family of tori that persist
under small perturbations of a single Hamiltonian H° with domain D. In the framework laid out above, we
now have a Cantor family of Hamiltonians parametrised by w € €2,. Note that each of these Hamiltonians
consists of a component N (/; w) that is only linear in /, and a nonlinear perturbation P (6, I; ).

The essence of the frequency-localised KAM theorem in Theorem 3.2 is that for sufficiently small P we
can find a symplectic change of variables that transforms H to a linear normal form in / with remainder
quadratic in I for w € 2. This establishes the persistence of the Lagrangian torus with frequency w.
From Theorem 3.2, one can obtain Theorem 3.9, which establishes the existence of a Cantor family of
invariant tori for the original Hamiltonian H as with traditional formulations of the KAM theorem.

To work with Gevrey smooth Hamiltonians, we fix Ly > Lo > 1 and Ap > 1, and assume that
HYeGYl, (D°x (=1, 1)) and g° € GF:!, (Q°) with the estimates

I1H N 2,20 118%0 20,22 < Ao (3B.15)
For L, > L; > 1 we now consider the analytic family of Gevrey perturbations

H'eGPl | (T"x D x (=1, 1)),
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with the perturbation norm

en =k IH L,.Lo.1,- (3B.16)

The estimate (3B.15) implies that there is a constant C (n, p) dependent only on n and p such that taking
C(n,

<GP (3B.17)

AoLj

is sufficient to ensure that Bg(z9) C D for any zg € D'.

At this point we introduce the notational convention for this section that C represents an arbitrary
positive constant, dependent only on n, t, p and L. Similarly, ¢ will represent a positive constant strictly
less than 1, also only dependent on n, 7, p and Ly. We will be explicit when we stray from this convention.

The estimates (3B.15) and (3B.16), together with Proposition A.3 in [Popov 2004b] show that our
constructed functions P and P! are in the Gevrey classes

Gerocrycr, BR X QX (=1,1) CGgp, ¢, (Brx Q' x (=1,1)),
0,01 o
Gl e, (T x Br x Q' x (=1, 1))

respectively, where the C does not depend on L or L,. Additionally we have the estimate

1P L, cLycLycL, <Kk 2€n. (3B.18)

Dropping the factors in our Gevrey constants dependent only on n, T, p, Lo for brevity of notation, we
are in a position to state the local KAM theorem in terms of the weighted norm

(P)r =2 I1P°N 1,10y + 1P N Ly 10, L (3B.19)
forO <r <R.

Theorem 3.2. Suppose 0 < ¢ <1 is fixed and k < L;lfc. Then there exists N(n, p,t) > 0and e >0
independent of k, L1, Ly, R, Q such that whenever the Hamiltonian

HO,I;w,1)=H Wo(w); 1) + (w, ) + (P°(I; 0, ), I) + P10, I: w, 1) (3B.20)

and 0 < r < R are such that
(P), <ekrLy™ (3B.21)
we can find
¢ e Gp(r+1)+l,1(Q « (_%, %)’ Q)
and
®=(U,V)eGr"THTLIT @ x (=3, 3), T" x By)

such that

(i) Forall w € Q. and all t € (—%, %), the map ®,; = ®(-;w,t) : T" — T" x Bg is a G” embed-
ding, with image A, ; an invariant Lagrangian torus with respect to the Hamiltonian Hy, 1):(0, 1) =
H@O,I; ¢(w,t),t). The Hamiltonian vector field restricted to this torus is given by

XH¢(w,t).t © q)w,t = Dq)a),t N Ea)a (3B22)
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where

n
3
Lo= waa_ej eTT". (3B.23)
j=1

(i1) There exist positive constants A and C dependent only on n, t, p, Lo such that

19888 (UB; w, 1) — )| +r 13538V (0; w, )| + 1ol (p(w; 1) — w)]
(P),

< A(CL)*(CLTH /i) Plat? pre+hl
Kr

LY (3B.24)

uniformly in T" x Q x (—%, %)

We remark that at the endpoint t = 0, this result is trivial by taking ¢ (w,0) = w, U@, w,0) =6 and
VO, w,0) =V (w).

Theorem 3.2 can be proved in the same way as [Popov 2004b, Theorem 2.1], based on the rapidly
converging iterative procedure introduced in [Kolmogorov 1954]. Indeed, much of the technicality in
[Popov 2004b] involves the approximation of Gevrey class Hamiltonians by real-analytic Hamiltonians.
Thanks to the assumption of analyticity in ¢ in Theorem 3.2, no such approximation is necessary in the
t-parameter.

In the next section, we sketch the key steps in the proof of Theorem 3.2, highlighting the points at
which the presence of the 7-parameter requires a modification of the argument in [Popov 2004b].

First, we discuss the result that will comprise the steps of the iterative construction. Given a Hamiltonian
in the form

HO,I;w,t)=e(w; 1)+ {w, 1)+ PO, I];w,1)

=NU;0,0)+ PO, I;0,1), (3B.25)

we aim to construct a -dependent symplectomorphism @ and a ¢-dependent frequency transformation ¢
such that for 7 = (P, ¢) we have

(HoF)(O.I;0,0) =N (I; 0,1) + P, (0, I 0, 1), (3B.26)

where N, (I, w, t) = ey (w) + (I, ) and with | P5| controlled by | P|" for some r > 1. This construction
is analogous to that in [Pdschel 2001].

Theorem 3.3. Suppose €, h, v, s, r, n, o, K are positive constants such that

, o< %s, e <cknro™™!, e<cvhr, h<k/2K"T!, (3B.27)

00| —

1
s, r<1, v<g, N<

where c is a constant dependent only on n and t.
Suppose HO, I; w,t) = N(I; w,t) + P, I; w, t) is real-analytic on D, x O, x (—1,1), and
|Pls.rn < €. Here, Dy, is as in Definition 3.1,

Oy :={w e C" : dist(w, Q) < h}, (3B.28)
and | - |s..n denotes the sup-norm on Dy, x Oy,. Then there exists a real-analytic map

F= (QD, ¢) : Ds75a,nr X 0(1/273v)h X (_ls 1) - Ds,r X Oh» (3B29)
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where the maps
D : Dy 56 X Op X (—=1,1) = Dy, (3B.30)
¢:0qp-30n X (=1,1) = Oy (3B.31)
are such that
HoF=ei(w,t)+{(w, 1)+ P+(0,1;w,1)
=N, (;o,t)+ P, (0, ];w,1) (3B.32)

and we have the new remainder estimate
2

| Py |s—50,r,(1/2=20)h < C( +(n* + KneKU)G)- (3B.33)

krottl

Moreover ® is symplectic for each (w, t) and has second component affine in 1. Finally, we have the
uniform estimates on the change of variables

. _ Ce
W (P —id)|, IW(D®—Id)W™!| < — (3B.34)
. Ce
|¢ —id|, vh|D¢ —Id| < —, (3B.35)
r

where W = diag(o ~'1d, r~'1d). All estimates are uniform in the analytic parametert € (—1, 1).

This theorem is identical to [Popov 2004b, Proposition 3.2], with all estimates uniform in the parameter ¢.
The proof is identical, with a detailed exposition in [Poschel 2001]. The application of [Popov 2004b,
Lemma 3.4] to obtain the frequency transformation ¢ is replaced by Proposition C.2 in our setting.

As in [Pdschel 2001; Popov 2000a], Theorem 3.3 can be used to prove the KAM theorem for
real-analytic Hamiltonians H (0, I; w, t). However, in order to treat the more general class of Gevrey
smooth Hamiltonians H € G?**'((T" x D x Q) x (—1, 1)), we require the approximation result
Proposition 3.4.

3C. Proof of the KAM theorem. Following the proof of Theorem 3.2 in [Popov 2004b, Section 3], we
extend the P/ (8, I, w, t) to Gevrey functions

Pl e Gl e e, (TMx R¥ x (=1, 1)), (3C.1)

where C depends only on n and p. We do this whilst preserving analyticity in # by making use of an
adapted version of the Whitney extension theorem for anisotropic Gevrey classes, from Proposition 3.8.
We thus obtain the estimate

1P/ < AL™ 1 P/, (3C.2)

where A also only depends on n and p. We then cut off P/ without loss to have (I, w) supported in
By x B C R?", where 1 < R is such that Q° c B z_1- From here, we suppress the tilde in our notation, as
well as the factor C in our Gevrey constant. We require the following approximation result for functions
in anisotropic Gevrey classes that plays a key role in the KAM iterative scheme.
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Proposition 3.4. Suppose P € G|’ ’le’ L, (T x R* x (—1,1)) satisfies supp(; ,,(P) C By x Bg. If
uj, wj, v; are positive real sequences monotonically tending to zero such that

viLy, w;jLy <u;jL; <1, o, woSL;F{, (3C.3)

where 1 < L) < Ly and 0 < ¢ <1 are fixed, then we can find a sequence of real-analytic functions
P; : U; — C such that

|Pjs1— Pily,,, < C(R"+ DL} exp(—3(p — DQ2Lu;) "/~ D)|| P, (3C.4)
|Poluy < C(R" + 1)(14 L} exp(—3(p — D(Q2L1ug) "7 V)), (3C.5)
0 (P = P) (6, I; 0,1)] < C(1+ R")L} Lyexp(—3(p — D(Q2L1uj)~ "~ D) (3C.6)

inT" x By x Bg x (=1, 1) for |a| < 1, where

U ={0,1;0,1)eC"2nZ" xC" xC" x C:
IRe(®)| < 7, [Re(/)] <2, |Re(w)| < R+1, [Re()| < 1,
Im(8)] < 2u;, [Im(1)| < 2v;, [Im(wx)| < 2wj, [Im(1)] < L)™'} (BC.7)
and
Uj=U}, (3C.8)

where we have identified [—m, w]* with T" for simplicity of notation.

The proof of Proposition 3.4 can be found in [Popov 2004b, Section 3]. The first step is to extend P to
functions F; : U jz — C that are almost analytic in (8, /, @) and are analytic in . The Gevrey estimate
on 7-derivatives of P implies that the Taylor expansions in ¢ have radius of convergence L, ! and so the
expression

N T .~ .~ 8
FjO0+i0,1+il,0+id, 1 +i):=Y 0¢0fd P(O.1: 1) (19) (lf)ﬁ(lw)y(”) (3C.9)
v alglylds!

is convergent on U ].2, where the index set is as in [Popov 2004b].

The remainder of the proof in [Popov 2004b] can be followed without change. As P is analytic in ¢,
we do not need to consider shrinking domains of analyticity as in the other variables.

The iterative scheme in [Popov 2004b, Section 3.3] can then be carried out, defining decreasing
sequences of our parameters s;, rj, hj, 1;, €;, 0j, K; such that the hypotheses of Theorem 3.3 are always
satisfied, as well as decreasing sequences of the parameters u;, v;, w; such that the hypotheses of the
Proposition 3.4 are always satisfied. Due to the modifications made in Theorem 3.3 and Proposition 3.4
from their analogues in [Popov 2004b], all estimates are uniform in the analytic parameter t € (—1, 1).

Writing U; = U jl N{lI| <r;}, where U jl is defined as in Proposition 3.4, and applying Proposition 3.4
to the terms P°, P! from (3B.14), we obtain sequences Pjo, le of real-analytic functions in U jl that are
good approximations to P and P'.

Setting

Pi0.I;0.1) == (P)(I; 0, ), 1)+ P} (0, I; 0, 1), (3C.10)
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Proposition 3.4, together with the factors picked up during the Whitney extension of P, P! in (3C.2),
implies the estimates

| Polu, < €o, (3C.11)
|Pj — Pi—1lu;, <€, (3C.12)

where €; is a positive sequence rapidly converging to zero.
Defining the Hamiltonian

Hj0,I;w,1) = No(I; ) + P;(0, I; 0, 1) = (0, I) + P;(0, I; o, 1), (3C.13)

which is real-analytic in U;, one can now perform the KAM iterative scheme as in [Popov 2004b,
Proposition 3.5], using the key ingredient of Theorem 3.3. For j > 0 we denote by D; the class of
real-analytic diffeomorphisms from D; | x Oj41 x (=1, 1) = D; x O; of the form

FO,I;w,t) =(P0, [;w,1),p(w; 1)) = UO; ,1), VO, I; 0, 1), p(w; 1)), (3C.14)

where @ is affine in / and canonical for fixed (w, ). The domains are defined in terms of the parameters
by D; = Dy, ,; and O; = Op;.
Proposition 3.5. Suppose P; is real-analytic on U; for each j > 0 and that we have the estimates
| Poluy < €0, (3C.15)
|Pj— Pi—1lu;, <€ (3C.16)
foreach j > 1.

Then for each j > 0 we can find a real-analytic normal form N;(I; w,t) = ej(w, ) + (w, I) and a
real-analytic map F/ given by

FIt = Fyo---0Fj: Djy1 x 0j41 x (=1, 1) = (Dg x Op) N Uj, (3C.17)

with the convention that the empty composition is the identity and where the F; € D; are such that

HjO]:j+1 :Nj-H +Rj+1, (3C.18)
[Rj+1lj+1 < €11, (3C.19)
— . — — Ce;
W (Fj = id)js1, IW;(DF; —IOW; | < =2, (3C.20)
c rjnj
— . . 6.
(Wo(F/H —Fly)jp < j (3C.21)
J

where the constants C depend only on n and p and W = diag(ajflld, rJfIId, h;lld).

(t+D+1Lp(r+1D)+1,1

To show that this iterative scheme converges in the Gevrey class G*** requires Gevrey

estimates for the S; := F/*! — F/. To this end we introduce the domains

D;:={6,1) e D, :|Im(®)| <s;/2}, O;:={weC":dist(w, ) < h;/2}. (3C.22)
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For multi-indices «, 8 with |8| < m, we also introduce the following notation for the (m—|g|)-th Taylor
remainder in the frequency variable, centred at w:

RIOGaESHO, 1,0 1) = 05008 — Y~ (0 =)’ 930S0, 1, 0,1)/y!. (3C.23)
ly|l<m—|B|

We then have the following Gevrey estimates of [Popov 2004b, Lemma 3.6] uniformly in the #-parameter.
Lemma 3.6. We have

[Wodg 8587 (0,0, w, 1) < eACIITIAIL P, SRl 0 g1 g 1/2 (3C.24)
forall (0,0;w,t) € 13j+1 X 5j+1 x (=1,1), where p' = p(t + 1)+ 1, and

IWo(R™820257)(6,0, ', 1))

< @AC’"HWHIL|10‘|+(m+1)(f+1)+1K7m71|—
(m —[B]+1)!

forall® € T", w, o' € Q, and |B| < m, where the constants A, C only depend onn, p, 1, .

w — w/|m—|ﬂ|+l

al? (m+ 1) E}/z (3C.25)

We can now bound derivatives in ¢; we use the Cauchy estimate from Proposition C.1. This yields the
following corollary.

Corollary 3.7. We have
(Wodgd507 S0, 0; w, 1)| < eACIHIBHIYILMHIPICHDFL 1B 0 g1y 1/ (3C.26)
forall (6,0;w,t) € 5j+1 X 5]'“ X (—%, %), where p' = p(t + 1)+ 1, and

IWo(R™350E87 S7)(6,0, ', 1)

< é\Acm—HaH—ly|+1L|10l|+(m+l)(f+1)+ll(—m—l lo—w
- (m—1B|+1)!

1Bl R
al” m+ 1)1yl Ej”? (3C.27)

forall eT", w,w € Q,t € (_43_1’ %) and |B| < m, where the constants A, C only depend onn, p, t, ¢.

From Proposition 3.5 and Corollary 3.7, the rapid decay of E; implies that the limit
3287 HP (0, w; 1) == lim 85883} (F/(6,0; w, 1) — (6,0, w)) (3C.28)
j—00

exists for each (0; w,t) € T" x @, x (—%, %), and each triple of multi-indices «, 8, y. Convergence is
uniform, and the limit is smooth in 6 and ¢ and continuous in w, with d 8 (HP) = 0y 8/ HP, justifying
the notation in (3C.28).

We now need to use the jet H = (330 HFP) of continuous functions T" x Q, x (—%, %) —T"x DxQ
to obtain a Gevrey function on T" x Q x (—%, %) by using a Gevrey version of the Whitney extension
theorem. We define

(RI3Z8) H)p(0. o 1) = 850 HP (0,0 1) — Y (@ — )88/ HP T (00, 1)/y!.  (3C.29)
|8|<m—|B|
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In this notation, the results of Corollary 3.7 yield

(Wodg ) HE(0; w,1)| <€AL (CL) N (CLT /i) Plcyat? g1e' y, (3C.30)
|a)_a)/|m—|ﬂ|+1

(m—[B|+D!

for |B] <m, and (0, ®, @', 1) € T" x Q¢ x @ x (=3, 3), where A and C depend only on n, p, 7. These

|Wo(R" 358, H)p(0, 0, 1) <€AL{(CL)*/(CLTT /icy™ T C7 al” m+1)1* y1 (3C.31)

estimates allow us to apply the following consequence of Theorem D.3.

Proposition 3.8. Suppose K C R" is compact, and 1 < p < p'. If the jet (f*P7) of functions f&P7

T" x K x (_?T’ %) — R is continuous on T" x K x (_?T’ %) and is smoothin (0,1) € T" x (—%, %) for

each fixed w € K, where

o 8y () = porel By, (3C.32)
and we have the estimates
FP7 @; 0,01 < ACTICYICY 0t 17 1, (3¢.33)
—1Bl+1
R 300,00l < A cp e =T ) 3C.34
(R, 050; flp0, ', 1) < AC;'C, 3 (m—|,8|+1)'a' (m+ D! y! (3C.34)

then there exist positive constants Ag, Co, dependent only on (n, p, T) (in particular, independent of the
set K) such that we can extend f to f € G**"1(T" x R" x (=2.2)) such that agaﬁatyf = foPe on
T" x K x (_43'1’ %) and

108928) 76, )] < AgAmax(Cy, 1)CF TP cleltrclblclige g1oty 1 (3C.35)

The proof of Proposition 3.8 is identical to that in [Popov 2004b, Theorem 3.7], making use of
Theorem D.3 involving the parameter ¢. Having established Proposition 3.8, the proof of Theorem 3.2
can be completed as in [Popov 2004b, Section 3.5] without modification.

3D. Birkhoff normal form. We obtain a Birkhoff normal form for near-integrable Hamiltonians using
a version of the KAM theorem that is a consequence of Theorem 3.2. The Gevrey index p(t + 1) + 1
frequently appears in these results, and so we introduce p’ := p(t + 1) + 1.

Theorem 3.9. Fix 0 < ¢ < 1 and let H(I; t) be a real-valued nondegenerate smooth family of Hamilto-
nians in GP1(D° x (=1, 1)) and let D be a subdomain with D C D°. We define Q2 = VHY(D) and fix
Ly>Li>1andk < L;Fg such that Ly > Ly and 2, # @. Then there exists N=N(n, p,t) ande >0
independent of k, L1, Lo and D C DY such that for any H € Gﬁ’f’le’Lz (T" x D x (—1, 1)) with norm

en =k I|H—HL 1,1, <eLiV (3D.1)
there exists a map
d=(U,V)eG"" " |(T"x Q2 x (-3,3),T" x D) (3D.2)
such that:
(1) For each w € Q, and each t € (—%, %), Ay = {®PO; 0, 1) : 0 € T") is an embedded invariant
Lagrangian torus of H, and X o ®(-; w,t) = DP(-; w,t) - L.
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(i) There exist constants A, C > 0 independent of k, L, L, and D C DY such that
19505(U 0 0, 1) —0)| + Kk agdE(V(0; w, 1) — V' (w))|
< ACL)N(CLT Jic)Platr g1 LY ?e}/* (3D.3)
uniformly in T" x Q x (—%, %)
The proof of Theorem 3.9 is identical to [Popov 2004b, Theorem 1.1], making use of Theorem 3.2.
We can now use Theorem 3.9 to obtain the Birkhoff normal form as done in [Popov 2004b].

Theorem 3.10. Suppose the assumptions of Theorem 3.9 hold. Then there exist N(n, p,t) > 0and e >0
independent of k, L1, Lo, D such that for any H € Gﬁfilz,Lz (T" x D x (—1, 1)) with

ey <eL N, (3D.4)

where €y is as in (3D.1), there is a family of G**" maps @ : D x (—% 1, 2) — Q and a family of maps
x € GP-Pr (TT" X D x (—% 1, 2), T x D) that are diffeomorphisms and exact symplectomorphisms
respectively for each fixed t € (—%, 1, 2). Moreover, we can choose the maps w and y such that family of
transformed Hamiltonians

H@O,1:t):=(Hox)®,I:1) (3D.5)

is of Gevrey class GP-*"*' (T” x D x (—%, 1, 2)) and can be decomposed as

KU; )+ RO, 1:1):=H©O,1;0)+(H®, 1;1)— H(O, I; 1)) (3D.6)
such that:
(1) T"* x {1} is an invariant Lagrangian torus ofﬁ( «,-;t) foreach I € E(t) = w_l(flk; t) and each
te(-1.1,2).
(i) 8Y (VK(I;1) —w(I; 1)) =) RO, I;1) =0 forall 0, ;1) € T" x Ec(1) x (—1,1,2), BN
(ii1) There exist A, C > 0 independent of x, L1, Ly, and D C DY such that we have the estimates
10507 02 (0. I 1)] +10] 97 (w(I; 1) = VHO(I: )| + |059] 07 (H(©, 15 1) — H(I; )]

< AKcla\+ll3|+|5|L|1‘1\(L§+1/K)Iﬁla!p ﬂ!p'(g!p' Li\//ZG}{/2 (3D.7)

uniformly in T" x D x (—%, 1, 2) for all a, B, where ¢ € G""’/’p/(T” x D x (—%, 1, 2)) is such that

@, 1)+ ¢ (0, I;t) generates the symplectomorphism x in the sense of (3E.8).

Remark 3.11. For our purposes, high regularity in the z-parameter is not required, so we have dropped
from analyticity to G*' regularity in 7 at this point in order to simplify the proceeding arguments. We
expect that analyticity in # could be preserved by using a stronger variant of the Komatsu implicit function
theorem than Corollary A.S.

Proof. We begin by taking €, N as in Theorem 3.9 and noting that ey < eLl_N ~2 by assumption.
This implies that the factor (AC Ll)LiV/ 2\/5 occurring in the Gevrey estimate (3D.3) can be bounded
above by AC./e. Hence, taking € small enough that both the conclusion to Theorem 3.9 holds as
well as AC /e < %, we can first apply the Cauchy estimate from Proposition C.1 to (3D.3) in ¢, and
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then apply a variant of the Komatsu implicit function theorem, Corollary A.5, to obtain a solution
0(y; o, 1): T" x Q x (=3, 1,2) - T" to the implicit equation

U@©;w,t)=1y. (3D.8)
Moreover, this solution satisfies the Gevrey estimate
1899592 (0(y: w, 1) — )| < ACIHIBHBILIN (L T4 ) Plore g1els1" LY fey (3D.9)

uniformly on T" x Q x (—%, 1, 2).

We set F(y; w,t):=V(0(y; w,t); ®,t). In terms of (y; w, t), the Lagrangian torus A, is now given
by (v, F(y; w, 1) 1y € T") for each w € Q, and each t € (—1, 1, 2). Moreover, Proposition A.7 on the
composition of Gevrey functions gives us the estimate

1899592 (F (y; 0, 1) — Vg ()| < Ak ClHPHBILEN LT i) lg1r g1e" 519 LY fey.  (3D.10)

We next construct functions ¥ € G/”/’/’p/(R” x Q x (%, 1,2))and R € Gp/’p'(Q X (%, 1,2)) such that the
function

Ox;w,t) =¥(x;w,t)— (x, R(w, t)) (3D.11)
is 2 -periodic in x and satisfies
Vi (x; o, 1) = F(p(x), o, 1) (3D.12)

. n 1
in R XQKX(Z,

1, 2), where p : R"” — T" is the canonical projection, as well as the estimate
105059 Q(x; , )| +1850] (R(w, 1) — Vg ()]
< A ClHIBHBI LIl Tt iy Blg1e g1e” 510" LY Jer (3D.13)
for (x; w, 1) € R" x @ x (3, 1, 2).
We do this by first integrating the canonical 1-form I dx over the chain

cy ' ={(sx, F(p(sx); w,1)):0<s <1} CR" x D. (3D.14)

We define 1
1/~/(x;a),t):=/ a=/ (F(p(sx); w, 1), x)ds (3D.15)

Cy 0

in R* x Q x (% 1, 2). From the estimate (3D.10) it follows that @(x; w, 1) — (Vg% w), x) is bounded
above by the right-hand side of (3D.13) in [0, 47]" x Q x (3, 1,2). Hence if we define R;(w, 1) =
(271)_1&(27161-; w, 1), then R — Vg¥ satisfies the required estimates in (3D.13).

Since for w € 2, we know that A, is a Lagrangian torus, it follows that the integral of the canonical
1-form over any closed chain in A, is homotopy invariant. This means that such an integral is a
homomorphism from the fundamental group of A, to R. Hence

V(x+2mm; 0, 1) — ¥ (x; 0, ) = 2nm, R(w, 1)) (3D.16)
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and so the function
é(x;a),t) = @(x,a))—(x,R(a),t)) (3D.17)

both satisfies the Gevrey estimate in (3D.13) and is 2w -periodic in x for (w, t) € €2, X (%, 1, 2).
To obtain the sought Q in (3D.11) from é, we use an averaging trick. Choosing f € G'g([R{") for some
positive constant C such that f is supported in [ /2, 77/2]" and

> fat2mk) =1 (3D.18)
kezn
for each x € R”, it then follows that
Q(x:w. 1) =Y flx+2mk)Q(x +2rk; w, 1) (3D.19)
kezn

is 2w -periodic in x for every w € 2 and coincides with é for w € Q,. Moreover, Q satisfies the same
Gevrey estimate (3D.13) as Q. We define

Y(x;w,t) = 0x;w,t)+ (x, R(w, 1)). (3D.20)

Note that by multiplying Q and R — Vg° by a cut-off function 4 € G’g Ji which is equal to 1 in a
w-neighbourhood of Q, and vanishes for dist(w, R" \ Q) < «/2, where C > 0 is independent of 2 C Q°,
we can assume that ¥ (x; w, 1) = (x, Vg% (w)) for dist(w, R" \ Q) < « /2. This cutoff preserves the Gevrey
estimates on .

Now since EHL?/H(TH) < €, we have that KA(CLI)(CLfH/K)LfWﬁ < AC?./e. By taking
€ sufficiently small we have that w = V, ¥ (x; o, t) is a diffeomorphism for any fixed x € R" from
the Gevrey estimate (3D.13). Hence we have a G*+*'-foliation of T" x D by Lagrangian tori A, =
{(p(x), Vv (x,w)) : x € R"}, where w € 2.

In the sought coordinate change, the action / (w, t) of the Lagrangian torus A, will be given by R(w, t).
Hence from (3D.13) and Proposition A.4, it follows that for € sufficiently small, the map

(0, 1)~ (I(w,1),1) =(R(w, 1), 1) (3D.21)
is a G#"*-diffeomorphism and we have the Gevrey estimate
10997 (w1, 1) — VHO(I; 1)) < AcClHIBI(LTH iyl g1’ g1o" LV Jey (3D.22)

uniformly for (6, 1,¢) € T" x D x (% 1, 2).
We construct the sought symplectomorphism y using the generating function ®(x, I; t), setting

O, I 1) =Y (x, o(I:1); 1) (3D.23)

and noting that we have the required 2m-periodicity of ¢ (x, I;t) := ®(x,1,t) — (x, I), and from
Proposition A.7, we also have the estimate

188782 (D (x, [ 1 — (x, 1))| < AClFPHBILIN L T4 /) Blg1o g1e" 510" LY e (3D.24)
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We can then apply Corollary A.5 to solve the implicit equation

Dy, I,1)=0 (3D.25)

for y with the estimate
1090702 (v (0, 1, 1) — )] < Ak ClHIPHRI I (Tt /0y IBlg1e g1 510" LNV ey, (3D.26)

This completes the construction of a symplectomorphism y satisfying

x(0;PO,1,1),1)=(0,0P@0,1,1)). (3D.27)
It follows that
0, F(O; w,1)) = x (0190, [ (w),1), [ (w)) = x(0, [ (w), 1) (3D.28)
for w € Q, and so
Ao ={x,I(w),1):0 €T"} (3D.29)

for (w, 1) € Qi x (5. 1,2).

We now set H, K, R as in the theorem statement in terms of the symplectomorphism x. Since H is
constant on A, for each w € Q,, it follows that R(-, I; ) is identically zero for each I = I (w) with
w € Q.. Hence R is flat at I € E, (), since each point in E, (¢) is of positive density in 7 (£2;).

Finally, the Gevrey estimate in (3D.7) for H 0,1,t)— H(I,t) follows from Proposition A.7. U

3E. Calculation of 39;K((1, 0). A crucial ingredient in the proof of Theorem 1.1 is the calculation of the
derivative of quasieigenvalues in Proposition 2.5 in the semiclassical limit # — 0. From the truncated
quantum Birkhoff normal form in Theorem 4.1, this can be reduced to the study of the #-dependence of
the integrable term K (/; t) in the classical Birkhoff normal form established in Theorem 3.10.

We now consider a 1-parameter family of Hamiltonians H (0, I; t) satisfying the assumptions of
Theorem 1.1. We can write

HO,I;0)=H"(D)+H'®,I;1), (GE.1)
with
H(I):=H(@®,I;0) (3E.2)
H'0,1;1):=18,HO,I; 0)+/ (1—5)02H(O, I;s)ds =t3,H (0, I;0) + O(1?), (3E.3)
0

and we assume that H additionally satisfies the assumptions of Theorem 3.10 with this choice of H’, H'.
By applying two KAM stem iterations to H (6, I; t), we obtain a transformed completely integrable com-
ponent and reduce the order of magnitude of the 6-dependent remainder. An application of Theorem 3.10
to this transformed Hamiltonian produces a Birkhoff normal form, and (3D.7) yields an expression for
K (I;t) up to order o(?).

The KAM step iterations required differ from that in Theorem 3.3, in that they are not parametrised by
w €  and instead take place in the action-angle space T" x D. Such a KAM step appears in the proof of
the KAM theorem found in [Gallavotti 1983]. We first describe the KAM step without the presence of
the parameter ¢ for simplicity. One begins with a perturbation

H®,)=H()+H'®,I) (3E.4)
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of a completely integrable Hamiltonian H°(I), and a fixed perturbation H' (6, I), both analytic on the
complex domain
0 €2xC"\27R", |Im(9)| <s, (3E.5)
Re(/) € D, [Re(D)| < r. (3E.6)

We assume that |H!| s.r = O(€) in the uniform sense.
By consideration of the linearised Hamilton—Jacobi equation, we choose a symplectic transformation
x : T" x D — T" x D with the aim to write

HO,)=Hox)O,1)=H"I)+H" 0,1, (3E.7)

with H'! = O (%) for some « > 1. Then we have transformed a sufficiently small perturbation of an
integrable Hamiltonian to an even smaller perturbation of a new integrable Hamiltonian, in a way we can
hope to iterate.

Obtaining the “new” error bound for H! necessarily requires a shrinking of the domains of analyticity,
through the use of Cauchy estimates to control derivatives. Moreover, there is a more subtle shrinking of
domain required in the /-variable, due to the infamous “small-divisor” problem. Specifically, x is found
using terms of the generating function

Hl I/ ik-6
oI, =i Y k(l—/)ek E.8)
keZm:0<|k|<M o(l') -

where Hk1 denotes the k-th Fourier coefficient of H', and w = V; H%(I); see [Gallavotti 1983, (2.10)].
The denominators in (3E.8) can generally be zero, and so one must restrict to values of I’ for which
we have a nonresonance condition

o) k> % (BE.9)

for all 0 < |k| < M, where C and M are chosen suitably. We also need to remove those actions I’ with

dist(1’, 92) < p so that the perturbed tori do not escape the coordinate patch; see [Gallavotti 1983, (3.12)]
for the choice of the constant p. This leads to the definition of the set

Dy ={I e D:dist(I,dD) > j and w(I) -k > C/|k|* for all 0 < [k| < M}. (3E.10)

For any [ € D the expression (3E.8) is certainly defined, but as the domain might have rather rough
boundary, it is convenient to slightly enlarge D; to the open set

D) = U B(1, 5/2). (3E.11)
1651
Upon restricting to this action set for suitable C and M, the objective of (3E.7) can indeed be achieved,
and the “integrable part” of the new Hamiltonian can be written as

HYI) = H0(1)+(2n)_”/ H' (0, 1)do; (3E.12)
see [Gallavotti 1983, (3.38)]. The overall transformed Hamiltonian is then given by
HO,H=H"(HO+H'@, 1) (3E.13)
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in the domain T" x Dy, with
IH'| = 0. (3E.14)

The classical KAM theorem is then proven in [Gallavotti 1983] by iterating this procedure, carefully
choosing the C, M, p and the analyticity parameters r, s so that the estimate (3E.14) is satisfied with
every step, ensuring convergence, and so that the limiting domain ﬂj D; of nonresonant actions is of
large measure. A full discussion of this procedure can be found in [Gallavotti 1983].

We now return to our setting of the one-parameter family of Hamiltonians

H®,I;t)=H()+H'®, I;1).
One iteration of the KAM step outlined above yields a family of symplectomorphisms

x1:T"x Dy —T"x D (3E.15)
parametrised by ¢ such that

HO,I;t)=Hox)O,1;1)=H () +t-Qr)™ | 8H®,1;0)do+H'©,1;t), (3E.16)
‘H’n

where the second term comes from (3E.3) and the error term H L@, 1; 1) = 0@3?). Regarding this
transformed Hamiltonian as a small perturbation of the integrable Hamiltonian

n

H(I;t) = HO(I) +t - (2;1)—"/ a,H®,1;0)de, (3E.17)

we perform one more KAM iteration to obtain another family of symplectomorphisms

x2: 1" x D3 — T" x D, (3E.18)
parametrised by ¢ such that
HO, 1;0=(Hox)®, ;1)

= HO(I)—i—t-(er)_"/ dH®O,1;0)d0+Qm)™" | H'6,1;1)d6 +ﬁ1(0, I;1).
LK LK

Moreover, by taking our initial choice of nonresonance parameter C sufficiently small, we can ensure
that the action domain D3 contains a collection of nonresonant actions E, (¢), with
=0
Vi(H (Ec(1))) = S, (3E.19)

where

ﬁo(l;t)=H0(I)+t-(2n)’” HY O, do+Qx)™" | HY O, I;1)de. (3E.20)
'l]')l 'l]')l

We now summarise the preceding discussion.

Proposition 3.12. Suppose H (0, I;t) is a family of real-analytic perturbations of the completely inte-
grable nondegenerate Hamiltonian HO(I) in T" x D x (—1, 1) that has an analytic extension to

Wi, (D) :={(6,1) € C"/(2nZ) x C" : Im(0)| < s, dist(I, D) < r}. (3E.21)
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Suppose further that the conditions

dH"
<7 | SE (3E.22)
2HO\™!
‘( Ve ) <, (3E.23)
dH! |oH!
— | +r =) < 3E.24
( YA Y )_e ( )

are satisfied.
Then for sufficiently small § > 0, there exists a subdomain D C D and a family of real-analytic
symplectic maps

x:T"x Dx(=8,8) > T"x D (3E.25)
that analytically extend to a new domain of holomorphy
Wi, ., (D) (3E.26)
such that
(Hox)©,I;0)=H(; )+ H'©, I; 1), (3E.27)
with
3H(1;0) = (Zn)‘”f 0H®,1;0)do (3E.28)
-I]—Il
and
|H' s, ., = 07, (3E.29)

with constant depending only on n and E. Moreover, this domain D contains a collection E.(t) of actions
such that
Vi(H)(Ec (1) = Q. (3E.30)

We can also generalise this result to the Gevrey setting.

Proposition 3.13. Suppose H(9, I;t) € G**/(T" x D x (—1, 1) is a family of Hamiltonians satisfying the
assumptions of Theorem 3.10, where H(I) :== H (0, I; 0) for fixed p > 1, and choose k > 0 small. Then
for sufficiently small |H (0, I;t) — HO(I)||L1’L2’L2, there exists a subdomain D C D and a GP+*+! family
of symplectic maps

x:T"xDx(—1,1)>T"x D (3E.31)
such that
(Hox)0,I;1)=H(I; 1)+ H'(6, I 1), (3E.32)
with
9, H(I;0) = (2n)‘”/ 3 H(O,1;0)do (3E.33)
and "
1H lcrcracm, = 0@, (3E.34)

with constant independent of k and with C dependent only on n and p.
Moreover, the domain D contains Ec()=0" Q1) = (Vlﬁo)_l (2; 1).
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Proof. This result is established via the approximation of Gevrey functions by real-analytic functions.
First, we define

H(I)=H(.1;0), (3E.35)
t

H'O.1:0 = HO.Iin - HO.1:0)= [ aH0.1:5)ds (3E.36)
0

and use Proposition 3.8 to boundedly extend H® and H'! to the domain T" x R" x (—1, 1), before cutting
off in / to a ball B with D C Bi_;. From the same methods used in the proof of Proposition 3.4, we
may then construct sequences of real-analytic functions Pj0 and le on shrinking j-dependent complex
domains U; containing T" x R" x (=1, 1) with a corresponding sequence u#; — 0 such that

[Pl = Py < C(D% i, Loy exp(=3(p — D@Ly~ /D) | HY, (BE37)
08 (Pf — H*)(0. I: 1) < C(D°, Ly, Ly) exp(—3(p — )L uj)~ "7 D) (3E.38)

in T" x By x (=1, 1) for |a| < 1. These sequences ij are convergent in GP PN (T" x R x (—1, 1)), as is
shown in [Hou and Popov 2016, Proposition 2.2]. (This fact can be readily obtained by applying Cauchy
estimates to (3E.37).)

Now for each j € N, we can carry out the first KAM step for the real-analytic Hamiltonian P; = Pj0 + le
to obtain a real-analytic symplectic map

Xj:T"xD;y—T"xD (3E.39)

defined in shrinking holomorphy domains such that
(PY+P)ox)®.1;1)=P°(I)+1- (2n)—"/ 8Pl 6,1;00d0 + P'6, I 1), (3E.40)
P 'ﬂ'n

with || le | = O(*/?). Note that for an individual KAM step, the symplectic map ; 1s defined using a
generating function ®; that is a weighted sum of finitely many Fourier components of le; see (3E.8) and
[Gallavotti 1983, (3.14)]. This implies that as PjO + le — H+ H'in G?*1(T" x D; x (—1, 1)), the
generating functions ®; converge to some

® e G"PI(T" x Dy x (—1, 1)) (3E.41)

in the G**! sense. From Corollary A.5, it follows that the corresponding symplectic maps x j converge
to some

x'e GPP N T" x Dy x (—1, 1)) (3E.42)

in the Gevrey sense.
Similarly, the symplectic maps x; that comprise a single KAM step for the Hamiltonians

(P)+Plyoy; (3E.43)
can also be seen to converge to some

x2 € GPP N (T" x D, T" x D). (3E.44)
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It follows that the family of symplectic maps x; o x; whose existence is asserted by applying
Proposition 3.12 to PjO + le converge to some x := x ! o x? in the G*-*!-sense. Moreover, if we write

(P)+PYoxjox;=H'(in+H O, I; 1), (3E.45)

in the notation of Proposition 3.12, we have that H ik are convergent sequences in G, and so it follows
that their limits H°, H! satisfy

9 H (I;0) = (271)”/ 3 H(O,1;0)do (3E.46)

and
IH" \cL,.cLycL, = 0@ (3E.47)
as required. 0

Finally, we complete our computation of d; Ko(/; 0) for a given Hamiltonian H (0, I; t) satisfying the
conditions of Theorem 3.10 by applying Proposition 3.13 to H, prior to applying Theorem 4.1 to compute
the Birkhoff normal form of the transformed Hamiltonian H @,1;1).

By applying Proposition 3.13 to H (0, I; t) with ||H (0, I;t) — H(0, I; 0)| sufficiently small, we can
then apply Theorem 3.10 to the Hamiltonian

HO,1:)=HU; )+ H'©, I: 1), (3E.48)

with an improved error term.
Proposition 3.14. Suppose the assumptions of Theorem 3.9 hold for the Hamiltonian
H@O,I;t)e G""'(T" x D x (=1, 1)). (3E.49)
Then there exist N(n, p, t) > 0 and € > 0 independent of L\, Ly, D such that for any
HeG)"! | (T"x Dx(-1,1)),

with
k2N H@O, 1) = HO, I; )|, 1,0, = €n < LTV 7202, (3E.50)

there is a subdomain D C D containing E.(0) and a family of G** maps w : D x (%, 1, 2) — Q
and a family of maps x € G (T" x D x (%, 1, 2), T" x D) that are diffeomorphisms and exact
symplectomorphisms respectively for each fixed t € (% 1, 2). Moreover, we can choose the maps w and x
such that family of transformed Hamiltonians

H@O,1;t):=(Hox)®,1;1) (3E.51)
is of Gevrey class GP-*"-*' (TT” x D x (% 1, 2)) and can be decomposed as

K(I;t)+ RO, 1:t):=H@O,I;t)+(H®,I;t)— H(0, I;1)) (3E.52)
such that:

1) T" x {I} is an invariant Lagrangian torus of H( -,y t) foreach I € E (1) = w™! (ﬁ,() and each
te(3.1,2).
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(i) 8P (VK(I; 1) — (I3 1) =0l RO, 1;1) =0 forall 0, 1;1) € T" x Ec(t) x (1,1,2), e N".

(iii) There exist A, C > 0 independent of «k, L1, Lo, and D C DY such that we have the estimates
P

10597 02 (0. I3 1) + 1097 (w (I3 1) = VH (I: )| + |85 00 9P (H (0., I3 1) — HO(1: 1))
< AClIHBIFBI LIl (T4l Bl g1o s1e" L2198 (3E.53)

uniformly in T" x D x (%, 1, 2) for all o, B, where ¢ € Gp’p/’p/(T” x D x (%, 1, 2)) is such that
@,1)+ ¢, I;t) generates the symplectomorphisms x in the sense of (3E.8) and HO H! are as
in Proposition 3.13.

@iv) K(I;t)= (271)_”/ aH(@®,1;0)4+0(1) (3E.54)
T

uniformly in T" x D x (%, 1, 2).

Proof. The only new claim in this proposition is (3E.54), which follows from (3E.53) and the expression
(3E.33) for HP. Note that the exponent % in (3E.53) comes from (3E.34) and the square root in (3D.7). [

4. Quantum Birkhoff normal form

Through the work in Section 3, we have now established that the Birkhoff normal form construction
in [Popov 2004b] preserves smoothness in the t-parameter when applied to the Hamiltonian Py(x, &; t)
that is the principal symbol of the operator introduced in (1B.1). This regularity in ¢ propagates through
the quantum Birkhoff normal form construction in [Popov 2004a], which we discuss in this section.
The upshot of this regularity in ¢ is that the quasimodes constructed in [Popov 2004a, Section 2.4] can
be chosen to have associated quasieigenvalues varying smoothly in the parameter r. We discuss these
quasimodes in Section 4C.

4A. Quantum Birkhoff normal form. In [Popov 2004a], a quantum Birkhoff normal form is constructed
for semiclassical pseudodifferential operators of the form (1B.1) after first obtaining a classical Birkhoff
normal form for the principal symbol of regularity G”*" as in Theorem 3.10. This normal form uses the
Gevrey symbol classes introduced in Section B and is stated in Theorem 4.1. We remark that the proof is
presented in [Popov 2004a] for differential operators, but can be carried out without change if the P, is a
pseudodifferential operator.

We denote by x; the symplectomorphism that transforms the completely integrable Hamiltonian
P(x, &; 0) into action-angle coordinates H = P o (1) and we denote by yo(¢) the symplectomorphism
that transforms the perturbed Hamiltonian H (6, I; t) into Birkhoff normal form, as constructed in
Theorem 3.10. For the purpose of stating the quantum Birkhoff normal form for Py (¢), the Maslov class
of the KAM tori A, : w € 2.} (as defined in Section 3.4 of [Duistermaat 1996]) can be identified with
elements of € H'(T"; Z) via the family of symplectomorphisms xo(t)o x : T" x D — T*M. Following
[Popov 2000b; Colin de Verdiere 1977], we can then associate a smooth line bundle £ over T" with the
class ¥ such that smooth sections f € C*°(T", £) can be canonically identified with smooth functions
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f € C®(R", C) satisfying the quasiperiodicity condition
~ 17T -
f(x+2mp) =6XP<7<19, P))f(x) (4A.T)
for all p € Z".
The quantum Birkhoff normal form in [Popov 20044a] is far sharper than is necessary for the purposes

—ch™/v

of this paper, with remainders of order O (e ). We require only the following truncated version,

with error terms of order O (h?*!) for some fixed y > 0.

Theorem 4.1. Suppose Py (t) is as in (1B.1). Then for each fixed t there exists a uniformly bounded family
of semiclassical Fourier integral operators

Up(): L>(T": L) > L>(M), 0<h < hy, (4A.2)

that are associated with the canonical relation graph of the Birkhoff normal form transformation x (t)
such that we have

1) Un(®)*Uy(t) —Id is a pseudodifferential operator with symbol in the Gevrey class S¢(T" x D) which
restricts to an element of h?*'Sy(T" x Y) for some subdomain Y of D that contains E,(t),

@i1) Pr(t)oUy(t) — Up(t) o P}?(t) = Ru(t) € h?T1S,, where the operator 'P}?(l‘) has symbol

pYO. It ) = KU1, )+ RO6. 11, h) =Y K;(I; )/ + ) " R;j (0, 1: )h/, (4A.3)
J<y i<y
with both K° and R° in the symbol class S¢(T" x D) from Definition B.5 where n > 0 is a constant,
Ko(l; 1), Ry(B, I;t) are the components of the Birkhoff normal form of the Hamiltonian Py o x1 as
constructed in Theorem 3.10, and
0 R;jO,1;1)=0 (4A.4)

for 0, 1;1) e T" x E(t) x (=1, 1). Moreover, the symbols K, R; in (4A.3) are smooth in the parameter t.

Our statement of Theorem 4.1 differs from [Popov 2004a, Theorem 2.1] only in the presence of the
parameter ¢, the smoothness of the symbols K;, R; in ¢, and the truncation to fixed finite order Oh'Th.
We sketch the details of the proof of Theorem 4.1 in this section, following the argument of [Popov 2004a].

The construction of Uy(t) can be broken into multiple steps. We begin by constructing a family of
semiclassical Fourier integral operators 73 (¢) that conjugate Py (¢) to a family of semiclassical pseudodif-
ferential operators Ph1 (t) : C°°(T"; L) with principal symbol equal to Ko(I; t) + Ro(0, I; t), the Birkhoff
normal form of H, and with vanishing subprincipal symbol. The conjugating semiclassical Fourier integral
operators arise by quantising the G* symplectomorphisms

x1:T"xD—T*M, (4A.5)
x0:T"xD—T"x D (4A.6)
that transform the unperturbed Hamiltonian P (x, &; 0) to action-angle variables and transform the per-

turbed Hamiltonian to Birkhoff normal form respectively, and composing these two operators. Full details
for this construction can be found in [Popov 2000b, Section 2].
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From the regularity of the symplectomorphisms, it follows that there exists a semiclassical expansion
for P)(t) with symbols smooth in .

The symbol of the operator Ph1 (t) satisfies the property (4A.3) to O (h?), and to improve this, we
replace the conjugating Fourier integral operator 7, with 7, A;, for a suitable elliptic pseudodifferential
operator A, whose symbol is determined iteratively on the family of Cantor-like sets

(O, 1: ) eT" xR x (=1, 1) : I € E.(1)}

by solving equations of the form
(VKo, ) f(0,151) =g(0, I 1), (4A.7)

referred to in the literature as homological equations. In this manner the “flatness condition” of (4A.4) is
obtained for j > 0, where the j = 0 statement is established by Theorem 3.10. We outline this procedure
in Section 4B.

The key fact is that the homological equation can be solved smoothly in the parameter ¢, which is the
content of Theorem 4.3. One can then apply Theorem 4.3 as in [Popov 2004a, Section 2.3] to complete
the construction of the quantum Birkhoff normal form, with the additional consequence of smoothness of
symbols K;, R;.

