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PERTURBED INTERPOLATION FORMULAE AND APPLICATIONS

JOAO P. G. RAMOS AND MATEUS SOUSA

We employ functional analysis techniques in order to deduce some versions of classical and recent
interpolation results in Fourier analysis with perturbed nodes. As an application of our techniques, we
obtain generalizations of Kadec’s A—ll—theorem for interpolation formulae in the Paley—Wiener space both
in the real and complex cases, as well as versions of the recent interpolation result of Radchenko and
Viazovska (Publ. Math. Inst. Hautes Etudes Sci. 129 (2019), 51-81) and the result of Cohn, Kumar,
Miller, Radchenko and Viazovska (Ann. Math (2) 196:3 (2022), 983-1082) for Fourier interpolation with
derivatives in dimensions 8 and 24 with suitable perturbations of the interpolation nodes. We also provide
several applications of the main results and techniques, relating to recent contributions in interpolation
formulae and uniqueness sets for the Fourier transform.
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1. Introduction

A fundamental question in analysis is that of how to recover a function f from some subset { f (x)}xca of
its values, together with some information on its Fourier transform f : R — C, which we define to be

fe = /R f(x)e 2T gy, (1-1)

Perhaps the most classical result in that regard is the Shannon—Whittaker interpolation formula: if f is
supported on an interval [—§/2, §/2], then

fay= 3" fk/8)sinc(sx —k), (1-2)

k=—00
where convergence holds both in L*(R) and uniformly in compact sets of C, where we let sinc(x) =

sin(zrx)/(wx). A major recent breakthrough in regard to the problem of determining which conditions
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on the sets A, B C R imply that a function f € S(R) is uniquely determined by its values at A and the
values of its Fourier transform at B was made in [Radchenko and Viazovska 2019], where the authors
proved that, if f : R — R is even and Schwartz, then

oo o0
f@) =" fOa )+ fVRa). (1-3)
k=0 k=0
Radchenko and Viazovska’s result and its techniques were somewhat inspired by Viazovska’s recent
solution [2017] to the sphere-packing problem in dimension 8, and her subsequent work with Cohn,
Kumar, Miller and Radchenko [Cohn et al. 2017] to solve the same problem in dimension 24. Indeed, the
proof of (1-3) uses such tools from the theory of modular forms heavily for constructing and bounding
the basis functions {a,},>0.
Subsequent to the Radchenko—Viazovska result, other recent works have successfully used a similar
approach in order to tackle what are now known as Fourier interpolation and Fourier uniqueness problems.
Among those, we mention the following:

(1) Cohn and Gongalves [2019] used a modular form construction in order to obtain that there are ¢; > 0,
j €N, so that, for each f € Srad(R'?) real,

fO =Y i f(V2)==FO) +) i f (/2. (1-4)
izl jz1
Such a formula enables the authors to prove a sharp version of a root uncertainty principle first raised by
Bourgain, Clozel and Kahane [Bourgain et al. 2010] in dimension 12; see, e.g., [Gongalves et al. 2017;
2021; 2023] for more information on this topic.

(2) On the other hand, Cohn, Kumar, Miller, Radchenko and Viazovska [Cohn et al. 2022] built upon the
basic ideas of [Radchenko and Viazovska 2019] to be able to prove universal optimality results about the
Eg and Leech lattices in dimensions 8 and 24, respectively. In order to do so, they prove interpolation
formulae in such dimensions that involve the values of f (+v/2n), f '(V2n), f (v/2n), f '(v/2n), where f
is a radial, Schwartz function, and n > ng, with no =1 if d =8, and ng = 2 in case d = 24.

(3) Talebizadeh Sardari [2021] studied the problem of constructing interpolation formulae involving the
values f(/7), /(7). f(JF), f/(J/F), where f is a radial, Schwartz function, in R2, and r is any point

in the set
{(%)1/4\/n2+nm+m2 tn,meZ},

which would correspond to a Fourier interpolation formula with derivatives over the hexagonal lattice.
Such a formula was conjecture not to exist in [Cohn et al. 2022, Conjecture 7.5], and indeed that is the
case: there are infinitely many linearly independent Schwartz functions that cannot be recovered by these
values. This is perhaps surprising, since the hexagonal lattice is conjectured to be universally optimal
in the language of [Cohn et al. 2022], which suggests this problem is not amenable to the exact same
techniques in that work in dimensions 8 and 24.

(4) Finally, more recently, other developments in the theory of interpolation formulae given values
on both Fourier and spatial sides have been made by Stoller [2021], who considered the problem of



PERTURBED INTERPOLATION FORMULAE AND APPLICATIONS 2329

recovering any function in R from its restrictions and the restrictions of its Fourier transforms to spheres
of radii /n, where n > 0, is an integer, and for any d > 0. Moreover, we mention also the more recent
work of Bondarenko, Radchenko and Seip [Bondarenko et al. 2023], which generalizes Radchenko and
Viazovska’s construction of the interpolating functions to prove interpolation formulae for some classes
of functions f that take into account the values of f at logn/(4m), and the values of f at a sequence
(,0 — %) /i, where p ranges over nontrivial zeros of some L-function with positive imaginary part.

One fundamental point to stress is that, in a suitable way, all the previously mentioned results relate some
sort of summation formula, the most basic instance of such being the classical Poisson summation formula

Yo fmy=> fm,

meZ neZ
which is obtained in [Radchenko and Viazovska 2019] as a particular case of (1-3) by setting x = 0, with
some modular form construction. In this direction, the formula (1-4) is also a manifestation of such a
principle that implies rigidity between certain values of f and other values of f
The aforementioned connection between summation formulae and modular forms is classical, with the
modularity of the Jacobi theta series 6 being a primal example of how one relates to the other. On the
other hand, this connection may be deepened through the following argument: Suppose that a summation
formula of the kind
Y caf@=> caf(@ (1-5)
acA acA
holds for all f € S(R) a radial function. This is seen to be equivalent, by a density argument (see, for
instance, [Radchenko and Viazovska 2019, Section 6]), to (1-5) holding for f(x) = ei*" where z € C
is fixed so that Im(z) > 0. This, on the other hand, is equivalent to the function M(z) =) . inzlal®
satisfying the modular relationship (—iz)~4/>?M(—1/z) = M(z) in the upper half-space. In particular,
if A C \/Z, then M satisfies additionally some periodicity condition, and thus a search for M can be
further narrowed to a certain space of modular forms.

A€

From a similar yet not identical point of view, however, the topics described above can also be inserted
into the framework of crystalline measures. Indeed, if we adopt the classical definition of a crystalline
measure to be a distribution with locally finite support, such that its Fourier transform possesses the
same support property, we will see that the Poisson summation formula implies, for instance, that the
measure &z is not only a crystalline measure, but also self-dual, in the sense that §7 = Sz holds in S’ (R).

Outside the scope of interpolation formulae per se, we mention the works [Lev and Olevskii 2013; 2015;
Meyer 2017], where the authors explore on a deeper lever structural questions on crystalline measures. In
particular, Meyer [2017] exhibits examples of crystalline measures with self-duality properties, and uses
modular forms to construct explicitly examples of nonzero self-dual crystalline measures @ supported on
(£Vk+a:ke Z.} for a € {9, 24, 72}. We also mention [Kurasov and Sarnak 2020], where the authors,
as a by-product of investigations of the additive structure of the spectrum of metric graphs, prove that
there are exotic examples of positive crystalline measures other than generalized Dirac combs.

Our investigation in this paper focuses on both classical and modern results in the theory of such
interpolation formulae and crystalline measures. In generic terms, we are interested in determining when,
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given an interpolation formula such as (1-2) or (1-3), we can perturb it suitably. That is, given a sequence
of real numbers {&;}xcz, under which conditions can we recover f from the values

{(F(nten)s fGn+en))lnez, (1-6)

given that we can recover f from {(f (sp), f S )} nez?

In this manuscript, the main idea is to study such perturbations of interpolation formulae for band-
limited and Schwartz functions through functional analysis. Indeed, most of our considerations are based
on the idea that, whenever an operator T : B — B, where B is a Banach space, satisfies

IT =I5 <1,

then T is, in fact, a bijection with continuous inverse T-!: B — B. In fact, in all our considerations on
interpolation formulae below, some form of this principle will be employed, and other proofs and results
in the paper, such as Theorem 1.6, which gives new bounds related to the Radchenko—Viazovska formula,
arise naturally when trying to employ this principle in different contexts.

1A. Perturbations and interpolation formulae in the band-limited case. The question of when we are

able to recover the values of a function such that its Fourier transform is supported in [— %, %] from its

values at n + ¢, is well known, having been asked in [Paley and Wiener 1934], where the authors proved

that recovery — and also an associated interpolation formula—is possible as long as sup,, |&,| < 7 2.

Many results relate to the original problem of Paley and Wiener, but the most celebrated of them all is the

so-called Kadec—é—ll theorem, which states that, as long as sup,, |e,| < 4—1‘, one can recover any f € L*(R)
1
-1
proof and [Avantaggiati et al. 2016] for a generalization.

which has Fourier support on [ %] from its values at n + ¢,, n € Z; see [Kadec 1964] for the original
Our first results provide one with a simpler proof of a particular range of Kadec’s result. We recall,
for that matter, that the Paley—Wiener space PW (R) is defined as the aforementioned space of all
square-integrable functions on the real line such that f has support in the interval [—%, %]
Theorem 1.1. Let {ex}rez be a sequence of real numbers and assume L = supy |ex| < Lo, where
Lo =0.239... is defined to be the smallest positive solution to the equation
sin(7r L) o Losinm L
7Ly 3 1—1Lg

~+ sin(7r Lo).

Then any function f € PW, is completely determined by its values {f (n + &,)}nez, and there is
C =C(L) > 0 such that

EY e < IfB=CY IfitenP

neZ neZ

forall f € PW,.
Moreover, there are functions g, € PW(R) such that for every f € PW_, the following identity holds:
F) =) f(n+en)gnx),
neZ
where the right-hand side converges absolutely in compact sets of C.
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The condition in Theorem 1.1 is satisfied for L < 0.239, which possesses only a 0.011 difference from
Kadec’s result. The main difference, however, is that while Kadec’s proof relies on a clever expansion of
the underlying functions in a different orthonormal basis, we make a less direct use of orthogonality in
our considerations.

We also remark that, in the proof of Theorem 1.1, one can use complex numbers for perturbations.
The difference is that we have to take into account the sine of complex numbers, and the resulting bound
would be L < 0.2125 instead of L < 0.239. This only falls very mildly short of the results in [Avantaggiati
et al. 2016, Theorem 3], where L < 0.218 is achieved in the complex setting, and our methods of proof
are relatively simpler in comparison to those of that work, where the authors must enter the realm of
Lamb-Oseen functions and constants.

As another application of the idea of inverting an operator, we present a couple of results related to
Vaaler’s interpolation formula. J. Vaaler [1985] proved, as means to study extremal problems in Fourier
analysis, the following counterpart to the Shannon-Whittaker interpolation formula: Let f € L*(R), and
suppose that f is supported on [—1, 1]. Then

_ sin’(x) f&) | fk)
fO =5 Z{(x—k)z x—k}'

(1-7)
kez
This can be seen as a natural tradeoff: (1-2) demands that we have information at %Z in order to recover
the functions f as stated above. On the other hand, Vaaler’s result only demands information at Z, but
one must pay the price of replacing the rest of the information by values of the derivative at Z.
The first result concerning (1-7) is a direct deduction of its validity from the Shannon—Whittaker
formula (1-2). We state it in the following form.

Theorem 1.2 [Vaaler 1985]. Fix a sequence {ai}rez € 0%(Z). Consider the function f € PW, given by
fx) =" aysinc(x —n)

neZ
for each x € R. Then the interpolation formula
4sin® (l

fx) = nsz)Z{ 24 bz"} (1-8)

_ 2 _
ot (x —2k) x —2k

holds, where the right-hand side converges uniformly on compact sets, and we let
a; ,
by = L (—Dk.
K }:k_j( )
J#k

It is a consequence of (1-8) that f’(2k) = by, in Theorem 1.2 above. Moreover, we note that one

readily obtains Vaaler’s formula from (1-8) above: indeed, in order to obtain (1-7) for a square-integrable
function g € L?(R) with supp(g) C [—1, 1], consider f(x) = g(4x). It follows that f satisfies the
hypotheses of Theorem 1.2, and substituting back allows one to conclude (1-7) from (1-8).

A main difference between our proof of Theorem 1.2 and the original proof in [Vaaler 1985] is the
absence of any significant use of the Fourier transform. Differently, however, from the de Branges spaces
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approach in [Gongalves 2017], we do not delve deeply into any theory of function spaces, but rather we
make use of classical operators in £2(Z) such as discrete Hilbert transforms and its properties. We believe
our approach might lead to derivations of other interesting interpolation formulae.

Our final contribution in the realm of interpolation formulae for band-limited function is a generalized
version of Vaaler’s formula (1-7) with perturbed nodes. We mention that, to the best of our knowledge,
this result in its present form is new, as Vaaler’s ideas are rigid to specific properties of integers and
Fourier transforms of special functions such as sinc(x)2.

Theorem 1.3. Let {ex}rez be a sequence of real numbers and consider L = supy, |ex|. Suppose that
L < 0.111. Then any function f € PWy, is completely determined by its values { f (n + &,,) }nez and those
of its derivative { f'(n + £,) }nez, and there is C = C(L) > 0 such that

%Z(If(n te)P 1 4P S NFI3CY IAf e +1f n+e)l®)  (1-9)

nez neZ
forall f € PWy,.
Moreover, there are functions g, h, € PWy, so that, for all f € PWy,, we have

FO =) (fn+en)gn®) + £+ en)hn(x)),

nez

where convergence holds absolutely.

This result and its method of proof resemble the ideas from Theorem 1.1 and its proof, with an increase
in technical difficulties, such as considering higher-order analogues of the perturbed discrete Hilbert
transforms we use for the proof of Theorem 1.1. We note also that some further technical changes, together
with [Littmann 2006], allow one to extend the perturbation results for arbitrarily many derivatives; see
Theorem 6.1 for a discussion on that.

We point the reader, for instance, to the remark following Corollary 2 in [Gongalves 2017] together with
[Lyubarskii and Seip 2002; Ortega-Cerda and Seip 2002] for related discussion on sampling sequences
with derivatives for PW; see also [Gongalves and Littmann 2018] for discussions involving higher-order
derivatives.

1B. Perturbations of symmetric interpolation formulae. Moving on from band-limited functions to
Schwartz functions instead, we notice that the Radchenko—Viazovska result (1-3), although being a major
breakthrough, is rigid in its statement: the interpolating functions are carefully tailored to interpolate at
the {</n},>0 nodes. The same sort of phenomenon happens to the result of [Cohn et al. 2022], as the
construction takes into account a specific property of {~/2n }n=n, in dimensions 8 and 24.

A natural and yet unexplored question is that of determining whether formula (1-3) is rigid for its
interpolation nodes or not. In other words, a natural question concerns conditions when we can replace
a single interpolation node +/k by a suitable perturbation of it, say /k + ¢, where & € (—1, 1). To the
best of our knowledge, even this simple case remained open prior to this manuscript.

Such a question inspired the following result. Perhaps surprisingly, the idea of inverting an operator T’
when it is reasonably close to the identity still works in this context. The next result may thus be regarded



PERTURBED INTERPOLATION FORMULAE AND APPLICATIONS 2333

as the main result and novelty of this paper, establishing criteria when we are allowed, not only to perturb
one node in the interpolation formula, but all of them simultaneously.

Theorem 1.4. There is 6 > 0 so that, for each sequence of real numbers {ey }x>0 such that g € (—%, %),
g0 =0, sup;>q lex|(1+ k)>/4 10g3(1 +k) < 8, there are sequences of functions {0;} j>0, {n;} >0, with

16; )] + Inj (O + 16, ()| + 18; ()] S (A4 HOP A+ [x~
and
FO) =) (Fi+ens0)+ F(/i+em))
j=0

for all f € Seven(R) real-valued functions.

In other words, we can perturb each interpolation node from +/k to ~ +/k 4+ k=5/% and still obtain a
valid interpolation formula converging for all Schwartz functions. In fact, one does not strictly need that
f € S(R), but only that f, f decay at least as fast as (1 + |x|)~™ for some sufficiently large M > 1.

