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A WESS-ZUMINO-WITTEN TYPE EQUATION
IN THE SPACE OF KAHLER POTENTIALS
IN TERMS OF HERMITIAN-YANG-MILLS METRICS

KuANG-RU WU

We prove that the solution of a Wess—Zumino—Witten type equation from a domain D in C™ to the space
of Kéhler potentials can be approximated uniformly by Hermitian—Yang—Mills metrics on certain vector
bundles. The key is a new version of Berndtsson’s theorem on the positivity of direct image bundles.

1. Introduction

Let L be a positive line bundle over a compact complex manifold X of dimension 7, and let # be a
positively curved metric on L with curvature w. The space of Kihler potentials is

Hy ={p € C°(X,R) : 0 +i3d¢p > 0},

and for a positive integer k we denote by #; the space of inner products on H°(X, L*). Starting from a
question asked by Yau [1987] and the work of Tian [1990], Zelditch [1998], Catlin [1999], and many
others, it is well known that a given Kéhler potential ¢ € H,, can be approximated by ¢, € H,, associated
with H; as k — oo. Furthermore, Mabuchi [1987], Semmes [1992], and Donaldson [1999] discovered
that H,, carries a Riemannian metric which allows one to talk about geometry, especially geodesics,
of H,,. Thanks to Phong and Sturm [2006], Chen and Sun [2012], Berndtsson [2018], and Darvas, Lu,
and Rubinstein [Darvas et al. 2020], geodesics in #,, can be approximated by geodesics in H; as k — oo.
More generally, one may wonder if harmonic maps into H,, can also be approximated by harmonic maps
associated with Hy. A version of this was confirmed by Rubinstein and Zelditch [2010] when X is toric,
and the maps take values in toric Kéhler metrics; see also [Song and Zelditch 2007; 2010].

Here we focus on a Wess—Zumino—Witten (WZW) type equation for a map from D C C" to H,,, and
we show that the solution to such an equation can be approximated by Hermitian—Yang—Mills metrics on
certain direct image bundles. We will also see how this result recovers some of those mentioned in the
first paragraph.

We first explain how to derive this WZW equation. Recall that the tangent space Ty, H,, at ¢ € H,, can be
canonically identified with C*°(X, R), and following [Donaldson 1999; Mabuchi 1987; Semmes 1992],
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342 KUANG-RU WU

the Mabuchi metric gj; on H,, is

gm(&.m) =f Enwy, for ¢ € H,, and &, € TpH,,.
X

Let D be a bounded smooth strongly pseudoconvex domain in C". A map ¢ : D — H,, will be identified
as ®: D x X — Rwith &(z,-) e H, forze D. Amap ®: D — H, is said to be harmonic if it is a
critical point of the functional E(®) = f ! P« |>dV, where dV is the Euclidean volume form on D, ®, is
the differential of ®, and |®,| is the Hilbert—Schmidt norm of ®,, measured by the Mabuchi metric gy,
and the Euclidean metric of D. A straightforward computation gives the harmonic map equation

m
DIVe, P20, =0, (1)
j=1

where {z;} are coordinates on D and |[V®, (2) |? is computed using the metric ®a(z). On the other hand,
there is a perturbed functional &, whose Euler—Lagrange equation is also of interest. The construction
of this perturbed functional is similar to that of [Donaldson 1999, Section 5] (see also [Witten 1983]),
where one-dimensional D were considered. In order to define &, we first define a three-form 6 on H,,:
for ¢ € H,, and &1, &, &3 € T¢Hw,

9(51’ SZ» 53) = gM({Slv 52}0)45’ 53) = L{$17 EZ}L%SSG)Z&’ (2)

where { -, -}, is the Poisson bracket determined by the symplectic form wy. This three-form 6 is d-closed
by Lemma 4.5 below, and by Lemma 4.4 there is a two-form « on H,, such that da = 6. For a map
®:D— H,, we define

E(®) = E(®)+4i Y /a(szj,csz)dV.
R D
J

We will show in Lemma 4.6 that the Euler—Lagrange equation of & is
m
DIV P =20z +i{Dz, Dy luy =0. 3)
j=1
Following [Witten 1983] and [Donaldson 1999], we call (3) the WZW equation for a map ® : D — H,,.
Donaldson [1999] showed, when m = 1, that the WZW equation is equivalent to a homogeneous
complex Monge—Ampere equation. We have the following extended equivalence for m > 1 by a similar
computation. Let 7 : D x X — X be the projection onto X. Then the extended equivalence is

m m—1
® solves (3) < (iddd +n*a))"+1 A (i Zde /\dZ) =0. 4)
j=1

This suggests that the proper generality of the WZW equation is for maps from a Kihler manifold D
to H,. Nevertheless, in this paper we restrict to D C C™.

The next step is to construct a solution of the WZW equation, and then we will show it can be
approximated by the solutions of Hermitian—Yang—Mills equations.
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Definition 1.1. We will say that a function u : D x X — [—00, 00) is w-subharmonic on graphs if, for any
holomorphic map f from an open subset of D to X, we have that ¥ ( f(z)) + u(z, f(z)) is subharmonic,
where 1 is a local potential of w.

This definition does not depend on the choice of ¥ since any two local potentials differ by a plurihar-
monic function. (This definition has its origin in the works of Slodkowski [1988; 1990a; 1990b], and
Coifman and Semmes [1993]; however, they focus on functions « defined on D x V with a vector space V
where u(z, - ) are norms or quasinorms, whereas we consider simply functions on D x X. There is also a
notion of k-subharmonicity, see [Btocki 2005], but it is not equivalent to subharmonicity on graphs.)

Let v be a real-valued smooth function on 0D x X and 0D > z + v(z, - ) = v, € H,. We simply write
veC*®@D, H,). Consider the Perron family

G, := {u € usc(D x X) : u is w-subharmonic on graphs, limsup u(z,x) <v(¢, x)}.
D>5z—>7€dD
As we will later see, the upper envelope V = sup{u : u € G,} is a weak solution of the WZW equation
from D to H,. The above setup is for H,. As for Hy, we recall first the two maps that connect H,,
and Hy. The Hilbert map Hy : H, — Hy is

Hi(¢)(s, s) = / h* (s, s)e *w",  for ¢ € H, and s € HO(X, L*).
X
In the other direction, the Fubini—Study map F Sy : Hy — H,, is given by

FS,(G)(x) = llog sup hk(s, s)(x), for GeH; and x € X.
k seHO(X,LF)

G(s,s)<I1
Now following the definitions from [Coifman and Semmes 1993], let NV} be the set of norms on H 0(X, L™,
Then a norm function D > z — U, € N is said to be subharmonic if log U.( f(z)) is subharmonic for
any holomorphic section f : W ¢ D — H°(X, L*)*. The second Perron family we consider is

G{‘) = {D >z — U, € N} is subharmonic, lim sup Uzz(s) < H(v;)(s, s) for any s € HO(X, Lk)*},
D37—>¢€dD

where H;’(v) is the inner product dual to Hy(v). We note a remarkable theorem about the upper envelope

VK =sup{U : U € G*} from [Coifman and Semmes 1993], which shows that V¥ is not only a norm but

an inner product (see [Slodkowski 1990a, Corollary 2.7] for a different proof); moreover, it solves the

Hermitian—Yang—Mills equation (see also [Donaldson 1992])

{A@(vk) =0,
Vkap = H (v).

Here we view V¥ as a Hermitian metric on the bundle D x H°(X, L¥)* — D, and ®(V*) is its curvature.
Further, A is the trace with respect to the Euclidean metric of D, so in general A®(V¥) takes values
in endomorphisms of H(X, L¥)* Denoting the dual metric by (V¥)* our main result is that the upper
envelope V of G, is the limit of Hermitian—Yang—Mills metrics.
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Theorem 1.2. FS;((V¥)*) converges to V uniformly on D x X, as k — oo.

