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RIESZ TRANSFORM AND VERTICAL OSCILLATION
IN THE HEISENBERG GROUP

KATRIN FASSLER AND TUOMAS ORPONEN

We study the L?-boundedness of the 3-dimensional (Heisenberg) Riesz transform on intrinsic Lipschitz
graphs in the first Heisenberg group H. Inspired by the notion of vertical perimeter, recently defined
and studied by Lafforgue, Naor, and Young, we first introduce new scale and translation invariant
coefficients oscq(B(qg, r)). These coefficients quantify the vertical oscillation of a domain € C H around
a point g € 92, at scale r > 0. We then proceed to show that if 2 is a domain bounded by an intrinsic
Lipschitz graph I', and

o dr
osco(B(g,r)) — <C<o0, qe€T,
0 r

then the Riesz transform is L2-bounded on I". As an application, we deduce the boundedness of the Riesz
transform whenever the intrinsic Lipschitz parametrisation of I" is an € better than %—Hélder continuous in
the vertical direction.

We also study the connections between the vertical oscillation coefficients, the vertical perimeter, and
the natural Heisenberg analogues of the S-numbers of Jones, David, and Semmes. Notably, we show that
the LP-vertical perimeter of an intrinsic Lipschitz domain €2 is controlled from above by the p-th powers
of the L'-based S-numbers of 9.

1. Introduction

1A. A Euclidean introduction to the Heisenberg Riesz transform. A fundamental singular integral
operator (SIO) in R? is the (d—1)-dimensional Riesz transform, formally defined by the convolution
X
Rd_lv(x) =V x W

Here x/|x|? is the (d—1)-dimensional Riesz kernel which is, up to a constant, the gradient of the funda-
mental solution of the Laplacian. Through this connection to the Laplace equation, the operator R;_; has
many applications to problems concerning analytic and harmonic functions. For instance, whenever R;_1
is bounded on L*(u) for a (d— 1)-regular measure u, then the support of u is nonremovable for Lipschitz
harmonic functions (or bounded analytic functions in the plane); see [Tolsa 2014] for an in depth
introduction to this topic and many more references.

MSC2010: primary 42B20; secondary 28A78, 31C05, 32U30, 35R03.
Keywords: Singular integrals, Riesz transform, intrinsic Lipschitz graphs, Heisenberg group.
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A second application of the SIO R;_; is the method of layer potentials employed to solve the Dirichlet
problem

A =0, € Q,

{ u(x) X (1)

ulpo =g

on domains  C RY with Lipschitz boundaries, and with, say, g € L2(H?"!|3). As the name suggests, a
key component in the method of layer potentials is the study of the boundary layer potential
1 (y —x)naa(y)

Dv(x) =p.v. —
wa Jag ly—xld

dv(y).

The boundedness of the operator D on L?(H%130) can be derived from the boundedness of Ry_;; see
[Fabes et al. 1978; Verchota 1984].

By now, the L2-boundedness properties of the operator R;_; are well understood. According to a
result of David and Semmes [1991], generalising the earlier works of Calderén [1977] and Coifman,
Mclntosh, and Meyer [Coifman et al. 1982], R;_; is bounded on L?(H%'|s) whenever S C R? is
uniformly (d—1)-rectifiable. More recently, Nazarov, Tolsa, and Volberg [Nazarov et al. 2014a] proved a
converse: if § C R? is (d—1)-regular, then the uniform rectifiability of S is necessary for the boundedness
of Ry_1 on L>(H%"!|s). These results have been used to show that a compact (d—1)-set is removable
for Lipschitz harmonic functions if and only if it is purely (d—1)-unrectifiable [Mattila and Paramonov
1995; Nazarov et al. 2014b] and that the Dirichlet problem (1.1) is solvable in Lipschitz domains with
L2—boundary values [Verchota 1984].

The work here is motivated by aspirations to extend parts of the theory above to the case of a basic
hypoelliptic and nonelliptic operator, the sub-Laplacian (also known as the Kohn Laplacian)

Ay = X>+7Y?
in R3. Here X and Y are the vector fields
X=09,—%y8 and Y =3a,+1xd. (1.2)

A first step is to understand the L2-boundedness of an associated Riesz transform operator, which we will
soon define.

Whereas the operators X, Y, Ay do not interact particularly nicely with Euclidean translations, they do
commute with the following left translations 7, : R* — R,

1p(q) = (x+x, y+ ¥, t+1' + 1y —xy)),

where p = (x,y,1) € R* and ¢ = (x/, ¥, ') € R. This suggests that it is natural to study questions
about Ay in the setting of the first Heisenberg group H = (R>, - ), where the group law *-” is defined so
that X and Y are (left) invariant:

P-q:=1p(q).
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It was shown by Folland [1975] that the operator Ay has a fundamental solution G : R3 \ {0} - R, whose
formula is given by

C C
(2 +y2)2+16:)172 | p)2,.

G(p)= p=(x,y 1) e H\{0}.
Here ¢ > 0 is a constant and || p||kor := ((x% + y?)* + 16¢2)!/4, This quantity is known as the Kordnyi
norm of the point p € H, and it induces a metric dgo on H via the relation

dior(p, @) = lg™" - pllkor- (1.3)

The distance dk, is invariant under the left translations, that is, dxor(p - g1, p - q2) = dk (1, g2) for all
p.q1.q2 €H.

In analogy with the (d—1)-dimensional Riesz transform discussed above, one may now consider the
SIO R formally defined by

Rv(p) :==v*xVyG(p).

Here Vy stands for the horizontal gradient ViyG = (X G, Y G), and the convolution should be understood
in the Heisenberg sense:

f8(p) =ff<q)g<q‘1 -p)dq.
The main open question is the following:

Question 1. For which locally finite Borel measures 4 on H (equivalently R?) is the operator R bounded
on L?(n)?

Here the boundedness on L?(u) is defined in the standard way via e-truncations; see Section 4 for the
precise definition.

1B. Previous work. To the best of our knowledge, the Heisenberg Riesz transform R was first mentioned
in [Chousionis and Mattila 2014], where the following removability question was raised and studied:
Which subsets of H (more generally, of Heisenberg groups of arbitrary dimensions) are removable for
Lipschitz harmonic functions? The notions of Lipschitz and harmonic should be interpreted in the
Heisenberg sense: We call a function u : H — R harmonic if it solves the sub-Laplace equation Apu = 0.
A function f :H — R is Lipschitz if | f(p) — f(g)| < Ldgo:(p, q) for some L > 1 and all p, g € H.

It was shown in [Chousionis and Mattila 2014, Theorem 3.13] that the critical exponent for the
removability problem in H is 3 (keeping in mind that dimyg(H, dkor) = 4). More precisely, sets with
vanishing 3-dimensional measure are removable, while sets of Hausdorff dimension exceeding 3 are not.
In [Chousionis and Mattila 2014, Section 5], the authors formulate (essentially) Question 1 and suggest
its connection to the removability problem.

The connection was formalised by Chousionis and the authors in the following theorem:

Theorem 1.4 [Chousionis et al. 2019a, Theorem 1.2]. If w is a 3-regular measure on H (see (1.5) below),
and R is bounded on L (), then spt u is nonremovable for Lipschitz harmonic functions in H.
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In [Chousionis et al. 2019a], we also proved the first nontrivial results on the L?-boundedness of R
(and a class of other SIOs). To discuss these results, and also the ones in the present paper, we need the
concept of intrinsic Lipschitz functions and graphs. A vertical subgroup W C H is, from a geometric
point of view, any 2-dimensional subspace of R* containing the ¢-axis. The complementary horizontal
subgroup of W is the line V = W+ in the xy-plane.

We give the definition of intrinsic Lipschitz functions ¢ : W — V and the associated intrinsic Lipschitz
graphs I'y C H in Section 2C. These objects were introduced by Franchi, Serapioni, and Serra Cassano
[Franchi et al. 2006], and they appear to be fundamental building blocks in the theory of high-dimensional
rectifiability in the Heisenberg group; see for example [Chousionis et al. 2019b; Mattila et al. 2010].
In particular, intrinsic Lipschitz graphs I' C H are closed 3-regular sets, which means that the measure
w=H3|r satisfies

w(B(p,r)~rd pesptu, 0<r <diam(sptp). (1.5)

In another paper of Franchi, Serapioni, and Serra Cassano [Franchi et al. 2011], a Rademacher-type
theorem was established for intrinsic Lipschitz functions: without delving into detail, we just mention
that if ¢ : W — V is intrinsic Lipschitz, then for Lebesgue almost every w € W there exists an intrinsic
gradient for ¢, denoted by V®¢ (w).

Recall that in R?, Calderén [1977] and Coifman, McIntosh, and Meyer [Coifman et al. 1982] proved
that Ry_; is bounded on L?(H?~!|p) if ' € R? is a Lipschitz graph. In analogy, one can ask:

Question 2. Assume that I' C H is an intrinsic Lipschitz graph. Is R bounded on L?(#3|r)?

We are not convinced enough to upgrade the question to a conjecture. In [Chousionis et al. 2019a], we
obtained a positive answer under a extra regularity:

Theorem 1.6 [Chousionis et al. 2019a, Theorem 1.1]. Assume o > 0 and that ¢ € C*(W) has compact
support. Then R is bounded on L2(’H3|r¢).

The assumption ¢ € C'**(W) means that the intrinsic gradient of ¢ exists everywhere and satisfies
an intrinsic version of «-Holder regularity (which is weaker than Euclidean «-Holder regularity). The
assumption implies, see [Chousionis et al. 2019a, Proposition 4.1], that the affine approximation of I'y
at p € I' improves at a geometric rate as one zooms into p.

1C. New results. A novelty of the current paper is to prove the L>-boundedness of R in some scenarios
where there is no pointwise decay for the quality of affine approximation of I'. As a basic example,
Theorem 4.1 below applies to graphs of the form

F:FRZXRCH,

where ' is a (Euclidean) Lipschitz graph in R It turns out that a key feature of these graphs is the
following. The two complementary domains €21, 2, C H\ I" have zero vertical oscillation: for j € {1, 2},
every vertical line £ C H satisfies

ECQJ' or KﬂQjZQ. (L.7)
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The condition (1.7) is qualitative, not to mention exceedingly restrictive, so we looked for a way to quantify
and relax it. For these purposes, we introduce the vertical oscillation coefficients oscq(B(p, r)). Given a
domain 2 C H and a point p € 9€2, the number oscq(B(p, r)) quantifies, in a scale and translation invariant
way, how far €2 is (locally) from satisfying (1.7). The definition of the coefficients oscq(B(p, r)) was
inspired by the notion of vertical perimeter recently introduced in [Lafforgue and Naor 2014, Section 4]
and further studied in [Naor and Young 2018]; see Remark 3.2 for the definition. We postpone further
details on the vertical oscillation coefficients to Section 3.
Here is the main theorem of the paper.

Theorem 1.8. Let I' C H be an intrinsic Lipschitz graph, and let Q be one of the components of H\ I.
Assume that there is a finite constant C > 0 such that

o dr
och(B(p,r))TSC, p €. (1.9)
0

Then R is bounded on L*(H3|r).

In general, we do not know how reasonable the assumption (1.9) is. It follows easily from the
Rademacher theorem for intrinsic Lipschitz functions (and Corollary 3.34 below) that oscq(B(p,r)) — 0
for > almost every p € I" as r \( 0. But we have no quantitative estimates for oscq(B(p, r)) if nothing
better than intrinsic Lipschitz regularity is assumed of I'; see Section 6 for a concrete question in this
vein. However, we can complement Theorem 1.8 with the following application.

Theorem 1.10. Let ¢ : W — R be an intrinsic Lipschitz function that satisfies the following Holder
regularity in the vertical direction:

0y, 1) — Py, )| < Hlt —s| T2 s —1] <1 (1.11)
and
0, 1) —d(y, )| < Hlt — |12 s —1] > 1, (1.12)

where H > 1 and 0 <t < 1. Then R is bounded on L2(H3|r¢).

It is well known that intrinsic Lipschitz functions are always %—Hé’)lder continuous in the vertical
direction. So, Theorem 1.10 states that an € of additional regularity in this one direction yields the
L?-boundedness of R on T.

1D. Vertical oscillation and B-numbers. A fundamental concept in the theory of quantitative rectifiability
in R" is the B-number, first introduced in [Jones 1990], then further developed in [David and Semmes
1991], and later applied by too many authors to begin acknowledging here. It is no surprise that suitable
variants of the 8-numbers (see Section 3A for definitions) can also be used to study quantitative rectifiability
questions in H, as well as higher dimensional Heisenberg groups. A few papers already doing so are
[Chousionis and Li 2017; Chousionis et al. 2019a; 2019b; Féssler et al. 2020; Juillet 2010; Li and Schul
2016a; 2016b]. Since we here introduce new coefficients related to the theory of quantitative rectifiability
in H, it is natural to ask: is there a connection to S-numbers? We investigate this matter in Sections 3A
and 6B.
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We only mention the key results here briefly and informally. First, the vertical oscillation coefficients
of Q are bounded from above by the (L'-based) B-numbers of 92 — at least if 92 is 3-regular. This is
the content of Corollary 3.34. Second, if d€2 is 3-regular, and if the S-numbers associated to d€2 satisfy an
LP-Carleson packing condition, see (6.4), then the L?-variant of the vertical perimeter of €2 inside balls
B(q,r), g € 022, is bounded by the usual (horizontal) perimeter of 2 in B(q, r). This is Corollary 6.5.

This result should be contrasted with the work of Naor and Young in higher dimensional Heisenberg
groups: in [Naor and Young 2018, Proposition 41], they prove that if Q C H"” »n > 2, is an intrinsic
Lipschitz domain, then the L?-vertical perimeter of €2 in balls centred at 32 is automatically bounded
by the horizontal perimeter — without any reference to f-numbers. Then, at the very end of [Naor and
Young 2018], see also Remark 4 in the same work, the authors mention showing in a forthcoming paper
[Naor and Young 2022] that a similar inequality fails for the L?-vertical perimeter in H! = H, but holds
for the L”-vertical perimeter for some p > 2 (specifically, the authors mention p = 4).! If this is the case,
then, according to Corollary 6.5, one cannot expect the S-numbers of intrinsic Lipschitz graphs to satisfy
an L2-Carleson packing condition. This is in contrast to the situation in R”, where the S-numbers on
Lipschitz graphs do satisfy an L?-Carleson packing condition; see [David and Semmes 1991, (C3)].

2. Preliminaries

In this section, we collect essential notions related to the algebraic and metric structures of the first
Heisenberg group H, and we recall the definition and basic properties of intrinsic Lipschitz graphs over
vertical planes in H. For a more thorough introduction to these subjects, we refer the reader to [Capogna
et al. 2007; Serra Cassano 2016].

2A. Right- and left-invariant vector fields. Recall from the Introduction that X and Y denote the standard
left-invariant vector fields on H defined in (1.2). We will also work with their right invariant counterparts

X=08,+1ys and Y =09, 1xd,.

We define the left and right (horizontal) gradients of ¢ € C 1(R3) as the 2-vectors

Vip = (X¢, Y¢) and Vyp = (X¢, V).
For V = (V1, V) € C'(R3, R?), we define the left and right divergences as the functions

divg V= XVi+ YV, €CO®R?) and diviV := XV, + YV, € COR?).
For V, W € C1(R3, R?), we define the inner product
(V, W) := VWi + VaW, e C'(R?).

Finally, we denote the left and right sub-Laplacians as

Ap:=XX+7YY and &h::ii—i—??

I'While the present paper was under review, the paper [Naor and Young 2022] appeared, and indeed contains the results
mentioned here.
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2B. Metric structure. Various left-invariant distance functions on H are commonly used in the literature,
for instance the standard sub-Riemannian distance or the Kordnyi metric given in (1.3). The choice of
metric that we are going to use is motivated by the divergence theorem (Theorem 4.3), which holds for
the spherical Hausdorff measure S* with respect to the metric

d:HxH-—[0,4+00), d(p,q):=Ilq""-pl, 2.1)
where

I1x, y, Ol == max{|(x, )|, 2/]1]}.

However, every left-invariant metric on H that is continuous with respect to the Euclidean topology on
R3 and homogeneous with respect to the one-parameter family of Heisenberg dilations (8;);.~0,

S iH—H, 8(x,y,1) = (hx, Ay, A%1),

is bi-Lipschitz equivalent to the metric d; this applies in particular to the Kordnyi distance dkor. Unless
otherwise stated, all metric concepts such as balls B(p, r), diameters, and Hausdorff measures will be
defined using the metric d.

2C. Intrinsic Lipschitz graphs. Let W be a vertical subgroup with complementary horizontal subgroup V;
recall from the paragraph after Theorem 1.4 that, in this paper, the complementary horizontal subgroup
of W is the orthogonal complement of W in R3. Any point p € H can be written as p = w - v for uniquely
given w € W and v € V. We write w =: my(p) and call it the vertical projection of p to W; similarly,
we denote the horizontal projection by v = my(p). These projections have been studied in connection
with uniform rectifiability problems in the Heisenberg group; see for example [Chousionis et al. 2019b;
Fassler et al. 2020].

Definition 2.2. A function ¢ : W — V is intrinsic L-Lipschitz if
(@ @)~ D)l < Limw(® @)~ @), forall w, w' eW, (2.3)
where @ : W — H denotes the graph map ® (w) = w - ¢ (w). The intrinsic graph of ¢ is
Ly ={w-¢(w): weW}=>dW).

The term intrinsic refers to the fact that if ¢ is an intrinsic L-Lipschitz function, then, for all p € H
and r > 0, also 7,(8,(I'g)) is an intrinsic graph of an intrinsic L-Lipschitz function. According to
[Chousionis et al. 2019b, Remark 2.6], an intrinsic L-Lipschitz graph over an arbitrary vertical plane can
be mapped to an intrinsic L-Lipschitz graph over the (y, #)-plane by an isometry of the form

Ry :H—H, Ro(x,y,t):=(xcosf+ysinf, —xsin6 + ycosb,t).
Since moreover the (complexified) kernel of the Heisenberg Riesz transform satisfies

(XG—iYG)oRy =€ (XG —iYG),
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we may without loss of generality assume in the following that W is the (y, ¢)-plane and V is the x-axis.
For this choice, we have

my(x,y,t)=(x,0,0) and mww(x,y,t)= (O, v, t+ %xy), for all (x, y,t) € H.

Moreover, the map (x, 0, 0) — x provides an isometric isomorphism between (V, -, d) and (R, +, |- |),
and under this identification of V with R, the intrinsic Lipschitz condition (2.3) is equivalent to

160, y,1) — (0, y', )| < Lllmw(® (0, y, ) ' ®(0, y,1)|l, forall (y,1), (', 1) eR%:

The subgroup (W, -) is isomorphic to (RZ%, +), and the map (0, y, t) — (¥, t) pushes the measure H3|w
forward to ¢£2 on R2 for a constant 0 < ¢ < co. As mentioned in the Introduction, an intrinsic Lipschitz
function ¢ : W — V possesses an intrinsic gradient V®¢ at H> almost every point of W. In analogy with
the behaviour of Euclidean Lipschitz functions, if ¢ : W — V is intrinsic Lipschitz, then

||V¢¢”L°°(7-L3\W) < 0o,
by [Citti et al. 2014, Proposition 4.4]. More information about intrinsic gradients is collected for instance
in [Chousionis et al. 2019b, Section 4.2; Serra Cassano 2016].
3. Vertical oscillation coefficients

In this section, we define and study the main new concept of the paper, the vertical oscillation coefficients.
These coefficients are derived from the recent notion of vertical perimeter, due to [Lafforgue and Naor
2014, Definition 4.2] (see also [Naor and Young 2018, (28)]).

Definition 3.1 (vertical perimeter). Let 2, U C H be Lebesgue measurable sets, and let s > 0 be a scale.
The vertical perimeter of 2 relative to U at scale s is the quantity

va(U)(s) == / | x2(p) — xa(p- (0,0, s%))| dp.
U
Here and in the following, dp refers to integration with respect to Lebesgue measure £ on R?, which
agrees up to a multiplicative constant with H*.

Remark 3.2. Having first defined the vertical perimeter v (U)(s) at a fixed scale s > 0, [Lafforgue and
Naor 2014, (70)] and [Naor and Young 2018, Section 2.2] proceed to define the L2-vertical perimeter of Q2
as the L?(ds/s)-norm of the function s — vq(H)/s. More generally, for p > 1 and an open set U C H,
one can consider (as in [Naor and Young 2018, (68)] for example) the L?-vertical perimeter of Q2 in U

(e
LP(ds/s) 0 s § '

It would be interesting to know if the L”-vertical perimeter of 2— for some p > 1 —can be related to

va(U)(s)
N

oo, pU) = Hs >

the boundedness of the Heisenberg Riesz transform on L>(H3)50).
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Definition 3.3 (vertical oscillation coefficients). Let 2 C H be a Lebesgue measurable (typically open)
set, and let B(p, r) C H be a ball. We define

1 r
owguxpwnzz;zﬁ va(B(p, M) (s) ds.

Next we examine the basic properties of the oscillation coefficients.

Lemma 3.4. There is an absolute constant C > 1 such that oscq(B(p,r)) < C for all Lebesgue
measurable sets Q@ C H and all balls B(p, r) C H. The vertical oscillation coefficients are approximately
monotone in the following sense: if B(p1,r1) C B(p2, r2) CH are two balls with ry < Cyry, then

osc(B(p1,711)) Sc, 0sca(B(p2, 12)). (3.5)

Finally, the vertical oscillation coefficients are invariant with respect to dilations and left translations in

the following sense:
08Cs,(g-2)(B(8:(q - p), tr)) = oscq(B(p,r)), t>0, qe€H. (3.6)

Proof. To prove the first claim, observe that v (B(p, r))(s) < 27—[4(B(p, r) ~rtforall0<s <r,so

r 1’4
osco(B(p,r)) < f —ds=1
o’

The approximate monotonicity property (3.5) follows immediately from the inequality vo(B(p1, r1))(s) <
va(B(p2,12))(s), valid for all s > 0.

The left-invariance osc,.(B(g - p, r)) = osco(B(p, r)) of the vertical oscillation coefficients follows
from the evident left-invariance of the vertical perimeter, so we assume that p = ¢ = 0 and prove that

oscs, (@) (B(0, tr)) = oscq(B(0,r)), t>0.

To see this, we start by expanding

1 tr
OSCS,(Q)(B(O, Zl’)) = W /0‘ Vg,(Q)(B(O, ZI”))(S) ds

1 tr
— s | [ @@= @ 0.0 dpds
tr)> Jo Jpw,r

Then, we make the change of variables p — &,(g), and finally s — ut:
1 r
oscs, @) (B(0,1r)) = r_S/ / |x2(@) — xa(q - (0,0, u?)| dg du = 0sca(B(0, r)). O
0 JB(©,r)

Remark 3.7. The previous lemma says that oscq(B(p, r)) < 1 no matter what Q2 looks like. If Q2 is the
sub- or supergraph of an intrinsic Lipschitz function satisfying better than %—Hblder regularity in the
vertical direction, then the oscillation coefficients of €2 have geometric decay. A more precise statement
can be found in Lemma 5.6.

In connection with singular integrals, the vertical oscillation coefficients will enter through the next
lemma.
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Lemma 3.8. Let Q C H be a Lebesgue measurable set. Let p € H, r > 0, and let ¢ € C'(R?) with
spty C B(p,r). Then

1
3 /Q v (p) dp‘ S 10: ¥ lloo 08c(B(p, 10r)), (3.9

where 0,V is the derivative of r with respect to the third variable.

Proof. We start by reducing to the case B(p, r) = B(0, 1). So, assume that (3.9) holds for every Lebesgue
measurable set © and all ¥ € C'(R?) with sptyr C B(0, 1) and with oscq(B(0, 10)) on the right-hand
side. Then, if ¢ € C!'(R?) with sptyy C B(p, r), we consider the function ¥, , = ¥ 0 7, 0§, € C}(R?)
with spt v, , C B(0, 1). It follows that

1
—4/ aﬂlf(Q)dCI‘= / BIW(p'Sr(q))dq‘
rrJja Sir(p~1Q)

/ 200 (@) dq‘
S1/r(p~1-)

)
S ”tll:’+”00 0sCs,,, (p-1-) (B(0, 10))

= [10: ¥ loo 0sc(B(p, 10r)),

using Lemma 3.4 in the last equation.
It remains to prove the case B(p, r) = B(0, 1), so fix ¥ € C'(R?) with spty C B(0, 1). By Fubini’s
theorem, we can write

fg 00 (q) dg = fﬁ /Z 8,0 (@) xa(@) dHL (@) dn (), (3.10)

where £ stands for the collection of vertical lines, 7 is the two-dimensional Lebesgue measure on R?
(which is used to parametrise £), and 7'[119 denotes the 1-dimensional Hausdorff measure with respect to
the Euclidean distance. Next, we note that if £ € £ is a fixed line, then

/f 9 (q) dHL (g) = 0. 3.11)

Now, let Q :=[—5, 5]*> x [-2, —1] C B(0, 10). We note that whenever £ € £ is a line with nonzero
contribution in (3.10), we have £ N B(0, 1) # &, and in particular

HLeNQ) =1.

Then, use (3.10)—(3.11) to write

'/Qatwm)dq' -

S”at‘//”oo// / Ix2(@) — xa(p)| dHL(g) dHL(p) dn(0).
L JenQ JenB(,1)

/ / f 00 (@)xa(@) — xa(p) dHY (@) dHL (p) dn(©)
cJeino Je
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Next, for £ € £ and p € £N Q fixed, we make the change of variable g — p - (0, 0, 5) in the innermost
integral: since ¢ € £N B(0, 1) and p € £ N Q, we note that s € [0, 3]. This leads to

3
‘/w(q)dq snatwnoo// f|xQ<p'<o,o,s))—m(p)|dsd%2<p)dn(@
Q cJino Jo

3
§||az1ﬁ||oo/ // Ixa(p-(0,0,5)) — xa(p)| dHg(p)dn() ds
0 Jz JeinB,10)

V3
S ||3ﬂ/f||oo/0 ve(B(0, 10))w)u du S 1109 [|oc 0sca(B(0, 10)).

99

In the final inequality, the factor “u” was simply estimated by /3. (I

3A. Vertical oscillation vs. vertical B-numbers. Given a set E C H and a ball B(g, r) C H, we recall
from [Chousionis et al. 2019b, Definition 3.3] the following vertical B-number of E in B(q,r),q € E,

. dist(x, z - W)
BE o (B(g,r)):=inf sup ———,
X xeB(q.r)NE r

where the inf runs over all vertical subgroups W C H and all points z € H. More generally, one can
consider the L”-variants

1 dist(x, z- W)\’ 1/p
Be,p(B(gq, 1)) := inf(—f (—IS (¥, 2 )> d’H3(x)) , 1<p<oo,
B(g,r)NE

W,z \r r

assuming that E has locally finite 3-dimensional measure. If E happens to be 3-regular, then the
BE, p-numbers are essentially monotone in p:

BE,p (B(q, 1) S BEp,(B(g, 1), qe€E, 1<p;<pry<oo.

The next theorem shows that the vertical oscillation coefficients of €2 are always bounded by the B -
numbers of 92, and also almost bounded from above by the B 1-numbers of 9€2. After this statement
concerning general domains €2, we will give a corollary to domains with 3-regular boundaries: in this
case the word almost above can be omitted.

Theorem 3.12. Let 2 C H be an open set such that 02 has locally finite 3-dimensional measure, and
letr > 0. Then, forany p € 0Q2and0 <s <r,

B ) . 1 d ) W d ’ W
va( (P4 r))(s) <. mf|:_f g,z )dH3(q)+€< sup Mﬂ (3.13)
r W.z| 2 JB(p,15r)nag 15r geB(p,151)NIQ 15r

for any nondecreasing function € : Ry — Ry such that €(§) — 0 as 6 — 0.

The same estimate for the vertical oscillation coefficient oscq(B(p, 7)) follows immediately by taking
the average over s € (0, r] on the left-hand side; we will however need the sharper result later, in Section 6B.
Note also that the quantity on the right-hand side of (3.13) looks like

Ba,1(B(p, 15r)) + €[Bsq,00 (B(p, 157))],
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but can be sometimes larger, as only one choice of z, W is made on the right-hand side of (3.13). The
quantities on both sides of the inequality (3.13) are invariant under scaling and translation, so we may
assume that p =0 and r = 1. We start the proof of Theorem 3.12 with the following simple lemma.

Lemma 3.14. Let Q C H be an open set. Let H C H be a vertical half-space, that is, a half-space bounded
by the translate of some vertical subgroup. Then

va(B(0, ))(s) < 2H*(QAHINB(0,3)), 0<s<1.

Proof. Let 0 <s < 1. Note that xg(q) = xu(q - (0,0, s2)) for all g € H. Hence,

va(B(0, 1))(s) < fB . 1)|xg<q) — x1(q) + xu(g - (0,0,5%) — xa(g - (0,0, s%))|dg

52/ 1 x2(9) — xu (@)l dg = 2H*(QAH]N B(0, 3)). g
B(0.3)

Now, to conclude the proof of Theorem 3.12, it suffices to show (after scaling 2 by %) that there exists
a vertical half-space H C H such that

HY[QAHINB(O, 1)) <. inf[/ d(g,z - W)dH>(q) +e( sup d(q, Z-W))]. (3.15)
W.z| JB(0,5n0% g€B(0,5)N0%

Further, to prove (3.15), we may assume that if P :=z-W is a vertical plane minimising the right-hand
side in (3.15), then d(g, P) <68 :=10"1° for all ¢ € B(0, 5) N 3. Indeed, (3.15) is clear if this fails (with
implicit constant ~ 1/¢(8)). In particular, since 0 = p € 92, we may write P =z’ - W with d(0, ') < 6.
By left-translating both P and 2 by the inverse of 7z’ and then rotating suitably around the z-axis, we may
suppose that P = {(0, y,¢) : y,t € R} and

sup d(q, P) <3$. (3.16)

q€B(0,4N3Q
In other words, (3.16) holds for a suitable rotation of (z')~! - , but we keep denoting this set by Q2. We
will no longer need the information 0 € 9€2 in the sequel. Now, with this new notation, it suffices to prove
(3.15) with [QAH]N B(0, 1.1) on the left-hand side and, say, B(0, 4) N d<2 on the right-hand side.
We will, in fact, show that there exists a vertical half-space H C H such that

HYQAH]N B, 1.1)) 5/ d(gq, P)dH(q). (3.17)
B(0,4)N3K
So, the L'-based B-number of 3Q dominates the vertical oscillation of 2 under the a priori assumption
that the L°°-based B-number is sufficiently small. We now choose H. We denote the (closed) half-spaces
bounded by P by
Hy:={(x,y,t): x>0} and H_:={(x,y,t):x <0}.

Write U, U_ for the connected components of B(0, 4)\ P(8), where P (8) is the closed §-neighbourhood
of P, with
UrCcHy and U_ CH_.
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BO.4) 4

[ 10}

Figure 1. Various concepts in the proof of Theorem 3.12. Scenario (a) is depicted.

By (3.16), we may infer that either Uy C Q or Uy N2 = &, and similarly either U_ C Q or U_NQ = @.
The definition of H depends on which of these cases occur:

(@ fU_cQand U NQ=0g,let H:=H_.

b FU_NQ=gand Uy C Q, let H :=H,.

(c) f U4, U- C €, let H be any vertical half-space containing B(0, 4).

d fULNQ=2=U_NQQ,let H be any vertical half-space with H N B(0, 4) = &.

The point of these choices is that always
[QAH]IN B(0,4) C P(5), (3.18)

as one may easily verify.
We claim that (3.17) holds for the choice of H above. To see this, we will need additional notation.
For w € P, let
Ly ={w-(x,0,0):x e R}

be the left-translate of the x-axis passing through w. We also define the half-lines
by+:=LyNHL and £, _:=¢,NH_,

see Figure 1. To prove (3.17), we study separately the parts of [RAH]N B(0, 1.1) inside H_ and H.
These investigations are symmetrical, so we restrict our attention to H_ . For notational convenience, we
write B(0, s) NH4 := B4 (0, 5) in the sequel. We will apply the general integration estimate

HH(A) ~f H'(AN¢,)dw, A CH Borel. (3.19)
P
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Here “dw” refers to the 3-dimensional Hausdorff measure on P, which coincides (up to a constant)
with the Lebesgue measure on P. In order to establish formula (3.19), recall that H* agrees up to a
multiplicative constant with the 3-dimensional Lebesgue measure and the transformation ® : R* x R — H,
D ((wy, wa), s) = (0, wy, wy) - (s, 0, 0) has Jacobian determinant equal to 1. Hence,

HY(A) ~ /Rz /00 XA(P(w,s))dsdw. (3.20)

Next, for every w € P, the map s — ®(w, s) = w - (s, 0, 0) is an isometry between (R, |- |) and (£, d),
and thus we find that

/ xA(cb(w,s))ds:f xa(q)dH'(q) =H'(ANL,). (3.21)

—00 Ly

These facts together prove (3.19). Applied to the set A = [QAH]N B, (0, 1.1), this formula then yields

HY[QAH]N BL(0, 1.1))5/ HY([QAH]N L, N B0, 1.1)) dw. (3.22)
PNB(0,2.2)

Here, the integration is restricted to P N B(0, 2.2) as ®(w, s5), w € P, can lie in B(0, 1.1) only if |s| < 1.1,
and in that case d(®(w, s), 0) > d(w, 0) —d(0, (s,0,0)) > 1.1 if w € P\ B(0, 2.2); in other words, the
lines £,, with w € P\ B(0, 2.2) avoid B(0, 1.1). Now, we fix w € P N B(0, 2.2), and we will establish a
suitable pointwise bound for the integrand in (3.22). To this end:

« If £, s NA[QAH]N B(0,4) = @, set py 4 :=w.
« If £, , NA[QAH]N B(0,4) # @, let

Pw.+ :=max[ly, + NI[QAH]N B0, 4)],

where the max refers to the only natural ordering on £, 4.

Then, by (3.18), we have in both cases
pw+ €Ly +NPG)C PE)NBO,3), wePNBO,2.2). (3.23)

(If w is sufficiently close to d B(0, 2.2), then it may happen that ¢,, + N P(§) ¢ B(0, 2.2), see Figure 1.
However, § > 0 has been chosen so small that the second inclusion in (3.23) holds.) Next we define

hi(w) :=dist(py. 4+, P), we PNB,?2.2).
The suitable pointwise bound for the integrand in (3.22) is
H (QAH]INL, NB(0,1.1)) <h,(w), wePNBO,2.2). (3.24)
In proving (3.24), we may evidently assume that
[QAH]INYL, +NB(O,1.1) # 2. (3.25)
Now, to prove (3.24), we will first argue that also

[QAHI NLy, +NB(0,4) # 2. (3.26)
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This will follow immediately once we manage to argue that
U, C[QAH]S, 3.27)

since evidently £,, + N Uy # @. The proof of (3.27) depends on the scenario (a)—(d):
(@ Here Uy NQ=@and H=H_,so Uy CQ°NH" C[QAH]"
(b) Here Uy c Qand H =Hy,so UL C QN H C[QAH]S
(c) Here Uy C Qand B(0,4) C H,so Uy C QN H C[QRAH]S
(d) Here Uy N2 = and HNB(0,4)=9,s0 Uy C QLNH C[QRAH]
We have now established (3.27), and hence (3.26). Combining (3.25)—(3.26), we see that

DPw.+ =max[,, + NI[QLAH]N B(0,4)]
is well-defined, and moreover

[RQAH]INYL, + N B0, 1.1) C [w, pw.+], (3.28)

where [w, py +] stands for the (horizontal) line segment connecting w and p,, 4. The point p,, 4 can
be uniquely expressed as p,, + = w - v4, where v = (x4, 0, 0) for some x; > 0. Thus we find by the
definition of the metric d that

xy < [ ' woy || = d(wvy, 0) =d(py.4, w), forall we P.
On the other hand, it holds that d(p,, +, w) = x4+. Hence

hy(w) = dist(pu, +, P) =d(pu,+, w) =H' ([, pu.+1), (3.29)

where the last identity follows from the fact that x — w - (x, 0, 0) is an isometry from (R, |- |) to (£, d).
We can now infer (3.24) from (3.28) and (3.29).

Before proceeding further, we record that the function 44 : P N B(0, 2.2) — R is Borel, in fact even
upper semicontinuous. To see this, note that p,, ; is always contained in the compact set

K :=(PUJQAH])NB(,3)

for w € P N B(0,2.2), and, consequently, also 2. (P N B(0, 2.2)) is contained in the compact set
K’ :={dist(p, P): p € K} C R. If h, was not upper semicontinuous, there would exist w € PN B(0, 2.2),
€ > 0, and a sequence (w,), € P N B(0, 2.2) with

lim w,=w and lim hy(w,) > hy(w).
n—oo n—oo

We may assume that the limit on the right exists by the compactness of K’. Reducing to a further
subsequence if necessary, we may assume that the sequence of points p,, + = w, - (h+(wy), 0, 0)
converges to a point p = w - v € K. Moreover,

hy(w) < lim hy(wy) = lim dist(py, 4+, P) = dist(p, P). (3.30)
k—o00 k— 00
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Since p € £, + NI[QLAH] N B(0, 4) (note that p ¢ P by (3.30)), this contradicts the maximality in the
definition of p,, 4, and the proof of the upper semicontinuity of /. is complete.

We now resume the proof of our goal (3.17). Combining (3.18) and (3.24), we have now established
that

HY[QAH]N BL(0, 1.1)) 5/

o (w) dw =/ dist(pu_+, P) dw. (3.31)
PNB(0,2.2)

PNB(0,2.2)

Noting that p,, + € 32N B(0, 4) if dist(py, +, P) # 0, this conclusion is not too far from (3.17) anymore.
To arrive at (3.17) from (3.31), we use the vertical projection  := 7 p to the subgroup P, introduced in
Section 2C. The most central features of 7z, for now, are that 7 ~'{w} = £,, for w € P and that 7 does not
increase the 3-dimensional Hausdorff measure (too much): there exists a constant C > 1 such that

H (7 (A) < CH(A), ACH. (3.32)

For a proof, see [Chousionis et al. 2019b, Lemma 3.6]. To apply these facts, let ' : PN B(0,2.2) — H be
the map F'(w) := py +. It follows from the discussion leading to (3.29) that F(w) =w- (h4(w), 0, 0) and
hence F is a Borel function. We deduce that the push-forward measure v := Fj (H3| B(0,2.2)nP), defined
by v(A) := H3(B(0,2.2) N PN F~1(A)), is a Borel measure on H, and we have the integration formula

/ dist(py.+, P)dw = f dist(g, P)dv(qg), (3.33)
B(0,22)NP H

see for instance [Mattila 1995, Theorem 1.19]. Clearly v(H \ F(P N B(0, 2.2))) = 0, which shows that
spt v € F(P N B(0,2.2)). Moreover,

3
v L rprBo,22))
with bounded density, because F~!(A) C w(A) for all A C H, and hence
v(A) =H([B(0,22)N PINF~'(A) < H(n(A)) < CH(A), ACH,

using (3.32). Finally, we observe that

F(PNB(,2.2)) CB0,3)N(PUIKLAH]) € B0O,4)N(PUIY).
The last inclusion follows from the generalities d[A U B], d[ANB] C 0AUJB:
QRAH|COIQNHNUIRXNH]CIQUIH.

In cases (a) and (b) we have 0 H = P, while in cases (c) and (d) the boundary of H does not intersect B(0, 4).
Combining these observations with (3.33), we find
/ dist(py. 1, P)dw 5/ dist(g, P) dH>(q).
B(0,2.2)NP B(0,4)NI
Hence the right-hand side of (3.31) is bounded by a constant times the right-hand side of (3.17). The
proof of (3.17), and of Theorem 3.12, is complete. U

We conclude the section by strengthening Theorem 3.12 in the case when 9€2 is 3-regular.
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Corollary 3.34. Assume that Q C H is an open set such that 02 is 3-regular. Then

B(p,
B D)S) < g (B(p.30r), pedR, 0<s<r
r
Proof. As usual, we may assume that p =0 € 92 and r = 1. The proof is based on the general observation

that if £ C H is 3-regular and P C H is a vertical plane with P N B(0, 2) # &, then

1/4
dist(q, P) < (/ d(x, P)d?—[3(x)) , g€ ENB(,1). (3.35)
B(0,2)NE

In Euclidean space, the analogous argument can be found for example in [David and Semmes 1991, (5.4)].
To prove (3.35), denote the right-hand side by !/4, and assume to reach a contradiction that there exists
a point ¢ € B(0, 1) N E with d(q, P) > CB'/* for some large constant C > 1. We record that this implies
that %C,Bl/4 <1, since we assumed P N B(0, 2) # &. Also, clearly

dist(y, P) = 3CB'*%,  y e ENB(q. ;CB'*) C B(0,2).

By 3-regularity,

2/33/4

(CBY/4)3 57{3(3(% }—‘Cﬂw) mE) < d(x, P)dH>(x) < c

- Ccpl/A /B(q,c,sl/4/4)nE
and a contradiction is hence reached for C > 1 large enough.

From (3.35) (with “1” and “2” replaced by “15” and “30”, respectively), choosing P = z - W to be the
best-approximating vertical plane for B3q 1 (B(0, 30)), we may now infer that

4
inf[/ d(q,Z'W)dHS(CI)+( sup d(q,Z-W)) } < Bag,1(B(0, 30)).
W.z| JB(0,30)n9% 4€B(0,15)N3Q

In combination with Theorem 3.12 applied to €(8) := §* this inequality completes the proof. U

4. Boundedness of the Riesz transform

4A. Definitions and restating the main theorem. We now begin to relate the vertical oscillation coef-
ficients to the boundedness of the 3-dimensional Riesz transform in H. For technical convenience, we
replace the vectorial kernel VyG = (X G, Y G) from the Introduction with the complex kernel

K(p)=XG(p)—iYG(p),

where G(p) = c|| p||Iz§r is still the fundamental solution to the sub-Laplace equation Ayu = 0. For the
time being, we will only need to know that K is smooth outside the origin and —3-homogeneous with
respect to the dilations §,:

K@) =r"K(g), qecH\{0}.
It follows that |K (¢)| < |l¢|| =3 for ¢ € H\ {0}. To the kernel K we associate the e-truncated SIOs

Re(W)(p) :=/ K" p)du(q),
{geH:llg=! - pll=¢}

where p is any complex measure on H with finite total variation.



326 KATRIN FASSLER AND TUOMAS ORPONEN

Let i be a locally finite Borel measure on H. We say that R is bounded on L?(w) if the operators R
are bounded on L?(yt) uniformly in € > 0:

IRe(f 2y < Al fllz2gos  f €L (w)NLA(w), €>0.

The measures p relevant here are 3-regular measures on intrinsic Lipschitz graphs. For intrinsic Lipschitz
graphs I' C H as in Theorem 1.8, we will directly prove the L?(u)-boundedness of R for the particular
measure

wi=8r,
where S° is the 3-dimensional spherical Hausdorff measure defined using the metric d from (2.1). This
choice makes it more straightforward to use the divergence theorem, but is otherwise arbitrary. In particular,
once the L?(S3|r)-boundedness of R has been established, then it is easy to check (or see [Chousionis
et al. 2019a, Lemma 3.1]) that R is bounded on L? (1) with respect to any 3-regular measure 1 supported
on I' —in particular H?|r.
Here is more precisely the result we will prove.

Theorem 4.1. Let W C H be a vertical subgroup, which we identify with {(y,t):y,t € R}. Letp : W — R
be an intrinsic Lipschitz function, let

Q:={(x,y, 1) :x > p(w(x, y, 1))}

be the supergraph of ¢, and assume that
*© dr
/ osco(B(p,r)) - <C<oo, per.
0

Then R is bounded on L2(S3|r¢).

It is easy to check that H '\ I'y has exactly two connected components, namely the supergraph 2 above
and the subgraph Q" := {(x, y, 1) : x < ¢ (rw(x, y, 1))}. Since

oscq(B(p,r)) =oscpa(B(p,r)) =osca(B(p,r)), pel, r>0,

fixing the complementary component in Theorem 4.1 does not render the statement less general than that
of Theorem 1.8 in the Introduction.

4B. Test functions and the divergence theorem. We will prove Theorem 4.1 by verifying the conditions
of Christ’s local T (b) theorem [1990]. We first introduce some more notation. From now on the intrinsic
Lipschitz graph I' := I'y, will be fixed as in Theorem 4.1, and we write pu := S3|r. We define the
complex-valued function v on I as

1 L —V?¢(w)
VI+Vow)? 1+ (Vigw)?

where V?¢ is the intrinsic gradient of ¢. Since ¢ is intrinsic Lipschitz, v(p) exists for i almost every p €T,

v(w - ¢(w)) :=vi(w-¢w)) +iv(w-ow)) = (4.2)

because V?¢ (w) exists for S> almost every w € W, and the graph map ®(w) = w - ¢ (w) preserves S3
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null sets by the area formula for intrinsic Lipschitz functions, see [Citti et al. 2014, Theorem 1.6]. By
similar reasoning, v € L>®(u).
We also define the R?-valued map
—Vo¢(w)
VI+(VPpw)? v+ (Vo (w)?

Then, by [Citti et al. 2014, Corollary 4.2], vy is the inward-pointing horizontal normal of the intrinsic

v (q) = (vi(g), v2(q)) = ( ) eR’ g=w-¢w).

supergraph Q2 = {(x, y, t) : x > ¢ (mw(x, y, 1))}, expressed in the frame {X, Y}. With this notation, we
have the following divergence theorem due to Franchi, Serapioni, and Serra Cassano [Franchi et al. 2001].

Theorem 4.3 (divergence theorem). Let V € CH(R3, R?), and let T = Iy be an intrinsic Lipschitz graph
as above. Then

—/ divy V(p)dp :c/(V, vH)dS3,
Q r
where Q = {(x, y,1t) : x > ¢ (mw(x, v, 1))} and ¢ > 0 is an absolute constant.

Remark 4.4. The divergence theorem in [Franchi et al. 2001] looks a little different than Theorem 4.3
above, so a few remarks are in order. First, the sub- and supergraphs of intrinsic Lipschitz graphs are
H-Caccioppoli sets by [Franchi et al. 2011, Theorem 4.18], so [Franchi et al. 2001, Corollary 7.6] gives
the formula

—/ divy V(p)dp:c/ (V,vg)dS® VvV eCl(RR?.
Q 8*‘HQ

Here 9, <2 stands for the measure theoretic boundary of €2; see [Franchi et al. 2001, Definition 7.4]. But
for domains €2 bounded by intrinsic Lipschitz graphs I', the measure theoretic boundary of 2 equals the
topological boundary d€2 =I": the inclusion I' C 9, y<2 follows from basic definitions, and the inclusion
04 nS2 C I' follows from [Franchi et al. 2001, Lemma 7.5 (i)].

We now use the complex function v to specify a collection of accretive test functions. Let v : H— [0, 1]
be a smooth function with xp,1/2) < ¥ < xB(0,1)» and let

Vapr (@) =¥ 61 (p~ - q)
be a rescaled version of v with spt g, ) C B(p, r). We record that
1 1
[Vuvsp.nl S ~XB(p.r) and [0 YBp.nl S 2 XB(p.r)- 4.5)

We set
by =Y¥Bprv, perl, r>0.

Then, recalling the formula (4.2) for v, we note

16Bp. e S 1 and Re(f bp(p.r d,u) = uw(B(p,r))
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for all B(p,r) with p € " and r > 0. According to Main Theorem 10 in [Christ 1990], the L?(w)
boundedness of R will follow once we verify the testing conditions

[Re(bpi)llLoey <C  and  [|RE(bgu)llLoeqy < C (4.6)

for all balls B = B(p, r) centred on I', with C > 1 independent of € > 0. Here R} is the adjoint of R,
with kernel

K*(p)=K(p~".

In fact, it will be technically more convenient to verify the testing conditions (4.6) for smooth truncations
of R. By a smooth truncation, we mean the operator R, . associated to the kernel

Ke = ¢eK, “.7
where ¢ is smooth and radially symmetric with
XH\B(0,2) = @ = XH\B(0.1)s

and @¢(p) := ¢(81/¢(p)) for p € H. For future reference, we remark that

1 1
[Vieel S 2 XB0.20\B(O.0) and  [3;@c| S 2 XBO.20\BO.)- (4.8)
Also, if e =27V for some N € N, then ¢, can be expanded as a series:

Qe=@rn =Y (P2 —@rin) =1 Y _ 1, (4.9)

J=<N J<N

noting that n; is supported on the annulus B(0, 2772y \ B(0,277). We will assume without loss of
generality that € has this form in the sequel.
Now, instead of (4.6), we will check that

IRs.e(bpi)llLoy <C and RS (b)) < C (4.10)
for all balls B centred on I', and for some constant C > 1 independent of € > 0. It is easy to check that

IRs.e (F)(P) = Re (/)P S Mu(f)(P)

for all f € L*(n) and p € I, where M, is the Hardy—Littlewood maximal function

Muf(p)=supf | f (@) du(q).
B(p.r)

r>0

Since |M, (bpp)llroqw S 10sllL= S 1, we see that (4.10) implies (4.6).

4C. Initial reductions for verifying the testing conditions. We start by verifying the first condition
in (4.10), that is, proving

Rs.e(bpi)(p)| =C, pel. (4.11)
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The arguments concerning the second testing condition in (4.10) will be very similar. To prove (4.11),
we make a few reductions, which show that it suffices to verify (4.11) for p =0 € I" and for a ball B with
dist(0, B) < diam(B) = 1.

As a first step, we argue that it suffices to consider p € I' with

dist(p, B) < diam(B). 4.12)

Indeed, (4.11) follows from standard kernel estimates if dist(p, B) > diam(B). To see this, we write
B = B(pg, r) and fix p € I" with dist(p, po) > 2r. Then d(p, q) > r for all g € B, and consequently

du(q) _ w(B)
d(p.q* "~ r’

RecB5)(P)] < 155l 1o f I
B

So, in the sequel we may assume that (4.12) holds.
Next, we argue that it suffices to consider the case p =0 € I'. Indeed, note first that

=8y = (508 e = (Tt

Then, write

bp—l‘B = l/lp—l.BVp—l.r,

where v -1 is the analogue of v (recall (4.2)) for the left-translated intrinsic Lipschitz graph p~'-T. In

particular,

1

Vp*l-l"(p_ 6]) = V(Q)v q € F’

so that
by-r5(p~" - q) =V(@)v(@) =bs(q), qeT.

Using this equation, we infer that

Rye(by1.51)(0) = / K (@ b p1.5(q) dS’(q)
pl

_ / Ko (g™, 5(@) dI(t)-)21)(q)
_ fr K((p™ )b 5 (p" - q) S ()
_ /F Ke(q™" - p)bs(q) dS¥ (@) = Rec(bs) (p).

This shows that, to find a bound for R ¢ (bpu)(p), it suffices to do so for Rs’é(gp—l,Bﬂ)(O). But the
intrinsic Lipschitz graph p~! - T has all the same properties as we assumed from I' in Theorem 4.1:
the intrinsic Lipschitz constants do not change, nor do the bounds for the vertical oscillation numbers,
recalling Lemma 3.4, so we may assume that p =0 € I.

Finally, we argue that we may assume diam(B) = 1. For this purpose, we first note that

3 s = S35,y =: fi. (4.13)
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Indeed, if A C §,(I"), then §1,,(A) C T, hence
7 () (A) =S (T N8y, (A)) = S (5.(D) N A) = fi(A),

which proves (4.13). Now, let r := diam(B), and let Egl/r(B) = Ys,,,(B) " Vs, (), Where v, (r stands for
the analogue of v for the dilated intrinsic Lipschitz graph 8;,,(I"). In particular, it is easy to check that

bs,, ) 81/r(@) =bs(q), qeT.
We also record the equation
Ke(3:(q) = 0 (8- @)K (8:(@) =77 - 0e/r (@)K (q) = Kesr(q),

using the definition of the kernel K. from (4.7) and the —3-homogeneity of K. Then we may use (4.13)
and the equations above to get

Rs.e/r(bs,,, 3 (0) = f Keyr(qg™Mbs,,,8)(q) dS* (q)
81/r (1)

:r_3frKG/’(q_I)B‘S‘/’(B)(Q)da(l/r)uﬂ(q)
=”3/FK€/’([5‘/’(‘])]1)581/,(3)(31/r(q))dS3(q)
:/I‘Kg(q_l)bB(q)dS?’(q):Rs’e(bBlL)(O)

So, to estimate R (bpw)(0) it suffices to estimate Rs,f/r(l;(;]/r(g);l) (0). But, arguing as in the previous
reduction, §1,,(I") is an intrinsic Lipschitz graph with the same properties as I'. So in the sequel we
assume that diam(B) = 1.

Summarising, we have reduced the proof of (4.11) to the case

p=0el and dist(0, B) < diam(B) = 1. (4.14)

4D. Verifying the testing conditions. With the above reductions in mind, we start the proof of (4.11).
We record that

K@ )=-XG@)+iTG(@). qeH\{0}, (4.15)
as a straightforward computation shows. Hence, we may write

Rs,e(bB:u) (0)
= /F 0(q)(—XG(q) +iYG(q)bs(q) dS*(q)

. fr W (@0 @TuG @), v (@) dS (@) +i fr W (@@ TG @), —XG (@), vir(@)) dS* (@)

=11 +il,
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recalling the notation from Section 2A. In order to evaluate I; and /I, we will apply the divergence
theorem (Theorem 4.3) to the vector fields

Vi = (VpoXG, Ypp Y G) € CO(R R?) and Vs := (Y@ Y G, —Ypp X G) € C°(R3, R?),
respectively.

4D1. Estimate for 1. After an application of Theorem 4.3, /| becomes
1= [ divuin@y.(@)¥uG@) dg
Q

= [ (Vatmp0@. uG@) dg —c [ Wapr@ dive G ia) dg
=: —cI]1 - c112.
For I, we infer from (4.5), (4.8), and the product rule that
V(Y aee)| S éXB(O,Ze)\B(O,e) + x5.

Since moreover ﬁHG(q)I < llgl =3 (this follows from (4.15) for instance), we get

~ 1 _ _
/(vaBgoe)(q),vHG(q))dq‘5—/ lql 3dq+f||q|| Ydg < 1. @.16)
Q € JB(0,2¢)\B(0,¢) B

To handle the term / 12, we observe the following general relationship between left and right divergence:

divy(Vi, Vo) = divg(Vi, Vo) + 8 (—yVi +xVa), (W1, Va) € CH(R3, R?). (4.17)
It follows that

If = fQ (¥ B9e)(@)divi VG (q) dg + /Q (YBpe) (@) (—yXG(q) +xY G(q)) dq.

Here
divuVuG(q) = AuG(g) =0, ¢ € sptex,

since G is simultaneously the fundamental solution for both operators Ay and Ay. So the first term
vanishes. Consequently,

2= fQ W50 (@0, R (q) dg = /Q 0, (50 R (@) dg — /Q o Wso) @K@ dg,  @18)

where K is the —2-homogeneous kernel

8t|z|?

K@z 0)=-yXG@ ) +xYG(E, )= ——,
||(Z7 t)”Kor

z=(x,y).
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The main term in (4.18) is the first one, because the second one can be treated in the same fashion as / 11
above. Indeed, simply notice from (4.5), (4.8), and the product rule that

1
10; (Yo (@) S 23 XBO0.26)\BO.) + XB»

so that

/a,wmpe)(q)E(q)dq‘s%f |ﬁ<q)|dq+/|i5(q>|dq
Q € JB B

(0,2€)\B(0,¢)

< 6%%4(3(0, 2¢)) +1~1.

Finally, the first term in (4.18) is handled using (4.9) and Lemma 3.8 (noting that spt(y/z7; K ) C B0, s)
for any s € [27/+2,277/+3]) to yield

/Qa,wfgnjk“)(q)dq‘

=3

J<N

‘ /Q 0, (W0 R)(q) dq

2—i+3

< 22‘4f||at(w3n,-1?>||oof 4

—j+2
j=N 2

oscq(B(0, 10s)) ci_s

From the product rule, noting that

e sptn; C B(0,27/72)\ B(0,27/),
e sptyyp C B C B(0, 2) by (4.14),
« Kis —2-homogeneous, and

. 8,E is —4-homogeneous,

we see that
24j, J Z _17

) ) oo <
10: (W7 )IIooN{O’ i<l

To verify the last bullet point, one can simply compute that 3K is the kernel

2 4 2
~ z|7(|z|* — 32t
a;K(Z,t):SM, Z=(X’Y)-
”(Za t)”KQr

Summarising the estimate above, we have now shown that
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4D2. Estimate for I. We move to the term

L= /F VB9 (@) (YG(q), —XG(q)), v (q)) dS*(q)
=—c fg divy (W poe (Y G, —XG))(q) dq

— ¢ fQ (Vi (Ws00(@), (FG(@), ~XG(q))) dg — ¢ /Q W) (@) divi(FG, —XG)(q) dg
=: —0121 - 0122,

where the divergence theorem was applied. The term 121 can be handled precisely as / 11 above; see (4.16).
So we concentrate on the term 122. Once again, due to the presence of the right-invariant vector fields X
and Y, it is useful to consider the right divergence instead of the left one. Recalling (4.17) and setting
p=(x,y,t), we write

divi(Y G, =X G)(p) = divg(Y G, =X G)(p) + 8,(—yY G — xXG)(p)
=(XYG-YXG)(p)+8,K(p)
=—3,G(p) + &K (p).

Here K is yet another —2-homogeneous kernel with explicit expression

K(z, 1) = Lzrl, (z,1) € H\ {0}.
Iz 1%,
In other words,
;= —/Q(tﬂwe)(q)atG(q)dq+/Q(WB<pe)(q)3t13(q)dq- (4.19)

From this point on, the treatment of both terms can be continued as on line (4.18) above. The only facts we
needed about the kernel K there was that it is —2-homogeneous and its ¢-derivative is —4-homogeneous.
These properties are also satisfied for G and K. In fact, the r-derivatives are given by

16¢ . 96|z|*t
atG(Z9 t)=—6 and 8;K(z, t):——lo
1z O ligor Iz, 12,

Continuing as in (4.18), and afterwards, we obtain
* ds
131 <1 +f oseq(B(0.5) = < 1+C.
0
This concludes the proof of (4.11) as we have shown that

IRs,e(bpi)llLeqy < C. (4.20)

4D3. The adjoint. To prove Theorem 4.1, it remains to establish the bound analogous to (4.20) for the
adjoint Ry .. Arguing as in Section 4C, we may assume that the conditions in (4.14) are in force. In other
words, it suffices to show that

IRE (b (0)] < C,
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where B C H is a ball with dist(0, B) < 1 = diam(B), and 0 € I". By definition,
R;g(bBﬂ)(o):/‘pe(Q)(XG(Q)_iYG(Q))bB(Q)dS3(‘])
r

_ /F (W50 @ VG (@), vt (@) dS*+i /r (50 (@) (=Y G, XG)(q). via (@) dS*(q)
=: J1+ils.

The situation is now similar to, but slightly simpler than, the one we have already treated. After we apply
the divergence theorem and use the product rule, we have

Ji= —C/Q(VH(lﬁB%)(CI), VuG(q))dq —C/Q(K/fope)(q)diVH VuG(q)dg.

The second term vanishes, as divy ViyG(q) = ApG(g) = 0 for g € spt ¢c. The first term can be estimated
as in (4.16).
Concerning J», the divergence theorem gives

Jo= —C/ (Vu(¥see)(q), (=YG, XG)(q))dq —Cf (Ve (q) divi(=Y G, XG)(q) dq.
Q Q
Once more, the first term is estimated using the argument from (4.16). In the second term, we find that
diviu(—=YG, XG)(q) =—XYG(q) +YXG(q) =—08,G(q), ¢ €H\{0}.

From this point on, the estimates are the same as for the term 122 above; see (4.19). We have now
established that

IR*(bpm)llL=w) < C,

and the proof of Theorem 4.1 is complete. (I

S. Application: intrinsic Lipschitz graphs with extra vertical regularity

In this section, we prove Theorem 1.10, which we restate below.

Theorem 5.1. Let ¢ : W — R be an intrinsic Lipschitz function which satisfies the following Holder

regularity in the vertical direction:

9y, 1) — (v, s)| < H|t — 5|2 s —1] <1 (5.2)
and
o, ) —p(y, )| < Hlt —s|T72 s —t] > 1, (5.3)

where H > 1 and 0 <t < 1. Then R is bounded on L2(7-L3|r¢).
As a corollary, we recover the main theorem of [Chousionis et al. 2019a] for the Riesz transform.

Corollary 5.4. Let W C H be a vertical plane, let « > 0, and let ¢ : W — V be a compactly supported
C*(W) in the sense of [Chousionis et al. 2019a]. Then R is bounded on L*(1*|r,).
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Proof. By [Chousionis et al. 2019a, Proposition 4.2], an intrinsic C!*-function ¢ satisfies (5.2) with
exponent T = «. Since ¢ is continuous and compactly supported, (5.3) is also satisfied if the constant H
is chosen large enough. To apply Theorem 5.1, we still need to argue that ¢ is intrinsic Lipschitz: this is
the content of [Chousionis et al. 2019a, Remark 2.18]. O

Besides the compact support assumption, a notable difference between Theorem 5.1 and the main
theorem of [Chousionis et al. 2019a] is that the intrinsic C'**-condition implies extra regularity in both
vertical and horizontal directions. The conditions (5.2)—(5.3), on the other hand, imply nothing about the
horizontal behaviour of ¢. To emphasise this, we give another corollary of Theorem 5.1.

Corollary 5.5. Let ¢y : R — R be a (Euclidean) Lipschitz function, and let ¢ (0, y, t) := ¢o(y). Then R
is bounded on L*(1), where [ is H? restricted to [y.

Proof. We first note that ¢ is intrinsic Lipschitz because

160, y, 1) = (0, ¥, ) S 1y —¥'| < llmw(P(0, y, )" (0, y, )],

where ®(0, y,#) = (0, y,1) - (¢(0, y, 1), 0, 0) is the graph map parametrising I'y. Conditions (5.2)—(5.3)
are trivially satisfied, so the claim follows from Theorem 5.1. (I

5A. Proof of Theorem 5.1. The proof is based on the following lemma.

Lemma 5.6. Assume ¢ : W :={(0, y,1) : y,t € R} = R is intrinsic Lipschitz and satisfies (5.2)—(5.3).
Then

oscq(B(p,r)) < H* min{r*,r~ "}, peTly, 0<r<oo, 5.7

where Q = {(x, y,t) : x > ¢ (mw(x, y, 1))}, and the implicit constants depend on the intrinsic Lipschitz
constants of ¢.

By Theorem 4.1, the lemma above will prove Theorem 5.1.

Proof of Lemma 5.6. The plan is to first use (5.2) to establish the bound
osca(B(p,r)) <HYT, pe [y, O0<r<1. (5.8)

The second bound in (5.7) will follow by a similar argument from (5.3) for r > 1.
Write I' :=T'g, and fix 0 <7 <1 and 0 < s <r. We claim

VQ(B(P,V))(S)Z/ Ixe(@) — xalg - (0,0,5*)|dq, (5.9)
B(p,r)NT (Hrlt7)

where I'(Hr'*7) denotes the (Hr'*7)-neighbourhood of . To prove this, it suffices to show that if
g € B(p, r) with dist(g, T') > Hr'*7, then

x2(q) = xa(g - (0,0, 5%)).
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I+t

Indeed, assume to the contrary that ¢ = (x, y, t) € B(p, r) can be found with dist(q, ") > Hr and

x2(q) # xa(q - (0,0, 52)). This has two consequences: First, in particular,

Ix — ¢ (mw(x, y, 1)) =d((x,0,0), ¢(mw(q)))
=d(mw(q) - (x,0,0), mw(q) - ¢ (mw(q)))
=d(q, ®(mw(q)) > Hr''T,

where ®(w) = w - ¢ (w) is the graph map parametrising I". Second, there exists 0 < u < s such that
(x,y, t+ u?) = q-(0,0, u?) €T, soin particular,

x = ¢ (rw(q - (0,0,u))).
Combining the information above,
| Grw(x, y. 1t +u?) — ¢ (rw(x, y, )| > Hr'*.
Spelling out the definition of myy, this is equivalent to
Hr't® < |¢(O, v, t +u+ %xy) — ¢(O, v, t+ %xy)| < Hu'*T < Hs'*% < HrHT

We have reached a contradiction, and hence proved (5.9).
It follows from (5.9) that

r H*(B(p, r)NT(Hr't"
OSCQ(B(p,r)):rL“fO vo(B(p,r)(s)ds < (Bl r)r4 (Hr ))'

To conclude the proof, we find a maximal Hr!*7-separated set S C B(p, 2Hr) NT; note that this step
uses the assumption r < 1, so that r'*7 < r. Since I' is 3-regular,

card S < r =, (5.10)
On the other hand, the balls B(g, 10Hr'*7), g € S, cover B(p,r) NT'(Hr'*7), whence

4 B NT(H 1+7 H 1+7\4
osca(B(p. 1) < H'(B(p,r) ! (Hr'™")) g(cardS)#SH‘er-
r r

This proves (5.8).
To prove the second bound in (5.7), one fixes r > 1 and proceeds as above, using (5.3) instead of (5.2).
One first obtains

va(B(p,r))(s) =/ |x2(9) — xa(q - (0,0, 5%)|dg
B(p,r)NT'(Hr1-7)

This leads to oscq(B(p, r)) < H*(B(p, r) NT(Hr'=7))/r% Since r > 1, one has r'~* < r. One finally

chooses a maximal Hr!~7-separated set S C B(p,2Hr) N T, and finds that (5.10) gets replaced by

card S < 3. This gives oscq(B(p, r)) < H*r™7, as desired. O
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6. Problems and remarks

6A. Carleson packing conditions for the vertical oscillation coefficients? Theorem 1.8 guarantees the
L2-boundedness of R on intrinsic Lipchitz graphs I' = Q2 C H satisfying the uniform condition

o dr
oscqo(B(p,r)) " <1, peod. 6.1)
0

A comparison with analogous results in Euclidean space, in particular those in [David and Semmes 1991],
suggests that it might be possible to relax (6.1) to a Carleson packing condition for the vertical oscillation
coefficients, such as

R
f f osca(B(p, r))" dr dH(p) <R, po€df, 0< R <diamdQ. (Car(n))
3QNB(po,R) JO r

Here n > 1 is a parameter, and evidently the condition (Car()) gets weaker as 1 increases. Two questions
now arise:

Question 3. For which parameters n > 1 —if any — does the following hold? Assume that ' =02 C H
is an intrinsic Lipschitz graph satisfying (Car(n)). Then R is bounded on L>(H3|p).

Question 4. For which parameters n > 1 —if any — does the following hold? Every intrinsic Lipschitz
graph I' C H satisfies (Car(n)).

We have no further insight on either of the questions at the moment. We conjecture that every intrinsic
Lipschitz graph I' C H satisfies (Car(n)) for n > 4.

6B. A connection between vertical perimeter and -numbers. Let Q C H be an open set with 3-regular
boundary, and let 1 < p < oco. Recall from Remark 3.2 that the L”-vertical perimeter of €2 in a ball
B(q,r), g € 09, is the quantity

00 B(q, p 1/p
o (B(q, 1) i= (/ (M) d_s) ,
0 A S

Given Corollary 3.34, it is reasonable to expect an inequality between pq , and some quantity defined
via the vertical B-numbers B3, 1. Such an inequality is given by the following proposition.

Proposition 6.2. Let 2 C H be a nonempty open set with 3-regular boundary, and let py € 02 and
0 < R <diam 0f2. Then

5 R dr 1/p 3
9a.p(B(po, R)) SR +/ (/o Baa,1(B(g, Cr))? T) dH’(q),

9QNB(py,CR)
where C > 1 is an absolute constant.
Proof. Fix 0 < r < R. We start by arguing that

va(B(po, R))(r) 5/ Boo 1 (B(p, Cr)) dH3 (). 6.3)
9QNB(po,CR)

r
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To this end, let 5, be a finite family of balls of radius r covering B(pg, R) such that the concentric balls
of radius r/2 are disjoint. Note that if dist(B, 0€2) > 2r, then

Ixa(@) — xa(q - (0,0,r%)| =0, g¢¢€B,

because d(q, q - (0,0, r?)) = 2r with our choice of metric d; recall (2.1). Whenever B € B, with
dist(B, 0€2) < 2r, we pick some ball B O B which is centred on 99 and has radius at most 5r. By the
3-regularity of the boundary, we then have

H3(BNIQ) ~r3, BebB, dist(B, Q) <2r
Then, by the bounded overlap of the balls B and applying Corollary 3.34, we can estimate
va(B(po, R))(r) :/ 1X2(q) — xa(g - (0,0,r%))] d
B(po,R)

r

Ix2(q) — xa(g - (0,0, rz))l
r

r

=

BeB
dist(B,0Q2)<2r

<y b >(>H3(Bmm)

4
BeB,
dist(B,02)<2r

S ) BeaGoBH (BNoQ)
BeB,
dist(B,02)<2r

< f Bac.1(B(gq, Cr)) dH(q).
B(po,CR)

This is (6.3). Applying Minkowski’s integral inequality, we infer the bound

( / R(VS?(B(PO’ RW))” d_r)l/pg ( / R( f Bas.1(B(q. cmmﬁ@) ‘”)l/p
0 r r 0 9QNB(py,CR)

K dr 1/p
5/ (/ Bag.,1(B(q, Cr))? —) dH3(q).
9QNB(po,CR) \JO r
Finally, it remains to note

( /OO(m(B(po, R))(r))” d_r)” " ( /°° R dr)” s
R r r g Pl

and the proposition follows by combining the two estimates above. (I

As an immediate corollary, we infer that if the 83q 1-numbers satisfy a Carleson packing condition
similar to (Car(#n)), namely

/ f Boc.1(B(q, r))p dH3(q) <R’ poed, 0<R<diama<, (6.4)
QNB(po.R)

then the LP-vertical perimeter is bounded by (a constant times) the horizontal perimeter.
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Corollary 6.5. Let 1 < p < oco. Assume that Q C H is a nonempty open set with 3-regular boundary, and
assume that (6.4) holds. Then

9a,(Bq, ) <r, qed, 0<r<diamoQ.

Proof. Apply Proposition 6.2, then Holder’s inequality, and finally (6.4). ]
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A WESS-ZUMINO-WITTEN TYPE EQUATION
IN THE SPACE OF KAHLER POTENTIALS
IN TERMS OF HERMITIAN-YANG-MILLS METRICS

KUANG-RU WU

We prove that the solution of a Wess—Zumino—Witten type equation from a domain D in C" to the space
of Kahler potentials can be approximated uniformly by Hermitian—Yang—Mills metrics on certain vector
bundles. The key is a new version of Berndtsson’s theorem on the positivity of direct image bundles.

1. Introduction

Let L be a positive line bundle over a compact complex manifold X of dimension #n, and let 4 be a
positively curved metric on L with curvature w. The space of Kéhler potentials is

Heo={p € C¥°(X,R) : 0+idd¢p > 0},

and for a positive integer k we denote by #; the space of inner products on H°(X, L¥). Starting from a
question asked by Yau [1987] and the work of Tian [1990], Zelditch [1998], Catlin [1999], and many
others, it is well known that a given Kéhler potential ¢ € H,, can be approximated by ¢y € H,, associated
with H; as k — oo. Furthermore, Mabuchi [1987], Semmes [1992], and Donaldson [1999] discovered
that H,, carries a Riemannian metric which allows one to talk about geometry, especially geodesics,
of H,,. Thanks to Phong and Sturm [2006], Chen and Sun [2012], Berndtsson [2018], and Darvas, Lu,
and Rubinstein [Darvas et al. 2020], geodesics in #,, can be approximated by geodesics in H; as kK — 00.
More generally, one may wonder if harmonic maps into H,, can also be approximated by harmonic maps
associated with Hy. A version of this was confirmed by Rubinstein and Zelditch [2010] when X is toric,
and the maps take values in toric Kéhler metrics; see also [Song and Zelditch 2007; 2010].

Here we focus on a Wess—Zumino—Witten (WZW) type equation for a map from D C C" to H,, and
we show that the solution to such an equation can be approximated by Hermitian—Yang—Mills metrics on
certain direct image bundles. We will also see how this result recovers some of those mentioned in the
first paragraph.

We first explain how to derive this WZW equation. Recall that the tangent space Ty H,, at ¢ € H,, can be
canonically identified with C*°(X, R), and following [Donaldson 1999; Mabuchi 1987; Semmes 1992],
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the Mabuchi metric gy on H,, is

8M(§,77)=/ Enwy, for ¢ €H, and &, n € TpH,.
X

Let D be a bounded smooth strongly pseudoconvex domain in C”. A map ® : D — H,, will be identified
as d: D x X — Rwith ®(z,-) € H, forze D. Amap & : D — H,, is said to be harmonic if it is a
critical point of the functional E(®) = f | P |2 dV, where dV is the Euclidean volume form on D, ®, is
the differential of ®, and |®,| is the Hilbert—-Schmidt norm of ®,, measured by the Mabuchi metric gy,
and the Euclidean metric of D. A straightforward computation gives the harmonic map equation
m

D IVe, P -2, =0, (1)

j=1
where {z;} are coordinates on D and |[V®,, (z)|? is computed using the metric wa(z)- On the other hand,
there is a perturbed functional &, whose Euler—Lagrange equation is also of interest. The construction
of this perturbed functional is similar to that of [Donaldson 1999, Section 5] (see also [Witten 1983]),
where one-dimensional D were considered. In order to define &, we first define a three-form 6 on H,,:
for ¢ eH, and 51, 3;'2, 53 S T¢Hw,

Q(Elv %-2’ 53) = gM({él’ 52}(1)(1)’ 53) = ‘/;({515 52}w¢53wg, (2)

where { -, - },, is the Poisson bracket determined by the symplectic form wy. This three-form 6 is d-closed
by Lemma 4.5 below, and by Lemma 4.4 there is a two-form « on #,, such that da = 6. For a map
®:D — H,, we define

E(®) := E(D) +4i Z/ a(®z, @) dV.
— /D
We will show in Lemma 4.6 that the Euler—Lagrange equation of & is
m
DIV P =20,z +i{ Dz, Py, =0. 3)
j=1

Following [Witten 1983] and [Donaldson 1999], we call (3) the WZW equation for a map ® : D — H,,.
Donaldson [1999] showed, when m = 1, that the WZW equation is equivalent to a homogeneous

complex Monge—Ampere equation. We have the following extended equivalence for m > 1 by a similar

computation. Let 7 : D x X — X be the projection onto X. Then the extended equivalence is

m m—1
® solves (3) < (id0D +*w)" ' A (i Zde /\de) =0. 4)
j=1

This suggests that the proper generality of the WZW equation is for maps from a Kihler manifold D
to H,. Nevertheless, in this paper we restrict to D C C™.

The next step is to construct a solution of the WZW equation, and then we will show it can be
approximated by the solutions of Hermitian—Yang—Mills equations.
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Definition 1.1. We will say that a function u : D x X — [—00, 00) is w-subharmonic on graphs if, for any
holomorphic map f from an open subset of D to X, we have that ¥ ( f(z)) + u(z, f(z)) is subharmonic,
where 1 is a local potential of w.

This definition does not depend on the choice of ¥ since any two local potentials differ by a plurihar-
monic function. (This definition has its origin in the works of Slodkowski [1988; 1990a; 1990b], and
Coifman and Semmes [1993]; however, they focus on functions u defined on D x V with a vector space V
where u(z, - ) are norms or quasinorms, whereas we consider simply functions on D x X. There is also a
notion of k-subharmonicity, see [Btocki 2005], but it is not equivalent to subharmonicity on graphs.)

Let v be a real-valued smooth function on 0D x X and 0D > z +— v(z, - ) = v; € H,. We simply write
v e C*®0D, H,). Consider the Perron family

G, = {u € usc(D x X) : u is w-subharmonic on graphs, limsup u(z,x) <v(Z, x)}.
D>z—¢€dD
As we will later see, the upper envelope V = sup{u : u € G,} is a weak solution of the WZW equation
from D to H,. The above setup is for H,. As for Hy, we recall first the two maps that connect H,,
and Hy. The Hilbert map Hj : H,, — Hy is

Hi () (s, 5) :f h* (s, s)e *w",  for ¢ € H, and s € HO(X, L").
X
In the other direction, the Fubini—Study map FS; : Hy — H,, is given by

FS:(G)(x) = 1 log  sup hk(s, s)(x), for Ge®H; and x € X.
k seHO(X,L%)

G(s,5)<1
Now following the definitions from [Coifman and Semmes 1993], let + be the set of norms on H 0x, LFy*
Then a norm function D > z +— U, € N is said to be subharmonic if log U.( f(z)) is subharmonic for
any holomorphic section f : W ¢ D — H%(X, L*)*. The second Perron family we consider is

G]; = {D >z — U, € N} is subharmonic, lim sup Uzz(s) < H(v)(s, s) for any s € HO(X, Lk)*},
D>z—¢e€dD

where H}'(v) is the inner product dual to Hy(v). We note a remarkable theorem about the upper envelope

VE=sup{U : U € G’;} from [Coifman and Semmes 1993], which shows that V* is not only a norm but

an inner product (see [Slodkowski 1990a, Corollary 2.7] for a different proof); moreover, it solves the

Hermitian—Yang—Mills equation (see also [Donaldson 1992])

{A@(Vk) =0,
Vkap = HF (v).

Here we view V¥ as a Hermitian metric on the bundle D x H(X, L¥)* — D, and ®(V¥) is its curvature.
Further, A is the trace with respect to the Euclidean metric of D, so in general AO(VF) takes values
in endomorphisms of H%(X, L¥)*. Denoting the dual metric by (V*)* our main result is that the upper
envelope V of G, is the limit of Hermitian—Yang—Mills metrics.
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Theorem 1.2. FS;((V*)*) converges to V uniformly on D x X, as k — oo.

Now we turn to the interpretation of the upper envelope V and its relation to the WZW equation. The
next theorem shows that V solves the WZW equation under a regularity assumption.

Theorem 1.3. If the upper envelope V of G, is in C*(D x X), then
m m—1
(i0dV +*w)"™ A (i > dzin dzj) =0.
j=1

As a result, Theorems 1.2 and 1.3 together show that the solution of the WZW equation can be
approximated by the Hermitian—Yang—Mills metrics. (The equation in Theorem 1.3 is similar to the
complex Hessian equation, which has been studied extensively in [Blocki 2005; Collins and Picard 2019;
Dinew and Kotodziej 2014; Dinew et al. 2019; Lu and Nguyen 2015; 2019], and we hope to return to it
in the future.)

The C? assumption in Theorem 1.3 is somewhat artificial. At this point, we are able to show V is
continuous by Corollary 3.3, and it is desirable to prove higher regularity of V either through PDE
techniques or pluripotential theory which we will pursue in a different paper. The guiding example is
when m = 1. In that case the WZW equation is the much studied complex Monge—Ampere equation; it is
known that V is not smooth in general (see [Darvas 2014; Darvas and Lempert 2012; Lempert and Vivas
2013]), and C"! is the best one can hope for (see [Btocki 2012; Chen 2000; Chu et al. 2017]).

We mention briefly works related to our result. If m =1 and D C C is an annulus, and v is invariant
under rotation of the annulus, then Theorems 1.2 and 1.3 recover the geodesic approximation result of
Phong and Sturm [2006] and Berndtsson [2018]. When X is toric, these theorems are reduced to the
harmonic approximation of Rubinstein and Zelditch [2010], except that C? convergence is proved in their
paper (see also [Song and Zelditch 2007; 2010]).

The proof of Theorem 1.2 hinges on Theorem 2.1, a result regarding the positivity of direct image
bundles. Although Berndtsson’s theorem [2009] has played a crucial role in approximation theorems
similar to Theorem 1.2 (for example [Berman and Keller 2012; Berndtsson 2018; Darvas and Wu 2019;
Darvas et al. 2020]), when it comes to approximating by Hermitian—Yang—Mills metrics, a subharmonic
analogue of Berndtsson’s theorem is desired. It is Theorem 2.1, where we prove a version of positivity of
direct image bundles for weights that are subharmonic on graphs. This is perhaps the crux of this paper.
A corresponding result on Stein manifolds can be proved easily following the proof of Theorem 2.1.

The WZW equation (3) is the harmonic map (1) perturbed with Poisson’s bracket, which is closely
related to the geometry of #,,, an infinite-dimensional nonpositively curved manifold. Since the theory
of harmonic maps into nonpositively curved manifolds is well developed by Eells and Sampson [1964],
Hamilton [1975], and many others, a possible future direction is to see if one can combine the classical
results with those of this paper to study #,,. Yet another possible but remote direction is to use slope
stability in the Donaldson—Uhlenbeck—Yau theorem to study the K-stability by Theorem 1.2. This is a
vast subject and we only mention a few papers that are closer to our study. See [Chen et al. 2015a; 2015b;
2015c; Dervan and Keller 2019; Donaldson 1985; Li 2012; Székelyhidi 2014; Uhlenbeck and Yau 1986;
Zhang 2021].
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Before we end this introduction, a few words about the structure of this paper. In Section 2, the
subharmonic version of positivity of direct image bundles is proved, except we put off a technical lemma
to Section 5. Section 3 is devoted to Theorem 1.2 and Section 4 to Theorem 1.3. In Section 6, we draw
parallels with [Darvas and Wu 2019].

2. Positivity of direct image bundles

Consider a Hermitian holomorphic line bundle (E, g) — X" over a compact complex manifold, and
assume the curvature n of the metric g is positive. For two sections s,t € H 0(X, E ® Kx), we write
locally

s=0®s', t=1Q¢t,

where o, T € E and s/, t' € Kx. (Such an expression is possible as long as one of the bundles is of rank 1.
In the current case, £ and Ky are both line bundles.) We extend the metric g to acting on sections
of E® K by setting g(s, t) = g(o, t)s’At’, which is an (n, n)-form. It is not hard to see this (n, n)-form
is globally defined on X.

We define a variant of the Hilbert map: Hilbggg, (1), for a function u : D x X — R, is given by

Hilbggk, (u)(s, s) :/ g(s, s)e 4G
X

with s € Ho(X, E ® Kx). Since the integrand on the right is already an (n, n)-form, the integral makes
sense. In the following, suitable assumptions will be made on u to make sure the integral converges. Then
the map z — Hilbggk, (1) is a Hermitian metric on the bundle D x H°(X, E® Kx) — D. The main
result of this section is the following positivity theorem.

Theorem 2.1. If u is bounded and upper semicontinuous (usc) on D x X, and n-subharmonic on graphs,
then the dual metric Hilbg g (u) is a subharmonic norm function.

The following approximation lemma is somewhat technical and we postpone its proof to Section 5.

Lemma 2.2. Let u be a bounded usc function on D x X which is n-subharmonic on graphs. Then, for D’
relatively compact open in D, there exist ¢; \( 0 and uj € C*°(D' x X) decreasing to u, where u; is
(1 — &j)n-subharmonic on graphs. Namely, for any holomorphic map f from an open subset of D' to X,

AW (f (@) +uj(z, f(2))) = & AW (f(2)), where n = iddy locally.

Proof of Theorem 2.1. Since being a subharmonic norm function is a local property, we focus on D’, a
relatively compact open set in D. Take ¢; and u; as in Lemma 2.2. Assuming the theorem holds for such
a u; (namely, the dual metric Hilbj‘E® Ky (1)) is a subharmonic norm function), it follows that Hilb]g® Ky (@)
is also a subharmonic norm function because Hilby g (u;) decreases to Hilbyg g (1) as j — oo.

As a result, we only need to prove the theorem for u € C*°(D’ x X) with the property that there
exists ¢ > 0 such that for any holomorphic function f from an open subset of D’ to X,

AW (f@)+uz, f(2) =A@ (f(z), where n=iddy locally. (5)
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In a coordinate system 2 C C" on X, we will not write out the coordinate map. We will use Greek
letters u, A for indices of coordinates on X, and Roman letters i, j for indices of coordinates on D;
moreover, f* means the u-th component of f, whereas ¥

u;7, and u;; mean partial derivatives

urs Yiis
azw/axua@, 0%u/9z;07;, and 9%u/dz;0%,, respectively. In this coordinate system €2 C C” on X, we first
show that the matrix (%LX +u,,5) (2o, x0) is positive definite, for any given (zg, xo) € D’ x 2. Inequality (5)
about v 4+ u is unchanged after a translation in coordinates of D’ x £, so we can assume (zg, xo) = (0, 0).

In terms of local coordinates, inequality (5) becomes
aftaf aftaf* afr af“af
e Vi 5z Z% 7z, T u+Z s +Z i +Z iz ©
i 821 aZz ; 32 8 8 a Zz

Fix (&1, &, ..., &,) € C". For N a positive number, we consider f(z) = N(El e, 0, én)z1 ; note that f(z)
is in Q by restricting z in a small neighborhood of 0 in D’. With such a choice of f, we deduce from (6)
that

e 1,5 0.06EN <> 9,50, 065N+ u;:0.0)
A A i

+ ) ui0,05N + > uj, (0,0EN + > u,50,05,EN%  (7)
A I Y

For larger N, we have to restrict f to a smaller domain in D’, but since inequality (7) is evaluated at (0, 0),
it holds for any N. Divide (7) by N 2 and send N to infinity, to obtain (Y5 +u u;)(O, 0) > s(lﬁux)(O, 0)
as matrices, and hence (1/;@ + uﬂi)(O, 0) is positive definite.

Let L>(X, E ® Kx) be the space of measurable sections s whose L?-norm f x 85, s)e @) is finite.
Since different z will give rise to comparable L2-norms, the space L?(X, E ® Kx) does not change with z,
and so we have a Hermitian Hilbert bundle D’ x L?(X, EQK x) — D’ whichhas D'x H*(X, EQKx) — D’
as a subbundle. Denote the curvature of the subbundle by ® =} ©zdz; A dz;. This setup is almost
identical to [Berndtsson 2009, Theorem 1.1], where the author observed that the second fundamental
form of the subbundle D’ x H(X, E ® Kx) — D’ can be controlled by L?-estimates. Following the
computations in Section 3 of the same work, we deduce

> (©5.5) = / K(z,-)g(s, s)e ™), ®)
X X
J

where s € H(X, E® Kx) and K : D’ x X — R is a smooth function, given in local coordinates on X by
K= Z( Z(w'i'”)wuﬂ\”m)’

here (1 + u)x”“ stands for the inverse matrix of (Y 4 u); W cf. [Berndtsson 2009, Formula (3.1)].
We claim that K > 0. Fix (zo, xo) € D’ x X with a coordinate system €2 around x¢. First notice that ¥
is independent of z, so if we denote V¥ (x) + u(z, x) by ¢(z, x), then

K=Y (0~ L oo™ e5)
J Ao
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Since the matrix (qu;) is positive definite, we can assume local coordinates in €2 are such that (‘%X) is
the identity matrix at (zo, xo), and therefore K (zo, xo) = > _ (@7 — > 9 51%)(20, x0). For a holomorphic
function f from an open subset of D’ to €2, the subharmonicity of ¢ (z, f(z)) reads as

aft a f*
Z¢,,+Z¢,x = +Z¢,Ma +Z¢,L;aimaizizo. ©)

Without loss of generality, we assume (zg, xo) = (0, 0) and choose f* = — > $;5(0,0)z; in (9) with z
small so that f(z) is in 2. Inequality (9) becomes Zj (¢j] — ZA|¢ji|2) (0, 0) = 0. Therefore K > 0. See
also the remark after Lemma 4.1 for a slightly different proof of this claim and an invariant meaning of K.

As a result, (8) implies Z (® s, s) > 0, and hence the curvature of the dual metric Hilb} Eoky (1)
satisfies the opposite inequality; accordlng to [Coifman and Semmes 1993, Theorem 4.1] this implies
Hilby, Kk, (1) is a subharmonic norm function. [l

Now we replace (E, g) by (L*® K%, h* @ »™), which is positively curved for large k since
O(h* ® w") = kw + Ric w.
We have the following proposition regarding the metric H («) on the bundle D x H°(X, L¥).

Proposition 2.3. Suppose u is a bounded usc function on D x X and with some ¢ € (0, 1) we have that
u is (1—e)w-subharmonic on graphs. Then there exists kg = ko (e, w), independent of u, such that, for
k > ko, the dual metric H}' (u) is a subharmonic norm function.

Proof. In order to use Theorem 2.1, we must check if ku is (kw4 Ric w)-subharmonic on graphs. Suppose
that = i99y and Ricw = idd¢ locally. Then we want to see if kW (f(2)) + ¢ (f(2)) +ku(z, f(z)) is
subharmonic for any holomorphic map f. Note that

Ky + ¢ +ku = k(1 — &)y + ku + ek + ¢,

and k(1 — &)Y (f(z)) + ku(z, f(z)) is subharmonic by assumption. On the other hand, there exists kg
depending on ¢ and w such that ekyr 4 ¢ is plurisubharmonic (psh) for k > ky. Therefore, for k > ko,
ku is (kw + Ric w)-subharmonic on graphs. By Theorem 2.1, the metric Hilb7, (ku) is a subharmonic
norm function for k > kq. The proposition follows since Hilb,« (ku) = Hy (u). O

3. Approximation by Hermitian—-Yang-Mills metrics

Recall that D is in C" and (L, h) — X" is a positive line bundle with curvature w.

Lemma 3.1. Let u be an usc function on D x X and w-subharmonic on graphs. Then for any fixed z € D,
u(z, x) is w-psh on X, and for any fixed x € X, u(z, x) is subharmonic on D.