Theorem 1.4 is related to [Cohn and Triantafillou 2021, §6]. Indeed, in that paper, they construct
summation formulae of the form

0 7 \d/2 > A
an f(x/n) = (—> b, f(2y/n/N),

where N is a suitable positive integer, where they aim to make the coefficients {a,},>0, {b,}s>0 non-
negative, in order to obtain better estimates for the linear programming bounds for the sphere-packing
problem. In §7 in [Cohn and Triantafillou 2021], the authors mention that a “modular” method as carried
out by them cannot achieve perturbed nodes in such an interpolation formula, which would be desirable
for numerical purposes.

Theorem 1.4, on the one hand, does prove that we can make this rigid property somewhat looser
when it comes to the Radchenko—Viazovska interpolation formula, but on the other hand, positivity of
coefficients can by no means be guaranteed in our present case. It would be, however, interesting if one
could explore further the connections between our methods and those in [Cohn and Triantafillou 2021] to
obtain better bounds, but we have not pursued such a path in this work.

As an immediate corollary of Theorem 1.4, we obtain the following:

Corollary 1.5. Let {;} j>0 satisfy the hypotheses of Theorem 1.4. Define a continuous family of measures

8y + 0y 0; (x)
= 2 _Z 2 8:!:Jj+s,-‘

j=0

Ihx

Then these measures possess Fourier transforms given by
. n;(x)
=D =58 frar
jz0

In particular, these measures are nontrivial examples of crystalline measures supported on both space
and frequency on any set of the form {£x} U {£/k + &1 : |ex| < log™> (1 4+k) - (1 +k)~/4}.
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This result, in particular, aligns well with the recent examples from [Bondarenko et al. 2023; Kurasov
and Sarnak 2020], which indicate that crystalline measures are, if not impossible, very hard to classify.
Its proof follows from the fact that w, is even and real-valued, so that its distributional Fourier transform
will also be an even and real-valued distribution. Therefore, it suffices to test against even, real-valued
functions f, and thus Theorem 1.4 gives us the asserted equality.

In order to prove Theorem 1.4, we need to find a suitable space to use the idea of inverting operators
close to the identity. It turns out that, in analogy to Sobolev spaces, the weighted spaces £2(N) of
sequences square summable against n® are natural candidates to work with, as they are well-suited to
accommodate the sequence

(fWhk+en), fk+e0) o

whenever f, f decay sufficiently fast. In order to prove some perturbation result—that is, a weaker
version of Theorem 1.4 — using the spaces ZE(N) together with the polynomial growth bounds on {a, },>0
from (1-3) is already enough.

On the other hand, the fact that we may push the perturbations up until the k=>/4 threshold needs a
suitable refinement to [Radchenko and Viazovska 2019] or even to the bound of [Bondarenko et al. 2023].
The next result, thus, represents an improvement over those in [Bondarenko et al. 2023; Radchenko and
Viazovska 2019], as besides obtaining uniform bounds, we are able to introduce exponential decay factors
to the interpolating functions.

Theorem 1.6. Let bf = a, +ay, where {a, },>¢ are the basis functions in (1-3). Then there is an absolute
constant ¢ > 0 such that

by ()] S '/ log(1 +n)e KV
B2 (0] S n¥* log? (1 4+ nye VA

for all positive integers n € N.

The proof of such a result employs a mixture of the main ideas for the uniform bounds in [Radchenko
and Viazovska 2019; Bondarenko et al. 2023], with the addition of an explicit computation of the best
uniform constant bounding |x |k |b;l—L (x)+ (bff)/(x)| in terms of k£ and 7. In order to obtain such a constant,
we employ ideas from characterizations of Gelfand—Shilov spaces, as in [Chung et al. 1996].

We remark that, with a modification of the growth lemma for Fourier coefficients of 2-periodic functions,
we are able to obtain a slight improvement over the growth stated in Theorem 1.6. As, however, this
modification does not yield any improvement on the perturbation range stated in Theorem 1.4, we postpone
a more detailed discussion about it to Corollary 4.6 below.

1C. Applications. As a by-product of our method of proof for Theorem 1.4, we are able to deduce some

interesting consequences in regard to some other interpolation formulae and uniqueness results.
Indeed, it is a not-so-difficult task to adapt the ideas employed before to the contexts of interpolation

formulae for odd functions. As remarked by Radchenko and Viazovska, the following interpolation
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formula is available whenever f : R — R is odd and belongs to the Schwartz class:
/ 0 Y 0 r
F0)+if( )+Z Cn(x)f(ﬁ) —én(x)f(ﬁ) ’
2 Jn NG

where the interpolating sequence {c;};>0 possesses analogous properties to those of {a;};>0, and the
function

fx)=dj (x)

n>1

d(;r(x) _ s'in(rtxz)
sinh( x)
is odd and real and so it vanishes together with its Fourier transform at +./n, n > 0.

With our techniques, we are able to prove an analogous result to Theorems 1.6 and 1.4 for the odd
interpolation formula. Also, with our techniques, we are able to prove a version of Cohn—Kumar-Miller—
Radchenko—Viazovska interpolation results with derivatives in dimensions 8 and 24 with perturbed nodes
in a suitable range, as polynomial growth bounds for such interpolating functions are available in [Cohn
et al. 2022]; see Theorems 5.11 and 5.13 for more details.

Another interesting application of our techniques delves a little deeper into functional analysis tech-

niques. Indeed, in order to prove that the operator that takes the set of values { f («/E)}kzo, { f (\/E)}kzo

to the sequences
(fk+ehzo, {fk+e0k=o

is bounded and close to the identity on a suitable Ef(N) X ZE(N) space, we explore two main options,
which are Schur’s test and the Hilbert—Schmidt test. Although there is no direct relation between them,
Schur’s test seems to hold, in generic terms, for more operators than the Hilbert—Schmidt test, and for that
reason we employ the former in our proof of Theorem 1.4. On the other hand, the Hilbert—Schmidt test
has the advantage that, whenever an operator is bounded in the Hilbert—Schmidt norm, it is automatically
a compact operator. This allows us to use many more tools derived from the theory of Fredholm operators,
and, in particular, deduce a sort of interpolation/uniqueness result in the case gy # 0, which is excluded
by Theorem 1.4 above; see Theorem 5.3 below for such an application.

The final interesting application of Theorem 1.4 and its techniques the we present is to the problem of
Fourier uniqueness for powers of integers. In [Ramos and Sousa 2022], we have proven a preliminary
result on conditions on («, 8), 0 < «, B, a + B < 1, so that the only f € S(R) such that

fEn®) = f(&Enf)=0

is f =0. In particular, we prove that, if « = 8, then we can take o < 1 — 4

By an approximation argument, a careful analysis involving Laplace transforms and the perturbation
techniques and results above, we are able to reprove such a result for ¢ = g in the a < % range in the
case f is real and even by a completely different method than that in [Ramos and Sousa 2022]. Although
the current method does not yield any improvement over [Ramos and Sousa 2022, Theorem 1], we obtain
additionally some strong annihilation properties of such pairs, in the form of Corollary 5.10, which are
novel in that context.

Still on the subject of annihilation, we obtain two other interesting results.
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Theorem 1.7. For each s > 1 sufficiently large, there are y > s and @ > 0 such that both inequalities

(Z(l +n)* [ f (V) + If(ﬁ)IZ]) SN2y + W 2qatixpyy» (1-10)

n>0

R R 12
I L2y + 1 L2 S (Z(l +n)lf W)+ |f(«/5)|2]> (1-11)

n>0
hold for each f € Seven(R) real.
Corollary 1.8. Let {¢;};en satisfy the hypotheses of Theorem 1.4. Then for s >> 1 sufficiently large, both

inequalities
(Z(H—n)"ﬂf(v n+8n)|2+|f(vn+8n)|2]) S AN 2y HIF N2y
n>0 1/2
1A 2 caspepy A T e2qagens) S (Z(l-i-n)“’[lf(vn+8n)I2+|f(v n+€n)|2]>

n>0
hold for each f € Seven(R) real, where w, y are as in Theorem 1.7.

We refer the reader to discussion in Section 5C for more precise definitions about annihilating pairs

We should remark that it has been recently communicated to us by Kulikov, Nazarov and Sodin (personal
communication) that they have been able to significantly strengthen the results in [Ramos and Sousa 2022].
As a particular application of their results, they are able to obtain the whole range « + 8 < 1, conjectured
in [loc. cit.]. In fact, they can say quite a bit more even in the “critical” case o + 8 = 1, constructing also
suitable counterexamples to these uniqueness questions. It has also been communicated to us that they have
obtained strong annihilating properties in such a range as well. In spite of that, we have decided to maintain
this application of our work, as it contains interesting ideas that could be applied to other uniqueness
problems of similar flavor. In particular, Theorem 1.7 and Corollary 1.8 are a novelty of this present
work, and seem not to be included as a consequence of the results from Kulikov, Nazarov and Sodin.

1D. Organization. We comment briefly on the overall display of our results throughout the text. In
Section 2 below, we discuss generalities on background results needed for the proofs of the main theorems,
going over results in the theory of band-limited functions, modular forms and functional analysis. Next,
in Section 3, we prove, in this order, Theorems 1.1, 1.2 and 1.3 about band-limited perturbed interpolation
formulae. We then prove, in Section 4, Theorem 1.4, by first discussing the proof of Theorem 1.6 in
Section 4A. We then discuss the applications of our main results and techniques in Section 5, and finish
the manuscript with Section 6, talking about some possible refinements and open problems that arise
from our discussion throughout the paper.

2. Preliminaries

2A. Band-limited functions. We start by recalling some basic facts about band-limited functions. Given a
function f € L*>(R), we say that it is band-limited if its Fourier transform satisfies that supp( f YC[—M, M]
for some M > 0. In this case, we say that f is band-limited to [—M , M.
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It is a classical result due to Paley and Wiener that a function f € L?(R) is band-limited to [—o, o] if
and only if it is the restriction of an entire function F : C — C to the real axis, and the function F is of
exponential type 27 o, i.e., for each ¢ > 0, there is C, such that

|F(2)] < Cee?T7 0N

for all z € C. From now on we will abuse notation and let ' = f whenever there is no danger of confusion,
and we may also write f € PW,,, (Paley—Wiener space) to denote the space of functions with such
properties.

Besides this fact, we will make use of some interpolation formulae for those functions. Namely:

(1) Shannon—Whittaker interpolation formula. For each f € L?(R) band-limited to [—% %] the following
formula holds:

f) =" f(n)sinc(x —n),

nez

where sinc(x) = sin(rx)/(7x) and the sum above converges both in L?(R) and uniformly on compact
sets of C.

(2) Vaaler interpolation formula. For each f € L*(R) band-limited to [—1, 1], the following formula

holds: )
_ (sinmx f(n) f(n)
o= () ol 2],

where the right-hand side converges both in L?(R) and uniformly on compact sets of C.

For more details on these classical results, see, for instance, [Vaaler 1985; Littmann 2006; Paley and
Wiener 1934; Shannon 1949; Whittaker 1915].

2B. Modular forms. In order to prove the improved estimates on the interpolation basis for the Radchenko—
Viazovska interpolation result, we will need to make careful computations involving certain modular
forms defining the interpolating functions. For that purpose, we gather some of the facts we will need in
this subsection. For more information on the functions A, J and the automorphy factors we just defined,
we refer the reader to [Chandrasekharan 1985; Radchenko and Viazovska 2019, Section 2; Berndt and
Knopp 2008; Zagier 2008].

We denote by H = {z € C : Im(z) > 0} the upper half-plane in C. The special feature of this space is
that the group SL,(R) of matrices with real coefficients and determinant 1 acts naturally on it through
Mobius transformations:

az+b

e H.
cz+d

b
y:(ccl d)eSLz(IR), zeH = vyz=

Indeed, it suffices to look at the action of the quotient PSL;(Z) = SL,(Z)/{%1}, since clearly the action
by both matrices y and —y induces the same Mdbius transformation. Some elements of this group will
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be of special interest to us. Namely, we let

0 6D )

This already allows us to define the most valuable subgroup of SL;(Z) for us: the group Iy is defined
then as the subgroup of SL,(Z) generated by S and T2 This group has 1 and oo as cusps, and its standard
fundamental domain is given by

D={zeH:|z|] > 1,Re(z) € (-1, 1}.

With these at hand, we define modular forms for I'y. For that purpose, we will use the following notation
for the Jacobi theta series:
V(z,T) = Zexp(ninzt +2mwinz).

nez

We are interested in some of its Nullwerte, the so-called Jacobi theta series. These are defined in H by
@ () =exp(Zit)? (37, 1),
03(7) =90, )(=:0(1)),
Ou(r) = (3. 7).

These functions satisfy the identity @‘3‘ = ®‘2‘ + ®j. Moreover, under the action of the elements S and T

of SL,(Z), they transform as
(i) 2O2(~1/2) = 04(), Oa2(z+1) =exp(5i)O2(2),
(=i2)7203(=1/2) =O3(2), ©3(z+1) = O4(2), 2-1)
(=i2)"204(=1/2) = ©2(2), B4z +1) = O3(2).

These functions allow us to construct the classical lambda modular invariant given by

©,(2)*
AMz) = m-

Using g := q(z) = €™'%, the lambda invariant can be alternatively rewritten as

rz) =16 wﬂg— — 1284 4q° 2-2
7) = qxl_[ T3 g2 =16g —128q~ + 704" + - - - . (2-2)
k=1

The function X is also invariant under the action of elements of the subgroup I'(2) C SL,(Z) of all matrices
(¢ Z) sothata=b=1mod2, c =d =0 mod 2, and A(z) never assumes the values 0 or 1 for z € H.
Besides this invariance, (2-1) gives us immediately that

A(Z+1)=LZ) k(—l) =1-x(2). (2-3)
rz)—1" Z

We then define the following modular function for Iy (which is a Hauptmodul for I'y)

J(2) = e 1 (2)(1 = A(2)).



PERTURBED INTERPOLATION FORMULAE AND APPLICATIONS 2339
From (2-3), we obtain immediately that J is invariant under the action of elements of I}y; i.e.,

J(z+2)=J(2), J(—%) =J(2).

Other properties of the functions A and J that we may eventually need will be proved throughout the text.
Finally, we mention that, for the proof in Section 4, we will need to use the so-called 8-automorphy
factor defined, for z € H and y € I'y, as

0(z)
0(yz)
We can then define a slash operator of weight k/2 to be

Jo(z,y) =

-+ b
(Fleen) @ = jo(z, y)ka;j: d>,

where y = (‘C’ 2) These slash operators induce other sign slash operators given by

(fle2¥) = x ) (flr2v),

where we let x. be the homomorphism of I’y so that x.(S) =&, ¥e(T?) = 1.

2C. Functional analysis. We also recall some classical facts in functional analysis that will be useful
throughout our proof.

As our main goal and strategy throughout this manuscript is to prove that a small perturbation of
the identity is invertible, we must find ways to prove that the operators arising in our computations are
bounded. To this end, we use two major criteria to prove boundedness — and therefore to prove smallness
of the bounding constant. These are:

(1) Hilbert—Schmidt test [Brezis 2011, Chapter 6]. Let H be a (real or complex) Hilbert space, and let
there be given a linear operator 7 : H — H. If T satisfies additionally that

Y UTej. e)* < 400
i,J
for some orthonormal basis {e;};cz of H, then the operator T is bounded. Moreover,
TG <D (Tej e = T I5s.
i,J
(2) Schur test [Hedenmalm et al. 2000, Theorem 1.8]. Let (a;;);, j>0 denote a (possibly infinite) matrix of
complex numbers. Suppose that there are two sequences {v;};>o and {w;};>o of positive real numbers so

that
Zldijlwiﬁ)»vj, Z|aij|vj§MQi
i>0 j=0

for some positive constants i, A > 0. Then the operator 7 : 22(N) — £2(N) givenby a;; = (Te;, e;) (where
{ei}i>0 denotes the standard orthonormal basis of £%(N)) extends to a bounded linear operator. Moreover,

IT a2 < vk



2340 JOAO P. G. RAMOS AND MATEUS SOUSA

Both tests will play a major role in the deduction of the validity of perturbed interpolation versions
of the Radchenko—Viazovska result. The main difference is that, while Schur’s test generally gives one
boundedness for more operators, the Hilbert—Schmidt test imposes stronger conditions on the operator. In
fact, let us denote by T € HS(H) the space of operators such that || 7| ys < +00. A classical consequence
of this fact is that T is compact. This compactness will be used when proving that a suitable version of our
interpolation results holds for small perturbations of the origin. See, for instance, [Brezis 2011, Chapter 6]

2D. Notation. We will use Vinogradov’s modified notation throughout the text; that is, we write A < B
in the case there is an absolute constant C > 0 so that A < C - B. If the constant C depends on some set
of parameters A, we shall write A <, B.

