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PARTIAL REGULARITY OF LERAY-HOPF WEAK SOLUTIONS TO THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH HYPERDISSIPATION

WOICIECH S. OZANSKI

We show that if u is a Leray—Hopf weak solution to the incompressible Navier—Stokes equations with
hyperdissipation & € (1, 3) then there exists a set S C R* such that # remains bounded outside of S at each
blow-up time, the Hausdorff dimension of S is bounded above by 5 — 4« and its box-counting dimension
is bounded by %(— 16a% 4 16a + 5). Our approach is inspired by the ideas of Katz and Pavlovi¢ (Geom.
Funct. Anal. 12:2 (2002), 355-379).

1. Introduction

We are concerned with the incompressible Navier—Stokes equations with hyperdissipation,
U+ (—A)u+u-Vu+Vp=0 inR>,

divu =0,

(1-1)

where o € (1, %) The equations are equipped with an initial condition u(0) = ug, where ug is given. We
note that the symbol (—A)“ is defined as the pseudodifferential operator with the symbol (277)2*|£]%* in
the Fourier space, which makes (1-1) a system of pseudodifferential equations.

It is well known that the hyperdissipative Navier—Stokes equations (1-1) are globally well-posed for
o> 45'1’ which was proved by Lions [1969]; see also [Tao 2009]. The question of well-posedness for
o< %, including the case o = 1 of the classical Navier—Stokes equations, remains open.

The first partial regularity result for the hyperdissipative (1-1) model was given by Katz and Pavlovi¢
[2002], who proved that the Hausdorff dimension of the singular set in space at the first blow-up time
of a local-in-time strong solution is bounded by 5 — 4« for « € (1, %) Recently Colombo et al. [2020]

showed that if o € (1, %], u is a suitable weak solution of (1-1) on R3 x (0, co) and
S":={(x, 1) : u is unbounded in every neighbourhood of (x, 7)}

denotes the singular set in space-time then P>~%*(S") = 0, where P* denotes the s-dimensional parabolic
Hausdorff measure. This is a stronger result than that of [Katz and Pavlovi¢ 2002] since it is concerned
with the space-time singular set S (rather than the singular set in space at the first blow-up), it is a
statement about the Hausdorff measure of the singular set (rather than merely the Hausdorff dimension)
and it includes the case o = % (in which case the statement, PY(S’) = 0, means that the singular set is
in fact empty, and so (1-1) is globally well-posed). The main ingredient of the notion of a “suitable weak
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solution” in the approach of [Colombo et al. 2020] is a local energy inequality, which is a generalisation
of the classical local energy inequality in the Navier—Stokes equations (i.e., when o = 1) to the case
o€ (1, %) The fractional Laplacian (—A)“ is incorporated in the local energy inequality using a version
of the extension operator introduced in [Caffarelli and Silvestre 2007]; see also [Yang 2013; Kwon and
Ozanski 2022; Colombo et al. 2020, Theorem 2.3]. Colombo et al. [2020] also showed a bound on the
box-counting dimension of the singular set

dp(S' N (R x [t, 00))) < §(—8a> — 20 + 15) (1-2)

for every ¢ > 0. We note that this bound reduces to 0 at o = % and converges to % as o — 17, which is the
bound that one can deduce from the classical result of [Caffarelli et al. 1982]; see [Robinson and Sadowski
2007] or Lemma 2.3 in [Ozanski 2019] for a proof. We note that this bound (for the Navier—Stokes
equations) has recently been improved by [Wang and Yang 2019] (to the bound dp(S) < %)

Here, we build on the work of [Katz and Pavlovi¢ 2002], as their ideas offer an entirely different
viewpoint on the theory of partial regularity of the Navier—Stokes equations (or the Navier—Stokes
equations with hyper- and hypodissipation), as compared to the early work of Scheffer [1976a; 1976b;
1977; 1978; 1980] and the celebrated result of [Caffarelli et al. 1982], as well as alternative approaches of
[Vasseur 2007; Lin 1998; Ladyzhenskaya and Seregin 1999] and numerous extensions of the theory, such
as [Colombo et al. 2020; Tang and Yu 2015; Kwon and Ozanski 2022]. Instead it is concerned with the
dynamics (in time) of energy packets that are localised both in the frequency space and the real space R,
and with studying how these packets move in space, as well as transfer the energy between the high and
low frequencies. An important concept in this approach is the so-called barrier (see (3-23)), which, in a
sense, quarantines a fixed region in space in a way that prevents too much energy flux entering the region.
This property is essential in showing regularity at points outside of the singular set.

In order to state our results, we will say that u is a (global-in-time) Leray—Hopf weak solution of (1-1) if

(i) it satisfies the equations in a weak sense, namely
! 2 2
[ ] (o A Pu (=8 Pyt - Vyu-g) = [uo-o— [u)-o)

holds for all # > 0 and all ¢ € C5°([0, 00) x R3: R?), with div ¢ (s) = 0 for all s > 0 (where we wrote
[= fw for brevity),

(i) the strong energy inequality,
t
u@)? + / 1(=A)*u(T)|? de < Lfuts)|? (1-3)
S

holds for almost every s > 0 (including s = 0) and every 7 > 5. Here || - || denotes the || - || 2(r) norm.

We note that Leray—Hopf weak solutions admit intervals of regularity; namely for every Leray—Hopf
weak solution there exists a family of pairwise disjoint intervals (a;, b;) C (0, 0o) such that u coincides
with some strong solution of (1-1) on each interval and

24(5—4a)/2a (R \ U(ai’ b )) =0: (1-4)
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see Theorem 2.6 and Lemma 4.1 in [Jiu and Wang 2014] for a proof. This is a generalisation of
the corresponding statement in the case o« = 1 (i.e., in the case of the Navier—Stokes equations); see
Section 6.4.3 in [Ozarski and Pooley 2018] and Chapter 8 in [Robinson et al. 2016].

Given ug € L*(R?) with div uo = 0 there exists at least one global-in-time Leray—Hopf weak solution
(see Theorem 2.2 in [Colombo et al. 2020], for example). We denote by S the singular set in space of u
at single blow-up times, namely

S = U S, (1-5)
where
Si={xe R3 : u is unbounded in U x (3(a; +b;), b;) for any neighbourhood U of x}

denotes the singular set. In particular, if x ¢ S then limsup,_, ;- ||u(?)||z~@w) < c¢; for every i and U > x.
The first of our main results is the following.

Theorem 1.1. Let u be a Leray—Hopf weak solution of (1-1) with « € (1, %) and an initial condition
ug € HY(R?), and let ¢ > 0. There exists C > 0 and a family of collections B; of cubes Q C R3 of
sidelength 2=10% sych that

#B; < C 2/ O~date)
foreach j € N, and

S climsup | ] 0. (1-6)

J7 0eB;

In particular, dg (S) <5 —4a.

Here dy stands for the Hausdorff dimension, and we recall that limsup;_, o, G; := (= szk G;
denotes the set of points belonging to infinitely many G;’s. It is well known (see Lemma 3.1 in [Katz
and Pavlovi¢ 2002], for example) that (1-6) implies that dy (S) <5 — 4« + ¢, from which the last claim
of the theorem follows by sending ¢ — 0.

We note that C might depend on &, but it does not depend on the interval of regularity (a;, b;), which
gives us a control of the structure of the singular sets ; that is uniform across blow-ups in time of a
Leray—Hopf weak solution. This is an improvement of the result of Katz and Pavlovié¢ [2002], who
obtained such control for a given strong solution, and so for each interval of regularity (a;, ;) of a
Leray—Hopf weak soluti_on their result implies existence of C; > 0 such t_hat Si Climsup;_, U 0eB 0
for some collections BJ(.I) of cubes of sidelength 2770+ satisfying B}’) < C;2/G=4+) for all j. One
could therefore expect that the constants C; become unbounded as i varies (for example in a scenario of a
limit point of the set of blow-up times {b;}), and Theorem 1.1 shows that it does not happen.

We note, however, that Theorem 1.1 does not estimate the dimension of the singular set at the blow-up
time which is not an endpoint b; of an interval of regularity (but instead a limit of a sequence of such b;’s).
In other words, if x € §, U > x is a small open neighbourhood of x and {(a;, b;)}; is a collection of
consecutive intervals of regularity of u, we show that supy (4, 4+5,)/2,6) [l = ¢i < 00, but our result
does not exclude the possibility that ¢; — 0o as i — oo. It also does not imply boundedness of |u(?)|
at times ¢ near the left endpoint a@; of any interval of regularity (a;, b;). These issues are related to the
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fact that inside the barrier we still have to deal with infinitely many energy packets (i.e., infinitely many
frequencies and cubes in R?). Thus, supposing that the estimate on the energy packets inside the barrier
breaks down at some ¢, we are unable to localize the packet (i.e., the frequency and the cube) on which
the growth occurs near ¢, unless ¢ is located inside an interval of regularity; see Step 1 of the proof of
Theorem 3.7 for details.

The proof of Theorem 1.1 is inspired by the strategy of the proof of [Katz and Pavlovi¢ 2002], which
we extend to the case of Leray—Hopf weak solutions and we use a more robust main estimate. The main
estimate controls the time derivative of the L norm of the Littlewood—Paley projection Pju combined
with a cut-off in space (the energy packet); see (3-2). We show that such norm is continuous in time
(regardless of putative singularities of a Leray—Hopf weak solution), which makes the main estimate
valid for all ¢ > 0. Inspired by [Katz and Pavlovi¢ 2002], we then define bad cubes and good cubes (see
(3-15)) and show that we have a certain more-than-critical decay on a cube that is good and has some
good ancestors. We then construct B; as a certain cover of bad cubes and prove (1-6).

Our second main result is concerned with the box-counting dimension. We let

s = Jsi. (1-7)

i<k
Theorem 1.2. Let u be as in Theorem 1.1. Then dg(S®) < %(—160{2 + 16« 4 5) for every k € N.

We prove the theorem by sharpening the argument outlined below Theorem 1.1. We recall that the
box-counting dimension dp is concerned with covering the given set by a collection of balls of radius r,

dp(K) := limsupw, (1-8)
r—0 - log r
where N (K, r) denotes the minimal number of balls (or boxes) of radius r required to cover K. In this con-
text, one can actually use the families B; from (1-6) to deduce that dp (S ®)y < é(—64oz3 +9602 —48x+35)
for every k, which we discuss in detail in Section 4. This is however a worse estimate than claimed in
Theorem 1.2.