This can be seen as a special case of an abstract theorem in [Slodkowski 1990a, Section 1], whose
proof we translate to our setting.

Proof. By choosing the holomorphic map f constant in the definition of w-subharmonic on graphs, it
follows immediately that u(z, x) is subharmonic in z.
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For a fixed zg € D, we want to show x — 1 (x) + u(zo, x) is psh in a coordinate system Q C C"
on X, where 1 is a local potential of w. Let P be the complex line {Ae; : L € C,e; = (1,0,...,0) € C"}.
Without loss of generality, it suffices to prove that, for Ae; € P N2, the function A — ¥ (Aey) +u(0, rep)
is subharmonic. Let U be a disc in P N €2, and we simply write U = {A € C: |. —a| < R}. Let h()) be
harmonic on U and continuous up to the boundary. We will be done if

Y(aey) +u(0,ae;)+h(a) < il;%(m//()»el) +u(0, Aey) + h(10)).

Suppose the inequality is not true. By [Slodkowski 1986, Lemma 4.5] with 8U C U as the two compact
sets in that lemma, there is an R-linear function [ : C — R and b € U such that, if we write

v(z, ) =Y (rer) tu(z, rer) +h(d) +1(A), (10)
then
v(0,b) >v(0,A), for LeU—{b}.
Now define W(z, A, ..., Aw) :=v(z, A1) + - - - +v(z, A;y) in a neighborhood of (0, b*) := (0, b, ..., b)

in C" x C". As W(0, b*) > W(0, Ay, ..., Ap) for (A1,..., A,) # b* there exists a ball B C C" of
radius r centered at b* such that

W(0, b™) > max W.
{0}x 9B

Since W is usc, there exists € > 0 such that W(z, A1, ..., A,) < W(0, b*), for |z]<eand (A{, ..., Ay,)€0B.
Let S = (r/e) Idcm. We have W (z, b* 4+ S(z)) < W(O0, b*) for |z| = &, which contradicts the maximum
principle because W (z, b* + S(z2)) = Z;":l v(z, b+ (r/e)z;) is subharmonic by (10). O

Although in the Introduction the boundary data v is in C*°(d D, H,,), we will prove a lemma for a broader
class of boundary data v. Let v: 9D x X — R be a continuous map such that v,(-) :=v(z, - ) e PSH(X, w)
for z € dD. Let

G, = {u € usc(D x X) : u is w-subharmonic on graphs, limsup u(z, x) <v(Z, x)}.
D>z—¢€dD

In order to study the properties of the upper envelope V of G,, we introduce a closely related family.
With the projection 7 : D x X — X, let

F, = {u cu € PSH(D x X, n*w), limsup u(z, x) < v({,x)}.
D>z—¢e€dD

The upper envelope of F, extends to a solution &/ € C(D x X) of

(m*w +i93U)"™ =0 on D x X,
T*w +iddU > 0 on D x X,

Ulgpxx = ;
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see for example [Boucksom 2012; Darvas and Wu 2019]. In addition, we also need the solution 4 to the
Dirichlet problem

> ihij+Ach+2n=0 on D xX,

hlapxx = v.

Lemma 3.2. If we denote the upper envelopes of G, and F, by V and U, respectively, thenU <V < h
and

lim V(Z,X) = V(Zo,xO).
(z,X)—>(20,%0)€dDx X

Moreover, if v is negative, then so is V.

Proof. Unraveling the definitions of F, and G, we see F,, C G,,soU <V. For any u € G,, u(z,-) is
w-psh for fixed z by Lemma 3.1, hence A, u +2n > 0; in addition, u( -, x) is subharmonic for fixed x. By
the maximum principle, u < 4 and hence V < h also. U and & are both equal to v on d D x X, and so is V.

For a fixed xg € X, let Hyp(z) be the harmonic function on D with boundary values v(z, xg). Foru € G,
we have u(z, xg) < Hy(z), and therefore V(z, xo) < Hy(z). The second statement follows at once. U

With Proposition 2.3 at hand, we can start to prove Theorem 1.2. The following envelope will be used
in the proof: for an usc function F on X, we introduce

P(F):=sup{h € PSH(X, w) | h < F} € PSH(X, w);
see [Berman 2019; Ross and Witt Nystrom 2017].

Proof of Theorem 1.2. Without loss of generality, we will assume v < 0. Fix § > 1, and for z € 4D,
define vf = P(6v;). By [Darvas and Wu 2019, Lemma 4.9], 0D x X 3 (z, x) — vg(x) 1S continuous.
Let V¢ be the upper envelope of G,s. By Lemma 3.2, V? <0, and so u < 0 for u € G 5. The next step is
to have a better upper bound for u € Gs. To that end, we can look instead at max{u, c}, which is still
in G5 as long as the constant ¢ < min v, Since max{u, c} is bounded, we will assume u is bounded.
Moreover, u /5 is w/3-subharmonic on graphs. According to Proposition 2.3, there exists kg = ko(5)
such that for k > ko, H,’(u/3) is a subharmonic norm function. Because lim sup,,, H;(u/8) < H}’ (v),
it follows that H;(u/8) € GX and therefore H(u/8) < V¥ on D and FSy(Hy(u/8)) < FS((VE)*).
By Lemma 3.1, we have w +iddu/8 > (1 — 1/8)w, (the operator (39 here is with respect to variables
in X). The Ohsawa-Takegoshi extension theorem implies (see [Darvas et al. 2020, Theorem 2.11] or
[Darvas and Wu 2019, Lemma 4.10]) that there exist C > 0 and ky(8) such that, for k > kg,

§u _ % <FSo Hk(iu) < FS, (V5.

Since v < 0, both V? and u are negative by Lemma 3.2, and as a result we have u — C/k < F S (VF*):
this statement is true for any u € G, so we actually have V® — C/k < F S ((VKY*). In addition, since
v, + (6 — 1) infyp« x (v,) is a competitor in P(Sv;),

V+@B—1) inf (v) <V
0DxX
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Putting things together, we conclude
V+(@B—-1) inf (v)—ngSk((Vk)*), for k > ky(3). 11
IDxX k

Next we claim that F' Sy ( (Vzk )*)(x) is w-subharmonic on graphs. Some preparation is needed. Let s be a

nonvanishing holomorphic section of L¥ over an open set ¥ C X. Let e %% := h* (s, 5) and spY — (LFy*
be defined by s7(x)(-) = h*(-, ek9@/25(x)) for x € Y. Suppose §; : ¥ — HO(X, L*)* is the pointwise
evaluation map of s;/, namely 5 (x)(0) := s;(x) (0 (x)) for o € HO(X, L¥). Then we have the following
formula, which is taken from [Darvas and Wu 2019, Lemma 4.1]:
2
k
Meanwhile, for o € H(X, L), we have ek‘z’(x)/Zf;f(x)(o) = o (x)/s(x) is holomorphic, so ek¢/2§,’: is
holomorphic. Hence for any holomorphic map g from an open subset of D to X,

FS(VH*(x) = Zlog[VEGF ()], xev. (12)

A (@) + FS(V ) (g@)) = A logl VA5 0 g () F). (13)

By [Coifman and Semmes 1993, Theorem 4.1], the Hermitian—Yang—Mills metric Vzk is a subharmonic
norm function, so the last term of (13) is nonnegative, which means F S ((VK)*) is w-subharmonic on
graphs as we claimed. Further, according to the Tian—Catlin—Zelditch asymptotic theorem or by [Darvas
and Wu 2019, Lemma 4.10], we have an easier but cruder estimate

FS((VE)*|ap) = FSk(Hi(v)) < v+ O(logk/k),

SO
FSi(V5") € Guroogh/)
and
FS(V5*) <V + O(logk/k).
This last inequality together with (11) concludes the proof. (Il

It is natural to ask if V belongs to G,. A standard approach to show that the envelope belongs to a
family is to take upper regularization, and the case at hand is very similar to [Coifman and Semmes 1993,
Lemma 11.11], where upper regularization is taken in the z-variables. The reason it works in their lemma
is because their function in the x-variables is a norm, but ours is not and regularization does not seem to
work. However, with Theorem 1.2 one can easily show V € G,. It would be interesting to prove V € G,
directly without using Theorem 1.2; after all, G, and V can be defined on any Kéhler manifold (X, w)
without reference to a line bundle.

Corollary 3.3. The upper envelope V is continuous, and V € G,,.

Proof. The first statement is a direct consequence of Theorem 1.2. As to the second statement, let v
be a local potential of w and f a holomorphic map from an open subset of D to X. For any u € G,,
Y (f(2)) +u(z, f(z)) is subharmonic; hence ¥ ( f(z)) + V (z, f(2)), the supremum over u € G,, is also
subharmonic since V is continuous. By Lemma 3.2, it follows that V € G,,. ]
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4. The WZW equation

We will prove Theorem 1.3 and compute the Euler—Lagrange equation of & in this section. We begin
with an observation. Suppose u is a C? function on D x X and v is a local potential of . Consider
the complex Hessian of u + ¢ with respect to a fixed coordinate z; in D and local coordinates x in X
where 1 is defined,

(u+'§[/)Zij (u+¢)2jf1 (u‘l“//)z,-i,,

(u+1{f)x12_/ (u+1/:/))C])_61 (l/t+1/:f)xl)}n ’ (14)

WP U Pns - W),

which we will denote by (u +);. Then

m m—1
(idu + 7 w)" ' A (i Zde /\de)
=1
m

=(n+DlIm— 1Y det(u + wy(/\ idz AdZ A\ idx /\d;z,). (15)

j=1 k=1 =1

Lemma 4.1. Suppose u is a C* function on D x X and o +iddu(z, -) > 0 on X forall z € D. Then u is
w-subharmonic on graphs if and only if

m m—1
(i00u + *w)" ' A (i > dz /\de> > 0.

Proof. Let ¢ be a local potential of w and denote the complex Hessian of u + i with respect to z; and x
by (u +v);, as in the matrix (14). Due to (15), we will focus on Z?:l det(u +);.
Let f be a holomorphic function from an open subset of D to X. Then in a coordinate system on X,

AW (f @) +u(z, f(z)))—Zma]; o +Z ,,+Z lka- Z ma +Z ,Mafﬂ i

i,A, 0 8Zl azl

If we denote the matrix (wui +u M;) by A and the column vector (u;3) by B;, then the right side of the
equation above can be written as

af of af of )
S ({r5L ) gL ) ) a

where the angled inner product is the usual Euclidean inner product and df/dz; is the column vector
(0f*/dz;). The matrix form can be further written as

af 1P -1 2
Z(Hﬂa—zfﬂ Bi| —IVA B +u,-z)- a7
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Notice that

SOIVA T BIR+u) =Y s — (A7 By, By)) Z( Zu,x(wu)w-)

1

_ Z det(u 4+ ); (18)
det(lﬁm + ”/M)

where the last equality can be deduced from Schur’s formula for determinants of block matrices as follows
(see also [Semmes 1992; Berndtsson 2009] for a different computation). We examine the complex Hessian
of u+ 1y,
W)z Wrd)ys - Py,
(u—i—]ﬁ)] _ (”+1:p)x12j (”+1:0)x1)€1 . (u+1:0)x1)_c,, ’
(u+ W)xnz,- (u+ w)x,,)h e (u+ W)xnin

and find that the Schur complement of the trailing n x n minor ((u + ) ui) is precisely

uj = D ugi ) g,

A

which is also equal to det(u + v); / det((u + V) i) by Schur’s formula; see [Horn and Zhang 2005].
Now u is w-subharmonic on graphs if and only if (17) is nonnegative for any holomorphic maps f, and

it is equivalent to the last summation in (18) being nonnegative. The lemma follows from the positivity of

the matrix (‘ﬁﬂi +u,3) and (15). U

From (15) and (18), the function K in the proof of Theorem 2.1 has the invariant expression

_omial @ tiddn™ AT dy ndz)" !
(m—=DIn+D! (w+iddu)y A (i Y1 dzj AdZ;)"

’

and one can see K > 0 if u is w-subharmonic on graphs. See also [Campana et al. 2019, Section 4.1,
Formula (85)].

Proof of Theorem 1.3. By (15), the equation

m—1

m
(i85V+JT*w)”+1 7AN <lZdZJ/\dZ]> =0
j=1

is equivalent to ) ;j det(y +V); =0, so we will prove the latter equation.

By Corollary 3.3, the function V is w-subharmonic on graphs, and hence V (z, x) is w-psh on X by
Lemma 3.1. Take a coordinate chart 2 of X. Then for ¢ > 0 and x € 2, the function V(z, x) + &|x|?
satisfies the assumption of Lemma 4.1, so ), det(y + V + elx]?); > 0 and > i det(y +V); > 0.

Suppose Y, det(y + V); is positive at a point p in D x X. We may assume det(y + V), is positive
at p. We digress here to prove the following lemma.
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Lemma 4.2. Let A be an (n + 1) x (n + 1) Hermitian matrix partitioned as

air  ai - ai+l)
azy
A= . ,
: B
A(n+1)1

where B has size n x n. If det A > 0 and the matrix B > 0, then the matrix A > 0.

Proof. The semipositivity of B implies that A has at least n nonnegative eigenvalues, and actually it has at
least n positive eigenvalues since A is invertible. The last eigenvalue of A must also be positive because
det A > 0. O

By the above lemma, the matrix ( + V), is actually positive at p. Its n x n trailing minor (¥ +V) 5 (p)
is also positive. Since V is assumed to be C?, we can find a neighborhood N of p in D x X such that
the matrix (¥ + V),; > é in N, for some positive number §. By possibly shrinking N, we also have
> ;det(y +V); >0in N.

For the last step in the proof of Theorem 1.3, choose a smooth cutoff function p supported in N with
—§/2 < (pui) < 4/2 and such that ), det(yy + V + p); > 0 in N. We see the function V + p satisfies
the assumption of Lemma 4.1 on N, and hence V + p is w-subharmonic on graphs and is in G,, which
contradicts V = sup G,. Therefore, > ;det(y +V); =0. O

As in the Introduction, 6 on H,, is given by

01,62, 8) = gm ({51, 62}w,. §3) = /X{él, &2} wy 6305, (19)

where ¢ € H,, and &1, &, &3 € TyH,,. We have (£, Sz}%a)g =nd& Nd& N wgfl, and using integration
by parts we deduce that

[ 6 et = [ i kg,

and therefore 6 is indeed skew-symmetric and a three-form. Moreover, 6 is smooth in the sense that,
for smooth vector fields X, X», X3, the function (X4, X», X3) : H, — R is smooth. The rest of this
section is devoted to proving that the three-form 6 is d-closed on H,, and showing the derivation of the
Euler—Lagrange equation of &.

The exterior derivative and the Poincaré lemma over a Banach manifold are discussed in detail in
[Abraham et al. 1988, Supplement 6.4A], and although #,, is a Fréchet manifold, we can still derive the
following two lemmas by similar approaches. See [Hamilton 1982] for a discussion of Fréchet manifolds.

We define first the exterior derivative on H,. Given a smooth k-form 8 on H, and tangent vectors
&, ..., & at TyH,,, in order to define

dB(o, ..., &),

we extend &; to vector fields on H,,, which are constant in the canonical trivialization T H,, ~ H,, x C*°(X).
Still denoting the constant vector fields by &;, the exterior derivative is given by the well-known formula

k
Ao, .. &) =) (=D Lg;(B&o, .. &) 8+ Y (D B(Ley &, &G B,

j=0 i<j
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where éj means &; is to be omitted and L, is the Lie derivative along &;. Since the flow that &; generates
is simply the translation 7 > ¢ + t&;, the Lie derivative L, &; equals 0. We summarize the discussion in
the following lemma.

Lemma 4.3. Let 8 be a smooth k-form on H,, and let &, ..., & be vector fields on H, which are
constant in the canonical trivialization TH, ~ H, X C*°(X). Then
k
AB(Eo. ... E) =D (DI Le;(BEo. ... &, ... &) (20)
j=0
k
=YL B 8@ 08, e
j=0

where éj means &; is to be omitted. (This formula is true if H.,, C C*(X) is replaced by an open subset of

a Fréchet space.)

Lemma 4.4. If 8 is a d-closed smooth k-form on H,,, then there exists a (k—1)-form HB on H,, such
that d(HB) = B.

Proof. The proof is similar to the finite-dimensional case. Recall that H,, is convex and that 0 € H,,.
Given &1, ..., §—1 € TyH,, we define the (k—1)-form HpB by

1
Hﬂ<sl,...,sk_1)=/0 B B B (1) di.

Here ¢, &1, ..., & are regarded as constant vector fields through TH,, ~ H, x C*(X).
To find d(HB) (&4, ..., &), let us compute
d A~
| HBGL G 8@+
i PG G 8@+ hE) — HBGL . EO(@)
h—0 h
Ly [ B@ORE &G B thE) —p@ b1 G 8GR
_h—>0 0 h
i l(tk_lm,a,...,éj,...,sk)<r¢+ths,->—ﬂ<¢,a,...,éj,...,ser«z))
h—0 Jo h

+ B B L B +zhsj)> dt.

A

As (t,h) — ,3((1),51,...,éj,...,ék)(t¢+th$j) and (¢, h) — B, 61,..., &, ..., &) (P +th§;) are

smooth, we can exchange the limit and integral and obtain

S

1
[ ] s B a0 ) + B 1 B0 dr

1
=/ tkdd—h] B, E s &y, B+ hE) + (=1 T 1B, L B () dr.
0 h=0
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As aresult, by Lemma 4.3,

d(HB) . ... &)
k 1
=Z(—1)f“/o FL|B@ B BOCe+hE) + (DB, L 8 dr.
j=1

On the other hand,
HdB)&r, ..., &)
1
=/0 B £, .. E)iP) di

{8

j=

i d : d
1(—1>1%\h20ﬁ<¢, i b BT hE) + | B 808 +h¢>) a,

where the last equality is due to Lemma 4.3. Therefore

1
[d(HB) + H@B)IE1, -, &) = /0 KB - 80G) + 1] BGE, . E0td+he) dr

1
:/ %(rkﬂ(f;‘l, o)) dt = B, ... &),
0

and the lemma follows since dB = 0. (]
Lemma 4.5. The three-form 0 is d-closed.

Proof. This is similar to the derivation of the Aubin—Yau functional and the Mabuchi energy; see e.g.,
[Btocki 2013, Section 4]. Consider four vector fields &, &, &3, &4 on H,, which are constant in the
canonical trivialization TH,, ~ H, x C*°(X). By Lemma 4.3,

do (&1, 82, 63, 84) = 610(82, 83, 84) — 520(81, 63, 84) +530(81, &2, 64) — 640(61, 62, &3). (22)

Using
n n— d e o o
{83, 84}y = ndE3 N ds A wy ' and m t=ow¢+;51 = (n—1)id0&) A wy 2

we have

d

§10(62,83.80) = 61053, 60, 82) = | 083,84, 82) (@ +161)
d n
-4 fX (65, Eabon e, 20 1,
d

= % -0 /;( ExndEy Ndég N a)g;:gl
= / ExndEy AdEg A (n — 1)iddE A )y
X

=/X§1nd§3/\d$4/\(n—1)i35$2/\w$_22529(51,53,%'4),
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where the second to last equality is due to integration by parts. Because of the symmetry in index, all
terms on the right side of (22) equal 0, and therefore d6 = 0. O

Since 0 is d-closed, there exists a two-form « on H,, such that do = 6 by Lemma 4.4. For a map
®: D — H,, the derivative ¢, = %(CDRCZJ, — iCIJIij) is a section of C® TH,, along &, and a(Pz;, CIJZ].)
is a function on D. We define

E(0):=E(®)+4i ) fa(szj,csz)dv
. D
J

:/D|<I>*|2dV+4iZ/Da(CDZj,CIJZj)dV,
j

with dV the Euclidean volume form on D.

Lemma 4.6. The Euler—Lagrange equation of & is
m
DIVO P =20z +i{Dz), Dz luy =0, (23)
j=1

where VO is the gradient of ®,, with respect to the metric wg.

Proof. Let ¥ be a smooth map from D to C°°(X) with compact support. The variational equation is

0=2 </|(q>+ny)*|2dv+4i2/ oz((CI>+tlIJ)Z.,(<D+t\IJ)Z.)dV). (24)
dt l1=0 D - D J J

An extension of the computation in [Donaldson 1999, Section 2] shows that the first term in (24) equals

0/|(®+tW)*|2dV=/f4<E |V<I>Zj|2—22 d)zjzj>\lfa)’fpdV. (25)
t=0Jp DJX - .
J J

The remaining task is to compute the second term in (24).

To that end, we denote C*°(X, C) by C&°(X) and introduce A : H,, x CZ°(X) x CZ°(X) — C as follows.
If (u,8), (w,n) € Hy x CZ(X) ¥ CRTHy, then A(u, &, 1) := a((u, §), (u, n)). Therefore, for fixed
small 7 € R, a((® +1W)z,, (P +1W);,) = A(®+ 1V, (P +1W);, (P +1W¥),,) maps from D to C. By
the chain rule,

da
dt t=0

4
di

A(Q + 10, (O +1W)z,, (D +1V),))
=d1A(D, Dz, D)(V) + L A(D, Dz, D) (W3) + B A(D, Dz, D )(W,),  (26)

where d1 A, d>A, and d3 A are partial differentials of A. Since A is linear in the second and third variables,
d A(P, @z, D) (Vz) = A(DP, Vg, D)) and d3A(D, Oz, D) (V;) = A(D, Dz, V;,). Hence the right
side of (26) becomes

dlA(qD’ q)zj, q>Zj)("Ij) + A((D, \I”st qDZj) + A(CD, q>Zj’ \DZ/')' (27)
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By similar computations,

0
ﬁA(Qv \Ilv q)Zj) = dlA(q)a lIf’ CDZ,)(CDZI) + A(CD’ \pz_/" cDZj) + A((D; III’ cDZij)a
J

(28)
ad
8—ﬂA(CD, Oz, V) =d1A(D, Oz, V) (D) + A(D, Pz, V) + A(D, Dz, Wy)).
j
So integration by parts gives
/ A@, W, @) dV = — / (d1A(D, W, D,)(Dz) + A(D, W, D7) dV,
D D (29)

/A(Cb, @Zj,wzj)dV:—/(dlA(Q Pz, W) (D) + AP, Dz, W) dV.
D D

Combining (27) and (29), we find

d
dt

/ W(@ + W), (+1W).)dV
t=0Jp
= f dlA(CDs qDZj’ CDZJ)(\IJ) —dlA((D, \I”s q>Zj)(q>Zj) _dlA(ch qDZj’ \IJ)((DZ/)dV (30)
D

For a fixed point zg € D, let W(zo), ®z(z0), and @, (zo) define three constant vector fields on #,,
denoted by &, &, and &3, respectively. By Lemma 4.3,

da(§1, &, 8) =&1a(82, &) — &ra(é1, &) +&a(él, &).

Meanwhile, for constant vector fields &;, &, and &3, the function & (&, &3) evaluated at u € H,, is
diA(u, &, &) (51)- So at ©(z9) € Heo,

da(&y, 6, 83) =d1 A(D(20), &2, 63)(51) —d1 A(P(20), &1, 3)(62) +d1 A(DP(20), &1, 82)(63)
=d1 A(D(20), &2, &3)(§1) — d1A(D(20), &1, &3) (82) —d1 A(DP(20), 2, E1)(53). (31

Hence (30) becomes
/ da(V, @z, ;) dV = / OV, Oz, @, )dV :f / {®:, CIDZJ.}wq,\IJc()Zi> dv. (32)
D D DJXx

Finally, with (25) and (32), the variational equation (24) becomes

0= / f (4<Z|V(DZ} |2 -2 Z chjZ,-) +4i Z{CDZ./’ CI)Z/.}wd)) prg dv, (33)
D Jx I I -
and we obtain the Euler—Lagrange equation

DIVOP=2) Doz +i Y (P, Dlu, =0. O
j j j
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5. Lemma 2.2

This section is mainly devoted to the proof of Lemma 2.2, and we will follow closely the ideas in
[Btocki and Kotodziej 2007]. The first two lemmas, concerning smooth approximation of continuous
n-subharmonic functions, are based on the exposition in [Demailly 2012, Chapter I, Section 5SE] of
[Richberg 1968]. See also [Demailly 1992].

Let 6 € C*°(R, R) be a nonnegative function having support in [—1, 1] with fRQ(h)dh =1 and
fR h6(h) dh = 0. For arbitrary § = (§1,...,§,) € (0, 00)?, the regularized maximal function is

& (hi)\dh, dh
Mg(tl,...,l‘p) ZI/ max{t1+h1,...,t,,—i—hp}ne(—J)—]---—p.
R i1 \&/ & &p

Lemma 5.1. Fix a closed smooth positive (1, 1)-form n on X. Let Q4 € D x X be a locally finite open
cover of D x X, let ¢ be a real number, and let u, € C>®(Qy) such that uy(z, x) +clz|* is n-subharmonic
on graphs. Assume that there exists a family {&,} of positive numbers such that, for all B and (z, x) € 02,

ug(z,x)+& < max {ug(z,x) —&}.
o:(z,X)EQy

Define a function it on D x X as follows. Given (z,x) € D x X, let A ={a : (z,x) € Qu}, £4 = Ex)aca,
up(z, x) = {ug(z, x) o € A}, and

u(z, x) := Mg, (ua(z, x)).
Then it is in C*®(D x X) and i(z, x) + c|z|* is n-subharmonic on graphs.

Proof. As in the proof of [Demailly 2012, Chapter I, Lemma 5.17 and Corollary 5.19], one can deduce
that for a fixed point in D x X, there exist a neighborhood V and a finite set / of indices « such that
V C(\yes Qo and on which it = Mg, (u;). As a result, by [Demailly 2012, Lemma 5.18 (a)], i is smooth
on D x X. Now for a holomorphic map f from an open subset of D to X, we have

i(z, f(@)) +clz? + ¥ (f @) = clz* + ¥ (f(2) + Mg, (us (z, £(2)))
= Mg, (clz* + ¥ (f(2)) +us(z, £(2))),

where 7 =39y and we use [Demailly 2012, Lemma 5.18 (d)] in the last equality. Furthermore, since
clz” + ¥ (f(2)) + o (2, f(2)) is subharmonic by assumption, so is Me, (c|z|* + ¥ (f(2)) +ur(z, f(2)))
by [Demailly 2012, Lemma 5.18 (a)], and therefore i + ¢|z|* is n-subharmonic on graphs. O

We introduce here some notation that will be used later. Let p; and p; be kernels (i.e., nonnegative
radial smooth functions with support in the unit ball and having integral one) in C" and C", respectively.
For & > 0, write p1 (-) ;==& " p1(- /¢), and let p . be similarly defined.

The proof of the following lemma is very similar to that of [Demailly 2012, Chapter 1, Theorem 5.21].

Lemma 5.2. Let u € C(D x X) be n-subharmonic on graphs. For any number A > 0, there exists
ue€ C®(D x X) such that u < u < u + M, where M depends only on the diameter of D and i is
(1 + A)n-subharmonic on graphs.
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Proof. Let {2,} be a locally finite open cover of D x X by relatively compact open balls contained
in coordinate patches of D x X. Choose concentric balls ], C Q/, C Q4 of radii r) < r], < ry and
center (cy, 0) in the given coordinates (z, x) near Qg, such that the Q) still cover D x X and n has a
local potential v, in a neighborhood of Q,. For small &, > 0 and 8, > 0, we set

1o (2, X) = (U4 V) % e, ) (2, X) — Yo (X) + 8, — |z — co|* — |x[*) on Q,

where *p,, is the convolution with pg, 1= p1,¢,02.¢,. Since Yy (x) +u(z, x) is subharmonic in z and psh
in x by Lemma 3.1, the functions (¥, 4+ u) * p, decrease to ¥, + u as g4 goes to 0, locally uniformly
because u is continuous. For ¢, and §, small enough, we have u, < u + %)» on Q,. Moreover, for any
holomorphic map f from an open subset of D to X,

Aug (2, f(2))+ Va(f (@))) = Al + Vo) % pe,) 20 [(2)) = 8a A1z — cal* + | f @)
> —8aA(Jz = cal? +1f(2)I)
> —AJz]* = AAYe(f(2)),
where the first inequality is due to the fact that (1 + ) * p,, is subharmonic on holomorphic graphs,
which can be verified easily because (# 4 1) is subharmonic on holomorphic graphs (or see the proof of
Lemma 2.2 where we provide such verification). So u,(z, x) + Alz|? is (1 4+ A)n-subharmonic on graphs.

Set

) 21,2 2
£y =8qmin{r, —r)% 5(ra — 1))}

Choose first §, such that &, < %k, and then g, so small that u < (u+ ¥g) * pg, (2, X) — Yo (x) <u+&,
on Q. As 8, (r(;2 — |z —cq|? — |x]?) is less than or equal to —2&, on 92, and greater than &, on 2/, we
have uy, <u —&, on 92, and uy > u +&, on 2/, so that the assumption in Lemma 5.1 is satisfied. Also,
the function

U(z,x):=Mg,(ua(z, x)), for A={a:Qy > (z,x)},

isin C*®°(D x X) and U (z, x) + A|z|* is (1 4 A)n-subharmonic on graphs. Then we have u < U < u + A
by [Demailly 2012, Lemma 5.18 (b)], and the function defined by i := U + A|z|* is what we need. [

The following lemma is proved in the same way as Lemmas 4 and 5 in [Btocki and Kotodziej 2007].
The only issue is keeping track of uniformity.

Lemma 5.3. Let U, V be two open sets in C" and F a biholomorphic map from U to V. Let u be usc,
bounded, and subharmonic on holomorphic graphs in D x U. Define the convolution

us, 5,(z, x) = / / u(z—a,x —b)pis(a)p2s,(b) dadb,
where p 5, and p2 5, are kernels in C" and C", respectively. On the other hand, define
uj 5z, x)=@o(IdxF ") 5 0(IdxF). (34)

Then (”51,82 —us,.5,)(2, x) = 0 locally uniformly in z, x, and 81 as 2 — O.
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Proof. Define

Us,(z,x) = max_u,
{z}x B(x,82)

us,(z,x) = ][ u(z, b)db,
IB(x,8)

Maz(Z,X)Z/ u(z, x —b)p2.s,(b) db,

where f means the average. Their counterparts under Id x F ~land Id x F as in (34) are denoted by
i (z, x), it5,(z, x), and uj (z, x), respectively.

By Lemma 3.1, u(z, -) is psh in U, so i, (z, x) is a convex function of log 8,. Fixing a > 1 and r > 0,
choose &, so small that 0 < (loga)/(log(r/82)) < 1. Then by convexity,

0 < flus, (2. x) — g, (2. %) < b;’%(ﬁr(z, x) = 5, (2. ).
Since u is assumed to be bounded, it follows that for any a > 0 (for the case 1 > a > 0, use 1/a instead),
Ugs,(z, X) —Us,(2, x) goes to 0 as §3 — 0, locally uniformly in z and x. Then following the same argument
as in [Btocki and Kotodziej 2007, Lemma 4], we see 12(1;; — i, goes to 0 locally uniformly in z and x, as
52 — 0.

Since u(z, - ) is pshin U, us,(z, x) is convex in log 8;. By the argument of [Btocki and Kotodziej 2007,
Lemma 5] and the fact that u is bounded, we see both 5, — its, and 15, — us, go to 0 locally uniformly in
z, x, as 8, — 0, and as a result, so does ug — us,. Since (”5,82 — us,.5,) is the convolution of (uf;2 —us,)
in z, we see at once the conclusion of the lemma. O

Proof of Lemma 2.2. Fix a finite number of charts U, 3 V, such that V,, covers X, and n has a local
potential ¥, in a neighborhood of U,. For each «, let fa : Uy — C" be the coordinate map, we consider
the convolution ((Vy +u) o fojl),;wg2 o fu, which we simply denote by (¥4 4+u)s, 5, on D x U,. Because
u added by a constant still satisfies the same assumption in Lemma 2.2, we will assume u is so negative
that (Yo +u)s,.5, — Yo < —a for some a > 0 and all «v. At the same time, we consider the convolution of
(Yo +u) under fg, namely ((Vy +u) o fﬂ_l)gl’(gz o fp, which can be written as

(Ya+uwo £y o F 1560 Fo fa (35)

if F'=f,0 fﬁ_]. We denote (35) by (Vo +u) (1; 5 (the notation is consistent with Lemma 5.3 except
we do not write out the identity map of D here). By Lemma 5.3 on D x (U, N Up)

(Vo + )56, — (Wp+s,.5, = Wa+1)s,.6,— Vo + )5, 5, + Wa+u—pg+u))f 5, — Vo —¥p (36)

locally uniformly in z and x, as §,, §; — 0.

Let x, be a smooth function in U, that is 0 in V,, and —1 near 0U,. We have i90 Xo = —Cn for some
constant C. For 0 < ¢ < 1, according to (36) we can find &1, 6, small enough such that for any 8 and for
any (z,x) € D' x aUg,

(Vg 05— Vo + 5xp) @0 < max (Vo + sy, = Vo fta) (2 ),
(z,x)eD’'x Uy,
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where the maximum is taken over all D’ x U, that contain (z, x). Let § = min{8;, 8,}. Then by [Demailly
2012, Chapter I, Lemma 5.17], the function
wi@) = max (Ve w05 — o+ £ Ke) (@)
(z.x)eD' x U,
is continuous on D’ x X. Notice that us(z,x) < —a for any 0 < ¢ < 1. Since Yo (x) + u(z, x) is
subharmonic in z and psh in x by Lemma 3.1, the function (¥, + u); s is decreasing to ¥, +u as § — 0,
and hence uj§ is decreasing to u as § — 0.

We already know that v, + u is subharmonic on holomorphic graphs, and in this paragraph we will
show this is also true for (¥, + u);.s. Let us denote ¥, + u by G momentarily: We want to show that,
for any holomorphic map g from an open subset of D to U,, the function G; s(z, g(z)) is subharmonic.
Indeed, since G is bounded on D x Uy, the convolution G s is smooth and so G s(z, g(z)) is usc. The
map w — G(w, g(w + a) — b) is subharmonic, therefore the mean-value inequality says

G(z—a,g(z)—b) < ][ G(w, g(w+a)—>b)dw.
B(z—a,r)

So,
G s(z, 8(2)) < f / ][ L G g0+a) D) dup )z 4) dad
n m J B(z—a,r)

- f / ][ G(W —a. g(W) — b) dWpy 5(@)pas (b) da db
nJC" JB(z,r)

_ ][ Giss(W, g(W)) dW;
B(z,r)

the use of Fubini’s theorem is justified since G is bounded on D x U,. As a result, G5 5(z, g(2)) is
subharmonic.

The fact that (v, +u)s s is subharmonic on holomorphic graphs together with (xo)z > —C (V)i as
matrices, shows, for any holomorphic function f from an open subset of D’ to X,

A (e + 1055 = Vo + 5 e 2 (2 Z (=1 = D) AV (D)),

so u§ is (1 + &)n-subharmonic on graphs.

So far we have shown that given 1 < p € N, there exists gg € N such that, for ¢ > g, the functions ”1%)
are in C(D’ x X ) a1+1 / p)n-subharmonic on graphs, and decrease to u as g — oo. For simplicity,
we will denote u /p by u}. Let M be the constant in Lemma 5.2. We will construct u . inductively
with ji > k% and itx € C*®°(D’ x X) such that

R P i 37)
Jk Je  Jk
Moreover iy is (1+1/k)(1 4 1/j)n-subharmonic on graphs, and uj?k + 1/jix + M/ ji is less than both
Wi 1 jiorand w4 1/jir.
Suppose that this is true at the (k—1)-th step. As u + 1/jx—1 and u T+ 1/jx—1 are both greater

than u, we can find j; > max{ji_i, k*} such that u + 1/]k + M/j is less than both u]k 1 k=1
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and u]%H +1/jk_1 by continuity on the compact set D’ x X. We can then find a function ity € C*®°(D’ x X)
with uf +1/jx < iix <ul +1/jx+ M/jy and where i is (14 1/k)(1 4 1/ji)n-subharmonic on graphs
by applying Lemma 5.2 with A = 1/j. So the induction process is true at the k-th step. (One can begin
the induction process with ”122 + 1/j» with j, large enough such that ujz.2 +1/j, <0.)

One can see that i1y is decreasing to u. Since ity < 0, we have that (1 — 1/k)ii is still decreasing to u.
The function (1 — 1/k)iiy is (1 — 1/k?)(1 4+ 1/j;)n-subharmonic on graphs, and, because ji; > k2 is also

(1 — 1/k? ji)n-subharmonic on graphs. So the (1 — 1/k)iix are the desired approximants. (I

6. A remark

In this final section, we compare results in this paper to those in [Darvas and Wu 2019], where the author
and Darvas consider two other families closely related to G, and Gﬁ. For w : D x X — X, define

F, .= {u:uePSH(DxX,n*w), limsup u(z,x)gv(;,x)},
D>z—¢€dD

Ff = {D >z — U, e N} is Griffiths negative, limsup Uzz(s) < H (v¢)(s,s) for any s € HO(X, Lk)*},
D>z—¢€dD

where a norm function U, is called Griffiths negative if log U,( f (z)) is psh for any holomorphic section

f:Wc D— H%X, L¥* Denote the upper envelopes of F, and F{f by U and U, respectively. Then

one result in [Darvas and Wu 2019] is that F Sk((UZk )*) converges to U uniformly.

The transition from the aforementioned paper to this paper is the change of plurisubharmonicity to
subharmonicity, as one can see when comparing the definitions of F¥ and G%. Such a change between
F, and G, is a little more subtle, and it can be seen as follows. Let ¢ be a local potential of w. Then
a function u € PSH(D x X, n*w) is equivalent to ¥ (x) + u(z, x) being psh in z and x jointly, which
is also equivalent to ¥ (f(z)) + u(z, f(z)) being psh for any holomorphic function f : U C D — X
(see Lemma 6.1 below); therefore we see the change from F, to G, is again plurisubharmonicity to
subharmonicity. Also notice that when dim D = 1, Theorem 1.2 and the result in [Darvas and Wu 2019]
are the same because F, = G, and F¥ = G*.

Lemma 6.1. Let Q) and Q, be open sets in C" and C", respectively. If u(z, &) is an usc function
on Q1 x Ly such that u(z, s(z)) is psh for any holomorphic map s from an open subset of 21 to €2, then
u is psh on Q1 x Q.

Proof. We want to show that u is subharmonic on any complex line in €21 x €25, and it suffices to consider
the line C 3 A — (Azo, A&) where (20, &) € 21 x ;. In the case when zg and & are both nonzero, we
may assume zo = (1,0,...,0) and &y = (1,0, ...,0). Let G : 2; — C be the projection on the first
coordinate, and let F : C — €2, be the injection to the first coordinate. By assumption, u(z, F o G(z))
is psh, so the function A — u(Azg, F o G(Azp)) = u(Azo, A&p) is subharmonic.

If &y = 0, then the function A — u(Azg, 0) is of course subharmonic. The final case is zo = 0 and
& =(1,0,...,0), and we need to show the function

A= u@,...,0;A,0,...,0)
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@, 9

is subharmonic, where the semicolon “;” in the argument is to separate the variables of C" and C".
Given ¢ > 0 and a € C, the function z — u(z1, ..., zm; 21/€+a, 0, ..., 0) is psh, so its restriction to the
complex line A — ((A —a)e, 0, ..., 0) is subharmonic; namely, A — u((A —a)e,0,...,0;1,0,...,0)
is subharmonic. Hence,
u@©,...,0;a,0,...,0) < ][ u((A—a)e,0,...,0;1,0,...,0)dA,
dB(a,r)

for r > 0. By Fatou’s lemma and the fact that u is usc,

limsupf u((k—a)s,O,...,O;A,O,...,O)dkg/ u(0,0,...,0:1,0,...,0)dA.
dB(a,r)

e—0 dB(a,r)
As a result,
u(O,...,O;a,O,...,O)f][ u@,...,0;2,0,...,0)dAx. O
dB(a,r)
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THE STRONG TOPOLOGY OF w-PLURISUBHARMONIC FUNCTIONS

ANTONIO TRUSIANI

On a compact Kéhler manifold (X, w), given a model-type envelope 1 € PSH(X, w) (i.e., a singularity
type) we prove that the Monge—Ampere operator is a homeomorphism between the set of i-relative finite
energy potentials and the set of i/-relative finite energy measures endowed with their strong topologies
given as the coarsest refinements of the weak topologies such that the relative energies become continuous.
Moreover, given a totally ordered family .A of model-type envelopes with positive total mass representing
different singularity types, the sets X 4 and Y 4, given as the union of all ¥-relative finite energy potentials
and of all v -relative finite energy measures with varying ¥ € A, respectively, have two natural strong
topologies which extend the strong topologies on each component of the unions. We show that the
Monge—Ampere operator produces a homeomorphism between X 4 and Y 4.

As an application we also prove the strong stability of a sequence of solutions of complex Monge—
Ampere equations when the measures have uniformly L?-bounded densities for p > 1 and the prescribed
singularities are totally ordered.

1. Introduction

Let (X, w) be a compact Kéhler manifold where w is a fixed Kéhler form, and let 7, denote the set
of all Kahler potentials, i.e., all ¢ € C* such that w + dd g is a Kéhler form. The pioneering work of
Yau [1978] shows that the Monge—Ampere operator

MA,, : He norm — {dV volume form:/ dV:/ w”},
X X (D

MA,(p) := (0 +ddp)",

is a bijection, where for any subset A C PSH(X, w) of all w-plurisubharmonic functions, we use the
notation Aporm := {# € A : supy u = 0}. Note that the assumption on the total mass of the volume
forms in (1) is necessary since He norm represents all Kdhler forms in the cohomology class {w} and the
quantity [, " is cohomological.

In [Guedj and Zeriahi 2007] the authors extended the Monge—Ampere operator using the nonpluripolar
product (as defined successively in [Boucksom et al. 2010]) and the bijection (1) to

MA, : Enorm (X, w) — {u nonpluripolar positive measure : u(X) = / (u”}, 2)
X

where £(X, w) := {u e PSH(X, 0) : [y MA,(u) = [, MA,(0)} is the set of all w-psh functions with full
Monge—Ampere mass.

MSC2020: primary 32W20; secondary 32Q15, 32U05.
Keywords: complex Monge-Ampere equations, compact Kihler manifolds, quasi-psh functions.
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The set PSH(X, w) is naturally endowed with the L'-topology which we will call weak, but the
Monge—Ampere operator in (2) is not continuous even if the set of measures is endowed with the weak
topology. Thus in [Berman et al. 2019], setting V := [ « MA,,(0), strong topologies were introduced for

VX, w):={ue&X,w): E(u) > —oco}
and

MU(X, )= {Vop:pisa probability measure satisfying E* () < 400},

as the coarsest refinements of the weak topologies such that the Monge—Ampere energy E (1) [Aubin
1984; Berman and Boucksom 2010; Boucksom et al. 2010] and the energy for probability measures E*
[Berman et al. 2013; 2019], respectively, become continuous. The map

MA, : (811 (X, w), strong) — MU(X, w), strong) 3)

orm

is then a homeomorphism. Later Darvas [2015] showed that (£!(X, w), strong) actually coincides
with the metric closure of #H,, endowed with the Finsler metric | f , := f x | [IMA,(¢) with ¢ € H,,
feTyH, = C®(X) and associated distance

du,v):=Ewm)+ EW)—2E(P,(u,v)),

where P, (u, v) is the rooftop envelope given basically as the largest w-psh function bounded above by
min(u, v) [Ross and Witt Nystrém 2014]. This metric topology has played an important role in the last
decade to characterize the existence of special metrics [Berman et al. 2020; Chen and Cheng 2021a;
2021b; Darvas and Rubinstein 2017].

It is also important and natural to solve complex Monge—Ampere equations requiring that the solutions
have some prescribed behavior, for instance along a divisor.

We first recall that on PSH(X, w) there is a natural partial order < givenas u < vifu <v+ O(1), and
the total mass through the Monge—Ampgre operator respects such partial order, i.e., V, := /. Y MA,) <V,
if u < v [Boucksom et al. 2010; Witt Nystrom 2019]. Thus in [Darvas et al. 2018], the authors introduced
the v-relative analogs of the sets £(X, w) and £!(X, w), for ¥ € PSH(X, ) fixed, as

EX,w, V) :={uePSHX,w) :u ¢ and V, =V, },
ENX, 0, 9) :={uec&X,w,¥): Eyu)> —oo},
where Ey, is the y-relative energy. They then proved that
MA,, : Enorm(X, @, ¥) — {1 nonpluripolar positive measure : ;1 (X) = Vy } €))

is a bijection if and only if ¥, up to a bounded function, is a model-type envelope, or in other words,
Y = (limco 100 P(Y + C, 0))* satisfies Vy, > 0 (the star is for the upper semicontinuous regularization).
There are plenty of these functions, for instance, to any w-psh function ¢ with analytic singularities is
associated a unique model-type envelope. We denote by M the set of all model-type envelopes and by
M those elements ¥ such that Vy, > 0.
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Letting ¥ € M, in [Trusiani 2022], we proved that £ 1 (X, w, ¥) can be endowed with a natural metric
topology given by the complete distance d(u, v) := Ey (u) + Ey (v) — 2Ey (P, (u, v)).

Analogously to E*, we introduce in Section 5 a natural vr-relative energy for probability measures E* ;
thus the set

MU(X, 0w, ¥) = {Vyu : u is a probability measure satisfying E;Z () < 400}

can be endowed with its strong topology given as the coarsest refinement of the weak topology such
that Ef/‘f becomes continuous.

Theorem A. Let v € M™. Then

MA,, : (€L (X, 0, %), d) - (M (X, w, ), strong) (5)

is a homeomorphism.

It is natural to wonder if one can extend the bijections (2) and (4) to bigger subsets of PSH(X, w).

Given Y1, ¥ € M™ such that ¥ # v, the sets £(X, w, Y1) and £(X, w, ¥r;) are disjoint ([Darvas
et al. 2018, Theorem 1.3] quoted below as Theorem 2.1), but it may happen that Vy, = Vy,. So in these
(X, w, ¥y) or £
given a totally ordered family A C M™ of model-type envelopes, the map A > ¢ — V,, is injective (again
by [Darvas et al. 2018, Theorem 1.3]), i.e.,

situations, at least one of &} (X, w, ¥») must be ruled out to extend (4). However,

norm orm

MA, : |_| Enorm (X, @, ¥) — {n nonpluripolar positive measure : u(X) = Vy, for ¥ € A}
veA
is a bijection.
In [Trusiani 2022] we introduced a complete distance d 4 on

Xa=| | &' X 0.9,

Yed

where A C M is the weak closure of A and where we identify & (X, @, Ymin) With a point Py, . if
Ymin € M\ M (since in this case Ey =0, see Remark 2.7). Here Y, is given as the smallest element
in A, observing that the Monge—Ampére operator MA,, : A — MA,,(A) is a homeomorphism when the
range is endowed with the weak topology (Lemma 3.12). We call the strong topology on X 4 the metric
topology given by d4 since d 4i¢1(x 0, y)xel (X, 0,y) = d- The precise definition of d4 is quite technical
(in Section 2 we will recall many of its properties), but the strong topology is natural since it is the
coarsest refinement of the weak topology such that E.(-) becomes continuous as Theorem 6.2 shows. In
particular the strong topology is independent of the set .A chosen.
Also the set
Yu=| | M (X 0.9)
el

has a natural strong topology given as the coarsest refinement of the weak topology such that E*(-)
becomes continuous.
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Theorem B. The Monge—Ampére map

MA,, : (XA,norm, dA) — (YA, StI'Ong)

is a homeomorphism.

Obviously in Theorem B we define MA,(Py,..) :=0if Vy, . =0.

Note that by Hartogs’ lemma and Theorem 6.2 the metric subspace X 4 norm 1S complete and represents
the set of all closed and positive (1, 1)-currents 7 = w + dd“u such that u € X 4, where Py, . encases all
currents whose potentials « are more singular than Yy, if Vy, . = 0.

Finally, as an application of Theorem B we study an example of the stability of solutions of complex
Monge—Ampere equations. Other important situations will be dealt with in a future work.

Theorem C. Let A := {Y}ren C M™T be totally ordered, and let { fi}xen C L'\ {0} be a sequence of
nonnegative functions such that f, — f € L'\ {0} and such that | y Jr@" =Vy, for any k € N. Assume
also that there exists p > 1 such that || fi||L» and || f||L»r are uniformly bounded. Then vy, — v € M™
weakly, and the sequence {uy}ren of solutions of

MA,(ue) = fio", ik € Enoen (X, @, Y1), 6)
converges strongly to u € X 4 (i.e., d 4 (ug, u) — 0), which is the unique solution of
MA, ) = fo", u € Epm(X, o, V).
In particular, uy — u in capacity.

The existence of the solutions of (6) follows by Theorem A in [Darvas et al. 2021a], while the fact
that the strong convergence implies the convergence in capacity is our Theorem 6.3. Note also that the
convergence in capacity of Theorem C was already obtained in [Darvas et al. 2021b]; see Remark 7.1.

1A. Structure of the paper. Section 2 is dedicated to introducing preliminaries, and, in particular, all
necessary results presented in [Trusiani 2022]. In Section 3 we extend some known uniform estimates
for £1(X, w) to the relative setting, and we prove the key upper-semicontinuity of the relative energy
functional E.(-) in X 4. Section 4 regards the properties of the action of measures on PSH(X, w) and,
in particular, their continuity. Then Section 5 is dedicated to proving Theorem A. We use a variational
approach to show the bijection, then we need some further important properties of the strong topology
on £ (X, w, ¥) to conclude the proof. Section 6 is the heart of the article where we extend the results
proved in the previous section to X 4, and we present our main Theorem B. Finally in Section 7 we show
Theorem C.

1B. Future developments. As mentioned above, in a future work we will present some strong stability
results of more general solutions of complex Monge—Ampere equations with prescribed singularities than
Theorem C, starting the study of a kind of continuity method where the singularities will also vary. As an
application we will study the existence of (log) Kédhler—FEinstein metrics with prescribed singularities,
with a particular focus on the relationships among them varying the singularities.
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2. Preliminaries

We recall that given a Kéhler complex compact manifold (X, w), the set PSH(X, w) is the set of all
w-plurisubharmonic functions (w-psh), i.e., all u € L' given locally as the sum of a smooth function and
a plurisubharmonic function such that w + dd“u > 0 as a (1, 1)-current. Here d° := %(5 — d) so that
dd° = %85. For any pair of w-psh functions u, v, the function

P,lul(v) = (CILII;O P,(u+C,v))" = (sup{w € PSH(X, ®) : w < u, w < v})*
is w-psh, where the star is for the upper semicontinuous regularization and
P,(u, v) := (sup{w € PSH(X, w) : w < min(u, v)})*
Then the set of all model-type envelopes is defined as
M = {¢ e PSH(X, w) : ¥ = P,[y¥](0)}.

We also recall that M denotes the elements v/ € M such that Vi, > 0 where, as said in the Introduction,
Vy i= [y MA, ().
The class of yr-relative full mass functions £(X, w, ¥) complies with the following characterization.

Theorem 2.1 [Darvas et al. 2018, Theorem 1.3]. Suppose v € PSH(X, w) such that V, > 0 and v is less
singular than u € PSH(X, w). Then the following are equivalent:

1) uelX,w,v).
(i1) Pylu](v) =v.
(i) Py,[u](0) = Py[v](0).

The clear inclusion £(X, w, v) C £(X, w, P,[v](0)) may be strict, and it seems more natural in many
cases to consider only functions ¢ € M. For instance, as shown in [Darvas et al. 2018], ¥ being a
model-type envelope is a necessary assumption to make the equation

MA, () =p, uec&(X,w, %),

always solvable where w is a nonpluripolar measure such that ¢ (X) = V. It is also worth recalling that
there are plenty of elements in M, since P, [ P,[¥]]= P,[¥ ] for any ¢ € PSH(X, w) with f x MA,(¥) >0,
see [Darvas et al. 2018, Theorem 3.12]. Indeed, v — P, [v] may be thought of as a projection from the
set of negative w-psh functions with positive Monge—Ampére mass to M.

We also retrieve the following useful result.

Theorem 2.2 [Darvas et al. 2018, Theorem 3.8]. Let u, v € PSH(X, w) such that u = . Then

MA,, (P,[¥ (1)) < Lip, 1y 1w)y=u) MA, (1).

In particular, if € M then MA,, () < 1iy—o; MA,(0).
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Note also, in Theorem 2.2 the equality holds if u is continuous with bounded distributional Laplacian
with respect to w as a consequence of [Di Nezza and Trapani 2021]. In particular, for any ¢ € M,
MA, () = Liy—o) MA,(0).

2A. The metric space (E1(X, ®, ¥), d). In this subsection we assume ¥ € Mt :={yy ¢ M : Vy > 0}.

As in [Darvas et al. 2018], we also denote by PSH(X, w, 1) the set of all w-psh functions which are
more singular than v, and we recall that a function u € PSH(X, w, V) has vy -relative minimal singularities
if |u — | is globally bounded on X. We also use the notation

MA, @], ..., ul') :i= (@ +ddu))’" A A (@ +dd u;)”
for uy, ..., u; € PSH(X, w) where ji, ..., j; € Nsuchthat ji+---+ j; =n.

Definition 2.3 [Darvas et al. 2018, Section 4.2]. The -relative energy functional Ey : PSH(X, w, V) —
R U {—o0} is defined as

1\ e
Ey @ :=n—+1§fx(u—w)MAw(uw 2

if u has y-relative minimal singularities, and as
Ey(u) :=inf{Ey (v) : v € £(X, w, ¥) with y-relative minimal singularities, v > u}
otherwise. The subset £ (X, w, ¥) C £(X, w, ) is defined as
ENX, 0, %) ={uecEX, o, ¥): Eyu) > —oo}.

When ¢ = 0, the ¥-relative energy functional is the Aubin—Mabuchi energy functional, also called the
Monge—Ampere energy; see [Aubin 1984; Mabuchi 1986].

Proposition 2.4. The following properties from [Darvas et al. 2018] hold:

(i) [Theorem 4.10] E, is nondecreasing.
(ii) [Lemma 4.12] Ey (1) =lim;_, o Ey (max(u, ¥ — j)).
(iii) [Lemma 4.14] Ey, is continuous along decreasing sequences.
(iv) [Theorem 4.10 and Corollary 4.16] Ey, is concave along affine curves.
(v) [Lemma 4.13)u € EY(X, w, ) ifand only if u € E(X,w, V) and fx(” —Y)MA, (1) > —o0.
(vi) [Proposition 4.19] Ey (u) > limsup;_, o, Ey (ur) if ug, u € EVX, w, V) and uy — u with respect
to the weak topology.
(vii) [Proposition 4.20] Letting u € E'(X, w, V), x € C%X) and u; = sup{v e PSH(X,w) v <u+1tx}*
foranyt > 0, thent — Ey (u,) is differentiable and its derivative is given by

d
EEw(uz)=/)(xMAw(ut)-
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(viii) [Theorem 4.10] If u, v € E'(X, w, V), then

n
_ 1 Joyn—i
Ey() —Ey) =-— 2(:)/}((»‘ —v)MA, @/, v"7)
J:
and the function N > j — fX (u —v)MA, W/, v 1) is decreasing. In particular,

/(M—U)MAw(M)iEw(u)—Ew(v)S/(M—U)MAw(v)-
X X

(ix) [Theorem 4.10] If u < v, then

Ew(“)—Ew(v)Sﬁ/x(u—v)MAw(u).

Remark 2.5. All the properties of Proposition 2.4 are shown in [Darvas et al. 2018] assuming i has
small unbounded locus, but [Trusiani 2022, Proposition 2.7] and the general integration by parts formula
proved in [Xia 2019] allow us to extend these properties to the general case as described in [Trusiani
2022, Remark 2.10].

Recalling that for any u, v € EN(X, w, ¥) the function P, (u, v) = sup{w € PSH(X, w) : w <min(u, v)}*
belongs to £ (X, w, ¥) (see [Trusiani 2022, Proposition 2.13]), then we also have that the function
d:EYX, w,¥) x EV(X, w, ¥) — R defined as

du,v)=Ey W)+ Ey () —2Ey(P,(u, v))
assumes finite values. Moreover, it is a complete distance as the next result shows.
Theorem 2.6 [Trusiani 2022, Theorem A]. (E1(X, w, ), d) is a complete metric space.
We call the strong topology on E' (X, w, Y) the metric topology given by the distance d. Note that,
by construction, d(ug, u) — 0 as k — oo if ux \(u, and d(u, v) =du, w) +d(w, v) if u <w < v; see

[Trusiani 2022, Lemma 3.1].
Moreover, as a consequence of Proposition 2.4, it follows that for any C € R the set

X, 0, 9):={ue& (X, 0, %) supu < C and Ey(u) > —C}
X
is a weakly compact convex set.

Remark 2.7. If v € M\ M, then &' (X, w, ) =PSH(X, w, ¥) since E v =0 by definition; see [Trusiani
2022, Remark 3.10]. In particular, d = 0, and it is natural to identify (£'(X, w, ), d) with a point Py.
Moreover, we recall that £1(X, w, Y1) NENX, w, ¥2) = T if Y1, Y2 € M, Y1 # Y2 and Vy, > 0.

2B. The space (X 4, d 4). From now on we assume A C M to be a totally ordered set of model-type
envelopes, and we denote by A its closure as a subset of PSH(X, w) endowed with the weak topology. Note
that A C PSH(X, ) is compact by [Trusiani 2022, Lemma 2.6]. Indeed, we will prove in Lemma 3.12
that A is actually homeomorphic to its image through the Monge—Ampere operator MA,, when the set of
measures is endowed with the weak topology. This yields that A is also homeomorphic to a closed set
contained in [0, | X a)”] through the map ¢ — Vy,.
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Definition 2.8. We define the set
Xa=| | &' X 0.9)

peAd
if Yrmin := inf A satisfies Vy, . > 0, and
"///E-’iv"/f;é‘//min

if V.. =0, where Py _. is a singleton.
X 4 can be endowed with a natural metric structure as [Trusiani 2022, Section 4] shows.

Theorem 2.9 [Trusiani 2022, Theorem B]. (X 4, d4) is a complete metric space such that

A (X,0.)xE Xwy) =4
for any y € AN M.

We call the strong topology on X 4 the metric topology given by the distance d 4. Note that the definition
is coherent with that of Section 2A since the induced topology on £' (X, @, ¥) C X 4 coincides with the
strong topology given by d.

We will also need the following contraction property which is the starting point to construct d 4.

Proposition 2.10 [Trusiani 2022, Lemma 4.2 and Proposition 4.3]. Let ¥, ¥, W3 € M such that

V1 V2 < W3, Then Py 1(Poyly2]()) = Pol¥11(w) for any u € EY(X, w, ¥3) and | Py[¥1 1(u)— | < C
if lu — 3| < C. Moreover, the map

P,[y1() : ENX, o, ¥2) — PSH(X, @, Y1)

has image in EY(X, , Y1) and is a Lipschitz map of constant 1 when the sets E\(X, w, ¥;),i = 1,2, are
endowed with the d distances, i.e.,

d(Py[Y1](w), Puly1](v)) <d(u, v)
foranyu,v € 51(X, w, V7).

Here we report some properties of the distance d 4 and some consequences which will be useful later.
Proposition 2.11. The following properties from [Trusiani 2022] hold:
(i) [Proposition 4.14] If u € E'(X, w, Y1) and v € EY(X, w, V) for Y1, Y2 € A and Yy = V2, then

da(u, v) = d(Pyly2](u), v).

(ii) [Lemma 4.6] If {{i}ren C M™T, ¥ € M, with Y \ ¥ (resp. Y S ¥ a.e.), up \  u and v \( v
(resp. uy /"u a.e. and vy /' v a.e.), for uy, vy € VX, w, Yi)andu,v € VX, w, ¥) and |up — v |
is uniformly bounded, then

d(uy, vy) = d(u, v).
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(iii) [Proposition 4.5] If {Yilken C M™, ¥ € M, such that Yy — ¥ monotonically a.e., then for
any ¥' € M such that V' = Yy for any k > 1 big enough and for any strongly compact set
KcE'(X, 0,9, 4d),

d(Po[i](p1), Puli](92)) = d(Po[¥1(¢1), Pol¥1(¢2))

uniformly on K x K, i.e., varying (¢1, ¢2) € K x K. In particular, if ¥y, ¥ € A, then

da(Po[¥](u), Pol¥il(u)) — 0,
d(Po[Yi](u), Polyil(v)) = d(Po[¥ 1), Pu[y](v))

monotonically for any (u, v) € EY(X, w, ') x EYX, w, ¥').
(iv) [Section 4.2] da(uy, uz) > |Vy, — Vy,| if u1 € EX(X, w, Y1) and us € EY(X, w, ¥2), and the equality
holds if u; = 1 and uy = yrp (by definition of d ).

The following lemma is a special case of [Xia 2019, Theorem 2.2]; see also [Darvas et al. 2018,
Lemma 4.1].

Lemma 2.12 [Trusiani 2022, Proposition 2.7]. Let {{}xen C M™, ¥ € M, such that Y, — W mono-
tonically almost everywhere. Let also uy, vy € E'(X, w, Y¥i) converge in capacity to u, v € E'(X, w, ¥),
respectively. Then for any j =0, ..., n,

MAw(u,{, UZ_j) — MA, (u/, v"7)
weakly. Moreover, if |uy — vi| is uniformly bounded, then for any j =0, ..., n,
(e — vi) MA, (], v 7)) = (= v) MA, (!, v" )
weakly.

It is well known that the set of Kihler potentials H,, := {¢ € PSH(X, ®) NC*®(X) : o +dd ¢ > 0} is
dense in (£'(X, w), d). The same holds for P,[V](H,) in (EM(X, w, ¥), d).

Lemma 2.13 [Trusiani 2022, Lemma 4.8]. The set Py, (X, w, ¥) 1= P,[Y1(H) C P(X, w, V) is dense
in (EY(X, w, V), d).

The following lemma shows that, for u € PSH(X, ) fixed, the map M™ > ¢ — P, [¥](u) is weakly
continuous over any totally ordered set of model-type envelopes that are more singular than u.

Lemma 2.14. Let u € PSH(X, w), and let {{;}xen C M™ be a totally ordered sequence of model-
type envelopes converging to W € M. Assume also that vV, < u for any k > 1 big enough. Then

Po[Vil(u) — Py [ 1(u) weakly.

Proof. As {{ }xen is totally ordered, without loss of generality we may assume that ¥, — 1 monotonically
almost everywhere. Set i := limy_ oo P, [V ](#). We want to prove that u = P, [y ](u).

Suppose ¥ \ ¥. We can immediately check that P, [y ](u) < P,[Yx](supy u) = ¥ +supy u, which
implies &t < +supy u letting k — +o00. Thus & < P, [y¥](u), as the inequality & < u is trivial. Moreover,
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since ¥ < Y, we also have P, [y ](u) < P,[v](u), which clearly yields P,[y¥](u) <& and concludes
this part.

Suppose Y /' . Then the inequality u < P,[¥](u) is immediate. Next, combining Theorem 2.2 and
Proposition 2.10, we have

MAw(Pa)[Wk](”)) = MAa)(Pa)[wk](Pw[W](”)))
< 1ip, [y =P,y 1w) MA(Pyl¥](u))
< 1i=pr,lv1w) MAL(Pu[¥](1)),

where the last inequality follows from P, [ ]() <ut < P,[v](u). Thus, as MA,, (P,[vr] (1)) — MA,, (it)
weakly by [Darvas et al. 2018, Theorem 2.3], we deduce that it € £(X, w, ¥) and

MA,, (%) < 1ii=p,yiw) MAL(Pu[¥](u)).

Moreover, we also have P, [V ](u) € £(X, w, ¥). Indeed, P,[¥](u) < Pyl¥](supy u) = +supy, i.e.,
P,V ](u) X o, while P,[v](u) > Pulv (i — Cr) = Y — Cy for nonnegative constants Cy and for
any k >> 1 big enough as u, i are less singular than . Thus P,[v¥](u) = ¥ for any k, which yields
fX MA,, (P,[¥1(u)) = Vy > 0 and gives P,[v](u) € £(X, w, ¥). Hence

0< f (Pl 1) — ) MA, (@)
X
<[ (Puldr1(@) — i) MAL(Po[¥/]()) =0,
{i=Pu[¢¥ 1)}
which by the domination principle of [Darvas et al. 2018, Proposition 3.11] implies & > P,[{¥](u). U

3. Tools

In this section we collect some uniform estimates on £' (X, w, ¥) for ¥ € M™, we recall the y-relative
capacity and we prove the upper semicontinuity of E.(-) on X 4.

3A. Uniform estimates. Let y € M™.

We first define in the i-relative setting the analogs of some well-known functionals of the variational
approach; see [Berman et al. 2013].

We define the yr-relative I- and J-functionals,

Iy, Jy :E' X, 0, ¢¥) x E'(X, 0, ¥) - R, where ¥ € M,
as

Iy (u, v) i=/(u—v)(MAw(v)—MAw(u)),
X

Jy(u,v) = Ju‘/’(v) =Eyu)— Ey(v) +/ (v—u)MA,(u),
X
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respectively; see also [Aubin 1984]. They assume nonnegative values by Proposition 2.4, and Iy, is clearly
symmetric while Jy, is convex, again by Proposition 2.4. Moreover, the y/-relative I- and J-functionals
are related to each other by the following result.

Lemma 3.1. Let u, v € £'(X, w, ). Then

. 1 " n

0 L) 2 W) < gy ),
.. 1

(if) —JL W) 0 @) <l ().

In particular,

dW,u) <ndl @)+ Al + lullz)
foranyu e EYX, w, ¥) such that u <.
Proof. By Proposition 2.4 it follows that

n/(u—v) MAw(u)+/(u—v) MA, () < (n+ D(Ey(u) — Ey (v))
X X
5/(u—v)MAw(u)—I-n/(u—v)MAw(v)
X X

for any u, v € VX, w, Y¥r), which yields (i) and (ii).
Next, considering v = ¢ and assuming u < ¥ from the second inequality in (ii), we obtain

d(u, ) = —Ey () < nJ¥ () + fX (W — 1) MAL (%),

which implies the assertion since MA,, () < MA,(0) by Theorem 2.2. [l
We can now proceed to show the uniform estimates, adapting some results in [Berman et al. 2013].

Lemma 3.2 [Trusiani 2022, Lemma 3.7]. Let y € M™. Then there exists positive constants A > 1, B > 0
depending only on n, w such that for any u € £'(X, w, V),

—d(,u) < Vysup(u —) =Vysupu <Ad(,u)+ B
X X
Remark 3.3. As a consequence of Lemma 3.2, if d(y, u) < C, then supy u < (AC + B)/Vy, while
—Eyu)=d({+(AC+B)/Vy,u)—(AC+ B) <d(y,u) <C,

i.e., u € Sll)(X, w, ¥) where D := max(C, (AC + B)/Vy). Conversely, using the definitions and the
triangle inequality, it is easy to check that d(u, ) < C(2Vy + 1) for any u € Eé (X, w, V).

Proposition 3.4. Let C € R.o. Then there exists a continuous increasing function fc : R>o — Rxg
depending only on C, w, n with fc(0) = 0 such that

[X(u — V) (MA,(¢1) —MAL(92)| = fe(d(u, v)) (N

fOI" any u, v, ¢1, 92 € SI(X’ w, 1/f) with d(M, 1/f), d(v’ W)s d((pls w)’ d(‘/’z, w) < C.
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Proof. As said in Remark 3.3, if w € £'(X, w, ¥) with d(y, w) < C, then & := w — (AC + B)/Vy
satisfies supy w < 0 and

—Ey(w)=d(, w) <d(,w)+d(w,w) <C+AC+ B =:D.

Therefore, setting 4 :==u — (AC + B)/Vy and v := v — (AC + B)/Vy,, we can proceed exactly as in
[Berman et al. 2013, Lemma 5.8] using the integration by parts formula in [Xia 2019] (see also [Boucksom
et al. 2010, Theorem 1.14]) to get

/X (i — 5)(MAw(91) — MAL(92))| < I (@, §) + hp(Iy (@, ). ®)

where hp : R>g — Rxo is an increasing continuous function depending only on D such that 4 p(0) = 0.
Furthermore, by definition,

d(, Po(u,v)) <d(,u) +d (i, P,(it, v)) <d(,u) +d(u,v) <3D,

so by the triangle inequality and (8) we have

/X (1 = v)(MA (1) — MAw (02))
< 1y, o, 0)) + Iy (5, Po(il, )+ hap (L G, Pols 5))) + han(Iy (5, Po(ii, ). )

On the other hand, if w;, wy € &! (X, w, ¥) with w; > wy, then by Proposition 2.4

I (wr, wa) < / (w1 — w2) MAy (w2) < (1 + 1d(wy, w2).
X

Hence from (9) it is sufficient to set fc(x) := (n + 1)x + 2h3p((n + 1)x) to conclude the proof since
clearly d (i, v) = d(u, v). [l

Corollary 3.5. Let v € M™ and let C € R.(. Then there exists a continuous increasing function
Jfc : Rso = Rsq depending only on C, w, n with fc(0) = 0 such that

/x'” 0 MAL(@) < fe(d(u, )

foranyu, v, ¢ € VX, o, ) withd (W, u), d(yr, v),d(Yr, @) < C.

Proof. Since d(yr, P, (u, v)) < 3C, letting g3¢ : R>0 — Rx>¢ be the map (7) of Proposition 3.4, it follows
that

= Pt ) MAL) < [ 0= P ) MALP )+ g2, Pt o)
< (n+ Dd(u, Py(u, v)) + g3c(d(u, v)),
where in the last inequality we used Proposition 2.4. Hence by the triangle inequality we get
/ lu —vIMA,(¢) < (n+ Dd(u, Py(u, v)) + (n+ 1d (v, Py(u, v)) +2g3¢(d(u, v))
i = (n+ Dd(u, v) +2g3c(d(u, v)).
Defining fc(x) := (n+ 1)x + 2g3¢(x) concludes the proof. U
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As a first important consequence we obtain that the strong convergence in £'(X, w, ¥) implies the
weak convergence.

Proposition 3.6. Let v € M™ and let C € R.(. Then there exists a continuous increasing function
fe,y i Rso — Rxg depending on C, w, n,  with fc y(0) = 0 such that

lu—vlp < fe,yp(du, v))
foranyu,v € EVX, w, ¥) withd (Y, u), d(yr,v) <C. In particular, uy — u weakly if uy — u strongly.

Proof. Theorem A in [Darvas et al. 2021a] (see also Theorem 1.4 in [Darvas et al. 2018]) implies that
there exists ¢ € £ (X, w, ¥) with supy ¢ = 0 such that

MA,(¢) = cMA,(0),

where ¢ := Vy, / Vo > 0. Therefore it follows that
1
lu—=vlipr = —ge(du, v)),

where C := max(d(y, ¢), C) and g is the continuous increasing function with g(0) = 0 given by
Corollary 3.5. Setting fc y = %gé concludes the proof. [l

Finally we also get the following useful estimate.

Proposition 3.7. Let v € M+ and let C € R-. Then there exists a constant C depending only on C, w, n
such that

f (u — v)(MA,(p1) — MA,(92))| < Cly (g1, 92)'/? (10)
X

forany u, v, o1, 92 € E'(X, 0, ¥) with d(u, V), d(v, ¥), d(¢1, ¥), d(p2, ¥) < C.

Proof. As in Proposition 3.4 and with the same notation, the function # :=u — (AC + B)/Vy, satisfies
supy u <0 (by Lemma 3.2) and —Ey (1) < C+ AC + B =: D (and similarly for v, ¢1, ¢2). Therefore by
integration by parts and using Lemma 3.8 below, it follows exactly as in [Berman et al. 2013, Lemma 3.13]
that there exists a constant C depending only on D, n such that

[ =000 - MALG) | = CLyGr. )
X
which clearly implies (10). ]

Lemma 3.8. Let C € R.. Then there exists a constant C depending only on C, w, n such that
/ o — Yl(@+ddu) A+ A(w+ddu,) <C
X

for any uy, ..., u, GE](X,a), Y), withd(uj, ¥) <C forany j =0, ..., n.
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Proof. As in Proposition 3.4 and with the same notation, v; :=u; — (AC + B)/ V), satisfies supy v; <0,
and setting v := (vo+ - - - +v,)/(n + 1) we obtain ¥ —ug < (n+ 1)(1y — v). Thus by Proposition 2.4,

/X(llf—vo)MAw(v) < (n+l)/X(klf—U)MAw(v) < (n+1)*|Ey(v)|

<A+ DY |Eypl <+ 1)) (@d@,uj) + D) < (n+1)*(C + D),
Jj=0 j=0

where D := AC + B. On the other hand, MA,(v) > E(w 4+ ddu;) A --- A (w + dd‘u,), where the

constant E depends only on n. Finally we get

/Iuo—lﬁl(a)erdCul)/\---/\(a)+ddcun)§D+%/(1/f—vo)MAw(v)
X X

2

<D+ (n+1) (C+D).
E

3B. y-relative Monge—Ampeére capacity.

Definition 3.9 [Darvas et al. 2018, Section 4.1; Darvas et al. 2021a, Definition 3.1]. Let B C X be a
Borel set, and let ¥ € M™. Then its v -relative Monge—Ampere capacity is defined as

Cap,/,(B) = sup{/ MA,(u) :u e PSH(X,w), vy —1 <u < 1//}.
B

In the absolute setting the Monge—Ampere capacity is very useful for studying the existence and
regularity of solutions of the degenerate complex Monge—Ampere equation [Kotodziej 1998], and the
analog holds in the relative setting [Darvas et al. 2018, 2021a]. We refer to these articles for many
properties of the Monge—Ampere capacity.

For any fixed constant A, write C4_y for the set of all probability measures © on X such that

1(B) < ACap,,(B)
for any Borel set B C X [Darvas et al. 2018, Section 4.3].

Proposition 3.10. Let u € £'(X, w, ) with yr-relative minimal singularities. Then MA,,(u)/ Vy €Cay
for a constant A > 0.

Proof. Let j € R such that u > i — j and assume without loss of generality that u < ¢ and j > 1.
Then the function v := j~'u + (1 — j~!)4 is a candidate in the definition of Cap,,, which implies that
MA,() < Capw. Hence, since MA,, (1) < j" MA(v), we get that MA,,(u) € C4 y for A = j" and the
result follows. (]

Lemma 3.11 [Darvas et al. 2018, Lemma 4.18]. If u € Ca vy, then there is a constant B > 0 depending
only on A, n such that

/X(u i < BUE, ()] + 1)

for any u € PSH(X, w, ¥) such that supy u = 0.



THE STRONG TOPOLOGY OF o-PLURISUBHARMONIC FUNCTIONS 381

Similar to the case ¥ = 0 (see [Guedj and Zeriahi 2017]), we say that a sequence u; € PSH(X, w)
converges to u € PSH(X, w) in ¥ -relative capacity for ¢ € M if

Capy, ({lux —ul = 8}) — 0
as k — oo for any § > 0.

By [Guedj and Zeriahi 2017, Theorem 10.37] (see also [Berman et al. 2013, Theorem 5.7]) the
convergence in (£'(X, ), d) implies the convergence in capacity. The analog holds for ¢ € M™,
i.e., the strong convergence in £! (X, w, ¥) implies the convergence in y-relative capacity. Indeed, in
Proposition 5.7 we will prove the strong convergence implies the convergence in '-relative capacity for
any ¥’ € M™.

3C. (Weak) upper semicontinuity of u — Ep,,)(u) over X 4. One of the main features of Ey, for y e M
is its upper semicontinuity with respect to the weak topology. Here we prove the analog for E.(-) over X 4.

Lemma 3.12. The map
MA,, : A — MA,(A) C {1 a positive measure on X}

is a homeomorphism considering the weak topologies. In particular, A is homeomorphic to a closed set
contained in [0, fX MAw(O)] through the map yr — Vy,.

Proof. The map is well-defined and continuous by [Trusiani 2022, Lemma 2.6]. Moreover, the injectivity
follows from the fact that Vy, =V, for ¥y, ¥, € A implies ¥; = ¥, using Theorem 2.1 and the fact
that A C M™.

Finally, to conclude the proof it is enough to prove that ¥, — v weakly assuming Vy, — Vy;,, and it
is clearly sufficient to show that any subsequence of {y;}ren admits a subsequence weakly convergent
to 1. Moreover, since A is totally ordered and = coincides with > on M, we may assume {1/ }xen is a
monotonic sequence. Then, up to considering a further subsequence, ¥ converges almost everywhere to
an element ¥ € A by compactness, and Lemma 2.12 implies that Vy = Vy, i.e., ' = . O

In the case A := {Y}ren C M™T, we say that the u; € £'(X, w, ¥) converge weakly to Py .
where Vyin € M\ M™ if |supy uy| < C for any k € N and any weak accumulation point u of {u }xen
satisfies # < Ymin. This definition is the most natural since PSH(X, w, ¥) = VX, w, Winin)-

Lemma 3.13. Let {ui}ren C X4 be a sequence converging weakly to u € X 4. If Ep,(ur) > C
uniformly, then P,[u;] — P,[u] weakly.

Proof. By Lemma 3.12 the convergence requested is equivalent to Vy, — Vy,, where we set

Vi := Pylugl, ¢ = Pylu].

Moreover, by a simple contradiction argument it is enough to show that any subsequence {V, }ren
admits a subsequence {wkh }jen such that V¢,k — V. Thus up to considering a subsequence, by abuse
of notation and by the 1ower semicontinuity lim infy_ o0 Vy, = Vy of [Darvas et al. 2018, Theorem 2.3],
we may suppose by contradiction that v, \ ¥’ for ¥’ € M such that Vv > V,;. In particular, V;» > 0
and ¥’ = ¥. Then by Proposition 2.10 and Remark 3.3, the sequence {P,[v¥'](ux)}ken is bounded
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in (£'(X, w, ¥'), d) and it belongs to £.,(X, w, ¥') for some C’ € R. Therefore, up to considering a
subsequence, we have that {u; }xcry converges weakly to an element v € £! (X, w, ¥) (which is the element u
itself when u # Py, . ), while the sequence P,[v/'](ux) converges weakly to an element w € £ "X, 0, 9.
Thus the contradiction follows from w < v since ¥’ =, Vyr > 0and &l X, w, W)ﬂé’l X, w,¥)=02. O

Proposition 3.14. Let {uy}ren C X 4 be a sequence converging weakly to u € X 4. Then

lim sup ERU[uk](Mk) < EP(U[u](“)- (1 1)
k—00
Proof. Let ¥ := P,[ux] and ¢ := P,[u] € A. We may assume Y 7# Ymin for any k € N if ¢ = ¥y

and Vy . =0.
Moreover, we can suppose that Evy, (u) is bounded from below, which implies that u; € 5é (X, w, ¥r)
for a uniform constant C and that y; — ¢ weakly by Lemma 3.13. Thus since

Ey, (up) = Ey, (up —C)+ CVwk

for any k € N, Lemma 3.12 implies that we may assume that supy u; < 0. Furthermore, since A is totally
ordered, it is enough to show (11) when v, — ¥ a.e. monotonically.
If Y \( ¥, setting v := (sup{u; : j > k})* € EVX, w, Yy, we easily have
limsup Ey, (uy) <limsup Ey, (vr) < limsup Ey (Py,[¥](vi))

k— 00 k— 00 k— 00

using the monotonicity of Ey, and Proposition 2.10. Hence if ¥ = Yrin and Vy, . =0, then

Ey (Pol¥](vi) =0 = Eyu),

while otherwise the conclusion follows from Proposition 2.4 since P, [v¥](vg) \ # by construction.
If instead ¥ 7 ¢, fix € > 0 and for any k € N let ji > k such that

sup Ey, (uj) < E,/,_/k (uj) +e.

Jj=k
Thus again by Proposition 2.10, Ey, (uj) < Ey,(Pol¥nil(u;,)) for any / < ji;. Moreover, assuming
Em (uj,) is bounded from below, —Evy, (P,[¥1(u;,)) = d (Y, Po[¥i1(u,)) is uniformly bounded in /, k,
which implies that supy Po,[¥;](u;,) is uniformly bounded by Remark 3.3 since Vy, >a > 0fork >0
big enough. By compactness, up to considering a subsequence, we obtain P, [v;](u;) — v; weakly
where v; € £1(X, w, ¥;) by the upper semicontinuity of Ey(-)oné& (X, w, ¥;). Hence

limsup Ey, (ux) < limsup Ey, (P,[¥1(u;,)) +€ = Ey,(v)) +€

k— 00 k— 00
for any / € N. Moreover, by construction, v; < P,[vy;](u) since P,[¥;](u;,) < u; for any k such that
Jk =1 and uj — u weakly. Therefore by the monotonicity of Ey,(-) and by Proposition 2.11 (ii), we
conclude that
lim sup Ey, (ux) < ll_l)n(;lo Ey, (PolYnl(u)) +€=Ey(u) +€

k— 00

letting [ — oc. ]
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As a consequence, defining

Xac=| | X 0, 9),
Yed
we get the following compactness result.

Proposition 3.15. Let C, a € R.q. The set
X%c=Xacn ( |_| E'X, o, W))

ved:Vy>a
is compact with respect to the weak topology.

Proof. 1t follows directly from the definition that

X% ¢ C{uePSH(X, w) : [supu| < C'},
X

where C’ := max(C, C/a). Therefore by Proposition 8.5 in [Gued]j and Zeriahi 2017], X% c is weakly
relatively compact. Finally Proposition 3.14 and Hartogs” lemma imply that X? . is also closed with
respect to the weak topology, concluding the proof. O

Remark 3.16. The whole set X 4 ¢ may not be weakly compact. Indeed, assuming Vy, . = 0 and letting
Yy € A such that Yi U ¥min, the functions uy := ¢ —1/,/Vy, belong to X 4 v for V = fx MA,(0)
since Ey, (ux) = —,/Vy, but supy uy = —1/,/Vy, — —o0.

4. The action of measures on PSH(X, w)

In this section we want to replace the action on PSH(X, w) defined in [Berman et al. 2013] given by
a probability measure p with an action which assumes finite values on elements u € PSH(X, w) with
Y-relative minimal singularities, where v = P,[u] for almost all ¥ € M. On the other hand, for
any ¥ € M we want there to exist many measures ; whose action over {u € PSH(X, w) : P,[u] = ¥}
is well-defined. The problem is that u varies among all probability measures while ¢ varies among all
model-type envelopes. So it may happen that u takes mass on nonpluripolar sets and that the unbounded
locus of ¥ € M is very nasty.

Definition 4.1. Let 1« be a probability measure on X. Then p acts on PSH(X, w) through the functional
L, :PSH(X, ) - RU{—oc} defined as L, (u) = —oo if u charges {P,[u] = —oc}, as
Luw = [ = Pofubp
if u has P,[u]-relative minimal singularities and p does not charge { P, [u] = —oo} and otherwise as
L, (u) :=inf{L,(v) : v € PSH(X, w) with P,[u]-relative minimal singularities, v > u}.
Proposition 4.2. The following properties hold:

(1) L, is affine, i.e., it satisfies the scaling property L, (u+c) =L, (u)+c foranyc e R, u € PSH(X, w).
(i1) L, is nondecreasing on {u € PSH(X, w) : P,[u]l =y} for any ¢ € M.
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(iii) Ly (u) =lim;_, L, (max(u, Pylu] — j)) for any u € PSH(X, w).
(iv) If w is nonpluripolar, then L, is convex.

(v) If w is nonpluripolar and uy — u and Pyluy] — P,lu] weakly as k — oo, then

L, (u) > limsup L, (uy).

k—o00
i) If u € EYX, w, V) for y € MY, then Lyia, v, is finite on E'(X, w, ¥).

Proof. The first two properties follow by definition.

For the third property, setting v := P,[u], clearly L, (1) <lim;_, o L, (max(u, ¥ — j)). Conversely,
for any v > u with y-relative minimal singularities v > max(u, ¥ — j) for j > 0 big enough, by (ii) we
get L, (v) > lim;_,» L, (max(u, ¢ — j)) which implies (iii) by definition.

Next we prove (iv). Let v = Z}": | aiu; be a convex combination of elements u; € PSH(X, w). Without
loss of generality we may assume supy v, supy #; < 0. In particular, we have L, (v), L, (u;) < 0.

Suppose L, (v) > —oo (otherwise it is trivial) and let Y := P,[v], ¥, := Py, [u;]. Then for any C € R.¢

it is easy to see that
m

> @ Py(u+C.0) < P,(w+C.0) <,
=1

which leads to Y )", a;y; < ¢ letting C — oo. Hence (iii) yields

—o0 < L,(v) = /X(v —Y)u < Zal f)((w —Ypu = ZGZLM(MI)-
=1 1

=

Property (v) easily follows from lim sup;_, ., max(ux, Pylux] — j) < max(u, P,[u] — j) and (iii), while
the last property is a consequence of Lemma 3.8. ]

Next, since for any ¢ € [0, 1] and any u, v € VX, w, W)

_ V) — (1) _ n”j_n—j _ i ogn—i
/X(u VYMA, (tu+(1—1)v) = (1—1) /X(u v)MAw(v)—i-j;(j)t (1—1) /X(u VYMA, (u/, v" )

> (1—t)"/(u—v)MAw(v)-l-(l—(l—t)")/(u—v)MAw(u),
X X
we can proceed exactly as in [Berman et al. 2013, Proposition 3.4] (see also [Guedj and Zeriahi 2007,
Lemma 2.11]), replacing Vy with ¢, to get the following result.

Proposition 4.3. Let A C PSH(X, w) and let L : A — RU{—00} be a convex and nondecreasing function
satisfying the scaling property L(u+c) = L(u) +c¢ forany c € R.

(i) If L is finite-valued on a weakly compact convex set K C A, then L(K) is bounded.

(i) If EY(X, w, ) C A and L is finite-valued on E' (X, w, V), then

sup IL|=0(C"*) as C - .
{ueSé(X,a)J//):supx u<0}
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4A. When is L, continuous? The continuity of L, is a hard problem. However, we can characterize its
continuity on some weakly compact sets as the next theorem shows.

Theorem 4.4. Let 1 be a nonpluripolar probability measure, and let K C PSH(X, w) be a compact
convex set such that L, is finite on K, the set {P,[u] : u € K} C M is totally ordered and its closure
in PSH(X, w) has at most one element in M\ M™. Suppose also that there exists C € R such that
|Ep,uj(u)| < C for any u € K. Then the following properties are equivalent:

(1) L, is continuous on K.
(ii) The map ©: K — L'(w), t(u) :=u — P,[u] is continuous.

(iii) The set T(K) C L'(w) is uniformly integrable, i.e.,

/Oo p{u < Pylu] —t} — 0

=m

as m — oo, uniformly for u € K.

Proof. We first observe that if u; € K converges to u € K, then by Lemma 3.13, ¥, — 1, where we set
Yy = Pylug] and v := Py lu].

Then we can proceed exactly as in [Berman et al. 2013, Theorem 3.10] to get the equivalence between
(1) and (ii), (ii)) = (iii) and the fact that the graph of 7 is closed. It is important to emphasize that (iii)
is equivalent to saying that 7(K) is weakly relative compact by the Dunford—Pettis theorem, i.e., with
respect to the weak topology on L' () induced by L> () = L' (1)*.

Finally, assuming that (iii) holds it remains to prove (i). So, letting uy, # € K such that uy — u, we have
to show that [y (u)p — [ T(w)p. Since T(K) C L'(w) is bounded, unless considering a subsequence,
we may suppose fx T(ux) — L € R. By Fatou’s lemma,

L = lim r(uk),uff T(u). (12)
k—oo Jx X

Then for any k£ € N the closed convex envelope

Ci :=Conv{t(u;) : j > k}

is weakly closed in L'(w) by the Hahn—Banach theorem, which implies that Cy is weakly compact since
it is contained in 7(K). Thus since Cy is a decreasing sequence of nonempty weakly compact sets, there
exists f € ()¢~ Ck and there exist elements v; € Conv(u; : j > k) given as finite convex combinations
such that t(vk_) — fin L'(u). Moreover, by the closed graph property, f = (i) since vy — u as a
consequence of u;y — u. On the other hand, by Proposition 4.2 (iv) we get

/};T(Uk)l/vfgal,kfxf(”kl)ﬂ

if v = )%, aruy,. Hence L > [y 7(u), which together with (12) implies L = [y 7 (u) . O
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Corollary 4.5. Let y € M* and jv € Ca y. Then L, is continuous on Eé (X, w, V) forany C € Rog. In
particular, if @ =MA,w)/Vy forueé& Y(X, w, ¥) with -relative minimal singularities, then L,is
continuous on Sé (X, w, ¥) for any C € R-o.

Proof. With the notation of Theorem 4.4, ‘L’(Eé (X, w, ¥r)) is bounded in L*(n) by Lemma 3.11. Hence
by Holder’s inequality r(é‘é (X, w, ¥)) is uniformly integrable and Theorem 4.4 yields the continuity
of L, on EL(X, w, ¥) for any C € R-.

The last assertion follows directly from Proposition 3.10. (Il

The following lemma will be essential to prove Theorem A and Theorem B.

