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THE STRONG TOPOLOGY OF w-PLURISUBHARMONIC FUNCTIONS

ANTONIO TRUSIANI

On a compact Kihler manifold (X, w), given a model-type envelope ¥ € PSH(X, w) (i.e., a singularity
type) we prove that the Monge—Ampere operator is a homeomorphism between the set of i-relative finite
energy potentials and the set of i/-relative finite energy measures endowed with their strong topologies
given as the coarsest refinements of the weak topologies such that the relative energies become continuous.
Moreover, given a totally ordered family .A of model-type envelopes with positive total mass representing
different singularity types, the sets X 4 and Y 4, given as the union of all ¥-relative finite energy potentials
and of all v/ -relative finite energy measures with varying v € A, respectively, have two natural strong
topologies which extend the strong topologies on each component of the unions. We show that the
Monge—Ampere operator produces a homeomorphism between X 4 and Y 4.

As an application we also prove the strong stability of a sequence of solutions of complex Monge—
Ampere equations when the measures have uniformly L”-bounded densities for p > 1 and the prescribed
singularities are totally ordered.

1. Introduction

Let (X, w) be a compact Kédhler manifold where w is a fixed Kéhler form, and let %, denote the set
of all Kéhler potentials, i.e., all ¢ € C* such that w + dd€p is a Kéhler form. The pioneering work of
Yau [1978] shows that the Monge—Ampere operator

MA,, : He onorm — {dV volume form :/ dv :/ a)”},
X X (1)

MA,(p) := (w+ddp)",

is a bijection, where for any subset A C PSH(X, w) of all w-plurisubharmonic functions, we use the
notation Apom (= {u € A : supy u = 0}. Note that the assumption on the total mass of the volume
forms in (1) is necessary since H norm represents all Kéahler forms in the cohomology class {w} and the
quantity [ y @" is cohomological.

In [Guedj and Zeriahi 2007] the authors extended the Monge—Ampere operator using the nonpluripolar
product (as defined successively in [Boucksom et al. 2010]) and the bijection (1) to

MA, : Enorm (X, @) — { @ nonpluripolar positive measure : pu(X) = / o" } 2)
X

where £(X, ) := {u e PSH(X, ) : [y MA,(u) = [, MA,(0)} is the set of all w-psh functions with full
Monge—Ampere mass.
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The set PSH(X, w) is naturally endowed with the L'-topology which we will call weak, but the
Monge—Ampere operator in (2) is not continuous even if the set of measures is endowed with the weak
topology. Thus in [Berman et al. 2019], setting V := f  MA,,(0), strong topologies were introduced for

E'X,w):={ue&X,w): Eu) > —o0)
and

M! (X, w) ;== {Vou : i is a probability measure satisfying E*(u) < 400},

as the coarsest refinements of the weak topologies such that the Monge—Ampere energy E (1) [Aubin
1984; Berman and Boucksom 2010; Boucksom et al. 2010] and the energy for probability measures E*
[Berman et al. 2013; 2019], respectively, become continuous. The map

MA,, : (L (X, w), strong) — (M (X, w), strong) (3)

orm

is then a homeomorphism. Later Darvas [2015] showed that (£ (X, w), strong) actually coincides
with the metric closure of H,, endowed with the Finsler metric | f1 , := f x | fIMA,(¢) with ¢ € H,,,
feTyH, = C™(X) and associated distance

du,v):=Ewm)+ EWw)—2E(P,(u, v)),

where P, (u, v) is the rooftop envelope given basically as the largest w-psh function bounded above by
min(u, v) [Ross and Witt Nystrom 2014]. This metric topology has played an important role in the last
decade to characterize the existence of special metrics [Berman et al. 2020; Chen and Cheng 2021a;
2021b; Darvas and Rubinstein 2017].

It is also important and natural to solve complex Monge—Ampere equations requiring that the solutions
have some prescribed behavior, for instance along a divisor.

We first recall that on PSH(X, w) there is a natural partial order < given as u < v if u < v+ O(1), and
the total mass through the Monge—Ampgre operator respects such partial order, i.e., V, := [ y MA, W) <V,
if u < v [Boucksom et al. 2010; Witt Nystrom 2019]. Thus in [Darvas et al. 2018], the authors introduced
the v -relative analogs of the sets £(X, w) and £' (X, w), for ¥ € PSH(X, w) fixed, as

EX,w, V) :={u e PSH(X,w) :u x¢¥ and V, =V, },
E' X, 0, ¥) ={ue&EX,w, V) : Ey(u) > —oo)},
where Ey, is the y-relative energy. They then proved that
MA,, : Enorm (X, @, ¥) — {u nonpluripolar positive measure : u(X) = Vy } @)

is a bijection if and only if ¥, up to a bounded function, is a model-type envelope, or in other words,
Y = (limc 400 P(¥ + C, 0))* satisfies Vi, > O (the star is for the upper semicontinuous regularization).
There are plenty of these functions, for instance, to any w-psh function ¥ with analytic singularities is
associated a unique model-type envelope. We denote by M the set of all model-type envelopes and by
M those elements ¥ such that Vy, > 0.
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Letting ¥/ € M™, in [Trusiani 2022], we proved that £ "X, w, Yr) can be endowed with a natural metric
topology given by the complete distance d(u, v) := Ey (u) + Ey (v) — 2Ey (P, (u, v)).

Analogously to E*, we introduce in Section 5 a natural i-relative energy for probability measures £ jz;
thus the set

M X, 0, ¥) = {Vy i @ is a probability measure satisfying Ef; (n) < 400}

can be endowed with its strong topology given as the coarsest refinement of the weak topology such
that E;Z becomes continuous.

Theorem A. Let v € M™. Then

MA, : Egorm (X, 0, %), d) = (M (X, o, ¥), strong) )
is a homeomorphism.

It is natural to wonder if one can extend the bijections (2) and (4) to bigger subsets of PSH(X, w).

Given V1, ¥, € M™ such that ¥ # v, the sets £(X, w, ¥) and £(X, w, ¥,) are disjoint ([Darvas
et al. 2018, Theorem 1.3] quoted below as Theorem 2.1), but it may happen that V,, = Vy,. So in these
situations, at least one of &L . (X, @, Y1) or EL,..(X, @, ¥2) must be ruled out to extend (4). However,
given a totally ordered family A C M™ of model-type envelopes, the map A 3 ¥ — Vj, is injective (again
by [Darvas et al. 2018, Theorem 1.3]), i.e.,

MA, : |_| Enorm (X, @, ¥) — {1 nonpluripolar positive measure : u(X) = Vy, for ¢ € A}
yeA
is a bijection.
In [Trusiani 2022] we introduced a complete distance d 4 on

Xa=| | &' X 0. 9),

el

where A C M is the weak closure of A and where we identify & (X, w, Ymin) With a point Py, . if
VYimin € M\ M (since in this case Ey =0, see Remark 2.7). Here /i, is given as the smallest element
in A, observing that the Monge—Ampére operator MA,, : A — MA,,(A) is a homeomorphism when the
range is endowed with the weak topology (Lemma 3.12). We call the strong topology on X 4 the metric
topology given by d 4 since d yig1(x,0,y)x€! (X,0,y) = d- The precise definition of d 4 is quite technical
(in Section 2 we will recall many of its properties), but the strong topology is natural since it is the
coarsest refinement of the weak topology such that E.(-) becomes continuous as Theorem 6.2 shows. In
particular the strong topology is independent of the set A chosen.
Also the set
Yu=| | M (X 0.9)
Yed

has a natural strong topology given as the coarsest refinement of the weak topology such that E*(-)
becomes continuous.
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Theorem B. The Monge—Ampeéere map

MAa) . (XA,norm, d_A) — (YA, Strong)

is a homeomorphism.

Obviously in Theorem B we define MA,(Py,,.) :=0if Vy, . =0.

Note that by Hartogs’ lemma and Theorem 6.2 the metric subspace X 4 norm 1S complete and represents
the set of all closed and positive (1, 1)-currents 7 = w + dd“u such that u € X 4, where Py, encases all
currents whose potentials u are more singular than Yy, if Vy, . =0.

Finally, as an application of Theorem B we study an example of the stability of solutions of complex
Monge—Ampere equations. Other important situations will be dealt with in a future work.

Theorem C. Let A := {Yi}ren C M7 be totally ordered, and let { fi}xen C L'\ {0} be a sequence of
nonnegative functions such that fy — f € L'\ {0} and such that | x Jra@" =Vy, forany k € N. Assume
also that there exists p > 1 such that || fi||L» and || f||1» are uniformly bounded. Then {r, — ¢ € M™
weakly, and the sequence {uy}xen of solutions of

MA, (up) = fro", ik € Eggunn (X, @, Y1), (6)
converges strongly to u € X 4 (i.e., dg(uy, u) — 0), which is the unique solution of
MA, ) = fo", ue&l (X, o, ¥).
In particular, uy — u in capacity.

The existence of the solutions of (6) follows by Theorem A in [Darvas et al. 2021a], while the fact
that the strong convergence implies the convergence in capacity is our Theorem 6.3. Note also that the
convergence in capacity of Theorem C was already obtained in [Darvas et al. 2021b]; see Remark 7.1.

1A. Structure of the paper. Section 2 is dedicated to introducing preliminaries, and, in particular, all
necessary results presented in [Trusiani 2022]. In Section 3 we extend some known uniform estimates
for £!(X, w) to the relative setting, and we prove the key upper-semicontinuity of the relative energy
functional E.(-) in X 4. Section 4 regards the properties of the action of measures on PSH(X, w) and,
in particular, their continuity. Then Section 5 is dedicated to proving Theorem A. We use a variational
approach to show the bijection, then we need some further important properties of the strong topology
on £1(X, w, ¥) to conclude the proof. Section 6 is the heart of the article where we extend the results
proved in the previous section to X 4, and we present our main Theorem B. Finally in Section 7 we show
Theorem C.

1B. Future developments. As mentioned above, in a future work we will present some strong stability
results of more general solutions of complex Monge—Ampere equations with prescribed singularities than
Theorem C, starting the study of a kind of continuity method where the singularities will also vary. As an
application we will study the existence of (log) Kdhler—Einstein metrics with prescribed singularities,
with a particular focus on the relationships among them varying the singularities.
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2. Preliminaries

We recall that given a Kéhler complex compact manifold (X, w), the set PSH(X, w) is the set of all
w-plurisubharmonic functions (w-psh), i.e., all u € L' given locally as the sum of a smooth function and
a plurisubharmonic function such that w +dd“u > 0 as a (1, 1)-current. Here d° := #(5 — d) so that
dd® = ~99. For any pair of w-psh functions u, v, the function

P,lul(v) := (Cli_)n;O P,(u+C, v))>k = (sup{w € PSH(X, w) : w < u, w <v})*
is w-psh, where the star is for the upper semicontinuous regularization and
P,(u, v) := (sup{w € PSH(X, ®) : w < min(u, v)})*.
Then the set of all model-type envelopes is defined as
M :={y e PSH(X, w) : ¥ = P,[v¥](0)}.

We also recall that M denotes the elements i € M such that Vi, > 0 where, as said in the Introduction,
Vy = [y MA, ().
The class of yr-relative full mass functions £(X, w, ¥) complies with the following characterization.

Theorem 2.1 [Darvas et al. 2018, Theorem 1.3]. Suppose v € PSH(X, w) such that V, > 0 and v is less
singular than u € PSH(X, w). Then the following are equivalent:

1) ueéX,w,v).
@i1) Pylul(v) = v.
(iii) Pylu](0) = Py[v](0).

The clear inclusion £(X, w, v) C £(X, w, P,[v](0)) may be strict, and it seems more natural in many
cases to consider only functions ¢ € M. For instance, as shown in [Darvas et al. 2018], ¢ being a
model-type envelope is a necessary assumption to make the equation

MA,u)=pn, ucéX,w,y),

always solvable where p is a nonpluripolar measure such that ;(X) = Vy,. It is also worth recalling that
there are plenty of elements in M, since P,[P,[¥]] = P,[¥] for any ¥ e PSH(X, w) with fX MA, () >0,
see [Darvas et al. 2018, Theorem 3.12]. Indeed, v — P, [v] may be thought of as a projection from the
set of negative w-psh functions with positive Monge—Ampeére mass to M™.

We also retrieve the following useful result.

Theorem 2.2 [Darvas et al. 2018, Theorem 3.8]. Let u, v € PSH(X, w) such that u > . Then
MA, (Po[¥1(w)) < Lip, 1y1w)=u) MA, (1).

In particular, if € M then MA,, () < 1iy—o) MA,(0).
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Note also, in Theorem 2.2 the equality holds if u is continuous with bounded distributional Laplacian
with respect to @ as a consequence of [Di Nezza and Trapani 2021]. In particular, for any ¢ € M,
MA, () = Liy—0) MA,(0).