In fact, in Section 4 we improve this estimate by constructing refined families C; that, in a sense, give a
more robust control of the low modes, which reduces the number of cubes required to cover the singular
set and hence improve the bound on dp(S®). See the informal discussion following Proposition 4.1 for
more insight about this improvement.

We note that we can only estimate dp(S &)y (rather than dg(S)) because of the localisation issue
described above. To be more precise, for each sufficiently small § > 0 we can construct a family of cubes
of sidelength § > 0 that covers the singular set when ¢ approaches a singular time, and that has cardinality
less than or equal to § (~160+16a+5)/3+¢ for any given ¢ > 0. This family can be constructed independently
of the interval of regularity, but given x outside of this family we can show that the solution is bounded
in a neighbourhood of x if the choice of (sufficiently small) § is dependent on the interval of regularity.
This gives the limitation to only finite number of intervals of regularity in the definition of S®).

We note that the result of [Colombo et al. 2020] is stronger than our result in the sense that it is
concerned with the space-time singular set S’ (rather than the singular set S in space), it is concerned
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with the parabolic Hausdorff measure of S’ (rather than merely the bound on dp (S”)) and its estimate of
dp(S") is sharper than our estimate on dp(S;).

However, our result is stronger than [Colombo et al. 2020] in the sense that it applies to any Leray—Hopf
weak solutions (rather than merely suitable weak solutions). In other words we do not use the local energy
inequality, which is the main ingredient of [Colombo et al. 2020]. Also, our approach does not include
any estimates of the pressure function. In fact we only consider the Leray projection of the first equation
in (1-1), which eliminates the pressure. Furthermore, our approach can be thought of as an extension of
the global regularity of (1-1) for o > %. In fact, the following corollary can be proved almost immediately
using our main estimate; see Section 3F.

Corollary 1.3. If « > f—1 then (1-1) is globally well-posed.

We also point out that our estimate on the box-counting dimension, dg(Sg) < %(—160{2 + 16a + 5),
converges to % as a — 17, just as (1-2).

Finally, we also correct a number of imprecisions appearing in [Katz and Pavlovi¢ 2002]; see for
example Remark 3.4 and Step 1 of the proof of Theorem 3.7.

The structure of the article is as follows. In Section 2 we introduce some preliminary concepts
including the Littlewood—Paley projections, paraproduct decomposition, and Bernstein inequalities, as
well as a number of analytic tools that allow us to manipulate quantities involving cut-offs in both the real
space and the Fourier space, which includes estimates of the errors when one moves a Littlewood—Paley
projection across spatial cut-offs and vice versa. We prove the first result, Theorem 1.1, in Section 3. We
prove Corollary 1.3 in Section 3F and we prove the second result, Theorem 1.2, in Section 4.

2. Preliminaries

Unless specified otherwise, all function spaces are considered on the whole space R In particular
L?:=L*(R?). We do not use the summation convention. We will write 9; := Oy, B(R):={x¢€ R3:|x| <R},
[ = fgs-and |- [l :== Il - | Lo(m3)- We reserve the notation | - || for the L? norm, that is, || - || := || - ||2.

We denote any positive constant by ¢ (whose value may change at each appearance). We point out
that ¢ might depend on u( and «, which we consider fixed throughout the article. As for the constants
dependent on some parameters, we sometimes emphasise the parameters by using subscripts. For example,
Ck,q 18 any constant dependent on k and q.

We denote by e(j) (a j-negligible error) any quantity that can be bounded (in absolute value) by
cx2~%J for any given K > 0.

We say that a differential inequality f’ < g on a time interval [ is satisfied in the integral sense if

f@® < f(s)+ /tg(r) dt foreveryt,s €l witht >s. (2-1)

We recall that Leray—Hopf weak solutions are weakly continuous with values in L2 Indeed, it follows
from part (i) of the definition that

/ u(t)g is continuous for every ¢ € CS°(R?) with dive = 0.
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This is also true if div ¢ # 0, as in this case one can apply the Helmholtz decomposition to write ¢ = ¢+V 1,
where div¢ = 0 (then f u(t)¢ is continuous and f u(t)Vyr = 0 since u(t) is divergence-free). Thus,
since part (ii) gives that {u(¢)},;>¢ is bounded in L? weak continuity of u(t) follows.

2A. Littlewood—Paley projections. Given f € L'(R?), we denote by f its Fourier transform, i.e.,
f@® = [ foe? i Sar, te®,

and by f its inverse Fourier transform, i.e., f (x):= f (=x). Let h € C*°(R; [0, 1]) be any function such
that #(x) =1 forx < 1 and h(x) =0 for x > 2. We set p(x) := h(|x|) — h(2|x]), where x € R3, we let

pi(§):=p2778) forjez, (2-2)
and we let P; (the j-th Littlewood—Paley projection) be the corresponding multiplier operator, that is,

Bif(&) = pi(&)f (&)

By construction, supp p; C B(2/ +1y\ B(2/~!). We note that Z ez pj =1, and so formally ) jez Pj=1d.
We also define
Jj+2 Jj+2
=P Z Pi, Pi_4j42:= Z Py, P<j:= Z P, P —ZPk, (2-3)
k=j—-2 k=j—4 k=—00
and analogously for p;, pj_4 j+2, p<j, p>j. By a direct calculation one obtains that
i) =2"p@2'y) (24)
for all j € Z, y € R®. In particular lpjlli = ¢ and so, since P;jf = p; * f (where “x” denotes the
convolution), Young’s inequality for convolutions gives
[ Pjully = cllullg (2-5)
for any g € [1, oo]. Moreover, given K > 0 there exists cx > 0 such that
5] < ek @y 72V, (2-6)
18; B () < cx (27 |y 2K 2% 27

forall jeZ, y#0andi=1,2,3. Indeed, the case j = 0 follows by noting that
627Ti)"§ — (_4n2|y|2)—KA§e2ﬂiy~§
and calculating

B = | [ p©@™ de| = dmly) X [ A p@)e v de| < exly [ 18K pl=exly "

(and similarly |9; p(y)| < ck]| y|~2K), where we have integrated by parts 2K times, and the case j # 0
follows from (2-4). Using (2-6) and (2-7) we also get

9l La(Bayy < Ci.q(d27)~2K+3/423i@=D/4 (2-8)
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and
18; Pl LaBay) < Ci q(d2?)~2K+3/4 27 0Hnta=D/a) (2-9)

respectively, forany K >0, d >0,i=1,2,3, j€Zand g > 1. Indeed

Lo 1By < Cie 279K [ 32Ky = C 274K g 2K,
RAB(@) lyl=d

from which (2-8) follows (and (2-9) follows analogously). We note that the same is true when p is
replaced by any compactly supported multiplier.
Corollary 2.1. Let 1 € Cgo(RS) and, given j € Z, set A;(§) 1= M27/E). Then, given d > 0,

||):j l2®3\B@)) < cg2 1GR3 g2KA3/2,

We will denote by T the Leray projection, that is,

TF&) = (1 5@’5) i

-2\, (2-10)
&2
where f :R3 — R3 and I denotes the 3 x 3 identity matrix.

2B. Bernstein inequalities. Here we point out classical Bernstein inequalities on R3:
1P fllg < e 2 YP=VD P £, (2-11)
1P<j fllg < c2YWP=VD NP f) (2-12)

for any 1 < p < g < co. We refer the reader to Lemma 2.1 of [Bahouri et al. 2011] for a proof.

2C. The paraproduct formula. Here we briefly describe the Bony decomposition formula, that is, we
concern ourselves with a structure of a Littlewood—Paley projection of a product of two functions, P;(fg).
One could obviously write f =), _, Pxf (and similarly for g) to obtain that

Pi(fe) = PJ-( Y P ng>. (2-13)
k.meZ
However, since functions p;, p; have pairwise disjoint supports for many pairs j, k € Z, one could
speculate that some of the terms on the right-hand side of (2-13) vanish. This is indeed the case and

Pi(fg) =P <Pjizf Pojsg+ P<j_sf Praog+ Pi_ajiof Pirag+ Y Pif Pkizg)
k>j+3

= Pj(Kloc,low + Klow,loc + Kloc + Khh), (2’14)
which is also known as Bony’s decomposition formula. For the sake of completeness we prove the formula
below. Heuristically speaking, Kjoc jow coOrresponds to interactions between local (i.e., around j) modes
of f and low modes of g, Kjow,10c t0 interactions between low modes of f and local modes of g, Kjo to
local interactions and Ky to interactions between high modes; see Figure 1 for a geometric interpretation
of (2-14). We now prove (2-14). For this it is sufficient to show that

Pi(Pif Png) =0 for (k,m) € Ry URyURs, (2-15)
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""" K loc,low k

Figure 1. Sketch of the interpretation of the terms on the right-hand side of (2-14).
The regions R;, R;, R3 (consisting of grey dots) correspond to pairs (k, m) for which
P;(Py f Py,g) vanishes; see the discussion following (2-15).

where Ry, Ry, R3 are as sketched in Figure 1. The Fourier transform of w := P; (P f P,g) is

D) = p; € [ P f )€ —mEE —m)dn.

We can assume that |&] € (271, 2/%1) (as otherwise pj(§) vanishes) and that |n| € (k=1 2k+1y (as
otherwise py(n) vanishes).

Case 1: (k, m) € Ry. Suppose that k > m (the opposite case is analogous). Then j > k + 3 (see Figure 1)
and so
& —nl = |&] — || = 2771 =21 > okF2 _pkHl okl > ol

Thus p;, (& — n) vanishes.

Case 2: (k, m) € R, U R3. Suppose that (k, m) € R; (the case (k, m) € Rs is analogous). Then m > k+3
and m > j 4 3 (see Figure 1) and so

& —nl <&+ Inl <2+ + 25 <2.2m 2 =0l
Hence p,,(§ —n) vanishes as well, and so (2-15) follows.