Lemma 4.6. Let ¢ € H,, and let A C M be a totally ordered subset. Set also vy := P,[{¥](p) for
any ¥ € A. Then the actions {Vy Lma,(v,)/v, }yea take finite values and they are equicontinuous on
any compact set K C PSH(X, w) such that {P,[u] : u € K} is a totally ordered set whose closure in
PSH(X, w) has at most one element in M\ M™ and such that |Ep,[,)(u)| < C uniformly for any u € K.
If ¥ € M\ M, for the action VyLMa,(v,)/ v, we mean the null action. In particular, if Y — ¥
monotonically almost everywhere and {uy}ren C K converges weakly to u € K, then

/ (ur — Polur]) MA, (vy, ) — / (u — Pylu]) MA, (vy). (13)
X X
Proof. By Theorem 2.2,

|V LMA, (vy)/ v, )] < /;(lu — P,[u]l| MA, ()

for any u € PSH(X, w) and any y € A, so the actions in the statement assume finite values. Then the
equicontinuity on any weak compact set K C PSH(X, w) satisfying the assumptions of the lemma follows
from

Vy|Lwma, (v‘/,)/Vw(wl)_LMAw(vw)/V\/,(wZ)| /le Pylwi] —wy + Py[wa]| MA, (@)

for any wy, wy € PSH(X, w) since MA,(¢) is a volume form on X and P,[wi] — Pylw] if {wiren C K
converges to w € K under our hypothesis by Lemma 3.13.

For the second assertion, if ¥, \( ¢ (resp. ¥ /' ¥ almost everywhere), letting f, f € L such that
MA,, (vy,) = fi MA,(¢) and MA,(vy) = f MA,(¢) (Theorem 2.2), we have 0 < f;, <1,0< f <1
and { fx}xen 1S @ monotone sequence. Therefore f; — f in L? for any p > 1 as k — oo, which implies

/ (u — Pylu]) MA, (vy,) — / (u — Pylu]) MA, (vy)
as k — oo since MA,,(¢) is a volume form. Hence (13) follows since by the first part of the proof,
/ (ur — Pylur] —u + Pylul) MA, (vy,) — 0. |
X
5. Theorem A

In this section we fix ¥ € MT and using a variational approach, we first prove the bijectivity of the
(X, w, ¥) and M' (X, w, ¥), and then we prove that it is actually
a homeomorphism considering the strong topologies.

Monge—Ampere operator between £
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5A. Degenerate complex Monge—Ampeére equations. Letting . be a probability measure and i € M,
we define the functional F, y : EVX, w, ) - RU{—o0} as

FuyW):=(Ey —VyL,)u),
where we recall from Section 4 that
Lu(u) = Jim Ly, (max(u, y = )
= jlirgo X(maX(u, Y —J)—¥)u.
F,.y is clearly a translation invariant functional, and F), y = 0 for any u if V, = 0.
Proposition 5.1. Let i be a probability measure, ¥ € M* and let F := F,, y. If L, is continuous then F

is upper semicontinuous on £ (X, w, ¥). Moreover, if L, is finite-valued on EVX, w, ), then there
exist A, B > 0 such that

F(v)<—-AdW,v)+B

(X, w, V), i.e., F is d-coercive. In particular, F is upper semicontinuous on &l (X, w, V)
nom](X’ w, ‘//) l.f I’L = MAw(u)/th/ for uec SI(X’ w, ¢>'

forany v € £

norm
and d-coercive on E

Proof. 1f L, is continuous then F is easily upper semicontinuous by Proposition 2.4.
Then, since d(y, v) = —Ey (v) on &,

horm (X, @, ¥), it is easy to check that the coercivity requested is

equivalent to
1-4)
sup |LM| <
ELX, 0, YINEL 1 (X 0,)

norm

C+0(),

which holds by Proposition 4.3 (ii).

Next assuming u = MA,,(u)/Vy, it is sufficient to check the continuity of L, since L, is finite-
valued on £'(X, w, ¥) by Proposition 4.2. We may suppose without loss of generality that u < yr. By
Proposition 3.7 and Remark 3.3, for any C € R., L, restricted to Sé (X, w, ) is the uniform limit
of L, where u; :==MA, (max(u, ¥ — j)), since Iy, (max(u, ¥ — j), u) — 0 as j — oo. Therefore L, is
continuous on Eé (X, o, ¥) because of the uniform limit of continuous functionals L,; (Corollary 4.5). O

Because of the concavity of Ey, if u =MA(u)/Vy foru EYX, w, V) where Vy > 0, then

TV W) = Fuyu) = LS . Fuy,
X, o,

i.e., u is a maximizer of F, . The other way around also holds as the next result shows.

Proposition 5.2. Let v € M™ and let u be a probability measure such that L, is finite-valued on
EVX, w, V). Then u =MA,, )/ Vy foru € EY(X, w, V) if and only if u is a maximizer of F,, .

Proof. As said before, it is clear that © = MA,,(u)/ Vy, implies that « is a maximizer of F, ;. Conversely,
if u is a maximizer of F), y, then by [Darvas et al. 2018, Theorem 4.22], u = MA,, 1)/ Vy. [l
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Similarly to [Berman et al. 2013] we thus define the -relative energy for v € M of a probability
measure [ as

Ej(w):=sup  Fy),
ueE (X, w,9)
i.e., essentially as the Legendre transform of Ey, . It takes nonnegative values (F, y () = 0), and it is
easy to check that E ;Z is a convex function.
Moreover, defining

M! (X, w,¥) :={Vyu: uis a probability measure satisfying Ej; () < o0},

we note that M (X, w, /) consists only of the null measure if Vy =0, while if Vy, > 0, any probability
measure p such that Vyu € MU (X, w, ¥) is nonpluripolar as the next lemma shows.

Lemma 5.3. Let A C X be a (locally) pluripolar set. Then there exists u € & WX, w, ¥) such that
A C{u = —o0}. In particular, if Vyu € MYUX, w, ) for & € M, then w is nonpluripolar.

Proof. By [Berman et al. 2013, Corollary 2.11], there exists ¢ € EN(X, w) such that A C {¢ = —o0}.
Therefore setting u := P,[{](¢) proves the first part.

Next, let Vyu € MU(X, w, Y) for ¥ € M™ and let u be a probability measure, and assume by
contradiction that p takes mass on a pluripolar set A. Then by the first part of the proof there exists
ue&' (X, w, ¥) such that A C {u = —oo}. On the other hand, since Vyu e MUX, w, V), by definition ©
does not charge {yy = —oco}. Thus by Proposition 4.2 (iii) we obtain L, (1) = —o0, a contradiction. [J

We now prove that the Monge—Ampere operator is a bijection between £!(X, w, ¥) and M (X, w, ).

Lemma 5.4. Let y € M and nu € Ca,y,where A € R. Then there exists u € gl (X, w, ¥) maximiz-

norm
ing Fy y.

Proof. By Lemma 3.11, L, is finite-valued on EY(X, w, ¥), and it is continuous on Sé(X, w, ) for
any C € R thanks to Corollary 4.5. Therefore it follows from Proposition 5.1 that F, y is upper
semicontinuous and d-coercive on £}
as an easy consequence of the weak compactness of c‘}é X, w, V). (I

(X, w, V). Hence F), y admits a maximizer u € Sr}om(X, w, V)

Proposition 5.5. Let € M™. Then the Monge—Ampére map MA : Ellorm(X, w, ) - M (X, 0, %),
u — MA(u), is bijective. Furthermore, if Vyu =MA,(u) € MY (X, w, V) foru € EY(X, w, V), then

Er (X, @, V) for F, y necessarily converges weakly to u.

any maximizing sequence ujy €
Proof. The proof is inspired by [Berman et al. 2013, Theorem 4.7].

The map is well-defined as a consequence of Proposition 5.1, i.e., MA,, (1) € M (X, w, ) for any
uel(X, w, Y¥). Moreover, the injectivity follows from [Darvas et al. 2021a, Theorem 4.8].

Letug €&} (X, w, ¥) be asequence such that F, y (uy) / SUP£1(x,,y) Fiu.y> Where u=MA,(u)/ Vy
is a probability measure and u € Er}mm(X , w, ¥). Up to considering a subsequence, we may also assume
that u;y — v € PSH(X, w). Then, by the upper semicontinuity and d-coercivity of F}, y (Proposition 5.1),

it follows that v € &}

norm

(X, w,¥) and Fy, 4 (v) = supgi(x 4 y) Fu,y- Thus by Proposition 5.2 we get
uw=MA,(v)/Vy. Hence v =u since supy v =supy u =0.
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Then let u be a probability measure such that Vy u € MY (X, w, ¥). Again by Proposition 5.2, to prove
the existence of u € EL . (X, w, ¥) such that u = MA,,(u)/ Vy it is sufficient to check that F}, y admits
a maximum over £1 (X, w, ). Moreover by Proposition 5.1, we also know that F),  is d-coercive
on &L (X, @, ¥). Thus if there exists a constant A > 0 such that i € C4 y, then Corollary 4.5 leads to
the upper semicontinuity of F}, y, which clearly implies that Vy, u = MA,,(u) foru € £ (X, w, ¥) since
8é(X, w, ¥) C PSH(X, w) is compact for any C € R~ .

In the general case, by [Darvas et al. 2018, Lemma 4.26] (see also [Cegrell 1998]), u is absolutely
continuous with respect to v € Cy_y using also that 4 is a nonpluripolar measure (Lemma 5.3). Therefore,

letting f € L'(v) such that u = fv, we define for any k € N
i = (1 4 €x) min(f, k)v,

where the €, > 0 are chosen such that 1y is a probability measure, noting that (1 4 €;) min(f, k) — f
in L'(v). Then by Lemma 5.4 it follows that 1y = MA,, (ux)/ Vy for uy € (X, 0, ¥).

Moreover, by weak compactness we may also assume that u; — u € PSH(X, w), without loss of
generality. Note that u < i since u; < ¢ for any k € N. Then by [Darvas et al. 2021a, Lemma 2.8] we
obtain

MA, ) = Vy fv=Vyu,

which implies MA,, (1) = Vyu by [Witt Nystrom 2019] since u is more singular than ¢ and u is a
probability measure. It remains to prove that u € £'(X, w, ¥).
It is not difficult to see that uy < 2u for k > 0, thus Proposition 4.3 implies that there exists a
constant B > 0 such that
sup |L,|<2 sup |L,|<2B(1+C'?)
EL X w) EL X w,9)
for any C € R. . Therefore

V(W) = Ey (ui) + Vi | Ly (up)] < supVy B(1+C'/%) = ©),
C>0

and Lemma 3.1 yields d (¥, ux) < D for a uniform constant D, i.e., uy € S}),(X, w, ¥) for any k € N
for a uniform constant D’; see Remark 3.3. Hence since £ ll),(X , w, ¥) is weakly compact we obtain
ueéh (X, o, ¥). O

5B. Proof of Theorem A. We further explore the properties of the strong topology on £!(X, w, ¥).
By Proposition 3.6, the strong convergence implies the weak convergence. Moreover, the strong
topology is the coarsest refinement of the weak topology such that £y (-) becomes continuous.

Proposition 5.6. Let € M™% and uy, u € E'(X, w, ). Then uy — u strongly if and only if uy — u
weakly and Ey (uy) — Ey (u).

Proof. Assume uy — u weakly and Ey (uy) — Ey (u). Then wy := (sup{u; : j > k})* € EYX, w,¥) and
it decreases to u. Thus by Proposition 2.4, Ey (wy) — Ey (1) and

d(up, u) < dug, wy) +d(wg, u) =2Ey (w) — Ey (ur) — Ey (u) — 0.
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Conversely, assuming that d (uy, u) — 0, we immediately get that u; — u weakly as said above; see
Proposition 3.6. Moreover, supy ug, supy # < A uniformly for a constant A € R. Thus

|Ey (ui) — Ey )| = d(W + A, up) —d( + A, u)| < d(ug, u) — 0. O
We also observe that the strong convergence implies the convergence in v'-capacity for any ¥’ € M™.

Proposition 5.7. Let € M and uy,u € E'(X, w, V) such that d(uy,u) — 0. Then there exists
a subsequence {uy;}jen such that w; := (sup{ug, : h > j})* and v; := Py (uy;, ug;.,,
EYX, w, V) and converge monotonically almost everywhere to u. In particular, uy — u in ' -capacity

for any ' € M™, and MAw(u,{, Y"1y = MA, (!, ¥"~7) weakly for any j =0, ..., n.

...) belong to

Proof. Since the strong convergence implies the weak convergence by Proposition 5.6, it is clear that
wy € EY(X, w, ¥) and that it decreases to u. In particular, up to considering a subsequence we may
assume that d (uy, wi) < 1/2]‘ for any k € N.

Next for any j > k, set vy j := P, (ug, ..., u;j) € VX, w, Yr) and vg’j = Py(v,j,u) € VX, w, v).
Then it follows from Proposition 2.4 and [Darvas et al. 2018, Lemma 3.7] that

dif )= [ pMAGE = [ ) MAG)
X {vg j=vk,j}
J / n+1
=< ;L(ws —us) MA,(us) < (n+1) ;d(wm ug) < k1"

Therefore by Proposition 3.15, vy’ j decreases (hence converges strongly) to a function ¢y € £1(X, w, V)
as j — oo. Similarly we also observe that

d(vk,j,vZ,j)S/

{U]I:J':u}

(Vk,j —u) MA, (1) < / [v,1 —u| MA,(u) < C
X

uniformly in j by Corollary 3.5. Hence by definition, d(u, v; ;) < C+(n+1) /25 e, v, ; decreases
and converges strongly as j — oo to the function vy = P, (ug, uss1,...) € E1(X, w, ¥), again by
Proposition 3.15. Moreover, by construction, uy > vx > ¢ since vy < vy, ; < uy for any j > k. Hence

dGu, o) < d(u, ¢p) < =

= —0

as k — oo, i.e., v; /" u strongly.

The convergence in ¥'-capacity for ¥' € M™ is now clearly an immediate consequence. Indeed by
an easy contradiction argument it is enough to prove that any arbitrary subsequence, which we will
keep denoting by {uy}ren for the sake of simplicity, admits a further subsequence {uy, }jen converging
in y-capacity to u. Thus taking the subsequence satisfying v; < uy, < wj;, where v;, w; are the monotonic
sequences of the first part of the proposition, the convergence in ’-capacity follows from the inclusions

{lu —ug;| > 6} ={u—ux, > 6} U{ug, —u > 38} C{u—v; > 8 U{w; —u > 5}

for any § > 0. Finally Lemma 2.12 gives the weak convergence of the measures. U
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We now endow the set M (X, w, ¥) = {Vy e : s a probability measure satisfying E;Z (n) < +oo}
(Section 5A) with its natural strong topology given as the coarsest refinement of the weak topology such
that E* ( ) becomes continuous and prove Theorem A.

Theorem A. Let v € M™. Then

MA, : (€L (X, w,¥),d) > (M (X, w, ¥), strong)

norm

is a homeomorphism.

Proof. The map is bijective as an immediate consequence of Proposition 5.5.

Next, letting the uy € £L (X, @, ) converge strongly to u € L . (X, w, ), Proposition 5.7 glves
the weak convergence of MA,,(u;) — MA,, (u) as k — oco. Moreover, since EW (MA,(v)/Vy) = JU ¥)
for any v € E'(X, w, ), we get

| (MAL ()] Vi) — E (MA, ()] Vi)

< |Ey(up) — Ey(u)| + Vx(ll/ —up) MA, (up) — /X(l/f —u) MA, (1)

< IEw(uk)—Ew(u)lJr‘/X(l//—uk)(MAw(uk)—MAw(u))‘ +/X|uk—uIMAw(u)- (14)

Hence MA,, (uy) — MA, (u) strongly in M!(X, w, 1) since each term on the right-hand side of (14)
goes to 0 as k — 400, combining Proposition 5.6, Proposition 3.7 and Corollary 3.5, and recalling that
by Proposition 3.4, Iy, (uy, u) — 0 as k — oo.

Conversely, suppose that MA,, (1) — MA,, () strongly in M (X, @, 1), where uy, u € é}}orm(X ,w, ).
Then, letting {¢;};en C H, such that ¢; \ u [Blocki and Kotodziej 2007] and setting v; := P,[¥](¢)),
by Lemma 3.1,

(n+1) Iy (ug, vj) < El//(”k)_El//(vj)+/X(Uj_uk) MA,, (ux)

=E.’Z(MAw(Mk)/Vw)—EIZ(MAw(vj)/Vw)-i—/(vj—lﬂ)(MAw(uk)—MAw(vj))- (15)

By construction and the first part of the proof, it follows that E* (MAw (ur)/ Vy)—E, (MAw(v i)/ Vy) — 0
as k, j — oo. Setting f; := v; — v, we want to prove

limsup/ijMAw(uk):/ijMAw(u),

k— 00

which would imply lim SUP;_, o0 limsup, _, o, Iy (ux, v;) = 0 since fX fiMA,(u) —MA,(v;)) - Oasa
consequence of Propositions 3.7 and 3.4.

We observe that || ||z~ < [[¢jllL~ by Proposition 2.10, and we denote by {fjs}seN C C®* a sequence
of smooth functions converging in capacity to f; such that || fjs Lo < 2| fjllL>. Here we briefly recall
how to construct such a sequence. Let {gs}beN be the sequence of bounded functions converging in
capacity to f; defined as g = max(v;, —s) — max(y/, —s). We have that ||g I < |l fillz and that
max(vj, —s), max(y, —s) € PSH(X ). By a regularization process (see [Blockl and Kotodziej 2007])
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and a diagonal argument we can now construct a sequence { fJS }jen C C™ converging in capacity to f;
such that || f7 [l < 2llg} || < 2Il fjllz, where f} = v} —° with v}, ¥* quasi-psh functions decreasing
to v;, ¥, respectively.

Then letting § > 0 we have

[ =ML <5 +3lghs [ MA@
X U= f3>6)
<oV +3lgles [ MAL )
{y*—y >3}

from the trivial inclusion { f; — fjs > 6} C {¢* — > &}. Therefore

lim sup lim supf (fi — fj‘") MA,, (ux) < 6Vy +limsup lim sup/ MA,, (ug)
X {y*—y=6}

§— 00 k— 00 §—>00 k— 00

§8V¢+limsup/{ Y S}MAw(u)=8V¢,

§—>00

where we used that {yy* — ¢ > §} is a closed set in the plurifine topology. Hence since fjs € C* we obtain

lirnsup/ fiMA, (up) = limsuplimsup</ (fi — fjs)MAw(uk) —|—/ fjs MAa,(uk)>
X X X

k— 00 §—>00  k—>00

<lim sup/X f/-s MA, () = /X fiMA,u),

§—>00
which as said above implies Iy (uy, v;) — 0 letting k, j — o0 in this order.
Next we obtain uy € 8é(X, w, ) for some C € N big enough since JLI/Z W) = E:; (MA,(ur)/ Vy),
again by Lemma 3.1. In particular, up to considering a subsequence, uy — w € 8“10rm (X, w, V) weakly
by Proposition 3.15. Observe also that by Proposition 3.7,

/X(x/f —u) (MA, (v)) — MAw(”k))‘ -0 (16)

as k, j — oo in this order. Moreover, by Proposition 3.14 and Lemma 4.6,

limsup(E:Z(MAw(uk)/Vllf)+/X(¢_uk)(MAw(Uj)_MAw(uk)))

k— 00

=1imSl1P(El//(uk)+/X(t/f—uk) MAw(Uj)) = E¢(U))+/X(1//—w)MAw(vj)- (17)

k—o00

Therefore combining (16) and (17) with the strong convergence of v; to u we obtain
Ey (u) +f (Y —u) MA, (1) Zklinc}o Ej(MA,(ur)/ Vy)
X —

<lim sup(Ew(w) + / W —w) MAw(vj))
X

j—oo

= Ey(w) + /Xw —w) MA, (),
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i.e., w is a maximizer of Fvma, )/ v,y Hence w =u (Proposition 5.5), i.e., uy — u weakly. Furthermore,

)

Ly (ug, vj). (18)

again by Lemma 3.1 and Lemma 4.6,

. . n
limsup(Ey (v;) — Ey (ux)) < lim sup(mlw(uk, vj) + ‘/ (ur —vj) MA, (vj)
X

k— 00 k— 00

n

=

+ lim sup

k—soo N1

/ (u — Uj) MAw(v]’)
X

Finally letting j — oo, since v; N\ u strongly, we obtain liminf;_, oo Ey (ur) > lim;_ 0 Ey (vj) = Ey (1),
which implies that Ey, (1) — Ey (u) and that u; — u strongly by Proposition 5.6. ]

The main difference between the proof of Theorem A and the proof of the same result in the absolute
setting, i.e., when ¥ = 0, is that for fixed u € EI(X, w, V) the action

MUX, w, ) 5 MA,(v) — / (u — ) MA,(v)
X

is not a priori continuous with respect to the weak topologies of measures even if we restrict the action on
Mé(X, w,¥) ={Vyu: Ej/‘/(u) < C} for C € R, while in the absolute setting this is given by [Berman
et al. 2019, Proposition 1.7], where the authors used the fact that any u € £!'(X, w) can be approximated
inside the class £'(X, ) by a sequence of continuous functions.

6. Strong topologies

In this section we investigate the strong topology on X 4 in detail, proving that it is the coarsest refinement
of the weak topology such that E.(-) becomes continuous (Theorem 6.2) and proving that the strong
convergence implies the convergence in v-capacity for any ¥ € M™ (Theorem 6.3), i.e., we extend all the
typical properties of the L!-metric geometry to the bigger space X 4, justifying further the construction of
the distance d 4 [Trusiani 2022] and its naturality. Moreover, we define the set Y4 and prove Theorem B.

6A. About (X 4,d 4). First we prove that the strong convergence in X 4 implies the weak convergence,
recalling that for the weak convergence of uy € £'(X, », Yx) to Py, where Ymin € M with Vi, =0,
we mean that [supy ux| < C and that any weak accumulation point of {u}ren is more singular than Ypin.

Proposition 6.1. Let uy, u € X 4 such that uy — u strongly. If u # Py, , then uy — u weakly. If instead
u = Py, .., then the following dichotomy holds:

(i) ur — Py, weakly.
(i1) limsup;_, o |supy ux| = +o0.

Proof. The dichotomy for the case u = Py, follows by definition. Indeed, if [supy ux| < C and
d(ug, u) — 0as k — oo, then Vy, — Vy . =0 by Proposition 2.11 (iv), which implies that ¥z — Ymin
by Lemma 3.12. Hence any weak accumulation point u of {u}ren satisfies u < ¥rpin + C.

Thus, let ¥y, ¥ € A such that u, € E1(X, w, ¥) and u € E1(X, w, ) where ¥ € M™. Observe that

dup, Yi) <da(ug, u) +du, ) +da(¥, i) < A

for a uniform constant A > 0 by Proposition 2.11 (iv).
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On the other hand, by [Btocki and Kotodziej 2007], for any j € N there exists i; € H,, such that h; > u,
|hj—ullpr <1/j andd(u, P,[¥]1(hj)) <1/j. In particular, by the triangle inequality and Proposition 2.11,

we have
lim sup d (P [l (hy), Y10 = lim sup(da( L), Pl 1))+ 5+ d (e, )+, )
<dGw )+ (19)
Similarly, again by the triangle inequality and Proposition 2.11,
tim supd (., Pule] (1) < limsup(da(Polyl(hy). Pl 1))+ %+ daCewo) < 5 (20
and
1i]f1fISUPIIMk—uI|L1 Sli]fnsup(”uk_Pa)[wk](hj)”L'+||Pw[wk](hj)_Pw[w](hj)”Ll+||Pw[¢](hj)_”“L1)
< Hlimsuplu— Pl 1)

where we also used Lemma 2.14. In particular, we deduce that d (Y, P, [¥1(h})), d(Yk, ux) < C for
a uniform constant C € R from (19) and (20). Next let ¢ € Er}orm(X , w, ¥) be the unique solution of
MA,, (¢r) = (Vy, / Vo) MA,,(0), and observe that by Proposition 2.4,

V.
d(Yi, k) = —Ey, (1) = /X(Wk — ¢1) MA, (dr) < 71//0" /X|¢k|MAw(O) <Nl = C,

since ¢ belongs to a compact (hence bounded) subset of PSH(X, w) C L. Therefore, since Vi =a>0
for k > 0 big enough, by Proposition 3.6 it follows that there exists a continuous increasing function
f :R>0 — Rsp with f(0) =0 such that

lux — PolWil(hp) L < f(d(ug, Pol¥il(hj)))

for any k, j big enough. Hence, combining (20) and (21), the convergence requested follows letting
k, j — 400 in this order. O

We can now prove the important characterization of the strong convergence as the coarsest refinement
of the weak topology such that E.(-) becomes continuous.

Theorem 6.2. Let u; € £'(X, o, Yi) andu € EX(X, w, V) for {Vilken, ¥ € A If ¥ # Yrmin oF Vg, > 0,
then the following are equivalent:

(1) ug — u strongly.
(i1) ux — u weakly and Ey, (uy) — Ey (u).

In the case Y = Yrmin and Vy, . =0, if up — Py, . weakly and Ey, (uy) — 0, then uy — Py, strongly.
Finally, if da(uy, Py, ) — 0as k — 0o, then the following dichotomy holds:

(@) uy — Py, weakly and Ey, (uy) — 0.

(b) limsupy_, o, |supy ug| = oo.
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Proof. (i1) = (i): Assume that (ii) holds where we include the case u = Py, setting Ey (Py, . ) :=0.
Clearly it is enough to prove that any subsequence of {uy };<n admits a subsequence which is d 4-convergent
to u. For the sake of simplicity we denote by {uy}ren the arbitrary initial subsequence, and since A is
totally ordered by Lemma 3.13 we may also assume either ¥, \( ¥ or ¥ 7 ¢ almost everywhere. In
particular, even if u = Py, . we may suppose that u; converges weakly to a proper element v € £ "X, 0, %)
up to considering a further subsequence by definition of the weak convergence to the point Py, . . In this
case by abuse of notation we denote the function v, which depends on the subsequence chosen, by u.
Note also that by Hartogs’ lemma we have u; < vy + A and u < iy 4+ A for a uniform constant A € Rx¢
since |supy ux| < A.

In the case of ¥ \( ¥, we have that v := (sup{u; : j > k})* € EY(X, w, Y) decreases to u. Thus
wi = Py[v](vg) € EY(X, w, ¥) decreases to u, which implies d(u, wy) - 0 ask — oo. (Ifu = Py, ,
we immediately have wy = Py, . .)

Moreover, by Propositions 2.4 and 2.10,

Ey()= lim Ey (w0 = AVy— lim d(y+A, wy)
> klim (AVI/,k —d(Wr+A, vi))
—00

=limsup Ey, (vi) > lim Ey, (u;) = Ey (1)
k— 00

k—o00

since V¥ + A = P,[yr](A). Hence

lim sup d(vg, ug) = limsup(d (Y + A, uy) — d(vg, Y + A)) = klilg(Ewk (vi) — Ey, (uy)) = 0.

k— 00 k— 00

Thus by the triangle inequality it is sufficient to show that lim sup;_, ., da(u, vk) = 0.
Next, for any C € R we set vkc :=max(vg, Y% — C) and u€ := max(u, ¢ — C), and we observe that
d(Y + A, vf) — d(¥ + A, u©) by Proposition 2.11 since v{ N\ u€. This implies that

de, v9) =d Wi+ A, v) —d (WY + A, vf) = AVy, — Ey, () —d (Y + A, vf)
— AVy —Ey) —d(W+ A, u€) =d( + A, u) —d(Y + A, u®) =d(u, u®).

Thus, since u¢ — u strongly, again by the triangle inequality it remains to estimate d_4(u, v,f). Fixe >0

and ¢, € Py, (X, w, V) such that d(¢e, u) < € (by Lemma 2.13). Then letting ¢ € H,, such that
¢ = Pyl ](9) and setting ¢ x := Py[¥r](¢), by Proposition 2.11 we have
limsup d4(u, v) < limsup(d(u, ¢e) +da(de, dex) +d(Pe k. vE))

k— o0 k—o00
<e+d(pe,u®)
<2 +du,u®),

Csu strongly in SI(X, w, V).

Next assume that ¥, ¢ almost everywhere. In this case we may assume Vy, > 0 for any k € N. Then
Vi i=(supfu;:j>k}* e VX, w, Yr) decreases to u. Moreover, setting wy := P, [V ](vr) € EVX, w, W)
and combining with the monotonicity of Ey, (), the upper semicontinuity of E.(-) (Proposition 3.14)

which concludes the first case of (ii) = (i) by the arbitrariness of € since u
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and the contraction property of Proposition 2.10, we obtain
Ew(l/t) = lim Ew(vk) = AVw — lim d(vk, lﬁ + A)
k—00 k— 00
< likm inf(AVy, —d(wi, ¥ + A))
—00

= likminf Ey, (wi) <limsup Ey, (wi) < Ey (u),
—> 00

k— 00
ie., Ey, (wy) = Ey(u) as k — 00. As an easy consequence we get d(wy, uy) = Ey, (wi) — Ey, (ur) — 0,
thus it is sufficient to prove that
limsupd 4(u, wy) = 0.

k—00
Similar to the previous case, fix € > 0 and let ¢, = P,[{](pe) for ¢ € H,, such that d(u, ¢.) < e. Again
Propositions 2.10 and 2.11 yield

limsup da(u, wi) < € +limsup(da(de, PolVil(@e)) +d(Polvi]l(de), wi))

k—00 k—00

< e +limsup(da(@e, PolVil(®e)) +d(de, vi)) < 2,

k— 00

which concludes the first part.

(i) = (i) if u # Py, while (i) implies the dichotomy if u = Py, : If u # Py, , then Proposition 6.1
implies that uy — u weakly and, in particular, that |supy ux| < A. Thus it remains to prove that
Ey, (uy) — Ey(u).

If u = Py, ., then again by Proposition 6.1 it remains to show that Ey, (u;) — 0 assuming uy, — Py, ..
strongly and weakly. Note that we also have |supy ux| < A for a uniform constant A € R by definition of
the weak convergence to Py, .. .

Since by an easy contradiction argument it is enough to prove that any subsequence of {u}ren admits
a further subsequence such that the convergence of the energies holds, without loss of generality we may
assume that uy — u € £ (X, w, ¥) weakly even in the case Vy =0 (i.e., when, with abuse of notation,
u=Py.).

So we want to show the existence of a further subsequence {u, }sen such that £ i, (up,) = Ey(u)
(note that if Vi, =0, then Ey (1) = 0). It easily follows that

|Ey, (up) — Ey )| < [dWi+ A, ug) —d (W + A, u)|+ Al Vy, — Vy

<dau,up) +d(W + A, ¥+ A)+ A|Vy, — Vyl,
and this leads to limy_, o Evy, (ux) = Ey (1) by Proposition 2.11, since we have i, + A = P, [y ](A)
and ¢ + A = P,[Y¥](A). Hence Ey, (uy) — Ey (u) as desired. O

Note that in Theorem 6.2, case (b) may happen (Remark 3.16), but obviously one can consider

X.A,norm = I_l 5,}0rm(X, w, w)
Yed
to exclude such pathology.

The strong convergence also implies the convergence in v'-capacity for any ' € M™, as our next
result shows.
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Theorem 6.3. Let i, ¥ € Aand let uy € E'(X, w, Yy) strongly converge tou € E'(X, w, ). Assume also
that Vy, > 0. Then there exists a subsequence {uy, }jen such that the sequences wj := (sup{uy,:s > j D*and
vj := Py (ug;, U, - - .) belong to X 4, satisfying v; <uy, <w; and converging strongly and monotonically
to u. In particular, uy — u in '-capacity for any ' € M™% and MAw(u,J{, w:_]) — MA,, (uk, y"=7)
weakly for any j € {0, ..., n}.

Proof. We first observe that by Theorem 6.2, uy — u weakly and Ey, (ux) — Ey (u). In particular,
supy uy is uniformly bounded and the sequence of w-psh wy := (sup{u; : j > k})* decreases to u.

Up to considering a subsequence we may assume either ¥, \( ¥ or ¥ 7 i almost everywhere. We
treat the two cases separately.

Assume first that ¥, N\ ¥. Since clearly wy € VX, w, Vi) and Ey, (wi) > Ey, (ur), Theorem 6.2
and Proposition 3.14 yield

Eyu) = hm Ey, (ur) <limsup Ey, (wi) < Ey (1),
k— 00

i.e., wy — u strongly. Thus up to considering a further subsequence we can suppose that d (y, wy) < 1/2F
for any k € N.

Next, similar to the proof of Proposition 5.7, we define v;; := P, (u;, ..., ujy;) for any j, [ € N,
observing that v;; € VX, w, ¥j+1). Thus the function vJ’.’J = Py(u,vj) € EN(X, w, ) satisfies

d(u, v l)</(u— .yl)MAw(UJI-AJ)S/‘ (u —vj ) MA, (vj)

{Qﬁlzvj.l}
J+ Jj+H N4l
<Z/(wc—uc>MAw(uc)<<n+1)2d(wg, D= S (22)
s=J

where we combined Proposition 2.4 and [Darvas et al. 2018, Lemma 3.7]. Therefore by Proposition 3.15,
vj‘f ; converges decreasingly and strongly in £ '(X, w, ¥) to a function ¢; which satisfies ¢; < u.
Similarly,

/ (U]l_M)MAw(M)<f| l—MIMAw(u)<oo
{Po(u,v} )=u}

by Corollary 3.5, which implies that v; ; converges decreasingly to v; € £ Y(X, w, ¥) such that u > v i > @i,
since v; < uy for any s > j and v;; > vj”f ;- Hence from (22) we obtain

n+1

d(u,UJ)Sd(M,QSJ):ll_I)IglOd(M, J[)_ 2] 1°

i.e., v; converges increasingly and strongly to u as j — o0.

Next assume /3 'y almost everywhere. In this case, wy € £' (X, w, ) for any k € N, and clearly wy
converges strongly and decreasingly to u. On the other hand, letting wy x := Py[¥x](wi) we observe by
Theorem 6.2 and Proposition 3.14 that wy y — u weakly since wy > wyg x > ux and

Ey(u) = hm Ey, (up) <limsup Ey, (Wi x) < Ey (u),

k—o00
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i.e., wg x — u strongly, again by Theorem 6.2. As in the previous case, we assume that d (uy, wy ) <1/ 2k
up to considering a further subsequence. Therefore, setting vj; := Py (uj, ..., uj+1) € € (X, w, i),
ul == P,[¥;1(u) and vj”} := P, (vj, u’) we obtain

j+1

s n+1

- P w
dw!,vi)) = /X(M] —v; ) MA,(v})) < ; L(ws,s —us) MA,, (u;) < 51 (23)

proceeding as in the previous case. This implies that v]”; and vj; converge decreasingly and strongly
to functions ¢;, v; € (X, w, ¥;), respectively, as | — 400 which satisfy ¢; < v; < u/. Therefore
combining (23), Proposition 2.11 and the triangle inequality we get

limsup d4(u, v;) < limsup(d(u, ul) +du’, ¢;)) < lim sup(dA(u, ul) + ’;11) =0.
j—o00 j—o00 j—00
Hence v; converges strongly and increasingly to u, so v; /' u almost everywhere (Proposition 6.1) and
the first part of the proof is concluded.
The convergence in y/'-capacity and the weak convergence of the mixed Monge—Ampere measures
follow exactly as in the proof of Proposition 5.7. U

We observe that the assumption u # Py, . if Vi, . = 0 in Theorem 6.3 is obviously necessary as
the counterexample of Remark 3.16 shows. On the other hand, if d4(ui, Py,;,) — 0, then trivially
MA,(uj, ¥, ) — 0 weakly as k — oo for any j € {0, ..., n} as a consequence of Vy, \ 0.

6B. Proof of Theorem B.

Definition 6.4. We define Y 4 as
Ya= [ M X 0.9,
ved
and we endow it with its natural strong topology given as the coarsest refinement of the weak topology
such that E* becomes continuous, i.e., Vy, ;i converges strongly to Vy w if and only if Vy, ux — Vy
weakly and El’/‘/k(,uk) — E;Z(M) as k — oo.

Observe that Y 4 C {nonpluripolar measures of total mass belonging to [Vy, .., Vy, 1}, where clearly
Ymax := sup .A. As stated in the Introduction, the definition is coherent with [Berman et al. 2019] since
if =0 € A, then the induced topology on M (X, w) coincides with the strong topology as defined in
that paper.

We also recall that

X A norm := I_l géorm(X, w, V),
YeA

where EL (X, 0, ¥) :={u e EV(X, w, ¥):supy u =0} (if Vy,,,, =0, then we can assume Py, ; € X A norm)-

norm

Theorem B. The Monge—Ampere map

MA,, : (XA,normv dy) — (Yyu, strong)

is a homeomorphism.
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Proof. The map is a bijection as a consequence of Lemma 3.12 and Proposition 5.5, where we clearly
define MA,,(Py,..) :=0, i.e., the null measure.

Step 1: continuity. Assume first that Vy, . = 0 and that d 4 (uy, Py,,,) — 0 as k — oo. Then clearly
MA,,(ux) — 0 weakly. Moreover, assuming uy # Py, .. for any k, it follows from Proposition 2.4 that

Ej, (MA, (ug)/ Vy,) = Ey, (ug) +/ (Ve — u) MA, (ug)
X

<2 /X (W — 140 MAw (1g) < —nEy, (ug) — 0

as k — oo where the convergence is given by Theorem 6.2. Hence MA,, (ux) — O strongly in Y 4.

We can now assume that u # Py, . .

Theorem 6.3 immediately gives the weak convergence of MA,, (uy) to MA,(u). Let ¢; € H,, be
a decreasing sequence converging to u such that d(u, P,[y](¢;)) < 1/j for any j € N [Blocki and
Kotodziej 2007], and set vy j := Py [V ](@;) and v; := P,[¥](¢;). Observe also that as a consequence of
Proposition 2.11 and Theorem 6.2, for any j € N there exists k; >> 0 big enough such that

d(W, vk, j) < da(i, ¥) +d (W, vj) +davj, v ) <d(Y,v)+1=<C
for any k > k;, where C is a uniform constant independent of j € N. Therefore, again combining

Theorem 6.2 with Lemma 4.6 and Proposition 3.7, we obtain

lim sup| £, (MA, (ur)/ Vy,) — Ej, (MA, (vk, )/ Vi)

k— 00

SlimsuPQEwk(Mk)—Ewk(vk,j)l+‘/(¢k—Mk)(MAw(uk)—MAw(vk,j))‘+‘/ (Vk,j —ur) MA, (vg, ;)
X X

k— o0

)

< |Ey ) — Ey ()| +limsup Cly, (ur, v j)"/* + / (v; — u) MA,,(v)), (24)
X

k— 00

since clearly we may assume that either ¥, \ ¥ or ¥ /" i almost everywhere, up to considering a
subsequence. On the other hand, if k > k;, Proposition 3.4 implies Iy, (ux, v, ;) < 2 f&(d(ug, vk, j)),
where C is a uniform constant independent of j, k and fé : Rp = R is a continuous increasing
function such that f(0) = 0. Hence continuing the estimates in (24) we get

(24) < [Ey(u) — Ey (v)|+2Cfx(d(u, vj)) +d(vj, u), (25)
using also Propositions 2.4 and 2.11. Letting j — oo in (25), it follows that

lim sup lim sup|E:/",k (MA,(ur)/ Vy,) — E:;,k (MA, (vr, )/ Vy )l =0

j—oo  k—oo

since v; \  u. Furthermore, it is easy to check that E;Zk (MA, (vx, )/ V) = E;; (MA,(vj)/ Vy) as k — o0
for j fixed by Lemma 4.6 and Proposition 2.11. Therefore the convergence

Ey (MA,(v))/ Vy) = Ej,(MA, )/ Vy) (26)

as j — oo given by Theorem A concludes this step.
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norm

Step 2: continuity of the inverse. We will assume u € EL..(X, @, ¥x) and u € EL (X, @, ¥) such
that MA,, (ux) — MA,, () strongly. Note that when ¢ = ¥y, and Vy, . = 0, the assumption does not
depend on the function u chosen. Clearly this implies Vy, — V,, which leads to ¥, — ¥ as k — oo
by Lemma 3.12 since A C M™ is totally ordered. Hence, up to considering a subsequence, we may
assume that 1/, — ¥ monotonically almost everywhere. We keep the same notation of the previous step
for vy j, v;. We may also suppose that Vy, > 0 for any k € N big enough otherwise it would be trivial.

The strategy is to proceed similarly to the proof of Theorem A, i.e., we first prove that Iy, (uy, vi, ;) — 0
as k, j — oo in this order. Then we will use this to prove that the unique weak accumulation point
of {ug}ren is u. Finally we will deduce the convergence of the y-relative energies to conclude that
uyx — u strongly thanks to Theorem 6.2.

By Lemma 3.1,

(n+ 1) Iy, (ug, ve )

< Ey (up) — Ey, (vg ) +/ (vk,j — ur) MA, (1)
X
= Ey, (MA,(ur)/ Vy,) — Ey, MA, (vk, )/ Vi) + /X(Uk,j —Yi) (MA, (ur) — MA,(vk ;) (27)

for any j, k. Moreover, by Step 1 and Proposition 2.11 we know that E:;/k (MA,,(vg, )/ Vy,) converges,
as k — 400, to 0 if Vy, =0 and to E;Z(MAw(vj)/VW) if Vy, > 0. Next by Lemma 4.6,

/ (00 — Y1) MAy (0, ) — / (v — ) MA, (1)
X X
letting k — oo. So if V, =0, then from
lim sup(vk,; — ¥x) = sup(v; — ) = sup v;
k—oo x X X

we easily get lim sup,_, , Iy, (ux, vk, ;) = 0. Thus we may assume Vy > 0, and it remains to estimate
fx (vk,j — ¥) MA,, (u) from above.

We set fi j :=vi j — ¥, and as in the proof of Theorem A we construct a sequence of smooth functions
fé = v — ¥* converging in capacity to f; := v; — v and satisfying ||fjs||Loo <2 fille < 2llgjllLe~.

Here v¢ 7 and Y* are sequences of w-psh functions decreasing to v; and ¥, respectively. Then we write

fx fooj MA (1) = fx (foj = £ MAG @) + /X 15 A (), (28)

and we observe that

limsuplimsupf fjs MAw(uk)z/ fiMA,(u),
X X

§—>00 k—o00

since MA,, (ux) — MA,, (1) weakly, f; € C*, f; converges to f; in capacity and || ;'[lL= < 2| fjll o=
We also claim that the first term on the right-hand side of (28) goes to O letting k, s — oo in this order.
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Indeed, for any § > 0,

/ (fr.j — [ MAL(ur) < 8Vy, +2|l@jll Lo / MA,, (ur)
X {fr.j— fi>5}
< ¥y, +2l o [ MA, (10), 29)
(g, j—hj|>8}

where we set hy j = vi,j, hj == v; if Y5 \( ¥ and hy j 1= Yy, h; := ¢ if instead Y ' ¥ almost
everywhere. Moreover, since {|hy ; —hj| > 8} C {|h; j — h;| > 6} for any [ < k, from (29) we obtain

k—o00 -0 k— 00

lim sup/ (fi,j — i) MA,(ur) <8Vy +limsup limsup 2| ¢; || . / MA,, (uy)
X {7y, j—hj|>8}

<éVy +1imsup2||(pj||Loo/ MAw(u):(SVI;,,
{lh1,j—h;|>68}

[—o00

where we also used that {|h; ; — h;| > 8} is a closed set in the plurifine topology since it is equal to
{v,j —vj =6} if ¥y \( ¥ and to {yy —y; > 8} if ¥y /' Y almost everywhere. Hence

lim sup/;((fk,j — iy MAy,(ui) < 0.

k—o00

Similarly we also get

lim sup lim sup/ (fi = [{) MA, (ux) <0;
X

§— 00 k—00

see also the proof of Theorem A.
Summarizing from (27), we obtain

lim sup(n + 1)71110,( (t, vi,j)

k—o00
< B} (MA, @)/ Vi) — Ej (MA, 1))/ Vy) + /X (0 — ) MAy () — fX (v — Y)MAL W) = F, (30)

and F; — 0 as j — oo by Step 1 and Proposition 3.7, since E'(X, o, ¥) > v; \(u € £} . (X, 0, ¥),
hence strongly.

Next by Lemma 3.1, ux € X 4,c for C > 1 since E*(MA,,(ur)/ Vy,) = J,;i(l/f) and supy u; = 0, thus,
up to considering a further subsequence, uy — w € £L (X, w, ) weakly where d(w, ¥) < C. Indeed,
if Vi > 0 this follows from Proposition 3.15 while it is trivial if Vy, = 0. In particular, by Lemma 4.6,

/(iﬁk—uk)MAw(vk,j)%/X(llf—w)MAw(vj), (31
X

/(Uk,j_uk)MAw(Uk,j)_)/(Uj_w) MA,, (v)) (32)
X X

as j — oo. Therefore if Vy, = 0, then combining Iy, (uy, vk ;) — 0 as k — oo with (32) and Lemma 3.1,
we obtain
) —o0.

. . n
lim sup(—Ey, (ux) + Ey, (vg, ;) < hmsup<ml¢k(uk, Vk,j) + ‘/ (vk,j — ur) MA, (vg ;)
X

k— 00 k— 00
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This implies that d (Y, ur) = —Ey, (ux) — 0 as k — oo, i.e., that d 4(Py,,,, ux) — 0 using Theorem 6.2.
We may assume from now until the end of the proof that Vy, > 0.
By (31) and Proposition 3.14 it follows that

lim sup (Ew MA,(ur)/ Vy,) +/ (Ve — ur) (MA, (vg, ;) — MAw(”k)))

k—o00

—lim sup(Ewk () + /X (W — 1) MA (. ,«)) <E,w)+ /X W — w)MAL(r). (33)

k—o00

On the other hand, by Proposition 3.7 and (30),

lim sup
k—00

/X (W — ) (MA () — MAw (1))

<CF" (34)
In conclusion, by the triangle inequality and combining (33) and (34) we get
Ey(u) + / (W — ) MA, () = lim E*(MA,(u1)/ Vy,)
X —

<lim sup(E./, (w) +/ (¥ —w) MA, (v)) + CFjl/2>
X

j—o00
— E,(w)+ f (W — w) MA, (1)
X

since F; — 0,1.e,w € Eéorm(X, w, V) is a maximizer of Fya,w)y/v, v Hence w =u (Proposition 5.5),
i.e., uy — u weakly. Furthermore, similar to the case V, =0, Lemma 3.1 and (32) imply

Ey(vj) — hmlnfE,pk (ux) = limsup(—Ey, (ux) + Ey, (vx,;))

k—o00
. n

< llmSUP(—Im(uk, Vk,j) + ‘/ (g — vj ) MA, (vg ) )
k— 00 n+1

< —F —|—‘f (u —vj) MA, (v))|.

Finally, letting j — o0, since v; — u strongly, we obtain liminfy _, oo Ey, (ux) > 1im;_, o Ey (v;) = Ey (u).
Hence Ey, (ux) — Ey (u) by Proposition 3.14, which implies d 4 (ux, u) — 0 by Theorem 6.2. O

7. Stability of complex Monge-Ampére equations

As stated in the Introduction, we want to use the homeomorphism of Theorem B to deduce the strong
stability of solutions of complex Monge—Ampere equations with prescribed singularities when the
measures have uniformly bounded L? density for p > 1.

Theorem C. Let A := {{}ren C M™ be totally ordered, and let { filren C L' be a sequence of
nonnegative functions such that fy — f € L'\ {0} and such that | x Jk@" = Vy, for any k € N. Assume
also that there exists p > 1 such that || fi||L» and || f||L» are uniformly bounded. Then vy, — ¥ € AC M,
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and the sequence of solutions of
MA,up) = i@, ik € Engenn (X, @, Y1), (35)
converges strongly to u € X 4, which is the unique solution of
MA, W) = fo", ue&l (X, o, ¥). (36)
In particular, uy — u in capacity.

Proof. We first observe that the existence of the unique solutions of (35) follows by [Darvas et al. 2021a,
Theorem A].

Moreover, letting u be any weak accumulation point for {u}ien (there exists at least one by compact-
ness), [Darvas et al. 2021a, Lemma 2.8] yields MA,, (1) > f®" and by the convergence of f; to f we also
obtain f y Jo" =limg_ o Vy,. Moreover, since uy < v for any k € N, by [Witt Nystrom 2019] we obtain
f y MA,(u) < limy_, o Vy,. Hence MA, (1) = fo" which, in particular, means that there is a unique
weak accumulation point for {u}ren and that Y — ¥ as k — oo since Vy, — Vy (by Lemma 3.12).
Then it easily follows by combining Fatou’s lemma with Proposition 2.10 and Lemma 2.12 that for
any ¢ € H,

lim inf £, (MA, (i) / Vy,) > lim inf(Ewk<Pw[wk]<¢)) + / (Vi — Pw[wk]«p))fkw")
—00 —> 00 X

> Ey (Pol¥r](e) + /X(W — Pol¥1(@) fo", (37)

since (Y — Pulvil(@)) fx = (& — P,[v](e)) f almost everywhere by Lemma 2.14. Thus, for any
ve (X, w, ¥), letting ¢; € H, be a decreasing sequence converging to v [Btocki and Kotodziej 2007],
from inequality (37) we get

liminf £y (MA,(u)/ Vy,) = lim SuP(Ew(Pw[l,ﬁ](fpj)) + /X(lﬂ - Pw[lﬂ](wj))fw")

j—o0
— £+ [ - s
using Proposition 2.4 and the monotone convergence theorem. Hence by definition,
likrgiorng;k(MAw(uk)/Vwk) > Ey(fa"/Vy). (38)

On the other hand, since || fx||z» and || f||z» are uniformly bounded for p > 1 and uy — u, Yy — ¥ in LY
for any g € [1, +00) (see [Guedj and Zeriahi 2017, Theorem 1.48]), we also have

/(Wk—uk)fkw" —>f(1/f—u)fw” < 00,
X X

which implies that fX (Y —u) MA, (1) < +0o0, ie., u € E1(X, w, ¥) by Proposition 2.4. Moreover, by
Proposition 3.14 we also get

lim sup £, (MA, 1)/ Vi) < Ej (MAL )/ Vi),

k— 00
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which together with (38) leads us to MA,, (ux) — MA, (u) strongly in Y 4 by definition (observe that
MA,(uy) = fro" - MA,(u) = fo" weakly). Hence uy — u strongly by Theorem B while the
convergence in capacity follows from Theorem 6.3. (I

Remark 7.1. As said in the Introduction, the convergence in capacity of Theorem C was already obtained
in [Darvas et al. 2021b, Theorem 1.4]. Indeed, under the hypotheses of Theorem C it follows from
Lemma 2.12 and [Darvas et al. 2021b, Lemma 3.4] that ds(y«, ¥) — 0 where dys is the pseudometric
on {[u] : u € PSH(X, w)} introduced in [Darvas et al. 2021b], where the class [u#] is given by the partial
order <.
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SHARP POINTWISE AND UNIFORM ESTIMATES FOR 3

ROBERT XIN DONG, SONG-YING LI AND JOHN N. TREUER

We use weighted L2-methods to obtain sharp pointwise estimates for the canonical solution to the
equation du = f on smoothly bounded strictly convex domains and the Cartan classical domains when f
is bounded in the Bergman metric g. We provide examples to show our pointwise estimates are sharp.
In particular, we show that on the Cartan classical domains €2 of rank 2 the maximum blow-up order is
greater than — log é (z), which was obtained for the unit ball case by Berndtsson. For example, for 2
of type IV(n) with n > 3, the maximum blow-up order is 8(z)'7"/? because of the contribution of the
Bergman kernel. Additionally, we obtain uniform estimates for the canonical solutions on the polydiscs,
strictly pseudoconvex domains and the Cartan classical domains under stronger conditions on f.

1. Introduction

The existence and regularity of solutions to the Cauchy—Riemann equation du = f on a bounded
pseudoconvex domain €2 in C" is a fundamental topic in several complex variables. Since the kernel
of § is the set of holomorphic functions, a solution to the Cauchy—Riemann equation is not unique if
it exists. However, let A2(2) := L2(2) Nker(d) denote the Bergman space over 2. Then the solution
to du = f with u L A%(Q) is unique, and it is called the canonical solution or L2-minimal solution
because it has minimal L?-norm among all solutions. Hormander [1965] showed that if €2 is bounded
and pseudoconvex and f € L%o,l)(Q) is 9-closed, then there exists a solution u that satisfies the estimate
lullz2 < C| fll;2 for some constant C depending only on the diameter of Q2. In view of Hormander’s
result, a natural question arises: does there exist a constant C depending only on €2 such that for any
d-closed f € L?&l)(ﬂ) there exists a solution to du = f with |lulleo < C|| flleo? If the answer is yes,
we say the d-equation can be solved with uniform estimates on 2. An important method for solving
the d-equation is the integral representation for solutions. In this method, one constructs a differential
form B(z, w) on  x  which is an (n, n—1) form in w such that solutions to du = f can be written as

M(Z)=/ B(z, w) A f(w). 1-1)
Q

The method of integral representation of solutions was initiated by Cauchy, Leray, Fantappié, etc. On a
smoothly bounded strictly pseudoconvex domain €2 in C", Henkin [1970] and Grauert and Lieb [1970]
constructed integral kernels B(z, w) such that u given by (1-1) satisfies ||u|lcc < C|| f|lco- Kerzman [1971]
improved the estimate by showing that ||u oy < Call flloo forany 0 < o < % Henkin and Romanov
[1971] obtained the sharp estimate ||u|| n@ = C|l flloo- For more results on strictly pseudoconvex
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domains, the reader may consult the papers [Krantz 1976; Range and Siu 1972; 1973] and the books
[Chen and Shaw 2001; Fornass and Stensgnes 1987; Range 1986].

When the class of domains under consideration is changed from strictly pseudoconvex to weakly
pseudoconvex, it is no longer possible to conclude in generality the existence of uniform estimates for 9.
Berndtsson [1993], Fornass [1986] and Sibony [1980] constructed examples of weakly pseudoconvex
domains in C? and C? where uniform estimates for 9 fail. More strikingly, Fornzss and Sibony [1993]
constructed a smoothly bounded pseudoconvex domain  C C? such that 9L is strictly pseudoconvex
except at one point, but any solution to du = f for some given d-closed f € L?{)’J)(Q) does not belong
to LP(Q) for any 2 < p < oco. Range [1978] gave uniform estimates on bounded convex domains in C?
with real analytic boundaries, and in [Range 1990] gave Holder estimates on pseudoconvex domains of
finite type in C% See [Laurent-Thiébaut and Leiterer 1993; Michel and Shaw 1999] for related results.
Of particular interest is the unit polydisc D" := D(0, 1)" C C", which is pseudoconvex with nonsmooth
boundary. When n = 2, Henkin [1971] showed that there exists a constant C such that ||#||c0c < C|| f|lco
for any f € C(lo,l)(Dz). Landucci [1975] obtained the same uniform estimate for the canonical solution
on D% Chen and McNeal [2020] and Fassina and Pan [2019] generalized Henkin’s result to higher
dimensions when additional regularity assumptions on f are imposed. It remains open whether uniform
estimates hold on D" with n > 2 when f is only assumed to be bounded. See [Dong et al. 2020; Fornass
et al. 2011; Grundmeier et al. 2022] for related results.

A class of pseudoconvex domains in C" including D" and the unit ball B" are the so-called bounded
symmetric domains, which up to biholomorphism are Cartesian product(s) of the Cartan classical domains
of types I to IV and two domains of exceptional types. In [Henkin and Leiterer 1983, p. 200], the authors
asked whether there exists a uniform estimate for the d-equation on the Cartan classical domains of rank
at least 2. Additionally, [Sergeev 1994] conjectured that the d-equation cannot be solved with uniform
estimates on the Cartan classical domains of type IV of dimension n > 3.

Let g = (gj,;);"kzl be the Bergman metric on a domain €2. For a (0, 1)-form f = 2;21 fjdzj, one
defines "
1FII3 o0 = es5 sup{ Y drr@ @z e sz}
k=1
where (gjlz)’ = (gj,;)_l; see (3-1) for details. Berndtsson used weighted L? estimates of Donnelly—
Fefferman type to prove the following pointwise and uniform estimates.

Theorem 1.1 [Berndtsson 1997, 2001]. There is a numerical constant C such that for any 9-closed
(0, 1)-form f on B", the canonical solution to du = f satisfies

2
lu(z)| < Cll fllg.00 log = (1-2)

and for any € > 0,
C —c
lulloo < ?II(1 — 127 Fllg,c0- (1-3)

The estimate (1-2) is sharp. If f(z) :== Y ;_, ze(|z)> — 1)~ dz; then f is d-closed, 1 fllgoo =1
and the canonical solution to du = fis u =log(l — |z|?) — C,,, which shows the sharpness of (1-2).
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Berndtsson [2001] also pointed out that his proof should generalize to other domains when enough
information about the Bergman kernel is known. This result [Berndtsson 1997, 2001] was improved in
[Schuster and Varolin 2014] via the “double twisting” method.

Motivated by Berndtsson’s results (1-2) and (1-3) and the problems raised by Henkin and Leiterer
[1983] and Sergeev [1994], we study sharp pointwise estimates for du = f for any d-closed (0, 1)-form f
with || flg,c0 < 00 and uniform estimates under stronger conditions on f. We generalize Berndtsson’s
results from B” to smoothly bounded strictly pseudoconvex domains and the Cartan classical domains.
Our main theorem, Theorem 1.2 (see also Theorem 3.3), for pointwise estimates is stated as follows.

Theorem 1.2. Let Q be a smoothly bounded strictly convex domain, a Cartan classical domain or the
polydisc, whose Bergman kernel and metric are denoted by K and g, respectively. Then there is a
constant C such that for any d-closed (0, 1)-form f with | f || ¢,00 < 00, the canonical solution to u=f
satisfies

(@) < C||f||g,oo/Q|K<z, W) dve, z€9. (1-4)

Remarks. (i) When 2 is a smoothly bounded strictly pseudoconvex domain, by Fefferman’s asymptotic
expansion for the Bergman kernel,

/|K(Z, w)| dvy, =~ Clog ~logK(z,z), z— 0%.
Q

1
8a(2)
In this case, the estimate (1-4) is sharp. Take for example 2 = B" and u(z) = log K (z, z) — ¢, where ¢
is chosen so that P[u] = 0.
(i1)) We will show in Section 3, Theorem 3.4, that if 2 is a smoothly bounded strictly pseudoconvex
domain, then (1-4) holds for a solution # which may not be canonical.

(iii)) When  is the unit polydisc D", one has

« 2
K(z, w)|dv, ~ log———, 2z — 0Q.

(iv) When 2 is a Cartan classical domain of rank greater than or equal to 2, the blow-up order of
fglK (z, w)| dvy, depends on the direction in which z approaches €2 and it may be larger than — log §q ().
For example, if z = tI, € Q := II(2), then fQ|K(z, w)| dvy, = 8a(z)~ /% as t — 1-. Moreover, if
z=te; ®te; € IV(n) with e; e and n > 3, then fQIK(Z, w)| dvy ~ 8q(2)! ="/ ast — 1~. Here U
denotes the characteristic boundary of €2.
(v) In Section 6B, we show the estimate (1-4) is sharp on the Cartan classical domains.

Our main theorem for uniform estimates is stated as follows, as a combination of Theorems 4.1 and 4.2.

Theorem 1.3. Let Q2 be either the unit polydisc or a smoothly bounded strictly convex domain, whose
Bergman kernel and metric are denoted by K and g, respectively. Then for any p € (1, 00), there is a
constant C such that for any d-closed (0, 1)-form f, the canonical solution to du = f satisfies

14
oo < c“f<-)(fg|1<<-,w>|de)

8,00
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For Cartan classical domains, we give a uniform estimate under condition (5-2) in Theorem 5.4.

This paper is organized as follows: In Section 2, we recall and prove some properties of the Bergman
kernel and metric which will be used later. In Section 3, we use L?-methods to establish pointwise
estimates on strictly pseudoconvex domains and the Cartan classical domains. In Sections 4 and 5,
we obtain uniform estimates on the polydiscs, strictly pseudoconvex domains and the Cartan classical
domains under various conditions on f. In Section 6, we verify the sharpness of our pointwise estimates
on the Cartan classical domains; in particular, on IV (n) with n > 3 we show the estimate has maximum
blow-up order §'=®/2) (7).

2. Bergman kernel and metric

The Bergman space A%($2) on a domain Q C C" is the closed holomorphic subspace of L*($2). The
Bergman projection is the orthogonal projection Pq : L?(2) — A?(2) given by

Palf1() = /Q Kz w) f (w) dv(w),

where K (z, w) is the Bergman kernel on 2 and dv is the Lebesgue R2" measure. We will write K (z) to
denote the on-diagonal Bergman kernel K (z, z). When €2 is bounded, the complex Hessian of log K (z)
induces the Bergman metric Bg(z; X) defined by

n 1/2 )

- d

Bq(z; X) := ( E gﬂ;Xij> s gj];(z) = 92,071 log K(z), forzeQ, Xe c".
Jk=1 !

The Bergman distance between z, w € 2 is

1
Ba(z, w) := inf{/o Bo(y(1); v (1)) dt},

where the infimum is taken over all piecewise C I_curves y :[0, 1] — Q such that y(0) =z and y (1) = w.
Throughout the paper,

B,(€) :={z€Q:Balz,a) <€} 2-1)

will denote the hyperbolic ball in the Bergman metric centered at a € 2 of radius €. Additionally, K (z, w),
Pg and g will always denote the Bergman kernel, the Bergman projection on 2 and the Bergman metric,
respectively.

Consider a convex domain € that contains no complex lines and a € Q. Choose any a' € 9Q such
that 71(a) 1= |a — a'| = dist(a, Q) and define V; = a + span(a1 —a)t. Let ; = QN V, and choose
any a’ € 3Q; such that 7 (a) := ||a — a?|| = dist(a, 92;). Let Vo = a + span(a1 —a,a’> —a)" and
Q, = QN V,. Repeat this process to obtain a',...,a" and wy = (a* —a)/||a* —al|, 1 <k <n. Define

D(a;w,r)={zeC":|[(z—a,w)| <r, 1 <k <n} (2-2)
and
D(@a,r)={zeC":|zp —ar| <re, 1 <k <n}.
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By [Nikolov and Pflug 2003, Theorem 2], for convex domains that contain no complex lines, the Kobayashi
metric and the Bergman metric are comparable. It follows by [Nikolov and Trybuta 2015, Corollary 2]
that if 2 is a convex domain with no complex lines, then for every € > 0 there exists constants C| and C;
such that for any a,

D(a; w, Cit(a)) C By(¢) C D(a; w, Cat(a)). (2-3)

By [Nikolov and Pflug 2003, Theorem 1],

1

(2n)
4 ’

< K(a) 1_[7112((,1) <

j=1

2n o
<%> < K(a)v(Bqa(€)) < (zn)!<%> .

For any open subset A of €2, we define

which implies that

19ullg,00,4 = I10u(2) gl (a)-

In the proofs of this paper, C will denote a numerical constant which may be different at each appearance.
The Cauchy—Pompeiu formula gives the following useful proposition.

Proposition 2.1. Let Q be a bounded convex domain. For any € > 0 sufficiently small, there exists a
constant C such that for any complex-valued C' function u on Q

(@) < C 75 ()] dv, + Cllul g 00,5,
B, (e)

Proof. After a complex rotation, without loss of generality, we may assume the standard basis for C"
is (wx);_,» using the notation of (2-2). Let r¢(a) = Citi(a), where C; is the same constant as in (2-3).

Define the metric
n

X 2\1/2
MA(Z;X)Z(Zr'k(Z|)2> , XeC"

k=1

It was proved in [McNeal 2001] (see also [McNeal 1994; Nikolov and Pflug 2003]) that
My(z; X) = Ba(z; X), XeC,

where =~ is independent of z and X. So we can choose holomorphic coordinates such that

1 1 1 1 1
—D|—= < <CD ey o
C [lev ‘[2] [g,j] [‘L’l ) Tr%]’
where Dlay, ..., a,] is a diagonal matrix with diagonal entries ay, ..., a,. Therefore
1 _
EDhﬁ””n][&]IECDhﬁn”ﬁ}

Additionally, by (2-3) and the definition of the hyperbolic ball (2-1),

T(a) < Ct(z), z€ D(a;,w,Cit(a)),
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and the constant C is independent of a. Therefore, for a = (ay, ..., a,) € ,

n
2 ou
N@IBuC @, ) oy SC sup > n(@)| e (2)|
z€D(a;w,r) Wk

12

<C  sup ( PRACIENE) )
zeD(a,w,r) —1

=< C||8u||g,oo,D(u;w,r) = C”éu”g,oo,Ba(e)-

By Stokes’ theorem, for 0 < s < ry,

ula) = — / u(wy, dy. .. . an) dw1+—1 —814 L dwi A dw;.
270 )y —ay=s, wi—ap 2700 )y —ay <5, W1 W1—ay
By polar coordinates and (2-3),
1 2r =
lu@)| < — lu(wy, az, ..., ay)| dv; + THalu( a2, -y An) | Lo (D(ay. 1))
Iy Jzi—ail<n
1 -
<— lu(wi, az, ..., ap)| dvy, + Clloullg,co,B,(e)-
Try Jiwi—arl<r
Using the same estimate on the disc |wy — ax| < sg for 2 <k <n,
@)l = § s )| v+ Clulg oo, 00
D(a,Cit(a))
< Can |u(w)| dvy + Clullg.00,B,(c)- O
B, (¢)

We remark that Proposition 2.1 also holds for smoothly bounded strictly pseudoconvex domains.
For positive real-valued functions f and g on €2, we say f ~ g for z € B,(¢) if for every € > 0
sufficiently small, there exists a constant C = C (¢, 2) such that

Cl'<flmgk)™'<C, zeBue)

for all a € Q. A similar definition holds for f ~ g for z € Q.
A domain 2 is homogeneous if it has a transitive (holomorphic) automorphism group. For convex
homogeneous domains, the following results are known; see [Ishi and Yamaji 2011].

Proposition 2.2. Let Q2 be a bounded homogeneous convex domain. Then

K (2. a)| ~ K (a) ~ m 2 € Ba(o),

and for any € > 0, there is a C, such that for any a € 2

K(z, w)

K. a) z€Q.

max
weB,(€)




SHARP POINTWISE AND UNIFORM ESTIMATES FOR 3 413

Let © be a smoothly bounded strictly pseudoconvex domain in C" and let —r € C°°(£2) be a strictly
plurisubharmonic defining function for 2. Define

XGew) =rw)+ ) 20 g —wp+ 5 Zar(’”)(z wi) (37— w)).
=t :

0z;0
i ]—

It was proved by Fefferman [1974] that there is a § > 0 such that
F(z, w)
X (z, wyr*!
for all (z, w) € Rs(Q) = {(z, w) € L x Q:7(z) +r(w) + |z — w|*> < 8}, where F, G € C®(Q x Q)

and F(z,z) > 0on 0%2.
When 2 is a smoothly bounded strictly convex domain, the definition of X (z, w) can be simplified. In

K(z,w) = 4+ G(z, w)log X (z, w)

fact, one can take

X@a) =h@=r@+Y 2@ —ap.

We can take —r(z) to be strictly convex. Then by Taylor’s theorem, one can easily see that

Reh,(z) ® Re X (z, w).

Moreover, for any a, z € 2, we will write 7 = (xj)]z.il and a = (aJ)Z”1 if 7= (x2j-1+ zxzj) _, and
a=(azj—1+ia j);': - If we apply Taylor’s theorem on the line segment between a and z, then there is

a6 e (0, 1) such that

%r(a+0(z— a))(

SN A A 2
97,95, —a;)(zj—aj) ~r(z)+|z—al”

Re 1 (2) =7 (2) — Z
i,j=1
Therefore, for any a € €,

n
. 0
ha() ~ COE@D oy a4 ‘Imz Tl -, zew
j=1 "

In particular, this implies /,(z) # 0. Therefore, by Fefferman’s asymptotic expansion [1974] on strictly
pseudoconvex domains mentioned above, we know the following.

Lemma 2.3 [Fefferman 1974]. Let Q2 be a smoothly bounded strictly convex domain. Then,

—n—1 "y 1
1ha(2)] ~K(a)~—v(Ba(€)), 7 € By(e),

and there is a constant C such that

/Ihu(Z)I_"_ldvz”/IK(Z,a)Idvzzlog
Q Q

C
, a€fl,
Sa(a)
where 6q( ) is the Euclidean distance function to 2. Moreover, for any € > 0, there is a constant C,
such that for any a € <2

max |K(z, wh.(2)" | <C., zeQ.

weB,(€)
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Note. We provide some insight into the integration of |K (z, w)| as a Forelli-Rudin-type integral. Roughly,
one can view d<2 as a space of homogeneous type with Borel measure d X and quasidistance | X (z, w)|.
Write

1K (2. w)| & (8(x) +1 + X ((2), w(w)) ",

where 7 (z) and 7t (w) are the projections of z and w on 02 along the outer normal direction and z, w € R;.
It follows that

/(8(z>+r+|X|)—"—‘dX%<8+r)—‘.
02

Consequently,

C
/ K (2, w)| dv(w) ~ / 6()+1)""dt ~log ——.
Q 0 8(2)
For more information, one can consult the paper of Beatrous and the second author [Beatrous and Li
1993] and the papers of Krantz and the second author [Krantz and Li 2001a; 2001b].

Lemma 2.4. Let Q2 be either a smoothly bounded strictly pseudoconvex domain or a Cartan classical
domain. Let ¢ (z) := y log K(z) with y > 0. Then, for y sufficiently small,

f e?Ddv, <00 and ||5d)||l.235¢ < %
Q

Proof. When Q is a smoothly bounded strictly pseudoconvex domain, from Fefferman’s asymptotic
expansion for the Bergman kernel, one has

1
¢(Z)%V10g$ and /Qeqb(Z)dv(Z)%/Sz(%)ydv%fo 7V dt < oo.

Notice that
.02 _ A 2
1361125, = 7 13 log K12,

where g is the Bergman metric. From Fefferman’s asymptotic expansion formula (see also [Donnelly
1994]), one gets the boundedness of ||d log K ||§. Choose y > 0 small enough so that ||E_)¢||§ < % For the
Cartan classical domains, the first inequality follows from explicit formulas of the Bergman kernel [Hua
1963], and we compute the precise value of [|0¢]|;53 ® in Section 6A. U

3. Pointwise estimates

An upper semicontinuous function ¢ defined on a domain 2 C C" with values in RU {—o0} is called
plurisubharmonic if its restriction to every complex line is subharmonic. Let L?(Q, ¢) denote the
set of measurable functions / satisfying fQ|h(z)|2e_¢(Z) dv, < co. A C? function ¢ is called strongly
plurisubharmonic if i3d¢ is strictly positive definite. Now, let  be a bounded pseudoconvex domain
and ¢ be strongly plurisubharmonic on 2. Then, for any (0, 1)-form f = ";_, fx(z) dZ, define the
norm of f induced by i90¢ as (see also [Btocki 2005])

n

1F25,@ =Y ¢ @[ i), (3-1)

jk=1
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where (¢/ ’E)T equals the inverse of the complex Hessian matrix H (¢). Demailly’s reformulation [1982;
2012] of Hormander’s theorem [1965] says that for any d-closed (0, 1)-form f, the L*(, ¢) minimal

solution to du = f satisfies
/Qlu|2e¢ dv < /Q|f|l.2aé¢e¢ dv. (3-2)

From this we see that when the (0, 1)-form f is bounded in the Bergman metric g, the canonical solution u
to du = f exists and the right-hand side of the estimate (3-2) is finite because it is dominated by a constant
times a positive power of the Euclidean volume.

Donnelly and Fefferman [1983] (see also [Berndtsson 1993; 1996; 1997; McNeal 1996; Siu 1996])
modified Hormander’s theorem further as follows.

Theorem 3.1 (Donnelly—Fefferman-type estimate). Let 2 be a bounded pseudoconvex domain in C",
and let  and ¢ be plurisubharmonic functions on Q2 such that i3d¢ > 0 and |d¢|> e ¢ < 2 Then the
LZ(Q, v+ §¢) minimal solution ug to du = f satisfies

/|uo|2e—'/’ dv 54/ 150" dv. (3-3)
Q Q

Next we prove the following lemma, using the estimates (3-2) and (3-3).

Lemma 3.2. Let Q be a bounded pseudoconvex domain and f be a d-closed (0, 1)-form on Q. Let
and ¢ be plurisubharmonic on Q and uy and uy be the L*>-minimal solutions to du = f in L? (Q, v+ %qﬁ)
and L*(R2, ¢), respectively. Suppose B is a compact subset of Q and h € L™ (S2) with support in B.

() If i0d¢ > 0 and ||8¢|| 250 = 2 on 2, then

1/2 1/2
/|u0|du52(/|f|?aé e_ll'dv> (f eV dv) (3-4)
B o 1009 B

1/2 172
52v(B)||h||oo</Q|f|i235¢e—¢dv) ( max |K (z, w)|ze'/’(Z)dv> : (3-5)

Qw

1/2 1/2
2 —¢ ¢
/B|u1|dv52<fg|f|iaé¢e dv> (fBe dv)

1/2 1/2
/ulfTh)dv §2v(B)||h||oo</|f|i233¢e ¢d ) (/ maX|K(z w)|ze¢(Z)dv> .
Q Q

Proof. Let xp denote the characteristic function on B, and let 8 := xp(uo(z)/|uo(z)]). By (3-3),

2 2
(/|u0|dv> - §/|u0|2e‘”dv/lﬂ|2e‘/’dv§4/|f|.285 e‘/fdv/ eV dv,
B Q B o 1999 B

and

/ uo P (h) dv
Q

(i) Additionally,

and

uoﬁdv
Q
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which proves (3-4). Notice that
2
< / luo|e™V dv/ |P(h)|*e” dv
Q Q

S4/|f|1265¢31// dUUZ(B)”h”gO/ maéqK(Z’ w)IZex//(Z) dvz,
@ Q WE

/ uo PR dv
Q

which proves (3-5). Part (ii) can be proved similarly using Hormander’s estimate (3-2) in place of
Donnelly-Fefferman’s estimate (3-3). O

Theorem 3.3 (key estimate). Let Q2 be a Cartan classical domain or a smoothly bounded strictly convex
domain. Then there is a constant C such that for any d-closed (0, 1)-form f on Q with || f | g.00 < 00, the

canonical solution to du = f satisfies
@I = Cl oo [ K Gl dv, 22,
Q

Proof. From the discussion after (3-2) we see that the canonical solution to du = f exists. Suppose
first that 2 is a Cartan classical domain. For an arbitrary a € © and any sufficiently small € > 0,
let B := xB,)m(z)/|u(z)|), where xp,( is the characteristic function of the hyperbolic ball B,(¢).
Let ¢ := y log K (z) be a plurisubharmonic function on €2 for some chosen y that satisfies the condition
in Lemma 2.4. Define ¥ (z) =: ¥,(z) := — log|K (z, a)|. Then i, is pluriharmonic and bounded on 2.
Also define the function

b0 = Va+ 19,

and let uo be the L2(2, ¢p) minimal solution to the equation v = f. Then by Theorem 3.1,

luol’e™V dv<dy™' | |flze Vdv<dy ' fIZ o | eV dv<oo,
Q Q § § Q

which implies that ug € L>(2). So u —ug € A*() and

/ |u|dv=/uﬁdv=/u<ﬁ—P(ﬁ)>dv=/uo(ﬁ-P(ﬁ))dv=/uode—/uomdv.
B, (€) Q Q Q Q Q

By Lemma 2.4 and (3-4) in Lemma 3.2,

2
/uoﬂ_dv 54/|f|l.235¢e_¢“ dv/ eVe dv
Q Q B (€)

sC||f||§,oo/Q|K<z,a)|dvzf ()|K<z,a>|ﬂduz
B, (e

< CfIE e [ K G0l dve v(Bu(NK @

< Cell 1} 00V (Ba(€)) /Q K (z, a)|dv,
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where the last two inequalities hold due to Proposition 2.2 and C; is a constant depending on €. On the
other hand, by (3-5) in Lemma 3.2 and Proposition 2.2 again,
2

f woP(B) dv
Q

vaz(Bu(e))/lfll,za%e_‘”“ dv/ max | K (z, w)|*e¥@ dv,
Q Q weB,(€)

< C*Bu(@) [ 15,0k G ldv. [ (K aP v,
Q Q

2
< ceufn;oovz(Ba(e))( fg K (z.a)| dvz).

Combining the above estimates, one easily sees that

1
v(Ba(€)) Ba(e)

Fix € > 0. By Proposition 2.1, there exists a constant C depending only on €2 such that

luldv < Ce”f”g,oo/ |K (z, a)| dv..
Q

(@] sC||f||g,oo/Q|K<z,a>|dvz.

If Q2 is instead a smoothly bounded strictly convex domain, then let v, (z) = (n + 1) log|h,(z)|, repeat
the argument for the Cartan classical domains and use Lemma 2.3. ]

In Section 6, Proposition 6.1, we show that the estimate in Theorem 3.3 is sharp for the Cartan classical
domains. When €2 is the unit ball B”, the key estimate reduces to Berndtsson’s result (1-2). Now we
generalize (1-2) and (1-4) to smoothly bounded strictly pseudoconvex domains.

Theorem 3.4. Let Q2 be a smoothly bounded strictly pseudoconvex domain. Then there is a constant C
such that for any 9-closed (0, 1)-form f on Q with | fllg,00 < 00, there is a solution u to du = f such that

@) < Cllfllgo0log(l + K(2)), ze€K.

Proof. Let r(z) be a strongly plurisubharmonic defining function for €2 such that r(z) € C ©(Q)andr >0
in Q. Consider the polynomial

n n
. or 1 9%r
XGw)i=r+ 35 (5] =) +3 X (5 g, @~ @ = w).
j=1 Jj.k=1
Define the region R, = {(z, w) : z, w € R, r(z) + r(w) + |z — w|?> < €}. For (z, w) € R, Fefferman
[1974] showed the Bergman kernel on €2 can be expressed as

F(z, w)

K(Z,w)ZW

+ G(z, w)log X (z, w), (3-6)

where G, F € C®(Q x Q), F(z,2) > 0o0n (2 x Q) N R, and “log” denotes the principal branch of the
logarithm defined on C\ (—o0, 0]. The asymptotic expansion (3-6) implies

/IK(z, w)|dvy <C(1+logK(z)), zef. (3-7)
Q
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Since the boundary 92 is compact, for any § > O there are finitely many b/ € 9Q, j =1, ..., m, such
that 02 C Um IB(bJ 8). Choose smoothly bounded strictly pseudoconvex domains /, j=1,...,m,
such that

B(/,38)NQ C Q) c QNB(/, 45),

where § is chosen small enough such that for each j, after a polynomial change of variables, each Q/ is a
strictly convex domain. Let {Q/ };"tf 4 be a finite open cover of €2\ U}”:] (B(b/, §) N Q) consisting of balls
contained in Q2. In the argument of Theorem 3.3 by letting ¢g = y log K (z) (instead of y log Kq;(z))

and using (3-7), we can solve the equation du/ = f on €/ with minimal solution u/ satisfying
! (2)| < C|l £l g.00 log(1 + K (2)). (3-8)

Let {n; }m+k be a partition of unity of Q subordinate to the cover {B(b/, 8)}’” U {Q/ }m+n]f 41> and
let v(z) := Z}"ﬁk nj(z)u’ (z). Then dv = f + h, where h := mek ufanj isa d- closed (0, 1)-form on .
By the integral formula in [Grauert and Lieb 1970; Henkin 1970], there is a bounded solution vy to the

equation dvo =h. Let u = v — vg. Then du = f and by (3-8),

=~

lu(@)| = Z (2)CI flig,00 log(1 + K (2)) + C = C|| fll g, 00 log(1 + K (2)). O

Remark. For a smoothly bounded strictly pseudoconvex domain €2, if the canonical solution is ug, then
for h € L*>(2) with ||h]le <1,

|P[h(-)log K ()](z)| < C(1+log K ()

In fact, letting w;, = {z € Q : §(z) > t}, by Fefferman’s expansion theorem on the Bergman kernel
[Fefferman 1974], we know that

|PLA(-)log K(-)](2)] S/th(w)llogK(w)lK(z,w)ldv(w)S IIhlloo/ngK(w)IK(Z,w)ldv(w)

%nhnoof/ log K (w)|K (z, w)| dor(w) dt

< Clils [ (~ogn5 1 d
1 8(z) c 1
§C||h||oo(8(—z)/O (_1Ogtdt)+/5(z)_1Ogt8(z)—|—t dt)

. 2
< C||h||oo(log 5 /3( ) —log(8(z) —H)S(Z;—H dt) < C||h||oo(10g %)

Combining this with Theorem 3.4 one gets

luo(2)] < C(1+1log K (2))*
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4. Uniform estimates

In this section, we obtain uniform estimates for the equation du = f on the unit polydisc " and strictly
pseudoconvex domains by imposing conditions on f stronger than || f |, 0 < 00.

Theorem 4.1. For any p € (1, 00), there is a constant C such that for any d-closed (0, 1)-form f on D",
the canonical solution u to du = f satisfies

Jullo < ch limog(Tszlz))p
j=1

Proof. Let Ag =2p +logv(D"). Choose 0 < y < % such that ¢ (z) := y log K (z) satisfies Lemma 2.4.
Choose o > 1 such that o —y = 1. Let K;(z) := 71— |zj|2)*2, and let

8,00

$0(2) =) — Y _ plog(Ag+y log K;(z)) —  log|K (z, )]
j=1

Since on D", log |K (z, a)| is pluriharmonic and
Ao+ylogK;=2p+nlogm —ylogm —2y log(1 — |zj|2) >2p,

we know that

y 14 d(ylogK;j) A d(ylogK;) | —
130 = Y |idd(ylogK;)|1— j D o 1N 950 1o K00,
e Z[l (vlos ")( A0+V10ng)+n (Ag+y log K;)? ]_221 (v log K)

j=1

Thus | £13,5, <2113, =21 /7. Let

8,00

n p
Ap(f) = Hf(]_[(Ao — v logm —2y log(1 — Iz,,-lz))>
j=1

As in Theorem 3.3, let uq be the L?(D", ¢p) minimal solution to dug = f and B := /@ xp (), where
u(z) = lu(z)|e’?@. Then

1/2 1/2
/ |u|dvscw8a<e))(f |f|§e—¢°dv) (f |K(z,a>|2e¢0<z)dvz)
B, () D(O,1)" D(O,1)"

e . N
< CA,(f)u(B (e))(/ f K (e, a)Pe 0dv>
g ‘ po.1y [1j=1(Ao+y log K;(2))*P Jp.1y )

1K (z, a)|*K;(z)"7 duv, / 1K (z, a)>“K; (2)" dvz>”2
D(0,1)

=CA B,
p(Hv( (6)),':1(]’)(0’” (Ag+y log K;(2))? (Ao +y log K;(2))?

= CAp(f)v(Ba(E))-
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Fix € > 0 sufficiently small. By Proposition 2.1,

lu(@)| = CA(f)+Cli fllg.c0

< C”f [T@0+ p) —log1 = 1z;»)”
j=1

g,OO
Notice that
2(n+ p) —log(1 — |z;|*) < 5(n+ p) log

1|z

which completes the proof of the theorem. (I

In fact, the finiteness of the right-hand side of the estimate in Theorem 4.1 is a stronger condition
than f being L on D". Recently, in [Dong et al. 2020], the first author, Pan and Zhang obtained uniform
estimates for the canonical solution to du = f when f is continuous up to the boundary of D", and more
generally the Cartesian product of smoothly bounded planar domains.

However, the situation for strictly pseudoconvex domains is quite different. The finiteness of the
right-hand side of the estimate in either Theorem 4.2 or Theorem 4.3 is a much weaker condition than f
being L* on each smooth domain considered. In fact, we allowed f to blow-up on 92 to order less
than %

Theorem 4.2. Let Q2 be a smoothly bounded strictly convex domain. For any p € (1, 00) and sufficiently
small y > 0, there exists a constant C such that for any d-closed (0, 1)-form f, the canonical solution u
to du = f satisfies

lulloo < Cll(1 +1logv($2) + ¥ log K (2))” fllg,c0-
Proof. Choose 0 < y < 1/(n+ 2) such that ¢ (z) := y log K (z) satisfies Lemma 2.4, and let ¢ = y + 1.
Let
Ao :=2p+ylogv(R),
and let
$0(2) = ¢(z) — (n + Da log|ha(2)| — plog(Ag + y log K (2)).
Notice that

109 > (1 - i¢>i85¢ > ia§¢
and
yK(2) > yv()~L.
Therefore
£ < %m;
Define

Ap(f) = 1(Ao+y log K(2))” fllg.00-
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Using arguments similar to those in Theorems 3.3 and 4.1 and o — y =1,

/ |u| dv
Bq(€)

1/2 1/2
<comu@( [ ar) ([ iKGare©a)
Q Q

e 1/2

A . : , 2 %o i

<canubae [ e v K G orean)
- a(n+1) 2 —a(n+1) 1/2
:CAp(f)v(Ba(e))</ K(2)7 ha(2)] Jv / |K (2, a)|>K (2)7 |ha(2)] dvz)
o (Ao +ylog K (2))P Q (Ao +y log K (2))?
K (z, a)| dv, / 1K (z,@)|* K (2)" )”2

A B, 2 <CA B, ,

< CA,(f)v( <E>>(/Q ot l0g K7 | (o sy logK oy %) = CAnDVB©)

where the last inequality follows from Fefferman’s asymptotic expansion. In fact, since n/(n+1) <2 —«,
if 2, ={z:r(z) > t} where r(z) is a defining function satisfying the definition of %,(z), then

2—a € 2—a
/ |K (z,a)|"*K(2)¥ dvzf(](l—i—/ / |K(z,a)|"*K(2)¥ da,(z)dt)
o (Ao +y log K (2))? o Jag, (Ao+ylog K(2))?

€ t7(27a)(n+1)+ntfy(n+1)
< C(l +/ dt)
o (Ap—y(m+1)logr)?r
€ 1 1
<C 1+/ — ) <c1-2E5).
o t(logt)? p—1

By Proposition 2.1, for a fixed € > 0 sufficiently small, [u(a)| < CA,(f)+ | fllg, oo < CAp(f). O

Using an argument similar to the proof of Theorem 3.4 we get the following generalization of
Theorem 4.2 to smoothly bounded strictly pseudoconvex domains.

Theorem 4.3. Let Q2 be a smoothly bounded strictly pseudoconvex domain. Then, for any p € (1, 00),
there exists a constant C such that for any d-closed (0, 1)-form f, there is a solution u to du = f that
satisfies

lulloe < Cli(log K (- )" f()llg,00-

Remark. Let f € L‘(’(‘)”l)(Q) be a d-closed form on a smoothly bounded strictly pseudoconvex domain €.
Henkin and Romanov’s theorem [1971] states that there exists a solution u € C'/2(Q2). Theorem 3.4
implies that one can find a bounded solution when (log(1/8(2)))?8(z)| f(z)|* is bounded. Moreover,
[Lieb and Range 1986, Theorem 2 (i)] shows that uniform estimates hold for the canonical solutions to
the d-equations on €.

5. Additional estimates for Cartan classical domains

A domain €2 is symmetric if, for all a € €2, there is an involutive automorphism G such that a is isolated
in the set of fixed points of G. All bounded symmetric domains are convex and homogeneous. E. Cartan
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classical domain rank r multiplicity @  genus p dimension N index k
Im,n), m <n m 2 m+n mn 1
II(n) n 1 n+1 sn(n+1) 1
II(2n+€), e =0or 1 n 4 2(2n4+e—1) n(2n+2e—1) %
IV(n) 2 n—2 n n 1

Table 1. Characteristics of classical domains.

proved that all bounded symmetric domains in CV up to biholomorphism are the Cartesian product(s) of
the following four types of Cartan classical domains and two domains of exceptional types.

Definition 5.1. A Cartan classical domain is a domain of one of the following types:
(@) I(m, n) :={z € Mpun)(C) : [y —zz* > 0}, m <n.
(i) I(n) :={zel(n,n): z* =z}.
@iii) Ml(n) :=={z €1(n,n) : 2" = —z}.
(v) IV(n) :={z € C": 1 =2|z]*> + |s(2)|> > 0 and |s(z)| < 1}, where s(z) := PR z} and n > 2.
Here z* := Zz" is the conjugate transpose of z.

Let © be a Cartan classical domain. Denote the rank, characteristic multiplicity, genus, complex
dimension and kernel index of Q2 by r, @, p, N and k, respectively. Their values are given in Table 1.
Hua [1963] obtained explicit formulas for the Bergman kernels on the Cartan classical domains. For a
domain 2 of type I, II or I,
K (z, w) = Coldet(I —zw™)] ™,

and for a domain of type IV,

n —n
K(z,w) = cn[l =2z +S(Z)S(_w)} :
j=1
For any 7 € 2,
8a(z) < K(z)~V/Ph,

Let A = pk. By [Faraut and Kordnyi 1990, Theorem 3.8], one can write the Bergman kernel on a Cartan
classical domain €2 as
K(z,w)=h(z,w) ™ = Z(A)me(z, w),
m>0
where
m=@my,...,m;) and m>0 << m>my>--->m, >0,

and

_T'oA+m)

(o = 05, Fo@=co[[T(5-G-D%). *A=C.... 0.

Jj=1
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Here, K, is the Bergman kernel for homogeneous polynomials in C" of degree |m|=m; + - --+m,. For
each Cartan domain €2, there is a subgroup /C(€2) of the unitary group such that for each z € Q2 there
is k € K(2) such that z = kZ where 7 € C" x ]_[j.V:rH{O} and K,,(z,2) =: K (2, 2).