2A. The metric space (E'(X, ®, ¥), d). In this subsection we assume ¥ € MT := {1y € M : Vy > 0}.

As in [Darvas et al. 2018], we also denote by PSH(X, w, 1) the set of all w-psh functions which are
more singular than 1, and we recall that a function u € PSH(X, w, 1) has yr-relative minimal singularities
if |u — | is globally bounded on X. We also use the notation

MA,, W], ... ul') ;= (@+ddu))" A A (@ +dd up)”
foruy,...,u; € PSH(X, w) where ji, ..., j; € Nsuchthat jj+---4+ j; =n.

Definition 2.3 [Darvas et al. 2018, Section 4.2]. The y-relative energy functional Ey : PSH(X, w, V) —
R U {—o0} is defined as

1 < C
Ey () ‘=mgfx(”““MAw(”]"” iy

if u has r-relative minimal singularities, and as
Ey (u) :==inf{Ey (v) : v € £(X, w, ¥) with v -relative minimal singularities, v > u}
otherwise. The subset E1(X, w, ¥) C £(X, w, ¥) is defined as
E'X, 0, 9) ={ue&X,w,¥): Ey(u) > —oo}.

When ¢ =0, the -relative energy functional is the Aubin—-Mabuchi energy functional, also called the
Monge—Ampeére energy; see [Aubin 1984; Mabuchi 1986].

Proposition 2.4. The following properties from [Darvas et al. 2018] hold:

(i) [Theorem 4.10] Ey, is nondecreasing.
(ii) [Lemma 4.12] Ey (1) =lim;_, o Ey (max(u, ¥ — j)).
(iii) [Lemma 4.14] Ey, is continuous along decreasing sequences.
(iv) [Theorem 4.10 and Corollary 4.16] Ey, is concave along affine curves.
(v) [Lemma 4.131u € EY(X, w, ) ifand only if u € E(X, w, V) and fX(u —Y)MA, () > —oc.
(vi) [Proposition 4.19] Ey (1) > limsup,_, o, Ey (ux) if u, u € EVX, w,¥) and uy — u with respect
to the weak topology.
(vii) [Proposition 4.20] Letting u € VX, w, V), x € C%(X) and u, = sup{v e PSH(X, w) v <u+1tx}*
foranyt >0, thent — Ey (u,) is differentiable and its derivative is given by

d
EEw(ut):AXMAw(Mt)-
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(viii) [Theorem 4.10] If u, v € EY(X, w, V), then
_ _ Iy _ J i
Ey () = Ey () = — Zofx(” v) MA, (!, v"~)
j:
and the function N > j — fX (u—v) MA, (u/, v /) is decreasing. In particular,

/(u—v)MAw(msz(m—Ew(v)s/<u—v>MAw<v>.
X X

(ix) [Theorem 4.10] If u < v, then
By~ Ey) = /Xw ) MA, @),

Remark 2.5. All the properties of Proposition 2.4 are shown in [Darvas et al. 2018] assuming ¥ has
small unbounded locus, but [Trusiani 2022, Proposition 2.7] and the general integration by parts formula
proved in [Xia 2019] allow us to extend these properties to the general case as described in [Trusiani
2022, Remark 2.10].

Recalling that for any u, v € VX, w, ) the function P, (u, v) =sup{w € PSH(X, w) : w <min(u, v)}*

belongs to £'(X, w, ¥) (see [Trusiani 2022, Proposition 2.13]), then we also have that the function
d:EVX, w,¥) x EV(X, o, ¥) — R defined as

d(u,v) = Eyu) + Ey (v) —2Ey (Py(u, v))
assumes finite values. Moreover, it is a complete distance as the next result shows.

Theorem 2.6 [Trusiani 2022, Theorem A]. (£'(X, w, V), d) is a complete metric space.

We call the strong topology on E'(X, w, ¥) the metric topology given by the distance d. Note that,
by construction, d(ug, u) — 0 as k — oo if uy \(u, and d(u, v) =d(u, w) +d(w, v) if u < w < v; see
[Trusiani 2022, Lemma 3.1].

Moreover, as a consequence of Proposition 2.4, it follows that for any C € R- the set

X, o, 9)i={ue (X, w,¥):supu < C and Ey(u) > —C}
X
is a weakly compact convex set.

Remark 2.7. If v e M\ M, then £' (X, w, ¥) =PSH(X, w, ¥) since Ey =0 by definition; see [Trusiani
2022, Remark 3.10]. In particular, d = 0, and it is natural to identify (£ "X, w, ¥), d) with a point Py.
Moreover, we recall that £'(X, w, ¥1) NENX, w, ¥n) = @ if Yy, Yo € M, ¥y # ¥ and Vy, > 0.

2B. The space (X 4, d 4). From now on we assume A C M™ to be a totally ordered set of model-type
envelopes, and we denote by A its closure as a subset of PSH(X, w) endowed with the weak topology. Note
that A C PSH(X, ) is compact by [Trusiani 2022, Lemma 2.6]. Indeed, we will prove in Lemma 3.12
that A is actually homeomorphic to its image through the Monge—Ampére operator MA,, when the set of
measures is endowed with the weak topology. This yields that A is also homeomorphic to a closed set
contained in [0, [y "] through the map ¥ — V.
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Definition 2.8. We define the set
Xa=||&'X 0.9

Yed
if Yrmin 1= inf A satisfies Vy, . > 0, and
X.A:: Pll’minu |—| El(X,C(), w)
V' €AY #Vmin

if V.. =0, where Py _. is a singleton.
X 4 can be endowed with a natural metric structure as [Trusiani 2022, Section 4] shows.

Theorem 2.9 [Trusiani 2022, Theorem B]. (X 4, d4) is a complete metric space such that

dAe (X 0, )xE' Kwp) = 4
for any ¥y € AN M.

We call the strong topology on X 4 the metric topology given by the distance d 4. Note that the definition
is coherent with that of Section 2A since the induced topology on £' (X, w, ) C X 4 coincides with the
strong topology given by d.

We will also need the following contraction property which is the starting point to construct d 4.

Proposition 2.10 [Trusiani 2022, Lemma 4.2 and Proposition 4.3]. Let 1, ¥, Y3 € M such that

Y1 Y2 s, Then Po[yn](Pul¥2](w)) = Polyi1(u) for any u € E1(X, w, ¥3) and | P [yr11(u) =1 | < C
if lu— 3| < C. Moreover, the map

P[ynl(-) : ENX, o, ¥2) — PSH(X, w, ¥1)

has image in SI(X, w, Y1) and is a Lipschitz map of constant 1 when the sets VX, w, vi),i=1,2,are
endowed with the d distances, i.e.,

d(Py[vn1(u), Pyl¥n1(v) <d(u,v)
forany u,v € E'(X, w, V).

Here we report some properties of the distance d 4 and some consequences which will be useful later.
Proposition 2.11. The following properties from [Trusiani 2022] hold:
(i) [Proposition 4.14] If u € E'(X, w, Y1) and v € EY(X, w, ¥2) for Y1, Yo € Aand Yy = ¥, then

da(u, v) = d(Py[¥2](u), v).

(ii) [Lemma 4.6] If {V}ken C M™T, ¥ € M, with Y. \ ¥ (resp. Y /¥ a.e.), up \ u and v \( v
(resp. ux /' u a.e. and vy /' v a.e.), foruy, vy € ENX, w, Y) and u, v € EX(X, w, ¥) and |ux — vy
is uniformly bounded, then

d(ug, vg) = d(u, v).
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(iii) [Proposition 4.5] If {{ilken C M™, ¥ € M, such that Y, —  monotonically a.e., then for
any ' € M such that ' = Y for any k > 1 big enough and for any strongly compact set
K C(E(X, 0,9, d),

d(Po[Yi](p1), Puli](92)) = d(Pol¥1(e1), Pol¥1(¢2))

uniformly on K x K, i.e., varying (91, ¢2) € K x K. In particular, if ¥y, ¥ € A, then

da(Pol¥ 1), PolYilu)) — 0,
d(Po[Vil(u), PolYil(v)) — d(Pyl¥1(u), Pul¥1(v))
monotonically for any (u, v) € EY(X, w, ¥') x EX(X, w, ¥').
(iv) [Section 4.2] d4(uy, uz) > |Vy, — Vy,| if u1 € EX(X, w, Y1) and us € E'(X, w, V), and the equality
holds if uy = 1 and uy = rp (by definition of d ).

The following lemma is a special case of [Xia 2019, Theorem 2.2]; see also [Darvas et al. 2018,
Lemma 4.1].

Lemma 2.12 [Trusiani 2022, Proposition 2.7]. Let {{/i}ren C MY, Y € M, such that Yy — Y mono-
tonically almost everywhere. Let also uy, vy € E'(X, w, ¥i) converge in capacity to u, v € E'(X, w, ),
respectively. Then for any j =0, ..., n,

MAw(u,{, vij) — MA, (u/, v )
weakly. Moreover, if |uy — vi| is uniformly bounded, then for any j =0, ..., n,
(g = V) MAG (i, v~ 7) = (= ) MAL (), v")
weakly.

It is well known that the set of Kihler potentials H,, := {¢ € PSH(X, ®) NC*®(X) : o +dd ¢ > 0} is
dense in (£'(X, w), d). The same holds for P,[V](H,) in (E(X, w, ¥), d).

Lemma 2.13 [Trusiani 2022, Lemma 4.8]. The set Py, (X, w, ¥) := P,[V]1(H) C P(X, w, V) is dense
in (EY(X, w,¥),d).

The following lemma shows that, for u € PSH(X, w) fixed, the map M™ 3 ¢ — P,[¥](u) is weakly
continuous over any totally ordered set of model-type envelopes that are more singular than u.

Lemma 2.14. Let u € PSH(X, w), and let {{n}ren C MT be a totally ordered sequence of model-
type envelopes converging to v € M. Assume also that vV < u for any k > 1 big enough. Then
Pa)[‘/fk](”) - Pa)[w](u) Weakly-

Proof. As {{ }xen is totally ordered, without loss of generality we may assume that ¥ — 1 monotonically
almost everywhere. Set it := limy_ oo P, [V ](u). We want to prove that u = P, [y ](u).

Suppose ¥ \( . We can immediately check that P, [y ](u) < P,[¥x](supy u) = Yy +supy u, which
implies i < +supy u letting k — +-o00. Thus u < P, [y](u), as the inequality & < u is trivial. Moreover,
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since ¥ < ¥, we also have P,[v](u) < P,[v¥](u), which clearly yields P,[v¥](u#) < & and concludes
this part.

Suppose Y ' . Then the inequality u < P,[y¥](«) is immediate. Next, combining Theorem 2.2 and
Proposition 2.10, we have

MAw(Pa)[Wk](M)) = MAw(Pw[wk](Pw[w](u)))
< Lip, 1w =P, v 1w} MAG(Pol¥](u))
< 1ia=pr,v1w) MAL(Pu[¥ (1)),

where the last inequality follows from P, [y ](u) <u < P,[v¥](u). Thus, as MA,, (P,[v¥](1)) — MA,, (it)
weakly by [Darvas et al. 2018, Theorem 2.3], we deduce that & € £(X, w, ¥) and

MA, (1) < 1ii=p,[v1w) MAL(Py[¥](1)).

Moreover, we also have P,[v](u) € £E(X, w, ¥). Indeed, P,[¥](u) < P,[¥](supy u) = ¢ 4 supy, i.e.,
P,[v](u) X o, while P,[v](u) > P,[¥](Yx — Cr) = Y — Cy for nonnegative constants Cy and for
any k >> 1 big enough as u, i are less singular than ;. Thus P,[v¥](u) = ¢ for any k, which yields
fx MA, (Py[¥ 1)) = Vy > 0 and gives P,[¢](u) € £(X, w, V). Hence

0< /X (Pol¥/](u) — i) MA (@)
< / (Pul¥/1(u) — ) MAw(Pul/)(u)) = 0,
{u=P,[ 1)}

which by the domination principle of [Darvas et al. 2018, Proposition 3.11] implies & > P, [y ](u). U

3. Tools

In this section we collect some uniform estimates on ' (X, w, ) for ¥ € M, we recall the v -relative
capacity and we prove the upper semicontinuity of £.(-) on X 4.

3A. Uniform estimates. Let ¢ € M™.

We first define in the -relative setting the analogs of some well-known functionals of the variational
approach; see [Berman et al. 2013].

We define the yr-relative I- and J-functionals,

Iy, Jy : EYX, 0, ¥) x (X, 0, ¥) - R, where ¥ € M™,
as

Iy (u, v) = / (4 — v)(MAw (v) — MA, (1)),
X

Jy (u,v) = Jf(v) =Eyu)— Ey(v) —I—f (v—u)MA,(u),
X
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respectively; see also [Aubin 1984]. They assume nonnegative values by Proposition 2.4, and Iy, is clearly
symmetric while Jy, is convex, again by Proposition 2.4. Moreover, the v/-relative /- and J-functionals
are related to each other by the following result.