Now we turn to the interpretation of the upper envelope V and its relation to the WZW equation. The
next theorem shows that V solves the WZW equation under a regularity assumption.

Theorem 1.3. If the upper envelope V of G, is in C*(D x X), then
_ m m—1
(33 V +7*w)" A (i > dzin dzj> =0.
j=1

As a result, Theorems 1.2 and 1.3 together show that the solution of the WZW equation can be
approximated by the Hermitian—Yang—Mills metrics. (The equation in Theorem 1.3 is similar to the
complex Hessian equation, which has been studied extensively in [Btocki 2005; Collins and Picard 2019;
Dinew and Kotodziej 2014; Dinew et al. 2019; Lu and Nguyen 2015; 2019], and we hope to return to it
in the future.)

The C? assumption in Theorem 1.3 is somewhat artificial. At this point, we are able to show V is
continuous by Corollary 3.3, and it is desirable to prove higher regularity of V either through PDE
techniques or pluripotential theory which we will pursue in a different paper. The guiding example is
when m = 1. In that case the WZW equation is the much studied complex Monge—Ampere equation; it is
known that V is not smooth in general (see [Darvas 2014; Darvas and Lempert 2012; Lempert and Vivas
2013]), and C"! is the best one can hope for (see [Btocki 2012; Chen 2000; Chu et al. 2017]).

We mention briefly works related to our result. If m =1 and D C C is an annulus, and v is invariant
under rotation of the annulus, then Theorems 1.2 and 1.3 recover the geodesic approximation result of
Phong and Sturm [2006] and Berndtsson [2018]. When X is toric, these theorems are reduced to the
harmonic approximation of Rubinstein and Zelditch [2010], except that C? convergence is proved in their
paper (see also [Song and Zelditch 2007; 2010]).

The proof of Theorem 1.2 hinges on Theorem 2.1, a result regarding the positivity of direct image
bundles. Although Berndtsson’s theorem [2009] has played a crucial role in approximation theorems
similar to Theorem 1.2 (for example [Berman and Keller 2012; Berndtsson 2018; Darvas and Wu 2019;
Darvas et al. 2020]), when it comes to approximating by Hermitian—Yang—Mills metrics, a subharmonic
analogue of Berndtsson’s theorem is desired. It is Theorem 2.1, where we prove a version of positivity of
direct image bundles for weights that are subharmonic on graphs. This is perhaps the crux of this paper.
A corresponding result on Stein manifolds can be proved easily following the proof of Theorem 2.1.

The WZW equation (3) is the harmonic map (1) perturbed with Poisson’s bracket, which is closely
related to the geometry of #,,, an infinite-dimensional nonpositively curved manifold. Since the theory
of harmonic maps into nonpositively curved manifolds is well developed by Eells and Sampson [1964],
Hamilton [1975], and many others, a possible future direction is to see if one can combine the classical
results with those of this paper to study #,. Yet another possible but remote direction is to use slope
stability in the Donaldson—Uhlenbeck—Yau theorem to study the K-stability by Theorem 1.2. This is a
vast subject and we only mention a few papers that are closer to our study. See [Chen et al. 2015a; 2015b;
2015c; Dervan and Keller 2019; Donaldson 1985; Li 2012; Székelyhidi 2014; Uhlenbeck and Yau 1986;
Zhang 2021].
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Before we end this introduction, a few words about the structure of this paper. In Section 2, the
subharmonic version of positivity of direct image bundles is proved, except we put off a technical lemma
to Section 5. Section 3 is devoted to Theorem 1.2 and Section 4 to Theorem 1.3. In Section 6, we draw
parallels with [Darvas and Wu 2019].

2. Positivity of direct image bundles

Consider a Hermitian holomorphic line bundle (E, g) — X" over a compact complex manifold, and
assume the curvature 1 of the metric g is positive. For two sections s, € H “X,EQK x), We write
locally

s=o0®s, t=tQt,

where o, T € E and s/, t’ € Kx. (Such an expression is possible as long as one of the bundles is of rank 1.
In the current case, E and Ky are both line bundles.) We extend the metric g to acting on sections
of E® Kx by setting g(s, 1) = g(o, T)s'At’, which is an (n, n)-form. It is not hard to see this (n, n)-form
is globally defined on X.

We define a variant of the Hilbert map: Hilbggk, (), for a function u : D x X — R, is given by

Hilbrgk, (1)(s, s) = / g(s, s)e &)
X

with s € HO(X, E ® Kx). Since the integrand on the right is already an (n, n)-form, the integral makes
sense. In the following, suitable assumptions will be made on u to make sure the integral converges. Then
the map z — Hilbggk, (1) is a Hermitian metric on the bundle D x H°(X, E® Kx) — D. The main
result of this section is the following positivity theorem.

Theorem 2.1. If u is bounded and upper semicontinuous (usc) on D x X, and n-subharmonic on graphs,
then the dual metric Hilby g (u) is a subharmonic norm function.

The following approximation lemma is somewhat technical and we postpone its proof to Section 5.

Lemma 2.2. Let u be a bounded usc function on D x X which is n-subharmonic on graphs. Then, for D’
relatively compact open in D, there exist ; \( 0 and uj € C*°(D' x X) decreasing to u, where u; is
(1 — &j)n-subharmonic on graphs. Namely, for any holomorphic map f from an open subset of D' to X,
AW (@) +uj@. £) = e, AW (f (2)). where 1 = i3 locally

Proof of Theorem 2.1. Since being a subharmonic norm function is a local property, we focus on D/, a
relatively compact open set in D. Take ¢; and u; as in Lemma 2.2. Assuming the theorem holds for such
a u; (namely, the dual metric Hilb*E® Ky (1)) is a subharmonic norm function), it follows that Hilb’g® Ky (W)
is also a subharmonic norm function because Hilbyg ¢ (1)) decreases to Hilbyg . (1) as j — oo.

As a result, we only need to prove the theorem for u € C*°(D’ x X) with the property that there
exists € > 0 such that for any holomorphic function f from an open subset of D’ to X,

AW (f(2) +ulz, f(2) > eAW(f(z), where n=iddy locally. (5)
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In a coordinate system 2 C C" on X, we will not write out the coordinate map. We will use Greek
letters u, A for indices of coordinates on X, and Roman letters i, j for indices of coordinates on D;
moreover, f* means the u-th component of f, whereas 3, u;;,
821p/8xu 80Xy, 0%u/0z;0Z;, and 8%u/dz;0%, respectively. In this coordinate system 2 C C" on X, we first
show that the matrix (Y5 +u,5)(zo, Xo) is positive definite, for any given (zg, xo) € D’ x Q. Inequality (5)
about v + u is unchanged after a translation in coordinates of D’ x £, so we can assume (zg, xo) = (0, 0).

and u;; mean partial derivatives

In terms of local coordinates, inequality (5) becomes
af* o f* of* 9 f* afraft
—_— 6
,;me dz; 9% —Zw’“ dz; 97 +Z ”+Z “ a‘ Z Wa +Z Yl 9z - )
Fix (1, &, ..., &,) € C". For N apositive number, we consider f(z) = N(Sl 60, .., Sn)zl ; note that f(z)

is in Q by restricting z in a small neighborhood of 0 in D’. With such a choice of f, we deduce from (6)
that

£ Ui 0. 08EN" < 3,50, 085N+ 3 ;5 (0,0)
A A i

+ ) ui0.05N + > uj, (0,0EN + > u,;500,005,EN% ()
A 1% ALl

For larger N, we have to restrict f to a smaller domain in D’, but since inequality (7) is evaluated at (0, 0),
it holds for any N. Divide (7) by N? and send N to infinity, to obtain (Y5 + uu;\)(O, 0) = e(¥,5)(0,0)
as matrices, and hence (WM; +u MX)(O, 0) is positive definite.