4B. Construction of the quantum Birkhoff normal form. After conjugating P;(¢) by semiclassical
Fourier integral operators as described in the previous section, we obtain a family of self-adjoint semiclas-
sical operators Ph1 (¢) with symbol p € S;(T" x D) satisfying the flatness condition (4A.4) to order h?,
where £ = (p, p/, p + p’ — 1). That is to say, the formal summation of 5,

o0
> 0. Itk (4B.1)
j=0
satisfies
po@, I;t)=Ko(l;t)+ Ro(0,I;1), (4B.2)
p16,1;1)=0. (4B.3)

The next step of the proof of Theorem 4.1 is the improvement of the order of the flatness condition by
composition with a suitable elliptic semiclassical pseudodifferential operator

Apt)=1d+00)

with symbol

(00)

a@.1:1)=>"a;(0, I;: )i/, (4B.4)

j=1
To motivate the method, we suppose that a quantum Birkhoff normal form P,? exists in the sense of
Theorem 4.1. Our current operator Py is equal to P}? up to order 4? by construction. Hence, we have

Ti (D) AR Py(t) = T (@) P () An(0) + Tu D[ AR (D), Pr(0)]

1 2 ~ (4B.5)
=P, (OTh(®)Ap (@) +hT () Bt) A1) + T (1)[An(1), Pr(2)]



GENERIC KAM HAMILTONIANS ARE NOT QUANTUM ERGODIC 157

for some semiclassical pseudodifferential operator By (¢) in the symbol class S;(T" x D). From composi-
tion formulae, the symbol of the commutator is equal to

— (3 a1df po)h* = —Lor:sa1, (4B.6)

where L, = (w, dg)a; (0, I; t). Thus to improve the order of the flatness condition, it suffices to choose
a; solving the homological equation
Ly r;:na1 = bo, (4B.7)

where by denotes the principal symbol of By (¢). Indeed, if (4B.7) is solvable, then we have
Th(0) A (1) Py (1) = P (O Ti(D) An (1) + O (h). (4B.8)

Extending this idea, it was shown in [Popov 2000b] that we can choose higher-order terms of the symbol a
in an iterative fashion by the solution of such a homological equation for each power of & that we gain.
The consequence is the following result.

Proposition 4.2. There exist a, K 0 r e S(T" x D), where £ = (p, w, v), such that

o0

a®.I:t,h) ~> " a;(0. I; t)h/, (4B.9)
j=0
o

KOU:t.h) ~ Y Kj(I: )k, (4B.10)
j=0
o

r©. It h)y ~ Y i@, I 0k, (4B.11)
j=0

whereay =1, ro = Ry, K1 =0, and
poa—aoK®~r, (4B.12)

where each rj(0, 1; 1) is flat in I on T" x E;.(1).

The symbol K in the statement of theorem corresponds to the sought symbol K° in Theorem 4.1,
while the symbol R is then constructed by solving a o R® = r, which is possible by ellipticity.

The completion of the proof of Theorem 4.1 after establishing Proposition 4.2 is contained in [Popov
2000b, Section 3]. For our additional requirement of smoothness in ¢ in Theorem 4.1, it thus suffices to
verify that the homological equation can be solved smoothly in the parameter 7. In particular, we require
the following.

Theorem 4.3. Suppose f(-,-;t) € GP*(T" x D) satisfies the estimate
18507 (0. 15 )] < doC' I (plat| + | Bl + q) (4B.13)

uniformly in the smooth parameter t € (—1, 1) for some q > 0 and some C > 1 and that for each I € D,
we have

f@,1;1)do =0. (4B.14)
-I]—I‘l
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Then for any smooth family w(-;t) € G’L]/O(D, Q) there is a solution u( -, -;t) € G*(T" x D) to the
equation
Lou®,I;t)=f©,1;1), (0,1)eT" x E (1), (4B.15)

u(0,1;1)=0, I €D, (4B.16)
where L, = (w(l; 1), d/06). Moreover, u is smooth in the parameter t and satisfies the estimate
10907 u(0, I; 1) < AdoC" T HFHBHIL (ol 4+ | Bl + p(n 4T + 1) +q), (4B.17)
where A depends only onn, p, T and L.

This theorem statement differs from [Popov 2004a, Proposition 2.3] only in the presence of the smooth
parameter ¢, and indeed an identical proof based on taking the Fourier expansion

u®,1:t) = Z &Ny (1 1) (4B.18)
kezn

and solving for u; can be pursued. The rapid decay of Fourier coefficients established in [Popov 2004a]
implies that the limit (8, I; t) is smooth in ¢ as required. The proof is then identical to that in [Popov
2004a], with the uniformity in (4B.17) following from the uniformity in (4B.13).

4C. Quasimode construction. We now briefly outline how the construction of Gevrey class quasimodes
for Py, (¢t) follow from the quantum Birkhoff normal form Theorem 4.1. These quasimodes microlocalise
onto a family of nonresonant tori and moreover have quasieigenvalues that are smooth in the parameter
te(—1,1).

Definition 4.4. An O (h?*!) family of G” quasimodes Q(¢) for Py (¢) is a family
{(m (x5 £, h), i (2, B)) :m € My (1)} C C®(M x Dpp(m)) x C*(Dy(m)) (4C.1)
parametrised by & € (0, hg], where

o My(t) C Z" is an h-dependent finite index set,

o Dp(m) ={re(=1,1) :m e M)},

e each v,,(-; t, h) is uniformly of class G”,

o 1PV (-5t h) — (£ BV (-5 £, )|l 2 = O(RYTY) for all m € My, (1),

o [(Vn(-it,h), v (-5t b)) =8| = OWY*Y) for all m, I € My, (t).
Theorem 4.5. Suppose now that t € (—1, 1) is fixed and S C E(t) is a closed collection of nonresonant
actions. For an arbitrary constant L > 1, we define the index set

My, = {m e 7" : dist(S, h(m + 9 /4)) < Lh}, (4C.2)

where ¥ € 7" is the Maslov class of any Lagrangian tori {x (T" x {I})} with I € S. Note that this class is
independent of the choice of torus by the local constancy of the Maslov class.
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Then
[ (X3 2, 1), (85 1)) € My () = (Un(t)em, KO(h(m +0/4); t, h) (4C.3)

defines a G® family of quasimodes for Py (t) that has Gevrey microsupport on the family of tori

As=JAwun={Jx@ x{1h c1M, (4C.4)
IeS IeS

where {ep}mezn is the orthonormal basis of L*(T"; L) associated to the quasiperiodic functions
em(x) :=exp(i(m+v/4, x)). 4C.5)
Proof. From the definition of the functions e,,, it follows that
P (0)(en)(©) = o (P)(1)(B, h(m + 0 /4))ew(6)
= (K°(h(m 4+ 9/4); t, h) + R0, h(m + 9 /4); t, h))e,, (0)
= O (t; 1) + R°(0, h(m + 9 /4)) e (). (4C.6)

From the definition (4C.2) of the index set My, (¢) and from A.2, it thus follows that
Pi()Un(1)en) = Un(t) P (t)ey = O (07 ) (4C.7)

upon an application of Theorem 4.1. The almost-orthogonality of the Uy(t)e,, then follows from the fact
that Uy, (¢) is almost unitary by Theorem 4.1, and that the ¢, are exactly orthogonal by construction. [J

These quasimodes are as numerous as we could hope for; indeed the index set M (¢) satisfies the
local Weyl asymptotic
llimo(27rh)" HMp=m(T" x8) =u(Ayg), (4C.8)

where m denotes the (2n)-dimensional Lebesgue measure and p denotes the symplectic measure d§ dx.
To see this, we can denote by U the union of n-cubes centred at the lattice points in M}, with side length 4.
The containment

ScUc{I:dist(I,S) < Lh} 4C.9)
for a constant L then yields the claim by monotone convergence of measures, noting that since $ is closed
we have

S=8= (U :dist(,S) < Lh}. (4C.10)
h>0

In the special case of S = {I}, we have a family of G” quasimodes with microsupport on an individual
torus x (T" x {I}).
Appendix A: Anisotropic Gevrey classes

In this appendix, we define the Gevrey function spaces used throughout the paper and collect several of
their properties from the appendix of [Popov 2004b].
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Definition A.1. For p > 1 and X C R" open, the Gevrey class of order p is given by

G7(X) :={f €C®(X) :supsup |9% f (x)| L™l ™" < o0}. (A.1)
o xeX
If fe GZ(X ), the supremum in (A.1) is denoted by || f||L. We will frequently suppress the L in our
notation. Equipped with this norm, G‘L) (X) is a Banach space. Gevrey regularity is generally weaker the
real-analyticity (they coincide when p =1 as can be seen by using the Cauchy—Hadamard theorem to
characterise analytic functions by the growth of their Taylor coefficients) and importantly, there exist
bump functions in the Gevrey class for p > 1.
An important property of the Gevrey class that follows from Taylor’s theorem is that if a Gevrey
function has vanishing derivatives, then locally it is superexponentially small.

Proposition A.2. Suppose f € G”(X), and p > 1. Then there exist positive constants c, C, n and ry only
dependent on the Gevrey constant L, the norm || f||L, and the set X such that

foo+ry= > fulxo)r®+ R(xo, 1), (A2)

ol <nlr| /1)
where f, = (0% f)/a! and

1/(p=1)

18P R(xo, )| < C'TIPlg1P g=clrl” for all 0 < |r| < min(rg, d(xg, R" \ X)). (A3)

We also need to consider anisotropic Gevrey classes, which are classes of Gevrey functions with
differing regularity in individual variables.

Definition A.3. Suppose X and Y are open subsets of Euclidean spaces. Suppose that p;, p» > 1 and
L], L2 > (0. Then

GP (X xY)={fec®XxY): sup [9208 FIL, L Plat=r1 p1772 < oo}, (A4)
’ (x,y)eXxY

If f € G7"7 , then we denote the supremum in (A.4) by || f|z,.z,. Equipped with this norm, G7'/7,
is a Banach space. This definition extends in the natural way to k > 3 variables. Furthermore, some of
these variables might lie in complex domains.

In anisotropic Gevrey classes, one has the following implicit function theorem due to Komatsu.

Proposition A.4. Suppose that F € Gﬁ’l‘” /Lz(X x Q0 R™), where X C R", Q° ¢ R™ and

1
LIHF(-X’C()) _x”Ll,Lz =< 2

Then there exists a local solution x = g(y, w) to the implicit equation
Fx,w)=y (A.5)

defined in a domain Y x Q. Moreover, there exist constants A, C dependent only on p, p’, n, m such that
’
g € GLL o1 (¥ x @, X), with lgllcr, .cr, < AIF L1,

A consequence of this theorem is established in [Popov 2004b].
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Corollary A.5. Suppose F € Gﬁ’lf)/Lz(T” x Q, T"), where Q0 C R and L1||F (8, ) — O, L, < % Then

there exists a local solution x = g(y, w) to the implicit equation
F(x,w)=y (A.6)

defined on T" x Q. Moreover, there exist positive constants A, C dependent only on p, p', n, m such that
p.0' ;
8€GC, cn,(I" x Q) with ||gllcr,,cL, < AllF L, L,

Finally, we have two results on the composition of functions of Gevrey regularity, which can also be
found in [Popov 2004b].

Proposition A.6. Let X C R", Y C R, and Q C R¥ be open sets. Suppose g € Gz/l (RQ,Y), with
lgllL, = A1, and f € G’;”’ZZ(X x Y), with || f|lB,L, = Az. Then the composition F(x, w) := f(x, g(w))
isin Gg’fz (X x Q), where

L =2%"1"L, max(1, A, L,),
with | = max(k, m, n). Moreover we have the Gevrey norm estimate
| Fllg,L < As.

Proposition A.7. Let X C R", Y € R, and Q C R¥ be open sets. Suppose g € Ggf /Ll (X x Q,Y) with
lgllg,.L.,=A1and f € G’;’z”)Lz(Y X Q). Then the composition

F(x,0) = f(gx, w), w)
is in G’;”’Z (X x Q), where
B = 4'(41)” B max(1 + A, By),

L =1L,+4'@)" L, max(1, A B,),

with | = max(k, m, n). Moreover we have the Gevrey norm estimate

I Fllp,L < A>.

Appendix B: Gevrey class symbols

In this appendix, we introduce the class of Gevrey symbols used throughout this paper. We suppose D is
a bounded domain in R”, and take X = T" or a bounded domain in R”. We fix the parameters o, u > 1
and o > o + 1 — 1, and denote the triple (o, 1, 0) by £.

Definition B.1. A formal Gevrey symbol on X x D is a formal sum
oo
> pi@. D, (B.1)
j=0

where the p; € C5°(X x D) are all supported in a fixed compact set and there exists a C > 0 such that

sup 85 0% p; (6, 1| < CIHFIBI+ g1o g1t jre, (B.2)
XxD
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Definition B.2. A realisation of the formal symbol (B.1) is a function p(8, I; h) € C;°(X x D) for
0 < h < hg, with

sup < pNFHICN T2 g1o giv (N 4 1)12. (B.3)

XxDx(0,ho]

N
of o (p(é’, I;h) — ij(e, 1)hf'>

j=0

Lemma B.3. Given a formal symbol (B.1), one choice of realisation is

p@ I;hy:= Y pj© Dh’, (B.4)
j<eh~lle

where € depends only on n and C\.

Definition B.4. We define the residual class of symbols S, as the collection of realisations of the zero
formal symbol.

Definition B.5. We write f ~ g if f — g € S, ™. It then follows that any two realisations of the same
formal symbol are ~-equivalent. We denote the set of equivalence classes by S¢(X x D).

We now discuss the class of pseudodifferential operators corresponding to these symbols.

Definition B.6. To each symbol p € S;(X x D), we associate a semiclassical pseudodifferential operator
defined by

@y [ e g ) de dy (B.5)
X xR»
for u € C3°(X).
The above construction is well-defined modulo exp(—ch_l/ ¢),as forany p € §, (X x D) we have
IPaull = Op2(exp(—ch™'19)) (B.6)
for some constant ¢ > 0.

Remark B.7. The exponential decay of residual symbols is a key gain that comes from working in a
Gevrey symbol class.

The operations of symbol composition and conjugation then correspond to composing operators and
taking adjoints respectively. Moreover, if p € S ,25—1), then G?-smooth changes of variable preserve
the symbol class of p. This coordinate invariance allows us to extend the Gevrey pseudodifferential
calculus to compact Gevrey manifolds.

Appendix C: Estimates for analytic functions

In this appendix we prove several elementary but important estimates for analytic functions.

Proposition C.1. Suppose ﬁj C C are open sets and Q2 C §~2j are such that dist($2;, C \ ﬁj) > rj. Define

n n
Q=[] ad Q=]]Q. (C.1)
j=1 j=1
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If the analytic function [ : Q — C satisfies

I fllo=A<o0
then we have
107 fllg < Ar~%a!

for each multi-index «.

Proof. For z € Q, the Cauchy integral formula implies

1 w
f2)= .nyg ?g % /( )dwldwz---dwn,
Qi) Japir) JoBiam) 3B,y W—2

which yields
o! J(w)
97 f(z) = : f f f ————dwidw;--- dw
) Qri)" Joerry Joberny  Joseyry (w—2)F !
upon repeated differentiation, where 1 denotes the multi-index (1, 1, ..., 1). Hence

187 fllo < Ar%a!

as required.

We also have an implicit function theorem for real-analytic functions. Defining
O, ={w e C": dist(w, Q) < h},
where distances in C" are taken with the sup-norm, we have the following.
Proposition C.2. Suppose f : O, x (—1, 1) — C" is real-analytic, and we have the estimate
[ fln < oo.

Then, for any 0 < v < % such that
|f —id| < vh,

163

(C.2)

(C3)

(C4)

(C.5)

(C.6)

C7D

(C.8)

(C.9)

the function has a real-analytic inverse g : O12—3v)n X (=1, 1) = O —_4v)n that satisfies the estimate

max(|g —id|(1/2-3v)n, 3vh|DP —1d|(1/2-30)n) < | f —id]s

(C.10)

uniformly int € (—1, 1). The norm | - |, denotes the sup-norm over Oy and the matrix norm in (C.10) is

the norm induced by equipping C" with the sup-norm.

Proposition C.2 can be proven in the same way as in Lemma 3.4 of [Popov 2004b]. The only difference

is that we need to work on domains of the form Oy x BE, and invert maps of the form

fl, 1) = (f(o,1),1)

for given f satisfying the assumptions of the proposition uniformly in ¢.

(C.11)
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Appendix D: Whitney extension theorem

In this appendix, we prove a version of the Whitney extension theorem for anisotropic Gevrey classes.
The proof is adapted from [Bruna 1980] in the non-anisotropic case.

Definition D.1.

aqb
(LHBDEILY oo some 1, - 0], 1)

C°°~(X><Y)={f€C°°(X><Y R): sup sup
MM ’ lee| 7 18I
L{"Ly My Mg

(x,y)eXxY o,pB

where X, Y are open sets in Euclidean spaces of possibly differing dimension, «, 8 are multi-indices of
the appropriate dimension, and M and M are positive sequences satisfying

(1) Mo=1,

(2) Mi < My_1 M4,

(3) My < AKM;M;_;,

(4) M, =AM,

(5) My41/(kMy) is increasing,

(6) > k=0 Mk/Miy1 < ApM, /M, 1, for p >0,
where A > 0 is a positive constant.

In the Gevrey case of interest to us, My = k!, Mk = k!”2. For fixed L; > 0, the supremum in (D.1)
defines a norm which equips a subspace of C;[O‘ 5 (X x Y) with a Banach space structure. The space
C;’;’ M(X x Y) is then the inductive limit of these spaces as L = L; = L, — oo, which identifies it a Silva
space.

For f EC;IO’M(X x Y),and z =(z1,22) € X x Y, x € X we define

0 ,
arpe = Yy TR e (D.2)
lo|<m ’
(RY (@) := f(2) = (I{" /) (2). (D.3)
To slightly generalise this notation, for a jet f*# of continuous functions, we write
(RY Nap@) = f*P @) = (T f4P) ). (D4)

We can now pose the question:

Given a compact set K C X, under what conditions is it true that an arbitrary continuous jet
(f“’ﬁ) : K xY — Ris the jet of a function f € C;IOM(X x Y)?

We assume without loss of generality here that the set X is a full Euclidean space R, rather than
just an open subset thereof. This question is the anisotropic non-quasianalytic analogue of Whitney’s
extension theorem from classical analysis, which deals with the C*° case.

We begin by finding necessary conditions for the existence of such an extension, before proving that
these conditions are indeed sufficient.
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Proposition D.2. Suppose f € C°° ~ (X x Y) with Gevrey constants Ly, Ly. Then there exists a constant A
dependent only on the dlmenszons of X, Y and on M, M such that the jet fP = 8( «h) f satisfies

1fF| < ALllallemM|a|M|ﬁ|, (D.5)
Fntl 0 lz—xt
|(RY fri(2)] < ALY M1 L5 me (D.6)

for all nonnegative integers m, n and all multi-indices |k| <m, |l| <n, where l~4 = CL with C dependent
only on the dimension of X.

Proof. The first estimate (D.5) follows immediately from the definition of C°° (X xY). We prove the
second claim (D.6) by making use of the estimate (D.5) on the jet f*# = 8"‘8’3 f and Taylor expansion:

1
Rif@)= Y "; (m—x)“/o (1= 0" f*0 +1(z1 = x), 22) dt

la|=n+1

.0 (z1 —x)*
<(sup sup /@) Y |——
la|=n+1zeXxY le=nt1 !
Cn+1|Zl _x|n+1
<( sup sup [f*0@2)] : (D.7)
(Ia\:n-i-lzeXxY ) (n+1)!
Hence 1
n 1 pn—Ikl =t 0z —x"t
|(RY i (@) = [(RT (@) < ALY My Ly M|I\W (D.8)
as required. (Il

Subsequently, for simplicity of notation, we omit the tilde in L with the understanding that we are
allowed to absorb constants that are dependent only on the dimensions of X, Y and on the sequences M, M.

Theorem D.3. Suppose (f*f): K x Y — R s a jet of continuous functions smooth in y that satisfies
By — foBt
8y (fF) = fr+y, (D.9)

as well as the conditions (D.5) and (D.6) on K x Y. Then there exists a function f € C;[o M(X x Y) such

that af’ﬂf = f*Pon K x Y.
Moreover, there exist constants Co, C| dependent only on the dimensions of X and Y and the weight

sequences My, Mk such that
I fllciLy.L, < CoA. (D.10)

Before proving Theorem D.3, we need to collect some lemmas, the proofs of which can be found in
[Bruna 1980].

Proposition D.4. Suppose K C R is compact. Then there exists a collection of closed cubes {Q i}jeN
with sides parallel to the axes such that:

(i) RINK =UJ; Q.
(i) int(Q;) are disjoint.
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(iii) 6; :=diam(Q;) <d,; :=d(Q;, K) < 44;.

@iv) For0 < A < %, we have d(z, K) ~ §; forz € Q}k =1+21)0;.

(v) Each QF intersects at most D = ( 12)% cubes Q;‘.‘.

(Vi) 8 ~ 8 if QIN Q% #@.

Proposition D.5. For each n > 0, there exists a family of functions ¢; € C,?,,o([Rd ) such that:
1) 0= ¢

(i) supp(¢:) C Q7.

(i) Y, ¢i(z) = 1 for z € RY.

@iv) [0%¢;(z)| < Ah(Bnd(z, K))n‘“'MM forz € QF, where A, B > 0 are constants and

|

lkMk.

h(t) :=sup (D.11)
k

Proposition D.6. Suppose T € L(E, F) is a continuous linear surjection between Silva spaces. Then for

any bounded set B C F, there exists a bounded set C C E with T(C) = B.

We also require an anisotropic version of Carleman’s theorem, which is the special case of Theorem D.3
with K = {0}, and the Gevrey analogue of Borel’s theorem from classical analysis.

Proposition D.7. Let (gy),ene be a multisequence of functions in C;’/IS(Y) such that

l ~
18! g ()| < KLY'LY Mo My (D.12)
for some constant K > 0.

Then there exists a function f € C;’;’M(X x Y) such that g,(y) = 0y £ (0, y) for all y € Y. Moreover,
Ifllcr,., < AK for some constants A, C > 0 independent of f, L, and L.

Proof. We adapt the solution of [Petzsche 1988] of the classical Carleman problem to this setting. Key is
that the assumptions on M imply that the hypotheses of [Petzsche 1988] are satisfied. Hence as in the
proof of [Petzsche 1988, Theorem 2.1(ai)], we can construct compactly supported y,(x) € Cf{jp (R) for
each nonnegative integer p such that

X0 0) =58(k. p) (D.13)
and
1 [Ae\

IXxpllLga-1 < Vp(f) (D.14)

for some dimensional constant A and any L > 0. Hence we can define

d
Xa () 1= [ | Xy (x) (D.15)
j=1

for & € N? which satisfies
xS0 =8B, o). (D.16)
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Moreover, we have the estimate

d
Ixaﬁ)l—nlxﬂ’l 51‘[

(—e) (L@ + AP My,

A

Aec(d, M)
L
By taking L =2CL =2Aec(d, M)L;, we can estimate

||
) M, (LQ+ A" M. (D.17)

10%0L (X () 8a (M| < K (C/L)' Mg (L2 + A7) M) (LY LY Moy M)
<Kk-27™@cLi@+ A~ Y)H LY My My, (D.18)

where A, C, and K are constants independent of f, L, and L.
Hence we have that || x4 (x)ge (V) ll2cL, 2441, < K 271l Tt follows that

F09) =) Xa(®)ga(y) (D.19)
aeNd
converges in the C;; M(X x Y) sense, and satisfies 97 f (0, y) = go(y) as required. O

Equipped with these tools, we are ready to prove Theorem D.3.

Proof of Theorem D.3. We begin by estimating the difference in Taylor expansions about different points
in K. Using the identity

T2 N~ T HER =Y %(R"f)ao(x 22), (D.20)

loe|<n
we can estimate

T @ - T = Y E — C R () (D.21)
la|<n—|k|
using the assumed estimate (D.6) for (R;”*" i1 This yields
- . . n—|k|+1
05 (T (@) — (T7 ) )] < AL My LM gy P X R =D (D22)

(n — [k| + 1)!
We now invoke Proposition D.7. For x € X consider the map T COO ~(X x Y) — G, given by
(T fa(y) == %%, y), where the space G, consists of all multlsequences of analytic functions
fo 1 Y = R satisfying | f,| < AL|1a|L|2’3|M|a|M‘ﬁ| for some A > 0. From the assumed estimate (D.5)
on f%#, Proposition D.7 applies, and for each x € K we can find a function f, € C;; 77 (X x Y) such that
2P fe(x,z2) = f*P (x, 22) (D.23)

for each «, 8. Moreover, the conclusion of Proposition D.7 implies that there exist constants B = CpA,
K1 =CiLy, Ky = Ly > 0 such that the estimate

1(0%* f)(2)] < BK "K' M o M (D.24)

holds uniformly, where the C; depend only on the dimensions of X and ¥ and the weight sequences My, M.
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Hence we can bound
P (e @ = (T f (@) = (R™" fi)iu (2) (D.25)
using the same calculation as in Proposition D.2. We obtain

05 (fe(@) = (T @D = 1(R” f)ri(2)] K +1
! ~ |z — x|t (D.26)
<A(C|Ly) +1Mn+1L|2”M\llm'

The upshot of this estimate is that we can replace 7} f and 7} f in (D.22) with f, and f, respectively.
That is, we have

< (lz1 = x|+ |z =y

k! — f @) < ACCI L) My LY M : D.27
10" (fx(2) — fy(@)] < A(C1Ly) nt+1Ly My kD! ( )

We now fix k, [ and vary n > k in order to optimise the upper bound (D.27). By defining the quantity

I k!
1) = —_— D.28
Q) ig{g A (D.28)
as in [Bruna 1980] we obtain

95 (fe(2) = @] = AC LD M Ly Mygh((C1 L) (121 = x| + |z = y1) ™ (D.29)

by using property (3) following (D.1).

The next step in the construction is to use Proposition D.5 to piece together the functions fy using
a Cy; partition of unity subordinate to the cover arising from the decomposition of X \ K by cubes in
Proposition D.4. Taking the collection {Q;};en of cubes in X = R4 constructed by Proposition D.4, we
choose x; € K such that d(x;, Q;) =d(Q;, K). Note that the conclusion of Proposition D.4 implies that

|z —xj| ~d(z, K) (D.30)
for all z € Q7. Now taking ¢; as in Proposition D.5, we define

f@ if z; € K,

D.31
Zi¢i(zl)ij(Z) ifz1 € X\ K. (D.31)

f@) = {
Note that since the partition of unity {¢;} is locally finite, the function f (z) is smooth in (X \ K) x Y.
It remains to check that f is smooth elsewhere, and moreover that f € C;IO X xY). To this end, for
x € K and z; € X\ K, we estimate

0 () = @) = () D@ 8 @) 02 (£, () = fu(). (D.32)
k<a i
First we estimate the k = 0 term. If z; € spt(¢;) = O, we have

d(z1,x;) ~d(z1, K) <d(z1, x) (D.33)
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and hence we have

< A(CL L) My LY Mg ((Ci L) |2y — x]) 7! (D.34)

D i) 0P (£, (2) = fr(2))

from (D.29).
We now estimate the terms with |k| > 0. For x € X \ K, we choose x € K with d(x, x) =d(x, K).
Since ), d%p; =0, we have

D @ P (@) 0P (£ (2) = fe@) =Y (05 (@) 07 (f, () — £, (). (D.35)

Now as before, we exploit the fact that d(zy, x;) ~ d(z;, K) to bound
10272 (f, (@) = fo, @) < ALY ¥ Migg - LY Mipih(Cr Ld (. KD (D36)

Since log(M;) is an increasing convex sequence with first term 0, it is also superadditive, and we have
M My < M4y Hence for |k| > 1, we can use property (4) in Proposition D.5 to conclude that

h(Bnd(z1, K))
h((Ci1L1)d(z1, K))’

‘Z(a"@)(m 08P (f,(2) — 2 (2))| < AMio My (Cy Ly) =K LY pl¥ (D.37)
i
where n remains to be chosen. Equation (15) from [Bruna 1980] implies the existence of a constant ¢ > 0

such that
h(t) A
<

h(ct) = h(t)

(D.38)

for some A > 0. Hence we choose n = C{L;/(cB) to arrive at the estimate
'Z(ak¢i)(21) 0P (£, (@) — fr@)| = ACLLY™ LY Mgy Myp ¥ (€1 L) 12y — x) 7! (D.39)
i

Combining (D.34) and (D.39), we arrive at
9%P(F(2) = @) < ALY Mig Mg ((C1L1) + ) h((C1 L) ]2y = x) ! (D.40)

forze (X\K) xY.
The estimate (D.40) is key to proving f € C*°(X x Y) (and that the derivatives coincide with the those
given by the jet f*#), as well as the subsequent deduction of C;IO i regularity. We write

3P f(z) ifz; € X \K,

feP(z)  ifz; € K. (D.41)

P )= {

The smoothness of each f @P : X x Y — R readily follows from the fact that each f*#: K x ¥ — R is
smooth in y, together with the estimate

|fP(2) = a2 P T f ()] = o(|jzy — x| 1. (D.42)
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For z with z; € K, the estimate (D.42) comes immediately from (D.6) on K x Y. Otherwise, it is a
consequence of the estimate (D.40), the defining property (D.23) of the functions f,, and the fact that the
function /() increases faster than any polynomial in t~! as t — 0.

Finally, we need to check C;IO ;7 regularity. That is, we need to verify the Gevrey estimate

Il fllc,z,,1, < CoA (D.43)

for some constants Co, C; dependent only on the dimensions of the spaces X and Y and the weight
sequences My, ZVIk. In light of (D.5), it only remains to prove (D.43) on (X \ K) x Y, and by multiplication
by a cutoff function we may assume d(z1, K) is bounded. Then, by applying (D.40) with x = z; we can
further reduce the problem to verifying (D.43) for f, uniformly in x € K. However this was established
earlier in (D.24). Hence, the proof is complete. U
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We obtain sharp mixed-norm Strichartz estimates associated to mixed homogeneous surfaces in R3. Cases
with and without a damping factor are both considered. In the case when a damping factor is considered
our results yield a wide generalization of a result of Carbery, Kenig, and Ziesler for homogeneous
polynomial surfaces in R3. The approach we use is to first classify all possible singularities locally, after
which one can tackle the problem by appropriately modifying the methods from a paper of Ginibre and
Velo, and by using the recently developed methods by Ikromov and Miiller.
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1. Introduction
Let us fix a pair & = (a1, a2) € (0, 00)?, define |a| := a1 + a5, and introduce its associated a-mixed

homogeneous dilations in R? by
5t(x1,x2)=(t“‘x1,t“2x2), t>0.

The main goal of this article is to study Strichartz estimates for a fixed mixed homogeneous surface S, i.e.,
a surface given as the graph of a fixed smooth function ¢ : R?\ {0} — R which is a-mixed homogeneous
of degree p:

¢ 08i(x1,x2) = tPP(x1,x2), t>0. (1-1)

We may and shall assume without loss of generality that p € {—1,0, 1}. Both o and p shall be fixed
throughout the article. Note that when p = —1 the function ¢ has a singularity at the origin.
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As is well known, Strichartz estimates are directly related to Fourier restriction estimates and we are in
particular interested in the mixed-norm estimate

£l <CIf Izzan e S €S@). 1-2)

where u is the surface measure
(. 1) =/ S(x1, x2, ¢(x1, x2)) W(x1, x2) dx (1-3)
R2\{0}

and p = (p1, p3) € (1,2)2 Note that we skip the p,-exponent which corresponds to the integration in the
xp-variable — here we consider the case p; = p», i.e., we have one exponent p; = p, in the “tangential”
direction and another, namely p3, in the “normal” direction to the surface S at (0, 0, ¢ (0, 0)) (this will be
formally true only when ¢ is smooth at the origin).

The weight W > 0 is added in order to ensure that the measure has a scaling invariance which will enable
us to reduce global estimates to local ones by a Littlewood—Paley argument. We take W to be o-mixed
homogeneous of degree 21} and consider two particular cases. The function W will be either equal to

(37 = (e Vo1 4 g V02)2? (1-4)
or equal to the Hessian determinant of ¢ (denoted by #¢) raised to the power |- |%, o € [0, —), ie.,

02, ¢ Ox, 0x ﬂ
det X1 17A2
|:ax1 8x2¢ 3,26295

The first weight (1-4) is of interest as a type of mixed homogeneous Sobolev weight, while the second

o

[He(x)|7 =

1-5)

one (1-5) was considered originally in [Sjolin 1974] and turns out to be a natural choice when studying
Fourier restriction estimates for surfaces with vanishing Gaussian curvature. One can easily show that
the Hessian determinant of ¢ is ¢-mixed homogeneous of degree 2(p — |«|), and so in the case when
W equals (1-5) the relation between ¥ and o is ¥ = o (p— |«|). We shall later determine ¢ in Section 2A
(and in particular in Proposition 2.1) so that the Fourier restriction estimate for w is invariant under scaling.
This choice depends in general on p = (p1, p3).

Oscillatory integrals, Fourier restriction estimates, and other problems related to homogeneous and
mixed homogeneous surfaces have been previously studied in works such as [Dendrinos and Zimmermann
2019; Schwend 2020; Greenblatt 2018; Ikromov et al. 2005; Ikromov and Miiller 2011; Iosevich and
Sawyer 1996; Ferreyra et al. 2004; Ferreyra and Urciuolo 2009; Carbery et al. 2013].

The case of general L?-L? Fourier restriction in R? with respect to the Euclidean measure was recently
solved in [Ikromov and Miiller 2016] for a wide class of smooth surfaces in R3, including all the analytic
ones. Mixed-norm estimates were shown in [Palle 2021] for surfaces given as graphs of functions ¢ in
adapted coordinates and also for analytic functions ¢ satisfying A, (¢p) < 2 (see below for the definition
of linear height A, (¢)).

In [Carbery et al. 2013] Carbery, Kenig, and Ziesler considered the case with the weight (1-5) for
“isotropically” homogeneous (i.e., when a; = a») polynomials ¢. Since the weight (1-5) has roots at the
degenerate points, the estimate (1-2) holds for a wider range of exponents compared to the case when the
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weight (1-4) is used. As already mentioned, the use of this so-called mitigating or damping factor goes
back to [Sjolin 1974] (see also [Cowling et al. 1990; Drury 1990; Kenig et al. 1991]). Its naturalness stems
from the fact that it is equiaffine invariant as is the Fourier transformation. In fact, the mitigating factor
can be expressed in a parametrization-independent way through the use of so-called affine fundamental
forms (see, e.g., [Su 1983; Nomizu and Sasaki 1994]). When one uses the above damping factor (1-5)
one can even obtain estimates for certain classes of flat surfaces [Carbery and Ziesler 2002; Abi-Khuzam
and Shayya 2006; Carbery et al. 2007]. On the other hand, weak-type LA/3.40=D/(n+1) egtimates
were obtained in [Oberlin 2012] for a wide class of surfaces having a bounded generic multiplicity (see
also [Oberlin 2004]). In the three-dimensional case (n = 3) they correspond to precisely the Tomas—Stein
range, but otherwise are a strict subset of it. Let us also mention a recent result of [Gressman 2016] where
he obtained decay estimates for damping oscillatory integrals for a certain class of singularities.

In this article we shall first classify the possible local singularities for mixed homogeneous surfaces (see
Proposition 1.4 below) and then either apply the Fourier restriction estimates obtained in [Ikromov and
Miiller 2016; Palle 2021] or use the techniques from these articles, and also from [Ginibre and Velo 1992]
(see also [Keel and Tao 1998]), to obtain sharp estimates. In particular, we obtain a wide generalization
of the Fourier restriction estimate in [Carbery et al. 2013] with methods which are more elementary and
avoiding any use of results from algebraic topology or algebraic geometry. Namely, in [Carbery et al.
2013] a result of [Milnor 1964] on Betti numbers is used in order to control the number of connected
components of a set given by polynomial inequalities.

In order to state the main results of this paper (namely, Theorem 1.1, Theorem 1.2, Proposition 1.4, and
Corollary 1.5) we first recall certain concepts and introduce a few conditions. Recall that the Taylor support
of a smooth function ¢ : @ € R? — R at P € Q is defined as the set 7 (¢, P) := {7 € Ng :0%(P) #£03.
We call ¢ a function of finite type at P if its Taylor support at P is nonempty. If ¢ is of finite type
at P, then one defines its Newton polyhedron N (¢, P) at P as the convex hull of the union of sets
{(t1,12) € R? : 11 > 11, t» > 12}, where T = (71, 7o) goes over the Taylor support of ¢ at P.

We can now recall the definitions of some very important quantities from the theory of oscillatory
integrals which go back to V. I. Arnold and A. N. Varchenko (see, e.g., [Varchenko 1976]). Let us assume
for a function ¢ of finite type at P that ¢(P) = 0 and Vop(P) = 0. If this is not the case we simply
subtract the constant and linear terms of the Taylor series of ¢ at P. The Newton distance d(¢, P) of ¢
at P is then defined as the minimum of the set { € R: (¢,7) € N (¢, P)}. The face (i.e., a vertex or an
edge) where the line {(z, ) : t € R} intersects the Newton polyhedron N (¢, P) is called the principal face
and it is denoted by (¢, P). Note that d(¢, P) > 1. The Newton height h(p, P) of ¢ at P is defined as
the supremum of the set {d(¢ o ®, P) : ® is a local diffeomorphism at P}. We define the linear height
hiin(@, P) analogously — the only difference is that one considers linear coordinate changes centered
at P instead of local diffeomorphisms. Note that i (¢, P) > hjin(¢, P) > d(¢, P). One says that ¢ is
adapted at P if d(¢, P) = h(p, P) and that it is linearly adapted at P it d(¢, P) = hiin(¢, P). Similarly,
one says that ¢ is adapted in the ® coordinates if d(p o ®, P) = h(p, P) and one defines what it means
to be linearly adapted in the ® coordinates analogously. The existence of a coordinate system in which
an analytic function is adapted was shown in [Varchenko 1976]. This was generalized to smooth functions
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of finite type in [Ikromov and Miiller 2011]. For the existence of a linear coordinate change in which
a function is linearly adapted see [Ikromov and Miiller 2016].

Finally, for a function ¢ of finite type at P satisfying ¢(P) =0 and V(P ) = 0 we recall the definition
of Varchenko’s exponent, denoted by v(¢, P). It is defined to be 1 if (g, P) > 2 and if there exists a
coordinate change ® in which ¢ is adapted and so that the bisectrix {(z,7) : ¢ € R} intersects the Newton
polyhedron N (¢ o ®, P) at a vertex. Otherwise one defines v(¢, P) := 0.

The relation to oscillatory integrals is as follows. If one is given a smooth amplitude @ localized at P,
then the decay rate of the oscillatory integral [ a(x)e! ) dy is A~/ 1@ P)(1og 1)*@P) for Jarge A.
This also holds when one considers small linear perturbations of ¢.

Let us mention that one often translates P to 0, in which case one uses the notation 7 (¢), d(¢), v(p),
etc., and it is implicitly understood that everything is considered at the origin.

In this article we shall consider either of the following two conditions on our fixed «-mixed homogeneous
function ¢:

(H1) At any given point (x1, x2) 7 (0,0) where the Hessian determinant of ¢ vanishes at least one of
the mappings ¢ — 8%¢(t, X2)ort 8%¢(x1,t) is of finite type at t = x (resp. t = x»), i.e., at
least one of them or their derivatives is nonzero when evaluated at the respective points.

(H2) The Hessian determinant g is not flat at any point x # 0.

It actually suffices to check the conditions only at points (x1, x») in, say, a unit circle by homogeneity.
Furthermore, we remark that the condition (H2) is stronger than the condition (H1) (this follows from the
calculations in Section 3B below).

Let us now introduce a further condition and two new quantities. For a point v € R? \ {0} let us define
the function

Pv(x) :=p(x +v) —¢(v) —x-V§(v).
Then we shall often consider whether the following condition is satisfied at v:
(LA) There is a linear coordinate change which is adapted to ¢, at the origin.

Compare with the negation of this condition in [Ikromov and Miiller 2016, Section 1.2]. Note that the
(LA) condition is not the same as linear adaptedness of ¢, at 0.

As mentioned, the linear height of ¢, and the Newton height of ¢, are respectively denoted by
hin(¢, v) and h(¢, v). We define the global linear height hy,(¢) and the global Newton height h(¢) by
the respective expressions

hiin(¢) = sup hiin(¢.v), h(¢) = sup h(¢,v). (1-6)
ves! vesl
It will be clear from Section 3 that /i, (¢, v) and h(¢, v) do not change along the homogeneity curve
through v defined as the curve
t— (1%, 1%%v3), >0,

and therefore in the above definitions of global linear height and global Newton height one could have
taken the supremum over the set R? \ {0} too.
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Theorem 1.1. Let ¢ be mixed homogeneous satisfying condition (H2). Let p be the measure defined as in
(1-3) with W(x) = |H¢(x)|° for some fixed o > 0. If 0 € [O, %] then the Fourier restriction estimate

(1-2) holds true for
()= (4-o0).

If (LA) is satisfied at all points v # 0, then the estimate holds true even if o € [O, %) In particular, if
a1 = ao, then (LA) is automatically satisfied at all points v # 0 and the estimate holds true for any
o€ [O, %)

Several comments are in order. Firstly, precise conditions for when the (LA) condition is satisfied at
v # 0 can be checked by using the normal-form tables in Section 3 (note that in the Proposition 1.4 below,
where the normal forms are listed, only the normal form (vi) is not in adapted coordinates). That one is
restricted to 0 <o < % in the case when (LA) is not satisfied is a consequence of a Knapp-type example,
as we shall show in Section 4F1. That the result in the above theorem is sharp is well known — as soon
as one knows that the Hessian determinant of ¢ does not vanish identically we can apply the classical
Knapp example to a point where the Hessian does not vanish which then yields the necessary condition

Secondly, in the case when p = 1 = |«|, one can extend the above estimate to the range where
1 n 11 1
py Py 2 pyT
The reason for this is that p = 1 = |«| implies that the weight YW = |H|? (and the Hessian determinant)
are a-mixed homogeneous of degree 0, and hence bounded on R2, and so the estimate for (p1, p3) = (2, 1)
follows trivially by Plancherel.

Finally, let us mention that the most interesting part of the proof of the above theorem is the proof
of Fourier restriction for the normal form (v) from Proposition 1.4, which is to be found in Section 4E.
There we need to estimate the Fourier transform of a certain measure, and for this we perform a natural
decomposition of this measure. What is remarkable is that at the critical frequencies one initially has
an infinite number of pieces which are not summable absolutely, but, after a delicate analysis, only
O(1) decomposition pieces turn out to have a “bad” estimate. Interestingly, a similar thing happens in the
much easier case of normal form (iv).

In the case of the other weight (which has no roots away from the origin) we have:

Theorem 1.2. Let ¢ be mixed homogeneous satisfying condition (H1). Let p be the measure defined as in
(1-3) with W(x) = |x|§f9. If the exponents (p1, p3) € (1,2)% and ¥ € R satisfy (see Figure 1)

L@ 1 1 _ 1 o el
Py Py T2 piT 2h(9) Py Py 2

then the Fourier restriction estimate (1-2) holds true.
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0 Uhe@ L 1,0
2 2h(¢$) 2 2 |af

Figure 1. The Riesz diagram for the range of exponents given in Theorem 1.2. The line
given by ¥ is drawn for the case when p = 1, ¥ > 0, and both || and ¢} are small.

We remark that the quantity ¢ in the above theorem is allowed to be negative. This theorem is sharp
since the corresponding local estimates are sharp — this was shown in [Palle 2021]. We discuss this in
more detail at the beginning of Section 5.

As a special case of Theorem 1.1 we obtain:

Corollary 1.3. Let ¢ be any mixed homogeneous polynomial in R* and let ju be the measure defined as in
(1-3) with W(x) = |Hg (x)|1/4. Then the Fourier restriction estimate (1-2) holds true for p} = p5 = 4.

In the case of the above corollary we note that the Hessian determinant can either vanish identically,
or it does not vanish to infinite order anywhere, since it is necessarily a nonzero mixed homogeneous
polynomial. But the case when the Hessian determinant vanishes identically is trivial, so we are indeed
within the scope of Theorem 1.1.

When one considers “isotropically” homogeneous polynomials (i.e., when «; = a3), Corollary 1.3
recovers the main result of [Carbery et al. 2013]. The strategy of proof in that work was to first perform
certain decompositions of the surface measure in order to get appropriate control over the size of V¢
and the Hessian determinant 4, after which one applies an L* argument, as the L*3(R3) — L2(dp)
Fourier restriction estimate is equivalent to the L2(du) — L*(R3) extension estimate.

Our proofs of Theorems 1.1 and 1.2 are based on the following intermediary result:

Proposition 1.4. Let v € R? \ {0}, let ¢ be as above a-mixed homogeneous of degree p, and let us
assume that it satisfies condition (H1) and that its Hessian determinant vanishes at v. Then after a
linear transformation of coordinates the function ¢ (x) := ¢(x +v) —p(v) —x - Vo (v) and its Hessian
determinant Hg, assume precisely one of the normal forms in Table 1. In all the cases the appearing
functions are smooth and do not vanish at the origin, i.e., r(0), ro(0), r1(0), r2(0), g(0), ¥ (0) # 0, except
for the function ¢ which is flat at the origin.
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case normal form additional conditions

_ ok
) Polx) = x37(x) + (%), k>2, k>0

He, (X) = x]2‘+2k 2ro(x) or Hep, flat at O

Pv(x) = x2q(x1) + x5r(x),

(i1) k>3
H¢v(x)—x2 ro(x)
g =x2r1(x)+x’gr2<x), . k=3,
(iii) ~ 85r1(0) = c(¢,v) 85" r1(0)
Hy, (¥) = x52r0(x) for (@, v) £0, j=1,....k—1
o | PO =wtaG0) + 2=y ) ), k>3
Hep, (x) = (x2 =229 (x1)F2ro (x)
B (x) = X271 (x) + (x2 — X329 (x1))F ra (%), . k=3,
) 3 r1(0) = c(,v)j 82 1 (0
' He, (x) = (x2 — x29 (x1))Kk2ro(x) forzcr(lqg’ 3)) ;gij)zj 1,2_ ‘ r1k(_) 1

i) dv(x) = (x2 — x29 (x1))*r (x), k=2

He, (x) = (x2 — x29(x1)) 2, 31 (x)

Table 1. Normal forms for Proposition 1.4.

In the case of normal form (i) one additionally knows that if the Hessian determinant Hg, is not flat at
the origin, then ¢ vanishes identically. In particular, if condition (H2) is satisfied, then the function ¢
in case (1) always vanishes identically and the Hessian determinant is nowhere flat. In the case when
a1 = ap the functions ¢, and Hg, can only take the forms (i) or (ii). Finally, the root of the function
X Xy — x%gﬁ(xl) corresponds to the homogeneity curve through v, though in the coordinate system in

which the normal form is given.

In cases (i) and (ii) one has further subcases (see Section 3A) of a technical nature, so we left them
out of the above proposition. We also note that only in case (vi) the function ¢, is not in adapted
coordinates (and the adapted coordinates can be achieved only through a nonlinear transformation such
as (x1,x2) — (x1,x2 + x%tﬂ(xl))), but it is linearly adapted.

The idea to apply Fourier restriction estimates to obtain a priori estimate for PDEs goes back to
[Strichartz 1977]. In our case one can apply the above results to obtain Strichartz estimates for the
nonhomogeneous initial problem

0, —ip(D)u(x,t) = F(x,t), (x,1)eR?>x(0,00),
u(x,0) = G(x), x € R2,
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where F € S(R?), G € S(R?). Namely, by an application of the Christ—Kiselev lemma [2001] one gets
the following result:

Corollary 1.5. Let ¢, W, and (p1, p3) € (1, 2)? be either as in Theorem 1.1 or 1.2, and let us furthermore
assume that p € {0, 1}. Then for the above nonhomogeneous PDE one has the a priori estimate

i SCUWTRFGI @) + Coll F oy OV Fieyany )l 23 2

u 7
Il o i s’

where F(x, x,) is the partial Fourier transformation in the x = (x1, x3)-direction.

In the case when W is the function | - |§19 the norms on the right-hand side are a type of homogeneous
anisotropic Sobolev norms [Triebel 2006, Chapter 5] (in particular, note that [|[W™/2FG| L2(R2) =
IF W2 FG L2 g2y)-

Since the procedure of how to obtain the corresponding Strichartz estimate from a Fourier restriction
estimate is mostly standard we have deferred the sketch of the proof of Corollary 1.5 to the Appendix.