The following Forelli—-Rudin-type integral was studied in [Faraut and Kordnyi 1990]:

Ipe@)i= [ K@PIK 21" dv,
Q
By the proof of Theorem 4.1 in [Faraut and Kordnyi 1990], one has

(W |*
Jp.c(2) = Z m[(m(z, ), M= %kp(l +c—B).

m>0
Using Stirling’s formula, one can show (see [Faraut and Koranyi 1990, (4.3)] or [Engli§ and Zhang 2004,
(2.9)]) that as m varies,
2 2
(GPEA =Bl GRP),,
(1 —=kB)pP)m (Pm

which implies that
1
Ipo@ ~ Joa(@) = [ K Gwlldvqwy, f <L )
Q p

Further computations were carried out by Faraut and Koranyi [1990].
Theorem 5.2 [Faraut and Kordnyi 1990]. For any 8 < 1/(pk),
(1) Jg,c(z) is bounded for all z € Q2 if and only if ¢ < —(r — Da/(2p),
(ii) Jpc(z) = K () if ¢ > (r —Da/(2p).

When [c| < (r —1a/(2p), it is difficult to compute Jg (z); see [Kordnyi 1991; Yan 1992]. Theorem 1
of [Engli§ and Zhang 2004], whose parameters are chosen as %p(l +c—8), %p(l +c—pB) and p(1—pB),
is stated as follows.

Theorem 5.3. Let 2 be a Cartan classical domain of rank 2 with characteristic boundary U. Then for
anyz=te;+Teywith0 <t <T < 1and ey, e; €U the following statements hold:

(i) If 2pc =a, then Jg (2) ~ (1 —1)"*2(1 — T)~¥[1 — log(1 — 1)].
(i) If 0 <2pc < a, then Jg .~ (1 —t)~>(1 = T) =<
(iii) If ¢ =0, then Jg (z) ~ (1 —t)7*[1 +log[(1 — 1) /(1 — T)]].
(iv) If —a <2pc <0, then Jg .(z) ~ (1 —1)~Pc=4/2,
(V) If 2pc = —a, then Jg .(z) ~ 1 —log(l —1).
As a consequence, when €2 is a Cartan classical domain of rank 2 and z =te; +tep with 0 <¢ < 1 and
e; €U, one has

f |K (z, w)| dvy, ~ (1 —1)"? ~ §q(2) /2.
Q
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On the Cartan classical domains, we impose a stronger assumption on f to get bounded solutions
to du = f. The following result provides a partial answer to the problems raised by Henkin and Leiterer
[1983] and Sergeev [1994].

Theorem 5.4. Let Q2 be a Cartan classical domain and o > 1+ (r — 1)a/(2p). Then there exists a

constant C such that for any 3-closed (0, 1)-form f, the canonical solution u to du = f satisfies

1/2

||u||ooscH/Q|f|§<z>|K<z,->|“dvz +CI S Nlg.oo- (5-2)

o0

Proof. As in the proof of Theorem 3.3, for any a € Q, let 8 := xp,)u(z)/|u(z)|, ¢ ==y log K(z) and
Va(z) := —alog|K (z, a)|. Then

f |u|dvsf|uoﬁ|dv+f|uoP(ﬂ)|dv.
B, (€) Q Q

1/2 1/2
SC(f|f|§<z)|K<z,a>|“dvz) (/ IK(z,a)l_"‘de>
Q Bu(e)

1/2
sc( fg |f|§<z)|1<<z,a>|“dvz) (W(Ba(€))K (a)™)'?

By Lemma 2.4 and (3-4),

/Quo,édv

12
5Cv(Ba(e))“*"‘)/z(/Q|f|§(z)|1<(z,a)|“dvz> .

On the other hand, by (3-5),

1/2 1/2
sC( / |f|§(z)|1<(z,a>|“dvz) v(&(e))( max_|K (z, w)|*e’ dvz)
Q

Q weB,(€)

/ ugP(B) dv
Q

172

12
sc(/|f|§<z)|1<<z,a>|“dvz) v<Ba<e>></|K(z,a>|2—“dvz>
Q Q

Ifo>14 @ —1Da/Q2p) > 1, then |K(z,a)|> % is integrable on 2 by Theorem 5.2. Therefore, for
any a € €2,

1

172
_ 5 3
V(B4 (€)) Ba@'”'d”5C</Q'f'g(z)"((“’)| dUZ) .

Coupling this estimate with Proposition 2.1, we have proved u is bounded. ([l

6. Sharpness of the pointwise estimates

For the Cartan classical domains, we show that the logarithm of the Bergman kernel has a bounded
gradient with respect to the Bergman metric and also verify that Theorem 3.3 is sharp.
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6A. Solutions with logarithmic growth.

Example 1. Let Q2 be a Cartan classical domain and u(z) =1log K (z). Then P[u](z) is a constant function
on £2 and there exists a constant ¢ such that |5u|§ = c Tr(zz*).

Proof. Notice that for all z € €2,

P[u](z)z/ u(w)K (z, w) dvy,
Q
1 2r . .
:/ E/ u(e®w)K (z, ¢w) do dv,
Q
1 027[ )
=/ E/ u(w)K (z, ¢®w) dé dv,,
Q 0

1
:\/;ZM(U))K(Z,O)de:m/;?u(w)de’

where the third equality follows by the transformation rule of the Bergman kernel, and the fourth equality
follows by the mean value property of (anti)holomorphic functions.

Now we show the second part of the example. For z € M, ,)(C), define V (z) := I,, — zz* and let V,,,
denote the (u, v) entry of V. Then by [Hua 1963; Lu 1997] (see also [Chen and Li 2019, Proposition 2.1]),
for domains of type I, II and III,

VikBap — D 11 ZUaZip), ze€l(m,n),
\

Vi =g =)’
LV V(1= 8j) (1 —81p),  z € TTI(n).
For matrices Ejq := (8jubav)u,vs A = (Quv)u,v € Mu,m)(C),

aVv *

EjaA = (ajuaav)u,v and = —LjuZ.
Zj(x

g%k () = zell(n),

Then for z € I(m, n),

dlogdetV
M ( 1( )8V(Z)> Tr(V I(Z)EJ(XZ )——Tr(E]aZ V I(Z))

8Zja Zja
== 8l V  ow = —[2*V oy
Since u(z) = log(det(V (z)))~ """ —log v(I(m, n)) is real-valued,
320 o kp Ou 2 B 1 "
uli(z)= > g’ W-( m+n)? Y Vill =2 Zaplz™V " (D)ol V T

az
J.Bika ja Bk

=m+n)? Y [kl = 2DVt

o,k

= (m+m)* > [2aklz" Lok = (m +n)* Tr(zz").
ok
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For z € Il(n), using the symmetry of z, we know

SV — (1= 30i0) (Bja + Eapz and 2V @ = V@)
Jjo

Hence,

d log det V(Z)

] (V@) = ~(1= 45 TV @ 42V @ B
Zja

=—Q2=38ja) Tr(Ejaz*V'(2) = =2 = 8;)[2*V  (D)]ja-

Since u(z) = log(det(V (z)))~"*P —log v(Il(n)) and for z symmetric z*V (z)~! = V(2) "z,

ul@ = 3 gl aa“ B =D Vikaple VT Ll T @l
J:B.ko o, Bk, j
=@n+1)* Z[Z*]jﬂ[V(Z)Vil(Z)Z]jIB = (n+ 1)*Tr(zz").
J.B

The proof for skew-symmetric z € III(n) is similar to the preceding proofs.
For a Cartan classical domain IV (n), let s(z) :=)_ zj2 and r(z) := 1 — 2|z|> + |s(z)|? for z € C". By
[Hua 1963], the Bergman kernel K (z, z) equals cr(z)™". Also,

g/ (2) = r(2) G — 2220 + 2 — 52 2k — 5 (2)Z)-
Notice that

(log(r(z2)™"), (log(r(2)™")z; = [25(2) — zjl[zks (2) — 2]

()2

and

(zj —5(2)zj)(zk —s(2)zk)
r(z)?

|0ul}(z) = 4n” Z[r(z)(a,k—zz]zmz(z]—s(z)z,)(zk—s<z>zk>1
j.k=1

8n%(z; — s(z)z,) (zk — $(2)Zk)?

= Z e )(a,k 22,2012 — 5@z — s (2)Zk] + Z

2
iyt r(z)
=: F(z)+G(z).
Thus,
r _
F@) Z|z,| — %7 — 25 + sz - 2 Z|zj| 2l® = 51212 — a5 + 15203
Jj.k=1
=|z| —20s1® + Is*1z)* = 2(Iz|* — 51z]%5 — 5]z]*5 + |s|*s5)
= —2[z* +5|s*[z|* = 2Is[* + |z|* — 2Is]*
and

2 2 2
G(Z):f% :8FL2|S—2s|Z|2+s25|2:8n2|s|2.

n

=2
Z(Zj —SZj)
j=1
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Therefore
- 2 2
0ul2 = (=212l + 5151 = 20s P + 12 2151+ T-20s @) Pr )

4
Sl=20el* + 12Pls P + 12

= 4n?|z|> = 4n® Tr(zz"). O

Example 2 shows that the canonical solution to the equation du = f= P log K (z) (here || flg,00 < 00)
given by log K (z) — Cgq is unbounded with logarithmic growth near the boundary of the polydisc.

Example 2. Consider f(z):= —Z;’zl zj(1— |zj|2)_1 dz; defined on D". Then f is d-closed, 1 fllg,00 < %
and the canonical solution to du = f on D" is

n 1
u(z) = Zlog(l — 1z —n/ log(1 —r)dr. (6-1)
j=1 0
Proof. We compute directly that u given by (6-1) satisfies du = f, and that
n 242 2
(I—=1z;19)" 5zl
If@I; = Z el

To verify that u is canonical, notice that

'2 _— DY
Pmn[glog(l—lel )](z) n,,f | | Ty - E log(1 — |wi|?) dva, -+ - dvy,
_ 2
—Z / log(1 = jwil’) -

o (1= {2k, wp))?

1
:ZZ/ log(1 —r,f)rkdrk :n/ log(1 —r)dr. O
k=1 Y0

0

6B. A sharp example. The maximum blow-up order for a solution to du = f with | || g,00 < 00 18
fQ|K (-, w)|dvy. Here we provide an example to show that Theorem 3.3 is sharp on the Cartan classical
domains.

Proposition 6.1. Let Q2 be a Cartan classical domain. Then there is a constant ¢ such that for each 7 € Q,
there is a d-closed (0, 1)-form f. on Q with Il fzllg,00 = 1 and the canonical solution to du = f, satisfies

lu(z)| > c/ K (z, w)| dvy.
Q

Proof. For any point z € 2, consider the functions U,(-) := K (- Y'K (-, z) and

£()i=3U.(-)=K(-,2d(K(-)h.
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Then, by Example 1,
I follgoo = 1K (-, DK () T2(K (- Nllgoo = 1K (-, 2)K(-)"'0g K (-))llg.00
<K, 2K () Moolld(og K (-))llg.00 < C-

The Bergman projection of U, is

P[UZ](-):/QUZ(w)K(-,w)de:/QK(w)_lK(w,z)K(-,w)de.
In particular, by (5-1) with 8 = —1,
P[UZ](z)=/§2K(w)_1K(w,z)K(z,w)de=/QK(w)_1|K(w,z)|2de%/QlK(z,w)lde.
The canonical solution to du = f is u, := U, — P[U.] and

luz(2)| =11—=J_1002)| = C/ |K (z, w)| dvy — 1
Q
for a uniform constant ¢ > 0, independent of z. ]

6C. Blow-up order greater than log. With the previous example and Theorem 5.3 we will provide the
maximum blow-up order when 2 is a Cartan classical domain of rank 2. By Theorem 5.3, for z =te +te;
where ej, eo € U,

/|K(Z, w)|dvy ~ (1 —1)"?*~8q(z)""* ast— 1.
Q

When Q is IV(n) with n > 3,
/ K (z, w)| dvy, ~ 8q(z) ">,
When €2 is III(4) or III(5), ’
/ 1K (z, w)| dvy =~ 8a(z) ">
When Q is I(2, n) with n > 2, i
[ 1K widv, ~ a0
When 2 is 11(2), "
/QiK(z, w)| dvy, ~8a(2)”"2
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SOME APPLICATIONS OF GROUP-THEORETIC RIPS CONSTRUCTIONS
TO THE CLASSIFICATION OF VON NEUMANN ALGEBRAS

IOoNUT CHIFAN, SAYAN DAS AND KRISHNENDU KHAN

We study various von Neumann algebraic rigidity aspects for the property (T) groups that arise via
the Rips construction developed by Belegradek and Osin (Groups Geom. Dyn. 2:1 (2008), 1-12) in
geometric group theory. Specifically, developing a new interplay between Popa’s deformation/rigidity
theory (Int. Congr. Math, I (2007), 445—-477) and geometric group theory methods, we show that several
algebraic features of these groups are completely recognizable from the von Neumann algebraic structure.
In particular, we obtain new infinite families of pairwise nonisomorphic property (T) group factors,
thereby providing positive evidence towards Connes’ rigidity conjecture.

In addition, we use the Rips construction to build examples of property (T) II;-factors which possess
maximal von Neumann subalgebras without property (T), which answers a question raised by Y. Jiang
and A. Skalski (arXiv:1903.08190 (2019), version 3).

1. Introduction

The von Neumann algebra £(G) associated to a countable discrete group G is called the group von
Neumann algebra and it is defined as the bicommutant of the left regular representation of G computed
inside the algebra of all bounded linear operators on the Hilbert space of the square summable functions
on G. L(G) is a II;-factor (has trivial center) precisely when all nontrivial conjugacy classes of G are
infinite (icc), this being the most interesting for study [Murray and von Neumann 1943]. The classification
of group factors is a central research theme revolving around the following fundamental question: What
aspects of the group G are remembered by L(G)? This is a difficult topic as algebraic group properties
usually do not survive after passage to the von Neumann algebra regime. Perhaps the best illustration
of this phenomenon is Connes’ celebrated result [1976] asserting that all amenable icc groups give
isomorphic factors. Hence genuinely different groups such as the group of all finite permutations of
the positive integers, the lamplighter group, or the wreath product of the integers with itself give rise
to isomorphic factors. Ergo, basic algebraic group constructions such as direct products, semidirect
products, extensions, inductive limits or classical algebraic invariants such as torsion, rank, or generators
and relations in general cannot be recognized from the von Neumann algebraic structure. In this case the
only information on G retained by the von Neumann algebra is amenability.

When G is nonamenable, the situation is far more complex and unprecedented progress has
been achieved through the emergence of Popa’s deformation/rigidity theory [Popa 2007; Vaes 2010;
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Ioana 2013; 2018]. Using this completely new conceptual framework it was shown that various alge-
braic/analytic properties of groups and their representations can be completely recovered from their von
Neumann algebras [Ozawa and Popa 2004; 2010; Ioana et al. 2013; Berbec and Vaes 2014; Chifan et al.
2016b; Drimbe et al. 2019; Chifan and Ioana 2018; Chifan and Udrea 2020]. In this direction an impressive
milestone was lIoana, Popa and Vaes’s discovery [loana et al. 2013] of the first examples of groups G that
can be completely reconstructed from £(G), i.e., W*-superrigid groups." Additional examples were found
subsequently in [Berbec and Vaes 2014; Berbec 2015; Chifan and Ioana 2018]. It is worth noting that the
general strategies used in establishing these results share a common essential ingredient — the ability to
first reconstruct from £(G) specific given algebraic features of G. For instance, in the examples covered
in [loana et al. 2013; Berbec and Vaes 2014; Berbec 2015], the first step was to show that whenever
L(G)=L(H), the mystery group H admits a generalized wreath product decomposition exactly as G does;
also in the case of [Chifan and loana 2018, Theorem A] again the main step was to show that H admits an
amalgamated free product splitting exactly as G. These aspects motivate a fairly broad and independent
study on this topic — the quest of identifying a comprehensive list of algebraic features of groups which
completely pass to the von Neumann algebraic structure. While a couple of works have already appeared
in this direction [Chifan et al. 2016b; Chifan and Ioana 2018; Chifan and Udrea 2020], we are still far
away from having a satisfactory overview of these properties and a great deal of work remains to be done.
A striking conjecture of Connes predicts that all icc property (T) groups are W*-superrigid. Despite
the fact that this conjecture motivated to great effect a significant portion of the main developments in
Popa’s deformation/rigidity theory [Popa 2006b; 2006¢; Ioana 2011; Ioana et al. 2013], no example of a
property (T) W*-superrigid group is currently known. The first hard evidence towards Connes’ conjecture
was found in [Cowling and Haagerup 1989], where it was shown that uniform lattices in Sp(n, 1) give
rise to nonisomorphic factors for different values of n > 2. Moreover, for any collection {Gy}; of uniform
lattices in Sp(ng, 1), nx = 2, the group algebras {£(X_, G;)}, are pairwise nonisomorphic. Later on,
using a completely different approach, Ozawa and Popa [2004] obtained a far-reaching generalization of
this result by showing that for any collection {G,}, of hyperbolic, property (T) groups (e.g., uniform
lattices in Sp(n, 1), n > 2 [Cowling and Haagerup 1989]) the group algebras {£(X_, G;)}, are pairwise
nonisomorphic. However, little is known beyond these two classes of examples. Moreover, the current
literature offers an extremely limited account on which algebraic features that occur in a property (T) group
are completely recognizable at the von Neumann algebraic level. For instance, besides the preservation of
the Cowling—Haagerup constant [1989], the amenability of normalizers of infinite amenable subgroups
in hyperbolic property (T) groups from [Ozawa and Popa 2010, Theorem 1], and the direct product
rigidity for hyperbolic property (T) groups from [Chifan et al. 2016b, Theorem A; Chifan and Udrea 2020,
Theorem A] very little is known. Therefore in order to successfully construct property (T) W*-superrigid
groups via a strategy similar to the ones used in [loana et al. 2013; Berbec and Vaes 2014; Berbec 2015;
Chifan and Ioana 2018] we believe it is imperative to identify new algebraic features of property (T)
groups that survive the passage to the von Neumann algebraic regime. Any success in this direction will
potentially hint at which group theoretic methods to pursue in order to address Connes’ conjecture.

1t H is any group such that £(G) = L(H) then H = G.
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In this paper we make new progress on this study by showing that many algebraic aspects of the Rips
constructions developed in geometric group theory by Belegradek and Osin [2008] are entirely recoverable
from the von Neumann algebraic structure. To properly introduce the result we briefly describe their
construction. Using the prior Dehn filling results from [Osin 2010], Belegradek and Osin [2008, Theorem]
showed that for every finitely generated group Q one can find a property (T) group N such that Q can
be realized as a finite-index subgroup of Out(N). This canonically gives rise to an action Q ~° N by
automorphisms such that the corresponding semidirect product group N X, Q is hyperbolic relative
to {Q}. Throughout the document the semidirect products N x, Q will be termed Belegradek—Osin group
Rips constructions. When Q is torsion-free, one can pick N to be torsion-free as well, and hence both N
and N x, Q are icc groups. Also when Q has property (T) then N x, Q has property (T). Under all
these assumptions we will denote by Rip;(Q) the class of these Rips construction groups N X, Q.

The first main result of our paper concerns a fairly large class of canonical fiber products of groups in
Ripr(Q). Specifically, consider any two groups Ni Xq, O, N2 X4, Q € Rip7(Q) and form the canonical
fiber product G = (N X Ny) X, Q, where o0 = (01, 07) is the diagonal action. Notice that since property (T)
is closed under extensions [Bekka et al. 2008, Section 1.7] it follows that G has property (T). Developing
new interplay between geometric group theoretic methods [Rips 1982; Dahmani et al. 2017; Osin 2010;
Belegradek and Osin 2008] and deformation/rigidity methods [loana 2011; Ioana et al. 2013; Chifan et al.
2016b; 2018; Chifan and Ioana 2018; Chifan and Udrea 2020], for a fairly large family of groups Q,
we show that the semidirect product feature of G is an algebraic property completely recoverable from
the von Neumann algebraic regime. In addition, we also have a complete reconstruction of the acting
group Q. The precise statement is the following:

Theorem A (Theorem 5.1). Let Q = Q1 x Qa, where Q; are icc, biexact, weakly amenable, property (T),
torsion-free, residually finite groups. For i = 1,2, let N; X5 Q € Ripy(Q) and denote by I' =
(N1 X Np) Xg Q the semidirect product associated with the diagonal action o0 = o1 X 03 : Q ~ N1 X Nj.
Denote by M = L(I") the corresponding II,-factor. Assume that A is any arbitrary group and © :
L) — L(A) is any *-isomorphism. Then there exist group actions by automorphisms H % K; such
that A = (K| X K») Xy H,where T =11 X 173 : H ~ K| X K3 is the diagonal action. Moreover one can
find a multiplicative character n: Q — T, a group isomorphism é : Q — H and unitary w € L(A) and
k-isomorphisms ©; : L(N;) — L(K;) such that for all x; € L(N;) and g € Q we have

O((x1 @ x2)ug) = nN(Qw((O1(x1) ® O(x2))vs(e)) W™, (1.1)

Here {ug : g € Q} and {v, : h € H} are the canonical unitaries implementing the actions of Q ™~
L(N)) ® L(N>) and H ~ L(K1) ® L(K>), respectively.

There are countably infinitely many groups that are residually finite, torsion-free, hyperbolic, and have
property (T). A concrete such family is {Ag : k > 2}, where Ay < Sp(k, 1) is a uniform lattice. It is well
known the Ag’s are residually finite [Malcev 1940], (virtually) torsion-free [Selberg 1960], hyperbolic
[Gromov 1987, Example B], have property (T) (see for instance, [Bekka et al. 2008, Theorem 1.5.3]) and
are pairwise nonisomorphic [Cowling and Haagerup 1989]. However, there are infinitely many pairwise
nonisomorphic such lattices even in the same Lie group. To see this, fix k > 2 together with a torsion-free,
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uniform lattice I' < Sp(k, 1). Since I" is residually finite there is a sequence of normal, finite-index,
proper subgroups - -+ <, < T, <--- <9 < T such that (), I, = 1. Being subgroups, I',, are clearly
residually finite and torsion-free. Moreover, the finite-index condition implies that all I",,’s are hyperbolic
and have property (T). As the I'),’s are cohopfian [Prasad 1976] and I';, < I';, for every n < m, we have
I’y 2 I'y,. Therefore the class {I', : n € N} satisfies our conditions. Finally we note that, since every
hyperbolic group is finitely presented and there are only countably many such groups, one cannot built
examples of larger cardinality than the ones presented above.

In conclusion, Theorem A provides explicit examples of infinitely many pairwise nonisomorphic
group II;-factors with property (T). Moreover these groups are quite different from the previous classes
[Cowling and Haagerup 1989; Ozawa and Popa 2004], as they give rise to factors that are nonsolid (L(I")
contains two commuting nonamenable subfactors £(N;) and L(N>)), are tensor indecomposable [Das
2020, Lemma 2.3] and do not admit Cartan subalgebras (Corollary 7.2). Moreover, using the Margulis
normal subgroup theorem, the factors covered by Theorem A are nonisomorphic to any factor arising
from any irreducible lattices in a higher-rank semisimple Lie group (see remarks after the proof of
Theorem 5.1). We also mention that Theorem A, or its strong rigidity version Theorem 6.1 (see also
Corollary 6.2), provides examples of infinite families of finite-index subgroups I', < I' in a given icc
property (T) group I' such that the corresponding group factors £(I",)) and £(I",,) are nonisomorphic for
n # m. As the I';;’s are measure equivalent this provides new counterexamples to D. Shlyakhtenko’s
question, asking whether measure equivalence of icc groups implies isomorphism of the corresponding
group factors (see [Popa 2009, page 18]), which are very different in nature from the ones obtained in
[Chifan and Ioana 2011; Chifan et al. 2016b]. We summarize this discussion in the next corollary.

Corollary B (Corollary 6.2). Assume the same notation as in Theorem A.

(1) Let Q1, Q2 be uniform lattices in Sp(n, 1) withn > 2 and let Q := Q1 x Q3. Also let --- < Q7 <
s K Q% < Qi < Q1 be an infinite family of finite-index subgroups and define Q; := Q] x Q> < Q.
Then consider N1 X4, Q, N2 X, O € Ripy(Q) and let I = (N1 X N2) Xg,xo, Q. Inside T' consider the
finite-index subgroups I's := (N1 X N3) X4, %o, Qs. Then the family {L(I's) : s € 1} consists of pairwise
nonisomorphic finite-index subfactors of L(I").

(2) Let T, 'y, be as above. Then Ty, is measure equivalent to T" for all n € N, but L(I"),) is not isomorphic
to L(T'y,) for n # m.

From a different perspective our theorem can be also seen as a von Neumann algebraic superrigidity
result regarding conjugacy of actions on noncommutative von Neumann algebras. Notice that very little
is known in this direction as most of the known superrigidity results concern algebras arising from actions
of groups on probability spaces.

In certain ways one can view Theorem A as a first step towards providing an example of a property (T)
superrigid group. While the acting group Q can be completely recovered, as well as certain aspects of the
action Q ~ Ny x N (e.g., trivial stabilizers) only the product feature of the “core” L(N; x N,) can be
reconstructed at this point. While the reconstruction of N; and N, seems to be out of reach momentarily,
we believe that a deeper understanding of the Rips construction, along with new von Neumann algebraic
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techniques are necessary to tackle this problem. We also remark that in a subsequent article it was shown
that the group factors as in Theorem A have trivial fundamental group; see [Chifan et al. 2020, Theorem B].

Besides the aforementioned rigidity results we also investigate applications of group Rips constructions
to the study of maximal von Neumann algebras. If M is a von Neumann algebra then a von Neumann
subalgebra ' C M is called maximal if there is no intermediate von Neumann subalgebra P so that
N C P C M. Understanding the structure of maximal subalgebras of a given von Neumann algebra is
a rather difficult problem that is intimately related with the very classification of these objects. Despite
a series of remarkable earlier successes on the study of maximal amenable subalgebras initiated in [Popa
1983] and continued more recently [Shen 2006; Cameron et al. 2010; Houdayer 2014; Boutonnet and
Carderi 2015; 2017; Suzuki 2020; Chifan and Das 2020; Jiang and Skalski 2019a], significantly less
is known for the arbitrary maximal ones. For instance Ge’s question [2003, Section 3, Question 2] on
the existence of nonamenable factors that possess maximal factors that are hyperfinite was settled in the
affirmative only very recently by Y. Jiang and A. Skalski [2019a]. In fact in their work they proposed a more
systematic approach towards the study of maximal von Neumann subalgebras within various categories,
such as the von Neumann algebras with Haagerup’s property or with property (T) of Kazhdan. Their
investigation also naturally led to several interesting open problems [Jiang and Skalski 2019a, Section 5].

In this paper we explain how in a setting similar to [Jiang and Skalski 2019a] the Belegradek—Osin
group Rips construction techniques and Olshanski-type monster groups can be used in conjunction with
Galois correspondence results for IIj-factors a la [Choda 1978] to produce many maximal von Neumann
subalgebras arising from group/subgroup situation. In particular, through this mix of results we are able
to construct many examples of II; -actors with property (T) that have maximal von Neumann subalgebras
without property (T), thereby answering Problem 5.5 in the first version of [Jiang and Skalski 2019a]
(see Theorem 4.4). More specifically, using Olshanskii’s small cancellation techniques [2009] in the
setting of lacunary hyperbolic groups we explain how one can construct a property (T) monster group
Q whose maximal subgroups are all isomorphic to a given rank-1 group? Q,, (see Section 2C). Then if
one considers the Belegradek—Osin Rips construction N X Q corresponding to Q then using a Galois
correspondence (Lemma 4.2) one can show the following:

Theorem C (Theorem 4.4). For every maximal rank-1 subgroup Q,, < Q consider the subgroup N X Q,, <
N x Q. Then L(N X Q) C L(N x Q) is a maximal von Neumann subalgebra.

Note that since N and Q have property (T), so does N x Q and therefore the corresponding II;-factor
L(N x Q) has property (T) by [Connes and Jones 1985]. However since N X Q,, surjects onto the infinite
abelian group Q,,, it does not have property (T) and hence L(N x Q,,) does not have property (T) either.
Another solution to the problem of finding maximal subalgebras without property (T) inside factors with
property (T) was also obtained independently by Jiang and Skalski [2019b]. Their beautiful solution has
a different flavor from ours; even though the Galois correspondence theorem a la Choda is a common
ingredient in both of the proofs. Hence we refer the reader to [Jiang and Skalski 2019b, Theorem 4.8] for
another solution to the aforementioned problem.

2Any group that is isomorphic to a subgroup of (Q, +) is called rank-1.
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2. Preliminaries

2A. Notation and terminology. We denote by N and Z the set of natural numbers and the integers,
respectively. For any k € N we denote by 1, k the integers {1,2, ..., k}.

All von Neumann algebras in this document will be denoted by calligraphic letters, e.g., A, B, M, N,
etc. Given a von Neumann algebra M we will denote by % (M) its unitary group, by (M) the set of
all its nonzero projections, and by 2 (M) its center. We also denote by (M), its unit ball. All algebra
inclusions N' € M are assumed unital unless otherwise specified. Given an inclusion A” € M of von
Neumann algebras we denote by N’ N M the relative commutant of A/ in M, i.e., the subalgebra of all
x € M such that xy = yx for all y € N. We also consider the one-sided quasinormalizer QJV/\(/: )(./\/' )
(the semigroup of all x € M for which there exist xy, x, ..., x, € M such that Nx C ), x,-/\/') and
the quasinormalizer 2.4((N') (the set of all x € M for which there exist x1, x», ..., x, € M such that
Nx €Y 5N and xN C Y, Nx;) and we notice that N C A(N') € 24, (N) € 24, (N,

All von Neumann algebras M considered in this article will be tracial, i.e., endowed with a unital,
faithful, normal linear functional t : M — C satisfying 7(xy) = t(yx) for all x, y € M. This induces a
norm on M by the formula ||x||> = 7 (x*x)'/? for all x € M. The || - ||,-completion of M will be denoted
by L?(M). For any von Neumann subalgebra N’ € M we denote by Exr : M — N the t-preserving
conditional expectation onto N,

For a countable group G we denote by {u, : g € G} € % (£2G) its left regular representation given by
ug(8y) = 8g4n, where 8, : G — C is the Dirac function at {#}. The weak operatorial closure of the linear
span of {u, : g € G} in ZB(£>G) is the so-called group von Neumann algebra and will be denoted by £(G).
L(G) is a Il -factor precisely when G has infinite nontrivial conjugacy classes (icc). If M is a tracial von
Neumann algebra and G ~? M is a trace-preserving action we denote by M X, G the corresponding
cross product von Neumann algebra [Murray and von Neumann 1937]. For any subset K € G we denote
by Pk the orthogonal projection from the Hilbert space L>(M x G) onto the closed linear span of
{xug :x € M, g € K}. When M is trivial we will denote this simply by Pg.

Given a subgroup H < G we denote by Cs (H) the centralizer of H in G and by N (H) the normalizer
of H in G. Also we will denote by QNg)(H ) the one-sided quasinormalizer of H in G this is the
semigroup of all g € G for which there exist a finite set F € G such that Hg € FH. Similarly we
denote by QN (H) the quasinormalizer (or commensurator) of H in G, i.e., the subgroup of all g € G
for which there is a finite set F € G such that Hg € FH and gH € HF. We canonically have
HCg(H) < Ng(H) < QNg(H) C QNg)(H). We often consider the virtual centralizer of H in G, i.e.,
vCg(H) ={g € G : |g"| < 00}. Notice vC;(H) is a subgroup of G that is normalized by H. When
H = G, the virtual centralizer is the FC-radical of G. Also one can easily see from definitions that
HvCg(H) < ONg(H). For a subgroup H < G we denote by ((H)) the normal closure of H in G.

Finally, for any groups G and N and an action G ~? N we denote by N X, G the corresponding
semidirect product group.

2B. Popa’s intertwining techniques. Over fifteen years ago, Sorin Popa introduced [2006b, Theorem 2.1
and Corollary 2.3] a powerful analytic criterion for identifying intertwiners between arbitrary subalgebras
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of tracial von Neumann algebras. Now this is known in the literature as Popa’s intertwining-by-bimodules
technique and has played a key role in the classification of von Neumann algebras program via Popa’s
deformation/rigidity theory.

Theorem 2.1 [Popa 2006b]. Let (M, t) be a separable tracial von Neumann algebra and let P, Q C M
be (not necessarily unital) von Neumann subalgebras. Then the following are equivalent:

(1) There exist p € Z(P), q € Z(Q), a x-homomorphism 60 : pPp — qQq and a partial isometry
0 # v € gMp such that 0 (x)v = vx forall x € pPp.

(2) Forany group G C % (P) such that G" =P, there is no sequence (u,), C G satisfying || Eg(xu,y)|l2— 0
forall x,y € M.

(3) There exist finitely many x;, y; € M and C > 0 such that ) _; ||[Eo(x;uy;) ||% > C forallu € % (P).

If one of the three equivalent conditions from Theorem 2.1 holds then we say that a corner of
P embeds into Q inside M, and write P < Q. If we moreover have Pp’ <, Q for any projection
0# p’ € P’N1pMlyp (equivalently, for any projection 0 # p" € Z(P'N1pM1p)), then we write P <’ ; Q.

For further use we record the following result which controls the intertwiners in algebras arising from
malnormal subgroups. Its proof is essentially contained in [Popa 2006b, Theorem 3.1] so it will be left to
the reader.

Lemma 2.2 [Popa 2006b]. Assume that H < G is an almost malnormal subgroup and let G ~ N be a
trace-preserving action on a tracial von Neumann algebra N'. Let P € N x H be a von Neumann algebra
such that P £Anrswp N. Then for all elements x, x1, x2, ..., x; € N X G satisfying Px C Zi:l x; P we
must have x € N' x H.

We continue with the following intertwining result for group algebras which is a generalization of some
previous results obtained under normality assumptions [Drimbe et al. 2019]. For the reader’s convenience
we also include a brief proof.

Lemma 2.3. Assume that Hy, H, < G are groups, let G ~ N be a trace-preserving action on a tracial
von Neumann algebra N and denote by M = N x G the corresponding crossed product. Also assume
that A <* N x Hy is a von Neumann algebra such that A <y N X H,. Then one can find h € G such
that A <p N x (Hy "hHyh™Y).

Proof. Since A < N x Hj, by [Vaes 2013, Lemma 2.6] for every & > 0 there exists a finite subset
S C G such that || Psy,s(x) — x||2 < ¢ for all x € (A4);. Here for every K € G we denote by Px the
orthogonal projection from L2(M) onto the closure of the linear span of Nu ¢ With g € K. Also since
A < N % Hy, by Popa’s intertwining techniques there exist a scalar 0 < § < 1 and a finite subset 7 C G
so that || Prg,7(x)|l2 = 6 for all x € (A);. Thus, using this in combination with the previous inequality, for
every x € % (A) and every € > 0, there are finite subsets S, T C G so that || Prg,1 o Psg,s(x)||2 =8 —e.
Since there exist finite subsets R, U C G such that THyT NSH S € U (U, e HoNrHir ') U, we further
get that || PU(UreR Hzmrle_.)U(x)llz > 8 — e. Then choosing ¢ > 0 sufficiently small and using Popa’s
intertwining techniques together with a diagonalization argument (see the proof of [loana et al. 2008,
Theorem 4.3]) one can find r € R so that A < N x (H, NrHr~"), as desired. U
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In the sequel we need the following three intertwining lemmas, which establish that under certain
conditions, intertwining in a larger algebra implies that the intertwining happens in a “smaller subalgebra”.

Lemma 2.4. Let A, B C N C M be von Neumann algebras so that ¥y (A)" = M. If B < A then
B =< A

Proof. Since B <, A, by Theorem 2.1 one can find xy, x2, ..., x4, y1, ¥2, ..., y» € M and ¢ > 0 such
that Y, ||EA(xibyi)||§ > ¢ for all b € % (B). Since A((A)” = M, using basic | - ||,-approximation
for x; and y; and shrinking ¢ > 0 if necessary, one can find g1, g2, ..., &, h1, h2, ..., h; € ¥ (A) and
¢’ > 0 such that for all b € % (B) we have

n
> NEa(gibhi)ll3 > ¢ > 0. (2B.1)
i=1

Using normalization we see that E 4(g;bh;) = Eg, Ag? (gibh;) = giE(bh;g;)g}. This, combined with
(2B.1) and A C N, gives

[ 1 1
0<¢ <Y NEAGhighI; =) | Eao Ex(bhigh)ll; =) | Ea(Ex(hig))l
i=1

i=1 i=1
for all b € % (B). Since Exr(h;g;) € N, using Theorem 2.1 this clearly shows that B < A. O
Lemma 2.5. Let Q be a group and define d(Q) = {(q, q) : g € Q}. Let A be a tracial von Neumann

algebra and assume (Q x Q) N\ Ais a trace-preserving action. Let B C A be a regular von Neumann
subalgebra which is invariant under the action o. Let D C A X, d(Q) be a subalgebra such that

D <A><1(,(Q><Q) B N d(Q) Then D <.A><lgd(Q) B N d(Q)

Proof. Define M := Ax, (Q x Q), N :=Ax,d(Q), and P := B x,d(Q). Thus P C N C M and with
this notation we establish the following:

Claim 1. Let (v,), C % (N) be a sequence such that lim,,_, | Ep(av,b)||2 =0 forall a,b € N. Then
lim |[Ep(xv,y)|l2=0 forallx,ye M. (2B.2)
n—oo

Proof of Claim 1. Notice that (Q x Q) = (Q x 1) x,d(Q), where d(Q) ~* (Q x 1) is the action by
conjugation. Therefore, using basic || - ||2-approximations and the P-bimodularity of the conditional
expectation Ep, it suffices to show (2B.2) only for x = (ug ® I)c and y =d(u, ® 1) for all g, h € Q and
¢, d € A. Under these assumptions we see that

Ep((ug ® evyd(up ® 1)) = Ep o Pu,enmu,e) (g @ Devyd (up ® 1))
= Ppd(0)n(g,Hd(0)h, 1) ((tg ® 1cv,d(uy ® 1)). (2B.3)

Here, and throughout the proof, for every set S € Q x Q we denote by Pig the orthogonal projection
onto the closed subspace span{Bu, : g € S}.
To this end observe there exists an element s € Q such that

d(Q) N (g, DA(Q)(h, 1) S [d(Q)N (g, DA(Q)(g™", DI(s).
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Moreover, a basic computation shows that d(Q) N (g, DA(Q) (g~ !, 1) = d(Cg(g)), where Cp(g) is the
centralizer of g in Q. Hence altogether we have d(Q) N (g, 1)d(Q)(h, 1) € d(Cp(g))d(s). Combining
this with (2B.3) and using the fact that u, ® 1 normalizes B x d(Cp(g)) we see that

IEr((ug @ Devpd(up @ 1)) |l2 < 1Pd(cy(g)dis) (g @ Devpd (up @ 1)) |l2
= | EBxd(Co(g)) (g & Devpd (ups—1 @ ug-1))ll2
= [|EBxd(Cp(g)) (CUnd (Ups-14 @ ug-1))]2
= [|EBxd(Co(g) (CUnd En (Ujg-14 @ ug-1)) |2
= Spg-1g, 51 | EBxd(Cy(g)) (cUnd) 2 < | Ep(cvnd)|l2- (2B.4)

Letting n — oo in (2B.4) and using the assumption, the claim is obtained. ([

To show our lemma assume by contradiction that D £, P. By Theorem 2.1 there is a sequence
of unitaries (v,), C D C N so that lim,_, || Ep(av,b)|» = O for all a,b € N. Using Claim 1 we
get lim,, » || Ep(xv,y)|l2 = O for all x, y € M, which by Theorem 2.1 again implies D A P, a
contradiction. [l

Lemma 2.6. Let C C B and N C M be inclusions of tracial von Neumann algebras. If AC N @ Bis a
von Neumann subalgebra such that A < g5 M & C then A < g5 N ®C.

Proof. By Theorem 2.1 one can find x;, y; e M®B, i = 1, k, and a scalar ¢ > 0 such that

n

Z ||E/\,@C(x,-(,zy,-)||2 >c foralld e % (A). (2B.5)

i=1
Using | - [|2-approximations of x; and y; by finite linear combinations of elements in M ®,j, B together
with the M ® 1-bimodularity of E 5., after increasing k and shrinking ¢ > 0 if necessary, in (2B.5) we
can assume without loss of generality that x;, y; € 1 ® B. However, since A C N ® B, in this situation we
have E g0 (xiay;) = Evge © Enxgp(xiay) = Enge(xiay;). Thus (2B.5) combined with Theorem 2.1
give A <55 N ®C, as desired. O

In the sequel we need the following (minimal) technical variation of [Chifan and Ioana 2018, Lemma 2.6].
The proof is essentially the same with the one presented in that work and we leave the details to the reader.

Lemma 2.7 [Chifan and Ioana 2018, Lemma 2.6]. Let P, Q C M be inclusions of tracial von Neumann
algebras. Assume that QJVA;U (P) = P and Q is a II,-factor. Suppose there is a projection z € % (P) such
that Pz <* Q and a projection p € Pz such that pPp = pQp. Then one can find a unitary u € M such
that uPzu* = r Qr, where r = uzu* € Z(Q).

The next lemma is a mild generalization of [loana et al. 2013, Proposition 7.1], using the same
techniques (see also the proof of [Krogager and Vaes 2017, Lemma 2.3]).

Lemma 2.8. Let A be an icc group, and let M = L(A). Consider the comultiplication map A : M —
M@ M given by A(v;) = v;, Qv;, forall A € A. Let A, B C M be (unital) *-subalgebras such that
A(A) € M @ B. Then there exists a subgroup ¥ < A such that A C L(X) C B. In particular, if A= B,
then A= L(X).
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Proof. Let ¥ = {s € A : vy € B}. Since B is a unital x-subalgebra, X is a subgroup, and clearly £(X) C B.
We argue that A C L(X).

Fixa € A, and leta =), a,v; be its Fourier decomposition. Let I = {s € A : a; # 0}. Fix s € I, and
consider the normal linear functional @ on M given by w (x) = a,t (xv}). Note that (0 ®1)(a) = |ay 1> Q.
Since A(A) € M ® B, we have (0 ® 1)A(A) C C® B. Thus, v; € B implies s € X. Since this holds for
all s € I, we get a € L(X), and hence we are done. O

We end this section with the following elementary result. We are grateful to the referee for suggesting a
(much) shorter proof than the one we originally had, which used [Chifan and Das 2018, Proposition 2.3].

Lemma 2.9. Let M be a tracial von Neumann algebra and let N be a II-factor, with N' C M a unital
inclusion. If there is p € Z(N') so that pN p = pMp then N = M.

Proof. Shrinking p if necessary we can assume 7(p) = 1/n. Let vy, ..., v, € N be partial isometries
such that v;v] = p for all i, and Z?:l viv; = 1. Fix x € M. Since for every 1 < i, j < n we have
vixv; € pMp = pNp, we get x = Z?,j:l v (vixv)v; € N, as desired. O

2C. Small cancellation techniques. In this section, we recollect some geometric group theoretic prelim-
inaries that will be used throughout this paper. We refer the reader to [Olshanskii 1991; 1993; Olshanskii
et al. 2009] for more details related to the small cancellation techniques. We also refer the reader to
[Lyndon and Schupp 1977] for details concerning van Kampen diagrams.

2C1. van Kampen diagrams. Given a word W over the alphabet set S, we denote its length by | W|. We
also write W = V to express the letter-for-letter equality for words W, V.
Let G be a group generated by a set of alphabets S. A van Kampen diagram A over a presentation

G=(S|R) 2C.1)

is a finite, oriented, connected, planar 2-complex endowed with a labeling function Lab : E(A) — S*!,
where E(A) denotes the set of oriented edges of A, such that Lab(e~!) = (Lab(e)) L. Given a cell I1
of A, dIT denotes its boundary. Similarly dA denotes the boundary of A. The labels of dA and 911 are
defined up to cyclic permutations. We also stipulate that the label for any cell IT of A is equal to (up to a
cyclic permutation) R*!, where R € R.

Using the van Kampen lemma [Lyndon and Schupp 1977, Chapter 5, Theorem 1.1], a word W over the
alphabet set S represents the identity element in the group given by the presentation (2C.1) if and only if
there exists a connected, simply connected planar diagram A over (2C.1) satisfying Lab(dA) = W.

2C2. Small cancellation over hyperbolic groups. Let G = (X) be a finitely generated group and X be
a finite generating set for G. Recall that the Cayley graph I'(G, X) of a group G with respect to the
set of generators X is an oriented labeled 1-complex with vertex set V(I'(G, X)) = G and edge set
E(T(G, X)) =G x X*1. An edge e = (g, a) goes from the vertex g to the vertex ga and has label a.
Given a combinatorial path p in the Cayley graph I'(G, X), the length | p| is the number of edges in p.
The word length |g| of an element g € G with respect to the generating set X is defined to be the
length of a shortest word in X representing g in the group G, i.e., |g| := min,—; ||A]|. The formula
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d(f, g) =g~ ' f| defines a metric on the group G. The metric on the Cayley graph I'(G, X) is the natural
extension of this metric. A word W is called a (A, ¢)-quasi geodesic in I'(G, X) for some A > 0, ¢ > 0 if
MW —c < |W| AW +c. Aword W is called a geodesic if it is a (1, 0)-quasigeodesic. A word W
in the alphabet X*! is called (A, ¢)-quasigeodesic (respectively geodesic) in G if any path in the Cayley
graph I'(G, X) labeled by W is (A, ¢)-quasigeodesic (respectively geodesic). Throughout this section,
R denotes a symmetric set of words (i.e., it is closed under taking cyclic shifts and inverses of words,
and all the words are cyclically reduced) from X* the set of words on the alphabet X. A common initial
subword of any two distinct words in R is called a piece. We say that R satisfies the C’(u) condition if
any piece contained (as a subword) in a word R € R has length smaller than p||R||.

Definition 2.10 [Olshanskii 1993, Section 4]. A subword U of a word R € R is called an e-piece of the
word R, for € > 0, if there exists a word R’ € R satisfying the following conditions:

(1) R=UV and R"=U'V’ for some U', V' € R.
(2) U =g YUZ for some Y, Z € X*, where ||Y|, || Z] <€
(3) YRY '#£,R.
We say the system R satisfies the C (X, c, €, i, p)-condition forsome A > 1, ¢ >0, € 20, u >0, p > 0if:
(a) ||R|| = p forany R € R.
(b) Any word R € R is a (A, ¢)-quasigeodesic.
(c) For any e-piece U of any word R € R, the inequalities |U ||, ||U’|| < w||R]| hold.
In practice, we will need some slight modifications of the above definition [Olshanskii 1993, Section 4].
Definition 2.11. A subword U of a word R € R is called an €’-piece of the word R, for € > 0, if:
(1) R=UVU'V' for some V,U’, V' € X*
(2) U' = YU*Z for some words Y, Z € X* where ||V ||, | Z|| < €
We say the system R satisfies the C'(A, ¢, €, i, p)-condition for some A > 1, ¢ >0, € 20, u >0, p>0if:
(d) R satisfies the C(X, ¢, €, u, p) condition.
(e) Every €’-piece U of R satisfies ||U’|| < u||R||, where U’ is as above.
Let G be a group defined by
G=(X]0), (2C.2)

where O is the set of all relators (not just the defining relations) of G. Given a symmetrized set of
words R in the alphabet set X, we consider the quotient group

=(G|R)=(G|OUR). (2C.3)

A cell over a van Kampen diagram over (2C.3) is called an R-cell (respectively, an O-cell) if its boundary
label is a word from R (respectively, O). We always consider a van Kampen diagram over (2C.3) up to
some elementary transformations. For example we do not distinguish diagrams if one can be obtained
from the other by joining two distinct O-cells having a common edge or by inverse transformations
[Olshanskii 1993, Section 5].
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3. Some examples of Olshanskii’s monster groups in the context of lacunary hyperbolic groups

In this section, we collect some group theoretic results needed for our main theorems in Sections 4 and 5.
Readers who are mainly interested in the results in Section 5 may skip ahead to Section 3C. The results
in Subsections 3A and 3B shall be required for our main results in Section 4.

In order to derive our main result on the study of maximal von Neumann algebras (i.e., Theorem 4.4)
we need to construct a new monster-like group in the same spirit as the famous examples from [Olshanskii
1980]. Specifically, generalizing the geometric methods from [Olshanskii 1993] to the context of lacunary
hyperbolic groups [Olshanskii et al. 2009] and using techniques developed in [Khan 2020], we construct
a group G such that every maximal subgroup of G is isomorphic to a subgroup of @, the group of rational
numbers. While in our approach we explain in detail how these results are used, the main emphasis will
be on the new aspects of these techniques. Therefore we recommend that the interested reader consult
beforehand the aforementioned results [Olshanskii 1993; Khan 2020].

3A. Elementary subgroups. In this section, using methods developed in [Olshanskii 1993], we construct
a group Q whose maximal (proper) subgroups are rank-1 abelian groups; see Theorem 3.12. More
specifically, we study “special limits” of hyperbolic groups, called lacunary hyperbolic groups, as
introduced in [Olshanskii et al. 2009].

Definition 3.1. Let « : G — H be a group homomorphism and G = (A), H = (B). The injectivity
radius r4 (o) is the radius of largest ball centered at the identity of G in the Cayley graph of G with
respect to A on which the restriction of « is injective.

Definition 3.2 [Olshanskii et al. 2009, Theorem 1.2]. A finitely generated group G is called lacunary
hyperbolic group if G is the direct limit of a sequence of hyperbolic groups and epimorphisms

Gl N1 G2 172 . Ni—1 Gl Ni Gl-l,-] Ni+1 Gl+2 Ni+2 . (3A1)

where G; is generated by a finite set S; and 7;(S;) = Si1+1. Also the G;’s are §;-hyperbolic, where
di=o(rs;(n;)), where rg, (n;) is the injective radius of n; with respect to S;.

Fix w a nonprincipal ultrafilter. An asymptotic cone Cone® (X, e, d) of a metric space (X, dist), where
e =1{e;}i, e; € X for all i and d = {d;}; is an unbounded sequence of nondecreasing positive real numbers,
is the w-limit of the spaces (X, dist/d;). The sequence d = {d;} is called a scaling sequence. Following
[Olshanskii et al. 2009, Theorem 3.3], G being a lacunary hyperbolic group is equivalent to the existence
of a scaling sequence d = {d;} such that the asymptotic cone Cone”(I'(G, X), e, d) associated with
the Cayley graph I'(G, X) for a finite generating set X of G with e = {identity} is an R-tree for any
nonprincipal ultrafilter w. For more details on asymptotic cones and their connection with lacunary
hyperbolic groups we refer the reader to [Olshanskii et al. 2009, Section 2.3, Section 3.1].

Our construction relies heavily on the notion of elementary subgroups. For the readers’ convenience,
we collect below some preliminaries regarding elementary subgroups.
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Definition 3.3. A group E is called elementary if it is virtually cyclic. Let G be a hyperbolic group and
g € G be an infinite-order element. Then the elementary subgroup containing g is defined as

E(g):={x € G:x"'g"x = g*" for some n = n(x) € N}J.
For further use we need the following result describing in depth the structure of elementary subgroups.

Lemma 3.4. (1) [Olshanskii 1991] If E is a torsion-free elementary group then E is cyclic.

(2) [Olshanskii 1993, Lemma 1.16] Let E be an infinite elementary group. Then E contains normal
subgroups T <LEY < E such that [E : EY) <2, T isfiniteand ET)T ~7Z. IfE # E* then E/T ~ Dy,
(the infinite dihedral group). For a hyperbolic group G, E(g) is unique maximal elementary subgroup
of G containing the infinite-order element g € G.

In the context of lacunary hyperbolic groups we need to introduce the following definition which
generalizes Definition 3.3.

Definition 3.5. Let G be a lacunary hyperbolic group and let g € G be an infinite-order element. We
define EX(g) :={x € G : xg"x~! = g™ for some n = n(x) € N}.

For future reference we now recall the following structural result regarding torsion elements in a
8-hyperbolic group.

Theorem 3.6 [Gromov 1987, 2.2.B]. Let g € G be a torsion element in a 5-hyperbolic group G. Then g
is conjugate to an element h in G such that |h|g <45+ 1.

The following elementary lemma will be used in the proof of Theorem 3.8. For convenience we include
a short proof.

Lemma 3.7. If G is a torsion-free lacunary hyperbolic group, then one can choose G; to be torsion-free
such that G = limG;.

Proof. Fix a presentation G = (S | R). By [Olshanskii et al. 2009, Theorem 3.3], one can choose
G; = (S| R¢i)), where {c(n)}, is a strictly increasing sequence such that R consists of labels of all
cycles in the ball of radius d; (corresponding to the scaling sequence {d;}; of the lacunary hyperbolic
group) around the identity in I'(G, S). Let r; be the injectivity radius of the quotient map ¢; : G; — G, 4.
The lacunary hyperbolic condition implies that lim;_, o, §; /r; = 0, where §; is the hyperbolic constant for
the group G, for all i. Choose i such that for all j > iy we have r; > 9§;. We will show the G;’s are
torsion-free for all j > iy, which proves the lemma.

Fix any j > ip. Assume by contradiction that g € G; \ {1} is a torsion element. By Theorem 3.6 there
is an element 2 € G; \ {1} such that £ is conjugate to g and ||, <45, + 1. Thus A is a torsion element
of G;. Since |h|g; <48+ 1 <r;, h is a nontrivial element of Gy for all k > j. Thus £ is a nontrivial
torsion element in the limit group G, which is a contradiction! (Il

The next result generalizes Lemma 3.4, and provides a complete description of the structure of
elementary subgroups of a torsion-free lacunary hyperbolic group. This result can be deduced from the
main theorem of [Khan 2020]. For the readers’ convenience, we include a short proof.
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Theorem 3.8. Let G be a torsion-free lacunary hyperbolic group and let g € G be an infinite-order
element. Then E E(g) is an abelian group of rank 1 (i.e., Eﬁ(g) embeds in (Q, +)).

Proof. From the definition (3A.1) of lacunary hyperbolic group, E“(g) = lim E;(g) for every e # g € G,
where E;(g) is the elementary subgroup containing the element g in the hype?bolic group G; when viewing
g € G;. Since G is torsion-free, one can choose G; to be torsion-free by Lemma 3.7. By Lemma 3.4 (1) we
get that E;(g) is cyclic for all i. Observe that every surjective homomorphism between hyperbolic groups
takes elementary subgroups into elementary subgroups; in particular E;(g) maps into E;1(g). We now get
the group E*(g) is equal to li_r)n E;(g) as an inductive limit of cyclic groups, which proves the theorem. [

Remark. Let G be a torsion-free lacunary hyperbolic group and let e # g € G. Note that C(g) < EX(g),
where Cg(g) is the centralizer of g in G.

3B. Maximal subgroups. Let Gy= (X) be a torsion-free §-hyperbolic group with respect to X, where X =
{x1,x2,...,x,} is a finite generating set. Without loss of generality we assume that E(x;) N E(x;) = {e}

for i # j. We define a linear order on X by x; I < xj_l

< x; <xj, whenever i < j. Let F’(X) denote
the set of all nonempty reduced words on X. Note that the order on X induces the lexicographic order
on F'(X). Let F/(X) = {wy, wy, ...} be an enumeration with w; < w; for i < j. Observe that w; = x;
and wy = x,. We now consider the set S := F'(X) x F/'(X)\ {(w, w) : w € F'(X)} and enumerate the
elements of S as S = {(u1, vy), (uz, v2),...}.

Our next goal is to construct the chain
Go L% Ky 45 G, 2 Gy <Y Ky 25 GL L5 Gy - (3B.1)

where K;, G;, G; are hyperbolic for all i and n; := y; oa; 0 Bi_1, i > 1, satisfies the conditions in (3A.1).
Let L be a rank-1 abelian group. Then L can be written as L = U?io L;, where L; = (gi)oo and
gi = gﬁf for some m;1 € N. Here (g;) denotes the infinite cyclic group generated by the infinite-order
element g;.
Since G is nonelementary, there exists a smallest index j; > i such that v;, ¢ E(uj,). Form € N,

define

HE=H' % (gwitn)oo. Where HY | =G;and gui+1)=gi41 fork=1,2,..., ji. 3B.2)

Uk=8(k,i+1)

Fori >0let K; | be Hijjrl. Note that K; is hyperbolic as Hl.k+] is hyperbolic for all £ by [Mikhajlovskii
and Olshanskii 1998, Theorem 3]. Choose ¢;, ¢; € G; such that ¢;, ¢} ¢ E(uy) for all 1 <k < j; and
Ci, cl’. ¢ E(vj;). One can find such ¢; and cl’. since there are infinitely many elements in a nonelementary
hyperbolic group which are pairwise noncommensurable [Olshanskii 1993, Lemma 3.8]. Let Y; :=
{gk.i+1) : 1 <k < j;}. Define

Ri = guirnc, o ciel™ el e ¢l (3B.3)
where n; k., for 1 < k < j; are defined as

mx=2"n11, sk=nig oand ngp=npp+(s—1).

We also denote by R; the set of all cyclic shifts of {R,fEl 1<k < i)
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Lemma 3.9 [Darbinyan 2017, Lemma 5.1]. There exists a constant K such that the set of words R
defined above by (3B.3) are (A, ¢)-quasigeodesic in I' (G, X), provided ni11 = K, ¢ ¢ E(gk,i+1)), and
' ¢ E(§u,i+1)-

We now define 7~€,-+1 to be the set of words R;, defined as above, with n; ; > K.

Lemma 3.10 [Darbinyan 2017, Lemma 5.2]. For any given constant €; > 0, w; > 0, p; > 0, the system
of words ﬁi+1 (defined above) satisfies the C'(;, c;i, €, Wi, p;) condition over K; .

By construction there is a natural embedding g; : G; — K;4+;. Let G;+1 = (Kjt1 | ﬁl‘_‘_l) (where

we are using the notation in Section 2C1 ). The factor group G;_ | is hyperbolic by [Olshanskii 1993,

/

Lemma 7.2]. Now consider the natural quotient map o;+1: K;+1 — G-

Since «; 41 o B; takes generators

/

of G, to generators of G; |,

the map o, o fB; is surjective.
Consider the set

Zi={xeX:x ¢ E(uj;)}

Let Giy1 := G;_H/«R(Z,‘, Uj;, Vj;, Ai,y Ciy €iy i i) and let y; 4 : G;-i-
Here R(Z;, uj,, vj;, i, ¢i, €, i, p;) is the set of all conjugates and the cyclic shifts of some relations,

| = Giy1 be the quotient map.

where we identify the elements of Z; with words of the form (3B.3) generated by u;, and vj,. Since the
relators R; are generic, we have added all the parameters to indicate these relations satisfy the small
cancellation conditions with the parameters and their dependency to the specific set of words. One can
choose the powers of u;, and v;, such that the small cancellation condition is satisfied by Lemmas 3.9
and 3.10. For more details on how to choose these words, we refer the reader to [Olshanskii 1993,
Section 5; Darbinyan 2017, Section 5.4]. Thus it follows that the group G, is hyperbolic by [Olshanskii
1993, Lemma 7.2] as one can choose parameters A;, ¢;, €;, [4;, p; such that R(Z;, uj;, vj,, A, ¢i, €, [4i, p;)
satisfies the C'(A;, ¢;, €, i, p;) small cancellation condition in Definition 2.11 and the map y;; takes
generating set to generating set. In particular, 14+ := ;41 o ;41 0 B; is a surjective homomorphism
which takes the generating set of G; to the generating set of G, . Let G := limG;. From its definition,
it follows that G, is the group generated by u;, and v;,. -
We summarize the above discussion in the following statement.

Lemma 3.11. The above construction satisfies the following properties:

(1) G is nonelementary hyperbolic group for all i.
(2) Either u; € E(v;) or the group generated by {u;, v;} in G;y1 is equal to all of G;4;.

(3) For each element x € X, we have E(x) = (y) in G;, where x = y"™"2""i The exponents m; are
described as follows: a rank-1 abelian group L can be written as L = Uioio L;, where L; = (g;)o0 and

.
gi =g forsomem;;y eN.

(4) Gt :=1imG; may be chosen to have property (T).
Proof. Part (1) follows from [Olshanskii 1993, Lemma 7.2]. To see part (2) notice that by definition if

Ji > i then v; € E(u;) in G;. Otherwise if j; =i then v; ¢ E(u;) in G; and G; is the group generated
by {u;, v;}. Part (3) follows immediately from the fact that x is not a proper power in Gy. Finally, for
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part (4) notice that we may start the above construction with G being a property (T) group. Then G has
property (T), as Gg surjects onto G . By induction, each of the groups G; in the above construction have
property (T). Hence G has property (T). O

We are now ready to prove the main theorem of this section.

Theorem 3.12. For any subgroup Q,, of (Q, +) there exists a nonelementary torsion-free lacunary
hyperbolic group G such that all maximal subgroups of G are isomorphic to Q,,. Moreover, we may
choose G to have property (T).

Proof. In the above construction let L = Q,,, G = G%» and take d = mm, - - -m; in (3B.2), where
L;i = (gi)oo and g; = g?ﬁ' for some m;1; € N and Q,, = Ufil L;. One can choose sparse enough
parameters to satisfy the injectivity radius condition in (3A.1), which in turn will ensure that G is lacunary
hyperbolic. The above construction also guarantees that E £(g)=Q,, forall g € G\{1}. Suppose P ;{ Gis
a maximal subgroup of G. As P is a proper subgroup, P is abelian by Lemma 3.11 (2). Now lete #h € G.
Note that as P is abelian, P is contained in the centralizer of 4. Now from Definition 3.5 it follows that
g€ P <E“(®)(E 0 ;{ G. By the maximality of P we get P = Q,,. Thus, all maximal subgroups
of G are isomorphic to Q,, and hence any proper subgroup of G is isomorphic to a subgroup of Q,,.
The “moreover” part follows from part (4) of Lemma 3.11. (Il

We end this section with the following well-known counterexamples to von Neumann’s conjecture.

Corollary 3.13 [Olshanskii 1980; 1993]. For every noncyclic torsion-free hyperbolic group T there exists
a nonabelian torsion-free quotient T' such that all proper subgroups of T are infinite cyclic.

Proof. Take Q,, = Z in Theorem 3.12. U

3C. Belegradek—Osin Rips construction in group theory. Rips constructions emerged in geometric
group theory with [Rips 1982] and represent a rich source of examples for various pathological properties
in group theory. This type of construction was used effectively to study automorphisms of property (T)
groups. In this direction Ollivier and Wise [2007] were able to construct property (T) groups whose
automorphism group contain any given countable group. This answered an important older question of
P. de la Harpe and A. Valette about finiteness of outer automorphism groups of property (T) groups. Using
the small cancellation methods developed in [Osin 2010; Arzhantseva et al. 2007], Belegradek and Osin
discovered the following version of the Rips construction in the context of relatively hyperbolic groups:

Theorem 3.14 [Belegradek and Osin 2008]. Let H be a nonelementary hyperbolic group, Q be a finitely
generated group and S a subgroup of Q. Suppose Q is finitely presented with respect to S. Then there
exists a short exact sequence

1> N—>GS5 0—1

and an embedding 1 : Q — G such that:
(1) N is isomorphic to a quotient of H.

(2) G is hyperbolic relative to the proper subgroup ((S).
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(3) toe=1d.
(4) If H and Q are torsion-free then so is G.
(5) The canonical map ¢ : Q — Out(N) is injective and [Out(N) : ¢ (Q)] < oo.

This construction is extremely important for our work. We are particularly interested in the case when
H is torsion-free and has property (T) and Q = S and is torsion-free. In this situation Theorem 3.14
implies that G is admits a semidirect product decomposition G = N x Q and it is hyperbolic relative
to {Q}. Notice that the finite conjugacy radical FC(N) of N is invariant under the action of Q and hence
FC(N) is an amenable normal subgroup G. Since G is relative hyperbolic, it follows that FC(N) is finite
and hence it is trivial as G is torsion-free; in particular N is an icc group. Since G is hyperbolic relative
to Q it follows that the stabilizer of any n € N in Q under the action Q ~° N is trivial.

We now introduce the following classes of groups that shall play an extremely important role throughout
the rest of the paper.

Definition 3.15. We denote by Rip(Q) the class of all semidirect products G = N x Q satisfying the
properties of Theorem 3.14, where Q = §, Q and H are torsion-free and H has property (T).
Moreover, when Q has property (T), we denote the class Rip(Q) by Ripr(Q).

Since property (T) is closed under extensions, it follows that all groups in Rip;(Q) have property (T).
Our rigidity results in Section 5 concern this class of groups.

In the second part of this section we recall a powerful method from geometric group theory, termed
Dehn filling. We are interested specifically in the group theoretic Dehn filling constructions developed by
D. Osin and his collaborators in [Osin 2010; Dahmani et al. 2017]. The next result, which is due to Osin,
is a technical variation of [Osin 2010, Theorem 1.1] and [Dahmani et al. 2017, Theorem 7.9] and plays a
key role in deriving some of our main rigidity theorems in Section 5 (see Theorems 5.2 and 5.3). For its
proof the reader may consult [Chifan et al. 2015, Corollary 5.1].

Theorem 3.16 (Osin). Let H < G be infinite groups where H is finitely generated and residually finite.
Suppose that G is hyperbolic relative to {H}. Then there exist a nonelementary hyperbolic group K and
an epimorphism & : G — K such that R = ker(8) is isomorphic to a nontrivial (possibly infinite) free
product R = *geTRg, where T C G is a subset and Rg = gRog ™! for a finite-index normal subgroup
Ry < H.

We end this section with an application of Theorem 3.16. The result describes the structure of the
normal subgroups N of N x O € Ripy(Q). Namely, combining Theorems 3.16 and 3.14 we show that
these groups are free-by-hyperbolic. This result will be essential to the proof of Theorem 5.1.

Proposition 3.17. Let G = N x Q € Rip(Q) and assume that Q is an infinite residually finite group.
Then N is a F,41-by-(nonelementary, hyperbolic property (T)) group, where n € N U {oo}.

Proof. Since G is hyperbolic relative to {Q} and Q is residually finite, by Theorem 3.16 there is a
nonelementary hyperbolic group K and an epimorphism § : G — K such that L = ker(§) is isomorphic
to a nontrivial free product L = *,c1 Qg, where T C G is a subset and Qg < Q is a finite-index, normal
subgroup. Since G = N x Q and Qg is normal in Q, one can assume without any loss of generality that
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T C N. Next we show that N N L infinite. If it were finite, as G is icc, it would follow that NN L = 1.
As N and L are normal in G, the commutator satisfies [N, L] < NN L =1 and hence L < Cg(N).
To describe this centralizer, fix g = ng € Cg(N), where n € N, g € Q. Thus for all m € N we have
ngm = mngq and hence no,(m) = mn, where o, (x) = g~ 'xq for all x € N. Therefore o4 = ad(n) and by
Theorem 3.14 (5) we must have ¢ = 1. This further implies that m € Z(N) =1 and hence Cg(N) = 1; in
particular, L = 1, which is a contradiction. In conclusion N N L <IN is an infinite normal subgroup. Using
the isomorphism theorem we see that N/(NNL) = (NL)/L. Also from the free product description of L
we see that N X Q¢ < NL and hence [G : NL] < oo. In particular (NL)/L is a finite-index subgroup of
G/L = K and hence (NL)/L is a (nonelementary) hyperbolic, property (T) group. To finish our proof
we only need to argue that N N L is a free group with at least two generators. Since L = *ger Qg , by the
Kurosh theorem there exist a set X C L and a collection of subgroups Q; < Qy, together with elements
gi € Lsuchthat NNL = F(X)* (xjer in); here F(X) is a free group with free basis X. In particular, for
every i € I the previous relation implies that in < N and writing g; = n;q; for some n; € N, q; € Q we
see that Q7" < N. As Q' < Q we conclude that O < NN Q =1 and hence Q; =1. Thus NNL = F(X)
and since G is icc and N N L is normal in G, we see that | X| > 2, which finishes the proof. O

4. Maximal von Neumann subalgebras arising from groups Rips construction

If M is a von Neumann algebra then a von Neumann subalgebra N' C M is called maximal if there is no
intermediate von Neumann subalgebra P so that N C P C M. Understanding the structure of maximal
subalgebras of a given von Neumann algebra is a rather difficult problem that plays a key role in the very
classification of these objects. Despite a series of earlier remarkable successes on the study of maximal
amenable subalgebras initiated in [Popa 1983] and continued more recently [Shen 2006; Cameron et al.
2010; Houdayer 2014; Boutonnet and Carderi 2015; 2017; Suzuki 2020; Chifan and Das 2020; Jiang and
Skalski 2019a], much less is known for the maximal ones. For instance Ge’s question [2003, Section 3,
Question 2] on the existence of nonamenable factors that possess maximal factors which are amenable
was settled in the affirmative only very recently in [Jiang and Skalski 2019a]. We also remark that the
study of maximal (or by duality minimal) intermediate subfactors has recently led to the discovery of a
rigidity phenomenon for the intermediate subfactor lattice in the case of irreducible finite-index subfactors
[Bakshi et al. 2019].

In this section we make new progress in this direction by describing several concrete collections of
maximal subalgebras in the von Neumann algebras arising from the groups Rip(Q) introduced in the
previous subsection (see Theorem 4.4 below). In particular, these examples allow construction of property
(T) von Neumann algebras which have maximal von Neumann subalgebras without property (T). This
answers a question raised in [Jiang and Skalski 2019a, Problem 5.5]. Our arguments rely on the usage
of Galois correspondence results for von Neumann algebras a la [Choda 1978] and the classification of
maximal subgroups in the monster-type groups provided in Theorem 3.12. We remark that Jiang and
Skalski [2019a, Theorem 4.8] independently obtained a different solution, using different techniques.

First we need a couple of basic lemmas concerning automorphisms of groups. For the reader’s
convenience we include short proofs.
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Lemma 4.1. Let N be a group, let Id # o € Aut(N) and denote by N| = {n € N : a(n) = n} its fixed
point subgroup. Then the following hold:

(1) Either [N : N1] = oo or there is a subgroup No < N1 < N that is normal in N with [N : Ng] < oo
and such that the induced automorphism & € Aut(N /Cxn(Ny)) given by a(nCx(Ny)) = a(n)Cn(Ny) is
the identity map; in particular, when N is icc we always have [N : N1] = oo.

(2) Either [N : N{]=o00, or « has finite order in Aut(N), or there is a k € N and a subgroup No < N < N
that is normal in N with [N : Ny] < oo and such that the induced automorphism & € Aut(N /Z(Ny))
given by a(nZ(Ny)) = a(n) Z(Ny) has order k; in particular, when all finite-index subgroups of N have
trivial center we either have [N : N1] = o0 or & has finite order.

Proof. (1) Assume that 2 < [N : Ni] < co. Then Ny :=(,cy hN1h~!' < Ny is a finite-index normal
subgroup of N. Notice that the centralizer Cy (Np) is also normal in N. Let n € N and ng € Ny. As Ny

1

is normal, we have nngn~! € Ny < N; and hence nnon~! = a(nngn=") = a(n)noa(n="). This implies

ngln_loz(n)no = n"'a(n) and hence n~'a(n) € Cy(Ny). Since « acts identically on Ny, one can see
that & (Cy(Np)) = Cny(Ng). Thus one can define an automorphism & : N/Cy(Ng) — N/Cn(Np) by
letting @ (nCy (Np)) = a(n)Cy(Np). However, the previous relations show that « is the identity map, as
desired. For the remaining part of the statement, we notice that if [N : N|] < oo and N is icc then the

centralizer Cy (Np) is trivial and hence o = Id, which is a contradiction.

(2) Assume [N : N;] < oo and « has infinite order in Aut(N). Also for eachi > 2 define N; ={n € N :
o' (n) = n} and notice that N; < N; < Nit+1 < N. Since [N : Ni] < oo, there is s € N so that either
Ny =N;foralll >s,or Ny = N. If Ny = N then «® = Id, contradicting the infinite-order assumption
on . Now assume that Ny = Ny ;. For every n € Ny we have o’ (n) = ot (n) and thus a(n) = n,
which is equivalent to n € Ny. This shows that N; = N, and combining with the above we conclude
that Ny = N; for all i.

As [N : Ni] < oo, we have Ny := ﬂheN AN{h~! < Ny is a finite-index normal subgroup of N. The
automorphism « induces an automorphism & on the quotient group N /Ny by &(nNy) = a(n) Ny for all
n € N. Since [N : No] < oo, there is k € N such that @ = Id on N/Ny. Thus for every n € N we have
n~1lak(n) € Ny.

Let n € N and ng € Ny. By normality we have nnon~' € Ny < Ny and hence nnon~! = o*(nnon=") =
o (n)noa* (n="). This implies ny 'n~'ak(n)ng = n~'a¥(n) and hence n~'a* (n) € Z(Np). Since Ny is
normal in N, so is Z(Np). Since « leaves Z(Ny) invariant, the map & : N/Z(Nog) — N/Z(Ny) given by
a(nZ(Ny)) = a(n)Z(Np) is an automorphism. The previous relations show that it has order k. O

Using this we will see that, in the case of icc groups, outer group actions Q ~ N by automorphisms
lift to outer actions Q ~ L(N) at the von Neumann algebra level. More precisely we have the following:

Lemma 4.2. Let N be an icc group and let Q be a group together with an outer action Q ~\° N. Then
L(N)NL(N %, Q) =C.

Proof. To get LIN) NL(N %, Q) = C it suffices to show that for all g € (N x, Q) \ {e} the N-conjugacy

orbit Oy (g) = {ngn~"':n € N} is infinite. Suppose by contradiction there is & =nggo € (N x Q) \ {e} with
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no € N and go € Q such that |Oy (h)| < co. Hence there exists a finite-index subgroup N; < N such that

''=noqo and thus n = noqonqo_lna1 = ad(ng) ooy, (n)

nhn~! = h for all n € N,. This gives that nnogon~
for all n € Ny. Also, since N is icc, we have gg # e. Let @ = ad(ng) ooy,. Since Q ~ N is outer it follows

that Id # o € Aut(N). Since N isicc and [N : Ni] < oo, Lemma 4.1 (1) leads to a contradiction. O
With these results at hand we are now ready to deduce the main result of the section.

Notation 4.3. Fix any rank-1 group Q,,. Consider the lacunary hyperbolic groups Q from Theorem 3.12
where the maximal rank-1 subgroups of Q are isomorphic to Q,,. Also let N x O € Rip(Q) be the
semidirect product obtained via the Rips construction together with the subgroups N x Q,, < N x Q.
Throughout this section we will consider the corresponding von Neumann algebras M,, := L(N x Q,,) C
L(N % Q) := M.

Assuming Notation 4.3, we now show the following:

Theorem 4.4. M,, is a maximal von Neumann algebra of M. In particular, if N x Q € Rip(Q) then
My, is a non-property (T) maximal von Neumann subalgebra of a property (T) von Neumann algebra M.

Proof. Let P be any intermediate subalgebra M,, € P € M. Since M,, C M is spatially isomorphic
to the crossed product inclusion £(N) X Q,, C L(N) x Q, we have L(N) X Q,, CP C L(N) x Q. By
Lemma 4.2 we have (L(N) X Q) N (L(N) x Q) € LIN) N(L(N) x Q) = C. In particular, P is a
factor. Moreover, by the Galois correspondence theorem [Choda 1978] (see also [Chifan and Das 2020,
Corollary 3.8]) there is a subgroup Q,, < K < Q so that P = L(N) x K. Since by construction Q,, is a
maximal subgroup of Q, we must have K = Q,, or Q. Thus we get P = M,, or M and the conclusion
follows.

For the remaining part note that M has property (T) by [Connes and Jones 1985]. Also, since N X Oy,
surjects onto an infinite abelian group, it does not have property (T). Thus by [Connes and Jones 1985]
again, M,, = L(N x Q,,) does not have property (T) either. O

As pointed out at the beginning of the section, the above theorem provides a positive answer to [Jiang
and Skalski 2019a, Problem 5.5]. Another solution to the problem of finding maximal subalgebras without
property (T) inside factors with property (T) was also obtained independently by Jiang and Skalski in a
more recent version of that paper. Their beautiful solution has a different flavor from ours; even though
the Galois correspondence theorem a la Choda is a common ingredient in both of the proofs. Hence we
refer the reader to [Jiang and Skalski 2019b, Theorem 4.8] for another solution to the aforementioned
problem. Also note that while the algebras M,, do not have property (T), they are also nonamenable. In
connection with this it would be very interesting if one could find an example of a property (T) II;-factor
which has maximal hyperfinite subfactors. This is essentially Ge’s question but for property (T) factors.

In the final part of the section we show that whenever Q, is not isomorphic to Q,, the resulting maximal
von Neumann subalgebras M,, and M,, are nonisomorphic. In fact we have the following more precise
statement:

Theorem 4.5. Assume that Q,, Q, < (Q, +) and let ® : M, — M, be a *-isomorphism. Then there
exists a unitary u € % (M) such that ad(u) o ® : L(Ny) — L(N,) is a x-isomorphism. Moreover
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there exist a group isomorphism & : Q, — Q, and a l-cocycle r : Q, — % (L(N3)) such that for
all a € L(Ny) and g € Q, we have ad(u) o ©(aug) = ad(u) o O(a)vsg)rs)- In particular, we have
ad(u) o®o Ug = ad(r(g(g)) o ﬁﬁ(g) o ad(u) 0 ®.

Proof. Identify M, = L(N;) x Q, and M, = L(N;) x O, and let ® : L(N1) ¥ Q, — L(N,) x O, be
the x-isomorphism. Notice that since ®(L(N)) has property (T) and Q, is amenable, by [Popa 2006a]
we have ©(L(N1)) <m, L£L(N2). Also by Lemma 4.2 we note that ® (L(N)) is a regular irreducible
subfactor of M, i.e., @ (L(N1)) "M, =O(L(N;) N M,) =Cl. Similarly, L(N,) is a regular irreducible
subfactor of M, satisfying L(N2) <, ©(L(N1)). Thus by the proof of [Ioana et al. 2008, Lemma 8.4],
since Q,’s are torsion-free, one can find a unitary u € M, such that ad(u) o @ (L(N)) = L(N2). So
replacing ® with ad(#) o ® we can assume that ®(L(N1)) = L(N,). Hence for every g € O, we
have O (ag(x))O(ug) = O(ug)O(x) for all x € L(N1). Consider the Fourier decomposition © (u,) =
ZheQK npvp, where n, € L(N;). Using the previous relation we get O (ay(x))n, = n,B,0 (x) for all
h € Q, and x € L(N,). Thus nyn,* € L(N2) N M, = C1 and hence there exist unitary #, € £L(N,) and
scalar s, € C so that nj, = s;7;,. Assume there exist 1 # hy € Q, so that sy, sp, 7 0. This implies that
Oy (x)) = th,ﬁh1®(x)t;fl = thz,th(B(x)t;;2 for all x € L(N,). Thus ,Bhl(t;fl )V ~1p, = v,’:l t;fl th,Un, €
L(N>) "M, = Cl1. Therefore hl_] hy =1 and h| = hy, which is a contradiction. In particular there exists
aunique §(g) € O, sothat sy =0 for all k € O, \ {6(g)}. Altogether these show that there is a well-defined
map 8 : Q, — Q so that O (ug) = ns,) s for all g € Q,. Itis easy to see that § is a group isomorphism
and the map r : Q, — % (L(N,)) given by r(h) = B (ny) is a 1-cocycle, i.e., r(hk) = ¢, B (ck). O

Final remarks. We notice that our strategy from the proof of Theorem 4.4 can also be used to produce
other examples of non-property (T) subalgebras in property (T) factors. Indeed for Q in the Rips
construction one can take in fact any torsion-free, property (T) monster group Q in the sense of Olshanskii.
If one picks any maximal subgroup Qg < Q then, as before, the group von Neumann algebra L(N X Qq)
will obviously be maximal in L(N x Q). Notice that since Qg < Q is maximal, Qy is infinite-index in Q.
To see this note that if Qy is finite-index in Q, then Qg has property (T) and hence is finitely generated.
Therefore Q¢ would be abelian and hence trivial, which is a contradiction. Therefore Qy must have
infinite index in Q. In this case it is either finitely generated, in which case is abelian or it is infinitely
generated. However, in both scenarios Q¢ does not have property (T) and hence neither does N x Q.
Thus by [Connes and Jones 1985], L(N x Qg) does not have property (T).

5. Von Neumann algebraic rigidity aspects for groups arising via Rips constructions

An impressive milestone in the classification of von Neumann algebras was the emergence over the past
decade of the first examples of groups G that can be completely reconstructed from their von Neumann
algebras £L(G), i.e., W*-superrigid groups [loana et al. 2013; Berbec and Vaes 2014; Chifan and loana
2018]. The strategies used in establishing these results share a common key ingredient, namely, the ability
to first reconstruct from £(G) various algebraic features of G such as its (generalized) wreath product
decomposition in [loana et al. 2013; Berbec and Vaes 2014] and, respectively, its amalgam splitting in
[Chifan and Ioana 2018, Theorem A]. This naturally leads to a broad and independent study, specifically
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identifying canonical group algebraic features of a group that pass to its von Neumann algebra. While
several works have emerged recently in this direction [Chifan et al. 2016b; Chifan and loana 2018;
Chifan and Udrea 2020], the surface has been only scratched and still a great deal of work remains to
be done.

A difficult conjecture of Connes predicts that all icc property (T) groups are W*-superrigid. Unfortu-
nately, not a single example of such group is known at this time. Moreover, in the current literature there
is an almost complete lack of examples of algebraic features occurring in a property (T) group that are
recognizable at the von Neumann algebraic level. In this section we make progress on this problem for
property (T) groups that appear as certain fiber products of Belegradek—Osin Rips-type constructions.
Specifically, we have the following result:

Theorem 5.1. Let Q = Q| x Q», where Q; are icc, torsion-free, biexact, property (T), weakly amenable,
residually finite groups. For i = 1,2, let N; Xo, O € Ripy(Q) and denote by I' = (N1 x N3) Xs Q
the semidirect product associated with the diagonal action 0 = o1 X 03 : Q ~ N1 X Ny. Denote by
M= L(T") the corresponding Il -factor. Assume that A is any arbitrary group and ® : L(I") — L(A) is any
x-isomorphism. Then there exist group actions by automorphisms H % K; such that A = (K| X Ky) X H,
where Tt =1 X 73 : H ~ K| X K5 is the diagonal action. Moreover one can find a multiplicative character
n:Q—T,agroup isomorphism é : Q — H, a unitary w € L(A), and x-isomorphisms ©; : L(N;) = L(K;)
such that for all x; € L(N;) and g € Q we have

O((x1 ® x2)ug) = n(QHw((O1(x1) ® O (x2))vs(g)) W™ (.1

Here {u, : g € Q} and {v, : h € H} are the canonical unitaries implementing the actions of Q ~
L(N1) ® L(Ny) and H ~ L(K) ® L(K3), respectively.

From a different perspective our theorem can be also seen as a von Neumann algebraic superrigidity
result regarding conjugacy of actions on noncommutative von Neumann algebras. Notice that very little
is known in this direction as well, as most of the known superrigidity results concern algebras arising
from actions of groups on probability spaces.

We continue with a series of preliminary results that are essential to deriving the proof of Theorem 5.1
at the end of the section. First we present a location result for commuting diffuse property (T) subalgebras
inside a von Neumann algebra arising from products of relative hyperbolic groups.

Theorem 5.2. For i = 1,n let H; < G; be an inclusion of infinite groups such that H; is residually
finite and G; is hyperbolic relative to H;. Denote by H = Hy X --- x H, < Gy X --- X G, = G the
corresponding direct product inclusion. Let N1, Ny € L(G) be two commuting von Neumann subalgebras
with property (T). Then for every i € 1,n there exists k € 1,2 such that Ny, < ﬁ(@i x H;), where
6,‘ =X i G iz

Proof. Fix i € 1, n. Since H; is residually finite, using Theorem 3.16 there is a short exact sequence

1 — ker(m;) — G; = F; — 1,
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where F; is a nonelementary hyperbolic group and ker(r;) = (HZ.O) =%e; (H Z.O)’ for some subset T C G;
and a finite-index normal subgroup Hio < H;.

Following [Chifan et al. 2015, Notation 3.3] we now consider the von Neumann algebraic embedding
corresponding to 7;, i.e., IT; : £L(G) — L(G) ® L(F;) given by IT; (ug) =g @ Uy, (g, forall g = (g;) € G;
here the u’s are the canonical unitaries of £(G) and the v,’s are the canonical unitaries of L(F;). From the
hypothesis we have that IT; (N7), I1;(NV2) C L(G) R L(F;) =: /\7[,~ are commuting property (T) subalgebras.
Let A C I1;(N;) be any diffuse amenable von Neumann subalgebra. Using [Popa and Vaes 2014,
Theorem 1.4] we have either (a) A < ¢;. £(G) ®1 or (b) IT; (N>) is amenable relative to £(G)®1 inside M;.

Since the N;’s have property (T), so do the IT;(N)’s. Thus using part (b) above we get that
I1;(M2) <51 £(G) ® 1. On the other hand, if case (a) above were to hold for all A’s then by [Brown and
Ozawa 2008, Corollary F.14] we would get IT; (N7) < &1, £(G) ® 1. Therefore we can always assume
that IT; (Vi) <1, £(G)® 1 for k =1 or 2.

Due to symmetry we only treat k = 1. Using [Chifan et al. 2015, Proposition 3.4] we get N7 <
Lker(IT;)) = c(é‘i x ker(r;)). Thus there exist nonzero projections p € Vi, g € c(éi x ker(s;)), a
nonzero partial isometry v € M and a x-isomorphism ¢ : pNip — B:= ¢ (pNip) C qﬁ(ai x ker(7;))q
on the image such that

¢(x)v=uvx forall x € pN|p. (5.2)

Also notice that since N7 has property (T), so does pN; p and therefore B C qc(c?,- x ker(m;))q is a
property (T) subalgebra. Since ker(;r;) =*;er (Hio)’ , by further conjugating ¢ in the factor aé i xker(s;))
we can assume that there exists a unitary u € L‘(@i x ker(sr;)) and a projection gg € LI(@,-) such that
B C u(qoﬁ(a )q0) ® L(ker(r;))u*. Using property (T) of B and [loana et al. 2008, Theorem] we
further conclude that there is 7o € T such that B <, &, 0B L (ker(r)u* u(qoﬁ(G )q0 ®£((H0)’0))u

Composing this intertwining with ¢ we finally conclude that A7 < E(G x H 0) as desired. (I

Theorem 5.3. Under the same assumptions as in Theorem 5.2, for every k € 1, n one of the following
must hold:

(1) There existsi € 1,2 such that N; < /;(Gk).
2) Nl VN2 <M C(ak X Hp).
Proof. From Theorem 5.2 there exists i € 1, 2 such that \; < E(@k x Hp). For convenience assume that

i = 1. Thus there exist nonzero projections p € Ny, g € E(E}\k x Hy), a nonzero partial isometry v € M
and a %-isomorphism ¢ : pNip — B:= ¢(pNip) C qﬁ(ak x Hp)g on the image such that

¢(x)v=vx forall x € pNip. 5.3)

Notice that ¢ > vv* € B NgMgq and p > v*v € pN;p' N pMp. Also we can pick v such that
s(Eﬁ(gkak)(vv*)) = q. Next we assume that B <, g, xm,) L(ak). Thus there exist nonzero pro-
jections p’ € B, ¢’ € L(Gy), a nonzero partial isometry w € ¢'L(Gy x Hy)p' and a x-isomorphism
v : p'Bp’ — q'£(Gy)q’ on the image such that

Yv(x)w=wx forallxe p'Bp. (5.4)
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Notice that ¢ > p’ > ww* € (p'Bp’) N p’Mp’ and ¢’ > w*w € ¥ (p'Bp’) Ng’ Mq'. Using (5.3) and
(5.4) we see that
Y(px)wv =wed(x)v=wvx forall x € po/N; po, (5.5

where po € N; is a projection picked so that ¢ (po) = p’. Also we note that if 0 = wv then 0 = wvv*, and
hence 0 = E; G, « g, (Wov™) = WE G, « g,y (v0™). This further implies that 0 = ws(E G, « ) (VV™)) =
wq = w, which is a contradiction. Thus wv # 0 and taking the polar decomposition of wv we see that
(5.5) gives (1).

Next we assume that B A, G, x ;) z(ék). Since Gy is hyperbolic relative to Hy, by Lemma 2.2 we have
that for all x, x;x», ..., x; € M such that Bx C Zﬁzl x; B we must have x € L‘(@k x Hy). Hence in particular
we have vv* € B'NgMgq C E(@k x Hy) and thus relation (5.3) implies that Bvv* = vA\;v* C E(@k X Hy).
Also for every ¢ € N;1| we can see that

Bucv* = Bvv*vev® = vN; v vev™ = vv*veN;v*

= veN;v™ = veN;v* o™ = vev v N v* = vev* Buv™ = vev™B. (5.6)

Therefore by Lemma 2.2 again we have vcv* € E(ak x Hy) and hence v jv* C c(ék x Hy). Thus
VNN 1 v* = v o VN v = uNvR o N v* C L(Gy x Hy), which by Popa’s intertwining techniques
implies that V7 v N3 < L£(Gy x Hy), i.e., (2) holds. O

We now proceed towards proving the main result of this section. To simplify the exposition we first
introduce notation that will be used throughout the section.