Let L>(X, E ® Kx) be the space of measurable sections s whose L?-norm f ¥ &(s, s)e ") is finite.
Since different z will give rise to comparable L2-norms, the space L?(X, E ® Kx) does not change with z,
and so we have a Hermitian Hilbert bundle D’ x L?(X, EQK x) — D’ whichhas D'x H(X, EQKx) — D’
as a subbundle. Denote the curvature of the subbundle by ©® =) © igdzj Adzg. This setup is almost
identical to [Berndtsson 2009, Theorem 1.1], where the author observed that the second fundamental
form of the subbundle D’ x H°(X, E ® Kx) — D’ can be controlled by L?-estimates. Following the
computations in Section 3 of the same work, we deduce

I / K(z,)g(s, s)e @), ®)
- X
J

where s € H(X, EQ Kx) and K : D’ x X — R is a smooth function, given in local coordinates on X by
K= Z( Z(W"'”)M”M”u)’

here (Y + u)il‘ stands for the inverse matrix of (¥ 4+ u); w cf. [Berndtsson 2009, Formula (3.1)].
We claim that K > 0. Fix (zg, xo) € D’ x X with a coordinate system €2 around x¢. First notice that
is independent of z, so if we denote ¥ (x) + u(z, x) by ¢(z, x), then

K= 30(05- o005,
J Ao
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Since the matrix (¢,,;) is positive definite, we can assume local coordinates in €2 are such that (¢,5) is
the identity matrix at (zg, xg), and therefore K (zg, xg) = Zj (¢ 7 — >, |¢j1|2)(Z0’ Xo). For a holomorphic
function f from an open subset of D’ to €2, the subharmonicity of ¢ (z, f(z)) reads as

g fr
Z¢ll +Z¢1A a— +Z¢lu 8 Zd)ukaLZla_i >0 (9)

Without loss of generality, we assume (zg, Xo) = (0, 0) and choose f* = — > #;5(0,0)z; in (9) with z
small so that f (z) is in Q. Inequality (9) becomes )~ (¢;7 — >",18,517)(0, 0) > 0. Therefore K > 0. See
also the remark after Lemma 4.1 for a slightly different proof of this claim and an invariant meaning of K.

As a result, (8) implies Z (@ zs,s) > 0, and hence the curvature of the dual metric Hilb% Eoky W)
satisfies the opposite inequality; accordlng to [Coifman and Semmes 1993, Theorem 4.1] this implies
Hilb% g k, (1) is a subharmonic norm function. O

Now we replace (E, g) by (L*® K%, h* @ »™), which is positively curved for large k since
O(h* ® ") = kw + Ricw.
We have the following proposition regarding the metric Hy («) on the bundle D x H°(X, L¥).

Proposition 2.3. Suppose u is a bounded usc function on D x X and with some ¢ € (0, 1) we have that
u is (1—e)w-subharmonic on graphs. Then there exists kg = ko(e, w), independent of u, such that, for
k > ko, the dual metric H}'(u) is a subharmonic norm function.

Proof. In order to use Theorem 2.1, we must check if ku is (kw + Ric w)-subharmonic on graphs. Suppose
that w = i39y and Ric w = idd¢ locally. Then we want to see if kv (£ (z)) + ¢ (f (2)) + ku(z, f(z)) is
subharmonic for any holomorphic map f. Note that

kY +¢+ku=k(1—e)y+ku+ecky+¢,

and k(1 — &)y (f(z)) + ku(z, f(z)) is subharmonic by assumption. On the other hand, there exists kg
depending on ¢ and w such that ekyr 4 ¢ is plurisubharmonic (psh) for k > ky. Therefore, for k > ko,
ku is (kw + Ric w)-subharmonic on graphs. By Theorem 2.1, the metric Hilbzk (ku) is a subharmonic
norm function for & > ky. The proposition follows since Hilb;« (ku) = Hy(u). U

3. Approximation by Hermitian-Yang-Mills metrics

Recall that D is in C™ and (L, h) — X" is a positive line bundle with curvature w.

Lemma 3.1. Let u be an usc function on D x X and w-subharmonic on graphs. Then for any fixed z € D,
u(z, x) is w-psh on X, and for any fixed x € X, u(z, x) is subharmonic on D.

This can be seen as a special case of an abstract theorem in [Slodkowski 1990a, Section 1], whose
proof we translate to our setting.

Proof. By choosing the holomorphic map f constant in the definition of w-subharmonic on graphs, it
follows immediately that u(z, x) is subharmonic in z.
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For a fixed zg € D, we want to show x — ¥ (x) + u(zg, x) is psh in a coordinate system Q2 C C"
on X, where ¥ is a local potential of w. Let P be the complex line {Ae; : L € C,e; = (1,0,...,0) € C"}.
Without loss of generality, it suffices to prove that, for Ae; € P N2, the function A — ¥ (Aey) +u(0, rep)
is subharmonic. Let U be a disc in P N €2, and we simply write U = {L € C: |. —a| < R}. Let h()) be
harmonic on U and continuous up to the boundary. We will be done if

Y(aey) +u(0,ae;)+h(a) < ggi{](uw(kel) +u(0, rep) + h(X)).

Suppose the inequality is not true. By [Slodkowski 1986, Lemma 4.5] with U C U as the two compact
sets in that lemma, there is an R-linear function / : C — R and b € U such that, if we write

v(z, ) = ¥ (rer) +u(z, Aer) +h(A) +1(A), (10)
then
v(0,b) > v(0,1), for A e U —{b}.
Now define W(z, Ay, ..., Ap) :=v(z, A1) + - - - + v(z, 1) in a neighborhood of (0, b*) := (0, b, ..., b)

in C" x C". As W(0,b*) > W(0, Ay, ..., Ay) for (Ay, ..., A,) # b* there exists a ball B C C" of
radius r centered at b* such that

W (0, b*) > max W.
{0}xdB
Since W is usc, there exists € >0 such that W(z, A1, ..., A,) < W(0, b*), for |z]|<eand (A{, ..., A,,) €0B.
Let S = (r/e) Idcm. We have W (z, b* 4+ S(z)) < W (0, b*) for |z| = &, which contradicts the maximum
principle because W (z, b* 4+ S(z)) = Z;":l v(z, b+ (r/e)z;) is subharmonic by (10). Il

Although in the Introduction the boundary data v is in C*°(d D, H,,), we will prove a lemma for a broader
class of boundary data v. Let v: 9D x X — R be a continuous map such that v,(-) :=v(z, - ) € PSH(X, w)
for z € dD. Let

G, = {u eusc(D x X) : u is w-subharmonic on graphs, limsup u(z,x) <v(¢, x)}.
D>z—¢€dD

In order to study the properties of the upper envelope V of G, we introduce a closely related family.

With the projection 7 : D x X — X, let

F, = {u -u e PSH(D x X, m*w), limsup u(z, x) < v(Z, x)}.
D>z—¢€dD

The upper envelope of F, extends to a solution U/ € C(D x X) of

(T*w +i9dU)" " =0 on D x X,
7w+ 00U > 0 on D x X,

Ulagpxx = ;
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see for example [Boucksom 2012; Darvas and Wu 2019]. In addition, we also need the solution 4 to the
Dirichlet problem

> ihij+Ach+2n=0 on DxX,

hlapxx = v.