2D. Moving bump functions across Littlewood—Paley projections. Here we show the following:

Lemma 2.2. Let ¢1, ¢ : R3 — [0, 1] be such that their supports are separated by at least d > 21. Then

g1 P (d2f)lly < cx(@2) K3 £,
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forallge[l,o0], jeZ, K>0and f € Lq([R{3). Furthermore, if |V¢,| < cd! then

161 P92V Pllg < cx @2)) 2327 £l
We will only use the lemma (and the corollary below) with ¢ =2 or g = 1.

Proof. We note that
91PN =h1) [ (e = )20 f () dy
supp ¢»
=910 [ Sy = )20 () dy (2-16)
supp ¢»
since the supports of ¢y, ¢, are at least d apart. Thus using Young’s inequality for convolutions

61 P; (D2 H)llq < 1511 By ld2f llg < ek (@223 £1l,

for any K > 0, where we used (2-8). This shows the first claim of the lemma. The second claim follows by
replacing f by V f in (2-16), integrating by parts, and using Young’s inequality for convolutions to give

1P (d2V fllg < cllVPillLr sy ld2f llg + 15 1L By I Vo2 £l
< cx d2)) K327 £,

where we also used the assumption that |V¢,| < cd™! < c2/. O

In fact the same result is valid when P; is replaced by the composition of P; with any 0-homogeneous
multiplier (e.g., the Leray projector).

Corollary 2.3. Let M be a bounded, 0-homogeneous multiplier (i.e., W E)=m() f (&), where m(A&) =
m (&) for any A > 0). Let ¢, ¢ : R3 — [0, 1] be such that their supports are separated by at least d > 27/,
Then

1 M P;($2V )l < cx (@29) K327 £11,

forallqg e[1,00], j€Z, K >0and f € L1(R%).

2E. Moving Littlewood—Paley projections across spatial cut-offs. We say that ¢ € C8°([R3) is a d-cutoff
if diam(supp ¢) < c¢d and |D'¢| < ¢;d~" for any I > 0.

We denote by e, (j) any quantity that can be bounded (in absolute value) by cx2% (d2/)°~X for any
given K > 0. The point of such notation is that it will articulate the dependence of the size of the error in
our main estimate (see Proposition 3.1) on both j and d.

In this section we show that, roughly speaking, we can move Littlewood—Paley projections P; across
d-cutoffs as long as d > 27/

Lemma 2.4. Given a d-cutoff ¢, q € [1, oo] and multiindices «, B, with |B], |o| < 3,

I(1 = P)D*(@P;DP f)lly < eali)I fllg
for every j.
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Proof. We write ¢ = ¢ + ¢», where
¢A>1 é):= X|g|52/‘72¢3(§),

$2(8) 1= Xz 1022 (E).
Note that

@ PP &) = [ 16 —mp; @) PP f)

is supported in |£] € (2/72,2/%2) (as ¢ (&£ —n) is supported in {|& —n| < 2/72} and p; (1) is supported
in {2771 < |n| < 2/*1}). Since p; (&) = 1 for such &, we obtain
¢1P;DP f = P P;D’ 2-17)
and so it suffices to show that
I(1 = P)D*(¢2PiDP f)llg < ea(DIf g
We will show that
D@21 < ea(j) (2-18)

for every || < 3. Then the claim follows by writing

11— P)D*@2PiDP f)llg < > 1D 2P DM £,

a)tor=a

< Y DGl DT £
a1+or=a

< > 1Dl - 2% fllg < ea(DIf -
o [<3

In order to see (2-18) we first note that
[ 200625 x|
= clg @) | [ gatnaKe e dy

=C|§||a\(4n2|gl2)—K‘/‘AK¢2(x)e—2ﬂix~§ dx‘ < CK|S|_2K+Ia‘d_2K+3-

D% ()] < cl&

Thus
| D*@all1 = Cf D (&)] < ch*ZK“/ . &K Hl = ¢ 237 (g27)"2K+3,
|§]>2/ |52/
which gives (2-18). .

Similarly one can put the Littlewood-Paley projection “inside the cutoff”. In this case one can prove
a statement similar to Lemma 2.4, but, since we will only need a version with no derivatives, we state
a simplified statement.

Corollary 2.5. Given a d-cutoff ¢, || Pj(¢(1 — Pjx2) f)Il < eq(j) forevery j.
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Proof. The claim follows using the same decomposition as above, ¢ = ¢; + ¢,. Since
61— P f&) = [ d1(5 =) (1= pya(n) f () .

we see that (since || € (—o00, 2/72) U (2/12, 00)) either || > |n| — | —n| > 2772 — 2772 > 2i*1 or
€] < Inl+1& —nl <2/724+2/72=2/~1 In any case p;(£) =0 and so P;(¢1(1 — P;) f) = 0. The part
involving ¢, can be estimated by e;(j) using the same argument as above. O

2F. Cubes. We denote by Q any open cube in R’ Given a > 1, we denote by a Q the cube with the
same centre as Q and a times larger sidelength. We sometimes write Q(x) to emphasise that cube Q
is centred at a point x € R>. Given an open cube Q of sidelength d > 0, we let o € C° (R3; [0, 1]) be
a d-cutoff such that

po=1o0nQ, supppoC 20, and [Vi¢glo <Crd™ . (2-19)
Note that
E[¥ g0 (8)] < cxd®™* for & e R, (2-20)

which can be shown by a direct computation.

2G. Localised Bernstein inequalities. 1f Q is a cube of sidelength d > 27/ then

lpo P flly < 22D g0 P FIl +ea(DI f g, (2-21)

due to Lemma 2.4 and the classical Bernstein inequality (2-11).

2H. Absolute continuity. Here we state two lemmas that will help us (in Step 1 of the proof of
Proposition 3.1) in proving the main estimate for Leray—Hopf weak solutions.

Lemma 2.6. Suppose that f : [a, bl — R is continuous and such that f' € L'(a, b). Then
t
fO=rf@+ [ @
N
foreverys,t € (a,b).
Proof. This is elementary. U

Lemma 2.7. Ifu(x, t) is weakly continuous in time on an interval (a, b) with values in L>(R>) then Piu
is strongly continuous in time into L>(2) on (a, b) for any bounded domain Q C R>

Proof. We note that

2
1Pty = P2y = [[| [ 10 =@ —uty ) dy| ar.

Weak continuity of u(¢) gives that the integral inside the absolute value converges to 0 as ¢t — s (for any
fixed x). Furthermore it is bounded by

15 IHu@) —u(s)ll < cj,
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where we used the Cauchy—Schwarz inequality and the fact that u is bounded in L? (a property of
functions weakly continuous in L?). Since the constant function cjz is integrable on €2, the claim of the

lemma follows from the dominated convergence theorem. (|

3. The proof of the main result

In this section we prove Theorem 1.1; namely we will show that dy (S) <5 — 4o, where S is the singular
set in space of a Leray—Hopf weak solution (recall (1-5)). We will actually show that

da(S) <5—4a+=¢

for any
¢ € (0, min(3 (4o —4), 55)). (3-1)

We now fix such ¢ and we allow every constant (denoted by “c”) to depend on ¢.

We say that a cube Q is a j-cube if it has sidelength 27/(!=), The reason for considering such “almost
dyadic cubes” (rather than the dyadic cubes of sidelength 27/) is that e;(j) = e(j) for d = 2-Jj(1-#)
(which is not true for d = 27/). We say that a cover of a set is a j-cover if it consists only of j-cubes.
We denote by S;(€2) any j-cover of Q2 such that #S;(2) < c(% diam(Q)‘j(l_s)f.

Moreover, given a j-cube and k € Z, we denote the k-cube concentric with Q by Oy, that is,

Oy i= 2=k (1-e) 0.
3A. The main estimate. Given a cube Q and j € Z we let

ug,j:=llgoPull

and we write
J+2
Ug 2= Y gk

k=j—2

We point out that u ¢ ; is a function of time, which we will often skip in our notation.
We start with a derivation of an estimate for u o ; for any j € Z and any cube Q of sidelength d > 16-27/.

Proposition 3.1 (main estimate). Let u be a Leray—Hopf weak solution of the hyperdissipative Navier—
Stokes equations (1-1) on the time interval [0, 00) and let d > 16 -27J. Then ug,j is continuous on
[0, 0c0) and

d » 2aj 2 j 3k/2
0. < —e2up jreug (Pusop i Y, 2 umoisonk
0j<k<j-5
2003 1 g 232N 2N, /2’k>+ediss+Zed(k)
k>j+1 k>0j
= —Gisstcug, j(Giow,loct+Gloc+Ghn)+ediss+evi+ Z eq(k) (3-2)

k>6j
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is satisfied in the integral sense (recall (2-1)) for any cube Q of side-length d and any j € Z, where

0:=2Qa—1-¢) (3-3)
and

ediss 1= ¢ 22 (dzj)_ll"%Q/Z,jj:Z’

. 20jn—¢ej,,2
€yl .=C2 OUZ /M3Q/2,jj:2

Here max(Qk, %Q) denotes the larger of the cubes Oy, %Q, and Ggiss should be thought of as the
dissipation term, Giow.10c the interaction between low (i.e., modes k < j —5) and local modes (i.e., modes
Jj £2), Gioc the local interactions (i.e., including only the modes j +4) and Gy, the interactions between
high modes (i.e., modes k > j).

The role of the parameter 6 is to separate the “very low” Littlewood projections from the “low”
Littlewood—Paley projections. That is (roughly speaking), given j € N we will not have to worry about
the Littlewood—Paley projections P, with k < 6 (i.e., they will be effortlessly absorbed by the dissipation
at the price of the error term e,; (“v1” here stands for “very low”); see (3-12)—(3-13) below for a detailed
explanation), which is the reason why such modes are not included in Giow 1oc- In fact Giow 1oc is (roughly
speaking) the most dangerous term, as it represents, in a sense, the injection of energy from low scales to
high scales, and we will need to use Ggjss to counteract it; see Step 5 in the proof of Theorem 3.7.

The error term eqiss appearing in the estimate is the error appearing when estimating the dissipation
term, and it cannot be estimated by e, (j). Its appearance is a drawback of the main estimate, but in our
applications (in Theorems 3.3 and 3.7) it can be absorbed by G ggs.

Proof of Proposition 3.1. Recall (1-4) that a Leray—Hopf weak solution admits intervals of regularity.

Step 1: We show that it is sufficient to show (3-2) on each of the intervals of regularity.
On each interval of regularity (a, b) we apply the Leray projection (recall (2-10) to the first equation
of (1-1) to obtain
u+ (=) *u~+T[(u-V)u] =0.

Multiplying by Pj(¢2Q P;u) and integrating in space we obtain (at any given time)

1d
D= —/ (—A)u Py(¢3 Pju) — / Tl - V)ul P (3 Pu) =: 1 +J.
We note that 7, J € L'(0, T) for every T > 0. Indeed, by brutal estimates

17| = }/¢QP,~T[(M.V)M]¢§PJ-M‘
< 1P T Vyullli | Pjullos < cllull|Vull - 2372 Pjul| < ¢ 2%7/%||Vu|

(where we used Bernstein inequality (2-11) in the third line), which is integrable on (0, T') for every
T > 0. That I € L'(0, T) for every T > 0 is a consequence of Step 2 below. Thus, since u(t) is weakly
continuous with values in L? (recall Section 2), Lemma 2.6 gives that (3-2) is valid (in the integral sense)
on [0, c0).