Notation 5.4. Define Q = Q1 x Q», where Q; are infinite, residually finite, biexact, property (T), icc
groups. Then consider I'; = N; x Q € Ripr(Q) and the semidirect product I' = (N7 X N3) X, Q arising
from the diagonal action o = 01 X 03 : Q — Aut(N; x Np), i.e., 04(ny, n2) = ((01)4(n1), (02)4(n2)) for
all (n1, n2) € N1 x N,. For further use we observe that I is the fiber product I' = I'; x I'; and thus
embeds into I'; x ', where Q embeds diagonally into Q x Q. In the next proofs when we refer to this
copy we will often denote it by d(Q). Also notice that I' is a property (T) group as it arises from an
extension of property (T) groups. Furthermore, I'1, I'; € Rip;(Q) easily implies that I" is an icc group.
For future use, use also recall the notion of the comultiplication studied in [loana et al. 2013; Ioana
2011]. Let I be a group as above, and assume that A is a group such that £(I") = L(A) = M. Then the
“comultiplication along A” A : M — M ® M is defined by A(vy) = v; ®v; forall A € A.

Theorem 5.5. Let I" be a group as in Notation 5.4 and assume that A is a group such that L(I") =
L(A) =M. Let A : M — M M be the comultiplication along A as in Notation 5.4. Then the following
hold:

(3) Forall j € 1,2 there is i € 1,2 such that A(L(N})) < g M ® L(N;).

(4) (a) Forall j € 1,2 thereisi € 1,2 such that A(L(Q})) < mam M ® L(N;) or
(b) ACL(Q)) <pgm M ® L(Q); moreover in this case for every j € 1,2 thereisi € 1,2 such that
A(L(Q) < pam M ® L(Q)).
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Proof. Let M= L' x I'y). Since I' < I'y x I'y, we notice the inclusions A(L(N1)), A(L(N>)) C
MRM=LT xT)C LTI x Ty x 'y x I'). Since T; is hyperbolic relative to Q, using Theorem 5.3
we have either

(5) there exists i € 1, 2 such that A(L(N;)) < 5.0 M ® L(T'y), or

(6) A(L(N1 X N2)) <5500 M® LT x Q).
Assume (5) holds. Since A(L(N;)) C M ® L(I") then by Lemma 2.3 thereisan h € I'; x ', x ' x I',
so that A(L(N;)) < g0 LU x (DNAMT x 'y x FDA Y =L@ x(TNT)) =M (LAN; x Np)
d(Q))N(Ny % Q x 1)) = M L(Ny). Note that since A(L(N;)) is regular in M ® M, using Lemma 2.4,
we get that A(L(N;)) < pgm M ® L(T'}), thereby establishing 3).

Assume (6) holds. Since A(L(Ny x N»)) C L(I' xT"), by Lemma 2.3 thereisan h € I'y x I'; x 'y x ',

such that
ALIN| X N) <L x(TNh(T; xT'p, xI'1 x Q)h_l))

= L(T x (TN (T x haQh; "))
= M® LN x N2) xd(Q) N (N1 x Q x hyQhy ).
Since hg € 'y = N» X Q, we can assume that 4 € N>. Notice that
((N1 x N2) 1 d(2)) N (N1 % Q x ha Qhy ") = ha((Ny x Np) x d(Q)) N (N1 x Q x Q)hy!
= ha((Ny x 1) x d(Q))hy"

and hence A(L(Ny x N2)) <550 M ® L(N; x d(Q)). Moreover using Lemma 2.5 we further have
A(L(N1 x N2)) < pgm M @ LN x d(Q)).
In conclusion, there exist a *-isomorphism on its image

¢ : pA(L(N X N2))p — B:=¢(pA(L(N1 x N2))p) € gM ® LNy xd(Q))
and 0 # v € (M ® M) p such that
¢(x)v=vx forallx € pA(L(N; x N2))p. (5.7

Next assume that (3) doesn’t hold. Thus proceeding as in the first part of the proof of Theorem 5.3,
we get

B £ @V xd(oy M ® LINT) =: M;. (5.8)
Next we observe the inclusions

MiX1ged(Q) = MBL(N1) X18,d(Q) = MBL(N1 x:d(Q))
C MRL((N1xN2)x6d(Q)) = MILINDBL(N2) ®d(Q) = M X1ge N2 xd(Q).  (5.9)

Also since Q is malnormal in N, x Q it follows from Lemma 2.2 that vv* € M ® L(N; x d(Q)) and
hence Bvv* C M ® L(N; x d(Q)). Pick u € DNy memyp(PAL(NY X N2))p) and using (5.7) we see
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that there exist n1, na, ..., ny € p(M ® M) p satisfying
Bvuv* _va vuv® = vp(A(L(Ny x Ng)))pv vnv* = vp(A(L(Ny x Np))) pnv*

< Z vn; p(A(L(N} x N2))) pv* = Z vn; p(A(L(NY x N2))) pv*vv*
i= 1 i=1

= Zvn pv u(A(L(Ny x Np)))pv* _Zvn pv*Bov* _Zvn,pv (5.10)
i=1

Then by Lemma 2.2 again we must have vuv* € M ® L(N; x d(Q)). Hence we have shown that
V2N s mamyp(PAL(NT X N2))p)v* € M@ LN xd(Q)). (5.11)
Since v*v € (pA(L(N1 x N2)p) Np(MIM)p C 2.4, »mam)p(P(AL(NT X N2)))) p, (5.11) further
implies
V2N maap(PAL(NT X N2)))p)'v* C M® LNy xd(Q)). (5.12)

Here for every inclusion of von Neumann algebras R C 7 and projection p € R we used the formula
2N7p(PRP) = p2.4 1(R)" p [Popa 2006b, Lemma 3.5]. As

vp AM) pv* S V2N, p (P(AL(NT X N2)))p)'v*,

we conclude that A(M) < L(N| x Q), which contradicts the fact that V> is infinite. Thus (3) must always
hold.

Next we derive (4). Again we notice that
A(L(Q1)), AL(Q2) CAM) CMROIM=LI xI')C LT x Ty x Ty xTy).
Using Theorem 5.3 we must have either
(7) AL(Q) <@t M® L(T), or
(8) A(L(Q)) <1z M® LT x Q).

Proceeding as in the previous case, and using Lemma 2.4, we see that (7) implies A(L(Q;)) < vam
M ® L(Ny), which in turn gives (4a). Also proceeding as in the previous case, and using Lemma 2.5, we
see that (8) implies

A(LA(D) < mam M @ LNy x d(Q)). (5.13)

To show part (4b) we will exploit (5.13). Notice that there exist nonzero projections r € A(L(Q)),
t € M® L(N; xd(Q)), a nonzero partial isometry w € r(M ® M)t and a x-isomorphism onto its image
¢ rALQ))r — C:=dprAL(Q))r) Ct(M®L(N; xd(Q)))t such that

¢(x)w=wx forall x e rA(L(Q))r. (5.14)

Since L£(Q) is a factor we can assume without loss of generality that r = A(r; ® r»), where r; € L(Q;).
Hence C = ¢ (rA(L(Q))r) = ¢ (A(r1L(Qi)r2)) @ raL(Q2)ry =:C1 V Ca, Where Ci = ¢ (A(r; L(Qi))ri) S
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t(M®L(N; xd(Q)))t. Notice that the C;’s are commuting property (T) subfactors of M ® L(N; xd(Q)).
Since N; x Q is hyperbolic relative to {Q} and seeing

CiVC EMRLIN; xd(Q)) C LT x Ty x (N1 xd(Q2))),
by applying Theorem 5.3 we have that there exists i € 1, 2 such that

(9) C1 <M®£(N1><d(Q)) LT xTp) or
(10) €1V €2 < g xacoy LT x T2 x d(Q)).

Since C; C M ® M then (9) and Lemma 2.6 imply C; < yg( M ® 1, which by [loana 2011, Lemma 9.2]
further implies that C; is atomic, which is a contradiction. Thus we must have (10). However since
CiVC, C M® M, part (10) and Lemma 2.6 give C; V C; <mem M ® L£(d(Q)) and composing this
intertwining with ¢ (as done in the proof of the first case in Theorem 5.3) we get A(L(Q)) < vgm
M® L(d(Q)). Now we show the “moreover” part. So in particular the above intertwining shows that we
can assume from the beginning that C =C; v C; C t(M ® L(d(Q)))t. Since the Q; are biexact, weakly
amenable, by applying [Popa and Vaes 2014, Theorem 1.4] we must have that either C; < M® L(d(Q1)) or
Co < M®L(A(Q1)) or Cy VC, is amenable relative to MQL(d(Q1)) inside M & M. However since C; VC,
has property (T) the last case above still gives that C; vVC; < M® L(d(Q1)), which completes the proof. [J

Theorem 5.6. Let I" be a group as in Notation 5.4 and assume that A is a group such that L(I") =
L(A) =M. Let A : M — M ® M be the “comultiplication along A’ as in Notation 5.4. Also assume
forevery j € 1,2 thereisi € 1,2 such that either A(L(Q;)) < pagm M ® L(Qj) or AL(Qi)) < pmam
M L(N;). Then one can find subgroups ®1, > < ® < A such that:

(1) @1, ®, are infinite, commuting, property (T), finite-by-icc groups.
(2) [®: D d;] < 00 and QN (@) = .
(3) There exist u € % (M), z € P(Z(L(DP))), h = pzu* € 2(L(Q)) such that

WL(D)zp* = hL(Q)h. (5.15)

Proof. For the proof we use an approach based upon the methods developed in [Chifan et al. 2016b;
Chifan and Ioana 2018; Chifan and Udrea 2020]. For the reader’s convenience we include all the details.

Since the relative commutants £(Q ;) N M and £(N;)’ N M are nonamenable, in both cases using
[Drimbe et al. 2019, Theorem 4.1] (see also [Ioana 2011, Theorem 3.1; Chifan et al. 2016b, Theorem 3.3]),
one can find a subgroup ¥ < A with C, (X) nonamenable such that £L(Q1) <, £(X). Thus there are
0# peP(L(Q1)),0# fe PL(T)), apartial isometry 0 # v € fMp and a x-isomorphism onto its
image ¢ : pL(Q1)p — B:=¢(pL(Q1)p) € fL(X) [ so that

¢(x)v=vx forallx € pL(Q1)p. (5.16)

Notice that vv* € B'N fMf and v*v € (pL(Q1)p) N pMp = L(Q>)p. Then (5.16) implies that
Bvv* =vL(Q)v* =u L(Q1)v*vu], where u; € % (M) extends v. Passing to relative commutants we
get vU*(B'N f M fHov* = uv*v((pL(Q1)p)' N pMp)vivu] = uv*v(pL(Q2))v*vui. These relations
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further imply vv*(BV B’ N f M f)vv* = Buv* v ov*(B'N f M fluv* Cui L(Q)uf. As L(Q) is a factor,
there is a new u, € Z (M), with

BV BN fMf)za S urL(Q)us. (5.17)

Here z; is the central support of vv* in BV B'N f M f and hence z, € Z(B'N fMf) and vv* < zp < f.

Let Q@ =Ca (%) and notice that £(2)z2 C ((fL(X) /) NfMf)zo S (B'NfFMf)zo Cus L(Q)uj. Since
Q is malnormal in " and z, € (L(2) f)' N f M f, we further have zo(L(Q2) f vV ((L(Q) ) N fM[f))z C
u L(Q)uj. Again since £(Q) is a factor, there is n € % (M) so that

(L) f V(L) NfMF)zE 0" L(Q)n, (5.18)

where z is the central support of z5 in L£(2) fV ((L(2) )N f M f). In particular, we have vv* <z <z < f.
Now since fL(Z) f C (L(Q)f) N fMf, by (5.18) we get (fL(X)fVL(R) )z S n*L(Q)n and hence

n(LE) fV fLE) flzn™ S L(Q). (5.19)

Since vv* <z € (LX) ) N fMf and B is a factor, the map ¢’ : pL(Q)p — nBzn* C fL(Z) fz
given by ¢'(x) = n¢ (x)zn* still defines a x-isomorphism that satisfies ¢’(x)y = yx for any x € pL(Q1)p,
where 0 # y = nzv is a partial isometry. Hence, £(Q1) <am u* fL(X) fzu. Since Q is malnormal in T,
it follows that £(Q1) <o) nf L(2) fzn*

To this end, using [Chifan et al. 2016a, Proposition 2.4] and its proof, there are 0 # a € Z(L(Q1)),
0#r =nqgzn™ € nfL(X)fzn", with g € Z(fL(X)f), and a *-isomorphism onto its image ¥ :
al(Q1)a— D:=y(@L(Q1)a) CngL(X)qzn™ satisfying the following properties:

(4) The inclusion DV (D' NnqgL(X)qzn*) C ngL(X)gzn* has finite index.
(5) There is a partial isometry 0 # w € £(Q) such that i (x)w = wx for all x € aL(Q1)a.

Now observe the algebras D, D' NngL(X)gzn* and nL(2)gzn* are mutually commuting. Also the
prior relations show that D and n£(2)gzn™ have no amenable direct summand. Since Q| and Q; are
biexact, it follows that D' N ngL(X)gzn* must be purely atomic. Therefore, one can find 0 # e €
P(Z (D' Nu*qL(R)qgzu)) such that after cutting down by g the containment in (4) and replacing D by
De one can assume that

4) D CngL(X)gzn* is a finite-index inclusion of nonamenable II;-factors.

Moreover, replacing w by ew and 1 (x) by ¥ (x)e in the intertwining in (5) still holds.
Notice that (5) implies ww* € D'NrL(Q)r, w*w € aL(Q1)a’ NaLl(Q)a = Ca ® L(Q3). Thus there
exists 0 £ b e Z(L(Q>)) such that w*w =a®b>b. Pick c € Z (L(Q)) such that w =c(a®b). Then (5) gives

Dww* =wL(QDw* =c(aLl(Q1)aCh)c*. (5.20)
Let E = QN (X). Then using (5.20) and (4') above we see that

c(@®b)L(Q)(a®b)c* = ww ngz 2.4 (LX) gzn ww* = wwngzL(E)gzn ww*  (5.21)
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and also
c(Ca®bL(Q2)b)c* = (c(al(Q1)a®@Ch)c*) Ncla®b)L(Q)(a ®b)c*

= (Dww*) Nww*ngzL(E)gzn*ww*
=ww* (D' NnqzL(E)gzn™)ww*. (5.22)

Using (4') and [Popa 2002, Lemma 3.1] we also have
DV (n9zL(2)zqn*) NngzL(E)zgn* S/ DV D' NngzL(E)zgn* € ngzL(E)zgn*, (5.23)

where the symbol €/ above means inclusion of finite index.
Relation (5.20) also shows that

DV (nqzL()zqn™) NngzL(E)zqn* SF nqzL(X)zqn* v (ngzL(2)zqn™) NngzL(E)zgn*
CngzL(EZ(WCA(X)))zgn* S ngzL(E)zgn™. (5.24)

Here vCA(X) = {X € A : |A¥| < oo} is the virtual centralizer of ¥ in A.

Let ® = QN[(\I)(E). Using (5.21) and the fact that Q is malnormal in I, the same argument from [Chifan
and Udrea 2020, Claim 5.2, page 26, lines 1-10] shows that E < & has finite index.

Combining (5.22), (5.20) (5.21) we notice that

ww*(DV D NngzL(E)zgn™)ww* = ww*ngzL(E)zgn*ww* = ww*ngzL(®)zgn*ww*.  (5.25)

In particular, (5.25) shows that ngzL(8)zgn™ <ngz2(2)2qn* PV D' NnqzL(E)zgn* and using the finite-
index condition in (5.23) we get ngzL(E)zgn* <yqz2(2)zqn PV (1q2L(X)zgn*) NngzL(E)zgn*. Thus,
by (5.24) we further have ngzL(E)zgn™ <,420(8)2gn* 197L(Z(vCA(X)))zgn* and since X (vCy (X)) < P
and [® : E] < oo, using [Chifan and loana 2018, Lemma 2.6] we get [ : Z(vCx (X))] < oo.

Relation (5.21) also shows that

c(@a®b)L(Q)(a®b)c* =ww ngzL(E)zgn ww* = ww*ngzL(®)zgn ww*. (5.26)

As Q has property (T), by [Chifan and Ioana 2018, Lemma 2.13] so do ® and &, and hence
YvCp(X) as well. Let {O,}, be an enumeration of all the orbits in A under conjugation by X. Define
Q, :=(01,...,0,). Clearly 2, < 2,41 and X normalizes €2, for all n. Notice that 2,%X < Q, 11X
for all n and in fact 2,3 /7 X (vCx(X)). Since X (vCx (X)) has property (T), there exists ng such that
Q,, X = Z(vCA(X)). In particular, there is a finite-index subgroup ¥’ < ¥ such that [¥’, Q,,] =1, and
hence ¥/, 2, < TCA(E)) <f d are commuting subgroups. Moreover if 7 is the central support of
ww* in nzL(P)gzn* then by (5.26) we also have noL(Q)n; 2 ngzL(E)gzn*r for some unitary n9. Now
since the Q;’s are biexact, the same argument from [Chifan et al. 2016b] shows that the finite conjugacy
radical of @ is finite. Hence ® is a finite-by-icc group and this canonically implies that ®; := ¥’ and
®, := 2y, are also finite-by-icc. As ® has property (T), so do the ®;’s. Altogether, the above arguments
and (5.26) show that there exist subgroups ®;, &, < & < A satisfying the following properties:

(1) @y, &, are infinite, commuting, property (T), finite-by-icc groups.
(2) [®: D P;] < 00 and QN (@) = @.
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(3) There exist u € Z (M), d € 2(L(D)), h = udu* € Z(L(Q)) such that
udL(®)du* =hL(Q)h. 5.27)

In the last part of the proof we show that after replacing d with its central support in £(Q), all the required
relations in the statement still hold. Since £(Q) is a factor, using (5.27) one can find & € % (M) such that
EL(D)tE" C L(Q), where t is the central support of d in £(Q). Hence £ L(D)tE* C ry L(Q)rp, where
ro = &t€* Fix ¢, <t and f, < d projections in the factor £(®)¢ such that t(f,) > t(e,). From (5.27)
we have uf, L(D) fou* =1L(Q)] and Ee, L(D)e,&* C 1, L(Q)r,, Where 1, = Ee, and | = uf,u™. Let
&, € L(Q) be a unitary such that r, <&,/£}. Thus

Ee, L(DP)e,E™ S, L(Q)T, S EJL(QNE) = Eppify L(D) fo ™ &)
and hence
wE e, L(@)e, C fo L(P) fou™ 676 C LIP)U'EJE. (5.28)

Next let ¢, + p1 + p2 + - - -+ ps = t, where p; € L(P)t are mutually orthogonal projections such that
¢, is von Neumann equivalent (in £(®)t) to p; for all i € 1,5 — 1 and ps is von Neumann subequivalent
to ¢,. Now let u; be unitaries in £(®)t such that u; p;u; = ¢, for alli € 1,s—1and uspsits =1z, < €.
Combining this with (5.28) we get

W Ee, L(P) pi = & E e, L(PYujeou; = P*E Ee, L(Peou; © LIP) W E Eu;
foralli € 1, s — 1. Similarly, we get
WEEe, L(P)ps = 1 E e L(PIuTzyus = w6 Eeo L(P)zyuts C WE Ee L(P)eous C L) EyEuy.
Using these relations we conclude that

WrETEe, L(D) = W ESEe, L(P) = ErEe, L(D) ( +y p,-)
K i=1 Ky
C WEEC, L(Dey+ Y | W ETEC, L(D)p; © LID)U'EE+ Y LIPIWE Eu;.

i=l i=1
In particular, this relation shows that u*¢&e, € e@e/i/ﬁ((ll)\)(ﬁ(d))) and since Qﬂé;l)\)(ﬁ(cb))” = L(®D) by
(2), we conclude that u*£;&e, € L(®). Thus using this together with (5.28) one can check that
e, ﬁ(q))eoé* = geog*éoﬂ(ﬂ*gjgeo E((D)eoé*soﬂ)ﬂ*s;kéeoé*
= £ E 1 fo L(D) ol "8 E €™
=Ee,E 8 L(Q)E EeE™ =1, L(O)T,.
In conclusion we have proved that £ L(D)t&* C rpL(Q)r; and for all ¢, < ¢ and f, < d projections
in the factor £(®)t such that t(f,) > t(e,) we have e, L(D)e,£* =1, L(Q)r,, Where 1, < rp = EtE*. By
Lemma 2.9 this clearly implies &€ L(®D)t&E* = r, L(Q)r,, which finishes the proof. [l

Lemma 5.7. Let " be a group as in Notation 5.4 and assume that A is a group such that L(I')=L(A) =M.
Also assume there exists a subgroup ® < A, a unitary u € % (M) and projections z € Z(L(D)),
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r=uzu* € L(Q) such that
wL(®)zu™ =rL(O)r. (5.29)

For every A € A\ @ so that |® N ®*| = oo we have zu;z = 0. In particular, there is ., € A\ ® so that
|® N P*| < oo.

Proof. Notice that since Q < I' = (N1 x Np) x Q is almost malnormal, we have the following property: for
every sequence L(Q) 3 x, — 0 weakly and every x, y € M such that E.p)(x) = E.(g)(y) =0 we have

lEzco)(xxiy)l2 — 0 ask — oo. (5.30)

Using basic approximations and the £(Q)-bimodularity of the expectation we see that it suffices to check
(5.30) only for elements of the form x = u,, and y = u,,, where n, m € (N; x N3) \ {1}. Consider the
Fourier decomposition x, = ) heo T (xxuy-1)uy and notice that

2

1E £eo) (i) 3 =

Z T (Xl )8nhm, QUnhm
2

heQ

2
=D tCup-)8noymn QUnoyemn | = > 1Oy (5.31)
heQ heQ,o,(m)=n"1

Since the action Q ~ N; has finite stabilizers one can easily see that the set {h € Q : o,(m) = n—1)
is finite and since x, — 0 weakly, ZheQ,oh(m)zn—' It(xkuh_1)|2 — 0 as £k — oo, which concludes
the proof of (5.30). Using the conditional expectation formula for compression we see that (5.30)
implies that for every sequence £(Q) > x, — 0 weakly and every x, y € rMr so that E,zg)(x) =
Err0)yr(y) =0 we have || E, -y (xxry)|l2 — 0 as k — oo. Thus using the formula (5.29) we get that
for all uL(®)zu* > x, — 0 weakly and every x, y € uzMzu* so that E, z(0)z (X) = Ep@)zu(y) =0
we have || E o)z (xxry)|l2 — 0 as k — oo. This gives that for all £L(®)z 5 x, — 0 weakly and every
x,y € zMz satisfying E ;) (x) = Ez(@);(y) =0 we have

||E£(q>)z(xxky)||2 — 0 ask— oo. (5.32)

Fix A € A \ @ so that |® N ®*| = oo. Hence there are infinite sequences Ag, @, € A so that raph ™l = Ax
for all integers k. Since A € A\ @, we have E () (u32) = E();(zu;-1) = 0. Also we have u,,z — 0
weakly as k — oo. Using these calculations,

2 2 2
| Ec)(zurzu;-12) 15 = | Eco) (uazuy-12) |15 = g1 Ecco)(urzuy-12) |15

= | E(@) o 251213 = | E£(ayz (ztt3. 20 2103 12) |3 — 0 ask — 00, (5.33)

Also using (5.33) the last quantity above converges to 0 as k — oo and hence E g (o) (zupzuy-1z) =0, which
gives that zu, z = 0, as desired. For the remaining part notice first that since [I" : Q] = 0o, (5.29) implies
that [A : @] = co. Assume by contradiction that for all A € A\ ® we have zuz =0. As [A : ] = oo, for
every positive integer / one can construct inductively A; € A\ ® with i € 1, [ such that )»,»A;l € A\ @ for all
i > jsuchthati, j €l,[. But thiiimplies 0=zu, ,-1z= Ty 12 and hence Uy-12Uy,; are mutually
orthogonal projections when i = 1, [. This is obviously false when [ is sufficiently large. U
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Theorem 5.8. Assume the same conditions as in Theorem 5.6. Then one can find subgroups ®1, &, <
® < A so that

(1) @1, ©, are infinite, icc, property (T) groups so that ® = | x ;.

(2) QNY (@) = @,

(3) There exists u € % (M) such that pL(®)u* = L(Q).

Proof. From Theorem 5.6 there exist subgroups @, ®, < ® < A such that:

(1) &y, &, are, infinite, commuting, finite-by-icc, property (T) groups so that [© : | P;] < oo.
2) QNV (@) = @.
(3) There exist u € % (M) and z € Z(Z(L(D))) with h = uzu* € Z(L(Q)) satistying

WL(D)zp* = hL(Q)h. (5.34)

Next we show that in (5.34) we can pick z € Z(L(P)) maximal with the property that for every
projection t € Z(L(P)z1) we have

L(®)t Ay L(Q) fori=1,2. (5.35)

To see this let z € F be a maximal family of mutually orthogonal (minimal) projections z; € Z°(L(®P))
such that £(®P)z; < L£(Q). Note that since ® has finite conjugacy radical it follows that F is actually
finite. Next let z < > z; :=a € Z(L(P)) and we briefly argue that L(P)a <y £(Q). Indeed since
(L(®)a) NaMa = a(L(P) N M)a = Z(L(P))a and the latter is finite-dimensional, for every r €
(L(DP)a) NaMa there is z; € F such that rz; =z; #0. Since L(D)z; < L(Q), we have L(P)r < L(Q),
as desired. Thus applying Lemma 2.7, after perturbing p to a new unitary, we get uL(P)ap* =h,L(Q)h,.
Finally, we show (5.35). Assume by contradiction there is 7, € & (L(P)z 1) so that L£(D;)1, < L(Q)
for some i = 1, 2. Thus there exist projections r € L(D)zt,, g € L(Q), a partial isometry w € M and a
x-isomorphism on the image ¢ : r L(D)r — B :=¢p(rL(P)r) C gL(Q)q such that ¢ (x)w = wx. Notice
that w*w € 1,(L(P;) N M)t, and ww* € B’ NgMg. But since Q < I' is malnormal, it follows that
B'NgMgq C qL(Q)q and hence ww* € ¢ L(Q)q. Using this in combination with previous relations we get
wr L(®;)rw* =Bww* C L(Q) and extending w to a unitary u we have ur L(d;)ru* C L(Q). Since L(Q)
is a factor, we can further perturb the unitary u so that uL(®;)r,u™ C L(Q), where r <r, < 1, is the central
support of 7 in L(®;)t,. Using malnormality of Q again we further get r, (L(®;)VL(D;) NM)r,u* C L(Q)
and perturbing u we can further assume that (£(®;) Vv L(®;)' "M)s,u* C L(Q) where r, < s, is the central
support of r, in L(®;) Vv L(P;) N M. In particular, u(L(D)s,u™ C L(Q) and hence L(D)s, C u*L(Q)u.
Since r <r, <s, and r < 1t,, the previous containment implies that there is a minimal projection s” € L(P)at
so that £L(®)s’ < L(Q), which contradicts the maximality assumption on . Finally replacing z with @ in
our statement, our claim follows.

Next fix t € Z(L(P)z1). Since L(P)t and L£(D,)t are commuting property (T) von Neumann algebras,
using the same arguments as in the first part of the proof of Theorem 5.5 there are two possibilities: either
(1) there exists j € 1, 2 such that L(® ;)1 < L(N3) or (ii) L(DP)1 < L(N2 ¥ Q). Next we briefly argue
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(ii) is impossible. Indeed, assuming (ii), Theorem 5.2 for n = 1 would imply the existence of j € 1, 2 so
that £(P;)t < L(Q), which obviously contradicts the choice of z. Thus we have (i), and passing to
the relative commutants we have L(Ny) < L(®)t' Nt Mt =1(L(P ;) N M)t. Using the relationships
between the ®;’s we see that 1 (L(P ;) NM)t CtL(P )V L(D ;) NM)t CtL(Pj(VCA (D))t StL(D)1.
In conclusion, we have

L(N)) <p tL(P)r forall t € Z(L(P)zh). (5.36)

Let A={LeA:|dPNP* <oco}and B={L e A :|PNP*| =o0}. Note that AUB = A and A # @.
Since N is infinite, for every A € A we have L(Ny) Ay L(O N ®*)zt. Thus using (5.36) together
with the same argument from the proof of [Popa and Vaes 2008, Theorem 6.16], working under z*, we
get ZJ'EL(q;)(M)LZJ‘XZJ‘) = 0 for all x € M. This further implies z-u;z+ = 0 for all > € A and hence
upz - < 2.

On the other hand by Lemma 5.7 for all A € B we get zu,z = 0, and hence u;zu; -1 < z*+. So if
B # @, we obviously have equality in the previous two relations, i.e., uyzu;,-1 = z*+ for all A € B and
uztu 5-1 =z for all A € A. These further imply there exist a, € A and bg € B such that A = aoCy (zh)
and B =b,Cx(2); here Cp(z) < A is the subgroup of all elements of A that commute with z and similarly
for Co(z1). Thus A = AUB = a,Cx(z1) Ub,C(z). Thus we can assume, without loss of generality,
that [A : CA(z)] < co. But since A is icc this implies z = 1. The rest of the statement follows. O

Theorem 5.9. In Theorem 5.5 we cannot have case (4a).

Proof. Assume by contradiction that for all j € 1, 2 thereisi € 1, 2 such that A(L(Q;)) < ma M®£(Nj).
Using [Drimbe et al. 2019, Theorem 4.1] and property (T) on N}, one can find a subgroup £ < A such
that £(Q;) <m L£(2) and L(N;) <p L(CA(X)). Since nL(®)u* = L(Q) and Q; are biexact, by
the product rigidity results in [Chifan et al. 2016b] one can assume that there is a unitary u € £(Q)
such that uL(Qu* = L(®;)" and uL(Qr)u* = L(P,)'/". Thus we get L(P;) < L(T), and hence
[®;:gXg~'Nd;] < 0o. So working with g=g~!
particular XN ®; is infinite and since & is almost malnormal in A, it follows that C (XN®;) < ®. Thus we
have L(N;) < LICA (X)) CSL(CA(ZEND;)) C L(P) =" L(Q)p, which is obviously a contradiction. [

instead of ¥, we can assume that [®; : X NP;] < 00. In

Theorem 5.10. Let I be a group as in Notation 5.4 and assume that A is a group such that L(I') = L(A) =

M. Let A : M — M Q M be the comultiplication along A as in Notation 5.4. Then the following hold.:
(i) AL(ND), A(L(N2), AL(Ny x N2)) <o LIN) x N2) ® LN x N2).
(i1) There is a unitary u € M ® M such that uA(L(Q))u* C L(Q) ® L(Q).

Proof. First we show (i). From Theorem 5.5 we have that for all j € 1,2 there is j; € 1,2 such
that A(L(N;)) <pgm M ® L(N;). Since M grALN;)” D A(M) and AM) "M M =Cl,

by [Drimbe et al. 2019, Lemma 2.4 (3)] we actually have A(L(N},)) <i\/l®/\/l M® L(Nj). Notice
that for all i # k we have j; # ji. Otherwise we would have A(L(N},)) < M ® L(N;) and

MM
A(L(N; M ® L(N,), which by [Drimbe et al. 2019, Lemma 2.8 (2)] would imply

S
D)) <M

AL(N})) <y MBLININN) =M@ 1,
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which is a contradiction. Furthermore using the same arguments as in [Isono 2020, Lemma 2.6] we
have A(L(N; x N»)) <j\4®M M ® L(N; x Ny). Then working on the left side of the tensor we get
A(L(N; x Np)) <j\/l®/\/l L(N1 x N2) @ LIN1 x N»).

Finally, notice that part (ii) is a direct consequence of Theorem 5.8. O

SA. Proof of Theorem 5.1.

Proof. We divide the proof into separate parts to improve the exposition.

Reconstruction of the acting group Q. To accomplish this we will use the notion of height for elements
in group von Neumann algebras as introduced in [loana et al. 2013; Ioana 2011]. From the previous
theorem recall that u A(L(Q))u* C L(Q) @ L(Q). Let A =uA(L(Ny))u* Next we claim that

hoxoUA(Q)u*) > 0. (5A.1)

For every x, y € £L(Q) ® L(Q) and every a € A® A supported on a finite set F C N = Nj x N, we have

2 2

2

Z T(xuy-1)T(yup) E g5 4(04(@)uy-1)

1Eagaxa)3 = | > 1(xug-)7 (i) E s 4 (ugau1)

2

q.l q.l
2 2
=D tugntue @) =\ > Tug)Tyu)T@n,-ie,o)
q 2 qeQ,neN? 2
2
= Z Z T(xug-1)t(yuy)t(au,-1)
reN? Uq(n):r
2
<h2QXQ(x)Z( > |t<yuz)||r(auaql(r>)|)
reN? qEQ:oq,l(r_])eF
<hguo@lyl3llal; max [{g € Q :0,-1(r") € F}. (5A.2)
reN?

This estimate leads to the following property: for all finite sets K, S C Q, every a € span{A ® Au, :
g € K} and all & > 0O there exist a scalar C > 0 and a finite set F' C N?Z such that, for all x, yeL(Q)RL(Q),

1Py, adau, a3
< IKIISICUguollvIz Nalla max g € 0 017 € FID +elixllecllyloo: - (GA3)
re

Note this follows directly from (5A.2) after we decompose the a and the projection Py 4z au,-

Next we use (5A.3) to prove our claim. Fix ¢ > (. Since A(4) A M® 1, 1 ® M, by Theorem 2.1
one can find a finite subset F, C N2 \ ((N x 1)U (1 x N)) such that ap, € A® A is supported on F, and
la—ar,|l2 <e. Since A(A) <* A® A, there is a finite S € Q x Q such that

1Py agan (@ —al2<e forallae A(A). (5A.4)
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Assume by contradiction (5A.1) doesn’t hold. Thus there is a sequence 1, € Q such that hpyo(t,) =
hoxoWA(u,)u*) — 0asn — 0o. As t, normalizes A(A), one can see that

1 —& =|ltaat; |3 — & < 1Py agau, tnat)5 < I Py agau, (tnat}) |3+ €
<|F,| |S|C<h2QXQ<zn>||zn||%||aF0||§ma;; g€ Q:0,-1(r™") € F}) +elltalll,
re

S IE1S1C (i (1) max|Stab (r) | o) + 2. (5A.5)

Since the stabilizer sizes are uniformly bounded, we get a contradiction if ¢ > 0 is arbitrary small.
Now we notice that the height condition, together with Theorem 5.8 and [Chifan and Udrea 2020,
Lemmas 2.4, 2.5], already implies o (u®u*) > 0 and by [Ioana et al. 2013, Theorem 3.1] there is a
unitary wo € M such that Tpuo®ug; =TQ.

Reconstruction of a core subgroup and its product feature. From Theorem 5.10, we have

A(ﬁ(Nl X Nz)) <j\/l®M ﬁ(Nl X Nz) @ﬁ(Nl X Nz).
Proceeding exactly as in the proof of [Chifan and Udrea 2020, Claim 4.5] we can show that A(A) C AR A,
where A =uL(N;| x N>)u* By Lemma 2.8, there exists a subgroup X < A such that A = £(X). The last
part of the proof of [Chifan and Udrea 2020, Theorem 5.2] shows that A = X x ®. In order to reconstruct

the product feature of X, we need a couple more results.

Claim 2. For everyi =1, 2 there exists j = 1,2 such that
A(L(N;)) <* L(N; x N2) ® L(N;). (5A.6)

Proof of Claim. We prove this only for i = 1 as the other case is similar. We also notice that since
Nuem(AL(N})))” 2 A(M) and A(M) N MM =Cl, to establish (5A.6) we only need to show that
A(L(Nj)) < LNy x N2) @ L(N;). From above we have A(L(N X N2) < pg1 LIN1 X N2) @ L(N| x N»).
Hence there exist nonzero projections a; € A(L(N;)) and b € L(N1 x N2) ® L(N1 x N,), a partial isometry
v € M ® M and a *-isomorphism on the image

Va1 ay A(L(Nyx Ny))a®ar — V(a1 @ar A(L(N1 xNa))ai®as) :=RCh(L(N; x N2)QL(Ny x N2))b

such that W (x)v = vx for all x € a; ® ay A(L(Ny X N3))a| Q as.

Define D; := W(a;(A(L(N;)))a;) € bL(Ny x N2) @ L(N; x N2)b and notice that D; and D, are
commuting property (T) diffuse subfactors. Since the group N, is (Fs)-by-(nonelementary hyperbolic
group), by [Chifan et al. 2015; Chifan and Kida 2015] it follows that there is j = 1,2 such that
Dj < xNy&LN; xNy) LINT X N2) ® LN x Foo). Since Foo has Haagerup’s property and D; has
property (T) this further implies that D; <y, xny)&cv; xn,) LN1 X N2) ® L(Ny). Composing this
intertwining with W we get A(L(N;)) < L(N1 x N2) ® L(N}), as desired.

Also, we note that j; # j>. Otherwise we would have A(L(N;)) <* L(N; x N3) R L(N)NL(N,) =
L(Ny x N2) ® 1, which obviously contradicts [loana et al. 2013, Proposition 7.2.1]. O

Let A =ul(Ny))u* Thus, we get A(A) <* L(N; x N2) ® L(N;) for some i = 1, 2. This implies that
for every ¢ > 0 there exists a finite set S C u*Qu, containing e, such that ||d — Psxs(d)|2 < ¢ for all
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d € A(A). However, A(A) is invariant under the action of u* Qu, and hence arguing exactly as in [Chifan
and Udrea 2020, Claim 4.5] we get A(A) C (L(Z) ® uL(N;)u*). We now separate the argument into
two different cases:

Case I: i = 1. In this case, A(A) € L(X) ® A. Thus by Lemma 2.8 we get that there exists a subgroup
Yo < X with A= L(Xp). Now, A'NL(X) =ul(N>)u* Thus, L(Zo) NL(X) =uLl(Ny)u* Note that X
and X are both icc property (T) groups. This implies £(Xg) N L(X) = L(wCx(Zp)), where vCx (Xg)
denotes the virtual centralizer of ¥ in 2. Proceeding as in [Chifan et al. 2018] we can show X = ¥ x X;.

Case II: i =2. Let B=uL(N;)u* In this case, A(A) C L(X)®B. However, Lemma 2.8 then implies that
A C B, which is absurd, as £(N;) and £(N;) are orthogonal algebras. Hence this case is impossible. [

Remarks. (1) There are several immediate consequences of Theorem 5.1. For instance one can easily
see the von Neumann algebras covered by this theorem are nonisomorphic with the ones arising from
any irreducible lattice in higher-rank Lie group. Indeed, if A is any such lattice satisfying £(I") = L(A),
then Theorem 5.1 would imply that A must contain an infinite normal subgroup of infinite index which
contradicts Margulis’ normal subgroup theorem.

(2) While it well known there are uncountably many nonisomorphic group II;-factors with property (T)
[Popa 2007], little is known about producing concrete examples of such families. In fact the only currently
known infinite families of pairwise nonisomorphic property (T) groups factors are {£(G,) : n > 2} for
G, uniform latices in Sp(n, 1) [Cowling and Haagerup 1989] and {£(G| X G2 x - - - x G) : k > 1}, where
Gy is any icc property (T) hyperbolic group [Ozawa and Popa 2004]. Theorem 5.1 makes new progress
in this direction by providing a new explicit infinite family of icc property (T) groups which gives rise
to pairwise nonisomorphic II;-factors. For instance, in the statement one can simply let Q; vary in any
infinite family of nonisomorphic uniform lattices in Sp(n, 1) for any n # 2. Unlike the other families,
ours consists of factors which are not solid, do not admit tensor decompositions [Chifan et al. 2018], and
do not have Cartan subalgebras [Chifan et al. 2015].

(3) We notice that Theorem 5.1 still holds if instead of I' = (N1 x N») x (Q1 x Q») one considers any
finite-index subgroup of I' of the form I'y , = (N; x N2) x (Q] x Q%) <T, where Q] < Q; and Q) < 0>
are arbitrary finite-index subgroups. One can verify these groups still enjoy all the algebraic/geometric
properties used in the proof of Theorem 5.1 (including the fact that Ny x Q7 is hyperbolic relative to Q7
and Ny x Q) is hyperbolic relative to Q) and hence all the von Neumann algebraic arguments in the
proof of Theorem 5.1 apply verbatim. The details are left to the reader.

(4) The group factors considered in Theorem 5.1 have trivial fundamental group by [Chifan et al. 2020,
Theorem B]

6. Concrete examples of infinitely many pairwise nonisomorphic group Il;-factors with property (T)

In this section we present several applications of our main techniques to the structural study of property (T)
group factors. An earlier result of Popa [2007] shows that the map I" — £(I") is at most countable-to-1.
Since there are uncountably many icc property (T) groups, this obviously implies the existence of
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uncountably many group property (T) factors which are pairwise nonisomorphic. However, currently there
are still no explicit constructions of such families in the literature. In this section we make new progress
in this direction by showing that the canonical fiber product of Belegradek—Osin Rips construction groups
can be successfully used to provide possibly the first such examples (Corollary 6.4). In addition, our
methods also yield other interesting consequences. For instance, they can be used to provide an infinite
series of finite-index subfactors of a given property (T) II;-factor that are pairwise nonisomorphic, which
is also a novelty in the area (Corollary 6.2). This further gives infinitely many examples of icc, property (T)
groups I',, measure equivalent to a fixed group I" such that £(I",) are pairwise mutually nonisomorphic.
The first examples of group measure equivalent groups I" and A giving rise to nonisomorphic group von
Neumann algebras were given in [Chifan and Ioana 2011], thereby answering a question of Shlyakhtenko.
Note that the examples in [Chifan and Ioana 2011] don’t have property (T).

The following is the main von Neumann algebraic result of the section. Some of the arguments used in
the proof are very similar to the ones used in the proof of Theorem 5.1 and thus we shall just refer the reader
to the previous section for these. However, we will include all the details on the new aspects of the proof.

Theorem 6.1. Let Oy, Q», P, P, be icc, torsion-free, residually finite property (T) groups. Let Q =
01 x Qrand P = Py x P,. Assume that N1 X Q, N2 x Q € Ripy(Q) and M1 X P, My X P € Ripy(P).
Assume that © : L((N1 x Np) X Q) = L((M| x M3) x P) is a x-isomorphism.

Then one can find a x-isomorphism, ®; : L(N;) — L(M;), a group isomorphism § : Q — P, a
multiplicative character n : Q — T, and a unitary u € % (L((M| x M) X P)) such that for all y € Q,
x; € N; we have

O((x1 @ x2)uy) = n(Y)u(O1(x1) ® O2(x2)vs(y))u’.
Proof. Let M= L((MyxM3)xP),T'; =N; xQ and M= L(T"; xT'»). Note that © (L(N})) and O (L(N,))
are commuting property (T) subfactors of L((M; x M») x P). Hence by Theorem 5.3 we have that either
(1) exists i € {1, 2} such that ® (L(N;)) < ¢; L(I'1) or
(2) O(L(N1 x N2)) <54 L(T'1 x P).

Assume (1) holds. Then proceeding as in the first part of proof of Theorem 5.5 we have ©® (L(N;)) <
L(My). As L(M)) is regular in M, we conclude using Lemma 2.4 that ® (L(N;)) <ap L(M7).

Assume (2). Then by the same argument as in the second part of the proof of Theorem 5.5 we have
O(L(N1 x N2)) <51 LMy x diag(P)). Thus if ©(L(N;)) A L(M;) for all i = 1,2, then the same
argument as in the last part of Theorem 5.5 will lead to a contradiction.

In conclusion, we have shown that for all i = 1, 2 there exists j € 1, 2 such that ® (L(N;)) < L(M;).
As ©(L(Nj)) is regular in M, we actually have ®(L(N;)) <’ L(M;). Notice that in particular this
forces different i’s to give rise to different j’s. Indeed, otherwise we would have © (L(N;)) <’ L(M1)
and ©(L(N;)) <’ L(M>). Then by [Drimbe et al. 2019, Lemma 2.6], this would imply ® (L(N;)) <
L(M1) N L(M,) = C, which is obviously a contradiction. Therefore we get that either
(4a) ©(L(N1)) < L(My) and O(L(N2)) <’ L(M>) or
(4b) O(L(ND)) <)y L(M2) and ©(L(N)) <y L(M)).
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Note that both cases imply ©(L(Ny)), ©(L(N2)) <, L(M} x M>). Using [Isono 2020, Lemma 2.6], we
further get
O(L(N1 x Na)) < LMy x M>). 6.1

Proceeding in a similar manner, we also have the reverse intertwining L(M| x M>) <%, © (L(N1 X N3)).
Since L(M1| x M»), L(N1 x N,) are irreducible, regular subfactors of M, by [loana et al. 2008, Lemma 8.4]
one can find u € U/ (M) such that

ul(My x My)u™ = ®(L(Ny x Ny)). 6.2)

Note that @(L(Q1)), ®(L(Q»)) are commuting property (T) subfactors of L((M; x M) x P). Pro-
ceeding exactly as in the first part of the proof, we conclude that either ©(L(Q;)) <,; £(I'1) or
OL(Q1 x 02)) <51 L(I'1 x P). As before, this further implies that either

(7) ©(L(Qi)) <am L(M)) or
(8) ©(L(Q1 x O2)) <m L(M, x diag(P)).

Assume (7). Since by (6.2) we also have L(M1) <’ ; ® (L(N1 x N2)) and hence by [Vaes 2009, Lemma 3.7]
we conclude ®(L(Q;)) <a O(L(N; x Ny)). However, this implies Q; is finite, which is a contradiction.

Hence, we must have (8). Proceeding as in the end of proof of Theorem 5.5, we conclude that
O(L(Q)) < L(P). Thus there exists ¥V : pO(L(Q))p > R :=V(pOL(Q))p) € gL(P)g such that
W (x)v =vx for all x € pO(L(Q))p. Also note that vv* € R’ NgMgq and v*v € p@O(L(Q))p' N pMp.
Since R € g L(P)q is diffuse and P < (M} x M) x P is a malnormal subgroup, we have 2.4, v, (R)" C
qL(P)q. Thus vv* € g L(P)q and hence vp® (L(Q)) pv* =Rvv* C g L(P)q. Extending v to a unitary vg
in M we have vop®(L(Q))pv; € L(P). As L(P) and L(Q) are factors, after perturbing v to a new
unitary we may assume that

(9) vo®(L(Q))vy S L(P).
In a similar manner we have that there exists wg € % (M) with
(10) woL(P)wy € OCL(Q)).

Conditions (9) and (10) imply woL(P)w; € O(L(Q)) S viL(P)vo. In particular, vowoL(P)wgvy € L(P).
Since P is malnormal in (M x M3) x P, we have vowo € L(P) and hence woL(P)w; = viL(P)vo.
Combining this with the above relations we get

(1) weL(P)wy = O(L(Q)).

Since the action Q ~ (N] X N3) has trivial stabilizers, using conditions (11) and (6), arguing as in the
proof of Theorem 5.1, we get hwoﬂ(P)wg (©(Q)) > 0. By [loana et al. 2013, Theorem 3.3] we get that
there exists wy € % (M) and an isomorphism § : Q — P such that ®(u,) = wivswj forall g € Q.
Finally, this together with relation (4), proceeding exactly as in the proof of Theorem 5.1, implies the
desired conclusion. O

The previous theorem can be used to provide an infinite series of finite-index subfactors of a given
property (T) II;-factor that are pairwise nonisomorphic.
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Corollary 6.2. (1) Let Q1, Q2 be uniform lattices in Sp(n, 1) with n > 2 and let Q = Q1 x Q».
Also let --- < Q] < -+ < Q% < Q} < Q1 be an infinite family of finite-index subgroups and define
Qy := Q7 x Q2 < Q. Then consider N X, Q, Ny X4, Q € Ripp(Q) and let I = (N1 X N2) X xq, O.
Inside I" consider the finite-index subgroups I's := (N1 X N2) X4, %0, Qs. Then the family {L(I'y) : s € 1}
consists of pairwise nonisomorphic finite-index subfactors of L(I").

(2) Let T, '), be as above. Then Ty, is measure equivalent to T" for all n € N, but L(I"),) is not isomorphic
to L(T'y,) for n # m.

Proof. (1) Assume L(I'y) = L(I';). Notice that Q,, O3, Ql1 are torsion-free, residually finite property (T)
groups. Thus applying Theorem 6.1 we get in particular that Oy = Q;. However since Q», Q7, and Ql1
are icc hyperbolic, this further implies Q] = Qll. However, by [Prasad 1976] or the cohopfian property of
one-ended hyperbolic groups, this implies s =/ and the proof follows.

(2) As[I": T',] < 0o, I'), is measure equivalent to I', and hence I';, is measure equivalent to I, for all
n, m € N. The rest follows from part (1). U

Notation. Denote by S7 denote the family of all icc, torsion-free, residually finite property (T) groups.
For further use we record the following elementary result. Its proof is left to the reader.

Proposition 6.3. Fix Q to be an icc, torsion-free, residually finite, hyperbolic property (T) group. For
instance, Q can be chosen to be a uniform lattice in Sp(n, 1) for n > 2. Then the family ST ={G x Q :
G € ST} consists of pairwise nonisomorphic groups.

Finally, we present the main application of this section:

Corollary 6.4. Let {Q,},c1 be an infinite family of pairwise nonisomorphic groups in ST'. Consider the
semidirect products N, X, Qu, N, X6, O, € Ripr(Q,) for every 1 € I. Consider the canonical semidirect
product I', := (N, X N,,) X, xo, Q. corresponding to the diagonal action o1 x o3. Then {L(I",)) : 1 € L} is
an infinite family of pairwise nonisomorphic group Il|-factors with property (T).

Proof. This follows directly from Theorem 6.1 and Proposition 6.3 U

We strongly believe the family S7 consists of uncountably many pairwise nonisomorphic groups. In this
scenario, Corollary 6.4 would provide an explicit family of uncountably many nonisomorphic property (T)
group von Neumann algebras. However, we were unable to find in the literature a reference for whether S7°
contains uncountably many nonisomorphic groups. Therefore we leave the following as an open question.

Open Problem. Find examples of uncountably many nonisomorphic icc property (T) groups G that give
nonstably isomorphic Il -factors L(G).

7. Cartan-rigidity for von Neumann algebras of groups in Rip( Q)

In this last section we classify the Cartan subalgebras in II;-factors associated with the groups in Rip;(Q)
and their free ergodic pmp actions on probability spaces (see Theorem 7.1, and Corollary 7.2). Our proofs
rely in an essential way on the methods introduced in [Popa and Vaes 2014; Chifan et al. 2015], as well as
on the group theoretic Dehn filling discussed in Section 3C. For convenience we include detailed proofs.
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First we establish the following general intertwining result regarding crossed product algebras arising
from groups in Rip(Q).

Theorem 7.1. Let Q = Q1 X Q», where Q; are residually finite groups. For everyi = 1,2, let T'; =
N; Xg O € Rip(Q) and denote by I' = (N1 x Na) Xs Q the semidirect product associated with the
diagonal action 0 = (01, 02) : Q — Aut(N| X N3). Let P be a von Neumann algebra together with an
action I' P and define M =P x T Let p € M be a projection and let A C p M p be a maximal abelian
self-adjoint subalgebra (masa) whose normalizer N, (A)" € pMp has finite index. Then A < P.

Proof. Since I'; = N; x Q is hyperbolic relative to a residually finite group Q, by Theorem 3.16 there
exists a nonelementary hyperbolic group H;, a subset 7; € N; with |T;| > 2 and a normal subgroup R; <1 Q
of finite index such that we have a short exact sequence

.
1 = #er, Rl > Ty = H; — 1.

In particular there are infinite groups K, K; so that #cr, Rl? =K *K>.

Denote by 7; : I' — I'; the canonical projection given by m;((n1, n2)q) = n;q for all (ny, ny)q €
(N1 x N3) x Q =T. Then for every i = 1, 2 consider the epimorphism p; = ¢; om; : I' — H;. Following
[Chifan et al. 2015, Section 3], consider the *-embedding A? : M — M ® L(H;) := /\71,- given by
APi(xug) = xug @ vy, (g) for all x € M, g € I. Here (ug)ger and (vj)sepn; are the canonical group
unitaries in P x I and L(H;), respectively. As A is amenable, [Popa and Vaes 2014, Theorem 1.4] implies
either (a) A”(A) <, M ® 1 or (b) the normalizer A (A,r1,(A)”) is amenable relative to M ® 1
inside M;. Assume (b) holds. As Npmp(A)” € pMp has finite index, it follows that A” (pMp) is
amenable relative to M ® 1 inside /\71,-. However, using [Chifan et al. 2015, Proposition 3.5] this further
gives that H; is amenable, a contradiction. Thus (a) must hold and using [loc. cit., Proposition 3.4] we get
A < P xker(p;). Let N =P x ker(p;) and using [loc. cit., Proposition 3.6] we can find a projection
0 # g € N such that a masa B C gNg with Q := 45, (B)” € g/Ngq has finite index. In addition one can
find projections 0 # pg € A, 0 # g € B'N pMp and a unitary u € M such that u(Apo)u* = Bpo.

To this end, observe the restriction homomorphism 7; : ker(p;) — K * K is an epimorphism with
ker(sr;) = N;. As before, consider the x-embedding A™ ‘N — N ®L(K| * Kp) given by AT (xugy) =
XUy ® Ur,(g) for all x € P, g € ker(p;). Define Ni:=NQ Lker(p;)). Also fix 0 # z € Z(Q NgNq).
Since A" (Bz) C N ® L(K; * K;) is amenable, using [Ioana 2013; Vaes 2014] one of the following
must hold: (c) A7 (Qz) is amenable relative to N’ ® 1 inside N;; (d) A™ (Qz) <7 N ® L(K;) for some
J=1,2:(e) AT(Bz) <, N® 1.

Assume (c) holds. As Q C gNgq is finite-index so is Qz C zANz and [Chifan et al. 2015, Lemma 2.4]
implies zNz <* Qz. Using [Ozawa and Popa 2010, Proposition 2.3 (3)] we get A (zNz) is amenable
relative to N ® 1 inside N i. Thus [Chifan et al. 2015, Proposition 3.5] implies that K * K> is amenable,
a contradiction. Assume (d) holds. By [loc. cit., Proposition 3.4] we have Qz < P X ()~ (K ;) and
using [Drimbe et al. 2019, Lemma 2.4 (3)] one can find a projection 0 # r € 2°(Qz’ N zN'z) such that
Or <% P x (m;)"1(K;). Since Qz C zN7z is of finite index, so is Or € rAr and thus rAr <y Or.
Therefore using [Drimbe et al. 2019, Lemma 2.4 (1)] (or [Vaes 2009, Remark 3.7]) we conclude that
N <Px@m) YK ;). However, this implies that T (K i) < ker(p;) is finite-index, a contradiction. Hence
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(e) must hold and using [Chifan et al. 2015, Proposition 3.4] we further get Bz < P x N;. Since this holds
for all z, we conclude that B <y, P N;. This combined with the prior paragraph clearly implies A <P x N;.

Since all the arguments above still work and the same conclusion holds if one replaces .A by Aa for
any projection 0 # a € A, one actually has A <% P x N;. Since this holds for all i = 1, 2, using [Drimbe
et al. 2019, Lemma 2.8 (2)] one concludes that A <4 P, as desired. U

Corollary 7.2. Let I be a group as in the previous theorem and let T ~ X be a free ergodic pmp action
on a probability space. Then the following hold:

(1) The crossed product L*°(X) x I has unique Cartan subalgebra.
(2) The group von Neumann algebra L(I') has no Cartan subalgebra.

Proof. (1) Let A C L*°(X) x I" =: M be a Cartan subalgebra. By Theorem 7.1 we have A < L*(X)
and since L*°(X) € M is Cartan then [Popa 2006a, Theorem] gives the conclusion.

(2) If A C L(T') is a Cartan subalgebra then Theorem 7.1 implies .A < C1, which contradicts that A is
diffuse. ([l
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LONG TIME EXISTENCE OF YAMABE FLOW
ON SINGULAR SPACES WITH POSITIVE YAMABE CONSTANT

JORGEN OLSEN LYE AND BORIS VERTMAN

We establish long-time existence of the normalized Yamabe flow with positive Yamabe constant on a
class of manifolds that includes spaces with incomplete cone-edge singularities. We formulate our results
axiomatically so that they extend to general stratified spaces as well, provided certain parabolic Schauder
estimates hold. The central analytic tool is a parabolic Moser iteration, which yields uniform upper and
lower bounds on both the solution and the scalar curvature.

1. Introduction and statement of the main results

The Yamabe conjecture states that for any compact, smooth Riemannian manifold (M, go) without
boundary there exists a constant scalar curvature metric conformal to go. The first proof of this conjecture
was initiated by Yamabe [1960] and continued by Trudinger [1968], Aubin [1976] and Schoen [1984].
The proof is based on the calculus of variations and elliptic partial differential equations. An alternative
tool for proving the conjecture is due to Hamilton [1989], who utilized the normalized Yamabe flow of a
Riemannian manifold (M, gg), which is a family g = g(¢), t € [0, T] of Riemannian metrics on M such
that the following evolution equation holds:

dhg=—(S—p)g, p:= Volg(M)I/ S dVol,. (1-1
M

Here § is the scalar curvature of g, Vol, (M) is the total volume of M with respect to g and p is the
average scalar curvature of g. The normalization by p ensures that the total volume does not change
along the flow. Hamilton [1989] introduced the Yamabe flow and also showed its long-time existence. It
preserves the conformal class of gg and ideally should converge to a constant scalar curvature metric,
thereby establishing the Yamabe conjecture by parabolic methods.

Establishing convergence of the normalized Yamabe flow is intricate already in the setting of smooth,
compact manifolds. In the case of scalar negative, scalar flat and locally conformally flat scalar positive
metrics, convergence is due to Ye [1994]. The case of a nonconformally flat gy with positive scalar
curvature is delicate and has been studied first by Schwetlick and Struwe [2003] for large energies and
later by Brendle [2005; 2007] for arbitrary energies. More specifically, [Schwetlick and Struwe 2003,
Section 5] as well as [Brendle 2005, p. 270; 2007, p. 544] invoke the positive mass theorem, which is
where the dimensional restriction in [Schwetlick and Struwe 2003; Brendle 2005] and the spin assumption
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in [Brendle 2007, Theorem 4] come from. Assuming [Schoen and Yau 2022] to be correct, [Schwetlick
and Struwe 2003; Brendle 2005; 2007] cover all closed manifolds which are not conformally equivalent
to spheres.

In the noncompact setting, our understanding is limited. On complete manifolds, long-time existence
has been discussed in various settings by Ma [2016], Ma and An [1999] and Schulz [2020]. On incomplete
surfaces, where Ricci and Yamabe flows coincide, Giesen and Topping [2010; 2011] constructed a flow
that becomes instantaneously complete.

In this work, we study the Yamabe flow on a general class of spaces that includes incomplete spaces with
cone-edge (wedge) singularities or, more generally, stratified spaces with iterated cone-edge singularities.
This continues a program initiated in [Bahuaud and Vertman 2014; 2019], where existence and convergence
of the Yamabe flow has been established in case of negative Yamabe invariant. Here, we study the positive
case and, utilizing methods of Akutagawa, Carron and Mazzeo [Akutagawa et al. 2014], we establish
long-time existence of the flow under certain mild geometric assumptions. We don’t attempt to prove
convergence here, in view of [Schwetlick and Struwe 2003; Brendle 2005; 2007] and the fact that we
don’t have a substitute for the positive mass theorem in the singular setting.

Our main result (see Theorem 5.1 for the precise statement) is as follows.

Theorem 1.1. Let (M, go) be a Riemannian manifold of dimension n = dim M > 3 such that the following
four assumptions (to be made precise below) hold.:

(1) The Yamabe constant Y (M, go) defined in (1-6) is positive.

(2) (M, go) is admissible and satisfies a Sobolev inequality as in Definition 1.2.

(3) Parabolic Schauder estimates of Definition 1.4 hold on (M, go).

(4) The initial scalar curvature Sy € CY*(M) as in Assumption 4. Moreover, we also require that

So € L”z/(z(”*z))(M) and that its negative part (Sp)— € L™ (M).

Under these assumptions, a normalized Yamabe flow of go exists within the space of admissible spaces,
with infinite existence time.

Examples, where the assumptions of the theorem are satisfied, include spaces with incomplete wedge
singularities. More general stratified spaces with iterated cone-edge metrics are also covered, provided
parabolic Schauder estimates continue to hold in that setting.

Let us point out two technical novelties of our work.

(1) We prove uniform bounds on the solution and on the scalar curvature along the normalized Yamabe
flow without using the maximum principle. We have not found any such argument in the existing literature.

(2) We derive such uniform bounds starting with low initial Sobolev regularity, So € H'(M). This low
initial regularity forces us to develop very intricate arguments to deal even with the chain rule. We have
not seen any such argument in the existing literature on parabolic equations.

We now proceed with explaining the assumptions in detail.
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Normalized Yamabe flow and Yamabe constant. Consider a Riemannian manifold (M, gg), with gg
normalized such that the total volume Vol (M) equals 1. The Yamabe flow (1-1) preserves the conformal

class of the initial metric gy and, assuming dim M =n > 3, we can write g = u*/~?

go for some function
u>0on My =M x [0, T] for some upper time limit 7 > 0. Then the normalized Yamabe flow equation

can be equivalently written as an equation for u:

MAO, (1-2)
n—2

where L is the conformal Laplacian of gg, defined in terms of the scalar curvature Sy and the Laplace

0, ") = 2+ ) (pu "D — Lo(w)).  Lo=So—

Beltrami operator Ag associated to the initial metric gg. The scalar curvature of the evolving metric g is
given by S =u~*+2/0=2),,(y), and the volume form of g = u*/"=2) g is given by dVol, =u?"/"=2 dp,
where we write du := dVoly, for the time-independent initial volume form. One computes that

3 dVoly = —1n(S — p) dVol,. (1-3)

Hence, the total volume of (M, g) is constant and thus equal to 1 along the flow. The average scalar
curvature then takes the form
4n—-1)

,02/ SdVOng/ L(u)u—(n+2)/(n—2)u2n/(n—2) d,lL:/
M M M n—2

Explicit computations lead to the following evolution equation for the average scalar curvature:

-2
&p = _”T f (p— $)2u> =2 qpu. (1-5)
M

|Vu|?> + Sou’ du. (1-4)

The latter evolution equation in particular implies that p = p(¢) is nonincreasing along the flow. We
conclude the exposition by defining the Yamabe constant of gg, which incidentally provides a lower
bound for p. Let u be a solution of (1-2). We define the L?(M) spaces with respect to the integration
measure d (L.

We define the first Sobolev space H'(M) as the space of all v : M — R such that the first Sobolev
norm, defined with respect to djx and the pointwise norm associated to gy, satisfies

W = [ Vit [ V0Pl <
M M

Similarly we define H'(M, g) by using dVol, instead of d u and the pointwise norm associated to g. If u
and u~! are both bounded, one easily checks that H' (M) = H' (M, g).
We define the Yamabe invariant of gy as

) 1 4(n—1) ) )
Y (M, go) := inf 5 Vol 4+ Sov-du
UEHl(M)\{O} ||U||L2”/("72)(M) M n— 2
4(n—1
< f Y= D a4 S dp = p (by (14).  (1-6)
M n— 2

where in the inequality we have used that for any solution u of (1-2), |lu|| 20/@m-2(pr) = d Vol (M) = 1.
How one proceeds will depend heavily on the sign of the Yamabe constant. In this paper we will assume
that Y (M, go) > 0. In particular, the average curvature p is then positive and uniformly bounded away
from zero along the normalized Yamabe flow.
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Assumption 1. The Yamabe constant Y (M, g¢) is positive.

A Sobolev inequality and other admissibility assumptions. The Moser iteration arguments in this paper
are strongly motivated by the related work in [Akutagawa et al. 2014] on the Yamabe problem on stratified
spaces. Thus, similar to that paper, we impose certain admissibility assumptions, which are naturally
satisfied by certain compact stratified spaces with iterated cone-edge metrics.

Definition 1.2. Let (M, gg) be a smooth Riemannian manifold of dimension n. We call (M, go) admissible
if it satisfies the following conditions:

» (M, go) with volume form duu = dVolg, has finite volume: Volg (M) < oo.
« For any ¢ > 0, there exist finitely many open balls Byg, (x;) C M such that

Vol,, (M\ U Bx (x,')> <e. (1-7)

» Smooth, compactly supported functions C2°(M) are dense in H L.t

e (M, go) admits a Sobolev inequality of the following kind: defining L9 (M) spaces with respect to du,
there exist Ag, By > 0 such that for all f € H'(M),

1LF 1T sns2rary < ANV £l 200y + Bol £ 17204 (1-8)

The main examples we have in mind are closed manifolds® and regular parts of smoothly stratified
spaces endowed with iterated cone-edge metrics. See [Akutagawa et al. 2014, Section 2.1] for a definition
of the latter. That the Sobolev inequality holds in this case is shown in Proposition 2.2 of the same paper.
Note that the list of admissibility assumptions does not contain compactness. Nor do we specify explicitly
how the metric g looks near the singular strata of M, in the case of stratified spaces. Restrictions on the
local behavior of the metric will instead be coded in L9-data, like requiring the initial scalar curvature Sy
to be in LY(M) for suitable g > 0. These requirements are stated in the theorems below, and will vary
from statement to statement.

Assumption 2. (M, go) is an admissible Riemannian manifold.

In what follows we want to relate the assumption of the Sobolev inequality (1-8) in Definition 1.2 to
positivity of the Yamabe constant Y (M, go).

Proposition 1.3. Assume Sy € L°°(M) and Y (M, go) > 0. Then (1-8) holds.
Proof. Indeed, it follows directly from the definition of Y (M, gg) in (1-6) that

”f||L2"/<"—2)(M) =< Y(M, g()) n—2 ||vf||L2(M)+ ||SO||L°°(M)”f||L2(M)
for all f € H'(M). This is indeed the Sobolev inequality (1-8). [l

IThis can be phrased as H(} M)y=H 1 (M). Note that this rules out M being the interior of a manifold with a codimension 1
boundary.

2This includes finite volume, complete manifolds, since any finite volume, complete manifold satisfying the Sobolev inequality
is compact; see [Hebey 1996, Lemma 3.2, pp. 18-19 and Remark 2, pp. 56-57].
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Parabolic Schauder estimates and short-time existence. Our proof requires intricate arguments involving
the heat operator and its mapping properties, as seen in the previous work by the second author jointly with
Bahuaud [Bahuaud and Vertman 2014; 2019] in the setting of spaces with incomplete wedge singularities.
Here we axiomatize these arguments into a definition of certain parabolic Schauder estimates, having in
mind further generalizations to stratified spaces.

Definition 1.4. (M, go) satisfies parabolic Schauder estimates if there is a scale of Banach spaces
(Cke = Cche(M x [0, T 1)} ken, of continuous functions on M x [0, T'] with

clescheycre ...
for some « € (0, 1) and any T > 0, with the following properties:

(1) Algebraic properties of the Banach spaces:

» For any k € Ny, the constant function 1 exists in cke(M x [0, T)).

e Forany k e Ng and any u € C kecp x [0, T]) uniformly bounded away from zero, we have that the
inverse ! exists in C**(M x [0, T]).

e For any k > 2 and ¢ < k we have chke.cteccte Writing || - ||, for the norm on C%? we have a
uniform constant Cy ,, such that for any u € C k@ and v e CH9,

lu-vlleo = Coallullkallvieq 1-9)

(2) Regularity properties of the Banach spaces:

o We have the inclusions
C%*(M x [0, T]) € C°([0, T]. L*(M)),
Cl (M x [0, T]) < C°([0, T1, H (M), (1-10)
C**(M x [0, T]) € L®°(M x [0, T]).
Moreover, for any u € C%*(M x [0, T]) and any fixed p € M, the evaluation u(p, -) still lies in C%.
The map M 3 p > |lu(p, -)|lo.« is again L2(M).

o If Ck2([0, T]) c C**(M x [0, T]) consists of functions that are constant on M, then the spaces
C%%([0, T]) are characterized as

C?*e(10, T1) = {u € ([0, T | 3Fu € C**([0, TD}. (1-11)

o For any k € N, the following maps are bounded:
3, Ag: CKP2%(M x [0, T]) — CF*(M x [0, TY),
VMM x [0, T]) — CH(M x [0, T]).

(3) Weak maximum principle for elements of the Banach spaces:

(1-12)

o Any u € C>*(M x [0, T]) satisfies a weak maximum principle; that is for any Cauchy sequence
{ge}een C M we have
infu = lim u(gy,) = lim (Aou)(ge) > 0. (1-13)
M L— 00 {—00
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In the case that the Cauchy sequence {g;},en converges to an interior point p € M, where u attains a
global minimum, we have that Agu(p) > 0.

(4) Mapping properties of the heat operator:

o The heat operator e'2

admits the mapping properties
20 k(M x [0, T]) — C**2%(M x [0, T)),
e b0 Ch (M x [0, T]) — t*CH (M x [0, T]), (1-14)
e L®(M x [0, T]) — CH*(M x [0, T]).

If e'20 acts without convolution in time, then we have a bounded map

e cke My - CR (M x [0, T). (1-15)

(5) Mapping properties of other solution operators:

 For any positive a € Clh*(M x [0, T]) uniformly bounded away from zero, there is a solution
operator Q for (0; —a - Ag)u = f, u(0) =0, with

0:C%(M x [0, T]) = C>*(M x [0, T]). (1-16)
If a € C*%, then additionally Q : C'"* — C3 is bounded.
« For any positive a € C»*(M x [0, T]) uniformly bounded away from zero, there is a solution
operator R for (0 —a - Ag)u =0, u(0) = f, with
R:C>(M)— C**(M x [0, T)), (1-17)
where CX*(M) denotes the subspace of C ke (M x 0, T1) consisting of time-independent functions.
If a € C**, then additionally R : C>%(M) — C>%(M x [0, T1) is bounded.
Let us now discuss where such parabolic Schauder estimates hold.

Examples 1.5. (a) Parabolic Schauder estimates hold on smooth compact Riemannian manifolds without
boundary by the classical estimates of [LadyZenskaja et al. 1968].

(b) By [Bahuaud and Vertman 2014; 2019], a manifold with a wedge singularity satisfies the parabolic
Schauder estimates,® assuming that the wedge metric is feasible in the sense of [Bahuaud and Vertman
2019, Definition 2.2]. The proof is based on the microlocal heat kernel description in [Mazzeo and
Vertman 2012]. Note that the choice of Banach spaces is not canonical, and instead one can use, for
example, the scale of weighted Holder spaces as in [Vertman 2021].

(c) In view of the recent work by Albin and Gell-Redman [2017], we expect the same parabolic Schauder
estimates to hold on general stratified spaces with iterated cone-wedge metrics.

Assumption 3. (M, g¢) satisfies parabolic Schauder estimates.

3In fact, in the mapping properties of solution operators Q and R we require here less than in [Bahuaud and Vertman 2019]:
in the case a € C2% we only ask for Q : C1:% — C3-% and R : C3*(M) — €3, while in that paper, these additional mapping
properties are proved for one order higher.
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Using parabolic Schauder estimates, we can prove short time existence and regularity of the renormalized
Yamabe flow, exactly as in [Bahuaud and Vertman 2014, Theorem 1.7 and 4.1] and by a slight adaptation
of [Bahuaud and Vertman 2019, Proposition 4.8].

Theorem 1.6. Let (M, go) satisfy parabolic Schauder estimates. Assume, moreover, that the scalar
curvature Sy of go lies in C1%(M). Then the following hold:

(1) The Yamabe flow (1-2) admits, for some T > 0 sufficiently small, a solution

ueC** (M x[0,T]) € C°(10, T1, H'(M)) N L¥(M x [0, T])

which is positive and uniformly bounded away from zero.*

(2) If a solution, u € C>%(M x [0, T)), to the Yamabe flow (1-2) exists for a given T > 0 and is uniformly
bounded away from zero, then in fact u € C>*(M x [0, T1). In particular, we obtain

S e Ch(M x[0,T]) € C°(0, T1. H' (M)).

Proof. We shall only provide a brief proof outline. The first statement is proved by setting up a fixed point
argument in the Banach space C>*(M x[0,T]). ffu=14veC>* (M x [0, T]) is a solution to (1-2),
then v satisfies the equation

v —(n— 1A =—1(n—2)Sy+ D(v), (1-18)

where @ : C2%(M x [0, T]) — C%*(M x [0, T]) is a bounded map, in view of the algebraic and regularity
properties (1-12) in Definition 1.4. Moreover, @ is quadratic in its argument, i.e., writing || - ||« for the
norm on C* for any k € N, there exists a uniform C > 0, such that by (1-9) (compare [Bahuaud and
Vertman 2014, Lemma 5.1]), for all w, w’ € C>¢,

IPW)lloe <Clwl3, and [[®w)—®W)low < Cwllza+ W ll2a)lw—w'l2e.  (1-19)

Now a solution v of (1-18) (and hence also a solution u = 1 + v of (1-2)) is obtained as a fixed point of
the map

C*(M x[0,T]) 3 v > ' D2(=L(n —2)S)+ d(v)) € C**(M x [0, T, (1-20)

which is a contraction mapping on a subset of C>%(M x [0, T1) for T > 0 sufficiently small,> by (1-14)
in Definition 1.4. One argues exactly as in [Bahuaud and Vertman 2014, Theorem 4.1]. Note that the
regularity of the scalar curvature S along the flow is then S € C Ox(M x [0, T]).

Note also that the fixed point argument is performed in a small ball around zero in C>*(M x [0, T]),
and thus for 7' > 0O sufficiently small, the norm of v is small. Hence u = 1 + v is positive and bounded
away from zero.

The second statement improves the regularity of S. By the regularity properties (1-10) in Definition 1.4,
we conclude that p, 3,0 € C%*([0, T]). By (1-11), this implies that p € C>%([0, T1). We can now apply

“4Later on, we will prove uniform lower bounds on u for any finite 7 > 0.
SWe need to assume that T > 0 is sufficiently small in order to control e’ (=)Ao (Sp)-



484 JORGEN OLSEN LYE AND BORIS VERTMAN

the mapping properties (1-16) and (1-17)® in Definition 1.4 to obtain a solution u’ € C>%(M x [0, T])
with
du' — (n— Du=""D Agu’ = L (n —2)(pu — Sou" =Dy w'(0) = 1. (1-21)

The given solution u € C>* satisfies the same equation, and we can prove that u = u’ by the weak
maximum property (1-13) of elements in C>% Thus, indeed, u € C>% and hence S € C'®. This is
basically the argument used in [Bahuaud and Vertman 2019, Proposition 4.8]. (I

Remark 1.7. If we assume Q : C>* — C*% and R : C**(M) — C** in Definition 1.4, as has been
proved in [Bahuaud and Vertman 2019], then the condition Sy € C*>%(M) implies, by similar arguments as
in Theorem 1.6, that any solution u in C>“ is actually in C*%. This would lead to S € C>¢, in particular,
the scalar curvature would stay bounded along the flow. Here, we decided to require less in Definition 1.4,
assume less regularity for Sp and conclude boundedness of S by Moser iteration methods instead.

Regularity of the initial scalar curvature. In view of Theorem 1.6, we arrive at our final assumption on
a regularity of the initial scalar curvature S with respect to the scale of Banach spaces in Definition 1.4.

Assumption 4. Assuming that (M, gg) satisfies parabolic Schauder estimates, we also ask that the initial
scalar curvature Sy be an element of C'*(M).

In view of Theorem 1.6, this implies that S € H'(M). Moreover, since u € C>*(M x [0, T]) C L®
for T > 0 sufficiently small, norms on the Sobolev space H'(M) with respect to gy and norms on the
Sobolev space H (M, g) with respect to g = u*n=2) go are equivalent. Thus S(7) lies in the Sobolev
space H (M, g (1)) for any t € [0, T'], which we abbreviate as

SeH' (M, g). (1-22)

Our arguments below will use (1-22) to show that given Sy € L9 (M) for

I’l2 n n n

1=2mw—2 "2 n=2"7

we may conclude by Moser iteration that S € L°° (M) for positive times. We close this subsection with

the observation that on stratified spaces, So € LY(M) for g > %n and Sy € L>*°(M) basically carry the
same geometric restriction. Indeed, consider a cone (0, 1) x N over a Riemannian manifold (N, go), with
metric gg = dx? @ngN + h, where h is smooth in x € [0, 1] and ||z = O(x) as x — 0, and where we
write g := dx> @ x2gy. Then

scal(gy) —dim N(dim N — 1)
So ~ 3

+0(x7"YH asx—0, (1-23)
X

where the higher order term O (x~!) comes from the perturbation . We see that both of the assumptions
So € L®(M) and Sy € LY(M) for g > %n imply that the leading term of the metric g is scalar-flat, i.e.,
scal(gy) =dim N(dim N — 1).

Here we use the assumption that u is uniformly bounded away from zero and that 1 € C 3o by the algebraic properties of the
Banach spaces.
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The overarching strategy. Studies of the Yamabe flow usually follow the very rough pattern that we
outline here. One first argues that (1-2) has a short-time solution. This is the step we have been concerned
with in this section. This step doesn’t invoke the sign of the Yamabe constant.

The next step is to show that the flow can be extended to all times. The way one does this is to assume
the flow is defined for ¢ € (0, T') for some maximal time 7 < oo and then derive a priori bounds on the
solution # and the scalar curvature S, showing that neither of them develop singularities as t — 7. One
can thus keep flowing past 7T, establishing long-time existence. This is the step we address in the rest of
the paper.

2. The evolution of the scalar curvature and lower bounds

In this section we derive a lower bound on the scalar curvature S along the normalized Yamabe flow.
We present an argument that requires neither the maximum principle nor the full set of assumptions in
Theorem 1.1, but rather the following assumptions (provided the flow exists):

eSecH! (M, g) along normalized Yamabe flow,
e H' (M) and H ! (M, g) have equivalent norms,
o C°(M) is dense in H'(M),

e Y(M, go) > 0.

2-1

These properties clearly follow from Assumptions 1, 2, 3 and 4.

Lemma 2.1. Let g = u*/ "= g be a family of metrics evolving according to the normalized Yamabe flow
equation (1-2) satisfying (2-1). Then S evolves according to

#S—m—1DAS=S5(S—p), (2-2)
where A denotes the Laplacian with respect to the time-evolving metric g. We write S := max{S, 0} and
S_ := —min{S, 0}. Then S are elements of H' (M, g) and satisfy

%St —(n—DAS, = 84.(S4 —p), (2-3)
oS- —(n—DAS_ < —=8S_(S_+p). (2-4)

Remark 2.2. Equation (2-2) is to be understood in the weak sense: for any compactly supported smooth
test function ¢ € C°(M) we have

/ 0;S - ¢ dVol, + (n — 1)/ (VS,V¢)gdVol, = / S(S—p)-¢dVol,.
M M M
Similarly for the partial differential inequalities (2-3) and (2-4) and ¢ > 0, we have
/ 0;S+ - ¢ dVolg + (n — 1)/ (VS4, Vo), dVol, < j:/ S+(S+ Fp)-¢pdVol,.
M M M

By (2-1), C°(M) is dense in H'(M)=H"'(M, g). Hence we might as well assume ¢ € H'(M, g) in the
weak formulation above.
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Proof. Equation (2-2) is well known and can be deduced as follows. Write

Ly:=S—4——A

n—2
for the conformal Laplacian of the metric g. We write Lo = L. If g and g¢ are related by g = ut/ =2 g,

then L, and L are related by
Le()= u /=Dy,

In particular, S = L, (1) = u— /(=21 (y). We differentiate this equation weakly in time and use (1-2)
to replace o;u = —}L(n —2)(S — p)u and get

0,8 = 3(n+2)(S — p)u~ " Lo(u) — 3 (n = 2)um "I Lo((S — p)u).
Applying the transformation rule for L we may rewrite this as
8 S = 3(n+2)(S = p)Lg(1) = 3(n = 2)Lg(S = p)
=1 +2)(S—p)S+{n—1DAS—1(n—2)(S—p)S.

This proves formula (2-2). In order to derive the differential inequality for S, consider any ¢ > 0 and

define
Vx2+e2—g, x>0,

Velo) = {o, x <0,

For v e H'(M, g) it is readily checked that v, (v) € H' (M, g) and lim,_.¢ Vs (v) = v... Furthermore, in
the case x > 0, we compute the derivatives

g2

Y (x) = m

, . X
I

These are both bounded for a fixed & > 0, so the chain rule applies. Next up we claim, forany ve H'(M, g),
in the weak sense

A (v) > Av =y (v) Av. (2-5)

v
V2 4¢g2

This is seen as follows. Let 0 <& € C2°(M) be arbitrary and compute

/ £AY,(v) dVol, :=—/ (VE, Ve (v))g dVol, = (VE, V), dVol,
M M

v
/A4VU2+82

/ Vo, V(———xt)) avol +/ ECIVU: v
= — v, e — - °

M Vv2+e? /), 0 2 +e2)32 ¢

v

> — Vv, V| —— dVol
B /M( (\/U2+82§>)g ¢

= /]M \/%WAUdVOIg'
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This proves (2-5), which allows us to deduce that

O We(S) — (n — 1) AYe(S) < {‘”Q(S)(afs_ (n—1AS), §=0,

0, S <0,
Y (SIS —p), §=0,

= by (2-2
{0, s <0, (by (2-2))

S
= \/SZ:W&L(SJF - p).

Letting ¢ — O results in (2-3). To prove (2-4), observe that S_ = S, — S. Hence
S_—(n—DAS_=0S+ —(n—1)ASy —(0;S—(mn—1)AS)
=548 —p) =SS —p)=5-(S—p),
where we have used (2-2) and (2-3) in the inequality step. The only thing which remains to be observed
isthat S_ - S =S_(S, —S5_) =—52. O

We can now derive lower bounds for S by studying the evolution (in-)equalities above. This is usually
done by invoking the weak maximum principle for S, which is not available under the assumptions (2-1).
Thus, we provide an alternative novel argument, which does not use a maximum principle and which we
could not find elsewhere in the literature.

Proposition 2.3. Let g = u*/ "= g\ be a family of metrics evolving according to the normalized Yamabe
flow equation (1-2) satisfying (2-1). Then

IS_llLr . (2) < €™ O/EP(S0) || Loar)

forall 2 < p < oo. In particular, if (So)— € L®(M), then S_ € L* on [0, T] with uniform bounds
depending only on T and Sy. Moreover, if So > 0, then S > 0 along the normalized Yamabe flow for all
time.

Proof. The weak formulation of (2-4) is that for any 0 <& € H (M, g),

/ £0,S_ dVoly + (n — 1) / (VS_, VE),dVol, < — / ES_(S_ + p) dVol,. (2-6)
M M

A problem when manipulating this is that the chain rule fails to hold in general, so we use the same
workaround as [Akutagawa et al. 2014, pp. 10-13] (who in turn are following [Gursky 1993, pp. 349-352]).
Let L >0, 8 > 1 and define

boi(n = 1% r=b @-7)
X) .= -
pL BLAV(x —L)+LF, x>L,
2
x z/sﬂ P x <L,
Gpu)i= [ 40 dy = VL5 1) -8)

B2L2BD

26—1
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Finally, we define Hg 1 (x) := fox Gg,1(y) dy and conclude that

px?
—2(2;3 D’ x <L,
Hp 1 () =19 5 54, 27281 2
prLAA=D o 2B2LFTI(B -1 BL*
—(@x"— L% — x—L)y4+—, x>1L.
2 26 —1 228 -1)
The crucial features of these definitions are
2
bp.L(x) Lo xP, Gp.L(x) L=og 2IBIB_ 1xZﬁfl’ Hg. 1.(x) L=og ﬁxﬂ{

These functions are also dominated by simpler expressions. For instance, Hg 1 (x) < B%x2# holds for all
L > 0and 8 > 1 as follows: For x < L, there is nothing to show. For x > L, we first observe that

ﬁ_sz(ﬂfl)XZ _ 2182(13 - l)LZﬂflx + ,3(,32_ I)Lzﬁ

Hg 1 (x) = 251

Dropping the nonpositive middle term and estimating by x > L, we find

H,gL(x)<’32 2‘3+’3(’3 D < B2x%,

Another important property is that ¢g € C!(R,), with ¢>/’3’L € L*®°(R,) for all L > 0, and so we
may apply the chain rule to ¢g ; (S—). Finally, since we are assuming a C ! time-dependence, we have
0;Hg 1 (S-) = (3;5S-)Gp,(S-). We will use & := Gg 1 (S-) as a test function in (2-6). Note that by
definition, Gg 1 (x) is linear for x > L and hence Gg 1 (f) € H'(M, g) whenever f € H'(M, g) (here
we are also using that Vol(M) < o0). Then (2-6) implies

/ a,Hﬂ,L(S_)dVolgg—(n—l)/ |v¢,3,L(S_)|§dVolg—/ Gp.L(S_)S_(S_ + p)dVol,. (2-9)
M M M

We then use (1-3) to conclude

/ a,Hﬂ,L(S_)dVolgza,/ H,;,L(S_)dVongrQ/ Hp.1.(5_)(S — p) dVol,
M M Y

=0 / Hpg 1 (S-) dVol, — g / Hpg 1 (S-)(S— + p)dVolg, (2-10)
M M
where the last step uses
SHp1(S-) = (S4 — S_)Hp 1(S-) = —S_Hp,1(5).

Finally, we need a Sobolev inequality given to us by the positivity of the Yamabe constant, namely for
any f € H'(M, g) we have by the definition of Y (M, go) (note that Y (M, go) = Y (M, g) by conformal
invariance) that

n
Y (M, g1 £ 12202414y < IIVfIILz(M L+ / S*dVol,. @-11)
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We set f = ¢p..(S_). Observe that ¢g 1. (S_)2S = —¢p 1. (S_)>S_. Then (2-11) implies
DIVs (S| "2y wm SHI? n—2 S_)2S_ dVol
(n=DIVep LS 20.) = e (M, g0)llép,L( —)||LG/(n_z>(M,g)+T M¢>ﬂ,L( _)"S_dVol,

(2-12)

Combining (2-9), (2-10) and (2-12) yields

n n—2
8,/ Hpg 1.(S-)dVol, < / (5 Hg 1 (S-) —Gpg (S-)S_ — — ¢5,L(S_)2) S_dVol,
M M

+f ,0(% Hp.1(S_)— G,g,L(S_)S_) dVol,.
M

We claim the first group of terms on the right-hand side is nonpositive, which follows by a direct
computation. We begin by noting that

3nHg 1 (x) —xGp 1 (x) — j(n = 2)¢p L (x)’
(=1

_ 28
10f = ((4ﬂ+n)(/3 1)+2)x x=<L,
L (X 20—2)B(B—1)

- (—2;3 <Z) %1 ( >+(ﬁ—1)(n+2(ﬂ—1))) x>L.

In both cases one checks that the expressions are nonpositive’ for g > 1. Hence using that G g.L(S-) >0
and p is nonincreasing by (1-5), we conclude

a,/ Hp 1.(S-) dVol, 5/ 7H,SL(S ) dVol, < ﬁf Hp,1.(S_) dVol,.
M M

Integrating shows
/ Hp.1.(S_) dVoly(1) < etnﬂ(o)/2/ Hg 1 (S-)dVoly(t =0).
M M

The conclusion will follow when we take the limit L — oo, which we can do for the following reason.®

On the left-hand side we appeal to Fatou’s lemma and the pointwise convergence of Hpg ; to find

. . B 28
hLIglgf/M Hg 1 (S-)dVol, Z/MerggéfHﬁ,L(S_)dVolg= m MS, dVol,.

The right-hand side we deal with by the dominated convergence theorem. We showed on page 488
that Hg 1 (x) < B2x2P holds for all L > 0 and 8 > 1. Since we are assuming (Sp)_ € L°°(M), we can
use B2((Sp)_)?# as a dominating integrable function to deduce

lim inf f Hp 1 ((S0)-)dp = lim / Hp 1 ((So)-) dp = f ((So)-)* dp.
L—oo Juy L—oo Jy

2(2,3

7For the x > L case observe that the polynomial is negative for x = L, and the expression for x > L clearly has a negative
derivative. So the expression remains negative for x > L.
8This argument is applied several times, without writing out the details in the latter instances.
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Combined we have for g > 1,

/ S avol, < O/ / (S0)? dp.
M M

This gives the conclusion when writing 28 = p. (I

Remark 2.4. Let us again emphasize the novelty of this argument: it circumvents the maximum principle,
and one only needs to know that § € H'(M, g), as assumed in (2-1).

For completeness, let us also provide the classical and widely known argument (see [Brendle 2005]),
using the weak maximum principle: we assume S satisfies (1-13), which is the case if S € C2*(M x[0, TY).
See Remark 1.7 for conditions which ensure this regularity of S along the flow.

Proposition 2.5. Assume that S € C°(M x [0, T1) satisfies the weak maximum principle (1-13) and that
Y (M, go) > 0. Then S admits a uniform lower bound

S > min {0, inf Sp}.
M
Proof. By the weak maximum principle, we have, for Sy, := infy, S,
8[ Smin = Smin (Smin - /O)-

If Smin is negative for all times, then the right-hand side becomes positive, and we get Spin > infys So.
If Smin 18 positive for all times, we can further estimate the right-hand side using p < p(0); see (1-5).
Dividing, we then get
at Smin >
Smin (/0 (0) - Smin)

Integrating this differential inequality, we find

£(0)(S0)min .
eP(O)t (/0(0) — (S())min) + (So)min B

If Smin changes sign along the flow, the statement follows by a combination of both estimates. ]

Smin (t) >

3. Uniform bounds on the solution along the flow
The arguments of this section employ the assumptions

e (M, go) is an admissible manifold,

e H 1(M )and H l(M, g) have equivalent norms,
euecC%0,T],H' (M)) and S € H' (M, g),

» Y (M, go) >0,

(3-1)

provided the flow exists. These properties follow from Assumptions 1, 2, 3 and 4.
We begin with the upper bound on u, which follows easily from the lower bound on the scalar
curvature S, obtained in Proposition 2.3.
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Proposition 3.1. Let g =u*/"=2 gq be a family of metrics, u > 0, such that (3-1) holds and the normalized
Yamabe flow equation (1-2) holds weakly, with u(0) = 1. Assume furthermore that (Sp)_ € L (M), where
So is the scalar curvature of go. Then there exists some uniform constant 0 < C(T) < 00, depending only
onT > 0and Sy, such thatu < C(T) forallt € [0, T] with T < oc.