The article is structured in the following way. In Section 2 we first perform some elementary reductions.
Since the proofs of Theorems 1.1 and 1.2 are essentially based on Proposition 1.4, we first prove
this proposition (and even obtain slightly more precise results) in Section 3. Subsequently we prove
Theorems 1.1 and 1.2 in Sections 4 and 5 respectively. In the Appendix we then give a sketch of the proof
of Corollary 1.5.

In this paper we use the symbols ~, <, 2, <, > with the following meanings. If two nonnegative
quantities A and B are given, then by A < B we mean that there exists a sufficiently small positive
constant ¢ such that A <c¢B, and by A < B we mean that there exists a (possibly large) positive constant C
such that A < CB. The relation A ~ B means that there exist positive constants C; < C; such that
C1A < B < (A is satisfied. Relations A > B and A 2 B are defined analogously. Sometimes the
implicit constants ¢, C, C1, and C, depend on certain parameters p, and in order to emphasize this
dependence we shall write for example <p, ~p, and so on.

We also use the symbols yg, y1, ¥, and g generically in the following way. We require yo to be
supported in a neighborhood of the origin and identically equal to 1 near the origin. On the other hand,
we require y1 to be supported away from the origin and identically equal to 1 on an open neighborhood
of +1 € R. Sometimes, when several yo or y; appear within the same formula, they may designate
different functions. The functions r and ¢ (also used with subscripts and tildes) shall be used generically
as smooth functions which are nonvanishing at the origin, where the function g shall denote a function of
one variable, whereas the function r shall denote a function which may generally depend on two variables.
Occasionally both of them can also be flat at the origin, in which case we state this explicitly.

2. Preliminary reductions

2A. Rescaling and reduction to local estimates. As mentioned, the measure we consider is

(s f) =/ f 1, x2, @ (x1, x2)) W(x1, x2) dx,
R2\{0}



STRICHARTZ ESTIMATES FOR MIXED HOMOGENEOUS SURFACES IN THREE DIMENSIONS 181

where WV is nonnegative, continuous on R? \ {0}, and a-mixed homogeneous of degree 2¢. In this
subsection we determine the degree of homogeneity 29 so that the global Fourier restriction estimate
(1-2) becomes equivalent to the local one. By this we mean the following. Let us take a partition of unity

(nj)jez in R?\ {0},
Y njx)=1. x#0. -1
jez
such that n; = nod,—, for some n =n9 € C° (R?) supported away from the origin. Let us consider the
measures

s )= [ 1) (0 W) a, )

which now satisfy 4t = 3 ;7 14, and let us furthermore assume that we have the local estimate for
some jo € Z:

1/ e2@ue) = CU MLz 5

We want to determine the degree of homogeneity of VV so that the Fourier restriction estimate is invariant
under the dilations §;, i.e., that we have

||f||L2(dpLj) = C”f”Lﬁg(folLXﬂ) (2-3)

for all j € Z whenever the estimate is true for some jo € Z. In this case, and if (p1, p3) € (1,2]% a
standard Littlewood—Paley argument (presented below) will then yield

) e .
1A 2@ = CM Izzars

To summarize, we have:

Proposition 2.1. Let W be a-mixed homogeneous of degree 20, not identically zero, and continuous on
R2\ {0}, let ju be defined as in (1-3), and let py, p3 € (1,2]. Then the Fourier restriction estimate (1-2)
for w is equivalent to the Fourier restriction estimate (2-3) for the measure ; for any j € Z (as defined
in (2-2)) if and only if

g loly e lo (2-4)

P1 P 2

is satisfied.
Proof. Let us first determine what 29, the degree of homogeneity of 1V, needs to be in order for (2-3) to
hold true for all j € Z whenever it holds true for some jo € Z. Recall that |§; x|, = #|x|q. Inspecting the
definition (2-2) of u; one gets

(wj. f) = 2j|a|+2jﬁ(/¢0,Dil(zfjal,zfjaz,z—m) f)

where (Dil(y, 1,,15) f)(X1.X2,x3) = f()tl_lxl , )L;lxz, A;lm). Let us assume that we have for some
J € Z the estimate
(i 1 F1P) = 151 2y < CPISI
7 L2(dpy) = LBy )

(x1.x2)
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Since the Fourier transform behaves well with respect to dilations Dil(y, 1, 15), We may rescale the above
estimate and get

< ¢~ /1el/2=j0+j(er/py+az/ Py +o/ pP3)
1/ 11220 I Nzar

From this one sees that we need precisely (2-4) in order for the constant in (2—3) to be independent of j. If
(2-4) does not hold, then the constant blows up in one of the cases j — oo or j — —o0, and in particular,
the Fourier restriction estimate (1-2) for pu cannot hold (here we use that the restriction operators for u
and the p; are nonzero since WV is not identically zero).

Let us now assume that we indeed have (2-4). It is obvious that the Fourier restriction estimate for p
implies the Fourier restriction estimate for j; for any j. Let us therefore assume that the estimate (2-3)
holds true for any j € Z, and thus for all j € Z.

Before proceeding further let us denote by (7;) ez a family of C2°(R? \ {0}) functions such that

j =1006,—; forall jeZ,

and such that 7); is equal to 1 on the support of 7,. One can for example take 7; = ZI k—j|<n Nk for
some sufficiently large N. Let us furthermore denote by S; the Fourier multiplier operator in R3 with

multiplier (7; ® 1)(£1, &2. &3) = 7; (€1, &2).
Now (2-3) implies

157 P2y = I 2y = €IS Fllpzarn s

Therefore - —
1/ 17 2 gy = (s L PY =3 A L FPY =D G 1S5 F1P)
jez Jjez
<C? S =C?||IS; 2,
LIS s = CPMSi fLzzan W

jez

where [ j2 denotes the norm of the Hilbert space of /2 sequences on Z. Since both p; <2 and p3 <2, we may

use Minkowski’s inequality to interchange the / j2 norm with the L2 (L )) norm, and subsequently

(x1,x
apply Littlewood—Paley theory in the (x1, xp)-variable (in particular, we do not need to use mixed-norm

Littlewood—Paley theory) to get
07 Fezzery N7 < IS P s

Remark 2.2 (scaling in the case of Hessian determinant). Using the homogeneity condition of ¢ one

xl x2)

1/22
(Z|S,-f|2)
Lp3(Lp1

jEZ (x1.Xx2)

~ - D
” f ”Lf;g’ (Lf’xll sz))

easily obtains that the Hessian determinant is also a-mixed homogeneous of degree 2p — 2|«|. Thus,
when we take W = |H4|%, W is homogeneous of degree 2% = 20 (p — |a|). Recall that in this case (i.e.,
as in the assumptions of Theorem 1.1) we assume that
1 1 1
no2 P
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and so by (2-4) the equality 29 = 20 (p — |«|) is indeed satisfied, i.e., the desired relation between the
exponents if one wants scaling invariance.

Remark 2.3 (a general sufficient condition for local integrability of V). Since W is mixed homogeneous
of degree 29, 1/V|x|;219 is mixed homogeneous of degree 0, and in particular a bounded function. Thus
(W] < |x|§’9, and so it is sufficient to check when |x|§ll9 is locally integrable in R%. By symmetry it is
sufficient to integrate over {(x1, x2) : X1, X2 > 0}. We have

1 1
/ |x|§!l9 dx = / (xl/O‘1 + )62/0‘2)2'9 dx
x1,x2>0,|x|<1 x1,x2>0,|x|<1

~/ 0 +)* yi Ty dy
Y1,¥2>0,|y|<1 ! 2

/2
~ / / r49+21e1=1 (cos 0)221 7 (sin 0)2%2 7 d6 dr.
0<r<1J0

Therefore, we must have 49 4+ 2|a| — 1> —1, i.e.,
29 + || > 0.

Note that this holds if p > 0, p; > 1, and 9 is given by (2-4).

Remark 2.4. When ¢ is smooth at the origin and a nonconstant function, then p = 1, and the necessary
condition obtained by a Knapp-type example associated to the principal face of A/(¢) in the initial
coordinate system (see [Palle 2021, Proposition 2.1]) tells us that

lf 1 _ e
P
P Ps3 2

is necessary for (1-2) if W = 1 (i.e., ¥ = 0). On the other hand, if we define I, = {(f1,13) € R?:
|e|t1 + t3 = |ae|/2}, then the expression (2-4) for ¢ implies that

11
|9] = 1+|a|2dist((—,,—,),la).
P1 P3

2B. Some further reductions. According to Proposition 2.1, under the conditions of Theorem 1.1 or
Theorem 1.2, we have to prove the Fourier restriction estimate for a measure defined by the mapping

fis / £, $(0) n(x) W) d.
RZ

where n € C2°(R?\ {0}) is supported in a compact annulus centered at the origin. Note that in the case of
the weight W = |H|? (the case of Theorem 1.1) the degree of homogeneity 29 = 20 (p — |«|) satisfies
the relation (2-4) by Remark 2.2.

Reductions for the amplitude y. One can easily show that in the context of the Fourier restriction problem
we may make the following reductions. First, by reordering coordinates and/or changing their sign, and by
splitting the amplitude 7 into functions with smaller support, we may restrict ourselves to amplitudes 1 with



184 LJUDEVIT PALLE

support contained in the half-plane {(x1, x2) € R? : x; = 1}. Then, by compactness, we may localize to
small neighborhoods of points v £ 0 having vq 2 1. Thus, one may assume that the support of 7 is contained
in a small neighborhood of some generic point v satisfying vy ~ 1 and |v| < 1. In fact, compactness and
changing signs if necessary implies that we may further assume that either v, = 0 or v, ~ 1.

Changing the affine terms of the phase. By the previous discussion it suffices to consider the measure

fro / £ () 1o () W(x) . 2-5)
R2

where 7, is a smooth function supported in a small neighborhood of a point v # 0. We now recall the
fact that we can freely add or remove linear and constant terms in the expression for ¢ in the context
of the Fourier restriction problem. For the constant term this is obvious. For the linear terms this can
be achieved by using a linear transformation of the form (x1, x2, x3) — (X1, X2, b1X1 + bax2 + x3) (for
more details see [Palle 2021, Section 3.1] and note that here the situation is slightly simpler since no
Jacobian factor appears). In particular, instead of considering the measure (2-5), we may consider the
measure

£ [ S = o) ) W
where we recall that

Pv(x) :=p(x +v) —¢(v) —x-V§(v).

The strategy for the proofs of Theorems 1.1 and 1.2 should now be clear. The above discussion reduces
the problem to proving a local Fourier restriction estimate in the vicinity of a point v, and so one needs to
determine the local normal form of ¢ at v, and in the case W(x) = |H4(x)|? one needs to additionally
determine the order of vanishing of the Hessian determinant at v in the x;-direction (after which the
normal form of W will be clear by homogeneity).

3. Local normal forms

In this section we derive the local normal forms for ¢ and for the Hessian determinant Hy at a fixed point
v # 0 (as a consequence we prove Proposition 1.4). The discussion in Section 2B implies that we may
assume that vq ~ 1, and either v =0 or vy ~ 1.

The structure of this section is as follows. In Section 3A we fix the notation for this section, introduce
relevant quantities, and define the coordinate systems y, z, and w (the coordinate systems z and w will
not be described precisely until Section 3E though). In Subsections 3B, 3C, and 3D tables with normal
forms of ¢, are given. It turns out that in most cases y-coordinates suffice and when we use them one
obtains the normal forms easily. We deal with the case when y-coordinates do not suffice in Section 3E.
In Section 3F we sketch how to calculate what is the order of vanishing of the Hessian determinant for
the respective normal forms.

We assume that the (H1) condition is satisfied throughout this section. In fact, in Section 3B we shall
explicitly determine the local normal form of ¢ when ¢ — B%d)(vl ,1) is flat at v,. In this case it turns out
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that the Hessian determinant either does not vanish at v, or that it is flat at v. In all the other subsections
we shall assume that ¢ a§¢(v1, t) is of finite type at vs.

3A. Notation and some general considerations. Let us begin by introducing the notation. It will be

useful to define
(2%
y:=—>0,
231

and for the point v = (v1, v2) (recall vy ~ 1) we define
to := vzvl_y
Let us denote the d,-derivatives of ¢ at (1,#y) by
bj == 0¢(1.10) = g (o). j €No,
where
g(1) = ¢(1,1).

‘We furthermore define
=inf{j > 2:b; #0}, (3-1)

where we take k = oo if b; = 0 for all j > 2. The equality k = oo is equivalent to 2@ being flat at 0.
What precisely happens when 2@ is flat at 0 shall be explained in Section 3B, and in the rest of the
section (including this subsection) we assume that k < oo, unless explicitly stated otherwise.

General form of mixed homogeneous ¢. Recall that we denote by p € {—1,0, 1} the degree of homo-
geneity of ¢. Then we have for any x satisfying x1 > 0:

¢ (x1,x2) = XU p (1, x2 %7 7). (3-2)

Let us consider the Taylor expansion of ¢ — ¢(1,¢) at to:

§(0) = $(1.1) = by + (1 —t0)b1 + 231 —10) gi().

where gy is a smooth function such that by = g4 (0). Thus, we get

o(x) = x’o/o‘1 (bo + (xle_y —to)b1 + L(xle_y — to)kgk (xle_y)>

(3-3)
= X2/ (bg — toby) + x2x P70 p, +k' x(pke o () 1o gr (ax] 7).
More generally, we have the formal series expansion:
p(x)~ > L —10x]) XY
Jj=0 J!
= bt/ by (x — to T 43 / (x2 — 1o}/ x§/1 7. (3-4)

j=k
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If y =1 (ie., o1 = ap) it will usually be better to write

— 1 —k _
d(x) = xf/albo + (x2— toxl)xf/al '+ F(xz — toxl)k xf/m 8r(x2 X7 . (3-5)
Since v; ~ 1, we may assume
|x11/“‘—vi/a1|<<1, 2 x; ¥ —va 0]V K 1.

The second condition is equivalent to |xp — toxill <« 1. Note that the points on the homogeneity curve
through v satisfy the equation x, = toxi/.

In order to determine the normal forms it will suffice to introduce three additional coordinate systems,
which we shall denote by y, z, and w respectively, each having the point v as their origin. The original
coordinate system is denoted by x. The function ¢ in the coordinate system y (resp. z, w) shall be
denoted by ¢” (resp. ¢Z, ¢™). For the original coordinate system x we simply use ¢, or ¢* for emphasis.

The function ¢ in the coordinate system y (resp. z, w) but without the affine terms at v shall be denoted
by ¢3 (resp. ¢Z, ¥). This means

¢y (y) =97 (y) =97 (0) =y - V¢ (0),

and similarly for ¢Z and ¢,’.

The coordinate system y. It is defined through the following affine coordinate change having v = (vy, v2)
as the origin:
Y1 =Xx1—Vyp,
Y2 = x2— vz — yvpvy (X1 — 1)
=x2— (1= y)v2 = yv2vy a1,

The reverse transformation is
X1 =Yy1+ 1,

L (3-6)
X2 = y2 + U2+ yuav; V1.
One can easily check that in these coordinates we can write
Xz —loX] = yr +va+ yu2vy tyr —va(1+ vyt y1)?
=2+ yvrty— v (LT + (5o +00))
= y2—yio(n):
i.e., the points on the homogeneity curve through v satisfy the equation y, = y%w(yl) in y-coordinates.
Above (and in the following) we use the notation

c c—m+1
() =ete=n =0
for ¢ € R and m a nonnegative integer. Furthermore, we obviously have:
Remark 3.1. It holds that w(0) 5 0 if and only if  is not identically 0 if and only if v, # 0 (i.e., g # 0)
and y # 1.



STRICHARTZ ESTIMATES FOR MIXED HOMOGENEOUS SURFACES IN THREE DIMENSIONS 187

The coordinate system y will be used in most of the normal forms below which shall follow directly
from the expression

¢” () = (1 + y1)?/* (bo — t0b1)
+ (v2 + 2 + yv2o7 1) (U1 + y) T by + (3, — YE0(y1) P (), (B-7)
which one obtains from (3-3) and (3-6). When y = 1, one uses (3-5) instead and gets
¢” (v) = (1 + y1)P/ ¥ bg + ya(v1 + y1)?/ by + yEr (). (3-8)

In both (3-7) and (3-8) the function r is smooth and nonvanishing at the origin. Let us also note that the
expansion (3-4) can be rewritten in y coordinates as

¢7 (y) & bo(vy + y1)P/*

(o,]
_ bj . i
+b1(y2 = yio(y) (v + y1)P/™ V+Zj—’,(yz—y%w(y1>)f (v1+yn)P/ 777 (3-9)
i=k""

The following simple lemma shall be useful later:
Lemma 3.2. From (3-7) and (3-8) we get the following information on the second-order derivatives of ¢

(1) It always holds
k=2 < b#0 < 35¢7(0)#0.

(2a) If p# loraz # 1 (i.e., p—an # 0), then
bi#0 <<= 010297(0) #0.
(2b) If p=0az =1orif by =0, then 9102¢” (0) = 0.
(B.a) Ifp=0and oy #ay (ie.,y #1),0orif p=ay =1 and oy # 1 (and in particular y # 1), then
b1 #0, tg#0 << 32¢¥(0) #0,

and recall that vy # 0 if and only if ty # 0.
(3.b) If p=0ap =1 and ay # 1 (and in particular y # 1), then

bo—toh1 20 <= 3197 (0) #0.
(B.o) Ify =1 (ie,a; =ap) orif by =0, then
bo#0. (0.1 = 93¢0 #0.
1

Note that p/ay = 0 if and only if p =0, and p/ay = 1 ifand only if p =01 = 1.

Proof. The only not completely trivial case is (3.a). Since in this case p/a € {0, 1}, the first term in (3-7)
is an affine term, and so we can ignore it. Since k > 2, the third term also does not contribute to the
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y%—term in the Taylor series of ¢”, and so we can ignore it too. We therefore only need to consider the
term

(2 + 2+ yv2vy ' y1) (1 + y) O Ny,
and in fact, we may even reduce ourselves to
(2 + Y0207 1) 01+ YD) by = brva(L+yvi ! 1) (v1 + yn) P72,

Now if to = 0 (i.e., v = 0) or if by = 0, then 8%¢y (0) = 0 follows. Let us now assume v # 0 and
b1 # 0. We note that in our case we may rewrite (0 —a3) /o1 = p— ¥, and so it suffices to show that

85, lyr=o((1+yvr ' y1) (1+ vy y)P™") #0.
Calculating the second derivative one gets
2yv2(p =)+ (e =) (p—y — ).
This is not zero since in this case we have p € {0, 1} and y ¢ {0, 1}. O

The coordinate systems z and w. These are defined through affine coordinate changes of the form

X1 =v1+ 21, wy =z1+ %22, (3-10)
Xp =vy+ 22+ Az, wo =22,

having (v1, v2) as their origin, where we shall have B := A — yvzvl_l # 0 so that the coordinate system y
never coincides with the coordinate system z, and the coordinate system z never coincides with the
coordinate system w. The constant A shall depend on v and the first few derivatives of ¢ at v (note that
A= B #0if vy =ty = 0). These coordinate systems will be described more precisely in Section 3E.
There we shall also introduce a smooth function @ such that

X2 —10x] = y2— yio(y1) = (w1 — w3d(w2))ro(w)
for some smooth function rq satisfying r¢(0) # 0. Note that we have

1
y1—21—w1—§w2, 3-11)
y2 =z + Bzy = Bw;.

As we shall see in Section 3E below the z-coordinates are only used in the intermediate steps and the
normal forms are expressed exclusively in y- or w-coordinates.

Some general considerations regarding the Hessian determinant Hg. Recall that
¢(t°”x1, t“zxz) = tpgb(xl ,X2).
Taking derivatives in x; and x, we get

(07 92) (11 1., 1%2xz) = (P71 TRE2 (GG G) (11, x).



STRICHARTZ ESTIMATES FOR MIXED HOMOGENEOUS SURFACES IN THREE DIMENSIONS 189

Thus, we have for the Hessian determinant of ¢:
H¢(Z“1x1, Z‘OQX2) = l‘z(p_|a|)7'l¢(xl ,X2).

From this it follows that if H¢ vanishes at the point v, then it also vanishes along the homogeneity curve
through v, which we recall is parametrized by t — (t*! vy, 1%2v,).

We are interested in the order of vanishing of Hy in directions transversal to this curve. In particular, if
we have 95>Hg(v) = 0 for o < N and 8;" He(v) # 0, then by using homogeneity and a Taylor expansion
(as we did for ¢) we get

Hep(x) = (x2—t0x]) N ro(x)

for some smooth function rg satistying ro(v) # 0. Calculating N shall be done in Section 3F by using
the normal forms of ¢. Recall that the Hessian determinant is equivariant under affine coordinate changes,
and so we can freely change to y-, z-, or w-coordinates.

Preliminary comments on the normal forms. Let us introduce the following notation for the nondegen-
erate case (i.e., the case when the Hessian determinant of ¢ does not vanish at v):

(ND) The function ¢, is nondegenerate at the origin.

When ¢, does not satisfy (ND), we note that Proposition 1.4 implies in particular that after a linear
change of coordinates the function ¢, takes one of the following three forms:

O (u) = ukor (u) + p(u),
O (1) = udry () +us0ra (u),
P (1) = (uz —udy (u)*or ),

where r(0), ¥ (0), r1(0), 2(0) # 0, ¢ is flat at 0, and k¢ > 2 in the first and third cases, while k¢ > 3 in
the second. Note that the first case corresponds to the normal form (i) of Proposition 1.4, the second case
is a reduced version of normal forms (ii), (iii), (iv), (v), and the third corresponds to the normal form (vi).

However, the above three forms do not contain sufficient information to obtain restriction estimates. In
this section we shall obtain the much more detailed classification given in Table 2.

All the appearing functions are smooth and do not vanish at the origin, except the function ¢, which is
always flat at the origin. The number k is as defined in (3-1) and it is always finite in the above normal
forms (when it is infinite it turns out that one is necessarily in the case of normal form (i.y2)). On the
other hand, the definition of the number k changes from case to case, and we allow k to be infinite only
in normal form (i.y1l), in which case we consider the Hessian determinant to be flat at the origin. The
quantities vy, y, A, B appearing in the conditions column and the functions w and @ are the same ones
as previously defined in this subsection. Let us furthermore remark that normal forms (i.w1) and (i.w2)
stem from normal forms (ii.w), (iii), and (v), in the sense that they correspond to k = oo.

Two remarks before we continue. First, note that the normal forms listed in Proposition 1.4 are a
compressed version of Table 2—in the proposition we ignored the subcases, e.g., the normal forms
(.yl), (i.y2), (i.wl), (i.w2) were all compressed in Proposition 1.4 to a single normal form (i). Second,
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case normal form additional conditions
. ¢ (v) = y5r(»), k=2,
yD) F4ok F=0o0rk =
Her (v) = y5 T2 2ro(y) =vork =00
y _ .k -
(iy2) ¢y () =y1q(y1) + o), P>
Hey is flat at O
w a2
Gwly| P (w) = wyq(w2) + ¢(w), )
'Hd,w is flat at O
(iw2) $¥ (w) = w2r(w) + p(w), v1 B3] r(0) = jA(y —1)8] 7' (0)
Hepw is flat at O forall j > 1
Yy 2 k
(ii.y) v (J’)—yli(J’l)+)’2”(J’)v k>3
Hey (¥) = y5 2ro(y)
iy | P = wir(w) +w3q(ws), Fes
7—[¢w (w) = w]f_zl’()(U))
w i 2 lg >3
= - : : =5
(iii) b0’ (w) wlr];_(;u) wara() leE){ r2(0) = jA(y — 1)3{_1r2(0)
Hew (w) = wi™ “ro(w) forall1 <j <k —1
o | PO =300+ 02— yie) (), P
Hev (¥) = (y2— y20(31)) " 2ro(y) B
P (W) = (w1 — w3d(w2)Fr1 () + whra(w). S k=
v) ) iss v1Ba1r2(0) = jA(y - 1)0; "r2(0)
How (W) = (w1 —wio(w2))* “ro(w) for1<j<k—1
Yoy ) k
i) ¢y (y) = (2 —yio(y1)) riy), k=2
Her (¥) = (y2— y7o(y1)** ro(y)

Table 2. Detailed classification of normal forms (an uncompressed version of Table 1).

note that the above “uncompressed” table of normal forms is not mutually exclusive in the sense that the
forms themselves differ from each other — for example in this sense the normal form (i.y2) obviously
contains the case of the normal form (i.w1), the main difference being only the coordinate system which
one needs to use in order to obtain them. On the other hand, the normal forms in the compressed table in

Proposition 1.4 are in this sense indeed mutually exclusive.
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The first step in deriving the above normal forms is to switch to y-coordinates. In most cases (see the
tables of cases below for the precise list) this will suffice and the normal form will be obvious, and so in
the following subsections we shall leave out most of the details for them. In particular, as a consequence
of considerations in Subsections 3C and 3D, we shall obtain:

Lemma 3.3. If k > 3 and if we are not in the (ND) case, then the function ¢; is always in one of the
normal forms (i.y1), (i.y2), (ii.y), (iv), or (vi).

Itk =2, by #0, p # az, and we are not in the (ND) case, then we shall either need to

(FP) flip coordinates (i.e., exchange x; and x;) and use the y-coordinates associated to the flipped
coordinates,

or we shall need w- (and the intermediary z-) coordinates. Details can be found in Section 3E below.

Note that flipping coordinates makes sense only when v, # 0 (and indeed, we shall flip coordinates
only when A = 0, which, as it turns out, never happens when v, = 0). After flipping coordinates it
will always suffice to use the y-coordinates (associated to the flipped x, v, and «), and in particular,
we shall be able to apply Lemma 3.3. Note that these y coordinates are not in general equal to flipped
y-coordinates associated to the original x, v, and «.

3B. Normal form when t — 8§¢(1, t) is flat at t (i.e., k = 00). Let us assume that
p(1.10) =0 forall j >2, (3-12)

and so we have aéqb(v) = 0 for all v (with vy > 0) satisfying vzvl_y = to by (3-2). By the Euler
homogeneous function theorem ¢ satisfies the equation

pP(x) = 1x1019(x) + a2x202¢(x).
Taking the derivative 9% = 37' 5% we get at (v, v2) that
(p—a171 —a2w2)d"¢ (v) = 101" 0P () + 22020V ().

From this, the fact that @qv; # 0, and the flatness assumption (3-12) it follows by induction in 77 that
d*¢(v) =0 forall 7y > 0 and 7o > 2.

If now d102¢ (v) # 0, then the Hessian determinant does not vanish and we are in the (ND) case (this
always happens for example when ¢ (x1, x2) = x1x2). On the other hand, if d;02¢(v) = 0, then we get
in the same way as above that 0%¢ (v) = 0 for all 7; > 1 and 7, = 1. Thus, by using a Taylor expansion
at v and by switching to y-coordinates (recall x; = y; + v1) we may write

¢ (y) = ry7q(v1) +o(»).

where ¢ is a smooth function and ¢ is a smooth function flat at the origin. In particular, in this case the
Hessian determinant vanishes of infinite order at x = v and therefore the condition (H2) cannot hold.
This also shows that (H2) is a stronger condition than (HI). Since we assume that at least (H1) holds, we
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necessarily have that 7 — 8%¢(t, v2) is not flat at v1, and so ¢ cannot be flat at the origin either, i.e., we
can write

62 () = v¥G(r) + ()

for some smooth function ¢ satisfying ¢(0) # 0 and k > 2. This is precisely the normal form (i.y2).

3C. Normal form tables for ¢ mixed homogeneous of degree p = 0. Recall that we assume k < o0 in
this and the following subsections. In this case (3-7) becomes

¢ (y) = (bo —tob1) = (v2 + y2 +yv2vy ' y1) (01 + 1) Vb1 + (v2 = yiw(r))*r(y)
if y £ 1, and in the case y = 1 we have by (3-8) that
¢ (y) —bo = y2(v1 + y1) b1 + ¥5r (). (3-13)

We have put the constant terms on the left-hand side since we may freely ignore them. Note that in the
case y = 1 we have quﬁy (0) =0 by Lemma 3.2 (3.c).

Casey = 1.

conditions case

b1 =0 | normal form (i.y1)
b1 #0 (ND)

Here we actually have in the case when b; = 0 a precise order of vanishing of the Hessian determinant:
it is always 2k — 2. This follows from Section 3F (see in particular (3-31)).

If by # 0, then from (3-13) we obviously have d102¢”(0) # 0, and it follows that the Hessian
determinant at O is nonzero.

Case y # 1.
conditions case
to=0,b1 =0 normal form (i.y1)
to=0,b1#0 (ND)
t0#0,b1=0 normal form (vi)
to#0,b1#0, k>3 (ND)
to #0, by #0, k =2 | (ND), or (FP), or normal form (v), or normal form (i.w2)

In the case tg =0, b; % 0 we apply Lemma 3.2 (2.a) and (3.a), and get respectively that d;d»¢” (0) # 0
and 92¢” (0) = 0, from which it indeed follows that we are in the (ND) case. Similarly, in the case 79 # 0,
b1 #0, k >3 we use Lemma 3.2 (1) and (2.a), and obtain that B%qby(O) =0 and d102¢” (0) # 0, from
which we again get that the Hessian determinant of ¢» does not vanish.

As the case 79 # 0, by # 0, k =2 shall be treated in the same way as certain other cases which appear
later and where w-coordinates may be needed, we have postponed its discussion to Section 3E.
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3D. Normal form tables for ¢ mixed homogeneous of degree p = £1. Recall that by (3-3) here we
have

B () = 37/ (bo — toby) +x2 3PP/ by 4 Ll (1037 gy (3 177

and according to (3-7) in y-coordinates this is

¢” (v) = (V1 4+ 1)/ (bo—tob1) + (v2+ Y2 +yv2v7 ' y1) (V1 +y1) P2 *1 by 4 (y2—yEw(y1)Fr ().

In this subsection (where p = 1) we need to consider five possible subcases. The cases we first consider
are when p = oy, or p = wp, or both. Since «; and «; are strictly positive, these cases are only possible
for p = 1. The penultimate case is when o] = ap # p, and the last case is when all of o1, a3, and p are
different from each other.

Case p =1, x1 =1, ¢y = 1. In this case the first two terms in (3-7) become affine, and by Remark 3.1
we have w = 0. As a consequence we have only one case.

conditions case

- normal form (i.y1)

Furthermore, we note that initially we know that the order of vanishing of the Hessian determinant is
at least 2k — 2, which is always greater than or equal to 2. Since this is true at every point, the Hessian
determinant vanishes identically in this case.

Case p =1, a1 # 1, ap = 1. Here we first note that by Lemma 3.2 (2.b), we always have d13d2¢” (0) = 0.
This is a simple consequence of the fact that in this case the second term in (3-7) is linear.

conditions case
bo—1tob1 =0,15=0 normal form (i.y1)
bo—tob1 =0, 190 #0 normal form (vi)
bo —tob1 75 0, k=2 (ND)

bo—tob1 #0, k >3, tp =0 | normal form (ii.y)
bo—tob1 #0, k >3, t9 #0 | normal form (iv)

The first two cases in the table are now clear since the first two terms in (3-7) can be ignored. The
(ND) case follows from Lemma 3.2 (1) and (3.b) (and as previously mentioned (2.b)). The last two cases
follow simply by developing the first term in (3-7) in a Taylor series in y; and ignoring the constant and
the linear term.

Case p =1, a1 =1, ¢y # 1. Here we note that the first term in (3-7) becomes linear, and therefore does
not influence the normal form of ¢; .
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conditions case
to=0,b1=0 normal form (i.y1l)
to=0, by 7& 0 (ND)
to#0,b1=0 normal form (vi)
lo#O,b]#O,kZ?) (ND)
to#0,b1 #0, k=2 (ND) or (FP)

The cases to =0, by # 0 and 19 # 0, by # 0,k > 3 are (ND) by the same argumentation as in the
table above for p = 0, y # 1 (namely, by applying Lemma 3.2 (2.a) and (3.a), in the case tp =0, b1 # 0,
and by applying Lemma 3.2 (1) and (2.a), in the case t9 # 0, b1 # 0, k > 3).

Let us note the following for the last case where tg # 0, b1 # 0, and k = 2. The expression in (3-3)
can be rewritten as (after ignoring the first term, which is linear in this case):

1- 1-2
b1X2X1 4 +%b2x1 y()Q—l()xi/)z—f—O((Xz—toxi/):;).

We want to calculate what the Hessian determinant of ¢, = ¢, at v is (or equivalently, the Hessian
determinant of ¢ at v). For this we only need the second derivatives of ¢ at v, and so we can freely ignore
the last term of size (xp — toxi/)3. After expanding the second term in the above expression and ignoring
the linear terms and the term O((x2 — toxi/)3) we get

(b1 —tob2)xy " x2 + 2bax 7 x2.
From this it follows by a direct calculation that
v
RP) ==y 201020 (v).
and so
v
Ho() = =12 (1) (1026(0) + 7 20390).

which we note can be rewritten as

He(v) = —0102¢™ (v) 010297 (0),

by (3-6). This implies in particular that Hg(v) = 0 if and only if d192¢ (v) = 0 if and only if 3¢ (v) =0
since by Lemma 3.2 (2.a), we know that d;d2¢” (0) # 0.

Thus, in the last case where #9 # 0, b; # 0, and k = 2, we are either in the (ND) case, and otherwise
we have 93¢ (v) = 0. This means precisely that the “k” associated to the flipped coordinates (and we can
flip coordinates since tg # 0, i.e., vo 7# 0) is necessarily > 3. For the flipped coordinates we may now use
the previous table where we have p = 1, oy # 1, ap = 1 (or apply Lemma 3.3).

Case p = £1, a1 = ap # p. Here one uses (3-8):

¢7(y) = (1 + y1)? ¥ bo + ya(v1 + y1)P/1 7 by + yEr(y).
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conditions case
bop=0,b1 =0 normal form (i.y1l)
bo=0,b1 #0 (ND)
bo#0,b1=0,k>3 normal form (ii.y)
bo#0,b1=0,k=2 (ND)
boyéO,bl;«éO,kz3 (ND)
bo #0, by #0, k =2 | (ND), or (FP), or normal form (ii.w), or normal form (i.w1)

The first (ND) case bg = 0, by # 0 follows from Lemma 3.2 (2.a) and (3.c), the second (ND) case
bo # 0, by =0, k =2 follows from Lemma 3.2 (2.a), (3.c), and (1), and the third (ND) case by # 0,
b1 # 0, k > 3 follows from Lemma 3.2 (1) and (2.a). For the last case by # 0, by # 0, k = 2 we again
refer the reader to Section 3E.

We give two further remarks. Firstly, one can show that in the case bg = 0, b = 0 the order of
vanishing of the Hessian determinant is precisely equal to 2k — 2 if and only if we additionally have

Lok,
(05}

as is shown in Section 3F. Note that here we cannot have p/o1 = 1, and when p/o1 = k from Section 3F
we see that the Hessian determinant vanishes of order 2k + k — 2, where & is the smallest positive integer
such that b, +i # 0 (it is also possible k = oo with the obvious interpretation).

Secondly, here we can calculate explicitly from the derivatives by, = ¢ (ty) the number k in the
normal form (ii.w) (see (3-26) in Section 3E). This is already known for homogeneous polynomials
[Ferreyra et al. 2004].

Case p = £1, a1 # p, a2 # p, 01 # 2.

conditions case
b1=0,bp=0,1=0 normal form (i.y1)
b1 =0,by=0,1t#0 normal form (vi)
b1 =0,byg#0, k=2 (ND)
b1 =0,byg#0,k>3,1=0 normal form (ii.y)
b1 =0,byg#0,k>3,1#0 normal form (iv)
b1 #0,k>3 (ND)
b1 #0, k=2,t=0 (ND), or normal form (iii), or normal form (i.w2)
b1#0,k=2,1#0 (ND), or (FP), or normal form (v), or normal form (i.w2)

The first (ND) case by = 0, bg # 0, k = 2 follows from Lemma 3.2 (1), (2.a), and (3.c), and the
second (ND) case by # 0, k > 3 from Lemma 3.2 (1) and (2.a). For the very last two cases (namely,
b1 #0, k=2, to=0and by #0, k =2, t9 # 0) we refer the reader, as usual, to Section 3E.

Note that at this point our considerations have proven Lemma 3.3, except for the Hessian part.
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3E. The case when p # a2, b1 # 0, k = 2. In this subsection we shall discuss the remaining cases
where y-coordinates did not suffice and all of which (as one easily sees from the tables in the previous
two subsections) satisfy p # an, b1 # 0, kK = 2. Here it will turn out that we are either in the (ND) case,
or the (FP) case, or that we need to use the w-coordinates. In this case the form of the function ¢ in
y-coordinates is according to (3-7) equal to

¢” (v) = (V1 4+ y1)P/* (bo—tob1) + (v2+y2 +yv207T y1) (V1 +y1) P72 by 4 (v —y2w(31))*r (¥),

where r(0) # 0, and, as noted in Remark 3.1, w = 0 if and only if y = 1 or top = 0, and otherwise w(0) # 0.
By Lemma 3.2 (1) and (2.a), we have

367 (0)£0 and 91929 (0) £0,

i.e., the y%—term and the yj y»-term in Taylor expansion of ¢? do not vanish. Therefore, depending on
what the coefficient of the y%-term is, it can happen that the Hessian determinant vanishes or not.

Case (ND) and the definition of z-coordinates. If the Hessian determinant does not vanish, we are in the
nondegenerate case. Otherwise, if the Hessian determinant does vanish, then since 8%(]5 (v) # 0 (which is
by definition equivalent to k = 2), there is a coordinate system of the form

X1 =v1 +Z21,

with A unique, such that ¢$*(x) = ¢*(z), and such that the Z%— and z1z,-terms in Taylor expansion of ¢*
at the origin vanish, i.e.,

3¢ (0)=0 and 9102¢7(0) =0.

In particular, the coordinate systems y and z cannot coincide since the term y; y, does not vanish. This
implies B := A — yvzvl_l = 0 (compare (3-6) and (3-10)).

Case (FP) and the reduction to A # 0. Let us now prove that we may reduce ourselves to the case
AF#O.

If to = 0 (i.e., v2 = 0), then we always have A = B # 0. The second possibility is #9 7 0, and if in this
case we would have A = 0, then z- and x-coordinates would coincide (up to a translation) which implies
8)261925" w) = Bglgbz (0) = 0. Thus, by flipping coordinates, we would have that the k associated to the
flipped coordinates is > 3, and so we would be in the case where the y-coordinates associated to the
flipped coordinates would suffice; i.e., we could apply Lemma 3.3.

This is also the reason why in the case when p = 1, a; = 1, and ap # 1, it always sufficed to flip
coordinates. The calculation below the corresponding table in Section 3D shows that H4(v) = 0 implies
32¢(v) = 0102¢(v) = 0, which in turn implies that one always has A = 0.
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The normal form in z-coordinates. Now that we may assume A # 0, our first step is to write down the
Euler equation for homogeneous functions in z-coordinates. The Euler equation is

pe(x) = 1x1019(x) + a2x202¢(x).
By the definition of z-coordinates we have

0x, =0z, —A0z, and 0y, = 05,.
Thus, the Euler equation in z-coordinates is

pd?(z) = a1 (v1 +21)019%(2) —a1 A(v1 + 21) 0297 (2) + @2 (v2 + 22 + Az1) 0297 (2)
=ai(v + 21)81¢Z(z) 4+ (—a1v1 B+ A(—a1 + a2)z; +a222)82d)z(z). (3-14)

We now claim that if 9%'+'$?(0) = 87'9,¢%(0) = 0 for all 1 < 7; < N for some N > 2, then
aN+1p2(0) = 0 if and only if 3V 9,47 (0) = 0. But this is almost obvious. Namely, we just take the
1 1
derivative 811\' at 0 in the above Euler equation and get

Py 9% (0) = a1v1dy 7197 (0) + a1 NOY 7 (0) —e1v1 BIY 827 (0) + AN (o1 +a2)d7 19247 (0).
Using the assumption on vanishing derivatives we get
N +147(0) = BIY 9297 (0). (3-15)

As we noted above B # 0 and our claim follows.

Now recall that 8%(;52 (0) = 0 and 0;02¢%(0) = 0. Thus, the previously proved claim implies in
particular by an inductive argument in N that either there is a k € N such that 3 < k < oo, satisfying

k =min{j >2:8]$%(0) # 0} = min{j >2:0]"9,47(0) # 0},
and ) 3
$i(z) = z]frl (z) + Z]f_lzzrz(Z) + 2%7‘3 (2). (3-16)

where r;(0) #0, i = 1,2, 3, or that
¢5(2) =21 tNa(2) + 20 'zarna(2) + 2573(2)
for any N € N, which we shall consider as the case when k = co. Here the r N,+ are zero at the origin.

The normal form in w-coordinates. It will be advantageous to use w-coordinates where, unlike in (3-16),
the w]f_lwz—term is no longer present; i.e., we may write

$¥ (w) = wir (w) + wira(w). (3-17)
This fact follows directly from (3-15) and from

1
awl :azl and 8w2 2822_5821,
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which we get from the definition of w coordinates (3-10). Actually, we can gain more information, espe-
cially in the case when y = 1. To see this let us rewrite the Euler equation in w-coordinates by using (3-14):

O%¢w(w) = (U1+w1_lw2)al¢w (w)+(—v1B+A(y—1)(w1—lw2)+yw2) (324—%31)(]5“)(“))

B B
B+A(y—1 B—A)(y—1
(B, B, e
By—A(y—1
+(—1)1B+A()/—1)w1+%u&)az¢w(w).
Case y = 1. Here the Euler equation reduces to
9" ) = w1 (0) + (01 B+ w2)ig (). (3-18)

Taking the 9% = 9]' 95*-derivative and evaluating at 0 one gets
O%aquwm) — 1,0%¢" (0) — v1 BT 02T 16% (0) + 12079 (0),

which can be rewritten as

(O% - |r|)8’¢"’(0) = —v1 B3} 979" (0).
From this and the fact from (3-17) that 3%¢" (0) = 0 for all 7 satisfying |7| =11+ 12 >2, 0<1; < k—1,
and 0 < 1 <1, one easily gets by induction on 7, that

312 PY(0) =0, when|t|=114+10>2,1<7<k—1. (3-19)
We now prove a stronger claim, namely that

7'¢"(0,w) =0 for2 <t <k—1,

(3-20)
919" (0, w2) = 914*(0).

In order to obtain this we take the d7'-derivative in (3-18) and evaluate it at (0, wy) to get

(O% - rl) 31'¢" (0, w2) = (—v1 B + w2)0201' ¢ (0, w2).

We note that this is a simple ordinary differential equation in w, of first order. It has a unique solution for
2<1 < k — 1 since —v1 B + wy # 0 for small w,, and since we can take (3-19) as initial conditions.
The claim for 2 <77 < k — 1 follows since 8;‘ ¢¥ (0, wz) = 0 is obviously a solution. For t; = 1 we note
that the case p/a1 — 71 = 0 is trivial, and the solution is a unique constant function (necessarily equal to
019%™ (0)). When 1 = 1 and p/a — 11 # 0, the differential equation evaluated at w, = 0 gives us that
d102¢™ (0) = 0 implies d;¢p™ (0) = 0, which again means that d1¢" (0, w,) = 0 is the unique solution
of the given differential equation. We have thus proven (3-20).
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Now by using Taylor approximation in w; for a fixed w,, and the just-proven fact for the mapping
wy > 37'¢™ (0, wy) for 1 <11 <k — 1, we obtain that the normal form of ¢* (3-17) in the case y = 1
can be rewritten as

¥ (w) = whry (w) + wira(w,),

where r1(0), 72(0) # 0. Note that now r» depends only on w;. This corresponds to normal form (ii.w)
when k is finite and to normal form (i.w1) otherwise.

Case y # 1. In this case we use our assumption that A # 0 in a critical way. Here it will be important to
know what happens with 7' ngbw 0)for0<7; < k — 1, and also how one can rewrite the normal form
of the Hessian determinant Hgw (and in particular its root).

Let us begin by taking the 8? d,-derivative of the Euler equation in w-coordinates and evaluating it at
w = 0. One gets

71 w B+ Ay -1 7] w 1 7]
Liang® 0 = 0 2 =D amnage 0+ ER=an e o
—v1 BT 930™ (0) + 11 A(y — 1) 927 (0)+Wa§laz¢wm)-

Now recall again from (3-17) that 3% ¢" (0) = 0 holds for any 7 satisfying || =11+ 12 >2, 0<7; < k—1,
and 0 < 7, < 1. Thus, if I <17 <k —2 then we get

v1 BT 930% (0) = 11 A(y — DT 1 934%(0), (3-21)
and if 7y = k — 1, then
n B39 0) = TV =D ok g 0) 4 &~ 1) Ay — 103229 00
i.e., since B— A = —yvzvl_l, we can rewrite this as
0185103 0 + 2L Dok 0) = (E- DA - 0 2T 0). (2

Now since A, B, v; #0, and y # 1, from (3-21) we may conclude by induction on 7; that for 0 <7; < k—
one has

37 924™ (0) # 0.

In order to unravel what is happening with 8]1° ~192¢™ (0) we need to investigate the root of Hgw. For
this we want to solve the equation

x2—tox] = y2 =} Jor?v2y} + 007) =0,

in the w-coordinates, representing the homogeneity curve through v. Recall that by (3-11) we have
y1 = w1 —wy/B, y» = Bwi, and so we want to solve

Bwi — (;)vl_zv2<w1 — %wz)z + (’)((wl — %wz)B) =0
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for the wj-variable in terms of the w,-variable when |wi]|, |wz| are small numbers. Using the above
equation one gets by a simple calculation that

vay(y —1) 2 3 2 ~
w; = ———— w5 + 0(w;) = wy0(wse), 3-23
1 20287 2 (w3) 20 (w2) (3-23)
and @ = 0 if and only if v, = 0 = #¢. Note that we have the precise value of @(0). Using this we can
now write down the normal form of w as

&Y () = whry (w) + wiry(w)

k—1 UZV(V - l)

= (w1 —w}d(w2))*ri (w) + w3 (Vz(w) + kwf TE Vl(w)) +0w3)  (3-24)
1

= (wy — 2@ (w2))* 71 (w) + wFp(w),

where one can easily check by using (3-21), (3-22), (3-23), and (3-24) that 8? 72(0) #O0forall0<t; < k—1,
and that in fact one has the relations

v1 BT F2(0) = 11 A(y — 1)37 1 72(0)

forl <11 < k—1.Ifk = 00, then the above normal form in (3-24) corresponds to normal form (i.w2).
Otherwise we have 3 < k < oo and two subcases. Namely, if 9 # 0 (i.e., @(0) # 0), then the above
normal form corresponds to normal form (v), and if 9 = 0 (and therefore @ = 0), then it corresponds to
normal form (iii).

Determining k in the special case when p ==xland a1 = ay # p. According to the last line of the
corresponding table for this case in Section 3D here we may assume bg, b1 # 0, and note that here y = 1.
We prove that the Hessian determinant of ¢ vanishes at v if and only if

b2 b2
by = (1= pan) - = (1 - ﬂ)—l. (3-25)
0 p ) bo

In this case we furthermore have that if k < 0o (corresponding to the case (ii.w)), then

J
_ J o p/ary by - r_
bj = (pay) J.( j )—bé._l, forj =2,...,k—1,
) P (3-26)
- ki (P11 by
b # (pan) ket (7 )bg—l’

and if kK = oo (corresponding to the case (i.w1)), then

J

i . a1 b .

bj :(pal)J]!<p/j )ﬁ for j €4{2,3,...}.
by

These formulae have already been shown for homogeneous polynomials in [Ferreyra et al. 2004,

Lemma 2.2]. Therefore, we only sketch how one can prove them in our slightly more general case.
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Recall from (3-9) that we have the formal series for ¢ at y = O:
y olai plai—1 1 olai—2,,2
7 (y) = (vi +y1)” % bo + y2(v1 + y1) bit 501 +y1) yaba +---
o0 b ) . ’
= Z ._J'(Ul +y1)Pl Ty
j=0’"
From this one gets

1¢()—0a—1a—1— v} , 010207(0) =Dy — —1)v] . 0397(0) = bavy ,

o1

and (3-25) follows by a direct computation (recall that Hs» (0) = 0 if and only if H¢(v) = 0). More
generally, we have

a’¢y(0)==11!(p/“:;_fz)vf/“l‘*“brz. (3-27)

Let us now determine the relation between y and z when the Hessian determinant vanishes. We may

write
Z1 = )1, dz, :8y1+BaY2’

z2=y2— By1, 0z, =10y,.
Then by (3-25) one gets that 93¢?(0) = d102¢7(0) = 0 if and only if

From this we can determine the constant A since it is equal to 7o + B, i.e., A = v2/v1 — (pbo)/(21D1).
One can now directly prove (3-26) by induction in j by using (3-27), and the fact that 8{ ¢%(0)=0
for2 < j <k and 3’1‘ ¢%(0) # 0 is equivalent to

b J
(31__°ﬁ32) #O0)=0, j=2,.... k-1,
bl(Xl

b k

(a2 L0a) 700 20
101

We have already checked the induction base j = 2.