On the other hand, we shall also use the big-O notation f = O(g) if there is an absolute constant C such
that | f| < C - g, although the usage of this will be restricted mostly to sequences. We may occasionally
use as well the standard Vinogradov notation a < b to denote that there is a (relatively) large constant
C > 1suchthata <C-b.

We shall also denote the spaces of sequences of complex numbers decaying polynomially by

E@) =@ e @) laoP + 3 lanPn® < +ool, (2-4)

neN
22(N) = . 2,25
s( )— {an}nEN~ Z |an n= <400y,
neN
where N = {1, 2, ...} denotes the set of natural numbers and Z denotes the nonnegative integers. We
remind the reader that we always normalize the Fourier transform as in (1-1), i.e,

FE& =FfeE) = /R e a

3. Perturbed interpolation formulae for band-limited functions

3A. Perturbed forms of the Shannon—Whittaker formula and Kadec’s result. Fix a sequence € = {&y }iez
of real numbers such that sup, |ex| < 1. We wish to obtain a criterion based solely on the value of
L = sup, |e,| such that the sequence {n + ¢,},ez is completely interpolating in PW, i.e, for every
sequence a = {a,} € £>(Z) there is a unique f € L*(R) of exponential type 7(f) < 7 that satisfies

f(n+en) =ap.

Our goal here is to obtain a simple proof of such a criterion going through new and simple ideas. We will
fall short of the % proven by Kadec by approximately 0.11, but it illustrates the power of our perturbation
scheme and does not go through the theory of exponential bases.

In this particular case, we need to invert in £?(Z) the operator given by

Ac(@)(m) =) agsinc(n + &, — k),
keZ
where
. sin 77 (x)
sinc(x) = .
TX
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The fact A, is invertible will follow from proving that it is a close perturbation of the identity whenever L
is sufficiently small.

3A1. Auxiliary perturbations of the Hilbert transforms. Given a sequence a = {ay }xcz, we define the
following operators, which are akin to the discrete Hilbert transform:

(—1)"*ay (=1)"*a
He(a)(n) = Z m7 Hola)(n) = Z Tk
k#n k#n
We start by comparing these two objects:
1 1
Ho(a)(n) — He(a)(n) = Z(—l)"—kak(n Sy k)
k#n
1
=&,y (—=1)""a
= “—lnte,—k)’
This identity then gives us
1 |n — k|
— <
[Ho(a)(n) —He (@) ()] < |, Z O e T

Isn
=T le,l Z' ok k|2

This means that, in norm, one can compare these two operators. Indeed, it is a classical result that the
operator norm of Hg is 7, and by Plancherel the operator norm of the transformation

1
S@=) i —s
k#n n

is 72/3. This in turn implies

(Aol <+ TSP lenl
o= 3 1—sup, lea|

(3-1
3A2. Norm estimates of the perturbation. It is worth noticing the estimate (3-1) is very crude, as it is
meant to depend only on L = sup, |&,|. For instance, if {¢,},cz is a constant sequence, then the norm
I+ |l is equal to r. We also note that the fact that we obtain invertibility by means of perturbations of
small norm of an invertible operator does not take into account other factors, such as cancellation.

In order to apply our perturbation scheme to the operator A., we need to bound the following family
of operators:

Pe(a)(n) = ) ax(sinc(n +en —k) = 8,.4)-
kez
We may rewrite them as

P.(a)(n) =(sinc(e,) — Da, + Z ay(sinc(n +¢, —k))
k#n

—(sinc(g,) — Da, + Z a
k#n

(=D *sinre,
a(n+e,—k)
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This implies, on the other hand,

sinme,

Pe(a)(n) = (sinc(e,) — Day + ( )’Hs(a)(n),

which in turn implies that

sinwe,

17l

[ P || < sup|sinc(e,) — 1] + sup
n n

. . 7T Su sin e, | sup, |&
< sup | sinc(e,) — 1| +sup | sinme, |+ = Pu | | SUPy [€n|
n n 3 1 — sup,, |&,]

Since A, = P, +1d, whenever

| — sinc(L) + | si LH_aninnL !
— sinc sin 7 <1,
3 1-L

we will have that A, is invertible. In particular, a routine numerical evaluation implies that L < 0.239
satisfies the inequality above. Let then A ! : €2(Z) — €2(Z) be the inverse of A,, which is continuous by
the considerations above. We know, by the Shannon—Whittaker interpolation formula (1-2) that A, takes
{f(k)}kez, for f € PWy, to {f(k + er)}kez. This is enough to prove the assertion about recovery, and as
such implies that

Y If(+en))?

neZ
is an equivalent norm to the usual L%-norm on PW,,, by [Young 1980, Theorem 1.13].

Moreover, by writing
AN DYK) =) by i,
neZ

we have immediately

Y Ftenpen = k), (3-2)

nez

and sup,, (Zkez |,0k,n|2) <I.If (A;l)* : 02(Z) — €*(Z) denotes the adjoint of the inverse of A,, then we
see that for any compact set K C C there is a constant C = Ck such that

I(A; Y (sine, ()l 22y < 1A; 2 2| (sinc, () [l 2 2
< CIA s e,

and C does not depend on z € K and we let sinc, (k) := sinc(x — k). Therefore, by letting g,(z) =
Y ez Pi.n sinc(z — k), we have

1/2
sup(z |gn(z>|2) St
2eR nezZ

and thus, by the previous considerations, the sum ), _, f(n+¢,)gn(z) converges absolutely by Cauchy—
Schwarz. As ((A;l)*(sincZ (k)), f(n+e,)) = (sinc,(k), A;l(f(n—l-en))) = f(z) by Shannon—Whittaker,
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this implies
f@ =) f(n+e2)g(x),
neZ
where the convergence happens uniformly in compact sets, as desired.
This finishes the proof of Theorem 1.1.

3B. From Shannon to Vaaler: the proof of Theorem 1.2. We now concentrate on proving that the usual
Shannon—Whittaker interpolation formula implies Vaaler’s celebrated interpolation result [1985] with
derivatives.

Indeed, as proving that the interpolation formula of Theorem 1.2 converges uniformly on compact sets
of C is a routine computation, given that {a;}rez, {bi}rez € 0%(Z), we shall omit this part and focus on
proving that the asserted equality holds.

Given a sequence a = {ay }rcz, we define the operators

H@w =1 3 2L 3 4

otjer kjez k—j
1
H1<a><k>=—2 ——Z—.
Tz +2 jez ]+2

It is known that both 7 and #; are bounded operators in £2(Z), with 7, being also unitary with #{, its

S R et

1
jez x> i

inverse being given by

Given a function f € PW, as a consequence of the Shannon—Whittaker interpolation formula we
obtain, for every k € Z, that

(k) Zf(])( l)k ]

J#k
We consider three sequences

alky=fQk—1), bk)=f2k), ck)=f"(2k).
We have, thus,

2 2j—1
(k) = f'(2k) = Z f(])( 127 = Zf( J)__Zf(] )

7 g 25 k—i+3
b
=%§:k81 223 aU) ——wam——ﬂumm)
j#k

This means that, for every k € Z,
2
Hi(a)(k) =H (D) (k) — ;C(k)-
Since H; is the inverse of #, this can be rewritten as

ak) = (2 0 W) B () = ZHa() (1),
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We know, by the Shannon—Whittaker interpolation formula, that

f(x) = Z f(k)w

Py w(x —k)
This implies, on the other hand,

2 i —2k+1
fo=y f(zms“”(f(x—k) 3 (201 B)®) — ZH2(0) )] Slz’(’x(x_ e )
keZ
_ sin T x . sint(x —2k+1) 2 sint(x —2k+1)
_éb(k)n(x—zm +%(H2 H©)E) m(x—2k+1) 7w éHZ(C)(k) w(x —2k+1)
=AXx)+Bx)+C(x).

We shall investigate each term A, B and C thoroughly in order to obtain our final result.

3B1. Determining C. By considering the family of functions h; € PW, — which satisfy the important
property h;j(k) =0 if k € 2Z — given by
i (32)
hj (@) = —5 2",
n2(z—2))

we obtain

f (2]) sinw(x —2k+1)
= _ZZZ +1) w2kt 1)

keZ JEZ .
_%Mz L
—4 ]223 jgen) kXZj hj 2k —1) Slf(rx(x__(sz—_1>l>))

— 4; e éhj (k)%'

Notice that one can use Fubini’s theorem to justify all the changes of order of summation by the fact that
hj € PWy. By applying the Shannon—Whittaker interpolation to /;, we have
sin” (3x)

Cx)=4) f'@2j >ﬁ

jez
3B2. Determining B. For the second term, we expand
sint(x —2k+1)

B(x) = Z Hy o H(b) (k)

= m(x —2k+1)
1 sinm(x—2k+1) H(b)())
=72 w(x —2k+1) ZJ_H%

_ L sinrr(x—2k+1)l b(l)
_nzé T(x —2k+1) ZZ DG=n
€ J
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By Fubini’s theorem, this implies

- sinw(x —2k+1)
B(x) = =) Zb(l)z Z k+ m(x —2k+1)

le7 e lig -
sint(x —2k+1)
Ly b <>Z Z
2162 vl 2]—2k—|—1 m(x—2k+1)
sin® ) sin®
0 b()
zgz: 21 IXZ: ;, J+l—- )

But it is a well-known fact that the summation formula
U+ z

holds, where ¥ (z) = % log I'(z) is the digamma function. This implies

n2(T 1.y — 1
B(x):2s1nn£2x)zb(l)w(l+l zx) w(l l—|—2x)'

= 2l —x
3B3. Determining A+ B. Using that sin(2x) = 2 sin x cos x, we obtain
2sin® b4 cot( )
Ax) = ———= b(l) ———=—=.
(x) — Z h—;

— X
leZ

The digamma function satisfies the functional equations

V(l—z)=v(z)+mcotnz,
V(l+2)=v(@) +1/z.

Using these relations with z = %x — [ in the equations above, we obtain readily

A(xX)+ B(x) = Z O o 21)2

3B4. A+ B+ C. Summing the analysis undertaken for the terms above, we have

4sin2(%x)z{ £ (2k) +f’(zk)}

fO)=AD+BO)+C@) = w2 (x—2k)? x—2k|

This finishes the proof of Theorem 1.2.

3C. Perturbed interpolation formulae with derivatives. By the arguments in the previous section, the
formula we just derived for PW»,, i.e.,

_sin®(x) fky k)
Joo = 72 Z{(x—k)2+x—k}’
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converges in compact sets of C. We fix, for shortness, the notation

sinz(nx)’ hx) = sinz(nx)

k]

g(x)=

m2x2 2x

which means we can read Vaaler’s interpolation as
f&) =) (f kg —k) + f(k)h(x —k)).
kez
Because of uniform convergence, we can differentiate term by term in the above formula. This implies
F1@) =) {fkg' @ =k + fn x — k).
kez

We record, for completeness, the formulae for the derivatives of g and 4. For x ¢ Z we have

_ 2sin(x)(;wx cos(mwx) — sin(mwx))

§'(x) 33 :
, sin(rx) (2 x cos(mwx) — sin(rx))
W (x) = S ,

and, forn € Z,
gn)=h'(n)=0, g'(n)=hn)=2s.

Our goal now is to invert the operator A = A, defined in £2(Z) x £>(Z) by

Ai(@. by =) ac-gn+e,—k)+ Y _ bi-h(n+e,—k),
kez kez

Ap(@. D)y =) ac-gn+en—k)+Y b h(nte,—k),
keZ keZ
where A(a, b) = (A;(a, b), As(a, b)) for (a, b) € £>(Z) x £*(Z). Furthermore, we wish to establish a
criterion that depends only on L = sup |g,|. For that purpose, we estimate when the operator norm of
A, —Id from ¢%(Z) x £*(Z) to itself is small, in terms of L.

(3-3)

3C1. Auxiliary perturbations for the derivative case. Given a sequence a = {ay}rcz, we define the

ag
HE @)y =) —————.
(e — kP

operators

and denote by ’Hg the operator associated to the sequence ¢, = 0 for all n € Z. In an analogous manner
to the proof of Theorem 1.1, we compare

1 1
p _yp = -
HO (a)n HE (a)” - ;ak((n —k)p (n+8n _k)P)

p—1
_ P —j ai
_Z<J'>8’f ]Z(n+8n—k)”(n—k)l"j'
j=0 k#n
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Therefore,
p-1 In —k|?
P (@) — HP (@) | < ()npj
5 (a) H,;(a)l—; “ Zm K207 (I — kI = leal)?
R
= e )l 8 @
where

A
St(a =Yy
oy n — k|4

and a* = (|ay,]). Since St (a*), < 8%(a*),, we have

SPHla%), " p (U +]eD? -1
p n —-j _ n +1, %
IHE @ — Hp(a>n|_(1_|n|)p Z( )lenl? f—( Tl )sp (@)

This means that we have the following estimate on the norm of the perturbed operator:

IHE < vp(L), (3-4)

where we let
1+L)P -1
QD71 ooy

Ly=|H |+ ————
Yp(L) = [Hy Il + (1—L)r
Now, in order to estimate the value of y, (L), we resort to [Littmann 2006, Corollary 2], which gives us

2m)" b

Py —
Holl=—"~—:

where b,, is the maximum of |B,,(x)| when x € [0, 1], and B,, denotes the m-th Bernoulli polynomial.1
Therefore,

2 3
Hi=m 1HE =D, H = T
1Holl IHg |l 3 IHpll e

On the other hand, by Plancherel’s theorem it is easy to see that
ISPI=2¢(p).

Joining all these data into (3-4), we obtain

) < ()
/1 —
1— 3

72 L2+2L

||7LLZ||_?+2((1 L)z)c@), (3-5)
73 L3+3L%+3L\ 7%

1H2] < + =
93 (1-L)3 )45

Ut is worth mentioning that in [Carneiro et al. 2013, Corollary 22] the authors also obtain the same bounds.
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3C2. Norm estimates of the perturbations in the derivative case. In order to invert the operator 4., we
estimate the norm of P, = A, — Id = (Py, P;), where

Pi(a,b)y =Y ar-(gn+e,—k) =8,)+ Y bi-h(n+e,—k),
kezZ keZ

(3-6)
Paa.byy =Y ar-gn+ea—k)+ Y bi-(h'(n+e5—k) —8,).
keZ keZ
By a straightforward calculation,
. 2 : 2
Pr(@, b = (8(en) — Dan + 2 220, + h(en)b + sm(%”)%; B,
Pa(a, b = g (en)ay + T En) (T C‘:ﬁ”g”) —SnE) 3 3a) (3-7)
 (e) — Dby + sin(re,)(2we, co;inen) —sin(wey)) Hg(b).
Thus,
, , sin(r L)?
IPell < vV2max{|g(L) — 1], ['(L) — 1, |g (L)1, |h(L)|}+T”gs”’
where G; = (G}, G?) and
Ge (a, b)n =H (@) +Hy (D),
gf(a, b, =2(718,, cos(me,) — sin(rey,)) ’Hg @+ (2me, cos(me,) —sin(wey,)) Hg(b). (3-8)

sin(mwe) sin(e)

By taking L < }L and using the Cauchy—Schwarz inequality, we have

IGe |12
2

< max{||H} ], IIHZ]1}?