Lemma 3.2. If we denote the upper envelopes of G, and F, by V and U, respectively, thenU <V < h
and

lim V(z, x) = v(z0, X0).
(z,x)— (20,x0)€dDx X

Moreover, if v is negative, then so is V.

Proof. Unraveling the definitions of F, and G,, we see F\, C G,,soU <V. Forany u € G, u(z,-) is
w-psh for fixed z by Lemma 3.1, hence A,u +2n > 0; in addition, u( -, x) is subharmonic for fixed x. By
the maximum principle, # < 4 and hence V < h also. U and & are both equal to v on dD x X, and so is V.

For a fixed x¢ € X, let Hy(z) be the harmonic function on D with boundary values v(z, xo). Foru € G,
we have u(z, x¢) < Hy(z), and therefore V(z, xo) < Hy(z). The second statement follows at once. Il

With Proposition 2.3 at hand, we can start to prove Theorem 1.2. The following envelope will be used
in the proof: for an usc function F on X, we introduce

P(F) :=sup{h €e PSH(X, w) | h < F} € PSH(X, w);
see [Berman 2019; Ross and Witt Nystrém 2017].

Proof of Theorem 1.2. Without loss of generality, we will assume v < 0. Fix § > 1, and for z € dD,
define vf = P(6v;). By [Darvas and Wu 2019, Lemma 4.9], 0D x X > (z, x) > vf (x) is continuous.
Let V? be the upper envelope of G,s. By Lemma 3.2, V? <0, and so u < 0 for u € G,s. The next step is
to have a better upper bound for u € G,s. To that end, we can look instead at max{u, c}, which is still
in G,» as long as the constant ¢ < minv®. Since max{u, c} is bounded, we will assume u is bounded.
Moreover, u/é is w/3-subharmonic on graphs. According to Proposition 2.3, there exists kg = ko(5)
such that for k > ko, H(u/8) is a subharmonic norm function. Because lim sup,,, H;" (u/8) < H;(v),
it follows that H(u/8) € GX and therefore H(u/8) < V¥ on D and FSy(Hy(u/8)) < FS((VK)*).
By Lemma 3.1, we have w +i39u/8 > (1 — 1/8)w, (the operator idd here is with respect to variables
in X). The Ohsawa—Takegoshi extension theorem implies (see [Darvas et al. 2020, Theorem 2.11] or
[Darvas and Wu 2019, Lemma 4.10]) that there exist C > 0 and ky(8) such that, for k > kg,

1 C 1 *
L€ < Fsio Hk<§u> < FSi (V5.

Since §v < 0, both V¢ and u are negative by Lemma 3.2, and as a result we have u — C/k < F S (VF)*):
this statement is true for any u € G5, so we actually have véi—C /k<F Sk ((V®)*). In addition, since
v, + (8 — 1) infypxx (v;) is a competitor in P (Sv;,),

V+(@—1) inf (v) <V’
0DxX
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Putting things together, we conclude
V+(@B—1) inf (v)—g < FS((VH*),  for k > ko(5). an
dDxX k

Next we claim that ' Sk((VZk)*) (x) is w-subharmonic on graphs. Some preparation is needed. Let s be a
nonvanishing holomorphic section of L¥ over an openset Y C X. Let ek .= nk(s,s) and spiY — (L*)*
be defined by s7 (x)(-) = h*(-, k@ /25(x)) for x € Y. Suppose §; : ¥ — H(X, L¥)* is the pointwise
evaluation map of s, namely 5 (x)(0) := s5; (x) (0 (x)) for o € H 0(X, L¥). Then we have the following
formula, which is taken from [Darvas and Wu 2019, Lemma 4.1]:

2
k
Meanwhile, for o € H°(X, L*), we have ek¢(x)/2§,f(x)(o) = o(x)/s(x) is holomorphic, so ek¢/2§,f is
holomorphic. Hence for any holomorphic map g from an open subset of D to X,

1
k

By [Coifman and Semmes 1993, Theorem 4.1], the Hermitian—Yang—Mills metric Vzk is a subharmonic

FS(VH* (x) = Zlog[VEGE ()], xev. (12)

A@ @)+ FS(VE (@) = A( 7 1ogl V(257 0 g () PP). (13)

norm function, so the last term of (13) is nonnegative, which means F Si ((VF)*) is w-subharmonic on
graphs as we claimed. Further, according to the Tian—Catlin—Zelditch asymptotic theorem or by [Darvas
and Wu 2019, Lemma 4.10], we have an easier but cruder estimate

FSi((VE)*1ap) = FSk(Hi(v)) < v+ O(logk/k),

SO
FSe((V5") € Gurotogk/b
and
FSi((V¥)*) < V + O(logk/k).
This last inequality together with (11) concludes the proof. 0

It is natural to ask if V belongs to G,. A standard approach to show that the envelope belongs to a
family is to take upper regularization, and the case at hand is very similar to [Coifman and Semmes 1993,
Lemma 11.11], where upper regularization is taken in the z-variables. The reason it works in their lemma
is because their function in the x-variables is a norm, but ours is not and regularization does not seem to
work. However, with Theorem 1.2 one can easily show V € G,. It would be interesting to prove V € G,
directly without using Theorem 1.2; after all, G, and V can be defined on any Kéhler manifold (X, )
without reference to a line bundle.

Corollary 3.3. The upper envelope V is continuous, and V € G,

Proof. The first statement is a direct consequence of Theorem 1.2. As to the second statement, let v
be a local potential of w and f a holomorphic map from an open subset of D to X. For any u € G,
¥ (f(2)) +u(z, f(z)) is subharmonic; hence ¥ (f(z)) + V(z, f(z2)), the supremum over u € G,, is also
subharmonic since V is continuous. By Lemma 3.2, it follows that V € G,,. O
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4. The WZW equation

We will prove Theorem 1.3 and compute the Euler—Lagrange equation of & in this section. We begin
with an observation. Suppose u is a C? function on D x X and v is a local potential of w. Consider
the complex Hessian of u + ¢ with respect to a fixed coordinate z; in D and local coordinates x in X
where 1 is defined,

(u‘f"/f)z,zj (”+1//)z,i| (u‘f"/f)z_,'i,,
(u+w)x1zj (M_{’w)x]xl (M+W)x1i,,

, (14)
(u+1//)x,,z, (”"‘w)x,,xl te (u+1//)x,,fc,1
which we will denote by (u + v);. Then
_ m m—1
(i0du + ¥ w)"™ A (i Zde /\de)
j=I1
=m+D!m—-1)! Zdet(u + I/f)j(/\ idzg NdZg N /\idxl /\d)?l). (15)
j=1 k=1 =1

Lemma 4.1. Suppose u is a C* function on D x X and o +iddu(z,-) > 0on X forall z € D. Then u is
w-subharmonic on graphs if and only if

m m—1
(i09u + *w)" T A (i Zde /\de) > 0.
i=1

Proof. Let ¢ be a local potential of @ and denote the complex Hessian of u + v with respect to z; and x
by (u+1)j, as in the matrix (14). Due to (15), we will focus on Z — det(u +v);.
Let f be a holomorphic function from an open subset of D to X. Then in a coordinate system on X,

SO e 0= T S D D+ oo L ua i

A, 821 azl

If we denote the matrix (%X +u u?_») by A and the column vector (u;3) by B;, then the right side of the
equation above can be written as

of of of of\ ,
¥ o e

where the angled inner product is the usual Euclidean inner product and df/dz; is the column vector
(0f*/0z;). The matrix form can be further written as

(Hf_+f B

0Z;

-~ ||¢Z”B,»||2 +u,-;>. (17)
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Notice that