Lemma 3.1. Letu,v € £'(X, w, ). Then

. 1 v n

(1) n+11w(u,v)ffu (v)Sn-i—lI'/’(u’v)’
.. 1

(ii) —JL ) I @) =ndf ).

In particular,

A, u) < nd! (W) + (Wl + el 1)
forany u € EY(X, w, V) such that u < .
Proof. By Proposition 2.4 it follows that

n/(u—v)MAw(u)—i-/(u—v)MAw(v) S+ D(Ey(u)— Ey(v))
X X
sf<u—v>MAw<u>+nf(u—v)MAw(w
X X

forany u,veé& '(X, w, ¥), which yields (i) and (ii).
Next, considering v = v and assuming u < ¥ from the second inequality in (ii), we obtain

d(u, ) = —Ey(u) < nd¥ () + /X W — 1) MA (),

which implies the assertion since MA,, () < MA,(0) by Theorem 2.2. O
We can now proceed to show the uniform estimates, adapting some results in [Berman et al. 2013].

Lemma 3.2 [Trusiani 2022, Lemma 3.7]. Let ¥ € M™. Then there exists positive constants A > 1, B > 0
depending only on n, w such that for any u € E'(X, w, ),

—d(Y,u) < Vysup(u —) =Vysupu < Ad(W,u)+ B
X X

Remark 3.3. As a consequence of Lemma 3.2, if d(y, u) < C, then supy u < (AC + B)/V,, while
—Eyu)=d(y +(AC+B)/Vy,u) —(AC+B) <d(,u) <C,

ie., ue€ SLI) (X, w, ¥) where D :=max(C, (AC + B)/Vy). Conversely, using the definitions and the
triangle inequality, it is easy to check that d(u, ) < C(2Vy + 1) for any u € Sé (X, w, V).

Proposition 3.4. Let C € R.o. Then there exists a continuous increasing function fc : R>o — Rxg
depending only on C, w, n with fc(0) = 0 such that

/X(M — V) (MA,(¢1) =MA,(92))| < fe(d(u, v)) (7)

for any u, v, @1, 92 € E'(X, w, ¥) with d(u, ), d(v, ¥), d(p1, ¥), d(¢2, ¥) < C.
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Proof. As said in Remark 3.3, if w € £'(X, w, ¥) with d(¢, w) < C, then & := w — (AC + B)/Vy
satisfies supy w <0 and

—Ey(w) =d(,w) <d@,w) +d(w,w) <C+AC+B=:D.

Therefore, setting # :==u — (AC + B)/Vy and v :=v — (AC + B)/Vy,, we can proceed exactly as in
[Berman et al. 2013, Lemma 5.8] using the integration by parts formula in [Xia 2019] (see also [Boucksom
et al. 2010, Theorem 1.14]) to get

/X(ﬁ —0)(MA,(91) —MA,(¢2))| = Iy (i, V) + hp(ly (i, V), ®)

where hp : R>9g — Rxg is an increasing continuous function depending only on D such that 4 p(0) = 0.
Furthermore, by definition,

d(, Py, v)) <d(f, ) +d(u, Py, v)) <d(f,u) +d(, v) <3D,

so by the triangle inequality and (8) we have

/ (u —v)(MA,(¢1) — MAw(‘/)Z))‘
X
< Iy(u, Py(u,v))+ Iy (v, Py(u, 0)) +h3p(ly (4, Py(ut, 0))) + h3p(ly (0, Py(it, v))). (9)
On the other hand, if w;, w, € &! (X, w, ¥) with w; > w,, then by Proposition 2.4
Iy (wy, wy) < / (w1 —w2) MA,(w2) < (n+ 1)d(wy, wy).
X

Hence from (9) it is sufficient to set fc(x) := (n + 1)x + 2h3p((n + 1)x) to conclude the proof since
clearly d(u, v) = d(u, v). O

Corollary 3.5. Let v € M™ and let C € R.g. Then there exists a continuous increasing function
fc 1 Rxo = Rxq depending only on C, w, n with fc(0) = 0 such that

/Xlu —v|MA,(9) = fe(d(u, v))

foranyu,v, p € SI(X,a), ) withd (W, u), d(r, v), d(W, @) < C.

Proof. Since d(yr, P, (u, v)) < 3C, letting g3¢ : R0 — Rx>o be the map (7) of Proposition 3.4, it follows
that

= Pt ) MAL) = [ = P, ) MAGCPy 1, 0) + g2 @, P, )
< (n+1Dd(u, Py(u, v)) + g3c(d(u, v)),
where in the last inequality we used Proposition 2.4. Hence by the triangle inequality we get
f lu —v|MA,(¢) < (n+1)d(u, Py(u,v))+ n+1)d(, P,(u, v)) +2g3c(d(u, v))
) = (n+ Dd(u, v) +2g3c(d(u, v)).
Defining fc(x) := (n + 1)x + 2g3¢(x) concludes the proof. O
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As a first important consequence we obtain that the strong convergence in £!(X, w, ¥) implies the
weak convergence.

Proposition 3.6. Let v € M™ and let C € R.(. Then there exists a continuous increasing function
fe,y i Rso — Rxo depending on C, w, n,  with fc 4 (0) = 0 such that

lu—vlp = fey(d(u, v))
forany u,v € EY(X, w, ) with d(Y, u), d(r, v) < C. In particular, uy — u weakly if uy — u strongly.

Proof. Theorem A in [Darvas et al. 2021a] (see also Theorem 1.4 in [Darvas et al. 2018]) implies that
there exists ¢ € £ (X, w, ¥) with supy ¢ = 0 such that

MA,(¢) = cMA,(0),

where ¢ := Vy, / Vo > 0. Therefore it follows that
1
lu—vlp < Eg@(d(u, v)),

where C := max(d(y, ¢), C) and gp is the continuous increasing function with g~ (0) = 0 given by
Corollary 3.5. Setting fc y = % g¢ concludes the proof. U

Finally we also get the following useful estimate.

Proposition 3.7. Let € M* and let C € R-q. Then there exists a constant C depending only on C, w, n
such that

/ (u — ) (MA,(91) — MA, (92))| < Cly (g1, 92)'? (10)
X

forany u,v, o1, 92 € EYX, w, V) withd(u, ¥), d(v, ¥), d(e1, ¥), d(p2, ) < C.

Proof. As in Proposition 3.4 and with the same notation, the function & :=u — (AC + B)/Vy, satisfies
supy u <0 (by Lemma 3.2) and —Ey (1) < C+ AC + B =: D (and similarly for v, ¢1, ¢). Therefore by
integration by parts and using Lemma 3.8 below, it follows exactly as in [Berman et al. 2013, Lemma 3.13]
that there exists a constant C depending only on D, n such that

/ (it — 0)(MA,($1) — MA,($2))| < Cly (@1, $2)'2
X

which clearly implies (10). U

Lemma 3.8. Let C € R-. Then there exists a constant C depending only on C, w, n such that
/ luo — Y|(w +ddur) A+ A (w+dd€uy,) < C
X

forany ug, ..., u, € SI(X, w, V), withd(uj, ¥) <C forany j =0,...,n.
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Proof. As in Proposition 3.4 and with the same notation, v; :=u; — (AC + B)/Vy, satisfies supy v; <0,
and setting v := (vg+ - - -+ v,)/(n + 1) we obtain ¥ —ug < (n+ 1)(¢y — v). Thus by Proposition 2.4,

/X(t/f —v9) MA,(v) < (n+1) /X(l/f —V)MA, (V) < (n+ 1)*|Ey (v)]
<@+DY IEy@)l <@+ DD (@dW.u)+ D) < (n+1)*(C+D),
Jj=0 j=0
where D := AC + B. On the other hand, MA,(v) > E(w +ddui;) A --- A (w + ddu,), where the

constant £ depends only on n. Finally we get

/|M0—1/f|(w+ddcu1)/\"'/\(w+ddcun)§D+%/(W—U0)MA(D(U)
X X

HX*(C+D
<D+ (n+1)*(C+ )'
E
3B. y-relative Monge—Ampeére capacity.
Definition 3.9 [Darvas et al. 2018, Section 4.1; Darvas et al. 2021a, Definition 3.1]. Let B C X be a
Borel set, and let ¥ € M™. Then its v/-relative Monge—Ampere capacity is defined as

Capw(B) = sup{f MA,(u) :u e PSHX,w), v — 1 <u < w}.
B

In the absolute setting the Monge—Ampere capacity is very useful for studying the existence and
regularity of solutions of the degenerate complex Monge—Ampere equation [Kotodziej 1998], and the
analog holds in the relative setting [Darvas et al. 2018, 2021a]. We refer to these articles for many
properties of the Monge—Ampere capacity.

For any fixed constant A, write C, y for the set of all probability measures 1 on X such that

i(B) < ACap, (B)
for any Borel set B C X [Darvas et al. 2018, Section 4.3].

Proposition 3.10. Let u € £'(X, w, ¥) with -relative minimal singularities. Then MA, (1) / Vy €Cay
for a constant A > Q.

Proof. Let j € R such that u > ¢ — j and assume without loss of generality that u < ¢ and j > 1.
Then the function v := j~'u + (1 — j~!)4 is a candidate in the definition of Cap,,, which implies that
MA,(v) < Cap,,. Hence, since MA,, (1) < j" MA(v), we get that MA,, (1) € C4 y for A = j" and the
result follows. (]

Lemma 3.11 [Darvas et al. 2018, Lemma 4.18]. If i € Ca y, then there is a constant B > 0 depending
only on A, n such that

/Xw —)Pu < BAE, ()] + 1)

for any u e PSH(X, w, ¥) such that supy u = 0.
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Similar to the case ¥ = 0 (see [Guedj and Zeriahi 2017]), we say that a sequence u; € PSH(X, w)
converges to u € PSH(X, w) in v -relative capacity for ¢ € M if

Capy, ({lux —u| = 8)) = 0
as k — oo for any § > 0.

By [Guedj and Zeriahi 2017, Theorem 10.37] (see also [Berman et al. 2013, Theorem 5.7]) the
convergence in (£'(X, ), d) implies the convergence in capacity. The analog holds for ¥ € M™,
i.e., the strong convergence in £! (X, w, ¥) implies the convergence in y-relative capacity. Indeed, in
Proposition 5.7 we will prove the strong convergence implies the convergence in '-relative capacity for
any ' € M™.

3C. (Weak) upper semicontinuity of u — E p,_,)(u) over X 4. One of the main features of Ey, for ¢y e M
is its upper semicontinuity with respect to the weak topology. Here we prove the analog for E.(-) over X 4.

Lemma 3.12. The map
MA, : A — MA,(A) C {u a positive measure on X}

is a homeomorphism considering the weak topologies. In particular, A is homeomorphic to a closed set
contained in [O, f y MA, (O)] through the map ¥ — Vy,.

Proof. The map is well-defined and continuous by [Trusiani 2022, Lemma 2.6]. Moreover, the injectivity
follows from the fact that Vy, = Vy, for ¥, ¥, € A implies | = v, using Theorem 2.1 and the fact
that A C M™.

Finally, to conclude the proof it is enough to prove that ¥, — v weakly assuming Vy, — Vy,, and it
is clearly sufficient to show that any subsequence of {{ }xen admits a subsequence weakly convergent
to ¥. Moreover, since Ais totally ordered and = coincides with > on M, we may assume {{ }ren 1S a
monotonic sequence. Then, up to considering a further subsequence, 1/ converges almost everywhere to
an element ¥’ € A by compactness, and Lemma 2.12 implies that Vyr = Vy, i.e., ¥/ = . O

In the case A := {Y}ren € MT, we say that the u; € £'(X, w, ¥;) converge weakly to Py .
where Yin € M\ M™ if |supy uy| < C for any k € N and any weak accumulation point u of {uy }xen
satisfies # < Ymin. This definition is the most natural since PSH(X, w, ¥) =& (X, 0, Wimin)-

Lemma 3.13. Let {ui}xen C Xa be a sequence converging weakly to u € X a. If Ep, ju (ur) > C
uniformly, then P,[u;] — P,lu] weakly.

Proof. By Lemma 3.12 the convergence requested is equivalent to Vy, — V,, where we set

Vi = Polukl, ¥ = Pylu].