N maxi (Z(JTL cos(.nL) —sin(r L)) )2”7_[3 2, ((ZJTL COS(.JTL) —sin(r L)) )2”7_[3”2}
sin(r L) sin(r L)

< max{y; (L)%, y2(L)*}

N max{ <2(7TL COS(.T[L) —sin(r L)) )2)/3(L)2, ((27TL COS(.JTL) —sin( L)) )2)/2(L)2}.
sin(w L) sin(rr L)

We note that we have abused the notation |G| to denote the operator norm of G, when defined on
0%(Z) x £2(Z). One can further check that, for 0 < L < }‘,

lg(L) =1 < W' (L) = 1|, D) <Ig' D), yi(L) <L),

2(mLcos(rL) —sin(wL)\* ., (@uLcos(rL)—sin(xL))\*
( sin(zr L) ) y3(L)” < ( sin(zr L) ) v2(L)%,

which means, in turn,

: 2
1Ge || < Vz(L)\/Z(l n ((27TL COS(.JTL) —sm(nL))) )
sin(rr L)
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and directly implies the estimate

sin(mL)2mw L cos(wL) —sin(wL)) 2sin(wL)(sin(wL) —mwLcos(mwlL))
B T2L? + 723

sin(mL)? [ 72 L2+ 2L 7 L cos(r L) —sin(r L))\
T (?*2(@_”2)“3))\/2(”( sin(rL) ) )

By evaluating the last expression on the right-hand side above numerically, we obtain that we can go up to

IPell < 1

L < 0.111 and maintain |P.|| < 1. By invoking again [Young 1980, Theorem 1.13], we see immediately
that
D Ufn+e)+1f +en))
nez
yields an equivalent norm for PW»,, as long as sup, |¢,| < 0.111.
Moreover, as A ! : €2(Z) x £*(Z) — £*(Z) x €*(Z) is bounded, the same argument as in the proof of
Theorem 1.1 shows that there are ok ,, Uk n» Q,’m, 15‘,2’” such that

)= fn+e)oin+ f'(n+e) 0,

nez

f R =Y fteop,+ f(n+e)d,,

nez

(3-9)

and
sup(Z{mk,nF + 10k l? + lof 1> + w;,nlz}) S
" kez
By using the adjoint (A;')* : €2(Z) x £>(Z) — €*(Z) x £*(Z) in an analogous manner to that of the
proof of Theorem 1.1 together with (3-9) and (1-7), we obtain the asserted existence of the functions
&n, hy, € PWo, so that

)= fr+82)8n(x) + [0+ E)hn (),

neZ

where the right-hand side converges absolutely, as desired. This proves the desired version of Vaaler’s
interpolation formula with perturbed nodes, given in Theorem 1.3.

4. Perturbed Fourier interpolation on the real line

4A. Improved estimates on the interpolation basis. As our goal is to obtain versions of the formula

F) =YL (Wman(x) + f(Vm)an (x)]
n>0
with perturbed nodes +/k + & deviating from ~/k as much as possible, and in order to run our argument of
estimating the operator norm of a perturbation of the identity, we will need better decay estimates for the
interpolating functions a, than the ones readily available in the literature. In [Radchenko and Viazovska
2019, Section 5], the authors prove that a,, / n? is uniformly bounded in n > 0, x € R. In order to be able
to make the perturbations larger, we need to improve that result substantially, as even the refined bound
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lan,| = On'/* log3 (14 n)) from [Bondarenko et al. 2023] does not seem to be enough for our purposes.
This first subsection is, therefore, devoted to the proof of Theorem 1.6.

A tool of major importance in our proof is the Fourier characterization of Gelfand—Shilov spaces.
These are spaces where, in a nutshell, both the function and Fourier transform decay as fast as the negative
exponential of a certain monomial. Several results connect these spaces with specific decay for both the
function and its Fourier transform. See, e.g., [Chung et al. 1996, Theorem 2.3] for more details.

In what follows, we will use the idea behind the characterization described in [Chung et al. 1996]:
from bounds for certain L?-norms of derivatives of f and f, we run an optimization procedure to obtain
decay bounds in both space and frequency. This will be achieved through careful estimates involving the
reproducing functions of the interpolation basis {a,},>0, which joins elements of classical analysis and
estimates for modular forms.

Indeed, let ¢ € {£} be a sign. In [Radchenko and Viazovska 2019], the authors consider the generating
functions

D gh(2)e™ =1 Ko (1, 2), 4-1)
n=0

where g° are weakly holomorphic modular forms of weight % with growth and coefficient properties so
that the functions

1
by (x) = %/ g5 (x)e ™ dz
—1
are eigenvectors of the Fourier transform associated to the eigenvalues ¢ satisfying that b* = a, & a, for
{an}n>0 defined as in (1-3).
These functions satisfy (see [Radchenko and Viazovska 2019, Proposition 1])
bfn(ﬁ) = Sn,m ifn>1,m=>0,
bt (0)=38y,0 ifm=>0,
by =0, bi(v/n)=268,0 ifn=>0,
b,0)=-2 ifm= k> for some k € Z>1,
b,,(0) =0 otherwise. (4-2)
Moreover, we mention for completeness the following result regarding K.. We refer the reader to
[Radchenko and Viazovska 2019] for its proof.

Proposition 4.1 [Radchenko and Viazovska 2019, Theorem 3]. For any fixed z € H, there is yy > 0
so that for all T € H with Im(t) > yy, the series on the left-hand side of (4-1) converges. Under these
assumptions, we have the following equalities for the kernels:

_ - 2)(1))0(2)3J (2)

K+(T’ Z) J(Z) - J(t) ’ (4_3)
K (5= 6(1)J (1)0(2)*(1 — 21 (2))
IR J(2) = J(7) ’

where 0, J and A are as previously defined. In particular, K. (t, ) are meromorphic functions with poles
att € Iyz.
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The authors then define the natural candidate for the generating function for the {b{},~¢ to be

1
F.(z, x):% f K.(1.2)e ™% dz, (4-4)
—1

where the contour is the semicircle in the upper half-plane that passes through —1 and 1, which is defined,
a priori, for each fixed x e Rand r e {z e H: forall k € Z, |z — 2k| > 1} D D+ 27, where D is the
standard fundamental domain for I'y. By Proposition 4.1, there holds that, whenever Im(t) > 1,

Fe(r,x) =) bi(x)e™. (4-5)
n=0

As F(t, x) admits an analytic continuation to H (see [Radchenko and Viazovska 2019, Proposition 2]),
they are able to extend (4-5) to the entire upper half-space H. Moreover, the following functional equations
hold:
Fo(t,x)— F,(t+2,x)=0,
Fo(t,x)+&(—it)"'*F, (—% x) = T g (—iT) 2102,

The proof of Theorem 1.6 follows the same essential philosophy as the proof of [Radchenko and Viazovska
2019, Theorem 4]: in order to bound each of the terms b;—L, we bound, uniformly on x € R, the analytic
function F4(t, x). Relating the two bounds is achieved by employing the idea behind the proof of
the following lemma, originally attributed to Hecke (see for instance [Radchenko and Viazovska 2019,
Lemma 1] and [Berndt and Knopp 2008, Lemma 2.2(ii)] for a proof).

Lemma 4.2. Let f : H — C be a 2-periodic analytic function admitting an absolutely convergent Fourier
expansion

fo)= Z cpe™.

n>0

Suppose, additionally, that for some o > 0 it satisfies that | f ()| < C Im(t)™* for Im(t) < co. Then there
isC >0, depending only on C and a, such that for alln > 1/cg

len| < Cn®.

Moreover, there is C' > 0, depending only on C and o, such that if n > a/(7wcy), the improved estimate
o
em
lenl < C/(_) n®
o

Before proving Theorem 1.6, we need one more crucial tool in our analysis. Indeed, we consider the

holds.

functions
Fz,x) :=x"F. (2, x).

By Lemma 4.2, if we prove that, for some A > 0,

|FX(z, x)| < C*(k!) Tm(z)~*/24 (4-6)
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for all k£ > 1, then we will have

sup |x¥bE(x)| < Ckn®n*/2 (k).
xeR

As b; = eb,, the strategy of relating norms of derivatives with Fourier decay will then imply that each of
the functions b;, satisfies
b, ()] S eI,

which is the content of Theorem 1.6. Therefore, we focus on proving a suitable version of (4-6). By
the functional equation for F, we see that be‘ is a 2-periodic function on H that satisfies the functional
equation

Frr, x) +e(—it) PFN (=11, x) = x4 (7™ + e(—it) 2"V, 4-7)

The strategy, in analogy to that in [Radchenko and Viazovska 2019], is of splitting into cases: if T € D,
then estimates for ng are available directly by analytic methods. Otherwise, we need to use (4-7) to
obtain the bound (4-6) for all T € H.

More explicitly, we have the following:

Proposition 4.3. There is a positive constant C > 0 such that, for each k > 1, the inequality
|Ff(z, 0] < C* kD1 +Im(0)™?)
holds, whenever t € D.

This proposition can be directly compared to [Radchenko and Viazovska 2019, Lemma 4]. In fact, it is
nothing but a carefully quantified version of it.

Proof of Proposition 4.3. As the proof follows thoroughly the main ideas in Lemma 4 in [Radchenko and
Viazovska 2019], we will mainly focus on the points where we have to sharpen bounds.

We see directly from the definition of F¥ that we are allowed to consider only values of T € D; =
DN{r e H:Re(r) € (—1, 0)}. By subsequent considerations from that reduction, we see that the bound

Wk Fe(z, )] < 10 f Ko (x, D (e 7 MO 47| 71/2e 7 M9 g (4-8)
¢
holds, where ¢ is the path joining i to 1 on the upper half-space, defined to be
¢={weD:Re(J(w)) = &, Im(J(w)) > 0}. (4-9)

An explicit computation gives us that the maximal value of

2
xke wx=Im(z)

is attained at x = (k/(2m Im(z)))'/2. Therefore, as any z € £ has norm bounded from above and below by
absolute constants, we find that there is C > 0 so that

k k/2 ~
|F£‘(r,x>|sc’</2~(%) / K. (T, 2)| Im(z) /2 |dz]. (4-10)
V4

We have then three regimes to consider:
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Case 1: |t —i| < 5. Notice that if we prove that the proposition holds for any T € H so that |t —i| = 10,
we can use the maximum modulus principle on F¥ on that circle to conclude that the proposition
holds inside as well. Moreover by the functional equation (4-7), we see that the proposition holds for
A= {r eH:|t—il= 10, 7] < 1} in the case it holds for the image of the circle arc A under the action
of S. But a simple computatlon shows that SA is just another circle arc contained (up to endpoints) in
{‘E eDy:7>|t—i|> 5 } This shows that in order to prove the proposition for this case, it suffices to
show it for the other cases.

10, Im(7) > . For this case, we use the fact that | K, (7, 2)| <10 (2)|® <Im(z) " 2e~ "/ m®)
for z € £, Im(7) > 2, with constants independent of t. Using this bound in (4-8) yields

Case 2: |[t—i|> -5

k42 \k+2
=)

|FA(z, 0)] < (14 [x e < Ck<

for some C > 0. Applications of Stirling’s formula imply that this bound is controlled by C {‘ (k!), with
C; > 0 an absolute constant. This shows the result in this case.

Case 3: [t —i| > Im(7) < 5. Again, we resort to the estimates in the proof of Lemma 4 in [Radchenko

10’
and Viazovska 2019]: there, the authors prove that

12 @OPP@PP Imz)

|K (7, 2)| SIm(7)”

[J(z) — J(7)] ’
< _1/2IJ(T)|7/8|J(Z)|1/8Im(Z)_3/2
|K_(7,2)] SIm(7) 7@ T @]

Due to the not-so-symmetric nature of these bounds, we focus on the one for K, and the analysis for K_,
as well as the bounds, will be almost identical, and thus the details will be omitted.

Taking advantage of the explicit structure of the curve we are integrating over (4-9), and the fact that there
is an absolute constant C > 0 so that Im(z) ! < Clog(1+|J(z)]) and that z € £ <= J (z) = 6—14 +it, t € R,

0 | J(1)13/8:-3/8 100 k= D/2(1 4 1
/|K+(t,x)|1m(z)_k/2 dz| §Ck/21m(t)_1/2/ /(@) o8 A+ 4
¢ 0 VE2+1J(0))?
00 1~3/8100k—1/2(]
:C"/zlm(r)_l/zf L oe A+107@D

1412 R
0

Now, the last integral in (4-11) can be estimated as follows: if kK — 1 is even, by using that log(1 + ab) <
log(1 + a) +log(1 + b) whenever a, b > 0, the integral

/oo t=3/810g® D21 41|17 (1)]) d
o 1412
is bounded by

(k—1)/2

. . 00 —3/81 (k—1)/2—i 1
3 ((k i])/z)log’(1+|J(r)|)/ . _ d+0 4 (4-12)
i—0 0 I+1
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Each summand above can be easily estimated. Indeed, ((k_l.l)/ 2) < 2K/2 trivially, log' (1 + |J(7)]) <
C' Im(7) 7", and the integrals can be explicitly bounded in terms of gamma functions. In fact, we first
split the integrals in question as

<f f )t 3/810g(k 1)/2— l(l—i—[)
dr.
VIi+12

For the first part, we simply bound the integrand by r—>/3 log(2)*—1D/2=/ and this yields a bound uniform
in k. For the second, we change variables log(1 + ¢) — s in (4-12) above. A simple computation shows
that it is bounded by

00 o0 k—1
10/ o3 /8gk=1)/2—1 q¢ < Ck/ e rk=D/2=i g — C"F(— —i+ 1)_
~ 2
0 0

Thus, (4-12) is bounded by

ck Im(r)(lk)/zl“(kz;l)

Putting together the estimates in (4-11) and (4-10) and using Stirling’s formula for the approximation
of I', we conclude that

|Ff(z, x)| < C* (k) Im() /2,

which was the content of the proposition when & is odd. In the case where & is an even number, the
fact that F/ (r, x)2 = F/ ™' (¢, x)F/ 7' (z, x) allows one to use the bounds of the case where  is odd to
conclude the proof. O

We are now finally able to finish the proof of Theorem 1.6.

Proof of Theorem 1.6. We first notice that Fsk is 2-periodic, so we lose no generality in assuming that
tef{zeH:Re(z) € [—1, 1]} = S;. If Re(r) € [—1, 1], then we have two cases:

Case 1: If t € D, we can use Proposition 4.3 directly, and the decay obtained by the assertion of the
proposition remains unchanged.

Case 2: If T € S1\D, the strategy is to use (4-7) to reduce it to the previous case. In fact, we define the
['p-cocycle {gbff\} AeT, by
Ph(r,x)=0
¢§(r, x) = xk(einxzr + 8(_”)—1/265“2(—1/:))’
together with the cocycle relation

Php =l +041B. (4-13)

For a fixed 7 € S; \ D, we associate 7’ € D through the following process: Let

:VO -0 (4-14)
vi =—=1/(vi-1) —2ny,
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where n; = L%((—l/y,-,l) + I)J. We define m = m(t) to be the smallest positive integer so that y,, € D.
In this case, we let y,,,(ry =: 7. In other words, we have that the sequence

7
{ = (4-15)
Tiy1 = —1/7 +2n;
satisfies the hypotheses of Lemma 3 in [Radchenko and Viazovska 2019]. We therefore have that |7;| > 1,
Im(7;) is nonincreasing and Im(z;) < 1/(2j —1). An inductive procedure shows us that
1

m—i — — -
Y T

In particular, the sequence {7;};>0 is in fact finite, with at most m(7) terms. This implies that

m+1<4m—2<2Im(z)"". (4-16)

We will use (4-16) in the following computation with the cocycle condition. We write t" = At, where
A € Iy is of the form
A=ST*nST?n-1§... TS,

As {¢’/§} Aer, satisfies the cocycle condition (4-13), the proof of Lemma 3 in [Radchenko and Viazovska
2019] gives us that

Im(z)' gl ()] < Y Im(xy) ' |g(x))].

j=1
By the definition of ¢1§, we see that
k k+1 —k/2 —-1/2 —k/2
lps(zj, x)| <CT — (Im(zj) ™" + 7|~ /7 Im(=1/7;) /7). 4-17)
As Yp—i = =1/t =141 — 2n;, |7j| > 1, and the sequence Im(7;) is nonincreasing, the right-hand side

of (4-17) is bounded from above by C - I'((k + 1)/2) Im(t)~*/2. From (4-16), it follows that

|4 (T Im() ! < cr('%l) Im(7) /2 (Z Im(r,->‘/“>.

j=1
If we use the aforementioned facts about Im(z;), we will see that, in fact,

9% (/)| Im(z))!/* < cr(%) Im(z) ™ ?m(r)¥*. (4-18)

Now, using the functional equation for F 8" implies

FF—(F5A = ¢,

which then gives us
|FE @0 m@)Y* < Mm@ A FEE 01+ 104 (@, 0l V.
Defining Im(t’) =: I () and using Proposition 4.3 and (4-18) to estimate this expression, it follows that

|Ff(r, )| < Im() 2= V4(C* k) - 1) V* + T ((k+ 1) /2)m(0) ). (4-19)
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In order to estimate (4-19), we must resort not only to the general idea of obtaining bounds for Fourier
coefficients based on decay at infinity, as in Lemma 4.2, but also to the following estimate of the average
values of m(7) and I (t), recently available by the work of Bondarenko, Radchenko and Seip. We refer
the reader to Propositions 6.6 and 6.7 in [Bondarenko et al. 2023] for a proof.