Thus it suffices to show that / 4+ J can be estimated by the right-hand side of (3-2).
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Step 2: We show that I < —Ggiss + ediss + eq4(j). (Note that this gives in particular that I € L'(0, 00),
since (trivially) u g ; < ¢ for every cube Q' and every j.)
We write

I = _/¢Q(—A)“Pju b0 Piu
= —[ (—A)* Py (¢ Pju) po Pju — / (=AY (1 = P)) (o Pju) o Pju — / (b0, (—A)*1Pju g Pu
=L+ hL+15.

Note that, due to the Plancherel theorem
I=—c [P0 d < =2 [ 1561 s
= —c22“j/1’5jv-v = —c22°‘ju2Q’j +022“j/(1 — E)v v
<=2y} 421 — P)v| = —Gaiss +ea (),

where we wrote v := ¢ Pju for brevity, and we used the fact that ||v|| < ¢ (recall (1-3)) in the last line,
as well as Lemma 2.4 in the last equality.

Step 2.1: We show that I, < e;(j).
We write

L < [(=A)*(1 = P)) (o Piu)lug.j,
and we will show that

I(=2)*(1 = P ($g Pyu)l| < ea(j). (3-4)

(This completes this step as ug ; < c, as above.) Indeed, (3-4) follows in a way similar to Lemma 2.4 by
taking the decomposition

b0 = P1+ P2,

where

$1(£) == X|§|§2/’—2‘13Q($),
$2(E) := Xjg1=2i2h0 (&)

We see that ¢ Pju = F’, (¢1 Pju) (because of the supports in Fourier space, see (2-17)) and so it is sufficient
to show that

1(=A)*(pa Pju) || < ea())
(since ||1 — ﬁ; || < 1). Since the Fourier transform of (—A)% (¢, Pju) is
cle* [ 2 — ) p;j(mia(n) dy
<cf 16 —nl$2(E — mp;mam|dn+c | m**1a(E —n)p;(mia(n)|dn,

we obtain

1M @Bl < ellall f - IEPIB2E) 148 +elldollill (- AP Prull < ea()),
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where we used the Plancherel theorem, (2-18) and the fact that ||| - |20‘$2( 1 <eq(j) (which follows in
the same way as (2-18)).

Step 2.2: We show that I3 < egiss + €4 ().
We have

I3 < |ll¢g, (=A)*1Pjullug,;.
For brevity we let v := Pj(¢30,21), ¢ := ¢ and
=[¢, (=A)]v.

We will show below that
1W< c2*(d2))  usgp, +ea (),
and we will show in Step 2.2c that

W =Illlg, (—A)*1Pjull +ea()), (3-5)
from which the claim of this step follows (and so, together with Step 2.1, finishes Step 2). Since
WE) =c / (Inf** = 1EP*)(E — n)d(n) dn,
we can decompose W by writing [ = fln_glfzj,3 + fln_$|>2j,3, that is,

W =W +W,,

where

Wi =cf 0P = EPdE —min dn

Wa@)=cf P —1EPOGE — i d

We will show (in Step 2.2b below) that || W2 || < e4(j). As for Wy, since supp p; C {[n] € (2/71, 2/},
note that
supp Wi C {I&] € 2/7%,27%%). (3-6)

Setting f(z) := z% and expanding it in the Taylor series around |& |> we obtain

(k)
e — g Zf U 1y ket + L0 2 — ey,

where z( belongs to the interval with endpoints |5|> and |£]? (and so in particular zo € [2%/ 4, 22/+4]).
Writing \
> —1€17 =) i — &) + &)
i=1
and taking the k-th power we obtain
4

P =g =Y afP@) D g —&PnE,

k=1 |BI=k. [y1|+ly2l=k
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where z = |£|? (for k < 3) or z = z¢ (for k = 4). Thus, noting that | f® (z)| < ¢ 2/C*=2k)

3
W@l < 1fPEn Y g
k=1

|BI=k, [y1|+ly2l=k

+c Z |§||V2|

[B1=4, lyil+ly2l=4

<c 23: Z 27 Qu=2k+12))

k=1 |Bl=k, lyil+ly2|=k

[ &=l — oo dn|
[n—§1<2/7"

/IU—SIQH F© o) E —mPP&E —mn" () dn

[ = feE —mn e dn|
In—§1=<2/~

T s 18 —mdm)ldy

3
< CZ Z 2j(2a—2k+\V2|)|5B/¢;D\V|U(§)|

k=1 |BI=k, lyi|+|r2l=k

4 23: Z 2J Qa=2k+]y2])

k=1 |Bl=k. [yi|+ly2l=k

[ &= P& = a dn
In—§|>2/

+ 2/ € nl*l¢E —mD ()] dn

3
=cy ), YD IDPYDYv(E)| + Emry () + Emy(6).

k=1 |Bl=k, Iyil+Iy21=k

We will show below (in Step 2.2a below) that
[Erry ||, [Erra |l < € 2°%(d 27) " us g2, ja2 + €a ().

This, together with the Plancherel identity gives

3
Wi <e) Yo e PP DY | + 22 (d 2 usg ). 2+ €a())
k=1 |BI=k, [yil+ly2l=k
3

<c Y 229 d2) vl 422 (d ) usgpa. jr2 + ea (i),
k=1

where we used the facts that |VE¢| < cd~* for k = 1,2, 3, and | D" v|| < c2/72|v] (by applying
Lemma 2.4). Since d > 2~/ and

oIl < g3/ Pjuell +ea(j) = usgpo,j2 + ea(j)
(where we applied Corollary 2.5), we thus arrive at
IWill < 2% 2)) usg )2, j+2 + ea (),
as required.

Step 2.2a: We show that ||Erry || < e4(j) and ||Erra|| < ¢ 22%(d 2/) Yus g2, jaa + e€a ().
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‘We focus on Err; first. We have

3
Err(§) = ¢ Z Z 0J Qa=2k+|y2)

k=1 "|Bl=k, lyil+ly2l=k

[ &= eE — "o dn
In—§1>2/

3
<ey DO [ el —mieidn

k=1
<2k e IdE =m0 dn
In—§1>2/
<ex CRK [ el dy
In—§|>2/
i Qa—1 iN(1—K 4 172
<ex @@ O(f e -y~ dy)
In—g|>2/73

for every K > 3, where we used (2-20) in the fourth line as well as the Cauchy—Schwarz inequality, (2-2)
and the fact that ||v]| < ||u|| < ¢ (recall (1-3)) in the last line. Thus Err; (£) < e4(j) for every £ € R3, and
hence (since |&] < 2/%2) also ||Erry || < eq(j).

As for Err, we write

Erry (&) = ¢ 27«9 / & —nl*1p(E — )| dy

In—&|<2/=3

<2/ Hg! HOIL;
In—§|<2/

<2/ 3@y )|

= ¢ 2/ (@ 2)) | Pghsg ol

<203 (d 2wz g0 a0 +ea( ),
where we used (2-20) in the second line, the Cauchy—Schwarz inequality (as above) in the third line, and
Corollary 2.5 in the last line. Thus

IErra || < ¢2%(d 2)) w3, ja2 + ea (),
as required.

Step 2.2b: We show that || W>|| < ez (j).
Indeed, since |£|%* < ¢|n|** + c|€ — n|**, we obtain for any K > 2«

W26)] =| S P = P90 — o) d|
<cf PG —mieldnte | g —nlIdE —mdm)dy
In—§1>2/" In—§1>2/"

<@ [ 1E =0l ¥ 1B —mdm)] dn,
In—§[>2/
where we used the inequality 1 < cx|€ — n|X27/X, as well as || < ¢ 2/ inside the first integral in the

second line and the inequality 1 < cg|& — n|K—2¢27/(K=29) ingide the second integral. Thus, using the
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Plancherel identity and Young’s inequality for convolutions

IWall = W2l < ex 2’0 v]] [ sl igmidn
o2

<cg2 T I F g I~ dny
[n]>2/7"

< Csz(ZOl—K)d—(K-i—l) . |n|—4 dn
[nl>27

as required, where we used (2-20) in the third inequality.

Step 2.2¢c: We show that ||[¢, (—A)*]P;(1 — ¢30/2)ull < eq(j). (This implies (3-5).)
Indeed, letting (for brevity) w := (1 — ¢30/2)u and g;(§) := |E|2"‘pj (&), we can write

¢ (—A)* Pyw(x) = ¢<x>/{ G (x — y)w(y) dy,

|x—y|=d/3}

as in (2-16). Thus, since [|gjll.1(p@/3)) < ea(j) (as in (2-8)), we can use Young’s inequality for
convolutions to obtain

o (=2)* Piwll < lIgjll 1 s lwll < ea(j)- (3-7)
On the other hand
I(=A)*@Pw) | < I(=8)* By (@ Pyw) + |(=A)* (1 = P) (@ Pyw)|
< c 2 pPjwl +ea()) < ea()),
where we used (3-4) (applied with w instead of u) in the second line and Lemma 2.2 in the last line. This
and (3-7) prove the claim.

Step 3: We show that J < cug_ ;(Giow,loc + Gloc + Ghn) + ey + Zkzej eq (k). (This together with Step 2
finishes the proof.)
We can rewrite J in the form

J =~ [ $oPiTlw-Vyul- @ Piu) ==Y [ $oTiP;(ar S po Py,
i,l,m
where we used the fact that “7,,;” and “P;” are multipliers (so that they commute). (Recall that ?mi &)=
(8mi — En&ilE]72), see (2-10).) We now apply the paraproduct formula (2-14) to P;(u;0;u,,) to write
J = Jloc,low + Jlow,loc + ]loc + tha

where each of Jioc lows Jiow.loc> Jloc. Jhn €quals J except for the term u; d;u,,, which is replaced by the
corresponding combination of the modes of u; and 9Jju,,, as in the paraproduct formula (see (3-8) and
(3-10) below). We estimate Jpp, in Step 3.1 below and Jioc 1ow»> Jlow.loc> Jloc 0 Step 3.2.