3F. Order of vanishing of the Hessian determinant. In this subsection we determine the normal forms
of the Hessian determinant of ¢ (or more precisely, the order of vanishing of the Hessian determinant
of ¢), as listed in Section 3A. We recall from Section 3A that if v; > 0, then one can write

N
)

He(x) = (x2—tox])" ro(x),

where either rg is flat in v (which we consider as the case N = o0), or ro(v) Z0and 0 < N < co. It
remains to determine N from the information provided by the normal forms of ¢. We note that

N =min{j >0: (@,H)(v) # 0}.
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Normal form (i.yl). First we note by the normal form tables above that this normal form appears only in
cases when either y = 1 or g = v, = 0, and so we have w = 0. Thus, by (3-9) the function ¢; has the
formal expansion

B =14 yz(y1+v1)"/°“ K7 g (2 (1 4+ v1) " + 10)

~ Z —’, (y1 + o)/, (3-28)

and the Hessian determinant vanishes along y, = 0, which means we need to determine what is the
least N such that (89’ Hpv)(0) # 0. From the above expansion one obtains

01'97¢”(0) =0, |tl=t1+1222, 0<np<k-1,
9747 (0) = 1! (p/“lfl_yfz)vf/"l‘“‘mbrz, 0> k. (3-29)
By applying the general Leibniz rule to the definition of the Hessian determinant we get

N Hey = 05 (93¢7 93¢ — (01024%)%)
= Y (V)@ e e e, G0
n=0
and one can easily check by using (3-29) that 8§H¢y (0) =0for N <2k —2. For N =2k —2 we get
K2Rk 0> 0 - (37 )@k 20)
_ [(Zkk_z)(i_ky) (O%—ky—l) B (215_—12)( Py ) ]bz 2p/o —2ky—2
[P ) (D i

Thus, agk—2H¢y (0) # 0 if and only if

Bﬁk_qu;y 0) = (

L ¢ tky, ky +1-k). (3-31)
ay

Let us now denote by k the smallest positive integer such that b, > # 0; i.e., we have

bry; =0, 0<j <k,
by 70

Case when p/a1 = ky. By examining the term j = k in (3-28) we note that in this case we additionally
have

3547 (0) #0
3 95pY(0) =0, 1w >1.
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Now by using the information in (3-29), the above additional assumption that bz 4 ; =0 for 0 < j < k,

b, iy = 0, and the Leibniz formula (3-30) a straightforward calculation yields that 8N Hepy (0) = 0 for
N <2k +k—2and 82k - 27—[ »(0) # 05 i.e., we have the precise order of vanishing of the Hessian
determinant.

Case when pfay = ky +1—k. Again, by a straightforward calculation usmg the Leibniz formula one
gets that BN’H¢y (0) =0 for N <2k + k —2 and we have for N =2k + k —2

8%k+1€—27_[¢y (0) = (2k +kk—2)aza ¢y(0)ak+k¢y(0)

(Zk:f2_2)azak+k¢y(0)a ¢’ (0)— 2(2";_"1—2)313 270305+ 43 0).
Thus
~ -1 ~ ~ -
((2k];|—_k2—2)) g2k+k=24/ ., (0) = (k +l(c]z(ic 1+):— D g2k k¥ (0)0k T ¢ (0)

2(k +k)

+ 020k Tk Y (0)9k 9 (0) 0105” (0) 9105567 (0).

This is equal to zero when the expression

(k +k)(k +k —1)020% ¢y(0)ak+k¢y(0)
+ (k — k20K R g 000k 7 (0) — 2k (k + k)91 0597 (0) 0,054 (0)

equals zero. Plugging in the values of the derivatives from (3-29) one obtains that the above expression is
equal to

(k +k)(k +k—1)(1=k)(=k) + (k = Dk(1 —k —ky)(—=k —ky) —2k(k + k) (1 —k)(1 —k —ky),
up to the nonzero constant factor v1_2k_’€ybkbk i Factoring out (1 —k)(—k) we get
k+k)k+k—1)+(k+ky—Dk +ky)—2(k +k)(k +ky—1)

and this equals zero if and only if y € {1, (Ig + 1)/1;}.

The condition p/a; = ky + 1 —k tells us that if y = 1 then p = @y = ap = 1, and from the normal
form tables we see that this is precisely when the Hessian determinant vanishes to infinite order.

In the case y = (lg + 1)/12 we getthat p =1, a1 = lg/(k +l€) and ap = (lg +1)/(k +l€). Here the
order of vanishing of the Hessian determinant depends explicitly on the values b;, and so, in contrast to
the previous cases, one cannot relate in an easy way the order of vanishing of the Hessian determinant and
the form of ¢ in (3-28). As we shall not need the precise order of vanishing of the Hessian determinant
in this case, we do not pursue this question further.

Other normal forms. First we recall that normal form (i.y2) was dealt with in Section 3B, and there it
was already determined that the Hessian vanishes of infinite order (i.e., it is flat).
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In all the remaining normal forms we use either y- or w-coordinates, and so (as already noted in
Section 3A) the Hessian determinant in these coordinates has the normal form

Mo () = (uz —uiy 1)) ro(u),

where u can represent either y- or w-coordinates, and where either N is finite and r(0) # 0, or the
Hessian determinant is flat (in which case we consider N to be infinite). The function v is equal to either
~ . . s Caj
w or @. Our goal is to determine N = min{j > 0: (3 Heu)(0) # 0}.
We first note that we can rewrite all the remaining normal forms as either

O¥ (u) = (uz —udy (u))*or ) (3-32)
or
¢¥ (u) = ulry (u) + usra (), (3-33)

where r(0), ¥(0), r1(0), r2(0) # 0, and k¢ > 2 in the first case and k¢ > 3 in the second. In the second
case ko = oo is allowed with an obvious interpretation. Note that the second case (3-33) includes normal
forms (ii), (iii), (iv), (v), and also subcases of (i) where the w-coordinates are used. Also note that this is
slightly different compared to the three forms mentioned before the detailed table of normal forms in
Section 3A.

For both cases (3-32) and (3-33) one can use the Leibniz rule (3-30) and the information on the Taylor
series of ¢ gained from these normal forms to obtain the order of vanishing of the Hessian determinant
(in the dy,-direction) by a direct calculation. In the first case (3-32) one gets that the order of vanishing
is N = 2k — 3 and in the second case (3-33) one gets that N = ko — 2 (or that the Hessian determinant
is flat if kg = o0).

4. Fourier restriction when a mitigating factor is present
In this section we prove Theorem 1.1, i.e., the Fourier restriction estimate
3 <
1Al < CU Nyan

where p is the surface measure

. f) = / £ $(0) [Hp ()] dx
R2\{0}

11\ (1
p/l,pg =13 o0,0).

The gothic letters are used in order to distinguish the endpoint exponents from the dummy ones. We

and the exponents are

assume 0 <o < % when only adapted normal forms appear, and 0 < o < % if a nonadapted normal form
appears. Since the case 0 = 0 follows directly by Plancherel, we may assume o > 0.

Our assumptions in this case are that the Hessian determinant H4 does not vanish of infinite order
anywhere (i.e., condition (H2) is satisfied). According to Section 2B we may restrict our attention to the
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localized measure

<ummf>=/" £ B x = 0)00 () [Hp ()7 dix.
R2\{0}

where v = (vy, vp) satisfies vy ~ 1, and either v, = 0 or v, ~ 1, and where 7, is a smooth nonnegative
function with support in a small neighborhood of v.
After changing to y- or w-coordinates from Section 3 we get that (o, , can be rewritten as

Oaf>=1[fxn¢b4x»acwruﬁmuﬂ“dm

where now a is smooth, nonnegative, and supported in a small neighborhood of the origin, and where we
have for @0 the normal form cases (i)—(vi) from Proposition 1.4. Recall that since we assume (H2), in
case (i) of Proposition 1.4 the function ¢ vanishes identically.

The strategy will be to appropriately localize and rescale the problem, and then to use the associated
“R*R” operator. Let us begin by proving modifications of two essentially known results.

Lemma 4.1. Let ¢ : Q — R be a smooth function on an open set Q € R? contained in a ball of radius < 1,
and let Hy = 8% [0 8%(]5—(81 02¢)? denote the Hessian determinant of ¢. We consider the measure defined by

Ohf%=/fUmX%¢@DMmdL

where a € C2°(R2) satisfies ||0%a||poo(q) St 1 for all multiindices t. If we assume that on Q we have
|8%¢| ~ 1, [0%¢| <¢ 1 for all multiindices t, and that |[Hg| ~ € for a bounded, strictly positive (but
possibly small) constant &, then

@) < e Y2+ 1g)7h

The claim also holds if ¢ and a depend on e, assuming that the implicit constants appearing in the lemma
can be taken to be independent of .

Proof. By compactness and translating we may assume that a is supported on a small neighborhood of
the origin. We also assume for simplicity that |d1¢| ~ 1, which can be achieved by applying a linear
transformation to w. The Fourier transform of u is by definition

) = [ D acxar,
where the phase function is of the form

®(x,§) = x161 + 2252 + P (0)é3,

from which one easily sees that unless |£1| ~ |£3| 2 |2, we have very fast decay independent of &. Let

=§,m=§,x=&

us define
S1

and rewrite the phase as
D(x, &) = Als1x1 + s2%2 + P (%)),

where now |s1]| ~ 1 and |s2| < 1.
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Now either the x;-derivative of ® has no zeros on the domain of integration (e.g., when s and ;¢ (0)
are of the same sign), in which case we get a fast decay by integrating by parts, or there is a unique
zero x{ = x{(x2; 51, 52) of the equation d; ®(x, §) = 0 in x1, depending smoothly on (x3;s1, 52) by the
implicit function theorem, i.e., we have the relation

51+ (019)(x], x2) =0. 4-1)

In this case we apply the stationary phase method and get that
) = A1 [ oty 1. 52:0) v
where a is a smooth function in (x5, 51, s2) and a classical symbol of order 0 in A, and where
W(x2;81,52) :=81X] +s2x2 + Pp(x{, x2) = A_ICD(xf, x2,§).

Taking the x,-derivative of (4-1) we get that

01029 (x{, x2)
Dyx€ (121 51, 5) = — 2P X2).
x2X1 (x2:81,52) 8%(]5()6%,)(2)

and the x,-derivative of the new phase is by (4-1):
A0y, W(x2; 51, 52) = A(510x,X] + 52 + 0x, X7 019 (XT, X2) + 020 (x7, x2))
= A(s2 + 029 (x7, x2)).
From this and the expression for (x{)’ it follows that

C
7-2[¢ (xlc’ x2) ~ AS
079 (x{, x2)

Thus, we may apply the van der Corput lemma, which then delivers the claim of the lemma. O

Aaizqf(Xz; S1, S2) =

The following lemma for obtaining mixed-norm Fourier restriction estimates goes back essentially to
[Ginibre and Velo 1992] (see also [Keel and Tao 1998]).

Lemma 4.2. Assume that we are given a bounded open set @ C R? and functions ® € C®(Q;R?),

¢ € C®(Q2;R), a € L°®(2). Let us consider the measure

(o f) = [ F@0). p(x)) alx) dx

and the operator T . f + [ x 1. If ® is injective and its Jacobian is of size |Jo| ~ A1, then the

L}Q (R; L%xl x2) (R?)) — LY [R; L%xl x2) (R?)) operator norm of T is bounded (up to a universal constant)

by Al_1 lla||zoo. If one has furthermore the estimate

(&) < A2(1 + &) 7,

()=o)
)= \5799
P1 P3 2

then for any o € [0, %) and
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the Lfc); (R; L‘(Dx']’xz)([Riz)) — L§;3 (R; L{)éhxz)([ﬁiz)) operator norm of T is bounded (up to a constant

depending on o) by (A7!||a||L)' 720 A%°.

Proof. Let us first introduce the operator T, g := g * fL(-, &3) defined for functions g on R? and a fixed
£3 € R. Note that then if one writes a function f on R> as f(1,&2,€3) = f (€. £3) = f&,(§), then

THE &) = [ oot * A 03)(E) dis = / (T font) (€ . 4-2)

Now note that the L?(R?) — L2(R?) norm of the convolution operator Ty, is bounded by the L% norm
of the function (x1, x2) — (f(;ll,xz)ﬁ(' ,113))(x1, x2), where for functions on R3 we denote by f(;ll’xz)
the inverse Fourier transform in the first two variables. Afterwards we can estimate the L' — L norm
of the remaining convolution operator in 73 by the L°° norm in 13 of the kernel. Thus, for the first
claim it suffices to prove that the L°° norm of (.F(;ll’xz),&) (x1, X2, n3) in all three variables is bounded
by A7 ![la||zee. In order to obtain this estimate note that ]-"(;11, x)/ 18 equal by Fourier inversion to the
Fourier transform of w in the third coordinate only, i.e., the distribution given by

(Fxsths ) = (1, Fxs f)
_ / (Fas (@), () a(y) dy

_ // MDD £(@(y). 513) a(y) dys dy

= [[[eimoee™ D pixmaac o7 a ol dnsd
Thus (Fx;p)(x1, x2, n3) coincides a.e. with the function
(x, 13) > €7D g0 07 (x) | ()|,

which is now obviously bounded by Al_l |a|| Lo~ up to a constant.

For the second claim note that the L' (R?) — L°°(R?) norm of T, is bounded by A (1 + |£3])~", and
as just shown the L2(R?) — L?(R?) norm is bounded up to a constant by A7!|la||zec. Interpolating one
gets that the L?! (R?) — L7 (R?) norm is bounded by

(A7 llallLee) =27 437 (1 + |£3))7>°
for pj = (3 —0) and o € [0, 3]. For 0 < 1 the claim now follows by first applying this bound to the

expression (4-2) and subsequently using the (weak) Young inequality in the n3-variable. O

4A. Normal form (i). In this case the local form of the phase is

Proc(X) = X57(x),

where 7(0) # 0 and the Hessian determinant vanishes of order 2k + k¢ — 2 for some ko > 0, i.e., it has
the normal form

2k+ko—2
H¢loc (x) = x2 0 ro (x)

for some smooth function rg satisfying r¢(0) % 0.
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We begin by a dyadic decomposition v =) i1 Vj in x2 followed by scaling x2 — 27/ x,. Namely,
fora j > 1 we define

)= / £ broe (1)) a(x) 1127 x2) [Hn, (I dix.

where y1(x2) is supported where |x,| ~ 1 and is such that jez X1(x2) = 1. Thus, by a Littlewood-Paley
argument it suffices to prove

113200y S 11205 (4-3)

(xq xz))

with the implicit constant independent of j. We rescale this as follows. First we note that by substituting
X2 > 27/ x5 we have

||f||iz(d,,j) = / |F 12, froc (%)) a(x) x1(27 x2) |x2|7 KR 119 (x)|° dix

= 2_j—j(7(2k+k0_2) [ |]:f |2()C1 s 2_j X2, 2_jkzjkqsloc (xl s 2_jx2))
x a(x1,277 x2) y1(x2) |x2|o @EFKO=2) 1 (x1, 277 x,) |7 dix

= 27/ ~jo2k+ko=2) / |Ff1P(x1,277 %2, 2775 g (x,277))) a(x, 277 ) dx.
The last expression can be rewritten as

277 =0 @kHR0=2) (5, | Dl 55 500 (F£)IP),
where

:/f(x,gi;(x,2_j))a(x,2_j)dx.

The amplitude a(x,27/) is now supported so that |x;| < 1 and |x3| ~ 1, and it is C* having derivatives
uniformly bounded. The phase is

$(x,277) = 2 proc (1,277 x2) = x5 (1,27 x2).
Now the inequality (4-3) can be rewritten as

(9., | Dil(y 57 2500 (F f)|?) S 2/ T/0@k+ko=2) | 2,
2 L3 (LG, )

Interchanging the dilation and the Fourier transform we get

2220k (5 | F(Dily 5i p-iw [)I?) S 27 H70CkFko=2)| 2

LP3 (L(x1 xz))’
and this is equivalent to
2j+2jk 2k+ko—2
R U Tk A L EYRT ) AT
— 2J+joQk+ko— 2)221/P1+21k/m||f” -
LG (LY, 1)



STRICHARTZ ESTIMATES FOR MIXED HOMOGENEOUS SURFACES IN THREE DIMENSIONS 209

Plugging in the values of p; and p3 we finally obtain

1717 25, S 275N £ 17 (4-4)

P3
X3 (L(xl x2))

i.e., this is the rescaled form of the (4-3) inequality.
Now note that from the expression for ¢(x,27/) we have |d2¢| ~ 1 ~ |8 $| and one easily gets by
using the definition of the Hessian determinant that
Hy(x,277) =2/CF Dy (x1,277 x0)
= 2_-/k0x§k+k0_2r0 (x1,277 x2).

Thus |H F (x,277/)| ~ 277k, from which the estimate (4-4) follows by an application of Lemma 4.1 and
subsequently Lemma 4.2.

4B. Preliminary rescaling for cases (ii)-(vi). In normal form cases (ii)—(vi) the principal face of N (¢ioc)
is compact and so we use the scaling associated to it:

8K (x) = (t"x1,1%x2),
where in cases (ii)-(v) we have
and in case (vi) we have

(1
=\ k)

)= / . 1o () a(x) (85, x) [Hgr. (01 dx.

In particular, for j > 1 we define

where 7 is supported on an annulus and is such that ) jez n(8§ ;Xx) = 1. By using Littlewood—Paley
theory we get that it is sufficient to prove

1712200y < 1S W

(x1 xz))

Rescaling similarly as in the case of normal form (i), the above estimate is equivalent to

1712y S0 W 4-5)
X3 X1.X2)
where
— [ 76030500 g (5. DI” a8y . (46)
Here the amplitude a(x, §) is supported on a fixed annulus around the origin,
8 = (80,81, 82) := (27 VK 27U 97 ITK) (4-7)

in cases (ii)—(v), and
8 = (81 s 82) = (2_//(2/()’ 2—//k)
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in case (vi). The phase which one obtains in (4-6) is

d(x,8) 1= 27 Proc(81x1, 82x2).

The quantity §p will be appear only later when we use the explicit normal forms. From the above phase
form it follows that

Hy(x,8) =2/ K4y, (51x1,62x0)
in cases (i1)—(v), and
Hq;(x, 8) = 2j(2k_3)/k7'[¢1oc (81x1,82x2)

in case (vi).
4C. Normal forms (ii) and (iii). Using the normal forms for ¢, one gets in these cases

B (x.8) = x2r1(81x1.82x2) + xKra(81x1. 82x2),

Hg(x.8) = K210 (811, 82x2),

where r9(0), r1(0),72(0) # 0, and k > 3. Hence, for the part where |x3| = 1 in (4-6) the Hessian is
nondegenerate, and so we may localize to |x1| ~ 1 and |x,| < 1, and subsequently perform a dyadic
decomposition in the x;-coordinate; i.e., we define

1. f) = f £ 8) |12l ® D 41 (2l x2) ax. §) dx
=2_l_la(k_2)ff(xl,2_lx2,¢~5(x1,2_lx2,8))a(x,8,2_l)dx,

where now the amplitude is supported in a domain where |x1| ~ 1 ~ |x2| and has uniformly bounded
C™ norm for any N. Applying the Littlewood—Paley theorem again and rescaling, it is sufficient for us

to prove
; 2 < klo 2 _
||f||L2(dng) ~ 2 ”f”LE%(L‘(j;I,xZ))’ (4 8)
where the rescaled measure is
(0 1) = [ S0x.800.27 028D a(x.8.27)ax

The phase has now the form

x2r1(81x1,82x )+2_klxkr (61x 2718, ) 4-9)

171(01X1,02X2 212(01X1, 2X2

on the domain |x1| ~ 1 and |x3| ~ 1, and its Hessian determinant is of size 2%/, By Lemma 4.1 we have
D) S22+ g7

And so the estimate (4-8) follows by Lemma 4.2.
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4D. Normal form (iv). In this case we get

P(x.8) = x7q(81x1) + (x2 — 8ox TV (51x1)) 7 (8111, 82x2),
Hy(x, 8) = (x2 = 80x7¥ (51x1))* ?ro(81x1, 82x2),

where ¢(0), r(0), r0(0), ¥ (0) # 0, and k > 3. Therefore again, if |x2| = 1 the Hessian is nondegenerate
and therefore we may concentrate on |x1| ~ 1 and |x3| < 1 in (4-6). We perform a dyadic decomposition,
though this time depending on how close we are to the root of the Hessian determinant, i.e., we define

(v, f) = / SO, @(x,8)) [x2 = 8oxY (81x1)[7* 2 x1(2! (x2 — Sox?¥ (81x1))) a(x, §) dx.

Next, after changing coordinates from x; to x + SOxfW(Slxl) we may write

01 f) = [ S+ 8oxtuGran). g1 8) P62 n@x @ ar, @10)
where
$1(x.8) = x2q(51x1) + x5 r (8121, 82x2 + 8082x2 9 ($1x1. 82x2))
= x2q(81x1) + x5 (81x1, 822 + (81x1)*Y (81x1, 62x2))
= x{q(81x1) + X5 F (8151, 822).

The function 7 is a smooth and nonzero at the origin. Finally, we rescale in x, as xp 27 x, and may
write

{(vi. f)
=7 I-lok=2) / Fe 27 + oxTW (S1x1). ¢y (2. 8. 27 x1(x1) x1(x2) a(x, 8,27 ) dx,  (4-11)
where the amplitude is a smooth function and the phase is
¢;.1(x,8) = x1q(S1x1) + 275 K7 (81x1, 27 82x2).

In order to obtain the estimate (4-5) we shall need essentially a variant of Lemma 4.2. Namely, we
shall consider the analytic family of operators T¢ defined by convolution against the Fourier transform of
the measure

e = Z plolk=2)y-15(k=2),, (4-12)
201

where ¢ has real part between 0 and 4, and in particular, for a fixed &3 € R3, we shall consider the operator
T§3 : f > fxfle(-,&3). Note that we are interested in jio since this is precisely the sum of measures v;.
When the real part of ¢ is O (i.e., { = it, t € R) one considers the L?(R?) — L?(R?) estimate for
which we use (4-10). In (4-10) we see that the amplitude is of size 2710k=2) which is precisely what we
need in (4-12). Since the supports are disjoint when varying /, we get by an argument similar to that in
Lemma 4.2 that the operator L?(R?) — L?(R?) norm of Tf: is < 1 (uniform in £3 and ¢).
When the real part of ¢ is % we need to prove

|1 /24ic ) S 1+ &) 7! (4-13)
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with implicit constant independent of ¢ and &3, since this would give us that the operator norm of T1E/32 yit
for mapping L1 (R?) — L*°(R?) is bounded by (1 + |&3])~L

Thus, under the assumption that we have the estimate (4-13) we may apply complex interpolation for
each fixed &3 to the analytic family of operators 753 and obtain that the operator norm of T§3 between
spaces LP1(R?) — LP1(R%)is < (1+ |€3])729, and so in the same way as in the proof of Lemma 4.2 the
(weak) Young inequality in the x3-direction implies (4-5).

In proving (4-13) it suffices to show that

Z 271/2=0)k=2) 15, ()| < (1 + |&5]) "
20>>1

for all £ € R3. By (4-11) the Fourier transform of a summand is
- —0)(k—2) ~ - —i —1 -
27 102m D) (g) = 27M/2 / eTIPOES2T 1 (x1) x1(x2) a(x. 8,27 dx,
where the phase function is

D(x,£,8,271) 1= E1x1 + E280x2 Y ($1x1) + E3xFq(81x1) + 27 k20 + 27 3k 7 (81x1, 27 62x2).

We see that when either |£1] > max{|&;], |£3]} or |€3] > max{|&1], |€2|} we can use integration by
parts in the xj-variable and get a very fast decay. This is also the case when |&1| ~ |&;| are much
greater than |€3], or when |&;| ~ |€3| are much greater than |£1|. If we have |&3| = |€3], then we may use
integration by parts in x, and get

|2_l(1/2_0)(k_2){>l (S)| < 2—kl/2(1 + 2—l |§2|)—1 < 2—kl/2(1 + 2—l|§-3|)—1’
from which (4-13) follows since k > 3. We are thus left with the case when |&1] ~ |&3] > |&2].

Case 1: 27%/|&;] < 1. Here we use the van der Corput lemma in x; only and get

27112205, ()] < 274215 712,

Summation in / then gives precisely (4-13).

Case 2: 27!|&,| = 27%!|&5] and 275! |€3] > 1. We may use in this case integration by parts in x» and
then the van der Corput lemma in x; and get

27122, (6) < 27M2 185|712 @7M s ) 7T £ 2612185172,

We may now sum in /.

Case 3: 27/ |&,| ~ 27%1|&3] > 1. Here we have by iterative stationary phase (first in x» and then in x1)
that

27122, (8] < 274215 T2 @M s ) T2 = 18l 7

Here we note that 2/¢—1) ~ |£3]]&,| 71, and so we sum only over finitely many (i.e., O(1)) [ for each
fixed &. Thus, here we also have the estimate (4-13).
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4E. Normal form (v). Recall that here
—_ 2 2 k
Proc(x) = x771(x) + (x2 — x7¥ (x1))"r2(x),
2 k—2
Heproo (x) = (x2 = X719 (x1))" “ro(x),

where we know that k > 3, r¢(0), r1(0), r2(0), ¥ (0) # 0. Furthermore, recall that this corresponded to the
w-coordinates when deriving the normal forms, and we have shown that we additionally have in this case

052r1(0) #0 forall i, €{0,1,....k —1}.
In fact, one has the relationship
012852_1;’1(0) =0r1(0) forallp €{l,....k—1},
where c is some fixed nonzero constant (see Section 3E). This implies for example the relation
r1(0) 93r1(0) —2(32r1)*(0) = 0. (4-14)
From the above normal form we have

P (x,8) = x2r1(81x1. 82x2) + (x2 — 8ox2Y (81x1))*ra(81x1. 82x2).
Hg(x, 8) = (x2 = 80x7¥ (51x1))  ?ro(81x1, 82x2).

We may as usual localize to |x1| ~ 1 and |x3| < 1. We shall abuse the notation a bit and denote this
localized measure again by v;. After changing coordinates from x5 to x» + 80xf1ﬁ(8 1X1) We may write

(0. f) = / F 1, x2 4 8029 (81x1), ¢1(x, 8)) [x21°% 72 4y (x, 8) x1(x1) jo(x2) dx,

with the phase being

¢1(x.8) = X371 (81x1, 82x2) + XK (81x1. 82x2),

where 71, 7, are smooth functions, nonzero at the origin, and satisfy the same properties and relations
as r1 and r, mentioned at the beginning of this subsection. As in the case (iv), we also decompose the
measure V; as U; = ) ; v, where

(vi. f) = / F@1x +8oxiy (B1x1), $1(x. 8) %2772 a1 (x,8) 11(x1) 112" x2) dx.
Next, we shall be interested in the rescaled phase

¢1(x, 8,27 = ¢p1(x1,27 %2, 8) = p(x1, 27 w2 + 80X (1x1), 6).

Now we need a relation between the Hessian determinant of ¢; and the Hessian determinant of ¢. For
this let us define for simplicity

@(x1,81) := §TxTY (§1x1).
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The reason why we have not included the factor 65 1 will be clear later (recall from (4-7) that o = § %52_ b,
A direct calculation shows then
Hey =272 My + 8,121 0700201951, (4-15)

and due to our localization we have |H q~5| ~ 2 1k=2),

We use the same complex interpolation idea as in (iv) according to which it suffices to prove
> 27 2mOE=D () < (1 + |83
201

where after rescaling x, +— 2! X2 we have
2-11/2-0) (=), (5 = oI/ / FPEES2 (¢ 5271 .

where the phase function for the Fourier transform of v; is

Do(x,£,8,27h
= E1x1 + E280x2U (B1x1) + E3x 271 (8131, 27 80x0) + £227 xp 4+ £327K XK (81x1, 270 82x2)
= E1x1 4+ £285 0(x1,81) + 8227w + B3y (x,8,277).

The amplitude localizes the integration to |x1| ~ 1 ~ |x2].

Using the same argumentation as in the case (iv) we can reduce ourselves to the case when |&1| ~ |£3],
|E2] < |&3], and |£3]27%F > 1 are satisfied.

Now let us make some further reductions using the fact that d,71(0), 8%;’1 (0) # 0. The x,-derivative
of the phase ®¢ contains three terms of respective sizes ~ |27/ 823, ~ |27/&,], and ~ |27 &3], If we
may integrate by parts in x, (i.e., if one of the above terms is much larger than the other two), we can get
an admissible estimate and sum in /. If |27%/£;] is comparable to the larger of the other two terms, then
one easily sees that the second derivative in x; is necessarily of size |2_kl &3], and so in this case we get
by iterative stationary phase the estimate

27 11/2=0)(k=2)| 5, (£)] < (1 + |E5]) L.

Note that we do not need to sum in / since there are only finitely many / satisfying one of the relations
274 &3] ~ 12716583 or [27K £3] ~ 275,

We are thus now reduced to the case when
2708 ~ 2716283 ] > 127F g5, JE1| ~ [Ea] and  [&3)27F > 1.

At this point we introduce some further notation,

& &
2, 5=

Ai=E, s1:= 6
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and so we have |s1| ~ 1 ~ |s2], A27% > 1, and & >> 2%/, The phase @ can now be rewritten as AP,
where & is

D(x, 51,52, 81,8 275) = 511 + $287x3Y ($1x1) + $26x2 + Py (x,8,277),

since we note from the form of ¢; that ¢; can also be taken to depend on (x1, x2, 81, €, 2_kl).

Let us now apply the stationary phase method in x1. We may rewrite the phase as
D(x, 51,52, 81,8, 27%) = 5131 + 520 + s2632 + ¢

where we recall that ¢(x1,8) = S%X%W(S 1X1). We may assume that there is a stationary point for the
x1-derivative since [05¢;| ~ 1 and |s1| ~ 1, and as otherwise we may use integration by parts.
We denote by x{ = x{(x2, 51, 52,01, ¢, 2_“) the function such that

(01P)(x{, x2.51.52.01. 6, 27Ky = 51 + 52010 4+ d1¢y = 0. (4-16)
Taking the x-derivative we get
52(x) 93 + (x§) 82y + D192y = 0. 4-17)

After applying the stationary phase method in x; we gain a decay factor of 2712 e, we have
2—1(1/2—0)(](—2)‘31(%-) — A—l/Zz—kl/Z / e—il&;(xz,sl,52,31,8,2_k1)a(x2’ 5152, 8, 2—1; A) d.X2,

where the new phase is
D(x2,51,52.61, 8,27y = 51 x{ + 520(x§, 1) + s28x2 + ¢y (x§, x2,8,270),

and the amplitude «a is a classical symbol in A of order 0.
Taking the x-derivative of the expression for the new phase ® and using (4-16) we get

' = 526 + D2y (4-18)
Therefore, the second derivative of the new phase is
" = (2001) = 051 + () 01021 (4-19)
Now using in order (4-17), the definition of Hy, (4-15), (4-18), and (4-19), we obtain
(B¢ D" = 97y D361 + 019261 (—019201 — 52(x§) 87)
= He, —52(x§) 870 01029
=272 5 + 8512 030020y 93y — 52(x5) 93 010265
=275 + 67 070 B31(P — es2) —52(x]) 019 D102
=275 — 52070 B3¢ — 52(x{) 070 910261 + ¢~ 9T D3¢ B’
= 2_21Hq; —sza%(p " + 8_18%90 8%(]51 P’
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Thus, we get
(52079 + 979 D" = 2_21Hq~> +e 1030 03 @ (4-20)

Note that we have |¢7 193¢ 85¢;| < 67 < 1 and |s202¢ + 03¢ | ~ 1, and recall that |2_217—l¢;| ~ 27k We
claim that either |®’| < 2% on the whole domain of integration (i.e., for |x»| ~ 1), or that |®’| > 2~
on the whole domain of integration. This can be shown by using the formula for the solution of a linear
first-order ODE (considering @’ as the unknown), or by arguing by contradiction.

Let us argue by contradiction in the following way. Let us assume that there exists a point |xg | ~1
such that |’ (x| < 27! Furthermore, let us assume that there exists a point |x3| ~ 1 where one has
|&>/ |=C 27k for some sufficiently large C1, and let us assume that le is the closest point to xg satisfying
this condition in the sense that |§>’ | < C127¥! between xg and x%. Then the mean value theorem implies
that there is a point between xg and x% where we have |&>’ | > C,27* where C, can be taken to tend
to oo as C7 tends to co. On the other hand, (4-20) implies that on the interval between x(z) and x21 we have
|®”| < C327k!, where we can take C3 to be a fixed constant if §; is taken to be sufficiently small when
C1 and C; are large (we can always take say C; of size 81_1). This is a contradiction, i.e., the point x%
where one has |&>’ |>C 127* for a too-large C; cannot exist within the integration domain.

Now in the case that |§>/ | = 27k we may apply integration by parts and get an estimate summable in /.
Let us therefore assume |®’| < 27!, in which case we have |®”| ~ 27%! by (4-20). Then the van der
Corput lemma implies that

271/2=0)k=2) 15, (£)| < (1 + |&]) L.

The problem is now that a priori we may not sum this estimate in /. Luckily, it turns out that one can
pin down the size of 27!, which in turn will pin down the number / to a finite set of size O(1). In order to
prove this we use the expression (4-18) and the normal form of ¢;,

d1(x,8,270) = X271 (81x1, £x2) + 27K xK 7y (81x1, ex2).

from which one has
(0201 (x,8,27") = ex?(0271)(81x1, ex2) + 27 x5~ 73 (811, ex2), (4-21)

where 73(0) # 0 is a smooth function.
The idea is as follows. First, by compactness we may assume that we integrate in x, over a sufficiently
small neighborhood of a point xg satisfying |x‘2) | ~ 1. In particular, we may write
@' (x2,51, 2,81, 827y = &' (x3, 51, 82,81, £, 27%) + 0(|®"))
= @' (x9,51,52,81,6 27K + 027K
Thus, it suffices to prove that

|/ (x9, 51, 52.681. €, 278D = |26 + da¢pr (x§, X3, 51,52, 81, €, 27K « 27k

can happen only for finitely many /. If the above inequality does not hold, then we may simply integrate
by parts and are able to simply sum in / afterwards.
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If we now develop both terms in d>¢; in the & and 27k! variables (recall that x{ depends on both ¢
and 27K!), then one gets that the expression for @' is of the form

k—1
s26 + Z e fi(x9.51.52.81) + 2 M go(x9.51.52.81) + 027,

i=1
where we used the fact that e = (6,27%)F « 27! Note that we have |gg| ~ 1 by (4-21) (and also
| f1| ~ 1, but this is not important). We have to find out how many /’s satisfy

k-1
19 s1.52.80) + ) & fi(x9 . 51.52.81) + 6127 M go(x9. 51.52.81) + o(eT 27K | e T27R
i=2

where f](xg,sl,sz, 81) =82+ f1 (xg,sl,sz, 81). But now one easily shows that this inequality is
possible only if at least two of the terms are comparable in size (precisely because |go| ~ 1). This implies
in particular that we can determine / in terms of (xg, S1,82,01), which finishes the proof.

We mention that, interestingly, one can prove f> (xg, s1,52,0) =0, a consequence of the relation (4-14).

4F. Normal form (vi). Here we obtain
$(x,8) = (x2 —x7Y ($1x1)*r(81x1. 62x2),
Hg(x.8) = (2 = x7Y (81x1))F ro(81x1.62x2),

where r(0), ro(0), ¥ (0) # 0. Thus, we may localize to the part where |x, — xfw(81x1)| <L ljie.,itis
sufficient to consider the measure

fH/f(x,é(x,&)I(X2—X%W(51x1))2k_3ro(51xl,52Xz)|" x0(®(x,8)) a(x,8) dx

since |¢(x, 8)| ~ |x2 —x2y(81x1)|¥. Note that here we have |x1| ~ 1 ~ |x2].

Now, the next idea is to use, as in [Ikromov and Miiller 2016], a Littlewood—Paley decomposition in
the x3-direction (for the mixed-norm Littlewood—Paley theory see [Lizorkin 1970]) and reduce ourselves
to proving the Fourier restriction estimate for the measure piece

(v, f) = / S, d(x,8)) [(xa — x39 (81x1) X 3ro(81x1, 82x2)|° 112K ($(x, 8))) a(x, §) dx.

Using the coordinate transformation x, — x, + X%W(S 1X1) we may write

(1. f) = / P61, 32+ 329 (11), XEF (8161, 8202))

X |x§k_370(51xl, 82x2)|° X1(2k1x57(51X1,52X2)) a(x,d8)dx,

where || ~ 1 is a smooth function. Finally, we use the coordinate transformation x5 — 2~/ x, and rescale
f in the third coordinate. Then we are reduced to proving the Fourier restriction estimate
12 1(1-30) 2
171225, ) < €23 1] (4-22)

P3 P1
Lx3 (L(xl .x2))
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for the measure
(V0. f) :/f(xl,z_lxz+X%W(51x1),x§?(81x1,2_182xz))a(x,5,2_l)dx, (4-23)

where a is supported so that [x{| ~ 1 and |x2| ~ 1. Now we note that the estimate for ¢ = 0 follows by
Plancherel, while the estimate for o = % is going to be shown in Section 5 since the form of the measure v; ;
coincides with the form in (5-11) below. Interpolating, we obtain the estimate for all 0 <o < %

Note that when
1 1 1

Py Py 4

one can simplify the proof by a modification of Lemma 4.2, i.e., by using the Fourier decay of v; ;, which

is easily seen to be
b @®1 <22+ g7

and by using the Plancherel theorem, but this time in the (x1, x3)-plane (which is why it works only for
1/p} = 1/ p}) since the mapping (x1,x2) — (xl,x§?(81x1,2_182x2)) has Jacobian of size ~ 1. In fact,
in Section 5 we shall combine this idea of using Lemma 4.2 with the methods used in [Ikromov and
Miiller 2016] (and [Palle 2021]).

4F1. A Knapp-type example. Let us now show by using a Knapp-type example that one cannot get the
estimate

A <C
I 2@y = CU g ey

for o > % where v is the surface measure

(v, f) = [ S, Proc(x)) a(x) [He (x)|7 dx
R2\{0}

and ¢y is given by the normal form (vi). Let us consider the function f = ¢, defined by

A _ X1 X2 X3
@e(x) = Y0 =5 )20\ 25 )20\

for some small ¢ and §. Its mixed L? norm is

38/p)+1/p5
~ & .
”(pe”L)”cg’ (L(”Xll )

Now, in the integral
[ 16200 = [ 1625 g (Da0) e (P
we integrate over the set
DYi={xeR: x| Se’, nle? e ~ 2 —xiy )l S e
by the definition of ¢.. If § is sufficiently small, Dg contains the set

Dei={x eR?:[x1| S, |proc(¥) ~ |x2 —xFyr(x1)] S e'/*},
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and so if the Fourier restriction estimate holds, one has

‘968/1)/] 2175 ||‘/’s||2p3 r1 2 |¢£|2 dv 2 |x2 —X%W(x1)|a(2k_3) dx
Lx; (L ) D,

(x1.x2)

N 85/ Iy |7 @k=3) gy, S HE k=D D/
ly|sel/®

Letting ¢ and then § tend to O we obtain the condition

1 oRk-3)+1 1—-30
— <= —0+
Py 2k 2k
Since we are interested in . | |
—F == - o, — = o,
pp 2 P3

. [ . . 1
the above inequality implies precisely 0 < 3.

5. Fourier restriction without a mitigating factor

Here we prove Theorem 1.2, i.e., the estimate

I/ 2@ < C||f||L§§(L"1 )

(x1.,x2)

for u the surface measure of the form

(. f) = f £ () [x[2? dx.
R2\{0}

where

o o
sl
P1 D3 2
Recall that this ¥ is chosen (depending on (p1, p3) € (1,2]?) precisely so that the above restriction

estimate is equivalent to the local estimate
1702 < €I Nz ers

where (¢ is the surface measure
o £ = [ £ g o) 2 (5-1)
R2\{0}

for n € C°(R? \ {0}) identically equal to 1 in an annulus.

Note that |x|§l9 is not smooth near the axes. Luckily, we shall be able to circumvent this problem by
using the Littlewood—Paley theorem to localize away from the axes, as was done in the case with the
mitigating factor.

Now we recall the necessary conditions from [Palle 2021, Proposition 2.1] obtained through the
Knapp-type examples. Let us fix a point v such that n(v) # 0 and let 1, be a smooth cutoff function
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identically equal to 1 on a small neighborhood of v. It suffices to consider the measure

o £) = [, SOl =) 1) 2 . (5:2)
R2\{0}
where we recall from the Introduction that

Pv(x) = P(x +v) —Pp(v) —x-Vo(v).

We recall also that /i, (¢, v) is the linear height of ¢, at its origin, and that s (¢, v) is its Newton height.

Proposition 2.1 of [Palle 2021] tells us what the necessary conditions on the exponents p; and p3
are if the Lfc);’ (fo'l ,xz)) — L2(djwo,y) Fourier restriction estimate were to hold true. The input data one
needs is the Newton polyhedron of the phase function ¢, at the origin in both its linearly adapted and
adapted coordinates. When the linearly adapted and adapted coordinates do not coincide, one constructs
from the two Newton polyhedra the so-called augmented Newton polyhedron. When the linearly adapted
and adapted coordinates do coincide, then one obtains a single condition, namely,
L + hlin(ﬁb’ 'l)) <

1
<-. (5-3)
P 3 2

Otherwise, in the proposition it is shown that to each edge of the augmented Newton polyhedron, say

contained in the line {(¢1,1) € R2 : k11 + Koty = 1}, one can associate the necessary condition
(+miy 1 _Ki+ka
4 ps- 27
where m is the negative reciprocal of the slope of the principal face of the Newton polyhedron of ¢, in

its linearly adapted coordinates. As shown in [Palle 2021, Proposition 2.1], this set of conditions always
contains the condition (5-3) and the condition

< (5-4)

Thus, if ¢ satisfies (LA) at v, then Ay (¢, v) = h(¢, v), and the only necessary condition is given by
(5-3). If ¢ does not satisfy (LA) at v, then from Proposition 1.4 we deduce that out of all the normal
forms this is only possible for the normal form

Puy (1) i= (2 =YY 1)) r(»),

where r(0) # 0, ¥(0) # 0, and 2 < k < o0, since all the normal forms are linearly adapted and this is the
only nonadapted normal form (see [Ikromov and Miiller 2011], or the Introduction of [Ikromov and Miiller
2016] to find precise conditions for whether a function is in linearly adapted or adapted coordinates).
Using this normal form one can now determine its augmented Newton polyhedron, which turns out to have
only two edges. Its two associated conditions turn out to be precisely the conditions (5-3) and (5-4), i.e.,

1 +hlin(¢vv)§ h(¢;v)<

1
— and < —.
P3 2

(5-5)

| =

/

P1 Pg
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One also easily shows h(¢, v) = k and hyin(¢p, v) = 2k /3. Note that in the case hjin (¢, v) = h(¢, v) the
second condition in (5-5) would be redundant. Thus, if we now vary v over the points where 1(v) # 0,
then we obtain the conditions

1 +hlin(¢)<l

; — =< and h(?) < l,
P1 P3 2 P3 2
where we remind that /j;,(¢) and /(¢) are respectively global linear height and global Newton height
defined as in (1-6).
At all points v where (LA) is satisfied and where |x|§0 is smooth (i.e., v is not on an axis) we get the
local Fourier restriction estimate in the range (5-3) directly from [Palle 2021, Proposition 4.2]. We shall
briefly touch upon what happens in the case when v is situated on the axis in Section 5A. In this case one

has to only slightly adjust the proofs in Section 4.
In the case when (LA) is not satisfied at v let us call the pair (p1,p3) = (p1(v), p3(v)) given by

(i i)_(l_hlin(d’vv) 1 )
pips)  \2 0 2h(¢.v) 2h(g.v)

the critical exponent of ¢ at v. It is obtained as the intersection of the lines

1 Min (¢, 1 1 1
1, @) 1

an _—=
ri 2 2 Py 2h(¢,v)

in the (1/p}, 1/ p%) plane. Thus, for the local estimate in this case it suffices to prove the inequality

||f||L2(dM0,v) = C”f”Lﬁg’(foll,xz))’
where

(mow, f) =/f(x1,x2,¢v(x1,x2)) Mv(x1, x2) dx1 dx2

() = C o) G0)- G )|
o3 200 ) \27 ) \pi) wm )

since then we get the full range from the necessary conditions by interpolation. We shall only give a
sketch of the proof in this case too in Subsections 5B and 5C, since it is almost identical to a type of
singularity considered in [Palle 2021, Section 5.5].

and

5A. Fourier restriction for the adapted case. As mentioned, in the adapted case one needs to prove the
Fourier restriction estimate for (p1, p3) € (1,2)? satisfying

1 hin(p,v) 1
p—, + p—, = E,

1 3
and the part of the measure where the amplitude in (5-1) is smooth the restriction estimate is already
proven in [Palle 2021].

Now the amplitude in (5-1) (in particular the function x |x|§’9) is in general not smooth along the

axes x; = 0 and xp = 0. Namely, on the x; = 0 axis one can take only the derivatives (of the amplitude)
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in the x»-direction, and analogously on the x, = 0 axis one can take only derivatives in the x1-direction.
Note that the only possible nonadapted normal form appears only away from the axes.

Let us consider without loss of generality what happens for the point v = (v1, 0) on the axis x5 =0
and its associated measure jig,, defined in (5-2). We shall only briefly sketch what one needs to do in
order to prove the Fourier restriction estimate when the amplitude is not smooth in the x,-direction at v.
Since we are dealing only with adapted normal forms, it suffices to obtain an appropriate estimate on
the Fourier transform, after which one can apply Lemma 4.2 or its modification such as [Palle 2021,
Lemma 3.8]. For the reader’s convenience we state explicitly the result we need (the proof is essentially
the same as for Lemma 4.2 —in fact it is even simpler since one can use the usual Young’s inequality
instead of the weak one).

Lemma 5.1. Assume that we are given a bounded open set Q@ C R? and functions ® € C®(Q; R?),
¢ € C®(Q;R), a € L°®(R). Let us consider the measure

(. f) = / F@0). () alx) d

and the operator T . f + f x [i. If ® is injective, its Jacobian is of size |Jo| ~ A1, and if one has
furthermore the estimate

l(E)] < A2(1 4 |&3))~ V"

for some h € (0, 1), then for any 6 € [0, 1] and

( 1 1 ) . (1 -6 0 )
A 2 "2h
2 P} . - -
the L3 (R; L‘(Dxl1 ) (R?)— L3 (R; L(xl1 x) (R?)) operator norm of T is bounded by (A7 ||a| )" gAg.
Often we shall also need to use the Littlewood-Paley theorem in order to localize away from the axis.

According to the normal forms listed at the end of Section 3A, and under the condition (H1), we have
the following cases.

Case 1: If (under the notation of Section 3) we have kK = oo, then by the considerations from Section 3B
the phase at v is

Po(x —v) = (x1 —v1)Kg(x1 —v1) + @(x1. x2).
where 2 < k < o0, q(0) # 0, and ¢ is a flat function at v. This corresponds to normal form (i.y2) and
we have hyin (¢, v) = k. Since |x|§f1 is still smooth in the x;-direction, one can use the van der Corput

lemma in the x-direction and get that the decay of the Fourier transform of p¢,y is (1 + | |)_1/ E. This
now implies the desired estimate by Lemma 5.1.

If 2 < k < o0, then we have three further cases.