Lemma 4.4. Whenever y € (O, %), we have

1 1
/ Ix+in/*<1 and / m(x +iy)¥* <log>(1 +y~h).
—1 —1

An application of Lemma 4.4 together with the bound (4-19) to the proof of the first bound in Lemma 4.2
implies
sup [x*bE(x)| < Crnl/*n*? 1og? (1 4 n) (k!) (4-20)
xeR
forn > 1/co, k > 1. Also, in the case n > k/(;rcp), the sharper bound
sup [x*bE ()| < (€ n*n* 2 10g® (1 + n) (k!)!/? (4-21)
xeR
holds instead. We now proceed to optimize in k > 0, completing the outline devised in the beginning of
this section.
Indeed, let us start by optimizing (4-20). We postpone the discussion on the improved bound (4-21) to
a later remark.
Notice that we may assume |x| > C’\/n, as for if |x| < C'+/n, the bound (4-20) with k = 0 gives us
already the result, as 1 <. e~PI/V"_If we then set k = |x|/C’+/n, where C’ > 0 will be a fixed positive
constant, whose exact value shall be determined later, we have that

IbE(x)| <n'*log (1 +n) - exp(klog(Cn'/?) + klog(k) — k log |x|).

The exponential term above is

C
exp( flo g(cn'’?) 4 1 f<1og<|x|> log(C'v/n ))—|—Jﬁlog|x|):exp(%log(a)).

We only need to set C’ > 2C above, and this quantity will grow like exp(—c|x|/+/n). This finishes the

first assertion in Theorem 1.6.

For the second one, we notice that the proof above adapts in many instances. Indeed, if we shift our
attention to the function 9, Fek(‘L', x) instead, we will see that, in an almost identical fashion to that of the
proof of Proposition 4.3, we are able to prove that, for all T € D,

19, FX (1, x)| < C* (k1) Im ()~ *+D/2,

On the other hand, the partial derivative 9, of the cocycle {q}g} AeT, 18 itself a cocycle with respect to the
same slash operator. Moreover, for A = §, the following formula holds:

0 0(1, x) = Qi)x T (xe™ T is(—it) 2T D),
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In that case, using the notation from above for the elements 7/, t; € H associated to T € HN{|z| < 1}, we see
m
Im(r") "0, (t)] < Im(z)H0,p§ ()| + Y Im(z) el (1)1
j=1
For j € {0, 1,2, ..., m}, the definition of our new cocycle implies

k+3 - _ -
0.5z 01 S T (52 ) (1 1m(g) =2 4 172 Im(gy )~ D/2)

<r <—k—53> Im(7)~*+D/2,
This follows as before from the fact that Im(t;11) = Im(z;)/|7; | > Im(7) and that |rj| > 1. Analyzing
the functional equations for 9, FX(z, x) in the same way as before readily gives that
|0, FL (. 1) < C Im(n)~ DTRG0 (1 (0 +m()).
Lemma 4.4 and the considerations employed for F, 8" apply almost verbatim here, and thus we conclude
|6 ()] S 0 log’ (14 nye BN,
as wished. U

As a consequence of Theorem 1.6, we are able to establish the following bound for the interpolation
basis taking into account both decay and zeros.

Corollary 4.5. Let {a,} be the interpolation sequence of functions from (1-3). Then there is ¢ > 0 so that
la, ()] < n**1og? (1 4 n) dist(|jx|, v/N)ye KI/v"
for all positive integers n € N.

Proof. We simply use the fundamental theorem of calculus on the a,: Without loss of generality, we
suppose x > 0. We then have

i (0)] =l (¥) — i (V70) + S| < / @ ()] dx + nm

m

<n3*log? (1 4 n) dist(x, m)e—clxl/ﬁ + 8.
< n**1og®(1 + n) dist(x, \/N)e*d”/ﬁ,
as the §8,, , factor is only one if |x| € [/, v/n + 1), where 1 < e—cll/vn, O

Remark. Although the exponential bound n'/*log®(1 + n)e =<1/ v suffices for our purposes, below we
sketch how to deduce a slightly improved decay for the interpolation basis {a,},>0-

We again wish to optimize (4-21). If we set k = |x|?/C’n, where C’ > 0 will be chosen soon, we have
1bE(x)| <n'*log (1 +n) - exp(klog(Cn'/?) + klog(k'/?) — k log |x]).

This bound holds as long as wn > k > 1. If instead k < 1, that means, |x| < +/C’\/n, we use the bound
in either (4-20) or (4-21) for k = 0, which yields |bZ(x)| < n'/*log?(14+n) < n'/*log?(1 +n)ec1/n,
for ¢ > 0.
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On the other hand, in the case k > 1, the first exponential term above becomes

)=o)

We only need to set C’ > (2C)? above, and this quantity will grow like exp(—c|x|?/n).

C/

exp('c—'l ¢(Cn l/2>+' il ~(og(lx

For the remaining |x| > +/C’n case, we need to refine the analysis of the proof of Lemma 4.2 and
Theorem 1.6. Indeed, it is easy to see that if n € (2 /a, 2! /@), j > 1, then evaluating the Fourier
coefficients of a 2-periodic function f : H — C such that |f(7)| < Im(t) "I (0)/* + m(1)*/*) for

Im(r) <1 as
1+ia/(2/n) _
2¢cy, :f f(oe ™t dr
—1+ia/(2/7n)

implies
leal S (%)n log* (1 +n).
Using this new bound in (4-19), we obtain that, when n € Q7 k,277k),
IbE ()] S n'*log® (14n) -exp(k(j/2 +log(Cy/n) +log(k'/?) —log |x)).
This suggests that we take k = |x|?/C’2/n, which is admissible to the condition n € (277/~'k, 27/ k) if
|x| ~ +/C"2/n. A similar computation to the ones above implies that

2
Ibi(x)| <n1/410g (14+n) exp(—c|2]|n) <n1/410g (1+n)exp(—c’|x|),

whenever C’ 3> C. The next corollary then follows as a natural consequence.

Corollary 4.6. Let a, : R — R be the interpolating functions in the Radchenko—Viazovska interpolation
formula. Then there are c, C > 0 so that

lan (X)) < 14 1o (14 1) (e g cn + e o cn)
foreachn > 1.

Indeed, the application of Lemma 4.2 requires that we take n > C for C > 0 some absolute constant. In
order to prove such a result for n < 1, we may simply use the definition of b= as a Laplace transform of a
the weakly holomorphic modular form g,f. Indeed, in order to extend Corollary 4.6 to n = 0, we write

1
ap(x) =ap(x) = i/ 0(z)° i dz.
-1

In order to prove that ay decays exponentially, we employ a similar technique to that of [Radchenko and
Viazovska 2019, Proposition 1]. Indeed, we have

10(z)]° <Im(z) 2™/ M@  for 7 — =1,
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and moreover that |0(z)| < 1 whenever z € H, |z| = 1. We also suppose without loss of generality that
x > 0. This implies that, for § > 0,

8 ,—1/20) s .
lao ()| 5/ 3 df e < /@) 4 pmmas,
0

We then choose, for x > 1, § = 1/(+/2x). This implies that |ag(x)| < e~ V7/2* which is the desired
bound. For other bounded values of n such a proof can be easily adapted.

4B. Proof of the main result. For this part, we shall use the definitions of Zf(ZZo) and ZE(N), as in (2-4)
from Section 2. Let then I : €2(Z) x €2(Z1) — €>(Z) x £3(Z,) denote the identity operator. Recall
the Radchenko—Viazovska interpolation result: for f € Seven (R) a real-valued function,
) =) (f(Wman(x) + f(/n)an(x)), (4-22)
n>0
where a, : R — R is a sequence of interpolating functions independent of the Schwartz function f. In
particular,

fV =Y (f(Wma,(VE) + f(Vn)an (V).

n>0

In fact, for any pair of sequences ({x;};, {y;};) decaying sufficiently fast and satisfying

Y xe=) e (4-23)

. nez nez
the function

B(1) =G, (1) = Y (¥utn(t) + Ynln (1)) (4-24)

n>0

is well-defined and satisfies & (v/k) = xi, &(v/k) = yi. In fact, let ({x;};, {y;}i) € €2(N) x £2(N) for s > 0
sufficiently large. The operator

T:02(Zy) x 2(Zy) — (Zy) x £2(Zy)
given by T = (T, T?), where
T' (i}, Dk = D (nan (VE) + yun (VE)),

n>0
T2 (), (i =T (i (D
has an explicit form as a consequence of (4-2). Indeed, for k > 1, we have

T () ik =x, T2{x), (i) = i,
whereas for k = 0, we have

TV o= 020 - e+ 3 g,

: n>1 n>1 (4 25)
X0+ -
() Do = =22 = Y v+ Y e

n>1 n>1
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In particular, it is then easy to see that T = I whenever ({x;};, {y;};) satisfy the relation (4-23). This
relation is always satisfied by sequences of the type x; = f(+/k) and y = f (v/k) because of the Poisson
summation formula. Inspired by this fact, we define the perturbed operator associated to a sequence
e >0, keZy,tobe

T defined on ¢2(Z 1) x £3(Z,),
where T = (Tl, fz)’ with

T'({xi), 0Dk = D Cnan Ve + 26) + yudin k + £1)),

n>0
T2 (i), i = T (i), (b

for k > 1, and Tl({x,-}, {yviDo = xo0, Tz({x,-}, {yi}o = yo. At first, such an operator might not be defined
in the entire space £2(Z) x £>(Z) because of summability issues, but a way to avoid this trouble is to
initially define the operator in the dense subspace of pairs of sequences with finitely many nonzero entries.
A posteriori, we will prove the fundamental fact that this operator is bounded from Zf (Z4) x E?(Z+) —
Z? (Z4) x Ef (Z4), which will allow to extend it to the entirety of the space Zf (Z4) x E? (Z+). One way to
see this will be provided in the proof of our main theorem, by showing that the operator norm satisfies
11 =Tz, )xez)—e@)xea,) < +oo. This is, incidentally, our main device to prove our result: if
11 = Tllez,)xez,)—ea)xez,) <1,
then T is an invertible operator defined on £2(Z) x £2(Z). Therefore, its inverse

T 02(Z) x C(Zy) — C(Zy) x E(Zy)

is well-defined and bounded. In particular, for f € Seven(R) real, given the lists of values

FO), f/T+en, f(/2+¢), ...,
fO), f/1+e), 246, ...,

there is a unique pair ({x;};, {v;i};) € E?(Z+) X Ef(Z+) so that

T({xi), i) = Af Wk +e0be {f Wk + o).

But we also know that

TUSWD AW =TAF VDY AF VDY) = 1 Sk + e (F Vk+ 0.

This implies x; = f(V/)), y; = f(ﬁ). By writing the k-th entry of the inverse of T as
T (wid {zihe = Y (vjaw; + Piaz))
j=0
for two sequences {j } k>0, {7jk}j k=0 so that |y; | + |7« < (j/k)*, we must have

TV =Y i ST+eD+Pixf i +e))- (4-26)

Jj=0
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This implies, by (1-3), that we can recover f from its values and those of its Fourier transform at /k + &.
Moreover, as the adjoint of T-! is also bounded from EE(ZJF) X Zf (Z4) to itself, we conclude that, for
s > 1 sufficiently large and f, f both being O((1 + |x[)~19%), we can use Fubini’s theorem in (1-3)
together with (4-26). This proves the existence of two sequences of functions {6;};>0, {1;} ;>0 so that

16; )|+ 175 ()| =+ 16; )|+ 17, )1 < (1 + ) (14 |x]) 1O

and

F@ = (Fi+e)0;) + f(/j+e)m).

j=0
Thus, we focus on the proof of the invertibility of T fors >0 suitably chosen.
Proof of invertibility of T. VVAe use, for this part, the Schur test. For that, define the auxiliary infinite
matrices A = {A;;}; j>0 and A = {A;;}; j-o0 by
Aij = (a;(\Ji+e) = 8;j) x (i /))",
Aij=a;(i+en /i)'
For a given vector (x, y) € £2(N) x £2(N), we write then

B(x,y)=(A-x+A-y,A-y+A-x),

AA
B_(AA).

Furthermore, define the operator By : C?—> ZZ(ZZ()) X ZZ(ZZO) by
Bo(r, s) = ((r cao(Vk+ex) +5 - do(k+ ek, (s - ao(Vk +ex) +r - do(v/k + 8k))kS>k>0.

Notice that the operator norm of T—1 acting on €2(Z) x €2(Z,) is, by virtue of our definitions,
bounded by the operator norm of B acting on £2(N) x ¢>(N) plus the norm of By acting on C?, since

(T — D(x, y)x = Bo(xo, yo)u + B(x', Y, k> 1,
(T — D)(x, y)o = (0,0),

or, in matrix notation,

where

()C/, y/)n = (X, Yn), n>0.

First of all, bounds for the operator By are simple to obtain. In fact, by the Cauchy—Schwarz inequality

1Bo(x0, Y0 32 2y < 2(%0 +y§)<z{|a0(\/k +enl’ + |ao<\/k+ek)|2}k2~‘).

k>0

Since ag(vk) = ag(vk) =0 for k > 1, and ag € S(R), for any fixed M > 0 there is C = Cj; > 0 such

that
A £
max{|ao(v/ k + e, lao(v k + e} SCM%- (4-27)
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This implies the norm of By is sufficiently small, assuming that we make sup; €| sufficiently small,
depending on s.

We now turn to bounding the operator norm of B. By Schur’s test, it suffices to find «, 8 > 0, such
that «/aB < 1, and positive sequences {p; }i>0, {gi}i>0 so that the following inequalities hold:

D /i) xlla (Vi + &) = 8ij1pj + 18, Vi +€0)lgj] < api,

j>0

> G/ xlaj (i + &) = 8ijlg; +18; (i + €)1 pj] < g,

- (4-28)
> G/ xllaj (i + &) = 8l pi +18; (Vi + €)gi] < Bpj,

i>0

D /) xlaj (i + &) = 8ijlqi + 1a;(v/i + &) pil < Ba;.

i>0

Now, we make the ansatz that, foralli >0, p; =¢q; =i ? for some real number 6 € R. By making use of
Theorem 1.6, we know that

/I e = by + 1y (i + 01 S T og (1 4+ e T

Therefore, (4-28) reduces to verifying

3G/ % 0 x S 10g (1 + e VT < aif, (4-29)
j>0 \/—
SO/ x i x L log (1 + e < g (4-30)
i>0 \/—

Estimate of (4-29). For this term, we rewrite it as

l'S—1/2 X 8[ (Z j3/4—S 10g3(1 _"_])e—C\/W]G)
j>0

In order to estimate this last sum, we break it into j < i!/3 173

Zj3/4—s log*(1 +j)e‘”mj9

j>0 . —
§i1/3imax(3/4—s+9,0) 10g3(1+i1/3)e—011/3+ Z j3/4—S 10g3(1+j)6’_cm]'9. (4_31)

j>il/3

and j > i'/° contributions. Therefore,

Because of the presence of the exponential, the first term is always bounded by an absolute constant
% so we treat it as negligible. For the second term, notice that the summand is bounded by a
constant times fjj oy 3/4—s+0 log3(1 + x)e“‘m dx. Indeed, the inverse of the ratio between both is
bounded from below by

A log*(1 3/d—s+6
f (x/j)3/4_s+ew T~V 4y >mm{<1+ 1) ’1} Sl w2
; log®(1+ j)

times i
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Thus, we obtain that the second term on the right-hand side of (4-31) is bounded by

00 . i~ 3/4—s+40 ,
/1/% x3A=sH10g3(1 +x)e_cm dx = /0 <1 + %) 10g3(1 + %)y‘ze_cﬂ dy
i1/ |
<,6 / y—11/4+s—9 10g3(1 + 5) e—cﬁdy
0

;203

_ i7/4—s+0/ y /4450 10g3<1 4 l}) e=VT dy
0
Sso i o (140),
as long as —% +s—0>—1, thatis, 6 <s — %. Thus, (4-29) is bounded under such a condition by

Cyoleili* V2 log® (1 +i)i 410 = 5/4 9 1083 (1 4 1) g4

0

In order for this last quantity to be less than «i”, we must have |&;| Sg0 ai 4 log_3(1 +1i). We will

assume that we have this bound while estimating the second term.