Step 3.1: We show that Juy < cug ;G + Zkzj eq (k).
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‘We write

Jhh = — Z/beTmiF’j( Z Pk”lﬁkalum>¢QPj”i

i,l,m k>j+3

<llpoPittlloo Y ‘¢>QTmin > (Peui Pdyun)

1

idm k>j+3

§C23j/2MQ,jZ ¢QTmin Z (Pkulﬁkalum) +6d(])
ilm k>j+3 1

§C23j/2uQ,jZ ¢QTmin¢>§Q/2< Z Pkulﬁkalum> +eq()j)
ilm k>j+3 1

<c2Pug ;3" Ngsgp Pulll93p)n PeVull + ea (i), (3-8)
k=>j+3

where, in the fourth line we applied Corollary 2.3 with f:=)_ k> j+3 Priti Py, and noted that supp ¢ C % 0
is separated from supp(1 — qﬁ; 0 /2) by at least %d . As for the third line, we used Pju = P, Eu, (2-21) and
(2-11) to write

g Pittlloo < 2% ug j+ea() Piullos < c2%ug j +ea(j),

as well as noted that e;(j) multiplied by the (long) L' norm still gives e4(j), since we can brutally
estimate this norm,

‘¢>QTm,~Pj > (P Pedyuy) §||¢>Q||’P,»81Tm,» > (Paw Py
k>j+3 1 k>j+3

<cdPV Py Y (Pau Pat)
k>j+3

< cd**2%i%| p; Z (Peuy Pytty)
k>j+3 1

<cdP2P N | Pay Pag |l < e d*P2 || Pl

k> j+3 k> j+1

< cd3P2IP|u|? < cd¥1?251

for each i, I, m, where we used the Cauchy—Schwarz inequality in the first line, boundedness (in L?) of
the Leray projection (i.e., the fact that |fm,~ (§)] < 1) and the Bernstein inequality (2-11) in the third line,
(2-5) in the fourth line and the Cauchy—Schwarz inequality (twice) in the fifth line.

Noting that

1930,2 PeViell = | Pesa (939, V Pett) | + ea (k)
< Pki2v(¢§Q/2Fk”) | + 2] Pea2 (V302 ¢3Q/2Fku) | +ea(k)
<c2* I|¢32Q/2ﬁku I+ cd ™ usgpea + ea(k)

< c2fuzg 0 140 +ea(k),
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where we used Lemma 2.4 in the first inequality, the fact that || fN’k || <1 and (2-19) in the third inequality,
and the assumption d > 27/ > 27* in the last inequality, we obtain

Jin<c2Pug ;37 2830+ Y ealk), (3-9)
k>j+1 k=j
as required, where we also applied the Cauchy—Schwarz inequality in the first sum.

Step 3.2: We show that Jloc,low + Jlow,loc + Jioc < € ug,j (Glow,loc + Gloc) + eyl + Zkz@j eq(k). (This
completes the proof of Step 3.)

We set
j+2 j+4
U= Bur 3 Poti+ P 3 Py + ( 3 pku,>< ) pkum)
k<j-5 k<j-5 k=j—4 k=j—4
to write
Jioc,low + Jiow,loc + Jloc = — Z /¢QTminalUml¢QR/”i Sug,;j Z ||¢QTminalUm[”

i.l,m i,l,m

=ug; Y N6oTmiPi($30,0Un)l + €a(j)

i,l,m

<cug; Y P30, Un)ll +ea(j)
I,m

<cug,; Z(llpjal(¢§Q/QUml)|| + 311 Py ($30,201930/2Umn) ) + €4 (j)

I,m
<c2ug ;Y 1630Unll +ea(i), (3-10)
I,m
where we applied Corollary 2.3 (with ¢ :=2 and f := U,,;) in the third line, as well as (2-19) (as in the
previous calculation) and the assumption d > 27/ in the last line.
‘We note that for each m, [

30,2 Z Pru

k<j-—5

”¢32Q/2U”11” <2u3g2,j+2 + 9302 Pj+attl|ccU30)2, j+4- (3-11)

(o.¢]

Since we can estimate the above L* norm including the summation by writing

=2t 2
k<j—5 k<0j 6j<k<j-—5
that is,

+ Z | Pmax(0x,30/2) Prttll oo
o 9j<k=j-5

<l Pegjullcctec D 2*Pumiigisomit Y ealk)
0j<k<j—5 k>6j

<c2% ¢ Z 2% Y max0r.30/2) % + Z eq(k), (3-12)
0j<k<j—5 k>0j

$30)2 Z Pru

k<6j

302 Z Pru

k<j-5

=

o0
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where we used the localised Bernstein inequality (2-21) in the second line (note that taking max(Qx, 3 Q)
is necessary since only then can we guarantee that the sidelength of such cube is greater than 27, as
required by (2-21)) and the Bernstein inequality (2-12) in the last line, we can plug it in (3-11) to get

||¢§Q/2Uml | < cusgp.j+22°"* + cusgp jan Z 2% 2y30pk +c 231/2u§Q/2’ji4 + Z eq(k),
0j<k<j-5 k>0

where we used the assumption d > 27774 to apply the localised Bernstein inequality(2-21) again. Inserting
this into (3-10) and using the fact that %8 =2ua — 1 — &, we obtain

in—cj ' 3
Jioc.tow + Jiow.loc + Jioe < ¢ 22492 EJM%Q/ZJ':EZ +c2lug juzg, j+2 Z 220300k

0j<k<j—5
+c2Pug 13 gt Y ealk),  (3-13)
k>6j
as required (note the first term on the right-hand side the is the “very low modes error”, ey). O

We now constrain ourselves to j-cubes. Given a j-cube Q we will write

Ug :=ug,j
for brevity. The above proposition then reduces to the following.

Corollary 3.2. Let u be a Leray—Hopf weak solution of the Navier—Stokes equations (1-1) on the time
interval [0, 00). Let Q be a j-cube with j large enough so that 25/ > 16. Then

d 2 20j .2 j+3k/2 57/2,,2 3j/24+k, 2
aqu—CZ aqu+ch M3Q/2,j:|:2 Z 2j / qu+2 il u3Q/2,j:t4+ Z 2 il ”3Q/2,k
0j<k<j—5 k>j+1

+c2T T3, o ate(f). (3-14)
Proof. We apply the estimate from Proposition 3.1 (which is valid due to the assumption 2%/ > 16). Since

< ¢ 0JCa—e) 2

Ediss U30/2,j+2

and

Z ed(k) <cg Z 2Ck2€k(C—K) < CK209j+89j(c—K) =e(j),
k>0j k>0j

where K is taken large enough (to guarantee the summability of the geometric series), we arrive at (3-14),
as required. O

3B. Good cubes and bad cubes. We now fix ug € H'(R?) and a Leray—Hopf weak solution with initial
data ug. We say that a cube Q is j-good if

/OO/ Z 22ak|Pku|2 < 2—j(5—4oé+8). (3_15)
070 k>j

We say that a j-cube is good if it is j-good. Otherwise we say that it is bad.
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3C. Critical regularity on cubes with some good ancestors. We show that, for sufficiently large j, good-
ness of a j-cube and some of its ancestors guarantees critical regularity (4-¢) of u o on a smaller cube Q.

Theorem 3.3. There exists jo > O (sufficiently large) such that whenever Q is a j-cube such that j > jy
and each Q_19, k € 0], jl, is good then

ug(t) < 27Ut fhrr 0, T).

Remark 3.4. The above theorem appears in an imprecise form as Theorem 7.1 in [Katz and Pavlovié
2002]." This is related to the somewhat unexpected way in which the dissipation error is handled in
Lemma 6.3 in the same work. This lemma is in fact not needed, and it seems necessary to incorporate the
dissipation error directly into the main estimate (in order to get around the imprecision), as in egjss in (3-2).

Moreover the statement of Theorem 7.1 in [Katz and Pavlovi¢ 2002] suggests that goodness of only
one cube is sufficient for the critical decay, which is not consistent with its proof (which uses goodness
of the ancestors in the third line on p. 375).

Proof. Note that the claim is true for sufficiently small # > 0 since uo € H', so that
|Buoll® = [ pF@lio@)P ds < c27 [ 1P lio(@)I> d& < 27 flugll}yy <2704+

for sufficiently large j, and u(z) remains bounded in H' for small > 0. Suppose that the theorem is
false, and let ¢y be the first time when it fails and Q a j-cube for which it fails. Then

ug(t) <27 UPCHFE for 1 < g, (3-16)
with equality for = #g. Let 11 € (0, 7o) be the last time when ug(f;) < %2_0 [2G—4ete) g0 that
%2_0/2)(5_4‘”8) <ug(t) < 2-UDGA+0)  fort e (11, 1p). (3-17)

Note that, since supp ¢3p/2 C ZTQ C Qj—1 CQj_10and Qj_1p is good,

To to .
/ Z 22aku%Q/2k < c/ / Z 22ak|Pku|2 < 02—/(5—4a+s)’
51 k>7-10 1 JQj-10

k>j—10

and so in particular (recalling that o € (1, %))

to g
/n Wl jag < 271672040 (3-18)
and
1o . 1o .
k. 2 1-2 20k 2 —j(4—20+
L2 Yuigpi=c?t a)/tl D 2 uSg < c27IOTRH), (3-19)
k=j+1 k>j

I The claim following “we must have” on p. 374 does not follow, as the assumption of the proof by contradiction is only on Q,
rather than on every cube in its nuclear family.
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Moreover, since Q19 is good for every k € [6], j], we also have

fo
2 —k(5—2a+¢)
/ uo, <c?2

1

(as in (3-18)), and so
Z 23k < c Z 2—k(2—20l+8) <c 2—j(2—2a+£) , (3_20)
" 0j<k<j-5 0j<k<j—5

where we used the fact that & > 1 and the fact that ¢ > 0 is small (recall (3-1)).2
Applying the main estimate (3-14) between #; and #p (and ignoring the first term on the right-hand
side) and then utilizing (3-18)—(3-20) we obtain

27O = (g (t0)* —ug()?)