Moreover, by a simple contradiction argument it is enough to show that any subsequence {V, }ren
admits a subsequence {1//;{,11, }jen such that V‘//kh, — V.. Thus up to considering a subsequence, by abuse
of notation and by the lower semicontinuity liminfy_, o, Vy, > Vy, of [Darvas et al. 2018, Theorem 2.3],
we may suppose by contradiction that v \ ¢’ for /' € M such that Vs > V,,. In particular, Vy > 0
and ' = . Then by Proposition 2.10 and Remark 3.3, the sequence {P,[vV'](ux)}ken is bounded
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in (£'(X, w, ¥'), d) and it belongs to £.,(X, w, ') for some C’ € R. Therefore, up to considering a
subsequence, we have that {u; }xen converges weakly to an element v € £' (X, w, ¥) (which is the element u
itself when u # Py, . ), while the sequence P,[y'](uy) converges weakly to an element w € £ (X, w, ¥").
Thus the contradiction follows from w < v since ¥’ = ¢, Vy» >0 and E'X, 0, yNNEVX, w, ¥)=02. O

Proposition 3.14. Let {uy}ren C X 4 be a sequence converging weakly to u € X 4. Then

lim sup EPw[uk](”k) < Epw[u](u). (11)
k—o00
Proof. Let Yy := P,lux] and ¢ := P,lu] € A. We may assume ¥y 7 Yrmin for any k € N if ¢ = iy

and V,/,min =0.
Moreover, we can suppose that Evy, (1) is bounded from below, which implies that u; € €é (X, w, ¥)
for a uniform constant C and that ¥, — i weakly by Lemma 3.13. Thus since

E'ﬁk (Mk) = E’ﬁk (Mk - C) + CVl//k

for any k € N, Lemma 3.12 implies that we may assume that supy u; < 0. Furthermore, since A is totally
ordered, it is enough to show (11) when i, — ¥ a.e. monotonically.
If ¥ \( ¥, setting v := (sup{u; : j > k})* € EV(X, w, Yr), we easily have
limsup Ey, (ux) < limsup Ey, (vx) < limsup Ey (Py,[¥](vi))

k— 00 k— 00 k— 00

using the monotonicity of Ey, and Proposition 2.10. Hence if ¢ = ¥in and V. =0, then

Ey(Pol¥l(v) =0=Eyu),

while otherwise the conclusion follows from Proposition 2.4 since P, [v](vg) \ u by construction.
If instead Y 7 ¥, fix € > 0 and for any k € N let ji > k such that

sup Evy, (uj) < Ey, (u;,) +e.

Jj=k
Thus again by Proposition 2.10, E'/’./k (uj,) < Ey,(Pyl¥yl(u;,)) for any I < ji. Moreover, assuming
E Vi (u,) is bounded from below, —Ey, (P,[vV;1(u;,)) = d (Y, Pu[¥:1(u;,)) is uniformly bounded in /, k,
which implies that supy P, [v;]1(u;,) is uniformly bounded by Remark 3.3 since V‘/ffk >a>0fork>0
big enough. By compactness, up to considering a subsequence, we obtain P, [y;](u;) — v; weakly
where v; € £1(X, w, Y) by the upper semicontinuity of Ey,(-) on & (X, w, Y;). Hence

limsup Ey, (ux) < limsup Ey, (P,[V1(u;)) +€ = Ey,(v) +€

k— 00 k— 00
for any / € N. Moreover, by construction, v; < P,[¥;](u) since P,[¥;](u;,) < u;, for any k such that
Jk =1 and uj — u weakly. Therefore by the monotonicity of Ey,(-) and by Proposition 2.11 (ii), we
conclude that

lim sup Ey, (ux) < ll_l)rgo Ey,(PolYnl(u)) +€=Ey(u) +€

k— 00

letting [ — oo. U
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As a consequence, defining

Xac=| | X 0.9,
yed
we get the following compactness result.

Proposition 3.15. Let C, a € R. . The set
X4 c=Xacn ( L] &&xo, w))

\//EAZV,/, >a
is compact with respect to the weak topology.

Proof. 1t follows directly from the definition that

X%cC {u € PSH(X, w) : |supu| < C/},
X

where C’ := max(C, C/a). Therefore by Proposition 8.5 in [Guedj and Zeriahi 2017], X f4,c is weakly
relatively compact. Finally Proposition 3.14 and Hartogs’ lemma imply that X9 . is also closed with
respect to the weak topology, concluding the proof. U

Remark 3.16. The whole set X 4 ¢ may not be weakly compact. Indeed, assuming Vy, . =0 and letting
Yr € A such that ¥y \{ ¥min, the functions uy 1= V; — 1/,/Vy, belong to X 4y for V = fX MA,(0)
since Ey, (uy) = —/Vy, but supy uy = —1/,/Vy, — —o0.

4. The action of measures on PSH(X, )

In this section we want to replace the action on PSH(X, w) defined in [Berman et al. 2013] given by
a probability measure p with an action which assumes finite values on elements u € PSH(X, w) with
Y-relative minimal singularities, where i = P,[u] for almost all i € M. On the other hand, for
any ¥ € M we want there to exist many measures ; whose action over {u € PSH(X, ) : P,[u] =¥}
is well-defined. The problem is that p varies among all probability measures while Y varies among all
model-type envelopes. So it may happen that  takes mass on nonpluripolar sets and that the unbounded
locus of ¥ € M is very nasty.

Definition 4.1. Let 1« be a probability measure on X. Then w acts on PSH(X, w) through the functional
L, :PSH(X, w) - RU{—o0} defined as L, (u) = —o0 if u charges { P,[u] = —00}, as
Luw = [ = Pl
X
if u has P, [u]-relative minimal singularities and u does not charge { P, [u#] = —oo} and otherwise as
L, (u) :=inf{L,(v) : v e PSH(X, w) with P,[u]-relative minimal singularities, v > u}.

Proposition 4.2. The following properties hold:

(i) L, is affine, i.e., it satisfies the scaling property L, (u+c) =L, (u)+c foranyc eR, u e PSH(X, w).
(i1) L, is nondecreasing on {u € PSH(X, w) : Pylul =y} for any ¢ € M.
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(iii) Ly () =lim;_, o L, (max(u, P,[u] — j)) for any u € PSH(X, w).
(iv) If w is nonpluripolar, then L, is convex.

(v) If w is nonpluripolar and uy — u and P,luy] — P,lu] weakly as k — oo, then

L, (u) > limsup L, (u).

k—o00
i) If u e VX, w, V) for r € M™, then Lya,w)/v, is finite on EVX, w, ).

Proof. The first two properties follow by definition.

For the third property, setting ¥ := P,[u], clearly L, (u) <lim;_, o L, (max(u, ¢ — j)). Conversely,
for any v > u with yr-relative minimal singularities v > max(u, ¥ — j) for j > 0 big enough, by (ii) we
get L, (v) > lim;_, L, (max(u, ¢ — j)) which implies (iii) by definition.

Next we prove (iv). Let v = Z;":] aju; be a convex combination of elements u; € PSH(X, w). Without
loss of generality we may assume supy v, supy u; < 0. In particular, we have L, (v), L, (u;) <0.

Suppose L, (v) > —oo (otherwise it is trivial) and let ¥ := P,[v], ¥ := Py,[u;]. Then for any C € R ¢
it is easy to see that .

Y @ P, +C.0) < P,(v+C.0) <Y,
I=1

which leads to Y )", a;y¥; < ¢ letting C — oo. Hence (iii) yields

oo <L, = [z a [ w-wu=Y aL,w.
X =1 ’X I=1

Property (v) easily follows from lim sup;_, ., max(uy, Pylux] — j) < max(u, P,[u] — j) and (iii), while
the last property is a consequence of Lemma 3.8. U

Next, since for any ¢ € [0, 1] and any u, v € EVX, w, )
n
/(u—v)MAw(tu—i—(l—t)v) - (l—t)"f(u—v) MAw(v)+Z<n.)tf(l—t)”_j/ (u—v) MA, (!, v" )
X X o X
> (l—t)”/(M—U)MAw(v)Jr(l—(l—t)”)/(M—U)MAw(u),
X X
we can proceed exactly as in [Berman et al. 2013, Proposition 3.4] (see also [Guedj and Zeriahi 2007,
Lemma 2.11]), replacing Vjy with i, to get the following result.

Proposition 4.3. Let A C PSH(X, w) and let L : A — RU{—00} be a convex and nondecreasing function
satisfying the scaling property L(u +c) = L(u) + ¢ for any c € R.

(1) If L is finite-valued on a weakly compact convex set K C A, then L(K) is bounded.
(i) If EY(X, w, ¥) C A and L is finite-valued on E'(X, w, V), then

sup |L|=0(C1/2) as C — oo.
{uEE(I;(X,w,w):supX u=<0}
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4A. When is L, continuous? The continuity of L, is a hard problem. However, we can characterize its
continuity on some weakly compact sets as the next theorem shows.

Theorem 4.4. Let u be a nonpluripolar probability measure, and let K C PSH(X, w) be a compact
convex set such that L, is finite on K, the set {P,[u] : u € K} C M is totally ordered and its closure
in PSH(X, w) has at most one element in M \ M™. Suppose also that there exists C € R such that
|Ep,uj(w)| < C forany u € K. Then the following properties are equivalent:

(1) L, is continuous on K.
(ii) The map ©: K — L'(w), t(u) :=u — P,[u] is continuous.

(iii) The set T(K) C L'(w) is uniformly integrable, i.e.,

/oo i < Poful =1} — 0
t

=m

as m — oo, uniformly for u € K.

Proof. We first observe that if u; € K converges to u € K, then by Lemma 3.13, ¥ — ¥, where we set
Yy = P,lug] and v := Py [u].

Then we can proceed exactly as in [Berman et al. 2013, Theorem 3.10] to get the equivalence between
(1) and (ii), (ii) = (iii) and the fact that the graph of 7 is closed. It is important to emphasize that (iii)
is equivalent to saying that t(K) is weakly relative compact by the Dunford—Pettis theorem, i.e., with
respect to the weak topology on L' (i) induced by L™ (u) = L' (1)*.

Finally, assuming that (iii) holds it remains to prove (i). So, letting uy, u € K such that u; — u, we have
to show that fx T(up) o — fx T(u)p. Since (K) C L'(w) is bounded, unless considering a subsequence,
we may suppose fx t(ux) — L € R. By Fatou’s lemma,

L = lim T(uk)/,LS/ T(u)u. (12)
k—o00 X X

Then for any k € N the closed convex envelope

Ci :=Conv{t(u;) : j > k}

is weakly closed in L'(u) by the Hahn—Banach theorem, which implies that Cy is weakly compact since
it is contained in t(K). Thus since Cy is a decreasing sequence of nonempty weakly compact sets, there
exists f € ()~ Ck and there exist elements vy € Conv(u; : j > k) given as finite convex combinations
such that r(vk_) — fin L'(n). Moreover, by the closed graph property, f = 7(u) since vy — u as a
consequence of u; — u. On the other hand, by Proposition 4.2 (iv) we get

fX T (v < Eal,k /X oy

if ve = )"/, ay kuy,. Hence L > fx 7 (u) i, which together with (12) implies L = fX T(u)u. O
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Corollary 4.5. Let v € M™ and j € Ca,y- Then L, is continuous on Eé (X, w, ¥) forany C € R.yg. In
particular, if @ =MA,W)/Vy foru e ENX, w, ¥) with y-relative minimal singularities, then L, is
continuous on Sé(X, w, ¥) forany C € R.o.
Proof. With the notation of Theorem 4.4, r(é’é (X, w, ¥)) is bounded in L%(u) by Lemma 3.11. Hence
by Holder’s inequality t(é’é (X, w, ¥)) is uniformly integrable and Theorem 4.4 yields the continuity
of L, on E.(X, w, ¥) for any C € R-y.

The last assertion follows directly from Proposition 3.10. O

The following lemma will be essential to prove Theorem A and Theorem B.

Lemma 4.6. Let ¢ € H,, and let A C M be a totally ordered subset. Set also vy := P,[y](¢) for
any ¥ € A. Then the actions {Vy Lma,,(v,)/v, }yea take finite values and they are equicontinuous on
any compact set K C PSH(X, w) such that {P,[u] : u € K} is a totally ordered set whose closure in
PSH(X, w) has at most one element in M\ M™ and such that |Ep,,)(u)| < C uniformly for any u € K.
If ¥ € M\ M, for the action Vi Lma,vy)/ v, we mean the null action. In particular, if Y — ¢
monotonically almost everywhere and {uy }xen C K converges weakly to u € K, then

f (ur — Polug]) MA, (vy,) — / (u — Pylu]) MA, (vy). (13)
X X
Proof. By Theorem 2.2,

[V LMA, (vy)) v, )] < /Xlu — Pylul| MA,(p)

for any u € PSH(X, w) and any ¢ € A, so the actions in the statement assume finite values. Then the
equicontinuity on any weak compact set K C PSH(X, w) satisfying the assumptions of the lemma follows
from

Vi | LMag g v, W1) — LA, )/ v, (W2)| < / |lwi — Py[wi] — wz + Py[wa]| MA, (@)
X

for any wy, wy € PSH(X, w) since MA,,(¢) is a volume form on X and P,[wi] = Pylw] if {wilren C K
converges to w € K under our hypothesis by Lemma 3.13.