S CIVA BIPu) =Y ;- (A B BY) = Z( = ug +M)X“M;M)
i i i A
=§:<mm+w»

—, (18)
d.f:'[(lﬁM)‘L + MMX)

1
where the last equality can be deduced from Schur’s formula for determinants of block matrices as follows
(see also [Semmes 1992; Berndtsson 2009] for a different computation). We examine the complex Hessian
of u+y,

Uu+v)zz W+y)gyz - W+y)ys,
(u+ W)xﬁj (u+ ¢)x1x1 e (u+ lﬁ)m,,

’

(u+); =
(M+W)x,,z,~ (u+w)x,,il ce (”+W>xr,2n
and find that the Schur complement of the trailing n x n minor ((u + ) ;) is precisely
= D) g,
A

which is also equal to det(u + v); / det((u + ) ui) by Schur’s formula; see [Horn and Zhang 2005].
Now u is w-subharmonic on graphs if and only if (17) is nonnegative for any holomorphic maps f, and

it is equivalent to the last summation in (18) being nonnegative. The lemma follows from the positivity of

the matrix (Y5 +u,3) and (15). Il

From (15) and (18), the function K in the proof of Theorem 2.1 has the invariant expression

m—1

min! (T o +i09u)" N A (i Y dzj AdZ;)
S =D+ (@+iddu) A (i YT dzy AdZ)"

and one can see K > 0 if u is w-subharmonic on graphs. See also [Campana et al. 2019, Section 4.1,
Formula (85)].

Proof of Theorem 1.3. By (15), the equation
_ m m—1
(i93V + ¥ w)" T A (iZdzj/\de) =0
j=1

is equivalent to ) j det(y +V); =0, so we will prove the latter equation.

By Corollary 3.3, the function V is w-subharmonic on graphs, and hence V (z, x) is w-psh on X by
Lemma 3.1. Take a coordinate chart  of X. Then for ¢ > 0 and x € €, the function V (z, x) + &|x|?
satisfies the assumption of Lemma 4.1, so ), det(y + V + e|x|?); >0 and Y idet(y +V); > 0.

Suppose Y, det(y + V); is positive at a point p in D x X. We may assume det(y + V) is positive
at p. We digress here to prove the following lemma.
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Lemma 4.2. Let A be an (n + 1) x (n + 1) Hermitian matrix partitioned as

ail  ap - A+l
az]
A= } ,
: B
A(n+1)1

where B has size n x n. If det A > 0 and the matrix B > 0, then the matrix A > 0.

Proof. The semipositivity of B implies that A has at least n nonnegative eigenvalues, and actually it has at
least n positive eigenvalues since A is invertible. The last eigenvalue of A must also be positive because
det A > 0. 0

By the above lemma, the matrix (¥ + V) is actually positive at p. Its n xn trailing minor (¥ +V) ;3 (p)
is also positive. Since V is assumed to be C? we can find a neighborhood N of p in D x X such that
the matrix ( +V),; > & in N, for some positive number é. By possibly shrinking N, we also have
> ;det(y +V); >0in N.

For the last step in the proof of Theorem 1.3, choose a smooth cutoff function p supported in N with
—8/2 < (p,;) < /2 and such that > . det(y +V + p); > 0in N. We see the function V + p satisfies
the assumption of Lemma 4.1 on N, and hence V + p is w-subharmonic on graphs and is in G,, which
contradicts V = sup G,. Therefore, Zj det(yy +V); =0. O

As in the Introduction, 8 on H,, is given by

0(&1, &2, &3) = gm ({61, 62}wy- §3) = /X{Sl, &2} w, 6300, (19)

where ¢ € H,, and &, &, &3 € TyH,,. We have (&, Sz}%a)g) =nd& ANd& N a)g_l, and using integration
by parts we deduce that

[ 6 Elusio = [ @i luyof,
X X

and therefore 6 is indeed skew-symmetric and a three-form. Moreover, 6 is smooth in the sense that,
for smooth vector fields X1, X», X3, the function 6(X1, X2, X3) : H, — R is smooth. The rest of this
section is devoted to proving that the three-form 6 is d-closed on H,, and showing the derivation of the
Euler—Lagrange equation of &.

The exterior derivative and the Poincaré lemma over a Banach manifold are discussed in detail in
[Abraham et al. 1988, Supplement 6.4A], and although #,, is a Fréchet manifold, we can still derive the
following two lemmas by similar approaches. See [Hamilton 1982] for a discussion of Fréchet manifolds.

We define first the exterior derivative on H,. Given a smooth k-form 8 on H, and tangent vectors
&o, ..., & at Ty’H,, in order to define

dB(&o, ..., &),

we extend &; to vector fields on H,,, which are constant in the canonical trivialization T H,, ~ H,, x C*°(X).
Still denoting the constant vector fields by &;, the exterior derivative is given by the well-known formula

k
Ao, - &) =) (=1 Le;(Bo, - &), .. 8N+ ) (D B(Leg b, B,

j=0 i<j
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where é’ ; means &; is to be omitted and L, is the Lie derivative along &;. Since the flow that &; generates
is simply the translation ¢ — ¢ + t&;, the Lie derivative L¢,§; equals 0. We summarize the discussion in
the following lemma.

Lemma 4.3. Let 8 be a smooth k-form on H,, and let &y, ..., & be vector fields on H, which are
constant in the canonical trivialization TH,, ~ H, x C®°(X). Then
k
dpo, ..., &) = Z(—l)]Ls,-(ﬁ(So, v iy E10)) (20)
Jj=0
: d
— _1 < £ .
—ZO< D/ 2| _ B0 80 @ 1)), 1)
]:

where é ' means &; is to be omitted. (This formula is true if H,, C C°°(X) is replaced by an open subset of

a Fréchet space.)

Lemma 4.4. If 8 is a d-closed smooth k-form on H,,, then there exists a (k—1)-form HB on H,, such
that d(HB) = B.

Proof. The proof is similar to the finite-dimensional case. Recall that #,, is convex and that 0 € H,,.
Given &y, ..., &1 € TyH,, we define the (k—1)-form HpB by

1
Hﬂ@l,...,sk_l):fo FB@ L B ) d.

Here ¢, &1, ..., & are regarded as constant vector fields through TH,, ~ H, x C(X).
To find d(HB) (&1, ..., &), let us compute
d A

E‘zonﬁ@l’ s &y 8 (D F1E))

~ A

~ lim HBEr, ... &, 8@+ hE) —HBGL, ..., &, ... 5)(9)

h—0 h

A~ A

:llm/ltk_lﬂ(¢+h$j’$1’ s‘i:jv7§k)(t¢+thsj)_ﬂ(¢7sla aglvask)(tgb) dt

h—0 Jo h

:limfl<tk_113(¢’glv“'véj’"'vék)(td)'i‘théj)_ﬁ(d)’glv“'vsj""vék)(td))
0

h—0 h

+ B B B +thgj)) dt.

A

As (t,h) — B(d, &1, ..., éj, &)+ l‘héj) and (¢, h) — ,3(%']', ..., éj, L E)@ + thfj) are
smooth, we can exchange the limit and integral and obtain

1
/ tk—li
s | dh

A

@& Ei o 8Ot +1hE) +1 7 BE L EL L ED () dr

h=

1
=/ | @6 8006+ hE) + (DT B B0 () dr.
0 h=0
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As a result, by Lemma 4.3,

d(HB) . ... &)
k 1
=Z<—1>f“f0 L] B@ B BOGHhE) + (DB 8 (g dr.
j=1 -

On the other hand,
Hdp)&, ..., &)
1
=f0 AR &1, ... E)id) di

1 k
Y _ ji| 3 . i‘
/0 r (2( D nl @ E B hE) + | B 8D +he) ) dr,
j:
where the last equality is due to Lemma 4.3. Therefore

1
[d(HB) + H@B)I(&1, -, &) = /0 KB 80G) + 1] B Etp+he) dr

1
:/ %(rkﬁ(gl, s @) dr = B, - &)
0

and the lemma follows since df = 0. O
Lemma 4.5. The three-form 0 is d-closed.