Estimate of (4-30). For this term, the strategy is similar, only now the estimates become somewhat simpler
by the arithmetic of the bounds given by Theorem 1.6. Indeed, (4-30) is bounded by

Cs,6j3/4_s (Z iS+9—7/4 log—3(1 + l) e—cm) .
i>0
Much as before, each summand above is bounded by fiiH x3T0=T41og 73 (1 + x)e~¢VA/7 dx. Thus, the
expression within the parenthesis above is bounded by

o o0
/ xs+9—7/4 log—3(1 +X) e—cmdx §s,9 js+9—3/4f xs+9—7/4 log—3(1 +])C) e—cﬁ dx
1 0

oo
<s 0 jS+9—3/4/ xS+9—7/4 log—3(1 +X) e—C\/;dx‘
0

~oS,

This last integral converges given that s +6 — % >—1l4<=s+0> %. In the end, we obtain that (4-30) is
bounded by c¢; g j % if these conditions on s, 6 hold.

Finally, we gather these two estimates to get that, if s —6 > ZT’ s+60 > 43'1 and if &; < yi™>/4 log_3(1 +1)
for y > 0 sufficiently small, then (4-29) and (4-30) are bounded by small constants times i’ and j®.
Notice that picking s = 10 and 6 > 0 sufficiently small yields that both conditions above hold true, and
thus the result follows from Schur’s test, as previously indicated. O

As mentioned in the beginning of this manuscript, the usage of Schur’s test here was instrumental in
order to expand the range of our perturbations. In fact, in Section 5A, we employ the Hilbert—Schmidt
test successfully to our operator T and obtain that, as long as there is § > 0 such that &; <i7>/47%, then
T is bounded on E?(N) X E?(N) for s sufficiently large, but we seem to be unable to include 45'1’ even with
a log-loss, in our considerations with the Hilbert—Schmidt method.

On the other hand, we will see in that subsection that the Hilbert—Schmidt method provides us with a
way to suitably perturb the origin, a feature we could not obtain with Schur’s test.
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5. Applications of the main results and techniques

5A. Interpolation formulae perturbing the origin. In the main results of this manuscript, the only
interpolation node that remains unchanged in every scenario is 0. One of the reasons for that is aesthetic:
we are concerned mainly with even functions here, so the origin keeps a sense of symmetry. The other
main reason is technical: we recall that the operator

T:02(Zy) x 2(Zy) — (Zy) x 2(Zy)
defined in Section 4B is the identity only when restricted to the set of pairs of sequences satisfying
Y e =Y e
nez nez
For general sequences, the first entries of this operator possess a correction factor due to the lack of
Poisson summation. Indeed, the kernel of T is the set of all (x, y) € ZE(ZJF) X E? (Z+) such that
X, =y, =0 foralln>1,
X0 = —)o.
Furthermore, the cokernel of T is the set where

xo—yo+22x5—22y320.

neN neN
This means dim(ker(7)) = dim(coker(7")) = 1. Therefore we can no longer prove invertibility. Nonethe-
less, since the kernel and cokernel of T are finite-dimensional, T is a Fredholm operator; see the comments
on [Brezis 2011, p. 168] for more details.
We denote by e, € £2(Z) the vector consisting of max{1, n}~* on the n-th entry, and zero otherwise.
With this definition, the set
{(€r,0):neZ }U{(0,e,):neZ)

forms an orthonormal basis of £2(Z..) x £2(Z.). Thus, for a general operator,

AN sw2@yxzze = 2 U1ACH OIF )+ 1AO e ),

n>0

where we denote by || - ||(s,5) the norm of E? (Z4) x EE(Z+). Next we estimate the Hilbert—Schmidt norm
in the case where A =1 — T.

Claim 5.1. |1 — T”HS(ZE(L)M%(L)) < 400 holds whenever there is § > 0 so that |ex| < k=>4 for all
k>1.

Proof of Claim 5.1. As mentioned before, we can write the identity on E% (Z4) x E%(ZJF) as
I({xi}, (i) = ((x0, B(1), B(2), ..), (30, B(1), BW2), ...)),

where we define the function & as in (4-24). With this notation, the operator T becomes

T({xih (i) = (0, 8/ T+eD), B2 +e2), ...), 00, B(/T+e1), B(/2+e2),...)).
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Therefore, evaluating at the basis vectors gives us that (1 — T) (en, 0) equals

(0, max{1, n}~*(a,(1) — an(v/1+£1)), max(l, n) " (an(V2) — an (/2 + £2)), .. ),
(0, max{1, n} ™ (@, (1) — G, (/1 +&1)), max{1, n} ™ ([@,(v2) — Gx (/24 £2)), . ..)).

We readily see then that

1= Tlseaoxeay <2 Z(Z(l 02 (L m) 7 lan (VB = an(VE + 8k)|2>

n>0 “k>1
+22Y+1Z(Z(l_,’_k)ZS(l+n)_2Y|&n(\/z)—&n(\/]T€k)|2) (5_1)
n>0 “k>1

To bound the terms involving ag and ag, we simply appeal to the fact these functions are of Schwartz
class to use an estimate like (4-27) and obtain

D (U +k)> (lao(k +&x) —ao(VI) > + o (Vk + 1) — do(VE) ) X
2 1+ k)%
= =S+ (jaok+ el +laork+el?) <€ Y| k|2(kzs+§ .

k>1 k>1

From Theorem 1.6, we know that when n > 1 there is a ¢ > 0 such that

la, (V) — an (VE +eg)| <

for every k > 1. Analogously, for n > 1,

Ian(f)—an(,/k+sk)|< f n3* log® (1 4 n) e~ VE/™,

/=N
f la/ (t)|dt < (j/% n3* log* (1 +n) e~ VE/" (5-2)

These estimates plus the condition |e;| < ak~>/#~% for some a > 0 imply that (5-1) may be bounded from
above by a constant that depends on s times

) Z(Z K25 —5/2-28 ‘k—le—ZcW)nS/Z—Zs 1ogS (1 + 1) +a® Zk—w/z—za' (5-3)

n>1 “k>1 k>1

The second term in the sum above is convergent, so it is not a problem. Now, in order to prove convergence
of the first term, we first investigate the inner sum. A Riemann sum approach together with a change of
variables shows that the first term in (5-3) is bounded by a constant times

o0
(1 +n)23—5/2—2810g6(1 +I’l)</ t2Sl,—5/2—25 . t—le—cﬁ df) = (1 +n)2S—5/2—2510g6(1 +7’l)[s’5.
0

Clearly, the inner integral converges given that s > % + &. Putting these estimates together with (5-1), we
obtain that
=T 5@ we@.) S @ L (2(1 +n) "1 Blogb(1 +n)> < 400,
n>0

as desired. O
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As a direct corollary, we see that, for each § > 0, there is a > 0 so that, if |g;| < ai —3/4=3 for every
i > 0, then

I = Tlaswez,)xeazy <1

In particular, we shall make use of the fact that 7" is a Fredholm operator by means of such an inequality,
with the aid of the following result.

Lemma 5.2 [Schechter 1967, Theorems 2.8 and 2.10]. Let ®(X, Y) denote the set of bounded Fredholm
operators between Banach spaces X and Y. If A € ®(X,Y) and K € K(X, Y) is a compact operator,
then A+ K € ®(X,Y) andi(A) =i(A+ K), where we define the index i : ®(X,Y) — N by

i(A) =dim(ker(A)) — dim(coker(A)) =: a(A) — B(A).
Furthermore, if | K ||op is small enough, then it also holds that a(A + K) < a(A).

Let us then define a new perturbed operator S, defined on Ef(Z+) X Zf (Z+), such that

S' (i ik =D nan (Vk + 1) + yndn (Vk + £0)),

n>0
S2 (i, iDe = ST Ayi), b

for all kK > 0. Notice that we may write S — T = T—1+ Ko, where K has finite rank and is bounded, and
thus also compact. Therefore, S=T +(S—T7)=T + (f — I) 4+ K¢ can be written as sum of a Fredholm
operator T and a compact operator T — I + K. This already implies that, modulo a finite-dimensional
subspace, the sequences ({ f(vE +€0)}, {f (VK + &x)}) determine the sequences ({ f (vK)}, {f (VK)}).
That is, we can determine the function f € Seyen(R) from its (Fourier) values at the set {/k + ¢ Jxez .
modulo subtracting functions belonging to a finite-dimensional space.

If, however, we make |&| < ek—>/48

, and |eg| < €, with € small enough, it is now a routine calculation
to conclude that the operator norms of both / — 7 = A and K can be made bounded by a sum of an
arbitrarily small factor plus something that will depend on a convergent series multiplied by the value

of |eg|, which can made arbitrarily small by choosing € properly. Thus,

() =iT+ES-T)=i(T)=0 <+ «a(S)=8(),
and, moreover,
a(S) <a(T),

as the Hilbert—Schmidt norm of the difference is small. Thus, either

a(S) =B(S) =0,
in which case we can perfectly invert the operator S, or
a(S)=p(S) =1,

which implies that there is essentially at most one function fy € Seven (R) that vanishes at /k 4 g. As
{f(WVk+er)l, {f(«/k + &x)}) € Im(S) for every real f € Seven(R), we have proved the following result.



PERTURBED INTERPOLATION FORMULAE AND APPLICATIONS 2367

Theorem 5.3. Let T, S, {¢;}i>0 be as above. Then one of the following holds:

(1) either S is an isomorphism from EE(ZJF) X Z?(ZJF) onto itself, and thus the values

AfTHeph (FGT+eph)

determine any real-valued function f € Seven(R),

(2) orker(S) has dimension 1, and therefore S is an isomorphism from ker(S)* onto Im(S).
In particular, any real-valued function f € Seven(R) is uniquely determined by

AfGTHep (FGT+eDD),

together with the value of
({fTFENASGTHeND, Qaud 1B s.s)
I} ABDIZ, ’
where ({a;}, {B;}) € ker(S) is a generator for the kernel of S.

Notice that the first option in Theorem 5.3 yields immediately an interpolation formula, in the spirit of
(4-26). For the second one, the operator is now only invertible if restricted to ker(S)*, and the process
of recovering f € Seven (R : R) has to take into account the inner product with the kernel vector and the
structure of the range.

5B. Uniqueness for small powers of integers. Let o € (O, %) Bearing in mind the overall framework of
uniqueness formulae in which Theorem 1.4 situates itself, we address the question of determining when
the only function f € Seven(R) that vanishes together with its Fourier transform at +n“ is the identically
zero function.

Indeed, we would like to study the natural operator that sends the sequence of values at the roots
of integers ({f(«/z)}k, {fA(«/E)}k}) to the sequence ({ f (n*)},, {f(n"‘)}n). Our goal is to show that this
operator is injective. In order to do that, we will first study simpler operators.

In fact, let Ko € N be a fixed positive integer. Fix a set of 2K positive real numbers 1} <, < - < fg,
such that #; > /K and none of the #; can be written as a square root of a positive integer. We fix s > 0
sufficiently large and define the operator

Tk, - 2(N) x £2(N) = 2(N) x £2(N),
({xi}ia {yl}l) |_>((-x07 QS(t])v ®(t2)’ cees ®(t2K())a -xK()-i-lv xK0+2a . e )v
()70, 6(tl)s 6(t2)’ s 6(tZK())’ yK0+19 )’K0+2, e ))

Here, we denoted by & the function defined as in (4-24). Recall that & depends itself on {x;};, {y;};, and
thus, for fixed ¢, &(¢) and &(¢) are both linear functionals on Zf (Z>0) x EE(ZEO).

Lemma 5.4. For any Ko > 1 and {t;}j-1,... 2k, as above, the operator Tk, is bounded and injective.

Proof. We begin with the boundedness assertion. As Tk, differs only in at most the first 2Ky + 1
coordinates from an iteration of the shift operator

s(({xi}i, i) = (0, x0, x1,...), (0, Yo, y1,...)),



2368 JOAO P. G. RAMOS AND MATEUS SOUSA

boundedness follows from boundedness of the operator that maps a pair of sequences ({x;};, {yi}i) €
22(N) x £2(N) to

((x0, B(11), B(12), . ..., B(12k,), 0, ...), (Yo, B(11), B(12), . ..., Bl12k,), 0, . ..)).

As &, ®e L (R) for any pair of sequences {x;}, {y;}, with bounds depending only on the E?(N)-norms
of the sequences, it follows that this new finite-rank operator is bounded.

The injectivity part is subtler. Indeed, fix a pair of sequences ({x;}, {yi}) € EE(N) X E?(N), and
suppose that Tk, ({x;}, {yi}) = 0. It follows that the special function &(¢) is a linear combination of
ai,...,ag,, dai, ..., dg,. In order to analyze such functions, we will need to investigate further the
intrinsic form of the interpolating functions a,, and thus those of b¥. As the reader will see in the analysis
below, we will show that the functions & + & have at most K, o+1 zeros on (+/Kg, +00) from the assertions
above. This is, indeed, the reason why we need to use 2K different values in order to prove injectivity.

Indeed, it follows from the Fourier expansion of g= near infinity and the formula

1
bff(x):% / g (e dz (5-4)
-1

that, whenever |x| > /7, it can also be represented as
oo
bE(x) = sin(zrx?) / gr(1+ine ™ dt, (5-5)
0

To see this, one shifts contours in (5-4) over the rectangular path passing through —1, —14i7T,1+iT

and 1. The condition |x| > /7 comes into play in order to guarantee that one may safely send T to oo,
nnR

and the results in [Radchenko and Viazovska 2019] show that g’ (s +iR) grows as e at infinity for
fixed s € R. With (5-5) in mind and the facts that a, = (b7 +b;)/2 and a, = (b)" — b,)/2, we see that
the Fourier invariant part of & may be written as

o s Ko
(6 +8)(x) = sin(mx?) f (Z ;g (1+ it))e‘”xzf dr
0 =

for some sequence «; of real numbers, and an analogous identity holds for & — 65, with g~ instead. We
recall that the weakly holomorphic modular forms g,jf satisfy that

i) =0)°PF(1/J(2),
g (=00 =21() P, (1/J(2)),

where the monic polynomials P, , P,;" are of degree n. Therefore, there are polynomials Q, R of
degree < Ky such that

~ o0 1 2
— qj 2 1+i0)3 Y mxtr
B+ & =sin(mrx )/O 0(1+it) Q(J(l—i—it))e dr,

_ B = 2 > 301 — : ; —x’t
& QS—sm(nx)/o (1 +it)’(1 2k(1+lt))R(J(1+l_t))e dr.

Before moving forward, we need the following result:
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Lemma 5.5. The factors 0(1 +it)? and (1 — 2x(1 + it)) do not change sign for t € (0, 00), and the
Sfunction 1/J (1 +it) is real-valued and monotonic for t € (0, 00).

Proof. By using (2-1), we get that

(1 +it) = Z(_l)"e—ﬂnzt _ Z o4t _ Z T

neZ nez nez

We now consider the function f;(x) =e™”" (20’ Then the sum above equals

Y A=Y filn+3).

nez nez

By the Poisson summation formula, the difference above equals

1 NG win n(n/(zﬁ»z) 1 NG
—_— e — e = — e > 0.
77 (Z ) 7 >

neZ neZ n odd
This proves the first assertion.

For the second, we simply see from (2-2) that A(1 + z) has only nonpositive coefficients in its g-series
expansion. This implies that A(1 4 i¢) is nonpositive for ¢ € (0, co), which implies that 1 — 2A(1 +i?) is
always nonnegative.