For the second assertion, if ¥, \( ¢ (resp. ¥ /' ¥ almost everywhere), letting f;, f € L such that
MA, (vy,) = fi MA,(¢) and MA,, (vy) = f MA,(¢) (Theorem 2.2), we have 0 < f; <1,0< f <1
and { fx}xen 18 @ monotone sequence. Therefore f, — f in L? for any p > 1 as k — 0o, which implies

[ = P MA@ = [ = Pt MAL(wy)
X X
as k — oo since MA,, (¢) is a volume form. Hence (13) follows since by the first part of the proof,

/ (ug — Pylur] —u+ P,[ul) MA,, (vy, ) — 0. 0
X

5. Theorem A

In this section we fix ¥ € M™ and, using a variational approach, we first prove the bijectivity of the
(X, w, ¥)and M! (X, w, ¥), and then we prove that it is actually
a homeomorphism considering the strong topologies.

Monge-Ampére operator between £
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5A. Degenerate complex Monge—Ampeére equations. Letting u be a probability measure and v € M,
we define the functional 7, y : £1(X, ®, ¥) - RU{—0o0} as

Fiy):=(Ey —VyL,)(u),
where we recall from Section 4 that
Lu(u) = Jim Ly, (max(u, y = )
= jlirrgo X(maX(u, v —Jj)—v)u.
F,.y is clearly a translation invariant functional, and F), y = 0 for any u if Vy, = 0.
Proposition 5.1. Let j1 be a probability measure, € M* and let F :== F), y. If L, is continuous then F

is upper semicontinuous on X, w, Y¥). Moreover, if L, is finite-valued on VX, w, V), then there
exist A, B > 0 such that

F(v)<—-AdW,v)+B

(X, w, V), ie., F is d-coercive. In particular, F is upper semicontinuous on £l (X, w, ¥)
L (X, @, ¥) if p=MA, )/ Vy forueE (X, w,¥).

forany v e Ellorm

and d-coercive on EX

Proof. If L, is continuous then F is easily upper semicontinuous by Proposition 2.4.
Then, since d (Y, v) = —Ey (v) on é’r{
equivalent to

orm (X, @, ¥), it is easy to check that the coercivity requested is

(1-4)
sup |Lul = C+o0(),

ELX 0 )NEL (X 0, 9)

which holds by Proposition 4.3 (ii).

Next assuming u = MA,,(u)/Vy, it is sufficient to check the continuity of L, since L, is finite-
valued on £'(X, w, 1) by Proposition 4.2. We may suppose without loss of generality that u < /. By
Proposition 3.7 and Remark 3.3, for any C € R., L, restricted to 5é(X , , ¥) is the uniform limit
of Ly, where u; :=MA,, (max(u, ¥ — j)), since Iy, (max(u, ¥ — j), u) — 0 as j — oo. Therefore L, is
continuous on Eé (X, o, ) because of the uniform limit of continuous functionals L,,; (Corollary 4.5). [J

Because of the concavity of Ey, if © =MA,(u)/Vy foru € EN(X, w, ) where Vy > 0, then

TV ) = Fyy(u) = g,fup | Fuy,
X,w,¢¥

i.e., u is a maximizer of F, y. The other way around also holds as the next result shows.

Proposition 5.2. Let v € M™ and let  be a probability measure such that L,, is finite-valued on
EYX, w, V). Then u =MA,(u)/ Vy foru € EX(X, w, V) if and only if u is a maximizer of F, y.

Proof. As said before, it is clear that u = MA,,(u)/ Vy, implies that u is a maximizer of F, . Conversely,
if u is a maximizer of F), y, then by [Darvas et al. 2018, Theorem 4.22], u = MA,, )/ Vy. O
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Similarly to [Berman et al. 2013] we thus define the i -relative energy for v € M of a probability
measure [ as

EI’Z (w):= sup  F,yu),
ueE (X, 0,%)
i.e., essentially as the Legendre transform of Ey, . It takes nonnegative values (F), y (¥) = 0), and it is
easy to check that Ejz is a convex function.
Moreover, defining

M! (X, w, ¥) :={Vyu: puis a probability measure satisfying E:;(u) < o0},

we note that M (X, o, ¥) consists only of the null measure if Vy, = 0, while if Vy, > 0, any probability
measure p such that Vi, u € MU (X, w, V) is nonpluripolar as the next lemma shows.

Lemma 5.3. Let A C X be a (locally) pluripolar set. Then there exists u € (X, w, ¥) such that
A C{u = —oo}. In particular, if Vyu € MYX, w, ) for ¢ € M, then  is nonpluripolar.

Proof. By [Berman et al. 2013, Corollary 2.11], there exists ¢ € £'(X, w) such that A C {¢ = —o0}.
Therefore setting u := P,[¥](¢) proves the first part.

Next, let Vyu € MY X, w, ) for y € M* and let 1 be a probability measure, and assume by
contradiction that u takes mass on a pluripolar set A. Then by the first part of the proof there exists
u € &YX, w,¥) such that A C {u = —o0}. On the other hand, since Vyu € M (X, w, ¥), by definition x
does not charge {yy = —oo}. Thus by Proposition 4.2 (iii) we obtain L, (#) = —o0, a contradiction. []

We now prove that the Monge—Ampere operator is a bijection between £!(X, w, ¥) and M (X, w, ).

Lemma 5.4. Let y € M and € Ca .y, where A € R. Then there exists u € ]

norm(X7 w, 'W) maximiz-
ing F y.

Proof. By Lemma 3.11, L, is finite-valued on VX, w, Y¥), and it is continuous on 5(1: (X, w, ¥) for
any C € R thanks to Corollary 4.5. Therefore it follows from Proposition 5.1 that F, y is upper
semicontinuous and d-coercive on £}

as an easy consequence of the weak compactness of Sé X, w, V). (|

(X, w, ¥). Hence F,, y admits a maximizer u € £} .. (X, o, ¥)

Proposition 5.5. Let v € M™. Then the Monge—Ampere map MA : Sr}()rm X, w,¥) > M (X, w, V),
u — MA(u), is bijective. Furthermore, if Vyu =MA,(u) € M (X, w, V) foru e EX(X, w, V), then

any maximizing sequence ujy € (X, w, ) for F, y necessarily converges weakly to u.

gr}orm
Proof. The proof is inspired by [Berman et al. 2013, Theorem 4.7].

The map is well-defined as a consequence of Proposition 5.1, i.e., MA,,(u) € M (X, w, ) for any
ueé&! (X, w, ¥). Moreover, the injectivity follows from [Darvas et al. 2021a, Theorem 4.8].

Letug €&}
is a probability measure and u €

(X, w, ) be asequence such that F,_y (uy) / SUPe1 (X0, v) Fru s where u=MA,,(u)/Vy
(X, w, ¥). Up to considering a subsequence, we may also assume
that uy — v € PSH(X, w). Then, by the upper semicontinuity and d-coercivity of F,, y (Proposition 5.1),
it follows that v € £L

n=MA,(v)/Vy. Hence v =u since supy v =supy u = 0.

1
gnorm

(X, w,¥) and F, y (v) = supgi(x 4 y) Fu,y- Thus by Proposition 5.2 we get
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Then let u be a probability measure such that Vi, € MY(X, w, ¥). Again by Proposition 5.2, to prove
the existence of u € £1 .. (X, , ¥) such that © = MA,,(u)/ Vy it is sufficient to check that F, , admits
a maximum over £1 (X, @, ). Moreover by Proposition 5.1, we also know that F,, , is d-coercive
on L (X, w, ¥). Thus if there exists a constant A > 0 such that i € C4 y, then Corollary 4.5 leads to
the upper semicontinuity of F}, y, which clearly implies that Vy u = MA, (1) foru € £ L(X, w, ¥) since
Eé(X, w, ¥) C PSH(X, w) is compact for any C € R..

In the general case, by [Darvas et al. 2018, Lemma 4.26] (see also [Cegrell 1998]), u is absolutely
continuous with respect to v € Cy y using also that p is a nonpluripolar measure (Lemma 5.3). Therefore,

letting f € L'(v) such that u = fv, we define for any k € N
pi = (1 + &) min(f, k)v,

where the €; > 0 are chosen such that p; is a probability measure, noting that (1 + ;) min(f, k) — f
in L'(v). Then by Lemma 5.4 it follows that u; = MA,, (ux)/ Vy for uy € EL (X, 0, ¥).

Moreover, by weak compactness we may also assume that u; — u € PSH(X, w), without loss of
generality. Note that u < i since u; < v for any k € N. Then by [Darvas et al. 2021a, Lemma 2.8] we
obtain

MA, ) > Vy fv=Vyu,

which implies MA,, (u) = Vi, by [Witt Nystrom 2019] since u is more singular than ¥ and p is a
probability measure. It remains to prove that u € £' (X, o, ¥).
It is not difficult to see that py < 2u for £ >> 0, thus Proposition 4.3 implies that there exists a
constant B > 0 such that
sup |L,|<2 sup |L,|<2B(1+C'?%
EL(X.0,) EL(X.0.1)

for any C € R~ (. Therefore

TV () = Ey (i) + Vi |Ly, ()| < sup(2Vy B(1 + c'? -0,

and Lemma 3.1 yields d (¥, ux) < D for a uniform constant D, i.e., uy € 5}),(X, w, Y¥) for any k € N
for a uniform constant D’; see Remark 3.3. Hence since & ll),(X , w, ¥) is weakly compact we obtain
ueéh (X, o, ¥). O

5B. Proof of Theorem A. We further explore the properties of the strong topology on £' (X, @, ¥).
By Proposition 3.6, the strong convergence implies the weak convergence. Moreover, the strong
topology is the coarsest refinement of the weak topology such that £y (-) becomes continuous.

Proposition 5.6. Let v € M and uy, u € EY(X, w, V). Then uy — u strongly if and only if uy — u
weakly and Ey (uy) — Ey (u).

Proof. Assume uy — u weakly and Ey (uy) — Ey (u). Then wy := (sup{u; : j > k})* € EYX, w,¥) and
it decreases to u. Thus by Proposition 2.4, Ey, (wi) — Ey (u) and

d(up, u) <d(ug, wi) +d(wg, u) =2Ey (w) — Ey (ur) — Ey (u) — 0.
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Conversely, assuming that d(ug, u) — 0, we immediately get that u; — u weakly as said above; see
Proposition 3.6. Moreover, supy U, supy # < A uniformly for a constant A € R. Thus

|Ey (ui) — Ey )| =1d( + A, up) —d(Y + A, w)| < d(ug, u) — 0. [
We also observe that the strong convergence implies the convergence in v'-capacity for any ' € M™.

Proposition 5.7. Let v € M™ and uy,u € SI(X, w, ) such that d(uy,u) — 0. Then there exists
a subsequence {uy,}jen such that w;j = (sup{ug, : h > JD*and vj = Py (uk;, Uk, - - -) belong to
EYX, w, ¥) and converge monotonically almost everywhere to u. In particular, uy — u in y'-capacity
forany ' € M, and MAw(u,{, Y)Y — MA, (u/, y"~7) weakly for any j =0, ..., n.

Proof. Since the strong convergence implies the weak convergence by Proposition 5.6, it is clear that
wy € EN(X, w, ¥) and that it decreases to u. In particular, up to considering a subsequence we may
assume that d (uy, wy) < 1/2" for any k € N.

Next for any j >k, set vy j := Py, (ug, ..., u;) € El(X, w, ¥) and v,‘:’j = Py (vi,j,u) € VX, w, V).
Then it follows from Proposition 2.4 and [Darvas et al. 2018, Lemma 3.7] that

d(u,vZ,j)5/(u—vZ,J~)MAw(vZ,]~)5/ (u — g, j) MA, (v, )
X {vf =k}
< MAL () < (1 + 1) S dws, uy) < 00
Z (wv_uv) () < (n+ )Z Wy, Us k=1

s=k

Therefore by Proposition 3.15, vk decreases (hence converges strongly) to a function ¢ € EVX, w, ¥)
as j — oo. Similarly we also observe that

d(vk,j,v;i‘,j)sf

u
{vk_j_u}

(Vk,j — u) MA, (1) S/Ivk,l —u|MA,(u) <C
b'e

uniformly in j by Corollary 3.5. Hence by definition, d(u, v; ;) < C+ (n+1) /2 e, v, ;j decreases
and converges strongly as j — oo to the function vy = P, (ug, Ug41,...) € VX, w, Y¥), again by
Proposition 3.15. Moreover, by construction, u; > vy > ¢y since vy < vi ; < uy for any j > k. Hence

n+1

= —0

d(u,ve) =d(u, ) <

as k — oo, i.e., vx " u strongly.