Proof. This is similar to the derivation of the Aubin—Yau functional and the Mabuchi energy; see e.g.,
[Btocki 2013, Section 4]. Consider four vector fields &;, &, &3, & on H, which are constant in the
canonical trivialization TH,, ~ H, x C*(X). By Lemma 4.3,

do(&1, 62,83, 84) =610(82, 83, 64) — 620(81, 83, 84) +530(81, &2, 64) — 640(61, 62, &3). (22)

Using
n n— d ne . -
{83, §a}oy 0y =nd&3 Ndés N ' and i t:0w¢+}51 = (n—1)iddé; A wy 2
we have
d
£10(62. 63,60 = £10(63. 60, 8) = S| 0(3, 80, 8@ +15)
d n
= E =0 /};{539 S4}a)¢+z§1 S20)¢+tsl
= d d d n—1
drl—o Jx Sands N dEa A g,

= / Exndéy AdEg A (n— 1)iddE Al
X

= /X Eindgs AdEs A (n — 1)iddEr A wj,;‘z =50(81, &3, &),
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where the second to last equality is due to integration by parts. Because of the symmetry in index, all
terms on the right side of (22) equal 0, and therefore d6 = 0. Il

Since 8 is d-closed, there exists a two-form « on H,, such that do = 6 by Lemma 4.4. For a map
®: D — H,, the derivative ®,, = 3 (Pge; —i Pim;,) is a section of C® TH,, along @, and or(P,, ;)
is a function on D. We define

E@):=E(P)+4i E / a(dz;, &) dV
—JD
J

=/D|CI>*|2dV+4iZ/Da(CDZj,CI>zj)dV,
J

with dV the Euclidean volume form on D.

Lemma 4.6. The Euler—Lagrange equation of & is
m
DIVE P 2Pz +i{ D, Dy =0, (23)
j=1

where VO, is the gradient of ®;; with respect to the metric wg.

Proof. Let W be a smooth map from D to C*°(X) with compact support. The variational equation is

0:% <f|(d>+t\l!)*|2dv+4i2/ a((CI>+t\IJ)Zj,(CI>+t\IJ)Zj)dV>. (24)
D | D

t=0

An extension of the computation in [Donaldson 1999, Section 2] shows that the first term in (24) equals

0/|(CI>+I\IJ)*|2dV://4<Z|VCI>Zj|2—ZZQDngj)\IJw%dV. (25)
=0Jp DJX - -
J J

The remaining task is to compute the second term in (24).

To that end, we denote C*°(X, C) by C2°(X) and introduce A : H,, x CZ°(X) x CZ°(X) — C as follows.
If (u,8), (u,n) € Hy x CZ(X) ¥ CR® THy, then A(u, &, ) := a((u, §), (u, n)). Therefore, for fixed
small 7 € R, a((® +1W)z,, (P +1W);,) = AP+ 1V, (P +1W);, (P +1W¥),,) maps from D to C. By
the chain rule,

% _A@A 1Y (@4 10) (D 1D),)

d
dt

=d|A(D, Dz, P;)) (V) + D AP, Oz, D) (V) + d3A(D, Pz, O ) (W),  (26)

where d1 A, d>A, and d3 A are partial differentials of A. Since A is linear in the second and third variables,
AP, Oz, D) (Vz,) = A(P, Yz, @) and d3A(D, Dz, D) (V) = A(D, Oz, W;,). Hence the right

Zj»
side of (26) becomes

diA(D, @z, @) (V) + A(D, ¥z, ) + A(D, Dz, V). (27)
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By similar computations,

a%jA(CID, U, &) =diA(D, ¥, D) (Dz) + A(D, V3, ;) + A(D, ¥, D 7,), o8
%A(d” Dz, W) =d|A(D, Oz, U)(D) + A(D, Dz, W) + A(D, Dz, W),
So integration by parts gives
/ A(D, Wz, &, )dV = —/ (d1A(P, ¥, @) (Pz,) + A(P, ¥, D7) dV,
D D (29)

/A(CD, ®5j,wzj)dV:—/(d1A(®, Dz, W)(D,,) + A(D, Dz, W) dV.
D D

Combining (27) and (29), we find

4
di

| at@r vy @ v av
t=0Jp ’ ’
= / d1A(D, CDzj, CDZJ.)(\IJ) —di1A(D, VP, sz/.)(q)Zj) —di1A(D, (Dzj, ‘-IJ)(CI)Zj)dV. 30)
D

For a fixed point zg € D, let W (zp), @z, (20), and P (z0) define three constant vector fields on H,,
denoted by &1, &, and &3, respectively. By Lemma 4.3,

do(&1, &, 83) =&1a(82, &) — Era(61, &) +&a (&1, &).

Meanwhile, for constant vector fields &;, &, and &3, the function & (&, &3) evaluated at u € H,, is
diA(u, &, §3)(51). So at ©(z0) € Hes

da(§1, &, 83) =d1 A(P(20), 2, 83)(51) — d1A(D(20), &1, §3)(52) +d1 A(D(20), &1, 62)(&3)
=d1 A(D(20), &2, 63)(§1) — d1A(DP(20), &1, &3)(82) — d1 A(DP(20), &2, E1)(83). 31

Hence (30) becomes
/ da(V, &z, &) dV :/ OV, &z, ©,)dV :/ / {®z, D)o Vg dV. (32)
D D DJX

Finally, with (25) and (32), the variational equation (24) becomes

0 Z/ / (4(Z|VCDZJ|2 — 22 q)zjif) +4i Z{q)zj, CDZ;}L%) ‘-I’(z)g) dv, (33)
DJX j 7 K - y

J

and we obtain the Euler—Lagrange equation

DIVO P =2 @z +i Y (P, D e, =0. 0
j j j
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5. Lemma 2.2

This section is mainly devoted to the proof of Lemma 2.2, and we will follow closely the ideas in
[Btocki and Kotodziej 2007]. The first two lemmas, concerning smooth approximation of continuous
n-subharmonic functions, are based on the exposition in [Demailly 2012, Chapter I, Section 5E] of
[Richberg 1968]. See also [Demailly 1992].

Let 6 € C*(R, R) be a nonnegative function having support in [—1, 1] with fR 6(h)dh =1 and
fR h6(h) dh = 0. For arbitrary § = (&1, ...,§,) € (0, 00)?, the regularized maximal function is

n

hi\dh dh
Mg(l‘],...,l‘p) 12/ max{t1+h1,...,tp—i—hp}l_[@(—])—l---—p.
n ]:l SJ gl Ep

Lemma 5.1. Fix a closed smooth positive (1, 1)-form n on X. Let Q, € D x X be a locally finite open
cover of D x X, let ¢ be a real number, and let u, € C*® () such that uy(z, x) +c|z|? is n-subharmonic
on graphs. Assume that there exists a family {§,} of positive numbers such that, for all B and (z, x) € 02,

ug(z,x)+& < max {uy(z,x)—&,}.
o:(2,X)EQy

Define a function i on D x X as follows. Given (z,x) € D x X, let A ={o : (z,x) € Qy}, Ea4 = (Ex)aeca>
up(z, x) ={ug(z, x) : a0 € A}, and

u(z, x) = Mg, (ua(z, x)).
Then ii is in C*®°(D x X) and ii(z, x) + c|z|? is n-subharmonic on graphs.