Case 2: Let us consider the phase
o (x) = X57(x),
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where r(v) # 0 and k > 2. In this case the linear height is A, (¢p, v) = k. Here the idea is to apply the
Littlewood—Paley theorem in order to localize away from the axis x, = 0, and rescale afterwards. Since
essentially the same thing was done in Section 4 for this type of singularity (see the proof for normal
form (i) in Section 4A), let us just briefly mention the main differences compared to there. Obviously,
one scales differently the measure pieces away from the axis obtained by applying the Littlewood—Paley
theorem since here we consider different exponents (p1, p3). The main difference is that we do not use
the Hessian determinant to obtain a decay on the Fourier transformation of the rescaled measure piece
(since the Hessian determinant may vanish of infinite order as only (H1) is assumed and not the stronger
condition (H2)), but rather determine it directly from the form of the phase above. This we may now do
since the new amplitude for the rescaled measure pieces is now smooth.

Case 3: Let us now consider the case when the phase is nondegenerate, i.e., the Hessian determinant does
not vanish at v (and in particular A, (¢, v) = 1). Here we use the Littlewood—Paley theorem as in Case 2,
but after rescaling we use the size of the Hessian determinant of the new phase to get a decay on the
Fourier transform of the measure (as was done in Section 4 for normal forms (i), (ii), and (iii)).

Case 4: The final case is when (after an affine change to y- or w-coordinates from Section 3) we have

bo.a () = udr1 () + u50rs (u),

where 3 <kg <00, r1(0) # 0, and in the case when ko < oo we have r5(0) #Z 0 and hy, (¢, v) =2ko/(2+ko).
If ko = oo then Ay (¢, v) = 2, and the above equality holds in the sense that we can take any ko > 0
and r; flat at the origin. Inspecting the y- and w-coordinates from Section 3 we see that the x, = 0 axis
corresponds to the u, = 0 axis.

If ko = oo, we can argue in the same way as in the case k = oo above (here it is critical that d,,, = cdyx,,
¢ # 0, in order to be able to apply the van der Corput lemma in the smooth direction).

Otherwise, if kg is finite, we proceed again with a Littlewood—Paley decomposition in the u,-direction
(as was done in Section 4C for normal forms (ii) and (iii)) in order to get a smooth amplitude. At this
point one gets that the estimate on the decay of the Fourier transform is 2kol/ 2(141€)! by using the
size of the Hessian determinant. Since the new rescaled phase is (compare with (4-9))

u%rl (u1, 2_lu2) + 2_k°lu§°r2(u1 , Z_qu),

by applying the van der Corput lemma in u, we also have the decay estimate (1 4 |£])~!/2 Interpolating
these two estimates gives the decay 2/ (1 + |&[)~(+*0)/(2k0) \hich turns out to be precisely what one
needs when applying Lemma 5.1.

5B. Fourier restriction for the nonadapted case: preliminaries. Let us fix a phase function ¢ of the
form

Broc(¥) = (02 = X7Y (x1))*r (),
where ¥ (0), 7(0) #20and k € N, k > 2. The adapted coordinates are obtained by the smooth transformation
Y1 =X1, y2 = X2 — X3P (x1):
$he(v) == y5r(y),
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where r4(0) £ 0. Thus, the Newton height of ¢y, is k and the Newton distance is d := 2k /3 (which
coincides with the linear height /y5;,). The Varchenko exponent is 0 since in adapted coordinates the
principal face is noncompact. Then from, e.g., [Palle 2021, Section 3.3] we know that we automatically
have the Fourier restriction estimate

I Flizan S W Dzzarn e f€S@). (5-6)

1 1 1 1 1 1
7= O,— and 7= —,0 s
P1 P3 2k P1 P3 2

and where the measure v is defined through

for the exponents

(v, f) = / f(x1, X2, Proc(x1, x2)) axy, x2) dxy dxz, (5-7)

where a € C2°(R?) is a nonnegative function supported in a small neighborhood of the origin. It remains
to obtain the Fourier restriction estimate for the critical exponent, which in this case is

(i L) _ (l L) (5-8)
Py s 6 2k )

The case k = 2 has been solved in [Palle 2021]. In the case k = 3 the critical exponent lies on the diagonal
and so this case has already been solved in [Ikromov and Miiller 2016].

In the case k > 4 we have 1/p} > 1/p’ and so one would need to slightly modify the methods used in
[Palle 2021] (i.e., the methods for the case hji,(¢p) < 2) since there one interpolated between two points

1 1 s 1 1 11
.7 = O,— and —F 7 1=\5 3
P1 P3 2 P1 P3 2°2

for some 0 <s <1/ k. Inthe case 1/p’ > 1/p’ in general one would need to interpolate between three points

1 1 1 1 11 1 1 1
VAR :(070)7 VAR = ~ A~ and VAR == _aO .
P1 P3 P1 P3 22 Py P3 2

of the form

In particular, if one has an operator 7 : L£33 (Lf’x'l xz)) — L,IZ; (L‘(Dx'l xz)) satisfying the estimates
I7) sy for (o) = 00)
’ 4 ~ 1 or{ —, — = ) )
L{C)g (L(pxll ,xz))_)Lf:; (L(pxll .xz)) p/l pg
IT) sty tor(or) = (53) 59
! 4 ~ A2 ory——\)1=1s3) -
Li;(L(pxll,xz))_)Lig(L(pxll,xz)) p/l p/3 2 2 ( )
I7) as tor () = (5.0)
i / ~ 3 or Ty T, = o )
Li’g(Llel ,Xz))_)L)ng(foll .)Cz)) p/l p,3 2
then by interpolation one has the estimate
- 1 1 1 1
- P N COVCO N (_’ _) _ (_’ _).
Mo, ertial )= 4200 Py py)  \6' 2%
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In our special case we shall not use the above general approach since we recall that when we considered
the case when the mitigating factor was present (to be more precise, the case of normal form (vi) considered
in Section 4F), after performing some decompositions and rescalings one got measure pieces for which
one needed to prove the Fourier restriction estimate for the exponent

( 1 1 ) (1 1)
)=\ ) (5-10)
P1 D3 6 3

In the current case without the mitigating factor it turns out that we shall get the same measure pieces,
but for which we need to prove the Fourier restriction estimate for the exponent (5-8). Thus, if we have
the Fourier restriction estimate for the exponent (5-10), then the Fourier restriction for (5-8) is obtained

1 1 1
YRR = _90 )
P1 P3 6

which one can obtain by applying the 2-dimensional Fourier restriction result for curves with nonvanishing

by interpolating with the result for

curvature.

These stronger estimates for the rescaled measure pieces do not contradict the necessary conditions
obtained by Knapp-type examples in [Palle 2021] since the information on the exponents and the Newton
height of ¢ is consumed in the rescaling procedure (which is different in this section and in Section 4F).

Let us begin with some preliminary reductions. By the results from [Palle 2021, Section 4.2], instead of
considering the whole measure (5-7), we may reduce ourselves to considering the part near the principal
root jet in the half-plane {(x1, x3) € R?: x; > 0}:

(wPr f) = S (x, droc(x)) a(x) p1(x) dx,

x1>0
where
x2 — Y (0)x] )
X

p1(x) = XO(

for an € which we can take to be as small as we want.
The next step is to use a Littlewood-Paley argument in the (x7, x2)-plane and the scaling by « dilations

8 (x) = (t“ x1,1°x2),

where k := (1/(2k), 1/ k) is the weight associated to the principal face of ¢jo.. Then one is reduced to
proving (5-6) for the measures

- ) = [ Flr 980 ate. 9y,
uniformly in j, where the function ¢ (x, §) has the form

P (x.8) := (x2 — X3P (§1x1))*r (81x1. 82x2).
where
§=(81,82) := (7K1 27k2J),
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Note that we can take |§| < 1. The amplitude a(x,§) > 0 is a smooth function of (x, §) supported where
x1~ 1~ |xa].

We may additionally assume |x; — xfw(0)| <« 1 due to p1, and by compactness we may in fact reduce
ourselves to assuming |(x1, x2) — (v‘l), vg)| <« 1 for some (v?, vg) € R? with “(1) ~ 1.

The following step is to again apply the Littlewood—Paley theorem, but this time in the x3-direction
(again, for the mixed-norm Littlewood—Paley theory see [Lizorkin 1970]), and reduce the Fourier restriction
problem for v; to the Fourier restriction for the measures

(vs.1. f) = / £ (x.8) 112 (x.8)) a(x. 8) dx:

i.e., we need to prove
3
17 V2 S WS Mgz e f € S@),

uniformly in / and &, where / > 1 and |§]| < 1.
Finally, we perform a change of coordinates and a rescaling. Namely, after substituting (x, x2)
(x1.27 %, + xZY(81x1)) we get

(vss. ) =271 / Fe1 2 g 4+ 329 i), 279 (x. 8. 1)) alx. 8.1) dx.

where
a(x,8.1) = x1(¢*(x.8, 1)) a(x1, 27 xa + x3y (81x1). §).

¢ (x,8.0) i= x5 r (811,827 32 + XY (B1x1)).
Note that a(x, 6, 1) is again supported in a domain where x; ~ 1 ~ |x2|. Rescaling we obtain that the
Fourier restriction estimate for vs ; is equivalent to the estimate
3
17 N2wnn SIS Iy /e S®),

for the measure
(Vs1, f) = / Fo1, 2705 + 32y (1x1), 6 (x,8,1)) a(x, 8,1) dx. (5-11)

As mentioned, since this measure is of the same form as (4-23), we are interested in proving the
stronger estimate

17 £ agans y S 1N s feS®),
X3

9
(x1 ,Xz))

1 1) (11
prps ) \eT3)

Note that we automatically have the estimate for

1 1 1
o) =\g0
P1 P3 6

where
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by a classical result of Fefferman and Stein [Fefferman 1970] (or [Zygmund 1974]), since x; +—>
(x1,27 x0 + xflﬂ(S 1x1)) is a curve with curvature bounded from below uniformly in |x2| ~ 1, 27/ « 1,
and 61 < 1

5C. Fourier restriction for the nonadapted case: spectral decomposition. We begin by performing a
spectral decomposition of the measure Us ;. For (A1, A2, A3) dyadic numbers with A; > 1, i =1,2,3,
we consider localized measures v ; defined through

do=n()n(2)n(2) [t anan neneme @12

where the phase function is
O(x,8,1,8) = £3¢°(x,8,1) +27 axa + E2x7 Y (B1x1) + £1x1. (5-13)

By an abuse of notation, above whenever A; = 1, we consider the cutoff function y;(&;/A;) to be actually
xo(1/A1); i.e., it localizes so that |&;| < 1.
Let us introduce the convolution operators T5 1 fi=fx* v(g 1 and 7} A fi=fx DA ;- Then we need to show

I T5.1 ||L,);%(Lpll . L ,(,;] E <1,
since fg,] is the “R* R” operator, i.e., one has Tgl = (ﬁg’l)*ﬁg’l if 1'!53,1 denotes the Fourier restriction
operator with respect to the surface measure v ;. Therefore, the boundedness of Tg,l is equivalent to
the boundedness of 133,1 by Holder’s inequality.
Our first step shall be to reduce the problem to the case when A, < 2!, In order to achieve this we
split the Fourier transform of vg ; as

Vs =(1— 1027 &) 051 + 102 E2) V51, (5-14)

where we assume that yo is supported in a sufficiently small neighborhood of the origin, and we denote
the respective operators for the respective terms by 77 and Tyy.

For the first term in (5-14) and its operator 77 one uses Lemma 4.2 above, though with a slight
modification. First, since on the support of (1 — yo (27! Sz))ﬁg,l we have |£,| > 2, one can easily show
by using (5-13) that now

(1= 07 E2))0s.1] S 271/2(1 + 1837,

as the “worst case” is when |&1| ~ |€2| and |£3] ~ [27/£&>], in which case we use stationary phase in
both x; and x5, (and in other cases we get a better decay by integrating by parts). In order to obtain the
Plancherel estimate L!(R; L?(R?)) — L*°(R; L?(R?)) in Lemma 4.2 for T} it suffices to prove it for
Ty and Ty (formally, one needs to actually consider the L?(R?) — L?(R?) estimate for a fixed £3).
For the operator Tg ; we get the bound 2! in the same way as in Lemma 4.2. The main fact to notice
is that in (5-11) the Jacobian of (x1, x2) (x1,2 X2 + X7 24 (81x1)) is of size 2~ ! One now gets the
same estimate automatically for 77 since the L' norm of the Fourier transform of the cutoff function
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x0(27 &) is of size ~ 1. The L (L(x1 X)) — Lfé (nglcl’xz)) estimate for 77 follows with constant of
size ~ 1 = (271/2)2/3(2H)1/3,

For the operator 777 we shall use the spectral decomposition (5-12) where we may now assume A, << 2L,
Recall that for an operator of the form 7f = f * g the A1-constant from (5-9) is bounded by the L°° norm
of g, and the A,-constant is bounded by the L% norm of g. If we now furthermore have that ¢ has its
support in the £3-coordinate localized at |£3| < A3, then by [Palle 2021, Lemma 3.9] we have the estimate

1 1 1
7, <Am¥2ﬂn(7;7)=@;),
(L(Xl xz)) L (L()Cl xz)) pl p3 4

and so by interpolation we get

Il < A2PAYPA, (5-15)

"1

P37 P1
LX'5(L X1 X2)) L (Xl xz))

The inverse Fourier transform of (5-12) is

viH(x) = A1A22s /71 (A1(x1—y0)) T1(Aa(xa =27 y2 — y3¥ (8131)))
x Y1(A3(x3 =9 (y,8, 1)) a(y,8,1) x1(y1) x1(y2)dy. (5-16)

One can consider either the substitution (z1,z2) = (A1 y1. 4227 y5), or the substitution (z1,z2) =
(A1y1,A39%(y,8,1)) (in order to carry this out one needs to consider the cases y, ~ 1 and y, ~ —1
separately), and get

Al Lo < min{2/ A3, A2}

But now since A, < 2! we may take Ap := A;.

It remains to calculate the L°° bound for the f)l’l function. This we can do by estimating the oscillatory
integral in (5-12). As the calculations for the oscillatory integral in this case are almost identical to the
ones in [Palle 2021, Section 5.5], we shall only briefly explain the case when A1 ~ A5, Z_I)tz K A3 K Ay,
corresponding to Case 6 in [Palle 2021, Section 5.5]. In all the other cases one gets that one can sum
absolutely in the operator norm the operator pieces TIA.

Let us remark that since A, < 2! the case when A1~ Ao, 2_1/'\2 ~ A3, corresponding to Case 4 in
[Palle 2021, Section 5.5], does not appear anymore. This is critical since in this case one would not have
absolute summability, nor would the complex interpolation method developed in [Ikromov and Miiller
2016] work. This is the reason why we needed to consider 77 and Tj; separately.

Case Ay~ Az and 271, « A3 < A2. As was obtained in [Palle 2021, Section 5.5], we have
157 oo < 271205 (5-17)
for any N > 0, that is, we have A] = Al_l/z)th, and recall that A, = A,, Therefore (5-15) gives

I <Az

p3
LX3(L(XI )™ L (L(X1 )
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In order to be able to sum in A1 ~ A, we need to use the complex interpolation method from [Tkromov
and Miiller 2016]. For a fixed A3 and { a complex number we define the measure M;}3 by

Az y(©) Z A§1—3§)/2v)t’
Al,A2

where the sum is over A3 < A, < 2! and A ~ A5, and where y(¢) = 273¢~1/2 _ 1, We denote the
associated convolution operator by T;L 3 and we recover with { = % the operator we want to estimate.
By a complex interpolation argument it suffices to show that

1 1 1
<AV for( —,):(o,—),
(xq x2)) L (L(xl x2)) pl P3 4

1T <1 (1 1) (1 1)
or [ —,—|={=.=
I—Ht pg(L(xl xz)) L (L(x1 x2)) p/l p:,; 22

for some N > 0, with constants uniform in ¢ € R. The first estimate follows directly from the fact

p3(L

that f)f have essentially disjoint supports with respect to A and the estimate (5-17) (see [Palle 2021,
Lemma 3.8(i)]), and for the other bound we need to estimate the L°° norm of the corresponding sum
of the expressions (5-16). The proof is the same as in [Palle 2021, Section 5.5, Case 6], up to the
formal difference in the function ¢¢, which here behaves like yé‘, and there like y%. Since the domain of
integration in (5-16) is |y2| ~ 1, this is not essential. This finishes (the sketch of) the proof of the Fourier
restriction for the nonadapted case, and also the proof of Theorem 1.2.

Appendix: Application of the Christ-Kiselev lemma

Recall that we consider the nonhomogeneous initial problem
(3 —i¢p(D)u(x,t) = F(x,1), (x,1) € R?x(0,00),
u(x,0) = G(x), x € R?,
for F € S(R3), G € S(R?), where ¢, W, and (p1, p3) € (1,2)? are either as in Theorem 1.1 or 1.2, and
where we additionally assume p € {0, 1}. Note that ¢ is locally bounded and has polynomial growth at
infinity, and note that according to Remark 2.3 the weight W is locally integrable in R2. The formula for
a solution of the above equation is obtained through the Duhamel principle:

u(x,t) = (" ?P1G)(x) + / t(eid’(D)(t_s)F(-,s))(x,s) ds. (A-1)
0

Note that u € C*®°(RZ x R) N L*((Co)(x,, xz)(Rz)), where Cg denotes the space of continuous functions
which tend to 0 at infinity.
We consider the following two surface measures (the second defined as in (1-3)):

(g ) = / Fx1 w2, $(x1. x2)) do.
R2\{0}

(w, f) Zf S(x1,x2, 9 (x1, x2)) W(x1, x2) dx,
R2\{0}
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and we assume that the Fourier restriction estimate (1-2) for u holds true for (py, p3) € (1,2)% One can
easily check that

@ *DP1G)(x) = FTL(FG) dug) (x,1) = F LW H(FG) du) (x, 1),

and so this is precisely the Fourier extension operator of x applied to the function W~1FG. We can
therefore bound the L73 (Lf’xlhxz)/) norm of this expression by the L?(dp) norm of WL FG.

It remains to estimate the L73 (L‘&ll’xz)) norm of the second term in (A-1). It turns out that the
operator associated to this second term is closely related to the operator f > f % F ~1; (which we know
is bounded from L7 (L{}, 1)) to LY3(L{L ) since this is the corresponding R* R operator). Namely,
one can check that

/0 (e PPV (. 5))(x,5) ds = ((F f(0,00)(5)) * (F " ig)) (x, 1),

and therefore it remains to pass from pg to p and to pass from integrating over (0, 0o) in s to integrating
over (0,¢) in s.

In order to do this, our first step is to use the Littlewood—Paley theorem in the x-direction so that our
problem is reduced to proving the boundedness of the operator

t
[0 (PN (D) F(-.5))(x.5) ds, (A-2)

where (1;)jez, 1 = no8,-;, constitutes a partition of unity in R? \ {0} (as in (2-1) in Section 2A)
respecting the o-mixed homogeneous dilation §,—, defined in (1-1). By unwinding the definition of the
operator in (A-2) and inserting the JV-factor, one obtains the expression (up to a universal constant)

t
(e @ @me o) s ay s, (a3)

where F),-1 = ]—'(;ll’xz)(W_l]-'(xl,xz)F ). The expression within the brackets defines a convolution
kernel K (t —s; x — y) whose associated operator 7;(# —s) in the x-variable is a bounded mapping from
LPo(R?) to L7 (R?) for any po € [1,2] (since the integrand in the brackets is an LS°(R?) function).
Using the dominated convergence theorem one can get strong continuity of the operator-valued function
Tj : R — L(LPO(R?); LP0(R?)) (which in turn, by the uniform boundedness principle, implies joint
continuity T} : R x LPO(R?) — LPo(R?)).

We may now apply the Christ—Kiselev lemma (for a proof of this variant see, e.g., [Sogge 1995,
Chapter IV, Lemma 2.1]):

Lemma A.1. Let Y and Z be separable Banach spaces and let K : R — L(Y, Z) be a continuous function
from the real numbers to the space of bounded linear mappings Y — Z equipped with the strong operator
topology. If the operator defined by

(TF)(1) = /R K(t—5) f(s) ds
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is a bounded mapping from LP°(R,Y) to LPo (R, Z) for some pg € (1,2), then the operator defined by
t
WHO = [ K558
—0o0
is also a bounded mapping from LP°(R,Y) to LPo (R, Z), and in particular

<
”W”LPO(R,Y)—>L”6(R,Z) ~Po ||T”LP0(R,Y)_>LP6(R,Z)'

Then we get that the L7 (L{Y, ) = Lf’é (l/,f’x/ll,&)) boundedness of the operator in (A-3) (acting
on Fy,-1) is implied by the L3 (Lf’x‘l ’xz))—>Ltp3 (Lf’xll .x»)) boundedness of the operator

[, 06 de) s (505103 85—t (D= )

with essentially the same operator constant bound (up to a multiplicative factor which depends only on
p3 € (1,2)). Here p; is the localized measure defined in the same way as in (2-2), and recall that this
convolution operator is bounded (uniformly in j). This finishes the proof of Corollary 1.5.
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We prove that any null-homotopic holomorphic map from a Stein space X to the symplectic group Sp,(C)
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1. Introduction

The continuous or holomorphic parameter dependence of classical linear algebra results over the fields R
or C form a circle of very natural questions of general mathematical interest. For example the factorization
of continuous matrices as a product of continuous elementary matrices has been studied and solved by
Vaserstein [1988]. The corresponding holomorphic problem for the special linear group SL,, was posed
by Gromov [1989] and was finally solved by the first two authors in [Ivarsson and Kutzschebauch 2012].
The study of algebraic dependence is connected with famous work by Suslin [1977], Cohn [1966], Bass,
Milnor, and Serre [Bass et al. 1967] and many others.
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These parameter dependence questions are a part of algebraic K-theory and the study of linear algebra
over general rings. Factorization of Chevalley groups over R and C into elementary matrices is classically
well known. For Chevalley groups over general rings this is much more difficult and studied a lot. For an
overview, see, for example, [Vavilov and Stepanov 2011].

We are mainly interested in the rings of holomorphic functions on Stein spaces. The only known
holomorphic result is the existence for the special linear groups in [Ivarsson and Kutzschebauch 2012],
where Gromov’s problem is solved in full generality. In the special case of an open Riemann surface the
problem was solved earlier (absolutely unnoticed) by Klein and Ramspott [1987]. The authors [Ivarsson
et al. 2020] also proved the main result of this paper for any size of symplectic matrices in the special
case of an open Riemann surface.

In the present paper we consider the symplectic groups over rings of holomorphic functions on Stein
spaces. The main result is (see Section 2 for notation)

Main Theorem (Theorem 3.1). Let X be a finite-dimensional reduced Stein space and f : X — Sp,(C)
be a holomorphic mapping that is null-homotopic. Then there exist a natural number K, depending only
on the dimension of X, and holomorphic mappings

Gl,...,GK:X—>C3
such that
f(x) =M (G(x))--- Mg (Gk(x)).

We remind the reader that a mapping is null-homotopic if it is homotopic to a constant map. By the
Oka—Grauert principle it is equivalent for a holomorphic map from a Stein space into a complex Lie
group to be null-homotopic via holomorphic maps or via continuous maps (see Theorem 5.3.2 in the
standard reference [Forstneri¢ 2017]).

Our main tool is the Oka principle for stratified elliptic submersions, the most elaborate result in
modern Oka theory. In order to apply an Oka principle one needs a topological solution which we take
from our previous work on symplectic groups over rings of continuous functions on topological spaces.
The Oka principle lets us homotope the topological solution to a holomorphic one. The technical details
needed to prove that certain fibrations are stratified elliptic are considerable and we have so far only been
able to complete these details for Sp,. We expect that a similar result holds for Sp,,,.

Factorization of symplectic groups over other rings (of mainly algebraic nature) has been considered
before for example by Kopeiko [1978], and Grunewald, Mennicke and Vaserstein [Grunewald et al. 1991].

The paper is organized as follows. In Section 2 we recall our results on factorization of continuous matri-
ces and prove a slight extension about the number of factors. In Section 3 we state our main results and give
an overview over the proof. In Section 4 we explain how our results can be reformulated in the language
used in algebraic K-theory. In Section 5 we recall the theorems from Oka theory which we use in our proof.

In Section 6 we give the proofs of Lemmas 3.3 and 3.4, where we prove that the most important
fibrations in this paper, the projections of products of elementary symplectic matrices onto their last row,
are surjective and we determine where they are submersive. This is done for symplectic matrices of all
sizes, since we hope to be able to prove in the future that these fibrations are stratified elliptic for all sizes.
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The rest of the paper is devoted to proving that our fibration (for (4 x 4)-matrices) is stratified elliptic
in order to be able to apply Oka theory. In Section 7 we describe the stratification with respect to which
we want to prove that the important fibration is stratified elliptic. This has to do with how the set of
2n algebraic equations defining a fiber in the fibration can be reduced to n equations. In the case of
the special linear group in [Ivarsson and Kutzschebauch 2012] we were able to reduce to one single
equation independent of the size of the matrices. This was the crucial trick to prove ellipticity by finding
complete vector fields, which corresponds to Gromov’s example of a spray. This inability to reduce to
fewer equations is the main difference between the situation of the symplectic group and the special linear
group. It leads to all the difficult technical work in the rest of the paper. In Section 8 we introduce our
method to find complete vector fields tangent to the fibration. However not all of them are complete and
we deduce that the Gromov-spray produced by them is not dominating. We determine which of them
are complete. In Section 9 we explain our strategy to enlarge the set of complete vector fields so that
this enlarged collection now spans the tangent space at all points and thus gives a fiber-dominating spray.
The realization of this strategy takes Section 10, where we introduce useful quantities, Sections 11, 12,
and 13, where we prove the result for three, four, and five (elementary symplectic) factors, and finally we
can give an inductive (over the number of factors) proof in Section 14. The reason for dealing with the
low numbers of factors separately is that some of the fibers of our fibration are reducible when there are a
small number of factors, and from five factors on all fibers are irreducible. In Section 15 we end the paper
with an application to the problem of a product of exponentials and formulate some open questions.

2. Continuous factorization

Let

n
©=Ydz; Adzji
j=I

be the symplectic form in C?". With respect to w, symplectic matrices are those that can be written in

(5)

where A, B, C and D are complex n x n matrices satisfying

block form as

ATc=cTa, (2.0.1)
B'D=D"B, (2.0.2)
ATD-Cc"B=1,, (2.0.3)

where [, is the n x n identity matrix. In the case B = C = 0 this means D = (AT)~!, and in the case
A = D = I, this means B and C are symmetric and C” B = 0. Let U, denote an nxn matrix satisfying
U, = UnT and 0,, the nxn zero matrix. We call those matrices that are written in block form as

I, 0, or I, U,
U, I, 0, I,
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elementary symplectic matrices. Let

X1 X2 e Xn

X2 Xp41 ... X2n—1
Un(X1, .oy Xnay2) = A .

Xn X2n—1 -+. Xn(n+1)/2

Given amap G : X — C""+D/2 Jet

Un(G(x)) =Un(G1(x), ..., Guut1)/2(x)),

where the G;’s are components of the map G. For odd k let

My(G(x)) = (U o 3)

and for even k

(G = (ln Un<G<x>>) |

0, I,
The following result is a refinement of [Ivarsson et al. 2020, Theorem 1.3].

Theorem 2.1 (continuous Vaserstein problem for symplectic matrices). There exists a natural number
K (n, d) such that given any finite-dimensional normal topological space X of (covering) dimension d
and any null-homotopic continuous mapping M : X — Sp,, (C) there exist K continuous mappings

Gi,...,Gg: X — ChntDh/2
such that
Mx)=M{(Gi(x))---Mg(Gg(x)).

Proof. Theorem 1.3 in [Ivarsson et al. 2020] does not give a uniform bound on the number of factors
depending on n and d. Suppose such a bound does not exist; i.e., for all natural numbers i there are normal
topological spaces X; of dimension d and null-homotopic continuous maps f; : X; — Sp,, (C) such that f;
does not factor over a product of less than i elementary symplectic matrices. Let X equal | ;= X;, the dis-
joint union of the spaces X;, and F : X — Sp,,, (C) be the map that is equal to f; on X;. By Theorem 1.3 in
[Ivarsson et al. 2020] F factors over a finite number of elementary symplectic matrices. Consequently all f;
factor over the same number of elementary symplectic matrices, which contradicts the assumption on f;. [

3. Statement of the main result and overview of proof

We state the main result of this paper which is a holomorphic version of Theorem 2.1 for Sp,(C).

Theorem 3.1. There exists a natural number N (d) such that given any finite-dimensional reduced Stein
space X of dimension d and any null-homotopic holomorphic mapping f : X — Sp4(C) there exist
N holomorphic mappings
G],...,GN:X—>C3
such that
F(x)=Mi(Gi(x)) - Mn(Gn(x)).
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We have the following corollary.

Corollary 3.2. Let X be a finite-dimensional reduced Stein space that is topologically contractible and f -
X — Sp4(C) be a holomorphic mapping. Then there exist a natural number N and holomorphic mappings

Gl,...,GN:X—H[Z3
such that
f(xX) =M (G1(x)) - Mn(Gn(x)).

The strategy for proving Theorem 3.1 is as follows. Define

Wk : (C)X — Sp,(0)
as
Wi (X1, ..., x38) = Mi(x1,x2,x3) - - - Mg (X3K -2, X35 —1, X3K). (3.0.1)

We want to show the existence of a holomorphic map

G=(Gy,...,Gg): X —> (CHX
such that
(CHX
S
X — Sp4(C)

is commutative. Theorem 2.1 shows the existence of a continuous map such that the diagram above is
commutative.

We will prove Theorem 3.1 using the Oka—Grauert—Gromov principle for sections of holomorphic
submersions over X. One candidate submersion would be to use the pull-back of W : (C)X — Sp4(C).
It turns out that U is not a submersion at all points in (C*)X. It is a surjective holomorphic submersion
)K

if one removes a certain subset from (C>)X. Unfortunately the fibers of this submersion are quite difficult

to analyze and we therefore elect to study
(CHX
|
7'[40\1/](

X ——C*
_y C*\ {0}

where we define the projection 74 : Sp,(C) — C*\ {0} to be the projection of a matrix to its last row:

2 ... 214
el . | = (241, .5 244).
41 ... 244

However, even the map &g = w40 Wi : (CHK - ¢ \ {0} is not submersive everywhere. We have the
three results below (Lemmas 3.3 and 3.4 and Proposition 3.6) about that map which will be proved in
later sections.
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We introduce some notation. Projecting to the last row introduces an asymmetry between upper and
lower triangular elementary matrices and therefore we will denote by z’s the variables in the lower
triangular matrices and by w’s the variables in the upper triangular matrices. For example, the right-hand
side of (3.0.1) becomes

1 000 1 0 w wy 1 0 war—y wik—1
0100 01 wy ws .__Olwgk,l W3k
2712210 001 O 00 1 0
22 z3 01 00 0 1 00 O 1
for even K = 2k.
Let
7y = {(Z1,22,Z3, Wi, W2, W3, ..., W3k_2, W3—1, w3) if K =2k,
(21, 225 23, W1, W2, W3, ..., Z3k415 23k42> 23k+3) if K =2k +1
and
<w1 Wy W4 W5 ... W35 w3k-4> it K = 2k,
Wy W3 W5 We ... W3k—4 W3Hk-3
Wy =
(wl Wy W4 W5 ... W3k—2 w3k—1> K =21,
Wy W3 W5 We ... W3k—] W3k

Also, when K =2k or K =2k +1, let
Ag = m {Zk e (CHE :23j-1 =23 =0},
I<j=<k
By = {Zk € (C*)X : Rank Wx < 2}
and
Sk = Ax N Bg. (3.0.2)

We have Lemma 3.3, which follows from a simple calculation.

Lemma 3.3. The mapping
G =40 Wg : (CHE\ Sx — C*\ {0}

is surjective when K > 3.

Lemma 3.4. For K > 3 the mapping
Gx =40 Vg : (CHK - C*\ {0}

is a holomorphic submersion exactly at points Z x € (CHX\ Sk, where Sk is defined by (3.0.2) above.
That is, Sk is the set of points where the entries in the last row of each lower triangular matrix are zero,
except for the K -th matrix where no conditions are imposed, and the rank of the matrix Wy, which does
not involve entries from the K -th matrix, is strictly less than 2.

Remark 3.5. Lemmas 3.3 and 3.4 both generalize to 2n x2n matrices and the proofs are identical. In
Section 6 we therefore consider the general case.
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Proposition 3.6. Forn =1 and n = 2 the map

(Cn(n-‘rl)/Z)K \ Sk
lnznolllk (3.0.3)
€\ {0}
is a stratified elliptic submersion.

Corollary 3.7. Letn=1o0orn=2. Let X be a finite-dimensional reduced Stein space and f : X — Sp,, (C)
be a holomorphic map. Assume that there exists a natural number K and a continuous map F :
X — (C*"0+DIHKN §p such that

(Cn(n+1)/2)K \ SK

/ l
o 0Wk

X C>"\ {0}

T2n Of

is commutative. Then there exists a holomorphic map G : X — (C"0+D/2)K\ Si homotopic to F via
continuous maps F, : X — (C"0HV/2)KN\ Spsuch that the diagram above is commutative for all F,.

Proof. The pull-back of (3.0.3) by w2, o f is a stratified elliptic submersion over the Stein base X. Thus by
Theorem 5.6 there is a homotopy from the given continuous section to a holomorphic section. This is equiv-
alent to the desired homotopy F;. An even better way to perform this proof is to say that the map (3.0.3)
is an Oka map, see [Forstneri¢ 2017, Corollary 7.4.5(1)], which yields the desired conclusion. (I

Remark 3.8. The fact that the map (3.0.3) is an Oka map yields a parametric version of Corollary 3.7.
This means that the holomorphic map can be replaced by a continuous map fp : X x P — Sp,,(C),
which is holomorphic for each fixed parameter p € P, where P is a compact Hausdorff topological space.

We need the following version of the Whitehead lemma:

100 O 1 000 100 O 1000 1000
alOO: 0 10011010 —a 0100]1010a (3.0.4)
001 —a —a—-110J1001 0)J{0110})Jj0010 o
000 1 -1 001 000 1 1001 0001

Proof of Theorem 3.1. We will prove the theorem for a single map. The existence of a uniform bound
N (d) follows as in the proof of Theorem 2.1. Since a finite-dimensional Stein space is finite-dimensional
as a topological space there are K — 2 continuous mappings
G],...,GK_QZX—>(E3
such that
Jx) =Mi(G1(x)) - Mg —2(Gg—2(x)).
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Let H : X — C3 be a constant map such that U, (H) has nonzero second row, let O : X — C3 be the
zero map, and replace the above factorization by

J ) =M (H)M(O)M3(G1(x) — H)M4(G2(x)) - - - Mg (G k—2(x))

(suppressing the variables in the constant maps H and Q). Notice that the second factor is the identity
matrix.
This factorization by K continuous elementary symplectic matrices avoids the singularity set Sx and
thus we find F : X — (C*)X \ Sx with Ug(F) = f.
Using Corollary 3.7 we know that Fy := F is homotopic to a holomorphic map G = F}, via continuous
maps F;, such that
wa(f(x)) =m0 Wk (Fr(x)), 0=<t<1,

that is, the last row of the matrices Wg (F;(x)) is constant. Therefore

fn,t(x) f:lz,t(x) fls,t(x) J§4,z(x)

J210(0) f220(6) f23.0(%) f24.0(x)

F31.0(x) f32.0(x) f33,0(x) faa,0(x)
0 0 0 1

Wi (F(x) f(x)' =

Since these matrices are symplectic, it automatically follows that flz,t(x) = 0, fgz,,(x) =1, and
j%z,t(x) = 0 so that

Fia) 0 fi3 ) frai )
frex) 1 f23:(x) faa,:(x)

Wk (F, =73 : : 3.05
(B () () f31,:(x) 0 f33:(x) f34,(x) ( )
0 0 0 1
and in addition _ .
z fi:(x) f13,:(x)
) = ()T, Sp,(C) = SLy(C). 3.0.6
fi(x) (f3l,t(x) f33,z(X)) € Sp,(0) 2(C) ( )

Since Wk (Fy(x)) = f(x), we see that fo = Id, and thus the holomorphic map f = fl : X — SLL(0O) is
null-homotopic. Let ¢ be the standard inclusion of Sp, in Sp,; see for example [Grunewald et al. 1991].
By the main result from [Ivarsson and Kutzschebauch 2012] the matrix

f3x) 0 —fi3(x) 0
0 1 0 0

y(fo™H= R (3.0.7)
0 0 0 1
is a product of holomorphic elementary symplectic matrices. Therefore it suffices to show that
10 0 fuw
W (G f) - (Foo ) = —f3a(x) 1 fia(x) faa(x) (3.0.8)

0 0 1 fu®
0 0O O 1
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is a product of elementary symplectic matrices. In order to deduce that the right-hand side of (3.0.8) has
the claimed form one has to use the fact that (3.0.5) is symplectic. Since

1 0 0 fuux) 1 00 0 10 0 fra(x)
—f3a(0) 1 fra(x) foa(x) | _ [ =f3ax) 100 01 fra(x) fra(x) fr4(x)+ faa(x)
0 0 1 fyk 0 01 fzkx) 00 1 0 ’
0 0 0 1 0 00 1 00 O 1
the result follows by the Whitehead lemma, (3.0.4). O

Analyzing this proof and using Remark 3.8 one sees that we can actually prove a parametric version of
our main theorem.

Theorem 3.9. Let X be a finite-dimensional reduced Stein space, P be a compact Hausdorff topological
(parameter) space, and f : P x X — Sp4(C) be a continuous mapping, holomorphic for each fixed p € P,
that is null-homotopic. Then there exist a natural number K and continuous mappings, holomorphic for
each fixed parameter p € P,
Gl,...,GKIPXX—>(E3
such that
f(p,x) =Mi(Gi(p,x))--- Mg (Gk(p,x)).

To complete the proof of the theorem we need to establish Proposition 3.6 and Lemmas 3.4 and 3.3.

Remark 3.10. Proposition 3.6 is the crucial ingredient in the proof of Theorem 3.1. Its proof is by far
the most difficult part of the paper. As pointed out in Remark 3.5, Lemma 3.4 holds for general n. Also if
Proposition 3.6 holds for some n then Corollary 3.7 also holds for that n. Moreover the reduction of the
size of the symplectic matrix from Sp, to Sp, done in the proof of Theorem 3.1 generalizes easily to a
reduction from Sp,, to Sp,,_, if Corollary 3.7 holds for n (see for example the proof of Lemma 4.4 in
[Grunewald et al. 1991]). Therefore if Proposition 3.6 can be proven for n =1, ..., m then the following
holds true.

Conjecture 3.11. Let X be a finite-dimensional reduced Stein space and f : X — Sp,,,(C) be a holomor-
phic mapping that is null-homotopic. Then there exist a natural number K and holomorphic mappings

Gi,...,Gg: X — CmmtD/2
such that
fxX)=M(Gi(x)) - Mg(Gg(x)).

In the case of a 1-dimensional Stein space, i.e., an open Riemann surface, this conjecture was established
in [Ivarsson et al. 2020]. The condition of null-homotopy is automatically satisfied in this case, since an
open Riemann surface is homotopy equivalent to a 1-dimensional CW-complex and the group Sp,,,(C) is
simply connected. The proof uses the analytic ingredient that the Bass stable rank of O(X) is 1 for an
open Riemann surface and proceeds then by linear algebra arguments.
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4. Formulation in algebraic terms

We relate our results to algebraic K-theory and reformulate them in those terms. The following is a
standard notion:

Definition 4.1. For a commutative ring R the set U,, (R) of unimodular rows of length m is defined as
{(ri,r2, ..., rm) € R™ :ry,ra,...1ry generate R as an ideal}.

In our main example, if O(X) is the ring of holomorphic functions on a Stein space X, a row
(f1s fos -y fm) € O™(X) is unimodular if and only if the functions fi, f>, ..., fi, have no common
zeros, a well-known application of Cartan’s Theorem B.

Since null-homotopy is an important assumption in our studies we denote the set of null-homotopic
unimodular rows in U, (O(X)) by U,?l (O(X)). This set can be seen as the path-connected component of
the space of holomorphic maps from X to C™ \ {0} containing the constant map (0,0, ,...,0, 1) =e,,.
By the Oka—Grauert principle C" \ {0} = GL,,(C)/ GL,,—(C) is an Oka manifold; therefore the path-
connected components of continuous and holomorphic maps X — C™ \ {0} are in bijection. This says
that unimodular rows in U, (O(X)) are null-homotopic in the holomorphic sense if and only if they are
null-homotopic in the continuous sense.

Algebraic K-theorists consider Chevalley groups over rings; in our example we consider the null-
homotopic elements of them.

Definition 4.2. Spgn (O(X)) denotes the group of null-homotopic holomorphic maps from a Stein space X
to the symplectic group Sp,,,(C), which in other words is the path-connected component of the group
Sp,, (O(X)) containing the identity.

Again by the Oka—Grauert principle holomorphic maps X — Sp,,,(C) are homotopic via holomorphic
maps if and only if they are homotopic via continuous maps.

Clearly the last row of a matrix in Sp,, (O(X)) is unimodular, i.e., an element of U, (O(X)). Whether
a unimodular row in U, (O(X)) is the last row of a matrix in Sp,, (O(X)) is by Oka theory a purely
topological problem. Let us illustrate this by an example.

Extending a unimodular row to an invertible matrix can be reformulated as follows: given a trivial line
subbundle of the trivial bundle X x C" of rank n over X, can it be complemented by a trivial bundle?

This of course is not always the case: The (nontrivial) tangent bundle 7 of the sphere S?**! (n > 4) is
the complement of the trivial normal bundle N to the sphere S?"*! in R*"*2. To make this a holomorphic
example consider X to be a Grauert tube around S>"*!, i.e., a Stein manifold which has a strong deformation
retraction p onto its totally real maximal-dimensional submanifold $?**!. The bundle T is replaced by
the complexified tangent bundle to the sphere pulled back onto X by the retraction p and equipped with
its unique structure of holomorphic vector bundle (which is still not a trivial bundle). The pull-back of the
complexified trivial bundle N is still a trivial line subbundle of X x C?. Thus we have found an example
of a holomorphic row which cannot be completed to an invertible matrix in GL,,,(O(X)) and thus not to
a matrix in Sp,, (O(X)) either.

For null-homotopic rows the situation is better.
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Lemma 4.3. Every element Ugn (O(X)) extends to a null-homotopic matrix A € Spgn (O(X)).

Proof. Let F = (fi, ..., fa): X — C?*\ {0} be a null-homotopic holomorphic map, and the homotopy to
the constant map F(x) = ez, be denoted by F;, ¢ € [0, 1]. The map w2, : Sp,,(C) — c¥ \ {0} is a locally
trivial holomorphic fiber bundle with typical fiber F = Sp,, ,(C) x C*~! which is an Oka manifold.
Our problem is to find a global section of the pull-back of this fibration by the map F = Fj. Since a
locally trivial bundle is a Serre fibration and the constant last row can be extended to a constant (thus
null-homotopic) symplectic matrix, we find a continuous section of this pull-back bundle over the whole
homotopy. Thus the restriction to X x {0} is a null-homotopic continuous symplectic matrix. Since the
fiber F is Oka, we find a homotopy to a holomorphic symplectic matrix, which is still null-homotopic. [

The notion of elementary symplectic matrices over a ring R is the same as explained in Section 2.
Let W, denote an nxn matrix with entries in the ring R satisfying W,, = W! and 0, the nxn zero
matrix. We call those matrices that are written in block form as

I, 0, I, W,
() o o)

elementary symplectic matrices over R. The group generated by them, the elementary symplectic group,
is denoted by Ep,,(R). We consider the group Ep,, (O(X)) which is easily seen to be a subgroup of
Spgn (O(X)) (multiply the symmetric matrices W, by a real number ¢ € [0, 1]).

The meaning of Corollary 3.7 in K-theoretic terms is now the following:

Proposition 4.4. Let n =1 or n = 2. For a Stein space X the group Ep,,(O(X)) acts transitively on the
set of null-homotopic unimodular rows Ugn (O(X)).

Proof. Letu € Ugn (O(X)) be a null-homotopic unimodular row. By the above lemma we can extend
it to a null-homotopic symplectic matrix A € Spgn((’)(X )). Now we just follow the beginning of the
proof of Theorem 3.1. By Theorem 2.1 we can factorize A(x) as a product of elementary symplectic
matrices with continuous entries. Adding two more elementary symplectic matrices we can achieve
that the factorization avoids the singularity set Sx. Applying Corollary 3.7 we know that Ag := A is
homotopic to a holomorphic map G = Ay, via continuous maps A;, such that

4(A(x)) =m0 Wk (Ai(x)), O0=<r=l,
that is, the last row of the matrices Wg (A;(x)) is constant. Therefore

ar,: (x) ap,(x) apz(x) aa,(x)

a1, (x) ax,(x) a3;(x) aa, (x)

as1,;(x) az,(x) aszs, (x) aza.(x)
0 0 0 1

W (A (x))AX) ™ =

This shows that the element Wg (G (x)) of Ep,, (O(X)) has the last row equal to u or equivalently moves
the constant row ey, to u. |
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Let ¢ : SL, — Sp, be the standard embedding given by

a0bO

ab 0100

(c d)r—) codol (4.0.1)
0001

Continuing like in the proof of Theorem 3.1 we see that it gives the following “inductive step”.

Proposition 4.5. For a Stein space X we have

SPY(O(X)) = Ep,(O(X)) - ¥ (SpY(O(X))).

In a similar way one can deduce from our earlier results (Proposition 2.8 and the proof of Theorem 2.3
in [Ivarsson and Kutzschebauch 2012]) the corresponding statements for the special linear groups. The
definition of the elementary group E, and the inclusion ¥ of SL,_; into SL,, are the usual ones.

Proposition 4.6. For a Stein space X and any n > 2 the group E,(O(X)) acts transitively on the set of
null-homotopic unimodular rows U,? (O(X)).

Proposition 4.7. For a Stein space X and any n > 2 we have

SLY(O(X)) = E,(O(X)) - ¥ (SLY_, (O(X))).

5. Stratified sprays

We will introduce the concept of a spray associated with a holomorphic submersion following [Gromov
1989; Forstneri¢ and Prezelj 2002]. First we introduce some notation and terminology. Let & : Z — X be
a holomorphic submersion of a complex manifold Z onto a complex manifold X. For any x € X the fiber
over x of this submersion will be denoted by Z,. At each point z € Z the tangent space T, Z contains the
vertical tangent space V T,Z = ker Dh. For holomorphic vector bundles p : E — Z we denote the zero
element in the fiber E; by 0.

Definition 5.1. Let 4 : Z — X be a holomorphic submersion of a complex manifold Z onto a complex
manifold X. A spray on Z associated with # is a triple (E, p, s), where p : E — Z is a holomorphic
vector bundle and s : E — Z is a holomorphic map such that for each z € Z we have

(1) s(E;) C Zh(z),
(i) s(0;) =z, and

(iii) the derivative Ds(0;) : To, E — T,Z maps the subspace E,; C Tp, E surjectively onto the vertical
tangent space VT,Z.

Remark 5.2. We will also say that the submersion admits a spray. A spray associated with a holomorphic
submersion is sometimes called a (fiber-)dominating spray.

One way of constructing dominating sprays, as pointed out by Gromov, is to find finitely many
C-complete vector fields that are tangent to the fibers and span the tangent space of the fibers at all
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points in Z. One can then use the flows <pj’. of these vector fields V; to define s : Z x CN — Z via
5z, 11, ..., ty) = @}l 00 @y (z), which gives a spray.

Definition 5.3. Let X and Z be complex spaces. A holomorphic map & : Z — X is said to be a submersion
if for each point zo € Z it is locally equivalent via a fiber-preserving biholomorphic map to a projection
p:U xV — U, where U C X is an open set containing /(z) and V is an open set in some CZ.

We will need to use stratified sprays, which are defined as follows.

Definition 5.4. We say that a submersion 4 : Z — X admits stratified sprays if there is a descending chain
of closed complex subspaces X = X,,, D - -- D X such that each stratum Y; = X \ X;_; is regular and
the restricted submersion 4 : Z|y, — Y; admits a spray over a small neighborhood of any point x € Y.

Remark 5.5. We say that the stratification X = X,,, D - - - D X¢ is associated with the stratified spray.
In [Forstneri¢ and Prezelj 2001], see also [Forstneri¢ 2010, Theorem 8.3], the following is proved.