The convergence in ’'-capacity for ¢’ € M™ is now clearly an immediate consequence. Indeed by
an easy contradiction argument it is enough to prove that any arbitrary subsequence, which we will
keep denoting by {uy}ren for the sake of simplicity, admits a further subsequence {uy; }jen converging
in y'-capacity to u. Thus taking the subsequence satisfying v; <uy, <wj;, where v;, w; are the monotonic
sequences of the first part of the proposition, the convergence in ’-capacity follows from the inclusions

{lu —ug;| > 8} ={u—ug, > 6} U{ug, —u> 8} C{u—v; >8U{w; —u >4}

for any § > 0. Finally Lemma 2.12 gives the weak convergence of the measures. O
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We now endow the set M (X, w, ¥) = {Vy 1 : p is a probability measure satisfying E:;(u) < +o00}
(Section 5A) with its natural strong topology given as the coarsest refinement of the weak topology such
that E;Z( -) becomes continuous and prove Theorem A.

Theorem A. Let vy € M™. Then
MA, : (E) (X, 0, ¥),d) - (M (X, w, ¥), strong)

is a homeomorphism.

Proof. The map is bijective as an immediate consequence of Proposition 5.5.

Next, letting the uy € £1 (X, ®, ¥) converge strongly to u € EL . (X, w, ), Proposition 5.7 gives
the weak convergence of MA, (1) — MA, (1) as k — oco. Moreover, since E :/"j MA,(v)/Vy) = Jl}y )
for any v € £(X, w, V), we get

| B (MA, ()] Vi) — E (MA, () / Vi)

< |Ey(up) — Ey(u)| + ‘/;((1// —up) MA,, (ur) —/X(lﬂ —u) MA,,(u)

< |Ey(up) — Ey(u)| + ‘/X(l// —up) MA, (ur) —MA, (1))

+/|uk—u|MAw(u). (14)
X

Hence MA,, (ux) — MA,, (u) strongly in M (X, w, ) since each term on the right-hand side of (14)
goes to 0 as k — +o00, combining Proposition 5.6, Proposition 3.7 and Corollary 3.5, and recalling that
by Proposition 3.4, Iy, (uy, u) — 0 as k — oo.

Conversely, suppose that MA,, () — MA,, (1) strongly in M (X, @, ), where uy, u € EL (X, w, V).
Then, letting {¢;}jen C H, such that ¢; \ u [Blocki and Kotodziej 2007] and setting v; := P,[{¥1(¢;),
by Lemma 3.1,

(n+1) Iy (ug, vj) < Ew(uk)_Ew(Uj)+/ (vj —ur) MA,, (ur)
X

:E;Z(MAw(Mk)/Vw)_Ez(MAw(Uj)/Vw)+A(Uj_w)(MAw(”k)_MAw(vj))- (15)

By construction and the first part of the proof, it follows that E :Z (MA,(up)/ Vy)—E :/“/ (MA,(vj)/Vy)—0
as k, j — oo. Setting f; := v; — v, we want to prove

limsup/ijMAw(uk):/ijMAw(u),

k—o00

which would imply lim SUP ;o0 lim sup, _, o, Iy (ux, v;) = 0 since fX fiMA,(u) —MA,(v;)) —> Oasa
consequence of Propositions 3.7 and 3.4.

We observe that || ;|| < [l¢j|l~ by Proposition 2.10, and we denote by {fjs}seN C C* a sequence
of smooth functions converging in capacity to f; such that || fJ‘ Lo < 2|l fjllL. Here we briefly recall
how to construct such a sequence. Let {gjs.} seN be the sequence of bounded functions converging in
capacity to f; defined as gj := max(v;, —s) — max(y, —s). We have that ||gjs.||Loo < I fjllz>~ and that
max(v;, —s), max(y, —s) € PSH(X, w). By a regularization process (see [Btocki and Kotodziej 2007])
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and a diagonal argument we can now construct a sequence { fjs }jen C C™ converging in capacity to f;
such that ||f]:Y||Loc < 2||g;|| < 2| fjllL=, where fj‘ = v; — Y% with vJ‘?, ¥* quasi-psh functions decreasing
to vj, ¥, respectively.

Then letting § > 0 we have

/ (fi = [ ) MAG (ui) <6Vy +3llgjlie / MA,, (ur)
X {fi—£7>8)
§5V¢+3”‘/’j”L°°/ MA,, (ur)
{y*—y>5}

from the trivial inclusion { f; — fjs > 8} C {¢* — > &}. Therefore

lim sup lim sup/ (fi — ij)MAw(uk) <6Vy +limsup lim supf MA,, (uy)
X {y*—y=>4}

§—>00  k—00 §—>00  k—o00

§—>00

<é&Vy +limsup/{ o B}MAw(u)ZfSVw,

where we used that {y/* — 1 > 6} is a closed set in the plurifine topology. Hence since fjrY € C* we obtain

k— 00 §—00  k—00

limsup/ fi MA,, (uy) zlimsuplimsup</ (f; —]f].S)MAw(uk)+/ fjs MAw(uk))
X X X

<lim sup/x fjs MA, (1) = /;{ fiMA,(u),

§S—> 00
which as said above implies Iy (uy, v;) — 0 letting k, j — oo in this order.
Next we obtain uy € Sé(X, w, Y¥) for some C € N big enough since J,}i(w) = E;Z (MA, (up)/ Vy),
again by Lemma 3.1. In particular, up to considering a subsequence, uy — w € Eriorm(X , @, ) weakly

by Proposition 3.15. Observe also that by Proposition 3.7,

—0 (16)

/X(lﬁ —up) MA, (vj) —MA, (ur))

as k, j — oo in this order. Moreover, by Proposition 3.14 and Lemma 4.6,

k— 00

lim sup (E?;(MAw(uk)/ Vy) + /X(lﬁ —up) MA, (v)) — MAa)(“k)))

=limsup(E¢(uk)+/X(w—uk)MAw(vj)) §E1/,(w)+/x(g/f—w) MA, (v;). (17)

k—o00

Therefore combining (16) and (17) with the strong convergence of v; to u we obtain
Ew(u)+/ (Y —u) MA, () =k1ingo Ej,(MA,(ur)/ Vy)
X —

< lim sup(Ew (w) + / (Y —w) MAw(vj))
X

j—00

:E,,,(w)+/x(1p—w)MAw(u),
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i.e., w is a maximizer of FMAm(u)/Vw/f- Hence w = u (Proposition 5.5), i.e., uy — u weakly. Furthermore,

)

Iy (ug., vj). (18)

again by Lemma 3.1 and Lemma 4.6,

. n
lim sup(Ey (vj) — Ey (ug)) <lim sup(mlw(uk, vj) + ’/ (ur —vj) MA, (v))
X

k— 00 k— 00

n

+ limsu
k—>oop n+1

< ‘/ (4 — v)) MAL (1))
X

Finally letting j — o0, since v; “\ u strongly, we obtain liminf; oo Ey (ug) > lim;j_, o0 Ey (vj) = Ey (1),
which implies that Ey, (ux) — Ey («) and that u; — u strongly by Proposition 5.6. (|

The main difference between the proof of Theorem A and the proof of the same result in the absolute
setting, i.e., when 1 = 0, is that for fixed u € £' (X, w, ¥) the action

MU(X, w, ) BMAw(v)—>/(u—t/f)MAw(v)
X

is not a priori continuous with respect to the weak topologies of measures even if we restrict the action on
MIC(X, w, ) ={Vyu: E:‘/‘/ (n) < C} for C € R, while in the absolute setting this is given by [Berman
et al. 2019, Proposition 1.7], where the authors used the fact that any u € £!(X, w) can be approximated
inside the class £!(X, w) by a sequence of continuous functions.

6. Strong topologies

In this section we investigate the strong topology on X 4 in detail, proving that it is the coarsest refinement
of the weak topology such that E.(-) becomes continuous (Theorem 6.2) and proving that the strong
convergence implies the convergence in 1/ -capacity for any ¥ € M™ (Theorem 6.3), i.e., we extend all the
typical properties of the L'-metric geometry to the bigger space X 4, justifying further the construction of
the distance d 4 [Trusiani 2022] and its naturality. Moreover, we define the set Y4 and prove Theorem B.

6A. About (X 4,d4). First we prove that the strong convergence in X 4 implies the weak convergence,
recalling that for the weak convergence of u; € £ (X, 0, Vi) to Py, .., where Yrmin € M with Vy . =0,
we mean that [supy ux| < C and that any weak accumulation point of {uy}xen 1s more singular than Yryp.

Proposition 6.1. Let uy, u € X 4 such that u — u strongly. If u # Py, ., then uy — u weakly. If instead
u = Py, ., then the following dichotomy holds:

(i) ur — Py,,, weakly.
(i1) limsup;_, o |supy ux| = +oc.

Proof. The dichotomy for the case u = Py, ., follows by definition. Indeed, if |[supy ux| < C and
dg(ug, u) — 0as k — oo, then Vy, — Vy, . =0 by Proposition 2.11 (iv), which implies that ¥/ — Yin
by Lemma 3.12. Hence any weak accumulation point u of {uy}ren satisfies u < Yrpin + C.

Thus, let Y, ¥ € A such that uy € VX, w, Yy) and u € VX, w, Yr) where ¥ € M. Observe that

d(up, Yi) <da(ug, u) +du, ) +da(¥, ¥i) < A

for a uniform constant A > 0 by Proposition 2.11 (iv).
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On the other hand, by [Btocki and Kotodziej 2007], for any j € N there exists i; € H,, such that h; > u,
|hj—ullpr <1/j andd(u, P,[¥](hj)) <1/j. In particular, by the triangle inequality and Proposition 2.11,

we have
lim sup (P [y1(hy). Y1) < lim sup(da( Pl (hy), Pl 10h))) + %+ d (e, )+, )

<d(, w>+}, (19)

Similarly, again by the triangle inequality and Proposition 2.11,

lim supd g, Polyxl(hy)) < lim sup(da(Pol Wil (hy), ol 1(h)) + } +dau,wp) = % (20)
and
tim supljg 1 = imsuplu— Pul 101 7+ Pl ) — Polr ) -+ Pl 10h) )
< }+1i;nsup||uk—Pw[wk1<hj>||L1, @1)

where we also used Lemma 2.14. In particular, we deduce that d (Y, Py, [¥i](h})), d(Yk, ux) < C for
a uniform constant C € R from (19) and (20). Next let ¢y € £L ... (X, @, ¥) be the unique solution of
MA,, (¢r) = (Vy, / Vo) MA,,(0), and observe that by Proposition 2.4,

V.
AW, ¢) = —Ey, (dr) < /X(lﬁk — ) MA,(dr) = %"lemlMAw(m <Nl = C,

since ¢ belongs to a compact (hence bounded) subset of PSH(X, w) C L. Therefore, since Vy, =a>0
for £ > 0 big enough, by Proposition 3.6 it follows that there exists a continuous increasing function
f :Rso — Rx>o with f(0) = 0 such that

luk — Pol¥il(hp) Il < f(d(uk, Pol¥icl(h))))
for any k, j big enough. Hence, combining (20) and (21), the convergence requested follows letting

k, j — +o0 in this order. U

We can now prove the important characterization of the strong convergence as the coarsest refinement
of the weak topology such that E.(-) becomes continuous.

Theorem 6.2. Let uy € E'(X, w, ¥x) and u € EX(X, w, V) for {(Yilken, ¥ € A If ¥ # VYmin 01 Vi > 0,
then the following are equivalent:

(1) ugx — u strongly.
(1) ux — u weakly and Ey, (ui) — Ey (u).

In the case Y = Yrmin and Vy, .. =0, if uy — Py, . weakly and Ey, (uy) — 0, then uy — Py, strongly.
Finally, if da(uk, Py, ) — 0 as k — 00, then the following dichotomy holds:

(@) uy — Py, weakly and Ey, (ur) — 0.

(b) lim supk—)oolsupX ug| = oo.
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Proof. (ii) = (i): Assume that (ii) holds where we include the case u = Py, setting Ey (Py, . ) :=0.
Clearly it is enough to prove that any subsequence of {u }r<n admits a subsequence which is d 4-convergent
to u. For the sake of simplicity we denote by {u;}ren the arbitrary initial subsequence, and since A is
totally ordered by Lemma 3.13 we may also assume either ¥ \ ¥ or ¥ /' ¢ almost everywhere. In
particular, even if u = Py, , we may suppose that u; converges weakly to a proper element v € £ (X, w, %)
up to considering a further subsequence by definition of the weak convergence to the point Py, . . In this
case by abuse of notation we denote the function v, which depends on the subsequence chosen, by u.
Note also that by Hartogs’” lemma we have u; < ¥ + A and u < 4+ A for a uniform constant A € Rx
since |supy ux| < A.