Proof. We have by (1-1) and (1-5) that
du=—4(n—2)(S = p)u < £(n —2)(S_+ p)u < (1 —2)(S_+ p(O)u.
By Proposition 2.3 we have ||S_||zecar) < |(So)— |l (m). and hence setting

C:= %(n —=2)(1(S0)—ll L= (ar) + £ (0)),
we conclude
T, CcT 0

hu<Cu = u<e o=e .

The lower bound is more intricate and in many ways more interesting. The argument will rely on the
upper bound on u and the lower bound on S. The proof will be a mixture and modification of the methods
in [Akutagawa et al. 2014, pp. 20-21; Brendle 2005, pp. 221-222].

Theorem 3.2. Let g = u*/ "= g, be a family of metrics, u > 0, such that (3-1) holds and the normalized
Yamabe flow equation (1-2) holds weakly, with u(0) = 1. Assume furthermore that (Sp)_ € L°°(M) and
that Sy € L1(M) for some q > %n Then there exists some uniform constant ¢(T) > 0, depending only on
T > 0 and Sy, such that c(T) <u forallt € [0, T].

Proof. By combining (1-2) and (1-1) we may eliminate the term d,u and get

n—1

—4 ) Aou = PS5 — So)u.

Using that (Sp)_ € L®°(M) and u € L*°(M x [0, T]), by Proposition 3.1 we may define

— — 4/(n—2)
= 2= 1) ot Il I1(S0)~llzwan) € LY(M).

Note that P only depends on Sy and 7. Furthermore, Proposition 2.3 yields
(—A¢+ P)u=0. (3-2)

Let us explain the proof idea. Assume we can show that there is some 8 > 0 such that u=® € H'(M)
uniformly in # € [0, T']. Then (3-2) implies

(—Ag =8P =su " Apu — 51+ &)u= 2%\ Vu|> — s Pu?
=—8u'"(=Ag+ P)u—8(1+8u">7%|Vu> <0. (3-3)

This is precisely the setting of [Akutagawa et al. 2014, Proposition 1.8], which then concludes by Moser
iteration and Sobolev inequality (1-8) that

-5 -4
lu=Neary < Cllu™" g1 any
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where the constant C > 0 depends on § P, hence only on 7" and Sy, but not on ¢. Under our temporary
assumption (3-2), we thus get a uniform bound on u %, which gives a uniform lower bound on u.
Hence we only need to show that u =% € H!(M) uniformly. Let ¢, § > 0 and (following [Akutagawa
et al. 2014, pp. 20-21]) define the functions ¥ (1) := (u + e)~% and ¢, () := (u + &)~ 72%. These are
both in H' (M) since u € H' (M). Using ¢. as a test function in the weak formulation of (3-2), we deduce

1+25

W) 1224, + / Pus(u) dpp = 0,

and, using that u¢. (u) < ¥, (u)? along with the Holder inequality, we find

82
199603200y < 751 P o Ve 6 ara-nan (3-4)
Since g > 2n we have q/(qg — 1) < n/(n —2) and thus Ve (u)? I Lara—v oy < ||1pg(u)||L2n/(,, 2 (M) By the
Sobolev inequality (1-8) we know
e @1 2002141y < Aol VY7245, + Bolltre @)1175y7- (3-5)

Next we need a Poincaré inequality. Let B C M be a ball. Then, exactly as in [Akutagawa et al. 2014,
Lemma 1.14], there exists a constant Cg > 0 such that

112 0r) < CUY FIZ200) + 117205 (3-6)

holds for all f € H'(M). Plugging (3-5) and (3-6) into (3-4) yields
2

IV e @) 724, < T2

5 1 Plizany (Ao + BoCp)IIV e (1) ||L2(M) + BoCll e (u) ||L2(B))

which is equivalent to

2

T 1425

82
(1 - I PNl Lacay (Ao + BOCB)) ||V1/fs(u)||Lz(M)

152 o5 1P Leon BoC 1¥e ()72 -

Choosing § > 0 small enough so that the left-hand side becomes positive, we get a uniform (meaning now
both 7- and e-independent) bound on ||V (1) 125 if we can get a uniform bound on || (u) || 12(p)-
The uniform bound on ||, (1) || 12 Will come from the local theory for elliptic supersolutions. Observe
that since u satisfies (3-2), we have u?"/ =2 satisfies (by the same computation as in (3-3))

—A u2n/(n 2)+ 2n Pu2n/(n 2) >0
2

Let R > 0 be such that Bsg(x) C M for some x € M. Then, according to [Gilbarg and Trudinger 1983,
Theorem 8.18, p. 194], the following weak Harnack inequality holds on B, (x); namely there is a
constant C > 0 independent of u but depending on gg, R and n such that

Volg (Bor (1)) = 4™/ 1y 09 = € inf w2, (3-7)
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where in the first identification we recall that dVol, = w? =2y By the admissibility of (M, go), the
assumption (1-7) holds and we may take a collection of balls Byg, (x;) C M, indexedbyi=1,..., N <oo,

with the property that’ N
(1 — Volg, (U Bar, <x,->)> lull 7y < 1 (3-8)
i=1

Let C; be the constant in (3-7) for the ball Byg, (x;). By summing all the individual inequalities (3-7) for
eachi=1,..., N, we have

ZVOI (Bag, (xi)) < ZC inf u?"/@=2 < NCmax( inf u>"/®=2)

Bg, (xi) i Bg(xi)
i=1

with C :=max; C;. The left-hand side can bounded from below by

N N N
D Vol (Bag, (xi)) = Vol (U Bog, (x; )) =1 — Vol (M \U Bzx (x»)

i=l1 i=1 v i=1
> 1 — Vol (M \U Bz, (x») lul 70y =,
i=1
which is positive by choice of the balls subject to (3-8). Thus
0 <c < NCmax( inf u?/®=?),
i Bg;(xi)

This shows that there has to be a ball Bg, (x;) with u uniformly bounded from below by ¢(7") > O for
t € [0, T]. On this ball we thus get a uniform bound v, (1) > c(T)~%, which gives our desired 7- and

e-independent bound on ||, (1) [k 72 and thereby we have that ue H' (M) uniformly. [l

(B)’
Corollary 3.3. Under the conditions of Theorem 3.2, one can find uniform constants 0 < A(T), B(T) < o0,
depending only on T > 0 and initial scalar curvature Sy (but not dependent on t), such that for all

feH (M, ¢g),
”f”LZn/(n 2)(Mg) A(T)”vf”L2(Mg) +B(T)”f||L2(Mg)v (3'9)
i.e., (1-8) holds for the time-dependent metric but with time-independent constants.

Proof. Due to (1-8) we have, for all f € H'(M) = H'(M, g),
2 2 2
”f”LG/(an)(M,go) = A0||vf||L2(M,go) + BO”f”LZ(M,gO)'
Using g = u*/"=? g4, we conclude a similar estimate with respect to g:

L 1 an02 41,0y < ANV 204100 F BN 1720109 (3-10)

where )
(SUPMT u)
(infMT u)2n/(n—2) '

(SuPMT ”)2

A(T) = Ag—M1 =7
S O (infy, u)?

B(T) := By

Now the statement follows, since u, u~! € L>°(M x [0, T]) by Proposition 3.1 and Theorem 3.2. ]

9Note that the volume of (M, gp) is normalized to 1 and thus (3-8) corresponds to (1-7).
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We shall need this Sobolev inequality (3-9) when we tackle the upper bound on the scalar curvature S
in Section 4.

4. Upper bound on the scalar curvature along the flow

The arguments of this section employ the assumptions

e (M, go) is an admissible manifold,

e H' (M) and H ! (M, g) have equivalent norms,

e C°(M) is dense in H' (M), 4-1)
« the Sobolev inequality (3-9) holds,

e« SeH'(M,g)and Y(M, go) > 0,

provided the flow exists. These properties follow from Assumptions 1, 2, 3 and 4, as in the previous
section. The Sobolev inequality (3-9) holds under the same assumptions in view of Corollary 3.3. In this
section we use (4-1) to show a uniform upper bound on the scalar curvature. More precisely, we will
show the following result.

Theorem 4.1. Let S evolve according to (2-2) with initial curvature Sy € L/ C=2) (M) and its negative
part (Sp)_ € L®(M). Then, assuming (4-1) holds, there exists a uniform constant 0 < C(T) < o0,
depending only on T > 0 and Sy, such that

IS Lo mxiT /2,11 < C(T).

The proof proceeds in two steps. The first step is to prove an L/ 2(=2)(M, g)-norm bound on S,
uniform in ¢ € [0, T']. That uniform bound rests on a chain of arguments of [Brendle 2005, Lemmas 2.2,
2.3, 2.5] (also to be found in [Schwetlick and Struwe 2003, Lemma 3.3]) that apply in our setting as well.
In the second step we perform a Moser iteration argument by following [Ma et al. 2012]. Our proofs are
close to those in [Brendle 2005] with some additional arguments due to lower regularity.

Lemma 4.2. Under the conditions of Theorem 4.1, there exists for any finite T > 0 a uniform constant
0 < C(T) < o0, depending only on T and Sy, such that for all t € [0, T] we have the estimate'?

T 200 , (n—2)/n
/O ( /M g/ )>dVo1g) dt <C(T), ISl < C, (4-2)

where the second constant C only depends on Sy, not on T.

Proof. Tt suffices to prove the statement for S and S_ individually. By Proposition 2.3, the statement
holds for the negative part S_. Thus we only need to prove the claim for S;. We may therefore assume
without loss of generality that S > 0, so that S = S, and use (2-3) as the evolution equation.

The claim will follow from the evolution equation (2-2), but we have to argue a bit differently
depending on whether 3 <n <4 or n > 4. The idea is the same in all dimensions n > 3 however. Let

10Below, we will denote all uniform positive constants, depending only on T and Sy, either by C(T') or C7, unless stated
otherwise.
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us start with 3 <n < 4. Fix any o0 > 0, and set § = n Since B < 1, the function x — (x + )P is
in C'[0, co) with bounded derivative. Thus, we may apply the chain rule to (S + ¢)? and conclude
that (S +0)? € C'([0, T1; H' (M, g)). We use B2/ (28 — 1)(S 4+ ¢)*#~! as a test function with f = +
in the weak formulation of (2-3), which yields the inequality

f(s+a)2ﬂ 18,(S + o) dVol, —I—(n—l)/ V(S + )P > dVol,

< }82
=281

2,3—1

f S(S — p)(S + )~ dvol,.
M

Using (1-3) yields

28 _ 62
2(2/3—1) /(S+0) dVolg + (n 1)/ V(S +0)P|”dVol,

52 — //SS(S—p)(S+o)2'3‘1——(S—p)(S+o)2ﬁdVolg

— / (S —p)(S+0)P~1dvol,

2,8—1
202
=35 1/(S+a—p)(5+a)2f’ ' dVol, + 2ﬂﬁ1/(S+a)2ﬁldVolg
- - M
ap*(o +p(0)) - ap*(o +p(0))
ST/ (S+O')2ﬂ 1dVOlg§2ﬂ—_1/1;4(S+O')2ﬂdV01gs

where the first equality is due to 8 = %n, the penultimate inequality uses p(0) > p(¢) and the final inequality
is due to Holder with p = 8/(8 — 1) and ¢ = . We want to integrate this inequality in time. Note that any
inequality of the form d,w(¢) +a(t) < bw(¢) with a(¢) > 0 yields 9;w < bw and hence w(t) < " w(0).
Plugging this estimate into the original differential inequality leads to 3w 4+ a < be” w(0). Integrating
the latter inequality in time yields w(t) + fot a(s)ds < e”w(0). We therefore conclude that

_ _ T
/(S+o)"/2dVolg(T)+w/f V(S +0)"** dVol,
M n 0 JMm

< o @HPOMT/2 / (So+0)"?du.  (4-3)
M

This is for any o > 0. Sending 0 — 0 and using Fatou’s lemma on the left-hand side and the monotone
convergence theorem on the right-hand side yields (on dropping the nonnegative term with V.5)

fS”/deolg(T)ff s du.
M M

This yields our uniform L"/>(M, g) bound on S in (4-2). Returning to (4-3), we appeal to the Sobolev
inequality (3-9) to deduce

r A(T)n
S n/42 . dt < TB(T U(U+p(0))nT/2/ S n/2d ,
/(; ”( +U) ”LZ /G 2)(M,g) = 4(7’1—2)(7’1—1) + ( ) e M( 0+6) /’L
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T ) (n—=2)/n
/ < / NE /<2<"—2>>dVolg> dt < C(T).
0 M

This proves the claim for 3 <n <4.

hence also

For n > 4 the claim will follow similarly, but the above test function does not have bounded derivative
for n > 4, and we neither know that it is in H' nor do we know that the chain rule applies. We therefore
argue similarly to the proof of Proposition 2.3, where we introduced the functions ¢g 1., Gg 1 and Hg .
We again set g = Alfn. Using Gg,1.(S) as a test function in (2-2), we find

/ Gp,1(5)(9;S)dVolg + (n — 1)/ |Vgi>,3,L(S)|2 dVol, < / S(S—p)Gp,(S)dVolg.
M M M
Using the evolution equation (1-3) for the volume form, we have
n
8t/ Hpg 1.(S) dVolg—i—(n—l)/ |V¢,3,L(S)|2dVolg 5/ (S—p) (SGﬂ,L(S)—EHﬂ,L(S)> dVol,. (4-4)
M M M

One readily checks from the definitions of Gg ; and Hg ; in Proposition 2.3 that

p x2ﬁ<,8—ﬁ), x <L,
n 28 —1 4

GpL(x)——= Hp p(x)=
A ﬂzL2ﬁ<(1_z)(z)2+m<z_l)f_M) L
4J\L 26—1 \2 L 48 ) ’

and from this one sees that xGg 1 (x) — %nHﬂ,L(x) <O0for g = A—I‘n and n > 4 as follows: For x < L there
is nothing to show. For x > L, notice that

’ 2
2028 (1 "\ (X 2(,3—1)<E_)£_n(,8—1))__2 B 2/3(1_)
it ((1 4)<L) + 26—1 \2 ! L~ 4 )~ B=(B—1L T 1) <o,

where we have substituted n = 4 and recognized a square.'! Hence, using again that p is nonincreasing

(4-5)

along the flow, we conclude that the inequality

at/ Hg () dV01g+(n—1)/ IVp..(S)|> dVol, <0
M M

holds for any L > p(0). This is a differential inequality of the same kind as in the above 3 < n < 4 case.
Integrating it we deduce, for any ¢ € [0, T],

T
/ Hg 1(S)dVoly(T) + (n — 1) / / IVp..(S)|> dVol, di < / Hg 1 (So) djt. (4-6)
M 0 JM M

Using 8 = 71;” and letting L — oo, this yields, using Fatou’s lemma and dominated convergence exactly as
in the final step of the proof of Proposition 2.3 (neglecting the positive second summand on the left-hand

UThis is the point where we need n # 3, since in this case 8 — 1 < 0 and the above expression fails to be negative for x > L.
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side of (4-6)), the inequality

2/n 2/n
1S I o2 ar, gy = ( / s dVolg) < ( f |Sol"/? du) =C, (4-7)
M M

where the constant C(7T") > 0 depends only on T and Sy. This yields the second estimate in (4-2) for n > 4.
For the first estimate in (4-2), note that ¢g 1 (S) € H (M, g)12 and thus by (3-9) and (4-6) we deduce

T (n=2)/n
/ ( / g, (S)|*"/ =2 dVolg) dt
0 M

T T
§A(T)// |v¢,3,L(S)|2dVolgdt+B(T)/ / |p...(S)|* d Vol dt
0 JM 0 JM

- A(T)

“n—1

T
( / Hg 1 (So) dju — / Hg () dVolg(T)> + B(T) / / |p..(S)|> dVol, dt.
M M 0 JM

Thus, letting L — oo we conclude, using Fatou’s lemma and dominated convergence as before, with 8 = }‘n,
and (4-7), that

/O /M Ol =Gn-nu-2 /M|O| pER

where the uniform constant C(7") > 0 depends only on T and Sy. This proves the first estimate in (4-2)
for n > 4. O

Lemma 4.3. Under the conditions of Theorem 4.1, there exists for any finite T > 0 a uniform constant
0 < C(T) < 00, depending only on T and Sy, such that for all t € [0, T| we have the estimate

2 —
/M S|/ @=2) gvol, < C(T).

Proof. As in the previous lemma we have to split the argument into cases based on the dimension. We
first show the statement for n > 4. We will again use the inequality (4-4). However, while in Lemma 4.2
we set B = ‘l‘n, here we will use the inequality (4-4) with 8 = n? /(4(n — 2)). For this choice of g the
expression xGg 1. (x) — %nH 8,1 (x) is no longer necessarily nonpositive, and we estimate it against a new
approximation function

BxF, x<L,

4-9
n,Bszﬁ_lx, x> L. (4-9)

f.L(x) = {
By (4-5) one sees that the inequality xGg 1 (x) — %nHﬂ,L(x) < fp,.(x) holds forall 8 > 1and L >0
in the case n > 4. One important aspect to notice is that fg ; (x) is linear in x for x > L, as opposed to
quadratic in x for Hg ; (x) and xGg 1 (x). This will become important below. Returning to (4-4) and

ZNote that a priori we do not know if s/ e H (M, g) and thus cannot directly apply the Sobolev inequality (3-9) to sn/4,
However, we do know that ¢g 1 (S) € HI(M, g), since ¢g 1 (x) is linear for x > L and S € Hl(M, g) for each fixed time
argument.
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applying (3-9) to the term || Vg 1 (S) [k after some reshuffling we find

L2(M.g)’

B(T) ) (n—1)
N Hpg LD L1 mg) < (n— 1)m||¢ﬁ,L(S) 1,0y — AT

+0(0)][SGp.L(S) = InHp L) 113y + 15F5.L () 101y (4-10)

||¢/3 L(S) ||L2n/(n 2 (M, 2)

A straightforward computation shows, for all 8 > 1 and L > 0, that
12B8Hp 1.(x) = ¢p..(x)> and 4BHp (x) = xGp L, (4-11)

hold, and here is a way of seeing this: For x < L these are both obvious from the definitions, so we look
at x > L. One first notices that

dp.L(x)* =B2L* PV 288 — DL x + (B —1)2L%F < p2L2PD(x? 4 2L7) <38°L*F 7Dy,

where the first inequality comes from dropping the nonpositive linear term and estimating 1 < 8, and the
final inequality is simply L? < x. We similarly estimate H, ,.(x) from below for x > L and find

20x\ 22(B—1)(x\ , BB—DY,
Ho= (5 (3) =252 (1) + 25

2 _ 2
( B ( ) n BB )) . B X226, (4-12)
228-1) 2 226-1

where the first inequality uses —x/L > —x?/L? and the second inequality comes from dropping the
nonnegative constant term. Using these two estimates one readily sees that

12BHp 1.(x) = 2L 2 3% L2000 > g (1)7,

2p -
showing half of the claim in (4-11). To see the other half, first observe that (for x > L) by dropping the
nonpositive term in (2-8) we have xGg 1 (x) < BZx2 LB, Using (4-12) again we deduce

2
4BHg 1 (x) > BT P_grpa6-n > B2?L* P > xGp (%),
This finishes the proof of (4-11), so we arrive by overestimating the right-hand side of (4-10) at the

inequality

(n—1)

O Hp. (N Lia,e) < CrllHg (N1 m, o) HNSFa.L (N 110, g)— AT

L () e (413

where the uniform constant Cr > 0 is explicitly given by

Cr —12(n—1),8%+p(0)( +4,8>

Introduce the nonnegative, real function Fg ; via

Fgp(x):= (xfﬁ’L(x))l/(2/3+1).
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Assume 8 > é—lln, which holds, for example, for g = n?/(4(n —2)). Set o :==n/(4p) < 1 and choose
any § > 0. Observe that by the Holder inequality in the first estimate and the Young inequality in the
second, we obtain

2 1+2(1—
15, L ar.g) < I Fo.L N0 (31,00 FBL D s a1y
_ — 1/(1— 2,
< 8l F. . (S I ausm mar gy + 87/ T A=) I Fg ()l gy - (4-14)

These norms are finite for finite L > 0, as follows: The claim is clear for § < L, and the delicate point is
the behavior of the function for S large. For S > L, Fg 1. (S) ~ S>@f*D and (since 28/(28 + 1) < 1) the
terms || Fg ;. (S)‘B || 1.22/00—=2) (M.g) and || Fg 1 (S) ||L2;5(M’g) can be controlled via || S|| ;21/¢-2) (M.g) and || S||L2(M’g),

respectively. These latter norms are bounded'? because of S existing in co(o, T1; HY (M, g)) and (3-9).

2
L2n/(n—2) (M,g)
wise estimates. Directly from the definition we have

We can compare || F/gyL(S)ﬁ I and ||¢g, 1 (S) ||i2"/<"—2>(M,g) since we have the following point-

BP/CATD B < BxP, x<L,

Fpr(x)f = £ \2B/@B+D)
(nﬁZ)ﬁ/(Z,B-i-l)Lﬂ <Z) SnﬂLﬂ_lx, x> L.

Similarly, we may estimate ¢g ; from below as

xP = xP, x<L,

¢p.L(x) = {IBLﬁ—lx —(B-1DLP >xLP! x>L.

Combining these two estimates we find n¢g 1. (x) > Fg, . (x)?. By sufficiently shrinking § > 0 (choosing
§<4(m—1)/(m>BA(T)) to be precise), we can thus ensure for all L > 0 that

(n—1)

(Sa”F,B,L(S)'B||%2n/(n—2)(M’g) E W

166, (2002141, )
and therefore deduce from (4-13) and (4-14)

1/(1— 2
0/ Hp. ) 1oy < Crll Ho. o )i argy + CrIFp ) obyp vy o (4-15)

for uniform constants C7, C ’T > 0, where Cr is given above,

Cr:= s~/ @4B—n) (—4'3 —n) and &< —4(n — D .
48 n3BA(T)

The point is that both constants depend only on 7 > 0 and Sp.
We then compare Fpg, ()P to Hg 1 (x) as follows: From the definition of Fg ; (x) again we find

BB/ 28 < gy 2B x<L,

)4/3/(2ﬁ+1)

Fg(0)* = X
(nﬂZ)Zﬂ/(Zﬂ-H)LZﬂ <Z

< nﬁsz(ﬂ_l)x2, x>1L.

3This is where it was necessary to estimate xGg 1 — %nng,L < fp,L- Otherwise, defining Fg ; interms of xGg 1 — %nH/g’L
would cause Fg 1 (S) to go as §3/@2B+D) for large L and we would not be able to guarantee that ||F5’L(S)ﬁ ||%2n/(n72)(M’g) is
finite.
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Consulting (4-12) we find

wnBH, (o) = 2B [ x=1L,
AL T 28—1 |np?L*FDx2 x> L.

We therefore conclude 4nBHg 1. (x) > Fg 1(x)?f. Defining
Cy = max{(4ng) tH @1l Cr),
we deduce from (4-15) that
0/ Hy. ()l 1oy < C1 O+ IHp (T N Hp ()1,

Setting 8 = n’/(4(n —2)), we can rewrite this differential inequality as

-2
0, 10g (1l Hp, L ($) Il a1.g) < CF(1+ 1 Hg L) )-

Integrating this differential inequality in time, we conclude
T
-2
log(Il Hp, L (ST | 11 a1.)) < 10g (Il Hp, L (S) Il 11 a.g09) + CFT + C / | Hp, () ey -
0 :

Taking the limit L — oo (using Fatou’s lemma and dominated convergence as before in the final step of
the proof of Proposition 2.3) and using Lemma 4.2, we deduce

2 - 2/2(n-2
Log|S(T)" /"2 113y g < TogllSg /" 141, + C7T + C7C(T),

which proves the statement for n > 4.

The above proof would almost work for n = 3. The problem is that xGg ; — %n Hg 1 < fg . no longer
holds true, and one would have a problem showing that the norms in (4-14) are finite. One solution is to
redefine the approximation functions ¢g 1, Gg 1 and Hg 1 to ensure xGg, 1 (x) — %nH,g, £ (x) is dominated
by a function fg ; which, for large x, behaves like at most x rather than x2 This is a nontrivial task,
because it is also important for the above argument that one can find constants (depending on n and 8 but
not L) such that

CiHp 1 (x)>¢pr(x)%, CaHpr(x)>xGpgr(x), C3Fgr(x)’ <¢pr(x), CaHg(x)>Fg1(x)?,

where Fg 1 (x) = (xfg,1L (x))/@B+D_ Consider the following family of approximation functions with v <1
and v ¢ {0, %}

_ xﬂ, x<L,
L(x) = (4-16)
G B s ”+L5<1—é>, x>L,
V v
2
x 2; 1xzﬂ“, x>1L,
Gpor) = f ) Pdy=1"" (4-17)
o F LT o 28N B-v)
2v—1 Qv—-1D2-1’ ’
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_ B
2028 —1)

IBZLZ(,B—U) x2v B 2/32L2‘3_1(}3 _ l))
2wy —1) 2v—1D2B8—1)

, x <L,

X
Hpg 1 (x) 12/ GpL(y)dy =
0 x—Cg, L x>L,

where
BB -1 +4vB( —p)+v( —2v))

2v28—-1DR2v—1)
In the n > 4 case we considered these functions with v = 1. These functions have the same qualitative
properties as before, namely that (ﬁﬂ,L L% 48 and ¢~),3,L e C'(Ry) with qB/’SL € L*°(R), and similarly
for Gﬂ, 1, and 1:1,3’ ... We can therefore use G ,L(S) as a test function in (2-2) and deduce the analogue
of (4-4), namely

Cpyi=

at/ ﬁﬁ,L(S)dVongr(n—l)f |Vq3ﬁ,L(S)|2dVolg5/ (S—p)<sé,3,L(S)—%Hﬁ,L(S)) dVolg. (4-18)
M M M

Consider the expression XGﬁ’L(x) — %nl:l}g,L(x) for x > L:

- n o~ 132[42(/3*‘)) n 2B (,B—V)Lzﬂ 1
XGﬂ*L(x)_EHﬂvL(X):m<v_i)x +(2,3—1)(2v—1)( 1)” 2t

From this one sees that when 0 < v < %n and § > :1;”’ the first two terms become negative. So assume
from now on that 0 < v < }‘n and later we will make a choice of 8 > in. Introduce the function

f~ ( ) ﬁx2'39 X SL,
LX) 1=
P %n|Cﬂ,U|L2ﬁ, x> 1L,

which has the property that xG — %nH,g,L < fg,L(x) forall x >0and L > 0, as long as 8 > 3—111 > .
Proceeding exactly as in the n > 4 case, we deduce

~ B(T) 2 (n—1)
N Hpg LD L1mg) < (n— 1)m||¢5,L(S) 21 — AT

+pO)|SGpL(S) = 3nHp L) 114y + 1S fot D1 (@-19)

||¢/3 L(S) ||L2n/(n 2)(M g)

We compare (];‘3, L(x)3 xéﬂ, L(x) and ﬁﬂ, L(x) as in (4-11) and conclude by similar arguments, for all
B >1, L >0, and some L-independent constants C1, C,, that

C1Hp.1(x) > dp.r(x)%

B ~ (4-20)
CrHg 1 (x) > xGpg 1 (x).

We now proceed as before, getting

| Hp1.(S)Il L1 (a.)
(n—1)

< CrllHp.L)uiang + 1S 5L uiang = 5

”¢/3 L(S)”LZn/(n D(Mg)’ (4_21)
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where the uniform constant Cr > 0 is explicitly given by

Cr=Ci(n—1) %4—,0(0)( n+C2).

Introduce the nonnegative, real function Fg ; via
Fp.L(6) = (x fp. () /D,

Assume S > ‘—in, which holds, for example, for § = n?/(4(n —2)). Set o :=n/(4pB) < 1 and choose any
8 > 0. Observe that by the Holder inequality in the first estimate and the Young inequality in the second,
we obtain

1+2(1—
15, L argy < I Fo L N0 (31,00 | FBL O 35 410y

d — — s 1/(1— 2
< 8l B, (S I amm mar gy + 8/ T A=) Fg ()l gy - (4-22)

These integrals are finite for the same reasons as in the n > 4 case.

We shall from now on set v=8/(28+ 1) and 8 = nz/(4(n — 2)), which translates into v = 29—2 for
n = 3. Notice that this choice satisfies v < le”’ so the manipulations up until now are allowed. The reason
for choosing this v is that then

B xP, x<L,

Fpr(x)f =
g (%nlCﬁ,vl)vLﬂ_”x”, x> L.

This is easily comparable to ¢~5/3’ 1 (x). Since

bp.1(x) > gL’gf')x”

o )

we achieve!* C3 I‘T]g,L(x)/3 < dN)ﬂ,L(x). So if we choose

for x > L, we see that by defining

_(n— 1)4C328
= A(T) n

’

then the inequality
(n—1
A(T)

holds for all L > 0, and we deduce from (4-21) and (4-22) that

~ ~ ~ 1/(1— 2
31 Hp. L ()1 angy < CrllHp () i) + CI gL )] gnt (4-23)

8atl| Fg,L. () I ansn a1, =~ 188, L 20021414y < O

14This is a somewhat delicate point. If one chooses v small, it is easy to make xG — jnH sublinear, but if v is too small
F will increase faster than ¢, ruining the comparison. On the other hand, if v is bigger than 1 71 we see above that xG — inH
becomes too large to guarantee the finiteness of the integrals in (4-22).
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for uniform constants C7, C ’T > 0, where Cr is given above,

2
Cp = smniap-n (1) g 5 < W2 DAGE
T 48 =~ A(T) n

The point is that both constants depend only on 7 > 0 and Sg. The final comparison we need is that
CsHpg 1.(x) > Fpg, 1 (x)?# holds for some C4 > 0 independent of L, and here is a way to see that this is
doable: For x < L both functions are proportional, so there is nothing to show. Inserting v = 8/(28 + 1)
into the definition of H/g’ 1 (x) yields (for x > L)

G = 128 ﬂ(i)_w(ﬁ>2” z)
Hprx)=1 (2,3—1 L 2 L) TF)

which shows that ﬁ/g, L (x) is dominated by a positive linear term for x > L, which will dominate the
sublinear term x2” of Fg 1 (x)?!. Defining

C} = max{CiJrz/(w_n)C/T, Cr},
we deduce from (4-23) that
3 || Hp..(S < CL(+ | Hg L (HIZEE=y | Hp. 1. (S
tHp. L () rag) = Cr L+ I1Hp L1y o L1 ()
The rest of the proof then follows exactly as in the n > 4 case, giving us our required bound for n =3. [J

This completes the first step on the way to Theorem 4.1, proving a uniform L/ C=2)(M, g)-norm
bound on S. Before we can go on to prove Theorem 4.1 by a Moser iteration argument, we need the
following parabolic Sobolev inequality.

Lemma 4.4. Let A(T) and B(T) denote the constants of the (elliptic) Sobolev inequality (3-9). Then for
any f € H'(M, g) with uniform normint € [0, T, we have (writing Mt := M x [0, THP

||f2||L("+2>/"(MT,g) (A(T)”vf”LZ(MT g)+B(T)”f”L2(MT g))+ sup ”f(t)”LZ(Mg) (4 24)

+2 te0,77

Proof. The statement and the proof are close to [Ma et al. 2012, Equation 12]. We compute
T T
f / FADIm gvol, dt = / / 24" dvoly dt
0 Jm 0 Jm
P 4/
n
< / U oo | F 1250 )

4/n

4
< (A(T)Maniz(MT,g) + B(T)ufniz(MT,g)) sup ]<||f||Lé’§M,g)>,
tel0,

15We write LP (M7, g) = LP (M, g ®dt?) for any p > 1.
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where in the first estimate we applied the Holder inequality with p = %n and ¢ =n/(n —2) and in the
second estimate applied (3-9). Raising both sides of the inequality to the power of n/(n + 2) and using
Young’s inequality AB < A?/p+ B?/q with p=(n+2)/n and g = %(n + 2) we arrive at the estimate
as claimed. O

Proof of Theorem 4.1. Since we assume that (Sp)_ € L°°(M), we have uniform bounds on S_ by
Proposition 2.3. Thus it suffices to prove the statement for S;. Therefore we may replace S by S,
replacing the evolution equation (2-2) for S by the inequality (2-3) for S.. Hence we continue under the
assumption S = S; > 0, subject to (2-3).

Let n € C'([0, T1, R4) be nondecreasing with n(0) = 0 and ||n]lcc < 1. We would like to use
B0 S?A~1/(28 — 1) (with B > 1) as a test function in the weak formulation of (2-3). The problem is of
course that the chain rule fails to hold in general, so we use the same workaround as in Proposition 2.3
and Lemma 4.3. Let L > 0 and define ¢g 1, Gg 1 and Hg ; as before. Using n(s)zGﬁ,L(S) as a test
function in (2-3) we get

/ (8SS)172G,3,L(S) dVolg + (n — 1)/ n2|V¢5,L(S)|2dV01g < / SGg,L(S)IS — pldVolg.
M M M
On the right-hand side we observe (by a direct computation) that

SGp.1(S) < B2/ (2B — Vg 1(S)

We integrate this in time for any ¢ € [0, 7] and get

t t
ff(aSS)nZGﬂ,L(S)dVolgds+(n—1)/[ Vs 1(S)|* dVol, ds
0JM 0JM

< ﬁz
=281

t
/ / n*bp.L(S)*|S — p|dVol,ds. (4-25)
0JM

We rewrite the first term on the left-hand side of (4-25) using (1-3) as
t t
f / n%(858)Gp,1(S) dVolg ds = / / n*ds Hg 1. (S) dVolg ds
0JMm 0JM
t
=/ n*Hg.1(S) dVoly(s = 1) —2// nnHpg 1 (S)dVolg ds
M 0JMm

1t
"‘E// n*Hg 1.(S)(S — p) dVol, ds,
2 JoJm

where we write 7 = dyn and use 1(0) = 0. Plugging this into (4-25), we obtain

t
/nzHﬂ,L(S)dVolg(s=t)+(n—1)// 1%V (S)|* dVol, ds
M 0JM

t 2 t
5// (=2 152+ " Hp, (5) |S—,0|dV01gds+2f/ 0 Hp.1 () dVol, ds.
oJm  \2B-—1 2 0Jm
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We now take the supremum over ¢ € [0, T'] and appeal to the parabolic Sobolev inequality (4-24) with
f =n¢p (S). The result is

(n—1)
nA(T)

(1 + 2106, ()Ml Low2imary.gy =2 5Up 10D, L7241, = BBT NG L7241, )
tel0,T]

+ sup / i H,g L(8) dVol,
t€l0,T]

< LG

By increasing A(T) > 0 if needed, we may assume (also noting that Hg ; and ¢§’ ;, are comparable
by (4-11)) that

T
¢,3,L(S)2+gHﬁL(S)>|S—p|dVolg dr+2 /0 f niHp.1(S)dVolg dt.  (4-26)
M

2(n —
sup ||77¢,3 L(S)”LZ(Mg) 0

2
Hg 1(S)dVol, — ————
sup / n ﬂ,L() Olg nA(T) t€[0,T]

te[0,T]1J M

for all 8 > 1 and L > 0. We may therefore drop these terms from (4-26). Taking the limit L — oo (using
Fatou’s lemma and the dominated convergence theorem) we get

B(T)(n—1)

N 2628 p
( 1) “7] S ||L(n+2)/n(MT) A(T) ||77 ||L2(MT,g)

A(T)

5( F + P )/T/ n*S?|S — p| dVol, dt + p fT/ n7S% dVol, dr.
26—1 4n2-1) Jo Ju 26-1Jo Ju

Introducing C :=nA(T)/((n +2)(n — 1)) we get, for any 8 > 1, the inequality

19> S| Lo ayy
B(T
" (1)
n+2

T T
||nsﬂ||iz(MT)+c/ f m‘;SZﬁdVolgdzHCﬂf / n*S*F|S — p| dVol, dt.
0 JM 0 JM

We apply the Holder inequality with p = n?/(2(n — 2)) to the last integral on the right-hand side above.
Using Lemma 4.3 to get a bound on the integral of |S — p|?, we conclude

B(T)
n+2

T
172 8% | Lars2rm aayy < 18P 122051, +C /0 /M 0 S* dVolg di+C (D) Bl S|l vy (4-27)
with N := p/(p—1) =n?/(n> —2n+4) < (n+2)/n. This is almost the expression we want to iterate, but
the presence of 77 means we have to shrink our time interval in the iteration (as is standard for parabolic
Moser iteration). The details (inspired by [Ma et al. 2012, pp. 889-890]) follow.
Consider the sequence #; := (% — (1)k)T for integers k > 1. Let My := M x [t;, T], M| = Mt and
My =M x [%T T] Choose nondecreasing test functions 7y € c'qo, 11, R4) with [|9g]|eo < 1 such that

0, r=<t,
1, t>1.

k(1) :{
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The choice of {n}; can be made subject to a bound on the derivative 0 < 7j; < 28t!/T, which we
henceforth assume. Using these functions in (4-27), we find

2 22 22
IS Lo agyy = IMES?P Nl Losoimagy < IMe SN Loarncaryy

nB(T) 8112 r . 2B 2 28

< ISP Wy, +C || meineS? dVoly di + C(T)BINES Nl 1o oty
n+2 0 JM

< CB2ZNS vy (4-28)

where the second inequality uses (4-27) and last step uses 7 < 2¥*!/T together with the Holder inequality
to compare L'- and L"-norms. This is the equation we will be iterating. Introduce y := 28N and
p:=(Mn+2)/(nN)= ®>+8)/n*> > 1. Then (4-28) reads

SN o ) < (CCDYY2NV ISy (-

Replacing y by p™y for m > 0 results in

m

ST oty ag,. 3 < @Ry 2HN S| Loy 1

which can be iterated down to
m
1SH L1y gy < [ TE@R Y28 L.
i=0

The expression [["(C(T)piy2k+)N/(®'7) converges as m — oo, as one checks by computing the

logarithm
- : N & 1 i
lim log [ [(C(T)p'y 2 )N/ = —% <log(2kC<T)y)—l. +1og<2p>—,.)
m— 00 ! y 4 0 0
i=0 i=0

_N( p = X P
=7 (p 1 log(C(T)y2 )+10g(2/0)—(p — 1)2).

We therefore deduce for some uniform constant Cy > 0

1Sl oo paxr/2.17) < mli_)moo||S||me+ly(Mk+m) < CrlISliLy ) < CrlISIlLy (my)-

Choosing
5= n2—2n+4 — B n?
= 4n—-2) Y= om—2y

we can estimate the right-hand side using Lemma 4.3 and deduce for some uniform constant C(7) > 0

ISllzemxi7/2.11) < C(T). 0

Remark 4.5. It is worth pointing out that we do not assume Sy € L°° (M), only that Sy € L/ Qr=2)(pr)y.
The above proof tells us that S € L>°(M) for positive times, even if the initial curvature is unbounded.
This is analogous to the well-known behavior of the heat equation, where the solutions for positive times
are often much more regular than the initial data.
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5. Long-time existence of the normalized Yamabe flow

We can now establish our main Theorem 1.1, which explicitly reads as follows.

Theorem 5.1. Let (M, go) be a Riemannian manifold of dimension n = dim M > 3 such that the following
four assumptions hold:

(1) The Yamabe constant Y (M, go) is positive, i.e., Assumption 1 holds.
(2) (M, go) is admissible, i.e., Assumption 2 holds.
(3) Parabolic Schauder estimates (as defined in Definition 1.4) hold on (M, gy), i.e., Assumption 3 holds.

4) So e Ch* (M), ie., Assumption 4 holds. Moreover, we require that Sy € L/ QC=2)(M) and that its
negative part (So)_ € L*°(M).

Under these assumptions, a normalized Yamabe flow u/ =2 go exists withu € C (M x [0, 00)), with
infinite existence time, and with scalar curvature S(t) € L (M) forall t > 0.

Proof. Short time existence of the flow with u € C3*(M x [0, T']) for some small 7’ > 0 is due to
Theorem 1.6. Let T > 0 be the maximal existence time, so that u € C>*(M x [0, T)) with locally uniform
control of the Holder norms in [0, T'), but with no uniform control of the norms up tot =7. If T = oo,
there is nothing to prove. Otherwise, we proceed as follows.

Proposition 2.3 yields a uniform (i.e., depending only on Sy and the finite 7") lower bound on the scalar
curvature S. Proposition 3.1 and Theorem 3.2 yield uniform upper and lower bounds on the solution u«, so
that u € L°°(Mr). This in turn gives us bounds on the Sobolev constants A(T") and B(T') (Corollary 3.3),
so we use Theorem 4.1 to argue that S € L°°(Mr). By the evolution equation

4
Ou =——-—>(S— plu,
n—2

we deduce o,u € L>°(M7). Then, arguing exactly as in [Bahuaud and Vertman 2019, Proposition 2.8],
we may then restart the flow and extend the solution past 7. For the purpose of self-containment, we
provide the argument here.

Let us consider the linearized equation (1-18) with u = 1 + v,

atv—(n—I)onz—}l(n—2)50+d>(v), v(0) =0, (5-1)

where ® (v) € L (Mr), since u, o;u, p € L°°(M7). By the third mapping property in (1-14), we conclude
that v e C*(M x [0, T]).'® Rewrite flow equation (1-2) using N = (n+2)/(n —2) as

du—(n—Du'"NAgu = 3(n—2)(pu— SouM). (5-2)

We will treat the right-hand side of this equation as a fixed element of C%*(M x [0, T1). Since u' =V €
C1¥(M x [0, TY) is positive and uniformly bounded away from zero, we may apply (1-16) and (1-17) to
obtain a solution u’ € C%*(M x [0, T]) with initial condition u’(0) = 1.

16Note that we now have uniform control of the C1*®-norm uptor=T.
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Note that w := u — u’ solves d,w — (n — 1)u' "V Agw = 0 with zero initial condition. By the weak
maximum principle (1-13), d; wmax < 0 and 0; wpi, > 0. Due to the initial condition w(0) = 0, we deduce
w =0 and hence u = u’ € C>*(M x [0, T1). Thus u’ € C>*(M x [0, T']) extends u(¢) up to r = T, and
we conclude

ueC*(M x [0, T]).

By the second statement of Theorem 1.6, we even have u € C3*(M x [0, T]) and can now restart the
flow as follows. Consider ug = u(T) € C>%(M) as the initial condition for the normalized Yamabe flow.
By (1-15), €' Aoy e C34(M x [0, T), where the heat operator acts without convolution in time.

We write u = f +e'®ug and plug this into the Yamabe flow equation (1-2) with rescaled time T = (t —T).
This yields an equation for f,

[0, — (n — D(e"ug) "N Aol f = Q1(f) + Q2(f. 8 ), u'(0) =0, (5-3)

where O and Q, denote linear and quadratic combinations of the elements in brackets, respectively,
with coefficients given by polynomials in e’®0uq, 9,e'“0ug and Age’*°uy. Since these coefficients are
of higher Holder regularity C'-%(M), we may set up a contraction mapping argument in C>* and thus
extend u past the maximal existence time 7 exactly as in the proof of Theorem 1.6. This proves long-time
existence. U

Corollary 5.2. In the setting of the above theorem, we have

11— 00

lim [ (S—p)?dVol, =0,
M

and there exists us, € L>(M) such that
lim | (u—us)>dp=0.
t—00 M

Proof. By (1-5) we have

p=——— [ (§—p) dVolg.
2 Ju

This shows that p(¢) is monotonically decreasing, and we know it’s bounded from below by Y (M, gg) > 0,
so lim;_, o, p(¢) exists. Thus fooo d;p(t)dt < oo, and thus 9, o (#) must converge to zero as t — oo. This
gives the conclusion on f (S — p)? dVol,. By (1-1) we also conclude that

/ @/ Dy dp = = f (S — p)u "= dp =0,
M 2 Iy

and using u as a test function in (1-2) leads to

n+2
2n

[ D - [ |VM|2du=zi<n+2><p<z>— / MzSodM>,
M M M

SO

/ IVul*dp < 3(n+2)(0(0) + [(So)—ll L)),

M
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where we have used f M u?/ =2 g, = 1. This shows that u is uniformly bounded in H L(M) independent
of ¢ for all ¢ > 0. Since the Sobolev embedding H YM) — L1(M) is compact for g < 2n/(n —2) (see
[Akutagawa et al. 2014, Proposition 1.6]), we in particular get that u has a convergent subsequence in
L%*(M) as t — oo, and we call this limit u#n. O

Remark 5.3. The above methods would also show that 8,u"+2/"=2 — 0 in L'(M), since we may
use (1-1) and the Holder inequality to write

18, "2/ =2 1y < 2@+ — P 2 2any 1> 2 2oy
<1+ = p)u " 204

We then use the first part of the corollary to show that the right-hand side tends to 0.

6. Future research directions and open problems

Long time existence alone does not guarantee regularity of the limit solution us, € L?(M). Indeed,
this has to be obstructed for the following two reasons. In the case of closed manifolds, we know that
the Yamabe problem is not uniquely solvable on a round sphere, but so far we have not assumed that
(M, go) is not a sphere. In the singular setting, the Yamabe problem doesn’t always have a solution, as
demonstrated by Viaclovsky [2010]. We suspect that demanding

Y(M, go) < }glo Y(Br(p), go),

for all p € M, is the required condition in our setting. Under this assumption, Akutagawa, Carron and
Mazzeo are able to solve the Yamabe problem for smoothly stratified spaces in [Akutagawa et al. 2014].
For closed manifolds, this condition becomes Y (M, go) < Y (S", gs») with the round metric gs», which is
the assumption used by Brendle [2005] in his study of the Yamabe flow. Brendle’s proof of convergence
of the Yamabe flow relies on the positive mass theorem, which is not available in the singular setting.
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In a previous work we established a multilinear duality and factorisation theory for norm inequalities for
pointwise weighted geometric means of positive linear operators defined on normed lattices. In this paper
we extend the reach of the theory for the first time to the setting of general linear operators defined on
normed spaces. The scope of this theory includes multilinear Fourier restriction-type inequalities. We
also sharpen our previous theory of positive operators.

Our results all share a common theme: estimates on a weighted geometric mean of linear operators
can be disentangled into quantitatively linked estimates on each operator separately. The concept of
disentanglement recurs throughout the paper.

The methods we used in the previous work — principally convex optimisation — relied strongly on
positivity. In contrast, in this paper we use a vector-valued reformulation of disentanglement, geometric
properties (Rademacher-type) of the underlying normed spaces, and probabilistic considerations related
to p-stable random variables.
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1. Introduction

In our previous work [Carbery et al. 2022] we introduced and developed a general functional-analytic
principle concerning norm inequalities for pointwise weighted geometric means

d
[T £
j=1
of positive linear operators 7T defined on suitable spaces, where «; > 0 and 27:1 aj = 1. In this paper
we extend our study to the situation in which the linear operators 7T} are no longer assumed to be positive.
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The techniques of [Carbery et al. 2022] relied strongly on positivity, so it will be necessary to involve a
new set of ideas.

In order to set the scene for this, it will be helpful to recall the main theorem of [Carbery et al. 2022],
but we first we need to set up some notation. Let (X, du) be a measure space and let M(X) be the class
of measurable functions on X. Let ) be a real or complex normed space. (For example, if Y is a measure
space, ) could be the class S(Y) of simple functions with an L?-norm for some p > 1.) We say that
a linear map T : Y — M(X) saturates X if, for each subset E C X of positive measure, there exists a
subset E/ C E with w(E’) > 0 and an & € Y such that |[Th| > 0 a.e. on E’. For reasons explained in
[Carbery et al. 2022], such a condition is needed for the result which follows to hold.

Theorem 1.1 [Carbery et al. 2022]. Suppose that X is a o -finite measure space and that );, for j =
1,...,d, are normed lattices. Suppose that the linear operators T; : V; — M(X) are positive and that
each T; saturates X. Suppose that 0 < g < oo and 2?21 aj = 1. Finally, suppose that

Li(X)

d d
[T <A[Tus13, (1)
j=1 Jj=1

for all nonnegative f; € Y;, 1 < j <d.

Case I: (disentanglement) If g = 1, then there exist nonnegative measurable functions g; on X such that

d
1< 1_[ gi(x)% ae onX (2)
j=1
and such that, for each j,
f & COT) f5) di(x) < AlL i ly, 3)
X

forall f; € Y;, with the same constant A as in (1).

Conversely, if the T; are positive linear operators such that there exist nonnegative measurable
Junctions g; on X such that (2) holds and such that (3) holds for all f; € Y, then (1) holds for all
nonnegative f; € J;.

Case II: (multilinear duality) If g > 1, then for every nonnegative G € L9 (X) there exist nonnegative
measurable functions g; on X such that

d
G(x) < 1_[ gi(x)% ae onX “)
j=1
and such that, for each j,

fx g COT, £(0) da(x) < AIG L 1 £, 5)

forall f; € Y;, with the same constant A as in (1).

Conversely, if the T; are positive linear operators such that for every nonnegative G € LY (X) there
exist nonnegative measurable functions g; on X such that (4) holds and such that (5) holds for all f; € Y,
then (1) holds for all nonnegative f; € ;.
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Case III: (multilinear Maurey factorisation) If 0 < q < 1, then there exist nonnegative measurable
functions g;j on X such that'

=1 (6)
q/

d
[]ei@®
j=1

and such that, for each j, (3) holds for all f; € Y;, with the same constant A as in (1).

Conversely, if the T; are positive linear operators such that there exist nonnegative measurable
functions g; on X such that (6) holds and such that (3) holds for all f; € Y;, then (1) holds for all
nonnegative f; € Y.

Numerous illustrations and applications of this theorem were given in [Carbery et al. 2022]. It should
be stressed that this result is a general one, applying to the class of positive operators broadly.

The forward parts of this result are the difficult ones; the converses follow easily by applying Holder’s
inequality. When d = 1, Case II reduces to an elementary duality statement concerning the operator
T : Y — LY and this gives rise to the sobriquet “multilinear duality” in the case of general d. The term
“factorisation” relates both to the pointwise factorisation expressed by (4) and to the condition (5), which
is a statement that each operator 7; factorises through a certain weighted L'-space.

Case I, corresponding to g = 1, plays a special role, and indeed the remaining cases corresponding to
q # 1 can be deduced from it without too much difficulty — see Section 5 for arguments of this type. We
describe the case g = 1 as a “disentanglement” result since it disentangles a bound (1) on the pointwise
combination of the 7;’s into bounds (3) on each T} separately, with the individual bounds linked via (2).

Notice that, when suitably modified, the statement of Theorem 1.1 makes perfectly good sense in
principle without the hypothesis of positivity of the operators 7}; nevertheless, as we have mentioned, the
arguments from [Carbery et al. 2022] rely very heavily on positivity. In this paper we use vector-valued
techniques to develop an analogue of Theorem 1.1 which applies to general linear operators defined on
normed spaces. See Theorems 1.5, 1.7, 4.3 and 5.2 below.

In what follows we shall primarily focus on the case of L' norms of pointwise weighted products
]_[‘;:1 |T; ;1% in our pursuit of extending Theorem 1.1 to general linear operators 7;. We return to the case
of general L9-norms of such expressions in Section 5, and there we see that it is relatively straightforward
to derive the results for general g, which even in the positive case significantly generalise Theorem 1.1,
from those corresponding to ¢ = 1.

We next give a simple lemma. All of our main results can be framed as reversals of the implication it
establishes (under various auxiliary hypotheses).

Lemma 1.2. Let Y; be normed spaces and let T; : Y; — M(X) be linear mappings for 1 < j <d. Suppose
v; > 0 are given. Assume that for some (p;) with 0 < p; < 0o we have the condition
d

Y4y, %)

j=1 Pi

I'We caution that we use the notation lgllg == (f Iglq)l/q and ¢’ :=¢q/(q — 1) for g < 0 and for 0 < ¢ < 1, even though in
these cases || - |4 does not define a norm.
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and that there exist nonnegative measurable functions (¢;) on X such that

d
[[¢x07/7 =1 (®)
j=1
almost everywhere on X and such that
1/pj
</ ITJJ?(X)IP-"@(X)dM(X)) = Al filly, ©)
X
forall f; € Y;. Then
d d
d .
/ [ 11740 dutx) < AZ=7 [T A1, (10)
X ;
j=1 j=1

forall fj €Y.
Proof. Let 0; = y;/p;. Then Z?:l 0; =1, and, by (8), (9) and Holder’s inequality, we have

d d
fxl_[mmx)w' du(x)sfxl_[w,ﬁ(x)Vf@(x)Wf’f d(x)
Jj=1 Jj=1

d
/X [ 1175 0177 ¢ ()% dpa(x)
j=1

d 0;
< ]"[(fx |Tjﬁ(x)|Pf¢j<x)du<x>)
j=1

d d
Y1 pif; P ALY na
< A== PTG = A== [T O
j=1 j=1

Taking y; = ga; with g and Z‘;: 1 @j =1 as in the preceding discussion makes a point of contact with
Theorem 1.1.

Note that Lemma 1.2 has no content in the linear case d = 1. Our main concern will therefore be with
the converse scenario in the genuinely multilinear case d > 2. The lemma delineates what we might hope
for. More precisely:

Basic Question. Letd > 2. Suppose X is a o -finite measure space, ); are normed spaces, T; : V; — M(X)
are saturating linear mappings, and y; > 0 for 1 < j < d. We suppose that (10) holds. For which (p;) (if
any) with 0 < p; < oo satisfying condition (7) can we conclude that there exist nonnegative (¢;) such that
conditions (8) and (9) hold, perhaps with a loss in the constants?

Once again we emphasise that we ask this question in the broad context: we seek answers which do
not rely upon the precise nature of the operators 7; : J; — M(X), but instead which will hold universally
over a wide class of linear operators. We expect that the set of admissible exponents (p;), in addition to
satisfying (7),> will reflect whatever geometric structures the normed spaces Y; may possess.

2For a discussion of why we require this condition, see Proposition A.1 in the Appendix.
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We shall give separate answers to this question in the settings of general linear operators and of positive
linear operators. It transpires that in order to develop the theory for general linear operators, it first makes
sense to consider a related question for positive linear operators: if in Theorem 1.1 we take the lattices )
to be L'/-spaces, are there stronger, r;-dependent, conclusions that we can make?

The following result answers our Basic Question for positive linear operators on Lebesgue spaces,
with no loss in constants. A corresponding answer in the case of general linear operators on Lebesgue
spaces is given in Theorem 1.5.

Theorem 1.3. Suppose that X and Y;, for j =1, ...,d, are measure spaces and that X is o-finite.
Suppose that the linear operators T; : S(Y;) — M(X) are positive and that each T; saturates X. Suppose
that 1 <r; < oo for all j. Finally, suppose that for some exponents y; > 0 we have

‘[rkfmedMﬂ<AZ“”rHﬁhu” (11)
Jj=
for all nonnegative simple functions fjonY;, 1 < j <d.
Then for all (p;) satisfying 0 < p; < oo for all j, Z?:l vj/pj = 1 and p; <r; for all j, there exist
nonnegative (¢;) such that

d
[Tos0m/m =1 (12)
j=1

almost everywhere on X and such that

1/pj
(/X Iijj(X)Ip-"¢j(X)dM(X)) < Allfill (13)
forall f; € S(Y)).

Remark 1. In the Appendix below we give an example of positive linear operators (7;) satisfying (11)
for which the set of (p;) satisfying 0 < p; < 0o and Z‘;:l ¥j/p; = 1, and for which the conclusion of
Theorem 1.3 holds, consists precisely of those satisfying p; < r; for every j. See Corollary A.7. Thus the
condition p; < r; is sharp if we want our result to hold broadly for positive operators without further
reference to their individual properties.’

Notice that the set

d
{(pj) € (0, 00)" : Zﬁ =1 and p; < r; for all j}
o Pi
=1
is nonempty if and only if Z i1 vj/r; <1. In particular, Theorem 1.3 has no content unless Z i1 vi/ri<1.
In Corollary A.7 we demonstrate, by example, that if Z _1 vj/rj > 1, then the set of (p;) satisfying the
conclusion of Theorem 1.3 may indeed be empty.

3For particular positive operators (7}), the result may hold even when p] > rj for some j. Indeed, let X = Y; = [0, 1] with
Lebesgue measure, let r; = 1 for all j and let each T; be given by 7 f = fo S, sothat each Tj f is constant on [0 1]. Then (11)
holds for all exponents y; > 0, with A =1. If we take ¢ j (x) =1 for all J, then both (12) and (13) hold for all exponents 0 < p; < oo.
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Under hypothesis (11), the disentangled conclusions (13) for p; < max{r;, y;} alone, with otherwise
unspecified but nontrivial (¢;), are more straightforward, and can be established by methods which
are not genuinely multilinear.* The significant feature of Theorem 1.3 is that under the hypotheses
Z?:l vi/pj =1 and p; <r; for all j, we can choose (¢;) also satisfying the specific quantitative lower
bound (12). Similar remarks apply to our subsequent results.

We point out that the case p; =1 for all j of Theorem 1.3 directly implies Case I (and therefore
Case II) of Theorem 1.1 (in the special case where the spaces ); are taken to be L'/). The case p; =r; of
Theorem 1.3 is, however, the crucial one, and in a slightly different notation can be presented as follows:

Theorem 1.4 (disentanglement for positive operators on Lebesgue spaces). Suppose that X and Y;,
for j =1,...,d, are measure spaces and that X is o-finite. Suppose that the linear operators T; :
S;) — /\/l(X ) are posmve and that each T; saturates X. Suppose that 1 < p; < oo for all j, and that
0; > 0 are such that Z j=10j = 1. Finally, suppose that

/1 H(Tf,><x>”“du<x> <Bl_[”f/”w(y)

for all nonnegative simple functions fionY;, 1 < j <d. Then there exist nonnegative measurable
functions ¢; on X such that

1_[¢(x)f>1

almost everywhere on X and such that, for each j,

1/pj
(/X|7}fj(x)|pj¢j(x)dl/~(x)) < BYP | £l mi

for all simple functions fj on'Y;.

In analogy with the Case I of Theorem 1.1, we shall also call this result a disentanglement theorem,
and it is an instance of the general disentanglement theorem for positive operators on p;-convex spaces,
which we shall present as Theorem 3.2.

As the reader will have noticed, by homogeneity we may take B =1 (and A = 1 in earlier results)
without loss. (And by playing with homogeneities the constant B!/?i can be replaced with B(Zf 1if)” ).

In order to address our main concern in the paper — the extension of the theory to include general
linear operators which are not necessarily positive — we shall consider the analogous situation under
hypotheses of Rademacher-type in place of p-convexity. Our use of p-convexity and Rademacher-type
proceeds in parallel with their deployment in the development of the Maurey theory; see [Garcia-Cuerva
and Rubio de Francia 1985; Albiac and Kalton 2006]. For now we state a sample theorem, which, in
the case that the normed spaces ); are L'/-spaces, answers the Basic Question. We shall significantly
generalise this result later; see Theorem 4.3.

4The range p; < max{r;j, y;} for this simpler problem is also known to be sharp, as the arguments in the Appendix confirm.



DISENTANGLEMENT, MULTILINEAR DUALITY AND FACTORISATION FOR NONPOSITIVE OPERATORS 517

Theorem 1.5. Suppose that X and Y;, for j =1, ...,d, are measure spaces and that X is o-finite.
Suppose that T; : S(Y;) — M(X) are linear (not necessarily positive) operators and that each T;
saturates X. Suppose that® 1 < rj < oo forall j. Finally, suppose that for some exponents y; > 0 we have

d d
d .
/X]_[ T3 £V du@) < A= TTIA (14)
j=1 j=1

for all simple functions fjonY;, 1 < j <d.
Then for all (pj) such that Z‘;:l vi/p;j =1and
0 < pj <rj forthose j for which 1 <r; <2,

15
0<pj <2 forthose j for which2 <r; < 00, (15)

there exist nonnegative ¢; such that
d
l_[ ¢j(x)yj/pj > 1
j=1
almost everywhere on X and such that

1/pj
( /X |7}ﬁ(x)|pj¢j(x)dﬂ(x)) Sty ALl
forall f; € S(Y)).

Remark 2. In the Appendix below we give an example of linear operators (7}) satisfying (14) for which
the set of (p;) satisfying 0 < p; < oo and Z?Zl vj/p;j = 1, and for which the conclusion of Theorem 1.5
holds, consists precisely of those satisfying (15). See Corollary A.8. Thus the condition (15) is sharp
if we want our result to hold broadly for linear operators without further reference to their individual
properties. For specific operators 7; the conclusion may nevertheless hold even if (15) is violated.

Note that the set of (p;) satisfying Z‘;Z 1 v/ pj = 1 together with (15) will be nonempty if and only if

Z?:l yj/ min{r;, 2} <1 when at least one r; < 2,

2?21 i <2 whenall2 <r; <oo.

In Corollary A.8 we demonstrate, by example, that if this condition is violated, the set of (p;) satisfying
the conclusion of Theorem 1.5 may indeed be empty.
The special case of this result corresponding to p; = 2 for all j is singled out:

Theorem 1.6 (disentanglement for general linear operators on Lebesgue spaces). Suppose that X and Y;,
for j =1,...,d, are measure spaces and that X is o-finite. Suppose that the linear operators T; :
S(Y;) - M(X) saturate X. Suppose that 9; > 0 and Z?:l 0; = 1. Finally, suppose that for some

5The proof will reveal that the result remains valid under the weaker assumption 0 < r; < 0o, provided that we accordingly
modify (15) to 0 < p; < r; for those j for which 0 <r; <2.
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exponents 2 < r; < 00 we have

d d
26; 20;
/X ]_[1 IT; ()% du(x) < B ]_[1 LA
j= j=

for all simple functions fj onY;, 1 < j < d. Then there exist nonnegative measurable functions ¢; on X
such that

d
[[e0% =1
j=1
almost everywhere on X and such that, for each j,

1/2
( /X |ijj(x)|2¢j(x)du(x)> S BN il

for all simple functions f; onY;.

Theorem 1.6 readily upgrades to the following result (see Section 5), whose formulation can be
compared to Case II of Theorem 1.1:

Theorem 1.7 (multilinear duality for general operators on Lebesgue spaces). Suppose that X and
Y;, for j =1,...,d, are measure spaces and that X is o-finite. Suppose that the linear operators
T; : S(Y;) — M(X) saturate X. Suppose that a; > 0 and Z?:] aj = 1. Finally, suppose that, for some
exponents q > 2 and 2 <r; < 00, we have

d
[Ti761%
j=1

for all simple functions fj onY;, 1 < j <d. Then for every nonnegative G € L@/ there exist nonnegative

&j

d
<B[TIAI%y,
q j=1

measurable functions g; on X such that

d
[Ts0)% = Gx)
j=1

almost everywhere on X and such that, for each j,

1/2
(/ Iijj(X)IZgj(X)dM(X)> S BliG gy 1 il vy
X

for all simple functions fj onY;.

The converse statements to these three results are once again also true, and are easy to verify.

Note that in these last three results we do not assert “<” but only “<<” in the conclusions, and moreover
the case r; = oo is excluded from Theorems 1.5 and 1.7. This is ultimately because we shall need to
apply Khintchine’s inequality. Note also the numerology familiar from harmonic analysis, in which
L?-boundedness of a positive operator for p > 1 (such as a maximal operator) often corresponds to
L%”'-boundedness of a corresponding nonpositive operator (such as a singular integral operator). Even in
the linear case d = 1, the duality statement is along the lines that 7 : L” — L4 with ¢, r > 2 if and only
if 1178l /2 < Mg lPllr/2 (rather than [ T*glly < ligl)-
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1.1. Multilinear restriction and the Mizohata—Takeuchi conjecture. As an indication of the scope of
Theorem 1.7, we consider the so-called multilinear restriction problem for the Fourier transform. For
I<j=<nletl;:U; - R" (with U; C R"~!) be smooth parametrisations of compact hypersurfaces S;
in R" with nonvanishing gaussian curvature. We assume that the hypersurfaces are transversal in the
sense that if w;(x) denotes a unit normal to §; at x € §;, then |w;(x1) A -+ A w,(x,)| = ¢ > 0 for all
x; € §;. The Fourier extension (or dual restriction) operator &£; for §; is given by

& fi(x) = / AT £ dt;.

Uj

It is conjectured (see [Bennett et al. 2006]) that these operators satisfy the multilinear bound

n n
[ Theseore e < TTs10) (16)
R =1 j=1
or equivalently . .
[T1& £ sTTAn, (17)

This is known up to endpoints (see [Bennett et al. 2006; Tao 2020]) but is as yet unresolved in the form
stated here.
These considerations clearly fit into the framework which we were discussing above, in particular

Theorem 1.7, and we therefore have the following:

Theorem 1.8 (factorisation for multilinear restriction). The multilinear restriction bound (17) holds if
and only if,, for all nonnegative G € L"(R"), there exist nonnegative g1, ..., g, such that

n
[T =Gw)
j=1
almost everywhere and, for all j,

1/2
(/R 1€ 15008 () dx) S IG5

On the other hand, the corresponding endpoint multilinear Kakeya theorem is due to Guth [2010] (see
also [Carbery and Valdimarsson 2013]). He proved it by directly establishing the following fundamental
factorisation result:

Theorem 1.9 [Guth 2010]. For 1 < j < n, let T; be families of doubly infinite tubes of unit cross-section

with transversal directions. For all nonnegative G € L"(R"), there exist nonnegative g1, . .., g such that

[[ei0""=Gx)

j=1
almost everywhere and, for all j and T € T;,

/ g (x)dx S Gl
T
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Theorem 1.1, —— Theorem 2.1 = Theorem 2.3

AN

’ Theorem 3.2 ‘ ’ Theorem 4.3 ‘
Theorem 5.1 Theorem 5.2

Figure 1. Taxonomy of main theorems.

Moreover, coming from entirely different considerations, there is a conjecture, often attributed to
Mizohata and Takeuchi, which states:

Conjecture 1 (Mizohata—Takeuchi conjecture). Let S be a compact hypersurface of nonvanishing gaussian
curvature, with corresponding Fourier extension operator . Then, for any nonnegative weight w, we have

/ 1€ F (0 Pw() dx < supw(T) / P,
Rn T

where the sup is taken over all doubly infinite tubes of unit cross-section with direction normal to S.
Combining these last two statements we obtain:

Proposition 1.10. Conditional on the Mizohata—Takeuchi conjecture, the multilinear restriction bound
(16) holds.

Proof. In order to establish (16), we integrate the function ]_[;?:1 & [ (x)|>/" against a test function G in
the unit ball of L". We let 7; consist of tubes with directions normal to S;. We apply Guth’s theorem
to G obtain g; as in Theorem 1.9. Then

n n n 1/n
/R [TI& £ "G x) dx < fR [T16 5P g; )" dx < 1‘[(/R |8j13~<x)|2gj<x)dx)
J=l1 j=1 j=1

by Holder’s inequality. For each j we have

[ nwigwan s (sw [ o) [mora<isg

TeT;

by the Mizohata—Takeuchi conjecture and the second conclusion of Theorem 1.9. Combining these
estimates yields (16). [l

1.2. Structure of the paper. In Section 2 we first state and prove two results, Theorems 2.1 and 2.3, both
equivalent to Case I of Theorem 1.1, and then we indicate how we shall use vector-valued techniques to
obtain our main theorems. In Section 3 we discuss refinements of Theorem 1.1 for positive operators to
the case of p-convex lattices; the main result here is Theorem 3.2. The case of general linear operators
is taken up in Section 4, and here we impose conditions of Rademacher-type; the main result in this
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Theorem 3.2

— | >~

Theorem 1.3 ———— Theorem 1.4 Theorem 5.1

Figure 2. Positive operators.

Theorem 4.3

| ™~

Theorem 4.1 Theorem 5.2

H

Theorem 1.5 ——— Theorem 1.6 ——— Theorem 1.7

Figure 3. General linear operators.

setting is Theorem 4.3. In Section 5 we establish sharp multilinear duality and Maurey-type factorisation
theorems for both positive and general linear operators, in Theorems 5.1 and 5.2 respectively. The logical
connections between these main results are summarised in Figure 1.

The implications between the main result for positive operators on p-convex lattices, Theorem 3.2,
and its more basic manifestations Theorems 1.3 and 1.4 for L"-spaces, are given in Figure 2.

For general linear operators on normed spaces of (nontrivial) Rademacher-type, the corresponding logi-
cal implications between the main result, Theorem 4.3 and the more basic manifestations Theorems 1.5, 1.6
and 1.7 for L”-spaces, are given by Figure 3. Finally, in the Appendix, we consider the necessity of the
conditions we have imposed on the exponents (p;) in the Basic Question and in Theorems 1.3 and 1.5,
and we show that they cannot in general be dispensed with. We also show that one cannot avoid the
hypothesis of (p;)-convexity in Theorem 3.2.

2. Vector-valued disentanglement

In this section we state and prove two results, both of which are equivalent to the disentanglement result
given by Case I of Theorem 1.1. These will be crucial in the development of both the positive theory stated
in terms of p-convexity and of the general linear theory using Rademacher-type. At the end of this section
we describe the strategy that we will adopt in order to achieve these aims in the succeeding sections.

2.1. Functional form. We first derive an equivalent, arguably more primordial, form of Case I of
Theorem 1.1, which makes no reference to saturating positive linear operators, nor to normed lattices,
but instead is couched in terms of saturating families of nonnegative measurable functions on a o -finite
measure space X.

Let (X, du) be a o-finite measure space. Suppose that for each 1 < j < d we have an indexing set K;
and a family {g; };ex; of nonnegative measurable functions on X. We assume that, for each j, the family
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{8k Yxjexc; saturates X in the sense that, for every E C X with u(X) > 0, there is a subset E’' C E with
u(E’) >0 and a k; € K; such that g;, > 0 on E’.

Theorem 2.1 (disentanglement of functions). With (X, du) and { 8k; Yk;ek; as above, and o; > 0 such that

Y4 aj =1, assume that
/n(25k8k> dM<A]_[(Zﬁk> (18)

j=1
kjekC; kjekC;
Jfor all (finitely supported) nonnegative {By;}. Then there exist nonnegative ¢; such that
d

[Tei9 =1 (19)

j=1
almost everywhere on X, and such that, forall j,

f 8k (X)Pj (x) du(x) = A (20)
X

forallk; € K;.

Proof. Let ); be the normed lattice 1! (KC;) with counting measure on X;, whose members are denoted by
B = {Bk; }k;ex;- (There is no requirement on K; to be countable.) Define 7j : ! (Kj) = M(X) by

T;(B;) = > P&

kjEle

Note that 7; are saturating positive linear operators. Then (18) becomes

d d
| TTc8 au < aTT 1815
X -1 =1
By Case I of Theorem 1.1, there exist ¢; such that (19) holds and such that

/}((T,-ﬂ,-wj di < AlB;lly,.

which is the same as

/X( Z ﬂk_,-gk_,-)qﬁjdu <A Z Br; »

kj E’C]‘ kj EK]‘
or, equivalently, (20). U

Theorem 2.1 can be equivalently rephrased in terms of convex families of functions as follows:

Theorem 2.2 (disentanglement of convex families of functions). Let (X, du) be a o -finite measure space.
Suppose that Z?:l aj = 1 and that each o; > 0. For each j € {1, ..., d} let G; be a saturating convex set
of nonnegative measurable functions. Assume that

d
/ ng ()% du(x) <A forall g € G;.
X i
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Then there exist nonnegative ¢; such that
d
[[ein® =1
j=1

almost everywhere on X, and such that, forall j,

/ng (x)pj(x)du(x) <A forall gj €G;.

Proof. The equivalence of Theorems 2.1 and 2.2 is clear from the following observation: writing
Vi =B/ (ije K; ,Bkj) and using homogeneity, assumption (18) of Theorem 2.1 can be rephrased as

d
/ Hg?j du <A forall g; € convgj,
X .
j=1

where conv G; is the convex hull of G;. O

2.2. Vector-valued form. The viewpoint of Theorem 2.1 lends itself more readily to applications which
are far from obvious from the viewpoint of the formulation of Theorem 1.1. For some of these applications
we shall need to work with quasinormed spaces rather than normed spaces ;. We recall that a quasinormed
space ) is one in which we have the quasitriangle inequality ||x + y|ly < K(||x|ly 4+ ||¥|ly) for some
K > 1 in place of the usual triangle inequality.

For example, we have:

Theorem 2.3. Suppose that (X,dp) is a o-finite measure space, Y; are quasinormed spaces and
0 < pj < oo. Suppose T; : Y, — M(X) are homogeneous of degree 1 —that is, T;(\f;) = AT} f;
forall f; € Y; and all scalars A. Assume that, for all j, the functions {|T; f;| : f; € V;} saturate X. Let
0; > 0 satisfy Z?: 1 0j = 1 and suppose that we have the (pj)-vector-valued inequality

d N Gj d N Qj
fX]'[<2|T,-m<x>|f’f> dpu(x) sA]‘[(Z ||f,-k||§’;j) @)
j=1 k=1 j=1 k=1
uniformly in N. Then there exist nonnegative ¢; such that
d

[[¢:0)% =1

j=1
almost everywhere on X and such that, for each j,

1/pj
(f 1735017 5 () du(x)) <A £illy,
X
forall fi €.
Notice that we do not need ); to have a lattice structure, nor do we need linearity or positivity of 7j.

5We shall not use the quasitriangle inequality, and so the constant K will not appear explicitly in our analysis. In fact, every
quasinormed space ) is r-normable and hence has Rademacher-type r for some 0 < r < 1; see for example [Kalton 2005]. The
Rademacher-type constant R, ()) will instead feature.
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Proof. Consider the saturating families
|5 £; )1\
{( 5y, ) e
JANY

of nonnegative functions defined on X. Assumption (21) translates into (18) with «; = 6;, with the same
constant A. So by Theorem 2.1 there are nonnegative ¢; such that (19) and (20) hold. And (20) translates
into

1/pj
(fX|T,-J3<x>|Pf¢j<x>du(x>) < AP £y,

for all f; € ;. O

To complete the assertion that Theorems 1.1 (Case I), 2.1 and 2.3 are all equivalent, we note that
Theorem 2.3 implies Case 1 of Theorem 1.1. Indeed, the scalar-valued inequality (the hypothesis of
Theorem 1.1) readily upgrades to the vector-valued inequality (the hypothesis of Theorem 2.3 with p; =1
for all j) via positivity, as follows: we have

d 0; d
/H(me,-k(xn) d/L(X)S/ HTJ-(Zmu)m
Xj=1"k X j=1 k

d : d 0;
<ATTID 1l sA]‘[(anny,) :
j=1" k j=1" k

b
Vi
(Note that the use of the triangle inequality for ); here is legitimate since in the implication under

6
du(x)

consideration the spaces ), are indeed normed spaces.) Summarising, Theorems 1.1 (Case I), 2.1 and 2.3
are all equivalent.

The reader will readily verify using Holder’s inequality that the converse statements to Theorems 2.1
and 2.3 also hold.

2.3. Vector-valued approach to disentanglement. We now give a preview of how we shall employ
Theorem 2.3 to establish the main disentanglement theorems of the following sections. Indeed, thanks to
Theorem 2.3 (and its easy converse), given weights (6;) with Z?Zl 8; = 1, exponents (p;) with p; > 0,
a measure space (X, u) and linear operators 7; : J; — M(X) defined on quasinormed spaces );, the
following two statements are equivalent:

e (disentanglement of p;-th powers) The norm inequality
d d ]
0 p;iY
/X 1_[l |T; £ (0179 dpu(x) < A 1‘[l 145115,
j= j=

implies that there exist nonnegative ¢; such that ]_[?:1 on (x)% > 1 almost everywhere on X and such that,
for each j,

1/p;j B
</X|7m<x)|f’f¢j(x>du<x>) < AV £illy,.



DISENTANGLEMENT, MULTILINEAR DUALITY AND FACTORISATION FOR NONPOSITIVE OPERATORS 525

o (scalar-valued implies vector-valued inequality) The scalar-valued inequality

d d
jYj -0;
/ 1_[ |ijj(x)|p"9" dux) <A | | ”f]”g)}; j
X -
Jj=1 i

implies the vector-valued inequality

d 0; . d . 0;
/H(me(x)w) dM(X)EAH(Z ||f,-k||§',) :
Xj=1\ k& j=1" k '

In the following sections, we prove disentanglement theorems via this vector-valued approach: subject
to geometric properties of the spaces ); (p-convexity for positive linear operators, Rademacher-type for
general linear operators), we deduce the vector-valued inequality from the corresponding scalar-valued
inequality, and thereby establish our disentanglement theorems via the equivalence we have just set out.

3. Positive operators and p-convexity

In this section we state and prove a more general form of Theorem 1.3 applying to normed lattices which
enjoy p-convexity properties.

Definition 3.1 (p-convexity). Let 1< p <oo. A normed lattice ) is p-convex if for all finite sequences ( f7)

“ <Z 'ff'”)l/p L6 (Z ||f,-||§’,)l/p.

The least such constant is denoted by C(, () and is called the p-convexity constant of . Clearly C,()) > 1.

in Y we have

Notice that L? is p-convex with p-convexity constant equal to 1, and that every normed lattice is
1-convex with 1-convexity constant equal to 1. If a lattice ) is p-convex for some 1 < p < o0, then it is
p-convex for all 1 < p < p; see, for example, [Lindenstrauss and Tzafriri 1979].

Using the fact that L" is p-convex for 1 < p <r, with p-convexity constant 1, Theorem 1.3 follows
directly from the next, more general result, which is the principal result of this section. This answers our
Basic Question for positive linear operators defined on p-convex lattices upon taking y; = p;0;.

Theorem 3.2 (disentanglement theorem for positive operators on p-convex lattices). Suppose that X is a
o -finite measure space and that Y;, for j =1, ...,d, are pj-convex normed lattices for some 1 < p; < o0.
Suppose that the linear operators T; : J; — M(X) are positive, and that each T; saturates X. Suppose
that 6; > 0 and that Zj{:l 0; = 1. Finally, suppose that

d d
J TIapen® aneo < BT 1515 22)
Jj=1 j=1

for all nonnegative f; in);, 1 < j <d.
Then there exist nonnegative measurable functions ¢; on X such that
d

[[¢:0)% =1 (23)

j=1
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almost everywhere on X and such that for each j,

1/pj
(/X |T; f; )77 (x) dM(X)) < Bl/”ij,(J)j)llfjlly, (24)
forall f; €Y.

Remark 3. The necessity of the geometric assumption that each lattice V; is p;-convex is addressed in
the Appendix — see Proposition A.9.

We establish Theorem 3.2 using the strategy described above in Section 2.3. Indeed, by the discussion
there, and some playing with homogeneities, it suffices to show that under the assumptions of the theorem,
the scalar-valued inequality

d d
| TTims o aue < 81515 (25)
X j=1 j=1

implies the (p;)-vector-valued inequality

d N 0; d d N ‘ 0;
f H(mejk(xnpf) du(x)sB]‘[cp,wj)Pff’f]_[(Z ||}3-k||§,;) : (26)
X j=1 Me=1 j=I j=1 “k=1

and this is exactly what we do in the next lemma:

Lemma 3.3 (scalar-valued to vector-valued). Suppose that T; : V; — M(X) are positive linear operators
and that Y; are p;-convex normed lattices for some p; > 1. Then (25) implies (26).

Note that when each ), is an L"/-space for r; > p;, the constant in (26) is precisely B since then we
have C), (L") =1.

Proof. By homogeneity, we may assume that, for each j, (Zk : ||f]k||pf)1/p’ =

We are seeking a bound for the left-hand side of (26), and start by hnearlsing the expression
(Z,iv:l |T; fik (x)|pf')1/ PI"in a pointwise manner. We do this by using classical duality for I7 spaces,
together with positivity. Indeed, we have, with the sup taken over all (i) with ), A,fj =1,

i\ 1/ Pi
) = sup|ZAkT fik()| = sup

(Z Akm) (x)
(}Mk) k=1

1/p} 1/ps
(5 () o
(A1) k=1
1/pj
= Tj[(z |f,-k|Pf) }(x) = T} F;(x).
k:1

Now we are in a position to apply (25), and we thus have

d , N o; d d "
[ n(zwj fjk(x)l”-f) e = [ TT5H0" duw < BT 171"
j=1 k=1 j=1 j=l

N

(=

k=1

Tj fik(x)
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We use the definition of p-convexity to obtain

= [(S )]

N \1/pi
=Cy (yj)(z ||fjk||§;_j,.> =Cp, (V).
k=1

Vi

Combining these inequalities establishes the lemma. (I
Notice that we really use linearity of 7; in this argument; sublinearity does not suffice for it to work.

Remark 4. The essence of the vector-valued approach to disentanglement lies in upgrading a scalar-
valued estimate into the corresponding vector-valued estimate. From the viewpoint of disentanglement of
convex families of functions, this amounts to upgrading the estimate

d
/ [T1gi)1% dux) <A forall g; €
X
j=1
from the family

T: f:|Pi
G ==G(T;,Y;, pj) :={' iJi] }

,,.
1513,

to its convex hull conv G;. Now, Lemma 3.3 loosely states that, under its assumptions, the family G; is
“essentially convex”. Indeed, let 7 and F, be sets of nonnegative measurable functions and C > 0 be a
constant. Let us write 7} < CJF; if for each f) € F] there is f» € F; such that f; < Cf,. Assume that
T :Y — M(X) is a positive linear operator on a p-convex normed lattice ) with p-convexity constant
C,(Y). Then from the definition of p-convexity it follows that

convG(T, Y, p) <C,(MNG(T, Y, p).

4. General linear operators and Rademacher-type

We now consider general linear (not necessarily positive) operators. We will follow the same general
lines of argument as in the previous section. The key new ingredient in this setting will be an analogue of
the argument of Lemma 3.3 which converts scalar to vector inequalities, but now without a positivity
hypothesis. Once again we shall first need to linearise the expression (Z;{V:l |T; fik (x)|”f')1/ bi
pointwise manner. We no longer have positivity at our disposal, so we shall instead use the sequence of

in a

Rademacher functions, which we denote by ().
Let us first suppose for simplicity that each p; = 2. In this case, we have, for each j,

N 1/2 2\1/2
(me,-k(xﬂz) =<[E ) :
k=1

26\ 1/26;
)=

N
> &l fik(x)
k=1

N
> T fir(x)
k=1

29,-)1 /26

N
y (Z ekfjk) (x)
k=1
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by Khintchine’s inequality, so that

d N 0; d N
/ H(me,-k(xﬂz) dp(x) Sy E / [1 T,»(Zejkfjk)m
X j=1 Me=1 X j=1 k=1

If we now assume (25) with p; =2 for all j, we can dominate this last expression by

d N
B[El_[ Zejkfjk

j=1"k=1

26;
du(x).

26,
Vi

If ); is assumed to be of Rademacher-type 2, that is to say

N ]/2 N
([E > ek ) 5R2<y,->(2||Fk||§,j)
k=1 k=1

for some finite R»();), we will obtain (using Jensen’s inequality E(X Y <EX)? for0 <6 < 1)

d N 0; d d N 0;
/ H(me(xnz) dpe(x) 5{9j}31‘[1e2<y,~>29-f1_[(2 ||f,~k||2y,) :
X j=1 Nk=1 j=1 j=1 k=1 ’

which is the analogue of (26) in this setting.
(Note that even in the case that each ); is an Lz—space, and so R>();) = 1, there is an implicit constant
greater than 1 in this last conclusion, due to the use of Khintchine’s inequality.)

2 1/2

Vi

The argument now proceeds exactly in accordance with the remarks in Section 2.3, and we arrive at:

Theorem 4.1 (disentanglement theorem for general linear operators on spaces of Rademacher type 2).
Suppose that X is a o -finite measure space and that );, for j =1, ..., d, are normed spaces which are of
Rademacher-type 2. Suppose that the linear operators T : J; — M(X) saturate X, and that ZjL 19 =1
Finally, suppose that

d d
Jj=1 i

forall fjinY;,1<j<d.
Then there exist nonnegative measurable functions ¢; on X such that

d
[[6:0)% =1
j=1

almost everywhere on X, and such that, for each j,

1/2
( /X |ij,-<x>|2¢,-<x>du<x)) <0y B R2 D filly,
forall fj €Y.

The special case of this result when each ), is an L' -space with 2 < r; < oo is Theorem 1.6, which
immediately follows from Theorem 4.1 upon using the fact (see below) that the Lebesgue space L” with
r > 2 has Rademacher-type 2.
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We now need to discuss what happens when one or more of the p; are not equal to 2. We need the
notion of Rademacher-type p.

Definition 4.2 (Rademacher-type). Let 0 < p <2. A quasinormed space ) is of Rademacher-type p if
for all finite sequences (Fy) in ) we have

N
([E Z éka
k=1

for some finite constant R,()).

p 1/p

1/p N
) < R,(Y) (Z ||Fk||§>
k=1

y

The least such constant is denoted by R,()) and is called the p-Rademacher-type constant of ).
When 0 < r < 2, the Lebesgue space L" has Rademacher-type p for 0 < p <r; when 2 < r < o0,
L" has Rademacher-type p for 0 < p < 2. Every normed space ) has Rademacher-type 1. Note that by
Khintchine’s inequality, if a quasinormed space is of Rademacher-type p, then it is also of Rademacher-
type p for all 0 < p < p. Observe that the one-dimensional normed space R (and more generally any
Hilbert space) has Rademacher-type 2 with corresponding constant 1. When 0 < p < 1, Rademacher-type
p is equivalent to p-normability, i.e., the existence of a constant C such that

N N 1/p
> F §C<Z ||Fk||§,) :
k=1 y k=1

Ideally we would hope to have:

Aspiration (general disentanglement aspiration for linear operators). Suppose that X is a o -finite measure
space and that Y;, for j =1, ..., d, are quasinormed spaces which are of Rademacher-type p; for certain
0 < p;j <2. Suppose that the linear operators T; : Y;j — M(X) saturate X, and that Z?:l 0; = L. Finally,
suppose that

d d
J TTimseor® aueo < 5T 1515" @)
j=1 Jj=1

forall fiinY;, 1 <j<d.
Then there exist nonnegative measurable functions ¢; on X such that

d
[[6:0)% =1 (28)
j=1
almost everywhere on X and such that, for each j,

1/pj
( / | 5 ()17 65 (x) du(x)) Sty BP Ry, DIy, (29)
X
forall f; €Y.
We cannot hope for this to be true in general in situations in which some p; < 2; see the Appendix.
Nevertheless, we are able to prove something slightly weaker, namely that the aspiration is in fact a theorem

under the stronger hypothesis that for those j with p; < 2, the normed spaces ); have Rademacher-type
strictly larger than p;.
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Theorem 4.3 (disentanglement theorem for general linear operators on spaces of nontrivial Rademacher
type). Let X be a o-finite measure space and Y; quasinormed spaces. Let T; : J; — M(X) be linear
operators. Suppose that the linear operators T; saturate X. Let 0 < p; <2 and Z‘;:l 0; = 1. Assume that

d d
J TTimseor® aueo < BT 1515” (30)
j=1 j=1

forall fiinY;, 1 <j<d.

Suppose moreover that each space ); has Rademacher-type rj = 2 for those j with p; =2, and has
Rademacher-type r; > p; for those j with p; < 2.

Then there exist nonnegative measurable functions ¢; on X such that

d
[[¢:0)% =1
j=1
almost everywhere on X and such that, for each j,

1/p;
( / | 5 G 5 (x) dM(X)) <610 B Ry, DN flly,
X
forall fj € Y.
Using the fact that the Lebesgue space L" (with 0 < r < 0o) has Rademacher-type min{2, r}, and

hence also Rademacher-type 7 for every 0 < 7 < min{2, r}, we immediately obtain Theorem 1.5 (and
also the assertion made in the accompanying footnote).

Proof. Once again the key issue is to pass from the scalar-valued inequality (30) to the vector-valued
inequality analogous to (26), and this is achieved by linearising the expression

N 1/p;
(Z |T,~13-k<x)|f’-f)

k=1

for each j. When p; =2 the Rademacher functions achieve this, but they are unsuited to do so when
0 < p; <2 and instead we use p-stable random variables. (For simplicity of notation, in what follows we
shall assume that p; < 2 for all j; the easy modifications when p; = 2 for some j are left to the reader.)

We recall that for 0 < p <2, areal-valued random variable y on a probability space is called (normalised)
p-stable if it satisfies E(e!’?) = e "I". Note that the distribution (i.e., the pushforward measure on the
real line) of a p-stable random variable is unique because the characteristic function (i.e., the Fourier
transform up to a sign) of a random variable determines its distribution. These random variables enjoy
the following key property:

Lemma 4.4 (key property of independent p-stable random variables). Let 0 < g < p <2. Let (y,) be a
sequence of independent p-stable random variables. Then

a\1/q 1/p
([E Zykak) ~pa (Zmul’)
k k

for all sequences (ay) of scalars.
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Pisier [1974] proved that this property can be upgraded to the vector-valued setting under an appropriate
hypothesis of Rademacher-type:

Lemma 4.5 (Rademacher-type r implies stable-type p < r). Let 0 < g < p <r < 2. Let Y be a
quasinormed space of Rademacher-type r. Let (y) be a sequence of independent p-stable random

1/q
([E‘ Zykfk ) Sp,q,r Rr(y)<2“fk”§}>
k k

Yy
for all sequences (fi) of vectors.

variables. Then

q 1/p

Note that we need g < p in the above lemmas because p-stable random variables fail to be p-integrable.
For a textbook treatment of Rademacher and p-stable random variables and Rademacher and p-stable
types, see for example [Albiac and Kalton 2006, Sections 6.2, 6.4, and 7.1].