Theorem 5.6. Let X be a Stein space with a descending chain of closed complex subspaces X = X, D
.-+ D Xo such that each stratum Y, = Xy \ Xy—1 is regular. Assume that h : Z — X is a holomorphic
submersion which admits stratified sprays. Then any continuous section fo: X — Z such that fylx, is
holomorphic can be deformed to a holomorphic section f| : X — Z by a homotopy that is fixed on X.

6. Proofs of Lemmas 3.3 and 3.4

Lemmas 3.3 and 3.4 hold for square matrices of any size. In this section we therefore look at
2nx2n matrices. Given two vectors a and b in C" (i.e., n x 1 matrices), we denote by

a
b
We shall consider products of 2n x2n matrices

L O\ (I Wi\ (I O\ (I W2\
zi L,J\o 1,)\z, 1,)]\o 1, ’

where Z;, Z>, ... and Wy, W5, ... are n X n matrices of variables

the obvious vector in C2".

Zi = (2k,ij)y Wi=(wr;j), 1=i,j=<n.

They are symmetric, i.e., zx,;j = 2k, ji and wy ;; = wy j;. We call the variables zx ,1, .. ., Zk,nn last row
variables (this term does not apply to the w-variables). If we have K factors, there are Kn(n 4 1)/2
variables. We will also think of the K -tuple (Z, Wy, Z,, W, ...) as a point in CK"®**+D/2_We will study
the last row of this product, which is a map ®g : CK?*+D/2 5 €27\ {0}. We prefer to work with the
transpose of this row, which we denote by PX, a vector in C?". It follows that

pr=(2
en)’

where Z = (Z1.n1, ..., 21..n) and é, is the last standard basis vector of C".
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The set S for K > 2 is now defined as the set of K-tuples of symmetric matrices (Z;, Wi, ...) such
that in the first K — 1 matrices all the last row variables (of the Z’s) are 0 and the set of all columns of
the W’s does not span C". (This means that the augmented matrix W;|W5| - - - has rank less than n.)

Lemma 6.1. PX : CKr'+D/2\ §p — C2"\ {0} is surjective for K > 3.

Proof. We prove the result for K = 3. For K > 3, simply put W, = Z3 = W3 = ... =0. The proof uses an
easy fact from linear algebra; given two vectors ¢ and d in C" with ¢ # 0 there is a symmetric matrix M

such that MZ = d. Now let
a
- ) e €\ {0).
(b) \(0)

Pick any symmetric matrix Z, such that 7 = a — Zgl; # 0 and let Z 1 be any symmetric matrix whose last

-

row is Z and W, a symmetric matrix such that W,z = bh— en. Then (Z1, Wy, Z,) ¢ S3 and for this choice

3_InZ2 InO Z_InZZ E_El)
P_<Oln)(W11n e,)] \0 I,)\b) \b)’ B

Slightly abusing notation, we denote the Jacobian matrix of ®x by JPX. Thisisa (2n x Kn(n+1)/2)-
matrix whose columns are the derivatives of PX with respect to one particular variable. We denote the
components of PX by PX, 1 <i <2n. It follows that

we have

Pl = (i) Z’;“) P, 6.0.1)
n
L 0
2k+2 __ n 2k+1
P2 (Wk+1 1n> P, (6.02)

We shall look at the final part of JP2*! the part where we differentiate with respect to the new
variables Zx41.115 - - - » Zk+1.n1s Tk+1,225 -« + » Tkt 1.n2s - - - » Tk+1.nn- Thisis a (2n x n(n 4 1)/2)-matrix. The
column where we differentiate with respect to zx1,;; will consist of Pnzfrl. in row number j and Pnzj‘r j
in row number i. Hence the bottom half of this matrix is zero and we only look at the upper half, an

(n x n(n + 1)/2)-matrix which we denote by A . If we consider just the columns which contain one

particular Pnz_lﬁl., we get a square nxn-matrix whose i-th row is (Pnz_/ﬁ 1r oo Pzzrlf), has Pfﬁi along the
diagonal and is otherwise zero. The determinant of this submatrix is (Pnzfrl.)”.

The situation is similar for the final part of JP**2 except now the top half is zero and the bottom half
Bj+1 contains P12k+1, el Pnz"“ in the same pattern as for Ay.

In the proof of the next lemma it will be convenient to use the following notation: if A and B are two
matrices with the same column length, we let A| B denote the matrix obtained by augmenting A with B
to the right. By ey, we denote the last vector in the standard basis of c2,

Lemma 6.2. PX is a submersion exactly on the set CK""tD/2\ Sy If K = 2k and all the last row
variables are zero, then P** = e, and the span of the bottom half of the JP?* columns equals the span of
the columns of Wi, Wy, ..., W;.
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Proof. For N =1 the theorem is empty. Pl = @Z1nts-+-»21,m,0,...,0,1) and

I
1 _ n
Jp_(o),

where we have removed all zero columns. For N = 2 we have

I, 0
N P
(Wl 1n>

= ) )-() 2)

which has full rank if and only if B; has full rank. Since Pl.1 = Z1.ni, by the discussion preceding the

This implies

lemma, Bj has full rank if and only if at least one z; ,; is nonzero.
If all zy ,; are zero, then P! =¢,, and B; = 0. Hence the statement about the span is trivially true.
We now assume that the theorem is true for N = 2k. We have

JpAH _ (In Zk+1) Jpk <Al(<)+1>‘ (6.0.3)

0 I,
If at least one of the previous last row variables is nonzero, then JP?* has full rank by the induction

hypothesis and so does JP**!, If not, then P> = e,, and Ay = I,, after removing zero columns. If

JP* = (g), then
A+Zk 1B 1
P2k+1 — + n
J B 0/’

which has full rank if and only if B has full rank. But the column span of B equals the column span of
Wi, ..., Wi. This proves the first part of the lemma for N = 2k + 1.
If all the previous last row variables are zero, it also follows that

2k+1 t
P + =(Zk+1,nlv"-’zk+l,nn507"'90’ 1) .

0
, 6.04
(Bk-H) ( )
which has full rank if JP2**! does.

If not, then by the above all the previous last row variables are zero and
JpA+2 ( A+Zi1B I, )JP2k+l ( 0 >
Bt

B+ Wi (A+Zi1B) Wi
which has full rank if and only if at least one zx+1 ,; 1S nonzero by the discussion preceding the lemma.
This proves the first part of the lemma for N = 2k 4 2.
If all the z; 11, also are zero, then P%**! = ¢, and so P%**2 = ¢,,. Also By;; = 0 and since the

Finally

I 0
Wit1 I

columns of Wiy (A + Zi41 B) are linear combinations of the columns of Wy, the span of the bottom
half of JP%+2 equals the span of the columns of Wy, ..., Wi1 by the induction hypothesis. ]



248 BJORN IVARSSON, FRANK KUTZSCHEBAUCH AND ERIK LOW

7. The stratification

The goal in this section is to describe the stratification needed to understand that the submersion 74 o Wi :
(CHE\ Sg — C*\ {0} is a stratified elliptic submersion. Let

- {(Zl, 22,23, Wi, W2, W3, ..., W3k—2, Wi—1, w3k) if K =2k,

Zg = )
(21, 225 23, W, W2, W3, .., Z3k415 23k42> 23k+3) if K =2k +1
and

40 Wk (Zg) = (PK(Zk), PX(Zx), PK(Zx), PK(Zk)).

Remark 7.1. We will abuse notation in the following way in the paper. A polynomial not containing
a variable can be interpreted as a polynomial of that variable. More precisely, let L < K. We have
the projection 7 : CX — CL, w(xy,...,x7,...,xx) = (x1,...,x7) and 7w* : C[C}] — C[CX]. For
p € C[CL] we still write p instead of 7*(p).

We want to study the fibers

f(gl,azmm) = (40 Vg) (a1, a2, a3, as).
Assume first that K =2k + 1 > 3 is odd. We see that

1 0O 00
0 1 00
Bk+1 k2 1 0
Bk+2 23k+3 01

mqaoWg(Zg) =msoVk 1(Zk-1)

and we get
P& (Zyg) =P} N (Zk-1) +Z3k+1P3K_1(ZK—1) + 232 PN (Zk o),

P (Zi) = Pf 7 (Zi ) + zaeaPET (Zk ) + zavas P (Zk ),
P (Zk) = Pf N (Zk ),
PE(Zi)=Pf 7 (Zk ).
We are led to the equations
a) = PlK(ZK) = PlK_l(ZK—l) +Z3k+1P3K_1(2K—1) +Z3k+2P4K_1(ZK—1),
ay=PX(Zyg) = PZK_I(zK—O + z3k42 Py ! (Zk-1) +Z3/<+3P4K_1(ZK—1),
ay = Pf(Zx) = P{ (Zk ),
as=Pf(Zx) =P (Zx ).

(7.0.1)

Notice that these equations simplify to
a; = PIK_I(ZK—I) + a3z3k+1 + asz3k+2,
ay = P! (Zk—1) +a323k42 + AaZ3k43,
az = P3K_1(ZK—1),

ag = P4K_1(ZK—1)-
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If (a3, as) # (0, 0) then we can solve the two first equations for two of the three variables z3xt1, Z3k+2,
K—1

Z3k+3 and we see that the fiber is a graph over Q(a3 a X C, where
g(lfz;al4) ={Zx_1eC¥* a3 = P3K71(ZK—1), as = P4K71(ZK_1)}.

If (a3, as) = (0, 0), we get ]-"(fl’az’oso) = ]:(121_,;2,0,0) x C3. We see that we get two main cases, namely
(a3, as) = (0, 0) and (as, as) # (0, 0). The last case will break into the two subcases, namely (a3, as) #
(0, 1) and (a3, ag) = (0, 1). We need these subcases because Q{éfl; is not smooth. We list the strata below:

o The strata of generic fibers: When (a3, as) # (0, 0), the fibers are graphs over Q(IZ;;‘) x C. This set is
divided into two strata as follows:

— Smooth generic fibers: When (as, a4) # (0, 1), the fibers are smooth.
— Singular generic fibers: When (a3, a4) = (0, 1), the fibers are nonsmooth.

o The stratum of nongeneric fibers: When (as, a4) = (0, 0), the fibers are ]—"(’;1’”2’0,0) = ]:(1;1112,0,0) x C3,

Moreover the fibers are smooth.
We now analyze the case when K = 2k > 3 is even. Now we have

I 0 w3k—2 w3k—1

7 ~ 0 1 WAL — w
TaoWg(Zyx) =maoWg 1 (Zk_1) 00 3; 1 (;k ’
00 0 1

and FX

(ay,az,az,asq)
ar = PK(Zg) = PE~1(Zk_),
ay=PX(Zg) = PZK_I(ZKA),
az = PgK(ZK) = P3K_1(21<—1) + w3k—2P1K_1(ZK—1) + w3k—1 PZK_I(ZK—l),
as= PK(Zg) = PE N (Zk—1) + wya PETN(Zk_1) +wa PF ' (Zk ).

is the solution set of the equations

(7.0.2)

As in the previous case these equations simplify:
K—1,7
ay =P (Zg-1),
K—1,7
ar= Py, " (Zg-1),
K—1,7
ay= Py~ (Zg-1) +arwszk—2 + a2w3k—1,

K—1,5
as =P, (Zg-1) +ayws—1 + a2wsi.
Let

’H{Z:;z) ={Zx_1€CK3 g = PlK_l(ZKfl), ap = PZK_I(ZK,I)}.

An analysis similar to that above gives us the following strata:

» The stratum of generic fibers: When (a;, a») # (0, 0), the fibers are graphs over H(IZ:}Q) x C. Moreover
the fibers are smooth.
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o The strata of nongeneric fibers: When (a;, a;) = (0, 0), the fibers are ]-'(Ig’o’ aan) = f(g 61543 a) X C3.
This set is divided into two strata as follows:

— Smooth nongeneric fibers: When (as, a4) # (0, 1), the fibers are smooth.

— Singular nongeneric fibers: When (as, a4) = (0, 1), the fibers are nonsmooth.

8. Determination of complete vector fields

The description of the fibers in Section 7 leads us to study vector fields simultaneously tangent to the level
sets {P=c1}, {Q=c»} of two functions P, Q : C¥ — C. Such fields can be constructed in the following
way. Pick three variables x, y, z from the variables x1, ..., xy on CV and consider the vector fields

3/dx  9/dy  8/dz
Dy, (P, Q) =det [ 9P/0x 9P/dy 0P/oz |, (8.0.1)
3Q/dx 9Q/dy 0Q/dz

which are simultaneously tangent to the level sets. As mentioned in Section 5 we want to use a finite
collection of complete vector fields spanning tangent space at every point to prove (stratified) ellipticity.
It is an easy exercise to show that the collection of these vector fields over all possible triples spans the
tangent space at smooth points of the variety {P =c;} N {Q=c;}. It turns out that many of the vector
fields we get by this method are complete but unfortunately not all of them. The complete vector fields
from this collection will not span the tangent space at all points for all level sets. To overcome this
difficulty and still producing dominating sprays from this collection of available complete fields is the
main technical part of our paper explained in Section 9.

Now we will begin to describe the complete vector fields tangent to the fibers of w4 o Vg =
(PE, PK, PX, PJ) that we get using (8.0.1). It will be convenient to group the variables as in Section 6,

Z1, Wy, Zy, W, ..., where
Z3k—2 Z3k—
Z =< 3k—2 Z3k—1
Z3k—1 23k

and similarly for W;. Since the variable z; never enters in PX, we omit it from the first group Z;. Note
that P! = (25, z3, 0, 1)7. We are going to study the vector fields

VK (x, y.2) = Dy (PX, PF).
The 2x2 minors occurring as coefficients are denoted by Ci’; (-,), e,

The description of the complete vector fields will be done inductively. We start with K = 2. We have
to study gfagm, or equivalently, the equations
as = P{(z1, ..., w3) = 22wy + 23wy,

5 (8.0.2)
as = P4 (Zl, ey w3) =1 + 22w2 + Z3W3.
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We are interested in which triples (x, y, z) of variables from the list z5, z3, w;, w2, w3 give complete
vector fields V324 (x, y, z) and we denote the set of these triples by 7,. By definition 7] = &.
An easy computation gives that

To = {(wi, wa, w3), (22, w2, w3), (23, Wi, W2),
(22, wi, w3), (z3, wi, w3), (22, 23, w1), (22, 23, w3)}. (8.0.3)

For all the remaining noncomplete triples there is a variable such that the equation is quadratic for that
variable. We are now interested in determining at every stage the triples of variables (x, y, z) such that
VlzzkH(x, v, 2), for K =2k + 1 odd, and V324k+2(x, v, 2), for K = 2k + 2 even, are complete. We shall
denote the set of such triples by Tx. The terms occurring in PX are of degree 1 in the occurring variables;
hence the coefficients C 5 are either of degree 1 or 2 in the occurring variables. A triple giving a coefficient
which is quadratic in the integration variable (for instance if C lI/{ (y, 2) is quadratic in the x-variable) will
not be complete, and we shall refer to such a triple as a quadratic triple and the corresponding vector field
as a quadratic vector field. The content of the next lemma is that all the remaining triples give complete
vector fields. The variables that do not occur in a triple will have constant solutions and are therefore
treated as such in the proof.

Lemma 8.1. For k > 1, we have Tox C Tok+1 C Tor+2. Moreover

Tok+1\ Tok = {(23k+1, 23k+25 23k+3) }
U {(w3k—2, Z3k+1, 23k+3)» (W3k—2, Z3k+25 Z3k+3)}
U {(w3k, Z3k+1, 23k+2), (W3ks Z3k+1, 23k+3)}
U{(a, b, z3k+1), (@, b, z3x+3) : a and b are from the same group}
U{(a, b, z3k+1) : a the last variable of one group and b the first of the next}
U{(a, b, z3k+3) : a the last variable of one group and b the first of the next}
U{(a, b, z3k+1) : a the first variable of one group and b the last of the next}
U{(a, b, z3x+3) : a the first variable of one group and b the last of the next} (8.0.4)
and
Tok+2 \ Tok+1 = {(W3k41, W3kt2, W3k+3)}
U{(zZ3k+1> W3k+15 W3k+3), (Z3k+15 W3k+25 W3k+3)}
U {(23k+3> W3k+1, W3k+2)s (23k+3> W3k+1, W3k+3)}
U{(a, b, war+1), (a, b, wirs3) : a and b are from the same group}
U{(a, b, war+1) : a the last variable of one group and b the first of the next}
U{(a, b, wir+3) : a the last variable of one group and b the first of the next}
U{(a, b, wir+1) : a the first variable of one group and b the last of the next}

U{(a, b, war+3) : a the first variable of one group and b the last of the next}. (8.0.5)

In combination with (8.0.3) this gives us a complete description of the sets Ty, L > 2.
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Proof. The result is true for 7,. The first group is interpreted as {z2, z3} and z34+1 must be replaced by z».
The missing triplets are precisely the quadratic triples.

We shall prove (8.0.4), the proof of (8.0.5) being identical. There is a lot of symmetry in the proof
and we will not repeat arguments already given in a situation symmetric to a proven statement. We first
consider triples (x, y, z) not containing any variables from the new group Zj, 1, i.e., Z3k+1, Z3k+2 and
Z3k+3. It then follows from (6.0.1) (omitting variables for shorter notation) that

2%k+1 2% 2% 2% % % 2 %
Voo = Vi3 + 231V — 232 Voy — k2 Vay 233 Vig + (23k123k43 — 23542) Vg - (8.0.6)

A quadratic triple will still be quadratic since Vﬁf is. For a triple in 75, notice that in all of the first
five terms the Vi?k is obtained by replacing one or two of the functions P32k and P42k by PIZk and/or
P22k. By (6.0.2) all of the terms occurring in Plzk or P22k divide a term occurring in P32k and also a term
occurring in P42k. This means that all terms occurring in the first five vector fields above are already
present in Vﬂ‘ and completeness is not destroyed. We also notice that for any pair x, y of previous
variables, the coefficient C 1212‘+1(x, y) will also satisfy (8.0.6).

We next consider triples containing some of the new variables z3x1, Z3x+2 and z3x43. The Jacobian
matrix is now given by (6.0.3), where

PZk P2k 0
Ak =< 34 2k>. (8.0.7)
0 P P
If the triple contains all three variables, then
0 0 9
VAL g — (P22 _ (p2ky(p2k 4 (P22 ,
12 (k+1 k+2 k+3) ( 4 ) 8Z3k+1 ( 3 )( 4 )3Z3k+2 ( 3 ) 3Z3k+3

and the coefficients do not contain any of the Z;|-variables; hence this is complete. (The solutions are
just affine functions.)

We now consider the case of two new variables. The first possibility is (x, z3x+1, z3k+2). The coefficient
of d/dx is (P32k )2. Since P32k contains all previous variables except w3y, this is quadratic in all those vari-
ables and x = w3, is the only possibility. The solution for w3y is affine. The coefficient of 9/9z342 is now

9 P P
dws dwsk

which is just a constant and the solution is again affine. Finally the coefficient of d/0z3;4; is given by

an’<+ Pk
W3y Zk+28w

’

which is an affine function and the solution is entire. Hence this field is complete.

Precisely the same logic applies to the triple (x, z3g+2, Z3k+3) €xcept now wszk_s is the only missing
variable (now in P42k).

The final possibility of two new variables is the triple (x, z3g+1, 23k+3). The coefficient of d/dx is
now P7* P2¥ which is of degree 1 in w3x_ and w3 and quadratic in all other previous variables. We
consider the case of x = ws3;_», the case x = w3 being identical. The coefficient is an affine function
of ws_»; hence the solution is entire. The coefficient of d/0z341 is —z3k+1P12k_1P2k, which is just a
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linear function of z3;4; and the solution is entire. The coefficient of 9/0z3513 1S —z3k+2 P22k_l P42k, which
is just a constant and the solution is affine.

We finally consider the case of one new variable and two previous variables x, y. It follows that
CIZIZ‘“(X, y) satisfies (8.0.6), and hence is quadratic in z3;42, so this cannot be the new variable. In order
to investigate z3r4+1 and z3x4+3 we need to understand which variables are involved in the coefficients. To
do this we look at each previous group of variables Z; and W; for 1 < j < k and see which variables
are involved in the first two rows of the Jacobian with respect to these variables at level 2k + 1. For a
Z;-group we need to consider the matrix

APHN 323, 0 aPF M jaz3;1 PP /823,
AP dz3; 0 aPFM Jaz3;1 PP )8z3;
and the same for a W;-group. The Z;-group only consists of z; and z3. The Z;-variables do not occur in

the above matrix. There is a simple formula for the above matrix which follows from (6.0.3) and (6.0.4).
The matrix is the first two rows of the matrix (I = 1) :

6 57) G D ()

and this formula makes it easy to track which variables are missing at each step, in addition to the
Z;-variables. We arrive at the following matrix of missing variables:

W3j-3, W3j, 23k+3  Z3k+3  W3j—5, W3j—2, Z3k+3
W3j-3, W3j, Z3k+1  Z3k+1 W3j—5, W32, T3k+1

In the case j = 1 the missing-variable matrix is

w3, 23k+3 W1, I3k+3
W3, Z3k+1 W1, Z3k+1

We now consider a W;-group. Again the W;-variables do not enter. We now have to consider the first

I Zigr) (1 Zjs1 )\ (O
0 I o 1 )\B)

and this leads to the following missing-variable matrix for j < k:

two rows of the matrix

(13 o343 Th43 T43 Z3j—25 L3415 Z3k+3)
737, 2343, T3k T3k41 23j-2, 23415 23k+1)

For j =1 we replace z3;_ by z2. For j = k the middle entries in the upper-left and the lower-right
corners are replaced by z3x42.

We first investigate triples (x, y, z3x+1), where x and y are not from Z;. If x and y are from the
same group, then since z3;4; occurs in every entry in the second row of the missing-variable matrix,
CIZIZ‘H(X, Z3k+1) and Cfé‘“(y, z3k+1) do not depend on any of the variables x, y, z3;+1; hence x and y
are both affine functions. C 12§+1 (x, y) does not depend on x, y and is of degree 1 in z3411; hence the
solution is entire.
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Now assume that x and y are from different groups. If x is not a missing variable in 8P22k+1 /3y, then

y is not a missing variable in 8P22kJrl /0x. The variables x and y are not both wsy; let’s say x is. Then
g p2k+1
CHH (v, zakr) = —(;—y)Pf"

is quadratic in x and the field is not complete. Hence x and y must both appear in the second row of the
missing-variable matrix of each other.

We now look at possibilities for x and y. Assume first that x is in Z; group with 1 < j < k. There are
now four possibilities:

e x =232 in which case y = w3;_3 or y = w3, or

e x =z3; in which case y = w3;j_s or y = w3;_».
We consider the first case. Then
8P12k+1 3P22k+1 8P22k+1 8P12k+1

C2k+1
9
dwsj_3 0z3j—2 w33 023j-2

(w3j-3,23j—2) =

and from the missing-variable matrix we see that this does not depend on z3;_, and w3;_3 and is of
degree 1 in z3;4+1; hence we have an entire solution for z3;4;. We also have

g p2k+l
%41 2 2%
Chm (w33, 23k41) = — P3",
dwsj_3
2%k+1
JoP
2%k+1 2 2%
Clh (-2, 23k+1) = ———P;
0z3j-2

The partial derivatives on the right-hand sides do not depend on any of the variables in the triple, and
hence are just constants. It also follows from the missing-variable matrix that P32k does not contain the
product of z3;_» and w3;_3; hence the equations for these two variables form a linear system with constant
coefficients. This has an entire solution. The three other cases all have similar structure and have entire
solutions. In the case j = 1, we either have x = z, and y = w3, or x = z3 and y = w; and the discussion
is the same. It also follows from the missing-variable matrix that x and y cannot come from different
W-groups. This proves the result in the case of picking z3x.+; from the last group. The proof in the case of
picking z3x+3 from the last group is completely symmetric. This provides the final detail in the proof. [J

In order to produce complete fields that are also tangential to fibers of the submersion, we introduce
the following notation and terminology.

Definition 8.2. Let E5 = 7,. For K > 4 let
Ex =Tk-1\Tk-2-
We say that the triples in Ex are introduced on level K .

We will now use these complete fields to produce complete fields which are tangential to the

fibers ]-"(Ia(] «ar.as.a,)- Here we will use triples introduced on level K to produce complete tangential fields.
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First consider the case K =2k + 1 > 3 odd.
If a3 # 0, we use (7.0.1) to get

1 2% (5
k42 = a—3(02 — P57 (Zak) — asz3i43)
and
_ 1 P*z
L3kl = a—S(al — P (Zo) — asz3i42)

1 - - -
= (o= P20 = S = PP Zan) — 2 P (Z0)))

1 > >
= ;(QICB — a3 P (Zow) — avag + as P (Zop) + a3z43)-
3

Using this we define a biholomorphism

. 2k K
. g(az,tM) x Cz3k+3 - ‘F(al,az,a3,a4)'

On

2k
g(a3 ,aq) X (]:ZSkJrS

aZk

we have the complete fields 95/, .

for x1, x3, x3 in Egx41 and also the complete field 3/9z33. Using

the biholomorphism « we get complete fields on FX for az # 0 of the form

(a1,a2,a3,a4)

k41 _ a2k L ok 2% 5 0 1 .ok 2% 5 2%, 5
9x1x2x3* - 8X1X2X3 + aamxzxs(PZ (ZZk)) 8Z3k+2 + %8x1x2x3 (Cl3 Pl (ZZk) - a4P2 (ZZk)) 8Z3k+1 (8.0.8)
and )
2tlx _ 0O 99 9 _as_ 9 (8.0.9)
0Z3k+3 a3 0Z3k+1 a3 023k42
Since P32k =aj3 and Pfk = a4 on the fiber, we get meromorphic fields on (CHX
g2k+15 _ 52k 8§fx2x3(P22k(ZZk)) d
Haks TR P32k(22k) 0Z3k42
(8)%1](x2x3(P12k(Z2k)) _ P42k(ZZk)8)%1kx2x3(P22k(22k))> d (8 0 10)
P2(Zy) P2 (Zy)? 0zaksr
and 2k (7 \2 2k (7
y L 9 P5(Zy)” 9 Pio(Zy) 9 8.0.11)

02343 P2K(Zoy)? 023k+1 a P2 (Zyy) 023k42

(abusing notation), with poles on P32k =0. Since P32k is in the kernel of these fields, we can multiply the
fields by (P32k)2 and get the following complete fields that are globally defined on (C*)X and preserve
the fibers of 714 o Wk :

92k+1 — P32k(22k)292k+1,*

X1X2X3 X1X2X3
> > > a
= PP (2003 + P5 (22005 0y (P2 (Z2a)) 5
: 23k+2

+[PH(Za)*

X1X2X3

d - e a
(PP(Zo1)) = PP (Zai) 83, (P (Z2) | 5——  (8.0.12)
23k+1
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for X1, X2, X3 € Ezk+1, and

y2k+1 — P32k(Z2k)2y2k+1,*
ad
0z3k+2

- a - 8 - -
= P (Zy)* —— + P (Za)* —— — P (Zu) PP (Zx) (8.0.13)
023k+43 0Z3k+1

If a4 # 0 we can define a biholomorphism

. 2k K
B g(a3,a4) X CZ31<+1 - ]:(01,02,03,114)

using (7.0.1) and

1 2% 5
L3k42 = a—4(a1 — P (Zy) — azzag1)

and
LX)~
3k+3 = a—4(02 5 (Zok) — a3z3k42)
1 > a =
= —(az — P (Zoy) — S (a1 — P (Zap) — a3Z3k+1))
as as
1 - -
= a—z(aza4 —ay P (Zoy) — araz + a3 PP (Zap) + a3 z341).
4
On
2%
g(ag,cu) X CZ}HI

2k

we have the complete fields 8x1 o3

for x1, x2, x3 in Eor41 and 9/9z3x+1. Proceeding as above we get the
complete fields

0
0Z3k42

2k+1 _ p2k,7 202k
¢X|xz)C3 - P4 (ZZk) 8X1x2x3

+ PE(Za) 2 (PP (Zor))

+[PF(Za)d%, (PF(Za)) — PF(Za) 0%, (PE(Za))] (8.0.14)

X1X2X3 X1X2X3

0Z3k43

for xq, x2, x3 € Wygy1. The field y2k+1 is the same as in the case a3 # 0.
For the case K = 2k > 3 even, an analogous procedure leads to the following complete fields on (C)%

tangent to the fibers of w4 o Wk:

0% =PH N Zy )20% L 4 PN Zoy )02 (PPN (Zok1))

X1X2X3 X1X2X3 X1X2X3

dws3g—1

H[PHF N Za )02 (PE N Zope ) = P (Zok— )2 L (PN (Zoi—1))]

X1X2X3 X1X2X3

(8.0.15)
dw3zk—2

for x1, x2, x3 € Ex,

Grrne = P2 Zak0) 050 P (Za D0 (P (Zaie) o —

1,5 - 1,5 1,5 - —1,5 0
+H[ P Zae 005, (P (2o )= PET (2o 050 (P Za ) [ = 8.0.16)

X1X2X3 X1X2X3

for X1, X2, X3 € Eoy, and

0 1,3 1,3 0
—P12k 1(sz—l)Pzzk Y Za-1)

2% %15 2 0 2h—1,5 2
=P Zok—1) — + P, Zok—
14 7 (Zok-1) 8w3k+ s (Zog—1) FT FT

. (8.0.17)
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Remark 8.3. It follows from the inductive formulas (7.0.1) and (7.0.2) that 9)5 Yoxs fl oxs

considered as vector fields on (C3)%, are tangent to the fibers ]-"(Zl dr.a3aa) for L > K. In other words, the

and yX,
fields associated with triples introduced on level K are tangential to all fibers F~ for L > K.

9. Strategy of proof of stratified ellipticity

We outline the strategy for proving that the submersion is a stratified elliptic submersion. We have seen
that the fibers are given by four polynomial equations. We have also seen that these four equations can be
reduced to two equations. We then use the exact form of these two equations to find Ex so that a§x2x3
are complete vector fields exactly when xy, x5, x3 € Eg. This leads us to the globally defined complete
vector fields 0;? Yoxs> fl v, and y X described in Section 8. Find a big (a complement of an analytic
subset) “good” set on the fibers where the collection of these vector fields spans the tangent space of the
fiber. For points outside the good set find a complete field V whose orbit through the point intersects the
good set. At points along the orbit that are also in the good set, the collection of complete vector fields
above spans. Now pull back the collection of vector fields by suitable flow automorphisms of V and
add these fields to the collection (see Definition 10.7). This enlarged collection of complete vector fields
spans in a bigger set, thus enlarging the good set. Continue this enlarging of the collection of vector fields
until it spans the tangent space at every point of every fiber in the stratum. To accomplish this strategy we

need the following technical results.

Lemma 9.1. Let M be a Stein manifold and No C N C M analytic subvarieties. Given a finite collec-
tion 01, ..., 6y of complete holomorphic vector fields on M which span the tangent space T, M at all
points x € M\ N and given another complete holomorphic vector field ¢ on M (whose flow we denote by
a; € Autho (M), t € C) with the property that the orbit through points of N \ Ny is leaving N i.e., for
all x € N\ Ny we have {a;(x) : t € C} ¢ N. Then there are finitely many times t; € C, i =1, ...,1, such
that for all x € N \ Ny we have {a;, (x)}ﬁzl ¢ N. In particular the finite collection {O‘t*,- (Qm)}fil’m:] of
complete holomorphic vector fields on M spans the tangent space Ty M at all points x € M \ Nj.
Proof. The analytic subset N has at most countably many components. Denote by B; those components
which are not entirely contained in Ny. Define ag to be the maximal dimension of them. Choose a point x;
from each of those B;. For every i the set A; := {t € C: o, (x;) € N} is discrete. Since a countable union
of discrete sets is meager in C, we can find #; such that #; ¢ A; for all i. Denote by Ei those components
of the analytic subset Ny :={y € N : a;,(y) € N} which are not entirely contained in Ny and define a; to
be the maximal dimension of them. By construction a; < ag. Choose a point x; from each of those El-.
For every i the set Ai :={t € C: a,(x;) € N} is discrete. Since a countable union of discrete sets is
meager in C, we can find , such that #, ¢ fi,’ for all i.

Let a, be the maximal dimension of those components of the analytic subset N, := {y € N :
oy (y) € N and o, (y) € N} which are not entirely contained in Ny. By construction ay < a; and
continuing the construction after finitely steps we reach our conclusion. U

The next lemma is a generalized and parametrized version of the previous one. It is adapted to the
stratified spray situation. Namely, we have to produce sprays not on a single fiber but in a neighborhood



258 BJORN IVARSSON, FRANK KUTZSCHEBAUCH AND ERIK LOW

of the fiber in each stratum (see Definition 5.4). In our case it will be on the whole stratum. The
following definitions are straightforward. The first one was introduced in [Andrist and Kutzschebauch
2018, page 918].

Definition 9.2. Let 7 : X — Y be a holomorphic map between complex manifolds and denote by
dr : TX — TY the tangent map. We call a holomorphic vector field 6 on X fiber-preserving if dmw(8) = 0.

Definition 9.3. A subset N of a complex manifold M is called invariant with respect to a collection of
vector fields on M if for each of the vector fields we have: for each starting point x € N the local flow of
the field (which is defined in a neighborhood of time 0) remains contained in N.

Lemma 9.4. Consider a submersion w : M — Y with connected fibers M, := 7~ (y) and a finite
collection of complete fiber-preserving holomorphic vector fields on M such that in each fiber M there
is a point x € M, where they span the tangent space T, M. Suppose there is no analytic subset N of M
contained in a fiber My which is invariant under the flows of 0., ..., 0r. Then a finite subset of the set
L6, ...,6k) is spanning T, My for all x € M.

Proof. Let N C M be the set of points x where span{(0y, ..., 0)} # Tx My (). By assumption N U M,
is a proper analytic subset of M, for each y € Y. Since there is no invariant analytic subset different
from the fibers for each xg € N, there is a field 6; whose flow starting in xo will leave N, i.e., go through
points where (01, ..., 6;) span Ty M, (.,. Now choose (at most countably many) points, one from each
component of N. As in the proof of the proceeding lemma find finitely many times #; and enlarge the
collection 6y, .. ., 6 by the pullbacks («;(t;))*(6,,)i, m =1, ..., k. We then get a new finite collection
of complete fields where the set of points where this new collection does not span the tangent space of
the w-fiber has smaller dimension. By finite induction on the dimension we get the desired result. [

10. Auxiliary quantities and results

Define
aPK/ox1 aPK/ox, dPK/dx3

< aPK/ox; aPK/dx, aPK/dxs
Mion = | 2ok X p (10.0.1)
dPK/ax, aPK/ax, dPK/dx;

aPK/ox1 aPK/oxs dPK/dxs

K

Y1, S1Ves us 3x3 matrices which we

for any triple x{, x3, x3 from Z k- Removing the j-th row from M

denote by M,Iflx]z x;- Let

REJ = det MK

X1X2X3 X1X2X3°

The significance of the functions Rflx]z x; 18 understood if one notices, because of (8.0.1), that

2k+1,1 __ a2k 2k

RXI;;XS - ax1x2x3 P37, (10.0.2)
2k+1,2 __ a2k 2k

Rxl)j;m = Oy P (10.0.3)
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and that
2k,3 2k—1 p2k—1
RX1X2X3 = axlxzx3 P4 ’ (1004)
2k,4 2k—1 p2k—1
Rmx;)@ = ax1x2x3 P3 . (1005)

From (7.0.1) and (7.0.2) we get the relations

2%k+1,1 2,1
RX]XZ.X} 1 0 00 RXIXZX3
RIS —Z3k+1  23k+2 (1) (1) R¥3, o
Z3k+2 —Z3k+3
R I Ritiass
and
2k, 1 2k—1,1
Ririars 1 0 —wsk— w3k—1 R
2%k,2 2k—1,2
Rx1x2x3 _ 01 w1 —ws Rx1x2x3 (10.0.7)
- I LA A
R, Ry
Consider the vector fields GXlem and ¢xle2x3, where (x1, x,x3) € Tp and 3 < L < K. Rewriting
(8.0.12), (8.0.14), (8.0.15) and (8.0.16) using these functions we get
g g
2k+1 2% 5 \242k 2% (5 241,17 0
0}61;;63 = P35 (Z2k) 05,0, + P35 (Z2k)RX1x+2x3 (Z2t) 02342
- - - - d
+ (P (Za)RET L2 (Zaw) — PP (Za)RETY) (sz))m, (10.0.8)
2%k+1 2% (5 22k 2% 5 2%+1.2,5 0
b = PiN(Za)? 07 oy + PP (Za) RO (Zo) P
- - - - d
+ (P (Za)REG 1 (Zon) — Pf"(zzkmi’f;;f(sz))M, (10.0.9)
_1.3 _ 1,3 > ad
0 e, = P o )?030, + P (2o DRI (Zaiy) w1
+ (P 2o DR Zoie) = P (Zas DR, (Zai) ge— (10.0.10)
2k 2%—1,5 202k—1 2%—1,5 2%k4 (5
By = Pr (Zok—1)705 00y T Po7 (Zok— 1R s (Z2k—1) S0
15 - 1 - d
+ (P (Za)RED  (Zoir) — P 1(zzk_l)Ri’;;‘;m(Zzzc_l))m. (10.0.11)

We see that half of the functions Rflx’z x; occur in the coefficients of the last three directions. As already

observed the fields QXlem and xLl xox; fOr L < K have zero components along the last three directions.

We have to make sure that the projection onto the last three variables of the collection of fields 95 toxs

and fl xox; SPans a 3-dimensional space. If this is true for a point, we will say that the fields span all new

directions in the point. In order to determine if our fields span all new directions in a point Z kK €F, aln( arasas
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we will use the following. Let Nx = |Tg| be the number of complete triples. Define the (2 x Ng_1)-
matrices

Rﬁf;ﬂgf(ZK)
RE=12(7,) ...

X1X2X3

) when K odd,

Qf (Zx)= .
(Rfl;zl,éf(zk) .
RK—1,4(ZK)

X1X2X3

) when K even,

where (x1, x2, x3) run over all triples in 7Tx_;. Using the formulas (10.0.8), (10.0.9), (10.0.10), (10.0.11),

: K
and remembering that a fiber Fay.ar.as.az)

(a3, as) # (0,0) when K is odd, it is an exercise in linear algebra to prove the lemma below.

is called generic if (a1, a2) # (0, 0) when K is even and if

Lemma 10.1. Ifin a point ZK € ]:a’faza3a4 in a generic fiber

Rank QX (Zg) =2
then
K. K . K
{01 xoxs * (01 X2, X3) € Tk—1 ULy 1)y © (X1, X2, x3) € Tk—1} U {y "}

span all three new directions. If
Rank QX (Zx) =1

X1X2X3

then
B, + (01,02, 33) € Tk} Uy, * (01 22, 303) € Tr—1} Uy ")
span two out of three new directions.
Because of the formulas (10.0.6) and (10.0.7) we have the lemma below.
Lemma 10.2. Let K < L and put
RLL (Zp) ...

X1X2X3

ML (Z )— RJIC‘I£2X3(ZL)
L - -
‘ RE3 (Zp) ...

X1X2X3

RLA (Z1) ...

X1X2%3
where (x1, x3, X3) run over all triples in Tx. Forall L > K
Rank MK (Z,) = Rank M%(Z)).
The importance of Lemmas 10.1 and 10.2 is seen in the following corollary.
Corollary 10.3. Let L > K and Zx be a point whfre Railk Mg(ZK) = 4. Then for all points 71
contained in a generic fiber .7-"(21’ wr.as.ay) SUCh that w(Z1) = Z , the complete fields
{0F ny t (X1, X2, X3) € TLo }U{DL ), 1 (X1, X2, x3) € T} U {y")
span all new directions (the directions along the last three variables in (C*)L).

Proof. Two rows of the rank-4 matrix M%(Z 1) are linearly independent. U
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s | Ribs Rity Ritn Rt
83)1 wHws3 0 0 0 0
azzzw2w3 0 Z% 0 0
az23w| w Z% 0 0 0
aZ22w| w3 0 2223 0 0
85311)111)3 22323 0 0 0
3z22z3w1 2W2  —Z2W3 0 2
02wy | —23W1 W2 23 0

Table 1. The expressions for R

X1 X2X3°

Corollary 10.4. Let L >3 and Z; bea point that is contained in a generic fiber ]-'(L and such that

a1,a,a3,as)
72023 # 0. Then
{08 ny - (X1, X2, X3) € TL_1}U{BE 1t (k1. X2, x3) € L1} U {y"}
span all new directions in Z L-

Proof. The corresponding matrix for L = 3 is contained in Table 1. From this table the claim is an easy
exercise in linear algebra. O

In order to use this corollary we need the following lemma.
Lemma 10.5. We have the following cases for the function P = z,z3 and the fibers FX:

(1) P isnot identically zero on }"(Z] r.a.da) for K = 5. Forthese K the fibers .7-"(1;1 ar.as.ag) 4T€ irreducible.
(2) The fibers .7-'(4

a1.av.az.az) A€ irreducible except when

(a1, a2, a3,a4) =(0,0,0, 1).
The function P is not identically zero on fibers except for one component of .7-"(‘(‘) 0.0.1)"

(3) The fibers T,

a1.a0.as.az) A€ irreducible except when

(a1, az, a3, as) = (ay, a2, 0, 1).

The function P is not identically zero on fibers except on ]-'(%’ 1.0.0) 0T f(fl

1.0.0,0) OF on one component
of the reducible fiber }—(il,az,o,l) where it is identically zero.

Proof. We first prove (3). The fibers F, (f” 1.0.0) are just biholomorphic to C3 and 75, z3 are constantly equal
to ay, ap. This shows that they are irreducible and that the assertion about P is true. The fibers F, (21 .0.1)

are isomorphic to the variety 9(20 1) given by two equations which can be written in matrix form as
w; w 0
LW (e2) = (1) (10.0.12)
wy w3/ \z3 0
From this it can be seen that 9(20 1y has two irreducible components. One is

Al ={2, z3: 20=23=0} = C} (10.0.13)

wiwaws3
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and the other is

Ay = {("’1 w2> : (wl wz) <22) — <0> and det <w1 w2> :o}. (10.0.14)
wy w3 wy w3/ \23 0 wy w3

The singularity set of 9(20’1) is A1 N A,. Clearly P is identically zero on A; and not identically zero
on A,. Observe that ]-'(21’ 1.0.1) are connected, their smooth part consists of the two connected components
A1 \A2 and A2 \ Al.

The smooth generic fibers F, (3

ay,az,as,as)

for (a3, aq) ¢ {(0, 0), (0, 1)} are isomorphic to the variety 9(2%04)
given by the two equations

w1 + 3w = as, (10.0.15)
w2+ zzw3+ 1 =ay. (10.0.16)

In the case zp # O these equations can be used to express w, and w3 by the other variables and we
get a chart isomorphic to C} x C,; x Cy,. In the case z3 # 0 we can express wy and w3 by other
variables, which gives us a similar chart. Thus g(lm a4 18 covered by two connected charts with nonempty

intersection which shows that it is connected. Thus the smooth generic fibers ]—"(3 are irreducible.

ai,a,as,as)
The function P is not identically zero on both charts. The assertion (3) is completely proven.

Next we prove assertion (2). The nongeneric fibers ]-"(‘6’0’ a3.a4) 1€ isomorphic to ]-"(%’0’ anaz) X C3, where
c? corresponds to the new variables w4, ws, wg. All assumptions about these fibers follow therefore from
the corresponding assumptions about ]—"(%’Omm).

In the case of generic fibers which are known to be smooth (see Section 7) we just have to prove that

they are connected. For this consider

4 _ 3
f(al,uz,u3sa4) - U ‘F(al,aqu3,b4)’ (10.0.17)

(w4, ws, we)€C?

where b3 = a3 — wga; — wsap and by = a4 — wsa; — weay. In other words we consider the surjective

projection p : F* — C3, mapping a point to its last three coordinates (wy, ws, wg), Where the

ap,ap,as,a
p-fibers are just(lilbérs3]-"iil’ w.bs.by)- CONNectedness of the p-fibers implies that a connected component
of f(‘t‘ll’az’%w has to be p-saturated. Since p is a submersion in generic points of the fiber (it is not a
submersion only in singular points of an JF 3-fiber), any connected component of ]:(jn, wr.as.ay) 15 €qual to
o~ (U), where U is some open subset of the base C>. Since the base is connected and p is surjective,
follows. The function P is not identically zero on any F 3-fiber contained
itself. This concludes the proof of (2).

for K > 5 can be proven by

connectedness of ]-"(il tr.3.03)
. 4 R . 4
in f(al’az’as,w, and thus not identically zero on f(al’az’%w

: K
Last we prove assertion (1). The connectedness of the fibers ]-'( a1.a2.03.a3)

induction in a way similar to the connectedness of the generic F *-fibers is deduced from the properties

of F3-fibers. As above we consider the surjective projection p : FX — C3 onto the last three

(a1,a2,a3,a4)
variables whose fibers are FX~!-fibers. Since again FX~!-fibers are connected and p is a submersion

in smooth points of the FX~!-fibers, any connected component of FX is of the form p~1(U),

(ar,a2,a3,a4)
where U is some open subset of the base C>.
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In addition we will prove by induction that the smooth part of the singular fibers

K . K
]:(al,az,us,m)\ Sing f(al,az,as,m)

is connected for K > 5. Together with connectedness of the fibers this implies the irreducibility of the fibers.
For even K, the singular fibers are the singular 7X~!-fibers times C* and therefore the connectedness
of the smooth part follows by the induction hypothesis.

For odd K =2k + 1, we are faced with the following situation: The singular fiber is F, and

K
(a1,a2,0,1)
it is fibered by FX~!-fibers all of which are smooth except for the fibers ]-"(1575,10’ 1y- The union of those

fibers forms a codimension-2 subvariety of ]-'(I;’ .01y (g1ven by the equations z3x42 = z3k+3 = 0). By the

argument above, the complement, call it W, of this union in ]:(’a(l

of ]:(51 .0.1) are contained in that union and are contained in (but not equal to) the union of the singular

.a.0.1y 18 connected. The singular points

points of the fibers ]-"(Ig 610 1y~ We want to prove that any smooth point p of ]-"(Icfl 1.0.1) Which is contained
in a fiber ]—"(Ig 610 ) 1s contained in the connected component containing W. Since the complement of
W has codimension 2 in f(lél,az,o,ly an open neighborhood of p in f(lél,az,o, ) has to intersect W, which
gives the desired conclusion.

As in the proof of (2), the function P cannot be identically zero on any fiber ]-"(fl’ w.a.ay) SiNCE this
fiber contains X ~!-fibers on which, by the induction hypothesis, P is not identically zero. ]

Remark 10.6. The fact that after a certain number of factors the fibers of the fibration all become
irreducible is very general. It was proven by J. Draisma as an outcome of an interesting discussion
with the second author. The irreducibility statement in our lemma is just an example of a much more
general property. We refer the interested reader to [Draisma 2022]. The exact number at and past which
irreducibility of the fibers holds (in our case 5) is not known in general, although Draisma gives a bound.

Definition 10.7. Let M be a manifold and A be a set of complete vector fields on M. The flows of
elements of A give one-parameter subgroups of Aut(M). Denote by S the group generated by elements
of those one-parameter subgroups (finite compositions of time maps of vector fields of elements from A).
Define

[(A)={a*X:a € Sand X € A}.

Obviously I'(A) consists of complete vector fields and we call it the collection generated by A.

Definition 10.8. Let L > 3. We define

L
QL= F(U{{ijmx3 D (x1, X2, x3) € By} U] o, 0 (X1, X2, X3) € EJ}U{VJ}}>-
J=3
At each step of the induction we will prove the following proposition, which plays a crucial role in the
inductive proof of Proposition 3.6.

Proposition 10.9. For each L > 4 we have: There are finitely many (complete) fields from Qp which
span the tangent space T, F* at each smooth point of any generic fiber FL. For L = 3 there are finitely
many (complete) fields from Q3 which span the tangent space T JF 3 at each point of any smooth generic
fiber F3.
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Remark 10.10. For L = 3 singular generic fibers ]-"(2] 1.0.1) have two irreducible components and we
can prove the statement about smooth points on generic fibers only for one of those components. It is
false for the other component.

11. Proof of Proposition 3.6: three matrix factors

In Table 2 we list the coefficients of the fields 92 for all xi, x2, x3 € 7.