Finally, for the third assertion, we notice that, as J(1 +z) = 1—1()A(1 +2)(1 — A(1 +z)), and thus, from
the analysis above, the g-series expansion of J (1 + z) contains only nonpositive coefficients. Therefore,
the function 1/J (1 4 it) is nonpositive for ¢ € (0, 0o), and it is monotonically decreasing there. O

By Lemma 5.5, we get that the part of the integrand in the expressions above multiplying the e™” X%
factor changes sign at most Ko + 1 times. Notice that we can embed both integrals in (5-6) into the

framework of Laplace transforms: defining
Q) =01 +i)*QU/J(A+it)), RE) =0(+it)*>(1—=2x(14it))R(1/J(1+i1)),

we are interested in studying the positive zeros of L[ Q] (rx2), LIR](7rx?), where

LIg)s) = /0 (e di

denotes the Laplace transform of ¢ evaluated at the point s. We may reduce even further our task to
studying the positive zeros of L[Q], L[R]. The following result, a version of the Descartes rule for the
Laplace transform, is the tool we need to bound the number of positive zeros of such expressions as a
function of the number of sign changes of the function being transformed.

Proposition 5.6 (Descartes rule for the Laplace transform). Let ¢ : R — R be a smooth function such
that its Laplace transform L[¢] converges on some open half-plane Re(s) > so. Then the number of zeros
of L[¢] on the interval (sg, +00) is at most the number of sign changes of ¢.

Proof. The proof follows by induction on the number of sign changes of the function ¢. Indeed, if ¢ > 0,
it follows easily that the Laplace transform satisfies L[¢] > 0, with equality if and only if ¢ = 0.
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Suppose now that ¢ changes sign n 4 1 times on (0, co). Number its zeros on the positive half-line as
ap < a; < ---<ay. Then L[¢] has as many zeros as e L[¢p](s) = F(s). The derivative of F is then
given by

F'(s)=— / (t —ag)p(1)e™ =% dr = € L[(t — ap)$ (5)1(s).
0

Notice that the new smooth function (r — ag)¢ (¢) still satisfies the same properties as ¢, but now has
exactly n sign changes. By inductive hypothesis, F’ has at most n zeros, which, by the mean value
theorem, implies that F has at most n + 1 zeros. g

Using this claim for Q, R, we see that their respective Laplace transforms possess at most K¢ zeros
on the interval (v/Ky, +00). With this information, we can already finish: From (5-6), the functions
® + ® can only vanish at at most K points on the interval (1/K(, c0) which are not roots of positive
integers, in the case & # 0. But, according to our assumption that ({x;}, {y;}) € ker(Tk,), we have
&) = @(Ij) =0, j=1,...,2Ky. By the properties we chose for the sequence #;, & = 0, and thus the
map Tk, is injective. U

We need one more result in order to infer results about uniqueness for small powers of integers. In
contrast to the full perturbation case of our main theorem, we must prove that the injective operators Tk,
are also somewhat stable with respect to injectivity under perturbations. In order to do this, the following
result is essential.

Lemma 5.7. The range of Tk, is closed.

Proof. Suppose the sequence in £2(N) x £2(N) given by {TKO({xij ho yij D} j=o0 is a Cauchy sequence. This
implies that the sequence {{xij }i=0.Ko+1....5 {yij }i=0,Ko+1,...} j=0 is a Cauchy sequence, and therefore it
converges to a certain limiting sequence

{xi}iz0.Kot1...» Witizo.ko+1...} € L2(N) x £2(N).

Define, thus, the 4Ky x 2K matrix Ak, given by taking

(ai(ty), ax(tj), ..., ak,(t;), ai(t)), ax(tj), ..., ak,(t}))
and
(&1 (tj)a &Z(IJ)’ D) &Ko(tj)’ ai (tj)v aQ(’j)» ceey al(()(tj))
to be its lines for j =1, ..., 2K(y. We first claim that this matrix is injective. Indeed,
Ko
&) =) (xiai () + yidi (1)
i=1
vanishes, together with its Fourier transform, at#;, j =1, ..., 2K, where ({x,'}l.K:O], {y,'}l.Kzol) belongs to

ker(Ag,). By the proof of Lemma 5.4, this implies x; =y; =0, i =1, ..., Ko.
As Ag,is injective, there is a constant cg, > 0 so that

1Ak, vllak, = ckollvli2k,, (5-6)
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where we denote by || - || the usual euclidean norm on a d-dimensional space. Translating to our original
problem, as {Tk,({x/}, {y/})} ;>0 is a Cauchy sequence in £2(N) x ¢2(N),

{{x] }izo ko1, 1] Yizo,Ko+1,..} j=0

is a convergent sequence, and thus we get that the sequences

Ko
Z(xzkai([j) +yka ), j=1,...,2Ko,
i=1
are also Cauchy in k > 0. By (5-6), ({xf}iK:Ul, {yi}fz"l)kzo is Cauchy. This implies that there is a limiting

sequence ({x;}, {yi}) € £2(N) x £2(N) so that

Tio (1]}, (7)) = Ty (xi}, {3i)) - as j — oo O
We are finally able to prove the following uniqueness result:

Corollary 5.8. Let o € (O, %) There exists ¢, > 0 such that the following holds. For each c € (0, cy),
if f € Seven(R) is a real-valued function that vanishes together with its Fourier transform at %c - n®,
then f =0.

Moreover, for each ng > 1, the same assertion as before holds under the weaker assumption that f
vanishes together with f at +c-m*%, where m € {0}U (my (ng), +00) and my (ng) = min{n € N : cn® > ng}.

Notice that the second assertion above, albeit technical, merely means we may start the sequences of
nonzero roots of f, f as far away from the origin as we wish, as long as one keeps it under a certain
threshold in terms of denseness.

Proof. Fix a € (O, %) and let ¢ > 0 be a constant, to be precisely chosen later, which is allowed to depend
only on o. We start by noticing that, for each o € (O, %) there is ng(a) > 1 such that whenever n € N
is greater than ng(«), then there is m € N so that for all n > ng(«), there exists m € N so that we can
write ¢ - m* = \/n + ¢&,, where {e,}, satisfies the conditions of Theorem 1.4. Indeed, start by noticing
that simply letting m = [(n/c?)!/?¥7 implies |/n — cm®| < c!/*p@=D/Cx),

Indeed,
[(n/c?)!/C1
|/ —cm®| = ca / 12~V dr < Men@D/Co, (5-7)
(n/CZ)l/(Za)

In particular, if (¢ —1)/QRx) < —% — % —Sa< %, the assertion follows. Let us single out the sequence

of numbers selected above, which we index as {c - m(n)*},>u,«). We then consider the operator T}, (q)
associated to some sequence of 2ng(a) positive real numbers #;, j = 1,...,2no(a), satisfying the
hypotheses of Lemma 5.4.

We claim that the perturbed operator

Ty : €2(N) x £2(N) — £2(N) x £2(N) that takes a pair ({x;}, {y;}) to

((x0, B(11), B(12), ..., B(l2my), B(c-m(ng+ D), &(c-m(ng+2)%),...),
(o, B(11), B(12), ..., &(t2ny), B(c -m(ng+ 1Y), &(c-m(ng+2)%),...)) (5-8)
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is injective for some s > 0 that depends on «. Indeed, from Lemma 5.7 there must exist a constant C,,
so that

I Tnov”(s,s) = Cno lv ||(s,s)

holds for all v € Ef(N) X Z%(N). But, by the same calculation as in the previous subsection, we have that

~ Cro
I Tno@) = Do) 1S (20N) X 22(0v)) < >

holds, as long as we take o < % and ¢ = c(«) sufficiently small, because (5-7) implies we satisfy the

conditions of Theorem 5.3. This implies, in particular, that

1o

2

for each v € ZE(N) X Ef(N), and thus the operator Tno is, indeed, injective, as desired.

”Tnov”(s,s) >

” v ”(s,s)

In order to conclude, we notice that the operator
Trote  L2(N) x £2(N) — £2(N) x £2(N) that takes a pair ({x;}, {y;}) to
((x0, B(ck]), B(ckS), ..., B(ckS,,), B(c-m(ng+ 1Y), &(c-m(ng+2)*),...),
(30, &(cky), B(cky), ..., B(cks, ), &(c-m(ng+1)%), B(c-m(ng+2)%),... )), (5-9)

for some sequence k;, j =1, ..., 2ng, of integers not belonging to the sequence m(n) we selected above,
is still injective. In fact, it only differs from the operator 7}, in at most 2n¢ entries. But, on the other
hand, for k; = [(t;/c)'/*], j=1,...,2n0, and ¢ > O sufficiently small, we see by Theorem 1.6 that

6(ck?) — SN <Y (Ixillai(t;) — ai (k)| + |yilla () — ai (ck§)])
i=0 00

< sup m—ckf‘i(Z(1+i)5/2(|x,-|+|yf|>>
i=0

1<I<2ny

S elldxit, {yiD .-
Here, note that € depends on ¢ > 0 and «, and tends to 0 as ¢ — 0. For € > 0 sufficiently small, we see
from the previous argument that 7, still has closed range and is injective. Thus, by taking ¢, > 0
sufficiently small we have that the sequence ({ f (£n%)}, { f (£n%)}) determines uniquely the sequence
{f (Y} {f(/m)}). This finishes the proof of the first assertion.
The assertion about being able to restrict the first node c,m® to be as large as we want follows in the
exact same way, and we thus omit it. O

One can inquire about the importance of such a result; as in [Ramos and Sousa 2022] we have shown
that the uniqueness result stated in Corollary 5.8 holds for € (0, 1-— 4), which is significantly larger
than the range stated here. Nonetheless, Corollary 5.8 gives us automatic results. Indeed, if one manages

to prove that for all § > O there is € > 0 so that, if |e;| < € for all k € N, then

I =Tllop <6,

it implies automatically that we can extend the results in Corollary 5.8 to the full diagonal range « € (0, %)
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We also note that Corollary 5.8 is not all we can say about the problem of determining the best
exponents (o, 8) so that

fEn) = f@Enf) =0, feSeaam® = f=0.

2
’9
exponents, we notice that we can still pick ng € N so that for each n > ny = ng(«, 8), there exists a pair
(m1(n), ma(n)) € N? so that

Indeed, we can easily go further than the diagonal case detailed above: if a, 8 € (O ) are arbitrary

lemi(n)* — /n| + |cm2(n)5 —n| < clegpe=—D/C) —|—Cl/ﬂ,3n(’3_l)/(2ﬂ),
and the right-hand side can be made <« n /4% for some § > 0. This induces us to consider the operator

Troe.py - €2(N) x £2(N) — €2(N) x £2(N) taking pairs ({x;}, {y;}) to
((xo, B(CkY), B(ckS), ..., B(ckS, ), B(mi(ng+ 1)*), S(mi(ng+2)), ...),
(0. B(cl}), B(clh), ..., &(cls, ), Bma(no + 1)F), B(ma(no+2)F),...))  (5-10)

for two sequences of integers (k;,[;), j=1,...,2no, so that |t; — ck}”l + 1t — clf| is sufficiently small
for all j € [0, 2n¢], where we select ¢;, j =1, ..., 2no, satisfying the hypotheses of Lemma 5.4.

By the same strategy outlined in the proof of Corollary 5.8, the Hilbert—Schmidt norm as operators
acting on £2(N) x ¢2(N) of the difference Ty@.p) — Tnoe.p) iS arbitrarily small, as long as we make
the value of ¢ = c(«, B) smaller. As a consequence, 7y, is also injective and its range is closed. These
considerations prove, therefore, the following:

Corollary 5.9. Leta, B € (0, 3). Then there is cq,p > 0 so that the following holds. For all ¢ € (0, cq,p), if
f € Seven(R) is a real-valued function that vanishes at =cn® and its Fourier transform vanishes at +cnf,
then f =0.

Moreover, for each ng > 1, the same assertion above holds under the weaker assumption that f vanishes
for £c-m® and f vanishes for tc - kP, where m € {0} U (mg,p(ng), +00), k € {0} U (kq,g(no), +00), and
mgy g(no), ng,g(no) are the least positive integers such that ¢ - m® > ng and c - kP > ng, respectively.

Remark. In the end, we do not quite attain the primary goal of this section of proving Fourier uniqueness
results for the sequences ({£n%}, {&n?}), but only a slightly weaker version of it, with a small constant
c(a, B) in front. The main reason for that in the proofs above is the location of the positive reals ¢;:
although their exact values do not matter in the end, it is crucial, in order to use Proposition 5.6, that they
lie after the node ng. We must therefore either force ny not to be too large in order not to make the norm
of the matrix Ak, too small, or fix them from the beginning and make the perturbations of Tk, fall closer
to it. In any case, this implies nontrivial use of the constant ¢ multiplying the sequences ({£n%}, {£nf}).

We believe that further studying operators resembling Tk, above and their injectivity properties could
yield better results in this regard. In order not to make this exposition even longer, we will not pursue this
matter any further.
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5C. Annihilating pairs. As an application of the results above, we will prove some strong annihilating
properties of the sets {+c,n*},eN, {j:c,gnﬁ}nez.

Indeed, let A, B C R be two discrete sets. Inspired by the results and definitions of [Benedicks 1985;
Amrein and Berthier 1977] (see also [Nazarov 1993]), we say that (R\ A, R\ B) is a weakly annihilating
pair for a class C ¢ L*(R) if whenever f(A) = f(B) = {0}, f €C, then f =0.

This definition implies directly that (R \ {£+/n},>0, R\ {Z=4/n},4>0) is a weakly annihilating pair for
Seven(R; R) due to (1-3). On the other hand, under the hypotheses of Theorem 1.4, it follows directly that
R\ {1+ entn=0, R\ {£/n + €, }n>0) is also weakly annihilating for Seyen (R; R).

As a natural counterpart, we define a pair (R\ A, R\ B) to be w-strongly annihilating for a class
C C L*(R), w € R, if there is a real number y € R such that the inequality

. . 1/2
1N 2 capenyy F 1 2y S (Z IF@PA+1al)”+ > I FBPA+ |b|)‘”)

acA beB
holds for all f €C.
Our first contribution is Theorem 1.7; i.e., the pair (R \ {£4/n}y>0, R\ {£+/n},>0) is w-strongly
annihilating for some @ > 0.

Proof of Theorem 1.7. We start with (1-10). Indeed, consider a sequence {¢,},>0 of real numbers. We
begin by observing that, for all integers n > 1, we have, by (1-3) together with Theorem 1.6,

|€ | —c/n/m ;
|f () = F(Wm| S ﬁ > A +my g m + e VM| f (Vm)| + 1 f (Vm)]l,
m>0
whenever x € [/n, v/n+¢&,). Suppose then |¢,| < §(1 + |n|)~? holds for all n > 1, for some 6 > 0 and
8 > 0. If one uses the bound above together with the triangle inequality, an integration over the interval
[«/n, /n+¢,) and the Cauchy—Schwarz inequality, one obtains

NSt
(1+n)slf(ﬁ)|2§(f |f(y)|2(1+|y|)2(9+2”“dy)
+8 Y (F WM +1F (m)P)A +m)*? logs (1+ m)e V™ (1 4 ) 72071,
m>0

If20+1—-s>1<«= 6 > s/2, we may sum the right-hand side above in n > 1 and get a uniform constant
in m > 0. This yields

Y A +n) I f ()P S /R |F O+ [y)2E20+ gy
. +8 > U FWmP + 1 mP) (A +m)**logt (1 +m).

m=>0

An entirely analogous calculation implies the same on the level of Fourier transforms; that is,

Z(l +n)S|f(ﬁ)|2 < /R |f(y)|2(1 1 |yHOF2+ gy
- +8) (WM + 1 m)P (A +m)*logs (1 +m).

m>0
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Summing these two bounds, if s > % and 6 « 1 is sufficiently small, we obtain

A+l f WP+ 1P CUL sy + 1 2crp)- (5-11)

n>1
which was the desired inequality, except for the n = 0 term. In that regard, we notice that a Sobolev
embedding argument allows us to include it in the left-hand side of (5-11), which proves (1-10). Notice
that we may take, for this part, any y > 5s + 1.
For (1-11), we will use once more Theorem 1.6. Indeed, it follows from that and Cauchy—Schwarz that

F@I+ @1 UL+ IF A +m) 4 logd (1 + e~/ VI

n>0
12
S <Z [1£ (/P + 1 f m)P1(1+n)>* logb(1 +n)e—2c|x|/m) .
n>0

Thus, we readily obtain that

. . ‘ 1/2
I 2y + I N2 catrens) S (an(ﬁnz + 1/ M1 +n) 5T 1ogb (1 +n>>

n>0
for any s > 0. This proves the Theorem for any w > s/2 + 4. O

Furthermore, as a corollary we can also obtain that the pair (R\ {£+/n + €, }n>0, R\ {£/7 + 1 }n>0)
is w-strongly annihilating for some w > 0, which was the content of Corollary 1.8.