Proof. As in the proof of [Demailly 2012, Chapter I, Lemma 5.17 and Corollary 5.19], one can deduce
that for a fixed point in D x X, there exist a neighborhood V and a finite set / of indices « such that
V C(\yes Qo and on which i = Mg, (u;). As a result, by [Demailly 2012, Lemma 5.18 (a)], i is smooth
on D x X. Now for a holomorphic map f from an open subset of D to X, we have

i(z, f(2)) +clz? + ¥ (f @) =clzP + ¥ (f(2) + Mg, (ur (z, £(2)))
= Mg, (clz* + ¥ (f () +ur(z, £(2))),

where 1 = i93y and we use [Demailly 2012, Lemma 5.18 (d)] in the last equality. Furthermore, since
clz* + ¥ (f(2)) +uq(z, f(2)) is subharmonic by assumption, so is Mg, (c|z|* + v (f (2)) +us(z, f(2))
by [Demailly 2012, Lemma 5.18 (a)], and therefore i + ¢|z|? is n-subharmonic on graphs. O

We introduce here some notation that will be used later. Let p; and p; be kernels (i.e., nonnegative
radial smooth functions with support in the unit ball and having integral one) in C” and C", respectively.
For ¢ > 0, write p1 (-) ;==& " p1(- /¢), and let p . be similarly defined.

The proof of the following lemma is very similar to that of [Demailly 2012, Chapter 1, Theorem 5.21].

Lemma 5.2. Let u € C(D x X) be n-subharmonic on graphs. For any number ) > 0, there exists
€ C®(D x X) such that u < u < u+ M, where M depends only on the diameter of D and ui is
(1 + A)n-subharmonic on graphs.
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Proof. Let {24} be a locally finite open cover of D x X by relatively compact open balls contained
in coordinate patches of D x X. Choose concentric balls Q) C Q/, C €, of radii r), < r, < ro and
center (cq, 0) in the given coordinates (z, x) near Q.. such that the Q. still cover D x X and n has a
local potential ¥, in a neighborhood of Q,. For small &, > 0 and 8, > 0, we set

e (2, %) = (U 4 Pg) * pe,) (2, X) — Yo (X) + 8, (rZ — |z —co|* — |x|*)  on Qq,

where *p,, is the convolution with p,, 1= p1,¢, 02.¢,- Since Y (x) +u(z, x) is subharmonic in z and psh
in x by Lemma 3.1, the functions (¥, 4 u) * p., decrease to ¥, + u as g, goes to 0, locally uniformly
because u is continuous. For &, and 3, small enough, we have u, < u + %A on Q. Moreover, for any
holomorphic map f from an open subset of D to X,

Ao (2, f(@2) +Va(f(@))) = AU+ Va) % pe,) 2, [(2) =8 Az — cal” +1 £ (D))
> —8uA(lz = cal* +1£ (@)
> —AALZ]® = L AYa(f(2)),
where the first inequality is due to the fact that (1 + ¥) * pg, is subharmonic on holomorphic graphs,
which can be verified easily because (# + 1) is subharmonic on holomorphic graphs (or see the proof of

Lemma 2.2 where we provide such verification). So u,(z, x) + Alz|? is (1 4+ A)n-subharmonic on graphs.

Set
) 21,2 2
£y =8y mln{r(; —rl, 5(ry — ry }

Choose first §, such that &, < %X, and then g, so small that u < (u + ¥q) * ps, (2, X) — Yo (x) <u+&,
on Qq. As 8y (r(;2 — |z = cq|? — |x]?) is less than or equal to —2&, on 92, and greater than &, on 2/, we
have uy < u — &, on 92, and uy > u + &, on Q, so that the assumption in Lemma 5.1 is satisfied. Also,
the function

U(z,x) =M, (ua(z, x)), for A={a:Qq > (z,x)},

is in C*®(D x X) and U (z, x) + A|z|* is (1 + A)n-subharmonic on graphs. Then we have u < U < u + A
by [Demailly 2012, Lemma 5.18 (b)], and the function defined by & := U + A|z|? is what we need. [

The following lemma is proved in the same way as Lemmas 4 and 5 in [Btocki and Kotodziej 2007].
The only issue is keeping track of uniformity.

Lemma 5.3. Let U, V be two open sets in C" and F a biholomorphic map from U to V. Let u be usc,
bounded, and subharmonic on holomorphic graphs in D x U. Define the convolution

M‘Slﬁ‘h(z’x) :/ f M(Z_a’-x_b)pl,81(a)p2,5z(b) dadb,
where py s, and py s, are kernels in C™ and C", respectively. On the other hand, define
ul 5 (2, %) = (o (Id xF~1))s, 5,0 (1d X F). (34)

Then (”51,82 —us,.5,)(2, x) = 0 locally uniformly in z, x, and 81 as 62 — O.
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Proof. Define

is,(z,x) = max u,
{z}x B(x,82)

ﬁ&z(zvx): f M(Z,b)db,
dB(x,87)

us,(z, x) 2/ u(z,x —b)pas,(b)db,

where  means the average. Their counterparts under Id x ~land Id x F as in (34) are denoted by
i (z,x), ig (z,x), and ug (z, x), respectively.

By Lemma 3.1, u(z, -) is psh in U, so is,(z, x) is a convex function of log ;. Fixing a > 1 and r > 0,
choose §, so small that 0 < (loga)/(log(r/é2)) < 1. Then by convexity,

0 < flasy (2 1) — gy 2, ) < loifz%wx, %) — i (2, 1)),
Since u is assumed to be bounded, it follows that for any a > 0 (for the case 1 > a > 0, use 1/a instead),
Uas,(z, X) —Us, (2, x) goes to 0 as §; — 0, locally uniformly in z and x. Then following the same argument
as in [Blocki and Kotodziej 2007, Lemma 4], we see i g — i1, goes to 0 locally uniformly in z and x, as
52 — 0.

Since u(z, -) is pshin U, us,(z, x) is convex in log é,. By the argument of [Btocki and Kotodziej 2007,
Lemma 5] and the fact that u is bounded, we see both 5, — iis, and 15, — us, go to 0 locally uniformly in
z, x, as & — 0, and as a result, so does ug — us,. Since (”5,32 — us,.s,) 1s the convolution of (ug —us,)
in z, we see at once the conclusion of the lemma. O

Proof of Lemma 2.2. Fix a finite number of charts U, 3 V, such that V,, covers X, and n has a local
potential ¥, in a neighborhood of U,. For each «, let f« : Uy — C" be the coordinate map, we consider
the convolution ((Vy +u) o fa_l)(gl’gz o fu, which we simply denote by (v, +u)s, 5, on D x U,. Because
u added by a constant still satisfies the same assumption in Lemma 2.2, we will assume u is so negative
that (Yo +u)s,,s, — Vo < —a for some a > 0 and all «. At the same time, we consider the convolution of
(Vo +u) under fg, namely ((Yy +u) o fﬂ_l)(;l,(g2 o fg, which can be written as

(Yo +u)o fy' o F s 5,0 Fo fa, (35)

if F'=f,o0 Ig . We denote (35) by (Ve + u)(‘;l 5, (the notation is consistent with Lemma 5.3 except
we do not write out the identity map of D here). By Lemma 5.3 on D x (U, N Up)

(Yo +10)s,.5,— (Wp+1s,.0, = Wa +1)s,.8, — (Vo + 10§, 5, + Wa+1u— Wp+u))§, 5, = Ya—¥p (36)

locally uniformly in z and x, as &, 61 — 0.