1o . . .
= C/ ”Q<21”3Q/2,ji2 Z 23k/zu3Q/2J< +25J/ZM%Q/2,j:I:4+23J/2 Z Zkugg/z,k)
1 0j<k<j—5 k>j+1
. )
20— 2 .
§c2_(j/2)(5_4“+8) (2j2—(j/2)(5—2(x+s)2—(_/'/2)(2—2a+s/2)+25j/22—j(5—2a+s)+23j/22—j(4—2a+e))

4 ¢ 2 Qa—e)y=j(5-20+e)
SC27j(57405+£)(273j6/8+27j£/2+27j£/2+273j6/2)

< ¢ 0—i—date)y=3je/8

where, in the second inequality, we also used the Cauchy—Schwarz inequality and used the inequality
j <c27/%/% as well as absorbed e(j) (by writing, for example, e(j) < ¢ 27/ G~4+2¢) _recall the beginning
of Section 2 for the definition of the j-negligible error e(j)). Thus

1 <c277¢/4,
which gives a contradiction for sufficiently large j. O

3D. The singular set. Having defined good cubes and bad cubes, and observing that we have a “slightly
more than critical” estimate on a cube that has some good ancestors (Theorem 3.3), we now characterize
the singular set S in terms of its covers by bad cubes, and (in the next section) we show a much stronger
(than critical) estimate outside S.
Let A; denote the union of all bad j-cubes. Using Vitali covering lemma we can find a cover A; that
covers A; and such that
#A; < 2/ 04t (3-21)

Indeed, the Vitali covering lemma gives a sequence of pairwise disjoint bad j-cubes Q) such that

A cJso®
1

2The restriction o > 1 is used here, but & > 1 would be sufficient by noting that Zk>6 27ke < ¢27J9¢ Indeed, since 6 > 3
(recall (3-3)), the last inequality of this proof would become 1 <c¢2™ je®=1/2-1/8) Wthh still gives contradiction for large ]
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However, since [,/ |(—A)*?u|* < ¢ (from the energy inequality, recall (1-3)),

ez [[1era©r =Y [ m@lrlier
kez
> e Y2 [T @i P = [T Y2 Pl
k=j k> j
o 20k 2 —j(5—4a+e) )
ZC;/O /Qa);jz | Prutl 2022 J o, (3-22)

where we used the Plancherel identity (twice, in the first and fourth lines), Tonelli’s theorem (twice, in
the second and fourth lines), and the fact that QV’s are pairwise disjoint in the fifth line. Thus

#{l} < Czj(5—40{+8)’

and so A; can be obtained by covering each of 50® by at most 6° j-cubes.

In the remainder of this section we will show that there exists a (larger) j-cover B; of all bad j-cubes
(i.e., of A;) with the same cardinality (i.e., satisfying (3-21), but with a larger constant) and the additional
property that

for any x outside of B; there exists r € (0, 2_10)
such that 9(r Q;(x)) does not touch any bad k-cube for any k > ;. (3-23)

(Recall that Q;(x) denotes the j-cube centred at x.) We will refer to d(r Q;(x)) as the barrier, and to
(3-23) as the barrier property. We first discuss a simple geometric lemma.

Lemma 3.5 (geometric lemma). Let Q = Q(y), Q' = Q'(x) be open cubes with sidelengths 2a, 2b,
respectively. Then
d(rQ) intersects Q' = relrg—b/a,ro +b/al,

where ror > 0 is such that x € 3(rg' Q).

Proof. We will write y := b/a for brevity. We split the reasoning into cases.

Case 1: y€dQ’. Thenry =b/a (see Figure 2 (middle)), and so r > ro' —b/a trivially. Moreover d(r Q)
intersects Q’ if and only if ra < 2b (see Figure 2 (middle)), that is, r < 2b/a =rg + b/a, as required.

Case 2: y ¢ Q'. Then ro > b/a (which is clear by comparison with Case 1), and 3(r Q) intersects Q’
if and only if
roa—b<ra<rga+b

(see Figure 2 (right)), as required.
Case 3: y € Q'. Thenrg < b/a and 9(r Q) intersects Q' if and only if

b—rga<ra<rga-+b

(see Figure 2 (left)). The claim follows by ignoring the first of these two inequalities (and writing
r > 0> rg —b/a instead). O
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Figure 2. Sketch of the interpretation of Lemma 3.5.

We can now construct the j-cover satisfying the barrier property (3-23).

Lemma 3.6. For every j > 0 there exists a j-cover B; of A; such that #8; < c 2/C=4+8) and the barrier
property (3-23) holds.

Proof. (Here we follow the argument from [Katz and Pavlovi¢ 2002, Section 8].) We will find a j-cover
(also denoted by B;) of A; such that

for any j-cube Q outside of B; there exists r € (0, 2710y
such that d(r Q) does not touch any bad k-cube for any k > j. (3-24)

(Here “outside” is a short-hand notation for “disjoint with every element of”.) The barrier property (3-23)
is then recovered by replacing every j-cube Q € B; by 30 and covering it by at most 43 j-cubes. Indeed,
then for any x outside of such set we have that Q;(x) (the j-cube centred at x) is outside of B; and so
the barrier property (3-23) follows from (3-24).

Step 1: We define naughty j-cubes.

We say that a j-cube Q is k-naughty, for k > j, if it intersects more than n2*—/)G—4a+2¢) elements
of A;. Here 1 € (0, 1) is a universal constant, whose value we fix in Step 4 below. We say that a j-cube is
naughty if it is k-naughty for any k > j. (Note that a bad cube is naughty. A good cube is not necessarily
naughty, and vice versa.)

Step 2: For each k > j we construct a j-cover B; i of all k-naughty j-cubes such that
#B; i < o2/ Ot REUR), (3-25)

(Note that B; ; covers all j-naughty j-cubes, and so in particular all bad j-cubes.)
Let Q) be any k-naughty j-cube. Given QWV, ..., 0® let QU*D be any k-naughty j-cube that is
disjoint with each of 30, ..., 30®. Note that then 30", ..., 30? contain all elements of A; that
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oW, ..., 0¥ intersect. This means that QU*1 intersects at least n 2=/ O —42+28) “peyw elements of Ay
(i.e., the elements that none of OV, ..., O intersect). This means that such an iterative definition can

go on for at most
L= # A~ 2k DE—dat2e) ) —1oj(5—da+e) ge (=)

steps, and then the family {301, ..., 30®)} covers all k-naughty j-cubes. We now cover each of 3Q®"
(I=1,...,L)byatmost 43 j-cubes to obtain B; k. (Note (3-25) then follows from the upper bound on L.)

Step 3: We define B5;.
Let
Bj = U Bj,k.
k=j
By construction, B; covers all naughty j-cubes (and so, in particular, all bad j-cubes) and

#B; < Z#Bj,k < Cn—lzj(5—4a+8) Zza(j—k) =Cn—12j(5—4a+£),
k>j k>j

as required (given 7 is fixed).

Step 4: We show that (3-24) holds for sufficiently small € (0, 1). (This, together with the previous step,
finishes the proof.)

Let O be a j-cube disjoint with all elements of 3;. Let us denote by C*(Q) the collection of k-cubes Q’
(k > j) from Ay intersecting Q. Since Q is not naughty (as otherwise it would be covered by B5;)

#Ck(Q) < nz(k—j)(5—4()l+2€) .

Letrg € (0, 00) be such that 3 (ro’ Q) contains the centre of Q”. Applying Lemma 3.5 with 2a = 2-i=e)
and 2b = 27*1-8) we obtain that

d(rQ) intersects ' = relrg — 20-a(-k) ro + 2= -k,
Thus if fi(r) denotes the number of bad k-cubes that intersect d(r Q) then

fi(r) < Z X[,Q,_2<1fs)(.f—k),rQ,+2<1—s)(.f—k)](V)-
Q'eCk(Q)
Thus

Il fell 10,210y < 24k ()21 =0 < gppea—4=30)(j—k)

and so letting f:=) ;. ; Ji and recalling that o > 1 and ¢ is small enough so that 4o —4 — 3¢ > 0 (see
(3-1)) we obtain
I fllLr,2-10) < Z I fill 21 0,2-10) < €n.
k>j

(This is the only place in the article where we need the assumption o > 1; otherwise o > 1 would be
sufficient.) By choosing 1 € (0, 1) sufficiently small such that cn < 3 271% we see that || |11 9.2-10) <2719,
and so there exists r € (0, 27'9) such that f(r) =0 (recall that f takes only integer values). In other words
there exists r such that d(r Q) does not intersect any element of .4; for any k > j, and so in particular
any bad k-cube. O
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We now let
E :=lim sup U 0.
I gep;
Observe that, since #B; < ¢ 2/ 04+,
dy(E) <5—4a +¢;

see, for example, Lemma 3.1 in [Katz and Pavlovié¢ 2002] for a proof.

3E. Regularity outside E. We now show that for every x ¢ E and every interval of regularity (a;, b;)
there exists an open neighbourhood of x on which u(#) remains bounded (as ¢ € (1 (a; +b;), b;)). This
together with the above bound on dy (S) finishes the proof of Theorem 1.1.

Note that if x ¢ E then for sufficiently large jo

x ¢ Q forany Q € B;, for j > jo.
In particular
x does not belong to any bad j-cube for j > jj (3-26)

(since B; is a cover of all bad j-cubes), and for any j; > jo there exists r =r(x, ji) € (0, 2710y such that
d(r Qj, (x)) does not intersect any bad k-cube with k > j; (3-27)

(by the barrier property, (3-23)). The point is that the barrier can be constructed for any j; > jo. This will
be relevant for us, since in the proof of regularity below we will consider a j-cube with j > j; > jo /6%
Thus we will be able to deal with some of the low modes (k € [0/, j — 5])) using (3-26) and others using
(3-27). Indeed, for such modes we will have “cubes larger than j-cube” (i.e., Qf with k < j) and we will
obtain the critical decay on such cubes by either utilising the barrier property (3-27) (for cubes that are
only “a little bit larger”, see Case 1 in Step 2 for details) or the fact that distant ancestors are large enough
to contain x so that we can use (3-26). As for local and high modes (i.e., k > j —5), we will use the
barrier property (3-27) to obtain critical regularity for cubes located near the barrier, with more and more
regularity on cubes located further away from the barrier towards the interior. In fact we can guarantee an
arbitrary strong estimate for cubes located sufficiently far from the barrier, but we limit ourselves to the
estimate < 27/O—4a+10)/2,

We now proceed to a rigorous version of the above explanation.

Theorem 3.7 (regularity outside E). Let x & E. Given an interval of regularity (a;, b;), there exists ¢c; > 1
and j1 = ji1(c;) € N such that
ug(t) < ¢27IPQ/2 (3-28)

forallt e (%(ai +b;), b,~) and for every j-cube Q C rQj (x), wherer € (0, 2710y is as in (3-27),
p(Q) :=5—4a +min(10, 7;68(Q))
and §(Q) denotes the smallest k € N such that Q;_y intersects 9(r Qj, (x)).