Proof of Corollary 1.8. Notice that the operator T : £2(N)) x £2(N) — £2(N) x £2(N) given in Section 4B is,
under our given hypotheses, bounded and invertible for r > 1 sufficiently large. Moreover, it takes, for each

f € Seven(R), the pair ({ £ (/1) }nens {F (V) }nen) to the pair ({f (/7 F &n)nens {f (V7T 8n) Inen)-

Therefore, if @ > s > r, then the comparison of
IS W) hnens (F (V) baen) ez xe2n
with
IAf W+ e hnens (F T enlnen) lzapxeo

holds with comparing constants independent of f € Seven(R). The same assertion holds with E?O(N) X Ei(N)
norms instead of EE(N) X E?(N). This is enough to conclude the asserted statement. Il

Finally, we conclude that, whenever ¢, cg are sufficiently small, then (R\ {£con®}, R\ {j:cﬂn’g}) is
w-strongly annihilating for o sufficiently large.

Corollary 5.10. Foroa, g < % and cy, cg sufficiently small and for any y > 0 sufficiently large, we have

X R 12
I N2y + 1 N2y S (Z(l + 1)l f (can®) > + If(C,snﬁ)Iz]) ,

n>0

whenever w > (5+ y)/4 and [ € Seven(R) is a real-valued function.
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Proof. Under the hypotheses above, we know that the operator 7, (4, g) from (5-10) is still injective and
has closed range on ZE(N) X Ef(N) for s > 1. For that reason, the norm

I W) hnen. {f W) lne) Lz x ez

can be controlled by a constant independent of f times

1 Taote.y (L IV S WD 2y 20 -

However, the sequences constituting 7, ) ({ f W}, { f (/n)}) are subsequences of each entry of
({cqn®}, {cﬁnﬂ}), respectively. As the weight n — (1 +n)® is monotonic on N, adding more terms only
increases the weighted norm, and thus the conclusion follows. U

5D. The Cohn—Kumar-Miller-Radchenko-Viazovska result and perturbed interpolation formulae with
derivatives. As another illustration of our main technique, we prove that the interpolation formulae with
derivatives in dimension 8 and 24 from [Cohn et al. 2022] can be suitably perturbed.

Indeed, we first recall one of the main results of [Cohn et al. 2022]: let (d, ng) be either (8, 1) or
(24,2). Then every f € Spa(R?) can be uniquely recovered by the sets of values

{f(V2n), f'(V2n), f(V2n), f'(V2n)},  n=>no,

through the interpolation formula

fO) =" fFVman)+ Y 1 V2mby(x) + Y fFV2man(x)+ Y f(V2m)by(x).  (5-12)

nzng nzngo n>ng n>no

We also have uniform estimates on the functions a,, a,, b,, 5n: indeed, there is T > 0 so that

sup sup (1+ |x))'P(la” )| +1a ()1 + b )|+ 15 () S n” (5-13)
1€{0,1,2} xeRd
for all n € N. Here and throughout this section, we shall denote by g’(x) the derivative of the (radial)
function g regarded as a one-dimensional function.
By [Cohn et al. 2022, Theorem 1.9], we know that the matrices

an(x) ay(x) an(x) a,(x)
bu(x) by(x) by(x) bl,(x)
an(x) a,(x) an(x) a,(x)
bu(x) B,(x) by(x) bly(x)

M,(x) = (5-14)

satisfy that M, (v 2m) = 8y, L4x4 for m, n > ny. As we know that the map that takes a vector of sufficiently
rapidly decaying sequences
(fta}, {Ba}, (@), (BaDnzng

onto the function

FG) = (n@n(x) + Bubn () + @ndin () + Bubu(x))

n=no
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is, in fact, injective (and moreover an isomorphism if we consider the set of all arbitrarily rapidly decaying
sequences), we shall make use of this function in our estimates. Indeed, we have that the map that takes
the quadruple of sequences

({an}, (Bu}, (@}, {Bu})
onto

(F(v/2n), f (V/2n), F(v/2n), § (+/21)) g

is, in fact, the identity. Another way to represent this map is as the series

> (s Bus @ns Br) - My (V20).

n=ngo

We define, therefore, the operator that takes the same quadruple onto

(f(\/zl’l +é&n), f/(\/zn +&n), %(\/Zn +é&n), f’(\/Zn + 8"))n2n0'

In the alternative notation, this operator, which we shall denote by %, is given by
Z (@ Bus ,gn) “M,(/2n+¢,).
n=no

As before, we seek to prove that T is invertible when defined over some space
E2(N) x £2(N) x £2(N) x £2(N) =: (£2(\))*,

where we may take s > 1 sufficiently large. As our aim here is not to establish the sharpest possible results,
but only to prove that we may prove versions of the above interpolation formula with some perturbed nodes;
we shall make use of the Hilbert—Schmidt test, as in Section 5SA above. Indeed, the same remark about
the definition of the perturbed operators in the proof of Theorem 1.4 holds here as well: we first define
T over quadruples of sequences with finitely many nonzero terms, and then we use a priori boundedness
of I —T over this space to define T in the whole space (¢2(N))* by density. Thus, we wish to prove that

11 = Zl syt < 1.

A simple computation with the Hilbert—-Schmidt norm using (5-14) shows that this quantity is bounded by

Dm0 (jan (V2m) =y (v 2mA-£0) P+1an (V2m) —an (v 2m+e)
TN @l (W2m)—al (v 2mAten) PHal (V2m) —a) (v 2men) P4 b (V2m) —b, (v 2mt-e) |2
by (V2m) —by (v 2m4-£) P 41b, (v 2m) —b], (v 2mA-e,) P +1B), (v 2m) —b), (v 2m+-e) 7).

Notice that we have used, as in the proof of Theorems 1.4 and 5.3, the standard orthonormal basis for
the space ZE(N), which induces the additional (m/ n)? factor in the summand above. By (5-13) and the
mean value theorem, the sum above is bounded by (an absolute constant times)

§ : m2sn—2s Xm—100n218r2n‘

m,n>0
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The sum above is representable as a product of a sum in m and one in n. The one in n is convergent if
s > v+ 1. We then fix such a value of s. For such values, the second sum is

§ : 2s—100 .2
m 8m’
m=>0

which converges in the case ¢, < m*~*. For all such sequences, the difference I — ¥ is a Hilbert-Schmidt

~

operator. Moreover, if &, < dm*~ for § > 0 sufficiently small, we will have |1 — T| seenyh < L.
Summarizing, we have shown the following result:

Theorem 5.11. There are Cy > 0 and § > 0 so that the following holds: for each sequence &; so that
lex| < 8k~C0, any function f € Sraa(RY) is uniquely determined by the values

(f(V2n+e0), V2 +e0), fV2n+e0), '/ 2n+60),.,0 (5-15)
where we let (d, ng) = (8, 1) or (24, 2).

In the same spirit of Section 4B, one can obtain an interpolation formula with the values (5-15) from
Theorem 5.11.

We remark that, in the same way that we undertook our analysis for the Radchenko—Viazovska
interpolating functions, we expect the functions a,,, b, in [Cohn et al. 2022, Theorem 1.9] should also
satisfy some exponential-like decay. This fact, although possible, should be sensibly more technically
involved than Theorem 1.6, due to the more complicated nature of the construction of the interpolating
functions with derivatives in dimensions 8 and 24.

SE. Perturbed interpolation formulae for odd functions. Finally, in the same spirit of the results in
Section 4, we briefly comment on interpolation formulae for odd functions. Recall the following results
from [Radchenko and Viazovska 2019, Section 7]:

Theorem 5.12 [Radchenko and Viazovska 2019, Theorem 7]. There exist sequences of odd functions
dnjf :R— R, m >0, belonging to the Schwartz class so that

dp = (F)dE, dE(n) =8um/n, n>1.

Moreover, limy_,o d;} (x)/x = 8om. These functions satisfy the uniform bound

|dE )| <n®? forallx e R, n >0,
and, finally, for each odd and real Schwartz function f : R — R,

£ +if'(0) fWn) . f(n)
f+2(cn<x> e e )

where ¢, = (d;f +d;)/2, and the right-hand side of the sum above converges absolutely.

f)=df x) (5-16)

n>1

As a direct consequence, we see that any real, odd, Schwartz function on the real line is determined
uniquely by the union of its values at ,/n and the values of its Fourier transform at ./n with f’(0)
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and f ’(0). By employing the results in Section 4, we will show that we can actually recover any such
function from { £ (/i F &) }lu=1 U {f (Vi F &) luz1 U {f'(0)} U {f'(0)} instead.

Indeed, first of all, we start by noticing that the same techniques employed to refine the uniform
estimates from [Radchenko and Viazovska 2019] can be applied to the functions d=, as they are defined
in a completely analogous way to the b from Section 4. By carrying out the same kind of estimates, we
are able to obtain

dE ()| S n¥*log (1 +n)e MV forallx eR, n> 1, (5-17)

for some absolute constant ¢’ > 0. By the same analysis of the d,-partial derivative of the generating
function used in Section 4A, this readily implies that the derivatives of the df satisfy essentially the same
decay; in fact, |(a’ni)’(x)| <n’*log*(1 + n)e <"V for all x € R, n > 1, with ¢” > 0 another absolute
constant.

We consider now the operator that takes a pair of sequences ({«,}, {B,}) € ZE(N) X E?(N), s > 0to be
chosen, into

PICHALAVZET] .
c (x):< cn(x)//n én(x)/ﬁ>
! —Cn(x)//n cn(x) /)

Let us denote this operator by V. From (5-16) and the fact that the function d(;r (x) = sin(x?) /sinh(7x)
vanishes together with its Fourier transform at £4/n, n € N, we know that the identity operator on
K?(N) X Kf(N) may be written as

where we abbreviate

[ ¥ @ oca/m)]

n>0 m=
Therefore, the techniques from Sections 4B, 5D and 5A, together with our previous considerations in this
subsection, allow us to deduce the following result:

Theorem 5.13. There is § > 0 so that, in the case |e,| < 8n~"/*, for each f € Soaa(R) real, the values

(FW1+en), f§2+6),..) and (f(/1+e), f(2+e),..)
allow us to recover uniquely the values (f(1), f(ﬁ), f(\/g), ...)and (f(l), f(\/i), f(\/g), ... In

particular, given the values

[ F el ULF (Wt e)tas1 UL (O} U{f(0),

we can uniquely recover any real-valued function f € Soqq(R).

As previously mentioned, we do not carry out the details here, for their similarities with the proof of
Theorems 1.6 and 1.4.

6. Comments and remarks

In this section, we gather some remarks about the problems and techniques discussed and state some
results we expect to be true.
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6A. Asymmetric perturbations. In the statement of Theorem 1.4, we have assumed that the perturbations
made to the Radchenko—Viazovska interpolation formula were the same on the function and Fourier
sides for fixed j. We remark that, by the exact same proof as given above, one may obtain results with
different perturbations: in that regard, Theorem 1.4 can be immediately reinterpreted as stating that one
may recover f from the values of f(/n +¢,), f (V1 +38,), n >0, where one assumes gy = 8y = 0, and
sup, (1 +n)3*log(1 +n)3- (le,| +18,]) is sufficiently small.

Similarly, one can safely introduce four different perturbation parameters in Theorem 5.11 — one for f,
one for f’, one for f and a last one for f ' —as long as they still satisfy the conditions predicted in that
result. The same holds for Theorem 1.3, where one may select two different perturbation parameters, one
for the function and another for its derivative. As these generalizations are immediate from our proofs,
we chose to keep all results with one perturbation parameter, in order to simplify the exposition.

6B. Maximal perturbed interpolation formulae for band-limited functions. In Section 3, we have seen
how our basic functional analysis techniques can be employed in order to deduce new interpolation
formulae for band-limited functions. Although Kadec’s proof also uses the basic fact that, whenever a
perturbation of the identity is sufficiently small, we can basically “invert” an operator, he then proceeds to
find that the set of exponentials {exp(27i(n + €,)x)}n>0 is a Riesz basis for Lz(—%, %) if sup,, |ex| < le
by means of orthogonality considerations. Indeed, one key strategy in his estimates is to expand in the

different complete orthogonal system
{1, cos2rnt), sin(2n — D)t)},>1

and use the properties of this expansion. Our results, as much as they do not come so close to Kadec’s thresh-
old, follow a slightly different path: instead of using the orthogonality of a different system, we choose to
work directly with discrete analogues of the Hilbert transform and estimate over those. Although we do
not reach—by a 0.011 margin — the sharp Alf—perturbation result, one advantage of our approach is that it
yields bounds for perturbing any kind of interpolation formulae with derivatives. Indeed, following the line
of thought of Vaaler, many authors have investigated the property of recovering the values of a function
fe L?*(R) band-limited to [—k /2, k/2] from the values of its (k—1)-first derivatives (see, e.g., [Littmann
2006; Gongalves and Littmann 2018]). Our approach in Section 3 in order to prove Theorem 1.3 generalizes
easily to the case of several derivatives by an easy modification. It can be summarized as follows:

Theorem 6.1. There is L(k) > 0 so that if maxo<;<k SUp,cz |8,(ll)| < L(k), then any function f € L*(R)
band-limited to [—k/2, k/2] is uniquely determined by the values of

fOn+e?), nez, 1=0,1,....k—1.

A natural question that connects our results to Kadec’s results is about the best value of L (k) so that
Theorem 6.1 holds. We do not have evidence to back any concrete conjecture, but we find possible that
the threshold L (k) = i is kept for higher values of k € N. We speculate that, in order to prove such a
result, one would need to find an appropriate hybrid of our techniques and Kadec’s techniques (see for
instance Section 10 in [Young 1980, Chapter 1]), taking into account properties of the discrete Hilbert
transforms as well as orthogonality results.
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6C. Theorem 1.6, optimal decay rates for interpolating functions and maximal perturbations. In
Theorem 1.6, we have improved the uniform bound obtained in [Radchenko and Viazovska 2019] and,
more recently, the sharper uniform bound of [Bondarenko et al. 2023] on the interpolating functions a;, to
one that decays with x; namely, we have that

Ay |2 .~
|an(x)| 5 n]/4 10g3(1 +n)(e—clx\ /n1|x|<Cn +e L‘x‘1|x|>Cn)

holds for all n € N, where C, ¢ > 0 are two fixed positive constants. Although this improves the decay
rates from before, the power n'/4 found here and in [Bondarenko et al. 2023] in the growth seems likely
not to be optimal; to that regard, we pose the following:

Question 1. What is the best decay rate for a, as in Theorem 1.6? Can one prove that sup, g |a,(x)| =
O((log n)€) in n for some absolute constant C > 0?

This conjectured growth seems to be the best possible, due to the recent findings of [Bondarenko et al.
2023], which show that, for each N > 1, the average

1 2
Nl E |ay (x)]
k<N

grows slower than some power of log N.

Notice that, by a simple modification of the computations made in Section 4B, an affirmative answer
to Question 1 yields an immediate improvement in the range of ¢; that we allow for the theorems in
Section 4B. Indeed, we get automatically that |;| < i~! is allowed in such results. On the other hand,
this seems to be the best possible result one can achieve with our current methods, as the mean value
theorem implies that sup, g |a), (x)| 2 /7.

In particular, everything indicates that one needs a new idea in order to prove the following conjecture:

Conjecture 6.2 (maximal perturbations). Let f € Seven(R) be a real-valued function. Then there is 6 > 0
so that, if |e;| + |6;| <6 foralli € N, then f can be uniquely recovered from its values

fQO), fV1+e), f(V2+e), ...,

together with the values of its Fourier transform

£, F/T+8), F(/2+8), ...

It might not be an easy task to prove Conjecture 6.2 even with a new idea starting from our techniques,
but we believe that the following version stands a chance of being more tractable with the current methods:

Conjecture 6.3 (maximal perturbations, weak form). Let [ € Seven(R) be a real-valued function. Then,
foreach a > 0, there is § > 0 so that, if |e;|+|6;| < 8k™¢, then f can be uniquely recovered from its values

fQO), f(V1+e), f(V2+e), ...,

together with the values of its Fourier transform

£, F/T+8D, F(/2+8), ...

In this framework, the results in Section 4B may be regarded as partial progress towards this conjecture.
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