Let x, be a smooth function in U, that is 0 in V,, and —1 near 0U,. We have i99 Xo = —Cn for some
constant C. For 0 < & < 1, according to (36) we can find 4;, 8, small enough such that for any 8 and for
any (z,x) € D' x dUp,

e

(g + 0,0 = s+ Sx6) @) < max (W +1005,0, = Vi + 2 Xa) (@ 0),
C (z,x)eD’'x U, C
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where the maximum is taken over all D’ x U,, that contain (z, x). Let § = min{8;, 8,}. Then by [Demailly
2012, Chapter I, Lemma 5.17], the function
wj )= max (o0 — Vot ) @)
(z,x)eD’'x U,
is continuous on D’ x X. Notice that us(z,x) < —a for any 0 < ¢ < 1. Since Yo (x) + u(z, x) is
subharmonic in z and psh in x by Lemma 3.1, the function (¥, + u)s s is decreasing to ¥, +u as § — 0,
and hence uj§ is decreasing to u as § — 0.

We already know that v, 4 u is subharmonic on holomorphic graphs, and in this paragraph we will
show this is also true for (¥, +u); s. Let us denote ¥, + u by G momentarily: We want to show that,
for any holomorphic map g from an open subset of D to Uy, the function G s(z, g(z)) is subharmonic.
Indeed, since G is bounded on D x U,, the convolution G5 s is smooth and so G; s(z, g(z)) is usc. The
map w — G(w, g(w + a) — b) is subharmonic, therefore the mean-value inequality says

G(z—a,g(z)—b) < ][ G(w, g(w+a)—>b)dw.
B(z—a,r)

So,
Gis(z 9(2) < / / ][ Gw, g(w+a) —b) dwpy5(@)p25(b) da db
n m J B(z—a,r)

- / / ][ G(W —a. (W) — b) dWpy.5(@)pas (b) da db
n m B(Z,r)

2][ Gss(W,g(W))dW,
B(z,r)

the use of Fubini’s theorem is justified since G is bounded on D x U,. As a result, G; s(z, g(z)) is
subharmonic.

The fact that (¥ +u)s,s is subharmonic on holomorphic graphs together with (xo)xz > —C (¥o)ii as
matrices, shows, for any holomorphic function f from an open subset of D’ to X,

AW+ 1055 = Vo G ta) (2 (D) Z (=1 = D) AV ([ (D),

so u§ is (1 + &)n-subharmonic on graphs.

So far we have shown that given 1 < p € N, there exists gg € N such that, for g > go, the functions u}fg
are in C(D’ x X), (1 + 1/p)n-subharmonic on graphs, and decrease to u as ¢ — oo. For simplicity,
we will denote u}%’ by ul. Let M be the constant in Lemma 5.2. We will construct ufk inductively
with ji > k% and iix € C*®°(D’ x X) such that

uj-‘k+.i§ﬁk§ufk+.l+ﬂ. (37)
Jk Je  Jk
Moreover, uy is (1 +1/k)(1 + 1/j;)n-subharmonic on graphs, and u}‘k + 1/jx + M/ji is less than both
U Ve and w2 1/t

Suppose that this is true at the (k—1)-th step. As ufkjll ~+ 1/jk—1 and ”Jz'k,l + 1/jk—1 are both greater

than u, we can find j; > max{j;_1, k?} such that ufk + 1/jix + M/ji is less than both Wl 4 1/jk—-1

Jk—1

u
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and ”J%H +1/jr—1 by continuity on the compact set D’ x X. We can then find a function it € C*®°(D’ x X)
with ufk + 1/ <bp < uj.‘k + 1/jix + M /ji and where iy is (1 4+ 1/k)(1 + 1/ji)n-subharmonic on graphs
by applying Lemma 5.2 with A = 1/ji. So the induction process is true at the k-th step. (One can begin
the induction process with ujz.2 + 1/j» with j, large enough such that ujz.z +1/j, <0.)

One can see that ity is decreasing to u. Since ity < 0, we have that (1 — 1/k)u; is still decreasing to u.
The function (1 — 1/k)iiy is (1 — 1/k?)(1 4+ 1/jx)n-subharmonic on graphs, and, because j; > k2, is also
a1-1/ k2 Jr)n-subharmonic on graphs. So the (1 — 1/k)uy are the desired approximants. O

6. A remark

In this final section, we compare results in this paper to those in [Darvas and Wu 2019], where the author
and Darvas consider two other families closely related to G, and Gﬁ. For wr : D x X — X, define

F, ::{u:uEPSH(DxX,JT*w), limsup u(z,x)gv(;,x)},
D>z—¢€dD

F,f‘ = {D >z — U, e N} is Griffiths negative, limsup Uzz(s) < H}'(v;)(s,s) for any s € HO(X, Lk)*},
D3z—¢€dD

where a norm function U, is called Griffiths negative if log U, ( f (z)) is psh for any holomorphic section

f:Wc D— H°%X, L** Denote the upper envelopes of F, and Ff by U and U¥, respectively. Then

one result in [Darvas and Wu 2019] is that F Sk((UZ’f)*) converges to U uniformly.

The transition from the aforementioned paper to this paper is the change of plurisubharmonicity to
subharmonicity, as one can see when comparing the definitions of Fl’f and Gﬁ. Such a change between
F, and G, is a little more subtle, and it can be seen as follows. Let ¢ be a local potential of w. Then
a function u € PSH(D x X, m*w) is equivalent to ¥ (x) + u(z, x) being psh in z and x jointly, which
is also equivalent to ¥ (f(z)) + u(z, f(z)) being psh for any holomorphic function f : U C D — X
(see Lemma 6.1 below); therefore we see the change from F, to G, is again plurisubharmonicity to
subharmonicity. Also notice that when dim D = 1, Theorem 1.2 and the result in [Darvas and Wu 2019]
are the same because F, = G, and F¥ = G*.

Lemma 6.1. Let 2 and 2, be open sets in C™" and C", respectively. If u(z, &) is an usc function
on Q1 x 2 such that u(z, s(z)) is psh for any holomorphic map s from an open subset of 21 to 2>, then
u is psh on Q1 x .

Proof. We want to show that u is subharmonic on any complex line in €21 x €25, and it suffices to consider
the line C > A — (Azo, A&y) where (20, &) € 1 x ;. In the case when zg and &y are both nonzero, we
may assume zo = (1,0,...,0) and & = (1,0, ...,0). Let G : Q2; — C be the projection on the first
coordinate, and let F : C — 2 be the injection to the first coordinate. By assumption, u(z, F o G(z))
is psh, so the function A — u(Azg, F o G(Azg)) = u(Azo, A&p) is subharmonic.

If £y = 0, then the function A — u(Azg, 0) is of course subharmonic. The final case is zo = 0 and
& =(1,0,...,0), and we need to show the function

A—>u@,...,0;1,0,...,0)
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6,9

is subharmonic, where the semicolon ““;” in the argument is to separate the variables of C” and C".
Given ¢ > 0 and a € C, the function z — u(zy, ..., zm; 21/€+a, 0, ..., 0) is psh, so its restriction to the
complex line A — ((A —a)e¢, 0, ..., 0) is subharmonic; namely, A — u((A —a)e,0,...,0;A,0,...,0)
is subharmonic. Hence,

u@©,...,0;a,0,...,0) < ][ u((A—a)e,0,...,0;1,0,...,0)dA,
dB(a,r)
for r > 0. By Fatou’s lemma and the fact that u is usc,

limsup/ u((k—a)e,O,...,O;k,O,...,0)dk§/ u(,0,...,0;4,0,...,0)dA.
e—0 9B(a,r) dB(a,r)

As a result,
u(O,...,O;a,O,...,O)S][ u@©,...,0;1,0,...,0)dA\. O
dB(a,r)
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