Note that the theorem gives no restriction on the range of j’s, but it is clear from the inclusion
Q CrQj (x) that j > ji +10 (as r <2719),
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Proof. Since u is a strong solution in (a;, b;), it is continuous in time in (a;, b;) with values in H 6 (recall
(1-4)). Thus letting

ci = 1+c|u(3@ + b)) 4o
we see that, for any j-cube Q, uQ(%(ai +bl~)) < ||Pju(%(a,- +b,~))|| < ¢;27% and hence also ug(t) <c;

for some ¢ > %(ai + b;) (due to the continuity of the H 6 norm). Thus the claim remains valid on some
nonempty time interval following %(ai +b;) (since p(Q) <5—4a+10<11).

[T3E 2]

Since the interval of regularity (a;, b;) is fixed, from now on we will suppress the subindex “i”, for
brevity.

We take jo sufficiently large so that (3-26) and the claims of Corollary 3.2 and Theorem 3.3 are valid
(we will let jo even larger below). We let j; be the smallest integer such that

j1 = (o +10)/62. (3-29)
We also note that

if Q'(y) is a k-cube centred at y € rQj, (x) and touching the barrier 9(r Q}, (x))
then Q' is good if k > j. (3-30)

Indeed, if k > j; then Q' is good by the barrier property (3-27). If k < j; then Q" D rQj, (x) > x (as the
sidelength of Q’(y) is more than 210 times larger than the sidelength of 7 Q;, (x) 3 y), and so Q" is good
by (3-26).

Suppose that the theorem is false and let 7y > %(a + b) be the first time when it fails. Then

g (t) < c27%@Y2 forall ¢ € [0, 1] and all k-cubes Q' C rQ;, (x) (3-31)
and there exists a j-cube Q C r Q;, (x) (for some j > 0) such that
ug(tg) >27P(Q/2, (3-32)

We note that the existence of such Q is nontrivial, since there are infinitely many functions u o/ (¢) for

Q' CrQj, (x). In fact one can think of a scenario when all such u '’s remain close to zero until 7y with a

sequence of u o’s growing faster and faster past 7o (in such scenario (3-31) holds but not (3-32)). We verify

in Step 1 below that such a scenario does not happen (i.e., that such Q exists) as long as #( lies inside (a, b).3
We now let 11 € (0, tp) be the last time such that u g (1) = %2_jp(Q)/2. Then

up(t) € [%2_”’(@/2, 2_”’(@/2] for t € [1, tp]- (3-33)
The main estimate (3-14) gives
279 = S (ug(10)*—ug(h)?)

. rh I00) . . .
<-—c 22a]/ u2Q+c/ Uug <2]u3Q/2,ji2 Z 23k/2, Ok +25J/2M§Q/2,j:|:4+23]/2 Z 2ku§Q/2’k)
5 " bj<k=j—5 k=jt1

Io . .
—{—C[ 22a]2_]5u§Q/2yji2+e(j)’ (3_34)
1

3This is the localisation issue that we referred to in the Introduction. This issue was ignored in [Katz and Pavlovi¢ 2002].
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where we omitted the time argument in our notation. Note that we can write

e(j)<c2720

(recall the beginning of Section 2 for the definition of e(j), the j-negligible error), so that it can be
ignored (i.e., it can be absorbed into the left-hand side for sufficiently large j). We will estimate the terms
appearing on the right-hand side of (3-34) in Steps 2—4 below, and we will conclude the proof in Step 5.

Step 1: We verify (3-32).

Letm €N. By definition of # there exists T € (to, to+1/m) and a j-cube Q such that u o (1) > ¢ 27/°(@)/2,
We claim that (3-32) holds for such Q if m is taken sufficiently large. Indeed, if it does not, then
2jp(Q)/2uQ(t0) < 1 for each m, and so

c—1<2POPwg(r) —ugtn)) <2295 P (u(r) — ulto)ll < cllu(r) — uto) 36,

for all m, uniformly in j, and so continuity of « in time (on (a, b)) with values in H 6 gives a contradiction
for sufficiently large m. (Note that, for simplicity, we have omitted the dependence of T and Q on m in
the notation above.)

Step 2: We observe that §(Q) > 11, so that in particular
p(Q)=>5—4a+e. (3-35)
In order to see this, note that if §(Q) < 10 then Q;_j¢ touches 9(r Q;, (x)). Thus (3-30) implies that
Qk—10 is good for every k € [6], j], since
k—10>=60j—10=>0j, —10 > jy
by our choice (3-29) of j;. Hence Theorem 3.3 gives that

Qg (tn) < 271 64+02 < 9= G—4ated()/10)/2 _ 5=ip(Q)/2,

which contradicts (3-32).
Step 3: We show that
g () < c2HOTRHAI2, kel6j,j—5l,
c27/ P D=2/3/2 ke [j—4,...,j+100/¢], (3-36)
u3Q/2,k(t) =< —3in—k(9—4a)/2 .
c2737kO42 | > 4100/,
for ¢t € (11, tp).

Case 1: k € [0, j —5]. If 6(Qy) > 11 then in particular Oy C rQ;,(x) and p(Qx) > 5 —4a + ¢, and so
the claim follows from (3-31). If 6(Qy) < 10 then Q;_¢ is good for every / € [0k, k] due to (3-30), since

[—10>0k—10>6%j —10>6%j; — 10> jp. (3-37)

Therefore the claim follows from Theorem 3.3.
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Figure 3. An illustration of (3-40) - note that each Q' € Sk(ZT Q) is of the same size as
O (as in the illustration) or smaller (as k > j).

Case2: kel[j—4,...,j+100/¢). Then
Q) =8(Q)+k—j=8(Q)—4=7, (3-38)

where we used Step 2 in the last inequality. Hence Qy C r Qj, (x) and

P(Q1) = p(Q) — 2e.
Thus since for k € [j —4, j — 1] we have %Q C Qp, (3-31) gives

U3zQ/2.k < 2_kP(Qk)/2 < 2—k(,0(Q)—28/5)/2 <c 2_./(P(Q)—28/5)/2’

as required. If k > j we note that

usppk < Y. g (3-39)
Q'S 10/4)

where Si(3 Q) denotes a cover of 7 Q by k-cubes with #5; (5 Q) < ¢ 23¢=)0-9 (recall the beginning
of Section 3). Since

Q;=2"UP0=99"c Q; , forevery Q'€ 5 (50). (3-40)
see Figure 3, we obtain
30N =8(Q) +k—j=38(Qj-2)=68(0) -2, (3-41)
and so p(Q') > p(Q) — %8. Therefore (3-31) gives

ug < 2—kn(Q"/2 < 2—k(p(Q)—¢/5)/2 < c2—j(p(Q)—28/5)/2,

and since #Sk(% Q) < ¢23000=8)/¢ — ¢ (recall our constants may depend on ¢) the claim follows by
applying (3-39) above.

Case 3: k> j +100/¢e. For such k we improve (3-41) by writing

8(0) =8(0)) +k— j>8(Qj-2)+100/e = 5(Q) +100/e — 2 > 100/¢ (3-42)
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for any Q' € Sx(20Q) where we used Step 2 in the last inequality. This gives p(Q’) = 15 — 4. Thus
using (3-39) and the estimate #S, (1 Q) < ¢ 23*=N01=9) < ¢23%*=)) we arrive at

uzgk < Z ug < Z 2k0(QN/2 < (93k=1p=ko(Q)/2 _ .9=3ip—kO—4)/2
Qe (19/4) Qe (19/4)
as required.
Step 4: We use the previous step to estimate the terms appearing on the right-hand side of the main
estimate (3-34). Namely we show that

Z 22530 0k < ¢ 231207 G40 2p =2,
j<k<j=5 5 —Jjp(Q)/29~j(5—4a)/29—je/10
U302, jka = C2 2 2 ’ (3-43)

Z 2k”§Q/2,k < c2i2—ir(@)/29—j(5—4a)/2y—je/10
k>j+1

We note that, although the terms appearing on the right-hand side might look complicated, we write
them in this form to articulate their roles. As for the factors 23//2 or 2/, these are “bad factors” which,
together with the corresponding factor in the main estimate (3-34), give 23//2 This should be compared
against the factor 2°%/ which is a “good factor” given by the dissipation (i.e., by the first term on the
right-hand side of (3-34), which comes with a minus). This brings us to the factors of the form 2~/ S
whose role is exactly to balance the “bad factor” against the “good factors”.

As for the factors 27/°(9)/2 we point out that together with the corresponding factor ug (which is
bounded above and below by 27/°(2)/2 due to (3-33)) appearing in the basic estimate, one obtains 27/°(2)
as the common factor of all terms in (3-34).

Finally, the role of any factor involving ¢ is to make sure that the balance falls in our favour, namely
that the resulting constant at all terms on the right-hand side of (3-34) (except for the first term), is smaller
than the constant at the first term (the dissipation term). Writing the estimates in the form (3-43) also
exposes the value of 5 — 4«, which is our desired bound on the Hausdorff dimension.

We now briefly verify (3-43). The first two of them follow from Step 3 by a simple calculation,

Z 23k/2u3Q/2,k <c Z 2—k(2—4a+£)/2 < Cz—j(2—4a+£)/2 (3_44)

0j<k<j-5 0j<k<j-5
and

Wg) jua < €27TPO2/D — (0 ip(O/ =i (0@—4e/5)/2 < ¢ p=ip(@)/2 (4 2= je/10,

as required, where we used (3-35) in the last inequality. As for the third estimate in (3-43) we write
2= X o+ 2
k>j+1  j+1<k<j+100/e  k>j+100/s
and estimate each of the two sums separately,

S 2y < 22RO < 0 9)pmin(@))2 i date/S)2
j+1<k<j+100/e ’
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(recall that ¢ might depend on ¢), where we used (3-35) in the last inequality, and
Z 2k”§Q/2,k <273 Z pk@—da)  o—j(1-d0) o 9] =jP(Q)/2)~j(G—4ate/5)/2
k>j+100/¢ k>j+100/¢

where we used the inequality 11 — 4o > —1+ % p(0)+ %(5 —4da) + 1—108 (a trivial consequence of the
fact that p(Q) <5 — 4a + 10) in the last inequality.