Now, for each j =1, ..., d, let (y;r) be a sequence of independent p;-stable random variables. Then,
by Lemma 4.4, we have

N 1/p; pi%i\ 1/p;jb;
(Z |T,»f,~k<x>|”f) ~0) (E ) .
k=1

Using this linearisation we can rephrase the left-hand side of the vector-valued inequality in terms of the

> i fir ()
k
left-hand side of the scalar-valued inequality,
d , N 0, d
/ H(Zlij,-kmw) dp(x) ~g) [E/ [
x - o\ X
j=1 k=1 j=1
d
= [E/ l_[ T;(Z ijfjk) (x)
X
j=lI k

Using the assumed scalar-valued inequality (30), we have the estimate
) d
du(x) < BET |

d Pib
[E/ [T (Z ijfjk) (x) > vikfix
X j=1 k j=1""k Yi
d i
=B1_[[E< S i )
j=1 k N

By Lemma 4.5, together with the assumption that each space ); has Rademacher-type r; > p;, and the

pjb
du(x)

Zijijjk(x)
X

pj0;
du(x).

PjYj

fact that 6; < 1, we obtain

;b N\
[E( Y vikfi ) Soypy; Rey (V)P (Z ||fjk||§;)
k Vi k
for each j and therefore
i

ETTID vicsie|  Soprs [ [ R )P (Z Ilfjkn;’;) .
j=1" k j=1 k

J
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Summarising, we have proved that if the quasinormed spaces ); have Rademacher-type r;, then the
scalar-valued inequality (30) implies the vector-valued inequality

d , N 9 d \Y
/X ]‘[(Dm(x)v’f) du(x) 59_,,p,,r_,]‘[Rr_,<y,~)Pf9f(Z ||fjk||§;) .
j=1 k=1 j=1 k

By the remarks in Section 2.3, this suffices to establish Theorem 4.3. O

Remark 5. Since the linearisation arguments of Theorems 3.2 and 4.3 run componentwise, in the case
where some of the operators are positive on p;-convex lattices and some nonpositive on rj-Rademacher-
type normed spaces, we may obtain a hybrid of these two theorems, whose precise formulation we leave
to the interested reader.

5. Multilinear duality and Maurey factorisation extended

In this section we apply the two main disentanglement theorems (Theorem 3.2 for positive linear operators
and Theorem 4.3 for general linear operators) to deduce multilinear duality and multilinear Maurey
factorisation theorems in the spirit of Theorem 1.1. The treatment we give is very much in parallel to the
manner in which Cases II and III of Theorem 1.1 can be deduced from Case 1.

Note that multilinear Maurey factorisation theorems below (Cases III of Theorems 5.1 and 5.2) in the
linear case d = 1 recover the Maurey factorisation theorems [1974] for linear operators. We emphasise,
however, that our main theorems (Theorems 3.2 and 4.3) have no linear counterparts since in the case
d =1 they are vacuous.

5.1. Positive operators. We begin with the setting of positive operators.

Theorem S5.1. Suppose that X is a o-finite measure space and that );, for j =1, ...,d, are pj-convex
normed lattices for some 1 < p; < oo. Suppose that the linear operators T; : Y; — M(X) are positive
and that each T; saturates X. Suppose that 0; > 0 and that Z’j-:l 0; = 1. Finally, suppose that for some
0 < g <oowe have

La(dp)

d d
[ [T sr® <B[Tus1%" (31)
j=1 j=1

for all nonnegative f; in);, 1 < j <d.
Case I: (disentanglement). ¢ = 1. See Theorem 3.2.

Case II: (multilinear duality) If ¢ > 1, then for every nonnegative G € L4 (X) there exist nonnegative
measurable functions g; on X such that

d
Gx) < []ex)"
j=1
almost everywhere, and such that
1/p; |
(/X IT; fi ()77 g (x) dM(X)) <B /”pr,(yj)llGllq/llfjlly,
forall fj €.
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Case III: (multilinear Maurey factorisation) If 0 < q < 1 then there exist nonnegative measurable
functions g; on X such that

=1
q/

d
1_[ g (x)%
j=1
and such that
1/p;j |
(/ IT; £ ()17 g (x) dM(X)) < BY%C, )Ilfilly,
X

forall f; €Y.

Note that Theorem 5.1 in the special case p; = 1 for all j is precisely Theorem 1.1.

Proof. We begin with Case II. Suppose that

d d

0 i0;
[[@mr®|  <B[Tis05"
j=1 j=1

Li(X)

for all nonnegative f; € );, 1 < j <d. Then, for all nonnegative G € L7 (X) with Gl =1, we have

d d d
/ [T fien??Gdu < | [Tamn» | <B]T1618".
X j=1 j=1 ¢ =l
It is easy to see that if 7 saturates X with respect to the measure du, then it also does so with respect
to G du. Moreover, the measure G du is o-finite. Therefore, by Theorem 3.2 applied with the measure
G du in place of du, there are nonnegative measurable functions y; such that
d
1< 1_[ Vi (x)ef G dp-ae. on X,
j=1
and such that, for each j,

1/pj
( /X Iijj(X)I”fV,,-(x)G(x)dM(X)> < BYPC, OIlfily,

for all f; € ;. Setting g; = y;G gives the desired conclusion.
Now we turn to Case III. The main hypothesis (31) is that

d d
0. i0;
/X [T 7% ap < BT 15127
j=1 j=1

for all nonnegative f; € V;, 1 < j <d.
We introduce a new one-dimensional normed lattice );; with a nonnegative element y of unit norm. Let
Tyt1:YVar1 = M(X) be given by Ly — A1, where 1 denotes the constant function taking the value 1 on X.

Then we have At At

R i0;
/X [T 07 du < B9 T 1412
j=1 j=1

forall f; € Y;, 1 <j <d+ 1, where the exponents ;1 > 0 and py > 0 are at our disposal.
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We want to impose the condition 6,41 = 1/g — 1 > 0 because, with éj :=0;q, we then have Z‘ji} éj =1

and
d+1 d+1

-0 p;i6;
/ [T a5 [Ty
J= J=

forall fje);, 1<j=<d+1.
By Theorem 3.2 we therefore have that there exist ¥/;, 1 < j <d + 1, such that
d+1

[Tvie =
j=1
almost everywhere, and
1/pj
( /X IT; £ (1P (x) dM(X)) < BIPC, ) filly,

forall fje);, 1<j=<d+1.
The case j = d + 1 of this last inequality tells us that (if we choose py4+1 = 1)

/XWH(X) du(x) < B?

and, since by the previous equality we have

d o d d
Va1 () = [ [0 %0 = [Ty 0% =TT (0)%9,

j=1 j=1 j=1
it gives
d
[[vi%| =BV
j=1 7
If we now set g; = B_q/q/wj for 1 < j <d we obtain
d
[[a@%| =1
j=1 ¢
and
1/pj
(/X T £ ()17 gj (x) dM(X)) <BYPic, W)lfily,
forall 1 < j <d, and for all f; € );. |

5.2. General linear operators. Next we turn to general linear operators and state a result which in
particular contains Theorem 1.7. The proof follows exactly the same arguments as in Theorem 5.1, with
the exception that the application of Theorem 3.2 there is now replaced by that of Theorem 4.3. (We
also need for Case III to observe that the one-dimensional normed space Y, which we introduce has
Rademacher-type strictly greater than 1 —indeed it has Rademacher-type 2 with constant 1 as we noted
earlier.) We leave the remaining details to the reader.
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Theorem 5.2. Let X be a o -finite measure space and Y; quasinormed spaces. Let T; : Y; — M(X) be
linear operators. Suppose that the linear operators T; saturate X. Let 0 < p; <2 and Z?:l 0, =L
Assume that for some 0 < g < 0o we have

d
1_[ |ijj|1’/0f
j=1

d
<B[]IA15"
La(dp) i1 '
forall fiinY;, 1 <j<d.
Suppose moreover that each space ); has Rademacher-type rj = 2 for those j with p; = 2, and has
Rademacher-type r; > p; for those j with p; < 2.

Case I: (disentanglement) g = 1. See Theorem 4.3.

Case II: (multilinear duality) If g > 1, then for every nonnegative G € LY (X) there exist nonnegative
measurable functions g; on X such that

d
Gx) <[] e
j=1
almost everywhere, and such that

1/pj
</X|Tjﬁ(X)|”fgj(X)dM(X)> S{ej,pj,rj}Bl/prrj(J/j)llGIIq/llﬁlly,-

forall f; €Y.
Case III: (multilinear Maurey factorisation) If 0 < q < 1 then there exist nonnegative measurable
functions g; on X such that

=1
q/

d
l_[ g (x)?
j=1

and such that

1/pj
( /X |T,~ﬁ(x)|f’fgj<x>du<x)) S0 BYP R DI £l

forall fi €Y.

There are further extensions to Case II in both Theorems 5.1 and 5.2 when we replace the role of L4 for
g > 1 by Kothe function spaces as in [Carbery et al. 2022]. We leave the details to the interested reader.

Appendix: Why certain conditions are needed

At various points in the development of our results we have imposed conditions whose necessity might not
be immediately obvious. For example, in the Basic Question we imposed the homogeneity condition (7),
in Theorems 1.3 and 1.5 we imposed upper bounds on the exponents p;, and in Theorem 3.2 we imposed
pj-convexity on the lattices );. In this final section we establish that, in all these cases, the conditions
we impose are indeed needed in order for our results to have a sufficiently broad scope so as to include
certain natural examples.
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A.1. Condition (7) in the Basic Question. We first want to clarify to what extent condition (7) is needed
in the formulation of the Basic Question.

Proposition A.1. Fix r; > 1 and y; > 0 for 1 < j < d. Suppose that (pj) is such that whenever
T; : L' (R) — M(R?) are positive linear operators such that

d d
| TTmswr ar <TTUAIY, 6, (32
j=1 j=1
holds, then there exists (¢;) such that
d
[[¢07/7 =1 (33)
Jj=1
and
. 1/pj
(/Rd T} £; G177 i (x) dx) S (34

hold. Then (p;) must necessarily satisfy
d
> b
=1 Pi

Proof. Let ®; € LY (R)\ U,sj £; L% (R) and g € L' (R) be nonzero and strictly positive. Let T; :

L"7"(R) — LY (R) be given by
T /(s) = ( /R f&')d’j(s).

Extend 7; to 7; : L' (R) — M(R?) by defining
(T; )x1, oo xa) == T; f(x)).

Then (32) holds with exponents (y;), but if we replace any y; by any other exponent, its left-hand side
becomes infinite for all nontrivial nonnegative f; € L7 (R).
By hypothesis, (p;) is such that there exists (¢;) satisfying (33) and (34) for this particular (7}). Let

%= Y4, v;/p;. Then (33) gives

d
[Teic0m? =1,

J=l1

and so by Lemma 1.2 we can conclude that
d d n
f [115 A0 due) STTIAIT
j=1 j=1

that is, (32) holds also with exponents (y; /1) in place of (y;) for this (7;). This is a contradiction to what
we observed above, unless A = 1. |
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A.2. Sharpness of the exponents in Theorems 1.3 and 1.5. As a preliminary observation, we note that
the next two lemmas can be used to demonstrate the sharpness of the exponents arising in the classical
Maurey—Nikishin—Stein theory of factorisation of linear operators.

Lemma A.2. Foreach 1 <r < oo and 0 <y < oo we can construct a positive translation-invariant
bounded linear operator T : L" (G) — LY (G) (where G =T or R with Haar measure) such that

{0 < p < oo for some nontrivial ¢, T : L" — LP(¢) boundedly} = I, ,, := (0, max{y, r}].

This is well known. When y <r, we take T = I, and when y > r, we take T to be a fractional integral
operator (or slight variant thereof when r = 1).
We next consider general operators.

Lemma A.3. Foreach 1 <r < oo and 0 <y < 0o we can construct a translation-invariant bounded
linear operator T : L" (G) — LY (G) (where G =T or R with Haar measure) such that
{0 < p <00: for some nontrivial ¢, T : L" — L (¢) boundedly} ©,y] when2<y <rory>r,
=Jry:=100,2] wheny <2<r,

O,r) wheny <r<2.

This is also mostly well known. The exponents y > r are covered by Lemma A.2 (in which case we
can take G =T or R with Haar measure), so it remains to consider the exponents y < r (in which case we
shall take G = T). Note that, by an averaging argument, for a translation-invariant operator on a compact
abelian group, T : L" — L”(¢) boundedly for a nontrivial weight ¢ if and only if T : L" — L?(¢)
boundedly for the weight ¢ = 1. Thus,

{0 < p < oo : for some nontrivial ¢, T : L"(T) — L?(T, ¢) boundedly}
y
={0<p<oo:T:L"(T)— LP(T) boundedly}.

When r > 2 we shall also need the following result to assist us in establishing Lemma A.3:

Lemma A4. Let2 <y < oo. Then there is a bounded translation-invariant linear operator T : L*(T) —
LY (T) such that for no p > y is T bounded from L*°(T) to L?(T).

For the case y = 2 of Lemma A.4, an argument based on Rademacher functions can be found
in [Garcia-Cuerva and Rubio de Francia 1985, Chapter VI, Example 2.10(e)]. The case y > 2 fol-
lows readily from Bourgain’s solution [1989] of the A(p)-set problem. This result states that for
each 2 < y < oo there is a set E C Z which is a A(y)-set, but which is not a A(p)-set for any
p > y. If T is the Fourier multiplier operator with multiplier xg, then T is bounded from LZ(T)
to LY(T) (since E is a A(y)-set) but unbounded from L*°(T) to L?(T) for every p > y (since if
T : L*® — L? boundedly for some p > y, then interpolating between this bound and the bound
T :L> — LY with y > 2 gives the bound 7 : LY — L7 for some g < p and p > y, which would
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imply that E is a A(p)-set, a contradiction). (We thank an anonymous referee for pointing out this
connection to us.) Bourgain’s argument gives the stronger conclusion that the operator 7' can also
be chosen to satisfy 72 = T. On the other hand, his argument is not constructive, and so we give a
simple constructive proof of Lemma A.4 — which is perhaps of independent interest—in Section A.4
below.

We return to the detailed discussion of Lemma A.3.

e When 2 <y < r we appeal to Lemma A.4, and we take T to be a translation-invariant bounded linear
operator T : L> — LY (and hence T : L" — L) that is not bounded from L™ to L? for any p > y.

e When y <2 < r we appeal to Lemma A.4, and we take T to be a translation-invariant bounded linear
operator T : L> — L? (and hence T : L” — L) that is not bounded from L to L” for any p > 2.

e When y <r and r =2 we take T to be the identity operator.

 When y <r <2 we appeal to a theorem of [Zafran 1975] which states that for each » < 2 there is a
translation-invariant bounded linear operator 7 : L"(T) — L"°°(T) (and thus 7 : L"(T) — LY (T) for all
y < r) such that T is not bounded on L’.

By taking tensor products we obtain corresponding multilinear examples. Indeed, by choosing operators
T; : L' (Gj) — L% (Gj) as in Lemmas A.2 and A.3, and letting the measure space (X, du) be the product
X =Gy x -+ x Gy, with du as product measure, we obtain:

Proposition A.5. For each 1 <rj <00 and 0 < y; < oo there is a o -finite measure space X and there
are positive linear operators T; : L'/ (G;) — M(X) such that

d d

. Yi

/ [Timrr < Tusn
X j=1 j=1

and such that

{(pj) € (O, oo)d : foreach j, T;: L' — LP(¢;) boundedly for some nontrivial ¢;}
d

d
=12 =10 max{y;, ;1.
j=1

j=1
Proposition A.6. For each 1 <r; < 0o and 0 < y; < oo there is a o-finite measure space X and there
are linear operators T; : L' (G;) — M(X) such that

d d

. Vi

/ | | 75 fi17 < | | Il £ 1l
X o
j=1 j=1

and such that
d
{(pj) € (O, o0)? foreach j, T : L7 — LP(¢;) boundedly for some nontrivial ¢;} = l—[ Jrj ;-
j=1

As immediate corollaries we have:
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Corollary A.7. Foreach 1 <r; <00 and( < y; < oo there is a o -finite measure space X and there are
positive linear operators T; : L' (G;) — M(X) such that

d d
/ [Timsm <TTusm
X j=1 j=1
and such that

{(pj) € (0, oo)d Z i = 1and, for each j, T; : L' — L?i (¢j) boundedly for some nontrivial ¢J}

]1J

is nonempty if and only if Z‘;:l vj/r;i <1, and, when this condition holds, equals

d d
Vi
(H(O, r,-]) N {(pj) €(0.00): ) = 1}.
j=I1 j=1 Pi

Corollary A.8. Foreach 1 <rj < oo and( < y; < oo there is a o -finite measure space X and there are
linear operators T; : L' (G;) — M(X) such that

d d
f [Tizsr <TTisn
Xj=1 j=1

and such that

{(pj) € (0, 00)? : Z Y _ =1 and, for each j, T; : L' — L"(¢;) boundedly for some nontrivial ¢j}

pj
1
J= d

d
Vi
({2
e s pPj
This set is nonempty if and only if we have ZJ i/ min{rj, 2} < 1 when at least one r; < 2, and
Z =1V < 2 when all rj > 2. When nonempty, this set equals

d
<1_[(0 x [T 21) {(p»e(o,oo)drzﬁ.:l}'
Jirj<2 jirj=2 J=1 Fi

These two corollaries establish the assertions concerning sharpness of Theorems 1.3 and 1.5 which we
made in the Introduction.

A.3. Disentanglement implies p-convexity. Here we show that the hypotheses of p-convexity are intrinsic
to Theorem 3.2, since p-convexity follows from the conclusion of that result, at least in the case when the
spaces Y, are Kothe spaces whose duals are norming. This class includes Lorentz spaces and Orlicz spaces.

We therefore assume in what follows that each ); is a Kothe function lattice over the o -finite measure
space (Y}, dv;), and that we can realise the norm of any f € ) as

/Y fedv;.

J

[ flly,= sup
”g”yj/,5|
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We remark that a Kéthe dual )’ is norming if and only if the pointwise convergence f, 1 f implies the
norm convergence || f, |y — || f |y for all pointwise increasing sequences ( f,) (though we shall not need
this characterisation here).

Proposition A.9. Fix ); as above, and fix 1 < p; < oo for 1 < j <d. Assume that there exists a constant
Ciy;) such that for all weights (6;) with 6; > 0 and Z?:l 0; = 1, all o-finite measure spaces (X, du), and
all saturating positive linear operators T; : V; — M(X) the estimate

d d
0, 0
/ l_[|ijj(x)|p"GJ dux) <A Hllfjllf}i T forall fj €Y
X j=1 j=1 '
implies the existence of functions ¢; such that ]_[;{:1 ox ()% > 1 and such that

1/pj
(/ \T; fi17 ¢; dﬂ) < Ciyy AP filly,-
X
Then each space Y); is pj-convex.

Proof. Fix j. Let g; € yjf be of unit norm. Let (X, du) := (Y}, |gj|dv;). We define Tj := Iy, . y,.

For each i # j, we choose a nonnegative function F; on Y; such that || F; ||y, = 1. Since ) is assumed
to be norming, for each € > 0 we can choose a nonnegative function G; on Y; with ||G; llyr=1 such that
fY’_ F;Gidv; > (1 —¢€)| Filly, = (1 —€). We define T; : V; — M(X) by

T, f (x) =/ £G:dv,
Y,

so that each T; f is a constant function on X. Note that |7; f;(x)| < || filly, for all f; € ); and that
|T; F;(x)| > (1 —¢) forall x € X.

Let 6; :=1/p; € (0, 1), and choose the remaining ¢; € (0, 1) in such a way that Zflzl 0, =1.

With these choices, we have

d
/Hmﬁ(x)v’f@f du(X)S/ | fillg;duy T THA 15"
Xi=1 Y i#)

d
iOi iOi
<lgilyl filly, [T =T Tnsns”.
i#] i=1

By assumption, there are (¢;) such that ]_[f:1 ¢ (x)% > 1 and such that, for each i,

1/pi
</ T fi 17" i du) < Coll filly:-
X

Hence, by the equivalence set out in Section 2.3, we have the vector-valued inequality

d , N 6; d , N 0
fﬂ(ZlTiﬁ,kl”’) dMSC{M}H(Z”ﬁ,k“g}})
X =1 Nk=1 i=1 k=1

for the same constant Cyy)}.
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Fori # j,set fix =F; fork=1and f;; =0fork=2,..., N. We obtain

N A 1/p; 1 N »;
f (ij,upf) |gj| dv; sc{y,}ﬁ(anj,knJ;)
LU VI (1—¢) k=1 !

By assumption, the Kothe dual y]f is norming, and hence taking supremum over g; in the unit ball of y]f

N \/pi N o\
‘(Zm,kw/) gc{y,-}(Zuﬁ,kny;) :
k=1 k=1

This is the defining inequality of p;-convexity. (Il

1/pj

and letting € — 0 yields

Vi

A.4. Constructive proof of Lemma A.4. Finally, we turn to our constructive proof of Lemma A.4, which
represents a slight strengthening (in the particular case when the underlying group is T) of a result found
in [Figa-Talamanca and Price 1973, Theorem 4.4]; see the references therein for a full history.

We recall (see for example [Katznelson 2004, p. 33]) the sequence of Rudin—Shapiro polynomials P,,
on T. There is a (deterministic) sequence a, € {1} such that the sequence of trigonometric polynomials

defined for m > 0 by
om__1

P,(x) = Z aneZNinx

n=0

has the following properties (of which the first and the last are trivial and the second is the interesting one):
o [Pull2 =272
o || Pulloc < 207D/,
¢ 202 <P, I, <2 FD/2 for 1 < g < oo.
e [Polloo=1.

For the third item, the upper bounds are clear from the second item; for the lower bounds it suffices by

Holder’s inequality to show that || P,,||; > 2"~1/2, and this follows from the first two items together with
1/2 1/2
1P ll2 < 1Pl Pl o™

From the first and fourth of these we deduce by Young’s inequality and interpolation that, for 1 <r <2,
1P fll2 < 2"V £

Let F,(x) = Y2051 €270 5o that || F ||, < 27/7 for 1 < p < oo and || Fylly S m.

Observe that P, * F,, = Py, so that || Py, x Fpllg = 1Pully 2 2m/2 for all 1 < q <oo. Let T,,, denote
convolution with P,,. Using these bounds we can easily see that || T, ||Lr—r¢ S | Tl - 2 only when
p > r. Indeed, from the upper bounds on || F;, ||, we deduce that, for all 1 < p,g < o0, | T,,llLr— 14 is

bounded below by 27(/2=1/P") when p > 1 and m~12"/2 when p = 1.

"The examples in [Figa-Talamanca and Price 1973] depend in principle also on the exponent p, whereas ours is p-independent.
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We now build an explicit example. We first note that 13,,, =i p (x) has frequencies in [2", omtly,

and similarly for F, (x) := e2"2"% F,, (x). Performing this modulation does not change any of the estimates
on P, and F,, which we had above, and we have P,, x F,, = P,, and P,, * F,,; =0 for m # m’.

Fix an r with 1 <r <2. Let T (depending on r) be given by convolution with

oo
Z m—22m/22—m/r En;
m=1
by the bounds for P,, derived above we see that 7' is bounded from L’ to L?.
Fix p > 1 andlet f, = m_32_’”/plfm so that

I fnlly <m=327"P By, S 1
uniformly in m > 1.

Moreover, we have
Tf, =m22m2=m/rp=m/P'p &« F,

since P, % Fyy = 0 for m # m’. Therefore,

IT fully = m=32m/227m/r 2=/ B s Fyylly ~m =527/ /p
for each m > 1.
Consequently,
ITNzr—pr 2 sup |7 finll1 = 00

when p <r.

Thus, for each 1 < r < 2, we have built an example of an L” — L%-bounded translation-invariant
operator 7 on T such that, for every 1 < p <r, we have || T||;»_, 1 = 00.

By duality, for each 2 < r < oo, we have an explicit example of an L?> — L”-bounded translation-
invariant operator 7 on T such that if ¢ > r, we have ||T ||z« = 00. This establishes the constructive
version of Lemma A .4.
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THE GREEN FUNCTION WITH POLE AT INFINITY
APPLIED TO THE STUDY OF THE ELLIPTIC MEASURE

JOSEPH FENEUIL

In [R{ffrJrl orin R” \ R (d < n—1), we study the Green function with pole at infinity defined for instance
by David, Engelstein, and Mayboroda. In two cases, we deduce the equivalence between the elliptic
measure and the Lebesgue measure on R?. We further prove the A.-absolute continuity of the elliptic
measure for operators that can be related to the two previous cases via Carleson measures, extending the
range of operators for which the A,-absolute continuity of the elliptic measure is known.

1. Introduction

History and motivation. Over the past decades, a considerable number of articles have studied the
relationship between the geometry of the boundary of a domain © and the L?-solvability of the
Dirichlet problem —Au = 0 in Q. The L?-solvability of the Dirichlet problem for large p is equiv-
alent to the absolute continuity of the harmonic measure, and we shall focus our presentation on
the latter. The theory was pioneered in 1916 by the Riesz brothers (see [Riesz and Riesz 1920]),
who established the absolute continuity of the harmonic measure for simply connected domains in
the complex plane with a rectifiable boundary. The quantitative and local analogues are stated in
[Lavrentev 1963] and [Bishop and Jones 1990], respectively. The development of the theory in R”,
for n > 2, started in [Dahlberg 1977] and treated Lipschitz domains. Many works were then de-
voted to finding the optimal conditions on © and 02 to guarantee the absolute continuity of the
harmonic measure. It was finally understood that a quantitative version of absolute continuity of the
harmonic measure holds if and only if the boundary d€2 is uniformly rectifiable and the domain 2
has enough access to its boundary. A nonexhaustive list of articles that lead to this conclusion in-
cludes [Azzam et al. 2016; 2017; David and Jerison 1990; Hofmann et al. 2014; Hofmann and Martell
2014; Semmes 1990], and the minimal access condition to the boundary was recently obtained in
[Azzam et al. 2020].

One of the strategies for studying the absolute continuity of the harmonic measure, and by extension the
LP-solvability of the Dirichlet problem, is to make a change of variable in order to obtain an equivalent
problem for simpler sets but for more complicated elliptic operators. So instead of studying —Au =0
on a general domain €2, many works focused their interest on the study of elliptic operators of the form
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L = —div AV on, for instance, Q = R’j__l ={(x,t) € R~ x (0, +00)}. Here, A is a matrix satisfying
the ellipticity and boundedness conditions

A(x,0)E-E>Cr|E]*  for (x,1)€Q and £ eR”, (1.1)
|AQx, )€ -¢) = CLIE[|¢] for (x,7) € and &,{ e R”, 1.2)

for some constant Cy, > 0. As shown in [Caffarelli et al. 1981b; Modica and Mortola 1980], the conditions
(1.1) and (1.2) are not sufficient to ensure that the elliptic measure associated to L is absolutely continuous
with respect to the Lebesgue measure on R”~!, and thus some extra assumptions are needed on A to
obtain our absolute continuity. Two situations that give positive results are heavily studied: the first
situation focuses on 7-independent matrices .4 and are studied in [Jerison and Kenig 1981] (use a Rellich
identity), [Auscher et al. 2008] (perturbations), [Hofmann et al. 2015] (A is nonsymmetric), [Hofmann
et al. 2019] (Dirichlet problem in weighted L?), or [Hofmann et al. 2022] (the antisymmetric part of A
can be unbounded); while in the second situation, the coefficients of 4 satisfy some conditions described
with the help of Carleson measures and Carleson measure perturbations, and are considered, for instance,
in [Dindos and Pipher 2019; Dindos et al. 2017; 2007; Fefferman et al. 1991; Hofmann and Martell 2012;
Hofmann et al. 2021; Kenig and Pipher 2001].

When the domain is the complement of a thin set, for instance  =R*\R? :={(x, 1) e R xR"~¥, 1 #£0}
with d < n — 1, studying the solutions to —Au = 0 in © does not make sense. Indeed, the solutions to
—Au = 0in  are the same as the solutions to —Au = 0 in R”, which means that the boundary R is
not “seen” by the Laplacian or, in term of harmonic measure, it means that the Brownian motion has
zero probability to hit the boundary R, In [David et al. 2021b; 2020], G. David, S. Mayboroda, and the
author developed an elliptic theory for domains with thin boundaries by using appropriate degenerate

operators. If Q = R"\ R is considered, we assume that the elliptic operator L = —div AV satisfies
A(x,DE-E=>Crlt|1%T Mg for (x,1) € and £ € R, (1.3)
|A(x,t)E-¢| < CL|t|d+1_”|§||§| for (x,1) € Q and &,¢ € R", (1.4)

for some constant Cy, > 0. The operator L can thus be written as — div |l|d+1_”AV where A satisfies
conditions (1.1) and (1.2). Under those conditions, the elliptic measure with pole in X € 2 associated
to L, denoted by a)ZY , is the probability measure on R so that the function u # on £2 constructed for any
f€CPRY) as

0= [ dofm) (1.5

is a weak solution to Lu = 0, is continuous on 5_2, and has trace on R? equal to f. The articles [David
and Mayboroda 2022b; David et al. 2019a; Feneuil 2022; Feneuil et al. 2021; Mayboroda and Poggi 2021;
Mayboroda and Zhao 2019] tackled the absolute continuity of the elliptic measure (or L?-solvability of
the Dirichlet problem) in the case where the boundary of €2 is a low dimensional set.

We finish the subsection with the following observation made in [David et al. 2019b]. Let L = —div. AV
be an elliptic operator defined on [Rii“ that satisfies (1.1)—(1.2). We define A; as the top left d x d
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submatrix of A, and A,, A3, a4 so that we have the block matrix

(AL A
A= (.A3 a4). (1.6)

For n > d + 1, we construct the elliptic operator L =—div |t]14H1~" AV defined on R" \ R¥ as

3 Ayl As el
A(x,t) = (T
1

(1.7)
As(x. [1]) aa(x. |t)Ip—a

where 7 is seen here as a horizontal vector in R”~9, which means that Ayt and tTA3 are matrices of
dimensions d x (n —d) and (n — d) x d, respectively, and I,,_,; is the identity matrix of order n — d.
Then the elliptic measures on R? associated to L and L — we call them w ™) and &®-") — satisfy

oD = &l for (x,1) e R"\ R (1.3)

More generally, any solution # to Lu = 0 in Ri“ yields a solution #(x, ) := u(x, |t]) to Lu=0
in R"\ R Asa consequence, the construction from [Caffarelli et al. 1981b; Modica and Mortola
1980] can be adapted to provide, for any 1 < d < n, examples of operators whose elliptic measures
are not absolutely continuous with respect to the Lebesgue measure on R4, It also means that if an
operator L =—div |£]4+17" AV can be written as (1.7) and if the elliptic measure of the original operator
L = —div AV is absolutely continuous with respect to the Lebesgue measure on R, then the elliptic
measure associated to L is also absolutely continuous with respect to the Lebesgue measure on Re.
The above construction provides, for any dimension and codimension of the boundary, a wide range
of elliptic operators that satisfy the absolute continuity of the elliptic measure. However, the (relevant)
solutions of those operators are radial, i.e., they depend only on the distance to the boundary R4 and their
projection on R4,

The goal of this article is to go beyond the matrices that can be written as (1.7). Of course, as we shall
discuss in the next subsection, we already know of some cases where the first d lines do not matter for
the Ao-absolute continuity of the elliptic measure (see [David et al. 2019a; Feneuil et al. 2021]), and
we also know that the Ao, property is stable under Carleson perturbations (see [Mayboroda and Poggi
2021]). However, we do not know, for instance, whether it is possible that the bottom right corner of A is
not a Carleson perturbation of a submatrix of the form b(x, |¢])1,_4.

Most of the earlier literature focused on elliptic operators that are “close” to an operator for which |¢|
(or ¢ in the codimension 1 case) is a solution. In this article, we show that we are justified in replacing |¢|
by any x-independent “Green function with pole at infinity”. We shall first construct the Green function
with pole at infinity in the spirit of [David et al. 2021a]. The Green function (and the Green function
with pole at infinity) has a deep connection with the harmonic measure (see Lemma 2.9 below); some
recent works [David and Mayboroda 2022a; David et al. 2023; 2022] even started to link the geometry
of dQ2 directly to bounds on the Green function (instead of estimates on the harmonic measure). We shall
thus study the Green function with pole at infinity in a few easy cases and deduce that the harmonic
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measure and the Lebesgue measure are comparable (hence A-absolute continuous with respect to each
other). Then we will use the Green function with pole at infinity as a substitute of |¢| in a now classical
argument that establishes the stability of the Ao-absolute continuity of the harmonic measure under
some transformations on the elliptic operator. This will enlarge the class of operators for which the
A so-absolute continuity of the harmonic measure is known, especially in the case where d <n — 1.

Presentation of the results. In the rest of the article d is an integer in {0,...,n—1}. If d =n —1, then
Q=R% =R ={(x,1) eR?x(0, +00)}. If d <n—1, then @ = R”\Rd {(x 1) eRExR4 1 £0}.
When we write that 0 < |¢| < r, we understand 7 € (0,r) if n—d = 1 and z € B(0, r) C R"9 otherwise.

If L = —div AV satisfies (1.3)—(1.4), then the elliptic measure defined in (1.5) is nondegenerate, is
doubling, and satisfies the change of pole property (respectively Lemmas 11.10, 11.12, and 11.16 in
[David et al. 2021b]), and those conditions are the ones needed to prove the following result from [David
et al. 2019a].

Theorem 1.9 (Theorem 8.9 in [David et al. 2019a]). Let L = —div AV, where the real matrix-valued
function A satisfies the ellipticity and boundedness conditions (1.1)—(1.2). Assume that there exists M >0
such that, for any Borel set H C R, the solution ug defined by ug (X) = w 7 X (H) satisfies the Carleson
measure estimate

dt
sup f / Vg C<M (1.10)
x€Rd,r>0J Bya (x.r) JJt|<r |e|"~

Then the elliptic measure is Ao With respect to the Lebesgue measure on RY ie., for every € > 0 there
exists a § > 0 (that depends only on €, d, n, Cr, and M) such that for every ball B := B(x,r) C R4,
every t that satisfies |t| = r, and any Borel set E C B, one has

(x,1)
E
T()<8, then %<€. (111)
w;"(B) | B

For a proof when d = n — 1, see Corollary 3.2 in [Kenig et al. 2016]. The condition (1.10) is closely
related to another characterization of the Aoo-absolute continuity of the elliptic measure on R¥ called
BMO-solvability, which can be found in [Dindos et al. 2011] for the codimension 1 case and in [Mayboroda
and Zhao 2019] when d <n — 1.

The condition (1.10) means that (|¢||Vug[)?|t|4" dt dx is a Carleson measure. In order to lighten
the presentation, we introduce a notation for inequalities like (1.10). We say that a quantity f satisfies
the Carleson measure condition if there exists C > 0 such that

dtd
| fllLee <C and  sup f / | /12 n_J; <C. (1.12)
xeRd, >0 Bya (x.r) Jt|<r |t

In short, we write /' € CM, or f € CM,(C) when we want to refer to the constant on the right side of

the bound (1.10). So to conclude, in order to apply Theorem 1.9, we need to assume that there exists
K > 0 such that for any Borel set H, the function u g exists in CM,(K). It will also be useful to write
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the variant f € CM »(C) when

dt dy
o fo (s @R) = (113
wentns0 JBpa ey ut<r \z—(rn<i1/a 7l

To the best of the author’s knowledge, in our setting of high codimensional boundaries, the most
general condition on the coefficients of the matrix A that ensures the Aso-absolute continuity of the
elliptic measure with respect to the d-dimensional Hausdorff measure is given in [Feneuil et al. 2021].

Theorem 1.14 (Theorem 1.9 (1) in [Feneuil et al. 2021] for p = 2). Ler L = —div |¢|*T1" AV, where
the real matrix-valued function A satisfies the ellipticity and boundedness conditions (1.1)—(1.2). Assume

. Aq Ay
A= (B3 b'In—d) +C, (1.15)

that A can be decomposed as

where I,,_g4 is the identity matrix, Ay, Ay, and By are d x d, d x (n—d), and (n—d) x d matrix-valued
functions, respectively, and b is a scalar function, all of which satisfy

e K'l<ph<Kk,
o |t||Vh| +|t]|VyBs| + |¢]"=9 div,(jt|9H17"B3) + |C| € CM,(K),

for a constant K > 0. Then the hypothesis (1.10) of Theorem 1.9 is satisfied (with a constant M that
depends only on d, n, Cr, and K) and therefore the elliptic measure a)i( is Aso-absolutely continuous
with respect to the Lebesgue measure.

Remarks. (i) In codimension 1, that is when d = n — 1, Theorem 1.14 requires that the last line
a4+ of the matrix A can be decomposed as ag4+; = bg41 + cg4q With [1]|[Vbgi1| + |cg+1] € CM;.
This condition is thus weaker than the one found in [Kenig and Pipher 2001], where one assumes that
[t|[VA| € CM, and the conditions are the same if we add to that result the perturbation theory from
[Hofmann and Martell 2012]. However, to the best of the author’s knowledge, the first time where no
conditions on the first d lines were assumed is in [David et al. 2019a; Feneuil et al. 2021].

(i1) Observe that if Ais a (d+1) x (d+1) matrix-valued function on Riﬂ that satisfies the assumptions
of the above theorem, then the 1 x n matrix-valued function A defined from A on R” \ R4 as in (L.7)
also satisfies the assumptions of Theorem 1.14.

(ii1)) With the same argument as the one used in [Dindos et al. 2007, Corollary 2.3], one can show that
if B3 and b satisfy
(x, 1)~ 0sC B3 + 0sc b e CM,(K), (1.16)
B((x,1),[t1/4) B((x,1),1t1/4)
where oscp f = suppg f —infp f, then we can find By and b such that
(x, 1) > sup  |B3—DBs|+  osc |b—b| e CM>(K')
B((x,0).]t1/4) B(Ceot),lel/4)
and
VB; + Vb € CM,(K').



550 JOSEPH FENEUIL

So assuming the apparently weaker condition (1.16) is enough to satisfy the assumptions of Theorem 1.14
and therefore obtain the A.-absolute continuity of the elliptic measure.

When d < n — 1, the operator L. = —div AV will necessarily depend on |¢| as long as it satisfies
(1.3)—(1.4). However, once the weight |l|d +1-7 is removed, we can see that Theorem 1.14 does not even
consider the simple case where A = |t|*~?~1 4 is an arbitrary constant elliptic matrix.

Let 73 be an (n—d ) xd matrix-valued function and 73 be an (n—d ) X (n—d) matrix-valued function. We
say that (73, T4) satisfies (H1) if
T3 and T4 are x-independent, (HD)

and we say that (73, T4) satisfies (H2) if

(73)TV|t| is x-independent,
{there exists /1 : (0, +00) — R such that (73)T V|t| = h(|t|)V]¢].
In addition, we say that 74 satisfies (H1)/(H2) if (0, 74) satisfies (H1)/(H2). Note that when d = n — 1,
T4 is a scalar function, and (H1) and (H2) are the same hypothesis.
The condition (H2) for 7y is neither weaker nor stronger than (H1). Roughly, if 74 satisfies (H2), then
V|¢| is an eigenvalue of 74 and 74 may depend on Xx.

(H2)

Example 1.17. If we set v(¢) to be a horizontal vector orthogonal to ¢ and independent of x, for
instance v(7) = (—t2, 11,0, ..., 0), and a(x) to be a vertical vector in R"~¢ independent of #, for instance
a(x) = (cos(x),0,...,0)7, then
1
Ta = In—q + 5—a(x)v(r)
2|t]
satisfies (H2) but not (H1). On the other hand, a matrix 74 which is constant will satisfy (H1) but
not (H2) except if 74 is actually a scalar multiple of the identity matrix. Also, observe that 74 can go
beyond b - I,,_ 4 and still stabilize V|¢|. Remember that ¢ is seen as a horizontal vector and hence
T
L 1¢t°¢
is a matrix that satisfies both (H1) and (H2) but is not the multiplication of the identity matrix by a scalar
function.

Our first result states that, if the last n — d lines of A satisfy either (H1) or (H2), then the elliptic
measure and the Lebesgue measure on R are equivalent. Taking matrices as given in Example 1.17 will
already allow us to obtain control of the harmonic measure for some elliptic operators not considered
in the previous literature (for instance when A is a constant matrix where 73 7 0 and 74 is not a scalar
multiple of the identity).

Theorem 1.18. Ler L = —div |¢|“T1=" AV be an elliptic operator satisfying (1.1)~(1.2). Assume that L
is such that

A= Ar A ,  where (T3, Ta) satisfies either (H1) or (H2). (1.19)
T3 Ta
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Then, for any Yo = (yo, to) and any Borel set E C Ay, := Bpa (Yo, |to|), we have

—1 |E| <a)Y°(E)§ |E|

—_— = , (1.20)
|AY0| |AY0|

where | E| denotes the d-dimensional Lebesgue measure and C > 0 depends only on n, d, and Cy..

For our second result, we consider elliptic operators whose coefficients are close to a matrix of the form
in (1.19). We shall show that for such operators the bound in Theorem 1.9 holds by adapting an S < N
argument (see [Kenig et al. 2000] and ensuing literature). Our contribution will be the use of the Green
function as a substitute for |¢|, a bit like in [Akman et al. 2023], but we handle the (possible) roughness
of the Green function with a much simpler Caccioppoli-type argument.

Theorem 1.21. Let L = —div |t|2 ™" AV be an elliptic operator satisfying (1.1)~(1.2), and write the

decomposition
Aq Ay
= , 1.22
A (B3+C3 bﬂ+C4) ( )

where b is a scalar function, Ay is a d X d matrix, and the dimensions of A,, Bz, C3, Ta, C4 are such that
the matrices complete the n X n matrix A. Assume that the submatrices of A satisfy the following:

(a) Ty satisfies either (H1) or (H2),

and there exists a constant K > 0 such that

(b) K'<b <K,

(©) €3] +1Cs| € CM 2(K),

(d) [e][VB] + [¢][dive(By)T| + 1"~ [div (|| 9F1 7 B3)| € CMa(K).

Then the hypothesis (1.10) of Theorem 1.9 is true and thus the elliptic measure a)i( is Aoco-absolutely
continuous with respect to the Lebesgue measure on R4,

Remarks. (i) Theorem 1.14 is a consequence of Theorem 1.21 when 7y is the identity matrix.

(ii) In the above theorem, when M = (M;;);; is an (n—d) x d matrix, then the quantity div, M r
is a vector in R"~? whose k-th component is Z;i:l 0x; My, and similarly the quantity div, M is a
vector in RY whose k-th component is Z?;f 0y M.

(iii) When d = n — 1, T4 is a scalar function, and (H2) should read “there exists /2 : (0, +00) — R such
that T4Vt = h(¢)Vt for all ¢ € (0, +00)”, but the later just means that 74 is x-independent, and thus (H1)
and (H2) are the same hypothesis.

(iv) We actually prove a stronger estimate than (1.10); we prove a local S < N L?-estimate which is
stated in (4.10) below. We see a priori no big obstacles in our methods that will stop us from obtaining
N < § estimates under the assumptions of Theorem 1.21, and hence from studying the solvability of the
Dirichlet problem.
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In the next result, we assume a stronger condition on 74 which will allow us to be slightly more flexible
on the bottom left corner of A. In the next lemma, B3 can satisfy either |¢|*~9|div, [t|¢T1"B;| € CM,
as in Theorem 1.21, or simply |¢||div; B3| € CM,.

Theorem 1.23. Assume that d < n—2. Let L = —div || 1" AV be an elliptic operator satisfying
(1.1)—(1.2). Write the decomposition
Ay As
A= ~ , 1.24
(63+83+(33 bﬂ+c4) (129

and assume that

@ (Ta)TV|r| = Vlel,

and there exists a constant K > 0 such that

(b) K'<bh <K,

(©) [C3l+1Cs| € CM2(K),

(d) [e][VB] + [¢][dive(By)T | + 1"~ [div (|t 9F1 7" B3)| € CMa(K),
(&) [¢][div(B3)T| + |¢]|div; B3| € CMy(K).

Then the hypothesis (1.10) of Theorem 1.9 is true and thus the elliptic measure a)i( is Aoo-absolutely
continuous with respect to the Lebesgue measure on R4,

Remark 1.25. The last theorem is a bit unmotivated at the moment. One classical strategy to deal with
nonflat boundaries is to make changes of variable. One can thus obtain an equivalent problem where the
boundary is better (e.g., flat) but the coefficients of the operators are much worse. See for instance [Kenig
and Pipher 2001] in the classical case and [David et al. 2019a] in higher codimension. That is why it is
key to obtain, in the flat case, the largest possible set of operators for which the harmonic measure is
Axo-absolute continuous with respect to the Lebesgue measure. The term Bj is the one that we can treat
if we adapt the proof of [Kenig and Pipher 2001] in higher codimension, however B3 is not well adapted
to a change of variable and we would much prefer to use Bj.

In [David et al. 2019a], the authors had to introduce a new (and more complicated) change of variable in
order to deal with the case where the boundary is the graph of a Lipschitz function. Still, the construction
is limited to graphs of Lipschitz functions with small Lipschitz constant. I claim here that we can deal
with big Lipschitz constant if we can allow terms in the form of Bj in the bottom left corner of A, as we
do in Theorem 1.23.

The full construction of the change of variable that maps the graph of an arbitrary Lipschitz function
Q: R? — R4 to R? and that turns the elliptic operator from [David et al. 2019a] into one in the form
of (1.24) will not be done here, since it would be too long and technical (and we do not have a new result
to prove with it). We will only give a rough idea via an example. If the Lipschitz function is

¢:x € R (ax,0) € R?
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and its graph is given by ®(x) = (x, ¢(x)), then the change of variable that maps R to the graph of ¢
constructed in [Kenig and Pipher 2001] would be

p1(x,t1,12) = (x,ax +11,1) = P(x) + (0,1),
while the one in [David et al. 2019a] would be
p2(x,11,1) = (x —city,ax + caty, 1) = D(x) + (—c11y, 211, 12),

where ¢y =a/+/1+a? and ¢ = 1/+/1 + a? are such that ®(x) is orthogonal to (—c11, ¢2ty, t5). Our
alternative is to take

03(x,11,1) = (x,ax +cty, 1) = ®(x) + (0, cty,1,), with ¢ = V1 +a?,

which is constructed so that the distance between p3(x, t1, #) and the graph of ¢ is |¢| (like for p, but
where p3(x, 11, 1,) lies in the plane {(x, 51, 52), (51, 52) € R?}, like for p1). If we consider the operator
L = —div§(X)~!V, where §(X) is the distance between X and the graph of ¢, then using the change

of variable p; will turn L into L3 = —div |¢t|7'A3V where
c* —ac 0
A=|-ac 1 0
0 0 1

is in the form (1.24), but not in the form (1.15) or (1.22). Replacing an affine function ¢ by a Lipschitz
function included in a plane will already complicate the computations, but if we change & to a mollified
version @, in the construction of p3, then we pretend that it stays “fairly short”. Adding the torsion
(i.e., when the Lipschitz function is not anymore included in a plane) will complicate the construction
even more.

The article is divided as follows. Section 2 introduces the notion of a Green function with pole at infinity
and will deduce a relation between this Green function and the elliptic measure that holds whenever
L satisfies the ellipticity and boundedness conditions (1.1)—(1.2). Section 3 is devoted to the study of
operators of the form (1.19) and proves Theorem 1.18. In Section 4, we demonstrate Theorem 1.21 and
1.23 by establishing a local S < N estimate that implies (1.10).

In the rest of the article, A < B means that A < CB for a constant C whose dependence on the
parameters will be stated or will be obvious from context. In addition, A ~ B means A < B and B < A.

2. General results on the Green function with pole at infinity

In this section, we consider an elliptic operator L = —div |t]4H1-" AV satisfying (1.1)—(1.2). Even if
this article applies when Q = Ri“ (ifd =n—1)or Q =R"\R? (if d <n— 1), the definitions and
results of this section can be easily generalized to domains (and elliptic operators) that enter the scope
of the elliptic theory developed in [David et al. 2021b; 2020]. In particular, we only need €2 to satisfy
the Harnack chain condition and the corkscrew point condition (see [David et al. 2021b; 2020] for these
definitions).
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We need a bit of functional theory, which is only needed for the precise statement of Definition 2.4
and Proposition 2.5 below, and can be overlooked. The space

dt dx
. 1
W .= {u € Li..(2) /Q |Vu| -1 < +oo} (2.1)
is equipped with the seminorm ||u||y := || Vul|2(gq)- Observe that || - || is a norm for C§°(£2) and we

write W, for the completion of C°(£2) under || - ||p-. We also define
Wo(Q) :={ue WI;QZ(Q) cup € Wy forany ¢ € Cj°(R") < +o00}. (2.2)

The proof of the properties of W, W,, and WO(E_Z) can be found in [David et al. 2021b; 2020], but let
us give a few comments to build the reader’s intuition. The spaces W and W are the ones where we
find the solutions to the Dirichlet problem Lu = 0 in Q, u = f € H'/2(R?) by using the Lax—Milgram
theorem; here H'/2(R?) = W1/2:2(R9) = 321/22 R4) is the (classical) Besov space of traces. The space
W) is the subspace of W containing the functions with zero trace. The space Wy () is a space bigger
than W, that possess the same local properties as Wy but does not have any control when |(x, ¢)| — co.

We recall that u € Wl(l)c’2 (R2) is a weak solution to Lu = 0 in 2 if

/ P L S S C(Q). 2.3)
Q |l|”_d_1

Definition 2.4. A Green function (associated to L*) with pole at infinity is a positive weak solution
G :=Gpr+ € Wo(Q) to L*u = —div |t]?T' " ATVu = 0in Q.

Be aware that, in the above definition, the function G is a solution to the adjoint operator L* =
—div |t |d+1_”ATV. We prefer here to associate G to the adjoint right away, because it is the appropriate
tool we ultimately need for our proofs. But since L and L* satisfy the same properties (1.1)—(1.2), we
have the following.

Proposition 2.5 [David et al. 2021a, Lemma 6.5]. A Green function with pole at infinity G enjoys the
following properties:

e G €C(Q),ie. G is continuous up to the boundary R%.

e G=00onRA

e G is unique up to a constant. We write Gy for the only Green function with pole at infinity which
satisfies Gy (X) = 1, and the uniqueness gives

Gy (Y)Gy(X)=1 for X,Y € Q. (2.6)

e Let GY (X) be the Green function (associated to L*) with pole at Y as defined in Chapter 10 of
[David et al. 2021b]. Take Yo = (o, to) € 2, and define for j € N the point Y; = (yo, 2710). There
exists a subsequence j, — oo such that

GYi
GYin (Yo)

converges uniformly on compact sets of Q to Gy,. 2.7)
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Proof. The first two points are a consequence of the De Giorgi—-Nash—Moser estimates on weak solutions
that can be found (for instance) in [David et al. 2021b, Chapter 8]. The last two points are in Lemma 6.5
from [David et al. 2021a] or in its proof. O

We assign to any point Z = (z,s) € Q2 the boundary ball
Az = B(z, |s|) C R% (2.8)

We apply the comparison principle (see [Caffarelli et al. 1981a] for the codimension 1 case and [David
et al. 2021b] for the higher codimension) to compare the Green function with pole at infinity and the
elliptic measure.

Lemma 2.9. Let Yo = (yg, %) € QL. If X = (x,1) € Q satisfies x € B(yg, 2|tg|) and 0 < |t| < 2]ty]|, we
have that
- I\
C™ Gy, (X) = (W) 0 *(Ax) = CGy,(X), (2.10)
where C > 0 depends only onn, d, and Cr. Here Gy, = Gy, is defined in Proposition 2.5 and is the
Green function associated to L* with pole at infinity, and w¥0 = a){o is the elliptic measure associated

to L with pole at Yy defined in (1.5).

Remark 2.11. We can use the uniqueness of the Green function (2.6) to get an estimate of Gy, (X) using
the elliptic measure when X is far from Y.

Proof. We need to invoke some results from [David et al. 2021b]. The classical case d = n — 1 is not
included in that work but is either already known to the reader or can be found in the last section of
[David et al. 2020].

Let Y7 = (¥o, 4t0). The change of pole property [David et al. 2021b, Lemma 11.16] states that, for
any Borel set E C Ay, = 4Ay, and any Y € Q satisfying |Y — yo| > 879, we have

oY (E)
a)Y (AYl ) ’
with constants that depend only on 7, d, and Cy,.. Together with the doubling property of the elliptic

measure [David et al. 2021b, Lemma 11.12] and the Harnack inequality [David et al. 2021b, Lemma 8.9],
we deduce that, for the same set E, point Y, and with constants that depend on the same parameters, we

V' (E) ~ (2.12)

have
oY (E)

Yo A~
O S

(2.13)
For our second result, we want to compare the Green function and the elliptic measure. Let g% () be
the Green function associated to L with pole in X. Then [David et al. 2021b, Lemma 10.6] implies that
GY(x)=gX() for XY €. (2.14)

Moreover, [David et al. 2021b, Lemma 11.11] gives, for X = (x,7) € Q and Y € Q\ Bgu(x, 2|t|),

119 e X (V) ~ 0¥ (Ax), (2.15)
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with constants that depend only on n, d, and Cz. So the combination of (2.14) and (2.15) implies, for
X = (x,t) € Q, that

1t197'GY (X) ~ 0¥ (Ay) for Y € Q\ Bre(x,2|t]). (2.16)

The proof of the lemma is then pretty easy. Let Yy and X be as in the assumptions of the lemma. For
any Y far enough from Yy, we use (2.16) to obtain

GY(x) 'Y (Ax)
GY(Yo) ~ lo]'"40¥ (Ay,)’

but, since the conditions on X and Y, imply E := Ay C 4Ay,, the estimate (2.13) yields

Yy (1™ 5
GY(YO)”(W) (A0,

The above bounds on GY /GY (Y,) are uniform in Y, therefore, by (2.7), those bounds are transferred
to Gy,. The lemma follows. O

3. x-independent Green functions with pole at infinity

In this section, we shall make two easy observations: first, that the Green function, associated to
L* = —div|i|" ATV

as in Section 2, with pole at infinity is independent of x whenever A is x-independent; and second, if
both A and the Green function G with pole at infinity are x-independent, then G does not depend on the
first n — d lines of .A. We shall invoke, in addition, the uniqueness of the Green function with pole at
infinity and (2.12) to deduce that the elliptic measure and the Lebesgue measure are equivalent on R4
whenever the last 7 — d lines of A are x-independent.

Lemma 3.1. Let L = —div |t|d+1_"AV be an elliptic operator satisfying (1.1)—(1.2) and where A is as
in (1.19). Then the Green function (associated to L*) with pole at infinity is x-independent and satisfies,
forany Yo = (yo,t9) and X = (x,t) in €2,

|

X)=C— (3.2)

C—lﬂ < Gy, i ,
fo|

o] = 7°
where the constants depend only on n — d and Cy.

Proof. The proof is similar under either assumption, (H1) or (H2). We know that the Green function
with pole at infinity has to depend on [¢|, but it does not need to depend on x or ¢/|¢|]. When (73, 74)
satisfies (H2), L stabilizes the space of functions that depend on |¢|, and thus by uniqueness the Green
function will depend only on |¢|. When (73, T4) satisfies (H1), L stabilizes the space of functions that are
x-independent, and hence the Green function will be independent of x.
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Case 1: (73, 74) satisfies (H1). Define
Lo :=—div |7|*t ™" T, V. (3.3)

The operator Ly is an elliptic operator on R”~% \ {0} satisfying the ellipticity and boundedness conditions
(1.1)—(1.2) with the same constant Cy, as L.

When d < n — 1, the space R"~4 \ {0} and the operator L, enter the scope of the elliptic theory
developed in [David et al. 2021b] or [David et al. 20201, and so all the results in Section 2 hold. Of
course, the study of the elliptic measure of L, where the boundary is reduced to the point {0}, is trivial
and hence not very interesting. But using this easy case will allow us to find a good candidate for the
Green function with pole at infinity for L*. Let wfo be the elliptic measure on {0} and Gz ,) s, be
the Green function with pole at infinity (associated to (Lq)*) which takes the value 1 at 75. Lemma 2.9
implies, for |¢| < 2|p|, that
7] 7] |7]

— (A = {0} = —.

G(Ly* 1, (1) =~
TN 0] 0]

The probability measure a)l{(o on {0} obviously satisfies wl)fo ({0}) = 1, hence

|t]
G(Lo)r1o (1) o] o ] < 2Jto]. (3.4)
0
When |¢]| = 2]ty|, we use (2.6) and (3.4) to write

- lo\N"' ]
G (Loy*t0(1) =[G (L) (10)] '~ (W N m

We conclude, for any 7, 7o € R"~4, that
|t
G(LO)*stO(t) ~ m (35)
0

When d = n — 1, the result (3.5) holds without the need of Lemma 2.9. The operator L is defined on
the half line, and there exists f(¢) defined on (0, +00) such that Ly = d; f(¢)d; and f(¢) ~ 1 in order to
satisfy the ellipticity and boundedness conditions. A simple exercise of integration shows that the Green
functions with pole at infinity of (Lo)* = L are

G (t)—K/ti~C|z| (3.6)
Y IO |

where K is any positive constant, and thus (3.5) follows easily.

We set, for Yo = (g, %) € 2 and X = (x,?) € ,
Hy,(X) := G(Ly)*.1, (). (3.7)

I'Maybe also when d = n — 1, but let us not take any risks.
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Because of the x-independence of Hy, and 73, we have for ¢ € C§°(£2) that

dt dx
T

dt dt
— T T
= /n—d (7-3) VIG(LO)*JO . (/;Qd Vx§0 dX) —|l|n—d—1 + /Rd/n—d (7:1.) th(Lo)*,to . V;(p W dx.

The first integral on the right-hand side above is 0 because fRd Vxe(x,t)dx = 0 for all ¢. The second

integral is also O because G(r,)+,, is a weak solution to (Lg)*. So Hy, is a weak solution to L*.

»[0
Moreover, Hy, € Wo(R") because G (1) s, € Wy (R"=9). By the uniqueness given in Proposition 2.5,

we necessarily have
Gy, (X) = Hy, (X) := G(Lg)*1, (1) (3.3)

As a consequence, Gy, is x-independent, and the conclusion (3.2) of the lemma follows from (3.5).

Case 2: (73, 74) satisfies (H2). In this case, the proof is a simple exercise of integration. By (1.1)
and (1.2), we have

(CL) | VIe||> < TaVie] - Vie] < Co|VIe||? forall £ € R\ {0}
Since ‘V|t|‘ = 1, our assumption on 74 implies that
(Co)™' <h(t) =Cr forall 1 € R™\ {0}. (3.9)
We define g, as
"1
=K / —dr, (3.10)
o Jo b
where K is chosen such that g,,(r9) = 1. Our bounds on / yield
8ro X —. (3.11)
We construct now Hy, (X) for Yo = (yo,%) € Q2 and X = (x,7) € Q as
Hy, (X) = gz (|2])- (3.12)
Observe that since Hy, depends only on |¢|, we have

L* Hy,(X) = g/, (It diva (T5) V]e| + divi[g],, (1) (T) T V1]
1
h(lr])
thanks to the conditions (H2) and the definition (3.10). In addition, Hy, is Lipschitz by (3.10)=(3.9) and
is 0 on the boundary, therefore it lies in Wy(€2). So again by uniqueness of the Green function with pole

= 0+ Kjpy dive ——h(|1]) = 0.

at infinity (see Proposition 2.5), we have Gy, = Hy,. The conclusion (3.2) is then an easy consequence
of (3.12) and (3.11). O
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Remark 3.13. An interesting consequence of the above proof, for instance (3.6), is that for a general
operator of the form L = —div |t |d 17 AV, knowing that the elliptic measure is A4 o-absolute continuous
with respect to the Lebesgue measure (or even equivalent to the Lebesgue measure) will not help us to
get a lot of control on #-derivatives of the Green functions with pole at infinity. Indeed, it is possible to
take /1 to be any arbitrary function in L°° that stays between 1 and 2. In this case, g, defined in (3.10)
and Gy, are only Lipschitz. In particular, the nontangential limit of |V G| at the boundary may not exist
in any reasonable sense (only inferior and superior limits exist). It means that the estimates on the Green
function obtained in [David et al. 2023; 2022] are not equivalent to the A-absolute continuity of the
harmonic measure without any restriction on the elliptic operator L.

Corollary 3.14. Let L = —div |t|?t1=" AV be an elliptic operator satisfying (1.1)~(1.2). Assume that A

can be written as
A1 Ay
= .1
ae () 51

where TyV|t| = V|t| forall t € R"~4,
Then, for X = (x,t) € Q and Yy = (yg, ty) € 2, the Green function with pole at infinity satisfies
Gy, (X) = ﬂ (3.16)
|to|
Proof. Under our assumptions, 74 satisfies (H2) with /(r) = 1. From the proof of Lemma 3.1, we have
Gy, (X) = gy (|2]) where g (r) is given by (3.10). The lemma follows. O

Proof of Theorem 1.18. Lemma 3.1 easily implies the equivalence between the harmonic measure and
the surface measure. It was already done in the proof of Theorem 6.7 in [David et al. 2021a], but let us
repeat it for completeness. Take x € Ay,. The combination of Lemma 2.9 and Lemma 3.1 requires, for
any 0 <r < |tg| and any X = (x,¢) satisfying |¢| = r, that
d
| ﬂ) _ [Bga(x.1)|

d—1
Yo (Bga(x.r)) ~ Gy, (X (—) ~ ( = R 3.17
B e V) B V) ey 17

In particular, the measure is absolutely continuous with respect to the d-dimensional Lebesgue measure
on R¥, and, by the Lebesgue differentiation theorem, the Poisson kernel kY0 := dw¥0 /d £? satisfies, for
almost any x € Ay,,
Yo
w'9(Bra(x,r 1
k¥ (x) = lim (Bpa (x.1)) ~ .
r—0 |BRd(x,l”)| |AY0|

The theorem follows by integrating kY0 over E. O

4. Proof of Theorems 1.21 and 1.23

The proof of Theorems 1.21 and 1.23 will rely on an S vs N argument, where S is the square function
(which will not be introduced here but is related to the left-hand side of (4.10)) and N is the nontangential
maximal function. The importance of the two functionals S and N for the 4 -absolute continuity of the
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harmonic measure was noted in [Kenig et al. 2000], and the general method to compare S and N (when
Carleson measures are involved) was first found in [Kenig and Pipher 2001]. In [Kenig et al. 2016], it
was observed that being able to bound the L?-norm of S by the L?-norm of N is enough to guarantee
the absolute continuity of the harmonic measure, which is basically our Theorem 1.9. The adaptation of
the methods to higher codimensional boundaries can be found in Sections 7 and 8 of [David et al. 2019a]
and in [Feneuil et al. 2021].

Let I <d <n be integers, and let 2 =R’ :={(x,7) € R¥ x (0, +00)}if d =n—1and Q = R"\R? :=
{(x,1) e R xR"™% ¢ 0} if d < n— 1. The nontangential maximal functions N and N are defined for
any continuous function v on 2 and any x € R4 as

~ 1/2
N@w)(x)= sup |v] and N(v)(x)= sup (f |v|2 dZ) , “4.1)
r.H)ey(x) .Dey(x) \J|Z—(y,t)|<lt|/4

where
y(x) ={r.0) e, |y—x|<lt]}. 4.2)

We shall introduce here the variants y19(x) :={(y,1) € Q, |y—x]| < 10|¢|} and Nlo(v)(x) =sup,,,,(x) V|-
They will be used to compare N and N. Indeed, we have the pointwise bound N (v)(x) < Nip(v)(x) and
it is well known (see [Stein 1993], Chapter II, Section 2.5.1) that || N1o(v)| 2 & || N (v)|2. Altogether,

IN )l 22@ay < 1IN0 )l L2@ay = IN @)l L2 @a)- 4.3)

We recall that the nontangential maximal functions behave well with the Carleson measure condition
(1.12) and (1.13). Indeed, if v is a continuous function on Q2 and f € CM,(K), then we have the Carleson
inequality

xdt
IRE 2| i S KINO (44)

and similarly, if g € CM 2(K), then

dx dt ~
[ et S KIF @1y < KINOE oy @45)

Combining (4.4) and (4.5) with the Cauchy—Schwarz inequality, for all w € L2 .(£2), one has

dx dt L dx di\'/?
/vaww d_CK1/2||N(v)||L2(Rd)(/Q e d) , (4.6)

dx dt 12 5 dx di\'/?
ngwmn — =CK ||N(U)||L2(Rd) Q i) 4.7)

We also introduce cut-off functions associated to tent sets. Choose a smooth function ¢ € C5°(R) such
that 0 <¢p <1, ¢ =1o0n(—1,1), ¢ =0 on (2, +0c0), and |¢| < 2. For a ball B := B(x,r) C R?, we

define Wp as )
Wp(y.1) = (M)d,(ﬂ)_ 4.8)

7] r
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We also associate to B the tent set T := {(x,7) € Q : x € B, |t| <r}. The function Wp is such that
VU =1onT7pg and ¥ =0 on Q2 C T,p. Note that, if a different definition of tent sets is used, we can
easily change the definition of Wp so that Wp is adapted to the other definition of tent sets.

Theorems 1.21 and 1.23 are consequences of the following lemma.

Lemma 4.9. If L = —div |¢t|¢T17"V satisfies the assumptions of either Theorem 1.21 or Theorem 1.23,
then, for any ball B = B(x,r) C R4 and for any bounded weak solution u to Lu = 0, we have

dt dx
/Q |Vu|2w;§W < C(+ K)IN@YB)I7 2 gay: (4.10)

where C > 0 depends only on n, d, and Cyr.

Proof of Theorems 1.21 and 1.23 from Lemma 4.9. We only need to show that (4.10) implies (1.10).
Take the function ug (X) := w; X (H), which is a weak solution to Lu = 0 bounded by 1. Pick x € R4
and r > 0, and define B := B(x,r) C RY. The function Wpislon B(x,r)x{teR"™ d o< |t| <r}, so

Lemma 4.9 gives
[ |2dyd’ < INugrvp)|2
ugVp
B(x,r) J|t|<r || L2(®?)*

The function N (u g W p)is bounded by 1 and is supported on 4 B (since u gy Wp is supported on 75 g). As

a consequence, the above bound becomes

y
/ ( >/| |zVuH|2| < |B(x.4)] < |Bx.r)].
Rd x,r)dJ|t|<r

The bound (1.10) and thus the theorems follow. O

Proof of Lemma 4.9. The proof will be largely identical under the two kinds of assumptions that we have
(the ones from Theorem 1.21 and the ones from Theorem 1.23). The proof will split at the very end (in
Step 5), when we consider terms involving B3 and E3 (the bottom left corner of A), which need to be
addressed in a different (yet somehow related) manner.

Our proof will follow the outline of the one of Theorem 7.10 in [David et al. 2019a], but will be
significantly different on two occasions. First, in Step 3, we give a simple Caccioppoli-type argument
to deal with the possible nonsmoothness of the Green function with pole at infinity, which will replace
here what was |¢| in [David et al. 2019a]. And in Step 5, we will deal with the terms B3, which were
considered in neither [David et al. 2019a] nor [Feneuil et al. 2021].

Step 1: Carleson estimates on the cut-off functions. In order to deal with finite quantities, we need to
refine our cut-off function Wp. We define ¥p  as

Vpe(y,1) =V¥p(y, t)¢(|l|) (4.11)

where ¢ is the smooth function introduced above (4.8) and was already used to define Wp. We first gather
some properties of the cut-off function Wp .. Observe that

1



562 JOSEPH FENEUIL

and VWp . is supported on £ U E; U E3, where

E:={(y,t) € Q, dist(y, B) <2|t| < 2dist(y, B)},
Ey :={(y,1) €2, r(B) =|t| =2r(B)},

with r(B) being the radius of B, and

E3:={(y,1) € Q, |t| =€ =2t]}.
So we deduce that
|t| |VIIJB,€(y7 Z)l + |t|2|leJB,€(yv Z)lz 5 1E1UE2UE3(J” t) (413)

We will need the fact that |¢|[VWpg ((y, )] and (|¢[|VWpc(y, 1)])!/2 satisfy the Carleson measure condi-
tion CM (M) for some uniform constant M which, combined with (4.4), implies, for any continuous
function v, that

d
/Q VW5 (r, )02

|t

dt dx ~
SINOI 2gay: @14

tdx 5
g IROeNE s

Of course, thanks to (4.3), if (4.14) is true, then we also have the analogue estimate where N is replaced by
N. Thanks to (4.13), the claim (4.14) will be then proven if we can show that 1, ug,uE, € CM (M),

that is ivd
ydt
sup f sup |1E1UE2UE3(Z)|2W 5 1. (415)
xeRd, r>0 I Bpa (x,1) tl<r | Z—(y,0)|<lt]/4 |t

However, (4.15) is an immediate consequence of the fact that, for each y € R,
dt
/ sup |1E1UE2UE3(Z)|ZW
teRn=d | Z—(y,1)|<lt|/4 l£]

<

dt dt dt
- n—d + n—d + n—d
dist(y, B)/4<|t|<2 dist(y,B) |t r(B)/2<|t|<4r(B) |t| e/a<|t|<2e |t
The claim (4.14) follows.

<1

Step 2: introduction of G. First, we decompose L as

Aq As
= - 4.16
A (B3+B3+C3 bﬂ+C4)’ ( )

so that it includes the assumptions of both Theorem 1.21 and Theorem 1.23. In particular, we have

|C3] + |C4| € CM 5(K),

B B (4.17)
|£1|VB|+t] v (B3) T |42~ div, (2] 7" Bs) |+ |¢] [div (B3) T |+]¢] |div, B3| € CMa (3K).
We set Lo := —div |¢|9T17" A, V, where
1 1
-A A
Ag:= 27" b2 (4.18)

0 T4
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which satisfies

1 1 0 0
EA =Ao+ b (83 +E3 +C3 04)' (+-19)

Let Yo = (0. to) € 2 be such that |fo| = 1, and write G for Gy, the Green function associated to (L¢)*
with pole at infinity. The important properties of G for this proof are first that G € Wkl)c’z(Q) is a weak
solution to (Lg)*u = 0 in €, that is

dtd
/ AoV - VG |t|n——d)i1 =0 for any compactly supported ¢ € W12(Q), (4.20)
Q

and second, that Lemma 3.1 requires that
G is x-independent and G(X) =~ |t| forall X = (x,t) € Q2. 4.21)

Step 3: estimation of ||]‘\7 (u ‘11123 VG)|2. If the goal were to only obtain (1.10), we would not need to go
through the same computations, we would just have to prove

IN g3 VG 2@y < |BI. (4.22)

Since G is a weak solution to Lou = 0, Caccioppoli’s inequality yields

1
f |VG|2dzs—2f |G|*dZ for (y,1) € Q.
|Z—(y,0)|<lt|/4 11> J1z—v,0)1<It1/2

But since G ~ |t| by (4.21), the above inequality becomes

f IVG|>dZ < 1.
|Z—(y.0)l<lt1/4

We take the supremum on (y,?) € y(x) and then integrate on x € 100 B, and we get
B2 IN(VG) 201008 Z 1N (i V5 V)| 2 sy
because u g < 1 by construction. The claim (4.22) follows.
However, what we really need in order to prove the inequality (4.10) is
IN @3 VO L2@ay S IN@YB.)| 12gay. (4.23)

where u is any weak solution of Lu = 0 which is bounded on 75 g. To reach this goal, we first need the
following Caccioppoli inequality. Let D C R” be a ball of radius r such that 4D C 2 and 5D N IQ2 # @.
In particular, we have

G X))~ |t|~r for X =(x,t)e2D (4.24)

by (4.21). Let W be a function such that 0 < W < 1 and |[VW¥| < 1/[¢|, and let u be a weak solution
to Lu = 0. We claim that

1
f VG |2u?W* dX < —Zf lu|>W? dX. (4.25)
D r 2D
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Let ® be such that 0 < ® <1, ®=1on D, ® =0 outside 3 D, and |[V®| < 5r. Then
/ IVG2u?W*dX <T := / VG |*u?w*®? dX. (4.26)
D D

The function G is a weak solution of Lou = 0, so, by the ellipticity of .4y and since the weight satisfies

|t]4H177 & pd+171 on 2D, we have

Tf,/ AOVG-VGMZ‘I’4®2M
Q |t|”_d_1
dt dx dt dx
_ 214 52 4 3.2
dt dx dt dx
24 2a3 &2
_2/9 AV VG (GuU49) oy —4/QA0V\IJ.VG (Gu> WP %) o

§=T1+T2+T3+T4.

The functions G, u, ®, and W all belong to L>®(2D) N W 1-2(2D), so Gu?W*®? is a valid test function
and (4.20) gives that 77 = 0. By the boundedness of .4y and Cauchy—Schwarz’s inequality, the terms
T, T3, and T4 can be bounded as follows. We have

1/2 1/2
VEIRS T1/2(f |V®|2G2u2\p4%) Tl/z(/f 20 dlczx )
@ et 4D/3 |t|p—d—1

because |[V®| < 1/r ~ 1/G on 2D. Similarly

drdx \'? dt dx \/?
([ vativier S ([ v )
& == 4D/3 |t|n—d—

because |[VW| < 1/]t| &~ 1/G on 2D. At last

dtd dt dx \\/?
rsr(ffmevte G) (e [ e es)
& |4 4D/3 |¢|n—d—1

We deduce that
1/2
T<T1/2(f/ Loy didx // a2y 41X )/
4D/3 Jrjr—d-1 4D/3 |¢|n—d—1
and then
dt dx dt dx dt dx
/ IVGPu?w ——— 15// W —— /f VuPwt ———. (4.27)
|¢] 4D/3 |¢] 4D/3 |¢]

We repeat the process for the last integral of the right-hand side above, using the fact that u is a weak
solution to Lu = 0, and we obtain?

dtd dt d
// VuPet S N// el
4D/3 |¢|r—a—1 2D |¢|n—a—

2The estimate below can also be seen as a variant of Caccioppoli’s inequality, and is a consequence of Lemma 3.1 (i) in
[Feneuil et al. 2021].
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We combine the last estimate with (4.27) and get that

dtd dtd
/ VG |2u? v dx 5// uzQﬂ%-
|-t 2D et

The claim (4.25) follows after we recall that |¢| & r on 2D.

We now apply (4.25) and have

(4.28)

|
f IVGIPu?Vg dZ 5 zf wVy dZ for (y.1) € Q.
|Z—(y,0)|<ltl/4 21> J1z—v,01<Itl/2

As a consequence, for any x € R4,
N @V} VG)(x) £ Nio¥p.e) ().

The claim (4.23) follows from (4.3).
Step 4: proof of (4.10). We define

dt dx
— - 214
J — JB,G . — /;2 |Vu| \IJB,GW’

and we want to show that

Jpe S (L4 K)IN@YB.) 220y + (1 + KT ZIN @B 200y

where K is the constant used in the assumptions of the theorem under proof. Since u € Wkl)C

quantities in (4.29) are finite, and therefore (4.29) improves itself in

Jpe < (1+ K)”N(V\DB,E)”iz(Rd)-

(4.29)

2(Q), all the

(4.30)

We assumed that the solution u is bounded, so the left-hand side above is uniformly bounded in €. We

take then the limit as € goes to O to obtain the desired bound (4.10).

To lighten the notation, we shall write until the end of the proof ¥ for Wp ¢ and J for Jp . Since b
is bounded from above (assumption (b) of both Theorems 1.21 and 1.23), G = [¢| by (4.21), and A is

elliptic by (1.1), we deduce that

V4G dtdy
b |t|n—d—1'

J,SI::/ AVu -Vu
Q

Using the product rule, we insert W*G/b into the second gradient, and we obtain

4 3
I:/ AVu-V(”\P G) dt dy _4/ AVu-VlIJu\P G dtdy
Q

b |l|”_d_1 b |l|”_d_1
u\I!4G dt dy u\IJ4 dt dy

=1+ 11 + I, + I5.
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The term [ equals 0 because u is a weak solution to Lu = 0 (and the compactly supported function
uW*G/b € W12(Q) is a valid test function thanks to Lemma 8.3 in [David et al. 2021b]). The terms
I, and I, are bounded in a similar manner. Since » > 1, G ~ |¢|, A is bounded (due to (1.2)), and
0 < W <1, the Cauchy—Schwarz inequality infers that

dt dy dt dy\'/?
nenls | |z|(|W|+|Vb|>uw3|Vu|WsJ“Z(f/Q |r|2(|vw|2+|Vb|2)u2w2W—_d) .

We know that |¢||Vb| € CM (K) by assumption (4.17) and that |¢||V¥| € CM by (4.14), so the Carleson
inequality (4.4) requires that

11 + L] < (1+ KV T2 N@W) | 2 gy

As for I3, we use the decomposition of A given in (4.19) to obtain

uv* dtdy
I; = —//Q(C3qu+c4vt“)'thTW
dt dy ~ ub* drdy
4
—//Q AoVu -VGuw )W_//Q(BB +B3)qu'VtG—b a1

=131 + I35 + I33.

Recall that b 2 1, and combined with the fact that |C3| + |C4| € cM 2(K) and (4.7), we deduce

dt dy ~
I3] < //Q(|c3| G Vulll V61w CET < 2KV R (Y 6) ey

S TV2RVEIN @) 12 ey

by (4.6) and then (4.23). We force (u \114) into the first gradient and /3, becomes

_ 1 29,4 dt dy _ b3, dtdy
I3 = 2//9 AoV (u~¥™) VG—|t|n—d—1 +2//;2 AV -VGu~W )—|f|"_d_1

= 1321 + I323.

The term 7351 equals 0 thanks to (4.20). As for I3,;, we use the boundedness of .4y and the inequality
2ab < a® + b? to write

dt dy dt dy
I35 < VYI||VG 2u2w4—+[/ VU |ulw? ——
- //Q vuvG et S [ ivete SO

and then, by (4.14) and (4.23),
I322 S IN @WVG) |72 gay + IV @) 72 gay S IN @972 5a)-

Step 5: bound of /33, which is the only difference between Theorems 1.21 and 1.23. Recall that B3
and Bs satisfy the same condition on the x-derivative, that is

lt]|divy (B3)T | + |¢]|div (B3)T | € CM3(K),
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but differ on the condition on the 7-derivative, which is
n—d | q; d+1—n PR
2]~ |div, (|7 B3)| + |t]]div, B3| € CM,(K).

The goal is to permute the gradients V, and V; on I33. We define the part of /53 that contains B3 as

ub* drdy

Using integration by parts in ¢, .S becomes

dt dy

2 le4
s =3 [ BV} vi6 S

L[ . Gw*
= 3 [ e )

GWV? dtdy GY* dtdy
2 - <
2/;283Vx[u ]-VI\I‘Tltln_d_l /B3VX[u ] V’ bz |[|n —d—1

= So+S1 +Sz.

We write the term S as a sum on the coefficients of B3, we permute the x and the ¢-derivatives on u?,
and then we integrate by parts in x. Recall that, in this paper, when M is a matrix-valued function, div M
is a vector-valued function whose j-th entry is the divergence of the j-th column of M.

Gy
So::— // 811 |l|d+1 ”(83),]8x]u] b dtdy

1<]<d<t<n

GV* dtdy

d+1- 2

// le (|l| nB3) Vx(u )—dtd +§ Z // (83),J3tl 3xju ] b W
1<j<d<i=<n
GUV* dtd
// div,(|t]9t 17" Bs) Ve (u ——/f divy (B3)T - V,[u?] a4y
GU3 dtdy
T 2 T
_2/9(83) Vilu ]-VX\IJTW / (B3) V;[u [Vib——

b |t|”_d_1
= 834+S4+S5+S6.

GWV3 dtdy
b% |t|n— d—1

We do not have x-derivatives on G because G is x-independent; see (4.21). We deal with S, S5, S3, S4,
S5, and S¢ in a similar manner as I, + I3 earlier. We have G < |¢|, 1/b <1, and Bj is bounded, hence, if

L= 1t [VO] + || [VB] + ] |divae (B3)T | + [¢]"~|div (|¢] 7T Bs),
the sum of the S; can be bounded by

ded
NE Z|s,|</ v S 5 [ nivuew S0

i=1
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But, since f € CM,(1 + K) by (4.17) and (4.14), the Carleson estimate (4.6) yields

6
IS|< D 18i S T2+ KV [N @®)| p2ga). (4.32)

i=1
as desired. Theorem 1.21 is now proven, because B3 = 0 in its assumption.

In order to establish Theorem 1.23, it remains to treat the part of /33 that contains Bs. If S:=1 33— S,
and if, for i € {0, ..., 6}, S; is obtained from S; by substituting B3 for 53, for i # 3, we can bound S;
as we bound S;, because the assumptions on B; match those of B;. So, similarly to (4.32), we have that

1S — 831 < JV2(1 + KV |IN @) || 12 ey (4.33)

We do not know how to estimate S 3, but instead we know how to estimate

_ . , GU* didy
S5 .—szglet(Bﬁ'vx(”) b W

L~ GuVv* dtdy
= //levt(Bg)-quTW. (434)

Indeed, we use G < |t|, 1/b < 1, |t||divs(B3)| € CM,(K), and the Carleson estimate (4.6), to get,
similarly to the S;’s, that

1571 < T2+ KY2)|IN @) | 2 gy (4.35)

So, in order to bound S and prove Theorem 1.23 we only have to write S as a linear combination of
S7 and S3. Since we are currently under the assumptions of Theorem 1.23, Corollary 3.14 requires that
G = |¢|. With this in mind, we have

Gl div, (|t|14T17"Bs) = G divi(B3) + (d + 1 —n)(V:G)T B,

which can be reformulated as
§3 = §7+(l’l—d—1)§.

We conclude that

~ 1 ~ ~ ~
S1= —— 555 =5) + $1 S T2+ K2 IN @) 2 ey
by (4.33) and (4.35). The lemma follows. O
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TALAGRAND’S INFLUENCE INEQUALITY REVISITED

DARIO CORDERO-ERAUSQUIN AND ALEXANDROS ESKENAZIS

Let C, = {—1, 1}" be the discrete hypercube equipped with the uniform probability measure o,. Talagrand’s
influence inequality (1994), also known as the L — L, inequality, asserts that there exists C € (0, co) such that for
every n € N, every function f : C, — C satisfies

Varg, (f) < C 2”: ”aif”iz(c")
oI 14 102(19; £ oo /15 Il Ly o)

i=1

We undertake a systematic investigation of this and related inequalities via harmonic analytic and stochastic
techniques and derive applications to metric embeddings. We prove that Talagrand’s inequality extends, up to
an additional doubly logarithmic factor, to Banach space-valued functions under the necessary assumption that
the target space has Rademacher type 2 and that this doubly logarithmic term can be omitted if the target space
admits an equivalent 2-uniformly smooth norm. These are the first vector-valued extensions of Talagrand’s influence
inequality. Moreover, our proof implies vector-valued versions of a general family of L — L, inequalities, each
refining the dimension independent L ,-Poincaré inequality on (C,, 0,). We also obtain a joint strengthening of
results of Bakry—Meyer (1982) and Naor—Schechtman (2002) on the action of negative powers of the hypercube
Laplacian on functions f : €, — E, whose target space (E, | - || g) has nontrivial Rademacher type via a new vector-
valued version of Meyer’s multiplier theorem (1984). Inspired by Talagrand’s influence inequality, we introduce
a new metric invariant called Talagrand type and estimate it for Banach spaces with prescribed Rademacher or
martingale type, Gromov hyperbolic groups and simply connected Riemannian manifolds of pinched negative
curvature. Finally, we prove that Talagrand type is an obstruction to the bi-Lipschitz embeddability of nonlinear
quotients of the hypercube C, equipped with the Hamming metric, thus deriving new nonembeddability results
for these finite metrics. Our proofs make use of Banach space-valued It calculus, Riesz transform inequalities,
Littlewood—Paley—Stein theory and hypercontractivity.
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1. Introduction

Let C, = {—1, 1} be the discrete hypercube equipped with the uniform probability measure o,. If
(E, |l - llg) 1s a complex Banach space, we will denote the vector-valued L ,(0,)-norm of a function
f:C, - E by

def

1/p
IIJ‘IILP(%;;;):(/G ||f(8)||’,}d0n(8)) , forall pel[l,o0), (D

def . . .
and || f |1 (o,:£)= Maxeee, || £(e)]| . When E = C, we will abbreviate || f |1, (s,:c) simply as || £l (c,)-
We will also denote by £, f the expectation of f with respect to o,. The i-th partial derivative of a
function f : €, — E is given by
f(g) - f(817 D) 81—1’ _817 81+17 L) 8}1)
2 b

The discrete Poincaré inequality asserts that every function f : G, — C satisfies

0 f(e) =

for all ¢ € G,,. 2)

n
||f - [EO'an%Z(O-n) < Z ||alf||%2(0-)1). (3)
i=1

Extensions and refinements of (3) have been a central object of study in the probability and analysis
literature for decades. A natural problem, first raised by Enflo [1978], is to understand for which target
spaces E every function f : G, — E satisfies (3), up to a universal multiplicative factor depending only on

the geometry of E but not on n or the choice of f. Recall that a Banach space (E, | - || ) has Rademacher
type s with constant T € (0, oo) if for every n € N and x;,...,x, € E,
n Ky n
/ Y x| doue) KT Il @)
Calliz E i=1

It is evident that if a Banach space E is such that every function f : G, — E satisfies

n
1 = o, f ooy < C2 Y190 f 1 7000: ) (5)
i=1

then E has Rademacher type 2 with constant C, since this condition coincides with (5) for functions of
the form f(¢) = Z?:l €ixj, where x1, ..., x, € E. The reverse implication, i.e., the fact that Rademacher
type 2 implies the vector-valued Poincaré inequality (5), was a recent breakthrough proved by Ivanisvili,
van Handel and Volberg [Ivanisvili et al. 2020].

In a different direction, an important refinement of the scalar-valued discrete Poincaré inequality (3) was
obtained in the celebrated work by Talagrand [1994]. Also known as the L — L, inequality, Talagrand’s
influence inequality asserts that there exists a universal constant C € (0, oo) such that for every n € N,
every function f : G, — C satisfies

s I <Ci 19 £ 117 51
o Thalon) = 1410213 £ 1l o0 /185 F 1 2, (0,)

i=1

(6)
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Observe that (6) is a strengthening of the discrete Poincaré inequality (3) up to the value of the
universal constant C, which becomes substantial for functions satisfying [|9; fllz,(s,) > 10 fllL,(0,)-
Since its conception, Talagrand’s inequality has played a major role in Boolean analysis [Falik and
Samorodnitsky 2007; Friedgut and Kalai 1996; Kahn et al. 1988; O’Donnell 2014; Rossignol 2006],
percolation [Benaim and Rossignol 2008; Benjamini et al. 2003; Chatterjee 2014; Garban and Steif
2015; Russo 1982] and geometric functional analysis [Paouris and Valettas 2018; Paouris et al. 2017;
2022; Tikhomirov 2018]. In particular, applying (6) to a Boolean function f : G, — {0, 1}, one
readily recovers the celebrated theorem of Kahn, Kalai and Linial [Kahn et al. 1988], quantifying
the fact that in any (essentially) unbiased voting scheme, there exists a voter with disproportion-
ately large influence over the outcome of the vote. We refer to the above references and [Cordero-
Erausquin and Ledoux 2012; Ledoux 2019] for further bibliographical information on Talagrand’s
inequality.

The main purpose of the present paper is to investigate vector-valued versions of Talagrand’s inequal-
ity (6) and other refinements and extensions of (3). These new vector-valued inequalities motivate the
definition of a new bi-Lipschitz invariant for metric spaces called Talagrand type (Definition 10), which
captures new KKL-type phenomena in embedding theory (see Theorem 13 and the ensuing discussion).
We shall now present a summary of these results, which rely on a range of stochastic and harmonic
analytic tools such as Banach space-valued It6 calculus, Riesz transforms and Littlewood-Paley—Stein
theory, along with standard uses of hypercontractivity.

Asymptotic notation. In what follows we use the convention that for a, b € [0, co] the notation a 2> b
(resp. a < b) means that there exists a universal constant ¢ € (0, 00) such that a > cb (resp. a < cb).
Moreover, a = b stands for (a S b) A (a 2 b). The notations S¢, 2, and <y, mean that the implicit
constant ¢ depends on &, x and 1, respectively.

1.1. Vector-valued influence inequalities. In view of Enflo’s problem [1978] and its recent solution in
[Ivanisvili et al. 2020], it would be most natural to try and understand for which Banach spaces (E, || - ||r)
there exists a constant C = C(E) € (0, oo) such that for every n € N, every function f : €, — E satisfies

If — Eq, f112 <ci 19/ Vepcoi)
ond Thalow B) 7= 1+10g(13; £ I Lo, 9/ 18 f Ly (0 )

i=1

)

Evidently, as (7) is a strengthening of (5), if a space (E, || - || g) satisfies (7) then E has Rademacher type 2.
Conversely, we shall prove the following theorem.