X1X2X3
We first consider the stratum of smooth generic fibers, where we have

(a3, a4) ¢ {(0,0), (0, D}.

Notice that zo = z3 = 0 is contained in ]-'é 26.0.1) and therefore z, and z3 are never simultaneously zero
on any fiber in this stratum. It is enough to show that Q( ws.ap) 18 elliptic. We see from the table that
the fields 8223wlw3, Bzzzwlwg, Bilwzw span the tangent space T g(a ay) for all points Z where 7573 # 0.
The complement of this good set is the disjoint union of the analytlc subsets A = {Zz zo =0} and

= {Z2 : z3 = 0}. From the table we see that aszzwg (z2) = z3, which is nowhere-zero on A. Also

8z23w1 w, (23) = z3, which is nowhere-zero on B. By Lemma 9.1 there exist finitely many complete fields from

T ({07 1, : (X1, %2, X3) € T2})

that span the tangent space T, Q(zaw“ for all points in the stratum. Therefore gfag’w is elliptic. It follows
that there are finitely many complete fields from

T({6; 1y, (51, X2, X3) € TIIUAS] L, 2 (x1, X2, x3) € TR}U (7))

that span the tangent space T, F}

(a1,a2,a3,a4)
Now we consider the stratum of nonsmooth generic fibers (a3, as) = (0, 1). The two equations defining

wy w2\ (22 _ (0
(wz w3> (Z3> B (o) ‘ (11.0.1)

for all points in the stratum.

g(zo ) can be written in matrix form as

d/dz2  0/0z3 9/dw d/dwn 3/dws
ag)w)zw; 0 0 Z% —Z2Z3 Z%
8z22w2w3 Z% 0 0 —wii3 Wi2—w213
aZ23wlwz 0 Z% 3W3—w222 —22W3 0
8222w1un <213 0 —w1Z3 0 —ZoW2
azzgwlwz 0 <2433 —WwW223 0 —Z2oW3
az2213w1 —2wW3  Z2w» w1w3—w§ 0 0
822223w3 W2Z3 W13 0 0 w1w3—w%

Table 2. Coefficients of complete vector fields. For example, 92 1 w23 Z%(a Jdw)—
2223(3/0w))+23(3/dw3).



HOLOMORPHIC FACTORIZATION OF MAPPINGS INTO Sp4(C) 265

Recall that Q(ZO’I) has two irreducible components. The components are given by (see (10.0.13) and
(10.0.14))

={2,23:20=23=0} = Cw1w2w3 (11.0.2)

Ay = {(wl w2> : (““ w2> <Z2) — <0> and det <w1 “’2) :o}. (11.0.3)
wy w3 w2 w3 23 0 wy w3

The singularity set of g(zo 1y is A1 N Az. We have to show that the smooth part of g(zo 1y» that is, the

and

disjoint union of A; \ A, and A; \ Ay, is elliptic. In the proof for the smooth generic case it is shown
that on the set where z, and z3 are not both zero, there exists a collection of complete spanning vector
fields. Since A, \ A; is contained in that set, we need only consider A \ A;. The set A} \ A, is
biholomorphic to C*\ {wjws — w3 = 0}. The vector fields (wjw3 — w3)(3/0w1), (w1w3 —w3)(3/0ws),
2wy (9/0wy) + w3 (d/dwy), 2w, (d/0ws) + w1 (9/dw,) are complete on C\ {wyws — w2 0} and span
the tangent space in all points outside the analytic set A’ = {w; =w3=0}N(A;\ A2). Since w, is nowhere-
zero on A’ any of the four complete fields points out of A”. By Lemma 9.1 the proof is complete. Observe
that we also have proved Proposition 10.9 for L = 3. Notice that the fields 2w, (d/0w;) + w3(d/0w>),
2wy (0/0w3) + wi(d/dwy) are not in Q3 and this explains the difference between L =3 and L > 4 in
Proposition 10.9. See Remark 10.10.

The stratum of nongeneric fibers is a locally trivial bundle with fibers C> (= ]—'(2]’ a2,0,0)) which is an
elliptic submersion.

12. Proof of Proposition 3.6: four matrix factors

We begin the proof by studying the stratum of generic fibers, (a;, ax) # (0, 0). We write

4 — 3
Flar,w,as,a) = U f(al,uz,b3,b4)v (12.0.1)

(wa,ws,we)eC?
where b3 = a3 — wqa; — wsap and by = a4 — wsa; — weay. We need to find finitely many complete

vector fields spanning 77, F for points 24 in the stratum of generic fibers. Because of (12.0.1)

7, (a1,a2, a3 as)
there are b3 and b4 so that Z3 € ]-'( 41.a0.b3.b3) and Z4 = (Z3, w4, Ws, We). We first consider the set of points
in these fibers having the property that (b3, bs) #~ (0, 0) or (0, 1). Under these assumptions, Z4 lies in a
generic smooth fiber }'(al’az, by by aDd we know from Section 11 that there is a finite collection of fields

from Q3 which spans
3 4
Tz4f(a1,a2,b3,b4) C TZ4F(a],a2,a3,a4)-
Corollary 10.4 together with Lemma 10.5(3) shows that for the set defined by z2z3 7% 0 (which is a Zariski

. . 4
open and dense set of points of the generic fiber 7, . . a) the fields

(05 1y, (X1, X2, X3) € TIIULQY ¢ (¥1, X2, x3) € TIIU{v7)

span the new directions w4, ws, we. Since these new directions are complementary to

R 3 R 4
TZ4‘7:(al,az,b3,b4) C TZ4]:(11| ,a2,a3,d4)°
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we have found finitely many complete fields spanning 77, Fi

(a1.a2.a3.a,) 10T points in a Zariski open dense set

in all smooth generic fibers F, by- Using Lemma 9.1 we get finitely many complete fields spanning
Ts .7-'(‘;1 w.a.a) Tor all points in all generic fibers f(al w.a3.ay With the property that (b3, bs) # (0, 0)

or (0, 1). Next we consider points Z4 where (b3, by) = (0, 1), i.e,

(ul,az,bz,

= 3 4
Z4 € F 142,00 © Flay.aras.an)

Remember that
Foramony = A1UAs = A1U(A2\ A) (12.0.2)

(see (10.0.13) and (10.0.14)), where A| and A, are irreducible components. In the proof for K =3 we
saw that there is a finite collection from Q3 which spans all tangent spaces

. 3 . 4
TZ4]:(LI1 ,a2,0,1) C TZ4]:(a1,a2,a3,a4)

for all points in A, \ A;. Lemma 10.5(3) gives that z,z3 is not identically zero on A, \ A and as above,
appealing to Lemma 9.1, we get spanning fields for the fiber F?*

(a1,az,a3,a4)
aim is to exclude the existence of a subset of the fiber invariant under the flows of fields from Q4. By the

in all points of A\ A;. Our

reasoning above, such a subset must be contained in A or the set of points 24 where (b3, by) = (0, 0).
Next we show that such a subset is disjoint from A;. A calculation shows that

0 0
8232“26 (z4w2—i—z5w3)8—Zz — (1 +z4wy +15w2)8—m +oe

Therefore the complete fields
4 3
02326 = 41 aZzZzZo o

¢t —a2d3

222326 ZZZ}Z6

move points out of A; (into the big orbit) unless, in addition to z, = z3 = 0, also
1+ z4wq + z5w0 = Z4w2 +z5W3 = 0. (12.0.3)

Points in an invariant subset must also satisfy these equations. A calculation gives that 8> =0/0z4

242526
when z, = z3 = 0. Therefore the complete fields

4 3
0 13

242526 242526

¢t —a2d3

242526 Z4ZSZ6
move points out of this set since

242526(1 + z4wi + z5W0) = a%wl,
0242526 (z4wr +z5W3) = CllleQ,
¢?41526(1 + 4w + 25w2) = azwy,
¢?41526 (z4wr +z5W3) = a%ll)z

cannot all be zero, because this would contradict (12.0.3). We now turn to points Z4 where (b3, bs) = (0, 0)
and again show that these points are not contained in an invariant subset and hence no such invariant subset
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exists. We will find fields 6% or ¢4 such that R>3 £ 0 or R3*

X1X2X3 X1X2X3 X1X2X3
that at points Z4 with z,z3 % 0 we can leave the invariant set. Also zp = 0 = z3 cannot occur in ]-"(21 1.0.0)"

Two cases, zp # 0 = z3 and zp = 0 # z3, remain. Assume first that z, # 0 = z3 (and b3 = by = 0). Here

. . . . 3 3 _ _ 2
we begin by choosing the triple (z3, wi, w2). Since Ry}, ), = —2214 and szm 7525, We move out

of ]-"(2 0.0.0) unless z4 = z5 = 0. Assuming in addltlon that z4 = z5 = 0 we choose the triple (z2, z3, wy).
Taaw = 22+ 22W326 (and R332 =0)soif | +ws3zg # 0 we move out of .7-"(21’&2’0’0).
Choose (z2, 23, z¢). Notice that

# 0. We begin by noticing

X1X2X3

For such points, R>*

2223W1

4 2 0 2 0

222326 = a and ¢ZZZ3Z6

at these points and 9222326(1 +w3z6) = a? [w3, ¢2223Z6
1+ w3 z¢ = 0 implies w3 # 0 and we assume that (a;, az) # (0, 0).

Now assume that zp = 0 # z3 (and also b3 = by = 0) and choose the triple (z3, w2, w3). Since

(I4+ws3z6) = a2 w3 which both cannot be zero since

3.3 2 2
RZwow, = 2325 and RZQWQW3 = —Z732¢ We move out of .Fa a,.0,0) unless z5 = zg = 0. Assuming in

addition that z5 = z¢ = 0 we choose the triple (z2, z3, w3). For such points Rzmw z3 + z3w; z4 (and

R32§3w3 =0) soif 1 + w;z4 # 0 we move out of F(al,az,O,O)' Therefore assume also that 1 +w;z4 =0

Choose (z2, 23, z4). Notice that

2 0 2 0
0! — d =a5—
and @7 a, 0z

222324 a 222324

at these points and Z2Z3Z4(1 +wiz4) = a1 wi, ¢m3z4(1 +wiz4) = azwl, which both cannot be zero since
14+ w;z4 =0 implies w; 7# 0 and we assumed that (a;, a2) # (0, 0). This lets us conclude that there is
no invariant subset with respect to Q4 and we have handled the stratum of generic fibers. Note that this
proves Proposition 10.9 for K = 4.

We need to study the stratum of nongeneric fibers. This stratum consists of those fibers where
a; = ap = 0. We notice that these fibers satisfy

4 _ 3 3
F0.0.a3.a5) = F0.0.a3.a5) X C

and since ‘F(%,O,a3,a4) is elliptic we have proven Proposition 3.6 for K = 4.

13. Proof of Proposition 3.6: five matrix factors

We assume that K = 5 and we have seen that the submersions ®; = m4 o Wy are stratified elliptic
submersions when 3 < L < 4 and that Proposition 10.9 is true when 3 < L < 4.

We study

]:(fllyﬂz,abazt) = U ‘7:(?71,172,613,04)’ (13.0.1)
(z7,28,29)€C?

where by = a1 —z7a3 — zgaq and by = ap — zgaz — z9ay. Let 25 € ]:
are b; and b, so that 24 € .Fbl by.a3.a3) and 25 = (24, 27, 28, 29).

First we study the stratum of smooth generic fibers. Fibers in this stratum are those satisfying
(az, aq) € {(0,0), (0, 1)}. First notice that if (b1, by) # (0, 0) then ]—'(‘;]

Because of (13.0.1) there

(a1,a2,a3,a4)"

by.as.ay) 18 @ generic smooth fiber
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3/02> 9/923 9/0z5 /326
P14 14w z4 w324 1 0
ry 0 1 0 1
Pf witwatwiwazs wrtws+wrwazs  wa ws
P} | wytwstwiwszs witwetwawsza  ws We

Table 3. The nonzero partial derivatives of P, P24 , P34 , and Pf .

for ®,4 and as above, Proposition 10.9 for L = 4, Corollary 10.4 and Lemma 10.5(2) show that for these
points we have spanning fields. If (b, b) = (0, 0) then ]-'(‘(‘)’0’ as.a4) is a nongeneric smooth fiber for ®4 and

4 _ 3 3
F0.0.a3.a3) = F(0.0.a3.a5) X €

Since we assume that (a3, a4) # (0, 1) (in this case (a3, as) # (0,0) is automatic), we know by
Corollary 10.4, Lemma 10.5(3) and Proposition 10.9 that we have spanning fields. This also shows that
Proposition 10.9 holds for these fibers when L = 5.
We now study the stratum of singular generic fibers. Here (a3, as) = (0, 1). Again notice that if
(b1, b2) # (0, 0) then
Fior 0.1

is a generic smooth fiber for @4, and Proposition 10.9 (for L = 4), Corollary 10.4 and Lemma 10.5 show
that for these points we have spanning fields as above. Next we study the case (b1, b) = (0, 0). In this
case we see that
F0,0,0,1) = F0,001 X C.
We write, as in Section 11,
3
f(o’oy()’l) - Al U A2

In A, \ A; we can use the argument as in the smooth generic case in Section 11: zz3 # 0 and

8z22w2w3 (z22) = z% make it possible to leave the set where z, = 0, and 92 (z3) = z% makes it possible to

3w Wy
leave the set where z3 = 0.
Now we need to deal with points in Aj x Cc ]-"(‘(‘) 0.0.1)" Because of the inclusion we find z5 = z¢ = 0.

Define C ={zp =23 =25 =26 =0} C ]-"(‘(1)’0’0’1) C ]-"(%’0,0’1), which contains the set of singularities

. w| Wy W4 Ws
Sing(Fg = C N {Rank 2t

neFoo0n) { " (wz w3 ws w6> b }
In order to prove Propositions 10.9 and 3.6 we need to show that fields from Qs move out from
C\ Sing(}'(%’oﬂo’ 1) Calculating the partial derivatives of P}, ..., Pf in points of C we find that the ones
that are nonzero are those listed in Table 3. We examine the complete field ¢Z52 2325+ Lhis field has some
complicated components which on C take the form

5 0 0 9

=Dj—+Dy—+D3—+---
¢22Z3Z6 1322+ 2323+ 3326+ ’
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where
wrtws+wowaz4 W
w3+we+wrwsz4 We
witwstwiweze w
Dy = det 3 ,
wrt+ws+wiws24 We

W1twa+wiwa24 Wr+ws+wrws4
D3 = det .
W2 Ws+wiwWs 24 W3+we+wowsz4

Whenever at least one of Dy, D, or D3 is nonzero we can move out of C. Suppose we are in a point of
C\ Sing(]-"(% 0.0.1y) Where D; =D, = D3 = 0. Observe that

wp w2 w4 Ws W W4+wWiw4z4 W2+Ws+WrW474 W4 Ws
Rank = Rank
w2 W3 Ws We wrtws+wiws24 W3+wWet+wWrWs24 Ws We

(in this case it is 2) since
Wi1twa+wi w424 _(w (1 +wizs) W4 ’
wr+ws+wiws 24 w2 ws

Wyt wWs+wrws 24 w2 ws Wy
= + + wrz4 .

w3+ We+waWs 24 w3 We Ws
The fact that D; = D, = D3 = 0 means that the rank drops when we remove the third column from
these matrices. This implies that the third column is nonzero and the other columns are multiples of a
nonzero vector v which moreover is linearly independent of the third column. Now we use the field >
(see (8.0.13)) to show that the set

I =C\ Sing(Fy 0,0.1)) N{D1=D,=D3=0}

does not contain an invariant subset under fields from Qs. In the points of I we have that y3 = 3/3z4.

‘We consider two cases.

Case 1: (ws, wg) # (0, 0). In this case
det (w“ ’”5) £0.

Ws We
‘We have

y3(Dy) = w, det <w4 w5).
w5 We

Thus y3 moves points out of I unless w, = 0. Looking at

y3(Dy) = w) det <“’4 “’5)
w5 We

we see that w; = 0 for I to be invariant. Assuming in addition w; = w, = 0 we find that

w w
Dy = det < 4 3 >
ws We,

which is a contradiction since D, =0 on 1.
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Case 2: (ws, wg) = (0, 0). This implies w4 # 0. On these assumptions

D3 = (wjwsz — w%)(l + z4wyq) + w3wy
and
y3(D3) = (wiws — wHws.

Now y3(D3) = 0 implies that wjws; — w% = 0, which in combination with D3 = 0 implies that w3 = 0.

w); W2 w4 Ws . w1 0 w4 0
wy W3 W5 We o 0000
which contradicts the assumption that

Rank (wl 02 s w5) =2.

This in turn gives wy = 0 and

w2 w3 ws We

Finally we study the stratum of nongeneric fibers, that is, (as, a4) = (0, 0). Here all fibers are smooth.
Also
5 4 3
Far,,00 = Far.a,00 X C

and since F;, . ) 1s elliptic we are done.

14. Proof of Proposition 3.6: induction steps

Recall the description of the stratification for the submersion ®,; = 74 0 Wy, given in Section 7. When
M is odd we have the following strata:

o The strata of generic fibers: When (as, as) # (0, 0), the fibers are graphs over Q(AZ;;A‘) x C. This set is
divided into two strata as follows:

— Smooth generic fibers: When (as, a4) # (0, 1), the fibers are smooth.
— Singular generic fibers: When (a3, a4) = (0, 1), the fibers are nonsmooth.

o The stratum of nongeneric fibers: When (as, aq) = (0, 0) the fibers are ]-"(1(‘141 .00 = ]-'(1(‘1/11 _alz 0.0 X 3.
Moreover the fibers are smooth.

When M is even we have the following strata:

o The stratum of generic fibers: When (a1, az) # (0, 0), the fibers are graphs over 7-[?:;;2) x C. Moreover
the fibers are smooth.

o The strata of nongeneric fibers: When (ay, az) = (0, 0), the fibers are ]-"(1(‘)4’0’03’@) = J:(I(‘)’{& ;MA) x C3.

This set is divided into two strata as follows:

— Smooth nongeneric fibers: When (as, a4) # (0, 1), the fibers are smooth.

— Singular nongeneric fibers: When (a3, a4) = (0, 1), the fibers are nonsmooth.

We will now complete the proof by doing the induction steps necessary.
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14.1. Even number of factors. We begin by showing that the stratified submersion is elliptic when
the number of matrix factors is even. This case is easier than the case when the number of factors is
odd, which we will deal with in Section 14.2. Assume that K = 2k — 1 > 5 and that the submersions
®; =m0 Wy are stratified elliptic submersions when 3 < L < K and that Proposition 10.9 is true when
3<L<K.
We study
FK+1 — F2% U F k-1 (14.1.1)

(a1,a2,a3.a8) — 7 (a1.a2.03.a4) — (a1,a2,b3,b4)°
(w3k—2, w31, w3x) €C?
where b3 = a3 — wsg_pa; — wig—1az and by = a4 — w3;_1a; — waray. That is, we use the new group of
variables w3k—2, wig—; and w3, to present }'(i'l" w.az.ay) 35 A fibration over C? with fibers F <1,

Let us describe the strategy similar to the cases of four and five matrix factors. We want to use
Proposition 10.9 for K = 2k — 1, which gives us complete fields that span along that fibration. Next we
want to find complete fields among those that are tangential to f(%z]f,az,ag,m) that also are transversal to the
fibers in the fibration. We will appeal to Corollary 10.4 and Lemma 10.5(1) to find these fields. Taken
together this will show that a subset A in the fiber }—(il]{, aatts.aa)
fields from Q,; must be contained in the union of nongeneric fibers 72*~! and singular points of generic
fibers 7 2*~1. Call this union Ué’imyaw“. Our aim will then be to show that there cannot exist such an

. . . . . 2k . 2k 2k
invariant set A by showing that every pointin ¢g, . ,. .., canbe movedinto Fii' o \UG 40 o0 4

that is invariant with respect to vector

by vector fields in Qy.
We now take care of the details. By (14.1.1) there are b3 and b4 so that Zy;_; € .7-"(2]1‘;; bs.ba) and

Zog = (Zog—1, W3k—2, W3k—1, W3k).

We begin by studying the stratum of generic fibers, that is, (a;,a2) # (0,0). For points where
(b3, by) ¢ {(0,0), (0, 1)} we have that f(lef_ai bs.bs) is a smooth generic fiber for the submersion ®y;_,
and Proposition 10.9 (for L = 2k — 1) together with Corollary 10.4 and Lemma 10.5(1) let us conclude
that we have complete vector fields spanning the tangent space of ]:(i]f, w.a.ay) At these points. For points
where (b3, bg) = (0, 0) we have

Faarar0.0) = Faayar0.0 X ©
and Proposition 10.9 (for L = 2k — 2 applied to the first factor) together with Corollary 10.4 and
Lemma 10.5(1) (Lemma 10.5(2) when 2k — 2 = 4) show that we have spanning fields in these points. If
(b3, by) = (0, 1) then ]-'(ilf ;1;0’1) is a singular generic fiber for ®,;_; and at smooth points of the fiber we
have complete spanning fields by Proposition 10.9 (for L =2k — 1), Corollary 10.4 and Lemma 10.5. It
remains to study
Zo—1 € Sing(FEL o).

which is given by

=73=275=26=""-=23k-4=23-3=0 (14.1.2)
and

Rank (wl w2 e W3S w3"4) <2. (14.1.3)
W2 W3 ... W3k—4 W3k_3
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A calculation assuming (14.1.2) shows that

2%k—1 _
Vosimazsioszn = (E3-2W3k—4 + T3—-1W3k-3) 5

— (1 4 z3k—2W3k—5 + Z3k—1 W3k —4)
3k—4 023k—3

Therefore the complete fields

2k 2k—1
923k—413k—323k - aZ3k 423k—323k +e

2k _ 2k—1
¢13k—413k—313k a2823k 423k—323k +-

move points out of Sing(F, (a. w. 0 1)) (into the big orbit) unless in addition to (14.1.2) and (14.1.3) also
23k—2W3k—4 + 3k—1W3k—3 = | + Z3p—2W3k—5 + Z3k—1W3k—4 = 0. (14.1.4)

Points in an invariant subset must satisfy also these equations. A calculation assuming (14.1.2) gives that
2%—1
I3k—233k—133k

= 0/0z3;—2. Therefore the complete fields

2k 2k—1
0231(7213/(7113/{ - 8Z3k sz T

2k _ 2k—1
023k—2z3k—ll3k aQazak 223k—123k +-

move points out of this set since

2% _ 2
Oz za (1 23k—2W3k—5 + Z3k—1W3k—4) = AjW3k—s,

2% _ 2
0 zn 1z (3k—2W3k—4 + Z3k— 1 W3k—3) = AT W3k—4,

2k 2
Do sz L+ 23k—2W3k—5 + Z3k—1 W3k—4) = A W35,
2k 2
3273k 123 (Z3k—2W3k—4 + Z3k—1 W3k—3) = Ay W3k—4
¢3k23k13k(z w +z w ) =aw
cannot all be zero, because this would contradict (14.1.4). Notice that this proves Proposition 10.9 for

L =2k.
Now we study the stratum of nongeneric fibers, that is, a; = a, = 0. In this case we know that

2k—1 3
Fo0asan = Fovuasan X C

and by the induction assumption we are done. This finishes the induction step for an even number of
factors.

14.2. Odd number of factors. We assume that K = 2k > 6 and that the submersions ®; = 74 0 ¥ are
stratified elliptic submersions when 3 < L < K and that Proposition 10.9 is true when 3 < L < K.
We study
K+1 _ r2k+1 _
]:(01,1125113,04) - ]:(01,112503,04) - U ‘7:(}71752 az,as)’ (14.2.1)

(23k+1,23k42,23k4+3) €C3

= 2k+1
where by = a) — 2314103 — Z3x12a4 and by = a — 23k42a3 — Z3k4304. Let Zyy € F 7 Because

- (a1,a2,a3,a4)"
of (14.2.1) there are by and b, so that Zy; € ]:bl and

by,a3,a4)

Zoiy1 = (Zok, Z3k41, 23k+25 T3k+3)-
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Begin with the stratum of smooth generic fibers, that is,

(a3, as) € {(0,0), (0, D}.

First notice that if (b1, by) # (0, 0) then F3¥,
Proposition 10.9 (for L = 2k), Corollary 10.4 and Lemma 10.5 show that for these points we have
spanning fields. If (b, b») = (0, 0) then

is a generic smooth fiber for ®,; and as above,

~ 3 2k—1
F(O 0,a3,a4) — C x ‘F(O,O,a3,a4)

is a nongeneric smooth fiber for ®,; and, since .F(%)If()_’ ;3’04) is a generic smooth fiber, Proposition 10.9 (for
L =2k — 1), Corollary 10.4 and Lemma 10.5 show that for these points we have spanning fields.

We now study the stratum of singular generic fibers. Here (a3, as) = (0, 1). Again notice that if
(b1, b2) # (0, 0) then ]—"(%jl" b2.0.1) is a generic smooth fiber for ®,4, and Proposition 10.9 (for L = 2k),
Corollary 10.4 and Lemma 10.5 show that for these points we have spanning fields as above. Next we
study the case (by, by) = (0, 0). In this case we see that F2k 0.0.0.1) is a singular nongeneric fiber of ®,; and

]:(0001> _‘F(%)kO(l)l) xC;

W3k—2W3k—1 W3k *

The smooth points of ]-"(0 0. 0 1y (Which is generic) are handled using Proposition 10.9 (for L =2k — 1),
Corollary 10.4 and Lemma 10.5. We have the chain of inclusions

2k— 2k—1 3 . 2k 3 . 2k+1
F a2 01) 2 ]'-(o 0,0.) = F0,0,0,1) X € D Sing(F0,0,1)) x € D Sing(F, 0.1))-

(ai, (a1,a2,

By the arguments above any possible invariant subset must be contained in

J = (Sing(f((z)]fo’o’l)) X <[:3) \Sing(kaJr] 0, 1))

(ar,az,
Points in J are characterized by zo = z3 = - - - = 23k—4 = 2343 = 23k—1 = 23k = 0,
W] Wy ... W3k—5 W3k—
Rank( 1 w2 3k—5 W3k 4)<2
w2 W3 ... W3k—4 W3k-3
and
Wp Wy ... W3g—5 W3g—4 W3g—2 W3k—
Rank( 1 w2 3k—5 W3k—4 W3k—2 W3k 1):2.
w2 W3 ... W3k—4 W33 W3k—1 W3k

Take the largest [ < k such that

w3j—2 W3[—
Rank 31-2 W3[—-1 —1.
w3j—1 Wz

2k+1

Let Z = Z];=1+1 z3j—2. We examine the complete field d)zy_lmm.

This field has some complicated
components which on J take the form

2k+1 d 0 B
=D D D
¢Z3l—123113k 1823[—1 + 28231 + 3823k + ’
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where R
Dy = det <w3l—1+w3k—1+w31—1w3k—2z w3k—l)
w3t w3t ws -1 Wik—12Z W3k

Dy = det <w3l—2+w3k—2+w31—2w3k—2z w3k—l)
W31 FWwak—1F+wy2wxk—1Z  wz )’

Ds = det W32+ W32t W3 2W3k—2Z W3- 1+W3k—1+HW3 -1 W3k—2Z
W31t W3k—1FW32W3k—1Z  w3twWa+w3—wik—1Z

Whenever at least one of Dy, D, or D3 is nonzero we can move out of J. Now suppose we are in a
point of J where D; =D, =D3 =0.
Let

_<w31—2+w3k—2+w31—2w3k—2§ W3- 1T W3k—1 T W3- 1W3k—2Z W3k-2 W3k-1
W31+ W31 TW3y2W3k—1Z  W3y+W3+w3—wik—1Z  W3k—] W3k

and observe that

w3j—2 W3j—1 W3k—2 W3k—
2 — Rank 31-2 W3l-1 3k—2 W3k—1 — RankC
Ww3j—1 W3} W31 W3k

by column operations.

The fact that D = D, = D3 = 0 means that the rank drops when we remove the third column from
these matrices. This implies that the third column is nonzero and the other columns are multiples of a
nonzero vector v which, moreover, is linearly independent of the third column. Now we use the field y¥
(see (8.0.13) or (8.0.17)) to show that the set

I =JN{Dy=D,=D3=0}

does not contain an invariant subset under fields from Qy;+;. In the points that we are considering,
v =9/8z3141. We consider two cases.

Case 1: (w3g—1, w3g) # (0, 0). In this case

det (w3k—2 w3k—1) £0.

W3k—1 W3k
‘We have

3 W3k—2 W3k—1
vy~ (D) = w3 det ( ) )
W3k—1 W3k

Thus y3l moves points out of / unless ws;—; = 0. Looking at

W3k—2 W3k—1
v (D2) = wy_, det ( ) ,

W3k—1 W3k
we see that w3;_» = 0 for [ to be invariant. Assuming in addition w3;_, = w3—; = 0 we find that
W3k_2 W3k_
Dg:det( 3k—2 W3k 1)=0’
W3k—1 W3k

which is a contradiction.
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Case 2: (w3r—1, w3k) = (0, 0). This implies wz;_> # 0. By these assumptions

D3 = (wy—_2wy — wi_)(1+ W2 Z) 4+ w3 w2
and

3 2
Y~ (D3) = (w31 2w3; — W3_1)W3k_2.

Now D3 = y3l(D3) = 0 implies that (w3;_ow3; — w§1—1) = 0 and wy; = 0. The first equality gives
w3;—1 = 0, which altogether contradicts the assumption that

W3j—2 W3j—1 W3k—2 W3k—
Rank ( 3[-2 W3l-1 3k—2 W3k 1) -2
w3j—1 W3] W3k—-1 W3k

Finally we study the stratum of nongeneric fibers, that is, (a3, a4) = (0, 0). Here all fibers are smooth.
Also
2k+1 ) 3
Far.a2.0.0) = Flar,a,00 X €

and since ]:(i’:’az,o’o) is elliptic, by the induction hypothesis we are done.

15. Product of exponentials and open questions

For a Stein space X, a complex Lie group G and its exponential map exp: g — G, we say that a holomorphic
map f : X — G is a product of k exponentials if there are holomorphic maps fi, ..., fr : X — g such
that

f=exp(f1)---exp(fi)-

It is easy to see that any map f which is a product of exponentials (for some sufficiently large k) is
null-homotopic. In the case where G is the special linear group SL,(C) the converse follows from
[Ivarsson and Kutzschebauch 2012] as explained in [Doubtsov and Kutzschebauch 2019]. In the same
way we prove:

Theorem 15.1. For a Stein space X there is a number N depending on the dimension of X such that any
null-homotopic holomorphic map f : X — Sp,(C) can be factorized as

F(x)=exp(G1(x)) ---exp(Gg (x)).
where G; : X — sp,(C) are holomorphic maps.

Proof. By Theorem 3.1 we find K elementary symplectic matrices A;(x) € Sp,(O(X)), i =1,2,...K,
such that

f)=A1(x) - Ag(x).
Now remark that the logarithmic series
1
In(Id + B) = —B"
n(ld+B) =) p
is finite for the nilpotent matrices B; = A; — 1d. O

Open Problem 15.2. Determine the optimal number K in Theorem 15.1.
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Open Problem 15.3. Determine the optimal numbers of factors in Theorem 3.1.

The smooth fibers

K -1
Flay.apas.ay) = Tao Vi)™ (a1, az, az, as)

of the fibration projecting the product of K elementary symplectic matrices to its last row are smooth
affine algebraic varieties. They are new examples of Oka manifolds, since we prove as a by-product
of Proposition 3.6 that they are holomorphically flexible (for a definition see the work of Arzhantsev,
Flenner, Kaliman, Kutzschebauch and Zaidenberg [Arzhantsev et al. 2013]). Our proof does not give the
algebraic flexibility of them, even if our initial complete fields obtained in Section 8 are algebraic. The
problem is that their flows are not always algebraic (not all of them are locally nilpotent). Therefore the
pull-backs by their flows are merely holomorphic vector fields.

Open Problem 15.4. Which other (stronger) flexibility properties like algebraic flexibility, algebraic

(volume) density property, or (volume) density property do the fibers .F(K admit?

ap,a,as,as)

For the definition of these flexibility properties we refer to the overview article [Kutzschebauch 2014].

Let us remark that the fibers of the fibration for five elementary factors in [Ivarsson and Kutzschebauch
2012] have been thoroughly studied in [Kaliman and Kutzschebauch 2011; 2016, Section 7]. They
were the starting point for the introduction of the class of generalized Gizatullin surfaces whose final
classification was achieved by Kaliman, Kutzschebauch and Leuenberger [Kaliman et al. 2020]. The
topology of these fibers for any number of elementary factors has been studied in [De Vito 2020], where
it was also proven that they admit the algebraic volume density property. Such studies are interesting
since the possible topological types of Oka manifolds or manifolds with the density property are not
understood at the moment.

Open Problem 15.5. Determine the homology groups of the fibers ‘7:(51, .a3.a4)"
And finally:

Open Problem 15.6. Prove Conjecture 3.11.
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TRANSVERSAL FAMILIES OF NONLINEAR PROJECTIONS
AND GENERALIZATIONS OF FAVARD LENGTH

ROSEMARIE BONGERS AND KRYSTAL TAYLOR

Projections detect information about the size, geometric arrangement, and dimension of sets. To approach
this, one can study the energies of measures supported on a set and the energies for the corresponding
pushforward measures on the projection side. For orthogonal projections, quantitative estimates rely
on a separation condition: most points are well-differentiated by most projections. It turns out that
this idea also applies to a broad class of nonlinear projection-type operators satisfying a transversality
condition. We establish that several important classes of nonlinear projections are transversal. This leads
to quantitative lower bounds for decay rates for nonlinear variants of Favard length, including Favard
curve length (as well as a new generalization to higher dimensions, called Favard surface length) and
visibility measurements associated to radial projections. As one application, we provide a simplified proof
for the decay rate of the Favard curve length of generations of the four-corner Cantor set, first established
by Cladek, Davey, and Taylor.

1. Introduction and main results

The Favard length of a planar set E is the average length of its orthogonal projections. It is defined by

Fav(E) = %/ |Py(E)| b,
0

where Py is orthogonal projection into a line Ly through the origin at angle 6 from the positive x-axis and
| - | denotes the 1-dimensional Hausdorff measure. Favard length gives a 1-dimensional notion of the size
of a set which takes into account the geometry, arrangement, and rectifiability of the underlying set. As a
consequence, there are deep relationships between Favard length and analytic capacity, the understanding
of which is related to important open problems in geometric measure theory. As we will see, variants of
the Favard length can also be formulated for more general families of mappings, beyond the orthogonal
projections, and in higher dimensions.

As the Hausdorff dimension of a set cannot increase under a projection, sets of dimension s < 1 have
Favard length equal to zero. A refinement due to Marstrand [1954] actually shows that the dimension
of such a set will be preserved in almost every direction. On the other hand, sets with dimension s > 1
will have positive-length projections in almost every direction, and therefore have positive Favard length.
Therefore, the critical dimension is s = 1.
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In dimension 1, the key geometric property that Favard length can detect is rectifiability: it is a
consequence of the Besicovitch projection theorem [1939] that purely unrectifiable sets in the plane
with finite 1-dimensional Hausdorff measure have Favard length equal to zero. (For an exposition of the
full Besicovitch—-Federer projection theorem in all dimensions, see [Mattila 1995, Chapter 18].) While
Besicovitch’s theorem gives a qualitative result, we can find related quantitative theorems. If E(r) is the
r-neighborhood of a set £ with Favard length zero, the dominated convergence theorem shows that

lim Fav(E(r)) =0
r—0%

More precise asymptotic information for Fav(E(r)) as r decreases to zero can give quantitative
measurements of the dimension, size, and geometric arrangement of £. A number of authors have
investigated quantitative versions of the Besicovitch projection theorem for general sets. The best known
results in terms of upper and lower bounds are due to Tao [2009] and Mattila [1990] respectively.

Tao introduced a quantitative version of rectifiability for sets in the plane of finite 7! measure and
used multiscale analysis to show that an upper bound on the so-called rectifiability constant yields an
upper bound on the Favard length. A nonlinear version of Tao’s theorem is studied in a work of Davey
and the second author [Davey and Taylor 2022].

Mattila [1990] established a fundamental relationship between the Favard length of a set and its
Hausdorff dimension. In two dimensions, it states:

Theorem 1.1 (Favard lengths for neighborhoods [Mattila 1990]). Fixs € (0, 1]. If F € R2 is the support
of a Borel probability measure with (B(x, r)) < br® for all x € R?> and 0 < r < oo, then

Fav(F(r)) 2 r'™
if s <1and
Fav(F(r)) 2 (logr~")™"
ifs=1.
Throughout the paper, we will use the notation A < B to mean that there is a constant C so that

A < CB and will write A~ Bif A< Band B S A.
The proof of Mattila’s result follows from studying energies: if u is a measure, its s-energy is
L )__/y‘du&ﬂdu(w‘ 0
lx —yl*
This quantity is closely tied to Hausdorff dimension; see, e.g., [Mattila 1995, Chapter 8] for a formulation
of the definition of Hausdorff dimension in terms of s-energies. In order to relate a measure to the

projections, we need the notion of a pushforward: if f : X — Y is a function and u is a measure supported
on X we will define the pushforward measure fyu by

(fi)(A) =pn(f1(A), AcY. (1-2)

In general it can be difficult to study the pushforward of a particular mapping, yet it turns out that the
average energy of a projection can be well controlled. That is, if {n, : ¢ € A} is an indexed family of
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orthogonal projections, it frequently is possible to precisely estimate

/Iz(ﬂaw)dwa),

where Y is a measure on the index set A. By studying the average energy of the pushforwards of
specialized measures supported on F(r) with particular density properties, Mattila was able to establish
the stated lower bounds. Further details are given in Section 3.

In the special setting that the underlying set is a fractal generated by an iterated function system, Mattila’s
techniques with energies are also applicable. A standard example of this is to consider the generations K,
of the four-corner Cantor set, which is defined by dividing the unit square into 16 axis-parallel squares
of side length 1, keeping the four-corner squares, and iterating the process within each corner. The limit
of this process gives a prototypical example of a purely unrectifiable set with positive and finite length.
As such, an important open problem is to estimate upper and lower bounds on the rate of decay in n of
Fav(K,) (see [Laba 2015] for a survey of results and techniques related to this problem). A variety of
techniques can be used to show Fav(K,) > n~'; see, for example, [Bongers 2019; Mattila 1990]. The
tightest known results are

1
221 < Fav(K,) < (1-3)
n

n1/6=8

for any § > 0, with the bounds due to Bateman and Volberg [2010] and Nazarov, Peres, and Volberg
[Nazarov et al. 2010] respectively. Further, it is still a deep open question whether the Favard length
Fav(IC,) is larger or smaller than the analytic capacity y (K,), which is known to be of order n—!/?
[Tolsa 2002].

The primary aim of this paper is to formulate Theorem 1.1 in a nonlinear setting for families of
projections which are not orthogonal projections. In particular, we will consider families of maps
satisfying the so-called transversality condition. After we establish a correspondence between the energy
of a measure and its pushforwards under transversal families, we will apply these relationships to study
the asymptotic decay rates of nonlinear variants of Favard length. In the process, we generalize the
lower bounds on visibility established by Bond, Laba, and Zahl [Bond et al. 2016], as well as provide a
simplified proof of the lower bound for the Favard curve length of K, derived by Cladek, Davey, and
Taylor [Cladek et al. 2022]; both of these results are explored in Section 1A. Before stating our main
results in Section 1C, we give several examples of families of nonlinear projection operators in Section 1A

and we formalize the definition of transversality in Section 1B.

1A. Nonlinear projections. When orthogonal projections are replaced by more general families of
nonlinear projection-type maps, one may ask if Besicovitch’s theorem and its quantitative counterparts
still hold. In many settings, these theorems still apply. Examples of such families include radial projections
associated with visibility, curve-based projections associated with the Favard curve length and the surface
projections we will introduce in this paper. Due to the special geometry exhibited by these projection
families, the energy techniques of Mattila can be applied with appropriate modifications, leading to
analogous lower bound on nonlinear Favard lengths.
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1A1. Visibility. For apointa € R", the radial projection based at a maps R"\ {a} to the (n—1)-dimensional
unit sphere via

x—a
P,(x) := ) (1-4)
lx —al
The visibility of a measurable set E C R" from a vantage point a is
vis(a, E) = |Pa(E)], (1-5)

where | - | denotes the (n—1)-dimensional Hausdorff measure on the unit sphere. In applications, we will
restrict the vantage points a to a vantage set A. Informally, the visibility of a set £ measures how much
of the sky is filled up by the constellation E from an observer at vantage point a. As such, the set E is
referred to as the visible set.

Bond, Laba, and Zahl obtained upper and lower bounds on the visibility of §-neighborhoods of unrecti-
fiable self-similar 1-sets in the plane. In particular, their lower bound [Bond et al. 2016, Theorem 2.4]
for visibility states that if x is a positive, Borel, probability measure supported on a visible set E C R?
paired with an L-shaped vantage set A C R? (with an extra separation condition), then

L™ g/ vis(a, E)da.
A

Their work provides quantitative versions of the results in [Marstrand 1954; Simon and Solomyak 2006/07].

We will generalize this result by proving it for a wider range of vantage sets and extending it to higher
dimensions. In particular, we provide a much weaker constraint on the geometric relationship between
the vantage set and the visible set. As a particular application, we will demonstrate how such results can
be used to obtain a lower bound on the rate of decay of the visibility of generations of the four-corner
Cantor set from a wide variety of curves.

1A2. Favard curve length. As a second example of a context in which energy techniques can be applied,
we define the family of maps which induce the Favard curve length. Let T' denote a curve in R% Given
aeRand (x,y) € R2 let ®, (x, y) denote the set of y-coordinates of the intersection of (x, y) + I" with
the line {x = «}. That is,

Py (x, ) ={BeR:(a,p) € ((x,y)+T)N{x =a}}. (1-6)

Given 8 € R, the inverse set CID,;1 (B) ={p eR?: B e dy(p)} is given by (, ) —I. In the case that T
can be expressed as the graph of a function and &, (x, y) # &, the set @, (x, y) is a singleton and we
identify &, (x, y) with that point.

If E C R? then the Favard curve length of E is defined by

Favr(E) :=|{(a, B) e R*: & (B)NE # )| = /R | @0 (E)| da. (1-7)

Our basic assumption on I is that it is a piecewise C! curve with piecewise bi-Lipschitz continuous unit
tangent vectors; these conditions will be discussed in the transversality analysis that appears in Section 2C,
as well as in Section 4C, where we consider what goes wrong for nontransversal families.
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The maps under consideration were originally introduced by Simon and the second author of this
paper to study sum sets of the form E + I', where I" denotes a sufficiently smooth curve and E denotes a
compact set in R2 To see the connection, we write

Favr(E) = |{(a, B) e R*: @, (B) N E # 2}

= {(a, B) eR*: {(er, ) —~TINE # 2}
= {(a, B) eR?: (&, BYN(E+T) # 2} = |E+T.

The measure and dimension of sets of the form E 4 I" was established in [Simon and Taylor 2022] and the
interior of such sum sets was subsequently studied in [Simon and Taylor 2020]. Connections to the study
of pinned distance sets and the Falconer distance conjecture are also explored there. In both [Simon and
Taylor 2020; 2022], the results rely on relating the set E to the dimension, measure, and interior of the
images of E under the maps {®,}. A unifying ingredient in each of these works is the observation that
the maps introduced in (1-6) are similar to orthogonal projection maps from the perspectives of measure,
dimension, and interior.

As a further interpretation of the Favard curve length, there is a probabilistic interpretation. The
Favard length of a set is comparable to its Buffon needle probability (that is, the probability that a long,
thin needle dropped near the set intersects the set). In the nonlinear setting, the Favard curve length is
comparable to the probability that a dropped curve meets the set— that is, the probability that TN E # @&
after conditioning to the event that I" lies near £. We denote this probability by Pr(E). In summary,

Favp(E) ~ |E +T'| ~Pr(E), (1-8)

and our Theorem 1.5 gives a lower bound on these equivalent quantities.

Cladek, Davey, and Taylor [Cladek et al. 2022] obtained upper and lower bounds on the Favard curve
length of /C,,, the n-th generation in the construction of the four-corner Cantor set:

%SFaVr(ICn) Snml/ow (1-9)
which by (1-8) implies upper and lower bounds on | C,, +I'| ~ Pr(K,). The lower bound relied on
self-similarity and a square-counting argument adapted to the nonlinear setting. We will use energy
methods to provide a simple alternative proof of the lower bound in (1-9) which holds in a more general
setting and does not require self-similarity. See Corollary 1.9 for the details. Further, we obtain a
higher-dimensional analogue of the lower bound in (1-9); this is the topic of the next section. We return
to our discussion of Favard curve length in Section 2C after stating our main results.

It is worth remarking that other authors have studied related Buffon-type probability problems. In
particular, Bond and Volberg [2011] considered lower bounds in the context of the intersection of C,,
with large circles of radius n. In that context, the curves were adapted to the generation #n, instead of
having a fixed underlying curve.

1A3. Favard surface length in R%. The Favard curve length can also be formulated in a higher-dimensional
setting, and we refer to the resulting quantity as the Favard surface length. Note that we still use the term
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“length” as we will consider a family of maps ®, : R? — R and take the average of the 1-dimensional
measures of the images of E under such maps. To the best of the authors’ knowledge, this is the first
article to define such a general notion of Favard length in higher dimensions.

Let I = I’y denote a surface in R% Given o € R~! and X =: (x, ..., xg) € RY, let &, (¥) denote the
set of xz-coordinates of the intersection of X + I' with the line ¥ =: (x1, ..., x4—1) = «. That is,
O, (X)={BeR:(a,B) e x+D)N{K=a}}. (1-10)

Given g € R, the inverse set CD(;I(,B) ={peR?: B e dy(p)}isgiven by (a, B) —C. If " can be expressed
as the graph of a function and ®, (X) # &, then ®,(X) is a singleton and we identify &, (X) with that point.
If E C R then the Favard surface length of E is defined by

Favr q(E) == [{(a, B) € R? : &, (B) N E # 2}| = fR | @, (E)| da. (1-11)

As was the case for the Favard curve length defined in the previous section, the Favard surface length of a
set E is equivalent to the d-dimensional Lebesgue measure of the Minkowski sum:

Favr,d(e) ~ |E + F|d.
The quantity Favr 4(E) has a probabilistic interpretation in terms of a Buffon surface problem.

1B. Overview of transversality. It is known that nonlinear analogues of Besicovitch’s and Marstrand’s
projection theorems hold for families of maps satisfying a transversality condition. A version of the
Besicovitch projection theorem for transversal families can be found in [Hovila et al. 2012], and a quantita-
tive version is developed in [Davey and Taylor 2022]. Marstrand’s theorem is developed in the transversal
setting in [Solomyak 1998, Theorem 5.1] and [Mattila 2015, Chapter 18]; see also Proposition 1.4.

The concept of transversality originated in [Pollicott and Simon 1995], where it was used to study the
Hausdorff dimension of the attractors of a one-parameter family of iterated function systems. Solomyak
[1995] then developed the transversality condition for the absolute continuity of invariant measures for
a one-parameter family of iterated function systems. Moreover, in [Solomyak 1998] he combined the
methods from [Pollicott and Simon 1995; Solomyak 1995] to establish a much more general transversality
method for generalized projections. The next step was made by Peres and Schlag [2000], who further
developed the method of transversality and gave a number of far-reaching applications. Such results have
been utilized and further developed by a number of authors with extensive geometric applications. See,
for instance, [Bourgain 2010; Cladek et al. 2022; Peres and Schlag 2000; Shmerkin 2020; Simon and
Taylor 2020; 2022].

The transversality condition naturally arises when studying projection-type operators that do not overlap
too much with each other, and this paper will explore the role transversality plays in developing energy
estimates. The transversality condition addresses how, for distinct points x and y in the plane, the graphs
{(0, my(x))} and {(@, my(y))} should behave at points of intersection. Roughly speaking, it says that if
mg(x) and mg(y) are close for some value of 6, then they cannot remain close as 6 changes. That is, the
graphs cannot intersect tangentially, but must do so at a positive angle.
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An alternative perspective on transversality will frequently come up in our techniques. If x and y are
two fixed points, then the set of projections which cannot distinguish x and y must be rather small; placing
this on the appropriate scale, this means that for each § > 0 there is an upper bound on the size of the set

{0 : |76 (x) — 79 ()] - 8}.
|x =yl

Informally, this means that if my is a randomly chosen projection then it will, with high probability,

separate x and y on the projection side.