Step 5: We conclude the proof.
Applying the estimates from the previous step into the main estimate (3-34) and recalling that
M%Q/Z,j:tz < ¢271(P(D=2¢/5 (from Step 3) we obtain

2=ip(Q)
< i / ‘°u2Q te / 0 0 (27271 P (Q=26/5)/2031/29= ] (5=4a) 29 &2 953120 =P (@2~ 5~4a 2= ]&/10
! ! 123012919 ip(Q)/29 =i (54 /2)=je/10)
Ly p2ain—je / 05— i(p(@—2¢/5)
f

=—c2% f t0u2Q+c 22 / " (2P Q2 (3810 9 e 10 pje/10y) | p2ein=37e/5 / “2-in(@
1 f n

< _czj(Za*p(Q))(to_tl)(l_czij/lo)’

where we used the lower bound u g > % 2-iP(Q)/2 (see (3-33)) in the last line. Therefore if Jjo is sufficiently
large so that
1—c2771e10 5 ¢

(where c is the last constant appearing in the calculation above; recall also that j; is given by (3-29)),
we obtain

1<0,
a contradiction. OJ

Corollary 3.8. Given x ¢ E and an interval of regularity (a;, b;) there exists an open neighbourhood U
of x such that
lu(t)|| L) remains bounded for t € (%(ai +b;), bi).

Proof. We fix an interval of regularity. By Theorem 3.7 there exists j; and r € (0, 27'9) such that
ug(t) < 2=ir(Q)/2

forall# € [0, T) and all j-cubes Q CrQj (x). Let j> € N be the smallest number such that §(Q) > 100/¢
for every j-cube O C Qj,(x). (Note that the last condition implies also that j > j».) Then p(Q) > 10 for
any such j-cube Q and so ug < c273. We let

U :=Q0j+2(x).
To show that [lu(t)]| .~ () remains bounded, we note that the localised Bernstein inequality (2-21) gives

o Pittlloo < ¢2°Pug +e(j) <c27 /2
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for every j-cube Q € §;(U) with j > j, +2. Hence

|Pulisw) < ) lIgoPjulles < 230U RA2 T2 — ¢ 9712
QeS;(U)
for such j and so
lull Loy < 1 P<jpiullo+ Y IPjutllow)
jzp+2
<c 2P| Pojul 4, Y 2717 <,
jzp+2
as required, where we used the Bernstein inequality (2-12) in the second inequality. U

3F. Regularity for o > %. Here we briefly verify Corollary 1.3. Letting € € (0, 4o —5) we see that any

j-cube (j > 0) satisfies
ug(t) <c< ¢~/ (5—date)

for all + > 0. Thus any closed and sufficiently small surface S C R’ can be used as a barrier, and
Theorem 3.7 (with 9(r Qj, (x)) replaced by S) gives that ug(r) < 277P(D)/2 for all j-cubes Q located
inside S and all # > 0 (provided ug is sufficiently smooth). Furthermore j, (from the proof of Corollary 3.8)
can be chosen independently of x (i.e., depending only on how small S is), and consequently Corollary 3.8
gives boundedness of ||u(t)||co in t > 0.

4. The box-counting dimension

Here we prove Theorem 1.2; namely that dg (S0 < %(—160{2 + 16a + 5), where % := Uisk S;
(recall (1-7)).

A bound on dg(S®) can in fact be obtained by examining the proof of Theorem 3.7 above. Namely,
observing that the only consequence of x ¢ E that we used in its proof was that

x¢Q forany Q€Bi, kel[6)i—10, jil, (4-1)
where j; is taken sufficiently large. In fact, this allowed us to deduce that for a given j-cube Q C rQj, (x)
the cube Q; = 2U=00-9 0 is good for such k’s (take jy := |6%j; — 10] and recall (3-26), (3-27) and
(3-30)). This, in light of Theorem 3.3, gave us the “slightly more than critical” decay, which in turn
enabled us to deduce better decay for cubes located further inside the barrier r Q;, (x). Corollary 3.8 then

deduced that x & S.
Using (4-1) we see that for sufficiently large j

U Ue
ke{|62j—10],...,j} QB

contains the singular set in space at a given blow-up time. Thus, covering each of the covers By
(k € {|6%j —10], ..., j}) by at most

C23(j—k)(l—s)#Bk < C23(j—k)(1—8)2k(5—4a+£) — C23j(1—€)2k(2—4a+28)
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j-cubes we obtain a cover of the singular set by at most
J
c Z 237 (1—8) gk(2—da+26) _ . 1) (3=36+6(2—4a+26))

k=6%j—10] —c 2j(—64oz3+96012(1+8)—48a(1+8)2+35+883+882—3s)/9 (4-2)

Jj-cubes, where we substituted 6 = %(204 —1—¢) (recall (3-3)) in the last line. In other words N (S, r),
the minimal number of r-balls required to cover S (recall the definition (1-8) of the box-counting
dimension), satisfies

N(S(m) r) <Cr(764a3+96a2(l+s)74805(1+£)2+35+8a3+86273e)/9(1fs) (4-3)

for sufficiently small ». This gives that
dp(S"™) < §(—64a® +96a* — 48a + 35) (4-4)

for every m € N. As noted in the Introduction, we point out that the required smallness of r for (4-3)
to hold depends on the interval of regularity (a;, b;). This is the reason why we only estimate d(S"™),
rather than dg(S).

In what follows we present a sharper argument that allows one to get rid of one of 8’s in the first line
of (4-2) to yield the following.

Proposition 4.1. Given the interval of regularity (a;, b;) the set

U Ue

kefl6j—10].....j} QeBy
covers the singular set in space at time b; if j is sufficiently large.

Assuming this proposition and letting C; be a j-cover of all elements of By for k = [0 — 10/, ..., j,
we obtain a j-cover of the singular set with

J
#Cj <c Z 23(j—k)(l—e)#Bk < ¢ 2J (3=3e+0(2—4a+2e)) =C2j(—16a2+16a(1+s)+5—178—4a2)/3’

k=[0j—10]

which shows that dg(S™) < %(—160{2 + 16 + 5) for all m € N, by an argument analogous to that above.
This is sharper than (4-4), and it proves Theorem 1.2. We note that if one was able to get rid of the other 8
in (4-2), then one would obtain dg(S) <5 — 4«, i.e., the same bound as for dg (5).

Before proceeding to the proof of Proposition 4.1, we comment on the main idea of Proposition 4.1 in
an informal way.

Recall (3-37) that for each k € [0, j — 5] we needed Q;_1¢ to be good for [ € [0k, k], and deduced
from the “e-better than critical” decay for u ¢, (in Case 1 of Step 3 of the proof of Theorem 3.7, by using
Theorem 3.3), which we have then plugged into the sum of the low modes of the main estimate (3-34) (in
(3-44) above). However, looking closely at this term of the main estimate,

. fo
2/ / uousgp jza Y 2% ug,,
" 0j<k=j-5
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we observe that it has a structure similar to the definition of a good cube (3-15). Indeed, ignoring u o and
u3g /2, j+2 for amoment we see that we could use (3-15) to estimate it. If that were possible, we would only
need to require that Qy (or rather Q_1) is good for k € [0, j — 5], and so we would end up with a saving
of one 6. The only problem is that (3-15) is concerned with the time integral of a squared function, rather
than the function itself, and so, applying the Cauchy—Schwarz inequality in the time integral we would

obtain an additional factor of (fo — #;)~'/2; see the last term in (4-8) below. It turns out that this additional

factor can be taken care of by absorbing a part of this term by the left-hand side (as in (4-9) below).

Proof of Proposition 4.1.. We will show that if j; is sufficiently large then every x outside of C;, is a
regular point in the given interval of regularity (a, b). We set

Jo:=10j1—10]. (4-5)
As in Theorem 3.7 we show that, for sufficiently large j; = ji(c;),

for every x ¢ LJQEcj1 Q. where ¢; depends on the interval of regularity (a;, b;). In fact, we can copy the
entire proof of Theorem 3.7, except for Step 4, where we replace the estimate on the low modes (i.e., the
first inequality in (3-43)) by

Z 23k/2/’°qu < c(tg— 11)2~ T C—4HO/2 | (g — 1)\ /20 = Q=2040)/2. (4-7)
kel0,j-51 5
which we prove below. Given (4-7), we can plug it, together with the remaining two inequalities in (3-43),
into the main estimate (3-34) (just as we did in Step 5 of the proof of Theorem 3.7 above) to yield
2779 = c(ug(t0)*~ug(n)*)

. Iy 1o . . .
h h 0j<k<j—3 k> j+1

Ly p2ajp—je ’Ouz te(j)
" 30/2,j%2 J

0]
Z 23k/2u 0

0j<k<j-5
+C(t0—t1)22“j2_jp(Q) (2]'8/10+2j£/10+23ja/5)

< 22 (to_tl)z—jp(Q)+02—jp(Q)2j(1+8/5)/
n
< 2% (19—11)27 1P QD (—c+c 271NNy e (19—1)) 12271 Q) i =3//10, (4-8)

where, in the last step, we applied (4-7) to estimate the low modes. At this point we obtain the same
inequality as before (i.e., as in Step 5 of the proof of Theorem 3.7), except for the last term, which can be
estimated using Young’s inequality ab < %az + %bz to give

% 2=ir(Q) +e 22aj (o — tl)z—jp(Q)2—3j8/5_ (4-9)
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Absorbing the first term above on the left-hand side we obtain
1< 2% (g — ) (= + 27719,

which gives a contradiction for sufficiently large j.
It remains to verify (4-7). To this end, if §(Qf) > 11 then, as before, we can use the fact that the claim
(4-6) remains valid until 7y to obtain that

Z 23k/2/f0qu < clto—11) Z 23k/20—kp(01)/2 SC(to—t1)2_‘/(2_4“+8)/2,
t

kel6j, j—51 ! kel6j,j—51
3(Qr)=11 8(Qr)=>11

where we used the fact that p(Qx) > 5 — 4a + ¢ in the last inequality.
If §(Qy) < 10 then Qo intersects the barrier (r Q;, (x)), and so it is good as k — 10 > 6 — 10 > jp
(recall (3-30) and (4-5)). Thus since ¢p, <19, ,, (recall (2-19)) the definition (3-15) of a good cube gives

fo Io
/ ”%Qk < // |Pku|2 SC2—k(5—2a+s)‘
15 t1J Qr—10

Hence
10 fo 1/2
S s Y ([,
kel6),j—51,6(Qx)=<10 g )., J—5,8(Qx)=<10 g
< C(t() . tl)l/Z Z 271{(2720{4»8)/2 — C(t() _ t1)1/227j(2*20t+8)/2’
k<j—5
as required. 0
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