In the case of ¥ \( ¥, we have that vy := (sup{u; : j > k})* € EYX, w, Y) decreases to u. Thus
wy = Py[¥r](vy) € VX, w, ¥) decreases to u, which implies d(u, wy) — 0 as k — oo. (If u = Py,
we immediately have wy = Py, . .)

Moreover, by Propositions 2.4 and 2.10,

Ey () = lim Ey(wy) = AVy— lim d(+A, wp)
> lim (AVI/,k—d(‘Wk-i-A, Vk))
k— 00

= limsup Ey, (vx) > lim Ey, (ur) = Ey (1)
k—o00 k=00

since ¥ + A = Py[vr](A). Hence

lim sup d (vg, ug) = limsup(d (Yx + A, ux) —d(vk, ¥x + A)) = kli)rgo(Ew (vk) — Ey, (uy)) =0.

k—o00 k— 00

Thus by the triangle inequality it is sufficient to show that lim sup,_, , da(u, vi) =0.
Next, for any C € R we set vkc := max(vg, ¥x — C) and € := max(u, ¥ — C), and we observe that
d(ye+ A, v,f) — d(¥ + A, u©) by Proposition 2.11 since vkc \, #¢. This implies that

dwe, v9) =dWn + A, v) —d (W + A, vf) = AVy, — Ey, (i) —d (Y + A, vf)
— AVy —Eyu) —d( + A, u) =d( + A, u) —d (Y + A, uC) = d(u, u®).

Thus, since ¢ — u strongly, again by the triangle inequality it remains to estimate d 4 (u, vkc). Fixe >0

and ¢. € Py, (X, w, ¥) such that d(¢., u) < € (by Lemma 2.13). Then letting ¢ € H,, such that
¢ = Pyl ](¢) and setting ¢ x := P,[Vr](¢), by Proposition 2.11 we have
limsup da(u, v) < limsup(d (u, ¢c) + da(@e, dex) +d(Der, vi))
k— 00

k— 00
<e+d(pe, u°)
<2e+4d(u, u®),

C 5y strongly in 81(X, w, ).

which concludes the first case of (ii) = (i) by the arbitrariness of € since u
Next assume that ¥ ¢ almost everywhere. In this case we may assume Vy, > 0 for any k € N. Then
v = (supfu;: j > k}* e VX, w, ) decreases to u. Moreover, setting wy := P, [V ](vr) € VX, w, Yr)

and combining with the monotonicity of Ey, (), the upper semicontinuity of E.(-) (Proposition 3.14)
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and the contraction property of Proposition 2.10, we obtain
Ey(u)= lim Ey(v) =AVy — lim d(v, ¥ + A)
k—o00 k— 00
< likm inf(AVy, —d(wi, Yi + A))
—> 00

= likm inf Ey, (wi) < limsup Ey, (wi) < Ey (u),
— 00

k—o00
ie., Ey, (wy) — Ey (1) as k — o0o. As an easy consequence we get d (wy, uy) = Ey, (wi) — Ey, (u) — 0,
thus it is sufficient to prove that
limsupd4(u, wy) = 0.

k— 00
Similar to the previous case, fix € > 0 and let ¢, = P,[¥](pe) for ¢ € H,, such that d(u, ¢.) < €. Again
Propositions 2.10 and 2.11 yield

limsup d o (u, wi) < € +limsup(d.a(de, PolVil(¢e)) +d (Pol¥il(@e), wi))

k— 00 k— 00

< € +limsup(d(@e, Pul¥i](de)) +d(de, vi)) < 2,

k— o0
which concludes the first part.

(1) = (i) if u # Py,,,, while (i) implies the dichotomy if u = Py, : If u # Py, .., then Proposition 6.1
implies that uy — u weakly and, in particular, that |supy ux| < A. Thus it remains to prove that
Ey, (ux) = Ey(u).

If u = Py,,,, then again by Proposition 6.1 it remains to show that Ey, (1) — 0 assuming uy, — Py, ..
strongly and weakly. Note that we also have [supy ux| < A for a uniform constant A € R by definition of
the weak convergence to Py, .

Since by an easy contradiction argument it is enough to prove that any subsequence of {uy}xen admits
a further subsequence such that the convergence of the energies holds, without loss of generality we may
assume that uy — u € £ (X, w, ¥) weakly even in the case Vy =0 (i.e., when, with abuse of notation,
u=Py,)

So we want to show the existence of a further subsequence {uy, }ren such that E,/,kh (ur,) — Ey(u)
(note that if Vi, =0, then Ey (1) = 0). It easily follows that

|Ey, (ur) — Ey ()| < |d(Yi + A, up) —d (W + A, u)| + A|Vy, — Vil

<ds(u,u) +d(Wr +A, ¥+ A)+ Al Vy, — Vyl,
and this leads to limy_, o Evy, (ux) = Ey (1) by Proposition 2.11, since we have Y, + A = P, [ ]1(A)
and ¥ + A = P,[¥](A). Hence Ey, (uy) — Ey (u) as desired. O

Note that in Theorem 6.2, case (b) may happen (Remark 3.16), but obviously one can consider

X.A,norm = |_| Sr}()rm(xv w, Tﬁ)
YeA
to exclude such pathology.
The strong convergence also implies the convergence in ¥'-capacity for any ¥’ € M™, as our next
result shows.
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Theorem 6.3. Let Vi, W € Aand let u € ' (X, w, Y. strongly converge tou € (X, w, ). Assume also
that Vi > 0. Then there exists a subsequence {uy; }jen such that the sequences w; := (sup{uy:s > j})* and
vj = Po(up;, Uk, - - ) belong to X a, satisfying vj <uy; <wj and converging strongly and monotonically
to u. In particular, uy — u in ¥'-capacity for any ' € M™* and MAw(ui, w,:Z_J) — MA,, (u¥, y"=7)
weakly for any j € {0, ..., n}.

Proof. We first observe that by Theorem 6.2, uy — u weakly and Ey, (ux) — Ey (u). In particular,
supy u is uniformly bounded and the sequence of w-psh wy := (sup{u; : j > k})* decreases to u.

Up to considering a subsequence we may assume either ¥, \( ¥ or ¥ 7 ¢ almost everywhere. We
treat the two cases separately.

Assume first that ¥, \( ¥. Since clearly wy € EYX, w, ¥y) and Ey, (wi) > Ey, (ur), Theorem 6.2
and Proposition 3.14 yield

Ey(u)= hm E,/,k (ur) <limsup Ey, (wi) < Ey (u),
k—o00

i.e., wy — u strongly. Thus up to considering a further subsequence we can suppose that d (g, wy) < 1/2F
for any k € N.

Next, similar to the proof of Proposition 5.7, we define v;; := P,(u;j,...,u;jq) forany j,I € N,
observing that v;; € VX, w, ¥j41). Thus the function vj“J = P,(u,vj;) € ENX, w, V) satisfies

d(u,v}‘,,)Sfx(u—v}‘,,)MAw(v}f,)ff{u_ }(M_Uj,l)MAw(Uj,l)
J+t ' | Jj+ 1
<Zf(wg—u )MA,, (u)<(n+1>2d<ws, v)<—1, (22)

where we combined Proposition 2.4 and [Darvas et al. 2018, Lemma 3.7]. Therefore by Proposition 3.15,
vj'f ; converges decreasingly and strongly in £ 1(X, w, ¥) to a function ¢; which satisfies ¢; < u.
Similarly,

/ (vju,l - u) MA, (1) < / |U71 — I/ll MAw(u) < 00
{Po(u vj [) u} X S

by Corollary 3.5, which implies that v; ; converges decreasingly to v; € £ '(X, w, ¥) such that u > v > @j,
since v; < uy for any s > j and v;; > vJ'.” ;- Hence from (22) we obtain

n+1

d(u,v;) <du, ¢;) = hm d(u, v/,) =5

i.e., v; converges increasingly and strongly to u as j — o0.

Next assume v/, 7 ¢ almost everywhere. In this case, wy € £'(X, w, ¥) for any k € N, and clearly wy
converges strongly and decreasingly to u. On the other hand, letting wy x := P,[¥](wi) we observe by
Theorem 6.2 and Proposition 3.14 that wy x — u weakly since wy > wy x > uy and

E¢(u) = lll’Il E¢k (ug) <lim sup E,/,,\ (wk k) < Ew(u)

k—o00
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i.e., wy x — u strongly, again by Theorem 6.2. As in the previous case, we assume that d (uy, wy ;) < 1/2%
up to considering a further subsequence. Therefore, setting vj; := Po,(uj, ..., uj11) € VX, w, ¥,
wl = Py,[¥j](u) and vj”} = Py, (vj, u’) we obtain
L . j ; AL n+1
d(u], UJL{.[) = /X(u] - jl'l,[)MAw(vJL{[) = Z A(ws,s —ug) MA, (u5) < Fa (23)
s=j

proceeding as in the previous case. This implies that v]”jl and vj; converge decreasingly and strongly
to functions ¢;, v; € E(X, w, ¥;), respectively, as | — ~+oo which satisfy ¢; < v; < u/. Therefore
combining (23), Proposition 2.11 and the triangle inequality we get

lim supda(u, vj) < lim sup(d 4 (u, u') +d@’, 9;)) < lim sup(dA(u, ul) + r;/—:l) =0.
Jj—o0 Jj—o0 j—oo '
Hence v; converges strongly and increasingly to u, so v; /" u almost everywhere (Proposition 6.1) and
the first part of the proof is concluded.
The convergence in ¥'-capacity and the weak convergence of the mixed Monge—Ampére measures
follow exactly as in the proof of Proposition 5.7. O

We observe that the assumption u # Py, . if Vy . = 0 in Theorem 6.3 is obviously necessary as
the counterexample of Remark 3.16 shows. On the other hand, if d4(uy, Py, ) — 0, then trivially
MA,(uj, ¥, ) — 0 weakly as k — oo for any j € {0, ..., n} as a consequence of Vi, \ 0.

6B. Proof of Theorem B.

Definition 6.4. We define Y 4 as
Ya=| | M' (X, 0,9,
Yed
and we endow it with its natural strong topology given as the coarsest refinement of the weak topology
such that E* becomes continuous, i.e., Vy, i converges strongly to Vy u if and only if Vy, ux — Vy
weakly and E;k (ug) — Ejl‘,(u) as k — oo.

Observe that Y4 C {nonpluripolar measures of total mass belonging to [Vy, ., Vy, . 1}, where clearly
Ymax := sup A. As stated in the Introduction, the definition is coherent with [Berman et al. 2019] since
if ¢ =0 € A, then the induced topology on M! (X, w) coincides with the strong topology as defined in
that paper.

We also recall that

X A norm ‘= |_| gliorm(X7 w, V),
PeA

where EL (X, 0, ¥) :={u eV (X, w, ¥) :supy u =0} (if Vy,,,, =0, then we can assume Py, € X A norm)-

Theorem B. The Monge—Ampére map

MA,, : (X 4,norm» d.4) — (Y 4, strong)

is a homeomorphism.
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Proof. The map is a bijection as a consequence of Lemma 3.12 and Proposition 5.5, where we clearly
define MA,(Py,..) :=0, i.e., the null measure.

Step 1: continuity. Assume first that Vy, . = 0 and that d 4(ux, Py, ) — 0 as k — oo. Then clearly
MA,, (ux) — 0 weakly. Moreover, assuming uy # Py, . for any k, it follows from Proposition 2.4 that

Ej, (MA,(u)/ Vy,) = Ey, (ug) + /X(lﬂk —ug) MA, (ug)

n
<

“n+1

/ Yk — ux) MAG (i) < —nEy, (ur) — 0
X

as k — oo where the convergence is given by Theorem 6.2. Hence MA,, (ux) — O strongly in Y 4.

We can now assume that u # Py, . .