We now make precise our notion of transversality. The main objects are an indexed family of maps, a
common domain and codomain equipped with measures, and a probability measure on the index set. In
Section 2, we will place each of the families mentioned previously in the context of this definition and
establish transversality with the appropriate parameters.

Definition 1.2 (nonlinear projections). For 1 <m < n, a family of projection-type operators will have the
following objects associated to it:

¢ a domain 2 contained in R",

» a codomain X contained in a Euclidean space, a nonnegative integer m, and a Borel measure 4 on X
such that

h(B(x,8)) = 8"
forall x € X and 6 € (0, 1),

« an indexing set A contained in an Euclidean space equipped with a compactly supported probability
measure ¥,

o and a family of maps 7, : 2 — X indexed by a € A such that the function (p, «) — 7T, (p) is continuous.

In order to be transversal, we will require that the family of projections satisfies a compatibility
condition for different parameters:

Definition 1.3 (transversality). For a given s > 0, a family of maps {7, : « € A} satisfying Definition 1.2
is called s-transversal if there exist constants ¢ > 0 and &g > 0 so that, for all distinct x, y €  and
0 <8 <ép, we have

Yo 7o (x) —Ta(M] < 8lx =y} <c- 8" fx —y[", (1-12)
or equivalently that
m
W{a3|7%(x)—ﬁ(y)|§5}<c'm- (1-13)

Although this definition is written with a tunable parameter s, our most important case will be when the
parameter s for transversality matches the dimension m of the target space; in this case, the transversality
condition reduces to

Yia: |7?-(;t(x) —7?;()1” <d|lx —yl|} S(Sm'

We note that our definition has some points in common with [Mattila 2015, Definition 18.1], but that we
do not require smoothness of the projections nor derivative bounds of nonzero order.
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1C. Main results. The uniting theme of our results is that for families of maps satisfying the transversality
condition introduced in Definition 1.3, the energies associated to a measure u will be closely related to
the energies of the pushforward measures 7g ;1. As a demonstration of the techniques, we will begin
by giving a brief formulation of part of the Marstrand projection theorem in the transversal setting: the
dimension of a typical projection of a set with dimension s < 1 does not decrease. The proof of this fact,
found in Section 3, demonstrates the utility of examining the energy of pushforward measures and is
similar to the presentation in [Mattila 2015, Chapter 18]. (For the statement of the Marstrand projection
theorem in the classic setting for orthogonal projections, as well as a formulation in higher dimensions,
see [Mattila 2015, Section 5.3].)

Proposition 1.4 (nonlinear Marstrand theorem). Suppose that {7y : a € A} is a family of maps into
an m-dimensional space supporting a measure h, as in Definition 1.2. If E is a set with Hausdorff
dimension t < m and the family of projections is m-transversal, then for \r-almost every a € A we have

dimy T, E =t. (1-14)
Developing the energy techniques further, we give more general asymptotic lower bounds on the average
size of a projection. The next theorem serves as a direct generalization of Mattila’s result, Theorem 1.1.

Theorem 1.5 (average nonlinear projection length for neighborhoods). With the notation of Definition 1.2,
assume that {7, : a € A} is an m-transversal family of projections into an m-dimensional space. Fix a
positive Borel probability measure |1 supported on a compact set F' C 2, so that

w(Bx,r) Sr!
forall x € Qand 0 <r < oo.
o If t <m, then
/ h(T F (r))dyr(@) 2 r"™".
o If t =m, then i
| n@Fe ave  togr .
As a first application, we can phrase Theorem 1.5 in the setting of radial projections and visibility

defined in (1-4) and (1-5) respectively.

Theorem 1.6 (visibility for surfaces in R"). Fix a set E C R" of positive and finite s-dimensional Hausdorff
measure, and consider a vantage set A which is a piecewise smooth (n—1)-dimensional surface equipped
with Hausdorff measure; assume that for alla € A and e € E we have |a — e| < 1. Finally, assume that
there exists a positive p such that for almost every a € A the tangent plane based at a does not pass within
distance p of E. The following statements hold:

e The family of radial projections { P, : a € A} is (n—1)-transversal.
e If s <n—1,we have
/ vis(a, E(r)) dH" " (a) > r" 7175,
A
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o If s=n—1, we have

/ vis(a, E(r)) dH" (a) > (logr—H~!.
A

The first claim of Theorem 1.6 is established in Section 2B and the latter two claims are established in
Section 4.

In a similar manner, we can put this result in the context of Favard curve length defined in (1-7). For
curves in the plane, our techniques yield the following:

Theorem 1.7 (Favard curve length of neighborhoods). Let E be a compact set in the plane and I a
piecewise C' curve with piecewise bi-Lipschitz continuous unit tangent vectors. Assume further that E
supports a Borel probability measure i1 with the t-dimensional growth condition (B (x,r)) < r' for all
x € E, 0 <r < oo. The following statements hold:

o The family of curve projections ® is 1-transversal.

o If t < 1, then for all sufficiently small r we have
Favr(E(r)) > ri.
o If t =1, then for all sufficiently small r we have
Favr(E(r)) 2 (logr™) ™"

Next, we consider applications of Theorem 1.5 to study self-similar sets such as KC,;, the n-th generation
in the construction of the four-corner Cantor set. Although they are not precisely the same as neighborhoods
of 1-sets, the sets /C,, still support measures with easily computable density and Mattila’s energy techniques
can be adapted to estimate their visibilities (1-5) and Favard curve lengths (1-7) from below. Our techniques
are similarly amenable to such sets, and we will have the following corollaries:

Corollary 1.8 (visibility of K,,). Suppose that T is a smooth curve such that for any point x € [0, 11> and
any y € I' we have |x — y| ~ 1, and that no tangent line to T" passes through [0, 11% Then

fvis(a,Kn)dHl(a) > 1
r n

Corollary 1.9 (Favard curve length of K,). If T is a piecewise C' curve with piecewise bi-Lipschitz
continuous unit tangent vectors, then

Favr(K,) > L.
n

Although these results are stated for the generations /C, specifically, there are substantial generalizations
of the results. The core fact used in the proof is that K, supports a measure with a specific density
property; this behavior can be observed in a very broad family of 1-dimensional fractal sets generated by
iterated function systems.

Finally, we consider an application of Theorem 1.5 for the Favard surface length, defined in (1-11),
when d = 3. Although we do not state them here, there are natural generalizations of this result to arbitrary
dimension.
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Theorem 1.10 (Favard surface length of neighborhoods). Let E be a compact set in the plane and
I" denote a surface in R3 defined by I' = {(t, y(t)) : t € I}, where y : R —> R, y(s) = f(s|), and
f :R— Risa C? function on a nonempty compact interval I satisfying f(x) = f(—x), with f" > 0on I.
Assume further that E supports a Borel probability measure u with the t-dimensional growth condition
w(B(x,r)) Sr! forall x € E, 0 <r < oo. The following statements hold.:

o The family of curve projections ® is 1-transversal.

o If t <1, then for all sufficiently small r we have
Favr(E(r)) > ri.
o If t =1, then for all sufficiently small r we have
Favr(E(r)) 2 (logr~")~".

The outline of the paper is as follows. In Section 2, we will show how each of the aforementioned
families of maps exhibit the required transversality properties. Geometrically motivated proofs are given
for each family. Section 3 develops the energy techniques necessary to study pushforward measures,
beginning with an illustration of how a transversal family of maps can be used to prove a classical result
of Marstrand. The proof of Theorem 1.5 appears in Section 3. In Section 4, we prove Theorems 1.6
and 1.7 as applications of Theorem 1.5 paired with the transversality established in Section 2, and we
explore applications and sharpness examples.

2. Establishing transversality

The aim of this section is to illustrate several families of projections that meet the transversality condition
described in Definition 1.3. This includes orthogonal, radial, curve, and surface projections.

2A. Orthogonal projections. Our first example of a transversal family is the collection of orthogonal pro-
jections from R” to R™ for some m < n. To be explicit about the setup, we will consider a domain 2 = R”,
a codomain X = R™, and equip the codomain with the appropriate Lebesgue measure. We then have the
family

{tyo Py :V € G(n,m)}

of projections indexed by the Grassmanian, where Py is the orthogonal projection into the m-plane V,
and with the natural inclusion ty : V — R™; equip this set with the Haar measure y;, ,,. The full details
of the construction of the Grassmanian manifold and the measure y, ,, can be found, for example, in
[Mattila 1995, Chapter 3].

To establish transversality, the core estimate in this context is contained in [Mattila 1995, Lemma 2.7]:
for any distinct points x, y € R”,

m

Yam({V € G(n,m) : |Py(x —y)| <8}) ~ 2-1)

lx —y|m

Using the linearity of Py, one can quickly establish:
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Lemma 2.1 (orthogonal projections are transversal). The family of orthogonal projections from R" to R™
equipped with the Haar measure yy ,, is m-transversal.

As in [Mattila 1995], this can be done geometrically, by reducing to an estimate of the m-dimensional
measure of a patch on a sphere. There is also an important probabilistic interpretation, which will turn out
to be the main ingredient when studying other transversal families. If x and y are fixed points in R”, then
a randomly chosen m-dimensional plane is likely to preserve some, if not most, of the distance between x
and y; that is, on average we have that | Py (x) — Py (y)| > &|x — y|. However, there is still an exceptional
set of m-planes which do not respect this inequality at scale § — for example, any m-plane which is
sufficiently close to lying in the orthogonal complement to the line between x and y. Transversality
comes from controlling the y,, ,,-measure of the exceptional set for scale §.

2B. Visibility. We now turn to establishing the transversality condition for families of radial maps. We
begin by first recalling the notation defined in Section 1A1. For a point a in R”, the radial projection

based at @ maps R" \ {a} — S"~! via
xX—a

P,(x) = .
lx —al

For a fixed vantage set A C R" equipped with a measure i, our family of projections will be {P, : a € A}.
The common domain will be a visible set £, which will be assumed to be disjoint from A. Our codomain
is $"~! equipped with the surface measure and som =n — 1 and P, : E — §"~!. The aim of this section
is to establish some minimal geometric relations between the vantage set A with the measure i and the
visible set E so that the family {P, : a € A} is (n—1)-transversal. A natural condition on the probability
measure i will arise after we analyze the geometry of the radial projections.

To this end, we will make use of the following geometric lemma. A 2-dimensional variant appeared in
[Bond et al. 2016, Lemma 2.3]; we will provide a somewhat different proof and generalize the result to
higher dimensions.

Lemma 2.2 (visibility and tubes). Fix a scale R > 0 and two points x, y not contained in the vantage
set A with |x —y| < R. Let L, , denote the line connecting them. Then there exists a constant C < 00
depending only on R such that

lae A:[Py(x) = Pa(y) = 8lx =y} N B(x, R) € Ly y(C9),

where L, (C8) denotes the C§-neighborhood of the line Ly .

Proof. We proceed by contrapositive. Suppose that a is within the ball B(x, R) but outside the tube
L, y(p) of radius p around L, . Draw a triangle with vertices x, y, and a; let 6 denote the internal angle
at vertex a and y denote the internal angle at vertex y. Since | P,(x) — P,(y)| is comparable to the internal
angle 6 of the triangle, it is sufficient to give a lower bound on the angle 6. By the law of sines, we have

sin 0 sin y
x—yl la—x|
so that .
siny
lx —yl.

6 >sinf =
la — x|
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If Ay, . denotes the altitude of the triangle (as viewed with base side xy) then

-Ax,y,a

siny:
ly —al

and
o Avyalx =yl .
T la—x|-la—y|
Since a, x, y € B(x, R), we have |[a —x| <2R and |a — y| < 2R. Since a lies outside the tube L, ,(p),
the altitude must be at least p. Therefore, there exists a constant ¢ ~ 1 for which
Pue) = Pu)| 2 0 = - 25 e 1.
Choosing p = C$§ for C > 4R2/c establishes that | P,(x) — P,(y)| > 8|x — y|, as desired. O

We now have a natural condition to impose on the probability measure y: as we wish to verify (1-12)
with s =m =n — 1, Lemma 2.2 implies that the measure of a tube should be bounded by the radius of the
tube to an appropriate power. To be precise, we will say that ¢ satisfies the tube condition with respect
to E if for any tube T; with sufficiently small radius § that passes through the visible set, E, we have

Y (Ts) S8 (2-2)

In this case, provided the distance from A to E is at most R, we have established that {P, :a € A}isa
family of maps from an n-dimensional space to an (n—1)-dimensional space with

Yla e A:|Py(x) — Py(y)] < 8lx —y|} <81

Comparing this to the definition of transversality, we have established the following:

Lemma 2.3 (radial maps are transversal). Fix a scale R > 0. Fix a vantage set A and a visible set E
with the condition that for all a € A and e € E we have |a —e| < 1. If A is equipped with a measure
satisfying the tube condition with respect to E (2-2), then the family {P, : a € A} is (n—1)-transversal as
in (1-13).

This gives a substantial degree of flexibility in structuring the vantage set. One application of this
technique is to a vantage set which is made up of a smooth curve I' whose tangent lines do not come
too close to the visible set. When 1 is taken to be the restriction of "~ to the vantage set A, this will
imply that v satisfies the tube condition with respect to E. We discuss this idea more in Section 4A.

2C. Favard curve length. 1In this section, we verify that the maps ®; : R> — R introduced in (1-6) satisfy
the transversality condition of Definition 1.3. This will proceed through a couple of reductions. First,
we will set up some basic assumptions on the smoothness of the curve, as well as some notation. Next,
by breaking the curve into simpler pieces, we reduce to the case of a curve that is a graph satisfying a
simpler curvature condition. We establish transversality in this simpler setting and note this is sufficient
to establish lower bounds on the Favard length for the general setting.

Definition 2.4. We say that I satisfies our standard curvature condition if T is a piecewise C! curve with
piecewise bi-Lipschitz continuous unit tangent vectors.
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Under the assumptions of Definition 2.4, I' can be expressed as a disjoint union of continuous
subcurves I' = U?il I;, where each T is C! of finite length with a bi-Lipschitz continuous unit tangent
vector. By further decomposition of the curve, each I; can be expressed either as a graph with respect
to the first coordinate, I = {(¢, ;i (¢)) : t € I;}, or as a graph with respect to the second coordinate,
I; ={(yi(t), 1) : t € I;}, so that sup,, |/ (#)| < 1, and y; is A;-bi-Lipschitz.

In order to obtain lower bounds on Fav(E), where E will denote a compact subset of R2 since
Favr(E) > Favr, (E) for each i, it suffices to obtain lower bounds on Favr, (E). Fixing i and observing
that rotating the curve and the set E by the same amount has no affect on Favr, (E) = |E 4 I;|, we may
simply assume that I'; is a graph with respect to the first coordinate. Finally, for ease of notation, we drop
the subscript i and assume that I" has all the properties of I7j.

Definition 2.5. We say that I is a curve satisfying the simple curvature condition if ' = {(¢, y (¢)) : t € I},
where y : R — R,

sup |y'(1)] <1, (2-3)
tel
and y’ is A-bi-Lipschitz satisfying
Als =1 < 1y'(s) =¥ (O] < Als — 1| (2-4)

for some 0 < A < oo and for each s, ¢ in a nontrivial closed interval 1.

Let ' ={(z, y(¢t)) : t € I} be a curve satisfying the simple curvature condition of Definition 2.5. Note
that condition (2-4) guarantees that ' is monotonic; without loss of generality, we will assume that I is
concave down so that if r < s, then

y'(s) —y' (1)
—_— <
s—t

0. (2-5)

Write I =[L, L] for some L < L, and set h = %(Lz—Ll). Set Q=1[0,h)* cR?and A=[L;+h, L,)].
With this set up, for each L € A and a € 2,

ON@+T) =R, a+y@k—a))
is a singleton, as in Figure 1, and we can define the one-parameter family of mappings {®; (- )}ica,
D, : Q— ¢, by
®,(a)=a+y(A—ay). (2-6)

We are now ready to show that the simple curvature assumption implies 1-transversality. In line with
Definition 1.2, our codomain is R equipped with the 1-dimensional Lebesgue measure and so m = 1.

Lemma 2.6 (curve maps are transversal). Let I be a curve satisfying the simple curvature assumption
of Definition 2.5. Equip the parameter space A with the 1-dimensional Lebesgue measure. Then the
associated family of projections {®; : @ — R : A € A} is 1-transversal as in (1-13).

Proof. Fix a choice of a = (ay, az), b = (b1, by) € 2, with a # b. The proof comes in two parts: the
translated graphs (a + I') and (b + I') will either intersect at a point, or they will be disjoint. We first
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y
4 a+T’

-- (&, @y(a))

Dy (a)

A X
Figure 1. &, (a).

handle the intersecting case when
(@a+I)NB+T) #o.

That is, suppose there exist sg, fp € I and a = (a1, a) € R2 such that
x := (a1, a2) + (s0, ¥ (s0)) = (b1, b2) + (t0, y (10)).

Comparing coordinates, we have
x1=ay+so= by + 1o,

X2 =ax+y(so) = b+ y(t).
For A € A, set
dy =dist(x, £;) = |» — x1],

as depicted in Figure 2. We verify that

| Py (a) — ®;.(b)| ~dy -|a—b|,

2-7)

(2-8)
(2-9)

(2-10)

(2-11)

where the implied constant is independent of A, a, and b. Strictly speaking, we only need that the left-hand
side dominates the right-hand side. Upon establishing (2-11), it will follow that if § > 0 and A € A satisfy

|, (a) — D, (b)| <4, then
dy-la—b| <6,

a+(so, ¥ (50)) = b+(t0, y (o))
a+TI' /

Figure 2
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and so

A€ A:|Pa(a) — @u(B) =68} S (2-12)

la — b
which is the desired transversality condition.
We have two further reductions. First, as depicted in Figure 2, we consider the case when A > x; so that

d),=r—x1>0. (2-13)

Note that the case when A — x; < 0 can be handled by reflecting £ and I" about the y-axis. Secondly,
by relabeling a and b if necessary, we may assume that when A > x;, we have

®; (b) — ;.(a) > 0 (2-14)

as in Figure 2. Finally, we will also have
(b1 —ay) > 0. (2-15)

This follows from the geometry of the curves: in order for (2-14) to hold in the intersecting case, the
convexity of I" shows that b must lie below and to the right of a.
Using the convexity condition (2-5), we will show that

(b)) — Prla) ~ (by —ay) - d,. (2-16)
Observe that by the bound on y’ and the relationships established in (2-8) and (2-9),
|by — az| = [y (s0) — v (t0)| =< |so — to| = |b1 — al. (2-17)

As such, proving (2-16) will be sufficient to establish (2-11). We now carry out the verification of (2-16)
in three cases based on the relative sizes of d) and |b; — a;|. We will handle the nonintersecting case
(where (2-7) does not hold) separately.

Case 1: (b1 —ay) < %d,\. We begin by examining the simplest case, which motivates the finer analysis
to come. This is depicted in Figure 3.
Using the relationships established in (2-6)—(2-9) and the mean value theorem, we have

©,(0) — Pi(a) = b2+ y(h—b1) — (a2 +y (A —ar))
=br—a)+(yAr—=b)—y(A—a))
= (y(s0) =y () + (y (A —b1) —y (A —a1))
=y'E) (b1 —a) —y' ()b —ar)
=[y'&) —y' b1 —ar)
for some n € (A — by, A —ay) and & € (¢, so). It follows by (2-4) and (2-5) that
;. (b) — Dy (@) ~ (1 —£) - (b1 —a1).

Since (b1 —ay) < %d,\, we see that (2-16) is verified following the observation that

(n—§&)~d,.
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b]—a1 bl_al
/_/H /_/H
To S S0 A=by N A—ay
- _/
~
d}L

Figure 3. Case 1.

To see this, recall from (2-13) and (2-8) that d = * —a; — so = A — by — tp. Following Figure 3,

n—§&>M—b)—so=A—by—1ty) —(so—ty) =d, — (b1 —a1),
and similarly
n—&<M\—a)—to=A—a;—so)+(so—to) =dy + (b1 —ar).

Before moving to the general argument, we observe that the separation of d and (b; —a;) was crucial in
guaranteeing that the variables arising from the application of the mean value theorem, £ and 5, were prop-
erly separated. More generally, a finer analysis using telescoping sums is used to guarantee such separation.

Case 2: 1d; < (b1 —ay) <d;. Set
p=3(bi—a)) and g=s. (2-18)

First, we take a moment to compare the variables under examination. Note p > 0 by (2-15). Using
(2-13) and (2-8), we can write dy, = A — b — ty and b; — a; = sg — ty. Therefore, when b1 — a; < d,, we
have so —f9p < A — by — 1ty and so s9 < A — b;y. This implies

fo<so<A—by <A—a,

and so, for p and ¢ as in (2-18),
th=q—2p<q—p<qg=so<ri—by=A—a—2p<i—a —p<i—a.

Appealing to (2-6) and (2-9), we can write

Q@) — P (b)=y(h—a1) —y(h—b1) — (b —a2)

=y@& —a) —y @ —bi) = (y(s0) — v (1))
1 1

=Y (y—ar—jp)—yG—ai— G+ Dp) =Y (r(a—jp) —ya— G+ Dp).

Jj=0 Jj=0

Applying the mean value theorem, there exist ho, i1, hy, b} € (0, 1) so that

1 1
®,(a) = Dy(b) =) (Y’ —ar—jp—hip)-p)— Y (v'(q—jp—h;p)-p),
j=0 =0
and it follows that
1

(@) — @3 (b) ~ (Z(y’(x —ai—jp—hip)—v'(g—jp— h;p))) p. (2-19)
j=0
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bi—ay d;,
N N
Ve ~ ~
q—2p=t q =A—b; S0 A—a;—p A—ay
- _
~
bl—al

Figure 4. Case 3.

The purpose for adding and subtracting terms, is that the terms A —a; — jp—h;p and g — jp — h/j p are
now appropriately separated for j =0, 1. Indeed, when d, > (b; —ay), recalling that ¢ = sy, it holds that

(A—a1—jp—hjp)—(so—jp—h;p)=dp—hjp+hp = 3d,
and
(h—ay—jp—hjp)—(so— jp—h;p)=ds —h;jp+h;p < id;.

The key point is that in (2-19), the arguments of Y’ within each summand are separated by a positive
quantity comparable to d,. Using the bi-Lipschitz condition on 3’ (in which case y’ is strictly monotonic
on 1), we conclude that

D, (b) — ®;.(a) ~d, - p.

Since p ~ (b; — ay), this case is completed.
Case 3: d; < (b —ay). Set
p=3d. and gq=(A—b). (2-20)

With this choice of p and g, the proof proceeds as in the previous case. This situation is depicted in
Figure 4.

Using (2-8) and (2-13), we can write d, = A —b; —ty=A —a; —so > 0and by —a; =sg— 1ty > 0.
Therefore, when d;, < by — a;, we have A — b; —typ < 59 — tp and so A — by < s59. Combining these
observations, if d; < (b; —ay), then

lo=<A—bi<s0<i—ai,
and so, for p and ¢ as in (2-20),
th=q—2p<q—p<q=r—b <so=r—a—2p<i—a —p<Xi—a.
Using an identical telescoping argument to that used in the previous case to obtain (2-19), except now

with p and ¢ as in (2-20), we conclude that there exist hq, A1, kg, b’ € (0, 1) so that

1

(@) — 03 (b) ~ (Z(y’(x —ai—jp—h;p)—v'(g—jp— h;p))) p. (2-21)
j=0
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We now observe that A —a; — jp—hjp and g — jp —h/j p are sufficiently separated for j =0, 1 when
dy <b;—ay:
(A—a1—jp—h;p)—(g—jp—h;p)=bi—ar—hjp+hp=5b1—a)
and
(A—a1—jp—hjp)—(g—jp—;p)=bi—ar—hjp+hp <35(b1—a).

As in Case 2 above, we have now established the necessary separation between the arguments of y’
in each summand; it follows that

@,.(b) — Pu(b) ~ (b1 —a1) - p.
Since p ~ d,, this case is finished.

Nonintersection case: It remains to verify (1-13) when (2-7) does not hold. Assume that a and b are such
that

(a+D)NB+1T)=0. (2-22)
Let § > 0. For each A € A, set
h(A) = @, (b) — Py(a) =y(A—b1) —y (A —ay) + (b2 — a2).

Relabeling if necessary, we may assume that the graph (b 4 I') is above (a + I') in the sense that, for
each A € A, it holds that
h(A) > 0.

Observe that in the case a; = b, we have h(A) = b, — a is constant, and so the left-hand-side of
(1-13) is nonzero identically when |a — b| = |a, — by| < &, in which case the right-hand-side of (1-13) is
bounded below by the constant ¢, and the inequality is satisfied provided that c is chosen so that ¢ > | A|.

Assume then that a; # b;. We will apply a vertical shift to the curve (b 4+ I') to reduce to the
intersection case considered in (2-7) and handled above. It is a consequence of the curvature assumption
of Definition 2.5 that there exists a unique A € A where h(A) is minimized. Set

d:=h@).
(Indeed, when a; # by, note that A is strictly monotonic as &’ # 0 by (2-4)). Now

T+ @1, b0 —d)N(T +a) #+9,
and we see that

D, b)=br+yr—=b1)=by—d+y(Ar—b1)+d=D,((b1,by—d)) +d. (2-23)
Set b(d) = (b1, b, — d). Now, if A is such that 2(1) = &, (b) — D, (a) < 8, then
Py(b(d)) — Pr(a) =5 —d <.
Note we may assume that § > d since h(A) > d for each A € A. Therefore

LeA:D,(b)—D,(a) <8} C{re A: Dy ((b1, by —d)) — Dy(a) <6}, (2-24)
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and it follows from the previous Cases 1-3 that there exists a constant ¢ > 0 that depends only on the
constant A in (2-4) so that

cé

[ € A+ ®3((br, bo —d)) — @1(@) <8}l < .

(2-25)

Combining (2-24) and (2-25), we see that if |b(d) —a| were bounded below by |b—a|, then the argument
would be complete. Since this may not always be the case, we need a slightly more delicate analysis.

We will now proceed in two cases, based on the relative sizes of |b; — a;| and |by — az|. When the
first difference is dominant, the shift between b and a is mostly horizontal and this horizontal translation
is detected by the first coordinate of b(d). The more challenging case is when the translation is nearly
vertical; this will follow the same lines as when b; = a;. To be precise, we now consider the cases when
by — a1 = §|by — az| and |by —ay| < 3|by — az| separately.

In the former case,

b1 —ai] 2 |b—al
and so
b(d) —al® = by — a1’ + by —d — ] = |b1 —ai|* Z |b—al’.

In this case, we see that |b(d) — a| is bounded below by a constant multiple of |b — a|, and the argument
is complete upon combining (2-24) and (2-25).

Now consider the latter case that |b; — aj| < %|b2 — ap|. Suppose that A is such that (1) < §. By the
mean value theorem, there exists an 7 so that

Y =b1) =y —a) ==y () (b1 —a).
Recall from (2-3) that sup,; |y'()| < 1. It follows from the reverse triangle inequality that
h(X) = |by —aaz| — |y'(n) (b1 — ar)|
> |by — a2 — |by —ai
> |by = az| = 51b2 — a2
= 1lby —az| ~ b —al,
where the implicit constants are independent of b, a and A. It follows that there exists a ¢’ > 0 so that

if A is such that #(A) < 6§, then |b —a| <c'§or 1 < '8/|b — a|. Now,

/

A€ Ah() <8} <|A]<c<c—,
|b—al

provided c is chosen so that ¢ > | A|. O
2D. Surface projections. Here, we show that the maps corresponding to the Favard surface length and

introduced in Section 1A3 satisfy the transversality condition of (1-13). We will consider the case when I
is a surface of revolution generated by an even, C2, concave-up function f defined on a neighborhood of
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the origin. That is, I" will be the graph of y : R> — R given by

y(s)=fsD

defined on a closed ball B := B(0, L) for some L > 0.

Note that f” > 0on [—L, L]. It is straightforward to check that f'(x) > 0 on [0, L] with equality only
at x = 0; computing the second partial derivative of y in x at |(x, y)| = 0 and |(x, y)| # O separately
shows that there exists ¢ > 0 so that for each (x, y) € B

82
a—x);(x, y) > c. (2-26)

Now, we choose a parameter set A and a domain €2 as in Definition 1.2: set A = B(O, %L) C R? and
Q=B(0, %L) C R3. For « € A, define the vertical line

bo i ={(x,y,2) : (x, y) = a}.
If o = (a1,a2) € Aand a = (a1, ap, a3) € 2, note (] —ay,ay —ay) € B and
laN(a+T) = (a1, oo, a3+ y(a1 —ai, 02— az))
is a singleton. Thus, we can define the two-parameter family of mappings {®y (- )}yca, Po : 2 — R by
Qy(a) =az+y(ar —ay, ar —az). (2-27)

The following lemma states that this family of maps satisfy the transversality condition of (1-13)
when I is a surface of revolution of this form.

Lemma 2.7 (surface maps are transversal). Let I' = {(¢, y(¢)) : t € B} ={(¢, f(|t])) : t € B} be a surface
of revolution with f : R — R, y : R> — R as defined above so that (2-26) holds on B = B(0, L). With the
notation above, the associated family of projections {®, : Q2 — R :«a € A} is 1-transversal in the sense of
Definition 1.3.

While the proof of Lemma 2.7 is similar to its 2-dimensional analogue, Lemma 2.6, there is a new
layer of complexity that arises. In the 2-dimensional case, in which I" was a curve and the graph of a
real-valued function, the intersection set (@ + I') N (b + I') consisted of at most one point. Denoting this
point by x = (x1, x2) (When it exists) and setting H () := |, (a) — P, (b)|, with d, as in (2-6), we saw
that H (x;) = 0 and observed that H grows at a linear rate in a neighborhood of x;. In the 3-dimensional
case, in which T' is a surface, the set (@ + ') N (b + ') may consists of many points. Here, we show that
the function H (A), now with ®, as in (2-27), obeys a similar linear growth condition along horizontal
lines. We now prove Lemma 2.7 using the set-up above, and we begin with a few simplifying reductions.

Proof. By rescaling in the z-axis, we may assume that all the first partial derivatives of y are bounded
by 1. For distinct a, b € 2, our aim is to verify that

(L e A:|®)(a) — Pu(b)| <8} S :
la — b|
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Translating, it is enough to consider the situation when @ = (0, 0, 0). Further, since I" is symmetric about
the origin, it suffices to consider the case when b = (b1, 0, b3) for by, b3 > 0.
After this reduction, our goal is to show that

- )
{2 € A:|@(0) — Pu(b)] 55}|§m (2-28)
for a universal constant independent of b and §. To this end, fix the coordinate A, and form a slice parallel
to the xz-plane; we will show that

(A1 4= (A1, 22) € A and |@;(0) — @2(B)| < 8| < |2—| (2-29)
for a universal constant independent of A,. Once this is completed, we may integrate the estimate with
respect to Ay over the interval [—%L, %L] and apply Fubini’s theorem to recover (2-28). Note that | - | in
(2-28) denotes the 2-dimensional Lebesgue measure and |- | in (2-29) denotes the 1-dimensional Lebesgue
measure.

We are now working within a 2-dimensional slice of the surface and will be able to apply the results of
Section 2C. Note that the slice

Vi, =N {y =%} ={(t1, X2, y(t1, X2)) : (t1, A2) € B}

forms a curve in the plane {y = A;}. Since b = (b1, 0, b3), the translated surface (I' + b) also intersects
this plane in a curve

(I'+b) N {y =22} = {(s1 + b1, A2, ¥ (51, 22) + b3) : (51, A2) € B}.
The key point is that this curve is merely a translate of y;,:
(C+b)N{y =42} = 33, +b.

Recalling the curvature condition (2-26), we see that the curve y,, satisfies the simple curvature
condition of Definition 2.5. Applying Lemma 2.6 (in particular, the result of (2-12)) then establishes
(2-29) as desired. U

3. Energy techniques for pushforwards

We now turn to measure estimates using the energy and potential based approach of [Mattila 1990]. The
key idea here will be that the energies associated to a measure 4 and its pushforwards 74,14 are closely
related. This will allow us to prove strong asymptotic lower bounds for the Favard curve lengths of
neighborhoods of sets. First, we begin by proving Proposition 1.4, illustrating how transversality plays a
role in the study of pushforward measures. This proposition provides a generalization of Marstrand’s
result on the typical dimension of projections to a nonlinear setting, and the proof provided here is similar
to that which appeared in [Solomyak 1998] in the context of general metric spaces.
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Recall that we have a family {7, : @ € A} of maps into an m-dimensional space, dimy, E =t < m, and
the family of projections is m-transversal. Our goal is to show that for {r-almost every o € A,

dimy TeE=t.
The primary tool will be to use that if x and y are two fixed points, then the projection operators 7, will usu-
ally be able to distinguish between x and y on scale |x —y|. This is quantified with the distribution function.

Proof of Proposition 1.4. Suppose that E supports a Borel probability measure p with finite t-energy.
Recall the energy of the measure p, I (1), is defined in (1-1) and the pushforward, 7,4, is defined in (1-2).
Averaging over the set of parameters and computing the energies of the pushforward measures, we have

~ 1 ~ ~
/If(naau)dw(a)sz/ — dggp(u) digsn(v) dr ()
A A lu — vl

1
/A// ) oy S Ak dy @)

1
///A [T (x) — T (V)| V(a)du(x)du(y)

lx — y|* dpu(x)dp(y)
— _ T gy (e |[HERERY)
f/[una(x)—na(yw ‘”(“)} X —y|*

We can study the innermost integral using the transversality condition together with the distribution

|x —y[* /"O ({ , lx —yI* })
_ XN gy = — d
mo-mor VO "\ Eo—mor )Y

=/ Y ({a |70 (x) = Te| < r VT |x =y} dr

function:

_‘L’/ V(o T (x) — T (M| <8lx —yI})

81+r '

For a fixed §p > 0O, the integral on [§p, 00) converges: our parameter set has finite measure, and
f 820(1 /8'77) d$ is finite. Therefore, we only need to consider the case of § € [0, 8y); this corresponds
to the set of parameters which are not able to distinguish x and y, and will have small measure due to
transversality. In particular, the m-transversality of (1-12) with s = m yields

V(o : |7 (x) — 7o (y) < 8lx — y[}) < 8"

ds % §m—T @
RS 0 5

This converges provided that T < m. We have now shown that, for T < m,

/1 (naw)da<// d“(x)d’“‘(y) = I,() < o0,

and therefore the energy I; (7,4/t) is finite for w—almost every o.

for all § < 8y, implying

Y ({o: |7a(x) — Ta()] < 8lx — yIH
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To finish the proof, recall that if E has positive ' measure, then for any 7 < ¢ there exists a measure
supported on E with finite t-energy (see Frostman’s lemma in [Mattila 2015]). It follows that if T <t <m,
then the pushforward 7,41 will also have finite T-energy, implying that 7, (E) has Hausdorff dimension
at least 7. Passing to a countable sequence t, converging upwards to ¢ gives the desired result. O

For the remainder of the section, we will employ the notation of Definition 1.2. Recall that the lower
derivative of the measure 7,4 With respect to & at the point u is defined by

Moz (B(u, 8))

D jg h :1. i f
D(Tag, b, u) =limin h(B(u, 8))

The upper derivative is similarly defined, taking the limit supremum. In the case that the lower and upper
derivatives coincide, they will agree with the Radon—Nikodym derivative denoted by D(7yzut, h, u).

Lemma 3.1 (absolute continuity of pushforwards). Suppose that {7, : o € A} is an s-transversal family
of maps and that \ is a Borel measure on A. If | is a Borel measure with compact support contained
in Q and I;(v) < 00, then for \r-almost every o we have that gz < h and

| [ DG w? dnw dve < 1o,
AJx
Proof. Consider the integral

[[ DG dspio ave,

Due to the joint continuity assumption for the functions (x, &) > T4 (x), the integrands will be measurable
with respect to the appropriate measures (each of which are Borel measures). We now follow the definition
of the lower derivative along with Mattila’s approach:

/f D(Foapt b ) dye (1) dipr () = // iminf "B o )
e o ~0  h(B(u,$)) Tt

<11(13111(I)1f—m/f%uu(B(uﬁ))d%nu(u)dw(a)
=timinf - [ [ w7 B 5) a0 dv @)
_11m1nf—// wly: Ty € B(u, 8)}d7taﬁ,u(u)d1//(oz). (3-1)

Pushforward measures obey the identity

[earv=[worrar

for nonnegative Borel functions f and g and a Borel measure v. Applying this to the function

g(u) == u{y: ey € B(u, §)},
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we find that
// ply : Ty € B(u, 8)} ditgsp(u) dyr (@) = // Py : oy € B(7ex, 8)}du(x) dir ()
:/ Vo ey € B(Tgx, 8)} duu(x) du(y)

= / ¥ ({a s dist(Tax, Ty) < 8}) du(x) du(y). (3-2)
Combining (3-1) and (3-2), we get
V({a: |7y

YN EW G ydue). (33

[[ pGessec o) dFosutw de S timine [ i

We are now ready to apply the s-transversality condition. Since

V({a: Te(x) =T ()] <8}) S ,
lx —y[®
we find that duie )d o)
// D(7gspt, hyu) digyin(u) dyr () </[ i M Y =I;(n). (3-4)

Since I;(14) < 0o, we conclude that for y-almost every «, the lower derivative D(7q s, h, u) is finite
for wyzpu-a.e. u € X. Following [Mattila 1995, Theorem 2.12], this implies that 7, < A for all such
parameters, in which case D(J?g,ﬁ W, h, u) exists for %ﬁ p-a.e. u € X. Finally, we can use Fubini’s theorem
to conclude that

/ D(Fazpt. h,u)? dh(u) = f DTzt h. 1) T (). (3-5)
X X

The combination of (3-5) with the estimate (3-4) establishes the desired result. O

The next result follows from Lemma 3.1 and, in essence, states that nonlinear variants of Favard length
are controlled from below by the energy of any nice measure placed on the set.

Lemma 3.2 (lower bound on average projection length). Suppose that {7, : a € A} is an s-transversal
Sfamily of maps with a Borel probability measure iy on A. If i is a Borel probability measure supported on
a compact set F C Q, then

/A h(FaF) ™ dyr (@) < ()

and

o S f hELF) dy (). (3-6)

This is an analogue of [Mattila 1990, Theorem 3.2]. The proof relies on Lemma 3.1.

Proof. Since F C 7,~ (7, F) and pu is a probability measure, we can apply the definition of the
pushforward to conclude that

2
| = Ty (FuF)? = (/ DTzt h, u)dh(u)) .
TaF



TRANSVERSAL FAMILIES OF NONLINEAR PROJECTIONS AND GENERALIZATIONS OF FAVARD LENGTH 303

Invoking the Cauchy—Schwarz inequality,

1sh<a’%;F>/ D(Tgzpt, h, u)* dh(u)

Ty

for all @ € A. After dividing both sides by i (7, F), integrating in v/, and invoking Lemma 3.1, we have

f (h(FoF) " dy (@) < / / D(Faspt. b, ) dh(u) dys (@)
A AJm F

< / / D(Fagtts h, ) dh(u) dyr(@) < I (),
AJX

thus establishing the first inequality.
For the second part of the theorem, consider the function f(«) = h(7y F). Applying the Cauchy—
Schwarz inequality to 1 = [dy = [ f 172 =172 g+ immediately gives the claimed result. (]

In order to apply Lemma 3.2 to neighborhoods, we construct a measure with appropriate support and
obtain an upper bound on the energy. The following lemma says that whenever the dimension of F is
known, there is at least one auxiliary measure supported on the neighborhood F (r) whose energy is easily
computable. This is the final tool that we will need in order to estimate the average projection size of a
neighborhood, and it comes directly from [Mattila 1990, Theorem 4.1]. We give a summary of the main
idea of the construction.

Lemma 3.3 (construction of auxiliary measure). Let O < s < m. Suppose | is a Borel probability measure
supported on a compact set F C R" and there exists ¢ > 0 so that

w(B(x,r)) <cr’

for each x € R" and r > 0. Then for each r € (0, 1) there exists a probability measure v supported
in F(2r) so that

L(w)y <r’ ™ if s <m, 3-7)
() < log (%) if s =m. (3-8)

Summary of proof. For F, i and r as in the statement of Lemma 3.3, we can use a covering argument to

find a disjoint collection of balls {Bi}f.‘zl, each with radius r, so that 7 := ,u(|_|i-‘:] Bi) > 0. The measure v

is then defined to be

|AN B;|
|Bi| '

k
1
v(A) =~ ; w(B:) (3-9)
where |- | denotes the n-dimensional Lebesgue measure. Note that v is supported in F'(2r). The v-measure
of a ball of radius u can be bounded from above, considering the cases when u <r, r <u <1,and 1 <u
separately, and a computation with the distribution function (analogous to the computations in the proof
of Proposition 1.4) shows that I,,,(v) < r*~" when s < m. Further, when s = m, a similar computation
shows that I,,,(v) < log (%) O
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With Lemmas 3.2 and 3.3 in tow, we now turn to the proof of Theorem 1.5. In this context, it will be
important that the family is m-transversal, with m matching the dimension of the target set.

Proof of Theorem 1.5. Assume that {7, : « € A} is m-transversal. Letting F' and u be as in the hypotheses,
we can use Lemma 3.3 to construct the auxiliary measure v with computable energy. Applying the
estimate (3-6) of Lemma 3.2 to v and F (2r) yields the theorem. |

4. Applications and examples

4A. Proving Theorems 1.6 and 1.7. We now turn to self-contained proofs of the applications to Favard
curve length and visibility, respectively.

Proof of Theorem 1.7. In the case that I" satisfies the simple curvature assumption of Definition 2.5, we
can apply Lemma 2.6 to conclude that the curve projections associated to Favr form a 1-transversal
family, and the theorem follows from Theorem 1.5. The reductions made at the beginning of Section 2C
imply that establishing the theorem for this special class of I" suffices. U

On the other hand, the visibility result requires a little bit more analysis, since transversality depends
on the relative geometry of the visible set and the vantage set.

Proof of Theorem 1.6. In Lemma 2.3, we established that the family of radial projections {P, : a € A} is
(n—1)-transversal provided that the underlying probability measure y» supported on A satisfies the tube
condition with respect to E:

Y (Ty) S8

In our context, ¥ = H"~! and it suffices to show that there exists a positive § > 0 such that for any
tube Ts passing through the visible set £ we have

H' N (TsnA) < sl

However, this follows immediately from the tangent plane condition: the angle between the tube Tj
and any tangent plane to A is uniformly bounded away from zero and the claim follows. Now that
transversality has been established, we conclude the proof with an application of Theorem 1.5 as in the
previous argument. U

A slightly more general version of Theorem 1.6 is available without separation between the vantage
set A and the visible set E. The tube condition is also guaranteed upon replacing our tangent plane
condition with the following slightly more technical statement: there exist 6o > 0 and 6y € (0, %) so that,
ifa € L, ,(80) N A for distinct x, y € E, then A, meets L, , at an angle of at least 6.

4B. Applications to dynamically generated sets. A key tool in proving Theorem 1.5 was to establish the
existence of an auxiliary measure v supported near F' whose s-energy is easily computable. Lemma 3.2
then relates the average projection length to the energy. In the case of many fractal sets, we can construct the
special measure v in a geometrically motivated ad hoc manner. We now turn to the proof of Corollary 1.9.
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Proof of Corollary 1.9. Sets =m =1 and r = (Alf)n Recall K,, denotes the n-th generation in the
construction of the four-corner Cantor set K. We can write X, as the union of 4" squares Q; of side
length 47", and define a probability measure on v supported on K, by

an

vy =y A2

i=1 (Z)
This is the equidistributed measure on X, (and can be compared to the constructed measure of Lemma 3.3
when pu denotes the 1-Hausdorff measure restricted to K).

Observe v(K,) =1 and
uz/r foru <r,

v(B(x,u))~3u foru>r,
1 foru>1.

A direct estimate of the energy integral leads to

Iy(v) ~log (%)Nn. 4-1)
Next, as we have already established in Lemma 2.6 that the curve projections which lead to Favr are a

1-transversal family under our simple curvature assumption, we can apply Lemma 3.2 to conclude that

o
I (v)

Combining (4-1) and (4-2) completes the proof of Corollary 1.9. ]

5/ | Do () | dar. (4-2)
R

It is worth emphasizing that the main point here is the existence of the measure v with easily bounded
energy at the appropriate dimension. As such, these techniques apply to a much broader class of fractal
sets at dimension 1; whenever we can have a piece-counting argument that gives a sharp estimate for 7, (v),
we will get a similar bound. This is frequently the case for fractals that are generated by an iterated
function system, including /C,,.

Next, we give the corresponding applications for visibility:

Proof of Corollary 1.8. Since no tangent line to the curve I' passes through the compact set [0, 1]%,
there is a positive distance between any tangent line to I and /C,,. This is the 2-dimensional version of
the nontangency assumption of Theorem 1.6 and thus the family of radial projections {P, : @ € I'} is
1-transversal. Again taking v to be the equidistributed measure on X, the corollary now follows from
Lemma 3.2 and the estimate (4-1). U

4C. Projections without transversality. In each of the cases handled above, a notion of transversality is
used to show that the set of parameters which cannot distinguish two nearby points on an appropriate
scale is rather small. One may ask whether such a condition is necessary. In the following examples, we
explore what can happen when transversality is absent.

Example 4.1 (asymptotic Favr that decays too fast). Suppose that the curve I' is x-axis in R? suppose F
is a horizontal line segment, and consider the curve projections @, of Section 2C. Then Section 2C fails.
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Recalling (1-8), we see that
Favp (F(r)) ~ 2r.
This tends to zero much more rapidly than (log =)~
Our next example illustrates that Favard curve length does not necessarily detect rectifiability without a
transversality assumption. In particular, without a curvature assumption, it is possible to have a purely un-
rectifiable set with positive and finite Hausdorff 1-measure, which has strictly positive Favard curve length.

Example 4.2 (a lower bound that does not decay). Suppose that I" is a straight line in R? passing through
the origin with slope % (or angle 6 = arctan %) and that F is the four-corner Cantor set. Consider the
curve projections @, of Section 2C. Then for all « so that @, is defined on /C, the projection &, K is an
interval with length comparable to 1.

To see this, consider the first generation of the four-corner Cantor set K and its four constituent squares.
Each square projects to an interval. Since the line has slope %, the points (%, O) and (%, }‘) project to
the same position within L,. Similarly, (0, }) and (1, 3) share a projection and so do (4, 3) and (2, 1).
Therefore, the projection of the bottom right square is a segment connecting 7, (1, 0) and 7, (% %); the
projection of the lower left square is a segment connecting 7, (‘l‘, 0) and 7, (O, le)’ and so on. The four
intervals found in this manner only meet at their endpoints, and their union is an interval with length
greater than 1. Finally, an application of self-similarity shows that this argument works for the second
generation of the Cantor set as well; this extends to all subsequent generations and K itself.

As a final example, we see what happens for visibility when we do not assume the tube condition.

Example 4.3 (coplanar sets lack the tube condition). Suppose A and E are as in Theorem 1.6 so that A
is a smooth (n—1)-dimensional surface, E has positive s-dimensional Hausdorff measure, and |[a —e| < 1
for each a € A and e € E. Moreover, assume that A and E are both subsets of the same hyperplane in R".
Consider the radial projections P, of (1-4). Then the lower bounds of Theorem 1.6 fail when s > n — 2.

For A and E in R" and a € A, the radial projection P,(E) is a set of Hausdorff dimension at most n — 1.
Embedding A and E in the same hyperplane guarantees that P,(FE) is a set of Hausdorff dimension
at most n — 2. As such, it can be covered by C(%)n_2 balls of radius » for some C. Since the (n—1)-
"=l we conclude that the (n—1)-dimensional Hausdorff
measure restricted to $”~! is bounded by |P,(E(r))| Sr. Since r < log(})_1 and r < r"~17 whenever

n—2 < s and r is sufficiently small, both the first and second estimates of Theorem 1.6 fail in this regime.

dimensional measure of a ball is of order r

To see what goes awry in Example 4.3, note that the tube L, ,(6) for distinct x, y € E(r) intersects A
in a set of measure 8”2 > §"~! and the upper bound required by the tube condition in (2-2) fails. In this
case, P,(E) for a € A fails to differentiate the points of E.

As an explicit example of what fails, consider the case n = 2. When A and E are contained in the
same line, P,(E) consists of at most two points for any a € A. This means that the projections P, cannot
differentiate points in E.
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