Theorem 1 (vector-valued influence inequality for spaces with Rademacher type 2). Let (E, || - ||g) be a
Banach space with Rademacher type 2. Then there exists C = C(E) € (0, 00) such that for every € € (0, 1)
and n € N, every function f : C, — E satisfies

2
||f _F f||% . < g Xn: ||aif||L2((rn;E) (8)
On ns ~ — :
20w = e Lt L 10g = (10; £ N Lo )/ 1105 | Lyon: )

i=1
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2
19 FII7, 0, )
14+1og(119; fll2y(0,:E)/10: Fll L (0,2 E))

The proof of Theorem 1 builds upon a novel idea exploited in [Ivanisvili et al. 2020], which in turn
is reminiscent of a trick due to Maurey [Pisier 1986]. It remains unclear whether one can deduce from

If = Eo, f117 10,0y < CO(F) Y ©9)
i=1

this idea a vector-valued extension of Talagrand’s inequality (6) for spaces of Rademacher type 2 and
whether the doubly logarithmic error term o(f) on the right-hand side of (9) is needed. Let us mention
that, even in the scalar-valued case, the argument of Maurey or the one of Ivanisvili, van Handel and
Volberg are slightly different than standard semigroup approaches to functional inequalities, in particular
to the semigroup proof of (6) from [Cordero-Erausquin and Ledoux 2012]. On the other hand, we will
see that a slightly stronger condition on the Banach space allows for different approaches, relying on
more intricate connections between the space and the semigroup, which will lead to the desired optimal
vector-valued L| — L, inequality. Recall first that a Banach space (E, || - | g) has martingale type s with
constant M € (0, 0o) if for every n € N, every probability space (2, &, p) and every filtration {F;}?_, of
sub-o-algebras of F, every E-valued martingale {M; : Q@ — E}}_, adapted to {JF;}}_, satisfies

n
IV = Moy, iy < MY MG = Mot - (10)
i=1
Martingale type, which is a strengthening of Rademacher type, was introduced by Pisier [1975], who
proved the fundamental fact that for every s € (1, 2], a Banach space E has martingale type s if and only
if £ admits an equivalent s-uniformly smooth norm (see [Pisier 1975; 2016] for further information on
these important notions).

Theorem 2 (vector-valued influence inequality for spaces with martingale type 2). Let (E, || - |g) be a
Banach space with martingale type 2. Then there exists C = C(E) € (0, 00) such that for every n € N,
every function f : C, — E satisfies

1 o Pl <€ 190 Ve
O Ha(on ) = 1+10g(13; £ 1l Loy /19 f N Ly (0 )

i=1
Theorem 2 establishes the optimal vector-valued influence inequality for spaces of martingale type 2.

(11)

We will present two proofs of Theorem 2. The first one uses a clever stochastic process on the cube
which was recently constructed by Eldan and Gross [2022], while the second relies on Xu’s vector-valued
Littlewood—Paley—Stein inequalities for superreflexive targets; see [Xu 2020]. There exist examples
of exotic Banach spaces [James 1978; Pisier and Xu 1987] which have Rademacher type 2 yet fail to
have martingale type 2, thus Theorem 2 does not exhaust the list of potential target spaces satisfying (7).
Nevertheless, a combination of classical results of Maurey [1974], Pisier [1975] and Figiel [1976] imply
that every Banach lattice of Rademacher type 2 has martingale type 2.

The influence inequalities of Theorems 1 and 2 have analogues for spaces of Rademacher and martingale
type s which will be presented in Section 9.1 for the sake of simplicity of exposition.
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1.2. Ly — L inequalities. For a function f : €, — C, denote by

n 1/2
(Z(a,-f)z)
i=1

the L ,-norm of the gradient of f. It has already been pointed out that Talagrand’s influence inequality (6)

def

IVAlL, @) = , forall pell,o0), (12)

Ly(on)

is a refinement of the discrete Poincaré inequality (3). It is therefore worth investigating whether similar
strengthenings of the L, discrete Poincaré€ inequality

If —Eo, fllL, ) < CpllV fliL, @ (13)

hold true for other values of p. The fact that for every p € [1, o0) there exists a constant C), € (0, 00)
such that (13) holds true for every n € N and f : €, — C was established by Talagrand [1993].

In the vector-valued setting which is of interest here, the most common substitute of (12) for the norm
of the gradient of a function f : €, — E, where (E, | - ||g) is a Banach space, is

n P 1/p n
def
||Vf||Lp<c,,;E>é(/ > sioif dGn(S)) =(/ > 8idif(e)
en i=1 L,,(O‘,,;E) enxen

i=1
forall p €[1, co). Observe that when E =C, for every p €[1, c0), we have IVSlL, .0 =p IVFL, o

P 1/p
doz, (e, 8)) ,
E

by Khintchine’s inequality [1923]. With this definition, the vector-valued extension

If —Eo, SN, 002y < CoIV L, (00:E) (14)

of (13) is called Pisier’s inequality, since Pisier [1986] established the validity of (14) for every Banach
space E and p €[1, oo) with C},(n) =2elogn. Understanding for which Banach spaces E and p € [1, c0)
the constant C,(n) in Pisier’s inequality could be replaced by a constant C,(E), independent of the
dimension n, was a long-standing open problem settled in [Ivanisvili et al. 2020]. We will recall in (97)
the definition of Rademacher cotype; let us simply say here that a Banach space E has finite cotype if E
does not isomorphically contain the family {¢7}°° ; with uniformly bounded distortion; see [Maurey and
Pisier 1976; Pisier 2016]. In [Ivanisvili et al. 2020], the authors proved that a Banach space E with finite

cotype satisfies (14) with C,(n) replaced by a universal constant C,(E), thus complementing a result of

Talagrand [1993] who proved that if a space does not have finite cotype, then C,(n) <, logn.

Theorem 3 (vector-valued L| — L, inequality for spaces of finite cotype). Let (E, || - ||g) be a Banach

space with finite Rademacher cotype and p € (1, 00). Then there exist C,, = C,(E) € (0, 00) and

xp=o,(E) € (0, %] such that for every n € N, every function f : C, — E satisfies
”Vf”Lp(O'n;E)

P1410g% (1Y fllLy 058/ IV F 1)

The proof of Theorem 3 builds upon the technique of [Ivanisvili et al. 2020]. A stronger inequality

(15)

I f —Eo, fllL, (o) <C

for functions on the Gauss space will be presented in Theorem 27. This approach seems insufficient to
yield the optimal «, = % exponent for £ = C and all p > 1, yet we derive the following result using
Lust-Piquard’s Riesz transform inequalities [Ben Efraim and Lust-Piquard 2008; Lust-Piquard 1998].
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Theorem 4 (scalar-valued L| — L, inequality). For every p € (1, 00), there exists C,, € (0, 00) such that
for every n € N, every function f : €, — C satisfies

<c IVFlL, .
) X .
P14 /Tog(IV Lo /TV F L1 ()

1.3. Negative powers of the Laplacian. Let (2, 1) be a finite measure space, (E, || - ||[g) be a Banach

If —Eo, fllL, (o (16)

space and p € [1,00]. If T : L ,(i) — L, (W) is a bounded linear operator, then, by abuse of notation, we
will also denote by T its natural E-valued extension

T=TQ®Idg : Ly(w; E) > L,(w; E).

The discrete derivatives (2) on the Hamming cube C, satisfy 81.2 = 0; forevery i € {1, ..., n} and thus
the hypercube Laplacian is defined as A &ef > ', 9;. Note that for g and & on €, with values in C and E,
respectively, we have

Eo,[g 0;h] =L, [(0;g)h] = L5, [(0;8)(9;h)], forall i e{1,...,n}. a7

The formula is also true if g has values in the dual £* and the product is the duality bracket. The
operator A is the (positive) infinitesimal generator of the discrete heat semigroup {P;},>0 on C,, that is,
P, =e 12 see, e.g., [O’Donnell 2014]. Let us mention that functional calculus involving A can be easily
expressed using the Walsh basis. This is the case for all Fourier multipliers appearing below which are
defined by formula (106).

All available proofs of Talagrand’s inequality (6) make crucial use of the hypercontractivity of { P;};>0
(first proven by Bonami [1970]) along with some version of “orthogonality” [Talagrand 1994] or semigroup
identities [Benjamini et al. 2003; Cordero-Erausquin and Ledoux 2012] specific to the scalar case. In
particular, Talagrand [1994] used Parseval’s identity for the Walsh basis to express the variance of a
function f : C, — C as

n
Varg, () =Y _IIA™20 £117 6 (18)
i=1

and thus reduced the problem to obtaining effective estimates for || A~1/2A|| Ls(a,)- One tool which allows
us to circumvent algebraic representations such as (18) (see the proof of Theorem 4 below) are one-sided
Riesz transform inequalities, which can combined with certain new vector-valued estimates on negative
powers of the generator of the semigroup {P;};>¢.

Let o > 0. We say that a Banach space E has nontrivial Rademacher type if £ has Rademacher
type s for some s € (1, 2]. It has been proven by Naor and Schechtman [2002] that if a Banach space

(E, || - lg) has nontrivial Rademacher type, then for every p € (1, 00) and « € (0, 00), there exists
K,(0) = Kp(a, E) € (0, 00) such that for every n e N and f : C, — E, we have
AT FllL, 00 E) < Kp(ON fllL,(0,:E)- (19)

Conversely, if (19) holds true for some p and «, then E has nontrivial Rademacher type. The proof of
Theorem 4 relies on the following strengthening of Naor and Schechtman’s inequality (19).
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Theorem 5. Let (E, || ||g) be a Banach space of nontrivial Rademacher type. Then, for every p € (1, 00)
and x € (0, 00), there exists K ,(x) = K ,(«, E) € (0, 00) such that for everyn e Nand [ : C, — E, we

have
I 1L, (o0 E)

L+10g*(1 f 1202/ I F 1Ly 00:E))

IATfllL, 00 E) < Kp() (20)

We note in passing that when E =C, « = % and p =2, Theorem 5 had been proven in [Talagrand
1994, Proposition 2.3]. However, Talagrand’s argument heavily uses orthogonality via Parseval’s identity
for the Walsh basis and is unlikely to work in the vector-valued setting which is of interest here.

1.4. Vector-valued multipliers and inequalities involving Orlicz norms. In his original work, Talagrand
[1994] observed that (6) admits a strengthening in terms of Orlicz norms; see [Rao and Ren 1991]. Recall
that if 1 : [0, c0) — [0, 00) is a Young function, i.e., a convex function satisfying

im Y Z0 and tim P — o 1)
x—0 X X—> 00 X
and (E, || - |g) is a Banach space, then the 1{-Orlicz norm of a function f : €, — E is given by
def .
I £y (oniE) = lnf{t 20 :/ YAl f @) lEe/t)doy(e) < 1}. (22)
Ca
It is evident that for {(z) = 77, we have || - [, (0,:E) = | - |, (0,: E)- More generally, for p € (1, 00) and
r € R we will denote by || - ||, (0g L) (,; E) the Orlicz norm corresponding to a Young function ), , with

P, (x) = x?log" (e 4 x) for x large enough (to ensure convexity of 1, , when r < 0).
In [Talagrand 1994, Theorem 1.6], the author showed that (6) can be strengthened as follows. There
exists a universal constant C € (0, co) such that for every n € N, every function f : €, — C satisfies

n
2 2
1f = Eop f 1 sy S C DN F11F 0g 1)1 (o) (23)
i=1

It is in fact true (see [Talagrand 1994, Lemma 2.5] or Lemma 17 below) that (23) formally implies (6). In
this direction we can prove the following strengthening of Theorem 1.

Theorem 6. Let (E, || - ||g) be a Banach space with Rademacher type 2. Then there exists C = C(E) €
(0, 00) such that for every € € (0, 1) and n € N, every function f : C, — E satisfies

n
2 C 2
1 = o, 1 soimy < 5 D N0 ST 10 114401 (24)
i=1

Furthermore, the proofs of Theorem 2 in fact yield the following improvement of (11), which extends
(23) to spaces of martingale type 2.

Theorem 7. Let (E, || - |g) be a Banach space with martingale type 2. Then there exists C = C(E) €
(0, 00) such that for every n € N, every function f : C, — E satisfies

n
2 2
1f = Eo, 1 sonm) S C D0 FI17 0g 1)1 (05 (25)
i=1
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We now turn to Orlicz space strengthenings of Theorem 5. The scalar-valued analogue of this problem
had first been studied by Feissner [1975] and was later completely settled by Bakry and Meyer [1982a;
1982b], who showed the following. For every p € (1, c0) and o € (0, 00) there exists K, () € (0, 00)
such that for every n e Nand f: C, — C,

1A FlIL, ) < Kp(@ flIL,q0g L)% (0,)- (26)

In [Bakry and Meyer 1982a; 1982b], inequality (26) is stated and proven for the generator of the Ornstein—
Uhlenbeck semigroup on Gauss space, yet straightforward modifications of the proof show that (26)
holds for the generator of a general hypercontractive semigroup. While proving (26) with the Orlicz
norm on the right-hand side replaced by L ,(log L)™' (0,) for r < p« is fairly simple (see [Bakry and
Meyer 1982a, Théoreme 5]), obtaining the result with the optimal Orlicz space L ,(log L)™"%(0,) is
more delicate. In [Bakry and Meyer 1982b, Théoreme 6] this is achieved via a complex interpolation
scheme relying on Littlewood—Paley—Stein theory [Stein 1970] (in the form of bounds for the imaginary
Riesz potentials A’/, where ¢ € R). Even though such tools are generally not available for functions with
values in a general Banach space of nontrivial type (see, e.g., [Guerre-Delabriere 1991; Hytonen 2007;
Xu 1998]), we prove the following theorem.

Theorem 8 (vector-valued Bakry—Meyer inequality). Let (E, || - ||[g) be a Banach space of nontrivial
Rademacher type. Then, for every p € (1, 00) and o € (0, 00), there exists K ,(x) = K , (e, E) € (0, 00)
such that for everyn e Nand f : C, — E, we have

IA™ fllL, 00 E) < Kp(O N fllL,t0g L)-ro(0,: E)- (27)

It will be shown in Lemma 17 below that Theorem 8 is indeed a strengthening of Theorem 5. In view of
the result of [Naor and Schechtman 2002], it is evident that the assumption that the target space E has non-
trivial type is both necessary and sufficient in Theorem 8. While the ingredients used in the proof of [Bakry
and Meyer 1982b, Théoréme 6] cannot be applied in the vector-valued setting of Theorem 8, (27) will be
proven as a consequence of the scalar inequality (26) using the following vector-valued multiplier theorem.

Theorem 9. Let (E, || - ||g) be a Banach space of nontrivial Rademacher type and consider a holomorphic
function h : D, — C where D, = {z € C: |z| < r}, where r € (0, 00). Then, for every x € (0, 00) and
p € (1, 00), there exists a constant Cy (o, p) = Cp(x, p, E) € (0, 00) such that for every n € N, every
function f : C, — E satisfies

I1A(A™) fllL, 00 E) < Cr(e, P FIlL, 0, E)- (28)

When E =C, Theorem 9 is a classical result of Meyer [1984, Theoréme 3]. The vector-valued extension
presented here crucially relies on the bounds on the action of negative powers of A on vector-valued tail
spaces obtained by Mendel and Naor [2014].

1.5. Talagrand metric spaces. The vector-valued discrete Poincaré inequality (5) is intimately connected
to a metric version of Rademacher type, called Enflo type; see [Enflo 1978; Naor and Schechtman
2002]. In view of this connection, we introduce the following metric invariant, inspired by Talagrand’s
inequality (23).
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Definition 10 (Talagrand type). Let 1 : [0, co) — [0, co) be a Young function and p € (0, co). We say
that a metric space (171, dnp) has Talagrand type (p, V) with constant T € (0, co) if for every n € N, every
function f : €, — 1M1 satisfies

/@ @), FO) o6, 8) < Y IS (29)
nx n i=1

where 0; f : €, — R, is given by
0;f(e) = %dm(f(e), f(e1, o, 8i-1, —€i, Eixl, .-, &), forall e €C,. (30)

It is clear that if (E, || - ||g) is a Banach space then ||9; f (¢)|| g coincides with 0; f(g). It can be easily
seen that if a Banach space E has the property that for every n € N, every f : G, — E satisfies

n
1f = Eo, 17 ey ST D MO SN o (31)
i=1

for some T, € (0, 00), then E also has Talagrand type (p, V). Indeed, applying (31) to the function
F:C, xC, — E given by F(e, d) = f(e) — f(8) which has E, F =0, we get

n
p _ p p p
fe M O=F @ dosne. & = 1F~Fos, FI], 0, < T2 2<uagiF||Lq,<(,2n;E)+||as,.F||Lw(%E))
n n i=

n
=210 )" 19: F17 o0 -

i=1

and thus E has Talagrand type (p, {) with constant T < 21/rt,. Hence, Theorems 6 and 7 can both be
translated as implications of Talagrand type from Rademacher and martingale type, respectively; see also
the discussion in Section 9. It is worth investigating whether natural examples of nonlinear metric spaces
(e.g., Alexandrov spaces of nonpositive or nonnegative curvature, transportation cost spaces and others)
have Talagrand type. In this direction, we prove the following Talagrand type inequality for functions
with values in Gromov hyperbolic groups. For p € [1, 00) and b € [0, 1], let P, 5 : [0, 00) — R be a
Young function with ), 5(x) = t? log~®(e + x) for x large enough.

Theorem 11. There exists T € (0, 00) such that for every € € (0, 1) the following holds. Every Gromov
hyperbolic group G equipped with the shortest path metric on the Cayley graph with respect to a finite
generating set S C G has Talagrand type (2,7, 1—.) with constant T/\/e.

The proof of Theorem 11 relies on a result of Ostrovskii [2014], according to which the Cayley graph
of every Gromov hyperbolic group admits a bi-Lipschitz embedding in an arbitrary nonsuperreflexive
Banach space, combined with a classical construction of James [1978].

We say that a Riemannian manifold has pinched negative curvature if its sectional curvature takes
values in the interval [—R, —r] for some r, R € (0, oo) with r < R. After the proof of Theorem 11 in
Section 7, we also prove the following result.
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Theorem 12. Let n € N and (M, g) be an n-dimensional complete, simply connected Riemannian manifold
with pinched negative curvature. Then, for every € € (0, 1), (M, dw) has Talagrand type (2,7 1_.) with
constant t/+/€ where T depends only on n and the parameters r, R.

Theorems 11 and 12 describe two classes of nonpositively curved spaces which satisfy a Talagrand
type inequality that strengthens Enflo type 2. It remains an intriguing open problem to understand whether
every CAT(0) space has this property; see also Section 9.

1.6. Embeddings of nonlinear quotients of the cube and Talagrand type. Let (111, diy) and (11, dy) be
metric spaces. A function f : 711 — 11 has bi-Lipschitz distortion at most D > 1 if there exists s € (0, co)
such that

sdm(x, y) <dn(f(x), f(y)) <sDdm(x,y), forall x,yell. (32)

We will denote by cj; (111) the infimal bi-Lipschitz distortion of a function f : 7711 — 1. When 11 = L ,(R),
we will abbreviate ¢ ) (171) as ¢, (117). Consider the hypercube C, endowed with the Hamming metric
p(e, 8) = |le — 8]l1. The geometric significance of Enflo type stems (partially) from the fact (see [Naor
and Schechtman 2002]) that if a metric space 771 has Enflo type p with constant 7' € (0, 00), then

em(Cy) =T 'n!71p, (33)

In this section, we will establish a more delicate bi-Lipschitz nonembeddability property which is a
consequence of the Talagrand type inequality (29).

Let R C €, x G, be an arbitrary equivalence relation and denote by €, /R the set of all equivalence
classes of R equipped with the quotient metric, which is given by

def .
pe,/x(le], [81) = min{p(y, 1)+ -+ p(, G}, forall [e], [8] € Cy/R; (34)
here the minimum is taken over all k > 1 and ny, ..., Mg, Ci, ..., ( € C, with 1y € [g], {, € [8] and
[Cj1=Mjt+1] forevery j € {l,..., k—1}. We shall now present an implication of Talagrand type on

embeddings of nonlinear quotients! of the cube which strengthens the corresponding bounds that one can
deduce from Enflo type. We will denote by 9;R the boundary of R in the direction i, that is

SR (e €Cpie, (61, )81ty —&irEints-ren) ¢R), forall i efl,... n), (35)

and by a,(R) the quantity

def

1/p
ap(R) = (/@ . pe,/x([e], [8])7 doay (e, 5)> . (36)

IThe term “nonlinear” here is meant to emphasize the distinction between quotients of the hypercube with respect to an
arbitrary equivalence relation and quotients by linear codes; see [MacWilliams and Sloane 1977] and Remark 39. Recall that if
we identify C,, with [Fg, where [, is the field with two elements, a linear code is an F,-subspace C < €, and the corresponding
quotient is the [F-vector space [F’21 /C endowed with the quotient metric.
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Theorem 13. Fix p € (0, 00) and a Young function \ : [0, o0) — [0, 00). If a metric space (111, dmy) has
Talagrand type (p,\) with constant T € (0, 00), then, for every n € N and every equivalence relation
R C €, x C,, we have

2t 1a,(R)
(X0, (o, 3R~y —p) /P

It is worth noting that in the setting of Theorem 13, if 771 has Talagrand type (p, t > t¥) with constant T

em(Cr/R) =

(37)

(a property which is very closely related to Enflo type p, see Remark 38), then

21712, (R)
(Z?:l 0 (9; :R))l/p .

This estimate, which generalizes (33), is substantially weaker than (37) when 1\ (¢) < ¢? for large values

cm(Cr/R) >

(38)

of ¢. In particular, this is the case for Banach spaces of Rademacher or martingale type p (see Theorems
40 and 41). It is also worth mentioning that, in view of Theorem 42 below, Theorem 13 provides nontrivial
distortion lower bounds even for bi-Lipschitz embeddings into L (1) spaces.
Theorem 13 is reminiscent of the celebrated theorem of Kahn, Kalai and Linial [Kahn et al. 1988],
which asserts that there exists a constant ¢ € (0, co) such that for every Boolean function f : G, — {0, 1},
clog clogn

2 n
max || 9; > —— Var =
ie{l,...,n} ” lf”LZ(Un) = n o, f

p(1—p), (39)

where p = [, f. Viewing f as a voting scheme, (39) asserts that if all influences | 9; f ||%2(Un) are small,
then f is necessarily an unfair system in the sense that its expectation is very close to either O or 1.
Inequality (37) puts forth a similar phenomenon in embedding theory: if all geometric influences c,,(3;R)
of the partition are small, then the quotient C,, /R is incompatible with the geometry of the target space 771.
Moreover, the quantitative improvement (37) of (38) is in direct analogy with the improvement that the
KKL inequality (39) offers to the weaker estimate

) 1
max N0 fllLy,) = 5, Vare, f,

which follows readily from the Poincaré inequality (3) for any function f : C,, — C.

Organization of the paper. In Section 2, we will present some elementary inequalities and properties
of Orlicz norms which we shall use in the sequel. Section 3 contains the proof of Theorems 1 and 6
and Section 4 contains two proofs of Theorems 2 and 7, one using stochastic calculus and one Fourier
analytic. In Section 5, we prove Theorems 3 and 4 and their analogue in Gauss space, and Theorem 27 by
a combination of semigroup methods and Riesz transforms. Section 6 contains the proof of Theorem 9
and the derivation of Theorems 5 and 8. In Section 7 we present the proof of Theorems 11 and 12 and in
Section 8 we present the proof of the nonembeddability result of Theorem 13. Finally, Section 9 contains
some concluding remarks and open problems.
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2. Some preliminary calculus lemmas

In this section, we present a few elementary facts related to Orlicz norms which we shall repeatedly use
in the sequel. While these results are central for our proofs, they are mostly technical and therefore can
be skipped on first reading. We gather them here in order to avoid digressions in the main part of the text.

Lemma 14. Let (E, || - ||g) be a Banach space and (2, ) a probability space. For every r € (1, 00),
v,n € (0,00) and ¢ € [0, 1), there exists A = A(r,y,n, &) € (0, 00) such that every h : Q — E satisfies

o0 dt
—‘r]t r
A ” ”Ll+(r e— YI(H E) 8 X A”h”Lr(lOgL)*l*s(u;E)' (40)

Proof. Since both sides only depend on the norm of /4, we can assume that £ = C and & > 0. Moreover,
without loss of generality 1 < 1 = y. Suppose, by homogeneity, that the right-hand side satisfies
171l , (og £)-1+¢wy < 1, which implies that

hr
—du<l1
/Q log! (e + h) "
Fork > 1, let hy = h - Lipe-1 j<ory and ho = h - 1y;<yy, so that
o0

1 /
> ——— | hdu<l. (41)
1— k
im0 kDT Jo

Moreover, observe that

o0 o0
e M|hll; %< e Mh|; = || 117 v
0 Liygone-t (W ge 0 Liye—nye nt(H) g 0 Ly (H)( v)e’

where the inequality follows from the monotonicity of L, (i)-norms and the equivalence by the change of
variables v =14 (r — 1)e™ ™.
The right-hand side then satisfies

Y dy
/ " ”Lv“*)(r / (Z/ ) — V)
Y dy
(r—v)k r
/(Zz /hkd“> r—v)F

(2) 2r/ Z<k+l)r(l 8)/V2 (r— V)kr/V;/ th}l dv
1 (k+ D= Jg (r=v)*

r dv 1
=2r k 1 r(l—a)/vz—(r—v)kr/v /hrd
Z(fl( b r—v) k1= Jo "+ H

4D

< 2 maX / (k+ )r(l 8)/V2 (r V)kr/\/ d
(r—v)®
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where the second inequality follows from Jensen’s inequality for the convex function ¢ +> ¢"/¥ with
weights (41). Now, by multiplying k by r, one can easily see that

" dv " dv
max f (k + 1)r(1—£)/v2—(r—v)kr/v =, . Max / kr(l—a)/ve—(r—v)k
k=0 | Jq (r—v)e k0 |4y (r—v)¢

1
xrgmax/ k“*a)/"e*(l*”)k—du
© k=0 Uiy (I—w)e |’

where the second equivalence follows by the change of variables # = v/r and a further change of variables
in k. For k > 0 and € € (0, 1), write

1 1-1/k 1
/ K (1=8)/u y—(—w)k du :/ K (1=8)/u ==k du +f K (1=8)/u y—(1—w)k du
1r 1 1-1/k

(I —u)* /r (1 —u)® (I —u)®
I (e) Ji(e)
and notice that
1
Ji(e) < k(l—s)/(l—l/k)/ du — 1 (1—e)k/(k=1)—(1—¢) =. 1.
1~k (I=uw)?®  1-—¢

Moreover, if u < 1—1/k, then
1
(I —u)*

—&/u

< ks(l—l/u) <1,

which implies that
1-1/k 1 ot
Ik(g) </ kl/ue—(l—u)k du </ kl/ue—(l—u)k du def R;.
1/r 1/r
Finally, to bound Ry, we integrate by parts and get

1 —(1—u)ky ! 1
R = f AV <e “ ) du=1—k e =1/rk | @/ kl/ue—(l—u)kd_bzt
1r k Ir u

2
<1 -k lem-lmk I 982 lzgkRk,

which, after rearranging, readily implies that R; <, 1 and the proof is complete. ([l

Using Holder’s inequality, we can easily deduce the following variant of Lemma 14 which we will
need to prove Theorems 29 and 30.

Lemma 15. Let (E, || - ||g) be a Banach space and (2, ) a probability space. For every r € (1, 00),
v,Mn € (0, 00) and € € [0, 1), there exists B = B(r,vy,1, ¢) € (0, 0c0) such that for every 0 € (0, 1), every
h : Q — E satisfies

- dr B
¢ ||h||L]+<,_1),w(u;E)t—g<W||h||L,(1ogL)—r<1—£>+9(u;E)- (42)
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Proof. Without loss of generality, we will again assume that E =C, h > 0 andn < 1 =v. As in the proof
of Lemma 14, a change of variables shows that

o0 dr o dr " dv
e M -z - -
/O PR /0 CMANL om0 5 = /1 Il =y @3
Fix 0 € (0, 1). By Holder’s inequality, we have

dv 1/r r dv r—=0/r
/ A IILV(u) (/ 17 ”LV(H)( —)lr- s)+e) (/1 W) ’

and since f1 1/(r — v)l_e/(’_l) dv =, 1/0, we deduce from Lemma 14 that

g v A
. ”h”Lv(u) (I" — 'V)e < oUr—1/r ”h||Lr(10gL)—r(1—s)+6(u)
for some A = A(r, ). Then the proof is complete by (43). |
The following lemma will be used to prove Theorems 3 and 5.

Lemma 16. Let (E, || - ||g) be a Banach space and (2, W) a probability space. For every r € [1, 00),

v,m € (0,00) and ¢ € [0, 1), there exists C = C(r,y,1, €) € (0, 00) such that every h : Q — E satisfies
* dr A1z, wE)

/ e TV||h||Ll+(,7l)fyt(u;E)—g < =2 = .

0 t L+log (Il L, &)/ 11l Ly )

Proof. Without loss of generality, we will again assume that E =C, h > 0 andn < 1 =v. As in the proof

(44)

of Lemma 14, a change of variables shows that

o dr o dt ! dv
/0 e ||h||Ll+(,,1)e_,(u)t—8 <f0 e ||h||L1H,,1)e_n,(u)t—8 Ar,n/l 71y v (45)
By Holder’s inequality, if 8(v) = (r —v)/(v(r — 1)) is such that (1 —8)/r +6/1 = 1/v, then

dv I ,de
[ W0 s < Wbl [0 g [0 (46)

where b = ||h||L1(u)/||h||Lr(u) € (0, 1]. Finally, if b < 1, notice that

/] 090 _ /] ootoza/n 0 _ 1 /log(]/b) P SR
_ — <,
o 0 Jo 0¢  log'*(1/b) Jo ut ™ log' = (1/b)

and the conclusion follows from (45) and (46). O

The following lemma shows that the Orlicz norm statements of Theorems 6 and 7 indeed strengthen
Theorems 1 and 2 respectively. In the special case r =2 and s = 1, this has been proven in [Talagrand
1994, Lemma 2.5] and the general case treated here is similar.

Lemma 17. Let (E, || - ||g) be a Banach space and (2, W) a probability space. For every r € (1, 00) and
s € (0, 00), there exists D = D(r, s) € (0, 00) such that every function h : Q — E satisfies

2z, (k)
1+log‘/’<||h||L wu /L)

121z, qog L) E) < 47)
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Proof. Without loss of generality, we will again assume that £ = C and 7 > 0. We will prove that

h" 1
> r > —(1+1log* . . .
/Q log’ (e + h) duz1 = &g, = Dr (I +log" (11|, ey /RN Ly s E)))

Let a € (0, co). We will distinguish two cases.

Case 1. Suppose that

D=

W’
[ a——
{h>=a} IOg (6 +h)

Then,

r

f h"dp > log® (e 4+ a) n> 1log'(e+a). (48)
Q

——d
{h=a) log’ (e + h)
Case 2. Suppose that

—du < 3,
/{h%} log® (e + h) 2
so that

=

hr
R
{h<ay lOg’ (e +h)

Notice that on {h < a}, we have h"/log* (e +h) < a"~'h, which implies that Al = 1/2a"~!. Hence,
setting b =log(ellhllL, /Al ), we get

b <log(2ed 'L, ) = (r — 1) loga +log (e[|, q)- (49)
Now choose a = (e||h||L,(u)/||h||Ll(u))1/’ so that b =rloga. In Case 1, (48) then implies that
RN (o = 31og* e+ (ellhllL, g /IallL,q) ") <rs (1+10g" (12llL, ey /1B Ly us E))-
On the other hand, since b = r loga, in Case 2, (49) gives

I elhllz,q -
Qo) Thllm ™

since x 2> 1 +log® x for every s, x € (0, 00). O

1707, 0 = rs (L+1og* (IRl L, 5y /IR 1l Ly 1))

3. Influence inequalities under Rademacher type

In this section we shall present the proofs of Theorems 1 and 6 which rely on the novel approach introduced
in [Ivanisvili et al. 2020]. For ¢ € (0, 00), let £(t) = (&1(2), ..., &,(¢)) be a random vector on €, whose
coordinates are independent and identically distributed with distribution given by

Plgi ) =1)=3(1+e™") and PED =—1)=3(1—e, (50)
fori € {1, ..., n}. Moreover, consider the normalized vector d(¢) = (8,(¢), ..., 0,(t)) with

def & () —EE (1) _ &i(t)—e™!
A/ Var &; (1) —e-2

5i (1) (1)
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In the following statements, we will denote by ¢ a random vector independent of & (), uniformly distributed
on C,. We will need the following (straightforward) refinement of [Ivanisvili et al. 2020, Theorem 1.4].

Proposition 18. For every Banach space (E, || - ||g), p € [1,00), n € Nand f : C, = E, we have

<—
L,(0;E) eZt 1

where the expectation on the right-hand side is with respect to € and 5(t).

0

1/p
gP,f ) , forall t >0, (52)

Zzs (1)3; f (&)

Let us mention here that we will apply the previous proposition to P; f instead of f, and use the
semigroup property Py f = P;(P; f). This is more easily done after reformulating (52) with A P; in place
of dP;/dt. So, keeping the notation of Proposition 18, we have that

1/p
APy fllL, (o, E) < f(e) ) , forall r>0. (53)

1
et —1 (
Proof of Proposition 18. The crucial observation of Ivanisvili, van Handel and Volberg is that one can
write, for x € C,,

3 1 .
o Pl 0 = ——==Ew0) [; &(r)aif(xa(r))], (54)
where x&(t) denotes the point (x1&(¢), .. ., x,&,(¢)). This formula can be proved by writing

Pif(x) =Ef (&) = Y wi(E)f(xE),

&ety

where, for & € C,, w;(§) =27" ]_[le(l + e7'&;); then we note that, with some abuse of notation
(denoting 9, for the discrete derivative 0; for functions of the variable & € C,),

d e’ - —t
SWi(E) = Z] O, [(& — e M, (E)].
1=
Hence, using the integration by parts formula (17) together with the fact that 9¢,[ f (x&)] = 0; f (x&),

o ®f(xE) = > 5i(t)8if(x£(t))],

— 1
/— Z Z = ——[Ea(z)|:
Sl £, Ver —1 i=1

and this concludes the proof of (54). Alternatively, it suffices to check the validity of formula (54) in the

0
gptf(x)

case of the scalar-valued Walsh basis w;(x) = ]—[jej xj, where J C {1, ..., n}, for which Pw,(x) =

)<l )’

eV, (x) and dw; (x) = Les wy(x).
Therefore, using Jensen’s inequality and (54) we have

Lp(on; E) (

ad
—Phf

e —1
Jat

i=1



TALAGRAND’S INFLUENCE INEQUALITY REVISITED 587

We conclude by noting that the couple (£&(¢), &(¢)) has the same law as the couple (g, &(¢)). This can
be seen as a proxy of the rotational invariance of the Gaussian measure (compare with the proof of
Proposition 28 below). O

Theorems 1 and 6 are consequences of the following lemma.

Lemma 19. Let (E, || - ||g) be a Banach space with Rademacher type 2. Then there exists a constant
K = K(E) € (0, 00) such that for every ¢ € (0, 1) andn € N, every f : C, — E satisfies

n
1~ f B < XS [ e PSRy (55)
OnJ WLy(0w; E) = ¢ ~ Jo 1At Why(on;E) 46 °
=

té‘
Proof. We will apply Proposition 18 to P, f instead of f. We have that

=2
La(0y; E)

”f_[EO'nf”Lz(O',,;E) = Hf AP fdt / AP, fdt
0 0

53) 00 12
s [ s rof ) e
0 e —1

Suppose now that £ has Rademacher type 2 with constant 7. Then for ¢ € (0, 1), by (56) and the
Rademacher type condition for centered random variables [Ledoux and Talagrand 1991, Proposition 9.11],

o0
< 2/ I APy f Ly (0, E) dt
La(on; E) 0

f(€) (56)

we have

1/2 dr
If = Eo, | Laoni) < / (Z 13: P £ 117 o, E>> Wit
e —

dr 1/2 o] dr 1/2
<4T(/ ZHasz”Lz(g,,E)(z, 1)) (/0 W), (57)

where in the second line we used the Cauchy—Schwarz inequality. Therefore, since

o dt 1 n
) WAE asa—>0,

we deduce that there exists a universal constant C € (0, co) with

||f [Eo_nf“LQ(O'n E) \

|3 Pif 17y @D

and the conclusion follows readily since e — 1 > te' for every ¢ > 0. O

Proof of Theorems 1 and 6. By Bonami’s hypercontractive inequalities [1970], since the semigroup
commutes with partial derivatives, we get that for every t > 0 andi € {1, ..., n},

19i Pt fll oo By = 1 P03 fll Lacons By SN0 fllL, o0 (003 E)- (58)
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Therefore, the conclusion of Theorem 6 follows by combining Lemma 19, (58) and Lemma 14. Moreover,
in view of Lemma 17, Theorem 6 readily implies (8). In order to prove (9), one can just apply (8)
for e < o(f)~ . O

Remark 20. It was pointed out to us by an anonymous referee that plugging in the standard application
of Holder’s inequality (46) along with hypercontractivity to bound the middle term of (57) cannot remove
the dependence on ¢ in inequality (8). Indeed, by hypercontractivity and Holder’s inequality, we have

00 n 1/2 /2 d
/ ( 18, P, f |12 ) / ( (1 uz)/(1+u2)b2u2/(1+u2)) u
1 . 9
A §_, L) | e S D a , T

where a; = ||9; f||L1(G B and b; = ||9; f||L2(G £)- Suppose, for contradiction, that for every n > 1 and
every 0 < a; < b; wherei €{l,...,n}, we have

L on 12 n 12
/' ( agl—uz)/(1+u2)b;u2/(1+u2)> du (Z b; )
o \&— l V1I—u? 7\ 1 +log(bi/ai)

i=1

1/2 du
/(szexr)( ) a +x,)) — =31 (59)
1 —u?

where x; = log(b;/a;) > 0 and (}_;_, bx/(1 +log(bx/ax))) pi = bi/(1 +log(b;/a;)). The parameters
n > 1, x; > 0 and the weights p; are all arbitrary, thus we conclude from (59) that for every positive
random variable X, the inequality

Equivalently, we have

/ ) (1+X)] o (60)
ex ——— <
p V1—u
holds true. To reach a contradiction, consider a discrete random variable X > 0 such that
Y VP{1+X e [2+, 21} = o0, 61)
k=0

and notice that

/\/ exp )(H—X)]m /\/E[exp( v(14+X))- (1+X)]f

1
%/ Zexp( 2ok P14 x e [2F, 2"“)}

NG

o0 o0
Z “2 1Y Cexp(=29 25 P14 X e [2F, 25
=0 k=0

ZfZJP{1+Xe [2¢,2041)} = 0o

where in the last inequality we bounded the inner sum by the k = ¢ term. This contradicts (60).
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Remark 21. A combination of Proposition 18 and Lemma 16 implies a different Talagrand type strength-
ening of the vector-valued discrete Poincaré inequality (5) for spaces of Rademacher type 2, which is
weaker than (7); see also [Chatterjee 2014, Theorem 5.4] for a similar scalar-valued inequality. For a
function f : €, — E, we will use the notation D f : €, — E" for the gradient vector

def

Df =@1f,...,0.f).

Then, the first inequality in (57) can be rewritten as

00 n ) 1/2 dr 00 dz
_ o < . = _ o
”f EG,,flle(UnsE) NE/(; (i:1 ”at Ptf”Lz(o‘n;E)) m ‘/(; ”P[Df”LZ(O-”’EZ(E))m'
Now, by the hypercontractivity of {P;};>9, we have

1P D fllLyonenen <UD L, o o2 E)-

Therefore, combining the last two inequalities, we get

[ < o D e _ * in D dr
I f —Eo, fllLoon:E) SE ; | f”LHe,z,(crn;Z;(E))ﬁN o | f||Ll+€,2t(an;eg(E))$,

and Lemma 16 then implies that

1D fllLs(onsenE)
1+ /10g(1D Loz en /1D FlL o))

The argument above shows that spaces of Rademacher type 2 satisfy (62) and the reverse implication

| f —Eo, fllLoo,:E) SE (62)

is clear by choosing a function of the form f(¢) = Z:’:l g;x;. When E = C, this coincides with (16)
where p = 2; see also Remark 32 below for comparison with (6).

4. Influence inequalities under martingale type

In this section, we shall present two proofs of Theorems 2 and 7, one probabilistic and one Fourier
analytic. As a warmup, we present a simple proof of Talagrand’s inequality in Gauss space for functions
with values in a space of martingale type 2 using a classical stochastic representation for the variance. The
scalar-valued case of this inequality was shown in [Cordero-Erausquin and Ledoux 2012] via semigroup
methods which do not seem to be adaptable to the case of vector-valued functions (see Section 4.3 for a
harmonic analytic variant). We will denote by vy,, the standard Gaussian measure on R”, i.e., the measure
dy,(x) = exp(—||x[13/2)/(2m)"/? dx, where || - ||> denotes the usual Euclidean norm on R”.

4.1. A simple stochastic proof in Gauss space. We will denote by {U,},>¢ the Ornstein—Uhlenbeck
semigroup on R”, whose action on an integrable function f : R" — E, where (E, || - ||g) is a Banach
space, is given by the Mehler formula

U f(x)= fle'x++v1—e2y)dy,(y), forall t>0 and x € R". (63)
[Rn
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Let {X,},>0 be an Ornstein—Uhlenbeck process, i.e., a stochastic process of the form X, = e™'Xo +
e ' B,u_,, where {B;};>0 is a standard Brownian motion and X is a standard Gaussian random vector,
independent of {B;};>0. We will use the following well-known consequence of the Clark—Ocone formula;
see [Capitaine et al. 1997] for a proof and further applications in functional inequalities.

Lemma 22. Let (E, || - ||g) be a Banach space. For every smooth function f : R" — E, we have

f(Xs) = Us f(Xo) = /S V(Us— f)(X;)-dB;,  forall s >0. (64)
0

We will also need the following one-sided version of the Itd isometry for 2-smooth spaces, which is
essentially due to Dettweiler [1991]. We include the crux of the (simple) proof for completeness.

Proposition 23. Let (E, || - ||g) be a Banach space of martingale type 2. Then there exists M € (0, 00)
such that for every n € N, if {B,},>0 is a standard Brownian motion on R" and {Y;};>0 is an E"-valued
square integrable stochastic process adapted to the filtration {J;};>0 of {B:}i>0, then

00 2 00
/ Y,-dB,| < MZ/ E
0 E 0 i—

n
E > GWiY (i)
i=1
where G = (G(1), ..., G(n)) is a standard Gaussian random vector on R", independent of {JF;};>0.

2
de, (65)
E

Proof. We shall assume that {Y;};>0 is a simple process of the form

N
()= o () Ly, forallie{l, ... n},
k=1

where 0 =1 <1, <--- <ty41 and each «, (i) is an JF; -measurable random variable. The general case
will follow by standard approximation arguments. By definition,

00 N n
/ Yt 'dBt = Z Z XKpy (i) : (Bfk+1 (i) - Bfk (i))

0 k=1 i=1

and {Z?=1 &y (1) (B, (i) — By, (i ))}iv:] is a martingale difference sequence. Therefore, if M is the
martingale type 2 constant of E, then

00 N
/ Y,-dB,| < M? Z E
0 k=1

Now, for a fixed k, (B, (i) — By (i))!_, conditioned on J; is equidistributed to a Gaussian random

2

n

> a4, (i) - (By,, (i) — By (i)

i
i=1

2
(66)
E E

vector with covariance matrix (fy4+; — #) - Id,. Therefore,

e|

n 2 2
> o) By, () — By | fﬂk} = (41 — rk>[E[ | &zk], (67
i=1 E E

> Gl (i)
i=1
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where G = (G(1), ..., G(n)) is a standard Gaussian random vector, independent of {J;},>¢. Hence, after

2 00 n
= M2/ E[ Y G@Yi()
E 0 i=1

taking expectation in (67) and summing over k, (66) becomes

oo
/ Y;-dB;
0

We are now well equipped to prove the following result.

2 N

E <MY (tigr — 1)E dt. O
E k=1

2
E

Y Gli)oy (i)
i=1

Theorem 24. Let (E, || - ||g) be a Banach space with martingale type 2. Then there exists C = C(E) €
(0, 00) such that for every n € N, every smooth function f : R" — E satisfies

n
2 2
1f = By Lo,y < € 2100 F 1Ty 0g 1)1y ©%)
i=1

Proof. If E has martingale type 2 with constant M, then Lemma 22 and Proposition 23 imply that

s 2
ELNl f(Xs) — Us f(X0)Ig | Xol < MZ/O [E[ ) Xo} dr, forall s > 0.
E

n
> G Us— f(X0)
i=1
Thus, applying the Rademacher type 2 condition for Gaussian variables, we deduce that

2
0iUs—; f(Xy) ‘ Xo] df, forall s >0, (69)
E

E[ll £ (Xs) = Us f (Xo) 1% | Xol < Msz/O > [EH
i=1

where T is the Rademacher type 2 constant of E. Now, integrating (69) with respect to the standard
Gaussian random vector X and using the stationarity of the Ornstein—Uhlenbeck process {X};>¢ along
with Nelson’s hypercontractive inequalities [1966; 1973], we derive, for all s > 0,

n s
EllLf(Xs) = U f(Xo)|I7 < MPT? /0 10;Us— f 117 5y, ) Gt
i=1

n s n s
a2 —2(s—1) o2 272 —2t19. £112
= MT 21:/0 e 1Us—9; £ 117y, ) 48 < MPT 2/0 eI, iy At (70)
i= i=

where the equality follows from the standard commutation relation 9; Uy, f = e~“~"U,_,9; f. Since for
every i € {1, ..., n} the correlation EX((i) X;(i) equals e~*, taking s — oo in (70) we get

o0
2 22 —2t 2
”f - [Ean”Lz(Yn;E) < M T /O‘ ¢ ||f”Ll+e72t(‘Yn;E) dt’

and the conclusion follows by Lemma 14. O

4.2. A proof of Theorems 2 and 7 via the Eldan—Gross process. Eldan and Gross [2022] constructed a
clever stochastic process on the cube which resembles the behavior of Brownian motion on R” and used
it to prove several important inequalities relating the variance and influences of Boolean functions. We
shall briefly describe their construction.
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Let {B;};>0 = {(B:(1), ..., B;(n))};>0 be a standard Brownian motion on R". For every i € {1, ..., n}
and ¢t > 0, consider the stopping time T, (i) given by

7,.G) Einf{s >0 |B,(i)| > 1},

and then let X, (i) def B+, iy(i). Then the jump process {X;};>0 & {(X:(1), ..., X;(n))};>0 satisfies the

following properties (see [Eldan and Gross 2022, Section 3] for detailed proofs):
(1) Foreveryt >20andi €{l,...,n}, |X,(@i)| =t almost surely, and in fact X, ~ Unif{—¢, t}".
(2) The process {X;};>0 is a martingale.

(3) For every coordinate i € {1, ..., n}, the jump probabilities of {X,(i)};>o are

P{sign X4, (i) # sign X, (i)} = forall #,h > 0. (71)

2t +h)

Proof of Theorems 2 and 7. Fix a function f : €, — E and recall (see, e.g., [O’Donnell 2014]) that there
exists a unique multilinear polynomial on R"” which coincides with f on C,, i.e., we can write

fey=">_ f[]e. forall eeg,, (72)

AC{L,...,n} i€A

for some coefficients f (A) € E. By abuse of notation, we will also denote by f that unique multilinear
extension on R". Since f is a multilinear polynomial and {X;};>0 is a martingale with independent
coordinates, it follows that the process { f (X;)};>o is itself a martingale.

Fix some large N eNandfork € {0, 1, ..., N},lettxy =k/N and My = f (X, ). Since E has martingale
type 2, there exists M = M(E) € (0, oo) such that

N
ILf — o, £ 2,0, 1) = EIMy — Mol < M* D E| My — M |7 (73)
k=1
Now, for a fixed k € {1, ..., N}, since My — My—1 = f(X;) — f(X,_,), Taylor’s formula gives
n 8f
Mi— My = (X, (i) = Xy, (D)) - o Kn) + R, (74)

i=1
where df/dx; are the usual partial derivatives of f on R” and the remainder Ry (f) satisfies

2 f

0x;0x;

n

1
IR(HIlE < 5 'Zl
1,j=

| X5 () = Xy, D] 1 X5, () = Xo oy I (75)
Loo([—=1,11";E)

However, since f is a multilinear polynomial, all second derivatives of the form 32f/ ax} vanish and (75)
implies that

IR (H)Ile < K(f)- Z | X (0) — Xop (D] 1 X, () — Xy, (DI, (76)
i, j=1
i#j
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for some K (f) € (0, 00), so that

n
ElR«(HIE <n*K ()7 Y EIXy () = Xy, D EIXy, () = Xy, (DI (77)
i,j=1
i#]
The fact that only i # j enters the sum will be crucial below to ensure that the error tends to zero as
N — +o0 after summing over k. Now, by (71), we have

2k—1 : -1: 1
. . . : —=5— with probability 5,
sign(X,, () (X, ()= X, D=1 ¥ Yy a6
~  With probability =5—,

so the conditional second moment of the increments is

_ 2%k—1Y 2k—11 2k—1
ELIX 0 () = Xo D | Xy (D] = oA G R A (78)
By the tower property of conditional expectation, the estimate (77) can finally be written as
K2 n*K (f)?
Bl Re () S ——7 (79)
and thus (74) implies that
n 2 2.4 2
. af k“n* K (f)
E| My — Miall SE| D (X () — X (D)5 (sz l) i (80)

i=1

Since {X,};>0 is a martingale, the sequence (X, (i) — X;,_, (i))7_, is a sequence of independent entered
random variables, when conditioned on {X},<;,_,. Therefore, applying the Rademacher type condition
for centered random variables [Ledoux and Talagrand 1991, Proposition 9.11] and (78), we deduce that

[E[ 3 o

(X Th— 1)
where T is the type 2 constant of E. By the tower property of conditional expectation, (80) combined
with (81) gives

n

kT?

(th(i) th |(l)) W

i=1

\ {Xs}sgtk_l} S G

kT2 | of 2 KK (f)?
R H X)) + (82)
i=1
Now, summing over k € {1, ..., N} and using (73), we get
of 2 K ()P M?
I1f = Eo, f17 10,0 NMZTZZ Z—[EH T (Xp 1) — N (83)
i=1
which as N — oo becomes
2 22 < ! af ?

If —Eo, fII} 60 S MPT Z/ tE )| de. (84)




594 DARIO CORDERO-ERAUSQUIN AND ALEXANDROS ESKENAZIS

Since X, is uniformly distributed on {—¢, ¢}", the random variable df/0x;(X;) satisfies

af
Al-1
—(X» = Z f@ I xG ~ > M7 i) I &= Pogamn— T @ (89

..... n} jeA\{i} AC{1,...,n} JjeA\{i}

zeA icA

where ~ denotes equality in distribution, ¢ is uniformly distributed on €, and the last equality follows,
e.g., by [O’Donnell 2014, Proposition 2.47]. Therefore, by (85) and the change of variables u =log(1/¢),
we can rewrite (84) as

1 = oS e SIPT2Y° [

i=1 70

du. 86
ax, u (86)

Ly(on; E)

In the scalar-valued case, formula (84) is then an equality with M>T? = 1 and appears in [Eldan and
Gross 2022]. However, in this case, its equivalent form (86) can also be proved by elementary semigroup
arguments as in [Cordero-Erausquin and Ledoux 2012] which we can follow to conclude the proof. Using
hypercontractivity [Bonami 1970] and (86), we get

n 00
2 22 _
1f = Ea FI2, 0y S MPT Z/O
i=1

The conclusions of Theorems 2 and 7 now follow from (86) combined with Lemmas 14 and 17 since for
every i € {1,...,n}, we have df/dx;(e) = ¢;0; f (¢) for every ¢ € C,,. O

2

3)(1‘

du.
L1+e—2u (on: E)

4.3. A proof of Theorems 2 and 7 by Littlewood—Paley-Stein theory. We shall now present a second
more analytic proof of Theorems 2 and 7. The main tool for this proof is a deep vector-valued Littlewood—
Paley—Stein inequality (see [Stein 1970]) due to Xu [2020], which is the culmination of the series of
works [Xu 1998; Martinez et al. 2006] (see also [Hytonen 2007] for some similar inequalities for UMD
targets). We will need the following statement which is a special case of [Xu 2020, Theorem 2].

Theorem 25 (Xu). Let (E, || - ||g) be a Banach space of martingale type 2. Then there exists a constant
C = C(E) € (0, 00) such that for a symmetric diffusion semigroup {1;},~0 on a probability space (2, 1),
every function f : Q2 — E satisfies

o0 dt
If = Euf 17,00 < C2 /O 10T, F UL sy (87)

Second proof of Theorems 2 and 7. Since E has martingale type 2, there exists T € (0, 0o) such that E also
has Rademacher type 2 with constant 7. Then, applying Proposition 18 to P; f and using the Rademacher
type condition for centered random variables [Ledoux and Talagrand 1991, Proposition 9.11], we deduce
that

4 2 n
<62t_1 > N8 PifI7 y0p).  forall £20. (88)
i=1

26 ()3 P, f (£)

”APztf”Lz((yn )\ 2,
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Plugging (88) into (87) for {7;};>0 = { P:};>0 and doing a change of variables, we get

n
1 =By F oy SACE [ 1eAPYFIimy o <BCPT? [ 2 S 0P 12y
OnJ NLa(on: E) S 0 2 W Lo (o ) S o ed—1 15t Ly (00 E)
i=1

n )
< SCZTZZ/ e110; Py f 1176, ) - (89)
i=170

As before, the conclusion now follows from hypercontractivity [Bonami 1970] along with Lemmas 14
and 17. ]

Remark 26. A careful inspection of the proof of [Xu 1998, Theorem 3.1] shows that if we denote
by X,(E) the least constant C in Xu’s inequality (87), then X,(E) 2 M»(E), where M,(E) is the
martingale type 2 constant of E. On the other hand, in [Xu 2020] it is shown that

X2(E) Ssup 110: Tyl Ly(w: Ey— Lo (w; EY M2 (E), (90)

t>0

and

Sup 128; Tell Lo (s By~ Lo s By < O9

>0
is proven as a consequence of the uniform convexity of E*. Specifically for the case of the heat semigroup
{P,};>0 on C,, a different proof of this statement which only relies on Pisier’s K-convexity theorem
[1982] is presented in [Eskenazis and Ivanisvili 2020, Lemma 37]. In the particular case of E = ¢, where
p = 2, an optimization of the argument of that result using the recent proof of Weissler’s conjecture on
the domain of contractivity of the complex heat flow by Ivanisvili and Nazarov [2022] reveals that

sup ||IAP[||L2(gn;gp)_>L2(gn;gp) S \/_, for all n € N. (91)
>0

Therefore, since the Rademacher and martingale type 2 constants of £, are both of the order of ,/p, the
probabilistic proof of Theorem 2 presented in Section 4.2 shows that for every n € N, every function
f:C,— £,, where p > 2, satisfies

2
||aif||L2(Gn§£la)
14+10g(110; £l Lo (0,0 /19i F L1 006,))

n
2 2
1f = Eo f o) S P2
i=1

whereas the proof via Xu’s inequality (87) implies a weaker O ( p>) bound because of the current best
known bounds (90) and (91). We refer to [Xu 2021; 2022] for recent updates on the optimal order of the
constant X,(E).

5. Vector-valued L; — L, inequalities

In this section, we will prove Theorems 3 and 4. We start by presenting a joint strengthening of the two
results for functions from the Gauss space instead of the discrete hypercube.
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5.1. A stronger theorem in Gauss space. For a smooth function f : R" — E, where (E, | - ||g) is a
Banach space, and p € [1, 0o), we will use the shorthand notation

dof n b4 1/p
||Vf||Lp<y,,;E)=</ > vidif dvn(y)) :
Relli=1

Ly(yniE)
In [Pisier 1986, Corollary 2.4], the author presented an argument of Maurey showing that for every

Banach space (E, || - ||g), p € [1,00) and n € N, every smooth function f : R" — E satisfies

s
”f - |E‘Ynf||LI’(‘Yn;E) < EHVf”LP(‘Y";E)' (92)

In this section, we will prove the following Talagrand type strengthening of (92).

Theorem 27. For every p € (1, 00), there exists C), € (0, 00) such that the following holds. For every
Banach space (E, || - ||[g) and n € N, every smooth function f : R" — E satisfies

<C ”Vf”Lp(yn;E)
E) X .
"1+ J1og(IV fTL, 00/ IV FlIL (i E))

We will denote by £ the (negative) generator of the Ornstein—Uhlenbeck semigroup {U;};>0, whose

||f - [E‘Ynf”Lp('Yn

(93)

action on a smooth function f : R" — E is given by

LEx)=Af(x) =) xd f(x), forall xeR"

i=1
We will need the following (classical) Gaussian analogue of Proposition 18.

Proposition 28. Let (E, || - ||g) be a Banach space and p € [1, 00). Then for every n € N, every smooth
function f :R" — E satisfies

’ 0

ot
Proof. Here we can follow Maurey’s trick [Pisier 1986], setting

U;f

1
S 75— IVflle,quE), forall t =0. 94)
L,(y:E) et —1

X,=e 'X+V1—e2Yy

and

9
Yi=—VI—e X 4oy = —1- X,

for given independent standard Gaussian vectors X, Y € R". Then, we have

aU X—a[E X)) = ! [Eia XY, @
Etf( )—ng(t—ﬁYiZI i f(X)Y: (@),

and we conclude the proof using Jensen’s inequality together with the fact that (X, ¥;) has the same
distribution as (X, Y) for every ¢t > 0. [l



TALAGRAND’S INFLUENCE INEQUALITY REVISITED 597

Proof of Theorem 27. Arguing as in (56) and using (94) for U, f instead of f, we can write

o 94) oo dr
If =&y, fllL, 06 < 2/0 LU fllL, () dt < 2/0 ||VUtf||Lp(yn;E)ﬁ
o
—t —t
= 2/0 WUV FlIL, (va: E)\/i / N1U:V flIL,(va: E)\/— (95)

Now, by Nelson’s hypercontractive inequalities [1966; 1973] and Kahane’s inequality [1964] for Gaussian
variables, we have

WU Flle, ) = ( /
<(
R

and the conclusion follows from (95), (96) and Lemma 16. O

ZyzUtaf

1/p
dvn(y)>

1/p
dYn()’)) Sp ”vf”LH_(I)_])(,—ZI(Yn;E)’ (96)

Ly(yn:E)

L1+(p—1)€_2’ (Yn S E)

5.2. Proof of Theorem 3. Recall that a Banach space (E, || - ||[g) has cotype g € [2, 0c0) with constant
C €(0,00) if foreveryn e N and x1, ..., x, € E,

n
Sl < C /
i=1 Cu

The discrete vector-valued L; — L, inequality of Theorem 3 can be proven along the same lines as

E £iX;

i=1

dGn (&) 97)

Theorem 27 using Proposition 18 instead of Proposition 28.

Proof of Theorem 3. Suppose that E has cotype g € [2, 00). It has been observed in the proof of [Ivanisvili
et al. 2020, Proposition 4.2] that [Pisier 1986, Proposition 3.2] implies the estimate

1/p Bp
( ) < (1 _e—2t)l/2—1/max{pq < Zé o f(g)

for some B, = B,(E) € (0, 00), where = (01, ..., 0,) is a random vector, uniformly distributed on C,,,
which is independent of ¢. Therefore, combining (52), (98) and integrating, we deduce that

1/p
) , forall t >0, (98)

Z 5 (1)d; f (¢)

o
I f —Eo, flIL,(00:E) =2H/ APy fdt
0

(52)A(98) o
<ap, [T (
0
o0
5 Bp/ e—l‘/Z(
0

o0
<2/ APy flL, (o, E) dE
L (04 E) 0

> (1 _ e—2t)1—1/max{p,q}

1/p
) __a 99)

26 0; P f (¢)

fe)

t1—-1/max{p,q}
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Arguing as in (96) by using the hypercontractivity of { P;},>o and Kahane’s inequality, we get

pAl/p p\1/p()
([E ) g,, ([E ) , (100)
P E P

> 8:0: P f () > 8idif(e)
i=l1 i=1 E

where p(1) =1+ (p — )e™ and (15) follows from (99), (100) and (44) with &p(E) =1/max{p, q}. U

An inspection of the above proofs shows that one can also get the following Orlicz space strengthenings
of Theorems 3 and 27 using Lemma 15 instead of Lemma 16.

Theorem 29. Let (E, || - |g) be a Banach space of cotype q and p € [1, 00). Then there exists C), =
C,(E) € (0, 00) such that for every © € (0, 1) and n € N, every f : C, — E satisfies
Cp
I f —Eo, fllL, (00 E) < 0 Dip IV Fllz, qog Ly-rmaiparve o, E) (101)
Theorem 30. For every p € [1, 00), there exists C), € (0, 00) such that the following holds. For every
Banach space (E, || - ||g), 0 € (0, 1) and n € N, every smooth function f : R" — E satisfies
Cp
If =By, fllL, B < e IV fllL, og L)-r/2+0 (y,: E) (102)

5.3. Proof of Theorem 4. Since E = C has cotype 2, the proof of Theorem 3 implies that in the scalar-
valued case, (15) holds with an exponent &, (C) = 1/max{p, 2} for every p € (1, 00). In order to boost
this exponent to % we shall use the following deep result of Lust-Piquard [1998]; see also [Ben Efraim and
Lust-Piquard 2008] for a slightly neater argument with better dependence on p and further applications.

Theorem 31 (Lust-Piquard). For every p € (1, 00), there exists 3, € (0, 00) such that for every n € N,
every function f : C, — C satisfies

Bl A FllL,on IV Il o)- (103)

Proof of Theorem 4. By Khintchine’s inequality [1923], for every function f : €, — C, we have

n 1/2 n
<Z(aif<e>>2> =p ([E D 89 f(e)
i=1 i=l

where the expectation is with respect to & = (81, ..., §,) uniformly distributed on C,. Therefore, if
F:C, — L,(0,) is given by [F(¢)](8) = Z?:l 0;0; f (¢), then (103), (104) and Theorem 5 imply that

P\l/p
) , forall ¢ €C,, (104)

@9 -1/2 109 —172
If —Eo, fllL, 00 Sp IVATZFllL, 00 Xp 1AT“FllL,0,:L,00)

(20) I F L, (0L, (00)

<
~p .
1+ /Tog(IFllL, 0Ly @)/ T F Ly (0L p(00))

The conclusion now follows since, again by Khintchine’s inequality (104), the function F satisfies
1L, onLp00) Xp IV L, and | FlILi,:L,00) =p IV FllLi0)- O
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Remark 32. We note in passing that for p =2, (16) is a consequence of Talagrand’s influence inequality (6).

To see this, note that it has been observed in [Chatterjee 2014, Theorem 5.4] that Talagrand’s inequality (6)

along with an application of Jensen’s inequality imply that for every n € N, every f : €, — C satisfies
IV £I1Z, )

1+log(u(f))’

where u(f) = (30, 119; f||§2(0n)) /(2 19 f||%l <a,,>) and C € (0, c0) is a universal constant. Then,

(16) for p =2 follows by Minkowski’s integral inequality, since

St 19/ Wy IV e,

Z?zl ||8if||il(o‘n) ||Vf||il(o‘n)

Using the vector-valued Bakry—Meyer inequality of Theorem 8 instead of Theorem 5, one obtains the

Varg, (f) < C

u(f)=

following Orlicz space strengthening of Theorem 4.

Theorem 33. For every p € (1, 00), there exists C), € (0, 00) such that for everyn € N, every f :C, — C
satisfies

I f —Eo, fllL, ) < CpllV fllL,q0g )-22(0,)- (105)
6. Holomorphic multipliers and the vector-valued Bakry—Meyer theorem

In this section, we will present the proofs of Theorems 5, 8 and 9. In the proof of Theorem 9, we will
need some preliminary terminology from discrete Fourier analysis. Recall that for every Banach space

(E, || - llg) and every n € N, all functions f : €, — E admit a unique expansion of the form
fle)= Z F(Awa(e), forall e €@,
AC(l,...,n}

where the Walsh function w, : €, — {—1, 1} is given by w4 (¢) = ]_[ieA g; for £ € C,. In this basis, the
action of the hypercube Laplacian on f can be written as

Af= Y IAIf(Awa.
AC{l,...,n}

Suppose now that r € (0, oo) and that # : (0,r) — C is a function. Then, for every « € (0, 00), the
operator h(A~%) is defined spectrally by

o def o 2
RA™E S R(AITOf(Awa. (106)
AC{L,...,n}
|Al>r—1/e
Finally, for a function f : ¢, — E and k € {0, 1, ..., n} we will define the k-th level Rademacher

projection of f to be the function with Walsh expansion

Rade f£ )" f(Ayuwa.

AC{l,...,n}
[A|l=k
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Pisier’s deep K -convexity theorem [1982] asserts that a Banach space (E, |- || g) has nontrivial Rademacher
type if and only if for every p € (1, 00), there exist M, = M ,(E) € (0, oo) such that for every n € N and
ke {1, ey n}, every f . C?n — E satisfies ||Radk f”L,,(G,,;E) < M;Hf”Lp(gn;E).

6.1. Proof of Theorem 5. Although Theorem 5 is a formal consequence of Theorem 8 and Lemma 17,
we present a short self-contained proof.

Proof of Theorem 5. Since P, = e~'%, we can express the action of A~% on functions with expectation
equal to 0 as

_ 1 o0 dr
AT = —— P—. (107)
') Jo tl-o
Hence, every function f : €, — E with E;, f = 0 satisfies
Cw . 1 * dr
AT fllL, (o0 E) < T ) ||Ptf||Lp(G,,;E)t1T(x- (108)

If E has nontrivial type, it is a standard consequence of Pisier’s K-convexity theorem [1982] that there
exist K, = K,(E) € (0,00) andn, =1, € (0, %], independent of n and f, such that
Eo,/ =0 = Pflli ) < Kpe ™ I fllL, () for all > 0. (109)

Combining (108) and (109), we deduce that

o0
A Fllonmr < =2 [ e P Lo
p\¥n F(OC) 0 p\VYn, tl_(x’

and the conclusion follows by hypercontractivity [Bonami 1970] and Lemma 16. ]

6.2. Proof of Theorem 9. The proof of Theorem 9 relies on the following result of Mendel and Naor
[2014]; see also [Eskenazis and Ivanisvili 2020] for a different proof and further results in this direction.

Theorem 34 (Mendel-Naor). Let (E, || - ||g) be a Banach space of nontrivial type and p € (1, 00). Then
there exist c, = c,(E), Cp, =C,(E) € (0,00) and A, = A,(E) € [1, 00) such that for every n € N and
d e{l,...,n}, the following holds. Every function f : C, — E whose Fourier coefficients f(A) vanish
for all subsets A C {1, ..., n} with |A| < d satisfies

_ ; A
1P iz, (i) < Cpe™ P ™0 £l o). (110)

Using identity (107) and (110), we see that every such function f : €, — E satisfies

1A= FIlL, (0 E) g Cp /le_cpthP dr 4 Cp /Ooe—cpdl dr <Kp(cx) (111)
IflL, ey T Jo 1= " T(x) J oo = /Ay’

for some K, (x) = K,(c, E) € (0, 00).

Proof of Theorem 9. Let d,(x) = |'(2Kp(oc)/r)Af’/°"|, where K, (x) is the same as in (111), so that
every function f : G, — E whose Fourier coefficients f (A) vanish for all subsets A C {1, ..., n} with
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|A] < dp(c0) satisfies ||A_°‘f||Lp(Un;E) < %r||f||Lp(Un;E). Iterating this inequality, we get

¢
IA™ FllL,oniE) < (g) I fllz, (0. E), forall €21, (112)

for every such function f.
Now, let f : C,, — E be an arbitrary function and write

dp()—1 n
f(e) = Z Rady f(e) + Z Rady f(e), forall ¢ €C,.
k=0 k=d,, ()
fi(e) Sa(e)

By Pisier’s K-convexity theorem [1982], we have

1R (AT fill (o,

dp(0)—1 dp(o)—1
< ) |h(k—°‘)|||Radkf||Lp<Un;E><( > |h(k—“>|M,’;)||f||L,,<Gn;E), (113)
fe=[r=1/%]+1 k=[r=1/ )41

for some M, = M,(E) € (0, 00). To bound the action of 7(A™%) on f5, consider the power series
expansion (z) =) ;- cez* of h around 0, which converges absolutely and uniformly on D, 2. Then,
the triangle inequality implies that

(112) ¢
1A fall o) < D lee 1A follLy 0,8 < (Zm(g))nszL,,(a,,;E)- (114)

£20 >

Finally, observe that, again by Pisier’s K -convexity theorem,

dp()—1
I 20,6y =I1f = fillL, o) < N llLyonE) + Z IRads 12,0
k=0
dp(0)—1
< (1 + ) Mﬁ)IIfIILP(on;E>, (115)
k=0
for some M, = M,(E) € (0, o). The conclusion follows readily from (113), (114) and (115). O

6.3. Proof of Theorem 8. Equipped with Theorem 9, we can now deduce Theorem 8 from (26). We will
also need the following simple lemma.

Lemma 35. For every Banach space (E, || - || g), every function f : C, — E and every « € (0, 00),
[A+D™f)lle <IA+D I flEelCe), forall e €Cy. (116)

Proof. A change of variables shows that

A+ ! /oo s ds (117)
= — e —_,
T(x) Jo fpl-a
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so that for every ¢ € C,, we have

dt
l»l—O(

1 o0 d
<—/ P IEE) —— = [(A+ 1) 1 £](6),
I'(e) Jo

—a 1 A
1A+ 1) f(8)||5<m/0 NP SOl

tl*(x -
where the second inequality follows from Jensen’s inequality because P; is an averaging operator.  [J

Proof of Theorems 5 and 8. Let ¢, : D; — C be two holomorphic branches of
d(@D)=0+2% and P@)=1A+2)"% for all z € Dy,

on Dy. By Theorem 9, the operators ¢ (A~') and {(A~") are bounded on L,(0,; E), where p € (1, 00),
with operator norms independent of n. In other words, there exist constants A, (x, E), A ,(x, E) € (0, 00)
such that for every n € N, every function f : €, — E satisfies

Ap(ot, EMIA™ fllL, 008y S A+ D" fllL,0:8) < Ap(t, E)IAT flL, (00 E)- (118)

Combining (118) with Lemma 35 and inequality (26) of Bakry and Meyer [1982a; 1982b], we get

(118) (116)
||A7(xf||Lp(Gn;E) < 7‘17(0‘» E)71||(A+ l)ﬂxf”Lp(Gn;E) < 7‘19(0" E)il”(A‘F 1)7(X||f||E“L,,(a,,)

18) A, (e, C), 20 Ap(ax, O)Kp(cx)
< AT flle ] o) < 2 £
Ap(ex, E) pOn Ap(e, E)

I F1IL, og L)-r(0y: E) s

for some K ,(x) € (0, 00), and the conclusion of Theorem 8 follows. O

7. Influence inequalities in nonpositive curvature

Theorems 11 and 12 will be proven by combining Theorem 6 with results from geometry and Banach
space theory.

Proof of Theorem 11. It immediately follows from definition (29) that if a metric space 771 has Talagrand
type (p, ) with constant T € (0, co0) and another metric space 11 embeds bi-Lipschitzly in 7711 with
distortion D € [1, 0o), then 11 has Talagrand type (p, 1) with constant TD. Let G be a Gromov hyperbolic
group equipped with the shortest path metric dg associated to the Cayley graph of any (finite) generating
set S. Then, by a theorem of Ostrovskii [2014], (G, dg) admits a bi-Lipschitz embedding of bounded
distortion into any nonsuperreflexive Banach space. In particular, (G, dg) embeds bi-Lipschitzly in
the classical exotic Banach space (J, || - ||g) of James [1978], which has Rademacher type 2 yet is not
superreflexive. By Theorem 6, there exists a universal constant C € (0, oo) such that for every ¢ € (0, 1),
(0,1l - ly) has Talagrand type (2,5 1—.) with constant C/./e, and thus the same holds true for the
group (G, dg). O

The binary R-tree of depth d is the geodesic metric space which is obtained by replacing every edge of
the combinatorial binary tree of depth d by the interval [0, 1]. In order to prove Theorem 12, we will
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need the following structural result for Riemannian manifolds of pinched negative curvature which is
essentially due to Naor, Peres, Schramm and Sheffield [Naor et al. 2006].

Theorem 36. Fixn e Nandr, R € (0, 00) withr < R. Then there exists N € N and D € (0, o0) such
that any n-dimensional complete, simply connected Riemannian manifold (M, g) with sectional curvature
in [—R, —r] embeds bi-Lipschitzly with distortion at most D in a product of N binary R-trees of infinite
depth.

In [Naor et al. 2006, Corollary 6.5], the authors proved an analogue of Theorem 36, in which binary
R-trees are replaced by R-trees of infinite degree. In order to prove the (stronger) theorem presented here,
one needs to repeat the argument of that paper verbatim, replacing the use of [Buyalo and Schroeder
2005] with a more recent result of Dranishnikov and Schroeder [2005], who showed that the hyperbolic
space H" admits a quasi-isometric embedding in a finite product of binary R-trees of infinite depth.

We shall also need the following slight refinement of a result of Bourgain [1986].

Proposition 37. Let (E, || - ||g) be a nonsuperreflexive Banach space. For every d € N, the binary R-tree
of depth d embeds in E with distortion at most 4.

Proof. Fix d € N, let B; be the combinatorial binary tree of depth d and denote its root by r. There
exists a natural enumeration o : By — {1, ..., 2¢t1—1} of the vertices of B, with the following property:
if x, y are two leaves of the tree whose least common ancestor is z, then o((z, x]) and o((z, y]) are two
disjoint subsets of {1, ..., 2¢"!—1} such that one of the inequalities

max 0((z, x]) <mino((z, y]) or maxo((z,y]) <mino((z,x]) (119)

holds true. To see this, one can “draw” the binary tree and label the vertices from top to bottom along an
arbitrary path. After reaching a leaf, one should return to the nearest ancestor with an unlabeled child and
continue labeling along an arbitrary downwards path starting at this child. This process should continue
until the whole tree has been labeled.

Since E is nonsuperreflexive, by a classical theorem of Ptdk [Pisier 2016, Theorem 11.10] (which is
often attributed to James), there exists vectors {xk},%d:ll_l such that for every scalar ay, ..., ay+i_q,

Y+ [ a }<

i<j i>j
Let B, be the binary R-tree of depth d. For a point a € B, suppose that a belongs in the edge {v, w}

2d+1 —1

E ai xi

i=1

+

2411
]
- sup < la;]. (120)
4 jell,.. 24 -1} E ; l

.....

of B, and that v is closer to the root than w. Consider the embedding \ : B; — E given by

def

Y@= > xow +dg, (v, @) - Xow.

u€lr,alNB,

Let a, b € B, and suppose that c is their least common ancestor. Then, there are downward paths
{s1,....sj1}and {t1, ..., 41} in By such thata € [s;,s;11), b € [k, ix41) and s and ¢, are the two
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distinct children of c. In this notation, the embedding { satisfies

J k
P(@) = V() = Xa(s) + Oo(s;e) — D Xot) — EXoun): (121)

i=1 i=1

where § = d@d (sj,a) and ¢ = dBd (tx, b). Since ||x;||x < 1, it is clear that
(@) —b®B)le < j+8+k+e =dg,(a, b).
On the other hand, by the property (119) of o, we can assume without loss of generality that

max{o(sy), ..., 0(sj+1)} <min{o(f;), ..., 0(fky1)}.

Then (121) and (120) imply that

(@) =B Ig > 1 +5+k+e) = 1dg, (. b).
Therefore 1) is the desired bi-Lipschitz embedding. O

Proof of Theorem 12. 1t follows from definition (29) that if a metric space 711 has Talagrand type (p, 1)
with constant T € (0, oo) and another metric space 71 is such that every finite subset of 71 embeds bi-
Lipscitzly in 771 with distortion at most K € [1, 0o), then 71 has Talagrand type (p, ) with constant TK.
Let (M, g) be a Riemannian manifold of pinched negative curvature equipped with its Riemannian
distance dp. Then, by Theorem 36, there exists N € N and D € (0, 0co) such that (M, dyy) embeds with
distortion at most D in a product of N binary R-trees of infinite depth. In particular, every finite subset X
of M embeds with distortion at most D in a product of N binary R-trees of depth d, for some d depending
on the cardinality of X. Therefore, by Proposition 37 (see also the discussion following Theorem 2.1 in
[Ostrovskii 2014]), X embeds with distortion at most K = K (N, D) € (0, 0o) in every nonsuperreflexive
Banach space. In particular, X embeds with distortion at most K in the classical exotic Banach space
W, I - ly) of James [1978], which has Rademacher type 2 yet is not superreflexive. By Theorem 6,
there exists a universal constant C € (0, co) such that for every ¢ € (0, 1), (J, || - ||lg) has Talagrand type
(2,2.1-¢) with constant C//¢ and thus the same holds for the Riemannian manifold (M, dy). O

8. Embeddings of nonlinear quotients of the cube and Talagrand type

We will now prove that Talagrand type is an obstruction to embeddings of quotients of C,.

Proof of Theorem 13. Suppose that (771, dj;;) has Talagrand type (p, ) with constant T and let R C €, x G,
be an equivalence relation. Let f : C,/R — 171 be a map satisfying

spe,/R(LC], MD < dm(f(CD, f(IMD) <sDpe, /=], D), forall [C], [n] € C\/R, (122)

where s € (0, 0o) and D > 1. Consider the lifting F : C,, — 111 given by F(¢) = f([e]), where € € C,,.
Then, since 771 has Talagrand type (p, ) with constant T, we have

/ dm(F (£). F(8))" doa(e.8) < Y [0 FIIY, ). (123)
C,xC, i—1
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The bi-Lipschitz condition (122) and the definition of F' imply that
(122)
dm(F(e), F(8)) =dm(f([eD, f(8D) = spe,/=([e], [8]), forall &, 6€C,. (124)

On the other hand, for every ¢ € C,,,

0iF(e) = 3dm(F(e), F(e1, ..., &1, =i, &it1s- -\ En))

(122) .
< §SDpe,,/R([8]s [(Sls s 81y, —ELEi4Ly e, Sn)]) = §SD13,'CR(8)v
since pe,/xr([e], [(e1, ..., -1, —¢&i, €ix1, ..., €n)]) € {0, 1} for every ¢ € C,, and it vanishes if and only
if (e, (e1,...,& -1, —€i, €ix1, ..., &n)) € R. Therefore,
104 Flly ey < 55 DIl (o) = - om (125)
i Ly(o,) X 3 ORI Ly (0,) = le)fl(Un(ai:R)fl).
Combining (123), (124) and (125), we deduce that
sPDPP Ly N
S 2T @GR T > 572, R,
i=1
and the conclusion follows. (|

Remark 38. A metric space (171, dipp) is said to have Enflo type p € (0, co) with constant T € (0, c0) if
for every n € N, every function f : €, — 111 satisfies

/e dm(f (). (=) doy(e) TP Y [0 FII} (. (126)
n i=1

While Talagrand type is meant to be a refinement of Enflo type (where the Young function is \(¢) = ¢7),
the attentive reader will notice that the left-hand sides of the two inequalities are different. This difference
is mainly superficial (and originates from Enflo’s original definition of “roundedness” of a metric
space [1969]) and all interesting geometric applications of Enflo type could be recovered with either
definition. Since we discuss the bi-Lipschitz geometry of quotients of (C,, p), it is more natural to define
Talagrand type by (29) in order to be able to get distortion lower bounds for quotients C, /R satisfying
(e, —¢) € R for every ¢ € C,.

Remark 39. Theorem 13 provides distortion lower bounds for the embedding of quotients of (C,, p) by
an arbitrary equivalence relation R into spaces with prescribed Talagrand type. While we are not aware
of any such bounds in the literature (except perhaps the bound (38) which one can deduce from Enflo
type p), it is worth mentioning that there exist L ,-nonembeddability results for more structured quotients
of €. In particular, we refer the reader to [Khot and Naor 2006], where the authors provide lower bounds
for the L-distortion of quotients of €, by linear codes and by the action of transitive subgroups of the
symmetric group S,,. As the proofs of that paper rely on delicate properties of both these structured
quotients and L, spaces, it seems improbable that they can be easily modified to give nonembeddability
results into spaces with given Talagrand type.
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9. Concluding remarks and open problems

In this final section, we shall present a few remarks regarding the preceding results and indicate some
potentially interesting directions of future research.

9.1. Talagrand type and linear type. In order to highlight the relation of our results with Talagrand’s
original inequality (6), we decided to state Theorems 1, 2, 6 and 7 only for spaces of Rademacher or
martingale type 2. In the terminology of Definition 10, one has the following more general results for
spaces of Rademacher or martingale type s. Here and throughout, we will denote by 1V 5 : [0, 00) — [0, 00)
a Young function with V), 5(¢t) =¢° log_f’(e + t) for large enough r > 0.

Theorem 40 (Rademacher type and Talagrand type). Fix s € (1, 2]. If a Banach space (E, | - ||g) has
Rademacher type s, then for every € € (0, 5/2), E has Talagrand type (s, g s/2—¢).

Theorem 41 (martingale type and Talagrand type). Fix s € (1,2]. If a Banach space (E, | - ||g) has
martingale type s, then E also has Talagrand type (s, g 5/2).

Since for every s € (1, 2] there exist spaces of Rademacher type s which do not have martingale type s
(see [James 1978; Pisier and Xu 1987]), the following natural question poses itself.

Question 1. Does every Banach space of Rademacher type s also have Talagrand type (s, Uy, 5/2)?

9.2. Talagrand type of Li(n). It is worth emphasizing that the proofs of both Theorems 40 and 41
crucially rely on the fact that s > 1 due to the use of Bonami’s hypercontractive inequalities [1970]. In
the following theorem, we establish the Talagrand type of L;. It is worth emphasizing the somewhat
surprising fact that Theorem 42 below shows that a stronger property than the trivial “Enflo type 1”
inequality holds true in L.

Theorem 42. For every measure W, the Banach space Ly(W) has Talagrand type (1,1 1).

Proof. Since Talagrand type is a local invariant, it clearly suffices to consider the case that . is the counting
measure on N and thus L () is isometric to £;. We will employ a classical result of Schoenberg [1938],
according to which there exists a function s : R — ¢, such that s(0) =0 and

ls(a) —5(19)||%2 =la—>b|, forall a,beR.
Consider the mapping s : £1 — £2(¢3), given by
s(ay, a2, ...) = (s(a1),8(a2), ...),

and observe that fora = (ay, a2, ...), b=(b1,ba,...) €4y,

o0 [e.¢]
15(a) = 5) 3,0y = D _ ls(@i) —s®7, =D la; — bil = lla — b,
i=1 i=1
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Fix n € N and a function f : €, — £;. Consider the composition g : €, — £,(¢;) given by g =50 f.
Then, we have

Eo,xo, £ (&) — f®)le, = Eo,xo,18(€) — 87,y = Eo, 18(€) — Eo, 811761

n
2
S Z 18: 8117, tog L)1 (6: £2e2))*

i=1

where the last inequality follows from Theorem 7. Combining this with the pointwise identity

1 1 1/2
10: g (&)l ese0) = §||g(8) —8(e1, . Eict, =€y Eigls - s E)laen) = ﬁ”aif(g)”g,/
and the fact that for every i : {—1, 1}" — R4,
2 -
”\/Z”Lz(log L)Y, 7 ”h”Ll(logL)_](Gn)’
we deduce that
n
Eo, ol £ €)= @ ley Y19 fllz,tog 1) 060 O

i=1
The argument used in the proof of Theorem 42 to derive the Talagrand type of £; from the Talagrand

type of € is very specifically tailored to L () spaces. It remains an interesting open problem to investigate
the Talagrand type of noncommutative L-spaces.

Question 2. Does the Schatten trace class (Sy, || - [|s,) have Talagrand type (1, {.1)?

9.3. Vector-valued Riesz transforms. The optimal L| — L, inequality for scalar-valued functions (see
Theorem 33) was derived by combining the vector-valued Bakry—Meyer inequality of Theorem 8 and
Lust-Piquard’s Theorem 31. In fact, the same argument gives the following implication.

Theorem 43. Let (E, || - ||g) be a K -convex Banach space such that for some « € (O, %], p € (1, 00) and
K € (0, 00), the following property holds. For every n € N, every f : C, — E satisfies

||A(Xf||Lp(U,,;E) < K”Vf”Lp(G,,;E)- (127)

Then there exists C = C(«x, p, K) € (0, 00) such that for every [ : C, — E,

If —Eo, fllL,o0:E) < CIV fllL,0g L)% (0,: E)-
Therefore, the following question seems natural.

Question 3. Fix o € (O, %] and p € [1, co). Which target spaces (E, || - || g) satisfy (127) with a constant K
independent of n?

In the case of Gauss space, it has been shown by Pisier [1988] that dimension-free Riesz transform
inequalities hold true provided that the target space E has the UMD property. In particular, this means
that in the case of UMD spaces, Theorem 30 can be improved as follows.



608 DARIO CORDERO-ERAUSQUIN AND ALEXANDROS ESKENAZIS

Theorem 44. Let (E, || - |g) be a UMD Banach space. Then for every p € (1, 00), there exists C), =
C,(E) € (0, 00) such that for n € N, every smooth function f : R" — E satisfies

If =&y, fllL,vuE) < Cp - ||Vf”L,,(logL)*P/z(yn;E)

9.4. Talagrand type of nonpositively curved spaces. A geodesic metric space (171, din) is an Alexandrov
space of (global) nonpositive curvature (or simply a CAT(0) space) if for every quadruple of points
X, Y, z, m €1 such that m is a metric midpoint of x and y, i.e., a point for which dy (x, m) =dm(y, m) =
%dm (x, y), we have

dm(z, m)* < Ydm(z, x)* + 3dm(z, y)* — 3dm(x, )*

Complete Riemannian manifolds of nonpositive sectional curvature are examples of CAT(0) spaces. Let
P25 : [0, 00) — [0, 00) be a Young function with P 5(¢) = 12 log’f’(e + t) for large enough ¢ > 0. In
Theorems 11 and 12, we showed that Gromov hyperbolic groups and complete Riemannian manifolds
of pinched negative curvature have Talagrand type (2,1 _.) for every ¢ € (0, 1). On the other hand, a
classical inductive argument essentially going back to Enflo [1969] shows that all Alexandrov spaces of
nonpositive curvature have Enflo type 2, which is closely related to Talagrand type (2,12 0). We believe
that the following question deserves further investigation.

Question 4. Does there exist some 0 € (0, 1] such that every Alexandrov space of nonpositive curvature
has Talagrand type (2,12, 5)? More ambitiously, does every Alexandrov space of nonpositive curvature
have Talagrand type (2, 2.1)?

9.5. CAT(0) spaces as test spaces for superreflexivity. In Proposition 37, we showed that all binary
R-trees of finite depth embed with uniformly bounded distortion into any nonsuperreflexive Banach space.
It was communicated to us by Florent Baudier that using this proposition and the barycentric gluing
technique (see [Baudier 2007] and the survey [Baudier 2022]), one can in fact prove that the binary R-tree
of infinite depth admits a bi-Lipschitz embedding into any nonsuperreflexive Banach space. Then, an
inductive argument (see, e.g., [Ostrovskii 2014, Remark 2.2]) shows that any finite product of binary
R-trees also embeds bi-Lipschitzly into any nonsuperreflexive Banach space. Therefore, one deduces
from Theorem 36 that every finite-dimensional complete, simply connected Riemannian manifold of
pinched negative curvature embeds bi-Lipschitzly into any nonsuperreflexive Banach space. Conversely,
since all binary trees embed in the hyperbolic plane H?, if a Banach space E bi-Lipschitzly contains H?,
then E cannot be superreflexive by Bourgain’s theorem [1986]. In conclusion, we deduce the following
characterization.

Theorem 45. A Banach space (E, || - |g) is nonsuperreflexive if and only if for every n € N, every
n-dimensional complete, simply connected Riemannian manifold (M, g) of pinched negative curvature
equipped with the Riemannian distance dy admits a bi-Lipschitz embedding in E.

In recent years, there have been plenty of such characterizations in the literature, although one can
argue that this is not a particularly novel one due to its close relation to Bourgain’s characterization in
terms of trees. We believe the following stronger question deserves further investigation.
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Question 5. Which Alexandrov spaces of nonpositive curvature admit a bi-Lipschitz embedding into
every nonsuperreflexive Banach space?

There are plenty of CAT(0) spaces which do not embed into finite products of binary R-trees and
in order to prove that they embed into all nonsuperreflexive Banach spaces, one may need to employ
interesting structural properties of such spaces. On the other hand, there exist CAT(0) spaces which
do not embed into L, which is of course nonsuperreflexive. Indeed, if every CAT(0) space admitted a
bi-Lipschitz embedding into L1, then every classical expander (which is also an expander with respect
to L; by Matousek’s extrapolation lemma for Poincaré inequalities [1997]), would be an expander with
respect to all CAT(0) spaces and this is known to be false by important work of Mendel and Naor [2015].

9.6. General hypercontractive semigroups. In [Cordero-Erausquin and Ledoux 2012], the authors
established versions of Talagrand’s (scalar-valued) inequality (6) in the setting of hypercontractive Markov
semigroups satisfying some minimal assumptions. At first glance, the arguments which we use in the
present paper to obtain vector-valued extensions of (6) seem to rely more heavily on specific properties
of the Hamming cube, such as identity (54) from [Ivanisvili et al. 2020] or the Eldan—Gross process
[Eldan and Gross 2022]. Nevertheless, we strongly believe that there are versions of our results for other
hypercontractive Markov semigroups satisfying some fairly general assumptions.
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