Theorem 6.3 immediately gives the weak convergence of MA,, (ux) to MA,,(u). Let ¢; € H,, be
a decreasing sequence converging to u such that d(u, P,[¥](¢;)) < 1/j for any j € N [Btocki and
Kotodziej 2007], and set vy, j := P,[¥«](¢;) and v; := P,[¥](¢;). Observe also that as a consequence of
Proposition 2.11 and Theorem 6.2, for any j € N there exists k; >> 0 big enough such that

AWk, vk j) <daWi, V) +d W, vj) +da(vj, v, j) <dW,v;) +1<C

for any k > k;, where C is a uniform constant independent of j € N. Therefore, again combining
Theorem 6.2 with Lemma 4.6 and Proposition 3.7, we obtain

lim sup| E5, (MA, )/ Vy,) — E, MA, (0, )/ V)|

k— 00
<lim Sup(|E¢k(uk)—Ewk(vk,j)I+V (‘/fk_”k)(MAw(uk)_MAw(Uk,j))‘+‘f (vk,j —ur) MA, (v, ) )
k— o0 X X
< IEW(u)—E,/,(vj)l—l-lilfnsupCIw(uk, vk,j)1/2+/(v,- —u) MA,,(v)), (24)
—00 X

since clearly we may assume that either ¥, \( ¥ or ¥ " ¢ almost everywhere, up to considering a
subsequence. On the other hand, if k > k;, Proposition 3.4 implies Iy, (ug, vr, ;) < 2 f&(d(ui, vi j)),
where C is a uniform constant independent of j, k and fé : Rso = R is a continuous increasing
function such that fz(0) = 0. Hence continuing the estimates in (24) we get

(24) < |Ey(u) — Ey (v)| +2Cfs(d(u, vj)) +d(vj, u), (25)
using also Propositions 2.4 and 2.11. Letting j — oo in (25), it follows that

lim sup lim suplE:;k (MA, (up)/ Vy,) — E:Zk (MA, (vx,j)/ Vy )l =0

j—oo  k—oo

since v; \  u. Furthermore, it is easy to check that E :;k (MA,, (vk, )/ V) = E;Z (MA,,(vj)/ Vy) as k — o0
for j fixed by Lemma 4.6 and Proposition 2.11. Therefore the convergence

Ey(MA,(v)/ Vy) = Ej(MA, )/ Vy) (26)

as j — oo given by Theorem A concludes this step.
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X, 0, ¥) andu € £ (X, w, ¥) such
that MA, (ux) — MA,, (u) strongly. Note that when ¥ = ¥ and Vy, . = 0, the assumption does not
depend on the function u chosen. Clearly this implies Vy, — V,, which leads to Y — v as k — oo

Step 2: continuity of the inverse. We will assume u; € &/

by Lemma 3.12 since A C M™ is totally ordered. Hence, up to considering a subsequence, we may
assume that i, — ¥ monotonically almost everywhere. We keep the same notation of the previous step
for vy j, v;. We may also suppose that Vy, > 0 for any k € N big enough otherwise it would be trivial.

The strategy is to proceed similarly to the proof of Theorem A, i.e., we first prove that Iy, (uy, vg, ;) — 0
as k, j — oo in this order. Then we will use this to prove that the unique weak accumulation point
of {ur}ren is u. Finally we will deduce the convergence of the Y -relative energies to conclude that
ux — u strongly thanks to Theorem 6.2.

By Lemma 3.1,

(n+ 1)1y, (ug, vr ;)

< Ey, (up) — Ey, (vx, ;) +/ (vk,j — ur) MA, (ug)
X
= E;, MA, (ug)/ Vy,) — Ey, MA, (v j)/ V) +/ (Vk,j — V) MA () —MA,(vg ;) (27)
X

for any j, k. Moreover, by Step 1 and Proposition 2.11 we know that E j;k (MA,, (v, j)/ Vy,) converges,
as k — 400, to 0if Vy, =0 and to E:;(MAw(vj)/Vw) if Vy > 0. Next by Lemma 4.6,

/ (Vk,j — ¥) MA, (vg j) — / (vj —¥) MA, (v))
X X
letting k — oo. So if Vy, =0, then from
lim sup(vi ; — ¥x) = sup(v; — ) = supv;
k—oo x X X

we easily get limsup,_, ., Iy, (ug, vg, j) = 0. Thus we may assume Vy, > 0, and it remains to estimate
[ Uk,j — ¥) MA,, (uz) from above.

We set fi ; := vk, j — Vi, and as in the proof of Theorem A we construct a sequence of smooth functions
fjs = vjs. — ¥* converging in capacity to f; := v; — ¥ and satisfying ||f].5||Loo <2|IfillL~ < 2ll@jlize~.
Here v; and * are sequences of w-psh functions decreasing to v; and v/, respectively. Then we write

/ka,j MAw(uk)=/X(fk,j—ff)MAw(uk)+/Xff MA,, (u), (28)

and we observe that

limsuplimsup/ fjs MAw(uk)=/ fiMA, ),
X X

§—>00  k—>00

since MA,, (ux) — MA,, (1) weakly, fjs e C™, fjs converges to f; in capacity and ||fJ.S||Loo <2 fillze-.
We also claim that the first term on the right-hand side of (28) goes to O letting k, s — oc in this order.
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Indeed, for any § > 0,

/ (fr,j — [)) MA,(ui) <8Vy, +2[@jll Lo / MA,, (ur)
X {fr.j— >0}

< 5Vy. + 20l [ MA, (10), (29)
{lhg,j—hj|>8}

where we set hy ;= vi,j, hj == v; if Y5 \ ¥ and hy j 1= Yy, h;j := ¢ if instead Y ' ¥ almost
everywhere. Moreover, since {|hy, j —hj| > 8} C {|h; j — h;| > 8} for any | < k, from (29) we obtain

limsup/ (fr,j — Ji)) MA,(up) <8Vy +limsuplimsup2||<pj||Loc/ MA,, (uy)
X {lh1j—hj|>5}

k— 00 |00  k—00
<8V, —I—limsup2||goj||Loc/ MA,, (1) = 8V,
=00 {Ihy,j—hj|=8}

where we also used that {|h; ; — h;| > 8} is a closed set in the plurifine topology since it is equal to
{v,j —v; =8} if Yy \ (¥ and to {yy — Yy > 8} if Y /' ¢ almost everywhere. Hence

lim sup/ (fr,j — fi)) MA,(ur) <0.
X

k— 00

Similarly we also get

lim sup lim sup/ (fi — ij) MA, (u;) <0;
X

§—>00  k—>o00

see also the proof of Theorem A.
Summarizing from (27), we obtain

lim sup(n + 1)_11¢k (e, vg, )

k—o00
< B} (MA, @)/ Vi) — E5 (MA, 1))/ Vy) + /X (0 — ¥) MA (1) — /X (v — Y)MAL W) = F, (30)

and F; — 0 as j — oo by Step 1 and Proposition 3.7, since E1(X, w, ¥) 3 v; \yu € &} . (X, w, ¥),
hence strongly.

Next by Lemma 3.1, ux € X 4,c for C > 1 since E*(MA,, (ux)/ Vy,) = Juwk(zp) and supy u; =0, thus,
up to considering a further subsequence, u; — w € Sr}orm(X , , ¥) weakly where d(w, ) < C. Indeed,
if Vy, > 0 this follows from Proposition 3.15 while it is trivial if V, = 0. In particular, by Lemma 4.6,

fx(lﬁk—uk)MAw(vk,j)%fx(l/f—w)MAw(vj), €29

/(vk,j—uk) MAw(vk,j)ﬁ/(vj—w)MAw(vj) (32)
X X

as j — oo. Therefore if Vi, = 0, then combining Iy, (ux, vk, ;) — 0 as k — oo with (32) and Lemma 3.1,
we obtain
) —0.

. . n
lim sup(—Ey, (ux) + Ey, (vg,j)) < lim Sup(—lwk (g, vi,j) + '/ (vk,j — ur) MAL, (v, )
oo \n+1 X

k— 00 k
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This implies that d (Y, uy) = —Ey, (ur) — 0 as k — 00, i.e., that d 4 (Py, ., ux) — 0 using Theorem 6.2.
We may assume from now until the end of the proof that Vy, > 0.
By (31) and Proposition 3.14 it follows that

lim sup (Efj,k MA, () / Vy,) + / (Ve — ur) (MA, (vg, j) — MAa)(”k)))
X

k— 00

— lim sup(Em,(uk) + /X (W — 1) MA (v, ,-)) < E,(w)+ /X W — w)MAL®@).  (33)

k— 00

On the other hand, by Proposition 3.7 and (30),

lim sup
k— 00

f (Vi — u) (MA, (v ) — MAw<uk>)‘ <CF"”, (34)
In conclusion, by the triangle inequality and combining (33) and (34) we get
By @)+ [ =10 MALG) = fim E* MA@,/ V)
X —

< lim sup (Ew(w) +f (Y —w) MA, (v)) + CFJI/Z)
X

j—o00
— E,w)+ / (W — w) MAL )
X

since F; — 0, i.e., w € &L (X, @, ¥) is a maximizer of FMA, )/ v, .v- Hence w = u (Proposition 5.5),

i.e., uy — u weakly. Furthermore, similar to the case Vy, =0, Lemma 3.1 and (32) imply

Ey (vj) — hm 1nf Ey, (uy) = limsup(—Ey, (u) + Ey, (vk, ;)

k— 00
. n

< llmsup<—1¢k(uk, Vg, j) + ‘/ (g —vj ) MA, (v, ;) )
k—00 n+1

§—F —|—‘/(u—v])MA (V).

Finally, letting j — oo, since v; — u strongly, we obtain liminfy _, oo Ey, (ux) > 1im;_, o Ey (vj) = Ey ().
Hence Ey, (ur) — Ey (u) by Proposition 3.14, which implies d 4 (u, u) — 0 by Theorem 6.2. O

7. Stability of complex Monge-Ampere equations

As stated in the Introduction, we want to use the homeomorphism of Theorem B to deduce the strong
stability of solutions of complex Monge—Ampere equations with prescribed singularities when the
measures have uniformly bounded L? density for p > 1.

Theorem C. Let A := {{}ren C M™T be totally ordered, and let { fi}ren C L' be a sequence of
nonnegative functions such that fy — f € L'\ {0} and such that f x Jrw" = Vy, forany k € N. Assume
also that there exists p > 1 such that || fi||L» and || f||L» are uniformly bounded. Then Y, — ¥ € AC M,
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and the sequence of solutions of
MA, () = feo",  ux € Engrm (X, @, i), (35)
converges strongly to u € X 4, which is the unique solution of
MA, (1) = fo", uefl (X, 0, V). (36)
In particular, uy — u in capacity.

Proof. We first observe that the existence of the unique solutions of (35) follows by [Darvas et al. 2021a,
Theorem A].

Moreover, letting u be any weak accumulation point for {uy}zcn (there exists at least one by compact-
ness), [Darvas et al. 2021a, Lemma 2.8] yields MA,, (1) > f" and by the convergence of f; to f we also
obtain f x Jo" =limg_ o Vy,. Moreover, since uy < v for any k € N, by [Witt Nystrom 2019] we obtain
f x MAy, (1) < limg_ o Vy,. Hence MA,, (1) = fo" which, in particular, means that there is a unique
weak accumulation point for {u;}ren and that Yy — ¥ as k — oo since Vy, — Vy, (by Lemma 3.12).
Then it easily follows by combining Fatou’s lemma with Proposition 2.10 and Lemma 2.12 that for
any ¢ € H,,

l%cm inf £, (MA, (ux)/ Vy,) > 1ikm inf<Ewk(Pw[l/fk](<P)) +/ (Y — Pw[l/fk](w))fkw">
—00 —>00 X

> Ey (Pol¥1(9) + /X(llf — Pul¥1(9) fo", (37)

since (Y — P,[Yr](@)) fr = (W — P,[¥](9)) f almost everywhere by Lemma 2.14. Thus, for any
ve (X, w, V), letting ¢; € H, be a decreasing sequence converging to v [Blocki and Kotodziej 2007],
from inequality (37) we get

lggiong,f,k MA, (ug)/ Vy,) = lim sup (Ew(Pw[w](wj)) + /X(lﬁ - Pdlﬁ]((f)j))fﬂ)")

j—oo
£y + [ = fa
using Proposition 2.4 and the monotone convergence theorem. Hence by definition,
likrgingi}}k MA,(ur)/ V) > Ej (fo" [ Vy). (38)

On the other hand, since || fx||L» and || f||z» are uniformly bounded for p > 1 and uy — u, ¥ — ¥ in LY
for any g € [1, +00) (see [Guedj and Zeriahi 2017, Theorem 1.48]), we also have

_/.(l/fk —uy) fro" — / (Y —u) fo" < 400,
X X

which implies that fx(w —u)MA, ) < 400, ie.,uc (X, w, Y¥r) by Proposition 2.4. Moreover, by
Proposition 3.14 we also get

limsup Ej, (MA, (ux)/ Vy,) = Ey(MA,(u)/ Vy),

k—o00
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which together with (38) leads us to MA, (ux) — MA, (u) strongly in Y 4 by definition (observe that
MA,(uy) = fro" — MA,(u) = fo" weakly). Hence uy — u strongly by Theorem B while the
convergence in capacity follows from Theorem 6.3. (|

Remark 7.1. As said in the Introduction, the convergence in capacity of Theorem C was already obtained
in [Darvas et al. 2021b, Theorem 1.4]. Indeed, under the hypotheses of Theorem C it follows from
Lemma 2.12 and [Darvas et al. 2021b, Lemma 3.4] that ds (1%, 1) — 0 where ds is the pseudometric
on {[u] : u € PSH(X, w)} introduced in [Darvas et al. 2021b], where the class [u] is given by the partial
order <.
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